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MPEAUCJIOBUE
ANbBEPTA 3UHW TEUHA

Hecmotps Ha TO, uTO yXe onyGAHKOBAHO 3HAYHTENbHOE
KO/IM4eCTBO PaGoT, MOCBAIIEHHHX H3/NOKEHHIO TCOPHH OTHOCH-
Te/AbHOCTH, KHHra g-pa Beprmana, mHe xaxercd, ynOBaeTBO-
preT onpene/ieHHHM CYWECTBYIOLHM 3anpocaM. DTO npexnae
Bcero y4yeGHMK AAS CTYAEeHTOB — ()H3HKOB H MAaTeMaTHKOB, KO-
TOpuAl MOXeT OHWTb HCNOMb30BaH Kak B ayNHTOPHH, Tak
K I8 MHAMBHAyadbHwX 3auatul. Bce, 4ro Tpelyerca ans
YTEHUA ITOH KHMIH, — 3HAKOMCTBO C aHANH30M M HEKOTOphe
no3Hauus B obGnactu auddepeHlHaNbHEX ypaBHeHuHi, KaaccH-
YeCKOH MexaHHKH H SJeKTPOLHHAMHKH.

Ora KHMra HEe TONBKO JAeT MHCYepNLBAOIIYI0, CHCTEMAaTH-
YeCKYl0 H JOTHYECKH UOMHYIO TPAaKTOBKY [JIaBHHX YEpT TeEo-
pHH OTHOCHTE/BHOCTH, HO B HER NOCTaTOYHO NONHO NPENCTaB-
NeHn M ee OluTHhe OCHOBaHWA. Yurarenb, u3yuuBwHH STY
kuury, Oynet BraxeTs (PUIHYECKMMM [PEACTABICHHAMH M Ma-
TEMaTHYECKHMH METOZAMM TEOPHH OTHOCHTENLHOCTH W CMOXeT
CaMOCTOfITE/LHO Pa306paThca B ee TOHKOCTHX. Ou cMoNeT TaKxe
6e3 ocobedHnix TPyAHOCTER NOMMMATh CMELHANLHYIO AUTEPaTypy
B 001aCTH TEOPHH OTHOCHTE/NBROCTH,

1 moaaraip, 9TO CHUCTEMATHYECKOMY H3YYEHHIO TEOPHH OT-
HOCHTE/NBHOCTH JAOMKHO OHTb MOCBAUIEHO OoMbille BpeMeHH
u ycuauil, yem 9T0 OGWuHO nenaeTcs B GO/NBIIHHCTBE YHHBEp-
cuteroB. [IpaBaa, 0 cHX WOp TEOPHS OTHOCHTE/NLHOCTH, OCO-
GeHHo OOWIas TEOPHA OTHOCHTENbHOCTH, MIpajia CPaBHHTE/NLHO
CKPOMHYIO pO/ib B YCTZHOBICHMH [1yOOKOH CBESH MEMAY ONKT-



HeIMH  (aKTaMH M BHECJa MaJ0 HOBOTO B aTOMHYIO (PH3HKY
H B Halle IOHHMaHHE KBAaHTOBHX sBAeHHH. Brnonne BO3MOXHO,
OIHAKO, YTO HEKOTOPHE pe3yabTaTh o6ule#f TeOpHH OTHOCH-
TeNbHOCTH, TaKHe, KaK obuias KOBAPHAHTHOCTb 3aKOHOB INpPH-
poAn MW HX HEIHHeHHOCTb, CMOTYT INOMOYb B TNpPeOdONeHHH
TPyAHOCTEH, BCTPEYAIOIWMXCH B HACTOSILICE BPEMA B TEODHH
aTOMHBIX M SIIepPHHIX npoueccoB. HesaBHCHMO OT 3TOrO, Teo-
pHsi OTHOCHTEJIbHOCTH 06nazaeT 0coGEHHOft NpHBIEKATENBHO-
cThi0 Onarojgaps cBoeft BHyTpeHHeH CTPOMHOCTH M JOTHYecKOH
NpoCTOTE €€ aKCHOM.

3HayuTeNbHBEe yCHAMA OHIM  MOTpPadYeHs Ha TO, YTOGH
clenaTbh STy KHHTY JIOTHYECKH M NeXarorHYeCKH YROBJIETBODH-
TeabHO#; n-p Beprman mnpoBen cO MHOH MHOTO YacoB, KOTO-
pue OwH mocBslleHH 3To# uemu. I vamelocs, uTo GosblLiHH-
CTBO vuHTaTeJel OXOTHO TNPOYTYT KHHIY H TOJAY4YaT Jy4uiee
NpelACTaBIeHHe O NJOCTHXEHHAX H mNpo6aeMax COBPeMEHHOH
TeOpPEeTUYECKOH (HU3HKH,



NPEOANCJIOBHE ABTOPA

Hacrosimas kHMra no TeOpHH OTHOCHTENbHOCTH PacCuHTaHa
Ha CTYAEHTOB — (PM3HKOB H MATEMaTHKOB, He HMEIOUIHX HHKa-
KHX UNpEIBAPHTENbHHX 3HaHHH B 9TOM 06MacTH M MaTeMaTH-
yeckass TOArOTOBKA KOTOPHIX He BHIXORMT 3a mpeleis TOro,
4TO He0GXOMHMO JJIf H3Y4eHHS K/IacCHYeCKOH TeopeTHYecko#
dusuxkn. [lostomMy cneumuanbhullf MaTeMaTHuecKHH anmapar,
HCOoONb3yeMHt B TEODHH OTHOCHTENBHOCTH, T. €. TEH3OpPHHIH
asanu3 W avanu3 PHyuk, paccMaTpuBaeTcs B caMOft Khure.
Oco6eHHOe BHHMAHHE YHAE/NEHO Pa3BHTHIO OCHOBHHX HAeH Te-
OpPHMH OTHOCHTENLHOCTH; HMeHHO Gjaromaps STHM HHAeS M, a He
CEUHANbHEIM NPHIOXKEHHSAM TEeOPDHf MrpaeT CTO/Mb BaXHYIO
POIbL cpemu OCTalbHHX oOnacted TeoperHuecko# ¢u3nKu.

Martepuan pa3geneH Ha TPH YaCTH: CHENHANIbHA® TeEOPHH
OTHOCHMTENILHOCTH, OOLasd TEeOPHH OTHOCHTENLHOCTH H M3/0”
JeHMe €XHMHHX TeopHH nons. DTH TPH d4acTH 06pas3yloT enu-
Hoe uenoe, ABTOp mpencTaBngerT ce6e, YTO MHOTHE CTYHEHTH
MHTEPECYIOTC TeopHefl OTHOCHTENLHOCTH TI/IaBHHIM 06pa3oM
B CBI3H C ee NPHMEHEHHSIMH B aTOMHOK M snepHoft ¢pusnke,
Ou wazeercs, 4TO STH YMTaTeNH HaliAyT Bce HHTepecylomue
HX CBeJleHHs B NMEPBOH yacTH, mocsslleHHOR cmeunanbHOR Te-
OpHH OTHOCHTENbHOCTH. Te uHTaTe/NH, KOTOPHE MHTepecyloTcs
TONBKO crenHaNbHO! TeopHelt OTHOCHTENBHOCTH, MOTYT OMYCTHTD
onvH pasaen raasu V u Bcio raasy VIII, Tak Kak B HHX co-
AepiaTci CBeXeHus, Heo6Xoiumhie TOAbKO Ansi oGuiedl Teo-
PHH OTHOCHTE/NbHOCTH.



Bo Bropo#t yacTH paccMatpuBaercs oGuias TeOpHS OTHO-
CHTE/MIBHOCTH,  BK/IO4Yag  pabGory OSfinwmreHtna, HWudensna
n lopmana 06 ypaBHeHHSX INBHKeHHs. B Tperbelt uacTH 06-
CYWIEHHW HEKOTOphle MOMNHWTKM YCTpaHeHHs HedekToB oOble#
TEOPHH OTHOCHTeNbHOCTH. (ORHAKO HU OQHA M3 ITHX TeopHit
He fBAfeTca BrnoJHe yaoeneTBopuTeabHoH. Tem He Menee,
4BTOPY Kaxercs, YTO Takoe 06GCYyxIeHHe 3aBepiIaeT PacCMOT-
peHne obuiell TeOpUH OTHOCHTE/NBHOCTH, HaMeyas BO3MOXHHE
NyTH AanbHeRuiero uccaefosaius. OIHaKo TpeTbs 4HacTb MO-
%eT ObLITb NpPH YTeHUU omyuwieHa 6e3 yuepba AN LEeAbHOCTH
npeasayulero.

ABTOp BHpaaeT NpH3HATENbHOCTb 3a MNOMOULb mpodhec-
copy OiinmTeliHy, KOTOPHH MpoYe/] BCIO PYKOMHCh H CAeJan
MHOTO UEHHHX 3aMmedaHud.



BBEIOIEHHE

Tlourn Bce 3axoHH (PH3HKH CyxXaT AJd ONMUCAHHA MOBexe-
HHH HEKOTOpbiX 06beKTOB B NMPOCTPAHCTBE 4 BO BpemeHH. [lo-
JIOXEHHE TeMa WA MECTOHaXOXIeHHe COOHTHA MOXHO OIpe-
JeMUTh TOJMBKO KaK MNOJOXEHHE OTHOCHTE/NbHO KaxKoro-mi6o
Apyroro, MOAXOAAuero nad srtoro rena. Hanpumep, B onure
¢ mMamuHo#t ATByZa CKOPOCTH H YCKOpEHHS THpPb H3MepHIOTCS
OTHOCHTE/bHO CaMOA MalHHH, T. €., B KOHEYHOM CueTe, OT-
HOCHTE/NbHO 3eMaH. ACTPOHOM MOXeT ONHCHBATh JBHKEHHE
NJaHeT OTHOCHTEAbHO ueHTpa TawecTH Coauma. Bcaxoe xsu-
KEHHEe ONMHCHBACTCH KaK JABHXKEHHE OTHOCHTEJNbHO HEKOTOPOro
Tena oTcyera.

IpeacraBum ce6e, nmo xpafHe# mepe yMO3PHTENBHO, YTO
C STHM Te/NOM OTCuYeTa TBEPAO CBA3aH MpocTHpalowHics
B NPOCTPAHCTBE KapKac M3 RPAMHX npyThes. Ucnombays stor
BOOGpaxaeMunifi Kapkac B KauecTBe NeKapTOBOH CHCTEMH KOOp-
AMHAT B TPEX WUSMEPEHHAX, MH CMOXeM /0o6oe HOJOKeHHe
OMMCLIBATD TPEMA YHC/IAMH, KOODAHHATAMH COOTBETCTBYIOLIEH
ToukM mpocTpaHcTBa. TakoRt BooOpaxaemuit Kapkac, TBepxo
CBHI3aHHLIA ¢ HEKOTOPHIM MaTepPHA/bHHM TENOM H ¢ Kakof-1HG60
CTpOro onpexeneHHO! TOYKOH MPOCTPAHCTBA, YaCTO HA3HBAIOT
cucteMoft orcuera.

Hekotopnie Tena ¢ ycmexoM MOryT OHTH HCIOJb30BAHH
INA YCTAHOBNGHMS CHCTEMH OTCYeTd, APYrue Xe Teaa AAf
9TOro HenpurogHm. J{axe A0 NOCTPOEHH TEOPHH OTHOCH-
TEAbHOCTH BOHNPOC O BHGOpe NOAXOAAIMEH CHCTEMH OTCYETa
CHrpan BecbMa BRXKHYI0 PO/Zb B PasBHTHH Hayku. [amineft,
co3gaTeNb MOC/ASCPEXHEBeKOBOR (H3HKH, CYMTan BHOOp re-
JIHOLEHTPUYECKOR CHCTEMB HACTONBLKO BAXHBIM, YTO PpHCKOBalX
cBOGONOM M NaMe KU3HBIO Pafd TOTO, YTOGH HOBad CHCTEMa
orcuera On/la MPUHATA €ro COBPeMEHHHKaMH. B  cywmmuocTtH



TOBOpS, BOMpPOC O BHOOpe Tela, C KOTOPHM CBf3HBAETCH
CHCTEMa O0TcYeTa, M SIBUACH TNPHYHHOH ero koH/MKTA C
BJIaCTSAMH,

[Tocne Tex BceoGbemmoutux OGOOLIEHHH, XOTOpHE caenan
HeloTon B coBpeMerHo#t emy ¢H3HKe, TeNHOUEHTPHYECKas
cHcTeMa oTcuera crana obwenpunsatolt. Onnako eue cam
HeloToH 4yBCcTBOBaJ, 4TO HEOGXOOHUMO HajbHefiliee paccMOT-
peHHe 3TOro Bompoca. UYTO6W MNOKa3aTh, YTO ONHH CHCTEMH
otcyera sBagiorca 6GoJee noaxoaaAn{iMM a1 OMHCAHHUA HBJE-
HUH NpHPOAH, YeM ApPYrHe, OH NMPHAYMaJl 3HAMEHHTHH 3Kcme-
PUMEHT C BEeIPOM, HamoJHeHHHM BOmoH. 3akpyuHBaHHeM mnol-
aepxuBarollelt Beapo BepeBkH, HBbIOTOH 3acTaBasn ero Bpa-
waTthca BOKPYr csoeft ocd. [lo Mepe Toro kak Boma HauxHana
NMPHHHMATh Y4YacTHe BO BpallleHHH, €€ TI0BePXHOCTb MEHs/1a
cBolo ¢opMy OT naockoit k mapabonuueckoit. Korma soma npu-
HUMa/la Ty ¥e CKOPOCTb, YTO H BEApPO, IMOCiAeaHEe OCTaHaB-
BJHBAJIOCh 9KcrepuMeHTaTopoM. [lo Mepe Toro kak Boaa
npexpaiana CcBoe BpalleHue, ee I0BEPXHOCTb CTAHOBWJACH
onsATh Bce 6osee MJOCKOMH.

JTo onMcaHWe NPOM3BEAEHO C TOYKH 3PDEHHS CHCTEMH OT-
cueTa, cBa3aHHOM ¢ 3eMnelt. 3aKOH, 1O KOTOPOMY M3MeEHSeTCH
{IOBEPXHOCTb BOIH, MOXET OHTb CGHOPMYIHPOBaH CJAEAYIOLIHM
06pa3oM: NOKa BOZA HE BpAlLAETCs, €€ NMOBEPXHOCTh NMpeaCTaB-
aset coboft maockocTb. [lpu BpalieHHH BOAW €€ MOBEPXHOCTb
sisnsetcs napa6onounom. CocTosiHue IBHKEHHS Belpa He BJM-
sieT Ha OPMY MOBEPXHOCTH BOJH.

OnuumeM Tenepb TOT K€ IKCMEPHMEHT € TOYKH 3peHust
CHCTEMBl OTCYeTa, Bpaualouieics OTHOCHTENbHO 3eMad ¢ moc-
TOSTHHOM YTJIOBOH CKOpPOCTbIO, paBHOH MAaKCHMaJbHOM CKOPOCTH
BpaleHns Bexpa. Buauane Bepeska, BEAPO H BOAA ,BPALLAIOTCH®
C HEeKOTOPOH NOCTOAHHOH YTJOBOH CKOPOCTBIO OTHOCHTE/BHO
HOBOH CHCTeMH otcyeTa. IIpH 3TOM nNOBEPXHOCTH BOAW Npen-
cTaBnfeT co6Off IJIOCKOCTh. 3areM BepeBka, a BCJex 3a HeH
H BEIPO ,OCTAaHABJIMBAIOTCA®; TNPH STOM BOJA TNOCTENEHHO
,3AME/IIEeTCA“, a €€ TOBEPXHOCTb CTAHOBHUTCA NapaGoJIoHAOM.
[locne TOoro Kkak BOxAa TMNPHXOAHT B COCTOSIHHE ,TIOJHOrO
NOKOS“, ee IOBEPXHOCTb eue fBAdeTcd NapabonoHAanbHON.
3areM BepeBKa, a Takwke BeIpO CHOBa HAYHHAIOT ,BpaUaTLCH*



OTHOCHTENbHO Hawmefl CHCTeMH OTcyeTa (T. €. OCTaHaB/IHBa-
10TCS OTHOCHTE/NLHO 3€MJIH); BOAA HAYHHAET MOCTENEHHO Yy4acT-
BOBaTh BO ,BpALLEHHH*, TIPHYEM NMOBEPXHOCTDH €€ BHIPAMAACTCH,
B KoHue KOHIOB, KOTAA BCH CHCTEMAa ,BpaIaeTCa“ C MepBo-
HavanbHOH yT/IOBOH CKOPOCTBIO, MOBEPXHOCTb BOIW CTAHOBUTCH
onAth MAOCKOH. OTHOCHTE/ILHO 3TOH CHCTEMH OTCY2Ta TOT Ke
33KOH MOXHO cHOpPMYAHPOBATL CleAylomuM o6pa3oM: nosepx-
HOCTb BOJHW SIBASETCH MJIOCKOH TO/MLKO TOrAa, Koraa BOAa
»BpallaeTca® ¢ HEKOTOPoH yriaosolt ckopocThio. OTKnOHEHHe
(opMH NOBEPXHOCTH OT IJIOCKOH BO3PAaCTaeT C OTKJOHEHHEM
OT TaKOTO COCTOfIHHS ABHWeHHs. B cocrosinud nOKod nosepx-
HOCTBIO TaKxe fBAsieTcs napabosioun. Bpauense sexpa onsThb-
TaKH He HrpaeT HHKaKkoH pou.

HbloToHOBCKHH SKCIIEPHMEHT C BEAPOM OYEHb SCHO IMOKa-
3niBaeT, YTO MOHHMAETCH MOA ,NMOAXONAIEH CHCTeMOR OTCYeTa,
MoOXHO oOmMCHBATh fIBNCHHSI NPHPOAH M YNPAB/AIOWHE HMU
3aKOHH, I0JIb3YsACh NPOH3BOJLHO BHOpPaHHOMN cHcTeMolt OTCueTa.
OmHako MOXeT CyLIecTBOBaTb CHCTEMa (H/IH CHCTEMH), B KOTO-
poif 3aKOHH NPHPOANW HMelOT 0coGeHHO mpocTofi BuA, T. €.
COZepHAT MEHbIIEe KONHYECTBO COCTAaBHHX 9/IEMEHTOB, YeEM
B JIpYTHX cHcteMax, BoasbMmeM, Hanpumep, HbIOTOHOBCKOE
Bpaitalonteecs Benpo. Ecau 6w onkcanue sBneHufi NpHPOIH
NPOH3BOAWJIOCH B CHCTEME OTCHETAa, CBSI3aHHOH C BegpoM, TO
MHOTHe (pu3HUeCKHe 3aKOHH MOMKHH OhaM Oh colaepxaTb
H00aBOYHLI  SJEMEHT, YTAOBYI0O CKOPOCT ® Beapa OTHO-
CHTENbHO ,00Jee ynoOHOR® CHCTEMH OTCYeTa, CcKaweM, 3eMau.

3aKOHH JBHXEHHS [JIaHeT CYILIECTBEHHO YMNpPOLXAIOTCH,
€C/IH NO/Mb30BaThCS Tre/MOLEHTPHYECKOH CcHCTeMOH oTcyeTa, a
He reouentpuyeckoft. Iloatomy cucrema Konepuuka u Iamm-
Jesi Oblla TMPeAMOuTHTENAbHee cucTeMunl [ITonmomesn ewie mo Toro,
kak Kennepom u HbloTOHOM 6H/M  yCTaHOBNEHH 3aKOHH JBH-
WEHHS MNAHeT. :

Kak Tonbko c¢Tano sicHHM, uTO BHGOP CHCTEMH OTCYETa
onpeneaser ¢GOPMYy 3aKOHOB NPHPOAW, OHJM NPEANPHHATH
HCCMeNOBaHUA, MMEIOUIME LeJbI0 BHPA3HTL BIMAHMe BHOOpA
CHCTEMH OTCueTa B MareMaThHyecko#i dopwme.

[lepsoit o6nacThio ¢H3HKH, BCe 3aKOHH KOTOpPOH O
N0JHOCTBIO CHOPMYNHPOBAHH MaTeMaTHYeCKH, Gha MexaHHKa.



Cpenn Bcex MHIC/AHMBIX CHCTEM OTCYETa CYIIECTBYET COBOKYM-
HOCTb TAKHX CHCTEM, B KOTODHIX 33KOH HHEPUMH NpPHHHMaeT
CBOI0 OOBLIYHYI0 (OpMY: B OTCYTCTBHH CH/J [POCTPAHCTBEHHLIE
KOOpPAMHATH TOYEYHOH MacCh #BIAIOTCH JHHeHHHMH (YHKIH-
$MH BpeMeHH, JTH CHCTEMH OTCYETa HA3HLBAIOTCA HH € P I H-
anbHHMHE CHCTeMaMH. Bujo ycranosreso, uyto ecau
3aKOHH MEXaHHKH C(OPMYJIHPOBaTb B OXHOM W3 TaKUX CHCTEM,
TO OHH OYAYT HMETb TOT Xe BHA BO BCeX OCTaJbHHIX HHep-
HMaAbHEX CHCcTeMax. B mpyrux cucremax otcuera ¢usuyeckoe
MW MaTeMaTHYecKkoe oOnucaHHe Oyaer 6oJaee CAOKHBIM, Kak,
HampHUMep, B CHCTeME€ OTCYeTa, CBA3aHHOH € HbIOTOHOBCKHM
Bpautatouumest sepoM. OnHchBaTh JABHIKEHHE TOYEUHHIX Macc
B OTCYTCTBHH CHA MOXHO H B STOH cucreme OTCYeTa, HO Ma-
TeMaTHyeckas (OpMa 3aKOHA HHEPUMH YCAOXHUTCA. B 9tou
c/y4yae MPOCTPAHCTBEHHLIE KOOPAHHATH yxe He OyayT fuHei-
HHMH PYHKUMAMH BpEMEHH.

Tak KaKk 3aKOHW MEXaHHKH HMEIOT OIHH H TOT XKe BHI
BO BCEX HMHEpLHAJbHBIX CHCTEMAaX OTCYeTa, TO BCe HHeplHab-
tible CHCTEMH SKBHBA/MICHTHW C TOYKH 3peHHs MexaHuku. [IBu-
WETCA /M JIaHHOE TeJO YCKOPEHHO, MOXHO Onpele/MTh, CpaB-
HYBas €ro JBHWEHHE ¢ ABHWEHHEeM TOyedHO#! Macch, He Ha-
xoaauiefics non aehicteueM cua. Ho ycranoButh, ,mokouTCH®
HaHHOE TeNO WIH LJABHXETCH paBHOMEpHO“, TakuM 0O0pa3oM
Helb3d, TaK KaK 3TO 3aBHCHT OT BHOOpa HHepUMaabHOft CH-
CTeMH, B KOTOpPOH sBleHHe OMNUCHIBAETCH. TepMHHHW ,fIOKOfHi*
H ,PaBHOMEpHOE NBHXXEHHE® He HMeloT abCOMOTHOrO CMBICTA.
Mpusuun, ycrauasauBalout, 4YTO 0PH  ONUCAHHK SBAEHHH
NpUpoas BCe HHEPUHA/bHHE CHCTeMbl SKBHBA/NEHTHHl, Ha3bi-
BaeTCH NPHHUHKIOM OTHOCHTENBHOCTH.

Korxa MakcBennoM OH/IH yCTAHOB/EGHN YDaBHEHHS SJEKTPO-
MATHHTHOTO MOJH, Ka3a70Cb, YTO OHH HE COBMECTHMH C MpHH-
LIMIIOM OTHOCHTE/NbHOCTH. Tak, cornacHo Teopuu Maxcsesna,
9JIGKTPOMATHUTHLIE BOJIHE [O/MKHH PacnpocTpaHATbcs B Myc-
TOT€ € YHHBEDCA/JIbHOH MOCTOAHHOH CKOPOCTbIO ¢, PaBHOH
npumepio 3.10'° cMm/cek, 4TO NPENCTABAANOCh HEBO3MOWHLIM
ONHOBPDEMEHHO N0 OTHOWEHHIO K ABYM HHEpHHAJbHHM CHCTe-
MaM, JABHXYUIMMCA JPYr oTHocutenbHoro Japyra. Ecmn 6w
CYILECTBOBA/MA OAHA CHCTEMAa OTCYeTa, B KOTOPOH CKOPOCTH



9NEKTPOMATHHTHHIX BOMH Oblna OW OXHOH M TOH Xe BO BCex
HanpasBleHHAX, €e MOXHO OnJ0 O HCNOAb3OBATH AAd OMNpe-
AeNeHHA ,a6COMOTHOTO NMOKOS® H ,aGCOMOTHOFO ABHXEHHA“.
MHOrHe SKCNEPHMEHTATOPH YNOPHO NHTAMHCh HAHTH Takylo
CHCTEMY OTCYETa M OfpelesMTb ABH¥eHHe 3eMIH OTHOCHTE/IbHO
Hee.

Oxnnaxo Bce 9TH NOMHTKH Ob Gedycneuan. Boaee toro,
BCEé O9KCMEPHMEHTHl, Ka3a/loCh, TOBOPH/IH O TOM, YTO MPHHUKIO
OTHOCHTE/IbHOCTH TaK e XOpOWO fIPHMEHHM K 3aKOHaM sSJie-
KTPONMHAMUKH, Kak M K 3akonam Mexanuku. . A. Jlopentu
NpeanoKHA HOBYIO TEOPHIO, B KOTOPOH NPHHHMANOCh Cylie-
CTBOBaHHE OZHOH NPHBHJIETHPOBAHHON CHCTEMH OTCYETA B B TO We
BpeMA OGDBACHAJOCH, MMOYEMY €e Heab3n OGHAPYKHTb IKCrepn-
MeHTaMbHEM myTeM. Omuako JIOpeHTL AOMKeH OHJ BBECTH Pl
NpPeAnooXeHHl, NPaBUALHOCTD KOTOPHX He/b3si Oni/io mpose-
pHTh HH NPH KAaKWX MLICAMMEIX 9Kcnepumentax. C  srolt
TOYKH 3DEHHS €ro TeOpHs He BMOJHE YIOBAETBOPHTENbHA.
Toapko DiHwITeAH NOJHOCTBLIO OCO3HANR, YTO JHIUL NpPH MO-
MOU{H PEBH3HH OCHOBHBIX NPEACTAB/JEHHA O NPOCTPaHCTBE H
BpeMeHd MOXHO YCTPaHHTb HECOOTBETCTBHE MEXAY TeopHeH
¥ sKcrnepuMenToM. JlHiib focie TOr0 KaK Takas peBH3NA
6hi1a OCYU(ECTB/EHA, MPHHLUMN OTHOCHTE/NLHOCTH OHJ pacnpo-
cTpaien Ha BClO ¢H3uKy. COOTBETCTBYIOUIA TEOPHS HOCHT
Tenepb Ha3BaHHe crneuHabHOR TeOpHH OTHOCHTeNbHOCTH. Ona
YCTaHABJMBAeT MOJHYI0  SKBHBAJEHTHOCTD  BCeX  HHEpUH-
abHBIX CHCTEM, HO MOJHOCTBIO COXPAHAET HX NPHBHJIETHPO-
BAHHOE [0JIOXEHHE MO OTHOWEHHI0 K OCTaNbHHM CHCTEMaM
otcyeta. B Tak Ha3swBaemMolt oO6Liedl TEOPHH OTHOCHTENBLHOCTH
o0cymnaercss, a 3aTeM YCTPaHAETCH MPHBHJETHPOBAHHLIA Xa-
PaKTep HHEPUMANbHLIX CHCTEM, 4YTO IHaeT BO3MOMHOCTH CO-
37aTb TEOPHIO rpaBHTaUMH,

B stoit kHure cnavana GyjaeT paccMOTpeHa ¢ KAaaccuye-
CKOi TOYKH 3pEHHMS POJb DPa3NWYHLIX CHCTEM OTCYETa B MexXa-
HHKE W, B0 HEKOTOPOH CTemeuH, B 9JeKTPoAMHamuke. Toanko
nocse TOro, KaKk 4YWTaTeNb MOJAHOCTBIO OCO3HAeT, Kakue He-
paspeuiMMbie MPOTHBOPEYMS BO3HHKAIOT MEXAY BHBONAMH Te-
OPHH H pe3y/bTaTaMK 3IKCMEPHMEHTa B KJAcCHYeCKOH 9/eKTpO-
AMHAMHKE, OH CMOXKET MOHATL HeOOXORUWMOCTL MEpecMoTpa



Kknaccuueckof ¢U3HKH C TOYUKH 3PEHHA TEOPHM OTHOCHTE/b-
HOCTH, JlHiib yCBOHWB HOBHE MPENCTaBACHHS O MNpPOCTPAaHCTBE
H BpeMEHH, JIETKO MOHATb ,PEAATHBHCTCKYIO MEXaHHKY“ H
»PE/NTHBUCTCKYIO S/IEKTPOAHHAMHKY “.

Bropas 4acTb Knurum nocesiieHa obuiefi TeOpHH OTHOCH-
TE/JbHOCTH; B TPETbeH YacTd paccMaTPHBAIOTCH HEKOTOphe
HeJaBHHE NOMHWTKH PacnpoCTPaHWTb TEOPHI0 rpaBHTAaLHH Ha
9/IEKTPOJHHAMHKY,



Jacmoes

CIELMAJIbHAST TEOPHSI
OTHOCHTEJIbHOCTU






I'aasa I

CHUCTEMBI OTCYETA, CUCTEMbI KOOPIWHAT
U NMPEOBPA3OBAHUA KOOPJHUHAT

%

O cucreMax OTCYeTa y¥e TOBOPUJIOCH, TPHYEM YNOMHHa-
nach JekapToBa cHcTeMa koopaunat. B sTtoii riase Gyaer
noxpoGHO HMCCIENOBAHA CBA3b MEXLY Ppas/H4YHBIMH CHCTEeMaMu
OTCYeTa M PasNUYHLIMH CHCTEMAaMH KOODAHHAT.

Mpeo6pa3oBanns KOOPAHHAT, He3aBUCSIHE OT BPEMEHH.
B kayecTBe THIIMYHOTO MPHMEPAa PacCMOTPHM TeOLEHTPHYECKYIO
CHCTEMy OTCYeTa, T. €. CHCTeMy OTCYeTa, TBEpAO CBSI3AHHYIO
¢ 3emaeit. Ing TOYHOTO ONpenesieHHsl MOJOMEHHA TOYKH OT-
HOCHTENBHO 3eMJ/Id BBeleM CHCTeMy koopaHHaT. BoiGepeM Ha-
yaJi0 KOOPAMHAT, CKAaXEM B 1IEHTPE 3eMHOro 1Iapa, W Hampas-
neHHs Tpex oceff, HampuMep ocb X MOXHO HanpaBHTb U3
neHTpa 3eMJH B TOYKY NepeceyeHHs 9KBaTOpa ¢ TPHHBHYCKHM
MEpPHIMAaHOM, OCb Y — B TOuYKY mepeceyeHHs aKBaTOpa ¢ Me-
puaxanom 90° BOCTOYHOH HOATOTH H Och Z——4epes cesep-
it nomoc. Ilonoxenne mo6Go# TOYKH oOnpemenuTcs TOraa
TpeMs JAefCTBHTE/JbHBIMH YHC/IAMH, KOODAHHATaMH HaHHOH TOYKH.
IBukeHHEe TOYKH [IOJHOCTHIO ONMCHBAeTCA 3aJaHHEM ee Tpex
koopauHaT Kak Gyskuui Bpemend. Ecau sTH dyHkuuH asas-
JOTCA MOCTOSHHHIMH, TOYKA NMOKOHTCS OTHOCHMTE/BHO BHIGpaHHOMN
cucTeMu otcdyera. Hapany ¢ ynomanyTto#i cucremofi oTcyera ¢
TAKMM ¥Ke YCNeXOM MOXHO BBECTH H JIpyTHe CHCTEMH, TaKKe TBepAO
ceasauunle ¢ 3emaefi, Hanmpumep, MH MOxeM BHGpaTh Hauano
KOOpPAHHAT B JIOGOM TOYKE MNOBEPXHOCTH 3EM/H H HaNpaBUTb
ocb X, CKaxeM, Ha BOCTOK, ocb Y —Ha ceBep, a ochb Z—
BEPTHKANBHO BBEPX, T. e, OT uUeHTpa 3emiun (3emas npexno-
naraetcs céepHueckott).

Cs#13b MeXAy ABYMH KOODAHHATHHMH CHCTEMAaMH MOJHOCTbIO
onpejesieHa, ec/ld KOOPIHMHATH MPOU3BOJILHOK TOYKH B OXHOMK
CHCTeMe 3aZaHH KaKk (PYHKLHH ee KOOpPAHHAT B JApyro# cu-



creme. O603HaYMM MNepBYIO CHCTEMY KoopauHaT d4epes S, a
BTOpYI0 — yepe3 S', KOOpPAHHATH HEKOTOpol TOukH P oTHo-
cHTeMbHO S —vyepes (x, ¥, Z), a KOOPAMHATH TOH XK€ TOYKH
oTHOcHTEbHO S’ —uepe3 (x' ¥, 2'). Torma x', y' u 2’ cBa-
3aHW ¢ X, ¥y H Z YPAaBHEHHUIAMH:

0
X=X+ 6,y + ¢zt 5

0
Y =ty X+ Cpytcyuz+ (1.1)

0
Z=cyz+ ey oz 2,

0o 0 o
rie (x', ¥', 2') — KOOpPAMHATH Haya/la KOOPAMHAT CHCTeMu S B
cucreme S’. [Moctosinune ¢, FBASIOTCH KOCHHYCAMHM YT/OB Me-
w1y ocamu cucteM S u S§', ¢, COOTBeTCTBYeT yray Me-
way ocsmu X v X', ¢, —yrny mexay Y n X',
¢y — Mexkny X v Y’, u tak nmanee.

llepexon OT OAHOM cHCTEMB KOODXHMHAT K APYrofl Hasu-
BAETC HPe0OpPa3oBaHUeM KOOPAHUHAT, a ypaBHeHus,
CBA3BIBAIOLIME KOOPAHHATH TOYKH B IBYX CHCTEMAaXx KOOPIH-
HAT,  Ha3LBAIOTCH ypaBHeHHnsasMH npeobpa3oBa-
HHA.

CucTeMn KOODAHHAT HEOGXOAHMH HE TOJNBKO A ONHCA-
HUH TIOJIOXKEHMSl, HO M A8 NpPeNCTaBJeHMs BeKTOPos. Pac-
¢MOTPHM KaKoe-1MG0 BEKTOPHOE moje, HanpuMep 3/1eKTpOCTa-
THYECKOE MoJle, B OKPecTHOCTH TOYKH P, BemuuuHa M Ha-
NpaBJeHHe HAIIPSAKEHHOCTH 3JekTpuyeckoro noas E B P
110/IHOCTHIO ONpeAesioTcs 3agaudeM koMnowedT E  oTHocu-
TeNbHO BuOpanHo#t cHcTemnl koopauHaT S. O603HauuM KoM-
uoHeHTHl E B TOuKe P OTHOCHTEnbHO cHcTeMbl S uepes E
E, n E,. Komnouents E B Tolf e Ttouxke P OTHOCHTEBHO
Apyro# u«cremu Hanpumep §', MOXHO NONYYHTb, 3Has ypas-
HeHHS npeoépasoaauun cucTemsl koopauuat S B S, Otn

I

HoBwe koMmnowents Ey, E, u E, He 3aBHCAT OT mepeHoca
9 0 0
Haya/la KOODAHHAT, T. €. OT NOCTOAHHHX X', ¥' W 2’ B ypas-

Hennax (1.1). E; ABAeTca cymmMoH npoekund E, ., E n E,



’ ’ ’
Ha ocb X'; Ey n E; onpenensioTcd aHaZorHdHO M Takkm
o6pasoM:

Ey=eE;+ ¢E,+cE,
Ey=cyE 4 cnEy+cyE
E;,=cyE, +CazEy+¢'aaEz-
3akoH, onpenenslouMi npeoGpa3oBaHue KOMIMOHEHT Kaxoii-

60 BeNHYHHB B 3a1aHHOM TOYKe H3 ONHOH CHCTEMH KOOGp-
IMHAT B APYrylo, Ha3bBA€TCA 3aKOHOM MpeoOpasoBaHus.

IMpeo6pasoBanns KOOpAWHAT, coaepxamme Bpema. [o
CHX MOP MBI PacCMaTpPHBAMM TO/NBKO TakHe mnpeo6pa3oBaHHs,
NpH KOTOpHX 06e CHCTEMB KOOPAMHAT OHAH TBEPAO CBA3AHH
€ OIHHM H TeM ke TesioM, HanpuMep ¢ 3emselt. Omnako npe-
06pa3oBanHe KOOPAHHAT RAET BO3MOXHOCTb HCC/AEAOBATh CBS3b
W MEXAYy HABYMS IBHXYLIMMHCS JPYr OTHOCHTEJbHO Jpyra
CHcTeMaMH oTcyeta. B 9tom caysae kawnofi cucTeme orcuera
COOTBETCTBYET CBOSl CHCTEMa KOOPAHHAT.

CpaBuuM cucTemy OTCHeTa, TBepJO CBAI3aHHYIO C 3emel,
C CHCTEMOH, TBepAO CBA3aHMOM ¢ HBIOTOHOBCKMM BeADOM, Bpa-
W{AIOUIHMCH BOKPYT CBOEH OCH C MOCTOSAHHOW Yr/IOBOH CKO-
POCTbIO. Ml MOXEM BBeCTH JBe CHCTEMH KOOPAMHAT, KOTOphie
Ial0T BO3MOXHOCTH ONPEAE/NHTL MONONEHHE HEKOTOPOH TOUKH
B Kaxao# cucteme orcueta. O603HAYHM ITH CHCTEMH KOOp-
JMHAT CODTBETCTBEHNO 4epe3 S (370 S He MAEHTHYHO C Mpex-
HuM S) v S¥, npuuem nomecTHM Hayala KOOPAMHAT 06exx
CHCTEM B OAHOH M TOH e TOYKe HA OCH Beldpa, a ocu Z u Z*
NyCcTb COBMAZAIOT W HANpaBieHH BepTukanbHo Beepx. Ecau Beapo
BpAIAETCA ¢ MOCTOSHHOM Yr/IOBOH CKOPOCTbIO ® OTHOCHTE/bHO
3emau H B mMomenT £==0 ocp X mnapannensHa ocH X*, To
ypasnexna npeo6pasopanus uMeOT caeaylomwmi sun (¢ur. 1).

x{é: cosmt.x+sin l’)t')’,
y* = — sin ot x - cos f - y, (1.2)
2¥ =2z,

Ypaeueuus (1.2) 1o ¢opme ananoruuHsl ypastenvam (1.1),
ONHAKO 3AeCh KOCHHYCH YIVIOB MEXAY OCSIMH yXe He [IOCTOSH-



HHE BeJMuMHH, a GYHKUHH BpeMenH. JIBuikeHHe JBYX CHCTEM
OTCueTa APYr OTHOCHTEJbHO JpYyTa oOnpeldenseTcss 3aBUCH-
MOCTBIO ¢, OT BPEMEHH.

Ypasnenus (1.2) ZalOT €BA3b MeXAY IBYMS BpallalOLIu-
MHCH JPYr OTHOCHTEJIbHO Apyra cucTeMaMH oTcyera. Yacto
HAc MHTepecyeT cBfi3b MeXAY JBYMS CHCTEMaMH, JIBHXYUIH-
MHCSl IpYr OTHOCHTE]bHO IPYra paBHOMEPHO H npsMoauHefino.
B sToM ciyyae cucteMn koopauHaT S M S* yno6Ho pu6pats
TaK, 4YTOGH HX COOTBETCTBYIOU[HE OCH OHWJIM mnapanielbHH
M Hayaza KoopauHaT cosnagand B MomeuT £==0. Toraa ypas-
HeHusl npeoOpa3oBaHHA HMEIOT BHA:

x*=x —vt,

Y=y —uvf, (1.3)
r=—=z— v f,

rie v,, v, W U, — KOMNOHEHTH CKOPOCTH CHCTeMH S* otHo-
cHTeNbHO S,

Bun ypasnenu#t npeoGpasosaunst (1.2) u (1.3) saBucwur,
KOHEYHO, OT OTHOCHTE/IBHOTO IBHXEHHSl HBYX CHCTEM OTCYETa,
HO OH 3aBHCHT TaKXe H OT ONpefe/]eHHHX NPeRnoIoKeHH
OTHOCHTE/IbHO MPHPOAH NPOCTPaHCTBA M BPEMEHH; MH npei-
1oJIaraeM, YTO BO3MOXHO ONpejesieHHe BPeMeHH { BHE 3aBHCH-
MOCTH OT BHOGOpa CHCTEMH OTCYeTa, APYTHMH CJOBaMH, 4YTO
BO3MOXHO IOCTPOMTb YaCH, XOJ KOTOPHX HE 3aBMCHT OT CO-
CTOSIHHS HX JBHXEHHA. ITO NpPEANO/NOKEHHE B YPaBHEHHAX
npeoGpa3oBaHHs BHIPAKAETCH B TOM, YTO OTCYTCTBYeT ypas-
Henue, jamouiee npeoGpasoBaHHe BpeMeHH. [lpu xenauuu
MOXHO HOGaBHTH ypaBHeHHe

1=t (1.4)

SIBHO BHPaXalolllee YHHBEPCA/JbHHH XapaKTep BpeMeHH.
Jpyroe mnpenno/oxeHne KacaeTcsi H3MepeHHs IJHH. Mu
NpeanonaraeM, YTo pacCTOSHHE MeXAy ABYMsl TOYKaMH (KOTO-
pHe MOryT OWTb YacTHIAMH) B NaHHHH MOMEHT BPEMEHH He
3aBMCHT OT BHGOpDa CHCTEMH OTCYeTa, T. €. MHl Mpeanoaa-
raeM, YTO MOXHO NOCTPOHTb TBepAHE JHHEHKH (CTepXHH),



IJHHA KOTOPHX HE 3aBHCHT OT MX COCTORHHA ABHXEHHS.
Vpasuenns (1.3) ocobeHHO SCHO MOKA3WBAKOT, KaK 3TO mpen-
NOJMIOKEHHE OTPakaeTcs YpaBHeHWAMH npeoGpasoBauus, Tak
KaK pacCTOSIHHE MeXRy AByMs Touxamu P, u P, ¢ xoopau-
HaTaMH (X;, Yy 2;) ¥ (X5, Y, 2,) PaBHO

312=V(xa—x1)2+(y2 _yl)z—i_(zz—z])’! (1.5)

z )z

@t
2 z*
&ur. 1. CacreMa koopaunat S* ¢ koopanHatamu (x¥*, y*, z*) Bpa-

WaeTcsi OTHOCHTEJbHO CHCTeMbl KOOPAHHAaT § ¢ KOOpAMHATaMu
(x, ¥, Z) ¢ yraoBo# CKOPOCTBIO ©.

TO OUYEBMAHO, YTO B /M0GOH MOMEHT BpeMeHH CNpaBelMHBO
paBeHCTBO:

V(xz—xl)’+()’2—”y1)’+(zg —2 )=
=V @& T —yrte—ey- (6

B nmanbHelillieM HaM NPHAETCA BO3BPATHTBCA K STHM Nped~
NONOWKEHHM.




I'saasa Il

KJIACCHYECKAA MEXAHMKA
X

3axoH RHepuAH, WHepuHaJbHble cHeTeMbl, MexaHuka
Tanunes — HploTona 6nina nepBoit oGnactblo ¢u3KKM, CTas-
nleft nan6onee paspuTol 3kcnepumentanbHol Hayke#. [Mpewne
BCero Obl1 YCTAHOBIEH 3aKOH WHEPUMH: mesa, He 83AUMO-
Oelicmsyoue ¢ Opyzumu meaamu, npooosxcarom ocma-
8aMbCA 8 COCMORKUL NOKOS UAL PABROMEPHO20 NP AMOALU-
Helino20 Osudicenus. pyzumu caosamu, Osurcerue marux
men SBASEMCR HEYCKOPEHHHM.

Yro6H BHPa3HTh 3aKOH HHEPUWH B MaTeMaThueckoi ¢op-
Me, MH OyIeM ONHCHBATh NO/JOXKEHHE Tela ero TpeMs Koop-
IHHATAMK: X, ¥ ¥ 2. EcaM Telo He HaXOHHTCH B COCTOAHHH
1I0KOfl, ero KOOpJAHHATH ABAAIOTCH (yHKuusMH Bpemenu. Co-
INIaCHO 3aKOHY HWHEPUMM, KOTAA HAa Telo He HeHCTBYIOT CHJBI,
BTOpbiE MNPOM3BOAHWE 3ITHX TpeX GYHKLHH, T. e. yCKOpeHus,
©o6paIanTci B HYJb:

x=0, y=0, z=0. (2.1)

. dx
(Mu noab3yeMci OObiuHbIM 0603HAUYECHHEM X BMECTO EF)

Tlepsuid unTerpan ypasueuuit (2.1) BHpa¥aeT nOCTOAHCTBO
TPeX KOMIIOHEHT CKOPOCTH:
0 . 0 . 0

)&=ux, y=u, z=u, (2.2)

Ypasueuus, Bupaxalouihe 3aKOH WHEPUHH, COMEPHKAT KO-
OpAMHATH M OTHOCHTCH NOITOMY K OIpPeNe/NeHHOH  CcHCTeMe
KoopanHat, [loka cHCTeMa KOODAHHAT He BHIGPAHd, 3aKOH
MHEpUHH B TOM BHIE, KaK OH cQOpPMYJMDOBaH BHUHE (CM.
KYpCHB), ellle He MMeeT TOYHOro cmmicaa. Jag M060to Tena
MB BCErZa MOXeM BBeCTH CHCTeMy OTCYeTa, B KOTOPOH OHO
nokouTCcs M, cresosarebio, ne yckopedo. Ilpasuibhas dop-



MYJMPOBKA TaKOBAa: cyuecmeyem cucmexa (usu cucmemu)
KOOpOuHaMm, OMHOCUMEAbHO KOmOpOW 68ce meaa, He UuCnu-
musaowue Odelicmsusn cus, 08uNcymca Heyckopenrno. Cu-
cmemb  KoOpOuxam, o6radeiouyue MaKuMu C8OLHCMBAMU,
i COOMBeMCMBYIOWUe UM CUCIMEME OMCYEMA HA3N BAIOMCSA
UHEPUUANLHIMY  CUCMEMAME.

KoHeuHo, He Bce CHCTEMBl OTCYETa SABIAIOTCH HHEPL{HaNib-
HHMH. Hanpumep, 6yASM HCXOAMTb M3 HHEPHHANLHOM CHCTeMb
KoopaMHaT S H mnpousBeleM mnpeoGpazoBanHe (1.2) Kk cu-
creMe S*, Bpamaioutefics ¢ noctosiHHON yrioBo#t ¢KOPOCTHIO ®
oTHocHTenbHo S, YTo6W moaydYHTh 3aKOHH npeoGpa3oBadus
ypasuenuit (2.1) u (2.2), npoauddeperuupyem ypaBHeHust
npeo6Gpa3osanus (1.2) cwavana omuH, a sateM BTOpoH pa3s no
Bpemenu f. [loayyaioutHecs ypaBuenus coaepwar x, V, 2,
Xx*, y* z* M MX NepBHe W BTODHE MPOH3BOIHHE IO BPEMEHH.

Mst npexnonoxuau, 4TO CHCTeMa KOOPAHHAT S HHEpUNA/IbHA.
TTosTOMy NOACTaBHM BMECTO X, y M Z H X, y H 2z co-
otserTcTBeHHO Buipaxenus (2.1) u (2.2). Takum o6Gpa3om, mo-
JyuaeM AAA KOODAHHAT, OTMEYEHHBX 3Be3JOMKOH W MX mpo-
HM3BOAHMIX,

. 0 0
L Jpu—, ¥ i
x* = @y* - u, cos of - u, sin of,

) 0 0

y*=—ox* |- u,cos of —u_sin ot (2.3)
.0

Z*=u,

x* = 0ix* -+ 20y*,
y*=o0ly* — 2ox*, (2.4)
¢ =0,

OkasniBaeTes, 4TO B cHCTeMe KOOpXMHaT S* He Bce BTOpHE
Npou3BOIHKE NO BpeMeHH Hcye3alor. Muoraa GulBaeT ynoGHO
nepeATH K CHCTEME OTCYETa, B KOTOPOHl MOSBAAIOLUIHECS YCKO-
peHHst O6YCIOB/EHH HE AEHCTBHTE/NbHHIM B3aUMOACHCTBHEM Tea.
YMHOKEHHBIE HA MacChi, 3TH YCKOpDEHHfi TPaKTYIOTCA KaK



peanbHue CHJIB H GoJbiiel 4YacThI0 HOCAT Ha3BaHHE ,CHI
uHepuuu“. HecMOTps Ha 9TO HasBaHHe, OHH He SIBJSIOTCH Ha-
CTOSIIUMMH CHJIaMH; OHH TO/MbKO (opMa/ibHO BXOAST B ypasHe-
HUSl TaK e, Kak OGb4HBE CH/IH. B HamieM ciayyae nepshie
yieHn 02x¥, @3y*, yMHOXEHHHE Ha MacCy, Ha3HBalOTCH , LeH-
TPOGEXHHMH CHIaMH®, a NOCJAENHHE WIeHH, TAaK¥e YMHOWeH-
HHe Ha Maccy, HasbnBaloTCH chaamu Kopuoawca.

C nmpyro#i CTOpOHH, CYILECTBYIOT THNH MPeo6pa3oBaHHi
KOOpIHMHAT, ocTapisionne (OpMH 3akoHa HuHepuuH (2.1) neus-
MeHeHHHMH, B KayecTBe Takoro ciyyast pacCMOTPHM paHbLi€ BCero
npeo6pa3osanus THna (1.1), He cBA3aHHHE C NEPEX0OJOM K HO-
BOH cucTeMe otcyera. Hudpepenuupopatnem (1.1) c noacra-

noeko#t X, X u tak nanee u3 (2.1) u (2.2) nonydaeM ypas-
HEHHSL:

. 0 0 o 0
X' =yl €, - O, =,

. 0 0 0 0
Y =ty Cptt, o, =1, (2.5)

. 0
’ —— —_— .
2 =yt ottt i, =,

x'=y =2'=0, (26)
KoMnoHenTH CKOPOCTH, KaK M CJEN0BAaJO OXMAaTh, Npeodpa-
3yIOTCHl, KaK KOMIIOHEHTH BEKTOpa, a ypasuenus (2.1) Boc-
NpOM3BOAATCS B HOBHX KOOPAMHATaX 6e3 M3MeHeHHS CBOero
BHIA.

Hpyroe mpeoGpasoBaHHe, COXpaHsiOllee BHA 3aKOHA HHep-
uuM, ecTb mnpeoGpaszosanue tuna (1.3). Ouo coorsercTeyer
nepexony OT OHOM CHCTeMH OTCYeTa K APYroff, ABMxymiehcs
OTHOCHTE/bHO TEpBOH pasHOMEPHO M MmpsmoaHHedHo. Hudde-
penupya (1.3) mBa pasa, nonyqum

x*=X, y —y ¥ =g, (2.7)
H, €C/IH JBWXEHHE Tela B CHUCTeMe S NONYHHAETCH 3aKOHY
unepiiun (2.1), M HMeeM Takxe:

X* =yt ==z* =0, (2.8)



B TO BpeMA KaK NepBuie MPOH3BOXHLIE OTMEYEHHHIX 3BE3MOYKOHK
KoopauHaT [ecnn ypaBHeHHs (2.2) OTHOCATCH K HEOTMEYCHHHM
3Be3/10YKOH KOODIHHATAM| PaBHHL:

. 0 0*
ey —v =
xX*=u,—7v, u,

. 0 0
y*:.-uy-—'vy:a;, 2.9
0 0

W00
*=u, —v,=u,

YpaBuenns (2.8) nOKa3uBalOT, 4TO 3aKOH HHEPUHH BHNO/~
HeTCsT B HOBOR cUCTeMe TaK e, KaKk M B cTapoH. Ypashe-
Hus (2.9) supaxaior ToT (aKT, YTO CKOPOCTb B HOBOH KOOp-
ouHaTHOR cucTeMe S* paBHa pa3HOCTH CKOPOCTH B CTapoi
CHCTeMe M OTHOCHTE/bHON CKOPOCTH OOGEHX CHcTeM. JTOT 3aKou
Y4CTO HA3HWBAIOT (K/JACCHYECKHM) 3aKOHOM CJIOXEHHS CKOPOCTef.

CucTeMH OTCYETAa H CHCTEMH KOODAHHAT, B KOTOPHX Clipa-
BeVIHB 3aKOH (2.1), SABIAIOTCH HHEPUHAJBHHIMH CHCTEMAaMH.
Bce nmekaproBW CHCTEMB KOOPAHHAT, MOKOSILUMECS OTHOCH-
TeJbHO HHEpPUHAILHOH CHCTEMH KOOPHAHHAT, CaMH SBJAIOTCH
TaKkKe HHePUHANbHHIMM CHCTeMaMH. JlekapToBH CHCTEMH KOOp-
IHHAT, CBA3AHHHE C CHCTEMOH OTcYeTa, PaBHOMEPHO H MpPAMO-
nuHefiHo ABHXYHIEHCH OTHOCHTE/NbHO HEKOTOPOH HHepLHa/ibHOMK
CHCTEMH, TaKXe fBJAIOTCH MHEPUMAIbHHMH cHcTemamu. C apy-
rol cTopoHH, €C/JH Mbl mepelineM K HOBOH cHCTemMe oOTcuera,
YCKOPEHHO JABHXYuedcss OTHOCHTENbHO MepBOH, TO mpeoGpa-
30BaHHA KOOPAHHAT B STOH HOBOH CHCTeMe He mnpHBEAyT
K ypaBuenusM (2.1). Yckopenue HOBOM cucCTeMH oOTcyYeTa OT-
HOCHTE/IbHO HHEpPLMaNbHOH CHCTEMbl NMPOSBISETCH B TOSB/ACHHH
YCKOpeHHs Tes, He CBA3AHHOrG € Ha/HYMeM peasibHhHX CHAL.

TipeoGpasoBanns lannnes. Ecau kakoit-m6o 3akou ne us-
MeHsleT CBOEro BHIA NPH HEKOTOPHX NPeoGpPasOBAHHAX KOOP-
IMHAT, T. €., €C/AH OH OJHHAKOBO BHIPAKAETCH B PAa3JHYHBIX
KOOpAHHATAX, TOBOPAT, Y4TO STOT 3aKOH MHBAPHAHTEH MIH KO-
BapHAaHTEH OTHOCHTE/NBHO pPAacCMaTPHBAEMOro MpeoGpa3oBaHHus.
3akoH HHepuuu (2.1) KOBApHaHTEH OTHOCHTENLHO MPeoGpas3o-
Banuit (1.1) u (1.3), Ho He orunocurenpno (1.2).



[peo6pazoBannst (1.1) u (1.3) BecbMa BawHu I Aanp-
uefutero. OOBYHO KX Ha3HBAIOT Mpeo6GpPa3oOBaAHHAMMU
Tanunesa. Cornacho kaaccuyeckoit ¢usuke, moGuie a8e
HHEpPUHA/IbHBIE  CHCTEMbl  CBf3aHbl npeo6Gpasosannem [anu-
Jes.

3akoH cua H ero TpanchopMaunOHHbLIE cBOHCTBA, Pac-
cMOTPHM TpancopMauHOHHHE CBOHCTBA OCHOBHHX 3aKOHOB
KAACCHYECKOH MEXaHHKH. DTH 3aKOHH MOTYT GOhTh cdopmyu-
poBaHbl CAERYIOIMMM 06pa3OM.

Tesa, Haxodawuecn nod Oelicmsuem cun, npuobpemarom
VCKOPeHuR, nRpoOnopuuoHaisvrue smum cusaxw. Omruouenue
cunbl K YCKOPeHuio 047 OQHHOZO0 MeAG ecmb B8eARHUUHA. Nno-
CMOAHKAR, HA3LBAEHMAA MACCOU mena,

IToanan cusa, Oelicmsyiouas Ha meso, erms 8eKMOPHAA
cyMMa Bcex cun, 00YCAOBLEHHBX Opy2umu mesamu OQHHOU
Mexanudeckod cucmenmdt. pyaumu caosamy, HOAHOE 83Qu-
Modedcmsue cucinembi mes COCIMABASEMCA ©3 83QUMOOel-
cmeul omoesvrix nap. Caswt, ¢ KOMOpusy d8a mera ded-
cmsyiom 00HO Ha Opyz20e, HanpasAeHsi hHO NPAMOL, Uux
coeOunaouel, pasHs no Gesu4ure u nPOMUBONOAONCHO Ha-
IPABAEHb, MO ecine 08a MeAq KO2Ym AubO OMMAAKEBAMBCS,
4ub0 npumszusamocs Opye k¥ Opyzy. Beauwana smux cua
AsastemcR P yHKUUed MOALKO PACCMOAHUR MeHcOY Rumu, Hu
CHOPOCMUL, HIL YCKOPEHUS MeA HA ee BeAUMUHe He CKA3bi-
eaomca.

OTH 3aKOHH NPHMEHHMH AJf TakHMX siBAeHHH, KaK rpaBu-
Tamust, 3MEKTPOCTaTHKAa H CHIW Bau-mep-Baaibca; k anektpo-
JAMHAMUKE OHM HENPHMEHHMHl, TaK KaK B3auMoOZCHCTBHE Meway
MaTHUTHHIMH MOJSAMH H 3JEKTPUYECKHUMH 3apAdaMi [PUBOIMT
K CWJlaM, KOTOphbie HarpaB/ieHH He 1o npaMol, coeauHsOwedH
3apsiJ M MCTOYHHK TIOJI, W BeJMYUHA KOTOPHX 3aBHCHT He
TOJbKO OT TOJIOXeHHH, HO H OT CKOpocTeH 3apsimeHHbIX
Tel.

Ho ecin TO/bKO BHINOMHAIOTCA MNpUBeJEHHHE BhiHIE yc/o-
BHS, TO CH/JB MOXHO MPEACTABHTD Kak OTPHUATeNbHHH rpa-
ZHEHT MOTeHuuanbHol sHepruu. Tlocnenuss ABASeTCS CyMMOH
IIOTEHUHANBHEIX 3HepTHR, XapaKTepu3ylOLHX B3aHMOLEHCTBUe



ABYX TeJl MAH ,TOYEYHBIX Macc®,
n

V= 14 , <k,
t§1 2 wlSuh i< (2.10)

sp=V(x,— xk) + W= (2, —2,)%

Hnpekct i W R OTHOCATCH K B3aUMOREHCTBHIO MeXAy {-#
H R-fi TOYEYHHIMH MaccamH, a S, — PacCTOSAHHE MEXAY HHMH.
dyukuns V,, (s,) onpeneisetcs XapakTepoM paccMaTpHBaemoH
3ajayHd, Hanpumep 3azaercd 3akoHoM Kysnona, 3akoHoM Tero-
Teunss HeploToHa H T, X.

Cuna, nmeficTBylomias Ha -0 TOYEYHYIO MacCy, paBHa:

\

n
ov '.dV{k Xy — Xp
fox=—gg= é.d&‘u St
n
ov 'dVip yi— s ;
— = e =T 2.11
fuy= 9y ,;1 dsie S, 7021
— "dVi 2i—2
fi’ F 02‘ - Z dslk Sik J

N3 Buma cucTeMn ypasuenu#t (2.11) saBcTByeT, utOo KOMMO-
HEHTH CHJH, OGYCIOBJIEHHHE B3aHMOAEHCTBHEM TOJbKO {-FO
H k-ro Tes, paBHH MO aGCOMOTHOH BeAHYHHE M NPOTHBONO-
AOKHH MO 3HAKY, TaK 4TO.

dVlk — OV,,,
dx, - dxk

I'lo:-n‘omy CyMMa BCe€X CHJI, llenCTBYIOI.U.HX Ha BC€ 71 TOYEYHHIX
MaccC, paBHa HYJIO:

S = Z} iy =2 fos=0. (2.12)

i=1



[uddepenuuanbinie ypaBHeHUs JABHWEHHS TeJl TaKOBH:

M == [
MY, =f1,y
mlzi =fl'1?'

rae m,— macca {-ro Tena.

MHn nokaxem Tenmepb, HYTO CHCTEMa YpaBHe-
Hu#t, onpexensouas TNOBeJeHHE MeXaHHYe-
cko#t cucteMmun—(2.10), (2.11) u (2.13),—koBapuaHu-
THa OTHOCHTeaAbHO npeoGpa3oBanuhh Tanunes.

Bynem ucxomutbh u3 Bripaweuuit (2.10). Pyuxuus V aa-
BUCHMT OT PacCTOSIHHH S, Pa3/HYHBIX TOYEYHHX Macc APyr OT
apyra. Kak 6ynyT npeoOpa3oBHBaThCH S, NPH NPeo6pa3oBaHiu
xoopauHat (1.1) wm (1.3)? UroOu oTseTHTs Ha 3TOT BOMpoOC,
Hal0 UMETb B BUAY, YTO KOODAMHATH {-r0 H KR-rO Teja JOMKHH
OuTh B3iTH B OOHH H TOT e MOMERT BPEMEHH; IpyrHMH
C70BaMM, PacCTOSiHHE MEXAY HBYMS TeJaMH €cThb (yHKUHs
BpeMedd. KOHeuHO, KOODAMHATH Da3/IMYHKIX TOYEYHHX Macce
npeo6pa3yloTCi  HE3aBACHMO JpYr OT JApyra, Kaxaad co-
BOKYIHOCTb (X, V;, 2;) NpeoGpasyercs COr/acHO ypaBHEHHUsIM
(1.1) u (1.3).

Jlerko sumeTh, YTo mnpH mnpeo6pasosanud (1.3), cooTteer-
CTBYIOLIEM DABHOMEPHOMY NIPAMOJNHHEHHOMY IBHUXEHHIO, pas-
HOCTH KOOPIMHAT ABYX TOYEK, HANPHMEpP X,— X,, OCTaloTcs
HEM3MEHHBIMH

* *
Xi— Xp==X;~— X. (2.14)

[TosToMy W §;, MMEIOT B HOBOH cucTeme koopauuHat S¥* ror
’e BHI, YTO M B CTapol cHcteMe S.

Ypasuenus mnpeoGpasoBaund (1.1) nalOT CBA3L  Mewdy
JIBYMSI CHCTEMaMH KOODAMHAT C HENapas/ie/bHHMH OCAMH, MO-
KOSIIUMUCH APYT OTHOCHTeNbHO Jpyra. OueBHaHo, uyro pac-
CTOSIHHE MeXIY IABYMS TOYKAMH BHPa}¥aeTCd B TaKHX CHCTe-



Max KoopauHat OIJHHAKOBO, TaK 4TO:

Vg, — 22 (i — ) +(2,—2,) = 1
=y (i — %t + (i — e+ (e — 2 (2.15)
Si;p=— S;k. I

Be/uunna, He MEHSIOLIAA CBOEr0 3HayeHHda (B AaHHOM TOuKe)
npy HEKOTOPOM INpeo6pasoBaHMH KOOPAMHAT, Ha3bBaeTCs HH-
BapUaHTOM MO OTHOWIEHHIO K 9TOMY npeoGpasoBanuio. Pac-
CTOSHME MeXIy JHBYMS TOYKaMH ABJAETCH, TaKUM 06pa3oM,
HHBapHAHTOM.

Mu BHAUM, 4TO apryMeHTH dyHkiuH V, T. e. BenHYHHH
Sy, MHBADHAHTHH OTHOCHTE/BHO npeoGpasoBanns amunes. ITo-
sTOMy WM cama ¢yskuus V, mOJHas NOTEHUHa/MbHAas SHEPrus
MEeXaHHYECKOM CHUCTeMH, TaKKe HHBapHaHTHA MO OTHOLIEHHIO
K 9TOMy npeo6pa3oBaHHl0; B HOBOR CHCTEME KOODAMHAT OHa
uMeeT Ty *e (GOpMy M IpHHHMAaeT Te e 3HaYeHHd, YTO H
B nepBoHavya/lbHOR cHCTeme. YpasHenwe (2.10) koBapuauTHO
OTHOCHTE/bHO npeobGpa3oBanuit Namises.

[TokaxeM Temepb MHBapHAHTHOCTb ypaBHenu# (2.11) otHo-
cutenbuo mnpeoGpasosanusa (1.3). [IlpaBas uyacTb ypasnenuit
(2.11) comepuT NpPOH3BOIHHE MO HHBAPHAHTHHIM BE/IHYHHAM.
TTpoussopHbie MO HOBHM KOODAHHATAM CBf3aHH C MPOH3BOA-
HHMH 0O CTapbiM KOOPIAMHATaM c/eaylouuM o6pa3om:

WV _ oV 9V __ oV oV _ oV

ox, ox;' 9y, oy;' oy oz’ (2.16)
TakuM 06pasoM, mpapast 4acTbh ypaBHeuw# (2.11) wuHBapuanTHa
OTHOCHTE/AbHO mpeobpasosauns (1.3). CnpasennnBo nu To e
camoe H I/ JIeBOH YacTH, MOXHO PElIHTbL TO/MbKO Mocie pac-
CMOTPEHHl TpPaHCHOPMALMOHHNX CBOHCTB ypaBhenuit (2.13).
PasymeeTcsl, ypaBHEHHS OCTAlOTCH CNPaBeNJHBHIMH H B HOBHX
KOOpPAHHATaX TOJbKO B TOM cJyyae, eciH 006€ HX CTOPOHH
npeo6pa3yloTcst ONHHAKOBHIM 06pa3oM. B npoTHBHOM ciyyae
OHH He KOBapHAHTHH OTHOCHTENBHO PaccMaTPHBAEMOro mnpeol-
pasoBaHKs. M JOMKHW BHIACHHTb, SIBJAAIOTCA AU Tpancdopma-
LIHOHHHE CBOHCTBA Mpaeol yacTH ypaseenuwi (2.11) coBmecTH-



MHIMH ¢ TpaucpOpMAlHOHHBIMHM  cBOMcTBAaMH JeBOH  udacTH
ypasrenu# (2.13), nockonbKy 3akoH npeoGpa3oBaHua cHib f,
onpenensieTcs 0GeHMH ITHMH CHCTEMaMH YpaBHEHH.

[Tpeo6pasyem cnepsa, coraacHo (1.1), mpaBylo uacTh ypas-
venu#t (2.11). Ipumensss npasuna anddepenunpoBanus Qynk-
HH# MHOTHX MepPeMEHHHX, IMOAYYHM:

oV oV

o.‘jr—,-*—,' tn +""'621 +-——'CSI’

dV

e dx‘. C1o + '022 + —T'Ctn’ ¢ (2.17)
ov oV 0V 0V

— =m0y + —C —lpq .

oz ox, 18 oy (38 + 2 Cus

3n ypaBHeuu#t (2.17) moxHo pa3burb Ha n rpynm, no 3 ypas-
HEHUS B KaXJOH; TPyNnel OTAHYAlOTCH JAPYr OT APYra TOJBKO
3navenueMm . Kaxpaas w3 3tux rpynn npeo6Gpa3yercsi, Kak
KOMIIOHEHTH BEKTOpa, T. €. KOMIOHEHTa B HaNnpas/eHHd He-
KOTOPOH OCH B OJHOM CHCTEME paBHA CyMMe NPOEKUMH Ha 3Ty
OCb TPEX KOMNOHEHT B APYro#i CHCTeMe KOODIuHar.

IpeoGpasylotcs /i NeBule 4acT ypasHeuu#t (2.11) Tak e,
KaK KOMIIOHEHTbI BeKTOpa, MoXeT OnhTb pelleHo nocje pac-
CMOTpeHus TpaHcOPMAUMOHHBIX CBOHCTB ypaBHenHuit (2.13).
JleBnie yactH ypasuenu#t (2.13) npeacrtasasioT coGOH HPOH3-
BeJleHHe MacCc Ha yCKopeus. MH  yxXe yCTaHOBH/IM, 4YTO
B KJaccHueckoit ¢u3MKe Macca paccMaTpPHBaeTcsl KaK MOCTOSH-
Hasl, XapaKkTepuayiouias NaHHOe TedO, He 3aBHCALLad OT €ero
COCTOSIHHSI OBHXEHHST W HHBAPHAHTHAfd OTHOCHTENbHO 1NpPeos-
pa30BaHKs KOOPIMHAT.

TO, YTO YCKOpPEHHE Teha HHBapHaHTHO OTHOCHTEJ/IbHO 1ipe-
o6pasosanun (1.3), M ywe Bumesn u3 ypasnenud (2.7). Io-
3TOMY JeBhbie 4acTH ypaBHeHuit (2.13) npeoOpasyiwoTtca no(1.3)
TaK ke, KaK npaBble 4acTH ypasueuuh (2.11).

Bosspaugascs k npeoGpasoBanusM (1.1), MH BHAHM, uTO

Xi= Cl]".‘;i+cl2}.’.l+ "135,- T I, (2.18)

HO TaK Kak C(,, NPEACTABAAIOT cOGOH KOCHHYCH YI/IOB H



BE@JIMYHHA 9THX KOCHHYCOB HE 3aBHUCHT OT 3HaKa yria
cosa=—=cos (— a),

TO OMEBMAHO TaKXKe, YTO
.- .y -
X,=c X +epyi+ cuzi M T A (2.18a)

OnsTb-TaKH, Jepble 4acTH ypasHenult (2.13) npeoGpasyiorcs
TOYHO TaKHM e 00pa3oM, Kak npasble yacTH ypasHenuf (2.11),
B 3TOM CJyyae, KaK n BEKTOPOB.

VYpapueuust (2.13) MOXHO paccMaTpHBaTh, KaK ypaBHEHHS,
onpeznensioune cuanl f;. OTclona 3ak/moyaem, 4TO caMu UM
npeo6pa3syloTca Tak, yTo 06a ypasHenus (2.11) u (2.13) ko-
BapHMaHTHB, /10 OMHOWERUIO K RPOCMPAHCMBEHHUM OPMO2O-
HaAbHUM RPEOOPA3OBAHUAM KOOPOUHAM CULB  ABASIOMCA
sexmopamu; Cusb UHBAPUAHMHB OMHOCUMEALHO npPeobpa3so-
sanuli, npedcMasAstiouux pasHOMEPHOE NPAMOLUHELHOe
Osuncernne OOHOL CUCMEMb KOOPOUHAM OMKOCUMEALHO Opy-
204. DT COOTHOLUEHHS MOTYT OHTh MPENCTABJEHH B HECKOJIbKO
uHo#t ¢opme. Hckmoyan f, u3 ypasnenust (2.11) u (2.13),
NOAYYHM M3 HMX CJEAYIOULYI0 CHCTEMY YpaBHEHHH:

()V .

3;—1-}- mx,; =0,

ov .

&, + my,=0, (2.19).
dv ..

—a;l + mZ,-= 0.

DTH ypaBHeHHs BHPAKAOT Te e (PHIHYECKHE MOJIOKEHHS,
yto M ypasHenus (2.11) u (2.13), HO He BHABMAIOT CTOAB
ACHO TpaHcHOPMAUHOHHBE CBOMCTBA CHJHL

PesyabTaToOM nNpHBeeHHWX BHIE pacCyXAeHHH aBaseTcs
TO, YTO 06e CTOPOHH KawIOTOo H3 ypaBHeHu#t (2.11) u (2.13)
npeo6pa3yloTcs ONHHAKOBHM 06pa3oM, H MOITOMY STH ypas-
HEHHsl OCTAlOTCH CNPABEJ/HBHIMH TOC/E NPOH3BOJBHOTO Mpeo6-
pasosanug Tannnes.

YpaBHeHusi, KOTOpbie COBEPIIEHHO HE M3MEHSIOTCS [pH
npeo6pagopanuk (T. €, 4/JeHH KOTOPHIX fBJAIOTCH HHBapHaH-



TaMH) Ha3bBAIOTCA HHBADHAaHTHHRMHM. YpaBHeHHH, KOTO-
pHE OCTalOTCH CNpPaBel/IMBHMU B CHIY TOTO, YTO HX 4J/EHH,
He #BASIOUIMECS HHBADHAHTHHIMH, TIPe0OpasyIOTCA MO OXHMM

W TeM Me 3aKoHaM [KaK, HanpHMep, WIECHH 55 M mx, vTOMy
?

noaoGune B ypaBhenuax (2.19)], nasmBalorcs KoOBapHaHT-
HBIMH.

KoBapHaHTHOCTb ypaBHEHHH SBISETCH MaTeMaTHYECKHM CBOM-
CTBOM, KOTOpOe COOTBETCTBYET CYLIECTBOBAaHHIO DPHHIHMA
OTHOCHTE/JILHOCTH AAf (QH3HYECKHX 33aKOHOB, OMNHCHBAIOLIHXCH
STUMM ypaBHehusMH. JleHCTBUTENbHO, NPHHLMII OTHOCHTE/LHO-
CTH K/IACCHYECKOH MEeXaHHKH SKBHBA/ICATEH HAWIEMY Pe3yibTaty,
COTJIACHO KOTOPOMY 3aKOHH MeXaHHKH MMEIOT OXHMHAKOBHH BHI
BO BCEX WHEpUHaJbLHHEX CHCTEMax, T. €. BO BCEX TeX CHCTeMax
KOODAHHAT, KOTOpHie MOMYYaloTCH H3 HEKOTOPOH uHepuuaabHOl
CHCTEMH TNPOH3BOJbLHHM Mpeo6pa3oBaHueM Iamunes.

Jpyrue pasje/H MeXaHHKH, TaKHe, KaK MEXaHHKA CILIOII-
HHX cpel (T€OpHA YNpyrocTH W FHIPOXHHAMMKA) WM Mexa-
HHKa TBEPAHX TeJ, MOTyT OHTb NOJYYCHH W3 MEXAHHKH TOYKH
nyTeM BBEIEHHS COOTBETCTBYIOLIHX SHEPrHH B3aumomeiicTBHi
tuna (2.10) M HeKOTOpOro mpezenbHOro nepexosa. U 6Ges
noupOGHOro PacCMOTPEHHS STHX 00/1acTeit MeXaHHKH OYeBMZIHO,
YTO NOJy4EHHBIE pe3yJbTaTH NPHMEHHMH K HMM B TAaKOH ke
Mepe, Kak M K DacCMOTPEHHHM BHIIE 3aKOHAM JBHKEHHMS CBO-
GOnHLIX TOYEYHBIX Macc.



TFaasa 111

PACNNPOCTPAHEHUE CBETA
*

Mpo6aeMbl, cTosmlMe mnepel KJAACCHYECKON OMTHKOI.
B rteuenne XIX B. pasBuiach HOBag OTpacib  (H3HKH,
He YKJaAWBalOWIAsCA B PAMKH  KJaCCHYECKOH  MeXaHHKH.
Atol oTpacabio GHsa 9/MeKTpOoAHHAMHKA. [loka GwliM H3BECTHH
TOMLKO 3PEEKTH NEKTPOCTATHIECKOTO H MATHHTOCTATHYECKOTO
X4paKTepa, OHH MOT/IM TPAKTOBATLCR B PAMKaX MeXaHHKH My-
TeM BBEIEHHA  3JEKTPOCTATHYETKWX H MAarHHTOCTaTHYCCKHX
NOTEHLINAJIOB, 3aBHCALMX JIHIWIb OT PAacCTOSHHE Meway 3/eK-
TPHYECKUMH 3apslaMH HH MarHUTHHIMH TOJIOCaMH.

B3anMOCBS3b SAEKTPHUECKHX H MAarHHTHHIX noaelt TtpeGyer
HHOH TPAKTOBKHM. 3TO §CHO CJEAYET YXe H3 SKClepHMeHTa
dpcTena, o6GHAapYKHMBUWIEFO, YTO MarHUTHas CTPeJKa OTKJO-
HAETC OT CBOEr0 HOPMa/lbHOTO HAaNpAaBJEHHS CeBep—IOT TOKOM,
TEKYWHM B TOM e HarnpaBieHnHH. C M3MeHeHHeM HanpaBaeHus
TOKa, 3HAaK OTKJOHEHHsl MeHseTcss Ha o6paThbift. OueBuaHo,
YTO MArHHUTHOEe AefCTBHE 3/MEKTPHYECKHX TOKOB, T. €. IBHXKY-
UIMXCH 3apAaoB, 3aBUCHT HE TOJILKO OT PAacCCTOSIHHA, HO TakKXe
M OT CKOPOCTH 9TuX 3apsanoB. BoJjee Toro, cuna B 3amaHHOM
TOYKEe HE Hampas/ieHa Mo MPSMOH, COERAHHANOWEH 3Ty TOYKy
¢ 3apsmoM. TakuM 06pasoM, HIEH HBIOTOHOBCKOH MeXaHHKH
OKa3a/MUCh 31eCh yXe He NPHMEHHMbIMH,

Maxcpensly ynanoch cOpMy/nHPOBATb 33KOHBl 3/IEKTpOMATr-
HETH3Ma BBEHZEHHEM HOBOTO NOHATHA — NOHATHA O none. Kak
Mbl BHAEJH B Npelbiiylieil F/aBe, B MEXaHHKe CcHCTEMa 10J-
HOCTBIO OINMCHIBAETCA 3alaHHeM MOJOXKEeHHA COCTABIAIOLHX ee
TOYEYHHX MacC Kak (ynkuuit Bpemenu. B Teopun Makcaenna
Mbl MMEeM Je/I0 C PSAOM mNepeMEeHHbIX MOoJs, KAaKOBhIMH SB-
AAIOTCA KOMIIOHEHTH! HaNpshHKeHHOCTeH 3/IeKTPHYECKOTO M Mar-
HATHOTO moJeH#. B TO BpeMsi KaK KOOpPAHHATH TO4YeK B MeXa-
HHKE OMpeAesslOTCA TOJbKO KaK )y HKIHH BpeMEHH, NepeMeHHbie



MoAfA OnpejensoTcs AAf BCeX 3HauYeHHH, Kak BPEMEHHOH Ko-
OpAMHATH, TaK H TPEX MPOCTPAHCTBEHHHX KOOPAMHAT, H fiB-
nA0TCA, TaKMM 06pas’oM, (QYHKIHAMH YETHpeX He3aBHCHMbIX
nepeMeHHHx 1),

B MaxcBe/JIOBCKOH TEOpHH MOAA mnpeAno/araercs paasee,
4TO H3MEHEHHE TMEePEeMEHHHX TII0JI1 BO BPEMEHH B 3aJaHHOM
TOYKE IPOCTPAHCTBA B8aBHCHT TOJBKO OT HENOCPeACTBEHHOMH
OKPEeCTHOCTH 9TOH TOuKH. Bo3MylieHle noss B HEKOTOPOH Touke
BHI3LIBAET M3MEHEHHE 10 B COCEAHHX TOYKAX, KOTOPHIE B CBOIO
oyepelb MepenaioT ero aaJblie; TaKkkM o6pa3oM, MepBOHAYA/lb-
HOE BO3MYILEHHE PACMPOCTPAHAECTCH C KOHEYHOH CKOPOCTHIO H
B KOHHE KOHIIOB nepenaercss Ha Gospume paccrosius. Takum
06pa3oM, «XaJbHOAEHCTBHE» MOXET OHWTb OCYUIECTBJEHO TOJeM,
HO BCerxa 3a KOHeYHH NMPOMEXYTOK BpPeMeHH. 3aKOHH Teo-
PHH 10719 TPEACTaBAAIOTCH AHPdepeHUHaIbHNMH YPaBHEHHAMH
B YAaCTHHX HPOM3BOAHHIX, COJAEPWALIHMH YaCTHHIE MPOHU3BOLHLIE
NepeMEHHWX MO/ MO MPOCTPAHCTBEHHBIM KOOPIHHATAM H Bpe-
MEHH.

Cuna, neficTBylol[as Ha TOYEYHYIO MacCy, ONpPemeasercst
NI0JIEM B HEMOCPeJCTBEHHOH OKpecTHOCTH 3TOH Toukd. HaoGo-
pOT, HNPHCYTCTBHE TOYEYHOH MACCH MOXET H3MEHHTb H OGKUHO
H3MEHSET MoJe.

Tak xak xapakrep MaKCBeJJIOBCKOH TEOPHM 3JIEKTPOMarHe-
TH3Ma CYyUIECTBEHHO OTJHYeH OT Mexauukd HeloTona, 1o M3
CMpaBEe/VIMBOCTH [IPHHLMIA OTHOCHTE/JbHOCTH B MEXaHHKE HH
B KOEM CJ/lyyae He BHITEKAaeT €ro ClpaBesJMBOCTb B 3/IEKTPO-
auHamuke. Boripoc 0 TOM, HACKOMBKO HPHMEHHM STOT MPHHIHI
K 3JEeKTPOAUHAMHKE, NOMKeH OhTb TNpeaMETOM CHNEUHAJbHOTO
HCC/IELOBAHHA.

[TosHoe Hcc/enoBanHe TakKOro poja AOMKHO OO G ycTa-
HOBHTb 33aKOHH THPeo0pa30BaHHA A/ HHTEHCHBHOCTEH 3JeKTpH-

1) B MexaHHKe CIVIOMIHBIX CPeX BCTPEYAOTCA IIePeMeHHkle, alla-
JOTHYHbIE NepPeMeHHbIM 05 : IIOTHOCTh MACCHI, INIOTHOCTE HMITYJIbC,
KOMMOHEHTH HampsikeHHH H T. X. OJHaKO OHHM MMeEIOT TOJbKO CTaTH-
CTHYECKHH CMRICA, T. €. MPEACTABIAIOT cO00H NMOJAHYIO MacCy cpeaHero
YHCJa YacTHL Ha eOMHHLY o0beMa M T. I. B 3ajeKTpolduHaMuKe ke
nepeMeHHble TOJsI paccMaTPHBAIOTCH KAaK OCHOBHblEe (PH3HYECKHE Be-
JIHYHHBI.



4eCKOT0 M MArHHTHOrO moje#i npu npeo6pa3osanwu TIamises,
a 3aTeM BHISICHHTb, MOAYHHAIOTCA JH STH TpaHcGOpPMHpOBaH-
HBle BENMYHHH TeM K€ 3aKOHaM B HOBHIX KoopauHarax. Taxoe
HCC/IEAOBaHHE OHIJIO OCYLUECTB/CHO PAas/HYHHMH Y4YEHHMH, B
yactHoctH [epuoM u JlopeHTuoM; oaHako HaHGoJiee BawHBIE
pe3ynbTaThl HX HCC/ENOBaHHH MB 31€Chb MOAYYHM G6oJsee mpo-
CTHIM IyTeM.

Bmecto Toro uyro6u ucciesoBaThb ypastewus Makcsesna
B oOieM BuAe, MH OTPAHHYHMCHA PACCMOTDEHHEM OXHOTG
YacTHOro CJyyas, HMEHHO YDaBHEHHSl PAacNpOCTPaHEHHS 3JeK-
TPOMATHHTHBIX BOJIH.

Yxe cam MaxcBemm YCTAHOBHJ, HYTO SJEKTPOMAarHHTHHE
BO3MYLULEHHSA, MOXOGHHE TeM, KOTOphe BBI3HIBAIOTCH KoJje610-
IIMMHCA  3apsAlaMH, pPacnpoCTPAHAIOTCA B MPOCTPAHCTBE CO
CKOPOCTHIO, 3aBHCAIeH OT CBOHCTB cpenn, 3amo/Hsiomel npo-
CTpaHcTBO. B mycTroTe HX CKOpPOCTh PacmpOCTPaHEHHS He 3a-
BHCHT OT HampaB/leHHs H paBHa npumepHo 3-101° cM/cek. Dto
€CTb CKOPOCTb CBeTa, MO9TOMY MakcBe/lJl TNpeanooKHI, YTO
CBET fIB/IETCH OJHHM H3 BHIOB 9SJEKTPOMATHMTHOTO H3/yYeHH.
C Tex mop kak Tepuy npu noMol cneuuaIbHOH yCTaHOBKH
yAanoch MOAY4YHTb 3JIEKTPOMATHMTHOE H3Jy4eHHE, MAaKCBeJJIOB-
CKasi TeOpHS S/NEKTPOMAarHHWTHOTO MO/f H 9JIEKTPOMarHHTHas
TeopHsl cBeTa CTa/JH COCTABHOH YacThl0 Hallero (pU3MYeCKOro
MHPOBO33peHH1,

DNEKTPOMArHUTHOE H3JYYEHHE PacnmpocTpaHsfeTcs B MyCTOTe
¢ MOCTOSAHHOM CKOPOCTHIO (B AalbHeHem 0603HayaeMolt yepes ¢).
d10 3akmoyenne MOxeT OWTb popMyaHpoBaHo Ge3 paccMoTpe-
HUSl BHYTPEHHER CBH3H MeXAY 3/MCKTPHYECKHMH M MAaTHUTHBIMH
nonaMu. OHO UEHHO AAA HAC MOTOMY, YTO Mb MOXEM H3yuaTh
TpancopMaLHOHHKHE CBOAICTBA STOFO 3aKOHAa PacHpOCTPaHEHHs
cBeTa, He npuberas K pacCMOTPEHHMI0 3aKOHOB MpeoOpasoBaHus
NEepPEeMEHHbIX M0/,

Tenepp MOXHO peulnTb, GYIZYT JM 3aKOHH 3JEKTPOMATHHT-
HOTO MO/ KOBaPHAHTHH OTHOCHTeNbHO mpeoGpasoBauus [amm-
ned. Paccvotpum cucTeMy koopauHaT S, MO OTHOLIEHHIO
K KOTOpOH chpaBem/MB 3aKOH MOCTOSIHCTBA CKOPOCTH CBeTa.
ITpoBens nmpeoGpasosauue lanuaes Tana (1.3), coOTBeTCTBYIO-
uiee paBHOMEDHOMY MpPAMOJHHEHHOMY [BHKEHMIO HOBOH CH-



cTeMbl S* OTHOCHTENLHO S, NOJYYHM, HTO CKOPOCTb OXHOTO
M TOTO *e CBETOBOTO Ny4a B HOBOH cHCTeMe S* He MOXeT
6uTe paBHa ¢ BO Bcex HanpaBnenusix. Ecau uanpasserine cBe-
TOBOrO Jiyya B CHCTEME KOOPAMHAT S XapaKTepH30BaThb YTAaMH
9TOTO Jiyya C OCHAMH @, § M Y, TO KOMIOHEHTH €ro CKOpOCTH
B 3TOH cucTeme GynyT:

4, ==ccosa, l

, ==COS §, [ (3.1)
u4,=—c COosYy,
rie
cos?a-cos?f+cos?y=1. (3.2)

Coraacto (2.9), KOMMOHEHTH CKOPOCTH B HOBOH CHCTeMe S*
NONAYYHM B BHIE:

L ]
Upg=cCCOSQA—1,,

*
uy=ccosf —u, (3.3)
u;==ccosy —u,

OTCI0da CKOPOCTb CBETA 3dBHCHT OT HamnpaBJeHUSA H onpene-
JETCH ypaBHEHHEM

=} e Fv* —2¢c(v cosatv,c08 | v,co57) . (3.4)

Ona paBHa ¢ TONBKO HAa HEKOTOPOM KOHyce HanpaBieHHH,
OCbI0 KOTOPOTO sBASETCA BeKTOp V. B nanpasnewnn v cko-
pocTh cBeTa B cucTeMe S* paBHa ¢ — v, B NMPOTHBONOJIOKHOM
HanpaBleHHH OHa paBHa ¢ - 7.

[TpHHUKN OTHOCHTE/NbHOCTH, TaKHM 06pa30M, OKA3HBAeT
HECOBMECTHMBIM ¢ 3aKOHAMH 3/IEKTPOMArHHTHOTO H3JAYYeHHus,
4 10TOMy H ¢ TeopHel snexkTpoMarsuTHoro noas. Ecau npu-
HATb, 4TO ypaBHeHMst MaxkcBensa BepHH, TO IO/MKHA Cyme-
CTBOBaTb CHCTEMa OTCYETa, CKaXeM, HHepUHalbHas CHCTeMa,
B KOTOPOH ©OHHM TNpHHUMAIOT C¢BOI0 OOH4YHYIO ¢opmy. Beskas



HPYrdsi CHCTEMA OTCYEeTa, ABHXKYIMAACA OTHOCHTE/bHO BhLUEY-
noMsHyTo#, ABAANAach Obl menee yuoOuoH, no kpadHHed Mepe
C TOYKH 3PEHHA IIEKTPOAMHAMHKH, Adwe e€CaH OH ee ABHMe-
HHE OBLIJIO PABHOMEDHHIM H NpAMOAHHeHHbM. [Ipununn orwo-
CHTE/NbHOCTH B TAaKOM BHAE, K4K Mul ero cGopmyJ/MpoBalii
B npeanayuieit rnase, Obl Obl B 3TOM C/lyvyae [PHMEHHM
TOBKO K MeXaHuKe, HO He KO Bce#t dmu3uke.

C TakuM 3aK/OYeHHeM TPYXHO COFJacHTbca. MexaHuka
BCETAa CuUMTaNach Hau6Gozee 3acayxusalouteit mosepus 06-
JACTHIO (IH3HUKH, d HPHHLMII OTHOCHTEIbHOCTH — (PYHIAAMEHTA/IL-
HHM [PHHIMIIOM BceH npupoibl. B0 caenaHo MHOro nofu-
TOK [IPEOJO/ETh BO3HMKIIHE TPYAHOCTH. Mul  paccMoTpun
HanbGo/ee BaxHBE H3 HHX.

Kopnyckynsapuas runore3a. Oaxa H3 rHUOTE3 COCTOsA
B TOM, YTO CKOPOCTb CBET4 PAaBHA ¢ OTHOCHTE/BHO CHCTEMh
OTCYETa, CBA3AHHOM C MCTOMHHMKOM H3jy4Yerus, MOmXOGHO TOMY,
KaK CKOpOCTb MyJH, BHLINYUIEHHOW H3 JABMXYWEroCs Rnoesna,
I0/HKHA ObITh OTHECEHA K CHCTeMe OTCHeTd, CBA3AHHOH ¢
1N0€31)M.

3TO UpPERNo/NOKEHHe He COBMECTHMO, OLHAKO, C BOJMHO-
Bo# Teopuell cmera, npeignowenHo# Maxcseanow, OHO cKopee
COOTBETCTBYeT KOPIyCKY/APHO# TEOPHH cBeTa THnma ToH, Ko-
topyto npeasaran HpiotoH. OAHAKO OHO COBMECTHMO C 1IpHH-
LMIIOM OTHOCHTE/ILHOCTH: 34KOHW PACMPOCTDAHEHHA COAepxat
SIBHO CKOPOCTH HCTOYHHKOB cBera. Takum o06pa3oM, CKOPOCThb
CBETd COrMacHO 3TOMY IPEANONOMEHHIO AO/MKHA Obina Onl
TPaHCcHOPMHPOBATHLLS TAK XKe, KAK CKOPOCTH MATepHA/bHBIX Te,
W 3aKOH pacnpocTpasenHss Ona OW KOBapHaHTEH OTHOCHTEIbHO
npeo6pasoBauus ["anuses.

Ho 3kcnepuMenTa/sbHbie nanHble CBHAETE/NbCTBYIOT NMPUTUR
3To# runotesnl. Ec/mM O CKOpOCTbL cBeTa 34aBHCE/a OT CKOPO-
CTH MCTOYHHKOB, TO IIPH HAaG/MOAEHHH ABOAHBIX 3BE3X OOGHApY-
AuBaIMCL Ob  clieunduueckHe saBreHuA. Paccrosnus  Mexay
ABOMHBIMH 3BE3JAMH OY€Hb Ma/in B CPaBHEHAH C PACCTOAHHAMIL
OT HHX A0 nawel coiveyHo# cuctemsn, C  APYroH CTOPOHH,
ABOAHLIE 3BE3IW IBHXKYTCH CO CPaBHHTENbHO OONbUIMMH CKO-
POCTAMH JPYr OTHOCHTEAbHD apyra. [lostoMmy caeposaio 6ul



OXHJATb, YTO CBET, MCOYUIEHHHH HMH OXHOBPEMEHHO B TaKOM
MI0JIOXKEHHH, KOrJa OXHAa M3 HHMX OLICTPO yaansercs OT Hac,
a apyras npuGJMKaeTCa K HaM, jomles GH JO HaC B pas3iuy-
Hhe MOMEHTH BpemeHH. [lo3ToMy MxX nBHMEHHe B npPOCTpaH-
CTBE H JAPYr OTHOCHTE/]bHO Jpyra InPeACTaBasnoch OW HaM
B HCKaXeHHOM Buxe. B HeKoTOpwX ciy4asix OZHH H Te e
nBoHHEE 3Be3As HAGMOAANHCh OH ONHOBPEMEHHO B PA3MHYHHIX
MeCTax, H STH «3BE3AHLIe NPHBHAEHHA» MNOSBAAJANCL OW M HC-
ye3and B COTJIACHH C HX NEPHOXHYECKHM JIBHIKEHHEM.

OTH 3PdekTH OuaH GW NpPONOPHUHOHANBHH PACCTOSHHIO
ABOMHHX 3BE3X OT 3€M/M, Tak KaK BPEMS CJeAOBaHuA CBeTa
PaBHO PpAacCTOSIHUIO, JENEHHOMY HAa €ro Cckopocth. Ecam v
O3HAaYae€T H3MEHEHHE CKOPDOCTH OXHOH KOMNOHEHTH JBOHHOH
3BE3IH, MH HMeJd Oni

d At d vd
= AC‘\-‘U, .A_L'-N_-Z‘?' At'\a-—--ﬁ-.

(d — paccTosuue OT ABOHHOM 3Be3AM A0 3emiH, ¢ — CKOPOCTH
cBeTa, f— cpenHee BpeMs, 3a KOTOPOE CBET AOCTHraeT 3eMiH).
PasymHbie npeano/ioKeHHs O MOPsiiKe BeNHYHH v, d M ¢ Ta-
KOBHI:

2 ~ 102 cm2/cek?,

v ~ 10% cu/cex,

d™>10'8 ¢y,
OTKyZa

At™> 103 cex.

IMockonbky cywiecTsyeT MHOTO JIBOHHHIX 3Be3X ¢ d, MpEBH-
watowm 1021 cM, H ¢ nepHoaom, MenbwiuM 108 cex, To aToT
sdexr He MOr OH YCKOIb3HYTH OT HabJMOIeHHS,

OnpHako HHKaKHX CA2A03 3TOro spexra He Gnyio 06Hapy-
eHO. JTOro COBEPIIEHHO JMOCTATOMHO M/ HCK/MIOYEHHS M3
PacCMOTPEHUS KOPIYCKY/SPHOH TrHNOTe3H.

Ilepenaomas cpexa Kak cHcTemMa OTcyera. DBuina Bu-
JBHHYTA apyras runoTresa, CorJjacHo KOTOpOﬂ B KauecCTBe «JIO-
KaJbHOH» NPHBHICTHPOBAHHOH CHCTEMH OTcYeTa NPHHUMAeTCs
MaTepHajbHas cpeaa, B KOTOPOH MNPOHCXOZHT pacnpocTpane-



Hue cseta. B armocdepe 3emau ckopocTh CBeTa RO/DKHA GHia
On GLITb MOCTOAHHOH OTHOCHTEJIBHO TEOL@HTPHYECKOH CHCTEMH
oTCyeTa.

dTa runoTesa TaKke HEyAOBNETBOPHTE/NbHZ BO MHOTHX OT-
HOILIEHHAX. YTOGH MOATBEPAHTb STO apryMmenranued, mnpeano-
JIOKHM, YTO HMMEeTCs Cpella H 3aJaHO ee COCTOsIHHEe JBHXEHHS,
yeM onpenessercs CKopocTb cBeta. [lpemnonoxnm Teneps,
YTO SNEKTPOMArHHTHOE H3/y4YeHHe PacmpOCTPaHsETCs H3 ORHOH
CpelH C HEKOTOPHM COCTOSIHHEM IBHXEHHS BO BTOPYIO cpeny
¢ IPpyruM coctosnHeM xaBHkeHHd. CKOPOCTb CBeTa ROJDKHA MPH
STOM MEHSATbCS; STO H3MEHEHHEe 3aBHCHT OT OTHOCHMTE/bHOH
CKOPOCTH HBYX Cpell M OT HANpaB/JeHHs PacnpOCTPAHEHHS M3-
ayyeuns (a TaKkke, KOHEYHO, H OT Pa3HOCTH KO3(HLMEHTOB
npenomaeHus). EciM STOT SKcnepHMeHT NPOM3BOAHTL CO BCe
Gonee u GoJee pa3pexKeHHHMH CpelaMH, B3aHMOZEHCTBHE MEXIY
cpeno# ¥ u3aydenHeM GyAeT CTAHOBHTLCH BCE MEHbLIE W MeHbile
B OTHOLIEHHH TaKHX MNpPOLECCOB, KaK OTpa¥eHHe, paccesHHe
U T. A,, HO H3MEHEHHE CKOPOCTH & OCTaHETCH TeM KE CaMbIM.
B cayyae GeckOHeuHOro pa3pexeHHs, T. €. B BaKyyme, Mu
uMead OW KOHEYHHH Ckayox & Ge3 BHAMMOH NPHYKHML.

CymecTByeT TakKie SKCNEPHMEHTa/IbHOE 10Ka3aTelbCTBO,
CBA3aHHOE C npoBepxkoH STOH rHMOTe3W. UYUTOOW BHSCHHTb
BAUSIHHE NBHXEHHS CPeRW Ha CKOpPOCTh cBeTa, PH30 npoae-
nan caenyiowuit onuit. OH HanpaBasn Jyd CBETa BLOJbL TPYGH
C mmmym.eﬂcn WKHAKOCTBIO H H3MepsAN CKOPOCTb CBeFa Kak
BXOJb IOTOKa, TaK H B NMPOTHBOMOJIOXMHOM HamnpasjeHuH. Ox
onpeiesul STH CKOPOCTH O4YeHb TOYHO IYTEM H3MEpEHHs To-
J0XKeHH# HHTepdepeHLHOHHBX I0JI0C.

OKcnepHMEHT nokasal, 4YTO CKOPOCTb CBeTa 3aBHCHT OT
CKOPOCTH MOTOKA MHAKOCTH, HO He B TaKOH cTeneHs, yTOGH
MOXHO OHUJIO MpPOCTO CKJalblBaThb CKOPOCTH CBET2 M Cpelm.
Ecnu 0603Ha4HTb CKOPOCTb CBETA Yepe3 ¢, CKOPOCTb KUAKOCTH
yepe3 ¥ H KO3(HUHEHT nNpenOMJeHHd uepe3 7, TO COFJIACHO
HalUWM NPEANOJIONKEHHAM MOXHO OXHAaTh, YTO HabJloxaeMas
cKopocTh cBera OyneT paBHa:

u =% + o, (3.5)

rZe 3HaK 3aBHCHT OT OTHOCHTEJIbHOTO HATpPABACHHA CKOPOCTeH



CBETAa M MHMAKOCTH. PaKTHYEeCKH B mpeAenax 3KCIepHMeHTa/lb-
HOH OWIHOKH Mo/AyyaeTcs COOTHOUIEHHE:
P iv(l——l—z). (3.6)
n n
[IpuBexeHHOe BhILE BO3PaMeHHE HE OTHOCHTCH K pesylib-
TaTy, MOJYYEHHOMY M3 OlNTA; NMPH GECKOHEHHOM pa3peeHHH
Cpenbl MOKa3aTe/lb MPEJOMIEHHA n CTPeMHUTCH K 1, 3aBHCH-
MOCTb & OT U CTAHOBHTCH He3aMeTHOH W B BakyyMme & NPOCTO
CTAHOBHTCH PaBHHIM C.
Hpyrum  oddexToM, yKaswBaiOUMM, YTO CKOPOCTb CBeT4
HE 3aBUCHT OT JBHKEHHS pa3pexeHHOH nepenalouiel cpessl,
aasgeTcs abeppauds.  YaaneHhole HENOIBHKHHE 3BE3Anl

Hanpabrernue
\(ta 3fesdy

Buume
nanpadpenue
\

Hanpabnenue \
wa 36830y

dur 2. Kamyweecs H3MeHeHHe TOJOXEHMA Heno-

ABHXHBIX 3Be31 B TeyeHue roga (aGeppaumus). Ha

yepTexe 3TO H3MEHEHHE NMpeyBeauyeHo, B neHCTBH-
TENbHOCTH OHO cOCTaBaseT He Gogee 20,5”.

cUCTeMaTHYeCKH MEHSAIT CBO€ NMOJOXEHHE Ha nebe ¢ [IEPHOAOM
B OOMH TOA. MX TpaexTOpHAMH SIBISIOTCA SJ/VIHMICH ¢ HKCH-
POBaHHHIM UEHTPOM H ¢ GOJbILOH OCblO, paBHOA BO Beex
caydasx npHMepHo 41'. 3Be3iH, pPacro/oKeHHbIE OKOJO He-
GeCHOrO MOJI0CA, ABHKYTCH NPHOJIM3HTENLHO [0 OKPYXHOCTSM, B



TO BPEMsi KaK 3BE3[bl, PAClOJIOKetHbie 6JH3 MJIOCKOCTH 9K/IHI-
THKH, JABHKYTCH MOUTH 110 MPSAMBIM JIHKHHAM.

Ha ¢wmr. 2 noka3aHo, kakuM OGPa3oM Mhl BHAMM 3BE3LY
CMELIeHHOH M3 CBOEro HOpPMaJb-
HOI'O 110/I0XeHHst (B LEeHTpe 3J-
Junca) B8 ABYX MPOTHBOINOJOK-
HbIX TOYKaxX 3eMHOH OpOHTH.

AGeppatius MoxeT  OHIThb
o0bsicHeHa cerylouiM 00pa3oMm
(dur. 3): 10CKONBKY  TeAeCKOM ot =
TBEPAO CBH3aH C 3em/eH, OH
JABHKETCH B IIPOCTPAHCTBE  CO
CKOPOCTbIO  TIPHO/M3HTENbHO B
3-108 cm/fcex. IMosTomy, Koraa
CBETOBOH Jyy 1ionagaetr B Te-

JeCKOMN, CKaxXeM, MPAMO CBEPXY,

nocaeAHHA 10/nKeH ObTh HaK/IO0-

HeH Takum oO6pa3oM, uyTOOH ¢
HHKHHA  €ero Koueu K MOMEHTY,
KOTJa €ro OO THIHeT Jy4, OKa-
3aJics noA 1penweCTBYOLHM 110~ v
NnoxkeHHeM BepxdHero Kouua. Tau-

reHc yrna abeppauMu 2 ecTs ®ur. 3. O6bacHenne abeppauuu.
OTHOIUEHHE MEeXIY PacCTOAHHAMH, KOTOpHE MNPOXOAAT 3eMs
M Jyd CBET2 32 OAHH H TOT XXe MNPOMEXYTOK BPEMEHM, WM
NPOCTO OTHOIIEHHE CKOPOCTH 3eMJ/IH K CKOPOCTH cBeta. IT1o
OTHOLIEHHE pPAaBHO:

U seman ~ 3. 108
c 3. 1010

yroi, OTBe4ailoWHd 3TOMYy Tanreucy, pased 20,5”; 3TO COOT-
BeTcTByer Hauboabliueit aGeppauuu OT UEHTPA I/IMNCA.

Takoe o6bsicHenHe abeppallun TaKiKe NPOTHBOPEUHT Npen-
[IOJIOWEHHIO, YTO CKOPOCTb CBET4 MO/NHOCTHIO OMpeae/serca
COCTOSIHHEM JBHXEHHS mnepenaioied cpeast. [deficTBuTenbHO,
ec/d Ob 3ITO NPeano/ioxenHe Ou/0 CHpaBei/HBO, CBETOBOH
Ayy, nonagas B arMocdepy, «ysnekasica Gbl» elo, H sB/eHHe
abeppaliui He Hab.10EaN0Ch Gl




AGcoaioTHass cHcTeMa OTcyera. Bce 9TH apryMenTH
TIONTBEPXKAAIOT HE3aBHCHMOCTh  33aKOHOB 3/IEKTPOMATrHETH3Ma
KaK OT JABHIKEHHS HCTOYHHKOB, TaK H OT [ABUXKEHHS MNepenaio-
we#t cpennt. Kasanocy 6H, Ipyro#f aabTepHaTHBOR sIBAsieTCH
OTKa3 OT IPHHLHMNA OTHOCHTENLbHOCTH H JOIYyllleHHe CYILecT-
BOBaHHsA YHHBepCaJbHOR CHCTEMHl OTCYeTa, B KOTOpOH CKOPOCThb
cBeTa HE 3aBHCHT OT Hanpasjesus pacnpocTpanenus. Kak
YKa3hBajoCb BHIIIE, YPAaBHEHH  9JEKTPOMarHUTROTO MNOJA
JO/MKHH TIDHHSATh B TAaKoH CHCTeMe OTcHeTa CBOI OOhYHYIO
¢opmy. TlockonbKy ycKopeHns 3apsHKeHHHX 4YacTHIL NPOMopP-
LHOHAJIbHH NOJII0, TO MOXHO Obin0 O6H OXHEATh, YTO 3T
cicTeMa OyZeT MHepuManbHOH, TaKk 4TO yCKopeHHs obpawia-
JMCb Gl B HYJb BMECTE C IOJIEM.

AxenepuMenT  Maiikeabcona - Mopiea.  OcCHOBHIBasiCh
Ha STOM mpeanonoxenuu, Maifikesbcon u Mopaell nocrasuau
3KCMEPUMEHT, TNPEAHA3HAYEHHHH A1 OnpesxeseHHs CKOPOCTH
3eM/H OTHOCHTE/LHO MPUBHJIETHPOBAHHOA CHCTeMH OTCYeTa, B
KOTOpPO# CKOpPOCTb CBETa OXMHAKOBA BO BCEX HANPABJCHHAX.
OcHoBHOH naeed MXx 3skcnepuMenta OHJIO cpaBHEHHe Hab/o-
MaeMHX CKOPOCTeH CBeTa B JABYX Pa3/IHYHHX HalpaBjeHHSX.

flepen TeM KaK naTh OMHCAHHE HX IKCMEPUMEHTAJLHOH
VCTaHOBKH, pacCMOTPAM  OXulaeMbie C TOYKH 3peHdst 3TOH
HOBOH THNOTE3W De3y/AbTATH. 3eM/Ad HE MOXKET CJAYXHTb B
KayeCTBe NMDHBWIETHPOBAHHOH CHCTEMH OTCYeTa, TaK KaKk OHA
NOCTOSIHHO MCILITHBAET TIPaBHTAUHOHHOE MPHTSKEHHE CO CTO-
pount ConHna M B cucTeMe KOOpAMHAT, CBA3aHHOH C LEHTpOM
WHEPDUIMH COJMHEYHOH  CHCTeMH, MMeeT CKopoCTh nopsiaKa
3.10°% cm/cek. DTa CKOPOCTb MCMHTHBAET H3MEHEHHE [10-
psaka 6. 108 cm/cek B Teyenue nmonyrona B CHCTeMe OTCHETa,
anpOKCHMHPYIOLIeH HHEPUHANbHYI0O CHCTeMy TOpasgo JAyyle,
ueM CHCTeMa, cBf3anHas ¢ 3emaeit. [losToMy, ecan maxe B
HEKOTOPHIA MOMEHT BpeMeHH JBHXEHHE 3eM/H M COBMAjaeT ¢
IBHXEHHEM NPHBUNSTHPOBAHMOH CHCTEMH OTCYeTa, TO uYepe3
NMONTORa CKOPOCTb 3eMJH N0 OTHOLIEHHIO K 39TOH CHCTeMe
6ynet paBua 6 - 108 cm/cex.

Bo BcskoM cayyae 1O OTHOLIGHHIO K HEKOTOPOH uHep-
uuanbHOM cucTeme 3eMas B TeYeHHe moayroaa ob6/aajaeT CKo-



pocTblo, ne Menbmiefi 3 - 108 cm/cek. CkopocTs cBeTa paBHa
3. 101 cm/cex, [pmmenue 3eMiH MOXHO OGHapYyXHTb, ecid
NIOCTaBUTb SKCNEPHMEHT, B KOTOPOM H3Mepsnach 6H CKOPOCTb
cBeTa B [BYX NEpPNEHAUKYJADHHX HaMpaBJeHHAX C OTHOCH-
TENbHOH TOYHOCTHIO, mnpeBnwatomelt 10—4, M ecan sror
SKCIEPHMEHT OCYLUECTBASETCS B TeyeHHe NepUoia, NMpeBHILalo-
umiero 6 mecsues.

OG6parumMcs  Tenmepb K ONHcaHuio onnta Matikeabcona-
Mopanes (¢ur. 4). CBer oT 3eMHOro HcTouHMKa L paspenserca

TLLF

® . l2 [l
t (]
5
l'
s

®ur. 4. YcraHoBka Mafikeabcona-Mopaes.

Ha IBa JAy4a B CTEKJAHHOM NJIACTHHKe P, MOKPHTOH TOHKMM
cnoeM cepe6pa. Ha npumepro paBHmix paccrosuHsax oT P nep-
Ne4AMKYAPHO JAPYr K JPYry paclojoxeHnn JBa 3epKana
S, n S,, orpaxaiomue cser o6paTHo k P. Tam nyuu, otpaen-
Hule 0T S; H S,, COCAUHSAIOTCS BHOBb H HaG/IOAAIOTCSA B 3pUTEib-
no#t Tpy6e F. Tak xak cBer, wWcxomamuit w3 L, npoxoaut
I104TH PaBHHE MO BEJIHYHHE NYTH, COOTBETCTBEHHO L — P —
—8, —P—FuL—P—S8,—P—F, 10 Ha6NORAIOTCA HH-
TeppepeHLHOHHNE IOJOCH, TOYHOE NOJNOKEeHHe KOTOpPHX 3a-
BUCHT OT pa3HOCTH paccTosnuit /; u /,.



Jo cHX nop Mbl NPeAiloJlaradd, 4TO CKOPOCTh CBETa O/H-
HaKOBa BO Bcex Haipasaenusix. Ecan sroro npeanonoxenns
He JenaTh, TO IONOKEHHe HHTepdepeHuHOHHHX noJoc B F
6yAeT 3aBuceTb TAKKE H OT PA3HOCTH CKOPOCTe#H B Haupa-
BaeHuAx [, u [ ,. Tpeanonowum, 410 3emMas, a ¢ ne# W anua-
paTypa, ABHXETCH B HalpaBAGHHH [/, CO CKOPOCThIO T OTHOCH-
TEJAbHO «a6coMOTHOU» cucTeMn oTcueta. CKopocTh CBETa
OTHOCHTE/ILHO 1IpHOOPd BAOAb NyTH P — S8, paBHa (¢ — ), a
Baoab 1yt S, —P passa (c-v). Bpems, neoGxoaumoe
A48 npoxowaenus nyth P — 8, — P, 6yner

=t b _2he (3.7)
c—ov ! c4v 1 —v?fc?
OTHocHTeNbHAS CKOPOCTh  CBeTa, HAywero 1o nyts P —
—S8,— P, Ttakwe Oyner u3menena. [loka ceer npoxoamT
uyts or P 1o S,, Bech 1pHGOp cMellaeTCss B CTOPOHY Ha
paccTosiHue B

F . v
————— L , 6: l l_{ , (3_8)
Vi 48 ‘ ¢ Yi=vye
H HCTHHHOE€ DACCTOfIHHE, I1IPOXOAHMOE CBETOM, pABHO
* ¥
=yp, T = .. (3.9)

Vi —v?c?

Ha oGpatHoM nyTH CBeT NpPOXOAHT TaKOe Ke DaccTOfHHe.
Bpems, 3a koTopoe cBeT npoxoaWt nyre P—S,—P,
P4BHO [103TOMY

fe . (3.10)

t,— passniesm——
V.l-——tﬂ/c2

Iocne nosopota npuGopa Ha 90° BOkpyr ero ocH, Bpewms,
HEOOXOAHMOE AN MNPOXOXKAECHHA PACCTOAHHH P—S8—Punu
P — 8;— P, craHer, COOTBETCTBEHHO, PaBHO

2L/c
Vi=vc2

Z’ _ 2‘2/0
2— 1 — y?/c?

f, =

?

(3.11)



Pa3sHocTH BpEMEHH, 332 KOTOPOE CBET TPOXOAHT IB3 Pa3JHy-
HLIX MyTH, COOTBETCTBEHHO JAO M T10C.€ 1IOBOPOTA anmnapartyp,
pasHb:

M=ty —ty= —HE ( = —12)(3.12)
Vi—oyer\ VI1— vy
H
- 7 2'c / l.
AT—=f, —f,= I, — 1 ) (3.12a)
Vi—ea ( SRS

Namenenne B Af, obGycnoBneHHOe BpalleHHEM anmapaTypsl,
6yner no3TOMY paBHO:

Vl___:' 11+ 'z) (

02/ 2

AT —At=—

—1).(3.13
Vl v2/c? ) ( )

Mni pa3noxuM npasylo 4YacTh paBeHcTBa (3.13) B psia 1o

v
CTeneHsM - H OTPAHHYHMCH 1IEDBLIM HEHCUYE3AKIIHM YJIEHOM,

?
v
MOCKOJIbKY BeJMYHHA <7> nopsaka 10—8%. Torma nonyunm

NPUOIHKEHHO:
- 1 v?
Af—At=——(+1) o - (3.14)

BeaenctBie 3TOFO H3MeHeHHs Af clellyeT OXHAATH Cue-
tienust  MHTephEpeHLMOHHBIX  10I0C B 3DHTENbHOH TpyGe.
OTHOWEHHE BEIHYMHK 3TOTO CMEILEHHA K LIMPHHE MONOCH

JIODKHO PABHATbCA Pa3HOCTH (A £ — A ), nenexHoH Ha neprox
1
Ko/eGanusi CBETOBOH BOJHW — :
AS __ y v? .
=G+ (3.15)
CkopocTb 3eM/M  OTHOCHTEJBHO «abCoIOTHOHS CHCTeMbl

o
orcyeta v nopsaka 3-10° cmfcek (i) 1103TOMYy  nOpsiAKa
4



10— 8; lc- — BOJIHOBOE 4YHCJIO, KOTOpPOE AJd BHAHMOro CBETa

paBno mpuMepHo 2.10¢4 cv—1. OTciona MH HMeeM:
As _  hth (3.152)

K 5.108 °

[lpy noMolH MHOTOKPAaTHOrO OTpaxeHus Maiikenabcon H
Mopneft cymenn nmoBecTH stpexTHBHHE paccTosuug [, H [,
40 Heckonbkux MeTpoB. ITocne uckmoyenns omu6ok, oSyc/a0B-
JEHHHX TaKHMH NPHYHHAMH, KaK HanpsHKeHHS, TeMnepaTrypHbie
abdexT ¥ T. 1., 06GHAPYXHIOCH, YTO OTCYTCTBYET Kako# Obi
TO HH OuMo 3S(dekT.

Taxkum o06pa3oM, BO3HHK/AA CJeRYIOWAs TPYAHOCTb: He
CYuWleCTBYeT nOC/NeAOBATENBHOH TEOpHH, cOraacyloumieics ¢
skcrnepuMentaMy  Pu3zo, Mailkenscona-Mopaes M sBJeHHeM
aGeppauuu cseta. B 9TOM wHanpasieHHH OH/IO npoaenaHo
MHOTO ApYrux sxcnepumedToB, OLHAKO OHH HE MEHHIOT
CyuwiecTa Jena, M MH HX 31eCb He GylneM paccMaTpHsaTh.
Tpe6yoTci He JONOJHHTENbHHE SKCIEPHMEHTH, a HOBaf
TEOpHs, KOTOpas OOGBbACHHAA Ob BO3HHKIUME NPOTHBOPEYHS.

lunore3a asdmpa. [lpexxne uyeM 3aHATbcA 3TOH  HOBOW
TeOpHEH — TeopHeH OTHOCHTE/JBHOCTH, — CKAXEM  HECKOJIbKO
CJIOB O THNOTe3e, HMEIOWIEH Tenepp JHIUb HCTOPHYECKHH
HHTepec. DPU3UKH NPUBHKAM MONMB30BATHCH T/IABHHM 06pa3oM
MEeXaHHYeCKHMH npexacTasienusMid. HeynusurenabHo, 410, KoOraa
Papanet, Makcsean u Tepy co3gai nepeyio TEOpHIO moas,
MHOTUMH u3vKaMH OhIJIM CHE/IaHH TONHTKH OO'BSICHHTh HOBHE
nonsg Ha OCHOBE Mexanuyeckux mouatuit. Camum MakcBean u
Fepy rakke paGotanu B 39TOM Hampasiesud. CyuwecTpyer
06acTh MEXAHHKH, NO/b3YIOUIAACH NOHATHIMH W METOZAMH,
NOAOGHHMH TeM, KOTOpPHE yNOoTpeG/AI0TCE B TEOPUH NOAS, —
3TO MexaHuKa CILIOUIHHX cpel. [loaTomy 3nekTpoMarnHTHOE
noje 6nJI0 OOBACHEHO HANMPMKEHHAMH THOOTETHYECKOH MaTe-
pHaZbHOR cpennl, TaK Has3WBaeMoro 3agupa.

Onunako 3sTa uHTEpNpeTaudst 9MEKTPOMATHHTHOTO MO.JA
HEYLOBJIETBOPHTE/IbHA N0 MHOTUM nMphHuMHaM. Hanmpumep, sdup
nokeH 006/1apaTh CBOHCTBAMH, KOTOPHIMH He 06.1aJdeT HH



OIHO W3 M3BECTHHIX BEILECTB; OH AO/MKEH MPOHHKATH CKBO3b
Bce Te/a, He HCNHTHIBas HHKAKOTO COMPOTHBJEHHS TPEHHUS;
oH He 06/MamaeT Maccol M He MCMBITHBAET TPaBHTALMOHHOTG
nputsxenus. Kpome Toro, ypaBHenus Makcsesia BO MHOTOM
OT/IHYAIOTCA OT ypaBHEeHHH, KOTODHM NOAYUHAIOTCH YOpyTHe
BOJHB. «[Ipofo/bHBIE» YyApyrHe BOJHH, Halpumep, He HMEIOT
aHaNoOTHH B 3JIEKTPOAHHAMHKe.

B konue nesATHamuaToro CcrosneTHa 3¢Hp, OAHaKo, pac-
cMaTpHBaJCH Kak Haubojee obelamoias H aaxe Heob6xoaumas
runore3a. KodneuHo, Jnenamich nNOMKTKM HA OCHOBE 3TOr0
NpeACTABJCHHS PenTh MpobaeMy, O6GCYXAABIUYIOCA B 3TOM
rnase, HMEHHO, HAWTH CHCTEMYy KOODAHHAT, B KOTOPOH CKO-
pocTb cBeTa Oh/a OH paBHA ¢ BO BCEeX HampapJeHHsX.
Hneg sbupa npexnonaraia HaJHuue CHCTEMH KOOPAMHAT, B
KOTOpO#t OH MOKOMTCA. 3Ta TEOpHd, ONHAKO, Maj0 MOMOr/a
B pemiendH ¢QynpamentaabHolt tpynHoctH. Oua mMwb mo-apy-
romy chopmyndposaja npo6/eMy, MOCKOAbKY ONpPeAeNHTb CO-
CTOSIHHE JABHWEeHHS 9(HPa MOXHO TOJBKO MNyTeM H3MEpeHHs
CKOPOCTH CBeTa M/ B Pe3y/IbTaTe aHaJOTHYHHX IKCIEpUMEH-
toB. Ha ocuoBanun onmtoB Matikenascova-Mopres caexyer
no3TOMY TMpPeANo/IOKHTh, 4YTO MO KpaHHe#i Mepe B Henocpen-
CTBEHHOH O6/H30CTH OT 3eMAH 3(hHP JO/KEH YBJIEKATHCH e€lo.
Herxenne HeGOMbUWIMX MacC, Kak, Hanpumep, B onnTe Pu3o,
TaKke JOMKHO YBACKATb 3¢Hp, HO He MoAHOCTbIO. Oxxako
cyuiecTBoBanHe sxpexta aGeppauuH COBMECTHMO C THIOTE30H
o¢upa TOMLKO B TOM CcJyyae, eciM 3(pHP He ysjekaacs Gl
3emsell naxe B HENOCPEACTBEHHOH G6JAM30CTH OT ee MOBepX-
HOCTH, T. €. TaM, TAe CBeT HomajgaeT B Tejeckom. 1)

1) Bosee noapoGHoe obcywjeHHe PasTHYHRIX SKCIEPHMEHTOB,
Ha KOTOPHX 6a3HPyeTCsi TEOPHR OTHOCHTEJbHOCTH, MOXKHO HaiiTH B
kaure C. U, BaBuaoBa ,dKcmepuMeHTaAbHHE OCHOBAHHSA TEO-
pun otHocutenbHocTH* U3, 1928 (/1pum. ped.).



IF'arasa IV

NMPEOBPA3OBAHHA JIOPEHTLA
X

Hecko/IbKO NecATHNETHI SKCIIEPUMEHTANbHLIX HCCAeROBaHHH
NOKa34a/M, YTO HEBO3MOXHO OGHADYXHTb IBHXeHHe 3eMsu
<kBO3b «3pup». Bce ykasmBaeT Ha T0, 4TO cyuiecTByeT
«IPHHUKIN  OTHOCHTENLHOCTH» B OINTHKE H 3JEKTPOAHHAMHKE,
x0Ts npeobpasoBanus [ annunes H MCKIIOYAIOT 3Ty BO3MOXHOCTD.

Tem ue Meuee, PHuwwepaipn H ocobenno JlopeuTil cue-
nanu NOMBITKH COXPaHHTh O6HYHHE YypaBHeHHs npeobpa3oBa-
HHS M B TO K€ BpeMsi TeopeTHYeCKH OGBACHHTb pe3yabTaThi
sKcIlepHMeHTOB. JIOPEHTLL CyMen TMOKa3aTh, YTO ABHXEHHE CH-
CTEMH OTCYETa OTHOCHTe/]bHO 3Hpa €O CKOPOCTHIO ¥ JaeT
TONBKO «3(xpexT BTOPOro mnopsaka» T. €., 4TO Bce Hab6JIo-
NaeMble OTKJOHEHHSi OT 3aKOHOB, CNPaBEMJIHBHX B CHCTeMe
OTCYETa, CBS3aHHOM ¢ 3(pUPOM, TNPONOPHHOHAJLHH He 7D|c,
a (v/c)?.

Onud 43 3THX OXHAdeMHX 3(@dexTOB BTOPOro nopsiika
33aK/MIOYaeTCs B TOM, YTO B CHCTeMe, ABHKYIEHCH OTHOCHTEbHO
s¢HMpa, CBeTOBOH JAyy OyAeT NPOXOAHTh HEKOTOpoe paccTosi-
HHe B 06a KoHua (T. e, Tyaa H 0OpaTHO), B HanpaBJeHHH,
1napa/ie/bHOM IBHWEHHIO cHCTeMbl, 3a 6o/bluee Bpems, 4HeM
TO We PacCTOsHHe B MNEPHEeHAHKYNSPHOM HanpapjeHHH. Onnt
MatikesbcoHa-Mopaess npenHashavasics IS M3MEPEHHS ITOro
sdekra. YTo6H OO6DBACHUTL OTPHUATENbHHE pe3yabTaT 3K-
crnepumenta, Puipkepanby W JIOpeHTH NPeANOJONMAH, HTO
macuiTaGu M JpYyrde «TBeplble» TeJa, IBHKYIIMECH CKBO3b
3P, COKPAWANTCA B HanpavJeHHH ABHMXEHMS Kak pas B Ta-
KOM OTHOUIEHHH, YTOGH CKOMIIEHCHPOBATb M3MEHEHHA BPEMEHH
pacrnpocTpaHeHHs CBeTa. JTA THNOTE3a MOJHOCTBIO COXpaHsieT
NIPUBUJIETHPOBAHHKA XapakTep oOfpelesieHHON CHCTEMBI OTCYeTa
{a¢upa). OTpruaTenbHHH pe3y/bTaT onbiTa Mafikeabcona-Mop-
Jiest TIPHIHCHBAETCH APH STOM HE CYLECTROBAHHIO ONTHYECKOTr0
JIDHHLHNA OTHOCHTENbHOCTH, 4 HEe6JIarGNpPHATHOMY COYETaHHIO



3(xpexTOB, KOTOPOE NEeJaeT HEBO3MOWHHM 9KCIIEPHMEHTANIbHOE
oGHapy#eHHe NBHXEeHHS 3eMaH CKBO3b 3¢Hp.

B npoTHBOMONOWHOCTE STOMY IDHHWITEAH MCTOJKOBAJN pe-
3y/JbTaTH IKCMEPHMEHTOB KaK peuwlaioliee qOKa3aTe/lbCTBO TOro,
YTO NMPUHLKN OTHOCHTE/JLHOCTH CIIPaBeld/IMB B 3/1eKTPOAHHAMHKE
TaK ke, KaKk M B Mexanuke. [losToMy ou noasepr aHaausy
ypaBHenus npeo6pa3oBaHusi [aqunes W mocrapaics BUIOHS-
MEUHTh HX TaKkuM o06pa3oM, 4TOOH OHH CTalH COBMECTHMHI
C MPHHUMIOM OTHOCHTEJIBHOCTH B OnTHKe. Mb BoCcnpom3sse-
JeM Temepb 3TOT aHaNH3 C LENbI0 MOJAYYEHHS HOBHWX 3aKO-
HOB NMpeo6pa3oBaHHs.

[lps Hanucauuu ypaBHeHu#i npeoGpasoBaHHs MH BCeria
Iesald IBa NPELNOJIOXEHHs, Ha KOTOpble, BPOYEM, HE BCErla
obpaiiaiy 0coGoe BHHMaHHe: HMEHHO, YTO CYLIECTBYeT YHH-
BEpPCa/IbHOE BpeMs £, ONpeneNeHHOE HEe3aBHCHMO OT CHCTEMb
KOOPOHHAT WM CHCTEMH OTCYETa, M YFO pPacCTOsiHHE Mexay
ABYMSI OIHOBPEMEHHHIMH COOGHTHSIMH SIBASIETCS MHBApHAHTOM,
3HaYeHHe KOTOPOro He 3aBMCHT OT BHIGOpPA CHCTEMbl KOOpAHMHAT,

OTHOCHTeNBHBI/i XapaKTep OXHOBpPeMeHHOCTH. Paccmor-
puM nepsoe npeanonoxexue. Onpene/issa YHHBEPCANbHOE BpeMs,
Mbl CTa/KHBaeMCi ¢ HEeOOXOZHMOCTBIO ONpPEREJEHHS MORATHS
OIHOBDEMEHHOTH. MH MOXeM CpaBHHTb H CHHXPOHH30BaTh
NpUGOPH, M3MEpAIOWHKE BpeMs (Yachl), TONLKO eC/IH yTBEepkie-
HHe 4ABa cOOHTHA A M B 0onHOBpeMeHHH» HMEEeT CMHICJ Heaa-
BHCHMO OT CHCTeMH OTcyeTa. To, YTO 3TO BO3MOXHO, fBJfETCS
OAHHM M3 HanGoNle BAXHHX NOMYLIEHHH KaaccHyecKol ¢H-
3WKH. DTO [ONYLIeHHe CTai0 COCTABHOH YacThl0 HAWIErO CIO-
co6a MbILLIEHHS, TaK YTO MOYTH KAXKIHHK HCIHTHBAeT 60Mb-
uiMe TPYAHOCTH TNPH aHaiu3e ero (pakTHYECKOH OCHOBHI.

Hng nposepkH 3STOR ruUnOTe3H MB JOMKHH TNPENCTABHTDb
ce6e IKCNEPHMEHT, KOTOPHH NO3BOJMHT PEUIHTh, ABJSIOTCH JH
ABa COOHITHS OXHOBpeMeHHbIMH. De3 Takoro sxcmepumenta
(xoTopu MOXET OWTb OCyILecTBAEH MO KpaiHel Mepe MpPHH-
UMNHAAbHO) yTBEpPXKIEHHe «1Ba co6hTHS A M B onHoBpemen-
Hbl» JIHIEHO (H3HYECKOTO CMhICHa.

Ecmn nsa coOmTusi npoucxXomsT B GAHM3KHX TOYKax fpo-
CTPaHCTBA, MH MOXEM MO0/b30BaTbCH NPUGOPOM, B HEKOTOPHIX



OTHOLIEHHAX MNOJOOHHIM CYeTYHKaM, paGoTaloulHM Ha COBMaje-
HUSIX, KOTOPhie MPHMEHSIOTCS INPH HCC/IEOBAHHH KOCMHYECKHX
ayyelt. Dtor npubop OYNET pearHpoBaTh TOJbKO Ha COGHLITHSH,
NPOHCXOAsIHE OAHOBPEMEHHO.

Ecan nBa cOOGHTHA TMPOHCXOAAT HA 3HAYHTEBHOM pPaccTof-
HHH ApYT OT IApYyra, TO TakoA NpHOOp HeAb3s HCMOJb30BATh
ana Hawux uenef. B STOM caysae o TOM, 4TO Kaxmoe COOH-
THE MPOHM30uWLI0, HaWl npu6op, pabotalouuft Ha COBHAaZEHHAX,
JO/MKEH OnoBewwaThcs curHanami. Ecin 6w cymiecTBOBamH
CHrHa/H, pacnpocTpansiomecs ¢ OecKOHEYHO OGOJbIIOH CKO-
POCTHIO, He BO3HHKANO Ob HHKakux ocnoxHenud, [lox «Gec-
KOHEYHOH CKODOCTbIO» CHTHAJIH3aUMH Mbl [IOHHMAaeM TaKylo
CUTyalHIO, NpY KOTOPOH cHrHan, uaymu#t U3 Toyku P, B He-
KOTOpYI0 TOouky P, u 06paTHO, BO3BpaiwiaeTcs B P; B TOT e
MOMEHT BpeMeHH, B KOTOPHH OH W3 Hee BhlIen.

K coxanexdio, cCHr{anoB, 06/1a1aloOLHX TaKHMH CBOHCTBAMH,
He cyulecTByeT. Bce cyimecTByiouHe cCHrianu TpeGyIOT KOHey-
HOFO BPEMEHH IJIi paclipOCTPaHeHHS B HEKOTOPYIO TOYKY M 06-
patHO, NpHYEeM 3TO BpeMs YBEeJIHYHBAETCH C MPOXONHMBIM CHT-
nanoM paccrosHueM, [Ipu BhOOpe THMa curhajza Mbl, KOHEHHO,
NpeAnoYTEM CHTHAMH, CKOPOCTh PpacmpOCTPaHEHHd KOTOPHX
3aBHCHT OT KaK MOWHO MeHbulero uucna ¢axropos. C srokt
TOYKH 3PEHHSI 9JEKTPOMArHHTHHE BOMHH HauGoJ/ee MOAXOMSLILH,
TaKk KaK JAJd HX PacnpoCTpaHeHHss He TpeGyeTcs NMPHCYTCTBHA
MaTepHaNbHOH CpeAB, X CKOPOCTb B MYCTOTE HE 3aBHUCHT OT
HanpaB/iEHHS, IJIHHW BOMHH M MHTEHCHBHOCTH. PerucTpupyio-
mwuM npubOpOM MOTYT CAYXHTh ABa cyeruydka ¢OTOHOB, pa-
60TaloLiMe Ha COBMANEHHAX.

Yr1o6u yuecTh IOTEPId BpeMeHH Ha Mepenayy CHTHa/OB,
MOMECTHM Haml NPHOOp Ha CepeluHe nNpAMQl, coexHHsoweH
TOYKH, B KOTOPHX MPOHCXOmAT cobmtHa A u B. Kaxzxoe co-
6LTHE, KOTAA OHO MPOMCXOAMT, COMPOBOWAAETCH H3/NYyYEHHEM
CBETOBOTO CHTHa/la, ¥ MbHl Ha30BEM COORITH OXHOBPEMEHHBIMH,
ecnH o6a CMrHala OXHOBPEMEHHO MJOCTHraloT cpelued TOukH.
STOT 3KCNEPHMEHT MOXET CAYXKHTb AAA ONUPEAE/EHHs OJXHO-
BPEMEHHOCTH ABYX cOGHITHH Ge3 Hcmosnb3oBahus wacos, [lpen-
nosaraercs, 4YTO OXHOBPEMEHHOCTb, ONpeAe/seMas STHM 3K-
CMEepPHMEHTOM, «TPAH3HTHBHA», T, €., YTO H3 OJHOBPEMEHHOCTH



(no namemy onpeaenenuio) A u B u B u C cneayer omuo-
spementocth A M C. ChexyeT noAYepKHYTb, 4YTO STO Nped-
NoJIO¥KEeHHe SIBJSETCH THMOTe30H, Kacalowelcs MOBENEHUN /K-
TPOMArHMTHHX CHTHAMO0B.

Haxe B ciayyae BepHOCTH OSTOR THMOTE3H, MH eule He
MOXeM ObTb YBepPeHH B TOM, YTO Haule onpexeneHue OXHO-
BPEMEHHOCTH He 3aBHCHT OT CHCTEMB OTCYeTa, K KOTtopo#t
Mbl OTHOCHM OnHcasHe npupoad. Jlokanusauus ABYX COGHTHMH
¥ NOCTPOeHHE cpeaHel TOYKM Ha CBAsHBalOWieH ux npsMolt no
HEOOXOAHMOCTH MNPEeANONaraloT HCHO/Mb30BaHHE OMNpexe/eHHOMR
CHCTEMH KOOPAHHAT, HaxomdweHcs B ONpene/eHHOM COCTOSHHH
JOBHXEHHS.

SlpnseTcd JiM Haiile onpene/ieHHe OAHOBPEMEHHOCTH HHBA-
PHAHTHBIM OTHOCHTE/IbHO Nepexoja K APYrol CHCTeMe, Haxo-
asueics B MHOM COCTOSIHMM JBHKeHHA? UYUToO6W OTBeTHTH Ha
3TOT BOMNPOC, PacCMOTPHM ABE CHCTEMh OTCYETAa: OAHY, CBA3aH-
nylo ¢ 3emneit (S), H Opyrylo, CBA3aHHYI0 C INHHHEIM MOE3-
aoM (S*), ABHNKYIUMMCH MPSIMOJIMHEHHO C NOCTOAHHOH CKOpO-
ctolo. IlpeacrasuM ceGe mByx HaGmomatesnel, OHHOTO Ha 3eMe
OKOJ0 OyTH CJEAOBaHHA Moesfa, apyroro—B noesdge. [lycTts
KaxaHi U3 Habmonatenelt cHabxeH PeruCTPUPYIOUMM NPUGOPOM
ONHCAHHOTO THNA H HM3MEepHTeJbHHM MacwTa6oMm. Mx macwTabmnl
He JOMKHH OHTb 06fA3aTe/ibHO OMHOH H TOH e MJHHH, CY-
LWECTBEHHO, YTOOW KaxcAu# Ha6GMoOmaTeNb MOr ONPEAe/MTh Ce-
pedHHy pacCTOSHHA MewAy HABYMSA TOYKAMH Ha CBOeM Tele
OTCYETa — Ha 3eMJie MM B noe3ne.

Mpeanonoxuy, nanee, 4To yAapSIOT ABE MOMHMH, KaAas NO-
paxaeT MOE31 U 3eMJI0, OCTaB/AAA NPH STOM NOCTOSHHLIN CJAeA.
[ycts nocae 3TOro kamiau# u3 HaGmonarenelt oGHapyxur, uTG
€ro PEerucTPHPYIOUIMHA anmapar HaxXORMTCH KaK pa3 mocepeauue
MEXAY HBYMS CJIeNaMH, OCTaBJICHHHMH B €r0 CHCTEME OTCYEeTa.
Ha ¢ur. 5 oTmerxn monun# oGosnauenw uepes A, B, A*, B¥,
a pacnonoxeHue npu6opos—uepes C U C*. Bo3mowHo 1y,
YTO CBETOBHE CHIrHaJH, Hcxoasiune u3 A, A* u B, B* unpu-
XOJAfWMe ONHOBPEMEHHO B C, NPHXOAAT TaKkKe OZHOBPEMEHHO
H B C*?

B TOT MOMEHT, KOrAa MOJHHS yaapsieT B A H A¥*, 3tu
IBe TOoukd cosmagawoT, To ke cnpasegauBo aasi B u B,



Ec/iu oKoHuaTe/NbHO OKaweTcsl, 4TO 06e MOJHHH YNAPH/IH OA-
HOBPEMEHHO, KaK Kawerca HabaioxaTenlo Ha 3emJe (T. €. B
cucteme S), To C* pomxkHo commagath ¢ C B TOT MOMEHT,
koraa A cosnanaetr ¢ A* ¥ B ¢ B* (T. e. Koraa ynapsioT ase
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dur. 5. JIsa cob6uiTus, npoucxonsmue B A, A* 1
B B, B*, KamyTcd OZHOBPEMEHHbIMH Hab.l0AaTeno,
HOKOSILIEMYCS OTHOCHTEJbHO 3eMan (S), HO nHe
Ha6aI0aTe 10, MOKOAIEMYCS OTHOCHTEIbHO MOE3na
(S*). B (@) co6uiTus coBepmamTtes, B (b) cBeTOBO#M
cHruan, Buimeamuii ua A, A* pgocturaer C*, B (¢)
CBETOBbIC CHIHaAbl 06 OCOHX COGBLITHAX MPUXOAAT
B C, B(d) cBeToBOH curuaa us B, B* nocturaer C¥*.

U3-3a TOro, yto TpeGyeTcs KOHEUHOE BEEMS A/ HOCTHHKe-
HHsl cBeTOBuM curuajiom C u C¥*, Touka C* ycmeer nepeme-
cTutbcs BneBo (¢dur. 5, b, ¢, d). IloatoMy curhan, ucxoxs-
wui H3 A, A*, nocruraer C TO/MbKO mocjie npoxowaexus C*
{pur. 5, b, ¢), B TO Bpems Kak curian u3 B, B* pocturaer
C paubwe, yem oH nonazaet B C* (¢pur. 5, ¢, d). B pesyn-
Tate Ha6nl0AaTeNb B 10e3Le OGHAPYXHMBaeT, YTO CHIHAM M3
A, A* pocTtHraer ero PEerucTpHpylouleft annaparyps pasbiie,
yem curuaa M3 B, B* (pur. 5, b, d).

) Muage paccroauns A*C* u B*C* He xa3aauch Obl paBHbWAI
C TOYKH 3peHHs HabmojaTe]sl, HAXOASUIETOCH HA 3eMJe; NO3KE Ml
OOBACHHM, MOYeMYy Mbl He JesaeM IPenoJoXeHHs TaKoro poja.



W3 aroro He caeayer, uto 3emas o6Jazaer cBOHCTBaMH,
He HPHCYIHMH noe3ay. MonHus MOMET yAapuTb M TaK, uTO
CBETOBHE CHTHa/JW MPHAYT OAHOBpeMeHHO B TOuYky C¥*. B srtom
cayuae cHrHanm w3 A, A* npuxoasr B C nosxe, 4eM CHrHA/B
n3 B, B*. Oquako HeBo3MOXeH TakoH cayuaht, uto6u 06a npn6opa
— 8 C n B C*¥ — yKa3a/4 Ha OJHOBPEMEHHOCTb yHAapa MOJIHHH.

M3 3Toro cieayet 3aKAlOYHTb, YTO ABA COOWTHSA, OJHO-
BPEMEHHbIE B OJHOH CHCTeMe OTcyeTa, BOOOLIe TrOBODS, HE $iB-
JHIOTCA OJHOBPEMEHHBIMM B APYro# cucreme oTtcuera.l)

Jdanna macmTa6oB. DTH BHBOAW 3aCTABAAOT HAC H3Me-
HHTb HauUIM NpeAcTaBNeHHs OTHOCHTENbHOCTH M3MEepeHHs AJHHH,
Mu  npeanonowund, yro HaGmogaTeb Ha 3eMmae M Habaoga-
Telb B 10E31€ MOFYT MPOH3BOAMTb H3MEPeHHe MJIHH B CBOMX
COOCTBEHHhIX CHCTeMax oOTcyeTa. [lBa cTepxHs, moOkoAuUHecs
B HEKOTOPOH CHCTeMe OTCYeTa, CYMTAIOTCH PABHHIMH 0 A/HHE,
€C/W BO3MOXHO OXHOBPEMEHHO COBMECTHTb HX KOHue E ¢ E*
H F ¢ F* [lga oTpe3ka, OTMEUYEHHBE HA Te/NaxX, ABHIKYLIMXCH
ApYF OTHOCHTENbHO APYra, MOTYT CPaBHHBATbCA TEM e CIo-
COOOM, €C/IH OHH 1apanneisibl APYT APYFY H NEPNeHIUKYNAPHH
HAMPaB/EHHIO HX OTHOCHTENbHOro ABHweHus. OAHAKO, eC/H ITH
OTPE3KH pacno/IOKEHb HA OAHOH M TOH we npaMofi, KoTopas
napajinesibHa HanpaB/JeHHI0 HX OTHOCHTE/IbHOTO ABHKEHHAl, HX
COOTBETCTBEHHLIE KOHLW MOTYT COBNaaaTh TOJbLKO B Onpede-
NeHHulll MovenT BpemenH. IlBa orpesxka EF w E*F* cyuraiorcs
PaBHWMH B TOM cAyyae, KOTJAAa STH COBNajeHHs MPOMCXOANAT
oauoBpemeHHo. ONHOBPEeMEHHOCTb e 3THX COGHTHH 3a-
BHCHT OT cHCTeMn oOTcuera Habmopareas. Tak, B cayuae

1 Hawe onpenenensne OJHOBPEMEHHOCTH, KOHEYHO, 10 HEKOTO-
pofi cTenedu npoussoabHo. OAHAKO HEBO3MOXKHO NPHAYMAThb SKCHEpH-
MCHT, NMPH NOMOWH KOTOPOIrO OAHOBPEMEHHOCTb MOXHO Obli0 Onl
ONpeaeaHTh HS3aBHCHMO OT CHlTeMbl oTcyeTa. Pesy/ibTaTh onbita
Maiikesbcona-Mopaes yKashiBaioT Ha TO, YTO 3aKOH  PacNpoCTpaHe-
IIHA CBETA HMMEET OAHH H TOT Xe BHA BO BCeX HHEPUHAaAbHBIX CH-
ctemax. Ecan 661 pesyabtat onmrta Maiikeascona-Mopaea 6bin 10-
JIOKHTEAbHBIM, APYT'HMH CNOBaMH, ecan Obl 6blJIO BO3MOMKHO onpeje-
JHTb COCTOIHHE ABHKEHUR 3(Mpa, TO MH, €CTECTBEHHO, ONpeReaaH
6n  0nHOBPEMEHHOCTb B CHCTEMe OTCYeTa, CBA3aHHOH ¢ spupoM, H,
Takum 06pa3oM, ono npunobpeno Gbl abcoaioTioe 3HaYEHHE,



yaapa MoaHMH 1Ba oTpeska AB u A*B¥ gakyTcs paBHHMH
Ha6jlojaTe/o, HaxoxsulemMycs Ha 3emJe, HaGaiogaTtenb ke
B mnoe3jae Hafijger, yto copmagesne A ¢ A¥* npousoitner
panblie, uyeM coBnagedde B ¢ B¥*, u 3akmount, uro A*B¥
6ombuie, yem AB. Takum o06pa3oM, He TOJLKO OJHOBpEMEH-
HOCTb COGHITHH, HO M pe3y/bTaThl H3MEpeHHss JAJHH 3aBHCAT
oT BHOOpa CHCTEMH OTCYeTa.

Xon 4acoB. Bonpoc 0 CHHXPOHHOCTH HBYX 4acOB, HaXOAs-
IMXCH HA 3HAYUTENbHOM PpACCTOSHHH JApYT OT npyra (T. e.
BONIPOC O TOM, OYAYT JI4 CTPEJKH 3THX 4YacOB OJHOBPEMEHHO
HAXOAUTbCS B SKBHBAJEHTHHX MOJIOXKEHHAX), TaKke onpeje-
ndeTcss cucTeMoM orcuera HabGaionatens. bBonee Toro, ecaun
IBOE YacCOB [BHYTCH JAPYT OTHOCHTENbHO IpYyra, M HE MO-
XeM Jaxe CpaBiMBaThb MX CKODOCTH XOAa, HE3aBHCHMO OT
CHCTeMH OTcyeTa. [lad MAMIOCTPALMH 3TOr0 PacCMOTPHM ABOe
gacoB D u D*, 0144 U3 KOTOPHIX HAXOAATCA HA 3eMmae, a Apy-
rde — B noesne. [IpeanonoxuM, 4TO HX MOKa3aHHs COBNAAAIOT,
koraa D* npoxoautr mumo D. Ecau ux nokasaHus u B xajb-
Helfiulem GyAyT COBnajgaTh, MOXHO CYHTaTh, 4TO Xon D* u D
onuHakoB. Yepes onpeneneHnoe Bpems dac D* u D oka-
WYTCH Ha 3HAYHTE/bHOM PacCTOSIHHH APYF OT JApyra; TOria,
COTJIaCHO CKA3aHHOMY BHILIE, WX CTPEJKH HE CMOryT OJHOBpe-
MEHHO 33HMMATh SKBHBAJEHTHHE IIOJOXEHHT C TOYKH 3pEHHA
o6oux HabmonarteneH, HAXONAIUMXCS Ha 3€MJe H B foesge.

Ilpeo6pasosanns Jlopentna. Ilpennayune paccyxaeuus
NOMOTAIOT HAaM YCTPaHHTb Kaxylueecss MPOTHBOPEYHE MewIy
3aKOHOM PpacnpoCTPaHEHHS SJEKTPOMATHHTHHX BOJH H IIPHHLHU-
NOM OTHOCHTE/JbHOCTH. HOCKO.’Ibe ONnpeAe/IHTb YHHBEPCA/IbHOE
BpeMsl HEBO3MOXHO H JJIHHA TBEPIHIX MacmtaboB 3aBHCHT OT
Buﬁopa CHCTeMhl OTCYe€Ta, MOXHO cebe npeacTaBuTb, 4YTO CKO-
POCTb CBETAa ONHHAKOBA B DA3/MHYHBIX CHCTEMax OTCYETa, HABH-
WYILIMXCH OTHOCHTE/bHO APYr Apyra. Temepb MH MOXeM mo-
Ka3aTb, UYTO K/JaCcCHYECKHe npeoﬁpaaoaannﬂ, CBA3HBAIOLHE
IBe HHEpUHaJbHHE CHCTeMH (YpaBHeHHs npeoOpa3oBauus Ia-
Jnjes) MOTYT GHTb 3aMEHEHHW HOBHMM YpPaBHEHHSIMHM, KOTOpHE
He OCHOBHIBAIOTCH HA MNpeAnoJOXeHHSIX o6 YHHBE PCANbHOCTH



BpeMeHd M MHBADHAHTHOCTH INJMHH MacwTaGoB, HO MpeanoJa-
raloT C CaMOr0 HayaJa HHBapHAaHTHHH XapakTep CKOPOCTH
cBeTa.

[as nonyyedus STHX HOBHX YypasHerHM npeoGpa3oBaHus
Mol [IPUMEM, YTO NPHHIMN OTHOCHTEJLHOCTH siBAseTcs ¢yHaa-
MEHTa/JbHHM MPHHUHIOM, T. €. YpaBHeHHs Mpeo6GpPa30BaHHA He
IOMKHH COAEPXAThb HHUYEro TaKOro, YTO BHAEANN0 Oul OXHY
MHEPUUAIbHYIO CHCTEMY KOOPAMHAT MO CPABHEHMIO C JPYTHMH.
KpoMe TOro, Mu NpenmNoJOWKHM, 4TO ypaBueHHs npeoGpa3oBpa-
HUS COXPaHAIOT OJHOPONHOCTb MPOCTPAHCTBA; BCE TOYKH MNPO-
CTPAaHCTBA M BPEMEHH JOMKHH OhLTb SKBUBAJEHTHH C TOYKH
3peHus npeoGpa3oBanus. [lo3tomy ypaBHeHHs npeoGpa3oBanus:
AOMTKHH GuiTh JMuelnbiMu. ITo STOH ke nmpHuHHE MBI CYUMTAMH
pacctosinde A*C* pasHhM B*C* n B cucteme S u B cucteme S*
(cTp. 52).

Paccmotpum nBe uHepumaibHoe cHcTemn S u S*. [lycts
S* [HBHXKETCA OTHOCHTENbHO S BHOAL OCH X ¢ NOCTOAHHOH
CKOPOCTBIO U; B MOMEHT BpemedH ¢==0 B cucTeme S Hauana
koopaunat S ¥ S* coenmagaior. Ocb X* mapaaneabna ocH X
¥ dakrtuyeckn coBnaaaer ¢ Heft. Touku, nokosuirecs OTHO-
CHTeNbHO S*, IBHKYTCH CO CKOPOCTBIO U B Hanpasienuu ocH X
oriocuteabno S. flepBoe M3 nawmx ypaBuexHH#t npeoGpa3osa-
HUSl PHHHMaeT MO3TOMY CAeAyiowylo GopMy:

x* =g (x — vf), (4.1)
rae o —mnocTosiHHas, KOTOpas GyneT onpeleseHa HHKE.

He sBasieTci OYEeBHAHWM, YTO MPAMas JMHHA, NepPneHAuKY-
ngpHast Kk ocH X, OyleT Takke MeprneniHKyispHa K ocu X*
(yrael JO/DKHB H3MEPATBCH, COOTBETCTBEHHO, HaGMmonaTensiMu
B S ¥ S*). Onxako, ecau STOro MPEANONOKEHHS HE CAEAaTh,
npeo6pasoBaHHe OYAET HapyiaTh CHMMETPHIO OTHOCHTE/IbHO
ocn X. o STuUM e NpHYHHAM MB NPEANOJNOXKHM, Y4TO OCH Y
H Z OpPTOrOHa/JbHH C TOYKH 3peHHs JMOGOH CHCTEMH H 4TO
TO e caMoe CNpaBeN/MBO OTHOCHTENbHO ocelt Y* u Z*,

Kak yka3nlBaJaoChb paHee, Mh MOXEM HHBADHAHTHHIM CMOCO-
60M CpaBHHMBATL MJMHH ABHXYIIHXCA CTepxHel (OTpe3Kos),
€CIH OHM napaje/ibHhi APYr RPYry H MEPNEHAHKYASPHH Ha-
NpaBNEHHI0 HX OTHOCHTENbHOrO JABHxenus, Ms cosnaaenus ux



COOTBETCTBYIOLHX KOHLOB CJELYeT MO MPHHLUMIY OTHOCHTEb-
HOCTH, YTO OHH HMEIOT OJHHAKOBYIO AJMHY. B mpoTHBHOM ciy-
yae cB3b Mexay S H S* ne Onna 6H 06paTHMOM.

Ha ocxoBe 3TOro MOXHO 3amucaTh fABa C/ACRYIOLIHX Ypas-
HeHHsI Npeo6pa3oBaHHs:

yE=y
N (4.2)
*¥=z.
Jns toro uto6m cucTeMa ypaBHeHuH Obl1a NOJAHOH, Mbl
HO/KHBI €Le HaMHCaTh ypaBHEHHe, CBA3HWBalOLLee ¥, T.e. Bpe-
Msl, M3MepeHHoe B cucTeMe S*, ¢ BpeMeHHOH M npocTpa-
CTBEHHHIMH KOOpAHHaTaMH cHcTeMw S. W3-3a npuunaroft namu
«OJHOPONHOCTH» MNPOCTPaHCTBA M BpeMeHH £* NO/MKHO 3aBu-
ceTb OT X, ¥y W 2z auHeHHo. B cuay CHMMETPMH MPEANO/OWKHM
Aajee, 4TO [* He 3aBHCHT OT y W 2. B mpoTuBHOM ciyyae
[0Ka3aHUS OBYX 4acOB, HAXOASAIMMXCH B MIOCKOCTH Y*Z* cu-
ctemat S*, He OyaAyT coBnagaTh, C TOYKH 3peHHA HabmoOAa-
tens, B S. Bub6upas nayano orcueTa BpeMEHH TaK, 4TOGH 1i0-
CTOSIHHHIA (HE 3aBHCAIMH OT KOODAMHAT) WiIEH B YPAaBHEHHSAX
npeo6pasoBanus 06pallancsi B HY/Ab, MOJYYHM

t* =Bt + yx. (4.3)

Haxonel, MH A0MKHH ONpeRe/NHTh MOCTOSHHYIO & B (4.1)
u noctosiurbie § u Y B (4.3). Mu yBuAMM, 4TO OHM ompene-
JMI0TCH ABYMS YCIOBHSIMH: CKOPOCTb CBETa OJNHHAKOBa B 0GEHX
cucteMax S M S*, H HOBbe ypaBHeHHs MPeoGPA30BaHHA AOJ-
WHH TIEPEXONHTb B KJIACCHYECKHe, KOrja CKOpoCThb ¥ Maia B
CpPaBHEHHH CO CKOPOCTHIO CBeTa C.

[lycts B MOoMeHT £=0 H3 Hayala KOOPAMHAT CHCTeMH S,
KOTOpPO€ B 3TOT MOMEHT COBMNajdeT C HAaYyaloOM CHCTeMn S*,
uanyyaercs cdepuyeckas snekTpomarsuTHas Bonana. CkopocTs
€e pacnpocTpaHeHHs ONMHAKOBA BO BCeX HAMpaBIEHHSIX M pag-
Ha ¢ B obeHx cHcTemax. PacnpocTpaHerde BOMHB MOXHO Ofi-
CHBATb JIOOLIM H3 ABYX CACAYIOULHX ypaBHeHUH:

x2 4 y2 - 22 = 22, (4.4)
X¥2 o y¥2 | Z¥2= c2f¥2, (4.5)



Ucnonsays ypastenus (4.1), (4.2) u (4.3), MOXHO BHpa3HTb
KOOpAHMHATH, OTMeuYeHHHe 3BesnoukaMH B (4.5), uepes x, y
H 2

c® (Bt + yx)t =a? (x — vf)? 4 y? | 22 (4.6)

Co6upas OLHOPOAHBIE WIEHH, MOMYYHM:

(‘;232 —vig?) 2 = (a2 — C’Y’) x2? _I_yz + 22— 2 (va? + C’ﬁ‘{)xf.
(4.7)
310 ypaBHeHnue UepexoAHT B ypaBHeHHe (4.4) TOAbKO B TOM
clyyae, KOraa KOI(QHUMEHTH npH £2 H x? B ypaBHeHusx (4.7)
H (4.4) paean, a ko3duumuent mnpn xf B (4.7) HMcuesaer.
IMostomy:
1?2 — et =2,
ad— =1, (4.8)
va? - c2y =0.

OTH TPH YpaBHEHHA PEIIAeM OTHOCHTENbHO HEH3BECTHHX @, B
H Y. Hcknouennem a? nonyyaem:

B+ =—w.

Hasee, nyreMm HckaouMewus y, noayuum aas f2:

1

Takum 06pasoM, BeAHuMHa §, B OTIMYHE OT KJAaCCHYECKOH
TEOpHH, He paBHa exunuue. OnHako, BuGHpas MONOKHTENbHHH
3Hak KopHs B (4.10), Mbl YBHAHM, 4TO NPH MalbX V,C 3Hade-
HHE § MOYTH PAaBHO ENHHHLE, OT/IHYAfACh OT Hee JHllb BO BTO-
pPOM nOpsiAKe. Y OMpEAe/feTCs YypPaBHEHHeM:

— B2

y=1 vpp .-;-J%, (4.11)

H H4aKoOHel, AJIA a HaXOIHM:

(4.9)

ar=— s, (4.12)

3aech OnkTH BLIOHPaEM NOMONKMTENLHOE 3HAUEHHE KOPHS.



IMoncrasnas Halinennue 3HadeHns B ypaBHenus (4.1) n
(4.3), nonyyaem HOBHIe ypaBHEHus! npeoGpa30BaHUA;

Kot
Vl—v‘ljcz’
y =y,
2t —z, (4.13)
P — ‘t—olc"x
V1—02c?

ITO0 TaKk Has3nBaeMHe ypaBHeHHS nmpeoGpasoBaHugd
Jlopentua. TIlpu Manux 3naueHMsX U[C OHH NEPEXOAAT B
YpaBHenus npeoSpa3oBaHus I anunes:

x*=x— 0!,

y =y,
Pz, (4.14)
=1,

Pazmiune mexany (4.13) u (4.14) Bcroay BToporo nopsaxa
OTHOCHTEBHO U[c (unu x/ct). CnpaBenusocts ypasHenu#t Jlo-
PEHTLA SKCHEPHMEHTA/bHO MOXKHO MPOBEPUTb TOJBKO B TOM
cayyae, Koraa (v/c)? 60/blue BepoATHOR OIHOKH onnta. Mait-
KenbcOH H Mopraeft B cBOeM 3HaMEHHTOM SKCINEPHMEHTE YyBe-
JHYHIH  TOYHOCTb HACTOMbKO, YTO CyMeAH H3MepHTh 3ddekTH
BTOPOTO MOPAAKA H N0KA3aTh HA OMHITEe HEMPUIOAHOCTh YpaB-
HeHHH npeoGpasoBanusa [ amies.

Pewas ypasnenus (4.13) OTHOCHTEJbHO X, y, Z M £, no-
JIy4HM:

x4
TVicaa
y=y%
2==2%, ] (4.15)
t—t*—}-;z-x*
Vi—oie' )



CpaBuupas (4.15) ¢ (4.13), M BUAHM, YTO S HMEET OTHOCH-
TeNbHYI0 CKOPOCTh (— ¥) MO OTHOWEHHIO K S*. DT0 3akii0-
YeHHe He TPUBHAJIBLHO, MOCKOJbKY HH €IMHHUA IJHHH, HH €1u-
HHUA BpeMeHH B S M B S* HenocpeACTBEHHO HECPABHHMAL

CKopoCTb CBETOBOTO CHrHaja, MCHYIEHHOr0 M3 MmoGoH
TOUYKH B MOGOH MOMEHT BpeMeHH, paBia ¢ BO BCEX CHCTEMax
KOOpAMHAT, €CAH OHAa paBHa ¢ B OAHOH M3 HMX, TaK Kak npo-
CTPAHCTBEHHBIE H BDEMEHHHEe Pa3HOCTH KOOPAHHAT ABYX COObi-
THA npeo6pa3yloTcs TOYHO TaK e, KaK H CaMH KOOPAHHATH X,
¥y, 2 nt

IpeoGpa3soBanus JlopeHTua HE COBMECTHMH C KJacCHuYe-
CKHMH NpeACTaBAEHHSAMH O NPOCTPaHCTBE H Bpemenn. OHH ycTa-
HaB/IWBAIOT CNPAaBeAJIHBOSTh MPHHLUMNA OTHOCHTENBLHOCTH MO OT-
HOLIEHHI0 K 3aKOHaM pacnpoOCTPAHEHHR CBeTa.

Jlo cux MOp MW CpaBHMBaJW Hally TeOPHI0 Npeobpa3osaHui
TONBKO C pe3yabTaTamu onuta Mafikeabcona-Mopaes. byner au
©OHa COr/acoBaThCH TaKKe H ¢ sBjeHHeM a6Ge pp a L H H? Mu
NOMKHH CPABHHTb HanpaBjieHHe NPHXOASALIEr0o CBeTa B IBYX
CHCTeMax OTCYeTa: cHcTeMe, cBfidanno#t ¢ CosHueM, H CHCTeMe,
cBa3anHol ¢ 3emaell. BenHuuHa aGeppalMH 3aBHCHT OT yria
MEXAY TPHXOMSIINM CBETOBHIM JY4OM H HampaB/eHHEM OTHO-
CHUTENLHOTO JBHIKEHHSI 3THX ABYX cHcTeM oTcyera. O6G03Ha4HM
9TOT yroa 4epes a (B cucreme, cssn3anHo# ¢ Coanuem). Ha-
npaBuM OO6uLYI0 Ocb X OGeHX CHCTEM BIOJAb MX OTHOCHTE]b-
HOTO IBHXEHHS, MPHYEM CBETOBON Jyy nycTh GyAeT pacnoso-
weH B maockoctH XY. B cucreme, cBasawHo#t ¢ Counnewm,
TPaeKTOPHY CBETOBOrO Jyua OMpEie/seTcs MNOCPeaCcTBOM

x=cf-cus a, y=ct-sina. (4.16)
VpaBHeHHs HBHXEHHS B CHCTeme, CB3aHHOH ¢ nBHKyweHcs

3emsefi, MOAYYAIOTCH OTCIOAA NMpPHMEHeHHeM O6paTHHX NpPeoG-
pasosanuit Jlopentua (4.15). Torma (4.16) mpuoGperaer BHA:

— LA™
x*toutt=c¢ (t*-l—-;,—x ) cosa,

yVi—vijce=c (t*-{—c%x*) sina. |

(4.17)



Pelasn 3TH ypaBHeHHs# OTHOCHTENIbHO X* M y¥, no/aydum:

ct® cosa —ufc

D — —_— % *
xT= 1—v[c~cosa_6t cosa”,
.19
F o pg®e D00 T — 22 — of* g *.
vi=q¢t 1__O/c.cosﬂl/l v?[c? =ct*sina
Kotanrenc HOBOro HanpaBJeHHSt paBeH:
ctg a — v/c-cosec
ctg g — 12 —v/e-coseca (4.19)

Vi—o¥c

CoOTBETCTBEHHO ~ K/IaCCHUECKOMY OG'BHCHEHHIO, HaHHOMY Ha
c¢tp 40, ator yroa momken OHA 6H ONpeaensiTbCH COOTHOILE-
HHEM:

ctga* =ctga — v[c. cosec a. (4.20)

C asuusas (4.19) n (4.20), Hano uMeTb B BHAY, YTO OTHOLUIe-
Hue v ¢ mano (nopsaka 10-%). Tlostomy pasnowum oGa cooT-
HOlWeHH B psiap no cTemewsm v/c. Torna:

ctgat =—ctga— v/c-coseca -!- 2 2ctga cery (4.19a)
rel 2 \¢

i
ctg a7, =ctg a — v/c -cosec a. (4.20a)
Habmonaemn#i  addext — nepsoro nopsinka, B TO BpeMst Kak
PEJIITHBHCTCKHE MONPaBKH BTOPOro NOPSiAKA HAXOAATCH 3a mpe-
JielaMH TOYHOCTH 3KcrepumenTa. Takum 06pa3oM, pensTHBHCT-
ckoe ypasHenue (4.19) cornacyercs ¢ Hab/aonaeMbiMi dakTaMH.
Takum xe 06pa3oM MOXKHO OOGLACHHTD IKCMEPHMEHT
du30, cBA3LIBAA cHCTEMY S ¢ 3eMaet W cuctemy S* ¢ ngu-
wyinehcs wuakocTolo. [To oTHOWeEHHIO S* *uakocTs nokourcs,
H ypaBHeHHe ABHXEHUS CBETOBOTO Jyua TaKOBO:

. c *
wha= 2 (P — 1 ). (4.21)
INpumensis npeo6pa3osanny Jlopentua (4.13), moayunm:

c v 1. ol o .
X—vl=— [(t_ e x) — 6V 1— '02/62] . (4.22)



CKOpOCTb CBETOBOFO Jyd4a B CHCTeMe S MoJyyaeTcs pelleHHeM
3TOrO YpPaBHEHHS OTHOCHTENLHO X:

1

——1

s n?
x= ;—mv ¢ -+ const. (4.28)

HaGmoaaemuit 3ddexT okaspiBaeTcss ONaThb NEPBOFO NMOPsAKa
M HAaXOAHTCH B COTJIACHH C 3JKCIEPHMEHTOM.

«Kunematuueckue» 3ddexkTsl npH npeobpas’oBaHHAX
Jlopentua. Usyunm teneps Gosee noapo6no Bunpoc o6 namepe-
HHH JJUMHE H BPEMEHH B PA3/JHUHBLIX CHCTEMAX OTCUCTA C TOUKH
3penust npeo6pasoBanuit JlopenTia.

IlycTs yacw pacnosioxeHbl B HEKOTOPOH Touke (x;, yg, z:)
B cucteme S*. CpaBHMM BpeMsi, NOKa3HBaeMOe 3THMH 4dacami,
co BpemeneM /, uamepenssiM B cucteme S. CorsacHo ypasue-
Hennio (4.158) umeem:

v/c2-x; + ¢*

Vi=oye '

lMosTomy BpeveHHwA uHTepBan (f,—t,) B cucreme S Bupa-
K4eTCH Yepe3 NMOKA3AHHA YACOB 7, M 1 CNEAYIOWHM 0Gpa3om:

bty =&)Y T3, (4.24)

Taxkum 06pasoM, C TOYKHM 3PeHHsl CHCTeMW S XO4 yacos oxa-

3LiBaeTCH 3aMelJ/IeHHHM B Vl——-'v”/c2 pas. Ho sroro mano.
Ha6nionaemne u3 cucTemn S vackl B pPa3/MUHHX TOukax S¥,
HAS C ONMHAKOBOH CKOPOCTbIO, TeM He MeHee OYAYT NOKa3bi-
BaTh Pa3/AM4YHOE BPEMS B 3aBHCHMOCTH OT HX INOJIOXKeHHsi, Yewm
nanbuie no ocH X* OT Hauana KoopauHaT cdcteMn S* pacio-
J0WeHsl 4ach, TeM 00Jee OTCTalOT HX MOKa3aHHA C TOYKH
3pendst cucTeMn S. JIBa coGhITUS, ONHOPPEMEHHLE B cHCTEMe S,
BoOGu(e rOBOps, HE OXHOBpPEeMEHHH B cHcTeMe S¥, u HaoGopor.

C znpyro#i CTOPOHH, MOXHO pacCMaTPHBAaTh XOJ 4YacoB, Ha-
XORSALUMXCA B cHCTeMe S, ¢ Touku 3penus cuctemn S*. [lycts
yacel pacmojowesH B TOuke (x,, y,, 2;) H Bpems B S*



CBA3aHO CO BpeMeHeM B S ypaBHeHHeM
t*__:t—v/cz-xl

VTi—vic2

Kak 4 mpewxne, nokasaHHsi S-4acOB CBS3aHK C BPEMEHHHM HH-
TEPBAJOM B S* COOTHOLIEHHEM:

f— =t —1) |V T—ova. (4.25)
S-yacH C TOYKH 3DEHHS CHCTEMH S* OKa3WBAIOTCH 3aMelJieH-
HBIMH. Hacwl, HaXOASIHECH Ha MONOXHTE/NbHOH 10J10BHHE ocH X,
Onepe}xaloT Yack, NOMel[eHHHEe B Hayaje KOOPAHHAT.

Kakum we o6pasom HaGmonatens B KakoH-1H60 cHCTeMe
orcyeTa OOHApYyKHBAET, YTO YacH B APYyrodl CcHCTeMe HAYT
mepsendee? Jing Toro uYTOOM HM3MEPHTb CKODOCTb XOAa 4a-
coB 7, ABHXYyUIMXCA OTHOCHTEeJbHO Hab/omarens, nociaeaHui
CPaBHHBAEeT MX MOKa3aHHA C NOKAa3aHHAMH BCEX YacOB B €ro
CHCTEME, MMMO KOTOPHX mnpoxoasT 4acw 7. Hnave roBopy,
S-vabmonaresnb cpasHMBaeT OJAHY mapy S*-yacoB ¢ mnocaeno-
BAaTE/bHOCTHIO S-4acoB, B TO BpeMsl kak S*-Ha6/moxaTtens cpas-
HUBaeT OJAHY napy S-4acoB C MOCJeAOBaTENbHOCTbIO S¥*-yacos.
S*-yacnl ¢ TeyeHHeM BpEMEHH MpPOXOAAT MHMO S-4acos, Bce
Jajbllie PAaCMONOXEHHHX BAOJb MOJOWHTENLHOrO HamnpaBlIeHUd
ocd X H nostomy Bce GoJsee W Gosiee onepexaioiux uyack S*,
[03TOMY Ha6/oJaTeno B CHcTeMe S KaweTcs, 4TO S*-yacw
uayt wmemneddee. HaoGopor, S-yacH npoxomar MuMo S¥-ya-
COB, PacmoJIONEHHHWX BCe Jafblie H Aajblie B OTPHLATENLHOM
HanpaBsjieHHd ocd X* u 1no3ToMy BCe 6o0J/€e oOnepexaroux
yach S. Xox S-4acoB KaxeTc 3aMEAJICHHHIM C TOYKH 3pEHHA
CHCTEMB S*,

B cayvae uamepenut J/IMH yC/IOBHS HECKOJbKO GoJiee CJAOK-
HH, TaK KaKk B YpaBHEHHHA MPEOGPA30BAHHA Yy H 2 BXOAAT
HHaue, yeM x (ocb X — HampaBleHHE OTHOCHTE/bHOTO ABHX(e-
nus). Teepanl#i MacuiTaG, NEepOECHAMKYMSIPHBIA HanpaBJEHHIO
JIBHMEHHS, HMEET OAMHAKOBYIO AJHHY B 00€HX CHCTeMax Koop-
nuHat. Ecam ke wmacmta6 napaaaened ocam X v X*, wamo
OroBODHTb, KaK Mbl paccMaTpHBaeM €ro, B ABHXYLIEHC Wau
B nokosiumieHcs cHcTeMe. PaccMOTpuM cTepwenb, TBepAO CBs-
3aHHHM ¢ S¥, KOHUB KOTOPOTO HMEIT KOOpAMHATH (X, 0, 0)



u (x3 0, 0). Ero nmusa B S* pasxa
Pr=xi—x. (4.26)

Ha6aioxateas B S onpeneaser AMHHY CTEPWHS KaK Pa3HOCTb
KOOPIAMHAT (X, — X,) €r0 KOHUOB B OJMH H TOT X€ MOMEHT
BpeMenH f. KoopmuwaTol Xx; M X CBA3aHH C KOODJAHHATaMH

X5, X, W ¢ ypaBueHuamu (4.13):

I b vt
AT (4.27)
x. — Xg — vt
2 YV 1— v3c3 )
OTClOIIa Pa3HOCTb KOOPAHHAT
O—p=_% 4.28
N AT (4.28)

O6o3navas (x, — x,) vYepes /, momyuuu:
=) 1—v?[c3.l*, (4.29)

CrepieHp KaWeTCd YKOPOYEHHHM MPOMOPUHOHANEHO MHOXHTE/IO
V 1—v3/c2. Aror sddexT HasuBaeTCA NOPEHTUOBHM CO-
KpauleHHEM.

AHanoruysoe BHYHC/IEHHE MOKa3nBaeT, 4YTO CTEp¥KEeHb, MO-
KOSIUHHCA B CHCTeMe S, KAXeTCl YKOPOYEHHBIM C TOYKH 3pe-
HHS CcHCTeMH S*,

Hrak, moayyaeM CaeéyiolHe TNLaBHNA: %ACH, NOKOAWUECS
OIMHOCUMENLHO Habal00amens, KaWCYMCR exy udyuwumu ¢
Hnauborvwel cropocnvio. Ecan Onu 08udcymcs omuocumensHo
HabA00amers €O CKOPOCMbIO U, X X00 KajCemcs ey 3a-

MEONCHHYBM B ]/l—'zﬂ/c2 pa3. Teepdoe meso umeem c moy-
Ku 3penus HabAwOamesn HauGOALWYIO OAUHY, K020@ OHO
no omuowenulo ¥ Hemy noxoumcs. Jsuncyuieecs meso xa-
dCemcss COKPAUEHHBM 8 HANDABACHUU OBUICEHUS RPONOP-
UUOHAABHO MHONCUMERIO Vi —v%/c?, 8 mo spems Kkax pas-
MepBl €20 8 NePpReHOUKYAAPHBX HANPABACHUAX OCMAOMCR
HeU3MeHHBMU.



CoG6cTBeHHOe BpeMs. B npoTHBOMOJIOKHOCTb K/1aCCHYECKOH,
Teopuu npeo6pa3oBaHHit BpeMEHHWE W MPOCTPAHCTBEHHbLIE HH-
TepBann O6osee He SBAAIOTCA HHBapHaHTHHIMH. OnHAaKO uHBa-
pHaHTHBI# XapakTep CKOPOCTH CBETa JaeT BO3MOXHOCTb BBECTH
apyro#i uuBapuant. Bepremcs k ypasnennsm (4.1), (4.2), (4.3)
n ycaosuio (4.8). PacemoTpum aBa COGHITHS, MPOCTPAHCTBEHHBIE
H BPEMEHHbIE KOODAHHATH KOTOPBIX COOTBETCTBEHHO (X1, ¥y, 2y, £;)
H (Xy, Yo, 2y, £y). OO6O3HaYMM yepe3 12, PasHOCTb MeWHy KBaj-
paTOM BpEMEHHOI0 HHTEpBa/jla M KBaZPATOM INPOCTPAHCTBEHHOFUL
MHTEpBaJa, JNEJEHHHM Ha €2, TaK YTO

i, =—t)— ’lz_ (e, — %2+ (y,— 3+
+ (25— 2,)2). (4.30)

CoOTBETCTBEHHO ONpEe/IMM AHAJOTHYHYI0 BE/HYHHY B CHCTeE-
Me S*:

= — 8 — gl — £ — )t
—+(2; — 2})*). (4.31)

Buipakasi Tenepp 'c;‘% B S-nepemenunix, corsnacHo (4.1), (4.2)

n (4.3) [aHaNOTHYHO TOMY, KaK 3TO MBbl Je/ajH C ypaBHEHHeM
{4.9)], monyuum:

.:*2_:__( 52_01_‘30_’\“ _t])-z_.l_[(az_czyz) (), — x, )z_l_

+(ye—y,)? +(22—'21)2]+2( +§Y)(x2”x1)( t).
(4.32)
Y4uTHBas, 4TO TNOCTOSHHHE &, § M Y NORYMHEHW YC/IOBHSM
(4.8), nerko BHEETb, YTO 1:2 AB/IAETCS HHBAPHAHTOM [0 OT-
HOIIEHHIO K ypaBHEHHSIM npeoﬁpaaosaﬂuﬂ (4.13), 7. e.

!

=12, (4.33)

Besuunna T,, HHBADHAHTHA TaKKe OTHOCHTENbHO IPOCTpaH-
CTBEHHOTO OPTOrOHa/NBLHOTO Npeo6pasosanus (1.1).



B nanprelimieM MH OyHeM Ha3uiBaTh BCe JHHEHHHe npeo6-
Pa3oBaHHA, NO OTHOUIGHHIO K KOTODHM T3, OCTAaeTCA HWHBapH-

auTHeM, Npeo6Gpa3oBanuAMH JloOpeHTU A, HE3aBHCHMO
OT TOrO, NPOHCXOAHT OTHOCHTE/bHOE ABWXKeHHE BaoAb OCH X
wik HeT. OYeBHAHO, YTO H3 MHBADHAHTHOCTH 17, CleryeT Hu-

BapHaHTHOCTb CKOPOCTH CBETa, TaK KaK AJs JOGHX ABYX To-
4YeK, NeXaluX HA TPACKTOPHH CBETOBOIO Nyua, T3, PaBHO HYJO.

Kakos ¢usnuecknit cumcn sesnuunn 3,7 Ecn cywecrsyer

CHCTEMa OTCYeTa, MO OTHOLIEHHI0O K KOTopoil 062 coGuTus
MPOUCXOAAT B OXHOH M TOH Xe TOouKe NPOCTPAHCTBA, TO Tyq
(nonoxuTenbHu# KOpeHb M3 ':122) npeiactasaseT cobe#t BpeMs

MEXHY STHMH COOLITHSMH, PErucTpHpyeMoe 4YacaMH, HaXoxs-
UIHMHCH B MOKOE OTHOCHTE/JbHO 9TOH cucTeMu orcuera. [los-
TOMY Ty Ha3LBaeTCH HHTEepPBaAOM COOGCTBEHHOTO Bpe-
MeHH.

Bcerna /mm cyuwiecTByeT cHcTeMa OTcyeTa, B KOTOpOH asa
COGLITHS TMPOMCXOAST B OXHOH W TOH Xe TOuKe MPOCTPaHCTBA?
Ecan Obl ML MMENM A€/0 C K/JaCCHYECKHMH YPABHEHHSAMHM Inpe-
06pa30BaHuA, OTBET Obil OB MOJIOXHTE/NBHHM I1IPH  YCJIOBHH,
YTO STH COOHTHE HE <CORHOBPEMEHHH». Y paBHeHHH npeoGpa-
sosanua Jlopentua (4.13), onHako, HMEIOT OCOGEHHOCTB, KOTA
OTHOCHTE/IbHAA CKOpOCTb CHCTeM OTcYeTa paBHa CKOPOCTH
cBera, T. €, Korra v=rc. [Ipn v Goibwiux, yem c, x* u ¢*
H3 ypaBHeHHRA (4.13) nonyyaloTcH MHHMHMH. Y paBHeHusi npe-
oGpa3sosanus Jlopentua onpenenenH, TakuM 06pa3oM, TOJLKO
A TOFO CayYasl, KOraa OTHOCHTE/bHA CKOPOCTb ABYX CHCTEM
OTCYeTa MeHbiIe CKOPOCTH cBeTa ¢. I103TOMY ecad ABa COGH-
THA CHELYIOT CTOM> OHCTPO APYr 3a ADYrOM, 4TO BpEMEHHOH
HHTEPBA/ MEXIY HHMH MEHbllie MIH pPaBeH BPEMEHH, KOTOpoe
HEOGXOIHMO CBETOBOMY Jy4yy A/ MPOXOKAEHWS MPOCTPaH-
CTBEHHOIO DACCTOAHHA MEXAY STHMH COOLITHAMH, TO He cyuie-
CTBYeT CHCTeMHhl OTCYETa, rjie HaHHhe COOHTHA HMeaH Ohl MecTo
B ONHOH H TOH Xe TOUKe NPOCTPAHCTBA.

PaccmMorpiM nBa COGHITHSI, NPOMCXOLSUIHX B ABYX DPa3iHy-
HHIX TOYKax mpoctpancrsa. [lycTo B 3TOT MOMEHT, Korga npo-
HCXOAHT coOuhTHE B NepBoft Touke, H3 Hee BHXOAHT CBeTOBOMH
ay4. Ecnu stor ayy pmocTuraer BTOpPOft TOYKH KaK pas B TOT



MOMEHT, KOrjla B HeH npOHUCXOAHT COOGHTHE, TO HHTEepBaJ
COGCTBEHHOTO BPEMEHH T;; MEXAY ITUMH JABYMS COOBITHSIMH
Ppasen uymo. Ecnd ke 3TOT CBeTOBOH Ayy NMPHXONHT BO BTO-
PYIO TOYKY YXe nocie TOro, Kak B HeHl npOM3OILNO COOHTHE,
uHTEpBaJZ MeXIy COOHTHAMH OyaeT oTpuuaTeabHHIM. B stoM

C/lyuae BMECTO T2, MOKHO BBECTH WHBADHAHT GF, = — %,
TO ecTh
o= (X, — %)+ (y,— )2+ (p —2)? —
— Oty — 1), (4.34)

Ins moOmX IBYX COGWTHH JHGO T,5, AHGO G, BEUIECTBEHHO-
Ec/iH BelllecTBEHHO G;5, TO mpeoGpa3oBanHeM JIopeHTiia MOXKHO
cBecTH f,—# K Hymo. JIpyrHMH cloBaMM, B STOM Cly4ae

CyilecTByeT CHCTeMa OTCYeTa, B KOTOpOH 06a COGHTHA OXHO-
BpeMeHHH. B 3TOH cHcTeMe OTcyeTa NPOCTPaHCTBEHHOE pac-
CTOSIHHE MEWAY IBYMA COOWTHAMH PaBHO MPOCTO 4.

OG6HYHO T,y HJH G BHPAKAIOT MPOCTPAHCTBEHHO-BPEMEHHOH
HHTEpBan MeXay JAByMs coOuTusamMu. MHTepBan HasmBaercs
BPEMEHHO-NOAOGHHM, €C/IH T,, BELIECTBEHHO, H NP O-
CTPAaHCTBEHHO-NONOGHHM, €C/H 0,, BelllecTBeHHO. SlB-
AAIOTCA JI4 HHTEPBa/Jibl MEXAY ABYMA COSHITHAMH BPEMEHHO-IIO-
JOOGHHIMH HJH TPOCTPAHCTBEHHO-NMOXOGHHMH, HE 3aBHCHT OT
BHOOpPA CHCTEMH OTCYETa HA4 CHCTEMBl KOOPIHHAT. JTO €CThb
HHBapHaHTHOE CBOHCTBO ABYX COOMTHE.

Kak yxe ykasnBanoch, ypasHenuss npeo6Gpasosauus Jlo-
PEHTUa OmpemesieHH HAMH TOMbKO I/ OTHOCHTEJIbHHX CKOpPO-
ctelf, MEHbIUIHX CcKOpocTH cBeTa. Ecau 6Hm cucrema oTcuera
MOr/1a JIBHraThCAd CO CKOPOCTbIO, paBHOM MAM GoJblieH, yem
CKOpOCTh cBeTa, OL0 Obli COBEPHIEHHO HEBO3MOXHO Pacipo-
CTpaHeHHe CBeTa B HANMPAaBJICHHH IBHXKEHHS 3TOH CHCTEMHI, TeM
6os1ee CO CKOPOCTbIO (.

PeaaTHBHCTCKAH 3aKOH CJOXeHHs ckopocTeil. Boamoxuo
Ad HafTH ABe CHCTeMH OTCYeTa, MABHXKYL{UecH ADYT OTHOCH-
TeJbHO Jpyra co CKOPOCTbIO, GoJbuielt ¢, MyTEM MOC/eAOBa-
TeJIbHOTO IPHMeHeHHs CepHH npeoGpasoBanuit Jlopentua? Yrobu
OTBETHTh Ha 3TOT BOMPOC, PaCCMOTPHM CYNMEPNO3HLHIO ABYX



(wm Gonbuie) npeoSpasosannit Jlopentua. Bseaem TpH cHcre-
mu orcueta S, S* u S**. Chcrema S* uMeer CKOPOCTb
otHocuTensHo S, a S** ckopocth w oTHOcuTenbHo S¥. Hati-
ZeM ypaBHeHHsi npeoOpa3oBaHus, cBa3uBaowMe S** ¢ S.
Byaem HcxomuTh M3 ypaBHeHui:

v Xx—ut *_ )
Y= Vicaea 70
v
t——5 X
1% — G % — 5
Vi—oe '
% x¥ — wt* . (4.35}
* Vi1 3/¢2 Y=y,
— w?¢
t*_gz"x*
Pa— ¢ E'X y——y
Vi—wya' ° =% |

IMoacTaBuM nepByio CHCTeMy Bo BT
opylo. Henocpeacreenn
BHYHC/ICHHE [I3eT: pea o¢

¥ — X — ut
V1 — w2 ’
y*r=y,
¥ =2z, (4.36)
t—g %
%% — S
V1—u3jc?
g -LEE_ (4.37)
1+

Takum o6Gpa3oM, IBa nocnienoBaTenbHHX npeobpasosaius Jlo-
peHTHa SKBUBAIEHTHH OJHOMY npeoGpasoBanuio. OmHaKo npu
9TOM OTHOCHTE/NbHAA CKOPOCTb S*¥* u S He paBHa CyMMe ¥ M w.
loka v/c W w[c Manx B CpaBHeHHH C enuuHueH, & 6iu3Ko
K v+ w; HO ecid XoTd OB OAHAa M3 JABYX CKOPOCTeH Mpu-
6aKxaeTcs K ¢, pe3y/ibTHPYIOIias CKOPOCTb CYUIECTBEHHO OT-



JIHYaeTcH OT cymMn ckopocTefi. CoorHouwenue (4.37) Mmoxer
OLITh TepenucaHo B BHAE:

—_ (1 —=v/e)(1—wle)
u=¢ [l T owjal ] . (4.37a)

OT1clona BHAHO, YTO & HE MOXET OWTb GOMBUIMM MM PaBHLIM C,
ecid v M W Menbile ¢. TlosToMy HeB93MOXHA Takas cynep-
NO3KHLHA HECKONbKHX npeo6pasoBanuit JlopenTua, B pesyasTare
KOTOPO# Onta OW JOCTHFHYTa CKOPOCTb, GOJblUAs, YeM C.

CoorHouwenne (4.37) MOXHO HHTEPIIPETHPOBATH H HECKOABKO
ApYyruM o0pa3oM, TaK Kak Telo, HMeIouiee CKOpPOCThb W OTHO-
cHTenbHo S*, umeer ckopocTb 4 oTHocutensuo S. Toraa co-
oTHownenHe (4.37) MOXeT paccMaTpHBAaThCH, KaK 3aKOH ClAOWKe-
HHSl ckopoctelt (B Hanpasnenun ocd X). B sTom ciyuae ero
Jyylie MHUCATh B BHAE:

u—v
U=
1 —nvje?’

(4.38)

TIe W 3aMeHeHO 4*. Mul BUAMM, YTO Te/O, HMeloulee CKOPOCTh,
MEHbILY® ¢ B HEKOTOPOH HHepuHAIbHOA CHCTeMe, HMeeT CKo-
POCTb, MeHblLYIO ¢ W B n060it npyroft HHepuuanbHOR cHCTeMe.

Hs ypasuenuit npeoGpasoBanus Jlopentua caemyer, 4To
MaTepHalbHO® TEJ0 He MOXET HMeTb CKOPOCTb, 60AbWYIO c,
OTHOCHTENBHO Kako#l-1160 HHepUMAbHOR CHCTEMB OTCYeTa.
JefiCTBHTENIbHO, CaAMO MAaTePHA/ILHOE TeNO MOXeT GuTb BuGpatio
3a Te/I0 OTCYeTa; eCAH 3TO TEJNO H3O0MHPOBAHO OT APYFHX Ten
H He Bpaiaercs BOKPYI CBOEro HEHTpa Macc, TO CBfi3aHHad C
HHM cHcTeMa OyAerT HuepuHanbioi. Torna, ecan 6n B HEKO-
TOpoH cucTeMe Teno obnalano CKOpOCTbIO, Goabiue# ¢, To
OTHOCHTE/IbHa CKOPOCTb STOH CHCTEMH M CHCTEMH, CBSI3aHHOM
C Te/MOM, Takke Onaa OW GoJbllie €, YTO HEBO3MOKHO (CM.
BHIE),

CoGcTBedHOe BpeMs MaTepAAJbLHOr0 Teaa. PaHbuie Mu
TOBOPHAHM O MNPOCTPAHCTBEHHO-BPEMEHHOM HHTEpPBa/iE Mexay
ABYMH COOLITHAMH., anMeHeHHe 3TOro NOHATHA K ABHXEHHIO
MaTepHa/NbHOrO TeJMa H K NMPOCTPAHCTBEHHO-BPEMEHHbIM TOYKaM
BIOJb €ro myTH HMeeT 0COGeHHO 60/bILOE 3HAYEHHE B peJs-



THBHCTCKO# MexaHHKe. ITOCKOJBKY CKOPOCTb MaTepHajbHOTo
Tena MeHblle ¢, TaKOH HHTepBal Bceraa GyAeT BPEMEHHO-TO~
no6unM. Ecin aBuxende Tena He sBASETCA MPAMOJIHHEHHLIM
M DaBHOMEDHLIM, MH Bce e MOoXeM omnpeaeauts audepen-
HHa/bHHHA 9neMeHT 3 HH(depeHUHANbHOTO YPaBHEHHS:

1
dit=d? — v (dx2-t+dy* - d2?)=
_ 1 dx\2 dy\2 dz \2 2
={1—z[E)+(3)'+(%) J}‘” :
T ABJMETCA «COGCTBEHHHM BpeMeHeM», T. €. BpeMeHeM, MOKa3h-
BaeMbLIM 4YaCaMH, TBEPAO CBA3aHHHM C IBHXYIUHMCH TeIOM.

Hens (4.39) na df® u u3Bnexkas KOpeHb, MONYYHM CBA3D MeXAy
BpeMEHHOH KOODIHHATOH H COOCTBEHHHIM BpEMeHeM:

d ———
Z=Vi—as, (4.40)

(4.39)

TAe &—- CKOpPOCTb Te/a. 3TO COOTHOLIEHHE BEPHO M AJS YCKO-
PeHHBIX H AJA HEYCKOPEHHHX Tell.
Kak dt, tak u BpeMs T, onpeje/sieMoe HHTErpajiom

= {Vi—wea, (4.40a)

HHBADHAHTHB OTHOCHTE/LHO npeobpasoBanuft JlopexTua, B TO
BpeMs Kak df M u HeMHBapHAHTHHL.

3adauu

1. Ha crp. 62 o6cyxnancs oaMH H3 cnoco60B H3MepeHHs
IJMHH ABHXKYLIETOCH CTePXHS. MB MoXeM Takke onpeneisiTh
AJIHY ABHKYLIETOCA CTEPHKHS, BHYHC/AS OPOUIBENEHHE €rO CKO-
POCTH Ha MHTEpPBA] BPEMEHH MeXAY ABYMSA MOC/AELOBATENbHRMH
LIPOXOMACHHAMH KOHIIOB CTEPWHSA MHMO HEKOTODOH (HKCHPO-
BaHHOH TOykH. [Toka3aTb, 4TO, NO/NB3YACH TAKMM ONpPENE/ICHHEM,
MOXXHO TOJMYYHTb MpexHee ypasHenHe (4.29) Aa% JIOpPEeHTHOBA
COKpaLLEeHHA.

2. Jlpa napa/uie/IbHEIX CTePXHS HBHXKYTCA IPYT OTHOCH-
TeNbBO Apyra BROAb HX o6uiero HanpasieHHs. OGDBACHUTD
KakymHACH napaioKC, 3aKMOYAloWMHCA B TOM, YTO KacaHH



CTEPXKEHb MOXET Ka3aTbC JJHMHHEE B 3aBUCHMOCTH OT COCTOSA-
HHA JBHXeHHd HabJiomaresns.

3. Ilyctb wactora cBeTOBOrO Jyya B cHcTeme S paBHa v.
Ero uactrora v* B Apyro#i cucreMe orcyeTa S* 3aBHCHT OT
Yria @ Mex iy Hanpas/ieHHEM CBETOBOFO Jyua M HanpaBjieHHEM
OTHOCHTE/IbHOTrOo ABWkeHHs S u S*. [loayuuth Kaaccuyeckoe
H PeNATHBUCTCKOE ypaBueHus, Aalouide CBA3b MewLy v, V¥
H yrioM da.

Hnst aTOR 1enH cBeT yNOGHO paccMaTpHBATh KaK IVIOCKYIO
CKaJAPHYIO BOJIHY, ABHXYLIYIOCS CO CKOPOCTBIO C.

Orser.
vy =v(1 —cosa-v/c),
« __,1—cosa-vfc _ v 1 1)2_
vrel——v————]fl__vz/cz _v(l cosa.— -5 (a cee e

Dddext mnepporo nopanka, obuud B 06oux cCiydasx, eCcTéh
«knaccuyeckulty spdexr Jlonnnepa; uneHH BTOPOro mnopsaka
AT TaK HasuiBaeMbllt «peaaTHBHCTCKui» adpext Honnaepa.
OH He 3aBHCHT OT yr/ia a.

4. JlopenTi c€O34a/1 TeOpHIO, KOTOpas fBJAS/ach Mpenuie-
CTBEHHHLIEA COBPEMEHHOH TEOpHH OTHOCHTE/JBbHOCTH. Bmecto
TOTO, YTOOH NOMLITATECH OGOGIIHTD MPHHIIMN OTHOCHTE/bHOCTH
Ha 3NIEKTPOAMHAMHKY, OH MPEANOJIOKHI, YTO CYIECTBYET NPHBH-
JIErHPOBaHHAsi CHCTEMAa OTCYETa, MO OTHOWIEHHID K KOTOPOH
3¢Hp nokoutcs. YUro6n O6GBACHHTL pe3yabTaT onwmta Maii-
KenbcoHa-Mopaiesi, oH npuHs/, 4To 3dHp Bo3AeHCTBYET Ha Xon
4acoB H JJIMHY MacluTa6oB, ABHKYUIHXCS yepe3 Hero, CorsiacHo
STOH TrHMOTe3e 4acH 3aMelJIIOT CBOH XOA, a MacWITabu ykopa-
YHBAIOTCA B HANpPaB/E€HHH CBOEro ABmkeHus. C noMoilblo 3THX
NpeacTaB/JeHHH MOXHO HaHTH KOJMYECTBEHHHE COOTHOLIEHHS,
onpeaesiOIHe 3aMeN/ICHHE YacOB H COKpalIeHHe MacliTa6oB.

a) Ilpeanonaras cnpaBenJHBOCTh ypasHeHHH npeo6pa3oBa-
Hus [anunesi, HallTH ToYHOe BHpakKeHHe I/ BPEMEHH, KOTO-
poe Heo6x0oaUMO CBETOBOMY JIydy Ha TNPOXOXAEHHE MNPAMOJH-
HeHHoro oTpeaka / B 06OMX HampasieHusiX B ycTaHoBke Mafi-
xenbcoHa-Mopaes. CKOPOCTb yCTaHOBKH OTHOCHTE/BHO MPHMBH-



JIETHPOBAHHON CHCTEeMBl CYHTaTh paBHOR T, a yron Mexny
TPaeKTOpHEH Jlyya W HaNpaBAeHHEM T PABHHM Q.

OtBer
f— 20 ¥V 1 —v?¥c?-sin%a
¢ 11—tz

(4.0

6) Beenem Temepp runoresy JlopeuTua M NpHMEM, YTO

ypasHenHe (4.I) npumenseTca Kk cokpaumieHHO® Aaune [ M M3-
MEeHeHHOMY yray a. Bpems, noka3nBaemoe yacaMu HaGaonarens,
SIBAAETCS Tenepb He aGCO/MIOTHHM BpeMeHeM f, a BpeMeHeM
ABHXCYWIMXCA 4acoB f*. DBojee TOro, Mn H3MepsieM MJHHH
macmitabaMH, KOTOpPhHe CaMH COKpalaloTcs, T. €. MB H3Me-
psieM He JeHCTBHTENbHYIO COKPAINEHHYIO DAHHY [, a KaxymylocH,
HECOKpauleHHyl0 JHHy [*, BpeMmsfi HABHXYyWHXCH 4YacoB £*
H KaXyllascd HJAHHA [* CBA3aHBI COOTHOMICHHEM:
o
¢
KOTOpPOE c/AefyeT M3 pedy/ibTaTa onnrta Ma#tkenbcona-Mopaes,
OG603Ha4yUM MHOXHUTE/b, XapPaKTEepPH3YIOUIHH 3aMelseHHe X0aa
yacoB uepes 0, M MHOXHTE/Ib, XapaKTepH3YIOWMUA cOKpaleHe
MaciTabos B HanpasneHud v, uyepe3 A. Tloayuuth cooTHomie-
Huf, cBf3WBalomue £ ¢ £¥%, I ¢ I*, u onpemesuts A u O Tak,
yTo6n ypaBHeHus (4.I) u (4.1I) cTaaM 3KBHBa/JEHTHHMH.

OTsBerT.

t* , (4.1

1% = Ot,
1* =1V sin®a }- A—2cos?a, (4.11)

A=0=V1—v2c

B) Uto6H moayuynTb MOAHYIO CHCTeMy ypasHeHH#H npeoGpa-
3oBanust Jlopentna (4.13), BBemeM nABe CHCTeMH KOODIHHAT:
OIHY TNOKOAILYIOCH, a APYTyl0 ABHXYILYIOCS 110 OTHOLIEHHIO
k adupy (S n S*). Haitu xamymmecd paccTosHuf TOYeK Ha
ocax cHcTeMbl S* oT Havana koopauHat 9To#t cucremu. Ha-
KOHELl, YCTAHOBHTb TAaKyI0 CBf3b MEXKLY NOKa3aHHAMH IBHXY-
LUMXCA M MOKOSILIMXCS 4acoB, 4TOOHW CBETOBOH CHrHaJs, HCXO-
Asu A M3 Hayana CHCTEMH KOOpAHHAT S* B MOMEHT f=—{(¥—0
MMeJ KaXyulylocs CKOPOCTb ¢ BO BCEX HAMPaBICHHSX.




TCzasa V

BEKTOPHbIA U TEH30PHbIA AHAJIU3
B n-MEPHOM NPOCTPAHCTBE

*

Knaccuyeckas Teopus npeoGpasoBaHuit noapasymeBaeT
CYIECTBEHHOE DPa3/HYKE MEXLY MPOCTPAHCTBEHHHIMH H BpeMeH-
HOH KOOpAHHATaMH. [1oCKO/IBKY HHTEPBaZH BPEMEHH B KJaCCH-
yecKOH (H3HKe CYHTAIOTCA HHBAPHAHTHLIMH, BpEMEHHas KOOp-
AHHaTa Bceraa npeobpa3yerca cama B ceOs.

B penstusMcTcKO# TeOpHH npeo6pa3oBaHvi BpeMeHHas Koop-
JAHHATA MepecTaeT 3aHHMaTh 3TO 060CO6/IEHHOE MOMOKEHHe, TaK
KaK ec/H 1Be CHCTeMH IBHXKYTCH ADYr OTHOCHTE/bHO ApPYT4,
TO BpeMA B OJHOH cHCTEMe KOOPAHHAT 34BHCHT HE TONbKO OT
BPEMEHHOH, HO R OT MPOCTPAHCTBEHHBIX KOOPAHHAT APYroii
CHCTEMH.

3axonn kAaccH4ecKo# GH3HKH Bceraa GOPMYIHPYIOTCS TAKHM
0o6pa3oM, 4TO BpeMeHHad KOOPAHHATA OKA3BIBAETCH OTAEJEHHOM
OT TNPOCTPAHCTBEHHHX; 3TO OGYC/MOBIEHO XapaKTEpoM Tex
npeobpa3oBaHuil, OTHOCHTENBHO KOTOPHIX 3TH 3aKOHHM KOBa-
PHaHTHH.

BO3MOXHO M pensiTHBUCTCKYIO (PH3HKY NMOCTPOHTH TaK, YTOGH
BPEMEHHas® KOOpAHHATA COXpaHf/aa CBOe cneuxduyeckoe noJo-
HeHHe, OAHAKO TIPH ITOM 3aKOHW TEOPHH OTHOCHTENBHOCTH
NPYHUMAIOT TPOMO3AKHH BHI, YTO YaCTO 3aTPyAHSET HX MC-
N0/Ib30BaHKE.

I TeopHH OTHOCHTENBHOCTH HYXHO N0A06GpPaTh MOAXO-
asud  QpopmanuaM. Ypasienus npeoGpaszosanus JlopeHTua
I0ACKA3HBAIOT 1eNecoo0pa3HoCTh PaBHOMNPABHOR TPAaKTOBKH
Bcex YeTHpPex KOOPAHHAT: X, y, 2 u f. Kak 3To aonwxHO GHITh
cnenavo, 6mno mokasano I'. MuukoBckuM. Mub yBuzuM, uTo
[IpMMeHeHHe BBEAEHHOTO MM (opManu3Ma YIPOCTHT MHOFHE Mpo-
61eMb ¥ cre/aeT MHOTHE Pe/JATHBHCTCKHE 33KOHB H YpaBHe-
HHA 6o/iee SCHBIMH, YeM HX HEPelATHBHCTCKHE aHaloru.

Knaccuueckas ¢u3uka xapakTepusyeTcs HHBAPHAHTHOCTHIO
AJUH B BPpeMEHH. POPMaJIbHO PEAATHBHCTCKYIO (H3HKY MOXHO



XapaKTepH3oBaTb HHBAPHAHTHOCTHIO BHPAKEHHA:
1
h=E—4)— g [(x,—x)}
+ (= )2+ (2, —2,)%] (5.1)

HHBapHaHTHOCTb 3TOH KBaApPaTHYHOH (OPMH OTHOCHTENLHO
pasHocTet KOOPAHHAT OTPaHHYMBAET FPYNNY BCEX BO3MOXHBIX
Junednx npeobpa3oBaHuit koopaAunaTr X, y, 2 M f npeobpa-
30BanuaAMH Jlopentua, TaK e KaK MHBAPHAHTHOCTb BhIPaXeHHSs

sh=(x,—x )+ —y)2+(—2)2  (5.2)

OnpeneaseT rpynmny OpTorosanbHuiXx Npeo6pa3oBaHuit B Tpexmep-
HOM npocTpanctee, YeTmpexmepuuii KOHTHHYYM (X, ¥, 2, f) ¢
MHBapHaHTHOR GopMOH TZ, MOXHO TPAKTOBATh KaK YeThPeXMepHOe

»TPOCTPAHCTBO“, B KOTOPOM T;, ABNAETCH , PACCTOSHHEM® MEXIY
IBYMS , TOUKAMH“: (X, ¥y, 2, £)) M (Xy, Yy, 2y, £,). Bnaronaps
9TOMY OKa3nBaeTCsi BO3MOXHHM pPa3BHTb 0GOOLIEHHbIH BEKTOp-
Hbi}i aHaiu3 B ,MHpe MHHKOBCKOTO“ U c(OpPMYIHpPOBATH BCe
HHBapHaHTHHE COOTHOLICHHS B SACHOR W cxaTof dopme.

MH HauHeM H3yueHHe 3TOro MaTeMaTHYECKOro METOAa C Ha-
NOMHHAHHA OCHOB 3/IEMEHTAPHOTO BEKTOPDHOTO HCYHC/IEHHS,
o6paiiasi BiHMaHKe I1aBHEM 06pa3oM Ha (opMasbHYIO CTOPOHY.
3aTem MH 0GOGuHM (POPMANH3M TakuM OOPa3oM, YTOGH CTaIo
BO3MOXHLIM €T0 MpPUMEHEHHE K MPOCTPaHCTBEHHO-BPEMEHHOMY
KOHTHHYYMY.

Oproronaavusie npeoGpa3oBanus. Haunem ¢ paccmorpe-
HUSl NPAMOYTO/IbHOA HeKapTOBO# CHCTeMW KOOpPAMHAT, NpHYeM
0603HAYHM ee TPH KOOPIMHATH Yepe3 X, X, H X, (BMECTO X,
Yy # 2). O6o3HaYUM TaKke Pa3HOCTH KOOPAHHAT MEXIY ABYMS
ToukaMH P u P’ uepes Ax;, Ax, u Ax,. Paccrosnue mexny
AByMs TOYKaMH PaBHO:

3

st= :§1 Ax2, (5.2a)



Tlpousseas auveitnoe npeobpa3oBaHue KOOPAHHAT
3 0
x}:kzlc,kxk—{—x;, i=1, 2, 3, (5.3)

TI0/Iy4YHM HOBHI€ PA3HOCTH KOOPAHHAT

3
Ax{:kz Cpldx,, =1, 2, 3. (5.4)
=1
DTn ypaBHEHHS MOXHO DEUIMTb OTHOCHTENbHO Ax,:
3
Ar,= Y c,dx), k=1, 2, 3. (5.5)
i=1

Ypasuende (5.2a) B HOBHX NEpPeMEHHBHX HMEET BHA:

3

st= 3 ¢ c;Ax, Ax). (5.6)
ik, =1

Hosas cucTeMa KOOpAMHAT SIBASETCH NPSMOYrOJABHOM IekapTo-
BO#t CHCTEMOH TO/NLKO B TOM cJyyae, KOraa cOOTHoLieHHe (5.6)
{opMaibHO HIEHTHYHO ¢ (D.2a), T. e, ec/m

0, ecou k%1 i
ZJ CrCu=91, ecmn k=1 (5.7)

(5.7) moxuao 3amucath B Gonee cxartoli ¢opme, ynotpeGiass
cumBo KpoHekepa 8,, onpesensieMblii COOTHOLUEHHAMH

8u=0, k=1,
it ar 6
{5.7) sanumeTcs TOrAa B BHIE
3
1‘:2.1 Cply=08y k I=1,2, 3. (5.7a)

15.7a) npeacraBur co6OR yC/OBHE, KOTOPOMY HOJIKHO YIOBJe-
TBOPATH YpaBHEHHE Mpeo6pa3oBatui (5.3), 4To6H HOBas CHCTeMa
Gui/1a TaKwe AeKapTOBOH.



Jlerko HafiTH YCJAOBHSA, KOTOPHM IO/DKHBI YHOBJETBOPATH
KO3bHuHeHTH ¢, [loactasasa (5.4) B (5.5), moay4um:

3
Axk.—_—“gl ¢y eydr, k=1, 2, 3, (5.9)

H TaK Kak 3TO CNpaBed/JMBO I/t [TIPOH3BOJbHOIO Axk, TO

3
D Cey=08y Kk I=1,2 3. (5.10)

i=1

Yumuoxum Tenmepp (5.7a) Ha ¢, M MPOCYMMHpYEM MO TpeM
BO3MOXHHM 3Hauenusam /. B cuay (5.10) u (5.7a), noayuum

3 3
v —_— —_

D k™= = 2 et = (5.11)

1= =1

3amenns B ypasuenuu (5.7a) ¢;, uepes C,; M T. A., NOJYYHM

3
Dcptu=0y kI1=1,2 3 (5.76)
i=1

Ypasuenne (5.10) npHoGpeTaeT NpU STOM BHA
3

2‘,1 Cutu=20u: Rk 1=1,2, 3. (5.10a)
=

Ypapueuus (5.76) umu (5.10a) Bmecte c (5.3) onpemensioT
IPyNfy OPTOrOHa/IbHBIX NPeo6pa3oBaHHH.

Hetrepmunant npeobpasoBanms. Hccnenyem Hecko/bko
Gonee noapoGHo npeoGpasoBauus (5.3) u (5.76).
JeTepMUHAHT H3 KOS(HLHEHTOB C,,

by G Oy
Ca1 Cap Cogl»
€31 Cgo Cgg
paBed -+ 1. Jlnd noKa3aTenbcTBAa STOrO MH HCMOJb3yem Mmpa-

BH/JIO YMHOXEHHSl AETEPMHHAHTOB, COrJack0 KOTOPOMY MpOH3-
BeAeHHE ABYX ACTEPMHHAHTOB |a@,| u |b,,| paBHo seTepmu.



nauty | a;b,|. Jlanee cocTaBuM AeTEPMMHAHTH OBGEHX CTO-

T
poH ypasHeuus (5.76):

iy =I3M|. (5.12)

Cor/nacHO yKa3aHHOMY 3aKOHY YMHOXEHHs XeTePMHHAHTOB, IS
neBod wacTu nodyunM [cM. Takwe (5.10) u (5.11)]:

| &
| 2 onu|= =]yl =
=|c, |- ley|=|ey | (5.13)

[NpaBast yacTh ypaBuenus (5.12) paBHa enuuuie, TaK Kak

100
[8,,]=]010|=1. (5.14)
001
Orciona:
lep|= 1. (5.15)

3uaveHne DeTepMHHanTa -+ 1 COOTBETCTBYET ,COGCTREHHOMY*
BPAUIEHHIO, B TO BpeMs KaK 3xayeHHe — | COOTBeTCTBYeT op-
TOrOHaJbHHM TNpPeo6pa3oBaHuAM, COMPOBOXAAIOLLHMCS 3€pKaJib-
HHM OTPaXeHHeM.

CokpamenHsle 06o3Ha4enHns. B GombuiHHCTBe ypaBHeHHH,
BCTPEYAIOUIUXCA B TPEXMEPHOM BEKTOPHOM (H TEH30PHOM)
aHanuse, Kawabh OyKBeHHHH HHAEKC, NOABASKOILMICH B npo-
H3BEJEHHH OIMH Pa3, MOWET IPHHHMATh TPH 3Hadenus: 1,2, 3,
a4 Kawan# OyKBeuHbH MHAEKC, MNOABIAIOWMUACA B MpPOM3Be-
AeHHH IBaXJ, MNPEACTaBIAET COO60H HHUEKC, 1O KOTOPOMY
NPOU3BOAMTCH CyMMHpoBaHHe. B manbneduiem Mu Gynxem Bceraa
ONycKaTh 3HAK CyMMbl H BCe NpuMedanus tuna (f, k=1, 2, 3).
[Ipn 3ToM ycnosuMmcs, 4TO:

1) Kkaxau# 6yKBeHHHH HMHAEKC, BCTpeualo-
WHACH B HMPOH3BEAEHHH OAMH Pas, MNPHHHU-
MaeT BCe BO3MOXHHE AJs Hero 3HayYeHHus;



2) kaxan#t OYKBEeHHHH HMHIEKC, BCTpeyalo-
WHUHCHd B NPOH3BELEHHH ABAXIH, ABAZETCH HH-
NEeXCOM CYMMHPOBAHHSN, NpHYEM CYMMHpOBa-
HHEe NPOBONHTCH NO BCeM BO3MOXHHMM 3Haue-
HUSM 3TOTO HHAEKCaA.

Hanpumep, ypasnenus (5.3) # (5.6) 3anuiytca cienyomum
o6pa3om:

0
r ’
x= iyt 4,
9 e p! pf U ’
§2==¢;,6, A% Ax) .

YacTo HHAEGKCH CYMMHPOBAHHH HAa3HBAIOTCH IIPOCTO HEMHMH
HHAEKCaMH. 3HayeHHe BHPANKECHHA HE H3MEHHTCH, €eClH
11apy HeMbIX HHAEKCOB 0603HAaYHTh APYroH OykBO#H, Hanpumep:

Cia¥p=Cy¥y

Bekropul. 3akon npeoGpasosanus Ax,, (5.4), asigercsa
o6uiHM 3aKOHOM NPeoGpPa3oBaHHA BEKTOPOB OTHOCHTENLHO Op-
TOroHanpHbix npeoGpasoBanuii. Mnave: BekTop onpexensiercs
KaK COBOKYMHOCTb TpexX BEJHUHH, NPeoGpPa3yIoUHXC  KaK
KOOPAHHATHHE Pa3HOCTH:

a,==¢c,4, (5.16)

Ecnin xoopaunaTH BekTOpa 3ajlaHhi B HEKOTOPOH HeKapToBOH
CHCTéME KQOPAMHAT, HMX MOXHO HaliTH H B mo6oit apyro#
cHcTeMe.

Hopma BEKTOpa onmpengenfAeTcds KakK CymMMa
KBaapaTOB €ro KOMMINOHEHT.

[TokaxeM, 4TO HOpMa MHBAPHAHTHA OTHOCHTEIbHO OPTOrO-
Ha/llbHHX mpeo6pa3oBanuii, T. e.

a.,a,=—aa, (5.17)
MNoxnctasnsa BMecTo @), (5.16) W ucnonbsys ypasuenus (5.10a),

10y YHM: .
By ==Cy 8 Cy 8, =03,0,8,=a,a,

YTO M JOKa3biBaeT chpaBeAnHBocTh (D.17) mpu oproroxans-
HHX npeo6pa3oBaHHX.



Ckansipuoe npon3BeneHHe XBYX BEKTODOB
onpenensercds Kak CyMMa npou3BeleHHH Hx
COOTBETCTBYIIWHX KOMNOHEHT:

(a-b)=ab,. (5.18)

VHBapHaHTHOCTb 3TOrO BHPAXKEHHA OTHOCHTENBHO OPTOrOHAMb-
HBHX Mpeobpa3oBaHuil NOKA3LIBAETCH aAHAJOTHYHO TOMY, Kak
370 O6mo caenano ans (5.17). Hopma BexTopa ecTth ckansip-
HOE MpOH3BeleHUe BEeKTOpPa Ha camoro cebs.

CnoBo ckKansp vyacTo ynoTpeGaseTcss B BEKTOPHOM H
TEH30PHOM aHa/h3e BMecTO c10Ba MHBapHaHT. ,Cxanap-
HOE NpOH3BEAEHHE“ O3HAayaeT ,HHBapHAHTHOE NMPOH3BeleHHe“.

CyMMH M Pa3HOCTH BEKTOPOB TaKwe SBISIOTCS BEKTOPaMH

o+ b,=s,,
(5.19)
a,—b,=d,.
To, 4r0 HOBWE BeAHMYMHH S, H d; ReHcTBHTENBHO npeoGpa-
sylotTcs cornacHo (5.16), caexyer W3 JHMHEHHOTO W OmHOPSHA-
HOTO XapakTepa 3TOro 3aKOHa Mpeo6pa3OBaHHS.
[lponsseneHne BekTOpa Ha cKandp (MHBAPHAHT) €CTb BeK-
TOp
s-a;=b, (5.20)

JlokasatenbcTBO NMpPeROCTABAAEM YHTATeEIO.

OG6cyxaenne ocTaBliefica  anre6paHdyeckolt  BeKTOpPHOMH
ornepaii — BEKTOPHOTO NMPOU3BENEHHs GYAET NPOBEAEHO HHME
B 3TOH rnase, TaK KaK TPancOPMAalHOHHHE CBOHCTBA BeK-
TOPHOTO MPOM3BEAECHHS He COBCEM TaKHe ke, KaK y BEeKTopa.

Bexropusii ananns. Tenmepb MowHO mepeliTh k npocreft-
M AH¢epeHuHalIbHEM ONePaliM — HAXOKACHHIO FPaJHeHTa
M JIHMBEPreHuMH. PacCMOTDHM B TpexMepHOM TpOCTPaHCTBe
ckangpuoe none V, T. e, QYHKUMIO Tpex KOOPAMHAT X; HH-
BAPHAHTHYI0 OTHOCHTENAbHO Mpeo6pasosaHull KOOpAMHAT. Bup
¢ynkuuu V' 3aBHCHT OT BHOGOPA CHCTEMB KOOPAHHAT, OXHAKO
3HayeHHe ee B KaxnoH (HKCHPOBaHHOH. Touke P He MeHseTcs
npH npeo6pa3oBaHHH KOOPAHHAT,



Kakos Gyzer 3akoH mnpeo6pa3oBaHHs NMPOH3BOAHHX MO KO-
opauHaTaM oT Qysxuun V
ov
V,yj===7

55, (5.21)

Mul IOMKHH BHPA3NTb TIPOM3BOLHHE MO X) 4Yepe3 NMPOH3BOA-
HHe N0 X,
LA p A (5.22)
dxk 0x, Ox,
CoraiacHo (5.3), x;, aB11I0TCH AMHEAHHMY (YHKUHSMH OT X,
n nao6opor. [lTostomy 6x,./0x'k NOCTOSIHHH H PaBHW KO3(dH-
UHEHTaM ¢, onpenenseMbiM ypasnenusamu (5.5). Otciona

V: k= cikv- i

u cornacHo (5.11)
Viw=1cyV ; (5.23)

Tpu Bennuuun V_, npeo6pasyiotcs cornacHo ypasteuuio (5.11);
N03TOMYy OHHM SIBAAIOTCS KOMMOHEHTAMH BEKTODA, KOTOPHIA
Ha3uBaeTCA TPajMeHTOM CKanspHoro mons V.

Tpu ¢ynkuuu koopauuat V,(x, X, x,) #B-
NA1I0TCcH KOMNOHEHTAaMH BEKTODHOTrO moji,
€C/NH B KaXAOK TOYKE NPOCTPAHCTBA OHH Npe-
06pa3ylOTCd KaK KOMNOHEHTH BeKTOpa. PyHk-
uuH V; OT KOOpAMHAT X/ ONpeAensioTcs, TAKHM 00pa3oM, ypas-
HeHHAMH

Vi(x) ==¢;, Vi (x,), (5.11a)

rae X, M X, CBA3aHW ypaBHeHusmH mnpeoGpazosanus. Onepa-
UMS rpaaveHTa MNPHBOAHT K OOPA30BaHHI0 BEKTOPHOrO 1OAS
M3 MepBOHAYaNbHOIO CKAa/NsAPHOTO.

Onepauuss AHBEPTeHIMH SIBASETCA B HEKOTOPOM CMHC/e
npotuBononokHoH. IIpu 3amanHom BexTopoM noie V, mu 06-
pasyeM CyMMY NPOH3BOIHHX KakIOH KOMIOHEHTH M0 KOOPAH~-
HaTe C TeM Xe HMHAEKCOM

divv=V,, (5.24)



TMokaweMm, 4TO 3TO BHpameHHe ABAAETCH HHBAPHAHTOM (CKa-
JIpom):
V’k, =V (5.25)

MeTton noxasaTenbcTsa COBEpPIMEHHO Tako# xe, Kak H Bhllle.
3ameHum IITPUXOBAHHHE BEJAHYHHH H MNPOH3BOAHLIE HELWITPH-
XOBAHHHIMH

V'k = C;"k CrVs m=Cuitrt Vi, m: (5.26)

B cuny ypasHenus (5.10) nocnexnee BuipakeHHe PaBHO npa-
BOH yacTH ypasuenus (5.25).

JuBepreHuUMs TpaiHeHTa CKaAAPHOro NOAA HABIASETCH J4a-
TJIaCHaHOM STOTO TIOJMA M NpeicTamifeT TaKke CKaafgphoe
none:

divgradV=V, =WV (5.27)

> 85

Tensopsi. Bo MHOrux pasgesax ¢u3uku MH BCTpewaemcs
€ BeJIMMHMHAMH, 3aKOHH npPeo6pasoBaHHR KOTOPHX HECKOAbKO
<noXHee, 4eM Vs BEKTOpoB. B KauecTBe npuMepa paccmor-
PHMM TaKk Ha3bBaeMuft ,BeKTOpHuH rpamuent*. Ecau 3azaHo
BekTopHoe mnone V; MOwHO 06pa3oBaTh COBOKY(IHOCTb BeJ-
YHH, ONpPeNe/AIOLIHX H3MEHEHHe KaKaoR komnouenTtw V, npu
nepexose M3 TOYKH C KOOPAHHATAMH X, B INPOH3BONLHOM
HanpaeJeHHH B GeCKOHEYHO O/H3KYI0 TOYKY C KOODAHHATaMH
X, 8x,. Npupawenusmu senuann V, Gynyr

}V, =V, 3x, (5.28)

AeBATH BeNHuHH V), , x Ha3blBAIOTCH BEKTODHHIM TIPaJHEHTOM
or V, 3akoHn npeodpaaosaﬂuu 9THX BEJIHYHMH JIETKO MOJYy-
YUTh 06uqHuM cnocobom:

Vo, w = Cha CmiV), s = CpiCapVy, o (5.29)

BekTOpHHH rpaiueHT ABASETCA NPHMEPOM HOBOTO Kiaacca
BEJIMYHH, TEH30POB, K PACCMOTPEHHIO KOTOPOFO MH Teneph
nepefiteMm. B o6umem cayuae tenszop umeer N Hn-
AEKCOB, KaXAHH M3 KOTODHX MOXET MpPHHH-
MaTb 3HayeHHs oT 1 nxo 3. TeH3dop wumeer



nostomy 3¥ komnoHeHT. DtH 3Y KOMNOHEHTH
npeo6pa3yloTCs COTNACHO CAEAYIOUWEMY 3AKOHY:

T, =CmiCarlsi- - Tipt... (5.30)

mns...

Yucno ungexkcoB N HasHBAaeTCH PAHTOM TEH3O0-
p a. BekTopuu# rpaaHeHT SBASETCH TEH30POM BTOPOrO paHra,
BEKTOP — TEH30POM I1€PBOTO paHra, a CKaAAp MOXET ObTb
Ha3BaH TEH30POM HYJ/IEBOrO paHra.

BaxnniM Tenzopom siBaseTcs cumBon  Kponekepa, Ero
KOMIIOHEHTHl BO BCEX KOOPAHHATHBIX CHCTEMax, coraacto (5.30)
u (5.76), onHn H Te Ke:

2 N —_ =
By == C €101 = CpsCry = Ot (5.31)

CymMa WaM pa3HOCTb IBYX TEH30POB OXHHAKOBOIO paHra
ABASIETCA TEH30POM TOrO e PpaHra. 3anuiieM 3TOT 3aKOH
AJs TEH30POB TPeThero paHra:

Tt Uie= Vi (5.32)
Typi— Upy= Wy, (5.33)

IlOKa3aTenbCTBO TaKoe iKe, KaK JJIA COOTBETCTBYIOLUErO BeK-
TopHoro 3akona (5.19).

Ilpoussenenne aByx TensopoB pauroB M u N sBasercs
HOBHIM TeH3opoM pasra (M -+ N):

Tin..Um...= Vir...im.... (5.34)

PaHr Ten3opa MOXeT OHTh MOHHXEH Ha 2 (WIH Ha Jio-
60e ueTHOE 4HCJO) MOCPEACTBOM OMNEPaLHH, Ha3nBaeMOMH
.CBepTHBandeM“. JlioOne nBa Hmaekca MoOryT OuiTh mpeBpa-
uleHnl B napy Hembix HuzexcoB. Hanpumep, cBepTuBaHuem
TeH30pa Tips... MOXHO NOJYYHTb TeH30PH Tger.. ., Tipp,. U T. A.
Oyenp NPOCTO XOKa3aTh, YTO B pe3y/bTaTe CBEPTHBAHHA MNO-
aAyyaetca Tendop. s nepBoro u3 nNpHBENEHHHIX MPHMEPOB
OHO NPOBOAUTCA TaK:

T!

sal.. = CoiColm + -+ 1y

km.,.*

B cuay (5.10a) npaBas 4acTb paBHa
Toy.. =8uttm.. Tiam... = Cim..Tiim.... (5.35)

$S



[Ipn cBepThBaHHH BEKTOPHOTO rpajHeHTa (TE€H30p BTOPOToO
paHra) Ml MOJy4aeM XHMBEPTeHUMIO (TeH30P HYJEBOro paura).
Onepanyu  ymuoxenus (5.34) ¥ cBepThBaHHS MOTYT OHiTh
CKOMOUHHDOBAaHH TaK, YTO B pe3y/abTaTe MOJy4aloTcs TE€H30Dh
Takue, Kak

Tl TypUpm TuUps TyUp

Tenzop MoryT 06samath ¢BOHCTBAaMH CHMMETPHH
N0 OTHOUIEHHIO K CBOMM HHzekcaM. Ec/M Tensop He medsercs
NPH NMepecTaHOBKE ABYX MMM Gonee HHAECKCOB, OH Ha3ulBaeTcs
CHMMETPHUYHHM OTHOCHTELHO 9THX uuAexcoB. Hanpu-
Mep:

Lin
Litm = Lithm = Yaitm = ipim = Lutim = titem

tikl

[lepBuift TeH30p CHMMETPHYEH OTHOCHTE/bHO NEPBHX IBYX HH-
IEKCOB, BTOPOH TEH30P CHMMETPHYEH OTHOCHTE/bHO MEpBLIX
TpexX HHJIEKCOB.

Ec/M KOMIOHEHTH TeH30pa OCTalOTCH HEM3MEHHHMH IIPH
4YeTHOH TlepecTaHOBKe HHIEKCOB H MEHSIOT 3HaK NPH HeyeTHOH
nepecTaHoBKe, TEH30p HA3HBAETCH AHTHCHMMETPHUHHM
(MHOTZA KOCOCHMMETDHYHHIM) OTHOCHTEJbHO STHX HHIEKCOB.
Hanpumep,

L= —tpn
Livtn = bitim = ttem = —tism = —tritm = Lot

Bce 9TH cBOHcCTBA CHMMETPHH TEH30DOB SAB/AIOTCH HHBA-
pHaHTHHIMH. JlOKa3aTe/bCTBO 3TOTO SJAEMEHTAPHO M IIpejo-
CTaBASETCA YHTATENIO.

Tensop Kponekepa CHMMETPHYEH OTHOCHTE/NbHO CBOHX ABYX
HMHIEKCOB.

Tensopuwifi anaaua. Ilpu nuddepennuposaHuH Texsopa
10 KOOpIMHATAM TMOJNYYaeTCs TEH30p, paHr KOTOPOro Bhille
Ha eauHuuy. Jloka3aTeJbCTBO ONSATb OYEHb MPOCTO:
T;nnm’s,:c;s (ComiCope-Tike), 1= CpiCrp o+ €l e, 1o (9.36)
Ecav Tensop nonyyaeTcs B pe3y/ibTaTe CBEPTHBAHHA M0 HH-
HAeKkcy IugdepeHUHPOBAHHA H KaKoMY-JHOO APYTOMY MHIEKCY,
Hanpumep Tip.. .z, €r0 HacTO Ha3HWBAIOT AMBEpreHLHEH.



TeHnsopHsle  NJOTHOCTH. BekToprHoe npousBenexue
IEBYX BEKTOPOB @ M b 06n4HO onpenenseTcds Kak BexTop,
NepneHAHKYASpHHA k @ H b, a mo aGcomoTHOH Benuuune
pasunit |a|-|b|sin(a,b). Bceraa cyuecTByloT aBa BekToOpa,
YIOBJIETBOPSAIOWIHX OSTHM YCJIOBHMAM, Kak, Hanpumep, P, u P,
Ha ¢ur. 6. Bu6op O0AHOrO M3 HHX TNPOH3BOLHUTCH OGHYHO

A2

4

dur. 6. Bextoproe npoussenenne. B mpa-
BO#t cHCTeMe koopauHat P; npexcTaBaser
BEKTOpPHOE npousBefeHHe a u b.

HaNOXEHHEM YCJIOBHSA, 4TO BeKTopw a, b u P nomkum o6pa-
30BWBATb ,BHHT® TOTrO e HampaB/JeHHdA, YTO M OCH KOODIH-
HAT, B3ATHE B NOC/ENOBaTEJLHOCTH X, ¥, 2. Ha ¢ur. 6 sTomy
YC/IOBHIO YyZXOBJeTBOpsieT BekTop P, B cHay Toro, 4To MH
BLOpaNH ,MpaByl“ cHcTeMy koopauHar. Ecau npousBectH
3epkanbHOe OTpa¥KeHHe (HampUMep M3MEHHTb HampaBJeHHE
ocu X Ha ¢ur. 6 Ha o6Gpartnoe), To P, aBTOMaTHYeckH cra-
HET BEKTOPHHIM NpOH3BeAeHHEM a H b.

Takum 0o6pa3oM, BEKTOPHOE NPOH3BEAEHHE He SHBAAETCA
OOHYHHM BEKTOPOM, TaK KaK OHO MEHSIeT 3HAaK NpH NMepexone
OT npaBoft cHCTeMBHl KOOpAMHAT K /ieBoHf, H Hao6GopoT. Takue
BEeJIMYMHE HA3bIBAIOTCH ,AKCHAaJAbHHMH BEKTOPaMHY,



B TO BpeMsi KaKk OOhYHbE BEKTOPM HA3LIBAIOTCH LM OIS P H hi-
MH BEeKTOPpaMH*.
B nekapToBoii cHCTeME KOOPAMHAT KOMIOHEHTH P uMmeioT
CNeAytOuHA BHI:
Py = a,b, — ayb,,
P,=azb, — a,b,, {5.37)
Py=ab, —a,b,.
Ananornuno poTOp BeKTOpHOoro noas V, onpenensercs,
KaK ,aKCHa/IbHbIY BEKTOD“ C KOMIIOHEHTaMH

Cl = Vs, a ™" Va, 8’
C,= V,,a— Vs,v (5.38)

Ca= Vy a7 Vl, 2
C ToukH 3peHHf TEH30PHOI0 aHa/IU3a MOXHO H36exaTh
NOHATH! ,aKCHANbHOTO BEKTOpPa“, MPENCTaB/As BEKTOPHOE
1DOM3BEAEHHE H PpOTOP KAaK AHTHCHMMETDHYHHE TEH30pH

BTOPOro paHra
P,,=ab,—a.b, (9.37a)

Co=Vi,—V, o (5.38a)

MoxHo nokasaTb, YTO Bce YpPaBHEHUS, B KOTOPLIE BXOAST
»aKCHaNbHHE BEKTOPH“, MOTYT OHTb 3anucaHbl KOBapHaHT-
HbIM 006pa3oM ¢ NOMOWBIO TaKHX AHTHCHMMETPHYHHX TEH30-
poB. OnHaKko Takas TPAKTOBKA HEAOCTATOYHO SICHO MOKA3hI-
BAeT CBA3b MeXAY 3aKOHaMH NpeoGPa3OBaHHA aHTHCHMMETPHY-
HOT'O TEH30pa BTOPOro paHra H ,aKCHaJbHOTO BeKTOpa“. B 1o
We BPEMS, BBOIR HAPAAY C MOHATHEM TEH30pa HOBOE MOHATHE
»TEH30PDHOH MJOTHOCTH* !), MH MONPEeXHEMY MOMXEM M10/b30-
BATbCS METOLAMH OOHYHOrO BEKTOPHOIO aHa/lH3a.

Ten3ophule NMJIOTHOCTH Npeobpa3yloTcs Tak ke, Kak OGhu-
Hbl€ TEH30pH, C TOH JHMb pasHHNEH, YTO OHM YMHOXKAIOTCH
eule Ha NeTepMHHaHT npeob6pa3osanus (5.15). IMoka stor ge-
TEPMHHaHT paBeH 1, T. €. 1OKa MH MMeeM ,COBCTBEHHO

H

1) B pycckoll JMTepaType BMECTO TepMMHAa ,TEH3OpHas MJ0T-
HOCTb“ B CJyYae OPTOrOHaJALHHX NpeoGpa3oBaHuil YacTO NOAL3YIOTCH
TEPMHHOM ,NICeBROTeH30p". (/Tpun. ped.)



OpTOroHa/ibHOe npeoGpa3oBanue* Ge3 oTpaweHHi, He cyuie-
CTBYeT PasHHMIL MeXAYy TEH30DaMH H TEH3OPHBIMH IIOTHOCTAMH.
Onnako npu 3epKalbHOM OTPAWEHHH NPOHCXOLHT H3MEHEHHE
3HAKA TEN3OPHHIX MAOTHOCTEH MO CPaBHEHHIO CO 3HAKOM TeH-
30poB. TakuM 06pa3oM, TEH3OPHHE MJAOTHOCTH HAXORATCH
B T4KOM e OTHOIIEHHH K OOGHYHLIM TEH30paM, KaK ,aKCcHalb-
HBIE BEKTOPW“ K ,MOJApHHM BekTopaM“, Mx 3akon npeoGpa-
30BaHHA MOXeET GHTh 3amucaH B BHAe:

g ..=cmlcn‘t"'lcab|$ik..-. (539)

mn.

I HHX 3aKOHH aiareGpH M aHalH3a TaKOBH CyMMa WAW
PA3HOCTb TEH3OPHHIX MJIOTHOCTEH ONHHAKOBOTO pPaHTa SIBASETCR
TEH30PHOM MN/IOTHOCTBIO TOro e padra. [IponsBenesHe Ted-
30pa Ha TEH30PHYIO MVIOTHOCTD fAB/AETCHA TEH30PHOH MAOPHOCTHIO.
[NpousBeneHne ABYX TEH30PHHX INVIOTHOCTEH RaeT TEH30p.
CsepThiBaHHe TEH30PHOK NIOTHOCTH MPHUBOAHT K HOBOH TeH-
30pHOH MAOTHOCTH HHU3Ulero pasra. [1poM3BoLHBIE KOMMOHEHT
TEH30PDHOH IJIOTHOCTH ABAMIOTCH KOMIOOHEHTAaMH HOBOH TeH30p-
HOH [UIOTHOCTH, DAaHr KOTOPOH Ha 1 Buillle paHra repBoHa-
4a/lbHO# TeH30pPHOH MJIOTHOCTH.

Teusopaas MAOTHOCTH JleBn-YnBnTa, Mu yXe Buzew,
yto cumBon KpoHekepa npeactasiaser cobo#f TeH30p, KoMmmo--
HEHTh KOTOPOr0 HMEIOT OZHO H TO Xe MOCTOSHHOE 3HauyeHue
B MOGOA cucTeme KkoopauuaT, TOYHO Tak Ke CyuiecTByer
NOCTOSAHHAA TeH30pHaf MIOTHOCTb TPETbero PaHra, TEH30PHad
WIOTHOCTb JleBu-UuBHTa, onpemensieMas clexylomuM o6pasom.
TeH3opHass NAOTHOCTH &, AHTHCHMMETpHYHA
OTHOCHTE/NbHO BCeX TpPeX HHJIEKCOB;, NOSTOMY
BCe ee KOMNOHEHTH, HMeloumHe nNo kpaHuel me-
pe IBa OJHHAKOBHX HHAEKCA, PaBHH HyJai0. Ee
HeHcYe3alu He KOMINOHEHTH pPaBHW -1, B 3aBwu-
CHMOCTH OT TOTO, siBAsieTcs JAH (f, R, /) yeTHoOH
HAH HeYeTHOH nepecTaHOBKOH TPOHKH uHCcen
(1, 2, 3).

Mu [OMKHH €lie T0Ka3aTh, YTO KOMIOHEHTH 0, AeHcT-
BUTE/NIbHO ABJAIOTCA KOMIOHEHTaMH TEeH3OPHOH MUIOTHOCTH.
Jns 3TOrO paccCMOTPHM TEH3OPHYI0 MIOTHOCTL D, KOMRNO-



HeHTH KOTODOH B ONIHOH H3 CHCTEM KOOPXHMHAT GYRYT PaBHH 8.
Ecm oxawercs, YTO H B IPYrod cucreMe KOOPHHHAT ee KOM-
TIOHeHTaMH omaTh GyéyT O, Hawe yTBepxiesHe GyreT Ao-
Ka3aHo.

Haitnem xomnonentw D,,, B HOBOM cHcTeME KOOpAMHAT:

D;mu = I cab I cmicnkcslaikl' (5-40)

[TockonbKy npH npeo6pa3soBaHHH KOOPAMHAT aHTHCHMMETDHsi
CoxpaHseTCs, Bce KOMNOHeHTH D) ., no kpa#ned mepe ¢ AByms

ONMHAKOBHMH HHAEKcaMH, Hcye3aloT. [losTomy BunHuiem
TO/JBKO T€ KOMIIOHEHTH, Y KOTOPHX BCE TPH HHIEKCA Pa3/IHYHHL.
Komnosenra D;,, pasHa:

123
Digy=¢ap | ¢1,exCs 001 (5.41)

[lpaBast uacTh mnpeacTaBaseT cOGOH MPOCTO KBazpat lc|
paBHa eauHHLE, TaK KaK IO ONpeleleHHI0 0, BHPAWEHHE
C1€0xCa8 5y ABNACTCH NETEPMMHAHTOM | (g, |-

3Had, yTo D123 paBHO edHHHLE, OCTalbHbHiE KOMIOHEHTHI

JIErKO MNOJAYYHTb H3 CBOACTB CHMMETPHH!

123= Dy =Djyp=—D}py==—Djy;=— Dy, (5.42)

Takum o6pasom, D’

ns PaBHH &
Ka3aTh.

mns 4TO H TpeboBanoch Ao-

BexropHoe npom3Benenme M porop. C nomouwpio Tew-
30pHo#t fOTHOCTH JleBu-UuBHTa MOXHO AHTHCHMMETDHYHLIK
TEH30pP BTOPOFO paHra MOCTaBHTb B COOTBETCTBHE C BEKTOp-
HOH IUIOTHOCTBIO, TAK 4TO

m;= % Bip (W (5.43)
Orciona

Wy =08y, (5.44)
Ipumensis ypaBHenue (5.43) K BeKTOPHOMY NPOHM3BELEHHIO H
poTOpy, onpene/eHHbMH COOTBETCTBEHHO COOTHOLIEHHAMH (5,37)
H (5.38), noayuum:

PB,=2, a.b, {5.376)

C,=10,ma, (5.386)



Btu nse BekTopHwe naotHocTH P, u €, npeobpasyorca
aHAaNOTHYHO OOHIYHHIM BEKTOPAM, 33 HCK/IOYEHHEM H3MEHEHHs
3HaKa mpH 3epKaJbHOM OTpaxeHHH. TakHe BeKTOPH B BEKTOp-
HOM HCYHC/ICHHH HA3LIBAIOT ,AaKCHAMbHLMHU“ BEKTOPAMH C LeJIbio
MOAYEPKHYTb, YTO OHH B HEKOTOPOM CMHC/IE CBfi3aHHW C ,Bpa-
leH1em ",

ATH ,aKCHaNbHHE® BEKTOPH AeHCTBHTENbHO CBA3AHH C Bpa-
wenueM. Hanpumep, MoMeHT Ko/iHuecTBa ABHKEHHMA SIBASETCH
BEKTODHHIM MPOM3BEJEHHEM PajiHyCa-BeKTOpPa Ha KOJHYECTBO
ABHXEHHA (MMMyJbC):

T, = 8% eP (5.45)

He cunras usvenenns 3Haka mnpu OTpPaXkeHHH, STOT BEKTOP
npeobpaayercs Kak oOOununnit Bektop. Ilpeamonoxcum, yro H3
BCEX X, TOJBKO X, OT/JHYHO OT HyJsi H YTO P HMeeT TOJbKO
KOMMOHEHTY p,. Toraa MOMEHT KO/IMYEeCTBA ABHMEHHUN HMECT
TONBKO OAHY KOMNOHeHTYy &,. 3epKalbHOE OTPaKEHHE MONHO
NPOHU3BECTH TPEMS PA3/NHYHEMH CNOCOOGAMH: KAXIYI0 KOOPAHHATY
X; MOXXHO 3aMEHHTDb Ha (— X,), OCTaBsA NPH 3TOM OCTa/bHLE B
KOOPIHHATH HEH3MEHHBIMH. Iy OCTAETCH HEH3MEHHBIM MPH H3-
MEHEHMH 3HaKa X, H MEHSEeT 3HaK B IBYX JADYTHX CJyyasx.
OG6uuHbifi BeKTOP H3MEHHA OH 3HAK TOJNBKO MPH 3aMeHe Xy
Ha (— xg).

0O6o6meHne. Mb paccMOTpe/NH NOBeleHHe BeKTOPOB U
TEH30POB B TPEXMEPHOM MPOCTPAHCTBE M0 OTHOLUIEHHIO K Op-
TOrOHaJbHHM mpeoOpasoBaHuAM. Teneps MOXHO OGOGLHTHL
[o/ly4eHHbie pe3y/bTaTH TaK, YTOOHW OHH MOTJIH OBTb HCMOJb-
30BaHH B Ja/bHellleM MPH PaCCMOTPEHHH HHTEPECYIOLMX Hac
pONpocoB. 310 06Go6ILeHHe NpoBedeM B ABa STana. Bo-nepsux,
pasoBbeM Hawl ¢opManu3M TaK, YTOOH OH O/ NPHMEHHM
K fIPOCTPAHCTBY MPOM3BOJBHOTO (I1€/070, MOJIOWHTE/AbHOTO)
yuc/Ja H3MEPEHHH; BO-BTOPHX, pPacCMOTPUM npeoGpa3oBaHus
Gosee OoO6uIerO THNA, Y€M OPTOrOHAJbHHIC.

n-MepHoe MpocTpaHCTBO. [lepBoe 0600uieHHe coBepliiel-
HO TpHBHalbHO. BMecTO Tpex koopauuart Xy Xy, Xg BBEdEM
n KOOPAMHAT Xy, ++., X,, OMNUCHIBAIOLIUX N-MEPHOE MHOr00G-



pasue. ﬂpennonon(ﬂM OMfATh, YTO CYILECTBYET HHBAPHAHTHOE
PacCcTosiHHe MeXIny ABYMS TOYKaMH

§*=A4x;\x,, (5.26)

31eChb NPENnonaraeTcss CyMMHPOBAHHE IO BCeM /1 3HAYEHHSM
uinerca I. YpasHendHe (5.26) MHBApPUAHTHO OTHOCHTE/bHO
rpyansi n-MEPHHIX OPTOrOHAJIbHRIX MpeoGpasosat it

0

X, =Cp%, + X, {5.3a)
TAe C;, YHOBARTBOPSIOT YCIOBHAM
€0 ="20 (5.106)

Bce uHIEKCH [PUHUMAIOT 3HaYeHHs OT 1 10 7, CymMMMpOBaHHe
TalKe NPOU3BOAHTCH OT 1 1o n. [letepmuuaut |c,,| onats
pasen - 1.

Bekropu onpenensioTcs 3aKOHaMH npeoOGpa3oBaHHs

a;zck,‘ a;, (5.16a)

uX aire6pa M aHa/nM3 TaKOBH e, KaK BEKTOpHWe anre6pa u
aHa/M3 B TPEXMEPHOM MpPOCTPAHCTBE.

Tensopn # TeH3OpHHE NJIOTHOCTH ONMPENEe/ATCH TaK e,
KaK B TPEXMEDHOM NPOCTPAHCTBE, TOJBbKO TeNepb BCE HHIEKCH
npo6eraiT 3HauyeHHs ot 1 mo n. 8, nonpexuemy sBiseTcs
CHMMETPHYHHIM TEH30POM.

Teusopnast naotvocts Jleu-Husura ompenensercs caenyio-
uHM  06pa3oM. &...s €CTh TEH3OPHAS IIOTHOCTh padra 71,
AHTHCHMMETDHYHAs MO OTHOLIEHHIO KO BCEM CBOMM /1 HHIEKCAM.
Hencuyesaionne ee KOMNOHEHTH PaBHM =1, MX 3HAaK 3aBHCHT
OT YETHOCTH HMJIH HEYETHOCTH NepecTaHoBkH (£, R, ..., §)oT-
Hocuteabno (1, 2, ..., n). ,BekTOopHoe npoussemenne“ me
sBasieTcsi 6ojee BEKTOPHOH MIOTHOCThIO. C NOMOLIBIO TeH30p-
HOH noTHOCTH JleBH-UHBHTA M3 aHTHCHMMETDHYHOTO TeH3opa
patra m (m << n) MOXHO 06Pa30BaTh aHTHCHMMETDHYHYIO TeH-
30pPHYI0 MJIOTHOCTh panra (n—m). Toabko npH n=—3 Ten-
30pHaf MJIOTHOCTb, COOTBETCTBYIOLlas TEH30PY BTOPOTO paHra
(nAyanbHasg“ emy), SBASETCHS BEKTOPHOH MJIOTHOCTBIO.



OG6oGmeHHble mMpeo6Gpa3oBanns. ,[/HHa® B npocTpaHcTse
MHHKOBCKOro0, onpexensemas no (5.1), HMeeT BHA, OT/MYHHH
or (5.26). Ilostomy B maibHeHuieM M He GyAeM OrpaHHuH-
BaTbCy MpeoGpasoBaHUAMH, OCTaBJAIOWMMH  HHBAPHAHTHLIM
(5.26), a paccmoTpum Gosnee oGuive npeoOpasoBaHHs KOOPIAH-
nat. CnepBa MOWeT IOKa3aTbCH, YTO MH YKJOHAEMCH OT Ha-
uiel OCHOBHOHM LesM, paccMmaTpuBas npeobpa3oBaHus ropasao
6osee o6uiero tuna, 4em npeo6Gpasosanusn Jlopewtua. Oxxako
3TH npeo6pa3oBaHUs HAM NOHaxob6ATCH B O6uleHl TeopHH OT-
HOCHTE@JIBHOCTH; TNOMHMO 3TOrO, TNOCKOJBKY OHH BO MHOFHMX
OTHOLIEHHSX TaK e [pocTH, Kak H Menee obuias rpyria
npeoGpasoBanuft Jlopentna, Mu B HanbHeHuieM GyaeM u36as-
JeHH OT HEHYXHHX [MOBTOPEHHH.

PaccMOTpuM fIPOCTPAHCTBO, B KOTOPOM BBEIEHA JeKapToBa
CHCTEMa KOOPIHHAT, TaK YTO IJIHHA ONpele/sfeTcs COracHo
(5.26). Ilepefimem nanee OT HEKapTOBOH CHCTEMB KOOPAHHAT
Kk apyro#i, nemekaproBo#t cucreme. Hosule koopauuath 060-

3HaunmM uepe3 3!, &2, ..., §% (MHOeKCH HaBepxy, KOHEYHO,
He HAaXO NyTaTh C MOKa3aTeJAMH cTenexd). Mol MMeeMm TOrma:
S=fl(xy ..., x,), i=1, ..., n, (5.46)

rae n ynkuui f* NpOH3BOJbHK; NMPEMNOAAraeTcs TOMAbKO, YTO
OHY HyXKHOe 4uc/ao pas AuddepenuHpyemn, uto sikoGuas npe-
o6pa3oBaHus

o0&
det I ox,

HuraAe He o6pailaeTcs B HYyJAb, M 4TO & meHCTBHTEbHH nas
BceX HEACTBHTE/bHBIX 3HAYEHHH X; X,, ..., X,

s? — KBagpaTHYHan QOpMa OTHOCHTeNbHO Ax,, BoOOGILe ro-
BOps, He SBASETCA KBaAPaTHYHOH OpMOH OTHOCHTEnbHO AR,
Opaxako KBagpaT PacCTOfIHHA Mexay AByMs GeckoHeuHo 6/u3-
KHMH TOYKAaMH MPONO/NKAET OCTABAaTbCA KBaAPaTHUHOH dopmoit
no orxourenuio K muddepennuanam koopauHaT. B aekaptosmx
KOOpAMHaTax O6eCKOHEYHO Maloe pacCTOfHHE ONpexeNseTcH
COOTHOUIEHHEM

ds? = dx,dx,. (5.47)



Hudpdepenunann dx, supawaiotes Yepes d&! cienyiouium o6-
pasom:

ox
dx, =Sk d&t. (5.48)
Moxacrasasis 3to B (5.47), nojay4um:
0xp0x o
ds* = 757’*—0—6’; dztd%. (5.49)

Otciona BUAHO, 4TO ds? siBnsieTcss KBaapaTHuHo#t dopMol @&,
HE3aBHCUMO OT BHOOpa CHCTEMH KOOPAHMHAT. JTO MOATBEPX-
jpaeT, TakuM O0O6pa3oM, YTO npH OOWHX MpeoOpPa30BaHHAX
KOODAMHAT pOJb PAa3HOCTEH KOOPAMHAT AX; W PacCTOsHUS S,
KOTOPHMH YHOGHO NONb30BaThcsi B AEKAPTOBOR CHCTeMe KOOp-
AMHAT MPH OPTOTOHANBHHX MpeoGpa3oBaHUAX, HrpaloT Audde-
peHuMann koopauHat d&' u puddepeHuran pacctosHus ds.

BekTopnl. Paccmorpum, kak mnpeoGpasylotTes AuddepeH-
uMans npu obuieM npeoGpa3oBaHHH koopaMHar. Ilycrb & M
g NpeACTaBNAIOT CO60H NBa psAXa HeNeKapTOBWX KOOPAMHAT.
Hx nuddepeHuHans cBi3aHel TOrJa ypaBHEHHAMH

113
y=2 at. (5.50)

Nuddeperuuana npeo6pa3oBaHHHX koopauHaT d&* seasiorcs
JMHEAHHIMH OXHOPOAHHMH (YHKuMAMH oT df&’; omnako koadu-
unenTe npeoGpasosanus (08"/0§!) me moctosHHM, a sBAsIOTCH
¢ysxkuusmn ot §. Ux netepmunant |08'4/08Y| Takxe wue mo-
CTOfIHEH., DTHMH BEJIMYMHAMH MB BOCNO/b3YEeMCH AAs BBELEHHA
reOMETPHYECKOTO TMOWATHS  ,KOHTPAaBAPHAHTHOTO BeKTOpa“.
KonTpaBapuaHTHHH BEKTOD HMEET /7 KOMMNOHEHT, mpeo6pa3yio-
uMXcs TaK We, Kak AupdepeHIHa sl KOOpAHHAT:

o 081
a'=gg al. (5.51)

CyMMa M pasHOCTb KOHTDaBaPHAHTHWX BEKTOPOB, a TaKkKe
npoHu3BeJeHHe KOHTPaBaPHAHTHOTO BEKTOpA Ha CKaNAp Ipen-
CTaB/IdI0T COGON KOHTPABAPHAHTHHE BEKTOPHI.



HeBoamowno 06pa3oBaTh CKalfpHOE MpPOH3BEAEHHE TOJbKO
M3 KOHTpaBapHaHTHHX BEKTOPOB. UTo6u HaiTh B naueM ¢op-
MajM3Me BeIUYHHY, COOTBETCTBYIOLLYIO CKa/lfipHOMY MPOHM3Be-
LEHHIO, paccMOTpuM ckaasproe mone V (5, ..., §%). Wawme-
Henne V mpn GeckoHedHO ManoM cwmeienud 57 pasHo:

v
V=V g%, v, =3 (5.52)
JleBas yacTe nepBOro COOTHOLIEHHS, OYEBHIHO, HHBAPHAHTHA.
[paBas yacTb uMeeT BHA CKaJASPHOTO NPOHM3BEHEHHS; OAHH M3
MHOXHTeJeH SBAACTCS KOHTPaBapHAHTHHM BektopoM &%, BTO-
po#i npexcrasaser coGoit rpanuent V, T. e. V .
KomnonenTH rpazventa V npeoGpasyioTcs Mo 3aKOHY

73
V,ll=§€," V,l' (553)

V p aBasetcs JunelinoA oxuopoxHoH ¢ynkumedt or V.. 3a-
KOH npeoGpa3oBanus (5.53) oTauyaeTcs OT 3akoHa npeoGpa-
30BaHHs KOHTPABAapHAHTHOTO BeKTOpa. Mb Ha3oBeM rpaauedt
CKa/lApHOTO MOJl KOBAPUAHTHHM BEeKTOpoM. B 06-
HIEM C/yyae KOBAPHANTHRIH BEKTOp OnpenensioT KaKk COBO-
KYNHOCTb # BEeNHYHH, NMpeo6pasyloUuxcad co-

FNacHO 3a4KOHY
, 08
&= 5m % (5.54)

CyMMa H pa3sHOCTb KOBAPHAHTHHIX BEKTOPOB H MPOH3BEAEHHE
KOBapHaHTHOrO BEKTOpA HA CKAAfp TaikKe IMPeACTABAAIOT CO-
60t KOBADHAHTHHIE BEKTOPH.

Ins Toro 4To6m  pasnHyaTh KOHTPABaPHAHTHLIE H KOBa-
pHaHTHHE BEKTOPH, Mbl GyneM nepBue 0603HAYyaTh HHAEKCOM
CBEpPXY, a BTOpble — HHAEKCOM CHU3Y.

Kospuuuentu npeoGpa3oBaHHsi KOHTPAa- H KOBapHAHTHHIX
BEKTOPDOB pA3/HYHH, HO CBA3aHH Mewnay co6o#t. Kospuuuentw
(03"/08") ypaeuenus (5.51) u kosduumentn (9808 ypas-
Henus (5.54) cBA3aHMW ADYr ¢ ApyroM cucteMoit u3 n? coor-
HOWeHHH

08 9%k

5—570_57‘ = 6?, (5.55)



rae &F onars oauasaer cumson Kponexepa, 0603uavasiitcs
pasee uepes 8&,. B cuay (5.55) BuyTpexuee (ckaaspHoe)
Npou3BelcHHe KO- H KOHTPABADHAHTHOTO BEKTOPOB sB/SETCA

HHBApHAHTOM:
ab'=ab. (5.56)

PaccmoTpum caydait  oproroHanbsnix npeoGpasoBanui. Mx
KO3(HMUHEHTH npeo6pasoBaHuit ¢;, yAOBAETBOPHIOT (5.76) H
(5.10a). IpoussomHue, ompexendiouue B OGWeM Cayyae me-
Pexox OT ONHHX KOODAMHAT K JPYIHM, NPH OPTOTOHAJIbHOM
npeo6pa3oBaHHH PaBHHI

’
5;1=0n5
H Tak Kak (5.55) cmpasenauBo Asna 06HX npeoGpasoanuit,
u3 (5.76) caemyer, uyToO Takke
ax,
— =0y 5.87
ox, (9.97)
TTosToMy, €cC/H OrPaHHYHTbCS OPTOTOHA/MbHHMH MNPeoGpasosa-
HUSIMH, pa3/H4YHe MeXJAy KOHTPa- H KOBapHAHTHHMH BEKTO-
paMH Hcye3aerT.

Tensopnl, TeH30opH OnpeaenssiloTcs Kak co-
pokynHoctb #Y Beaudnu (kommouent) (N—panr
TEeH30pa), KOTOpHEe npeo6pasyloTcs OTHOCH-
TENbHO KAk AOr0 CBOEr0 HHAEKCA, KAK BEKTODP.
OHH MOryT 6BTh KOBADHAHTHBMH BO BCE€X HH-
NeKcaxXx, KOHTPaBapHAHTHHMH BO BCEX HHJIEK-
Cax WM CMEHMIAHHBIMH, T.€. B HEKOTOPH X HUH A€K-
Cax KOBAapHAaHTHHMH, @B OCTAaJAbHBHX KOHTpPaBa-
pHaHTHHMH. Te MHIEKCH, OTHOCHTE/NbHO KOTOPHX TEH30p
KOHTDaBapHaHTeH, CTaBATCA HABEPXy, a T€, OTHOCHTE/bHO
KOTODHX OH KOBApHaHTEH, CTaBATCA BHu3y. [lns uAmocTpauuu
9TOrO Ofpeje/eHHs TNPHUBEAEM INDHMEP CMEIUAHHOTO. TEeH30pa
TPETbEro paHra:

. g 08 0%k o6’

mn. — g&im " g&n " GEL

n (5.58)



CBoicTBa CHMMETPHH TEH3GPOB UHBAPHAHTHH OTHOCHTEJNHLHO
npeo6Gpa3oBanuft KOOpAHHAT, €CAH peur HEET 00 HHAEKCaAX
ORHOrO THNAa (KOBADHAHTHHIX H/IH KOHTPaBaPHAHTHHIX).

Cumeon Kposiexepa siBMS€TCH CMELIAHHHIM TEH3OPOM:

i O O g OOy, (5.59)
OE™ " GEk m T gEm oEtk
[Tpoussenenne mByX TensopoB pawroB M u N naer Tten-

30p paira (M-~ N), npuyem Kaxaw# HHAEKC KaKAOTO MHO-

WUTEAN MPOAOMKAET OCTABAThCA KOBAaDHAHTHHM H/IH KOHTpaBa-

puanTHHIM. [logo6HO TOMY Kak cKanfipHoe nNpOH3BeAEHHE KO-

4 KOHTPAaBapHAHTHOTO BEKTOPOB MPHBOLHT K cKaasapy, JuoGhe

JMBa MHAEKCA PA3HOTO NONOXerMa (T. e. BepXHHH W HHXKHHHA)

MOXHO MCNO/b30BaTh I/ CYMMHDOBaHHA, M B pe3yJbTaTe

AOJNYYHTb TeH30p Ha JABa panra Huwe. [IpuMepn nomOGHHX

NpoU3BeREHUR TaKOBH:

1 pmn 1 phkn I hkn
a; o™, eyl b*,  a,l bt

Ecan coOTBeTCTBYIOIIME KOMMOHEHTH JABYX TEH30POB OXMHA-
KOBOFO paHra CKJAAWBAIOTCH WM BBIYHTAIOTCH, MX CyMMa H/H
Pa3HOCTh SBAAIOTCA KOMNOHEHTAMH HOBOTO TEH30pa B CJayuae,
ecsM 062 MCXOIHBIX TEH30pa HMEOT OIHHAKOBOE YHCJO HH-
JEKCOB KaWmoro THna.

TakoBw npocTelimune npaeBuna teH3opHOH anre6pu. Ouu
NOKa3WBalOT, KaKk O06pa3yloTCH HOBHE Be/IHYMHB, npeobpa3yio-
mHecs no 3akonam Tuma (5.58).

MeTtpuuecknii TeH30p, pAMAHOBBl NpocTpaHcTBa. Buipa-
Xy 0%y

T NpH nepexoxe ot

onnolt cucreMn & Kk apyro# §&'™ npeoGpasyeTcs Kak TeH3op

Kenue, Bxodsuee B (5.49), g,=

0xkg§_k_ dxk dE dxk 05'
EmoEs Gkl oEm  gel oE"
, 08 o8
gmu oc:m 05'" gll

(5.60)



JIpyruMH CNOBaMH, &, SBIAETCA KOBADMAHTHHM CHMMe-
TPHYHHIM TEH30pOM BTOPOFO paHra. OH Ha3HBaeTCH MeTpHYe-
CKHM TEH30pOM.

CyutecTBylOT ,NIPOCTPAHCTBA“, B KOTOPHX HEBO3MOXHO
BBECTH NEKaPTOBY CHCTeMy koopauHaT. OAHHM Ho IBYMEPHHX
,POCTPAHCTB® TAKOTO THMA HBJAETCA IOBEPXHOCTH C(EpPH.
Ecau B KauecTBe KOOPAMHAT BBECTH UIMPOTY M Joaroty ¢ u §,
TO PacCTOsHHE MEXAY ABYMS GECKOHEYHO OJIM3KHMH TOYKAMM
Ha TOBEPXHOCTH c(eph BHPA3HTCH C/ERYIOLIHM 06pa3om yepes
auddepeHuyans KOOPIHHAT:

ds?=R?(dy? + cospdh?).

Y706 BK/IOYHTH MONOGHHE HenpephiBHHE MHOrOOGPasHA B KPyT
pa3bupaeMnX BOMPOCOB, PACCMOTPHM MPOCTPAHCTBA C HEKOTO-
pLIM METpHYECKHM TEH30DOM, HE OCTaHaBAMBAadgCh Ha BOMpoce
O BO3MOXHOCTH BBEAEHMA B HHX JEKAapTOBOM CHCTEMb KOOp-
nuunat. O6pasoBanue, B KOTOPOM 3ajxaH ,KBaipaT Auddepen-
Mana JJIHHH®, T. €. MHBapHAHTHAA OJHOPOAHAS KBaApaTHYHas
¢ynkuns nuddepenurasos KOOPAHHAT, HA3LIBAETCA ,METPH-
YeCKHM TNpPOCTPAHCTBOM® HIM  ,PHMAHOBHIM MPOCTPAHCTBOM®.
Ecnn BO3MOXHO B PHMAHOBOM INPOCTPAaHCTBE BBECTH TaKYIo
CHUCTEMY KOOPAHHAT, B KOTOPOH MeTpHYeCKHH TeH30p B KawmoH
Toyke OyneT paBeH 0, 3Ta CHCTeMa KOOpIMHAT Gyger xe-
KapToBOH, a MPOCTPAHCTBO HA3WBAETCA 3BKJHIOBHM.

Ecan GeckoneyHo Manoe pascTosiHHe Onpeaesserca CooT-
HO.LIeHHEM

ds?=g,d% d&h (5.61)

npuueM ds? MHBApHAHT, TO g, SBISETCH KOBAPDHAHTHHM TEH-
sopom. Hawe npeannyuiee 10xasarenscTBO OCHOBLIBAIOCH Ha
ox, Ox

NPeANOJIOKEHHH, YTO g, PAaBHO BbiPAXEHHIO #' [?S_Ik; APy THMH
C/I0BaMM, MH MNpenmno/iarajH BO3MOXHOCTL BBENEHMS HEKapTo-
BOH cHCTeMW KoopAMHAT. [am TOro 4To6H MOKa3aTh, 4YTO
TpaHcGOPMALHOHHKE CBOHCTBA g£;; HE 3aBHCAT OT 3TOro npen-
MOJIOMEHUs, PACCMOTPHM CHEAYIOLIEE YyPaBHEHHE:

gdtidii =g’ demae, (5.62)



BHIpacaloliee HHBApHAHTHOCTb ds?. 3amesns d&f ciesa uepes
(057 [08'™) . d&'™, nonyuum:

gy OO gem ggm— gr gtom ggrm, (5.63)
oerm OE”'
B cuay npou3BOMBHOCTH d&'™ MOXHO NpHPaBHATL KO3(H-
uHeHTH ¢ 00eHX CTOPOH paBeHCTBa, TakHM O6pPa3oM NOKa3H-
BAeTCHA CNPaBEIJIMBOCTL CcOoTHOwmeHu# (5.60).
Ecin meTepMHHAHT KOMMOHEHT g, He PaBeH HY/MO, MOXHO
BBECTH COBOKYMHOCTb HOBHX BeaHuuH g cornacko coorHouwre-
HHAM

gug¥ =23, (5.64)

Yr10o6n momyyutbh MX TpancdopMalHOHHHE CBOHCTBa, mpeoGpa-
3yeM CHauyana g,. 3aMeHHM HMX BHPAKECHHEM

o™ gen

gik=W ?E?- mn (5.65)
TOrA MOJMY4HM:
oe'™ g gkt__az.
oel Emn a&" AL
i EIS
Kasiee YMHOKAEM NIOCICAHEE COOTHOIEHHE HA o+ o — . Bcuny

(5.59) npaBas yacTb o6pamaerTcss B &y; AMA  NeBOH vacTu
MONYYHM:

' m ! "n n X
d;et gse' : %gk, 3il = ;'ng"’m:’iik ozt gh=
, om gEs
rn oék EI
TaK 4To
OUR O s, (5.66)

Ernogh or 8= O
Cpasuenue (5.66) ¢ (5.64) naer

Elfl aers
O o 8= (5.67)



T. €. gM ABNfIOTCS KOMOOHEHTAMH KOHTPAaBAPHAHTHOIO TEH-
3opa. TeH3op 3TOT cHMMeTpHYeH. IJTO MOKHO MOKA3aTh, yMHO-
waa (5.64) na g, g7, Torna nesas 4actb Gyner pasHa

88" e 8" = k" 8¥ g = Si8Mg =8, 8"
B TO BpPeMsl KaK npasasd 4acTh o6pauiaercs B
3g, 8 =g, 8" = g,8" =7,
T. €. Mbi BHIHUM, 4TO
£ag" I=a;a
H, CpaBHHBas 3TO cOoOTHOIeHHe ¢ (5.64), HaxomaHM
gH = g*. (5.68)

Tenzop g% Ha3nBaeTCH KOHTPABAPMAHTHHIM METPHYECKHM TeH-
30poM. 3HaueHHs €ro KOMIIOHEHT, KaK ficHO u3 (5.64), paBub
MHHOPaM OT g, AEJEHHHM Ha JeTepMHHaHT g==|g . I

g¥=g~1.minor (g,). (5.69)
B nexapToBO# cHCTeme KoopauHar g% pasho 3,

TMonnatue U OnycKanHe HHEEKCOB. KoBapuaHTHHHA BeKTOp
MOXET ObTh NOJYYeH M3 KOHTPABAPHAHTHOIO YMHOXEHHEM Ha
METPHYECKHH TEH30p H CYMMHPOBAHHEM MO Nape HHIEKCOB:

a,= gua*. (5.70)

OG6paTHEA NpoECC NPOH3BOAMTCA YMHOXWEHHEM @; Ha KOHTpa-
BapHaHTHHHA MeTpHueCcKHH TeH3op:

ak = g'*a,. (5.71)

W3 onpenmenennsi KOHTPaBapPHAHTHOIO METPHYECKOTO TEH30pa
(5.64) caeayer, 4TO ypaBuenue (5.71) IKBUBA/NEHTHO ypasHe-
nuo  (5.70), mpyruMH c/oBamHu, ypaBHenHe (5.71) npHBOAMT
K TOMY e KOHTPaBaPHAHTHOMY TEH30pY, KOTOpHH (UTYpH-
pyer B (5.70). [lBa Bektopa @, W &® Moryr mostomy pac-
CMaTpHBAaThCsl, KaK ABAa PABHONPABHHIX OMMCAHHA OLHOFO M TOro
e reoMeTpuueckoro noHATHs. Onepauun (5.70) ¥ (5.71) ua-
3HBAIOTCSH MNOAHATHEM H ONYCKaHHeM HWHAeKCOB. TakuMm e
06pa3oM MNOAHMMAIOTCA H ONYCKAlOTCH MHAEKCH Y TEeH30POB



Hopma BekTopa onpeaendercs CKalsipom
a3 = gya'a* = g'*ap, = ad'a,, (5.72)

CKansgpHoe MpOM3BeleHHEe NBYX BEKTOPOB MOXET OHWTh 3samu-
caHo B MmoGo#t u3 crenylowmx gopm:

a b =a'b,= g,a'b*=g'*ab,. (5.73)

Ten3sopHbe NAOTHOCTH. TeH30pHas NJAOTHOCTH JleBu-
Yyputa, TeH30pHOH NAOTHOCTbLIO Ha3HBaeTcd
COBOKYNHOCTb BENHUYHH, NpeoGpasylomuxcs no
3aKOHY:
¢ |oee
b_éb

? aE'm o

S ese N ooss

w
o, 69

raie W—nocTOSHHAaH, BeJHUYKHA ABAACTCA Xapak-
TEepUCTUKOHR navHHOH TeH3OPHOH MAOTHOCTH;
3Ta NOCTOfHHAA Ha3HBAaeTCA BEeCOM TEeH30p-
HO#X nAOTHOCTH. TeH30pH—3TO TEeH3OpHHE
NAOTHOCTH BeCa HYJAb. B 3aBHCHMOCTH OT HHC/A HH-
JIIEKCOB TOBOPAT TaKXKe O CKAMAPDHOH H BEKTOPHOH MJOTHOCTAX.

CyMMa IByX TeH30PHHIX IVIOTHOCTEH C ONHHAKOBHIM HHC/IOM
MHAEKCOB KAXAOrO THINA W OJAMHAKOBOrO BecCa HBJAETCH TEH-
30pHOH NJIOTHOCTBIO C TEMH e XapakTepucTHKamu. [Ipu ymuo-
MEHHH HX Beca CKJAALBAIOTCH.

Cumsonu Jlesn-Husura &, ... a, H 8% ++ 81 OPeACTaBIAIOT
co60#i COOTBETCTBEHHO TEH3OpHHE IVIOTHOCTH C BecoM (— 1)
u (1), (n—vuncno wusmepennt). J0Ka3aTenAbCTBO STOrO
yTBEPKIEHHA MPOCTO M aHAJOTHYHO TOMY, KOTOpoe OHJIO HaHO
Npd paccCMOTPEHHH OPTOTOHAJABHHX NPeoGpa3oBaHHMM.

IeTepMHHAHT KOBAPHAHTHOFO METPHYECKOTO TeH30pa

&= 8xul (5.75)

ABAAETCHA CKAAAPHOM NJIOTHOCTBIO ¢ BecoM 2.
3aMeTHM, YTO C TEH3OPHHIMH [VIOTHOCTAMH HaM MNOUTH He
NpHAeTCH HMETh Jena.



Tensopunifi anaaus!), PaccmorpenneM TeH30PHHX MNOT-
HOCTEH Mhl MOJIHOCTBIO 3aBEPIIH/H H3J0XKeHHe TEH30pHOH as-
re6pul; TO4YHEE, Mb ONHCAJH MOC/AERHIOI0 HACTOMLKO MOJHO,
HacKOJbKO 3TO Hau notpebyercs. Tenepp Mm nepedaem x Ten-
30pHOMY aHanHM3y. Mo yxe BHAeNH, 4TO OOHKHOBEHHHE Mpo-
H3BOKHbIE CKAJAPHOTO MOJA NPEACTABAAIOT COOOH KOMMOHEHTH
KOBapHAaHTHOro BeKTOpHoro noad. Opsako B o6weM caydae
NPOH3BOJAHHIE TEH30PHOTO MOJA He O006pa3ylOT HOBOTO TEH30p-
HOTO TMOJIS.

PaccmoTpum npousBoxsyio Bektopa. [Ipon3sonaHas cBa3H-
BaeT 3HAYECHHE BEKTOPa B OJHOM TOUKE C €ro 3HaYeHHEM B ApY-
roit GeckoHeuHo Guu3ko# k He#t Touke. [Ipu mpeoGpasoBanuu
KOOPAHMHAT BEKTOPH B OOEHX TOYKAX MMEIOT pa3/NMYHHE KO3-
¢duuMenTH npeo6pa3oBaHHd, TaK Kak MOC/JAeAHHE SABIAOTCS
dyHkuuaMH koopauuaT. [TosToMy npoHsBonHbe KO3(HUHEHTOB
npeo6pa3oBaHHs BXOJAT B 3aKOH IMpeoOpasoBaHus MPOH3BOI-
HBX BEKTOpa.

OnHaKo CylecTByeT CMOCO6 I10/y4€HHT HOBMX TEH30POB
B peayabTate Audpdepeninuposanns. ITOT Cnoco6 OCHOBaH Ha
ananorud ¢ auddepeHuupoBaHneM B NEKAPTOBHX KOOpPIHHATaXx.
TaMm MH 1OJyYa/qd NPOH3BOAHHE BEKTOPAa HJAM TeHn3opa cle-
AylouM 06pa3oM: CHaua/la BEKTOP MEPEHOCHICS B ,COCENHIOn"
TOYKY Ge3 H3MeHeHHsl BeJHYHHbI CBOHMX KOMIOHEHT, T. €. Na-
pannenbHo camomy ceGe. ([foxa M noabsyemcs ge-
KapToBOH CHCTEMOM KOOpAHHAT, 3TO MOHATHE HMEET HHBaA-
PHAHTHHH CMBIC/, TaK KaK KO3(HMUHEHTH MpeoGpasoBaHHA Oau:
HaKOBHW B 00eHX Touykax.) 3arTem 9TOT napajielbHO nepeHe-
CeHHHil BEKTOp cpaBHMBaeTci C BeKTOpoM (kak dyHKuHeH
koopaHHaTt) B 9TOH e Touke. MX pasHocTb mnpexnctasasercs
Kak A; ; 8x;. Ecau 6u Onio BO3MOXHO B cocemuedt Touke
BBECTH MOHATHA ,TOT Xe BEKTOP“ MAH ,Mapajine/bHH Bek-
TOp“, Pa3HOCTh MEXAY Mapa/NJeNbHO MepeHeceHHHM BEKTOPOM

1) TeH3OpHHIA aHaMH3 B OG0OCHIEHHHX KOOPAWHATAX MOHAKOGHTCH
HaM B Ja.bHefilleM JJas MOHHMaHHs] OOLIEH TSOPUH OTHOTHTEAbHOCTH.
Ins u3yyeHHa clienMaJbHOA TEOPHH OTHOCHTENbHOCTH €ro 3HaHue
He Badercs HeoGxonnMuiM. [103TOMy uHTaTenH, He MHTEpeCy ollUecs
obueit TeopHedi OTHOCHTENbHOCTH, MOTYT NpOMYCTHTh 3TOT H Che-
AYIOIHA pa3fedbi,



M BEKTOpPOM 1041 B STOH Touke npeo6pa3oBuBaiach OW  Kak
BEKTOp B 3TOH ke TOYKe.

Onpene/envie MapayieNbHOTO  nepeHoca  AeHCTBHTENLHO
MOXHO BBECTH CPaBHUTEJbHO MPOCTHM oGpasoM. [Ipu sTom
BE/MYHHA CMEILEHHOrO BEKTOPa 3aBHCUT KaK OT HCXOMHOrO
BEeKTOpa, TaK W OT HanpasieHus nepeHoca. PaccmoTpum cnepsa
SBK/MIOBO NPOCTPAHCTBO, B KOTOPOM MOXHO BBECTH JEKapTOBY
cHcTeMy KOOpHEHHAaT. B 9TOH cucTeme 3aKkOH mnapajie/bHOTO
nepeHoca uMeeT BHUA

a;, 0x,=0, (5.76)

TAe 60X, MPeiacTaBaseT COGOH GECKOHEYHO MaJjoe CMeuleHHe.
BBezeM Tenepb MpOM3BO/JbHOE MPeOOpPA30BaHHE KOODAHHAT
{5.46). KomnoHenTh BexTopa B HOBOH CHMCTEME KOOPAHHAT
OTMETHM ITpHXaMH. MH uMeeMm:

__ o,
a,-_-a-;’ a,,
oa, 08 0 (ae' a.) 08° ok da,
ow, = a5, 95 \3%; ") = omyon, F T
ot dxy 0%
+ 3%, 08 9% 0%, %
Taxk Kaxk Bxk npeoGpa3yeTcs cornacko (5.48), moayuum
0% oa, % ox } s
0=a, ,dx,= {dx, 0€‘+0x1 o ¢&’. (5.76a)

’

da s
Beauuunn '55—: 0§ SBIAIOTCA NpHPAWIEHHAMH @) B pe3y/bTaTe

CMeliesHs W MOTyT OWTb 00603HauyeHH Yapes aa',. Ymuoxas

npasyio 4acTh ypasHenus (5.76a) Ha %, noay4YuM OKOHya-
o6r dx,
TeMbHO (TaK KaK 5= =zt=297):
(rae v 5, 55/ =%)
day=— 0N 0 O g, (5.77)

¢ 0&’ de,dx,



Ecan Henb3st BBECTH NEKApPTOBY CHCTEMY KOOPAHMHAT, M,
coxpaHsis JuHelHYl0 ¢OpMY mnOC/AeOHEro YypaBHEHHs, NPenno-
JIOWHM, UYTO MPH Napajie]bHOM nepeHoce OGeCKOHEYHO Maibie
H3MEeHEeHHS KOMIIOHEHT BEKTOpa SBAfIOTCH OumHeHHOH yHK-

HeH KOMNOHEHT BEKTOpPa H KOMIIOHEHT 6eCKOHEYHO Manoro
CMELIEHHS

daf — l["' ak33, (5.78)
ca, *-——f—l‘ @85 (5.79)

I 1

Koaguuuents 1%, u l‘;l STHX HOBHX MPENNOJAaraeMmX 3aKOHOB
OCTAOTCH MOKA COBEPUIEHHO HeonpeleNeHHuMH. OLHAKO MOXHO
HaHTH UX 3aKOHH npeo6pasoBaHus. 0a’ AB/IAETCA PA3HOCTHIO
BCKTOPOB B JIBYX TOuKax ¢ koopaunatTamu &' u & -} 384 Ilpu

npeo6pa3oBaHHH KOOPAUHAT HOBHE ¢a'* 10/yuyaloTcs CAeayio-
nm obpasom:;

s e [OFR o'k 0 (08k N\ .
¢a't = (ég; as>ﬁl+a&l—- (55_5— as) I:EET (0?; a‘) o8 =

3
az&l i . 22! . dE'k _
= =y 5Es dr, EI—I- 05-" ; El— 6:.5* 7 as3e! _|_ 5 das. (5.80)

Yxke ykaswBanoch, 4TO ¢a@° He npeobpasyercs KaK BEKTOP,
YTO FBMJIOCH HCTOYHHKOM HALLMX 3aTpYyAHEHHH.
Ioacrasum (5.80) B seBy0 yacTh ypaBHenus

1

3otk

ga* = __ vk mytn
I'% g'mat

W 3amerum @'™ n 03" ux Bupawenusmu w3 (5.51) n (5.50).
Torpa noayuum:

.

ox'* . oe Ve XM 0
Yoy a*3s + dat = l»'rm o ¢ om

[N
ae

TNoacrasnas nanee ¢a’ ua (5.78), wakiaem

dgl_.:rk nk 1 al " 0:"" d»m 55
(055 o8l T gir F.;I) aos —_I‘mn ots o0&l a’3e.



Tak kak u a@* u 08 MPOM3BOJbHH, KOI(UUMEHTH NPH HHX
JOMKHbB OLITh PaBHbL:

MM,  okRL owt
TG e o s ppopt

1
3akon npeoGpasosanua ans I, nonysaerca nocne ymHome-

o5 o8
HHA Ha 05_'7' d—E'_b
l\r . del df'k l\ 6’.,k
I k 6"'005'1' (_;3? l;’—désds‘) . (5.81)
IMocneauu#t unen cnpaBa MOxeT OHTb 3anHcas B HECKOJbKO-
HHOH ¢opwme:
N K
08 98'D "5¢5 gel — —oe'ao? (ﬂ o0&t
o8 g 0 (8y ot oot
Jea 9% 05 7)) =— 05'“0‘3 )+ e 57 gz -

IlepBuifi unen cnpasa paBed HyMO, TaK KaK BHWpPAXEHHE B KpyI-
Jux ckoOkax mnoctosuuo. (5.81), takum 0oOpa3oM, AaeT.

’ ot* [oF" o8 ) 28!
r > = — o8 (dE'a o%b rs + ot'a 05:1,) (5.82)

AHanorHuHLIMH paccymneﬂua.\m u3 (5.79) mnoayuum sakow
i

npeo6pa3oBanus As I On Takos e, kak u nn I% .

ab*

Tenepp MOWHO HaMO0XHUTH Ha Il‘ pA il‘";b YCJIOBHA, COBMeE-
CTHMble C HX 3aKoHamu npeoGpazoBanus. ITH QopMyaw npe-
o6pa3oBatus coaepxar nBa wunena. OAHH M3 HHX 3aBHCHT
or I'*, u cTapolt cucTeme KOOpEWHAT M HMET TOT ke B,
yTO M 3aKOH npeobpa3oBanus TeH30poB. BTopolt unen He 3a-
Bucut  or I'* u cuMMeTpuuen B CBOMX HHXHHX HHIeKcax.
Tostomy, ecau I‘gb H paBHH HYJI0 B OXHOH CHCTEMe KOOpAH-
HaT, OHH BCe e OYAYT OTAHYHW OT Hy/]s B HPYro#f cHcTeme.
Onsako cummetpust I'*, fo OTHOWIGHMIO K HIKHHM HHZeKcaM



COXpaHsieTcs BO BCeX CHCTEMaX KOOpAMHAT, €CAH OHA Cylue-
CTByeT X0Td Ob B OZHOA M3 HHX. 3TO, B YaCTHOCTH, crpa-
B2J/IMBO, KOTAA I':b Hcue3aeT B oaHoH u3 cucrem. [Hanee,
I il
ecm Ik u I"' paBHH B ONHOM CHCTeMe, OHH OCTaiOTCH paB-
HHMH [PH M(POH3BOJBHOM 1peo6pa3oBaHKH KOOPAMHAT. Ml
YBUIUM, HYTO TreoMeTPHYECKHE COOOpANEHHS MPHBOAAT Hac
TOJLKO K TaKHM CHCTEMaM I‘zb, KoTOpne 00621a3a10T 06onMH

YNOMAHYTHIMH CBOHCTBaMH.

[MpousBexnem napanienbHbf nepeHoc IBYX BEKTOPOB 4,
u b' wa Geckoneuso Masoe paccrosinne €5 Mameneuwe ux
CKaNSPHOTO Mnpou3BeneHHs a,b’ GyneT paBHO

11 1
3 (@,6) = a0+ b2, = ap ( Ty —T,) 3% (5.83)

Tlpu mapanieNlbHOM nepeHoCe LBYX BEKTOpOSB
HUX CKalsipHOe MnNpoOMU3BEAEHHE OCTAaeTCH (0-
1

CTOAHHHM TOTAAa W TOAbKO TOrma, korma I%
1l
cooTBeTcTBeHHO paBuu I,
1 )
Paxtnueckn npeanosioxenne o pasenctse I, u I, ocho-
BHIBAETCH HE TO/MBKO HA TOM OGCTOATENLCTBE, YTO B JEKapTo-
BHX KOOPAMHATAX CKaJfpHOE MPOM3BEACHHE HBYX MOCTOSAHHBIX
BEKTODOB MOCTOSIHHO, HO W Ha Gonee oOWMX COOBpPaKEHHsX,
He CBA3aHHLIX C HAEKAPTOBHMH CHCTEMAMH KOOPAMHAT.
OGo61ias 3aKOH HJH Ofpele/eHHe ,NapalienbHOro* nepe-
Hoca (5.78), (5.79) mHa Tensopw, OyAeM NPOHU3BOAMTbL ,MNa-
panie/bHOe* CMElIeHHe COTIacHO CAEAYIOUIEMY NPaBUy:

%’.=( ‘{J,{Jrl" tir! ——F ik ) 8ES.  (5.84)

‘DTO npaBUO OCHOBLIBAETCA HA TOM MPEANOJIONKEHHH, YTO ,lid-
paJi/ielibHu 1epeHoc* NpPOH3BE REHHS NPOU3IBOJHTCSH 1O TOMY Ke
3aKOHY, H 4to AudrpepeHuHPOBaHHE NPOM3BEACHHS:

8 (abc)==ab 8¢+ ac 3b—+ bc Ca. (5.85)



[Tpu napaanenbHoM nepexoce Ten3opa Kpouekepa, coraacto
(5.84), nonyuum:
gl 1 I 1
sep=(T0—T nap) s = (4, — 1) a2 (5.86)

is”r

Ianee, u3 (5.86) u (5.85) umeem xmaa ,napaniensHOro
nepedoca“ npoussenesus a‘gk:

8 (a’d%) =28%8a’ | a3 (3%) = da* - a'd (3%).
C npyro# cTOpOHHW, 9TO Npou3senchue pasio a*. Otciona:.

3ok =28a* |- a3 (8%)

u B cuny storo 8 (8%) momkno obpamartbes B nyab. Cootser-
CTBEHHO HMEeM:

11 1
T —T%, (5.87)

B nanbueiimem pasnauudtensHbole HHAekcw I v Il Oyaem omy-
cKaTb.

Kak yxke oTMmevanocs, I‘Z CHMMETPHYHH B CBOHX HWXKHHX

WHIEKCaX, €CAH BO3MOXHO BBECTH TAaKyl0 CHCTEMY KOODIHHAT,
B KOTOpO#H I‘fs paBHH HY/MIO, X0TH OH B JOKajJbHOH 06nacTH.
C sToro MOMeHTa cJlelyeT BCe BpeMfl HMETh
B BHAY, YTO B AanbHelmeMm 6YyAYyT paccMaTpu-
BaThcd TOAbKO cHUMMeTpuunme I, Tlpu srom I‘fs

OCTAlOTCA eule B 3HAYMTRJILHOH CTemeHH NPou3BOibHuMH. On-
HAKO OHM ONpeleNsATcss OHHO3HAYHO, €C/AM MX CBf3aTh C Me-
TPHYCCKHM TEH30POM gy, C TMOMOLUBIO CJAEAYIOLIero YC/AO0BHS!
pesy/bTaT NapajiIeNIbHOFO CMEIleHHsI BEKTOpa a JOMkeH OHThb
OIHHM M TeM e KaK MpH NpHMeHeHHH 3akoHa (5.78) k ero
KOHTPABaDHaHTHHM KOOPAMHATaM, TaK H NPH NPUMEHEHHH 3a-
KoHa (5.79) K ero KOBapHaHTHHIM KOOpAHHATaM. B 9THX AByX
npeACTaBnenHsiX @’ M @, COOTBETCTBEHHO HMEIT B TOUKe
(55 4 0&%) smauvenna (a’--8a’) u (a,+8a,), rae %2’ u da,
naioTea ¢ nomouwlo (5.78) u (5.79). YcioBHe TOro, uTO 3TH



1Ba BEKTOp2 fBAAOTCA NPEACTABNEHHUSIMH OAHOTO H TOTO iKe
BekTopa (a-}-8a) B Touge (55 68%), Bmpawaerca copmynoh:

a,+0a,= (g, +8g,) (a’ + ¢a’), (5.88)

— 1
081 = &1, 135

C TOYHOCTBIO O WIEHOB BHCUIErO NOPSAKA 0 OTHOLICHHIO
k nudpdepenunanaM ¢dopmyna (5.88) momksa OuTh cnpaseln-
nuBa IS mpoussoibHuX a’ u O8S. Packpuias ckoGku B npa-
BOH# yactH (5.88), noayuum:

— 304
Say=a'g,, , 0+ g,dd".
Moacrasnas éa, u ¢a’ u3 (5.78) u (5.79), Hakinem
It ,a,oJ'—a' 1 3;: — S :‘_! a:asl

rae

HJIH

a0t gyl - g 1% — &a,1) =0, (5.88a)

rae a° W OF NpOM3BOMBHH; 10ITOMY BHPaXEHHE B CKOSKax
JIO/DKHO PABHATBCS HYJIO.

Janee ucnonb3yem yc/J0BUA CHMMETPHH M BHITHLIEM O8pa-
11a:0lLteecs B HyJIb BHpaXeHHe, TPH Pasa NepecTap/sss HHAEKCH:

U &+ 1581 — i, s =0,
ikgrs + Iskgtr - gis,k =0,
U 158 — 8rs,i=0-
[Mepeoe ypasseune BHYHTAeM H3 CyMMH IBYX Apyrux. [locae
NpUBEACHHA Nox06GHKIX YJIEHOB MOJNy4YHM YpPaBHEHHE:

1
grsr;sz (glsyk+gks,i—glk,s)' (5.89)

Otcioaa ymuoxkenneM Ha g°' Halimem OKOHUATE/bHOE BHpaKe-
nue ans I

i
rt!h=’2_g’s (gls,k+gks,l—gik,s)‘ {5.90)



OTo BupaxeHnue OGHYHO HA3HBAIOT CcHMBOAOM Kpuctoddpeas
BTOpOro poaa M 06o3Ha4aloT 3nakom {].},

1
”k} =7g‘s(gis,k'+' gks,l_gik,v)' (5.90a)

Jleas yactb ypaBHerHs (5.89) HasmBaetcs cmBonoM Kpucrod-
¢ens nepsoro poxa. On oGosnayaercs 3uakom [k, s,

. 1
(ik, s]= (&5 + Ghoyt — Bin,s)- (5.89)

B nexkaproBux KoopauHatax o6a cumBona Kpuctopdens
obpaulaloTcs B HyJb,

[TousTHe Napanie/ibHOFO NEPeHOca SBAACTCS HE3aBHCHMBIM
OT CYUECTBOBAaHHS METpHYECKOro Texsopa. IlpocTpaHcTeO, B KO-
TOPOM oOnpeje/ied 3aKOH Napainie/bHOTO NEepeHoca, Ha3oBeM
npoctpaHcTBOM apouHHOM cBaA3HOCcTH, a I}, —
ko3dprHuventamn apdununoi ceasnoc Ty (affipe con-
nection). Koraa samana meTpuKa, KOBapHAHTHHE U KOHTpaBapu-
aHTHHe BEKTOpW SKBHBAJeHTH; npH stom I, npuukmaer aua-
yenne {!, }, Tak uTo napamne;buuwii nepenoc BekTOpa He 3a-
BUCHT OT BGOpa OAHOTO M3 IBYX BO3MOMHBIX IPeCTaBAeHHH.

Bepremcs Tenepb k Hawe nepsosayanbHOH 3agaye — K 06-
Pa30BaHHI0 HOBLIX TEH30POB MpH noMoiuH AudpepeHUHPOBaHHUS.
PaccMOTpHM  ,TeH30pHOE NOJE®, T. €. TEH30P, KOMIOHEHTH
KOTOPOrO #BARIOTCA (pyHKUMAMH KoopausaT. BosbMem Tensop
B Touke (5%) M CMECTHM €ero napa/e/bHO caMoMy ceGe B TOUKY
(85 1 36%). BuiuTem H3 BeAHYMHB TEH3OPHOTO MO0/ B TOYKe
(55 1 08%) Teusop, napansie/bHO TiepeHeCeHHWH B 3Ty TOuKy;
3Ta pa3HOCTb TaKwe OyneT TeH3opoM. B ciayyae cmemansoro
TeH30pa BTOPOrO paHra ero 3Hayenue B Touke (5% —|-8%%) Gymer

k k s
- 28,
a A9 3HauYeHHs NapaiefbHO NEPEHeCEHHOFO TeH30pa HafiZeM:
R k
tl' + ({z’s} tr' - fs} t[-’) ees.
Pa3HOCTb STHX IByX BuIpaweHu# pasHa

e A R R PR R AL (5.91)



To, uTO 5TO BHpaxeHHe SBASETCH TEH30POM, BHAHO M3 METOAZ
ero noayyenns. Tak kak 85%— npou3so/bHHET BeKTOp, Bwpa-
KEHHE B CKOGKAaX TaKwe SBASETCA TEH30POM. JTOT TEH3Op Ha-
36BAeTCA KOBAPHAHTHOH mnpoussogHol ot Z% mo &. Kosapu-
AHTHas NPOH3BOJHAS HMIEHTHYHA C OOHYHOH NPOM3BOIHOH, ec/M

,5,,} obpauiaeTcs B HysAb, KaK 3TO HMEET MECTO, HanpHmep,
B IEKAapTOBHIX KoopaHHaTax. [IpuBemem nBa 3 yacTo BCTpe-
qaloumxcn 0603HaYeHHH KOBAapPHaHTHOH MPOH3BOAHOM Y fX

. Mu Gynem ynoTpe6GasaThb mocnaenuee.
Kosapnanmue NPOH3BOAHKHE MPOH3BONLHOrO TEH30pa MNOJY-
yaloTca nNpuGaBIeHHeM K OOLYHBIM NPOH3BOXHHM I0GaBOYHHIX
yjneqoB. KamaOMy KOHTpPaBapHAHTHOMY HHIAEKCY COOTBETCTBYeT
J06GaBOYHHA uJeH BHAA

t =L

a XK KOBapHAHTHOMY HHIEKCY 4Y/IeH BHAA
fokeeis=o o — st br 4 on s

A10 onpenesenke ymoBneTBopseT npaeuay RH(pdepeHunpo-
‘BaHusl TPOH3BEALHHS

(AB.-.);3=A;_gB-.-+AB;s...+-- .y

HE3aBHCHMO OT TOro, O6yayT /iH HEKOTOpHE H3 HHIEKCOB Y
A, B, ... HEMHMH.

KoBapuaHTHble NPOH3BOAHHE METPHYECKOTO TEH30pa PaBHH
HYJI0, TaK KaK PaBHO HyMO BupaxceHHe B cKobkax B (5.88a),
B cuiay TOro, u4To KOBapHanTHoe auxpepeHnnHpOBaHME COrJa-
cyeTcst ¢ 3aKOHOM IH(EepeHLHPOBaRHA NPOH3BEAECHHS, MOXHO
NIOZHHAMATh H OMyCKaTh HHAEKCH MOX 3HaKoM AudepeHiupo-
BaHHUA:

i

is = gpat  m 1. L (5.92)

Teonesmyeckne auaun. CumBo/n Kpuctodpens cBsizanu ne
TOJNBKO C KOBapHaHTHHM JH(pdepeHunpoBaHHeM HJIH C napai-
JIE/IbHHM NEPEHOCOM. OHH TaKXe TeCHO CBSI3aHB C 3ala4yamHu,
HEIOoCPEeACTBEHHO OTHOCALHMHCA K METPHKE MPOCTPAHCTBA, Ha-



npuMep ¢ 3ajzauelt naxownedus muddepelHanbHHX ypasHe-
HHH ,TPAMBHX“ AHHHA, T. €. KpaTyalilux JHHHA B MpOCTpaH-
CcTBe 0606LieHHHX KoopaunaT. B sBkimaoBoM npocTpaHcTse
kparyafliie# adHueH, COGAUHAIOWIEH ABE TOUKH, ABASAETCH Mps-
Masi. B oBuiem c/yuae pDHMaHOBWX MPOCTPAHCTB JMHHH, 06aa-
Jaioliie CcBOHCTBAMH NPAMOH, MOryT M He CyLIecTBOBaTh;
0IHAaKO, BOOGLIE TOBOPS, MOXHO OZHO3HAYHO OMPENCAHTH JH-
HHIO, ABIAIOMLYIOCA KpaTyafiled wmexway nByms ToukamH. Ha-
npuUMep, Ha [IOBEPXHOCTH cdeph 9THMH JIHHHAMH SBASIOTCH
6onbive kpyrd. Takue kpaTuaiillive JHHHH HA3BIBAIOTCH T € O-
de3HueckHMH. Jauna npoH3BOABHON JIHHHH, cOeauHsAIOWEH
Ase ToukH P, u Pz, paBHa

P;
ds— gv—gi T = j fum & ap, (5.93)

riae p— NpOH3BOJbHHH napamerp,

Yro6bl HaliTH MMHHUMYM BHPAXKEHHS S;, TPH QHKCHPOBAHHHIX
npezesax MKTerpupoBaHHs, NMPOH3BEEM BapbHPOBAHHE COIr/ACHO
ypaBHeHHsIM Ditaepa-Jlarpanxa:

B B

s{ Ly, y)de= oL _ d )] .

2 § (Yoo ) dx ;Z [ay, ( 5y7) | ired. (5.99)
SKCTpemaJIH npH 3TOM OnpenensaloTcs ypaBHEHHIMH

g;.;;_dix (z_ﬁ) —0. (5.95)

B namiem caydae JarpaHKHaHOM SIBASETCH MOAHHTErpasihHas
dynkuus B nociendeMm BHpaweHHd ypasuenus (5.93), rme
posb MEpeMeHBHX y, HrpaioT koopausath &, [poussoanue

oL H g% JAIOTCS BHPAKEHHAMH (E" 0603HayaeT 37ech %’E;) :

oF
oL __ 9L 1 g 1 Em
%= 0gy S T Vg 2 Sk
_a_L____ gll* =L —g E,‘rl{p_
o8 Ty R “ s *



Hanee

d’p
d aL d,n 131 " 1 d—é‘i
dp (55) =75 | 8, ¥ gt — gl T
(a
Otciona umeewm:
Pﬂd
o
— —_ 1 rob "
%1y ;gds (7 gik,l—gil,k) i
_d_~’£
,_as?
+g”51 "(?.p_)'z 35.1dp. (5.96)
ds

BupaenHe B cKOGKax cHMMeTpH3yeM Mo HHaekcaM [ H Kk, Tak
KaK OHH YMHOXAIOTCHl Ha BHPaXeHHH, CHMMETPUYHHE OTHOCH-
Te/bHO 3THX HHAEKCOB:

Py
~ d 1 "ok
081 =— ( ,{‘ {'Q‘ &ty 5t Brtyi— 8,0 88
" i
» ’ ds? a
g — g (@ )2} stdp. (5.97)
ds

B cxo6kax CTOMT TO ke camOe BHpaXeHHe, YTO H B ypaB-
nennn (5.89a). Iuddepenunansiuie ypaBHeHHA TEOAC3HUECKHX
JMHHA, TakuM 06pa3oM, MOJyyaeM B BHIE

d*p

» ’ 14 (4 ’ d—‘z—
[ik, 1]§EF + gl — g _;,l,"i' =0,

(%)

d3p

£ {5} &8 —¢” —‘f‘—s;-2-=o. (5.98)
(@)

HIH 10C7Te YMHOXeHHs Ha g*:



Ecnu 3a napametp sm6paTh AJMMHY AYTH, NOCAEAHMHA 4J€H Hc-
4€33eT, H MHl nony-laeu

d& aer
ds2+ ‘k} ds ds (5.99)

B ZeKapTOBOH CHCTeMe KOOPAHHAT BTOPOH 4Y/eH TOXAECTBEHHO
pasen Hyj0, H ypaBHeHHe (5.99) B aTOM cayuae BHpaxaet npo-
cTo ToT dakt, uto & sBasercss auneHnod dynkuued ot s.

Mup MunkoBckoro u mnpeoGpasoanus Jlopentua. Bep-
HEMCSl Telepb K HalleMy HCXOIHOMY MyHKTY: K TEOPHH OTHO-
CUTeJIbHOCTH B TpakToBKe Muunkorckoro. Ilo npeacraenenusm
MHHKOBCKOFO, OGHIYHOE TPEXMEpHOe MpPOCTPAHCTBO H  BpeMms
06pasyloT YeTHpeXMepHHH KOHTHHYYM, ,MHD® C HHBapHaHTHOH
»LJAHHOH® MM ,HHTEPBAJIOM“, OMpeHne/eHHEM KOTOPHX CAYXHT
dopmyna (5.1). ,MupoBas T04na“ — 9T0 OOGH4YHAA TOYKA, pac-
CMaTpHBaeMas B Onpee/ieHHbil i MOMENT BPEMEHH; ee YeTHpe Koop-
AMHATH X, y, 2 W ¢ B JaibHefinieM vacTo GyayT o603Ha-
yathcn uvepes x!, x2, x® u xt BBoms ,merpuueckuit Tensop*
7, € KQMIIOHEHTaMH

1
—a 0, 0, 0

Ty = ¢ (5.100)

MH cMOXeM 3amucars (5.1) B Buue
™, =1,,AxFAx". (6.101)

TpeoGpasosanus Jlopentua — 310 Takue auneHnwe npeoGpa-
30BaHHA KOOPAHHAT, KOTOPHE MEPeBOAST METPHYECKHH TeH30p
7,, B caMoro ce6s. I10STOMY MHepuMa/bHHE CHCTEMH Crieu-
anbHoM TEODHH OTHOCHTE/IbHOCTH aHa/OTHYHB J€KAPTOBHIM CH-
CTEMaM KOOPAMHAT OGHYHOH TpeXMepHOH 3BKIHAOBOH reoMeTpHH,
a npeo6pa3oBanus JIOPEHTUA COOTBETCTBYIOT OGHWYHHWM Tpex-



MEPHHM OPTOTOHa/bHHM npeobpa3osanusaM. KosduumeHTH sTHX
npeo6pa3oBanni MOAYHHAIOTCH ycaoeusm Tuna (5.10a).

[pu npoussonbHOM JHHeHHOM mnpeoGpa3oBaiuy (He 006si3a-
TeabHO npeoGpa3osaHuu JlopenTtua) ypasHenus npeoGpasosands
HMEIOT BHI:

wt =y -, (5.102)

Pa3HOCTH KOODIMHAT OPH 3TOM 1npeo6pa3yloTcs, KaK KOHTpa-
BAPHAHTHH 2 BEKTOPHE
Ax** =A%, (5.103)

Iag toro yto6w npeoGpasoaiue ObIO JOPEHTLOBHM, He06X0-
IUMO cOGJI0AEHHE CCNYIOLMX YCAOBHH NPH MPOM3BOAbHBIX Ax':

7, AX* AT =7 Ax'Ax*. (5.104)
Moacrtasass Ax** n3 (5.103), moayuum
00" NAXAXE = 7, Ax'AX*, (5.105)
H B CHJY MNPOH3BOJLHOCTH Ax'
T V2 = N (5.106)

TakuM yC/AOBHUAM JOMKHB YHOBJETBOPATb KO3(HLUHEHTH npeob-
pasosauut Jlopeutna, 4to coorseTcTByeT ycaosuam (5.10a) aas
OPTOroHa/AbHHX npeo6pasoBanuit.

Pasuvua Mexay ueTHpexXMEpHHM 3BKJHMIOBBIM TPOCTPaH-
CTBOM H MHPOM MHHKOBCKOro 3aK/II04aeTcs B TOM, 4TO B MO-
CMe/HEM WHBADHAHT 1%, He HBJAETCS TMOJIOXKMTE/NBHO onpele-

azuiof gopmod. Ilo 9TOH mnpuuuHe He cywecTsyeT Beule-
CTBeHHHX nNPeobpa3oBaHui KOOpAMHAT, mMepeBoAdAlIHX (opmy
(5.101) B dopmy (5.26). [losToMy Ham mpuaercs nenaTh pas-
JHuKe MeXIY KOBAPHAHTHHIMH U KOHTPAaBapPHAHTHBLIMH HHAEKCAMH.

HTOGW OT/IHYaTh KOOPAHHATH M TEH30pb B MHpe MuHkOB-
CKOTO OT KOOPAHHAT H TEH30POB B OGLIYHOM TPEXMEPHOM Ipo-
CTPAHCTBE, YCJOBHMCH OTHOCHTENbLHO HEKOTOPHX 0603HaueHHi.
ViMeHHO, NaTHHCKHE WHIAEKCH GyayT OTHOCHTbCA K OGLIYHOMY
TpeXMepHOMY NPOCTPAHCTBY H npoberath 3HaueHus oT 1 10 3;



rpeyecKHe HHAEGKCH — K MHPY MunkOBckoro u mpoberartb 3Ha-
yeuuss oT 1 mo 4. Bexkroph 4 TeH3opH B MHpe MHHKOBCKOrO
Mbl OyZeM Ha3WBaTh ,MHDOBLIMH BEKTOPAMH® H ,MHDOBLHIMH
TEH30paMH*“.
KonTpaBapuanThbift MeTpHyecKHil TEH30P HMEET KOMIOHeHTh
-, 0, 0, O
0,—¢, O, O
0, 0, —¢2, O

0, 0, 0,41

Ecnu koaduumentH npeo6pa3oBaHus KOHTPABAPHAHTHHX TEH3OPOB:
Y, onpexensiorcs ycaosusimu (5.106), To Ko3duUHEHTH mpeol-
Pa3oBaHHsl KOBAPHAHTHHX TEH30POB ABASIOTCH PeLiEHHAMH ypas-
Henu#

(5.107)

W=

A (5.108)

Jns nonyyenus ABHOTO BUPKEHHA ITUX KOIPHUIHEHTOB Y7, YMHO-
WUM ypaBHeHHsi NpeoGpPa3s0BaHHA KOBAPHAHTHOTO BEKTOpa

vi=1lv (5.109)
Ha 7 M 3aMEHHM v, uepes 1,,0°. B pesyibTaTe moayuu
7P, = Y .0
Bupaxenne ciaesa pasio U™ M, C1el0BaTenbHO, paBHO YP.7°,

TaK uTo
— o3
TPV = 1Y g, 0%

Ianee B CHIy MNpPOH3BO/LHOCTH vU° MNpPHPaBHMBaeM KO3¢H-
LHHEHTH:

Vo= 1"1. 15, (8.110)
Haxonen, yuMuoxas Ha 7,,5™ H CBepTHBad, NOJydHM
V= TP (5.111)

Bce anre6panueckHe onepaudy o606LIEHHOTO TEH3OPHOIO HC-
YMC/IEHHA TIPUMEHUMBl H K MHPOBRIM Ten3opam. Jlerepmuuaur



¥03pHUKEHTOB Npeo6pa3oBaHKs, Kak H B CJAydae OPTOIOHA/b-
HHX fpeoOpa3oBanuii, NpUHUMaeT TO/MbKO 3HavedHs -+~ 1. [o-
STOMY TEH3OpHbIE MVIOTHOCTH ¢ YEeTHWM BecoM Mpeo6Gpa3yloTcs
KaK TEH30pH, a TEH30DHHE IUIOTHOCTH C HEYETHHM BECOM —
I0JOGHO ,aKCHANBHBIM“ BEKTOPAM TPEXMEPHOIO OPTOTOHA/ILHOTO
<GopMasu3ma.

Komnonentn MeTpHueckoro Tessopa 7j,, IOCTOAAHHKI; COOTBET-
CTBeHHO, cuMBOMH Kpucrodipens pashu nymo, H KOBapHaHTHbiE
(POU3BOJHHE COBMAafaIOT C OGHYHHMH MPOU3BOAHMWMH. Takue
©O6HYHBE MPOH3BOAHHE MH GyneM 0603HayaTh 3anATOM:

o’’’
T =lea,

(5.112)

Tenepb nokaxem, kKax xo3duunenTs npeo6pasosanus JlopexTtua
CBA3AHH C OTHOCHTENLHOH CKODOCTBIO ABYX CHCTEM KOODAMHAT:
S n S*. Ilpu paBHOMEDHOM M NPAMOJHHERHOM ABHXEHHH TOYKH
CKOPOCTb €€ OonpenensieTcs OTHOIIEHHSIMH pAa3HOCTEH KOOpAH-
Hart MOOHX IBYX MHPOBHX TOYEK, JEXKAUIUX HA €2 TPACKTOPHH:

Axi
Axd
CxopocTh CHCTEMB S OTHOCHTEAbHO S* eCcTbh CKOPOCTh OTHO-
curelbHo S* yacTHun P, mokosue#cs B cucteme S. B cHcTeme

S nepsee TPH KOOPAHHATHHE PasHOCTH YacTHuw P, Ax! pasiu
Hymo. IlosTomy pasHocTH KoOpAMHAT B cucreMe S* paBHm:

Ac* =y Axt,
Ax¥t =14, Axt,

CnemoBatesbHO, CKOPOCTh S OTHOCHTENBHO S* 6yner pasha:

ul—-__:

(5.113)

{
v —= T4 (5.114)

3

Ta
C xpyro#t CTOpPOHH, MOXHO HalTH CKOpPOCTh S* OTHOCH-
TeAbHO §, HCHO/b3YS KOIPHUHEHTH ,06paTHOro“ npeo6pa3osa-
Huf Y, onpeaensemuie ypastenusamu (5.108). INockombky stu
noc/e/iHue SIBMAI0TCA KO3hHUHEHTaMH ipeo6pasoBanus S¥ — §,



cornacuo (5.114), MOXHO HamucaTh

14
vi==2. (5.115)
T4
Ucnonsayn ypasuenns (5.111), (5.100) u (5.107), npasyio
4aCTh MOXKHO 3alkcaTh B BuAe

v=—all, (5.116)
Ta

Hanee zmerko nokasatp, u4to v*? pasuo v? OGpasyem cnepsa
TPEXMEpHYI0 HOPMY BEKTOpa U*/, onpeaensemMoro ypasHeHHeM
(5.114):

3
¥l — .
et
B cuay (5.106) mist uMCAMTENR MOXHO HAMHCAThH

3
Z (1:)'::02 [(744)’ - 1]’
=1

OTKyna Haitnem

o*’=c‘(7—‘-:%‘—;~,'—l-. (5.117)

Takum we oOGpa3oM npeoGpasyem ypasuenue (5.116), nmeem:

3
net S
o5
= (14)
Ananornyso nonyuaem

3
Y ()= ()2 — 1]

=1

(=1

( 744)2

V=2

(5.118)



Orciona Mw BuzMM, 4TO Y% Bceraa onpenessieTcs BHPaWeHHeM

= e | (5.119)
V1—uvc?
TpaekToprn, MUpOBbLIe JRHAR., OOLYHO ABHKEHHE HaCTHUM
BIOAb TPAeKTOPHH ONMHCHBaeTcs 3agaHueM ¢yHKLUHOHANLHOK
3aBHCHMOCTH €€ TpeX NMPOCTPaHCTBEHHHX KOOPAHHAT OT BpeMeHH £:

xt = f1 (). (5.120)
KoMnoHeHTH CKOPOCTH ONpeneasioTcsl NpPOH3BOAHLIMH

af -
w=Y . (5.121)

B TeopHH OTHOCHTENBHOCTH TakoH cnoco6 OMHCAHHS MOXHO
NPUMEHATbh C TAKHM XE YCNeXOM, KaK H B HEpe/sTHBHCTCKOI
¢usuke. Onxako 4YacTo 6mBaeT yno6HO BHOpaTh Tako#l cro-
co6 onucaHHs, NPH KOTOPOM BpeMeHHAas KQODAHHATZ He MIpaer
060c061eHHO} POJIH MO OTHOIIEHHIO K MpPOCTPAHCTBEHHLIM, KaK
sto umeet mecto B (5.120) u (5.121).

Hxenne todeyHoft mMaccH B MHpe MHHKOBCKOro H3o6pa-
kaeTcl Tak Ha3WBaeMOH ,MHPOBOH JHHMEH“, KOTOpylO Jydile
BCETr0 ONMHCHIBATh B NapaMeTPHYECKOM NpeACTaBIeHHH

x* = gt (p), (5.122)

re p — NPOUSBOJLHKI NapaMerp, Onpeje/eH R B0k MUPCBOM
aunuy. Takoe napameTpHyeckoe ONHcaHHe OGHWYHO YNOTpe6-
JSIeTCS B aHANHTHYECKOHR TreoMeTpHH.

B TpexMepuOH reoMeTpHH B KayeCTBe MapaMeTpa p 4acTo
BHOHpAOT WIHHY Ryrd. B Mupe MuukoBcKOro Taxum napamer-
poM yno6HO cuMTaTh COOCTBEHHOE BpeMS T BHOJAb MHPOBOH
auuud. Tak ke Kak MJIHHA JAYTH S B OOHYHOH reoMeTpuu
onpenensieTcss JHHEHHHM HHTErpasom

Py
s= S Vdxt-+-dyr 1+ dz3,
P,



T npenctasaseTcs HHTerpanom nugdgepenunana dt BROMb MHPO-
BOH JIMHHH 4acCTHIN

Sdr: S‘/dtﬂ—zg(dx=+dy2+dz2)_—_-

—\V 0] o — dxpdxv
__Sl/ T, dxtdx _S '/ T o g AT (5.123)

HoaTomy TPGEKTO])HIO MOXHO ONHCHBATh YPaBHEHHAMH BHIA
x* = F* (1), (5.124)

rae T cBsu3ano ¢ x* nuddepesnHanbELM ypasHenueM. Hens
noxuHTerpaabHoe BulpaweHnHe B (5.123) Ha df u yunthBas
(5.121), nosyuum

—“/ c,Z (%) 1/1-—-. (5.125)

OO6hiuHoe omHcaHHe CKOPOCTH Tela C moMousio (5.120) n
(5.121) npu uYeTHpexMepHOM ONMHMCAHHH 3aMEHNETCH PacCMOTpe-
HHeM HanpaBs/ieHHs MupoBo# sauuuH. Ecan Teno noxontes, srta
NuHHA napaaienbia ocH X4, TIpH ABuxeund Tela MHpOBagm
JuHMs GyHeT HampasieHa nox yriaom k ocH X%, Ee nanpasae-
HHE MOXCHO ONHCHBATh MPH MOMOUIH KacaTe/NbHOTO BEKTOpa

dxp
Ub=—=. (5.126)

Yerupe Besnudnn U* ABASIOTCH KOMIOHEHTAMH KOHTPaBapHAHT-
HOTO eXMHHYHOTO BEKTOpa

N U =1. (5.127)

DTo Jerko npoBepHTh, MOACTaBiAAs B ypasuenue (5.126) dt
COT/IACHO €ro OMNpexe/IeHHI0

dr =V'n, di¥d?.

Komnonentw U* Haxo@sTC# B NpPOCTON CBA3H ¢ KOMMOHEH-
TaMH CKOpoCTH u4°, urypupyioweR B ypaBHeHHSX (5.121),



Heneas3ys (5.125), noayyum.
dt 1

=t 1
V Ch
A (5.128)

dr
Ul__:gil:ﬁ'it:ulUA
ds dt dr '

B caegylomx raasax OyzeMm cuutarb, ure #' u U* umelor
TOT e CMHCJ, YTO M B HacTOsuieH raase. v/ GyneT WCNOJb-
30BATHCH MCKJ/IOYHTENbHO AN O0G6O3HAYEHMA OTHOCHTE/ILHOFO
JBHXEHHS. ABYX CHCTEM KOOpIMHAT.

[pn paBHOMEpPHOM IABHMXEHMH TE€Na €ro HAupas/eHHe B MHpe
MHHKOBCKOTO MOCTOAHHO, ¥ MHPOBas JMHHA ABJISETCH NPAMOH.
Tlpd TaKoM OMHCAaHHH 3aKOH HHEPUHH NPHHHM3ET OCOBEHHO
npoctyio ¢opmy:

U¥ = const. (5.129)

3adanu

1. Jlokasats, uyro mpaBas uacTs B (5.90a) npeo6pasyercs
cornacHo (5.82).

2. loxasaThb HHBAPHAHTHOCTb CBOHCTB CHMMETPHH OTHOCH-
Te/bHO HHIEKCOB, HMEIOUHX ONMH M TOT e TpanchopMauuon-
Hullt xapaxtep.

3. Onpenenutb B TPeXMEPHOM DHMAHOBOM FAPOCTPAHCTBE
nudppeperunanbHpe onepaudu rpaiueHta (CKaasmpa), AUBepren-
HMH H pOTOpa H MOKa3aTh CNPAaBEAMBOCTh COOTHOLIEHHS

rot grad V=0.

PaccmarpuBas ,akcHa/bHEE® BEKTOPH KaK aHTHCUMMETpHY-
Hhie TEH30PH BTOPOTO paHra, ONpPEeNe/HTb TaKkKe JUBEPreHILHIo
aKCHAJIbHOrO BEKTOpPAa M AOKA3aTh COOTHOLIEHHE

divrot A=0,

rae A — nosspHbif BEKTOp.
4. Jlokasarp COpaBel/IMBOCTL B TPEXMEPHOM IpPOCTpPancTRe
CeNYIOUMX COOTHOIEHHH:
km —— Opm. imn — 3m3n __ 2n3m
B0t =207, 8, pimn = omdr — dndm.

Hatitn ananoruutble COOTHOWIEHHS B MuUpe MHHKOBCKOro.



5. Tlonb3ysch COOTHOLUEHHAMH 3afiaud 4, ROKas3aTh Crhpa-
BEJ/IHBOCTh B JeKapTOBOH TpexmepHOH reoMeTpHH C/ERYIOLIErO

TOXAECTBa:
rot rot A =grad div A — V2A,

rae A moxeT OhTb Kak MONAPHHM, TaK H aKCHA/bHHLIM BEKTO-

poM.
6. BuYHC/HTD B TpexXMEpHOM MpPOCTPAHCTBE ABAa TPOHHMIX

NPOH3BEACHHS TIONAPDHBIX BEKTOPOB:
[AX[BXC]], (A[BXC).

7. BBecTH HAa M/IOCKOCTH NOMAPHLIE KOOPAHHATHL.

a) Haitth xoMnoWeHTH MeTpHYECKOTO TeH3Opa.

6) Cocrapntb mudipepeHiHabible YPaBHEHHA OPAMBX JH-
HHI.

8. Ha nosepxtocTH cdepn paznyca R BBECTH TaK Hasu-
BaeMwe OIHOPOAHHE KOOPIHHATH PuMana, KoTophe XxapakTe-
PH3YIOTCH CAEAYIOLHM BHPaXeHHEM AJaf GEeCKOHEYHO MAanoro
paccTosHus

ds?=f (32 12) (d2 1 dn2), rze f(O)=1.

a) Ha#itn ¢ynkumio f(§2-92) n ypasHenus npeoGpaso-
BaHHA, CBAA3BKIBAIOLLIHE PHMAHOBH KOOpIAHHATH C O6BbIYHKLIMH
KOOpAHHATAMH AOJAIOTH H WHPOTH.

OTBerT.
R? 2

R+ @)

__ 2Rcose
E— T-—'I-Sl—ﬂ, Ccos 6,

f=

__2Rcosy .
= {Tsmg ™ 6.

6) Hatitu auddpepenuuansunie ypassesus GOMbiIMX KPYroB

B 06eHX CHCTeMaX KOOpPAHHAT.
3ameuanune. Koopauuatei Puvana moayyaiorcs npu ua-
BECTHOM H3 TeopdH (YHKUHHA KOMMNIEKCHOrO MEePEMEHHOTo KOH-

¢opMHOM nMpeo6pa30BaHHH IVIOCKOCTH B cdepy.



9. Oneparop Jlaniaca B 0606uieHHHX KOOpHHHATAX B
n-MEPHOM MPOCTPAHCTBE OnpexneJseTcs, KaK AWBEpPreHuust rpa-
JAYEHTa CKanspa:

V2V =g"V, .

a) [lpeoGpa3osath npasyl0 YacTh, HCIOJb3YA { ,,f,,}

6) BeecTH CHCTeMy KOODAHHAT, KOODAMHATHHIE JIMHHH KO-
TOPOH BCIOAY B3aHMHO OPTOTOHAIbHH, NPYTHMH CJIOBaMM, B KO-
TOPOH S/MEMEHT J/IMHN HMEeT BUA:

n

ds?t= D) ¢, (k)3 (d&), e=--1,
i=1

rae h, sBasiotcs ¢ynkuusmu &,
Bupasuth nanaacuan yepes k.

OrBerT.

n
\'av—_—l‘]—i:}_“1 (eT(%f)’ V,,)’i, M=h, by ....h,

3aveuanue. ITO BHpPAKEHHE HAaCTO HCIO/BIYETCH AJs
Hanucanusi ypasuenus Lllpenamdrepa B HeZeKapTOBHX KOOpXH-
HaTax. YuTaTeNb NIerko MOXET MOJYYHTb Bupaxenus jaas V2V
B TPeX H3MEpEHHX B CEpHYECKHX, LMIHHAPHYECKHX M APY-
rHX KOOpAHHATaXx.

10. a) ITokasaTe cnpaBeAIHBOCTb CJEAYIOUErO COOTHOLLIE-
HUS B A-Mepi{OM MpPOCTPAHCTBE:

s)__ | V7 —
{ms} V‘z,( m E=|8l
6) IMokasars, yt0, ecau V! ssasercs mextopom, a Fik _
AHTHCUMMETPHYHLHIM KOHTPAaBAPHAHTHHM TEH30POM, TO HHNKECJe-

HAYIOUIHE BHIDAWEHUS MPEHCTaBAAIOT COBGOH COOTBETCTBEHHO
TKa/sip M BEKTOP

7= VeV v% VEF™H,,



B) Bupawenne V2V B 0606uieHHBIX KOODAHHATaX MPHBECTH
kK ¢opme, KOTOpass sBAsAAaCh Obi 0GOGIIEHHEM COOTHOILEHHS,
npuBeAeHHOro B OTBETe K 3amade 9 (6).

11. Mycts V, BekTOp, a F, — aHTUCHMMETPHYHHIA TEH30p.
[Tokazath, uTO Hm«ecnenyiow,ue BEJHYHHH BeayT ceba Kax
TEH30pH NpPH MPOH3BOJbHHX NPeoGpa3oBaHHsX, HECMOTPS Ha
TO, YTO MPOH3BOAHbIE OEpyTCS He KOBAapHAHTHHIE, a OOLIKHO-

BEHHbIE!
Vir— Ve, i FuyitFuyitFure
12. Hepasencteo LliBapna

n n n
3
E (a:)’-Z. (b)? = 2 (a,b)?
I=1 k=1 =
03Ha4aeT, YTO B N-MEPHOM SBK/JMZOBOM IPOCTPAHCTBE J0Gasw
CTOpOHa TPEyroNbHMKA MEHble CYMMH JBYX APYFHX. 370
YTBEDHKIEHHE MOXHO 3aMMCaTh B BHAE

la]+b|=|a-b].
BosBeas B kBazpar, Mojaydaem
a?-+-b?--2|a||b|=a?4 b2} 2(a-b).

[puBoas nonoGHhie uYdeH M BO3BOAA eile pa3 B KBajpar,
noayuum nepasenctso lllsapua.

BBoAs NOAXOAAULYI0O AEKAPTOBY CHCTEMY KOOPAMHAT, HO-
Ka3aTh HepaBewcTBO lllBapua, nokasae TeM caMbiM, YTO NpH-
BelleHHOe Bhillie YTBEPWAEHHE OTHOCHTE/]bHO CTOPOH TPEYroJb-
HHKa CNpaBeliHBO B MPOCTPAHCTBE MOGOr0 4YHCIa H3MepeHHH.,

Ilpyroit meTon moka3aTeJbCTBa MOXET OCHOBHBATbHCHA Ha
HCMO/Ib30BaHHH MOJIOXKHTENLHOR HOPMH BEKTODHOTO NPOH3Be-
JeHus

'%‘ 2 (a;b, — a,b,)*=[a X b]%.
i, &

13. B n#-MepHOM 9BK/JHIOBOM NpPOCTPAHCTBE meuo BBeCTH

M eNMHHYHHX B3aHMHO ODPTOFOHAJILHLIX BEKTOPOB (’v‘, . 'v,),
ms=sn,



k1
v, =8, kil=1,...,m i=1, ..., n

Ilokasats, 4TO aam moGOro BexTopa (f,) Crpasen/MBO Hepa-
BeHCTBO DBeccens:

él {fz—. [21 (ff;[) ';,]2} =0.

ST0 HepaBEHCTBO MEPEXOAMT B PABEHCTBO MPH M ==n.

14, JloxasaTh, 4TO BekTOpHoe mone V, B m-mepHoM npo-
CTPaHCTBE MOXKET OuTb MPEACTABAEHO, KAaK MOJe TPalHeHTa
CKatsIpHOA (YyHKUMH B TOM M TOABKO B TOM C/ydae, ec/f
€ro pOTOP paBeH HyIIo:

Vt,ta"‘ lm:O-



FCaasa VI

PENSATUBUCTCKAS MEXAHUKA TOYEYHbIX
MACC

X

3agaun peNATHBHCTCKOA MexaHRkH. B raase IV wmu
BO3B€/M TOMBKO (DYHAAMEHT CrelHaNbHOR TEOPHH OTHOCHTE.Ib-
HocTH. OaHako 10 CHX NOp Mb PacCMaTpHBaIH TOMBKO pas-
HOMEpHOE (psAMOAHMHeRHOe aBHMeHHe. YnoTpeGasemMbie Hamu
Ans onpeneseHHs 3HaYeHuH KOOpPAMHAT YacH W MacwTabu
apuranuch 6es yckopenuit. Mb 3ameHu/M ypaBHeHHs npeoG-
pasoBanus Tanunes (4.14), cBA3bBaiOLHE ABE HHEPUHUAIbHbIE
cucreMnl, ypasHenusiMu Jlopentua (4.13). Tak we Kax M ypas-
Henust Tanuned, 9TM nocnennHe SBARIOTCA NUHEHHWMH Ypas-
HEHHsIMM TIPeo0pa30BaHusl, T. €. HOBbIE 3HAYEHHS KOOPAHHAT
(TpOCTpaHCTBA M BPEMEHH) ABAAIOTCA NHHEHHHMH (YRKUHAMH
crapuix. [losToMy HeyckopeHHOoe ABHMEHHE B HEKOTOPOH HHep-
HHaNbHOR CHCTEME OCTACTCH HEYCKOPEHHHM W Mocje mpeoGpa-
soeanuit JlopenTua.
3axon unepyuu (2. 1) unsapuanmen omuocumessno
npeobpasosanuly Jlopenmya.
B ocraBumxcs raasax I wyacTH paccMOTpHM yckopenhoe
ABHXEHHEe, ADYTHMH cnonawu, NOCTPOHM PEASTUBHCTCKYIO Me-
1;4 5 0. UL) OCTNNPHUS Me ynae




B TOM C/yyae, eC/lH HMEEeT CMHICA BHPaXKEHHE ,MONOKEHHE
BCEX B3aUMOACHCTBYIOIHX Tel B TOT XE MOMEHT BpEMEHH®,
T. €. €C/IH MOHATHE ,TOT K& MOMEHT® HE 3aBHCHT OT BHGOpa
cHcTeMn oOTcyeta. Kak MH 3HaeM, Takoe YC/IOBHE HE COB-
MECTHMO C TeOopHeH OTHOCHTENbHOCTH.

[TosToMy HEBO3MOWHO aBTOMAaTHYeCKH npeoO6pasoBaTh
Kawabl KnaccHyeckHHM 3aKOH cMn B JIOPEHTL-KOBAPHAHTHYIO
¢opmy. MH MoxeM HMeTb HeNO TOABKO C TaKHMH TEOPHAMH,
H3 KOTODHX MOMET OHTb HCK/IOYEHO [OHATHE NeHCTBUA Ha
pacctogHuH. Takasd BO3MOXHOCTb CYUIECTBYET B TEOPHH
CTONKHOBEHHH, MO3TOMY B 3TOH rnase Mbh OrpaHHYHMCH B
OCHOBHOM PAaCCMOTPEHHEM CHJI, BO3HHUKAIOLHX MPH COyAapeHHsix
Ten.

»JlanbHOMEHCTBHE® MOXHO HCKIIOYHTb Takxke INpPH pac-
CMOTPEHHH JBHIKEHHS 3/EKTPHYECKHX 3apslioB B SJEKTpOMar-
nutHoM mnone. Okasanoch, 4To 3akoH KyaoHa, OCHOBHIBaIO-
WHACH HAa MOHATHM HEeHCTBUA HAa PACCTOSHHH, CHPaBEL/IHB
TONLKO B 3nekTpocTaTHke. B obuiem ciyyae cuia, aeAcTsyio-
1138 Ha 3apMREHHYI0 YacTHIY, ONpenensieTcss HE TOJbKO IMO-
JIOXMEHHeM OKpywxalowux 3apsaoB. OOHaKO peJATHBUCTCKOE
BhlpaKeHHE I/ 3JEKTPOMATHHTHHX MNOHAEPOMOTOPHHIX CHJ
MOX¥eT ObTh JAHO JHLIb [MOCAe TOro, Kak MH M03Ha-
KOMHMCA ¢ 3aKOHaMH [Mpeo6pa3sOBaHHA  3JEKTPOMArHHTHHIX
noseft. [TosroMy MH HayHeM C pacCMOTPEHHSI TEOPHH CTOJIKHO-
BEHHH.

Teopus crosxHoBeHHR (aKTHYeCKH SIBASETCH MAeanu3ailued,
npuMensieMol B OOGHIYHOM MexaHHKe CHCTEMB TOYEYHHIX MacCC
B TOM CHy4ae, KOrZa paguyc NeHCTBHA CHA Ma/J B CPABHEHHH
¢ pa3MepaMH MEeXaHHYECKOH CHCTeMHl.

[Mpexnonaraercs, 4T0 B3aUMOXEHCTBHE HMEET MECTO TOJbKO
B NPOAO/NKEHHE TOTO NPOMEXYTKAa BpeMeHH, KOrAa pacCTOsHHMA
MEeXAYy ZABYMS Te/laMH MM TOYEUYHHMH MaceaMH OeCKOHEUYHO
manu. [0 u mocse 3TOro GeCKOHEYHO MajOTO HHTEpBaja Bpe-
MEHH Tesla JBWKYTCA HEycKopeHHo. B TeuyeHHe KOPOTKOro
BpEMEHH B3aMMONEHCTBUS CHpaBeNIHBH 3aKOHH COXPaHEHHH
SHepruM W uMmyabca. EcaM npu yaape COXpaHfieTCs KHHETH-
yecKasi 3HeprHs, MH TFOBODHM 00 ynpyroM YZape; eClH xe
4acTh WM BCA KHHETHYECKasd SHEPrHf MEPEXOAUT B APYTHE



¢opMu sHepruu (Tens0 H TaK ZRajee), FrOBOPAT O HEympy-
rom ynape. EcrecTBeHHO, 4YTO MexaHM3M YOpYroro yaapa
6Gosee npocT.

3akounl coxpaHeHHs. B knaccuyeckoRt Mexanuke cyue-
CTBYIOT YeThipe 3aKOHA COXPaHEHHS: TPH I/ TPEX KOMIOHEHT
HMMYJbca H30JHPOBAHHOH CHCTEMH H OIHH IS €€ SHEPruM.
Ilpn npeo6Gpa3oBaHHH NPOCTPAHCTBEHHHX KOOPAMHAT TPH 3a-
KOHa COXpaHEHHS HMMyJbca NpeobpasyloTCs, KaK KOMIOHEHTH
TPEXMEPHOro BEKTOpa, B TO BPeMfl KaK 3aKOH COXPaHEHHH
IHEPTHH ABAAETCH HHBAPHAHTOM.

[To oTHoweHnIo K mpeoGpa3oBaHusM [ anuies 3aKOHH CO-
XpaHeHHs HMMYJbCa HHBAPHAHTHH, B TO BpeMsi KaK 3aKOH Co-
XpaHeHHsl SHEPrHH OKa3LBaeTCs CNPABE]J/IHBLIM B HOBOH CHCTeme
TOALKO B CHAYy COGMONeHHS 3aKOHOB COXPAHEHHS SHEPTHH 4
amnyJaeca B crapo#t cucteme. KiaccHuyeckue 3aKOHH coXpaHe-
HHA He KOBapHaHTHH OTHOCHTE/NbHO npeoGpa3osanuit JlopenTua,
comepxawux BpeMs. [IoSTOMYy HX HYWHO CHENdTb JIOPEHTI-
KOBapHaHTHHIMH, [pPHYeM MOCJEAHHE JO/KHHW TEepeXONHTh
B KNacCHYEeCKHE 3aKOHH NPH MajhiX CKOPOCTSX.

Pe/sTHBHCTCKHE 3aKOHW Npeo6Gpas’oBaHHA MO/DKHH HMETb
TaKkHe ke TpaHCOPMaLHOHHWE CBOHCTBA OTHOCHTE/bHO Ipe-
06pa30BaHus MPOCTPAHCTBEHHHX KOOPAHHAT, KaK H KJaccH-
yecKHe 3aKOHW; MHauYe TOBOpH, STO ONATb HOMKHH OHTh BeK-
TOPHHH 3aKOH (C TpeMs KOMIIOHEHTaMH) B Cjyuae HMIyJbCa
H CKaJAPHHH 33aKOH B CJy4ae SHEPrHH. IJTHM B 3HAYHTE/bHOH
Mepe onpexneasercs GopMa PeISTHBHCTCKHX 3aKOHOB,

CocTosnHe mBHEHHS TOYEYHOM MaccH (T. e. TaK Hase-
BaeMO# MaTepHaJbHOH TOYKH) INOJHOCTBIO oOnpegenseTcs ee
Maccoit /m M ckopocThio . Ecm ,pensiTHBHCTCKMHA MMIyJbc®
TOYeYHOH MaccH mpH npeoGpasoBaHHM NPOCTPAHCTBEHHHX KO-
opauHaT npeo6pasyeTcsi Kak BEKTOp, M eC/H STOT HMIYJbC
3aBHCHT TOJNbKO OT COCTOSIHHA JBH)KEHHS MacChl, TO BeKTOp
uMnyabca HOMiKeH GuTb mapannened ckopoct & [cm. (5.121)],
TaK KaKk CKOPOCTb HBJSETCS €AHHCTBEHHHIM BEKTOPOM, HMEIO-
UIMMC B HalieM pacnopsikeHHMH, HHaye TrOBOPH, KOJHYECTBO
IOBHKEHHA TOYEYHOH MAacCH JO/MKHO 3aMHCHIBATLCA B BHIE

ps=n(m, a)s’, (6.1)



rae # abconloTHas BE/MYHHA CKOPOCTH, a P PyHKuUuA OT m
H 4, KOTOpad ewle NOo/MKHA GHWTH onpene/eHa.

[lo Tem e coo6pamendsiM SHeprus AOMKHA OWTb Taiie
HexoTOopolt ¢yHkuHe# oT m H 4. Dra QyHKUMH CBfi3aHa C M
TEM YCJOBHEM, 4YTO H3MEHEHHE 3HEPrHH fB/IAETCA [pOM3Bele-
HHEM H3MEHEHHS HMIIY/bCa BO BPEMEHH HAa NPORACHHWHA NyTb,
T. €. CKaJfpHbIM MPOH3BERCHHEM H3MEHEHHS HMIY/bCa HA CKO-
pOoCTh:
dE=dp-u=d (pu)- u=d (pu?) — pudu—

=d (pu?) — pa du==ud (pu),
HAH
dE d
E_aa—i(p.a). (6.2)

Ecmm ¢yHkuus . H3BecTHa, peulas ypaBuenue (6.2), MOXHO

onpeneTh ¢GyuxuHio E.

Haxowaende BuipaweHAs naAsg mMnyJasca. s onpege-
neHus yHKIHH M pacCMOTPHM B KayecTBe MpHMepa Takoe
ynpyroe coynapesde ABYX 4acTHU, NPH KOTOPOM B OAHOH M3
CHCTEM KOOPIHMHAT CKOPOCTH 4YacTHIL AO H MOCJe CTOJKHOBe-
HHS OOHHaKOBH. B 3ToM ciydae . GydeT NOCTOSHHOH Beu-
yyHOH. 3aKOHW COXPAHEHHS MO/HOCTbIO ONpelensioT Hanpas-
JieHHsl CKOpPOCTeH nocne cTO/KHOBeHHs. [lanee MOXHO NoKasarh,
YTO NpH Nepexoae K ApYrofl cHCTeMe KOOPAHHAT M HYXKHO
BWOpaTh €AHHCTBEHHHM OOpa30M, COBMECTHMbIM ¢ 3aKOHAMH
COXpaHeHHs B HOBOH CHcTeMe.

IMycs nse paBHhe TOuYeYHHE MacCH M NpUGAKAIOTCH
K Hayally KOODIHHAT CHCTeMH § C NPOTHBOROJIOWHBIX HANpaB-
nesdH M JOCTHraloT ero B MomeHT f=0. Ux ckxopoctu coor-
BETCTBEHHO HMEIOT KOMIIOHEHTH

u =a=—u,
1* 2*
U —=b——

y’ (6.3)



YpaBHeHusiMd IBHWEHHS A0 CTOJKHOBEHHS OyayT:

X =al =—x,
1 2
— bt =—= —
y=bl=—2 (6.4)
z=z= 0.
1 2

[peanonoxum, 4TO nOC/Je CTOJNKHOBEHHAl X-KOMIMOHEHTH CKO-
pocTed OCTalOTCH HEH3MEHHBIMH, 3 Y-KOMIOHEHTh MEHAIOT 3HaK.
TakuM 06pa3oM CKOPOCTH Macc TOC/Te CTO/JKHOBEHHS 6yayT
paBhi

4,— —u,—a,
1* 2*
u,=—u,=—0bh,
by 4y (6.5)
u, = i, =0,
1’ 2°
4 YpaBHEHHS JABHXKEHHA
;=—x_=af,
1 2
;: ——}7: —bt, (6.6)
1 2
z= z=0.
1 2

Takoe npHxerHe H3oOpaweHo Ha d¢ur. 7. Be.auuuna cko-
pocTeit B pesyibTaTe CTO/IKHOBEHHH He MEHfFeTcHd, CKOPOCTH
o6enx YacTHIL OCTAIOTCS OAHHAKOBHIMH,

HecmoTps Ha To, 4TO 10 CHX MOP HE HEJAN0Ch €IIe HH-
KaKuX MpeanoJOKeHHH OTHOCHTE/IbHO (PYHKIMOHAALHOHN 3aBHCH-
MOCTH U OT M H QT &, MOXHO OHLITb YBepeHHHM, YTO Haul
npuMep He MNPOTHBOPEYHT PENATHBHCTCKHM 3aKOHaM COXpate-
HHa. Takum 0O6pa3oM, MNOBeleHHE 4HaCTHII B HalleM TpHMepe
ONMCAHO NPaBH/BHO, HE3dBHCHMO OT TeX H3MeHeHHH 3aKoHoB
KJ/IacCCHYeCKO# MEXAHHKH, KOTOpHE BHI3HIBAIOTCA YCJOBHSAMH pe-
NATHBUCTCKOR HHBAPHAHTHOCTH.



B kaaccuueckolf Mexanuke . npeanoraraeTcsi paBHHIM M
(t. e. He 3aBHcHT 0T #). Knaccuyeckue 3aKOHHW BepHHI, MO
KpaiHe#f Mepe npHOMHXKEHHO, AJA MaauX (B CPaBHEHHH C ¢)
cKopocTe#; moSTOMY 1 npH # — O JOMKHO NPHHATH 3Haye-
HHe m. JIlas nomyyewws 3aBHCHMOCTH JL OT 4 PacCMOTPHM

i} '}
2 : i P
‘\
S~ ,:u l
\\\\ ”’ : i
- -
b ll’,”’ \\\
=l ‘\K
- a
i
]

Pur. 7. CroakHOBeHMe JABYX HaCTHI,
HMEIOIMUX OAHHAKOBBHIE MAcChl M CKOPOCTH.

MOBEACHHE HALIMX 4YaCTHIL B HOBOH cHcTeme S*, Cucrema S*
CBf3aHa C HCXORHOH CHCTeMOH S ypaBHeHHsMH (4.13) uam
(4.15). HYToOW H36ekaTh HEHYKHHX YCIOKHEHHH, BHIGEpeM
OTHOCHTE/IbHYIO CKOPOCTb T cucTeM S* u S, paBHOH nocTosH-
Holt @ u3 pameucts (6.3) u nocsenyowmx.

IlpeoGpasya ypaenenus (6.4) u (6.6), moayunm ypaBsHeHHUs
XBHWEHHA JO CTOXXKHOBEHHS

x*=0, e 1*
1 2 [
3
o (6.4a)
be* —=
3




H 0ocae CTONKHOBEHHS

=0, prr S R
1 P 1 a?
ta

12

- bt* - pe

B o . c—— *--__l

)1’ 1 at’ '%' 1 a?
-5 +—c’

CkopocTH IO CTOJKHOBEHHs 6yAyT

. 2a
l:x=0» l;x=——_—a-2,
1+
2
. b * l-%
Y —a v= e b
1/1—;5 I+

b .=l/4a2+b’(l—%:)
1

u
a?’ a? !
Vi-a ° I+

a nocjie CTONMKHOBEHHUS

— - 2a
ux=07 I;x—— a2’
1 1+5
?— b
ly— 1 23 1 ;. —"/ 1_02102 b

T T 1fafer

a

- » l/4a3+b2 (l——-,)
u
1

(6.6a)

(6.7)

(6.8)



Wcnoneaya supawenns (6.7) u (6.8), MOXHO COCTAaBHTH ypaB-
HEHH JUIR ,HMMY/bCOB*, COAEpWKAaLHE HEH3BECTHYI0 QyHK-
o P, OG6GO3HaYuM ,HMIYJbCH* OTHE/JBHHX YaCTHL 4epe3
? H g, a HX CyMMYy, ,LUOJAHWH HMmOyabc“, 4epe3 p. o

CTOJIKHOBEHHI HMEeM:

-_-.px+px—0_‘ (m u) a)’
143

c?
— —— b ——
Py+py F(mvil) ‘/1_f3 69)
3 :
Vi-%
2
—nim, @) L,
2 a
1+ J
a noczse CTONKHOBEHHUA
Pr=0—p(m u) -2,
2 142
c?
(6.10)
—i—_— — b - —-E.’
Py= "(’”",‘)—"‘/:gﬂ‘"(’"';‘) T b.
] P

3aKoH cOXpaHeHHS LA p) YIOBIETBOPAETCH, €CIH #° pas-
- 2 _
HO u*, B 9TOM cjyvae BelHyMHa W (m, u*) paBHa W (m, u*).
2 2
» -8 L]
‘C apyro#t cTOpoHH, ecaH u pPaBHO ©, TO py OT/HYAaETCH
1

oT p, TOZbKO 3HAKOM. OTcmna C/IenyeT, 4TO 3aKOH coXparie-
HHS A4 p Tpebyer, 4TOGH p o6pawanock B Hyab., Takum



06pasoM, MM nony4aeM (YHKUMOHAIbHHE YDaBHEHHS WIS [

)

b (6.11)

U = ———
1

u¥*= ]/4a"‘-|—b2 (l-—%:) .

a2
2 1.}..."_2

TMepexons x npepeny b-— 0, moayuum Gonee npocroe ypas-
HEHHe:

J

.
wim ) =—"Gu(m 25\ (612
1+5 1+5

Ywe 6b10 oTMeueHo, yro M (m, 0) pasHo m. Ilna nonyyenus
SBHOrO BHAAa (YHKUMH W BBeJeM B KauecTBe BTOPOrO apry-
MEHTa )L MEePEMEHHYIO !

u=—2 ) a_f-z[lil/l—"—:],
Q ¢
14+5
a? L (6.13)
l—= 2
c ]/ u
2= V11—
1+'% J
Toraa ypasHenue (6.12) npumer Bun:
B (m, u)=—= (6.14)



Jpyrumu caoBamu, ecau BooOIie CYLIECTBYIOT JIODEHTL-
KOBapHaHTHHIE 3aKOHbi COXPaHeHHs, TO BCTPEYAIOIIMECH B HHX
BCKTOPDHHIE BC/HHYHHW JNO/MKHH HMETb BHI:

aJ

m
S 4- *

]/1 —a

310 BHpaeHHe HA3HWBAIOT ,PENATHBUCTCKHM® HMIYIbCOM,
yTO6K OT/IHYaTL €ro OT aHaJOrHYHOTYO KJNACCHYECKOTO Bek-

TOpAa.
PenaTusHCTCKasi SHEPrust OAHOH TOYEUHOH MacCH Haxo-

anrcsa M3 (6.2):
__d me?
47
==

dE___ d < um
HHaye rosopd, penﬂTHBHCTCKaﬂ KHHETHYECKas SHEpTHs paBHa

aF = “a '/1 o
e
E= e +E,, (6.17)

(6.15)

(6.16)

1_F

cz
rae E,— nOCTOfHHAA HHTETPHPOBAHHS.

JlopeHTi- KOBAPHAHTHOCTH HOBBIX 3aKOHOB COXpaHeHAs.
He nonp3ysice ¢opmanH3MoM, PasBUTHM B npeinAyleti riase
6n10 66 TPYAHO HOKa3aTh JIOPEHTI-KOBADHAHTHHIHA Xapaktep
supaxenntt (6.15) u (6.17). Onunaxo, Hcnonbays sToT dopMa-
JM3M, AOKa3aTh KOBAPHAHTHOCTb YKa3aHHHIX BHpaXeHuH BecbMa
npocto. Tak, cpasuuBast (6.13) ¢ (5.128), ysuaum, uTO KOM-
MOHEHTH PEAATHBHCTCKOTO MMIy/lbca @-TOH HaCTHUW MPEXCTaB-
AT coGoft mepBHE TPH KOMIIOHEHTH KOHTPABAPHAHTHOrO MH-
posoro Bektopa m U!, vueTBepTOoff KOMMOHEHTOH KOTOpOro

aa

Oyner

mUs = —2— . (6.18)

a a u?



OTO BHpaweHHe B ¢? pa3 MeHblUe DE/NSTHBHCTCKOH SHEPruu.
(6.17) 6e3 mocrosHHOro uneHa. YeTwpe ypaBHeHHd

m us

a a
Z —=———, = const,

P u
a
l"?a

m

g .
= t
Ea : cons
1—% )

ABASIOTCH, TakuM o00pa3oM, KOBapHaHTHHMH. Ilepenft unen
ypapHenus (6.17) nasniBaercd noaHOH (pPeNsATHBHCTCKOMR) sHep-
ruefl 4yacTHUW. B cuay cBoHX TpaHC(OPMALHOHHHIX CBOHCTB OH
IO/MKEH paccMaTpUBaTbCH KaK (YHIAMEHTANbHOE BHPAXEHHE
mns sHeprud. Tak kak 3TO BHpaXeHHe He o6pauiaeTcs B
Hynb npH U — 0, TO €ro 4acTo pasne/qi0T Ha ABa BHpAXe-
HHS: mc2 u

(6.19)

T=mc2[(1 —%:)"”—1]. (6.20)

Benuuuna mc? uasniBaeTcs ,9HEPrHed MNOKOA“ 4aCTHILHL,
a T —ee ,pensiTHBUCTCKOM KHHETHYeCKOH SHeprueh®.

CBAsb Mexny sHeprmefi m maccoil. Beanuuuy p, sHpa-
WAIOLULYI0 3aBUCHMOCTb HMMY/bCa OT MACCH, 4aCTO HA3WBAIOT
»PCNATHBHCTCKOR MacCoH“ 4YacTHUH, a M COOTBETCTBEHHO
»Maccofl moxon“. PeasTHBMCTCKas Macca paBHa MO/HOM 3Hep-
THH, JJEHHOH Ha c2% Macca ke MNOKos B ¢? pa3s MeHblue
sneprud nokosl. TakuM 06pa3oM, B TEOPHH OTHOCHTENLHOCTH
CYLIECTBYET BeCbMa TeCHas CBA3b MexAy MacCol u sueprueit,
He MMelollas aHaJora B KAaccHueckol ¢Hsuke.

Sta cBA3b HenaeTcd eule Gojee SABHOH NMPH PaCCMOTPEHHH
Heynpyrux coynapenui. Ma knaccuyeckol ¢msuxu usBectHo,
YTO NPH HEYMPYTHX COYLAPEHHAX 3aKOH COXPAHEHHS HMMIYJbCA
npuMeHuM Gea H3MeHeHHM, B TO BpeMs KaK KHHeTHYecKas
SHEprHf 4aCTHYHO Mpeolbpasyercs B Apyrhe (POPMbI SHEPrHH.



IMpunyMast Bo BHUMaHHe npeoOpasoBanHs JIOpeHTUa, MH Halt-
J€M, UTO 33aKOH COXpPaHEHHf HMIY/bCa BHINOMHAETCH TO/bKO
B TOM CJ/yyae, €CJH BHIMOJHAETCH TaKke 3aKOH COXPaHeHHs
sHeprud B opme (6.19); aTO o3Hauaer, YTO €CAH KMHETHYe-
ckas sHeprus (6.20) MexaHHYecKOH CHCTEMH YMeHbIIAeTcs,
JO/DKHA YBEJHYMBAaTbCH €€ 9HEPrHs MOKOsd, NO3TOMY 1o Kpa#-
Hell Mepe HEeKOTOpPHE H3 BXOAALIMX B CHCTEMY MAacC [OKOf
JO/DKHH yBenuyHTbcd. TakuMm o6pasoM, MH NPHXOAHM K 3a-
K/IOYEHHIO, YTO BCe ¢hOpMH 3SHEPrHM CBa3aHul C MaccoH co-
‘OTHOLLIEHHEM

AE = c®Am. (6.21)

YcTaHoBNEHHE 3KBUBAJIEHTHOCTH SHEPrHH M MacCH fBASETCH,
10 BceH BEPOSATHOCTH, BaXHEHIINM IOOCTHXEHHEM PpenAaTHBHCT-
CcKOH MexaHHKH. DTa 9KBHBAJEHTHOCTb OGDBACHAET, HaNpHMeEp,
gdedekT Maccw, Hab/mopalouiufics B aTOMHBIX fIIpax.

B xnaccuuecko#t ¢H3uKe CyHIeCTBYIOT JBa OTHAE/bHHX 3a-
KOHA COXPaHEHHs: 3aKOHH COXPaHeHHS MacChH H SHEpPTHH.
B peasTHBUCTCKOH Mexauuke HMeeTcs ORMH OOWMH 3aKoH co-
XPAHEHHS TOJHOH SHEPrHH H3OJHPOBAHHOH CHCTEMH, nNpHYEM
MaccH IOKOs 06pasyluidX CHCTEMY TOYEYHHX MacC MEHSIOTCH
npu nepexone KuHeTHYeCKOH 3Hepruu B Apyrue ¢OpPMH 9Hep-
THH, U Ha060pOT. Macca MaTepHa/lbHOro Tena OCTA€TCS NpH-
61M3UTE/IbHO MOCTOSIHHOM, TMOKa OCHOBHAs 4acTh €ro SHepruy,
3HEpPrus MOKOs, He Y4YacTByeT B MOZOGHHX H3MeHenusx. Oanako
Macca MOKOs MEHSeTCsl CYUIeCTBEHHO, €CJH SHEPrHH B3aHMO-
ne#CTBUA TOrO e MOpAAKA BEJIHYHHH, YTO H IHEPTHA MOKOS.
3TO HMEET MEeCTO BO MHOTHX fJeDHHX peaKUHIX M OCOGEHHO
NpH POXAEHHH WM aHAHTH/SALHMH 3JEKTPOHHO-TIO3UTPOHHHX Map.

u
an ManuX 3HAYCHHAX - pe/IMTHBUCTCKAad KHHETHYeCKas

oHeprusa (6.20) mnepexomHMT B KJacCHYeCKOe BHPAXKEHHE, YTO
JIETKO BHIETh H3 PA3/IOXEHHl B DAR

me? [(1___’0‘7?)—%_1]=—u2( 14 i’ -%:- +)
(6.20a)



YeTupexmepHuft BEKTOP
pr=mUpr (6.22)

YaCTO HA3bLIBAIOT BEKTOPOM SHEPrUH-HMIY/bCa.

dddexr Komnrona, HuTepecHnM mnpu/oxeHHeM penartu-
BHCTCKHX 33aKOHOB COXpaHeHHs ssnseTcs Teopus sdekra Kom-
ntoHa. PaccMOTpHM ,CTONKHOBEHHE® Y-KBaHTa M CBOGOAHOTO
anekTpona. [lpu STOM MOWHO ONpPele/MTH IJMHY BOJHH
Y-KBAHTA H CKOPOCTh S/MEKTPOHA MOC/]e COyAapeHus, He neJas
HHKAKMX NPEANONOKEHHH OTHOCHTENbHO MPHPOAB CHA B3aHMO-
BeHcTBUA.

Popmynn (6.15) u (6.17) HempuMeHHMH AAA Y-KBaHTA, TaK
£

u
Kak 3HaMeHaTesb 1 —— obpamaercs B wWym npu &,

paBHoM ¢. Bonee Toro, He HMMeeT CMhIC/Ia TOBOPHTb O ,Macce
noxos® ¢OTOHA, TaK Kak He CYIIECTBYeT CHCTeMb OTCYera,
B KoTOpo# OH mokouJcs 6u. Bmecto (6.17) Gyaem ucnons3o-
BaThb KBaHTOBO-MEXaHHYECKYIO CBA3b MEXIY 4acTOTOH M SHep-
rHef

E = hy, (6.23)
rae h— nocroauxas [Inanka.
Komnonentn nMmyinca u SHeprus, AeneHHas Ha ¢, o6pa-

3YIOT KOHTpaBapHaHTHu#f Muposo#t Bektop. C Apyro#f CTOPOHMI,.
yacToTa ¥ Opeo6pasyercs TaK, HTO BHpaxKeHHe

vt — = kyx® (6.24)

ABAAETCA MHBAPHAHTOM (K — TpexmepHHfi eIHHHYHWH BeKTOp,
nepnesnukyMapuuil K ¢dponty Boaus). CiemoBaTesbHO, BE/H-

v
YHHH y k, ‘)) ABMMIOTCA  KOMIIOHEHTAMH KOBAapHAHTHOTO

MHpDOBOTO BekTOpa, a. BeauuuHu (- cky, y) B cuny sroro npen-
CTaB/AIOT KOHTPAaBAPHAHTHHIE KOMMOHEHTH TOTO KE MHPOBOrO
BekTopa. M3 ypasuenuf#t npeoGpasoBaHHs, CBA3LBAIOUMX P

C R cleayeT TOrzaa, 4TO HMIYJbC Y-KBaHTa AO/DKEH NaBaTbCs



BHIpaXKeHHem

p,="r % k, (6.25)
a ero BeJIHYHHAa paBHa
py=h=. (6.26)

CpopMy/mpyeMm Tenmeph YC/AOBHMA, ONpPEeRE/AIOLIHE CTONKHOBE-
HHE Y-KBAaHTa C JeKTPOHOM. ITpeanonoxuM, 4To nepBOHaYaNBHO
Y-KBaHT IBHETCA NapamieqbHO OcH X, S/JEKTPOH NOKOHTCH

(¢pur. 8).
4

®ur. 8. ddpdexr KoMnrona.

Maccy mokost anekTpona 06o3nauuM uepes m. [Tocae cTon-
KHOBEHHSI 3/ICKTPOH GYJNET ABHTaThCsl NOX HEKOTOPHM YTJIOM @
K ocH X, a Y-KBaHT APYrOH 4acTOTW y HBHXKETCH NOCAE CTOA-
KHOBEHHS B [IDYrOM HalpaBleHWH, ONpejesseMOM YIioM .

BeeneM TakHe KOOpPIHHATH, Tak 4YTOGW BCE TPAaGKTOPHH
Jlexand B naockoctH X, Y.



JI0 CTOJKHOBEHHA MOMHAA SHeprus E M noasu#t umnyasc P
3a7a10TCS BHPAKEHUAMH:
E=mc® -} hv,
hv (6.27)

[Mocne coymapenus aneprus paBHa

E= _—ﬂcz_uﬁ- v, (6.28)
1— %

c2

4 KOMMOHEHTH [OJHOI0O HMNyabCa B HampPaBJACHHAX X H V

6ynyt

T’_—cosB-I- —=——cosa,

‘/ 1=

cﬂ
= (6.29)
- v mu
Pz———‘?- sinB +—.__u_;smd-
2

anHHMaﬂ BO BHHMaHHE 3dKOHH COXPaHEHHS, MOJNYYHM

mc’+hv=17l—m_—cz——_.+h;,

wct
."_=-—cosB—|—V1 s s (6.30)
0————-smB—|—V.l uzlzsma.

Hac untepecyer v Kax ¢yuknus yraa paccesnus B. [Mostomy
MCK/IOYMM M3 YpaBHeHu# cHavana @, a 3ateM . Iag uckmo-
YyeHHs 0 W30JHPYeM B YDaBHEHHSX NI HMMYJIbCOB WIEHH, CO-
nepxaupe ¢, 3areM BO3BeJeM STH YPaBHEHHS B KBajgpaT H
cnoxuM. B pe3yiabraTte BMECTO ABYX MOCHEAHHX YypaBHEHHH



(6.30) momyyum ypasueHne

- - 2
-g;(vz — 2vycos § -} v2) = mmﬂ, . (6.31)
=3

B nepsom ypasuenun (6.30) u3GasaseMmcs OT KOPHs, H30/Hpys
Y/eH, ero colepxaiuif, H BO3BOAA B KBaLpar:

mec - 2mh (v — ) -+ 2 (2 — 25 )= . (6.32)
1

c2

Hanee, Buuutas (6.32) u3 (6.31), uckmounm u:

m (v—?)——-f-,(l —cos B) w=0. (6.33)

Ilng Toro yto6H MOAYYHTb OGHIYHO YNOTPeG/AIOWEecH Bupa-
weHde, 3aMeHuM 1 —cosf Ha 2sin2—g- H BMECTO 4acTOTH
BBEJEM MI/HHY BOJHH coOr/iacHo ¢opmyae:

[4

c -
9=T, V=?- (634)
OKOHYATETBHO MOJIYYHM
F—r=2 i k 6.35)
' TmeT 2" (6.

HauGosnbiiee uaMeHeHMe NMMHH BOJHW HMEET MeCTO, KOria
{-XBaHT pacceuBaeTcss B OGPaTHOM HanpasieHud. OHO paBHO
B 9TOM C/lyyae YIBOEHHOMY 3HAYEHHI0 TAK Ha3uBaeMO# KOMm-

h
TOHOBCKOH IJIHHHW BOJIHH e *

PenaTHBHCTCKAA aHaJAATAYecKas  MexaHmka. Teneps
MOKHO MepelATH K PacCMOTPEHHIO OCHOB pesTHBHCTCKOH aHa-
aurHyeckolt Mexauukd. Ilpu 9TOM mpemmosaraeTtcs, 4TO uuTa-
Tesib XOPOIIO 3HAKOM C OCHOBHHIMH MOJIOXEHHSIMH KJACCHYECK ol
aHaNMTHYeCKOH MeXaHMKH, B CHAY uero mnocjexyiomui o63op
6yneT 3aTparHsaTth TOJbKO TE BONPOCH, KOTOPHE HMEIOT He-
NOCPeACTBEHHOE OTHOLICHHE K COAEPXKAHUIO STOH KilHTH,



HuddepeHutanbhbie  YPaBHEHHA JBHXEHHS MeXaHHYecko#
(k1accHyeckol) cHCTeMbl, mogsepraiowiefics HeHCTBUIO KOHCep-
BATHBHLIX CHJI, 3aMHMCHIBAIOTCA B BHIE

1‘---(‘”)—0 L=T—V, (6.36)
0x$ oxs

rae T — kuHeTuyeckass, a V —— noTenuuanbHasd sHeprud. 3a-
MHCAHHbIE TaK YPABHEHHS NBHXEHHS KOBAPHAHTHM HE TOJbLKO
OTHOCHTE/IbHO OPTOTOHAMbHEIX NMPe06Pa3oBaHHH NPOCTPaHCTBEH—
HBIX KOOPJHHAT, HO M OTHOCHTE/NbHO NPOM3BOJbHLIX Mfpeobpa-
30BaHHH 7 KOOpAHHAT, COOTBETCTBYIOLIHX 7 CTENEHAM CBOGOAM
CHCTEMH.
dT0 Tak HasnBaeMne ypaBHenua OIHaepa-Jlarpawka aam
BapHauMOHHOR npoGaembi. BapuauuonHas npo6Jjema — 3TO npo-
6/1eMa HaXOWIEHHS TaKMX KDHBHX, COEJMHSIOLIHX HBe ¢HKCH-
pOBaHHHE TOYKH, BXOJb KOTODHIX JAaHHHH KPHBOJHHEHHLIH
HHTETpaj] MPUHMMAET SKCTpeMaJbHOe 3HaueHHe. PaccmoTpum
(n -} 1)-MepHOe MPOCTPAHCTBO ¢ KOOPXMHATAMH x° W ¢ M KpH-
BOJIHHEHHLIH HHTErpan
Py
= 1a, (6.37).

P,

nonuHTerpasbHasg (QyHKUHS KOTOPOTO BROJb MYTH HHTErPHPO-
BaHHAl 32BHCHT OT KOOpAMHAT x° (H, BO3MOXHO, f) H MPOM3-—

dxs
BOZHHX —r—. Bapbupys npH QHKCHPOBaHHWIX KOHEYHHX TOY-
Kax MyTb HHTErPHPOBAHHA HA OECKOHEYHO MA/yI0 BENUYUHY,

1101y YnM
Py
oL oL -
81=£ (5; des o 6x’) dt=

— ,S *— ( :Ls)] dxsdt, (6.38)
dxs

rae x* 06o3HayaeT v Otcioza BHIHO, 4YTO BROJb myTeit

HHTErpPHPOBaHHA, HA KOTOPHX BenHYHHA [ 3KCTpemalbHa,
cnpaseajusn ypassenus (6.36).



Vimnyben onpenensiiorcst ypaBHeHHAMH

oL
Ps=—= (6.39)

oxs '

C noMmowpio 9THX COOTHOWEHHH 7 AuddepeHIHaNbHEX ypaB-
Henu#l (6.36) BTOporo mopsizka MOryT OMTH Mpeo6GpPa30BaHH
B 2 n ypaBHenuft nepsoro nopsaka. Ilis 3TOTO HYKHO pelIHTb
n ypasuenutt (6.39) OTHOCHTeNBHO X° M 06pa30BaTh TaK Ha3h-
Baemylo ¢ynkumio [amubTona

H= —L-{p.x*, (6.40)

rae x° NpeanosaraloTc 3aMEHEHHHIMH peIUeHHAMH YpaBHEeHHH
(6.39). YpaBHenust IBIKEHHSI NPHUHUMAIOT Temepb 4K a H O H U-
yecKylo“ ¢opmy:

oH

ops '
)
Ps= %% -

X =
(6.41)

dror ¢opManmM3M B IEIOM KOBAPHAHTEH OTHOCHTENBLHO
o6uwHx npeo6pa3oBaHHit TPEX MPOCTPAHCTBEHHHX KOOPAMHAT
(B MEACTBHTENBHOCTH, AaXe OTHOCHTE/IbHO GoJee.O6GIIUMX Npeos-
pasoBanuit). OcoGeHHOCTsI0, npeAcTaBsOWEd A1 Hac Cnenu-
.uyeckHl HMHTepec, fBASETCA BO3MOXHOCTb BBEJEHH BMECTO
BpeMeHH f apyroro napamerpa. (OG6Go03HauMM STOT mNapameTp
yepe3 O u onpemenum ero ypaaueﬂueu

at =4 & ¢ 4o, (6.42)

dt
Tae S5 NpemnosaraeTcsi 3alaHHHM. [Npousponuwe no ¢ Gynem
0603Ha‘-la1'b Toukamu, a mo Y —mTpuxamu. Torma umeem:
I= SL* (x5, %, ¢, ) df,
(6.43)

Lr=tL (= ,:,',t).



Teneps ypasnenus Ditnepa-Jlarpanxka MOXHO BHDAasHTb Hepes
HOBHI narpamwuad ot L¥*. Ilpoussomunimu ot L* mo ero apry-
mMedraM 6ynyT

oL* 4oL  oL* _ 0L

xS oxs' of ot
* L apn , (6.44)
oL =-L, oL” =L—x~'—.L—= —H.
dxs'  0xs ot oxs
B cuny
4 _pd
dd — " dt
ypasrenus dftnepa-Jlarpamka OpHBOAATCH K BHAY:
OL 4 (oL\__,
oxs dt \ 0xs i (6.45)
oL , dH _
3 + 25 =0 J

OTMeTHM, YTO ompele/ieHHe HMIy/bcoB (6.39) MuBapHanTHO
OTHOCHTE/IbHO TaKoro mpeoGpa3oBaHug mapaMetpa. Oanako,
MIOMHMO HMIY/IbCOB, HYXHO PacCMaTPHBaTh TaKKe KOMIOHEHTY,
KaHOHHYECKH conpsikeHHylo BpeMeud f. OHa paBHa — H. O60-
3HaYHM 9Ty HOBYIO KoMmouenTy uepes .

(n-} 1) ypasHenus, onpenensiouiHe HMMYABCH, MOTYT GHTb
ONSTh PelIeHH OTHOCHTeNbHO (72— 1) BenuuuHu X% W ¢, U HO-
BN raMWIbTOHHaH MOXeT OHTb OmpeleieH Kak

H*= —L*4-p x4 Gt' = ¢ (— L} p x* -} G).
(6.46)

3T0T TraMHIbTOHHAH paBeH Hymo. OnHaKoO ecH € paccMarpH-
BaTh KAaK HE3aBHCHMYIO NIEPEMEHHYIO, €r0 YacTHHle MPOH3BOAHHE
ne ucye3aloT. OHM CBA3aHH C NMPOM3BOAHBMH FaMHJIbTOHHAHA
(6.40) caexymouM oGpasom:

OH* _ , 0H  OH* _ ,0H

oxs — " 9xs’ of ot ’

OH* _ , OH OH* __
dops ~  Ops’ 0€ T

(6.47)
£



Takum o6pasoM, Mb MoweM npuGaBHTh K YypaBHeHHaMm (6.41)
crenyiougee:;

dH _ oH p

’EF—T)? . (6.48)
FamuabTonnan (6.40) npeacrasnser coGoft cymMMy KHHeTHYe-
cKo# H moTenuHanbHOR sSHepruff. ITa noiHag SHeprus Hame-
HAETCH BO BPEMEHH CO CKOPOCTHIO %LZ . YpaBuenne (6.48) He
He3aBHCHUMO OT YypaBHeHuit (6.41). Ero MOXHO mNOJAYYHTb M3
nocnenHHX, He npHGeras K METORLY npeo6pa3oBaHHA napameTpa.
JeficTButensHo, nomuu#t auddepenuvan H pasen

__OH OH OH
dH—dex"—-I—a? dps—l—??dt
H Bcuay (6.41)

— s
dH = ——fdx*+

dxs

oH
- dp\, + 3 dt.

JlenenneM Ha df noayyaem otcioga (6.48).

[Tpeo6pasosaHHe napaMeTpa Nojie3HO B TOM OTHOLUGHHH, YTO
no3BoNsAeT NEPexXOAHTh OT ONHOTO mapameTpa £ K APYromy na-
pametpy 8. OGa mpeacTaBieHHS NPH STOM SKBHBAJNEHTHH.

[Tepe#ineM K pacCMOTPEHHIO peNiTHBHCTCKOH MeXaHHKH,
IpHYEM CHa4Yana HM3YYHM JBHXEHHE YacTHI, Ha KOTOphe He
nefcTBYIOT cuanl. Jlarpamxuan fBasercs HeKoTopolt ynxuuel

dxs $
oT -}t' (ecnn 3a napametp BuGpaHo £) HiIH 01'%‘;— (ecan na-

pametp ecTh 7). B nanbueltinem TtoukaMmu OymeM 0603HayaTh
anddepenunposanre no f, a WTPUXaMH MO COGCTBEHHOMY Bpe-
Meny yacTHuW T. [IpoMaBoaxme narpamkuaHa no STHM mnepe-
MEHHHIM XAIOT 3Ha4YeHHS HMOynbcoB, MMmynbcw, KanoHHYecku
conpshkeHHble KOODAUHATaM x°, onpenensiorcs dopmyaamu (6.15).
YeTrBeprasds KOMIOHEHTa HMOY/Abca (KAHOHHYECKH COMpPSKeHHad
Bpemenn) cornacio (6.44) pasna

pa=L" —x%p,, (6.49)

rae L) — narpaninan, cooTBeTCTBYWOWHMA napamMetpy £,



IMpumem cuavana 3a napametp Bpems £. W3 muddepenum-
anbHbHX ypaBHeHHH

oL‘D

_ mxs
0,).'-" - ul !

l——g-
puauM, yro L(¢) pasio:

J_(')=mc2(k— ‘/n_i‘_’) (6.51)
2/

rie R —NOCTOfHHAS HWHTErpHpoBanuda. [Ipu 3toM uuTerpan [
NPHHHMaeT 3HAYEHHE

ur = xx° (6.50)

Iy
1= SU”dt:mcz [k(t,—t)—1(Py P)],  (6.52)
[

rae T (P, P,) — coO6CTBeHHOE BpeMsi BAOJAb NYTH HHTErpHpo-
BaHHA MEXAYy HBYMf KOHEYHHMH TOYKaMH P, n P,. 3JT0T MH-
Terpan JOpPEHTL-HHBapHaHTeH, ec/H R paBHo Hymo. Bupaxenie

me2k (t, —t,)

He 3aBHUCHT OT NyTH HWHTerpuposanusa. [losTomy sTOT unen

HHYETO He JAaeT AnA Bapvauuu &J, ecau npesean uurerpana

He BapbHpyloTcs. MB yBHAMM, YTO Be/IHYHHA R onpenenser

3HaYeHHE NOCTOAHHOH MuTerpuposanust Eg B (6.17). Ilockoabky

STOT WIeH HEHHBApHaHTEH, MW €ro ONyCTHM OpH nepexoae
K YeTHPeXMEpPHOMY NpelCTaBJAEHHIO.

YpaBHenus

mxs

p: = /'

="

MOryT OHWTb Pa3pelieHH OTHOCHTENBHO X°:

(6.15a)

Ps

5"=—1";p7—- (6.156)
l/“rm



[amnabTonuan onpexessiercs ypasHenHem (6.40). B atom
cllyyae OH paBeH

1 \
HO) =mc? [ ‘/1 —|— m,c, ] = mc? —l—/—_l-—-—E ——k).

(6.53)

Ecau k BuGpath papubim 1, HY) papen pensTHBHUCTCKOH KH-
HeTHYeCKOH SHepruu; a npu Kk, paBHHM HYJIO, — [OMHON 3Hep-
THH.

Has ypasHenu#t I'aMuIbTOHA noJydaeM

Ps
oH m . 0H

x-'=d—p‘;———-—————, p5=_d-xs=0 (6.54)
+m“"c2

Ilepefinem rtenepb x mapamerpy 7. CoraacHo (6.43)
LY — L) = — e tr? _lzxs,gz
C

= —metV n,x"x*. (6.55)

OTtciona uMNy/abCH PaBHH

_aL(T)__ . mxt
R e l

. aL(t) . mc2t! ml—"’]p,x" (656)
o= Ty BT T Ve

Kopuu, Bxoasue B ypasnvenus (6.55) u (6.56), pashm 1
[(cm. (5.127)]. Ecnu 9TOro He yuecTb, peuleHHE ypaBHEHHH
(6.56) OTHOCHTE/IbHO XP' CTaHET HEBO3MOXHLM. Boo6uie rosops,
MO¥HO ObisIo OH BHOpaTh HEKOTOPHH APYro#i mapameTp BMECTO
7, ckaxem fl. Tlpu sTom ypasuenus (6.56) umend Ou TOYHO
TaKOH e BHA, TOJbKO WITPHXH O3HayaaH Onl auddepeHuHpo-
sanue no §. Omsaxko B 3TOM cayyae oKasanoch Gbi HEBO3MOW-
HbIM BHIDA3WTh XP' TOJBKO uyepe3 P, B paccmoTpenHoM xe



c/lydae Mu HCNOJMb3yeM TO OGCTOﬂTeﬂbCTBO, Y10 XP' SBAAIOTCA
KOHTPAaBAPHAHTHHIMH KOMIIOHEHTaMH €IHHHYHOTO BEKTOpa,

P
a— ';:‘—z— KOBAPHAHTHHIMH KOMIIOHEHTaMH TOTO e eIHHHYHOrO

sekTopa. xP' ugeHTHuHo ¢ UP. Pemenue MoxeT GHTb 3aNHCaHO
B BHIe:

X = — PP , 6.57)
Vaspp, (

kotophilt asanornued (6.156). Omnako Takoit cmoco6 3anwcH
pelleHHs COBEepLIERHO MPOH3BOJIEH.
KBazpatauft KOpeHb B 3HaMeHaTe/e MOCTOSHEH:

Vn"‘p,p, = mc2. (6.58)
[TostoMy pemeHde MOxeT OWTh 3aMHCRHO B OGILEM BUIe:
o= —LLrg (upp Imed), o()=1, (6.57a)

rie ¢ oGpauwiaerca B 1, Korza aprymeHnt pasen 1, a B oc-
TanbHOM COBEpUIeHHO npoH3BoabHa. Wcnoas3ys (6.57a), noay-
v a8 L&), x#'p, w HO):

L= —Vipp, ¢,

'y — r‘papr'
Py = """z " P (6.59)
S n9p,p,
H® = [Vfa”ppp,——;,r’;—'] e

s kpatkocTH GyXeM B janbHefiiiem 0603Hauath Ksan-
paTHuili kopenb ueped p. Mlaa ypaBsenn#t [amunabToHa nmeeM

, dH(‘r)
Pe= — g =0,
OH™  2upap 77, ,
w == [ — )+ (6.60)

po
+ (-2 )



Tne ¢' 03HayaeT NPOH3BONHYI OT ¢ no ee aprymeHry. [lep-
BHIH u/leH crmpaBa Mcue3aeT, TaK Kak BHpaxeHHe B KBajgpar-
HEX CKOGKax paBHO Hymo. Bropol unen pasen [cMm. (6.57a)):
va
o= T ._’.,';’%. (6.60a)
[Mossaenne npouseo/bHOA ¢ynkuuu @ me cayuaituo. M-
terpan (6.592) npu k=0 paBeH IiuHE LYrH MHPOBOH JHMHHH
B mpocTpancTBe MunkoBckoro. Ypaeneuus Oitsepa-Jlarpamwa
spasgioTes  AuddepeHnHaNbHHEMA  YPABHEHHSIMH  TeOJe3HYeCKHX
JMHHE, COOTBETCTBYIOLIMX YPaBHeHHM (5.99).
Iuddepesunanbuue ypaBuesns (5.99) MOXKHO NOJyynTh He
TONBKO M3 BapHailMOHHOro HuTerpasa (5.93), Tak kax MmoGoMH
BapHAUHOHHKHIA HHTErpan

P,
lzvfﬁp (gns 2) as (6.61)
3

uMeeT BapHALHIO
P,

dtr dtt
Ny ’
=2 | (g -t n) 2 ) g atr s,
1

T. €. MPHBOAHT K TEM K€ YPAaBHEHHSM TEOAE3HYECKHX JH-
Hitil.

B nawem cayuyae B KayecTBe JATPaHKMAaHAZ MOXHO HCIIO/Ib-
30BaTh MOOYI0 (YHKUHIO

A =@ (g, 2 x*), (6.62)
JIDH 3TOM HMIYJIbChl ONpeAEdlOTCa KakK
== 21, XD’ (7, 2V x), (6.63)

rae P’ — npouseoanas P no ee aprymeHTy. ITH BENHYHHH Tt

P
BIEHTHYHN umnyabcam (6.56), ecau

V(1) =—F o (6.64)

TakuM e 06pa3oM B KayeCTBE TaMHIbTOHHAHA MOYHO MCIO/Ibe
30BaTh /0GYI0 (QYHKLHIO HMIYJbCOB BHIA

H® =X (5”7 m,). (6.65)



Y paBHeHHsIMH, CBA3HBAIOLIMMH HMMAY/bCH H CKOPOCTH, OynyT:

) b :
xP = ()RP =21‘PP ﬂ"X f (6_66)
Beanunnn 'ﬂ'P HACGHTHYHH C pP’ €CJIH
’ 1

Cuaa B peasTABHCTCKOA MexaHmke, Cuia, aeHcTBylomas
Ha YCKODEHHO HBHXYILYIOCS TOYEYHYI0 Maccy, MOXeT OHTh
onpene/ieHa pa3JHYHHMH CocoGaMH. MOxHO MPOCTO BOCMO/BL-
30BaThCS KJAAaCCHYECKHM OnpejesieHHeM H OnpelessiTh CHAY Kak
NPOH3BOAHYI0 HMIYJbCA MO BPEMEHH:

fs=% —’”—"_—_;3 R (6.68)
l/‘-’ﬁ

Iponssons nuddepenunposane B npaBoR YACTH, NOAYYHM
BecbMa FPOMO3JKOe BHpaXeHHe:

fo=(1=5%)""m[2, 1 —g-:)+’5:f‘ J# ©.69

Onpenesensas TakuMm 06pa3oM cuia, BooGite TroBOps, He na-
pannenbHa yckopenuio. OHa napanjesibia YCKOPEHHIO TOJbKO
B Tex CJyyasx, KOTJa NOoC/enHee Napa/ie/bHO WM MepreHfH=
KyJaspHo ckopocTH. Korma ycxopenne mapajieisHo CKOPOCTH,
(6.69) npuHHMaeT BHI

=1 —2) (6.70)

Ec/m ke ch/la H CKOPOCTb TNEPNEHAHKYMAPHH HPYr APYTY, H3
(6.69) nonyuaem:

o

fo=(1=5) "mi. (6.71)

Kosduuuents npH YCKOpeHHH b mpashnix yacTsax (6.70) u (6.71)
MHOTDA Ha3WBalOT COOTBETCTBEHHO ,NMPONOJbLHOR Macco#® u
»nonepeysoft Macco#t”,



Cuna f,, onpenensiemast dopmynoit (6.68), we o6namaer
NpocTHMH TpancpopMauHoHHHMH cBoHcTBaMu. Onnako cyuie-
CTBYeT MHPOBOH BEKTOD, ABASIOLMHCSH GIM3KHM aHAJIOrOM TPEX-
Mepro#t cumu. OnpenendM ,MHPOBYIO CHAy“ KaK (IPOH3BOAHYIO
HMOyJbca N0 COGCTBEHHOMY BDEMEHH:

e

=2 (6.72)

INepBue TpH ee KOMNOHEHTH PpaBHH BhpaweHHAM (6.68), ymHo-
dt
WEHHBIM HA —

dt’
o ‘g
Fo— 5 T (6.73)
1— Tz- c? (1 — "3)

u .
Tpu Manwx 3HaYEHHSIX — 9ITH BHPANEHHT CTPEMATCH K mx’.
YeTsepTasi ee KOMHOHEHTa paBHa

____ mu
Fy= (l—lg)z' (6.74)

u .
Ipn manwix - €€ 3HaueHue npHO/HKAETCA K BeJd4HHe pabo-

TH, COBEpIIaEMOH 3a eNHHHIly BpeMeHH, B3TOH C OOpaTHHM
anakoM. OHa paBHa cymMe NpoM3BeleHHH Tpex nepBbXx KOM-

HIOHEHT Ha x°, B3ATOK CO 3HAKOM MHUHYC.

3adavu

1. Hcxoaa u3 narpadxuasa (6.62), onpemesdTb cooTBeT-
cTBylomu#t ramuabronnan. [loka3ate, yto ypasuenue (6.67)
YIOB/ICTBOPSETCH, €C/AH FaMUNbTOHHAH MOJYYaeTCH M3 Jarpau-
®HaHa, YROBJETBOPAIOUIEr0 ypaBheuuio (6.64).

2. Bo36yxaennn#t atom ¢ o6uie#t Maccolt M, nokosuiHics
B HEKOTOPOH HHepHMaJbHOHR CHCTeMe, NepexOIHT B HH3Luee
SHEPreTHYeCKOe COCTOSIHHe, YMeHbllas CBOIO 3Hepruio Ha AW.
On uanyyaer oToH, HCNWTLBas npu 3ToM otaavy. Iloatomy



AW
yactota ¢oTOHa OyAeT MEHblle, YeM ¥y == et Ha#titd 3Ty 4a-

CTOTY.
OTBeT. A
AW 1 AW
=14 (1_7ATc2)‘

3. TMoka3aTe, 4TO WHTErpa’ ,peNATHBHCTCKOH cHan® (6.68)
BAO/Ib TPEXMEPHOrO fiyTH PaBeH H3MEHEHHID pPeJATHBMCTCKOH
KWHETHYeCKOH SHepruu (6.20) M YTO MHTErpaa MHPOBOTO BEK-
Topa (6.72) BAOML MuUpPOBOH AuHMH dxP HCYe3aeT, eCaM npex-
MOMOXHTh, YTO Macca MOKOSA OCTaeTcA HeusMeHHOH. Yro
NPOU3DHAET, €C/IM Macca MOKOS MEHAeTCH BO BPEMsl JBHXe-
HHA?



laasa Vil
*
PEJMITUBUCTCKASA 3JEKTPOAUHAMUKA

Koraa 3#tnmrefiHoM 6HMM nonydewh 3aKOHHW 1peoGpaso-
BaHHA ypasBHeHHH MakcBe/uta, uYeTHpexXMepHui ¢GopManu3M
MuskoBckoro eme He O6bin M3BecTeH. DHuwTedH !) BRIpaKa
npou3BOAHEE, BCTpeyaiolMecs B YypaBHewusx Makceenna, B
HOBBIX KOODAMHATAX, CBA3aHHBIX CO CTapHMH npeo6pa30Ba-
nusamu Jlopentua. Mcxoms M3 NpHHIMIA OTHOCMTENBHOCTH, OH
notrpe6oBa, YTOGW YPaBHEHHSI 9NEKTPOIHHAMHKH HMEJIH B HO-
BOH CHCTEME KOOPAHMHAT TOT iKe BHA, YTO H B cTapo#. [TlosTomy
OH OTOXAECTBJIAN JHHeHHBle KOMOHHALMM HanpsXKeHHOCTelH
nosiell, moJsyyaiolHecs rnocje npeo6pasoBanuit ypasHeHH#t Makc-
Be/UId, C HAMpPSXEHHOCTAMH 1oJied B HOBWX Koopaunatax. Ym
OGHI/IO 1I0KAa3aHO, YTO NOJyuYeHHHe TaKHM 06pa3oM 3aKOHW Mmpe-
0o6pa30BaHus 06/1alaioT TpeOyeMnMd CBOHCTBAMH, MMEHHO, YTO
IBa NOC/NENOBATENbHWX NPe06PA30BAHHA SKBHBANEHTHH OXHOMY
npeo6pa30cBalHI0 TOTO K€ THN3, M 4TO OOpaTHoe npeoGpa3o-
BaHHE MOJyyaeTcs NPH H3MEHEHHH 3HAKa OTHOCHTEJbHOH CKO-
POCTH JBYX CHCTEM KOOpAHHAT.

Ounnako TaKoe HemoCpeACTBEHHOE TOCTPOCHHE BOBOJILHO
rpoMo3ako. Mul mo#ineM HECKOJILKO OTJHYHHIM NYTEM, HCIO/b-
3ysl MPEeHMYLECTBA YeTHPEXMEpPHOro (opManu3Ma, pa3BHUTOTO
B riaase V.

YpaBsHeHAs 9JIEKTPOMAarHHTHOro moas Makcseana. Mu
Bclony OyndeM mnoAb30BaThLC S/EKTPOCTAaTHYUECKOH cHcTeMOH
enunny. [lanee MH OyleM MCXONHTb W3 SJEKTPOHHOH TeopHH
JlopeHTua, cOrnacHo KOTOPOH ypaBHeHHs nOJAs B MNYyCTOTe

) LintuposanuHas pa6ota DiHmTeliHa, TaK ke Kak Apyrue
OCHOBHHE OpHIHHaJbHHE PaGoTHl 110 TEOPHH OTHOCHTEIBHOCTH,
cobpanbl B c6opHuke ,[IpaHuun otHocHteapnocTH*, OHTH (1935).

(puxn. ped.)



(T. e. Korma AM3.JeKTPHYECKas MOCTOAHHAS W MArHHTHAas BOC-
NPHUMYHBOCTh DaBHBI eIMHHLE) CNpPaBel/UBH TaKke U B MaTe-
pHaNbHOH Cpede, MPHYEM MOJAPH3ALMA H HAMArHHYEHHE 3TOH
cpenn SBAAIOTCA Pe3y/AbTaTOM CMELEHHS peabHHX 3apaioB
H YacTHYHOH OPHEHTALMH I3/EMEHTADHWX MATHHTHKOB. Y paBHe-
HHA MaKcBe/1a 3aMMCHBAIOTCA TOTAA CAERYIOLIMM 06Pa3oM:

div E == 4ns, (7.1)
1 oH
rot E 4 — 21 =0, (7.2)
divH =0, (7.3)
10E__ 4n
IOtH—-? Ft-=_t‘-l’ (7.4)

rie E — nanpskensocts 3nektpuueckoro noas, H — nanps-
WEHHOCTb ~ MarHHTHOrO  HOJMA, G — IVIOTHOCTb  3apsza,
I — naoTHOCTL TOKa. B nycToTe nAOTHOCTH 3apsiiAa M ToKa
PaBHH HYJIO.

W3 ypasuenu#t (7.2) u (7.3) MOXKHO BHIETb, YTO Hamps-
WEHHOCTH MO/JS MOFYT OHTh BHPAWEHH Yepe3 MNPOH3BOIHLIE
cKanapa P M BEKTOpa A C/e;yIoUHM 06)a3oM:

H=rotA, (7.5)

1 0A
E=—grady — -~ . (7.6)
Hngepenunpys ypassenue (7.1) no spemens u o6pasys
JMBEPTEHIHIO YpaBueHHs (7.4), NOAYYMM 3aKoH COXpaHeHHs
IJIOTHOCTEeH 3apsna H TOKa

divi4 % —o. (7.7)

lipeasaputensHble 3ameyaHus O TpaHCHOPMANHOHHBIX
csoficTBax. [10 OTHOLIEHHIO K NMPOCTPAHCTBEHHHM OPTOTOHA/b-
HBIM npeoOpa3oBanusaM seauudun @, A, E, H, 6 u I npeo6-
pa3yloTCH He3aBHCHMMO ApYr ot apyra. Ho He Bce oM sBas-
10TCSl BEKTOpPaM# OHHOTO H TOro xe Tuna. B rmase V Guio
NOKa3aHO, YTO B TPEXMEPHOM BEKTOPHOM HCYHC/EHHH Cyuie-
CTBYIOT [Ba THMAa BEKTOPOB: (IIONAPHHE?» H <aKCHAJbHHE>,



[To OTHOWEHHIO K 3€pKaJbHOMY OTPAWEHHIO CHCTEMB KOOpAH-
HAT OHH BeAyT ceGsl MO-Pa3HOMY: ¢aKCHaJbHHIA BEKTOpP» mnpu
9TOM MEHSeT CBoe HampasleHHe Ha o6GparHoe. Portop <moasp-
HOTO BEKTOpa» SBAAETCR AKCHAIbHHIM BEKTOPOM, H Ha060OpOT.

B /uHe#iHOM ypaBHEHHWHM Bce WIeHHhl JOJDKHH, KOHEYHO, npe-
06pa30BLBaTLCA OXHHAKOBHM 06pa3oM; B NpPOTHBHOM Cly4ae
ypaBHeHHe He GyIeT KOBAPHAaHTHO OTHOCHMTENLHO OTPaXKeHHH.
Us ypasnennit (7.2) u (7.4) Bunno, wro E u H ne moryr
GHTb BEKTOpPaMH OIHOTO THMa.

Mul TpUBHIK/IH CYHTATb 3HAK 3apAla He 3aBHCHLHM OT
OPHEHTHPOBKH KOODIHHATHOM cHcTeMH. HampsikeHHOCTb 3aek-
TPHYECKOTO MOJIS NpPeNCTaBaseT coGoi cuay, meHCTBYIOULYIO
HA eJUHMYHHIH 3apsix, MO3ITOMY e€e HanpaBjesHe He JO/DKHO
M3MEHAThCS OPH OTPaXKEHHH CHCTeMH Koopauuat. Takum 06-
pasom E sBnseTcss noaspubiM BexkTOpoM. OTcloma cienyeT, uTo
H — akcuanbuni sextop, a | ¥ A — nonspHHe BEKTOPHL.

Mu BHAENM, YTO B TPEX H3MEPEHUAX <¢aKCHAIbHHE BEKTO-
phi» SKBHBAJIEHTHH aHTHCHMMETDHYHbIM TEH30paM BTOPOTO
paHra. B cuiy sTOro oHM MOTyT BXONHMTb BMeCTe C «IOJfip-
HHMH» BeJMYHHAMH B JHHEHHHE KOBAaPHAHTHHE YDaBHEHHS.
C TOYKHM 3peHHs KOBAPHAHTHOCTH 4acTO OHBaeT YAOOGHO BHI-
paxaTb STy 9KBHBaJIEHTHOCTh $IBHO M npexactaenate H B Bume
aHTHCHMMETPUYHOTO TEH30Pa C KOMIGHEHTaMH

H,=—H, =H,
Hy=—Hyu=H, (7.8)
H31=—‘H13:Hy-

3anueM ypaBieHns MakcBesia B BeKTOPHO-TeH30pHOH ¢opwme:

E, = 4o, (7.1a)

E,,—E, 4+ % —q, (7.22)
rs,t+ ,r+ rs= 0> (7.3a)
e 1553, o



Ias ypasuenutt (7.5) u (7.6) Takum e 06pasoM noayuum

H =A,,—A,, (7.5a)
1 0A
E,=——Z"—09, (7.6a)
Hakonel, smecto ypaBHenus (7.7) umeem
0
I+ 5=0. (7.7a)

KoBapHaHTHH XapakTep STHX YypaBHEHHH IO OTHOIIEHHI)
KO BCEM MPOCTPaHCTBEHHHM OPTOTOHAMBHHM TpPeo6Gpas3oBaHUIM
KOOpAMHAT (BK/IlOYas OTpaweHHd) oueBuneH. Ecin O Mu
npeactasuad H B BMAE NCEBIOBEKTOpPa, TO KOBAPHAHTHOCTH
6Hna OW ropasgo MeHee OYeBHIHOH, Kak 9TO BHIHO, HaNpH-
Mep, u3 ypasHenus (7.4), KOTOpoe B STOM Cayyae HMeno Oui
BUI

1 0F; _4n
'52,1_@1,2_“5 5 =plHT A

3aMeTHM, YTO TO/MLKO ONHO M3 ypaBHenuH (7.3a), B KoTOpOM
Bce TPH HMHIEKCA Pa3/H4YHB, HMEeT HETPHBHAbHLIA CMHCI,
OCTa/bHBle XKE YIOBJIETBOPSIOTCH TOMAECTBEHHO.

Ilpu nepexone K HOBOM, HABHXylieHca cHcTeMe OTcyeTa
Heub3sl OWHIaTh, 4To Beauwundn E, H v 1. a. 6ynyt npeo6-
Pa3oBHBATBCH HE3aBHCHMO IPYr OT HApyra. PaccMOTpHM, Ha-
npuUMep, S/eKTPOCTaTHYECKOe MOJe, B KOTOPOM 3apsiihi OKOATCS
Nno OTHOLIEHHIO K HEKOTOpOH cucTeMe oTcyera. B HoBo# cu-
cTeMe OTCYeTa 3apain GYAYT HaXOHMTbCH B ABHKEHHH, 1OITO»
My B Helt 6yayT Ha6GmomaTbcs TOKH, KOTOPHX B NepBOHaYalib-
Ho#t cucreMe He O6nio. TokH B CBOIO oOuepeab HHAYLHMPYIOT
MaTHHTHHE N0/, KOTOPHX ONATb-TaKH He OO B HCXOXHOM
cucteme. Hakouew, B HOBOH cHCTeme OTCY€Ta, B OT/HYHE OT
nepBOHayanbHOM, BekTOp A, COOTBeTCTBYIOIIHH MAarHHTHOMY
noiio, He GymeT paBeH Hymi0. JTOT NMPHMEP MNOKA3HWBAET, YTO
N0 OTHOWIEHMIO K mnpeoGpa3oBaHuam JIOpeHTUa CKaJApPHWH M
BEKTOPHEIH MOTeHIUHA/K Npeo6pasyloTcss KaK KOMIIOHEHTH ONHOM
W TOH ke BeJIHYHHH; TO Xe CaMoe CNpaBelIHBO JAJAf Hanps-
EHHOCTEH 3I/IeKTPHYECKHX H MarHHTHHX MOACH H MOTHOCTe



3apaa0B M TOKOB. [T03TOMY HYKHO MNONHTATBCH ONHMCATh, Ha-
npHMep, HaNpPSHKEHHOCTH 3/1EeKTPHYECKOTO H MATHHTHOrO Mojed
ONHMM MHMPOBHIM TEH30POM, KOTOPHH NPH YHCTO MPOCTPAHCTBEH-
HOM Npeo6pa3oBaHHH KOOPIHMHAT pacnajgancd Obl Ha 1Ba TpeX-
MepHHX BeKTopa.

[IpencraBieHne YeThpeXMepHbIX TeH30pPOB B TPeX MJIOC
OAHOM HM3MepeHHAX. B npexmiayuielt raase Mo BHIENH, YTO
pa3/HYHHE TPEXMEpHHe BeMHYHHH YaCTO SBASIOTCH KOMIOHEH-
TaMH HeKoTOpO# yYeThipexmepHoH Bemuuuun. Hanpumep, «pe-
AATHBHCTCKas Maccas, MpPeACTaBaAsiouias coGoH CKaasp OTHOCH-
TeJAbHO OPTOrOHANbHHX MPOCTPAHCTBEHHHX NPeoGpa3oBaHHi, H
«PENSITHUBHCTCKHI HMIYJbC», SB/SIOWHACA NPOCTPAHCTBEHHBIM
BEKTOPOM, DacCMaTpHBaEeMHE CO8.MeCmHO, NPeACTABAIOT coGoi
KOMIIOHEHTH OZHOTO MHPOBOIO BEKTOpa — BEKTOPAa SHepru-
HMITyJbCa.

W o6GpatHo, paccMaTpuBasi AHib TPYNNy OZHHX MPOCTpAH-
CTBEHHHX npeo6pa3oBaykit BMecTo rpymmu o6uux npeo6paso-
Bauu#t JlopeHTua, MHPOBOH BEKTOp H/H TEH30p MOKHO pas-
JIOKHTh Ha HECKOJbKO 4acTteil, MpeoGpasylOUXCcsd HEe3aBHCHMO
Apyr oT apyra. B cayyae 4HCTO mpOCTpaHCTBeHHWIX mnpeoGpa-
30BaHMH yeTHpexpsAAHas MaTpHUA KO3(HUHEHTOB npeo6pa3o-
Bauus, {Y'.}, npumer Bun:

i i
T Y4 ] Cyr O
4 4 —_— ’ (7'9)
Yr, Ya J 0, 1
THe ¢, — KO3GHUHEHTH OpPTOrOHANLHOTO  npeoGpa3oBaHHs,

KourpaBapuantunit mMupoBo#t BekTop V' mpeoGpasyerca che-
pylouHM o6pa3om:

=, Vk V=V, (7.10)
Muposo#t Tensop BTOporo paswra V* nomoGumiM ke 06pasom
MOXHO PA3/OXUThb H2 TPEXMEpPHEI TeH30p, JABAa TPEXMEPHHX
BEKTOPa H TPexMepHHH ckanap:
Vit — CimCaa V™, Vs — V™,
Vik—=¢, Vin, Vs = V44, (7.11)



Ecan muposoit Tensop V** cHMMeTpHueH, TPeXMepHHH TeH30p
GyAeT TaKke CHMMETpHYeH, a 00a BekTopa OGYAYT paBHH APYr
apyry. Ecan tensop V'™* anTHcHMMeTpHueH, TPeXMepHHH TeH-
30p Takwe GyaeT aHTHCHMMETDHYHHIM (M MO3TOMY SKBHBAJIEHT-
HBIM «aKCHA/LHOMY BEKTOPY»), BEKTOPH GYAYT paBHW H HpO-
THBOIO/I0XHO HalpaB/IeHH, a CKandp paBed HyMo. KoBapHaHTHhie
BEKTOPH H TEH30pPH MOryT OhiTh Pa3/ao¥eHH NOHOGHHM Ke:
o6pasoM.

YeThpexmepHuie KOBapHAHTHHE ONEpaldd H YDaBHEHHS MoO-
ryT OHTb pas3/ONeHH TaKHM e 06pa3oM, KaK MUpPOBHE BeK-
TOPH H TEH30PH pa3naraloTCd Ha TPeXMepHhie TEeH3OpH,
BEKTOPH M ckaadpn. OG6G03HauHM HBe COCTABHHE YaCTH MHPO-
Boro BekTopa V* uepes v, u v. Jlueprenuus V* pasua

W= =v,fo,=dvv+ 2. (19

AHanoru4HO 4acTH, Ha KOTOpHE packaanuBaeTcs TeHsop V™,
0603HAYHM YEpes Uy, U; Up H V!
1 2

Uin ':’1
Ve — .
v, v
kl
2

JlusepreHuns Takoro TeHsopa W' MoxeT OHTL pasnoxeHa Ha:
w; 1 W.
Cucrema ypasHeHu#t
e, =W (7.13)

TOrA2 PAa3/OXHTCA HA JBE CHCTEMH:
44 J— o -—
Ve =t 5 (':’:) =u,

. ov (7.13a)
V“,x = 'f;k,k + Pk 2

Ecau mupoBoff Tensop V'* aHTHCHMMeTpHYeH, STH YPaBHEHHS
MOryT OWTh 3anmHcaHH TakK, 4TO OyAyT coxep¥aTb TOAbKO-
BEKTOpH. BMeCTO TPEXMEpHOro aHTHCHMMETPHYHOTO TEH30Pa U,



MOKHO BBECTH <AKCHAJbHHH BEKTOP» t, MPH NOMOWH COOTHO-

LlIeHH#H:
1.

Ve =Sty b= 040 (7.14)

JuBepreHums TEH30pa U, , NPHUMET TOTAA BHI:

Yok = Sins b e (7.15)

CornacHo ypasuenuio (5.386) oHa siBnsercst i-if KOMMOHEH-
To#t rott. Jlns nepsoit coBokynsocTd ypasHenu#t (7.13a) Tor-
la HMeeM:

rott 2 v—w. (7.136)
1

Kak ywe ykaswBamoch, eci V™ auTHCHMMETpUYEH, V paB-
2

#o (—V).
1

IMocneanee ypasuenue B (7.13a) moITOMYy NpUHHMAeT BHJ

—diijz:w. (7.133s)

AHTHCHMMETDHYHHE NPOU3BOAHEIE PACKIAAHBAIOTCH M0A06-
HHM e 06pa3oM. PaccMOTpUM KOBapHaHTHHI MHpPOBOH Bek-
Top B, ¢ TpexmepHumH cocrasasomumMa b;, 5. Ero uertnpex-
MmepHuit  potop, C,, MOWeT ObiTh pasnoweH CIeAyIOLIHM

o6pa3om:
Cop="bp,;— by,
ob; 5
Cu=b, —W—" (7.16)

3anaBasi «aKcHalbHBH BeKTOp» D ypaBHeHHAMH,
Cir 81 =D
TONYHHM:
D=—rotbh,
db (7.16a)

c—grad b — o5 -
1



ST npHMepH NOKA3HBAOT, KaK THIHYHHE YeThHpPeXMepHHe
COOTHOIEeHUA PpacnajgaloTC Ha HEeCKO/IbKO KaXYUUXCH He3aBu-
CUMBIMH TpPEXMepHHX BEeKTOPHHX cooTHowenu#t. Tenepb MowHO
nepelTH K paccMOTpEHHIO ypaBHeHu#t nons MakcBe/na B ue-
THpexmepHolt ¢dopme,

JlopeHTI-KOBApRAHTHOCT,  ypaBHeHA#A  Maxcsenaa,

Ecim H orownmectsuth ¢ D, A c b, E c—:—c, ¢ c—%b,
1

T0 ypaBHenHs (7.16a) nepeftnyT B ypasHenus (7.5) u (7.6). dto
03Ha4aeT, 4TO ypaBHeHud (7.5) u (7.6) JOpeHTL-KOBAPHAHTHHI,
€C/M MPennonoxuTh, 4to A M (— ) npeolGpasyrores Kak
KOMNOHEHTH KOBapHaHTHOro MHpoBoro Bektopa, a H u cE
NPEACTaBAAIOT LIECTh KOMMOHEHT KOBAPHAHTHOTO aHTHCHMMeT-
PHYHOTO MHPOBOTO TEH30pa.

O6nenunende H u E B ofHH aHTHCHMMETPUMHHIE MHPOBOH
TEH30p BTOPOr0 paHra oOpasyeT OCHOBY PpeNsSTHBHCTCKOH
9/1eKTPOAMHAMHKH. MH nokaxeM, 4YTO OCTa/lbHHE YPaBHEHUS
noNsl TaKke COBMECTHMH C TaKMM 3aKOHOM INpeoGpasoBaHHsd.

OG603HaYHM KOBapHAHTHHH MHPOBOH BEKTOD C KOMIIOHEHTa-
MH (A, —Cp) Yepes @, U KOBAPHAHTHHH TEH30DP SJAEKTPOMAr-
HUTHOTO TNOAS C KOMIIOHEHTaMH

0, —H, +H, —cEp
H,, 0, —H, —cE,
—H, LH, 0 —cE, (7.17)

+¢E,, c¢E, -cE,, 0.

yepe3 ©,. YpasHeuus (7.5) u (7.6) npeactaBnsioTcs ToOrAa
cHCTEMOM

(Pux == "?t,x - (‘Px,l' (7' l 8)

AHTMCHMMETPHUHOE BHIpaXeHHe ¢,,, onpejeidiomee porop
BEKTOpa, YAOBNETBOPAET yPaBHEHUAM

(Pm,)& + ‘th: + "Ph-x =0, (7' 19)



310 nMerko NpoBepHTh, noicTasass Bupaxesue (7.18) B nesylo
yacth ypaBHenus (7.19). Te u3 ypasueunt (7.19), B KoTophix,
no Kpaiiue#t mepe, ABa HHIEKCA PaBHH, YAOBJIETBOPHIOTCS TOX-
IEeCTBEHHO, HE3aBHCHMO OT TOrO, YAOBJETBOPSET aHTHCHMMET-
pHYHHH TeH3op ¢, ypasHeuuio (7.18) umu Her. Hanpumep,

Prg,2 1 Poo,1 T+ 921, =0

NPOCTO H3-3a AHTHCHMMETPHH .. B uyernpexmepHom Mupe
OCTAIOTCA TO/bKO YeThpe HETPHUBHA/NbHHX YPABHEHHS CO CJe-
LYIOLHMH KOMOGHHAUHAMH HHAekcos (2,3,4), (1,3,4), (1,2,4),
(1,2,3).IToncraBnas suipaxenus (7.17) B (7.19), noayyum ypas-
Henus (7.2) u (7.3). Takum o6pasoM, 3TH JBa ypaBHeHusf
9KBHBAJIEHTHH TEH30PHOMY COOTHoLIeHHI0 (7.19).

Ocratorcs eme ypasuenus (7.1) u (7.4). Ilo dopme onu
nogo6H ypasHeHusm (7.136) u (7.138). YpaBHeuus (7.136, 8)
6bl/iM MOAYYEHH KaK TPEXMEPHOe MpeACTaB/eHHe IHBEPreHLHH
KOHTPaBapHAHTHOrO AHTHCHMMETDHYHOTO MHPOBOFO TEH30pa
BTOoporo paura. [lognMas o6a HHIEKCa y KOBAPHAHTHOTO TEH-
30pa ¢,,, MOJAYYHM KOHTPABAPHAHTHHA TEH30P

0 , —ct*H,, Hc*H, 4 c3E,,

] e, 0, —oH, 4cE,

= —ctH,, -}ctH,, 0 , -3,
—E,, —E,, —cE, 0

(7.17a)

HBEpTeHIHs STOr0 TEH30Pa MMEET KOMMOHeHTH
p!
JF,
g, =—ct (rot H), ¢ =,

ot , —=—c*divE.

[Tpasnie wactH paBubl — 4mc3/, u—- 4meds. Ortciona Buauo,
yto | ¥ G coBMecTHO 06pa3ylOT KOHTPABAPUAHTHHIA MHPOBOH
BeKTOp, MHPOBYI0 INJAOTHOCTb TOKa [°, KoTOpHK
CBA3aH C TEH30POM MOAS @'* ypaBHEHHEM

= 4mcd/, (7.20)

970 ypaBHeHHe 3KBHBA/JEHTHO ypaBHeHHAM Makcseana (7.1) u
(7.4).



Tpu o6pasosannu nuBepredudH ot (7.20) neBas 4acTb Mc-
ye3aeT TOKAEGCTBEHHO M3-33 aHTHCHMMeTpuH @*. IlosTomy Mu
NOJYYaeM OINHO YpaBHEHHE, CONEepKallee TONbKO KOMNOHEHTH [

I, =0. (7.21)
310 ypaBHenne uIeHTHuHO ¢ (7.7).

YpapueHus moas MakcBemna JIOPEHTI-KOBAPHAHTHH, eC/H
BXOLSIIHE B HHX BEJHMYHHH OTOXIECTBHTH YKa3aHHWIM Bhillie
€noco60M ¢ KOMIOHEHTaMH MHpPOBHX BEKTODOB H MHPOBHX
Ten3opoB. IIpexkne ueM nepe#TH K PACCMOTPEHHIO BHPaKeHHS

AAs NOHXEPOMOTOPHHX CHJ, MH KOPOTKO OCTaHOBHMCH HAa BO-
npoce o qmamecxom CMBIC/IE 33aKOHOB np306p83083HHﬂ.

dur3nvuecknil CMbICA 3aKOHOB mNpeoGpa3oBaHHsA. 3anu-
1IeM 33aKOH npeoOpasoBaHHd TeH3opa ™

P =TRYNe (7.22)
Pa3zpenss xommonents H u E, noayunm
— i
P*mE=1" 1 o+ (Y™ ¢
L - 73 m !
S ] ') ke wl V0 St 8 1 K
BMecTo TOro 4To6H paccMaTpHBaTh HaHGonee obuue npeobpa-
3oBanus JlopeHTiia (KoTopHe MOTYT BK/IOYaTh M NPOCTPaHCT-
BeHHHE OPTOroHa/lbHHE NpeoGpa3oBaHHf), OrpaHHYHMCH BhGo-
pOM CHeLHATbHO# COBOKYMHOCTH KOS(uUHMEHTOB ¥, a MMEHHO

COBOKYNHOCTH KOSGHuHenToB B ypasuenuax (4.13). Toraa
ypasteuns (7.22a) nepefinyT B ypaBHenus npeo6pasoBanus BHAA

‘P*“ =(1—22 / c’)"'" ((912 + mpﬂ),
¥18 = (1 — v2[c3)~"ls (18 -+ vpt4),

?*23 f— ?23,
R =4, L (7.226)
(P*ﬂl — (] J— ovﬁ/cﬁ)—llg (?24 —_ ‘_g @'ll) ,

@*84 = (1 —v2[c?)~" ((?u __‘% (Pax) .

} (7.22a)




Beoas E; u H, coraacdo (7.17a), nonyyum:

H? = (1 — 3/c3)~ (Hs —Z Ez) ,

Hy = (1 —otfet)~ (Hy 4 Z B,
H:=H1,
E;}=E,,
E} = (1 — v3)er)—"h (.rs2 -2 Hs) ,

1= (1 — vy (£, 211).

Ynenw, cozepwawve H, B npeo6pasosannom E (1 o6patho)
nponopuuonanbib vf/c. Kommonents H u E B Hanpasaesuu v
coBceM He mpeo6pa3yloTcs.

DTu 3aKOHH nNpeo6pa3oBaHMA TECHO CBH3a-
HH ¢ 3akoHaMH Amnepa H Papanes Paccmotpum
TOYEUHHH 3apsl, NMOKOAWMHCS B CHCTeMe koopauHat S. B cu-
creme S*, mBmxyuefica OTHOCHTEeNbHO S, GyAeT HaG/MOAATHCH
MATHHTHOE MOJIe, paBHOe BEKTOPHOMY MpPOH3BEAEHHIO HANpsXEeH-
HOCTH 3JIEKTPHYECKOrO 110/ Ha CKOPOCTb YaCTHLH B CHCTeMe S¥,

(7.228)

1
YMHOXEHHOMY Ha i

C npyroft cTOpOHH, paccMOTPHM MarHHTHOe MoJe, CO3xa-
BaeMOe MOCTOSIHHBIM MATHHTOM, NOKOSLHMCH B cucTeme S. [lpu
nepexoze K HOBOH CHcTeMe S* 06HapYMHTCA S/1eKTPHYECKOE Mo,

1
HANDSKEHHOCTH KOTOPOTO PaBHA YMHOXEHHOMY HA — BEKTODHO-

My MPOH3BECHHIO CKOPOCTH MaruuTa (B cucreme S*) Ha Hanps-
MEHHOCTb MardHuTHOrO noad. Murerpan or E no samxHyToMy
KOHTYpY, BOOOile TrOBOps, He DaBeH HYJHO.

[Nepefinem K pacCMOTPEHHIO 3aKOHOB npeoOpasoBanus | u o.
(Iyctb MaTepHaZbHOE TeJO KOHEYHHX pa3MepoB C PaBHOMEp-
HO pacnpe e/ eHHHEM 06'beMHEM 3APAIOM HOKOHTCH OTROCHTEJIBbHO
cuctems S. Ecm o6vem Ttema V, um naoTHocTh 3apsxa 6, TO
nonuuit 3apsn € pases

C=V0,. (7.23)



[poussenem Tenepb mnpeoGpa3sosanue Jlopentua (4.13).
Braronaps /0peHTUOBY COKPALIEHHIO B X-HANPaBJEHHH MOJ-~
Huil o6beM Tena B S* OGymeT:

vr=V1—oar v, (7.24)

TnoTHocTh 3apslla B CBOIO ouepenp MpeoGpasyercs Kak
yeTBEpTas KOMIOHEHTa KOHTPaBapHAHTHOro BekTopa. B cucre-
Me S TOK paBeH HYyJ/iO, H NMO3ITOMY

o* = 14,8, = (1 — v2/c3)~"hg,. (7.25).

[poussenenne V Ha G OcCTaeTcs HEH3MEHHBIM; HHA4Ye TOBOpI,
3apsan C #B/ISETCH HHBAPHAHTOM.
IMnoTHOCTh TOKAa HMeeT B cHCTeMe S* OAHY KOMMOHeHTYy [*1:

M=y6,=—(1—vct)"hovgy=—w0". (7.26)

Takum 06pa3oM, MJOTHOCTb TOKA paBHA TNPOM3BENEHHIO MJOT-
HOCTH 3apsna Ha CKopocTb. I10STOMY peNATHBUCTCKHH 3aKOH:
npeoGpa3oBanus g 0 M I cornacyercs ¢ 9JeKTPOHHOH Teo-
pue#t JlopenTia, COr/iacHo KOTOpo# BCAKHH TOK NpeNCTaBAsieT
co6Golt nmBUKEeHHE 3apsmuoB.

I'panguentHoe npeoGpasoBanne. M3 tax HaswBaeMmoi# BTO-
poit cepuu ypaBHennwH MakcBenna, T. €. U3 YeTHpeX ypasue-
Hu# (7.19), creayet cylecTBOBaHHE MHMPOBOrO BEKTOPA MOTEH-
aJjia Po poOTOpOM KOTOPOro SAABNIAETCA TEH30p IMO0Jd Pexe
OnHakKo Mpd 3@J1aHHOM SJIEKTPDOMArHHTHOM IO~
e MHPOBOH BeKTOp NOTEHLUHaJa onpenensercsd
#eoxHosnayHo. K MHpPOBOMY BEKTOPY @, YHOBJETBODHIO~
uieMy ypasieuuio (7.18), MOWHO nNPHOABHTb IPOH3BONBLHOE
rpanuentaoe none P ; cymma

=9 + q)n (727)

6yneT monpexHeMy YAOBIETBOPATh YpaBHeHusM (7.18), neBue
YaCTH KOTOPHX OCTaHYTCS HEH3MEHHbIMH. JTO NnpeoCpasopauHe
MHMpOBOTO BeKTOpa MOTEHUHANA NMyTeM NPHGABJEHHS TpanueHTa
Ha3blBaeTcs rpaAHEeHTHHM npeo6pasoBanuem!) pa-

.
»’

1) igorga mnonb3YWOTCH TEePMHHaMH ,KaaHOPOBOYHOE® npeobpa-~
30BaHHe K ,KaqHOPOBOUHAA* HHBAPHAHTHOCTH. ([Tpux. ped.)



JMEeHTHOe npeo6pa3oBaHHe, KOHEYHO, HE HMEET HHYero obllero
¢ npeo6pasoBanneM koopauuar. Hu Tensop mons ¢, HH MH-
POBOH BEeKTOp MJIOTHOCTH TOKa I* He H3MEHSIOTCHA NpPH Trpajau-
€HTHHX Npeo6pa3oBaHHAX. ['OBOPAT, YTO STH BeJHYHHH H ypaB-
Henus Makcsenana (7.19) u (7.20) o6aagaloT rpaXiHeHTHOH
HHBAapHAHTHOCTBHIO.

YpaBHeHAs HABHXeHAS, MH He MOXeM HenocpeiacTBEHHO
H3MEpATh 3/IEKTPOMarHMTHHE noJs. MH Ha6/MOXaeM TOMbKO
cHan (T. e, yCKOpeHus), AeHCTBYIOU{He Ha 3apshKEeHHHE YacTH-
un. [ToaroMy, 4TOGH CBSI3aTh YpPaBHEHHS MOJSA C HeNOCpen-
CTBEHHHIMH (PU3UYECKUMH HaGMONEHHSIMH, HeOGXOMUMO 3HaTb
3aKOHH, OnpejeNgiOulde MOBeLeHHEe 3apMKEeHHHX dYacThU. Krac-
CHYECKHH 3aKOH YCTaHaB/JHBaeT, 4To cuaa (cuaa JlopeHrua),
AeHCTBYIOL[asd HAa 4acTHily, paBHa:

mi—e [E—l——‘-c'-XH], (7.28)

rAe U -—CKOPOCTh YaCTHUH, a )X O3HaYaeT BEeKTOPHOE MpOH3-
enenne. E u H npeactasasioT coGoff HanpsKEHHOCTH 9JeK-
TPOMAarHHTHOTO HOJH, H3 KOTOPOrO HCKJIOYEHO MoJe, CO3/aBa-
emoe camoff uacTHueff. ITO nocjesHee HMEET, KOHEYHO,
0coGeHHOCTD 1),

B KOMnmoHenTax (TpexMepHHX) STO YpaBHEHHE 3alHCH-

BaeTCH Tak:
mut = (Es—i-;‘; u’H_,,), ut=x* (7.29)

1) Kak B KJaccHYeCKOM TeOpHH IOAf, TaK M B CIENHaNbHOH Te-
OpHH OTHOCHTENbHOCTH B YpaBHEHHSX JBHKEHHS INPHHHMaeTci BO
BHUMaHHe TOJbKO Ta 4acTb HOJS, KOTOpasd He OGYCIOBJEHA paccMat-
puBaemolt wactuuel. Takoe pasnenenHe mons HeyZOBJAETBOPHTENbHO,
B OCOGEHHOCTH H3-3a TOrO, YTO NONOOHOe pa3fe]eHHe NOJAs He AB-
JseTcs ONHO3HAYyHO onpeneneHHOH MaTeMaTHueckolt onepaunet. Toan-
KO o6uasi TeOpPHA OTHOCHTEALHOCTH TOABOXHT Hac K (GOPMYJHPOBKe
SaKOHOB JBHXEHHs, B KOTOpble BXOLHT MOAHOe noJje (CM.raaBy XV).

[YTBepXkaenHe aBTOpa O TOM, YTO B CNEUHAJbHON TEOPHH OTHO-
CUTEJLHOCTH B BHIPAXEHHH IJA cHabl JIOpeHTHA HHKOIAAa HE YuH-
ThiBaeTCl co6CTBEHHOE MOJie YacTHUH, He TOuHO. COGCTBEHHOE moJe
MoxeT GHThb, MO KpaftHelt Mepe oTyacTH, yuTeHO U (PAKTHYECKH YuH-
THiBaeTCsi BBeJeHHEM CHIBl paixanroHHoro Tpenus. [loapoGHee cm.
Jlaunay u Jludwun, «Teopus moas», F'TTH (1941), » Mayan,
«Teopns oTHocuTeabHOCTH», I'TTHU (1947). (ITpun. ped.)]



Ypaeuenus (7.28) u (7.29) aBasioTcA ypaBHenusamu Ofnepa-
Jlarpatka cieayiouiero BapHaRMOHHOrQ MPHHUUNA

) S [ at—o,
(7.30)
m e
L9= - B —ep+ - u'A,.
l/lmnynbcu, KAaHOHHYECKH conpmxeuﬂue xoopzmua'ram, paBHH

aL® e
pﬂ‘):-az,?:mu‘—{—?/‘s, (731)

a raMHJbTOHHAH

1 3
HO=— 19 utp =g (b0 — £ A) ey =

7.32
= % u? - eqp. (7.32)
PaccMorpum sarpamxuan L(6), Bupaxenue
1
P — < uA, (7.33)

OT/MYETCS TOMBKO MHOXHTEJEM OT JIOPEHTI-HHBAPHAHTHOTO
ckanapa. [leiicTeuTenbHO, yMHOkas ero Ha (1 — u2[c3)~'h,
NOJY4HM

a—tfors (o= $a) = (L n—fn) =

==——"Uryp,. (7.34)

Yro ke KacaeTcs mnepsoro uiesa B L), To, Kak Mu 3Haem,
B DEJATHBUCTCKOH MexaHHKe OH HO/MKEH OHTh 3aMeHeH Bhlpa-
wennem (6.51). 1o Bupaweuue (npu k=0)

—meV T—ale (7.35)

TaKKEe OT/MYaeTc OT CKajgdpa Ha TOT € MHOXHTENb
V1 —u?fct. Taknm oGpasoM, bupawenus (7.35) u (7.33)
Npeo6pasyIoTcs OAUHAKOBHM 00pasoM. Y MHOKeHHHEe Ha df, Onu



CTaHOBATCA cKansgpamd. IlostoMy wMoxHO o6pa3oBarbh ciie-
Aylouui JIOPeHTI-HHBAPHAHTHLIH HHTErpan

Py
1={{—meVT—ulcs —ep 2 u'A,  dt. (7.36)
P,

CooTseTcTBylouHe eMy ypaBHeuus ODfsepa-Jlarpamka Takwe
IO/DKHB OHTH JIOPEHTL-KOBapHAHTHH, BHGHpas 3a mapamertp T,
ans (7.36) noayuum

Py
7 =S — merY 3 O+ % Urg tdr, U= "—"f. (7.37)
P,

Kpome TOTO HYTO STOT MHTErpa JOPEHTL-MHBApHAHTEH, OH 06-
NajaeT eu(e OJHHM BaXHbM CcBOficTBOM. MH BUIE/H, 4TO @
onpenenieTcs Yepes @,, ¢ TOYHOCTHIO 1O TPAAHEHTA. [Moatomy
npuGas/enue NPOM3BOJLHOTO FPAajMeHTa K @, HE JOMKHO BIM-
ATb HA MOJYYAIOLIMECH H3 NIAHTPAHKUAHA YPABHEHHS JBHKEHUA.
Tpu samese ¢, B (7.37) uepes 9, H3 (7.27)  unterpan npe-
o6pa3yeTtcs B cnenyloumﬁ

_1-{-5 U dr=1+2 yp dxp =

P,

=1+ [®(P)—B(P]. (7.38)

3nauende uuTerpana / MeHfeTCA OpU CPalZMEHTHOM mnpeobpa-
30BaHHMM, HO M3MEHEHHE STO 3aBMCHT TOJbKO OT 3uayeHHl P
B KOHEYHHhIX TOYKaX, a He BHOJb BCEro MYTH HMHTErpPHPOBAHHA.
Bapuauus / npd (MKCHPOBAHHHX npejenax MHTErpypoBaHua
NI0STOMY He MEHsieTCl NPH IpalMeHTHOM npeo0pa3oBaHuy; ApY-
THMM CJI0BaMH, ypasHenus Dilnepa-Jlarpatka, COOTBETCTRYIOUIME
BapHauuonHo#t npobaeme
8/=0,

061a4al0T rpagHeHTHOH HHBaDHAHTHOCTBHIO,
MNepeuifi ules NOAMHTErpaibHOrO Bupasenus B (7.37) mo-
WeT OWTb 3aMeHeH /MmoGoH ckamapHo#t yHkuuel, yaoBaeTso-



pawoume#t ypasuenuam (6.62) u (6.64). Omnako, ecau 3a napa-
metp BubpaHo £, TO (7.36) HdaeT eZUHCTBEHHHIH JIOPEHTII-HH-
BapHAHTHHIHA JlarpaHHaH, BeAYHHH K rpafHeHTHO-HHBAPHAHTHHM
ypaBHEHHsM.

WUcnonb3ya cHauana Jaarpawxdan (7.36), momyuus aas HM-
TyJIbCOB

dL(’) + A
pS "/ l_uzlcz $?

rae uf onpeaensieTca U3

e 2]—1/y
w = ( — )[1_}.&—#} . (7.40)

Noncrasnsa stn suipaxenus B L) u p u® uaiinem

(Pk— % Ak)z — s
Lo=|14 1"t — mer

e Ps — ‘TA:
+La,——)—ep (7.41)

(7.39)

—~
>
|
CYEY
-
<
N’
3]
| S—
!
>
o
—

wbe (Po—= As) ; (7.42)

otciona ana H() noayyaem:
271
Pe—7 Ak) 2
HO=mc?| 14 — +d-ep.  (7.43)
Ypasuenns Diinepa-Jlarpamxa, coorBercTByiomue (7.36):

d mus _ e
E(W)—eb‘s—l——gu'ﬁ”. (7.44)



Ypasrenus I'amunbtoHa, COOTBETCTBYIOWHE Yparueunio (7.43):

U = (l{(-t—)= )
(-2 )
Pe= 7 M : 1 e
—'[1 + 7] ] m (p_,—-E-As),
. H®D
psz— xS == (745)

(Pk - % Ak) Ay —

— eut '
- e?v-" =eu Aka: - e“P,s /

" d mus e
P = (vi:?— %) T 7 Ay " T As ). (7:46)

Ypasuenns (7.45), KoHeuHo, SKBHBaJEHTHH ypamHenuio (7.44).
Vpashenne (7.44) nmaer Buipaxesne, naubosee ynoGHOe AjA
NPaKTHYECKHX MpHMEeHeHHH.

Moxro noayuuts ¢opmysn 6onee CHMMETPHYHOTO BMAQ,
HCTOoL3Yyd B KayecTBe mnapaMeTpa T. 3aMeHHM NepBuil unieH
B (7.37) BmipaxenueM

—-%mc?n“U‘U", lﬁ:%?’
KOTOpOe YyAOBAeTBOpsieT YpaBHenuaMm (6.62) u (6.64). Taxoii
Bi6op ¢yukuuu O B ypasnenun (6.62), xoHeuno, mpoH3BOsIEH,
HO C €ro INOMOWBI0 MBl MOJNYYHM OYEHb MPOCTHE YPaBHEHHA.
JlarpanxnanoM GyIeT BbIPaxeHHE
[0 = — 5 metn UU 2 Uy, (7.47)
Hvnynece paBHb

__dL(‘:):___ 1y e
pp_,_‘;l_ﬁ- mc P—I'-.ECPP, (7-48)



a ypasHenus D#tnepa-Jlarpanxa npuuuMaoT Gopmy
ay, e e —
-l‘mc1 ‘_d{'—?(?p, oU‘ +-6‘- Ulcpnp—o

HIH

aue

—met,, e =2 o, Un (7.49)

[epsue TpH ypaBHeHus (7.49) HIGHTHYHH C ypaBuenuem (7.44),

d
YMHOXEHHBIM Ha Fre ‘ieraeproe ypaBH€HHE He §BJAETCA He3a-

BHCHMHM OT NepBux Tpex. CsepTuBaHue ypasHenus (7.49) ¢
UP npusoaut K 'rmx.u.ecmy

—mc nF,UP —_—— (p,PU'UP =0, (7.90)

BTOpOi 4leH TOXAECTBEHHO o6paltaerTcs B HYJAb H3-3a AHTH-
CHMMETPHYHOCTH @, [MepBuff 4wieH Takke paBeH HYyJI0 MO
caeayiowest npuynse; kommonentn (P mnpescrasnmior coGoit
KOMIIOHEHTH EAHHHUYHOro BeKTOopa; AuddepeHuHan ke BeKTOpa
NOCTOAHHOK AAMHL BCErJa NepneHAUuKy/speH CaMOMY BEeKTOpY.
Hecko/bkO HHHIM nyTeu STO MOXHO noxaaa'rb TakK:

noU? =t L (g vty =1 & ()=0. (7.51)

Orciona BHAHO, 4TO ypaBHenue (7.49) COmEPHHT TONBLKO TpH
AefCTBHTE/IbHO HE3aBHCHMBIX YDaBHEHMH.

Bektop {* Moxer OWTb Bbpaxen yepe3 HMMYJAbCH MOCpen-
CTBOM YypaBHEHUHA

U=—ms (P —29). (7.52)

mc?
Teneps moxHo Hatith H():

1 . e . e
HO=— s, (P — 7 cp) (= ??’) - (7:53)
Y pasueauamn [amunbtona Gyayt

Up—o—g;?=——';cz (pP—_(pP)

dP
Onu 9KBHBAJNEHTHH YPaBHEHHAM (7.49).

(7.54)



Farasa VI

MEXAHHUKA CIUIOINHBIX CPEN
*

NMpensapuTeabHble 3aMedaHMs. YpasueHus nons Make-
BEMNA3 COEepPXKAT IJIOTHOCTH 3apsama W Toka. Hasectuo, uto
B AeHCTBHTE/NLHOCTH 3apsld pacrnpenesneH B INPOCTPAHCTBE He
HEMpPEPHBHO; 3apPAR HE PaBEH HYAI0 TONBKO B OGMacTAX Npo-
CTPaHCTBA, 3aHATHIX 9/NEMEHTAPHHIMH YacTHIAMH — 9MEKTpO-
HaMH, TNPOTOHaMH W T. A. [loxa HEH3BECTHO, HMEIOT JH STH
06MaCTH KOHEYHHe pa3Mephl HIH fBAAIOTCH ,TOYKaMH® H crnpa-
Bel/IMBE JIH ypaBHenus Makceenna BHYTpH 9THX obnactedt.
Tonbko TPH ,MAaKPOCKOMHYECKOH® TpakTOBKe MpH HEKOTOPHX
YCAOBHAX BO3MOWHO CYHTaTh KOHUEHTPHPOBaHHHE 3apANH
PaBHOMEPHO pacnpelefeHHHMH 10 HEeKOTOpoMy o6beMy H
TakuM O0O6pa3oM MNOMYYHTh CPEeAHEee SJAEKTPOMATHHTHOE moJe.

C ,.MaKpOCKOMHYecKO#H® TOYKH 3PEHHS HaAC HHTepecyeT
B Nepsylo oyepelb NOBEJEHHEe MaTEPHH B LIeNOM, a He ypaBHe-
HHSl JBHXKEHHS HHIHBUAYANbHHX TOUEYHHX MAcC H 3apSMEHHBIX
yacTui, B 9TOoM cmbicie Mo H OyaeM B HacTosiieH rJase
paccMaTpuBaTh ,CIVIOUIHBE CPeAH“.

OpHako eclH MexaHHKa CIUVIOWHHX Cpel ABAfeTCH JHIIb
anpokcumanHe#t, To BO3HHKaeT BOMPOC, MOYEMY OHa CyLIECTBEH-
Ha A8 Pa3BUTHS TEOPHH OTHOcuTenbHOCTH? C TOYUKH 3peHus
TEOpDMH OTHOCHTENbHOCTH HauGonee OoOeWaloUMMH  YaCTAMH
KJ1acCHYeCKOH (H3HKM ABNAIOTCA TEOPHH MOJA, TaK KAaK TEOpHH
IanbHOJEHCTBHA HE MOrYT OHTb PENsITHBHCTCKH MORMGHLHMPO-
BaHH, B TeopuH moasi HenpepuBHLIE TNEpPEMEHHHE STOFG NOoNs
paccMAaTPHBAIOTCS KAaK OCHOBHbE (H3HYECKHe BelMYMHH, a
He Kak cpemHue OeCmOPAMOYHO pacnpeleneHHHX TOYEYHBIX
Macc. PaccMoTpeHre MEXaHHKHM CIVIOWIHBIX CPeA  NOKaMer
HaM, KakK BBECTH B TEOPHH I0Jf, B HaCTHOCTH B TEOPHIO 9ie-
KTPOMarsuTHOTO MO/, MEXaHHYeCKHe TNOHATHA SHEPIHH H
UMTIyaIbCa,



Hepeasrusrcrcxas TpakToBka, [Ipu onMcanuu nosene-
HHS TaK HA3WBAEMHIX CIVIOUIHLIX Cpelx — YTPYFHX Tel, WHAKO-
cTell ¥ rasoB BHHMaHMe (HKCHPYETCS HE HAa HHIAMBHAYIbHHIX
YaCTHUAX, a HAa HEKOTOPOM BHJEJIEHHOM 3/emeHTe oObeMa.
C TeyeHHeM BpEMEHH OJHH HacTHUN NONAfaloT B STOT 06beM,
a gpyrue ero mnokupaioT. JIBmkenue Kaxao# MoneKyan
NOAYHHAETCA OGLIMM 3aKOHAM MEXAHHKH, OLHAKO BAXHO chopMy-
AUPOBATH STH 3aKOHH TaK, YTOOH B HUX BXONWIH He TOYEYHHE
MacCH H HX TMOJOWEHHS, a JOKalbHHE MJIOTHOCTH MAacCH,
HMIOYAbCa H T. L. ,ONeMeHT o0beMa* JOMKEH COAepHKaTh
LROCTATOYHO GOJBUIOE KOAHYECTBO OTAENbHHX YacTHL, YTOOH
CpeIHHe 3HAYEHHS HME/NH CMBIC/ H fBASVIMCh Pa3yMHBIMH He-
NPepHBHLIMA  (YHKUMAMH YeTHpPex KOOpAHHAT: X, Y, Z H L.
[MpeanonoxuM, 4TO MOXKHO ONpENENHTb JOKAAbHHE CpexHue
IWIOTHOCTb H CKOPOCTh. BHauane OyldemM npuaepwuBaThCs
HEPEeNATHBHCTCKOH TOuKH 3penHs, QO6G03HAYHM NJIOTHOCTh Yepes
§» @ CPEmHIO0 CKOPOCTb yepe3 . VaweneHue NJIOTHOCTH p
B RAHHOM 3/eMeHTe 06'beMa onpeneasieTcs KOMHYeCTBOM BTEKAl0-
wiero B Hero BeleCTBa

% 1 div (pu)=0. (8.1)

370 ypaBheHHe, ,yPaBHEHHE HENPEPHBHOCTH®, BHPAKAET 3aKOH
COXpaHeHHs MacChl.

Yr1o6w NOAYYHTh YPaBHEHH| IBHXKEHHS, BBeXEeM MOHATHA
»UaCTHOTO® (,/7I0KAJIBHOTO®) M ,NOMHOrO* (,MaTEPHANBHOTO*)
nuddepeHuupoBanus N0 BpemenH. PaccMoTpuM  HEKOTOPYIO
XapaKTePUCTHKY CPeiH ¢ (CKansp, KOMIOHEHTa BEXKTOpPa M T. I.)
u ee H3MeHerHHe BO BpemeHnH. Ecan onmHchBaeTca ee MaMeHeHHe
EO BpeMend B (HKcHpOBaHHOH Touke (x’), TO B Kayecrse
Npou3soAHOH HYXKHO B3SiTh ,4aCTHYI0 HIH NOKANbHYIO

a
NPpOH3BOLHY IO“ -qu . C npyroit CTOpOHH, 9TO H3MEHEHHe

MOKHO OTHOCHTb K CHCTEMe KOOpAMHAT, ABHKYLIEHCA BMecTe
€ BHIIENEHHHM S/leMEeHTOM 006beMa CpEan; HHaue roBops, H3Me-
HEHHE ¢ MOXHO ONHCHIBATH TaK, KaK 9TO NPEACTABAAETCH HAG-
apjaareno, nsumymemyca BMeCTe C BLIAEJIEHHBIM 3JIEMEHTOM Ma-
Tepuu. Torxa Haao 6paTh ,IONHY 0 HIH MATEPHAAbHYIO



D
Npou3BOAHYIO®, 0603HayaeMyl0o uepes b—;’ . Tocnenuss
CBfi3aHa € 4YaCTHOH MPOM3BOAHOH COOTHOLUIEHHEM

D a 9
M=% fugndg=3+ug, (B

O603HayuM CHay, HAEHCTBYIOULYI0 Ha eXHHMYHBIA 06BeM
MaTepuH, 4depe3 g;. Torxa ypaBHeHHAIMH ABHXeHMH GynyT

p g, (8.3)

WM, Hcnoabdys (8.2), monyuum:
1
p(%'l‘a’u’,s):g‘. (8.3a)
JleByl0 yacTh MOWHO mpeo6pa3oBaTh K BUAY:

{
o (- #.) = 5 (o) — ! oot Guta,, —

— u’ (pu) =d% (pu’) 4 (puut) s — (8.4)
—uf [%E + (?”‘),s] *

B cuny ypaBHeuus HempepuiBHOCTH (8.1) BupaxeHHe B KBaapart-
HLIX CKOGKax 06paluiaeTcs B Hylb, H MH HMeeM

1=2 (ou’) — (pu'u) . (8.5)

Camu cunu MoOryT OHTh HBYX THNOB. Bo-mepsumx, cpena
MOXET MOABEPraThCs AeHCTBHIO TPAaBUTALMOHHHLIX, SAEKTPHYE-
CKHX HAH TOMY MNOXOGHHX mo.je#, B KOTOPHX Cuna, AeHCTBYIO-
mias Ha 3aNaHHHR OeCKOHEYHO Manbi#ft sjeMeHT o6bema, mpo-
HOPLUHORaNbHA ero BeqnyHHe. Takue CHIN Ha3HBaIOTCH ,06beM-
HuMH canamu®, Bynem oGosHauaTh ux uepes f. Kpome Toro,
HYXHO [PHHATh BO BHHMAHHE M ADYTOHR THN CHJI, ABASIOLIHXCS
pe3y/AbTaToM BO3HHKAIOUIMX BHYTPH MaTepHanbHO# cpelanl
HanpsxeHul. YacTHUH, NPHHALJIEKALHE ABYM CMEXHHM 3/ieMeH-
TaM o0o0BeMa, MOTYT B3aHMOAeHCTBOBaTh JHPyr ¢ JIDPYroM,
NpHYEM CHIA HX B3auUMOZeHCTBUA OyAeT HAPOMOPLHOHAAbHA



WIOUAAH CONPUKOCHOBEHHS STHX 006bemoB. Takne cuan
HA3LBAIOTCA MMO3TOMY ,MOBEPXHOCTHHIMH CHAaMH“. KoMmoHeHTH
OBEPXHOCTHOR CHIN dgf nMHEHHO 3aBHCAT OT KOMMOHEHT
BEKTOpa OPMeHTHPOBAHHOH miaowganku dA,:

dg' = —t'*dA,, (8.6}

rae BekTop dA, mNepnengHKyAfpeH TWIOLULanKe, a LIHHA €ro
paBsHa rmouxanu nocaeane#t. Cuna dg' ssasetca JuueltHoft
¢dyHkuue#t dA, B cuay Toro, 4TO nonHas cuaa, AeHCTBylomas
Ha 6ecncouelmo Mainit OGBEM, 3aBMCUT OT €r0 pa3Mepa, HO
He oT ¢opMu. 3uak £** puGHMpaeTcs TaK, YTOOH NpH Hampasie-
HHH BeKTOpa dA, MO BHelmHeH HOpPManW moayyanach CHAa,
neHCTBYIOLIAA CO CTOPOHH OKpYyxaioweH Cpean Ha BHOGpaHHHN
s/eMeHT 06bheMa. JT0 OGWYHO NPHHUMAeMOe YCIOBHE BEAET
K TOMY, 4TO KOMNOHEHTH TEH30pa HAanpskeHHil, COOTBETCTBYIO-
WEero OOLKHOBEHHOMY H30TPONHOMY JABJEHHIO, CTaHOBATCA
NOJIOXHTENbHLIMH.
#* pomKeH GHTb CHMMETPHYHHIM B CBOMX MHJEKCAX:

th—=Ht, (8.7)

B upoTHBHOM C/y4ae MOMEHT KO/MH4eCTBA IBHEHHS H30/HPO-~
BauHoro tena (f==0) Gynaer MeHATbCA BO BpEMeHH:

am, .
dt { GI,Z,t"d Vr
v

rI€ MHTErpHPOBaHUE MPOH3BOZUTCA MO OGBeMy Teaal),
Cuna, neficTBYIOIIAA HA MaTEpHIO, 3aK/MIOYEHHYIO B KOHey-
HOM o6beMe, paBHa:

= S, flav— feraa,, (8.8)
S

rae f' —naotHocTs O6BeMHbX cuA. C mOMOWIBI0 TeopeMbi
[Faycca sTropoit uuTerpan no 3aMKkHyTOR NOB2PXHOCTH MOXHO
npeo6pa3oBath B 0GbeMHbiti:

G = 5,( fi—t*)av. (8.9)

1) §,,; — TeHsOpHaa NAOTHOCTL Jleu-UnBHTa.



Taxum 06p330M, A1 OJAOTHOCTH CHJN [oJiy4yaem:
g=f—t*, (8.10)

CpasiuBas nocnennee ypastenuwe ¢ (8.5), moayyum me-
PENATHBHCTCKME YPaBHEHH NBHXKEHHA:

0 i P
L fpu i), —fi=0. @11

DT TpH YDaBHEHHS BMECTE C YDaBHEHHEM HENpePHBHOCTH
(8.1) onpemensOT noseseHHe CNJOMWHOK cpenn mox meHcTBHeM
HanpshkeHUA W IPYTHX CHIL

Kpome TOro, CymiectByeT 3aKOH COXDaHEHHS SHEpPTHH,
COrJaCHO KOTOPOMY H3MEHEeHHe SHepPrHH B 3/eMeHTe 06'bema
onpeaensercss 6ajaHcoM NOTOKA  3HEPTHH, NPOTEKAIOUIErO
yepe3 9TOT 3IJIEMEHT.

[ToBenenue MexXaHHYeCKON CHCTEMH MOXET OHThb MOJHOCTHIO
onpenesieH0 TOJNLKO B TOM CJydYae, €C/H u3pecTHw /% u fi,
OGbeMHble CHIN ONPENEIOTCS BHEIUHHMH YC/IOBHSIMH, CKaxew,
HAJMYMEM TPaBUTALMOHHOTO MOMA, B TO BPeMs KaKk Hanpske-
Hufl 3aBHCAT OT BHYTpPeHHHX IHedopmauufi uad OT noToka
marepun. Hanpumep, B ciyyae uneasbuo#t xuaxoctu £* pasuo
ZaBJIEHHIO P, YMHOXEHHOMY Ha TeH3op Kpowekepa 8,. Camo
IaBieHHe p ABAAeTca QYHKUMEH ONOTHOCTH p H TeMmeparyp,
KOTOpas OMNpenefieTcss M3 YpaBHEHHA COCTOSIHHS XHUIKOCTH.
Her 1eoGxoAdMOCTH ONpeAensTh KOMIOHEHTH HAMPSKEHHS,
TaK Kak Hac OYAYT HHTEepecoBaTh TO/MBKO HX TpaHcdopma-
LMOHHBLIE CBOHCTBa.

CnenuanbHas cucTeMa KoopaMHAT. [Jad Toro yTo6H:
fIONYYHTh  JIOPEHTL-KOBAPHAHTHHE 3aKOHH, BBEJEM CHauyana

0
CHEUHANbHYI0 CHCTEMY KOOpAHMHAaT S, B KOTOpOH cpeaa mo-
0

goutcs B MupoBo#t Touke P. B aro#i muposo# TOuke ypasue-
HHSI HAXOXATCS OCOGEHHO MPOCTO, TaK KaK BCe KJIaCCHYeCKHe YWIEHH,
B KOTOpHIE CKOPOCTb BXONHMT He moA 3HakoM auddepennnana,
pasusl Hy/mo. [lepswe NpoH3BOAHWE OT ' paBHH TIPU 3TOM
nepBuiM npoussosuuM 0T UF) a nepsas npoussoanas or Ut
ucuezaetr. Cama komnonenta U* pasua emunmue. [lockosbky
€£pena HEeMmoABHMHA, €e MOJHAsf MVIOTHOCTh SHEPrHH ecTh MJIOT-



HOCTb SHEPrUM MOKOS H PABHA MJIOTHOCTH MAcCH ¢2, yMHOWeH-
HO# Ha p, EauHCTBEHHHE H3MEHEHMs, KOTOpHE HYXHO BHECTH
B KJaCCHYeCKHE 3aKOHH, OGYCJOBJEHH PeaSTHBUCTCKOH CBA3blO
NOTOKa SHeprHH ¢ umnyiabcom. [lo3TOMy notok 3uepruu noa-
®eH pacCMaTpPHBATbCS BO BCEX 3aKOHAX COXPAHEHHH.

CcdopmymmpoBae 3aKOHn B CMEUHANbHOM cuUCTeMe KOOpIH-
HAT, MW OpUIAAUM HM OPMY TEH3OPHHX ypaBHeu#i.

Bhauase paccMOTDHM mepeHOC 39HEpruH, 06YCJIOBJCHHbIN
JNBHXEHHEM CpPEeAH TO/MbKO MOX AeHCTBHEM MeXaHHYECKHX Ha-
npskeuit, B nanbeefiutem Mu pacnpocTpanuM Hawl Gopmanusm
TAaKKe M Ha 3/eKTPOMArHHTHOEe B3aumonmeAcrtsue. Mimes B BHRY
3TO OrpanuyeHHe, cOpMynHpyeM chepsa 3aKkOH COXpAaHEHMS
SHEPTHH.

Uamenende monHo#t sHepruu, comepwaiefics B HEKOTOPOM
o6GBEME, OnpelaeNsieTcl KONHYECTBOM SHEPrHH, BTeKaioweH B
JaHHHi 06beM M BuTekalomeHd us nero. Baaromaps pendtu-
BHCTCKOMY COOTHOLIEHHIO MEXAY SHeprued M maccod noTok
IHEPrUM mMpeicTaBiger co60H He YTO HHOE, KaK MAOTHOCTb
MMIY/bCa, YMHOXEHHYIO Ha ¢2. TlocnenHss COCTOMT M3 ABYX
yacTed: BO-NEPBHX, MW HMMEeM MPOU3BEAEHHE MJOTHOCTH MAacCH
Ha CKOPOCT5, pU; BO-BTOPHX, K HeMy MNpuUOABIsSeTCs MOTOK
SHEPrHH, CO34aBacMbill HanpskeHHsMH. PaccMOTpHM opHeHTH-
poBanHyio OeckoHeuHo Manylo maowanky dA. C obeux ee
CTOpOH Ha Cpely HeHCTBYIOT CuJul, paBHue: {*dA,—c ToH
CTOpOHHI, KyIa Hampas/JeHa HOpMaib, H (—I{™dA))—c mpyroit
cropons. Ecau cpema B OxkpecTHOCTH 9TOH NOBEPXHOCTH ABH-
WETC CO CKOPOCThIO U, TO paboTa, MPOH3BOAMMAs HA OAHOH
CTOpOHe, paBHa «'f"SdA;,, a Ha npyroff, COOTBETCTBEHHO,
(—ut™dA,). KoanmuecTBO sHepruu, NoJy4yeHHOE OLHOH CTOPO-
HOH, paBHO KOJMMYECTBY OHEPrHH, NOTEPAHHOMY ApYroH;
ApYTHMH CJI0OBaMH, UMEET MecCTO MOTOK SHepruH yepe3 MOBepX-
HOCTb, a KOMIIOHEHTAaMHM BEKTOpPa STOTO IMOTOKAa SABMIOTCH
u"¢r*, CooTBeTCTBYIOLUAA €My IUIOTHOCTh HMIY/MbCa MeHbilie B
¢? pa3. Takum 06pasoM, nNOJHas MONOTHOCTb HMMIY/bCA PaBHA:

Pr=pu ot (8.12)



0
B Touke P o6a wuileHa paBHH HYmMO, OJHAKO STOr0 HeJb3d
ckasathb 06 HX npou3BOXHHX. JInd 3aKOHAa COXPAHEHHs 3Hep-
THM [OJy4YaeM YypaBHeHHE

0
_5?9__{_[)"’_0’
HIH

put o, 4 L =0, (8.13)

TMonoGHuiM e O06pa30M MOWKHO HANMCaTh YPaBHEHHe,
CBA3LIBAIOLLEE H3MEHEHHEe IJIOTHOCTH MMITy/JbCa BO BPEMEHH C
maoTHOCThI0 cua. [Ipu Hamem BhGOpe CHCTEMH KOOPAMHAT B

0

TouKe P HeT DasHHUW MeWIY »HYaCTHRIMH® M ,MOJHHMH®
npouseoxHbiMH. Takum 06pasoM nosyyaem:

0 uIA_{_ :_2 a"“tﬂ_‘_ﬂr.r =fl. (8.14)

Ypasuenus (8.13) u (8.14) 3amensioT HepenSATHBMCTCKHE ypas-
nenust (8.1) u (8.11).

Tensopnass ¢opma ypasHeHn#t. Mu ywe He pas yGex-
J27UCh, YTO pEANTHBHCTCKHE 33KOHW 4YacCTO OT/HYAIOTCH OT
K/aCCHYECKHX TOJbKO T€M, WYTO TpexMepHHE BEKTODH H TeH-
30pH 3aMEHSIIOTCA COOTBETCTBYIOLIMMH YeThipexmepHmiMH. Ha-
npuMep, TPexMepHu#l Hmnynec mu Jgomken OwhTbh 3ameHeH
MupoBuM  BekTopoM mUP, Tpexmepunit AHTHCHMMETDHYHLIH
Ten30p H, , ~— aHTHCHMMETPHYHHIM MHPOBLIM TEH30POM Puy H
T. & W3 nepemstuBucTCKHX ypasuenu#t (8.11) Buamo, uTo B
PeATHBUCTCKHX  YPAaBHEHMAX [O/MKEH HrpaTh BaXHYI0 pOMb
CHMMETDHUHHH TeH30D BTOPOTO paHra; OH COCTOHT H3 ABYX
YJCHOB: MEPBHIA  COOTBETCTBYET HEPE/NATHBHCTCKOMY WJeHy
pu‘u*, a BTOpOH f%. B cornacHu C STHM MH BBEJEM CHa-
yana cmmerpuoqﬂuﬁ Muposgﬁ TEH30p #**, uMelouH# B crneuuasn-

HOH cucTeme S B Touke P Cleayloliue KOMIOHEHTH:

0 [ 0 8.15
=\ 0}, (8.15)



370 03#auaeT, YTO OH YIOBIETBOPAET KOBAPHAHTHHIM YpaB-

HEHHAM
U, =0. (8.16)
C NMOMOLbI0O 3TOTO MKHPOBOIO TEH30pa MOXHO HHave npea-

CTaBUTL WJeH -‘—}2- 4’ 4t u3 (8.14). Umeno:
1 1
7 U =g (@t"), =(—Ut"), =(—U,tr* | U#),,.(8.17)

B cuny (8.16) nepBuft umen B ckoOxax obpamaercs B
HY7b, a BO BTOpoM uiene U4 paBHO enunMue, TaK HTO MOXHO
3anmcarhb

Sl =t (8.18)

Takum we oGpasoM B (8.13) MOXHO mpeo6pa3oBaTh uieH

—:Fa',st". Toraa noayd4um:

1 A ?12_ (@rtrs) g=— (U "), , =

o2
= (Ut =£ . (8.19)
[Tocae sroro (8.13) u (8.14) nmpHHHMAIOT BHX:
0r 4+ (pu* 4 149),,=0, (8.13a)
(pal 24, A8 =1, (8.14a)

Kak yxe ykasumBanoch, U4 paBHO emHHHLE, a €ro nepahe
NpOM3BOAHHE paBHW Hymo. Ilostomy samena &' na Ul n
YMHOXEHHE HEKOTOPHX uaeHOB Ha U*¢ MeHSIOT Toabko dopmy
ypaBrenHit:

(p UtUA)  + (pUeU* - £4) (=0, (8.136)

(pUUA 14, -t =1, (8.146)



Ocrtanoch eute TONLKO MNOKa3aTb, 4YTO B MepBOi ckoGke
ypaptenusi (8.136) MoxHO npuGasuth £t u f! 3aMeHHTb MH:
POBbIM BEKTOPOM f*.

Cornacno ypasnenuio (8.16) xomnouenta 44, moxer GuTh
cieayolM 00p4a3oM BHpPaX¥eHa 4Yepe3 JApYrde KOMIOHEHTH:

1
Fa=(UdH), = — (U, =5 (@t),.  (8.20)

0
W &’ u £5% ucyesalor B P, no3ToMy npousBOgHas OT &St Tak-
xe o6pauiaercs B Hy/Jb. B cB3n ¢ 9THM B ypaBHenuu (8.136)
Kk Bupaxenuio (pUU*),, MOXHO npubaButh 4 |, He MEHSA 3HA-
YeHHsl [IEpBOrO 4WieHa.
Mo npaBo#t uact# ypasuenu#t (8.136; u (8.146) onpeaensiem
0

MHPOBOH BexTOp fP, KOMIOHEHTH KOTOPOTO B CHCTeMe P B Touke

0
S paean (f',0). O yZHOBNETBOPAET KOBADHAHTHOMY ypaBHe-
HHIO

foU,=0. (8.21)

Tocne oTux msmenennft (8.136) u (8.146) mowHo 0Gbe-
JHHHTb B YETHIPEXKOMMOHEHTHLIi KOBADHAHTHLIA 3aKOH

P¥,— fr; Pw = UrU" i, (8.22)

Tenzop P** npeoGpasyercs, Kak KOHTPaBapHaHTHHH TeH30p,
H €ro IMBeprequus fBASeTCS NO3ITOMY KOHTPAaBAPHAHTHLIM BEK-
TOPOM.

PaccMoTpum BkpaTie ¢u3HuecKuHl cMbica Tewsopa P g

0
cHCTeMe KOOpAMHAT, OTJHuYHOH ot §. [Ipoussemem npeobpaso-
Batve JlopeHTua Hau6oJee NPOCTOrOo THNA, COOTBETCTBEHHO
ypaBuetiam (4.13), T. €. cOBepiIMM NEpexox K CHCTEMe KO-
OpIXHAT, B KOTOpPOH cpela JABH#eTCA BAOJb OCH X co Ccko-
pocTbl0 v. B 3TOH cHCTEME KOOPAHHAT KOMMOHEHTH TeH30pa



P¥ umelor Bun:

tll+Pg2 3
#11 — TP
p T 1—uvic?’
12 £18
P#1% - p*I8 — __
Vi—we ' Vi—vje '
P*ﬂ: o tzz’ P*ﬂa t23 P*33 _-— t33’
m
s Pt (8.23)
Pt = ——gm
wag o Ut #4028
P = — g a—wma P™=—ar—ga
%44 — P____+gtu
p T 1—vEe?”

J

Tomast sHepras cBOGOAHO JABHXYWIEHCH YaCTHIH NpPEBH-
maet ee SHepruio nokos B (1 — &3/¢3)~1/2 pa3. PaccmaTtpusas
BMECTO 9HEPruM MJOTHOCTb SHEPrHH, HYKHO MPHHATb BO BHH-
MaHde, 4TO 0O6beM, COAEPXAMH 3aaHHOE YMCAO MOJIEKYJ,
npu ABHXEHWH HCOHTLBAeT cokpauesne B (1 — u43[c?)12  pas.
O6a s¢pexTa BMecTe NPHUBOAAT K TOMY, 4YTO MOJIHAs MJOT-
HOCTb SHEPrHH (2 MOTOMY H MVIOTHOCTE MACCH) NpeBHIIAeT
[IOTHOCTb SHEPrHH MOKOS (MM IIOTHOCTh MAacCH IOKOS) B
(1 — «?|c?) —1 pa3. |B mamem cayuae u pasio (—w).] Ilpu
STOM pACCYXIEHAH HE MPHHUMAJHCh BO BHHMAaHHE HaNpPsKeHHH,
BLBHBAIOLIME ABIKEHHE Cpelw, OJHAKO OHO MOfICHSEeT B OC-
HOBHOM, foueMy p B ypasuenusx (8.23) seane ymHOXaeTcs Ha
(1 —a?/c?)—1,

Yto kacaetcs komnoHewt P’* (6e3 uHuekca 4), TO OHH
copepxar ’f, YMHOXeHHHe HA pa3/iMyHble CTENEeHH BHIPAKEHHS
(1 — w?c®)='2, ¥ ,peNATHBHCTCKYI0 TMJOTHOCTH  MaccH®
(1 —a’]c*)—l p, YMHOXeHHYIO Ha u'u’.

Komnosnentol P™ oOCTalOTCd KOMMNOHEHTAMH [VIOTHOCTH HM-
My/bCa; KaK yKa3blBa/locCh Bulllie, MIOTHOCTb HMIYAbCA CONEPKHT
ynenH, OOCYCAOBJIGHHHE HajJMyHeM nanpskeHuit. P** npoaosn-



aeT MpeAcTaBMaTh COGOH MJIOTHOCTh SHepruH, Unen, o6yc-
JIOBJIGHHBLIR HaANpPSYKEHHAMH, KBaJPaTHYEH OTHOCHTEJbHO CKOPO-
CTH cpelnl.

Tak we Kak B KJAacCHYecKOH TrHMIpONHHAMHKE, CHCTeMa
NOJIHOCTBIO OnpelelieHa, TOJAbKO ecqad TeHsop P* 3anan. Bep-
HeMmcsl K CAyvalo  uaeanbHoH xuakocTH. B cneumanbnod  cuc-

0
TeMe KOOpAMHAT S TeH30p PY HUMeeT KOMMOHEHTH,

pB,-,z-,O
0 p '

HHaye TOBOPH, CKANLBAIOWIMX HANpsHkeHUH# HET, M NaBaeHUe
uzotponto. [lpu npeoGpasosanuu JlopeHtua P¥¥ nepexomuT B

Piv = UMY — & (1" — UML) p =

= (p—}—,—',p) URUr — S,

TAE p M p CBA3aHH IPYT C JAPYrOM M ¢ TeMmeparypo#t ypas-
HEHHEM COCTOSIHHSL KHIKOCTH.

P¥ 06bMHO HA3WBAIOT TEH3OPOM SHEPrUU-HMIyJbca. B Ha-
IIeM YaCTHOM CJyyYae OH CMelHa/NH3HPOBaH B TOM CMbICAE, HYTO
€ro KOMIOHEeHTH P o6pauiaioTcd B HYJb B CHEUHAJbHOH CHC-
TeMe KOOpAHHAT. [lo/b3ysich H3LIKOM anre6pH KBaAPaTHYHHX
¢dopmM, MOWHO cKa3aTh, 4To U' sBAseTCH COGCTBEHHHM BEKTO-
poM MaTpuun P.,, a p—ee COOTBETCTBYIOWHM COGCTBEHHHM
anaueHHeM. To He obuiee CBOHCTBO TEH30Pa SHEPTHU-HMIYJb-
ca; U'— co6cTBeHHuit BekTOp Matpuun P, TONbKO, MNOKa
paccMaTpHBAeTCH MEPeHOC SHEPTHH MOCPEJCTBOM MeXaHHYeCcKOro
B3auMonefictBud. Ilepefinem Tenmepb K paccCMOTPEHHIO 3EKTPO-
MarHuTHoro B3aumomelcrus, rae ' ywe He npexacrasaser
coGoft cOGCTBEHHOTO BEKTOpa MaTpuuu P.,.

TeH3op aHeprHH-HMOyJAbca 3JEKTPOMATHHTHOTO NOJS,
B npemunywiei raase OHIO NoKasaHo, 4YTO AeHcTBylOWas Ha

dle
3apAMEHHYI0 TOYEUHYIO MACCY MHMPOBafd CHAA M ——, COTJIaCHO

e
(7.49), pasua — ¢l.U°, rae ¢%e — (cMemannnil) Tensop noas.
TIpeanonoxum Teneps, 4To paccMaTpHBaeMas B 9TOH rJase cr/ow-

(8.24)



Has CPeia CONEPKMT 3apMiKeHHHE YaCTHUHW, HaNpUMep SJeK-
TPOHH, M B TaKOM KOJMYECTBE, WYTO NoJeM KaMIOH YacTHuu
B CpaBHEHWH ¢ oOuIHM TI0JIeM MOXHO mnpeHe6peub. MoxHo

npunnTbh @% . 3a cpeliee MO/MHOE MOJe B OKPECTHOCTH paccMar-
[
puaemoti wactuun., [lycte, nmanee, snement ob6bema dV no-
0

xoutcs B S. O6Go3Hauum yepe3 G cOOGCTBEHHYIO [MJIOTHOCTh 3a-
PALOB 3apMKEHHHX YacTHU, T. €. TJIOTHOCTb 3apsna B CHCTe-
1

Me S, B KOTOpPOH 3apmkeHHWe 4YacTHUW moxosTca. DBynmewm,
nanee, 0603HaYaTb MHpPOBOH BEKTOP CKOPOCTH 3apsiKeHHHX
0

yactin uyepes WP, a cxopoctb cucteMn S —uepes U,

0 1 1
O6beMm dV B cucreme S cokpauiaercs B ]/1 —u?c® pa3
1 0
(u — OTHOCHTENIbHAas CKOPOCTb cHcTeM S H S ) Hostomy
0

fIO/HWHA  3apsa, comepwauuiics B d V, Gynet

1 0
=G'V 1 —u?/c2dV. (8.25)

Cornacxo (7.49) cuna, nelicTBylolias Ha STOT 3apsh, paBHa:

1 0
Z—sV 1—we.av. Louwe,  (8.26)

dr
rae p* — MHPOBOH BEeKTOp HMMyJbca [cM. ypashenue (6.22)]
1 1
n1-— Bpems B cucteme S. Ilo snexTponuofi Teopuu Jlopeutua,
coGCTBeHHAs MUIOTHOCTh 3apsila O, YMHOXeHHas Ha YeThpex-

MepHyl0 cKopocTs W!, JaeT MHPOBYK IUIOTHOCTb ToOKa /%
NOSTOMY MOXKHO HamHcaThb

/et
x 'i_ 1,.* 0
d,i . V 1 & a?VB oo 1o (8.26a)

dr
0
C apyro#i CTOPOHH, KeJaTeJbHO BBECTH S-BpeMd  BMeCTo
1

CcOOCTBEHHOTO BpeEMEHH T. H3-3a yBE/IHUYICHHS BpPEMEHHOTO HH-



0
TépBajna H3MeHeHHe HMITY/IbCA HA AHHUHY S-BPCMGHH OTJ/IH4a-
1

eTcss OT H3MEHCHHA Ha eJHHHIY S-Bpemeﬂu Ha  MHOXHTEJb

1
u?
Vl —-—Z_——- ATOT MHOXHTEJb CoKpalaeTcs C TaKHM XK€ MHO-

wuTeNeM B NpaBo#t yacTH ypasuesus (8.26a), Tak uTO0 noay-
yaeM:

dpx
T=a ?-« rav. (8.266)

D710 mocnenuee ypaBHeHHe HE COLEPXKHT Gonee BelMYHH

1

ofHocawMxca K cHcTeme S. OHo cnpaBea/iMBo MOSTOMY pgaxce
B TOM CJy4Yae, KOTAa cpela COAEPNKHT 3apSkKeHHHE YacTHLb
Pa3THYHOTO POXA (S/IEKTPOHH, ATOMHHE fApa, HOHW C Pa3/uy-
HBIMH MacCaMH W 3apsilaMH) € Pa3/HYHHMH CPENHHMH CKOpO-
cTAMH. JIeACTBHTE/NIbHO, MOJHAS MJIOTHOCTh TOKA paBHAa cymMe
nnoTHocTel Toxosoqacmu. KaXXJ0ro THNA M, COOTBETCTBEHHO,

MPOU3BOAHAA MO S-BpeMeHH MOJHOH MIOTHOCTH HMIYJbCa PaBHa

CyMME MPOM3BOAHHX ILVIOTHOCTEH HMITY/IbCOB Pa3/HYHLIX YACTHH.

Ypaguense (8.266) mosToMy crnpaBeAaHBO MOCTO/BKY, MO-

CKOJIbKY Cpelly MOXHO CYHTaTh HempepniBHofi. OTcioma caenyer,
x

4TO —5 .o 1° MOXHO paccMaTpHBaTb KaK MHDOBYIO CHJY HA eld-

HHLY COGCTBEHHOTrO O06heMa H MOACTABUTh €€ B NMpPaBYyI0 4acTh
ypastenus (8.22). Toraa nosayyaem:

P, =ci3 ot I°. (8.27)

Mpasylo 4acTh MOXHO mpeo6pa3osaTh TaK, YTOGH OHA MpHU-
HJa BUA HOUBEPreHIHH CHMMETPHYHOrO MHPOBOTO TEH30pa.

Bo-nepeeix, /* ompexeaseM ‘uepe3 HanpAKEHHOCTH NON U3
(7.20). D10 maert:
c—8

P¥, = — = T (8.27a)



B0-BTOpLIX, HHTETPHDYEM MO YacTsaM:

Plep”y = — (#h9™),, + 9"k (8.28)

B nocrnemseM u/jeHe BO BTODOM MHOXHTEJNIE MEHSIEM MECTaMH
HHAEGKCH v H 6. B CHJy aHTHCHMMETDHH ‘.P“ noay4uM

I

A ¢ (gl — @&, ) =

L/ (:Pp:v,v - (?pv,c) = (8.29)

'QMP ((Ppa‘,v + (Pvp,a J

[MpuunMas Bo BuHMaHHe (7.19), STO nocnedHee BupaxeHHe
NPUBOMHTCH K BHAY

1 1
‘?W‘PELG,V =3 -qpp(?vc‘?”’? = + ry P ("PWLP")’P' (8.29a)

U3 (8.28) MOXHO mOMyuyuTb, 3aMeHAs HEKOTOPHE HeMbe HH-
JEKCHI,

o 1
X — ((p':,?va_ 1 nm,\opa%) v (8.28)

Toncrasnsas 3To BupaxeHdHe B (8.27a), OKOHYATe/LHO Ha-
XOIHM;

[P+ 5 (F s —tie) ] =0, ®.30)

PaccMOTpHM Temnephb 10 MOPAAKY KOMIOHEHTH STOrO HOBO-
ro yernpexmepHoro tesaopa. Iosowum

= (T PPy, — (p‘.‘,go“) =M (8.31)



¥ 3aMEHRM @, ¥ Q" BEpaXeHUsMH (7.17) u (7.17a). Pa3anuynbe
KOMMOHEHTH | M®Y ID2I0TCS BHPAKEHHAMH:

Mit — 8_1:1c_2 (E2? + H?2),
M =M = 4,,, S,unE (8.32)

M= o, @0 —HH—EE,].

MTS 9BNSIOTCA KOMMOHEHTAMH = TEH30pa HanpshkeHHH SneKTpo-
MATHHTHOTO TOJsi, KOTOPHR Ownin u3BecTeH euwie Makcseany;
M4 npencrasasior co60H  xomnonent BekTopa [loftnTumra,
pasnefieHHbie Ha C%; HaKOHe, M4% ecTb nNVIOTHOCTb SHEPTHH
9NIEKTPOMATHATHOrO NOJfA, JA2/eHHas Ha ¢, Drta nocremuss
(GUrypHPYET TaKkxe H B K/JdCCHYECKOH TEOPHH 3/EeKTpOMarse-
TH3MA.

[Inockas 3/1eKTPOMArHUTHAsA BOJHA 00JajfaeT Onpene/eHHH-
MH TUIOTHOCTBIO H TMOTOKOM SHEPTHH U BH3LBAET ONpeneJieH-
Hue Hanpsikenus. Ilnockas BOMHA, pacnpoCTpaHsiOWIAfACs B Ha-
npaeneHud ocu X, HMeeT 4YeTHPEeXMePHHH TEeH30p Suepruu-
HMIyJbCa C KOMIOHEHTaMH

1

M“::ht_cfAz’
1

M= g2 A% (8.33)
1

Mll:?ﬁ:Az’

rae A — cosBnagaiowHe 3Havenus E u H, Bce ocTasbhme
KOMIOHEHTH pasHe HYymo. Hanpshkenue B nanpasnesns pac-
NPOCTPAHEeHHS MOJMOXHTENbHO H Ha3biBaeTCH  ,AABJCHHEM H3-
Jy4eHHs" .



3adavu

1. Kak TtpauchopMupyicTCH AaBAeHHE PAAHAllHH, MAOTHOCTD
HMIIyIbCA H IJIOTHOCTb SHEPrHH IVIOCKOH 3/1€KTPOMarHHTHOM
BOAHN npu npeoGpasosanuu Jlopentua (4.13), npumesenuom
K ypaBHewuio (8.33)?

2. Ilpeo6pasopatp yactory v To# we camoHi nnockoil BoJ-
uul. [lpemnmonaras, uro sueprus Qorosa pasua Ay, HaliTu 32KOH
npeo6pa3oBaHus MIOTHOCTH (OTOHA,



F'zasa IX

NMPUMEHEHMS CNELUAJILHOH TEOPHH
OTHOCHTEJBLHOCTH

*

JKCHepHMEHTAJbHBE NOATBEPXKACHHS  CHENHANLHOR
TEOpHH OTHOCATEJbHOCTH. B raase IV ykaswmBamochb, uto
TOMLKO TEOPHH OTHOCHTENLHOCTH OOBACHAET  pesyabTaThl
onuitoB Matikenbcona-Mopnes u Pu3o v sBaenue aGeppanuu.

Onute Maiikenbcona-Moprnes ObH  BNOCJAENCTBHH MOBTOpE-
Hb B Pa3/HYHBIX YCJOBHSIX MHoro pas!), Ilpu stom Bce HOBHIE
onHTH, 3a Hckmoyendem onwtoB I, C. Muanepa, monrsepau-
JiM NepBOHayaibHbil pesynbTar. TpymHo ckasarb, moyeMy ONHTH
Munnepa ykasHBalOT Ha ,yBieyenHe 9¢Hpa“ €O CKOPOCTHIO
10 km/cex. IlockoabKy Bce OCTaNbHBE SKCNEPHMEHTH CBMIE-
TeAbCTBYIOT O TOUHOCTH ypaBHeHuit npeoGpasoBanus Jlopenrua,
€CTECTBEHHO NPEeMNMNoJIOXHTb, 4TO pe3yibTaTH Muaiepa olyc-
JIOBJIEHH -CHCTEMATHYECKOA 3KCnepUMEHTanbHOH omubkof, cyur-
HOCTb KOTOPOH N0 CHX nOp euie He scHa.

He tak masHo ypasHenus npeoOpa3oBanust JlopenTua Gniiu
COBEPIUEHHO HHBIM MyTeM NoATBepXaeHn AfBcom 3?). AltBc H3-
Mepsi/l TaKk Ha3wBaeMufi peastusucrckuft spdexr Honnnepa.
YacroTa cBeTa HE HHBAPHAHTHA OTHOCHUTEJbHO NpPeo6pa3oBaHUs
Jlopentua (cM. 3apady 3 raasd 1V). Ee 3akon npeoGpa3oBanus
HMeeT BHI:

1 —cos a-%
V=Y — 9.1)

H
v
]/‘—zf

1) R. J. Kennedy, Proc. Nat, Acad. Sci., 12, 621 (1926); Ast-
rophys. J., 68, 367 (1928). Piccard and Stahel, Comptes Ren-
dus, 183, 420 (1926); 185, 1198 (1928); Naturwissenschaften, 14, 935
(1926); 16, 25(1928). D. C. Mill er, Rev. Mod. Phys., 5, 203 (1933),
rae npusomsatcs NaabHelne cchiku. G. Joos, Ann. d. Physik, 7,
385, (1939).

2) H, E. Ives, J. Opt Soc. Am, 28, 215 (1938).




rae 0 -— yroa MexIy OTHOCHTEJNbHON CKOPOCTBIO JBYX CHCTEM
KOOPIHHAT M HanmpaBleHHEM pPaClpOCTPaHeHH CBETa B MepBo-
HayalbHOH cHcTeME KOOPHHHAT. IDTOT PeNdTHBHCTCKHH 3aKOH
OT/IHYAeTCS OT KMACCHYECKOrO TO/IbKO 3HameHarteneM. OOHMYHO
penaTHBHCTCKHE 9(deKT BTOPOro mnopsaxa MepexpuBaercs
Kknacchueckum sgdexktom Jonnnepa (3aBucswmee oT yrna cna-
raemMoe B uucauTtene), KoTopuit ssiagercs sdxpexrom nepsoro

14
nopsaKka OTHOCHTE/IbHO rk

AfiBc u3Mepsn M3MeHEHHe YacTOTH aukuM Hy, ucmyckaemoht
KaHANOBHMH JIyyaMH BOXOPOAA, MNO/Mb3YSACH YCKOPAIOWIHMH Ha-
npmkeHnaMd o 18000 BoabT, T. €. CKOPOCTAMH IO

1,8.108 crx/cex( —~6- 10"3). Yro6u OTAEMMTH MaILH

9ddekT BTOpOro mopsaKa OT ropasgo Goasmero sgpexra nep-
BOTO nopsnka, AHBC H3Mepsin IAHHY BOJHH HB KaHaJIO0BHX
Jayyeidl B IBYX HanpaBIE€HHAX: MO M NPOTHB HANPaBIEGHHS HX
nexerus. [lpn momMown 3epkana oGe CMelleHHHE JHHHH H
HecMellleHHas JHHHA MOKOSIIErocs aToMa BOAOPOAA OXHOBpe-
MeHHO ¢oTorpadupoBaluch Ha OAHY M Ty xe dororpadpu-
YeCKYI0 TMAACTHHKY.

B cOOTBeTCTBHH € penaTHBHCTCKHM 3akoHOM (9.1) wactoTnl
OGEHX CMEUICHHBIX JIHHHE COOTBETCTBEHHO PaBHH

l—-?- 1+_

1——‘) ) Vz—-”
V1-5

a MX CpeIHMM 3HaYeHHeM OYNET BHpaXeHHe:

%l?J

- vy

=——. 9.2)
=

AftBc M3amepsn CMellleHHE 'V OTHOCHTE/IBHO YACTOTH HecMelleH-
HO#t nuHuM v, [IpH STOM OH NOATBEpMKJAEH PEASTHBHCTCKHI
3aKOH npeo6pa3oBaHHs,




BaxHOCTh STOro 3KCMEPHMEHTAa COCTOMT B TOM, YTO B HeM
HEMOCPEeACTBEHHO H3MepAeTcs ,yAJMHEHHE BpEMEHH®, Kaxy-
uleecss 3aMelseHHe JABHXYLIHXCH uacoB!). Pesyabrar onuTa
Maitkenscona-Mopiest MOxeT OHTb OOGBACHEH, W BIEpBHE OH
Tak H Ou OOBACHEH, TO/IbBKO ,JIOPEHTLOBHIM COKpAlLleHHEM",
T. €. COKpaLIEHHEM pAacCTOSHHA MexAy mnoaynocepeGpeHHo
NIaCTHHKOM H 3€PKaZoM B HanpaBieHUH ,ABHKEHHA CKBO3b
a¢up*©.

C npyroft cTopoHH, B SKcnepuMenTax A#Bca HET ABUKY-
IIMXCA MacliTaboB, a HMEET MeCTO IBHKEHHE OTHOCHTEIbHO
Habmonarens ,aTOMHRIX 4YacoB* (KaHANOBHIX Jaydefi) U 3aMex-
JleHHe 3THX ,44C0B“, KOTOpOe $BNAETCH NPHYHHOH ,pendmi-
Buctckoro 3dupekra donmaepa“.

Bce 3TH mnoATBepkAEHHS TEODHH OTHOCHTE/NbHOCTH Kaca-
JUCh TOJNbKO MpUMeHeHHs1 npeoGpasoBanus JlopenTua K cBeTO-
BuM Jsyyam. Mo mepeiinem Temepb K paccCMOTPEHMIO APYTHX
MoAHdHUKAUUH KIACCHYECKOH TeOpHH, NpUBEIEHHBX B I/1aBaX
V1 u VIL

Mnorue fiBeHHS SACPHON (HU3HKH TOBOPAT B NMO/L3Y TOTO,
YTO HHEepTHAs MacCca SKBHBaJeHTHa 3Hepruu. Macca anpa scer-
Ja MeHbUIE CYMMH MacC COCTAaBJASIOU(MX €ro MPOTOHOB M Hel-
TpoHOB. B pene cayuaeB MowuO moxasatp, 4Tto JAedekt Mac-
CH B ¢? pas MeHbllle SHEPrHH, BHASAAIOWIEHCH npH 06paso-
Banuu saep ?). CamuiM 3ameyare/bHBIM MPUMEPOM HCHE3HOBEHHH
Macchl SIBASIETCS AHHHTHAALMA SJACKTPOHHO-NO3HTPOHHOH Maphl,

1) ,3amennenue yacoB® OCOGEHHO PKO MNPOABJAETCS NpU H3Me-
PeHHH BPEMEHH KHM3HH ME30Ha B KOCMHUecKHX ayyax. B To Bpems
KaK JJ15 IOKOSILErocs Me30Ha T==1;=x 2106 cek., A1 ABHIKyLIErOCS

% —%E e Fmnoman SHEPIHA ABHXYIIErocs Me-
Vi—vtcz met

3oHa. Tak kak mc2=<100 MeV, To npn Ha6moOfaeMHX 9SHEPIHAX
E~ 1000 MeV, :— ~ 10. [Tonpo6uee cm. E. JI. ®efinb6epr ,Pac-

nag Me3oHa* B cé%puuxe .Me3zou*, F'TTH (1947). (/Tpam. ped.)

~ ) CiL.Rasetti Franco, Elements of Nuclear Physics, Pren-
tice-Hall, Inc., New-York, p. 165 (1936) [umeeTcs pyccxknhi mepe-
soa, 'TTH (1940)].

1=



Maccn 9/1eKTpoHa H MO3MTPOHA MPH STOM MOJAHOCTHIO MpeBpa-
IAIOTCS B SHEPTHIO SJIEKTPOMArHHTHOTO H3nyueHHs. Ecnu BO/H-
3u B3auMOAeHCTByIOUEH CHCTeMH HeT TpeTbelt yacTHUW (sapa),
MO/HHHA MMOYALC NMPH AHHHTHIALUMM NO/DKEH COXpaHATbCA. Tak
KaK CKODOCTH 9/eKTPOHA H MO3HTPOHA HEMOCPEACTBEHHO HEpEex
aHHUTUAAUMEH OOLMHO Ma/ul, SHeprHs H HMmyiasc OyAyT cOX-
paHATbC TOMBKO B C/yyae H3JYy4YeHM ABYX Y-KBaHTOB B ApO-
THBOMO/MIOKHKEIX HAMPABAECHHAX, TAK YTO HX HMNYJbCH B3aHMHO
YHHUTONKAIOTCSA, a SHEPrufi KaXJAOro KBaHTa COOTBETCTBYET
Macce OAHOro SnekTpona. HsayyeHwe ¢ rakOH sHeprued —
oxono 9.10%V — neAcTBUTENbHO HAGMONACTCS MPH AHHHUTHAA-
LHH MO3HTPOHOB.

3apseHHble YACTHUL B SJEKTPOMATHATHOM mWOJe,
Hanbheiiinas npoBepka CrelHaJbHOH TEOPHH OTHOCHTEIBHOCTH
OCHOBBIBAa€TCA Ha HM3YYEHHH LIOBEXEHUA YaCTHL, MOX HeHCTBHEM
cun. B raase IV 6un pacemorpen sddext Komnrona, 10 ecth
»CTO/IKHOBEHHH“ Y-KBAHTOB C 3/MekTpoHamu. Temepp paccmoTpum
AeHCTBHE CTaUHOHAPHHX SAEKTPOMACHHUTHHIX NOJIEH Ha 3apshKeH-
Hbl€ YaCTHULL. YpaBHEHUSMH ABHXCHHA OYAYT ypaBHenus (7.44):

%ﬁﬁ) —e(E+ 3 XxH). 3

c2
s MONYYCHHSA 3aKOHA COXPAHEHHS SHEPrHH YMHOXHM 3TO

YPaBHEHHE CKAlAPHO HA U H NPOHHTErpHpyeM o06e CTOPOHM
no yactaM. Cnesa nonyuyum

u-'—i-( mu )=£ mu? )_ mm
dt\V 1 —uc? de\V 1 —u¥/c? Vi—uie

— _t_i_( o muu
dt V 1— uz/(,‘2 V 1 —u”/cz— (94)

dt(;/, i )+"w LV T—w[o)=

= mc? i( ___.l—) ,
a\Vi—uic2 J




a cnpaBa
euE—l—u(-‘chH) =euE=eu(——grad(p—71%—?).

TakuM 06pa3oM, H3MEHEHHE SHEPrHH BIO/Mb NYTH YacTHUM
OonpenenseTcs BHpaXeHHeM

£lreS] - (o). oo

PaccmarpuBas u3MeHeHHE NOTEHLHANA Y BAOb NMYTH, MOXHO
BuneauTh noaunfl auddepenunan us Bupaxenus ugrad ¢

d: ,3 dt+‘?’4—u grad(?_}—‘)t (96)

VYpaBuenne (9.5) nmpuHMMaeT TOTAa BHA
dy 1 _0A

%[_l%‘__jw+ e(p] = -]—e(-d—t——c-u E)' ©.7)

B CTaTHYECKOM Mo/, TAE ¢ H A He MEHAIOTCS BO BPEMEHH,
BHpaXEHHE C/IeBa B KBAAPATHHX CKOGKAX OCTA€TCSH MOCTOAHHKIM.

Ypasuenne (9.7) DaeT BOSMOXHOCTb ONPENENHTb CKOPOCTD
4aCTHI, NONAaZaAlOIIMX B CHIbHOE 3JIEKTPHYECKOE moJe ¢ BechMa
MaJbMH HaYaJbHHIMH CKOPOCTAMH. MX KuneTHueckas sHeprus
nocie NPOXOXJIGHHS PasHOCTH MOTeHuHanos V 6yner

me? {IT-I-—‘W— 1}=ev, 9.8)

a WX CKOpOCTb

T
2"" ————-,';’ 2‘}”) (9.9)

m el
Knacenyeckass ¢opmyaa

e
bejass = ‘/2 m vV,

eV
SBNSeTCd XOPOWIMM NPHOIHMKEHHEM, KOrja 77 & Mano B cpas-

HEHHH ¢ eauHHLeH.



dopmyna (9.8) MOKa3HWBAET, YTO H3MEHEHHE 9HEPrHH Ya-
CTHIW paBHO MpOHM3BENEHHIO €€ 3apfAa Ha PAasHOCTb NOTEH-
nuanos. dro#i ¢opMyaOH NOAL3YIOTCA BO BCEX CJydYasAx, KOTAa
SHEPrus YacTUIH NPH SKCNEDHMEHTE ONMpenensieTcs YCKopsio-
meR pasHOCTHIO MOTEHLHANOB, KaK, CKAXKEM, STO HMEET MecTo
B 3JEKTpocTaTHuYeCKOM reneparope Ban-me-I'paada.

B kamepe Buiabcona ckopocTh 3apmi€HHOH yacTHUM OGHYHO
onpenenseTcs H3MEPEHHEM pajHyca KDHBH3HH €e TPaeKTOpHH
B MOCTOSHHOM MAarHMTHOM MOJe, NMEPNEHAHKYIAPHOM Hanpasie-
HHIO ckopocTH. OnpenenuM STOT pazauyc.

Yckopenne 3apskeHHOH 4YacTHIW B MArHMTHOM noae onpe-
nenserca ypasuenueM (9.3)

d mu e
Z(V_l_—_ﬁ)"c u X H. (9.10)

W3 ypasuenus (9.7) Buawo, uro, xorna H ne 3aBucuT oOT
BpEMEHH, CKOPOCTb # OCTaeTcs moctosHHOR. [losToMy MowHO
3aMEHHTb BEKTOD U MpPOM3BEJEHHEM NOCTOTHHOH CKOPOCTH 4
HAa eIHHHYHLIA BEeKTOp S, MapanjesbHHR U H MeHHIOWHHA C Te-
yeHHeM BpeMeHH CBoe Hampasienue. JleBas uyacTh ypaBHeHHs
(9.10) nepexonut B

_mz__ds

Yi—u¥ciat’
a npaBasi paBHa:

% us X H,
tak yro aas (9.10) monydaem
m ds e
Vicaga o XM (9:10a)

3amenuM Tenepp auddepeduupoBanne no ¢ auddepenun-
posanuem no jmye ayru L Tak xax Z——t‘ eCcTb CKOpOCTH 4, To
svecto (9.10a) noayuum

mu ds e
]TTWE::SX H, (9.11)



rae S — eIHHMYHbt KacaTe/lbHuhH BEKTOp BAOAb MYyTH M, Cle-
ds
AOBATENBHO, —r ABAAETCA KPUBU3HOH, oOpaTuHasd BeNHYHHA KO-

TOpolt mpencrasmser coGoff pamuyc kpuBu3Hn R. Orcioma
HMeeM
2 —=R-%.H.sin (s, H). (9.12)
Vl—uzlc’ ¢
Yroa (s, H) noctossen Bmonp nytH. B sTom serko y6eaurbcs
NyTeM CKalspHOro yMHoxeHus ypasuenus (9.10a) ma H, npu
3TOM mOpaBast 4YacTh oOpaugaeTcs B HyJb, B JIEBYIO K€ 4acTb
B Ka4yecTBe MHOwHTeas Boiaer npousBoxHas ot (s-H) mo £,
[MosToMy uyacTHua GyHdeT ABMUraThCst 10 BHHTOBOH annuu. Ecnu
s 1 H B3auMHO NepHEHIUKYMAPHH, TPaeKkTopHel 6yaeT OKpPYK-
HocTb. B aToM caydae npousBesedne RH onpenzenseT BesH-
YHHY Pe/ATHBMCTCKOTO HMMIYJ/bCAa HaCTHIM

c mu (4
RH:—-—::—[). (9.13)
e Vi—= uct e
3Has e ¥ m, MOXHO Ha#iTH CKOPOCTb H 3SHEPrHi0 4YacCTHIHI.
Huorna OnpeneasioT OTKIOHCHHE BHPH)KCHHOﬁ YacTHUN

B O9/IEKTPHYECKOM TIO/Ie, MepHeHAMKYADHOM €e TPaeKTOPHH.
Yckopenue nonpexheMy onpeaensercs ypasHenuem (9.3)

d mu
bl ey ——————3 E. 9.14
dt {Vl—uzlc’} ¢ (9-14)
[Toxa E v u B3auMHO nepneHaHKyAsapHn, CKOPOCTb &

ocTaeTcsi MOCTOAHHOH. BBoAs onATb eaHHHYHHH BekTOp S,
smecto (9.14), noayuyumm:

s __ g
Yi=wctat

[Tepexon k nepeMeHHOM NAUHBI AYrd / NPUBOAMT K YPaBHEHHIO

mu? ds
]/'1_—_7-/—;5 ;:eE, (9-146)

HIH, BBOAA pajHyC KPHBH3HH R,

(9.14a)

mu?

s = RE (9.15)



B cayuae 91eKTPUYECKOTO MOJAA TPaeKTOPHH, KOHEYHO, He
aBasioTCA Kpyramu. Ypasnenue (9.15) maeT paaHyc KpHBH3HHW
TONLKO TOM 4aCTH TPaeKTOPHH, B KOTODOR HanpasieHHe IBH-
WEHUS NEePNeHAUKYIAPHO CHIOBHM JTHHHSM.

Iins onpemeneHuss KaK MaccH NOKOS, TaK H CKOPOCTH 4a-
CTHIN HeoGXOXMMO HCCJENOBATH €€ MOBedeHHe OXHOBPEMEHHO
B 9/EKTPHYECKOM H B MAarHHTHOM noiafx. MoxHo, Hanpumep,
COOOGIIMTb YaCTHIIE ONPEeNesIEHHYI0 SHEPTHIO, YCKOpss ee 3a-
NaHHOH pasHOCTbIO TOTenuuanoB [ypaenenue (9.8)], a 3arem
N0 OTKAOHEHHI0O B MAarHHTHOM NOJE ONPELEJHTH ee HMIY/bC
[ypaBenne (9.13)]; B TakoM ca1yuae ORHOBPEMEHHO BHYHCISIOTCS
H Macca H HMIYJAbC YaCTHIH.

OnuTe NOZOGHOTO POJa HCMOAb30BANMCh W IS NPOBEPKH
PensTHBUCTCKMX 33KOHOB JBHXEHHS; NMPH STOM HCCJEN0BAIOCH
MHOXECTBO YaCTHIL OLHOTO COPTA, HO 06/1afaBIIHX Pa3NHYHLIMH
ckopocTsMu. Bce STH 9KCNepHMEHTH NOATBEPAHIH NPaBH/b-
HOCTh pEJATHBHCTCKHX 3axoHoB. [loxpoGHoe omnucanue sTHX
9KCIEPHMEHTOB MOWHO Ha#TH B ctathe B. Iepraxa?).

MoJje 6nicTpo ABMxymiefica wacTmubl. YacTuuw, Bxons-
e B COCTaB KOCMHYECKHX Jyyel, OOHYHO JHBHXYTCH CO
CKOpOCTAMH, ONM3KMMH K CKOpPOCTH cBeTa. Mx snextpomar-
HHTHOE MOJe POACTBEHHO C SJEKTPOMaTrHHUTHHMH BOJHAMH.

Onpenennm mnozne Takod OLICTPO IBHXYINEHCA YaCTHUM,
Ias sToro Hallmem cHayala nosie YaCTHUM B CHCTEME KOOPIH-
nat, B KoTopo# oHa nokoutcs. IlycTh B cucreme S* wactuna
BCETAAa HAXOAMTCH B HAYale KOOPAHHAT: x*—=y¥*—2%_—,
Ee nose B 3TO#f cuHCTEME YHCTO 3JEKTPHYECKOE H 3anaeTcs
YPaBHEHHAMH: A

Ej=ex;|r. (9.16)

Tpeo6pa3oBaiue K APYyro# cHCTeMeé KOOpIMHAT S mpose-
jJeM B JBa STana: cHayana npeoOpasyeM KOMIOHEHTH 9JRKTpO-
MATHHTHOTO TNOJIS, COr/lacHO ypaBHeHusaM (7.22B), a 3arem
BHPa3HM KOODAMHATH, OTMEYEHHHE 3BEe3N0YKOM, yepe3 HeoT-
MCYEHHHE.

1) W. Gerlach, Handbuch d. Physik, 22, pp. 6162, Berlin,
1926.



YpaBrenus npeoGpa3oBanus, oGpaTube ypasHenusm (7.22s),
noy4aloTcA 3aMeHOR 3HaKa mpH © mpoTHBOnONOXHHM, Tak kak
Bce KommoHeHTH H¥* paBHH HymIoO, -ro noJiyyaeM

Hy=(1—oey" 2.5, )
Hy=— (1 —o?/ct)~"h. 2.},
H,=0, (9.17)
E,=Ej,
E,=(1 —v?/c})~"h. E3,
E,=(1 —v?[c3)—'h . E}. )

Bekrops H v E B3auMHO mepneHRuKyaspHu.

]
Hatinem E; kak ¢ynkuun S-xoopaunat. Paccrosuue r
JaeTCS BHpaXKEHHEM:

M =x" 4 y" 2,
HJIM, €C/d 3aMEHMTb 3TH KOOPAMHATH BHpaxeHusMH (4.13):
x —uvt)
=t 9-18)

Jas Tpex KOMIOHEHT E, uMeeM

r  [(x—ut)? h o _x—ot )
B=c[{Sqatr+a]” Vi—ora’
« x —ot 'fa
Ez=eL(1_,,§',c)a+y”-l-zz] Wy ® (9.19)
[ (x — vt
E;=e (1_02,32+ y+z ] )
Toraa Tpu KomnoHewTH E; paBHH
x—uvt
E =¢e N
E,=e%, E,=e4, (9.20)

N=VT=v]a. [l_,,i',t,)=+y’+z’]



a AJa KOMNOGHEHT Hs MONYyUYHM:

H =0,
z
Hy=—{ e, (9.21)
/]
H3=+?9%'.

IpeAnoAOKHM, YTO CKOPOCTb YaCTHLH KOCMHMYECKOTO H31Y-
YeHHS ¥ MOYTH PaBHa CKOPOCTH CBeTa, H PacCMOTPHM mone
9TOH 4YacTHUW B HeKoTOpo# Touke (x, y, 2), mNokosuedcs
B CHcTeMe S. AMIJIHTYAA S/MEKTPHYECKOTO MoOs

2 2 2
=V B+ E+E,
X
JOCTHraer MaKCHMyMmMa B MOMEHT BpDEMEHH to ——-'—,-; 9TOT Max-

cuMyM TeM Golee pe3KO BHpaweH, 4eM v OiHxe k ¢. B stor
MOMEHT £, S/IeKTPHYeCcKOe MoJie MNepneHIHKYMIpHO ocH X u
no a6CoMOTHON BeJMYHHE PAaBHO HANPAKEHHOCTH MATHHTHOTO
nons. B ¢uxcHposannoHt Touke (x, ¥y, z), Haxoasuwelici Ha
TPAEKTOPHH HYaCTHUH, Mo/e OHCTPO MABHKYUICHCS 4YaCTHUM
npuGIH3HTENLHO TaKoe e, KaK nojae Y3KOrO M10CKOro BoM-
HOBOrO Makera.

Teopun 3ommepdensina TOHKOR CTPYKTYpH BOXOPOd-
axx auAnf. Bcekope mocae toro kak Bopy u 3ommepdeasny
yhaanoch OGBACHHT CHOEKTP aTomMa BOAOPOAA C MOMOWBIO
KBAHTOBAaHHA anHaGaTHYECKHX HHBapPHAaHTOB, 3oMMepdeabx no-
nutancs B TOit ke MexaHHyecKOR MONENH YYEeCTb pPensiTHBUCT-
ckue nompaskH. OH nojaran, YTO pPe/NATHBHCTCKHE MONMPABKH
OGBACHAT PacCUICIVIEHHE TepMOB, BWPOXAEHHHX B HEpessTH-
BHUCTCKOH TEOPHH, H YTO TaKMM OGPa3OM OH MONYYHUT TEOPHIO
TOHKOH CTPYKTYPH.

Ero monuTKa B CAydae aToMa BOLOPORA YBeH4Yalach ycre-
XOM, HO 3Ta TEOPHA OKas3anach COBEPLICHHO HENPUTOZHOH npH
OG'bLICHEHHH CMEKTPOB JAPYTHX aToMOB. Temepb H3BECTHO, 4TO
o6 bAcHeHHe TOHKOH CTPYKTYpH, maHHoe 3omMepdenbaom, He-
BEPHO Aawe A BOZOPOXHOTO aTOMa, TaK KaK OHO HE MpHHH-~
MaeT BO BHHMAHHE CIHH 3JIEKTPOHA M HE MNPHBOAMT K TeM
pesy/bTaTaM, KOTOpHE JaeT CTporas BOJIHOBO-MEXaHHYEeCKas



peNATHBUCTCKAs TPaKTOBKA STOH e 3aaayd /IS 4acTHI CO
cnuioM 0 1). OmHako B Teopun 3omMepdenbaa NBe OLIHGKH —
OTCYTCTBHE CTPOTOro BOJHOBO-MEXaHHYECKOrO HOJAXOXa M mpe-
HeGpeKeHHe CIIHHOM — B CJy4ae BOJZOPOXHOTO aTOMa B3aMMHO
KomneHcupylor apyr apyra. [lostomy sta Teopusi, HecMoTps
Ha yKa3aHHhe OWHOKH, MPHBOOMT K NPABH/IBHOMY pe3Y/bTarty.
PaGora 3omMepdenbia TeM He MeHee HHTEpeCHa C HCTOpHue-
CKOH TOYKH 3peHHd, TaK KaK B Hell BnepBHe MOSABIAETCH
»HOCTOSIHHAs TOHKOR cTpykTypm* a. IlosToMy smech Mu
BKpaTLle PacCMOTPHM 3TY TEOPHIO.

IycTh 9/4eKTpOH ABHXKETCH B n0A€ NPOTOHA, KOTOPHH
BCAEACTBHE €ro GOJBIIOH MAacCh MOXKHO CYHTaTh MOKOSILMMCS,
YpaBuenusivu aBuxenus GynyT ypashenus (9.14), rae E 3a-
RaeTcs cAexyouHM o6pasom:

e
E=—grady, g=—. (9.22)
MurerpanoM aTux ypasHenu#i GyneT uHrerpan sHeprud (9.8):

me? [(1 —5) " 1] —ep(r)=W.  (9.23)

leyroﬂ HHTErpaj, HHTETrpal MOMEHTa KOJHYECTBA HABUXEHHA,
noayyuM, BEKTODHO yMHOXasf YpaBHEHHe

d mu 1
2 {—Vl_—_uzm}_—'—egradq) (9.24)

Ha paauyc-Bektop r. IlockonbKy rpamyeHt ¢ Bceraa napaise-
JeH paauycy-BeKTOPy r, npasasi 4acTb 00pailaeTcs B HYyAb M

nojy4aeM
d mu
O=r e By————— ]
X dt(Vl —uﬂ/cﬂ)

_df mrXu \_ adr mu
o dt(Vl - u”[c’) dt X Vi—uwe’ (9.25)

dr
Tponssoauas - B MOC/eNHEM uleHe paBHa U, 4 BeKTOpHoe
npousBeJeHHe U Ha caMoro ce6s pasHo Hymo. Takum 06pasom,

1) Cwm., nanpumep, JI. ne Bpoi#iab, ,MarHuTHHIH 9JCKTPOH",
XapokoB (1936). (/7pum. ped.)



MH HaxXOLHM, YTO BHIp2}eHHe
m(rXu
i Xa) _ (9.26)
Vi—we
fiBASETCE BTOPOH NMOCTOAHHOR ABHIKEHHS.
Baezense NONSPHEX KOOPAMHAT 7, § B MIOCKOCTH JABHXEHHS
NpHBOAHT 06a HHTErpaja K BHRY
me?

yimm=nat+ W,

V]ﬁ“—,o,—z—‘/fa:’ﬂ , w=r 4 e,

Cornacio 3ommepdenbay, uHTErpan

§ 1,45,

B3aTHH N0 nonnomy nepuony O, momken Owitb ueanM, Kpar-
HBIM /A

(9.27)

md=ny YV T—w]e3, h=2. (9.28)

Hro6u copMynIHpPOBaTh BTOPOE KBAaHTOBOE YCAOBHE, HY)KHO
HaliTH paZMaNbHYI0 KOMIIOHEHTY KMNy/abca

mr

= e——, .29

P =V (9.29)

C noMowplo ABYX uuTerpanoB usuwenus (9.27) MOXHO Bmipa-

34Tb p, KaK (PyHKLHIO TOAbKO OT 7. JleACTBHTENbHO, MH HMeeM

.2 rn i 2,,2_,-2@':_
pr=m l—u’[c’_m 1 —ulfcd™

(9.30)

_ 1 mira i

—'””‘“(1‘:?/?«—‘) —T—wa-
CrnepBa HafizeM Bulpawenue =
T. €. U3 nepsoit dopmyan B (9.27):

, (mc=+‘l:-+ W)’
=\ ) (9.31)

——lu-il—ci H3 HHTErpaja SHEPrHA,




3arem puuucnum nocnennuit unen B (9.30), ucxoms M3 KBaH-
ToBuX ycnoBuit (9.28). Mwmeem:

e (,i, ._ﬁ)n_ (9.32)

1—w2jer™ \ r
Honcrasnss upawenus (9.31), (9.32) B (9.30), nonyuqum
2 2
mAt+ S+ w
s (T |y s
Bropoe KBaHTOBOe YC/IOBHE [VIaCHT, 4YTO HHTErpan
§ par,

B3fITHI# NO MOJHOMY NMEPHOAY H3MEHEHHS nepeMeHHo# r, non-
WeH OHTb TaKwke LeNnM, KpaTHHM h:

1 ) ] B\ 2
§ ]/-E(W-i—f";-) (w+5+2mer) — ("-"r—) dr=n,h. (9.34)
[MonunTerpanbHoe BhipaxceHHE

2mW (1) +2e0m (14 o5) 3 —

2ha
ny a2
S (1-—-”?), (9.35)
e2
a=7

OT/IHYAeTCA OT AHAJIOTHYHOTO HEPEeATHBUCTCKOTO BHPAKEHHS
BTOPHIMH WIEHaMH B Kawxo#t cKo6ke, NMPEACTABAAIOHMH COGOH
PeNATHBUCTCKHE MONPABKH.

Bupaxenue (9.35) npu oTpHUATEAbHLUIX 3HadeHHAX W HMeer
OBa KOpHA B OGJAacTH NOJOXHTENbHHX F, YTO COOTBETCTBYET
nepureauio 4 adenuio 31eKTPOHHOH OpOUTH. WHTerpupoBanue
B (9.34) DOMKHO NMPOH3BOXHTHCA OT OAHOTO0 KOPHHA KO APYroro
H O6paTHO C HU3MEHeHHHIM 3HAKOM Mepel KBaJpaTHHM KOPHeM
B NOAMHTETrpaibHOM BHpaweHHH. OHO MOXeT OWTb IPOBEAEHO
AM60 3/MeMEHTapHRIMH METONAMH, JM60 NpH NMOMOLIH NEPexona
B KOMIVIEKCHYI0 TJIOCKOCTb ). B pesysbrare monyuaem:

1) Cum., Hanpumep, A. Sommerfeld, Atomic Structure and
Spectral Lines, Annex, wau I1. Bpu aaw03H, Arom Bopa, ra. VIll,
HTH, 1935,



i]/ —A—+42Bjr—CJrtdr=2n (—V%—VE), (9.36)

raie A, B u C—nonoxurenbHnie nocrosisible, [Tomctasaas
HX 3HayeHus M3 ypasHeHHH (9.34), (9.35), Haiinem

214
2n il ( "“’> —n ﬁ]/ —2 =n,h. (9.37)
Y —2mw (1 +2m,

Pemas srto ypasHenue oTHocHTenbHo W, noayuum ¢opmyny
ToHKOH CTPYKTYpH 3oMmepdenbaa:

W=—mc’{ 1+[~"r+m]-2}
e et ()

Boaru ge bpoias. Ilocre Bopa u 3ommepdennaa cie-
AYIOUHH Iar B HanpasJE€HHM pa3BHTHA CTPOro#t KBaHTOBOH
TeopHH Onn caenan Ae bpo#tnem. OH npelmnonoxua, 4to ABH-
MWEHHE YaCTHIW BAONAb TPACKTOPHH CBA3aHO C PaCMpOCTpaHe-
HueM BOAH. Ecau TpaekTopus wacTHun 3aMKHYTa, Kak, HanpH-
Mep, B aToMe BOZOPOXA, BOMHH HHTepdepHPYIOT MeXAy cOGOH.
Eciu na TpaeKTOpHH yMeHIaeTcsi LeN0e YHCIO INJHH BOJH,
BOJIHH B3aHMHO YCHJHBAIOTCA. B NMpPOTUBHOM ciayyae OHH ra-
carcg. Te TpaekTOpuH, BIOAb KOTOPHX BOJHH YCHAHBAIOT
Apyr Rpyra, H ABIAIOTCA ,Pa3PELICHHHMH® OPGHTAMH TEOPHH
Bopa-3ommepdenpaa.

PaccMoTpuM CBOGOAHYIO YacTHIY, NOKOSILYIOCS B HEKOTOPOH
cucreme koopauHart S. IlycTe ee Macca mnokos H 3Heprus.
nokosi 6yAyT COOTBETCTBEHHO PaBHW M H mc?. MH He MOXeM
cBf3aTh C STOH vacTHLeH pacnpocTpaHsIOmyloCs BOJIHY, TaK
KaK HeT HHKaKMX AAHHHX, 6/jaromaps KOTOPHM GHIO G Bhi-
ZleNeHO ompeneNeHHOe Hampasnexde pacnpocTpanedus. Onuaxo
YaCTHLLE MOXHO COMOCTABHTb YacTOTY Y B COOTBETCTBHH C 3a-
KoHOM JftnmTteHHa

_l,’

—|— mei=—=
(9.38):

E=hy, (9.39)



TaK YTO 4acTOTa nokoswe#ca yacTuun GyneT paBHa

2
y="r (9.40)
Boana gpe DBpofins mower GHTb mpeAcTaBleHa B BHIE ,BOJ-
HOBOH (yHKUMH“
$ = Joez™t, (9.41)

TpouaBenem Tenepb npeo6pasosanne Jlopentua (4.13), (4.15).
Oneprus ¥ MMOYJbC YACTHUW B CHCTeMe S* naioTcs Bupae-
HHAMH:

.__ my *__pt_— O
Pe="Vi—ga Pr P:=0
- e (9.42)
Y= vi/c? )

Hanee npeoGpasyem BoaoBylo ¢ynkumio . IIpeanonoxum,
yto § —cKansp. B sTOM ciyyae ee 3aBHCHMOCTb OT KOODIH-
nar onpenensercs Gopmynoit:

t* 1 2'12 e
$ = - exp 211'1'\)_‘/_1?_”,/02 . (9.43)
YacToTa M ANHHA BOJHH MMEIOT 3HAYEHHs
= _milr __E (9.44)

“Vi—oe Vi—we &

o2 o2 h v? h
)‘*=b—v]/ 1__2::% ]—E:-;’E' (9.45)

HaiizeM CKOpOCTb pacnpocTpaHeHHs B NPOCTPaHCTBE MJOC-
xoft rapmoumudyecko#t Bonum ae bpoiins; sta ckopocTh pasHa
NPOM3BEAEHHIO YACTOTH HAa NMHY BOJHHL

w=yr=E_¢ (9.46)
== .
Dra CKOPOCTb, TaK HasnBaeMmas ¢pazoBast CKOPOCTb, MPEBH-
waeT ¢; ee npousseneHue Ha v pasHo c2. Ilockonbky ¢asa
ponuu ae Bpofins He MoxeT OGHIThb MCNONL30BaHA NI NepeAayH
curnana, ypasHenue (9.46) He NpoTHBOpeYyMT OCHOBAM TEODHH
OTHOCHTE/IbHOCTH.



PaccmoTouM, ¢ apyro#t croponH, BojaHy ne bBpo#tas, ne
SIBAIOLLYIOC CTPOrO FapMOHHYECKO, HO COCTOSIyl0 H3 ABYX
FapMOHHYECKHX BO/H MOYTH PaBHOH 4acTOTH. AMMIMTYAa pe-
3y/abTHpylome BOAHH HE OYAET MOCTOSHHOH, €€ MaKCHMYMbl
# MMHHMYMB OyIYT JABHTaThCfl B NMPOCTPAHCTBE C HEKOTOPOH
CKOpOCTbIO, Ha3hBaeMo# ,TpyNnoBoit ckopocThio“. Onpenennm
STy rpynmnosyio CKOPOCTb W,. 3anuuieM cOCTaBASIOLHE BOJHH

B BHAE
b =1¢,exp { 2ni (;t— -’,3)}
’ 1}
H

$=¢,exp {Zn:i (vt—— -'1,7-)} y vy=v-428, r=21-28.
A
PesyabTupylouieit Bonxo# Gyner

o—tn [ezm' (v‘t_—?) +ezx1 (5:— —;-)] | 0.41)

KBagpaTHee CKOGKH MOXHO Npeo0pa3oBaTh € MOMOLIBIO COOT-

HOLIEHHUS

b
2

;23 ( ;a8 a—3 -
e -1 N

elofef—¢ 2 T_‘_e_'T

Toraa umeem

)::2605

. 1
o= E2 |

2nl
¢=2¢ocos[2n(ev-t+,§‘;.x)]e[ 7 (9.48)

A
OT1ci0fa CKOPOCTb PaclpoCTPaHEHHs aMILIMTYAHN paBHa
11
Ny
e~ &

un, paccMarpusasi 8y u ) xak auddepenunans 1),

1) dopmysa (9.49) aBasercs, Kak H3BECTHO, OOLIMM BbIpaXeHHEM
AA9 rPynnoBO# CKOPOCTH, MOJy4YaeMblM He TOJbKO B pe3yJbTate
paccMOTpeHHs ABYX BOJH, a NyTeM HCCAENOBaHHS PacMpPOCTPAHEHHs
HEKOTOPOro BOJHOBOrO NaKeTa (CM., Hanpumep, A. Mapzx, OcHoBnl
kBan10BoH mexamuku, T TTHU (1943). (ITpun. ped.)



d

<

wg=d (.l.) . (9.49)
Iy
1 P E
B Bonue ne Epoitns + PaBHO 3-,a v paBHO —-. [Tostomy
ANl TPYNNOBOH CKOPOCTH MOJYYHM:
dE
Y= (9.50)

Hanee, E H p cBA3aHH COOTHOWIEHHEM

Ez——‘:—f;:m?c‘, (9.51)

COrn1acHo KOTOpOoMY a6coMoTHAA BeJMYHHA BEKTOpa SHEPrHH-
UMDYy/AbCa paBHA 3HEPrHH MOKOH. Us

E= ]/-m‘*c4 -+ g—:

HAXOIOHM, YTO

=u, (9.52)

T. €. CKOPOCTH 4acTHuH. Takum o6pa3oM, rpynnoBas CKOPOCTb
BOJHH fAe Bpofins paBHa CKOPOCTH 4acCTHIHL.

3adanu

1. Hafith ckopocTh 971€KTPOHOB H MPOTOHOB, YCKODSEMHIX
pa3HoCTb0 noteHuuanos 3.10% BombT.
2. a) Cuuras, yto ycKopsiouwi morenuuan V B ypasue.

u
aun (9.9) HacTOMBKO Mal, YTO — Malo B CPaBHEHMH C elHHH"

ued, Hanucath NpHO/IHIKEHHHE YpaBHEHHS, NAIOLIHe K KIacCH-
YECKHM YDaBHEHHsM PeIATHBHCTCKYIO MNONpaBKy BTOPOro no-

paaAKa OTHOCHTEJNbHO %.



6) Cuuras V Hactonbko GONbWIMM, 4TO & OAH3KO K ¢,
HallTH npHGAMKEHHOE COOTHOLICHHE, OMnpelensiollee Pa3HOCTh
MeXIOY # H ¢ KaK (DYHKIHIO Pa3HOCTH NOTeHUHanoB V.

3. 3Has panuyc KPHBH3HH TPaeKTOpPHH B kamepe Buibcowa,
HalTH CKOpOCTb H SHEPTHI0O YaCTHLH, €C/H ee Macca M 3apsan
H3BECTHHI.

4. Halitn npubimKeHHOe COOTHOLIEHHE MEXKAY SHepruei
H HMOYJAbCOM HYacTHUM, ABHXYILEHCS €O CKOPOCTbIO, OJH3KOH
K CKOpOCTH cBeTa. Takoe ycnoBHe BHIIOAHSETCH JAS YaCTHIL
B KOCMHYECKHX JyH4ax.






Yacmo

II

OBLIASA TEOPUSA
OTHOCHUTEJBHOCTH






aasa X

NPUHUUN 3KBUBAJEHTHOCTH
E

Bsenenne. CrneunanbHas TeopHs OTHOCHTENBHOCTH BO3HHK/IA
NpH Pa3BHTHH SAeKTPoNHHAMHKK. O6mias TeOpPHA OTHOCHTENb-
HOCTH fABJieTCS PEJIATHBHCTCKON TeopHel rpaBHTaLMH.

Hekorma npo6seMa rpaBHTAalHH NOJIOXH/AA HAYajo HOBOH
9p B (H3HKe —- 3PH HBIOTOHOBCKOH KJaccHYeCKOH MexaHMKH.
Tpu ponoHayanbHuka HayuHo#t ¢H3uku — lanuneit, Kennep u
HbloToH — H3yyuad rpasuraumio; amuneti — kBasnoaHopontoe
none Ha noBepxHocTH 3emad, Kemnep u HblotoH — nedicrBue
TshkeAof TOUYKH GOJIbIIOR MAaccCH Ha APYTYIO, 3HAYHTENbHO MEHb-
wel Maccel. [anune#t chopMynspoBan 3aKOH HHEpUHM H yCTa-
HOBWJ, 4YTO CHJA, HeHCTBylOllas Ha TeJNO, H3MepseTcd ero
yckopeHHeM (a He CKOPOCTbIO, Kak Mpeano/araloch paxee).
Hbl0TOH KO/MHYECTBEHHO OMNpene/H] rPaBHTaLHOHHOE AEHCTBHE
OJHOM TOYe4HOH MacChl Ha APYTryl0. DTa TPaBHTAaLMOHHAHA CHJA
BCeraa sIBAMeTCH CHJIOH MpUTSHKEHHd H BeJWYHHA €€ paBHa

mM

—x =

CiC8 (10.1)
riemHu M — Macceu JABYX MATEpHAJbHHX TO4Y€K, r— pacCTos-
HHe MEXAY HHMH H x—yﬂuBepcanbuan NnOoCTOsAHHAA, UMeloLas
3H4uYeHHEe

x=—06,66-10"8 qun. cM3 r—2, (10.2)

Cuna, JeficTBylolas Ha TeJO MacCH m, paBHa B3fATOMY €O
3HAKOM MHHYC TPaMEHTY TPaBHTAUMOHHOTO noTeHnHana G,
MIOMHOXXEHHOMY Ha 3Ty Maccy m, mpuYeM Ha PacCTOSHHH I OT
ToueyHo# Macc M

Gy=—124, (10.3)



[MoTenuuanbHast 9HEprus CHCTEMH, COCTOALIEH H3 JABYX Tea
m u M, pasHa
mM

U=mGy=—x"2. (10.4)

Drta Teopus rpaBUTAlHH SABAFETCH THUINHYHBIM H B CYLIHOCTH
HauGonee BaHHM IDHMEPOM MexaHHuyeckod Teopud. Cuna,
OeHCTBYIOINAS HAa ToveuwHylo Maccy P,, B MOMEHT BpeMeHH f,
HOJHOCTBIO onpelessieTcsi PacCTOSHHEM BCEX OCTaNbHBIX TOYeuy-
HHX Macc OT P, B MOMEHT /, HX MaccaMd H Maccoft m camol
MatepHanbiod Touku P, . [losToMy cyumiecTBeHHO, YTOGH OXHO-
BPEMEHHOCTh OTHA/eHHBIX COOHTHH M PAacCTOSIHHE MEXAY NBYMS
TOYEYHHIMH MaccaMH HMe/JH HHBaPHAHTHYIO OMpPeAeJeHHOCTb.
Teopust rpaButauud HblOTOHAa KOBapHaHTHAa 10 OTHOLIGHHIO
K npeoGpasoBauuio [annness, HO, KOHEYHO, HE MO OTHOIIEHHIO
K npeo6pazosauuio Jlopenrua. .

Pa6oru ®apanes, Maxcsenna H 'epua B 061aCTH 3/1eKTPO-
JMHAMHKH BHEC/JH HOBHE KOHLEMIMM, 3HAYHTENbHO OT/HYal0-
nHec OT KOHuenuui kjaaccudyeckod mexauuku. [leficTBue Ha
pACCTOSIHMHM OOHOH TOYEYHOH MacCH Ha APYTylo, THOHYHOe Mg
MEXaHHKH, B 31eKTPOAHHAMHKE 3aMeHWIOCh JeHCTBHEeM nons
Ha TOYEYHYI0 Maccy H 3aBHCHMOCTbIO MOJAA OT MOJNOXKEHHH U
ckopocTeft Toueynnx Macc. Jpyruvu cioBaMM, B3auMoReHCTBHE
APOMCXONMT HE HEMOCPeACTBEHHO MeX Ay JABYMA YAa/JeHHBIMH
ToYeYHHMH MaccaMu, a MeXHXy TOYKaMH MoJd, HaXOXSLHUMHCH
Ha 6eCKOHEYHO MaJhX PAacCTOAHHAX APYr OT Apyra.

B nopeastHBucTCcKOH (PU3HKe MexaHHYeCKas TeODHS TpaBH-
TaUMH M TEOPHS 3/MCKTPOMATHATHOrO Monst OhJIM OCHOBaHH HA
ONHHX H TeX e MPeACTaBJICHHAX O MPOCTPAHCTBE H BPEMEHH;
MO3TOMYy, HECMOTPA HAa (yHIAMEeHTa/JbHHE Ppa3IuyHst o6eHx
Teopull, OHH He NpOTHBOpeuHnH napyr Apyry. Onmxako mocne
TOro, KakK aHaiu3 TpaHcPOPMaLHOHHWX CBOHCTB YpaBHeHui
MakcBe/nna npuBes K CO3IAHHIO ChelHalbHOH TEOPHH OTHOCH-
TEJABHOCTH, 3TH TEOPHH MepecTand OHTb COBMECTHMHIMH. B TO
BpeMst Kak Teopus MakcBenna HCkiouaeT ReHcTBHE Ha pac-
CTOSIHHH TOJBKO H3 C(pepH MEKTPOXHHAMHKH, TPAHCHOPMALHOH-
HHe ypaBHendsi JIOpeHTLa YCTpPaHAIOT AeHCTBHE Ha paccTosi-
HHY U3 Bcell (PU3HKH 32 CYET JHIUEHHS BPEMEHH H MPOCTPAHCTBA



ux a6comoTHoro xapakrepa. Jlas Toro 4ro6n TeOpHs rpasu-
TalMH COOTBETCTBOBaNa STHM TpEJCTABIEHHAM, OHA JO/MKHA
6uTb NpeBpallleHa B PENSTHBHCTCKYIO Teopuio. OnHako aHanua
OCHOBHHIX TOJIOXEHHH HbIOTOHOBCKOH TEOPHH C TOYKH 3PEHHS
TEOPUM NONs TMOKA3HBAET, YTO ,PENATHBM3AUMS“ TEOPHH Tpa-
BHTaUHMH HEOOXOXHMO CBfi3aHa ¢ OOOOWICHHEM CHELHaNbHOR
TEOPUH OTHOCHTENbHOCTH, MONYYHBUIHM TeNepb Ha3BaHue oOuieh
TEOPHH OTHOCUTENLHOCTH. IIpoc/enHM 3a TeMH PacCyMAEHHAMH,
KOTOpHE NPHUBONAT K HEOGXORMMOCTH Takoro 0GOGIIeHHs.

MpuRUAN 9KBHBAJEHTHOCTH, CHIa TATOTEHHH OTAHYaeTcs
OT BCeX HPYTrMX CHJI TeM, YTO OHA MPONOPLHOHANbHA Macce
TOro Tena, Ha Koropoe neicrsyer. C Apyro#f CTOPOHM, B ypas-
HEHUSIX HBHXEHHA KaaccHyeckodl MexauHkH (2.13) KOMOOHEHTH
CHAH, JelcTBylomed Ha Teno, Takxe NPONOPUHOHANIbHH €ro
macce. TI0STOMY NOCTOSHHHE MHOXHTENb M, ¢ 06eHX CTOpOH
COKpamaeTcs, M MH IONy4YaeM, YTO YCKOpeHUe mMeAa 8 2pa-
BUMAUUORHOM NOJAE He 3Q6UCUM OM €20 MACCH.

Teopus rpasurauun HbloToHa koncraTHpyer STOT ¢hakT,
HO He oObfchier ero. C TOYKH 3peHHMs KiaacCHyackod uaHku
enBa &M Hawe MOXKHO Tpe6OBaThb KaKOro-JH60 ,O0GDBACHEHHA®.
JIlpyrue cunoBHe 3aKoHH — 3akoH KysnoHa mns snektpocra-
THYECKHX CHJl, TpHpoma cHA Bau-nep-Baanbca — Takke He
MOTYT OuTb ,00bscHenn®. Onuaxo 3akon HbioTona nmeer
ocoboe, Gonee mupokoe 3Havewue, Macca Tena, oTHOWeHHe
CHIN K YCKODEHMIO, HBASETCS TOCTOSAHHOH, XapaKTepH3yIo-
me# noseleHHEe TeJa NOA JHeHCTBHEM CHA. ITY NOCTOSH-
HYI0O MOXHO Ha3BdTh ,HHEPTHOH MaccoOH“, TaK Kak
oHa suBnAercd Mepolt ,uUHEPTHOR CONPOTHBIAEMOCTH YCKOpa2-
HU0“. DJISKTPOCTAaTHYECKad CHIa, AeHcTBYIOLla® HAa YacTHuy,
€CTb MPOH3BEACHHE HAMPSIKEHHOCTH SJEKTPHYECKOTO MOJf, He
3aBHCHALIETO OT YaCTHUH, Ha 3apsA YacTHIH, KOTOPHH
aBnsercs ee xapaktepucTukol. TouHo Tak e rpasu-
TAlMOHHAd CHJIA eCTb NpPOM33EIEHHS ,HANPSIEHHOCTH TpaBHTa-
LLIMOHHOTO MONA* [OTPHIATE/NBHOTO TPAJHEHTA TPaBUTALUHOHHOIO
norennuana (10.3)] #a Maccy vactauw. B ToM cayuae, korza
Macca HrpaeT poib ,TDaBHTAllMOHHOrO 3apsaa“, Mu OyneMm ee
HaswBaTh ,TPABHTALHOHHON HAHM THAXKENOH Mac-



cof#t®. CornacHo HbIOTOHOBCKOR TeopuM TPaBHTAlMK MHEPTHAS
H TpaBHTAUHOHHAS MACCH OJHOTO M TOTO Xe TeJa BCeraa
paBHH. JTO MOJOXEHHE IO MPHYMHAM, KOTOPHE GYyAYT ACHHW
H3 panbHeduiero, HOCHT HasBaHHe NMPHHIHNIA 9SKBHBa-
JEHTHOCTH.

BooOuie roBops, MOrno OH CAYYHTHCH, 4YTO ,HHEpPTHasA“
H ,TPaBHTALHOHHAA“ Macch OGOJNbBLIMHCTBA Tea TOAbLKO INpH-
6/IM3UTE/NIBHO PaBHH, YTO STO NPHOMHKEHHOE PABEHCTBO Cay-
YalHO M YTO OpH TOYHOM H3MEpeHHH o06e MaccHl B JeHCTBH-
TeNbHOCTH OKaXYyTCH pasnuuyHbiMH. K cuacTelo, yTBepwaaemoe
paBEHCTBO MHEPTHOM H TDAaBHTAUHOHHOH MacC BO3MOXHO MOA-
BEpPrHYTb O4YeHb TouHOH mnpoBepke. Ind 3Toro mOCTaTOYHO NO-
Ka3aTb paBEHCTBO YCKOpDeHHR BCeX Tel B ONHOM H TOM Xe
rpaBHTALMOHHOM MONe.

Yckopenusi cBOGOAHO MAZAIOIIMX TeJA HeJb3sl H3MEpATh He-
NOCPEACTBEHHO, TaK KAaK HEBO3MOXKHO C JOCTATOYHOH CTENeHbIo
TOYHOCTH HM3MEPATb HHTEPBAJN BPEMEHH; NOSTOMY HEOGXOIHMO
npuberiyTh K KOCBeHHwM MeTomaM. CyuiecTByeT THN ycKope-
HHfl, ,HHEPUHANIbHOE YCKODEHHe“, KOTOPOE OnpefelNeHHO He
3aBHCHT OT MAaCCH YCKOpSieMOTo Te/sa. Ec/iu OTHOCHTD HBHXeHHe
Tel K HEHHEPUHAJTbHOH CHCTEMe OTCYera, BO3HHKAIOT YCKOpe-
HUs, OOYC/OBJIGHHHE He MeHCTBYIOLMMH Ha Tel0 CH/IaMH,
a yCKOpeHHeM BHOpaHHOH CHCTEMH OTCYETA OTHOCHTEJBHO
Kako#i-1H60 WHepuHanbHO# cHCTeMH. B raase Il st ,cuan
HHepUHH* ObUIH HCCIeNOBaHW B CHEIHANBHOM CJyyYae, KOraa
CHCTEMA OTCYETa BPAlIAETCA € MOCTOAHHOH yI/I0BOH CKOPOCTBIO
OTHOCHTE@NLHO HMHEPUUANBHOH CHCTEMH.

»CHa MHEPUHH“ NPONOPLHOHANbHA , HHEPTHOR Macce® Tena,
INosTomy, ecnu Ha TenO0 OXHOBPEMEHHO HEHCTBYIOT H ,CHIN
HHEpUHMH® H TIPABHTAMOHHHIE CHJIW, HanpaBleHHe paBHOAeH-
cTByIOLeH GyLeT 3aBHCETb OT OTHOLUEHHS ,HHEpTHOR* Macch
TeNa K ,rpaBHTanHoHHON“. Onpenenenne HanpasieHHS 3TOH
paBHOAEHCTBYIOWIER JUIA DPa3/IHYHBIX Te/M sIBJAeTcs 4YYBCTBH-
TE/AbHEIM KPDHTEDHEM TOrO, OAHHAaKOBO JIH STO OTHOIUEHHE AJMf
BCEX HCMHTYEMHX Tell.

Heob6xoaumas skcmepuMeHTa/nbHas yCTaHOBKA CO3JaHa ca-
Mo# npupozofi: 3emas, Bpaulaouwasnca BOKpYr ceoe#t oc ¢ rmo-
CTOAHHOH Yr/0BOK CKOPOCTHIO, #BAAETCH HEHHEPUHAAbHOK cu-



cremoft. Ha tenio, nokosiuieecst OTHOCHTENbHO 3eM/H, AeHCTBYIOT
IBe CHJH: TPaBUTALHOHHOE MPHTKEHHE 3eMIH H ,HEeHTpPoGex-
Has cuna“. TlonHoe ycCKkOpeHHe STOr0 Tejda OTHOCHTENbHO
3eMau noay4yaercAa BEKTOPHHM CJOXEHHEM TPaBHTALHOHHOrO
H ,UeHTpobexHoro* yckopenu#t. Jnas Toduek, pacmonOmeHHHX
He Ha 9KBarope, STH [Be COCTABAAIOLIHE HE MAPAVICIbHH,
U HanpaBlneHHe PaBHOACHCTBYIOIeH sABAdETCH MepoH OTHOwe-
HHS HHEPTHOH MacCH K rpaBHTALHOHHOH.

Oteemi!) mojxBelIMBaN HAa KOPOMHIC/AAX KPYTH/bHHX BECOB.
JBé THPH U3 Pa3NHYHbIX MATEPHA/NOB, HO C OHHOH U TOH xKe
rpaBuTauHoHHoft Macco#t. EciH O6H HMX HHepPTHHE MaccH He
OLUIH paBHH, Pe3yAbTHPYIOIUHE CHAH, ReHCTBYIOWIHE HA THPH,
6bH OH He mapajuie/lbHbl, H BECH TNONYYHWIH OH KPYTHIbHLIH
MOMeHT. OTCYTCTBHE TAKOTO MOMEHTAa TMNOKa3WBaeT, 4YTO OTHO-
IIeHHe HHEPTHOH Maccn K TIpaBHTaUHOHHOH ONHO H TO e
AN pasfHYHHX MaTepHanoB. ITOT pesyibraT O  MOAYYEeH
€ OTHOCHTEeNbHOHR TouHOCTbIO 108,

B cnenuanbHO# TeOpHM OTHOCHTENBHOCTH OHJIO MOKA3aHo,
YyTO Mo KpafHe#t Mepe yacThb HHEpTHOH MaccH Tena 06yc/o0B-
JeHa BHYTpeHHeH suepruefl. B pasHoaKTHBHLIX BellecTBax 9Ta
npubaBka K NOJMHO# Macce 3HauyuTe/NbHA. SIBAfAETCA /M STa
4YacTb ,HHEPTHOH MacCH“ TaKxke H ,TPABHTAUHOHHOA Maccoi«?
Orser Ha sTOT Bonpoc Onn naH Caysepucom?), KoTophilt
MOBTOPH/ SKCMEPUMEHT JTBela C paAuOAKTHBHLIMHM BElLECTBaMHU..
PeaynbraT OHA TOT Xe. ,IPaBHTallHOHHAas Macca“ O0Ka3aaach.
paBHO# ,HHepTHOR Macce“, XOTH MOC/AeAHAS B H3BECTHOH cCTe-
neHyd Onina o6yciaosineda sSueprue#t cBasd. Ilpuuuun sxeHea-
JICHTHOCTH, TakuM o006pa3oM, §BJAETCA OCHOBHHM CBOHCTBOM
FPaBHTAaLHOHHKX CHJ.

IlpensapuTebHble COOGpPaXeHHAA O PpeASTHBHCTCKONL
TeOpHH rpaBhATauuu. Ilpexae yem CTPOHTb PeNATHBHCTCKYIO
TEOPHIO TIPaBHTALHH, HeoOX0ZHMO cOPMYIHPOBATHD HBLIOTO-
HOBCKYIO TEOPHIO TakuM o06pa3oM, uYTo6H AeficTBHE Ha pac-
CTOSIHHH OHJIO HCKJIOYEHO. ClleJIaTb 3TO JXOBOJDbHO JIETKO.

1) Math. und Naturw. Ber. aus Ungarn, 8, 65 (1890).
2) Proc. Roy. Soc.,-84A, 325 (1910).



T'paBUTaLUHOHHOE NPHTSKEHHE HEKOTOPOTO TeJa MacCH m
HECKO/bKHMH JIDYTHMH TelaMM MoOeT OHTb NpPeACTaB/IeHO
CYMMOH ,TpaBHUTallHOHHHX noresunanos* (10.3) sTux Tesm;
5Ta CyMMa IaeT NMOTeHUHabHyio sHepruio U,, BhGpanHOro Tesa,
AeneHHyl0 Ha ero Maccy m. Cuna, melicTByloas Ha Teno,
€CTh OTPHLATENbHHHA TIPAAKMCHT €ro mnoTeHUHalLHOH SHepruu:

f——mgrad G. (10.5)

I'paBUTaUHOHHLN NOTEHUMAN 3aBUCHT OT  PAacCHOMONEHHS
ocTaibHniXx Ted [loTenuman, cosamaBaeMhlt Kaxao#l TOYeyHOH
Mmaccoft, maerca (10.3). Beoms ,rpaBUTALMOHHYIG HANPSKEH-
HOCTb TOMSi“

g=——grad G, (10.6)

MH BHIHM, YTO, KAK H B 3JIEKTPOCTaTHKE, CHJIOBHE JHHHH [pa-
BHTALHOHHOTO MOJA HEe HAYMHAIOTCH H HE KOHYAlOTCH BHE Mace,
H uro Ha Macce M konyaercss 4mxM cunoBux uuu#t. Otciona
3akmouaém, 4TO

div g = — 4mxp,

TAe p —IJOTHOCTb MaccH. Ilorenunan G ymobreTBopser ypas-

HEHHIO
divgrad G = VG = 4nxp- (10.7)

SDr0 ypaeHeHHe, BHepBHe noiaydenHoe IlyaccoHoM, sBseTCH
KJACCHUECKHM YypaBHeHHeM rpasuTauuonsoro nois. Cucrema
ypastenu#t (10.5) u (10.7) sxBuBaneHTHA YPABHEHHAM HBIOTO-
HOBCKOH TEOpPHMH, NMOCTPOEHHHM HA OCHOBE NAJAbHOAEHCTBHS.
Ypastienne Ilyaccona (10.7) He sABAsieTcs JOpEHTL-HHBa-
puauTHeM. Bciomy, rme p paBHO Hymo, npeAacTaBiseTes pa-
3YMHHIM NPEANONOKHTb, YTO TPexmepHui onepatop Jlannaca V2
Zo/nkeH OHTb 3aMEHEH ero YeTHpPEXMEPHHIM aHajoroM, onepa-
TOPOM » »

Pe
W oxtore o

.-.cZV?.

B NPUCYTCTBHH MATEPHH HYXXHO NOMHHTb, 4YTO INIOTHOCTb
ABNAETCA HE CKalfApoMm, a KOMIIOHEHTOH TE€H30pa P®, Mu
<TOHM IIepen aanepHaTHBoﬁ: 3aMCHHUTD p JOPEHTI-HHBADHAHT-



HbIM CKansipoM 7, P* WIH 3aMEHHTb HEPeAATHBUCTCKUE ckanap G
'MHDOBHIM Teu3opom G,

06 nHepumaibHBIX cHcTemMax. [lycts nepea  Hamu
CTOMT 3aRa4a HaXOXAEHHA HHEPLHAJLHOH CHCTEMB OTCYeTa,
CornacHo onpegeneHHlo, maHHoMmy B riaase ll, unepuHaibHO#
fBASIETCH TaKas CHCTEMa KOOPAHMHAT, B KOTOpoH BCE Tena, He
noxBepraownecs AeHCTBHIO cui, He O006/1afal0T YCKOPEHHAMH.
Taxoe onpenenexue, oqHaKko, HEAOCTATOYHO, KOJb CKOPO Npexae
BCErO HEOOXOAHMO ONpene/NHTh, AEACTBYIOT JH HAa JaHHoe
Teno cuan, CornacHo KaacCHYeckod MexaHuke Bce (peanbHble)
CHJIH NPeACTaBadioT coGolf B3auMomeHcTBHE Tenm HpYr ¢ Apy-
roM. CnenoBaresnbHO, Teslo, JOCTATOYHO YyAaneHHoel) oT apy-
rdx Tea, He HCILTHBaeT AeHCTBHA CHI.

STOT KpHTepHA YNOBAETBODHTENEH C TOYKH 3pEHUs Kaac-
cuyeckof mexanuku. Ho B TeopuH OTHOCHTENBHOCTH MH
IOMKHH H36erath KoHuUeEnuuil, CBA3aHHHIX € KOHEYHLIMH Mpo-
CTPaHCTBEHHBIMK paccrosuusiMH. Takoe nonsiTHe, Kak ,A0cra-
TOYHO HaJeKo“ He SABASETCH JOpeHTI-uHBapuaHTHEIM. Onpene-
JAeHHe HHEPLHANbHOM CHCTEMH JO/MKHO OCHOBHIBATbCH Ha
cBOHCTBAX HEMOCPEACTBEHHON okpecTHOCTH HabmomaTens.

Mb  wmoxeM ompenenuTb, SBASETCA JM HaHHAs CHCTEMa
MHEpUHANLHOA, €Cc/AH CymeeM HaHTH YCKOpeHHs HCOHTYeMbiX
TeN, HWIH, 4TO TO Xe, €CAH Mh 3HAEeM IPaBUTALHOHHOS H JJICK-
TPOMAarHHTHOE noje B Hx okpecTHoctdH. Ho cyuiecTByer To/BKO
OIHH METOA H3MepeHHs noJjeH: uaMepenue yckopenuw#t nmpoGHbX
ten. Tlonyuaetcs nopounnft Kpyr.

Bmecte ¢ TeM cyuiecTsyeT ray6oKOe PasiHYHE MEXAY 91ek-
TPOMAarHMUTHHIM H TPaBHTaLHOHHLM moasiMu. Huyto He Memaer
HaM BuIOpAaTh B KAayeCcTBe NPOGHHX Tea Tela He3apsKeHHhe
¥ Henoaspu3oBaHHbe, Torga JeHCTBHE Ha HHUX 9JeKTpomar-
HUTHOTO MoNg CBedeTcs K Hymo. [leficTBMe rpaBHTALHOHHOTO
noJis Ha NpoGHOE TeNO HCKIIOYKTb, OJHAKO, Helb3d, TaK Kak
yCKOpEHHE Tela B TPaBHTALMOHHOM MNOJE HE 3aBUCHT OT ero
MaccH.

1) Cﬁaoro roBOPf, ,A0CTaTOYHO AajeKO” O3HayaeT GeCKOHeYyHOo
aaneko. Hame ycaoBue MoXeT TakuM o6pa3oM COO/MIOAaTbCA TOJIbKO
NPHGAHIKEHHO,



HeiicTBHe rpaBHTALHOHHOTO MOJA HA TENO HE OT/IHYHMO OT
»HHEPUHANBHBX ycKopeHHH“. Kak rpaBuTauMoHHOE, TAK M HHEp-
LHaNbHOE YCKOPEHHS He 3aBHCAT OT XapaKTEPHCTHK Npo6GHOro
Tesa. [103TOMy HEBO3MOXHO OTHENHUTh TIpaBHTALHOHHBLIE YCKO-
peHusi OT HHEpPLHaNbHWX M HaHTH TakuM 06pasoM HHepUHAlb-
HYIO CHCTEMY.

B 3TOM cMbicie 3KBHBA/JAEHTHOCTh IPABHTALHOHHOTO H HHEP-
LHMaNbHOTO MOJMeH sdABnAETCS CNEACTBHEM paBEeHCTBAa IpaBHTa-
1HOHHOH K HHEDPTHOH MacC. DKBHBA/ICHTHOCTb IPABHTaLIHOHHOTO
Y HHEPUMANBLHOTO noneHl KaK pas M TNOCAYXHAA OCHOBAHHEM
Aa9 Ha3BaHHSA ,MPHHIHN SKBUBAJIEHTHOCTH,

C 3TOi TOYKH 3peHHs HHEpLHaJbHHE CHCTEMH He Mpea-
cTaBnsioT co60H o0co60ro Kjaacca CHCTEM KOODIAHMHAT; MO Cy-
HIECTBY HET HHKAKOH PasHHUN MEXIY HHEPLHANbHOH CHCTEeMOH
OTCYETa B FPAaBHTALHOHHOM MOJE M HEHHEpUUAJbHOH CHCTeMOH.

HadT® Afnmreiina, Jag WmOCTPanuK SKBHBAaNEHTHOCTH
MHepL 4aJpHOH M HeHHepLHANbHOM cHCTeM oTcuera ODHHWTEHH
npusesa B MPHMEP YeJoBeKa, nomewaoulerocs B Kabuue augra.
[oxa AupT NOKOMTCHA, YeJOBEK MOWET OIXHHM H3 OOLYHLIX
METONOB ONpele/]HTh HANPMKEHHOCTb TPaBHTALHOHHOTO [O/A
Ha TNOBEPXHOCTH 3eMJH, KOTOopas MpuOIU3HTENbHO paBHa
981 cM/cek—2. OH MOXeT 9TO clHENaTb, H3Mepss, CKaKeM,
BpeMs, B TeYeHHEe KOTOPOro TeJ0 NaZaeT Ha 10 C BHCOTH
100 cM. HanpskeHHoCcTb rpaBHTallHOHHOTO MO/ B STOM Cay4ae
pasHa

—10x2 (10.8)

IpeanonoxuM, 4To 4enoBeK B NHPTE HE HMEET BO3MOX-
HOCTH MoAy4YaThb HHPOPMauHIO H3BHe. BmecTo Toro uTo6M
clenaTh 3akK/alOyeHHe, YTO OH M KaGHHA HAXOHSTCS B MOKOe
B TPaBHTALHOHHOM II0JIE, OH MOXET paccyxAaTb TaKxe CJe-
ayomumM o6pasoM: ,Bce Tea B kabuHe HCOLITHBAT YCKOpe-
nue B 981 cM/cex™2, NOKa OHM He GYHYT OCTAaHOBIEHH CTOJK-
HOBSHHEM C ADYTrMMH TelaMH MM ¢ nojoM KaGuuw. Tak Kak
9TO YCKOpeHHe He B3aBHCHT OT HHAMBHAYaJbHHX XapaKTepH-
CTHK HCIHTYEMHX Tel, TO HENoXowme, YTO YCKOPEHMsl COOTBET-
CTBYIOT peajlbHhM CH/aM, KOTOpbe JAeHCTBYIOT HA STH Tela.



BepositHo, Mos  cHcTeMa oOTcyeTra (CBf3aHHas C  Ka-
6unoflt) He sBNseTCH UHepUMANbHOR cHcTeMOH, a MO KaKuM-TO
MHE HEH3BEeCTHHIM MPHYHHAM JBHXETCS BBEpX OTHOCHTE/NBHO
MHEpLHaNbHOH CHCTeMH c yckopesHeM B 981 cm/cex—2. Te
Te/la BHYTPH KaGHHH, KOTOpHE, XOTs Ob BpEMEHHO, He MnpH-
HYXIEHH y4acTBOBaTb B 9STOM YCKOPEHHOM JIBHXEHHM, NOI-
YHHSAIOTCS 3aKOHY HHEPLUHH H OTCTAlOT OT STOTO JABHKEHHS,
NOKA HE HATaJKHBAlOTCS HA NOJ KaGHHBI®.

Ipeacrasum ceGe Tenepb, 4TO TPOC NOABEMHHKAa 0GOp-
BaJCS, H 4To KabuHa, He CHabxeHHas aBTOMATHYECKH OCTa-
HaB/IMBAIOLIHM MpPHcnocobieHHeM, CBOGOAHO NnagaeT B [paBH-
TAUHOHHOM MoJe 3eM/1H. Bo BpeMsi 5TOro najeHHs Tena BHYTPH
KaOMHH HCINTHBAIOT TaKOe e YCKOpeHHe, KaK M caMa Ka-
6xHa, H MO3TOMY He YCKODSIOTCH OTHOCHTeabHO Hee. Haburo-
JaTeab BHYTPH KaGHHH MOXET STO HHTEPNpPeTHpOBaThb Tak, YTO
YCKOPEHHEe KaOHHH MPEKPATHAOCh W YTO ero CHCTeMa OTcyYeTa
cTaja HHepuHaJbHOH.

C Iopyro#i cTOpOHH, MOXHO paccMOTpeTb H Gonee ¢panTa-
CTHYECKHH ,MbicieHHHH 9kcnepumenT. TlycTb KkabGuHa nome-
uesa B 06JaCcTb NPOCTPAaHCTBA, TAe HET FPaBHTALMOHHOrO
noas. Ecan xkaGuuy npemoctasuTh camoft ce6e M ecnM OHA He
BpalLAeTcs BOKPYT OCH, TIPOXOXfAIIEH 4Yepe3 ee LEHTP HHep-
UMH, oHa OyaeT NPeACTaBAATb COGOR HHEPLHANbHYIO CHCTEMY.
Ilpeanonoxum Tenepb, YTO KTO-TO HAYHHAET THHYTb C IMO-
CTOSIHHOH c#I0H TPOC, NPHKDEIVIEHHWH K INOTONKY KaOGHHHI,
Toraa xabuna nepecraer GWTb HHeplMaibHOM chcTeMo#t. Ecau
TE10 BHYTPH KaOHHHN He HaXOZHTCd B KOHTaKTe C JPYrHMH
Te/NaMH, OHO, [MOJYMHSACH 3aKOHY HHepuUMH, OYIeT OTCTa-
BaThb OT yCKOpsioweHcs KabuHu, T, €, OHO OyXHeT, TaK CKa3aTh,
»NafaTh* Ha 00M. YenoBek B kabune MOXKET OWIMOHTLCS U NPH-
NUCaTh YCKOPEHHE HCILTYEMbIX Ten NeHCTBHIO rPaBHTALHOHHOIO
nons.

Npuuuun o6meli KoBapmaHTHOCTH. [Jia TOro uTOGHW
PasBUTb TEOPHIO TPABHTaliMH, BKIOYalollyl0 B ce6f Kak co-
CT4BHYI0 4aCTb H TPHHLMO 3KBHBANCHTHOCTH, HYXKHO OTOpO-
CHTb MPELCTaBAEHHE O NPHBU/IETHDOBAHHHX HHEPUHANbHHX CH-
cTeMax oTcyera. Bce CHCTEMH OTCYETa OAHMHAKOBO MNPHCOAHLE
A5l ONMMCAaHUA 3aKOHOB MPHDOMLL



Kak BHpa3uTb B MaTemaTHyecko#f copMe STy 9KBHBANEHT-
HOCTh Bcex cucTeM otcdeta? [lockoabKy Mbl BCEraa Mpeacrtas-
JAseM CHCTeMy OTcYeTa B BHIE CHCTEMb KOODIHMHAT, a HHep-
1Ha1bHYIO CHCTEMY, B YacTHOCTH, B BHJE JIODEHTIIOBOH CHCTEMH
KOOpAWHAT, OYEBHAHO, YTO B 06WIEM CJyuae HeNb3f OrpaHH-
ynThcs npeobpa3osanneM koopausaT Jlopewrtna. Jlusweiinoe
1ipeoGpa3oBaiie KOOPAHHAT ¢ MPOH3BOAbHHMH KOIGHUMEHTaMH
HeNOCTaTOYHO, TAaK KaK MepexoRx OT OXHOH CHCTEMH OTCYeTa
K IpYro, YCKOpeHHO HBHXYuieHicd OTHOCMTENbHO mepBoH, He
MOxeT OHThb NpencTaBleH MpeoOGpPa30BaHHEM KOOPAWHAT, /M-
HeHHBIM OTHOCHTE/NbHO BPEMEHHOH KOOpIHHATH.

Hcropus pa3suTus 0OWEHR TEOPHM OTHOCHTE/BHOCTH TOKa-
3ana, 4to AN NOCTpPoeHus obGuelt peAdTHBHCT-
CKOM TEOPHH rPaBHTAIHY HEOOXOAHMO pPaccMO-
TpeTb rpynny BCcex HemMpepHBHHX AHPepeHnU-
pyemMbnx npeo6pasoBanuil KOODAHHAT C HEHCYe-
3almuUM fakob6unanom Bor mouemy Teopus rpaBHTalMH
Ha3wBaeTcss o6ume#t TeopHeH OTHOCHTENbHOCTH.

Bo Bropo#f yacTy raaBH V GHH PacCMOTPEHB HEKOTOPhE
CBOMCTBA MPOH3BOJIBLHOTO NPeo6pa3soBaHHs KOOPAHHAT. B 3BKM-
JIOBOM MNPOCTPAHCTBE BCErAa BO3MOMHO BBECTH KDHBOJHHEHHYIO
cHCTEeMY KoopauuaT. Bce onmepauuy BEKTOPHOrO H TEH3OPHOTO
aHanu3a MOTYT OniTh ¢ OAMHAKOBHM YCNEXOM BHPaXKEHH Kak
B NpPSMOYTOJIbHOH NEKapTOBOH, TaK M B KDPHBOMMHEHHOH CH-
creme KoopauHat. O@HAaKO NpH BBENEHMH KPHBOJHHEHHHX KO-
OpAHHAT W MPOU3BOJbHHX Npeobpa3oBanyi, uToOH chopMyIH-
poBaTh MHOTOHYMC/IEHHbIE TEH30PHHE COOTHOLIEHHS, HYXHO
ele BBECTH METPHYECKHH TeH30P g,,,,» KOMIOHEHTH KO-
TOpOro #BAAIOTCA (ynkuusmMu Koopausat. [Ipn stom npsMas
JINHHSA, HampHUMep, He MOxXeT OWTh mpeicTaBleHa O6ojee Mnpo-
CTHIM CIOCOOOM, 4eM npH nomowH AudpepeHUHaNbHBIX ypaB-
Henu#t (5.99). Xord /mobne reoMeTpHyeckHe COOTHOMLIGHHS
MOXHO NMPEJCTaBHUTh B KPHBOJHHEMHHX KOOPAMHATaX H B 3BKJIH-
IOBOM NPOCTPAHCTBE, B MNOCAeNHeM Bce Xe OOHYHO GHBaer
NpeanoyTHTebHee N0/Ib30BATHCH JXEKapTOBWIMH KOODAHHATaMH.

B 9BK/IHIOBOM MNPOCTPAHCTBE HUCMOAL30OBAHHE JEKAPTOBHIX
CHCTEM KOODAHHAT H OPTOTOHAJILHWX npeo6pasoBaHHi 103BO-
AsieT Pa3BHTb TEH30PHOE HCYMCJEHHE ¢ MEeHbLIHM YMcIoM Oa-



3HCHBIX 97eMEeHTOB, yeM B obweM dopmanusme. [lockombky
METPUYECKHMH TEH30p BLIPOXAAETCA B TEH3OP &, OH He fB-
ASETCH YK€ HE3aBUCHMMBIM 3/EeMEHTOM reomeTpud. B pumdo-
BOM MPOCTPAaHCTBE BBeAEHHE JEKapTOBOH CHCTEMH KOOPAHHAT
HEBO3MOXHO. B HeM gomikeH GHTb HCMONAb30BaH oOuwim#A ¢op-
MalH3M, KOBapHaHTHWA OTHOCHTe/NbHO 06uero npeoGpasoBaHHs
KOOpPZAHHAT.

B Teopud rpaBHTalMM MH CTaJKHBaeMCd ¢ MOXOGHOH ke
cutyauuefi. M moxem copmMyaupoBaTh CNEUHANbHYIO TEOPHIO
OTHOCHTE/IbHOCTH, NOJIb3YSICh KPHBOMMHEHHBIMH CHCTEMAMH KO-
opavHat ¥ 06Go6LIeHHHME n1peo6pa3oBaHUiMH B YeThHpexmep-
HoM Mupe. OLHAKO MpH 3TOM BO3MOXKHO BBECTH TaKHe CHCTEMb
KOODAHHAT, B KOTOPHX KOMMOHEHTH METPHYECKOrO TEH30pa
NDHHMMAIOT MOCTOSIHHBIE 3HaYeHHs 1),, H TAE KOIPHUHEHTH
adunnof CBI3HOCTH OOpauialoTcs B Hylb. PopmannsM, Ko-
BapUaHTHHH TOMLKO MO OTHOWEHHIO K mnpeoOpa3oBaHusM, ne-
PEBOAALUIMM HEKOTOPYIO CHCTEMY KOOPAMHAT STOr0 THOA B
CHCTEMY TaKOro Xe THna, He TpeGyeT BBeACHHA psila reome-
TPHYECKHX TMOHATHH, SBASIOLUMXCH COCTaBHOH 4acTbio ¢opMa-
NM3Ma, KOBAPHAHTHOrO (0 OTHOLWeHHio K obueMmy npeobpa-
30Banul0  koopxuHat. CucTemnl  koopauHaT, B KOTO-
PHX KOMIIOHEHTH METPHYECKOrO TeH30pa HMMEIOT MOCTOSHHKIE
3HAYEHHA 1), HBASIOTCA HHEPUHANbHHMH, a npeoGpasoBanus
ONHHX MHEPUHATbHHIX CHCTEM KOOpAHHAT B JpyrHe HHep-
[Ha/bHHE We CHUCTEMH SIBAAIOTCHA npeoGpa3oBanuamu JlopeuTua.

DKBUBaNEHTHOCTb BCEX CHCTEM OTCYeTa ROMKHA BHDPAKAThCH
9KBHMBAJIGHTHOCTBIO BCeX CHCTeM Koopaunar. B rpasurauyuon-
HOM [0/7€ HEBO3MOXHO BBECTH MPHUBHIETHPOBAHHYIO CHCTEMY
xoopauHat Jlopentua. Bcerma, xorma BBezenHe JIOPEHTLOBOH
CHCTEMBl KOOPAHHAT HEBO3MOXHO, Mbl, PpacIuHpfii TEPMHHO/O-
rui0 raasy V, 6yAeM HAa3WBATL YETHP2XMEpHOE MPOCTPAHCTBO
MHHKOBCKOTO — PHMaHOBBIM.

B npocTpancise PHMaHa KOMMOHEHTH METPHYECKOrO TeH-
30pa g,, BO BCeX CHCTEMax OTCueTa ABAAIOTCH HE MOCTOSH-
HBIMH, a QYHKUMAMH KoOpAunaT. Ecam orpannuntscs npeoGpa-
aosauuamu JlopenTtua, ¢opmanusm we ynpoctutcs. [unoresa,
yTo reoMeTpus (HM3HYECKOTO NPOCTPaHCTBA Jyville BCEro mnpei-
crasaferTcd (OPMaNU3MOM, KOBAPHAHTHHWM OTHOCHTENbHO 00LU(MX



npeo6pa3oBatkft KOOPAHMHAT, M 4YTO OrpaHHYeHHe MeHee o6uieH
rpynnoit npeo6pa3oBaHHil He ynpocTHT ¢oOpMaaU3Ma, HA3H-
BaeTed nmpHHnunoM ob6me#t koBapuaHtHocTH, OH
SIB/IAETCH MATEMaTHYECKHM BHIPaX<eHHEM MPHHLHNA SKBMBANEHT-
HOCTH. Pa3BHTHE TeOpHH rpaBHTALHH, YXOBJIETBOPAIOIIEH MPHH-
uuny oO6IeH KOBapHAaHTHOCTH, Ra/l0 TEOPeTHYecKoH ¢u3uke
TEQPHIO MOMHA, HAHIYYIIYI0 H3 BCeX JO0 CHX MOp TpemIo-
KEHHhIX.

Mpapona rpasmraumoHHOro noJsa. M3 npunuuna 9Sxsu-
Ba/ICKTHOCTH, Ka3an0ch OHl, MOXHO 3aK/IOYHTh, 4YTO rpaBHTa-
{{HOHHHIX MOMEH BOOGIIE HE CYIUEeCTBYeT, YTO OHH SIBASIOTCH
JIHIIb MPOSBJAEHHEM ,CHI MHepuHu“. ORHAKO KaXIh MHCTHHK-
THBHO 4YYyBCTBYeT, YTO STO He TaK.

Hsmepsas ¢ Gonbwiolt TOYHOCTHIO HampaBieHHe ycKopswouledh
CHJILI 3eM/H, 4enoBeK B KaGuHe nudTa Haien 6H, YTO CH/IOBHIE
JIMHHH CXORATCA K LEHTPY 3eMan. DTO OTKpWTHe He Xano Ou
€My BO3MOXCHOCTH OTHE/NHTb TPaBHTAUMOHHOE I[OJIe OT HHep-
1tHa/bHOrO, HO OHO YKasano Ob emMy Ha TO, 4YTO NoJe He
YIO/NIHOCTBIO HHEPUHAMbHO. B CHIY CXONMMOCTH CHJIOBHX JIHHHA
HE CYHIECTBYET CHCTEMH OTCYeTa, B KOTOPOH rpaBHTaUHOHHOE
none Hcyeano 6w Bciony. PumanoBckuii xapakTep npocTpad-
€TBa, T. €. HEBO3MONHOCTh BBEJEHHS JOPEHTUOBOH CHCTEMH
KOOpIHHAT, H BLIDAXAET HEBO3MOXHOCTh BBEXECHHMA Takol cH-
CTeMH OTCYeTa, KOTOpaw BcioXy HMena OH  cBOHcTBa HHep-
1MANBHOA CHCTEMH,

EciM HEBO3MOXHO BBelEHHE CHCTEMH KOOPAMHAT, B KOTO-
po#t ROMMOHEHTH METPHYECKOTO TeH30pa NpHHHMa/M O Mno-
CTOSIHHBIE, Halepen 3adaHHble 3HaYeHHs, TO METPHYECKHH TeH-
30p CaM CTAHOBHTCH 4YacTbl0 NOJIA, H B 3TOM C/yyae JO/KHH
CYUIECTBOBaTh YPAaBHEHHS TMONS, OTPaHHYMBAIOUIUE H JO HEKO-
TOpOH cTeneHH onpexnensiomme GyHKUHOHAILHYIO 32aBUCHMOCTD g,
OT YeTHpPEX MHPOBBLIX KOOPIHHAT.

Kaxos ke ¢uauyecKuit CMBICA 3TOro TeH3opa noas 8u?
PaccmoTpuM 06/1aCTh NPOCTPAHCTBA, B KOTOPOH rpaemauuou-
noe nome orcyrcrByer. Ecnm BBectH Heunepuuanbuylo cHcTeMmy
KOODAHHAT, TO OTHOCHTENBHO Hee OYAYT YCKOPAThCH cBOGOA-
HE Te/1a, HeCMOTPA Ha TO, 4TO OHH HABHXKYTCS BIOJb NpsMoi
MupoBoR uHMM. Ecnm BLIPa3uTh 3aKOH HHEPUHH B MPOH3BOb-



HOR KpuBOMHHeHHOR CHCTeMe KOOpIHMHAT, TO coraacHo (5.99),
YPaBHEHHAMH ABHeHHS OyayT
dUs { a

- x} U, (10.9)

a
riue {l x} AHHeHE OTHOCHTENbHO NepBuX NPOH3BOAHKLIX gl”:

a 1
{t x}=3gﬂﬂ(g'3’ 1+g13n—gm B)' (10.10)

Tensop g,, ¢urypupyer 3;ech, KaK nOTeHUHan ,HHEpLH-
anbHoro nong“. flo3ToMy pasyMHO NpennosioKHUTb, YTO B FPABH-
TAaUHOHHOM 1I0/1€ KOMIIOHEHTH g,, TaKke HBAAIOTCH MOTEHUHA-
JlaMH, ONpeXeNsOUHMH YCKOPeHHS CBOGOINHHX TeJ; IPYTHMH
CNI0BaMH, g£,, ABNAIOTCS MOTEHUHANaMH [PAaBHTAUHOHHOTO MOJS.
ATH rpaBUTAUHOHHHE NMOTEHLHAMH JO/MKHH YAOBIECTBOPATh AHG-
(epeHIHANLHEIM Y PABHEHHSM, MOXOGHLIM HYeTHPEXMEPHHIM YpaB-
nenuaM Jlannaca u Ilyaccona. Hume Mm yGemumcs B ToM, uTo
CYLIECTBYET TOMbKO ONHH KAacC YpaBHEHHWH TaKOro THNa, Ko-
BapHaHTHHR OTHOCHTENbHO o6uiero npeo6Gpa3oBaHus KOOpP-
JIMRAT.

Kak 66 TO BH ObO, MH YBHIHM, 4YTO MHPOCTPAHCTBA,
C KOTOPHMH HMEET Ie/l0 TeOpHS TPaBHTAlHH, He SBASIOTCA
»KBa3H-3BK/IMAOBHMH®, T. €, B HHX He MOTryT GHTb BBEAEHH
HHEpPLUHANbHHE CHCTeMH KoopauHar. [lpexne uYeM NMPOXOMKHTDH
M3yUeHHe TIpDaBHTALHOHHMWX Nosie#t, Heo6xoxmumo Gonee mnox-
pofHo, YeM STO OHJIO cHenaHo B raaBe V, H3Yy4YHTb reOMET-
pHIO PHMAHOBBIX MPOCTPAHCTB. B 4acCTHOCTH, HEOGXOAHMO HAHTH
maTeMaTHuecku# kputepull, onpenensioutu#i, ssnsgercs JH Npo-
CTPAaHCTBO 9BKAHAOBHM HNH HET.



Trasa X1

TEH30P KPUBU3Hbl PUMAHA-KPUCTODDENA
X

XapaxkrepHbie 0COGeHHOCTH PHMAHOBBIX NPOCTPAHCTB.
CorsacHo onpefefteHdIo, OAHHOMY B TJaaBe V, 9BK/IHAOBHIMH
fIPOCTPAHCTBAMH HA3bIBAIOTCH TaKHe MPOCTPAHCTBAd, B KOTOPhIX
MOXHO BBECTH JAEKAPTOBW KOOPHMHATH; BCe OCTa/lbHHE [pO-
CTPAaHCTBa He SBJAIOTCH SBK/IMIOBHIMH.

Hdaxe ecad HaM H3BECTHO, YTO B HEKOTOPOM 4YacTHOM CJy-
yae KOMIIOHEHTH METPHYECKOTO TEH30pa #BJAIOTCH H3BECTHHIMH
¢yHKUMSMH KOODAHHAT B HEKOTOPOH CHCTeMe KOODIHMHAT, BCe e
M B 9TOM C/yyae HEMHICIMMO nepebpaTh BCe BO3MOXHBIE Mpe-
06pa3oBaHHsl KOODAHHAT, YTOOH BHACHHTb, HE MNPHBOAHT JiH
Kakoe-nu60 U3 HUX K JgekapToBo#i cucteme. [Tostovy Heo6Gxo-
IuMO HaRTH DOAXOAAUIHHA KpHTEpHH, KOTOpwH Bceraa AaBal Onl
BO3MOXHOCTh ONpENEJHTb, ABISIETCS JH MPOCTPAHCTBO SBK/H-
JIOBLIM HJIH Ke HeT.

HesBknuI0BH mpOCTPAHCTBA, € KOTOPHIMH Mbl OOLIYHO HMeeM
ZeNo, MpeacTaBnfior coGofi ABYMEpHbIE KPHBHE MOBEPXHOCTH,
KOTOpbE MOWHO PaccMaTpuBaTh KaK MONMPOCTPAHCTBA B OOHIY-
HOM TpexMepHOoM fpocTpauctse. Kasanoch 6nl, 4TO reomeTpH-
yecKHe CBOHCTBAa STHX MOLMNPOCTPAHCTB HE/Ab3s pPaccMaTpuBaTh
BHE CBA3H C MPOCTPAHCTBOM, B KOTOPOE OHH BJOMeEHH. B ne#t-
CTBHUTE/LHOCTH KE 9TO He TaK, [0 KpaHHeH Mepe no OTHO-
LIEHHI0 K BOMPOCY 00 9BKJHIOBOCTH H/AH HEe3IBKAWAOBOCTH
npocTpaHcTBa. BuiGepeM, HanpuMep, B KayecTBe MOBEPXHOCTH
nnocku#t suct pasrpapredioll  Gymard. Jlunuu na Oymare
NpeacTaB/ASIOT JNEKAPTOBY CHUCTEMY KOOPAMHAT, TaK 4YTO STa
IVIOCKOCTh Ge3 COMHEHHS fBASETCA 9BKAUIOBOH MOBEPXHOCTbHIO.
Hamenum Temepb CBS3b 3TOH NOBEPXHOCTH C TPEXMEPHHIM MpPO-
CTPAHCTBOM, CBEPTHBaf JHMCT OyMmard; JHHHM Ha HeM OynyT
npu 3TOM [ONpeXHeMy 006pasoBWBaTh JAeKapTOBY CHCTEMY KO-
opaunar. Kak 1o, Tak M mnocie cBepThBaHHs OyMmard pac-



CTOfiHHE Mexay ABYMH 6eckoHeyHo OJ/IM3KHMH TOYKAMH HaA
JIKCTE omnpeaenseTcd ypaBHEHHEM

dst=dx3-|dy?.

Wnaye rosopd, Me'rpw-xecxuﬁ TEH30p HMEeT CAeAYHIHe KoM~
TIOHEHTHI:

Bonee Toro, nuHuHM, 06pa3oBaBIIHEC H3 NPAMHX B pe3y/bTare
CBEPTHBAHHA, OCTAIOTCH KpaTHaHIHMH JIHHHAMH, KOTOPbIE MOXHO
NpOBECTH MEXAY ABYMS TOYKaMH, He BHIXOAd 3a npeaenn
IOBYMEPHOro MOAMPOCTPAHCTRA.

dBKAUAOB XapaKTep NPOCTPAHCTBA 3aBUCUT
TOAbKO OT MeTpuku. Heobxomumo, Takum oO6pasom,
HalTH METOX, MPH MOMOLLH KOTOPOTrO MOXHO OHIO OBl OTAHYUTD.
9BK/IHAOBY METPHKY OT HESBK/IWLOBOH.

Harerpapyemocts addunnoii cBa3HocTH, YTo6u HaliTh Ta-
KO MEeTO, BEPHEMCSl K [OHSATHIO Mapaj/ie/ibHOrO MepeHoca BeK-
TOpa, BBeAeHHOMy B raase V. [lapannesabHnii mepeHoc Bekropa
BRO/Mb KpuBo#t npu kospuumentax agpdHHHOR CBA3HOCTH e
BO3MOXEH EAHHCTBEHHBIM CNMOCOOOM B COOTBETCTBHH CO Cle-
AyouwuMH  augdepenHaibHbMH 3aKOHAMH:

da! = —T',a'd8k, }

30, =+ [t b e, (11.2)

MerTpuyeckuit TeH3op g, onpelenseT YaCTHuHA BuA, apdud-

HOH CBSI3HOCTH el rae

{l k}=igb(gl-9, k+ gk&"i—gﬂ’! S)' (11'3)

Bean kospuuuesTamu adprinboll CBA3HOCTH ABASIOTCSA CHMBO/IbE
Kpucrodxpess, pe3yabTaT napaanenbHOTO MepeHoca BEKTOpa He
3aBHCHT OT TOTO, NpUMEHAIOTCs Jau 3akown (11.2) k ero xo-
BapHAHTHHIM H/H KOHTPABAPHAHTHHIM KOMIIOHEHTaM.



DyzneM unapannenbHo nepeHOCHTh BEKTOP BHOAb 3aMKHYTOM
kpuBo#t (pur. 9), moxa He BepHeMCH B HCXOAHYIO TOuKy. [lpu
3TOM nepexecennnift BekTOp AM60 GymeT coBmajaTh € HCXOl-
HHM, A460 Oynmet OT Hero oTaHyathcs. Ecan noaydaercs Tor
e caMmuil BEKTOpP HE3aBHCHMO OT BWGOpAa MCXOAHOTO BeKTOpa

H f

' [}

(a)

<dur. 9. Unterpupyemocts apdunHot casnocth. B (a) adbdunnas
CBSI3BHOCTL MHTerpHpyeMa, B (b) — Her.

U ¢GopMb 3aMKHYTOH KpuBOH, addHUHHYIO CBA3HOCTb HA3HLIBAIOT
MHTerpupyemoH. B stom ciyyae roBOpAT TaKwKe O ,IH-
CTAHLMOHHOM Mapaliesu3aMe®; STO O3HayaeT, 4TO MpH Napain-
JIeIHOM mepeHoce BeKTOpa M3 TOukH P, B Touky P, cocras-
JFIOLIHE TOJNYYEHHOTO BEKTOPA He 3aBHCHT OT BHOOpa KPHBOH,
cpasnBalonielt 5TH ToukH. Ecan aduunas cBI3HOCTb HHTErpH-



pyema, 3ajaHHe BeKTOpa B OHZHOR TOuke oOnpegesieT noasoe
flone Mapaasie/ibHHX BEKTOPOB BO BCeM NPOCTPAHCTBE.

IBKIAMAOBOCTL H HHTErpApyeMocTb. EcaH kosduuHeHTH
adpdunnoft CBA3HOCTH ONPEACAAIOTCE METPHYECKKM TEH30POM NpPH
nomowy ypaeHenu#t (11.3), MOwHO mnokasaTh, 4YTO SBKJIMIO-
BOCTb MpPOCTPAHCTBA HAXOHMTCH B HEMOCPEACTBEHHOH CBA3H
¢ HurerpupyeMoctbio adbduHHOR CBA3HOCTH..

Ecnn npocTpaHCTBO SBKIHIOBO, MOXHO BBECTH IEKapTOBY
CHCTEMY KOOPAMHAT, B KOTOPOH KOMIOHEHTH METPHYECKOro
TEH30pPa MOCTOSHHH!

8 =20y (11.4)

Cornacio ypapuewnsm (11.3), B Tako#t cucTeMe KOOpPAHHAT
{l- k} paBun nymo, 8a' u &b, cornacuo (11.2), Takke oGpa-

wiatoTcs B Hyab. [Tapannenbhbie BEeKTOPH B STOM C/lyyae HUMEIOT
OIHHAKOBbIE COCTABJAfIOIIHE BO BCeX TOYKax; Takas ajpdmunHas
CBA3HOCTb  fIBASieTCH, KOHEYHO, HHTerpupyeMmolt. HWurerpu-
pyeMocTb M0  OMPENEeNEHHIO €eCTb HHBapHaHTHOe  CBOf-
¢TBO appHHHON CBA3HOCTH, He 3aBHCHMOE OT BHGOpP2 CH-
cTeMH KOOpAHHAT. TakuM o6pasom, adppHHHAA CBABHOCTSH
9BKNHAOBAa NPOCTPAaHCTBA BCerga MHTErpH-
pyemMa.

C npyro#t CTOpOHH, MOKaWKeM HEMOCPEACTBEHHHIM MOCTPoe-
HHeM, 4TO, ecyH adxpuHHas cBa3HocTh (11.3) wuxTerpupyema,
BCETHA MOXHO BBECTH JeKapTOBY CHCTeMy koopaunar. Jas
TOro 4TOoOW 9STO nonoxenue OHIO cnpaseliuBo, Tpebyercs
HeKOTOpoe 0GOGIICHHE ONpene/eHHd SBKAMAOBA NPOCTPAHCTBA.
Jlo cux nop Mu onpemensniM 9BKAHAOBO MPOCTPAHCTBO, Kak
TaKoe MOPOCTPAHCTBO, B KOTOPOM MpH MOMOIUM BeUleCTBEHHOTO
npeo6pa3oBaHHs KOOPHHHAT MOMHO BBECTH CHCTEMY KOOPIMHAT
C TNOCTOSHHHIMH KOS(HIMEHTaMH METPHYECKOTO TeH30pa g,
paBubMH 8;,. COT/IaCHO TaKOMY oONpeleNeHHI0 YeTHPeXMepHoe
npocTpaHcTBO MHHKOBCKOro HesskaumoBo, OCHOBHOE pa3/HuMe
MeXAY 9BKAHAOBHM MPOCTPAHCTBOM H MPOCTPAHCTBOM MuH-
KOBCKOTO 33K/IOYaeTCAd B TOM, 4YTO B IMEPBOM KBaIpaTHuHas
¢opma  muddepeHIHaNoB KOOPIHHAT MONOKHTENLHO ONPeeNIeHa;

dst=dxdx; =0 (11.5)



NpH NPOH3BO/ILHHX BellGCTBEHHHX 3HaveHHdx dx, B mpocrpau-
cTBe MHHKOBCKOTO C KBaapatH4HOH ¢opmoi

dvt = (dxt)t — 5 dx! d! (11.6)

dt? MOXeT MpHHHMATb W TONOXHTENbHWE, M OTPHIATE/NbHHE
3HayeHus, COOTBETCTBEHHO 4YeMy HmTepBan Oynxer ,NPOCTPaH-
CTBEHHO-NOAOOHHNM® HIH ,BpPeMEHHO-MOAOOHNM® (cM. raaBy [V).
B cuay STOro HEBO3MOXHO MPH MNOMOUIH BelECTBEHHOTO
npeoGpa3oBanus koopauhar nepefitd ot (11.5) k (11.6).
dopmul (11.5) # (11.6) omnaxo oueHb MOXOWH APYr Ha
Opyra no CBOMM AaHa/IMTHYECKHM cBOilicTBaM. B koHne raasw V

l
YKa3bBaa0Chb, 4TO CHMBOJ {[ K COOTBeTCTBYIOl.uHﬁ METpPH-

yeckoft dopme (11.6), paBen HyM0: KOMOOHEHTH Mapaj/efbHO
[lepeHECeHHOr0  BeKTOpa B STOM C/y4Yae MOOCTOfHHHW, a4 Ma-
pamiensHufi mepesoc ,unrerpupyem*. BooGwe rosops, 3TO
cnpaBejJIiBO BCeraa, KOrZa B OPOCTPAHCTBE MOXHO BBECTH
CHCTEMY KOOPAMHAT, B KOTOPOH KOMNOHEHTH MeTPHYecKoro
TeH3opa noctosuun. Takoe npocTpaHcTBO GyldeM Ha3nwBaTh
naockum. [lrockne npocTpancTBa MpeACTaBAfIOT coGo#t  Gonee
o6 K1acC MO CPaBHEHHIO C SBK/HIOBHIMH, TAaK KaK B HHX
METPHKA He HOMKHA OnTb 0043aTe/NbHO NOJNOMHMTENLHO oOnpe-
aejeHa.

Mmes B BMAYy CKa3aHHOE BHIIE, MOWHO YTBEPWKAATb, YTO
€CJ KW napanneabHni nepedHoc, onpeneasemufl
ypasuenuamu (11.2) u (11.3), naterpupyeM, npo-
CTPAHCTBO HABARETCHA NAOCKHM, APYLHUMH CJao-
Ba4MH,B3TOM CAyuYae cymecTByeT CHCTeMa KOOp-
AMHAT, B KOTOpoOH MmeTpuueckasn popma umeer
BH I

ds2=211 gdxidx!, = 1. (11.7)

Ioxasatennctso npoBeleM B Ase cTaaud, Ecav  kosdu-
uHeHTH adpunHOM CBA3HOCTH CHMMETPHUYHH B CBOMX HHXKHHX
HMHAEKCAX, B CHY HHTerpHpyemocTH agpHHHOA CBA3HOCTH MOXHO
AOCTPOHUTb CHCTEMY KOOPAHHAT, B KOTOPOR Ko3HuMenTn adduu-



HOHl CBAI3KOCTH PaBHH HYMIO. 3TO 06CTOATENbCTBO HE 33BHCHT
OT CyWeCTBOBaHUS METPHKH H OYyXeT IOKa3aHo 6e3 noMOuln
ypasheuus (11.3). [lanee, ecas wmetpuka onpenenena, oGpa-

{
uieHHe B HY/b {i k SKBHBAJIEHTHO TNOCTOAHCTBY KOMITQHEHT

METPHYECKOTO TEH30pa.
PaccMoTpuM 7 nuMHeHHO HE3aBHCHMHX KOBApHAHTHHX BeEK-

8
TopoB b, B Touke P (n—uMCNO H3MepeHHH MPOCTPaHCTBa).
B cuny nuHetiHoRt He3aBHCHMOCTH OHM HOMKHH YIO0BAETBODPATH
HepasBeHCTBY

1 n
A=olv-in b;,_.,b,ﬁéo, (11.8)

rae 8’"""‘ KOHTDaBApHAHTHA! TEH30pHas MWIOTHOCTh JleBH-
p s

Yupura. CMecTdM Tenepb 3TH # BEKTOPOB b, BAOAb OZHOTO
H Toro xe orpeaka myTH. Mamenenue A 6yner pasxo

1 2 n 1 n
oA =8 "n(Tish, by, b - oo T b, By) 38=
(11.9)

1 g P 2 DY LAY
——-bl‘... 'n{ k3+...+ 1 u]o»..

ATo BHpaXeHHE MOWKHO 3HAYHTEAbHO YOpocTuTh. [Ipexae
BCEro, CKOOKH CnpaBa aHTHCHMMETDHYHB BO BCeX HHIEKCax
iy.. .0, Tak, uanpumep, €C/H TOMEHSTb MeCTaMH i, W i,
CKOOKH nepexomar B

6”""’!1 r‘l::"_ algk...lnrks+ . +ai,f,-..krzn=

30k InTY, akl_,...fnms_l_”.+aill,...kl—\;,ﬂ. (11.10)
Jlanee, £ MOXET NDHHHMATh TONBKO TE K€ 3HAYEHHH, YTO
H CMELIEHHHE HHIEKCH I, TaK KaK AN BCEX OCTAJIbHHX 31a-
yeHuli KOMNOHEHTH TEH3OPHOH MIOTHOCTH Jlesn-Yesurta 06Gpa-
watca B Hyab. [loatomy ksaapatsne cKOGkH B  ypaBuenun
(11.9) MOXHO 3aMEHHTb BHDXKEHHEM

gtfednply L -3 eATin = gheeinTh,,  (11.11)



a camo ypasuenue (11.9) nepe#izer B
8A=A-I";‘-6E’. (11.9a)

Baons npoH3BO/LHOTO MYyTH A ymoBAeTBOpSeT JHHEHHOMY Of-
HoponHoMy nu(pdepeHUHanbHOMY ypaBHEHHIO MEPBOrO MOPAXKA.
[TostoMy A He MoxeT 06pawiaThCs B HYAb B KaKoH-AMG0 Touke

3TOro NnyTH, €CJAH OHO HEPABHO HYJ/IO TOXIAECTBEHHO.
§
Orciona 3akKJ/oyaeM, 4ro, €CJH # BE€KTOpPOB b’ J H-

HeHHO HE3aBHCHMH, OHH COXPAaHNIOT 35TO CBO#H-

CTBO H NPH NapaaneNbHOM NepeHOCeE.
[Ipennonoxum tenepb, 4TO apduHHAA CBAHOCTb CHMMe-

TPHYHA B CBOMX HHIEKCAX H HHTErpUpyeMa, TOTAd KawAbl H3

R4
BEKTOPOB b, o6pasyeT moJe MNapaJienbHhX BeKTOpoB. Kaxaoe
H3 3THX nojed yaoBaeTBOpsieT AU(epenuuanbHLM  ypaBde-

HHEAM BHIA
s , s
b, ,=Tixb,. (11.12)

TlpaBas uacTb cuMmeTpuusa B Humexcax / M k. Iloatomy
s

porop b, pasen HyJIO:
s s

b, y—bs ;= 0. (11.13)

s
M3 3TOro ypaBHeHMS BHAHO, YTO Kaxaoe M3 7 none#t b, ss-
5

AseTC TPAAMEHTHHM NOMeM, T. €. CYWIeCTBYeT # CKaaspos b,
TaK 4TO

s s
b=>0, (11.14)

§

DTH n ckandpoB b MOXHO paccMaTpuBaTh, KaK 7 KOODAH-
naT HoOBo# cucremn, CornacHo ypasHenuio (11.8) axo6Guau
npeo6pasoBaHusi KOOPAMHAT HE pasen Hyaw0. Temepb MOXHO
TOKa3aTh, 4TO B HOBOM cHcTeme koopauuar Iy ne-
4e3al0T



ITpeoGpasyem xospuunentn adduuHol CBAHOCTH COrAacHO
ypasxenunio (5.81):

o ofa b [ofw el
Tik = geor 5em (me_‘é—oaosb)' (11.15)

B cootsercTBuH ¢ ypaBueunamu (11.14) mponssomume O5*[0&¢
i

ABNSIOTCH KOMIOHEHTaMH BEKTOPOB b, Tak 4YTO BHpaxeHue
B cko6kax B (11.15) paBho

oE™ g% ! t
e Lo — szaom =b,Tw—1b,, (11.16)

B cuay (11,12) sTo BupaxeHHe paBHO HY/O, 6/1aroaapa STOMY
I B (11.15) Take 06paWAIOTC B HYJb.

Bo3BpaTHMCS K PacCMOTPEHMIO MEeTPHYECKOTO TeH30pa. Y pas-
neuue (11.3) MOXHO peIIUTh OTHOCHTE/]bHO MPOM3BOAHKX g, .
Chnoxum JBa ypaBHeHHS:

1 S
5 8ok, 17+ &y — 8, ‘)={ k l} 8u

1 s
'§'(gkl,l+glzl,!_‘gﬂ,k)={‘. l}gs,,. (11.17)
Monyunm:

§ S
gzk,z={k,}gsx+{”}gﬂ. (11.18)

Takum 06pasom, €CJaH {ksl} PaBHH HYJ®I0, g M0OO-

CTOSHHAL

[IpuBenenne nocrosiiubix g, K ¢opme (11.7) ectb umucro
anre6panyeckan 3amaya. OHa peliaeTcs MNpH NOMOLIM CTak-
JAapTHHX MPOUECCOB OPTOrOHA/M3ALMH H HOPMHPOBKH H He
npeacTaBaseT A Hac HHrepeca. Jlio6oe MPOCTPAHCTBO, B KO-
TOPOM, KOMIIOHEHTH METPHYECKOr0 TEH30PAa MOCTOSIHHM, $B-
AseTcs TeM CaMhiM MJIOCKHM.

Kputepuit uuterpupyemoct. Ecaun adpdunnas ceassHocts
NpPOCTPAHCTBA CHMMETPHYHA M HHTErpHpPYeMa, YpPaBHeHHs Ma-
panneabsoro mepedoca (11.2) MoryT paccMaTpHBaTbesi  He



TOMbKO Kak OOBKHOBeHHHWe auddepeHUHaNbhbe ypaBHEHHS
BAOMb 3aJAHHOTO NYTH, HO H KaK YpaBHEHHS B YacTHHX NPOH3-
BOIHBIX N5 BEKTOPHOTO moast B uesnoM. Mx mowno 3sanmcarb
B BHIE

a",: = — I'y;a’. (11.19)
AHanoruynne YpaBHEHHS HMEIOT MeCTO A KOBapHAHTHHIX
BEeKTODHHX mojell. DTH ypaBHEeHHS MNepeonpeie/ieHH, TaK Kak
ANsl ONpeNeNeHHs n COCTaBAKIOMIMX BEKTOpa UMeeTcs n3 ypas-
HeHu#t. Jlas Toro u4toGn CyWIeCTBOBA/NM PpeIIEHHR, NO/DKeH
YIaoBneTBOpATbCA psA  AH(depeHUHANbHHX TOXEECTB. Bun
STHX TOXJecTB xopowo H3BecTeH. Jludxpepennupys ypaBHeuus
(11.19) no &%, noayuum:
—Tn s __Tn ps

@ =T 48 —T50" 4y =(—Ti s+ Tal) . (11.20)
BuunTan OTCIOAd TaKoe Xe BHIPAXEHHE C MepecTaBJeHHHMH
uujgexcamd [ W kB, HaliieM yc/IOBHS, KOTOPHE HOMKHH YIOB-
NeTBOPATbCS B CHIY TOro, 4To nopsiaok mudepenipoBanus
HE HrpaeT poJH:

= — (Ph, 2 — T, =Tl 4-Ta Tl ol (11.21)

Tak KaK 3sauesusd a' B ONHOH TOYKE MONHO BHOPaThb NPOM3-
BOJIBHO, OKOHYATEMbHHE YC/HOBHS HMHTETPDHPYEMOCTH HMEIOT
BHI
n—_nmn n n 1$ n
Rim"=Th s —Th 1 — Uyl 4 IHTh=0. (11.22)

DTH yCIOBUS HE TOAbKO HEOOXOAWMH, HO H OCTaToyHH. [lo-
KasaTeAbCTBO 3ITOrO MPOBOJHTCH TaKuM ke MyTeM, KaK H
JOKa3aTeNbCTBO TEOPEMH O TOM, ' YTO KOBAapHAHTHOE BEKTOp-
Hoe 1oJe SBISETCH TPaXHEHTHHIM MOJEeM TOTIA M  TOJbKO
TOraa, Koraa poTtop ofpauiaetcds B Hyab (cM, 3anayy 14,
raass V).

llepecranoBouHble COOTHONIGHHH AAS KOBAPHAHTHOrO
nnddepenunposanns, TeH30pHHil xapaxTep R, O6pauwge-

Hue B HYMb Bupawenus R," g ypapnenun (11.22) sxBuBa-
JIEHTHO MHTerpHpyeMocTH adduuHOd CBASHOCTH M NOSTOMY



DOMKHO OHTh MHBapuaHTHHM cBoHcTBOM. OnHako CyuecTByIOT
NPOCTPAHCTBA, He ABASIOUIMECH MIOCKHMH H B KOTOpHX R, 7

OTJHMHO OT Hyas (Hanpumep, noBepxHocTh cdepn). BuscHum,
MO KaKUM 3aKOHaM NpeoOpasyloTcs BenuuuHb R, "

YToOnl OTBETHTb HA ITOT BOMPOC, HaliJeM TEH3OpHHE Ypas-
HeHus, B KoTopux ¢urypupyior R, " TakoBuMH sBASIOTCH

nepecTaHOBOYHHE COOTHOLUEHHS JJ KOBapHaHtHoro aujde-
penuypoBanus. BuyHcaHM BelHuHHY
n —_ An
AT e — A"

CorsacHo onpenesieHuio KosapuHantTHoro auddepesuuposanns
HMeeM

An,=An T A (11.23)

BropuuHoe KoBapuanTHoe RuddepeHilUpOBaHHE NPUBOIHT K BH-
paweHsHI0

A = (A1) - T e, — Ty r, —
= A" |k+rll kA‘-}—I‘Z.Afk—[—I‘ A%+ (11.24)
skP;iA —r:kA",s - l\fkr?sA .

Mpennonoxum, yTo KO3IPHUHEHTH apPHHHON CBAZHOCTH CHM-
METpHYHB B CBOMX HHMHUX HuIekcax. [locne BuuuTauus us
(11.24) ypaBueHusi ¢ mnepecTamrieHHHMH [ H kB nomYepKHyThie
YleHb YHHYTOXAIOTCS B CHAY HX CHMMETPHH OTHOCHTENbHO §
H k. B pesyasbTate noiyuyaem COOTHOLIEHHE

Al — A% =Rul'A', (11.25)

3710 ypaBHeHHe SBJSETCH MEPECTAHOBOYHHIM COOTHOLIEHHEM IR
KOBAPHMAHTHOrO MH(pepeHLHPOBaHHA. B nnockom npocTpaHcTBe
KoBapuanTHoe AupPepeHHHpOBaHHE KOMMYTATHBHO, NOROGHO
o6biutoMy AudpepenuHpoBanrio. ITO MOXKHO GHJIO NPEABHAETD,
TaK Kak B IUIOCKOM MNpPOCTPAHCTBE CYIIECTBYIOT CHCTEMH KO-
OPAHHAT, B KOTOPHX KOBapHaHTHOE M OGLIKHOBEHHOe IH(ipe-
PEHUHPOBAHHS SKBHBAJICHTHLL



Ecan nmpocTpaHCTBO He SBASETCH MAOCKHM, KOMMYTaTop
3aBHCHT TOJbKO OT HenpoaudxpepesipoBaHHOTO BEKTOpa.

ITepecTaHoBOYHOE COOTHOINEHHE A/t KOBAPHAHTHOrO Aud-
¢epeduspoBaHi KOBADHAHTHHIX BEKTOPOB HMEET BUX:

Apix—Armw=—Rui A, (11 26)

Jlese wactd B (11.235) m (11.26) npeoGpasyioTes kak
Tensopul. ClenoBarenbHO, MpaBHe HX YacTH TOXE SBASIOTCH
Tensopavi. M3 npoussosproctd muoxurenefi A'wu A, creayer,

ur0 Ry CaMH SBAAIOTCHS KOMMOHEHTAMH TeH-
3opa. Temnsop

Rist: =T5, o — Tl 1 — Tl -+ T I (11.27)

HA3MBAETCA TEH3OPOM KPHUBH3HH (TeH30poMm Pu-
mana-Kpucroddenn)d.

CpoficTBa TeH30pa KPUBH3HB, TeH30p KPHBH3HH Orpe-
nensetrcs adeuuHoR cBA3HOCTBIO. OQHAKO HEKOTOPHLIMH CBOH-
CTBAMH CHMMETPHH OH O5/1afaeT TOJbKO NPH TOM YCJOBHH,
4T0 KO3(HuUHEHTaMH addHHHOK CBA3HOCTH HABAAIOTCA CHMBOJbE
Kpucrodpens (11.3), ompenensemme Metpuxoft. Paccmotpum
CHayala Te CBOMCTBA TEH30Da KPHBH3HH, KOTOPHE HE 3aBHCAT
or ceaau Ijp c merpuKof.

1) Tensop Ru" AQHTHCHMMETpPHYEH OTHOCH-
TEJNbHO HHIAEKCOB I U k

Ripi? 4 Rpur, =0. (11.28)

Bupaxenue (11.27) ynoBineTBOpPSieT 3TOMY COOTHOIIGHHIO He-
t
3aBHcuMO OT cBolictd cummerpuu [z.

1) B 910/ KHHre NPHHATH HHAEKCHHe o6o3HaueHHs Jlepu-Yy-
BHTa. K coxaienuio, He CyuiecTByeT OGWENPHHATCID NPaBUaa Ha-
NHCaHHA HHAEKCOB B TeH30pe KPHBH3HH. M.OFHe aBTOPH MNHuyT
Hall NOCAeXHHH HHIEKC Ha NM2pBOM MeCTe, Hall TPeTHH HHAEKC — Ha
BTOPOM, a HawlH nepBRH # BTOPOH HHAEKCH — COOTBETCTBEHHO, Ha
TPeTbEM H YETBECPTOM MecTax. B nanbueiimem Mul cTporo 6Gynem
npuaepxuBaThcs 0603HaueHHH, cooTBeTcTBYIOWHX (11.27).



Bcau koapuunents appHHHOH CBASHOCTH CHMMETPHYHH B
CBOHMX HHXHHX HHIAEKCaX, TEeH30p KPHMBU3HW OG61agaeT eie
OIHHM CBOHCTBOM CHMMETPHH M, KpoMe TOrO, YAOBJETBOPSET
pany auddepeHuHaNbHEX TOXIAECTB.

2) CyMMa KOMNOHEHT TeH30pa KPHBH3HH,
noAyyalomwHXcs MNPH UHKJAHYECKOH mepecrTa-
HOBKe NepBHX TPeX HHAEKCOB, PaBHA HY /IO

Riri -+ Rui” + Rusr = 0. (11.29}

Jloka3aTenbCTBO MPOM3BOJMTCA HEMOCPeACTBEHHBIM BLIYHC/ICHHEM
Bupaxenns (11.29).

3) Moayuum gmudpepeHUHANbHEE TOXAECTBA CJEAYIOLIHM
o6pa3om. KosapuantHo npomuddepeHupyeMm COOTHOLICHHS
(11.26) no HoBbIM KOOpAHHATaM

Ag, ti1— Ag, tit=—Rirs"t An — Rips, An;1, (11.30)

NpoH3BeAeM LHMK/JIMYECKYIO MEepecTaHOBKY HHIEKCOB Z, &, [
cnoxkuM. B pesynbTate nosydum:

(As; trt— As; 118) + (As; ot — A tr) + (Ag; e — Ay 1) =
= Au (Riks’-l:’_!_ Rk!s’.';l + Ru's,n;k) —_—
— (Rurs. Anyt +Rus, Aa;t+ Rus” Ansa)-
(11.31)

Bce cko6KM c/ieBa MPeACTaBAAIOT cOGOH JeBHE HacTH nepe-
CT4HOBOYHHX COOTHOWIGHHH AAA KOBapHAHTHOrO AHpdepeniu-
poBauus, Kak nerko noxasaTb, STH MepecTaHOBOYHHE COOTHO-
IIeHus 1S KOBaDHAHTHOTO TEH30pa BTOPOTO PaHra HMEIOT BHI:

Bim; tk — Bim; 1t = — Ript.Bum — Rigm Bin.  (11. 32)

TMpumeHsis STOT 3aKOH KO BceM CKOOKaM B JIeBOM  wacTw.
(11.31), noxyuuM, HampHMep, A/ MEPBHX H3 HHX:

Ag; it — As; ik =— Rpis.An; 1 — Ruii-As; . (11.33)

Tpu noxcraHoBke STOro Bupawedus B (11.31) nepeuiff uien
npaso#t 4yactd (11.33) COKpPAaTHTCS €O BTOPLIM Y/IEHOM NOC/IEA-



uux cko6ok npasod yactu (11.31). B cuny (11.29) sropo#
ynen B npaBo# yactd (11.33) cokpauaercss COBMECTHO C une-
HAMH, TIOJyYyaeMbIMH H3 TO/JLKO YTO YKA3aHHOTO MyTeM LHKJH-
4YeCcKOH MepecTaHOBKH.

B pesyabrare nosydaem:

A, (les’.' i + Rkls'f s + Rh‘sf‘;k) =0. (11.34)

Bextop A, 31eCh POH3BOJEH, NOITOMY TEH30D KPUBHU3HH
AOJXEeH YHAOBJAETBOPATh CJAEINYIOUHM TOXAe-
CTBaMm:

n n n —_—
Riks.; 1+ Ruis. ;i + Ruis. ;e =0, (11.35)
KOTOpHE HA3HBAITCHA TOXAECTBAMHM DbAHKH.

KopapnantHasa ¢opma TeH30pa KpHMBHM3HSI. Jo cux mop
Mb He BBOIMAM MeTpukH. Ecan metpuka onpenenesa u IY,

CBS3aHHW C Helo ypaBHeHusMH (11.3), TEH30p KpPHBH3HHW YIOB-
JIeTBOpSIET eule JOTOJHUTE/]bHHM aire6paHyecKHM TOWIECTBaM.
TT0AHOCTBIO KOBAPUAHTHHIA TEH30P KPHBH3HBI NOJYy4aeTcs omny-
cKaHueM Huaekca n B ypasHenuu (11.27):

Rikim=Ritl.8p (11.36)

ATOT KOBAPHAHTHHIH TEH30D KPHBH3HH MOXeT OHTh BHpa-
weH uepe3 ,cumBoin Kpuctodpens mepsoro poma“, KOTOpwe

NOJYYaloTCH K3 KO3(HUHEHTOB aPPHHHHOA CBA3HOCTH { ) yMHO-
JKeHHEM Ha gy

(it [ =3, {4} =5 @i+ G —&u, - (11.37)
TMepeuiit unen B R, MOWeT OuTbh 3amHcaH B BHIe:
Zna {1t} o= [ty 1) — {0} Gonn, n =

= [ti, m]— {0t} (nk, m} 4 [mk, n).

TloactaBnas 3TH BupaweuHsds B ypasuenus (11.36), noayuum

Rinim = [ty m), g — [ll, m), 4 g™ ([mi, 7] {1k, 5] —
— [mk, 5] [4¢, 7). (11.39)

} (11.38)



3anucas KOBapUAHTHLIl TEH30P KPHBH3HH B TAKOM BHAE, MOXKHO
y6enauthcss B TOM, 4TO K TowaectBaM (1) H (2) moxHO n06Ga-
BHTb eille ABa anre6paHyecKHX TOXIECTBA.

4) KopapuanTHbo#f TeH30pP KPHBH3HH aHTH-
CUMMETPHYEH B CBOHMX MNOCJAEAHHX ABYX HHIE-
Kcax:

HedicTBuTenbHo, ckobku B (11.39), oueBHAHO, aHTHCUMMET-
pHyHbl N0 oTuomwteHuto k m u I. [lepBule e HBa 4neHa co-
Iepar TOJBKO CHEXYIOILYI0 KOMOHHALHIO BTOPHIX MPOH3BOAHBLIX
KOMIOHEHT METPHYECKOro TeH30pa

- 1
(4, m),— [k, m], = 7[(5’».;, 16— 81ty me) Gk, mi—Em, 1)]-

DTO BLIpAXEHHE TaKKe aHTHCHMMETDHYHO M0 OTHOLIEHHIO K
mul
5) KosapuaurtHwit TeH30pD KPDHBH3IHM CHM-
MeTpHYEH OTHOCHTE/NbHO MNEpPeCTAaHOBKH 06eHX
€ro nap HHAEKCOB!
Riptm = Rimir- (11.41)

3t10 cooTHoweHHe nposepseTcH Tak ke, Kak (11.40).

B ocraswefics yacTH 3TO# riaBW Mol 6yAeM pacCMATPHBATh
TO/bKO METPHYECKHE NPOCTPAHCTBA, KO3IhUuHEeHTH adpdunnot
CBA3HOCTH KOTOpOro onpexensioTca dopmyoi (11.3).

CeeproiBaHHe TeH30pa KpuBH3HbI. [Ipu nomouu ceep-
THIBaHHSl H3 TEH30pa KPHBH3HB MOXHO MOJYYHTb TeH30pn 6o-
nee HHU3KOTO PaHra, a HMEHHO, CJEAYIOUIHE  TEH30ph:
Rimf,Rm.’,‘R et &Y Rl 2%, Bce ocTajsbHHE  CBEpHYTHE
TeH30pH PaBHH HYJMIO B CWIY aHTHCHMMETPHH R, OTHOCH-
TenbHO HHAEKCOB (i, k) u ([, m).

[MpuBeleHHbE BHILIE YeTHpPE TEH30pPa BTOPOTO PAHra paBHul
Mexay co60off ¢ TOYHOCTBIO 10 3Haka, TaK KaK OHY NoJyya-
I0TCH OJiH M3 IPYFroro nepecTaHoBKOH MHAEKCOB B ONHOH H3
nap WA NEPecTaHOBKOR camux nap nugexcos. CepuyTuit
TEH30D R,-k,’. npuHaTo 0603HauaTh wepes R, B cuny ceoficra
CHMMETPHH Rz Ten3op R,, cHMMETDHYEH B CBOMX HHAEKCaX.



CeepTmBaf, nanee, K, TMOAyYMM TaK HA3HBAEMYIO CKa-
JIApHYi0 KpHBH3HY R:

R=g"R,, Rk,'——erf . (11.42)

R,, Bupaxaerca uepe3 cuMBoaH Kpuctoddens crexyioum
00pa3om:

Ru={ifa—{afa—{Hap +{at e} 01

‘CHMMeTpHA OTHOCHTENbHO HHAEKCOB 2 W / oueBHAHA BO BCex
s
yneHax, Kpome nepsoro. Bripaxenue { ls}’ H3 KOTOpPOro mo-

Jyyaercs mepBuift wiaed, MOweT OHTb MNPEACTABJACHO B BUAe
sl__1
{ls} -9 g (grl, s + &rs, 17— &ls, o

Pasnocts g, c— &;,, AHTHCHMMETPHYHA OTHOCHTENBHO 7 M §
M noc/ie YMHOWeHHS Ha g™ o6pawmaerca B Hyab, B ckobkax
OCTaeTcd TOJbKO BTOPOH uJeH:

! 1g, ~
{Ii} =58 L= éYg’"" (ogV8)1s =18 (11.44)

Tepsuit unen B (11.43) nostomy pased
{[i},k = (log VE), 1w (11.45)
U TOwe cummeTpuued B I/ H R.

CepuyTtbie TOMIecTBA bbhaHkH, [Baxasw CBepTHBas
roxnectsa Beauku (11.3D), monyunM ToxmecTBa, coaepmaiuue
TOABKO CBEPHYTHH Ten3op kpuBu3HH. CBepHem cHayana (11.35)
m i un

Rk.r, l+ Rk!s.r;r“‘ers.r;k =0.

Mensasg B nocseqHeM 4ieHe MeCTaMH HHIekcH [ H r, B cHay
{11.28) nonyunwm:

Ris;1+Rurs. p — Ris; k=0,



Wi
$ Lid L —
Rk_ ;[+Rkl.' ;’"—R[. ;k == 0-

Hanee, nepecTaBHM KOHTPABapHAHTHHE MHACKCH S H 7 BO
BTOPOM uJ/ieHe

Rul"=—Ru",

K cBepHeM mo uniexcaM k u s. Torama
ro__

R;I—2Rl.;r=0:

HIH
1 — (11.46)
Is__ 2 gis =
(R 5 & R) = 0.
Buipaxenne B ckoGKax O6wuHO 0603HavaioT uepes G
G*=R*——g“R. (11.47)

Yucao anrebpauyeckd HE3aBHCHMLIX KOMIOHEHT TeH-
30pa KpuBH3Hbl, KOMNOHEHTH KOBAaPHAHTHOrO TEH30Pa KpH-
eM3Hb R, YIOBJIETBOPSRIOT aare6pauvyeckuM COOTHOLIGHUSIM
(11.28), (11.29) (B obeux sTux ¢opMynax HHIAEKC 7 npen-
nonaraercs onyuleHnM), (11.40) u (11.41). Tlostomy kozu-
4yecTBO anreGpauyeckd HE3aBHCHMBIX €ro KOMIOHEHT YMeHb-
maerca. B 9TOM pasnese MH MOKaXeM, YTO HX YHCIO B
#1-MEPHOM MPOCTPAHCTBE PaBHO

N=l—12-n2 (12 —1). (11.48)

B AByMepHOM NPOCTPAHCTBE TEH30P KPHUBH3HH HMEET TOJIBKO
OZHY OT/IAYHYIO OT HyAf KOMIMOJEHTY. OLHOrO cKaaspa R ywe
ROCTAaTOYHO, YTOOH MOJNHOCTbIO OXapaKTepPH30BaTb KPHBH3HY 1),
B TpexmepHOM MPOCTPAHCTBE CYUIECTBYET WIECTb aareGpauyecku
He3aBHCHMBIX KOMIIOHEHT TeH30pa KpHBH3HH. Taxoe we KoJHye-
CTBO HE3aBMCHMHIX KOMIIOHEHT HMEeT H CBEePHYTHH TeHnsop R,, B

1) MOXHO NOKa3aTh, YTO B JABYMEPHOM HDPOCTPAHCTBE TeH30p
KPHBHIHB CAeAylomuM 06pa3oM 3aBHCHT OT R:

1
R = 3 ©F gu—kgu) R



STOM CJIyuyae HM MOJIHOCTBIO OfnpenenseTcd TEH30P KPHBH3HW 1),
B dernpexmepnoM npocrpauctee /N pasio 20, B TO Bpems
KaK CBEepPHYTHIHl TEH30P KPHBH3HW HMeeT To/bkO 10 HesaBucu-
Mux komnoHeHt. KpHBH3HAa npocTpaHcTBa, 4uCAG
H3MepeHHUH# KOTOPOro MesHbme HYeTHpex, ANOJ-
HOCTbHIO ONpejnensieTcs CBEPHYTHM TEH30pPOM
KPHBH3HH R,

ITepetinem x BuBomy dopmyan (11.48). Paszgenum komno-

HeHTH Ry Ha TpH TPynmB: K mepBoft rpynne OTHECEM KOM-
NOHEHTH, Y KOTOPHIX HMHIEKCH BO BTOPOH Mape HMEIOT Te XKe
3HAYEHHS, YTO M MHAEKCH B nepBoi mape, Hanpumep R, ,;
KO BTOPOH — KOMMOHEHTHl, B KOTOPHX TO/AbKO ONUH HHIAEKC
BCTPEYaeTCA MBaW/IW, Hanpumep R,,..; Hakouetl, B Moc/ieRHIOI
rpynny BOHAYT KOMIOHEHTH, Yy KOTOpHX BCE YeThpe HHAeKca
Pa3/IMuHB, HanpuMep R ,q,.

B nepBoit rpynne, rae pasNHYHH TOABKO OBA HMHAEKCA,
nepBble U BTOPhie HHIAEKCH Map AOMKHb OHTb OJHHAKOBHIMH,
TaK Kak B cuny ypasdenn#i (11.28) u (11.40) nBa wunaekca
oQHOH TNapW He MOTYT PaBHAThCA APYr APYry. IDTH KOMIO-
HEHTH HMeIOT BUL R, (MOMHHMTb: 31eCb OXMHAKOBHE HHAEKCH
He 3HAK CYMMH), R,,., OTIMYaeTCH OT R, TONbLKO 3HAKOM.
KonH4eCTBO KOMIOHEHT TAaKOro THMa PAaBHO YHCaAy map (i, &)
npu iFk.

Wnnexc [ MOXET NMPHHMMATH n pa3qUYHKHX 3HayeHuH. Tax
Kak k=~i, npd 3anaHHoM i, kK MOXMET NpHHUMATb TONbKO
n— 1 pa3iMUHBLIX 3HayeHHH. BBHAY TOFO 4TO MOC/JENOBATE/b-
HOCTB { U R Oe3pasinuyda, mnpoussesende n (n— 1) nyxso
pazgemuts Ha 2. Orciona 4HCI0 pas/iHdHBX  map (i, k)

(i = k) pasuo

NP—_:-;-n(m-n, (11.49)

1) B TpexmepHOM NpocTpaHcTse R, BhipakaeTcs uepes Ry
CACAYIOLIUM O6pa3oM:

o o
i = TRy — 3Ry + gy R™ —

!
— Ry —5 (Gl au—2g) R



H KOJ/IHYeCTBO anre6pauqecxu HE3aBHCHMBIX KOMIIOHEHT C JBYMH
HHIAEKCaMH 6y11e1' TaKxe

Ny=5n(n—1). (11.50)

Luknnyeckne toxzectsa (11.29) He ymeHblIAlOT 9TOrO yYHcaa,
TaK KaKk OoHH OGYyAyT He3aBHCHMHI OT APYrHX anareGpaHyecKHx.
TOXKAECTB, TOALKO €CJH BCE YeTWpe HHAeKca pasnuyuel, [eit-
CTBHTE/IbHO, €C/IM [Ba W3 YeThpex HHAEKCOB i, k, I, m pasHHu,
(11.29) npusomaTca Kk omHOH u3 ciemylowux Gopwm:

R+ <Rpyp> + Ry =0,

leim + Rkﬁm"l" <Rit'km> =0 l).

ITH ypaBHeHHs SBISIOTCA C/AeACTBHeM ypasHenuft (11.28),
(11.40) u (11.41).

PaccMoTpuM Tenepb BTOPYIO TPYNMY KOMIOHEHT, KOTOpHE
MMEIOT N0 TPH Pas/uyHbiX HHaekca. [lpumenenvem (11.28) u
(11.40) Bce 3TH KOMMOHEHTH MOryT OHITb NpHUBEAEHN K
¢dopme R, Snaueune i MOXeT GhTb BLIGPAHO £ CNOCOGAMH.
H3 ocraBuinxcs (n— 1) yHcen Hy»HO BHOHpAaTh Maphl pas-

AuyHpX uucen aad B u m. Cornacio (11.49) 910 MOXKHO

HIIH

cuenath —;— (n — 1) (n — 2) cnoco6ami. COOTBETCTBEHHO 3TOMY

YHCA0 anreGpaHuecKH HE3aBHCHMBIX KOMIOHEHT BTOPOTO THIMA
pasHo

Ny=51(n—1)(n—2). (11.51)

LluKanueckde TOXWHAECTBA H B 3TOM CJy4yae He yMEHbIUAIOT MX
yucna.

B KOMNOHEHTax TpeTheH rpynnu BCe YeTHpe HHAEKCa pas-
anunnl, [103TOMY MepByl0 napy WHEEKCOB MOWHO BHIGpaTh
1

0} n(n—1) pasanydbiMu cnocobamu. M3 ocrasumuxca (7 — 2)

1) CxoGkamu <> Bbi/leJICHbI YJCHKI, TOWKASCTBEHHO PaBHHIE HYJIO
B CHAY TOrO, 4TO y HHX ONMHAKOBBI HHJEKCH OJHOH mapni [cM. (11.28}
H (11.40)].



“4YHCeJ BTOPYIO Mapy HHAEKCOB MOXHO BHOpPATh %(n — 2)(n—3)

pasnnuHbiMH - crocobamu.  Cornacso  (11.41), nocaeno-
.BaTeJAbHOCTb 0GeHX nap 6e3pasauyHa, MOITOMY pe3y/bTaT
HYKHO ewe pasfaeauth Ha 2. Takum o6pa3om, umeem

%..;_n(n—l).%(n—2)(n—-3)

€noco60s BHGOPA ABYX COBEPUISHHC PAa3/MHYHBIX Map WHIEKCOB.

OaHako B STOM clyyae YHMCJO anreGpaHueCKH HE3aBHCHMHX
KOMIIOHEHT YMEHbIIAETCA elle H 3a CYeT CYLIECTBOBAHHA TOK-
aectB (11.29). Hanpumep, kaxnas M3 TpeX KOMIOHEHT Ri,,,,
Ryg4 1 Ryy,, MMEET pa3nuuHyl0 KOMGHHAUMIO Map HHIAEKCOB,
HO N106as H3 HHUX MOXeT GWTb BbIPaWKeHa uepe3 ABe IPYTHX.
Yucno anre6pauyeckd HE3aBUCHMHX KOMOOHEHT R, c ue-
THIPbMSi PA3NHYHBIMH MHIEKCAMH [O3TOMY PaBHO

Ng=2 segnin—1)eqg(n—2)(n—3)=

= n(n—1)(1—2) (1 — 3). (11.52)

[MonHoe wicno anre6pavyecKH HE3aBHUCHMBIX  KOMIIOHEHT
R um MonydaeTcs cymmuposanneMm N, Ny # Ny, 410 npuso-
it K (11.48).



TF'rasa Xl

YPABHEHUS NOJIS1 B OBLIE# TEOPHUH
OTHOCHUTEJ/ILHOCTH

X

YpaBHeHde ABHX<EHASA B rPABATAUAOHHOM moJe, B srtoft
rnaBe Mbl BulBeleM YPABHEHHSl FPABHTALHOHHOTO M0JA H YypaB-
HEHHMS HNBHXKEHHA Macc B 3TOM moJje,

K coxanexnio, Mnl He MO¥KEM MOKa paccMaTpHBaTh ypas-
HEHHS J[BHXWEHHS cO BCe#l TNOJHOTOH, MW HOMKHH ceHyac
OTPAaHHYHTBCH PACCMOTPEHHEM JBHXKEHHS MAJhX 4acTHIl, Ha-
JAHYHE KOTOPHX JHIIL HE3HAYHTENbHO CKa3uBaeTcs Ha obiueM
noje.

[Mpunuun 9KBHBANEHTHOCTH ONpPEAENnseT 3aKOHW NBHKEHHSA
Takux vacTdl, Mx pApMkeHHE B rPaBHTALMOHHOM MoJe He
ROMKHO HHYEM OT/HYaTbCA OT JABHKEHHS 1O HHEPHUMH, T. e,
MX TPAaeKTOPHAMH JOMKHH OHTb reoAe3HYeCKHe MHPOBbLE
JIMHHU:

B [p)dPdE _ .
7@‘——{9«}?‘:7—:’ dv=g,d¥dE. (12.1)

Dtor 3aKkoH ZABibkeHHs GoJiee CJOXKEH, YeM, HanpuMep,
3aKOH JABHKEHHMA SJEKTPHUECKHX 3apiloB B CneuxanbHoOR
TEOPHH OTHOCHTE/NLHOCTH. B To Bpems kak ypasueuue (7.49)
AMHEHHO OTHOCHMTE/bHO HANPSKEHHOCTe! MoAd, ypasHeHHe
(12.1) He sBMETCH /JMHEHHHM MO OTHOWIGHHIO K g, M HX
NpOM3BOAHNM, DTa HeJHHe#HOCTb XapaKkTepHa AJd ypasuenuh
KOBAapHaHTHEIX OTHOCHTEJbHO OOIHX npeoGpa3oBaHuit KoOp-
IMHAT; OHA HABAAETCA [O3TOMY CJCACTBHEM MNPHHIMIA SKBHBA-
JIEHTHOCTH.

MpeacraBienne mMarepuH B ypaBHeHAsax moJsd, [Ipexne
YeM TPUCTYMHTb K HAXOWACHHIO AH(pdepeHuHaIbHNX ypaBHe-
HHRt CPaBUTAUMOHHOTO MO/, OCTAHOBUMCA KPaTKO Ha mnped-
CTaBICHHH [PaBHUTAUHOHHOM MaccH B YPaBHEHHAX U WX pe-
LEHHUSX.



I'paBuTaunoHHoe moOJe CO34aeTCd TPABHTALHOHHMIMM Mac-
CaMy, TaK e KaK 3/JIeKTPOMArHWTHOe Mo/e CO3AAETCs S/EeKTpH-
4YeCKHMH 3apflaMH. ODTH 3apsas MOTYT paccCMaTpHBaTLCH B
JABYX COBEpDINEHHO Ppa3nd{4HuHX acnekrax. Korza Makceeaa no-
JIYYH CBOM YPABHEHHs NMOJA, euwle He Ohil H3BECTEH aTOMHCTH-
yecKu#l xapakTep S/IEKTPHYeCKHX 3apajoB. Makcsean npen-
[0araj, 4ro 3apsii paBHOMEDHO pacnpepenseTca No 06bemy
3apMIKEHHOr0 NMSJEKTPHKA, MO MOBEPXHOCTH MPOBOAHHKA W
T. . COOTBeTCTBEHHO 9STOMY OH BBE/ MOHATHA MJIOTHOCTH
3apfiAa H MJOTHOCTH TOK3d. DTH YeTHpE MIOTHOCTH NPencTas-
A[I0TCH  HAlIHM MHPOBHLIM BEKTOpPOM /P, KOTOpH# BXOAHT B
cHcTeMy ypaBHendit MaxkcBenna AAf 9JeKTPOMAarHHTHOFO MOJS.

AnanoryynbiM 06pa3oM MOXHO COCTaBHTb ypaBHeHMs M[OJA,
B KOTODHIX TPaBHTaUHOHHASL Macca MPeNCTaBAseTcd MHPOBHM
TeH30poM P¥'| Teuw3opoM Sueprud-uMmyisca. [ecath Kommo-
HEHT 3TOro TeH3opa P* JomkHM OHNTh paBHW gecaTH Audipe-
PEHLHA/IbHBIM BHPAXEHUAM BTOPOTrC MOPALKA, 0GPa30BaHHLIM
H3 KOMIIOHEHT MEeTPHYECKOrO TEH30pa. DTH HeCHTb BHPAKEHHH
HOMKHBI, KOHEuHo, mpeoGpa3oBhBaThCA Kak P¥, 1, e. Kak
KOMIOHEHTH CHMMETDHYHOIO TeH3opa Broporo paHra. Toabko
B 9TOM Ciy4ae ypaBHEHHS [0/ GYAYT KOBAPHAHTHH.

ITocne Toro kax . ¢u3uxavu Ousia oOGHapyxmeHa aTOMHCTH-
yecKkasi CTPYKTypa 9S/eKTPHYECKOro 3apsiaa, T. €. BLISCHEHO,
YTO HOCHTE/NAMH 3apsAixa o006s3aTe/bHO SBJSIOTCA OTAEJbHHE
YaCTHIH — 9MeKTPOHH H HOHHW (a Temepb MOXHO HOGABUTH —
H Me30Hn), JlopesTiL OmMHCan SACKTPOMATHHTHME CBOKCTBA
MaTepHH NpH noMoitd HoBo# moxenmn. C ero TOUKH 3pedus B
[OXAB/AIOMIEH 4YaCTH NPOCTPAHCTBA HE COAECPKHUTCA SJEKTPH-
YeCKHX 3apfAfoB. OIJ/eKTpHYeCKHe 3apsifii OH paccMaTpHBas,
KaK TO4YeYHnle, MpeiCTaBasiouIHe co6olt ocobne (CHHryAspHLIE)
TOYKH 3JEKTPOMATHUTHOrO noas. Bue 3apanoB snekTpomar-
HUTHOE [l0Je YZAOBNETBOPSET YpaBHeHHAM MaxcBeana Aas
CBOGOAHOTO OT 3apsa]0OB NPOCTPAHCTBA. B MecTe HaxoXIeHus
KaXEOro TOYEYHOTO 3apAAa YPaBHEHHS He YAOBJAETBODPAIOTCA —
Takas TOuka ssageTc ocofoH Touko# nons. XoTs ypaBHeHus
NOJS TEPRIOT CMHCA B HEKOTOPHX TOYKAxX, BCe ke Gaaroiaps
TOMY, 4YTO YypaBHEHHs IO CMPaBeA/MBH B OKPECTHOCTAX
KaXao# Takol cuHrynspho#i o6iacT, coaepxaile# ocobyio



TOYKY, BeJHYHHA 3apaJa B ITOH CUHrYJAspHOR 0G6AacTH
octaetca HeuaMmenenHol. [lonnnft 3apsan BHYTpH 3amxHyTOM
NOBEPXHOCTH, OKpykawued ocob6yio TOouKy, onpeneiasercs
MHTETPaIoM

1
e=o-$(E-d5),
S
a €ro H3MEHEHHE BO BPEMEHH paBHO
de 1 oE
=72 (-()?-ds).

Ecan ypasHeHHd nons yL0BAeTBOPAIOTCH Ha BCeil MOB2PXHOCTH S
(T. e. eciM 4Yepe3 NOBEPXHOCTL S He TeYeT S/IeKTPUUECKU#H
TOK), TO cornacHo dopmyne (7.4), npaBas uwacTb KOTOpO#

9l
npeano/aaraercs paBHOﬂ HYJAI0, MOXHO 3aMEHHTHb ?Ei- yepea

crotH. Ho no Tteopeme Crokca HHTerpaa no 3amkuyToit
TIOBEPXHOCTH OT rot paBeH HYy/MO; OTCIORA yOexaaeMcs, 4TO &
He MeHAeTcs C TEeYeHHeM BpEMEeHH, Jake eclH He JenaTh
HHUKAKHX MNPEnnoNoKeHHd OTHOCHTENBHO NMOMA BHYTPH MOBEpX-
HOCTH.

HecMoTps Ha npeanonoxkeHHe 0 HaMHYMH 0COGuX obJacTei,
none BHe 3THX o0G6GJacTelt OCTaeTcs CTPOrO ONPenE/CHHHM.
Bnaromaps stoMy JlopeHTnm Cymen moOKas3aTh, 4TO cTapas
Teopuss MakcBeana, npeanonaraiomas HenmpepHBHOE pacupe-
ZIe/IeHHEe 3apAAOB H TOKOB, SBASETCA ampoKCHMaUHeHd ero
co6CTBEHHOH TEOpHH, B KOTOPOH 3apAlb PacCMaTpHBalOTCs,
KaK oco6ue TOYKH MO,

Mun MmoxeM HCONL30BaTh YKa3aHHYI0 TOYKY 3penus Jlo-
peHTLA IJI1 TPeACTaBJAEHUA MaTEePHH B TEOPHH TPABHTALHH,
BMecTo TOro 4ro0H mNPEACTaBNSATb MaTepPHIO NPH MNOMOUIM
TEH30p2 SHEpPrHH-HMNyJbca P!, MpemnosokHM, YTO rpaBHTa-
LHOHHAA Macca 3akjloyeHa B He6o/blIHX 06JaCTAX MPOCTPaH-
€TBa, B OCTaJbHOM COBEpIIEHHO CBOGOMHOTO OT TIPaBHUTALHOH-
no#t Matepun. Juddepenunanbine ypaBHeHHsi TPaBHTALHOHHOTO
nons G6ynyT cnpaBemrAMBH TOMbKO BHE o6sacTel HaxowaeHHs
MaccH: 3To GyAyT ypaBHEHHSA NoAs B NMyCTOM TNpPOCTPaHCTBe,



OG6nacTH, B KOTOPHIX COCpeNOTOYEHA Macca, T. €, ,TouedHhe
MaccH“, OyayT SIBASATbCA CHHTYJSPHLIMH O0JACTAMH 1OAA.

IIpencrasnesHe MaTepHH ¢ NOMOLIBIO TeH3O0pa noas P
MOXWHO paccMaTpHBaTb, KaK ycpeaHeHHe 1O GONbLIOMY 4HCY
TOUCYHHX MaCC H MX COCTOSHHSM ABHXEHHS, TOYHO TaK e
KaK [OHATHE I[VIOTHOCTH 3/EKTPHYECKOro 3apsala MOXeT pac-
CMaTPHBATbCH KaK CpeiHee 4YHCI0 S/ICMEHTapHHX 3apaloB Ha
enuauny ob6wvema. C ApYrofi CTOpoHH, onucaHWe MaTepHu mpH
MOMOLIH TOYEYHHX MAacC TaKwke MOweT OHTh HCMOAb30BaHO B
KadyecTBe YHOOHOH anpoKCHMauMH B TOM C/y4ae, KOTAa KOM-
MOHeHTH TeH30pa P¥* OTJHYHH OT HYAA TOJNLKO B HeGOMbLIKX
M30/JHPOBAHHHX OO6/AaCTAX MNPOCTPAHCTBA2. IJTO HMEET MeCTo,
Hanpumep, B COJMHEYHOR cHUCTeMe, TIe MaTepHs CKOHUEHTPHPO-
BaHa IJIaBHHM 00pasoM BHYTPH HeGeCHHX Tes, TOTAA KakK BHe
stTux of/aacTell Bce KOMNOHeHTH P* paBunm Hymo. Kawaas
u3 9THX oOaacTed MoweT OWTbH 3aMeHeHa ToueyHOR Maccofi,
6aarofaps uyeMy paccMOTpeHHe BCeR CHCTeMH CHJBHO Ynpo-
uiaeTcs.

O6a npeicTaB/eHHs MaTepPHH — NPH TOMOLUH TOYEUHbIX
Macc WIH KaK CIVIOUMIHOHA Cpell — OKa3hBalOTCH HEAOCTaTOUHBLIMH
npy Gosnee CTPOroM MNOAXOAE, TaK KaK HH OXHO H3 HHX He
SIBJISIETCA  YIOB/ETBOPUTEIbHHNM MNPH PacCMOTPEHHH KBAHTOBHIX
adpexToB aToMHOR ¢pu3uku. B o6wunON e 06/acTH mpuMe-
HEHHS TEOPHH TpaBHTAlMH — aCTPOHOMHH — BCTPEYAIOTCH MPH-
MepH HCro/ib3oBaHHs 06Goux npencrtaBnenuft. [Ipu ompenene-
HHY BHYTDEHHHX HanpsxeHHH B 3Be3fe MH/IH TPH OMHCAHHH
MOBEeACHHS LEeNOH TYMaHHOCTH, coAepxsalieH MHIIHOHH OTAelb-
HbiX 3Be3Jl, MaTepHI0 MOXHC paccMaTpHBaTh KaK CIVIOMIHYIO
cpeny. C mpyro#t CTOpOHH, €CIM CTOMT 3afldda ONHCAHUSA
ABHXEHHS HeOOJbLIOro 4Hcla HeGeCHHX TeJl, HanpuMep TeJ,
COCTaBAA'OLIMX COJNHEYHYIO CHCTEMY, MaTepHsi MOXET C4H-
TaTbCA COCTORLLEH M3 OTAEAbHLIX TOYEUYHBIX Macc.

HesaBucumo oT TOro, paccmMaTpuBaeTcs /M MaTepHs Kak
CNIOWIHASL CPEAAa MM KAK OTAE/bHHE TOYEUHHE MAacChl, MH
NPeAION0XKHM, YTO YHCIO YpaBHeHHH NOJS paBHO YHCAY fe-
peMeHHBIX Mmoad, T. €. nAecatH. Kpome Toro, STH ypasHenus
JOMAKHB 6hiTh AuddepeHiHanbibIMH ypaBHeHHSMH BTOPOTO MO-
PsUlKa OTHOCHTE/NBHO &,,, TaK KaK OHH IO/DKHH CONEPKaATh



HEOAHOPOJHOCTH HAMPSIKEHHOCTH IPABHTALUMOHHOTO MO '); KpoMe:
TOTO, OHH HOMKHH OHWTb KOBAPHAHTHW OTHOCHTENbHO OOLHMX
npeo6pa3oBaHHft KOOPIHHAT.

Ecau paccmaTpuBaTh MaTepHIO KaK CIVIOMIHYIO CPERY, TEH30P-
Hoe mone PM nomkHO BCIoAY OHIThb NMPHPABHEHO K HEKOTOPOMY.
TEH30pHOMY noMO (KOTOpoe ell: HeoGXoAMMO HaiTu), codep-
waiemy AdddepeHuHanbibie  BHPaXeHHs BTOPOro MNOPAAKa
OTHOCHTENbHO g,,. C ApYrofi CTOpOHHW, ec1H MaTepuio mpei-
CTAaBNATH B BHIE TOYEHHHX Mace, Te we camnie auddepen-
UMabHBE BHPAKEHHS JOMKHH oﬁpamaTbcﬁ B. HyJAb BCIOAY,
KpOMe HEKOTOPHX H30JHPOBaHHHX 06/acTelf, B KOTOpbIX Ha-
XOmATCH TodYeyHne Macch. B 3THx o6nacTax peluedus ypas-
HeHHH MO UMEIOT OCOGEHHOCTD.

Naddepenunaasnvie TOXAecTBA. Takolt ¢u3nyeckuit
3aKOH, KaK YpaBHEHHA TPaBHTALMOHHOTO IO, HE MOXeT
O6uTb MOJMYYEH MyTeM HHCTO JorwueckHx paccyxkpenusi. OnHaxko
K1acC BO3MOXHBIX YPaBHEHHH MONA yXe OrpPaHHYeH HALIMMu
TpeGOBaHUAMH TOTO, HTO 1NOJde JOMKHO [IPEACTABAATLCR
necaTbio AupdepeHIHaNbHEMHE YPaBHEHHAMH BTOPOro MOPAnKa
OTHOCHTE/IbHO g,,, KOBAPHAHTHWMH [0 OTHOLIEHHI0 K oGuiemy
npeoGpasoBaHmo koopauHaT. B 9ToM pasmene MH HaIO0XKHM
Ha ypaBHeHHR: nNOJAd  MOMOJHHTENbHOE YCJOBHE, KOTOpOe
HCK/IOYHT BCE BO3MOXHOCTH, KpOME OJHOM.

Hecarp nudpdepenuuanbHlx ypaBHeHHH
AAf g, He MOryT GWTb MONHOCTHIO HE3aBMUCH-
M APYT OT INpPYra, OHH JOJAXKHH YXAOBJAETBO-
PATH YEeTHPEM TOXAEeCTBaM. JTO YCIOBHe Henocpex-
CTBEHHO CB3aHO C YycaoBHeM o6weH kosapuantHocTH. [lpea-
NOMOXHM, YTO HAMH MOMYYeHAa CHCTEMa HECATH KOBaPHAHTHHIX
ypasHeHHWH Mif g,, H YTO H3BECTHO OAHO M3 pelIeHHH 3Tux
ypasHesuit. B sTOM Clyyae HOBbie DEUIeHHf STHX YpaBHEHHH
MOXHO MOJIY4HTb 1IPOCTO npeoGpa3soBaHHEM KOOPIHHAT. 3anucu-
MOCTb IPe06Pa30BaAHHHX KOMIIOHEHT METPHYECKOro Ten3opa g or

§%p Gynmer MHOH, 4eM 3aBHCHMOCTb 8,y OT &, dru q;opmanbuo

1) Ha 10, 4TO ypaBHEHHS HOJAA AOMKHB OGHITH BTOPOrO NOPsiKa
YKa3biBalOT TaKkXe COOOpayceHus, cBA3aHHHE C NEPeXoioM K Hepe-
JATHBHCTCKHM YPaBHEHUAM rpaBuTalyH, T. €. K ypaBHeHuw Ilyacco-
Ha ([Tpum. pe?l.).




PI3/HYHLIE DEIIeHHSs B CYLUHOCTH SB/IAIOTCH SKBHUBANEHTHHIMH
APEICTABAEHHAMH ONHOTO M TOro e (HU3UYECKOrO COCTOAHHS,
TaK KdK HX pas/vuhe OTPAKAET TOAbKO BO3MOMHOCTH MPOH3-
BOJILHOTO BLIGOpAa CHCTEM OTcyeTa, B KOTOPHX MOXeT OHThb
-OMUCAHO TpaBUTaLMOHHOE noJe. Takuv 06pa3oM, AeHCTBHTENBHO
OT/IHYHHX JAPYTr OT Jpyra TrPaBHTaUHOHHWX MOJEH ropasno
MeHblle, 4YeM (POPMA/bHO pa3NUYHWX PpELIeHHH ypaBHeHHH
JI0J14.

UYroGu OrpaHHuHThb 4HCAO0 (OPMAalbHHMX —pelieHHH, Ha
CUCTEMY  KOOPAHHAT CJAEAYeT  HaJOWHThb  JONOJHHUTENbHOEe
ycosue. Tak Kak npeo6pa3soBaHMs KOOPAMHAT COXEPKAT
YyeTHPe NPOH3BO/IbHEE (DYHKUHH (B YeTHIPEXMEPHOM npoc-rpan-
CTBE), TO MOXHO COCTaBHTb YEThiPE YPABHEHUS NJH Euv
TOpHE He JOMKHH OHTb KOBAPHAHTHHMH., ITH ypaBHeHHﬂ
JO/DKHK 6HTbh BHOpaHH TakHM 06pa3oM, YTOOH, HCXOAS H3
NPOU3BO/ILHOA  COBOKYMHOCTH  &,,, MM MOXHO Ohno GH y10B-
JIETBOPUTDb MOCJIE coomeTcmyxomero npeo6pa3oBaHud KOOpAH-
nat. Takue ypaBHEHHS Ha3HBAIOTCH KOOPAHHATHHIMH YCTOBHUAMH,

[Ipy noGaBneHHH K JeCATH KOBADHAHTHHM YyPaBHEHHSM
nojs uYeThpeX KOOPAHHATHWX YCJIOBHH MONY4aeTcs CcHCTeMa
H3 4YETHPHANAUATH YPaBHEHWH, HMeIoWad TO e MHOKECTBO
HE3KBHBANICHTHHX PEUIeHHH, YTO M CHCTEMA NeCATH YypaBHeHHH
nons, B3ATas OTLENbHO, HO C MEHBIUHM 4HHCIOM (POPManbHO
pasiuuHbX peleHuH.

YeTHpHaAUaTh NOMHOCTBIO HE3aBHCHMWIX ypaBHeHu# s
HECATH TEPEMEHHhX HMeAH Ob CIMIIKOM Malo pelueHdi. tu
pelieHUs COOTBETCTBYIOT /MO0 mocko#t meTpuke, aubo, B
JydlleM Ciyyae, OHH ONpene/fiOT S8HAYHTEJbHO MEHbLIee KOJH-
4ecTBO JAEHCTBHTEAbHO PAS/HYHHX COCTOAHHH, 4YeM To, KOTO-
poe MOXHO MOAYYHTb, JOMYCKAsA MPOH3BOJLHOE pacnpegeleHde
MaTepud B npoctpanctee. [lostomy, KpoMe uyeTHpHAALATH
ypaBhenu#t, g,, AOMKHH YIOBNETBOPATH YETHPEM TOXIECTBAM.

YeThipe Koopzmnamue YCN0BHS fBIAIIOTCH B 3HAYHTENbHOH
CTE€NeHH npou3BOAbHEIMH. OHH MOTyT OHWTb JMIOGLIMH HEKOBa-
PHAHTHEIMH YDaBHEHHSMH, CONEDKALIMMH g,,, KOTOPHE MOXHO
YJAOBNETBOPHTL J/MOG0H MeTpHKOH nocie COOTBETCTBYIOILErO
BHOOpa cHCTeMH KoopiauuaT. Tak Kak BHOOpP KOHKPETHHX
KOOPJAHHATHHIX YC/AOBMH He BIMSET HA XapaKTep peuieHufl,



HEOOXO0AHMO, YTOGH TOXAECTBA COAEPKalH TOJNbKO KOBAPHAHT-
HHe YpaBHEHHA NOJA H YTOOW OHH OBbLTH HE3aBHCHMH OT
KOOPAHHATHHX YCJ0BHH.

[Mpennayumie paccyklenus MOKa3HBalOT, 4YTO JECATb
YPaBHEHHHt MOAS B CWIY HX KOBADHAHTHOCTH MO/MKHH YyIOBJe-
TBOPATb YeThpeM ToxaecTBaM. OIHAKO IO CHX NOP MH elle
HUYEro He 3HaeM o0 (¢opMe caMHX YypaBHeHHH H npupone
COOTBETCTBYIOLLHX MM TOXAeCTB. YTOOH peiidTh 3TH BOMPOCH,
Hcroab3yeM cBofictBa Tenw3opa P¥. Ecau paccmarpusaTth
MATEPHIO KaK CIUVIOUIHYIO CPeAy, NPaBhMH 4YacTAMH YpaBHEHHH
rPaBUTAUHOHHOTO noas OyayT Beauuuun P®, nogoGHO TOMY,
KaK KOMAOHEHTH MHPOBOTQ BEKTOpa TOKa 0Gpa3yiOT mNpaphle
yacTH ypaBHesn#t MakcBensa. AHaNOTHYHO TOMY, YTO 3aKOH
COXpaHeHUs] 3/IEKTPHYECKOTO 3apsila BLIPAXaeTCH yPaBHEHHEM

Iv,=0,

3aKOH COXPaHEHHSl SHEPTHH M MMMYJbCA MOXET OHThH BHPakKeH
ypaBHeHHeM

3
P¥y, =0, (12.2)

TosToMy MOKHO OXHAATh, YTO AECATb BEAHYHH, CTOSUIHX
B JIeBHX 4YacTAX YpaBHeHMH NOJs, ABASIOTCA KOMIOHEHTAMH
CHMMETPHYHOTO TEH30pa BTOPOTO paHra, a uYeTHpe TOXIecTBa
MMEIOT BHA AHBEpreHuufl,

Ypasuenns noaa. B raase XI mul BcTpeuanuch ¢ TeHsop-
HbiMH BHPDAXEHHSIMH, O00/aJaloNMMH NOROOHHMH CBOHCTBAMH.
TakoBuM sBAseTca TeHsop GPY, onpeleneHHBH ¢ MOMOLLBIO
(11.47). MoxHO nokasaTh, 4TO He CYIUECTBYET APYrLOro TeH-
30pa, JHeCATb KOMMOHEHT KOTOPOro 3aBHCeAH OH TOJBKO OT
&, 4 €ro IMBEpreHuMs TOXIeCcTBEHHO o6pamanach Gu B
nyan!). TTosToMy ypaBsHenus rpaBHTALMOHHOTO NOMS MM 3a-
nulieM B CTSAYIOMIEM BHAE:

Gt aPr=0, Gr=Rw—LgvR, (123)

1) Koneuno, kpoMe CaMoro 1en3opa §&,.. (/Tpum. ped.)




TAe MaTepus mnpeacrasagercs Ttexsopom P, Ecau we mare-
pUsl MpEeACTaBARETCS TOYEYHHIMH MaccaMH, YDaBHEHHS Ipasi-
TAUMOHHOTO 1OAS BHE TOYEYHWX Macc GYAYT HMETb BHA

=0, (12.4)

OJHAKO OHH MEPecTaloT GHTh CpaBel/MBLIMH B MECTax paciono-
KEHHs TodyeyHHX Macc. ITocrosnHas a B ypaBsenusx (12.3)
OymeT onpexeneHa HHXe,

Y paBuenus noas (12,4) ynoBAeTBOPSIOT TOXIECTBAM

Gre =0, (12.5)

B Cu/My 4ero ypaBieHus (12.2) sBAf0TCA HENMOCP2ACTBEHHBIM
caeacrsdeM ypaBuenu#t (12.3):

0= (G +-a Pr), = ape (12.6)

Jlunefinoe npubinKeHHe W HOPMAJbHHIE KOOPAHHATHBLIE
ycaoBHs. [lonyuesnne ypaBHeHMs MO/S M 3aKOHB JABHNEHHS
‘B rPABUTALMOHHOM M10/1€ HEMHHEHHH OTHOCHTENBHO TEPEMEHHBIX
nonsd g,,. OxHako H3BECTHO, YTO JiHHeHHAs TeOpHS — TeopHs
HblOTOHa——C GOoJbLIOA CTemeHbl0 TOYHOCTH OMHCHBAET JBHXME-
Hue Ten mox AectsHeM cua. [Tostomy Heo6xoauMO npexnoJo-
WHTb, YTO CPaBUTALHOHHHE MOAA (T. €. OTK/IOHEHHe HCTHHHOH
METPHKH OT IUIOCKOH), € KOTODHIMH Mbl BCTpEYaeMcs, Harpu-
Mep, B HeGecHOM MexaHHKe, HAacTOJIbKO c/nabW, YTO HEIMHEH-
HHlll XapakTep ypasHeHu#l nojs BeleT JHb k 3ddekraMm BTO-
poro nopsaka. B MeTpuuecko# cucTeme emMHML, KOTOPOH
06454HO MOJABL3YIOTCH NPH H3MepeHusx, Hab/ojaeMble B NpHpone
rPaBMTAIHOHHHE YCKOPEHHS — IOPAAKA eXHHHIH, B TO BpeMs
KaK CKOPOCTb CBeTa ¢ — BecbMa Oosbluas BeiuuuHa. B Teopuu
rpaByTayud YAXOGHO MOMb30BATHCA APYTHMH €AMHHLAMH, B KO-
TOpHX CKOPOCTb cBeta paBHa He 3.101°, a 1. Coxpanum cau-
THMETP B KayecTBe EeNMHHIL JJIMHH, a 32 €IHHMLY BpEMEHH
H CO6GCTBEHHOTO BpeMeHd BuGepem Beauudy, B 3.101° pa3



MEHbINYIO, YeM CexkyHaa. B aTux emuxuuax MeTpudeckuH Teu-
30D WIOCKOH METPUKM MMEET KOMIOHEHTH:

—1, Oa Os 0 1)

0, —1, ©0, 0

ep==
l b 0, —1, 0 f

00 0, 0, 41
To 06CTOATENABCTBO, YTO CKOPOCTH OOMbIIHHCTBA MaTepHab-
HbIX TE€J MAaJH 10 CpaBHeHHlO CO CKOpOCTbIO CBeTa, B HOBHX
eluiMuax BHpaxaeTc B TOM, 4r0 U, MpoCTPaHCTBEHHMWE KOM-

MNMOHEHTH UP, Ma/n B CpaBHEHHH [ enuﬂuueﬂ.

IIpennonoxuM, 4ro, HCMONB3YSl HOBLIE EXHHHIILI BpEMEHH,

MOXHO BBECTH TaKHe CHCTEeMbl KOODAHHAT, B KOTOPHIX KOMMO-
HEHTH METPHYECKOTO TEeH30pa pasnaraiTca B Psalb

8= pat My, A+, (12.8)

FAe MapaMmeTpoM Pa3/ioWeHud #ABASETCA Manasg MOCTOSHHAA ).
KonTpaBapuaHTHBI MeTPHYECKHH TEH30p HMEET B 9TOM C/y-
Yyae KOMIOHEHTH

g =eP - hher 02k - L,
1 2

(12.7)

e =g, (12.9)
het—= — Ep“s’PhaB,
1 1
JleTepMHHAHT METPHYECKOFO TeH30pa paBed
gElgp,l=—(l—{—st°/]1‘,,+...). (12.10)

1) B panbHeiiuieM yepe3 ¢,, Beerga G6yayT o603HayaTbCs KOMIMO-
HeHTh MeTPHYECKOr0 TEH30pPa MJIOCKOTOo MPOCTPAHCTBA, BHIPAaMEHHBIE
B HOBWX EIMHHLAX BPEMEHH, OGO3HAYEHHE IKE T7,, MBl COXPaHHM
A Tex chyyaes, KOria GyAyT HCNO.b30BaTbC OObIYHbIE METPHue-
CKHE eXHHHLBL.



[lepeitnem Kk paccMOTpenHi0 ypaBHenHi mBHweHHs, Onn
3aMHCHBAIOTC B BHAE:

A o — g¥[ux, o) U (12.11)

Cumponu Kpucroddens [tx,0] 6yAyT ManuMu BeaHYMHAMH nep-
BOro nopsinka OTHOCHTenbHO ). [lpeHeGperas BenHuHHaMy
BHICIIHX MNOPAAKOB, 3amMeHHM gP° Ha &f°. [lanee, mnoka CKopo-
CTH MaJH MO CPaBHEHHIO € ¢, MOXHO NpeHe6peyb YieHamy,
conepxawumu U’ B xayectBe wmuowutenedt, a US— cuntartsp
pasinm enaunHue. Toraa (12.11) 3amenHTCa nNPHGAHKEHHLM
ypaBHeHHeM

aue 1
o~ [44,0] ~— e (hip— hu e (12:12)

Hakowen, ecnu rnone MeAAeHHO MEHSETCH BO BPEMEHH —
3TO COOTBETCTBYET TOMY, 4YTO OOpa3syiowde noae ToYeuHkie
MacCH IBHXYTCH C HEGOMBIIMMH CKOPOCTSIMH, — MOXHO MNpeHe-
6peub NPOH3BOAHWMH MO0 &', KOTOpHE Maia mo CPaBHEHHIO
C OPOM3BOJAHHMAH M0 MPOCTPAHCTBEHHHWM KoopauHatam &, Toraa
AN mepBuWX Tpex ypashenu# (12.12) momyunm:

avi 1
7 (12.13)

CpaBHuBas 3TO YpaBHEHHE C KA3aCCHYECKHM BHIpaXEHHEM
1
ans cHan (10.5), yBuaum, uyto -2—707“ HIPaeT poib HbIOTO-
1

HOBCKOTO T'DaBHTAUHOHHOTO MOTEeHnMana. 3To0 O6CTOATEAbCTBO
MIOMOXET HaM B Aa/JbHEHIIEM MHTEDNPETHPOBATH PEILEHMS ypaB-
HEHHR 1noas.

IlepefineM Tenepb K HAaXOWIEHHIO auHeHHOro npHOTAKE-
HHA AN ypaBueHHH mnoas. Orpauuunasich JHHeHHWMM BHpa-
HEHUSIMH, MOXHO 3HAYHTENbHO YIPOCTHTH BHX STHX ypaBHEHH,



B teusope

-
LT Ler(lg) ~
e —(eHa et

MOXHO. TIpeHeGpedb BCEMH 4YIEHAMH, He JMHeHHWMHM OTHOCH-
TeAbHO f,,. DTO OTHOCHTCH KO BCEM WIeHaM, He JHHeHHHM
1

(12.14)

+

oTHocHTenbHO cumBonoB Kpucroddens; B ocraBmmxcs unenax

Bce HempoauddepesuupoBatHbie & M &Y 3aMeHHM Ha €y Y
gm, Torna [0y YHM ,,nuueapusonauuue“ BhIpaXKeHHs

—_— pe —_— P —
G(-'-' ~ 3 {"l,m—i— € (?(ﬂqp: 1p.p,w ’:vp.y.w)

— EQL'EP’ (’:,p: - S“‘{lpun)] ’ (1 2.1 5)

h= e,

Buipawenne (12.15) MoxeT GHTb HECKONbKO YNPOLIEHO BBeJE-
uuem 0603HaueHUH

=", — = A
| (12.16)

’llp.v=¥y.v -2_ Y

Bupawan nuneapudopanune G,, uepes Yy,,, MOAYHHM
ik
A
G.,~ (Y, 06—, ,—0 €, "% ),

@ 2 ( },H »° @ v,p._l— wy p.:) (12.17)

— 2p7,
9, =¢ l{PPr"



IIpu pemenun ypasuenu#t nons (12.3) u (12.4) ewme ocra-
I0TCA 3HAUMTE/bHHE TPYAHOCTH, TaK KaK KaXmaw JHHEapH3o-
BaHHasl KOMIOHEHTa Gw (12.17) 3aBHUCUT OT HECKOJNbKHX KOM-
MOHEHT ;{p,, H TNO3TOMY JeCATb YpaBHeHHH noaf JOMKHH

pemsatbcs oaHoBpemMeHHo. OIHAaKO 3aayy MOXHO 3HAUYMTENBHO
yNpocTHTh 6/1arofaps BO3MOXHOCTH BBENEHHS KOOPAHHATHHX
yenoBuH. Mb  nmokaxeM, YTO Bceraa BO3MOXHO TPOH3BECTH
Takoe npeoGpasoBaHHe KOOPAHHAT, B peay/ibTaTe KOTOPOro
BHpaXeHHe G, 06paiaeTcs B Hyib.

PacCMOTpuM npeo6pa3oBaHUs KOOPAMHAT BHAA

fra =t} v (&), (12.18)

NpHY KOTOPHIX H3MEHEHHe 3HaYeHHH KOOPAMHAT NPOMNOPUHOHANBHO
napametpy ). OO6paTHhiMM npeo6pPa30OBaHMAMH C TOYHOCTHIO 1O
BEJIMYHH MEPBOTO MOPAAKZ OTHOCMTENbHO ) OYAYyT:

fr=E* o7 (&) ~ &** — " (§*°). (12.19)

KomnonesTH MeTpuueckoro tensopa (12.8) B ToM xe npu-
6anxeHdn npeo0pasyloTcs No CAeXylOHIeMy 3aKOHY:

* g8 0%?
B =z€*‘v oF% B ™

~ (8% — 1% (30 — 1t ) (Bt 2g) ~ (12.20)
~ &y +2 (I:w ~— Vs — Eayp T):

Orciona nomyyaeM 3akon npeolpasoBanus h,,

h;‘,=:zm—ea.,vfp* R (12.20a)
1 .

Y.» PPeobpasylotcs cnexyiowmum o6pa3oM:
1

*

'II-W = ;Yu.v - env'v:‘-" '* + El“ ,p‘, (12.21)



a BHIPAWEHHH G, COT/IACHO 3aKOHY
%
Ou =0, — £,o&" Vpsne =0, — €90, s } (12.22)
U, == E,,U%
Bce 3TH COOTHOLNEHHS CNPAaBEJJIMBH C TOYHOCTBLIO RO 4Y/EHOB
NEPBOro MNOPSAKAa OTHOCHTENBHO ).

CHcTeMa KOOpPAHHAT, B KOTOPOH G, PpaBHH HYJl0, MOJY-
yaeTcs B pe3ynbrate npeo6pa3osanusi koopauuat (12.18) ¢ v%,
YIOBNETBOPSIOIKMH CaefylomuM auddepeHnHanbHbeM  ypaBHe-
HUAM

Py =0 (12.23)

Atu ypaBHenus, Aubddepesunanbibe ypasuenns [lyaccouna
B YSTHPEX H3MEPEHHAX, BCEria HMEIOT pelIeHHs.

B nuueliHoM npu6:iHKEeHHH ypaBHeHHst NOAS  3aMEHAIOTCA
YPaBHEHHSAMH

1Yy o 20, =0,

(12.3a)
EPUIYP'P”z 0,

&f Yuv L A 0’
L Eaks

Iny —_—
€000 0.
Takum 06pa3oM, MW JOOHIHCH Pa3nencHus nepeMeHHuX B aud-
(bepeHLHaIbHBIX  YPaBHEHHSAX BTOPOro Hopsika, O.aaronaps
yeMy pacCMOTpPeHHEe HX peilleHHH CHJIbHO YilpoinaeTcs.

Penlenne JAHHeapHW30BaHHLIX ypaBweHHA mnoas, Pac-
CMOTpHUM CHauya/sa CTaTHYeCKHE peUIeHHS ypaBHeHnH noJag,
T. €. pellleHHsd, He 3aBHCAILKE OT &4, Mpemnonaras, 4to nepe-
MEHHHe NO0JS 3aBHCAT TOJbKO OT TPeXx Koopmuuar &%, auneapu-
30BaHHHIE YPaBHEHHH MPHBOAATCH K BHAY

— ¥y, +2aP,, =0,

T =0 (12.24)



—0. (12.25)

OG6nuno Komnonenta P,,==P# =p Be/nuka 110 CPaBHEHHIO
C OCTa/bHBIMHM KOMNOHenTaMH Teudopa P,,. IMostomy paccmort-
pUM caerylowui ciayvait:

- 7~V2;fu +2ap=0,
V=0, (12.26)

;Yp'S)! =‘0'

DTtH  ypaBHeHHs MOTryT OHTb peUIeHN B MPEANONOKEHHH
YTO H3 BCeX BENHYHMH Y, TOMbKO KoMMOHeHTa yu -OT/IMYHA OT
1
Hyasd. Y,, YAOBIeTBOpsieT ypasueuuio Ilyaccona B Tpex wnime-
1

pennsix. Peuienne npeacrasiseTcs HHTErpajiom

yav’
)-1744(f)=——§,: %%,—l (12.27)
),

1
Mu yxe Bumenu, uto BeaMunHa 5 Ay AOMKHa  urpath
1

PO/Ib KJACCHYECKOTrO TrpaBHTAUMOHHOFO mnoresunana G, Bxoas-
uero B ypaeienus (10.5) u (10.7). Tak kax mu3 Bcex ‘{w

TOJBKO Y,, OTMMYHAZ OT HyJs, I h,, NOMy4yaeM BHpaweHue
1 1

1 1
f’u =lu—73 644544{“ =3 Tur (12.28)

Orciona BUAHO, YTO {144 yloBJ1eTBopseT AdddepenunansHomy

Y PaBHEHHIO
—2Vn, 4 ap=0. (12.29)
1



CpasnuBast sTO ypasHenue ¢ ypasuenuem (10.7), uafizem, uro
1OCTOSIHHAA A paBHa '

o = 8mx. (12.30)

Teopus rpasuTaudu, B KOTOPOH MaTepHs paccMaTpHBaeTCs
KaK clulomHas cpema, OCTaeTcsl Heno.JHOH, I1OKa HeH3BECTHO
YPaBHEHHe COCTOSHHA cpeln. Ecad MaTepus HacTo/NbKO pas-
pexeHa, YTO He CyLU\eCTBYeT B3aUMOACHCTBHA MEXAY COCeIHUMH
azeMeHTaMH 00beMa, TeH30D P*’ MOKHO 3aMeHHTb uepe3

P = pUrlr,

rae U* ynosnerBopsier ypaeneuuio (12.1), a u3meHenue & onpe-
Je/ndeTcl 3aKOHaMH COXpPaHeHHs

(PU" Uv); yv=— O,
(pUr U"),,U, = (pU),, =0.

Bo Bcex ocTaZbHHX CaAyYasX HeOOGXOAHMO HeAaThb KaKHe-ToO
NpeAnoJIOXEHH OTHOCHTENbHO XapakTepa BHYTPEHHHX CHA
B cpene. [Ipn 3TOM eure He TaK JIerKO BHSCHHTb, COBMECTHMbi
JI1 3TH NPEANONOKEHHS C MPHHLUMNIAMH TEOPHH OTHOCHTE/IbHOCTH.
HanpuMep, ¢ pensiTHBHCTCKOM TOYKH 3peHHst HOHATHA abco-
JIOTHO TBEPAOTO Te/a H/H HECHKHMAeMOH WHAKOCTH He HMeloT
cMbCAa. B Takux cpemax ynpyrde BOJHH ZOJDKHBI PaclpocTpa-
HAThCS C GECKOHEYHO GOJbWIOR CKOPOCTHIO, B HAPOTHBOPEUHH
C OCHOBHLIM TPAHLHMIOM TEOPHH OTHOCHTENbHOCTH O HEeBO3MOXK-
HOCTH pacfpoCTPaHEHHS CHTHaAa CO CKOPOCTbIO, G6o/biel c.
Ecu Ob CylIecTBOBaNa PpeNATHBHCTCKAHA TEOPHA, OMHMCHBAIO~
wasg B3aHMOZEHCTBHE OTAENbHBIX YACTHL CPeldn, MOXKHO Ohno
Obl HallTH ypaBHEHHE COCTOSIHMA, He IPOTHBOPEYaLLee NPHHLHNY
TEOPHH OTHOCHTENbHOCTH. B zelcTsuTenbHOCTH 3TO caenauo
Jduib A/ HEMHOTHX THIOB MOJIEKYJSPHHX B3anMoneHCTBHI.

Mone ToyeuHo# maccw. PaccmoTpum Tenepb npeacTas-
JieHHe MaTepHH B BHAE OTAE/bHHX TOYEYHWX Macc, B CBA3M
C ueM 06GpaTHMCA K JIMHEADH30BAHHHWM YPaBHEHHAM [0/
(12.4a).



[Ipexne Bcero onpexenum nose, cO3aaBaeMoe NOKosuieHcs
ToueyHoH macco#. OHo Oyzer craTHyecKHM M cdepHyeckH
CUMMETpHYHEM, [IOMECTHM TOYEYHYI0 MacCy B Hayano KOODZH-
HaT. EQMHCTBEHHBIMH pellueHHsIMH YypaBienus Jlannaca, wcue-
3210UMMH HA GECKOHEYHOCTH H HE HMEIOIUMMH OCOGEHHOCTeH
BO BCEM TMPOCTPAHCTBE, KpPOME Hayada KOOPAHHAT, SIBIAIOTCH

1
NPOH3BOAHKE PA3JHYHWX NOPAIKOB OT ¢lyHKLlHH 3 H HX JH-

Hefinee KOMOHHaUMH. [lns TOro 4TOGH PeIUHTh NEPBYIO CHCTEMY
ypasHenu#i (12.25), npeano/omuM, 4To

xly“—-i:—,
1
Wiy = b (7),8, % (12.31)
1 1
7—;fs:—c(—;> t—|—f7asn J

rae a, b, ¢ B f-—nocTosHHLIE, KOTOPHE HYXHO ONpPENSTHTh.
Y nosaeTBOpHM Tenepb BTOPOH cHcTeme ypaBuenudt (12.25).
T. €. KOOPDAHHATHBIM ycnoBuaM. MmeeM:

,=—0" (71)’“5 0,

o, = —¢ (%),slt —f(—i—)ﬂs—f(—:-)’s.

TocTosnnas f momkHa o6paulaThCsi B Hy/b, TOTAA KaK OCTajb-
HBIE TOCTOSIHHBIE OCTAIOTCH NPOH3BOAbHHMH. Onnako npu Gonce
BHHUMATEJIbHOM PacCMOTPEHHH MOXHO YGEIHTbCH, YTO WY/EHB,
colepkaue MOCTOsIHHbBIE & M €, 3aBUCAT OT BH6OpA CHCTEMH
koopnuHat. [lpousBons npeoGpasoBanue koopamHaT (12.18),
STH YIEHH MOXHO MCKJIOYATb, BHOHpas ¢yHKuud v* caenyio-
111HM 06pa3om;

(12.32)

(12.33)



B cootBeTcTBMH ¢ 3akoHoM mpeoGpa3oBanus (12.21), nafinem,
YTO HAllle pelleHHe NMPH 3TOM NPUMET BHI

a

7\¥44= 7
(12.31a)
!4.: = 0’ ;{sl= O'

Ocraloulascs MOCTOsIHHAsE @ ompeaessercs o6pasyiowelt none
macco#t. HbloToHOBCKHI moTeHuuan moas, o6pa3yeMoro Maccoft
M, pasen:

G=—2=.

Tak kak llh coorsercTByer G, TO B CHI aBHEHUS
'2_ 144 y ’ y Yp

(12.28) waxoouM, 4TO MOCTOsIHHas @ cBA3aHa ¢ Maccol M
COOTHOLLEHHEM
a
M= — T (12.34)
paBATaunOHHbie BOJHbI, PaccMoTpeHHwe X0 CHX mop
pelleHHs yYpaBHeHMH NMOAA aHANOTHYHH pELIeHHAM  KJAaccHue-
ckofi Teopun rpasutauui. OJHAKO CYLWIECTBYIOT elle pelledus,
THAHYHBE A8 paccMatpuBaemolt Teopud noas. HauGonee pax-
HBIMH H3 HMX SBJASIOTCH ,TPaBUTAUUOHHHE BOJHHY — GHCTPO
MeHSIIOLLHECS M[O/d, BO3HMKAIOLWHE BCErJAa, KOTAA TOYEYHLIE
MacCH HCHBITHBAIOT YCKOPEHHS.

PaccMOTpHM M/IOCKHE BOJHOBBIE II0/1SI, 3aBHMCSIUHE TOAbKO
ot &% u §l. B 3TOM cayuae cywmilecTBYIOT BOJHH, pacmpocTpa-
HAIOWMHECH TOMLKO B MOJOXKHTENLHOM M OTPHUATE/BHOM Ha-
NpaBneHHAX ocH =. OGIMH BHI KOMIOHEHT BOJHM, _pacnpo-
CTpaHAIOWEHC B MOJNOKHTE/NbHOM HaNpaBleHHH OCH =, Gyner

;{44 = ;f.u (8! —&9),
1= Yas (' — &9, (12.35)
Yrs - ers (E] - e4)'



YpaBrenust nons yROBJETBOPAIOTCA aBTOMaTHYeckH. Koopauuar-
HBE¢ YCJOBHSl IPDHHHMAIOT BHIA

IYM,‘ - Ylul,l = (7;4 + 7;1) =0, (12.36)

Tae WTPUX o3Ha4aeT Auddepesunposanre no aprymenty (51—=54).
Orclona noayyaeM YC/IOBHS

;f44 = ;fu = !w
Y12="Ter (12.36a)
;fxa = '1743’

OCTaJNbHBIC KOMMOHEHTH Yi5, Yo H Y3g OCTAIOTCA MPOH3BOMbL-
1

HbIMH  yHKuusAMH aprymenta (E!— §4),

HexoTopne H3 9THX KOMMOHEHT HE HMEIOT (PH3HYECKOFO
CMHC/IA M MOTYT OHTb HCK/IIOYEHH NPeoOGpa3oBaHHEM KOOpIH-
nat. Ecan npu npeoGpasosanun koopaunat (12.18) v* cuurats
3aBHCALMM TONbKO OT aprymeuta (5! — &%), To sakon npeoGpa-
3oBaiua (12.21) npuMeT Bux:

« __ 1 ' \
1711—1711"‘"” + o,

* __ ’ * 8¢ ’
Yi2="Y12 — v, =Y13— v
T2=Mnh ;Yxs Tis

* __ 4 1
}'14—1714‘—'” — o7,

Y= —v" 0" Y =Js—?" 4" | (1237

1 )
[Monxonauum BuGOPOM yeTHpex GYHKUHH ¥? MOKHO nepeHTH
K CHCTeMe KOOPAHMHAT, B KOTOPOH BCE KOMIIOHEHTH, ¥ KOTOPHX
XoTst Gbl OAMH M3 HHIEKCOB paBed 1 uaM 4, obpawaoTcs B



HyJb, H B KOTOpPWX OOCpallaeTCcq B HYJAb TaKke BHpaweHue
Xzs—l-‘{“. He Moryr Gnith MCKMOYEHH NPeo6pasoBaHUAMH KO-
1

Op,llHHaT TOJNBKO TaKHe BOJHH, 14 KOTOPHX
1722 == —17337&0’ (12.38)

a TaKwxke BOJIHH, A/ KOTOPDHX

Yes 5= 0. (12.39)

Ipu noBopoTe CHCTEMH MPOCTPAHCTBEHHHX KOOPHHHAT BOKPYT
T
ocu B! ua yron T (45°) 3T ZBa THNA BOJH NEPEXOAAT JAPYT

B JApyra.

I'paBuTaUMOHHLE BOJNHH HE HMEIOT aHAJIOra B K/aCCHYECKOH
Teopu. Takue BOMHH AOMKHH H3NYYaThCH OCUH/IHPYIOLIHMH
CHCTEMaMH, KaKuMy, HanpuMep, SBJSIOTCA ABOHHHE 3Be3jH,
naavetd H T. A. K coxaneHHio, HHTEHCHBHOCTb H3/y4aeMbX
MMH BOJIH HACTOABKO Ma/a, YTO HX HEBO3MOXHO OGHApYXHTb
NpH MOMOWH HMEIOLMHXCA B HAWEM PACMOPSKEHHH CPEACTB.

AitumredAn ¥ Posen!) HccremoBasH BOMHOBHE PpELIEHHS
TOUHHX HeJAHMHEHHHX YypaBHeuu# nmons. HMH Guio MOKa3aHo,
yTO B ITOM C/yyae HE CYLUECTBYET pelleHHH B BHAE IJIOCKHX
BO/IH, HO CYLIECTBYeT pelleHHe B BHAE UMIHHIDHYECKHX BOMH,
Aror pesyabTaT GBI MOJMYYEH MMH YUCTO GOPMaJbHHM myTeM,
OIHAKO BO3MOXHA €ro (pH3Hyeckas MHTepnperauus. [ pasura-
LMOHHHE BOJHH, TAaK e KaK H 3/EKTPOMarHMTHHE, MepeHOCHT
snepruio ?). TINOTHOCTb STOM 9HEPrHH CaMa ABAAETCA HCTOY-
HHKOM CTALHOHAPHOTO TrPaBHTAUHOHHOTO MNOJA, KOTOpOe
nedopMHpYeT METpHKY, 6/1aroapsi YeMy rpaBHTalUHOHHBE BOMHH
JO/DKHE PacHpPOCTPAHATLCA B NMPOCTPAHCTBE C H3MEHEHHOH MerT-
puxoil. B nJockoRt Bo/MHE IVIOTHOCTD SHEPTHH NMOCTOSHHA BO
BCEM JPOCTPAHCTBE, MO3TOMY HCKDHBIEHHE METpHKH Gynet

1) ,On Gravitational Waves*, Journal Franklin Inst., 223, 43
(1937).

3) TonsTde SHeprHH B OGIIeH TEOPHH OTHOCHTEAbHOCTH Gymer
PacCMOTPEHO B KOHUE STOH riaBbl.



yBENHUMBATBLCA A0 OeCKOHEUHOCTH BO BCEeX HampasneHusx. [lu-
NUAIpHYECKHE BOMHH 06/1aXaI0T OCOGEHHOCTAMH HA OCH CHM-
METPHM, H CYUIECTBYIOT PELICHHS, MPH KOTOPHX ¢ GeCKOHEYHBIM
BO3pacTaHHEM p (B 9BK/IHIOBOM MPOCTPAHCTBE p O3HAyaeT pdc-
CTOSIHHE OT OCH) aMIIMTYAA BOJIHW CTPEMHTC K HYJ/MO, a aM-
M/IHTYAA CTAaUHOHAPHOTO NOA — K GeCKOHeYHOCTH.

Takum o6pasom, B pe3ynbTaTe PacCMOTPEHHS ,JHHEapH30-
BaHHHX“ YPaBHEHHH MO/MA DENATHBHCTCKOR TEOPHH IrPABHTALIUH,
Mbi y6eauauch, 4TO, KpPOMe pellieHHH, COOTBETCTBYIOUIHX HBIO-
TOHOBCKHM MOJISIM, CYWIECTBYIOT peuleHHs, He HMEIOUHe aHano-
ro8 B K/4aCCHYECKOH TEODHH; 9TO TPABHTAUHOHHBLIE BOJHH,
pacnpocTpaHsiolMecss co ckopoctbio cBera. [locne Toro kak
Mhl YCTAHOBHJIH, YTO KNaCCHYECKas TEOPHSA IPABUTALHH SBIAETCH
anpokcuMauHeR pelleHui penaTHBUCTCKUX ypaBHeHHH, nepeftaem
K paccMOTpeHHI0 (OpMalbHBIX CBOHCTB STHX PeNfTHBHCTCKHX
YpaBHeHHH noas.

Bapuauuonnsii npaunun. Knaccuueckue ypaBHenus noas
(10.7) moryr paccmarpHBaThesi, Kak ypasHeHHs S#aepa-Jlar-
paHxa BapHalUHOHHOM 3azaud (MM npuHUHNaA TFamMunaep-
TOHa)

3 S (grad GydV =0, (12.0)
|4

rie MHTErpan pacnpocTpansieTcs Mo BCEMY TpPexXMepHOMY 00b-
emy V; Bapuauus G npou3BonbHa BHYTPU 06AaCTH HMHTErpH-
posanust V u Hcye3daeT ua ee rpauduax. Bapuauuio uuterpana
(12.40) MoxxHO NpeacTaBuTh CJAeAyIOUMM 06pa3oM:

3 i(grad G2dV =2 S (grad G-¢ grad G) dV =
v

=2 g (grad G-grad 3G) dV =
|4
=2 &div (grad G-&G)dV—2§V20 3GdV =
v

—_—2§ao (grad G-dS) — 2 [Evao 3G av.
&



INepsuift MHTErpan mocaenHero BHPaXEHHS PAaBEH HYJIO B CHJIY
toro, uro 8G ucyesaer Ha rpanuuax. [loatomy

2 & (grad GpaV = —2 (V2G3Gav,  (12.41)
v

H u3 Toro, uro 0G npoussoibHO BHYTpH V, caenmyer, uTo

HHTErpan S(grad G)2dV skcrpemanen Tonbko, korga G yno-
v
BJETBOPSET YPABHEHHIO
ViG=0. (12.42)

ARaorHYHO peNATHBHCTCKHE ypaBnewus noas (12.4) moryt
paccmMaTpuBaThcsl, KaK ypaBHenus DRnepa-Jlarpatka npuHumna
lFamuasTOHa. B 9TOM ciyyae HHTerpal PacnpocTPAHAETCH MO
yeTHPEXMEPHOMY 06BEMY

I= ,S RV — gdi\didsa,

¢/=0,

Bapuanuu g, (M HX MEePBHIX NMPOM3BOAHHIX) MONpPeXHEMY Mpo-
H3BOJbHH BHyTpH yeTHipexMepHo#t 06nacTH MHTerpHpoBanus D
M IOMXKHB HCYe3aTh HAa ee TpaHHIaXx.

HUnterpan [/ asnsercs unusapuantoM. [lomunterpanbHoe Bu-

paxenue
R=V—gR (12.44)

npejcTaBafeT Co6of CKaMIPHYIO MIOTAOCTD, MPeobpasyloulyocs
10 3aKOHY

(12.43)

R=| %

nostoMmy [/ mpeo6GpasyeTcss cienyloLum o5paaoM'

J* = ( Mrdixlgh*egrdghse — (3{ det | —= dc*'de*zd'*sd’*‘

96"

W3 Teopud KpaTHHX HHTErpajoB M3BECTHO, YTO NpH nepexone
K HOBNM MNEPEMEHHHM HITErDHPOBAHHS MOAMHTErPANbHOE B~



PaXeHHe YMHOXKAETCH Ha AKOOHaH npeoGpa3oBaHHsl, APYTHMH
c/0BaMH, [* — TOT ke HHTerpanx, 4to H [
F=1.

YpasHenns Oitnepa-Jlarpanka BHPaKalOT HEOGXOXHUMHE
YCNOBHsI CTALMOHAPHOCTH HEKOTOPOrO HHTErpaaa OTHOCHTE/bHO
BADHAUHH MEPEMEHHHX, BXONAUIHX B €ro NOAHHTErPANLHYIO
¢ynkumio. Ecau MHTerpan HHBapHaHTEH OTHOCHTENBLHO Tpeol-
pa30BaHMA KOOPAMHAT, COOTBETCTBYIOLUHE YypaBHeHHs Jinepa-
Jlarpanxa BHPaXalOT YCJIOBHS, KOTOpPHE HE MOrYT 3aBHCETb
OT BHOOP@ KOOPINMHAT; APYTHMH C/IOBAMH, ypaBHeHHs itiepa-
Jlarpawn¥a A HEBaPHAHTHOTO NpUHHIHNA [ aMHAbTOHA ABASIOTCH
KOBApHAHTHBIMH IH(¢epeHHaibHHMH YPaBHEHHSIMY,

Buipa3um Teneps BapHalHIO HHTerpana

1=j ({;fp}_ {;&},P - {:ﬂl{lfv} +
Hala)ev=za oo

d& = dt'a2dE3dk4

uepe3 BapHauun g*'!). Pa3o6bem Bapuanuio unTerpana Ha age
YacTH CreAylOLHM 06pa3oMm:

2 {R, vV —gdt= (R, V =ggrait
+{R2V "gem az.

IlpenBapure/bHO BbPa3UM BapHaUHIO va 4yepe3 BapHallHi CHM-
Bo/10B KpHucroddens:

Ro=(2451),~ (2{6}),~ 1B ol
— ot 1) 1) Lt {2 {5}

1) 3nech 3a He3aBMCHMHE NepeMeHHble YAOGHO NMPHHATb KOHTpPa-
BapHaHTHBIE KOMIOHEHTH TeH30pa g"'. Koueunwi#t pesyabrar pacue-
Ta He Gy/eT 3aBHCETb OT TAaKOrO BHGOpP2, NOCKOIBKY gB¥ M g,
OJHO3HAYHO ONpeneJsoT APYr Apyra.

(12.46)

(12.47)



HssecrHo, 9t0 cumBoan Kpucroddens e apasiorcs tensopa-
MH, TaK KaK OHH npeo6pa3yioTcs coraacho 3akony (5.81). Oanako
€C/IH B OIHOM H TOM K€ NPOCTPAHCTBE ONpele/HTh ABE PasiTHYHHE
adpuHHNE CBA3HOCTH, TO HX pasHocTb T .’:. —T f. Gyner npeoGpa-
30BHBATHCS K4K CMEIIaHHHI TEH30P TPEThEro paHra, TaKk Kak no-
cnenuuit YneH B ypasHeHuH (5.81) coKpaTHTCA ¢ noAOGHHM eMmy.

Bapuauus cumsona Kpucrodwpens 8 { P } SBJIIETCH TEH3OPOM,

ny

160 OHa NPEACTABAIETCH Pa3HOCTBIO XBYX adypUHHHX CBA3HOCTEH,
BAPbHPOBAHHOTO H HEBapLHPOBaHHOTO CHMBOJIOB Kpucroddens.
Tak kak nesas yactbh (12.47) sBagercs TeH30pOM, TO Mpa-
Bas 4aCTb MOXET COAEPXAaTh TO/NbKO KOBapHAHTHHE MPOH3BOA-

e Tensopa & { p‘fv} JleficTBHTENbHO, HENOCPeACTBEHHOE BhI-

YHC/IeHHe MNOKAa3uBaeT, YTOo npasas 4yactb (12.47) paBna

1) 1)

Bo3MOXHOCTb Takoro ynpouenus (12.47) snepsue GHaa yka-
3ana [lanaThnu. YMuowum oGe yacTh paBencrsa (12.48) Ha g,
3aecb g* MOXHO BBeCTH MOX 3HaK aMddepeHUHPOBaHHIA, NO-
CKO/IbKY KOBADHAHTHAfA MNPOM3BOXHAA METPHYECKOTO TeH3opa
paBia HYJIO;

er.= (et {f}) —(e{5}), = (12.49)
=(em {,fp} — & {;v}) '

Oto BHpaXeHHe MpeACTaBiseT COGOH KOBapHAHTHYIO AMEEp-
reduuio Bektopa. B samaue 10, 6) raasw V 6na0 ycraHosiewo,
YTO KOBapHAHTHa#d AuBeprenuus V3, MoweT OhTh npeicTamie-

Ha B BHIE
Ve, =—— Veve,. (12.50)



Ucnonbays oty <¢opMyly I NOZHHTErPaNbHOTO BHPAMEHHs
nepsoro HHTErpana npasoH yacTH ypasueHHs (12.46), nonyunm:

V—ggmR,,=
= [V"——g(gl*'8 {’fo} — g™ {:y})]a (12.51)

3To0 BHpaXeHHe sBAAETCH, TakuM oO6pa3oM, oOHYHOH AuBEp-
reduuelt. ITo teopeme Iaycca (koTopast B n-MepHOM MpoOCTPaH-
CTBE TaK e CNpaBel/iHBa, KaK H B TPEXMEpHOM) HHTErpa

(V=zgir, a8
MOXeT OHhTh nMpeo6Gpa3oBaH B HHTErpan No rpaHHYHON mosepx-
HOCTH; 3TOT HMHTErpan paBeH HY/IO B CHJIYy TOro, 4TO BapHalus

]
8 { ;.w} Hcye3aeT Ha Bcel rpaHH4HOH MOBEPXHOCTH.

OcTaercst BTOpo# Huterpan ypassenus (12.46). 6 ( — g g*)
PaBHO MPOCTO BHIPAXKEHHIO:
—_— 1 ,
2/ =ger)=V—¢ (3e" — g,.€"3g"); (1252)
yTe mocae ymHoxenus Ha R, naer
ooy — V5 1 v —
Rp.va (V.___ggll)___ V_g(pr—fgpvR)agv -
=V —gG,lg". (12.53)
Orciona ang Bapuaumu / moJayyaeM BhIpaXeHHE:
? S RY —gdi= S G.8e" )/ —gdt  (12.54)
Takum o6pasoM, ypaBHenust (12.4) gBAAIOTCH ypaBHEHHAMU
dtinepa-Jlarpanka niaa npuHuuna amunasrona (12.43).

Haanyne OXHOBpeMEHHO TpaBATAUAOHHOTO H SJEKTPO-
MATHUTHOr0 mojs, [lo CHX mop rpaBHUTaUMOHHHE MOJS pac-
CMAaTPHBAMUCh B OTCYTCTBHH 3neKTpoMarHuTHuX nonel. Ilpu
HaHYHH 9/IEKTPOMACHHTHOTO MO/ YPaBHEHHs KOMOHHHPOBaH-
HOrO MOJS MOXHO MOJYYHTb, 3aMeHdAs P B ypasHenusx (12.3)
Buipaxcenusimu (8.31).



B sroM cnyuae umeem:

1
Gp.v - :_6 (2(?0.9?\'?. 39 gl”(Pp'(PP’) =0, 1

(12.55)
gre. =0, J
OTH ypaBHeHHs NoAd SBASIOTCA ypaBHenuaMH ODinepa-Jla-
rpaH)Ka, COOTBeTCTBylou.lHMH HHTerpale

,=S (R_%%&p,) V—zd&, (12.56)
D

koTopuit Bappupyercsd no 14 nepemeHHnM g% H Ppe
YPaBHeHHSI JBHXEHHA 3aPAKEHHBIX TOYEYHHX MACC UMEIOT
BHA

dU* o _€ —
ar + {pz;} ey — =5 @vU, =0 (12.57)

3akoHH coXpaHeHHs B 06meil TeOPHH OTHOCHTENLHOCTH!).
Teusop sHepruu-umnmyinnca P¥¥ npefAcTaBIfieT B YPaBHEHHAX
(12.3) MIOTHOCTH SHEPTHH H HMMOYJbCa H HANPSXKEHHS CPEnH,
UCK/IIOYas SHEPTHIO, HMNYJAbC H HANPSKEHHS TPaBHTAUHOHHOIOG:
noas. O ynoBieTBOPAET YPABHEHHIO HENMPEPHBHOCTH

P =0, (12.58)

DTH ypaBHeHMS KOBapHaHTHH, OHH Npeo0pasylOTCs KaK KOM-
NIOHEHTH BekTopa. VIMEHHO MOSTOMY OHH He MOryT OLITh Ha-
3BaHH 3aKOHAMH COXPaHeHHS B OOLIYHOM CMLIC/E cJ10Ba, B 06my-
HOM 32KOHE COXPaHeHHsi H3MeHeHHE BO BPEMEeHH HEKOTOpPOro
INPOCTPAHCTBEHHOTO TPEXMEPHOr0 HHTErpajia onpeaensieTcs mno-
BEPXHOCTHHIM MHTErpaJoM IPYroro BHPAaXEHHS, NpPeICTaBAA0-
LM HOTOK Yepe3 MOBePXHOCTh, OrPaHHYUBAIOLIYIO TPEeXMePHHf

1) B sTOM pa3jiene pacCMaTPHBAETCA MOHATHE NMEPEHOCA SHEPTHK
B ofuel TeOpHH OTHOCHTENbHOCTH. [lOCKOAbKY MOHSTHA SHEeprHu
H MMIyJbCa He HTPAlOT CylieCTBeHHOH poan B oOuwieH TeOpHH OTHO-
CHTEJbHOCTH, UYHTaTelb MOXET ONYCTHTb STOT Pasfen Ge3 yluepGa
And MOHHMAHHA MOCJEAYIOLUX TJaB. ‘



©o6beM. JIpyruMu C/I0BaMH, HCTHHHHH 3aKOH COXPAHEHHS HMe-
€T BHI:

d

4 (5 PdE‘dE’dE“) — f (F -dS),

HIH NOC/ie NPHMEHEHHS K TIOBEPXHOCTHOMY HHTErpajy TeopeMH
Taycca:

i [3—f’+ div F] df'df2d* =0, P, | F*,=0. (12.59)

B oGuiel TeOPHH OTHOCHTENBHOCTH 33KOH COXPaHEHHs 3JieK-
TPHYECKOTO 3apsfa HMeeT TaKylo tpopMy'

V=gy¢"), .= (12.60)
a BHPaKEHHS ‘i V —go*), PdE, 5 V —go'), (A5t

H T. . IPEACTABIAIOT COO0H 3apaa, coxepxauluiics B o6beme V,
TOK 4Yepe3 [OBePXHOCTb, MapamieabHYI0 MIOCKOCTH (X3, X3),
H T, A

B TO BpeMs KaK KOBapHaHTHas JAHBEPIeHIHS BEKTOpA 3K-
BHBaJleHTHA OOLIYHOH JWBEPreHUHH BEKTOPHOH NJIOTHOCTH, KO-
BAPHAHTHAs JMBEPreHlMs CHMMETPHYHOTO TeH3opa BTOpOro
panra He 9KBHBaJeHTHa OOLYHON AuBEpreHUHH COOTBETCTBYIO-
uelt TenaopHolt naotHocTH. OnHako MOXHO HaHTH dYeThpe
BhIpaX(EHHSl, YIOBIETBOPAIOUIHE 4YeTHpeM OOLIYHHIM 33aKOHaM
COXpaHeHHd H He SBJAIOWHMXCA MPH STOM KOMIOHEHTAMH
TEH30pa.

Y paBHenus

e
{w} 9')—(V_gp D= {P} :

6e3 NocJAeHero WieHa HMEIOT BHA YeThipex 3aKOHOB COXpaHe-

(12.61)

#ug. [Tokaxem Teneps, 4To nocaeAHUM yneH (——V—— g { ’f”}PP‘f)

MoeT OHITD npeacrasneH B8 BUAC 0o6uIYyHOH AHBEPIreHLUHH,



[pexame Bcero, B cuay ypasuenu#t mons (12.3), P,! wmoxHo
3amenuts yepes — -G, Ianee paccMOTPHM Bhipaxexde

1, p—
V= g{ ;(:v} G, , comepiaiiee TONbKO g,, H €r0 NPOH3BOL-

Hwe. 3ameuss cumBoa Kpucroddens nponsBoAHHMH MeTpHue-
CKOTO TeH30pa, noay4um:

V=e{t,} 1=V =¢lw. o o=

1 e
=5V =¢g,, 0" (1262

Hns nokasatenncrBa TOro, 4YTO flOC/efHee BHPAXeHHE eCTh
oGnluHas muBepreHuus 16 BeaMuHH, Hcroab3yeM TOT dakr,
4TO Bupawenus — gG,, ABNAOTCA JNEBHMH YaCTAMH ypaBHe-
Hult Dfinepa-Jlarpasia .BapHalHOHHOrO MNPHHUMIA.

Cnepsa mokaxem, 4r0 CyIIeCTBYeT BapHALUMOHHBIHA HHTEr-
pai, KOTOPHH COAEPKHT TOJNbKO MEpPBHE MPOHU3BORHLIE METPH-
YeCKOr0 TeH30pa M NPHBOAMT K TeM ke ypaBHeHHam Oitnepa-
Jlarpaska, 4To 4 HaTerpan (12.43).

[lpuGarnense K mnoauuterpanbto#t ¢ynkuwn RV —g
(oObYHQH) AHBEpreHLMH BeNEeT K TOMY, UYTO K HHTerpaty
(12.43) npubapaseTcd BhpaKeHHe, KOTOpPOE C IMOMOLUbIO Teo-
pemn Faycca Moxer OWTb 3amHCaHO B BHAE MOBEPXHOCTHOTO
unterpana. [IpH TakoM BapbHpOBaHHMH MOAMHTETPAILHOrO Bbi-
paxeHHs, KOrZAa BapHalHH MepPeMEeHHHX M MX MPOH3BOAHHX
WCHYe3aI0T Ha TpaHHuax, A06aBoYHHA uaeH, OOCYCAOBAEHHBIA
AusepreHudedl, ocraetcs Hen3MeHHuM. [losToMy ypaBHeuust
tinepa-Jlarpanika He MeHSIOTCS MPH NMPHOABACHHH AHBEPreHUHH
k (¥ =gR) 8 ypasneunu (12.43).

PaccmotpuM Tenepn uuterpan (12.45). [lepeue aBa unexa
MOryT GHTb NpeoGpasoBaHb CleAyiomuM 06pasoM:

()12 r=eenc
~V=ae (b)) ~ (e fg)) - |
(e, (4 +(r=ee) 15)-



IlepBre ga wieHa npaBod YacTH HMEIOT BHA IWBEPreHUHH.
B cuay ckasaHHoro Bwile ypaBHewns O#aepa-Jlarpasxa ocTa-

HYTCS HEH3MEHHLMH, ecau BuuecTh STH wiend u3 (/' — g R).

B ocTaBLIMXCH 4YIE€HAaX 3aMEHHM BCIOAY NMPOU3BOAHHE METpHYec-
xoro Tensopa cumBoidamH Kpucrodgens coraacio ¢opmyne

Byvp = [ V] Vo, 1], (12.64)

KoMGHHHDYS HX € OCTaNbHHMH WIEHaMH MOAMHTErPA/IbHOrO
Bupaxenus (12.45), nomyuum ypasHeHue:

3I=3W, W= S@dE,

o=v=a({o} k) —{eH{5))-

Dyukuus §) He SABASETCH, KOHEYHO, CKANAPHOH IIOTHOCTHIO,
a W He HHBapHAHTHO OTHOCHTEJbHO MpeoGpa3oBaHys KOOPIH-
Hat. Onuako ypaBuenus Dinepa-Jlarpanima, COOTBETCTBYIOLLHE
unrerpany W, kosapuanTHe. PaccmarpuBas §) Kak QyHKuuio

g u g%, msa G, nonyuum:

(12.65)
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CyvMMa TNepBOrO H MOCAEXHET'® WIEHOB CHpaBa MPENCTaBAseT
<oGo#t npoussoauylo &) mo £% § 3aBHCHT OT KOOPAMHAT He



HenocpeAcTBeHHo, a yeped g*¥ u g, TTosToMy Hmeem
WP

V20,8 = ( %o — 8 -g*:.) =
”»

g*,
=—(—¢t), (12.68)

Ha sToM mokasaTenbCTBO, B CYIIHOCTH, 3akaHuuBaetcd. Jeit-
CTBHTE/IbHO, BHPAXKEHHWe CJIeBa PaBHO

V—=2¢G,8"%=—V—gG"g,,. (12.69)
OTKyZla HaxonuM, YTO ypaBHeHus (12.61) upuBomsTCca K BHAY

— v | - v
o=[V=¢(Pi+5t)].=[V=e(P2+
1
+mtﬂ)]ﬂ. (12.70)
Buipaxenus
v v 1 v
Tp, =P .+m tp (12.71)

He SBASIOTCA KOMMOHEHTaMH TeH3opa. OZHAKO OHM Bce Ke Ha-
3HBAIOTCA KOMMOHEHTaMH ,MICEeBROTEH30Pa“!) SHepruu-HUMIYJbCa
o6ulelt TEOpUH OTHOCHMTENBHOCTH, TaK KaK YJOB/IETBOPSAIOT ue-
ThpeM 3aKOHaM coxpanenus (12.70)

KOMNOHEHTH SHEPTHU-HMIY/bCA TPAaBHTALHOHHOTO mons t,
CONEPHAT TOJILKO NepBLie MPOH3BOAHHE OT g, MOXHO CKa3aTh, YTO
OHU SIBISIOTCR anreOpaHvYecKuMH (YHKUMAMH TPaBUTALHOHHBIX
JHanpmiendHocte#t noma“. Jlna oGue#t TeopuH OTHOCHTE/NbHO-
CTH XapaKTepHO, YTO BEJHYHHH TaKOr0 THNA HE MOryT OhTb
Teu3opaMu. Bcerna BO3MOWHO HaliTH TaKyl0 CHCTEMY OTCYETa, B
KOTOPOH «HaNPsHKEHHOCTb IPABHTALHOHHOrO NMOA* B aHHOH TouKe

1) Beanuunp £ BenyT ce6 Kak TEH30p OTHOCHTEAbHO AHHeHRHBIX

npeoGpasosanuil. Bo n36exaHHe NyTaHHUM, cAegyeT NOMHHTS, YTO
B pycckoff auTepaType TepMHH ,MCEBIOTEH30P" YacTO NpPHMEHsETCH
TaKxe B3aMeH TePMHHa ,TeH3OPHas IJIOTHOCTb®, OIHaKO Memay T+

B TeH30pHOA NJOTHOCTBIO HET HHyero obmero. (/7pux. ped.)



HCYe3aeT, H TOrAA KOMIOHEHTH SHeprHH-WMmyianca t, B SToH
TOYKe Takke O6palLaOTCH B HYJb.

OG6parHo, B N/IOCKOM NPOCTPAHCTBE MOXHO BHIGpaTh CHCTe-
My OTcueTa, B KOTOpo# HaGawonaioTcs ,cHad Haepuuu“, Ilo
NPHHUMNY SKBHBAJEHTHOCTH B JAHHOH TOYKe ,CH/IB HHEpPIHH®
HeJb3s# OTVIHYHTb OT TPABHTAUMOHHHX noaeHl; MOITOMY KOM-
noseHTH t, OTAMYHN OT HyAS B HEHHEPUHMANbHOR CHCTeMe
KOOPIHHAT.



Trasa XII1

TOYHBIE PELUEHUS YPABHEHHH noJis B OBIIER
TEOPUU OTHOCHUTEJILHOCTH

%X

YpaBuetus nons obuie#t TEOPHH OTHOCHTENLHOCTH HelHHeH-
Hol. [Toxka M HAUUIH pellleHHsi TOABKO TPHONHKEHHBIX JHHeH-
HuX ypasueuu#l. B sToft rnaBe O6yAyT paccMOTpeHH Cay4aH,
B KOTOPHX BO3MOXHO pellleHHe TOYHHX YPaBHEHHH B KOHEUHOM
BHAE.

OO6uiero MeTofa HaxOXIEHHS TOYHHIX peHieHHH YypaBueHHH
nmons He cyuiectByeT. OJnHako TOYHOE pellleHHE BO3MOXKHO B
TeX HeMHOFMX C/IyYasiXx, KOr4a YMC/IO MepeMEeHHHX MOXHO yMetHb-
WIHTh, HCHOJb3YH YCJIOBHS CHMMETPHH.

Pemenue llIpapnmaasaa. PaccMOTpHM CHavana pelneHue,
COOTBETCTBYIOIIEe Mnokosiehcs ToueuHolt Macce. Tlpeanonoxum,
YTO pemreHHe CQpepHYeCKH CHMMETPHYHO H YTO HM OJHA H3 me-
peMeHHHX He 3aBucuT OT 4. Ecnu BBeCTH nepeMeHHyio

r=) g8, (13.1)

HauGonee OGLMM BHAOM JHHEHRHOrO 9JEMEHTa C YKa3aHHLIMH
cBolictBaMH 6yner

dt? = A(r)d&* |- 2B (r) 1 d&4ds* — C (r) 8,, d&rdts +

T
-+ D (r) 1,y,957d%, (13.2)
¢r

L="7"
rae A, B, C u D sasnsiorcs (yHKuusMu oT r. DTOT JHHed-
Hhfl 9/IEMEHT He MEHsSIeT CBOEr0 BHAA MPH [OBOPOTE MPOCTPaH--
CTBEHHHX KOODAMHAT &% BOKPYr ocH, mnpoxoisuiell uYepes Ha-
Yal0 KOOPXHHAT.

[Monxoaguam npeoGpa3oBaHueM KOOPAMHAT MOXHO HCKIIO~
YMTL JABe M3 YeThpex HeussecTHox .yukuuit A, B, C u D,




#He Hapymiasg npH 3TOM CTAaTHYECKOrO XapakTepa 3amauH H cde-
pHyeckoit CHMMeTpHH JHHeHHOro saemenTta. [IponsBoas cmayana
npeo6pa3oBaHHE KOOPIHHAT

BB f(r), Ero—=£s, (13.3)

MOKHO UCKIOYHTD WIEHH, colepxauue npoussexenus db u dtl.
KomnoneHTH g, npeo6pasyloTcsi NpPH ITOM COIVIACHO YpaBHe-
HHIO

» ot
84s= 8us jpws + 8

HIN
— af
B*=B—.A. (13.4)

Bubupas f Tax, 4To6H OHO YZOBIETBOPS/IO YPaBHEHHIO

df B

a =Z y (13.5)
MOXHO HCKJIOYHTb YieH, comepwauiuit B.
PaccmoTpum pmanee MeTpHKY ¢ KOMMOHEHTAaMH
= A, =0,
Bus Bis (13.6)
8ry=—C8, s+ DIrls:

Hpeo6pa3ys mnpOCTPaHCTBEHHHE KOOPAHHATH CAEAYIOIHM O6-

pasom
Be=g(n 8,
E= (r) 8%, r=¢.r*, X:sz’} (13.7)

NOMy4YHM HOBYIO CHCTEMY KOOPIMHAT, B KOTOPORt MeTpHka co-
xpanser npewHu#t Bunx (13.6), Ho rae ¢ynkuus C— nocro-
sHHag M pasHa eaunuue. Komuonentn g,, mpeoGpasyiorcs



0 3aKOHY

. o8t Otk )
rs=ﬁ,‘. g{;gﬂz=

= (40 +r* gt wn) (9004 Zhn,) X

X (—Coy+ DXIXE:) = (13.8)

=—yco,+ (o4 7%)'D—
—r X (2 gE) ¢l
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B nonyuenHo#t cucteMe koopauHaT C GyZeT pPaBHO emuHHIE,
ecnn $ B (13.7) BuGpath caenyiowum o6pa3om:

b=C—17, (13.9)

OcraoTcsl TONBKO HIBe HeusBecTHwe GyHkumn A u D.
BMecto HHMX BBeleM ABe Apyrue (yHKuHH OT 7, QYHKLUH —
M ¥, C TOMOLIbI0 KOTOPHX peuleHHe YPaBHEHHH nons
3HauuTenbHO ynpomaercd. Hoswe Qynkuun 3amaaum  ypasHe-
HHAMU;

Eyu=—A=¢e",

8 =0, (13.10)

grs=—6rs+DXrXs=_8rs+(l_ev)'lrx:’ )
y=log (1 — D).

n}lﬂ KOMIIOHEHT KOHTPaBapHAHTHOTO METPHYECKOro TEH30Opa HO-
AYuHM;
g44 —=e~¥,
g =0, (13.11)
g =——3"+ (1 —e") ¥



Hatinem Tenmeps cumBonw Kpucroddens u komnoHents
Tensopa G,,. HOas cumsonos Kpucropapens nepsoro poaa
HaeeM

(44, s]=— 5 weuy,,

[45, 4] =5 wery, (13.12)

1—ev 1,
[rs, tl=x,[ o~ (3,,—x,xs)-—7ve‘x,xs]»

rae wTpuxaMu o6o3naueHo Auddepenuuposanue no r. Komno-
HEHTH, B KOTOPhIE HHIAEKC 4 BXONMT HEYeTHOE YHCAO pa3,
pasunl Hymo. Cumsoan Kpucropgens sroporo poza HMeoT
C/IRAYIOLIHA BHA:

(i} =z wo,
{448}___.%,1-1, (13.13)

{t}—lx[ = n-x,xs)—l-%v'x,x,].

Kak u B npeanayuiem ciydae, KOMMOHEHTH, B KOTOpHE HHNekc 4
BXOIHT HEYeTHOE YHCA0 pa3, o6pautaloTcs B HY/Ib.
BuiyHC/IHM  KOMMOHEHTH CBEPHYTOrO TEH30pa KPHMBH3HH R,

Ry=—et— {%u’—l—-‘,—u’-%——l— W (W --v')} :
R, =0,

Ry={gw— v+ w i —nfrn+
+Ha—e [rtrw—n]foan—t) |

(13.14)




Toraa KoMnoweutw Texsopa G,, GYAyT paBHH
ou=e{(z—%) —a} |
G,, =0,

0, =—{E+155 bt {Fw+
/R Y MG PET PR RN

Paccmotpum cnauana rpaBHTanmMoHHOe moie B fycToTe, rae
yaosiaeTsopaioTcs ypasueuns (12.4). Hyxno penmts creayio-
uide TPH YPaBHEHHS I ABYX HEM3BECTHHIX:

b (13.15)

v —+ (1 —e)=0,
w411 —e)=0, (13.16)
g +% u’(u’—v’)+-,l-(;x'—\*')=0-

DTH TPU ypaBHeHUS HE HE32BUCHMH, TaK KaK OHM XOMKHH YIXO-
BJICTBOPATL CBEPHYTHM TOwZAecTBaM Boankn (11.46).

Via nepsoro u BTOPOro ypaBHeHHH BHAHO, YTO CymMa '
n v paBHa HYMO:
w—49y=0. (13.17)

PewuM nepsoe ypasieHHe OTHOCHTeAbHO Y. [l sToro Beexem
BEJIHYUHY X:
x=e", y=-—Ilogx. (13.18)

Torma Bmecto nepsoro ypasHenus (13.16) monyuum ypasnenne
;e x:

dx+x—l=0,

ar r




peiieHueM Kotoporo 6yneT
)]
a
D_—r_a, (13.19)

riae d-— NocTosiHHas uuterpuposanus. B cuny (13.17) pyuxuus
MOXeT OHThb MpejcTaBleHa B BHAE:

u:log(l—;)_y_a, (13.20)

rie B -—HoBas mocrosinnas. Pemenns (13.19) u (13.20) yno-
BAETBOPSIOT W TpeTheMmy ypasHexHio (13.16). Taxum oGpasowm,
ISl KOMIOHEHT METPHYECKOTO0 TEH30pa HAXOXHM:

g44=es (1“‘;) ,
g4s=0’

grs=—ars+<1'—l

>Ms= (13.21)

a

rs ™ y—q Arks®

[pu GoMbLIHMX 7 KOMIMOHEHTH METPHYECKOTrO TeH30pa HOoJ-
WHBl CTPEMHTbCS K 3HAYEHHSM €,, YPaBHEHHA (12.7). Has
STOro HEOGXOAWMO TONOXHTb f pasﬂoﬁ nymo. Ocraburascs
MOCTOSAHHAA ¢ MO/KHA XapaKTepu3oBaTb MacCy 4YacTHuH, 06-
pasyiomet mone (13.21).

Coraacho (12.13) HBIOTOHOBCKHH IOTeHLMal, €O3LaBaeMHi
ToueuHo#t Maccolt noas {13.21), pasen
1 a

G=—5=<. (13.22)
C napyrofi cropoun, G CBS3aHO ¢ MaccOH ypaBHeHHeM
G=—27, (13.23)

r

OTKyJa HaXOXHM CBSi3b IOCTOSHHOH a c Maccolt m:
a=2xm. (13.24)



l"pasu'rauuormoe none ToYeyHoH Macchl 0STOMY JaeTca BHpa-
MKEHHAMH

2
g44 =1— —}"—! y
gy, ==0, (13.25)
2
&s = —38,,— ,%RLXr

3ro peumienne G0 moaydexo llIBapuumabzom!).

Pemenne LlIBapummnpna 3ameyaTeNbHO TeM, YTO OHO Mpel-
cTaBageT coGoft eXMHCTBEHHOe cTaTHYecKoe CQepHYECKH CHM-
MEeTPHYHOe pellleHHe ypaBHe#u#t moas B MyCTOTe, INepexOAsilee
B IVIOCKYIO METpHKYy Ha OGeckoHeunocTH. OcTanbHbe pelleHus
ypaBHeHHH 10/A B NycTOTe, OGJamalolide TEMH e CBOHCTBaMH,
nonyvaloTca H3 pemenns IBapummabiaa nytem npeo6pasoBatug
koopaunat. bBonee Toro, Bupkrodgom2) Guiio nokasaxo, uTo
Bce C(PepHYECKM CHMMETDHYHHIE pelIeHHs YPaBHEHHH noas B
NycToTe, YJAOBJIETBOPAIOIIHE TPAaHHYHHM YCHOBHAM Ha Oecko-
HEYHOCTH, 3KBHBaZeHTHH nomw IllBapnukibaa, T. e. 4TO MX
3aBHCHMOCTb OT BpPeMEHH MOXeT OHThb HCK/IOYeHa MOAXOXALIMM
npeo6pasoBaHHEM KOOPIHHAT.

[lyctb orpanuyeHHas 06/acTb NPOCTPAHCTBA 3ano/IHeHa Ma-
Tepuell, cospalowelt cepHYECKH CHMMETDHUHYIO METPHKY.
Torxa COrZIacHO CKa3aHHOMY BHILIE TpPaBUTALHOHHOE MNOJE BHE
o6aacTH, 3aHATOR Marepueft, AomxHO OhTb mnoneM I[liBapu-
wuabaa. Coszaiowias mone MaTepHs MOXET Jaxe NY/AbCHPOBaTh
(cepuyeckrH CHMMETPHYHO), He Medsis noas Bxe ee. Ilpu srtom,
KOHE4HO, MpeaHoAaraeTcs, YTO HET HOTOKA MAaTepHH MIH 3/ieK-
TPOMAarHMTHOrO H3/ayYyeHHss M3 0O0.acTH, 3aHATOH MaTepuel,

Hapyxy.

OcoGernoctb pemenns llisapumnapaa. Pentenne (13.23)
KnaccHyeckHx ypasHeHH# mons (10.7) umeer 0co6yi0 TOUKY
r==0. Tlone 1llBapumnibaa HMeeT aHaTOTHYHYI0 OCOGEHHOCTH

1y Berl. Ber., 1916, p. 189.
2) Birkho{f, Relativity and Modern Physics, Harvard Uni-
versity Press, 1923, p. 253.



B To#i xe Touke, Kpome TOro, OHO HumeeT c¢epHueckyio mo-
BEPXHOCTb O0COOHX TOueKk 7= 2xm. Ha sToff noBepxnocTH
KOMIMOHEHTAa g, PaBHa HYMIO, a HEKOTOPWE H3 IPOCTPaHCT-
BEHHHX KOMMOHEHT 06pawialoTes B GecKOHEYHOCTb.

PoGeptcon nokasan, 4yTo ecnn O npo6GHoe Teno JBUTa-
Jock B mone llBapummnbaa x uestpy, coGCTBeHHOE BpeMsd,
HeOOXO0MMMOe Al nepecedeHts ,ocoGewnoctd llIBapummanaa“,
Ouno Onl KOHEYHO, XOTS KOOPAMHATHOE BpeMs NpH 9TOM 06-
pautaercs B GeckoHeynocTb. OTci0Oma OH 3aKMIOuM], YTO, MO
Kpaitnel Mepe vacTHYHO, OCOOHf XapaxTep NOBEPXHOCTH
r=2x%m oO6ycnoBies BHOGOPOM CHCTEMH KOQOpHHHAT.

B neACTBHTENBHOCTH, MacCa HHMKOTJA He MOMET TaK CKOH-
LleHTPHpOBaThcd, YTOGH o0co6Gas mnoBepxHocTb llIBapummabaa
©OKa3azach B myctore. DHHWTEHH HcCaenoBaA NOAE CHCTEMH
MHOTHX TOYEYHHX MAacC, KaXAas H3 KOTOPHX MABHXETCH MOX
AeHCTBHEM nONs BCeR CHCTeMB MO OKPYXHOCTH 7= const.1).
Ecnn npennonowuTh, YTO OCH STHX OKPYXHOCTeH OpHEHTHpPO-
BaHb 0ecnopsioyHo, CHCTeMa B LeloM OyneT cdepHuecKH
cummeTpHuna. Lleabio HcenemoBanns GuO OnpenennTb, MOTYT
AW YacTHUB CKOHUEHTPHPOBATbCA CTOJMb ONH3KO OT ULERTPa,
yTo6H B NOMHOM NoJe o6napywuBanach ocobGewnocts IllBapu-
muasna. HMccrenosanHe nokasano, YTO e€we NepeA TeM, Kak
JOCTHTaeTCsl KPHTHYECKas KOKLEH TPallHs YaCTHL, HEKOTOpHE (Ha-
PY*KHEIE) YaCTHIH HAYHHAIOT ABUTaTbCA CO CKOPOCTHIO CBETA, T. €.
BAONb HYNeBOH MupoBOof sHHMM. [lOSTOMYy HEBO3MOXHO TaK
CKOHLUEHTPHPOBaTh YaCTHUH CHCTEMAW, YTOOGH B 1OJIe BO3HHKIA
0co6eHHOCTh. (OcOoGeHHOCTH, O6YC/IOBNEHHHE KawAo# OTaenb-
HO#t ToueyHOR Maccoff, npH 3TOM, KOHEYHO, HE paccMaTpH-
BalOTCH.)

Ilpn Takom moaxome ODfiHTefiHy He NpRILIOCH pactMar-
PHMBaTb TEPMOIMHAMHYECKHX BONPOCOB WJH BEOAMTb JAaBjeHHe,
TaK KaK YaCTHUHN €ro CHCTEMH He MCNHTHBAIOT coyiapexH,
a TPaeKTOPHH HMX TOYHO H3BeCTHH. B 9TOM OTHOWIEHHH CH-
creMa ODHuiTeliHa HMeeT cBoMcTBa, He ncrpeqaxouméca B
npupone. Tem He MeHee, €CTECTBEHHO MPEANONOKHTb, YTO

1) Annals of Mathematics, 40, 922 (1939).



pesynbTaTH DHhwmTefiHa MOryT GhiTh 0GOOLIEHH M Ha Takue
CHCTEMH YaCTHl, B KOTOPHX [BHXEHHE KawHOH yacTHUMW He
OTPaHHYHBAaeTCHd MCKYCCTBEHHO, Kak B pa3o0paHHOM TnpHMepe.

Ilose saexTpUyecKH 3apskeHHOH ToYeyHoll Macchl,
Iepefinem Temepb K PacCMOTPEHHIO 3MeKTPHYECKH 3apMXKEHHHX
TOYEYHHX Macc. SIEKTPOCTATHYECKOE TMoJie€ XapaKTepH3yeTcs
CKansipHHIM MOTEHUMANOM §,, KOTOPHH siBaseTcs GyHkuued 7.
KoBapuaHTHHE KOMMOHEHTH 9/IEKTPOMAarHHTHOTO MOJNA PaBHH

14
Pae= Py, = Pa)s Cprs=0. (13.26)
KoMmoHeHTaMH 3/1eKTPOMArHHTHOrO TEH30Pa JHEPTHH-HMOYJbca
OynyT

MIW = 'l_ [l gmli?p!(?l” - (?pp(?"p.] ’

M — 8z ?43‘?4rg6 8z (‘P;)’ ™
M, =0, > (13.27)

1M1 ‘
M= in ["2— &rs0uttt — ‘Pu‘?-:-] =
1, »
=& ((94 )2 e=(k+v) ['—' € Yrks + (ars - ers)]' )
Kom6unupys ypasienus (12.3), (12.30) u (13.5), moayuum:
1 ! 1 ,
e {""(ﬁ ~7) —r?} +xe (@) =0,
- (P‘?' + ]——-—,;ev ) —_— (zp;)’ e—+=0,
T O S ) e
2 " 2r 4

+ 2 (9)} e~ (44 =0, )
Kpome TOro, HMeeM 3E€KTPOMATHHTHOE YPABHCHHE

N

b (13.28)

‘94?9:-0-



DTO COOTHOLIEHHE MOXHO MPEACTABHTbL B BHIE

¢+ o] o) =o.

Insg ¢ nonyunm

Q= ghgp, == — ety ,

oTKyJa

) l . ’ ? ’
[e= k9, 1,),, + 5 e+ (' ) =0,
HIH

% 429 — = (' +¥) =0 (13.29)
[TepBriM HHTErpaJOM ITOrO MOCAENHEr0 ypaBHEHHs Oyxer

1
re” T g, (13.30)

rjae MOCTOSHHAas HHTETrPHPOBAHHA € NMPeACTaBAseT coGolt 3apiaa.

C TOMOUIBI0 STOTO HHTErPala MOXHO HCKMOUATh @5 H3
ypasuenu#t mons (13.28). Torma momyumum:

e (F—F)—F+R=0
(5 —atiR=o

—e [% Wb (0 — V) + %u’(n’—v')] +
42 =o.

Hanee, koMOHHaUMA NEPBHX JIBYX YPaBHEHHH IPHBOIMT
k ypasienno (13.17). Bsenenuem mnepemedHoft x coriacHo
ypaBuenuro (13.18) mepsoe ypaBueuue (13.31) nepesoautcs
B auddepennuanproe ypaBieHHe

%’54_"’—'_{.%‘:0, (13.32)

(13.31)




peLieHHeM KOTOpOro GyZHeT

=122 (13.33)

Me'rpuqecxuﬁ TEH30p HMEET KOMIIOHEHTH

2 2
g44= 1— _:ﬂ :':‘ ]
£1s=0, | (13.34)
s =—— ar.s"l'(l - m) LeXs
=775

Ypassenue (13.30) npunumaer Buz

P4 =Ty (13.30a)

r*— 2mw 4-xe? °’

C peleHHem

_ € r—am
9= + m——-x—z—ﬁ'ﬂ arcctg [Vﬁ] . (13.35)

Pemenne ¢ oceBofi cummerpuefi. Beitnio u Jlesu-Yusura
yAanoch HalTH CTaTHYECKHe pellleHHs, 06Janalolye TOAbKO
oceBo#t cHmMeTpHel, HO He cdepuyecko#t!). Ecau ¢ camoro
Haya/la MpEeANOJNOKHTb, HYTO ,CTATHYHOCTB® O03HAYaeT Kak
HE3aBHCHMOCTb g, OT &4, Tak W oGpaweHde B HYJAb KOMIO-
HEeHT g, TO MOXHO MOKa3aTh, 4YTO MeTPHYeCKHH TeH3op ¢
oceBoit cHMMeTpHeH MOxeT OhITb NMPEACTaBIeH B BHIE:

a=¢" 8is=0, g,=0, r,s=—1,2 (Ho He 3) Y
o
gy —=—6"""* &3, =0, =7 3

grs =e* [_ ars + (1 - e—v) ers]» P’ = El’ + 822’

1) Weyl Annalen d. Physik, 54, 117 (1917), 59, 185 (1919).
Bach and W ey . Mathematische Zeitschrift, 13, 142 (1921). Levi-
Civita, Rend Acc. dei Lincei, Several Notes (1918—1919).



rae 3 H Y — QYHKIHH JBYX MEepeMeHHHX,

p=)/ B8 w 2=

Tengop G,, uMeeT KOMNOHEHTH
Gy { (B4 LBy

+3 (G e [(3)+ @)1
umi 4[5/ (2

1 oy uop
Gss={~§§dz+2 8_9__2-}13’

\_/
—
~—
/—\Q.:
IQ.-
o
S—r
L]

+{ (dp'+g:;
+%ﬂ%%rm)

G,,= 0, G,=0.
B uncro TPaBHTALlHOHHOM [0/I€ HMeEeM:

— 9% 10p | 0% 3
o=ty tToa=

AN AP

dv Opdp
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(13.38)

W3 9THX uYeTHpex YypaBHeHHH [Ba SIBASIIOTCS TOXIECTBaMH,
HMEHHO, CBEPHYTHIMH TOXZAECTBAMH DbiHKH ¢ HHIEKCaMu



3 n s (s=1,2). MoxHo y6eautbcs, YTO NOCAefHee YpasHe-
uHe (13.38) BuTekaeT M3 TpeX NPEAHAYIUHX:

x = ‘;’: + % x‘. (13.39)

['Iepnue TPH YPaBHCHHSA B CBOIO O4YepeAb CBA3aHBI COOTHOILEHHEM

g 0 9
-5:—2 "’ =pstx. (13.40)

Ise ¢yHxuun B u vy n0mkHH obpaimaThcd B Hyab Ha 6Gec-
koHeurocTH. [lanee, M3 ypasuenu#t (13.36) Buamo, uto g,
HMEIOT O0COGEHHOCTB (T. €. HeompeleNeHHH) HA OCH =P, ecin
toabko (1 —e~") He ofpamaercs Ha Hell B HY/Ab, T. €, €C/AH
y He paBHO HymO npu p=—0.

IMepsoe ypasnenue (13.38), (%, ==0), aBasercs AuHeRHEIM
ONHOPOLHBIM YpaBHeHHEM TO/AbKO &S J&; KpoMe TOrO, OHo
SIBASETCA ypaBHeHHeM Jlanjaca B IHAHHADHYECKHX KOOPAHMHATax
ans  ydkuuit, oGnamalomux oceBo#t cHmmerpuedl. HasectHo,
YTO peiieHHsi ypasHeuus Jlannaca, He CunTasi peilesHs p =0,
YAOBAETBOPSAIOT TPAHHUHHM YCJIOBHAM Ha GeCKOHEYHOCTH TO.IbKO
B TOM C/Iy4ae, €C/iH OHH HMEIOT OCOOEHHOCTD B KaKoH-1H60
TOYKe, HAXOASLIEHCH HA KOHEYHOM PACCTOSIHHH OT Havana Ko-
opaunat. OcoGenHocTh Bre ocu E® Bcerna npeacTaBasior coGok
OKPYKHOCTH, B TO BpeMsl KaK Ha OCH =3 MOryT OMTh OCOGeH-
HOCTH TOYeYHOro Thma, Buma X, [p*—+(z2—a)?]~'h nn n-e

{

NpPOM3BOAHLE M0 2 OT TaKHX ,MOJIOCOB.

Onxako He BCe STH pelledHs COBMECTHMH ¢ auddepen-
UHAIbHBIMH  YPaBHEHHAMH 114 V, %, H %,. Ecaum ypasueuue
%,=—0 YHNOBIETBOPAETCS B HCKOTOPOH OXHOCBs3HOH oO6nacTH
npocTpancTBa p, 2 (p=0), T0 B cuny (13.40) ypaBuesus mns
%, W %; HMeOT pewenks. Ho npu wuaauuuu ocoGenuocreft
NPOCTPAHCTBO P, Z yXe He OGyneT OMHOCBS3HBIM.

PaccMoTpuM cHavama ocoGenHocTd Bue ocH E°. Ecau B~
6paTb peuieRHe M ypaBhenus %, =0 ¢ NPOH3BOALHOA OKpPYyK-
HOCTBIO OCOOGHX TOYEK, HHTErpan M0 3aMKHYTOMY KOHTYpY,



OKPYXaIOLIeMY TaKyi0 0COGEHHOCTb B MNJIOCKOCTH f, 2,
dvy dv
§ (07: dp—}—a-dz) =

— g e[ _ () 0n 0n

—95{2 [(09) (02 e op dzdz}’
BooOILEe roBops, He GymeT o6pawatecst B Hyap. Oxuaxko ecau
nuterpan (13.41) He mHcyesaeT, ¢yHKuMS V He OYZET OLHO-
8HayHO onpene/eHa BHe OCOGEHHOCTH; MHaye roBops, o6pa-
meHHe B Hyab uuterpana (13.41) sBasercs HEOGXOAHMBIM

YC/IOBHEM CYIIECTBOBAHHS PEILEHHS.
IMepeitmem K paccmoTpesnio ocoGexHocTed Ha ocH =3, Bue

(13.41)

ov
0COGEHHOCTH 57 PaBHO HYMO Ha OCH E8, crenosarenbHo, ecau

NPennoNoNHTh, 4TO ¥ 06paljaeTcs B HYJb B HEKOTOPOH Touke
Ha och EP, oHO GyneT paBHO HynO Ha Bcelt ocu EB, DO oco-
6ot ToukH. Cama ocoGasi TOYKa HOMKHA OHTb TaKOBa, 4TO
JomkeH o6pawaThCs B HYJIb HHTErpal oT Audpepenumana

dy= —S—[(?;)’-—- (g—:)g]dp—}—pg—:‘%‘dz, (13.42)

B3ATHH MO Malol MOMYOKPYKHOCTH OKOJMO OCOGEHHOCTH OT
ONHOR TOYKH mnepeceyeHHs STOH MONYOKPYWHOCTH C OChbIO =3
J0 Rpyro#.

PaccMOTpHM THIMHYHYI0 OCOGEHHOCTb HAa OCH =3

M L
="+ *. (13.43)

1)
Tlponssoxune oT . pasHu

(1)

(1)
op [ op z
R e =Vt

Hugdepenunan (13.42) npuxumaer BHx:

av=(§ =2 g + Cadz). (13.44)



IpoBeneM HHTErpupoBaHHe NO Manol NOJYOKpYWHOCTH. [ns
STOTO BBeJeM yTroa .

p=rcosyp, dp=—z-dy,

z=rsiny, dz=p-dy, } r=const.

Moncraenss STH BupaweHnHs B ypaBHenue (13.44), noayuum:
dv= 2-l—r, cosgsingdyp, r=const. (13.45)

T

Plﬂ'rerpnponaﬂue NPpOH3BOAUM OT — 3

10 —I-% Hmeem

o+
+ 2 1 . 1 Fnl
[v‘i ST r cos:psnn<pdcp=m[ingch]=0. (13.46)

@ = —n/2 —vlﬂ

(1)
Pewenne p [ypashenne (13.43)] coBMecTHMO ¢ YC/OBHSMH pe-
TYASPHOCTH AAa Y.
PaccMotpum Temepbp cayyalt HamMuMs IBYX OcoGeHHOCTeH.
B oano#t oco6ofi Touke pemenHe ¢ 0COGEHHOCTHIO B Ipyro#
TOYKe MOXHO Pa3NOXHTb B CTenmeHHOH psAn mo p? W 2 M mpen-
NONOWHTb, YTO BOIH3M OT HAayala KOODZMHAT ) HMEET BHL

)
W= X a2 (13.47)

TMepex TeM KaK CHOBA BHYHCAATbL HHTErpald, 3aMETHM, YTO
TONbKO HEKOTOpHE KOS(HUMEHTH Ppa3/IOKEHUS MOTYT BXOIMTH
B MHTErpal TO NOAYOKPYXHOCTH. 3HaueHHe HHTerpana, Ko-
HEYHO, HE 33aBHCMT OT Pa3MepoB MNOJYOKPYXHOCTH, T. €. OT 7,
IO Tex MNOp, MOKa 9Ta OKPYKHOCTh HE OXBATHIBaeT HHKaKoH
npyroffi ocoGo#t TOukH, KpoMme mnepBoHayaabHoH (r=0). [lo-
STOMy He HNOMKHW DPaccMaTPHBAaTHCA BCe KOS(HUHEHTH @,
Jenaloiue 3Haqenufﬂ HHTerpaja 3asucawumM ot 7. Kpome Toro,

peryasgphass 4acTh | Cama mno ce6e He MOXET HHYero anGa-
BHTb K HEHCYE3aIOUIEMY HHTerpamsy, nosSTOMY HYWKHO paccmar-



pHBaTh TOJNBKO MEepeKpecTHHE NpOM3BEJeHHA CHUHTYIADHOH M
2 2y
peryaspuot uyactett . ITpoH3BomHHe CHHTYAApHOH wacTH B

(rpn 3ananHOM @) yOmBaoT Kak r—2. OHH yMHOXAIOTCH Ha ,

Ha ZRdddepeduuan KoOpAHHAaT (M p W STH muddepeHuHan

BO3pacTaloT, kak r*!) H Ha NMPOM3BOAHHE OT pPEeryaspHOH ua-
2)

ctd M. ITosToMy Ans Hac NpenCTAaBIAIOT MHTEPEC TOMABKO Te
YleHH PAa3/NOXEHHS, NPOH3BOLHBIE KOTOPHX 3aBHCAT TOMbKO
OT @, HO H2 OT r. ENuHCTBEHHHIM TaKuM YleHOM GyHeT p°z+‘.
3ameHnM nosromy BuipaxenHe (13.47) Ha

@ 4

p=_+tbz+... (13.47a)

Boiuvcnum BmipaxeHue

dv=—p 3 (2) 3 02 dp+p 5, (%) 3 (02) dzt-... (13.48)

Tonbko BuNHCAHHBE YEHH MOTYT IPUBECTH K HEHCYR3AIOUHM
3HaYeHHAM HHTerpana. [Monyuum:

dy = 'i—g p(zdp —pdz)=—abcospdp =
=—abd((siny). (13.49)

® ®
Huterpan storo BupaxeHus B mpeaenax ot — 5 RO +§ He

paB2H HyMO.

Msl HaluH, 4TO B OKPECTHOCTH OXHOH M3 OCOGHIX TOueK
TPOH3BOAHAS [0 Z OT Pery/ApHON 4YacTH M JOMKHA 06pau[aThCA
B Hymb. DTO MCKAIOYaeT BO3MOXHOCTHL OAHOBpe-
MEHHOTO CYI[€CTBOBAHHA HECKONbBKHX OCOOGHX
TOYEK Ha OCH E% DT0 BAIIAAHT TaK, kKaK GyATO CAMH ypas-
HEHHSl MO/ HCKMIOYAIOT NBHMEHHS TOYEYHHX Macc, He COBMe-
CTUMBIE C YpPaBHEHHSMH IBHXeHHA. B rnase XV mu ysunum,
YTO 3TO ACHCTBHTE/bHO TaK.



Taasa X1V

3KCNEPUMEHTAJIbHASI MPOBEPKA OBIUEA TEOPUH
OTHOCHTEIIbHOCTH

*

Kax Mn BuzenH B mepBoft 4acTH STOH KHHTH, CYWECTBYeT
MHOTO SKCIEPHMEHTA/IbHLIX MOATBEPKACHHA TOro, 4yro usnye-
CKHE 3aKOHH JOpeHTU-KoBapHaHTHH. OAHaKO B noabsy o6uiei
TEOPHUH OTHOCHTENbHOCTH A0 CHX MOp HaHGo/ee yGelUTebHHMH.
OCTalOTCH TeopeTHYecKHe apryMeHTH. Peslomupyem ux, npexne
yeM O6paTHTbCS K SKCMEPHMEHTa/bHEIM A0KA3aTe/IbCTBaM OGILElH
TEOPHH OTHOCHTEJIbHOCTH.

TonbKO TeOopufl TIPaBUTALMH, KOBAPHAHTHAd OTHOCHTENBHO-
obugux npeoGpa3oBaHHft KOOPAHHAT, MOXET OOGDBACHHTb NPUH-
LM SKBHBAJIEHTHOCTH H CJenaTh STOT NPHHUHMN CBOeH HEOTb-
emaemolt uyacteio, Teopus rpaBHTauUMH, H3 KOTOpOH BHTeKaeTt
STOT MpHHIHN, JOMKHA CYHTATbcA 60/2e YHOBIETBOPHTE/bHOMH,.
YyeM TEOPHH, XOTfl H COBMECTHMbie C NPHHLHUMOM SKBHBA/JEHT-
HOCTH, HO OPraHHYeCKH C HUM He CBA3aHHHE, T. €. JIfi CBOEro-
BHBOLA He TpeGyloliHe ero CnpaBeANHBOCTH; TaKHe TEOPHH
¢ HeGOMbIIMMH MOZH(MHKAUMAMH MOTYT OHITb COXPAaHEHH, €C/H.
»TPaBHTAUHOHHYIO* H ,HHEPTHYIO“ MacChl CYHTATh Pa3AHUHBIMH.
HE3aBHCHMLIMH BeJIHYHHAMH.

B HacTosutM#ft MOMeHT o0O6liasi TEOPHA OTHOCHTENbHOCTH
siB/ISeTC HaHOGO/MEee COBEpLIEHHOH H3 H3BECTHHX TEOpHH rmoJs.
B cnemyiowe#t raase GymeT Noka3aHo, YTO 3aKOHH JBHIKEHHS
B OoOuieH TEOpHH OTHOCHTENLHOCTH He HE31BHCHMN OT ypaBHe-
Hull MONA, a NOMHOCTLIO HMU ONpPRLENSIOTCS.

IepefineM K SKCMEPHMEHTAAbHHIM MOATBEPKACHHAM OOLLei
TEOPHH OTHOCHTENBHOCTH. CyLiecTBYIOT TpH SIBICHHA, B OTHO-
IICEHHH KOTOPHX OOLAasA Teopusi OTHOCHTE/NbHOCTH MPHBOAMT
K HabmogaeMniM 3Ppdexram. Bce aTH TpH #ABreHHs Habmo-
JIAI0TCA Ha ONHTE; OLHAKO B ABYX M3 HUX Bendudna Sdd:kra
AU0lb He3HAYATEIbHO MPEBHIIACT Npefe/sl SKCNEPHMEH TdAbHBIX
OUIHO0K, TAaK YTO KONHYECTBEHHOE COI/IacHE 3SKCIEPHMEHTa
€ TeOpHeH OCTaeTcs MOKAa COMHHUTEbHLIM.



O6uwasi TeOpHd OTHOCHTENbHOCTH OODBACHAET JBHXKEHHE
fiepurens OpOHTH Mepkypus, koTopoe OHJIO H3BECTHO ewle
IO0 co3znaHHs HoBoH TeopuH. Kpome Toro, o6mas TeopHs OTHO-
‘CHTEJILHOCTH MNPABHABHO MpPeNCKa3ana OTK/IOHEeHHe CBeTOBOTO
nyya, npoxoxsuiero 63 mnosepxHocTH Comuua, U Kpachoe
CMell[eHHe CMeKTPANbHHX JHHHA CBeTa, HCMYCKAeMOTO 3BE3IaMH
60/1bIIOA TVIOTHOCTH (»,O0€anMH KapaukKaMu“).

JisMKeHne mnepurenansi Mepkypusa. PaccMoTpuM IBHkeHuHe
deGonbuioro Tena B mone Hlsapmmwuabpa, co3naBaeMoMm Tenom
MaccH  3HauHTenbHO Oonbumiero pasmepa. [Ipu stom  yno6ro
BBECTH NOMNSPHHE KOOPAHHATH, ONpejeiseMue CACAYIOLMMH

YpaBHEHHSIMH:
e —r—1/ 0

E*2=0=arctg< _Ei_),

Vaifea (14.1)
2
£¥8 =@ — arctg (-El—) ,
god — g4
B 3THX KOODIMHATAX METPHUECKMH TEH30p MMeeT BHL:
2
Bu= e
P U
. 1 2m’ (14.2)
r
Ly =—T%
&g = — r2cos?,

a BCe OCTANbHHE €ro KOMIOHEHTH PaBHH HYJIO.
YpasueHHsiMM IBHKEHH Malo 4YacTHUW B STOM T07e
lllBapiuuabaa 6yayT

dz%t I\ 8P g8



I

pa}' Ecin mas kpaTkocTtH

Buuncnuym cumBoas Kpucroddens {
BBECTH o6o3nayeHHe

=122, (14.4)

st HeHcuesaiowmx cuMBonoB Kpucroddens nomyunm:
4 1, 1 1 L S
{14}-‘—'7"' {44} 7 e {11}——7#' 1
{212} = — e*r, {313} —— etr cos?f),
{122}==7l, {323}=cosﬂsin6,
1
r

{133}= , {233}=—tg°- )

Ecin  ynpocTHTh Hallly MeXaHHYeCKYyio 3ajavy, npenmnojaras,
YTO ABHIKEHHE NMPOHCXONHT B ma0ockocTH =0, TO ypaBHeHus
ABHXEHHS MMONY4YHM B BHIAE chaeaylomux AuddepeHuUHanbHbX
ypaBHeHHH:

(14.5)

ot dtdr
dz? drtdz

ety e () —gw (%) —er(B)'=0, | 146)

d% 2 drdy
2+ d': dr

=0,

=0.

Onmue U3 HHTETPAJIOB STHX ypaBHeHMH naer onpexenende aud-
¢depenunana cOGCTBEHHOrO BpPEMeHH

dt _,[dr\? de\?
e (%) —e H(%)'—n (‘TZ) =1 (147)
Iepsoe ypaBueuue (14.6) umeer unterpan

et ="k, (14.8)



Mocnennee ypasuenue (14.6) maer wuHTErpanl MOMEHTa KOJH-
4eCTBa IBHIKEHHMS

ade_

d_ h. (14.9)
Hurerpan (14.8) coorBercTByeT uuterpany suepruu. Tpu
ypaBuenus (14.7), (14.8) u (14.9) 3ameHsioT ypaBHeHust BTO-
poro nopsaka (14.6). Haxonen, ¢ momousio ypaptenns (14.8)
MOXHO MCK/IOYHTb KOOPAHHATHOE BpeMs f, B pe3y/]bTaTe 4ero
nony4yaem IBa ypaBHEHHS:

dr\ 2 de\2 2xm de\ 2
(a;) +rﬂ(zt) _.T=k2__]+2xmr(d_t) ,
(14.10)

2xm
rae e* 3aMeHeHO ero 3HayeHHeM 1—7 . Ortauune sTUX

YPaBHeHHUH OT KNAaCCHYECKHX YpaBHeHUH NABHXKEHHS Tesa B HHIOTO-
HOBCKOM I0/1€ COCTOHT B TOM, YTO MNOCJAEHHHH YieH NepBoro
ypastenus (14.10) OTCYTCTBYeT B HEpeSTHBHCTCKHMX YpaBHe-
HHAX H 4TO AH(depesunpoBaHHe MPOU3BOAMTCH MO COGCTBEH-
HOMY BpPEMEHH, a He 10 KOOpAMUHATHOMYy. KaaccHYeckHMH HHTe-
rpanaMH SHEPTHH H MOMEHTa KO/IHYeCTBA ABHXEHHS OyRyT

2xm 2E -
r2 + ,-2?2 —_—— .’_n" ,

. (14.11)
rﬂ:P:;n'n

rae m' —Macca ABHXYLIErocs Tena.

Ypasreuns (14.10) Heab3s pewnts TOuHO. OAHAKO BO3-
MOXHO HAHTH Takoe npHO/HXEHHOe pelleHHe, B KOTOpOM
nepsoe npubiamxenHe COOTBETCTBYET KAaCCHYECKOH TpaeKTOpHM
Te/la, a BTOpoe nNpHO/MXeHHe MO0Ka3nBaeT OTK/IOHeHHEe peile-
HUA  penaTHBHMCTCKHX ypaBienuit (14.10) oT kaaccHuecKHX
(14.11).

dt\2

Ymuoxum neppoe ypasxenue (14.10) ua (179) H 1oACTa-

BHM 3HayeHHe STOrO0 MHOXHTE/s U3 BTOPOro ypaBHeHHs. Toraa



noayuyuy IHp¢epeHuHaIbHOe YpaBHeHHe

dr\2 9
(&)=—0— BB 2 oemr,  (14.12)

1
KOTOpoe nocie BBENCHHA QYHKUMH 4==— NEPeXONHT B

(‘;_';)’= — L;_,£’+2—;‘l-2”1 g— - 2xmd®,  (14.13)

Inddeperuupys no ¢, moayynM OTCIOAAa YPaBHEHHE BTOPOTO
NOpAAKa;

d?,-}- =77 (14 3h2), (14.14)

OtaHuHe STOTO PENITHBHCTCKOrO YDaBHEHHSI OT COOTBETCTBYIO-
HIEro KAacCHYECKOro OGYC/IOBJAEHO BTOPHM WIEHOM B KPYI/IhX
cko6kax, 3A%u2, Cornacto (14.9) stor uneH paseH

3hhur = 3( ) (14.15)

IPYTUMH C/I0BaMH, OH NPHGAH3IHTE/NBHO NpPOMOPUHOHANEH KBa-

ApaTy KOMNOHEHTH CKOPOCTH, MNepNeHAHKYISpHO# pamuycy-

BeKTOpY. B ,PeNfTHBHCTCKHX eIHHHUAX“ BpEMEHH, B KOTOPHX

CKOPOCTb CBETA pABHA ERHHHUE, CKOPOCTb 3Be3l, HAaImpuMep,

Majla Mo CpaBHEHHIO ¢ eanuuuel. PeasruBhcrckuft unen B ypas-

Heddu (14.14) aBadercs NOSTOMY NMONPaBKOH BHCUIETO TIOPAIKA,
PewenseM ypaBHeHHS

2,
TR n=3 (14.16)
Gyner
a0=’-;7",-'[1+ecos(<p—m)], (14.17)

rge £ H 0O — NOCTOSHHHE HHTEerPHPOBAHHUA. € TNPEACTaB/seT
cO60# SKCIIEHTPHCHTET 3J/UIHICA, a O OMNpeleadeT MNONOKEeHHe
nepureus.

Pewenust ypasuenuit (14.14), KoTOopHe AnPOKCHMHPYIOTCH
S/IMNCAMH, SABIAIOTCA MNepHoAudeckuMH, YpasHenue (14.13)



KaXIOMY B3Ha4YeHHI0O & CTaBHT B COOTBETCTBHE JBa 3HAYEHHSA
du
ay’ OT/IHYalOIHecs TO/MbKO 3HaKoM. Peirenns GyayT nepuomu-

YeCKHMH, ecaM mpaeas 4acTb ypasuenns (14.13) wumeer nsa
HyAS B OGNACTH TONOXHTENbHHX 3HAYeHHH &4 H MOJOXHTE/NbHA
MeNy STHMHM ABYMA HyasMH. B sToM cayuae pewesne Gyxer
OCUM/UIHPOBATD MEXJY STHMH ABYMs HyAaMH. [IpHOamxeHHOe
pemrenne (14.17) umeer nepuox 2m, T. €. nNpeACTaBASETCH
3AMKHYTHMH 0pOHTaMH. [lepHOAN TOYHHX peuieHUH ypaBHEHHS
(14.14) 6ynyT, omHako, OTAHYATHCA OT 21 MaAOH BeJH4HHOH,
Paanoxum mepuoauyeckue pelieHust ypaBHEHHS

& +ua=a(l+4r?) (14.18)
B paau Pypse
u=ay-} a, cos pp -+ a, cos 2p¢ 4. . . (14.19)

Ecau ) Manas mocTosiHHasl, pelleHHe MOXeT OuiTh alPOKCHMH-
pOBaHO BHIpaXEHHEM

uy=a(l —ecosy). (14.20)

[1peAnonoXHM MOSTOMY, YTO @y B STOM NPHOGAHKEHHH DAaBHO 4,
a @, ¥ Apyrde KO3(MUMEHTH, no KpaHueH mepe, mopsaaxa i.
Hnaue rosops, Buipawenue (14.19) MuH 3amenseM pazoM

u=a-} 1B, -} aecos p:p—l—).? B, cosvpp. (14.21)

IMoacrasum 510 Bupaxenue B (14.18), mpene6peras uaeHamu
BTOPOr0 Y BHICIHETO MOPALKOB OTHOCHTENbHO ). Taa & nony-
YHM

u=— [ae cos pp 41 % v23, cos qua] .
Z
Haa du? umeeM
A ~ ha?[1 - 2e cos pp |- €2 cos? pyp] =
=aa? [1 —}——;-2- +2ecos pcp-{—-;i cos 29'9].



YpasreHue (14.18) mosToMy nepexomHT B

a8, as (1 —p2) cos pp —
—1 %] (v*—1) B, cos vpp ~ (14.18a)
~a [1 +1a2(1+e—;+2ecospcp+%cos 2p:p].

IlpupasuuBas NOCTOSHHBIE WIEHH M KOS(HUMEHTH NPH COS P
H mpy COoS 2p9, MOJAYYHM COOTHOLUEHHS

fo=a* (1+5) l
1—p= 223, (14.22%
__352=+as_522_‘ I

Hac unrepecyer T0/bKO BTOpOE COOTHOLIEHHE, ONPenensioLLee p.
Jlerko BHAETh, YTO p MaN0 OT/IHYAETCH OT eXMHHLN:

p=V1—2\a% ~ 1—)a (14.23)

Moncrasaas Ans A H @ HX 3HavedHs, onpenensemue (14.14),
HaHzem

;o (14.24)

p~1—
Yron Mexmy ABYMS MOC/IENOBATENbHHMH MEPHTEAHSIMH IOSTOMY
paseH

O~ on {14357 ) =omt6ni.  (14.25)

CMeileHde NEepHTENds naaHeTHOR OpOMTH Ha 6‘:1'“—’,‘”;‘3 panuas
3a BpeMd {I0AHOTO 060pOTa MOXeT OWThL HabmomaeMo y Mep-
Kypus, nid KOTOPOTO OHO cocTasageT 43" B cronerue. Ilpaa-
CKa3nBaeMoe # HAG/MIONAEMOE 3HAYEHHS CMELHEeHHs XOpOLIo:
COI/IacyloTCA B Npelenax BOKCNePHMEHTAIbHHX OWHGOK acTpo-
HOMHUECKHX HabmopaennH.



Crneunanshasd TeopHsi OTHOCHTEILHOCTH TaKiKe MpeACKa3H-
BaeT npeneccHOHHHH 3¢deKT npud ABMKEHHH Tela B mone

a
< MNOTEHIHAJIOM T OzxHako KOMHYECTBEHHO OHA JaeT pe3yib-

TaT, OTJHYHLIA OT MOJYYEHHOro B O6uleH TEOPDHH OTHOCHTEJb-
HOCTH.
Hro6n y6enuTscs B STOM, BO3BPAaTHMCA K PacCMOTpPeHHOH
B rnaBe IX peslITHBHCTCKOH TpaKTOBKE aTOMa BOLOPOAA, HaH-
Ho#t 3ommepdenbiaom. Ypasuenus (9.27) COOTBETCTBYIOT Ypas-
Henusm (14.7), (14.8) u (14.9) svacrosme# raasu. Ux mMoxHO
.3anucath B BHIE:
mce? it. — 2:
dr r’
db
rEp="n (14.26)

(&= [(%)+7 (2)]=1.

dt
P B M0C/J€OHEM YpaBHEHHH MOXHO 33aMEHHTb €ro BHpaXXeHHEM

H3 TEepBOTO YpPaBHEHHHA, YTO MPHBOAMT K YPaBHEHHIO, HE CO-
Aepxaiemy £:

24 2
)]
dr\? as \* r)—1y. (1427
(@) (@) =e [C2) 1] aam
YMHOXKaR 3TO ypaBHEHHE Ha

di\?*
(@) =

dr\3 2r4[(5"‘872>2 ] . (14.28)
(m) =Cm\\ma ) —1]—™

1
Bsonasi onats HOBYIO (yHKIMIO 4=_, Hatinem audpepenuu-
anbHoOe YpaBHeHHE AN u:

(%)’._:;_fz[(éiﬂ)’_q_uﬂ. (14.29)

mc?

NONYYHUM:



Huddepenunpoanne no 0 NpUBOAMT K ypaBHEHHIO BTOPOrO

TIOpSKaA
d et eE
an T+ [1 - m’c’h”] 4= "aprct (14.30)

KOTOpO€ HMeEeT CleAylollHe pelleHHs:

u==: ’?%{l—l—ecos[ ]/ 1—-#;,1,,(6—0))]}-\
«.-";T;%{l-l—ecos [(1—2—”152—,1,;) (ﬂ—w)]}.

Otciona mnonyyaeM Be/MHYHHY CMELUEHHS TNEPHTENHS 33 ONHH
nepHoxn

(14.31)

4
o ~ (14.32)

Yro6H cpaBHHTR 3TO BhipawenHe ¢ (14.24), HyWHO 3aMeHHTDb
e (Ko3(MUHEHT KYJOHOBCKOTO B3aHMOREHCTBHA) Ha xmm' (KO3-
($HUHEHT rpaBHTaLHOHKOTO B3auModeficTBHS B 3akone HeloTona).

llanee, nocTosHHYI0 A’ HYX#0 NOJOXKHTb PaBHON -21 [#-—no-

cTosinHasd, ¢urypupylomas B ypasHenud (14.24)], Tak Kak T
B ypaBHeHRH (14.25) mHaMepsieTcs B METPHYECKHX eXMHHLAX.
Taxum o6pa3om, Bmecto (14.32) moayuaem

m?

30)'\-11‘ rEak

(14.32a)

T. €. CMEIUEHHe, B LIECTb pa3 MeHbllee, 4YeM B o6wieH TeopHH
OTHOCHTEJIBHOCTH.

OTxJOHeHHe CBeTa B MBApIMHALAOBCKOM mnoJe. Cse-
TOBBIE JIYYH PacnNpPOCTPAHAIOTCH BIAOJAb HYJEBHX reORXe3HYeCKHX
MHPOBHX JHHUH. DTH JIMHHH yXe He SBARIOTCA pelleHHsIMH,
COOTBETCTBYIOIIMMH BapHAlLMOHHOMY MNDHHUHNY, TaK Kak 1is
HyNeBHX JIHHHH BapHauus  NOAMHTErPalbHOrO  BHPAXEHHS

Vg k' B (5.93) ne sBaserca sunetinoft dyHkuuell Bapuauui

w
8% u 35. OnHako 9TH HyJeBhe JHHHH TaKOBH, YTO BEKTOp



HX KacaTe/bHOR HMEET KOBaPHAHTHYIO MPOWU3BOIHYIO B Hamnpas-
JeHHH caMol KacaTesibHOH, pasylo Hymo. Takum coficTBOM
061anal0T TaKe H HEHyNeBWe TeoRe3HYECKHe JIMHHMH, 1103-
TOMY OHO MOXET OHTb HCIONb30BaHO M/ OGIIEro onpenene-
HHf H HYJEBHIX U HEHYJEBHIX reogesuyeekux auuui. B nnockof
MeTPHKE M B JIOPEHTLOBOH cHcTeMe KOODAMHAT HY/EBHE Teo-
Ae3UYEeCKHE JIMHMH SABARIOTCA ,[IPAMBIMH® HYJEBLIMH JIMHHSMH,
T. e. £, 81, £ sBasoTCH nuHeitHHMM yHKuuaMH &4

Jna RyneBHX JAMHHR BeKTOp KacaresbHOH paBeH HYJIO,
NO3TOMY BeJHYHHA €ro He MOXeT OWTb HOPMHpOBaHa. B cBa3n
C 39THM napameTp T, KOTOpbIM MH MO/Mb3OBAJIMCH X0 CHX IOP,
HYXHO 3aMEHHTh M[AapaMeTpoM §, OCTAIOHMMCH A0 HEKOTOpO#H
cTeneHd HeompeneneHHnM., Torma muddepeHuLHanbHbe ypaBHe-
HHfl TeONE3HYECKHX JHMHHA NPHUMYT BHI:

dav dg? aé® das® di®
Tdst +{ } ds ds =0, 8pa Ti?d_s_o' (14.3a)

Ecnu merpuka coortserctByeT mnomio Illsapuwunbga, 3T
ypaBHeHHsl COBNMAJAlOT no ¢opMe ¢ ypaBHenusmu (14.6), c Tot
TONLKO pasHHUeH, YTO T BCIOAY 3amMeHeHO Ha s. [lepBue uHTer-
pain (14.7), (14.8) u (14.9) coxpaHslOT CBOH BHA, TOMLKO
B (14.7) mpaBas vacTb ROMKHA Tenepb PaBHATbCA HY/IO, A He
eIUHHLE;

dt\?  _ (dr\? dp\? __
(&) —e (&) = (@)'=0
dt
et o=k, (14.33)
r2‘;s h.

Coenunsis STH TPH YPaBHEHHS B OHO C IOMOLUBIO MPH-
MEHEHHOrO BHIlie MeToIa, MOJYYHM COOTHOIUEHHe, CBA3HBAIO-

wee r v ¢ .
d K 2
(Zz‘;?) =pri—r (1__ *r”' ) (14.34)

BBoxs cHoBa mepeMeHHylo 4, Hahuewm:

(%:) ka — u? - 2xmud. (14.35)




IMocnennuit wien cnpaBa YYHTHBAeT BJHAHHE TPABMTALMOHHOTO
nons Ha TPaeKTOPHIO CBETOBOTO Jy4Ya. PelleHHSIMM YPaBHeHHs

dllo k2 2
(d?) =m— %

ao=;l@C08(<p—cpo), R=%, (14.36)

6ynyt

rae R — paccTosiHHe CBETOBOTO Jy4a OT Hayala KOODAHHAT,
a (g — NOCTOSHHAS HHTErPHPOBAHHS.

YrnoBoe paccTOsiHHE MeXIy IBYMS HYJASMH (DYHKUHH &,
(T. e. yron Mexay AByMsl aCHMITOTaMH TPAaeKTOPHH CBETOBOTO
nyda) paBHo T. IlycThb «(p) ABAS€TCA pelIEHHEM YpaBHEHHS
(14.35). Torma Hac HHTepecyeT OTK/IOHEHHe YIJIOBOTO PaccTOs-
HHA Meway AByMA HyasmH 4 (p) oT m. OHO paBHO yABOEHHOMY

T
OTK/IOHEHHIO OT 5 yriaoBoro pacCTOAHHA MEXKIAY MAaKCHMYMOM

- T -
u, 4, u Gmmxalimum K 5 HY/leM. 4 onpenensieTcs W3 ypaBHeHHs

0_——u —|—2xma. (14.37)
Bouutas 9To ypasHesue u3 (14.35), momyuum:
3 -3 3
(%) = (& — u?)— 2xm (z — u¥), (14.38)
OTKyAa
do -2 -8
I = (e — u?) —2xm(u — u®)]-1? (14.39)

YrnoBoe paccTosiHHe MEXKIY MaKCHMYMOM # M GmmkaluinM Hy-
neM paBHO MHTerpaay npaso#t yactd (14.39), B3sToMy oT =0
IO #==u. DTOT HHTErpan He MOXeT GWTb BWUHC/IEH B 3aMKHY-
ToM Buge. OAHaKo HaM M3BECTHO, YTO Tako# ke HMHTerpax OT
npaso#t 4YaCTH ypaBHEHHS

dy __ 2 —
duy = g — @)~ (14.40)



paBeH %— . OTkaonenue NepBoro Huterpana or —;— I03TOMY
paBHo
u
—;— dp={ {[(&*— a?)—2xm (@ — u¥))—'2 —
=0
— 4 — ) “"2} du. (14.41)

Tak kaKk MH CuHMTaeM, 4YTO PeaTHBHCTCKMH uYieH (3aBucauyui
OT m) Maq B CPaBHEHHH C KJIAaCCHYECKHM,  BHpaXeHHe
[f(x+€)—f(x)] moxno 3amenutp vepe3 ef'(x). B pesynn-
TaTe MOJY4YHM HHTErpan

u -
L xuio%,‘i_’%)’% du, (14.42)
BHYHC/IEHHE KOTOPOTO JaeT
. m(.n—""’) — ¢ 1—x8 ]
S uz)’/x du=xmu 3_ =% dx =

x=0
/s ®/s
— gin30
l—os%g— (sinB) = xmu 5
—o 8=0

1 — s1n30 (14.43)

cos20 db =

—xmu

— xmu (tg B — cos § — cos=10]= 2xmu.
0_—

/

ﬂosromy MOJMHOE OTK/IOHEHHE OT T YIJ0BOIO PAaCCTORRHA MEKAY
ABYMS MNOC/EA0BATE/JbHHMH HYJIAMH q)ymcu}m 4 pasHO

dp ~ 4xmis ~ 22 (14.44)

OTKNOHeHHE CBETOBOTO Jy4a, MPOXOASAUIETO OKONO Teda 6oMb-
JUOH MaccH, MOXeT HabaioaaThcd Bo BpeMa 3arMenns Couuua,
KOTAA CTAHOBATCH BHAWMBIMH 3B€3An, HAXOMAMECH B HEMOC-
pencTBeHHO# GIH3OCTH OT €ro AHcKa. BenHuHHA OTKJIOHeHHs,

ADADMAG Tonnuait uoe rroapiitsranse 3 TR e TILITITL 1y e ives



TEJ/bHO BHIXOAUT 3a MNpeae/jn 3SKCNEePHMEHTANbHHX omnGoK,
ﬂosmmy KO/MIHYEeCTBEHHOE COr/acHe TeOpHH ¢ 3KCNEePHMEHTaNlb-
HLIMH RAHHBLIMH HE MOXET HMeTb 0CO00ro 3HaueHHsd.

I'paBuTayuoHHOE CMelleHHe CHeKTPaAbHbIX JuHHHA, He-
OIHOPOAHOCTh OKPYKAIOUIEr0 TPABHTAI{HOHHOrO MOJS He CKa3u-
BAETCA HAa BHYTPEHHHX CHJAX H30/HPOBaHHOTO aToMa. Yactora
¢$0oTOHA, HCMYCKAeMOro TaKHWM aTOMOM MPH Mepexole H3 OAHOTO
KBAHTOBOTO COCTOSIHHS B JpYyroe, H3MepeHHas B e HHHU-
Hax COGCTBEHHOTO BPEMEHH aToMa, TaKke He OY-
IeT 32BHCETb OT OKPYK4MOLIEr0 TPaBHTAUHOHHOTO noas. Pac-’
CMOTPHM aTOMH, 06Gpa3yiouwiHe BHEINHHH (ras3oo6pasnmit) cJoit
packanenuo#t 3Besfnl. ATOMB, H3/y4alOLHE COOTBETCTBYIOLLHE
WM CTEeKTpaibHHe JIHHHM, IBHXYTCA B TPaBHTAIIHOHHOM MoOJe
3Be3fdnl, [PHYEM HX CKOPOCTH pacnpexenenn GecnopsaaouHo.
Cpennsisi 4aCTOTa M3NAYYEHHS COOTBETCTBYET H3MYYEHUIO aTOMA,
MOKOAIEroCs B JaHHHA MOMEHT OTHOCHTE/NbHO 3Be3.bl.

I'pasuTannonHOe mose 3Be3Ibl ONHCHBAETCS B CHCTEMe KOOp-
JHHAT, B KOTOpo# eAMHHUN KOOPEHHATHOTO BpEMEHH H COOCT-
BEHHOTrO BpeMeHH He coBmanaloT. Co6cTBeHHas yacToTa Kone-
6aTesIbHOTO TpoLecca B aTOME PaBHA YHMCAY KojeGaHuit B enn-
HHLY COGCTBEHHOTO BpEMEHH,

dN

‘)0=F

. (14.45)

a KOOpAMHATHAf 4aCTOTa — YMC/AY Ko/NeGaHHHA B eQHHHLY KOOp-
JHHATHOTO BPEMEHH,

=% (14.46)

OGe 3TH 4aCTOTH CBA3aHW MexAy coGoH COOTHOUIeHHeM

dN _dN dt __dN didkx

E—zt—°m=—d—; g‘!w-d—e—‘. (14.47)

B cucTeme KOOpAHHAT, B KOTOPOH 3Be3xa MOKOHTCH, a CPEAHNS
CKOPOCTb aTOMOB BHEIUHEr0 CJ/IOS PaBHA HY/MIO, BHpaKeHHe
(14.47) mns cpentedl 4aCTOTH NepexoxuT B

v=V g% (14.48)



1o ob6ycnoBneno TeM, uTO TPH audepeHHalbHEX BHpaNe-
dts
HHA o o6pauialoTcs B HYJb.

KoopauHaTHas 4acToTa ¥y — 9T0 4acTOTa, M3MepseMan Ha6alo-
JaTeneM, MOKOAUIMMCH OTHOCHTEIbHO 3Be3IW H  HAXONSLUMMCH
Ha CcTOMb GONABLLIOM PacCTOSAHHH OT Hee, YTO B MeCTe €ro Ha-
XOXIeHH £,, PaBHO emuHHue. Braronaps cratHueckoMmy xapak-
Tepy mons Llipapmumnabza xoopausaTHoe Bpems, HeoGXOXHMOe
I/ IPOXOXIEHHS CBETOBOTO CHTHajla OT MOBEPXHOCTH 3BE3MH
no nabmonarens, moctosHHo. Ilostomy HaGmiomatens Gyner
nonyyaTb NePHOXWYECKHE CHTHaAW C TOH ke KOOpAMHATHOM
4acToTOH, € KOTOPOH OHH OLIIH H3AYy4YeHH C MNOBEPXHOCTH
3BE3.H.

Ecau pamuyc sBesnw pased R, amMacca  m, 3HauenHe g,

m
Ha TIOBEPXHOCTH 3BE3JAH paBHO ( 1—2ﬁ)’ H YpaBHeHHe

{14.48) npunHuMaeT BHAX
v=) 1—2" g~ (1—‘%‘) v (14.49)

»T DaBHTALUHOHHOE CMELIEHHe® CMEeKTPaAbHHX JHHHA MO3TOMY
GyneT OnpeneniTbC ypaBHEHHEM

»~—Fw. (14.50)
Ina ConHua 9TO CMEMICHHE €1BAa 3AMETHO, H, MOBHAUMOMY,
cornacyercs ¢ (14.47). Ho ang cnytauka Cupuyca, koTopmift
apaseTcs ypesBHYafHO IIOTHOM 3Be3ol (,6ennM KapaukKoM*“),
KpacHoe cMelleHHe npumepHo B 30 pa3 Goabuie, YeM Aas
Connua. M B 9TOM caydae cornacHe TEOPHH H SKCIEPHMEHTa
YAOBIETBOPHTEIbHOE.



Taasa XV

YPABHEHUS JBUXEHUY B OBLIEA TEOPHUM
OTHOCHUTEJIbHOCTH

*

3axkoHH CHJ B KJacCHYecKOi MeXaHAKe H 3JEKTPOARHA~
muxe, HbloToHoBcKas ¢M3MKa OCHOBHIBAETCH Ha ABUXKEHHH TO-
yeyHnx Macc, Cuna nefiCTBYIOIAs Ha NaHHYIO TOYEUHYI0 Maccy,
ABNACTCA pe3yAbTHPYylomed cHil, ¢ KOTODHMH HmeHCTBYIOT Ha
PaccMaTpHBaeMyI0 TOYEYHYI0 MacCy BCE OCTajAbHHE TOYEYHHle
MaccH B Mupe. JTa CHAAa ONHO3HAYHO ONpeNe/seTcs NOJOXKe-
HHAMH BCE€X 9THX MacC H OCTaeTcsl KOHeYHOH, MoKa HH OZHa
H3 HHX He COBfajzaeT ¢ paccMaTpHBaeMmoft ToueuHo#t maccofl,

PasBuTHe 2/1eKTPOIHHAMHKH NOKa3ano, 4To AeHCTBYIOUias
Ha TeJO CHJIa ONpelenseTcs He CTOJAb NPOCTO, KaK nojara’
Heloton. [efictTBHe OXHOrO 3apsiia Ha JAPYrof 3aBHCHT He
TO/BKO OT PacCTOSHHSA MEXAY HHMH HO H OT HX OTHOCHTE/b-
Horo apHxeHus. C H3MeHEHMEM CKOPOCTH OIHOTO M3 3apsaioB
MEHAieTC CHMa, C KOTOPOH OH JelicTByeT Ha Jpyroft 3apsa.
OT0 M3MEHeHHE CHJIH He NPOMCXOLHUT, OXHAKO, MTHOBEHHO, TakK
KaK BO3MyLIEHHe SNeKTPOMATHHTHOrO MOJS PacnpocTpaHAeTCs
¢ KOHe4YHOH CckopOCTblO, paBHOM ckopocTd cBeta ¢. IMosrtomy
cuna, nefcTBYIOIAS Ha 3aPMKEHHYIO TOYEYHYIO Maccy, onpene-
JSETCH He MOJMOWEHHAMH BCEX OCTAJbHHIX 3apslioB H Jaxe He
HX TO/IOKEHHSAMH H CKODOCTAMM, 2 S/IEKTPOMATHHTHHM IO/eM
B  HENOCPeINCTBEHHOM  OKPeCTHOCTH paccCMaTpHBaeMOH  Ya-
CTHUH.

OTO 9MEKTPOMATHHTHOE NOJE HEBO3MOXHO PA3JNOXKHTL Ha
COCTaB/IfIIOIIHE NOMS, Kawa0e U3 KOTOPHX COOTBETCTBOBAJIO GH
NefiCTBHIO ONHOH M3 4YacTHHM, TaK KaK CaMoO Tofe He omnpe-:
JenseTcss OXHO3HAYHO ABHXeHHAMH 3apsaznos. [Ipasaa, none onpe-
NeNMTCH ONHO3HAYHO IIOJIOKEHHSAMH H CKOPOCTAMM 3apsAoB,
€C/IM Ha HErO HAMIOXHTb TaKue IpaHHYHHe H HavaNbHHE YCJ0-
BHf, KOTOpHE HCK/IOYAlOT BOJHH, HAyliHe K 0coGoH Touke
(cxomAwpecs BoAHM), IIpH STOM OCTAaBAAIOTCA TONBKO BOJIHH,



HCXOAALHE M3 O0COGOH TOYKH (pacxoasuiuecs BOJHH), XOTH
H Te H apyrue (OPMANbHO HBAAIOTCA pELIGHHAMH ypaBHeHui
MakcBenna., OaHaKO HEH3BECTHO, COOTBETCTBYIOT JIH 3TH YCJIO-
BUA HEHCTBHTE/NBHOCTH, T. €. BHINO/HAIOTCH JH OHH B MPHPOJE.
Bo3MOXHO, OHH ABAAIOTCS CAEACTBHEM TO/MbKO HAIIHX MEXaHu-
YeCKHX NpPEACTaB/JEHHA O TOM, YTO HCTOYHHKOM BO3MYLUEHHM
Bceraa Ao/mkHa OHTH TOYeyHasw Macca.

Bo BcakoM caywae, mojle JOMYyCKaeT aASKBATHYI0 Tpak-
TOBKY TOJBKO, €C/IH OHO paccMaTpPHBaeTCs Kak Lenoe, a He
KaK CcymMa mnoJieHf, COOTBETCTBYIOLUIHX OTJE/NbHHIM TOYEYHHIM
maccam. Tem He MeHee, paccMOTpeHHE 3aKOHOB JBHXKEHHS Tpe-
6yeT pa3/ioWeHHs Mmo/is HAa JBe 4YaCTH: Ha moJe, CO3RxaBaeMoe
paccMaTpHBaeMOH 4acTHUEH, H noise ocTanbHuX 4HactHy. [lose
TOYEYHOTO 3apfilia HMEET OCOGEHHOCTh B MECTeé €ro HaxoxJue-
uus, [lng Toro yro6GW MOMYYHTh 3aKOH CHJI, HEOGXOAUMO OT-
6pOCHTb 4acTb M0Jf, Comepxaiuryio ocobGennoctb. Ocraslueecs
none, KOTOpoe CYLIECTBOBaNO Obl B OTCYTCTBHH 4acTHUH, Ofl-
pelensieT CHy, HeHCTBYIOLYIO Ha 4YacTHLY.

Takoe pasgeneHHe HH B Kakoll Mepe He SIBIHETCS, OXHAKO,
ONHO3HAYHO Ompexe/NeHHOR MaremaTHyecKoH onepauueft, [su-
KYIAACAd 4acTHIA C 3afAHHEIMH 3apSAOM H CKOPOCTBIO MOXeET
€O3/aBaTh Pas/HyYHHE THNH mnone#f: nose ,3anas’aLBAIOLIETO
noTeHuHana“ (pacxoXsiluyecs BOJHH), MO/JE ,OMepeKalolero
NoTeHUHana® (CXOAAUIHECS BOJHH) HAH CMeCh OGOHX THNOB
BO/H. DTa HEOJNHO3HAYHOCTh He BH3HBAET CEPbE3HHIX 3ATPYA-
HeHWH TpH NPaKTHYECKHX TMPUMEHEHHMSX, NOKA YCKOpeHHe pac-
CMaTPHBAaEMHX 4YaCTHI| HEBE/HKO, T. €. NMOKA MNOJA H3/y4eHHd,
CBA3aHHHE C 4acTHUEH, MaJn B CPaBHEHHH CO CTalHOHADHBLIMH
nongmu (none Kynosa u nome Amnepa).

Onepauust pa3geneHust noiaeft, XoTd M He SABAMETCA OXHO-
3Ha4YHOH, BCE e HMeeT onpereneHHn# cmuica. [lockonbky
ypaBHeHH MONA JHHEeHHH H OXHOPOAHH, CyMMa ABYX HX pe-
wend#t Takke Oyzmer peuieHHeM. [losTOMy pasHOCTh MeXny
MOJHLM MOMEM H NOMNEM, CO3AaBaeMHIM yacTHLeH, Takwe Oyaer
pentesneM ypassedu#t MaxcBesna, perynspuanM B MeCTe HAXOX-
Aexud yacTHue. OpHako, HecMOTPA Ha HeOGXOAHUMOCTb pasje-
JeHHd noJieR AN nojydyeHHs ypaBHeHHH IBHXEHHs, 3Ta ore-
pauHs ocTaeTcs MpoTHBOpedauwe# camoft KOHUEMUHH MNOAs.



3axkon aBmxeHus B o6mefi TEOPHH OTHOCHTEALHOCTH,
B TeopHH rpaBuTauMH, Ka3anoch O, Ae10 XOMKHO OGCTOATH
ewe xyxe. ToueuHnle MacChl NPenCTaBAsIOT CO60H 0COGEHHOCTH
TPaBHTALMOHHOTO NOJHA, H 4TOGW cOpMyIHPOBATE 3aKOH CH/
He06XOOHUMO 3HAThb MOJe, KOTOpOe CO034aNoch OW B MeCTe Ha-
XOWAEHUS TOueYHOH MaccHl, ecid Onl noc/neqHed Tam He OO,
B oTauude oT ypaBHeHHH 3/1eKTPOMarHHTHOro noas Maxcseana,
YPaBHEHHS TPABHTAUHOHHOTO MO HEMHHeHHH, M Pa3HOCTH HX
ABYX PEHIEHHH cama He OyJeT HBJATbCA pelIeHHEM ypaBHEHH
nond. [loaromy nBukeHue TOYeuHOH MacCh BO3MOXHO paccMar-
pHBaTh TOJAbKO B TAKOM I10/1¢, HA KOTOpPO€ HA/IHYHE ITOH Macchl
IIPAKTHYECKH HE B/IHAET; TAKOBG, HAamnpHMep, ABHXEHHE IVaHer
B mone Connua. Hcrusnas npoGiaema msyx Ten, HanpuMep ABOH-
HLIX 3B€314, MOXET paccMarpuBaTthCs TO/IbKO MA/O0O HAACHKHBIMH
npubIHIKEHHBIMH METOSAMH, HE OCHOBBIBAIOLUMHCA HA CTPOTO#H
TeopuH. [lo 3Tolf npHuHHe HeKOTOpHIe aBTOPH HOAYYHIH MPO-
THBOPEYHBHIE DE3y/]bTaTH yxe B NEepBOM NPHO/IHKEHHH, B KO-
TOPOM CKa3HBaIOTCH pensaTHBHCTCKHE 3pexThi ).

B snexrpoanHaMHKe 3akoH ABHXWEHMS 3apsAa HeNb3d MO-
NyYHTb H3 YPaBHEHHH NOJdA; APYTHMH CJIOBaMH, MOXeT Caly-
YHTbCH, HTO 3apsaf HE NONYHHSETCA 3akoHy cua JlopenTua, XoTa
ypaBHeHHsl 1o/s MaxcBenna yaosaetBopsiotcsi. JleHcTBHTENbHO,
B KJaCCHYECKON S/JEKTPOAHHAMHKE STO HMeeT MeCTO, KOrixa Ha
3apaaH, kpome cua Jlopeutua, AeHCTBYIOT elle CHAB HeIeKTPH-
YECKOI'0 MPOUCXOMAECHHS.

Hunade 0GCTOHT Ke/0 B TeOPHH rpaBuTaiui. ToueyHwe macchr
MOTYT HAaXOXHTbCH MOA AeHCTBHEM He TOJbKO TpPaBHTALHOHHBIX
cui. OZHAKO HErpaBHTAUMOHHHE CH/B CBA3aHW C BO3HHKHO-
BEeHHEM HampsXeHH#, NJIOTHOCTH SHEPrHH H NOTOKOM SHep-
THH Moas, T. €. OHH BEAYT K MOAB/EHHUIO TEH30pa IHEPTHH-HM-
nynabCa H TEM CaMbiIM H3MCHAIOT YPDABHEHHA [IPAaBHTAIIHOHHOTO-
noJ.

nOSTOMY SICHO, YTO CBSi3b MEXAY YPAaBHEHHAMH 1O/ H
3aKOHOM JIBHIEHHS B TEOPHH rPaBHTAUHH HNOMKHA OLITb CHb-
Hee, YeM B 3JIEKTPOAHHAMHKE.

1) Robertson, Annals of Mathematics, 93, 101 (1938), npume-
yauue Ha crp. 103 u 104.



JlefcTBHTENBHO, CYIIECTBYIOT BaXKHHE YKa3aHMs Ha TO,
YTO YPaBHEHHA MNONA AAA g£,, HE MOTYT OHTH YNAOBAETBOpEHH
B OKDECTHOCTAX OCOGHX TOYEK, €CJAH TMOCHeNHHE HBHKYTCH
#ie MO MHDOBHM JIHHHSIM, ONpejJenseMblM 3aKOHOM JBHKe-
HHA.

B konue raasw XIII 6uno mokasano, YTO He CyliecTByer
CTaTHYECKHX pelieHHft ¢ OceBOft cHMMeTpHel, COOTBETCTBYIOLMX
JZBYM HM30/HPOBAHHHIM HE33PKEHHHIM NOKOSALIMMCH TOYEYHHM
maccam. B 1937 r. A. Ditnwireitn, JI. Uudenvn u B. Foddman
XOKA3a/H, YTO IBHXEHHE TOYEYHHX MaccC JeHCTBHTENbHO onpe-
ZensieTcs ypaBHEHHAMH nojs!).

Mpa6amxennsifi MeTox. B penstuBucTckoft Teopuu rpa-
BHTAUMH, TaK Xe KaKk B SAEKTPOAHHAMHKe, SJIEKTpHYeCKHe
3apsalill M Macchl NPeACTaBAAIOTCS OCOOBIMHM TOYKAMH MepeMeH-
Hux noas. Ilpw Hanuukp ocoGedHocTed H3MeHenHe mnond BO
BpEMEeHH TNOJMHOCTbIO He onpegenseTcs. PaccMoTpum, Hanpumep,
none Ulsapmmmnpaa. B6mi3n nayana KOOPAMHAT MMEETCH OCO-
6as o6aacth, cdepuyeckas moBepxHOCTb r=2xm. OKpYyKuM
8Ty 0c06yl0 06sacTh HeGonbLIOH AByMepHOH MOBEPXHOCTBIO S,
cHapyXH KOTOPOH moje Be3dle pery/isapHo H YROBIETBOpseT
ypaBHEHHAM MOJA.

IMone apumwnuabaa crathHyHo. OXHAKO €C/M MH HHYEro
He 3HaeM OTHOCHTENBHO MOMA BHYTPH S, TO MOXKET BO3HHK-
HYTb H3JIyYeHHE SJIEKTPOMATHHTHHX H/IH TPaBHTALHOHHHX BOJH
yepe3 NOBEPXHOCTh S H3HYTPH Hapyxy. Ecaum aro uamyuenue
HMeeT NpeuMYLIECTBEHHOe HanpasieHHe, NPOH30HAeT ,0TAaua“,
T. e. YCKopeHHe BceH 0co60H 06/acTH B MPOTHBOMOJIOXKHOM
HanpaB/IeHHH.

JIpyruMu CNIOBaMH, He/lb3si OXMCHAATh, YTO 3aKOH ABHMKEHHUS
cnpaBefnMB A BesKoH ocoGeHHOCTH. JIBHeHHe OCOGEHHOCTH

1) Annals of Mathematics, 39, 65 (1938). B Gonee moanue
cratbe A. Einstein'a u L. Infelda, Annals of Mathematics, 41.
455, (1940) conepxkaTcsi BaxHbnle MNONpPaBKK K mepBoH cTaThe.
[[ToaHuit sniBOx ypaBHeHHH NBHIKEHHS M3 ypaBHeHHH IpaBHTaUHOH-
HOro MOJA HE3aBHCHMO OT YKa3aHHWX aBTOpoB Ol jgaH B, A,
Poxkom XKITP, 9, 375 (1939). (/Tpuxr. ped.)]



MOXeT OHTh ONpeje/neH0, €CAH OHA He HBJAETCH HCTOYHHKOM
nanydennsd, [losToMy 3aKkoH JIBHXKEHHI MOXET OHTb TNONyYeH
TOMLKO B NPEXNONOKEHHH, YTO OCOGEHHOCTb SBASETCH H OC-
TaeTcd INPOCTHM TOJMIOCOM (yPaBHEHHS TIOAS MOTYT TaKike
HMETb pelleHusl, COOTBETCTBYIOLIHE ,JHNOASAM Macc® W T. n.)
H YTO He MPOHCXOLMT CIOHTAHHOTO H3JYYECHHS.

S1u ycnoBHs TPYAHO cOPMYIHPOBATh HHBADHaHTHHM 06pa-
soM. CyluecTBylOT, HanpuMep, TPaBHTalHOHHWE BOJIHH, CBS-
3aHHBE C YCKOPEHHHM IBHXEHHEeM TOoueuyHoR Macch. Pasmiuue
MEXAY ,CMOHTAHHHIMH® BOJHAMH H ,TPABHTALHOHHKIM TO P M 03~
HHM H3JyYeHHEeM“ HuMeeT npocroit ¢usuyeckHt cmuch,
ONHAKO €ro MaTeMaTH4eckasi (POPMYJHPOBKZ He NPelCTaBasercs
BO3MOXHOH,

Yro6u H3GexaThb STHX TpyAHocTel, DHHmTedH H ero
COTDYZHHKH BHIHYXIEHH OHJIHM NOJYYaTh 3aKOHH JBHXEHH:
¢ nmoMoubi0 NpUGIHKEHHOTO MeTOXa, NPH KOTOPOM
MareMaTHyeckas (opMmy/iHpoBKa HEOOGXOMMMBIX NPENNooKeHnH
SHAYHTE/ILHO MpOLUE.

Wx Merox amnpOKCHMAlHH aHAJOTHYEH OOHYHOMY MeTody,
onucauiomy B riaase Xll, koroput B mepsoM npuGAHMKeHHH
NPUBOAHT K ,auHeapH3auuu® ypasHenu#t moms. Onxuako on
OT/IMYAETCH OT MNOCJAEAHEr0 ONHHM BaKHHM OOGCTOSTENLCTBOM.
HpeanonoxeHue, YTO CHOHTAHHOTO H3JYy4YeHHH HE MPOHCXOMMHT,
SKBHBAJIEHTHO MNPEINOAOKEHHIO, UYTO TMEpEMEHHHE Ioid Me-
HAIOTCH CO BpeMeHeM He GHCTpee, 4YeM 3TOro TpeGyeT HABH-
wenue ocobenHoctd. CKOPOCTh MOC/AEXHETO Maja B CPaBHEHMH
co ckopoctelo cBeta. Ilostomy npemnonaraercs, 4TO augde-
peHumupoBatwie no &4 (H3MepeHHOMY B peNSTHBHCTCKHX €lu-
HHIaX) NPHBOIHT K Be/lMYHHAM BHICIIETO NOPsIAKa.

310 npeanonokeHHe MOKHO CHOPMYAHPOBATH HECKOIbKO
uHbM cnocoGoM. Ecau cHOBa BBeCTH MeTpHYeCKHe eXMHHIH
(r. e. ecIH B KayecTBeé METPHYECKOFO TEH30Pa MJIOCKOro
NPOCTPAHCTBA HCMONB3OBATL 7j,, BMECTO €, )y CKOPOCTH MaTe-
pHanbHHX Tel OyAyT MOPAnKa eNHHHIH, a Judpeperuyposa-
HHEe NepeMeHHHX Noad mo §* He GyxeT MeHATh MX MOpAIKa
peanunnn, C Apyro#t croponw, ¢—? Gyaer Toraa paccMaTpu-
BaTbcH, KaK Majad BEIHYHHA, KOTOpad MOWKET CAYXKHTb napae
METPOM PAas/iOKEHH MNEePeMEHHHX TIo/NS B CTEMEeHHbie PAAH



(napametp A raase Xll). Tensop g,,, Hanpumep, npumer BuxL
gu=1-+ c-’l"u + ‘3—42”44 + 0-6;’44 +...
Sie= c—"]z;“—{—c—ﬁg“—l—..., (15.1)
s — — 6'23”+ 6—42’)‘” + c_ﬁ:}:rs + ree e

Yien c*’{z“ omycKaeTcs, TaK Kak B NMPOTHBHOM cayyae g*¢

6Li0 O6b MOpsijJKAa ENHHHIW, B CBA3H C 4eM MepBoe npHOM-
wenHe crajno 6w HenuHedunM. Kak u B raase Xll, BBemem
BeJIMYHHH Y, TPH IMOMOLIH ypaBHeHHH

1 ¢
o= hy.-o Y ﬂg,mp“hpa’ hl.w = 8uv— Ny (15.2)
YF" TaKke pa3/IoXHM B CTENeHHHE pAAbN M0 3,
1= C"?u + c“'gu +...
T4s= "‘4;43““0"6;43‘{"-- . (15.3)
‘{rs = 6_4}” + c—:Yrs + free

[Nokosiinecs TOYEUHHE MACCH MPENCTABIAIOTCA pelUeHHAMH
ypaBHeHHH I10Jd, KOTOpHE B MepPBOM NPHOGJHMEHHH RaloTCA
ypaBHeHHsaMH (12.31a) u (12.34) unu B MeTpHYECKHX eXHHH-
114X BhIPaXeHHAMH

M

Yu=—"

‘;4,«:0’ (15.4)
=0.

Z’l

To3ToMy npeano/noXHM, YTO BeNHYHHH Y, paBun Hymwo. [aa
2

IIOJ1Y4YCeHHSE B TOM XK€ npn6nm|<eﬂun noas ToyYeyHOH Maccu



HYXHO NpoussecTH npeoGpa3opanue Jlopewtua; g,, npeoGpa-
3yeTCs COT/acHO 3aKOHY:

g, =1 118 (15.5)

rae '{; HUMEIOT Te e 3HAYeHHd, YTO M B rjase V (ypaBHe-
nue (5.111)). Beanunnut h,,,
g v T

npeo6pasyercs Mo Touy "xe 3axony, uTO ¥ g, TaK KaK 3a-
KOH Npeo6pa3oBaHHs JHHEeH, H 7, OCTAIOTCH HEH3MEHHHMH.

Mo ToMy xe saxkony npeo6pasyloTcs M Y, YTO MOXeT
OHTh NPOBEPEHO HENOCPEACTBEHHHM BHYHC/CHHEM. [Tpumensist
STH 3aKOHW mNpeoGpa3oBaHHs K YpaBHeHHIO (15.4), momyuns
CIeAyoulHe BHIPAWKEHHS:

T =0 Yaes
Pl P PP (15.6)
T =Y M

KospuuuenTs Y4, OTIMYAIOTCH OT €AMHHUN TOJILKO MalLMH Be-
nuuMHaMH — nopazka ¢—3, Kosdpuuuent y4 s MPeACTaBIAIOTCS
BLIPXKEHUAMH
—y qbyr — 1
' =n7%", Y 1T Vl

U
u?c?

(15.7)

M TaxKuM 06pa3oM SBAAIOTCA MalbiMH BeJHUHHAMH MOPsAKA €2
Otcioga BHIHO, YTO BEMHYHHH Yy, K KOTOPHM NPHBOZMT mpe-
©06pa3oBanke, TOT0 Xe NOPfAAKa, a BeIHYHHE ), — lopsaka c—*,
BeauuuHb ;{,, IS MOAS TOYEHHOHM MacChl HCYE3al0T, Rawe

eCIH 9T2 Macca JBHKETCH.

B nepBoM NpHG/HKEHHH €CTECTBEHHO NPHHATb, YTO HOJHOE
none SBASETCS NPOCTO CYMMOH MoJelt pas/HYHLIX TOYEHHBIX
Macc. Paanoxenue Y,, GyAeM HauHHaTh, COTACHO CKA3aHHOMY,
¢ ynena, coxepxauero ¢=9.

INoncrapnaa pa3noxenus (15.1) u (15.3) B ypaBHehHf no-
A8 H NpPHPABHHBAH KOS(MHUMEHTH NPH YIEHAX ¢ OXMHAKOBHIMH
CTeNMeHAMH ¢—3, MNOAyYHM PsSL CHCTeM ypaBHeHHi. Metox



d#uwrefina, Uudensna u Topmana u 3akmoyaercs B monayye-
HHH W pelleHHH TaKuX cHcTeM ypaBHeHHH. Kaxmas mocnemyio-
u1as CHUCTeMa ypaBHEHHH CONEPMHT DAX BEJHYHH I"" He BXO-

JAMBLIMX B MpeRbIIyU(HE CHCTEMB, H, KpOMe TOTO, Psm ApY-
THX Y, OmpeleneHHHX pauee. ,HoBwe* BemMunnu Beerza
n

BXOJAT JAHHEeHHO, Tak 4TO Ha Kawamo#t mocieaylouel cra-

Iuu npuOAHMEHHOTO METOZa MPHXONMTCH pemiaTh TOJBKO JIH-

HefiHHe HeoXHOpOxHbie AU(depeHIHaNbHNE YPaBHEHHS.
Onpenenenne gHweHHst OCOGEHHOCTEH NPOH3BOAMTCH CJe-

aylomum o6pa3oM. Ha kaxmo#t cTamunm merona mpuO/KeHHS

HYXHO peWdTh JeCATh JHHEeHHHX HEOAHODOAHHX YpaBHEHHHA

OTHOCHTE/IBHO JIECATH BE/HYHH Y. JleBHe yacTH STHX ypaB-

n

HeHuHl, colepiallde elle HeH3BECTHHe BEeJHYHHH, HE He3aBH-
CMMH ApYF OT IApyra, a YAOBJETBOPSIOT deThpeM HIH(GepeH-
uHaAbHLIM ToXAecTBaM. Eciu mpaene YacTH (KOTOpHE comep-
WaAT Yyxe onpeje/feHHble BEJHYHHL) He YIOBJAETBOPAAH Okl
TEeM Ke ToxaecTBaM, HuddepeHuHaIbHHE ypaBHeHHS OLUIH Ol
HE COBMECTHMH JApYr ¢ JzpyroM. Taxum oO6pa3oM, kaxuias
cTagus npuOGNHKEHHOTO METOAAa HajaraeT YC/IOBHS Ha Mpeau-
aywyo. B OTCyTCTBHM O0COGEHHOCTEH STH YC/JOBHSI HHYEro
He JHalOT, OAHAKO MPH HAMHYHH OCOOGEHHOCTEH OHH ABAAIOTCA
KaK pa3 YPaBHEHHAMH IBHXEHHS,

SfinmTeAn M ero COTPYAHHKH NpPH MOMOIUY STOTO METOAa
JI0OBe/H BHIYHC/IGHHS A0 TOH CTaauH, Ha KOTOPOH HAYHHAIOT
CKa3LBaThCsl PeNATHBHCTCKHE 3¢d¢ekTH. MH OrpanHUHMCS NpH-
GAHeHHEM, TIDHBOASHIMM K KNaCCHYECKHM YDaBHEHHMSIM IBM-
WEHHA, TaK KaKk Ha STOH CTaAHH Yywe MOXHO BHEETb CBfi3b
ME@XAY YDPaBHEHHMSMH MO/ H YPaBHEHUSIMH JABHIKEHHS.

Pa3noxuM  KOMIIOHEHTH TeH30pa KpPHBH3HH, CHMBOJH
Kpucrodpens u KoBapHaHTHhe H KOHTPaBapHaHTHHE KOMIIO-
HEHTH METPHYeCKOro TeH30pa B CTeNmeHHWe pafW Mo ¢~ u
npupaBHaeM KO3(HUHEHTH pa3fokeHus MO HHAEKcaM, Hanu-
CaHHHIM 1O Ka)cIABIM CHMBOJIOM, MpHYEM HHXHHH HHIEKC n
OyldeT OTHOCHTbCH K KO3(HuueHTy mpH ¢—28. Hanpumep, ?‘“

O6ymer osHnauath Ty 4Yacth Ug,, KOTOpaf YMHOXKAeTCd Ha (9



h

3,,—Ty vactTb h,,, KOTOpas yMHOWaeTcs Ha ¢—%, W Tak
nanee.

Hcnonb3ys BHpaXeHHs IS MeTpHueckoro tetsopa (15.1),
HaliaeM, uTO Pa3noeHHss B PAAH KomnoHeHT G, HAaYHHAIOTCH
co creayiomux crenexelt ¢=3: Gy — % Gy, n G — 3
B panbHefineM HaM MoHaROGATCA TOALKO mnepBhle Hencyesaio-
IHe WIeHH pa3/lokeHHS KawMOA KOMMOHeHTH, T. €. Gy, Gy,

0 1
¢]
1

o H, Kpome Toro, Benuuuna G,. UToGH MOMyYuTb MX 3HA-
2

YeHusl, BHYMCIMM g,,, g*', cumMBoan Kpucrogdens mepsoro u
BTOPOro poma M R, ¢ TOYHOCTHIO JO WIEHOB C ¢~3,

Nepsoe mpubimieHHe B 3aKOH COXpaHEHAA MAacChl.
B mnepBoM NPHOMMMKEHHH HCNOAbSYEM CAEAylOl(Me 3HAYEHHs
KOMIIOHEHT:

—

f’u =7 '!44»

h4, =Yusr (15.8)
1

’; =3 rsYu-

C ux nomompio obpasyem cumBoAn Kpucrodpdens nepsoro
poxna:

1
[4%’ 4] = n '{44, 4

1
[4?, t] =] vy '{44, P

1 (15.9%
(741, r 74r, p) + anru, o

2

[4r2, t]=

-

[r'g’ 4} = 2 (141'- s + 7457 r) rsY“s LY

1
["253 t] =7 (%}'44, s + a.vt!“, r— ars]“, 1)' J



#n cumBonnt Kpucrodpens Broporo pona:
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44,
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44, r
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P NSRS SER S W N S

Jing KOMIMOHEHT
HHA

1
=7 (;u, ¢ Yo, e arqu, 0
T (;47, s + 14:, r) 4 rsYM. 4

1 s
=7 (°r.r;f44, i arqu‘ s asqu. 7

&

(15.10)

METPHYECKOro TEH30pa 1OJYy4YaeM Bhipaxe=

(15.11)



a ypaBHeHHS mNOMS B NEPBOM NPHGAHMNKEHHH 3AMHLIYTCH B
BHJE:

1
G =—= =0,
o4 R
| 15.12
(1;4:=—'2" 4,4:+ (Zdt,s 143,:),1—()’ ( )
G .=0.
lf.'

B KavecTBe pemwleHHs NEPBOr0 YpaBHEHHS MOXHO BHOpaTh
BhIpaXeHHe

Nk (&9 3
J«= ""?;; p_:' =¢,
rae x X X + (15.13)
r={[8—y CP+ By EF +
1
+[&— ;s (54)]: }'i'. J

O10 peileHHe COOTBETCTBYeT ciyyalo N TOYeuHHX Macc.
Bce nomoca BHCIIMX NOPSAKOB MBI H3 PacCMOTPEHHA HCKJIO-
yuan, Macca k-t Toueuyno#t maccw, cornacto (12.34), pasua:

R 1 .3
M=gp. (15.14)

B0O3MOXHO MPEXNOJMKHTb, YTO 9Ta MACCA MOXET elue 3aBH-
ceTb OT BpeMeHHOR KkoopauuaTh &4, HO BCkope OyaeT moka-
aano, yro B AeHCTBHTE/NLHOCTH Macch nocrosuin. 3N dyuk-

it y or & onpemensior mnoaowenus N TOYEUHHX Mace
P Kay AW} MOMENT BpeMmenn &,
.lloxamen: Temeph C NOMOILI0 TPex ypastenuit G,,, uTO

napaMeTpu M (a MOSTOMYy H Maccw M) mnoctosHum. Ito A0-



Ka3aTe/NbCTBO MPOBOAHTCA C MOMOWIBIO MEeTOZa, noc/enyiouiuH
3tan npHGIHKEHHS KOTOPOTO CrocoOCTBYeT HaM B BHBOAE
(knaccHyeckux) ypaBHeHu#t naBuxenud. [Ipexae Bcero noka-
WeM CAeAYIOIYIO JeMMY: eCJH BbHpaXeHHe, 3aBHCH-
yee OT HECKONbKHMX MHAEKCOB, AHTHCHMMET-
PHYHO MO OTHOIIEHHIO K NBYM H3 HHX, CKaXeM
s 1 t, To ero o6HHKHOBEHHAasA AHBEDPreHuUHs No
OLHOMY H3 9THX HHAEKCOB, CKaxeM MO £, 9KBH-
BaleHTHAa POTOpPY, KOMNOHEHTH KOTOpPOro Xxa-
PaKTEepH3YIOTCH BTOPHM (He HEMBM) AHTHCHM-
MeTPHYHBM HHXeKCOM (B HameM cayudae s), [Ipu
3TOM, Kak OOLMHO, Npexmonaraercd, 4To § H £ mpoGeraior
anauenuss or 1 mo 3. Jloka3are/bCTBO MPOBOJMTCH NyTeM He-
MOCPeACTBEHHOTO COCTABMEHHS HHTEPECYIOUIHX Hac BeAHYHH.
Mycts A, .., antucuMmeTpuyno B § M £. O6o3nauum

Aig. . a2=—Ay...o; Yepe3 By,
Apy.og==— Ap...5p uepes B, u
Ap..gt=—A...15 uepes B,.

Buipaxenus A, .., , TOTAa PaBHH CEAYIOLUM:

Al.,‘,‘_,”,,:Bm——Bz,g:(totB)l, (15.15)

aHaJIOTHYHHE COOTHOLUEHHS CNPAaBEIJMBW M I/ APYTHX ABYX
JMBE preHiHi.
BepHemcs K ypaBHEHHAM 94,. Ouu  conepxar Be/HuHHY

1
72—(1“’1—— ;fu, s), p SBIAIOULYIOCS JHBEpPreHUHEeH aHTHCHMMET-

PHYHOTO BHIpAeHHd. DTa AWBEpreHUMst SKBHBAJEHTHA POTOPY,
KOMIIOHEHTHl KOTOPOTO HyMepyloTcd uuiekcom s. [To teopeme
CToKca HHTErpal poTOpa N0 3aMKHYTOH [OBEPXHOCTH DPaBeH.
Hymo. Ilpyrumu cJoBaMu,

1 .
-,_,-95%“,,—-14,, J, o8 (s, AS=0, (15.16)



31ecb COS (S, 7) 03HAYAET KOCHHYC YT/a MEKAY KOOpPAHHATOM
£ W HOpMa/bio K sjaeMeHTY noBepxHocTH dS. Ilpumennm (15.16)
K 3aMKHYTOH NOBEPXHOCTH, OKpYxkaiomeH p-10 0COGeHHOCTb,
HO BHIOpaHHyl0 Tak, uTOOb Ha caMo#f NOBEPXHOCTH He Oulo
ocoGenrocte#t. Ha nosepxuocTH (HO He BHYTPH €e€) JOMXHHL
YIOBJAETBOPATLCS YPABHEHHS MONA, MOITOMY HUMeeM

0=¢ G, cos(s, n)dS=
$

|

1
- Efyn,(s cos (s, n)dS = (15.17)
s

I
|

Nl-—-

5 { f (grad Yu-d9))-

310 ypaBHeHHe BhipaxaeT coGoff TO yc/oBHe, 4YTO napa-
k

MEeTph 1 OCTAIOTCA MOCTOSHHBIMH, HOO HHTerpan ‘¢‘ (grad ¢ -dS).

npeacraBiser coGoii NpoCcTO ,YHCJAO CHAOBHIX JIHHHH“, HCXO-
k

IAUMX H3 o6aacTH S, M MOSTOMY MPONMOPLHOHAJNEH M. YpapHe-
Hue (15.17) cOOTBETCTBYET YC/OBHIO

LB—0, k=1...N. (15.18)

[Mocneanee, 4TO MOXHO CHENaTh B MEPBOM NPUGAHKEHUH,
9To pewuth Anddepesunanbune ypasieuns G, OTHOCHTE!b-

HO Y«is’
P)
Zw s 7243, =", 4

4=-%

(15.19)

?

~®E x>

k
rie . Temepb pacCMaTPHBAIOTCA KAK MOCTOSIHHBIE. YPaBHEeHHS

(15.6) ¥ (15.7) nOKasHLBalOT, YTO 3TH YpaBHEHHA YNOBIETBO-~



PARIOTCS BHPAKEHHAMHK:
N i k
Jo=+23 =t (15.20)
r

{Touko#t oGo3uaueno Auddpepenuuposanne no &), uro KoKa3u-
gaeTca NpocTo moxactaHoskolt B (15.19).

Ilna noayuenus ypasHeHui#t ABHXeHHS He06XoAHMO nepedTH
KO BTOPOMY TPHOGNHKEHHIO.

Bropoe npubamieHHe B ypaBHeHHs ABMMendd. Bo
BTOPOM MPHG/AMNEHHH HEOGXOAMMO HCNO/Mb30BATH CJAENyiollHe
KOHTPABapPHAHTHLIE KOMIIOHEHTH METPHYECKOro TeH3opa:

1
R4t — h, = b,
4 M 2 b
he=h,=1, (15.21)
1
S — e — 2
W= — b= — g 84,

C X NOMOL(bIO HAXONHM BHPAXEHHA JNA CHMBONOB KpHctogd-

Gens:

1
[42’4] =3 gwu

1 .
[4§'t] =3 ’2’44,1 +dre

—

[4r, 4)
[4r.¢]
[rsf]=

Ragyr  (15.22)

2
1
3 Cur— P B
1
— 2

( rtys + hst.r 3r.v,t)'




{‘k4%q+wumH4wwﬂ=

'12" Ut T g q’q’.t 2 4).4»,,,,

(1= =g+ =
‘«_]rf_,’“' = by +’§1;'q)q”t’
=l A e = by — g 00,

2
:,} _—_—_[487, ]+ g'u [4;, n]+ ;:u [4:, 4= (15.23)

1
=3 (’3'4"‘ 341; rt,4) +

T Cr— ) — 22,00+ 5 b0
} - —[r:, )4 {)l"" [rg,n] =

= % (:'rs,t arc.: .1 ,r) +
5O = =30, )

B 9TOM NMpHGAHXKEHHH KOMNOHEHTH CBEPHYTOrO TeH30pa KpPH-
BH3HH MPEACTABAIOTCS NOBOJNLHO TPOMO3AKHMH BHIPAWEHHSMH.
Ecau ypassesHss nepBoro npHGAMMEHHS YAOBJETBOPAIOTCH, TO
BO BTOPOM NMPHOHNEHHH R,, MMEET KOMIOHEHTH

ta=th},—lah —{i} -
(il

1 3 1
=—7244,IF—T¢,44+¢1:“+§¢”q’”’
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Ins noayueuus ypaBHeHHH IBHKEHHS HeOGXOXHMO HMETb BH-
pameHHs Aas G,s:

1
(2; =73 [ rty st+ hst; = rs, tt+ gu, rs—
- Z!{, rs + ar.v (gmm, nn g’u, 7

- Zmn, ma ] rsq) 4 o (q)r, sS4

1
- »d.)s, r4) + 6rs(!')l, “-— g d.), r"‘?‘ s

; 3 1 . (15.25)
3 q)‘l), rs+ 16 8rs"!)'. t"!), t— ‘.:{rt, .ct+
1
'+ ;r:, re er, e ars;{mn, mn] Y ("Pr. [T
14
7 3, r4) + rs(‘pt, 7 rsq), 4

1 1 3
- §q)’rq), s Tq)q), rt+1—56rsq’, A, .-

Hekotopnle uneHsl STHX BbIPOKEHHH MOryT OHTb npex-
CTaBJEHH KAK JHBEPTreHUMH aHTHCHMMETPHYHbLIX BejnuuH. Ilo-
9TOMY I KBaZpaTHOH CKOOKH HMeeM:

Yrty ot + Yst, re " drsytt ™ arstu, mn =
3 3 3 3

(15.26)
= qr.', s Irs. d, t+ (artl\gsn,  — 8rs'£tn, st

U Kpome€ TOro,
1 15 1 o
2 ('Ps, rd + D) orsq)t, H=—739 (ors"!)t, 47 art"{’s, e (15.27)

C 9TOr0 MOMEHTa J0Ka3aTeNb(TBO HPOBOAMTCA TaK e,
KaK H JI0KA3aTeJbCTBO 3aKOHA COXpaHeHMs macch, MHrerpanu
ot G,;coS(s,n) MO 3aMKHYTOH MOBEPXHOCTH S, Ha KOTOPOH

2



HeT ocobenHocTed, JMOMKHH papuATbcd Hymo. C npyro#
CTOPOHH, HHTErpain OT BHpaXeHHH, SKBHBAJEHTHHIX POTOpY,
HE3aBHCUMO 06GpaulaloTca B Hyab, [l03TOMYy AOMKHH CaMH 1o
cebe o6paiiatbcsl B HY/Jb H HHTErpajshl OT OCTa/lbHbX WIEHOB.
dTH ocTaBWIHECH YJAEGHH COCTOSAT TOAbBKO H3
BeNHYHH, HallJeHHHX B mepBOM NpUOGAHKEHHUMU.
Ecau cymecTrByer BTOpOoe npubiauxeHue, TO
PaBEHCTBO HYAI0 HHTErpana oOT OCTaBUWIHUXCH
YNleHOB ABAAETCA TEM HHTETPAJbHKM YCNOBHEM,
KOTOPOMY AONXKHH YNOBNETBOPHATb BEJIHUYHHK
nepBoro npubanxkennda Creayloue TpPH uHTerpana
BOMKRH 00pauiaTtecs B HYJb:

¢ {';— (6”'(‘!)[, " q)r, 6‘4) —% af.s‘q)’ 4 -;_- q’,rq’,g—
S (15.28)

1 3
— g Yhret 52 cos (s, maS=0.

Eciu Buytpu mnosepxHocTH S HeT ocoGeHHOCTe#f, YCa0BUst
(15.28) ynoBneTBOPSAIOTCA TOXIAECTBEHHO, TaK KaK B STOM
ciayyae, noib3ydch teopemoft ['aycca, moBepXHOCTHHH MHTerpan
MOXHO npeo6pa3oBaTh B OOGbeMHHH, NOAMHTErpalbHOE BhIpa-
MeHHe KOTOPOrO  TOXAECTBEHHO paBHO Hymo. O6o3nauan
NONHHTErpajibHOe BHPAXEHHE NOBEPXHOCTHOrO HHTErpana uepes
K,,, nonyium

f K, cos (s, n) dS E? G, cos(s,n)dS =
K 2

= Sg;,,,,det dede, (15.29)

TlokaxeM ¢ nOMOLbI0 TOXASCTB DbfIHKH, YTO MOAMHTErpaib-
Hoe Bupaxenue G,, , paBio wymo. OGo3nauuM ewe BHpa-
2

wenns GP  uepes B, Pasnaras B, B cTemessbie psau fo



¢—2, ana B, nonyuum
1
?r'_—"_— g;rs,s+ ?ﬂ, 4+ ")’m (‘;rm,n—

{r4} (;’44"’("{'{‘ } ?fmx—‘_ {mn} ?rs {44}?n'
1 1 0

Tak kak yxe npeanonaraercss, 4TO YpPaBHEHHS NEPBOrO NpPH-
6anxkenuss Gy, Gy, G,, ynosnetsopalorcs B o6nactd V, to
o 11

ofpauaercs B HYb,

HaxoiuM, uto nepsuft ured, — G, .,
2

ADKE €CNH YPaBHEHHT BTOPOTO H BHICIUWX NPHOAHNEHHH He
yAOBNETBOPAIOTCA.

Yeavsus (15.28) cyuwiecTBenHH, TOMLKO €CAW BHYTPH MO-
BEPXHOCTH S HMEIOTCA 0COGHEe TOuKM., 3HaYeHHe HHTErpajoB
(15.28) 3aBucuT OT ocoGenHocTel, HaxOAAUMXCA BHYTPH S,
HO He 3aBUCHT OT ¢GopMH W pa3MepoB STOH NOBEPXHOCTH.
BuGepem S B Bume Manofi chepu pamuyca R, LEHTPOM Ko-
TOpoii fIBAETCH P-OCOOGEHHOCTD.

BuuncauM  nanee  sBHo Tpu uuTerpana (15.28). [aa

p
BLIpaXKeHHA 7;—(8’ — ), ABASIOWIMXCSE KOCHHYCaMH yrios (s, n),.

BBEJEM COKpauleHHWe 0G6o3Hauenus 1,. [IpoM3BOAHHMH OT
7, no & un & Gyayr:

1
n.nr::'k?(a;r_ﬂ;n()o
(15.31)

1 P
ns'4=ﬁ(7‘:nr-a:r)y"

Buuucaense  ynpoulaetcs, €CaH NOMMHTErpalbHME BHpa-
WeHHst ypasueHn# (15.28) pasnoxuts B crenenHwe pamu mo R-
TlostoMy ynoGuo BMecTo Tpex koopauHar & BBecTH pamnyc R
H HanpasJsiOuHe KOCHHYCH 1),, YAOB/ETBOPSIOILHE COOTHOLICHHIO

N, =1. (15.32)
Tlocko/bKy 3HAYeHHA HHTErpaJoB He 3aBHCAT OT (OPMH M
pa3MepOB MNOBEPXHOCTH S, OHM HE 3aBHCAT TaKke W ot R.
Bcan noauurerpaibuuie Bupaxenus K., pasnomuth B cTeneH-



HHE P MO R (CTemeHHMe psln, COAEPNALIHE M TONONH-
TelbHhE H OTPHLATE/NbHHE CTenewH), To OYAYT OTAHYHW OT
HyNs TOABKO WHTErpalnl OT uJeHoB, comepwamux R—2. 3to
o6bsICHSIETCS TEM, 4YTO ,M/0WaAbL“ NOBEPXHOCTH S npomnop-
uHoHanbHa R2, M TOMBKO WIEHH MONMHTErpPaibHOTO BHpPANe-
HHf, TIPONOPUHOHANbHHE R~ 2, MOryT cienaTh HHTErpanu, He
aapucamaMd o1 R. [I03TOMy Heo6XonuMuhe BHYHCIAEHHS
MOHO COKDATHTb, pa3jaras NOAMHTErpaJbHhEe BHPAKEHHS
K, 8 pzsulu M OTGPACHIBasi BCE WieHn!, KOTOPHE HE YMHOMXAIOTCA
Ha R—2,

P
Hanee, eciu 6w . obpamiasuchb B HYJb, T. €. €M OH
p-1 OCODEHHOCTb He CYWeCTBOBana, Huterpann (15.28) pas-
HAMHCh OW HYJIO TOWMAECTBEHHO. B cuay 3Toro, Bce wieHb, e

p

3aBUCSLME OT &, B 3HAUEHHE HHTErpajiOoB HHUYEr0 He BHOCHT,
¥, Cel0BaTe/lbHO, MMH MOXHO rnpeHeGpeub. Pasnowum ¢ u
KOKAYI0 Ha JBE 4HacTH:

P N’ k
b=1t+4 £=—;', =3, +
k=1r
. Nj ok (15.33)
(ps:zs_i_)\; ‘s=—ys-RP-, )‘-f:kzllys—_% 'J
= r

r
Tae cymMa 2 pacnpocTpansieTcs Ha Bce 3Havenus k, Kpo-
Me k=p.
B K,, BXONAT KaK Auuedtnnie oTnocuTenbto $ u § unens,
TaK W KBalpaTHynue. B JuHellHBIX uYleHaX HYXHO paccmar-
puBaTh TOJLKO BLIPAKEHHMH, 3aBHCAlHe OT t M t.. Mmeem:

. p
2
y,a=—Y r‘,%z+ y/eHbl, 3aBHcHMe oT R—3,
;P
"
o =—Y @t (15.34)
p

P
[
Lu=—) Tuﬁ_‘l‘“"



JluneftiHHe WieHb, WHTErpaJ KOTOPHX HE DaBeH HY/IO, YMHO-
WeHHHe Ha

cos (s, n) =1,
PaBHH

1 ..
7 @)

[Tocne uHTerpupoBaHus 1O S OHH RAIOT

Q"&: L)

PP
2npy'=L. (15.35)

OGparuMmcst Temepb K KBaApaTHYHHM 4Y/IEHAM. L W L YMHO-
waloTcd Ha R—1, HX nepsne NPOH3BOAHHE MO NPOCTPAHCT-
BEHHHIM KOOpAMHaTaM —Ha R—2, u HX BTOpHE NpPOH3BOA-
tne —Ha R—3, Ouyesuauo, HTO BCE 4NEHH, KBaApaTHYHHE

OTHOCHTE/IbHO ;f, YMHOXAIOTC Ha R—*% W 103TOMy HHuero
He BHOCAT B wuuTerpant. Takum o6pasov, Heo6GXoAHUMO pac-
CMaTpuBaTh TO/MbKO 4/aeHb, Ou/uHeHHHE OTHOCHTE/IbHO BhIpa-
weHn#t t U ). KpoMe Bhipaxeuu#f 1, HaM euie MORHAXOGATCH

4, H 1, KOTOpDHE HMEIOT BHA:

P
_— |
!,r—+—[?2_ Tr»
P
__ Bk
Lrs = e (ars —3 nrns) .

(15.36)

STy (-BHIPAKEHHS] YMHOMAIOTCS HAa L H €€ [POH3BOJHME.
Camo ) YMHOKQeTC Ha BTOpHE MPOU3BOAHHE ¢, T. €. Ha
BHpaxeHus, npornopusoxasbiee R—3. Tlostomy ans BHumc/e-
HUA MHTErpana CYIIECTBEHHW TO/bKO T€ WIEHH B CTEMEHHOM
Pas/NOKEeHHH ), KOTOPHE [PONOPLUHOHANbLHM Rt o teM xe
NpUYMHAM IAd BHuHCAeHns HuTerpanos (15.28) OymyT cyiue-
CTBEHHB TO/MbKO T€ WIEHH NEepPBHX MPOU3BOAHHX OT ), KOTO-
pHX YMHOXKalOTCA Ha RC, 3TH u/eHH SABJSIOTCA MEPBHMH
NPOH3BOAHHMH OT HHTEPEeCyIOUHX Hac WIEHOB B Pas/IOKEHHH
camoro \. HakoHel, BO BTOPHX TNPOM3BOAHHX HAaC HHTEPeECo-
BaiM Ob uleHH, nponopuHoHaibhbie R—1, HO OHM paBHu
HYJI0, TaK KaKk L peryiaspHia BHYTpH S.



IOns  nonyyeHuss CTEMEHHWX PsaOB A48 ), Pa3/I0KHM
k &

criepsa BHpAaWEHHs r. 3anuileM r B BHAe
k k
r=[(E— ) (& — y)Jia=
PR pk
=(y'+Rn) ('R 7)) j (15.37)

pk P ®
y=y—y.
OG6o3HauuM ,KOOPAMHATHHE PACCTOAHHR® Mexay p-H u k-
P k 14 k
ToueunmMu Maccamu  [(yf — y') (' — )]+ uepes r,,,; Torza
k
AAf r 1I0Jy4HM CTeneHHoe paanomeuue:

k

— J""lt R ]'/2_
r_rp’k[l +2 (rp,pf +(’p.k)’ -

(15.38)

t
P’*[l + y n)aR + ]
a pasnoxenue &Id ) nplmer BHA,
p.k

—_— yiny
! Z r,,/.( ENR . ) . (15.39)
Tonbko BTOPOA wieH STOTO Pa3noweHHd
N k
— ' p PA
"+.2=:1 Fop Y LR+ (15.40)
cywiecteH aaa uuterpanos (15.28). Ero npoussoaxsie pasums
_ ' o,k
WS Z——(r,,..)’ Yt (15.41)

Henunenuuuu wieHaMH B Hurerpanax (15.28) Ttoraa Gyayr
3
8 (‘rl,:+‘u)‘,r) 4 ,rs+ 3 z,tl,tENrs' (15-42)



Moncrasasa supaxenus (15.36) u (15.41) B ypasuenne (15.42),

noayuum i N,

N Pk k k
l P, r,
E (,: :)8 R [— s (rlr."s'{- 7‘3)”) +

F (gt )| (15.43)

a ans npoussenenmi N,, na cos (s,n):

, ” 1Pk
rsnr 2 (rpe)® R’[ + 7 'y Tir

310 BHpaKeHde HYIKHO NPOHHTErpHPOBATH IO HOBEPXHOCTH S.
Jlag 3TOrO paccMOTPHM HHTErpan
Pk

Pn, v 1,dS.

. (15.44)

H)’)I(HO OTACALHO BLIYHC/MTL ABA HHTErpasa:

P,k
f Y (1,)2dS (ve cymmmuposats no rl)  (15.45)

Pk
g 0y ndS tser. (15.46)

Cdepy S moxno pasaenuts Ha ase moaycdepuw, Ha omHOH u3
KOTOPHX 7, MNOIOXHTENbHO, & HAa APYroH — OTpHuUaTeNbHo,
7, B CBOIO ouepenb GyJeT NOMOKHTE]bHO HA OAHOR MONOBHHE
KawnoR nmoaycgep W orpuuatenbHo — Ha aApyroft. Uurterpan
(15.46) o6pamiaeTcs B HYAb, TaK KaKk HHTerpand no cooTt-
BeTCTBYIOIUMM 4eTsepTsM cdep B3anMuo yuuuroxaiores. Jas
BHUHC/eHHs HHTerpana (15.45) BBeZeM noaspHhie KOOPAHHATHI
¢ moniocamMH B AByX Toukax ve=—1. Torma noayuum:

j.v'm'ds—mrg - sin0 . Ricos bah = £ R 5



Hakosen, HaxomuM, 4YTO HHTerpan oT Bulpawends (15.44)
paseH

N Pk
T ppy
frnas=5 RiEG=0. w54

Hawe ycnoBue 3aknioyaercs B TOM, 4TO cyMMa M3 L. Bhpa-
wenus (13.35) n Q, momkHa paBHﬁTbca HYJIO:

Ppr
dpy+ 2 T k)sy'—~0. (15.48)

4 k

Jens 310 ypaBHEHME Ha | H MOACTaBIAfA BMECTO J. €ro 3Ha-
yenue U3 ypasuenust (15.14), noayuuM Kaaccuyeckhe ypasne-
HHA JBHKEHHA

. N

14 ’ x M P:

f$—

V= Z oY (15.49)

(rp k.

Meton D#nmtefina, HMudenbaa u I'obmana npumeHHM Tak-
e U NPH HAJIHYHH ONHOBPEMEHHO TPABHTALHOHHOTO H 9NekK-
TpoMaruuTHoro moieé. W B 3TOM cayuae BO BTOPOM npHOAU-
WEHHH yDaBHEHHS MO/AS HMEIOT pellieHHs TOAbKO TOrAa, KOTAa
nepsoe NpHO/HNEHHE YROBIETBOPSET HEKOTODHIM HHTEerpasb-
HHM YCJAOBHAM. ITH YC/IOBHS SKBHBANeHTHH ypasxeuuio (15.48),
¢ n06aBOYHHM YIEHOM, COOTBETCTBYIOLIHM KY/OHOBY mnOJIO.

3axmoyenne. OueHb BaKHO BHIFACHHTb, MOYEMY B OIHOH
TEOpHH 10/ (TEOPUH FPaBHTALHH) YPAaBHEHHA ABHXKEHUS Moay-
YalOTCA M3 ypaBHeHMH mo/isf, B TO BpeMs Kak B HpYyrot Tteo-
pun (Teopur MakcBemnna) 9Toro He mnpoucxomuT. OcHoBuas
NPHYUHA COCTOHT B TOM, YTO YPaBHEHUS TPaBHTALMOHHOTO
no/is YHOB/AETBOPAIOT YeTHPEM TOWAECTBAM, TOrXAa KaK ypas-
HeHust MakcBesila TOMBKO OZHOMY. 3HAaueHHe STHUX TOKEECTB
JANA ypaBHeHuH JBIXeHHS OblIO TNOKa3aHO kak BeiineM npu
HCCMeAOBaHHH TOYHHIX pelueHu#t ¢ ocesod cummeTpHeH, Tak u
Dfinmrefinom, Mudensaom u 'opManom B HX npHOAMKEHHOM
METOoxaE.



Bnaromaps STuM TOWAECTBAM YpPaBHECHHS moas oboiek
TEOPHH OTHOCHTE/NbHOCTH SBJAIOTCH OHHOBPEMEHHO KaK O
»[I€PEONPENENCHHHMH H ,HENOONpese/eHHNMH®. Y paBHeHHs
nonsl JHHeHHW OTHOCHTE/NbHO BTOPHX MPOH3BOAHHX. OmHako
pa3peliiTs HX OTHOCHTEJNbHO BTOPOH TNPOH3BOAHOH TaxoR
KOOpAHMHATH, Kak &%, HEBO3MOXKHO, TaK KaK 4YeTHpe M3 Ie-
caTH ypapHenu#t nons, G,, v Gy, comepxaT TOILKO MepBhie
npoussonusie no &t [T03TOMY HEBO3MOXKHO MPOH3BOILHO 3a4aTh
BCe MepeMeHHble NoAf W HX MepBHe MPOH3BOAHHE mo &4 Ha
HeKOTOpo# runepnosepxHocTH &4 =—const; Ha 9ToH runep-
MOBEPXHOCTH 9TH BEJHYHHH HOMKHH YHOBJAETBOPATH YETHpEM
ycnosusam. B sTOM cMHIC/Ie ypaBHEHHSI NEpPEONpPeNEsIEHH.

Ho B TO Xe BpeMs, ecid 3amaThb nepeMeHHHe H HX MEpBHe
npoussoause no &£ sa runepnosepxsocTH §¢==const B co-
raacuu ¢ vYeTHpbMs ypasHenuamu G, H G,,, TO OCTaHyTCH
TO/IbKO LIECTh ypaBHeHHH, ONpeleNsiOlIMX MOBEAEHHE NECATH
nepeMeHHbX B HanpaBieHHH &% BTOpne NPOH3BOAHpE NO
§4 OT ueTHpex MepeMeHHHX OCTAIOTCH MPOU3BO/MLHLIMH. B sTOM
CMbice ypaBHeHus Hegoonpegenenn. OnHako MOXHO NOKa3aThb,
410 6/1arofaps YeTHpeM CBEPHYTHM TOwAeCTBaM Bbsinku yeTsipe
ypastenus G,, u G, NpoRoMKAOT YAOBIETBOPATBCA M BHe
BuIGPaHHOH rHOEPIIOBEPXHOCTH B TOM C/lyvae, €C/H OHM YNOB-
JIeTBOPSIOTCA HA STOH CUNEPNOBepPXHOCTH H eC/H IIeCTb ypas-
vennit G, yAOBJETBOPAIOTCH BO BCeM MPOCTPAHCTBE.

Ecau e Ha BuOpanuo#t runepnoBepxHocTH &% — const
MMEIOTCA W30/IMpPOBaHHHE OGNACTH, B KOTOPHX YpPaBHEHHS He
yAOBAETBOPHAIOTCA, TO 3TH 06/1aCTH MOXHO OKPYXHTb (IpPOCT-
PAHCTBEHHLIMH) fIOBEPXHOCTAMH, TaK YTO TOXHECTBA 3AMEHITCA
yC/N0BHAMH OOpalleHHs B HY/Ib YeTblpeX HHTErpPajoB MO STHM
nosepxHocTaM. ONHO TOXAECTBO, KOTOPOMY YHOBJETBOPSIOT
ypaBHenuss MakcBessia, JnaeT I/ H30/JMPOBAHHHX o06JacTei
TOJNbKO OIHO  YCJIOBHE — YCJIOBHE COXpaHeHHs 3apsaa (cM.
rnasy Xll). OmHako B 3TOM ciayyae KO/NMYECTBO TOWAECTB
HEZOCTATOYHO AMA FONYYEHHS YPaBHEHHH JBIKEHHS,

YpaBHeHHS TPaBUTALHOHHOTO MO/ OTAHYAIOTCA OT ypaBHe-
HHH 3/eKTPOMAarHHTHOrO noasd MakcBe/sa M B JPYroM OTHO-
HIeHHH: OHH HelaHefiHH. B cuay srtoro suHeHnas xomGuHauus
HECKO/IbKHX PeLleHnH He AB/ACTCA pewienueM ypasnenni, Ecau 6u



pellesusi 10JY4aNHCh KaK JuHefHne KOMOMHAUMH, STO O3Ha-
yaJio Obl OTCYTCTBHE B3aMMOAEHCTBHA TOUEYHBIX Macc Apyr
¢ xzpyrom. [Ipu6amkensnit meton OSinwreltna, Hndenvaa u
Tojmana nokasbBaeT, 4TO JAa¥E KAacCHYECKOE B3aHMOAEHCTBHE
TOYeyHBIX Macc 06YCJIOBNEHO HeHHEHHLIMU YI€HaMH B YPaBHEHHSIX
oA,

OTcioxa SIBCTBYET, YTO U3 TEOPHH MO/A 3aKOHB ABHIKEHHS
SHTEKAIOT TOAbKO B TOM C/lyuae, KOrAa YpaBHEHMs MO/ He-
JIMHeHHB M YJOBJETBOPAIOT, N0 KpaHHeR Mepe, YETHPEM TOX-
nectBaM. B ofuwe# TeopHH OTHOCHTEJBHOCTH HENHHEHHOCTH
ypaBHewu# mnons o6ycnoBileHa MX KOBAPHAHTHOCTBIO OTHO-
CHTeJbHO 06u1MX npeoOpa3oBanuil koopaunar. BsaumoseficTsue
TOYEHHBX MAcC SIBASETCH, TakuM o6pasoM, euie OAHHM apry-
MEHTOM B MOJb3Y npuHiMna obuiedl KOBapHAHTHOCTH.

[pewne yem 3axkonunTb obGCyxmeHHe oOureli TEOpUH OTHO-
CHTEJILHOCTH, OTMETHM elle HEeKOTOpHe BO3iHKaloUiHe 3AecCh
aipobnembl. O6LLaST TEOPHA OTHOCHTENbHOCTH HaeT HaM JIOTH-
yeckd CTpOHHyl0 Teopuio rpasurauun. OOHako aneKTpoMar-
HUTHOE 110JI€ OCTAeTCH JIOTHYECKH HE3aBHUCHMHM OT rpaBHTa-
1140HHOTO; OOWeH TEOPHH OTHOCHTENBHOCTH HE YAanoch 0Gbe-
JMHHTb 3TH NiBa THNa noJel B exnnoe uenoe. bua npeanpuuar
pAd MOMNBITOK CO34aTh ,EQHHYIO“ TEOPHIO MOoJs, B KOTOpO#f n
SNEKTPOMarHHTHOE W TPaBHTAUHOHHOE TMOAS ABAAIHCL OH CO-
CTaBHBIMH 4acTAMH TeOMETPHYECKOH CTPYKTYPH NpOCTPaHCTBa.
Hekotopbie 43 3THX nonwToK OYAYT paccMOTpeHn B TpeTbeit
NacTH KHHTH.

Hanee, o6was TeopHs OTHOCHTE/NBLHOCTH HE Aae€T HAM YAOB-
NeTBOPUTENbHON Teopud CTpoenns MartepuH. CyuuecTByiougse
B TPHPOJe 3IJieMEeHTapHhHe 4YacTuun 06/1aAaioT onpeneseHHHIMH
XapaKTEPHCTHYECKHMH MaccamM, 3apifiaMH H T. A. Onnako Teo-
pusi OTHOCHTEJbHOCTH, B KOTOPOH YacTHLH MPEACTaBASIOT c0Goi
.0COOCHHOCTH NOA%, HE MOXET OGBACHHTbL STOr0 0GCTOATE/LCTBA.

KBaHTOBHE fIB/IGHHS UEJIHKOM HaxOAATCs BHe cdepw pac-
CMOTpeHHs 0o6lLefi TeOPHH OTHOCHTeNbHOCTH. BoanoBas Mexa-
HHKA SIBASETCH HEPe/NATHBHCTCKOH, TaK KaKk OHa He MOXer
o6GofiTHch Ge3 mnpeicTasB/ieHHs O JeACTBHH Ha PacCTOAHUM,
IlepBonayanbuan Teopus snexkTpoHa [lHpaka OnHCLIBAET JIOPEHTIL-
KOBAPHaHTHHM 0Opa3oM JeHcTBHE 9MCKTPOMAarHWTHOrO MOAA Ha



OIIMH SJAEKTPOH; OIHAKO, IOCKOJIbKY CaMO MoJie HEeKBaHTOBAHO,
9Ta TEOPHS He Onpene/seT HamIekalHuM 06pa3oM HOJS CaMOro
3/IEKTPOHA, MO3TOMY B Helt He MOTYT pacCMaTpHBaThCs NPO-
61eMH, KacalouHecss B3aHMOAEHCTBUS HECKOJbKHX 3apKeHHHIX
YacTHIL.

MMonuTKM MOMy4YEeHHS PEeAATHBUCTCKOR KBaHTOBOA TeOpHH
KBAaHTOBaHMEM CaMOTO 9JIEKTPOMardUTHOTO TONA  OKa3amuch
BecbMa ycnemnnMd, OnHako Bce ,KBaHTOBHE TEOPHH moad“
HEYIOBNETBOPUTEALHE C MaTeMAaTHYECKOH TOUKM 3DEHHS B TOM
OTHOLLIEHHH, YTO HX pellleHHd Bceraa pacxoasarcs. Takum 06-
pa3oM, B HacTosillee BPeMS He CYIIECTBYeT YAOBJETBOPHTE/]b-
HOH KBAaHTOBOH TEOpHH, JIOPEHTL-KOBADHAHTHOR HJAH KOBapH-
aHTHOM OTHOCHTENbHO OOuMX NpeoGpa3oBaHu# KOOPAHHAT.

M Teopus OTHOCHTENBHOCTH H KBaHTOBAas TEOPH: ABASIOTCS
OTPOMHBLIMH JIOCTHXEHHSMH COBpeMeHHOH (DH3HKH NO cpaBHe-
HHIO ¢ ¢uauko#f AeBaTHamuatoro croietHs. Ogwako STH HO-
CTHKEHHH MOCTABM/IM HAC JIMIOM K JMIy C HOBHIMH, B HacTOf-
Liee BpeMsl elle He pelleHHHMH npoGieMamd. HeBo3aMoXHO
npeiackasath, kak OGYRyT NpeoioseHn BO3HHKIIHE TPYXHOCTH,
HECOMHEHHO, OZHAKO, 4TO OyAyL[He TEeOPHH BKJIOYAaT TO Jyu-
11€e, YTO MMEETCH B KBAaHTOBOH TEOPHH U B TEOPHH OTHOCH-
TeJbHOCTH.

3adaua

Tonyunth ypaBHeHHS NBHIKEHHS 9/MEKTPHYECKH 3apMKEeHHHX
Toyeunnx Macc (3axon Kynowa),
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Taasa XVI

TPAIUEHTHO-UHBAPUAHTHAS TEOMETPUA
BEAIA

x

B o6uie#t TeopHH OTHOCHTENLHOCTH TrPaBUTAIHOHHOE MOJE
o0pasyeT OCHOBY reOMEeTPHYEeCKOH CTPYKTYPH METPHYECKOTO
NPOCTPAHCTBA, B TO BpeMf KaK 9JeKTPOMArHHTHOE MoJe He
HMEEeT HHKAKOrO OTHOWEHHS K reOMETPHH NPOCTPaHCTBA. BHJo
CIle/1aHO0 MHOTO MONKTOK NOCTPOHTbL HOBYIO TEOPHIO IDABHTALHH
M 3/EKTPOMArHEeTH3Ma Ha OCHOBE H3MEHEHHOH reoMeTpHH, B KO-
TOpPOR HapAAy C METPHYECKHM TEH30POM HYXKHO OHJIO G BBe-
CTH W ApYTrHe reoMeTpHueckHe BeauudHH. OnHol 3 HauGoaee
YIAAYHHX TEOMETPHH TaKOTO THIA HECOMHEHHO HBJAETCH rpajiu-
eHTHO-MHBapHauTHas reomerpus I, Beftas. 1) HecmoTps Ha xpa-
COTY r€OMETPHYECKHX KOHLENUHiH, YAOBIETBOPHTEIbLHOH TEOpHH
C ee MOMOWBIO CO3AaTh, OJHAKO, HE YIajoCh.

B artoft rnase Mm paccMorpuM reomeTpuio Be#as M coor-
BeTCTBYIOLIHe el Teopuu nonss, PopManusM, KOTOPHM Mbl GyneM
fo/1b30BaThCs, OTJAHYaeTCd OT Bel/leBCKOro, HO OH €MY SKBH-
BaleHTeH B OTHOUIEHHH OOpa30BaHHA KOBAPHAHTHHX BEJHMYHH,
Bce koBapHauTHHE mocTpoenus BeHneBckoro opManuaMa coot-
BETCTBYIOT pacCMaTPHBAaEMhbIM 3X€Ch KOBAPHAHTHHM MOCTPOEHHSM,
n Hao6opoT. OxHako B HaweM ¢opMaiu3Me HET OAHOH HeHH-
BapHaHTHOM - OCOGEHHOCTH BeHneBcKoro ¢opmanu3Ma — rpaiu-
€HTHOFO MapaMeTpa H COOTBETCTBYIOIIHX €MY TFPalHeHTHHX
npeo6pa3oBaHHii.

TeomeTpnsa. B MeTpHueckoM NpoCcTPaHCTBE NPOCTPAHCTBEHHO-
BpeMeHHOH HHTepBal MeXny ABYMS OECKOHEYHO ONM3KHMH MH-
pPOBHIMH TOYKaMH dT uHBapHanTeH. KawmoH MHpOBOH TOuKe
COOTBETCTBYET MHBAPDHAHTHHH ,KOHYC“, ,CBETOBOH KOHYyC“,
B HanpaBieHHH KOTOporo dt pasHo Hymo. Mnpes Beltns 3a-
K/MIOYaeTcs B TaKOM BHIOM3MEHEHHH TEOMETPHH, YTOOH MNpH

1) H. Wey], Sitzungsber. d. Preuss. Akad. d. Wiss,, c1p. 465
(1918); Ann. d.”Physik, 59, 101 (1919).



3TOM COXpaHsnach Gh MHBAPHAHTHOCTb CBETOBOrO KOHYCa, HO
B TO e BpeMsi dt Tepaa OHW CBOH HHBapHaHTHHH XxapakTtep.
Bonpoc o ToM, COOTBETCTBYET Jd ITO OMNHTY, OCTaeTCHA OT-
KpuiThiM. Tpynso comueBaThcs B TOM, YTO BO3MOXHHE Hanpas-
JIEHHS CBETOBHIX Jyuell SBASIOTCH HHBAPHAHTHHIMH CBOKCTBaMH
¢usuyeckoro npocrpakctsa. Ho cyuiecTBYIOT Takxe ,aTOMHHE
4acH“, KOTOpHE SBIAIOTCA YHHBEPCaibHHM CTaHIapTOM M/
eIMHHL, cOOCTBEHHOro BpemeHH. KoHeuHO, BO3MOXHO, 4TO 4acTOTa
CTAaHAAPTHHX CHNEKTPAaNbHLIX JHHHA B HEHCTBUTENBHOCTH He-
CKOJIbKO MeHgeTcd, TaK 4YTO, CTPOro roBOps, HE CYLLEeCTBYeT
TOYHHX 3ITANOHOB I/ H3MepeHHHR coGcTBeHHOTO Bpemedd. Tem
HE MeHee, Mhl MNOMLITaeMCsl MOCTPOHTb TEOMETPHIO, YIOBJETBO-
PAIOLIYIO OCHOBHBEIM MOJIOXeHHsM Beiing.

HyneBne Hanpasiedus MOJHOCTbIO ONpPEAE/AIGTCH OTHOLlE-
HUSIMH Pa3/H4HBIX KOMIIOHEHT MeTpHYyeckoro tensopa. [lostomy
Betinp BBen, Hapsfay ¢ npeo6pa3soBasHAMH KOODAHMHAT, ,TPamH-
eHTHhIe TIPeo6pa30BaHHA“, NPH KOTOPHX KOMIIOHEHTH METpPH-
4YeCKOT0 TEH30pa YMHOXKAIOTCA Ha NPOHM3BOMBHYIO (DYHKUHIO
Koopanuat. [Ipu 3tom /AuneHHuH# 3sneMeHT dT yMHOXaeTcd Ha
TOT e MHOWHTENIb H, CJeN0BaTeAbHO, HE SBIASKETCHA ,TPaLHEHT-
HHM HHBapHaHTOM“. BO3MOXHO NOCTPOHMTH TEOMETPHIO, HMBAPH-
aHTHYI0 U OTHOCHTE/bHO TPaAHEHTHHX MpeobpasoBaHHl H OT-
HOCHUTE/NbHO Mpeo6pa3oBaHUi KOOPAHHAT.

BMecTo rpagMeHTHHX npeoGpa3oBaHMil BBedeM ,YCJOBHS
HODMHDOBKH* MpPOH3BO/bHOTO MHOXHTENS JHHEHHOro 3sneMeHTa
i noTpebyem, 4TOOH AECTEPMHHAHT g,, PaBHAncH —1:

lg,, |=—1. (16.1)

Ecnu 6u xapakrep npeoGpasoBakus g,, O/ COXPaHeH, 3T0
yC/AOBHE HOPMHPOBKH He Onlo OW  HHBapHaHTWHM. [loaTomy
fpeanoAoKuM B 3TOH r/aBe, 4TO g£,, MPeoGPa3yIOTCHA KaK KOM-
fIOHEHTH TEH3OPHOR IVIOTHOCTH C BecoM—I/,;

. __|OfFafliz o0& O%
0=\ | 7 bt B (16.2)

Jlusefunft anemendt dt,
dt? = gl“dgeh dsv,



TaKUM OGPa30M, YK€ He SBAfEeTCH WHBapHanTHHM. Jletepmu-
HaHT MOXeT OWTb MpEeACTaBJeH B BUAE MPOU3BEAEHHUA MeTpH-
YeCKHX TEeH30pOB M TeH30pHHX miaoTHocTelt Jleu-usura:

'gwl=aum¢a¢n.8axaaﬁaﬂ-.g ™ *asge " Bay3, * Baas, (16.3)
Kaxnas tensopnas naotHoctb Jlesu-UuBuTa HMmeeT wec |1,
N0STOMY JeTePMHHAHT AIBJSETCH CKansipoM, a ypasHedue (16.1)
npelCTaBnfeT HHBapDHAHTHOE yciaoBue. B cuny ycnosus HOpMH-
poskd (16.1) meTpuyeckas TEH30pHafd NJIOTHOCTb, HMelOLLAst
BeC !f,, HMEET TONbKO JEBATb anreGpaHYecKH HE3aBHCHMLIX
K OMIIOHEHNT.

poussoanbie B rpafvenTHO-AHBAPHAHTHOA reOMETpPHH.
Uro6u nony4uTh ypaBHeHHS NOJAs B reomeTpun Befina, namo
onATh BBECTH adPHHAHYIO CBA3HOCTDb M KPHBH3HY., Tak kak B aTOH
FEOMETPHH TEH3OPHHIE HJIOTHOCTH C BECOM HIPAlOT OCHOBHYIO
po/ib, TO HYXHO Ha HHX PaCHPOCTPAHHTDL MOHATHE KOBaPHAHT-
noro zauddepenunpobanus. [as STOro BBedEM COBOKYMHOCTDb
NepeMEeHHHX C OAHHM HHIEKCOM @, KOTODHE BXONAT B Ompe-
HAejleHde KOBapUaHTHOTO umpcpepeﬂuupoaauun'

Aeers =m‘."x....c +

| TN ]

+ I‘;GQ[P---'“. —ruggl‘".o. “ ng[.". e (16.4)

Bunech n — Bec TensopHoft maotHocTH At . ‘{Toﬁu [OJYYHTD
3aKos npeoGpa3oBaHus @, AOCTATOYHO DPACCMOTPETh KOBapH-
aHTHHE MPOM3BOJAHHE CKaaapHOH mnotHocTH D Beca n. DTH
npou3BoaHue 06pPa3yloT BEKTOPHYIO IUIOTHOCTb Beca 7.

_| 0% |2 o&
D*o=|om7| o D
Takum o6pasom, umeeM
ofs |n 96 ota
( 553 D) %% — 1Y, ae*a[ D=

9 |n :
= |95 ‘(D.t"”‘?-D)??*?‘

N NO3TOMY

Of= 96 - 9
n [(logl-ﬁ*—pb 'l—ﬁ—mpq] D=—ﬂ(pi7€§D. (165)



Jlorapudmuueckas nNpoOM3BOXHAH MHETEPMHHAHTA MOXET OuTh
fpeACcTaB/ena npocro, KaK

a%° 05*3 de*q o%%a oFr 258
(l°g I oe*p =& oh 9EER — — ot omog - (16:6)

Orciona nosnyyaeM, HakoOHell, 3aKOH NPeOGpPa3OBAHHA:
96 o8 0% ok da Q%%
¢ = ot%s P ot Ofx gE*gcks  ga*s (‘P- 0% oe«oez) (16.7)

B pumaHOBOH reoMeTpuH H3 YCHOBHA OOpalUEHHS B HYJb
KoBapHauTHO# npoussoxHo# Tensopa Kpouekepa & enemyer

1 1
pasectBo I' u I' (cm. ramaBy V). Onpenenns nousitwe kosapu-
antHoro nHpepeHLHPOBAHHS I/ TEH30POB C BECOM, €CTecT-
BEHHO MOCTYAHpOBaTh OOpaileHHe B Hy/b KOBAPHAHTHLX MPO-
U3BOXHHX TeH3opHoH mnnotHoctH JleBu-Uusura., 3TO ycnoBue
CBA3LIBACT BE/HYMHH ¢, ¢ KOS(HIHMenTaMu auuHol cBA3HOCTH:

69‘1"‘61‘;‘0 + a'AP‘a'Ar;’c —-l— 6‘1‘1?‘41“;5 +
Bt — st =0, (16.8)

JleBass 4acTh AHTHCHMMETPHYHA OTHOCHTEJIbHO YeThiPEX HHIEKCOB
tise oo 5 ty, YTO MONET OLITb NPOBEPEHO HeMOCPeACTBeHHo. M3
ypaBHeHu#t (16.8) TonbKO Te He ABIAIOTCH TOXIECTBAMH, B KO-
TOPHX BCE 3TH YeThpe HHAEKCa HMEIOT Ppa3/iMYHHE 3HAYEHMS,
B 3THX YpaBHEHMAX CyMMHDOBaHie 10 p B IePBOM 4eHE CBO-
JHTCA K MOACTAHOBKE p=—1;, BO BTOPOM —K p=1l,, H T. L.
CrnenoBarenbto, nepswe detnipe 4iena (16.8) pasuu

Suitatat TP
Qtitata 1rp o

n ycnoBus (16.8) cBomsTcs K ypaBHeHMSM
cp,=Tp§. (16.9)

B reomerpuu Beitns MeTpuueckas TeH3opHas IUIOTHOCTD
C BecOM !/, urpaet Ty xe pOJb, YTO MeTPUYECKHH TeH3op
B puMmaHOBOH reomerpud. I[TosTOMy npeanonoxum, 4TO €ro Ko-
BapHaHTHHE [POM3BOJHEIE paBHHW HY/O, Ecan, Kak u upexie,



€l MNPEeANoONONKHTb, YTO KOSQHUHEHTH adduHHOM CBA3HOCTH
CHMMETPHYHH B CBOMX HHXKHHX MHIAEKCAaX, MONYYHM YPaBHEHMS:

L L 1 —
gl‘-";P Egl".? _gp.vr" P gavrl'-P + -2_gl"'V(PP_ 0' (16'10)

OTH ypaBHeHH MOXHO DEIUHTb, €C/H BBECTH ,KOHTPABapHaHT-
HYIO METDHYECKYI0 TEH3OPHYIO MJOTHOCTb® ¢ BecoM—-1[,, gt

£,.8" =72 (16.11)
Peluexne ypasHeHus (16.10) TOTJa 3aMHIIETCd B BHAE
D=7 £ (&0 nt By — )+
+3 8 (8,0 £ — 8o = &) (16.12)

IOna ceepuyToit addunHOM cBA3HOCTH (;,) cHoBa monyuum ypas-
nenne (16.9). IlceBmoBekTop @, M MeTpuyeckas TeH3OpHas
MJOTHOCTb C BecoM 1f, 8, He3aBuCHMH apyr ot apyra. O6a
OHH HeoGXOZMMH I3 oGpasoaaHua Ko3dHIHeHTOB addunHOK
CBA3HOCTH.

Tensop KpuBHM3HH R,,,’ aHTHCHMMETpPHYEH B ¢ 4 %, o6nanaer
UHKJHYECKOH cuMMeTpHeH, Bupaxaemolt dopmyaoft (11.29) u
yaosnersopser toxnectsam Bbsanku (11.35), Tak Kak 9TH Tox-
IeCTBa CNpaBeJUIMBH s I060r0 TeH30pa KPUBH3HK, 06pa3oBaH-~
HOrO MnpH novowM cumMetpuunbix . Onxako on e oGnamaer
IAPYTHMH CBOHCTBAMM CHMMETPHHM TEH30Pa KDHBH3HH DPHMaHO-
Bo#t reoMerpud. CBepHYTHH TeH3op R,,!. Takwe He sABASETCH
CHMMETPHYHHM OTHOCHTENbHO HHIEKCOB % M L. IlosTomy npu
00pAa30BaHHy CBEPHYTHIX TOWAECTB BbsAuku cnenyer cobaiopatsh
HEKOTOPYIO OCTOPOMHOCTb.

CsepHeM cHAYa/la TOXAECTBA

Rnu?;k + qu‘:; ‘ _I_ R)‘u:;x =0 (16 1 3)

no aneKcaM t u v. Torna HOJI_Y‘{HM TOXIECTBA:

pu )._l_Rxl: p+Rlpa T pra 1+R1)\1.,p
—R,? =0 (16.14)



HOJ].HHMaﬂ Aajiee HHACKC G M CBEpPThiBasi MO % H O, MOJAY4YHM
Rpa?f;l -’f— Rc).?[:;p - Rp).‘.:r:;a = 0’ (16 15)

TAE BENHYHHE R ABNSIOTCH HAOTHOCTSAMH,

B puMaHOBOHM reoMeTpHH TEH30p KPHBUSHH AHTHCHMMETpH-
4YeH B MOCJENHHX ABYX HHIAeKcax, 6Jarogaps 4emy, Kak OHIO
710Ka3aHO, BTOPOH M Tpertu# unens B (16.15) craHossaTcH pas-
HuMH, B reoMerpun Befas 9TH co0GpaxeHHs HenpHMEHHMH.
B sTo#t reomerpHu aHaNOTMYHOH BENHYMHOH, CHMMETpPHUHOH
B NOCNENHUX IBYX HHIEKCAaX, ABJSETCA KOBapHaHTHas TEH30p-
Has MIOTHOCTb KPHBH3HH R, . BBenem oGosnayenus

(1,0 =8, ) = 5 (Za.a L — L)+

1
+ 7 (8o T 209 — a8, (16.16)
TRE g,,,\— MPOH3BONHHE METPHyecKoro Tewsopa. Torza
1
Bon=(*h ) + (1, %) — 5 &0 (16.17)

C nomoutplo (t%,)) KOBapHaHTHAas TEeH3QPHAHA IMIOTHOCTH KPH-
BH3HH MOXeT GHTb NpeACTaBAeHa B BHUAE

Ry = (s 1), -5 (1) @, — (b, ), —
— 5 (0 9, 87 [0%,0) (141,0) — Okt p) (v, 0)] = (16.18)

5 1
= R;xkp _l— r [gcp.cpk,z - gxp?l,; + g)‘p ((‘Pu,z - (?:,u)+
+ 8Py — EaPpya)-

B R, ¢npaBa BKMOYEHH BCE WYIEHH, OGNajalouiMe BCEMH
TeMH ke aiare6paHYecKMMH CBOHCTBAMH CHMMETPHM, 4YTO
¥ PHMAHOBCKMH TEH30D KPHUBH3HH; OCTaJIbHHE YJEHH STHMH
cBofictBaMn He o6nanaior. [locnernue o6aanaloT TOAbKO CBOH-
crBamu cummeTpuu (11.28) u (11.29). Ecau o6pasoBatb Bhipa-
weHHe Rm»‘l"Rmm paBHOE HYTI0 B DUMaHOBOH TeOMETpHH,
FOTyYuM

R =R+ 28, (9,5 — 9x,)- (16.19)



XoTs @ M He SABAAETCA BEKTOPOM, €0 AHTHCHMMETDHYHBIE
NPOH3BOLHKE

?l.x:(?l’l—cPX,I (16'20)

00pasylioT TeH30p, YTO MOXET OHTb IPOBEPEHO C MOMOILBIO
(16.7).

Bunounsmensns Bropo#i unen (16.15) c nomowsro (16.19),
NOJY4HM

R, —2R,*. 4 2gi9a;, =0, (16.21)

IT0 TOXLECTBO MOXKHO npe06paaoBa'rb TaK, 4yTo6H B Hero
BOWIIA CHMMETPHYECKad HacTh BHpaWeHH R %,

xk— 2(R”)‘. +Rph- (1622)

M (16.18) naxommm, uto R, u R’ cBA3aHH CaeayiouHM
o06pasom:

R =Ruy+ 7 i (16.23)

IMoacraBass 1o BHpawkenue B (16.21) noayunm cBepHyThe
ToXecTBA BbaHKH B BuIe

(Ru_%gxaR) + ge=0. (16.24)

3ameTuM, YTO @*° ABMMIETCA TEH30PHOH IVIOTHOCTBIO C BecoM 1,
K, CIeAOBATENBHO, @M% s, MPEACTaBAAET COO0H OGHYHY IO nu-
BEPreHuuio oT @9, T. e,

PP =g . (16.25)

duznyeckas wHTepuperauns reoMeTpun Be#as. B reo-
MmeTpuH Belid reoMeTpHueckas CTPYKTypa NPOCTPAHCTBA Xapak-
TepH3YeTCd CHMMETDHYECKOH TEH3OPHOH M/IOTHOCTBIO C BECOM
1/, 8, 4 »1icEBROBEKTOPOM" @, Kazanoch Git ecTecTBeHHHM npe-
NOJIOWKTb, 4YTO g,, NPEACTaBISeT rPaBHTALHOHHOE TOJe, a @
ABAMIOTCA KOMIIOHEHTaMH MHDOBOTO BeKTOpa MNOTEHUHAJA.
B nepsoHayaibioM ¢opManname Befing Bennuunb %, mpeoGpaso-
BLIBAJIMCh KAK BEKTOp HPH Npeo6pasoBanHuy xoopnunar, HO H3Me-
HE/Meb HA TPAfHEHT [PH FPANMEHTHOM MNpeo6pasoBaHuH, ITO



H SBISETCH MCTOPHYECKOHR npHYMHOM, nodyeMy npuGasrenue

TPaJHEHTa K S/eKTPOMATHHTHOMY MHDOBOMY BEKTOPY MOTeH-

LHaMy HOCHT Ha3BaHHE TPAaJHEHTHOrO NpeoGpasoBanus,
CocraBuM Tenepb ypaBHeHMs moas Ins & U Py

Bapraunonanit npuHuun Befias. Be#ab crpemuncsa nony-
YuTb YPaBHEHHS NOJfA, KaK ypasHeunus Jlarpawxa-d#inepa Bapua-
nuonnoro npuuuMna. [lokaxeM cremyiouiee: ecad BapHalHOH-
HHH (PHHIMI KHBaPHAHTEH OTHOCHTENbHO MpPeoOpa3oBaHHs
KOOpAHHAT, TO 3TH YpaBHEHHH BCeria y.D.OBJIETBOPﬂlOT Heob6xo-
JIMMOMY KOJIHYECTBY TOXIECTH.

PaccMOTpHM BapHAUHOHHHE NPUHLMI B BUAE:

U= Ry ypp. ) dE=0, (16.26)
v

THe MHAGKCH A, B,... cay)aT a1 HyMepaluHH NepeMeHHRIX
nmoas y. Ecau BapbHpoBaTh y, Tak, 4TOGW BapHauMH M HX
NPOUSBOAHHE BIVIOTb JO HYXHOTO NODSAKA HMCYe3ald HA rpa-
suue obnactH V, To BapHauus uuterpana (16.26) npumer Bug

a/=§ 3 RA2y i, (16.27)

H ypaBHEeHHS
Ra=0 (16.28)

GyayT ypaBHeHMaMH Jitnepa-Jlarpama BapHaUMOHHOTO MADHH-
uuna (16.26). ByxeMm H3MensiTb MEepeMeHHHE Y, HA BeJIHYHHH,
COOTBETCTBYIOUIHE GECKOHEYHO MannM NpeoGpa3oBaHUAM KOOpP-

JMAHAaT
Bro— ta | 3t (B). (16.29)

Ecan 85* M MX NPOM3BOAHHE HMCYE3alOT HA Fpanuue V, TO 3Ha-
yeHHe / He H3MEHHTCA NPH BapHAlHH, HE3aBHUCHMO OT TOTO,
yxosaeTBOpAlOTCS ypaBHeHus (16.28) unu ser.

ITpu npeoGpasoBanuu koopaunar (16.29) dpyukuun y , npe-
TepneBaloT GECKOHEYHO Malhie H3MeHeHHs 0y ,, KOTOpHE 3aBu-
CAT OT 06* M OT €NelMANbHOTO BHIA 3aKOHA IPEOGPA3OBAHHS Y 4.
Paccmotpum  cayyal, Koraa HeKoTophe H3 Y, SBASIOTCA
KOMNOHEHTaMH KOHTpaBapHaHTHOro Bektopa Y?, Ilpu mepexoae



OT KOOpHMHAT §* K KoopauHaTam &£** npeo6pasoBaHHHe KOM-
IIOHEHTH BEKTOPA CTaHyT HOBBIMH (YHKuHAMH OT &% Kpome
TOTO, apryMeHTH 35TuX ¢yukuu#t § JomKuH GOHTb 3aMEHEHH
Ha §*:, Ecin BHpasuts npeo6pa3oBaHHHE KOMIOHEHTH

BeKTOpHOro noas Y (£9), kak pyHxkuun mne PBOHAYaNbHHX
KOODAHHAT, MOJNYYUM

Ve () = ¥e (B) - (389),, Y* (89 (16.30)
B kaxnoi mupoBOA TOuke BeIMYHHH VP (&) paBum Y*e (E*),
T. e.

YP (80) =Y (E%9), (16.31)
rae & u &% — COOTBETCTBEHHO NMEPBOHAYA/IbHHE H HOBHE KOOP-
JMHATH B OXHOH M TOH e MHpOBO#H Touke. UTOGH HaiiTu pas-
HocTb 3HaueHu# ¢yHkuu#t YP u Y*P nid onuHakosmix 3Haue-
HHH COOTBETCTBYIOIIHX apPTYMEHTOB, HYXHO CPaBHHTL Y? B MH-

0

poBoft Touke ¢ KoopauHaTamu §*=§® ¢ Y'* B MupoBO#t TOuKe
0
¢ xoopauxatamu §¥*=4§". Torza noxyuum
0 _ 0 — 0
Y* () =Y (e — ) =VYP(E)—Vr &  (16.32)
H NO3TOMY GECKOHEYHO MainM u3MeHenHeM (yHkuuu YP Gynmer
OYP=(3r) Yo —YP ot (16.33)

Boo6uie roBopsi, KOMIOHEHTH TEH30POB H TEH30PHHX IVIOTHO-
ctell npeoGpa3yloTcs COFJIACHO 33KOHAM THMa

3Ya=—Ya, aee+§ FB y 5 (38), (16.34)

rae nocrosuure FEP 3apucAT 0T ocoGeHHocTelt 3aKoHOB mpe-

o6pasoBanus. B 3akone npeoGpasoBanust @, uMeeTcs omuH
yneH, He orHocAwmics k ThHny (16.34). Yrto6m ero yuecrs,
NPeANnoNONKHM, YTO paccMaTPUBaeMule MepeMeHHble Mo/ npeobpa-
3YIOTCH COTJIaCHO 3aKOHY

ayA - yA.:: aEa + § FﬁgyB (.asc)y [ + ng (aac)’P” (16'35)

rae G’ — noGasoyHHe MOCTOSHHHE.



Y1o6u HaliTH YC/IOBHE HHBAPMAHTHOCTH /| OTHOCHTENBLHO
o6wwx npeoGpa3oBandit koopauHat, 3ameHuM 6y, B (16.27)
ero BuipaxenHeM (16.35). Torma &/ zmomkHo o06pamAaThCs
B HYJb OPH NPOM3BOJbHHX 8%%, ecad To/MBKO 8% M ero mepsue
H BTOpHE MNPOU3BOAHWE HCYE3al0T Ha rpaHuue obGaactu V.,
Hmeem

Y — RA{—y, B F2y (3%
§§ (—rande ok FRRwE0,+ | o0

4G, (8%, y dE=0.
Ilpoussons paa HATerpHpoBaHHH mO 4acTaAM, MOMYYHM OTCIOZA

{3 {Oh R~ 3 PR (R, — y,, A} 32 d2 =0,
14

u ecnu 83° npousBOAbHH BHYTPH V, TO ypamuenwus Dinepa-
Jlarpara XOMKHH y10BNeTBOPATL YeThpem Auddiepennnans-
HbIM TOXAECTBaM
: pT o A Bo N A Al —-
§= {GA,fh,p:——%] Fai(ygh ),p——yA’,ER }=0. (16.37)
PaccmoTpum Tenepb BapHaLHMOHHH NPHHUMI B FPALHEHTHO-
UHBapHaHTHOH Teopuu Be#ns. [lonunTerpanbHoe BhipaxeHue
WHBADHAHTHOTO HMHTETPANa JAOMKHO OWTb cKanapho#t mNAOTHO-
cTblo ¢ BecoM - 1. CkanspHas nIOTHOCTb KPHBU3HH

R=g"R, (16.38)

umeer Bec —f-1/,. [To3TOMy saHrpaHHaH BapHaUHOHHOTO MPHH-
nuMna nomxeH OwTb KBaapaTHuHOH ¢yukuueR kpuBH3HH. Cy-
UIECTBYET HECKONbKO CKa/lfpHHX TM/IOTHOCTeH ¢ BecoM -1,
KOTOpHE MOTYT OniTh OOpa3oBaHh H3 KOMMOHEHT TEH30pa KpH-
BH3HbI, HMEHHO:

R% Ry R¥; Ry, R™¥; g 9™ (16.39)

Ilepeue Tpu M3 HUX sBASIOTCA AH(depeHIHANTbHEMH BeJH-
YHHAMH 4ETBEPTOTO MNOPAAKa OTHOCHTenbHO g,.. HauGonee
oOwHit narpaH¥Mad TaKOTO NOPAAKA NOMKeH OuTb JNHHeHHOMH
KomGunauueH uyeThipex Bhpawenn#t (16.39). Bapwaumuu necatu



&,, HE3aBHCHMH IDYT OT APYyra, HO CBSI3aHH NOGABOYHHM yc-
JIOBHEM HEH3MEHHOCTH HOPMHPOBKH JeTEPMHHAHTA £

&uv Sg+=0. (16.40)

3710 NONOAHHTENbLHOE YC/IOBHE JIETKO Y4YeCTb, MpPHUMEHAS METOX
HeonpeaeneHHux Muoxutenelt Jlarpamka. [Ilossasowutics, Ta-
KHM 06pa3oM, B YpaBHEHHAX J06GaBOYHHHA MapaMeTp MOXHO,
ORHAKO, HCK/IOYHTH, TOTAA B KOHEYHOM CHeTe IHOJYYHM TpH-
Haguarb AHPQepeHuHaNTbHHX YpPaBHEHHH A4 TpHHAIUATH me-
PEMeHHBX £,,, ¢, (£,, YAOBIETBOPSET YCTOBHIO (16.1)). Bt
TPUHARUATbL ypaBHEHHH yROBAETBOPAIOT dYeTHpeMm Auddepen-
uuanbHuM ToXAecTBaM (16.37).

CylwecTBYIOT 1ABa OCHOBHHX BO3PaXEHHS OTHOCHTE/bHO
ypaBHeHHA 3TOrO THma. Bo-mepBuiX, OHH sBAAIOTCA AHpdepen-
UHATBHHIMH YPABHEHHSAMH 4YETBEPTOr0 MOPANKA OTHOCHTENb-
HO g,,. VIMeloTcs Bce OCHOBAaHMS nOMarath, 4YTO YPaBHEHHs
TaKOro BHICOKOTO MOPSAAKAa HMEIOT Topa3fo Gosblle pelueHHit,
YeM YypaBHEHHA M0Js BTOPOTO NOPSAKA, MOITOMY OYEHb TPYAHO
OG'BACHHTL, NMOYEMY DEUIEHHS! 3THX FHMNOTETHYECKHX YDaBHEHHH
YeTBEPTOr0 MOPAAKA TaK XOPOIIO AanmpOKCHMHPYIOTCS B MNPk~
poZe pellieHHSIMH ypaBHeHHH BTOporo mopsiika. Bo-BTophix,
Aarpavkuaid BapHALMOHHOTO MPHHUMIA He SIBATETCH ONHO3HAYHO
onpejeneHHHM, TaK KaK JUIA HEro romUTcs JoGas Jjudefnas
KkoMGunauust Bupaxenui (16.39). Takum o6pasoM, He AOCTH-
raercd XenatenpHoH yHHHKAUMH NOAA, TAK KaK OCTAaeTcs
elle YUCTO ,9/MEKTPOMATHUTHAA* CKaaspHas MJOTHOCTb [moc-
nennee Bupaxcesue (16.39)], KOTOpas MOXeT BXoAMTb B Jar-
pamkudad ¢ NPOH3BOJIBHHM KOI(HIHEHTOM.

Ypasuenus G,,=—0. DHHITeH H aBTOD 3TOH KHMTH Cre-
NanM MONHTKY HAalTH YpaBHEHHS HOAA BTOPOFO MNOPAAKa,
aHAJIOTHYHHE [0 CTPYKType YpaBHEHHsM OO6uieft TEOpHH OfT-
HOCHTEfbHOCTH D). B uacTHOCTH, OHM HccaenoBanH Auddepen-
L[Ha/IbHHE YPaBHEHHS

G,,=0, (16.41)

1) Dra paboTa He ony6aHKOBaHa.



KOTOpHE NpeicTaBAAl0T COO0H mecHTh ypaBHeHHH i TpuHan-
1laTH NepeMeHHBIX; OHH He YHOBNEeTBOPAIOT aHddepeHnHanbHuM
TOWZECTBAM H COBEPILIEHHO HEe3aBUCHMMH JApYr OT Jpyra.
B coorsercTeHH ¢ ypasHenusmu (16.24), ypasHenust Makcsenna

gr =0 (16.42)

ABASIOTCH CNEACTBMEM STHX ypaBHenu#t mons. Okasanoch, 4TO
STH YPaBHEHHS HMEIT cepHYECKH CHMMETPHYHHE CTaTHYECKHE
PeIleHHs ¢ JABYMS MPOH3BONbHHIMM MNApaMETPaMH, KOTOpHeE
MOXHO HHTEPNPEeTHPOBATb COOTBETCTBEHHO, KaK MacCy M 3apsii.
Ecm @, pasro Hymo, ypashenns (16.41) nas &,y popmarbHo
WIeHTHYRY ¢ YPaBHEHHAMH MoJs o6uiel TEOpHH OTHOCHTE/b-
HOCTH; peIlieHHe C 3apsSIOM, PaBHHM HY/IO, OKa3LBaeTcs pe-
wenyeM llIBapumuabna, XeTepMHHAHT KOTOPOro pased — 1,
Onxako, ecnH ,3NeKTPHYeCKHH 3apsi“ He paBeH HY/O, TO
rpaHHYHHe YC/OBHA Ha GECKOHEYHOCTH He MOryT OHTh YHOB-
JIETBOPEHH, M OTK/IOHEHHE METPHYECKOro TeH3opa OT €, BO3-
pacTaer ¢ yBenuuesHeM r. ITOT pe3yAbTar HABJIRETCH yéemx-
TEIbHHM f0Ka3aTe/JbCTBOM TOTO, YTO ypaBHeHHd noas (16.41)
TaKXe He COIVIaCYIOTCH C HalIHMH OCHOBHHIMH (PHSHYECKHMH
fipeICTaB/ICHHSMH.



I'aasa XVI/

MMATAMEPHASI TEOPUS KAJIY3A U NMPOEKTUBHBIE
TEOPHUH IOJIS

E 3

Teopus Kanysa. OcraHOBHMCS ewe Ha OAHOH mnONMTKe
co3nanuA reoMeTpuH (npunamnewaineft Kanysa), B koropo#
KaK TPaBHTAUHOHHHM, TaK H 3/NEKTPOMATHHTHHE MOTEHLHMAIH
onpenensnd 6H CTPYKTYpPYy npocrpaHcTBal). B to Bpems Kkak
Befinp nomien no nyTH CcO3JaHWS HEDHMAaHOBOH TeOMETPHH,
Kanysa pemna yBelMYHTb YHCJIO KOMIIOHEHT METPHYECKOFO TEH-
30pa, M3MEHMB YHC/I0 H3MepenuH mnpoctpancTBa. OH npenno-
A0XKKWI, YTO, KPOME HEThPeX MaMepeHHH (PH3HYECKOTO MPOCTpaH-
CTBA, CYMIECTBYET elue NsTOe H3MepeHHe, He HMeloLlee NPAMOro
¢usuyeckoro cmmcia.

KONHYeCTBO KOMMOHEHT CHMMETPHYHOTO TEH30pa BTODPOTO
paHra B n H3MEpEHHAX PaBHO

N=-—+n(n+1). (17.1)

B naTHMEPHOM NPOCTPaHCTBE METPHYECKHH TEH30pP MMeeT, Ta-
KuM 06pa3soM, NATHAALATb KOMNOHeHT. Jas Toro, 4To6H ydecTb
yeTHpeXMepPHHH Xapaktep ¢usuyeckoro mupa, Kanysa npen-
NONMOXMWI, YTO NPH COOTBETCTBYIOLIEM BHOOpPE KOOPAHWHAT KOM-
NOHEHTH METPHYECKOro TEeH3opa He OYAYT 3aBHCETb OT MATOH
koopauHat, Hakonen, 4yto6H YMEHBIUHTb KOJIHYECTBO Nepe-
MEHHHX Ha eJHHMILY, OH NPHHsI, YTO B TOH CHCTeMe KOoopmu-
HAT, TIOE NePeMeHHHe TMOJS He 3aBHCHAT OT £5, KOMNOHeHTa
METPHYECKOr0 TeH30opa ¢ HHAekcamH (5,5) — mocrosiHHas u
paBHa exunuue. Hcxons u3 9Tux npemnonoxkennudi, Kanysa no-
Kasai, 4Yro, Mo KpaHuelt Mepe B nepBoM NPHGIHKEHHH, YeTHp-
Haanatbh audepeHuHanbHEX ypaBHeHuH:

G,,=0(y=1,..,5, kpowe Gy=0)  (17.2)

1) Th. Kaluza, Sitzungsber, d. Preuss, Akad. d. Wiss., c1p.
966 (1921).



SKBMBANIGHTHH YeTHPHaZLATH ypaBHewuaM nons (12.85), ompe-
IeNsIOUHM TPaBUTAUMOHHOE H S/JACKTPOMATHHTHHE TMOAH, €ClH
KOMMOHEHTH METPHYECKOro TeH30pa, B KOTODHX ORXMH HHAEKC
paseH 5, OTOXIAECTBHTb C SJIEKTPOMATHHTHHMH TOTEHLHANAMH.

Bckope 6HiIO MOKA3aHO, YTO 9TA SKBHBAJIEHTHOCTb SAB/SETCH
He npuGmukeHHOH, a TOuHOM, ec/M 32 TpPaBHTAUHOHHHE INO-
TEHUHANH MPHHATD ,COOGCTBEHHBE* KOMOGHHAUHH KOMIOHEHT MET-
pHYECKOTO TeH3opa.

Yro6u o6Greruuth cpaBHenue Teopun Kanysa ¢ apyrumu
TEOPHSAMH, Pa30BbeM CHayana o6Guu#t GopmanuaM, npuMeHUMHH
H B HEKOTODHX JPYFHX TEOpHAX, a 3aTeM BO3BpaTUMCH K
crporoft ¢opmynuposke npeanonoxwenu#t Kaayaa.

YeToipexmepHblii HopMaan3M B NATAMEPHOM NPOCTPaH-
crBe. PaccmoTpuM nsTHMepHOE MPOCTPAHCTBO C KOOPRHHATAMH
f2(a=1,...,5) # METpPUYECKHM TEH30DOM Ypv B nanbueit-
mwem B 9To#t rnaBe u B raase XVIII  npeanonaraercs, uro
rpedeckHe HHAEKCH npo6eraloT 3HadeHns oT 1 mo 5, B TO
BpeMSA KaK JaTHHCKHEe HHAeKCW — oT 1 no 4. B stom npo-
CTPaHCTBE MBI BBEIEM YeTHIPpe nNapameTpa x%(a=1,...,4),
KoTOpHe sBAAIOTCH (yHxkuuaMH koopausar £2. Ilpoussoaume
STHX HYeTHPeX MNapaMeTpoB MO KOOPAMHATaM X% , NOMKHH
OHTh NHHEHHO HE33BHCHMBI BO BCEX OTHOUIGHHAX:

6a.a:aam aﬂlﬂnuahpx“.’al . xa’,a, . xaa’aa . xa‘,a‘ ?é O,
no xpaHed Mepe nas omHoro u3 3uavenu#t §.

} (17.3)

B naTHMepHOM MPOCTPaHCTBE 3TH 4eTHpe MNapaMeTpa ompene-
JISIOT COBOKYNHOCTb KPHBHX x?=const. Yepe3 kaway1o TOuKy
NATUMEPHOrO NPOCTPAHCTBA MNPOXOAHT OJHA M3 STHX KPHBHX.
Bynem paccmaTpHBaTE 3TH KpHBHE, KaK HOBYI) MHBapPHAHTHYIO
CTPYKTYPY B NATHMEPHOM npocTpaHcTBe. ITa CTPYKTypa
OCTaeTCs HEM3MEHHOH npH ,napamMeTpHYecKHX mnpeoGpa3oBa-
Huax“

x¥*a — fa(xb), (17.4)

IMoxaweM, 4TO BO3MOXHO BBECTH BEJNHYHHH, MpeoGpasyolHecs
NpH napaMeTpUYecKHX MpeoOpa3oBaHHAX, KaK YeTHpeXMepHHe
TeH3opu. B ¢usuyeckoit HHTepnperauuH, Ha KOTOPOH Mu



OCTaHOBHMMCH HHXE, MHOrooGpasHe, xapakTepH3yemoe mHapaMeT-
pam x?, GymeT pacCMATPHBATHCA Kak ¢pM3uuecKoe NpoCTpaH-
CTBO; NMOSTOMY HCC/EAyeM, HACKO/MLKO TeOMeTPHSl MpOCTPaHCTBA
X% cBH3aHa ¢ TeoMeTpHell OGHYHOTO YETHPEXMEPHOr0 DHMAHOBA
NPOCTPaHCTBA.

CosoxynHocTs ¢yHkuu#t ot £, XapaKTepH3yIOWHMXCA HH-
JnexcamH, npoberalomumH 3HaveHus oT 1 mo 4, u npeoGpa-
3YIOUIHXCH MPH MapaMeTpHYeCKHX mpeo6pa3oBaHuiAX, KaK ye-
THPEXMEPHHE TEH30PH, Ha30BEM ,[-T € H3 0 P O M* (COKpAILEHHe
or ,parameter tensor“). [Ipoussomubie x2? DO KoOpAHHATaM

e=x"4 (17.5)
AIBAAIOTCH KOHTPABAPHAHTHHIMH P-BEKTOPAMH H KOBAPHAHTHHIMH
(o6uynbiMu) BekTOpamu. C nOMOWIBLIO STHX BEAHYMH MOKHO
BBECTH BEKTOpHOe mole A% onpenenseMoe BEeKTOPaMH, Kaca-
TeJAbHHMH K KpuBbIM x?=const, KOTOpPoe YZOBAETBOpSET

YPaBHEHHSAM
s A*=0, } (17.6)
'{,aA'AE': 1.

STH nATh YCNOBHH MOMHOCTHIO ONpenensioT A-none.
C noMowi0 Y; H A* MOXHO ONpexeNHTh NOJMe ,B3aHM-
HOe Y, {a» YHAOBIETBODSIOUIEE CCAYIOUIHM YCIOBHSM:

YaYo=12, } (17.7)
AYa=0.

OTH ABAaNUATL YCNOBMH MOMHOCTBLIO OMPEAENSIOT Y.
KaxaoMmy (o6uutomy) Bektopy V° umu Wa MOXHO MOCTa-
BHTb B COOTBETCTBHE CKa/lfip WJIH pP-BEKTOD:

a— ZVG’

V__; . } (17.8)
w,=1w,

Wb—LbﬁW } (17.9)

Ckansp mnpenctasasger coGo#t uacts V win W, napanens-
Hyio A, TOrXa KaK p-BeKTOP — 4acTh, HOPMaNbHYI0 K A,



C apyroft croponH, p-sekTopy U? MOXKHO NOCTaBHTbL B COOT-
BETCTBHE OOHUYHHH BeKTOp

Us—=1y3Ua (17.10)

(ycnoBHEe CYMMHDOBAaHHMf PpacrlpOCTPaHSieTCS M Ha p-HHIEKCH);
STOT BeKTOP OpToroHanedn A, He3aBucWMo OT BuGopa U?
(B cuay nocneaHux dYeThpex ypasHenwu# (17.7)).

Merpuueckomy Tensopy Y,; MOKHO CONOCTABHTh KOBAPHAHT-
HHH p-TeHsop

8ap= a1}V (17.11)

KOTOpPHH Mul GyleM Ha3HBaTh METPHYECKHM p-TEH30POM HIH
P-MEeTPUKOH.

Cmewrantne Y-Be/lHYHHH 060er0 THMAa M BEKTOp A* Haiot
HaM BO3MOXHOCTE Pas3JOXHTb KaKJ0e NATHMEPHOE COOTHOMIe-
HHE Ha ,YeTHpeXMepHOe* H cKanfpHoe cooTHomennsi. Cue-
HIGHHHE Y-BeJIHYHHH ,MPOEKTHPYIOT* NATHMEPHOE HPOCTPaH-
CTBO Ha Halle yeThipexmepHoe. Ecanm ux npoussemenne csep-
HYTb IO p-HHIEKCaM, MONYYHM THIHMYHHH NPOEKTHUBHHI TeH3Op

Tevi=¢h
. (17.12)
EEABZO’ fA* =0, fel—1¢l.

B
TIpoussenenne n1060ro BeKTOpa Ha sg oproroHanbHo A. Jlerko
nokasath, yro €? Mower GHTb BHpaweHn yepe3 cuMBoa Kpoue-

Kepa H BeKTOp A:
e8=98— A A% (17.13)

JloKa3aTe/bCcTBO NMPOHSBULHTCS MOCPENCTBOM YMHOMEHMS BHpa-
WeHHS (BE—AGA?-——SE) HA NATb JHHEHHO HE3aBHCHMEIX MSATH-

KOMIIOHEHTHHX COBOKYNMHOCTeR Y%, A% Bce nath npousBeieHHA

(% — AQAB — EE) 12=0,
(BE -_ ANAEl — Ez) A =0



paBun Hymo. Ho ecau npoussenenne naTupsaHoRt MaTpHum
HA THATb HE3aBHCHMBIX ,BEKTOPOB* pPaBHO HYMO, TO TaKas
maTpuua Gyaer HyneBoH maTpHuei,

Kaxcauit BekTOp MOXET ObiTh NPEACTaBIeH Yepes COOTBET-
CTBYIOllHe €My p-BEKTOP H CKanfp caeaylomum o6pasom:

U= yeUe -+ AU, (17.14)

He#icteurensyo, ecau 3ameunts U u U Bupawenusmu (17.8),
TO And mpaso#t yacta (17.14) nomyuum

Y3 UP - A AUP = (e - A*Ag) UP=33U° = U~

Anaans B p-thopmanusme. Kpome muddeperinanbubx
KOBAPHAHTOB PHMAHOBA NATHMEDHOTO MPOCTPAHCTBA, Cyule-
creyilor eute auddeperluanbHbie KOBapHaHTH, CBOHCTBeHHbe
TONbKO paccMaTpuBaeMoMy 3mech ¢opmanuamy. PaccMorpum
KaXabl# H3 HHUX B OTAEAbHOCTH.

BHyTpeHHee mpoHu3BeleHHe (06HYHOR) npo-

H3BOAHOH p-TeH3opa Ha BeKTOp A*
iy (3
t’ Reosy uA

fiBNAeTCA P-TeH30pPOM TOro xe THna, Jlokasarens-
CTBO TMPOBOAHTCA HEMOCPeACTBEHHHM BHYHCIeHHeM. DBynem
HasHzaTh 9TOT THNM KoBapHaHTHoro  aHdpdepeHRHpOBaHHE
A-puddepentiMpoBaHHeM. p-TeHn30p, A-NPOH3BOLHASA KOTOPOro
paBHa Hyn10, GyZeM Ha3HWBaTh MO/JEM, NUIHHAPHYECKHM OTHO-
CHTENIbHO A-NOJI, WIH, KOpouYe, A-UHIMHAPHYECKHM.

PaccMoTpuM Temepp HeKOTOpHE H3 TaKHX A-NMPOH3BOLHHIX.
B nepsylo ouepelb OCTaHOBHMCH Ha A-MpOM3BOAHOH MeTpu-
YeCKOrQ p-T€H30Pa, Lma, « A% TlOKaXeM, 4TO OHA MOXeT OHTb
BHpAXEHA Yepe3 KOBapHaHTHHE TPOH3BoAHHe A-mond. Besu-
YHHB Gmn, « A® MOXHO 3aMEHHTb BHPAXEHHEM

8mn, A =0V T VoBrs, A"



Ipeo6pa3yem npos3sBeqeHHe, CTOfLlEe CNpaBa OT TOYKH:
To¥e8rs, A" = [(V]Y38,5) . — (17 10),o8re] A* =
=[(Ype—A,Ad),a — (7:, G o) & A=
= [Yps,a— Ap e ds — 4,0 4,] A* 1
+OovsA 1A ,) g,, =
= (fpaya— Apa A — A, (A ) A"+
T Yoo — AA) A (1o — AA) A" o=
=(Ypo,a—4p,a As— A, . A) A*+
T+ (A, p A o) = A (Yag, Yoy o) -
A% (A4, - AA, ).

Tenepb MOXHO CrpynnHpoBaTh WIeHW TakuM 0Opa3oM, YTo6H
TO/Iy4HTh BHpaxkeHHe (MATHMEPHOTO) TEH30pa:

Yg YG’IS, At= (Ap: 4 + Ac, P 2 [Pc’ a] A%) — 1
i (ApaAa+AuaAp) Ar= (17.15)
=AP:“+A°;P_(BPA0+BGAP! I

rae A, ¥ B,—COOTBETCTBEHHO TEH30p M BEKTOp, oOmpeie-
JAfieMble  BRIPAXEHHSAMH:

A,=A,,—A, . (17.16)
B,=AA°. (17.17)

IOnst  A-npoU3BORHON METPHYECKOro TEH30pa, HAXOAHM, TaKHM
06pasom:

B, A =T515 (A, u—}—Au; o) (17.18)
KBanpar nuue#tHoro 3ajiemenTa
1= Y,,d5dE?,
paBeH CyMMe KBaAparoB p-NHHEHHOTO 3neMeHTa
ds? =g, Y% "dE“‘dEa (17.19)



M KOMNOHeHTH JIuddepeHunana KoOpAMHATHOrO BEKTOpa B
A-HanpaBneHHH
an = (A,dt)2.

PaccMOoTpHM NpOH3BOJIBHYIO KPHBYIO B NATHMEPHOM HpO-
CTPaHCTBE, KOHEYHHe TOYKM KoTopo# cyts P, u P, Ecau
BCI0 KPHBYIO CMECTHTb Tak, yTo6H BCE €€ TOYKH CABHHYJIHCH
BAOAb A-KPUBHX Ha OZHO H TO XKe PacCTOAHHE, TO P-IIMHA
KpHnBoit

P,
s,,,=£ ds (17.20)
1
OCTaHeTCH HEH3MEHHOH, eCIH p-MeTPHKA ABAAETCS A-UHAHHIPH-
yeckoH. A-ANHHA KPHBOH OCTaHeTCsl HEHW3MeHHOH, eclH BekTOp
B, pasen Hymo:
B,=0, (17.21)

a (nATHMepHad) AJHHA KPHBOH He HM3MEHHTCH, €CAH A-noie
yRoB1eTBOpsieT ypaBHenHl0 Kuinunra
Ay o+t Ag;p=0. (17.22)
Jins Toro, 4To6H p-MeTpuka ObuIa LMIHHIPHYECKOH, AocTa-
TOYHO, 4TOOGH mnpaBas 4YacTb YypasuweHHs (17.15) pasHanace
Hymo. d1o ycnosHe caabee, yeM ycaosHe Kunnuura, Tak Kak
npousBefeHHe mnpaBoH uvactu ypasHenus (17.15) na AP TOX-
JAECTBEHHO PaBHO HYJIO; IPYTHMH CJOBaMH, CYLIeCTBYeT TOIbKO
JecsiTh anre6paudecKd HE31BHCHMHX KOMIOHEHT YpaBHEHHS
(17.15), B To BpemMa kak ypaBuenud Kuaruura umeoT nar-
HaguaTb koMmmnoHeHT. OueBHAHO, YTO H3 OJHOBpEMEHHOH UH-
AHHADHYHOCTH pD-METPHKH H NMWIHHAPHYHOCTH ,A-METPHKH®
caenyeT UMAHHIPHYHOCTD (MATHMEpPHOR) METPHKH, H Ha060pOT.
Janee paccMoTpum A-NpPoH3BOAHYIO OT aHTHCHMMETPHYHOIO
p-TeH3opa @,
Ore =T215 Aper (17.23)
OTOT TeH30p §,, BNOCAEACTBHM GydeT HMHTEpNPETHPOBaH, Kak
TEH30p 9/1eKTPOMAarHuTHOro nons. Ero A-npoussomunmu 6yayT

Prs,a Au=Y;Y:'m: Cma,a A=
=q (;Y;' B?pv, ¢« ®Pma (Y’pn?:), .] A‘:
Qoo =15 15frs



B KBampaTHHX CKOOKax HCKJIIOUHM T H Y2 310 MOXHO
ChenaTh NMPH NOMOLIM CHAEAYIOWEero npeo6pa3’0BaHMs:

Prna (VYD) 0 A =g (172 Y2 - YY2 ) A2 =
== ma (VA" T 110A% )=
=0A" s — 94"
Hostomy umeewm:
Proya A =115 [0p5, 0 A"+ 9, . —9oaA” 1.
Tak kak npoussenexue P, H2 A® paBHO HYMI0, HMeeM

Prs, 2 A% == 12Y3 (Ppo, « T Pon, p =+ Pap, o) A=
=13 l(eberA,)  F (et erd,,), , +
+ (ea e;Apv), c.l At

Uro6n BHYHC/AHTH BHpPAXEHHE B KBaJpaTHHX CKOOKax, MpHMeM
BO BHHMaHMe, WTO UMK/IHYeCKad NPOH3BOAHAA OT A, paBHa
Hymo W uTo APAYA,, TaKKe paBHO HYIIO. YuuthBath npH
9TOM HYXHO TOJBKO Te YleHH, B KOTOPHX OAHH H3 IBYX MHO-
wuTeneH €l 3ameHeM Ha 6{;, a apyro#t —Ha (— APAF). Torna

Oy 4HM
Prs, e A*=—1; [(4,,A*4, + 4,,A*A),  +
+ (4,,A*A +A”A *A,), A, A*A +A A*A), ]A“—
— 112 [(B,A, — B,A,), .+ (B.A,— B,A), .+

+(B,A,— BuA,), o) A7
[Tocne nposeaenust AuddepeHuupoBanus OGOMbIIUHCTBO YWIEHOB
BHnajgaer, nu6o B cuay TOro, yro B,A® paBHO Hymo, AHGO

6naronaps TOMy, uro HenpoaHpdepeHnupoBaHHbe AP YMHO-
waloTes Ha Y%, OKoHYaTe/bHHM pesy/bTaToM GyxeTr

Ors,a A*=1213(B, ,— B, ). (17.24)

Paccmorpes , A-zudpepenunposanue®, nepefimeM K pac-
cmoTpenuio apyro#i auddepennuanbHoft onepauus, »p-axdde-
pennuposanua“, Hasosem Bmpaxenue

Vie==V,a1% (17.25)



p-npoussontoff or V nmo x% Ecan ¢ynkuus A-umannapuye-
CKasl, p-mpoussoaHas Oyzer oO6HuHO# npoussoxHo# ot V no
aprymenty x%, (A-muannapuvyeckas GYHKUMS MOKET paccMar-
pHBaThest Kak (yHKUHS TOMLKO NapaMeTpoB x%.)
P-NPOH3BOAHHE CKaldpa 06pasyioT p-BeKTOp.
BooGue roeopsi, p-nmpou3BoaHHE He KoMMyTHpyioT. Hx
NepecTaHOBOYHRIMH COOTHOLUEHHSMH GyayT

Vies — Visa= V,P(Yg[b—ygla). (17.26)

Ecnin V' A-umnunppuveckas dyHkuus, ee p-npou3somHbe,
ABJSIIOIUHECH OGHYHEIMH NIDOH3BOAHBIMH, AO/DKHH KOMMYTHPO-
Bath, T. e. npasafg 4Yacth ypasHenus (17.26) oOGpautaercs
B Hyab. [losTomy BupameHnue B cko6Kax NPomOpUHOHANBHO AP:

Yoo — Y51 a=A4Qs (17.27)
Q,, MOXHO HafiTH, ymHOXas ypasuenue (17.27) ua Ay
Qab=Ap(Y%|b_Ygla)=Y%Ap|a—Y2Ap | b=Y§Y}3Aaa='\°w

Orciona umeem:
72[ s I.a=AP‘?ba (17.28)
H
Vi — Visa=V,, A4, (17.26a)

P-TIPOH3BONHBIE OT p-TeH3opa, BoOGWIE TOBOpA, HE KOBa-
pHanTHe, OAHAaKO  aHTHCHMMETPHYHHE p-NPOM3BOLHHE OT
p-BeKTOpa OGpPA3yIOT p-TEH30p, a LMK/IMYECKas pP-POH3BOAHAS
AHTHCHMMETPHYHOTO p-TEH30pa BTOPOTrO PaHra TaKKe fBIAETCH
P-TEH30POM.

OcobenHuiit HuTEpeC NpeacTaBaseT cOGOH p-TeH3op Pre) e
4 st 1t Ptr| s» DTOT TEH3OP MOKHO BHpA3UTH Yepe3 aHTH-
CHMMETDHUHHE NPOH3BOAHHE OT A

Pre et Pot ) r = Pir | =Y 4,.),-1i+
+ (Y:Y; A")’ P Y$'+ (Y;YIP'ATP); L Y;'



B cuay Toro, 4to WMK/IMYeCKas NPOM3BOAHAA A, PaBHa HYMO,
HYXHO OCTAaBHWTb TOJIBKO CIACAYIOUIHE WIEHHL:

ﬂPrslt—i—‘Pstlr‘f"‘Ptrls:A“v[Y:(Yf|s_7'§|z)+

Tonbsyscy (17.28), anTHCUMMETpUYHBIE pP-TPOH3BOAHHE OT 1%
MOXXHO HCK/HIOYHTb H OKOHYAaTe/bHHIM pe3yJabTaToM Oyner

'?rs|t+(?st|r+‘?tr|s=
=011 (B,A+ B A, + B:A,). (17.29)

BBeaeM Tenepp NOHATHE KOBapHaHTHOTro aude-
penunupoBauus p-rensdopor. Ecmu V@ sasasercs
P-BEKTOpPOM, TO Jerko rmokasatbh, 4r0 AnpepeHuHaIbHEE

BHDAKEHHS
V5t TaVe

06pa3yloT CMellaHHHME TEeH30p (p-BEeKTOpP OTHOCHTENBHO @, BEK-
TOp OTHOCHTENBHO p), eciH Kosduuuentn [, npeoGpasyworca
COraCHO 3aKOHY
a__ 0 ox® (0x*“ Ly ozx*“) (17.30)
S — TR T e \ T — e e .
P ot* ox® \oxf T Ve oxloxt
Wneerca 5 4 X 4 Bemnunn Iy, UToOH ux HalTH, HymHO
3amaTh TaKOE e KONHMYEeCTBO CBASHBAIOIMX HX COOTHOLICHHH.

Ycnosus
y;”, =0 (17.31)

C/IMUWIKOM WEeCTKH, TaK KaKk ux Ooiblile, 4eM HYXKHO, ¢ Apyroft
CTOpOHH, YCI0OBHH
gab;p=0 (17.32)

cavwkoM Mano. Heo6xomuMble YC/IOBHS JOKHE 3aBHCETh OT
TPEX HHIEKCOB, OXHOr0 KOODAMHATHOrO H ABYX napameTpH-

yecKHx. ¥ caoBusd
Tars, =0 (17.33)



SABJASIOTCA KaK pa3 YCJ/JOBUSIMH TaKoOro THHa.]iEHOCpeﬂCTBEHHOQ
BHYHC/IEHHE [I0Ka3hBaeT, YTO 9TH YCJAOBHA YIOBJICTBOPAIOTCH,

ecmn I5, npuHMMaloT 3HaueHus

I3, =10 {fp}—y‘f,as{a’;}. (17.34)

MoxHO Takke moKasaTb, Y4TO NPH T4KOM BHGOpE I'Zp yZzoBae-

TBOpsloTc M ycaosust (17.32). Omunako ycaoBus (17.31) ne
YAOBJIETBOPSIOTCH, BMECTO HUX HMeeM

Te=4A (1, ol e) =
=AY, =— A, (17.395)

KoBapHaHTHYIO p-npOHU3BOAHYI0O TEH30pa HAH
p-TeH30pa no x3 onpeaeiuM, KaK KOBAPHAHTHYI0 MPOH3BOA-
Hyl0 10 £, YMHOWEHHYIO Ha Y2

ramriot g {3}= (gt s

Ve o—v"b—&-{sb} Ve, {;7}:{:3}72’ (17.37)

{sab} cHMMeTPHYHH B § M b, HaBecTHO Takike, 4TO BHpaxe-

H

HUA Zgp; s PaBHH HYMO, €CId OHH 0GPa30BaHBl € NOMOLIBIO
soipaxenntt (17.34). Orciona cnexyer, uto {:b} HMEIOT 3Ha-

YeHusd

1
{a%}=_2-g”(g“’|b+gbr|a""gablr)- (17.38)

OGpaTHMcs Tenepb K Pas/iHyHBHM THIAM TEH30POB KPHBH3HHI,
KOTOpHE MOXHO 00pa3oBaTh C MOMOLIBIO Pa3NHYHHX THOB
ad¢uutoit ceganocTH. HauGonee npocro moayunTb X, cocra-
BIAs Pa3/HuHHE NEePecTaHOBOYHHE cooTHowWe#ud, B nepsyio



ouepenb €CTECTBEHHO OTMETHTb MEPecTaHOBOYHOE COOTHOLICHHE
Pumasa

Vtgzx_ Vt, xL=Rtxk\:Vl~ (17'39)
Jns nonyyenus nepecTaHOBOYHWX COOTHOUMIEHHH AJf npo-
H3BOAHBIX pP-BEKTOPOB noHago6aTcs KOBAPHAHTHHIC MNMPOH3BOA-
HhHe ot Y&
x g
18, = A (12— {21 1e) = A, =
=— A, 12 A%, (17.40)
Orciona noiny4aeM nepecTaHoBOYHHIE COOTHOLUEHHA:
vn; [ S Vn; = (Y:' VV); [ 2 (Y:‘ Vv); w=
= Y"" ( Vv; o vv; x) + w (Y?, I
e Y?, xz) . Vl‘{:’Rtﬂt +
+ (YC‘; o Y?, iu) v"-

Bupawende Y., —y} ,, MOXeT GHTb NMPeoGpa3oBaHO CAeAylo-
MM o6pasom:

Tha— Yo =A% xA4); — (JFA%A);x = )
=(a: A% — Y5 A% ) A, -
+ Y:Av (Au; w T -4'; lx) +
+ T: (Aa; Ay — A'; Ay ) =
=Y [A% Ay — A% Ay —
— Ry APA)), )

TAK KaK 34ech CKOOKH BTOPOR CTPOKH 0O6pawalioTcs B HyAb,
IMoacrasnas sro B (17.41), mocne HeGobliux mpeoGpasosax uit
MOMYYHM:

Va, % S an w=— Rul’.‘ V‘)
Rlxl’.' = Y:’ Y? (Rn:)“.' + Av;! Al; [y Avi ¢ Axi %)

(17.41)

(17.42)

} (17.43)



»CMemannui* TeHaop KpuBU3HH R’ TaKke MOXeT OHTh

BbipaKeH 4epes {abc}

w2+ ) e

Hatinem nanee nepecTaHOBOYHHE COOTHOWIEHMS AN KOBa-
PHAHTHRIX P-IPOH3BOLHHX (OGHYHOI0) BEKTOpa:

V”; —Viu =10V )x— 1 (V") =
=1 (Va— V') +
+ Ve (el e — YT )=
=Yk [Ral V4,40V,

AHaNOTHYHHE BHYHCACHHS A3I0T NEepeCcTaHOBOYHLIE COOTHOlIe-
HHUS I/t p-TIDOH3BOAHWX p-BeKTOpa:

Vi— Vin={ra—1mw) V" +
F+1rVin—Viw=
=Tk Rat: V4 A, AV, )=
= TR (R 4+ ANNAT ) VI 4,40V ).

C JlPYl‘Oﬁ CTOPOHbl, 3TH K€ IMEPECTAHOBOYHLIE COOTHOIIGHHS

(17.45)

(17.46)

MOXKHO BHIDAa3HTh 4epe3 {tlk}

Vie— Viu=Rul V! V" ,A?p,;

Rud: = {71} . F{znk}.,—{ sn i} {fk}-!- { . k} { ,sl.}. (17.47)

Cpaprienne mnpaBux uacred ypassenu#t (17.47), (17.46)

(17.43) naeT COOTHOLIEHHS, CBS3HBAIOUIHE BE/HUHHH Ryp” M

Rwlf:

Ru'= Y;Y;Y}Y? (R +AA, 4 A Ay — A AL,
(17.48)



OcoGeHHO CYyuUIECTBEHHBMH VISl MPHUMEHEHHS STOro Qopmanuama
K Teopun Kanysa aBAfilOTCA BHpawmeHHs, NOAy4aloluHecs B pe-
3yNbTaTe NBOMHOTO CBEPTHBAHUN 3THX YpaBHEHWH;

3n g¥R =
=g (* — A4 MR’ +A"10A4,, 1+
+ Av: g — Av;-Al; :]=
=8, —A'A) (1* — A*AYRwa) +
(A (A5 A,
+AP:1 Axzp _Ap:p Ay u]=
=R — 24"AR, 1[4, A, +
+ AP: 2 Av, — A o Ar;] BPBP =
=R —2A*A'R,, + 24", A’ , —
— 1P A%y Ao — (A + B Be. )

(17.49)

Unen (— 2A*A'R,,), BXONAWMA B STO BHpaXeHHe, NPeACTABHM
B HECKOJbKO HHOM dopme:

AxAlRu)‘.l = AI(A|: [ S AI: m) = A* (Al; l). E B
—B', A A (17.50)

Moncrasnas  (17.50) B (17.49), nafimem, uro ckanspuas
P-KpHBH3HA CBfi3aHa ¢ (OOWYHOM) CKaNAPHOH KPHUBM3HOH COOTHO-
HIeHHEeM

ail gklRikl’-‘ =R — YpaA‘; pA e
— (A%, ) - BB — 247 (A, ), . +2B",..  (17.51)

Cnenyer nomyepKkHyTb, YTO C TOYKH 3DEHHS TEODHH HHBa-
PHaHTOB Pa3BUTHH 3xech ¢opManHsM npeactasaseT coboH ne
YTO HHOE, KaK TEOPHIO MOJS eJHHHYHWX BEKTOPOB B METpH-
YeCKOM MpoCTPaHcTBe. 3HauYeHHE TAKOTO NPEACTABAEHHA COCTOMT
B TOM, YTO B €JHHHX TEOPUAX [OAs, HCOOAb3YIOWHX NATH-



mepHufl dopManu3M A onuCaHHS (HUIHYECKOTO MMDaA, YeTHpe
napaMeTpa X% MpeAnoONaraloTcd NpPeACTaBNAIOUWHMH  YeThpe
KQOPAMHATH Haulero (M3HYeCKOro NPOCTPaHCTBA.

CroenmansHnifi TAD cACTeMBbl KoopawHat. OTaiexasch oT
KOBapHAHTHHLIX MpefooKeHH, Kacalomuxcs nod A, Kotopoe
XapaKTepH3yeT NAHHYIO eINMHYI0 TEOPHIO Io.As, clexyer OT-
METHTb, 4TO GO/MbLUIWHCTBO A4BTOPOB OTPaHHYMBAETCH PaccMOT-
pCHHEM CHELMaIbHOTO THMA CHCTEMH KOOPIHHAT, B KOTOpOH
napamMeTpH X!, ..., X* OTOXIECTBAAIOTCH C MEPBLIMH 4ETHPbMS
xoopnunatamu £l, ..., &4, B TO Bpems KaK naras KOOpAHHaTa
BHOHpaeTCH TaK, 4TOOM KOMNOHeHTa AS BekTOpa A paBHS/Mach
enunune. OcCTanbHHE YeTHPE KOMMOHEHTH Al, ..., A% paBHm
Hymo. CHCTeMy KOOPAHHAT, YAOBNETBOPHIOLLYIO 9THM YC/AOBHSAM,
Ha30BeM ,CreuuanbHolt cucTeMoft KoopauHaTr*. EXHHCTBEHHHIMH
npeoGpa3oBaHUAMH KOODIOHHAT, INEPEBOASILHMH OIHY ,ClelH-
anbHYI0 CHCTeMY KOOpHHHAT® B Apyrylo, O6yayT npeoGpasosa-
HHAl THOA

Exa — fa (%) coBMecTHO ¢ x*8—= fB (x*), 175

g =B f5 8. (17.52)
Taxue npeoGpa3oBaHKUs HA30BEM ,CMelHAIbHHMH NpeoGpa3oBa-
HHAAMH KOODAHHAT“,

B cneupanbHOM cHCTeMe KOOPAMHAT METpPHYECKHH TeH3op
HMEeT KOMIIOHEHTHI

1 ={gah+(9a(?b’ “?a}’ Y¢3={ gab, _ga‘ﬂ- }

? Op 1 — g%, 148700,
(17.53)

rZe ¢, NPeiCTaBiAfOT COGOH nepBHe YeTHPE KOBAaPHAHTHLIX

KOMIMOHEHTH A:
A,=(9, 1). (17.54)

3akon npeoGpa3oBaHHs g,, TaKOB e, KaK H IS p-TeH-
30p0B, H NOITOMYy He 3aBuCHT oT (ynwkuuu f° B (17.52),
C npyroft CTOPOHH, ¢, npeo6pa3y10‘rcﬂ COIVIaCHO 3aKOHaM

or = 54,(9, fors). (17.55)



TakoBd 3aKOHH NPEOOPa30BAHHA TPABHTAUHOHHHX W SNEKTPO-
MArHUTHBIX [OTEHUHANOB OTHOCHTENIbHO ,KOODIHHATHHX® H
»TPanHEHTHHX* mnpeobpasosannii. (Bupaxennwe ,rpamuentHoe
npeo6pa3oBaHHe“ He C/ENYEeT NOHMMAaTh B CMbiC/]e FPagHeHTHHX
npeo6pasoBanuit Befind.)

Pasnuunne nudipepenitnanbine onepaiyH, paccMOTPeHHLE
B HacTosiuleH TrJ/aBe, NMPHHHMAIOT B CMELHANBHOM CHCTeMe Ko-
opaunar crneuudmyeckyo opmy. A-aunddepeHunposasHe cBo-
auTcs npocto k auddepedunposanuio no &5

Vi p e A=V s (17.56)

UYro6n noayuuTh BHPaXeHHe IS pP-NPOH3BOJHHX, HalaeMm
cnepBa 3HAYEHHSH yg HY;B CnenualbHOH CHCTEMe KOODIHHAT:

. [a=1,..., 4 a=—>5
Y«_{ 3 o

a=1,...,4|la=>5
72—{ % —%}'

ﬂ]lﬁ p-npOHSBOILHHx NOJIyYHM BHDPAXKEHHA
Vla-—— V ‘?a ,5 (1758)
p-TEH30P @, MPHBOXMTCA K Bymy

rs = Yﬁ Y;Aps =% e P, r— ¥s¥r,5 + PrPs, 5 (1 7‘59)
Bektop B, HMEET KOMIOHEHTH
B,=(¢,,5 0), (17.60)
a ans ckampa A',, nonyuum

Ay = -P+{GP}A°_{E?9} TV 8=
= "2— (log| Yaa l) B

TleTepMUHAHT | Y,3| MOXHO BHPA3HTb TO/NLKO Yepe3 gy. ¥MHO-
xas nocrexuuft cronben ero [cm. (17.53)] na ¢, K BuuuTas
pe3ysbTaT M3 NepBoro cronbua, MOMyyHM

IY ]= gab+(paq’b’ $a — 8ap Ya
a3 Py s 1 0,1

(17.57)

=|g, ! (17.61)




Otciona naftaem ans A,

1 1
A= (08] 8, D s =75 8705  (17.62)

B cneumanbHolt cucteme koopauHaT npousBogHme A-uu-
AMHADHYECKOTO p-TeH3opa Mo §° pasuw Hymo. Ecau npowa-
BOAHME (06HYHOrO) TeH3opa no £ pasub Hyaw
BOAHOW cneunanbHoOd cCHCTeMe KOOpPAMHAT, TO
OHH paBHH HYNI0O B KaXAOH CnenManbsHoll cu-
CTeMeé KOOPAHHAT, H Mt GyneM Ha3wBaTh TaKOH
NATHMEPHHHA TEeH30p A-UHNHHAPHYECKHM.

OkasuBaeTcsl, 4TO (0GbYHLIE) POH3BOAHLE TEH30PH MO &
06pasyloT Ten3op TOro ke THna. B obwel cucreme Koopau-
HaT 9TH auddepeslnHanbHbe BHPAKEHHA HUMEIOT BHL:

VI'"I...,5= V‘"-:..., pAP '—'A',pvp.":-.. e

_I_AP' ;V'".P." + oo (17.63)
=V g, A — AN, VI, —e

+Ap;-Vh"p--- + ce

Benu sToT Tensop pased nymo, To Tensop V"', . HaswBaeTcs
A-uwnnapuueckum. Kak W Buiule, MeTpuuecku Tensop a3
OyneT A-UMIMHADHYECKHM B TOM Clyyae, KOTAad YIOB/JETBO-
patworca ypashweuus Knanunra (17.22). CoraacHo 0606weHnomy
Onpene/esui0  A-UMAHHADHYHOCTH, Y2 A-LMIHHIDHYHH, B TO
BpeMs KakK Y;, BOOGile roBOpf, TaKOBHIMH He SBASAIOTCS.

Kosaprantuaa ¢opmyanmposka teopun Kaaysa. Orpa-
HHueHHs, Hanoxeunsie Kamysa na naTumepHylo meTpuky, SKBH-
BAJEHTHH NDEANONOKEHHIO, YTO OHAa HBASETCH A-LWMAHHIDH-
YecKofl, T. €., 4T0 A, YAOBNETBOPsIOT ypashehusMm Kuanunra
(17.22). BcaexcTsHe STOro  BEKTOPH Bp paBHbl HYJMIO, M
A-kpuBne SBASIOTCA reonesudeckuMu. U3 ypasuewns (17.18)
C/eAyeT, YTO P-METPHKA TaKWe SBNACTCH A-LUMAHHADHYECKOH.

Hanee, B8 cuny ypasuenuii (17.24), ¢, Takxke sBasercs
A uunuunpuseckum TensopoM. B p-tensope (9rs): -9y,
—+ ¢ur|s) YEPTOUKH MOTYT OWTb 3aMEHEHH 3ANATHIMH — OGhIY-



HeM pudpepenunposanueM no napamerpy x2%. B cuny (17.29),
STOT p-TEH30p PaBeH HYJIO:

(Prs.t+ ‘Pst,r-l_:?tr,s:o' (1764)

3Ta COBOKYMHOCTb YypaBHeHHH siBAsieTCS YC/IOBUEM, KOTOpOe
HOMKHO YIOBNETBOPSTLCS B TOM Ciyyae, KOTAA .. Npencras-
NifieT COGOH aHTHCHMMETPHYHBIE MPOH3BOJAHLIE YeThpeXMEpHOH
bynxuun @, A yernipe (PYHKUHH ONpPenensioTCss @, C TOY-
HOCTBIO [0 MPOH3BOJILHOTO AIIHTHBHOTO TPAIHEHTA.

B .cneuuanbHOM CcHCTeMe KOOPIHHAT, B CHAY YpasHeHH#
(17.60) u (17.59), BenHyMHW ¢, H HX aHTHCHMMETpUYHHE
NPOH3BOAHHE @, ,

Crs=Pr,s — s, m (17.65)
He 3aBHCAT OT &3,

Mu BumuM, uto B Teopuu Kanysa npu BmGope cnenuanbe
HOH CHCTEMB KOOpIAMHAT KaK g,;, TaK M ., He 3aBHCAT oT B
H YTO AHTHCHMMETDHYHHE MpPOM3BONHHE OT ¢, 06pasyloT
p-tensop. Ecawm He ncnone3osath cneunanbHON CHCTEMH KOOpIH-
HaT, TO OMpeAeNuTb @, CTAHOBHTCA HEBO3MOWHBIM, HO p-TEH-
30p ¢,, TEM He MeHee YIOBJETBOPHET BTODOH mape ypasHeHHH
Makcsenna (17.64), a g,; u @, ABAAIOTCA QYHKUHAMH TOMBKO
yeTHpeXx apryMmeHToB x° [losToMy g,, H @,, OGNAajalOT BCEMH
CBOMCTBAMH, COOTBETCTBEHHO, IPaBHTALHOHHHX MOTEHIIHAN0B H
9/IeKTPOMAarHUTHHX HanpshkeHHocTeR nons obued Teopuu oT-
HOCHTE/IbHOCTH.

Yro6u nonyuuTs ypaBHeHust noas, Kanaysa npeamonoxun,
YTO /IarPaHKHAHOM BAPHAUHMOHHOTO NPHHLMNA SIBAAETCA MATH-
MepHasl CKaifpHas KpHBH3HA R, yMHOXeHHas HAa KBaupaTHHH
KODEHb M3 NETePMHHAHTAa |Y.|. IlaTuMepnas cxanspuas xpu-
BU3HA CBA3aHA CO CKansApHOH p-KpHBH3HO# ¢ moMougpio (17.51).
Tak kak B, 8 Teopun Kanysa ofpauiaeTcsi B Hyab, H TaK KaK
TOABKO aHTHCHMMETPHYECKHE YacTH KOBAPHAHTHHIX MPOHW3BOI-
HHIX Ap He HcyesdawoT, (17.51) cBomuTcs K caemylouieMy BHAY:

R=2%,g"Ru"+} % A AP = Sng*Rupf" +% 0,97 (17.66)

B cuny (17.61), B cneunanbHol cHCTeme KOOpAMHAT ge-
TEPMHHAHT |Y,| MOXeT OuTh 3ameneH Ha |g,,| Tax kax



NarpaHkHaH A-UMIMHIADPHYEH, TO BADHAUHOHHKH HHTErpaa Moxer
OHITh PacIPOCTPaHEH KaK Ha MATHMEPHYIO 061acTh KoopauHar £,
TaK H Ha YeTHpeXMepHYI0 o6nacTh napametpoB x% [lostomy
IS BapHauMOHHOrO mpHHuMna Kanysa umeem:

3 [[(%8M R+ g og™) V=gdx=0, (17.67)

TA¢ BapHalUH OONYUHAIOTCH YCAOBHAM
(8g™),5==0, (39,),5=0. (17.68)

3T10T BapHAUMOHHHA NPHHUMIT SKBHBANEHTEH YPaBHEHHI)
(12.56). MMoayualomuecs OTCIOZa YPaBHEHHA NOJSA TAaKOBH e,
KaKk H B OOLlell TEODHH OTHOCHUTS/JbHOCTH (BKJ/IOYas 3JEeKTpo-
MarHHTHOE moJe).

NpoexTABHBle TeopHE mnoJasd. Kanysa Been naToe H3ame-
peHHe HCKJIOUHTE/NbHO € LeNbl0 YBE/NHYEHHS YMCAA KOMIOHEeHT
METPHYECKOTO TEH30pa, He MPHIMCHBasg €My HHMKAKOTO peanb-
HOrO CMHIC/IA. AHQJIOTHYHAs onepauus HPOH3BOAMTCH H B TaK
Ha3bLIBAEMBIX [IPOEKTHBHHX TEOMETPHAX, KOTOPHE OMUCHBAIOT
n-MEpHOe MPOCTPAHCTBO NMPH NOMOIM 72—} 1 OXHOPOMHHX KO-
opruHaT. B npoekTHBHOM TeoMeTPHH BCe ,NMPOEKTHBHHE TOYKH®,
ANS KOTOPHX BCe OTHOUIEHHA 7 —+ 1 ONHOPOZHHX KOODIHMHAT
HUMEIOT OJMHAKOBHIE 3HAYEHHS, PacCMaTPUBAIOTCH, KaK ,ORHA H
Ta We® Touka. Hekortopne aBTOpH, B 4acTHOCTH BeGnen
Todpman!) u Ilaynu?) ucnons3eBadH 3TOT MPHHUMI MPH CO-
3NaHHH CBOHX exHHhix Teopu#t noas. Ham o6wuit dopmanusm
NPUMEHHM H K MX TEOpHAM, ONHAKO TeoMeTpHYeCKas HMHTepnpe-
Tauusa Oyxer HHoOH. [IATHMepHHe KOOPHHHATH JOMKHH pac-
cMaTpuBaThCH KaK ,MPOEKTHBHLIE. KOOPHAMHATH®, B TO BpeMs
Kak peanbHOE NPOCTPAHCTBO SBJAETCH YETHPEXMEPHHM INPOCT-~
paucTsom napamerpos x? Kaxnas ,npoextusHas“ A-kpusas
ABASETCH TONLKO TOukoM B peanbHoM npoctpadcTee. Ilosromy
MeTpHKa Mo cyuecTBy sBisercs A-uwmunapuyeckol, C Touku

1y 0, Veblen, Projektive Relativititstheorie, Berlin, Springer,
1933, wactb: .Ergebnisse d. Mathematik u. ilrer Grenzgebiete. (Co-
REPKHUT 6u6anorpagnio.) .

2) W. Pauli, Ann. d. Physik, 18, 305(1933); 18, 337 (1933).



3peHHs Haumiero o6mero (QopManHaMa HeT Pa3HHUW MEXRY
TeopusaMu Kanysa, Be6nena u l'odpmana u [layau. ¥Ypapneuusn
075 BO BceX TPeX TeopHsx OXHM M Te ke, ORHAKO B Kawaoi
H3 9THX Tpex TeOpWi aBTOPaMH MCRO/Ab3YIOTCA PasaHyHble
CHCTEMB KOOpAHHAT.

Cnewvanbnyio cucremy koopauuat Kanysa Mm yxe pac-
cmotpend. O603HaydM ero KOOpAWHaTH uepe3d X1, ..., x4, x0
(==5%). BeGneu u l'odpMan BOpanu cucTeMy KOOpARHAT, Gonee
4aCTO BCTpeudloLlylocsi B npoekTHBHOH reomeTpuu. Oua ¢Ba-
3aHa ¢ koopaunatamH Kanysa ypasnennamu

Er=xs, }

85—,

(17.69)

B TaKoH cucTeMe KOOPAMHAT KOMIOHEHTH METPHYECKOTO TEH-
30pa MMEIOT BUJ

Tos — e__”o’
You =0t * s (17.70)
Yoo = (&a5 T+ PaPs)-

Wx Bu6Gop KkoopaMHAT JomyckKaeT, NOMHMO mpeo6Gpa3oBaHui
NepBHX YeTHpeX KOOPAMHAT ADYr B Apyra, eme npeoGpaso-
BaHus BHJA

£%5 — F (x2) &5, (17.71)

MpH KOTOPHX KOMIOHEHTH METPHYECKOr0 TeH30pa npeoGpa-
3yloTcd caedyouuM o6pa3om:

.1_ e—2x°

1
7;5=]?2755=p2 ’

V=7 [4,— (logF) ,] e, (17.72)

g’ab = &ap*



[laymu BeGpan cHCTeMYy KOOpAMHAT, KOTOpas MOXeT OWTh
B MOJ/IHOM CMbIC/Ie C/10Ba HasBaHa ognopoao#t t). Ero koopau-
HaThl CBfi3aHu ¢ KoopaHHataMu Kasnysa ypasHenusmu:

Xe= f*(x%) e*", (17.73)

2= ha (X*)
“ (17.74)
X0 =log h(XP),

(0)
rae h%® — 4eTepe OXHOPOAHHE (PYHKUMH HYNEBOH CTereHH,

0) (0)
ha (aXP) = h?(XP), (17.75)
(1)
u & (XP) — onHoponHas ¢yHKuus nepsoft cremenu,

() 1
h(aX?) =a h (X?). (17.76)

[Mepexonn or onuo#t omHoponHOH CcHCTeMBI KOOpAMHAT K ApY-
rofl MPOH3BOAATCA NPH NOMOUIH OILHOPOAHHX YpaBHEHHH mpe-
06pa3oBaHHfl NepBoit CTeneHH

(1
X#0 = Hp (X°). (17.77)

KouTtpaBapuauTHHMH KOMMOHeHTaMH BeKTOpa A B OXHOPOA-
HHX KOOpAHHAaTax GyayT
A=K _ x, (17.78)
ox

B ¢opmanusme [layan camu KOOpAMHATH HMEIOT BEKTOPHHIH
XapaKTep M HIGHTHYHH C KOMIOHEHTaMH AP,
A-UWIHHAPHYHOCTD NpHOOpeTaer crneuuduyeckH#t BUA B CH-
creme xoopauuar [laymn. B koopausnatax Kanysa A-numuHapu-
yecKMH TEH30p He 3aBHCHT OT koopauHaT xO. [Ipu nepexonme

1) [Toapo6Hoe u3aowenue Teopnn IMayam MOMHO Halith B KHure
Jl. Tanagay u E. Jluomuua, ,Teopus mnoaa*, 'TTH, 1941,
(ITpun. ped.)



K koopauuaram [laynu Tensop V,,__,'a ** npeo6pasyeTcs COrNacHoO

3aKOHY:
* @_axﬁ ox? [T
Vu... - 0..‘—¢°"V... ’
ox X P
rae VP._,""' ABNAIOTCS PYHKUMSAMU TOABKO OT X1, ..., x¢ W,

Clle0BaTe/bHO, ONHOPOAHHMH (DYHKUHMAMH HYJAEBOH cTenenu
ox®

otHocuteabHo X°. Kawmui#t kosduument 5, Teasercd dyHK-
X

uMelt ot x1, ..., x4, yMHOXEHHOH Ha e"°, T. €. OAHOpPOLHOHN
dynkuue#t nepsoft crenend oTHocutensno X°. C apyro#t cto-

oxf
POHH, KaIu# H3 KO3(HIHEHTOB X SBAAE€TCS OXHOPOAHOH

dynkuued (— 1)-# crenenu otHocutensHo X°. A-LM A M H A p u-
HeCKHH TEH30D OHLHOpPOZeH, H CTeNneHb €ro
OLHOPOXHOCTH paBHAa DAa3HOCTH MEWAY KOJH-
4YeCTBaMM €ro KOHTPaBapUaHTHHX H KOBap.H-
@HTHHX HHIEKCOB,



Inasa XVII

OBOBLIEHHUE TEOPHHU KAIIY3A
*

BoamoxHbie 0606mennn Teopun Kanysa. Hecmorps Ha
TO, wTo Teopus Kanysa He nNPHBOAMT K HOBHIM YPaBHEHHAM
nonsd M He HaeT OTBETa HA HepelIeHHHEe BOMPOCH TEOPEeTH-
yeckol U3HKH, BCe Ke MPEACTaBAAETCA 3aMaHYHBLIM IPOH3-
BECTH Ha ee OCHOBE HEKOTOpPOe H3MeHeHHe OCIIEH TEeOpHH OT-
HOCHTENbHOCTH. Bwmecte ¢ TeM, ucxoas u3 teopun Kanysa,
MOXHO HECKOJbKMMHM CNMoco6aMH MONOHTH K CO3HaHHIO HOBOM
TEOPHH, B KOTOPOH FpPaBUTALHOHHOE H 9JEKTPOMATHHTHOE M0Js
ABJSINCH OB YaCTAMH €IMHOTO MOJS.

OznHa 43 nonKTOK 0606uieHust Teopun Kanysa npunamnexur
d#inmrefiny 1 Mattepy!). Kak u Kanysa, oHH npuHsay, urto
¢usuyeckoe MNPOCTPAHCTBO fABAseTCH 4HeTHpexMepHuM, [lpu
STOM OHH BBEAH MATHMEpHHA TeH30opHHA aHanu3, He BBOAS
B TO Xe BpeMs NITHMEDHOTO NPOCTPAHCTBA H NATHMEPHOMH
CHCcTeMH KoopauHaT. OHH NPeAnoNOKHAH, YTO CYWIEeCTBYIOT
TEH30PH, HHAEKCH KOTOPHX mpoGeraior 3Hauenus ot 1 jo 5,
HO KOMMOHEHTH KOTOPHIX ABASIOTCH (QYHKIHUSAMH TONbKO YeTH-
pex koopauHat. Kpome yeTHpexmepHux mpeo6GpasoBasHR Koop-
JHHAT, CYLIECTBYIOT eule npeoOpa3oBaHHA ,NATHMEPHHX TEH-
30pOB® ¢ MaTpHuaMu npeoGpasoBahua ME u Mg. Tlpu stom
»ATHMEPHHE BEKTOPH“, Hanpumep, NpeoGpPasylOTCs COr/IacHO
YPaBHEHHAM

V*‘=M3'VB,
. . s . (18.1)
W:=Ma Wg; M ﬁMr =a1’

rae M%; — npoussosbne dyHkuun ueTnHpex koopauHar. Ecau
BBECTH MATHMEPHYIO CHCTeMy KOoOpaHHaT, matpuua Mg o6paso-

1) Berl. Ber.,, 1931, crp. 541; Berl. Ber., 1932, crp. 130.



BhiBdJ1aCh 5H H3 ﬂpOH3BOlIHle HOBHIX KOOPIIHH&T no CTapblM
Mu __05*"'
8= "8

H NO3TOMY YHAOBAeTBOpsna Oun aubdepeHiHaNbHEM  TOXIE-
CTBaM

MGP-’ - M’“n" = M’Pv‘ Yi - M’,lr Y; =0.

Onsako Huyero nogo6GHOrO He NMpeANonaraeTcs B TEOPHH M.
wirefina-Mafiepa. [losatomy konndecTBOo mHdpepeHLHAMBHBIX
KOBaPHAaHTOB B Hell He paBHO 4HCAY TaKoBHX B Teopuu Ka-
nysa. XOTA 3xech TaKke BBOASTCA BEJHYMHH Yz H Y  AI
nepeBoNa YeTHPeXMEPHHX TEH30POB B MATHMEpHHE M HaoGo-
pOT, BHIpaXeHHs

b b
Y23 — Y3 =233 — Yi6 Yor

KOTOpnie paBun Hymo B Teopuu Kanysa, B teopun Dfinmreft-
Ha-Mailepa, BoOGiie roBops, He paBHH HYJI0 M JaXe He fB-
NI0TCE KOBAPHAHTHHIMU., Bhipaxenus

a «
Ya,b - Yb.a,

KoBapuanTHule B Teopud Kany3a, He uHBapuaHTHW B STOH Te-
opu. C mpyro#t croposn, B Teopud DitHteHina-Maitepa cy-
ecTBYeT paA Takux AuddepenunanbHNX KOBapHAHTOB, aHa-
NOTHH KOTOpHX B Teopuu Kanysa ToxAecTBeHHO paBHH RYJIIO.
Mx KOMHM4eCTBO Aaxe CTOAb BENHKO, YTO HE BCE M3 HHX MOTYT
MONYYHTL (PH3HYECKYIO UHTEpNpeTauuio,

Bosmowno rakke o6GoGuietue Teopun Kanysa myrtem oc-
nabnenus ycaoBHu A-UWIMHIPHYHOCTH. ITO OHJIO CAeNaHO
dfnmtelivom u Beprmanom, a nosgnee DHnwreHinom, Baprma-
HOM M Beprmanom B ABYX CTaTbhfiX, CoAepxanue KOTOPHX Oynet
BKpaTlUe M3/10XeHO B 3ToH riase!).

) A Einstein and P. Bergmann, Ann. of Math., 39,
683(1938). A. Einstein, V. Bargmann andP.G. Bergmann.
Theodore von Kdrmdn Anniversary Volume, Pasadena, 1941, crp. 212,



FeoMerpnsi 3aMKHYTOro NMATHMepHOTO MApPA, B To Bpems
KaK MPOEKTHBHHE TEOPHH, B YaCTHOCTH Teopus IHuiuTefHa-
Maitepa, paccMaTpHBAIOT MNPOCTPAHCTBO KaK YeTHIPEXMEpHoe,
a NATOe H3MepeHHe BBOAAT TONLKO KAK CPeACTBO AN MOCTPO-
€HH HOBOI'O THNA TEH30PHOTO AHAJH33a, TEOpHH, PACCMOTpeH-
Had B YKa3aHHHX MABYX CTaThfX, OHTaeTcs NPUIATh NATOMY
H3MepeHHIo Gosiee onpeneneHHHH ¢H3HYecKHH CMBHIC/.

dusuyeckne coOGpa¥eHHs ONpaBAHBAOT CO3JAHHE TaKoM
teopun. He BHxoms 3a npemend uyeTHpexmepHoft Teopuu
nonsi, APEACTABAAETCH HEBO3MOWHBIM Jawe NMPHHATh BO BHHMA-
HHE Pe3yJbTaTH KBaHTOBOA TEOPHH, B YACTHOCTH NPHHIHI
neonpenenenHoctH [elidenGepra. Tak kak omHcaHHe NSTHMEp-
HOTO MMpa MpPH MOMOLIY YeTHpexmMepHoro ¢opManu3Ma SiBASETCS
HenoNMuHM, OLiA HaleknAa, YTO H3 HEeOoNpeAe/NeHHOCTH ,YeTh-
pexMepHbX® 3aKOHOB MOXCHO MOJYYHTb NPHHUMI HEONpexe/eH-
HOCTH H YTO KBaHTOBHE SBJIEHHS B KOHLE KOHIIOB CMOTYT
6uTh OGBACHEHH TeopHel moas. B HacTosulee BpeMA OUEBHIHO,
4TO STH CME/Heé HAaAeKIH He onpaBjaaauce. Boobuie, BOmpoc
O TOM, BHAEPXKUT JH KakoH-Au60 nsiTHMEpPHbIfi NOAXoA mpo-
BepPKY BpeMeHH, mokaxer Oynyuiee.

Bo BcakoM cayuae, MakpoCKONMHYeCKHH MHUP YeTHpeXMepew,
MOSTOMY NATHMEPHBIA MHD NomkeH OHTb, nO Kpaiueit Mepe,
ApUG/IHXEHHO IHIHHIPHYECKHM OTHOCHTENbHO MATOTO H3Mepe-
Hus. M3 sTuXx cooOpawenuti OHHmTe#iH W ero COTPYAHHKH
NPEANoNONKH/H, YTO MHP SIBAfETCH 3aMKHYTHM MO OTHOIUE-
HHIO K NATOH KOoopauHaTe M npeacTaBiasieT co6oit Heuto Bpoae
TpyOHI.

Ecau BHpe3aTs H3 NATHMEPHOrO KOHTHHYyMa TOHKHH Gec-
KOHEYHO NPOTSXKEHHHH C/IOH M OTOXAECTBHUTHL €ro JBe OTKPH-
Thie (YeThipexXMepHUE) MOBEPXHOCTH, MOJAYYHUTCH MOJE]Ab TaKOro
3aMKHYTOrO NATHMEPHOTO mnpocTpancTBa. Bce ¢yuxumu noss
NpeanonaralnTcs, KOHEYHO, HENpepHBHLIMM APH mMepexone 4epes
»lI0B*, H MOITOMY, ecad TPy6Ka HOCTaTOYHO Y3Ka (T. €. eciu
CA0H AOCTATOYHO TOHOK), H3MEHEHHe BEeJMYMH MO/ Nomnepex
Hee OyAeT MajJO NC CPaBHEHHIO C HX H3MEHEHHAMH BIOJb
TPYOKH.

["eomeTpus 3amMKHYTOTO NATHMEPHOTO MPOCTPAHCTBA NPEANO-
Aaraercss puMaHoro#l. DTO nanaraer eule OAHO OrPaHHYHTE/b-



HOE YC/JOBHe, KOTOpPO€ YMEHBIIAeT YHCIO MNEePEMEHHHX MoAf
ot 15 10 14. Merpuky Teopus Kaaysa mu HaswBanu A-um-
annnpuyeckolt. Jlpyrumu croBamH, mpoctpasctBo Kanysa ss-
AfeTcs LWIHHAPHYSCKHM HE TOJBKO OTHOCHTE/bHO HEKOTOPOro
BEKTOPHOTO MOJ/ii, HO H OTHOCHTEJIbHQ MOJSA €AMHHYHHX BEKTO-
poB A. B cuny storo A-xkpusnwe Kanysa sBnsiorTcs reomesu-
YeCKHMHM, H B CNELMANbHOR CHCTEME KOODAMHAT Y;, paBHa
exundue., B paccmarpuBaeMOM reoMeTpHH YCIOBHE UM/IHHAPHY-
HocTH Kanysa 3amensieTcd yc/IOBHEM 3aMKHYTOCTH MSTHMEPHOTO
npoctpanctBa. Kpome Toro, npemmonaraercss, uro reozesmye-
CKHME JIMHHM BOKPYT LHJHHADA, COEAMHSIOUIHE JNAHHYI0 TOUYKY
C HElo Xe caMoif, mepeceKkaloTCss MNOJ YI/IOM, PaBHHM HYJIO,
T. €. SABAAIOTCH 3aMKHYTHMH HENMpPEepPHBHHMH KPHBHMH. DTO
ycnosue 3amensieT yciaoBHe Kanysa o UMAMHAPMYHOCTH ero
fIDOCTPAHCTBA OTHOCHTENbHO MOAA EeXHHHYHBX BEKTO-
poB.

Yepes Kawayl0 TOYKY NATHMEPHOTO MPOCTPAHCTBA MPO-
XOIHT OIHa H TOJAbKO OZHA 3aMKHYTas Treode3HYecKast JH-
HHSL.

Jauny TakoH nMHUM, ONMH Pa3 0GxoAsiLeH BOKPYT LUIHHAPA
H BO3BpaAIOWIEHCH B HCXOIHYIO TOYKY, OyJeM HAa3HBaTh
»[EPUMETPOM® MPOCTPAHCTBA B MATOM u3MepedHH. JlokaxeMm
Tenepb, YT0 3TOT NEPHMETP Be3Xe HMEET OAHY H
Ty e BEJAHUYHHY,

PaccMOTpUM 3aMKHYTYIO reofie3HYecKylo JMHMIO, NPOXOAs-
myio yepes Touky P. Ee mauna S pasna

p
= dst d&* P Xy
1/ 14 gp— ny‘, T, (182)

TAe p — NpOM3BOJbHAS (QYHKIMA KOOPAMHAT; NMyTh HHTErPHPO-
BaHHA fBASETCS 3aMKHYTOH reomeanyeckolt auuuedt. Hameuum
Tenepb KOOPAMHATH KaXAOA TOYKH BAOMb 9TOH 3aMKHYTOH
reole3uyecKo!t NMHHM Ha GECKOHEYHO Manylo Benuuuny 68 rak,
YyTOON NOJIyYHTb HOBYIO JHHHIO. ,Koneunwad Touka* P He cuu-
TaeTCs Npd 3TOM (HKCHPOBaHHOH. PasHocTb Mexay AMMHOH



HOBOH JAHHHH H DJIHHOﬁ CTapOﬁ JHHHH 6y.ue'r PaBHa:
L eoerrger ep? )
5’&;.95 e E +7tp€ 8‘
— d
VL
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I
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(18.3)

l
—

{Etupbbtt oy, ot a,
/

TAe TOYKM 03HayaloT auddepeHuupoBaHue MO T, YIJIOBOMY
paccrosiiiio 0T P. HHrerpupys nmo 4actsaM, NOJY4YHM:

p \
1 2 oda S Sa
= p{i Yo B8 — 1, £E08 —

— ¥, 'é'w} dr-} EY'P gotr) = (18.4)

— _‘f’m (e +{a pe é*) 3ar L wa ate).
P

Buipaxenue B KpYriHx cko6Kax paBHO HYJIO, TaK KaK MepBOHa-
yasbHad JHHHA Teomeauyeckad. [TosToMy Bapuauusi S 3aBUCHMT
TOJAbKO OT BAapHAllHH KOOPAHHAT B INBOHHOH KOHEYHOH ToOuke

3S =fy‘9é'6av}. (18.5)

Bhipaxense B KBaJpaTHHX CKOOKax fIBASETCH CKaAsIpHBIM Npo-
u3BelEHHEeM IBYX BeKTOpoB: & W 08P, M MO3STOMY HHBapHaHT-
no. Tax kak 88F Ha ABYX rpaHHUax B AeHCTBHUTE/NbHOCTH Npej-
CTaBAfieT OJHO H TO e OGecKOHeYHO Majloe CMELIeHHe,
a & — 710 we HampaBieHue, 06a uneHA B3AHMHO YHHUTOXAIOTCS
n ¢S obpamaerca B Hyab, Takum o6GpasoM, S ocraercs no-
CTOSAHHBIM NPH TaKOM MNepexoie OT ONHOM 3aMKHYTOH reone-



3MYECKOH JHMHHH K APYro#, KOraa BapbHpPOBaHHE MPOHCXOAUT
TaK, YTOOH BCe MPOMEXKYTOYHHE JHHHH Ob/IH eONE3HYECKHMH.

[TepuMeTp 3aMKHYTOro MpOCTPAHCTBA, B KOTOPOM BCe me-
peceKaiole caMH CeGs reojesHyYeckue JUHHH SIBJSIOTCS 3aM-
KHYTHMH M HempepeBHoIMH (6e3 pa3phLiBOB 1npOH3BOAHOM), fiB-
nsieTcd, TakuM o0pa3oM, MOCTOSHHOM, XapakTepusylouwe# mpo-

CTPaHCTBO.
L

ds
Bexropu, KacaTe/bHHE K 3aMKHYThIM reoaesuqecxumm y

06pasyloT nojae emMHHYHEX BekTOpoB. OG603HauuM 39TO noae
yepe3 A M NpHMEHHM K 3aMKHYTOMY NSTHMEPHOMY MPOCTpaH-
cTBy dopmanuaM, paccCMOTpeHHHH B mpeawayuiei raase.

Tak kak A-mome COCTOMT M3 BEKTOPOB, KACATENbHBIX K
re0Je3HYECKHM, OHO YAOB/JETBOpAET AH(pdepeHUHANbHEM YpaB-
HEeHHSAM.

A%, Av=0, (18.6)

YTO O3HaYyaeT coraacHo ypasuewuam (17.17) u (17.21), uro
A-MeTpHKa,

dt, = A% (18.7)

ABAAETCH  A-UWIHHAPHYECKOH. Ypashenwe (18.6) npunumaer
OCOGEHHO MPOCTOH BUX B CMEUHANbHOK CHCTeMe KOODIHHAT.

BBenenne creunaabHOil CHCTeMH KOOpPAMMAT. B cneuu-
abHOH CHCTEME KOOPAMHAaT A HMEeT KOHTPABAPHAHTHHE KOM-
nouentH (0,0,0,0,1) H KOBapHAHTHHE KOMQOHEHTH (Y55 1).
Ypasuende (18.6), takum o6Gpa3oM, npuoGpeTaeT BHA:

A5 {5“5} =0, (18.8)
HIH

{5“5} —o0, [55,a]=0, |

(18.8a)
1
Ya.5:5 3 55,6 = 0. J



Tak kaKk B cnenHaAbHOM CHCTEME KOOPAMHAT Yz; TOCTOSIHHO
M paBHO exHhuue, A8 ypasHenus (18.6) nonysaem oxoHua-
TeN5HO

Yas,6 = Pass — (18.9)

APYFHMH CNOBaMH, BENTHYHHH @, HE 3aBHCAT OT £S.

OcTanbHHEe KOMNOHEHTH METPHYECKOTO Te€H-
30pa NepHONHUYHH OTHOCHTENbHO &5, Tak Kak A-kpu-
Bhe 3aMKHYTH H BO3BpalLaloTc B MOGYI0 TOYKY, 4epe3 Ko-
TOPYI0 OHH mnpoxoAAT. KoopauuatHoe paccTosiHHe TOuKHM OT
cavo#t ce6s (BOKpYr TPYGH) paBHO METPHHYECKOMY PAaCCTOSHHIO,
TaK Kak Yy pasuo eaunuue. Ilo Tem xe coobpaweHHsM 3TO
CHpaBefIuBO H JJsisl /MOGOH TOYKH B PaccCMaTpHBaeMOM NpoCT-
paHcTBe.

Bce noss, onHO3HAYHO ONpeZesieHHHle B HalleM 3IMKHYTOM
NPOCTPAHCTBE, SBJAIOTCA NEPHOAHYECKHMH (QyHKUHAMH oT &5 ¢
nepuonom S (18.2).

Takkm 06pa3oM, B CmeuManbHOH cHCTEMe KOOPAHHAT MATH-
MepHas MeTpHKa pacnazaeTcsi Ha COBOKYMHOCTb AECATH (pym(-
uifl g,

Bmn="{mn— ¥m¥Pu (18-10)

KOTOpHE MEPHOIHYHH OTHOCHTENbHO &% ¢ mepHoaoM S, H Ha
yeTHpe (QyHKUMH @,, 3aBHCAmHe Toabko or &l,..., &4

B cuny (18.9), Bexrop B, (17.17) u (17.60), pasen wymo,
a eIUHCTBEHHHIMH nuqxpepeﬂuuanbﬂumn TEH30PaMH NEpPBOro
nopsiaka SBAAIOTCA

Prs = Prys— Pspr (18.11)
[B cuny (17.59)] u
Bmas = Amn + Anim (18.12)
[ cuny (17.18)].



[lonyuyenne ypaBHeHR#i MOJA W3 BapHAUHOHHOTO MPHH-
uAna. Hcxons H3 reoMeTpPYH 3aMKHYTOrO NSATHMEPHOTO Mpo-
CTPAHCTBA C 3AMKHYTHIMH KOOpIHMHaTaMH, JHHIITEHH M ero
COTPYAHHKHM HaUUIM IBE Ppa3/HyHheEe COBOKYNHOCTH YpPaBHEHHMH
nond. B sTOH rnaBe MW paccMOTpHM OIHY H3 STHX COBOKYI-
HocTeH.

MoxHO moMyyuTbh ypaBHEHMS NOAS, KaK YpaBHeHHd Dhne-
pa-Jlarpasika BapHauMOHHOTO npHHuMna. CyYWEeCTBYIOT YeThipe
pasnuuHnx audpdepeHnHANTbHEX CKaafpa BTOPOro MNOPSAKa,
KaxJabf H3 KOTOpHIX BeJeT K Pa3NHYHBIM YDaBHEHHAM [OAs.
TakuMH ckansipamp SBASIIOTCSH:

Bn PRI 9pes™;
(Apsy + Avp) (Agia + Ag ) TP (18.13)
(A = Avp) (Agis - Asp) Y.

Bce ocranbhbie audxpepeHuHanbHEe CKansfphl BTOPOTO MOPAIKA
OT/NMYAIOTCH OT JHHeHHOHR KOMGHHAIMM STHX 4YEeTHPEX TOJBKO
Ha IMBEPreHIMIO, KOTOPas He BHOCHT H3MeHEHMH B ypaBHEHHUS
d#nepa-Jlarpanxka. JInne#iHad KOMGMHAUM$t STHX YEeTHpPEX CKa-
NApOB, YMHOXEHHAsl HA KBAaAPAaTHHH KOpeHb B3ATOTO CO 3HAKOM

MHHYC JIeTepMHHaHTa, V—HMI (nnu B cnyvae ctieuuanbHoM

CHCTEMHl KOOpAMHAT Ha )/ — g), ¥ TNPOHUHTErpHPOBAHHadA IO
natuMepHO# o6nacTH koopauuar §l...., &5, sBiseTcH unBapu-
aHTOM.

Bapuauus Takoro HHTerpana

1=(H/"—¢a (18.14)

INOMKHA COXpaHfiTh XapaKTepPHHE reoMeTpHYeckHe CBOHCTBa
3aMKHYTOrO MNPOCTPAHCTBA, T. €. NPH HCHOML30OBAHWH CHELH-
aJbHOM CHCTEMH KOOPIHMHAT BAPHAUHMH . HE JOMKHH 33BUCETDH
ot &5, a BapHauMH g,, ROMKHH GHTh NEpPHOXMYHE OTHOCH-
tensHo 5 ¢ nmepuonom S. IlosToMy MH He Moxem noTpeGo-
BaTh, YTOGH BAapHAUMH @, H £’° DpABHAJMCh HYMI0 Ha BCeH



rpaHHUe NpOH3BOABLHON o6nacTH MHTerpupoBanug. Omuako
BapHMALHA Ha TPaHUIlE HHYEro He JOGABHUT K BAPHALHM HHTE-
rpaza B TOM cjyyae, €CJIH INPH HHTErPHPOBaHHH OOXOA MO
06/1aCTH coBepuIaeTcs BOKPYT TPYOW TOABKO OMHMH pa3, XPYTHMH
C/IOBaMH, MHTETPHPOBaHHE MO &% NpOM3BOIMTCH TOALKO B mpe-
menax oxHoro nepuona. Kpome roro, 8g™ u 8¢, momkus npH
aToM oOpawarbc B HYJb Ha TOR 4YacTH TpaHHUB, KOTOpas
cosnaercsd A-kpuBbiMd, TakuM o6pa3oM, BapHalHs NPHHHMAeT

BHI:
(=g an.. av=

— (18.15
—_—S{Q,.‘,ag"’—i—.]“&ps} V—ng’ ... dts, )

rae npeanonaraloTcs BHIOOMHEHHHMH TOJMbKO YTO YKa3aHHbE
ycnosus (39, He 3aBHCHT OT &5, 8g¢™F ABAAETCS NEPHOAMYECKOH
¢yukuue#t orHocutenbHo £%, ocraiowefics 10 u3BECTHOH CTe-
neHd npousBoibHo#). Hurerpan / Gymer crauHoHapeH, ecan
YIOBJNETBOPSIOTCH CACAYIOUHE YPABHEHHA:

S

Q=0 (V=g as—0. (18.16)
£5=0

Mu He Moxem mnoTpe6GoBaTh, YTOGH J*¥ Beame oGpaliaaHcey
B HYlb, TaK Kak, ecnn uarerpan (18.16), xoropw#t myxHo
ONMH pa3 B3fATh BOKPYT A-KDHBOH, paBeH HYMIO, BapHaLUH Vo
NOCTOSIHHHE BIOMb Kawao# A-kpHBOH He GYAYT BXOIHTH B
ol.

Hurerpo-nmudpepennnansane ypasnenus (18.16) ynosie-
TBOPSIOT NATH MHTErpo-auddepeHnHaTbHEM TOWAECTBaM. Ecau
npouspecTH GECKOHEYHO Maloe NPeoGpasOBAHHE CNELHANbHBIX
KOODAHHAT

Sr=ETE), (18.17)
e — £5 - 385 (89),



nepeMeHHbie noas g° H @, npeobpasyloTcs CAeAyIOUHM 06-
pasou:
ag"_g( (ae.v)’t_‘_gn (68’) N GE[ ’" 35’3".5:
at‘?: — % (ae ),s (&EIS)’, — 68" (?_p;!

Hau

8g" =g (B8 + g% (%) — &7 5 (A9),
bp, = — g, 08 — (A28, (18.18)
ABE = @38 |- 38,

Ecan BuOpath coBoKymHocTh 88%, o6pamiaiomtylocsi B HyJb
Ha yKasaHHOH 4YacTH rpaHHUW 0GAalTH HHTerpHpoBaHus, CO-
3naBaeMol A-KpHBHMH, BapHauus / mpH TakHX OECKOHEuHO
MaJHX npeobpa3oBanHix [OOMKHa OGPaTHUTbCA B HYJb, Hake
B TOM cnyyae, koraa ypasueuus (18.16) se ynosnersopsiorcs:

0= {{Q, [&" &) + 8% 08), — &% 4,20+
+Js [— (A aEP) N 27 e&f }l de=
= [{l—2Qu +ou /P 4 [— Qg% —
— ] (A28} —g dt. J
Ilp# npoBeNEHHH HHTETPHPOBAHMA MO YacTAM, HEOGXOAMMOro
ANsl NOJNyYeHHS STHX ypaBHeuHH, ObIM OnyluedH BCE YIEHH,
NpeACTaBNAIoUIHe COGOH KOBapHAHTHHE AMBEPreHLHH. Koaapu-

aHTHagd JUBEpreHuMs p-NCEBAOBEKTOpAa sBAfeTcd JHHeHHOH
KoMOHHanHe# OOHYHBIX MPOHU3BOAHHIX-

=B — (9,8 5. (18.20)

(18.19)

[TosTomy ouna o6pawiaeTca B HyAb NPH HUHTErPUPOBAHHH MO
06nacTH, Ha rpaHHlle KOTOPOH KoMnoHenTH B* ucyesaror.

B ypaBuennn (18.19) 8&* He 3asucar or &5, HO BO BceM
OCTaIbHOM OCTAIOTCH NPOH3BOIbHLIMH BHYTPH 00/acTH HHTe-



rpupoBanus. OTCI0Za MOXHO 3aK/IOUHTb, ¥ro ypaBHeHHs (18,16)
YIOBNETBOPSIOT TOXAECTBaM

S (2Qs.t;t + 9,7 V:?dE" =0,

§=0

¢ rs (18.21)
_E s+ Q8.5 V—gadi=0.

£=0

OtHocuTenpHO BHAa BHpaxerH#t J° H Q,, MOXHO (CKas3aTh
cienyiomee. Q. CONEPKHT Te e WIeHH, YTO H YPaBHEHHs
nonsi oOume! TeOpPHH OTHOCHTENbHOCTH, B KOTOPHX BCe Hpo-
M3BOIHHIE 3aMEHEHH p-NPOH3BOAHHMH

&rsit= 8oyt — grs,al?t'

M TaK jmanee; Kpome TOro, Q., CONEPXHT 4NeHH, B KOTOPHX
p-Metphka npoauddepenunpoBana no 5. Bupawenne J* co-
HEPWHT MaKCBEJVIOBCKHE WieHH @ 5s H, KDOME TOTO, WIEHH, SB-
JSIOLIHMECs] NMPOU3BENCHHAMH P-TIPOH3BONHHX U A-NPOH3BOZHBIX
OT g, Jpyrumu c/oBamMH, MHPOBafd ILIOTHOCTb TOKa B 3TOR
TEOPHH HE PaBHA HYJIO.

DaddepeHnnaibAne ypaBHeHAR moJas. Wmeiotcs aABa
BO3paXeHHA MPOTHB yPaBHeHHH MOJA, MOAYyYEHHHX H3 BapHa-
LMOHHOTO MpHHUMNA. Bo-mepBHX, STH ypaBHeHHs OnpeRensioTcs
HEONHO3HAUHO; BCAKas NHHeHHas koMOHHAlHA Ckansnpos (18.13),

yMHOXKEHHas Ha |/ — g, MOXeT GWTb HCI0/1b30BaHA B KayecTse
Jarpawkuada. Bo-BTOpHIX, ypaBHEHHs MOJH, NOJAYYEHHHE TaKUM
06pa3oM, He SBIAIOTCA YHCTO AuddepeHnHaNbHEIMH ypaBHe-
HHSAMH,

Ecnu 66 ypaBHeHHs DO NpPeACTaBAsIH COGOft cHcTeMy
ugcto IuddepeHuuanbHEX ypaBHeHHH, HX cJe0Bano O MOA-
yyHUTh GoJlee CH/IBHHIM TOXIECTBAM, YTOGH OHH MMeNH peile-
HUSl, MMeloLHe cMucA, B meicTBUTeNbHOCTH e HMeeTcs 4e-
THpHAZUATD AH(bepeHIHaNbHEX ypaBHEHHH, CBA3AHHBIX YETHPb-



M auddepeHuHaNbHHME H OXHHM HHTErpo-AutpdepeHiHanbHbM
TOWIECTBOM; NPH 3TOM CHCTEMAa ONpEene/eHa OJNHO3HAYHO,

PaccmoTpuM nsATHamuaTh BHpaxceHHH Gpa, 06pasoBaHHEX
H3 CBEPHYTOTO NATHMEPHOTO TEH30PA KPHBU3HH

G, =R, —5 1R (18.22)

OTH NATHAAUATb BEJMYHH YAO0BNETBOPAIOT NATH COOTHOLUICHHAM

Vyam,+Vyae { T"a} =0. (18.23)

Ecnu V'? G** 0603HaunTh yepes G'm BHOpaTh ClEUHANBLHYIO
cucreMy  koopauHar, (18.23) mpumer BHI

67 675+ oe{ /4200 { i} =o.

N R A ]

3necb yureno, 4ro, B cuny (18.8a), cumBonn Kpucroddens
a
{ 55 ( PaBHH HyJlO, Orciona BHAHO, YTO YeTHRHAAUATH BHpa-

swenuit G™ 1 G’ ynoBIeTBOPAIOT ueTHpeM AuddepeHHaNbHHM
TOXAECTBAM; Kpome Toro, Au¢depeHunansHoe BHpameHHe nep-
BOTO mopsika, Bxogsiuiee B G n G5, TOXZECTBEHHO PaBHO
nepBoft npoussoaHo# no 5, W ero MuTerpan mo OmHOMY ne-
puony A-KpuBo# mostoMy paBeH Hy/al0. UeTHpHaguarth ypas-
HeHHH

Gr=0, } (18.25)

IF =Ga%-+19,G%=0
YIOBNETBOPHIOT, TaKHM OO6pasOM, HYKHOMY KO/NHYECTBY TOX-

nectB. OHH TakXe KOBADHAHTHH OTHOCHTE/IbHO NpeoGpasoBaHuit
CnenHaabHOR CHCTEMH KOOpAHMHAT B cuny 7roro, wro G u I*



fAABJAIOTCH p-TEHSOPaMH .
G™ =1, Y:G",
Po=yAGr.

[TyTeM HeMmOCPENCTBEHHOTO, HO TPOMO3JAKOTO BHYHCIAEHHS MOX-
HO TMOKA3aTb, YTO He CYLIECTBYET XPYro# CHCTEMH YeTHpPHAj-
uatd nudepeHHATbHEX YPaBHEHHR BTOPOro NOpsAKa, KOBa-
PHAHTHHX OTHOCHTE/bHO NPeoGpasoBaHHi CrEUHaNbHON CHCTEMBb
KOOPIMHAT, YAOBNETBOPAIOLEH  TOXHECTBAM, AaHAJOTHUHBIM
(18.25). Dtu ypaBHeHHs HMEIOT TakoH e BHI, Kak H ypaB-
HEHHA, MONyYeHHHIE H3 COOTBETCTBYIOIIETO BAPHALHOHHOTO MpHH-
LMMa, HO B OTJAHYHE OT MOCACAHMX HABAAOTCH uMcTO Audpe-
peHUManbHHMH. MHPOBasi NNIOTHOCTb TOKA M B 3TOM Cayyae He
paBHa HYJIO,
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