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FOREWORD

Schlieren methods have gained widespread acceptance in the study of transparent
inhomogeneities. Several thousand papers have been written on the subject during
the past century. The state of the art at various time periods has been satisfactorily

S. A. Abrukov [3], D. Holder and R. North [92], and others. Recently, however, the
theory and the experimental methods of application of the schlieren methods have
undergone a substantial change, namely, the diffraction theory has been developed
considerably, many new quantitative methods have appeared, improved methods of
calculation of volume inhomogeneities have been introduced, and the application of
these methods has been expanded. Consequently, there has arisen'a need to generalize
the existing results, to describe the contemporary level of development of the methods,
and to demonstrate the possibilities which they offer to the investigators in various
branches of science and engineering. The present book is directed to this need.

Schlieren instruments and methods used in microscopic studies are not treated
in this book. The statement of the problem is, however, sufficiently general to allow
the application of many of its conclusions to microscopy.

There exist at present many methods of measurement similar to the schlieren
methods. These include the interferometers with a diffraction grating, frequently

using a schlieren attachment. The similarity is purely superficial, however.

The sole function of the diffraction grating in the interferometer is to split the light
beams and to create two coherent light sources. It can be satisfactorily replaced by a
system of semitransparent mirrors. Such methods are valuable because they permit
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converting the inexpensive and widely-used schlieren instrument into an inter-
ferometer. The schlieren instrument can also be used for other purposes, such as the
study of luminescence; the corresponding methods, however, are not examined in
this book.

The phenomena in which phase changes in a transmitted wave are primarily
caused by the object being studied extend beyond the scope of optics. As a result,
schlieren instruments have found applications in other branches of science —in
X-rays, ultrasonics, radio engineering, etc. An electronic-optical analog of the
schlieren methods is used in the study of weak magnetic fields. The working techniques
and the instrumentation, as well as numerous specific features, are different when
applied to each of these fields. We shall accordingly restrict ourselves to the analysis
of the schlieren phenomena in the field of optics.

Since it is the parameters connected with the refractive index gradient which are
of decisive importance in conducting the experiment, and not the angles of light
deviation in the inhomogeneities or the wave front shifts, we have included in this
book a section on the methods of calculation of volume inhomogeneities. These
analytical methods of calculation are common to a large number of optical and other
phenomena, but manifest peculiar characteristics when applied to schlieren
measurements.

The book is mainly based on scientific papers published by the author; relevant
works of other scientists are also cited. Thus, §20, §58, §61, §62 and in part §53,
§54, §56, and §57 repeat, at times verbatim, the findings of V. S. Sukhorukikh; §39
is based on the work of S. M. Belotserkovskii, V. S. Sukhorukikh, and
V. S. Tatarenchik.

I. V. Obreimov, V. A. Yakovlev, M. M. Skotnikov, S. M. Raiskii, and above all,
V. S. Sukhorukikh, took an active part in the discussion of the book in the course of
its preparation. The author is grateful for their numerous helpful suggestions.

L. A. Vasil’ev
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INTRODUCTION

Hundreds of scientists of different nationalities have contributed to the development
of schlieren methods over more than a century. Initially, the basic work was conducted
in Western Europe, mainly in France and Germany. Recently, the center of scientific
studies in this area has shifted to the USSR. We shall sketch here the main stages
in the development of schlieren methods.

The schlieren method was suggested by the French astronomer Léon Foucault [83 ]
in 1858 as a means of quality control in the manufacture of large astronomic
objectives of high resolving power. In this sense it is known to this day as the
Foucault knife-edge method.

In 1864, the German physicist, August Topler, applied this method to the study
of gaseous inhomogeneities [130]. In effect, he uncovered a new application of the
already-known Foucault method, but the great value of the results obtained and
the increasingly large role played by gas dynamics in the general development of
science have served to attach Topler’s name to this method.

Up to the 20th century, the optical quality tests and the study of gaseous inhomo-
geneities were the sole areas for the application of schlieren methods. With the advent
of the 20th century, schlieren methods underwent considerable development. They
acquired a physical interpretation, based on the laws of wave optics. Rayleigh [116]
and Obreimov [41] calculated independently the diffraction distribution of the
illumination in the image plane of the schlieren instrument, working on the assump-
tion that the wave shape in the object plane is a piecewise-linear function of the
coordinates. A large number of later investigations were based on these fundamental
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studies, and their importance has increased in recent years, in connection with the
development of the diffraction theory of the schlieren methods.

The scope of the schlieren methods was also drastically expanded. They were
used to study all types of transparent inhomogeneities. Centrifugation, microscopy,
the study of convective air flow in heat-exchange processes, the analysis of hydro-
dynamic phenomena, quality control of optical glass, and the study of crystals of
different minerals constitute some of the new applications of schlieren methods.

Finally, a transition was effected from qualitative to quantitative measurements.
Numerous papers were published on the subject of the light wave front shape after
its passage through an inhomogeneity, and of the relevant inhomogeneity para-
meters related to it — the refractive index gradient, the shape of the mirror or lens, etc.
Of particular importance were the studies of Maksutov [34-37], who developed the
quantitative methods of the focal filament and the curved-stop photometric method,
and also improved practical work techniques using schlieren instruments.

H. Schardin contributed considerably to the development of schlieren methods.
He suggested many new methods for quantitative and qualitative measurements,
and developed procedures for calculating symmetrical inhomogeneities. His
treatise [121] summarized the development of schlieren methods up to 1940.

Today the theory and the experimental techniques of schlieren methods are
continuing to develop rapidly. Ostroumov developed the defocused grid method
[42-44] and applied it to the study of thermal, hydrodynamic, and diffusion
phenomena. Skotnikov obtained valuable results for gas-dynamic studies from the
utilization of schlieren phenomena. Abrukov [1-5] used the diffraction phenomena
in a schlieren instrument for the quantitative study of optiéal inhomogeneities.

Sukhorukikh [51-54] was the first to develop the diffraction theory of the methods
of the filament and the slit, the defocused grooved
and photometric methods applicable to cases when the wav.
object plane is a second-order function of the coordinates. He suggested methods
for measuring the angle of rotation of a plane wave and the derivative of the angle of
light deviation in the case of a cylindrical wave, and conducted a detailed theoretical
and experimental analysis of the interferometric schlieren method. His outstanding
work will undoubtedly have a significant effect on the subsequent development of
schlieren methods.

Holder and North [91, 92], Barnes [66-68], and Otmennikov and Ershov [17, 19]
contributed to the improvement of the qualitative and quantitative methods of gas-
dynamic studies. These scientists refined to a high degree of accuracy the numerous
methods of schlieren measurements used on large industrial premises with a high
level of vibrations and intense heat fluxes, and obtained results on the density
distribution in various gas flows.

Considerable attention has been paid to the analytical methods of calculation
of complex gaseous inhomogeneities. Skotnikov and Likhushin used a linear
approximation to the distribution function of the light deviation angles; in later
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works [31, 32] a calculation method based on a quadratic approximation was
developed.

In addition to the axisymmetric inhomogeneities, attempts are being made with
increasing frequency to analyze objects of more complex shape. The leading work in
this respect is [8], in which methods for the calculation of axisymmetric bodies
under various angles of attack were developed.

Accurate schlieren measurements are impossible without high-quality instruments.
These have to satisfy rigorous requirements as regards measurement precision,
adaptability to different conditions, resistance to vibrations, etc. Among recent
designs, we can mention that of Th. Zobel [136—137]. The most important contribu-
tion to the design of schlieren instruments was made, however, by Efimov. The
Soviet-made instruments TE-19, TE-20, IAB-453 and others developed by Efimov
(in cooperation with other scientists) are first-class equipment which can be used in
very refined experiments. :

There is some confusion concerning the terminology of schlieren methods. They
are variously called schlieren methods, Tdpler methods, strioscopic methods,
Foucault methods, or shadow methods. We reserve here the term shadow methods
to refer to the method developed by V. Dvorak, in which the optical inhomogeneity
is illuminated by a point light source, and some section of the light beam beyond the
inhomogeneity is observed. It should be noted, however, that some Soviet authors
apply the name shadow methods to all the schlieren methods, referring to the Dvorak
method as the luminous point method.

The scope of the schlieren methods is not clearly delineated either. In the West,
these methods generally include those by means of which measurements can be
conducted in transparent inhomogeneities. This results in the combining of methods
based on different physical principles such as polarization, interference, etc. Soviet
authors, on the other hand, frequently restrict their scope to methods based on the
measurement of the angle of light deviation. This approach eliminates the diffraction
schlieren methods and the methods of measurement of the wave front curvature, but
makes use of the interference methods and some polarization methods.

We shall consider as schlieren methods the methods possessing the following
common features:

1) The inhomogeneity is visualized by means of a viewing diaphragm causing
phase or amplitude changes in a part of the light beam, which result in a redistribu-
tion of the illumination in the image plane. This redistribution provides definite indi-
cations concerning the character of the inhomogeneity and some of its parameters.
This is the main feature which distinguishes schlieren methods from the shadow
methods, where no additional diaphragm is used, and from the interferometric and
polarization methods, where the entire light beam suffers phase or polarization
changes.

2) The change of illumination is examined in a plane conjugate to the plane of the
inhomogeneity (unlike the shadow method).

xiii



The measured magnitude is generally the angle of light deviation in the inhomo-
geneity, although in many cases other parameters can be measured as well, such as
the wave front shift or curvature.

In real experiments, deviations from the basic features of the schlieren methods are
frequently observed. Thus, in the case of extended inhomogeneities, not all the
object points can be simultaneously conjugate with the image plane, and some of
them are defocused. The image formation can then be treated from the points of view
of both the schlieren and shadow methods. Usually, however, the effect of these
deviations is small and can be considered as an error in measurement.

The diaphragm causing the amplitude and phase changes in a part of the light beam
will be called the viewing diaphragm. It can have different shapes: Foucault knife-
edge, phase plate, curved stop, grid, etc.

Schlieren methods differ according to the shape of the diaphragm, its position, and
the method used for interpreting the photograph obtained. These differences are
generally indicated by a proper name, e.g., photometric knife-edge and slit standard
method, defocused point grid method, etc. In those cases where, generally speaking,
the distinctive features do not require emphasis, the full term is abbreviated, for
example, the focal filament method. Sometimes traditional terms are retained as
the generic names. For example, the phase contrast methods as a group include the
more recent phase grid methods, photometric focal phase-knife method, etc.

In our treatment, the basic magnitude measured is the angle of deviation of the
light beam. It will be called simply the angle of deviation, or the angle of light deviation.
The other terms used in the text are generally accepted and require no additional
explanation.

xiv

QUALITATIVE SCHLIEREN
METHODS

1. PRINCIPLES OF THE SCHLIEREN METHOD

The first schlieren method, which was suggested by Foucault [83] and has remained
to this day the basic method for qualitative measurements, consists of the following:
a point light source S (Figure 1) is set at some distance from the objective, the reflector,
or the refractor O, ; a plate with sharp straight edge K, called the Foucault knife-
edge, is placed in the image plane. If the objective is free of aberrations and the

0, K

Figure 1

The principle of the schlieren method.

transmitted wave is strictly spherical, we obtain a sudden, uniform extinction of the
image by moving the knife-edge at right angles to the optical axis at the instant it
covers the light source image. If some sections of the objective distort the wave front,
the light from these sections will produce an image of the luminous point at a different
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2 QUALITATIVE SCHLIEREN METHODS

place. As a result, at the moment that the main image of the light source is covered
by the knife-edge, and the entire field is dark, some light from the optical inhomo-
geneity will nevertheless reach the observer’s eye. The inhomogeneity will appear
illuminated against a dark background. When the knife-edge is rotated through 180°
and moved toward the optical axis, the inhomogeneity will appear dark against a
bright background.

In real optical systems, different field points deflect the light through different
angles. If the objective being studied is theoretically split into a large number of
areas, each of these areas forms an elementary image of the source. Each area is
c.extinguished at the moment that the knife-edge covers the respective light source
image. Glass defects and surface finish inaccuracies become visible. The object
appears as if it were lighted from the side.

If the point light source is replaced by an extended source, the source image is
covered by the knife gradually and not instantaneously. The illumination caused by
field Points deflecting the light through different angles will then vary. Thus the areas
forming the image of the light source at point E (Figure 2) will be dark, the areas

- deflecting the source image to A will be bright, and the areas forming the source

im.age at Points B, C, D will be of intermediate brightness in relation to 4 and E
(with B brighter than D, and C darker than B). A gradual change in the illumination

1:s observed corresponding to the change in the angle of light deviation in the
inhomogeneity.

K

YOERN PTIYIT PEN

4 \ ’ y N ’ N\,

{ay Bl (e}
Figure 2

Image plane of the light source. K is the knife-edge; A4, B, C, D, and E are images of a circular light source
formed by rays coming from different parts of the objective.

The sensitivity of the method depends on the light source size. Thus the field
ar(.:as corresponding to points B, C, and D differ only slightly in illumination. By
using a sufficiently small light source, we obtain a much greater difference between
the illuminations at these points. Point D is completely dark, while at B the entire
luminous flux will avoid the knife-edge.

Since the source image shift depends on the angle of deviation in the inhomogeneity.
the change in the light wave shape caused by the object can be estimated from thei
distribution of illumination in the schlieren pattern.

If a knife-edge is used as the viewing diaphragm, the image illumination is affected
only by shifts of the source image perpendicular to the knife-edge. If the image shifts

e i
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along the knife-edge, there is no change in the illumination. A schlieren instrument [

with a knife-edge therefore makes it possible to distinguish between points that

differ in the value of the projection of the angle of light deviation on the plane #

perpendicular to the knife-edge.
The source image shift is due to the change in the wave front shape. Poor quality

.of the objective is not the only factor producing this distortion. The same effect can

also be caused by any optical inhomogeneity which intercepts the light beam. The
different points of such an object will appear differently illuminated, depending on
how they deflect the light.

Maksutov’s suggestion [35] to replace the point light source by é slit source /

marked a significant advance, making it possible to obtain a much larger light flux
without loss of sensitivity. By increasing the light flux, we reduce the exposure time
and can study in detail various high-speed processes, such as the flight of a projectile,
the motion of a shock wave, etc. The reduction of the exposure time is also helpful
in steady-state processes, since errors caused by variations of the instrument calibra-
tion with the time due to fluctuations in temperature, atmospheric pressure, etc., are
correspondingly reduced.

The advantages of the slit source as opposed to the circular source become more
pronounced as the aperture width (the source diameter) decreases. Thus for a slit
height of 10 mm and slit width of 1, 0.1, and 0.01 mm, the transmitted light flux is
larger by a factor of 3.9, 39, and 390, respectively, than in the case of a half-covered
light source, whose diameter corresponds to the same sensitivity. The slit source is
therefore most helpful when it is most needed — at high sensitivities and low light
fluxes. At present a point source is used only when required by specific features of
the measurements. Some examples will be considered below.

2. 'BASIC SYSTEMS OF SCHLIEREN MEASUREMENTS

Numerous optical systems suitable for schlieren measurements are currently avail-
able. Their large number is due to the wide range of problems and the particular
requirements they impose on the results of the measurements. In cases of large and
bulky objects which are not fixed in the same place (glass disks of diameter larger
than 1.5 m) it is more expedient to have a portable instrument, adjusting its position
relative to the disk, than to move the object toward the instrument. In wind tunnel
studies the fixed mounting of the instrument is the most expedient procedure.

The instrument design also depends on the required sensitivity. Thus when measur-
ing the velocity of a powerful shock wave, the simplest arrangements are used with
a minimum number of relatively coarse components. On the other hand, in the case
of inhomogeneities which only slightly deflect the light, the optical system, the
instrument design, and the mounting are considerably more complicated.

The design of most instruments is more complex than that shown in Figure 1. An

{
¥



J )’%&‘ v o kd

4 QUALITATIVE SCHLIEREN METHODS

additional objective is usually introduced, forming an image of the inhomogeneity
on the screen. The main objective could be used in this case, but such an arrangement
would increase the instrument size and make difficult the utilization of different
image scales.

In addition, schlieren photographs require, especially at high sensitivity, a very
bright light source with straight edges. Since such a source is difficult to obtain, the
usual procedure consists of forming an intermediate image of the source, which is

« limited by a slit. The introduction of a condenser objective also helps to eliminate

_ scattered light.

. The basic optical designs will now be briefly described. Figure 3 represents one of

7 the first systems. It is mainly suitable for qualitative observations. Its advantages
are simplicity, and ease of manufacture and adjustment. A single large lens is rarely
used as the main objective. Normally, and particularly for exact measurements, a

\ complex optical system is used instead, which is corrected for various aberrations.
This system will be symbolically represented in our drawings by a single optical

*  element. A disadvantage of systems using a refractor is the large value of the
aberration, especially in the case of a large field.

Figure 3

Optical design of a lens schlieren instrument. O, condenser objective, A4 slit aperture, I inhomogeneity,
0, photographic objective, S source.

Figure 4 represents a system frequently used for qualitative studies. A high-quality
reflector is easier to manufacture than a refractor, particularly one of large dimen-
sions. In addition, mirror objectives are free from chromatic aberrations.

Figure 4

System with mirror objective.

2. BASIC SYSTEMS OF MEASUREMENTS 5

It is inefficient to mount the light source and the condenser system on the optical
axis, since this leads to the darkening of a considerable part of the field. The variant
represented in Figure 5 is used more frequently. The mirror M is not large; it occupies
a considerably smaller part of the field than the illuminating system in the preceding
variant. But in this case as well, the central part is inaccessible to measurement.

Figure 5

System using a small revolving mirror.

A frequently used system is shown in Figure 6. In this system the light source and
the receiving photographic part are positioned symmetrically with respect to the
optical axis of the mirror.

To reduce the aberrations of the main objective, the image and the light source
are placed one next to the other, and one of the knife-edge faces serves as a mirror

o,

Figure 6

System of a symmetrical schlieren instrument.

(Figure 7). In this case the knife-edge is, in fact, the element forming the sharp edge
of the light source image. The sensitivity of this system is higher, resulting from the
double passage of the beam through the inhomogeneity. This advantage, however,
is lost when studying transparent objects, which deflect the light through large
angles. In this case the ray is deflected considerably from its direct path during the
reverse passage. The narrow and sharp inhomogeneities are split, and the resolving
power of the instrument is reduced. The system in Figure 7 is therefore used only for
studying weak inhomogeneities.



6 QUALITATIVE SCHLIEREN METHODS

Screen

Figure 7
The use of a mirror knife.

If a still higher sensitivity is required, use is made of systems that provide for
multiple passage of the ray through the inhomogeneity (Figure 8). The sensitivity
is increased by a factor equal to the number of passages of the light beam through
the inhomogeneity. Such instruments are, however, difficult to use due to their
great sensitivity to vibrations and air oscillations. Schardin [121] points out that
even the vibrations caused by the passage of vehicles at a considerable distance from
the building can considerably affect the image illumination. The instrument is
difficult to adjust and has a low resolving power, since the ray does not follow the
same path during its repeated passages. These drawbacks explain why little use is
made of instruments that function according to Figure 8.

As previously mentioned, schlieren instruments with a knife-edge can determine
only the distribution of the projections of the angles of light deviation on the plane

Figure 8

Optical system of an instrument where the inhomogeneity is traversed four times by the light beam.

2. BASIC SYSTEMS OF MEASUREMENTS 7

perpendicular to the knife-edge. The entire field of angles of deviation can be
measured by instruments analogous to those used in creating a stereoscopic image.
They function as two independent units each viewing the inhomogeneity at a small
angle to the other. This design is also applicable to cases wherein one arm is adjusted
for measuring weak objects, and the other for measuring strong ones. In the first,
the knife-edge fully covers the slit image, and, in the second, the coverage is only
slight. The difference in the directions of observation is virtually non-existent, since
the angle between the two arms can be made small in view of the large focal length
of the main objective. In real systems it does not exceed 1°. To measure the projec-
tions of the angles of light deviation on different planes, it is possible to set a rotating
system in one of the arms, such as that represented by Figure 9.

<}

—
|

Figure 9

Double schlieren instrument for the simultaneous measurement of two components of the angles of light
deviation in different directions. R is the mirror system rotating one of the images of the light source
through 90°.

The use of a converging or a diverging light beam is inconvenient for quantitative
investigations, since identical inhomogeneities shift the slit image to a different
extent, depending on their location in the beam section. Since, in actual experiments,
it makes little sense to use two schlieren instruments, one for qualitative measure-
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ments and the other for quantitative ones, the most widely used instruments are
those in which the inhomogeneity is placed in a parallel beam. Such a modification
can be applied to all the systems described. For examples see Figures 10 and 11.

A o 0.

Screen

Figure 10

Lens instrument with parallel rays.

aMiiimmininmeaas =

Figure 11

Mirror instrument with parallel rays and double passage of the light through the inhomogeneity.

The most widely used system is the so-called Z-system (Figure 12), in which two
identical objectives are placed opposite each other. The condenser and the photo-

0,
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Figure 12

Schlieren Z-system.

2. BASIC SYSTEMS OF MEASUREMENTS 9

graphic unit are located on different sides of the optical axis. A characteristic
aberration of this system is astigmatism. In order to minimize the latter, it is necessary
to reduce the angle a. But the size of the objective is determined by the size of the
inhomogeneity. The increase of the focal length is similarly not always desirable,. -
since it leads to an increase in the instrument size. Accordingly, astigmatism“is
normally eliminated by placing specially designed correcting lenses near the focal
point.

If the inhomogeneity is highly elongated in one of the directions, and measure-
ments in both directions are equally important to the experimenter, cylindrical lenses
are employed. Such lenses are used in studies of the boundary layers in a supersonic
flow, shock waves, surface phenomena of thermodiffusion, etc.

The schlieren instruments used in aerodynamics are, as a rule, large and unwieldy.
Considerable difficulties arise in connection with their installation. To make the
instrument more compact, use is made of multiple reflections of the light beam by
means of plane mirrors. Such improvements, however, adversely affect the sensitivity
of the instrument, cause an increase in the number of patches, and in parasitic light
intensify the effect of vibrations, etc. It is therefore advisable to use the simplest
system compatible with the space available. Such systems are found to be more
sensitive and more reliable.

It is frequently expedient to use a part of the object being studied as one of the
components ‘of the schlieren instrument. In Figure 13 such a function is fulfilled
by the turbine wheel W, which serves as a reflecting mirror. In [114] the piston of an
internal combustion engine served the same purpose. The use of such instruments
when applicable is more efficient than the manufacture of models from transparent
materials, and frequently offers the only possible method of investigation.

o

|

Determining the characteristics of the flow past a turbine wheel by schlieren measurements. G is the
protective glass of the working chamber.

Figure 13

The basic systems described above represent only a small number of the great
variety of existing optical systems. There is no need, however, to describe each one,
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since virtually all the different systems can be reduced to fit one of those described
above. Some of them are based on a combination of several basic systems, or of
individual elements from different basic systems, the aim being to satisfy simul-
taneously different requirements (for instance, small size and high sensitivity). Such
combined systems normally possess, however, the same advantages and drawbacks
as the constituent basic systems.

3. SENSITIVITY AND RANGE OF MEASUREMENT

The sensitivity of a measuring instrument is defined as the ratio of the increment
in the instrument reading to the increment in the value of the parameter being
measured, thus

dK
S = R (3.1
K and p can have different physical meanings. In the case of an ammeter, K is the
deflection of the instrument needle, and p is the current strength causing this
deflection.
The parameters K and p have different meanings for the different types of
schlieren instruments. In the photographic method, the recorded magnitude is the
optical density of the photographic emulsion D, and the measured parameter is

normally the angle ¢ of light deviation in the inhomogeneity. Therefore
_dD
PTode
But since D is linked with the image illumination I and the emulsion characteristics
by the relation

(3.2)

D=ylogl-b, (3.3)
wherein y is the contrast factor of the emulsion and b is a constant, we have
ydl
=—, 34
P Ide (34)

In the visual observations, the effect of the light on the eye will be determined by
the magnitude
E =clogl, 3.5)

where ¢ expresses the contrast sensitivity of the eye. The measurement sensitivity
isthen equal to
cdl

=—. 3.6
"= Tk (3-6)

3. SENSITIVITY AND RANGE OF MEASUREMENT 1

As noted in both the visual and the photographic methods of observation, the
sensitivity is linked with the image contrast, which is determined by the value of the
relative change of the light intensity in the image.

In the photoelectric method, the dc component is cut off by the ac amplifier. The
recorded magnitude in this case is the signal amplitude, linearly related to the absolute
change of the light intensity in the image

cdl
= 37N
where ¢, is a constant determined by the slope of the characteristic curve of the
photomultiplier and by the recorder.

The magnitudes dI/Idc and dI/de will be frequently used instead of the sensitivities
defined above. Their advantage lies in the possibility of comparing different methods
without entering into the question of the properties of the human eye or of the
photographic material. It should be kept in mind, however, that the transition from
these magnitudes to the true sensitivity entails multiplication by a factor which
depends on the properties of the receiver and the method used. Furthermore, this
factor is constant only in a limited illumination range, outside of which it may vary.
In some cases a different magnitude is recorded, such as the color change or the
shift of the shadow from the filament.

We shall examine the connection between the sensitivity and the adjustment
parameters of the schlieren instrument for the most widely used photometric method
of the knife-edge and the slit.

The screen illumination can be considered proportional to the area of the light
source image not covered by the knife-edge. When a rectangular slit is used,

I = Beh, (3.8)

where B is a constant depending on the source luminance, the system absorption,
etc,, and £ and F are, respectively, the width and height of the part of the slit image
not covered by the knife-edge. ’

A deflection of the light in the inhomogeneity through the angle ¢ shifts the light
source image by the amount § = ¢f, where f is the distance from the inhomogeneity
to the knife-edge for systems similar to those shown in Figures 3 to 8. If a parallel
beam system is used, f will be the second focal length of the main objective of the
receiving part.

When the measured angles are small, the sensitivities are represented by the follow-
ing expressions:

S, == (3.9

S, = ¢, BHf. (3.10)
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It would follow that the sensitivity could be increased without limit by reducing
the width of the open part of the slit image. This is not so in practice, due to diffrac-
tion, the aberrations, and the decrease of the contrast sensitivity of the receiver at
low image illuminations. Formula (3.9) is applicable only to relatively large widths
of the open part of the slit image, when these limitations do not appear.

The introduction of the concept of sensitivity and the establishment of its
functional relationship with the adjustment parameters of the schlieren instrument
make possible a correct selection of the experimental conditions. Thus if the photo-

~ graphic method of observation is used and the object of study is an inhomogeneity
which produces a slight deviation of the light beam, it is necessary to use the smallest
possible width of the open part of the slit image. In photoelectric recording, the
source image brightness should be increased in order to increase the sensitivity.

By means of the formulas defining the sensitivity, it is also possible to calculate the
minimum angle of deviation which causes the smallest measurable change in the
parameter being recorded; and, consequently, to define the limits of applicability
of the schlieren instrument at different adjustments.

The range of angles of deviation which cause a definite change in the recorded
magnitude (in our case, the image illumination or the photographic density of the
emulsion) is called the range of measurement of a schlieren method. The range
depends on the size of the light source. Indeed, if the inhomogeneity shifts the source
image so much that it is completely covered by the knife-edge (or completely un-
covered), any further change in the angle of deviation will have no effect on the image

‘jllumination and the parameters dependent upon it. Curves of the illumination as
a function of the angle of light deviation in the inhomogeneity for different shapes of
the source and the stop are shown in Figure 14.

[

N
b I\ €

Figure 14

Image illumination as a function of the angle of light deviation: a slit source and amplitude grating;
b slit source and knife-edge; ¢ circular source and narrow slit stop.
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Strictly speaking, the range should be defined as the segment of the ¢ axis on which
a monotonic change in illumination takes place. If, however, the distribution of
deviation angles in the inhomogeneity is known beforehand, it is possible to make use
of other illumination ranges as well; additional data will then be required to choose
one value from several possible alternatives. In some cases, it is possible to use the
intrinsic continuity of the field of deviation angles, and in other cases, additional
coarse measurements are required.

For some quantitative investigations the measurement range is chosen not in
the region of angles corresponding to some given change in the illumination, but
where the dependence of the illumination on the deviation angle has a certain suitable
form. Thus if we use a stop with curved edges, the quantity of light passing through
it will vary when the slit image moves away from the curved zone and becomes
partially limited by straight lines. The law governing this variation will not correspond
to our working formulas. The measurement range of the methods using these formulas
for quantitative analysis will therefore be restricted to the segment on which the
image of the illuminating slit is limited by curved edges.

The receiver properties must be taken into account in defining the range of
measurement. Thus if a wide slit is used, the range, defined as the region of regular
change in the illumination, will be very large. But the actual limits of measurement
are considerably narrower. Indeed, when photographic recording methods are used,
we shall have overexposure at the moment the slit image is deflected to such an
extent that it becomes excessively uncovered; while the field illumination will
continue to change with the change in the angle of deviation, no further blackening
of the emulsion will result. Similar phenomena take place at open parts of the slit,
which are too narrow when the optical densities are in the region of underexposures.
Since all receivers have definite threshold sensitivity and saturation limits, measure-
ments can be conducted only in a specific range of illumination values.

The total measurement range is determined by the superposition of the illumina-
tion range and the receiver ranges. In a correct application of the method these two
magnitudes must fit; otherwise, the total range of measurement may considerably
contract, possibly dropping down to zero.

4. USES OF QUALITATIVE METHODS

The wide-scale uses of the schlieren method started immediately after its discovery.
Its popularity was due to its simplicity, clarity, and accuracy. Maksutov provides an
example illustrating the accuracy of the schlieren method [35]; it is possible to
measure the surface curvature of a mercury mirror subjected to the action of the force
of gravity alone, and thus to determine the radius of the Earth to the first decimal
place. The studies conducted by various authors [48, 121] demonstrate that this
method reliably records light deflection up to tenths of an angular second.
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As mentioned earlier, the first application of schlieren measurements was in the
manufacture of optical instruments for astronomic studies. Schlieren methods made
it possible to estimate the quality of an objective and its different surfaces during
the manufacturing process. The objective could be examined by zone, and decisions
on shape alterations could be taken with a view to obtaining high-quality images.
It became possible to alter purposefully the manufacturing methods, and, con-
sequently, to improve the quality of telescope objectives. The method of objective
retouching (the manual correction of different portions of the surface) developed as
a result and led to the production of first-class objectives, which have played an
important part in astronomic studies. The development of the schlieren method
contributed thus to the growth of astronomic optics.

The method was later applied to the study of photographic and similar objectives.
It made possible a rapid experimental study of the different types of aberrations, and
a localization of the objective areas mainly responsible for the various aberrations.
The comparison of the experimental results with those predicted by the aberration
theory proved to be of considerable value.

The method is successfully applied to glass manufacture control in optical plants.
By determining the glass quality before processing, it became possible to make
purchases according to grades and thus avoid the expenditure of resources and labor
in the manufacture of critical components from low-quality glass. It also became
possible to initiate a study of the causes of inhomogeneity.

Drawing strips and other deviations from the flat shape of the surface which appear
during rolling play an important part in the manufacture of sheet glass. These defects
are of importance even when the glass is used for everyday needs (eye-glasses,
windowpanes, etc.) but become critical with regard to various technical applications
of glass. Thus if the glass support of photographic plates possesses such defects, the
layer thickness of the poured emulsion will be uneven. As a result, the correspondence
between the image illumination and the optical density of the photographic material
will be unbalanced. Schlieren methods, by visualizing surface distortions, make it
possible to evaluate the influence of distortions and to prevent them.

The method has reached its highest development in the study of processes in gases.
It became particularly useful in recent years in connection with the development of
supersonic jet technology. It enabled the determination of the profiles of shock
waves moving from different portions of the models or the gas-dynamic installations,
and the characterization of their interaction with solid objects, the gas flow, and with
each other. Schlieren photographs led to conclusions concerning the quality of the
nozzles, the uniformity of the stream field, and the possibility of simulating the
conditions existing during high-velocity flight in the atmosphere. The study of the air
flow past models sheds light on many phenomena occurring during flight. Such
studies are frequently of a quantitative value, although they are classified as qualitative
schlieren studies.

Schlieren methods are also used for visualizing subsonic gas streams. Artifices are
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frequently used in this regard, such as heating a part of the stream and tracking the
‘motion of the heated zone, or introducing ultrasonic or weak sonic shock waves in
the flow. A disadvantage of these methods is the necessity of deciding in each case
to what extent the physical features of the phenomenon are distorted by the introduc-
tion of the additional disturbances. '

The schlieren methods are of considerable use in the study of transient phenomena,
such as explosions, processes in shock tubes, flutter, etc. [22]. The use of a schlieren
instrument in conjunction with a cinecamera or some other receiver for studying the
time picture of the process makes it possible not only to detect transient transparent
inhomogeneities, but also to determine the frequency and amplitude of the fluctua-
tions and to pinpoint more precisely the degree of instability [17, 123].

By recording in two consecutive points of the instrument field or, alternatively,
using two instruments, it becomes possible to measure the velocity of motion of the
inhomogeneities — shock waves, flames, etc. The schlieren methods are the most
suitable for this purpose, since the density changes to which the schlieren instrument *
reacts are the primary factor in the formation of the wave, appearing earlier than the
glow, or the ionization, which lags behind the shock front. If the density changes in
the shock wave are extensive, it is possible to use instruments whose main objective
is a photographic objective or a simple lens. These are supplied in the form of small
attachments — transducers rigidly adjusted to the same sensitivity, which facilitate
the utilization of the instruments and increase their reliability.

The other studies of gaseous inhomogeneities are very similar in the manner in
which they utilize schlieren methods. Such are the studies of the phenomena of
thermodiffusion, the convective fluxes about heated bodies, the flow past turbine
blades, the different processes which take place in internal combustion engiﬂes,
etc.

Schlieren methods are being widely used in the study of hydrodynamic phenomena
as well. Since the angles of deviation in liquids are large, the schlieren installations
here are substantially different from the gas-dynamic systems, e.g., relatively coarse
lenses are used, and the stops are of large size. The motion of jets, the development
and propagation of waves, the interaction of waves with bodies, and many other
details are clearly seen on the photographs.

The use of schlieren methods in chemistry is characterized by a number of specific
features. They are used in the study of the dissolution, mixing, and other related
effects. The application of these methods in centrifugation offers a swift means for
distinguishing between zones that differ in the value of the refractive index, and for
determining changes in the density or the chemical composition. It is sufficient to
conduct the measurements in one direction — along the liquid column. Accordingly,
the schlieren methods of the cylindrical lens, the scale, the inclined slit, etc., are
frequently used.

The utilization of schlieren methods in crystallography makes possible the observa-
tion of the growth of crystals and of the distribution of substance in the growing
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crystal. Disturbances in the crystal structure and transparent inserts undetectable
by simple observation are studied [39].

In acoustics, schlieren methods are used in the study of the propagation of sonic
and ultrasonic vibrations. The quality of sound insulation, the properties of
resonators, the acoustic properties of the premises — all these problems, as well as
many others, can be solved by the application of schlieren methods.

Most microscopic preparations are transparent, and, therefore, the problem of
their visualization must be solved before they can be investigated. The schlieren
methods in which both phase and amplitude changes are introduced in the light
flux by means of an additional stop are the most successful in this respect. They are
preferable to methods in which visualization is achieved by the introduction of
dyes or substances altering the conditions of life and the properties of the preparation.

There are some ingenious and originally unforeseen applications of the schlieren
methods. It was suggested in [96] that they be used for obtaining a large-screen
television picture. According to this procedure, light from a bright light source
(Figure 15) is sent to the mirror cylinder C, covered by an oil film; it is reflected from
the mirror and, after passing through a grating, falls on the screen. A modulated
cathode ray, originating from the electron gun EG and focused by the electronic
optics EO, whose intensity is proportional to the brightness of the transmitted image,
is directed at the oil film. The forces of repulsion between the electrons falling on the
oil film cause it to bend, the radius of curvature and the height of the irregularities
depending on the intensity of the electron ray. A light ray deflected from the curved

Screen

Figure 15

A schlieren method for obtaining a large-screen television picture.
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portions is not stopped by the diaphragm, and therefore these portions appear
bright while the remaining image is dark. The schlieren image of the inhomogeneities
of the oil surface, corresponding to the image transmitted by the television set, is
observed on the screen. The advantage of this method as compared with the
fluorescent screen method is that it gives a much brighter image, since the brightness
is determined here by the intensity of the light source, which can be made sufficiently
powerful.

Instead of oil it is possible to use a film of some organic material, which will melt
when subjected to the electron ray. Such a modification makes it possible to preserve
the image for a long period. It is also used today for microfilming books and
documents.

Methods analogous to the schlieren methods have been developed in other
branches of science as well, including X-rays, electronic microscopy, electrical
engineering, etc. For example, consider the visualization of low-density gaseous
streams by an electronic schlieren instrument [38, 108]. The beam of electrons
emitted by the electron gun is collimated by electromagnetic lenses, then passes
through the object under scrutiny, and is collected by the electromagnet objective
of the receiving part. The main beam is intercepted by a stop placed at the point of
convergence of the electrons. The electrons deflected by the inhomogeneity are not
intercepted and reach the screen, on which the object image is formed.

In spite of the complete external similarity between the optical and electronic
schlieren instruments, there exists a basic difference in their application to the study
of a gaseous flow. In the optical variant, the angle of deviation depends on the
refractive index gradient, while in the electronic instrument the distribution of the
angles of deviation of the particles is determined by the collisions of electrons with
atoms and is independent of the number of interacting particles. In the optical variant,
the reduction in the density of the gaseous inhomogeneity leads to a reduction in the
angle of light deviation. To preserve the image contrast it is therefore necessary to
preserve the width of the open part of the source image, which enhances diffraction
and aberration. When an electronic instrument is used, the density decrease does not
affect the deviation angle, but only leads to a reduction in the number of scattered
electrons. Since the problem of recording few electrons has been successfully solved,
this method responds to very small density changes, corresponding to pressures as
low as 10~* mm mercury.

The same electronic method is successfully applied to the study of the configura-
tion of weak magnetic and electric fields. In this case the transition to weak fields
reduces the deviation angle, which causes difficulties similar to those encountered
in the optical variant.-

This brief survey demonstrates that the area of application of schlieren methods
is wide and varied. However, the various methods share similar basic features.
Concepts such as sensitivity and range retain their meaning, and the same quanti-
tative methods are used in both cases. It seems therefore expedient to examine the
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schlieren methods in a general context, selecting examples from different areas.
This makes it possible to discover the general laws of the methods, to compare the
various means of their application, and to select the optimum method for any given
problem. The specific features of the solution of individual problems will be examined
only insofar as they are common to a wide range of problems, i.c., of a fundamental

character.

11

QUANTITATIVE ZONE METHODS

5. SLIT IMAGE SHIFT CAUSED BY LIGHT DEVIATION

Qualitative schlieren photography yields valuable information on optical inhomo-
geneities. Schlieren photography can, however, be also used for determining the
shape of the light wave front after its passage through the inhomogeneity, and
therefore for establishing the refractive index distribution inside the inhomogeneity.
Inasmuch as the latter problem is quite complex, it will be examined separately. We
shall restrict ourselves to methods of determination of light deviation angles.

As noted above, the change in illumination in the image plane of the schlieren
instrument is a function of the shift of the slit image in the focal plane of the main
objective of the receiving part. The shift is caused by the deflection of the light rays
in an optically inhomogeneous medium.

For systems with parallel rays (Figure 16), the displacement of a ray in the principal
plane of the main objective of the receiving part is bc = s tan ¢. It follows from the
similarity of the triangles kde and kbc that in the focal plane of the main objective
the ray is shifted by the amount

6= ftane. (5.1)

Since the angles of deviation are usually small, especially in gaseous inhomogeneities,
the tangent of the deviation angle can be replaced by the angle itself with sufficient
accuracy:

o =¢f. (5.2)

19
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Figure 16

Calculation of light shift in the focal plane of the main objective in systems with parallel beam:
’ acek undeflected ray; abdk deflected ray.

The displacement of the slit image and the change in illumination of the object
image are independent of the position of the inhomogeneity in the parallel light
beam and of the distance from the point of origin to the optical axis of the system.
This simplifies the processing of the results, since the spatial position of the inhomo-
geneity is frequently one of the unknowns of the problem. F urtherm.ore, tl'le
inhomogeneities are usually somewhat stretched in the direction of the optical axis.

If the object is placed in a converging beam (Figure 17), then

6= [stana (1 + h—;)] : |:1 + gtan e] . (5.3)
S

For small angles of deviation (5.3) reduces to:

2
é=z¢s (1 + iz_2> (5.9

d
b

Figure 17

Ray displacement in systems with non-paralle] beam.

In this case & depends on the spatial position of the inhomogeneity. In most
cases the relative aperture is not large, since only in such a situation can the aberra-
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tions be made small (h/s < 0.1 even for the extreme points of the field). It follows that
the second term can usually be ignored, reducing (5.4) to

d = ¢s. (5.5)

There are cases (high-precision measurements, or measurements with high-speed
lenses) when this approximation is not acceptable; as a result the mathematical
treatment is extremely complicated.

Formula (5.5) is similar in form to formula (5.2), which is derived for a parallel
beam. However, whereas f is a constant magnitude, s depends on the position of the
inhomogeneity, and varies from point to point in an extended object. Inhomogeneity
zones which deflect light through the same angle but are differently located in space
will appear illuminated in varying degrees. This complicates the processing of the
measurement results, and has prevented the use of convergent beams for quantitative
measurements. Such beams have, however, several advantages in the study of weak
processes: these advantages include the small number of patches, the possibility of
using systems with a minimum number of optical components, better aberration
properties, etc. The quantitative study of such phenomena necessitates the use of
formula (5.5). The inconvenience and the errors of the numerical calculation are
occasionally offset by the possibility of increasing the measurement sensitivity and
accuracy.

6. ASSESSMENT OF INHOMOGENEITIES

The first attempts of quantitative application of the schlieren methods involved a
gradual decrease of the measurement sensitivity, until the inhomogeneity disappeared.
If the contrast sensitivity of the receiver was known, it was possible to determine
the maximum angle of light deviation by such an operation. Thus, if points differing in
brightness by 5% can be distinguished visually, and if the inhomogeneity becomes
invisible at a slit width of 1 mm, the maximum shift of the slit image in this
inhomogeneity will be 0.05 mm, which, for f = 2000 mm, corresponds to an angle
of deviation of 2.5 x 1075 rad.

This method is useful for assessing the quality of optical components — objectives,
mirrors, lenses, glass, etc. It permits components to be classified into different
precision groups. It is not suitable, however, for studying in detail the physical
processes within an inhomogeneity or for improving the quality.

Another group of methods for studying the properties of optical inhomogeneities
is the immersion methods. In the latter, the object is placed in a salt solution orina .
mixture of two liquids. The refractive index of the medium is changed gradually by
varying the amount of the solute or the ratio between the mixture components.
Thus the particular composition which renders the inhomogeneity invisible is
established. In this composition the refractive indices of the liquid and the inhomo-
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geneity are equal. The refractive index of the liquid is determined with a refracto-
meter or by the schlieren method (by placing the liquid in a wedge-shaped cuvette
and measuring the slit image displacement). The method is used for determining the
refractive index of transparent objects of irregular shape.

The study of the object as a whole yields negligible information on the structure
of the inhomogeneity. To fill this need, Ritchey [118] suggested the use of the zone
method of measurement. According to this method, the diaphragm D was placed on
the objective or some other component. The surface of the diaphragm was divided
into a number of zones (Figure 18). The knife-edge was brought in line consecutively
with the focus of each zone. The difference between the readings giving the knife
position along the optical axis for each of the zones determined the longitudinal
aberrations of the given area of the objective, and therefore the shape of the wave
front or the mirror surface. While a Ritchey diaphragm is useful for determining the
surface shape, it lowers the sensitivity of the schlieren measurements by reducing
the number of measurement points. The increase of the size of each zone decreases
diffraction effects and increases the accuracy of setting of the knife-edge in relation to
each zone.

Maksutov suggested a separation of the zones by ruling lines on the glass or by
drawing several wires in front of the object studied. This modification increased the
sensitivity of the measurements [35].

Figure 18
Ritchey diaphragm.

A drawback of the zone methods is the time required for carrying out the measure-
ments, which demand great care and high accuracy. These methods are therefore used
only for objects whose properties remain constant for long periods. Another draw-
back is the small number of measurement points. With an increase in the number of
zones, the eye becomes incapable of distinguishing between highly similar but
separate areas, and there is no further increase in the accuracy of shape measurement.
Due to these drawbacks, zone methods are used only for rough orientation
measurements. :
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7. STUDY OF THE DIFFERENT SECTIONS
OF AN INHOMOGENEITY

When studying centrifugation processes, it is necessary to investigate the refractive
index distribution along the liquid column. This investigation yields information on
the chemical composition of the mixture, the rate of separation of the different
components, the diffusion processes, etc. The method used most extensively is that
of the inclined slit and the cylindrical lens [129]. One of the possible optical systems
[62] is shown in Figure 19.
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Figure 19

Layout of the cylindrical lens method [62].

A slit light source S is placed in the focal point of the collimating objective. As
usual, this source can be a slit limiting the intermediate image of a luminous body.
Between the collimating objective O, and the receiving objective 0,, the inhomo-
geneity I is placed, whose parameters vary in one direction only. It is necessary to
adjust the instrument so that the slit image will be perpendicular to this direction.
In the focal point of the receiving objective the inclined slit A is placed, forming some
angle with the image of the illuminating slit. Behind the slit is placed the cylindrical
lens CL and, if necessary, the photographic optics. The parameters of the optical
system of the receiving part are selected in such a way that horizontal sections located
on the object plane and vertical sections in line with the inclined slit are projected
simultaneously on the screen. A curve plotting the distribution of the refractive
index n along the inhomogeneity I is placed near the object.

If there is no inhomogeneity, all the light rays pass through the same portion of the
inclined slit, and a luminous straight line is observed on the screen. When an
inhomogeneity is introduced, the slit image produced by the deflected rays shifts.
A different portion of the inclined slit will now be illuminated, and the luminous band
on the screen bends. The value of its displacement at some point of the image is
equal to

I'=c¢fucota, 7.1)
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where « is the angle between the inclined slit and the image of the illuminating slit,

u is the scale of the image of the inclined slit sections produced by the cylindrical

lens, ¢ is the angle of light deviation at the conjugate point in the inhomogeneity.
The sensitivity of the method is equal to

’

§=—= fucota. (7.2)
de

Theoretically, it can be increased by decreasing «. In practice, this is ruled out by the
finite width of the slit and by aberration and diffraction phenomena. Angles smaller
than 10° are rarely used.

The width of the luminous band depends on the width of the inclined slit. Again,
this width cannot be made very small, due to the aberrations of the cylindrical lens,
the diffraction phenomena, and insufficient lighting. This method is mainly used for
studying phenomena in liquids, where the angles of deflection are large. It is rarely
used for weaker processes.

There are numerous modifications of this method, which differ according to the
position of the inclined slit and of the cylindrical lens.

Similar problems are encountered in other branches of science as well. Thus, when
studying photographic objectives, it is necessary to know the shape of the light wave
front in some section after passing through the objective. To this end, the crossed
prisms method [45] is used, one of whose variants is represented in Figure 20. The first
half of this system functions as the ordinary schlieren instrument for color images
described in §9. The sole difference is that a slit diaphragm D, placed in the object
plane, is used to limit the part of the inhomogeneity which is to be studied. In the

absence of the second prism P,, a bright band would appear on the screen plane,

whose color would depend on the instrument adjustment and the angles of light
deviation at each point of the inhomogeneity section being considered.

o D o Screen
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Figure 20
The method of crossed prisms.

The second prism, placed between the viewing diaphragm and the screen, deflects
light at right angles to the given section. The light deviation angle in the second prism
is different for the different points of the section, and depends on the prism dispersion
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and on the colors of the point considered. The amplitude of the curve displayed on
the screen is determined by the angle of light deviation in the inhomogeneity.

The method is simple and convenient to employ. While fulfilling the same need
as the method using the inclined slit and the cylindrical lens, it is superior in practical
applications.

The methods described above are widely used for one-dimensional inhomo- -
geneities. Once the relationship between the displacement of a point of the curve on
the screen and the angle of light deviation in the inhomogeneity has been established,
either by calculation or by calibration, the measurements are simplified to a measure-
ment of the amplitude at each point of the section. The rapidity and ease of processing
make these methods convenient for tentative measurements and for quality control
of manufactured articles.

8. FOCAL KNIFE-EDGE AND FOCAL FILAMENT

| Methods for establishing curves of equal angles of deviation are widely used in

practical measurements. These methods use a knife-edge placed in the focal plane
of the main objective of the receiving part parallel to the illuminating slit image.
Areas deflecting the light rays whose light is stopped by the knife-edge will seem
dark, while the remaining field will be bright. The boundary between light and
shadow defines the locus of the images of points which deflect light through an angle
corresponding to the distance between the knife-edge and the illuminating slit. By
taking photographs at different positions of the knife-edge, it is possible to determine
the field of angles of light deviation in the entire object.

Although the focal knife-edge method is very simple, it has not found wide
application. Due to the finite width of the illuminating slit, the boundary of the shadow
area is blurred. In addition, the apparent boundary between black and white can
move under different conditions of photographic processing (or different illumina-
tion conditions in the case of visual observation). The reduction of the slit width is
accompanied by an increase in the influence of diffraction phenomena; a system of
fringes appears on the shadow boundary, considerably complicating the interpreta-
tion of the photographs.

Most of these drawbacks were eliminated by replacing the Foucault knife-edge
with an opaque filament. While the filament shadow is blurred, due to the finite
width of the source and to diffraction, it is usually symmetrical, with the shadow
center corresponding to the locus of points deflecting the light through an angle which
corresponds to the distance extending from the middle of the illuminating slit to the
middle of the filament.

In the case of strongly bent waves the filament shadow is thin. For almost plane
waves, on the other hand, the filament shadow covers a considerable part of the field
and the possibility of error in the determination of its centerline is considerable.



26 QUANTITATIVE ZONE METHODS

Figures 21 and 22 show photographs obtained with vertical and horizontal
filaments in the study of free convection from a heated cylinder in the atmosphere.
The photographs in each figure differ regarding the position of the viewing filament
with respect to the slit image. By processing a series of such photographs it is possible
to obtain the distribution of the angles of light deviation in two mutually perpen-
dicular directions over the entire instrument field and thus to determine the wave
front shape and all the parameters connected with it.

Figure 21
Convective flow about a heated cylinder — vertical viewing filament.
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The study of the supersonic gas flow past a wing [21] represents an example of
of the application of the method of the focal filament. The experiments were
conducted in a plane-flow wind tunnel. The wing model was mounted so that its
generatrices coincided with the line along which the flow properties were constant, and
was kept parallel to the optical axis of the schlieren instrument.

Figure 22

Convective flow about a heated cylinder — horizontal viewing filament.
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Sample photographs of two series of experiments, in which the horizontal and
vertical components of the deviation angles were measured, are shown in
Figures 23 and 24.

The processing consisted of measuring the coordinates of the centers of the filament
shadows. From the analysis of two series of photographs, it was possible to construct
the distribution of the angles of light deviation in two mutually perpendicular

Figure 24
Flow past a plane wing — horizontal filament.

Figure 23
Flow past a plane wing — vertical filament.

8. FOCAL KNIFE-EDGE AND FILAMENT 29

directions (Figures 25 and 26). Since the deviation angle is linearly related to the
density gradient of the gas stream, these curves represented curves of equal density
gradient in directions x and y. The values in parentheses in the figures represent the
angles; the values preceding the parentheses represent the density gradients.

The conversion to density values was accomplished by numerical integration of
the gradients over the sections x = const and y = const. The theoretical and experi-
mental density distributions are represented in Figures 27 and 28. To obtain the
absolute values, the figures must be multiplied by 1073 kg sec?/m*. The two
distributions are seen to coincide satisfactorily. The existing differences are explained
by the difference between the actual and ideal conditions; these differences are,
however, small and exceed only slightly the margin of error of the experiment.

The study mentioned above established the advantages and drawbacks of the
focal filament method. This method can be used for steady-state processes in which
the angles of light deviation are relatively large (> 5 x 10~° rad), and the inhomo-
geneity size is considerable. In zones where the derivative of the angle of light
deviation is small, the filament shadow broadens and the measurement error increases.
The error in the determination of the density gradients is variable and fluctuates
between 1.5 and 109,. A considerable advantage of this method is the simplicity of
the experimental procedure and of the processing.
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Figure 25

Curves of equal light deviation angles and equal density gradients in the horizontal direction.
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Figure 26
Curves of equal light deviation angles and equal density gradients in the vertical direction.

Attempts were made to use the negative version of the method just described,
replacing the focal filament by a focal slit. This method has not been widely adopted,
however, since the observation of a single bright line against a dark background
complicates the correlation of the locus of points of equal deviation angles with the
coordinate frame of the object field.

There is a shorter procedure for obtaining the same experimental data, consisting
of setting up a system of filaments in the focal plane. A grating with equidistant
grooves is normally used for this purpose. A system of shadows then appears in the
inhomogeneity image, each a locus of points of equal deviation angles. While this
method seems much superior to the preceding one, it has been used only for hydro-
dynamic measurements at large angles of light deviation. It is not suitable for weak
inhomogeneities because 1) it is difficult to correlate the different shadows with
specific grooves; 2) the distance between the grooves must be sufficiently large to
prevent the overlapping of the diffraction patterns produced by adjacent shadows,
which decreases the number of shadows in the inhomogeneity image. In order to
conduct a more detailed study of the inhomogeneity it is then necessary to take a
series of photographs, and this obviates the advantage of the method, compared to
the focal filament method.
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Figure 27
Theoretical distribution of gas flow density about a plane wing.
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Figure 28
Distribution of gas flow density about a plane wing. Obtained experimentally by the slit and filament method.
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Figure 29

Photographs of the convective flow about a cylinder: a vertical grooves; b horizontal grooves.

Figure 29 shows photographs of the same convective flow as in Figures 21 and 22,
with a grating placed at the focus. Under these conditions we can obtain the shadows
of three grooves.

11

SOME SPECIAL SYSTEMS

9. COLOR METHODS

Color-image methods represent a further development of the ordinary schlieren
methods. The first color-image system used a range of colored filters (transparent

‘tinted glasses) placed in the focal plane of the main objective of the receiving part.

In the absence of an inhomogeneity, light from different points passes through the
same filter, and, as a result, the entire field appears identically colored. The introduc-
tion of an inhomogeneity causes the deflected rays to pass through different filters.
The image of all the points which deflect the light beam through the same angle has
the same color.

The two types of filters most widely used are a set of strips of colored glass, and a
circular plate with differently colored sectors (see Figure 30, where the solid line
represents the light source image, and the dotted line is the shifted image).
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Figure 30

Sets of colored filters used for obtaining a color image.
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A slit source is used with the colored strips. Since the lines of equal color in these
filters are parallel, the displacement of the slit image along a strip does not alter the
image color; the method records only the change of the component of the angle of
light deviation in the direction perpendicular to the lines of equal color.

A circular light source is used with the circular filter. In this case the image color
changes when the source image shifts in any direction. Theoretically, it is possible
to measure both the magnitude and the direction of the angle of deviation with such
a filter, for instance, by determining the intensity ratios of the different mono-
chromatic radiation fluxes at every point of the image with the aid of spectral methods.
Such measurements are complex, however, and, consequently, this method is not
used in practice.

The measurement range is limited by the range of deviation angles for which the
source image remains within the filter area. Its value is

L+ 2]
I

where L is the width of the colored part, and ! the width of the source image.

The narrower the light source image and the higher the sensitivity of the methods
described, the closer the different colors in the filter. It is usually advisable to use a
light source image whose width is more or less equal to that of the colored strips.

If the slit is too narrow, changes in the angle of deviation which allow the slit
image to remain within the limits of the same strip will not be accompanied by a
color change. If the slit is too wide, the image contrast diminishes. Other factors
affecting the selection of the source image size are the image illumination and the
number of colors which can be distinguished.

The sensitivity of the above methods of color illumination cannot be increased
to a high extent, since color filters with very thin strips or sectors are difficult to
manufacture. Accordingly, the system shown in Figure 31 is used in measurements

D ©.1)
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Figure 31

Optical system of the color schlieren instrument.

for which a high sensitivity is required. The light from the slit source S is collimated
by the condenser O, and falls on the prism P. The objective O, forms the spectrum Sp,
which functions as a light source for the system to its right side. The spectrum is
formed at the focus of the main objective of the illuminating part; its image, formed
by the main objective of the receiving part, is covered by a stop— a filament, a slit,
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or a knife-edge. If a filament or a knife-edge is used, its width is roughly equal to the
width of one color in the spectrum.

In the absence of inhomogeneities the field is illuminated uniformly, and its color
corresponds to the mean color of the rays traversing the viewing diaphragm. A
different color corresponds to each angle of deviation.

Since the spectrum width is easily reduced, a considerably higher sensitivity can
be achieved than in the preceding variants. Most attachments for color photography
manufactured for schlieren instruments are based on this system. Their design features
will now be described. Since the objectives O, and O, and the prism P contribute to
the formation of the spectrum, they are not permitted any noticeable aberrations.
Experience has established that photographic objectives can be used as condensers;;
they provide a satisfactory spectrum sufficient for studying inhomogeneities deflecting
the light rays by as little as 10~ rad.

A prism with parallel faces (Figure 32), composed of two kinds of glass having the
same refractive index for yellow light, is used as a dispersive element. The two
types of glass have different dispersions, the refractive index for red light being larger
in one component, and that for blue light in the other. The yellow light is not deflected
on passing through such a prism, and the blue and red lights are deflected in different
directions. This prism intercepting a parallel beam is virtually free of aberrations.
No deviation of the beam as a whole takes place when it is used, which facilitates
the actual construction of the system. This point is of considerable importance
when the experimenter himself has to build the attachment.
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Figure 32

Prism for obtaining a color image.

In order to vary the width of the spectrum, it is convenient to position two prisms
which can be rotated in opposite senses about the optical axis. The spectrum width
will then vary from zero, when the angle between the prisms is 180°, to twice the
width afforded by a single prism.

A schematic cross section of the color attachment for the Soviet-made IAB-451
instrument is shown on Figure 33 [11]. The condensers O, project the light source
on the slit A. Focusing is achieved by moving the forward lens by rotating the ring R,
and focusing control is provided by the total reflection of prism P. The slit is placed

in the focus of the objective O, which directs a parallel beam at the two prisms. The



36 SOME SPECIAL SYSTEMS

-
Pr IAB-45I .~

Figure 33
Color attachment for the Soviet-made 1AB-451 instrument.

angular width of the spectrum depends on the angle of rotation of the prisms;
rotation is achieved by means of the handles H. The second objective O, projects
the color of the slit 4 onto the illuminating slit of the schlieren instrument. Regular
photographic objectives can be used as O, and O,. The 45° reflecting prism Pr
provides a spectrum of angular size of up to 1° 50'; used in combination with an
appropriate objective (Soviet-made Yu-11) it ensures a spectrum 4.3 mm wide.

The advantages of this attachment lie in the simplicity: of its manufacture and of
its optical calculation. The only parts which have to be ordered. from specialized
optical workshops are the prisms. The remaining optical parts are simply purchased,
while the mechanical components can be manufactured by any workshop. The
attachment is used to obtain relatively accurate measurements. If the homogeneity
produces pronounced deviation of the light rays, the design becomes simpler, since
the standards of the optical parts and the adjustment accuracy are less exacting.

Sample photographs obtained with the aid of the attachment are shown in Plates I
through IV.

The measurement range is equal to the sum of the angular widths of the spectrum
and the slit or filament. In the ordinary schlieren method, the spectrum width is
virtually equal to the slit width. There are, however, some exceptions. If the stop is a
filament, the relationship between the angles of deviation and the photographic
density is not single-valued. The portions of the object which deflect the slit image
to positions symmetrical with respect to the filament center are equally illuminated.
This ambiguity is eliminated in the color-image method.

If a narrow slit is used as the viewing diaphragm, the sensitivity is equal to

di di
S= % _fdé' 9.2)
It is inversely proportional to the dispersion of the prism used. The smallest
measurable angle of light deviation in the inhomogeneity is equal to

ay

Plate I

Plate II



Plate III

Plate v
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where A is the minimum wavelength difference which gives an observable color
difference. Assuming that this wavelength difference is equal to 200 A, the minimum
angle of deviation which can be observed for a spectrum 0.3 mm wide is about
10~ 3 rad. If a filament is used, the light variation in the image is somewhat different.

The minimum spectrum width depends on the aberrations and on the diffraction.
The distance in the spectrum between adjacent distinguishable colors must be
larger than the scattering disk representing the image of an infinitesimal light source
in the focal plane. For the Soviet-made IAB-451 and TE-19 instruments the minimum
width is 0.15 mm; the reduction of this value leads to poor color purity, and does not
increase the sensitivity.

Color schlieren methods are suitable for quantitative measurements as well. In
this regard, the differently colored areas of the image must be correlated with the
corresponding position of the spectrum image relative to the diaphragm. The visual
differentiation of the colors in the image is, however, difficult, particularly if it has
to be conducted at many points of the object. Photographic measurements of this
type, although possible, have not been conducted; this is probably due to the
imperfections of the color photography method, which does not allow a faithful
reproduction of all color shades.

A second method for obtaining quantitative results requires a light filter in the
receiving-part illuminator [80]. A curve appears on the photograph, whose axis
corresponds to the locus of points of equal deviation angle. By using different light
filters we can obtain the entire field of deviation angles. This method is similar to the
slit-and-filament and the slit-and-slit methods. The color pictures can be photo-
graphed with different light filters on a black-and-white film, which simplifies the
processing. The method in this form has no comparative advantages and, accord-
ingly, has not been widely used.

The most efficient method is the method of standards in color photography,
consisting of placing a standard object of known deflection properties (a system of
wedges or a lens —a schliere) in some point of the field which is free from inhomo-
geneity. By comparing the color distribution in the standard object and in the
inhomogeneity, we can correlate each color with a particular angle of deviation.
The method is, therefore, quite convenient for a rapid estimation of the size of the
inhomogeneities.

The distortion of colors during film development and printing does not affect the
measurement error, since this method does not require perfect identity between the
color of the image point and its shadow on the positive or negative. It is only
necessary that the points in the image on which radiation of a given color falls appear
identically shaded on the photograph. Since these points are located on the same
photograph and have been processed under the same conditions, this is easily
achieved. Thus Plates I and II of the color insert represent photographs of the same
object, but with different instrumental adjustment and processing of the material.
As a result, the prints are differently colored, but the correspondence between the
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colors in the field and in the lens has been preserved. Therefore all these photographs
yield the same results.

The color photography method has advantages as compared with other methods
if exact measurements of the distribution of deviation angles are required. The
measurement error in this case is larger than when using photometric measurement
methods. Nevertheless, the method possesses specific advantages for assessing
inhomogeneities and making tentative measurements of the distribution of deviation
angles. It retains the most precious attribute of the photometric methods, namely,
the visualization of the overall pattern of the inhomogeneity and the possibility of
measuring the angle of deviation at any point of the object. The quantitative proces-
sing is also a simple matter. It does not require densitometric or other specialized
instrumentation. When wedges are used, the photograph is simply examined, and
the colors are identified. If a standard lens is used, it is also possible to measure the
distance from the color strip in the standard lens to the lens center. Accordingly, it
can be considered a semiquantitative method permitting the evaluation of the angles
of light deviation.

Due to the relatively low sensitivity of color films available at present, difficulties
are encountered in the application of the color-image schlieren methods to the study
of weak transient processes. New photographic materials and more powerful light
sources are urgently needed in order to be able to utilize the color-image methods on

" a large scale. S

10. STEREOSCOPIC SYSTEMS

The ordinary schlieren instruments, in which the light source is small compared with
the focal length of the main objective of the collimator, have a large depth of focus.
Opaque objects on the optical axis are seen sharply from virtually any distance. Thus
if the object is at a distance of 1 m from the ideal focus of the IAB-451 instrument,
operating with a 1 mm slit, each of the object points will be represented by a circle of
confusion 0.17 mm in diameter (for an image scale of 1:3).

The change in the image illumination is independent of the position of the
inhomogeneity along the optical axis. This is convenient for the quantitative study
of plane or axisymmetric objects, since the mathematical processing of the results
and the transition from the overall deflections of a ray traversing the inhomogeneity
to the values of the refractive index gradient at any point of the inhomogeneity become
extremely simple. This same property, however, complicates the study of complex
asymmetric bodies, since the superposition of the shadow patterns of different
inhomogeneities or of portions of the same object lying at different positions along
‘the optical axis of the instrument makes it impossible to determine the shape and
position of the different elements.

Several means are known for overcoming this difficulty. In a number of studies
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[119, 132] the inhomogeneity was simultaneously photographed by several schlieren
instruments, each of which was placed at a different angle with respect to the
inhomogeneity (Figures 34 and 35). In order to determine the spatial distribution of
the inhomogeneity, the processing of such photographs necessitates the use of
stereoscopes. The pinpoint accuracy depends on the angle between the axes of
the instruments utilized. R :
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Figure 34
Dual instrument for the simultaneous observation of the inhomogeneity in two mutually perpendicular
directions.
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Figure 35
Double instrument for the simultaneous observation of the inhomogeneity in two directions, forming an
acute angle.

The second possibility for determining the location of the inhomogeneities
consists of utilizing a single instrument which can be rotated through different
angles [112]. An example of such a system is represented in Figure 36. If the
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photographs are shot at different ;ositions of the instrument, they are processed in
the same way as when photographing with several instruments. If the object is
photographed continuously on a still or movie film while the instrument is being
rotated, the interpretation technique changes. A drawback of this method is the
difficulty of applying it to the study of transient processes.

Figure 36

Design of an instrument which can be rotated through different angles.

An ingenious application of this arrangement is described in [ 100]. The light source
was set at the end of an airplane wing, and the receiving part of the schlieren
instrument was placed in the cabin. In flight, the light source moved in a vertical
direction. The film was either still or moving. In the first variant, a complex pattern
of superposed schlieren images, taken at different viewing angles, appeared on the
photograph. The second variant yielded a series of photographs, each of which
corresponded to projection at a different angle. The shock wave shape was
determined by processing these photographs, and the shape changes caused by the
irregularity of the wing profile were analyzed.

One of the widely used methods of stereoscopic observation uses a schlieren
instrument with a multiple-slit light source [82, 94, 111]. The optical arrangement
is represented by Figure 37. A large-size light source § is projected by the condenser
objectives O, and O, onto the grid D,, representing a system of apertures on an
opaque background. While the size, shape, and arrangement of the apertures can be
arbitrary, the simplest and most convenient solution is to use a series of parallel or
radial transparent slits separated by opaque spaces. The grid is placed in the first
focal plane of O,—the main objective of the illuminating part of the schlieren
instrument. In the second focal plane of O, the viewing diaphragm D, is placed,
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Screen

Figure 37
Design of a stereoscopic schlieren instrument with a multiple-slit light source.

representing the negative image of the grid D,. The camera objective projects the
image of some section of the inhomogeneity I on the screen.
The grids D, and D, are aligned in such a way that the image of each slit source

-of D, is partially obscured by an opaque spot of D,. As a result, every slit of D,

forms, together with the opaque spot of D, corresponding to it, a system analogous
to the light-source-and-knife-edge system of the ordinary schlieren instrument. The
entire arrangement represents a set of ordinary schlieren instruments placed at some
angle to each other. The inhomogeneity images created by the different “instruments™
are superposed, creating a complex pattern.
From the collimator emerge parallel beams, forming with the optical axis an angle
& = h;/f, where h; is the distance from the corresponding source aperture to the axis.
Through every point of the working space passes a light beam of angular aperture
L
extang = —, (10.1)
f
where L is the grid size.
The inhomogeneity points lying outside the ideal focal plane are represented by
a circle of confusion of diameter

D = ley, (10.2)

where u is the image scale, and [ the distance from the given point of the inhomo-
geneity to the ideal focal plane. The circle of confusion increases with the increase of /,
and the visibility of the object becomes poorer, until the object is blurred completely
for some value of I. The distance between two objects just blurring to invisibility
from different sides of the ideal focal plane is termed the depth of focus.

The arrangement with a multiple-slit light source has a light beam aperture
considerably larger than ordinary schlieren instruments. This leads to a decrease in
the depth of focus. Only a specific narrow region of the object plane is sharply
represented. A spatial determination of the inhomogeneity parts becomes possible.

The configuration of the focusing schlieren instrument is more complex than that
of the ordinary schlieren instrument. In the first instance it is considerably more
expedient to use a two-lens condenser. In the second instance, the use of a grid instead
of the knife-edge and slit leads to substantial alterations.



42 SOME SPECIAL SYSTEMS

The design of the illuminating part of the focusing schlieren instrument is based
on the following principles: 1) the image of the light source on the illuminating grid
must completely fill the working area of D; and must be as bright as possible;
2) the main objective must not vignette the light beams emerging from D;. These
requirements are fulfilled if the size of the luminous part of the light source is equal
to the size of the illuminating grid, and the rim of O, is projected on O,.

If the second principal plane of O, coincides with D,, these requirements are
satisfied for objectives O, and O, of lower speed. Then

do do

==( + 1), (10.3)
Jo., ' S
do., L (d,, )
S0 . 2 (20 g, (10.4)
Jo.,  Jo, \do,,

where p, = b/l is the linear magnification with which the light source is projected
onto D, ; the magnitudes do.,, foc,» doep foer G0, fo, are, respectively, the diameters
and the focal lengths of the objectives O, O.,, O,. When the objectives O, and O,
are of lower speed, it is necessary to select light sources with a large luminous area.
The larger the light source, the wider the parameters of the focusing system.

In designing the receiving part it is necessary to keep in mind that different light
beams emerge at different angles from D,. Only that part of the inhomogeneity through
which pass all the beams emerging from the different slits of the grid will be uniformly
illuminated. Furthermore, the light beams must not be cut off by the rim of O,.
To satisfy this requirement and the additional one of uniform illumination of the
entire inhomogeneity, we must have

+ La
7 o
It is difficult to obtain an objective O, with such a diameter, especially since O, is
normally large as well, due to the necessity of studying large fields. The optimal

solution is apparently dy, = d,. If the system is focused on the middle point of the
inhomogeneity between the objectives, the uniformly illuminated area is

_(a + AL
2o,

dy, = d (10.5)

2

d=d,, (10.6)
where A is the depth of focus.

The illumination of the other portions of the field is variable, and the inhomo-
geneity details that appear are difficult to study. The size of the uniformly illuminated
portion can be taken as the size of the working field. For f,, = fp, the objective O,
must not be smaller than D, ; the focal length of the camera objective is determined
from the required image scale.
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By means of the equations obtained it is possible to calculate the focusing system
from the given parameters of the object studied. The distance a between O, and O,
is determined by the length of the inhomogeneity. In wind-tunnel measurements it is
usually determined by the distance between the protective windows of the wind
tunnel. The diameter of the main objectives is determined by the size of the
inhomogeneity. The depth of focus A is determined by the accuracy required in
determining the position of each part of the inhomogeneity. The focal lengths f,
and f,, are selected on the basis of the sensitivity required of the instrument.

To achieve adequate sensitivity in the system, all the objectives except O, must
be anastigmats. A high-speed achromatic lens can be used as O.. When an
instrument of average sensitivity is assembled from ready-made optical elements,
it is expedient to use the Soviet-made objectives 1-51, I-52, and I-13, which are mass-
produced.

The illuminating and viewing grids must have slits with a high optical density, and
the dark and bright spots must coincide precisely in the focal plane of the main
objective of the receiving part. Mechanical methods can be used for manufacturing
the grids, but the best procedure is to use a photographic method. The negative of
the illuminating grid is drawn to a larger scale on a special Whatman sheet and
photographed on a plate. The illuminating grid is then placed in the instrument, and a
new photographic plate is placed at its image in the focal plane of the main objective
of the receiving part, followed by the exposure. The viewing grid thus obtained allows
to a considerable extent for the aberrations of the system and for inaccuracies in the
manufacture of the illuminating grid.

The grid shape is of considerable importance. The slits being discrete, every point
of the inhomogeneity is illuminated by a series of narrow beams (Figure 38). The

Figure 38

Illumination of every point of the inhomogeneity and point of the image when the light source is a grid.

circle of confusion likewise receives discrete illumination. If the grid is made of
parallel slits, the band structure of the blurred image detracts somewhat from the
focusing effect. This drawback can be eliminated by using a grid of concentric
circles. In this case the disappearance of the image is smoother and the depth of
focus decreases. More complex grid shapes are seldom used, since additional
difficulties arise in the manufacture and adjustment of the grids and in the interpreta-
tion of the results.
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The selection of the grid shape depends to a certain extent on the direction of the
angle of light deviation which is recorded by the instrument. An arrangement using a
grid of parallel lines measures only angles of deviation perpendicular to the grid
lines. If a grid of concentric circles is used, the change in the image illumination is
the same when the light is deflected in any direction.

The required width of the slits and the distance between them are also determined
on the basis of the above factor. The grid period must correspond to the measurement
range, since otherwise the correspondence between the light deflection and the image
illumination will not be single-valued.

Figure 39 shows photographs of an air jet heated to 60° and discharged into the
atmosphere at an excess pressure of 0.1 atm. The jet diameter at the nozzle throat is
1.5mm. The light source was a PRK-4 mercury lamp, with a luminous area of
15 x 1.2cm. The width of the illuminating grid L was 2 cm. Under each of the
photographs is indicated the distance ! from the object to the ideal focal plane.
For I = 0 the jet image is sharp; the air flow is clearly visible. For I = 2 c¢m the object
boundaries are blurred, and the inhomogeneity is observed very weakly. For
I = 4 cm the jet becomes almost completely invisible; its tip is seen as a blurred spot of
indefinite shape. If the grid width is changed by some factor, the distances ! for which
such photographs are obtained are changed by the same factor. When the grid is
replaced by a single slit, photographs taken even at a considerable distance from the
ideal focal plane are virtually identical to those taken when the object is in that plane.

It is difficult to indicate the exact value of A, since it depends on the character of
the objects studied. Initially, weak inhomogeneities of small size disappear, after

=2en.

Figure 39
Photographs obtained by a schlieren instrument with a multiple-slit source.
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which stronger ones as well become blurred. Since a gas jet is the most important
object, we can consider that A = 8 cm.

The sensitivity of a focusing instrument is generally lower than that of the ordinary
systems, due to the strong increase of the aberrations at the field edge and to
inaccuracies in the manufacture and overlapping of the grids. The method is there-
fore used only for studying relatively strong inhomogeneities. Another drawback
is the difficulty of using focusing systems for.quantitative studies. The main objects
of study are complex inhomogeneities of large size, in which the shape and position
of different characteristic parts have to be determined.

By using converging beams it becomes possible to study strong inhomogeneities,
of a size larger than the diameter of the objectives (Figure 40). The maximum size
which can be studied is determined by the size of the illuminating grid, which can be
easily increased in some cases. This property is frequently considered the basic one [ 74].

Screen

Figure 40
Instrument for the study of large inhomogeneities.

The above system is also used as a method of quality control monitoring defects
in lenses and protective glasses, extraneous fluxes, etc.

The use of an extended light source makes it possible to use powerful lamp sources
and to utilize their light flux more fully than in ordinary systems. As a result
inhomogeneities can be observed under strong extraneous light.

Very few instruments have been manufactured as yet for the industrial study of
large-size inhomogeneities, and the theoretical and experimental material assembled
to date is insufficient for their definitive evaluation. It is, nevertheless, clear that
they can be of considerable aid in some cases.
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11. PHOTOELECTRIC RECORDING

A time resolution of the process is necessary in the study of transient processes, such
as explosions, combustion, etc. This time resolution can be achieved by photoelectric
recording of the schlieren instrument readings. The simple arrangement is shown in
Figure 41 [17]. The field of an ordinary schlieren instrument is partially obscured by
the stop D. Only a small area remains open, in which any changes in the angle of light
deviation can be ignored. Behind the knife-edge is placed a photocell (or a photo-
multiplier for weak light fluxes), which receives the light flux unimpeded by the knife-
edge. The deflection of the light by the part of the inhomogeneity facing the slit
causes a change in the light flux falling on the photomultiplier. As a result, the current
flowing through the photomultiplier will change. These changes in current are
recorded by an oscillograph. If we examine the straight portion of the characteristic
curve of the recording system, the pulse amplitude on the screen will be proportional
to the light flux, which is determined by the angle of light deviation.

0, Osc.

Figure 41

Photoelectric method for recording the readings of a schlieren instrument.

To minimize the averaging of the deviation angles over the finite part of the
inhomogeneity facing the slit, it is necessary to reduce the slit aperture. This improves
the resolution of the instrument in space and time, but reduces its sensitivity as a
result of the diffraction phenomena. If the width of the diffraction maxima is much
larger than the width of the geometrical image of the slit, the illumination distribution
in the direction perpendicular to the knife-edge is determined by the equation

2
sin E 4
1@ =¢

, 111
X . (11.1)
f

where ¢ is a constant, ¢ is the coordinate in the focal plane of the receiving part
perpendicular to the knife-edge, [ is the slit width in the same direction, k = 2n/4,
A is the wavelength, and f is the second focal length of the main objective of the

receiving part.
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The instrument readings depend on the total intensity of the incident light (the
light not stopped by the knife-edge). The intensity is equal to

J= jmldé, (11.2)

%o

where &, is the knife-edge coordinate.
The sensitivity for photoelectric measurements is determined by the magnitude
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The sensitivity is highest for &, = 0, ie., when the knife-edge covers half the
diffraction pattern.

If a slit whose width is much smaller than the diffraction image is used, th'e
sensitivity is proportional to the magnitude
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The sensitivity curve for this case is represented on Figure 42. The abscissae give

(E I, sin k &y cos k [&, — sin? Efléo> . (11.4)
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Figure 42

Sensitivity of photoelectric measurements for an aperture in the object plane.
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klEo/f and the ordinate is sin x (x cos x —sin x)/x3. It follows from this curve that
the sensitivity is maximum for klé/f ~ 1.3.

In practical work the slit width is selected on the basis of the expected size and
character of the inhomogeneities. It is usually equal to several millimeters or fractions
of a millimeter. The size of the diffraction pattern in the focal plane of the main
objective of the receiving part is also roughly equal to fractions of a millimeter or
several millimeters (for the IAB-451 instrument). It is larger than the width of the
geometrical image of the illuminating slit. Therefore, in the study of weak inhomo-
geneities the measurement sensitivity is determined by the diffraction phenomena
and is lower than the sensitivity achieved with a completely open instrument field.

The glow or absorption of the object studied plays a substantial role in the
processing of the results. An additional experiment is usually conducted in order
to estimate the influence of this factor. The viewing diaphragm is displaced to permit
free passage of the light deflected by the inhomogeneity and to ensure that only the
absorption or glow affect the value of the oscillograph signal. For small displacements
of the viewing diaphragm and operation on the straight portion of the characteristic
curve, the pulse corresponding to the light deflection is determined by subtracting
from the total pulse the amplitude of the signal expressing the combined action of

glow and absorption.
There are papers [77, 117] in which a slit whose size is much larger than the fine

details of the inhomogeneity has been used as a beam-defining aperture. In this case,
the signal amplitude is determined by the integral illumination of the aperture area.
This method is convenient when studying plane inhomogeneities. If such an
inhomogeneity covers part of the aperture, the variation of the light flux on the
photocell is expressed by the formula

J=c |:€ol + fJxos(x) dx}, (11.5)
0

where | is the aperture width, x, is the coordinate where the inhomogeneity begins,
and c is a constant. The direction of the x axis coincides with the direction of motion
of the inhomogeneity and is perpendicular to the knife-edge.

Since the angle of light deviation in plane inhomogeneities is linearly related to
the gradient of the logarithm of the refractive index of the gas, equation (11.5) can
be transformed to

J = c{&l + Lf [Inn(xe)— lnn(0)]}, (11.6)

where L is the size of the inhomogeneity along the instrument axis, n(x,) and r(0)
are the refractive indices of the gas at point x, and in the undisturbed region,
respectively.
In gases (n— 1) is small and we can expand the logarithms in power series as follows:
L

J= c{éol + Lf [n(xo)—n(O)]——ZJi [(n(x0) = )2 —(n(0)— D*] + } (1.7
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In most cases the quadratic terms are small compared with the leading terms — the
third term in (11.7) is smaller than the second term by a factor of 1/(n— 1), and can
therefore be ignored. Taking into account the Gladstone—Dale relation, we obtain

L
J- c{coz—ff [p(0)—p (xo>]}, (118)

where K represents the Gladstone—Dale constant. If we then proceed to
operate on the straight portion of the characteristic curve, the signal amplitude will
be a linear function of the gas density (the refractive index) in the inhomogeneity,
which simplifies the conversions considerably.

The preceding calculation was based on the relationships that obtain in
geometrical optics. It is correct, generally speaking, since the limiting slit used in
this design is generally sufficiently large. If the slit is small, the inhomogeneity varies
sharply, or the instrument is adjusted to a high sensitivity. In this case, it is necessary
to allow for the diffraction phenomena, which introduce considerable complication.

The absolute change of the light flux intensity here is larger than in the preceding
arrangement, while the relative change is smaller. This design is less suitable than the
preceding one for photographic recording of the signal, but is better suited to
photoelectric recording. In fact, due to the cutting off of the DC component by the
AC amplifiers, the sensitivity will be higher. A reduction of the sensitivity is caused
only by the high value of the constant component of the illumination, which magnifies
noise and reduces the value of the minimum illumination change which can be
recorded.

The influence of the diffraction phenomena in the first configuration can be
eliminated by changing the location of the slit limiting the size of the object observed
and placing it in the inhomogeneity image. In this arrangement, the diffraction
redistribution of the intensity at the edges of the light beam emerging from the
limiting slit is of no importance, since the integral value of the photocathode
illumination is independent of the diffraction (if the diffraction angles are considerably
smaller than the angular size of the photocathode, which is almost invariably true).
The limitations of the method imposed by the diffraction phenomena on the
inhomogeneity and the viewing diaphragm are the same as in the ordinary method
of the knife-edge and the slit. They are examined in Part II of the book. This method
is applicable to most objects studied by means of schlieren instruments, since it is
fairly easy to make the slit so small as to make the angle of deviation virtually
constant on the viewed portion of the inhomogeneity. Due to the high sensitivity of
photomultipliers, insufficient lighting does not limit the reduction of the slit width.
In conducting measurements with mass-produced instruments, it is advisable to use
attachments similar to the one described in [11].

The shock tube measurements described in [17] represent an example of the
application of the photoelectric method of recording the readings of the schlieren
instrument. The general layout of the experiment is represented on Figure 43. After
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Schlieren instrument with photoelectric recording for studying the procéss&s in a shock tube: 1) high-

pressure compartment; 2) low-pressure compartment; 3) nozzle; 4) gage triggering the pulse oscil-

lograph; 5) illuminating and receiving parts of the schlieren instrument; 6) voltage stabilizer;

7) rectifier; 8) high-voltage rectifier; 9) time delay; 10) mechanical chopper of the light flux;

11) photoelectric attachment to the schlieren instrument; 12) pulse oscillograph; 13) transparent
compartment of the shock tube; 14) camera.

the diaphragm separating the high- and low-pressure compartments 1 and 2 is
ruptured, a shock wave propagates along compartment 2. When it reaches the gage 4,
the latter transmits a signal to the variable time delay 9, which triggers the pulse
oscillograph several microseconds before the wave reaches the portion studied in
the shock tube. By varying the delay and the sweep it is possible to obtain an image of
any portions of the process with the necessary degree of resolution.

The measurement range depends not only on the slit width and the slit and knife-
edge configuration, but also on the size and position of the straight portions of the
characteristic curves of the different components of the electronic unit connecting
the photomultiplier with the oscillograph. In the example considered the range was
3 x 1075 rad (angles of light deviation between —1 x 1073 rad and + 2 x 107° rad
were measured).

The first result of the experimental studies was the confirmation of the concepts
relating to the structure and the characteristic zones of the flow in the shock tube.
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The typical oscillogram on Figure 44, obtained with a sweep of 100 usec, shows a
sharply rising shock-wave front, followed by the region of non-equilibrium processes
t;, the working gas sample ¢,, the driver—driven interface, and the region of uniform
parameters of the driver gas ¢.

|

| | |

I‘!‘-.r'rz*— t3—_—!
| |

Figure 44

A characteristic oscillogram obtained in a shock tube by the single-slit method.

One of the important problems in the investigation of physical processes in a
shock tube is the determination of the velocity of the shock wave and the gas particles
following from it. The gas has different velocities at different parts of the flow (the
shock wave, the working gas sample, the zone of uniform parameters of the driver
gas, the driver—driven interface, etc.). For some regions it is calculated theorefically,
while for other regions the calculation is difficult and must be based on very rough
approximations. The direct measurement of the gas velocity at different parts of the
stream is, therefore, of considerable interest both in testing the theory and in under-
standing the phenomena in the shock tube.

The velocity measurement is based on the photoelectric recording of the schlieren
instrument readings in two sections through the flow. If a single instrument is used,
two slits are used with the inhomogeneity image, and the light from each slit falls
on a different photomultiplier connected to its own input of the oscillograph. From
the oscillogram (Figure 45) two signals are obtained, representing the conseéutive

Figure 45

Oscillograms obtained in velocity measurements.
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recording of the same process at two points of the field. Each pulse has the time base
marks of the quartz generator. The velocity of every part of the flow can be found
by measuring the time shift between analogous portions of the two signals. When a
satisfactory time resolution has been achieved, it is possible to obtain a sufficiently
small measurement base, so that the flow parameters will be virtually constant over it.
The photoelectric method is superior in this respect to the photographic method,
since the difficulty of obtaining high filming speeds and insufficient sensitivity of the
photographic emulsions restrict the application of the photographic methods and
make impossible the execution of studies under low-density conditions.

The shock-wave velocity # has been plotted on Figure 46 as a function of the
logarithm of the pressure drop across the diaphragm. The divergence between the
experimental and theoretical results (the latter are represented by the solid line) is

U, km/sec

. . log(P,/P,)
2 3 4 5 6

Figure 46

Results of the measurement of the shock-wave velocity.

probably due to the use of the ideal gas equations in the calculations. A satisfactory
agreement is observed between the results obtained by ionization gages (crosses) and
by schlieren measurements (circles). The scatter in the velocity values is due to the
inaccuracy in the measurement of the initial data. In fact, when the high pressure is
100 atm and the low pressure is | mm mercury, an error of 0.1 mm mercury in the
measurement of the low pressure causes an error of 200 m/sec in the measurement of
the velocity. The error in the measurement of the velocity was mainly determined by
the accuracy of measurement of the time interval between the corresponding points
of the two signals.

Figure 47 compares the results of the measurement of the contact-surface velocity
v, with the theory. The characteristic points of the contact region are less prominently
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pronounced than in the shock wave, and as a result the error in the velocity was
very considerable: it actually was equal to the velocity of the shock wave.

It was established in several studies [75, 85, 102] that the measurement of the
velocity by schlieren methods is superior in several respects to other methods. While
the schlieren instrument reacts to a change in the density of the gaseous stream,
methods based on the measurement of the glow or the ionization depend on
magnitudes whose change lags behind the shock wave. In addition, by means of
schlieren methods it is possible to measure not only the velocity of the shock or of
separate luminous zones, but also the velocity of motion of the tailing regions.

v, , km/sec

L

log(P,/P)
2 3 4 5 6

Figure 47

Results of the measurement of the contact-surface velocity.

For moderate sensitivities it is convenient to use miniature schlieren instruments
(~20 mm diameter) shaped as gages which can be directly fastened to the tube.
These gages are simple and reliable, and do not necessitate frequent adjustment [89].

The measurement of the working flow duration T is of considerable importance
for gas-dynamic measurements in the shock tube. According to the theory of the ideal
shock tube T = 1/6 i, where ! is the length of the low-pressure compartment from the
diaphragm to the point of observation. The allowance for dissociation and heat
exchange reduces considerably the length of the working gas sample. Its value is
established by measuring on an oscillogram similar to that in Figure 44 the length of
the zone with density gradient close to zero. The results are presented in Figure 48.
The comparison of the experimental and theoretical results indicates that there are
many factors not adequately treated by the existing theories, which are responsible
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for a shortening of the working gas sample. An interesting fact is the constancy of
the sample length in the high-pressure region.

One of the causes of this shortening is the existence of a combustion zone at the
interface when using hydrogen-air and similar mixtures. To test this assumption,
the air was replaced by nitrogen; this resulted in a certain lengthening of the working
flow region at low pressures.

T, psec
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Figure 48

Measurement of the working flow duration: 1) theoretical curve; 2) experiment, the working gas is
air; 3) experiment, the working gas is nitrogen.

The glow was regarded 1) as parasitic light, and 2) as object of study. In the first
case, it was possible to suppress the parasitic light by using a slit instead of the knife-
edge or by using light filters. In carrying out such experiments, a stop cutting off
the lamp light from one of the recording slits was placed in the collimating part of
the instrument. One of the signals of the oscillograph described only the glow, and
the other only the variation of the refractive index, or the total effect of the glow and
the light deflection.

It was possible to detect the gas glow behind the shock wave and the glow of the
impurities. The gas glow is located directly behind the shock wave. Its duration is
roughly equal to the length of the working gas sample. The intensity of the glow of the
second type drops sharply in each successive experiment conducted on the same day
(Figure 49). The impurities in the tube are apparently swept by the flow in the vacuum-
chamber.

The location of the second glow maximum coincides with the position of the
maximum angle of deviation. This indicates that the main heating of the impurities
takes place in the contact region. The duration of the glow of second type considerably
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exceeds the region of variation. of the refractive index; the cooling of the heated
impurities occurs in hydrogen. On some oscillograms, the appearance of a third
glow maximum is observed, whose meaning has not yet been satisfactorily explained,
mainly because of its excessive variability. ’

5u.|.uu.|mmMuumuumuuuu

Figure 49

Photoelectric recording of the shock-tube glow. A series of experiments conducted in the course of a single
day under the same conditions.

The signal amplitude can be connected quantitatively with the value of the angle of
light deviation in the inhomogeneity, if it is assumed that the refractive index gradient
is constant over the entire area of the portion cut by the slit. For this purpose, a
series of calibration photographs are taken at different positions of the knife-edge
with respect to the slit image. The light is modulated by a chopper (revolving disk
with a set of holes, electronic circuit, etc.). From the photographs obtained a curve
is plotted of the signal amplitude A as a function of the coordinate & of the knife-edge
position (Figure 50). The knife-edge is then placed in position £, at which the signal
amplitude is A, and a working experiment is conducted. All the remaining optical
and electric parameters of the system remain unchanged.

In processing the photographs, the amplitude of the working signal 4, is measured
from A,; the point on the calibration curve corresponding to the total amplitude
of the working and initial pulses is determined. Subsequently, the displacement of
the slit image &,— &, which led to this change in the amplitude is determined from
the graph. If the working portion of the calibration curve is a straight line, the shape
of the oscillograph signal corresponds to the function e(x). In these measurements
the angle of light deviation is found by multiplying the signal amplitude at every point
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Figure 50

Signal amplitude as a function of the knife-edge position.

by a constant coefficient. By integrating the curve obtained it is possible to ascertain
the value of the refractive index at every point of the flow.

The main difficulty in obtaining quantitative data is the problem posed by the
compression shock. The width of the compression shock is normally much smaller
than the width of the slit, and therefore the assumption that the angle of deviation is
constant is not justified. The diffraction phenomena operating within the shock play
an essential part. Two means for overcoming this difficulty exist at present: the
development of diffraction schlieren methods and theoretical determination of the
gas parameters at any point of the flow behind the shock.

The most interesting region of quantitative application of the schlieren methods is
the first part of the working (driver) gas, in which non-equilibrium phenomena take
place. Equilibrium is reached when the refractive index becomes constant. From
the shape and length of the curve fall-off it is possible to determine the rate of estab-
lishment of the equilibrium.

The distribution of the gas flow density along the tube axis was determined by the
method described. In the region of non-equilibrium processes it was possible to
determine the dissociation rate constant for nitrogen and to obtain a value for the
refraction of atomic nitrogen that agrees satisfactorily with the results of the
measurements of other authors and with theoretical results. These measurements
are described in §43.

The application of the schlieren photoelectric method to the preceding case was
very fruitful, since it gave in a single experiment information on the general pattern
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of the flow, the velocities of the shock wave and the contact surface, the glow of
the flow and the impurities, the dissociation processes, the duration of the working
flow, and the distribution of the refractive index in the gas flow.

The method opens new possibilities in the study of more complex processes, such
as systems of waves moving in close formation. In such cases it is almost irreplaceable.
High-speed photography would also have given the variation with time of a large
field of angles of deviation, but with a poorer time resolution and an enormous
increase in measurement work. The schlieren photoelectric method is one of the
most promising methods in the study of transient processes.

12. PHASE CONTRAST

In 1934, the Dutch physicist F. Zernike [ 134, 135] suggested placing in a microscope
a phase plate introducing an additional phase shift in a part of the light beam. This
method, which was suitably called the phase contrast method, proved to be extremely
fruitful and helped to solve a number of previously insoluble problems linked with the
study of transparent objects.

The principle of the phase contrast method cannot be understood from the point
of view of the geometrical ray theory used in the explanation of the other schlieren
methods. One has now to consider aspects of the wave theory of light.

The phase contrast method can be understood basically by using the vector
approach [56, 63—65]. Let the light disturbance in the object plane be represented by
the vector OM (Figure 51). The vector length is proportional to the magnitude of the
light disturbance; the direction determines the wave phase. If the object has a
transmission coefficient 1/g and introduces an additional phase difference 6, the
light passing through this section will be represented by the vector OC of length

Figure 51

Vector diagram explaining the phase contrast method.
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OM/./q,rotated through an angle 6 with respect to OM. The vector OC is represented
as the sum of two vectors, OM and MC, corresponding to the “direct” and “diffracted”
light. It is considered in the following treatment that the phase plate changes the
amplitude and the phase of the incident phase beam, decreasing the amplitude by a
factor of \/‘E and shifting the phase by §. It is assumed that all these changes concern
the “direct” light only, while the diffracted light remains unchanged.

The resulting light wave oscillation at the conjugate point of the inhomogeneity
image is represented as the sum of the light beam OA changed by the phase plate
and the diffracted beam AC’ = MC traversing without change.

By means of the vector diagram it is possible to discern the common features
of the methods using amplitude and phase plates. The change in the amplitude, as
well as the change in the phase, can be represented by adding some vector of a different
phase to the main vector. In the case of an amplitude plate the phase difference is 180°,
while for a phase plate it can assume arbitrary values.

It is possible to derive, on the basis of the vector theory, the dependence of the
image illumination on the characteristics of the inhomogeneity. If the object
does not absorb light, we have OC = OM and g = 1. Without a phase (or amplitude)
plate the object will be invisible. When a phase plate is introduced, the sum of the
vectors OA and AC produces a vector of amplitude differing from the initial
amplitude. The completely transparent object becomes visible.

The calculation of the square of the vector OC’ for a vector OM of unit length
leads to the basic formula of the vector theory:

=1+ 1 + 1 2cosd 2cosb + 2cos (6—6)
gt i V4 Jar

There arises the question of how to introduce additional phase and amplitude
changes in the direct light without affecting the diffracted light. To resolve this
problem, a peculiar feature of the light distribution in the focal plane of the main
objective is used. The direct light, limited only by the aperture of the main objective,
provides an almost correct image of the illuminating slit, while the diffracted light
is deflected through large angles due to the small size of the object studied and forms
a wide diffraction pattern. If, therefore, the phase plate coincides with the light source
image, it introduces changes in almost all the direct light rays, while affecting only a
minor fraction of the diffracted light.

Actually, the assumption that the phase plate effect is selective is only partially
true. The image obtained in the focal plane can be represented (Figure 52) as the sum
of two diffraction images, obtained from the main objective of the receiving part I
and from the object II, respectively. Since both images are, strictly speaking, infinitely
wide, the edges of the focal plane aperture cut off a part of the two beams. In addition,
by introducing the phase plate in the main beam, we introduce changes in the
diffracted light as well. It follows that the assumptions of the vector theory are not

(12.1)
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Relative position of the filament, the edge of the exit pupil of the instrument, and the diffraction images
of the light source in the phase contrast method.

completely satisfied. The resulting error can be estimated only on the basis of the
diffraction theory, allowing for the wave phenomena at the rim of the main objective,
at the edges of the inhomogeneity, and at the boundaries of the focal plane aperture,
This question is treated in Part II.

Using formula (12.1), it is possible to calculate the range and the sensitivity of the
phase contrast method. The measured magnitude is the increment of the optical
path of the light in the inhomogeneity. The method sensitivity for photoelectric
measurements is equal to

Son = % (sin 0+ -s-m\(‘}—_g)) (12.2)

which reduces for small values of 8 to
S = 2siné
ph \/E :
It is seen from (12.3) that the sensitivity is maximum for § = + n/2, ie., for a phase

plate introducing an additional path difference of 1/4.
In visual and photographic observations we have for ¢ = 1 and small ¢

2]

(12.3)

§ =2./Tsiné. (12.4)

The sensitivity is maximum for T = 0.
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It should be noted that the maximum sensitivity condition é = /2, is correct only
when the phase plate introduces changes in the entire main beam without affecting
the diffracted beam. If the amplitude-phase changes are otherwise introduced, this
condition is altered. Thus if the phase plate is a knife, the angle of light deviation in
the inhomogeneity becomes the measured magnitude, and the condition of maximum
sensitivity willbe § = + =

The methods of manufacturing amplitude-phase plates are more complex and
varied than the methods of manufacturing amplitude plates. Different physical laws
and different technical approaches are applied in their production. The most widely
used shapes are the ring, the strip, the cross, and the half-plane. The first method for
the manufacture of plates was suggested by F. Zernike [135]. In a layer of Canadian
balsam placed between two glass plates, a collodium cellophane film cut in the form
of a ring, a half-plane, etc., was introduced. The near equality of the refractive indices
of the film and the Canadian balsam ensures small phase differences between light
passing through the film and avoiding it, even though relatively thick plates are used
(they are easy to manufacture).

A plate utilizing the polarization properties of cellophane was used in [104].
Light linearly polarized at 45° to the ring axis falls on a phase plate analogous to
the one described above. The light which has passed through the cellophane is
polarized at a right angle with respect to the light which has passed through the
Canadian balsam. By placing an analyzer behind the plate, it becomes possible to
alter the ratio between the amplitudes of direct and diffracted light. The same effect
can be obtained if the ring and the remaining part of the plate are made from
dextrorotatory and levorotatory quartz, respectively [127].

Figure 53

Phase plate.

Rytov used the phase plate represented on Figure 53 [49]. Metal layers are applied
to the prism surface. Since the phase shift upon reflection from the metal differs from
the shift at the glass—air boundary, the wave is deformed following reflection.

}
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A similar prism was used by M. Franson and G. Nomarski [84]. An incident
light wave was deformed upon reflection due to the finite thickness of the metallic
layer. Since light is partially polarized upon reflection from glass, the ratio of
amplitudes of the direct and reflected light can be changed by placing a polarizer
and an analyzer before and after the plate.

Plates made by spraying various materials on glass supports are widely used,
particularly transparent dielectric coatings. Thin metal layers are added at times
for purposes of absorption.

In [103] a diaphragm was used made of a wedge-shaped plate divided into three
parts by parallel cuts (Figure 54). If the middle wedge is aligned with the side wedges,
the optical path lengths for rays lying in a plane parallel to the wedge angle are equal.
By displacing the middle wedge it is possible to change the phase of the light falling
on the middle plate. For a wedge angle of 0.5 and n = 1.5, a displacement of 1 mm
corresponds to a phase difference of 0.15 2,

Figure 54
A three-wedge phase diaphragm.

The phase contrast method was also used in connection with infrared and ultra-
violet sources. Infrared radiation did not lead to a substantial improvement in the
results, but the ultraviolet radiation, on the other hand, did give interesting and
promising results.

The first method for obtaining a color image of the inhomogeneity was suggested
by F. Zernike. It was based on the use of a phase plate having the same refractive
index as the surrounding medium for some range of wavelengths, and differing from
it in the value of the dispersion in such a way that in the violet region of the spectrum,
the refractive index of the plate was higher than that of the medium; the opposite
was true for the red region. The contrast between the different points of the image will
therefore depend on the wavelength of the light illuminating the inhomogeneity.
When white light is used, the different points of the image become differently colored.
There also exist many other means for obtaining color phase contrast.

A valuable survey of the methods of phase contrast and the necessary instrumenta-
tion is presented in [49, 56].
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13. INTERFEROMETRIC SCHLIEREN INSTRUMENTS

The combined use of schlieren and interference instruments seems very interesting
and promising. Interferometers react to the change of the optical path length of the
ray, a fact which makes them at times more advantageous than schlieren instruments
in quantitative measurements. The schlieren methods react to a change in the gradient
of the optical path length, which makes them more suited to the determination of the
shape and geometry of the shock waves, rarefaction zones, and similar details. It
follows that interferometers are more sensitive for some types of problems, and
schlieren instruments for other types.

The simultaneous use of these two types of instruments seems highly advantageous.
Combined interference-schlieren systems were created to exploit this advantage.
Interferometers in which the auxiliary arm is blocked by an opaque slide, and a
knife-edge is placed in the focal plane of the main objective, are frequently used.
Instead of blocking the auxiliary arm, it is also possible to transmit the light source
image formed by this arm far behind the knife-edge. If the angles of light deviation in
the inhomogeneity are not large, pure schlieren images are obtained. In instruments
of this type it is possible to obtain, in turn, schlieren and interference patterns.

The knife-edge can be placed in one of the receiving parts of the interferometer
(Figure 55). The other receiving part will then produce a pure interference pattern,
while the image in the arm with the knife-edge is more complex and has a mixed
interference—schlieren character [78]. Two beams interfere in the latter, one of
which, the working beam, is partially cut off by the knife-edge. Depending on the
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Figure 55

Interferometer with an attachment giving an interference-schlieren image.
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magnitude of the angles of light deviation in the inhomogeneity and the instrument
adjustment, the image obtained will approximate either an interference image or a
schlieren one.

Finally, the third type of instrument (Figure 56) [137] uses a mirror, which directs
part of the light beam to the knife-edge. In such instruments it is possible to obtain
schlieren and interference images simultaneously.
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Figure 56

Interference-schlieren instrument with separate interference and schlieren images.

&l

Interferometric systems (shift, interferometers, polarization interferometers, etc.)
are frequently designed on the basis of schlieren instruments. The conversion of the
schlieren instrument into an interferometer is achieved with the aid of attachments
to the illuminating and receiving parts which split and recombine the light beam
in the schlieren instrument. If the beams move apart a considerable distance, so that
the disturbed wave interferes with the plane wave, we obtain a two-beam image, but
the field of view is at least halved as compared with the field of the schlieren
instrument. .

As an example, consider the system represented in Figure 5?[46, 471, in which a
diffraction grating is used. The image of the portion of the instrument field in which
the inhomogeneity is situated is combined with the portion in which there is no
inhomogeneity. The first image is obtained in a diffraction maximum order zero or
minus one, and the second in the maximum of order + 1. In other systems the
superposition is realized by means of a Fresnel biprism, polarization prisms, and
other devices.
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Figure 57

Interferometer with a diffraction grating.

A system widely used recently is one in which the wave disturbed by the inhomo-
geneity is split into two waves. One is shifted a small distance with respect to the other.
The waves are then recombined and on the screen is observed the interference of
two equally deformed waves, shifted through a small distance. As a result the
interpretation of the pattern obtained becomes considerably changed. Thus if the
shift is very small, the refractive index gradient is determined.

These systems are pure interference systems and have nothing in common with
the schlieren systems. They are built, however, on the basis of the widely used schlieren
instruments, which are much less expensive than the wide-field interferometers used
in gas-dynamic measurements. Their use makes possible a rapid conversion of the
schlieren instruments into an interferometer and vice versa, and thus eliminates the
necessity of using two different instruments. Such interferometers withstand vibra-
tions better than the commonly used Mach—Zehnder interferometer, since they
do not lead the beams over large distances and have no components which act
independently on one of the interfering beams. The same basic components participate
in the formation of each of the beams. The extraneous effects are therefore the same
for the two arms.

There are also systems in which the schlieren instrument acts as an interferometer.
Such are the systems using a focal filament. This similarity is purely superficial,
however, and is based on the fact that the diffraction pattern is, in some cases, very
similar to the interference pattern. Strictly speaking, the position of the light intensity
extrema is not perfectly correlated with the increment of the optical path length
in the inhomogeneity, which is a multiple of a half-integer number of wavelengths.
Under certain conditions it is, however, possible to neglect this inaccuracy and to
consider the pattern as a pure interference pattern. A complete analysis of this
measurement system necessitates examination of the diffraction phenomena taking
place in the inhomogeneity and the beam defining apertures. A detailed description
of this method will therefore be considered in Part I1.

14. FLASH LIGHT SOURCES AND CINECAMERAS 65

14. SCHLIEREN INSTRUMENTS WITH FLASH LIGHT
SOURCES AND CINECAMERAS

The properties of various optical inhomogeneities change with time. Some processes
which seem initially stationary are found to be unstable upon closer examination.
Such are the phenomena in wind tunnels, where high-frequency fluctuations are
frequently observed against the background of a steady-state flow. Such objects are
studied with the aid of flash light sources and high-speed cinecameras, which record
the processes with very short exposures, so that the process properties remain fairly
constant during each exposure. The flash light sources available at present make it
possible to reduce the exposure to 107-10"7 sec, depending on the sensitivity of
the schlieren instrument.

A specific feature of the flash light sources for schlieren measurements is the
requirement of relatively high power, especially when studying weakly deflecting
inhomogeneities, since it is necessary to block the illuminating slit image and,
consequently, to reduce the mean illumination of the image. The increase of the flash
source power leads to a lengthening of the flash time. A standard procedure for
increasing the flash power is to increase the spark gap; as a result the brightness
remains the same, and the total energy of the flash increases. This procedure, however,
is not suitable for schlieren instruments, since the diameter of the open part of the
light source image is limited by the method sensitivity, and the possible slit length
by the system aberrations. In order to improve the light characteristics of the source
it is therefore necessary to increase the brightness of the luminous body, e.g., by
achieving the discharges at high filling-gas pressures or in water, and by using gases
which have a high light yield.

The schlieren photographs obtained with flash light sources are usually of a high
quality, frequently higher than the quality of photographs obtained with continuous
sources, since vibrations, the instability of the instrument adjustment and the par-
ticular process under study do not affect the image sharpness. Single flash photographs
cannot describe the entire process, however, since tiley isolate it only in one moment
of time. A natural development of this system was, therefore, the successive utilization
of a series of flashes. The first systems of this type (Figure 58) [76, 122] used several
flash sources with common control, synchronizing the flashes with the process and
with each other. A series of separate schlieren photographs are obtained as a result.
The optical system constitutes a set of several schlieren instruments. This arrange-
ment makes possible the photographing during very brief intervals of up to 10°
frames per second with an exposure of 1077 sec. A drawback of these instruments is
that each instrument sees the inhomogeneity at a different angle. In addition, the
number of frames in such a camera is not large.

An attempt was made to eliminate parallax in the viewing of narrow moving
inhomogeneities — shock waves. Several spark gaps were arranged in a series, and
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Figure 58

System with several flash light sources.

all were projected simultaneously on the inlet slit of a system of condensers
(Figure 59). The consecutive flashes produced a schlieren image on the same place,
but due to the motion of the object during the time interval between two frames,
several separate images of the wave were obtained. '

The same effect is obtained by repeated discharges of the same light source. Su}ce
some time is necessary in this case for recharging the supply source and deionizing
the spark gap, the speed of photography is lower than in the case when scvcrfil
sources are used. This is most clearly seen with the high-power light sources used in
highly sensitive measurements.

0, 0, Screen

Figure 59

Arrangement for viewing shock waves.

In the study of complex processes, the superposition of a series‘ of su(fcessivc
pictures on the same frame becomes impossible, and therefore a movie film is used.
The difficulty of obtaining high film speeds limits the shooting rate. Nevertheless,
rates as high as 4 x 10° frames per second can be attained [50]. E .

Using a flash light source, photographs can be taken‘ at tpe highest possible
speed [121]. Such a method consists of splitting the light into sevc?ral beams
(Figure 60). The first beam propagates in the usual manner toward.thc image. ’.['he
second beam is reflected by an additional mirror before reaching the image. The time
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Figure 60
Arrangement for obtaining high shooting speeds.

during which the light travels the additional distance constitutes the interval between
frames. By this method it is possible to obtain shooting speeds higher than 10°
frames per second.

Systems utilizing flash light sources are not suitable for the study of self-luminous
objects. The spark is bright but of short duration. The glow of the object, even if
considerably weaker, acts on the receiver over a long period of time and, as a result,
affects the film to a greater extent than the spark. The effect of parasitic light increases
and measures must be taken to counteract it. The attempt to reduce the influence of
the glow by creating a shutter with an exposure time larger than that of the light pulse,
and at the same time sufficiently small for eliminating extraneous light, has met with
considerable difficulties. It is difficult to synchronize these shutters with the spark and
the processes under study. Various types of shutters using different physical principles
have been developed, but they have not as yet found a wide application.

Similar results can be obtained by using Kerr cells and similar electro-optical
shutters. This method has also not found a wide application, due to the complexity of
cell manufacture and the inevitability of a certain, although negligible, passage of
light through the closed cell.

Spark cameras are used whenever the exposure time of each frame must be very
short or the shooting speed must be high. Ordinary cinecameras, in which time
resolution is achieved by moving the film, rotating a mirror or prism, etc., are also
widely used. '

The use of relatively low-speed cameras (up to several thousand frames per second)
does not present many differences compared with ordinary photography. The dif-
ferences lie basically in the method of attaching the cinecamera to the schlieren
instrument and in the elimination of the influence of the vibrations caused by the
camera. If a standard cinecamera is attached to the instrument, some difficulties
arise in the design of the transition optics.

Somewhat more complex is the question of the use of schlieren instruments with
ultrahigh-speed cameras [55]. These instruments are complex devices, and have
many peculiar features which complicate their application in conjunction with
schlieren instruments, Many cameras have multiple small pupils, while schlieren



68 SOME SPECIAL SYSTEMS

instruments utilize only one pupil. It is possible, in principle, to split the beam
optically and use all the pupils, but such arrangements are not used in practice. As a
result, the camera is not fully exploited and the shooting speed is considerably
lower than the maximum. The small size of the pupil of many high-speed cameras
enhances the diffraction phenomena and reduces the measurement range.

In view of the complexity of the individual methods and the difficulty of processing,
only qualitative schlieren methods are used at present with cinecameras. Examples
of the combined use of schlieren instruments and high-speed cameras are described
in [30, 79]. In order to transfer to quantitative measurements it is necessary to solve
problems connected with the constancy of the exposure from frame to frame,
elimination of vibrations, simplification and automation of processing, etc.

DEFOCUSED GRID METHODS

15. FUNDAMENTALS OF THE METHODS

The defocused grid methods derive from the qualitative method of V. Ronchi [48] for
studying aberrations of optical components. As a qualitative method, the Ronchi
method was inferior to other methods, but the simplicity of its application and of
processing results made it suitable for the quantitative study of the light wave shape.

The method was subsequently developed by other scientists. Numerous improve-
ments and additions transformed it from a qualitative into a quantitative method.
Ostroumov [42-44] suggested that it be applied to the study of hydrodynamic
processes and was the first to use a grid of mutually perpendicular lines, by means of
which the angles of light deviation in two directions could be simultaneously
measured. Defocused grids were successfully used in [57] for studying the properties
of a gaseous flow. Sukhorukikh [26, 51, 52] developed the diffraction theory of the
method, based on the parameters affecting the pattern in the image plane and on the
experimental study of the influence of these parameters on the particular pattern.
The defocused grid method has been successfully applied to the study of photographic
and microscopic objectives [60, 105].

The term defocused grid methods is used today to characterize the group of methodsin
which the angle of deviation is established by measuring the displacements of the
shadows from a grid of opaque spots, each surrounded by a transparent area. The
methods of this group differ according to the shape and location of the grid and the
procedure for processing the photographs.

69
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In general, the shape and arrangement of the opaque spots and the clear spaces
in the grid can be quite arbitrary. The grid can be a system of concentric circles, a set
of arbitrary apertures or screens. To ensure that the light source size does not cause
a blurring of the shadow edges, it is, however, necessary to use point or near-point
light sources when using grids of arbitrary shape. This reduces the amount of light
in the image, and in many cases complicates the application of the method. In addition,
in quantitative measurements it is necessary to identify the points of the image plane
corresponding to the same point of the grid before and after the introduction of the
inhomogeneity, which is most easily accomplished with grids of parallel dark bands;
accordingly, such grids or gratings (Figure 61) are the most widely used. The distance
p between the centers of the dark bands will be termed the grating spacing, and the
width of the dark line d will be termed the groove width. Other types of grids will be
examined separately.

Figure 61
A schlieren grating.

One possible application of defocused grids is represented in Figure 62. The grating
is placed at a specified distance from the main objective. The light beams, falling on
the opaque spots of the grating, are stopped, and shadows of the opaque clements
are formed on the screen as a result. If an optical inhomogeneity appears in the
instrument field, the shadows of the grooves are shifted, altering their shape.

Figure 62
A system with a defocused grid.
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As in all the other qualitative and quantitative methods, defocused grids can be
used in various types of schlieren instruments such as instruments with a parallel
beam, autocollimating instruments, converging beams, etc. The main features and
requirements of the methods are, however, the same for all types. We shall,
accordingly, examine the parallel beam arrangement, which is most widely used,
although it is more expedient at times to use other types of schlieren instruments.

The detailed distribution of the illumination in the image plane is of no interest to
the investigator using defocused grid methods. The only magnitude necessary for
determining the distribution of the angles of light deviation in the inhomogeneity
is the shadow shift. The distribution of the illumination affects the measurements
only insofar as it complicates or simplifies the localization of any specific point of the
image. When a wide light source is used, the shadows become blurred and less
distinguishable, and their position is more difficult to determine accurately; this
does not affect, however, the fundamentals of the method. If the illumination is
highly non-uniform over the field as a result of the absorption of light by the
inhomogeneity, aberrations of the condenser, or any other reason, the contrast of the
shadows will be different at different areas of the field, but the shift of the shadows
will be the same for the same angle of deviation. This feature of the defocused grid
methods makes possible their utilization in cases when other methods are inapplic-
able (such as those processes in which glow changes abruptly and intensely over the
field).

An important advantage of this method is the simplicity of interpretation. In many
cases no complex instrumentation is required; a ruler and measuring compasses
suffice. Figure 63 represents a characteristic photograph obtained by this method in
the study of the inhomogeneities of the glass base of a photographic plate.

There are several varieties of the method, differing according to the location of
the viewing diaphragm. In addition to the position considered above, it can be placed
directly before or behind the object, and also near the inhomogeneity image. The
first method is widely used in the study of hydrodynamic phenomena, and in
centrifugation processes where it is known as the scale method. The method of placing
the diaphragm near the image is termed the remote grid method.

Both these methods are basically similar to the defocused grid method, but are
suited to the study of inhomogeneities deflecting light through large angles. The
different methods have different working formulas, since the individual parameters of
the system are taken as the base, but the transition between the various formulas can
be made with ease.

If the optical system of the instrument is complex, the diaphragm can be placed
between any two optical components along the ray path from the light source to the
inhomogeneity image. In each position, it is possible to find a single-valued corre-
spondence between the shadow shift and the angle of light deviation in the
inhomogeneity.

If a grating is used as the diaphragm, and there is no inhomogeneity, the shadows
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Figure 63
Photograph of the glass of a photographic plate obtained by the defocused grid method.

of the grooves are equidistant straight lines, their number equal to the number of
grooves inside the light cone. According to the laws of geometrical optics, the shadows
should form a succession of sharp dark and bright bands, with a narrow transition
region on the boundaries between light and dark area due to the finite width of the
light source and to the aberrations of the optical system. When the magnitude of the
defocusing is increased, the width of the dark and light bands should decrease
without any distortion in their structure.

The actual situation differs considerably from this description. The structure of the
bands is complex and is normally determined by diffraction phenomena. Only in
rare cases is it possible to use the approximation of geometrical optics. If the grating
is very near the focus, the shadows represent wide and blurred bands; with the increase
in the distance between the grating and the focus the shadows come nearer, and their
diffraction structure becomes clearer (Figure 64).

With the further displacement of the grating away from the focus the pattern
becomes more complex. The side maxima of the adjacent grooves overlap, until finally
apointisreached when the number of observed shadowsis twice the number of grooves.
For a certain value of A the image is almost extinguished, and the contrast becomes
considerably poorer. With the further increase of the defocusing the image is restored,
but with the dark and bright bands interchanged. Unlike direct images, in which the
distribution of the illumination as a whole coincides with that predicted by
geometrical optics, these images can be referred to as reverse images. Inasmuch as
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these phenomena are basically diffraction phenomena, they are treated in more detail
in Part II.
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Figure 64

Contraction of the shadows with the increase of the defocusing.
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16. BASIC ANALYTICAL RELATIONS

We shall now determine the relationship between the shift of the groove shadow
and the angle of light deviation in the inhomogeneity. If there is no optical inhomo-
geneity, the light beam passing through point @ of the object plane (Figure 65) meets
the grid D at point g and reaches the point ¢ of the image plane conjugate with a.
When an inhomogeneity is introduced, the beam passes along adec and meets the
grid at point e. Before the introduction of the inhomogeneity we observed at ¢ the
shadow of some specific area of the grid (point g); after the introduction of the
inhomogeneity we observe another part of the diffraction pattern at the same point.

Screen

Figure 65

Derivation of the relation between the angle of light deviation in the inhomogeneity and the ray shift
in the grating.

The relation between the angle of deviation and the ray displacement in the
grating is found from the similar triangles dbc and egc. Setting eg = 6 and taking
into account that bd = es and that points a and ¢ are conjugate, we obtain

o

A
f+f@ f)
The defocusing A is measured from the focus. It is positive if the grid is placed
between the focal plane and the main objective, and negative if the grid is placed
closer to the screen than to the focal plane. The quantities s and f are considered
positive.

The displacement of the ray on the grid leads to a shift of the groove shadow in the
image plane. We have

¢ = (16.1)

S _A(s— )
TR (16.2)
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where &, is the displacement of the groove shadow on the photograph. Using the
expression for the image scale, we rewrite (16.2) in the form

_ow
5= 2L, (163)

The combination of (16.3) and (16.1) yields

5
P E— (164)

o

Since f and s are usually of the same order of magnitude, and A is considerably
smaller than either, (16.4) can often be transformed to

OA (16.5)
e =—. 3
uf?
The following relationship is used in some cases:
é
2_F (16.6)
S Dp .

where p, is the grating spacing on the photograph without the inhomogeneity. It is
then possible to measure p and p, instead of A and . In this case
S,p

=B 16.7
L= s (16.7)

We can find by means of these formulas the angle of light deviation in the
inhomogeneity from the displacement of the groove shadow on the photograph
relative to its original position. As the grating is one-dimensional, it is not the angle
of deviation itself that is measured, but only its projection on the plane perpendicular
to the grooves. The measurement is as follows: the field is photographed twice for
the same adjustment of the schlieren instrument, once without the inhomogeneity —
zero photograph, and then with the inhomogeneity — working photograph. In
order to measure the shadow displacement, a coordinate axis is placed in the object
field, and its image is obtained on every photograph. The contour of the instrument
field or the model can be used in some cases as reference points for measuring the
relative displacement ; this method of measurement is, however, not convenient in a
majority of cases.

On each photograph the distance from the coordinate axis to the center of the
groove shadow in the direction perpendicular to the axis is measured. The band
displacement obtained is substituted in (16.4), (16.5), or (16.7), and from the resulting
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formula the component of the angle of deviation in -the inhomogeneity points
corresponding to the position of the center of the groove shadow on the working
photograph is calculated.

If the inhomogeneity does not occupy the entire instrument field and a part of the
shadows remains undistorted, it is possible to measure the displacements from the
straight lines representing continuations of the axes of symmetry of the undisturbed
portions of the bands. In this type of measurement no zero photograph is necessary.

One of the difficult tasks is the correlation of the shadows on the zero and working
photographs. If the inhomogeneities are complex, the shadows are mixed up, or
split and even change places. Special measures may be taken in order to facilitate the
correlation : some grooves are made thicker or thinner, a gap is made in some grooves
or the bright spaces between the grooves are colored in different colors (particularly
in visual observations). In some instances, the distribution of the angles of deviation
is first estimated, and more accurate measurements are conducted subsequently.
This makes it possible to correlate the shadows on the zero and working photographs
and to select with accuracy the required defocusing and the grating parameters.

The groove shadows form a complex diffraction pattern. But, as was demonstrated
by Sukhorukikh, up to the first reversal, the centers of symmetry of the diffraction
pattern, coinciding with light intensity, minima or maxima, are the locus of points
corresponding to the rays passing through the centers of the grooves or the
transparent spaces. )

If the diffraction structure of the shadows on both the zero and the working
photograph follows the same pattern, the application of the method is relatively
simple. If the wave front curvature changes considerably, frequently we have a
situation in which some areas of the photograph are occupied by “direct” shadows,
and others by “reverse” shadows, while the shadows of the zero photograph are all
located before the first reversal, or are at least all of the same type. In processing such
photographs it is necessary to take the middle of the dark and bright spaces,
alternately, as the center line of the groove shadow. Practical measurements have
established the possibility of such a procedure, which is, however, more complex
than in the preceding case.

When reverse patterns are used, a larger number of shadows than in the direct
case is obtained for the same sensitivity. The development of a method for processing
reverse patterns and its justification are, therefore, of interest for future studies.

The parameters which must be known in order to conduct the measurements are
s, f,and A (or g, p, and p,). The value of f is determined with sufficient accuracy by
the manufacturer and is included in the technical description of the instrument. The
value of s is found by measuring the distance from the object plane on which the
camera is focused to some reference point of the instrument. The accuracy of this
measurement is generally sufficient, inasmuch as the contribution of s in determining
€ is small.

The method of determination of A is somewhat more complex. Generally, the
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grating is first placed in the focal plane, and then shifted to its working position; the
value of the displacement is measured on a scale. The main inaccuracy of this
measurement is the error of setting the grating in the focal plane. It is frequently
assumed that the grating has been properly set in the focus if the groove shadows
are no longer visible. The error of this setting in the focus is

S

dA = 7=,
2D

(16.8)

where D is the diameter of the main objective of the receiving part. For D = 230 mm,
f = 1918 mm, and p = 0.1 mm we obtain dA = 0.4 mm. This error is substantial
in the case of a small defocusing, and consequently, it is necessary to use the same
method as for the setting of a knife-edge (by examining the uniformity of the screen
darkening as a result of the gradual covering of the slit image by the grating groove).
This method is of insufficient practical accuracy for all measurements.

It is expedient at times to find A from the formula

p A

E 16.9
Py =uf (162)
17. SENSITIVITY, RANGE AND FREQUENCY
OF MEASUREMENTS
The sensitivity of the method is defined as
S = il 17.1
= (17.1)
and is equal to
W
S = w (17.2)

The sensitivity can theoretically be made infinitely large by increasing p and f, or
by decreasing A. This is, however, accompanied by an increase of the shadow width
on the photograph, i.e., by a decrease of the number of points at which the angle of
deviation can be measured, and also by a considerable reduction in the accuracy of
determination of the shadow centerline. This can apparently be prevented by
reducing the grating spacing. The contribution from the diffraction phenomena
increases as a result, thereby diminishing the shadow contrast, reducing the accuracy
of measurement of their centerline, and complicating the correlation.

If we assume that the minimum value of the defocusing is the position at which
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only two shadows appear in the image, the maximum sensitivity will be

_ MR

Smax - (173)
p

where R is the radius of the main objective of the receiving part. For u =1,
f=1918mm, R = 115mm, p = 0.1 mm the sensitivity is Sp. = 2.2 x 105 In
practice the sensitivity is considerably lower, since measurements in two sections only
do not satisfy. Furthermore, the increase of the observed width of the groove is
accompanied by an increase in the error of determination of the shadow centerline.

The problem of the range of the defocused grid method, ie. of the range of
deviation angles which can be measured by this method, is more complex.
Theoretically, restrictions on the measurement range are imposed only by the size
of the grid and the diaphragms transmitting the light beam. In practice, however,
the limit is reduced far earlier. Experience shows that in many cases the groove
shadows lose their contrast and are difficult to interpret if the groove displacement
is larger than several grating spacings. If this magnitude is taken arbitrarily as the
measurement range, we have

R=—. (17.4)

The measurement range is also affected in some cases by the condition that all the
inhomogeneity areas studied must give diffraction patterns of the same type as on
the zero photograph. This question has not been sufficiently studied to date and,
consequently, it is impossible to determine the range restrictions imposed by this
condition.

The number of groove shadows in the image plane depends on the wave front
curvature. Let the incident light wave have a radius of curvature R, in the section
parallel to the optical axis and to the x axis, and R, in the section through the y axis.
From the similar triangles whose vertices are at the points of convergence of the
meridional and sagittal rays, we find the correspondence between the points of the
grating plane and the image plane:

Y- ¢ , (17.5)

6= D{a sz 12+ a6 i)

, nf?
=

(5= f) {A T f)]}

(17.6)
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If the grating grooves form an angle « with the x axis, the equation of the groove
centerlines will be

np

n=—+ £tang, 17.7)
sina
where n assumes integer values. The centerline of the zero groove coincides with the
origin of coordinates.
The equation for the centerlines of the groove shadows is obtained by substituting
(17.5) and (17.6) in (17.7):

y = npf? + x'tan aV,, (17.8)
sina(s— ) {2 + A= N} Vo '
where
14 1 + A d 7 ! + A
xx = 5 TZ o Are_ g an R T2 L AG— N
R, fP+AG—f) TR, P4 AG- )

are functions defining the curvature of the wave front in the grating plane in sections
parallel to the £ and # axes.

With the aid of equation (17.8) it is possible to determine the ratio of curvatures
of the wave front in sections parallel to & and n axes in the grating plane and to find the
curvature of the cylindrical wave in the inhomogeneity plane.

The distance between the centerlines of the shadows of adjacent grooves is equal to

_ Pf? Vi
65— NI+ A= NV, /V2cos?a + V2sinfa

(17.9)

Py

If the incident wave is plane (R, = R, = o), equation (17.9) reduces to (16.3).

By an equation similar to (17.9) it is possible to find the geometrical width of the
groove shadow as well. This relationship, however, is usually inapplicable, since the
width of the groove shadow is mainly determined by diffraction phenomena.

By combining (16.3), (16.6), (17.2), and (17.4) it is possible to obtain a formula
relating the measurement range, the frequency of measurements (the distance
between the shadow centers in the image) and the sensitivity. It has the form

Np, = S%. (17.10)

If we wish to measure angles of deviation of the order of 10™* rad at image points
distant 5mm from each other, for N = 2 the measurement sensitivity cannot be
higher than 10° mm/rad. Given the sensitivity, we can find the minimum angle
which can be measured for a given shift of the shadow. Thus if we can measure a
band shift of 0.5 mm, the smallest measurable angle is 5 x 107 rad.
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The defocused grating method suggested by Ostroumov [44] will now be evaluated.
If the grating becomes just visible when the first diffraction maxima overlap, we may
write

A pp
: — =-r. (17.11)
p f
The condition of the groove shifting by one grating spacing is
dL
— =p, (17.12)
dy

where L is the length of the optical path of the light in the inhomogeneity. By com-
bining these equations we obtain

dL

Pogy = A (17.13)

In inhomogeneities which displace the ray through one grating spacing, the difference
between optical paths for rays lagging by one spacing is equal to 4 when the grating
is correctly used. The sensitivity of the method is the same as for interference
measurements, in which the shift of the interference maximum is measured.

By means of the above equations it is possible to select the instrument adjustment
parameters (the sign and magnitude of the defocusing and the grating spacing) suitable
for measuring angles of deviation of given magnitude with the desired sensitivity
and frequency.

The inhomogeneities that are actually measured are very complex. The defocused
grid methods measure only the projection of the angle of deviation on the plane
perpendicular to the grating grooves. It follows that the parameters of the grating
suitable for studying a given inhomogeneity and the maximum sensitivity vary for
different orientations of the grating. By varying the angle between the direction of
the grating grooves and the selected direction in the object plane we can derive the
following benefits: 1) to attain a situation in which the most important parts of the
inhomogeneity are measured with adequate sensitivity, while the maximum angles
of deviation remain within the measurement range; 2) to adjust the instrument in
such a way that the filament shadow on the working photograph lies on the areas of
the inhomogeneity image where it is most essential to obtain measurements in a large
number of points. It is thus possible to ensure that the shadow on the working
photograph will lie on some preselected section.

In the study of the boundary layer, measurements in sections perpendicular to the
model surface are the most important. It is necessary to find an angle of setting of the
grating grooves for which the filament shadow lies near the section perpendicular
to the boundary. These measurements are of interest for the study of similar processes ;
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they indicate the importance of allowing for the grating inclination and its influence
on the accuracy and sensitivity of the measurements, and the reliability of the results
of schlieren measurements.

18. CROSSED-LINES GRID AND POINT GRID

A defocused grating is suitable only for measuring the projection of the angle of
light deviation on the plane perpendicular to the grating grooves. In order to measure
the entire field of deviation angles it is necessary to conduct two experiments (or two
series of experiments), readjusting the instrument for the angles in the other direction.
The accuracy is adversely affected by any variation in the parameters of the
inhomogeneity in the course of the experiment and between experiments, all the
processes studied being non-stationary to a certain extent. Thus the surface of the
astronomic objective mirror “breathes”, the flow in the wind tunnel shimmers, and
the burner flame fluctuates.

The usual procedure for obtaining the necessary values at a given time consists of
the combination in a single unit of two schlieren instruments, measuring the angles
in different directions. This procedure complicates the instrument and raises its
price; furthermore, the light transmission is reduced, the amount of parasitic light
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Figure 66
Diffraction pattern of the shadows from a crossed-lines grid.
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increases, the instrument becomes more sensitive to vibrations, adjustment is RID 83

complicated, etc.

Ostroumov [42] suggested using a grid made of two perpendicular systems of
grooves. By means of such a grid it is possible to measure simultaneously two mutually
perpendicular components of the angle of light deviation, and hence recover the
entire field of angles of deviation. An improvement of the crossed-lines grid method .
lay in the utilization of two mutually perpendicular slits as a light source. This
reduced the shadow contrasts somewhat, but increased the total illumination of the
image several times (as compared with a point source), making it possible to study
transient processes.

Diffraction phenomena considerably affect the images obtained by this method;
the pattern is highly complicated as a result and its interpretation becomes difficult.
Figure 66 shows a characteristic diffraction pattern of shadows of a crossed-lines grid.

A grid of points was suggested [12, 16] for the simultaneous measurement of the
magnitude and direction of the angle of light deviation. The grid consisted of opaque
spots separated by transparent spaces (Figure 67). The centers of the spots are located

at the points of intersection of two systems of equidistant, mutually perpendicular
lines. The shadows of the opaque spots appear on the screen; they constitute complex
diffraction patterns, whose centers coincide with those of the shadows of the points
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are elongated (Figure 69).

In the method of defocused grids, the normal measurement process consists of
obtaining two photographs (the zero and the working photographs), in establishing
the correspondence between the centers of the shadows on the two photographs,
and in measuring the displacement of the center of each shadow.

" Figure 68
Schlieren patterns for various defocusings of the point grid.
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The grid parameters are selected on the strength of the characteristics of the object
of study. Grids of 0.1-2 mm spacing are used for wind-tunnel measurements, while
for hydrodynamic measurements the grid spacing can increase to several centimeters.

By means of this method it is possible to determine simultaneously the magnitude
and the direction of the angle of light deviation. We can study complex phenomena
such as flutter, explosion, etc. The measurements are conducted with a single
schlieren instrument.

Figure 69

Schlieren patterns of a point grid for a light wave differently curved in different directions.

The application of the method with double instruments yields an additional
advantage: it allows a more thorough study of processes with regions that differ
greatly in the value of the refractive index gradients (the angles of light deviation).
A weakly defocused dense grid is mounted in one of the arms, and the regions
producing slight deflection are measured with a high sensitivity. The other arm
accommodates a strongly defocused sparse grid, and angles of deviation are
measured which lie outside the range of measurement of the first arm.

The method was tested experimentally on the IAB-451 instrument [16] for a
convective air flow about a horizontal cylinder heated to 74°C.

The point grid method is most convenient for the study of time-dependent
processes. Nevertheless, a steady-state process was selected as the inhomogeneity.
To preserve the stability of the convective air flows, the heated cylinder was mounted
in an insulated volume between the receiving and collimating parts of the instrument.
This approach made possible a comparison of the point grid method with other
pretested methods, which can be used in this case with maximum accuracy.

The cylinder surface temperature was controlled by varying the voltage on the
heating coil. The high thermal conductivity of the material and the uniform placing
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of the coil ensured isothermal surface conditions. Vibrations and sharp temperature
changes were avoided by placing the installation in a basement. The working
temperature conditions (surface temperature of 74°) provided a range of deviation
angles 2 x 107%~26 x 10~ *rad, which roughly corresponds to the usual deviations
in wind tunnels. The camera was focused on the middle of the cylinder.

A photograph obtained by the point grid method is represented on Figure 70.

Figure 70
A photograph of convective air flow about a cylinder, taken by the point grid method.

The displacements of the shadow points and the angles of light deviation ¢ were
measured in both vertical and horizontal directions. The resulting distributions of the
components of the deviation angles in these directions are shown on Figures 71
and 72.
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Figure 71
Components of the deviation angles in the vertical direction for the model shown on Figure 70.

The comparison of the results with data of similar measurements conducted
under identical conditions by the focal-filament and defocused-grating methods
showed excellent fit within the limits of error of the methods, equal to 3+ 10™* rad.
All the methods had the same accuracy and sensitivity under the given conditions.
But while some 30 photographs were necessary for obtaining valid results by the
focal-filament method, the defocused grating method required two photographs,
and the point grid method only a single photograph.

From the field of deviation angles, the temperature distribution about the cylinder
(Figure 73) was determined. The transition from the angles of light deviation to
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Figure 72

Components of the deviation angles in the horizontal direction for the model shown on Figure 70.

temperatures was achieved by the formula

l X
Tx)=T, [1 + mg s(x)dx:l y (18.1)

o0

where T'(x) is the temperature at the point x, T,, and n,, are, respectjvely, the tempera-
ture and the refractive index in the undisturbed parts of the field, and L is the length
of the inhomogeneity along the optical axis of the instrument. Numerical integration
was carried out from regions without convective flows where the temperature could
be measured with an accuracy of 0.1° by a mercury thermometer. The curves of the
deviation angles were extrapolated to the region near the cylinder surface and to the
region of small deviation angles at the interface between the disturbed and the
undisturbed gas. The temperature distribution obtained was compared with the
theoretical distribution and with the thermocouple measurements (Figure 74). The
optical and theoretical curves agree satisfactorily, while the thermocouples give
lower values, a fact explained by the difference between the temperature of the
thermocouple junction and the air temperature.

Although extremely valuable as an illustration, measurements of the air tempera-
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* Figure 73

Temperature distribution in a convective air flow about a cylinder (cf. Figure 70).

ture about the cylinder do not provide a definite answer to the question of the
accuracy of the point grid method, due to the approximations in the theoretical
calculation and the considerable error in temperature measurements by thermo-
couples. To establish the accuracy of the method, the temperature of the cylinder
surface was measured. Here the thermocouple accuracy was at least 0.5°, and the
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Figure 74

Temperature distribution along the x axis. The solid line is the theoretical curve, the dotted line
represents measurements by the point grid method, and the dash-dotted line represents thermocouple
measurements.

error of the defocused grid method was at its maximum, since it included errors of the
extrapolation at the cylinder surface. The measurements were conducted for different
points of the cylinder surface, described by the angle ¢ about the x axis (Figure 75).
The error of the method under the above conditions, which can be broadly taken
as the mean error for measurements of deviation angles of this magnitude, is 2°, i.e.,
3% of the measured magnitude.

The main difficulty consists in correlating the elements of the pattern given by the
inhomogeneity with the original pattern, and in determining the areas of the
diffraction pattern corresponding to the locus of the centers of the point shadows.
A shadow reversal took place in many areas. This phenomenon is similar to the
reversal phenomenon in grating grooves: the center of the point’s diffraction pattern
corresponds to the intensity maximum and not the minimum.
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Figure 75

Measurement of the temperature at different points of the cylinder surface by the point grid method.
The circles represent calculation along the sections y = const, the crosses calculation along the sections
Xx = const.

Figure 76

Photograph of convective air flow near the cylinder.
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Both direct and reverse diffraction patterns were used. The locus of the centers of
the point shadows on the working photographs was provided by a line drawn through
the centers of the black points in the region of direct patterns and through the centers of
the white spaces in the region of reverse patterns. Interpolation is used in the
intermediate zones, where the diffraction pattern is highly complicated (either the
pattern is obliterated or the number of shadows is doubled). An experiment was
conducted in which the pattern on the zero photograph was reversed. To increase
the number of measured points, both the displacements of the point shadows and the
displacements of the clear spaces were measured. The results turned out to be identical
with the results obtained from photographs located entirely in the region before the
first reversal.

When point grids are used, the interpretation of processes with reversal is
complicated by the discrete pattern of the point shadows. In difficult cases an
additional experiment has to be conducted with a grooved grating, which gives the
continuous motion of the center of the diffraction pattern of each groove and permits
determining the exact places where reversal occurs. Thus it is possible to establish
the correspondence between the points of the zero and the working photographs.

Figure 76 is a photograph of a complex schlieren pattern showing how shadow
reversal works in the point grid method.

19. SCALE METHOD AND REMOTE GRID METHOD

In order to measure large angles of deviation, the grating must be placed far from the
focus. Thus an angle of 5 x 1073 rad falls inside the measurement range of a grating

_ with a 5 mm spacing (for f = 2 x 10> mm). In order to obtain 20 shadows in a field

of 20 cm, the grating must be placed at a distance of 1 m from the focus, which is

- unfeasible for the existing designs. The Soviet-made IAB-451 instrument has a

maximum defocusing of about 30 mm, and TE-19 has 150 mm.
Many processes cause substantial deflection of light, and as a result it is frequently

_suggested that the existing instruments must be modernized in order to increase the

defocusing. To fulfill these requirements in the arrangement described with the
diaphragm placed at the second focus of the main objective of the receiving part, we
must increase the effective diameter of the photographic objective substantially, in
order not to cut off the light. This leads to a reduction of the resolving power. By

"making the objective more complicated, we reduce the transmission coefficient and

increase the amount of parasitic light. It seems, therefore, difficult to create an
instrument satisfying simultaneously the requirements of the highest quality for
‘studying weak processes and the possibility of using the method of defocused grids
for studying strong processes.

The distinctive characteristic of the method of defocused grids is the removal of the
diaphragm from the focal plane, and the presence or absence of optical components
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in the space between the grid and the focal plane is not a critical factor. For the study
of strong processes it is therefore advisable to use the remote grid method and the
scale method — varieties of the defocused grid method in which the viewing
diaphragm is placed either at the inhomogeneity image or at the object itself [97, 98].
Since the object plane and the image plane are conjugate, these methods were
originally designed for different purposes. The scale method was proposed and used
for studying phenomena in centrifuges, while the remote grating method was used
for gas-dynamic studies. These cases correspond to setting the defocused grid at
large distances from the focal plane. The placing of the grid in the object plane
corresponds to a defocusing of + oo, and in the image plane to a defocusing of — co.

The displacement of the groove shadow following the deviation of the ray through
an dangle ¢ by the inhomogeneity is equal in the remote grid method to

8 = ely, (19.1)

where [ is the distance from the grating to the image plane, and u the image scale.
With the aid of (16.6) we obtain from (19.1)

é
L (19.2)
Pplu
For the scale method
é
e=-2, (19.3)
ul
The sensitivity of the methods is equal to
pylu
Sio. = —%—, (19.4)
S, = pl. (19.5)

The scale method and the defocused grid method will now be compared. Their
sensitivities are equal for

=" (19.6)

The sensitivity of the remote grid method is equal to that of the defocused grid
method for

: ‘ulfl
== (19.7)

The scale method and the remote grid method can be used with the existing
schlieren instruments by introducing additional attachments for fitting the grating
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between the instrument and the object, as well as in the body of the photographic
attachment.

20. MEASUREMENT OF THE DERIVATIVE
OF THE LIGHT DEVIATION ANGLE IN THE CASE
OF A CYLINDRICAL WAVE

The defocused grid methods can be used to determine more than the angle of light
deviation. If the wave is cylindrical, it is possible to use these methods in measuring
the derivative of the angle of deviation as well. The theoretical basis and the experi-
mental development of the method are attributed to Sukhorukikh [52], whose
results we shall now describe.

Let the wave front vary only in the direction of the x axis,

z=P(x). (20.1)

The direction of the cyliﬁdrical surface generatrix is considered to be known. A
defocused filament is placed in the receiving part of the instrument at an angle
¥ to the wave surface generatrix. The derivative of the angle of light deviation
P, (x), is determined by measuring the angle w between the tangent to the geometrical
axis of the diffraction pattern and the light wave generatrix:

P . A tan w ) 202
”‘(x)_f’+A(s+f)<tant!f—)' 202

For mirror—meniscus systems, equation (20.2) takes the following form, due to
the change of the signs of f and A:

A tan w
P . .(x)= <1 ) (20.3)

fF=As-f) U tany

The main random errors in the measurement of P, (x) are due to the inaccuracies
in the determination of w, ¥, and A:

OP(x) cos Y 2 sin w 2 52A
1P ()] _\/ '[cosarsin (w—w)] ot [WJ O+ 5. (204)

For small y the error is large for almost any w. With the increase in y the error
decreases, and the range of @ values which can be measured increases.

It is advisable to place the filament in such a way that the angle y will be large.
The filament defocusing must be selected in order to reduce the effect of the error in w.
For this purpose, it is recommended that a trial experiment be conducted by means
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of which the inhomogeneity characteristics can be estimated. If we take

sin w

sin ¥ - sin (w — )

cos _
cosw-sin(w—y) |

= 0.5,

8A
bo=3, sy=1, =00l

we obtain
0P (x)

= 0.03.
|Pu()

Here the error is smaller than the measurement errors when P, is determined by
differentiating the experimental distribution of the deviation angles.

In the experimental development of the method, the curvature of a light wave
formed with the aid of a special cuvette was measured. Error estimates assessment
established the validity of the theoretical calculations.

The method can also be used when the generatrix of the wave surface is not at a
right angle to the undeflected rays, but then P, (x) must be interpreted as the
derivative of the angle between the undeflected rays and the projections of the
deflected rays on the Oxz coordinate plane. If the direction of the generatrix is not
known, an additional experiment is conducted in which the filament is placed in the
focal plane. For any orientation of the filament the geometrical axis of the diffraction
pattern will then be located in the direction of the projection of the generatrix on the
Oxy plane.

PHOTOMETRIC METHODS

21. BASIC CONCEPTS

The main drawback of the defocused grid methods is that they measure only a
discrete set of angles of deviation, corresponding to the centerlines of the diffraction
patterns of the grooves or the bright spaces of the grating. This is insufficient for many
physical studies. In qualitative studies, the discreteness of the observed field
complicates the determination of the shape and the character of the inhomogeneity.
Furthermore, the accuracy of the defocused grid method is not high. It became
necessary, therefore, to develop quantitative methods of studying transparent
inhomogeneities which would be capable of measuring deviation angles at any point
of the field with a high sensitivity. Such are the photometric methods.

Their basic’common feature is the use of an extended self-luminous body as a
light source. A knife-edge partially covering the light source image is placed in the
focal plane of the main objective of the receiving part. If an optical inhomogeneity
lies in the object plane, the source image is displaced, and the amount of light blocked
by the knife-edge changes, causing a change in the illumination of the observed
point on the screen or the photographic plate. If different parts of the inhomogeneity
deflect light through different angles, they will cause different displacements of the
source image. Therefore, so long as the knife-edge continues to cover a part of the
source image, a.definite illumination of the screen will correspond to each angle of
deviation. It becomes possible in principle to determine the angle of deviation by
measuring the screen illumination or some related magnitude.

95
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The quantitative photometric methods thus coincide basically with the qualitative
methods described earlier. The difference consists of additional measurements
which determine the schlieren image illumination. An important question to be
considered is the accuracy of these measurements and the correspondence between
the angle of light deviation and the image illumination.

The photometric methods can be classified into several groups, differing according
to the shape of the viewing diaphragm and the method of determination of the
light deviation angle. In some cases the inhomogeneity is compared with a standard
object of known deflection properties, called a schliere. By determining the cor-
respondence between the points of the two objects which give the same effect (the
same screen illumination), we find the angle of deviation in the inhomogeneity being
studied. These are the standard photometric methods.

It is also possible to follow a different procedure, i.e., to calculate what change in
the screen illumination will correspond to every angle of deviation, allowing for the
shape and brightness distribution of the light source and the shape of the viewing
diaphragm; and then, by measuring the absolute value of the illumination or its
relative variation, to find the deviation angle. These are the absolute photometric
methods.

The absolute photometric methods were the last to be developed and utilized in
practice, due to the difficulty of measuring the illumination. The illumination is
generally estimated from the degree of blackening (or photographic density) of the
emulsion. The blackening, however, depends on many factors other than the
illumination, such as the development conditions, the developer, etc. In addition,
the total measurement error is affected by inaccuracies in the diaphragm manufacture,
non-uniformity of the source brightness, and photometric errors.

The basic features of the application of these methods will now be described.

In the absolute photometric methods it is necessary to relate the illumination at
every point of the image to the angle of light deviation at the conjugate point of the
inhomogeneity. This can be achieved if a number of conditions are satisfied.

1. According to Lambert’s law, the brightness of the source image at points
emitting rays at an angle w to the optical axis is proportional to cos* w. In order that
the non-uniformity in the illumination caused by this phenomenon may be smaller
than 19, the extreme points of the light source must be viewed at an angle not larger
than 4° to the optical axis. As a rule, this requirement is fulfilled by a wide margin in
the existing long-focal schlieren instruments. In the Soviet-made IAB-451, TE-19,
TE-20 and other instruments the extreme points of the source are viewed at an angle
of no more than 0.5° to the optical axis. The error does not exceed 0.029% in this case.

2. The light source must be of uniform brightness. As will be seen later, in some
cases uniform brightness should be maintained only in one direction of the extended
light source, while in other cases the brightness must be uniform in all directions.
The calculation of the illumination from the angle of light deviation in the inhomo-
geneity is based on the assumption of uniform source brightness. If this assumption
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is not satisfied, absolute photometric methods cannot produce accurate results.
While it is possible in principle to allow for the non-uniformity of the illumination
by constructing the distribution function of the light intensity of the receiving part,
this is generally a difficult and inexpedient approach. It is considerably more efficient
to use light sources having a uniform brightness over the surface of the luminous body.

3. The deflected rays must not be stopped by the objective rims and other stops,
apart from the main viewing diaphragm placed in the focal plane of the main objective.

4. The shape and transparency of the focal plane stop must be well known.
Deviations from the shape assumed in the theoretical calculation of the iliumination
lead to measurement errors.

5. The largest and smallest measured angles of deviation must lie inside the working
range, since only in that range is there a one-to-one correspondence between the
angle of deviation and the degree of emulsion blackening.

While the first and third conditions are normally met, the fulfillment of the other
conditions must be examined in each individual case.

The standard methods have somewhat different conditions of applicability. While
requirements 3 and 5 still apply, the other conditions do not substantially affect the
accuracy of the results. On the other hand, it is necessary to know exactly the distribu-
tion of deviation angles in the standard schliere and its light absorption. In addition,
the requirements regarding the uniform illumination of the instrument are stricter,
since corresponding points in the schliere and the inhomogeneity are measured in
different areas of the field.

There are two types of standard methods: the standard lens method, and the
standard wedge method, differing according to the schliere used as the standard object.
There also exists a2 method in which the inhomogeneity is photographed through a
standard schliere. This method is called the semicompensated photometric method.

22. THE CURVED-STOP METHOD

The curved-stop method was suggested by Maksutov [35], and it constitutes the
first quantitative photometric method. Although originally a standard method, it was
developed as an absolute photometric method.

This method uses as a viewing diaphragm an opaque plate with transparent
aperture (Figure 77), whose curved edges AC and A'C’ are bounded by the curve

n = ca™. (22.1)

As will be seen in what follows, this curve shape makes the sensitivity independent of
the value of the measured angle of deviation, reduces the influence of vibrations, and
simplifies the processing of the results.

The light source is a luminous slit. The stop is set in the second focal plane of the
main objective in such a way that its axis of symmetry is perpendicular to the slit
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Figure 77
Curved stop: 1 and 2) original and displaced slit images.

image. This is achieved in practice by placing the side DD’ parallel to the light source
image. The stop cuts off the rays from the slit extremities, and transmits only the
central rays. The shift of the source image produced by the inhomogeneity causes a
change in the length of the open portion of the slit.

Thus it can easily be observed that when the slit image is displaced a distance h,
its open part increases by a factor a. The magnitude  is termed the pitch of the stop.
The smaller the pitch, the steeper the curve and the larger the relative increment in
illumination obtained for the same shift. The magnitude a, which determines the
factor by which the illumination changes when the image is shifted through one
pitch, is termed the multiplicity of the stop. The magnitude ¢ determines the smallest
value of the aperture and the minimum illumination of the image.

If the coordinate of the left edge in the initial position is £, the illumination of any
field point will be

¢l+d
I, = BS ndz, (22.2)
&

where d is the slit width and B a coefficient allowing for the source brightness, the
system absorption, etc. In a physical sense, equation (22.2) corresponds to the
assumption that the illumination is proportional to the open part of the slit image.

When an inhomogeneity is interposed, the slit image moves to position &,, which
has to be determined. The illumination of point &, changes as a result to

&+d
I, = B‘L’S ndé, (22.3)
[
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where 1 is constant for the given point of the image, its value depending on the
absorption or emission of the inhomogeneity.
The optical densities of the emulsion corresponding to these illuminations will be-

D, =ylogI,—b, (22.4)
D, =ylogl,—b, (22.5)

where y is the emulsion contrast factor, and 4 is a constant.
By substituting (22.2), (22.3) in (22.4), (22.5) and subtracting (22.4) from (22.5)
we obtain (allowing for (22.1))
(D,—D,—ylog)h

&—¢ = ~Toga . (22.6)

Taking into account that &,—¢&, = ef, we reduce (22.6) to the form

(D,—D,—7ylog7)h
£ = 2 1 —7v1og ) . (227)
yf loga

In the absence of absorption (22.7) reduces to

_(D;=D )k

Sfioga | (22.8)

It is thus possible to determine the angle of light deviation at every point of the
inhomogeneity from the measurement of the optical density of the emulsion on the
zero and the working photograph. If the object absorbs or emits light, two additional
photographs are necessary, taken with a remote diaphragm with and without an
inhomogeneity. It is then possible to determine the value of 1, since, if the deflected
rays are not stopped, all the changes in the illumination will be due only to absorption.
The density of the negative at the same point of the image will satisfy the condition

D, —D\=ylog 1—2 =ylogt. (22.9)
] ,

By substituting (22.9) in (22.6) we obtain
[D;—D,—(Dy—DY)]h

e = Floga : (22.10)

These formulas are valid if the inhomogeneity does not displace the slit image
beyond the curved portion of the stop, and all the optical densities lie within the
linear section of the characteristic curve of the emulsion.
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The measurement range depends on the position of the stop with respect to the
slit image and on the selection of the exposure. Both an insufficient length of the
curved portion of the stop and an insufficient latitude of exposure of the emulsion
can restrict the range. If a high-y film is selected, with a latitude of exposure
considerably smaller than n log a, the working range will be limited by the latitude
of exposure. An underexposure or overexposure of the emulsion truncates the work-
ing range from one side. The working range is the overlap segment of the ranges
associated with the limited size of the curved portions of the stop and the insufficient
latithde of exposure.

To obtain the maximum possible sensitivity for a given measurement, the minimum
and the maximum angles of deviation must deflect the slit image to the edges of the
curved portion of the stop, and the corresponding photographic densities must
correspond to the ends of the linear part of the characteristic curve. The value of
the working range is then

R = (2.11)

nh
s
and the latitude of exposure is

&# =nloga, (22.12)
where n is the number of pitches accommodated by the projection of the curved

portion of the stop on the ¢ axis and & is the width of the photographic material.
The sensitivity of the curved stop method is equal to

S_dD_yfloga_y,Sf

- , (22.13)
de h R
From (22.11) and (22.12) we obtain
D — .
Sax =~ Do , (22.14)
R

) in are, respectively, the maximum and the minimum densities
(corresponding to the ends of the linear part of the characteristic curve).

If the emulsion is specified, it is possible to determine from (22.14) the sensitivity
of measuring the angles of deviation inside a given range. Equation (22.14) also
shows that it is always expedient to use emulsions and processing conditions giving
the largest possible difference between the maximum and the minimum densities.

The experimental conditions are selected as follows:

1. The film and the processing conditions giving a maximum difference
D,;, are selected. The y and the latitude of exposure of the film are

min

where D, and D,

Dmax -
determined.
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2. The conditions of light deviation in the object being studied are approximately
estimated.

3. The sensitivity of measuring this distribution of deviation angles with such an
emulsion is found from (22.14).

The necessary stop parameters are determined from (22.14) and (22.12).

The actual accuracy, characterized by the relative or absolute errors of measure-
ment of the angles of deviation, depends on the background, the diffuseness of the
stop edges, the optical density of the aperture and the background, inaccuracies in
the manufacture of the stop, errors in the measurement of the emulsion v, etc.

We shall estimate the main sources of errors and their effect on the measurement
accuracy.

a) Curved stops are manufactured photographically as a rule. The optical density
of the emulsion layer surrounding the transparent portion cannot be infinitely
large. Some light from the slit zones projected on the “opaque” area traverses the
stop and reaches the inhomogeneity image. This additional light, not provided for
in the calculation, introduces an error in the measurement.

Let the transparent portion of the stop and the “opaque” background have
constant optical densities 7, and 1,. The image illumination will be

& +d Ert+d
I, =B-107% (ld—2 S r]df) +2B-107™ S ndé, (22.15)
4] &

where [ is the slit length. If the width of the slit image is considerably smaller than
the pitch of the stop, then
I, = B-1072d[I—2ca" ™ (1—-107"")]. (22.16)
If the inhomogeneity shifts the slit image to position £,, the illumination at that
point will be

I, = B- 10724 [I—2ca®/ (1 —107~™)]. (22.17)

The measured and true angles of deviation are, respectively,

h 1 L (22.18)
& = og — .
™ floga gI1 ’

g = ézf‘. (22.19)

Let ¢, —¢,, = Ac. Then,

e L tog (142122 L) jog (1022 22.20)
Ae k[ (a2 N (a2 .
& (fz —él) log a g 2102~ g 2 1072- 1 (
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Since
la=8h—_2c la—%M—2c
—_— ]l and —————— <1,
2c-10727n 2¢- 1027

equation (22.20) reduces to
lg,

—— | 22.21
2ca*" Ae ( )

1,—1, = log
For ¢ =02mm, | = 10mm, a = 2, ¢, = 2h, A¢/e, = 1072 we obtain 7,—1, = 3.8.
For Ag/e, = 1072 we obtain 7,—1, = 2.8,

It follows that in order to eliminate the error due to the transparency of the stop
background, the difference between the optical densities of the background and the
aperture must be no less than 3.0-3.5.

b) In photographically-manufactured stops, the aperture density cannot be made
uniform over the whole area of the curved portion. As a result, the intensity of the
transmitted light does not correspond exactly to the position of the slit image.

If the optical density of the aperture is not uniform, then

Ea+d poath
!. j 107 &m dédn

e = log S&2__docat . (22.22)
m 1 Eitd el
f oga !‘ S 10~ q)dédrl
&1 —cai

Writing (£, ) = 1,, * 6, and remembering that the size of the density variations

is of the same order as the width of the slit image, we obtain

— 26h
£y = Ei Y + ) (22.23)
f floga
By combining (22.23) with (22.19) we obtain
Aef loga
§=——. 22.24
= (2224)
The source brightness must fulfill a condition similar to (22.24),
|
AB_Aeflna (22.25)
B 2h

where B is the source brightness, AB are admissible brightness fluctuations, causing
an error Ae. For Ae = 10~ %rad, f = 2000 mm, a = 2, and h = 0.1 mm, we obtain
AB/B=6In10 =7 x 1073,
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While the condition (22.24) for ¢ is easily fulfilled, the requirement for AB/B is
very restrictive. It cannot be achieved if the light source is a DRSh mercury discharge
lamp or a coil filament lamp. Satisfactory results are obtained with the PRK-4
mercury discharge lamp, if the instrument slit is aligned with the lamp, and with
strip filament lamps. When such light sources are used, the relative brightness
fluctuations over the area of a slit 6 mm high and 0.1 mm wide do not exceed 1%,.

¢) Due to drawing inaccuracies, limited resolving power of the reproducing
objective, etc., the curved aperture edge does not correspond exactly to the law
n = ca®”. As an example, Figure 78 represents a photomicrograph of a portion of the

Figure 78
Photomicrograph of a narrow portion of a curved stop. Magnification 80 x.

curved stop of the TE-19 instrument. Since the deviations from the specified shape
are small, the limiting curve can be written in the form

n=ca + (&), (22.26)
where

Y <n. (22.27)

The substitution of (22.27) in (22.18) yields

§2+d
B g [ea + y (&)] 4
&2 (22.28)

&, = log T .
floga j. [ca.{/h + ',Z/(f)]df

&1

Replacing ¥ (¢) by ¥,., introducing the concept of average value of the deviation
from the specified shape, and making use of (22.19), we obtain the formula

Aecfasr/

= 22.29
ay 2h ( )
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Condition (22.29) can be satisfied only for a stop that is manufactured with sufficient
accuracy. If ca®/* = 2mm, [ = 2000mm, h = 0.5mm, and A¢ = 10" ®rad, the
value of i,, must be smaller than 4 x 1073 mm. It was assumed in the derivation of
(22.29) that the mean size of the zones. of deviation of the curve from the ideal curve
is larger than the width of the slit image. If the zones are narrower, the deviations
average out and the requirements regarding the quality of stop manufacture become
less exacting.

d) In order to obtain the distribution of the light deviation angles, it is necessary
to make photometry of the zero and the working photographs and to determine
the y of the emulsion used. The photometric errors and the errors in the determination
of the y enter the measurement error:

Ae dy d(D,—D))

=— 4 — 22.30
& Y D,—D, ( )

where dy and d(D, — D,) are the errors in the determination of y and D, ~ D,.

Inaccurate positioning of the zero and the working photograph during the

photometry can be included in the error of determination of the optical density.
The total measurement error is equal to the sum of the errors resulting from the

preceding factors:
A No7A
(f) =3 (—8> : (22.31)
€/ ot i=1 &/

Each of the (Ae/e), must be considerably smaller than (Ag/e),,, which is the permissible
measurement error.

The examination of the main errors of the curved-stop method leads to the con-
clusion that the actual error cannot be reduced below 2 x 1078 rad. This value is
larger than the error of the knife-edge and slit photometric method, and is roughly
equal to the error of the defocused grid methods. Due to the relatively large error,
the method cannot be used for the study of weak processes, e.g., in rarefied gases.
It can, however, be successfully used for studying inhomogeneities deflecting the
light by more than 5 x 1077 rad.

The manufacture of the stop presents a problem, since a high accuracy is required.
Photographic manufacture is the best procedure. The profile is first drawn on a
100:1 scale on moist Whatman paper stretched on a frame. The maximum error
allowed in the drawing is 0.3 mm. In order to avoid ghosts during photographing,
a dull paint such as gouache is used in drawing. To protect the stop from damage,
it must be bonded onto a glass cover.

- The stop size is determined by the following factors:

1. The minimum aperture is determined by the diffraction phenomena, the source
brightness and the accuracy of the aperture drawing, In instruments for gas-dynamic
measurements it should be of the order of tenths of a millimeter.
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2. The maximum aperture cannot be very large, due to the difficulty of a uniform
illumination of the slit and to system aberrations. In the Soviet-made IAB-451,
TE-19, and TE-20 instruments the aperture diameter should be about 1 cm. A larger
aperture would lead to a loss in accuracy. In addition, it is difficult to find a material
that possesses a large difference between the optical densities on the linear section of
the characteristic and also has a sufficiently wide latitude of exposure.

23. THE KNIFE-EDGE AND SLIT METHOD

The second method of absolute photometry is the knife-edge and slit method. Let
the knife-edge cover the slit image in the zero position in such a way that only a part
of the slit width &, remains open. If the brightness of the slit image in the direction
perpendicular to the knife-edge is assumed to be constant, the illumination of any
point of the image is

nm+t
I =¢‘1S B(n)dn. (23.1)

LT}

The function B (), allowing for the source luminance and the system absorption, is
different at different field points and is constant in time; #, and #, + | are the
coordinates of the slit edges on the 5 axis, and [ is the length of the slit image. The
density at this point is determined from (22.4).

If the inhomogeneity deflects the light through the angle ¢ the slit image is dis-
placed by § = ¢f, and the illumination at the same point of the inhomogeneity
image becomes

n+!

Iy =+ 5)& B(n)dn. (232)

mt

By combining the equations for the optical densities, we obtain
£ = éfi(IO (D2=Duly 1), (23.3)

Thus in this method as well, the angle of light deviation in the inhomogeneity
can be determined from the difference between the densities in the zero and the
working photograph. While our calculation was based on the assumptiom of constant
source brightness, a similar result can also be obtained for sources with variable
brightness. In this case I = I(t), and the optical density is given by

T (n+l
Dy =ylogé, j j B(n, t)dndt, (23.4)

0 Jm
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where T is the total exposure. Since

T
j. B(t)dt = const, (23.5)
0 .
the calculation gives a result identical to (23.3).
The sensitivity of the method is

Y
S = .
Eif—¢

In this method, unlike the curved-stop method, the sensitivity depends on the
value of the measured deviation angles. By selecting &, it is possible to adjust the
instrument in order to achieve maximum sensitivity at the field points of greatest
interest. In actual measurements, the sensitivity must be highest for small deviation
angles, when

(23.6)

Y
&
The sensitivity of the method depends on the emulsion y and the angular size of

the open part of the source image. By using high-y emulsions it is possible to increase

the sensitivity.

According to the preceding theoretical explanation, the sensitivity can be made
arbitrarily large, since no restrictions are imposed on y, f and &,. In actual measure-
ments there exists a sensitivity limit, determined by the brightness of the light sources,
the aberrations of the system, the diffraction phenomena, etc. Different factors
dominate under different conditions. A detailed examination of the effect of each
of these factors will be given in the corresponding sections. We wish only to mention
here that it is possible to achieve conditions under which the width of the open part
of the slit will not be larger than 2 x 10”2 mm. Taking y = 4 (high-y emulsions are
rare and normally possess a speed too low for schlieren measurements), we obtain
the maximum attainable sensitivity

s (23.7)

S = 4-105. (23.8)

Objects deflecting the light through 2.5 x 1077 rad will give a difference of 0.1 in
the emulsion density. To compare the sensitivity obtained with that of the preceding
method, we divide (23.7) by (22.13):

S h
e ) (23.9)
Scs él IOg a

The two methods will be of equal sensitivity if h = £, log a. For a = 2 this condi-
tion becomes h = 0.3 £,. The pitch of the stop must be three times smaller than the
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width of the open part of the slit image. While it is relatively easy to obtain
&, = 0.02 mm, the manufacture and use of stops with a pitch of 0.007 mm does not
seem practicable. It is observed from this example that the actual sensitivity obtain-
able by the knife-edge and slit method is much higher than that of the curved-stop
method.

Consider the question of the measurement range of the method. It is easily
observed that the field illumination changes only for deviation angles satisfying the
condition

=G, -ﬁ, (23.10)

f f
i.e., only when the knife-edge covers the slit image partially. In the case of a com-
pletely uncovered or a completely covered slit, the screen illumination remains
constant (or almost constant, since the quantity of scattered and diffracted light
can vary).

Another factor restricting the measurement range is the latitude of exposure of
the film. Indeed, if the deflection of the slit image takes us into the underexposure or
overexposure region, no change in optical density will accompany a further variation
of the light deviation angle. The minimum and maximum angles of deviation that
can be measured are related to the latitude of exposure by the equation

él + 8maxf _

log ——— =
él + sminf

(23.11)

This formula, together with (23.7) and the width of the working range, defines the
relationship between sensitivity and range. Thus if deviation angles of one sign are
measured (the slit image is uncovered by the inhomogeneity) we can take
=0, Z=¢

€min max *

Then
ZS = y(10¢ —1). (23.12)

The knife-edge and slit method is, in this case, considerably more expedient than the
curved-stop method. In fact, dividing (23.12) by (22.13), we find that the ratio of
working ranges for the same sensitivity (or the ratio of sensitivities for the same range)
is equal to (10¥ —1)/.%. For % = 2 this value is equal to 50; for ¥ = 1 it is roughly
equal to 10.

If deviation angles of the opposite sign are measured (the slit is covered), the
measurement range is virtually equal to &,/f, and the product of the range and the
sensitivity is equal to y. In this case, when using films with % > 1, the curved-stop
method is more convenient in terms of the #S value.
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If the deviation angles are symmetrical about zero, and the knife-edge covers half
the slit image, then # = 2¢,, and the relation of the range, determined by the slit
width, to the sensitivity is

AS = 2f. (23.13)

It follows from this analysis that the method is most convenient for measuring
deviation angles of the same sign. In this case the knife-edge is placed so that the
light deviation by the inhomogeneity will “open” the slit image. The width of the
open part of the slit is selected in order to achieve sufficient sensitivity for measuring
small deviation angles, and a range embracing all the expected deviation angles.

Some of the important sources of error of the curved-stop method are irrelevant
here. Knife-edges are metallic as a rule, and are, therefore, totally opaque. In addition,
the straight knife-edge can be manufactured with an accuracy better than 0.001 mm.
This accuracy is sufficient for virtually all measurements.

Other sources of error remain important, however. Foremost among them is the
constancy of the brightness within the area of the source image. But while, in the
preceding case, the brightness had to be constant along the slit, here it must be
constant only in the direction perpendicular to the knife-edge. The requirements
pertaining to the accuracy of measurement of the differences in the emulsion density
between the zero and the working photograph and to the determination of the
emulsion y become more exacting.

It is observed from the comparison of the two methods that each has its particular
domain of application. Since the measurement range and the sensitivity are
independent of the position of the slit image, the curved-stop method is convenient
in cases when the instrument is liable to vibrate and the slit image moves all the time.
In some cases it is also more expedient for measuring deviation angles larger than
5 x 1073 rad. Furthermore, a distinctive feature of the curved-stop method is the
simplicity of its mathematics, the measured deviation angles being proportional to
the optical densities of the emulsion. The distribution of the optical densities is also
the curve of the deviation angles, and in many cases the final curve of the density
gradient of the gaseous flow or other measured quantity.

On the other hand, small angles of light deviation have to be measured with the
maximum attainable sensitivity of the schlieren instrument, or if the measurements
take place in the absence of vibrations, and the initial position of the knife-edge
with respect to the slit image is well known, the knife-edge and slit method is
preferable.

24. STANDARD METHODS

The schlieren photometric methods most widely used today are the standard methods,
in which the inhomogeneity is compared with an object of known deflection prop-
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erties (a schliere). It is assumed in the comparison that two areas of the object field
deflecting light equally must have equally illuminated iméges.

The schliere is usually a sei of wedges or a small-curvature lens. When a set of
wedges is used, the respective images are uniformly illuminated. The points of the
object image having the same illumination (the same optical density of the emulsion)
as the image of a given wedge deflect the rays through the same angle as the standard
wedge. A drawback of this method is that only a discrete set of angles of deviation,

‘corresponding to the set of wedges, can be measured; the other angles have to be

determined by interpolation. Furthermore, to achieve high accuracy, the number of
wedges must be sufficiently large, and their size must be very small in order not to
take up a considerable part of the object field. The diffraction effects increase as a
result, and the accuracy of measurement drops. This question will be treated in
more detail in Part II.

A spherical lens is frequently used as the standard object. The distribution of
deviation angles in it is known. If the focal length of the lens is equal to f,, each
point will deflect the light through the angle

e =1 24.1
A (24.1)

where r; is the distance from the given point of the lens to its optical center. If the
light deviation in one direction only is important (for instance, x), relation (24.1)
takes the form

> Xi ‘ 24.2

== (24.2)
where X; is the component of r; along the x axis.

The standard object is photographed together with the inhomogeneity as a rule.
This imposes additional requirements on the technique used in conducting the
experiment. For example, it is necessary to find sections of the instrument field
which do not deflect the light rays, and it is there that the standard object must be
positioned. In many cases, e.g., when studying large inhomogeneities, this requirement
is difficult to satisfy. Two photographs have to be taken in such a case: one with the
inhomogeneity, and the other with the standard object. This leads, however, to
additional errors, connected with the instability of the source brightness and the
instrument adjustment. In actual experiments it is necessary to choose between these
two methods after estimating their respective errors.

In measuring small angles of deviation or in accurate studies, it is frequently
necessary to allow for the additional absorption in the standard object. If the
transparency of the standard object is #, the illumination of its image will be equal to

I, = By <§1 + %) s (24.3)
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and the equation for the angle of deviation will be

o D (24.4)

f L

where x is as before the projection, in the direction of the measured angle of deviation,
of the segment between the center of the standard lens and the lens point at which the
optical density is the same as at the relevant point of the inhomogeneity, and &,
is the width of the slit image not covered by the knife-edge.

As indicated by Skotnikov, the width of the open slit can be eliminated from the
calculation by finding a point in the standard lens with the same illumination as that
of the image of a field point which does not deflect light. At this point,

I, =B¢,, (24.5)
and its coordinate is determined from the formula
1—
o 4l-ng 246
nf
By combining (24.6) with (24.4) we obtain
n
g=—(x—x). (24.7)

f

The additional absorption in the lens can be allowed for in this way. It is, however,
necessary to keep in mind that this procedure is not accurate and leads to additional
measurement errors.

The transparency of the standard schliere is usually assumed to be uniform over
the entire surface, although in fact the angles of light incidence on the lens and the
glass thickness are different at different points. To estimate tentatively the value of
the error introduced by this approximation, we shall calculate n for the center and
the edge of an uncoated plane-convex lens of 6 cm diameter, 8 mm thickness and
f = 10m with n = 1.5. For the center, n &~ 0.91; for the edge, n differs from the
value at the center by 0.01 %. Such an error can obviously be dismissed.

The absorption in the standard schliere complicates the working procedure.
Accordingly, small objects are frequently studied by the semicompensated photo-
metric method. In this method the inhomogeneity is photographed through the
standard lens. The arrangement of the lens and the objective must be such that the
object will occupy only a part of the lens, while the remaining part is free. The

processing consists of finding the points of equal density in the image of the object

and in the unobscured parts of the standard object. The angle of deviation is found

from the formula

l
—, (24.8)
wh

£ =
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where ! is the distance (in the image) between the points of equal density in the free
part of the lens and in the object, and p is the image scale. This method does not require
corrections for the absorption in the standard object, but it is applicable only when
the inhomogeneity occupies part of the instrument field. It is sometimes expedient
to take two photographs: one with the inhomogeneity, photographed through the
standard lens, and the second with the standard lens alone, without the inhomo-
geneity. This procedure can also be used for the study of large objects, but it leads
to additional errors due to the variability of the experimental conditions with time.

The use of standard objects with a known distribution of angles of deviation is
not obligatory. It is possible to specify a number of standard illuminations (optical
densities of the emulsion). In this case a number of zero photographs are taken, each
corresponding to a given position of the knife-edge with respect to the light source
image. This set of photographs with different values of the optical density will be
referred to as the gray scale, or the density scale.

The knife-edge is then set in some middle position with respect to the light source,
and the inhomogeneity is photographed. The optical densities on the working
photograph are compared with the density scale. If the densities are equal, the angle
of deviation will be

£ = 62_61
———-—f ,
where &; and &, are the knife-edge coordinates relative to the light source image
with which the density scale and the working photograph are taken, respectively.
To eliminate the discreteness in the measured angles of deviation and to simplify
the processing, a curve D = f (&) is plotted, and the angles of light deviation are
thus determined.

A common feature of the standard methods, which constitutes a distinct advantage
as compared with the other photometric methods, is that they are independent from
the non-uniformity of the slit image illumination, and the regularity of the stop
shape. While these deviations from ideal conditions lead to some change in
sensitivity, they barely affect the measurement accuracy, since the curve D = f(g)
remains monotonic.

The largest errors are due to inaccurate manufacture of the standard object and
to errors in the determination of points of equal optical density.

The standard methods have some drawbacks compared with the absolute photo-
metric methods. The points of equal density compared are located in different parts
of the photograph. As a result the measurement error includes the error due to the
non-uniform illumination of the instrument field and the non-uniform exposure time
over the photograph. Thus the standard methods are generally not superior in
accuracy to the absolute photometric methods.

The standard objects are normally standard wedges or spherical surfaces. Théy
must be manufactured with sufficient accuracy, especially for high-sensitivity

(24.9)
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measurements. The most accurate methods of optical quality control are the schlieren
and the interferometric methods. Deviations of the standard objects from the ideal
shape are determined by the error of the schlieren methods used in monitoring.

Interesting possibilities are offered by the use of standard objects of a different
type. In [95] the standard object was a gas-filled soap bubble. Unfortunately, the
authors say nothing about the control and manufacturing accuracy of that standard
object, but application of such new physical ideas can lead to the appearance of high-
quality reference objects. In this case the quantitative measurement methods can be
highly accurate.

As in the ordinary photometric methods, the sensitivity depends on the illumina-
tion distribution in the source image and on the shape of the stop. In addition, the
accuracy of measurement of the deviation angles also depends on the distribution
of the angles of deviation in the standard object. If the gradient of the deviation angles
in the standard object is large, two similar angles will correspond to two close points
in the standard image, and the distance between these points will be measured with a
large error. Long-focal lenses are accordingly used as standard objects, since they
have a small gradient of deviation angles. On the other hand, the standard schliere
must simulate all the angles obtaining in the real inhomogeneity. The optimum
solution accommodating these contradictory requirements is to use a lens in which
the largest and the smallest angles of deviation correspond to the largest and the
smallest angles obtaining in the real inhomogeneity. The measurement range is
then equal, for a symmetrical inhomogeneity, to

2R
R = (24.10)
A

where R is the radius of the standard lens. In the case of a non-symmetrical
inhomogeneity it is necessary to select a lens with R = ¢, f;, where ¢,,,, is the
maximum (in absolute value) angle of deviation of the light ray in the inhomogeneity.

25. IMAGE ILLUMINATION

The screen plane illumination is of utmost importance in the use of photometric
methods. In practical schlieren work, considerable time is lost in choosing the
normal exposure, at which all the optical densities of the emulsion fall on the linear
part of the characteristic curve. Precious time would be saved if it were possible to
calculate the normal exposure (as a function of the speed of the emulsion).
Furthermore, knowledge of the illumination is necessary for determining the
minimum angle of light deviation in the inhomogeneity which can be measured by
the schlieren instrument. In order to measure small angles of deviation it is necessary
to reduce severely the width of the open part of the slit image, and, consequently,
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to increase the measurement sensitivity. The image illumination is reduced as a
result. We must, therefore, either increase the exposure time or work in the region
of underexposures. During underexposure, the slope of the characteristic curve
becomes smaller, and the measurement sensitivity is reduced. The increase of the
exposure time leads to a time-averaging of the measurement results.

These phenomena are particularly important in the study of low-intensity transient
processes, which necessitates both a good time resolution and a high sensitivity of
the schlieren measurements.

The image illumination can be determined by the formula

T2 ey

= 25-1
16miR?u?’ @51

where I is the luminous flux of the light source, in lumens, « is the aperture of the

. main objective of the schlieren instrument (x ~ 2R/ f), £ is the width of the open part
of the slit image, 7 is the transmission coefficient of the optical system, / is the mean
width of the light source in the direction perpendicular to the slit, R is the radius of
the main objective, p is the scale of the inhomogeneity image, and y’ is the scale of
the source image.

This formula is based on certain simplifying assumptions, i.e., the light source is
assumed to radiate uniformly in all directions, and the aperture of the main objectives
is the smallest of the apertures limiting the luminous flux.

The magnitude [ is determined with sufficient accuracy for filament lamps which
have an incandescent body of regular geometrical shape. In the case of mercury
discharge lamps, on the other hand, the luminous body does not have a regular
geometrical shape; in addition, the brightness distribution over the discharge is
non-uniform. In these cases ! is defined as some mean size of the luminous body.

With the aid of formula (25.1) it is possible to find the optimal conditions for the
projection of the luminous body on the illuminating slit of the schlieren instrument.

The equation for the sensitivity of measurements yields

Lont
E=_—¢ (25.2)

h 4drySLf’
where L is the size of the light source image in the direction perpendicular to the
knife-edge. ’

To obtain maximum illumination in the schlieren image, the light source should
be projected on the slit with the largest possible magnification. It is, however,
necessary to keep in mind that, first, the increase of the source image is accompanied
by an increase of main objective aberrations, and, second, the image cannot be made
larger than the slit. Last, for a condenser objective of given speed, the aperture of the
illuminating beam decreases with the increase of the image scale. And yet, the beam
aperture must not be smaller than the aperture of the main objectives, in order to
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fill the instrument completely. This requirement must be fulfilled with a comfortable
margin in order to facilitate the adjustment.

Due to all these factors, it is not possible to increase the image brightness substan-
tially by changing the source image scale, although attempts have been made to vary
this parameter. When searching for the optimum, we should allow for the specific
conditions (shape and size of the luminous body, required range and sensitivity of
the measurements). In most cases the optimal solution is u' = 1 (this is, in fact, the
solution used in the Soviet-made instruments IAB-451, TE-19, and TE-20).

To determine the exposure time necessary for obtaining normally exposed
negatives, we should take into account the emulsion characteristics. The speed of
the emulsion is usually defined as the inverse of the exposure providing a density of
0.2 higher than the fog. The speed is thus linked with the other characteristics of the
emulsion by the formula

5 = 10020, (25.3)

By combining (25.3) with the equation for the optical density of the emulsion,
we obtain

D—02 = ylog Ets, (25.4)

where t is the exposure fime, and E is defined by (25.1). By combining (25.4)
and (25.1) we obtain an equation for the exposure time which is a function of the
required density:

_ W 10D ~0-2)y (25.5)
I Ersu’? )

The results of the calculation of the exposure time for the IAB-451 and TE-19
instruments are represented on Figure 79. The transmission coefficient for IAB-451
was taken equal to 0.25, for TE-19 to 0.06. The speed of the Mikrat-200 film was
taken equal to 4 with y = 3.2. For the A-2 film, s = 140 units with y = 0.95. The
luminous flux of the K-10 filament lamp was taken equal to 650 lumens, and that of
the DRSh-250 mercury discharge lamp to 10* lumens.

It is seen that when IAB-451 instrument is combined with K-10 lamp and A-2
film, the open part of the slit can be reduced to 0.02 mm at exposure times longer than
10~ 2 sec. This is almost sufficient for all schlieren measurements, since aberrations
and diffraction phenomena prevent work with narrower open slits. Thus processes
allowing an exposure time longer than 0.01 sec can be studied at the maximum
sensitivity of the schlieren instrument.

The situation is different in the study of transient processes, requiring ultrahigh
speed cinecameras or flash light sources. The exact calculation in such a case is not
given here, since its practical value is doubtful in view of the large variety of light
sources and cinecameras used. Experience demonstrates that in the study of objects
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Figure 79

The exposure time as a function of the width of the open part of the slit image for different instruments,
light sources and films: 1) TE-19, K-10, Mikrat-200; 2} IAB-451, K-10, Mikrat-200; 3) TE-19, K-10,
A-2; 4) IAB-451, K-10, A-2; 5) TE-19, DRSh-250, A-2; 6) IAB-451, DRSh-250, A-2.

with an exposure time shorter than 1 psec, it is difficult to reduce the width of the
open part of the slit below 0.1 mm, which makes impossible the study of objects
deflecting the light rays by less than 5 x 10~ rad.

When the schlieren pattern is observed visually, the increase of the instrument
sensitivity is accompanied by an increase in the image contrast. Simultaneously,
however, the image illumination and the contrast sensitivity of the eye decrease.
Finally, at very low image illuminations, a point is reached when the drop of the
contrast sensitivity of the eye is larger than the increase in the sensitivity resulting
from the reduction in the width of the open part of the slit image. The eye no longer
notes inhomogeneities which it could observe earlier. It follows that there do exist
a minimum size of the open slit and a smallest measurable angle of deviation in the
inhomogeneity, characteristic for the instrument-eye system.

The capacity of the eye to distinguish between objects is determined by the
threshold contrast, which is expressed by the formula

Ky =~ (25.6)

where B is the mean brightness of the field against which the object is observed, and
AB is the minimum brightness increment between the background and the object
for which the eye still distinguishes the object. The empirical relationship between
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the value of the threshold contrast and the background brightness for different
angular sizes 4 of the object is represented on Figure 80 [40].

The parameters of the individual human eye affect the threshold sensitivity sub-
stantially. They differ considerably from person to person. The pupil size, for instance,
varies between 1.5 and 8 mm. We shall base our calculations on a “standard” eye,
having the following mean parameters: refractive index of the lens, 1.33; radius of
curvature of the refracting surface, 5.7 mm; first focal length, 17.1 mm; second focal
length, 22.8 mm; power of the lens, 58.48 dioptres; and radius of curvature of the
retina, 9.7 mm. '
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Figure 80

Threshold contrast as a function of the background brightness for different angular dimensions
of the object.

We shall calculate the width of the open part of the slit image for which the
illumination is such that the threshold contrast is 1% or 5% for different instruments
and light sources. It is seen from Figure 80 that these values of the contrast are
obtained for B = 8 candles/m? and B = 6 x 10~2 candles/m*. The calculation by
formula (25.2) leads to the results given in Table 1.

The values of &, given in Table 1 are the minimum values of the width of the open
slit for which the relationship between the image illumination and the light stimulus
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Table |

Values of £, in mm for

H — 2 —19 ° B=6- 0~2 2 B/B =5¢
Instrument Light B = 8 candles/m*, AB/B=1%, 6-1 candles/m?, AB/ 5%
source
Frosted glass Magnifying Frosted glass Magnifying
glass 5 x glass 5§ x
K-10 1.65 5-1072 0.012 4-107%
B-451
1A DRSh-250 0.16 5-107* 102 4-10"¢
TE-19 K-10 2.6 8-1072 0.02 6-107°
DRSh-250 0.25 751074 0.002 6-1076

in the eye is still described by the Weber—Fechner law. In this case the angle of light
deviation can be derived from the brightness ratios in the image. In parts of the image
having a lower illumination, this relationship becomes more complicated.

It was assumed in the calculations that the effective brightness of the image on
frosted glass is double the brightness of a screen scattering the light uniformly in all
directions. This is so because 70% of the light incident on frosted glass reaches the
observer and also because the observations are made in an almost perpendicular
direction to the frosted glass plane, and in this direction the quantity of light is larger
than in other directions.

As we see from Table 1, the observation of the image on a frosted glass does not
always lead to the desired results. The minimum permissible slit width in this case is
fairly large, especially for the linear section of the eye characteristic. This section
is the most convenient for observations, since at lower illuminations the eye requires
a long time to adapt to the weak light and to acquire maximum contrast response.
The minimum width of the lens in this case is tenths of a millimeter, which is insuf-
ficient for many processes.

It is considerably more expedient to conduct the observations through a magnifying
glass, which increases the image illumination on the retina to a large extent. In the
calculation of the maximum instrument sensitivity compatible with the brightness
requirements, it is necessary to take into account the small aperture of the light beam
illuminating the inhomogeneity. The eye pupil does not restrict the light beams
coming from the inhomogeneity. The final formula for the minimum width of the
open part of the slit image whose illumination corresponds to the linear section of
the eye characteristic is

4n® Lf r] Brn i
6251t

where r, is the eye pupil radius and B,,;, is the minimum brightness corresponding

émin = (25 7)
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to the straight portion of the curve. For AB/B = 1% it is equal to 8 candles/m?
just as in the preceding case; for AB/B = 5%, B, = 6 x 1072 candles/m?.

It is observed that here the insufficient brightness of the light source does not
restrict the sensitivity. The minimum width of the open part of the slit image is
considerably smaller than the widths usually met in practice. The maximum sensitivity
of measurements is limited by other factors, such as aberration, diffraction, etc.

By means of a similar calculation it is possible to determine the minimum angle of
deviation which can be measured in the visual method of observation. It is equal to

_ &(aB/B)
.

Since B (and thus also AB) depends on £,, the illumination parameters, and the
properties of the eye, it is possible to construct the function de = f(£,) giving the
smallest measurable angle for different widths of the open slit. It follows from the
calculation that, even for a relatively poor case (TE-19 with K-10), the increase of the
instrument sensitivity with the reduction of the slit width exceeds the decrease in the
contrast sensitivity of the eye down to a width of 0.01 mm. Narrower slits are not
used in practice.

With a magnifying glass, the eye virtually always functions under ideal conditions.

de (25.8)

26. APPLICATION OF PHOTOMETRIC METHODS

Each of the quantitative photometric methods has its specific difficulties in practical
applications. Thus the absolute photometric methods necessitate repeated deter-
minations of the emulsion v, since it is variable along the same spool of film.

The following method of conducting the experiment was found to be convenient :
a series of graded attenuators is prepared, each in the form of a strip with sections of
different photographic density. The attenuators are contact-printed on the film
on which the schlieren pattern will be photographed. The “zero” and “working”
photographs are taken in such a way that they are located inside windows formed
by the attenuators (Figure 81).

The attenuators can be prepared in different ways — by sputtering with silver,
from gray glass, by photographing a gray scale, etc. The densities of the grades are
measured with a densitometer. They should be chosen so as to ensure a constant
density difference between adjacent grades. ‘

A photometric measurement is taken of each attenuator, and the density of each
grade is determined. The y is equal to the slope factor of the linear portion of the
characteristic plotting the density of the images of the scale grades on the test film
as a function of the density of the original strip grades themselves (Figure 82). The y
is determined for each of the seven strips. If all the y values coincide, we can be fairly
certain that the zero and the working photographs have the same .
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Figure 81

Experimental photographs in the absolute photometric method.

o\

at
Figure 82
Determination of y.

In this way y can be determined with a much higher accuracy than when a single
attenuator is used. The measurement error is 0.03-0.05.

It should be kept in mind that the emulsion y depends on the spectral composition
of the light source and the exposure time. The attenuators, therefore, have to be
contact-printed under the same conditions as when the zero and the working
photographs are shot, with the same light source and the same exposure.

If the shooting and developing conditions are standardized, the y need not be
measured each time, and may be considered as constant for the entire batch of film.
In this case it is necessary, however, to conduct control measurements of y for different
film strips out of the same batch, in order to check its constancy. In addition, uniform
development conditions (composition of the developer, freshness, temperature, and
development time) must be ensured for all the photographs.
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Experiencé shows that the constancy of y under industrial conditions is question-
able; the fluctuations of y are larger than the measurement accuracy in each
photograph (0.05) and, therefore, this method is normally used for studies which
do not require a high measurement accuracy.

It is convenient to use a pen-and-ink recording microphotometer for measuring
the zero and the working photographs. In such experiments photometric tracings
are taken for the relevant sections on the zero and the working photographs
(curves 4 and 3 in Figure 83) together with the dark-current tracing of the photocell,

24

Figure 83

A microphotometer tracing: 1) reference lens; 2) photometry of a graded attenuator; 3) section
of the working photograph; 4) section of the zero photograph.

which serves as the reference line. The coordinates of the various points are then
measured. The difference between the optical densities is equal to the logarithm of
the ratio of the distances from each of the curves to the reference line:

D,—D, =log (y,/y,)- (26.1)

This method is useful when the distribution of deviation angles is not known in
advance. It is then possible to find on the microphotometer tracing the characteristic
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points at which the angles of light deviation should be determined. It is inconvenient,
however, when the distribution of the measurement points in the section is known and
their position has been established. In this case, the recording stage and the subsequent
processing consume much more time than in point-by-point photometry. Further-
more, the accuracy is lower than with the last method.

A pen-and-ink recording microphotometer can also be used for processing
photographs taken with a standard lens or wedge. The section of the working
photograph and the section of the standard lens or wedge (curve 1 of Figure 83)
perpendicular to the knife-edge are recorded. The advantages and drawbacks of the
pen-and-ink microphotometer are the same as in the previous case.

When standard methods are used, the main sources of error are the non-
uniformity of the illumination of the instrument field and differences in the exposure
time over the photograph due to the finite speed of the shutter. In accurate measure-
ments it is necessary, therefore, to take a zero photograph without the inhomogeneity
and the standard lens and to check the constancy of the optical density. If the density
is found to vary, a correction must be introduced in the measurements. In this case,
we have to measure the difference between the optical densities of the points of the
zero photograph corresponding to the points of the inhomogeneity and the standard
lens where the image illumination is the same. The angle of deviation is then equal to

.

&= 5 10@i-D0h l:é} " %] _'%, (26.2)
7

For D\ = D,, formula (26.2) reduces to. the ordinary formula of the standard
methods (24.4). The coefficient 7 - 10?1~ js equivalent to the # for a uniformly
illuminated field, but it varies from point to point, which complicates the measure-
ments considerably. In practical studies this coefficient is usually close to unity and,
accordingly, it is frequently advisable to use the simplified formula (24.2) with
tentative measurements. '

An interesting application of the photometric schlieren methods is the quantitative
study of moving shock waves. Flash light sources are used to photograph these
objects. The wave travels a finite distance during the flash duration, and its image is
consequently blurred. It is possible, however, to determine the refractive index
gradient in the shock wave.

The difference between the optical densities at a point of the blurred schlieren
image of the wave and the corresponding point of the zero photograph is given by
(in the knife-edge and slit method)

JE@[&o + e.(0) f]dt

D=Dy =yl
0= VORI Bt

, (26.3)

where E(t) describes the time dependence of the flash source brightness, and ¢, (f)
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expresses the time dependence of the angles of deviation in the direction x, per-
pendicular to the knife-edge.

Let the knife-edge be set so that the direction of the measured component of the
angles of deviation coincides with the direction of motion of the compression shock ;
equation (26.3) is then transformed to

fi JE @® % L ;—t dt
D—Dy=vylog |1+ [Eod (26.4)

Figure 84
Photograph of gas flow from a shock tube.

Let the velocity of the moving inhomogeneity be constant for the duration of the
light flash and let the time for the inhomogeneity to cross an image point be con-
siderably shorter than the flash duration. It can be assumed in this case that the
source brightness varies insignificantly during the passage of the wave through the
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image point. Then

(26.5)

E
D—Dy = plog [1+f oLAn],

o0l

where E, is the source brightness at the time of passage of the wave through the
measured point, Az is the variation of the refractive index in the compression shock,

Figure 85
Density distribution in the gas flow shown on Figure 84.
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visthe veloéity of the inhomogeneity, and I = [E(t)dt is the integrated flash intensity.
It is convenient to conduct the measurements at the point where E is maximum.
This point is easily found.

In practical measurements it is convenient to transform (26.5) into an explicit
function of the measured parameter:

) &l |
=[10P~Paly _ { . 26.6
An ( ) - (266)

Diffraction phenomena must be allowed for in measurements of this type, since
the measurements are taken in the region of fast changes of the wave front. This
method should be used, therefore, when the moving inhomogeneity is sufficiently
wide, and when a sufficiently large source giving a sharp image of the inhomogeneity
cannot be obtained.

An example of the practical application of the quantitative photometric method
of the knife-edge and the slit is the measurement of the gaseous flow from a shock
tube. The process is brief and, accordingly, a spark of effective duration of 2 usec
was used. The wave velocity was roughly equal to 5 km/sec. One of the photographs
obtained is shown on Figure 84. Qualitative measurements give the shape of the
shock wave and the contact surface, and the extent of the zone of uniform parameters
in the driver gas. From the quantitative measurement of the angles of light deviation,
we find the gas density distribution in the flow, as represented on Figure 85. The
comparison of the schlieren pattern with the curve of gas density distribution
demonstrates that the absolute photometric methods eliminate the illumination
non-uniformities caused by poor quality of the protective glasses and by other
similar factors.

\4

SOVIET-MADE SCHLIEREN
INSTRUMENTS

27. 1AB-451

IAB-451 is the schlieren instrument which is most widely used in the USSR today.
It is based on Maksutov’s design. The instrument layout is represented in Figure 86.

_ The instrument consists of two units — the illuminating part (collimator) and the

receiving part. Each unit is a metallic tube 240 cm long with a maximum diameter
of 320 mm. The weight of each tube is approximately 150 kg.

A carriage, supporting a slit and a condenser with a light source, is attached to
the collimating unit. A similar carriage in the receiving unit carries the knife-edge
attachment and the attachment for observing and photographing the schlieren image
and viewing the illuminating slit image. The length of the condenser attachment
together with the projection lamp housing is 300 mm.

Either the K-10 filament projection lamp (50 W, 12V) or the DRSh-250 high-
pressure mercury discharge lamp can be used as the light source S. Suitable lamp
housings ensuring the necessary ventilation and alignment controls are included
in the instrument set. Power is supplied through a transformer. Whenever neces-
sary, the instrument can operate with other light sources, such as flash lamps,
unconfined sparks, etc. The power supply and the control circuitry for such light
sources are built by the user. To permit operating with an unconfined spark, the
instrument is supplied with an additional long-focus lens, making it possible to
set the illuminating assembly at a considerable distance from the condenser lenses.
This is done to avoid damaging the surface of the first lens by the spark discharge.

125
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Figure 86

The optical system of the Soviet-made schlieren instrument IAB-451: o illuminating unit,
b receiving unit. ’

The condenser is a system of two objectives O, made of two bonded lenses, 23 mm
in diameter and 65 mm focal length. The second objective projects the image of the
luminous part of the light source — the lamp filament or the discharge gap —on
the entrance slit aperture 4 of the instrument. The first objective can be moved
along the optical axis of the instrument, focusing the source image on the slit. For
visual adjustment control, a prism is mounted between the second condenser lens
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and the slit. It enables us to see the light source image on the outer surface of the
slit cheeks, facilitates the centering of the image on the slit, and allows coarse focusing
of the source image.

A revolving drum with light filters F is placed between the condenser lenses and
the parallel light beam; it alternately inserts the different filters, which are 3 mm
thick and are made of different grades of glass (ZhZS-12, ZhS-18, and KS-14). The
transmittance curves of these filters are represented in Figure 87. In practical work,
light filters are frequently used in adjustment operations, e.g., when observing the
slit image in the focal plane of the main objective of the receiving unit; without a
light filter the eye is dazzled and the adjustment accuracy is considerably poorer.
They are little used in actual experimental work; their only function in this case is
to decrease the total luminous flux (in some photoelectric measurements) or to isolate
a limited spectral region (when using diffraction methods). Usually, however, special
filters are used for the latter purpose, which can isolate any strong line of the source.
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Figure 87
Transmittance curves of the light filters in the IAB-451. The wavelengths are in millimicrons.

The entrance slit aperture A of the schlieren instrument can be varied between
0and 3 mm with a reading accuracy of 0.01 mm. Its length is 25 mm; it can be stopped
by a stepped diaphragm to 2, 4, 6, 8 mm, and by a wedge diaphragm to any size from
0 to 10 mm. Instead of a slit aperture, we can use point grids with hole diameters of
3,1,0.3,0.1 mm.

The slit can be rotated through 360° about the optical axis together with the
condenser attachment. The accuracy of measurement of the angle of rotation is 6'.
The entire condenser attachment, together with the diagonal mirror M, is mounted
on a carriage which can be moved by 25 mm in either direction, with an accuracy of
0.01 mm, along the body of the instrument. The slit aperture thus can be brought
to the focal plane of the main objective of the illuminating unit.
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The light reflected from the diagonal mirror M, falls on the main objective of the
illuminating unit. A similar objective is also used in the receiving unit. The optical
system of the objective is shown in Figure 88. The objective (see Figure 86) comprises
the mirror M and the meniscus N, manufactured in such a way that they both are
parts of larger components. The light diameter (and accordingly the maximum size
of the inhomogeneities which can be studied with this instrument) is 230 mm. The
focal length is 1917.6 mm. The presence of a meniscus with surfaces of almost equal
curvature reduces considerably the aberration of the spherical mirror.
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Figure 88

Schematic cross section through the objectives in the IAB-451.

The main objectives of the receiving and the collimating unit are cut and mounted
opposite each other so that their nonsymmetrical aberrations cancel. The total
aberration of the instrument is thus smaller than the aberration of each of its parts.

The inhomogeneity can be bracketed between a pair of protective glasses, which
is helpful for processes in vacuum or when mechanical protection is required.

The mirror and the meniscus can be moved for the purpose of alignment. Covered
openings are provided in the instrument body, through which the instrument can
be cleaned and the diagonal mirrors are aligned. Supporting rings and pads on the
instrument fit into the pedestal supports.

The angles of the light beam axis to the optical axis is the same in the receiving
and the collimating unit. The IAB-451 is thus a parallel-beam Z-type instrument.

The light reflected from the diagonal mirror M, of the receiving unit reaches the
Foucault knife-edge K. Filaments of various thicknesses may be used instead of the
knife-edge. The knife-edge can be rotated through 280° about the optical axis, with
a reading accuracy of 6, and thus set parallel to the illuminating slit image for any
position of the slit.

The knife-edge is removable. It is held in special recesses and fastened by holding
pawls. The fastening is symmetrical, and the knife-edge can be rotated through
180° and fixed on either side of the illuminating slit image without using the rotating
device.

The knife-edge attachment is mounted together with the photographic unit and
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the second diagonal mirror on a carriage similar to the collimator carriage. By
moving it along the instrument body, we can bring the knife plane to coincide with
the illuminating slit image plane focal position of the knife-edge in the receiving
unit) or impart a certain defocusing to the viewing diaphragm. The displacement
limits are + 25 mm from the mean position, with a reading accuracy of 0.1 mm.

The photographic unit of the instrument is set on a hinged bracket, attached to
the carriage. The optical unit consists of two lenses O, The first lens is positive with
f’ =136.2 mm and a light diameter of 27 mm. It can be moved + 20 mm along the
optical axis, giving a sharp image of objects situated at distances between 200 and
4000 mm from the end of the receiving unit tube. The image scale is somewhat
altered as a result. The calculations are carried out for the mean position of the
inhomogeneity, at a distance of 2000 mm from the tube end. The second lens is
part of a removable photographic attachment. There are two such attachments.
One of them is a standard Soviet-made Zorkii camera with f' = — 51.31 mm
and image diameter of 24 mm. The second attachment gives an image 80 mm in
diameter; it uses a lens with f' = — 199.95mm and a 9cm x 12cm film.

A revolving holder is mounted between the lenses of the photographic objective,
permitting the insertion of a semitransparent or a completely reflecting mirror. By
covering the aperture with an opaque mirror, we can conduct observations in each
arm in turn. The insertion of a semitransparent mirror makes possible simultaneous
viewing or photographing of the schlieren image by two observers or two cameras.
Simultaneous photography on two different scales or simultaneous observation
and photography are also possible.

The standard exposures of the Zorkii camera are used for the 24 mm film. With
80 mm film, a shutter giving exposures from 1 sec to 0.004 sec.is used.

The instrument is also provided with lens caps, hoods for the condenser and the
photographic unit and magnifying glasses for monitoring the knife-edge setting,.

The exit aperture of the receiving unit is 40 mm in diameter. As a result, only
inhomogeneities deflecting the light by no more than 36’ can be viewed. A restriction
on large deviation angles is also imposed by the rim of the first photographic lens.
It vignettes the parts of the field which deflect light by 24’ if they are located at the
center of the instrument field, and by 19’ if they lie at the periphery. (This calculation
was made for a zero curvature of the wave front. If the wave front has a considerable
curvature and shifts the point of convergence of the rays in the direction opposite
to the direction of defocusing of the diaphragm, the maximum angles of light devia-
tion in the inhomogeneity which can be measured by this schlieren instrument may
be much smaller.) This measured range is sufficient for most gas-dynamic
processes, the angles of deviation being much smaller than the limiting value.

The original IAB-451 is a limited-purpose instrument and is unsuitable for
application with many of the methods. Its great advantage lies in the possibility of
separating easily the condenser and the photographing unit from the main objectives.
As a result, various optical or mechanical attachments, each intended specifically
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for work with a single method, can be designed and used with the instrument.
Examples are the previously described attachments for color schlieren photography,
for large defocusing, for photoelectric recording, a measuring microscope, various
cinecameras, etc. [11]. A variety of attachments make the instrument suitable for
almost all types of schlieren measurements, without appreciably increasing its
price. The attachments can be built by any mechanical workshop. The improved
instrument in which these refinements are introduced is designated 1AB-453 (see
§29).

28. TE-19

The TE-19 is much more versatile and much smaller in size than the IAB-451. It was
designed by a team headed by V. K. Efimov. The optical system was designed by
N. N. Gubel. The light diameter of the main objectives is 150 mm, the focal length
1500 mm.

The optical system of the instrument is shown in Figure 89. Like other types of
mass-produced schlieren instruments, TE-19 is made of two separate units —a
collimator with a light source and a receiving part. However, the overall dimensions
of the instrument are considerably reduced owing to multiple refractions in the

main objectives of the two units and the use of objectives consisting of separated’

elements. Dimensions of the collimating unit: length 950 mm, height together with
the illuminator 1150 mm, width 400 mm; dimensions of the receiving unit: 950 mm x
x 400 mm x 400 mm. The combined weight of the two units is 200 kg.

Because of its smaller size, the TE-19 is more convenient in practical work. The
instrument does not require a special support, it becomes easier to manipulate
the test object, and additional measuring instrumentation can be installed on the
same premises. This is undoubtedly a great advantage of this instrument.

The instrument has three lamp housings, two lateral and one on top. Incandescent
lamps and high-pressure mercury discharge lamps can be used in each of the lateral
lamp housings. Mercury discharge lamps are not used in the top lamp housing,
since according to the manufacturer’s specifications they can burn in a vertical
position only. The much wider range of light sources than for the preceding instru-
ment provides a better fit to the conditions of different experiments.

The lamp housings are interchangeable. They are equipped with a spherical
reflector placed behind the light source, which nearly doubles the light flux. An
additional adjustment is required, however: the image of the luminous body formed
by the reflector must be as near as possible to the light source, since only in this case
is it possible to sharply project both images on the slit and to achieve a satisfactory
uniformity of the field illumination. Each lamp housing is provided with the necessary
alignment controls. Cooling of the housing surface is enhanced with the aid of fins;
so that these sources can be used continuously over long periods.
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Figure 89

The optics of the Soviet-made TE-19 instrument: a illuminating unit, b receiving unit.

The two-lens condenser projects the image of the luminous body on the entrance
slit. One of the lateral lamp housings has a permanent slit assigned to it. The second
slit may alternately receive illumination from the top housing or the second lateral
housings. The switchover is effected by interposing a diagonal mirror in the light
beam. The light sources are thus easily interchanged (by remote control if necessary).

The first lens of the condenser is covered by interference filters having a transmis-
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sion half-width of about 20 A. The wavelengths transmitted by the basic set of
filters were selected so as to make possible work with the mercury lines and other
frequently used spectral regions. Some filters can be ordered by the experimenter
according to his particular requirements.

Polaroids are provided in the side arms of the illuminator. The planes of polariza-
tion in the two arms are mutually perpendicular.

The height of each slit can be altered in steps of 2 mm from 2 to 10 mm; the slit
width can be varied continuously between 0 and 2 mm with an accuracy of 0.01 mm.

Having passed through the slit, the light reaches a splitting block, and then the
two light beams are delivered to the main objective of the collimator. By introducing
a mirror on the other side of the splitting block, we activate the color attachment,
which disperses the slit image into a spectrum and projects it in the position originally
occupied by the slit image. Therefore, with a correctly aligned instrument, no
additional adjustment is needed when the ordinary image is replaced with a color
pattern. The spectrum width can be altered between 0 and 30 mm by rotating the
Amichi prisms in opposite directions. Color photography methods thus can be
applied in the entire range of deviation angles measurable by this schlieren instru-
ment. The color attachment can function only with one of the lateral light housings.

The entire illuminator can be rotated through 100°, and we can therefore use the
instrument for different angles of slit inclination relative to the object. The rotation
is effected either by means of a handwheel or by remote control, with an accuracy of 6.

The collimating and the receiving units use identical main objectives, made of
two spherical mirrors and an afocal compensator. The objectives form a Z-type
system, reducing substantially the coma and the distortion of the point image in
the focal plane of the receiving unit. The afocal compensators are set near the focal
planes of the main objectives. The positive lenses of the compensators are moved
at right angles to the optical axis until the astigmatism is corrected. The compensators
also lead to a substantial decrease in the spherical aberration.

The objective mirrors are decentered, and the image of the slits in the receiving
unit is therefore inclined. The image plane of the illuminating slits is made to coincide
with the knife plane by inclinating the illuminator slits between 15 and 18°.

The quality of the optical system of the collimating and the receiving units depends
on the combined effect of the two units and can be defined by the maximum size of
the disk of confusion in the focal plane of the receiving unit. Strictly speaking, the
schlieren instrument performance is affected only by the aberrations in the direction
perpendicular to the knife-edge. Therefore, the objective should be characterized not
only by the maximum size of the disk of confusion, but also by its shape and the
energy distribution in the disk. However, the knowledge of the maximum size of the
disk of confusion is sufficient for estimating the upper-bound sensitivity for all
measurements. The angular diameter of the disk of confusion for points on the axis
is equal to 0.9”, and the linear diameter is 0.007 mm. For points an angular distance
of 8, which corresponds to a distance of 3.5 mm from the optical axis, the aberra-
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tions vary between 4" and 11” for different directions. Note that the actual distribu-
tion and the magnitude of the aberrations depend on the instrument adjustment,
and are therefore different for different instruments of the same type.

We can assume that the average aberrations for a 7 mm long slit are roughly
equal to 6”, and the instrument can thus measure deviation angles as small as 0.5".
If this sensitivity is insufficient in high-precision measurements, we must reduce the
slit size. The sensitivity can be increased in some cases by selecting the knife-edge
position in such a way that the astigmatic aberrations stretch point images in the
direction parallel to the knife-edge. In this case, the sensitivity is not determined by
the maximum magnitude of the aberrations, but by some smaller figure. Naturally,
in order to elucidate the possibility of increasing the sensitivity in this way, we have
to know the distribution of the instrumental aberrations and the distribution of
the angles of light deviation in the inhomogeneity.

The light emerging from the main objectives of the receiving part reaches the
splitting block, whence the two beams are directed to the two arms of the receiving
unit. A polaroid intercepts each beam. By a suitable orientation of the polaroid
we can extinguish the light in one of the arms without considerably attenuating the
light from the second working lamp. The image of one of the slits is extinguished. In
the second arm, the other slit image is extinguished. Thus the image of the object
in each arm of the photographic unit is illuminated by light from one of the two
mutually perpendicular slits. The result is equivalent to an assembly of two
schlieren instruments covering the same field. The unique feature of this design is
that the light from the two instruments traverses the inhomogeneity at the same
angle, which is unfeasible in systems where the light beams in each arm are split
by means of prisms or mirrors only.

This two-in-one instrument produces a new qualitative effect: we can conduct
simultaneous measurements in two mutually perpendicular directions. The ordinary
schlieren instrument, which usually measures the angle of deviation in one direction
only, does not give the instantaneous distribution of the refractive index in the
inhomogeneity, whereas the combination instrument recovers this distribution.
A shortcoming of this beam-splitting method is that the polarization system does
not completely extinguish one of the slit images. Moreover, only half the extinguished
slit image is covered by the knife-edge but most of the second slit image is obscured,
especially in high-sensitivity measurements. As a result, the light coming from the
extinguished slit image lowers the instrument sensitivity.

If the two slits are of length L, the polaroid reduces the brightness of the extin-
guished slit image to 1/n of the original value, and the exposed part of the slit is of
width &, the total image illumination will be

(1 &
I =BL (5 + I)' (28.1)
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The sensitivity of measurements is determined in this case by the expression

f

= — 28.2

The relative drop in sensitivity compared with the ideal instrument is equal to

Sa gy b (283)
S 2né,

For L = 2nf, the sensitivity is reduced by half. Modern instruments have
n ~ 100. For L = 10 mm, this leads to difficulties when the width of the exposed
part of the illuminating slit image reaches a few hundredths of a millimeter.

The light extinction by the polaroids is not uniform over the instrument field.
Some parts of the field are brighter than others. This complicates the application
of many quantitative methods of measurement, such as the method of standard
inhomogeneities. Moreover, a partial depolarization of the light accompanies
refraction from the mirrors. This complicates the qualitative and quantitative
interpretation of the schlieren pattern and lowers the sensitivity.

The diameter of the exit pupil is 40 mm. This makes the instrument suitable for
measuring inhomogeneities at the center of the field which deflect the light through
45'. The maximum angles of deviation which can be measured at the edge of the
instrument field are much smaller, due to the vignetting caused by various optical
components (most components have dimensions comparable with the width of the
undeflected light beam). When using the method of defocused grids with the maximum
attainable defocusing, restrictions are also imposed by the insufficient size of the
camera objectives.

Two separate images of the object are obtained in the image plane, correspond-
ing to different directions of the viewing diaphragm. Each image can be observed
visually through an eyepiece. The insertion of an additional lens makes it possible
to observe alternately the image plane of the inhomogeneity with the schlieren pattern
and the plane of the viewing diaphragm with the illuminating slit image. The
magnification of the replaceable eyepieces is 4 x or 8 x. This gives considerable
advantages in the adjustment of the instrument and makes possible an easy and
accurate control of the adjustment stability in the course of the experiment.

By moving the mirrors apart, we can displace the point of convergence of the rays
along the optical axis of the instrument. The displacement is smooth within
+ 150 mm, with an accuracy of 0.1 mm.

The instrument set is provided with a number of different viewing diaphragms,
which can be used instead of the knife-edge; these include filaments, grids, curved
stops. The diaphragm fastening assembly permits rotating the diaphragms through
360° with an accuracy of 6. The knife-edges are displaced within + 15 mm from the
. optical axis with an accuracy of 0.01 mm.
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Revolving mirrors alternately direct the image to the eyepiece for visual observa-
tion and to the photographic cameras.

Cinecameras or standard still cameras can be used as the photographic attach-
ment. They can be activated by remote control, using electromagnets.

While the TE-19 has the advantages of compactness and versatility, it also has
several drawbacks. 1) All the instrument attachments are mounted in the same
housing. As a result, the customer cannot order a stripped-down model and must
pay for the accessories which he may not need. 2) Due to the complexity of the
instrument and the large number of optical components, it is beyond the user’s
power to align the instrument, as he was able to do with the JAB-451. Furthermore,
the instrument goes frequently out of alignment and needs servicing by authorized
technicians. 3) Due to the complicated design, it is difficult to modify the instrument
and to adapt it to new measurement methods. 4) The light absorption coefficient
is much higher than in simpler instruments.

29. |IAB-453

Each of the two instruments described above has considerable drawbacks, which
lower its value and make it inapplicable to some types of schlieren measurements.
In our opinion, there exists a different and more promising procedure for developing
schlieren instruments. It consists in designing a series of basic objectives for
schlieren instruments, differing in the diameter of the field of view, the focal length,
and the quality of the point image. The set of lenses can be relatively small. The
objectives with parameters listed in Table 2 meet the requirements of most
measurements.

Table 2
D, mm f,mm R
50 500 2.5"
100 1000 1.2
200 2000 0.5"
400 4000 0.3"

Simplified objectives with the same f and D, made of simpler and cheaper optical
components, can be used for lower quality measurements. Rejects of high-quality
objectives can also be sold for such measurements.

A number of attachments are manufactured, each intended for a specific measure-
ment method: photoelectric recording, color schlieren photography, high-speed
photography, etc. Each attachment is designed in such a way that it can be used with
minimum alterations with any main objective of the receiving or collimating units.
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The existence of a range of objectives and standardized attachments enables
each investigator to select the methods and instrument parameters which are the
most suitable for his experiment. The possibility to order a custom-made instru-
ment assembled of standard components makes this instrument highly attractive
from the points of view of price and versatility. The standardization of the com-
ponents is also advantageous to the manufacturer. Furthermore, the fact that to
each method correspond its own exclusive components makes the instrument
highly accurate and easy to operate. Finally, the instrument will not be made obsolete
by the development of new schlieren methods, since all one has to do is to design
some suitable new attachments. The use of interchangeable attachments offers wide
possibilities for the improvement of schlieren methods and the development of new
measurement techniques.

We shall describe in this section the IAB-453 instrument, designed on the basis of
these principles by a team headed by V. K. Efimov and V. G. Koskovskii. The
instrument is the first of a projected series, which is to satisfy all the needs of
schlieren measurements. Preliminary calculations show that it satisfies the require-
ments of the experimenters better than all other existing instruments. The IAB-453
is an improved version of the IAB-451; a technical description of the improvements
and the underlying principles is given in [3, 11, 20].

The basic layout of the instrument is the same as that of the IAB-451. It consists
of two parts accommodating identical mirror-meniscus objectives, which serve as
main objectives of the collimating and the receiving units. Mobile carriages are
provided outside the two tubes; the carriage in the collimating unit bears a remov-
able illuminator, and the carriage in the receiving unit a removable hinged bracket
and the knife-edge attachment. The interchangeable attachments are connected to
the two units of the instrument.

The basic dimensions and characteristics of the instrument are similar to those
of the IAB-451. The field of view diameter is 230 mm, the focal length of the main
objectives is 1904.3 mm, the depth of focus is 4 m from the receiving unit exit; the
weight of each tube is 150 kg, its length is 2.5 m, and its maximum diameter 32 cm.

The instrument is intended for measuring light deviation angles between 0 and
25 in optical inhomogeneities. The maximum sensitivity attained with photo-
graphic measurements (for y = 2} is 2 x 105, so that inhomogeneities deflecting the
light by an angle of 5 x 10~ 7 rad or 0.1" are visualized with a contrast of 10%
(if we do not consider errors due to diffraction phenomena and external causes).

The main objective is a mirror—meniscus system, designed by N. N. Gubel. The
image quality over the field was improved, at the cost of a certain deterioration of
the quality of the point image on the optical axis, by introducing afocal compensators
similar to those used in [133b]. As a result, we can use longer illuminating slits
without a marked decrease in sensitivity, which leads to an increase in the actual
sensitivity of the instrument for transient processes, requiring flash sources or high-
speed cinecameras.
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In the IAB-451 the aberrations of the objectives in the receiving and the collimating
units cancel out, whereas in the new setup each unit is corrected separately. The
Z-shaped design is thus replaced by a more convenient arrangement: the experi-
menter is free to rotate each tube about its optical axis until he finds the best position
for conducting the measurements.

The basic components are fastened in the same way as in the IAB-451, since this
system has proved itself on the whole. Some improvements have been introduced,
however. The sealing of the rims (especially of the meniscus rim) has been improved.
To reduce the effect of vibrations, the rims of the meniscus and the mirror are
clamped radially from three directions.

The carriage was made more massive. It can be displaced along the axis by
+ 150 mm from the zero position. “Coarse” and “fine” controls have been introduced.
The carriage has fixtures for setting up various interchangeable multipurpose
attachments. .

The principal optical axis of the mirror—meniscus objective does not coincide with
the geometrical axis of the instrument, being distant 125 mm from the axis. The
center of the object being studied lies on the geometrical axis of the instrument, and
therefore all the attachments are set on the geometrical axis. The knife and the slit
image are situated at the intersection of the geometrical and the optical axes; they
are perpendicular to the optical axis, while making an angle of 4° with the geometrical
axis. As a result, the plane of the slit image and the knife plane coincide. The carriage
moves along the geometrical axis, and therefore the defocusing of the instrument
does not affect the position of the inhomogeneity image on the screen.

The multipurpose applications of the instrument made necessary the use of various
light sources. Ordinary incandescent lamps with a coil filament are the most
convenient for instrument alignment and in qualitative studies not requiring a high
time resolution. They are sufficiently stable and simple in use. However, such lamps
are unsuitable for exact quantitative studies, since the filament does not possess a
uniform brightness in the direction perpendicular to the illuminating slit image.
Ribbon-filament incandescent lamps are used in such experiments. Since the luminous
part of the ribbon defined by the slit is of fairly uniform brightness, absolute photo-
metry is used with a much higher accuracy with these light sources.

Due to their low luminance, incandescent lamps cannot be used when the schlieren
instruments work in conjunction with high-speed cinecameras, since they necessitate
longer exposures than those corresponding to the linear part of the emulsion
characteristic. High-pressure mercury discharge lamps, which possess a much higher
luminance, are used in such cases; they will work with motion picture cameras
giving up to 10° frames/sec for a 0.2 mm wide illuminating slit image.

Finally, we must also consider transient processes. Flash sources are frequently
convenient for their study, since they can be easily synchronized with the process
and yield a higher resolution than that obtained with a high-speed cinecamera.
Flash lamps giving flashes of duration between 0.1 usec and 1 msec can be used with
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the IAB-453. The control systems of these lamps are manufactured separately from
the instrument set, in accordance with the particular problems to be treated.

The varied range of light sources permits using the schlieren instrument for
practically all types of studies. Provision has also been made for synchronizing the
flash lamps with cinecameras; in this case the lamps operate in the stroboscopic
mode with a flashing rate equal to the camera rate. Such arrangements are used if
we film the process at a relatively low rate using a short exposure time for each frame.

The light sources are placed in two lamp housings, fastened to the two arms of
the illuminating unit. The two lamp housings and a switch mirror, alternating
between the two light sources, is a highly useful feature. Indeed, the alignment of the
receiving unit (setting the viewing diaphragm in the image plane of the illuminating
slit, setting the knife-edge parallel to the slit image, etc.) is very difficult when a flash
light source is used; in this setup, we can align the unit with an incandescent lamp,
and then switch over to the flash source. Furthermore, it becomes possible to control
the adjustment stability. In addition, by replacing the reflecting mirror with a semi-
transparent one, we can use two light sources simultaneously; by using two flash
lamps, we can obtain two images of moving objects and transparent inhomo-
geneities on the same frame, and so determine their velocity.

The light source can be displaced within + 10 mm in the lamp housing, and as a
result its image produced by the condenser can be rapidly brought to coincide with
the illuminating slit of the instrument. The image is focused by displacing the
condensers in each of the arms. Focusing accuracy is controlled through a window
with a prism and a semitransparent mirror through which the position of the light
source image on the slit can be observed. Crossed polaroids can be used to reduce the
light flux in the case of high-luminance sources; such flux attenuation is needed to
achieve a more accurate adjustment.

Light filters are placed between the two lenses of the condenser. Green, yellow, and
red glass filters and interference filters are included in the instrument kit. Filters
can also be placed in the receiving unit of the instrument in front of most photo-
graphic attachments.

The main slit of the schlieren instrument has a maximum height of 10 mm and an
aperture range between 0 and 3 mm with a reading accuracy of 0.01 mm. Stops are
provided in the slit planes, varying the slit height in discrete steps to 1, 2, 4, 6, 8,
10 mm. It is also possible to use round stops 3, 1, 0.3, 0.1, 0.03, 0.01 mm in diameter.
The slit height is reduced when working with a light source whose points are located
near the optical axis of the system. This decreases the experiment errors connected
with aberrations of the main objective, inaccurate manufacture of the knife-edge, and
adjustment errors. Round sources are used in the determination of the direction of
the light deviation angles in an inhomogeneity, for instance when using the method
of point grids.

The instrument can also be ordered with a high-precision slit, having an aperture
range from 0 to 0.4 mm with an adjustment accuracy of 0.001 mm. The high quality
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of the slit edges makes this slit much more convenient for use with the diffraction
and photometric methods, and especially in absolute photometry. The measurement
sensitivity is somewhat increased, and the errors caused by curved edges of the slit,
nonparallel cheeks, inaccurate determination of the uncovered part of the illuminating
slit image, etc., become smaller.

The illuminating unit (Figure 90) can be rotated together with the slit through
270° about the geometrical axis, and therefore the instrument can be used for different
orientations of the illuminating slit with respect to the instrument field. A measure-
ment accuracy of 6’ suffices for almost all measurements. By disconnecting the fine
control, we can rapidly bring the slit to the required position. The rotation is
facilitated through the use of bearings.
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Figure 90
The illuminating unit of the 1AB-453.
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A color-photography attachment is mounted between the illuminator and the
main objective of the collimator. The spectrum formed by the prisms is observed in
the focal plane of the main objective of the collimating unit. The schlieren system is
converted to a color system by a simple rotation of the prisms; there is almost no
need for an additional adjustment.

When working under standard conditions, the color photography accessories
do not participate in the formation of the schlieren pattern. This improves the quality
of the schlieren instrument, since it increases the light transmittance of the
instrument and reduces the possibility of misalignment in the course of the experi-
ment.

The spectrum width is controlled by rotating the prisms about the optical axis.
The prisms are turned in opposite directions symmetrically with respect to the
zero position. If the prisms are set in the same position, the spectrum width is
maximum; if they are rotated through 180°, the spectrum width is zero, and we observe
an undispersed slit image, somewhat weakened by the absorption of light in the
color attachment. The maximum width of the spectrum, defined as the distance
between the lines at 4342 A and 6563 A, is equal to 10 mm, which corresponds to a
measurement range of 5 x 1073 rad.

The total transverse aberrations of the color attachment do not exceed 0.02 mm.
These aberrations fix a lower bound of 10~ * rad for the angles of light deviation which
can be measured with the aid of this unit.

The carriage mobility permits accurate mounting of the illuminating slit (or of its
spectral dispersed image) in the focal plane of the main objective of the collimating
unit. This is usually superfluous, however; by setting the carriage in its middle
position, according to the manufacturer’s instructions, we bring the slit to coincide
with the focus with sufficient accuracy.

The receiving unit carriage is similar to the collimator carriage. It carries the knife-
edge attachment, provided with suitable controls.

The viewing diaphragm, set in the knife-edge attachment, can be displaced by
+ 25 mm perpendicular to the optical axis, with a reading accuracy of 0.01 mm. It
can also be rotated through 360° about the optical axis, with a reading accuracy of ¢'.
Since the diaphragm also can be displaced along the geometrical axis together with
the carriage, it is easy to set it in the required position with respect to the illuminating
slit image. The specific setting procedure depends on the method used and is described
in the appropriate sections. ‘

Besides the knife-edge, several other types of viewing diaphragms can be used.
The IAB-453 is provided with a set of curved stops with a pitch of 0.1, 0.2, 0.3, 0.6,
1.5, 3 mm, which measure deviation angles from 0 to 6 x 1073 rad with a sensitivity
(fory = 2) between9 x 10%and 3 x 10% The multiplicity of all the stops is equal to 2,
the smallest value of the gap is 0.4 mm. We can also use a phase knife-edge, introduc-
ing an additional path difference of 4/2.

The instrument is equipped with a set of filaments 0.01, 0.02, 0.04, 0.08, 0.16, 0.5,
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1, 2 mm wide, which are used in the methods of focal filament, color photography,
and diffraction interferometry. A 20 mm high slit of width variable between 0 and
3 mm (with an accuracy of 0.01 mm) can be used with the filaments. The instrument
is also supplied with gratings of 5, 2, 1,0.5,0.2,0.1 mm spacing. The ratio of the grating
spacing to line width is 2. Point grids with the same spacing and with point diameters
equal to the line width of the grating are also included in the kit. The grids are shifted
from the focus by moving the receiving unit carriage, which can be displaced by
+ 150 mm from the zero position. The grids also can be set in front of the diagonal
mirror at a distance of 150 mm from the place where the knife-edge is set. Thus the
position of the grid with respect to the focal plane can be altered between + 150
and — 300 mm.

The knife-edge can be replaced by a diffraction grating, transforming the schlieren
instrument into an interferometer.

The instrument is also supplied with a range of standard lenses, of focal lengths of
2, 6, 20, 60, 150, 200 m, for use with standard schliere methods. The size of each lens
is 60 mm. The range of angles given by the lenses covers the range of the schlieren
instrument. Since the focal length of the lens affects only the sensitivity and the
measurement range, both of which are known approximately in each experiment,
a relatively large tolerance, equal to 10%, is allowed for this quantity. The focal
length is measured with an accuracy of not less than 2% (for long-focus lenses) and
is marked on the lens rim. When photographing standard schliere and conducting
actual measurements, the origin of coordinates is taken at the center of the lens. To
facilitate these measurements, the lens center is marked with an opaque disk, clearly
observed on the photograph.

A right-angled prism manufactured with an accuracy of 10" is used for monitoring
the parallel setting of plane models to the optical axis of the instrument.

One of the important operations in the highly sensitive knife-edge and slit method
is the setting of the knife-edge parallel to the slit image and the accurate measure-
ment of the size of the uncovered part of the slit. A microscope mounted on the
receiving unit carriage is used to that end. The microscope magnification is 45 x,
and the field of view is 0.2 m. The width of the uncovered part of the slit image is
measured with an accuracy of 3u by an eyepiece micrometer. The microscope is set
in such a way that the inaccuracy in the position of the microscope objective with
respect to the knife-edge and the eyepiece focusing error will not introduce an error
larger than 2 y in the measurement of the width of the uncovered part of the slit image.

The possibility of measuring the width of the uncovered part of the slit image prior
to the actual measurements does not always meet with unanimous approval, since the
position of the image can change in the course of the measurements due to vibra-
tions, heating of the instrument, or other causes. In order to record such displace-
ments of the image, the microscope is equipped with a camera which photographs
the slit image simultaneously with the object. A prism set in the microscope objective
cuts a length of 1-2 mm from the illuminating slit image. The remaining light forms
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a schlieren image. With this attachment, we not only control the constancy of the
relative position of the knife-edge and the slit image, but also measure the size of the
open part at the instant when the photograph is taken. By placing a high-speed
camera or a photoelectric system behind the microscope eyepiece, we can record
the time variation of the slit image position, which is particularly important when
studying vibrations and determining their influence on the schlieren instrument
readings.

A retractable hinged bracket attached to the carriage supports a housing with two
yokes to which the photographing devices and eyepieces are attached. The first lens
of the photographic objectives, which is the same for all the photographic attach-
ments used, is placed inside the housing. The attachment is focused, with this lens
on the inhomogeneity. A hinged mirror directs the light in turn to each of the two
receiving units. A semitransparent mirror can be used instead of the reflecting
mirror, in which case simultaneous photographs can be shot in the two arms of the
instrument. The general view of the receiving unit is shown in Figure 91.
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Figure 91
The receiving unit of the IAB-453,
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All the focusing and mirror changing operations are conducted after the protective .
cover is thrown open by pulling the outside handle. An additional lens is similarly
introduced, projecting the image of the knife plane instead of the inhomogeneity
plane. This lens is necessary when adjusting the instrument. It is convenient to replace
the photographic attachments by visual observation eyepieces, with a magnifica-
tion of 5 x or 10 x . The rapid insertion of an additional lens is very advantageous,
since it permits finding the dependence of the schlieren pattern on the knife-edge
position with respect to the slit.

Attachments for photographing the inhomogeneity can be mounted anywhere
on the body of the instrument. They give a field image of 24, 60, and 120 mm. The use
of attachments of different scales is essential, when the diffraction phenomena are
weak and the resolving power is determined by the aberrations of the photographic
objective and the emulsion graininess. If the source brightness is sufficient for
obtaining the image of a large inhomogeneity, it is efficient to use large-frame attach-
ments, since the number of details in the image will be greater than with other attach-
ments. On the other hand, an attachment with a small frame is efficient in the case of
inadequately bright sources or for a strong diffraction phenomena.

The instrument can also be supplied with a photorecorder, which comprises a
light hollow drum geared to an electric motor. A film strip approximately one meter
long is wound on the inner surface of the drum. With the aid of a prism, an image
24 mm in diameter is projected onto the film. Usually, the schlieren instrument
field is limited by a slit when using the recorder. The linear velocity of the film can
be varied between 20 and 185 m/sec. The recorder dimensions are 550 mm x
x 350 mm x 420 mm, its weight is 50 kg; it is therefore necessary to mount it on a
separate pedestal in the receiving unit of the instrument. A synchronizing device
emits a signal for every revolution of the drum or at 10° intervals during each revolu-
tion. It is uséd when the recorder operates with shutters or flash light sources.

A two-channel photoelectric attachment has been designed for the study of
transient processes. This is a separate attachment, connected to the receiving unit
of the schlieren instrument. The optical system of this attachment forms an image of
the instrument field 60 mm in diameter. Two slits are used to cut small portions from
the image. The slit width can be altered between 0 and 2 mm with an accuracy of
0.01 mm. The height of the slits can be made equal to 1, 2, or 3 mm. A light pipe
transfers the light from each slit to the cathode of a photomultiplier. A cathode
follower is mounted alongside the photomultiplier. The two blocks with slits and
photomultipliers can be displaced independently of each other along the same guiding
line perpendicular to the optical axis. The guiding line can be translated or rotated
about the optical axis. Each of the slits can be brought by these operations to any
point of the schlieren image. As is usual in photoelectric recording, the signal from
each photomultiplier is delivered to the input of a two-beam oscillograph or to a
separate oscillograph. The photoelectric recording system used in the IAB-453
permits recording the illumination changes at two points of the process under study.
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It is possible to achieve almost any time resolution up to 10~ 7 sec. This is quite
sufficient for most schlieren measurements.

The IAB-453 thus can be used with all the current schlieren methods. From this
point of view, it is superior even to the universal TE-19. But, unlike with the latter
instrument, each method is implemented independently of the others. This con-
stitutes a substantial advantage in practical work: the instrument adjustment is
simplified, the difficulties connected with extraneous effects, ghosts, light scattering,
etc., decrease.

The design of the instrument as a basic unit plus specialized attachments for the
different methods makes it easily adaptable to the implementation of new schlieren
and similar methods. Polarization and interferometric methods of viewing optical
inhomogeneities, can be easily implemented with the instruments.

30. QUALITY OF THE SCHLIEREN INSTRUMENT
COMPONENTS

Size and aberration calculations of the schlieren instruments and the main require-
ments regarding the quality of the optical and mechanical components are not unlike
those usually encountered in optical instruments manufacture. However, there exist
several distinctive features characteristic of the schlieren instruments, which are
discussed below. :

In the first place, the schlieren instrument is made of two units. The first and basic
unit shapes the light wave front passing through the inhomogeneity and forms an
image of the light source at the viewing diaphragm. Its main components are the
diaphragm stopping the intermediate image of the light source formed by the
condenser; the main objectives of the receiving and collimating parts; the protective
windows restricting the inhomogeneity; the viewing diaphragm. The second unit
contains the light source and the condenser objectives, also the photographic
objectives and the recording instrumentation.

The size and the precision of the illuminating and the viewing diaphragms and of
the main objectives are interrelated; they depend on the values of the light deviation
angles in the inhomogeneity. The instruments used in practice are most varied.
Strong explosion waves are studied with mirrors from large-diameter projectors,
which are of relatively poor optical quality. The velocity of motion of strong waves in
shock tubes is measured using small-diameter photographic objectives. Gaseous
objects and precision components of astronomical optics are studied by means of
instruments using long-focus astronomical objectives, with resolving power almost
equal to the diffraction limit of resolution. Such instruments are widely used, and t'hey
are applied to schlieren studies in almost all the branches of science and engineering.
Their main components are large mirrors whose shape remains ideal up to % or{s of
the light wavelength.
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The required manufacturing precision is determined by the character of the
inhomogeneity and the method of measurement used. With defocused grids or
absolute photometry, the initial bending of the wave front is allowed for and hardly
affects the measurement error. Standard comparison methods have more exacting
requirements. In practice, however, every instrument is used with various methods.
Therefore the deviations of the wave front from a plane wave should always be
considerably smaller than the smallest measured angles of light deviation in the
inhomogeneity.

Additional requirements are imposed by the necessity of operating the instrument
over long periods of time. The external reflecting coat, made of silver, aluminium,
or thodium, must be sufficiently durable to withstand cleaning or washing. The coat
may be covered with a special protective film. Nevertheless, the cleaning of large
mirrors is a complex operation and should not be performed too often. Under
industrial conditions special measures must be taken to protect the instrument
from dust, oil drops, etc. A tightly fitting hood, when used correctly, will minimize
the necessity of cleaning the main mirrors, even in a very soiled atmosphere.

Particular attention must be paid to the selection, control, and maintenance of

the performance parameters of the protective glasses. Their optical properties must !

ensure a good point image in the focal plane of the main objective of the receiving
unit. The glasses, however, may be wedge-shaped or even introduce a constant
curvature of the wave front, since these distortions are easily corrected by displacing
the knife-edge along the optical axis. Deviations of the refractive index of the glass
from its nominal value, light absorption, and double refraction are of no significance,
and the glass may be of poor quality in terms of these characteristics. As regards
optical homogeneity, however, the glass must be of the highest quality. It must be
entirely free of knots. Bubbles in the glass are somewhat less critical, but the standards
here are nevertheless exacting.

Since the protective glasses are subjected to mechanical or chemical effects, their
strength and chemical stability under the action of specific reagents must satisfy
certain requirements. Particular attention should be paid to the aging of the protective
glasses. The surface properties change under the continued action of fast particles
and a periodically changing pressure: there appear minute craters, microfractures,
surface deposits. As a result, the optical and mechanical properties of the glasses are
altered. A provision must therefore be made for protective screens in the design of
instruments. Periodical check of the glasses is also very important.

The quality of the condenser and the photographic unit is almost the same for
maximum sensitivity instruments and for less accurate ones. The main function of
the condenser is to illuminate uniformly the instrument field through the illuminat-
ing aperture. The condenser aperture must be somewhat larger (by a factor of 1.5 to 2)
than the aperture of the main objectives. The quality of the objectives is determined
by the uniformity of the source luminance. Simple objectives of low resolving power
can be used as condensers. The quality of the optical components of the photographic
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unit depends on the resolving power of the instrumen.t. A ‘hig.h qua.lit.y is usualli)-'
necessary, which calls for suitably corrected photographic c.)bject.lves, glvu.lg a resoIl

tion of 40-60 lines/mm at the center of the field. The s'chlleren image bellng usuzi ti
1 to % of the inhomogeneity, the resolution in Fhe.object p}ane is roughly equah ;
iO lilrfes/mm. We must remember when designing schlieren .mstr‘umfents thz?

deflected rays may be intercepted by the rim of the ph.otographlc objectlsjes. Tt hls
effect is particularly strong at the periphery of the instrument ﬁelsl, m}r;ce t,. ee
objectives are placed at a fixed distance from the focal Plane of the main objec 1}\1'. .
This factor leads to a considerable increase of the light diameter of the photographic
ObJLe:st;‘;‘;sa'lcting demands are imposed on the mechani.cal components‘ of the schllcrt?n
instruments. Particular attention should only be paid to .the fastening of the rlixam
objectives, which must permit an initial alignment of ‘the 1.nstrument and thE;Il fee;;
the optical components rigidly in position to pfevcpt vibrations. The only mec amtce}
displacement which requires very high precismfl in t.he course ?f the experiment is
the motion of the knife-edge (or any other viewing diaphragm) in the ('11rect10n p'er-
pendicular to the optical axis. We must use a micrometer screw with a readlllng
accuracy of 0.01 mm at least. An accuracy of the order of 0.1.mm suf.ﬁcgs for the 'ot 1er
moving components. This precision usually can be achieved without particular

difficulty.

31. LIGHT SOURCES

The light sources used in schlieren measurements are incz?ndescent lam;?s, iugh-opur:;
sure gaseous discharge lamps, and flash lamps. The‘ choice of the p'artlcu ;rr s.ector
depends on the type of the inhomogeneity and tl‘le aims of t.he experlme;llt. (::;]esses
lamps are usually used in visual and photographic ob's.er.vatl.ons of. lengt .y p;ﬁ se.
As we saw in §25, a maximum measurement sensitivity is achleved.m tfﬁs. c:tl X
A regular incandescent lamp is convenient for most measurements. It is su 01: arz
bright, and the light fluctuations resulting from the use of an AC power so;'r:h are
small. The only exception are the methods of absolute.photon.letr)f, in :‘vd’l e
luminous body must possess a high luminance co.nstancy in th‘e direction o ispla ~
ment of the illuminating slit image. It is convenient to use ribbon-filament in su

" measurements. The central brightness of the luminous body of these lamps is constant

to within 1%. .
The insufi;cient luminance of incandescent lamps affects practical measurements

in two cases. The first is the case of transient processes, when very short expos;luors
times or high-speed cinecameras are necessary. High-pressure me_rcuri'1 or I)::) on
discharge lamps are usually used in this case. The St?C(?nd case is v;/1 eni mono.
chromatic light is necessary. One of the strongest ermsspn lmes'ls tt en is o
by light filters (for instance, the green line of mercury). This combination mal
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possible to greatly step up the image illumination compared to that obtained with
continuous-spectrum sources.

A shortcoming of the gaseous discharge lamps is the shift of the discharge gap in
the course of combustion, which is frequently as large as 1 mm. This is particularly
troublesome in quantitative and high-sensitivity measurements, Different portions
of the discharge gap thus appear in the part of the illuminating slit image not
covered by the knife-edge. Moreover, the luminance of the luminous volume is highly
nonuniform.

Flash light sources are being widely used [10] for various problems. We often need
a single shot with a very brief exposure time. Either flash lamps or sparks are used
to this end. An exposure time as short as 2 to 10 psec is usually achieved without
particular difficulty. The total quantity of light during the flash is usually sufficient
to produce an adequate darkening of an average-speed emulsion with about 0.05 mm
of the illuminating slit image remaining uncovered. Shorter exposure times are
difficult to attain. In the first place, the inductance of the discharge circuit — the leads
and the capacitors — must be radically lowered. Ceramic capacitors made of barium
titanate and similar materials are frequently used. The quantity of light emitted by
the flash is greatly reduced, however, and it becomes necessary to use high-speed
emulsions and leave more than 0.1 mm of the slit image uncovered (for the TAB-451
instruments). The properties of the gas in which the discharge takes place begin to
exert a strong influence. Discharge in high-pressure hydrogen is used for very brief
exposures. Experience shows that it is possible to manufacture sources and discharge
circuits giving a spark of duration of 1077 sec whose intensity is sufficient to produce
schlieren images with a sensitivity of the order of 104 {for y = 2). Flash sources with
shorter exposure-times are very seldom used.

One of the specific features of the use of flash sources is the necessity of synchro-
nizing the flash with a certain phase of the process. The synchronism is usually
achieved with the aid of a triggering transducer which generates a trigger signal at a
certain instant (e.g., when the shock wave passes near the transducer, simultaneously
with the ignition pulse, etc.) and a time delay element which energizes the light source
a specified time after the reception of the transducer pulse. If the rate of the process

changes between ex periments, and we are interested in photographing the same phase
of the process (thus, in a shock tube we mainly need pictures of the model in the zone
of uniform parameters of the working gas), a more complicated time delay circuit
‘is used, comprising two triggering transducers at a certain distance from each other.
The delay time is automatically set proportional to the time interval between the
signals from these two transducers. Such a circuit allows for possible velocity changes.

The discharge channel of an unconfined spark changes its position between flashes,
This is inconvenient for schlieren measurements, especially for quantitative ones. To
avoid this difficulty, the discharge channel is confined artificially, using discharge
in a capillary tube, dfscharge between two quartz or glass plates, etc. The only draw-
back of such designs is the destruction of the wall material by the powerful pulse,
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The sensitivity of photomultipliers is sufficient for almost all schlieren measure-
ments. Some difficulties arise only when working with instruments of low light
transmission coefficient (TE-19) with the uncovered part of the illuminating slit image
narrower than 0.1 mm.

The spectral sensitivity is of much smaller importance, since most measurements
are conducted with light sources of a sufficient spectral width. It is important only in
some diffraction measurements and when the properties of the source and the
emulsion must be matched. The dependence of the spectral sensitivity on the wave-
length is plotted in Figure 92. These data, however, are tentative. The actual
parameters must be measured under the same conditions as when photographing
the schlieren image of the inhomogeneity.

Photocells, and mainly photomultipliers, are used in photoelectric recording. The
signal generated in each of these instruments is proportional to the light flux, and
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this proportionality simplifies the processing of the results. The measurement
sensitivity is determined by the integrated sensitivity of the photocell, and the
minimum recorded light flux depends on the dark current.

As a rule, vacuum photocells are used in schlieren instruments with high-speed
main objectives in low-sensitivity measurements. Photomultipliers are used at high
sensitivities.

The relative spectral sensitivity of the photoelectronic instruments depends on the
type of the photocathode used (Figure 93).

Vi

MOUNTING
AND ADJUSTMENT
OF SCHLIEREN INSTRUMENTS

33. ALIGNMENT

The instrument must be aligned before it is put into operation. It is supplied in a
dismantled form, separate containers being used for the different optical com-
ponents. Therefore, the first operation consists in assembling and aligning the
instrument,

The actual alignment procedure depends on the type of schlieren instrument used.
The TE-19 and TE-20 instruments can be aligned only by specialists; the IAB-451
and IAB-453 instruments, on the other hand, can be aligned by the user. We shall
therefore describe in greater detail the alignment for the IAB-451.

The working space necessary for instrument alignment is 7m x 2 m. The receiving
and the illuminating units are aligned separately; they are then matched, and the
quality of the point image is checked.

One of the units is mounted on a pedestal at the middle of the working area. The
pedestal must have controls for instrument leveling. A level gage is placed on a
scraped area of the instrument. The instrument is then displaced and the body
is rotated about the axis until this area becomes horizontal. If several instruments
have to be aligned, it is more efficient to level the pedestal.

A guide rail with an autocollimating eyepiece is provided on one side of the
instrument, and on the other an optical tube with illuminator, which forms the image
of the cross-hairs at different distances from the tube. The problem is to align the
optical axis of the instrument. To that end, frames with cross-hairs are placed at the
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two ends of the instrument body, at a distance of 117 mm from its geometrical axis.
The vertical axis of each frame must coincide with the plumb. The optical axis is set
10 mm farther from the center than the line through the centers of the two cross-
hairs. The optical tube is mounted so that its optical axis coincides with the centers
of the cross-hairs. To this end, the cross-hairs are projected on each frame in turn.
The tube is shifted and inclined until the cross image is made to coincide with the
two cross-hairs for the same position of the tube.

After the illuminating tube has been aligned, the frames are removed and the guide
rail is set so that the line of motion of the cross-hairs in the autocollimating eyepiece
coincides with the tube axis. This is achieved when the centers of the cross-hairs in the
eyepiece and of the cross-hairs image coincide for any position of the eyepiece on the
rail. The eyepiece is then moved 10 mm away from the instrument center. As a result
of all these operations, the center of the eyepiece cross-hairs lies on the optical axis
of the instrument for any position of the eyepiece on the rail.

Next, the optical components of the instrument must be mounted in such a way
that the centers of curvature and the foci will be located on the optical axis, fixed
by the eyepiece cross-hairs. First, a revolving diagonal mirror is mounted. A bushing
with glass on which two cross-hairs are traced is placed in the exit opening. The side
cross-hairs is at a distance of 9.3 mm from the central cross-hairs, and it corresponds
to the point through which passes the ray displaced 10 mm from the optical axis,
i.e. from the center of the luminous beam of the illuminating tube. The optical tube
is focused in such a way that the cross-hairs image appears on the bushing wall.
The cross-hairs centers are then made to coincide by rotating and inclining the
diagonal mirror.

Next, the spherical mirror and the meniscus are mounted. The mirror is inserted
in a fitting socket, and is brought into position by means of adjusting screws, so that
the cross-hairs of the autocollimating eyepiece coincides with its image formed by
reflection from the spherical mirror. The menisci are aligned in the same way. The
search for an autocollimated image presents some practical difficulties.

The point of coincidence of the cross-hairs with its image from the meniscus is
at a distance of 608 mm from the tube exit, and the point of coincidence with its
image from the mirror is at a distance of 1655 mm. These distances determine the
necessary size of the rail when mounting the spherical mirror and the meniscus.

This ends the instrument alignment proper. The accuracy of the illuminating slit
setting is controlled by a plane mirror, which gives an autocollimated image of the
point formed by a microscope. The microscope is focused on the slit and on the auto-
collimated image of the point, and the slit position is adjusted until they are both
clearly visible at the same time. The setting is then equal to 0.1 mm, which, as will
be seen below, considerably exceeds the required accuracy.

The same procedure is followed for aligning the second unit of the instrument.
The quality of the instrument as a whole is checked against a luminous point image.
To this end, a microscope with an illuminator giving an image of a luminous point
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< 0.01 mm in diameter in the slit plane is placed in the illuminating part. The image
of this point in the receiving unit is observed by means of a second microscope. The
point image must be a small circle. On the axis the point image must have a distinct
diffraction structure.

The energy distribution in the diffraction disk of confusion has a decisive influence
on the quality of the schlieren instrument. Therefore, if the instrument is intended
for very accurate experiments, it is advisable to photograph the point at different
distances from the axis. By observing and analyzing photometrically the image, we
can best estimate the instrument quality and select the size and the position of the
illuminating slit for which the aberrations are minimum.

Thus auxiliary aligning equipment is necessary for the full alignment of the
schlieren instrument: an illuminating tube on a pedestal, a cross-hairs, a bushing,
a guide rail with an autocollimating eyepiece, an autocollimating microscope, a
plane mirror, and a microscope. It should be borne in mind that this equipment
serves only for fixing the optical axis in space and determining the position of the
centers and the foci of the mirror and the meniscus on the axis. A different alignment
equipment and procedure can therefore be used. Thus if we have to align a single
instrument, we may use a longer alignment procedure and, replacing the illuminating
tube by a level gage, avoid any special equipment. The most important operation
remains the alignment quality control.

34. MOUNTING

Schlieren measurements are being used on an increasing scale in complex installa-
tions, requiring a large staff, numerous motors, machines, and other industrial
equipment. The transition from laboratory to industrial conditions is particularly
noticeable when the schlieren instruments are used for gas-dynamic measure-
ments. The instruments are mounted in large industrial premises together with
functioning motors, pumps, and similar objects.

As a result, the effect of extraneous disturbances increases considerably. Whereas
the sensitivity of the schlieren instrument under laboratory conditions is limited
only by aberrations and diffraction phenomena, here vibrations and heat fluxes
become predominant. Particular attention should be paid to methods of mounting
the instrument intended to decrease these effects. Each of the disturbing factors will
now be separately examined.

The strongest effect is that of vibrations. The method to be used for protecting the
instrument from vibrations depends on the frequency and the amplitude of vibra-
tions, and on the deflection of light in the inhomogeneity. The problem is particularly
difficult if the inhomogeneity deflects the light through a small angle and the instru-
ment must operate at a high sensitivity. Thus if the instrument must measure deviation
angles as small as 1”, the slit image must not move by more than 10~ 3 mm in the
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course of the experiment. This is a very exacting requirement, and several preventive
measures must be taken in order to fulfill it.

Practice shows that there is always a tendency to improve with time the accuracy
of the measurements. Therefore, the instrument must be mounted in such a way that
its vibrations are minimum.

Note that a simultaneous shift of the two units of the schlieren instrument will not
lead to a displacement of the slit image, and therefore will not distort the results of

schlieren measurements. Only relative displacements of the instrument units are of

importance.

A vibration-free seating, set on a cushion of air or some other vibration damping
material (sand, sawdust, etc.) is essential under these conditions, supporting both the
receiving and the illuminating unit. No vibration-conducting objects should be
located in the space separating this seating from the common seat of the machines.

As a rule, the use of a separate seating is insufficient for the complete prevention of
vibrations. In addition, the two units must be set on a single rigid truss mounted on
shock absorbers. Satisfactory results were obtained with shock absorbers made of
several layers, each differing from the adjacent one in its elasticity and stopping
vibrations of a given frequency. '

Even this is not sufficient in some cases. Residual vibrations pass through the
protective system and lead to a displacement of the illuminating slit image, reducing
the accuracy of the schlieren measurements.

Working experience with the IAB-451 and TE-19 shows that the vibrations of the
different components are easily eliminated by the introduction of fastening elements
(screws). To prevent relative vibrations of the receiving and the collimating units,
particular attention should be paid to their rigid fastening on a common pedestal.

When mounting the instrument, it is necessary to study the influence of vibrations
and estimate their quantitative effect. Continuous-trace photography can be used to
this end, but the photoelectric recording of vibrations is more convenient. The setup
used is similar to that described above. A transducer transforming the light intensity
fluctuations into electric fluctuations is set behind the schlieren instrument knife-
edge; this transducer can be a photoresistor, a photocell, or a photomultiplier. The
signal generated by the transducer is recorded on an oscillograph. Since low-frequency
vibrations (lower than 1 kHz) are the most important ones, it is convenient to use a
loop oscillograph. To determine the vibration frequency, a signal from a signal
generator is fed to the second input of the oscillograph. The signal amplitude can be
easily related to the deviation of the illuminating slit image. To this end, the pattern
is photographed for different positions of the knife-edge with respect to the slit image.
A curve of the signal amplitude as a function of the slit image displacement is plotted
on the strength of these photographs. This method has two advantages: first, it
records directly the displacement of the illuminating slit image, i.e., the quantity
which affects the sensitivity and the error of the schlieren instruments; second, it is
graphic, attractively simple, and its results can be rapidly processed. These advantages
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make the photoelectric recording method superior to the continuous-trace
photography.

We shall describe the fastening of the IAB-451 as an example of vibration
protection. .

The instrument was set on a single pedestal made of two channels. A vibrator was
placed under one of the edges, generating vibrations between 20 and 300 Hz with
an amplitude of up to 0.1 mm. First, an experiment was conducted without fastening
the instrument. When the vibrator was started, the instrument tubes started to rotate
in opposite directions, and the illuminating slit image was displaced by several centi-
meters in a few seconds. This shows that the intensity of the applied disturbances
considerably exceeds the strength of the vibrations usually met in industrial condi-
tions. Next, the instrument was fastened by means of a rubber band which pressed
the tubes of the receiving and illuminating parts to the support. Because of its large
friction coefficient, the rubber band markedly hinders the rotation of the instrument
tubes about the axis. For a rubber band tension of 100 kg, the total slit image dis-
placement decreased to 0.1 mm. The increase of the tension to 800 kg decreased the
displacement to 0.01 mm, and its further increase to 2500 kg reduced the displace-
ment to 0.002 mm. Therefore, this fastening method reduces the influence of vibra-
tions almost to zero and the sensitivity is determined by other sources of error. The
final results are summarized in Table 4.

Table 4

Slit-image displacement, mm/min

frequency illuminating edge displace-
vibration slit position motion cement
Without fastening > | mm
Fastening with a tension
of 100 kg 0.03 0.01 0.01 0.05 0.1
Fastening with a tension
of 800 kg 0.01 < 0.001 < 0.001 0.001 0.01
Fastening with a tension
of 3000 kg < 0.001 < 0.001 < 0.001 < 0.001 0.001

Parameters of the vibrations: frequency 20-70 cycles/sec, amplitude 0.05 mm.

Naturally, the method just described is far from being the only possible method;
it is not even the best one. The results indicate, however, that the instrument by
relatively simple means can be made vibration-proof to such an extent that even in
case of very strong vibrations the ultimate sensitivity is determined by other factors.
On the other hand, when the instrument is mounted in industrial premises without
the use of a tested vibration protection, the vibration limitations become funda-
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mental and determine the maximum possible sensitivity of the instrument and the
limits of its applicability.

The second condition of reliable functioning of the instrument is its insulation
from heat and from sound vibrations, which cause deformation of the air medium
in the instrument and between the instrument and the object of study. The schlieren
instrument readings are almost equally affected by all the disturbances in the field
of view of the instrument lying at different distances along the optical axis. The air
density fluctuations in the instrument lead to a displacement of the slit image similar
to that produced by light deviation in the inhomogeneity. Small density fluctuations
are particularly dangerous, since they greatly interfere with the identification and
interpretation of the object. If the angle of deviation produced by the additional
disturbances is almost constant over the entire instrument field, such errors lead
only to a change in the measurement sensitivity and have a much smaller effect
than small inhomogeneities for the same values of the angle of deviation.

The theoretical evaluation of the influence of thermal and convective flows is
difficult. We shall describe here an experimental study of these factors, conducted
for the IAB-451 [20]. The local thermal effects were studied by heating the instru-
ment body with an incandescent lamp. The body temperature changed in 10 min
from 21° to 36°. The rate of heating was constant (1.5 deg/min). The schlieren pattern
of the instrument field was regularly photographed on a Mikrat-200 film. The dis-
placement of the illuminating slit image was determined by the photometric method
of the knife-edge and the slit.

The slit image displacement strongly depends on the point at which heat is applied
(Figure 94). Heating near the meniscus displaces the slit image by 0.01 mm when
the body is heated by 3°C. Heating near the main objective mirror displaces the
slit image by 0.15 mm when the body is heated by 4° C. Thus, heating near the mirror
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Figure 94

Displacement of the illuminating slit image when the body of the IAB-451 is heated near the mirror (1)
and near the meniscus (2).
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affects the measurements twenty times more strongly than heating near the meniscus.
Therefore, the main cause of the slit image displacement is to be sought in the thermal
deformations of the different components of the instrument, and not in the convective
flows.

The minimum light deviation angles measured with this instrument are about 0.1".
Aberrations of the optical system and diffraction phenomena prevent the measure-
ment of smaller angles. Therefore, the thermal effects will be negligible if the external
heating does not lead to a slit displacement larger than 1073 mm. If the maximum
effect taking place during heating near the main objective mirror is taken as a measure
of the thermal disturbance, we reach the conclusion that the instrument body must
not be heated by more than 0.02° in the course of the experiment. As a rule, the
schlieren instrument body is sufficiently massive, and the heat sources are weak, so
that this requirement is satisfied relatively easily. Experiments show that if we protect
the instrument by a 4 cm layer of porous insulation, heating for 30 min by this same
incandescent lamp does not lead to a displacement of the slit image larger than
1073 mm.

Thus this protection represents a complete solution of the problem, in spite of its
simplicity. However, special measures must be tiken to prevent the instrument
temperature from rising by more than 0.02°C. In fact, the instrument is exposed
in industrial conditions to various heat sources: nearby incandescent lamps
(including the lamp of the schlieren instrument itself), convective heat flows from
running motors, sun rays accidentally falling on the instrument, etc. It follows that
an instrument without thermal insulation cannot be used for high-sensitivity
precision experiments in industrial conditions.

The thermally insulating layer represents a good protection both against acoustic
vibrations and against air flows.

It is convenient to use a hood for insulating the space between the instrument
and the test object. For the hood to reliably protect the instrument from acoustic
and thermal factors, it must be made from a sufficiently thick layer of porous insulant
(~ 4 cm), attached to a rigid base. Slits and gaps are not allowed. The hood must be
fastened tightly to the instrument on one side, and to the chamber containing the
object on the other. The fastening is most reliably done by means of screwed flanges.
Since the working chamber may vibrate, one of the hood components must be
flexible, to prevent the transmission of vibrations from the working chamber to the
instrument.

A high-sensitivity instrument should be mounted as follows (Figure 95): a common
pedestal for the illuminating and the receiving units of the schlieren instrument is
mounted on shock absorbers on a vibration-insulated seating. The schlieren
instrument units, thermally and acoustically insulated by a porous sheathing, are
rigidly fixed to the pedestal. The space between the instrument and the object is
likewise insulated with the aid of a compact hood, having a flexible gap for the
absorption of the vibrations coming from the working chamber. The complexity of
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Figure 95
The mounting of a high-sensitivity schlieren instrument near a large aerodynamic instaliation:
1 vibration-insulating seating of the schlieren instrument; 2 foundation of the premises; 3 common
rigid pedestal of the collimating and the receiving units; 4 shock absorbers; 5 rubber band fastening

the instrument to the pedestal; 6 sound and heat insulating jacket; 7 periscopic lens hood; 8 pro-
tective glass; 9 working chamber of the installation; 10 observed inhomogeneity.

the installation is more than made up by the reliability of the measurements and the
possibility of operating at the maximum sensitivity of the schlieren instrument.
If the premises are vibration-free, or if the experiments are tentative, a simpler

mounting system is permitted, with some of the protective elements omitted. The °

selection of the mounting system is dictated by the specific conditions and aims of the
experiment.

35. ELEMENTS OF ADJUSTMENT

We have assumed so far that the optical and the mechanical systems of the schlieren
instrument completely satisfy the basic requirements of schlieren methods: the
source is in the focus of the main objective of the collimator, the viewing diaphragm
coincides with the source image, etc. In practice, however, the schlieren instrument
is adjusted by devices and methods which lead to various errors. In addition, it is
inherently impossible to conduct certain operations with the required accuracy.
Thus, we say that the plane of the inhomogeneity is projected on a screen or a
photographic plate. And yet most of the test objects are extended along the optical
axis, so that only one section of the inhomogeneity is conjugated with the screen
plane, while all the other parts of the inhomogeneity are projected on the screen in a
defocused form. It follows that the problem of elucidating the necessary accuracy of
instrument adjustment is one of the most important tasks in understanding the
operation of schlieren instruments.

There is a second side to this question. It is important to determine the necessary
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adjustment accuracy, since a superfluously high accuracy only complicates the
practical work and prolongs the experiment unnecessarily. Different stages of the
adjustment procedure have been repeatedly described in the literature (cf. [3,35,58]).

The schlieren instrument adjustment starts with the mounting of the light source.
Usually the luminous body does not have sharp boundaries or regular geometrical
shape. Therefore, in exact qualitative and especially quantitative measurements,
we use as a light source the image of the real source projected on the illuminating
slit of the instrument. The slit cuts a portion of regular geometrical shape from the
image, which is convenient for processing and analyzing the results. The first
operation is thus to project the image of the luminous body on the slit. First, the
source image is brought to coincide with the slit by means of the control screws, and
then one of the condenser lenses is displaced until the image is moved to the slit
plane. A coarse control of the focusing sharpness and the correctness of the image
position is accomplished by visual inspection of the illuminating slit, conducted
through special windows. The fine control is accomplished by observing the slit
position through a microscope or a magnifying glass. The components are aligned
so that the edges of the slit and the luminous body appear equally sharp and the slit
cuts the necessary portion of the luminous body image.

The focusing accuracy depends on the source shape and the uniformity of the source
luminance. If the luminous body is extended and uniformly bright, a poor focusing
accuracy will suffice, since even then the schlieren instrument field will be illuminated
with sufficient uniformity. If, on the other hand, the light source has portions which
differ markedly from the rest of the luminous body, the defocusing will lead to a
nonuniform illumination of the field. The adjustment method described makes it
possible to bring the image plane of the luminous body to coincide with the
illuminating slit plane with an accuracy of up to tenths of a millimeter, which is
sufficient for all the practicable light sources (flash lamps, sparks, high-pressure
mercury discharge lamps, incandescent lamps) and for almost all slit widths (up to
0.03 mm).

The mounting of the illuminating slit in the collimator focus is another of the
adjustment operations. It is assumed in all the calculations that light emerges from
the collimator as an ideally parallel beam. Actually, the slit is at a certain distance
from the focus, and as a result the light wave in the object plane is slightly curved.
This leads to some additional undesirable effects and measurement errors,

If the light ray passes at some angle to the object plane, and the camera is focused
at the middle of the object, the region near the boundary will appear darker
(Figure 96). The size of the darker zone depends on the position of the object and
the ideal focal plane, on the width of the object and on the light front curvature.
It is determined by the expression

yl

Ay = 7 Af. (35.1)
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Figure 96
Ray path in the object plane with a defocused light source.

This effect is noticeable if Ay is larger than the maximum resolvable distance. We
shall evaluate this condition numerically. If y = 10cm, Ay = 107%cm, | = 10cm,
f = 200cm, then Af = 0.4cm. As we see, the requirements regarding the mounting
accuracy of the illuminating slit are not particularly exacting.

Because of the noncoincidence of the illuminating slit and the collimator focus,
the edge of the field is cut by the receiving unit objective. This truncating effect is
expressed by

AR = %1— Af, (35.2)
where a is the distance between the receiving and the illuminating units, R is tl.1e
radius of the main objectives. For a maximum field truncation of 0.1 cm we obtain
Af=2cmforR=100m,f=2000m,a=2000m. o -

The third error caused by the inaccurate mounting of the illuminating slit leads
to a breakdown of the quantitative relationship between the angle of light devi'fltion
in the inhomogeneity and the shift of the slit image. In fact, the slit image w_111 be
projected not in the focal plane of the collimator, but in some other plane distant
Af from it {up to terms of second order). In quantitative measurements we assume
as before that & = &f, whereas in this case

5=¢ef <1 - S——l—f Af), (35.3)

/
where s is the distance from the inhomogeneity to the first principal plane of the
receiving unit objective. If the error must not exceed 0.5%, we obtain Af = lcm
(fors = 4 x 10*cm, / = 200 cm). o

The analysis of the phenomena taking place when the illuminating slit is
inaccurately set in the collimator focus shows that the focusing can be achieved
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with an accuracy of + 3 mm. This is a very low accuracy, which is covered with a
wide margin in the manufacturer’s instrument alignment. We can therefore dispense
with any additional adjustment under practical conditions. The carriage with the
illuminating slit is set in the position indicated by the manufacturer. The mechanical
manufacture and the alignment accuracy give an error not larger than + 1 mm
in slit focusing, which satisfies the requirements to be met by the schlieren instrument.

The instrument must be mounted so that the light rays traverse the object in a
given direction. If a plane inhomogeneity is studied, the optical axis of the instru-
ment should be directed along a line of equal parameters of the flow. A right-angled
prism can be used usually to this end (Figure 97). The support plane is brought to
coincide with the plane relative to which the instrument is oriented — a plate, the
chamber wall, etc. If the optical axis of the instrument is parallel to this plane, the
image of the illuminating slit formed by the rays passing through the alignment device
will coincide with the fundamental image. The images separate in cases of non-
parallel alignment. The adjustment method calls for observing the illuminating slit
image in the focal plane of the main objective of the receiving unit. The two slit images
are brought into coincidence by moving the collimator tube. This procedure ensures
that the optical axis of the instrument is parallel to any plane with an accuracy of
about 1’, which is much higher than what the experiment requires.

Figure 97
A right-angled prism used to align the optical axis parallel to the supporting plane of the object.

The exact alignment of the illuminating slit in a given direction is necessary because
an instrument with a slit source measures only deviation angles in the direction
perpendicular to the slit. Knowledge of the direction of the deviation angles is
necessary for the subsequent processing of the photographs. Thus when studying
axisymmetrical inhomogeneities, the schlieren instrument is adjusted so as to
measure the angles of light deviation in the parallel and perpendicular directions
to the axis of symmetry of the inhomogeneity. Skotnikov suggests the following
procedure for aligning the instrument slit in the necessary direction: a lens is placed
in the image plane (the schliere lens used for measurements by standard methods can
be used to thatend), and the knife-edge is rotated until the diffraction pattern observed

o —
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in the lens reaches maximum sharpness. To ensure good visibility, a sufficiently
narrow slit is selected (0.01-0.03 mm). The direction of the diffraction bands
coincides with the direction of the illuminating slit. The slit and the knife-edge are
then rotated until the diffraction bands in the lens are aligned in the required direc-
tion. If the slit must be set parallel to some component of the optical inhomogeneity
which is not visible in the preliminary adjustment, a simultaneous photograph is
taken of the diffraction pattern in the lens and of the inhomogeneity, and the angle
between the diffraction pattern and the given direction is measured on the photo-
graph; the slit is then rotated through this angle. This method is particularly
convenient if the slit must be aligned relative to a transient inhomogeneity. The
alignment accuracy of the illuminating slit on the basis of the diffraction pattern in
the extra lens is usually sufficient for any experiment.

A similar method without a standard lens is sometimes used. The knife-edge is
defocused and its diffraction pattern is observed. In this case, however, the knife-
edge can be aligned only relative to opaque edges, since the visibility of the optical
inhomogeneities is much poorer. In addition, this method incorporates errors of
the mechanical defocusing system. Its only advantage lies in the absence of an
additional lens.

The next operation in schlieren instrument adjustment is the matching of the
illuminating and the receiving units. The optical axes of the two units must coincide.
Inclination and displacement of one axis relative to the other may reduce the
instrument field, change the working range, and alter the aberration characteristics
of the instrument.

In the TE-19, the coincidence of the optical axes is controlled by means of cross-
hairs in each . of the instrument units, which are used for assembling the optical
system. They are observed through a theodolite. In the IAB-451 and IAB-453,
this operation is conducted differently: a rim is fitted on the exit aperture, with a
cross-hairs whose center coincides with the aperture center. The height of the
illuminating slit is stopped (or a point grid is used). The receiving unit is then fitted
until the luminous point image coincides with the center of the cross-hairs. Frequent
use is made of the coincidence of the axis of rotation of the knife-edge with the center
of the exit aperture. In this case, the receiving unit is fitted until the point image
touches the edge for any position of the knife (usually for two vertical positions, with
the knife-edge above and below, and for two horizontal positions). Since devices for
tilting the receiving unit are usually independent for vertical and horizontal dis-
placements, it is convenient to move the luminous point first along one coordinate
and then along another. When the axes are matched, the receiving unit is translated
parallel to itself until the beam emerging from the collimator fills the light aperture
of the receiving unit. The observation is conducted with a wide open illuminating
slit, which increases the quantity of light and facilitates the adjustment.

Let us question the accuracy of these operations. If the axes are not parallel, the
instrument range is shifted and the aberration characteristics deteriorate. If the
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aperture radius is 20 mm, an error in the inclination causing a displacement of 1 mm
of the source image will change by 59 the value of the largest measurable angle.
Since the aperture size is made with a certain margin, it becomes clear that this
factor does not impose substantial restrictions on the adjustment accuracy. Another
factor is more important. The shift of the point position has an adverse effect on the
aberration quality of the point image. If a slit source is used, its points lying far from
the optical axis will be imaged with poorer quality than the central points. A total
shift of the slit image {5 of its length does not lead as a rule to a substantial
deterioration of the results. If point sources (or short slits) are used, the perr;lissible
displacement is determined by the distance at which the image quality deteriorates
insignificantly. For the existing systems of instruments, the angular size of the zone
in which the aberrations are almost equal to the aberrations for a point on the axis
is 1-2', which corresponds to a linear size of approximately 1 mm.

It follows from the above that the optical axes of the illuminating and the receiving
units must be parallel to within 1. The image of a point source in the focal plane of
the receiving unit must lie at a distance not greater than 1 mm from the optical axis.
A higher accuracy does not lead to a substantial improvement of the results.

The matching of the optical axes affects almost only the truncation of the field
of view. Since the wave front from a point source can be regarded as plane with
satisfactory accuracy over the entire instrument field, the aberrations change
negligibly and can be neglected. The field truncation does not impose special
adjustment requirements, either. Thus a displacement of 3 mm is unnoticeable for an
instrument with a field of the order of 200 mm.

It should be noted that all the adjustment procedures leading to the coincidence
of the optical axes of the receiving and collimating units give an accuracy wholly
sufficient for the measurements. .

The next step is to align the viewing diaphragm relative to the light source image.
In the knife-edge and slit method, the knife must be brought to coincide with the plane
of the slitimage, and the knife-edge must be parallel to the slit edges at a given distance
from them. In the curved-stop method, the stop plane is brought to coincide with the
slit image plane, which should be perpendicular to the stop axis lying on a specified
portion of the curve. When using defocused grids, they are oriented with respect to
the slitimage and set at a specified distance from the focal plane.

We will examine this adjustment step for the knife-edge and slit method. First,
the knife must be brought to coincide with the illuminating slit image. A defocusing
of the knife-edge leads to a nonuniform illumination of the field. For a field point
situated at a distance r from the field center in the direction perpendicular to the knife-
edge, a displacement A is roughly equivalent to a shift Ar/f of the knife-edge. Field
points lying on the same side of the optical axis as the knife-edge appear darker
for defocusing toward the main objective and brighter when the knife-edge is moved
behind the focus. :

The sensitivity of the method becomes different for different points of the field.
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This leads to great inconveniences in practical measurements. Optical disturbances
of equal magnitude produce different effects if they are located at different distances
from the geometrical axis. The defocusing factor is particularly large at high
sensitivities. The relative change of the illumination in the instrument field is equal to

Al 2rA

T = e (35.4)

If an illumination nonuniformity of 5% is admissible for a 0.05 mm wide slit, we
obtain from (35.4) that the defocusing must not exceed 2.5 x 10~? mm for an
instrument field of 100 mm. To achieve this high accuracy, we use the phenomenon
of uniform field darkening when the knife-edge is moved perpendicular to the
optical axis. If the knife-edge is in position 4 (Figure 98), the direction of image
darkening is opposite to the direction of knife-edge motion; if it is in position C,
darkening occurs along the knife-edge motion. If we take a sufficiently narrow slit
(~ 0.03mm) and by moving the carriage align the knife-edge so that the
darkening is uniform over the entire field area, we achieve the necessary accuracy
of knife-edge focusing, since the eye readily senses an illumination nonuniformity
of the order of 5-109,.

Screen
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4
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. 4
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A B C
Figure 98

Focusing the knife-edge.

A high-precision focusing of the knife-edge makes sense only if the knife plane is
parallel to the plane of the illuminating slit image. Indeed, for a slit length of 10 mm,
a departure of 30' from perfect parallel alignment of the planes leads to a defocusing
of 5 x 102 mm for the extreme points when the central point of the slit is in focus.
The mechanical manufacture errors can reach a considerable value. Therefore, in
precision measurements, we must check the coincidence of the planes. To this end,
a slit diaphragm D (Figure 99) cutting a portion of the illuminating slit 4 is placed
in the focal plane. We then check by the method described above whether there exists
a certain position of the knife-edge for which all the parts of the slit are in focus. If
there is no such position and opposite parts of the slit are defocused in different
directions, we must tilt the knife until its plane coincides with the slit image. In
precision instruments, the parallel alignment of the planes is checked only once
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Figure 99

Checking the coincidence of the knife plane and the slit image plane.

in the course of the preliminary alignment of the instrument. There are cases when the
plane of rotation of the knife does not coincide with the slit image plane, so that the
rotation of the knife breaks the instrument adjustment and causes a defocusing of
different parts of the slit. The value of this error must be checked when aligning the
instrument. To reduce this error, the instrument should have fine controls which
bring the knife plane to coincide with the slit image. This is usually achieved by
moving the carriage along the optical axis and tilting the knife (or the illuminating
slit).

Other diaphragms are set in the focal plane of the main objective in exactly the
same way as the knife-edge. In the curved-stop method, the straight edge of the stop
perpendicular to the axis of symmetry serves as a knife-edge in the adjustment process;
in the filament and grid methods, the edge of the opaque line serves as a knife-edge.
The same operation, although with a lower accuracy, is used in the defocused grid
methods, where it is applied to establish the position from which the defocusing
is measured.

The method described is convenient and sufficiently reliable for the majority of the
experiments. The adjustment quality can be determined with an accuracy which is
sufficient for reliably establishing whether the error affects the results of the high-
accuracy measurements.

The next step involves setting the knife-edge parallel to the edge of the illuminating
slit image (the coarse adjustment is generally carried out before the knife is set in the
focus, since the accuracy of the knife-edge focusing is improved if the knife is parallel
to the slit image). The previous relationship between the knife position and the image
illumination does not hold if the knife-edge is not parallel to the illuminating slit
edge, and it becomes difficult to determine the width of the uncovered part of the
illuminating slit image. An error is thus introduced in the quantitative methods.

Let the slit be rotated through an angle o (Figure 100). The screen illumination
will then be equal to .

ltan o
Jy =Bl (él + 5 ) (35.5)
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where &, is the width of the uncovered part of the slit image in the direction perpen-
dicular to the narrow part of the slit.

If the inhomogeneity rotates the wave front through an angle ¢ in the direction
perpendicular to the knife-edge, the screen illumination becomes equal to

[ tan £
J, =Bl (:1 , lene o > (35.6)
2 COoS o,
The angle of light deviation can be found from the formula
J,—=J Itan o
& = —Lj—l—ficosa (fl + 5 > (357)

Usually, however, the width of the uncovered part of the slit is measured in the direc-
tion perpendicular to the knife-edge. Let this measurement be conducted at a distance
h from the point of intersection of the lower edge of the slit image with the knife-edge.
It is then assumed when measuring the angle of deviation that

J,—J & +htana

= 35.8
b J.f COS & (358)
The relative error of determination of the angle of light deviation is equal to
+ htan
k=1 thtne : (359)
cos® o (&; + 3ltan )
Since « is small, we can transform (35.9) to
a (1 a2hl
kK=—|——h)+—. (35.10)
(1) 5

The width of the uncovered part of the slit image must be measured at the middle.
If the measurement is conducted at one of the edges, the requirements of parallel

\

&,
Figure 100
Setting the knife-edge parallel to the slit edge.
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alignment are much more exacting. The effect of nonparallel alignment is the greatest
in the case of high-sensitivity measurements.

If /2 — h=05mm, ¢ = 02mm, ¢« = 10, the measurement error is equal to
Kk=15%.

In practice, the parallel alignment of the knife-edge relative to the slit edge is
established visually. A difference of 0.01 mm in the slit width at the ends is reliably
detected for a slit width of 0.05mm. For a slit length of 10 mm, this leads to an
accuracy of 3’ in the measurement of the angle o. Since in practice the width of the
uncovered part of the slit image is measured at slit points situated at a distance of
not more than one millimeter from the center, such adjustment accuracy suffices
even in precision experiments. When the width of the uncovered part of the slit image
is reduced, it is necessary to conduct the measurements closer to the middle.

The error due to nonparallel alignment is substantial only for the methods of
absolute photometry. When schliere are used, it affects the sensitivity only. However,
since a change of about 109/ in sensitivity is virtually of no consequence, a coarser
adjustment is permissible in these cases.

In the defocused grid methods, the parallel alignment of the slit image relative
to the grid lines is important because the sharpness of the shadows and the accuracy
of determination of their center depend on it. A different adjustment procedure is
used in this case: the grid is rotated, and the shadows of the lines are observed on
the screen. The grid is set in a position which ensures shadows of maximum clarity.
This method is very simple and sufficiently accurate.

The concluding stage in the instrument adjustment procedure consists in focusing
the camera on the inhomogeneity. The aperture of the illuminating beam in the
schlieren instrument is small. For a 10 mm long slit, the angle of divergence is a mere
18". Attempts to focus the photographic attachment using the sharpness of the opaque
edge placed in the object plane do not lead to satisfactory results, since the object
appears sufficiently sharp even for a considerable defocusing.

H. Schardin [121] suggested focusing the camera on the strength of the shape
of the diffraction pattern produced at an opaque edge. If the knife covers the slit
image, a bright fringe appears at the edge of objects; this fringe is split if the camera
is defocused, and gives a single diffraction peak only in case of exact focusing. This
method is somewhat more accurate, but it is difficult to make a detailed observation
of the diffraction pattern.

The following procedure is the simplest and the most accurate. A light source
(usually a portable incandescent lamp) is placed in the plane where the inhomo-
geneity is expected to be. The camera is adjusted so that the image of the lamp
filament is clearly visible on the screen. Since the aperture of the light rays forming
the filament image is large, the focusing can be done with a high accuracy. The large
amount of light likewise simplifies the adjustment.

If the viewing diaphragm is removed, transparent inhomogeneities in the object
plane will not be visible on the screen in case of correct focusing. Note that the
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inhomogeneities must not be too strong, since for large deviation angles the light
rays may be cut off by the exit pupil rim, which will play in this case the part of the
viewing diaphragm.

Extended inhomogeneities are frequently observed. In this case, a complete
invisibility of the inhomogeneity cannot be made completely invisible. The optimal
focusing is then sought, ie., the position of minimum visibility; in many axisym-
metrical objects, the optimal focusing is achieved by focusing on the middle of the
inhomogeneity. When studying more complex processes, the ideal focal plane can
be displaced. The condition of invisibility of the inhomogeneity in the absence of
the diaphragm is not the only condition in selecting the ideal focal plane. Refraction
problems become decisive when the light is deflected through large angles. In these
cases, the ideal focal plane is selected so as to make the largest possible part of the
inhomogeneity accessible to measurements and to ensure that the illumination-
distribution in the screen plane corresponds as accurately as possible to the distribu-
tion of light deviation angles in the inhomogeneity.

VIII

METHODS OF CALCULATION
OF INHOMOGENEITIES

36. PASSAGE OF LIGHT THROUGH AN ISOTROPIC
MEDIUM

The schlieren methods measure the change in the shape of the light wave front after
its passage through an inhomogeneity. In order to determine the inhomogeneity
characteristics, we must, therefore, ascertain the relationship between this quantity
and the properties of the optical inhomogeneities. This problem is easily solved in the
case of mirror optical systems; the relationship between the wave shape change and
the mirror irregularities is readily found. The study of transparent objects, in which
the light beam passes through zones of different refractive indices, is more difficult;
it necessitates an examination of the question of light propagation in an isotropic
medium.

Our analysis will be based on the electromagnetic theory of light [9]. The Maxwell
equations for an isotropic, non-magnetic and non-conducting medium are

cudH-SE =0, divE=0,
i (36.1)
curl E—;H: 0, divH=0,

where E is the electric field vector, H is the magnetic field vector, c is the light velocity,
and ¢ is the dielectric constant of the medium. The elimination of the electric or the
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magnetic field vector from these equations yields a wave equation for every com-
ponent of the other vector, or

AE-ZE=0 (36.2)
C

where A = 8%/0x® + 0%/3y* + 9%/0z? is the Laplacian.
Consider the case of simple harmonic oscillations, described by the function
f(x, v, )™, Equation (36.2) reduces for such oscillations to
Af + k02 f =0, (36.3)

where n = \/E is the refractive index.
We introduce a wave of the form

f= UGy e 2, (36.4)

where L(x, y, z) is an almost linear function, and U (x, y, z) is a slowly varying function.
The substitution of this expression in (36.3) yields

k*U(n*—|grad L|*) + ik(UAL + 2 grad U - grad L) + AU = 0. (36.5)

We shall now derive the equations of geometrical optics. Since geometrical optics
is valid for large k, we can drop all the terms of (36.5) except the first, obtaining

lgrad L|? = n’. (36.6)

Introducing a unit vector § normal to the surface L = const, we obtain

j S = L)~ L(1), (36.7)

1

From (36.7) follows the Fermat principle, which can be written in the form
61SndS =0. (36.8)

The light paths corresponding to the Fermat principle must satisfy the Euler

equations, namely,
d( dx\ dn
as\"as) " dx’

d/ dy dn
df 4y _dn, 369
| ds<" dS) dy’ (36.9)

d( dz\ _dn
as\"as) T @

On interfaces they satisfy the law of refraction.
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Introduce Cartesian coordinates, with the z axis directed along the light ray. We
shall consider the case of gaseous inhomogeneities, where light deviations are small.
We can disregard the bending of the light ray in the inhomogeneity, and assume that
the light propagates along a straight line deviating only slightly from the un-
perturbed light path in the absence of inhomogeneity.

Under these assumptions the Euler equations reduce to

&x - 3x 2+ \*¥|[dlnn dxdlnn
dz? oz oz dx dz dz |’
_1_12)= - 0x Z+ oy 2:' dlnn_éxdlnn:ll
dz? dz oz dy dz dz

We can derive from (36.10) equations for the additional phase difference and
deflection caused by the optical inhomogeneity [58], namely,

(36.10)

1(= )
t(x, y) & ;[ [n(x, y, 2)—nq | dz, (36.11)
2d1 s Vs
tane, ~ f funens ';(;‘ %2 4o (36.12)
=ql :
tane, ~ f fnnrz "d(;" %2 i (36.13)

Here z; and z, are the coordinates of the entrance and exit points of the light in the
optical inhomogeneity. A
The equations are quite general: they are applicable to all methods measuring a
quantity which is a result of the action of different parts of the object, with different
values of the relevant parameter. Similar problems occur in interferometry, in
spectroscopy, in X-ray and y-ray studies, and in many other branches of science and
engineering. The theory described in this chapter is applicable to all these methods.

37. CALCULATION OF PLANE INHOMOGENEITIES

Equations (36.11) to (36.13) define the functional relationships for the angles of light
deviation and the additional phase difference resulting from the passage of light
through an inhomogeneity with a known refractive index distribution. In practical
measurements we have to solve the inverse problem, i.e., to determine the refractive
index distribution from the measurements of the angles of light deviation or the
additional phase difference. Equations (36.11) to (36.13) cannot be solved in a general
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manner, since we can have various functional expressions for the refractive index
distribution, giving the same final value for the angle of light deviation. Therefore,
we have to impose restrictions on the shape of the inhomogeneity when solving
specific problems.

The phenomena studied are simplest in the case of an inhomogeneity of simple
shape, and can thus be investigated in a pure form. Accordingly, models of simple
geometry are widely used in experimental physics.

The simplest objects are inhomogeneities where the refractive index is constant in
some direction. Let this direction coincide with the optical axis of the instrument.
The functions dn/dx and dn/dy are then independent of the coordinate z, and expres-
sions (36.12) and (36.13) reduce to

1d

£ = — = (z2—24)s (37.1)
ng 0x
1 on

_ —z) 37.2

&y 1o Oy (z,—2,) ( )

By elementary transformations we obtain from (37.1) and (37.2) expressions for
the refractive index gradients:

an Ry (X, y)
— = —= 37.3
e (x, ) T (37.3)
on _ hogy(x, y)

where L is the light path length in the inhomogeneity.

Thus the field of angles of light deviation obtained in schlieren measurements of
plane inhomogeneities can be transformed to the field of refractive index gradients
in the inhomogeneity. The refractive index values are found by integrating the
distribution of the refractive index gradients. In order to determine the absolute

values of the refractive index, we must know its value at some point along the path of .

integration. Thus

X

n(x,y) =n(xey) + J ;?_n (x, y)dx. (37.5)
x

X0
These relationships are valid for a medium with a continuously varying refractive
index. They must be modified, however, if the medium has interfaces involving a
discontinuous change in the refractive index.
Plane discontinuities along the optical axis of the instrument should be invisible
in the schlieren image according to geometrical theory. Their appearance is due to
diffraction phenomena. Information on such discontinuities can, therefore, be
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obtained only by studying the diffraction patterns. This problem will be treated in
Part II. When using the ordinary means of analysis, the refractive index increment
should be determined by interferometric measurements, by calculations from the
shock or interface angle, or by measurements carried out in the part of the
inhomogeneity at the interface.

Figure 101

Light deviation in a plane inhomogeneity.

This difficulty can be avoided if the optical axis of the instrument does not coincide
with the line of equal refractive indices in the plane inhomogeneity. In such measure-
ments (Figure 101) the angle of light deviation in the inhomogeneity is determined by
the variation of the refractive index along the light path inside the inhomogeneity:

- L
Y2—)

[n(y2) —n(yy)]. (37.6)

g, =

The refractive index increment (e.g., in a compression shock) can be found from

two photographs of the inhomogeneity taken at two different angles between the

optical axis and the lines of equal refractive indices (one of which is 0°). Using (37.5)

and (37.6), the refractive index difference between the light entrance and exit points is

determined on each photograph. The difference between the two values obtained
defines the “shock intensity” — the refractive index increment.

38. AXISYMMETRICAL INHOMOGENEITIES

Inhomogeneities with axial symmetry constitute another group of inhomogeneities
for which adequate methods for the computation of the refractive index distribution
have been developed.

Let the axis of symmetry of the inhomogeneity be perpendicular to the optical
axis of the instrument, pointing along the x axis. The light beam is then confined to
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the plane x = const, and we can ignore the dependence of the refractive index on x.
Every section x = const is calculated separately.

Transforming equations (36.12) and (36.13) to cylindrical coordinates, we obtain
integral Abel equations

()_ZJ\‘zc?n rydr 3.1

ayj - ’10 . ar rz_r}g’ ( . )
2 (Ron  rdr

)y =—| ——F—. (38.2)

n 2_r2
0J,, Ox \J/1°—r1]

Several methods are available for solving these equations. The first method to
have been developed is approximative.

H. Schardin [120] suggested splitting the axisymmetrical inhomogeneity into a
number of rings. Figure 102 shows a cross section x = const through an inhomo-
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Figure 102

Ring zones of an axisymmetrical inhomogeneity.

geneity split in this way with the ring zones marked. Since the inhomogeneity
parameters in this cross section depend only on r, we can assume that they change
insignificantly in a narrow ring. Schardin assumed that dn/dr and dn/0x are constant
in each ring. On this assumption, we can split each of the integrals in (38.1) and (38.2)
into a sum of integrals, factoring out the refractive index gradient, namely,

N—-1 ry X
(&) = 2 hy <@> j —l_dr, (38.3)
or r?

2
Mo i=j iYr =T
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2 N-1
@23 () j e
By = j
After integration we obtain

(&,); = iiNil (6_n> roIn

Ny i=; \Or/;

(38.4)

i+ rE—r]
hT VI (38.5)

2 2
Fior + /Tizy =T

2 N-—1
(ed); = ( ) [JrE—1 — S, -], (38.6)

nOlJ

These formulas are a system of linear equations for dn/dr and dn/0x. There are two
possible procedures for solving them. The first procedure is an iterative solution:
the empirical value of ¢y_, is substituted in the first equation, and the value of
(0n/dx)y is found. This value and ¢y_, are substituted in the second equation, and
(0n/0x)y_, is determined. The procedure is continued until the value of (dn/dx);
is ascertained from the last equation. This procedure is quite cumbersome. Further-
more, all the values of (dn/dx) had to be found in each beam section, and a single
omission would prevent the continuation of the process. Accordingly, a different
procedure was developed, in which equations (38.5) and (38.6) are first solved for
(0n/dx) or (dn/dr). The coefficients of ¢; are calculated beforehand. The experimental
angles of deviation for the different ring zones are then substituted in these equations.

The number of rings depends on the accuracy desired. The accuracy is improved
with the increase in the number of rings, since the assumption of constant gradient
inside each ring is better satisfied for smaller rings. However, since ¢; are experi-
mental quantities, measured with some error, the number of rings should be increased
only so long as the error stemming from the inaccurate measurement of ¢; remains
smaller than the error caused by the assumption of constant gradient. The determina-
tion of the optimal number of rings is a difficult problem, which has not been
satisfactorily solved to date. The method has not been widely used, due to the large
error resulting from the stepwise approximation of the refractive index gradient
distribution.

The error is reduced by assuming that the gradient in each ring is a linear function

of the radius, namely,
on 6
on on l;?r( Fivt) :ID i

M ===+ ) (38.7)

or or Fivyp =1

Equations (38.1) and (38.2) again reduce to a system of linear equations, solved as
demonstrated above.

The most widely used methods of calculation are based on the conversion of the
Abel integrals to a form which can be solved for the unknown function.
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Multiplying both sides of (38.1) and (38.2) by 1/ /r?# —r? and integrating over r?,
we obtain after simple manipulations

1 =gz
b(F) = L[ AL af (ryjdr d'} (38.8)
R

F
N
F, = ry/R, F=r/R.

Here ¢ = (1/7) (dn/dF) and f = ¢ /F for the equation obtained from (38.1), and
¢ = dn/dxand f = ¢, for the equation corresponding to (38.2) (n, is taken equal to 1).
Since the light ray tangent to the inhomogeneity at the point y = R is not deflected,
f(1) = 0, and equation (38.8) reduces to
1 o s
b6) = —— | LD 4
This equation is undoubtedly more advantageous than the initial equations: it is
solved for the unknown function.

The first methods for the solution of (38.9) were based on graphic integration.
They were widely used in Germany in interferometric studies. A similar method was
suggested by Brinkman [72] for spectral measurements. Special planimeters were
designed for speedier and easier calculations.

Today, it is the numerical methods that are most widely used. They are based on
the substitution of a function of known analytical form for the empirical function
in the integrand. The simplest procedure is to assume that the empirical function is
constant in each ring. In this case equation (38.9) reduces to a system of linear
equations from which the values of the refractive index gradient at the ring
boundaries can be determined:

(38.9)

N
o0 = 3. of;. (38.10)
j=i

The coefficients a; are calculated beforehand on a computer and arranged in the
form of a triangular table. It remains only to find the values of the angle of light devia-
tion or the shifts of the interference fringes at the points corresponding to the ring
boundaries, substituting the results in the given equations.

The analytical methods were found to be more convenient than the graphic
methods since they are simpler to process. Furthermore, they are better suited: to
machine computation.

Superficially, equations (38.10) are very similar to Schardin’s equations. Actually,
the empirical function is smoother than the refractive index distribution or the
gradient distribution. Therefore, the approximation of this function leads to smaller
errors than those resulting from the approximation of the original function.

An approximation of the empirical function allowing for the deviation angle
increment due to the refraction at the interface between two media was used in cases
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when axisymmetrical density discontinuities (discontinuous changes of the refractive
index) occur in the inhomogeneity:

g 1+./1-7

+ By,
(38.11)
e, = A /1—y% + Bjy.

The accuracy of the calculation methods is considerably increased by the introduction
of (38.11). .

A shortcoming of these methods is that the inhomogeneity must be split into a
large number of rings, since the approximation error is large for a small number of
rings, particularly near the points where the empirical function has a considerable
curvature. The increase in the number of rings complicates the calculations, since
the number of terms in the triangular table increases by a factor of N2,

The empirical function was approximated in [70, 88] by a polynomial whose
degree is determined by the function curvature. This method has not been widely
used due to the difficulty in its programming for machine computation. We shall
describe a method based on a parabolic approximation of the empirical function [32].

Equations (38.1) and (38.2) have the following form in reduced coordinates:

1 -
@) =2 J B 68.12)

V=7

The transformation of variables 7 = 1—z, # = 1—¢ yields

* d
f/1=2) = J ¢(/1-28) ¢ . (38.13)
0 Vz=¢
Multiply the two sides of (38.13) by 1/, /u—z and integrate over z from O to u, changing
the order of integration on the right-hand side. Reverting to the old variables, we
obtain after differentiation with respect to 7;

1 ' FdF
b —o) = ~— | rn 1. (38.14)

T FdF; s, 72—t

Since the integral in (38.14) is a smoother function than f (), it is advisable to
differentiate the right-hand side with respect to 7; after the approximate integration.
In the author’s opinion, this can considerably increase the accuracy of the method.

Due to some specific features of the solution of equation (38.14), we shall present
separate calculation procedures for the measurement of dn/dx (this is the quantity
determined in interferometric, spectral, and other measurements) and for the
measurement of dn/dr.
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In the first case we have

dn dn 1 d [ e (P)rdr
—r) — —{(ry) = -—— | = (38.15)
dx dx nk; dF; J;, /T4 —F

We shall first calculate

1 mvsgs
iy = | =0 (38.16)
n J; PR —FF
after which we shall describe a method for differentiating the tabular function ¥ (F,).
As is usual, we divide the cross section of the axisymmetrical inhomogeneity into
N rings, and assume that the function ¢,(F) can be approximated inside each zone by
a quadratic polynomial. To construct the approximating quadratic polynomial, we
must have the values of the function ¢,(F) in a minimum of three points. We select a
system of equidistant tabular points, i.e., &.(7) is taken at two boundary points and
at the middle of the ring. The j-th ring will be the ring extending from point F; to point
#;+1; F: will then run through the set of values 7, = i/2N (here i = 1,...,2N—1). If
iis even, the segment contains an integral number of rings. This case corresponds to
the determination of the unknown function at the boundary points of the ring. If
the number i is odd (determination of the function in the middle of the ring), the
number of rings will be half-integral. Under these assumptions, equation (38.16) is
written in the following form for even and odd i, respectively:

¥ (7) —l i fj sx(f)——ﬁir_——, (38.17)

T 72 — 72

1 N—-3/2 F2j+2
V(F) = —[ > f &x(F) —=—= &-(F)
n

FdF ]
/52 f:2 _=2 |
j=i2 Yy Fan-—1 re—r;

We represent the approximating function in each ring by a Lagrange polynomial

72y i

(38.18)

&x(F) = Z g (o), (38.19)
k=1

where

o= OmRCT) (o )R CoR)

Fe—F)(F—TF2) oo (Fe— P ) Fe—Frsn) - - - (Fe— 7o)

and &,(7,) are known values of the empirical function ¢ (F). When the Simpson
formula is used (equidistant tabular points and parabolic approximation), we have
n=3.Let '

Fj(F) = (F_Fj) (F_Fj+ ) (F_Fj+2)- . (38.21)
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We obtain _
F(7)

B = -
(r“rj+k-1)F(rj+k—1)

, (38.22)

: F(7) s
8 (r Z:l (r fj+k—1)F’(Fj+k—l)8x<rj+k—l). (3823)

The substitution of (38.23) in (38.17) yields

N—1 3
WiF) = Z Z alq;)sx(FZj+k—l)9 (38.24)
j=i2 k=1
where
1 T2j42 F(F)rdr
= — k=1,23). 38.25
! nF(r2j+k—l) Faj (r_r2j+k—1)(F2_Fi2)1/2 ( ) ( )

'Thus, the problem of calculating the function (F) has been reduced to the
calculation of the coefficients «{¥. Substituting (38.21) in (38.25) and integrating,
we obtain

AN [ B 1 _ 1 2
“E}) = “n_[(r,gu“ 212 ( 3 r§;+2 + = 5 Pajetlajez + 3 f.'2>“‘

1 1 1 2
—2 2 - - - - - - -
—("2 A (* r%j'—E Faif2j+1 — £ FaFaje2 + r§j+2 + 3 72 )‘

3

—~ ; (Fajer + Faje)In FZIZ’ - E:z;’i):ﬂ) - ] , (38.26)
o = = L (- LB 4 S+ 27) -

Tl i (— % 2+ %szfzj” + %rz >+

+ a (Faj + Faje2)In - Fay & (2= 7" ] (38.27)

2 2i+2 + (F5;0, — P12

aS) = 2_7; [ (f%j«f—z__iz)”z (% r%,+2 - % Faifaj+z — % Fajezfaje1+

+ Fajfajen + %F?) + (F%;—FH)12 (—%r%J + ; Faffajer+ i 2>+

+ F—ziz(fzj + Fz541) In 7212221 : E:z;ri):/;)m ] (38.28)
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The values of the function ¢.(F) at the boundary points of the rings, with the
exception of points 7; and 1, figure twice in equation (38.28). The function &,.(7) at
a boundary point is multiplied by the third coefficient «;; of the j-th ring and the
first coefficient of the adjacent {j + 1)-th ring. When tabulating the coefficients, it
is convenient to introduce in the tables the sum of the third coefficient of each ring
and the first coefficient of the next ring. We can then write (38.24) in the form

2N-1
= Z ﬂiﬂex (fp)5 (3829)
where *

b= o],

p=2i+1
when the parities of y and i do not coincide, and
Bu=ailiy +oP, p=2+2

when the parities of 1 and i are equal.

If 7; runs through the values i/2N (i = 1,...,2N —1), the values of the function
 (7;) are obtained in a system of equidistant points i/2N.

To determine the required magnitude

dn dn 1 d )
(3),‘_ (2})0 = EFEIE (38.30)

we differentiate  (F;) with respect to 7, We first approximate the function y(7) b
a Lagrange polynomial:
3 F(F)

lp(f) = kgl (F_Fi+k—2)F(r,'+k+2) w(FH—k_Z)' (3831)
By differentiating, we determine dy (¥)/dr at the point 7;:
AU
ll;;r) ~ = N[-yFiry) + ¥(Fis)] (38.32)
-Substituting (38.32) in (38.30), we obtain
d d N
(d_n) - (_n) = - [w(fi—l) — Y] (38.33)
X /e dx /o F;

When determining the refractive index from the gradient in the radial direction,
we must take into account that

1 dn
nF)—ny=— | —dr (38.34)

7, dF
There is no necessity in this case to differentiate the two sides with respect to the
inferior limit, since the density difference is directly determined in what follows.
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Equation (38.34) can be transformed to

nF)—ny = f( edr (38.35)

7 _r2)1/2

The approximation of the empirical function and the calculation of the integral
are conducted in the same way as in the determination.of the refractive index
gradient from the values of ¢,. The only difference is that the integrand numerator
does not contain 7. Performing calculations, we obtain

2N? 1
(1) _ = = = -
- [(r§j+2—r?)1/2 <_r2j+1 3 r2j+2) +

N - l_

+ (F3;—F7) Fojir ¥ Fajen — E"z;’ -

22 = 22 ooz
- - r Foj + (F3,—FF)

=\ T2j+1l2542 + —) In (38.36)

( 2 Foivz + (Fje2—F)2 ]

4N? 1
2 _ =2 52)1/2 Z .
o = — - (FRjaa—FDV2 | — = Fajua—Fay ) +

2

1 72 Foj + (P2, =312
+('_'%j_fiz)uz(_fﬂ"'fzuz)—'(72‘72‘+2_—' In 2 2 :’
2 e 2 r2}+2+(r21+2_r )1/2

(38.37)

2N? 1
(3) — =2 =2 2 = = =
o _n [("2;42‘ HY <5 r2j+z—"2j+1—"21) +
=2 w231/2 1 = =
+ (72— 7) 5 T2 + Faen ) —

72 P (72— 72)2
3 ( P + ) 2t (t‘z; 7) ] (38.38)

2 NV
2 Fajaz + (F3jea—FH)M

N-1

3
-n(r) = ), 2 “g)ei(fzjﬂq)- (38.39)

j=1/2 k=1
Like (38.29) equation (38.39) can be written in the form

2N-1

n(r)—n@©) = Z Biuer (7). (38.40)

The coefficients calculated for the determination of dn/dx and n(r)—n(0) when
the inhomogeneity is divided into 25 rings are tabulated in Tables I and 11 of the inset.
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The section x = const of the axisymmetrical inhomogeneity is divided into 25
rings of equal size, and ¢, or ¢, are determined at the middle point and at the two
boundary points of the rings (odd values of j correspond to the middle of the ring,
and even values to the boundary points). To find p(r;)— p(0) or (9n/dx);, we take the
column of coefficients for the given i, and add up the product of each of the coef-
ficients multiplied by the angle of deviation, measured at the point whose number
corresponds to the value of the coefficient.

The tables can also be used for calculating an axisymmetrical inhomogeneity
split into less than 25 rings. The table used for that purpose is the triangle cut from
the basic table along the (2N — 1)-th line. When calculating dn/dx, the result obtained
must be multiplied by N/25. This leads to a loss of accuracy in the outside rings,
particularly for inhomogeneities in which the angles of deviation change greatly
in those rings. .

By using quadratic approximation and numerical differentiation of a tabular
function, we can attain the specified accuracy with a considerably smaller number
of rings. The time to process the experimental results is considerably reduced as a
result.

The presentation of the coefficients in tabular form facilitates the use of high-speed
computers for calculations.

The refractive index of axisymmetrical inhomogeneities can be determined
directly from the results of schlieren measurements, using the same simple procedure
as in interferometry.

If the function describing the refractive index is discontinuous (e.g., in the case of
a shock wave), ¢(F) — oo for 7 = 1. This singularity can be isolated by representing
f(F)asasum

1 [
S = 2J M% + V(F), (38.41)

/=5 -
Fi re=r;

where the function ¢ (F) is determined by the variation of the refractive index gradient
inside the inhomogeneity, and V (F;) is a function of the angles of deviation due to
the refractive index discontinuity. It is expedient to determine V(7;) on the strength
of the following approximation for the function of the deviation angles in the last
ring:

e(F) = =+ B(l—r) + Cr(1—). (38.42)

Ar
J1-7
The coefficients 4, B, and C in (38.42) are determined from the values of (F) at the
three tabular points of the last ring, Fay_ 12, Fay—1 and 7oy _».

This method leads to a considerable increase in the accuracy of calculation of
inhomogeneities with axisymmetrical phase discontinuities, reducing the problem
to the preceding one of the calculation of smoothly changing inhomogeneities.

Table I

1 3.4246

2 6.5239 3.1131

3 —2.9438 5.1648 2.8245

4 —-3.3331 2.3983 4.4100 2.5932

5 —0.3834 —2.6509 —2.0673 39125 2.4072

6 —0.7678 —-0.3218 —2.2544 —1.8415 3.5528 2.2548

7 —0.2444 —0.6367 —0.2794 —1.9902 ~1.6755 32771 2.1273

8 ~0.3805 —0.2065 —0.5515 —0.2490 ~1.7990 —1.5471 3.0570 2.0188

9 —0.1414 -0.3245 —0.1807 —04912 ~0.2261 —1.6529 —1.5441 2.8761
10 —0.2311 —0.1222 —-0.2855 —0.1619 ~0.4461 —0.2081 —1.4368 —1.3590
11 —0.0924 —0.2013 —0.1084 —0.2567 ~0.1475 -0.4108 —0.1936 —1.4417
12 —0.1562 --0.0812 —0.1795 —0.0980 ~0.2345 —-0.1361 —0.3823 —0.1816
13 —0.0652 —0.1383 —0.0729 —0.1628 ~0.0898 —-0.2167 —0.1269 —0.3588
14 —0.1130 —0.0582 —0.1247 ~-0.0665 ~0.1496 —0.0832 —-0.2022 -0.1191
15 —0.0485 —0.1013 —0.0527 —0.1140 ~0.0613 —0.1389 ~0.0778 —0.1901
16 —0.0856 —0.0438 —0.0922 —0.0484 ~-0.1054 —-0.0570 --0.1300 -0.0732
17 —0.0375 —0.0776 -0.0400 —0.0849 ~0.0449 -0.0982 —0.0534 —0.1224
18 . ~0.0672 —0.0342 -0.0712 —0.0370 ~0.0789 —0.0419 —0.0922 —0.0504
19 —0.0299 —0.0614 —0.0315 —0.0659 ~0.0344 —0.0738 —0.039%4 —0.0871
20 —0.0542 —0.0275 —0.0567 —0.0292 ~0.0615 —0.0323 —0.0695 —0.0373
21 —0.0244 —0.0499 —0.0255 —0.0528 —0.0274 —0.0578 —0.0305 —0.0658
22 —0.0446 —0.0226 —0.0463 —0.0238 —0.0495 —0.0258 —0.0546 —0.0289
23 —-0.0203 —0.0413 —0.0210 —0.0433 —0.0223 ~0.0467 —0.0244 ~0.0518
24 ~0.0374 —-0.0189 —0.0386 —-0.0197 —0.0408 -0.0211 —0.0442 -0.0231
25 -0.0172 ~0.0348 -0.0177 -0.0362 —0.0186 —0.0386 —0.0200 —0.0420
26 —0.0318 —0.0160 —0.0327 —0.0166 —0.0342 —0.0176 —0.0366 -0.0190
27 —0.0147 -0.0297 -0.0151 -0.0308 —0.0157 -0.0324 —0.0167 —0.0349
28 —-0.0274 —0.0138 —0.0280 —0.0142 —0.0291 —0.0149 —0.0309 -0.0160
29 —0.0127 —-0.0257 ~0.0130 —0.0265 —0.0135 -0.0277 —~0.0142 —0.0295
30 —0.0238 -0.0120 —0.0243 -0.0123 —0.0251 —0.0128 —0.0264 —0.0136
31 -0.0111 —0.0225 —-0.0113 —0.0230 -0.0117 —0.0329 —-0.0122 —0.0253
32 —0.0209 —0.0106 —0.0213 —0.0108 —0.0219 —-00112 —0.0229 —0.0118
33 —0.0098 —0.0198 —0.0100 —0.0202 —0.0102 —0.0210 —0.0108 —0.0220
34 —0.0186 —0.0092 —0.0188 —-0.0096 —0.0192 —0.0098 —0.0202 —~0.0102
35 —0.0086 -0.0176 —0.0088 —0.0178 —0.0092 —0.0186 —0.0096 —~0.0192
36 —0.0166 —0.0082 -0.0168 —0.0086 —0.0172 —0.0086 —0.0178 —0.0092
37 —0.0078 —0.0158 —0.0078 —0.0160 —0.0080 ~0.0164 —0.0084 -0.0170
38 —0.0148 —~0.0074 —0.0148 —0.0076 —0.0154 —0.0078 —0.0157 --0.0080
39 —0.0070 —-0.0142 —0.0072 —0.0144 -0.0072 —0.0148 -0.0174 ~0.0152
40 —0.0134 —0.0068 —0.0136 —0.0068 —0.0138 -0.0070 —0.0141 ~-0.0072
41 —0.0064 —0.0128 —0.0064 —0.0130 - 0.0066 —-0.0132 —0.0067 ~0.0136
42 —0.0122 -0.0062 —-0.0122 —0.0062 —0.0124 —0.0064 -0.0127 -0.0066
43 —0.0058 —-0.0166 —0.0058 —0.0118 —0.0060 —0.0120 -0.0060 -0.0124
44 —-0.0110 —-0.0055 —0.0112 —0.0056 -0.0112 —0.0058 —0.0115 ~0.0058
45 —0.0054 —0.0106 —0.0054 -0.0108 —0.0054 —0.0108 —0.0055 -0.0112
46 -0.0102 —0.0052 —0.0102 —0.0052 —0.0104 ~0.0052 -0.0105 --0.0054
47 —0.0048 ~0.0097 —0.0048 —-0.0098 —0.0048 —0.0100 —0.0050 ~0.0102
48 —0.0092 —0.0043 ~0.0092 —0.0048 —0.0096 —0.0048 -0.0098 ~—0.0048
49 —0.0065 —0.0094 —0.0066 —0.0096 —0.0067 —0.0098 ~0.0069 ~0.0098

! 2 3 4 5 6 7 8 9




2
34 0.0397 0.9722
47 0.0528 1.3142 0.9612
71 0.0145 —0.6208 1.2988 0.9504
14 0.0268 —0.6432 —0.6134 1.2838 0.9398
07 00113 —0.0798 —0.6356 —0.6064 1.2696 0.9298
3 0.0204 —0.1582 -—0.0788 —0.6282 —0.5996 1.2554 0.9201
72 00092 —00524 -0.1564 —0.0780 -0.6210 —0.5928 1.2419 09106 —0.8920
30 0.0170 -—0.0836 —0.0518 —0.1546 —0.0770 —0.6142 —0.5865 1.2229 2.4023
{59 0.0117 —-0.0463 —0.0862 -—0.0728 —0.1580 —0.1174 —0.6029 —0.7948 0.6607
0 41 42 43 44 45 46 47 48 49
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39. INHOMOGENEITIES OF COMPLEX SHAPE

The most difficult case is the calculation of the refractive index distribution in an
inhomogeneity of a general, unknown shape. No single-valued relationship can be
established in this case between the function determining the angle of light deviation
at the exit from the inhomogeneity and the refractive index distribution inside the
inhomogeneity.

The existing studies of such inhomogeneities are based on raying the working
space of the instrument in several directions. It was shown in [27] that by taking
three photographs with raying along the three coordinate axes, respectively, we can
find the spatial distribution of the refractive index in the inhomogeneity {provided
the functions defining this distribution along lines parallel to the axes can be expressed
by quadratic polynomials). If the distribution function is represented by a polynomial
of a higher degree, we must increase the number of rayings; however, this procedure
is not generally used at present due to technical difficulties.

A method for determining the spatial distribution of the refractive index gradient
when the unknown function can be approximately considered as constant or linearly
varying in some rectangular zone was developed in [6, 7]. The refractive index in
each of the rectangular regions was determined by several rayings.

If the object is transparent, we can select the inclination of the light beam to the
lines partitioning the inhomogeneity in such a way that a single raying will suffice
for calculating the refractive index distribution. The number of rayings must be
increased in the case of an opaque body. :

This method has been found suitable for measurements in gas-dynamic plants,
but its utilization has remained limited. The question of the experimental error and
the suitability of the method in the case of an mhomogenelty of almost regular shape
has similarly remained unanswered.

The necessity of developing experimental methods for studying objects of complex
shapes is increasingly being felt with the advance of science. New computing
possibilities are offered by the rapid development of electronic computers; it is no
longer necessary to render the final formulas in a simple form suitable for manual
calculation. As a result, a new trend has appeared in the development of methods
of analysis of complex objects. It consists of developing methods for calculating
specific classes of inhomogeneities, in which certain restrictions are imposed on the
refractive index distribution function.

Thus the paper by Belotserkovskii, Sukhorukikh, and Tatarenchik [8] describes
a method of spatial determination of the density in gaseous flows around axisym-
metrical bodies under angles of attack. We shall describe this method for the case
when the density distribution between the bow wave and the body (or some other
inner plane) is continuous {Figure 103). The x axis is directed along the velocity of
the undisturbed flow. The raying direction is parallel to the planes x = const. Let
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Shock wave

Figure 103
Section x = const of an inhomogeneity formed around a cone under an angle of attack.

contours of the shock wave and the inner boundary of the region being studied
be described in these section planes by the equations

R =R(y), t=t(y), (39.1)

where y is the polar angle reckoned from the lower vertical axis to the left (from the
symmetry plane of the inhomogeneity).
We introduce the relative radial coordinate

r)—tt) (39.2)
R(y)—t()

It is equal to O at the inner boundary of the flow, and to 1 at the outer boundary. Let
the flow have one symmetry plane, and let the angles y be measured from it.
The density distribution along the lines r = const of the section x = const can then
be expressed by the trigonometric series

r=

q—1
p(Fy) = L Y pm(F)cos™. (39.3)

© m=0
The general problem is simplified under these assumptions. It is now necessary
to determine the functions R = R(y), t = t(y), and p,,(F) from the results of optical
measurements by raying from several directions. The number ¢ of terms in expansion
(39.3) is selected depending on the expected flow pattern, and can be adjusted in the

course of the study. The number of raying directions must be no smaller than g.
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If the light ray equations in a Cartesian frame with axis z, coinciding with the direc-
tion of the k-th raying are

X = x(Zk)a y = y(zk)) (39'4)
the result of the schlieren measurements is the field of derivatives
dx dy,
—_— d = 39,
iz an iz, (39.5)

in the plane of exit of the light from the disturbed region. Schlieren measurements
can also be used to determine the quantities H, and h,, characterizing the outer and
inner boundaries of the disturbed region.

The variations of the derivatives are related to the gas density:

op d*x ] dx op d?y, 0 dy,
—_— = —_— 4+ — | p — s — = - | 5=t .
ax dzz = 0z, (p dzk> oy, He dz? + 0z, (p dz, > . (396)
where e o Po
* (nO - l)pm .

Expressing the Cartesian partial derivatives of the density function in polar
coordinates and integrating the equations along the light trajectory, under the
assumption that the rays are only slightly deflected from the straight lines Yx = const,
we obtain :

= | 0p op 55] dx dx
— 4+ A—+ B—— |dz, = D — ) - =
J;k. [5x oF oy % G + P2) (dzk 2 (dzk )1 ]+

dx
+< ) (P2—p1); (39.7)
1

dz,

J‘Zkz [COS (y"‘¢k)@ _ sin (y_¢k) aﬁ dz, =
R—t & t+iR-poy ] *"

_ - @ _ @ dy; _
(#k+p2)[<d2k>2 <d2k>1:|+‘<d_zk>1 (62=21). (39:8)

Zk1

Here
A(x, 7 y,0) = ! {tanac +6t+_6(R ) +
Hh® = R—t 087 Ox rax
+ tanasiny | ot 47 ) (R—1) (39.9)
S 4 F——(R— . ]
t+ F(R—1t) Loy dy ’
_ tan o sin y
B(x,7,y,0) = ———us 39.10
Co 3. ) t+ F(R—1) ( )
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the subscripts 1 and 2 correspond to the initial and final points of the ray trajectory
in the disturbed region; the derivative dp/0x is taken for constant values of r and y.

Using (39.3), we obtain the following equations for the functions p,(x, F) and
their derivatives:

0x or

()] @ s o
= (i + P3) d_Zkz_ E’:l + d—zklpz_pl’ .11)

- _ P PR
cos (y—¢,) cos y L_"' sin (y—¢,) sin y m] cos™ L ydsz,
R—t or t+ F(R—1)

- dy, dy, dy, _
= (i + P2) |:<d—zk>2 - <E>1] + <;i71>1 P2—P1)- (39.12)

These equations are supplemented by the équation obtained by integrating
0p/0z, along the z, axis

q=1 (zxk2 ;. 0
¥ |:<_p_,,, + A L_"’) cos y—mBp,, sin yj| cos™ lydz, =
m=0 Jzx1

qil

m=0 Jzx;

qil

m=0 vz

212 sin(y—d)k)cosy%_cos(y—d)k)sinym ]cos’"“ P
R—t o t4FR-f Fm Y= p2m Py
(39.13)

The equations obtained for k = 1,2,...,q form a system of 3q equations with
3q unknown functions p,, 0p,,/0F, and dp,,/0x.

The quantities (dx/dz,),, , and (dy,/dz,), , in (39.11) and (39.12) correspond to the
boundaries of the region of continuous variation of the density and do not include
the rotation of the light rays in the shock wave.

To calculate the corrections, we introduce the subscripts 0 and 3, corresponding
to the position before the entry into and after the exit from the shock wave. The
quantities (dx/dz,), and (dy/dz;), can be considered equal to zero; the schlieren
apparatus measures the differences

dx <dx > (dyk> <dyk
— ) = and — ) —-{=].
dz, /4 dz, /o dz, /4 dz,
Introduce a right-hand triad of unit vectors I,, I, and I,, directing I, along the
X, axis, I, along the polar ray y = const in the plane x = const, and I; along the

tangent to the line r = const in the same plane. The unit vector Vof the outer normal
to the shock wave surface, and the unit vector I, of the ray penetrating the shock
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~wave along the z, axis can now. be written as

—i§l+l 1aRl
~ ax ), 2 E6—y3

, (39.14)
\/1 R <aR>2 L (LoRY
0x/, R 0y
<6R)_6R+t . 1&R .
o), = o an o cosy+smy7{a—y s (39.15)
o = sin (y—@) I, —cos (y — i) L. (39.16)
The cosine of the angle 8, between the vectors I, and V is equal to

. 1 éR

sin (y —¢y) + cos (y— ) — —

R oy
cos By = Vo = (39.17)

\/1 L (R 2 L (LoR 2
ox/, R oy
After its passage through the shock wave, the light ray propagates in the direction
I,,. The sine of the angle §, between the vectors I, and V is

. . 1+
sin §; = sin f, — H . (39.18)

Pyt iy

The vector I, is expressed by I, and V as

sin 8, Lo+ sin (B, — f1) v

L, =
T sin B, <© sin §, (39.19)
Representing the vector I, as a vector product
L, =[], (39.20)
we find (dx/dz,), and (dy,/dz,), as
sin (Bo— ) <1R)
dx sin 17
<_> =l = - ! ’3"2 SZA S (39.21)
dz/, \/ <6R> <1 aR\?
1+ —) +{=-—
ox/, R oy
. 1 6R
dyk sin (.BO_.Bl) Ccos (y_¢k) — S (y—¢k) E a—_y'
— ) =4, = - . (39.22)
dz,/ sin f,

\/1 N aR)2 R <1 aR>2
ox/, R oy
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A similar examination of the ray rotation upon leaving the shock wave yields
equations for (dx/dz,), and (dy,/dz,),:

| &)
dx _ _sinf, fdx _ sin (B85 —8,) ox/, )
o <;-r> (&%)
' . 1 R
dy\ sinf, (du sin (85— B,) (=) — sin(y—d) & o 20
dz, /, ~ sin 8, \dz, ; (39.

sin B, \/1 . <6R>2 R <1 6R>2 ’
ox/, R oy

where f, and 5 are the angles between the light ray and the normal to the wave
before and after the exit from the shock wave.

The right-hand sides of equations (39.11) and (39.12) can be determined with the
aid of formulas (39.21) through (39.24).

To simplify the equations, we divide the range of r into j parts by the tabular points

i
Fr=1—-iAF=1—-—— (i=12,...,j), (39.25)
J
assuming that dp,, /07 and dp,,/0x are constant within each segment 7, = 7 < F,_,
namely,
dp ; 0P
(a—-m> = Pmi> (_6_> = Pmi. (39.26)
"' /% + 4aF X /5 + §AF
Writing inside the segment
_ A7
Pm(F) = Pmi + P [F— <Fi + 7)} (39.27)

we transform the system of integral equations (39.11)-(39.13) into a system of
algebraic linear equations. By solving it for the gas density gradients in each zone of
the inhomogeneity, we can determine the local values of these parameters in
inhomogeneities of the same shape.

We observe that the procedure used in [8] is analogous to the method of calcula-
tion of axisymmetrical inhomogeneities; the form of the function is specified in
some narrow range of the coordinates. However, the shape of the approximation
zone and the form of the function are selected in accordance with the type of the
inhomogeneity and reflect the true variation of the parameters. This increases
considerably the accuracy of the method compared with the more general methods
based on the formal partitioning of the space, without taking into account the specific
characteristics of the object. This trend seems very promising. Similar methods for
other classes of objects will probably be developed in the near future.
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40. REFRACTION

Light propagates inside the inhomogeneity along a curved trajectory, which can
have quite a complicated shape. In the computing methods, we replace this curved
trajectory by a straight line with some mean angle of deviation. As a result, an error
is introduced in the determination of the coordinates of different points of the object.

To find these errors, we shall calculate the light path in a plane inhomogeneity.
We assume for the sake of simplicity that the object parameters vary only in the y
direction. This reduces (36.10) to the one equation

d’y - <dy>2:|dlnn 401
dz2 dz dy (40.1)

Assuming a small angle of deviation and slow variation of the function n(y) whose
values are close to one (these assumptions are valid for gaseous inhomogeneities),
we reduce (40.1) to the form

&y _ dn (402)
dz?  dy’ '
In order to be able to use this equation, we require an expression for the refractive
index. As a first step, let us approximate it by a linear function of the coordinate
dn
— = A + By. (40.3)
dy
The integration of (40.2) then yields the following equation for the light path in the
given medium:
A(e’B —1)?

404
2BeV®: ( )

In deriving (40.4) we assumed that the light enters the inhomogeneity at y =0
and initially propagates along the z axis. Since ﬁz is small, we may frequently
use the approximate equation

_Az <1 + BZZ) (40.5)
y=5 12/ :

If the second term between parentheses is small compared to the first term, we can
simplify (40.5) further and take the ray shift to be mainly determined by the constant
component of the refractive index gradient,

v, = LAL2, (40.6)

where L is the light path length in the inhomogeneity and y, is the difference between
the y coordinates of the light entrance and exit points.
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This error is substantial for sharply varying inhomogeneities such as shock waves,
boundary layers, etc. The shift is small as a rule in smoothly varying objects. Its
evaluation for the inhomogeneity represented in Figures 23 and 24 established that
the curvature of the refractive index distribution function is the maximum at the
middle of the object, where the light shift is 0.2 mm.

To reduce the error caused by the light shift in plane inhomogeneities or to eliminate
it completely, we must focus the schlieren camera on the middle of the object.

Another error is due to the passage of light through zones with different values of
the refractive index gradient, since we assumed that this quantity is constant along

the entire light path.
The differential equation for the angle of light deviation is
d
de = = dz (40.7)
dy

Since dy/dz is the tangent of the angle the light ray makes with the z axis, we have

tan ede = dn, (40.8)
whose solution yields
Incose = n—nyg, (40.9)
or, to a certain approximation,
&2 = 2(n—ny). (40.10)

We can determine from this equation the mean value of the refractive index gradient

2
(f'—') = (40.11)
dy av 2})1 ’

We assume in the calculations that

dn_ & (40.12)
dy L
The relative error in the determination of the refractive index gradient is
2y,
=1-—. 40.13
K " (40.13)

Allowing for the curvature of the light trajectory, we have the following expression
fore:

BI?
e=LA <1 + —6—). (40.14)
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The substitution of (40.14) and (40.5) in (40.13) yields

L? d*n
K = 2 a2 (40.15)
where B has been replaced by d*n/dy>.

We shall estimate the approximate value of this error for the inhomogeneity
represented in Figures 23 and 24. The second derivative is maximum at the middle
of the model, where it is equal to 5.6 x 10~8 mm ™2 The error at these points is equal
to 0.2%, which is negligible. Obviously, however, an assessment based on (40.15)
must be performed in every calculation, since a small increase in the second derivative
suffices for causing an error of a few per cent.

Such calculations for axisymmetrical flows are complicated and have not been
conducted so far. The allowance for the refractive shifts of the light rays in this case
has been based on the assumption that the deviation is the largest on the inhomo-
geneity—shock wave interface, and that inside the inhomogeneity the light can be
considered to propagate along a straight line.

As a rule, the shock wave surface is piece-wise approximated by conical surfaces,
the assumption being that light entering a certain part of the cone does not leave
it within the inhomogeneity.

The shift of the light ray resulting from the bending of its path inside the object
can be estimated just as in the case of a plane object. However, this is usually not
necessary, the quantities in question being small compared with the refraction in
the shock wave.

By means of this simplified model of the axisymmetrical object we can calculate
the error in the angle of deviation introduced by the assumption that the light
continues propagating in the initial direction, and determine the portions of the
inhomogeneity in which this error is substantial. '

41. ERRORS OF SCHLIEREN MEASUREMENTS

Errors can occur in quantitative schlieren measurements at different stages of the
measurement process, and can be due to different factors. The first group of errors
are the experimental errors, due to vibrations, non-uniform illumination of the slit
image in the receiving part of the schlieren instrument, variation of the emulsion
properties, etc. The causes of these errors are highly varied and depend on the specific
features of the method used.

The second group of errors are the computational model errors, due to the
difference between the real body and the ideal geometrical shape (plane or axisym- '
metrical) assumed in the calculation of the refractive index distribution. It is very
difficult to estimate this error, and it is even more difficult to introduce suitable correc-
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tions in the working formulas, especially since many shapes are irregular and change
in a random manner in time and space. In practice, the shape irregularity is generally
estimated by taking schlieren photographs at different positions of the inhomo-
geneity. The study of the schlieren pattern of the inhomogeneity-free flow is of great
importance in gas-dynamic measurements.

An additional source of errors occurs in the calculation of axisymmetrical objects,
caused by the approximation of the sought function. We shall calculate the resulting
error for the two most widely used methods, based, respectively, on linear and
quadratic approximation of the function.

Series-expanding the function defining the light deviation distribution in the
section studied, we write

B de -y d28> -y <d3s>
e=¢g + (y_y‘) (‘d_y>‘ + 5 (d_yz‘ . + 6 dy3 ‘. + ... (41.1)

The linear approximation omits all but the first two terms of this series, and the
quadratic approximation retains only the first three terms. The absolute error in the
determination of the function will be equal in each case to the sum of the dropped

terms.
The error of the linear approximation in the determination of dn/dx is
1 Nzt /g2 Y+t —v)d
Ay =— <—i;‘ O-y)dy zy ) f . (41.2)
oo NAy /pdy, YT

The evaluation of the integral leads to the expression

1 %21 /d%
A = Z (dy2> [\/ .V‘,?+1_.Viz -

T j=i i

2
—y.lnyj+1+“/yjz“—y"—\/yT—‘y?] (41.3)
/ /22 A
Vit Yyi—Yi

1t is convenient in practical calculations to replace the function curvature by its
sagitta (i.e., its deviation from the linear approximation in the middle, which is
related to the curvature by the relationship

d*e.\ R?

By allowing for this expression and passing to reduced coordinates we obtain

8N N_1!
Aix = -7 Z Pix [\/(j'*' l)z—iz -
R [

Y/
SR TNy R —
__jlnj+ G+D — JPR- .
R/

(41.5)
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If the calculation according to (41.3) is difficult and we need only an estimate of the
€ITor, we can use the mean sagitta over the integration range

N-1

8N
Aix = E(Pix)av Z [\/m—
a1 TP 3
P B | .

J=i
J+ i

=J1 (41.6)

'In the case .of the quadratic approximation, the error will depend on the value of the
third derivative of the empirical function. Integration of the fourth term in (41.1)
leads to the following error: '

N—-1 3 2
m= L'y <d sx) [(Y_f+y;) n et YRy
J
an dy*/;LA2 RN

Yiv1—4y; 3y;
+ (ﬁ—“z ’)m + \/}’f~y,-z:f. 41.7)

To determine the third derivative, we partition the zone (j, J + 1)into three equal
parts .am‘i measure the angle of light deviation at the end points of these parts
Substituting the corresponding values of y and ¢ in (41.1), we obtain three ¢ uations.
for the three unknown derivatives. Their solution yields !

i=i

d3e N\?
d_y3 ; =27 (E) [(8j+1—8j)—'3(8j+2/3_8j+ 1/3)]- (41.8)

Substituting (41.8) in (41.7) and changing over to reduced coordinates, we obtain

N—1 2 . -
A‘.-‘x=27N(K,~,)av 5 [(z_+jz)ln}+1+ (]+1)2_iz+
27R 2 j+ PP

AN 5 3
+<‘2—)m+7}\/ﬁ——7] (41.9)

=i

where

K = [(81'“' x &), J=)_3('°"j+2/3. x " &413, x)]av' (41.10)

Rafiiallchanges of the refractive index are calculated by (38.37), where the empirical
function itself, a1.1d not its derivatives, figures in the integrand. In every other aspect
formula (38.37) is similar to formula (38.9). The calculation error in the case of a
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linear approximation is described by the equation

4 N1 [(iz z) 1+ Ji+ 12—
A,y = — (Kipav =+ j°)In +

The error in the quadratic approximation is

9 N-1 11 5 1 2 ) i :
a - (K, =i+ -+ =i + 12— +
Ad o (Kip)av E‘_ [ (6 Pogitgt3 G+1)

) 2 4.2 . 2.2 3.2 i+ 1+ \/ﬁ

JUPHAR o SO0 UAD 21 G
6 2 J+ SR

The values ofthé sums in (41.6), (41.9) and (41.12) have been plotted in Figure 104.

A quick estimate of the error for the different cases of experimental studies is possible
on the basis of these curves.

(41.12)

] i 1 1 e

0 0.2 04 06 08

Figure 104
Curves of the sums in (41.6), (41.9), (41.12).

The comparison of the errors corresponding to the linear and the quadratic
approximations demonstrates that in gas-dynamic measurements the use ofa quadf

P,
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ratic approximation lowers the error and makes it possible to reduce the number of .
zones by more than half.

On the strength of the equations derived, we can select the number of zones for
which the error will not exceed some specified value for a given form of the function.

The required refractive index or refractive index gradient is found by adding
separate elements, each of which is known with a certain accuracy, depending on
the errors of the measurement method used. If we assume that all the angles of light
deviation are measured with the same root-mean-square error Ag,, the total error
of determination of the refractive index gradients will be

Ae = Ay, |Y a2, 41.13)

where o; are the coefficients before the light deviation angles in the inhomogeneity.
Expression (41.13) defines the maximum error value. Actually, the error is consider-
ably smaller, due to the fact that the angle measurement errors have different signs
at different points of the section.

Unlike the approximation error, this error increases with the increase in the
number of zones. The value selected for N thus should not be too large; the optimum
value of N is the value for which the measurement error is equal to the approxima-
tion error. The optimal number of zones depends on the value of the third derivative
of the empirical function (or on the second derivative, determined by the function
curvature, in the case of linear approximation) and on the measurement errors.
Another factor which must be taken into account is the length of the calculations
and the required accuracy of the final results.



IX

THE RELATION OF THE
REFRACTIVE INDEX TO OTHER
CHARACTERISTICS OF THE
MEDIUM

42. GAS DENSITY DETERMINATION

The refractive index is a purely optical characteristic of the medium. While the
determination of its value can be the final objective in certain cases, other parameters
are generally more interesting. Thus in the study of diffusion or centrifugal separation,
the most significant parameter is the chemical composition of the mixture at every
point of the object; in the study of gaseous flow, it is the parameters of state — density,
temperature, and pressure of the gas — that are the most important. As a result, the
processing of the schlieren photographs does not end with the determination of the
refractive index distribution.

The gas density can be determined from the refractive index. The derivation of the
corresponding relation is based on an examination of the behavior of molecules in
the field of the light wave, using the molecular theory of gases [28]. We assume that
the wave field acts as the field of a capacitor on the gas. Draw a sphere of large enough
radius around a molecule. The field acting on this molecule will be

F=F, +F,+F,, @2.1)

where F, is the effective capacitor field, F, is the field created by the gas inside the
capacitor (excluding the sphere drawn around the molecule), and F results from the
polarization inside the sphere. The first term of (42.1) can be represented in the form

F, =E + 4nP, 42.2)
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where P is the polarization of the medium, and E is the external field. ‘The field F,
can be represented as the sum of the fields of the charges induced on the capacitor
plates and on the surface of the object:

Pcos? 0
F, = —4nP + J — 27r? sin 0d@ = —-§— P, (42.3)
o]

We assume in the calculation of F, that the molecules are dipoles. Adding together
all the molecules of the medium except the central one we obtain for each field
component

( 1 3x2
(Fs), = px{_ Z—3+Z—5—k} +3P, Y 2% 4 3p, Y “z“. (42.4)
K Tk kT P re

Averaging over a random distribution of the dipoles, we obtain inside the sphere
(provided the number of dipoles is sufficiently large) -

F3;=0. (42.5)
The substitution of (42.2), (42.3), and (42.5) in (42.1) yields
4
F=E+?P. (42.6)
We can express the polarization as
P = NaF, (42.7)

where a is the polarizability of the molecules, and N is the number of molecules
per unit volume. Also

¢E=E + 4zP. (42.8)

Eliminating F and P between the last three expressions, and seeing that ¢ = n?,
we obtain
n? —1 _A4n N )
i a. (42.9)
This is the well-known Lorentz—Lorenz equation.
The refractive index of gases is close to 1, and (42.9) can be transformed to

n-—1=2nNa. (42.10)

The number of molecules per unit volume N is expressed in terms of the density and
the molecular weight of the gas, and (42.10) can be written in the form of the
Gladstone-Dale equation

=K, @2.11)

where K is constant for a given gas.
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This derivation of the Lorentz—Lorenz and Gladstone—Dale equations is based
on the most elementary theory, which ignores a large number of factors. The
variability of the wave field and the dependence of the polarizability on the external
field frequency were not considered; the interaction between the light wave and the
medium was disregarded, etc. The application of a more rigorous molecular theory
and the examination of the phenomenon on the basis of quantum mechanics lead to
somewhat different results. The molecular refraction of gases proves to be dependent
on the temperature, due to the excitation of vibrational levels of molecules.

This effect was analyzed by Levin [33], who represented the molecule by an
anharmonic oscillator of moderate vibrational energy and assumed a Boltzmann
distribution of molecules over energy levels. The calculations lead to the result

n-1

= K(l + BT), 142.12)

where B is constant for a given gas. Estimates give f = 10~¢, which corresponds to
the following temperature gradient of the refractive index:

dn
— ~5x 1070deg™?. 42.13
<dT>ﬂ=cons( 8 eg ( )

Measurements of the CO, refraction as a function of the temperature for this
case give (dn/dT),- .o = 3 x 107°. A satisfactory fit was observed between the
theoretical and experimental results. '

The corrections for the temperature dependence of the molecular refraction
are meaningless in practical schlieren measurements, since the measurement errors
caused by other factors are much greater. The quantum-mechanical calculation,
which is more accurate than the approximate calculation, corroborates the validity
of the Lorentz-Lorenz and Gladstone—Dale equations.

Experimental studies show that the above relations are achieved in practice with a
high degree of accuracy. The value of K remains constant within wide ranges of gas
pressure and temperature. Thus for air at normal temperature, K varies by no more
than 0.5% when the pressure increases from 1 to 200 atm. The same is roughly
true for other gases as well. Numerous experiments have also established that K
is independent of the temperature.

Equation (42.11) is frequently used in the form

n-1_m-1 © (42.14)
p Po

where p, and n, are, respectively, the density and the refractive index at normal
temperature and pressure. By means of this expression we can easily determine
the value of K in different systems of units. The density is found from the molecular
weight. The refractive index n, of different gases is given in Table 5 for the wave-
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Table 5

(ng—1)- 10* (ng—1)- 10*
Gas for760mm ;155 p.jou Gas for760mm 45 p.jou

Hgand 0°C; Hgand 0°C;

A=15893A A=5893A
Air 2.92 28.71 5.67 NH, 3.77 36.45 11.8
0, 271 26.63 5.07 CO, 4.50 45 65
N, 2.98 29.06 1.7 NO 295 29.5 74
H, 1.39 13.58 7.52 HCI 4.46 43.56 8.7
Mercury vapors 9.33 87.8 22.65 HBr 5.77 56 11
Ne 0.67 6.66 24 HI 9.28 89 15
Ar 2.81 27.92 56 O, 5.11 48 23
He 0.35 3.48 2.3 Cl 7.61 74 10
Kr 427 41.89 6.97 Water vapors  2.52 24.35 8.72
Xe 7.02 68.23 10.14

length of 5893 A. The table also lists the constants of the Cauchy dispersion equation

B
n—1=4 <1 + ?> (42.15)

from which the refractive index can be calculated for any other wavelength.
All the values are given for dry gases. The refractive indices for wet gases are found
by the formula

41x107%m

, 42.16
760 ( )

n, = ng; —

where m is the partial pressure of water vapor in millimeters of mercury column.

43. STUDY OF MIXTURES
Mixtures of substances with different refractive indices are encountered in the study
of diffusion and centrifugation of various gases. The refractive index gradient and the
light deviation in the inhomogeneity are determined by the variation of the com-
ponent concentrations in the object. The concentrations can be found because of the
additivity of the refractions of the mixture components.

The refractive index can be expressed in terms of the polarizability and the com-
ponent concentrations as

n?—1

n? +2

4z
=3 (Nya, + Noa, +..). (43.1)
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Multiplying the two sides of (43.1) by M/p, we obtain the mean refraction:

n? —1

T wt2

M
<—> =Kk R; + kR, + ..., (43.2)
P

where x; and R, are the concentration and the refraction of the i-th component.
Because of additivity, we can calculate the concentration of the components. Thus
for a binary mixture

R-R,

2 433
R,_R, (43.3)

K, =
R is found by measuring the refractive index, the temperature, and the pressure of
the mixture.
For a mixture of gases, the equation can be written in a simpler form:

(m—1)P=@n,— 1P, +(n,— )P, + ... 43.4)

The concentrations are determined with a high accuracy by the refractometric
method. Thus the CO, impurity in nitrogen is determined with an error of 0.14%.

The measurement of a single value of the refractive index is insufficient for the
analysis of multi-component mixtures. We must use the dispersion relation and
measure the refractive index at several wavelengths. Two measurements suffice for
a three-component mixture. The equations for determining the concentrations
in this case are

Ky + Ky +K3=1,
R;x; + Rk, + Ryk3 = R, (43.5)
Rik, + Ryx, + Rik3 = R

The composition of these mixtures is determined with a lower accuracy than that
of binary mixtures; the accuracy is, nevertheless, acceptable.

The principle of additivity of the refractions is not only valid in the case of a mixture
of different components. In many cases, the polarizability of the molecules can be
‘represented as the sum of the polarizabilities of their constituent atoms. As a result,
we can use refractometry to determine the molecular structure, a fact of great
importance in organic chemistry. )

An example of the application of schlieren methods to the study of the composi-
tion of mixtures is provided by the determination of the degree of dissociation of
nitrogen and air in a shock tube [17, 59]. The experimental method is the same as
that described in the case of the quantitative photoelectric method.

By applying the analytical method to the zone of inhomogeneous parameters,
we can ascertain the values of the refractive index gradient in the direction of the
flow axis. Changes introduced by ionized atoms are neglected in the calculation of
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the refractive index, since the degree of jonization is small in the relevant tempera-
ture range (3000-5000°). Since the electronic excitation levels for nitrogen are high,
the molecular refraction can be considered independent of temperature.

The total refractive index is equal to

n—1=KuNy+ Ky,Ny,, (43.6)

where Ny and Ny, are, respectively, the parts of atomic and molecular nitrogen in
unit volume. The value of Ky, is well known; it is 1.13 x 10723, The value of Ky
can be determined from (43.6), if the refractive index and the number of particles of
each gas are known at some point of the mixture. The quantities Ny and Ny, are
related to the degree of dissociation by the equality
7N,
o Na + Nuo 43.7)

The degree of dissociation and the gas parameters in the shock tube flow may be
calculated at two points upstream from shock wave. Directly behind the shock wave
o = 0, and in the region of thermodynamic equilibrium « = 0o The temperature
and pressure at these points are calculated from the measured shock velocities and
the initial conditions.

By using one of the boundary conditions, we can determine the refractive index
at the initial point n = n,. The refractive index at any other point of the flow is
determined by numerical integration of the empirical curve dn/dx = f (x). Experi-
mental measurements give dn/dx as a function of the time ¢. If we know the velocity
of the gas particles V at different points of the flow, we can pass from 9n/dx as a func-
tion of ¢ to dn/0x as a function of x. In our experiments we took V to be constant
in the flow. From (43.6) and (43.7) we derive

n—1—-Ky,(1—0o)n,

Ky = , 43.8
N 2an, (43.8)
where n,, is the number of particles per unit volume, and
Ny
Mm =" + Ny, (43.9)

Since the value of « can be calculated reliably only in the equilibrium region, we
excluded from our treatment those experiments in which the contact region extended
over the zone of parameter inhomogeneity.

The experiments established that the empirical relation in the integration region
can be represented by an exponential curve. This simplified considerably the
numerical integration. »

For atomic nitrogen we found Ky = 1.04 x 10723, which fits the theoretical
and experimental values. The determination of the reaction rate constant and the
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transient time similarly led to a satisfactory agreement with the theoretical values.

This example illustrates that schlieren measurement methods can be reliably used
for the study of mixtures even when the execution of the experiment is beset by
considerable difficulties. A much higher accuracy can be achieved in simpler cases.

44. MEASUREMENTS IN PLASMA

Recently, schlieren methods are being increasingly used for plasma studies [61].
The plasma polarization depends both on the bound and the free electrons. The
two factors are independent, and in order to determine the refraction of an incom-
pletely ionized plasma, we must examine the motion of a free electron in the field
of the light wave and add to it the polarization caused by the bound electrons. If the
absorption of the medium is small, the refractive index is determined by the expression

e’N Sui
2=] - — 4 N, ——
n Z —~

meg(w? + v?) e

ki wz
Here N is the concentration of free electrons, N; is the concentration of the various
particle species in the plasma (ions, atoms, or molecules), e and m are the charge and
the mass of the electron, w is the light frequency, w,; is the frequency of the k-th
absorption band of the i-th particle species, f,; is the oscillator strength for the transi-
tion k — i, v is the frequency of collisions of free electrons with heavy particles.

The second term of (44.1} gives the refraction due to free electrons, and the third
term gives the bound-electron refraction.

We can assume that  is very large in the optical region. The free electrons make
a negative contribution to the refractive index, and each of them acts roughly
(wy;/w)? times more strongly than an atom or an ion. Their influence already becomes
substantial at ionizations of a few per cent. At high degrees of ionization the refraction
is determined only by the free electrons, and the refractive index is less than 1. For
this case we can write

A2e’N

2

2me (44.2)

n=1—
where ¢ is the velocity of light. Since the classical radius of the electron is eqﬁal to
2
r=— =28x10""cm, 44.3)
me
we obtain from (44.2)
n=1-14x 10"1322N. (44.9)
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If the concentration of free electrons is 10'7 ¢m™3, for A =5 x 10”5 cm the
refractive index will differ by 1 x 107° from 1. This value can be measured with
sufficient accuracy by schlieren methods.

Thus in a strongly ionized plasma we can measure the concentration of free
electrons by refractometric methods. A partially ionized plasma should be considered
as a mixture of different particle species. If the number of particle species is small
(two or three), we can find the concentration of each component.

A specific feature of plasma measurements is the strong glow of the hot plasma.
Therefore, it is desirable to use the defocused grid methods. If more accurate photo-
metric methods are necessary, we must either substantially increase the light source
brightness, or restrict the plasma glow by means of light filters and special slits.
Experience shows that if the plasma is not too dense, the influence of the plasma glow
can easily be suppressed.



CALCULATION OF THE
ILLUMINATION DISTRIBUTION
IN THE IMAGE PLANE WITH
ALLOWANCE FOR DIFFRACTION
PHENOMENA

45. GENERAL DISCUSSION OF THE DIFFRACTION
EFFECTS -

The qualitative and quantitative analysis of schlieren photographs is almost always
based on geometrical optics. However, the geometrical optics provides only first-
order approximations, which do not consider the phenomena associated with the
wave nature of light; as a result, the geometrical-optics equations are not valid in
many cases of application of schlieren instruments. The diffraction phenomena
frequently lead to a distribution of the illumination in the image plane substantially
different from the simplified distribution calculated on the basis of geometrical optics.
It becomes difficult, and at times altogether impossible, to draw conclusions regard-
ing the shape of the inhomogeneity, the distribution of the angles of light deviation,
and the relevant object parameters. Even if the diffraction changes in the illumination
are barely noticeable and do not substantially affect the qualitative measurements,
‘they introduce a marked error in the more accurate quantitative measurements.

Diffraction phenomena are clearly observed in schlieren studies. Schlieren photo-
graphs of a supersonic flow past models of various shapes, obtained for different
instrument adjustments, are shown in Figures 105 through 107. The light maxima
at the boundaries of the opaque objects are clearly visible on each photograph. A
system of diffraction fringes near the compression shock is observed in Figure 105.
These image details corroborate the well known experimental and theoretical
deduction, according to which the influence of diffraction is particularly noticeable in
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Figure 105 Figure 106

Photograph of the flow past a cylinder, taken by the System of shock waves on a plate.
method of the focal filament.

Figure 107
Measurement of the flow uniformity in a shock tube with a “comb”.
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places where the wave front suffers a discontinuity or a sharp deviation from linear
propagation (after its passage through the inhomogeneity). In the parts of the field
far from these places, the diffraction phenomena do not distort the schlieren pattern
substantially, and do not hinder the execution of qualitative studies.

It is observed from the photographs that the influence of diffraction is a function of
the shape and the character of the object, the method used, and the instrument
adjustment. Thus on the photograph of Figure 107, taken with a vertical knife-edge,
diffraction maxima are clearly noticeable only at the object edges which have a
component parallel to the knife-edge. No diffraction maxima are formed at the
edges perpendicular to the knife-edge. )

The study of the schlieren photographs shows that the diffraction phenomeéna are
most clearly observed with a high sensitivity of the schlieren instrument, i.e., when the
uncovered part of the illuminating slit image in the focal plane is of small size. The
larger the part of the image covered by the knife, the clearer and wider are the diffrac-
tion maxima and the stronger is their disturbing effect on the qualitative and quantita-
tive measurements.

The calculation of the diffraction pattern is necessary for selecting the experimental
conditions so the reduced results will correspond to reality with the desired accuracy.

Whereas in the study of “strong” optical inhomogeneities, deflecting the light
through relatively large angles, the allowance for diffraction is necessary only in
infrequent cases (e.g., the study of the boundary layer), in problems necessitating
work at maximum sensitivity, the diffraction actually limits the possibility of using
schlieren instruments. In many experiments with objects causing but a slight deflec-
tion, the schlieren methods are unable to visualize the inhomogeneities and are
therefore inapplicable. Thus the question of the limit of applicability of schlieren
instruments and of the means for attaining this limit should be considered. An increase
in method sensitivity and the development of new methods for studying weak optical
inhomogeneities become acutely necessary.

This problem can be solved in different ways. One of them is to calculate the image
illumination in the schlieren instrument and in similar optical systems, to determine
the sensitivity limit and to create new methods adapted to diffraction. This approach
constitutes the subject matter of this part of the book. Another approach consists of
creating new methods of study, basically different from the schlieren methods; this
procedure necessitates separate treatment. '

The diffraction phenomena interfere mainly with the use of schlieren methods
based on geometrical optics. In this case the diffraction pattern is calculated in order
to determine the limit of applicability of the methods and to select the optimum
conditions for conducting the experiment. On the other hand, an attempt is made to
make use of diffraction in the measurements. For this purpose a relation is established
between the parameters of the diffraction pattern and the characteristic quantities
of the inhomogeneity. Subsequently, an experimental method is developed which is

. best suited to utilizing these relations. :
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46. DERIVATION OF THE FUNDAMENTAL RELATIONS

The general problem of the effect of diffraction on the measurement results and the
development of methods for utilizing the diffraction phenomena in the determina-
tion of the parameters of the optical inhomogeneity can be split into two independent
parts. The first consists of calculating the illumination distribution in the image plane
of the schlieren instrument by the methods of wave optics, and the second consists
of determining the errors and limitations imposed by the diffraction phenomena
and establishing techniques for harnessing diffraction.

The second problem is highly specific, depending on the method used, the shape
of the object, and the aims of the experiment. It is therefore best treated in the
corresponding special sections.

The first problem has been repeatedly examined, and can be formulated in a
general manner. In the case of a schlieren instrument it was analyzed in considerable
detail by Rayleigh [116], Obreimov [41], and Sukhorukikh [517].

We shall use the following simplified model of the schlieren instrument (Figure 108).
A finite light source S, radiating isotropically in all directions, is placed in the focal
plane of the main objective O, of the collimating part of the schlieren instrument,
which has principal planes passing through the principal points H, and H). The
various points of the finite light source are defined by their coordinates &', . Let the
objective O, be free of aberrations; in that case, a plane light wave is emitted from it by
each point of the source. Disregarding diffraction phenomena on the collimating
objective rim, we consider an infinite plane light wave.

, Qlg,n) Sc(x,y')
1 . n y
13
P, ,
_______ ~~ | NEn) X
- ~ \\ Z
Mix,y)
—~A—
{ '3 § m

Figure 108
A model of the schlieren instrument.

The limiting diaphragm and the inhomogeneity are located in the object plane 4
with coordinates x, y; they introduce amplitude and phase changes in the trans-
mitted wave front. ~

After its passage through the plane 4, the light reaches the main objective of the
receiving part O, whose principal points are H and H' and foci F and F'. The objective
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O is also assumed to be free of aberrations and sufficiently large in order not to restrict
the light beam.

A viewing diaphragm causing additional amplitude and phase changes in the
transmitted light wave is placed in the plane Q (&, ) which lies near the focal plane
O or coincides with it. Different types of viewing diaphragms can be used, depending
on the experimental conditions: Foucault knife-edge, phase filament, curved stop,
etc. The distance from the plane Q (&, #) to the second focal plane of the objective O
is defined by the segment A.

The screen plane Sc(x’, y') with coordinates x’, y" is conjugate to the object plane A.
The scale of the inhomogeneity image is defined by the distance from A(x, y) to O
and the focal length of the objective O. These quantities also define the distance m
from the second focal plane of O to the screen.

All the coordinate axes (& x, & x') and (o, y, 1, y') are parallel to each other. The
z axes all coincide with each other and with the optical axis of the objectivés O, and O.

The final aim of the calculation is to determine the illumination distribution in the
screen plane Sc for a given light source and known phase and amplitude changes
introduced by the limiting diaphragm and the inhomogeneity in the plane A(x, y)
and by the viewing diaphragm in the plane Q (&, ).

The instrumental model used in the calculation differs from most instruments
available in practice. The main objectives of real instruments have aberrations and
are of finite dimensions, the inhomogeneity is imaged by special photographic
objectives, and the instruments have corrective lenses, mirrors, etc. However, the
size of the additional optical elements can almost always be easily increased to the
extent that the diffraction does not markedly change the illumination distribution
in the image plane. In this case they affect only the numerical values of the parameters
used in the calculation — the focal lengths of the objectives O and O,, the image
scale, etc.

The size of the main objectives is large as a rule, and the diffraction from their edges
has an effect in only a narrow zone of the Sc(x’, y) plane, located near the image of
the boundaries of the instrument’s working field. It is the diffraction in the object
plane diaphragm and in the inhomogeneity which is of the greatest importance.
Therefore, we can usually assume without much error that the objectives are infinitely
large.

The assumption that the main objectives are aberration-free similarly does not
lead to substantial restrictions, since their quality is almost always sufficiently high
for the wave front distortions to be considerably smaller than those produced by the
object. In the case of very weak inhomogeneities, it is the amplitude changes of the
wave front produced by opaque objects in the A(x, y) plane that are of decisive
importance. Furthermore, the methods used most widely are based on the comparison
of the schlieren pattern of the inhomogeneity with the schlieren pattern in the absence
of inhomogeneity, and the aberrations are thus partly compensated.

The optical inhomogeneity is sometimes placed in a converging or a diverging
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light beam. This does not complicate the calculation considerably, since only the
shape of the light wave front after its passage through the inhomogeneity is essential
and its determination is not considerably more difficult than in the case of a parallei
beam.

The analysis of the above assumptions thus shows that they do not lead to
substantial restrictions. The mathematical model adopted can be used for any
schlieren measurements, since it allows for the most important factor — the diffrac-
tion in the inhomogeneity and the viewing diaphragm.

The light wave from any point of the source is described in the plane A4(x, y) by
the function K

Sa€n', %, 9) = a, (&, 0, x, y)e U@ o' xo+en, (46.1)

where a, (&, %', x, y) is the magnitude of the amplitude,k = 2n/4, 4 is the light wave-
length, U(&,n', x, y) is a function describing the phase distribution, ¢ is the light
velocity, and ¢ is the time. At the points of the plane A4 (x, y) where the gradient of the
function U (&, 17, x, y) is small, the equation

z=U(&7,x,y) ' (46.2)

can be taken as the equation for the wave surface.
The function U(&, 7', x, y) can be represented in the form

’

U n',x,9) = Py, 0, x,y) + < x+ 1y, (46.3)
: Ji Ji
where P, (&, ', x, y) is the path difference introduced by the inhomogeneity. Since
the quantities &'/ f, and #'/f, are small, P 4(x, y, &', n') will be considered independent
of the variables ¢ and #'.

Thelight disturbance in the plane Q(¢, n) can be found by applying the Huyghens—
Fresnel principle, according to which every point of the wave surface can be
cor.lsidered as a source of secondary spherical waves. The light disturbance at any
point of the plane Q(¢, ) caused by the element dxdy of the plane A(x, y) located
near the point (x, y) can be expressed as

dSQ (éa ”) = CISA (é’a ”’3 X, y) e—“kL [ 2. €. m] dx dy ’ (464)

where C, is a constant, L[(x, y), (¢, )] is the optical path length between the point
(x,y) of A(x, y) and the point (&, ) of Q (&, n).

The .overal.l light disturbance at the point (&, 7) is expressed by the superposition
of the light disturbances contributed at this point by all the points of A(x, y)

So(&n, &, )= le f SA(&on's x, y)e  *LU= N Conlgy gy - (46.5)
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By applying once more the Huyghens—Fresnel principle, we can calculate the
disturbance in the image plane:

SSc(x” ,V', él’ ’7’) =
=, j j (&, n) e So(& me” MUE N dkdy,  (46.6)

where C, is a constant, ay(&, n)e™Fe® ? is a function describing the amplitude and
phase changes of the wave front introduced by the viewing diaphragm, and
L[(&n), (x,y)] is the optical path length from the point (&, 1) of Q(&, 1) to the
point (x', y") of Sc(x’, ).

The illumination distribution in the image plane is given by the square of the
modulus of the light disturbance distribution function:

I (xl: ,V’, éla ”I) = ISSC (xla ,V', éla ”I)lz‘ (467)

All this is valid only for a single wave front, originating from an infinitesimal
light source. However, in practical work, equations (46.1)—(46.7) are valid also for
sources of finite width, made up of elementary radiators, provided the light source
dimensions are so small that the function S (&, 7, x, y) is almost the same for each
of the elementary waves. In this case we have in the image plane a superposition of
a number of incoherent diffraction patterns shifted only slightly with respect to
each other, and the image illumination at every point increases, while the illumina-
tion distribution remains as before. Such sources are called infinitesimal or point
sources. As will be noted subsequently, the image illumination depends in some cases
on amplitude and phase changes in one direction only, while the changes in other
directions play no part. In such cases we can use slit light sources, and thus define
infinitely thin slits.

If the light source is sufficiently large, the illumination distribution is determined
by the superposition of many incoherent diffraction patterns shifted with respect
to each other

@ @
J(x',y) = _[ _[ XLy, & n)dEdn' (46.8)

- 0 —

Thus the calculation of the illumination distribution in the image plane of the schlieren
instrument reduces to calculating the expression

el «©
J‘ J‘ (&, n)ePe s M g KLIE M. (<2 )

= 0 — 0

J(X’,y’)=Cz_[ _[ as(&, 1)

= -

© © 7 2
X_[ _[ Salx,y, & n)e WLl Cmldxdydidn | d&'dn’,  (469)

-0 -0

obtained from (46.8) by the substitution of (46.7), (46.6), and (46.5). The quantity
as(&', ') is the distribution of the light source brightness.
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Note that an auxiliary diaphragm is sometimes placed after the collimating part
and before the object plane. The diffraction calculation in this case is basically the
same, with only the order of integrations changed; the first integration is performed
over the viewing diaphragm plane, and the second integration is performed over
the object plane.

The functions L [(x, y), (£, m)], L&, n), (x', ¥)], ag(&, n), and Py(&, 1) depend only
on the method used and are easily found after the measurement procedure has been
selected. The case of the function P ,(x, y) is considerably more difficult, since it
depends on the inhomogeneity and is actually the relationship which must be
determined as a result of the experiment.

47. WORKING FORMULAS

The general formulas derived in the preceding section cannot be used when the
functions L[(x, y), (¢, n)] and L[(&, ), (X', ¥')] are known. We will determine them
for the case when the viewing diaphragm is located near the second focus of the main
objective of the receiving part or coincides with it. The method is similar to that
used in [51].

Consider once more Figure 108. Here M (x, y) and N (&, 1) are the points in the
object plane and the diaphragm plane, the distance between which is to be
determined; M'(x’, y’) is the image of the point M (x, y) formed by the main objective
O on the screen Sc.

In calculating the optical path length we take into account that in most cases the
calculation of the light disturbance function in the screen plane is necessary for
determining the illumination distribution. This means that in the expressions for
L[(x,y), (¢&,n)] and L[(£, n), (x', ¥)] we can ignore the terms which are independent
of the variables x, y, &, #, since their only effect concerns the phase of the light
disturbance. ]

The value of L[(x, y), (¢, n)] is determined by the length MN. To calculate it, we use
an artificial procedure. We construct the image of point N (£, n) through the main
objective, by taking two rays: one through M(x, y), and the other originating from
N (&, 1) and parallel to the optical axis (it passes through the first focus). Since N’ is
the image of N, NNMN = N'FN. But FN is independent of the coordinates of points
M and N, and can, therefore, be ignored.

Draw around point N’ a circle of radius N'F and denote by B its intersection with
N'M. According to earlier explanation, the part of the optical path between points
M and N which affects the intensity distribution is the segment MB. We shall take the
length of this segment as the difference betwveen N'F and NM.

The coordinates of N’ in the object plane will then be

Xy =—Ef'A; yw=—nffA;  zy = = [f?+ Als + f)]/A;
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the coordinates of point F will be x; = 0, yp = 0,z = s + f'. The sought difference
will be

L[(X, ,V), (é’ ’1)] =

I ’ 2 '2 i3 2
=_n{\/<—l;1f _y)ﬂ(_%i_x) +<__£__:r_6\2\£s_+_ﬂ> _
\? Ef\? 4 47.1)
RICNGES:

To simplify equation (47.1), we note that the last term of each of the expressions
in the radicand is much larger than the other terms. We can, therefore, disregard
terms of order &*/f'* and (& + Ax)*/[f* + A(s + f)]* and write (47.1) in the
form

s+ fE + 77 =2 (m + xE) — A(x? +)7)
202+ AGs + /1] '

" We determine the distance between the point N (£, 1) and any point of the image
plane by the formula

47.2)

L[(x,y.(&m] =n

LIED, (0] =n (X — 8>+ =) + (m— AP (47.3)
Using the smallness of the first two terms in the radicand, we find
(s + ML +n* —2x¢ — 2y'n]
2[f% + As+ f1)] '

. Since L[(&,7), (x', )] is independent of x and y, the term containing this magnitude
can be moved into the inner integrands. The exponent in the integrand contains
a quantity which can be obtained by adding (47.2) and (47.4):

L[(é$ ’1)’ (X’, y’)] = —n (474)

L6 9% (€] + LIG 1) (0] = 5o

><{A(x2 4y 4 2f l:é (x 3 —;,fl x’> + 7 (y — %,f’ y’)]} . (47.5)

After these transformations, (46.9) can be written in the form

oo w
f f ag(&m)eTe " x

—w -

I, y) = C? r r as(€, )
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2

d¢'dn’, (47.6)
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where
ikn s+ f
W, = A2+2+2'|:<— x’)+
A ey R U G

il

Formula (47.6) can be simplified in many cases. To make it more compact, without
loss of generality, we can take the image scale to be — 1 (s = — 2f").

If the viewing diaphragm is placed in the focus of the main objective of the
receiving part, we have

J(x,y) = Cc? on f"" ag(&, ;1’)‘ JHD J‘w ag(&, n)eikPQ(g, .

2

X_[ _[ Si(x,, & n)e"dxdydEdn| d&dn,  (41.7)

where
ikn
Iz

For plane waves, with the viewing diaphragm placed in the focus of the main
objective, the exponent in the integrand will be linear in each of the integration
variables. If the diaphragm is displaced from the focus or the light wave curvature
is introduced, quadratic terms appear in the exponent. Defocusing is equivalent to
imparting a certain curvature to the light wave.

The working formulas are simplified if the amplitude and phase changes introduced
by the inhomogeneity or the viewing diaphragm remain constant in some direction.
To obtain these simplifications, we assume that the viewing diaphragm parameters
are independent of the coordinate #. This situation is met in practice if a vertical knife-
edge, a filament, or a grid are used as the diaphragm.

Under these assumptions the inner integrals over the variables y and # in (47.6)
can be written in the form

W, =

[EGx + x) +n(y + ¥)]-

® ® ikn
J. J P(x,¥,¢, &, n')exp [~—-—-— n(y + y’)] dydn . (47.8)
n=-w Jy=—m f - A
Integrating by parts with respect to the variable y, we obtain
ikn do ikn
R ’ _ SR, / d
r ¢cxp[f,_A’1(y+y)] JayexP[f’—A"(y“Ly):l y

ikn ikn
1 1
fr—A fr—A (479)

dan.
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After the integration over #, we split the range of the variable y into three parts,
isolating a small zone near y = — y'. The integrals over the regions outside this
isolated zone vanish. The isolated zone is small and we can assume when integrating
that the function ¢(x, y, &, &, 1) has a constant value, equal to ¢(x, — ¥, & &, 7).
The integrals are then equal to

2n(f" — A)

k ¢(xa - y': é: é’; '7’) 3 (47]0)
n

and expression (47.6) reduces to

mC(f - AP (= [
J(x,y) = [—”—%——)] J J as(&, 1)

x J Sale, = ¥, &, n)e™dxdl

—

on aQ(é) gkPa @

—®

2
dédy (47.11)

where

W = ?,-df_ﬁz {%{xl +yH+Ex + x')}.

Thus if the viewing diaphragm is one-dimensional, the illumination of any point
of the image is affected only by the phase and amplitude distribution at points of the
object plane on the line passing through the conjugate point and perpendicular
to the lines of constant value of the parameters of the viewing diaphragm. The phase
and amplitude distribution in the other points of the object plane do not affect
the illumination at the point considered.

This simplification is of great importance, since one-dimensional diaphragms
are the most popular in schlieren measurements.

Similarly, if the inhomogeneity is one-dimensional, the illumination distribution
in the image plane is affected only by the parameters of the viewing diaphragm
along the straight line passing through the light source and perpendicular to the lines
of constant values of the inhomogeneity parameters. This facilitates the study of
diffraction phenomena in one-dimensional inhomogeneities with diaphragms of
complex shapes.

If we use a one-dimensional diaphragm and a narrow-slit light source parallel
to the line of constant diaphragm parameters, all the diffraction patterns produced by
the different source elements located at different parts of the extended slit are identical.
The overall diffraction pattern from the slit in this case is the same as from a point
source, with the only difference that it is brighter.

With the aid of the above equations, we can calculate the illumination at any point
of the schlieren image if we know the characteristics of the inhomogeneity, the
parameters of the light source, and the amplitude and phase changes introduced
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by the viewing diaphragm. However, it is the inverse problem which has to be
solved in practice: to determine the phase and amplitude distribution of the light
wave after its passage through the inhomogeneity by measuring the illumination
distribution in the image plane. A general procedure is known for solving the
integral equation (47.6). It consists of taking the unknown function as constant in
some small zone of the plane A (x, y) (in more complicated methods, it is considered a
linear or a quadratic function of the coordinates). In this case we obtain from (47.6)

© © Ny Ny © ©
J(x” yr) — CZ J‘ J‘ as(él r’/) Z Z SAU J‘ J aQ (é, ") eikPQ(g. ") x
- — @ — —

i=t j=1
xJ‘ J ¥ dxdydEdn

W < ikn {A 2 R , ,
“= A 57 & +y)+é(x+X)+n(y+y)}-

2
d¢'dny’, (47.12)

where

The. integrals can be evaluated, since only known functions remain in the
integrands. The integral equation is thus transformed into an algebraic equation. By
measuring J (x', y') in a sufficient number of points, we can obtain a system of
algebraic equations from which S 4 is determined anywhere in the object plane. This
general method for analyzing the diffraction pattern has not been used thus far in
practical schlieren measurements, due to the complexity of the schlieren pattern,
the blurring of the characteristic diffraction details of the image as a result of the
action of an extended light source, and insufficient measurement accuracy.

A simpler method is used at present, based on the fact that the illumination
distribution at a given point of the image is affected only by the phase and amplitude
distribution in some neighborhood of the conjugate point in the object plane. At a
given adjustment of the instrument this neighborhood can be taken as sufficiently
small for approximating P ,(x, y) with a known function of the coordinates with one
or several parameters, which are then found by comparing the experimental results
with theoretical calculation.

Due to the complexity of calculations, P ,(x, y) is usually given as-a combination
of straight lines or quadratic curves. Calculations in a more complicated form have
been carried out only in [53]. However, as we shall note subsequently, valuable
information can also be obtained from the illumination calculation based on the
simplest form of the functional relationship P ,(x, y).

The mathematical apparatus to be used and the methods of approximate calcula-
tion depend on the form of the function P,. Therefore, in what follows we shall
consider separately the questions connected with studies of plane waves, when P,
is a linear function of the coordinates, of quadratic waves, when P, can be expressed
by a second order equation, and of more complex wave front shapes.



ERRORS IN THE STUDY OF
PLANE WAVES

48. ERRORS OF THE PHOTOMETRIC KNIFE-EDGE
AND SLIT METHOD

There are several factors limiting the accuracy and the sensitivity of schlieren
instruments: vibrations of the instrument body and the mirrors, convective air
currents in the instrument and between the instrument and the object, inaccuracies
in the manufacture of the objective and the protective glasses, diffraction on the
rims of the optical components and in the inhomogeneity, etc. From this list, it is
the diffraction phenomena that actually determine the maximum accuracy of the
schlieren methods. Although the errors caused by the other factors are con-
tinuously being reduced with advances in technology, diffraction phenomena
cannot be eliminated. Their influence can be allowed for by calculating the dif-
fraction pattern, but this leads to a considerable modification of the measurement
method, involving a new range of phenomena.

" The study of diffraction is most important when viewing small inhomogeneities
or studying the processes near the boundary of the object, since in this case the
changes in the image illumination caused by diffraction can become comparable
to or larger than the effect of the inhomogeneity. Limitations of this type are most
important and can considerably affect the measurement error or make it altogether
impossible to obtain the required result. This problem is also of considerable
practical interest, since by solving it we can decide whether very thin astronomical
mirrors, low-density gaseous flows, and similar objects can be studied at all by
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schlieren methods. The entire question of the sensitivity limit of schlieren methods
and of the means for improving schlieren instruments becomes clearer. The diffrac-
tional redistribution of the light intensity introduces in the measurement result
errors related to the neglect of the diffraction phenomena. Allowance for these
errors and determination of the maximum sensitivity become possible only when
the illumination distribution in the image plane is calculated by the wave-optical
methods.

The standard schlieren method of the knife-edge and slit [ 15, 25, 116] was selected
for a specimen calculation of the error introduced by diffraction phenomena. This
method is particularly suitable for measuring small angles of deviation.

An opaque diaphragm having a rectangular cut with sides 2R and 2R, parallel
to the coordinate axes x, y is placed in the object plane. Then

a4(x, y) Rt = {O for |x|>R or |y|>R,,

¥+ for |x|<R and |y|<R, (48.1)

where « and § are the projections of the angle of rotation of the plane wave in
plane A on the planes xOz and yOz. A knife partially covering the slit image
is placed in the focal plane Q(&,n). The knife-edge is parallel to the n axis and
intersects the & axis at point &€ = &,. In this case

ag(&,n)e*Pe& n = 0 for |nl>r, or &<& or &>,
L for |n|<r, and & <éE<r.

Let the light source be a uniformly illuminated slit with edges having coordinates
fl, 62 and Ni>Y2- We obtain

J(x',y)=C* f
n=n =&

where

(48.2)

2

f f f e"sdxdydédn| dE dry,
§=%0 Jn=-r =—-R Jy=—Ry
(48.3)

ik
W, =’7{f<x+x')+n(y+y')+axf+ﬂyf+xé'+yn'}.

It is assumed in (48.3) and in all cases below that the focal lengths of the main
objectives of the receiving and collimating part of the schlieren instrument are

equal, ie, that — f, = f"' = f.
Noting that the integration variables can be separated, we write (48.3) in the form

S A
=& Jn'=n £=%&o =-R =-r —_Rx

ik
7 {E(x + x) + axf + x¢&},

dé'dn
(48.4)

We

ik
W, =7{n(y+y’)+ﬁyf+yn’}-



220 ERRORS IN THE STUDY OF PLANE WAVES

Calculating all the inner integrals, we obtain

C2f4 &a

Iy) = 5 f {[CiBi(r + af + &) = CiBy(Co +of + ) -
§'=8

 —CiB+af + O+ CiBy(Eo +af + O+ [SiBlr +of + ) —

~SifiGo +af +8) = Sifslr+af +8)+ CiR G +af +
ey [T ((Cin 4 87+ = G ry+ B 4 ) -

— Ciay(r, + Bf + 1)+ Ciog(—r, + Bf + )] +

+ [Siagry + Bf + 1) — Siay(—ry + Bf + 1) —

— Siay(r, + Bf + 1)+ Sioy(—ry + Bf + r]’)]z}dr], (48.5)
where
k k
ﬂl=7(R+x’)a O‘1=7(Rl+y’),
(48.6)
B2 = ;(-R+X'), oy = %(— Ry +y).

We note that the illumination at every point of the image depends on the distance
of that point from the image of the working field boundaries and the distance of the
source image from the viewing diaphragm boundaries. The quantities R, R, r,
&o, o Fy, B, &4, &, my, and n, are significant only insofar as they alter these
distances. Taking this into account, we can write « = 8 = £, = 0 without any
loss of generality.

The integrals in (48.5) cannot be evaluated analytically. However, in actual
experiments with schlieren instruments, the parameters r,, &, r, n, are connected
by known relationships, which can be used to simplify (48.5). Normally, the width
of the illuminating slit image is much smaller than the width of the focal plane slit
aperture, so that &,, &, < r. Taking this into account, and also seeing that 8;r and
B.r are sufficiently large, we reach the conclusion that the addition of &, varying
between &, and £&,, to r in the arguments of the integral sines and cosines cannot
substantially alter their values. Therefore, we can write without substantial loss of
accuracy

Cipr +&)=Cigyr, Sipi(r+¢)=Sipyr,
v 48.7)
Cipr + &) =Cipyr, Sif(r+ &) =Sif,r.
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By imposing similar requirements on the variation of n, we obtain n,,n, <€ r,.
But r, is large. Therefore, we can drop terms of order of 1/u; (r, + 7o), /ey (r+ 1),
Loy (= ry + no), and 1o, (— ry + 74) in the asymptotic expansions of the integral
sines and cosines, which are valid for large values of the arguments:

Sig) = ° 1 6\ . 1 2
1(t)—7— Pl sint — ey cost+..., (48.8)

. 1 2 . 1 6
C1(t)=<———?)smt——(—2——4)cost+... (48.9)
t t t t
From these assumptions we obtain
Ciay(—ri + 1) =Ciay(r; + 1) = Cloy(—r, + 1) =

=Ciay(r, + 7)) =0,
_ (48.10)
—Sioy(=r + 1) = —Siay(r, + n) = Siay(—ry + 1) =

= —Sia,(—r, +1)=4%n
_Formula (48.5) is reduced with the aid of (48.7) and (48.10) to

_ 4nlny —n)C?f* r’

J(x) k“ {[CirB, ~ Ci&B, — Cirp, + Ci&'8,]% +

&'=5
+[Sir, — Si&p, —Sir, + Si&p,)P}de,  (48.11)

which gives after integration

_ 4l —n)C St

J(x') - ¢ {[Ci By — Ci&B, — Cifyr + Cifyr —
sin &B sin &8, ] . . - . .
— C'ﬂll + f’ﬂzz:l +[Sl£ﬂ1—Slfﬂ2 —Sipgyr+ Sif,r +
cos &'f, _ cos f’ﬂz:lz + 28(By — B2) Si&'(By — B,) + 2cos &' (By —Ba)
&'By &', &2B1B,

§'=%2
(48.12)

_ L(ﬂi N L)}
¢\ B

The illumination distribution for the case when the object plane diaphragm is
a half-plane restricting the object field on one side is shown in Figures 109 and 110.
The edge of the half-plane is parallel to the y axis. The light source is an infinitely
narrow luminous slit parallel to the ¢ axis at a distance ¢, from it. The illumination

=&
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I

-5 -0
Figure 109
Illumination distribution at the edge of an opaque screen. The geometrical image of the slit is covered
by a knife-

distribution was expressed by the integrand in (48.11), which under our assump-
tions has the form

2
(<) ={[Ci%(—R+x’)—Cik—?(—R+x')] +

2
+ [— Si?(—R +x)— Si%(— R+x) + (g)] } (48.13)

where &, is the coordinate describing the position of the source image (since
&, =0, &, is also the distance from the knife-edge to the illuminating slit image).
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Figure 110

Illumination distribution at the edge of an opaque screen. The slit image is not covered.

The upper term (z) in parentheses obtains for £, > 0, and the lower term (0) for
¢, < 0. The origin of coordinates in the figures is chosen at the point where the
image of the screen edge should be according to geometrical optics. The abscissa
is related to the coordinate of the screen plane by the equality

”_2—7'5 . 7
x _J.fél( R+ Xx).

The curves are given for different values of the parameter IT, = r/¢,.

If the points considered are sufficiently far from the screen image, so that
(— R + x)-kr/f is large, the illumination distribution depends on x” only. We
note that for an uncovered slit image (II; > 0) the illumination distribution is
virtually independent of the value of IT,. If the source image is covered by the knife,
the decrease of the absolute value of IT,, leads to a reduction in the illumination at the
center of the diffraction maximum located on the opaque edge.

All the possible illumination distribution curves in the screen plane are obtained
from those shown in Figures 109 and 110 by altering the horizontal scale.

A decrease of the angular distance from the center of the diffraction pattern of
the illuminating slit image to the knife-edge, an an increase of the wavelength
involve an increase in the width of the diffraction maxima, which is proportional to x".
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To study the illumination distribution described by (48.12), we introduce the
dimensionless magnitudes
k _ X k dn(n, — n)C*f*
p 7 ¢ X=7: P 7 r 3 ©R
Formula (48.12) is then transformed into

J=Cyp {l:Cip(5c‘+ )= Cip(F—-1)—Cipx+ 1)+ CipE ~ 1) —

sinp(* + 1) sinp(x — 1)]2 [ L L
- - + — +|Sip(x+1)—-Sip(x—-1) —
pE+D | pE-1 g g
. L cosp(x + 1) cosp(x—1)]*
—Sipx+ 1) +Sip(x—-1) + — - — +
plx +1) plx—1)
4p Si2p + 2cos 2p 1 1 p=p2
pz(fz —1)? - pz(g +1)? - pz(g — 1)2 o (48.14)

We note that in general, the illumination distribution in the image of a rect-
angular aperture depends, in the case of a wide source and a wide viewing slit, on
three parameters: p,, p,, and p. However, in actual experiments, r is usually large.
Therefore, the diffraction phenomena at the edge of the viewing slit, located at
& = r, affect only the illumination distribution at screen points very near the image
of the object plane diaphragm edges. Ignoring these points, we can write p = 0.
We must also take into account that the influence of diffraction at the edge of the
illuminating slit image covered by the knife is much smaller than the influence of
diffraction at the uncovered edge. Therefore, we can write p, = c0. We obtain finally

sinp,(x + 1)

J == Cyp, {[Cipl(f+ H-Cipx-1) - P

sinp (x ~ 1) ]

—l—fi_(~x—~—~)] + I:Sipl()? +1)—SipE—1) - (7‘) +
pilx — 1) 0

cospy(x +1) cospy(x — 1):|2 4p,Si2p, + 2cos2p,
pi(X + 1) p1(x —1) pix* — 1)

1 1
T RAE+ 1) pAE— 1)2}' (48.15)

The upper term in parenthesis is taken for |X| < 1, the lower term for |x| > 1.
Figure 111 shows curves of illumination distribution, calculated by (48.15) for the
values of p, indicated in the figure; p; = — oo corresponds to geometrical optics.
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Figure 111

Iliumination distribution calculated by (48.15).

The curves are normalized so that the intensity at the image center is always equal
to one, ie.,

2<:osp1j|2 N 4p, Si2p, + 2cos2p, —

2
5 } = 1. (48.16)
P1

— Csp, {|:28ip1 —-n +

P1

The case of a wide slit is similar to that of a narrow slit. The diffraction maxima
become wider and grow with the decrease in the width of the uncovered part of the
slit. However, unlike the distribution in the case of a narrow slit, here the diffrac-
tion pattern is somewhat smoothed by the superposition of numerous elementary
patterns formed by light from different points of the source.

These phenomena were investigated experimentally with the IAB-451 instrument
[15]. A diaphragm with a rectangular cut was placed in the object plane. A slit
illuminated by a cineprojector was the light source. The illuminating slit image
was partially covered by a knife. The slit image and the knife-edge were arranged
parallel to the diaphragm edges. Thus the experimental layout closely follows
our computing model. Since the instrument used was not ideal, a small object-plane
diaphragm was selected (2cm). As a result, the contribution from diffraction



225 ERRORS IN THE STUDY OF PLANE WAVES

phenomena increased and their influence became much larger than the influence
of aberrations. The experimental setup is similar to that described in [69a].

The photographs were processed photometrically in the direction perpendicular
to the knife-edge; the results obtained are represented in Figure 112. The ordinates
of the curves are proportional to [ J(x')]% which is the deflection of the recording
ray of the microphotometer. The values of the parameter a depend on the y and the
speed of the film used.

Figure 112

The broadening of the diffraction maxima with the narrowing of the uncovered part of the slit.

The results corroborate the theoretical conclusions concerning the enhance-
ment of the diffraction phenomena with the narrowing of the uncovered part of the
slit. Thus in Figure 1124, taken with a relatively wide uncovered part of the slit,
the diffraction phenomena noticeably affect the illumination distribution only near
the diaphragm edges. The narrowing of the uncovered part of the slit leads to the
broadening of the diffraction maxima, which then fill a larger part of the diaphragm
aperture image (Figure 112b). When the width of the uncovered part is reduced still
further (Figure 112¢), the illumination at the center differs substantially from that
predicted by geometrical optics. The qualitative and quantitative comparison of

- the experimental and theoretical data established the validity of our calculations and
their applicability to practical work with schlieren instruments.

We shall use the illumination distribution obtained in the image plane of the
schlieren instrument for estimating the error of the photometric schlieren method
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of the knife-edge and the slit introduced by the neglect of the diffraction phenomena.

Let the initial position of the slit be characterized by a width &, of the uncovered
part of the slit image; the inhomogeneity shifts the slit image to a position where
the width of the uncovered part is £,. The true angle of deviation is then

$2— &

g = T

S

In real measurements, we use equation (26.3), in the derivation of which it was
assumed that

. (48.17)

L _damdik
m Jl f 3
where J, and J, are the illuminations of the measured field point obtained for the

widths &, and &, of the uncovered part of the slit image. The relative measurement
error in this case is

(48.18)

& — Em J,—J
oo _q U2 1)61. 48.19)
& Jig - &)
Using expansions (48.8) and (48.9), we substitute in (48.19) J 1 and J, from (48.12).
Assuming that more than half the slit image is covered, and dropping higher-order
terms, we obtain

162, — n)C 4 [51 " B, - B 1 (_ sin ¢, f; + sin 6152):'.

K mpp, &\ B 2
(48.20)

Jix) =

At this point, we must distinguish between two cases.

1. The angle of light deviation is so small that the shift of the diffraction pattern
on the working photograph with respect to the zero photograph is much smaller
than the distance between the fringes. In this case, inserting in (48.19) the expres-
sion for J, from (48.20) and the expression for J, obtained in the same way, and
further assuming that ¢, — &, < &,, we obtain ‘

1 (cos $iB;  cos f1ﬂz>

K= —
n, B4 B2

If the point studied is located near the edge of the object plane diaphragm at
x = R, the maximum error is

48.21)

K = ————%f | (48.22)

nké, (x' + R)’

If B, = — B, (the point studied is located near the middle of the object plane
diaphragm), then

¥
KR (48.23)
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Let us estimate the numerical value of the error. For (x' + R) = 1 mm,
f=2x10°mm, A=5x10"*mm, and ¢, =0.2mm, we obtain x = 0.25,
which is a very large error. This example shows that the diffraction phenomena
cannot be disregarded in measurements near the object boundary.

If the diffraction maxima are not clearly observed due to the insufficient resolving
power of the instrument, or if large angles of light deviation in the inhomogeneity
are being measured, we can replace the rapidly oscillating functions sin £,8, and
sin ¢, 8, in the expression for the illumination by 1 and write (48.20) in the form

167 (n, — m)sz"[ Bi—B, 1 (1 1)]
Jix) = Gt o= —\mta)| @824
: K YT g e\ gy ] (829
Substituting (48.24) and the analogous expression for J, in (48.19), we obtain for
Sa— &1 <4,

2 12 212
= B FEIA (48.25)

27381 (R* + x'%)
This expression, as (48.21), gives the field zones (for given parameters of the optical
system) in which the angle of light deviation in the inhomogeneity can be measured

with a relative diffraction error not exceeding x.

For the case when a measurement with error x is possible only at the center of the
field, while the error everywhere else is larger, expression (48.25) assumes the form

lez

If the inhomogeneity point being considered is located near the edge of the diaphragm,
then '
' 2/12
k= —JI*
433 (R + x)?

The physical meaning of equations (48.21) and (48.25) is easily understood. The
increase in the diaphragm aperture or in the distance of the point from the opaque
edge is accompanied by a decrease in the effect of diffraction; the distribution
approaches the geometrical optics distribution, and the error diminishes. The
decrease in the light wavelength has a similar effect.

When the width of the uncovered slit image increases, we obtain a superposition
of diffraction patterns which are shifted relative to one another. If the angular
distance (determined by the ratios (¢, — &,)/f and &,/f) between the axes of the
extreme superimposed beams is large, a uniform illumination results from the
superposition of many beams, and the observed distribution approaches the geo-
metrical optics distribution. The diffraction phenomena become noticeable only
if the knife-edge is located near the edge of the slit image; the error increases as’
the uncovered part of the slit is made narrower.

(48.27)
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We can thus deduce that the width of the uncovered part of the slit should be
large in order to ensure a small error. However, this is true only in part, since the
increase in the width of the uncovered part involves a drop in the measurement
sensitivity and in the contrast of the inhomogeneity image, which increases the
measurement error of the image illumination (or of the difference in the optical
densities of the emulsion).

By substituting (26.7) in (48.22) and (48.27), we obtain a relation between the
diffraction error and the measurement sensitivity,

K= S 48.28
" mky(R + X)) (48.28)
5222
K= —gm———.
PR T X (48.29)

To determine the minimum angle of light deviation in the inhomogeneity which
can be measured with a given diffraction error, we combine (48.22) and (48.27)
with (26.3), using the series expansion of (26.3) in powers of the small quantity
(D — Do)fy:

_ (D= Dg)In 10

mhye(R + x) (48.30)

(D — Dy)In 10
£ = —————
ky /mc(R + x)

For(R+ x)=10mm, D — D, =002,y =2,k =01,and A = 55 x 10" *mm
we derive from (48.30) that the angle of 6.4 x 10”7 rad or 1.3 x 10~ seconds of arc
can be measured with an accuracy of about ten per cent (it follows from (48.31) that
¢ =7 x 1072 seconds of arc). This angle is considerably smaller than those usually
met in practice. The minimum angles of deviation which can be measured at
present in experimental conditions are much larger than this theoretical limiting
value.

The example given illustrates the case when the wave front can be taken as plane
over the entire instrument field. This approximation is inapplicable in many cases,
and then the smallest measurable angle of light deviation in the inhomogeneity
will be much larger. The influence of diffraction will be particularly strong if we
study processes near an opaque boundary or an interface of two media. Thus if we
measure the inhomogeneity parameters at a distance of 0.1 mm from the opaque
boundary, we obtain ¢ = 6 x 10~ rad for the same numerical values as in the
preceding example. In such studies the diffraction error becomes larger than the
errors due to other factors, and the calculation of the inhomogeneity characteristics
from the diffraction pattern parameters presents an especially acute problem.

(48.31)
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With the aid of the above formulas, we can determine the minimum distance from

the diaphragm edge for which the angle of deviation can be measured with a given

“error. Thus for k = 0.1, A = 5.5 x 10~*mm, S = 10% and y = 2, we can conduct
measurements only at points lying farther than 14 mm from the edge.

Note that in quantitative measurements the diffraction also interferes with the
execution of the auxiliary operation — the measurement of £;. We shall determine
the magnitude of the resulting error. If the width of the uncovered part is determined
to within 1/p of the radius of the Airy disk, the error will be equal to

, de _dE  Af

K=—= = . (48.32)
£ ¢ 4R¢,p
By comparing (48.32) and (48.23) we obtain
2
K o= (48.33)
4p

If x = 0.1, it is necessary for ¥’ = 0.1 that p = 2.5, i.e., that &; be measured with an
accuracy of up to 0.4 of the Airy disk radius. This is a very complicated problem,
which is difficult to solve by a direct measurement of the knife-edge distance from
the slit edge. For such accurate measurements, we must make use of the slit image
symmetry, and measure the knife-edge shift from the middle of the slit image.

Thus it would seem that the error due to the inaccuracy of the slit measurement is
larger than the error of the illumination measurement. However, a basic considera-
tion in practical measurements is that the restriction of the plane wave front in the
working photograph is stronger than in the “zero” photograph. The “zero” photo-
graph is restricted only by the main objective rim, while the plane zone on the working
photograph is also restricted by the inhomogeneity elements. As a result, it is possible
to measure the width of the uncovered part of the slit image for a considerably larger
R than that affecting the diffraction error of measurements.

If the auxiliary measurements are conducted for R = Ry, and the inhomogeneity
restricts the plane front to R,, then

n?R K

= (48.34)
4pR,

The error defined by (48.34) is small if the inhomogeneity strongly restricts the
wave front (R, < R,), ie, when the diffraction error substantially affects the
measurement results. If R, ~ R,, then as a rule ¥ = x but in this case x is small
and can be ignored.

We note from this analysis that the possibilities of the schlieren instruments are
not fully utilized in the study of large-size gaseous inhomogeneities. These instru-
ments are inherently capable of measuring angles of light deviation smaller than the
smaliest angles measured today. The reduction in the instrument accuracy is due to
ambient vibrations, aberrations of the optical system, temperature fluctuations,
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fluctuations of the air density in the instrument and around it. It is clear that the
sensitivity of schlieren instruments can be increased as follows:

a) All the optical components of the instrument must be insulated thermally.
It has been experimentally established that a local increase in the temperature of
some component by a fraction of a degree suffices to cause noticeable changes in
the schlieren picture. The components connecting the optical elements with the
instrument body are of particular importance in this respect; a thermoinsulating
padding between them is obligatory.

b) Vibrations are the main enemy of schlieren instruments. If we wish to measure
an angle of deviation with an absolute error of £+ 10”7, the maximum permissible
shift of the illuminating slit image in the course of the experiment is 2 x 10~* mm
(for f =2 x 10> mm). Since the instruments are usually placed near running
motors, the fulfillment of these requirements is obviously very difficult. To reduce
vibrations, schlieren instruments must be manufactured in the form of integral struc-
tures, and not as a system of two different units (collimating and receiving), as is the
case at present. A separate seating and an antivibration suspension system should
be provided for when setting up the instrument.

¢) In many cases, especially when studying transient processes, the main factor
limiting the sensitivity is the insufficient brightness of the light sources. Therefore,
we must envisage the use of high-pressure xenon lamps as light source, and of image
converters as receivers. In addition to increasing the sensitivity, this combination
will be extremely useful in the study of very short processes (of the order of 10~ 7 sec
and shorter). '

d) The schlieren instrument readings are almost equally affected by inhomo-
geneities at different points along the optical path of the beam. Therefore, we must
take measures to prevent air density fluctuations in the instrument and between the
instrument and the object. Generally, it is sufficient to seal the instrument; in some
cases, when the influence of extraneous light sources or convective air currents is
large, it becomes necessary to work in a partial or absolute vacuum.

¢) The last factor contributing to a high resolving power of the instrument is
high-quality optics. The resolving power of schlieren instruments is still consider-
ably below the limiting resolution determined by the diffraction at the rim of the main
objectives. A criterion of satisfactory optical quality is a point image equal to the
diffraction circle of confusion. :

Particular attention should be paid to the fact that the limiting sensitivity is
related to the accuracy of the instruments recording the variation of the emulsion
optical density. If we can record density changes of up to 107#, the sensitivity limit
of the schlieren instruments is shifted by two orders of magnitude. Therefore, to
increase the schlieren sensitivity, we must increase the accuracy of measurement of
the photographic density. It is necessary to use new high-y emulsions with uniform
parameters over the surface, and differential microphotometers with an improved
method for reading the results.
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The above methods of increasing the schlieren sensitivity should be implemented
only when working at maximum sensitivity, i.e., when studying inhomogeneities
which produce a very slight deflection of the light beam. In less accurate measure-
ments we can disregard the influences of some of the factors listed and settle for a
lower sensitivity. Another factor of great importance is the specific environment
in which the experiment is conducted, namely, the presence or absence of heat
sources, the frequency and the amplitude of the vibrations, etc. Therefore, the
methods for attaining the required sensitivity and accuracy must be selected after
analysis of the working conditions of the instrument and the problems which have
to be solved.

However, the diffraction limit has already been reached for many objects,
in measurements conducted near discontinuities or sharp changes in the wave
front linearity. In these cases, the question of utilizing the diffraction pattern for
measurements or devising a basically different method of measurement becomes
highly topical.

49. LIMITATIONS OF THE VECTOR THEORY
OF THE PHASE CONTRAST

The basic features of the phase contrast method are generally explained in terms of
the vector theory. As we observed, this theory is based on a number of inaccurate
assumptions, which at times introduce substantial errors and restrict its applicability.
In this section we shall analyze quantitatively, allowing for diffraction, the influence
of these assumptions [23].

We shall use as a mathematical model the general diagram of the phase contrast
method shown in Figure 113. To simplify the calculations, we take as our object
a slit diaphragm of width 24, with a transmission coefficient g, which introduces an
additional path difference v. The instrument field diameter is 2R. A filament of width
2¢4, with a transmission coefficient 7, introducing an additional path difference 6

0, ' vi9 0, 5,1
s y
X 3
H, _ A . H, .
2a
2
2R Ez°
r
Figure 113

A diagram of the phase contrast method.
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is placed coinciding with slit source image. The inhomogeneity image is projected
by the receiving part objective with main foci H, and H, on the screen Sc.

The calculation of the illumination distribution in the image plane by equatio
(47.7) leads to the expression '
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Since the present theory is more general than the vector theory, we can derive
from (49.1) the fundamental relation of the vector theory. In fact, by adopting the
assumptions of §12 and considering the focal and object plane diaphragms as
infinitely large, while taking the inhomogeneity and amplitude-phase filament as
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sufficiently small, we obtain from (49.1) the already known equation (12.1), which
has been derived from geometrical optics.

To estimate the error of the vector theory, we restrict ourselves to the first two terms
in the asymptotic expansion of the functions

Si—f—éo(R+x’), Si?éd(—R+x’),

Si?r(a+x’), Si?r(—a+x')

for large values of the argument. &) (a + x')-k/f and &y(— a + x')-k/f should
be so small that their integral sine can be approximated by the first terms of the
exponential series.

Since R and r are large, the integral sines of the arguments containing these
magnitudes are rapidly oscillating functions, and, therefore, in order to determine
the maximum diffraction error, we set the cosines of these arguments equal to + 1.

We transform (49.1), chopping the terms of second order of smallness:
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kn

N N

N 4R [ ) 1 cos(v—9) . 2cos d L o8 v:l
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— Lo (R* — x%)

S
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nk 2 12) q vV qr \/(; \/;

+ +
q T \/‘; q \/';
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Let us rewrite expression {49.2) for the case of pure phase changes of the wave
front in the inhomogeneity and the filament. Taking into account that the diffrac-

tion is most significant when measuring small path differences, we use the expansion
of cos v and sin v for small values of the argument, taking

4kéoa [ 1 1 1 2cos(v —8) cosd

49.2)

cosv=1, sinv=v. (49.3)
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Formula (49.2) reduces after these changes to

. 2
I(x) = [E?%H_A_)] {1+ 2vsiné — (1 — cosd) A —

—vsind(4 + B+ D)}, (494

where

T T
= &R — x?) = - x) "
f f
Generally, the additional path difference introduced is measured by comparing
the illumination of the object image with the illumination of the background or
some standard of known parameters. An error is introduced in such measurements,
since they do not allow for the shape and the size of the compared objects, and use
the vector theory for comparing the illuminations. Let us estimate the magnitude
of this error.
- The background illumination achieved for v = 0 is equal to

I, = [EG(I{—A:I {1 — A(1 — cos 8)}. (49.5)

Combining (49.5) with (49.4), we obtain the following expression for the additional
path difference introduced by the inhomogeneity, allowing for the maximum
diffraction error:

I 1
Var = (1 — — . .
o ( Io>[1—%(A—B—D)—Acosé]Zsiné “9.6

The vector theory uses the expression

1 d ) ! 49.7
V. — —_ . A
veet I,/ 2siné “9.7

The relative measurement error is therefore

Vaif — Vyeet 1
=——==43(Ad—B—D)~— Acosé. (49.8)
Vais
The signs of 4, B, and D depend on the values of the cosines and the sines of large
arguments: they cannot be determined and are independent. We therefore take the
sum of the moduli

_|B[+|D]| + |A(1 = 2cos 9)|

3 49.9)
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For the central point of the field we obtain

2kéqa 2 2(1 — 2cos d)
+ .
nf nk ﬂc £.R
7 ra 7

The error consists of the sum of several terms reacting differently to any change
in the system parameters. Thus a decrease in the viewing filament width £, lowers
the error associated with the partial screening of the diffracted beam together with
the main beam and increases the error caused by ignoring the diffraction from the
edges of the instrument field. Similar phenomena accompany a change of the object
size. If the object is too small, the error caused by the finite size of the focal plane
diaphragm and the partial screening of the diffracted beam increases, while the
error due to the partial screening of the diffracted beam by the viewing diaphragm
filament decreases.

The error can be minimized by selecting the suitable size of the screening filament
and the object. The minimum error is achieved for

(49.10)

R
e (49.11)

_f—'z—

The total error (for a phase plate introducing an additional phase difference of

2/2, ie., for & = =) is thus
3/1
Kmin & 1.5 R—{ (49.12)

With this expression we can estimate the error obtained for the most widely used
optical systems. Thus for microscopes R ~ 3 mm, r/f = 1/10, this gives an error of
18%. For the schlieren instruments used in gas-dynamic studies, R/f = 1/20,
r = 20 mm, and this leads to a minimum error of 10%. In the majority of cases,
this error considerably exceeds the required measurement accuracy.

Roughly the same results are obtained when estimating standard methods of phase
shift detection. In this case the error depends largely on the shape of the standard
inhomogeneity. The greater the likeness between the standard and the object,
the smaller is the diffraction error. However, the manufacture of a standard object
similar to the object of study is a difficult problem in the majority of cases (this
requires knowledge of the shape of the wave front after its passage through the
inhomogeneity, i.e., we first have to solve the final problem), and it is therefore neces-
sary to assess the maximum value of the error and see whether it coincides with the
value derived.

(1 — 2cosé)
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The following conclusions can be drawn from the diffraction theory of phase
contrast:

1) The results obtained in the vector theory are only tentative. The vector theory
ignores the diffraction on the main objective rim, and the partial screening of the
diffracted beam by the image plane diaphragm. The viewing diaphragm also affects
a part of the diffracted beam. The results obtained by the phase-contrast method can
be understood only from the point of view of the diffraction theory.

2) It is impossible to reduce the diffraction error below some limiting value,
fluctuating between 109, and 15 for real optical systems, by changing the optical
system parameters. This error can be reduced only by increasing the speed of the
main objective and the size of the focal plane diaphragm and by using light of shorter
wavelength. In any case, the minimum error is attainable only for objects of a certain
size; inasmuch as the object size is usually fixed, the error exceeds the minimum
value.

3) Since the errors in the quantitative measurement of the path difference by the
phase-contrast method are too large, the only way of obtaining quantitative results
by this method is to use the diffraction theory or to create standards as close as
possible to the object being studied. Attempts to create standards for the study of
microscopic objects have already been made [110]. This procedure, however, is
inapplicable to gaseous objects, since only some very simple inhomogeneities can
be simulated here. The question of the diffraction error of such measurements must
be examined separately in each case.

50. COMPARISON OF THE KNIFE-EDGE AND SLIT
METHOD WITH THE PHASE-KNIFE METHOD

Repeated attempts have been made recently to increase the sensitivity of schlieren
methods. Many papers have suggested replacing the ordinary amplitude Foucault
knife-edge by a phase knife [103].

We shall compare the two methods [24], basing the analysis on the diffraction
theory, since from the point of view of geometrical optics both methods are
infinitely sensitive and can be used for detecting infinitely small inhomogeneities.

The procedure for calculating the illumination of the schlieren image plane differs
from the method used in § 48 in that the focal plane diaphragm causes both
amplitude and phase changes in the incident light, instead of pure amplitude changes.
The function ag(¢&, 1) exp {ikPy(&, 1)} thus has the form

0 for ¢< —rorf$r,
ag(& metfaten = 1 for r>§&> &, (50.1)

-3

Te for & >&E>-—r,
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and the illumination distribution for a point source, defined by (47.7), can be written
as
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Figure 114

Illumination of the central field point as a function of the knife position.

When studying the image of field points situated not very close to the object plane
diaphragm edges (x" = Rand x’ = — R), we can disregard the effect of the focal
plane diaphragm edges, located at £ = r and ¢ = — r. The terms f,r and B,r then
become so large that we can write with sufficient accuracy

Cipir=CiB,r=0, Sifyr= —Sif,r=mn/2. (50.3)
Equation (50.2) reduces then to

2 - AP
I (x) = [—nﬂ,{;—):l {[(—= CiB1&o + CiB3¢o) (1 — Tcosd) +

+tsin 8 (n — Si f1&o + Si B2Eo)]* + [(1 — 7 cos 9) (Si f,&o — Si f2€o) +
+ n(l + Tcosd) + tsin 8 (Ci B, Eo — Ci B2Eo)]?} - (50.4)

Consider the curves plotting the illumination of the central field point (x' = 0)
vs. the knife position with respect to the slit image for a fixed value of the other
parameters (Figure 114). The slope of these curves determines the measurement
sensitivity of the photoelectric recording methods. Note that the curves have a
complicated character; the same illumination may correspond to different slope
angles of the wave front. As a result, measurements become possible only in the
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range of deviation angles for which a single-valued variation of the illumination
is observed. This is the working measurement range.

The curves with T = 1 correspond to a pure phase knife, which does not introduce
amplitude changes in the incident light; © = 0 corresponds to the popular schlieren
method of the knife-edge and the slit, when the knife stops the incident light
completely. In intermediate cases the knife causes both amplitude and phase changes
in the light flux transmitted in the region — r < & < &,.

We see that if § = 7 (Figure 114a), the sensitivity is maximum for 7 = 1. The
_sensitivity of the phase method is higher in this case than that of the amplitude
method of the knife-edge and the slit. Any decrease in the absorption coefficient
(which leaves & = m unchanged) leads to an increase in the sensitivity. Note, how-
ever, that this increase in the sensitivity is accompanied by a contraction of the
working range. ,

Figure 114b plots I as a function of &, for § = /2. The phase-contrast method
in this case has a considerably lower sensitivity than the knife-edge and slit method
for all values of the coefficient t. This reduction in the sensitivity with the deviation
of the phase shift from 4/2 takes place fairly rapidly: phase plates with phase shift
smaller than 2n/3 offer no advantage in sensitivity over the knife-edge and slit
method. We thus conclude that for the phase method to be more sensitive than the
amplitude method in measuring small deviation angles over the maximum part of
the instrument field space, the additional shift caused by it must differ negligibly
from 7.

If the additional phase shift introduced by the knife-edge (Figure 114c) is small
(6 = m/6), the sensitivity of the phase knife method is low and the method becomes
inapplicable.

Since our main problem is to find methods with the highest attainable sensitivity,
we shall assume in what follows that 6 = = and t = 1. We then obtain from (50.4)

2 — A)\?
1) = 46 (L0 ity — it + 1Bk — ST (609

The derivatives of illumination with respect to the distance of the knife-edge
from the source image, which are proportional to the sensitivity of the schlieren
methods with photoelectric measurements, are determined by differentiating (50.5)
and the expression for the intensity in the knife-edge and slit schlieren method,

: _ 2
1o = ¢ (ZUZ0) (i iy - it + 5= SiBta + Sifto),
(50.6)

obtained from (48.12) for r — co. Apart from constant coefficients, these derivatives
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have the form

deh(x’) — 8C2 [(_ Clﬁléo + Clﬁzéo) <_ cos ﬁléo + CosﬁZéO) +
d&, % &
+ (= Sifito + Sigygg (- Bk Si“ff")], (50.7)
0 0
dIs(xl) - 2C2 [(ﬂ: _ Sl ﬁléo + Sl ﬁzfo) <_ Sin ﬁléo + sin ﬁzfo +
dé, &o o
+ (Ci B & — Ci Byéo) (msf o _ C°S¢B 25")]. (5038)
0 0

We have considered an aberration-free optical system, working with an infinitely
narrow slit. source. This approximation is not always valid in real measurements.
The optical systems used in practice have some aberrations. Additionally, the real
source has a finite width. The illumination distribution in the image plane for this
case has to be found by additional integration over the various incoherent points
of the extended light source.

The sensitivity at the central field point is given by

dly, , L , L
E = 16C2 [Sl2 <60 + 7>ﬂ - Sl2 <éo - 7) ﬂ] (50.9)

for the phase method, and

dJ, . L . L L
=t {s(a e 3)o-se (- 5)o-r[si(ns 3)o-
—Si (co - %) ﬁ]} (50.10)

for the amplitude method. Here 8 = kR/f, L is the source width.
Changing over to new variables p = Lf and & = £,/L, we obtain from (50.9)

and (50.10)
a5 - oo (erg)o-se( -
d56_16c Si é+3— p—Si E—T)pjl, (50.11)
o (50 D) poso(z |
d60—4C {Sl §+2 p—Si (é—-—z—)p—
“r|s(Eeg)e-sife-
| Si +7 p—Si é—;)pjl}. (50.12)
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Functions (50.11) and (50.12) are plotted in Figures 115 and 116. In examining
the latter, we note a substantial difference between the two methods. The famllyf of
curves representing the sensitivity in the knife-edge anc! slit fnethod as a function
of the knife position for different widths of the illuminating slit tends to a rectangle
as the parameter increases p (Figure 116). This means that for a sufﬁ01.ently l.a.rge
illumination slit, the sensitivity is constant, being independent of the .kmfe po.smoln
relative to the slit image, if the knife-edge covers the slit i.mage par_tlally‘ It is this
property that determines the transition to geon}etrical (')ptllcs. .In th1§ case, we mfiy
use quantitative methods in which the angle of light dev1at‘1(?n in the mhomoge.nelt.y
is found from the image illumination, and the actual position of the field point is

disregarded.

dJ,/d€,
10
~\
M
1
p=5 p=20 E [iv\

|\>)
~
e
e
e~ o
Tl
- D
L o
"
e T
p)
S
icd
N
J
|
\\
joii
(31| M GRS
//
-
.
.
3
N
/
i

)
i
&
o
7
[
\
"—
—
\
e}
z2---4
\\\
<
—
(\.

o
-
-

¢ 4
~
(\)‘

—
—
-~
[}
(9]
T

€

-loL

Figure 115
The plot of the function (50.11).
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Figure 116
The plot of the function (50.12).
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The transition to geometrical optics is impossible when using the phase-contrast
method (Figure 115); the sensitivity is low if the phase knife is located between the
slit edges. It is only when the slit image edge has moved past the edge of the phase
knife that a change is observed in the light intensity in the image. For any source
width, the measurement range is equal to the radius of the disk of confusion.

The manufacturing accuracy of the phase knife, the aberrations of the optical
system, and the finite width of the light source substantially affect the sensitivity of the
phase contrast method. Due to these factors, the theoretical sensitivity can be attained
only under exceptionally favorable experimental conditions, using a precision phase
plate and a carefully adjusted schlieren instrument.

Methods based on geometrical optics can be used with amplitude stops only.
In the phase-contrast method the sensitivity goes to zero with the increase of the slit
width, when the edge of the phase knife is located at the middle of the slit. The highly
complicated diffraction pattern also affects the measurement range of the method.
The range of the amplitude knife is determined by the slit width, while that of the
phase knife is equal to the radius of the disk of confusion and cannot be markedly
increased. This complicates the practical uses of the method considerably and
reduces its value.

51. RESOLVING POWER OF SCHLIEREN
INSTRUMENTS

Schlieren photographs can be analyzed qualitatively or quantitatively. The quanti-
tative photometric methods measure the shift of the shadow from a defocused
grid or the color; the angles of deviation are associated with the points at which the
measurements were conducted. The qualitative analysis determines the shape of the
inhomogeneity, its position and structure, e.g., the shape of the compression shock
and its position with respect to the flying body, the exact boundary of the model
and the rate of its displacement, etc.

However, in view of the limited resolving power, the light rays from a given point
of the inhomogeneity do not converge at one point of the image plane, producing
a circle of confusion which causes a certain measurement error. We do not find the
true value of the deviation angle at every point, but instead a value averaged over
the inhomogeneity area, equal to the area of the circle of confusion.

When determining the relative position of the model and the compression shock
around it, the boundaries of the model and the shock are found with an error equal
to the radius of the circle of confusion. Smaller size features cannot be detected at all.

Thus the accuracy (and frequently even the very applicability of schlieren methods)
depends on the resolving power of the instrument, which can be defined as

1

R=—, (51.1)
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where L is the minimum distance between lines in the object plane at which the
individual lines are resolved by the instrument (L can be alternatively be defined
as the effective width of the image of a thin line). R is frequently expressed as the
number of resolvable lines per unit length in the image plane. While this quantity is
a useful characteristic of the photographic objective quality, the resolution in the
object plane indicates more clearly the potential of the instrument as a whole. The
resolving power is limited by the aberrations of the main objectives of the schlieren
instrument and the photographic attachment, the quality of the emulsion, and
diffraction phenomena.

The total image width can be approximately expressed as the sum of the widths
contributed by each of the three factors above:

L=L,+ L, +L,. (51.2)
Defining the partial resolving powers
| R, = ! R, = ! Ry = ! (51.3)
a_La, ph_Lph’ d“‘Ld’ .
we transform (51.1) to the form
| L1 + ! + ! (51.4)
R R, R, R '

In this section we shall evaluate the factors affecting the resolving power, determine
the scope of influence, and indicate possible means for improving the resolving
power [ 18]. Since the aberration and photographic resolution limits for schlieren
instruments do not differ from similar problems in the general theory of optical
instruments design, we need only the empirical numerical values of R, and R,
for several existing designs of schlieren instruments. The influence of diffraction is
examined in greater detail, since the diffraction phenomena in the schlieren
instrument differ somewhat from those generally met.

The measurements of the aberration resolution were conducted with a fully open
focal plane diaphragm. As a result, it was possible to ignore the broadening of the
line image caused by the wave nature of light. The values of R, obtained for the
Soviet-made TE-19, TE-20, and IAB-451 instruments are listed in Table 6. The
aberration resolution is the highest in TE-19 and IAB-451 operating with photo-
graphic attachments which give the maximum frame size for each instrument.
Even in these cases, however, the instruments cannot resolve more than 10 lines/mm.

This resolution is insufficient in some cases, e.g., when studying the boundary
layer; it has been suggested that in such cases a photographic attachment with
variable magnification be used. A pancratic photographic system similar to that
described in [71] was used to explore this possibility: the image scale could be varied
continuously by moving the lens with respect to the screen. For a distance of 1 m
between the screen and the knife-edge, the image scale p varied from 0.17 to 1.54
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Table 6
Diameter of the TE-19 IAB-451 TE-20
photographic attach-
ment frame, mm R, Rop R, Ron R, Ron
80 10 30
40 10 26 45 115
24 5 10
17 24 11 1 5.0
11 Ls 7.5 0.6 32
4 L1 2.7 0.7 L7 05 1.1
for fi =1358mm, f, = — 51.31 mm (curve I in Figure 117) and from 0.17 to
- 046 for f; = 1358 mm, f, = — 199.95 mm (curve II). An increase of the resolution

with the increase in scale is observed on both curves, but the effect is very small.
Therefore, it does not seem efficient to use variable-magnification systems with
aberrations satisfactorily corrected only for one image size. This improvement is
meaningful only if the aberrations of the photographic optics are calculated.

o R, lines/mm

8 / 7
8
/ U
4 <
1
0] 0.34 0.55 o76 097 (1)
i 1 1 1 I }
o) 0.9 0.25 0.31 037  (m)
Figure 117

Aberration resolving power for a photographic attachment with variable magnification’:

I attachment with large magnification; II attachment with small magnification.

T.he photographic resolution limit is determined by the emulsion grain size and
the image scale . If the emulsion resolution is equal to R, then

R = Ryu. (51.5)
Some special emulsions have R, ~ 300 lines/mm, but their speed is too low for

some schlieren measurements. The films most widely used in schlieren techniques
(A-2, A-35, M3-2) have R, ~ 100 lines/mm. The values of Ry, calculated from (51.5)
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for different u and R, = 100 lines/mm are given in Table 6. As with aberrations,
the limitation of the resolving power by the emulsion is particularly noticeable when
using cameras with small frame size.

The diffraction limitations of the resolving power were examined in [18] under
the assumption that the incident light wave is plane, the optical system is aberration-
free, and the light source is monochromatic. The object plane diaphragm was an
infinitely long slit of width 2R. The object consisted of two infinitely long parallel
lines of width 2a, with axes separated by 4a and parallel to the coordinate axis y
and to the diaphragm edges. The viewing (focal plane) diaphragm was a slit of width
2r, symmetrical about the # axis. The point source was located on the z axis.

Under these assumptions we obtain from (47.11) the following expression for the
illumination distribution in the screen plane:

4c2 4

I(x) = T{n%—Si—;(— x’—3a)r+Si%(—x’+a)r—

—Si—k—(—x'—a)r——Si—k—(—- x’+3a)r}2 (51.6)
/ / ' '

Equation (51.6) was obtained under the assumption that the diffraction at the edges
of the object plane slit does not affect the line resolution.
Writing (51.6) in the form

4r4c / ,
I(x) = f {n+Sib<—%—3>+Sib(_i+1>_
a

k4
) x , x' 2
—sib( - 1) —sip( -2 +3)F, (1
a a

we note that the illumination distribution depends only on the parameter b and the
reduced coordinate x'/a.

Curves calculated by (51.7) for different values of b are plotted in Figure 118.
The distribution corresponding to the geometrical optics (b = o0) is represented
by the thin solid line. If the dimensions of the line or the slit aperture in the £,  plane
are sufficiently large (b ~ 10), diffraction is noticeable at the line edges only. The
effect of diffraction becomes more pronounced with the decrease in b, the maxima
broaden and grow, and the line resolution diminishes. A further decrease in b
creates a uniform illumination in the image plane.

The following parameter can be adopted as a criterion of resolution:

v = 1) — IQ2a)
R
where I(0) is the illumination at the center of the bright space between lines

(x’ = 0) and I(24a) is the illumination at the line center (x' = 2a). The dependence
of  on b is represented in Figure 119.

, (51.8)
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Figure 118
Illumination distribution calculated from (51.7).
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Figure 119

Resolution y as a function of the parameter b.

For large values of b, when the diffraction hardly affects the line resolution, =1
The value of i decreases with the decreases of b, and the difference in illumination
between the line center and the center of the transparent gap diminishes. In addition,
the illumination at points which should be dark according to the geometrical optics
starts to exceed that in the bright space.

Defining the distribution with = 0.5 as the resolution limit, we obtain

b=12, (51.9)
which leads for A = 5.5 x 10"*mm, f = 1918 mm to
ar = 0.2 mm? (51.10)
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Note that the curve ¢ = f (b) falls off from 1 to zero in a fairly narrow range of
variation of b (roughly from b = 1.6 to b = 1.07). As a result, the arbitrary definition
of the resolution limit does not lead to considerable errors in the determination of the
parameters for which the lines become unresolvable.

A focal plane slit symmetrical with respect to the illuminating slit image is seldom
used as a viewing diaphragm in schlieren measurements. The viewing diaphragm
generally is a Foucault knife-edge. In this case the resolving power depends on the
part of the diffraction pattern, representing the illuminating slit image, which is
covered by the knife. This arrangement is similar to oblique illumination in
microscopes. :

The calculation procedure in this case is similar to the one described above. The
focal plane diaphragm is placed so that one of its edges is near the illuminating slit
image, while the other is at a considerable distance from it. If we disregard the
effect of the far edge of the viewing diaphragm, we derive

C2 4 ’ /
I(x')=T4f—{[Cib1<—x——3>+Cib1<—x7+1>_
a
. x' ) x' 2
-~ Ciby{—— -1 —-Cibj{——+3 +
a a
+[Sib1<—x——3)+8ibl<—x—+l)—Sib1<_i+3)_
a a a
g 0 f 01?2
’—Slb1<—i_1)+ or 60> :I}’ (51'11)
a

2n for &, <0
where b, = &, -ka/f, and £, is the knife-edge coordinate with respect to the
slit image.

The form of the illumination distribution as a function of the dimensionless
coordinate x'/a depends on the parameter b,.

Curves calculated from (51.11) are plotted in Figure 120. Curve 1 is the distribution
corresponding to geometrical optics (b, = oo). For large values of b, the distribu-
tion is very similar to that obtained in geometrical optics (curves 2, 3). For small b
the difference becomes large and the lines are not resolved (curves 4, 5). Unlike the
cases considered above, illumination maxima appear at the line edges, which grow
with the approach of the knife-edge to the slit image and interfere with the resolution.
(The existence of maxima at the edge of an opaque body occasionally simplifies
the schlieren pattern analysis, since the maxima fix the exact location of the boundary.
However, in the general case, when the arrangement of the schlieren pattern details
is unknown, the maxima reduce the resolution).

When the knife edge is sufficiently far from the slit image, the pattern is similar to
the one discussed above.
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A point source was assumed in the two preceding cases. However, the case of a
source of finite dimensions is the most interesting in practice. The calculation of the
intensity reduces to integration of an expression similar to (51.11), without any
simplifying assumptions ignoring the effect of the edges of the focal plane and the
object plane diaphragm. The calculation gives

. .
I(x) = C? {[z ((— 1) Gi B; + (= 1)*? % + (= )*LC ai):r +

i=1 i

6 2
+[ Y ((— 1 Si g, + (— 1)*’%‘8" + (- 1)i+‘Sia,.):l -
i=1 i
S 1 s 6 ., .cos(B: — B)
— — =2 — )t Y
i=1 ﬁxz i§1 j=;+'1 ( ) ﬁiﬁj "
5 6 o 1 1 So=L+&
+2) Y (=1 (— - —) Si (B — ﬁ,—)} , (51.12)
i=1 j=i+1 B B; go=¢,
where
k k
ﬁ1=7(—x'—3a)§0, ﬁ2=7("x"‘a)fo,
k k
ﬁ3=7(—x'+a)50a ﬁ4=7(—x'+3a)§0,
k k
ﬁ5=7(—x’+R)§o, ﬂ6=7(—x'—R)5o,
o k (—x —3ar, « k (—x' —a) (—x +
= —(—x" - R =—(—x"—-ar, oa3=—(— s
1 7 2 7 3 7 X ayr
o =£(—x’+3a)r o —-k—(—x’+R)r o —i(— ' — R)
4 f ’ 5 = f ’ 6 — f X ‘ r,

¢; and L + £ are the coordinates of the edges of the illuminating slit image with
respect to the knife-edge. Here k, f, (7, — n,) have been incorporated in C2, which
is consequently different from above. This method will be used in cases when the
absolute value of the illumination is of no importance.

The illumination distribution and the limit of resolution depend on two para-
meters: the illuminating slit width L and the distance from the knife-edge to the
nearest edge of the slit (the width of the slit image which is not covered by the knife).

An increase in ¢, improves the resolution; an increase in the covered part of the
slit image for £, = const lowers the resolution.
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Figure 120
Curves calculated from (51.11).

The calculated illumination distribution curves are given in Figure 121. Curves
1 and 2 correspond to the same uncovered width of the illuminating slit image,
but to slits of different width (wider for curve 1 than for curve 2). We see that the
increase in the slit width enhances the illumination at the points where the image
of the opaque lines is expected to form, and, therefore, reduces the line resolution.

A similar situation is observed when comparing curves 3 and 4, which were also
obtained for the same uncovered width of the slit,(smaller than for curves 1 and 2)
and slits of different widths.

Unlike the above cases of a wide slit partly covered by the knife, the background
illumination in this case depends linearly on the knife position relative to the slit
image. As a result, the resolution conditions will be different.

The dependence of  on b, = &, - ak/f for L = const (Figure 122) differs substan-
tially from that shown in Figure 119, namely, there is no sharp drop in resolution,
and this leads to a large error in the determination of the resolution limit. If we
take as before = 0.5 as the resolution condition, then

b, = 052, (51.13)
which corresponds for A = 5.5 x 10"*mm and f = 1918 mm to
aé; = 0.09 mm?. (51.14)

To compare the theoretical and experimental results, the diffraction patterns of
two parallel lines were photographed on an IAB-451 instrument [ 18]. The illuminat-
ing slit width was 0.8 mm, the width of the lines and the bright space between them
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Figure 121
Curves calculated from (51.12).
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Figure 122
Resolution \ as a function of the parameter b,.

2mm. A photometric analysis of the photographs was conducted on the MF-4
recording microphotometer in the direction perpendicular to the lines. A series
of photographs were obtained, corresponding to different positions of the knife
with respect to the slit image (Figure 123).

For large distances between the knife-edge and the slit image (Figure 123aq,
¢, = 0.8 mm), the pattern is almost that of geometrical optics. The diffraction is
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a b=5

f b=015

Figure 123 A
Microphotometer tracings of the illumination distribution on two parallel lines for different positions
of the knife.
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barely noticeable and hardly affects the resolution. The effect of diffraction increases
with the approach of the knife-edge to the slit image. Clear maxima appear at the
line edges, interfering with resolution. We note from the curves that the limit of
resolution is attained between curves d and e of Figure 123, which roughly cor-
responds to

aé, = 0.07t00.12 mm?2. (51.15)

This empirical value of the resolution limit coincides satisfactorily with the
theoretical value calculated from (51.13), particularly if we take into account the
smoothness of the curve in Figure 122 and the arbitrary definition of the criterion
used for determining the resolution limit. With the further decrease of &,
(Figure 123g) we obtain a system of four maxima at the line boundaries, whose
brightness decreases as the slit is progressively covered.

The experimental patterns fit both qualitatively and quantitatively the theoretical
curves. For each particular use of a schlieren instrument, we can determine the
resolving power from the values obtained and establish which of the various factors
is the most important.

When the photographic emulsion limits the resolution, magnifying attachments
should be used, or, if this is difficult (as it is with superhigh-speed cinecameras), the
source brightness should be increased or a better emulsion used. If aberrations in
the instrument or attachments limit the resolution then a larger image scale should
be used or the optics improved. If diffraction is the limiting factor then sensitivity
must be reduced, with compensation made by increased emulsion y. Increasing the
image scale or suppressing the aberrations of the objective will not help if resolution
is limited by diffraction.

Note that it is the diffraction which in most cases limits the resolving power of
high-sensitivity measurements, particularly when schlieren instruments are used
for accurate measurements. Thus with the IAB-451 instrument and a photographic
attachment giving an image 24 mm in diameter, R, = 5 lines/mm, and R, = 10
lines/mm. The combined effect of aberrations and of the emulsion grain size sets the
resolution limit at 3.3 lines/mm. The diffraction limitations are less than the com-
bined effect of these factors only if the uncovered width of the illuminating slit
image is at least 1 mm, i.e,, in the case of when the instrument shows very poor
sensitivity. At higher sensitivities, the effect of diffraction exceeds the combined
contribution of the other factors.

52. ERROR OF THE CURVED-STOP METHOD

In examining the diffraction error of the curved-stop method and similar methods,
we encounter some peculiar features not met thus far. In the first instance, the
viewing diaphragm is not one-dimensional, as in the preceding cases; which
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complicates the calculations. Moreover, the finite width of the illuminating slit
image need not be considered here; the image can be assumed infinitely long and
infinitely thin, and the diffraction at its edges can be disregarded. In practice, the
illuminating slit length is always considerably greater than the stop aperture size,
and, therefore, the assumption of infinite slit length does not involve substantial
deviations from the experimental conditions.

Consider the diffraction at a straight opaque edge. The diffraction pattern is
affected in this case only by the parameters of the viewing diaphragm in the direction
perpendicular to the opaque edge. If we assume that a slit with edges at x’ = R
and x’ = 0 is placed in the object plane, and the image of the point source is at point
n = Bf, € = af of the focal plane of the main objective, the light intensity distribu-
tion in the image plane will be given, apart from a constant coefficient, by the
expression

I(x) = |:Ci%<ca“f”1 —ﬁf) - Ci%(— ca*/* —ﬁf) =
—Gi k'~ R) <Caaf/h - ﬂf) + Ci ﬁ(xf —R) <_ catfh — ﬂfﬂz +
, J f
+ [Si%(ca’f”’ - ﬂf) - Silc-;—l<-— ca*fh — ﬂf) -

k k 2
—Si T(x’ —R) <ca"f”’ - ﬁf) + Si T(x’ - R)<— ca*fh — ﬂf)} .
(52.1)
We assumed here that the transparent aperture of the curved stop had edges of
the form
n=ca® and 5= —ca.

If the light source is an infinitely long slit perpendicular to the axis of symmetry
of the stop, we determine the illumination distribution in the image plane by
integrating (52.1) over B in an infinite range:

J(x) = f IdB. (52.2)
Integrating by parts, we obtain

1 4 4mcos2d'c
J(x) = —44n —4ncos2d — — + ———
kx e e

-+

® Ci(y — d)cose(y + a) + Si(y — d')sine(y + a)
+ 44’ : v+ d dy
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+J” Cie(y—a’)cos(y+a’)+Sie(y—a’)sin(y+a’)d
’ Y=
. y+a

_f” Ci(y—a’)cos(y+a’)—Si(y—a’)sin(y+a’)d
—w y+d ¥

) .ro Cie(y — a)cose(y + a) + ?ie(y —a)sine(y + a) dy]}, (52.3)
. y+a

where

’ ’
al= kx Caﬂf/h’ e=x R.

/

X

The remaining integrals are calculated by integrating over a parameter. The final
illumination distribution is expressed by the formula
I: 4n  4mcos2d'c

4n — 4ncos2d — — + ——u— —
e e

J(x) =
<) kx'

— 8an(Si2a’ — Si 2a’e):|. (52.4)

Assuming that 4’ is large (it is only in this case that the diffraction error is small
and the geometrical optics is applicable), we can represent the integral sines by the
first terms of the asymptotic series. Equation (52.4) reduces to

Sf¥sin L3 l
J(x’)=in—21 1+ 4 + S (52.5)
f kx'ln nk2x2? |’ '

where | = 2 ca®/®,
We shall use this distribution for determining the diffraction error of the photo-
metric methods. The relative error of the curved-stop method is determined by the
expression
_log(y/dy)
log (I,/1y)

where J, and J, are, respectively, the image illumination before and after the intro-
duction of the inhomogeneity; I, and /, are the lengths of the corresponding portions
of the illuminating slit image which pass through the stop aperture. Substituting
the expressions for J,, J; according to (52.5) in (52.6), and taking into account the
smallness of the diffraction error, we obtain

1, (52.6)

. kx' ; . kx' ;
sSin —— s ——
K = S + /2 / 1— i (52.7)
nkx'ly,  mk2x2(l, — 1)) B 2 ' '
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The second term is usually much smaller than the first term, so that

f
K = M . (52.8)

A similar expression is obtained for photometric methods in which an infinitely
long slit is bounded by two straight edges placed at an angle to each other.

The diffraction errors of these methods are equal to the error of the knife-edge
and slit method when the width of the uncovered part of the illuminating slit image
in the knife-edge and slit method is equal to the length of the image portion passing
through the stop aperture. However, whereas in the knife-edge and slit method the
uncovered width of the slit image is related to the measurement sensitivity, in the
wedge and curved-stop methods the sensitivity depends on the angle between the
stop axis and the lines bounding the transparent segment. This difference com-
plicates the comparison of these methods. We can only state that each of these
methods should be applied under appropriate experimental conditions.

The error calculation is complicated if the diffracting edge lies at some angle to
the axis of symmetry of the stop. However, the diffraction pattern will be approxi-
mately the same as in the previous case, with the only difference that the characteristic
dimension determining the error will be the size of the stop aperture in the direction
perpendicular to the edge. This dimension will have a different value for each point
of the slit image, and we can adopt as a mean value the length of the aperture in the
direction perpendicular to the edge for the middle point of the slit. Since knowledge
of the diffraction error is necessary for estimating the accuracy of the measurements,
the latter can be found only approximately. Therefore, the somewhat arbitrary
determination of the error for inclined edges will not lead to a substantial distortion
of the results.

ALLOWANCE FOR THE LIGHT
WAVE CURVATURE

53. THE SLIT AND FILAMENT METHOD

The illumination distribution in the image plane has been examined thus far
assuming a plane light wave, with the viewing diaphragm placed in the focal plane
of the main receiving objective. However, not all the schlieren methods can be
described by this model. Thus if we use a focal filament, the filament shadow
produced by a plane light wave will occupy the entire image plane, and the measure-
ments become impossible. In this method, the light wave curvature must be taken
into consideration. The case is similar when using defocused viewing diaphragms;
in this case a quadratic relationship enters the function L[(x, y), (£, )]. Moreover,
the real wave front behind the inhomogeneity is complex, and its approximate
description by plane surfaces is highly unsatisfactory. For these reasons it is necessary
to refine the computing model so that it allows for the curvature of the light wave.

We start with the simplest case — the slit and filament method [35, 52]. The
diffraction theory will be used, since the part of the image corresponding to the
center of the geometrical shadow of the filament must be determined in the
quantitative processing of the schlieren patterns. In real conditions, the shadow is
a complex diffraction pattern, where the illumination distribution depends on the
character of the inhomogeneity. The illumination changes caused by the diffraction
phenomena could be mistakenly interpreted as the effect of the wave front deforma-
tion, leading to systematic errors. To avoid these errors, we need the dependence of
the image plane illumination on phase and amplitude distribution in the object plane.

257
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The calculation will be made for a point source located on a straight line passing
through the optical axis at an angle ¥ to the &' axis. The distance from the source

to the optical axis is . .
The front of the light wave propagating behind the collimator can be described

by the equality

Icos ¢ Isin ¢

—— 4 ytan ——. (53.1)
f f

Since [ is small compared to f (this condition is almost always satisfied in schlieren

instruments; thus, in 1AB-451, I/f < 1/200), equation (53.1) can be simplified thus:

z = xtan

L = xl cos ¢ + yl sm¢' (53.2)

f f

An optical inhomogeneity distorting the light wave is placed in the object plane
A(x, y). Let the inhomogeneity alter the wave front shape to

lin Pxx P
z = xlcos ¢ + ylsin + ax +ay + x4+ 2y =Ux,y).

f f 2 2

If the angles of inclination of the wave front to the object plane are so small that
the quantities (9z/9x)* and (02/3y)* can be ignored, equation (53.3) gives the phase
distribution function in the A (x, y) plane, apart from a constant factor (the refractive
index of the medium).

We assume to first approximation that the objectives O, and O, are large and
free from aberrations. Let there be no obstructions to the light passage in plane
A(x, y). An infinitely long filament of width 2¢, making an angle ¢ with the # axis,
is placed in the focal plane of the receiving part. The filament axis of symmetry passes

through the origin of coordinates. . .
Under these assumptions, the light intensity in the screen plane will be described

by the expression

@ 1 tan ¢ — tfcos ¢~ © @ 2
I(x’,y’)=‘cj f f f eedxdydédy| ,  (53.4)

~w JE=ntan¢ +1fcosd J -0 J—@
where

W= 5 (els + w0) £ 90+ ) + UG

When the coordinate frame is rotated in the (£, #) plane through an angle a, defined

by the expression
A
tana = /zﬂ tan ¢ (53.5)

(53.3) |
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(one of the new coordinate axes then becomes parallel to the viewing filament), the
variables separate and expression (53.4) is reduced to a Fresnel integral. The final
expression for the intensity distribution in the screen plane is

I(X, ,V) = C? {[1 - C(éu) + C(élz)]z + [1 - S(éu) + 5(612)]2} > (53‘6)

where

k|1 t . ,
&y = El:—f— + 7 + cos ¢ (@, + ux'A,,) + sin ¢ (o, + py Ayy):l, (53.7)

$12 = [% [—)IT - —f[— + cos ¢ (o, + px'A,,) + sin ¢ (o, + /,ty’Ayy)}, (53.8)

Ay = A, cos ¢+ A, sin’ $. (53.9)
Transforming the coordinates so that
I f , .
Xy = + e [cos ¢ (¢, + ux'A,,) + sin ¢ (x, + py'4,,)], (53.10)

we reduce (53.7) and (53.8) to the form
€1,02 = {x £ 1). (53.11)

The illumination distribution in the diffraction patterﬁ of a defocused filament
depends on one parameter,

t k

I=—-— /—.
SN =4,

(53.12)
The larger the value of this parameter, the closer is the distribution to the geometrical.

The illumination distributions for different values of the parameter IT are shown in
Figure 124. These distributions cover the entire variety of patterns which can be
obtained for different filament thicknesses, different -defocusings, and different
curvatures of the light wave after its passage through the inhomogeneity.

In all cases, we are dealing with the ordinary Fresnel diffraction from a filament.
The interpretation of these patterns is simple: the middle of the central bright
diffraction band corresponds to the rays which pass through the center of the
opaque line.

Significantly, ! and «, do not affect the diffraction pattern; their change leads only
to a shift of the shadow unaccompanied by any change in its structure. Therefore,
we can set these parameters equal to zero in what follows. Similarly, wave front
deformation is of importance only if the quantity A4, — the wave front curvature in
the direction perpendicular to the filament — changes. This conclusion could be
derived without a detailed calculation on the basis of the general results of §47.
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Figure 124

Illumination distribution in the defocused filament image for different values of the parameter IT.

We shall now conduct a more complicated calculation [52]. Consider an opaque
screen in the object plane with its straight edge making an angle i to the x axis.
let the wave surface equation be

=3P x* + 3P, )%, (53.13)

The filament is placed so that the angle between it and the & axis is equal to . The
wave front in the filament plane is described by the formula

V(x,y) =3V X® + 3V,,5%, (53.14)
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where
Vxx = Pxx + _—_A—")
S =4
A (53.15)

V=P, + ————,
SOV
The illumination in the screen plane is equal to

(b2 (=) + xVke/(f — &) . 2
I, y) = |a — L PRt} E darP| (53.16)
T J g1 (- )+ 2 1ke/(S - ) P
1 - U —AP
S (P) = —(Viesin® § + ¥, cos® ) ——— P? —
2 kt
. — A)x'
~ (Vexsin? ¢ + ¥, cos? ) (—f—th -
. (= Ay
—(Vex — Vy)siny cos ——t-—)—}i P; (53.17)

a is equal to 1 outside the opaque screen image and to zero elsewhere; ¢, and ¢,
are functions determining the limits of integration in the object region.

From this point the calculation depends substantially on whether or not Vi
vanishes. Let V, # 0 initially. We write then

. JP) = f(Po) + 31" (P — Py)?, (53.18)
where .
kt kt (V.. — V,)siny cosy
P. = ’ xx »y. .
0 f_Ax+f_A 7 Y, (53.;9)
kY,
S(P) = ~ 7” 2
k (V.. — V, ) sin? y cos?
Y —* 7 v '//y’z—k(fo-Vy,)sin-//cos-//'x’y’,
. i
(53.20)
w - f = AP
S = o V. (53.21)
Let ‘
| = Y+ Voo — Vy)sing-cos -y mo Wl
|/ Vasin? § + V2 cos? | P
x _ [VVasin®y + Vioosy | | P 1
Vi - — AN AV
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Here, ! is the distance from the point X,y to the geometrical axis. The sign of !
is determined as follows: replace the filament by a knife edge occupying for y = 0
the negative part of the £ axis; [ is then positive for points outside the geometrical
shadow of the knife and negative for the shadow points.

In terms of the new parameters, expressions (53.19)—(53.21) are transformed to

2
Py = + nMKul; f(P)) = £+ aM?K**; f'=+4 -l (53.22)

The upper signs are taken for positive ¥}, and the lower signs for negative V. Using
(53.22), we obtain

exp { F inM*K**} N
7

I(Lk) = ‘a—

2

dP| ,  (5323)

Jnu,‘h/cos @- { (FPTF nMKp,l)z} sin P
X expy x i

- nu? P

—

where h is the distance from the relevant point of the screen plane to the image of the
screen edge. It is taken as positive for points outside the screen image and negative
for the points of the image. The integration variable P is positive for cos(¢ — ¢) < 0
and negative for cos (¢ — ) > 0.

The illuminatjon distribution in the diffraction pattern is a function of the following
three parameters:

|/ VZsin? ¢ + V2 cos? ¢ | l

P, = MKl = , (53.24)
' ‘ VAVl

R (171 B 53.25
Q_|cos(¢—|/l)|— A |cos(p — )|’ (329

2t 1
S A . S (53.26)
HE T AN

P, and Q are the affine coordinates of the image points; y is the affine parameter.
Diffraction patterns with equal value of p can be made congruent by an affine
transformation. They are similar if the following four parameters are equal: g, ¥,
V,,/Vir and ¢. The scale of similar patterns is proportional to \/4/ [ V-

If the geometrical axis of the shadow is parallel to the image of the screen edge,
the illumination distribution depends on one coordinate only —the distance r
between the geometrical axis and the screen edge image, or

r=hl. (53.27)
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The positive sign is taken if the screen image and the knife edge shadow point in the
same direction, and the negative sign if they point in opposite directions.

The illumination distribution is a function of three parameters, P;, u, v. The
parameter v is defined by the expression

| /VZsin? § + Vicos? |
= r.
| Val 4

(53.28)

i, v are the similarity parameters of the diffraction patterns, whose width is

proportional to
VAVl

| /VZsin?y + V,ﬁ.coszlﬂ'

Consider the diffraction patterns formed when V,; = 0. Then

_f—=A
P =F— | Ve || V;y | 1P, (53.29)
1 (R~ BN (8] cos (@) |] f -
tn=lo-1 | cxp ] FAICAEIE
T J-w

. sin P 2

X dpP (53.30)
The illumination distribution depends on two parameters:
f—A kt h
T = V1Y, V. |1, = . 533

t I Xx” )’)’I u f—A'COS(dJ—I/I)l (3 1)

The diffraction patterns were studied on the Soviet-made IAB-451 schlieren
instrument. The effective diameter of the objective was 220 mm; the focal length was
f = —1916 mm. A mercury lamp with a filter isolating the green mercury line
served as the light source. The collimator slit width was 0.02-0.03 mm. A cuvette
with walls formed by a plane-parallel plate and a plane-convex cylindrical lens with
radius of curvature of 2250 mm was placed at a distance of 3 cm from the object
plane. A mixture of benzene and ethyl alcohol was poured into the cuvette. By chang-
ing the relative concentration of the mixture components, it was possible to change
the radius of curvature of the cylindrical wave emerging from the cuvette. The
wave formed was vertical.

The wave front curvature in the filament plane changed as a result of defocusing

A A

Vo=Kim o Y=o .
==K -masTy WS T pETasopy B
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where K_ is the wave front curvature contributed by the cuvette. An opaque screen
with a straight edge was placed in the object plane. Two beads were fastened on the
filament at a distance of 100 mm from each other in order to measure the linear
magnification.

A photograph of the diffraction pattern photograph is shown in Figure 125. At a
distance from the screen image, we observe the usual Fresnel diffraction patterns of
the filament. Closer to the screen image, the diffraction bands on one side of the
geometrical axis are destroyed; the screen has no influence on the diffraction bands
on the other side. The middle part of the shadow, including the central bright band,
is destroyed. The general features of the partly destroyed pattern are independent
of the value of .

Figure 125
Shadow of a defocused filament near an opaque screen for V,,./V,, = 1.

Narrow whisper-like stripes are observed, crossing the Fresnel diffraction bands
without affecting their shape. ,

To determine the position of the “destroyed” and “undestroyed” parts of the
diffraction pattern, draw a straight line perpendicular to the filament and passing
through the point of intersection of the geometrical axis with the image of the screen
edge. The straight lines parallel to this line meet the geometrical axis or its continua-
tion in the region of the screen image. The “destroyed” part is located in the region
through which pass the lines intersecting the continuation of the geometrical axis.
The “undestroyed” bands are located in the region through which pass the lines
intersecting the geometrical axis. ‘
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Figure 126 shows patterns with the geometrical axis parallel to the screen image.
The distance between the inner edges of the beads is 26 mm. If the screen is located
far from the geometrical axis, it covers only individual diffraction bands. So long as
the bright diffraction band next to the central band has not been completely covered
by the screen image, we can determine the geometrical axis of the diffraction pattern,
which virtually coincides with the middle of the central band. If the screen lies nearer,
its influence becomes strong and it is impossible to determine the axis position.

Figure 126

Diffraction patterns from a filament parallel to the edge of an opaque screen.

Vex =V, = 1.7 x 1075 mm™*, 4 = 0.34.
a v=24; b v=095 ¢ v=005; d v= —028.

Consider what the shadows of the filament will be, if the object plane is
transparent everywhere but is divided into two parts 7, and 7, separated by a straight
boundary. The wave in 7, is described by the equation z = Z, (x, y), and the wave in
7, by the equation z = Z,(x, y). Here Z, and Z, are quadratic functions. The
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illumination in t, is thus equal to

1 [= P2 2 inP
Iy, 15, 8) = ‘ | — —J exp {i (-2 + —MIKIIIP)} B ap+
T Joo i’ P

1 1

1 (= .{ P2 2 sin P
+ — exp §i|— £ — M K,,P P dP —
7

T Jrp M3 Hi 23

1
- —ep{ilZy(~ X\ = y) = Zi(= %\ = Y x

@ P? 2 sin P
X exp §i| — + — M, K,,P dpP
nuaMaé U H ) P

Here ¢ is the distance from the relevant screen point to the image of the phase
discontinuity along the x’ axis; I, and [, are the distances to the geometrical axes of
the shadows for the waves Z, and Z,, or for their continuation in the other region.
The first two terms determine the Fresnel diffraction pattern, the third term describes
the deviations caused by the restriction of the wave surface, and the fourth term
represents the contribution of the wave from the bounded region z,.

In the experimental study of these patterns, two square wedge-shaped glass plates
of K-8 glass with wedge angles of 2’ 11" and 1’ 04" measuring 100 mm on a side were
placed in the object plane. The plate thickness at the wedge base was 9.573 mm and
9.572 mm. The end faces of the plates were in contact. The photographs obtained
for different values of V,, and p and for different mutual positions of the plates are
shown in Figure 127. In Figure 127a one of the plates is covered by the screen; the
pattern observed in that case is the pattern near an opaque screen previously con-
sidered. If the screen is withdrawn, a new system of narrow curved bands appears —
the result of interaction of the waves passing through the left and the right plate.

White light (Figure 128) produces a certain blurring of the diffraction bands.

When the filament is placed perpendicular to the plate edge, the diffraction pattern
is not destroyed (Figure 129).

On the basis of this analysis we can suggest some practical recommendations
regarding the processing of schlieren photographs obtained by the slit and filament
method.

The middle of the central bright band is taken as the geometrical axis whenever
the symmetry of the diffraction pattern is retained. At the edge of opaque objects,
where the symmetry is broken, we must draw the geometrical axis along one of the
undestroyed bands, preferably the one nearest the central band.

Consider as an example the photograph in Figure 130, taken with an inclined
defocused filament to study the boundary layer on a plane plate. The viewing
diaphragm was a wire grid, with a wire diameter of 0.25 mm. The distance between

2

(53.33)
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Figure 127

The shadow of a defocused filament near a discontinuity of the wave front obtained using a narrow
light source. V,, = V,, =6.8 x 107°mm™*; g = 1.4 (gand b); ¢ = 0.4 (c) and p = 0.7 (d).

Figure 128

The shadow of a defocused filament near a discontinuity in the wave front
obtained using a white light source.
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Figure 129
Diffraction patterns from a filament perpendicular to the plate edge.

Figure 130
The boundary layer on a plate (defocused filament method).

adjacent wires was 4 mm; the grid defocusing was 450 mm. For these parameters,
there was virtually no interaction between the diffraction phenomena of adjacent
wires. As a result, the photograph shows the diffraction pattern of the individual
filaments.

The undestroyed part of the shadow is on the right, where the shape of the bands
is determined only by the light wave deformation. On the left, the diffraction from the
plate causes an additional bending of the bands, and as a result of which the bands
bend to follow the plate edge image.

This analysis of the diffraction pattern is very important, since it eliminates the
suspicion that the light diffraction from the plate will cause bending of all diffraction
bands, and, consequently, makes possible the quantitative processing of the results.

54. DEFOCUSED GRID

If the object field boundaries are ignored, the diffraction pattern illumination for the
case of a defocused grid is calculated as for a filament, since the grid is nothing more
than a set of parallel lines or grooves.
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The expression for the illumination in the image plane is [26]

I(x) = %{{ i S[M(x + 2uN — 1)] —

N=-wo

© 2 ©
- Y S[(x+2(N — )u+ 1)]} + { Y2 C[H(x + 2uN — 1)] -

N=-w N=-wo

© 2
- Y CIM(x+2(N — Dp + 1)]} } (54.1)

N=-o

Unlike (53.11), the illumination distribution depends on two parameters. One of
them, II, is the previous parameter, which determines the light intensity distribu-
tion in the diffraction pattern of the filament. The other, y, is new. It represents the
ratio of the grid spacing to the opaque gap width.

On the basis of the preceding analysis of the diffraction patterns of an opaque
line, we can draw some conclusions regarding the dependence of the light intensity
distribution in the diffraction pattern of the grid on the value of I1.

For a large T, the illumination distribution is close to the geometrical pattern. A
certain difference is observed only at the ends of the lines. The diffraction region is ~
broadened with the decrease in I1. For a small I, the pattern differs sharply from the
geometrical pattern. The diffraction shadows from adjacent lines superimpose,
and a complex interaction pattern is observed on the screen. The lower the value
of the parameter II, the greater is the reduction in contrast between the line shadows
in the schlieren image.

To conduct a more detailed analysis of the diffraction patterns from a defocused
grid, we have to calculate the illumination distribution in the image plane using
(48.1). The values of S(x) and C(x) can be calculated by expanding the Fresnel
integrals in power and asymptotic series. For values of the arguments greater than 2,
it is convenient to use the truncated asymptotic series:

1 T 3 (4k)!x—(4k+l)
+ x2 —_e_——_  _
2 2 oy 22k7t2k+ 1 (2k) !

3 L (@ 4 2)1xm @
— sin — Z 22k+l1t2k+2(2k +1)! ;

(54.2)

1 . T 3 (4k) 1 x @+ 1)
C(x)zi7+81n?x2k;0(— pmk)—'—

: (4 + 2)1x~ 4+

mes g LY e a

(54.3)
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Power series are frequently used for values of the arguments smaller than 2, or

9 (_ I)k (7'[/2)2k+l

S(x) = kgo T D@3~ 3, (54.4)
10 T 2k
Cx =Y CU @27 e (54.5)

o ()1@k + 1)

This representation of the functions ensures the calculation of each of the Fresnel
integrals with an accuracy not lower than 0.001.

Typical illumination distributions for the center of a grid with 20 opaque lines
are shown in Figures 131-136 [26]. The analysis of the curves corroborates our
description of the influence of the parameter I1. Furthermore, they make it possible
to detect finer relations.

For p = 2 the diffraction pattern coincides almost completely with the Fresnel
diffraction pattern at the edge of an opaque screen for IT greater than 10. “Ledges”
associated with the influence of adjacent lines appear for IT < 10. The pattern
progressively deviates from the geometrical distribution. For IT ~ 1, the first diffrac-
tion maximum is located at the pattern center. With the further decrease in II,
the illumination at the center of the space between the lines gradually decreases.
Simultaneously, the light intensity at the center of the dark space increases. For
II ~ 0.5, these intensities are comparable; the dark lines virtually do not differ from
the bright spaces, and a uniformly gray background is observed.

When IT decreases still further, the light maximum moves to the center of the dark
line. A “reversal” of the bands occurs. The maximum intensity is attained for about
IT = 0.2. Then a very sharp reverse process commences: an increase of the light
intensity at the center of the transparent space and its decrease at the center of the
dark line. The intensity distribution again reverts to normal for IT & 0.18. Several
more reversals take place with the further decrease of Il, with the maximum intensity
attained alternately at the line center and at the middle between the lines. The
maxima become progressively smaller, and the image contrast continues to decrease.
Finally, for IT ~ 0.02, the contrast is almost lost entirely. For ITy > 0.5, the illumina-
tion at the center of an extended grid shadow differs from the illumination in the
case of an infinite grid by no more than 0.1, and for ITu > 0.15, by 0.3.

Foru =20and A =5 x 1074, we write (53.12) in the form

q-_p__38p (54.6)

Jua /A

The values of IT for grids with u = 2, different grid spacings p, and different defocus-
ings A are given in Table 7 (see p. 277). :
The diffraction patterns change similarly for other values of the parameter p.
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Figure 131

Illumination distribution in the image for a defocused grid with u = 5.
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Illumination distribution in the image for a defocused grid with ¢ = 3, for I1 between 5 and 0.32. Figure 133

Illumination distribution in the image for a defocused grid with g = 3, for IT between 0.315 and 0.13.
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Figure 134
Illumination distribution in the image for a defocused grid with g = 2, for IT between 10 and 0.}9.
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Illumination distribution in the image for a defocused grid with u = 2, for II between 0.185 and 0.05.

For u > 2, the same phenomena take place for smaller values of IT. Thus for
u# = 3, the first maximum is at the center for IT = 0.5; the first reversal takes place
for IT = 0.3. For u = 5 the values of IT corresponding to the central position of the
maximum and the reversal are 0.3 and 0.1, respectively. In this case the contrast is
not completely destroyed, and the maxima located between the line center and the
center of the transparent space play a more important role.

For p < 2, the Fresnel pattern deteriorates much earlier. For u = 1.5, deviations
are noticeable already for IT = 10, and for 4 = 1.3 —for Il = 30. A destruction of
the contrast is not observed either. The reversals are much less distinct, the pattern
becomes low-contrast for small IT and is complicated by additional maxima.
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Figure 136

Illumination distribution in the image for a defocused grid with 4 = L.5.
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Table 7
VALUES OF THE PARAMETER I1 FOR GRIDS WITH g =2

A, mm

p,mm
0.1 02 05 1 2 5 10 20 50 100 200 500

0.1 10 7.1 4.5 32 29 142 1 0.7 045 032 022 0.4
0.2 20 14.1 9 6.4 45 285 2 1.4 0.9 064 045 028
0.5 50 353 225 159 112 712 S 35 2.2 1.6 .12 0.71
1.0 100 it 45 32 25 142 10 71 4.5 3.2 225 142
20 200 141 90 64 45 285 20 14 9 6.4 45 285
50 500 353 225 159 1z 7 50 35 225 159 112 712

The patterns with g = 2 differ from the others in that the illumination at the points
corresponding to the line edge image (apart from grid boundary effects) is one
quarter of the illumination in the gap between the lines in the geometrical distribution.
The patterns with u = 2 are similar in this respect to the illumination patterns from
an opaque screen. :

The study and analysis of the patterns obtained bears out Sukhorukikh’s conclu-
sion [26] that the grid with p = 2 is the most effective. The identification of the
shadows and the pinpointing of the line image centers are simplest with such grids.

We shall now consider the possibility of a quantitative analysis of the photographs
taken with a defocused grid which gives pattern “reversal” over the entire field or
some portions thereof. )

If the wave curvature changes negligibly between the zero and the working photo-
graphs, and the light deviation angle in the inhomogeneity can be taken as constant
over a sufficiently large section, a quantitative analysis is possible using any of the
diffraction maxima of any diffraction pattern. This is true provided the parameter IT
does not change so much that one reversal is replaced by another or the light
maximum is substantially shifted relative to the line center. It follows from the
analysis of Figure 133 that a change of I from 0.2 to 0.18 is sufficient to bring about
the next reversal; this change is related to the change of the wave front curvature
by the equality

Ay — Ay Inm-1r

=2-= . 54.7
1 o (54.7)

® A 20 per cent change in A, for IT ~ 0.2 suffices for the pattern to revert from
reversed to normal. ,

Reversed patterns for u > 2 are particularly difficult to account for, since in this
case particular importance is attached to the light maxima whose position depends
on the value of T1. '
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For these reasons, reversed patterns are used relatively seldom for quantitative
measurements, and even then without a detailed analysis of the phenomena.

The relation between the parameters IT and u corresponding to the first reversal
was derived in [51] by studying a long series of photographs, each taken for a
different value of u. The value of IT for which the first reversal of the diffraction
pattern took place (I1,) was determined. The results are given in Table 8.

Table8

" I, ully u Mo ull, -
2 0.90 1.8 5 035 1.8
3 0.60 1.8 6 0.30 1.8
4 0.40 1.6 7 0.30 2.1

The product ull, is virtually constant. The existing deviations are possibly caused
by the inevitable subjectivity in the determination of y, from the photographs.
Furthermore, a large part is played by photographic factors — the y and the latitude
of exposure of the negative film and the photographic paper. However, the resulting
error in the determination of IT, and uIl, is small and without practical importance.

Let us consider the possibility of using direct-type diffraction patterns with
i > o (before the first reversal) [51]. We began by determining the maximum
density of shadow lines on the photograph (the number of lines in which the light
deviation angles are measured).

The distance between adjacent shadow lines in the direction perpendicular to the

grid lines is equal to
§=Tu | A (54.8)
= Ilu — X
Va :

The minimum value of § is attained for g = y,. Since the product ITy is virtually
constant, the maximum number of lines is the same for grids with any u.
The number of shadow lines per unit length is

LA
—

N

(54.9)

The value of ITy must satisfy the condition Iy > 1.8, and therefore

p> 187 JA| V|- ‘ (54.10)

For a plane wave (zero photograph)

p>18./A]A]. (54.11)
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For the geometrical axes of the shadow lines on the zero and the working photo-
graphs to correspond, (54.10) and (54.11) must be satisfied simultaneously. This is
ensured if (54.10) is satisfied and the sign of defocusing is so chosen that the
geometrical axes draw closer together when the inhomogeneity is introduced.

The maximum number of shadows is equal to

VA

Ny max = (54.12)

18 /4

and on the zero photograph
_ VA

181 /1

The error A¢ in the determination of the angle of light deviation depends on the
error Ad in the coordinate of the geometrical axis. We can assume that on the zero
photograph the coordinates are measured exactly. On the photograph with the
inhomogeneity, '

(54.13)

(Ag) = V(AD). (54.14)

N 1 ‘Ae
pmax T 18 |14

The minimum grid spacing which ensures the maximum number of experimental
points is

Using (54.14), we obtain

. (54.15)

AA
Pmin = 18f l_g

. 4.
Y; (54.16)

The actual wave fronts are considerably more complex than those assumed in
our calculations. However, at every point of the field the wave front can be approxi-
mated by a quadratic surface, since the illumination of a given point in the image
plane is determined by the parameters of a small portion of the wave front around the
conjugate point in the object plane.

At the points of the inhomogeneity with maximum wave front curvature (Py; .. )
we have, for a grid in the focal plane of the instrument and a proper choice of the

line width,
/ A
5F min = HO.u |P | (5417)
Il max

Elsewhere in the inhomogeneity image, we similarly have direct-type diffraction
patterns with the line spacing

/AP
Op = Igp Y—tlmax (54.18)

PH
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We can decrease 8 by defocusing the grid and thus increasing the absolute value
of the curvature. If P, > 0, the defocusing must be positive. After the defocusing

A
}' (P max + __—)
J" (=8 (54.19)

o, = HMpu A .
P+ ——
YTIU -
Setting
o = __PL_, B = -———-—é—————, (54.20)
Pll max f(f - A)PH max

we find the ratio

5_'5 Vi v1+§ (54.21)

o oa+p
which shows how much § is reduced by defocusing.
The increase in the number of measurement points is the more considerable, the
larger the difference between the curvature P, and the maximum curvature.
However, grid defocusing leads to an increase in the random measurement error

Ae = (P,, + (54.22)

A
———~)M
(=4

The increase in the defocused grid error compared to that of the focal grid is
given by
o, o+ P

2 = . (54.23)
Oer o

It is desirable that each of the ratios ,/6 and Je,/der be small. Their product
is equal to

%% _ T (54.29)
51: 581:

It increases with the increase of A, so the measurement error increases more rapidly
than the number of experimental points. In order to reduce the measurement error,
it is advisable to work with a small A.
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55. THE PHOTOMETRIC KNIFE-EDGE AND SLIT
METHOD

The photometric knife-edge and slit method uses a Foucault knife-edge as a focal
plane diaphragm instead of a filament or a grid. We shall calculate the correspond-
ing illumination and determine the error resulting from the neglect of diffraction
phenomena [25].

If we ignore the effect of the far edge of the knife (the one far from the slit image)
and the diffraction from the object plane edges, the illumination distribution from a
point source will be

I(x,y) = C*{[C(£12) — 3]* + [S(12) — 217} (55.1)

A distinctive feature of the photometric knife-edge and slit method as compared
with the filament and defocused-grid methods is the use of extended light sources.
Therefore, an additional integration over the incoherent points of the extended
source is required.

Let the illuminating slit image be perpendicular to the knife. Then the different
points of the source will have different values of the parameter [. If the values [ = I,
and | = I, correspond to the source end points, the total light intensity is given
by the expression

12

J(x,y) = J I(x', y)ydl. (55.2)
1

=1,

Using the substitution of variables I' = &,,, we obtain

(A, c08* ¢ + A,,sin® ¢)
X

J(x,y) = C*f P

1y
xj {[Ct) - 412 + [SW) - §12}ar.  (553)
1y
Noting that
Ay = A, cos® ¢ + A, sin’ ¢ (55.4)
is the curvature of the wave front in the plane perpendicular to the knife-edge, and
sin ¢ (@, + Hy'A,,) + cos ¢le, + px'A,) = g (55.5)

is the angle of light deviation in the direction perpendicular to the knife-edge plane
at the point of the wave front conjugate with (x’, y’), we write

k(1 - k (12 ) -
h=J=—\7+a) L= |=—|F+ 55.6
' nAll(f 6,) : nAy \ f K ( )
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We obtain by integrating

cos 1nl’? _req) + sin 7l?

4

J(x,y) = C? {%r — IS —
2 1 2 I3 2 o 1 2 iy
F ISP + FCP(1) + = cosdn I2S(l) — ZsininI2C()|ir.  (55.7)
T A

Rotating the image plane axes through the angle §, defined by the expression

. A
tand = — tan ¢ -, (55.8)

xx

we reduce the expression for the light intensity distribution in the image plane
to the form

J(F) = C* {— tm — my[S(my) + C(my) — S*(my) — C*(mp)] +
+mF + D[SMF + )+ Cm(G + 1)) — S2(m@F + 1)) —

cosinm?(j + 1)>  cosinm?y?

- Cm@F + 1)) + -

2 2
+ — cosin m?p2S(my) — — cosinm? (5 + 1)°S(m(F + 1)) —
T T

2 2
— —sininm?52°C(mj) + —sindnm?(F + 12 C(m + 1)) +
¥ ¥

sindnm?y?  sindnm?(5 + 1)2} (559)
T oon ’ '
whefe y is the reduced coordinate, and
I, -1 k
m = —_ (55.10)
S nAy

Thus the diffraction pattern in this case depends only on the parameter m, which
depends in its turn on the angular width of the slit, the wave front curvature in the
direction perpendicular to the knife-edge, and the wave length.

The theoretical illumination distribution curves for m = 1, 4, and 10 are shown
in Figure 137. We note that the larger the value of the parameter m, the closer is the
distribution to the geometrical The experimental points completely fit the
theoretical values.
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Figure 137
Ilumination distribution in the image with the photometric knife-edge and slit method.

To determine the photometric method error, we ignore the points y=0 and
¥+ 1 =0, and assume that myj and m(y + 1) are so large that terms of order of
1/(my)* and 1/[m(y + 1)]? can be dropped. Using the asymptotic expansions of the
Fresnel integrals, we reduce (55.9) to the form

J(F) = C? {2my + (55.11)

1
n’my(y + 1)}'
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In geometrical optics,

J@) = C? 2my. (55.12)
Transforming (55.12), we obtain
l
J=C? (7‘ + a,). (55.13)

According to this geometrical optics formula, the image illumination at any
point depends only on the uncovered width of the slit and the angle of inclination
of the wave front at the conjugate point. This enables us to compare different inhomo-
geneities, stating that if the image illumination at two points is the same, the respective
deviation angles are similarly equal.

Equation (55.13) also suggests a method for photometric determination of the

deviation angle. Indeed, if
!
.Io = C2 _jl_

corresponds to the absence of an inhomogeneity, and relation (55.13) applies when
the inhomogeneity is introduced, we have

!
g = f‘ (10¢P= Do)ty _ 1) (55.15)

(55.14)

for the working relation of the photometric knife-edge and slit method.

Actually, however, relation (55.13) is not correct because of the diffraction
phenomena. The maximum deviation from this relation is given by (55.11). By
comparing these magnitudes, we can determine the error of the photometric knife-
edge and slit method. To calculate this error, we transform (55.11) as follows:

l A
J=2C? —fl—+£,+————l—l—l——
2nk<71+£,)

If we compare the distorted and the standard wave, with their different curvatures,
we have at the points of equal light intensities

(55.16)

(71 o) 17 el
2nk —1—+a)<2+a) ' 2nk <—1+e’)(—2+a’)
mkf <f 1 7 1 f 7 1 7 1
(55.17)
Denoting
’ g =g + A (55.18)
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and seeing that
Ae < l—l + ¢ and Aec < 2 + ¢, (55.19)
f f
we obtain
pe = — Pu= A, — L) (55.20)

2nkf (171 + 8,) (% + a,)

Expression (55.20) gives the error of the standard photometric method, if we can
ignore the diffraction at the edges of the inhomogeneities. The error is determined
by the curvature difference between the standard and the actual inhomogeneities,
the width of the uncovered and the covered part of the slit for the points, under
comparison, and the ratio A/f. If I, = — 1lmm, /, = lmm, 4, = 10"*mm™!,
A=5x10"*mm, g =0, A}, =0, then Ae =5 x 1076,

If the measurements are conducted by the semicompensated method, in which
the inhomogeneity is examined through a standard lens, then A, — A}, is equal
to the wave curvature produced by the inhomogeneity.

The error obtained when a wedge is used as the inhomogeneity is the same.

We shall now determine the error of the absolute photometric knife-edge and
slit method. Its geometrical formula

=({— -1 , 55.21
K <Jo ) 7 G520
while the formula allowing for the maximum diffraction effect is

J Ay, =1

T4 8 ul, ~ 1) . (55.22)

Jo ly I l

2nkl, f + g 7 + g
The comparison of (55.21) and (55.22) yields
Ay, — 1
Ac = ully = 1) (55.23)

2kf<l—l+£)<l—2+a)‘
T I3 ] I3 1

The error of this method proved to be equal to the error of the semicompensated
method or the method using a wedge. This is natural, since in all the three cases the
distorted wave is compared with a plane wave. The spemﬁc features of the mathe-
matics do not change the value of the error.

We can reduce the error by using standard lenses such that the curvature of the
wave emerging from the standard lens is almost equal to the curvature of the wave
after its passage through the inhomogeneity. Generally, however, it is difficult to
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choose a suitable lens without preliminary experiments. Furthermore, the complex
inhomogeneities usually encountered in practice have variable curvature. Frequently
the curvatures differ even in sign. Therefore, a lens which is satisfactory for one
portion of the inhomogeneity may prove unsuitable for other points of the field.
It is impractical to use a large number of lenses of different curvatures, since this
only increases other errors, €.g., the errors connected with the non-uniform illumina-
tion of the instrument field. These errors may eventually exceed the diffraction error.

56. ALLOWANCE FOR OPAQUE BOUNDARIES

The calculation of the diffraction pattern in the image plane of a schlieren instrument
involves considerable difficulties if the wave front in the object plane, in addition to
being a quadratic function of the coordinates, is restricted by one or several opaque
screens. This case is more general than those considered earlier and includes several
of the previously obtained results.

The photographs in Figure 138 are an example of the diffraction patterns obtained
in such a case. They were taken on the Soviet-made IAB-451 schlieren instrument with
a knife-edge defocused by 25 mm, which corresponds to a wave curvature of
7 x 107 mm™"! in the object plane. The light source is narrow {~ 0.02 mm),
parallel to the knife-edge. The angle between the opaque edge in the object plane

Figure 138

Diffraction patterns near an opaque screen obtained by the photometric knife-edge and slit method with
a narrow light source.
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and the knife-edge is respectively equal to 30°, 60°, 90°, and 120°. The diffraction
patterns from the opaque screen edge and the knife-edge overlap. If the angle between
the knife-edge and the screen boundary is acute, “whiskers” bending to stretch
along the surface appear in the pattern, and the distance between them increases
as they approach to the knife-edge image. A region of destroyed diffraction bands
appears on the photographs taken at an obtuse angle. The bands also bend along
the opaque boundary.

These new phenomena are very important in the use of schlieren methods in
various applied problems. Had we not established their geometrical origin, these
curious features of the diffraction patterns could have been attributed to the optical
inhomogeneities. Thus the bending of the bands along the surface could be erro-
neously associated with density changes in the boundary layer, etc.

The shape of the diffraction pattern depends largely on the width of the light source.
Photographs taken at an angle of 30° under the same conditions as those of
Figure 138, but with source widths of 0.05 mm and 0.1 mm, are shown in Figure 139.
The contrast of the knife-edge diffraction bands decreases considerably. The bands
become blurred and fewer in number. The diffraction bands of the opaque screen
become somewhat more prominent.

Figure 139

Diffraction patterns near an opaque screen obtained with a wide light source.
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Let us calculate the light intensity distribution in the image plane of the schlieren
instrument. We assume for the sake of simplicity that the opaque object-plane
diaphragm is an infinitely long slit, with edges aligned along the lines x = R and
x = — R. The wave front parameters vary only in the direction x, and the wave
front is described by the equation

z=il+ozx+£"—xx2 (56.1)
7 s 5 . .
The focal knife-edge is parallel to the n axis and lies on the line ¢ = r,. The far edge
of the knife lies on the line £ = r,.

The assumption of one-dimensionality does not lead to substantial restrictions
in the calculation. As noted above, the results obtained under more general assump-
tions contain, instead of «, and A, quantities which determine the curvature and
the angle of inclination of the wave front in the direction perpendicular to the
knife-edge.

We have obtained for the light disturbance distribution function in the image
plane after integrating over the variables x, y and n:

N — C fwr
S(x') = 2nfCe AL X
(++ +ff
— 4 =
n , péx’ S L , =B
X expiik | ~-— - —n——" C(t) + iS(®) dé, (56.2)
J:-z p . f 2Axx [ ] t=8,
where
! & l ¢
-t 4+ — — + o, + —
kA kA
5~ [A=|_ gL F| g - [FAs|g, ] s
T Aex n Aex

This formula is easily transformed to

w-a[[onf- 5[+ [Bcnem]}
B3

Be 2
x [C(t) +iS()]dt — j exp {— —gz I:t + k—Aﬁ(R + ux’):l } X

Bs n

x [C() + iS()]dt = C,(I, — I,),  (563)
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where

k ! r

B; = RA — 2

3 nA,x< ,,+f+ax+f>,
k ! r

4 nA“( xx T 7 + o, + f>,
k l r

B, = — RA — 2

= ez ( e )

Let r, and r, be sufficiently large and of opposite signs, so that the variable t in
the integrals I, and I, takes large values and passes through zero. We divide each
of the integrals I, and I, into three, isolating the region where ¢ passes through zero:

By —-A A
g
—-A A By
Be -A A
L
—-A A Bs

Let the limits of integration be sufficiently wide for the Fresnel integrals to be
expressed with the required accuracy by the first two terms of the respective
asymptotic expansion.

The values of the variable ¢ in the integrals I, and I, are always negative and of
large absolute value. After the replacement of the Fresnel integrals by the first
terms of the asymptotic expansion, Iy and I are expressed in the form

141 k ! r
I = - C /_ —_ L / —
1 2 { I: nAxx(f + o, + 7 +uxA,,)]
iSF\/'k‘(I ry - ”
. | nAxxf+ax+7+ﬂx XX —

[ k4.,
—-C|l-A+ —= (—R+ux’)]+

Iy + I+ Iy, (56.4)

il

Yo+ I+ I (56.5)

%lkAxx(_ R+ #xl)z} X
ni

[ kA4 -
+is|-a+ Ry ux’)]}+ exp {
T
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l r
X {Cik(— R + ux’) (RA“ + — + a, + _1> -

S S
- , L +f_1>_
*181k(—R+#X)<RAxx+7 oy 7

— CiJknA_, (— R + px)A — iSi \JknA . (— R + px’)A} ; (56.6)
1+ k[ r ) >]
= — A G a7 P N e
=5 {C[\/m,,<f g
k l ry ,
—i ———+a,+—+pr,,>]—
’S[\/mu(f ;
kA, . ,
—C[—A+ /%(R+px’)]+is[—A+ —7I——(R+;1x)]}+
T .

N exp { — ¥ikA,. (R + ux')?}

Im

l 1
{Cik(R + pux’) <— RA,, + 7 + a, + r7> -

! r1>
— Si Y — RA, + —+a, +— ] —
Slk(R+#x)< XX f f

_ Ci JimAL (R + ux) A — iSi JknA., (R + px) A}. (56.7)

The integrals I%" and I3’ are similarly evaluated, but the variable ¢ is always
large and positive:

i /kAxx .
I’{':ljl{C[A—F T(—R+#X)]—
kA Tk [
. xx ¢ v _ — 4+ x+
—IS|:A+ - ( R+ux)] C[/nA,,<f o
k l r2 '>]}
r2 ' i< _ 244 +
2 S| [— + o, + = 4 Agpx
7 *A“"xﬂ“ [\}nA,,<f G

. n2
N exp{—%tkAxx{—R +uxV}
(81

56. OPAQUE BOUNDARIES 291

x Ci JknA,, (— R+ pux') A — iSi JknA,, (— R + ux) A —

. l
~ Cik(— R + ux') (RAXX + — 4+ a, + fi) +

S S
+iSik(— R + jx) (RA,, + % + oo+ %)} (56.8)

1+ kA kA
Ig’:——l-{c[A+ / "‘(R+px’)]—iS[A+ / ""(R+px’)]—
2 T T
C[/k<1+ + 244 x’>]+
_ a4
T[Axx f X f xx#
+is| | k (1 o, + 24 A px +
—_— o —_— X
l T[Axx f XX f XX#

— YikAL (R + px')?
Bl ] #x)}{Ci\/kn—Axx(R+ux’)A—

i

. . l
—iSi/knA,, (R + ux) A — Cik(R + px')(— RA,, + —7 + a, + r72> +

+ iSik(R + px) <— RA,, + % + oo+ %)} (56.9)

Setting a = (— R + px')/kA,./n, we can write I'] in the form

—-A

I = J. e~ D2 TC(n) + iS(t)]dt . (56.10)

A

Integrating by parts and expanding the Fresnel integrals in an asymptotic series,
we obtain

. A
I = [C(t) + iS()] [C(t + a) — iS(t + a)]

—A

1—i (% 1 [~ exp {lina? — inat
~ (&), lf e‘“’zlzdt——,f exp {bina” — imat} 6 11)

A i Ja t+a

The sign (+), is selected depending on the sign of a. We have finally

I = [C(A) +iS(A)] {— C [— A+ ki"" (- R+ ,ux')] +
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kA, . ,
+iS[~A+ %’—‘(~R+;¢x’)]—C[A+ — (—R+ux):|+
.

+iS[A+ yﬁ(—R+ux’)] +(i)1(1—i)} +
T

+ exp {ikd,, (— R + px)’} x

x [Ci {Q/nk,A,, [— A+
. , kA, R x,):l} 3
—iSl{,/nkA,,(—R+ux)|:—A+ —n-(—- +p

kA,,

(—R+ uX')] (-R+ uX’)} -

{ﬂ/nkAxx(—R+ux)|:A + ""( R+ux')]} +
+-tSl{./nkAxx(—-R + px) [A + “( R +-uxq]}]. (56.12)

Similarly

' A ,
u:[cmy+mmﬂ{—c[—A4- 7;4R+#n]+

AL ,
+m[—A+ Eﬁw+uﬂ]—cb+-—74R+wq+
T

exp (JikAee (R + 1V}

+ iS[A + k—A"—"(R + ux’)] + () (1 + i)} +
T

i
e , [z ,
X{Ci kA R+ pux)| — A+ —7I—(R+ux) —
: kA ,

— iSi/nkA,, R+ px)| — —n—(R+ux) -

. N Mum+xﬂ+
—Ci/nkA R+ px) A+ [— H

iy ‘ ! kAo R ) (56.13)
+iSi/nkAd, (R+ px)| A+ —;—( + ux .

The sign (1), is selected depending on the sign of (R + px')/kA./m.
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If A is neglected compared with a, I3 and I will go to zero.

The above integrals determine the light disturbance distribution in the image plane.

The expressions obtained are valid if the focal plane diaphragm is much larger
than the light-filled aperture.

We shall now consider the opposite case, when one of the viewing diaphragm
edges covers a part of the slit image, and the second edge does not cover it. Let the
covered width be larger than A, but not sufficiently large for ignoring the second term
of the asymptotic expansion. We shall then have I = 0, I{ = 0 in (56.4), and in the
expression for I7’ the upper limit A is replaced with

/k( 1 n)
RAxx + — + o + — .
A, f f

The integral I, remains unchanged.
We have for the light disturbance distribution function:

Sx) 1+ kK (1 r )]
——42c LA v |
¢, 2 { [ nA,,(f S
2'5[[ LA SRR
i — [+4 — X —
AL \f 2T TR
kAys . 7
C[—A"' ——(R+#x’)]+18[—A+ ——(R+,u.x')]_
n T

C[A+ ki;’-(R+ux’)]+lS[ / (R+ux)]}

+ €Xp {_ % lkAxx(_ R + ux’)z { |:

[
+a,+—)]—151 k(——R+px)<RAn+ ax+r_‘):|_

[ 7 f
[k(— R+ uX)<RA,, +— 4 oa, + rz)] +

+isi|:k(—R+#x')<RA,,+7l,—+a,+f)] A

N exp {— 4ikA,, (R + px')?} {

)
k(— R + ux’) (RA,, + 7 +

i

Pm+w)
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+ o, + %)] + iSi [k(R + ,ux’)(— RA,. + %+ o, + 5}—)] +

+ Ci [k(R +/,tx’)<— RA_ + % o+ %)] -

—iSi [k(R + ,ux’)(— RA,, + % +oa, + %)] n

+ 2iSi [\/knA,, (R + ux’)A]}— [C(A) + iS(A)] x

X {—C[—A+\/k_—i—;(R+ux’)}+

o[ oae P wew] - cfas [ wm] s
+iS [A + \/@(R +ux’)] + (). —~ i)} -

- ZP {%ikA"; (l_R o2l {Ci {\/@ [— A+ \/F%: (R + ux’)] x

x (R + /,tx’)} — iSi {,/nkAxx (R + ux") [— A+ kA (R + /,tx'):l} —

s

- Ci {, /rkA,, (R + ux’) ,:A + % (R + /,tx’):l} +

+iSi { [mkA_, (R + px) [A + k’i"" (R + ux’)]}}. (56.14)

Let | — R + pux'| and | R + px'| be considerably larger than A. The illumination
in the image plane is then given by the following expression (apart from a constant):

e ]
(X)— nAxx7+ax+7+iu'xxx +

+S L S
AT LI | _
nAxx f X f #x xXx
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(kA , fkA,
_C[ T(R'*‘#x)] - S[ —n—(R+/,tx’)] +

1
+ COS%kAxx(_ R + ,ux’)z {— — Si [k(‘ R + ﬂxl) X
4

! !
X <RAxx+7+ax+r7>:|+ (i_)l%}—'

-cw|-2e| 2@ w0 + (1] +

kA
+ S(A) [S( T“(R+/,tx’) —‘(i)z-lil — sin%(— R + ux')?* x

1
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l r 1 kA
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295.
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— C(A) [23( %(R + #x’)> —(£)- 1] +

+ S(A) [2c ( % (R + ux’)) = (%), 1] +

kA, (R + px' P [ 1 !
+cos K@ VT il ey - Ra+ o+ ™) |] -
2 p 7 7

2

x <_ RA, + — + o + ’-)]]}2 (56.15)
XX f X f . Y

Expression (56.15) determines the illumination distribution in the case of an
infinitely narrow light source.

In order to calculate the illumination distribution for a wide light source, we must
integrate over [ from [, to /,. These values of the integration variable determine the
boundaries of the illuminating slit in the coordinate £&. Remember that [, and [,
are such that I/f + o, + r,/f + pux'A,, reverses its sign inside the integration
limits, while RA,, + I/f + «, + r,/f remains positive all the time. We have

. kA, " 11
— sin (R + ux') (i)2~7+—51 k(R + ux) x
VA

(5
J(x) = J I(l, xhdl. (56.16)
Iz
This expression cannot be integrated in known functions. Therefore, unlike the
restricted plane wave and the unrestricted quadratic wave, the illumination distribu-
tion of the restricted quadratic wave can be found only by numerical integration.
This undoubtedly limits the applicability of this technique to practical measure-
ments.
However, we can estimate the relative measurement error. The error is written

in the form

V2 —J1)&
o Bt L3 N
J1(€2 — &)

Since the illumination in the image plane depends on the angle of light deviation
and the wave front curvature, the change in the illumination during the experiment
can be represented as a total differential

oJ oJ

J2 - Jl = ada + aTdAxx. (5618)

1. (56.17)
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Furthermore, J, = 4¢,, &, — &, = f de (the substitution of the geometrical-optics
expression for J, in the denominator alters negligibly the value of the error). After
the substitution, we obtain for (56.17)

1aJ 1 0 da,
K=——+ — - -
Af 0e  4f 0A,, de

(56.19)

The different terms in (56.19) affect the error differently. The first term is associated
with the relative measurement error, and the second term with the absolute error,
Introducing in (56.15)

g = + o, + pux'A,., (56.20)

~| ~

we find:

oJ

% =7 Ly -1 (lz)] . (56.21)

We insert (56.15) in (56.21) and simplify the expression by replacing the Fourier
integrals and the integral sines and cosines with the first terms of the asymptotic
expansion. Dropping the squares of small terms and the high-frequency intensity
fluctuations, we obtain

oJ 1

— =431 +
¥ k(R — ux') [’1 + 4

P) (56.22)

+ (R - ﬂxl)Axx:]

To calculate 8J/8A,,, we simplify expression (56.15), writing it in the form

= B9 4
BB 4

1
+ . —_
1 Axx
{nk(— R + px) [—' J} S 4 R - ) T}}
2 cos [k(— R + px') [T_%_é + (R — ux’) %]]

- X
k(= R + px') ['~———~‘ Jfr Sy R - ) %ﬁ]
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Al O e 59 -

2 sin I:k(— R + ux) I:il_;__é_.‘_ + (R — px) Azxx:l:l

— X
A
mle(— R + px) [lf’f—é-i + (R — px) 7}

Al (o[t e

The first two terms of (56.23) constitute the known expression for the image-plane
illumination for a quadratic wave of infinitely large dimensions. Since the error is
additive, the derivative 8J/9A,, for these terms will be

oJ _ 2(, - 1) (56.24)

0Axn kn(il—+e)<£2—+e)
VAV

From among the other terms in (56.23), the largest is the fourth term, or more
precisely its part obtained for

k ri+¢,
TEAII f

< 0.

Dropping the other terms, we obtain
aJ" 4
= . (56.25)
0A,,

nk R 1A
> - ux xx
f

The final expression for the maximum relative error due to the neglect of diffrac-
tion is

1
K = +

R )| (R - )|

(12 - ll)dAxx + dAxx
ry + f1> ("1 + fz) ¢ k(R — py) Aut

f f

+ (56.26)

2knf (
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The absolute measurement error is

- J +
kR - ) [+ &+ R - ) A,]

(€2 — S — AL S (Asx — A%
(ry + &)27k(ry + &) mh(R — px)A,,

oe

(56.27)

The above expressions include, as a particular case, the previous formulas. By
writing A, = 0 in (56.27), we obtain (48.22), which determines the error in the case
of a plane wave front. For (R — ux’) = o0 we obtain equation (55.20) for the error
in the case of an unrestricted quadratic wave.

The illumination distribution in the image plane can be written in the form

n(atr) btz 2
J J e~ dzdy | dr. (56.28)

nla+t—-ow)

1 +1

=53
27 ),

-

The illumination distribution is a function of two variables, a and b. The variable
a is defined by the relation

a=——, (56.29)

where m, is the distance from the knife-edge to the middle of the illuminating slit
image, and o, is the angular half-width of the illuminating slit image. The variable b
is defined by

b=1./3k| A, (56.30)

where [ is the distance from the image point to the screen edge image in the direction
perpendicular to the knife-edge.
The parameters of the illumination distribution are given by

/ k H1
=0y [——, ©=——. (56.31)
1 ° Z‘Au\ frug

H is the width of the viewing diaphragm aperture. _

We take the plus sign in the upper limit of the inner integral in (56.28) if 4, and
cos ¢ (¢ is the angle between the direction perpendicular to the object field boundary
and the knife-edge) are of the same sign. For a spherical wave, we obtain diffraction
patterns in which the edges of the bright space between the knife shadow and the
screen image make an acute angle.

The minus sign is taken if 4, and cos ¢ are of different signs. For a spherical wave,
the angle between the knife-edge shadow and the screen image is then obtuse.



300 ALLOWANCE FOR LIGHT WAVE CURVATURE

We calculated numerically the illumination distribution and studied its deviation
from that predicted by geometrical optics. The difference between the illumination
calculated by (56.28) and the illumination calculated from the formulas of geometrical
optics is plotted in Figure 140. AE, corresponds to the plus sign in the upper limit
of the inner integral in (56.28), and AE_ to the minus sign. In the calculations by
(56.28) we used

\ | AE_10°
b=02 30 AE,10°
| o3
l— 04 20 10
/?ﬁ 10 o
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Figure 140

Difference between the diffraction and the geometrical illumination distributions.

57. DEFOCUSED POINT ‘GRIDS

Consider the diffraction theory of the defocused point grid method [26]. We shall

assume that the light wave in the object plane is a paraboloid. The object plane’

diaphragm and the point grid are assumed to be infinitely large. A monochromatic
point source is used, located on the optical axis of the system. In this case, the
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illumination distribution in the image plane is given by the expression

2

, (57.1)

1
(AR

J(xl, yl) = eikP(—x'. -¥) _

where

ik
Fp = JJ exp {f '_ A (&x' + '1}")} @ (&, mdédn, (672

@O @ ‘k
® (&) = f f exp {fﬁ [V*(x,y)+éx+ny]} dxdy,  (513)

V¥x,y) = V) (f ~ 4). (574)
The function P(—x', —y') defines the wave shape in the object plane, oy, is the part
of the viewing grid plane occupied by the opaque circles. The coordinate axes are
directed along the symmetry planes of the wave surface.
To calculate (57.3), we series-expand the function f(x,y) = V*(x,y) + &x + ny
in powers of x — xy and y — y,:
F06¥) =V*(xo, o) + Exo + nyo + F[VAx - xo) + Vil — YO)Z] . (579
The values of x, and y, are determined from the relations
Salxo) = VE(xo) + £ =0,  fi(yo) = V;*(o) + n=0. (57.6)

If V., and V,, are of the same sign, we have

@ 2n etin2 exp { K V% (e, 7o) + Exo + ]} 57.7)
= e X0, Yo Xo T HYol (- .
k [ Vxx | | Vyy I f —-A

The upper sign in the exponential corresponds to positive values of Vi and V,
and the lower sign to'negative values. Substituting (57.7) in (57.2) and omitting the

zero subscripts of x and y, we obtain

) 2n
= ¢

FD—-
k1 Ve | V3|

ik
X JJ exp {f l_ 3 [V*(x,y) + &x + &' + ny + '1}"]} dédn. (57.8)

+in/2 X

Series-expanding the function ¢(&,%) = V*(x,)) + &(x + x) + 5y + ¥) in
powers of £ — &, and 5 — #,, we find £, and 7, from the relations

So=—VX~=X), no=~- VH=Y). (57.9)

For this choice of &, and 7,,

¢z(So0) = ¢,(n0) = O, (57.10)
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and the series has the form

1 1
(&, )—V*(—x,—y)+—|iI | — &) +W(n—ﬂo)2}-(57-11)
After the substitution of (57.11) in (57.18) we obtain
N S— Y R P (57.12)
k| Ve [ V|
where
) )—ff ex { ‘ [ (€= &+ —— (7 - )ﬂ}&d
g\x,y pyt 2(f A) | [ IV};IU o n.
(57.13)

Let the centers of the grid circles be located at the vertices of a square grid of spacing
p. Denote by ¢ the angle between the O axis and the line through the centers of the
circles. If the origin of coordinates is placed at the center of the zero circle, the
coordinates of the center of the m, n circle are

En = Pp(mcos Y — nsiny), A, = p(msiny + ncosy). (57.14)
Expression (57.13) is transformed to
g y) = Y X s (57.15)

where g,,, is defined by (57.13), where the integrals are taken over the area of an
opaque circle with subscripts m and n.
Introducing new variables p and 6, which are the polar coordinates with the

origin at the point &, #,., we obtain

_ _ . k L 2 (’7mn—"70)2
gmn_exp{_'_lz(f_A)[@l (émn_éo) +. IV;‘;‘ :|} X

r 2n ik [ <émn - CO Nmn — Mo )
X e ¥ 2, cos 6 + inf] +
LL “{2U—m P\ vl "

p? cos? 6 sin? @
l o | a1 pdpdf. (57.16)

From (57.9) and (57.10) we obtain
Cmn Y + I fo:'(x;nn —xl)a

'7mn_'70=i|Vyﬂ(.V;nn—}’)

(57.17)
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We can write without any loss of generality
V(x,y) = 3Vee X* + 5V, 5. (57.18)
From (57.9), (57.10), (57.14), and (57.18), we thus find

Xy = | 7 (mcosy — nsiny),
(57.19)
Vo = + | Vy | (msiny + ncosy).
Using these expressions, we derive
I(x,y)=|1FiG|?, (57.20)
where
G- ii"(LX2+\/EY2) X
n \J/E
x Y oY exp{iin{uf52|;/E(mcosl//—nsinl//)2+
1
+ —= (msiny + ncost//)2:| F2ul [X (mcosy — nsiny) +
T [ nsin g
f* HsVT]2 2n 1
+ Y (msiny + ncos l//)]}}J~ f exp {TL i{(ﬁcosz() + —=sin? G)u +
(4] (4] \/E
+ 2 ﬁuscs |;/Ecos O(mcosy — nsiny) +
+ ﬁsin()(msinl// + ncos l//):|u F2./n(Xcosf + Ysin G)u}udud()}.
(57.21)
Here

2r / 1 V,
s = 3 Cs=£’ é:—ﬂ,
f—ANZ |VXX||V}'}'I 2r Vix

X = lexHI/yyl'x, Y = V|I/XX|II/)‘)‘I.y/
A ’ \ A
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If V,, and V|, have different signs (we assume that V,, > 0, V,, < 0), we have
instead of (57.20) and (57.21)

Ii(x,y) = |1 - Gl|2, (57.22)
where

e—in ‘1 A © o
G, = (—-X - J| & Y>>< exp{—in {u}{f X

1
x |§|(mcosn//—nsin|//)2——(msint/x+ncosn/1){|~—
v T

—2ul[(mcosy — nsiny) X — (msiny + ncos ¢) Y]}} X

e
X eXp§—1 Ccos - s u® +
0 0 Iél

1
+2\/1—mscs[,/|é|‘cos€(mcosnlz—nsint//)— sin @ (msin y +
V¢l

+ ncos .//)] u—2./n(Xcosb + Ysin o)}} udu de. (57.23)

It follows from the above expressions that the similarity parameters of the diffrac-

tion patterns from a point grid are g, {,, &, .
The scale of the similar patterns is proportional to the quantity

(57.24)

1t follows from (57.9) (57.10), and (57.19) that the curves bounding the geometrical
shadow of the circles are ellipses with the semiaxes r/|V,|(f — A) and
/| V,y|(f — A). The ellipse axes are directed along the symmetry planes of the
wave surface z = P(x, y). Their centers are located at the intersection points of the

lines of the families
Ve p

Y =tany x4 —F 4. (57.25)
Vyy cos Y Vyy (J - 4)
' V Voo 2 (57.26)
= - — X m. *
Y tany V,, " " sing V,,(f — A)

By studying the photographs of the diffraction patterns, we determined for every
value of the parameter {, the values of u for which it was still possible to identify
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the shadow centers. The results are summarized in Table 9. The product £, remains
constant, being approximately equal to 2.5.

Table 9
Cs Hso Cs#lo
1.7 1.4 2.4
2.0 1.3 2.6
22 1.1 24
2.7 09 2.4
3.5 0.7 2.5

It is desirable to conduct measurements in as many points as possible. The number
of measurement points is in an inverse proportion to the area S of the parallelogram
formed by the centers of adjacent shadows:

) .
N=—.
S (57.27)
Taking | A| < f', we obtain
2
14
S = o (57.28)
T2 Ve || Vs ]
The shadow centers can be pinpointed when
L, > 25, (57.29)

which may be written in the form

p* > 6251 /| Vie| |V, |- (57.30)

For a plane wave front,
p? > 6250[A|. (57.31)

The maximum number of useful shadow points in a photograph taken with an
inhomogeneity in the field of view of the instrument is

N Vs || Wy |

Ny = Y xxt vl
(N Jmex 6251 (57.32)
and in the zero photograph
(Nohnax = [A] (57.33)
omax T 6.25020" ’
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The random measurement error of the light deviation angle is
Ae = | V| Al (57.34)

This error depends on the direction in which the displacement is measured. The
average error is
Ae = | V| %, AL (57.35)

The maximum number of shadow points which can be obtained for given As and
Alis

| A
(Nax = ——=—=—. (57.36)
6.25| Al A
The grid spacing for which this number of shadows are obtained is
Ac
Penin = 2.5 |—_8| A. (57.37)
1Al

The optimum grid parameters for studying wave fronts of complex shape, with
variable curvature, are determined as in the case of a defocused line grid. The choice
of the best working range depends on the specific features of the experiment.

58. CYLINDRICAL WAVE OF EVEN DEGREE

Our estimates of the diffraction error and the suggestions regarding the analysis of
defocused-grid schlieren photographs with complex diffraction patterns assumed the
illumination distribution of a wave expressible in the object plane by an equation of
first or second degree in the coordinates. However, the actual wave fronts are usually
more complex, and even small pieces of the front are not always representable with
sufficient accuracy by a quadratic function. As a result, we have to study the diffrac-
tion of higher order waves. Due to the complexity of this problem, only one paper
[53] has been published to date on the subject.
Let the wave shape in the object plane be a parabolic cylinder of even degree,
P@

P(x) = —

- X, (58.1)
n'

where n is even. The wave is unbounded. A filament aligned along the wave surface
generatrix is placed in the focal plane. Then

{ikP("’ }
exp x>+
n!

1 [ . P® /P(f —A) O\ ik, ] sinP
;le exp {lk—'—lT <—k—t————x exp TP TdP

I,(x)

2

. (58.2)

I+
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We write the argument of the first exponential in the integrand in the form

PM /P(f — A n J 0]
k — __(f___) — x' =k x'" 4+
n! kt n!

2 n—1 . C:n f _ n—m lP(n)l 1/n7m
+ F 2 (—- 1) F:(z_lp( )I 1/n j(n—1)/ ) [X <__> ] gnom (583)

! m=o t A

The upper sign in (58.3) is taken for positive values of the derivative P™, and the lower
sign for negative values.

The geometrical axis of the shadow passes along the line x' = x},. We introduce
the distance ! from the image point to the axis,

I=x"—xp. (58.4)
Then
P®/p — A n p™
k <_££___) — X = x" +
n! kt n!
2 n—1 cm f n—m
+ — — 1" n 2| pt]ln jin—1)n
n! me0 ( ) nn—m-—l <2t‘ I ) x
m P(n) 1/n m=-6 P(n) 1/n7]6
x ¥ Ch [xb <u> ] [l '—') P, (58.5)
5=0 A A
Putting
2 W . of[P@] .
Hn = f /1’1_1 I P(n) ‘ ’ Yn = Xo 1 LI (5 6)
we obtain

P® /P(f — A " pm
k <-———(f ) _ x’) =k x" +

n! kt n!
2 ! cr 1 = | P® [\1n 7]
+ — - 1) - Coym-d 1 — prmm, .
a2, W e e 2 G [( 2 ) ] 87

For the argument of the second exponential in the integrand, we write

— fPO (- x 2n 1
Sop ZSPPCEX)p 21 ip (58.8)
t t n!u,
We have finally
1 (= . sinP 2
I" =1 - — Lifn(t)
U] } " f_w e 5 dP‘ , (58.9)
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where
2 n—1 cm 1 m IP(n) I)l/n:lé
(P} = = - ) — mod | —— prm o4
Ja(P) n! mgo( ) A T 6§0 4 ,: ( i
2n 1 _
Z—ytip. (5810
n!p,

The illumination distribution depends on two similarity parameters, y, and 7,
The width of the patterns is proportional to Y A/| P*”|.
The only exceptions are the patterns obtained with a cylindrical wave of second
degree, when the function
2 | P3|

11
faP) = —— 2 — =1
2 T U3 I A

P (58.11)

does not contain the parameter y,. As indicated in § 53, we have only one similarity
parameter in this case:

2 ! 58.12
b=7 1P| (58.12)

For n = 2 the diffraction pattern is independent of the filament position relative
to the wave apex and is symmetrical with respect to the geometrical axis.

For n > 2, the illumination distribution is symmetrical only if the filament middle
is aligned with the rays passing through the wave apex. The shape of the pattern
depends on the filament position.

The wave asymmetry can be a source of biased errors. To estimate the asymmetry
error, we used a computer to calculate the illumination distribution for a fourth-

degree wave [53]
1

1
P)=——-— P - — _(L+7y)P+ L+ yg)?t? —
f4( ) 127[3 [,li 37[2#2( ‘))4) 27[#2 ( ')’4)
1 3 2 2
— — (2 + 3%y, + 3Ly)t, (58.13)
3py
where

4 py
L=1 —_J|PA . (58.14)

The parameter p, was taken equal to 0.341 and 341, y, = 4.40 and 8.80. These
values of the parameters are close to the values occurring in actual measurements.
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The curves in Figure 141 are asymmetrical with respect to the axis, but the asym-
metry is noticeable only at a relatively large distance from the geometrical axis, being
small near it. For I = 0, all the three curves have an extremum, but the curve b, unlike
the curves of the second-degree waves, has at this point a small relative minimum,
and not a maximum.

.50
Ia /
):_\ 1.25 - ,
\ L s N I N
‘f\\‘-’ ‘ Qg |.OO>\ ~ - /-llr\v
\\ a / A \// '
\‘ 075 A) P
\‘E\ ,:/ \ ’,../
/ *\ yad
] 0.50 ‘ 7
\ ,/ 0.25 \\ /
hd ~ I, mm|
-5 -4 -3 2 I 2 3 4 s

T T T T T T T T
-40 -30 20 -0 © 10 20 30 40
L-10%

Figure 141

Tllumination distribution in the filament shadow in the case of a fourth-degree wave.

G py=0341L,y, =440, b p, =0341,y =880; c p, = 341y, = 4.40.

The deviations from symmetry at the usual measurement points of the diffraction

pattern are small, and, therefore, the biased asymmetry errors can be ignored.
2



UTILIZATION OF DIFFRACTION
IN MEASUREMENTS

59. DETERMINATION OF THE ANGLE OF
INCLINATION OF THE LIGHT WAVE AT THE
BORDER OF AN OPAQUE BODY

Schlieren photographs taken with a high-sensitivity instrument show a bright
diffraction band near the edge of the opaque object. Schlieren measurements are
impossible in the vicinity of this band, since the relationship between the angle of
light deviation and the illumination derived on the basis of geometrical optics is not
valid there. The higher the measurement sensitivity, the broader is the zone
inaccessible to study.

Since the illumination distribution in this part of the image depends on the shape
of the wave front emerging from the inhomogeneity, we may try to solve the inverse
problem, namely to determine some parameters of the inhomogeneity near the
opaque edge from the form of the diffraction pattern.

We shall adopt the diagram of Figure 110 as our mathematical model, and assume
a point light source. .

The image illumination distribution is determined by the following expression:

2(g, — k
I(x) = ﬂt—("—zg—"—‘)ﬁcz{[@%(—R+x’)r5Ci7(—R+x')zfo—

—Ci—k—(R+x’)r+Ci£(R+x’)§oJ2 + I:Sii(—R'*'x')"—
f 1 1

310
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S C R+ %) —SiE R+ x)r+ 8R4 %) T} (59.1)
=1 — (- x —Si — xX)r i— . .
7 0Ty g TR

We shall consider in our analysis the phenomena taking place near the image of
one of the edges of the object plane diaphragm, for instance the edge whose image
lies on the line x' = R. It is the diffraction from this diaphragm edge that is most
important; the diffraction from the second edge (x' = — R) has a relatively weak
effect, which can be neglected altogether if the diaphragm is sufficiently wide.

Expressed mathematically, this approximation means that (R + x')&ék/f and
(R + x)rk/f are sufficiently large to neglect in (59.1) terms of order f/k(R + x)&,
and f/k(R + x')r which determine the maximum value of the first term in the
expansions of Ci (R + x')&éok/f and Ci(R + x)rk/f and of the second term in the
expansions of Si(R + x)¢k/f and Si(R + x)rk/f for large values of the
arguments.

We shall examine later the smallness of these terms and the error introduced by
this approximation. It is valid in practice, since the plane portion of the wave front
is restricted in the object plane not only by opaque diaphragms (models, rims of the
objectives and glasses, system components, etc.), but also by wave front changes
due to the complexity of the inhomogeneity (shock waves, rarefaction zones, etc.).
Most real objects are exceedingly complex, so that an exact calculation of the
diffraction pattern is impossible, and therefore in practical work we must consider
the diffraction from one edge only.

We move the origin of the coordinates to the point where the geometrical image
of the diaphragm edge should be located (x’ = R). Under the above assumptions,
equation (59.1) reduces to

. 4 k ‘ k 2
I(x) = 4n2(n, — ny) % Cc? {I:Ci ? xr — Ci Tx’éoJ +

2
+ I:(?T) — Si ; x'r + Si %x’éo:l } (59.2)

The top term in parentheses corresponds to positive values of £,, and the bottom
term to negative values.

To determine the position of the illumination extrema in the image, we equate
to zero the derivative of (59.2) with respect to x’:

' 2 42 - 4 4
ar(x’) =£47I (2 —n)f sinﬁ(r—fo) {Sing(r'f'fo) X

’

dx’ 4 k* 2f 2f
X I:Ci ? xr—Ci % x'éoJ — cos ? (r+¢&o) [(—On) —
—si % Xr + Si ? x’éoJ} - 0. | (59.3)
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Note that for &, > 0 (when the slit image is completely covered by the knife),
equation (59.3) is satisfied for x’ = 0. The negative value of the second derivative
at that point indicates that in this case there is always an illumination peak at the
opaque edge.

In what follows, we shall consider separately the cases | x'| # 0 and x’ ~ 0.

Except for points near x’ = 0, we can neglect the effect of the second edge of the
focal plane diaphragm, located at £ = r. In this case the argument (k/f}x'r becomes
sufficiently large and we may take its integral sine as equal to n/2 and its integral
cosine as equal to zero (for x' = 0.25mm, 4 = 5.5 x 10"*mm, f = 1918 mm,
r = 20 mm we obtain (k/f)x’r = 30, and the deviation of the integral sines and
cosines from the above values does not exceed 0.03). In this case

4 Lk 1 ko 2
() = 4n*(n; — m)% c {Clz YR [(_ ;7‘:) + Si Txéo:l } (59.4)

and the equation for the extrema reduces to

5 Ci —;— x&
tan — x'€y = — i . (59.5)
f (“ 7”) rsikoee
~ 3 rot

The graphic solution of (59.5) is represented in Figure 142. The abscissa axis
plots P = (k/f)x'¢, and the ordinate axis gives the quantity y, which determines

y

I
I
[

5
4
3
2

Figure 142
Graphic solution of equation (59.5).
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the values of the right- and the left-hand sides of (59.5). The curves a plot the value
of the left-hand side. These are tangent curves of the argument P. The other curves
give the value of the right-hand side. The graph in the lower right-hand corner is
the blown-up representation of the small square enclosed in a dotted line.

The equation has no solution for P > 0, which corresponds to &, > 0 for x' > 0
(the curves do not intersect). Therefore, when the knife covers the slit image, there
is a single diffraction illumination peak which coincides with one of the points of
the opaque edge. This enables us to find the true position of the opaque edge, needed
for the qualitative analysis of schlieren photographs. The illumination in the
diffraction peak is determined from (59.2) by substituting x’ = 0. It is equal to

4
I1{0) = 4n%(n, — 1) '2—4 C? anéTo. (59.6)

This expression is attractively simple, and thus we can develop a method for
measuring the angle of light deviation in the inhomogeneity from the illumination
of the peak lying on the opaque edge. If the slit image is originally located at a point
&, — &,, and is shifted by the inhomogeneity to a new position which is to be

determined, then | ~
1 n
L= ( €/ )> . (59.7)
I, In(¢,/2)

The peak illumination ratio before and after the introduction of the inhomogeneity

can be found by photometry of the “zero” and the “working” photographs:

I, D,—D
log L = — 2, (59.8)

From (59.7) and (59.8) we find the displacement of the slit image caused by the
inhomogeneity:
1-4
d=¢, — & =¢ [(EL) - 1], where A = 10W:~Pizylege (59 9)
1
We shall describe the use of this method with one of the schlieren instruments [ 14].
A diaphragm with a straight opaque edge is placed in the object plane. A Foucault
knife-edge and an illuminating slit 0.02 mm wide are set parallel to the edge. Photo-
graphs are taken for different positions of the knife-edge with respect to the slit
image, which correspond to different angles of inclination of the light wave front
in the object plane. When the knife covers the slit image completely, the whole
field is darkened in accordance with the theory. Only a central peak located at the
point where the geometrical image of the opaque edge should be situated) is
observed (Figure 143, k through n).
The photographic density at the intensity peak is determined with a micro-
photometer. The experimental curve was compared with the theoretical curve,
calculated on the strength of (59.6) (Figure 144).
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Figure 143

Series of photographs for different positions of the knife-edge relative to the slit image.

The comparison established a satisfactory fit between the experimental and the
theoretical data in the range of knife-edge positions between 0.02 mm and 0.1 mm,
which testifies to the validity of the above formulas and the possibility of using the
method in practice.

This method can also be used for determining the emulsion characteristics. Thus,
the y of the emulsion can be determined by measuring the optical density at the
diffraction peak on two photographs:

Dl _DZ

- In(¢,/2)
2108 § )

(59.10)

|
|
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Figure 144

Check of the accuracy and the range of the diffraction method. The solid curve is theoretical, the circles
and crosses represent experimental points.

where £, and &, are the knife-edge positions on the first and the second photo-
graph. This method for determining y is convenient in that it is frequently possible
to use the “zero” comparison photograph, thus avoiding the necessity of imprinting
a stepped attenuator on the film. Another advantage is that the y is determined
using the same light source and the same exposure as those for the working photo-
graphs.

Let us estimate the error caused by the neglect of the second edge of the object
plane diaphragm. We will allow for the first terms in the asymptotic expansion of
Ci[(k/f)RE] and the second terms in the expansion of Si [(k/f)RE&]. The illumination
ratio is equal in this case to

2
(j_z) _ ;22 E:jg:; 1+ i[f: 1“(’/62)'*‘611“(’/51)] ) (59.11)
v ! 7 REE In(r/&,) In (r/E,)
The relative error in the determination of the illuminations ratio is thus
ﬂ _ 2f [52 In(r/&;) + &, In (r/fx)] (59.12)

I kRE &, In(r/&;) In (r/E))

It follows from (59.12) that the error increases markedly when the slit image
approaches the knife-edge (£,, £, - 0).
The error in the determination of the light deviation angle can be found from
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the following expression:

_ & Q(L)““’“”l (L)ﬂ
2 NI \G "\&) T (59.13)

which also may be written in the form

(£+éf—l)lné

) [1 gty sf/él)] '
In (7/¢,)

If the shift of the slit image due to the inhomogeneity is much smaller than the
distance from the slit image to the knife-edge in the original position, equation
(59.12) can be transformed to

de = (59.14)

Al 4f (59.15)
I kRE In(r/¢) '
The measurement error is equal in this case to
2
ds = —. 59.16
e R (59.16)

(If the allowed error is de =5 x 1076, R should not be less than 32 mm for'

A=15x 107* mm).
If the slit image is near the knife edge only in one of the two photographs (the
“zero” or the working photograph), the error is half the previous value:

Al 2f

T T kRE In(r/E) G917

The relative error in the measurement of the angle of light deviation is then

S0
KRE, Tn (/2

With the aid of (59.16) and (59.18), we can find the experiment conditions so that
the error should not exceed some specified value, and estimate the maximum
possible sensitivity of the method.

The application of this computation method is inherently restricted because
of the assumption of a plane wave front over the entire instrument field. In real
experiments, regions of considerable wave front curvature — eddies, shock waves,
rarefaction zones, etc.— exist side by side with the almost plane zones. However,
zones far from the edge used in the measurements contribute less to the error, and
the existence of compression shocks or other optical inhomogeneities there is much
less dangerous than in near zones.

(59.18)
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To estimate the probable error, we assume that the wave front has a kink at a
point distant x, from the edge (Figure 145). In this case we have instead of (59.6):

I(x) = 2 f4 2 260 .
(x)=4n (’72"’11)ch In T+

.k .k
+ 2In 670 I:— Ci 7 ¢ox; + Ci T & — b)xljl}, (59.19)

where b is the shift of the slit image formed by the segment x, R relative to the
image formed by the segment x¢x,. In deriving (59.19), -just as in the derivation
of (5§9.6), we neglected the influence of the edge at x = R and of the second edge of
the focal plane diaphragm at & = r.

Figure 145
Wave front with a kink at point x,.

Assuming that b < ¢, i.e., the shift of the slit image produced by the segment
xR of the wave front is considerably less than the original distance from the
knife-edge to the slit image, and taking a sufficiently large (k/f)x,&, (the influence
of the diffraction from the kink point is small), we rewrite (59.19) in the form

So

1t
I{(X') = 47*(n, — 1,) E: C*iln® 2 4
;

.k .k
¢ sin 'f—éoxl sin 7 (o — b)x,
+2m 2 (-

" 7 + p . (59.20)

—f— %180 T (&0 — b)x,

F urtper simplification depends on the value of (k/f )bx,. If this term is sufficiently
large, sin [(k/f)bx] can take any value between — 1 and + 1. In this case we should
190k for the maximum error, which is attained when sin [(k/f) (& — b)x,] and
sin [(k/f)&,x,] are equal to 1 and — 1 (or — 1 and 1). Expression (59.20) reduces to

4
160) = 4y = n) L 2 1m0y A1)

— &ox;

f

(59.21)



318 UTILIZATION OF DIFFRACTION IN MEASUREMENTS

If the second term between braces is small compared to the first term, we can re-
write (59.21) in the form

L_wen| 4 _ 4 (59.22)
= 2 '
I, In* (&, /1) ? &,x, In (&,/7) % &ixy In(&y/r)

Assuming that § = &, — &, is small, we get
I,  In*(&/r) | — 46[1 + In (&y/n)]

=2 . (59.23)
— &3, In? (£5/7)

I, W%,/
7

From (59.23) we obtain an expression determining the slit image shift:
I

(I—O - 1) o In(&o/)

S = —7 :
v 201 + (/]

211 P
7 Eoxy In (Eo/r)

(59.24)

Comparing (59.24) with the previously used formula (for & < &o)

5 = (I_o _ 1) Co g o (59.25)
I 2 r

we obtain an expression for the relative measurement error
8¢ = 0w 2[1 + In(&o/r]]

O k
"f_ Eoxy In(Eo/r)

(59.26)

Let us estimate the numerical value of the error. For &, = 0.1 mm, r = 10 mm,
Af = 1mm?2, x = 50 mm, we have x = 0.05. Thus if the break in the wave front
(a sharp optical inhomogeneity) is located at a distance larger than 50 mm, the error
in the determination of the angle of deviation near the edge will not exceed 5%
even with the most unfavorable arrangement of the diffraction peaks.
The sensitivity of the method is
s ydl  2fy
T e & In(Eo/)

Let us compare the sensitivities of the diffraction method and the photometric
knife-edge and slit method. For the knife-edge and slit method

(59.27)

s, = (59.28)
€o
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Dividing (59.28) by (59.27), we get

ﬂ(_ — 111 (fo/") (59 29)
S, 2 :

For
r

& = 75 (59.30)
the sensitivities are equal. For small light deviation angles, which must be measured
with smaller &, than those given by (59.30), the diffraction method is less sensitive
than the photometric method; due to the logarithmic relationship, this relative drop
in sensitivity is small. Thus, for r/&, = 103, we have S,/S, = 3.5, i.e., the diffraction
method is only 3.5 times less sensitive even for infinitesimal deviation angles.

In practical measurements, the knife-edge is set so as to view with maximum
clarity certain regions of the inhomogeneity. The opaque edge is not necessarily
parallel to the knife-edge. Furthermore, the edge is frequently of a complex shape,
and measurements should be conducted at points of the image located at different
parts of the edge. In this case, the diffraction pattern is determined by the parameters
of the viewing diaphragm in the direction perpendicular to the portion studied
complex body shapes such that the diffraction patterns from different parts of the
opaque edge interact are not considered).

The same formula for the illumination distribution holds if we use a slit source,
and the diaphragm is a knife-edge or a slit. However, the distances between the slit
image and the diaphragm edges are multiplied by a factor of 1/cos a. Since r and &,
multiplied by the same factor, the final formulas of the diffraction method remain
the same: the illumination peak does not change. Such will be the situation until the
inclination of the opaque edge to the knife-edge becomes such that the perpendicular
to the edge drawn from some point of the light source image does not pass through
the rectangular zone of the slit diaphragm. Starting with this inclination angle, the
illumination peak begins to decrease, vanishing when this perpendicular no longer
intersects the viewing diaphragm aperture.

Experiments corroborate these conclusions. The theoretical illumination distribu-
tion in the diffraction peak is plotted in Figure 146 as a function of the angle between
the opaque edge and the slit. The experimental points are seen to agree with the
theory. The small differences at the two ends are attributed to the averaging of the
optical density during the photometric analysis.

However, although the illumination at the central diffraction peak is the same for
edges parallel to the knife and those making a certain angle with it, this is not so
for the other points of the diffraction pattern. The diffraction peak width decreases
with the increase of r and &, i.e., as the inclination angles of the opaque edge to the
knife increases.

To determine the influence of the viewing diaphragm edge at ¢ = r on the
measurement of the illumination at the central peak, we write the expression for
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Figure 146

Theoretical distribution of the illumination in the diffraction peak at the opaque edge
and experimental points.

the illumination distribution near the opaque edge when the slit image is covered
by the knife in the form

a’l? a]?
I= [Sia — Si ——:| + [Cia - Ci —:| R (59.31)
X X
where
k o r
a=—rx, = —.
7 T

Only the scale of the diffraction pattern depends on a, while the shape of the pattern
is determined by the parameter y.

Figure 147 plots curves of the illumination distribution for different values of the
parameter x. These curves describe the entire variety of patterns which can be
obtained for different values of r and &.

These curves give the half-width of the diffraction peak as a function of the para-
meter y (Figure 148). The half-width is large for small x and decreases with the
increase of y; starting with y = 10, it remains constant.

During the photometry of the diffraction peak, the microphotometer slit covers
a finite area of the image. This results in an averaging of the optical density. The
limitations of the resolving power caused by the emulsion grain size and the aberra-
tions of the main and the photographic objectives lead to the same effect. In order
to keep the error within acceptable limits, the microphotometer slit and the
quantities 1/R, and 1/R,;, (see pp. 244-245) must be considerably smaller than the
half-width of the peak. The particular values are determined by the allowed error and
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[llumination distribution in the diffraction peak for different values of 3.

the shape of the illumination distribution curve. They can be obtained from the
curves of Figure 148, which shows the size of the averaging zone for errors of 3%,
and 10%.

Using these curves, we can choose the experimental conditions in such a way that
the measurement sensitivity is sufficiently high, while the averaging error does not
exceed some specified value.

Consider now the case when the knife-edge does not cover the slit image. In this
case equation (59.3) does not have a solution at the point x" = 0, but it is satisfied
in a number of other points. The diffraction pattern represents a system of bands
parallel to the opaque edge.

The graphic solution of {59.5), represented in Figure 142, shows that the first
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" Half-width of the diffraction peak (I) and size of the averaging zone for errors of 109 and 3% (Il and I1I)
in units of (k/f)r.

-peak is located at the point satisfying the condition
L .
7- x'&q = 0.204. (59.32)

Since the ordinates of the curve which plots the right-hand side of equation (59.5)
for p > 0 are small, it meets the curves a near the points of intersection of the tangent
curves with the abscissa axis, i.e., for

E‘ x'§o =nm, (59.33)
f
wheren = 1,2, 3, ... the accuracy of equality (59.33) improves with the increase of n.
" Thus if the knife-edge does not cover the slit image, the diffraction pattern con-
stitutes a system of diffraction bands, where position depends on the distance between
the knife-edge and the slit image. Having found the position of the diffraction maxima
and minima in the image of the opaque edge, we can determine the angle of light
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deviation in the inhomogeneity (or the displacement of the slit image due to the
inhomogeneity).

The deviation angle is related to the position of the first diffraction maximum
by the equality

L _ 0204(x, — x,)

kx,x,

(59.34)

where x, and x, are the distances from the first maximum to the opaque edge on
the photographs taken before and after the introduction of the inhomogeneity.

This method is little used, since the displacement of the first peak is small and is
therefore measured with a large error. It is more convenient to measure the deviation
angle from the change in the distance ! between the first and second peaks:

k .
7 £, =29, (59.35)
whence
29 /1 1
= —|— - —], 59.36
T (10 11> (539

where I, and I, are the distances between peaks on the “zero” and the working
photographs. In practical work it is convenient to write (59.36) in the form

=1

10

¢ = 0.464

(59.37)

Note that in this case the light intensity in each of the extrema is independent of
the knife-edge position relative to the slit image. When the knife is displaced, the
maxima and minima shift with respect to the opaque edge: they approach one
another when the knife is moved away from the slit and recede when it is moved
closer. The light intensity in each of the peaks remains constant.

The upper measurement limit is attained when the peaks become so narrow that
they are not resolved by the instrument (from the diffraction point of view, the peaks
are always resolvable for a thin monochromatic light source, and restrictions are
imposed only by abberations and the emulsion). If we take the IAB-451 instrument
with a photograph diameter of 24 mm, the resolving power (see Table 6) will be
3 lines/mm. The peaks are resolved if the spacing between them is not less than £ mm.
We find from (59.35) that this spacing corresponds roughly to &, = 1.5 mm.

The lower limit is attained when the peaks become blurred and poorly distin-
guishable. Furthermore, for small &, the diffraction from the second edge of the
diaphragm affects the pattern. This limit is attained roughly for / = 15 mm, whence
& = 0.03mm. This range (0.03mm < &, < 1.5mm) can be considered as the
range of this method.
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The sensitivity of the method is the derivative of the displacement of the diffraction
peaks with respect to the light deviation angle in the inhomogeneity:
dl

= . (59.38)
S de

Substituting (59.35) and (59.36) in (59.38), we get

S = i, (59.39)
“&o
where p is the image scale.

The method described was tested, as in the preceding case, by photographing and
measuring the diffraction patterns obtained from diaphragms with a straight edge;
the only difference was that, instead of covering the slit image, the knife was set
acertain distance from it. The resulting series of photographs are shown in Figure 143,
a—i. The diffraction peaks at the opaque edge are clearly visible. The nearer the knife
to the slit image, the smaller is the spacing between peaks.

Using (59.33), we can easily derive the inclination of the wave front from the position
of any of the maxima or minima relative to the opaque edge or to another maximum
or minimum.

The inclination of the wave front in the photographs of Figure 143 (or, equivalently,
the distance between the knife-edge and the slit image) was calculated by (59.33)
after the position of the first three minima (x,, x,, x;) had been measured. The results
of the measurements (&,, &,, £3) were compared with the true position of the knife-
edge relative to the slit image &,. The values obtained are summarized in Table 10.
We see that the measurement accuracy is between 1 and 20% in the entire range of
knife-edge positions relative to the slitimage (0.05 < | o | < 1.08). The error increases

Table 10
o xy/p Xa/p X3/ 1 ¢2 ¢s AL,
-1.08 1.1 21 31 —1.05 ~1.10 —-111 +0.03
—0.88 13 2.6 4.0 —0.89 ~0.89 —-0.88 +0.01
-0.68 1.6 35 5.5 —-0.72 ~0.66 —0.63 +0.04
-~0.48 2.2 48 15 —0.52 ~0.48 —0.46 +0.02
. -0.38 29 58 9.2 -04 —0.40 —0.38 +0.01
—0.28 38 8.0 12.5 —-0.03 -0.29 —0.27 +0.01
—-0.23 5.0 10 15.5 —-0.23 -0.23 —-0.22 +0.01
-0.18 6.0 12.2 200 -0.19 -0.19 -0.17 +0.01
-0.12 10.5 20 29 -0.11 —0.11 —0.12 +0.01
—0.09 11.5 26 — -0.10 —0.09 +0.005
—0.06 17.5 38 - —-0.07 ~0.06 — +0.005

—-0.05 20 — — —0.06 — _ +0.01

60. MEASUREMENT OF THE DISCONTINUITY OF A PLANE WAVE 325

at the two ends of the range. For large &, it is determined by the inaccuracy in
measuring the small distance between the minimum being measured and the opaque
edge. For small &,, measurements in the second and the third minima are impos-
sible. The relative error in &, increases due to the blurred character of the maxima
and the minima, and their position is very difficult to determine exactly.

The measurement accuracy can be increased by using pen-and-ink recorders.

The values obtained agree well with the theoretical results; it follows that the above
formulas are correct and can be used in practical work with schlieren instruments.

The methods described are applicable only when studying the angle of inclination
of a plane wave front. If the wave front has a more complex structure, the methods
can be used for studying almost plane sections, but in this case we must allow for
possible errors due to the wave front curvature. In order to study complex inhomo-
geneities, we must develop methods for calculating the front shape from the para-
meters of the diffraction pattern, starting with quadratic-function fronts.

60. MEASUREMENT OF THE DISCONTINUITY
OF A PLANE WAVE

In the study of optical inhomogeneities, we often deal with two-dimensional
objects whose parameters are constant in one direction, ie., with plane inhomo-
geneities. It is convenient to align the optical axis of the schlieren instrument in this
direction, since this simplifies the mathematical processing of the results. Typical
examples of such objects are the phase plates for phase-contrast microscopes and
flow around wedge-shaped objects, wing profiles, and turbine blades.

When a plane model is immersed in a supersonic flow, a plane compression shock
(a zone of a sharp variation of the parameters) forms near its surface. According to
the geometrical theory of schlieren instruments, the image of this inhomogeneity is
a narrow band, whose width is determined by the shock wave width and the instru-
mental image scale. However, the phase discontinuity width is small. In gas-dynamic
measurements, it is equal to several free paths of the gas molecules in the flow and is
generally much smaller than 0.1 mm. The width of the phase discontinuity in phase
plates is of the same order of magnitude. Therefore, the width of the image of such
objects lies far beyond the resolving power of the instrument, and plane phase
discontinuities ought to be inaccessible to observation by schlieren instruments.
This conclusion is inconsistent with the experimental results: plane discontinuities
are clearly visible on schlieren photographs. The reason for this is to be sought in
the wave nature of light.

The visibility of plane phase discontinuities is mainly determined by diffraction
phenomena, and therefore the discontinuity parameters (the location or the addi-
tional path difference) can be determined only by analyzing and measuring the
diffraction pattern on the schlieren photograph.
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We shall now outline the main features of the method described in [13, 14, 19]
for determining the intensity of the compression shock.

To calculate the illumination distribution, consider a wave front in the object
plane, with a discontinuity at the point x = x, (Figure 149). The optical path dif-
ference between the parts of the wave front corresponding to x < xo and x > xo,
expressed in wavelengths, is equal to 8. The object plane diaphragm is an infinitely
long slit parallel to the y axis, with edges at x = R and x = — R. The light source
is a luminous point. The focal plane diaphragm is a Foucault knife-edge —a slit
diaphragm with edges at & = £, and £ = r,.

ht— O —ped

Figure 149
Wave front with a discontinuity at point x.

The illumination distribution in the image plane of the schlieren instrument is
expressed by the formula [19]

I(x')=cz{[Ci%(—R+x')r—Ci§(—xo+x’)r_
Gi : R+ x)¢ +Ci£(—x + x) & +
- 17(_ X) %o G 0 0
+ cos 17(—)‘0 x)r 7 o o
_Cl%(R+x')r+Cl—;—(R+x’)¢o>——sm5<51?(_xo+x;)r_
Si . ¢ S'i(R+x’)r+Si£(R+xr)¢ ):r-+
— 17(—x0+x 0o lf f 0
k
+I:Si§(—R+X')r+Si%(—xo+x’)(§0—Si7(—R+x')¢o+

k . .k ,
+Si?(— x0+x’)<§0+sm5<C17(— Xg + X)r —
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_Ci;—(— xo+x’)(§0—Ci—;-(R+x’)r+Ci§(R+x')fo> +

+cos5<Si§(— x0+x’)r—Si§<— x0+x’) & —
—Sii(R+x’)r+Si—k—(R+x’)€ )]2} (60.1)
7 7 o . .

Assuming that the diaphragm edges R and — R are sufficiently far from the
shock, and neglecting their influence on the illumination distribution for points near
the image of the wave front discontinuity, we find (moving the origin of coordinates
to x = x,)

I(x) = 2C? {(1 — cos 6) (Ci k xr — Ci L x"fo)z +
f f

< . k . k )2 < 0 >2
4+ (1 —cosd)|Si—xr — Si—x¢ ] +(1+ cosd) +
! f —n

+ 2sin é (2) (Ci ? xr—Ci —;— x’«fo)} . (60.2)

The top terms in parentheses correspond to &, > 0, the bottom terms to &, < 0.

The examination of (60.2) shows that the illumination distribution is symmetrical
about the intended position of the discontinuity image according to geometrical
optics. The illumination peak is always located at the center of the diffraction pattern.
The symmetry is essential for finding the true position of the discontinuity.

The symmetry of the diffraction pattern of a phase discontinuity clearly distin-
guishes it from the pattern obtained at an opaque edge.

Let us consider the illumination distribution at points near the image of the wave
front discontinuity [19].

The illumination of the central peak is obtained by substituting x' = 0 in (60.2):

2
1(0) = 4C? [sin 181n (1/&) + ( 0 )cos %5] . (60.3)
-7

Equation (60.3) suggests two methods of determination of the optical path
increment (the discontinuity intensity) from the measurement of I(0). The first
is based on the comparison of the emulsion density on the “zero” and the working
photographs at points corresponding to the position of the discontinuity [13].

In the absence of a compression ‘shock, the image plane illumination is equal to

» (for &3 < 0 and without allowing for the influence of the field boundaries)

1,(0) = 4n*C?. (60.4)
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The difference between the densities of the field points on the “zero” and the working
photographs corresponding to the position of the geometrical image of the shock is

determined by the formula B
D — D, 1(0)
= lo s (60.5)
y *LO)
where D and D, are the optical densities of the measured field point on the “zero”
and the working photographs. By combining (60.4), (60.5), and (60.3) we obtain

0 0\2 2 2
s 4 In(r/&o) — . < T In* (r/8o) — A
sin 5 = o , (60.6)
- ( 2) + In? (r/Zo)
_ T
where .
A = - 10~ Doi2y ‘ (60.7)-
If £, > 0 in the working position, and ¢, < 0 for the comparison photograph, then
é A
sin — = ——. (60.8)
2 In(r/&)

If the knife-edge completely covers the slit image in the working position, we
can use another method, comparing the illumination peak at the compression shock
with the illumination peak at the opaque edge (with both diffraction patterns
obtained for the same instrument sensitivity).

If the experimental conditions permit and the image illumination is uniform over
the entire instrument field, we can compare peaks on the same photograph. How-
ever, this comparison method is insufficiently accurate. It is therefore advisable to

take an additional “zero” photograph, in which the opaque edge is placed at roughly

the same place where the wave front discontinuity should be.
The additional path difference introduced by the discontinuity is determined from
the relation :
I o
— = 4sin® — 60.9
I, 5 (60.9)
where I and I, are the illuminations of the peaks located at the wave discontinuity
and at the opaque edge. From (60.9) and (60.5) we get
S 10(P—Do)/2y

in— = ————, 60.10
sin - > ( )

The sensitivity of the method is

s =90 _rln@/o) (60.11)

dé n
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For r = 10 mm, £, = 0.1 mm, y = 2, the sensitivity § = 3. This means that, for
a difference of 0.03 in the measured optical densities, we can determine the magnitude
of a plane discontinuity in a wave front which increments the optical path by
1024 compared to that in the undisturbed space.

Consider the illumination distribution in the diffraction pattern outside the
geometrical position of the compression shock. We can neglect the effect of the second
edge of the focal plane diaphragm at ¢, = r; equation (60.1) reduces then to

X)) =2C? {(1 — cos 9) Ci? ? x'&y + (1 — cos d) [(‘i‘ﬂ,— ) —

S'k’:|2 (0)21 é 2(0)'6C'k’
— 17x€0 + . (1 + cos ) — . sm’ 1—f—xéo}. (60.12)

The first of the two terms in the parenthetical row in (60.12) corresponds to positive
values of x’, and the second term to negative values. '

The position of the extrema is obtained by equating to zero the derivative of
(60.12) with respect to x'; we get

; ()

tan — = . 60.1
- (60.13)

k
CiTx’éo—[@n in) — Sl——xé:ltanTx’éo

For £, > 0, the position of the extrema is independent of the shock intensity, and
is given by the equality

Ci 7 x'éy = [(‘%ﬂ in) — Si ? x'&, :| tan ? x'&. (60.14)
As we saw in the preceding section, this equation does not have a solution in the
whole range of x'. Thus, in the case of a completely covered slit, we have a single
intensity peak, coinciding with the location of the geometrical image of the plane
wave-front discontinuity. Its illumination is determined from (60.3).
If the slit image is not covered by the knife-edge, the position of the extrema is
determined from the equality

- 7T

tan — =
2 k [ k
Ci— x'¢ Gn, — 4n) — 1—x ]tan—x’é
i) ) Fo
Using (60.15), we can find the optical path increment in the compression shock
from the position of the diffraction peaks.
As an illustration of these methods, consider the diffraction patterns obtained with
the Soviet-made IAB-451 instrument (Figure 150) [14]. The light source was a

(60.15)
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narrow slit (0.02 mm) illuminated by a cineprojector lamp with a light filter having
a transmission maximum in the vicinity of 6000 A. The objects were glass plates
sprayed with phase-layer coatings, introducing an additional path difference of
A/2 and A/4.

Figure 150

Diffraction photographs of a discontinuity in a plane wave front with the knife-edge gradually moved
toward the illuminating slit image.

We see from the photographs that the results are in complete qualitative agree-
‘ment with the theoretical conclusions. In each of the series of photographs for
&o < 0 (completely uncovered slit), the diffraction pattern represents a system of
bands, symmetrical about the position of the geometrical image of the shock. As
expected, the illumination peak is always located at the center of the pattern. The
distance between the diffraction peaks increases with the decrease in the distance
from the knife-edge to the source image; the peaks become broader and fill a larger
part of the field. The most complex phenomena take place when the knife-edge
starts to cover the slit image. Inaccuracies in the manufacture of the plates begin to
be felt then. The diffraction from the plate edges also has a strong effect. Therefore,
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in this zone (— 0.04 mm < &, < 0.02 mm), the pattern is too complex for theoretical
interpretation (in particular if we take into account the complexity of the wave
fronts in real optical inhomogeneities) and cannot be used in practical measurements.

When the knife-edge covers completely the slit image, the diffraction pattern is
radically different. There is only one light maximum, located at the place of the
shock image. Its intensity drops with the increase of the absolute value of &,.

However, the qualitative fit is insufficient for quantitative application of the
diffraction methods.

The first stage of the quantitative processing consists in measuring the distances of
the illumination maxima and minima to the center of symmetry of the pattern.

The additional path difference can be determined from the position of the diffrac-
tion peaks if the product &,x; (x; is the distance from the i-th extremum to the axis
of symmetry) is constant for each series of photographs and satisfies equation (60.15).
The measurement results are summarized in Table 11. Here x, and x, are the dis-
tances corresponding to the position of the first minimum and the first maximum.
The products &yx; and £yx, appear at a first glance to be fairly constant. A more
comprehensive examination, however, leads to the conclusion that the difference
between the mean values for the different series falls within the margin of measure-
ment error. A relatively small error in the measurement of the position of the diffrac-
tion extrema leads to a large error in the determination of 8. It follows that in
order to measure reliably the intensity of a plane compression shock from the
position of the maxima and minima, we have to alter the experimental technique
and substantially increase the accuracy with which the distances are measured.
This method cannot be used in practice at this stage.

To check the applicability of the second group of methods, the maxima were
analyzed photometrically keeping the slit image covered. The results are represented
in Figure 151. The solid curve is theoretical, and the dots represent the measurement
results. The theoretical and experimental values of the additional path difference
in the comparison shock are seen to agree satisfactorily. The measurement accuracy

Table 11
o *1 X2 [ €ox | l Sox2 |
—094 0.35 0.7 0.33 0.66
—-049 0.45 1.25 0.22 0.61
—-0.39 0.5 1.5 0.20 0.59
-0.29 0.6 1.9 0.17 0.55
-0.21 0.85 2.5 0.18 0.53
—-0.12 1.4 37 0.18 0.45
-0.07 L6 5.5 0.11 0.39
Average 0.20 +0.04 054 +0.07
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Figure 151
Results of the photometry of diffraction peaks.

for a quarter-wavelength phase plate is equal to 4 1/300, which is quite satisfactory
for most measurements. The measurement error increases in the case of half-wave-
length phase plates, since large changes of the wave phase are accompanied by
only small changes of the peak illumination.

We must emphasize one characteristic feature of the diffraction methods for
determining the intensity of a plane wave-front discontinuity. The additional path
difference figures in all the expressions as cos § or sin §, which are functions of
period 2r. Therefore, compression shocks which produce optical path increments
differing by a whole number of wavelengths have diffraction patterns with the same
illumination distribution.

The measurement range of the diffraction methods lies within the limits of 4/2.
Consequently, these methods are suitable only for measuring weak shocks, which
introduce an additional path difference not larger than A/2. In the study of strong
compression shocks (6 > A/2), they can be used to improve on the intensity value,
measured with an accuracy of 4/2 by some other method (in gas dynamics, for
instance, from the angle of inclination of the adjacent compression shock).

When these methods are used in practice, the experimental conditions do not
always fully correspond to the ideal mathematical model. Thus, it is very difficult
to align an extended phase discontinuity strictly parallel to the optical axis of the
instrument. Small deviations from the ideal model are inevitable. Furthermore,
many wave-front discontinuities correspond only approximately to the rectangular
phase coats for which the measurement method was created. The boundary of the
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phase coats is not clear-cut. The gas-dynamic shocks near plane models are not

exactly straight, either, since the flow velocity is not uniform over the wind tunnel
section. :

Figure 152
Wave front with an extended discontinuity.

Let us estimate the error which can be caused by this departure from the ideal
model. Consider the diffraction pattern on the “extended” compression shock shown
in Figure 152. As before, we assume that the instrument field is unbounded, and that
the shock boundaries are parallel to the y axis. The formula for the light disturbance
in the image in this case is

imrc r r R 0 .
s = [ AL w{F e o

+ fa exp{iﬁf(x+x') +¥}dx+

1]

R ,
+ f exp {% E(x + x') + iké} dx) dy] dé} dn. (60.16)

a

By integrating we get the following expression for the illumination distribution:

I(x) = C? {[— Ci i Eox' — cos &[Ci i(a + x') (6—f + 50) -
a J a

f .
- Ci%x’ (%Jr %)] ~ sini?—'(Si%(a+x’) (%+ £o> -
—Sif}"—(‘g+ 50))+cosk50i§(x'+a)co—
—sink&Si;(x’+a)(gf co> + sink6(§>+ sin ko G - 21)]2 +
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+ n k 7 n n kéx' _ k ~of
+ [: —5 — Sl}-ﬁox' + 5'}' <—E, + 5) it COSTSIT(a + X)<; + ﬁo +
; ! kéx" .k d kox' i1
+(F z cos——kax + cos Si—x’<—f+ €0> — cos— <i —) +
- 2 a a f a a \- 2
kox' k d . kéx' . kx' [of
+sin—xCi—(a+x’)<—f+€0>—sm C1—<——+€0 +
a f a a f \a
‘ + =
+ coské-Z— — cos ko <+ %, - %) — <i 7) cos ké +
4 . ko z
+ cos k6 Si 7 (' + a) &y + sinkd Ci 7 (x" + a) &, . (60.17)

In deriving (60.17), we neglected the effect of the second edge of the viewing
diaphragm, located at ¢ = r. This is correct if we do not consider the illumination
distribution in the immediate vicinity of the points x = 0 and x = a.

The illumination at the point x' = a/2 is equal to

@\ _ o (o kabo o kar\, o KO
I<-2—>—C {(Cl o Ci 2f> 4 sin 2+

2 k . kar']? ko
——Si£(5f+ar)] '4+|:Si ato ——Sli] 4cosz—2——

k
[Si 5](5]‘ + a&y) -

2f 2f 2f
— 8sin ke Ci kaco _ ’i‘ff> [Si 5(5}“ + a&y) — Si k. 6f + ar)] +
2 2f 2 2f 2f
. ko k6 [ . kat, kar < L kaé, . kar)
in — cos — —Ci—){Si—=2 —8i—] -
+8$1n2c052<C1 of C12f> 1 > 12f
ké k Lk ]( . ka&, ,kar)}
- —|si— —Si—(&f + Si—2 — Si—1]¢.
8c052[812f(5f+a60) 12f(f ar) i 5 o
(60.18)
If a is small, (60.18) can be transformed to
1<%> = 4sin2 k8 In? (/) +
- in ko
4 kalr = &) [— 8 sin 3k In (r/Zo) o + 8 sin k3 cos 3k In (r/go)]+
2f ks

———e— e
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k 2 . H Lka 2
+ <§> [— 2sin® $ké In (r/Eo) (r* — £3) + 4 <cos 1k — S‘;‘kza ) (r—Eof—

cos3ké  sin ko
— 4siniks1 _2__;> 2 _ |
sin 3 n(r/€0)< 5 ko (r &%)

(60.19)

The illumination due to an extended shock can be represented as the illumina-
tion corresponding to a sudden unit-step shock with the same optical path difference
plus some additional term. The extended shock can be regarded as ideal if the
additional term is small compared to the leading term. The error in the determina-
tion of the shock intensity associated with the linear part of the additional term
is given by the following expression:

dé - tan ko
4, _ alr—¢%) <1 - 22, (60.20)
5 of In(r/&y) 1ké
The error due to the quadratic term is equal to
s, (ka)*A4 (©021)
8 &-4f24ksinikd cos1ks In? (r/ry)’ )
where _
in $ko
A= — 2sin? %S In (1/EQ) (FF — E2) + 4 <cos 1ks — S"sza ) (r — &) —
2!

cos3kd  singké 2]
o Gk T 9

— 4sin 1k6 In (r/&,) I:

Using (60.20) and (60.21), we can estimate the applicability of the diffraction method
for different instrumental adjustment parameters and different values of the shock
“width”. We can also select the experimental conditions so that the error resulting
from our approximation does not exceed some specified value.

A particular application of the diffraction method is described in [19]. The
experiments were conducted in a shock tube. The model was a 60° wedge. The
measurements were made with an IAB-451 schlieren instrument, using spark
photography. The light source was synchronized to trigger the spark when the wedge
was in the zone of uniform flow parameters (between the shock wave and the contact
surface). Special filters transmitted the light from the source, blocking the gas glow
in the instrument.

It was borne in mind when selecting the experimental conditions in the shock
tube that the measurement was equal to A/2. Figure 153 plots the theoretical values
of the optical path difference in the compression shock at the wedge for a ray path
of 10 mm in the inhomogeneity and various shock-tube operating conditions
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Figure 153
Range of application of the diffraction method in shock-tube measurements.

(different initial gas pressures P; and shock wave velocities if). Using the curves of
Figure 153, we can select operating conditions and wedge sizes for which the shock
wave strength will not exceed the measurement range.

A photograph obtained in the shock tube is shown in Figure 154. The shock wave
is clearly seen in the field of view of the schlieren instrument (behind the wedge).
The photographs were taken, as required, with narrow slits covered almost totally
by the knife-edge. The photometry was made at the center of the diffraction peaks

Figure 154
A schlieren photograph of shock waves at a wedge.
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corresponding to the compression shock and the wedge edge. The measurement
results are summarized in Table 12, together with the corresponding theoretical
values. Here p, is the initial density of the gas, and p,/p, is the compression shock
strength. The experimental and theoretical values coincide within 159%.

Table 12
po» 10”8 g/em® @i, m/sec  pi/p, e Sin
0.75 3220 42 0.1754 0.174
0.75 3300 40 0.1674 0.164
0.75 .~ 4310 3.6 0.224 0.264
0.96 4060 38 0.334 0.332
0.75 4030 35 0.264 0.29
0.75 4060 4.1 0.242 0.214

It was thus established that the method can be successfully used in the study of
gas-dynamic flows with plane compression shocks and seems promising for the
study of phenomena accompanying the propagation of shock waves.

The diffraction methods enables us to conduct schlieren studies of objects which
have not been accessible to measurement before. They yield qualitatively new results
and substantially broaden the scope of the schlieren technique.

61. DIFFRACTION SCHLIEREN INTERFEROMETER

When a narrow light source is used, and the viewing diaphragm is a thin filament,
diffraction bands are reminiscent of the fringes in a two-beam interferometer. They
can be employed for quantitative measurements; however, instead of the angle
of light deviation, the quantitative analysis yields the path difference introduces
by the inhomogeneity.

The use of a schlieren instrument in the interferometer mode considerably
increases its potential and leads to substantial advantages: no additional integra-
tion is needed and, after all, schlieren instruments are much more common than
the expensive interferometers.

As a result, numerous scientists have contributed to the development of the
diffraction method [87]. Abrukov [1, 2] applied this method to the study of flames
and gas jets. He obtained a satisfactory qualitative and quantitative agreement
with the results obtained by other methods and with theoretical data.

The diffraction pattern is much more complex than the corresponding interference
pattern. A splitting of the diffraction bands is frequently observed. The bands some-
times disappear when the instrument field is partially covered.

The basic features of these phenomena can be understood only from the point of
view of diffraction effects. The first attempt in this direction was made in [128].
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1t was shown that for a certain class of inhomogeneities, the diffraction bands are
indeed highly similar to the interference fringes. Many significant features of the
phenomena, however, remained unexplained after this first analysis.

Let the object plane be made of two regions ¢, and o,, with a common boundary
described by the equation x = ¢,(y). The outer boundaries of ¢, and o, are
described by the equations x = ¢, (y) and x = ¢5(y), respectively. The wave in
region ¢, is expressed by the function P,(x,y), and in region o, by the function
P,(x, y). A filament of width 2¢ parallel to the # axis serves as a viewing diaphragm.
The midpoint of the filament is at & = &,.

The light disturbance in the image plane can thus be written

Sx,y) =

—c” r”” U exp{f[fP(x)’)+f(x+x)+'1()’+Y)]}df+
—w@ J&i1(¥) i+t

- 4+ J‘C:-' exp {ITk— [FP(x, ) + E(x + x) + n(y + y')]} df:l dndxdy +

J J¢3(y) J [J exp {i [fP,(x,») + E(x + x) + n(y + Y')]} a¢ +
~w Jé20) Sitt f

+ J " e {% [fP,(x,9) + Ex + X) + 10y + y')]} dé} dndxdy}~ (61.1)

-~

Transforming the integrals in brackets, we obtain from (61.1):
© $2(y)
S(x,y) = C{J J J J exp{ [/Py(x,y) +
-o Jo10)
+ Ex + x)+ 1y + y’)]} dédndxdy +

f r’m r F exp {lf—k [fP2(x,y) + €& + x) + 70y + y’)]}dédndxdy +

é2(y)

$20) o ik '
+ J J J J exp {— [/Py(xy) + Ex + %) + 10y + y’)]} x
—o JP1(y) J-o JE o f

$1) i+t
x dédndxdy — J J J J exp{ [fPy(xy) +
$20) J—w JEi—

+Ex+x)+ 0y + y’)]} dédndxdy}. 61.2)
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The sum of the first two integrals gives the distribution of the light disturbance
function in the image plane of the schlieren instrument when there is no screening
diaphragm in the plane £n. It is equal to C,e™*"* &1~ for image points correspond-
ing to oy, and to C,e™*P2*1=%) for points of g,.

We denote by I, and I, the third and the fourth integral in (61.2). The basic condi-
tion of applicability of the method being described is

[ 1| <|1,]. (61.3)

Physically, this means that the filament screens much more strongly the light wave
coming from g, than the wave from ¢,. This condition is satisfied if the wave is plane
in 6, and the focal-plane filament covers the image of the illuminating slit formed
by rays from ¢, without intercepting most of the rays from o,. The strictness of
condition (61.3) and the technical means adapting this method virtually for all
inhomogeneities will be described below.

Neglecting I, and writing I, in the form

I, = e *PX(q 4 bi), _ 61.4)

we obtain an expression for the illumination in the image plane:

I(x,y) =1+ a® + b* — 2acos kP, (— X, — y') — 2bsin kP,(— x', — y), (61.5)

where

1 {S, koop o
@ = 3 S F C+ P [l ) + ¥] -

k
— Si 7+ PN bi(=y) + x] + i % ¢ = Pf)[pa(=y) + x] ~

k
—8i 7 €= PN [e1(—y) + X']}, (61.6)

1 k
b= {— G2 (¢ + PN [da(= )+ x] +

k k
FCF A PN0(= )+ ¥]+ O = BN [bal= ) + %] -

-G ? ¢ = PS)[d:(—y) + X']}- (61.7)

Here the wave intensity in the absence of a diaphragm in the &n plane is taken equal
to one; the midpoint of the screening filament is placed at the origin (&, = 0).
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Substantial simplifications are attained if the midpoint of the screening filament
coincides with the midpoint of the diffraction image of the illuminating slit formed
by the rays from a,. This is achieved when

P.=¢& =0. (61.8)
Then
1 f.. k .k N
a=— {SI — g2 (= Y) + X1 = Si — [ (~y) + x]}, (61.9)
T f f
b=0, (61.10)
I(x,y) =1 + a* — 2acos kP, (— x, — ¥). (61.11)

Thus the light pattern formed in the image plane can be formally treated as the
result of the interference of two waves: a free wave of constant unit amplitude and a
wave of variable amplitude. The phase difference between the interfering waves is
determined by the phase distribution function in region ¢, of the object plane.

_Let us establish in what parts of o, the interference fringes are sufficiently distinct.
Writing H for the size of the comparison region in a given section y = const and /
for the distance between the observation point and the common boundary of the
two zones, we represent (61.9) in the form

1 t 1 t
=—Si2n—(+H) — —Si2rn—1. 61.12
a - i nllf(+ ) - i n,lf ( )

If H is sufficiently large, we can write

! ! Si2 ! l (61.13)
=——-—Si2n—1I. .
R M- if
The amplitude of the interfering wave coming from a, thus depends only on the
parameter 2zlt/Af.
Fringe visibility can be defined by the expression

I — Lo
— max min A 61‘14
Imax + Imin ( )

Assuming that a changes negligibly between any minimum and the nearest peak
of the fringe pattern, we get
- 2q
= —— 61.15
1+ d? ( )

The fringe contrast is equal to 0.8 for small /, which corresponds to points near
the boundary. The contrast vanishes for

A
I, = 031 Tf (61.16)
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then increases again, when band reversal is observed. If we take 1 = 5 x 107* mm,
S =2 x10°mm, 2t = 4 x 10~2 mm, the size of the region in which direct diffrac-
tion bands are still visible will be [, = 15mm. A calculation of H for which the
size of the free field hardly affects the contrast and the arrangement of the bands
shows that the comparison region can be made sufficiently narrow (Figure 155).
It is definitely not a limiting factor in measurements.

05
04
03F
02

ol

Figure 155
Estimating the width of the comparison region.

Were the value of a constant over the entire field, the illumination peaks would
fall exactly at the points corresponding to a change of 4/2 in the optical path. How-
ever, since a is position-dependent, the light intensity maxima and minima will be
located at somewhat different points.

Let us calculate this displacement. We assume that a can be determined sufficiently
accurately from (61.13), and that the integral sine in this expression can be replaced
by the first term of the power-series expansion. We are considering a plane wave with
an angle of inclination y. Under these assumptions, the equation for the position of
maxima and minima is '

1 2l 2t'k,k1 2
3 2 Af+ y sin ky +A—fcos kyl=0. 61.17)
Wt? introduce a new variable y, which is defined as the difference between the
solution of (61.17) and the ideal position of the extrema:

y=1—-—. 61.18
. ( )
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Since y is small, equation (61.17) can be transformed to an ordinary quadratic
equation

Af  An t 2tn 1 ‘
eyl - —+ - - =0, 61.19
o <8t 21 ,1fk2y2) PR TN (61.19)

which gives, after dropping several terms,

A4t +yf) (61.20)

YT 2w Gf — Ay
Since the principal parameter is the displacement, expressed in fractions of wave-
length, it is convenient to rewrite (61.20) in the form
Ad IM@4n + 1
A _yy O@nt D) 6121)
A A 2n*(1 — 4T1n)
where IT = t/yf is a parameter which expresses the displacement of the light
intensity extrema from the ideal position.

This method is not suitable for measuring inhomogeneities with y < 5 x 1075,
For f =2 x 10> and t = 2 x 1072, we get I1 = 0.2, which even for n = 20 leads
to an error equal roughly to a mere 0.01 A. The error can increase substantially for
extrema whose ordinal number satisfies the condition

an _ (61.22)
, vf
Thus the band shift from the ideal position is small and almost always lies within
the margin of measurement error. We can therefore treat the diffraction pattern as
if it were an idealinterference pattern.
If the field is made up of three regions, and not two as before, and the wave front
shape in the middle region is described by the function P(x, y), while in the two out-
side regions we have a plane wave, the expression for the light intensity will be

I(x,¥) =1+ (a; + a3)* — 2(a; + as)cos kP(— x',y). (61.23)

It was assumed here, as above, that
L] < |14 ], (61.24)
|12] < |15 ]. (61.25)

The quantities a, and a; may have different signs. If they can be made positive,
the second plane-wave region improves the visibility of the bands.

Frequently, the interfering fields in the object plane are not adjacent, being
separated by an opaque space. All the formulas remain valid in this case, but the
distance is measured from the boundary x = ¢,(— y) of the plane-wave zone.

The setting angle of the viewing filament is of great importance. An interference
pattern will be observed at any point of the field only if the perpendicular to the
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viewing diaphragm drawn through this point intersects the plane-wave region. The
distance / and the widths of the regions ¢, and o,, which affect the contrast of the
interference fringes, also depend on the setting angle. They are measured in the
direction perpendicular to the filament.

Furthermore, for a given function P,(x,y), I, depends on the filament setting
angle. In certain directions, the rays from o, create a diffraction pattern in the focal
plane near the slit image formed by light from a,. Therefore, the filament cannot
screen the slit image formed by the plane wave without altering the diffraction
pattern from . As a result, for certain filament positions, the diffraction bands do
not coincide with the interference fringes for some wave front shapes. It is advisable
to place the filament so that the angle between the test section of the wave front and
the plane comparison wave is sufficiently large.

In actual experiments, the source always has a finite width. We shall elucidate
how this factor affects the diffraction pattern in the image plane. Consider two light
sources, and let their images be symmetrical with respect to the filament centerline.
The sources are not coherent. The light intensity in the image plane produced by
each of the sources is

I y) =14 a™” 4 b7 — 25 cos kP(— x', — ) —

~2bMsin kP(— x', — y),

I(“)(xl’ yY)=1+ a(—)z + b2 2a') cos kP(— x', — ) — (6126)
— 2b 7 sinkP(— x/, — y).
It follows from (61.6) and (61.7) that
a® =g pt = _po, (61.27)

The total intensity is
JOY) =1 + 1) = 2[1 4 g™ 4 b2 _ 24(M) cos kP(— x', — y)]. (61.28)

It is seen from this result that the simultaneous action of two symmetrical light
sources produces the same illumination distribution as a central point source. The
only difference is a twice stronger intensity of the pattern. The interference pattern
remains suitable for measurements.

The light intensity created in the image plane by an extended source of width
2e, which is symmetrical with respect to the viewing diaphragm is given by

€0 &0 . £o
J(x,y) =2 [80 + f a*de + f b%de — 2 cos kP(— x', ~ y')f ads:|. (61.29)
o o o

Let
$2(=y)=00, Si(x)=x, Ci)=C+Inx, g <t.
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Then
1 kt 1 t+e¢
=—-=l, b==1 . 61.30
a 2 nf 2n n t—e¢ ( )
Setting o = g4/t, we write
j b*de = e (), (61.31)
[+]
where
1 [ 1+ x\?
= In dx. 61.32
ve) 4ng L < 1 - x> x ( )
Finally
I(x',¥) = 2g6[1 + a@* + Y(0) — 2acos kP(— x', — y)]}. (61.33)

It is seen from (61.33) that the image shows the same bands, similar to the
interference fringes. Their contrast, however, is reduced due to the additional term
(o). It is equal to

2a

V=—m—.
1+ a®+ ()
The function () is plotted in Figure 156. It is small even for « close to unity.
We can therefore use light sources of width comparable to that of the viewing
diaphragm.
If the viewing diaphragm is a phase filament, introducing a path difference of
A/2, equation (61.11) reduces to

I(x,y) =1+ 4a*> — dacoskP(- x, — y). (61.35)

(61.34)

This pattern will be better suited for measurements, since the band contrast is higher:

K 40
PRl 4+ 40 + Ay(a)

Diffraction bands are also obtained if a Foucault knife-edge is used as a viewing
diaphragm, but in this case the illumination distribution is described by more
complicated formulas which are difficult to use in practice.

If (61.3) is not exactly fulfilled, we can use an artificial procedure — the wave in g, is
given an additional rotation with the aid of an optical wedge. This method has been
developed by Podkovyrin [47]. In this case, a system of interference fringes is observed
in g,. After the introduction of the inhomogeneity, they are shifted in the same way
as the fringes in a double-beam interferometer adjusted for finite-width bands. To
calculate the diffraction pattern in this case, let the boundary between ¢, and o,
lie along the Oy axis. The viewing diaphragm is a filament of width 2¢, symmetrical
with respect to the light source.

(61.36)
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Figure 156

The function y («) from (61.33).

If we assume that the inhomogeneity is large, the expression for the distribution
of the light disturbance function is

i 2n{l+p W it

S(X’, yl) — eimte—ik(x'2+y'2)/2f {e—iZnW [1 4+ — e_ dt _

2n 2 (l+p) (v+w) L

i [ma-wpw oot o
e—dt:l _ if S‘T’”dt}, (61.37)

2 Jon-mew 8

T J2muw
where
t P (=) P.x
H = s V = —— = _x_.
Ps 1 144 1 (61.38)

The light intensity is a function of the variable W. The parameters determining
the shape of the diffraction pattern are u and V. Curves of the light intensity distribu-
tion for different values of the parameters are represented in Figure 157.

A visibility loss occurs for the values of W such that

Si2auW = n/2. (61.39)
The first visibility loss takes place for W = W,, where
0.3
W, = o (61.40)

Speaking of the comparison wave, we have assumed so far that o, corresponds to
a pla.ne wave. However, the method described can also be used in other cases, when
the light flux from one zone in the object plane can be intercepted almost com-
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Figure 157

Light intensity distribution for different values of the parameters y and V.
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pletely somewhere in the instrument without affecting the light from the adjacent
zone. Such is the case when wave curvature of the comparison region is constant
in the direction perpendicular to the filament.
Let the shape of the light wave in region ¢, be described by the expression
2

. Cx
Py(x,y) = P3(y) + = {61.41)

where P3(y) is an arbitrary function and C is a constant. Defocusing the filament by
fic

= 1——+—f_6 » (61.42)

we place it in the astigmatic image of the source formed by the rays from a,. The
light intensity in o, is thus given by

PR, 2 27: ’ ’ '
I(X,}’)= 1 +aA_zaACOST[Pl(_xa_y)—PZ(—'x,—yl)]’ (6143)
where

1 2t d 1 2 d
gy = —SiZEL 4+ —siZ

T F—A - l}—_—zl. (61.44)

The method remains the same as before, but we measure the phase difference
(2n/2) [P, — P,]. Usually, the introduction of A in (61.44) has no effect, due to its
smallness compared to f.

We have examined only two types of viewing diaphragms — amplitude and phase
filaments. More complex diaphragms were used in [54, 128]. A rectangular groove
was cut on a glass plate, and its middle was made opaque. This gave a directional
diaphragm, similar to echelette diffraction gratings. The displacement of such a
diaphragm relative to the light source image through a distance roughly equal to
half the groove width led to a substantial increase of the region with high band
visibility. One of the main factors restricting the application of the diffraction
schlieren interferometer was removed in this way.

The method described has been frequently used for measuring optical inhomo-
geneities. Gayhart and Prescott [87] used it for quantitative measurements of the
temperature of the air under free convection conditions near heated plates or
cylinders. Abrukov [3] was the first to use this method in the USSR for quantitative
measurements in flames and for determining the temperature field around a
heated cylinder.

Sukhorukikh, whose theoretical results are described in this section, used the
diffraction interferometer [54] to study the gas flow density distribution in the
boundary layer near a plane plate. The light source was a DRSh-250 mercury lamp.
The illuminating slit width was 0.05 mm, and the width of the screening filament
0.16 mm. A light filter isolating the green mercury line was used. The part of the
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photograph showing the boundary-layer flow is represented in Figure 158 in blown-
up form. A very bright band and several narrow dark bands are visible directly
about the plate. Their appearance cannot be explained by the theory, and it is due
to the complex phenomena taking place when light propagates along a plate in a
medium with a large second derivative of density. To suppress these bands, the
light from the collimator was not directed parallel to the plate, but at a certain
angle to it. The direction and the magnitude of the rotation were selected so that the
rays were stopped by the edge of the plate placed near the exit window (down along
the ray in this experiment). The additional bands disappeared when the angle was
20'. The results obtained agree satisfactorily with the results of other measurement
methods.

Figure 158

Diffraction bands in a boundary layer.

This method gave satisfactory results in the study of the convective flow about a
heated cylinder. A typical interferogram is shown in Figure 159. The temperature
field recovered from the photograph was found to coincide (within the experiment

- error) with the field obtained by the method of grids (cf.8 18). The advantage of the
present method is that it dispenses with integration of the temperature gradients
over the entire space from the cold region far from the cylinder to the hot region
near the cylinder.

The use of a knife-edge as a viewing diaphragm also yields a distinct diffraction
pattern (Figure 160). However, these bands are more difficult to analyze.

62. DETERMINATION OF THE ANGLE OF ROTATION
OF A PLANE WAVE

Diffraction is one of the main factors restricting the applicability of most schlieren
methods. Therefore, it is advisable to use different variants of the conventional
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Figure 159

Diffraction bands in the image of the convective flow near a heated cylinder. Thin focal filament

Figure 160

Diffraction bands in the image of the convective flow near a heated cylinder. Focal knife-edge.




350 UTILIZATION OF DIFFRACTION IN MEASUREMENTS

methods in different experiments, seeking the conditions which ensure minimum
diffraction errors.

Sukhorukikh proposed a modification of the defocused filament method, suitable
for measuring the angle of rotation of plane light waves. A cylindrical lens is placed
between the receiving and the illuminating parts of the instrument. The filament
is defocused so that the wave surface is a hyperbolic paraboloid, and it is set at right
angles to one of the families of the straight generatrices of this paraboloid. A
rectangular aperture is provided in the object plane, two of its sides parallel to the
filament.

A diffraction pattern of the filament shadow, perpendicular to the filament, is
observed in the image plane. When the plane wave is rotated in the object plane,
the shadow is displaced parallel to itself, and the illumination distribution in the
diffraction pattern remains unchanged. This property of the diffraction pattern
enables us to use it for measurements.

Let the filament be parallel to the y axis. The size of the rectangular aperture in
the direction perpendicular to the filament is R. The illumination distribution
in the image plane then has the form

I(x',y) =

1 [* k-2
a — — exp {i i /

T Jx'~R) - kef(£~ 4)

-A , | sinP 2
[Vl [V [yPp ——dP| . (621)

The coordinate x’ is measured from the left edge of the aperture image, y’ from the
middle of the diffraction shadow (from the geometrical axis); a = 1 inside the aperture
image and a = 0 outside the aperture image. It follows from (62.1) that

I(x,y)=IR - x', -, (62.2)

i.e,, the half of the diffraction pattern lying on one side of the vertical axis of the
aperture image, can be superimposed on the other half by double mirror reflection:
one reflection relative to the vertical axis and another relative to the geometrical
axis of the diffraction pattern of the shadow.

Expression (62.1) is independent of the filament position. This means that the
diffraction pattern is only displaced when the wave is rotated, without altering its
shape. The aperture edges cover the pattern as opaque blinds.

The qualitative interpretation of this diffraction pattern emerges from the fact
that it is created by secondary Fresnel waves originating in the horizontal segment
of the object plane limited by the edges of the rectangular aperture. The amplitude
distributions in the plane of the filament from different segments are identical, but
they show different shifts (without rotation) relative to the filament.

These conclusions are correct if the filament is infinitely long. In real experiments
the filament is finite, but estimates show that the influence of the end-points is
negligible for lengths greater than 20 mm.

62. DETERMINATION OF THE ANGLE OF ROTATION 351

We introduce new variables:

L= ,I{txl—:l‘/}’y,y,; H = _!_IXXI,I/}’}'I xl;
VAVl + [V, ]

26 (1[Val * ¥yl U [VullVl
ﬂ: ; =R i xXx yy
f=ANIV v, f VL l+1v,T

We can now write (62.1) in the form

1 . i
I(L,H) =m[2na —SinHQL + p) + SinHQL — p) +
+ Sin(H — p) 2L + p) — Sin(H — p) 2L — w)]? +
1 . . .
+ 47[C171H(2L — W) —CinHQL + p) — Cin(H — p) 2L — p) +

+ Cin(H - p) QL + p)]?. (62.3)

L and H are the affine coordinates, u and p are the affine parameters.
The diffraction patterns are similar if g, p, and V. /V,, are equal. The pattern

size in this case is proportional to \/A/([ V,, | + | Vo l)-

The angle ¢ of rotation of the plane wave is related to the displacement & of the
diffraction pattern by the equality

e = £ |Vl %] (624)

The error in the measurement of the angle of light deviation depends on the
error in the determination of the shadow displacement and the light wave curvature
in the plane of the diaphragm. The accuracy of measurement of the displacement is
increased substantially if photometry is used. The measurement error in ¢ then can
be written in the form

dI
dé = /2 ——n
NZ) iiay" (62.5)
and the total measurement error is
A dl
de = /2 = @)= (62.6)
1
where
1 P(n—SiP)
P)y=_——" "7
g 2 P—sinP’ 627)
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2nt R

P =mup =

The curve f(P)is plotted in Figure 161. It has an absolute minimum for P = 3.9.
Substituting this value in (62.8), we can find the optimal experimental conditions.

f(P)
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Figure 161
Curve of the function f (P) from (62.7).

The error in this case is independent of the wave front curvature. This is very
convenient, since it enables us to select the experimental conditions in such a way
that the error is minimized. )

Let us estimate the influence of the finite light source dimensions on the measure-
ment error. As usual, the illumination in the image plane is found by integrating
(62.3) over various noncoherent points of the extended light source. Seeing that in

reality
2t

f—A

where o, is the angular half-width of the light source, we obtain

> o, (62.9)

2 R
I= izo [(n — Sinup)® + siz 5%
i1 A _
24 R R A 27R
+ cos 20 g T2 _ si <~ “°] (62.10)
7R, A A R, A

Substituting (62.10) in (62.5), we obtain

) dI
de = \/EEF(P, D7 (62.11)
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Figure 162
The shadow of the filament for a wave in the shape of a hyperbolic paraboloid.

where

F(P,2) = L PLm = SiP)® + Si% z + (2/z) cos 2 Si z — (1/2) Si 22]

2n (n — sin P)[(P/2) Si z — sin P] ; (62.12)
_ TRayg
= (62.13)
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The parameter z is the third affine parameter of the diffraction pattern. For P = oo,

z zSiz 2cosz Si2z
= - . 62.14
F(w,2) 4Siz ? n? 2 Siz ( )
If z is small, we have
1 P
F(P,z) = f(P) + — (62.15)

2% (m — SiP)(P — sin P)z?’

Passing to the limit of geometrical optics (4 — 0, AF(P, z)/R — o), we get

dl
de = 20 (62.16)

oo is selected in measurements so as to ensure a sufficient diffraction pattern
illumination for observation or photographing; it should not be smaller than
2.5 x 107 rad (slit width 0.01 mm). Then z = 2.9. Taking P » 2.9, we find that the
measurement error is 3.5 times larger than with a point light source. If R is small,
smaller values of z correspond to the same size of the source. The value of P can be
optimized, and o, will hardly affect the measurement accuracy.

The light source used in the experiments was a DRSh-250 mercury lamp. A filter
isolating the green mercury line was used. The slit width was 0.01 mm. A cylindrical
wave was formed by means of a cuvette. The patterns obtained are shown in
Figure 162. We see that the theoretical conclusions are essentially correct: the
illumination distribution is independent of the filament position.

The parts of the pattern outside the rectangular aperture sometimes have the
appearance of bright whiskers. They also may be used in measurements.

In practice, it is better to conduct a preliminary calibration, rather than use
expression (62.4); in this calibration, one finds experimentally the proportionality
coefficient between the angle of light deviation and the filament displacement by
measuring the shadow position for two different settings of the filament.
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Angle of rotation of a plane wave, determination
348--354
by modified defocused filament method
350-354
experimental conditions 354
error in determination 351-354
Axisymmetrical inhomogeneities
calculation 183, 184
ring zones 176-184, 176
error 177
numerical solution 178
Schardin’s equation 176

175-184

SUBJECT INDEX

Cameras
low-speed 67
spark 67
ultrahigh-speed 67
Cauchy dispersion equation 201
constants 201 (T)
Centrifugation, uses of schlieren methods 15
Chemistry, use of schlieren methods 15
Color filters 33, 33
Color schlieren 33-38
by phase contrast method 61
by prism 35, 35
Color schlieren instrument, optical system
34,34
Color standards, method of 37
Compression shock 56
Contact-surface velocity, measurement of 52, 53
Convective air flow about a cylinder
measurement by point grid method 84-91
study using diffraction schlieren interferometer
348, 349
temperature distribution 88, 89, 90
Crossed-lines grid  81-82
Crossed prism method 24, 24
Crystallography, uses of schlieren methods 15
Curved-stop method 97-105

arrangement of apparatus 97, 98
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Curved-stop method (continued)
determination of stop size 104, 105
error  253-256
selection of experimental conditions 100, 101
sensitivity 100
sources of errors  101-104

Cylindrical lens method 23, 23

Cylindrical wave of even degree, allowance for light
wave curvature 306-309

Defocused filament
shadow near an opaque screen 264, 264
method, modified, use in determining angle of
rotation of plane wave 350-354
Defocused grid methods 69-94
allowance for light wave curvature 268-280
comparison with focal-filament method 86
error in determination of angle of light deviation
279, 280
fundamentals of 69-73
measurement of derivative of angle of deviation
for a cylindrical wave 93-94
Defocused point grid method  300-309
diffraction theory 300-304
error 306
Derivative of light deviation angle, measurement
for a cylindrical wave 93
error 93,94
Diffraction
effects, discussion 206-208
error and measurement sensitivity, relation 229
error in phase contrast method, calculation
234-236
grating system in interference-schlieren instru-
ment 63, 64
maxima, broadening 226, 226
for case when knife edge does not cover slit
image 321-325
angle of light deviation 322, 323
error 324, 325
measurement limits 323
sensitivity 324
for determination of discontinuity of a plane
wave 325-337
error 333-335
experimental conditions 332, 333
measurement range 332
sensitivity 328, 329
for shock wave at a wedge 335, 337, 336
experimental conditions 335, 336, 336

Diffraction (continued)
influence of viewing diaphragm edge on
measurement of illumination at central
peak 319, 320
technique 313, 319
using slit source 319
near the edge of an object plane diaphragm
311
pattern from filament to edge of opaque
screen 265, 265
of a plane inhomogeneity 329-330, 330
additional path difference 331, 332
dependence on position of knife-edge
330, 331
positionofilluminationmaxima 329
of an extended compression shock, illumina-
tion distribution 333-335
of shadows of crossed-lines grid 8/
.near an opaque screen, with narrow light
source 286, 286
with wide light source 287
schlieren interferometer 337-348
advantages of 337
dependence of illumination distribution on
filament setting angle 343, 344
dependence of interference pattern on fila-
ment setting angle 342, 343
displacement of maxima and minima 341,

342

illumination distribution in image plane
339,340

light disturbance function in image plane
338,339

resolution of interference fringes 340, 341
uses 347, 348
viewing diaphragms 347
theory of defocused point grid method
300-306
of phase contrast, conclusions 237
Discharge channel, confinement during flashes
147
Discontinuity of a plane wave, determination by
diffraction method 325-337
error 333-335
experimental conditions 332, 333
measurement range 332
sensitivity 328, 329
Dissociation of nitrogen and air in a shock tube,
determfnation 202-204
Double defocused grid instruments 84

Equal angles of deviation, curves of 25
Error
due to neglect of diffraction at an opaque screen
296~299
in absolute photometric knife-edge and slit
method 285
reduction 285,286
in curved-stop method 253-256
in defocused point grid method 306
in determination of angle of light deviation
by defocused grid 279, 280
of angle of rotation of plane wave 351-354
of derivative of light deviation angle for a
cylindrical wave 93, 94
of discontinuity of a plane wave by diffraction
method 333-335
of light deviation angle by diffraction method
315-318
in photometric knife-edge and slit method
218-232, 283-285
Euler equations 172

Fermat principle 172
Film, spectral sensitivity 150
Finite light source dimensions, influence on error
of determination of rotation of a plane wave
352-354
Flash light sources 65-68, 147, 148
applications 148
exposure time 147
synchronization 65, 147
Focal filament 25-32
method, comparison with point grid method 86
systems 64
Focal grating 30, 32
Focal knife-edge 25
Foucault knife-edge 1
Foucault schlieren method 1
Free convection from heated cylinder 26, 26, 27
Fresnel diffraction from a filament 259
Fundamental relations, derivation 209-213

Y (contrast factor), determination 118, 779
Gas density determination 198-201
Gas flow
around axisymmetrical bodies, spatial deter-
mination of density 185-190, /86
density distribution in boundary layer near a
plane plate, study using diffraction schlieren
interferometer 347, 348, 348
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Gas flow (continued)

from shock tube 122, 124

density distribution 123

Geometrical optics, equations 172, 173
Gladstone-Dale equation 199
Glass manufacture control 14
Grating spacing 70
Groove shadows, diffraction structure 76
Groove width 70

Heated air jet, photographs 44, 44
High shooting speeds 67, 67
Huyghens—Fresnel principle 211

IAB-451 125-130
alignment 153-155
applications 129
condenser 126
filters 127
instrument layout 125-130, 726
knife-edge attachment 128
light source 125
optical system 128
photographic unit 129
protection from heat 158, 159
slit 127 .
vibration protection 157
IAB-453 135-144
applications 144
basic layout 136
color photography attachment 140
illuminating unit 139, 739
lenses 141
light sources 137, 138
flash 138
optical system 136-139
photographic system 143
receiving unit /42
slit 138
spectrum width 140
study of transient processes 143
viewing diaphragm 140
Illumination
dependence on phase and amplitude distribution
258
distribution
around a plane inhomogeneity 326-328
at edge of an opaque screen 222, 223
at straight opaque edge 254
by diffraction method 310-313, 3271
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Illumination (continued)
distribution
forcylindrical waveofevendegree 308, 309
for defocused grid  268-270, 275, 276, 271 -
276
for diffraction method, theoretical 319,320
for diffraction pattern of extended compres-
sion shock 333-335
of plane inhomogeneity 329
for infinite source 249, 25/
for knife-edge and slit method 283
with point source 281
for opaque screen 299, 300
for phase contrast method, calculation 233
for point source 215, 238
in defocused filament image 260
in image of rectangular aperture 224
in image plane 211-213
of diffraction schlieren interferometer
339,340
of plane light wave, determination by de-
focused filament method 350, 351
of infinitely long slit 254, 255
with half-plane diaphragm, calculation

222,223

with one-dimensional diaphragm, calcula-
tion 217

with opaque diaphragm, calculation 219-
221

with rectangular diaphragm, investigation
by IAB-451 225,226
of central field point as function of knife posi-
tion 238-240, 239, 240
Image illumination
dependence on characteristics of inhomogeneity
58
in photometric methods 112-118
Image plane, of light source 2
Immersion methods for studying optical inhomo-
geneities 21
Infrared radiation, use in phase contrast method
61
Inhomogeneity
assessment of 21-22
axisymmetrical 175-184
determination of spatial distribution 39, 39, 40
of complex shape .- 185-190
refractive index 185
of simple shape 174
passage of light 19-25

Inhomogeneity (continued)
plane
calculation 173-175
calculation of light path 191193
large 45,45
study of different sections of 23-25
Instruments for schlieren measurements 3-10,
125-152

Kerr cells 148
Knife-edge and slit method 105-108
comparison with phase-knife method 237-243
errors 218-232
due to neglect of diffraction phenomena
226-228
sources 108
sensitivity and range 107, 108
sensitivity vs. knife position 241, 242
Knife-edge
Foucault 1
schlieren instrument with 3

Lambert’s law 96
Light deviation
angles 12
determination of 19-21
by crossed-lines grid 81
by defocused grid method 69
measurement of derivative for cylindrical
wave 93-94
error 93,94
in plane inhomogeneity 174, 175, 175
Light disturbance function
for large inhomogeneity using diffraction
schlieren interferometer 345
for opaque screen in the image plane
288-296
in image plane of diffraction schlieren inter-
ferometer 338, 339
Light intensity distribution for large inhomogeneity
using diffraction schlieren interferometer 345,
346
Light sources 146-148
flash 65-68, 147, 148
image plane of 2 o
incandescent lamps 146
point 2, 2
recurrent flash 148
slit 3
Lorentz—Lorenz equation 199

Magnetostrictive shutters 148
Manufacture
amplitude-phase plates 60
optical instruments, uses of schlieren methods
14
Maxwell equations 171
Microphotometer tracing of zero and working
photographs 120, /20, 121
Microscopy, uses of schlieren methods 16
Mixtures, multi-component, analysis 202
study of 201-204
Model of schlieren instrument 209, 209, 210
comparison with real instrument 210
Moving shock waves, photometric study 121

Opaque boundaries, allowance for 286-300
Optical instruments, manufacture of, uses of
schlieren methods 14
Optical path increment, determination for a plane
inhomogeneity 327, 328
Optical system
double 7,7
for schlieren measurements 3-10
lens for schlieren measurements 4, 4
mirror knife-edge 5, 6
of color schlieren instrument 34, 34
symmetrical 5, 5
with condenser objective 4, 4
with inhomogeneity 8, 8
with mirror 5, 5§
with mirror objective 4, 4
with parallel rays 8, 8
with parallel rays and inhomogeneity 8, 8
Z-system 8, 8
Oscillograms of velocity measurements 51, 5/

Passage of light through an isotropic medium
171-173
Phase and amplitude changes in direct light 58
Phase contrast 57-61
limitations of vector theory 232-237
method 232, 232
sensitivity 59
vector diagram 57
vector theory 58
Phase difference and deflection caused by inhomo-
geneity, equations 173
Phase-knife method
comparison with knife-edge and slit method
237-243
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Phase knife method (continued)
sensitivity at central field point 241, 242
Phase plate effect, sensitivity of 58
Photocathodes, relative sensitivity /57
Photoelectric method 11
sensitivity 47, 47
Photoelectric recording 46-57
Photographic films, spectral sensitivity /50
Photometric methods 95-124
absolute 96
application 118-124
image illumination 112-118
knife-edge and slit
allowance for light wave curvature 281-286
error 283-285
standard 96
Photometry of diffraction peaks for a plane
inhomogeneity 331, 332, 332
Photomultipliers 150
Plane inhomogeneities 325
calculation 173-175
diffraction pattern 329
Plane wave, determination of angle of rotation
348-354
error 351-354
experimental conditions 354
discontinuity 325-337
error  333-335
experimental conditions 332, 333
measurement range 332
sensitivity 328, 329
Plasma, measurements in 204—205
Point grid 82-91
method
accuracy 88, 89
measurement of temperature at the surface of
a heated cylinder 90

Quality control of instruments 154, 155

Quality of schlieren instrument components 144
146

Quantitative zone methods 19-32

Radiation receivers 148-152

photographic materials 148, 149, 149(T)
Range

of measurement of schlieren methods 12

definition of 13

of defocused grid method 78-80
Refraction 191-193
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Refractive index 197, 198
gradient, error 197
of different gases 201(T)
of incompletely ionized plasma 204
of mixture of nitrogen and air in a shock tube
202, 203
of mixtures 201-204
of plane inhomogeneity 174, 175
Remote grid method 91-93
Resolution limit 250, 253
Resolving power 243-253
definition 243
limitation 253
Ring zones of axisymmetrical inhomogeneity
176~184, 176
approximation of empirical function 178, 179
error 177
number of rings 177
numerical solution 178
Schardin’s equations 176
Ritchey diaphragm 22, 22

Scale method 91-93
Schlieren grating 70, 70
Schlieren instruments
adjustment 161
elements 160-170
focusing of camera 169, 170
of optical axes 164, 165
accuracy 164, 165
alignment 153-155
of illuminating slit 163, 164
of knife-edge and slit edge 167-169, 168
error 167, 168
in defocused grid methods 169
of knife-edge and slit planes 166, 167, 167
of optical axis 153-154
use of prism 163, 163
of viewing diaphragm 165
sensitivity 165, 166
characteristic features 144
checking of quality 154, 155
development 135
focusing
accuracy 161-163
of camera on extended inhomogeneities 170
of knife-edge 166
high-sensitivity, mounting 159, 160, /60
increase in sensitivity 231
interferometric  62—64

Schlieren instruments (continued)
mechanical components 146
model 209, 209, 210
mounting 155-160
of illumination 161
of light source 161
of meniscus 154
of optical components 154
of spherical mirror 154
operating requirements 145
properties of protective glasses 145
protection from heat and from sound vibrations
158, 159
quality control 154, 155
quality of components . 144-146
quality of condenser 145
quality of photographic unit 145, 146
resolving power 243-253
sensitivity of 10-13
types of 3-10, 125-144
used in aerodynamics 9
with flash light sources and cinecameras 65-68
with knife-edge 3
with multiple-slit light source 40, 4/
vibrations
effect 155, 156
prevention 156, 157
study 156
measurements
errors 193-197
computational model 193, 194
experimental 193
function approximation 194-197
instruments for 3-10
optical systems for 3-10
Schlieren method, Foucault 1
principles [-3,/
qualitative 1-138
uses of
in acoustics 16
in centirfugation 15
in chemistry 15
in crustallograplhy 15
in glass manufacture control 14
in manufacture of optical instruments 14
in microscopy 16
in obtaining large-screen television image
16,16 ..
in studying transient phenomena 15
patterns for various defocusings of point grid 83

Selectivity of phase plate effect 58
Self-luminous objects 67
Sensitivity
at central field point, for phase and amplitude
methods 241, 242
of defocused grid method 77-81
of determination of discontinuity of a plane
wave by diffraction method 328, 329
of diffraction method 318
compared with knife-edge and slit method
318-319
of phase contrast method 59
of photoelectric method 47, 47
of remote grid method and defocused grid
method 92
of scale method and defocused grid method 92
of scale method and remote grid method 92
of schlieren instrument 10-13
increase 231
Shadows, correlation of 76
Shift of groove shadow, relationship to angle of
light deviation 74
Shock tube
glow 54
photoelectric recording 54, 55
measurements 49, 50, 50, 51, 51
Shock wave
at a wedge, diffraction method 335-337, 336
photometric study 121
velocity
as a function of the logarithm of the pressure
drop across the diaphragm 52, 52
error in measurement 52
measurement of by schlieren methods 53
viewing 65, 66
Short exposure methods 65
Slit and filament method
allowance for light wave curvature 257-268
diffraction photographs 264, 265, 267, 268
processing of photographs 266, 268
Slit image shift 19-21
Slit light source 3
Source image shift 3
Spark cameras 67
Standard photometric methods 96, 108-112
conditions 97
sources of error 121

SUBJECT INDEX 367

Stereoscopic systems 38-45
Subsonic gas streams, viewing of 14
Supersonic gas flow
past different shaped models, schlieren photo-
graphs 206, 207, 208
past a wing 27, 28

TE-19 130-135
advantages 130
condenser 131
disadvantages 135
lamp housings 130
optical system 137, 131-134
photographic system 135
polaroid system 133-134
sensitivity 133
Television image, large-screen, obtained by
schlieren methods 16, /6
Three-wedge phase diaphragm 61, 67
Threshold contrast 115
Time resolution 46
Transient phenomena, study of 15

Ultrahigh-speed cameras 67

Ultraviolet radiation, use of in phase contrast
method 61

Uses of qualitative schlieren methods 13-18

Vacuum photocells 152
Vector diagram of phase contrast method 57
Vector theory for phase contrast method 58
limitations 232-237
Vibrational levels of molecules, analysis of excita-
tion effect 200
Vibrations :
in TAB-451, protection 157
in schlieren instruments
effect 1SS, 156
prevention 156, 157
recording 156
study 156
Viewing diagrams for diffraction schlieren
interferometer 347
Viewing of low-density gaseous streams 17
of shock waves 65, 66

Zone methods 22
Z-system 8,8
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