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FOREWORD

The problem of irreversibility is ubiquitous in physics and chemistry. The present
book attempts to present a unified theoretical and conceptual framework for the
description of various irreversible phenomena in quantum mechanics. In a sense, this
book supplements conventional textbooks on quantum mechanics by including the
theory of irreversibilities. However, the content and style of this book are more
appropriate for amonograph than a textbook.

We have tried to arrange the material so that, as far as possible, the reader
need not continually refer elsewhere. The references to the literature make no pretense
ofcompleteness. The book is by no means a survey of present theoretical work. We
have tried to highlight the basic principles and their results, while the attention has been
mainly paid to the problems in which the author himselfhas been involved. The book
as awhole is designed for the reader with knowledge of theoretical physics (especially
quantum mechanics) at university level.

This book is based on the courses of lectures given at the Chemistry
Department of Tel-Aviv University.

I would like to thank Professors Vitaly Ginzburg and Joshua Jortner for
encouraging me to write this book. | am grateful to Shoshana, my wife, for giving me
moral support. | would, finally, like to thank Ms. Jacqueline Gorsky for her patience in
typing and correcting the manuscript and Ms. Rachel Magen for her highly technical
graphical skills in the preparation of the figures.



INTRODUCTION

The following is the structure of the book. Chapter I gives a quantum-mechanical basis
and description of the state by the density matrix. Chapter Il provides the general
theoretical framework for the description of irreversible processes. Chapter Il
describes irreversible processes due to the interaction with photons, while Chapter 1V
describes the interaction with phonons. Chapter V provides exact solutions and
dissipationless regimes emerging in the system with infinite (in limit) degrees of
freedom. Chapter VI, the last one in this book, is devoted to the irreversibilities in
guantum measurements.

Chapter I of this book deals with the general scheme of quantum theory. The
reader’s attention is particularly drawn to the density matrix description ofthe quantum
state. Since our main purpose is the quantum theory of irreversible processes, the use
of the density matrix is indispensable. A conventional presentation of quantum
mechanics uses the wave function for the description ofa quantum system. In this case
the density matrix is, in a sense, a derivative ofthe wave function. As opposed to this
we consider the density matrix as a basic, primary characteristic of the quantum
system, while the description by the wave function is a specific case ofthe description
with aid of the density matrix. ~Such an approach is a generalization of the
conventional procedure.

The second chapter deals with general theory of irreversible processes.
Examples of irreversible processes are a spontaneous emission ofan atom, a decay of
an electromagnetic field in a lossy resonator, relaxation of a spin system due to the
interaction with the crystal lattice, etc. In all these examples the relaxation takes place
as a result of the interaction between the dynamic and dissipative system. Atoms,
spins, a particular mode of the resonator, etc. present the dynamic system, which has a
finite number of degrees offreedom and discrete energy levels. The dissipative system
- electromagnetic field in the free space, crystal lattice, etc., has an infinite (in the
limit) number of degrees of freedom and a continuous energy spectrum. Interacting
dynamic and dissipative systems together form a closed system. The evolution of this
closed system is governed by the von Neumann equation. This equation determines the
behavior of the whole system. One of the important problems dealt with in Chapter 11
is the derivation ofthe equation for the density matrix ofthe dynamic subsystem, using
various approximations.

Chapter 111 is devoted to the theoretical application of the general formalism
developed in Chapter 1I. The main subject of this application is the interaction of a
two-state system (the dynamic system) with the phonon bath (the dissipative system).
The quantized vibrations in condensed media or huge molecules may play the role of
the pnonon bath. These vibrations have an infinite (in the limit) number of degrees of
freedom and a continuum spectrum ofenergies - the continuum of phonon frequencies.
The basic theory of electron and energy transfer, and tunneling in the condensed
medium is the main subject ofthis chapter.

Chapter 1V is devoted to the interaction with photons. When eigenfrequencies
of photons form the continuum, the interaction with the electromagnetic field
vibrations leads to the irreversible processes. These irreversible processes are, to a
certain extent, similar to those considered in Chapter Il (interaction with phonons).



However, the irreversible processes due to the interaction with photons have their own,
peculiar to these processes, features. The relaxation of the system of identical
two-level objects (spins, atoms, etc.) may have collective, superradiant character.
Therefore, the time development of the superradiance is the main subject of this
chapter.

In Chapter V memory effects in the irreversible processes are considered.
Most ofthe results presented in this chapter are exact. The approximate solutions are
compared with exact solutions (in a certain range of parameters). Special attention is
paid to the dissipationless regimes. The latter emerge in a certain range of parameters
ofa generally dissipative system, having an infinite number of degrees of freedom and
acontinuum ofenergy states.

Various approximations - rotating wave, Markovian and weak coupling are
compared with the exact solution for the harmonic oscillator interacting with a
harmonic phonon bath.

Chapter VI, the last one, is devoted to the irreversibilities in quantum
measurements. The consideration of the irreversibilities in previous chapters shows
that only a special type of quantum systems exhibits the irreversibility. Typical finite
quantum systems, such as a two-state system, a harmonic oscillator, atoms, and
molecules, are reversible.  Other kinds of reversible macroscopic systems are
superconductors, superfluids and systems considered in chapter VV. Nevertheless,
chapter VI shows that the irreversibility lies in the very heart of quantum mechanics.
Quantum measurement, the process which plays a central role both in the interpretation
and essence of quantum mechanics, is irreversible. As opposed to the point of view
accepted by many authors, the quantum measurement is considered as a specific type
of interaction between the object, measuring device and environment. The role of the
observer, the human being, is just to verify the outcomes of the measurement. The
irreversible wave function collapse, which is a part ofthe measurement process, is also
described as a special kind of quantum-mechanical interaction. Although the
measurement is a physical process, which does not contradict our intuition, there are
counterintuitive phenomena connected with the nonlocality of quantum mechanics.
These phenomena are also the subject ofthe considerations in Chapter V1.

In conclusion, this monograph, as mentioned in the foreword, may serve, in a
certain sense, as a supplement to conventional textbooks of quantum mechanics, by
choosing the following parts of the book: Chapter I, Chapter Il, sections 1-4, 6,7,
Chapter 11, sections 1-5, Chapter IV, sections 1-7, Chapter VI.



CHAPTER 1

QUANTUM-THEORETICAL BASIS. DENSITY MATRIX

The present chapter gives a short account of the basic concepts of quantum theory.
Since our main purpose is quantum theory of irreversible processes, the use of the
density matrix concept is indispensable. A conventional presentation ofquantum theory
principles uses the wave function as the basic characteristic of a quantum system. In
this case the density matrix is, in a sense, a derivative of the wave function. In this
chapter we consider the density matrix as a basic, primary characteristic ofthe quantum
system [1], while the description by the wave function is a specific case of the
description with aid of the density matrix. We realize that such an approach is a
generalization of the conventional procedure. However, this generalization seems to be
quite natural, and only due to historical reasons quantum theory text books use the wave
function presentation. In this chapter we follow conventional (Copenhagen)
interpretation of quantum mechanics. A different approach will be considered in the
lastchapter (Chapter VI).

1.1  Basic concepts

The nature of the phenomena occurring at the atomic level is very different from the
nature of the phenomena of the macrocosm. For this reason the basic concepts of the
classical theory proved to be invalid in describing the microcosm. The concept of the
state ofa physical system underwent a most radical re-examination. In classical physics
it is assumed that the physical quantities (or properties ofa system) found from various
measurements made on a system are characteristics of the particular state of the system,
that they are always present in a given system in a definite form and that this does not
depend on the observational methods and equipment. In quantum physics they are at
the same time characteristics of the methods and equipment used for the observations.
In the microcosm we cannot ignore the effect of the measuring apparatus on the
measured object. Therefore the concept of the quantum state takes into account both the
object which is in this state and possible experimental devices used to make the
measurement. Accordingly, the quantum theoretical description of quantum objects
differs essentially from the classical description. Quantum theory, unlike the classical
theory, is a statistical theory in principle. The laws ofquantum theory do not govern the
actual behavior of a particular object, but give the probabilities of the various ways in
which the object may behave as a result of an interaction with its surroundings.

The following postulates form the basis of the quantum description of physical
phenomena.

1.1.1  Eachphysical quantity has corresponding to it a linear Hermitian operator or
matrix.

For example the radius vector of a particle r is associated with the
multiplication operator r, the momentum of the operator of the particle with the

1



2 Quantum theoretical basis. Density matrix

operator p = —iAV, the momentum with the operator AL = [r x p] = -iA[r x V]. The

operators corresponding to the physical quantities are, generally speaking, not
commutative. There are commutation relations between the coordinate and the
momentum operators:

xpx _pxx e lh » Ypy _p).y= i;t', Z'p! —p,z= lh . (111)

and there are also commutation relations between the operators of the components of
the angular momentum:

Ll -LL =0, LI-LL =0, EL-LL=i , (112

¥ 2

where & isPlanck’sconstantdividedby 2n. (Here and further on we do not use special

designations for operators, suchas A . The usage ofthe operators will be clear from the
context.) Commutation relations such as (1.1.1) and (1.1.2) are basic characteristics of
operators.

1.1.2. Only the eigenvalues of the operator A can be the result of a precise
measurement of a physical quantity represented by this operator.

The essential difference from classical theory is the fact that physical quantities may
take up a discrete, as well as a continuous, series of values. It is well known, for
example, that the energy spectrum ofatoms is discrete in nature.

1.1.3. The state of the physical system can be always described by the quantity which is
called the density matrix p.

The mean value ofany physical quantity represented by the operator (matrix) A is given
by the formula

<A>=Tr(pA) =Y pruAm » (1.1.3)

where A, p.. are matrix elements of operators A and p respectively. These matrix

elements are taken over a full set of eigenfunctions of some Hermitian linear operator,
and Tr means the trace of the matrix.

1.1.4  The time evolution of quantum systems is described by the von Neumann
equation

2
Ifla! [H,p] , (1.1.4)

where H is a Hamiltonian ofthe system.
These postulates have sense provided the correspondence is established between
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physical quantity and its operator. The first postulate has to be understood in the sense
that such acorrespondence is realized.

Now let us consider some implications from the above postulates and
particularly a statistical description of quantum systems by the density matrix.

1.2 Various representations of physical quantities.

It follows from the above postulates that both the states ofthe physical system and
physical quantities themselves are described by matrices. These matrices p and A are
second-rank tensors in a complex space of infinite number of dimensions - in so-called
Hilbertspace. However, in order to realize an analogy with tensors it is necessary to
establish the law of matrix transformation.

Let y, be eigenfunctions of some linear Hermitian operator F

Fy, =fv, , (1.2.1)

where f,, is the eigenvalue of the operator F.  Such a system of eigenfunctions is
complete and can be chosen orthonormal. Matrix elements of operator A in this basis
can be presented as

Ap =<m|A|n>= [y, (Q)Ay,(@)dq , (1.2.2)

where g - is a set of arguments of function y,. Matrix elements (1.2.2) give the
F-presentation of operator A. The same physical quantity in another G- representation
is presented by matrix

A = [Wa (@A, (g (12.3)

where i, are eigenfunctions of another operator G. They present another basis of
eigenfunctions. The law of transformation of matrices A from one basis to another is
determined by the transformation of functions W, —V,, i.e. by transformation of
vectors y, in Hilbert space. This is a well-known unitary transformation U. Matrix
elements of operator U are determined by the expansion of function v, overacomplete
setof functions iy,

\V'n = zUmnWm = UWn (1'2'4)

Now we can find connection between matrix elements in G-representation -
A_,. and those in F-representation -Ap,

A = [WnAY,dq = [(Uy,)* AUy, )dq



4 Quantumtheoretical basis. Density matrix

=Y [UiWiAU,v,da = U, AU,
ké ke

=Y ULA,U, =(U'AD),, , (1.2.5)
| ¥

where the Hermitian conjugated operator U™ is defined by the relation
(U, =0, =05, , (1.2.6)
and the rule of the multiplication of matrices is

(AB)p =X AuBi - (1.2.7)
k

From the fact that eigenfunctions of the Hermitian operators can be chosen
orthogonal and normalized to unity, the unitary property of the operator U follows

VoW, = _[ Y VWU v,dq = kZU:kUlmsk!
ke 1

=Y U, U, =(U'U),, =3, . (1.2.8)
k

Thus, the unitary operator has the property
U*U=1; ut=u" , (1.2.9)
where | is a unit operator with matrix elements §,,,. The transformation property of the

Hermitian operator A, representing some physical quantity, can be found from Eg.
(1.2.5)

A'=U*AU=U"AU . (1.2.10)

Transformation properties of the density matrix can be determined from the
requirement that mean values of the physical quantities are scalars - invariants of the
unitary transformation.  This requirement is quite natural, mean values of physical

quantities should not depend on the choice of the basis of the eigenfunctions
Therefore,

<A'>=<A>=Trp'A'=Trp'U'AU =TrpA . (1.2.11)
Using the property of a trace ofthe product oftwo matrices

TrAB=TrBA , (1.2.12)

onecangetfromEq. (1.2.11)
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<A>=TrUp'U*A=TrpA , (1.2.13)

Therefore, the density matrix has the transformation property of a second rank tensor

p=Up'U*; p'=UPU=U"pU . (1.2.14)

Thus the same physical state is represented by all density matrices p connected by
transformation (1.2.14). Notice that the fact that the mean value (1.2.11) is real, implies
the Hermiticity of the density matrix

Pen =P - (1.2.15)

1.3 Quantum state and statistical ensembles

Let us enter in more detailed description of quantum state and its characteristic - the
density matrix. First ofall we establish statistical ensembles determining mean values
of physical quantities. In the conventional interpretation of quantum mechanics the
quantum state relates to one object. To verify that certain density matrix describes the
state of the object one has to perform a large number of measurements. As it has been
mentioned above we cannot ignore the effect ofthe measuring device on the measured
object, A measurement or experiment, generally speaking, changes the state of the
object. Itistherefore necessary (in order to remain in the same quantum state) to return
the object after each measurement to the original quantum state or to deal with a set of
objects in one and the same quantum state (quantum state is described by the density
matrix P). Inthe latter case the measurement is made once on each object.

Having the set of objects which are in the same quantum state, determined by the
density matrix p, we can perform different kinds of measurements. Thus we can
measure an electron coordinate, its momentum, spin, etc. Each kind of measurement
produces its statistical ensemble. In the ensemble produced in this way we can
introduce the probability distribution for obtaining a particular result ofa measurement.
Therefore to define a statistical ensemble in quantum theory we must first have the state
ofthe object (its density matrix p), and secondly choose the type of measurement to be

made on the object. Thus, g statistical ensemble in guantum theory is a set of identical
measurements made on an object in a given quantum state.

The question arises how to find probability distribution in various ensembles
produced by the measurements of various quantities in the state described by the density
matrix p. To answer this question we write the mean value of physical quantity A with
the aid of formula (1.1.3) using A-representation. Inthis representation

AWn =anlpn ? (1'3'1)

and
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-a$ (1.3.2)

mn nrmn ?

A

where a, are the eigenvalues ofthe operator A. The mean value of quantity A takes the
form

<A>=>p.a, . (1.3.3)

In formula (1.3.3), it is assumed that density matrix p is normalized to the unity

Trp=Y p =1, (1.3.4)

(If the density matrix is not normalized to unity it can always be normalized multiplying

it by the factor (me Y.

From Egs. (1.3.3) and (1.3.4) and second postulate it follows that p,, gives the
probability to get a,, while measuring quantity A. To get the probability distribution of
another quantity, say F, we have to pass to F-representation and diagonal elements of p
in this representation will give distribution ofprobabilities to get eigenvalues f,.

Thus probability distributions ofvarious kinds of measurements, performed over
an object in quantum state p, are connected by the unitary transformation U, (1.2.14),

Pro = 2 (U Pin Ui Poum = 2, UniPs (Ui (1.3.5)
km Lk

It is worthwhile to emphasize that all representations of density matrix (i.e.
various reference systems in the Hilbert space) are equivalent. Statistical ensemble is
determined by the kind of measurement performed over a system in quantum state p.

1.4 The wave function

Up till now we did not use the notion of the wave function. As is known, originally
quantum mechanics was based on this notion and the density matrix was introduced
later. Description of quantum state in text-books is based on the wave function. It
means that all statistical characteristics of the system can be derived from the wave
function y(q). It is assumed that the average value of any physical quantity can be

obtained by the formula
<A>=[y*(@Aw(Q)dq - (14.1)

This formula is different from Eq. (1.1.3). We will see that while formula (1.1.3)
and the density matrix describe all possible quantum states, formula (1.4.1) and the
wave function describe very specific kinds of quantum state which are called pure
states. Later on we will show that pure states are the most ordered and most coherent
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quantum states.

First of all we want to show that there are quantum states which cannot be
described by the wave function. It means that various statistics of such states cannot be
derived from formula (1.4.1). The fact that a state cannot always be described by the
wave function can be understood if we examine the subsystem A of a certain system
A+B. Let the system A+B be described by the wave function y = w(x,,x5), where

Xa and xg are the coordinates ofthe subsystems A and B respectively. This function,

generally speaking, does not break down into the product of the functions w, and wg
even ifthe systems A and B do not interact. In the case when function w(x,,xg) is
factorized into a product of two functions

WX, X5) =W, (X )Ws(X5) (1.4.2)

each ofthe subsystems A and B can be described by the wave function. In this case the
mean value of some quantity A of the subsystem A has the form

<A>= IW*(XA’XB)AW(XA’XB )dx , dxy
= JWi AW (x,)dx, [ (%5 w5 (x5)dx
=yl (DA, (x)dx, (1.4.3)

Thus we have shown that subsystem A can be described by the wave function wa. (it
has been assumed here that wave functions are normalized to unity). In the same way
we can show that subsystem B is described by the wave function wg(xg).

In the general case we cannot describe system A (or B) by the wave function,
even ifthere is no interaction between systems A and B. To exemplify this situation
(see Fig. 1), let us consider two subsystems A and B to be non-interacting att = -, and
the wave function of the combined system A+B is factorized at t =- accordingto Eq.
(1.4.2). Attimet=0 the interaction (collision) takes place between subsystem A and B
which lasts time ~ t.. Let wa, and g be eigenfunctions of energies of sybsystems A
and B, respectively, ignoring interactions between them. Then, in the general case, the
wave function of combined system A+B can be written in the form

ALr3
TFET R

-{-(E
WX, Xg, 1) = D Coe (VW (X)W (X5 )8 * : (1.4.4)
n,f

where E? and E? are eigenenergies of subsystems A and B respectively, while ¢t

are time-dependent coefficients. The wave function of the combined system A+B
satisfies the Schrddinger equation

ih%=(HA+HB+VAB)w . (1.4.5)
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Attime t much larger than the collision time t;

t>>1, , (1.4.6)

we may ignore the interaction Vjag betweensubsystems AandB.  Two subsystems are
conservative, described by Hamiltonians Ha and Hg respectively. The whole system
A+B is described by the wave function

~%(Eﬁ+EFn

W=D W s : (1.4.7)
n,{

where cn are time-independent coefficients.  Now neither of non-interacting,
conservative systems A and B can be described by the wave function. It means that
statistical characteristics of these systems cannot be described according to formula
(1.4.1). The question what is the wave function of system A (or B) does not make
sense.

Thus we come to the conclusion that in the general case the quantum system
(both isolated and interacting with other systems) cannot be described by the wave
function. Nevertheless both mixed states (not described by the wave function) and pure
states can be described, in the unified way, by the density matrix. Let us first find the
density matrix of the pure state described by the wave functions

w(@) =2 b,w,(q) , (1.4.8)

where vy, are eigenfunctions of some linear Hermitian operator. The mean value of
some physical quantity may be written in the form

t=—c

Figure 1. Twosubsystems A and B are statistically independent and noninteracting att =-oo (x is the
distance between the systems). Attimet=0they collide, t. isthe collisiontime. Att— <« A and B
do not interact, but they are statistically dependent.
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<A>=[y*Aydg=Y A,bb, . (1.4.9)

Denoting
Pum =bib,. | (1.4.10)
we can rewrite the expression for the mean value of A (in a more symmetrical form)

<A>=)p. A, =Tr(pA) . (1.4.12)

According to Egs. (1.1.3) and (1.4.11), the quantity p,.,, Eq. (1.4.10), is the density

matrix ofthe pure state described by the wave function (1.4.8).

Now let us consider the subsystem A of the combined system described by the
wave function (1.4.4). A certain operator A (describing physical quantity A) of the
subsystem A has matrix elements

<nk|Aln'k'>=A_J,. , (1.4.12)
where n,n' are indices of subsystem A, while indices k,k' describe subsystem B.

Since the whole system is in a pure state described by the wave function (1.4.4), its
density matrix accordingto Eq. (1.4.10) is

~—(ER-ER ) —(FP-ED
e

s h
Pk = cn'k'cnke

(1.4.13)

The mean value ofquantity A is [accordingto Egs. (1.4.11) and (1.4.12)]

(A >= Z pﬂk;n'k'An'nskL' = Z pnl;n'LAn'n =chn‘An'n L (1414)

nk,n' k" nn’k

where
O =§;pm-k , (1.4.15)
or
c=Trp . (1.4.16)
The matrix o is by definition the density of the subsystem A. As it was

mentioned above, the subsystem A does not have the wave function, while its statistical
properties can be described by density matrix o. As itis clear from the derivation of
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Egs. (1.4.15) and (1.4.16), they are valid also for the case when the combined system
A+B is not described by the wave function and is described by some density matrix of a
general kind.

When systems A and B do not interact, coefficients ¢, are time-independent. In
this case the time dependence ofthe subsystem A has the form

L= .,
~—(E}-EXn

(1) = O, (0)e : (1.4.17)

and o,,,.(t) satisfiesthevonNeumann equation (1.1.4).

1.5 Entropyofquantumensembles

As it has been mentioned above the wave function describes a very specific kind of
quantum states, namely, the most ordered (non-chaotic) states - so called pure states. To
talk about statistical properties of the state, we should have some measure of these
properties. Such a measure is provided to us by the information theory and is called the
entropy of ensemble [2]. (Of course, this entropy is a generalization ofthe entropy used
in statistical mechanics.) The entropy of the ensemble is a measure of the statistical
scatter or chaotical nature ofthe probability distribution in the ensemble.

By the definition, the entropy satisfies the following conditions. Itis a functional
of the probability distribution which has its maximal values in the most chaotic
ensemble in which all possible values of measured quantity has equal probabilities

(1.5.1)

Here n may be the quantum number of energy (E, are eigenenergies), spin, angular
momentum, etc. The entropy has its minimal value (zero) when the measured quantity
has a definite value, i.e. the probability ofcertain quantum number n, is equal to unity

P =1. (15.2)

And, lastly, the entropy must be additive: the entropy of a system consisting of two
statistically independent subsystems is equal to the sum of the entropies of each
subsystem. All these conditions (except for the inclusion of a constant factor) are
satisfied by the quantity

E =—ZP.. InP (1.5.3)

where P; is the probability of the i-th value (quantum number) of the measured quantity.
The entropy of the most chaotic ensemble, (1.5.1), takes the value



1.6 Pureand mixed states. Proper mixtures 11

E= _Z%m%ﬂnr\‘ , (15.4)

while the entropy of the most ordered ensemble equals

E=-P, nP, =0, (P, =D . (1.5.5)

LMY

Now let us return to the statistical ensembles corresponding to some quantum
state with the density matrix p. As we know, there are many ensembles corresponding
to this state, but we always can find the less chaotic ensemble - i.e., with minimal
entropy This may be done with the aid of the mathematical theorem that states: in the
representation in which p is diagonal, the sum

annhlpnn ’ (Ppw =0, n#m) ,

is larger than in any other representation with p__ #0 (n=m)

2. Pmnpy, > D P Inp,
Thus the quantity

E:—me Inp,, =-Tr(plnp) , (1.5.6)

may serve as a measure ofthe statistical properties of the state p: it is the entropy of the
most ordered ensemble (with minimal entropy) among the ensembles of state p.

1.6 Pureand mixed states. Proper mixtures.

Thus we have introduced a statistic characteristic of the quantum state p. This is the
entropy of the less chaotic ensemble corresponding to state p. Now we can compare
statistical properties of various quantum states. It is expedient to distinguish the special
class of states having the entropy equal to zero. These are the most ordered states.
According to Eq. (1.5.5), itis easy to see that for these states, density matrix Pum. in the
representation in which it is diagonal, is equal

Po =8, 8, . (1.6.1)

nan 0 m

Inthe arbitrary representation

pr=p (1.6.2)
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which, together with the equation
Tr(plnp)=0 , (1.6.3)

characterize the class ofthe pure states.

From Eq. (1.6.1) follows an important property of the density matrix of pure
states. Inthe arbitrary representation this density matrix may be factorized

Paa =5 (1.6.4)
To prove this property we employ the transformation rule (1.2.14) and Eq. (1.6.1)
P, = (U“')mo Upm - (1.6.5)
Designating
W =c ., (1.6.6)
we obtainEq. (1.6.4).
Thus, the pure state may be characterized by the set of numbers ¢,. This set of
numbers is usually called the wave vector. Ittransforms as avector in the Hilbert space,
with the aid of the unitary transformation (1.2.4). This vector characterizes the pure

state, together with the density matrix (1.6.4). The mean value ofthe arbitrary operator
A may be determined as

<A>=) poAn =D C ALC, =<c|Ajc> . (1.6.7)

In particular when indices n take on a continuous set of values (e.g., coordinates of a
particle) we call ¢, a wave function, designate it as y(q) and instead of the summation
inEq. (1.6.7) we perform the integration

<A>=[y'(@Aw(adq. [lw(@[dg=1 . (1.6.8)
The density matrix in this case is equal to
p(q.q9)=w(@w*(q") ., (1.6.9)
and accordingtothe general rule the probability distribution takes the form
P(q)=p(q.9) = w(@)|* . (1.6.10)

The pure state, being the most ordered state, is also, in a sense, the most coherent
state. To show this we transform density matrix p,,, intoag-representation. Unitary
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transformation from the n-representation to the g-representation can be written in the
form similarto Eq. (1.2.4)

W(q) =D UC, = 2.6, W,(a) , (1.6.11)

w,(q) are orthogonal and normalized eigenfunctions of some linear Hermitian operator;
they are, at the same time, matrix elements of unitary transformation from n- to
g-representation. Therefore, the density matrix inthe g-representation obtains the form

P(0:9) = D P W (DW,(Q) - (1.6.12)

Thus, the probability distribution of coordinates g takes the form

(4.9 = X P | W (@F +D P W (@Wo (@) (1.6.13)

n®m

As is known the coherence is usually connected with the possibility of obtaining the
interference picture. The interference picture is connected with superposition of two
fields (particularly, optical fields). In the specific case when y,(q) are electron de
Broglie waves, Eq. (1.6.13) describes the electron diffraction.

The coherence is characterized by off-diagonal elements p,,. Aquantity

is a natural measure of the interference contrast and, therefore, ofthe coherence. It can
be shown that quantities p,, satisfyinequality

[P P 5 DD - (1.6.15)

The maximal degree ofthe coherence is characterized by
[ 8o =1 (1.6.16)

and is achieved in the case of pure state when p,, =c¢.c.,, EQ. (1.6.4). All other, so

called mixed states are characterized by |g,| < 1, and, particularly when g,,, equals zero
- the interference picture is entirely absent. Thus pure states have maximal coherence -
they could be called coherent states.

Another example is a molecule (or atom) interacting with an electromagnetic
field. We assume that only two low lying levels E, and E, are relevant to the interaction
with the electromagnetic field. In the dipole approximation, a dipole moment of the
molecule determines the interaction with the field. The mean value of the dipole
moment has the form
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<d>=p,d, +ppdy + pmdmeim“ +ppdae™™ (1.6.17)

where d,, are matrix elements of the dipole moment (m,n = a,b),

©, = L@ (1.6.18)

and e is the frequency ofthe electromagnetic field.
Only time-dependent terms in Eq. (1.6.17) determine interaction with the
electromagneticfield. Matrixelements p,, = p;, determine coherenttime- dependence

ofthe mean dipole moment, Eq. (1.6.2). Thus the measure ofthe coherence in this case
is

(1.6.19)

g, = Py
o = ——— .
VPuPu

Again inthe pure case {g., = 1, while in the most chaotic example
s =0

We continue discussing pure and mixed states. According to Eq. (1.6.1) the density
matrix ofthe pure state (in the diagonal representation) has the form

(1.6.20)

It is obvious that the density matrix of the most general mixed state is equal to the linear
superposition ofthe possible matrices of &, ofpure states

p= Zp"?sﬂ , (1.6.21)

where

> P,

p, 20 . (1.6.22)
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Condition (1.6.22) ensures the normalization of p to 1. Carrying out the unitary
transformation of all the matrices &, in (1.6.21) we come to the most general mixed
state density matrix.

If the object is in a pure state with a given wave function, this wave function
describes the behavior of this individual object. It characterizes potential properties of
the object which are realized when the measurement is made on the object when it is in
definite external conditions. If, however, the object is in a mixed state and has no wave
function, it is described by the density matrix, which is also a characteristic of this
individual object.  Again the density matrix describes potential properties of the
individualobject.

Let us take a simple example which illustrates the use ofthe density matrix. Let
a system consisting of two spins ¥ be in a pure state with a total spin ofzero (i.e. all the
spin components and its absolute value are equal to zero). As is well known (see e.g.
Landau and Lifshitz [3]) the wave function of a state ofthis kind is of the form

Yoo = %{Wl(l)\p_l(z) _W_i (])Wl{z)} * (1623)

2 2

where y |, are the eigenfunctions of the operator of the projection ofan individual spin

onto the z-axis.

We shall now examine the state ofthe first spin only, without taking any
notice of the state of the second. The first spin is supposed to be a separate system
which has no wave function and is in a mixed state. The density matrix ofthe state can
be obtained from the density matrix ofthe whole system by using (1.4.15) and (1.4.16).
The matrix elements of the density matrix of the whole system are of the form

} (1.6.24)

(1.6.25)

where the first index denotes the state ofthe first spin and the second one the state ofthe
second spin. Retaining only diagonals for the second spin we can use Eq (1.4.15) to
find the density matrix ofthe first spin in the form

. 1{1 0)
p 2{0 IJ . (1.6.26)
It follows from this. that measurement of the projection ofthe spin onto the z-axis with
a probability of ¥ leads to a value of %2, and with a probability of % to a value of -%%.
Before measurement. however, there was no definite value for the projection ofthe first
spin onto the z-axis. This can be seen from Eqg. (1.6.23): the spin was in a
superposition of the states % and -%.
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It should be stressed that since Eq. (1.6.26) describes the state of the individual
spin, it cannot be interpreted by saying that the projection ofthe spin onto the z-axis has
a definite value, but we do not know it. Let us assume that in the state (1.6.26) the
z-component ofthe spin has in fact a definite, but unknown, value. We now change to
another representation in which the x-component of the spin is diagonal. In this
representation the density matrix will have the same form (1.6.26). (The matrix (1.6.26)
is proportional to the unit matrix and the latter, as is well known, is of exactly the same
formin all representations.) Then the density matrix elements are the probabilities for
the x-component ofthe spin. Just as for the case of the z-component, we should have
assumed that the x-component of the spin has a definite value but we do not know it. A
similar argument can be adduced for the y-component. Therefore the assumption that
(1.6.26) in the general case describes a definite, but unknown, value of the component
of the individual spin leads to the result that is absurd from the point of view of
guantum mechanics that all three components of the spin have definite values. This
contradicts the uncertainty relation for the components of the spin.

Ithas been stressed that matrix (1.6.26) contains the information about a separate
spin. However, the question arises whether the first spin can be considered separately
from the second spin. More in detail we will consider this problem in Chapter VI. Here
we only mention that matrix (1.6.26) gives only partial information about the first spin.
This information is derived from the matrix elements (1.6.24). However, matrix
elements (1.6.25) also contain information about the first spin as a part of a two-spin
system. These matrix elements describe statistical correlations between the first and
second system.

Very often the notion of a mixed state is used in a different sense. It is
considered as a mixture of pure states. In this case the density matrix describes an
ensemble of objects (and not an individual object), each of which is in a definite state.
Such density matrix describes the statistical features connected with our lack of
knowledge of certain properties of the objects, although these properties are peculiar to
the object in a definite form. In fact let us examine a set of objects each ofwhich has a
probability p,of being in one of the pure states with a density matrix &, from(1.6.20).

Then all the mean values in this ensemble are defined by the density matrix (1.6.21) in
accordancewith (1.1.3)

<A>=Tr(Ap)=> p,Tr(AS,) =D p, <A, > . (1.6.27)

where <A,> is the mean value of quantity A in pure state &,. Thus the mean value in

the ensemble of pure states (mixture of states) is equal to the sum of the mean values in
thestate &, multiplied by the probability of this state in the ensemble. Sometimes such
amixture of states is called the proper mixture (d’Espagnat [4]).

The proper mixture has to be distinguished from the mixed state describing the
individual quantum object. Let us consider the proper mixture ofstates of spin %. Let
the probability of the pure state s, = %2 be % and the probability of state s, = -%2 be %.
Then the density matrix of such an ensemble takes the form
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s o A 11 0Y 1(0 O 11 0
= 5] - 2l =— . 1.6.28
: z() z(o 0]+2(0 1] z(o J (1629)

In another representation with the basis qf*, (with s, = ﬂ;% ) the density matrix takes the
2

 § (P 11(1 1y 11{1 -1 1{1 O
i =1 LS o (1629
i 2{%”—%} 22(1 1}'22[-1 1] 2[0 J (1.6.29)

While the density matrix (1.6.28) gives the probabilities ¥ for states s, = +—, the

form

t2 | =

density matrix (1.6.29) provides probabilities ¥ for states s, = i% It has to be noticed

that in this proper mixture, s,-representation ofthe density matrix gives the probabilities
of states s, = %,these states are peculiar to the objects in a definite form. On the other

hand density matrix p', (1.6.29), provides probabilities ¥ to find object s, = t-;- asa

result ofthe measurement, while before the measurement spins did not have definite s,
values. Thus in the proper mixture, not all the representations are equivalent. Only
s,-representations give the probabilities to find spins in a definite form (which they have
before the measurement). In all other representations, s,, sy, (and other axes)
probabilities % correspond to values of spin components resulting from the
measurements of these components.

1.7  Transition probability per unittime

The notion of the probability per unit time plays a very important role in the theory of
irreversible processes. Therefore it is expedient to dwell upon this notion more in
detail. Aconventional description of this concept is sometimes misleading.

First we develop a non-stationary perturbation theory using the density matrix
formalism.  Let us consider a quantum mechanical system described by the
Hamiltonian

H=Hy+V , (1.7.1)
where V is a part of the whole Hamiltonian which may be considered as a small

perturbation. The meaning ofthe word “small” would be clear from further derivation.
According to the von Neumann equations (1.1.4) we have
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ih%={l—lu+\e’,p] . (1.7.2)

IfV is a small perturbation it is expedient to use the interaction representation. This
representation canbe achieved by unitary transformation

A, =U'AU,; V,=U;'VU,: U, =exp(—éHutJ . (1.7.3)

The density matrix in this representation takes the form
P =U5'pU, (1.7.4)

It is easy to check that the density matrix in the interaction representation takes the
form

ih%:[v‘p} . (1.7.5)

Here and further on we omit index “int”.
We start from equation (1.7.5) and consider V to be a small quantity. We
expand the density matrix into a series

p=Yp" | (1.7.6)

k

where p® is a quantity of the k-th order of smallness with respect to V. Substituting
(1.7.6) into (1.7.5) we obtain the system of recurrence relations

(k)
ih a‘; =[V.p*] . (L.7.7)

As the zero approximation we shall take the value ofthe density matrix att = 0. This
means that the corrections of the firstand subsequent approximations of p™ should be
small in comparison with p(0). We write the density matrix explicitly with an accuracy
up to terms of the second order of smallness

sl
pt)=p® +pV +p? +.. = p(O)*lhj[V(l,},p(O_}]dt,
i

'?:T [t fdt [VO Ve, ) pO] .. (17.8)

0 (1]

When V does not depend on time (in the Schrddinger picture), time-dependence V(t) in
Egs. (1.7.5),(1.7.7),and (1.7.8) is determined by second relation (1.7.3). Ingeneral,
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the perturbation V may also have an explicit time-dependence. This explicit
time-dependence corresponds to time-dependent forces acting on the unperturbed
system.

Now let us examine the special case when initially the system is in the
stationarystate n, of the unperturbed Hamiltonian H,

Pun(®) =8, 8, - (1.7.9)

Substituting Eq. (1.7.9) into the right-hand side of (1.7.8) (and considering the case
whenV is explicitly time-independent) we find

' rnn‘\ |2
Pon (1) = —(E—E—n*)?

o

1:1—{:05{51 —E“]}t-], (n,=n) , (1.7.10)
i (

where E_.E_ are the energy levels of the unperturbed system. The expression

(1.7.10) for p,.(t) isthe probability offinding (when measuring) the system in the state
n if it was in the state n, initially. In other words p,ft) is the time-dependent
probability of a transition from state n,to state n.

The energy levels of the initial and final states often form a continuous
spectrum. Letus examine in greater detail the case (which is of physical interest) when
the energy of the final state is part of the continuous spectrum. We shall assume that
the variables n of the final state consist of E (the energy) and of a certain set of
variables (some of them may be continuous as well) which we shall denote by the
index u. Since by assumption E varies continuously we can introduce a number of
states with fixed values u in the energy range dE

dZ =, (E)E (1.7.11)

Here n,(E; is the energy density of states defined by the relation (1.7.11).

In the case of continuous (or quasi-continuous) energy spectrum, the finite
transition probability can be obtained by the summation (integration) over a finite
interval ofenergies. However, we can perform integration over all energies, since, as
we will see, only energies E close to the initial energy E, give essential contribution to
the transition probability. Thus the required probability becomes

W, (0= p,. ()
|

RE
n

[ty
:J' dEn,(E)2I<E,.n, | VIEu>/’ (E-E,)*[1-cos((E, -E)t/h)]. (1.7.12)

Fomin

where Einand Eay are minimal and maximal energies of the energy spectrum.
Now, under certain limitations, this expression is approximately proportional to
time, and then we are able to speak about the transition probability per unit time.
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Again, because ofthe importance of this notion, “transition probability per unit time”,
and frequent misunderstanding ofits limitations, we will try to analyze them in detail.
Letus introduce a new variable of integration

1
=—(E-E)t, E=E_+2hy/t, dy =—dE;
y ?.h( i o +2hy Y=

then expression (1.7.12) may be rewritten as

(l-.,m—E,]iEJTI o
W, =27“t [ dyf(E, +2ny/)>=5F (1.7.13)
‘(Eu—Em}{;
where
f(E) =< E,.n, | V[E,u > n,(E) (1.7.14)

Now, let AE = k@ denote the range in which function f(E) changes only slightly when

E changes by amount 8E which is small compared with #®, f(E,+8E) = f(E,). Inother

words, h® is the characteristic scale of the variation of E near E,. Letus suppose that
time t is so large that the following limitations are satisfied

t>>a"', WE,-E_ )", WE,, -E,)" . (1.7.15)

Now we designate (©*)"' a maximal value among three terms in the right hand side of
(1.7.15). Then condition (1.7.15) can be written in the form

t>>(0*)! (1.7.16)

We notice further that function sin®y/my* gives its main contribution to the integral
(1.7.13) in the region w <y < = (i.e., for values y* ~ 1). By using this fact and the
inequalities (1.7.15) and (1.7.16) we get

nu

W, =< B, [ VB usf () =Wt - (L747)

Thus, under condition (1.7.16), i.e. for large enough t, the transition probability is
proportional to time t and it is possible to introduce the transition probability per unit

time Whou (which itself does not depend on time). Of course the quantities

determining conditions (1.7.15) and (1.7.16) depend on the actual properties of the
system under investigation.
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The applicability of the expression (1.7.17) depends not only on the condition
(1.7.16); acondition ofthe perturbation theory must also be satisfied

w, t<<1 . (1.7.18)

In order to satisfy both conditions (1.7.16) and (1.7.18) it is necessary
o*>>w . (1.7.19)

In this case there is such an interval of time that both conditions (1.7.16) and (1.7.18)
are satisfied

()" <<t<<w]!, . (1.7.20)

If condition (1.7.19) is not satisfied then there is no time-independent transition
probability per unit time. It should be mentioned also that for small values of time

t<<(w*)" , (1.7.21)
there is no time-independent transition probability per unittime. Inthis case, according

to (1.7.12) the transition probability is proportional to t2.
Very frequently the transition probability per unit time is expressed in the form

r‘l‘

w u=—2}-E|VHI,3 S3E-E,) . (1.7.22)
| Vi

It should, however, be remembered that this expression has meaning only after
integration over the energy E, using Eq. (1.7.11). Then it obtains the form (1.7.17)

2
Wou = ZI<E,n, [ VIE,u>P n,(E,) - (1.7.23)
1

Probability (per unit time) of transition from the initial state <E,,n,| to all other
states |E,u> can be presented in the alternative and widely used form

w(n )=h? _[ <n, | V(1)V(0)|n, >dt . (1.7.24)

It is easy to show the validity of this expression by using rule (1.2.7) for a matrix
element of a product of matrices

wing) =17 [ T, e -
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nal |

%EZW ? 8, ~E,) . (1.7.25)
T '

The probability of transition (per unit time) between two states characterized by
discrete (m and n) and continuous indices (including energy) and averaged over the
initial stateu is

W =H7 [ <V ()V,,(0) > €¥="dt (1.7.26)
Here
< vm‘('!Jan (0) A= ZPu\'rnu;mu'\!r.u.'.nqerreal\t .. * (1727)

where P, is the distribution probability of states [nu> (withfixed n)

In the case when we are dealing with the quasi-continuum, characterized by
some mean energy interval 8E between adjacent energy levels, the transition from the
summation to integration in Eq. (1.7.12) is possible if

t <<h/SE . (1.7.28)
This means that 8E should satisfy the condition

o*>>w,  >>JE/h . (1.7.29)

since w;{u is the characteristic time of the problem.

1.8 Continuousspectrum ofenergies and irreversibility

It will be shown in the next chapter that transition probabilities per unit time
characterize acertain class of irreversible processes (Markovian approximation). It has
been shown that the derivation of formula (1.7.23) for the probability per unit time
depends on the existence of the continuum ofenergies. Much more general statement
can be proven. The irreversible behavior of the system is possible only for systems
having continuous spectrum of energies (Golden and Longuet-Higgins, [5]: Fain [6]).

For the reversible process the mean value of a certain quantity A: <A(t)> has
limit t — oo only if<A(t)> does not depend on time. Inthe reversible process a system
return to the initial state many times and, therefore, a variable quantity <A(t)> does not
have limitat t — o. On the other hand, forthe irreversible process <A(t)> has the limit
t — <o inageneral case.
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The mean value of the quantity A atthetimet is
<A@MO>=Tr(p(HA) (1.8.1)
The general solution of the von Neumann equation (1.1.4) can be written in the form
p(t) = e p(0)e™ " (1.8.2)

Therefore, the mean value of <A(t)>has the form

A= T P DA™ = g0 . (189)

i’

where n,m are indices denoting the energy levels, ®,. = (E.-E..)/h; u,u' are other
quantumnumbers; and the quantity g(w), as can easily be checked, has the form

go)= Y pm._m.<0)Am.,m8[E";E‘“+m] : (1.8.4)

uk‘nm

If the system has a discrete energy spectrum, g(w) is a discontinuous function, <A(t)>
is equal to the discrete sum of the harmonic functions and has no limit when t — .
The quantum recurrence theorem (the quantum analog of the Poincaré theorem) states
that the quantum system gets arbitrarily close to the initial state at arbitrarily large
times [7-9].

For the system with a continuous spectrum of energies (the Poincaré
recurrence time tends to infinity) <A(t)> will have a limit when t — oo, if g(®) has the
form

g(w)=Gd(0) + h(w) , (1.8.5)
where h(e®) has no 3-type singularities and is absolutely integrable in the range

[-e0,+e0]. Then on the basis of the Lebesque-Riemann theorem

=3

lim < A(t) >= !ilE {G + I h(m_)e_i“"dm} =G . (1.8.6)

Thus it has been proven that irreversible behavior of quantum systems is connected
with the continuous energy spectrum of the system.



CHAPTER I

QUANTUM THEORY OF RELAXATION PROCESSES

If a quantum system is closed, the time evolution of its state can be described by the
von Neumann equation (1.1.4). However, we more often meet the case in which the
system of interest to us is in contact with its surroundings. In particular, the system
may be in contact with a thermal bath. The problem is how to describe time behavior
of this kind of non-closed (“open™) system. It is obvious that the solution is of major
significance to various branches of physics. When we are interested in the steady state
ofthe system (without external forces) the solution is well known. According to the
basic principles of statistical physics, a system in contact with a constant temperature
bath (with which it interacts weakly), and which is in a steady state (state of thermal
equilibrium) can be described by the density matrix

=ex —i Trex —i
p p KpT D kpT ,

where T is a temperature of the bath and H is the Hamiltonian of the “open” system we
are interested in.  (Only in the case of weak coupling of the system with the thermal
bath we can (approximately) define the Hamiltonian H.)

Now let the system be in a non-equilibrium state. In the course of time this
system will approach an equilibrium state. The processes which occur during this time
are called relaxation processes. Generalizing, we shall give the name of relaxation
processes to any transient process, in particular those in which a system approaches its
stationary state (in the presence of an external force). Relaxation processes play an
important part in physics. The following examples may be given of relaxation
processes thatare met in practice: the spontaneous emission in free space, the decay of
an electromagnetic in a lossy resonator, relaxation of a spin system due to the
interaction with the crystal lattice (spin-lattice relaxation), etc. In all these examples
the relaxation takes place as a result of interaction with systems which have, in the
limit, a continuous energy spectrum (see section 1.8). It will be convenient to use the
following terminology. We shall call the system we are interested in a dynamic system
and its surroundings a dissipative system (it is a source ofthe energy dissipation). It is
understood here that the dynamic system (or subsystem) has usually a finite number of
degrees of freedom and discrete energy levels, whilst the dissipative system has an
infinite (in the limit) number of degrees of freedom and a continuous energy spectrum.

The dynamic and dissipative subsystems, interacting with each other, together
form a closed system. The behavior ofthis closed system can be described by the von
Neumann equation, using the density matrix of the whole system pugns, Where the
Latin letters are the discrete indices of the dynamic subsystem and the Greek letters are
indices of the dissipative system (at least part of them, and energy among them, run
through a continuous series of values). When we are interested in the behavior of the
dynamic subsystem we need to know only that part of the density matrix pme:ne Which
isdiagonal inthe indices «, orits trace in the indices a

24
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Omn = mea:m
[+ ]
This chapter is supposed to present a general theoretical framework for the description
ofvarious irreversible relaxation processes. (We will not consider the systems exposed
to the external time-varied forces, or fields.)

2.1 Exact equations describing temporal behavior of interacting dissipative
and dynamicsystems

In very general terms the theory of rate processes may be formulated as follows. We
are dealing with a dynamic subsystem (a spin system, an impurity in a solid, local
vibrations, etc.) interacting with the dissipative system. We will be interested in the
behavior ofthe dynamic subsystem (or generally, in the behavior ofthe relevant part of
thesystem). Generally speaking the behavior of the subsystem is determined by the
von Neumann equation for the whole system. The question arises whether it is possible
to find out the equations determining the temporal behavior of the subsystem only. The
general answer to this question is negative. The density matrix ofthe subsystem at the
moment t, o(t), is determined not only by the initial condition (0), but also by the
initial condition p(0) of the density matrix of the whole system. However, in some
special cases, under special physical conditions it is possible to perform an approximate
reduction of the equations for the subsystem only. This will be done in forthcoming
sections. The aim of this section is to provide a general framework for the description
ofinteracting dynamic and dissipative systems. Such a framework can be established
without using any approximation. The approximate equations will be derived in the
next sections.

The behavior of a closed system containing dynamic and dissipative subsystems
can be described by the von Neumann equation

P -
= =[Hp] . (2.1.1)

where H is the Hamiltonian of the closed system. This Hamiltonian may be presented
inthe form

H=E+F+V+G=H,+V+G, (2.1.2)

where E is the Hamiltonian of the dynamic system with the eigenvalues E, and
eigenfunctions |n>; F is the Hamiltonian of the dissipative system with eigenvalues F,,
and eigenfunctions |o>; V is the interaction energy between dynamic and dissipative
systems with matrix elements V,,...s, G is the perturbation energy in the dissipative
system (leading to transitions between various states |e> and |B>), it has matrix
elements Gg.

To proceed further, we will use a procedure invented by Zwanzig [10,11] and
Nakajima [12]. Itis also called the Zwanzig formalism. Our final goal is to describe
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the time behavior of the dynamic system (or dissipative system). The density matrix of
the whole system in the representation of the unperturbed Hamiltonian

H, = E + F, (2.1.3)
has matrixelements
Pma;np -

The behavior of the dynamic system may be described by the density matrix

Omn = mea;nu ’ o=Trpp . (2.1.4)
a

where Tr, is the trace operation over the bath variables «a.

Now we try to derive the equations determining the behavior of the dynamic
system, starting from Eq. (2.1.1), which is valid for the whole system. This Eq. (2.1.1)
may be presented in the form

op .
L =—ilp . 2.1.5
> 1Lp ( )

where L is the Liouville operator of the system. The Liouville operator is a
superoperator or supermatrix While the usual operator A acts on the wave function
transforming itto another function o

Ay=0 , (2.1.6)

the superoperator acts on the density matrix p transforming it into another matrix.
The Liouville operator L is defined as

1 i i i
Lp=—[H,p]= —[H,.p]+—[V,p]+—([G.p]
h fi h h
(Lo +LY +18p=(Lo +L,)p . 2.17)

In general we will call the operators acting on the density matrix the Liouville type
operators. According to the definition

Lo)vn = > LN P - (2.1.8)
M'N'

where M,N are a set of indices of the system (particularly m.c::n,p).
AccordingtoEg. (2.1.5)and (2.1.1)
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MmN _ |
Lmn =;{HMM-8NN- o i e (2.1.9)

Forthe arbitrary supermatrices the multiplication rule is held

(AB)MN —ZA ; (2.1.10)

As the first step we will derive the equation for the density matrix P
diagonal in the indices of the dissipative system. The reduced density matrix & is then
obtained by the summation over «: Eq. (2.1.4). Thus we need to project general
density matrix pma:np ON the partial density matrix p.... The projection operator D is
defined as

Dp=py; (P moznp = Pmaznadeap (2.1.11)
while the total density matrix may be presented as
p=p1+pa= Dp+(1-D)p. (21.12)

Here p, = (1-D)p has only off-diagonal matrix elements over Greek indices ., B.
Operator D is defined as

DI g a mm SO Opp - (2.1.13)

ma;nf

Equation (2.1.5) can be rewritten in the form

op

&2 =-i(1-D)L(p; +p3) . (2.1.14)

ap; . )
— =-iDL(p1+p2);
= LOL(py+p2)

The latter equation may also be presented in the form

agtz +i(1- D)Lp, = -i(1-D)Lp, . (2.1.15)

The solution of this equation may be presented as a sum of the general solution of the
equation

%n (1-D)Lp2=0 | (2.1.16)

and the specific solution ofequation (2.1.15)
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t—tg
P2 = exp[-i(t-t,) (1-D)L]pa(t,) - i Id'rexp [-it(1-D)LJ(1-D)Lpy(t-1) .  (2.1.17)
0

Substituting this solution into the right hand side of the first equation (2.1.14) we
obtain the following equation for the density matrix p ;

t-to

%: -iDLexp[-i(t-t,)(1-D)L]pa(t,) = iDLp, - jK(r)pl(t—r)dr : (2.1.18)
]
where
K(t) = DL exp[-it(1-D)L}1-D)L . (2.1.19)

Two comments have to be made. First, these equations are exact. They are the
result of identical transformations of the exact equations (2.1.1) or (2.1.5). Without
any additional assumptions we cannot derive the equation for the matrix P; (Pmecne)
only. Eq. (2.1.18) contains the off-diagonal part p, (Pmanp. o # B) at some initial
moment oftime t = t,. Second, Eq. (2.1.18) describes not only pmaue. but any other
possible division of density matrix p by some projection operator D, which does not
coincide with (2.1.13). Forexample, we may consider another projection operator

D% = 8,08 mmBaa®nnOppdmn - (2.1.20)

which projects P onto density matrices diagonal over all indices (including m and n),
Drl'lﬂ'.:mdl'
The main result or this section is equation (2.1.18). This exact equation may

serve as a starting point for various approximations. They will be discussed in next
sections.

2.2 Relaxation ofthe dissipative system. Markovianapproximation

Our final goal is to describe the time behavior ofthe dynamic system [density matrix : @,
(2.1.4)]. However, we will first consider the relaxation process in the dissipative
system, provided there is no interaction with the dynamic system (V =0). Inthis case
the Hamiltonian of the dissipative system equals

H=F+G . (2.2.1)

For example the role of F may play the Hamiltonian of phonons, and the role of
interaction G may play the anharmonic terms of the total Hamiltonian. Density matrix
p of the dissipative system has matrix elements Pag, Where quantum numbers a, B
describe eigenstates of the Hamiltonian F.  This Hamiltonian is diagonal in the
|ec>- representation
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Fup =FaBap - (2.2.2)

We would try to derive from the basic quantum-mechanical equations (2.1.18) -
(2.1.19) the master equation for the diagonal elements of the density matrix p:

Pag == . (WapPoo ~WpaPpp) - (2.2.3)
B

We remind that diagonal matrix elements p,,, give the probability to find the system in
the state @. Quantities Wep are transition probabilities per unit time (from state & to
state B). This type of equation was first established by Landau [13], Pauli [14] and
Bloch [15]. Pauli, in his derivation, used the so-called repeated Random Phase
Assumption (RPA). It means that such an equation has been derived for the small
interval of time At, assuming that at the beginning of the interval the off-diagonal
elements of the density matrix are zero

pu.[j(‘o) =0; axfp, (2.2.4)

which means that phases distributed at random [the lack of coherence g, = 0,
(1.6.14)]. Then, as it is clear from the derivation of transition probability per unit time,
formula (1.7.23), that for the small enough time interval At satisfying (1.7.18), one can
derive the master equation. Ifat the end of this period At one makes again the same
random phase assumption (RPA) it is possible to establish equation (2.2.3) for an
arbitrary moment oftime. Of course, such repeated RPA has no direct justification.
Van Hove [16] first derived the master equation without repeated RPA, using instead
of itthe RPA only at the initial momentt=0.

We will not repeat here the rather complicated derivation of van Hove and will
use, instead, exact equation (2.1.18) as a starting point for derivation of the
approximate equation (2.2.3). The projection operator D in our case transforms density
matrix p.p into its diagonal part. We designate this operator by P [to distinguish it
from D, (2.1.13)]

pP=p1+pP2; p1=Pp, py =(1-P)p ,
(pl)aB = BaBpaa; (P2)ap = (- Suﬁ)paﬁ . (2.2.5)

The equation for diagonal elements of the density matrix p; obtains the form

-1
% = —iPLexpli(t - to X1 - PILIps(to)~PLpy —  [dTK(u)py(t-1) , (2:2.6)
0
where

K(1) = PLexp[-it(1-P)L¥1-P)L . (2.2.7)
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Thus, in the general case, no closed equation is obtained for py(pe«s), Since the behavior
of p; at the time t is determined not only by p, attime t=t,, butalso by pa(t,).

Now we will show that if we assume p(t,) = 0, i.e. we make RPA at the initial
moment of time, then the equation (2.2.6) may be reduced to the master equation
(2.2.3) provided certain approximations are performed. Taking into account the
assumption(2.24), pat,) = 0, we rewrite equation (2.26) in the form

t-tg

L‘;ﬂ =~y (PLEpgs - Y. [KEE (DIppp(t -y (2.28)
B B o

Accordingto Eqgs. (2.2.5) operator P has the form

Py =8,58

{:&’8;111' » (229)
while operator L, according to Eq. (2.1.9) has the form
o 1
Lig =~ (H a3 ~ HppBac) (2.2.10)

Taking into account Egs. (2.2.1) and (2.2.2), superoperator L can be divided into two
parts

L=L0+L| - (2211)
where
" ]
(Lo)2F = 0upBaopp ; op =7 (Fa-Fp) . (2212)
a
(L3 = (Gaadpp ~Gppdoa) - (2.2.13)

From (2.2.10), (2.1.10) and (2.2.9) one gets
PLYEE = 1P = 3~ (Hog8up - HpuBpa) =0 (2.2.14)

It is easy to show that L,P = PLy and therefore the kernel K in Eq. (2.2.6) can be
rewritten as

K =PL,exp[-it(1-P)L](1-P)L, , (2.2.15)

and the equation for p,,, obtains the form
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i=1p
op
_gs_z_; a[f(gg(t)ppﬁ(t_ﬂdr _ (2.2.16)

This equation with kernel (2.2.15) is still exact, provided p,(ty) = 0. To get
master equation (2.2.3) we have to perform two approximations: the Born
approximation and the Markovian approximation. In the Born approximation we
assume the smallness of the perturbation G and calculate the matrix K up to the terms
G2. Therefore we put inthe exponent (2.2.15) instead of L its approximate value L,

K =PL, exp[-it(1- P)Ly}(1-P)L; . (2.2.17)

In this approximation the explicit expression for the matrix element of K takes the form

TR RSO

a'#a

~1720yp ;z(emuﬁ‘ +e‘i‘°aﬁ‘) (1-84p) - (2.2.18)

Thus the equation for the diagonal elements of the density matrix takes the form

t-tg
3
_%c;s-ﬂ -5 jdqup(r)[paq(t—t)—pﬁB(I—t)] , (2.2.19)
B0
where
Rap(t)=h"2|Gyp 12 (e""“ﬁ‘ +e"‘°°‘ﬁ‘] . (2.2.20)

These equations are not master equations (2.2.3). In the master equations
(2.2.3) the derivative of the probability p,.(t) of finding a system inthe state o at time t
is determined by the probabilities ppg(t) at the same moment and do not depend on

the prehistory of the system. In other words the system does not have the memory. As
opposed to this, equation (2.2.19) does have memory. The derivative of p,(t) depends
on the history of the system. The equation (2.2.19) contains memory about the state of
the system in all previous moments of time. The master equations (2.2.3) can be
obtained from Egs. (2.2.19) in so-called Markovian approximation. In this
approximation one can expand quantities p,..(t-t) over the delay time =

Poa (t = T) =P () = TPaa () +... (2.2.21)

and retain only the first term p(t) inthe right hand side of equation (2.2.19). Such an
approximation is justified provided second and higher order terms may be neglected.
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Let us assume that sums over functions Reg(t) in (2.2.19) are decaying fast
enough, T, being the characteristic decay time. It is easy to see that one can neglect the
second term in the right hand side ofequation (2.2.21) (as well as higher order terms),
provided

Ts << Taiae 5 (2.2.22)

where Ty iS the characteristic relaxation time ofthe dissipative system which can be
estimated as

t-tq
Tiks ~ Y. j‘drRag(n , (2.2.23)
B o

Thus equation (2.2.19) can be approximated as

Pen Y W (DNPan ~Ppp) (2:2.24)
p

where w,g(t) are time-dependent transition probabilities per unittime
-ty
Wop () = J'drRaB(:) , (2.2.25)
0
These coefficients are proportional totimet-t, when t-t, << .; whileat

t—ty>> 1T, , (2.2.26)

the transition probabilities per unit time do not depend on time. They equal
“ 2 2
Wop = Wpq = Id'rRuﬁ('c)= =% Gap I (Fy = Fp) (2.2.27)
0

In this case we get the master equation (2.2.3) with Wep = Wpe

op
e —gwaﬁ(paa ~Ppp) - (2.2.28)

It is worthwhile to mention that conditions (2.2.22) and (2.2.26) coincide with
conditions (1.7.19) and (1.7.16) respectively. It is easy to identify (*)" with ., since
the sums over R,p(t) in (2.2.19) are, as a matter of fact, the Fourier integrals with the
characteristic frequency range equal to o*.
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The irreversible behavior described by equation (2.2.24) or (2.2.28) has been
derived from the first principle, i.e. from exact equation (2.2.6) using the Born and the
Markovian approximation. However a specific initial condition has been assumed

py(tg)=0 | (2.2.29)

corresponding to RPA at the initial time t =t,. Ofcourse, such an assumption is not a
very satisfactory one. The moment oftime t = t, is quite arbitrary, and at any time t #

t,, P2(t) is already not zero [seee.g. (2.1.17)]. However, the sums which are inherentin
the first term in the right hand side of Eq. (2.2.6)

—iPL explit(t — to)(1- P)LIp5(to) . (2.2.30)

are, as a matter of fact, the Fourier integrals (due to the assumption of continuous
energy spectrum of the dissipative system). These Fourier integrals are characterized
by certain frequency regions A®, which in many cases have orders of magnitudes A
satisfying

Ao >> T

diss

(2.2.31)

This condition is similar to (2.2.22). In this case term (2.2.30) decays during the time
.= Ao™, which is much smaller than the relaxation time.

It is expedient to mention that van Hove [16] has derived the master equation
(2.2.3) both for initial conditions ps(t;) = 0 and forinitial conditions satisfying (2.2.31).
We have to recognize that in all the above approximations and derivations a certain
unsatisfactory element is present. It does not matter which initial conditions pa(t,) we
assume. There is acertain time interval

t, <t<rt, , (2.2.32)

where the conventional equations with time-independent coefficients are not valid. [In
the region (2.2.32) equations (2.2.24) with time-dependent rate coefficients are valid.]
It may mean that one cannot use arbitrary initial conditions using conventional master
equations. In the region close to the initial conditions these master equations are not
valid. We will discuss this point more in detail in section 2.6.

2.3 Equations for density matrix of dynamic systems

As has been mentioned above, in very general terms the theory of relaxation processes
may be formulated as follows. We are dealing with the dynamic subsystem (an atom, a
local vibration, a spin system, a certain mode of electromagnetic field in the resonator
cavity) interacting with the dissipative system having an infinite (in the limit) number
of degrees of freedom and a continuous energy spectrum. The question arises whether
it is possible to find equations determining the temporal behavior of the dynamic
systemonly. The density matrix of the dynamic subsystem at the momentt, o(t), is
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determined by the equations for the density matrix pmq. (2.1.18). However, under
special physical conditions it is possible to perform an approximate reduction to the
equations for the subsystem density matrix only. The aim of this section is to show
how this approximate reduction may be performed.

We will start from exact equations (2.1.18) with D defined by (2.1.13) and with
the Hamiltonian (2.1.2). The Liouville operator has the form

L=L,+L"+L°=L,+L, , (2.3.1)

where

(Ln )r:uung i (Hﬂmum'u '5m 'aﬂﬂ' i Hl hm'{nfi amm'suu » ) -

—(om+mun]5 BB o Bpgr - (2.3.2)

mm T o

where hey,, =E, -E, , ho.,s = F, —F;, and it is assumed that both E and F, (2.1.3),

are diagonal in m and a indices (Im> and |a> are eigenfunctions of E and F
respectively). The Liouville operators LYand L¢

(L\ )m ‘atn'p _ ( 6[1[3' e vn‘Bl;“Ba .6 ') , (233)

mem ‘o' V‘.l'l M o

(LG )::‘!‘;;IB‘ = _'(Guu num 5nn'6i3|\' —GD'BSN'! mm’ au } (234)

Itis easy to show that the superoperator L, (2.3.2) commutes with D, (2.1.13)
DL,=L,D . (2.3.5)
Therefore the kernel (2.1.19) can be rewritten as
K(t) = DL,exp[-it(1-D)L] (1-D)L, . (2.3.6)
As in the previous section we assume the Born approximation, which means that we

may approximately replace L in the exponent (2.3.6) by L,. In this approximation
superoperator K(t) can be presented in the form

K(t) =KW (1)+K®“(1)+ K% (1) , (2.3.7)

where
K%¥(1) = DL"exp{-ir( 1-D)Le] (1-D)LY , (2.3.8)

K (1) = DL%xp[-ix(1-D)Lo] (1-D)L ,
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= DLYexp[-it(1-D)Lo] (1-D)LC | (2.3.9)
+ DL%xp[-it(1-D)Ly] (1-D)LY . (2.3.10)

In more explicit form we can rewrite equation (2.1.18), with K(t) givenby (2.3.6),

o . . ”
—33‘;; =i Y {DLexpl-i(t - to)(1-DJLY} ¥ o, (8, )(1=8,)
Lk

; 1
=10, pmu;nu = E Z ( vmu;kupku;nu = pmu;kq Vhl.'_.nc] )“ z wa[l (pma;nu = pnlﬁj.nB )
K p

1=ty

=Y | K@K @FY ppp(t-1dt (23.12)

1B
o
LkB 1,

Here the Markovian approximation for the dissipative system is assumed [the fourth
term in the right hand side of Eq. (2.3.11)]. Equation (2.3.11) determines the time
evolution of the density matrix pmen. (Under certain initial conditions for the
off-diagonal in Greek indices matrix p,,,.s(t;)). In the general case, this equation

cannot be reduced to the equation for the density matrix (2.1.4)

Opn = 2 Praina (2.3.12)

However, under certain conditions such a reduction can be approximately
performed [17,18]. These conditions correspond to the fast relaxation of the dissipative
system in comparison with the relaxation of the dynamic subsystem. Namely, we
assume that

T,

diss

<< T

dyn

(2.3.13)

where Ty, is the characteristic relaxation time of the dynamic system. We also assume
that the relaxation of the dissipative system is governed by the master equation (2.2.3)
(wﬂtﬁ i ‘v[lrf.)~ 1 . i . m

Condition (2.3.13) is equivalent to the condition

[V

I=
|G

<«<l . (2.3.14)

Here V and G are characteristic matrix elements of operators V and G. Conditions

(2.3.13) and (2.3.14) allow us to seek the solution of the equation (2.3.11) in the
form
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Pongina () = O (DP, +Mps D M =0, (2.3.15)

here P, is the equilibrium distribution in the dissipative system. The last equation
follows fromthe normalization condition

YR o=l . (2.3.16)

The term m,,..(t) represents a statistical correlation between dynamic and

dissipative subsystems. Itis clearthatif this correlation is small compared to &, (t)P,

then we can get the equation for the density matrix o(t) only. Detailed conditions of
smallness of mu.. in the case (2.3.14), r << 1, are discussed in Appendix A to this
chapter. Itis clear from physical considerations that fast relaxation of the dissipative
system would destroy the correlation . created by the interaction between the
dynamic and dissipative subsystems. In this case, (2.3.14), one can use the
factorization approximation

P =g (t)-P, | (2.3.17)
which is valid at

it =T (2.3.18)

Expression (2.3.17) is substituted inther.h.s. of Eq. (2.3.11).
The problem ofthe factorization approximation does not exist in the works of
van Hove [16], Zwanzig [10,11], and Fain [20,21]. Van Hove and Zwanzig considered
the relaxation dissipative system (the diagonal part of its density matrix p,s), while
Fain derived equations for the diagonal in Greek indices part of the density matrix
Puane. AN iMportant comment has to be made. As is clear from Appendix A, the
derivation of the factorization approximation, under condition r<<1, cannot be
performed in the case ofthe zero temperature of the thermal bath (dissipative system).
The spontaneous emission and other processes taking place at the boson vacuum are
considered in Chapter V. They do not need introduction of the interaction G.
Substituting the factorized density matrix, (2.3.17), into the r.h.s. of equation
(2.3.11), performing the summation over indices c in both sides of Eq. (2.3.11) (the
first term in the r.h.s. of Eq. (2.3.11) can be neglected provided condition (2.3.18) is
satisfied, see Appendix A), we obtain the equation for the density matrix o(t) of the
dynamic subsystem

~ ] — o VY - VG
=-1[E+V.0]- [ [R g t-7)dr | 2.3.19
& h[ +V, o] _! [ (1)+ {T)] o(t—1)dt ( )

where
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V=Y PV o ., (2.3.20)
Ko'(r) =Y Kateb(o)p, . (2.3.21)
af

Here V and K are operators describing the dynamic subsystem, they are obtained by
the averaging operators V and K ofthe whole system over the equilibrium distribution
of the dissipative system. Equation (2.3.19) is a closed reduced dynamics equation
valid forall

1=t

provided special initial conditionsare satisfied
Prnciop (T0) = Crn (16 )P, 05 (2.3.22)

(otherwise Eq. (2.3.19) is valid for t satisfying conditions (2.3.18)).

The initial state (2.3.22) may be obtained, e.g., by imposing an ultrashort
(femtosecond) laser pulse on the system. We assume that before the pulse is imposed,
the whole system is in the equilibrium state. Assuming that the laser pulse does not
affect the dissipative system but causes the density matrix “jump” [22] we get the
initial condition (2.3.22).

In the conclusion of this section an important comment has to be made.
Sometimes the factorization approximation is justified by the assertion that the
deviation from the factorized density matrix is a small quantity of the order of
magnitude A, the measure of the strength of the interaction V in the Hamiltonian

(2.1.2), while the interaction G is nottaken into account: T,' =y —0. Inthiscase r
— oo, and it can be shown that the correlation My (2.3.15) (if 1, (0) =0) has the
form

P, . (2.3.23)

Thus the deviation from the factorized density matrix is of the order A%(t-ty) which is
not a small quantity. On the other hand, in the case when the parameter r, (2.3.14), is
small the deviation from the factorized density matrix is of the order, (2.A9)

ﬁmn(( ‘S l Ellll'|Pu ) Iﬂiamn Pu << c_,-runPu * (2324)
YTd_\n Td}n

Thus 7, issmall provided conditions (2.3.13)and (2.3.14) are satisfied.
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2.4 Generalized masterequations

In the explicit form the equation (2.3.19) may be written as

C‘F"m = _immn Gnln - % g ( vnk Gkn - Gnk vh’l )

=1

- [ TR @+R ()] o (t-1)dr . (2.4)

0 Ik

The explicit form of the matrix elements K*¥, K is

mn

2K
n (IZ (\‘E')) = [S“k > <V, OV (0)>e™™ +5,, > <V (OV, (1) > e“'"’mr‘]

~(V OV, (D)™ = (V (V@)™ (2.4.2)
and
B (RC@) =8, ([Vu(0).600)e™

+8,, (I6(0).9,, (1)])e™" . (2.4.3)
Here <...> means averaging over the equilibrium state of the dissipative system,
dependence of the matrix elements on time is determined by the unperturbed
Hamiltonian F of the dissipative system, and tilde ~ means that only off-diagonal
elements of the matrix V and G are taken into account

Viccop = Vg (1=8g)s  Gop =Gp(1-8,4) . (2.4.4)

Equation (2.4.1) contains the memory. The derivative of o, (t) dependsonthe
density matrix at all the previous moments oftime, starting fromt, till t. This equation
may be essentially simplified in the Markovian approximation. However, the
derivation now differs from that of section 2.2, Eq. (2.2.21). Thematter is that o, (t)
may have a fast change in time due to the first term in the equation (2.4.1), and

therefore we cannot use an expansion of the (2.2.21) type. Presenting o,,(t) in the
form

6, () =5, (e ™= (2.4.5)

mn

and inserting it into equation (2.4.1) we get
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G (t)= -%Z(Vma,mei%‘ -5, 9,6*")
k

-2 j [R™ (4R ()] X Gy(t-nje et (2.4.6)

1k o

Now we can neglect memory in this equation, i.e., substitute &, (t) instead of
G, (t—1) provided the characteristic correlation time t, of K(r) (the decay time of
K(1) ) satisfies condition

1 <<T ,—h- . 2.4.7
T Vi

Here Tqyy is the relaxation time ofthe dynamic subsystem. Returning to the initial
representation we get the equation

&=-h"[E+V*(1),c]-R(t)o (2.4.8)

where E is the Hamiltonian of the dynamic system

t-ty
Ve =T +in™ j {[V(1),G(0)])dr,

Vo = 2P Voo > (2.4.9)

and time-dependent supermatrix R is defined by the expression

t-1,

R (= [ (R (D) e™dr . (2.4.10)

Starting fromtime

t-to>>1, and Ty , (2411)

thesupermatrix R and operator V¥ «do not depend on time and have the form

- YV .
RE = [(K()X ev*dr | (2.4.12)

© Gy §

Ve =V +in™ ]3< [V(1),G(0)] > dr . (2.413)
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In the case (2.4.11), Equation (2.4.8) is approximated by the equation with constant
V* and constant supermatrix R = le R(t)

§=-it"[E+V" o]-Ro . (2.4.14)

Thisequation, without term V<, sometimes is called the Redfield equation.

Using Egs. (2.4.2) and (2.4.12) we can present an explicit expression for the
supermatrix matrix R

R =800 T + O 2 Dt = Do = et (2.4.15)
where
Ty =7 fdee™ (%%, 0), (2.4.16)
0
Ty, = [dre™ (9,0)%,(0), . (2.4.17)
0

Here < >, means averaging over the dissipative system (thermal bath) variables.
Assuming that the Hamiltonian F of thermal bath is diagonal, Eq. (2.2.2), the

expressions for Fi, Egs. (2.4.16), (2.4.17), can be presented as

i =172 Y [d1e™ P, Vi Viga® ' (1= 8,5)

la;jB ¥ ko
@,

P
-2 .
=h % PaVla;jBViB;ka {TES(COH + c)aﬁ ) + lm

}(1—%) . (24.18)

-1 . P
r,ijk=%723puvm;w\4m {n&(wﬂ+maﬁ)+1(-g-+—}(l-5aﬁ) . (24.19)

i o

Thus, we have shown that supermatrix R(t) hasalimit ® = 0 when t — ¢, This limit

is presented by Egs. (2.4.15) and (2.4.18), (2.4.19). It should be stressed that this
conclusion has been reached using the assumption that the thermal bath energy
operator F is diagonalized, its matrix has the form (2.2.2).

Of course, the interaction energy G in Eq. (2.1.2) could be absorbed into the
energy of the dissipative system, with

F'=F+G , (2.4.20)
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being the energy of the dissipative system, and the total Hamiltonian having the form
H=E+F'+V . (2.4.21)

Using the Nakajima-Zwanzig formalism, the factorization and weak coupling
approximations, one can obtain equations for o [23-25]. There are certain difficulties
in the application of such equations to the concrete cases. (1) Operator F' is off-
diagonal while operator F is diagonal, (2.2.2). (2) Parameter r, (2.3.13), does not
appear explicitly in the Hamiltonian (2.4.21), therefore the applicability of the
factorization approximation is not explicit.

Equations (2.4.14 - 2.4.17), (2.4.12, 2.4.13) are also called generalized master
equations. Equations ofthese types have been established in the pioneering works of
Wangsness and Bloch [26]. Bloch [27,28], Redfield [29], Fano [30], and other authors
[31,32,6] have subsequently given similar theories. In all these papers it is assumed
that the Hamiltonian ofthe combined dynamic + dissipative system has the form

H=E+F+V, (2.4.22)

where F is adiagonal operator.
The factorization approximation, which is needed to derive the reduced

dynamics equations of type (2.4.6), has beenjustified by the assertion that the deviation
from the factorized density matrix is a small quantity of order A% where A is the
parameter characterizing the interaction V. However, when G = 0, the deviation from
the factorized density matrix has the form A%(t-to), according to (2.3.24), and it is not
small whenA — 0 and t—t, = o« . Onthe other hand when the parameterr, (2.3.14),

is small the reduced dynamic equations can be derived.

2.5 Time convolutionless equations. Argyres and Kelley projection operators
and reduceddynamics.

In the previous sections the reduced dynamics equations for o,(t) were obtained via a
two-stage procedure. First, we have used the operator D, (2.1.13), projecting the
density matrix of the combined dynamic and dissipative system on the diagonal in the
indices a, B part

Dp =P (pl )ma;nB = pma;no.aaB . (251)

This operator is inserted into the Zwanzig formalism equations, (2.1.18) and (2.1.19),
yielding equations for the density matrix pmene. At the second stage the factorization
approximation is applied, and the reduced dynamic equations (2.3.19), (2.4.8), and
(2.4.14) are obtained, provided conditions (2.3.13) and (2.3.14) are satisfied.

In a number of works [34-37,23-25] another one-stage projection procedure is
employed. The projection operator projecting the density matrix p into the product of
the equilibrium density matrix p, ofthe dissipative system and time-dependent density

matrix Gua(t) of dynamic system
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P...=puTrp...; Pp(t)=pyo(t) , (2.5.2)

has been suggested by Argyres and Kelley [34]. Inserting this projection operator into
Zwanzig [10,11] - Nakajima [12] equations (2.1.18) we get immediately equations for
o(t). To develop the approximation procedure we have to employ a smallness of a
certain parameter to get the approximate equations for o(t) and verify that corrections

of the next order approximation are small.
To exemplify the situation we will introduce a modification ofthe Nakajima -

Zwanzig [10-12] formalism suggested by Chaturvedi and Shibata [35]. Ofcourse this
formalism has importance in its own. Chaturvedi and Shibata have developed a
projection operator approach that leads to the time convolutionless relaxation equation.
The exact meaning of the words “time convolutionless” will be clear from the

explanation given below.
Let the Hamiltonian of the combined dynamic and dissipative system be

presented by Eq. (2.1.2)
H=E+F+H; =H,+H, , (2.5.3)

Where
H] =V+G.
Transforming Eq. (2.1.5), with Hamiltonian (2.5.3), to the interaction representation

Pin (1) =7 Pp(t)e™ e | Hy=E+F , (2.5.4)

one obtains the Liouville equation in the interaction representation

?'gf" —oil .y (2.5.5)

where Liy is defined as
L(t)... =%[H,(t),...] , (2.5.6)
H,(t) =e™/"H e " (2.5.7)

Here and further on we omit the index “int”, but the interaction representation is
expressed by the explicit time dependence of corresponding operators and super-

operators.
Using arbitrary projection operators D and Q = 1-D (which may coincide with

P, (2.5.2) and Q = (1-P)) and operating on Eq. (2.5.5) with D and then Q, gives the pair
of coupled equations
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QI%(‘_) = iDL(t) [Dp(t) + Qp(t)] (258)
___aQ;(” =~iQL(t) [Dp(t) + Qp(t)] - (25.9)

Formally integrating the equation of motion for Qp(t), one gets
Qp(1) = £(1,0)Qp(0)~if deg(t,7) QL(DP(T) (25.10)
o

where
gtt)=T exp[—i_i' dsQL(s)] , (2.5.11)

and T denotes the time-ordering operator such that time arguments increasing from
rightto left.

Substitution of Qp(t), (2.5.10), into Eq. (2.5.8), yields usual Nakajama-Zwanzig
[10-12], which contains time convolution of Dp(t) at earlier times. To obtain a time
convolutionless form, one formally solves the equation of motion p(t), (2.5.5), to relate
p(t) atearlier time < to a later time t by

p(t)=G(t,T)p(t) , (2.5.12)

where
G(t,1)= T'exp[ijdsus)] ; (2.5.13)

and T denotes the anti-time-ordering operator such that time arguments increase from
lefttoright.
Substituting Eq. (2.5.12) into Eq. (2.5.10) one obtains

Qp(t) = g(t,G)Qp{O)—ijdtg(t,‘r)QL(t) DGLT(D+Q)p(t) . (2.5.14)

Solving this equation for Qp(t) one obtains

Q) =[1-2 O] et.0Qp)+[1-X (O] X Dpv) . (25.15)
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where
Y (t)=-i j drg(t,7)Q(t) DG(t,7) (2.5.16)
0

Finally, substituting Qp(t) into Eq. (2.5.8) the convolutionless equation of motion for
Dp(t) is obtained, it has the form [35]

220 - KDp() + 10QPO) (25.17)

where
K(t)=-DL®) [1-X(0] D, (2.5.18)
1(t) = -iDL(Y) [1-2(0)] " 2t . (2.5.19)

Equation (2.5.17), as opposed to Eq. (2.1.18), does not contain time convolution of

Dp(t). Instead, the coefficients of the inhomogeneous linear equation for Dp(t) are
time-dependent.

An inhomogeneous term in the right hand side of Eq. (2.5.17) is zero for initial
density matrix Qp(0) = 0, i.e. for initially uncorrelated dissipative and dynamic
subsystems

p(0) =p,a(0) . (25.20)

Equations (2.5.17) - (2.5.19) and (2.5.16) are exact. In the weak coupling

approximation (or the Born approximation) the perturbation expansion of 3 can be
performed [37]

PIED IS P (2.5.21)
where
[}
3> %)= -i [d,QL (D (2.5.22)
(1]
Z“'{t)z-—jdt,]dtz [QL(t;)QL(t:)D -~ QL(t,)DL(1)] , (2.5.23)

(1]

> = [dt, [dt, [ dt, [QL(QLI)QL(t)D
o 0 [}
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+QL(t3) DL(t2)L(t1) — QL(2)QL(t:)DL(t)-QL(t)QL(t)DL(L)]  (2.5.24)

Explicit expressions for the first terms of K(t) are [37]

K®(t) =-iDL(H)D , (2.5.25)

K(t) =~'I[dt, DL(OQL(t)D , (2.5.26)

KO(t) =iDL(t)_'[dtlljdtz [QL(t)QL(t:)D - QL()DL(t)D] . (2.5.27)

The expressions for the first three terms I™ are identical to those for K™ except the
final D ineach termis replaced by Q = (1-D).

As has been mentioned, Eq. (2.5.17) is exact and valid for the arbitrary
projection operator D = D? and Q = 1-D. However, it is not obvious that an arbitrary
projection operator D will lead to the non-diverging expansions for 3, (2.5.21) and K
(2.5.25) - (2.5.27). The conventionally accepted Hamiltonian of interacting the
dynamic and dissipative subsystems does not contain the interaction energy G in
(2.5.2)and (2.5.3)

H=E+F+V, (2.5.28)

where V is the interaction energy between the dynamic and dissipative systems and F is
a diagonalized energy operator. As has been shown in Section 2.4, in the case G = 0,
the deviation from the factorized density matrix

n,.m (t) = pmu-,nn(t) = Gmn(t)l::x 1 (2529)

is proportional to A*t (here and further on we put t, = 0) and is not small. Itexplains
how higher order approximation corrections 2"” and K™ can be not small, though

formally they are proportional to powers of A.

Thus, substitution of the Argyres and Kelley [34] projection operator (2.5.2)
into equations (2.5.27) - (2.5.18) leads to the Redfield type equations in the lowest
approximation, while higher order corrections can diverge. To prove this assumption
we substitute the Argyres and Kelley [34] projection operator P, (2.5.2), into equations
(2.5.17) - (2.5.19) and (2.5.16) (D = P) and obtain a rate equation for o(t) that has an
inhomogeneous term

%’- - R(t)o+1(1) . (2.5.30)

where the approximate equation for a(t) up to the second order of A hasthe form
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93:—l[V,c]—R”’(t)c+J"’(t)+Jm(t) ; (2.5.31)
ot h
where
R“’(t)=—jdt,Trb[L(t)L(i,)pb] ; (2.5.32)
IO(t) = Tr,L(H[p(0) ~ p,o(t)] (2.5.33)

IO(t) = [ dt,{Tr, [L(OL(1, X(p(0) - p,o(0))] -

~L()TrRL(t, )(p(0)~ p,o(ON]} . (2.5.34)

Transforming Eq. (2.5.31) out of interaction representation to the Schrodinger
representation and assuming that asymptotic condition (2.4.11) is satisfied we get the
Redfield-type equation

&=-ih"[E+V,0]-Ro . (2.5.35)

Theinhomogeneous terms Jand J® decay at times (2.4.11). Equation (2.5.33) differs

from Eq. (2.4.8) only by change V¥ — V.  Matrix elements of operator %
(transformed operator R) are determined by Egs. (2.4.12) and (2.4.2). It follows from
the above that the Markovian approximation is achieved provided the weak coupling
and asymptotic conditions (2.4.11) and (2.4.7) are satisfied.

To check the validity of Eq. (2.5.35) we have to consider the next order
approximation. This is done in Appendix B to this chapter. A general conclusion
following from Appendix B is that the third order correction to the decay supermatrix
R has the contributions with asymptotic behavior

R® At | (2.5.36)

where A is the parameter characterizing the interaction energy V.

Egs. (2.5.31) and (2.5.35) are valid up to the second order of the parameter A.
The rationale oftheir validity is that the next order corrections to the supermatrices R
and J should have a higher than the second power of A. This consideration may be true
if inthe higher approximation (= A", n > 2) the combination

At (2.5.37)

does notappear; itisnot small when . — 0 andt — .
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The conclusion is that the validity of Egs. (2.5.31) and (2.5.35) is not proven,
since the next order correction to R, (2.5.36), contains the combination A*. The ratio
of R%to R® is not small

R® 2t .,

As a matter of fact, the explanation of the above conclusion is contained in the
analysis of the preceding section. It has been shown that equations ofthe type (2.5.31)
and (2.5.35) can be obtained ifthe parameterr, (2.3.13), is small. For the Hamiltonian
(2.5.28), which is the basis of the derivations ofthe present section, the parameter r is
not small. It tends to infinity, since the interaction energy G — 0. In this case the
diagonal part of matrix 7, (2.5.29), which is the correction to the factorized density
matrix pyo(t), (2.3.23), isnot small when t — <.

Thus, one should be cautious to jump to the conclusion that the next order
corrections are small because they are proportional to A", n>2. One should check that
the combinations of the A%t type do not appear. On the other hand the above
conclusions about divergencies (when G = 0) in the higher order corrections are based
on the diagonality ofthe dissipative system energy, (2.2.2). Inthe general case, when
F is not diagonal, it implicitly includes the G-type terms. In this case the higher order
corrections may be small depending on the magnitude of the off-diagonal terms of F.

2.6 Semigrouptheoryofirreversible processes

Quantum theory of irreversible processes, which has been presented in the previous
section, is based on the von Neumann equation (2.1.1) of the closed system with
Hamiltonian (2.1.2). This Hamiltonian describes the system of interest, or dynamic
system, whose Hamiltonian is E, interacting with the dissipative system - thermal bath
- with Hamiltonian F + G. Usingthis approach we succeeded to derive the Markovian
equation (2.4.14). Equation (2.4.14) without the term V¢ is usually called the
Redfieldequation. This equationhascertain limitations.

Q) It has been derived in the weak coupling approximation, using only terms up

to the second order of the interacting energy V.

2) Equation (2.4.14) is valid in the factorization approximation (2.3.17).
3) Equation (2.4.14) has been derived in the Markovian approximation.

There is another approach to the irreversible processes which have been
developed during the last decades [39-42]. This approach is based on a number of
properties oftime development of the density matrix & of the dynamic system, such as
the Markovian property, and positive definiteness of the density matrix o.
Employment of these properties leads to the certain form of the equation for the density
matrix . Interestingly enough this equation is quite general and does not depend
explicitly on the concrete form of the Hamiltonian of the total system (interacting
dynamicand dissipative system).
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We start from the description of the time behavior of the density matrix o,
assuming that the whole system (dynamic and dissipative) has Hamiltonian #. We do

not assume any restrictions on this Hamiltonian. We assume that we are able to
prepare attime t, = 0 the initial state of the total system as an uncorrelated product state

p(0)=o(0)P, , (2.6.1)

where Py, is the fixed reference state ofthe dissipative system (bath). By U we denote
the unitary operator exp[—th] representing the evolution governed by the

Hamiltonian H of the total system from t, = O to a certain t > 0. Then the
transformation describing a state change of the dynamic subsystem may be written as

o(t) = Ac(0) = tr, (Us(0)-B,U") , (2.6.2)
where try, is a partial trace operation over the quantum numbers o of the dissipative
system. Without loss ofthe generality we assume that density matrix P, is diagonal

with matrix elements Pgs. Then we obtain the following matrix representation of
(2.6.2)

(AG(O))nm = Z pwUpm'.vaH (OJU:N\ ’ (263)

[TRA N

where m, n, k, | are indices of the dynamic system.
Hence the dynamic map A may be written in the form

As(0)= ) W,o(0O)W,! , (2.6.4)

where W, acts in the Hilbert space of the dynamic system and
SWW, =1 . (2.6.5)
The correspondence between (2.6.3) and (2.6.4) - (2.6.5) is given by
{o} = {(.V)}, (W )an = Upnon Py - (2.6.6)

To proceed further and to derive a general form ofthe superoperator A we have
to introduce quite an abstract notion of the complete positiveness of A . First we
introduceasuperoperator A* acting on the operators A ofthe dynamic system ( A acts
onthe density matrices). Itis clear that

tr{(Ac(0)A} = tr(c(0)A*A) , (2.6.7)
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where tr operation is performed over indices of the dynamic system. It is easy to show
that operator A* is given by the formula

A*A =) Wi AW, (2.6.8)

Now we discuss necessary mathematical conditions which should be imposed
on A* Because A maps density matrices into density matrices at different times,
then A" must be the linear positive - it transforms positive operators into positive
ones. Consider now the N-level system with a trivial Hamiltonian H = 0 placed far
away from our dynamic system. Hence, because both systems do not interact (and they
are assumed to be statistically independent [43]) then the joint dynamical map in the

Heisenberg picture A must be given by a tensor product A* @1 acting on the joint
Hilbert space ofthe dynamic system and the N-level system. Obviously A shouldbe

positive for all n = 1,2,.... This is a new condition on A* which is called complete
positivity. This condition, which does not have an obvious physical explanation, is
much stronger than the usual positivity.

We assume the complete positivy of the supermatrix A and the quantum
semigroup property of A, which is expressed by the following relations

a) A, isadynamic map; it preserves Hermiticity, trace = 1 and is completely
positive definite.

b) AtAs = Al.+s ¥

c) tr{(Ac(0))A} is a continuous function of t for A belonging to the dynamic
system.

Then it can be proven [39-42] that there exists a linear map L, called a
generator of a semigroup, such that

%ﬂﬂ)=LdQ , (2.6.9)
where
ao(t)=Ac(0) , (2.6.10)
and
A =¢"

Similarly for the Heisenberg dynamics A’; we have

dA(t)

— =LA (2.6.11)
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with A(t) = A A(0).

Equations (2.6.9) and (2.6.11) are called quantum Markovian equations in the
Schrddinger and the Heisenberg picture respectively.

Now, from the complete positivity of A and properties a, b and c, follows a
general form of supermatrices L and L™ [41] and corresponding equations of motion

8 o= LH ol L TAV,0. VI [+ [VauoVe ) (2.6.12)

dt h 24

dA . i 1 + 2

E=L A=?[H,A]+32{vu[A,v,]+[\fu,A]Vu} | (2.6.13)
(] a

where V, are certain operators in the Hilbert space of the dynamic system. They are
not necessarily Hermitian. On the other hand H is a Hermitian operator H' = H, which
does not necessarily coincide with the Hamiltonian of the dynamic system.

The semigroup approach to quantum dissipation, pioneered by Lindblad [41]
provides the most generally allowed form of the equations of motion (2.6.12) and
(2.6.13) which satisfy complete positivity. On the other hand we have obtained, in the
weak coupling approximation, Markovian equations (2.4.14) which coincide with
Redfield equations [29], providedtheterm V< is omitted

Pollard and Friesner [44] have shown that if the system-bath interaction is
written as a sum of products of the dynamic and dissipative system operators G, and
3, respectively

V=>G,3, , (2.6.14)

then the Redfield equations can be written in the form

do i 1 S o 5 -
= —E[E, o]+ ;ng{[(‘u 0.G,1+[G,.0G 1} , (2.6.15)
where
(€20 WE 3N (€19 W ()0 W (2.6.16)
B
((;_ )m =7 Z((J‘p )prm' (E)Bu )mn ? (2617)
B
and

(Olp)m = [dTe™" <3, (1)3,(0) > , (2.6.18)
0
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(©cp)um = Td‘fe"‘“'"‘ <3,(0)3(1) > . (2.6.19)

Note the striking similarity [45] between the Lindblad form for the equation of
motion (2.6.12) and the Redfield equations in the form (2.6.15). However, a closer
examination shows [45] that the two formulations are, in general, mutually exclusive,
with the Redfield equations not conforming a completely positive semigroup. It does
not mean that the Redfield equations of motion cannot preserve positivity for a certain
subset of initial states. However, positivity cannot be satisfied for all initial states. A
paper [36] of Suarez et al. provides concrete examples of solutions of the Redfield
equations which break the positivity; that is, they lead to negative values for population
probabilities.

The source of this discrepancy is in the fact that the Markovian approximation is
valid only asymptotically, (2.4.11), while the initial conditions are in the region where
Markovian Redfield type equations (2.4.14) are not valid. On the other hand, equation
(2.4.8) with time dependent coefficients is valid in the whole region t = t,. Therefore,
solutions of the Markovian Redfield type equation (2.4.14) may violate positive
definiteness. Initial conditions for these solutions are located at moments t = t, where
the Markovian equation (2.4.14) is not valid (see also [36]). Inthe derivation of the
Lindblad equations (2.6.12) it is assumed that the Markovian property takes place at all
times starting from the initial moment. Such an assumption could not be justified on
the physical basis. In the region close to the initial moment characterized by the
factorized density matrix (2.6.1) the time dependence is not Markovian.

The semigroup approach does not employ the weakness of interaction between
the dynamic and dissipative system. On the other hand it employs property b) of the
time development

A,,=AA, . (2.6.20)

This condition is connected with the validity of the factorization approximation. Using
Eg. (2.6.2), the action of superoperator A,,. canbe written inthe form

N —%m —-;r-Hs ;;"nx ;'lrm
AL 00) =11 <e e" o(0)Re” e : (2.6.21)

Now let us assume that a condition similar to (2.3.13) is satisfied. Then the
factorization approximation is valid and the square bracket may be presented as in the
righthand side of Eq. (2.6.21)

e? (0" =o(s)P, =A,G(O0)P, . (26.22)

Substituting this expression into Eq. (2.6.21) we get
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A,.5(0)=tr, {e_‘]"mc(s)- Pbei"m } =A,0(s)= A,A,5(0) . (2.6.23)

This equation is equivalent to Eq. (2.6.20). In conclusion, we have to emphasize that
Eq. (2.6.12) is not self-evident, though it has been derived using quite general
assumptions.

The weak point of the derivation is the assumption that the semigroup

property is valid at the whole time interval t > 0, while A, is determined by Egs.
(2.6.9, 2.6.10) with time-independent L.

2.7 Master equations for dynamic systems
Now we will derive conditions under which the equations for the density matrix of the

dynamic system (2.4.14) can be reduced to the conventional master equations.
Equation (2.4.14) can be rewritten in the explicit form

5, =i, —%Z(V;,ﬂch —0, Ve )~ G . (27.0)
1 m'n’
We will transform Eq. (2.7.1) to the interaction representation
o, =G e "= | (2.7.2)
and obtain the equation for G,

G = =il (VST =5, Vire™" )

Z Rm VS el @m et (273)

Now we will make the following assumption about the energy spectrum ofthe
system.
(a) All the levels ofthe dynamic system are non-degenerate:

o #0; ifm#n ,

vi.f I

1

(b) o |2 (2.7.4)

where Ty, is the characteristic time of the relaxation of the dynamic subsystem. Ithas
the order of magnitude
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Isnm n | (2.7.5)

dyn

Equation (2.7.3) contains terms which do not depend on time explicitly (e.g. a
term with ©,,, = ..., inthe right hand side of (2.7.3)), the so-called secular terms,
and rapidly varying terms proportional to €"*=". It is easy to show that the contribution
ofthese rapidly varying terms is much less than those which are independent of time.
Inthis approximation, which is sometimes called a secular approximation, the
equations for the diagonal elements &, (probabilities to find the system in state |n>)

obtainthe form

G ==, R0y, (2.7.6)
k

Using Egs. (2.4.15) - (2.4.17) we get

Re=t"Y [(Vu@V@f ™ d=3 w, , (2.7.7)
k(#n) - k(#n)
E‘ =—n? i (VD Vu @) dr =-w,, . (2.7.8)

Here

['8(E, ~F..~E, +E,)

tasa’)

=h ? (\'fnk OV, (O))e"“"“’d-r : (2.7.9)

From the above equations we obtain the master equation for the dynamic system

n =2 (Waky - ; (2.7.10)

where P,, is the probability to find the system in the state n. This probability coincides
with the diagonal element ofthe dynamic system density matrix

PI'I = c)—l'l'l'l . (2.7.11)
If the dissipative system is in the state of thermal equilibrium then

Pectll/yers (2.7.12)
B



54 Quantum theory of relaxation processes

From this expression and Eq. (2.7.9) we obtain the relation between the transition
probabilities n - kand k —n

W,y =W,, exp[—(E, —E,)/k,T] . (2.7.13)

This relation ensures the Boltzmann distribution

P =g Bkt Y et (2.7.14)
k

tobe the asymptotic solution (t — o) of the master equation (2.7.10).

Simple equations for the off-diagonal elements o, of the dynamic system
density matrix may be derived, ifone makes an additional assumption about the non-
degeneracy of frequencies

O # O if (m,n)=(m',n’)

m'n'*

and that

| Oy = Oy [>>] V' | /1,

mn

(m,n)=#(m’n’) . (2.7.15)

Llyn‘

Then using the same argument as in the derivation of the master equation
(2.7.10), we take into account only those terms in Eq. (2.7.3) which do not have
explicit dependence ontime. Asaresultwe obtain

&, +ih'[E+ V' +T o], +Lcm =0, (m#n). (2.7.16)
Here

1 T
_T P + W e 'P ‘r . r 5 F F 2717
Toun ) ;[Wn& W } h ﬂz | matma m i | ( ) ( )

V=
Ca=h"> P‘,wam , (2.7.18)
la,at “m '

{meer)

Since oyq(t) describes harmonic oscillations between two levels m and n, the
quantities t,, describe the relaxation time ofthese oscillations. The first term in the
right hand side of Eq. (2.7.17) is connected with the relaxation of populations of levels
m and n (W, and wy), while the second term describes so-called pure dephasing. The
pure dephasing occurs even when there is no population relaxation from levels m and
n.
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We shall now consider two examples: dissipation of the harmonic oscillator and
of the two level system. The harmonic oscillator has equidistant energy levels and
therefore it satisfies conditions (2.7.4) if the difference between the levels of the
oscillator ke, is large enough. On the other hand its eigenfrequencies are degenerate
On+1n = Opsans = @ and therefore condition (2.7.15) is not satisfied. The two level

system satisfies both conditions (2.7.4) and (2.7.5) provided the energy difference
between the two levels is large enough.

Let us first consider the harmonic oscillator. Dissipation of the harmonic
oscillator has been considered in Refs. 46-48 and in the most extensive study of Dekker

[49]. We will present here the derivation of the “master” equation for the harmonic
oscillator, using the Redfield equation in the form (2.6.15). We assume that the
interaction energy of the harmonic oscillator with the dissipative system can be written
inthe form

V=Y4q,F., (2.7.19)

where F, are operators of the dissipative system while the operator q is the operator of
the harmonic oscillator

q.=q=ata , (2.7.20)
andaand a  are annihilationand creation operators respectively
ay, =\ny,_; aly, = S+ i (2.7.21)
and v, are eigenfunctions of theharmonic oscillator.

Substituting (2.7.19) and (2.7.20) into Egs. (2.6.15-2.6.19) (and taking into
account the V<

i_f = %[E +V¢ o]+ hil{[(qxe+ )o,q] +[q,0(qx67)]} . (2.7.22)

Here, according to (2.6.18 - 2.6.19)

(9%0" ) = QB> (4X0 ) = Qs (2.7.23)
and
B, = €7 <Fo(DFp(0)>dr (2.7.24)
af g
Or = 3, [ <F(0)Fp(x)>dr . (2.7.25)

af o
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Taking into account Egs. (2.7.20 - 2.7.21) and that the spectrum of the
eigenfrequencies of the harmonic oscillator has the form

O = 20 (2.7.26)
we obtain
(qx6*)=2ab" +a"0]; (qx07)=ad. +a'g;; (2.7.27)

where

dte™ ™ <F (1)Fp(0)> ;

e;:Eg“

= e L

o; = Zjd.remaz < F{ 0)Fp(t)> . (2.7.28)
af g

Thus the equation for the density matrix of the harmonic oscillator interacting
with the dissipative system has the form

%?—s—-;;[E+\_f“r,o]+}lz-{[(aef+a*91}cr,q]+[q,c(ae'+a+9f,)]} . (2.7.29)
d

In the above-mentioned secular approximation the terms proportional to a a’
and aa are neglected and Eq. (2.7.29) obtains the form

do i - l
—=-—[E+ VY, 6]l+—{[ab'c.a"]+[2'0!c,a
i h[ ] !:2{[ 1+[a'6,0,a]

+[a,ca'0.]1+([a",cab’]} . (2.7.30)

The above approximation in which the so-called counter-rotating terms a'a’
and aa are neglected is also known as the rotating wave approximation (RWA). A
more detailed discussion of RWA is performed in Section 5.7.

Itis easy to see that RWA equation (2.7.30) connects diagonal terms &, with

diagonal terms o,,, G.<1a:1 ONly. It means that Eq. (2.7.30) is a master equation
(2.7.10) as far as the diagonal part ofthe left-hand side of Eq. (2.7.30) is considered.
On the other hand the off-diagonal matrix elements in Eq. (2.7.30) or (2.7.29) do not
obey those of type of equation (2.7.16). The harmonic oscillator eigenfrequencies are
degenerate and do not satisfy condition (2.7.15).

We now consider equations of mation of the density matrix of the two-level
system. In this case, as in the case of the harmonic oscillator (2.7.29), we can obtain
equations without assuming the rotating wave approximation [17,18]. Using Egs.
(2.4.14 - 2.4.17) we obtain the following equations of motion
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&y =6, = -in™ (vxczfcn _Gnvzef )= (W01 =W565) , (2.7.31)
&, =6, --i0,0,, -in"'Vi (6, -6,)-Ro, +R'0,, . (2.7.32)
Here VS is determined by Eq. (2.4.9), Vi =Vi =0, wy, Wy are transition

probabilities perunittime (2.7.9) and quantities R, R* by Egs. (2.4.14-2.4.17)

R = % T dre™ Re{< V,(0¥,,(0) >} =R =-(RA) =-R".  (2.7.33)
0

It is easy to see that terms with VT are not secular and can be neglected, provided

condition (2.7.4) is satisfied. Theterm R'oy is explicitly counterrotatingand may also
be neglected if condition (2.7.4) is satisfied. Thus in the RWA Eqgs. (2.7.31 - 2.7.32)
coincide with Egs. (2.7.10) and (2.7.16) with

7, =Re(R) . (2.7.34)
On the other hand if 12| is small enough, and conditions (2.7.4) and (2.7.15) (they

coincide for the two-level system) are not satisfied, then terms with V¢’ and R" are
essential.
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AppendixA. Thefactorizationapproximation.

The term n,..(t) in Eq. (2.3.15) represents a statistical correlation between the
dynamicanddissipative subsystems. We will show that if this correlation is small [in
comparison with the first term in the right hand side of Eq. (2.3.15)], then we can get
the equation for the density matrix o(t) only. It is clear from physical considerations
that very fast relaxation of the dissipative system would destroy the correlation 1
created by the interaction V between the dynamic and the dissipative subsystems.
Substituting the solution p,,...(t} in the form (2.3.15) into equation (2.3.11) and
performing the transformation

Ol B8 ™, T, (2.A1)

we obtain the approximate equations for the correlation amplitudes 7,

Troms + oW (Tlone ~Tleng) = =i 3 {DLexp[-it(t-to)(1-D)L]} it
B

Lk,o '
= i = _im = e
xp]u';m'(‘oxl'_au'ﬂ‘)'_Gmnpu _;Pc: Z(Vmu:kao-lme e _'cmkvkmme l"l)
k

_zT d&[RWY(1)+K" ()] ':ﬁ

Ty (t=gje¥et ity (2.A2)
ki o

In this equation we have neglected all the terms proportional to T, [apart from the

second sum inthe L.h.s. of Eq. (2.A2)]. They are small in comparison with the second
term in the left-hand side of Eq. (2.A2). These terms are proportional to powers of

small parameter r, (2.3.14), while the term Zwug(ﬁm ~T,mp) does not depend on

this parameter.
Employing the analysis of Reference 38, the left hand side of Eq. (2.A2) may
be presented as

Thon + ATy, With A =8> Wy, —(1-8,,)W,, (2.A3)

where 7, is the vector and A is the operator in Hilbert space (characterized by

quantum numbers ¢, and with fixed indices m,n). The operator A has non-negative
eigenvalues. The first (smallest) non-zero eigenvalue ofoperator A is the relaxation
rate y. Other eigenvalues A, > y lead to the fast transient parts of 7. In the
relaxation approximation, taking into account only the eigenvalue A, = y, one can
present the solution of equation (2.A2) in the form (assuming .. (t,) = 0))
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M. (t)y=e¢* j‘R(t)e""dt e (2.A4)

where R(t) is the right hand side part of equation (2.A2).
First, let us estimate the contribution of the first term R(t) in the right hand

side of equation (2.A2). We assume that R;(t) decays exponentially, y, being the
characteristic decay rate

R,(t)= Ri(tc)e_?cu_l“) . (2.A5)
We again assume, as it has been done in the previous section [cf(2.2.31)] that
Y>> r=Ta, . (2.A6)

The contribution of other terms may be represented by the second term in the right
hand side of Eq. (2.A2) - G, P. This term has the same order as the sum of the next

terms. (From the below consideration we will see that the sum over ct ofall the terms
in the right hand side of Eq.(2.A2), apart from the first term, is approximately equal to
Zero.)

Having in mind the conditions (2.3.13) and (2.3.14) we can present the
estimate of 1, (t),(2.A4), as

T ()5 Tl (1 )67 —R (1) e =L o160
Yo
T ti=g)
=p (2.A7)
Y
Starting from small interval

1
t—ty2==Tg (2.A8)

T

after the initial time t,, the correlation factor 7,,, becomes small in comparison with
G, P

mn o

. L ?"“ . (2.A9)

dwn

provided condition (2.3.13) is satisfied. Taking initial time t, such that
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Ta) =0, Py(t)=0 [Ry(t;)=0] . (2.A10)

one obtains that the factorization approximation
Priaa () = O (P, (2.A11)

is valid at any time t—t, >0. Inthe general case, the factorization approximation is
valid at the time intervals (2.A8), provided the condition (2.3.13) is satisfied. Of
course it does not mean that the Markovian equations (2.4.14) with constant

coefficients are valid starting from t,.  In the region t-t ~ 7, equations (2.4.8) with
time-dependent coefficients take place.
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Appendix B. The third order correction in time convolutionless equations

Acthird order correction to the time dependent R-function in Eq. (2.5.30) has the form
RO(1) =iy PL()P (1) . (2.B1)
Herethe n-function is defined as
n(t) = Qp(t); n©)=0. (2.B2)

This function is similar to function n,,.(t), (2.5.29), but it has also off-diagonal
elements in Greek indices o,

rlmu:,nﬂ {t) = pmr,nﬁ (t) - 0'mn (t)PuSu[i = (2'83)
Function n,,....(t) coincideswith n ..(t).
Accordingto Eqs. (2.5.15) and (2.5.23), the second order correction 1"’ has
the form (with n(0) =0)
n®W)=3 P (OPp(t) . (2.B4)

Performing some identical transformations, we canrewrite n in the form

n®(t) = j'dt, [Ret)-pR(t) ] o(t)

+jdtl]-dt3pb [Tet)E(t,) + ee,)E(, ) Jo(h)

t 1

~[dt, fdt, [ Let,)p, Lty )+ Lit, o, Lt Jo(t) - (2.B5)
1] L]
Here
L(t)o = %[v(t), U]; L(t) = Tr,L(t)p, ; (2.B6)
(]

R(t) = _[dt,L(r)L(t, 0
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R(t)=RO(t) = j‘dt,Tr,,L(r)L(t, )0, = TLR(t) . (2.B7)

Itis easy to check that condition (2.3.15) is satisfied and

TEn®(1)=0 . (2.B8)
The trace, (Tr,) of the first integral in the right hand side of Eq. (2.B5) is zero due to
Egs. (2.B7). The trace of the sum of the second and third integrals in the right hand
side of Eq. (2.B5) is zero due to Eqgs. (2.B6). The first integral in the right hand side of
Eq. (2.B5) and the rest terms in the right hand side of the equation have different time
dependencies. The first integral contains the correlation of type

<VOV(t)> - (2.B9)

while the rest of the terms in the right hand side of Eg. (2.B5) has the time
dependencies connected with the mean values

<V(t)>=V(t) . (2.B10)
We will show now that n®(t) contains divergent terms of the type
Vi~ . (2.B11)

In this case the second order approximation, which is the basis of the Redfield type
equation (2.5.35), is not valid. The next order approximation R is not small in the
case(2.B11)

The operator R(t), in the interaction representation, may be presented as
RE (1)=RE (1)e/O="a | (2.B12)
where operator RX (t)

m'n';(t)=_‘[( (D€ 5 (2.B13)

and K"¥(1) is determined by Eq. (2.4.2). When t — o, R™ (t) tends to constant

supermatrix (2.4.1 2).
The integral

JatR(t) = [RE (1, )eiomnx | (2.B14)
1 43
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which appears in the first term of the right hand side of Eq. (2.B5) is divergentwhen
0, -0, =0 and t—> o, (2.B15)

The value of the integral (2.B14) may then be estimated as

ns,

[ [P )-R, Jde+RE > REL (2.B16)

0

where T = n1,, n >> 1, and 7. is the correlation time characterizing the correlation
function K"V (1), while the constant supermatrix iﬁﬁn is determined by Eq. (2.4.12).

Matrix elements of operator ﬁ(tl) in the first integral of Eq. (2.B5) cannot cancel the

divergency(2.B16). Only the trace (try) annul the first term in the right hand side of
Eqg. (2.B5).
The second integral of Eq. (2.B5) is the sum of the terms having the form

t 4 _ ) )
P, I dt, _[ dt, Y V., Vo, (Delm gou
0 0 k.1

- pbgv—;:)%[fi—m_l- el;:;k_l:\c,n(t) ‘ (2.B17)

Thisterm is diverging (t — =) ifone of the conditions (or both of them) is satisfied
Om=0; O =0. (2.B18)

Divergencies connected with the second integral of Eq. (2.B5) cannot be compensated

by the third integral. Only the trace operation tr, cancels the sum of the second and
third integrals of Eq. (2.B5).



CHAPTER 111
INTERACTIONWITHPHONONS AND MOLECULAR VIBRATIONS

In this chapter we present a theoretical application of the general formalism developed
in the preceding chapter. The main subject of this chapter is the interaction of the
two-state system with a harmonic phonon bath. The two-state system is a dynamic
system (according to the terminology of the preceding chapter), while the phonon bath
is a dissipative system. The role of the phonon bath may play the vibrations in
condensed media or huge molecules. These vibrations have an infinite (in the limit)
number of degrees of freedom and a continuum spectrum of energies - the continuum
of frequencies of phonons. The model of the two-state system interacting with a
continuum of the vibrations, may represent various physical situations, such as
radiationless transitions in huge molecules, electron and energy transfer, tunneling, and
other processes in condensed media, such as small polaron motion, group transfer in
biological systems, etc. Equations of motion oftwo-level systems in condensed media,
as well as the calculation ofthe rate coefficients, are the subject ofthe chapter. The
mutual influence of a large number of two-state systems and the vibrations of the
phonon bath are also analyzed in this chapter. This mutual influence may cause the
instabilities in the phonon bath. The latter phenomenon, although it has few
experimental implementations, is of theoretical importance.

3.1 Description of time-dependent electron-nuclear system in the
Born-Oppenheimer approximation
Chemical compounds, molecules - small and large (like proteins) as well as solids - all

of them may be presented as a set of interacting electrons and nuclei. In the non-

relativistic approximation the Hamiltonian of the system of electrons and nuclei can be
written as

H=T+H(qf), (3.1.1)

where T is the kinetic energy of the nuclei

T:z_p;_z_f_ _L,‘i (3.1.2)
~OM, 2 &M, o¢

Here p, and gy are momenta and coordinates of the nuclei, My are their masses, and

2

H(q,8) = Z%+U(é,q) , (3.1.3)

64
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inthe Born-Oppenheimer approximation

is the electronic  Hamiltonian  which depends on nuclear coordinates g
= {q,02,-.-,Gm.---Qn); W IS the momentum of the j-th electron, m is mass of the
electron, & = {§,, &,.....&,... } are the coordinates ofthe electrons and U(&,q) represents
the Coulomb interaction between the electrons and nuclei.

Due to the fact that the mass m ofthe electrons is much smaller than masses of
the nuclei My it is possible to employ the so-called adiabatic approximation or the
Born-Oppenheimer approximation [50]. In this method we may approximately
calculate the electronic eigenfunctions, not taking into account the kinetic energy of
nuclei, the latter being considered as a small perturbation Describing the electronic
motion, we assume that it is possible to neglect the motion of nuclei and that the
electronic eigenfunctions depend on nuclear coordinates as on parameters. Thus in the
Zero approximation

Hy (0,81, (6.8 =E, (2)%,(q.8) . (3.1.4)

(The index *0” shows that H, does not necessarily coincide with H. However, it will
be assumed that the difference H-H, is small.) In the adiabatic approximation it is
assumed also that the nuclear wave functions satisfy the equation

(Hoo (@ + T, (@) + T) 9y (@) = E ()P (@) (3.1.5)

where Hy, = Hya +T4q IS the Hamiltonian (3.1.1) of the system averaged over the
electronic motions:

H,,(q) = [d&H(E q), (3.1.6)

%
aq;

i K 1 .
T (@=-=> — | d&x,, (3.1.7)
2= Mkj S

Thus in the adiabatic approximation the nuclear motion is described by the
Hamiltonian depending on nuclear coordinates and the role of the potential energy is
played by the total Hamiltonian of the system averaged over the electronic motion.
The effective potential energy of the nuclei is

U (@) =H,(9)+ T, (q) , (3.1.8)

and it depends on the electronic state. In different electronic states jo> there are
different potential energies.

The wavefunction of the total system, nuclei and electrons may be presented
as

W=D Con P (DL (0, E) " (3.1.9)

um
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In the zero approximation, coefficients ¢, do not depend on time. To show the
validity of the adiabatic approximation we have to show the slowness of the time
dependence of ¢, (t). We substitute (3.1.9), with time-dependent ec,m(t), into the
Schrédinger equation of motion

P OV _
ih—-=Hy. (3.1.10)

(The use of the matrix density formalism does not change the results of the derivation.)
After substitution of (3.1.9) into (3.1.10) we multiply both parts of the
resulting equation by w,(q,&)9.,(q) and integrate over the variables & and q. Using

the orthonormality of these functions and Eq. (3.1.5) we get the equation for ¢,

ihey, =3 <n| Ay |m > expli(E,, — Ega )t/ 4] . (3.1.11)
m.f
Here
A(Q)=Hy(1=8,)+ T (1=55)=A* L[i] 2 (3112
af aff aft af aff : 1\/1. a]; o aq]. ' AL
and
0 . Oy
2| =y =22 . (3.1.13)
(aq] 1‘1{‘ J‘ &1

In the case when the electronic eigenfunctions may be chosen real (e.g., in the absence
ofthe external magnetic field), the diagonal matrix elements

(Ei_} =%%Ix:dg = (3.1.14)

Operator A with matrix elements (3.1.12) plays the role of the effective interaction

energy. The adiabatic approximation is justified when matrix elements of A are small.

The second and third terms of A, (3.1.12), are small due to the assumption that M; >>
m. The smallness of the first term of (3.1.12) depends on the choice of Hamiltonian H,
in Eq. (3.1.4). In the case when matrix elements of H-H, are small enough the first
term of Eq. (3.1.12) is small too. In the case of infinite masses My and Hep(1-8.3) = 0,
the coefficients ¢y, in Eq. (3.1.9) do not depend on time.

3.2 Phonons. Phonon-phononinteractionand relaxation

One of the important applications of the Born-Oppenheimer approximation is
connected with the description of the crystal lattice. Accordingto the adiabatic
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approximation we can describe the motion of atoms in crystal separately from the
electronicmotion. Thus we can introduce the potential energy of the crystal lattice
depending only on nuclear coordinates (and electronic states). Having in mind that
each atom in crystal has its equilibrium position, we can describe the potential energy

ofthecrystal by the deviations from their equilibrium positions R’
i=R-R". (3.2.1)

Then we can expand the potential ofthe lattice energy into series of the powers of t
[50] and the Hamiltonian ofthe system of nuclei takes the form

H=%kaﬂi(lk)+% T @,k k), (K)uy(1'k)
Tkex

Ikal'k'p*

133 S 0, k1K1K, (K, 07k u, 17K+ (3.2.2)

6 Tk 1K'B 1Ky
Quantities ug(lk) are Cartesian components of the displacement (3.2.1) of the k-th
atom in the I-th unit cell, and My are masses of the k-th atom. Quantities @ are the

generalized force constants. Using the fact that the equilibrium configuration ofatoms
isthe periodic structure, one can introduce normal (complex) coordinates

Q(k, ™ (3.2.3)

diagonalizing harmonic (quadratic in displacements u) part ofthe Hamiltonian (3.2.2)

LY e, (k| KDQUK) explik, ] (3.2.4)

‘\.JNMk ki

Here Q(i&j)=Q*(*Ej),ea(k|Ej) is a vector of the polarization of the running wave
(3.2.3). N is a number of cells in the crystal, and j numerates various branches of

normal vibrations (acoustic, optical). In these coordinates the Hamiltonian (3.2.3)
takes the form

u, (k) =

H= %Z[P(k’j)P(—kj)+m§jQ(k'j)Q(—13j)]

K

+% > okik'jik" QKK QK" jHAK+k+k+...  (3.25)

iR
where

P(kj) = Q(kj) ; (3.2.6)
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eigenfrequencies of the lattice are

®. =0 - (3.2.7)

anharmonic constants are determined by the force constants @,g,,..., and function
A(k) is different from zero only if k=0 or it is one of the vectors of the inversed

lattice. Operators Q(k,j) and P(k,j) can be expressed through the operators of
creation and annihilation of phonons

= B Coay i -
Qkj) = [ (ki) +a()] , (3.2.8)
2(%
. fhog .
P(Kj) = iy|—[a* (ki) - a(ki) ] , (3.2.9)
2
[a(:éj),a+(1£' yﬂ:aﬁ_aﬁ, , (3.2.10)
Using the above expressions one gets the harmonic part of the Hamiltonian
(3.2.2)
H, =2 2oy [a' (Kackj) +alkia' () ] . (32.11)
ki
where
&, =hoy (3.2.12)

is the energy of the phonon, and
n(kj) =a* (kjla(kj) (3.2.13)

is the operator of the phonon numbers. The anharmonic part of the Hamiltonian (3.2.2)
contains products of the operators a and a’, having more than two factors aa'a,
a'a'a,...,aaaa,...

In the above consideration the displacement u,(lk), (3.2.4), is presented as a
sum of traveling waves (3.2.3). Another possibility is to use the expansion over the
standing waves. In this case, diagonalizing the harmonic part of the Hamiltonian
(3.2.2) one gets

1
H= EZ(piHOEqﬁ)w“ Y Vo dudits e (3.2.14)
k

ky.k3:ks
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where k is the set ofindices characterizing the vibration of the displacement.
Hamiltonian of the nuclei presented in the form (3.2.14) may describe not only
phonons in the crystallic lattice, but the anharmonic vibrations in various electron-
nuclear systems as well. 1t may, for example, describe the vibrational modes of huge
molecules. Interms of the creation and annihilation operators a” and a, we get

h . |ho
a, =4{—‘-(a; *a) Py =i a)-a,) . (3.2.15)
20, 2
and the harmonic part of (3.2.14) has the form
H, = [nk +—%]kmk; n, =aa, . (3.2.16)
k

The frequencies ®y of the nuclear vibrations usually have a continuous spectrum and
therefore the Hamiltonian (3.2.14) can be used to describe the irreversible relaxation
process towards the equilibrium values ofthe phonon numbers. The transition between
various phonon states is caused by the anharmonic terms inthe Hamiltonian (3.2.14)

Vit i, G, i, T - (3.2.17)

The master equation (2.2.28) describing the relaxation of phonons (or other
kinds of harmonic vibrations) may be written in the form

p({"}) = _Zwln}{n'} [p({n})_ P({“'})] s (3.2.18)

in’
where {n} isthe manifold of various phonon numbers

tb=(n;niaangss)

The example of the transition probability (per unittime) w is

in}in'}

g My =g +lng, —lng, -1

2n 2 :
= T{'Vk,k:k.| [{C]k‘ )ntl;nt__ﬂ(qk1 ]nt,::nkr—l(qk, )nl._"_.nk_‘ —1] S(h{"‘)k, i !m}k: - hm;,_‘ )

%3
2% |Vl:;l.:k_\\ h

n, +1)n, n, 8{hw, —ho, —ho, ). 3.2.19
h S(Dllmhmh( ks ) k Tk ( ky Yk; "3) ( )

The summation (3.2.18) over {n} is transformed into the integration over continuous
frequencies wy.
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3.3 Two-state electronic systems

In a number of applications, which we will consider below, it is a good approximation
to consider only two states of the electronic system. In this case, which may be called
the two-state approximation, we do not need the Born-Oppenheimer approximation; the
Hamiltonian (3.1.1) can be treated exactly.

Let us consider an arbitrary two-state system. We introduce the effective spin
operator ¥ [51,21] defined by its three components, r1, rp, rs. The operator r
represents a vector not an ordinary geometrical space, but in some abstract space. The
components of the vector T are determined by the commutation relations

TXT =iT; [MR]=in [on]=in; [Gn]=in, (3.3.1)

and the equations
(3.3.2)

Then inthe representation in which r; is diagonal, the components r; take the form

10 1 (0 -i i1 0
= — " = — = = — - 3.3.3
L 2(1 0} % 2(1‘ 0]’ B 2{0 -J (3.33)

It is easy to verify that these operators (3.3.3) satisfy the relations (3.3.1) and (3.3.2).
Conventional 1/2 spin § is a particular case of the effective spin, when
(rurars) = (sx.8y.,8;) or F=5.

We will show that effective spin operators ry, r, and r3 can describe an arbitrary

two-state system. For this purpose it is enough to see that the group of the linear
Hermitian operators ry, I, r; and the unit operator

1 0
=[] 020

has the property that every linear Hermitian operator A relating to a two-state system
may be expressed in terms of these operators ry, 1, I3, |

1 1 ;
a+5d E(b—lc]

A=al+br+cry +dry = (3.3.5)

) . 1
—(b+ic) a-—=d
p(b+ic) 8-

where a, b, ¢, and d are arbitrary real numbers. The right hand side of (3.3.5) isjust the
representation of anarbitrary linear Hermitian operator of a quantity characterized by
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two states. Thus the Hamiltonian of the system of nuclei and electrons (3.1.1), can be
presented in the two-state approximation as follows

N

2
H= Z Pk 4 10)U1(@)+12U5(9) + 1, Vi2(@) + 1. V21 (@) (3.3.6)
My,

Here 1 and 2 designate two states of the electronic system, g is a set of nuclear
variables, g4, 0y,...,0n, and

nl"_%_'}; n2=%+r3; rt=|";|:il'1 : (3.3.7)

When r3 = —%, ny=1and n; =0, whileat r3= 15 n,=1landn;=0.

It is worthy to mention again that we do not use the adiabatic or Born-
Oppenheimer approximation in deriving the Hamiltonian (3.3.6). Instead the two- state
approximation is utilized. Only two states of the electronic system are taken into
account and it is assumed that the influence of other states may be neglected.

Thus the Hamiltonian (3.3.6) describes the system with two electronic energy
hypersurfaces

E;=U1(q1.92,--qn) and Ej =Uj(q1,92..4N) » (3.3.8)

while V(qy,9z,-.-,0n) IS the interaction energy causing transition between these states.
In order to carry out the analytical description it is widely accepted to use the model in
which U; and U, are sets of potential energies of harmonic oscillators with identical
frequencies and different equilibrium positions. We extend this model by taking into
account anharmonic terms in Eqg. (3.2.14) (with identical anharmonic constants Vkkqk,

inboth electronic states)

U =] +%Z‘”ﬁ(¢lk ~ qgl)z + kak‘k"(Qk '"qgl) (Clk' —Clﬁ‘l) ((ll\ - qi ) (3.3.9)
k Kk'k"

Ay =3y +%Z®§(¢Ik _qu)z + kak'k“(qk "QEz) (qk- —qﬂ-g] (Qk" —qg"z)-
k Kk'k"
(3.3.10)

These two potential energies may be presented as

UI = J] +U({q|. _Q:l}); U, =1, +U({q, ‘qu}) s (3.3.11)
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where U({q}) is the potential energy of the set of interacting anharmonic oscillators
[Hamiltonian (3.2.5) or (3.2.14)].
The Hamiltonian (3.3.6) obtains the form (using the units M= 1)

2
H= ;p?k"' nyJp+nyJy + HIU({CIL; "qgl})"‘ “ZU({Qk *qu})
+1,. Vi5(q)+1_Vy1(q) . (3.3.12)

For further application we will transform Hamiltonian (3.3.12) using the well known
[52] unitary operator

i
s~ e - +afin +qg2"2JPk] . (3.3.13)

where Il:l is a symbol of the products of k-factors. The transformed Hamiltonian, for

which we shall preserve its former designation, takes the form

S'HS »H= nyJy +nyl; +%Z(PE +Q)|2((-]E)
k

+ 2 Vi QiQiedie + -+ LI VT + LTV I (3.3.14)
KK
where
;= Eexp(%qgjpk)= Heaplin (ag —ay)] , (3.3.15)
o /2
=k 0 3.3.16
Nik [2}:] Qi > ( )

and ay, , a, are creation and annihilation operators (3.2.15).
Further we will considera simple case when

V=V, =V, (3.3.17)

and does not depend on g (the Condon approximation). In this case the interaction
energy takes the form

V=1 VII* +1_VII , (3.3.18)

where
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r1=lesplnicai -au)]  me =( ] h-a) . eam

For further considerations we will employ Hamiltonian (3.3.14) with the interaction
energy(3.3.18)

=t + 03], +‘_Z(F‘L F kalk) Zka'k"Clek'Qk" +
kK"

+r+V1"l+ +1_VIT . (3.3.20)

This Hamiltonian has the form of the Hamiltonian (2.1.2) where the Hamiltonian
of the dynamic system E is that of a two level (two-state) system

E=Ill.]| +II2J2 . (3321)

The diagonalized Hamiltonian F of the dissipative system has the form

1 e, 1
F= 5;(‘)'\ + O qj )2 ;(nk +5Jh(ﬂk ; (3322)
The interaction Hamiltonian in the dissipative system is
G= kak'k"qqu'qk" *iva (3323)
k.k k"

This interaction is the cause in the relaxation of the dissipative system; thisrelaxation

is described by the master equation (3.2.18). And finally, the interaction energy V,

which is the cause of the transitions between the levels of the dynamic system, has the
form

V= .V l;[explnk{'_ak*' —-ay )J+ r_Vll:Iexp[— nk(ag —ay )l . (3.3.24)

In the general case (let us say, there is a different set of eigenfrequencies in two
potential energies U; and U,) the Hamiltonian (3.3.6) cannot be reduced to the form
(3.3.20). Each electronic state has its own potential energy U; and U,, (3.3.6). The
Hamiltonian (3.3.6) may be taken in the form

2
l ~ -~ A
H= r“{-JZ_J')-FZZI?\:I +:(_U1+U2)+I‘_‘(UI—U2)
k VL 4

+,. V(@) +1.V31(q) (3.3.25)
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where J; and J, are minima of the potential energies, a nonessential constant term

%(J, +J,) is omitted, and U,__z are potential energies normalized to zero minima:

U, =J,+U,. Here the first term (in the right hand side) is the Hamiltonian E of the

dynamic system, the second and third terms together present the Hamiltonian of the
dissipative system

2
1 - -
F+G=Zﬁ+5(b,+U2) , (3.3.26)

k k

where F is the diagonalized part of this Hamiltonian and G the perturbation energy
giving rise to the relaxation between eigenstates of F. The remaining terms on the right
hand side of (3.3.25) represent the energy of interaction between the dynamic and
dissipative system.

It should be mentioned that the total potential energy

U=¥+%(U] U (3.3.27)

is infinitely large in comparison with the contribution of the two-level system
(U, - fJ,_ ), which is finite because it is connected with only one degree of freedom of

the two level system, while the dissipative system has an infinite (in limit) number of
degrees of freedom. As an example, let us consider the harmonic part of Egs. (3.3.9)
and (3.3.10), taking coordinates g such that

i =42 - (3.2.28)

Then
3+, 1 1 ’
U==""t Do+ 20l + @)l (3.3.29)
= -k

The third term on the right hand side of Eq. (3.3.29) is finite, while the potential energy
(a second term in Eq. (3.3.29)) tends to infinity when the number N of oscillators
tendsto infinity. Ifthere is no singled out oscillator (like a local vibration), the third
term in Eq. (3.3.29) can be finite, provided

qf o= (3.3.30)

JIN
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3.4 Radiationless transitions. Basic models of electron and energy transfer

In the huge and medium-size molecules with a large number of molecular vibrations
(vibrations of the molecule’s atoms) radiationless transitions can take place (without the
electromagnetic radiation) between electronic states of the molecule. These transitions
can be described by the Hamiltonian (3.3.20). Such a description (without anharmonic
terms) was presented in the pioneering work of Lin [53]. It had a remarkable
development inthe works of Jortner, Bixon, Englman and others [54-57]. An extensive
updated bibliography is given in the review of Bixon and Jortner [58], devoted to
electron transfer. As a matter of fact electron and energy transfer processes may be
considered as a specific case of radiationless processes, and they are described by the
same formalism.

Electron transfer is one of the important processes going on in the condensed
media, in general, and in huge molecules and biomolecular systems. Pioneering works
describing the electron transfer are those of Marcus [59] and Levich [60]. Animportant
development of the theory of electron transfer and application is presented in the review
by Bixon and Jortner [58].

We present here basic models of the electron and energy transfer.

Electron transfer. The quantum-theoretical description of the electron transfer was
given by Levich [60]. Let €, and &, be the electronic terms, each of which correspond
to different localizations &, and &, ofthe electron (Fig. 2). Then the transition from
state €, and state g, will be accompanied by the electron transfer from the point &, (or to
be exact, from the vicinity of this point) to point &..

In the adiabatic approximation the electronic energies essentially depend on the
nuclear configuration and electran transfer is accompanied by the change of the
configuration. Inthe two-state model of section 3.3 two electronic states correspond to
two localizations described by the potential energies U;(q) and U,(q) in Eqg. (3.3.6)

whilerz = % and —% describe two positions of nuclei (in the vicinity of minima of U,

and U,). Why is it necessary that the change ofthe nuclear configuration should occur?
Let us look at Fig. 2a, which corresponds to the configuration of nuclei g = g, (which
may be a set of positions of nuclei). In this configuration there is a large gap between
energies g, and &, (in the two-state model U;(q,) is essentially different from U,(qy)).
Atalarge gap

ley -2 > V], (3.4.1)

the tunneling between these states has a very low probability. But when the
configuration of nuclei changes from q; to qq, Fig. 2c, then the energy gap is zero and
the tunneling will have its maximum value. Thus nuclear motion stimulates the
electron transfer. In the condensed medium (or the biomolecule) the initial and final
states (the electron before and after the transfer) are characterized by the electron
energy hypersurfaces

U, =€,(q,.9;..-.9y): U; =2,(q,,95,....dy) (34.2)
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U(q,5)

U

U(qge8)

A

*q

Fig. 2. Potential energies of electron U(g,&) and energy levels &, and &; as a function of
nuclear coordinates. Curves a, b, ¢, and d correspond to various values of the nuclear
coordinateq. The lower curve describes dependence of the electronic energies &, and €z on
nuclear coordinates g.

Transitions between these hypersurfaces imply the electron transfer.  Using the
potential energies (3.3.9) and (3.3.10) we come to the Hamiltonian (3.3.20) for a
description of the electron transfer

L 1 2 2.2 - =
H= II]J + 112.] +E§(pk +(1)qu)+ kkz'kuvkkuknqqu-qku + r+Vl'1 +r_Vl“1 ¥ (343)

where TT is defined by Eq. (3.3.19).

Energy transfer. The energy transfer between atoms (molecules) embedded in
condensed media or energy transfer between different subunits of a macro-molecular
framework is of vital importance to diverse fields of research such as sensitized
luminescence and photosynthesis. Starting from pioneering works of Forster [61] and
Dexter [62] a lot of theoretical and experimental works devoted to this problem have
been carried out. However, the aim of this section is to provide basic physical models
of corresponding processes.

We want to present the theoretical framework for the description of energy
transferin condensed media. The Hamiltonian describing energy transfer between two
atoms (molecules) embedded in a condensed medium was discussed by Soules and
Duke [63], Rackovsky and Silbey [64], and Abram and Silbey [65]. We will consider
the simplified model, taking into account only two levels of each molecule. We neglect
transitions between energy levels of each molecule and take into account only the
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energy transfer process between these molecules caused by the intermolecular
interaction V (see Fig. 3). In this case the two-molecule system may be in two possible
states. In state 1, the first molecule is in the excited state, while the second molecule is
in the ground state. In state 2, the second molecule is in the excited and the first
molecule in the ground state. Respectively, the eigenenergies of the two-molecule
system are E; and E,.

A% A Y
-+_ i e —— i _e_
Fan Fan
S ot
E-E, E=E,

Fig. 3. Energy levels of two molecules coupled by the interaction energy.

Using the formalism of Section 3, with travelling wave expansion (3.2.3) of the
displacement in the system of two molecules we obtain the Hamiltonian

H=nJ+n,J+ thq(bgbd + %] +G+r, VIT" +5_VIT . (3.4.4)
g

Here G is the anharmonic part of the potential energy, containing the sum of the terms

of the bqbgbg type,
1 . +
= lq'Iexp [—}!—’r](q)(bli -bl; )] , (3.4.5)

(@) = (@R —ny@eR2 | (3.4.6)
where R, and R, are coordinates of two molecules in the dimer (two molecules)
M@ =G (d) -G (4): () =G3(Q)-63(q) .  (B47)

Quantities G{ and G-Ig are the constants of the electron-phonon coupling in the excited
and ground state ofthe i-th molecule respectively. These constants are connected with
the equilibrium oscillator coordinates qﬁ, and qEz appearing in Egs. (3.3.9-3.3.12)

Q)= [Gie# +G3e%: ] . (3.4.8)

20

q
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h
20

9

Q4 =

[Gfe‘“"“' + G;e"“”*=] : (3.4.9)

Thus we see that Hamiltonian (3.4.4) is isomorphous to that of (3.4.3) describing the
electrontransfer. Of course the Hamiltonian (3.4.4), as well as (3.4.3), are isomorphous
to the general form of the Hamiltonian (3.3.20), describing radiationless transitions in
general.

Temperature dependence of the energy transfer rates in various temperature
regions, starting from T = O till very large temperature T — <o, is given in paper [66].

3.5  Tunnelinginthe condensed media

The Born-Oppenheimer approximation (see section 3.1) gives the possibility to
understand the essence of chemical transformations and other processes, including
those occurring in condensed media. According to this approximation, the motion of
nuclei, atoms and molecules may be described by the effective potential energy U,
averaged over electronic eigenstate o, see (3.1.8)).

We consider here a quite general model [67] which may be appropriate for the
description of proton transfer, nuclear group transfer, electron transfer accompanied by
the transfer of nuclear groups, and other rate processes in condensed media. These
transitions may occur between two intersecting potential energies belonging to different
electronic states (Fig. 4). These processesare called non-adiabatictransitions.

On the other hand, all above processes may have taken place on the same
electronic state: transitions between two minima of the same potential energy
(belonging to the same electronic state (Fig. 5).

These processes are called adiabatic processes. In the Born-Oppenheimer the
Hamiltonian describing adiabatic transition processes may be presented in the form

. . 4
q¢” q5”

Fig. 4. Two intersecting potential energy curves (hypersurfaces). Non-adiabatic case.
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U@

1
2 b

Fig. 5. Theadiabaticenergy curve (hypersurface) withtwo potential well. E1 and E2 ground
states in these wells. hw; and ha- are energy level differences in the first and second well
respectively. a;, b, ,a, and b, aretheturning points.

H:T+U(Q)+%Z(P§+(°}2<CI§)+G(CI)—ZAI;(Q)QR : (35.1)
k k

Here Q is the set of coordinates of the singled out modes subsystem interacting with its
surrounding - dissipative system, thermal bath. T and U are kinetic and potential
energies of the nuclear subsystem; the third system in the Hamiltonian (3.5.1)
describes the condensed medium in the harmonic approximation, while G(q) describes
its anharmonic part. The last term is the interaction energy between the nuclear
subsystem and the condensed medium, the only assumption about this interaction is that
it is linear in the coordinates gy, i.e., the excitations of the surrounding condensed
medium are small enough.

The potential energy U is supposed to have two minima (Fig. 5) corresponding
to two (quasi) stable configurations of the nuclear subsystem. The condition of the
(quasi) stability of the configurations is that they are divided by a barrier which is
sufficiently large (high and wide), such that the duration of transition between two
minima is much smaller than the period of the oscillation in each of the wells. The
transition from one configuration (Fig. 5) (potential well 1) to another (potential well 2)
may occur in two ways: (1) tunneling through the potential barrier, and (2) overcoming
the potential barrier by thermal fluctuations induced by the vibrations of the thermal
bath. Here we will explore the first possibility, i.e. the tunneling.

We would assume that only two low-lying levels of the subsystem are essential,
i.e. twolevels E; and E; in each well (with a sufficiently large potential barrier) and it is
possible to neglect excitations to other levels. 1t may mean that the temperature of the
thermal bath is small enough

kgT << hwy (35.2)
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where Ay is the characteristic energy difference between the next higher level of the
first (second) well and E; (E,). Inthis case we are dealing with a two-state system (see
section (3.3)). (The finite temperature case has been considered by Dekker [68,69].)

The Hamiltonian of the two-state nuclear system without thermal bath, may be
presented in the form (3.3.5)

E=n1E1+n2E2+r,._V|3+r_V2| 2 (353)

where operators ny, n,, r.. are defined by Egs. (3.3.7), (3.3.1) and (3.3.2), and V15,V
are the matrix elements of the effective perturbation energy, causing the tunneling
between states 1 and 2. Ithas been shown [67,18] that the effective perturbation energy
matrix elements for the one-dimensional case in the mixed semiclassical, ground state
approximation has the form (see Fig. 3.4)

ay
Vip =V = %h(mlmzlne)” 2 exp[-h~" J’;p 1dQ] , (3.5.4)
b

where ®, and - are frequencies characterizing wells 1 and 2. For ground states E; and

E, the parabolic approximation is a good one. Therefore the potential energies may be
described by frequencies @; and w, InEg. (3.5.4)

p=y2ME-U) , (3.5.5)

where E = E; = E,.  Inthe case when E; substantially differs from E,, the tunneling is
practically unachievable.

In the general case it is reasonable to assume that the matrix elements V have the
form

V= lrmge_“ . (356)

where the effective parameter @, has the order of magnitude of that appearing in Eq.
(3.5.4), (v, = 0, = ®,) , and the parameter ¢ is assumed to be much larger than unity

c>>1, (3.5.7)

Now let us consider the time-dependence of the density matrix of the system
described by the two-state Hamiltonian (3.5.3). Inthe site representation (in which the
system is either in the left or right potential well) the time dependence of the density
matrix has the form

6’1] = —(:'1'22 = —“.I"IV(62| — U|2) = (358)
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611 = &1 =-i®)30); - ih_lv{cgz ~G11) 4 (3.5.9)

where @, = (E;-E;)h. Performing simple manipulations we get for the population
difference

nN=0)-0»n;, Oh+on=1, (3.5.10)
the equation
F+Q%=0 | (3.5.11)
where
Q=hr"'4v? + nPoh)!? . (3.5.12)

Equation (3.5.11) has a general solution
n=AcosQt+BsinQt+C . (3.5.13)

Ifat the initial time t = t, the elements of the density matrix are

o1a(t)=02(t)) =05  on(t)=1; on(t)=0, (3.5.14)
then
n=k\"2h‘2cos(ﬁ(t—to))+mﬁ oy* (3.5.15)
while
o1 (t-to) 1 5 1 4V2fh2cosﬂ(t—tg]+co|22 (3.5.16)
nlt—tp)==t=— 9.
22 4v2i/in? + o}
Inthe case of the symmetrical two-well potential energy ®,,=0
c"(t—tu)=%(l+cosQ"(t-t,,)); .QO=27V _ (3.5.17)

Egs. (3.5.15and 3.5.16) describe so-called guantum beats betweentwo potential wells.

Now, taking into account the interaction with the dissipative system (the phonon
bath) and taking into account only two levels E; and E; of the nuclear subsystem, the
Hamiltonian (3.5.1) of the whole system may be presented in the form

H=nH, +noHn + 1. Hy+1.Hy, (3.5.18)
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where the matrix elements are taken with the aid of the eigenfunctions y(Q) and
y(Q), with eigenvalues E; and E;.  Thus, the effective Hamiltonian of the whole
system (including the anharmonic phonon bath) takes the form

1 2.0
H=mE| +mE, = E ,(p]% +‘9}2;Q%)+ G(q)-m E Ok qk19k
k k

-1y Y 0rafqx +f+[V12 +Z"12qu]+f—[‘f21 +ZV21ka] . (35.19)
k k K

where
20 _ [ *
ofaf = [ViAQuidQ | (35.20)
ofals = [WrAL(Qu2dQ (35.21)
Vizk = Vi = ‘_IW;AI;(Q)WQCIQ : (3.5.22)

and Q={Q1,...,Qn}.

Apart from the terms Vis, Vo (which are neglected in the Condon
approximation) it is easy to see that the Hamiltonian (3.5.19) is identical with
Hamiltonian (3.3.6) with U, and U, determined by Egs. (3.3.9) and (3.3.10). It means,
also, that Hamiltonian (3.5.19) is isomorphous with those describing radiationless
transitions in general and the electron, (3.4.3), and energy, (3.4.4), transfer, in
particular.

3.6 Equations ofmotion of the two-state electronic (nuclear) system interacting
with vibrations of the medium

Theresult of the preceding sections shows that such versatile processes as radiationless
transitions in huge molecules, the electron transfer in condensed media, the energy
transfer and others can be presented by the Hamiltonian (3.3.20). This Hamiltonian
describes the two-level system

E= n]J] + ﬂz.lg - (361)
interactingwiththe system of anharmonic oscillators (3.3.22) and (3.3.23)

1 3 .2 2) ;
F+G= Ez(pk +oq; + I\E}kk‘k"ﬁk‘lkﬂk» +o, (36.2)
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with the specific kind of the interaction energy, (3.3.18),

¥ =r, el af -aole Viepk mGi-a0 . (369)
where
1/2
®
le=(_2'};') % -aba) (364)

and qﬁl,qu are the equilibrium positions of two electronic hypersurfaces (3.3.9 -
3.3.1).

The time development of the above mentioned processes, such as electron
transfer, etc., is described by the equations (2.7.31, 2) of the two state system

. . o —1{cef ef
611 =6y =-1h (VleZGZI_GIZVZel )-(W12011-W210'22) , (3.6.5)

. . * . .1 —157ef *
631 =631 = —i01, -1k Vi3 (035 ~011)-Rop +R'0y; . (3.6.6)

Here, (2.4.13)
Ve =TV +in! j([V('r),G(O)])d‘t , (36.7)
0

where G is the anharmonic part ofthe Hamiltonian, (3.6.2), the averaging V , <...> is
performed over the states of the dissipative system and wy;, w,; are determined by Eq.
(2.7.9), while the quantity R is determined by Eq. (2.7.33). In the specific case ofthe

interaction (3.6.3) and using the definition of v, (2.4.4), we get expressions for the rate
coefficients

W, = Vi T oy
(Tl bxpln a1 () - i CONexpl-nic 0 - a1~ expl-ni e 271} ) (369)

k-]
W, = V2 j e lentdy
-

(11, {expl=ny (2 (7) - a, (2))]expIn, (&} - a,)]- expl-ni(a -2, ']} ) ., (3.6.9)
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[+ a)
R =2v23~2 _[e‘i“’Zl’dr
0

(ReT1{expln, (a1 () - o, ()Jexpl-n, (a5 - 3, - expl-ni(e; ~2,)"]}) (3.6.10)

It has been mentioned at the end of Section 2, Eq. (3.3.30), that qgj oc N‘”z, and the

same refers to 1.

In this case (in the limit N — ) the product in the integrand (3.6.8) may be
transformed as follows (see Eq. (3.3.19)

<TT* (DII(0) >=

EI<[(1 + Mg (g (1) ~ 3y (D) + %nﬁ(afé(r) ~ 2 (D)1 - n (aff - ag) + %m%(ak —ag )2]>

. exp{— Z[qu(zﬁk +1) - N2 ([, K" + (T +1)e‘i‘°k’)]} . (36.11)
k

Here we have assumed that inthe equilibrium state of the dissipative system

<a;a§>=(akak)=o . (3.6.12)

We have also used the explicit time dependence of operators a’,a

okt
3

af(t)=age 2 (t) =age Okt (3.6.13)

Using Eq. (3.6.11) and Egs. (3.6.8), (3.6.9) and (3.6.10), we get

2 x .
wlz:Z_ze-F(‘)) j(eF<’)-1)s‘°°121dr : (3.6.14)
—00
2 «© .
W21=:_2e-F<0> j'(eF(’)—l)e’mzlfdr , (3.6.15)

2 %
R =250 foar ReleF™ - 1}tr | (3.6.16)
h 0
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and
~Lro -
Vei=ve 2+ (V.60 - (36.17)
0
Here
_ 2 -0kt | /= 10kt
F(1)= qu ne +(ny +1)e , (3.6.18)
k

m, areequilibrium phonon occupationnumbers and 1, is definedbyEq. (3.6.4). Inthe
1

derivation of these equations the smallness of m,oc N 2 hasbeenemployed,
however, the same relations can be achieved whenthe averaging is performed over
the thermodynamic equilibrium.

The transition probabilities wy, W»1 and R contain the compensating factor -1 in
the integrands (3.6.14 - 3.6.16). This factor eliminates the singularities in the
expressions (3.6.14 - 3.6.16) when > = 0.

It is worthwhile to mention that equations (3.6.5) and (3.6.6), apart from the

term with R*, coincide with the Bloch equations [26] for spin 5 " the external field,
vef representing the interaction energy with this field. The term with R* is essential in
the case of almost degenerate levels J; and J, when conditions of the (2.7.4) type are not
fulfilled. The meaning of the terms with R*in equation (3.6.6) is the transformation
o,, &2 6, While inthe usual Bloch equations such transformation does not exist. In
the case

[0y 155 VI | 7h,w 3, wa R (3.6.19)

which corresponds to conditions (2.7.4) and (2.7.15), the equation (3.6.5) obtains the
form

611 =62 = —(W|2011 - W21022) , (3.6.20)
which coincides with the master equation for the two-level system. In this case, Eq.
(3.6.6) can be approximated by equation (2.7.16) for the two level system. In the latter
equation the transformation o,, 2 g,, is neglected.

3.7 Calculation of rate coefficients

The transition probabilities (3.6.14), (3.6.15) and parameter R, (3.6.16), are rate
Coefficients of the equations (3.6.5) and (3.6.6). Now we will tryto perform a general
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analysis of these quantities in various regions of their parameters. As we know from
the general theory (Chapter I, section 7) the transition probabilities per unit time can be
determined only for the systems with continuous spectra. More than that, it has been
shown (section 1.8) that the continuous spectrum ofenergies is anecessary condition of
the irreversible motion in general. It means that the sum (3.6.18) can be transformed
into the Fourier integral

a
F(t)= Zn% I'ﬁke’i"‘kT + (1 +1)e'“’k‘]= Jp(w}e'i""dm ; (3.7.1)
k —a
Here we have introduced the following designations
p(0) = f(o)n* (@) [n(®)| , (37.2)

where f{w) isthe frequency distribution function

> ;]f(m)dco : (3.7.3)
k 0

a isthe maximum frequency of the vibrational spectrum,
n(w) =ng(w) ,

and n(o) is the average number of phonons with frequency «; in the case of thermal
equilibrium

n(m) = [em‘kaT—lr] ., (0>0) . (3.7.4)
For negative frequencies -® we define (o > 0)
f-0)=flo);  n*)=nie); n¢-0)=n@)+] . (3.7.5)
Inthe case of thermal equilibrium, (3.7.4), we have for negative frequencies

1

In(w) =n(-|ol)= ’W =n{o)+] , (3.7.6)

Thus in the general case, taking into account definition (3.7.5), or the equilibrium case
(3.7.6), we can use the distribution (3.7.2).

The calculation of transition probabilities wy, and ws, (3.6.14), (3.6.15), may be
reduced to the calculation of the integral
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() = _[e“'(f)dr , (3.7.7)

-0

where

a
W(t) = F(1) +iAt = J'p(m)e‘imdmnm . (3.7.8)

-a
Integral (3.7.7) has a typical form suitable for the calculation by the saddle point
method (see, e.g. [71]). According to this method, the exponent in (3.7.7) should

contain a large factor. Later on we will clarify what this means. If this factor tends to
infinity, the integral (3.7.7) has the asymptotic representation

/2
10\ = Ze"’(’o)[27:/(—\;;"(4,))]l : (3.7.9)
Zo
where z, are all saddle points along the integration contour, (3.7.7), shifted to the
complexregion. The saddle points satisfy the equations
Y'(z5)=0 . (3.7.10)

The saddle point method is based on an expansion of the exponent w(t) in the
vicinity of the saddle point

Wwz) =\u(zo)+%\v"(zo)(z—zo)2 . (3.7.11)

up to terms of second order in (z-z,). This means that in the region where the second
termin (3.7.11) gives an essential contribution to the integral I(A)

2=z, Q") , (3.7.12)
the next terms ofthe expansion of the function y(z,) should be small:

3/2_ 1

W (20 )2~ 26)° HW"(26) 1/ |W'(2) | <<l , (3713)

].p(w)dm
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WY (2o )z -20)* M WY (20) 171 W20 ) 2~ (3.7.14)

Just these conditions determine a large dimensionless factor which is necessary for the
application of the saddle point method

jp(co)dco >1 . (3.7.15)

—a

Now we will analyze integral I(X) in various limiting case [72,18]. In the
complexregion

Zo =X, + 1V, , (3.7.16)
Eq. (3.7.10) takes the form
a .
- J‘mp(m)e"“’% e®Yo 4 A =0 , (3.7.17)
-a
or
a
J.cop(m) sinwx,e®Yodo =0 , (3.7.18)
-a
a
Icop(m)cosmxoe“’y° do=2X . (3.7.19)

—-a
We will consider the case correspondingto small [y,

alyo <<1 . (3.7.20)

Inthis approximation we find from (3.7.18) and (3.7.19) the equations determining x,
and y,

a
jmp(m)sin wx,do=0 | (3.7.21)

-a
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a
A- jp(m)mcosmxodm
Yo=—% —a . (3.7.22)

Ip((o)m2 coswxdo

Formulae (3.7.8), (3.7.9), (3.7.21) and (3.7.22) determine the integral (3.7.7) in
the saddle point approximation and the approximation (3.7.20). Generally speaking
there are an infinite number of saddle points x,,y, that give contributions to the integral
(3.7.9). Apart from exceptional cases, the summation over an infinite number of saddle
points z, cannot be performed in an analytical way. This is why it is important to find a
condition under which the main contribution to the integral I(A), (3.7.9), comes just

from one saddle point (particularly x,= 0). It is easy to show that the condition of one
saddle point x,= 0 takes the form

a
exp[lp'(xo #0)—y(x, = 0)] o exp\i fp(m){l - cosmxo)dw] >1 . (3.7.23)

—a

This condition can be written in the form

a
Ip(c)){_l —cosoxg)do>>1 | (3.7.24)

—a

where X, is a non-zero root of Eq. (3.7.21). This condition is consistent with the
inequality (3.7.15) determining the applicability of the saddle point method. The
condition of our approximation (3.7.20) can be deduced from Eq. (3.7.22)

a a
A~ jp(m}mdm{ <¢% Ip{m)(azdm . (3.7.25)
—a

—a
Provided all these conditions are fulfilled, the expression for the transition
probability obtains the form [see (3.6.14),(3.7.7),(3.7.8),(3.7.9) and (3.7.22)]

V3 a ! (@, - I p(o)ado)’
W, = h—l[Zm‘ j p()o*de]? exp[ = 1. (3.7.26)

a

ZI p(o)o’de

This formula can be expressed as the Arrhenius law
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2 2 1/2
Wiy = | 2| BalkBT | (3.7.27)
h kBFI‘EI‘

where the activation energy equals

= 2
E, G- +Ep)” i (3.7.28)
4E,

and E; is the so-called reorganization energy, which provides a measure of the
difference between minimaoftwo potential wells (3.3.9) and (3.3.10)

B, =13 oflal -q%f - (3.7.29)
k

| —

(The transition probability w,; is obtained by interchanging I, z21J,.) The
reorganization energy is expressed through function p(), (3.7.2)

- Imp(m)dm =E./h . (3.7.30)

=a
Relation (3.7.27) is valid in the high temperature region

kgT >>ha . (3.7.31)

It can be shown that at high temperatures (3.7.31), relation (3.7.25), obtains the form

|Jy =T +E; [<< Kpt
ha

E, , (3.7.32)

which may be satisfied provided the difference of the energies (1,-J,| is not very large.
Eq. (3.7.27) has been obtained by Levich [60] from his quantum theoretical treatment
oftheelectron transfer.

Expression (3.7.27) for the transition probability depends only on the integral
(3.7.30) or the sum, (2.7.29), over vibrational degrees of freedom of the Hamiltonian
(3.3.14). Thissituation seems at first sight to be strange. Even ifthere is one or several
vibrational degrees of freedom, one obtains a finite expression (3.7.27). As we know
(1.7.22), (1.7.23), in the case of, let us say, one degree of freedom, the transition
probabilitiy has a 8-function dependence on the energy of the system. The paradox is
resolved if we take into account that for a very narrow energy spectrum condition
(3.7.24) is not fulfilled. This means that many saddle points contribute to the sum.
Thus in the case of one degree of freedom the number of saddle points that gives the
same contribution tends to infinity, and expression (3.7.27) is not valid any more.
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This circumstance that there are saddle points with x, # 0, which may give a
substantial contributionto the integral I(A), is notalways taken into account. Therefore
we will dwell upon this point in some detail [18]. Let us consider two models of the
vibrational frequencies distribution. One ofthem is the Debye frequency distribution

@
() = 302 /m%; a=op ; Tf(m)dmﬂ ; (3.7.33)
0
In this case it can be shown that the equation for the saddle points
OpXyCOSOPX, =SINOPX, . (3.7.34)
Inthe Debye model, [18],
1(0)=E, /ho , (3.7.35)
and in the high temperature approximation, (3.7.31)

_3E, kgT 1

p(o) (3.7.36)
)‘IG)D h&)D Op
The condition of one saddle point (x, = 0) applicability, (3.7.24), takes the form
E;_kpT(,_sinopx, ) 1, %#0. (3.7.37)
hop hmDL OpX,
Itfollows from (3.7.34)thatat x, =0
OpXe ~1 . (3.7.38)

Therefore, at high temperatures, and the Debye model (3.7.33), the saddle point x,= 0
givesthe main contributiontothe integral (3.7.9).

Now let us consider the Einstein model in which the vibrational frequencies are
located in a narrow region near some eigenfrequency o,

1/28 for w,-3<w=<w,+d
f(w) = . (3.7.39)
0 for the rest >0

It should be mentioned thatat 8 — 0, flo) — &(w-m,). Weassume that
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d<<w, . (3.7.40)

This model may be suitable for the description of optical phonons. Let us investigate

saddle points x, # 0, using equation (3.7.21). For 8 — 0 it follows from equation
(3.7.21) that

sinwy,x, =0 . (3.7.41)
This equation has roots

Xo =2—ﬂk : k=0;£1;£2,... . (3.7.42)
©

(o]

Thus, as we mentioned above, there are infinite numbers of saddle points giving the
same contribution to the integral (3.7.9), and equation (3.7.27) is not valid in this case.
Itis clear that the Markovian equations (3.6.5) and (3.6.6) cannot be used either. The
Markovian approximation cannot be satisfied since the condition (2.4.7) is not fulfilled

Now we consider finite, but small &, (3.7.40). Inthis case we assume (instead
of (3.7.42)) that

L (3.7.43)
[01]
0

We substitute x, (with k =1) intorelation (3.7.24). Takingintoaccountthat A o3
[18] we obtain arelation in the lowest power of &

4n*p(mu)5[0iJ >1 . (3.7.44)

o

According to (3.7.39) p(w,)d is finite when & — 0, and is much larger than unity,
(3.7.15). Thus (3.7.44) may be satisfied (i.e. only one saddle point x,= 0 is taken into
account) even when 8/w, issmall. On the other hand, if (3.7.44) is not satisfied, Eq.
(3.7.27) cannot be used in the Einstein model; many saddle points contribute to the
integral (3.7.9).

3.8 The energy gap law

Now we examine another limiting case in which the saddle point method may be
applied. This case corresponds to large energy gaps

|1, =3, >> ha; (3.8.1)

and a large parameter appearing in the saddle point method is
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alyo| >> 1 .

93

(3.8.2)

Performing the integration by parts, one obtains from (3.7.18) and (3.7.19) equations

accurate up to terms of order (ay,)”

aly,l
i p[ia]a’msaxn ;
aly,| \|A

aly,|

tanax, =

Solving approximately these equations and using condition (3.8.2) we get

aly,|=In A +Inln 4]

p[— a]a2 cosax, p[ia}f cosax,
[ | A

a|x,|=2rk+2nk/ |y, |a .

(3.8.3)

(3.8.4)

(3.8.5)

(3.8.6)

We see that in this case many saddle points contribute to the integral (3.7.7) and
(3.7.9). Calculating the exponent y(z,) and y"(z,) we get (neglecting terms of the

order 1/a%ly,?%)

wz)=— 10y, [+ oy 4 2 22K
a a ajy,|a

¥'(z,)=-|A|/a .
First, we will examine the contribution of the zero saddle point
X,=0; k=0,
aly,l=Iny+Inlny |,

where

(3.8.7)

(3.8.8)

(3.8.9)

(3.8.10)

(3.8.11)
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From Eq. (3.7.9) and Egs. (3.8.7 - 3.8.11) we get an expression for the integral T(A),
(3.7.7)

2 172 A
'(K)=(.'E"] exp{—lv-'—(lnyﬂn]n}'—l)} - (3.8.12)
{A|a a

Using this expression, the definition of I(A) and expression (3.6.14), we get the
following expression for the transition probability

2 1/2 v 1
w,2=lﬁ_(. Ci J exp[—Zqﬁ(zﬁﬁl)]exp ®aly [z | — |1t
Ao le : P | p@e’ @)+ 7]

(3.8.13)

Here the “-” and *“+” signs correspond t0 ), < 0 and w,> > 0 respectively (for
transition 1 — 2). When J; > J, (®;» > 0), the transition from state 1 to state 2 is
possible even at zero temperature m(a)=0. The transition is performed as the
multiphonon spontaneous process

®, ~Na . (3.8.14)

On the other hand, when ©;, < 0; then transition from J; (< Jo) to J> can be performed
as themultiphonon, induced by phonons, n(a) process. In this case

w;>=0, when n(a)=0 . (3.8.15)

In the expression (3.8.13) we have neglected the term Inlny since it is much smaller
than Iny.
Forthe Debye model (3.7.33)

p(a)a’ =3E./h; a=op, (3.8.16)

while for the Einstein model, (3.7.39)

o(a)a” =%9§ a=0, . (3.8.17)

Expression (3.8.13) ofthe energy gap law has been obtained by Englman and Jortner
[41]. However, in some different form such an expression is contained in the work of
Lin [53].

Now, we will clarify the validity conditions of expression (3.8.12). Aswe know
the saddle point method may be applied provided conditions of (3.7.13) and (3.7.14)
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type are fulfilled. Calculating higher derivatives of wy(z,) one can verify that
conditions (3.7.13) and (3.7.14) are satisfied if

Afa>>1 . (3.8.18)

This condition coincides with relation (3.8.1) which is assumed to be satisfied.
Another condition (3.8.2), which has been used in calculating the integrals, may
be written, according to (3.8.5), in the form

[A]

A ).z

—a (a4
°(| A J
Before proceeding further, an important comment should be made. We have
approximately calculated aly,|, (3.8.5), assuming that condition (3.8.19) is satisfied.
Solving approximately Eq. (3.8.3) we get that each consecutive correction has the form
Inlny,Inlnlny,.... All these quantities are much smaller than Iny. But one should
remember that these quantities stand in the exponent wi(z,), where they are multiplied

by [A//a >> 1. Therefore the next order correction leads to the multiplication by the
factor ofthe order of magnitude

In =lny>>1 . (3.8.19)

|
exp{-'-z‘—-(ln Iny -+ m)} . (3.8.20)
a

Because of the assumptions (3.8.18) and (3.8.19), correction (3.8.20) essentially
changes y(z,).

In our approximation the integral I(A), (3.8.12), has been calculated with the so
called logarithmic accuracy. It means thatthe exponent index I(A) hasbeenexpanded
into a series in which each consecutive term is much smaller than the preceding one,
and only the first leading terms were preserved. But since the corrections in the
exponent (their absolute values) are larger than unity, the corrections to a preexponent
factor are not small. The same refers to other saddle points with x, # 0. All of them
have the same order of magnitude as I(x, = 0). But since they are calculated only with
the logarithmic accuracy the summation over all saddle points z, makes no sense. It
means that the saddle point method is not appropriate for the calculation of the integral
I(%) in the limit, (3.8.18), (3.8.19). In this case an alternative method of the integral
equation [73] has been proposed.

An integral equation may be derived for theintegral 1(A), (3.7.7) and (3.7.8)

I(A) = T exp(i p(m)e'i”"dm}i""dt , (3.8.21)

-a



96 Interaction with phonons and molecular vibrations

determining transition rates (3.6.14) and (3.6.15). Performing integration by parts in
the expression (3.8.21) and taking into account that in any physical situation with
continuous spectrum of vibrational excitations

lim ] plo)e™do=0 , (3.8.22)
we get
1) =%jp{m)ml(i—m)dm . (3.8.23)

This relation constitutes the integral equation for the non-radiative transition rates as
functions ofthe differences of energies

m=1,-1,=ho, . (3.8.24)

According to Egs. (3.6.14) and (3.7.1) the transition rate may be expressed through the
quantity I(A) as follows

2 —jfp(m}dw
tv,1=z—ze : Ko,) . (3.8.25)

Generally I{w;3) contains a singularity (the first term of the expansion of the first
exponent (3.8.21) or €™ in (3.6.14)) at ), = 0. This singularity is canceled by the
second term in (3.6.14) and (3.6.15) (which equals 27d(®,,)) Inthe approximations
we are considering in sections 6-8, this singularity does not appear. Therefore we
present the transition rate in the form (3.8.25).

A simple derivation of the functional dependence (3.7.26) on A=w,, may be
performed directly from the integral equation (3.8.23). For this purpose one should
expand I(A-w) in the integrand up to the first order terms o

[(A-0)=IM)-TMo , (3.8.26)
and to substitute for the r.h.s. of Eq. (3.8.23). As a result we obtain the differential
equation

I'(?L)j p(o)o’do + l(k)(k— j p(w)m} =0 . (3.8.27)

The solution of this equation has A-dependence (3.7.26) (A = ;). A condition of
derivation of (3.8.27) is
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al'(A)/I(A) <<1 (3.8.28)

which coincides with (3.7.25), or (3.7.32).

In the case of large energy gaps (3.8.1) or (3.8.18) and large parameters
(3.8.19), the situation is more complicated. As a matter of fact we have failed to derive
the expression for “the energy gap law” (3.8.13). Theintegral I(X), (3.8.12), has the
contribution of only one saddle point, x, = 0. However, it has been shown that the
contribution of the other saddle points x, # 0, is not negligible. Thus expression
(3.8.13) has not been proven, even with the logarithmic accuracy.

The integral equation (3.8.23) gives us the possibility to check the validity ofthe
expressions (3.8.12) and (3.8.13) (with logarithmic accuracy). Thus we assume that

|

1A
a

1A
T
p[|x!a]a

We keep only the leading term in the exponent, (3.8.12), substitute I(1), (3.8.29), into
the integral equation (3.8.23) and assume that conditions (3.8.18) and (3.8.19) are
satisfied. Then neglecting the second order terms 1/(Iny)*, we obtain

I(A) =kexp (3.8.29)

S NEYSTY
p —
p(a—)a’
[A] [ A
1) =k= . (3.8.30)
Al
E p(a—-)a’
BN

Taking a logarithm of two parts of the Eq. (3.8.29) we get

Inl(A) = —'ﬂm-—ﬁﬂ-'-«m +Ink—Inlny , (3.8.31)

a A1), 2
p[a l}a

where v is defined by Eq. (3.8.11), and the second and third terms on the r.h.s. of Eq.
(3.8.31) may be neglected. Thus the A-dependence of I(A) and correspondingly the
energy gap law has been proven in the form (3.8.29)



98 Interaction with phonons and molecular vibrations

w,, =kexp -mmz;l'| A= . (38.32)
a 2
e n e s a
p(a x]
For the Debye model, (3.7.33), we get
= kerpio s il 1=, —t . (3.8.33)
=5 3Ermn[n(mn)+§$§)
and forthe Einstein model, (3.7.39), we obtain
w,, =kexp A =hily, ”2'3'![ 1 (3.8.34)
0 E.0, (n(mo)+ 5 ¥§]

where the - and + signs correspond to J; <J 2 and J; > J,, respectively. The coefficient
k remains an undetermined constant in this derivation. Itis clearthat these expressions
mainly coincide with the energy gap law [57].

98.8  Mutualinfluence of the dynamic and the dissipative systems. Instabilities
inthermal baths.

In the theory of relaxation processes we have two interacting systems: the dynamic
system, or the system of interest and the dissipative system or thermal bath. It is
conventionally assumed that during the process of the relaxation, the thermal bath
preserves its state of thermal equilibrium. All the relaxation characteristics, such as
relaxation times, reaction rate constants, particle free path lengths, etc., are calculated
as functions of the bath temperature.

To be specific, let us consider a spin in an external magnetic field interacting
with crystal lattice vibrations - a phonon bath. The question arises when and under
what conditions the dynamic system (a spin in our example) may be described by the
equations containing the variables (the spin components) ofthe subsystem only. The
answer to this question depends on the relation between the relaxation times ofthe spin
system Ty, and that of the dissipative system (the phonon bath) - Ty If the
relaxation of the dissipative system, e.g., due to anharmonic interactions among
phonons, is much faster than that of the dynamic system (2.3.13),

Td::»s =< 'Td_\‘n B (3 9. 1)
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then the dissipative system very quickly reaches its equilibrium even if it was not
initially in the equilibrium. In this case the equations of motion containing the spin
variables only have been derived (2.3.19). The derivation is based on the smallness of
the correlation function My, (2.3.15), which in its turn depends on the fulfillment of
condition (3.9.1).

The above derivation, section 2.3, is based on the tacit assumption that the spin
system does not affect the rate of relaxation (or change in general) of the phonon
system. Let us suppose that there is only one spin interacting with the phonon bath,
which has a very large (infinite in the limit) number N of degrees of freedom. It is
obvious that this spin has a negligibly small (1/N) influence on the rate of change of the
phonon system. However, the model ofone spin in the infinite phonon bath is by no
means arealistic one. Usually there is a concentration of spins, i.e., Ng/N, which is
finite even when N, N, — . In this case it is not obvious, at least a-priori, that one
can neglect the influence of spins on the rate of change of the phonon numbers. It is
not obvious either that the phonon bath will be stable during the process of the
relaxation, and, as we will see later on, instabilities may arise in the phonon system.

We will now consider a system of spins (or other dynamic systems). Sucha
system may have a continuous spectrum of energies. In our example spins may have
an inhomogeneous broadening of spin frequencies. The spin of a paramagnetic atom
has a definite frequency determined by a crystalline field and an applied constant field.
However, the spin-spin interaction will introduce a fluctuating effective magnetic field
acting upon each atom, which is superposed upon the applied field, and which has a
continuous distribution of magnitudes. Let us designate the width of this frequencies
distribution by 8, while the characteristic frequency width of the dissipative system is
o*.

Now we can use the formalism presented in section 2.1. The Hamiltonian ofthe
whole system may be presented in the form (2.1.2)

H=E+F+V+G=H,+V+G (3.9.2)

where E is the Hamiltonian of the spin system, F is the Hamiltonian of the phonon bath

F=Ynho, , (3.9.3)
k

oy are the k-th phonon frequencies, ny - the phonon numbers, V is the spin-phonon
interaction, and G is the perturbation energy causing transitions between various
phonon states (e.g., the anharmonic part of the phonon Hamiltonian (3.2.14)). We
designate the total perturbation energy as

U=V+G. (3.9.4)
Assuming fulfillment ofthe (2.2.22) type conditions

5T Tic o >>Ti, T,

dyn ? diss * dyn 7 diss  *

(3.9.5)
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we obtain equation (instead of (2.2.28))

ap,..
_p_g%ﬁ'=-ﬂzmwm:nﬁ(pnﬂlm 'p“ﬂiﬂ“) 2 (396)

Here p,ane 1S the probability of the state (o,n), o - is the phonon state, n - is the spin
system state, and

W oaimp =%|Un..:m,.|2 8(E, +F, -E, -F,) . (3.9.7)

Assuming thatthe diagonal in spin indices m,n matrix elements are

Vm:r.mﬁ =0 ] (398)

we obtain instead of (3.9.6) the following equation

O, e
&

2
= D lVecral 8(B +F. B ) Preme ~Prt)

= Wos (Pasco —Papiop) > (3.9.9)
i3

where w,g is determined by Eq. (2.2.27).
We will look for solutions of Eq. (3.9.9) in the form

Praina = cn(t)Pu (t); Oy = 0> Pu - p[!.{i 0 (3910)

Substituting these relations inther.h.s. of Eq. (3.9.9), performing the summation over
a and then over nwe get

do,

= _gﬂ W08 (P.Gs —PsSs) (3.9.11)
T Vs (R0, Ro.)-Twa(R-R) . (912

where
Wioong = %"]vm._mr 8(E, +F,-E, -F,) . (3.9.13)

and
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_2n

Wy =—~|Gop 8(F. ~F,) - (3.9.14)

Equations (3.9.11) and (3.9.12) are equations of motion of interacting spin-
phonon systems. As opposed to the system with one spin, the time development of the
phonon subsystem probabilities distributions P, is determined not only by wg
(anharmonic interactions between phonons), but also by the interaction with the spin
subsystem.

A certain remark has to be made about the validity of Egs. (3.9.11) and (3.9.12).
A representation of py.... @S a product of density matrices of the spin and phonon
subsystems is a kind of the “mean-field” assumption. Usually such an assumption is
justified if one can neglect corresponding fluctuations (see e.g. [74]). In our case it
means that the correlations M. (2.3.15), are neglected. As it has been in the
near-equilibrium case, P, *P.*, the correlations g, can be neglected provided
condition (2.3.13) of the fast relaxation of the dissipative system is satisfied. One may
expect that “the mean-field approximation”, (3.9.11, 3.9.12), is valid for
time-dependent P,(t), if condition (2.3.13) is satisfied. It has to be mentioned that
(3.9.11) and (3.9.12) type equations (without the last sum in the r.h.s. of (3.9.12)), were
suggested by Lax [75] in 1966.

From the master equations (3.9.11) and (3.9.12) one can derive [76] relatively
simple equations for the mean values of phonon numbers

=l

= z P(n,,n,,...n ,.0m, (3.9.15)

Ty g g g e

and for the mean values of the differences of the populations n; between ground and
excited states of the j-th spin

2%, =@} -7}, i+ =1, (3.9.16)

B 3 Slibe I (3.9.17)

e poee

where P(...,ng,...) and o(...,r;5....) are explicit expressions for P, and o, in Egs.
(3.9.11) and (3.9.12).

We consider a specific and relatively simple model [76]. This model is
supposed to describe an ensemble of two-level systems embedded in the phonon bath.

The differences of the energies between upper and lower levels heo; are assumed to be
quasicontinuously distributed over a certain energy band with a characteristic
bandwidth #8. The phonon frequencies are distributed over the phonon zone with a

characteristic bandwidth, ho". The model Hamiltonian of such a system may be chosen
as
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H= rho +> hoala, +> V, (rj"aq +rj'a;)+G . (3.9.18)
i q iq

Here a;,a, arethe creation and annihilation operators of phonons with energies Aaw,;
rs,r. =rq xir,arethe effective spin operators (3.3.1), (3.3.2) and (3.3.7). Inthe case of

real spins they coincide with the projections of spin % operators on the axis X, y, z.

Equations for the mean values @, and 7} take the form

dn dn; 2xn . = = )
_dt_=__(?=h_2;|\,i‘1 P [(nq +Di} —n,T; ] 3o, ~0,) ; (3.9.19)

dm, 2 — -y — = °
d_tqzh_zzi]vm P [@F =n)m, +7] ] 8o, -0,)-W,@@, -n) , (3.9.20)

where W, is the relaxation rate towards the thermal equilibrium (this quantity Wy is the
phenomenological constant, reflecting the relaxation described by the last term in the
r.h.s. of Eq. (3.9.12)),and

ng =[exp(pho)-1]"; B=(k,D)" . (3.9.22)

(The simplified form of the relaxation term W, in the r.h.s. of (3.9.20), does not affect
the forthcoming analysis.) As has been mentioned above (in the beginning of the
section), in the case ofa finite concentration of spins (as opposed to one spin), these
spins can give a finite contribution to the relaxation rates of phonons. This contribution
is presented by the first term in the r.h.s. of Eq. (3.9.20). Forone spin the contribution
of this termis infinitesimally small.

The conventional assumption that spins do not influence the phonon relaxation
isvalid provided

2V @ —n))do;, -0, <<1 . (3.9.22)

i

°TRwW,

On the other hand, if factor
s~1, (3.9.23)
one cannot neglect the influence of the spin system on the rate of change of phonon

numbers. In this case the joint system of equations (3.9.19) and (3.9.20) determine
relaxation of both 7} and n,.
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The spin system may also cause the instability in the phonon system. Let us

assume that there exists a small perturbation in some mode n, of the phonon bath.

Under certain conditions this small perturbation 7, of the phonon bath begins to rise

exponentially. It is easy to see from Eq. (3.9.20) that the condition for the instability
has the form

2n Poipemrny s
W, ;; A P @ -T)3(0;,-0,)>1 . (3.9.24)

We see that the instabilities in the phonon bath arise provided there is inversion of the
spin population

S (3.9.25)

(In the thermal equilibrium ] >@7.) Of course, condition (3.9.24) depends on time
through 1} (t) -1, (t). The instability exists only at time intervals satisfying (3.9.24).
Onthe otherhand, if ). -n7] is sustained by some external source (like a maser), then

n, increases exponentially until the steady state is reached. This steady state may be

similar to that achieved in quantum oscillators - it may be determined by the
anharmonicity of the bath vibrations.

Let us analyze condition (3.9.24) (or, more generally, condition (3.9.23)). For
this purpose we introduce parameters

2% 2n =
To =';:?§i vjq f 5o, -0,) = }‘._3| vi‘l " plo;) (3.9.26)
which is the spin relaxation rate, and
T = 2n (v 2 5 - 2x ‘o‘ 2 f
u‘;T:Z' a l (mj_m-;)_h_z| wl @) (3.9.27)
1

which is the rate ofthe phonon relaxation due to the interaction with spins.
We assume that the mean values

1V, PV 1P s (3.9.28)

and p(w;), fle) are the frequency distributions of phonon and spin frequencies,
respectively

[plodo, =N, (3.9.29)
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[f(o,)do, =N . (3.9.30)

Here N and N are numbers of phonon and spin degrees of freedom, respectively.
Using these designations we can rewrite the condition (3.9.24) in the form

— =\ f(0,)
(11j -1 )_F;(:ni-)FY" >W, , (3.9.31)

where Iy -7 is a certain mean value in the sum (3.9.24). This condition has a quite
obvious interpretation. The expression (i -1 )f(w,) is the effective number of
excited spins per unit frequency, (I’ -1, )f(w, )y, is the rate of energy input in the

mode nq. Correspondingly, p(w;)W, is the rate of output ofthe energy from the mode g
(with ; = ®,)to all other modes via the mechanism described phenomenologically by
the rate constant Wy . Thus, condition (3.9.24) means that input ofenergy is larger than
output.

We assume the Debye model for the phonon frequency distribution

?
p(w) = 3Nu)_3 s (3.9.32)

D

and the Einstein model for the spin frequency distribution

: [% when co{,—%S(-JSmﬁé
f(w)=N Z (3.9.33)
8 )
0 for ®<W =~ and w>mu+5.

With these models condition (3.9.31) obtains the form

+ =
gt H Vel (3.9.34)
N 305-W,

First the phenomenon of a nonequilibrium thermal bath was explored by Van
Vleck [77], 60 years ago: “It is the purpose ofthe present article to point out that it is
impossible for the lattice oscillators to preserve a constant temperature in the face of
frequent energy transfers with the spin”. If the spin-phonon coupling is strong, and
phonons are generated in the narrow “bottleneck” proportional to 8 (factor ¢ > 1),

then the thermalization does not happen. The increase in the number of the phonons
was named “avalanche”. This phenomenon happens at helium temperatures, when
so-called direct processes take place. At liquid-air temperatures the interaction
between spin and lattice is secured by means of second-order Raman-like processes;
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when a spin scatters a lattice quantum of comparatively high energy, the bottleneck is
“destroyed”.

Phonon avalanche and bottleneck effects have been the subject of various
studies [70,78-84]. We have considered here the inhomogeneous broadening of spin

frequencies. The case of homogeneous broadening characterized by T;' has been
considered in Ref. 76. Apart from nonessential numerical factors, parameter o
(3.9.34), can be obtained by replacing & by T;'.



CHAPTER IV

INTERACTION WITH PHOTONS

Interaction of matter with the electromagnetic field is one of the important subjects of
the scientific research. When eigenfrequencies of the electromagnetic field form the
continuum, interaction with the electromagnetic field leads to the irreversible
processes. These irreversible processes are, to a certain extent, similar to those
considered in the preceding chapter (interaction with phonons). Nevertheless, the
irreversible processes due to the interaction with photons have their own specific
features. Thus the relaxation ofa system of two-level molecules may have a collective
character. Therefore, a substantial part of this chapter is devoted to the phenomenon of
thesuperradiance. The notions of spontaneous and stimulated emission traditionally
belong to the region of the matter-field interaction. However, as will be shown, these
notions (spontaneous and stimulated emissions) characterize the interaction with
phonons as well.

4.1 Interaction of matter with the electromagnetic field

In quantum theory the Hamiltonian of a system of particles interacting with an
electromagnetic field can be presented as

1 e i) Ieee
H=EZ(pi+mifﬁ)+Z,}m (m— : A(k}] =

¥ k=M “ izk rik

where my, p, arethe mass and canonical momentum of the k-th particle respectively;

rik is the distance between the i-thand k-th particles with chargese; andey, A(k) is the
vector-potential at the location of the k-th particle

Ak)=Yq,A,(k); divA=0 .
The variables p,and gy are canonical variables describing the electromagnetic field

[qv'p\"] = ikavv' - (413)

To present the Hamiltonian (4.1.1) in the standard form (2.1.2) appropriate for
the employment of the theory of irreversible processes, it is convenient to extract from
the Hamiltonian (4.1.1) the energy ofthe interaction with the radiation field

H=H,+V=E+F+V, (4.1.4)

106
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where H, is the unperturbed Hamiltonian of the system consisting of particles
interacting with each other in accordance with Coulomb’s law

2
gy D st (4.1.5)

v 2m, 25% T

a

plus the free radiation field

F=2 3 (0 +olal) (4.1.6)

v

whilst the energy of the interaction with the field is

2

Vi _'Z_-_(iik 'A(k))“‘ Zi‘a—f A*(k) . (4.1.7)
X

ek
m,c T 2m,c

In deriving Eq. (4.1.7) the Coulomb gauge, divA = 0, has been assumed. In the
solution of a number of problems (in particular those connected with spontaneous and
stimulated emission of radiation) we can neglect the second term in the right-hand side
of Eq. (4.1.7). We can rewrite the first term in the form

V=-YB.aq, . (4.1.8)

where B, is an operator acting only on the particle variables

B, = X —(p-A,(K) . (4.19)

T m,c

Let us now examine the case when the dimensions ofthe system of particles are
small compared with the wavelength of the radiation (or compared with characteristic

dimensions of the inhomogeneity ofthe vector-potential A(%,)). This is generally the

case for atoms and molecules over a very wide range of frequencies, including the
opticalrange. This means that the size of the atom or molecule is much smaller than
thewavelength. In this case the interaction energy with the electromagnetic field can
be written in the form

v=1(Aéi)-(g-ﬁ) , (4.1.10)

where

d=Yef , (4.1.11)
k
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and pi isthe magnetic moment of the molecule (taking into account both orbital motion
and the spin ofthe system). In the equation (4.1.10) the difference between the kinetic
and canonical momenta has been neglected (as well as other terms of the order of e; ).

4.2 A system of two-level molecules interacting with the electromagnetic field

We consider the case when only two levels ofthe molecule (or atom) are relevant, and
the influence ofthe other levels may be neglected. In this case the dipole moments of

the molecule - electric d and magnetic ji can be expressed through the effective spin
operatorsry, randrs (see section3.3)

la €I, +E,1, , (4.2.1)
c

H=m7 +m,n, +m,n (4.2.2)

where constants €,€,,m,,m,, and m, are determined by the molecule’s electric and

magnetic dipoles matrix elements. Operators of the vector-potential A and magnetic
field H canbe expressed through the normal modes functions A,

A®)=YqARX); HE)=-Y oH(X); oH=rtA, . (423

The Hamiltonian (4.1.1) of the system of two-level molecules may be written in
the form

H=2 3 (v} +olal)- LG KG) (4.2.4)

v

where

K(D={(A<jz-éo+(H(j;—m.>;(A(J:-éz)+(H{jl-mz)mﬁmuzmo} . 425)

The alternative form of the Hamiltonian (4.2.4) is

H=%Z(p3+mf_q) Zr.,km Zh( K(j) ) (4.2.6)
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where K differs from K, (4.2.5) by absence of -@; in the 3-component of R. It
should be noticed that we have assumed the dipole approximation for each molecule,
(4.1.10), while the whole system is not limited by the dipole approximation .

The equation of motion for the effective spin T, and the field equation of motion

follow from the Hamiltonian (4.2.4)
I, =1xK()) , 4.2.7)

4, +0}q, = X[ A () (En, + &5, - o H,()- (i, + i + @y ) | . (4.28)

These are equations for operators © and qy,. We define the effective spin distribution
by the relation

S(%)= D 68(%;-%) . (4.2.9)

The total spin of the system is then

R= J‘ SV =r (4.2.10)
J

The equations of motion for the quantities $ and g, become
§=8K |, (4.2.11)
4, +0lq, = [A(0)-[&s,+&5,]aV -, [H,(%)-[ms, + s, + s, ]dV . (4.2.12)

Quantum equations of motion (4.2.7), (4.2.8), (4.2.11) and (4.2.12) take into account
interactions between the spins and the electromagnetic field only, (4.2.6). They do not
take into account the relaxation of the electromagnetic field and spins due to other
interactions (spin-lattice interactions, photon-phonon interactions, etc.). These
interactions are described by the term G in the Hamiltonian (2.1.2). The latter was not
taken into account in the Hamiltonian (4.1.4 - 4.1.7).

Equations (4.2.7) and (4.2.11) are analogues of the Bloch equations for real
spins. The relevance of the Bloch equations for the description of the maser was first
recognized by Feynmann, Vernon and Helwarth [85]. Taking into account
(phenomenologically) the above mentioned interactions, we can write equations for the
mean values of the effective spins and field (assuming that all spins are equivalent e, =
o)

(H']ﬁ:\) o

0, (4.2.13)
h

. 1 1 s S
§, +o,5, +:l_:s, +};53[(A'ez)+(ﬁ-mz }:I—s2
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(ﬁ'ms)
h

; 1 1 e e
=005+, ~o s, [ (A&) (Homy) [+

2

=0 , (4214

§ =_%(53 _Sg)";;(A'[éiSz =655, ])"%(ﬁ'[mlsz _mlsll) » (4.2.15)

d, +7,4, +olq, = [(A, () [és, +8és,1)dV
~o, [H,(®)-([is, + s, +1i,s,])dV (4.2.16)

where A, H, A, and H, are defined by Eq. (4.2.3). Here T, and T, and y, are

phenomenologically introduced relaxation constants. They take into account the term
G. Equations of the (4.2.13) - (4.2.16) type are called Bloch-Maxwell equations. They
were derived by Fain [51] in 1959 (see also Ref. 87).

4.3 Quantum theory of spontaneous and stimulated emission in a system of
two-level molecules

In this section we shall discuss spontaneous and stimulated emission from a collection
oftwo-level molecules that do not interact with each other in the absence of the field.
The two-level molecules are described by the effective spin operators ry, r, and rs, We

shall further suppose that all molecules have the same energy level difference hw®, In

the case when the dimensions of the system of molecules is much less than a
wavelength, i.e. the dipole approximation for the whole system, the Hamiltonian ofthe
system can be written in the form (see (4.2.6))

H=hoR, +%Z(pi +m§qi}—(fxé,)R, e (4.3.2)

T

where the operator of the whole spin
Ri=3 1. R,=)r; R,=D>5; . (4.3.2)
i i i

It is worthwhile mentioning that 2R3 has meaning of population difference of upper and
lower states

2R,=N,-N_, N,+N_=N, (4.3.3)
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while R; and R, describe the dipole moment ofthe system. Several assumptions have
been made here. We put m, =m, =m,= 0, which means neglecting the magnetic
dipole system. These terms are small in comparison with the electric dipole terms
€ #0. Wealsoput &, =0, just for the sake of simplicity. This assumption does not
affectany further conclusions.

It is worthwhile to consider in some detail the validity of the dipole

approximation for the whole system. The third term in Eq. (4.2.6) can be written in the
form (see also (4.2.3))

V=-%a,(A0)6) 5, - (43.4)

In the general case the transition to the dipole approximation (4.3.1) is possible if the
dimensions of the system are smaller than all wavelengths (or other space

characteristics of A\,(i))’ However, such a transition is impossible, since the sum

(4.3.4) always contains modes A, with wavelengths which are smaller than the
dimensions ofthe system.  The usual assumption is that the dominant contribution to
the sum (4.3.4) is connected with modes v having frequencies o, = @,. The induced
and spontaneous radiation takes place at these frequencies. However, below we will
see that there are situations in which one cannot neglect the contribution of other
modes, ®, # @, .

Now we will analyze the Hamiltonian (4.3.1). (We will neglect for a while the

contribution of higher frequency modes.) The quantum equations of motion following
from the Hamiltonian (4.3.1) are of the form

p, =03, +@E A)R,, 4,=p, ,
(!

B =<oR: R =aR+ R,: R3=—:—(A-él)R2 . (435)
1

Let us find the change with the time of the v-th mode energy operator
1
H, =—(p +wlq®) . 4.3.6
- z(pv ®}q}) (4.3.6)

The derivative of this quantity can be found in the usual way

dH P
=@ A)RD, . 43.7)

Including terms up to the second order of smallness over small parameter (é,A,) we
find
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dH,
dt

=& AORIDY + @A ORPPY +(€-ARPY . (438)

Here R™,p®, and R®,p® are the zero and first order quantities respectively. The

mean value (4.3.8) gives the intensity of radiation of the v-th mode.
Letus first consider the mean value of the first term in the r.h.s. of (4.3.8)

(ddHt] -6 ARORY (439)
1

Themeanvalues R(® and % have the form
R® =R, (0)cosw,t-R,(0)sinw,t =Rsin(o,t +) , (4.3.10)
(1) =P, (0)cos o, t—®,q,(0)sino,t = psin(o,t+y) . (4.3.11)

The induced emission and absorption are determined by the sign of d}_{v /dt; when it
is positive we have the induced emission, the negative sign corresponds to the
absorption. If, for the sake of simplicity we consider that ®w, = ®,, then the
time-averaged value (t>> 2w/®,) 0f(4.3.9) is

dH,) Rp

Thus the sign of the radiation intensity depends on the phase relation between the field
and the system. This phase dependent stimulated emission (absorption) may occur
both in the classical and in the quantum theory. Moreover, this is not what is meant by
stimulated emission (absorption) in the textbooks; the latter is connected with the
phase-independent part of (4.3.8): the second and third terms in the r.h.s. of (4.3.8).
They are much smaller than (dH,/dt);, since they are proportional to the second order

ofa small parameter, proportional to (€, - A.). However, if

P.(0)=0; G(0)=0; or R,(0)=R,(0)=0; (4.3.13)

(or both of them are zero), then the first order term (4.3.9) vanishes.

We now assume that conditions (4.3.13) (or one ofthem) are fulfilled. Then, as
aresult of averaging, only the second and third terms in the r.h.s. of Eq. (4.3.8) survive.
These terms can be presented in the form [88,21]

di, ) _ _(&A) R,
[ = l_ = [R (0)+RZ )+

(pv+o q, )]8((00—031) . (4.3.14)

\r
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For the system of N two-levels molecules located in the volume L3 << A* (A is
the wavelength of the emitted radiation) expression (4.3.14) can describe the
superradiance. We will consider this phenomenon later on, in sections (4.5 - 4.8).

4.4 Spontaneous emission vs. vacuum fluctuations

The question about the relation between spontaneous emission and vacuum fluctuations
has a long history. Enough to mention that as early as in 1935 Weisskopf [89] claimed
that spontaneous emission is ascribed entirely to the zero-point fluctuations, or vacuum
fluctuations, of the electromagnetic field. In 1939 Ginzburg [90] showed that
spontaneous emission is not purely a quantum phenomenon (as it has to be ifit is due
to the vacuum fluctuations) and exists in classical theory as well. The radiation
damping of the classical oscillator is the example of classical spontaneous emission.
The role of vacuum fluctuations has been clarified by Fain [88,21,91]. It has
also been treated by Dalibard et al [92]. We start from Eq. (4.3.14) and consider the

. 1
case of a one two-level molecule. In this case, r2=r,2= Fe (3.3.2);r3= %(n* -n_),
(4.3.3), )

: 2 91
Iv=12 -1.-+l(n+_n_)m .
2 2 ho

v

(4.4.1)

where n; and n. are the populations of the upper and lower levels of the two-level
molecule, n, +n_ =1; I, is the intensity of the emission of the two-level molecule, for

arbitrary n, and n., while I{ is the intensity of spontaneous emission of the
molecule, fromthe initial state n, =1, n_ =0.

Consider only the term connected with spontaneous emission in expression
(4.4.1), which can be evaluated if the radiation field was initially in a vacuum state.
This does not imply that the energy of the radiation field

fA,(0) = %[E(O)mif{m] =0 . (4.4.2)
In fact, the mean energy ofthe radiation field in the v-th mode is of the form

fi,(0)= (ﬁ, , %]hmv , (4.4.3)

where T, is the mean number of photons in the v-th mode. The term %kmv is the

so-called zero-pointenergy of the field. For a given choice of the Hamiltonian, (4.3.6),
the zero-point energy serves as a measure of the zero-point fluctuations of the field, i.e.
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of the quantity % [Ew;ﬁaf), Generally speaking, however, the zero-point energy

does not describe vacuum fluctuations. In fact, we can carry out a transformation of
the Hamiltonian of the field

H —H, —-;—hmv . (4.4.4)

As a result of this transformation the equations remain unchanged (therefore

%(_pi+quf_) also remains unchanged) and the zero-point energy disappears:

H, =0.
Now we can evaluate the role of vacuum fluctuations

n, =0 and %(p_i+miai-)=%hmv : (4.4.5)

in the spontaneous radiation. The intensity of the spontaneous emission of the
two-level moleculeis:

1 1 1
I—In(5+§(ﬂ+—ﬂ_)]—lo(5+l‘3] . (4.4.6)

If the two-level system is at its upper level n, = 1; n. = 0, and the field is in the

vacuum state (4.4.5), the vacuum fluctuations (the second term in the r.h.s. of Eq.
(4.4.1)) contribute the half of the total intensity of radiation, and the other half is
connected with the fluctuations of the dipole moment. When the two-level systemis in
its ground state (n. = Ln, =0), the vacuum fluctuations exactly compensate the first

term inther.h.s. of (4.4.1) and the total intensity vanishes. Thus the crucial role ofthe
vacuum fluctuations emerges in the ground state of the matter. The stability of the
ground state (i.e. the fact that it does not radiate) is a purely quantum effect which is
due to the vacuum fluctuations.

In the general case when both spontaneous and stimulated processes are taken
into account, (4.4.1), the change of the v-th mode photons are obtained from (4.4.1)
and (4.4.3)

I [!.’I

_mR@A,)
ho, ho

[(n, —n_)ﬁ,,+rt+]——-—4;1-0-)——[m(ﬁv +)-a,n_] 8w, -0,) .

v v

v

(4.4.7)

It is worthwhile mentioning that we already met expressions similar to Eqgs. (4.4.7).
The similarity of Egs. (4.4.7) and (3.9.19) and (3.9.20) shows that irreversible
relaxation processes described by Egs. (3.9.19) and (3.9.20) are due to spontaneous and
stimulated emission (absorption) of the phonons.
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45  Superradiance (small volumes L3 << A%)

We now consider spontaneous emission ofthe system ofidentical two-level molecules
located in the volume L3 << A’, where A is the wavelength of emitted photons. In the
case of the spontaneous emission we use Eq. (4.4.5), i, =0, and substitute it into Eq.

(4.3.14). As aresult we get the intensity of the spontaneous emission of the system of
two-level molecules

1=ID(R—5+E§+R_3)=IO(R_5_R_§+R_3) . (4.5.1)

Here I, is the intensity of spontaneous emission of one two-level molecule.
The square length of the effective spinis

R?=R?+R2+R? . (4.5.2)

As is known the quantum number correspondingto R? is R: the mean value of R? in

the state with definite R is R(R+1). Operator R* commutes with the Hamiltonian
(4.3.1) and therefore it is the integral of motion of Eq. (4.3.5). The quantum number
corresponding to the operator R, is M (M =R, R-1,...,-R).

In the state with definite values of R2 and Rj3 the intensity of the spontaneous
emissionis, (4.5.1)

I=1,[RR+1)-M*+M]=I,(R+M)R-M+1) . (4.5.3)

It follows from the properties of the effective spin Rz that quantum numbers M have
the upper limit

M<R . (4.5.4)
Quantum number R in its turn satisfies the relation which follows from (4.3.3),

Rl me f (4.5.5)

Thus, there are states of the system oftwo-level molecules located in the volume L3
<< *, which give spontaneous emission with an intensity proportional to the square of

the number of molecules. Such, for example, is the state with R =%N_ M =0. The

intensity of the spontaneous emission from a system in this state is (N >> 1)
=1 inl iwatlela (4.5.6)
052 Sq ~

This is a superradiant state. On the other hand, there are the states in which the system
does not radiate the energy atall. An example ofthis is the state withR=M =0. We
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recall that conventional intensity (without taking into account the coherence in the
emission) is

I=NI, . (4.5.7)

The superradiance was first introduced by Dicke [93] in 1954. Further development of
the research in this area has been covered in a number of reviews [94-103].

The phenomenon of the superradiance is not purely quantum effect and can be
understood classically. The coherence inthe spontaneous radiation can be understood
ifwe recall that each molecule is affected by the field radiated by other molecules. Let
us take a system of oscillating charges occupying a region with a linear dimension
much less than the length of the emitted wave. In the dipole approximation the
radiation damping force acting on each of the oscillators is (see e.g. Landau and
Lifshitz [86])

. 2 Q
m=§—Z : (4.5.8)
=1

where T, isthe displacement of the s-th oscillator; es is the charge.

When there is no interaction between the oscillators (apart from the interaction
dueto theradiation), the coordinates %, are subjectto the equations

L +olL =—2—;Ze3'f : (45.9)

It follows from this that the interaction due to the radiation of the motion of each
oscillator is dependent on the motion of all other oscillators (we do not consider here
the change ofthe frequencies due to the radiation interaction; later on we will consider
thisproblem). In the case when all the oscillators have the same frequency ®,,and
charges ex = ¢, equation (4.5.9) can be rewritten in the form

.. — N D
LHoik ==Y, 0T (45.10)
=1

Here we have replaced i by —cogfk, assuming that the width of the emission line,

givenby y, = 2¢’02 /3mc’, ismuch less than the frequency .

The strength of the radiation emission of the system of oscillators is
proportional to the second derivative of the dipole moment of the system

A

(4.5.11)

Summing Eq. (4.5.10) we get
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d+ 02+ Ny,d=0 . (4.5.12)

The solution of Eq. (4.5.12) isapproximately
d=d,exp [—%—'ﬁ:‘ e +cc (4.5.13)

Therefore the strength of the radiation field has the form

Nyot

E=Ee 2 ™ +cc (4.5.14)
This means that a system of N oscillators has a natural linewidth
=Ny, , (4.5.15)

where ¥, isthe natural linewidth ofa single isolated oscillator.

The intensity of radiation from a system of classical oscillators (in small volume
L3<<A?)

=%(3)2 , (4.5.16)

is generally not equal to the sum of the intensities from the individual oscillators. In
the state when all the oscillators have the same phase ¢ and amplitude d,

d, = d, cos(t+9) , (4.5.17)

the intensity is proportional to N2. In this example the superradiance (intensity ofthe
radiation is proportional to N?) is the consequence of the preparation of the system.

4.6  Large sample superradiance

General Maxwell-Bloch equations (4.2.7) and (4.2.8) represent a formulation of the
collective spontaneous emission problem valid for any shape or size of the atomic
sample. However, in general, these equations are extremely complicate since they
involve a summation over all atoms and explicitly or implicitly over all
electromagnetic field modes.

An important step in the simplification of the large extent superradiance is to
choose the sample having the shape of a long cylinder of length L and radius w,
obeying the relations

L>w>>A . (4.6.1)
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This is the so-called pencil-shaped sample case, which has been realized in most
experiments (see, e.g., the review by Vrehen and Gibbs [102]). It may be seen that for
a long enough sample (along the z direction) one can neglect variation along the
transverse x and y directions which amounts to considering the superradiance as being
essentially aone-dimensional problem. Whenone looks more carefully, the situation is
somewhat more complicated and the description of superradiance appears to depend
upon the Fresnel number

F= . (4.6.2)

It turned out [97] that the best choice for which one can expect to have a radiation not
too different froma “one-dimensional’’ problem is the one corresponding to

w?

= =1 . 6.
i (4.6.3)

Having in mind the above reservations we will present now a single-mode
model for the superradiance [93,21]. We will again start from the Hamiltonian
(4.2.4)-(4.2.6), rewriting it inamore convenient form

H= hoR,+Y hoata, +Y (g;R{a, +gialR;) , (4.6.9)
k k

where a;, (a;, ) is the creation (annihilation) operator for a field quantum (photon) in

the mode (k.A), with wave k, frequency o, and polarization €,. The coupling

constant g, is
. 2nth TaEEart c
gu.ﬁlv% (+17 &) . (465)

where j* is the operator representing current (in the dipole approximation):

j* =i(e,d), and |+ > and |- > are the wave functions of the excited and ground
states of the atom, respectively. Here and further on we adopt the notation k =(k, ).
Thecollective R and Rs; operators can be expressed in terms of the above (section
3.3), introduced effective spin operators ryj, Iy, r3j, and r;" =1, %ir,, .

RP =) rfexp(#iki); R, =D rexp(k-F) . (4.6.6)
j=1

=1

These operators satisfy the commutationrelations
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PR Rz [=0R,, [Ri.R,]=7R; . (4.6.7)
In the single-mode approximation (in which there is only one Rj), a theory

can be constructed in complete analogy with the case of a system with dimensions
smaller than the wavelength. A role of conserving operator (commuting with the
Hamiltonian) R?, (4.5.2), now plays the operator

~, 1
2 +p - -n+
RE=5(RRRE+R£RR)+R§ : (4.6.8)
which reduces to R* when k =0. In the single mode approximation li: commutes

with H, (4.6.4), and is conserved. It was shown by Dicke [93] that the intensity of the
radiation of the whole system of N atoms per unit solid angle d, in the direction close

toaxis k , can be presented as
1) = L(K){RIR;) - (4.6.9)

Let us consider two cases - coherent and noncoherent spontaneous emission of
the system of the two level molecules. Substituting R, (4.6.6), into Eq. (4.6.9), we

get

100) =T, (K) (17 )™ (4.6.10)

First, we consider the noncoherent spontaneous emission of the system of two-level
molecules. Inthis case the correlations between various molecules vanish

(‘Trf) =3 <r,-+r_]f> =8 [%J"rj-‘] , (4.6.11)
and
I=IdQ£I(k)=gln(é+rﬂJ : (4.6.12)

Thus the intensity of the spontaneous emission of N two-level, noncorrelated
(noncoherent) molecules is equal to the sum of the intensities of spontaneous emissions
ofeach molecule (4.4.6). Inthe case when each molecule is in the same state, r3, then

[=NI, [%+r]) ; (4.6.13)
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Now let us consider the system of correlated coherent two-level molecules. We
consider a collection of two-level molecules with non-overlapping wave functions

excited by an intense plane-wave pulse characterized by frequency g and wave vector

k. We assume that this exciting pulse may be described classically, and that it acts
on each molecule in the same way except for the time delays due to the finite
separations of the molecules from each other. It is well known [93,22] that such a
pulse leaves each molecule in a coherent superposition of its upper and lower states.

Forthe ¢£-th molecules, after the passage of the pulse, we canwrite

ik

|y, >=e ’sin%8|+>, +e""‘."*"1cos%9|->,;19>, _ (4.6.14)

The probability that the molecule has been left in its upper state, equals sin® % 8. The

intensity of the coherently correlated molecules resulted from the pulse is [103]

I=IU[%stin18+[:] , (4.6.15)
The quantity u characterizes thesolidangle A2 inwhichthe radiation is confined [97]

AQ =4my . (4.6.16)

In general u is a complicated function ofthe size and shape of the volume in

which the two-level molecules are contained. In the case in which the confining
volume is acircularcylinder, u isequal [103]

_6(N-1) L dx(1+x%)
NG*H? 7, (1-x)}(1-x?)

i sin’ EH(’I —x)}lf[G(] -x)"?] . (46.17)

Here J; is the Bessel function of the firstkind, order 1, and G and H are dimensionless
variables

where w is a radius of the cylinder and L is its height. p depends on the Fresnel
number (4.6.2). The integral (4.6.17) can be estimated asymptotically for the two
limits of a large disk and a long needle. Theresults for these two limits are [103]
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a3

[iz I+w , G>>1 and H<<G*; F>>1
2G H

p= g‘ﬁl H>>1 and G<<+H; F<<I1

1-1/N. H<<1;, G<<1 ,

where the Fresnel number (4.6.1) can be presented as

121

(4.6.19)

(4.6.20)

Formulae (4.6.15) - (4.6.19) describe the intensity of the large volume superradiance.

It is expedient to analyze N-dependence of the superradiance intensity [101]
N >> 1. Inthe case of small volume the intensity of the superradiance is proportional
to N2 (4.5.4). The intensity of the large volume superradiance (4.6.15) is proportional
to uN°. Inthe case of large Fresnel numbers F >> 1 and w >> A, we get from (4.6.19)

2
u*é;ﬁ; F>>1) .

To get the N dependence we notice that the volume of the sample is
V=nwL .
Therefore the intensity of the superradiance can be presented as

Tt ”Nz - 3LA'n*V? o AINV3n?3 I o An?N*3 [L}m F3
8V w?

L

where n is the concentration of the two-level molecules
N
n=— .
\Y
Inthe case of small Fresnel numbers F << 1, one gets

1.3
I “Nz o lznz.-',?NJ.-'}(%} Fz 3; F<<1 .

(4.6.21)

(4.6.22)

. (4.6.23)

(4.6.24)

(4.6.25)

As has been mentioned above, the optimal case is achieved at F = 1, (4.6.2). Thisis

the pencil-like shape with
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L=m(-‘%); L>w ., (4.6.26)
Inthis case, the intensity is
1/3
Toc N*? (%} , (4.6.27)

i.e. the intensity | is much larger than what can be achieved when sizes L and w are of
the same order of magnitude. Inthe latter case

F=n% =t (4.6.28)

and 1, (4.6.23), is simply proportional to N**.

Thus the superradiance in large systems (4.6.15), has N** - dependence, while
the small volume superradiance has N2 - dependence. A special geometry has to be
chosen (the pencil-like case, F = 1) to achieve an essential enhancement over the
simple N**-dependence.

4.7  Time-development of the superradiance (small volumes)

Now we consider the time evolution of the small volume superradiant systems,
described by the Hamiltonian (4.3.1). The time evolution can be found from the
conservation law. The total intensity of the spontaneous emissionis, (4.5.1),

d<R,>

- lu<}i2—R§+R3> , (4.7.1)

_"'(‘JUZ% <h; 2= —;f(»')“

1

Notice that there is a simple solution of this equation in the case of a single molecule, R
. Inthiscase

1L
2
. |
—-<T >= y"(-c > +5} 5 (4.7.2)
The solution of this equation is of the form
<T, >+—_];=nl =n,(0)e™ , (4.7.3)

where y, = Iy/ho, is the natural line width of an isolated molecule.
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Let us now examine the situation when there is a large number of molecules.

We can therefore neglect the mean square deviations Rs and R? from their mean
values and assume that R2>> R,. Equation (4.7.1) becomes

R, =Y, (R2 —R?) : 2= const. (4.7.4)

The last relation follows from the fact that R* commutes the Hamiltonian (4.3.1). To
solve equation (4.7.4) we introduce the angle 6 between the vector and direction 3 (in
the special case ofa magnetic moment in a magnetic field, this is the direction of the
field)

R; =Rcoso . (4.7.5)
After substitution of Eq. (4.7.5) into Eq. (4.7.4) one gets

% =v,Rsin® . (4.7.6)

This equation has been derived by Dicke [93] and solved with the initial
condition 6(0) = —;i The solution that satisfies the initial condition

6(0)=8, , (4.7.7)

is of the form [94,21]
tan 9 tan E“—e"““‘ . (4.7.8)
2 2

From this we can find for the spontaneous emission intensity

4R7I,

I=1,(R2-R%) = R*sin’0= (4.7.9)

(tan 9 e 4 cot 8, g 1R )?
2 2
When 8 changes from 8, to /2 (if §, < %} the amplitude ofthe radiation rises, reaches

amaximum when 6 = % andthen decreases. The spectral intensity is proportional to

the square of the modulus of the Fourier component
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= ei(%*m)l

Jw)~ J‘ B dt . (4.7.10)
0 tan ?" e 4 cos 7" g "R

The values of the line width that follow from Eq. (4.7.10) are
Ao =ayR , (4.7.11)

where in the range of angles 8, from 0 to =, o takes up a value from 1 to 2. (With
angles 6 that are very close to =, when the equation (4.7.6) is inapplicable, Fain [94]
has given an additional treatment which shows that c. = 2.)

If initially att =0 all spins (two-level molecules) are inverted then

R,=R=— |, (4.7.12)
2
and 6(0)=0. Inthis case Eq. (4.7.6) has the solution at all times
8(t)=0 . (4.7.13)

Of course this solution does not make sense and the approximation (4.7.4), (4.7.5) is
not valid at very small angles. One can easily estimate the order of magnitude of the
angle & (or its fluctuations) in the state of full inversion, (4.7.12). Using Eq. (4.7.1) we
get

I,R?sin? 0~ I,R?0} =I,(R(R+1)-R*+R)=2[R , (4.7.14)
and
2 4
== 4.7.15
V=R ( )

Thus to find the time ofthe development of superradiance, from the inversion
of the population att = 0 to the superradiant state

R;=0; 0

i

oA

(4.7.16)

we have to perform a quantum-mechanical analysis at small angles, (4.7.15). Asa
result of such an analysis [94] we get for the intensity of the radiation (N >> 1)

2
I{i)=IU-%—sech’(t-ld);’hc ) (4.7.17)
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The pulse length [see (4.7.11) and (4.7.12)]

-~

T, == 4.7.18
e (4.7.18)
is smaller by a factor N than the spontaneous emission time of the isolated molecule

Tp= “f';l . (4719)

The maximum superradiance intensity

N:
T =li— (4.7.20)
4
is reached after the delay time
t, =1, lnN=%I°-lnN ‘ (4.7.21)

This equation for the delay time was first derived by Fain [94].

Up to now we have discussed electromagnetic interactions only in terms of
effects such as attenuation. Electromagnetic interaction leads also to a shift in the
energy levels of the system, or to a displacement ofthe center ofthe emission line. For
a single atom this is the well-known Lamb shift, whose theory was given by Bethe
[104]. The frequency shift for the superradiant system was derived by Fain [105]. It
has been shown that this shift is much larger than ;' = Ny,

The important point is that the contribution to this shift is given not only by the
resonant modes of the electromagnetic field (like in the calculation of 7,), but by all
modes which give essentially non-zero matrix elements of the spin-field interaction,
(4.2.6) and (4.3.4). This means that in the general case, one cannot justify the dipole
approximation, (4.3.1), for the whole system. The dipole-dipole van der Waals
interaction between the molecules would destroy the development of the coherent

spontaneous emission (from 6, =0 to %) by not conserving the length of the vector

R2, Thiswas first pointed out by Friedberg, Hartman and Manassah [106].

To avoid misunderstandings, it is worthwhile to stress that the above analysis of
this section is correct for the model system described by the Hamiltonian (4.3.1).
However, this Hamiltonian cannot be deduced in the consistent way from the
Hamiltonian (4.2.6). Nevertheless, as we will see below, the model system, (4.3.1),
contains main dependencies and qualitative features of more realistic models.

There are two ways to overcome the destructive dephasing caused by the van
der Waals dipole-dipole approximation. One of them is the superradiance in the
extended system with volume V>> 2%, In this case only a small volume of ~ A gives
the contribution to the dephasing, while the coherence is connected with much larger
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volumes. We will consider this case in the next section. The second way is to put the
system in a resonator making use of the cavity enhanced spontaneous emission.

We will consider the case when the system of molecules is located in the
volume V < A* and interacts with only one resonant mode of the resonator. The
Hamiltonian (4.3.1) can be approximated as

H =ho,R, +%(p§ +(1}:qf_ )"’(él A\ )Qle :
= ho R, + ho, (a:av +%]- haR, (a} +a,) . (4.7.22)

This Hamiltonian, for spin one half, R3=r3=:|:—12-, and in the rotating wave
approximation

H=hoyr, +ho (aja, +%} —hTa(r_a’ +r,a) , (4.7.23)

has been suggested by Fain [33,51], and later on by Jaynes and Cummings [191], and
became known as the Jaynes-Cummings Hamiltonian. Here a} and a, are the creation
and annihilation photon operators, and,

(4.7.24)

isthe coupling parameter.
The equations for the mean values of the field and spin operators take the form

a, =-io,a, —ya, +ioR, , (4.7.25)

a, =iw,a) —ya; —iaR, , (4.7.26)

R, =-0,R,; R,=0,R, +0,(R3(a\’, +av)) : (4.7.27)
R, =-a(R,(a} +a,)) . (4.7.28)

Here we have introduced the decay constant of the cavity mode

y= (4.7.29)

1o,
2Q°



4.7 Time-developmentof the superradiance (small volumes) 127

and Q is the quality factor.
In the “semiclassical” (“mean field”) approximation (in which one can neglect
the dispersions of Ry, Ry, R3), EQs. (4.7.25 - 4.7.28) can be reduced to (wg = @, = ®)

2.2

Rt Bup _p (4.7.30)
a,
where a, is the slowly varying amplitude of a,
a.=ae™ . (4.7.31)

The general solution ofthis equation, as it can be checked by direct substitution, is of
the form

1
o
R, =Rcosf; G=ﬁ!ao(t,)dl,+eu . (4.7.32)

The equation giving the energy balance ofthe molecular + field system has the form
R,+0+2y(n-n,)=0 . (4.7.33)

For the sake of simplicity let us look at the case when n >> n, (the equilibrium value of
the photon number n). Then from (4.7.32) and (4.7.33) we obtain the equation for the
angular variable ©

é+%é-ﬂ,{. sin®=0 , (4.7.34)

where Qy is the collective Rabi frequency

o LI (4.7.35)

(the latter equation is valid for R = -Z—I). Equation (4.7.34) was first derived by Fain

[51] in 1959 (seealso [21]). The problem of the collective emission in the cavity of the
resonator is isomorphous to the problem of the falling of a nonlinear pendulum with
viscous damping.

For Qu >> @/Q the equation (4.7.34) exhibits decaying oscillatory behavior. In
the overdamped regime

On<0/Q |, (4.7.36)

equation (4.7.34) reduces to a first-order derivative equation
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2 2
do ZQ\Q nB-———smB— pel)
dt 2T, 20

Rsin® . (4.7.37)

This equation is isomorphous to Eqg. (4.7.6) and thus may be used to describe the
process of collective spontaneous emission in the resonator. The only difference is that

instead of the constant 1;', (4.7.19), we have

(4.7.38)

It is easy to check that this enhanced spontaneous emission rate [107] is approximately
Q times larger than the spontaneous emission rate free space. This circumstance
justifies the neglect of the dipole-dipole dephasing as soon as

A
Q‘»“f s

where ~ L?* is the volume of the sample. The cooperative decay is thus enhanced,
whereas the van der Waals dephasing is not modified.

4.8 Time-development of the superradiance (large volumes)

In the single-mode approximation (in which there is only one definite mode R} is

taken into account) a theory of time evolution of the superradiance can be constructed
in complete analogy with the case of a system with dimensions smaller than the

radiated wavelength. A role of conserving operators similar to R? plays operator R,
(4.6.8).

Now we can use an analog of the conservation law, (4.7.1),

—ho,R, =1(K) . (4.8.1)

Using Eq. (4.6.14) and assuming N >> 1 we define 6 by the relation (assuming that 6 is
not too small)

R, =R, |cos@ . (4.8.2)
Then we get from Egs. (4.6.9) and (4.8.1), and the conservation of ﬁ,’f, (4.6.8)

o _ 1
dt 2T,

S (4.8.3)

where we have defined the characteristic superradiance time
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To === (Nr)™ (4.8.4)
Nu

Eq. (4.8.3) is isomorphous with Eq. (4.7.6) (R = —g-). Here, 1, = }'51 is the

spontaneous emission time of the isolated molecule in free space. Parameter p is
defined by Egs. (4.6.16) and (4.6.17) (acircular cylinder).

The delay time of the superradiance can be found similarly to the case of small
volumes (performing quantumanalysisfor © closeto 0; see Ref. 94)

t,=T,InN=1InN/Np . (4.8.5)

When N is large and the system has dimensions which are small compared with A, then
i =1, (4.6.19), and Eq. (4.8.3) agrees with the result found by Dicke [93], while Eq.
(4.8.5) reduces to the result found by Fain [94].

The model which has been used for the large volume superradiance time
development is sometimes called the “mean-field” theory. Itis importantto emphasize
that the mean-field model oflarge sample superradiance overlooks the propagation and
the field non-uniformly, which it induces in the sample. This model is notjustified by
any physical approximation and its only merit is the simplicity and symmetry of the
equations. However, in spite ofthe fact that this model neglects important propagation
effects, qualitatively it retains some of the essential features of large sample
superradiance, as well as some important quantitative dependences.

The propagation effects may play quite an essential role, which is clear from the
analysis performed by Arecchi and Courtens [108]. As follows from (4.8.4) T can be
very small provided Ny is large enough. On the other hand, the enhanced decay rate of
(4.8.4) will be realistic only if the entire sample is shorter than cTg so that all atoms in
the sample are exposed to the radiation from all others before the decay process is
completed. Therefore we have to know the appropriate decay rate T, for a sample of
size largerthancTg. The number of atoms (density p) which can be covered by the

radiation of other atoms during the decay time T'_' is given by
N, =cT'Ap . (4.8.6)

Here A is the cross-section of the “pencil”. On the other hand these atoms superradiate
with the rate given by the first-order perturbation theory (4.8.4)

T.=Nyp . (4.8.7)

Thesetworelations (4.8.6) and (4.8.7) can be solved self-consistently for T", and N,

N= f“—f’ . (4.8.8)
Tolt
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and
T, =[cApy,n . (4.8.9)

Here T' is defined as the cooperative time [108]. N is the maximum
cooperation number [108], i.e. the maximum number of atoms that can cooperate to
superradiant emission in a particular experimental situation. Assuming for instance,
that a sample could be prepared in the given initial condition and with N > N, all
atoms emit, ofcourse, but only N, cooperate. In this case the emission rate is not given
by (4.8.4) but by (4.8.9). The maximum coherence length cI', is independent of the
sample geometry and depends only onthe transition parameters and on the density.

The estimates of Ref. [108] show that cT", are typically 10* cm in NMR (at 1
MHz), 10 cm in ESR (at 10 GHz), and 0.1 c¢m for the 6993 A transition is ruby with
0.05% Cr’" concentration. The limited cooperation becomes, therefore, of prime
importance in optical experiments.

To take into account the propagation [109-114] effects we have to use the
Bloch-Maxwell equations (4.2.7)-(4.2.8). We will write them in a different form [97]
(see also Ref. 87)

—N- = 1[E*(x,t)+ E (0] [P&y-PEY]

afﬁg,t)_i 0, P* (X, t]+21—8{ [E'GO+E & D]} N . (48.0)

Here the electric field and polarization are divided into positive and negative frequency
parts, N=2r(X) isthe inversion population differenceand €, is the unit vector of the
atom’s dipole moment polarization. The Maxwell equation describing the propagation
ofelectromagnetic waves in the medium with the polarization P(%,t) hasto be added.

In order to describe the pencil-shaped sample collective spontaneous emission
one assumes that the electric field and atomic polarization field can be expressed as

products of a fast varying exponential (with time and space frequencies ®, and k;) and
slow varying enveloped E(z,t) and P(z,t)

E* = E*(z t)exp[Fi(o,t-k,2)] .

P* = P*(z,t)exp[ti(o,t—k,z)] . (4.8.11)

. @E JE
Neglecting i~ and aat_P when compared to ®,E or ®,P. and = when compared to
Z

k,E one gets (after dropping fast oscillating terms, the rotating wave approximation)
the following Maxwell-Bloch equations for the atom and field envelope operators
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oN 1 Pt 2id’

—=—[P'E*"-E P = E°N ,

ot h[ lé’t h
[l?-+i]5*=~‘f—”ap' . (4.8.12)
cot oz 2e.¢

These equations take a simpler form, if one replaces the variables z and t by z and the
retarded time 1 = t-z/c

. + 42
a—N=;l[P*E*—E“P']; E.Aey
1

, 4.8.13
on o h ( )

Ipralip (4.8.14)
0z 2e.c

The classical equations describing the one-dimensional propagation model of
superradiance can be easily deduced from these quantum equations. We have just to
replace the operators by the corresponding classical quantities. The resulting equations
are conveniently solved [111,112] by introducing a time and space varying tipping
angle 6(z,t)

2d . 0

Upl e 2 48.15
s Ea=t —= ( )

99 o1 o (4.8.16)

ozt LT,

with Ty being defined by Eq. (4.8.4). We can also write Eq. (4.8.16) in a
dimensionless formas:

e (4.8.17)
Az/L)a(t/T,)

This equation, known as the Sine-Gordon one, has been introduced in the
context of the superradiance in Refs. [111, 112]. Equation (4.8.17) describes the
flipping of the local tipping angle 8(z,t) from a value close to zero at t = 0 to the value
0 =m att = o, The initial conditions to choose for solving these equations are

8(z,1=0)=0", (4.8.18)

aﬁ{z,‘r=0)=

0. 4.8.19
2 (4819)
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An inspection of Eq. (4.8.17) shows that 6 is in fact a function of the single
dimensionless quantity

q= Z{E—T—T : (4.8.20)

The Sine-Gordon equation can be transformed into
6"(q) +—61(q)—sin0=0 , (4.821)
q

with the initial conditions
8(0)=0'; 8'(0)=0 . (4.8.22)

Once 6(q) is numerically obtained, one finds E.{z,t) with the help of Eq. (4.8.15) and
the emitted intensity at the end of the medium is given by

I,(t)=E,(L.0)E,(L,7) .

The main differences of these solutions with the mean-field model are:

(@ The occurrence of several emission maxima (the so-called superradiance
ringings[111]).

(b) Notonly delay but also the shape of single shot trajectories depend upon the
tippingangle. In particular the ringing contrast depends on 8' with more important
ringings obtained for small ' values [111].

(c) Delay time. Following [111] we notice that the maximum of the first
emission ringing corresponds tothetime when 6(z,L.; = 1. To determine the delay time
one solvesthe Sine-Gordon equation for 0 <@ < 1, by assumingthatsin 6 ~ @

0"+10'-6=0 . (4.8.23)
q

The solution of this equation satisfying initial conditions (4.8.18) and (4.8.19) is
8(q)=0'J,(iq) . (4.8.24)

The corresponding emission delay T4 isthus given by

1 :
3 {m(—cn A _}2}1191 , (4.8.25)
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Replacing the function J, by its approximate value

. 1
J,(iq)= el . (4.8.26)
Eq. (4.8.25) can be rewritten as
1 it
t=7Th [Log(a/6)] | (4.8.27)

1
where A= Z(n’rd 1Ty )4 can be taken as a constant (of order 10). The average delay

Tp Obtained using Eq. (4.7.15) is

o
il
2

(4.8.28)

3 =%TR log[i;—\/ﬁ} . (4.8.29)

Comparing the “one-dimensional” propagation and the mean-field mode, one
notices that delays given respectively by formulae (4.7.21), (4.8.5) and (4.8.29) are not
too different from each other, the ratio between them being a logarithmic factor slowly
varying with N. For large atom numbers (N > 106) the delay in the one dimensional
propagation model is somewhat larger than the one in the mean-field mode. For
example, the ratio between the two delays is equal to 1.5 for N = 10° (14~ 21 Ty in the
mean field model and 31 Ty in the one-dimensional propagation model).

The concept of collective spontaneous emission was formulated 45 years ago
[93]. Since then the superradiance has been developed into a quite distinct field of
research. Quantum theory of irreversible processes must include the phenomenon of
the superradiance, as far as the relaxation due to the interaction with photons is taken
into account. Inthis chapter we presented only basics ofthe superradiance theory.

The field itself expanded in various directions - semiconductors [115-118], free
electron systems [119,120], nuclear spin systems [121, 122], two-components systems
[123, 124], excitons [125,126] and laser-driven time delayed collective emission [101,
127]. It is not our intention to analyze the intensive development of the theory of
collective spontaneous emission.



CHAPTER V

MEMORY EFFECTS IN RELAXATION PROCESSES,
EXACT SOLUTIONS.

Most of the results presented in this chapter are exact. The approximate ones are
treated ina consistent way, and compared with exact solutions. Two simple models are
considered: the spin-boson system - a spin interacting with a phonon bath, and the
oscillator-boson system.  The exact solution, for the latter system, provides
opportunities to assess the rotating wave, the Markovian and the weak coupling
approximations. The spin-boson system has been extensively treated by Legget et al
[137]. In this chapter we mainly concentrate on the existence of dissipationless
regimes in a system having a continuum of states, and generally exhibiting the
irreversiblebehavior. An example of such a system is the spin-boson system. It has
been shown that in a certain range ofparameters, the system may reveal dissipationless
phenomena, such as nondecaying quantum beats, and the non-zero asymptotic (t — <o)
probability to remain in the excited state. (Usually, in the relaxation due to the
spontaneous emission ofbosons, the probability to remain in the excited state vanishes
when t — o.) Most ofthe results in this chapter are obtained assuming zero absolute
temperature (T = 0). This means that condition (2.3.14) does not lead to the
factorization approximation. However, most ofthe solutions in this paper are exact and
do not require the factorization approximation. They take into account the memory
effects which wereneglected in the Markovian approximation.

5.1 Time developmentof quantum systems: general relations
In Chapter Il various approximate approaches to irreversible processes have been
presented. Inthis chapter we consider anumber ofexact relations and solutions.
Consider a system described by the Hamiltonian
H=H,+V, (5.1.1)

where the energy spectrum of the unperturbed Hamiltonian H, contains both discrete
and continuous energy levels and V is the perturbation energy. Let S be a unitary

matrix which connects eigenstates v/, of the Hamiltonian H with eigenstates v, of the
Hamiltonian H,

W, = ZSL-LWV , (5.1.2)
or equivalently

Su = (W lwi) - (5.13)

134
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The unitary matrix S performs the diagonalization of the Hamiltonian H. In the
representation of \y,, eigenfunctions of the Hamiltonian H,, the Hamiltonian H, is
diagonal, while the Hamiltonian H is off-diagonal. In the representation of function

Yo
Hy, =E\v, , (5.1.4)

the Hamiltonian H, including the perturbation energy, is diagonal. Thus the arbitrary
operator F and density matrix, in a new representation, have the form (see (1.2.10), and
(1.2.14))

F'=S$"'FS |, (5.1.5)
p'=S"pS . (5.1.6)

In the new representation, the von Neumann equation for the density matrix has the
form

P = =10 Py > (5.1.7)
ie.,

Pua =P (O)e™ ™ (5.1.8)
where

oy =(E.~Ey )/h (5.1.9)

where E, and E,, areeigenvalues ofthe HamiltonianH, (5.1.1).

We will be interested in the time development of the density matrix p in the

representation of the unperturbed states y,. For this purpose we can use the relation
inverseto (5.1.6)

p=Sp'S" . (5.1.10)

We find, from (5.1.10) and (5.1.8) that

Pav ()= 2, S,y Pss (OIS (5.1.11)

IM

To express p,,,(0) through the initial conditions for the unperturbed density matrix
p(0), we use relation (5.1.6)
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p.m(o) = ZS:'I.pn'v'(O)Sv‘M . (5.1.12)
Substituting this relation into Eq. (5.1.13) we get

Pu(t)= S Sopi OIS, uS e (5.1.13)

LM,utw!

It is easy to check that the r.h.s. of Eq. (5.1.13) satisfies the initial condition
pu(0). Puttingt=0 we get

P (0= (SuSir) 2 (SvaSiae) Pur(0) - (5.1.14)
Lu' M
Due to the unitarity of matrix S, (1.2.9), we get

ZSnLS;'I, =85 st'ms:-u =3, - (5.1.15)
L M

Substituting these relations into (5.1.14) we obtain that the r.h.s. of Eq. (5.1.14)
becomes p,,(0). Thus the r.h.s. of Eq. (5.1.13) is the superposition of exponents
exp(—iw,,)t, and therefore satisfies the von Neumann equation (5.1.7) and it also
satisfies the initial condition p,.(0). Therefore, Eq. (5.1.13) represents the exact time
dependence of the density matrix py(t).

Indices u, v characterise discrete (including the ground state) and continuous
energies of the unperturbed Hamiltonian H,. On the other hand, among eigenvalues
E, there may also be discrete E, (including the ground state E;) and continuous

energies E,, . Then density matrix p,, (in the presentation of the Hamiltonian H,) may
be presented as

puv(t) - Z Smsu npu v (O)S\ n:S\me_mmt

n.m.u'v'

+ 3 {SuSuPure(0)S, i

anu'v'

+SI’IISI| {lp“ v! (O)S\v I'I \'l'l _m l}
+ Y 8,80 uPu(0)S,Sige™™" . (5.1.16)

cfiu’y’

A summation over indices «, B could be transformed into an integration. This means
that the last three terms in (5.1.16) become the Fourier integrals which will decay to
zero or to some constant term (see section1.8), as t — . On the other hand, the first
term in ther.h.s. of Eq. (5.1.16) does not have a limit (for n = m). Itis notirreversible.
Thus, existence of discrete states of the total Hamiltonian (5.1.1) (apart from the
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ground state) is a condition of the asymptotic dissipationless behavior of the system
described by Hamiltonian (5.1.1).

5.2 General criteria for emerging of dissipationless regimes

Macroscopic systems usually have dissipative properties and irreversible behavior. An
energy concentrated initially at a certain point, or small volume, is dissipated over the
whole system. The electric current circuit is characterized by the resistance. An
electromagnetic excitation in the resonator cavity decays to the equilibrium value. On
the other hand, it is well known that a generally dissipative system, in a certain range of
parameters of the system, may reveal dissipationless phenomena, such as
superconductivity, superfluidity, local vibrations, etc.

Now we will consider general conditions of emerging of the dissipationless
states in the dissipative system having a continuum of states [128]. Inthe general case
the system described by the diagonalized Hamiltonian (5.1.1), may have either a
continuous energy spectrum only, or both discrete and continuum energy states, while
the energy spectrum of the unperturbed Hamiltonian contains discrete and continuum
energy levels g,

Hyla>=g,ja> . (5.2.1)

As has been noticed, the existence of discrete states of the total Hamiltonian is a
condition for the asymptotic dissipationless behavior of the system described by the
Hamiltonian (5.1.1). Therefore, let us concentrate on the conditions of the existence of
such states.

Following the usual procedure [129], we define the Green function

, <a|L>P 1
G,(E)=(a! (E-H)" la>>=;l gl—ELl R 62
R,(E)=<a|Rja> .
Here the level shift operator R is determined by the equation
R=V+Vé-:_i1\_I“—R , (5.2.3)

o

where A, =|a ><a] isthe projection operator, and it is assumed that R is to operate on

the state |a>. Energy levels E; of the Hamiltonian H and function R,(E,) can be
found from the equations

E, =¢,+R,(E,) , (5.2.4)
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; <a|Vl]a'><a'|V]ia>
R, (E. )= -
( L) ﬂ;) EI._aa'

. E <a|V]|a'><a'|V]|a"><a"|V]a" ><a"’|Vta>

(5.2.5)
(E, —£,)(E, —&,.XE, —¢,.)

Coefficients |S_. [*=l<a|E, >[ of the unitary matrix S can be found from Eq. (5.2.2).
Accordingto Eq. (5.2.2) we can write

G,(E;+98)=

1(a1d>s Z|-<a|or.> Zka!d':{I
E, +d .ﬂ,d,Ed—Ed.+5 ‘

Here |d> are discrete states of the exact Hamiltonian (5.1.1), these states are assumed to
be nondegenerate E, = E,., and |c> areexactcontinuous states. The second and third

terms are finite when & — 0. The second term is transformed into a singular integral,
and using (5.2.2) we get

i<a|d 5= limEG(E, +5)= —>—— ,
530 3(1-R_(E,))
and
: 1
Sul=<a|d>f=—"n—vo . 526
|S, ’=<a|d>| TRAED ( )

For simplicity it has been assumed that expansion (5.2.5) contains only even
powers of V. In the examples which will be given below this assumption is valid.
Generally, Eg. (5.2.5) contains both odd and even terms. The generalization to this
case can be performed as well.

Now let us make certain assumptions about the energy spectrum of the
unperturbed system &,, and matrix elements V... The onset of the continuous part of

the unperturbed energy spectrum is assumed to start at g, = 0, while the discrete excited
energies g, 2 0. (It can be shown, see (5.2.8), that for g, < 0 the combined system
always has discrete energy levels.) We also assume that the humerators on the r.h.s. of
Eqg. (5.2.5) are positive. These assumptions are satisfied by the examples presented
below.

While the unperturbed energy spectrum contains both discrete and continuum
states, the spectrum of the exact energy levels E, may have either continuum states

only (apart from the ground state), or both continuum and discrete states. In the former
case, the system is dissipative, while in the latter case the system reveals asymptotically
nondissipative behavior (the firstterm inther.h.s. of Eg. (5.1.16)).

It can be shown [130-132] that the exact continuum states have positive energy
levels E, 20. On the other hand the existence of negative excited discrete energy levels
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is a necessary condition for the nondissipative behavior of the system.
The exact negative state E,=-E,, E, > 0 corresponding to the excited
unperturbed state m, can be found from Egs. (5.2.4) and (5.2.5)

g, +E, =-R _(-E )= Z —! Vi IZ - Z Vi Varar Varar Vo &
m o m o a'(=m) Eo+8u' ataa” (E°+sn.)(E°+€n")(Eo+€u-) ios

(5.2.7)

In a sense, the emergence of the discrete (negative) energy level located below the
continuum, may be presented as the Lamb shift “pushing” the energy level below the
continuum.

Utilizing the above-mentioned properties of matrix elements of V, one can
easily verify that -R,(-E,) is a monotonically declining function of E,. The left hand
side of Eq. (5.2.7) is a linearly increasing function of E,. This means that the positive
root of E, (negative Eq) exists, provided the following condition is satisfied

|V,

ma*

F

€, <€, =—R,(0)= > + Y VouVorarVararVarm || (5.2.8)

a'{zm) a’ ata"a® Ea.ﬁa-sa_
tem)

The existence of nonvanishing S,,4 # 0, (5.2.6), provides a condition of nondissipative
quantum oscillations.

It should be emphasized that in the general case the above relations do not
coincide with the conventional perturbation theory, where in the zeroth approximation

one derives from Egs. (5.2.4) and (5.2.5), E, =¢,, and in the second approximation
oneputs E; =¢, onther.h.s. of Eq. (5.2.4). This term hasto be closeto E, =&, On
the other hand, by putting E, = 0 into the r.h.s. of Eq. (5.2.4) we do not require the
smallness of the term Z';Vm. f* /g,. in comparison with E, = 0, and &, may be

essentially different from zero. The present analysis may be developed by comparing
termsonther.h.s. of Eq. (5.2.8), i.e.

z an'vu'n'vu"a"'vn""l << Z E_YL“’_'I__ . (529)

e £,.8,8,n azm) €
(2m}

One has to distinguish two cases: (a) ’l_imanm(~Eu) exists, i.e., is finite; then
o=

Eq. (5.2.7) has a solution if, and only if, condition (5.2.8) is satisfied; (b) Ri(-E,)
diverges at E, — 0 - then there is a solution for all g,. In case (a), employing the fact
that Ri\(-E,) is @ monotonically declining function of E,> 0, it is easy to find that the

root E, = -E, increases monotonically from 0 to EJ™ satisfying the equation

E™ =-R, (-E™) . (5.2.10)
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when g, decreases from €] to zero. At the same time Swdl®s (5.2.6), increases
monotonically to its maximum value at €y, =0, when €, decreases from €;, to zero.

Thus, it has been shown that in quite a general case the system described by the
Hamiltonian (5.1.1) may contain a range ofits excited unperturbed states €, < €, in

which the system reveals the non-dissipative behavior. It should be mentioned,
however, that the nondissipative behavior may be observed, provided |Smaf has an
essentially nonzerovalue. Inthe case when |Smd}2 << 1,thenondissipative features are
practically unobservable.

5.3 The configuration interaction between one discrete state and the
continuum of the states

Generally one can find matrix elements of the unitary matrix (5.1.3) and (5.2.6) and
exact energy levels E;, (5.1.4), only in a certain approximation. But there exists a

specific example when a unitary transformation can be performed exactly. This
example was considered in detail by Rice [130], and Fano [132] (see also [131]) in the
context ofthe configurational interaction in atoms and molecules.

Electronic states ofatoms and molecules are usually classified as belonging to
various configurations.  This classification is an approximate one, based on the
independent particle approximation. The exact stationary states can be generated by
the “configurational interaction”, i.e., by the terms of the Hamiltonian that are omitted
in the independent particle approximation. The mixing of a configuration belonging to
a discrete spectrum with a continuous one may give rise to the phenomenon of the
autoionization.

We consider the case when the whole system has one discrete |m> state
degenerate with the continuous states [y>. The Hamiltonian of the system has the form

H=H,+V. (5.3.1)

We assume thatthe Hamiltonian H has been diagonalized in the continuum states. This
means that matrix elements

V,.=0 , (5.3.2)

while the only nonvanishing matrix elements of the perturbation energy are Vg, In

this case the exact energy levels E of the whole system are determined by equations
(5.2.4)and (5.2.5)

E=¢,+R,(E) , (5.3.3)

V 2
Rm(E)=Z% , (5.3.4)
¥ ¥
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while the unitary matrix elements have the form (5.2.6)

[HZ(E "*é )2] . (5.3.5)

As previously we have chosen the zero ofthe unperturbed energy levels at the onset of
the continuum E,, while the unperturbed discrete energy E,, is non-negative

E.20 . (5.3.6)

First we will find the discrete state satisfying Eqgs. (5.3.3) and (5.3.4). The

existence of such a discrete state, in the context of the configuration interaction, has

been discussed in several papers [133-136]. The exact discrete state of the system
described by the Hamiltonian (5.3.1), has the negative energy

Es=-Eo; E,>0. (5.3.7)

Accordingto Egs. (5.2.7), (5.3.3) and (5.3.4), E, satisfies the equation

E, +E, ZE +E : (5.3.8)

This equation has a positive root (and negative E4 = -E,), provided condition (5.2.8) is
satisfied

V 2
E, <E: =z|—é1|~ . (5.3.9)
¥ ¥

The “weight” of this state equals

vieT
IS..,A’=[1+ZF}(?|—§E—[‘I—)—;] . (5.3.10)

The analysis of the behavior of [S,4f* as a function of E,, is performed in the previous
section (its final part).

In the case when condition (5.3.9) is not satisfied, the exact energy levels of the
system belong to the continuum

E>0 . (5.3.11)

In this case the unitary matrix elements <m{E> have the form [130, 131, 132], (5.3.5),
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1 hy(E)
E>f= - 3.12
< S ® P E) + B, - BF (6:312)
Here p(E) is the density of the states
dZ=p(E)E , (5.3.13)
= T i Vnr,' lz
E,(E)=E, ~ [ =p(E,)E, , (5.3.14)
LI G ¢
and
YE) =23 Vi I 8(E, ~E)=Zp(E)I V,, (5.3.15)
2

and W:l’ is some average perturbation energy matrix element, determined by Eq.

(5.3.15).

This result shows that the configuration interaction “dilutes” the discrete state
|Im> throughout a band of exact stationary states whose profile is represented by a
resonance curve with half-width wy(E). If the system under consideration were
prepared in the |m> state, at a certain instant, it would autoionize with the mean
lifetime ¥ (to acertain ground state |g>).

5.4  Spontaneous emission of bosons (phonons) and tunneling in the rotating
wave approximation

The problem of a two-state system is ubiquitous in physics and chemistry. In the
simplest examples, the system possesses a degree of freedom that can take only two
values, for example, the spin projection in the case of a nucleus of spin % the
strangeness in the case of neutral K meson, or the polarization in the case ofa photon.
These are intrinsicallytwo-state systems. A more common situation is when only two
states of a multi-state system are relevant for certain problems. As has been shown
(section 3.3) any two-state system can be described by the effective spin operators ry, r»
and r3,satisfying usual commutation relations for spin %2.

In practice, almost every real-life two-state system interacts with its
environment. Inaquite general case, the electron-nuclear system is represented by two
potential hypersurfaces - electronic terms, plus the perturbation causing transitions
between these terms (3.3.6). These hypersurfaces are described in harmonic
approximation by hyperparabolas, (3.3.9) and (3.3.10) (without anharmonic terms),
with identical frequencies and different positions of minima. Such a model has been
useful for the description of various processes, such as electronic transfer, energy
transfer, tunneling in dissipative media, etc. (see section 3.5).
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The Hamiltonian ofthe model, describing both nuclear and electronic motions,

can be presented as [see (3.3.6), with U,=J1+%Zmﬁ(qk—q§()2 and
k

1 o
U, =], +"2‘z(‘)|zc((h< _qZk)z]]
X

1 o [+]
H= EZ(pi + 005 ) +0,E, +n,E, —nlz(’)i%k% - nzz(’)i%kq +2nV.. (5.4.1)
k K X

Here qyx and py are the operators of the coordinate and momentum of the k-th
vibrational mode of the system, n, = %+r3, n, = %-r3; ny=1,n, =0whenrz = % and

n,=1,n; =0whenr; = % andE;=J; + -;-Zcoi (q&)2 are energy constants. The
k

perturbation energy matrix elements are, generally speaking, functions of gk and pk and
we consider the approximation of constant V,, = V;, =V (Condon approximation).

The Hamiltonian (5.4.1) has become known in the literature as the “spin-boson”
Hamiltonian. In this chapter we consider the symmetrical case (in case of the
tunneling -symmetrical potential well) and present the spin-boson Hamiltonian in the
form

H= (rl +%) hA, + Y ata o, +(r, +1.)Y. B, (af + ak) : (5.4.2)
k k

Here

hAO = 2V, V= V12 = Vz] ) (543)
r.=rairy; a; andagare creationand annihilation operators of bosons (phonons) and

o o o 2
A =y =—qx = By .f—zof . (5.4.4)

Parameters By describe the interaction between the tunneling system (section 3.5), or
any other two-state system, and the dissipative system. In the case of the tunneling
system, a localization in one of the potential wells is described by the operator r3; the

localization in the left well corresponds to rz = —;- while r3 = % corresponds to the

localization inthe right well.

The dynamics of a two-state system coupled to a dissipative environment,
described by the Hamiltonian (5.4.2), is rather complex, as far as we try to overcome
the approximations used in Chapter 3. This dynamics can be described using various



144 Memory effects in relaxation processes

approximations (see a comprehensive review of Leggett et al. [137] and a more
traditional approach by Silbey and Harris [138]). On the other hand, another truncated
rotating wave Hamiltonian is widely used

H= (r‘ +%)?r£&n +> ajaho, + Y B, (r+ak +r_a:) : (5.4.5)
k k

This Hamiltonian differs from the spin-boson Hamiltonian (5.4.2) by omitting the
so-called “counter-rotating” terms r.a, and r.ax (rotating-wave approximation, RWA).
It was originally suggested by Lee [139], intensively studied by Davidson and Kozak
[140], and used by Pfeifer [141]. It should be emphasized that the Hamiltonian (5.4.5)
by itself does not describe any specific physical system. It may provide only an
approximate description of the time development of physical systems if the omitted
counter-rotating terms can be considered as a small perturbation. This question will be
considered later on.

The dynamics of the spin-boson system described by the truncated Hamiltonian
(5.4.5) allows a consistent and exact analysis. Inthe context ofthe tunneling process, it
has been shown [142, 143] that there exists a certain value for the matrix element ofthe

perturbation energy between the states r; = :t% (leftand right), AA; , suchthatfor |A,|

> AT, quantum beats between two wells decay to zero at t — oo, while for matrix

elements |A,] < A7 the tunneling friction vanishes. This latter phenomenon has been

called supertunneling In the context of the relaxation of spin systems via spontaneous
emission ofphonons, it has been shown [131] that at the energy difference between two

levels (r; = % and r= f-%) of the spin system |A, <A, there is a nonzero
probability toremain in the excited stater, = % A,>0,att— oo

We now present exact solutions corresponding to the rotating wave Hamiltonian
(5.4.5). We will use general relations of sections (5.1) and (5.2). The important
quantity of the system is the energy shift function R,(E) of the unperturbed level a.

First, let us consider the ground state of the unperturbed state |-%,O>, Here sign 0

means that the system is in the vacuum state, with all phonon (boson) numbers being
zero. Itis easy to check that the matrix elements ofthe perturbation energy, (5.4.5)

V=3B, (ra +raf) , (5.4.6)
k
are zero for all quantum numbers m in the vacuum state, n, =0

(—%0!V1m0>=0 , (5.4.7)

This means that forr, = -%, n,=0
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R, =0; E, =0; (5.4.8)

where E | isthe exactenergy level.
;J

Thus the interaction (5.4.6) does not affect the ground state |-% ,0>, itsenergy remains

the same and its weight equals 1; the system being initially in the state :—%,Ob also

remains in the same state.
Now let us consider the excited state L% ,0>. For this state, it follows from Egs.
(5.2.4), and (5.2.5), that

12

R By 5.4.9
@=L (5.4.9)
Vi 1,
E=hA, + , (5.4.10)
; E -,
1
|slw|’=m—-|~v———|-,r A (5.4.11)
ki 1 1

; %3t
2 E
These relations are isomorphous to those of the one-level system, interacting
with the continuum states (5.3.3 - 5.3.5). The difference is in the existence of the
ground state (5.4.8). The ground state is located in the outset of the continuum states of
the phonon (boson) system. This ground state is also the exact ground state of the
system. Ifthe system is initially in the ground state, it remains unchanged.
We consider a spontaneous emission of bosons from the initially excited state.

This means that attime t =0, the spin is in the state r; = % withenergy
E, =E, N ha, (5.4.12)
Er
while phonons (bosons) are in the vacuum state

(DI...!(...n = OI“’Ok“‘O;‘H‘ 2= ﬁ| ¢O(qk )= 4 (5-4-13)
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where ¢o(q) is an eigenstate of the k-th boson mode, and the index 0 means that the
number of bosons in this state is zero. Thus we identify the state jm> of Sec. 3; it is

that of the spin (two-level molecule) in its excited state r; = % with no bosons (a

vacuum state) in the dissipative state

1
15:0>= w1 >TTé0(a)> & (5.4.14)
k

its energy being (5.4.12).

This state is coupled by the interaction energy, (5.4.6), to a continuum of
one-hoson states

ly>=lk>=ly | >0@)> [Tles@)> (5.4.15)
2

ki{=k)

withthe energy eigenvalue
E,=E, =ho, . (5.4.16)

It should be stressed that the interaction V, (5.4.6), connects the state |y> with the
discrete state |l§‘0> only. There are no matrix elements of the interaction V connecting

[y> with other continuous state |y'>, as |%,k'>. The full interaction energy (not a

rotating wave one) containing r,a; and r.a, terms, has such matrix elements. In this

case the system is not isomorphous to the system with one discrete level (of the
previous section).

Now, as in the previous section, we will consider two cases. The first case is
when kA, is larger than the critical energy defined by the equation

2
hA, > hA, =ZIB—“ ,

5.4.17
2 o, (5.4.17)

which follows from Egs. (5.4.10) and (5.4.6). In this case the exact energies E form a
continuous spectrum (without adiscrete energy). Similarlyto Eq. (5.3.12) we get

2
e
= =0k

= - . (5.4.18)
(0,) Y (0 ) +(A-o, )

Here p(®y) is a density of states k

dZ = p(ow, )dw, , (5.4.19)
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A(ey )= A, —%Idmk. % =A,-F(o,) , (5.4.20)
and
(o) = h—’i@ B, [ 8(y ~0,) = —rp(@) | B, P . (5.4.21)
The time dependence of
P.= p%cr_%o , (5.4.22)

the probability to remain in the unperturbed state g% ,0>, is determined by Eq. (5.1.13)

(u=v=u =V = =0..0..)and Eq. (5.4.18)

5L
2’

- 2
¥(o, )e_mldmk |
T (0)+(A -0, )|

P.(t) =7:_2 | (5.4.23)

It is easy to show that in the approximation in which one can neglect the frequency
dependence of y(®y) and A(wy) in the vicinity of wx = A,

Yo =¥(A); Ao )=A (5.4.24)
AGR)-E=0: Awa ety 1B (5.4.25)
\ E] o hz - éo_mk 3 L

the time-dependence of P, (t) has the exponential form

P.(t)=e"": P.(0)=1 . (5.4.26)

This approximation coincides with the Markovian (section 2.4) (or Weisskopf-Wigner

[144]) approximation. Exacttime-dependence (5.4.23) has been analyzed by Davidson
and Kozak [140].

In the case opposite to (5.4.17)

2

|B,
A <A = ’ 5.4.27
A zk: o, ( )
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there is the exact discrete level

Ey=-E,, E.>0, (5.4.28)
which is the root of equation
- |B|
E,+hA, = ) ——F%— | 5.4.29
° ’ Ek‘ E, +ho, ( )

The exact level E4=-E, becomes the ground state, since E ,°=0, according to Eq.
-

(5.4.8). Theweightof this exact discrete level, (5.4.11), is

1o N o 1B, Y
|<2’0IE“>‘ _{n;(Eﬁhmk):} : (5.4.30)

This means that accordingto Eq. (5.1.13), there is the nonvanishing probability that the

systemwould remaininits initial state ;%.Oa whent — o

2 -2
P, () =P = [1 +;%J : (5.4.31)

It should be stressed that there is no positive discrete level. Such a discrete level would

be degenerated with the energy continuum, and this means that there is nonvanishing

IS, [, with Eq>0. Inthis case the sum in the denominator of Eq. (5.4.11), when it
30

is transformed intothe integral, is diverging. This means that

IS, P=0; E>0 (5.4.32)

—0;E,
3 d

The latter equation means that the exact discrete level, if this exists, should be
nonpositive.

Equation (5.4.31) is characteristic for dissipationless behavior of the state with
exactnegative energy. Another phenomenon characterizing the dissipationless regime
is the supertunneling [142,143,128] - nondecaying quantum beats between two
potential (symmetrical) wells. The description of a tunneling in the terms of the
effective spinis givenin Section 3.5.

We are interested in the time development of the tunneling system interacting
with the phonon bath. To describe the spontaneous emission, we needed the
eigenfunctions of operator r;.  In the context of tunneling, these functions describe
delocalized states, while the localization in one of the wells is described by the
eigenfunctions of operator r3
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1
Wi =ﬁ(w_%iw%) - (5.4.33)

where L, R designate localization in the left and right wells, while W , are
2

eigenfunctions of operator r;. The density matrix of the two-level system in the new
(site) representation can be expressed through the density matrix inthe r; representation

O = 2, UtOiUan (5.4.34)
o
where
Vo =2 UpaWi » (5.4.35)
and
U_%L - U%L = U_%R = —U%R ‘ (5.4.36)

In particular, it follows from these relations that the probability to remain in the left
well equals

(o

¥ 5 (5.4.37)

P |
| =
|
| —-
M'I—
b | =

We assume that initially (t = 0) the system was in the left well

0,,(0=0, (=0 ,,0)=0c, ,(0)== . (5.4.38)

11
22 7 2 2'2 2"

b | =

It should be noticed that we consider the zero temperature of the phonon bath.
The derivation similar to that of spontaneous emission leads to the following
description of the tunneling

1 o B:
5[l+e"‘ cosT°t], A, > A, :th"
(6]
Bk i ‘ eIEEE (5.4.39)
—[1+cos—=t], A, <A,
2 h

where v is determined by Egs. (5.4.21) and (5.4.24). The Markovian approximation has
been used for the description of the dissipation regime of tunneling (the first of the
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expressions in the r.h.s. of Eq. (5.4.39)). The dissipationless regime at A, < A, is
characterized by the nondecaying quantum beats in the tunneling system coupled to the
phonon bath, at zero temperature, T=0.

Apart from the emerging “new” bound states in the configurational interaction,
“frozen” upper states in the spontaneous emission, and hondecaying tunneling quantum
beats, there are other processes having the same physics and mathematics.

The ionization can be caused by the electromagnetic field whose frequency @ is

larger than I/h, where |, is the ionization energy. This energy equals the energy
difference between the onset of the continuum states and ground state energy, Eg. Ina

- I
sense, the electromagnetic field of frequency o > ?" causes the appearance of a new
1

discrete state Eg degenerate with the continuum
E,=E, +ho . (5.4.40)

This situation is similar to that described by the configuration interaction with
one discrete level. The interaction with the electromagnetic field may “push” the

discrete level Es below the continuum of states. In this case the ionization is

practically stopped (provided the weight of the new discrete level is high enough). It
may be said that the interaction with the electromagnetic field creates an “artificial”
autoionizing state, which leads to trapping of electronic population in the ground state
when condition (5.3.9) of the emerging of the exact discrete states is satisfied. This
situation has been explored in anumber ofworks [145-148]. The situation close to that
considered in this section has been considered by Kofman et al. [149], analyzing
spontaneous emission in photonic band structures [150,151].

5.5 Weak coupling case (beyond RWA)

We will now consider the full Hamiltonian (5.4.2) containing counterrotating terms
r,a; and ra, as well. The spin system itself is described by the first term in Eq.
(5.4.2). It has two levels, corresponding to two eigenvalues of operator r; = i%,

Considering both positive and negative values of A, we can use the first term in a
symmetric way

LA, |
Espin =(r, +5X"—]h.ﬁ“ 5 (551)

This spin Hamiltonian has zero ground state energy, and the upper state energy is #|A,|.
For
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A,>0, E,=E,=hA, E, =E_=0, (55.2)

b=

while for

A<0, E K =E,=-hA, E,=E_=0 . (5.5.3)

We continue to designate spin values t% , only for the eigenvalues of spin component

r,, while for the eigenvalues of spin components rz we use connotations L (left) forr ;=
% ,and R (right) forrs = -% . We will be interested in the dissipationless regimes of the

spin-boson system described by the Hamiltonian (5.4.2).
Two functions characterize the dissipationless regimes. First, thisis

P(A,)=HmP,(A,.0) (5.5.4)

where P.(A,.t) is the probability to remain in the upper level E,, at time t, if initially
P.(A,.0) # 0. This probability depends on A,, and our task is to analyze P;(A,) as
functions of A,. Inthe dissipationless regime P;” =0 . while in the dissipation regime

the probability to remain on the upper level E, tends to zero, when t — .

Another dissipationless phenomenon is supertunneling [142,143,128] -
nondecaying quantum beats between the symmetric potential wells. Thisphenomenon
is characterized by the probability to remain in the left well (5.4.37)

1 1
P)=5+5(p, (D+p, (1) . (5.5.5)
2 2 33 33

If p,.(0)= % for all (m,n) eigenvalues of r; = :t%, then the initial probabilities are

PL(0)= 1; Pr(0)=0. In the dissipation regime, quantum beats are characterized by
functions

.

p i ()=p

| =

(0 (5.5.6)

(S

1
r

which tend to zero when t — «.  On the other hand, in the dissipationless regime the
quantum beats do not decay, and amplitudes ofquantum beats

}imp 11(45,8)=p" 1 {4,)=0 , (5.5.7)
L

1'2

may serve as a characteristic of the dissipationless regime.
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Wewill analyze Py (A,) and p%, ,(A,) asfunctions of A, First, we will show

27
that there exists a certain range of the spin-boson Hamiltonian parameters which
corresponds to the dissipationless regime. We will employ results of Section 5.2 and
consider case (a) ofthis section: él'l_l)]oRm(Eo) exists. Then, according to the general

theory there is a critical frequency

A, =—1R1(0) , (5.5.8)
ho3
such that in the region
A< A< A, (55.9)

the spin-boson system reveals the nondissipative behavior. It is worthwhile to
emphasize that this conclusion about the existence of the nondissipative regime is quite
general. Itis not connected with any specific approximation. Of course, to calculate A,
we need the approximation. Inthe general case, according to Egs. (5.2.8) and (5.4.2),
thecritical frequency A, : satisfies the inequality

A2 B, . (5.5.10)
¢ k hz&)k

For the rotating wave Hamiltonian the critical frequency obtains its minimal value,
(5.4.17)

B2
A, = o 5.5.11
=L a (5.5.11)

Our task is to describe quantities P;(A,) and p~, ,(A,) as functions of A, in
2
the dissipationless region (5.5.9); outside this region these two functions are simply
zero. Inthis sectionwe consider the weak coupling case

BZ
=Y 2k <«<1 . (5.5.12)
Zm ;hZ(Di

Here Zw is a dimensionless coupling parameter, while the use of the connotation

will be clear from the following discussion. Inthe weak coupling case the higher order
terms, in the energy shift function R,(E,) (5.2.5) can be neglected [128, 142]. In this
case the critical frequency A, is equal to (5.5.11). It should be mentioned that for the
full spin-boson Hamiltonian (5.4.2), A., presentedby Eq. (5.5.11), is anapproximate
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value of this quantity, while for the truncated, rotating wave Hamiltonian (5.4.5),
formula (5.5.11) is exact.
To proceed further, we have to assume a certain frequency dependence of the

coupling parameter By(wy). Having in mind that the summation Z in the
k

three-dimensional manifold can be reduced to integration _L o'dw , we define
B 22y j doo® B(o) . (5.5.13)
The frequency dependence of B*(w) may be taken in the form

2 -2
B’(m)=h—]:“[2) exp(-0/0,) | (5.5.14)
o | o,

3

where y; isa constant having the dimensionality of frequency.
This form of the B(w) frequency dependence corresponds to the notation of
Leggettetal. [137] for the spectral density function

Jo)=A0" exp(-0/0,) . (5.5.15)

Here o, is the cutoff frequency, which is assumed to be much larger than A,. The
integration in relation (5.5.13) is then extended to infinity. Another possibility which
we will use, is to extend the integration to @y, - the Debye frequency. In this case we do
not use the exponent exp(-w/w,) and put o, = op.

The case s = 3 corresponds to the coupling constant and density of states for
three-dimensional phonons interacting with a localized system. The case s = 1 is the
ohmic case, and it also corresponds to the interaction with the acoustic phonons used in
physisorption kinetics [153, 131].

In the weak coupling approximation (5.5.12), the equation determining the exact
discrete excited state Eq = -E,, E,> 0, can be found from Eq. (5.2.7)

BI
WAy +Ey =Y —&—=-R,,,(=E,) =-R,,(E,) . 5.5.16
0 gEu +}I’mk 1 .( ) 1 2( d.) ( )

where index % designates spinr, = % (an excited state for &, > 0). The coefficient

Sy 204 Of the unitary transformation from the state i—;-.0> (zero sign means the vacuum

state, all n, =0) of the unperturbed Hamiltonian

1 .
H,= [r, +~£]h£\0 +;akakhw, , (5.5.17)
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to the discrete state of the exact Hamiltonian (5.4.2), has the form (5.2.6)

2
<-1-,0|d> =
2

Function -Ry,(-E,) can be calculated using relations (5.5.13) and (5.5.14) with a cutoff
frequency wp, (the Debye model)

1 1
1-R},(E,) 1+, BiAE,+ho,)

(5.5.18)

‘ Sm,o;d \2=

~R,,(-E))=. B, _Iynf _o
Vit TV U 4B ko, oY) 3 E,+ho

_ iy, [c_o_ _Eoy' | By
sh

do

5 s=-Di* (-2

E'o ( 1YE; ho
(=l 2 0 2 Fe g B | (5.5.19)

2 Pe E,

where s 2 1 (sis an integer number - see Ref. [154]).
Inaquite good approximation we can assume

Eo<<op . (5.5.20)
Thenforall values of E,
R 1(-Ey)® -R,(0) = Z—=hA =hy,/s , (5.5.21)
and
-R,,(0) =, B, =lZ S (fors>1) (5.5.22)
1 = el 24" o,(s-1) ’
-R, z(Ed)=ln(1+@2]zlnﬁi"£ (fors=1) . (5.5.23)
E, E,

In the ohmic case (s = 1) the coupling parameter %Zf -R,,(0) diverges
I3im0 R,,(E)=c . (5.5.24)

Therefore, one cannot treat the ohmic case in the weak coupling approximation
(5.5.12). On the other hand, the cases s > 1 can be treated in the weak coupling
approximation(5.5.12), provided that
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L B ) wd Er=up (5.5.25)

Op O

Inthis case, we get from Egs. (5.5.18), (5.5.12) and (5.5.22)

Buisea| = l—%zw . (5.5.26)
and
~E,=E, = i(A~14,)); Ac=7s . (5.5.27)
Similarly for the ground state jg=> we get
B?
R %(Eg}=Eg =—Zmz—hac , (5.5.28)

so that the energy difference between the exact excited and ground states equals

E,—E, =hA, , (5.5.29)

&

whilethe unitary matrixelement [S , * equals
-=0:g

2

2 B; B 1
IS i:-:l— k HI—- k =]__ ) 5530
e o (hA, +ho, —E, ) Z ne? 2 2 ( )

Now let us assume that initially the system is in the state characterized by
density matrix elements (the boson field is in its vacuum state: n, =0)

Pm(0);  mp=i) (5.5.31)
where m,n are eigenvalues of the operator r;.  Using Eq. (5.1.13), expressions for the
unitary matrix elements S;24.4, (5.5.26), S, ,,., (5.5.30), and otherssuchas S , ,, ;.
S,.21, » €tC. (the derivation of these matrix elements is skipped here), the following
asymptotic equations may be derived

p

=p (1= )+p, (O, | (5.5.32)

=
1t
T

| —

|-
B |-

% =0 (O, oy L (OXI= ) . (5.5.33)

2" 2
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pﬁf(o‘l“_l] =p, ,(OF +p,,O1-3) ., (6534
22 PR L '3

where P~ 1) and p7 , are the amplitudes of the exponentials ™' and e

72 3T
respectively.

Matrix elements p7. do not depend on A, in the whole dissipationless region
(5.5.9) (see (5.5.21), while outside this region p1I =p*,, =0 (for Ay > A). In

73 723
deriving the above equations we did not use the rotating wave approximation. In the
latter approximation (section 5.4) the ground state |";f> is not affected by the

interaction (5.4.6): R 0 =0, E,=0; (S b F=1, (5.4.8), while in the weak
] —E 43

couplingapproximation these quantities are given by Egs. (5.5.28) nd (5.5.30).

5.6 Semiquantitive analysis of the dissipationless regime

As has been mentioned above, our task is to describe asymptotic (t — ) quantities
P(4,) and p~, ,(A,) as functions of A, We have fulfilled this task in the weak
22

coupling case of small Zw <<1. Inthe general case of arbitrary X, we are able to

describe functions P;(A,) and p®, ,(4,) ina semiquantitive way. According to the

212
analysis performed in the last part of Section 5.2, the exact discrete energy Eq4(Aq)
declines monotonically when Aq changes from 0to A, while |Syd” = |<mjd>*decreases
fromits maximumvalueat A, =0 to zero at Ay = A..

However, quantity P;(A,) - the probability to remain on the upper level,

when t — <0, does not coincide with |'<%,{}IE‘,)|2 in the general case. But it can be

shown that P(A,) is proportional to quantities |<%,0!Ed>|2. Let us assume that

initially the two-level system is at the upper level E. = AA, > 0. Then the asymptotic

probability (t — <o) to remain on this level can be derived from the Hamiltonian (5.4.2)
and Egs. (5.1.13) and (5.1.16)

Py =P +ZP1I + Y PP+
7 AT A ANASAR AN TATRAY

=8, 81,211,008, S, +Zs‘ p, 5 (0)S I.dS-l-l,,lw-I-m
2 2 g3 2 2 T2 '
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=’Sz.}__.,’z(15|, 215 ‘ B +.); 0)y=1 . (56.1)

l 1
-a e ‘2'0’;

Inthe general case

P7(8) =S, | [ F+218, ..')91010(0)
g o 22

—lﬂ;

S, I [Z'S P+ 18, Iz+---Jp, 0 . (562
78 ERA la helysig -3%30

hs LAY

In order to describe semiquantitatively P;"(4,) (and p%, ,(4,) ) as afunction of Ay, we

11
i

need an exact solution for matrix elements p7, and p®,, atAy=0. The exact solution
27 20

for matrix elements p, ,(t) and p , ,(t) has been found in the case A, = 0 and

a5 72

lo (0)= 1 [155]. (This solution cannot be applied to an interaction with photons, due
- i 2

to the existence of the last term in the r.h.s. of Eq. (4.1.7).) These results can be
generalized for the initial (vacuum) condition [128]

Pan (0) =Pmono(0), mn= £l , (5.6.3)

2
L= p”(O)e Lo T (0+p , (O Zsih P (1) . (5.6.4)

<k
p

r-al-‘
|-
u_|.-

p_l___l(l)=p

0] —

L}
2

©eZVsinh Y. (H)+p , (0= cosh ¥ (1) . (5.6.5)

®=p, 10 L cosh () +p 110 2 sinh Y (1) , (5.6.6)

.'..',
e 22

D)= 22;2 2[1 cosot] . (5.6.7)

Using relations (5.5.13) and (5.5.14) we can present expression (5.6.7) as the
integral

> ()= gj;"-dem"’e‘“""" (1-cosmt) . (5.6.8)
o) 3
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For s (integer) and higher than 1 the integral 2(t) has finite asymptotic (t — o) value
[154]

Y =2s-2t (s22) . (5.6.9)
(DC
In the ohmic case (s = 1) the integral may be calculated as [154]

(t)=-Lin l+@it?) . (5.6.10)
o)

i

This integral diverges
> =limY ()= . (5.6.11)

This conclusion coincides with relation (5.5.24) obtained in the Debye model with a
finite upper limit @, of integral (5.5.19) (without the cutoff factor exp(-w/®,.)). The
nonessential difference between Z, of Eqg. (5.6.9) and Eq. (5.5.22) is connected with
the usage of different cutoff models (®p and o).

Now, we can summarize the description of the nondissipative regime in the
spin-bosonsystem. The existence of the nondissipative regime, for s > 1, has been
proven quite generally. This result is not connected with the use of weak or strong
coupling. Relation (5.5.10) for A, determines the range of the dissipationless regime
(everything is considered at zero absolute temperature T = 0).

In the range of parameters

—A, <A, <A, (5.6.12)

spin-boson systems reveal the dissipationless behavior. As has been mentioned above,
two phenomena characterize the dissipationless regime. Considering two levels of the
spin system, the upper one E. and the lower E_, we can define the asymptotic value (t

— o) of the probability to remain in the excited state P”. While in the dissipative
region (lAy/>A.) P is zero, in the dissipationless regime there exists nonzero
probability to remain in the excited state, P;” # 0. Ata, =0, and in its vicinity, we can
find P” using exact (for A, =0) Egs. (5.6.4). Since initial (t = 0) probabilities |c;* =
P.(0) forpositive A,, and | ¢ , [* =P, (0) for negative A,, we can obtain from Egs. (5.6.4

and 5.6.5)

PF =P, (OJC-E" cosh ) +P (O)C'E' sinh ) .

o



5.6 Semiquantitive analysis ofthe dissipationless regime 159

P =P,(0)e %" sinh Z¢+P_(0)e'z‘ cosh) . (5.6.13)

Plots of P and P™ as functions of A, for various initial values are shown in Fig. 6.
Fig. 6a corresponds to the weak coupling case Zﬁ << 1(5.5.32,5.5.33); as is shown in

thisplot P, depends onthe initial values P.(0))(nonergodic behavior). Fig. 6b describes
the strong coupling case

¥ S5l (5.6.14)

In the case of large %, theasymptoticvalues P;° take the form

P (5.6.15)

1
=
In the case of weak coupling we can obtain the analytical solution for P in the
whole region (5.5.32-5.5.34), and determine A., Eq. (5.5.21). Inthe general and strong
coupling cases we can obtain values of P} in the vicinity of A, =0, and lower limit of

the critical frequency A. (5.5.10). Thus, in the general case we can perform the
semiquantitive analysis ofthe dissipationless regime (for arbitrary strength ofcoupling).

¥
p? £
e IO.. s =
) RAO)a) | PRz
A3 ’,_-—-'-—-"‘_ i
Y ROl P?:}?:-‘z'f;\‘if
: 0.5 "
’,'r‘; ~E (0)=1/4 | p® - ,’E
b S R(0:0 | P . h
fr m
+ /s b Py
-Ae 0 Ac =g
23
1
T PR 1.0+ pO - -
N 2
‘\\ //
Seeo 05 s =
PR =T =T @
b2 R
- g
C 2wy

Fig 6 (a) Weak coupling: Zw«l. Functions P;” are depicted at various initial

conditions P.(0). (b) Strong coupling Z‘I >> 1. Points <A, are not shown since they

may exceed the maximum frequency of A, Exactsolutionisknownatpoint 4, = 0.



160 Memory effects in relaxation processes

o1
P = E"'E[pnz_l,’z(t)"' p-l;z,m(t)] ’ (5'6'16)

where i% are the eigenvalues of spin component r;.  In the dissipative regime the

second term in the right-hand side of Eq. (5.6.16) describes decaying quantum beats so
that the asymptotic values of the matrix elements vanish

ol -3
p|fz_—|.-2 et p—l.'Z,IaZ _0 L]

and the system can be found with equal probabilities in both wells

Pe =P = (5.6.17)

=
5

Inthe dissipationless regime, inthe weak coupling approximation the asymptotic values
of the density matrix elements in Eq. (5.6.16) are givenby Eq. (5.5.34)

pr &Y Py . (5.6.18)
772 7
i.e. quantum beats do notdecay.
In the general case, we know the exact density matrix elements p,,,_,,,(t) =

P_1212(t)  (both strong and weak coupling) for A, =0, Egs. (5.6.6) and (5.6.7). Ina

good approximation, solution (5.6.6) and (5.6.7) can be used in the vicinity of A, =0
(for Ay << A;). In this case Ay = 0 the spin-boson system is degenerate and this
degeneracy can be removed by using the correct zeroth-approximation eigenfunction

[142], so that in the first order approximation of the perturbation energy (r; + %)}mo in

the Hamiltonian (5.4.2), one gets the “dressed” quantum beats frequency

2
A=A, ex;{—zz-kTB!‘T(znk +1)] ; (5.6.19)
k mk

For the case of the zero-temperature boson system (n, = 0) the “dressed” frequency
takes the form

A=Ajexp[-Y. 1, (5.6.20)

and the asymptotic probability to remain in the left (right) well has the form

l =] i o o |
PL,R =5i (f—"—n:!,uzf:,\l +Pyi2-112€ “) . (5'6'21)

1
2
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Here the asymptotic density matrix elements (for s > 1) could be derived from Eq.
(5.6.6)

P = (Paua) =p 1 (0 2 sinh Y +p, (0 = coshY . (5:6.22)
7’2 %

In the strong coupling case Zm >>1

o5 =—l[p, [(0)+p , ,(O)J . (5.6.23)
2\ 2 27

In the ohmic case (s=1) there are no quantum beats since, Zf“ (5.6.1),and A
=0.

w
Pz r2

O

s N
S _leyerozs o
IR = ~
Vo e Cyp=Od 3 A
=Ac (o) Ac o

Fig. 7. Quantity pT .., asafunction of Ay It is assumed thatc,,, = 1-¢*,,, isareal
quantity. When ¢,.=c_,, =712- , both the strong and weak coupling case give the same

solution at A, = 0. Other graphs assume strong coupling Zn» 1; then

0 - . 2
Povzyz =Cu2Cy2 =Gz l_c-:.-:-

In Fig. 7 we plot p%,,,, for p, ,(0)=¢,c, and for various (real) ¢y, =
772 2 2

J1-¢,, . Both Figs. 6 and 7 present the results of the semiquantitive analysis.
Exact solutions for Py" and p7, ,,,, are known at Ay =0, while for Ay << A, one can

use these solutions as approximate ones. In the whole region of the dissipationless
regime (Aol < A,) the qualitative behavior of quantities P can be deduced fromthe
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general conclusions of Section 5.2 (see the paragraph below Eqg. (5.2.9) and Egs. (5.6.1)
and (5.6.2)). Similar conclusions can be obtained for quantity p*

l .

3| -

5.7 Rotating wave, Markovian, and weak coupling approximations

There are two popular approximations in the theory of relaxation processes. One is the
Markovian approximation (sections 2.2 and 2.4) and another is the rotating wave
approximation (RWA) (section 5.4). While there are regions when these two
approximations overlap, in the general case these approximations are independent ones.
In the Markovian approximation we get conventional master equations (2.7.10), which
for the case of the spontaneous emission of the two-level systems transform into a
simple equation (azero absolute temperature, T =0)

P,=-wP,; P, =¢™; P(0)=1, (5.7.1)

and w is the transition probability between states |+> and |->, while P.(t) is the
probability to remain in the upper state |+=>. We obtain the same result, (5.4.26), in the
RWA. However, in the RWA there is the dissipationless region, (5.4.27), (5.5.9), in
which the time-dependence is reversible (5.4.39) and the asymptotic value of P # 0.
This is apparently anon-Markovian behavior. Thus, the RWA not necessarily implies
the Markovian approximation.

The weak coupling approximation has main features of RWA. However, for the
two-level system, the interaction energy in the RWA, (5.4.6), does not affect this lower
level E5 = 0. Therefore the difference between exact upper and lower level energies

equals -hAy. Inthe weak coupling approximation, when counterrotating terms are taken
into account, Eg = -hA., (5.5.28), and the difference between exact upper and lower

eigenenergies has the opposite signEq - Eq= hAq, (5.5.29).

It is expedient to compare various approximations (RWA, Markovian, weak
coupling) using some exact solution. Such an exact solution exists for the harmonic
oscillator interacting with the harmonic thermal bath - harmonic phonon (boson)
dissipative system. A comparison between the rotating wave approximation (RWA)
and the exact solution for the harmonic oscillator has been performed by Ondrechen,
Nitzan, and Ratner [156], Lindenberg and West [157]. The undamped solutions have
been taken into account by Cukier and Mazur [158].

We write the Hamiltonian of the system in the form (4= 1)
H=oa%a+» obb, +> (Gb, +Gibl)a+a*) | (5.7.2)

where the first two terms represent the uncoupled harmonic oscillator and harmonic
thermal bath, and the last term represents their interaction.  Solving differential
equations for each ofthe operators a and b, by performing the Laplace transform, one
obtains
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£+iee i

1 sl _L st T + 7
a(t)=Eﬁ L ¢ta(sMds = J; e*[U,(s)a(0) + U,(s)a* (0)

+Z(v,v(s)h\.(0>+vh(s_}b:(o;)]ds ,

v

where

s—io, +R(s)

U,(s)=— = >
1) s* + o +2im,R(s)
R(s
Uz(5)=+,). )
s*+ o, +io,R(s)
V.(s)= s— 1w, iG,

s’ + o} +2ioR(s) s+io,

s—iwm, iG

v

Vou(8)=—a——— -
"+, +210,R(s) s—iw,

1 1
R(s)=-Y|G.[ - :
) = [s+imv S-‘i(t)\,:|
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(5.7.3)

(5.7.4)

(5.7.5)

(5.7.6)

(5.7.7)

(5.7.8)

Let us consider an average value of<a(t)>, assuming that initially the thermal bath was

inequilibrium;
<b,(0) >=<bl(0)>=0
For the average oscillator amplitude one gets an expression

<a(t) >=1(t)+ Y e™ Res(z) .
k

(5.7.9)

(5.7.10)

where z, = +iw, represent nondecaying local modes or (as we will see below) z, = £x,

represent nonoscillating modes, and I(t) denotes the contour integral

-t

" (0, —y) —e™ (0, +y)’
T

(05 —y* =20,F(y))* +4070°(y)

(1) == [ oly) <a(0) >
1
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1 iy i (em = e—i}t )(m'l; _yi)
= 0 dy . 5.7.11
" J ikt (0 =y —20,F(Y)) + 4059’ (y) 4 G.711)

Here
i ] 1
F(y)——;}IIG(mM [y_—m—w—m]dm , (5.7.12)
oy)=7| G %, (0, 0,) -7 G(=y) " 1,(~0,—0,) , (5.7.13)
|G(o,) <G, I’ plw,) , (5.7.14)

where p(o) is the frequency density of the phonon bath. The F sign in (5.7.12)
denotes the principal value, @, and s are minimum and maximum frequencies ofthe
phonon bath, and y,(a,b) is the function equals to 1 when ye(a,b) and equals zero
otherwise. The zeros of the denominators in Eq. (5.7.11) can easily be found

Yo = t\/mg ~20,F+2i0,0 . (5.7.15)
Inthe weak coupling approximation |F| << @y, | @] << ®q
v, = (o, —-F) tip . (5.7.16)

Assuming also that one can neglect dependence of F(y) and ¢(y) on y in the vicinity of
®o (Markovian approximation), the integration can be expanded on the whole y-axes.
In this case one can use the residue theorem and obtain the time dependence of mean
values <a(t)>and <a’(t)> in the form

e (5.7.17)

We now consider the second term of Eq. (5.7.10). It turns out [159] that if poles z,
exist, they are either purely real or pure imaginary. Let us consider these two cases
separately.

Ifthe poles have no real parts, one gets the modes without damping, i.e. local
modes or local vibrations. These local modes may lie only outside the spectrum ofthe
phonons, [y| < @; or ly| > @, (note that ®», may be zero and . infinity; in that case
isolated undamped modes cannotexist).

Isolated modes exist if the following conditions are satisfied
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]'|G(m)‘;z ldm<m0;’4 , (5.7.18)
5 o
flG(m)i[ . :|dm>(mﬁ—mf)i2mu , (5.7.19)
A 0-0, 0+,

for the pole in the region |y| < o,

_‘.IG(m)Iz[

forthe pole intheregion |y| > ..

In these cases the oscillating local modes have no damping. Hence, <a(t)> has
no limit as t — <0; this reversible behavior could not be obtained in the Markovian
approximation.

The contribution to the sum of residues (5.7.10) can also be made by the poles
with zero frequency y = 0. In that case local vibrations do not exist and there are two
solutions equal in absolute value and different in sign, z = £x,

do>(o2-o)/ 20, , 5.7.20
-0 m2+(o] (0} D) 0 ( )

<a(t) >=I(t) + e Res(xp) +e ™' Res(-x,) . (5.7.21)

The condition of existence of these poles can be written as

iy

[1G(@)P —dm>m‘,f4 (5.7.22)

Lo

Comparing this condition with (5.7.18) we see that the nonoscillating terms due to the
poles (5.7.21) appear immediately after the disappearance of local oscillating modes.

Now the whole dynamics of the poles can be described. When coupling is small
enough, none of the conditions (5.7.19), (5.7.20) and (5.7.22) is satisfied. As the
coupling increases, two poles appear at the points +iw, and they approach the origin.
(We do not consider poles connected with the upper level w;). The poles reach the
origin when the inequality (5.7.18) turns into equality. After condition (5.7.22) is
satisfied, the poles begin to move from the origin along the real axes. For such strength
of coupling we obtain two nonoscillating solutions; one ofthem is decreasing and the
otherisincreasing.

The existence of the nonoscillating modes and especially of the increasing
mode, looks rather unusual. However, the instability of this kind can be obtained in
much simpler cases, even in the problem of two interacting harmonic oscillators. This
problem is, of course, classical and discussed in every book on mechanics (see, for
example, Ref. 160). Nevertheless, the possibility ofthe existence of such solutions is

not described there. If we consider two identical coupled oscillators with the
Hamiltonian
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Hdpm) e (e )iy . 612

we will immediately obtain the eigenfrequencies of this system
o =0y -a; ol=olta . (5.7.24)

Obviously, ifthe coupling constant is sufficiently large o >®;, ®; will be negative,
that is we obtain increasing nonoscillating solutions. It should be noted that this
solution does not contradict the law ofenergy conservation. The situation when one of
the frequencies becomes imaginary, corresponds to the case when the potential energy
is no longer described by a positive definite form. The exponential increase of the
kinetic energy is compensated by the increase of the absolute value potential energy
which has a negative sign.

When we consider a large number of oscillators, the situation is similar, but with
one difference: in this configuration each oscillator of the thermal bath interacts with
only one singled out oscillator with frequency ®,. This means that the frequency shift
of each of the oscillators w, inthe continuum is too small to cause the instability (its
magnitude is proportional to N™', where N is the number of oscillators in the bath). The
singled out oscillator (with frequency ), on the contrary. is coupled to the whole
continuum and due to this its frequency may become imaginary. Physically, it means
that only anharmonic terms, if they exist, make the motion ofthe oscillator finite.

The above analysis may be applied to the harmonic oscillator chain with an
impurity [158]. Inthis case the frequency of the singled out oscillator (w, in our case)
depends onthe coupling constant and condition (5.7.22) cannot be satisfied.

Now we can summarize the conditions under which the exact solution (5.7.10-
5.7.14) can be approximated by the Markovian solution.

(@)  The relaxation term I(t) should have exponential behavior €. Ittakes place in
the pole approximation; when the denominator in Eq. (5.7.11) may be
approximately presented as

I=(o; -y* —20,F(y))’ +4050° (¥) = 3y, Ny -¥,) - (5.7.25)

with y, given by Eg. (5.7.15). This approximate equality takes place, provided
e =’ = (5.7.26)

where »" and 1, are quantities appearing in sections 1.7 , Eq. (1.7.16), and
sections 2.2 - 2.4. Exact expressions fory, is given by Eq. (5.7.15), while the
weak coupling expression is given by Eq. (5.7.16). It is worthwhile to mention
that the weak coupling is not a prerequisite ofthe Markovian approximation; a
necessary condition of the latter is given by Eq. (5.7.26).
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(b) In the Markovian approximation local vibrations and nonoscillating terms
(5.7.21) should be absent. Therefore the necessary condition of the Markovian
approximation is the nonfulfillment of the inequalities (5.7.19) and (5.7.20).
can be shown that local vibrations with a frequency higher than @, usually
appear when local vibrations with a frequency lower than ®, already exist.
Hence, the condition of the absence of isolated modes (and nonoscillating ones)

take place
[l6@)F Lin<a,/4 (5.7.27)
(0]
j|G( o)P wdc; <(0} -0} )/40, . (5.7.28)

0y 1

If these inequalities are satisfied but the two sides of it are of the same order, the
relaxation is still nonexponential. Hence this condition of Markovian
approximation has to take the form

I|G(m)1z—dm <<©,/4 , (5.7.29)
j 1G@) -9 << (02 -0?)/0, . (5.7.30)
(.0

These inequalities are independent of (5.7.26).

It has to be stressed that all the above results are temperature-independent. This
means that these results are valid both for the high temperatures and for the vacuum
state. The temperature dependence appears when we consider the relaxation ofhigher
powers ofthe operator a: aa’, a2, and soon.

Now we consider the rotating wave approximation. Within the RWA the
Hamiltonian (5.7.2) is reduced to

H=o,a%a+y oblb,+2 (Gb,a’ +Gibla) . (5.7.31)

The RWA Hamiltonian (5.7.31) generates two independent sets of equations for a" and
a, while the full Hamiltonian generates the interdependent equations for a” anda. Thus

equations of motion for a’and b} have the form

a* =ioja* iy G.b} (5.7.32)

b =io,b! +iG a* . (5.7.33)
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Similar equations are obtained for a and b, by performing the Hermitian conjugation of
Egs. (5.7.32-5.7.33). Equations forthe averaged operators <a > and <b] > are linear
and have the same form as Eqgs. (5.7.32) and (5.7.33). Like in the general case, the
equations for the averaged <a> and <b} > do not depend on the bath temperature,

and they are valid for the vacuum state. This means that if initially the oscillator was in
the ground state n = 0, it will remain inthis state forever. This is the zero solution <a >
= 0 of the equations for averaged <a'>. If the wave function of oscillator a* is a
superposition of statesn = 0,1 only, then the Hamiltonian (5.7.31) generates transitions
n=1zn=0, while the transitions to the higher states n > 1 are forbidden. In this
the RWA Hamiltonian differs from the full Hamiltonian (5.7.2), which connects all
quantum numbers ntogether.

Considering the two-level system n = 0;1, one can identify componentsry, r, and
rz with the following combinations ofaand a’

a'a =r_\+—£; a=r; and a=r . (5.7.34)
Now the Hamiltonian (5.7.31) coincides with the two-level RWA Hamiltonian (5.4.5),
where Ay = wq and # = 1, a,= by, By= Gy and &y = o,.

Representing operator a'(t) in the form

at(t)=a'e™ , (5.7.35)
we obtain the equation for ©
]G !2 @y G(V] 2
0=0,+ —=,+ | ———dy , 5.7.36
gm—m‘. J oy (5.7.36)

ity

which is identical with Eq. (5.4.10). For the sake of simplicity we will consider the
case ®;=0; ®, =90, Like insection 5.4 we considertwo cases. The first case iswhen
@y Is largerthan the critical frequency e,

®

©, >0, =I Mdm ; (5.7.37)
o @

In this case there are no local modes and time dependence of <a'(t)>takes the form

G@)f &

- 5.7.38
(@, —0)*+|G(o) ( )

<a'(t)>=lj'dm <a'(0)>
TIU

where



5.7 Rotatingwave, Markovian, and weak coupling approximations 169

) v !
®,(0) =, m-}mdy =0, - Foa(®) , (5.7.39)
0 Yy-0

and ¥ means the principal value of the integer.

In the Markovian approximation, when one can neglect the w-dependence of
®,(®) and |G(w)F in the vicinity of &,(e,), we obtain the weak coupling case time
dependence (5.7.17)

<a*(t) >=<a*(0) > @ F@M-C@rt (5.7.40)

In the opposite to (5.7.37) case

@ <O = j~—-—l G(;;n " go ) (5.7.41)

there is a local (non-decaying) mode with anegative frequency
0=-0; Q>0 , (5.7.42)

which satisfies Eq. (5.7.36) (or similarly Eq. (5.4.29))

= 2
Q+m0=_[Mdm

5.7.43
s Qt+o ( )

This mode is an artifact of the RWA. The exact Hamiltonian (5.7.2) generates
nonoscillating exponentially increasing and decreasing modes, provided condition
(5.7.22) is satisfied (®; =0, @, =)

®p < 40, . (5.7.44)

It means that in the region (see (5.7.37))
. <0y <40, , (5.7.45)
the RWA Hamiltonian (5.7.31) leads to the decaying oscillating <a'(t)> — 0, when t

— o0, (5.7.40), while inthe region (5.7.41) the RWA gives the nondecaying local mode
with negative frequency, satisfying Eq. (5.7.43). The exact solution in the region
(5.7.45) does not contain nondecaying local modes. The exact solution in this region is
(5.7.21); it contains nonoscillating decreasing and increasing modes. Therefore the
RWA cannot be used in the region (5.7.44) and, as a matter of fact, in a broader region

0, <40, . (5.7.46)

Only atthe frequencies
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®o>> O, , (5.7.47)

and in the weak coupling approximation, the exact Hamiltonian, (5.7.2), and the RWA
Hamiltonian (5.7.31) give the same results.

Indeed the Markovian approximation and the RWA are independent ones. Both
exact solutions (5.7.10) and (5.7.11) and the rotating wave solution (5.7.38) may be
treated in the Markovian approximation (see conditions (a) and (b) onp. 166).

5.8 Impossibility of exponential relaxation

Both exact and RWA Hamiltonians lead to the exponential decay in the Markovian
approximation (5.7.17), and (5.7.40). It should be stressed that these are approximate
results. Khalfin [161] has shown that the exact exponential relaxation cannot be
realized in physical systems. This result has been derived for pure states of the
physical system. However, as is clear from the general considerations of Chapter I,
the relaxation processes usually take place in mixed states, and are described by the
density matrices.

The time dependence of the density matrix may be presented in a general case
as(5.1.13)

Puw®)= 3 8, S0Py (008, Siyge ™" (5.8.1)

u'v'LM

where S is a unitary matrix that connects the density matrix in the H,-representation
(see Hamiltonian (5.1.1)), with the density matrix in the H representation,

ho,,, =E, ~E,,; E,,E,, arethe eigenvalues of the Hamiltonian H, and p,...(0) is the
initial density matrix inthe H, representation.

Letus transform the initial density matrix p,...(0) tothe diagonal form [159]. It
can be done by a unitary matrix T:  p(0)=T*p(0)T, where p,,(0) = p,, (0)5,. Then
p(0)=TpO)T", or p,..(0)= ZTn.kﬁu(O)T,;. . Substituting this to the diagonal part

k

pu(t). (5.8.1),we obtain

Pu () = Z SuLS:l'LTu’kﬁkk(OJST’.\-{S:L\{T;\-’evi";m. - (5.8.2)

wv' LMK

Separating the summation with respectto k, (u'L), and (v'M) we get
P = 2P OFu(D | (5.8.3)
k

where
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Fo ()= 38,8, T.ie™, (5.8.4)
u'l

and o, =E, /h.

We will show now that p,,(t), the probability for the system to be found in the
excited state u, tends to zero, as t — oo, is slower than the exponential function. Since
all the values of p,, (0) are positive, we can always find an integer N, such that0 < A =

P (0) 5, (0) foranyk. Hence

Pu(D2AY (D (5.8.5)

Denoting S, T, by S, weobtain

Eu(t)= Z SuLSIke_MILl
L
Passing from the sum to the Fourier integral we can finally write

F, ()= Tw“ (@)™ 'do , (5.8.6)

where wy = S, (0)S, (0)f(@), and f(o) is a density of frequencies ©, .

It follows from the theory ofthe Fourier series that the Fourier transform of the
function with a bounded carrier cannot be an exponential function. Indeed, by the
theorem of Paley and Wiener [163] and since the function wy(®) can be defined as
zero for negative w, its Fourier transform F,(t) must satisfy the inequality

) Mdt <o . (5.8.7)
1+t

The implication of this condition is that |F,«(t)| cannot obey the exponential law of
relaxation for all times. Indeed, if [Fy(t)| is an exponential function for t — o, then
integral (5.8.7) does not converge. This means that [F,(t)| must vanish slower than the
exponential function, at least as exp[-yt/Int)*], o >0. Coming back to (5.8.5), we see
that p..(t) possessesthe same property. This means that pure exponential decay for a
real physical system can never be realized.

It has to be emphasized that this statement relates to exact solutions, or exact
soluble models. Obviously, an exponential relaxation can be obtained as an
approximate solution of a problem.



CHAPTER VI
QUANTUM MEASUREMENT AND IRREVERSIBILITY

In previous chapters, various irreversibilities in quantum mechanics have been
considered. Still, one can get an impression that the irreversible process is, in a sense,
a foreign body in quantum mechanics. Typical, finite quantum systems, such as a
two-state system, a harmonic oscillator, atoms, molecules are reversible. More than
that, there are large quantum systems, like superconductors, superfluids and others,
which are also reversible. In the previous chapter it has also shown that in even
generally dissipative system with large (N — <) number of degrees of freedoms, there
is a certain range of parameters in which the system is reversible. Thus one may
conclude thatirreversible processes in quantum mechanics play an important, albeit not
dominant, role. Though there are many reversible quantum-mechanical systems, such
an impression does not reflect areal state of affairs.

Quantum measurement - the process and mechanism, lies in the very heart of
guantummechanics. The process of quantum measurement, even of simple systems
such as the two-level molecule, has an irreversible character. Reduction of the wave
packet, a collapse of the wave function is an irreversible process. Therefore, the
irreversibility penetrates to the heart of quantum mechanics through the central role of
quantum measurement in quantum mechanics.

In this chapter the process of quantum measurement is analyzed as a special
case of the interaction of quantum system. The collapse of the wave function is
considered as a result of the irreversible interaction between the coherent dynamic
system described by the off-diagonal density matrix and the non-coherent dissipative
system described by the almost diagonal density matrix.

6.1 Anotherview onquantum mechanics. EPR. Bell’stheorems. Nonlocality.

In the first chapter we have presented a conventional (Copenhagen) description of
guantum mechanics. A certain deviation from the conventional picture is that basic
quantity describing the state is the density matrix, while the wave function is a specific
case. In the conventional representation a strangeness and even mystery of quantum
mechanics is, somehow, overlooked. In this section we wish to present another,
nonpragmatic, view on quantum mechanics. The widely spread opinion, especially
among philosophers, is that quantum measurements, the act observation, is something
almost mystical - the object does not exist without being observed. This opinion stems
from the influence of the very authoritative, and dominant, personality of Niels Bohr.
The conventional Copenhagen interpretation is, as a matter of fact, Bohr’s
interpretation. Many physicists, taking their lead from the central figure of Niels Bohr,
deny the reality of the quantum object before the measurement (or between the
measurements). These physicists would say that there is no objective picture at all.
Nothing is actually “out there”, at the quantum level. Quantum theory, according to
this view, is merely a calculation procedure that does not attempt to describe the world
as it actuallyis. ThusBohr states: “lwarned especially against phases often found in

172



6.1 Another view on quantum mechanics. EPR. Bell’s theorems. Nonlocality 173

physicists, such as ‘creating physical attributes to atomic objects by measurements’.”
Such phrases are “apt to cause confusion...” [163]. Bohr is evidently saying here
essentially what we have said above, i.e., that it has no meaning to talk of a quantum
object with its attributes apart from the unanalyzable whole phenomenon in which it is
actually observed.

Bohr’s view had a very widespread influence, but his ideas do not appear to
have been well understood by the majority of physicists. Rather, the latter generally
followed a quite different approach initiated by Dirac and von Neumann, in which a
quantum state played a central role. In the first chapter we used this concept without
making a special emphasis on it. The wave function (or more generally the density
matrix) gives the most complete possible description of quantum reality, which is thus
contained in the concept of a quantum state. The evolution of a quantum object is
described by the wave time-dependent function (or density matrix), while the process
of the measurement (as will be shown below) can be described as a special case of
quantum mechanical interaction.

Before considering the nature of the measurement process we will try to bring to
the reader the unusualness of quantum theory. A deeper insight into the structure of
quantum mechanics reveals a magnificent and counterintuitive picture, which
contradicts any experience obtained by the physicist in other theories. In this context |
cannot refrain from quoting Albert Einstein. “His [scientist’s] religious feeling takes
the form of a rapturous amazement at the harmony of natural law, which reveals an
intelligence of such superiority that compared with it, all the systematic thinking and
actions of human beings is an utterly insignificant reflection” [164]. Three thousand
years ago the author of psalms expressed a similar feeling. “O Lord, how great are thy
works! And thy thoughts are very deep. A brutish man does not know. Nor does a
fool understand this” (Psalms, 92:67).

The EPR paradox
In 1935 Einstein, Podolsky and Rosen [165] wrote their famous paper, known as EPR.

They do not question correctness of quantum mechanics. EPR ask the question

whether quantum-mechanical description of physical reality is complete. To answer

this question the notion of completeness has to be defined. According to EPR two

conditions are necessary:

(1)  Every element of the physical reality must have a counterpart in the physical
theory.

(2)  If, without in any way disturbing a system, one can predict with certainty (i.e.,
with the probability p = 1) the value of a physical quantity, then there exists an
element of physical reality corresponding to this physical quantity.

Let us consider correlated quantum systems of type (1.4.7), which interact
during a finite time interval. After the interaction between two systems 1 and 2 is
vanished, we have

WX, X,) = ZC,&U“(XJQ&(K:) = Z([}..{xz)“n(xl ),
nk n
(Pn(xz)Ezcnk‘PL(xz) . (6.1.1)
K
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Using properties of these correlated quantum systems, EPR concluded that quantum
theory does not provide a complete description of physical reality. Letus follow their
argumentation in order to verify whether the two above conditions and expansion
(6.1.1) are enough to prove incompleteness of the quantum theory.

Let a;, ay, as,..., be the eigenvalues, and u;(X1), Us(Xy),... be eigenvalues and
eigenfunctions, respectively, of some physical quantity A pertaining to system A.
Variables x, are used to describe the second system. Functions @,(x2) may be regarded
as the coefficients of the expansion of y into a series of orthogonal functions uy(Xy).
Suppose that the quantity A is measured and it is found that it has the value a,. Then
the reduction of the wave packet takes place. (In the next section a more detailed
description of this reduction is given.) The infinite series (6.1.1) is reduced to a single
term @(X)ui(xy). Itis then concluded that after the measurement the first system is in
the state given by the wave function uc(xy), while the second system is in the state
P(x2).

The set of functions u,(x,) is determined by the choice ofthe physical quantity
A. Choosing another quantity, say B, with eigenvalues by, b,,..., and eigenfunctions
Vi(X1), Vo(X1),..., we get another expansion (representation) of the same wave function

W(xlaxz)=zxs(x2)vs(xl) : (6.1.2)

Measuring quantity B we find the whole system in the state x,(x2)v/(x;). Thusthe first

system is in the state v/{x;), while the second system is in the state y{x;). “We

therefore see that, as a consequence of two different measurements performed upon the
first system, the second system may be left in states with two different wave functions

M(X2) and y{X2). On the other hand, since at the time of measurement the two systems

no longer interact,

of anything that may be done to the first system. This is, of course, merely a statement
of what is meant by the absence of interaction between the two system.” [165]
(Emphasis is mine, B.F.). Thus it is possible to assign two different wave functions

o(x2) and y(x2) to the same reality. These two wave functions ¢k and %, may be

eigenfunctions of two noncommuting operators corresponding to some physical
quantities P and Q, respectively. Such a situation cannot be described by quantum
theory. This means that quantum theory is incomplete.

The arbitrary point in the above derivation is the assumption that the
measurement performed on the first system does not disturb the second system. In
another place [166] Einstein puts this assumption in very clear-cut form: “But on one
supposition we should, in my opinion, absolutely hold fast: the real factual situation of
the system S, is independent of what is done with the system S;, which is spatially
separated from the former”. This statement looks as a diktat to Nature to use a-priori
philosophical considerations. On the other hand, it does not matter how obvious may
be certain statements, they have to be supported by the experiment and measurement.
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EPR formulate this in the following words: “The elements of the physical reality
cannot be determined by a-priori philosophical considerations but must be found by an
appeal to results of experiments and measurements.” [165] As a matter of fact, EPR
make the a-priori assumption that an action on distance cannot take place. Although
our whole intuition says that physical theory should be local, it is, still, an arbitrary
assumption. More than that, and it remained unnoticed for many years, that quantum
mechanics is not a local theory. A long time ago, before the development of quantum
theory connected with Bell’s theorems, Einstein realized that quantum theory is
intrinsically nonlocal [167]. It requires some reflection to see the nonlocality of
quantum mechanics. In the example (6.1.1) the distance between 1 and 2 is long
enough, so that one can neglect the interaction energy between them. However, the
measurement performed onthe first system changes the state of system 2:

Z(pn(xz)u..(xl) = 0, (x;)u,(x,) . (6.1.3)

This is a routine situation in quantum theory. Now, when EPR state that there is no
interaction between the two systems 1 and 2, they mean that potential energy V(ry,r,) of
the interaction between these systems tends to zero. However, in quantum theory there
is a long distance, nonlocal quantum interaction of the (6.1.3) type, i.e. the reduction of
wave packet (6.1.1) as a result of the measurement performed on system 1, is an
intrinsic feature of quantum theory.

These are general considerations. EPR provide a specific example. ButBohm’s
Gedanken experiment [168] has become much more popular. Consider a pair of spin
one-half particles formed somehow in the singlet spin state and moving freely in
opposite directions (see Fig. 8). The singlet wave function of these two particles has
the form (1.6.23)

w>=%(|a,+ﬁ >|B,—1i > —| o, > B+ >) (6.1.4)

where |a,+ii > is asingle particle state of the particle o having spin up (+) or down
(-) along the direction ofunit vector 1, which can point in any direction. Following

the EPR logic, the spin of the particle B in any direction can be predicted with certainty
from a measurement of the spin of particle ¢ inthatdirection. If a has spinup (down)
indirection 1, then B has spin down (up). According to EPR the spin of particle B is
an element of physical reality, because we can predict with certainty its value without
making a measurement on it (“without disturbing it”). Measuring spin a, first in the x
direction, and then in the y direction (it may be another pair of spins, but in the same

source
spin = _'i. lﬂ—— -—O———Jspin = —_l_
spin=0 2

Fig. 8. A pairof spin ¥ particles moving in opposite directions.
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state (6.1.4)), one concludes that the spin component of particle B in both x and y
directions must be elements of physical reality. According to the EPR suppositions,
particles must, therefore, be moving along with definite values of its x and y spin
components before any measurement is made. Now comes the EPR paradox:
Quantum mechanics cannot assign simultaneous values to x and y spin components
because the corresponding operators do not commute

[Se.sy] %0 . (6.1.5)

Therefore, according to EPR, quantum theory does not account for these elements of
physical reality and therefore it cannot be considered a complete description of
physical reality.

It is worthwhile to emphasize that there is no paradox within the framework of
quantum theory itself, since EPR argument does not involve simultaneous
measurements, or predictions of both x and y component particles b in the
Bohm-Gedanken experiment. Rather, it involves the possibility ofmeasuring either but
not both, and since it is then possible to predict either with certainty, it is concluded
that both are elements of physical reality.

Bell’s Inequalities
Thus the locality is the main issue in the EPR paradox. The assumption of locality

leads to the paradox and proof of the incompleteness of quantum mechanics. Bell
[169] gave a very convincing answer to this problem. Figure 9 provides a schematic
representation of the modification of Bohm’s Gedanken experiment [168].

We choose units such that the observed spin in any given direction is either 1 or

-1 (-;- h =1). Atstations A and B there are instruments which measure the spin along

an axis transverse to the line of flight of the particles. In each detector this transverse
direction can be set in either of orientations @ at station A and w at station B. It is an
empirical fact that, whenever the spin of the particle is measured along a given axis,
one always finds that the spin points either “up” (+1) or “down” (-1) along that axis,

but never to have some fractional value for its projection along an axis. That is, each
individual measurement yields either +1 or -1, never any other value. The difference
of the arrangement on Fig. 6.2 from the original Bohm’s version of EPR is that two
spins are not necessarily parallel, they may be measured with -0 difference between
their orientations.

Bell [169] formulated the criterion of the validity of local theory (not
necessarily quantum) describing the experiment on Figure 9. He did this by
considering the generalized version ofthe EPR experiment, representing the states of
reality by a set ofadditional (hidden) variables A. Inthe general case each individual
result of the measurement of the projection of the spin on the axis a at station A, and

ontheaxis b at station B, depend on the apparatus hidden variables y, or y,, variables
Aa and Ag belonging respectively to particles A and B themselves, and a set A which
may be associated with the observed system as a whole. The results of the
measurements are designated A =+1 for positive spin, and A = -1 for negative spin,
and corresponding designations for spin B. Then inthe general case
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Fig. 9. At the center there is a source which decays and emits two electrons (or photons) in
opposite directions with moments £p. The spin of the atom (“source”) is zero. Atstations A
and B there are instruments (“detectors” in the diagram) which can be set to measure the
spin of the electron along an axis transverse to the line of flight of the electrons, at angles @
and y atstations Aand B respectively.

A= A(a‘,pa,ﬁ,ub.kﬁ,ln.l) .

B=B(zi,p,,l3,ph,lml,,,l) . (6.1.6)

The interaction between A and B will be local if the result A depends only on p, and A,
and noton p;, and Ag (and vice versa for B). Therefore

A=A(E,pu,,1,,A) and B=B(b,u,.AzM) . (6.1.7)
Designating all hidden parameters by A we may write
A(d,\) =1 B(b,A)=#1 . (6.1.8)
The vital assumption is that the result B for particle B does not depend on setting & , of
the magnet determining orientation of particle A and the same for particle B.

If p(A) is the probability distribution of A, then the expectation value of the
product of two components ofspins Aand B is

P@d,b) = jdlp(l)A(é,l}B(E,M . (6.1.9)
Using (6.1.8) and (6.1.9) the following condition can be obtained
| P(a,b)—P(a,&) |+ | P(d,6)+ P(d,b) < 2 . (6.1.10)

This condition is Bell’s inequality which must be satisfied for a local hidden theory to
apply to our system of two particles with spin. (This symmetric form of the Bell
inequality was first proposed by Clausner et al. [170].) These inequalities make
possible atest for locality on the basis of measurements of four sets of correlations.

The prediction of guantum mechanics is
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P(d,b)=-ab . (6.1.11)

There is a range of angles for which (6.1.11) does not satisfy the inequality
(6.1.10). Bell’s inequality has been tested in a large number of experiments and
generally speaking the inequality has been found to be violated. The most thorough set
of experiments has been performed by Aspect etal. [171].

Two points have to be stressed. First, Bell did not write a local, deterministic
theory. Rather, he proved that no such a theory can in principle exist. Second, Bell’s
theorem does not depend on quantum mechanics. It refutes a whole category of
theories without ever mentioning quantum mechanics. It turns out that the
experimental results not only refute the class of local deterministic theories, but also
supportnonlocal predictions of quantum mechanics.

-Choi riment

The nonlocal nature of quantum mechanics is manifested in the delayed-choice-
experiment [172], Figure 10.
Photons are sent from a certain source. If the two possible routes are exactly equal in
length, then it turns out that there is a 100 per cent probability that the photon reaches
the detector A lying in the direction ofthe photon’s initial motion and a zero per cent
probability that it reaches the other detector B - the photon is certain to strike the
detector A. It seems certain that the photon must, in some sense, have actually
traveled both routes at once. For ifan absorbing screen is placed in either one of the
two routes, then it becomes equally probable that A or B is reached; but when both
routes are open, only A can be reached. In a sense this experiment is very similar to
the two-slit experiment. Closing one slit leads to the destruction of the interference
pattern.

There are two differences. One is that in the delayed-choice experiment the
interference is displayed when only one photon (or electron) is sent. In the two-slit
experiment the interference pattern is displayed only when many electrons are sent.
Thus the delay choice experiment manifests unequivocally that the interference is a
property of one particle (electron, photon). Another difference is clearly manifested:
nonlocality ofthe delayed choice experiment. Placing an absorbing screen on one of
the routes, close to point L, at a time when photon is very close to its final destination
N, leads to the destruction of the interference.

B
Fully silvered L_‘]
£ #oemn0) A
/ Half - silvered ” | N
| Half - silvered
o L
L / Fully silvered

Fig. 10. The two routes taken by photon can be made to interfere with one another.
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And, lastly, talking about the peculiar, nonlocal character of quantum
mechanics, one can hardly avoid mentioning the de Broglie-Bohm causal interpretation
of quantum mechanics. John Bell [169] writes:

Bohm’s 1952 papers [see Ref. 192] on quantum mechannics were for me
a revelation...I have always felt... that people who have not grasped the
ideas of those papers... and unfortunately they remain the majority.. .are
handicapped in any discussion of the meaning of quantum mechanics.

The basic assumption is that the particles are real local entities, that have
position and momentum, even though we cannot determine the values of them
simultaneously. These particles are beables, in Bell’s terminology, as opposed to the
observables in conventional formulation of quantum mechanics. These particles,
having well defined positions, can move along well defined trajectories.

To find the trajectories of quantum particles it is required that these trajectories
depend onthe wave function

T=r(y.t) , (6.1.12)
while the wave function is presented in the form
y =Rexp (iS/h) . (6.1.13)

Consideringthe standard procedure leading to the semiclassical (WKB) approximation,
we obtain the quantum Hamilton-Jacobi equation

- 2 2
S O 00 BB (6.1.14)
ot 2m dt m

where P = R? is the probability density. Here U is a usual potential, while Q is the
quantum potential

W VR
Q=_$ = (6.1.15)

The second equation (6.1.14) expresses the conservation of probability. The
momentum of the particle has the form

p=VS . (6.1.16)

The next step is almost evident, though it has been overlooked for many years. Q is
added to the usual potential in the equation of motion
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d*r
mﬁ=—V(U)—V(Q) : (6.1.17)

The two-slit experiment may serve as an example of an application of equations
(6.1.14) - (6.1.17). It has been shown [192] that ensemble of electrons moving
according to the equation of motion (6.1.17) results in the conventional interference
pattern inthe two-slitconfiguration.

Now we will demonstrate the appearance of quantum nonlocality in the Bohm’s
formalism. Let us consider the two-body system. The wave function (1, ,t)

satisfies quantum Hamilton-Jacobi equations (with equal masses)

2 2
B S (VS om0 (6.1.18)
ot 2m 2m

2
%w, (R*V,S$/m)+V, (R*V,Sm)=0 , (6.1.19)

where

B (V24VO)R

o= 2m R

: (6.1.20)

and subscripts 1 and 2 refer to the first and second particles respectively. Now the
momenta of the particles are

P =ViS(5, 5 p, =V,S(5,5t) , (6.1.21)

and R is a function of the coordinates § and r, ofthe particles. Thus we see, in

general, that the trajectory of particle 1 depends on the trajectory of particle 2 and vice
versa. Indeed, this interdependence is not uncommon for the system of two interacting
particles. However, the important feature of the quantum potential is that the particles
can be separated by a considerable distance and yet interact very strongly, even though
there may be no classical potential U between them. Here we also have the possibility
ofa non-local force. Indeed, this isjust the kind of force that can offer an explanation
ofthe EPR correlations. For the (6.1.1) type wave functions (and (6.1.4)) the quantum
potential Q does not vanish when the distance between particles is very large (and
tends to infinity). Thus, although the particles are not interacting through any classical
force and are separated in space, they are interacting through the quantum potential.
The measurement ofthe spin ofone particle influences the state ofthe other particle, in
agreement with quantum mechanics.

In equation (6.1.18), U and Q appear in essentially the same way. The
difference is that Q describes the interaction that depends on the details of the whole
wave function. While in classical mechanics the whole picture is determined by the
local interactions between the particles, the quantum interaction is non-local and
depends itself on the state ofthe whole system. Of course, it can be easily shown, that
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for the factorized wave function of the (1.4.2) type, the whole interaction becomes
local. It was exactly the appearance of this non-locality that led John Bell to think
about the problem of non-locality in more general terms and subsequently produced his
inequalities.

Going on to the N-body system, we have

V=y(n, 5,0k t) (6.1.22)
and
Q=Q(,5, .. %,1) , (6.1.23)

so that the behavior of each particle may depend nonlocally on the configuration ofall
others, no matter how far away they may be. As in the one-body case, we may take

P=R?, (6.1.24)

as the probability density, but this is now in the configuration space of all particles.
Similar to Eq. (6.1.13) a classical particle moving in the electromagnetic field depends
onthis field. The difference is that the electromagnetic field is the function in the usual
three-dimensional space, while w, (6.1.22), and Q, (6.1.23), are functions in the
many-dimensional configuration space ofall particles. In a sense, one may say that
quantum mechanics is a local theory in many-dimensional configuration space and is a
nonlocal one inthe usual three-dimensional space.

All the above examples and considerations demonstrate a nonconventional and
counterintuitive character of quantum mechanics. What is common to the considered
processes is the decisive role of the measurement and reduction of the wave-packet.

6.2  Reduction of wave-packet

In a sense, the measurement process plays a central role in quantum mechanics (or, at
least, in its interpretation). This problem continues to attract the attention and interest
ofresearchers up till now. Classical works on the subject are given in the book [173].
Among them are papers of Wigner, Everettlll; Daneri, Loinger and Prosperi (to this
should be added a paper of Rosenfeld [174]), Zeh and others. Other works including
those of Zurek, Leggett and others are reviewed in Refs. [175, 176]).

An important development of the theory of quantum measurement is connected
with the formalism of decoherent histories (DH), (Aharonov, Bergman and Lebowitz,
Griffiths, Unruh, Gell-Man and Hartle, and Omnés). This development is reviewed in
Refs. 173, 175 and 176. While DH analyze a sequence of measurements, the subject of
the following sections is the description and understanding of a single act of
measurement.

Suppose that a quantum system is described by the wave function

y=>cu, , (6.2.1)



182 Quantum measurementand irreversibility

and the corresponding density matrix
Pum =C,Ca - (6.2.2)

In a more general case the system is described by the density matrix which does not
coincide with (6.2.2), but also has nonzero off-diagonal matrix elements pua(1-8mn).
By measuring a dynamical quantity, say the energy, ofwhich u, are eigenfunctions, we
obtain various eigenvalues Ej, Es,...,Ep,..., with probabilities P, = |c,?, or P, = py, in a
more general case. Butonce having obtained a given eigenvalue, say E,, (as a result of
the measurement) we know that the system is necessarily in the state u,. At the end of
the measurement process the initial wave function y (the density matrix p) is
transformed into a mixture of various pure states u, with the probabilities |c,?,
|Cgi2,,..,lcn|2....-, or Pilae-sP22:0 o 5Prnse -

The corresponding density matrix describing this proper mixture (see section
1.6)is

P = ann | u, ><u, |5n!n' P =| C, ]2 ; (623)

or, inageneral case, p,, is adiagonal element of a general density matrix p.

The crucial difference between the density matrix (6.2.3), and wave-function
(6.2.1) (or, more generally, the density matrix possessing off-diagonal matrix elements)
is that coefficients of (6.2.3) may be interpreted as classical probabilities. The density
matrix (6.2.3) can be used to describe the alternative states of the system. When
off-diagonal terms are absent one can safely maintain that the system is in a definite,
but unknown, state. Each particular state Ju,> appears as a result of a certain (one)
measurement, as aresult of a transformation

‘P':ZC..'-'n —u, . (6.2.4)

The multitude of a very large number of measurements is described by the density
matrix (6.2.3), while p,, are probabilities (relative frequencies) that transformation
(6.2.4) takes place. When a measuring device performs the multitude of the
measurements, the observer just verifies the relative frequencies ofthe outcome of the
experiment. The density matrix of the (6.2.3) type can describe the result of throwing
up the coin

Pon =3 H><H| 42 T><T| . (6.2.5)

R | =

This correctly represents the certainty of two alternatives - that is whether the heads
(H) ortails (T) are results ofthrowing the coins, while % arerelative frequencies of the

experiment.
The above description assumes the passive role ofthe observer. He has only to
verify the outcomes ofthe measurements. There is another point of view attributing to
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the observer an active role in the transformation (6.2.4). Below we will discuss this
possibility inmore detail.

The transformation (6.2.4) or transformation from (6.2.1) to (6.2.3) is often
called the reduction of the wave-packet (or collapse of the wave function). Thus, at
least at first sight, there are two entirely different processes. One of the processes is the
evolution of the wave function (or density matrix) of the system between the
measurements. This evolution is described by the unitary operator

SELY Hit

U=e? |, (6.2.6)

where H is the Hamiltonian of the system. On the other hand, there is another process
- the quantum measurement. This process leads to the collapse ofthe wave function,
or density matrix. Generally speaking the off-diagonal density matrix, whose time
evolution is described by the unitary operator (6.2.6) is transformed by the
measurement (collapse) to the diagonal density matrix. Such a transformation cannot
be described by the unitary operator (6.2.6).

Von Neumann [177] was the first who distinguished two different processes: 1
- the measurement, and 2 - the unitary evolution of the state. Penrose [178] designated
these two processes as U - the unitary evolution, and R - the measurement process.
Regarding the density matrix, or wave function, as describing the “reality” of the
system, we realize that the U process is entirely deterministic, while it is the procedure
R, and only R, that introduces uncertainties and probabilities into quantum theory. The
question arises whether the process R can be described by the usual quantum
mechanics. Penrose [178] answers this question quite unequivocally:

Accordingto the standard procedures of quantum mechanism there is no
implication that there be any way to ‘deduce’ R as a complicated
instance of U. It is simply a different procedure from U, providing the
other ‘half’ of the interpretation of the quantum formalism. All the
non-determinism of the theory comes from R and not from U.

This conclusion seems inevitable once one assumes that a combined system
containing an interacting measurable object and measuring device is described by the
wavefunction. Suppose that we want to measure a quantity A of the object which is
inthe state

Y= Zc,‘ u, (x) (6.2.7)

where u is the eigenfunction corresponding to the value a, of operator A, while x is
the set of the variables of the object. Let M(y) be the coordinate specifying the
position of the “pointer” of the measuring device, and m, mj, my,..Mp its
eigenvalues, with eigenfunctions v,(y), vi(y).....vp(y), where y is the set of the
measuring device variables. Before the coupling we attribute to the combined system
a collective wave function of the form
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WX, y) = vo(¥)D cu () - (6.2.8)
k

Afterthe interaction the wave function obtains the form (cf. section 1.4)

WX, ¥) =D ¢, u, (X)V,(¥) . (6.2.9)

However, this form of the wave function implies that the pointer is in the
superposition ofits states. This is the situation of Schrédinger’s “cat paradox” [179].
The introduction of another system (environment, observer), interacting with the
combined object + measuring device, does not save the situation. The new wave
function will take the form

y(x,y,z) = Z S U (X)V (Y)W, (2) , (6.2.10)

k,p,2

where w;(z) are the eigenfunctions of the operator E of the third system (of the
environment). At a certain stage there should be the collapse, (6.2.4), of the wave
function

Y= Zcmuk(x]vp(y),w,‘(z}qukva,_ . (6.2.11)

k.p, L

However, such a transformation contradicts the linear Schrédinger equation. On the
other hand, it seems almost inevitable that such a transformation (the collapse of the
wave function) must happen at a certain stage of the measurement. As von Neumann
[177] pointed out, the point at which (6.2.11) occurs is not obvious, and he proposed
that it would ultimately take place when a human consciousness (the “observer”) is
involved. A similar emphasis on consciousness has been relied by Wigner [180],
Peierls [181], and London and Bauer [182].

The way of explaining a collapse ofthe wave function (6.2.4) or (6.2.11) is in
postulating “that the equations of motion of quantum mechanics cease to be linear, in
fact they are grossly non-linear if conscious beings enter the picture” [180]. Of
course, all this approach removes the measurement problem into the region of the
unknown. It implies that the destruction of the superposition is performed by the
consciousness. | believe that the observer’s mind has nothing to do with the
measurement process. The measurement is a physical process of interaction of the
system with the measuring device and environment. The role of the human being is to
verify that the measurement took place. Various observers will see the same position
ofthe pointer. They do not affect the measurement process itself. This point of view
will be pursued in the next sections of this chapter.
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6.3 Reduction of the wave packet as a result of interaction with the
dissipative system

As we have mentioned in the previous section, the interaction with the object
represents a measurement, provided that the reduction of the wave packet occurs, i.e.,
off-diagonal density matrix elements vanish. Von Neumann [177] postulated that, in
addition to the unitary evolution (6.2.6), there is an ad hoc process 1 (or R) - a
nonunitary reduction of the state vector - that transforms a pure, correlated state into an
appropriate mixture. This may also take place when we consider an extended system,
the object + measuring device, this extended system being initially in the pure system
[175] (in a two-level system)

p=lalt|+><+| M, ><M, |+ af |+><—||M, ><M_|
+o'Bl=>< +[|M_><M, | +|BP|-><~-||M_><M_| . (6.3.1)

Here + and - are two states of the object and measuring device. Again the unitary
evolution cannot reduce this density matrix to

pf=al|+><+||M, ><M, | +[B > -><—||M_><M_| . (6.3.2)

It should be mentioned that the wave function reduction p — p* (if it can be explained)
does not provide the derivation of the probability interpretation. The statement that
diagonal elements of the density matrix are the probabilities of certain states is one of
the postulates of quantum mechanics. However, the consistency of the probability
interpretation requires the reduction of the wave packet p — p', since only in this
reduced state the measuring device may have distinct states {M.> and | M_ >, and not

the superposition of them.

One may suppose that the interaction with the environment E, which is
described by the wave function, may cause the reduction of the wave packet. Letus
assume that initially the object + measuring device is in the state uncorrelated with the
environment. Then the interaction process, described by the unitary transformation
(6.2.6), leads to the correlated wave function

| Wop > Eq >=(at]|+ > M, >+B|=>M_>)|E, >
—al+>M,>E, >+B|—>M_>E_>=y> . (6.3.3)
When the states of environment [E> corresponding to states M. of the measuring

device are orthogonal <E, |E_>=0, the density matrix that describes the object +

measuring device system obtained by tracing over degrees of freedom of the
environment becomes diagonal
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Pop = Try | W>< W i= @ Pl + > M, ><+[<M, [+[B[|->M_><~|<M_|, (6.3.4)
or

laf 0
Poo = . (6:35)
0 |BP

We may compare this expression with Eq. (1.6.26). And, as has been mentioned there,
this density matrix does not present the results of the measurement, it only predicts
possible results of the measurement. Though the density matrix is diagonal, it
represents the improper mixture, i.e., it is not a mixture of states having definite values
of the object and measuring device. It is the superposition (6.3.3) ofthese states. Eq.
(6.3.5) is not equivalent to Eq. (6.3.3). Tracing over the environmental states, we
neglectthe correlations of type (1.6.25). Theentropy of the state (6.3.3)

S=-Trplnp=0, (6.3.6)

while the entropy of state (6.3.5) equals
S=—(lafmmjaf+[BFI[BF)>0 . (6.3.7)

Equation (6.3.6) follows from the fact that when the pure state density matrix is
diagonalized, it has only one element (on the diagonal) which is equal to 1.

From the invariance of the trace under unitary transformations (and evolution of
the density matrix in time can be regarded as a unitary transformation) it follows that
entropy of the state of a closed dynamic system does not depend on the time

S =-Trplnp = const . (6.3.8)
In the general case, the density matrix pope  (0f combined object + measuring device +

environment system) will describe the results of a series of measurements (ensemble of
measurements), provided it is diagonal (at least approximately), inall its indices

Po,pis00.5 0 0 0
0 Po,p,E,:0, 0,5, 0 0
Pope = 0 . (6.3.9)
0 0 Qrerenens

PoyDyEy;0xDrEN

It is obvious that this diagonal density matrix cannot be obtained from the initially pure
state of the (6.3.3) type, by the time-dependent unitary transformation (6.2.6). It
follows from the fact that the entropy of the pure state (6.3.3) equals zero, while the
entropy of the state (6.3.9) has the order of the magnitude



6.4 Reduction of the wave packet as aresult of interaction with 187
the dissipative system

N
Sz—z-%ln%]-ﬂnN , (6.3.10)

provided 1/N is the order of the magnitude of the diagonal matrix elements of (6.3.9).
It means that the transition from the pure state wave function of the combined system,
object + measuring device + environment, to the density matrix of (6.3.9) type, cannot
be performed by the unitary transformation, i.e., cannot be described by quantum
mechanics (or itis an R-type process).

It should be mentioned that equation (6.3.9) is a sufficient condition of the
measurement process. Logically, it does not preclude other options. Thus, due to the
complexity ofthe environment, the initial (pure state) density matrix may evolve into
an efficient (for all practical purposes) density matrix, describing the measurement
process [183,174]. Zeh[184] criticizes such anapproach.

Another possibility is that the density matrix popg 0f the ensemble of object (0)
+ measuring device (D) + environment (E) can be factorized (even approximately).

Popz = PopPE » (6.3.11)

while pgp is the diagonal density matrix. This factorization (6.3.11) contradicts Eq.
(6.3.8) (the entropy is the integral of motion)

Sope =8gp +S: =0 . (6.3.12)
Itis clear that

The first inequality follows from the diagonality of pep (with the diagonal
matrix elements other than 1 and zeros). Relation (6.3.13) contradicts the assumption
that the whole system is described by the wave function, and its entropy is zero.

All the above considerations are based on the assumption that the environment
is described by the wave function, i.e. it is in a pure state. Of course, such an
assumption is quite arbitrary. More than that, the interaction of the macroscopic
system with the environment causes the decoherence ofthe macroscopic system [175,
185, 49, 186, 187]. Decoherence destroys superpositions, the system looses its
quantum character, and entropy ofthe system increases.

The environment can cause the decoherence, if the density matrix of the
environment is itself diagonal, and corresponds to high entropy of the order of the
magnitude of (6.3.10). As a matter of fact, in the above cited works on the
decoherence it has been tacitly assumed that the environment has high entropy and is
described by the diagonal density matrix. The same assumption about the density
matrix of the dissipative system has been made by Fain [17, 18] (see section 2.3). (The

case when the dissipative system is in the vacuum state requires a special
consideration.)
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Let us now consider a quantum system described by the wave function. The
quantum system may be either the measured object or the object and measuring device
together. This quantum system interacts with the dissipative system (environment).
The latter system has a very large number of degrees of freedom and large entropy. In

the presentation in which the density matrix of the dissipative system is diagonal, it has
the form

paﬂ =paa6aB . (6314)

Having in mind the normalization condition

N
> Pus =1, (6.3.15)

n=1

andthatall pq. - have the same order of magnitude, we get

~—, 6.3.16
P ~ 7 ( )

whilethe entropy has the order of magnitude (6.3.10), InN, and
N >> 1. (6.3.17)

As aresult of irreversible interaction with the dissipative system, diagonal elements of
the dissipative system suffer negligible change of order (see Eq. (2.3.11))

Ap, = O(V?) ~ L , (6.3.18)
N
and the off-diagonal elements (see Eq. (2.1.15)) obtain the order of the magnitude
1
Ap2 ~ O(V)Apl ~ ‘I:I'sﬁ' , (6319)

and may be neglected (N — «0).

Diagonal and off-diagonal matrix elements of the density matrix of the quantum
system (object) are initially (t=0)

p@ ¢, B, pQ=ccl (6.3.20)

We consider the case when the relaxation of the off-diagonal matrix elements, resulted
from the interaction with the dissipative system (relaxation time Ty), is much faster
than the relaxation of the diagonal matrix elements (T)

T,<<Ty. (6.3.21)
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Inthis case, attime interval
T,>>t>>T,, (6.3.22)

the wave function is collapsed. The resultant density matrix of the total system can be
approximately presented as (6.3.9). The density matrix of the collapsed wave function
attime (6.3.22) is

pnn(t >> TZ) =‘ cn 12 s

while the density matrix of the dissipative system suffer negligibly small change 1/N
-» 0. On the other hand, the change of the entropy of the quantum system is quite
substantial (see, e.g. (6.3.7)); however, it is negligibly small in comparison with the
entropy ofthe dissipative system

N
->le, finje f<<InN

£=1

where N is a number of degrees of freedom of the dissipative system (environment).
(The entropy of the whole system does not change.)

The above scenario describes the collapse of the wave function, taking into
account that the whole system cannot be described by the wave function, i.e. itis ina
mixed state. Ofcourse, this picture is much more realistic than that presented by the
pure state of the whole system (including the environment). In the latter case the
Schrodinger cat type paradoxes are inevitable. In the next sections the concrete
examples will be presented.

In the case of small entropy of the dissipative system (e.g., vacuum state,
spontaneous emission) the factorization approximation is not valid and the entropy is
not additive. However, also in this case, the object (atom, molecule) suffers a
substantial change, while each degree of freedom of the dissipative system, e.g. each
mode of theelectromagnetic field, suffers an infinitesimally small change.

6.4 Measurement of spins in the Stern-Gerlach experiment

As an example ofthe measurement process, we consider the measurement of the spin
of atoms (or nuclei) by means of a Stern-Gerlach experiment, illustrated in Fig. 11.
The motion in the z-direction occurring in the region of the inhomogeneous magnetic
field can be neglected. It means that the velocity of atoms (in the x-direction) is high
enough. The magnetic force gives the particle a momentum that is directed up or

down, according to whether the spin is up or down (s, = % or -%). The resulting z-

motion of the particle after it leaves the field carries it to a height that depends on the

spin. In this way the observation of the position of the atom enables us to tell whether
the spinis up ordown.
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Fig. 11. Beam ofatoms passes region of the inhomogeneous magnetic field. The resulting z
motion ofthe atom after it leaves the field carries it to a height that depends on the spin.

The Hamiltonian of the interaction of spins of atoms with the inhomogeneous
magnetic field may be presented in the form

H, =2u,s, (Ho+2H,) . (6.4.1)
Here
eh
__h 6.4.2
o =" ome (64.2)

s, is a projection of the spin on the z-axis, H, is a z-component of a magnetic field at
pointz=0, and

. (0H
H,=|—= . 6.4.3
¢ ( 62 Jz=0 ( )

The equation for the density matrix (in the region of the inhomogeneous magnetic
field) has the form

9
mﬁ:mx,p] : (6.4.4)

In this region of the inhomogeneous magnetic field, the kinetic energy p2/2M is
neglected. We assume that the z-dependence of the wave-packet may be described

classically, with itswidth satisfying

ApAz>>h, or AkAz>>1 (6.4.5)

where p = p; is the momentum in the z-direction, while k is the corresponding wave
vector.
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The initial density matrix of the system (moving atom with the spin) may be
written in the form

Pp(z,20) =0, P(z,2") . (6.4.6)

Here P(z,2") - the density matrix of moving atoms (without taking into account their
spins), while oy, is the spin density matrix, I,I' being the eigenvalues of s, (i-—;-).

The density matrix at the moment At of an exit from the region of inhomogeneous
magnetic field, has the form

pp(z,2'At) = o1 P(z,2") exp{% RuoHo(1-1)+2pH (ZI-2'TJAL} . (6.4.7)

To find the density matrix of the spin subsystem we have to trace density matrix (6.4.7)
over z-variables

(At = [dzpy (2,2, A1)

= Oy, exp[%2uoH0(I—I') At]jdzP(z,z)exp[ithoH'OZ (I-1nAt] . (6.4.8)

Letus considerthe integral inther.h.s. of this expression

[Pz2)e™dz, K= Eﬁ%&}l . (6.4.9)
This is a Fourier component of P(z,z). If K satisfies the condition
R _HAAD oy ax1y) (6.4.10)
Ak hAk
the density matrix of the spin system becomes diagonal
op(At) = 6,8 [P(z,2)dz =08y (6.4.11)

Similar to Eq. (6.3.4), the diagonal matrix (6.4.11) describes the improper
mixture. Density matrix (6.4.11) does not describe an ensemble of already performed
measurements. It only predicts results of the measurements. The spins do not have
definite (but unknown values i%). There are correlations between the spin and
moving atoms systems. These correlations are presented by Eq. (6.4.7). The density
matrix, representing the proper mixture, has to be diagonal in all quantum numbers of
the whole (the spin + moving atoms) system, as density matrix (6.3.9).
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As a matter of fact, the density matrices (6.4.7) and (6.4.11) describe not yet
separated beams (I = :t%) ofatoms. To consider the separation of the beams we will

use the von Neumann equation

dp :
inPo| Lo ol 6.4.12
" {2M p] (6412)

After atoms have passed through the magnetic field, the initial density matrix for Eq.
(6.4.12) is

Pr(z,20) = pp.(z,2%At) . (6.4.13)
The r.h.s. of this equation is determined by (6.4.7).

To solve Eq. (6.4.12) we will perform a transformation to the wave vector
representation

pu,(z,z‘,t)=jdkjdk'gn.(k,k',t)exp(ikz—ik'z') . (6.4.14)
Substituting this integral into the von Neumann equation (6.4.12) we obtain

ih agﬂ'(k’k )
ot

=gp(k, k‘)( (6.4.15)

h2k2 th 12
M 2M ]

The solution of this equation has the form

gr (k) =g (k, k' O)exp[—%(k k*)} ) (6.4.16)

where gr.(k,k';0) isobtained from Egs. (6.4.14) and (6.4.7)

g (kk;0) = J‘ dzj dz'P(z,z")oy,

@2r)’
x exp{% [R2uoHo (1~ 1)+ 20H , (2] - 2' )] At} exp(—ikz + ik 'z")

= o, P(k-k, k'~ KI,)exp[Z;"l H(1-1Y] , (6.4.17)

where P(k,k") is the Fourier transform of P(z,z") and

= 2uoh H 1At (6.4.18)



6.4 Measurement of spins in the Stern-Gerlach experiment 193

Finally the solution of the von Neumann equation (6.4.12) satisfying initial condition
(6.4.13) takes the form

Py (2,25t) = 0y [ dk [dk 'P(k - KI,k'—-KI.)exp[zi"l Ho(I-19At]

X [_511’51'(1‘2 -k*) tjlexp(ikz-ik'z') . (6.4.19)
This density matrix describes two beams of atoms (with spins i%) after they

pass through the magnetic field. Now, let us assume that spins (before the interaction
witha magnetic field) were inthe state with definite s, - component, s, = -;—

|
Y, ==Y, +V¥ J . (6.4.20)
il
Here \u'l is the eigenfunction ofthe spin-component s, (with the eigenvalue s, = 5),
2
while v, are eigenfunctions of s,. In this case the density matrix oy, hastheform
2
1 11 1
=y 0_5(1 J ' (6420

The off-diagonal elements of this matrix describe the interference between wave

functions Vi
2

Ca 1 1 1. .
|\Vl \2='2“|‘-V_l Iz +EIW_1_ |2 +5(W_1‘-Vl +\|J__l\|fl)
2 2 2 2 2 2 2
=0y Iy Proy vy Froy Wv o v vy - (6422)
22 2 22 2 22 2 2 22 2 2

The density matrix (6.4.19) [with oy, (6.4.21)] describe two correlated beams of

atoms. These beams are similar to two beams of light in the two-slit experiment.
Quantum correlations between two beams are described by off-diagonal elements of
matrix P(k,k").

Now there are three possibilities: (1) beams may be reunited, to interfere with

oneanother; (2) a measurement will be performed on one of the beams, and (3) the
beams will continue to depart.
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The first possibility has been analyzed by Wigner [188]. Let us assume that two
beams are reunited into aunique beam (see Fig. 12).

UNIFORM FIELD IN +y DIRECTION

DUPLICATE
FIELD

UNIFORM FIELD IN - y DIRECTION

Fig. 12. The interference between the two beams ofatoms in the Stern-Gerlach experiment
is achieved by the arrangement of magnetic fields that reunite two beams together. Both
beams have exactly symmetrical routes.

It is also assumed that some precisely devised combination of magnetic fields make
two beams entirely symmetric. Then the interference ofthe beam in the region of the
recombination revert the beams to the initial position. This means that the second
Stern-Gerlach device oriented over the x-axis will measure, with the probability equal

toone, s, = % i.e. the initial state (6.4.20). One can claim that measurement did not

occur.

The second possibility may be realized by sending, let us say, one of the
beams to the ion discharge camera. In this case the irreversible change has occurred,
the beams cannot be reunited any more. The initial state cannot be reversed. In this
case the Stern-Gerlach device, together with the ion discharge camera, perform the
measurement. As aresult of this measurement we find the spin in one ofthe states, s, =

i% . The observer does not interfere in this process. He may only verify the result of

the measurement. One can easily realize that the irreversible change leads to the
diagonal density matrix of the total system. The interference disappears irreversibly, as
t—> o0,

The third case (departing beams) is described by the density matrix (6.4.19) (see
Fig. 13). Equation (6.4.19) describes both departure and spread ofthe beams. To find
asymptotic and irreversible behavior of P.(z,z';t), (6.4.19), we employ the formalism
of section 1.8. We assume that the density matrix P(k,k") has a sort of diagonal
singularity [as in (1.8.5)]

P(k.k') = G(k,k")5(k ~k")+h(k, k") , (6.4.23)

where h(k,k") has no &-type singularities and is absolutely integrable. Then the
asymptotic (t — o) value of the density matrix (6.4.19) is [according to (1.8.6)]
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N |-

Fig. 13. Two departing wave packets with increasing spread and height as t —» .

pp(Z,2"0) = 678 j dkG(k-K, k-K )explik(z-z"] .  (6.4.24)

Here we have neglected G(k - KI,k - KI") (I # I", due to the assumption that two

peaks of P(k,k) are far enough.

One should not worry that the density matrix (6.4.23) is not normalized, and its
diagonal elements have singularities. The normalization can be performed by replacing
the 3-function by a finite function that tends to the 8-function when a corresponding

parameter tends to infinity. Then P(k,k") is divided by ZP(k,k) and the parameter
k

tends to infinity. The asymptotic density matrix in the k-representation has the form
Pk, k") =088,k -K ,k-K;) . (6.4.25)

This density matrix describes the proper mixture of the (6.3.9)-type. It has to be
emphasized that the density matrix (6.4.23) describes a mixed state which cannot be
presented as the product of the functions of k

P(k,k") # c(k)c’ (k) . (6.4.26)

In the density matrix (6.4.23) diagonal elements dominate.  This circumstance
conforms with general conclusions ofthe preceding section. The initially pure states
may be decohered by the corresponding dissipative system (environment). Thus we
come to the conclusion that asymptotically departing beams perform the measurement

of spins s, = i%. This measurement is described by the density matrix (6.4.25). The

role of the observer is just to verify the accomplished measurement.

6.5 Realization of quantum measurement by the irreversible relaxation
process

As has been shown in section 6.3, the interaction of the quantum system (having low or
zero entropy), with a high entropy dissipative system, leads to the collapse of the wave
function of the quantum system (which is initially ina pure state and has the wave
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function). As a matter of fact the relaxation of the dynamic system (section 2.7) may
serve as arealization of quantum measurement [189].

In the factorization approximation (2.3.13), (2.3.14) and (2.3.17) the density
matrix of the combined dynamic-dissipative system can be approximated by

Prnciop = O (PO (6.5.1)

where poq is the equilibrium density matrix of the dissipative system, while the
equation for the density matrix oy, of the dynamic system satisfies equations (2.7.10)
and(2.7.16)

=Y (WyOp — W04 ), m=n
k

G+ E+T* +T,0) =1 . (65.2)
h e

_— m#n
mn

It is assumed here that the eigenfrequencies ®y, Of the dynamic subsystem are not
degenerate. The rate coefficients wy, and T:n; has the form

2%
W, = 72% | Vo I 8(F, —E; —E, +E,) , (6.5.3)
ap
(the transition probability per unittime) and
a1 T
1l = EZ(W”“ + wnk)+-h—2| Vigima = Vagina | > (6.5.4)
k a#p

and T' isdeterminedbyEq. (2.7.18).
A specific example of equations derived from Egs. (6.5.2) are Bloch equations
for the mean values of spin components s, Sy and s, in the magnetic field

H=kH, +H,(t)

ds . ) ] s. —8§
= =y(ExH)-iX— jL -k=2—2 | 6.5.5
™ y(SxH) I, JT2 T (6.5.5)

The so-called T, terms describe the phase relaxation, dephasing or decoherence, while
T, terms describe the population relaxation. In Eq. (6.5.2), relaxation rates wy,

describe the population relaxation - "T;'" terms, while ;. describe the dephasing
rates, "T;'" terms. The pure dephasing is described by the second term of the r.h.s. of

Eq. (6.5.4). The first term describes dephasing connected with the population
relaxation.
We will consider the case ofthe fast dephasing

T,<< Ty, (6.5.6)
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which is possible if the pure dephasing is much faster than the population dephasing.
In the general case the phenomenon of fast dephasing should not necessarily be
described by Bloch equations (6.5.5) or Egs. (6.5.2). More general non-Markovian
equations (2.4.1) may also describe relaxation accompanied by fast dephasing,
symbolically represented by condition (6.5.6).

Asymptotically, the density matrix & of the dynamic system becomes diagonal.
As a matter of fact, the transformation of the initially off-diagonal density matrix ofthe
dynamic system (as a result of interaction with a high entropy dissipative system) into a
diagonal one is the characteristic feature of both the relaxation and measurement
processes.

Now let us consider a dynamic subsystem E as a measured object which is

characterized by the density matrix &, (¢,c,, inthe pure case) at initial time t=0, and

let the dynamic system E be exposed to the relaxation process (interaction with the
dissipative system) during the time interval At, satisfying the inequalities

Ty <<At<<T, , (6.5.7)

which are compatible with condition (6.5.6). Then, using Egs. (6.5.1) and (6.5.2), one
obtains att = At

pmu:;n[i(At) = Gmnpmsmnauﬂ . (658)

Thus during time interval At, the initial pure state (or general G,, - state) is
transformed into the proper mixture (6.5.8). Since At << T, the diagonal density
matrix elements o,, are unchanged, while for At >>T, the off-diagonal matrix elements
vanish. The measurement process is distinct from the general irreversible process (t —
), by the values of diagonal matrix elements. A general irreversible relaxation
process also leads to the diagonal density matrix and proper mixture, but with
o, =o' i.e. with both o,, and p, being the equilibrium values of the dynamic E
and dissipative systems density matrices. Therefore. relation (6.5.7) is a condition of

the measurement: unchanged o,,, vanishing o,,(1-3,,,)and diagonal dissipative system
density matrix p.

6.6 Gedanken experiment: measurement of the z-component of spin %

We will present here an example of a measurement performed by the relaxation process
[189]. One can distinguish three stages in the measurement process: a preparation of
the system (of course, it may be already prepared before the start of the measurement),
the irreversible process of the measurement leading to the proper mixture and, finally,
verification of the measurement, “looking at the pointer”. The latter stage does not
affect the system, the measurement has already been performed. The observer - the
human being, does not intervene in the measured system. In the Gedanken experiment
proposed here [189], the preparation is performed by the strong electromagnetic pulse
which transfer the equilibrium state of the spin subsystem characterized by the
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diagonal density matrix p&® and correspondingmeanvalue ofs,

1 o
SR -5 D) (6.6.1)

5, =
2 22 22

(the pure state is characterized by pi =1 or0) into the coherent state characterized by
the off-diagonal density matrix. The irreversible measurement creates the proper

mixture of s, = i% states with weights p,, and P ; ,- A second electromagnetic
22 72
pulse (a weak one, it does not change the state ofthe system) verifies that the system is

in the proper mixture of states s, = % ands,= --;—.

Let us consider an equilibrium system of spins in a constant magnetic field 7,
directed towards a positive direction of the z-axis. The strong electromagnetic pulse
“preparing” the state and the weak verifying pulse are directed along the x-axis. Then

the Hamiltonian of spin % in the magnetic field (constant and varying) has the form

H = hmgs, - 2108:Hy (6.6.2)
where
eh
hwo =2upHp>0; py=———>0 , (6.6.3)
2me

and we use the representation in which s, is diagonal.
Thetime development of a spin system inthe external magnetic field

H,=H’coso,t, V=Vcosot, V,=2u,HS , (6.6.4)
has the form
. i 1
§, = __2_12—(V°S+ —Vos_)coscoot—?l(sz -s%) (6.6.5)
§, =iy, + WA, s, —;1}—s+, s.=(s,) (6.6.6)
2

where s, and s, = s, * isy are mean values of spin operators, and T, and T, are
introduced above relaxation times.

Now let us consider a simple case (the pure state) when the initial value of the
spin in the ensemble of N spins is
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sl , (6.6.7)

2
This means that initially at t = 0 all N spins ofthe system were in their ground states,
-hoy'2. We assume that the electromagnetic pulse duration is much shorter than T, and

T,. This means that one can neglect the relaxation terms with T, and T, during the
action of the pulse. Then the solution of Egs. (6.6.5 and 6.6.6) has the form

s; = 5,(0)cosCt; sy = 5,(0)sinCQytsine,t ;

Sy = =8,(0)sinQtcoswt, Qu=|Volth . (6.6.8)

Now let us assume that a _72_r -pulse (Qyt = % 1 is the duration of the pulse) is

imposed on the spin system. Such a pulse prepares a new state ofthe system [distinct
from the initial state (6.6.7)]. Inthis new state the mean value

5=0 . (6.6.9)

This means that the probabilities of states s, = % and s, = -% areequal. However, this

is not a proper mixture of states s, = ;t% . This is a superposition of these states. The
mean values of s, and sy (for N spins) are

5. = -%sin Ot 5 § = %cos Ot . (6.6.10)

This is the superradiant state (section 4.5). The absorption (or induced emission
radiation) depends onthe phase difference between some probe (weak) electromagnetic

field H_=H! cos(o,t+¢) and S,, Eq. (6.6.10) (see also Eq. (4.3.12)). This
absorption is determined by equation

W =2u,0,H,5, . (6.6.11)

The intensity of radiation in this state is proportional to N2 (superradiance). | would
like to stress that this state has certain well-defined physical features: the absorption
depending on phase relations and superradiance. This state is not only characterized by
certain propensities [190] or probabilities, it has a definite ontological status. To check
the properties of this status we have to take the system of N spins, while N is not
necessarily a very big number.

We now turn to the stage of the irreversible process: relaxation-measurement.
We waittime At (after the =/2 - pulse is already over) satisfying condition (6.5.7). Asa
result of interaction with the dissipative system during the interval At, the diagonal
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matrix elements of the density matrix (probabilities of states s, = i%) are

unchanged, At << T;, while the coherence expressed by Eq. (6.6.10) (or by the

off-diagonal density matrix elements &, ,), isdestroyed, At >>T,. The spin system s
772

transformed into a proper mixture of states |s, = - % >andls, = -;- >,

Now the spin system has an entirely different ontological status. The intensity
of spontaneous radiation is proportional to N/2 - the number of spins in the upper
states. The absorption rate is equal to zero. The spins in the ground states and the
spins in the upper states give exactly the same contribution to the absorption, but with
the opposite signs.

To summarize, atthe first stage the system is prepared in the state (6.6.10). This

is a superposition of {s, = -% >and |s, = %> states. The measurementis realized by the

contact with the dissipative system during the time interval (6.5.7). The verification of
the measurement can be performed by the interaction with a very weak electromagnetic
field that does not affect the state of the system. Both spontaneous emission of
radiation and absorption of radiation do not change the state of the system, provided
that the time of interaction with the weak electromagnetic field is small enough.
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At first sight there is an irreconcilable contradiction between the irreversible master
equation (2.7.10)

P, = —z(wnkpn “WuP) Q)
and reversible von Neumann equation (1.1.4)

%

ih—=r=[Hp] . )

However, in the case when the energy spectrum of the quantum system is continuous,
as been shown in section 1.8, the behavior of the quantum system becomes irreversible.
This irreversibility can be understood if we consider the transition from a finite,
bounded system to an infinite, unbounded system. For the finite system the quantum
recurrence theorem (the quantum analog of the Poincaré theorem) states that the
quantum system gets arbitrarily close to the initial state at arbitrarily large times. Inthe
limit of the unbounded system the Poincaré recurrence time tends to infinity, and
guantum movement becomes irreversible.

For large enough volumes of a condensed medium (or large resonator), the
frequencies of its modes form a quasicontinuous spectrum. For example, in periodic
structures the wave vector has quantized values

k,=2m, /A, k,=2m /B, ,=2m,/C | (3)

where A, B, and C are the dimensions of the volume and ny, ny, and n, are integer
numbers. The energies of the modes are functions of these wave vectors

BR) = (n + (k) @

and thus they form a quasicontinous spectrum, if the dimensions A, B, and C are large
enough. When A — «, B —» «, C — o, the spectrum becomes continuous. In this
case the theorem, proven in section 1.8, states that quantum movement becomes
irreversible.

In the case of the continuous energy spectrum one can deduce the transition
probabilities (per unit time), which do not depend on time (section 1.7). These
transition probabilities may serve as the coefficients wy, of the master equation.

The consistent derivation of master equation (1), or other forms of generalized
master equations, for the system with the continuous spectrum, is performed in Chapter
11. Particularly the generalized equations may be Markovian, i.e. their coefficients do
not depend ontime. The example of such an equation is Eq. (2.4.14)

& =-il[E+V 6]-Ro . (5)

201



202 Concluding remarks

Here R is atime-independent supermatrix, and V¥ is the time-independent averaged
effective interaction energy. This equation, withouttheterm V< is, sometimes, called

the Redfield equation. The density matrix ¢ is averaged (traced) over the thermal bath
variables density matrix p of the whole system

o=Trgp . (6)

The important approximation utilized in the derivation of Eq. (5) is the
factorization approximation (2.3.17)

Prasiaa (1) = O (1) Py . 7

It means that approximately the overall density matrix is the product of time dependent
density matrix om,{t) with time time-independent equilibrium density matrix P,. This
approximation holds if the relaxation of the dissipative system is much fater than that
ofthe dynamic system (2.3.13)

Tdiss << Tdyn . (8)

The fast relaxation of the dissipative system destroys the correlations between the
dynamic and dissipative systems, once they are created due to interaction between
dynamic and dissipative systems.

One of the astonishing discoveries of the last decades is that there are solutions
of Eg. (5) which are not positive definite. In other words, Eq. (5) may lead to the
non-physical negative probabilities.  There is a simple explanation of this
inconsistency. Attimes close to the initial t= 0, equation (5) is not valid (R depends
ontime (2.4.8)). When the initial conditions are taken at a time interval in which Eq.
(5) is not correct, the usage of this equation in the whole time axes, t > 0, is
inconsistent. The situation is similar to the usage to the semiclassical approximation
for description of the movement in the potential well. In the vicinity of turning points
the semiclassical approximation is not valid, and a consistent solution is achieved by
the procedure of matching with exact solutions near the turning points. Without the
matching procedure one may get nonquantized solutions. The latter are non-physical,
contradicting and not approximating the exact solutions.

Chapters 11l and IV are devoted to the irreversible processes (relaxation)
connected with interaction with phonons and photons respectively. These processes
may be considered as spontaneous and induced emission of bosons - phonons and
photons. The specificity of the interaction with photons is in the existence relaxation
via collective, superradiant spontaneous emission of photons, sections 4.5-8.

Chapter V is devoted to the memory effects, general relations, exact solutions,
and comparison of various approximations: Markovian, rotating wave (RWA) and
weak coupling. Sucha comparison has been achieved considering the exact solution in
the system comprising harmonic oscillator interacting with harmonic (boson) bath.

The book is devoted to the irreversibilities in quantum mechanics. However, it
is shown, in Chapter V, that dissipationless regimes may emerge in a certain range of
parameters of a generally dissipative system.
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All the above irreversible processes take place in certain particular cases, which
are characterized by the continuous energy spectrum. On the other hand, there are
systems having the discrete energy spectrum - two-level system, harmonic and
anharmonic oscillators, atoms and molecules.  All these systems do not exhibit
irreversible behavior - they are reversible. Nevertheless, the irreversibility of guantum
measurement is ubiquitous in quantum mechanics, and refers to all quantum systems.
Ina sense the irreversibility lies in the heart of quantum mechanics.

Another point which has to be mentioned is the question of the possibility of
quantum measurement. There are many proofs that quantum measurement is
impossible. As a matter of fact it is claimed that quantum measurement is a process
which cannot be described in the framework of quantum mechanics. Usually the
proofs of impossibility of quantum measurement are based on the assumption that
quantum object, measuring device, and environment are described by the wave
function. Then, the entropy of the combined quantum system - the object, the
measuring device and the environment, is zero and is conserved (does not depend on
time). Therefore the reduction of the wave packet, which is accompanied by the
increase of the entropy, contradicts the overall conservation of the entropy. On the
other hand, the interaction of quantum object, described by the wave function, with
another system - the environment, which is in a mixed state and described by the
density matrix with high entropy, may lead to the reduction of the wave packet without
essential relative change of the density matrix and entropy of the environment.
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