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viii Preface

jointly with my coworkers. At about the same time, in 1964, willis Lamb
published his theory, which he and his coworkers applied to numerous
problems. It is by now well known that these two theories, which are called
semiclassical and which were developed independently, are equivalent. The
next step consisted in the development of the laser quantum theory which
allows one to predict the coherence and noise properties of laser light (and
that of light from lamps). This theory which I published in 1964 showed
for the first time that the statistical properties of laser light change dramati-
cally at laser threshold. In the following years my group in Stuttgart carried
this work further, e.g. to predict the photon statistics close to laser threshold.

From 1965 on, Scully and Lamb started publishing their results on the
quantum theory of the laser, using a different approach, and Lax and
Louisell presented their theory. Again, all of these theories eventually turned
out to be more or less equivalent. In those years experimental laser physics
developed (and is still developing) at an enormous pace, but because I shall
mainly deal with laser theory in this book, I have to cut out a representation
of the history of that field.

From my above personal reminiscences it may transpire that laser theory
and, perhaps still more, laser physics in general have been highly competitive
fields of research. But, what counts much more, laser physics has been for
us all a fascinating field of research. When one looks around nowadays,
one can safely say that is has lost nothing of its original fascination. Again
and again new laser materials are found, new experimental set-ups invented
and new eftects predicted and discovered. Undoubtedly, for many years to
come, laser physics will remain a highly attractive and important field of
research, in which fundamental problems are intimately interwoven with
applications of great practical importance. I hope that this book will let
transpire the fascination of this field.

Over the past nearly 25 years I greatly profited from the cooperation or
discussion with numerous scientists and I use this oppprtunity to thank all
of them. There is wolfgang Kaiser, who was the first at BTL with whom I
had discussions on the laser problem. Then there are the members of my
group at Stuttgart who in the sixties, worked on laser theory and who gave
important contributions. I wish to mention in particular R. Grahaffi, H.
Geffers, H. Risken, H. Sauermann, chr. Schmid, H.D. vollmer, and w.
Weidlich. Most of them now have their own chairs at various universities.
Among my coworkers who, in later years, contributed to laser theory and
its applications are in particular J. Goll, A. Schenzle, H. ohno, A. Wunderlin
and J. Zorell. Over the years I enjoyed many friendly and stimulating
discussions with F.T. Arecchi, w.R. Bennett, Jr., N. Bloembergen,
R. Bonifacio, J.H. Eberly, C.G.B. Garret, R.J. Glauber, F. Haake, yu.
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xvi List of symbols

D dielectric displacement, norm alized inversion, distance of
mlrrors

D normalized inversion

Di initial inversion in Q-switching
Do unsaturated inversion
go total unsaturated inversion in externally driven laser
D(t) total saturated inversion in externallv driven laser
D(x, t) atomic inversion density
Dt"ii abbreviation for constants
D*t t, abbreviation for constants

d small deviation from normalized inversion
do unsaturated inversion of a single atom
dp inversion of atom pr,

d(r) spectral inversion density

E normalized electric field

E electric field strength
Eo amplitude factor of electric field strength
E,*, externally driving electric field
E normalized electric field
E(t) t ime dependent electric f ield strength
E(t) electric f ield amplitude in externally driven laser
E* x-component of electric field strength
E(x) electric f ield strength
E(x, t) electric field strength

Ee)(x, t) electric field (negative frequency part)
E\")(x, t) electric field (positive frequency part)
E (x) electric field strength at mirror, S
Er transmitted electric field amplitude

E^(t) t ime dependent amplitude in mode expansion of electric
field

EF'( r) negative frequency part of mode amplitude of electric field
f l*)( r) positive frequency part of mode amplitude of electric field
t 

;t..lTtary 
charge, small deviation from normalized elec-

e^ polarization vector of mode ,\
F normalized electric field strength, cavity cross section
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xviii List of symbols

Ir transmitted intensity

i imaginary unit

J w,,r," convolution of spatial modes
j current density

K(A, e.x) l inear matrix

K(q) force acting on fictitious particle

Kr(t, t') mutual coherence function

k wave vector

k^ wave vector of mode ,\
g optical path in ring cavity

L generalized total Fokker-Planck operator

L cavity length

L^ generalized Fokker-Planck operator for atoms

Lo-, generalized Fokker-Planck operator for field mode-atoms

Lr generalized Fokker-Planck operator for field mode

l; abbreviation

M number of coexisting modes

Mj expectation values of powers of photon number

M ut t ' t,, abbreviation

m electron mass

N Fresnel number

N number of atoms, number of locked modes
"hf normalization factor

Nr occupation number of level i

No stationary occupation number of level i
i{,. stationary occupation number of level i
N,,,n. occupation number of level i at threshold

{," occupation number of level j at atom trt.
N(rt, q) nonlinear part of equation of motion
n photon number

n average photon number

ns stationary photon number

/t; initial photon number in Q-switching
nj occupation number

fl*u* maximal photon number in Q-switching
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xx List of symbols

T longitudinal relaxation time, transmission coefficient of
mlrror

Tt longitudinal relaxation time
t time variable
U(x) cavity mode function
U(x, t) state space vector
Ur(x, t) stationary state space vector
u classical variabre corresponding to field mode
a^ (x) spatial dependence of cavity mode
r^(x) cavity mode eigenfunction
V cavity volume
V(q) potential of f ictit ious particle
u velocity of gas atoms, classical variable corresponding to

dipole moment
W spontaneous emission rate per atom and time
w(n) probabil ity distribution for discrete photon numbers
Wi energy of level r, eigenvalue
Wi&) energy band
Wt,p emission probability of atom p to mode z\
W^(r) spectral emission probabil ity into mode ,\
W^ abbreviation for constants
w(x, t) eigenfunction of l inear equation
wji transition probability i + j
t0" spot radius (size)
X normalized transmitted field, general case
X, Y spatial coordinates, normalized
x normalized transmitted field
x, !, z spatial coordinates
.r space point (vector)
xp position of atom ;r
Y normalized incident field, general case
y normalized incident field
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magnetic susceptibil i ty of vacuum
atomic transition frequency
constant in density matrix equation
electronic coordinate
spatial displacement of electron at atom p
time dependent amplitude
stable mode amplitude
unstable mode amplitude (order parameter)
reduced density matrix, spatial distance
spatial density of atoms
reduced density matrix of f ield mode
density matrix of f ield mode coupled to heat bath
spectral density of modes
density matrix of total system
electric conductivity

normalized time variable
wave function

phase of complex electric f ield
error integral
phase factor

amplitude

eigenfunction of unperturbed Hamiltonian
constant phase in mode amplitude
susceptibil i ty

complex absorption coefficient
characteristic function
characteristic function of wigner distribution function
characteristic function of Grauber-Sudarshan function
characteristic function of e-distribution function
wave function

relative phase of locked modes
laser frequency in loaded cavity, imaginary part of eigen_value, general quantum mechanical o erator
cavity mode circular frequency
frequency spacing of cavity modes
circular frequency of atomic transition
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2 l .  Int roduct ion

Fig' l ' l '  Electro-magnetic field mode in a cavity. Local directions and sizes of the electric
field strength are indicated by the corresponding arrows.

frequencies. These modes, which can exist in the cavity in principle, are
now to be excited. To this end energetically excited moleculer, ..g. ammonia
molecules' are injected into the cavity. In order to understand the maser
process' for the moment being it is only important to know that atransition
between the excited state of the NH3 molecule and its ground state can
take place which is accompanied by the emission of an electro-magnetic
wave with quantum energy hu: wi-wr, where z is the frequency of the
emitted wave' whereas W, and Ws are tire energies of the initial and final
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Fig' 1.2. Standing electric wave between two ideaily conducting wails.
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4 l. Introduction

Fig. 1.4. Example for the positions of mode frequencies in the optical region. In general many
frequencies come to lie within an emission line.

Schawlow and Townes, and Prokhorov and Dicke, makes a mode selection
possible in two ways. Let us consider figs. 1.5 and 1.6. Before the laser
process starts, the excited atoms emit light spontaneously into all possible
directions. On account of the special arrangement of the mirrors only those
light waves can stay long enough in the resonator to cause stimulated
emission of atoms, which are sufficiently close to the laser axis, whereas
other modes cannot be amplified. This mechanism is particularly efficient
because only waves of the same direction, wave-length, and polarization
are amplified by the stimulated emission process. In this way the Fabry-Perot
interferometer gives rise to a strong discrimination of the modes with respect

mirrors

Fig. 1.5. The excited atoms in the laser resonator can radiate light into all directions. Waves
which do not run in parallel to the laser axis, leave the resonator quickly and do not contribute
to the laser process.

mode f requenc ies
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6 l. Introduction

must be continuously pumped into the laser in order to maintain the laser
process. Thus the system is open with respect to an energy exchange with
its surrounding. Because the atoms are continuously excited and emit light,
the atomic system is kept far from thermal equilibrium. Over the past years
it has become evident that the laser represents a prototype of systems which
are open and far from thermal equilibrium. Clearly the optical transitions
between the atomic levels must be treated according to quantum theory.
Indeed, the discrete structure of spectral lines is a direct consequence of
quantum theory. Quite evidently we have to deal here with a highly compli-
cated problem whose solution required new ways of physical thinking. This
task has been solved in several steps.

1.2.1. Rate equations

The simplest description which still has the character of a model rests on
equations for the temporal change of the numbers of photons with which
the individual "cavity" modes are occupied. A typical equation for the
photon number n is of the form

d n

dr:generation 
rate - annihilation rate.

These equations are quite similar to those with which Einstein derived
Planck's formula (cf. Vol. l). Such kind of description, which has been
used by Tang and Statz and DeMars and many others for laser processes,
is still used today when global phenomena, such as the intensity distribution
of laser light, are studied. On the other hand such a model-like description
based on photon numbers is insufficient for the treatment of many important
processes in modern laser physics. This is in particular so if phase relations
between laser light waves are important. A theory which describes most
laser processes adequately is the semiclassical laser theory.

1.2.2. Semiclassical theory

This-fheory deals with the interaction between the electromagnetic field of
the "cavity" modes and the laser actiue atoms in solids or gases. The field
is treated as a classical quantity, obeying Maxwell's equations, whereas the
motion of the electrons of the atoms is treated by means of quantum theory.

The source terms in Maxwell's equations, which in a classical treatment
stem from oscillating dipoles, are represented by quantum mechanical
averages. Furthermore, pumping and decay processes of the atoms are taken
into account. The resulting coupled equations are nonlinear and require
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8 l. Introduction

semiclassical theories. This theory, which I publishe d in 1964, showed that
laser light differs basically from light from conventional lamps. Whereas
light from conlerrtional lamps consists of individual incoherent wave tracks,
laser light essentially consists of a single wave whose phase and amplitude
are subject to small fluctuations. Subsequent measurements of the intensity
fluctuations of laser light below and above threshold by Armstrong and
Smith ( 1965), and Freed and Haus ( 1965) fully substantiated my predictions.
My approach required the exclusion of the immediate vicinity of the laser
threshold. This gap was closed in 1965 by Risken (and subsequently by
Hempstead and Lax). Risken interpreted my quantum mechanical laser
equation as a classical Langevin equation and established the corresponding
Fokker-Planck equation. The stationary solution of the Fokker-planck
equation describes the photon statistics in the laser. We shall deal with the
coherence and noise properties of laser light as well as with its photon
statistics in chapters 10 and 11. In order to treat these questions, besides
the Langevin and Fokker-Planck equations the density matrix equation was
used also. Density matrix equations, which describe both the atoms and
the light field quantum mechanically, were derived by Haake and Weidlich
(1965), and by Scully and Lamb (1966). Solutions of laser density matrix
equations in different kinds of representation were given by Scully and
Lamb (1966), and by weidlich, Risken and Haken (1967). This work was
carried further by a number of authors, who used still other representations
and included higher order terms.

1.2.4. Quantum classical correspondence

In this section we are abandoning the main stream of this book, to which
we shall return in the next section, I .2.5, and make some technical remarks
of interest to theoreticians.

An interesting question arose why a quantum mechanical process can be
described by a classical Fokker-Planck equation. This lead to a further
development of the principle of quantum classical correspondence which
allows us to establish a connection between a quantum mechanical descrip-
tion and a classical formulation without loss of quantum mechanical infor-
mation. Such a transcription had been init iated by Wigner (1932) who
treated quantum systems described by the position and momentum operator.
A further important step was done by Glauber and Sudarshan (1963) who
treated Bose-field operators. In particular, Glauber's careful study of quan-
tum mechanical correlation functions provided a general frame for the
description of the coherence properties of light. But, of course, being a
general frame, it did not make any predictions on the coherence properties
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l0 l. Introduction

can acquire two different states. The "optical bistability" device bears great

promises for the construction of an optical transistor.

1.2.7. Two-photon laser

The main part of this book deals with laser processes in which an optical

atomic transition generates one photon. As we know, in optical transitions

also two or several photons can be absorbed or emitted simultaneously.

This has led to the idea of a two-photon laser to which substantial contribu-

tions have been given by Walls, Wang and others. We shall include a short

description of its theoretical treatment in chapter 12.

1.3. The structure of laser theory and its representation in this book

Let us finally discuss the structure of laser theory and its representation in

this book. In a strict logical sense the structure of laser theory is as follows.

At its beginning we have a fully quantum theoretical treatment of atoms

and the light field as we presented it in chapter 7 of Vol. l. The corresponding

equations describe the interaction between atoms and light field. But in

addition, the atoms as well as the light field are coupled to their surroundings,

for instance the field is coupled to loss mechanisms in the mirrors, or the

laser atoms are coupled to their host lattice (fig. 1.7). The coupling of field

and atoms to their corresponding surroundings leads to damping and

fluctuations which we treated in Vol. I. In this way the basic quantum

mechanical equations for the laser result, which is treated as an open system.

If we average these basic equations over the fluctuations of the heatbaths

representing the surroundings and form adequate quantum mechanical

averages, we arrive at the semiclassical laser equations. When we eliminate

from these equations the dipole moments of the atoms and average over

phases we obtain the rate equations. The rate equations have a much simpler

..-*l ,'sh,*rl

II
I I n"otuotn, ril

@

I
Fig. 1.7. Scheme of the coupling between atoms, l ight field and heatbaths.
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12 l. lntroduction

Table 1.2. The structure of laser theorv

l. Rate equations for photon numbers and atomic occupation numbers
These equations allow the treatment of the following problems: laser condition, intensity
distribution over the modes, single mode laser action, multi-mode laser action (coexistence

and competition of modes), laser cascades, Q-switching, relaxation oscil lations.

2. Semiclassical equations
These rest on Maxwell's equations and the Schrridinger equation of electrons taking into
account coupling to heatbaths.
These equations allow a treatment of the following problems (among others): frequency
shifts, frequency locking, population pulsations, active and passive mode locking, un-
damped oscil lations, ultrashort pulses, laser l ight chaos and routes to it, photon echo, wave
propagation in an "inverted" material, optical bistability, two-photon laser, and all problems
quoted under l.

3. Quantum mechanical equations
They rest on a fully quantum mechanical treatment of the light field and the atoms by
means of the Schriidinger equation or equations equivalent to it, in particular the Heisenberg
equations. These equations allow a treatment of the following problems (among others):
l ine-widths of laser l ight, phase, amplitude and intensity fluctuations (noise), coherence,
photon statistics, and all problems quoted under I and 2.

List of sections for a first reading

2.1-2.3 Basic properties and types of lasers
3.1 Laser resonators
4.2 Photon model of single mode laser
4.4 Q-switching
5.1-5.6, 5.8-5.9 Semiclassical equations
6.1-6.3 Single mode laser action including transients
6.8 Single mode gas lasers (perhaps)

The further reading depends on the reader's interest.
Readers interested in the quantum theoretical foundation of the basic

equations and their applications:

Chapter l0 Coherence, noise and photon statistics. Quantum theory of
the laser

and perhaps chapter 1 I

Readers interested in further "macfoscopic properties", frequency lock-
ing, ultrashort pulses, chaos, etc.:

6.+6.5 Multimode laser
6.6 Frequency locking
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Chapter 2

Basic Properties and Types of Lasers

2.1. The laser condition

Let us consider the laser depicted in fig. 2.1 more closely, and let us discuss
the tasks of its individual parts. The two mirrors mounted at the endfaces
fulfil the following functions. When we treat light as a wave, between the
two mirrors only standing waves can be formed. Their wave-lengths, r\, are
connected with the distance between the mirro rs, L, by the relation nlt /2: L
where n is an integer. In section 3 we shall briefly discuss the influence of
the finite size of mirrors on the formation of these standing waves. On the
other hand, when we consider light as consisting of photons, the two mirrors
reflect photons running in axial direction again and again. Therefore these
photons can stay relatively long in the laser, whereas photons which run
in other directions leave the laser quickly. Thus the mirrors serve for a
selection of photons with respect to their lifetimes in the laser.

F  l o s h t u b e

g e r  e l e c i r o d e R u b y

Fig. 2.1. The first experimental set-up of the ruby laser according to Maiman. The ruby rod

in the middle is surrounded by a flashlamp in form of a spiral.

\
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16 2. Basic properties and types of lasers

N 2

pump l ight

number

of otoms

N1

Fig.2.3. (a) Through the pump mechanism a number of atoms are lifted from their levels I into

their levels 2. Thus the number of atoms in their ground states, N,, is lowered and those of

the atoms in their excited states increased. (b) The excited atoms can make transitions into

their ground states by light emission.

The explicit expression for W was derived in Vol. I (eq. (2.96)). Let us
rederive that result by some plausibility arguments. The spontaneous
emission rate of an atom with respect to c// possible kinds of photons is
connected with the lifetime r of the atom with respect to spontaneous
emission by W : | / r. In the present context we are interested in the transi-
tion of the atoms leading to spontaneous emission of a specific kind of
photons only. Therefore we have to divide the transition rate per second,
Ilr,by the number of all kinds of photons possible. Therefore we have to
form W:llGp), where according to Vol. l, eq. (2.56) the number p is
given by

W,

q

(a )

p :  VSru '  Av  1  c t (2.2)
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l8 2. Basic properties and types of lasers

small as possible but because in each case one wants to generate light of a
specific wave-length the size of z2 is fixed and cannot be circumvented. But
we see that with increasing frequency it becomes increasingly more difficult
to fulfil the laser condition which makes it so difficult to build an X-ray
laser. Both the atomic line-wi dth Au and the lifetime r of an atom (witir
respect to light emission) should be chosen as small as possible. But here
fundamental limits exist. As is known from quantum mechanics, the uncer-
tainty relation Avr> t holds.

Inserting some typical data such as

z :  1 0 t t  s - t ,  c : 3  x  l 0 l 0  c m  s - t ,  r :  l 0 - 8  s ,  A u :  l 0 t 0  s - 1 ,

we obtain the inversion density which is necessary for laser action

(Nz _Nr) > l0,u [ .__r] .v

(2.7)

(2.8)

In section 2.3 we shall get to know a number of pump mechanisms by
means of which we may achieve the necessary inversion.

Exercises on section 2.1

(l) Calculate W for the following laser data (ruby):

V :62.8 cm3,

v : 4 . 3 2  x  1 0 r 4  H z ,

A v  : 2 . 4 9  x  1 0 ' 3  H z ,

c : 2 . 9 9 7 9  x  1 0 8  m / s ,

r : 3 . 0  m s .

(2) Calculate the number of modes of a closed resonator whose edges have
the length L: I cm, l0 cm, 100 cm, which are present within the l ine-width
Au:6.22xl0eHz. How big is the number of  modes in these cases i f  the
modes are axial modes (E: sin kx) in a Fabry-perot interferometer?

(3) Calculate the quality factor 2x : U r, using formula (2.4) for the follow-
ing cases: length of the laser resonator (= distance between the mirrors)
L: I cm, 10 cmo 100 cm, reflectivity R : 99"/o,90"/o,l0o/o. How do the results
change if the index of refraction is f l :2, n :3? Compare the resonator
line-width x: l l(2r') with the distance between the mode frequencies and
the optical l ine-width of ruby (compare exercise 2).
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( a )

( b )

Fig.2.4. By means of the laser process a plane parallel wave is produced in the laser (a). The
divergence of the emitted beam corresponds to that of a plane wave diftracted by a slit (b).

(3) The spectral purity of laser light can be extremely high. The frequency
width which is inversely proportional to the emitted power can be 6v: I Hz

for 1 W emitted power in the ideal case. Experimentally 6z: 100 Hz has
been realized, Taking 6v: l, the relative frequency width for visible light
is 6v / u : I}-ts which is of the same order of magnitude as that of the
Miissbauer effect. It is important to note that this frequency purity is

achieved jointly with a high intensity of the emitted line quite in contrast
to spectrographs where high frequency purity is achieved at the expense of
intensity. The frequency purity of laser light is closely connected with its

coherence (see point (a)).
(a) Coherence. While light of usual lamps consists of individual random

wave tracks of a few meters length, laser light wave tracks may have a
length of 300,000 km.

(5) Laser light can be produced in form of ultrashort pulses of 10-12 s
duration (picosecond) or still shorter, e.g. 30 femtoseconds ( I femto-
second:  l0 - rs  s ) .

Quite evidently the properties of laser light just mentioned make the laser
an ideal device for many purposes which we shall explore in the present
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noise

Fig.2.6. The emitted power f versus pump power. Within the region of operation of the laser

as a lamp the field consists of noise only and increases only slowly with increasing pump

power. Above threshold the emitted intensity increases much more strongly with pump power.

The intensity is taken with respect to a specific mode.

above threshold it quickly increases. This is a hint that the internal state of

order of the laser changes abruptly at laser threshold. This is a process

which is strongly reminiscent of phase transitions of superconductors or

ferromagnets. Indeed we shall show in chapter 13 that this analogy is very

close. Among the more recently discovered properties of laser light are the

following. Under suitable conditions, namely high pumping and bad cavity

quality, laser light can exhibit chaotic behavior. Laser light chaos is an

entirely new type of light which must not be mixed up with so-called "chaotic

light from thermal sources". As we have just seen, light from thermal sources

consists of very many individual wave tracks. Chaotic light on the other

hand still consists of a giant wave track which, however, may show specific

fluctuations which we shall explore later in this book. Indeed the study of

chaotic laser light has become a new chapter in laser physics.

2.3. Examples of laser systems (types of lasers and laser processes)

As we have seen above, a typical laser consists of the following parts: the

laser-active material, the pump source, and the resonator. In this section

we wish to get to know a number of examples of laser materials. Today

there is a great variety of materials which can produce laser action and

new materials are still developed. The list of our examples is by no means

complete and we wish rather to discuss some laser materials which are of

particular importance. Readers who are interested in the basic principles

of laser physics only can skip this section totally or may consider only our

first example, the ruby laser.

threshold
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loser tronsit ion
pump t ight

rodiotionless

tronsi t ion

Fig. 2.9. Pumping process, radiationless transition, and laser transition of a three-level atom,
where the upper transition leads to laser action.

electron of the atom in the ground state I is excited into a state 3. This
excitation can be done by an irradiation of the atom by pump light with a
frequency corresponding to the transition frequency from level I to level 3
(optical pumping according to Kastler). The electron can make a radiation-
less or radiative transition from level 3 into level 2, from where it makes
an optical transition to level l. This optical transition forms the basis of
the laser process. A further pump scheme is represented in fig. 2.9. The
ground state of the atom is denoted by 0.Out of this ground state the system
is brought into level 2 by optical pumping. From this level 2 the optical
transition into the level I can take place. The electron in level I can
recombine to its ground state by a radiationless or radiative transition. The
radiationless transitions can be caused by several mechanisms, for instance
collisions between gas atoms among each other, or collision of gas atoms
with the walls, interaction of atoms in lattices with tattice vibrations, etc.
As we have seen when deriving the laser condition, a sufficiently high
inversion Nt - Nt must be achieved. Because according to the scheme of
fi9.2.8 initially practically all atoms are in their ground states, the production
of a sufficiently high inversion requires a much higher pump power than
that corresponding to the scheme of fig. 2.9.lf the recombination from level
I to level 0 occurs sufficiently rapidly, level I will remain occupied only
weakly and the inversion can be established by the number of excited atoms,
AIr, alone.

Another pump scheme which is used quite often is that of fig. 2.10. Here
the optical pumping occurs from level 0 into level 3. From there a radiation-
less or radiative recombination of the electron into level 2 occurs. Level2
seryes as initial level for the optical transition to level I thus serving as

l
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Fig.2. l l .  The Lorentz ian l ine.

inhomogeneous broadening is caused by the Doppler effect of moving
atoms. This eftect is well known from acoustics. When a car, which sounds
its horn, passes, the horn seems to have a higher frequency when the car
approaches us and to have a lower frequency when the car has passed. This
effect occurs also in optics. When an atom moves with the velocity u towards
an observer, the frequency of the light emitted by the atom seems enhanced
according to the formula u' : u(I + ulc), where z is the transition frequency
of the atom at rest. When an atom flies in opposite direction the opposite
sign applies, z' : v(l - u/ c).If a gas contains atoms moving with different
velocities, for instance according to the thermal velocity distribution (Max-
well's distribution), this velocity distribution leads to a corresponding

Fig.2.l2. An inhomogeneously broadened line of Gaussian shape (solid l ine). For comparison
the Lorentzian line of the transition with a homogeneously broadened width is indicated also
(dashed line).

_-/ '  \-_
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2 9 c m ,  g z = 2

R r (0.6943

= Q

Fig.2.l4. Energy level scheme of ruby: (l) ground state; (2) excited state from which the
transition occurs; (3) pump levels. [T.H. Maiman, Phys. Rev. Lett. 4,564 (1960).]

The lattice is doped with Cr3* ions, i.e. triply ionized chromium, typically
with a concentration of 0.05% (in weight). The chromium ions lend ruby
its red color. Laser action takes place between levels of Cr3* whose corre-
sponding energy level scheme is shown in fig. 2.14. Thus basically we are
dealing with the scheme corresponding to fig. 2.8, where the participating
levels 2 and 3 are split. Optical pumping takes place into the levels denoted
by oF, and 4Fr in fig. 2.14. From these levels the chromium ion relaxes into
the level 2 of f ig.2.8 which in fig. 2.14 is denoted by tE. In fact this level
is split into two further sublevels. The lower one of these two levels, which
is denoted by E, serves as the initial state for the optical transition, i.e. for
the laser transition into level I of fig. 2.8 (which actually is fourfold
degenerate). The optical transition denoted by R, takes place at 0.6943 pm.
The lifetime of the upper laser level E is about 3 x l0-3 s. The linewidth Az
strongly depends on temperature. At 300 K, Au : 2 x 10r l Hz. Usually ruby
is excited by intense flash lamps but other light sources are used also in
order to generate cw emission.

(b) The neodymium glass laser. In this case glass serves as the basic
substance which is doped with laser active neodymium ions (Nd3*). The
pump scheme is that of f ig. 2.10, but instead of the single level 3 of f ig. 2.10
a whole set of levels is used. It is important to note that the lower la;er
level I is separated from the ground state 0 energetically so far that even
at room temperature the occupation number of level 1 difters from that of
the level 0 by a factor e-to. Thus we may assume that the level I is initially
practically unoccupied. The optical transition between levels 2 and 1 takes
place at ,\ : 1.06 pm.
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30 2. Basic properties and types of lasers

Fig.2.l6. Example of an experimental set-up of the He-Ne laser. The gas discharge tube of

the laser is denoted by L. At the endfaces the mirrors are mounted under the Brewster angle.

The laser is mounted in the way indicated in order to avoid vibrations.

23S and Z'S (fig. 2.17). Because these long living levels practically coincide
with the 25 and 35 levels of Ne, by means of coll isions the excited He

atoms can transfer their energy to the Ne atoms which are thereby brought

into excited states. These states serve as initial states for the laser transition

or even for a cascade of laser transitions.
A further important class of gas lasers is represented by ion lasers. Laser

active transitions occur in ions of the gases of He or Ar. Ionization and

excitation is achieved by electron impact. The wave-length of the emitted

light l ies in the ultraviolet.

Electronic transitions in molecules
Excimer lasers

In order to understand the concept of excimers let us consider two atoms

or molecules with closed electronic shells, e.g. two He atoms. Being in their
ground states they repell each other, therefore no He molecule can exist.

But if an electron of one atom is excited this atom can form with the other

atom a molecule which is called an excimer. If the excited electron recom-

bines, the molecule decays. In this way the laser condition can be fulfilled

in an ideal manner because the ground state of the molecule does not exist

so that Nr :0. Laser action of excimer systems was first found in liquid

xenon which was energetically pumped by an electronic beam. In the

meantime laser action of excimers was found in gaseous Xe2, Kr2, Ar2 as

well as in gaseous compounds of nobel gases and halogenides such as XeBr,

XeF, XeCl, KrF, ArF, and KrCl. The atoms are excited by electron beams

of high energy or by fast discharges. These lasers can emit light in the
ultraviolet and vacuum-ultraviolet.

Chemical lasers
Here the excited state of an electron in a molecule is generated by a

chemical process. An example is provided by the reaction between fluor
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c 2 H s H N

H . C
cooc2H3

Fig. 2.18. Molecular structure of Rhodamine 6G.

molecule so that a total spin equal 0 results. We call these states S-states
(singulet states). In the second case the spin of the excited electron is
parallel to that of the remaining molecule. The total spin equals I and we
are speaking of triplet states. Both kinds of states are further split due to
molecular vibrations. The levels are represented in fig. 2.19 by heavy lines.
Finally a still finer splitting exists. It stems from the rotation of the molecules
which, according to quantum theory, is quantized. In usual experimental
setups the dye molecules are in solution. The dye molecules are excited by

tr iplet

Fig. 2. 19. Energy level scheme of a dye. On the left-hand side the groups of the singlet states
are plotted which are further split due to oscil lations and rotations (compare text). On the
right-hand side the triplet states are plotted.
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Fig.2.20. Oscillatory states of the COt molecule.
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36 2. Basic properties and types of lasers

Fig.2.23. Scheme of the energy bands of an electron in a solid. The energy W of an electron
in the valence band (lower part) and of an electron in the conduction band (upper part) are
plotted versus the k-vector. a is the lattice constant.

opposite spins. In an insulator the valence band is filled up entirely with
electrons. The subsequent band, which is called the conduction band, is
empty. As is shown in solid state physics, optical transitions can occur in
a periodic lattice only under conservation of the lc-vector, i.e. in the energy
level scheme of fig. 2.25 the transitions must take place in vertical direction.

How can we achieve laser action in such a crystal? To this end we have
to generate an inversion, i.e. we must excite electrons from the valence band
into the conduction band. An example is shown in fig. 2.26 schematically.
Because of the just mentioned k-selection rule the electrons can make their
transitions independently of each other so that a sufficiently high inversion
can be generated if we only bring enough electrons into the upper band,
i.e. the conduction band. Experimentally such an inversion can be achieved
by irradiating the crystal by a beam of electrons with sufficiently high energy.
In this way electrons of the valence band are kicked into the conduction
band where they accumulate at its bottom. In many practical applications,

k *
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38 2. Basic properties and types of lasers

Fig. 2.25. The optical transition of an electron from the valence band into the conduction
band takes place under conservation of the /<-wave vector, i.e. vertically.

"positive" and "negative" (charge). An important example of such a semi-
conductor laser is provided by gall ium arsenide (GaAs).

The simple scheme of optical transitions must still be modified because
the electronic transitions are strongly influenced by the impurities. In this
way the k-selection rule is violated.

Semiconductor lasers can be very small and may have diameters of less
than a fraction of a millimeter. Because these light sources are nevertheless
very intense, they can be used in medicine and also in communication
networks. For technical reasons the simple p-n junction we just described
has to be modified in various ways. In particular multiple p-n junctions
are used of which fig.2.29 shows an example.

A further class of semiconductor lasers is formed by exciton lasers. We
briefly remind the reader of the concept of an exciton. Let us consider an
insulator and let us visualize it as a crystal being built-up of its individual
atoms with their localized electrons. If we excite such an insulator, an
electron can be removed from its mother atom and transferred to another
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Fig. 2.27. The energy bands can be locally shifted by doping a semiconductor with various
impurities. In this figure the energy is plotted as a function of the spatial coordinate. The
donors are impurities in the crystall ine lattice which can give their electrons to the conduction
band. On the other hand, acceptors are impurities which can bind electrons or, in other words,
which can generate holes in the valence band. F is the Fermi energy up to which the electronic
levels can be fi l led up. W" is the lower edge of the conduction band, IV" is the upper edge of
the valence band. p and n refer to "positive" and "negative" according to the doping.

Fig' 2'28' When an external electric field is applied the electrons are shifted to one side (in
our figure to the left side), whereas the oppositely charged holes are driven to the opposite
side. In this way occupied electronic states come to stand above the unoccupied hole states
so that electrons can make a transition as indicated by the vertical arrow and emit photons.
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42 2. Basic properties and types of lasers

Fig. 2.31. The NaCl lattice. The negatively charged chlorine ions are represented by big white

balls, the positively charged sodium ions by small black balls.

positive charge (fi9.2.31). Such a positively charged center can capture an

electron which circles around that center. According to quantum theory the

energy levels of the electron are quantized. The electron can make optical

transitions between them and can emit or absorb light. Because these centers

lend the above mentioned crystals their color, they are called color centers.

If sufficiently many of these centers are excited, laser action can take place.

An entirely different class of lasers is provided by the free electron laser.
In this case the electrons move in vacuum and pass within an electronic

beam through a spatially modulated magnetic field (fi5.2.32). By means of

the Lorentz force the electrons are periodically deflected. It is well known

' l  utnnon
I

I
t

MODULATED lO.6p
RADIATION TO
C u , G e  D E T E C T O R

A N D
MONOCHROMATOR

H E L I C A L  M A G N E T
( 3 . 2  c m  P E R I O D )

5.2 m

24 MeV BUNCHEO
. .  .< .  ELECTRON

B E A M

MOLECTRON
T-250

CO2 LASER

Fig. 2.32. Experimental arrangement of the free electron laser. The pulsed electron beam

enters from the right-hand side into a helical magnet. In the experiment indicated, the emitted

light is superimposed on that of a CO2 laser and the modulated radiation is registered. [D'A.G.

Deacon, L.R. Elias, J.M.J. Madey, H.A. Schwettman and T.I. Smith, in: Laser Spectroscopy

III, eds. J.L. Hall and J.L. Carlesten, Springer, Berlin 1977.1
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Chapter 3

Laser Resonators

3.1. Survey

In principle the light field or, more generally speaking, the electro-magnetic

wave field contains all possible wave-lengths, all directions of propagation

and all directions of polarization. On the other hand the main goal of the

laser device consists in the generation of light with definite properties. A

first selection, namely with respect to frequency, is achieved by the choice

of the laser material. By means of the energy levels W of the chosen system

the frequency z of the emitted light is fixed according to Bohr's formula

hu: Wi,,itiat- Wnnu1. Of course, the frequencies of the optical transitions are

not sharp but they are broadened due to various causes. Such causes may

be the finite lifetimes of the levels due to optical transitions or collisions,

inhomogeneous crystalline fields, etc. In order to select frequencies further,

resonators are used. We met the simplest type of a resonator in Vol. I when

we studied the modes in a cavity. In a cavity, whose walls have an infinitely

high conductivity, standing waves with discrete frequencies can exist. These

waves are well defined eigenmodes of the cavity. When scientists tried to

extend the maser principle into the optical region it was an open question

whether a laser with just two mirrors but otherwise open side walls would

allow modes at all (fig. 3.1). Because of the diffraction and transmission

losses due to the mirrors, no permanent field could stay in such an open

resonator. It turned out, however, that the concept of modes can be well

applied to open resonators. The first proof was given by computer calcula-

tion. Fox and Li considered an arrangement of two plane parallel mirrors

and they prescribed an initial field distribution on one of the mirrors. Then

they studied the propagation of light and its reflection. After the first steps

the initial light field got distorted and its amplitude lowered. However, after

say 50 round trips the field mode acquired a final shape and its overall

amplitude was decreasing by the same constant factor after each reflection.

In this way it was clear how to generalize the concept of modes. One has

to look for such field configurations which remain the same in the course
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46 3. Laser resonators

Fig. 3.3. Laser arrangement with a convex and a plane mirror.

is much smaller than the original atomic l ine-width ("good cavity case").
Important dynamic effects of laser light occur if the frequency width caused
by the cavity is bigger than the atomic line-width ("bad cavity case"). A
misunderstanding should be avoided at any rate. By the laser process itself,
which we shall treat in our book, the effective line-width will be lowered,
as compared to cavity and atomic line-width, by many orders of magnitude.

As can be easily visualized, light can sufficiently often be reflected between
the mirrors only if these are precisely adjusted in a parallel position. If the
laser mirrors are tilted, the light wave track will leave the laser very quickly.
Its lifetime in the laser has dropped strongly and the laser condition can
no more be fulfilled. For these reasons other arrangements of resonators
have been developed where the light modes depend less sensitively on the
adjustment of the mirrors. Such an arrangement is shown in fig. 3.3 where
one plane mirror is replaced by a mirror with the shape of a section of a
sphere.

Another arrangement often used is that of confocal mirrors where the
center of one mirror just coincides with the focus of the other mirror. Plane
parallel mirrors are often mounted at the end surfaces of the material itself.
But also other arrangements are used in which one or both mirrors are
separated from the laser active material. Such arrangements may influence
the mode selection done by the laser process and can be used correspond-
ingly. As we shall see later in our book, laser action can simultaneously
take place in modes which are standing waves. These modes are made
possible by experimental setups corresponding to figs. 3.1-3.5.

f

Fig. 3.4. Laser arrangement with two confocal mirrors.
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48 3. Laser resonators

X-ray diffraction. When crystals are irradiated by X-rays each atom acts as
a scattering center. If the X-rays impinge on the crystal in specific directions
and with specific wave-lengths, the individual back-scattered wave tracks
can interfere with the incoming light field, and thus standing waves are
formed. These standing waves correspond to the modes we have been
discussing before. However, the difference to the former mirror arrange-
ments consists in the fact that the scattering centers (centers of reflection)
are distributed all over the crystal in a regular fashion. This principle can
be applied to the optical region. By means of a grating the back scattering
of the wave tracks is achieved. In this way we arrive at the principle of
distributed feed-back lasers.

In a number of cases the laser process can be achieved without the specific
feed-back mechanisms we just have studied. For instance in a number of
semiconductors the difference between the index of diftraction of the
material and that of air is so big that the internal reflection is big enough
to achieve the same effect as a mirror. In addition to the arrangement of
mirrors we just have mentioned, also more exotic arrangements have been
suggested and even verified, e.g. the whispering gallery mode (fig. 3.7).

Before we turn to a more detailed description of methods how the modes
in an open resonator can be calculated we mention a few technical terms.
The "quality of a resonator", Q, is defined by Q : @to where ar is the mode
frequency and /o its lifetime in the unloaded cavity, i.e. a cavity not y6t
filled with laser active material. /o is the time in which the mode intensity
drops down to l/e of its init ial value. In ourbook we shall use the decay
constant x:tl(2to). In order to obtain a high Q according to physical
optics (theory of diftraction) the following criterium must be fulfilled. In
the case of two mirrors with apertures 24, and 2Ar, respectively, and
separated by a distance D, the inequality

A,  A"
; i ' r ' ( 3 . 1 )

Fig. 3.7. Example of a whispering gallery mode.
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50 3. Laser resonators

all the essential steps of the mathematical analysis can be seen when we
deal with a scalar field using Huygens' principle.

Let the field strength at point x' be given by E(x'). Then according to
Huygens' principle this point is a starting point of a new spherical wave
which produces a field strength at point x which is given by

ik  exp[- ik lx -  x ' l ]  8, ,  _, \
2 ,  l . 4 l  

E \ x  ) '

Here k is the wave number; r and x' are vectors defined bv

r :  (x ,  ! ,  z) ,

x '  :  ( x ' , l ' ,  z ' ) .

(3 .5)

(3.6)

(3.7)

(3.8)

(3.e)

The total field at point x is found by integrating over all original points x'
on a surface. In the following we shall consider the spherical mirrors as
such a surface and we shall choose the coordinates x and -y on them.
Corresponding to the two mirrors S and S'we write

E(r) :  Es6, y)

and

E(x'):  Er '(x ' ,  Y').

The field on mirror S is given by

exp[- ikp] - ,  ,
p

where

lx - x' l : p.

Because of 2A< R we approximate p by

p , xx'*yy'
R 

- t ---Rt-

In accordance to what we have stated in section 3.1 we define a mode by
the property that its field distribution is repeated when going from one
mirror to the other one, besides a constant factor o,

Et(x,  y) :  oEs,Q, y) .

E r ( x , r r : L *

(3.2)

(3.3 )

(3.4)

(3 .10)

Inserting (3.7) into (3.10) we find an equation for E5'. To solve this equation
we proceed in several simple steps. Because it wil l turn out in a self-consistent
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52 3. Laser resonators

After a little bit of guessing one may quite easily find the solution of the
equation (3.16). It is nothing but a Gaussian distribution

f(*) : exp[- tlrx'l R]. ( 3 . 1 7 )

We leave it as a little exercise to the reader to check that (3.17) is indeed
a solution of (3.16) and to determine the constant in front of the integral.
In the following it will be convenient to have a suitable abbreviation, namely

x:xJk l  R,  y :yJ t r /  n . ( 3 . 1 8 )

With (3.17) and (3.18) and choosingthe same solut ion forgiveny we f ind
the field distribution on the mirrors. It is a Gaussian distribution

E(x,  y) :  Es expf  -16 '+ Y ' )J .  (3 .19)

We may define the spot radius, lil., by that radius where (3.19) has dropped
to lf e, which yields

, " : J  R t r l n . (3.20)

Huygens'principle allows one also to calculate the field inside the resonator.
Because the derivation of the result is of a more technical nature we just

write down the corresponding formulas. We use the abbreviation

( : 2 2 /  R ,

and find

(3.2r)

(3.22)

(3.23)

(3.24)

where

e (x, y, €) : r (:( I + f ) * 
#=u t\ o(X, +r',) - (;- r,),

and

r - €
9o:  

1  t ,  E '

As we may see, in x, y-direction the field is still Gaussian though the spot
size varies along the laser axis. The function sin 9 looks rather complicated
but a little analysis reveals that it has the following structure:

sin s : sin(kz +f(z))' (3.25)

where sin(kz) describes the fast oscillations of the field, whereas f(z) is a
slowly varying function. That means that in z-direction, i.e. in the direction
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( b )

Fig. 3.9. (a) Field distribution between two confocal mirrors, according to eq. (3.22). (a) and
(b) show only the envelope. The rapidly oscil lating function sin g has been omitted. (b) In
order to bring out the narrowing of the field distribution, in the middle part the field distribution
of (a) is somewhat exaggerated.
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posi t ion o f  mi r ror

pos i t i on



'pesn eq lsnu suorl€nbe s.lla^\x€I^I lueul€erl snoJoEu 3 Joc ',,X!+,X:X

,{lrlrqrldecsns xelduoc e ,tq paqrrcsep Eutaq lelroletu eAI}cB tlll/r\ pollu

sr sJoJJnu oql uoe^Ueq aceds eql leql etunsse oA\ gc?oJdde luaserd eql uI
'sJoJJnu 

Ieloru duls eueld oml Jo slslsuoc t{cILIA\ Jol?uosoJ loreg-,fuqeC ?

JO IepOIu leuorsueulp-o/tu ? Jeplsuoc o1r\ ,{llcrldurrs Joc 'pos?q st eldtcuud

.suaE,(n11 qclql\ uo uoll€tulxordde eql splo^e qclq/t\ uollslnolsc lepoul € Jo
sllnseJ eql elscrpur ,{gorrq o} lue/r\ ea uollcos luesard oql uI 'uolqseJ aldults

JeqlBJ 3 ur Jol?uosoJ IscoJuoc 3 uII{lI/t\ suotlernEguoc plog eql euluJelep ol

euo s/t\olle aldrcuud .sueE,{nH Jo uotlectldde eql A\oq uees e^€q eA\ uollces
EuroEarog er{l uI 'o{II 

{ool sepou eql lrrotl Eurlaeg ? rop"er oql anr8 ol qsl^\

Jeqler ol[ 'q1Eual 
IInJ ur .ftoeq] roleuosor luesord ol esodrnd rno 1ou sf lI

roluuosor 1ora;-,ftqud u u! sepo6 'gg

( r e'e)

'sraEelur em I pue u'ar ereqm

' (Z I u (u + w) + Ul - (, I rL)Z : Iu(,

,(q uenrE ore LIcIt{^\ pollltup€ em l Jo senlsl

elorcsrp ,{1uo uorloerrp-z ur 1€r{} uorluou ola 'sessol 
Jo spuDl eseql qtl^\

peuJocuoc eq lou IIBtls eA\ OJoJeJeqI 'SJoJJIIU eql 3o ,(ltntsslusueJl ellug

eql ol enp sassol ue{} '001 
Jo rotc€J e ,tq ,(11ecrd,{1 're11etus qcnu leraueE

.pegrtuo ueeq s?q fofrl dxa uorlcunJ turlelpcso flprder eql 'u1(ot{s st edolarrua aqt fluo ern3g

sql uI 'OZ't)'be o1 turprocce 'rol?uoser 
lucoJuoc eql eplslno uoltnqulslp plelC '01'€ 'EI.{

JoJJruJ 1o uorgtsod

SS roleuoseJ 1ore4-,{rqeg E ur sepot\l '€'fg



56 3. Laser resonators

Due to the symmetry

E": u(y, z),

i a u
H r : -  .

S t t o  d z '

or

of the probl

H,: t  u^u
lL@ dy

we may put either

1
I

r l

)

H,: u(y, z),

r i a u i a L l
E r :  , - - . - 1 -  ; - - ,  E r :  - ;  

-  
- .'  ( e t y ) a 0 z '  ( e * y ) o t 0 y -

(3.33)

(3.34)

(3.32)

(3.36)

(3.37)

Inserting the hypothesis (3.32) or (3.33) into Maxwell's equations we readily
verify that U must obey the wave equation

AU +k ! "U  :0 ,

where the wave number is given by

- .  t o '  /  
F { \k i a : Z \ r _  
, t

within the active material and

A L I  + k z ( I : 0 ,

with

k 2 :  a ' / c '

(3.3s)

outside the active material. e is the dielectric constant. The mirrors are
assumed to have a reflectivity r, close to one, so that the tangential com-
ponents of E and H must satisfy a certain boundary condition, called the
Leontovich condition. It reads

r
E,un": t l : f  r  t - r )nxH, (3.38)

where n is a vector normal to the mirror surface.
The essential results can be summarizedas follows. If the Fresnel numbers

are sufficiently high, the electric field has the following spatial dependence:

r  m r1  . l l  " \ g ' lsinf(r+i l ; )" 'L( '* t t  , )  (3.3e)
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Fig. 3.12. Amplitude (above) and phase (below) distribution for the lowest mode of odd
symmetry for the two-dimensional resonator (N: l0). [H. Risken, Z. physik lg0, 150 (1964).]

A more detailed analysis reveals that in higher order approximation the
functions (3.39) and (3.40) have to be changed in two ways. The /'s, rn 's

and n's acquire additional small imaginary parts and the expressions (3.39)
and (3.40) have to be supplemented by additional terms. Because the explicit
results do not give us much physical insight we rather show the correspond-
ing amplitude and phase distributions for the lowest modes in figs.3.11
and 3. 12.ln the remainder of this book we shall be satisfied with the explicit
representation of the wave functions in the form (3.39), (3.40) when we
deal with standing waves.

0.60.4
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*r', N, W N
1 2 2

N,

Fig. 4.1. The various optical transitions in a system of two-level atoms with the occupation
numbers N, and Nr.

a system of two-level atoms, and let us study the temporal change of the
occupation numbers N1 and Nt. The number N, increases by the excitation
of electrons by the pumping process. The transition rate is proportional to
the number of electrons available in the ground states of the individual
atoms, i.e. it is proportional to N,. The corresponding proportionality factor
wil l be denoted by wrt (f ig.4.1). Here and in the following we have to note
that we must read the indices of the w's from right to left, i.e. w2l refers to
the transition from level I to level 2. This transition rate depends, of course,
on the optical properties of the atoms or, more precisely speaking, on the
corresponding optical transition matrix elements. Finally wr1 is proportional
to the intensity of the pump light. We shall not discuss this in detail but
we shall rather consider ,ilzt as a "control parameter" which we can
manipulate from the outside.

Atoms being in level 2 can make transitions into the ground state by
means of radiationless transitions in which no photons are emitted. Such
processes can be caused, for instance, by collisions in gases or by the
interaction between atoms with lattice vibrations in solids. The rate of these
transitions is, of course, proportional to the number of excited atoms, AI2.
The corresponding proportionality factor will be denoted by ,rr.

By means of this description we also take care of radiative processes
which do not belong to the emission of the kind of photons under considera-
tion here. Finally the processes of stimulated emission and absorption take
place. The number of transitions per second is given bV (Nr-N1)Wn.
Collecting all the contributions just mentioned we obtain the rate equation
for the occupation number of level 2,

W n NWn N,

dN.,

i :  
l ' f /zrNr - ' i lnNz-(Nr -  N)Wn. (4.2)
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unsaturated inversion. Inserting Do and (4.9) in (a.8) we finally obtain

d D l

d t  
: 7 @ o -  D )  - 2 W D n . ( 4 . 1 l )

(4.r2)

when we neglect for the moment being the last term in (4.11), we can
readily solve this differential equation and find a solution which tells us
that D relaxes towards the value Do within the time T (compare the
exercise).

By use of (a.6) we can write the rate equations of the photons in the form

d n

A :  
D W n - 2 x n .

Eqs. (4.1 1) and (4.12) are the fundamental laser equations which we shall
discuss in more detail. Because the r.h.s. of these equations contain products
of the variables D and n, these equations are nonlinear and in general
cannot be solved in closed form. Therefore we shall proceed from the simple
case to more complicated cases when discussing and solving these equations.
In the most simple case 14 and D are time independent, i.e. we consider
the stationary state.

Stationary solution

In this case we have

dn  dD
d r  

: 0  a n d  
*  

: 0 ,

so that (4.1 1) reduces to

(Dr -  D) :2TDWn.

solving this equation with respect to the inversion D we obtain

D :  
D o

|  + 2 T W n '

Eq. (4.15) teaches us that the actual inversion D decreases from the inversion
Do, which is prescribed by pump and relaxation processes only, when the
photon number increases. This fact is expressed in technical terms by saying
that a saturation of the inversion occurs. This eftect can most easily bi
represented when the photon number n is still small. In this case we replace
(4.15) by the relat ion

D -  Do- 2DoTWn ( 4.16\

(4 .13)

(4.r4)

(4 .1s )
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Fig. 4.2. Emitted photon number no versus unsaturated inversion Dn. In
the crit ical inversion Ds:2rcf w no laser emission takes place. Beyond
photon number increases linearly.

Do

this model ,  below
that inversion the

assumptions. Let us consider the deviation of D from the unsaturated
inversion Do, i.e. D - Dn.

Let us assume that D - Do changes only little over times T (compare
exercises). Expressed mathematically this means that

l o  I
l ; ( o  -D . ) l< lP  -  Do l l r  ( 4 .22 )
l d r  

' l

shall hold. Because D6 is t ime independent, i.e. dDr/dt:0, we may neglect
the l .h.s.  of  (4.11),  i .e.  dD/dt  compared to (D0-D)/T which occurs on
the r.h.s. or, in other words, we may put dDldl :0 in eq. (4.1 I ). This allows
us to solve (4.11) immediately by expressing D(r) by means of the instan-
taneous value of n(r) as we did in (4.15) above. But in contrast to that
former result n and D now depend on time /. Inserting (a.16) in (4.12) and
slightly rearranging the terms we obtain the laser equation

#: 
(DoW -2*)n -2DsTW2n2 (4.23)

This equation can be interpreted as follows. When the laser is pumped only
weakly the inversion Do is small or even negative. In this case we have
(DoW -2*) < 0 and the total r.h.s. of @.23) is negative, i.e. dn/dt is negative.
Even if at an initial time some photons are present, for instance by spon-

2v/W
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(b )

Fig. 4.3. The photon number n versus time t. (a) At time t :0 a finite number of photons was

given, but the laser was operated below laser threshold. (b) The laser condition is assumed

to be fulfilled. The photon number approaches, according to the initial photon number, the

stationary value no from above or from below, respectively'

( a )  f o r  a > 0

n ( t ) :
qc expla(r - to)l

|  +bc exp[a( t  -  to) ] '

where c is given bY

fls
t : -"  

( a - b n o ) '
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Equation for the occupation numbers

dNr/ dt: Nlrzo - wnNz- WNrn.

N is the total number of atoms. Because of our assumption that the lower
laser level is practically unoccupied we may replace D by N, in the equation
for the photons. We now assume that deviations of n and A/, from their
stationary states N6 and N!, respectively, have occurred. We study whether
and in which way a stationary state will be reached again. To this end we
make the hypothesis

D - Nz: N3 + 6Nr,

n :  no*  6n ,

where the stationary solutions

-2x *  IVN9:0

and

N w z o - N ! r , r - n o N \ W : 0 .

(4.26)

(4.27)

n6 and N! are fixed by the conditions

(4.28)

(4.2e)

(4.2s)

(4.30)

Inserting (4.26) and (4.27) in @.2 ) and (4.25) we obrain terms which
contain only the stationary solution, terms proportional to 6n or 6N2 and
finally expressions which contain the product 6n 6Nr. We assume that the
deviations from the equilibrium values are only small. This allows us to
neglect the term 6n 6Nz being of higher order. Because the stationary
solution obeys the eqs. (4.28) and (4.29), this solution drops out and we
only retain the equations

d 6N"

dr 
Dn: 

Ng 
2xn1' '

and

d 6N"

; unt: -ff Nwro - 6n N|w.

These are two coupled linear difterential equations which we can
usual by the exponential ansatz

6n:  A  exp(a t )

and

6Nr :  B  exp(ar ) .

(4 .31)

solve as

(4.32)

(4.33)

We insert (4.32) and (4.33) in (a.30) and (4.31), perform the differentiation
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T ime

Fig. 4.5. Example of relaxation oscil lations. [L.F. Johnson, in: Lasers, ed. A.K. Levine. Dekker.
New York 1966.1

Exercises on section 4.3

( I ) Establish the rate equations for the photon number n and the atomic
occupation numbers for the transition scheme of fig. 4.4. Discuss the limiting
case that wo, becomes very large. Convince yourself that in this case Nr = 0.
Under which assumptions may one replace the first term on the r.h.s. of
(4.25), which in an exact treatment should read Nowro,by Nwro, where Ns
is the number of atoms in the ground state? Why is one allowed to keep
for the whole set of equations only those for the photon numbers and for
the AL?

(2) Determine 6N2 which corresponds to (4.42) and determine Ar and, A,
by means of the init ial condition at t ime t:0,

6n(0) : 6/to, 6AL(0) : 6Nz.o.

H i n t :  E x p r e s s B b y m e a n s o f  A ( f o r  A r , d -  - r * i o , , a n d f o r  A r , a -  - r -
ir,r.) using eq. (a.3a).

4.4. Q-switching

The rate equations of the single mode laser (section 4.1) allow us to study
the performance of the Q-switched laser. In such a laser the reflectivity of
one of the mirrors can be suddenly changed. This change can be achieved
by mounting one of the mirrors in a certain distance from one end of the
laser material and letting this mirror rotate. In practical cases a rotating
prism is used (fig. a.6). In order to achieve very short switching times, Kerr
cells are used also, which are especially practical if the light of the laser
active atoms is already polarized for instance in ruby crystals.
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where

a :  W D ; - 2 x .

ni  exp(a. t t ) :  a/2W: n^u*,

or equivalently

/ r :  ( I l a ) l n ( a l 2 W n , ) .

In the initial phase of the pulse, n increases exponentially with the gain
constant a where upon the inversion decreases on account of (4.43) or
(4.46). The increase of n stops at latest at t ime /1 when D(tr) = 0. (In reality
it ends earlier because of the loss constant 2x.) If we neglect in (4.46) ,,1;,

against the exponential function exp(ar) it follows from eq. (4.46) that

(4.47)

(4.48)

(4.4e)

(4.s0)

Eq. (a.a8) incidentally represents the number of photons present at time /1.
After time /r we may assume D:0. The photon number then decreases
exponentially according to

n( t ) :  n , "u*  exp f  -2* ( t  -  t ) ] .

The equations just presented are quite useful at least for an estimate of the
quantities tt, rl^u*and n( r). To solve the equations more accurately computer
solutions must be used. Some typical results are presented in fig. 4.7.

4.5. The basic rate equations of the multimode laser

In the preceding sections we have studied a laser, assuming that the atoms
emit light only into a single mode. This is, of course, in contrast to the
emission of atoms in conventional light sources where light is emitted, for
instance, into all possible directions. As we mentioned above, a reason for
mode selection is the difterent lifetimes of difterent kinds of photons. In
this section we wish to study in more detail how mode selection in a laser
is achieved. We shall see that simultaneous emission of photons into different
modes can happen also.

To this end we have to discuss the structure of the coefficient W which
occurs in the laser equations more closely. So far we have taken this
coefficient from Einstein's theory of absorption and emission of photons.
As we shall show in detail in later chapters, W cannot be considered as
constant for all kinds of photons. We wish to visualize how IV looks like
in reality and to derive its form in a heuristic fashion. (For its derivation
from first principles cf. section 6.9.) W stems of course, from the interaction
of the light field with the atoms. If we consider a single standing light wave,
e.g. in the form sin kx, it is quite clear that this light wave cannot have any
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chapter 3). Denoting the corresponding wave forms by u^(r*) and using
the ideas just mentioned we are led to assume the transition probability in
the form

W crclu^(x*)l'

Because we shall deal with several wave forms we distinguish the u's by
the index ,\, where ,\ shall remind the reader of the wave-length. But in our
present context it may also denote the various directions of propagation of
a wave or its polarization, etc. x, denotes the space point where an atom
is located. The individual atoms are distinguished by the index p. In this
sense W represents a transition rate caused by the interaction of the wave
A and the atom pr (f ig. a.8).

A further dependence of W onthe light field and on the atomic quantities
follows when we take into account the polarization of the light field and

Fig. 4.8. The interaction function lV (eq. (4.51)) versus the
laser axis. L is the distance between the mirrors of the laser
atom p. (a) x, coincides with an antinode; (b) x, coincides

( 4 . 5 1 )

spatial coordinate x along the
resonator, x, the coordinate of
with a node.
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O oJr

Fig.4. l0.  An i l lustrat ion of  the funct ion W according to eq.  (4.53).

rate with which an atom emits light into the mode ,\. Therefore we shall
require that w is proportional to the expression (a.53) (f ig. a.10).

In some cases we have to generalize (4.53). For instance, laser-active
atoms in a solid may occupy different kinds of positions within the crystalline
lattice. Due to their different positions the atoms have different central
frequencies ar which we will have to distinguish by the atomic index p. If
there is a distribution of dr's over a certain frequency range, an
inhomogeneous broadening is present. An inhomogeneous broadening is
caused also in gases because of the Doppler shift due to the motion of the
gas atoms. In the cases of homogeneous and inhomogeneous broadening
we have to assume W in the form

W x
y ' * ( r * -  o ^ ) '

(4.s4)

tL under

Let us collect the individual conditions which we impose on V/ and let
us anticipate the still lacking proportionality factor which we explicitly
derive in a later chapter. w^u can then be written in the form

W x * :
y ' * ( a * - o t ^ ) 2 lg*^l', (4.ss)

where we have used the abbreviation

gpt, : i&e^u^(**)lr^l (2hes)lt/2. (4.56)

Evidently all factors within g&^ are known from our above considerations

2 y

Because IV depends on the mode l and on the laser atom
consideration, we attach the indices ,\ and pc to W.

2 y
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and

+ -  -wzrN, , * *  wnNz.*+d*L, twxr" .  (4 .59)
dt  

" t '  L ' tL  
^

By adding (a.58) to (4.59) we obtain the conservation law for the total
occupation number of the atom p

d

;  
(N ' , ,  *  Nr . r )  :0 ,

and thus

N, , *  *Nr , *  =  N* :  l .  (4 .60)

Because we are dealing with a single atom, we have put N" : l. In a way
analogous to the single mode laser (section 4.2),we may derive an equation
for the inversion d*:  Nr.*-Nr,^,  f rom (4.58) and (4.59),

(4.6r )

Eqs. (4.57) and (4.61) are the basic laser equations which we wish to discuss
now.

Exercise on section 4.5

(l) Formulate the rate equations corresponding to eqs. (4.57), (4.58) and
(4.59) for three-level atoms with the pump scheme of fr5.2.9.

4.6. Hole burning. Qualitative discussion

Within the frame of rate equations it will be our goal to calculate the
intensity distribution over the individual modes of the laser or, more
precisely speaking, we wish to calculate the number of photons belonging
to the individual modes z\. Because the rate equations are nonlinear, this
task is not quite simple. However, one may get some useful insight into
some important mechanisms by a study of the inversion d, which is crucial
for the determination of the photon numbers. To this end we start from eq.
(4.57) where we shall ignore the last term describing spontaneous emission
as already mentioned above. As is evident from eq. (a.57), the inversion d*
of the individual atoms determines whether the losses described by the term
-2x^n^ can be compensated. In the following it will be important to note
that the inversion d* is determined in turn by the photon numbers as can

d l
,  -  d * : : - (do -  d* )  -2d*L  n^W^* .
o t  I  ^
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where v is the volume and ft^ the wave vector. Because in (a.55) only the
absolute value of (a.66) enters, w^" becomes independent of the spatial
coordinate. Therefore we may confine our discussion to that part of w^*
which has the form

W^*x
y '  * ( t ^  -  d ) ' '

(4.67)

After these preparatory steps we discuss hole burning in an inhomo-
geneously broadened line. We consider an inhomogeneously broadened
atomic line where the transition frequencies a), depend on the atomic index
p. we first study the behavior of dp (4.6s) when we chang a 6*.For sake
of simplicity we shall omit the index pa and consider fre. 4.1 l. In it the
inversion d is plotted versus @. If no laser action takes place, i.e. if f l :0,
we obtain the unsaturated inversion d6 which is shown as the upper dashed
line. When n is unequal zero we must subtract the Lorentzian curve (4.67)
from do. The maximum of that curve lies at that atomic transition frequency
ar which coincides with the frequency ar^ of the laser mode under consider-
ation. The half width of this curve is given by y. Thus we obtain the solid
curve shown in fig. 4.1 I which exhibits an incision in the inversion. That
means that due to laser action the inversion is reduced close to the resonance
line ar: &),. or, in other words, that a hole is burned into a line.

How does this hole burning aftect the equations for the laser modes? The
photons are produced by stimulated emission, i.e. by the second term on
the r.h.s. of eq. (4.57).In this term the inversion d, occurs under a sum

Fig.4.ll. The unsaturated inversion doand the saturated inversion d(ar) versus the atomic
transition frequency d; at is the mode frequency.

2 y
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Fig.4.l3. The inversion density d1a1 u..sus the atomic transition frequency rrr. The hole
burned at the position @,r ( : mode frequency) can easily be seen.

(r)r6.

In order to represent d we have to multiply the curves of f igs. 4.Il and 4.12
with each other. we thus obtain fig. 4.13 showing the dependence of the
inversion density on the transition frequency &r. Of course, again a hole is
burned into the inversion density at the frequency 6: a^.How does this
kind of hole burning affect the gain which is proportional to (4.69)?
Evidently in the sum (4.68) or in the corresponding integral the factor

W^*= W(r) :  const  x
y ' * ( r ^ - , ) "

dt : dt*, (4.72)

occurs once again (compare also (4.67)). Thus those contributions to the
sum (4.68) are most important which stem from the surrounding of ar : ar^.
Because the depth of the hole is the same for all mode frequencies ar;, the
effective gain wil l become the biggest if the position of the hole coincides
with the atomic central frequency aro. In the stationary state the depth of
the hole is determined from the condition

the atomic positions here.
d by the relation

a @ ) :  d ( o )  p ( a ) .

d n- l l :0 '
o t

i.e. that the relation

(4.70) suggests to introduce the inversion density

(4.7 t )

(4.73)

(4.74)

2 y

- s_ L

lL

2*^ W^*d*
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final result for the inversion density. This figure deals with the case in which
the frequencies ar1 and a2 of the corresponding laser modes have a distance
from each other which is large compared to the homogeneous line-width
y. As we have observed above when treating a single mode, the factor W^,
which occurs once again in the sum (4.68) essentially picks out the surround-
ing of 6 : ror. This means, of course, that when two modes are present they
do not influence each other with respect to their gains. When we visualize
the two laser modes I and 2 as two cows on a meadow it means that these
cows are grazing on two different parts of the meadow or, in the context
of a laser, that the modes draw their energy from two entirely different
kinds of atoms. The situation changes drastically when the distance between
the two mode frequencies becomes so small that they are lying within the
line-width 2y.Then the two cows, so to speak, graze on the same part of
the meadow and the question arises how the resulting competit ion wil l end.
We shall discuss this question in section 4.9.

We now turn to hole burning in gas lasers because here especially interest-
ing effects occur. We confine our discussion to a single laser mode. For the
case of several modes I have to refer the reader to my book Laser Theory
(Encyclopedia of Physics). Because gas atoms move, the Doppler effect
plays a role which becomes of special importance if laser action takes place.
According to the Doppler effect, the transition frequency aro of an atom
flying away with the velocity o from the observer appears shifted according
to

a r : o r o ( l - u l c ) .

Correspondingly the frequency of an
appears shifted according to

o :  r i to( l  + u/  c) . (4.76)

Because the individual atoms p. have different velocities up, an effective
line broadening is brought about. We may take over our above discussion
of the inhomogeneously broadened line of atoms at rest when we use the
oJ*'s occurring in @.75) and (4.76). However, an important difference with
respect to the solid state laser occurs because (4.75) and (4.76) contain the
velocity components, 4 of the individual atoms in the direction of propaga-
tion of the laser waves. When we deal with standing waves, the laser mode
consists of two waves running in opposite directions. As a consequence the
laser mode resonates with two kinds of atoms, namely those moving in
opposite directions with a certain velocity lul. thus each wave burns two
holes into the atomic inversion.

In complete analogy to our earlier discussion we still have to take into
account the distribution of frequencies. Accordingto (4.75) and (a.76) this

(4.7 s)

atom flying towards the observer
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We insert in it the saturated inversion which according to (4.64) reads

d* -  do( l  -2TnW^*) .  
@.79)

we adopt running waves (cf. (a.66)) so that IV^,, does no more depend on
the space coordinate x. Using the explicit form of W^* as defined in (a.55)
and (4.56) and replacing the index p by cD we may write

4: aol&el2lheo. (4.S1)

By inserting @.79) into (4.78) we cast eq. (a.78) into the form

n:  nL W^*(do-2TnW^*dr)  -2xn.  (4.52)

We convert the sum over the atomic indices p into an integral over space
and an integral over the frequencies cD,

l l
I . . . : 1 . . . d 3 x 1 . . . 0 r .  ( 4 . 8 3 )
L L J J

Because W does not depend on space the integration over the volume
elements d3x yields the volume V of the resonator. In order to evaluate the
integral over ar we use a Gaussian distribution for the frequency distribution
p ( a ) ,  i . e .

W^r= W^(r ) :+- /  
V  y ' + ( o - r ^ ) "

where we have used the abbreviation

p(o)  :  po@Jd- '  . *p[  -  (=) ' ]

the denominator in (a.80) we have eventually to treat

dopoA 
I z;-*@J,t-' .*o[ -(;) '] o"

(4.80)

(4.85)

(4.M)

Here p6 is the density of atoms, po: N /V, where N is the total number of
laser atoms in the resonator and V the volume of the resonator, and a is
the halfwidth of the Gaussian distribution.

We first treat the first term on the r.h.s. of (4.82),

doL W^*.
lL

In order to evaluate this expression we insert (4.80) and (4.g4) into it.
Observing that integration over the volume in (4.83) cancels against V in

(4.86)
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Fig.4.l7. Spatial hole burning. The inversion d(x) is lowered at the positions x where the
antinodes of the laser modes are. L: laser length.

p.In other words we assume that the central position of all atomic transition
frequencies is the same. Since we are primarily interested in the spatial part
of w^p we consider only that part. According to our equations (4.55) and
(4.56) where ut(x*):JTIV sin(k^x*), this parr is given by

W^*€(sin k^xr)2 (4.e2)

When we plot the inversion d* as function of the spatial coordinat e x : xp
according to (4.65) we obtain the curve of fig. 4.17. Quite evidently holes
are periodically burned into the unsaturated inversion precisely at those
positions where the standing wave of the laser mode has its maxima. If not
only one mode is present, but, for instance, two modes according to (4.64),
both modes burn holes into the unsaturated inversion.

In the next sections we shall show how hole burning has an eftect on the
coexistence or competition between different laser modes. To this end we
shall proceed in several steps. We first discuss the special case in which
only one mode out of many survives. We then show qualitatively how the
coexistence of modes becomes possible and eventually we shall present a
detailed mathematical treatment of the effect of hole burning on mode
coexistence.

4.9. The multimode laser. Mode competition and Darwin's survival of
the fittest

we consider a laser setup which allows running waves only. This may be
achieved by a rectangular arrangement of mirrors (compare fig. 3.6) where
besides the laser-active medium a cell is present which permits the
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different frequencies the corresponding IV's difter from each other. Under
this hypothesis the expressions 2x1f w^, z\  :  I  ,2, . . .  must be di f terent f rom
each other. Thus we have found a contradiction which stems from the fact
that we have assumed a set of modes with nonvanishing photon numbers
n^. This contradiction can be solved only, if at most only a single n^ differs
from 0, whereas all other n^ vanish. As one can easily convince oneself that
n^ is difterent from 0 whose frequency lies closest to the atomic transition
frequency. Of course, our considerations can be immediately gener alized
to the case where a discrimination of the modes is caused by their different
lifetimes in the laser resonator. These considerations give rise to the impor-
tant result that in a laser only one mode is selected if the frequency
distribution of the modes and their lifetimes are taken into account. In
other words, in the sense of biological selection only one mode can win
mode competition and all others have to die out. This is a precise mathemati-
cal formulation of Darwin's suryival of the fittest. If we visualize the excited
atoms as food which is continuously fed into the system and the photons
as animals the result has the following meaning: One kind of animal has
a better access to the food. It grows more quickly and this kind of animal
can eat more food. The other animals cannot compete in eating and event-
ually perish.

As this example shows, coexistence of animals can be reached if they are
enabled to live from separated resources of food so that the animals eating
fastest cannot take away the food of the other animals. In biology this is
achieved by ecological niches. In the laser, in an abstract sense, a similar
situation can be achieved by letting different kinds of atoms generate
different kinds of photons. This may happen, for example, in the following
CASES:

( I ) The atomic l ine is inhomogeneously broadened.
Let us consider the special case in which only two kinds of atoms with
difterent optical transition frequencies ar, and 62 are present whereby the
corresponding emission lines do not overlap. In such a case the photons
belonging to the modes with frequencies @t: 6r and a2: ri2 are separately
supported and can coexist. The general case of continuously distributed
central frequencies (inhomogeneously broadened line) has been discussed
in section 4.6.
(2) The modes are standing waves.
We find a similar situation if the modes are standing waves and the line is
for instance homogeneously broadened. We explain this situation by means
of the example of two modes whose spatial distribution is presented in
fi9. 4.18. If only mode 2 is present it generates an inversion by spatial
hole burning as presented in fig. 4.19. Evidently mode I experiences an
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unsaturated inversion there where the mode I itself has its maximum (fig.
4.19). Thus mode I can live on that part of the unsaturated inversion. Quite
evidently both modes are at least partly supported by two different kinds
of atoms which are located at different positions. Thus these modes can
coexist provided the unsaturated inversion do is big enough. On account of
the figures it might seem as if this effect is important only for large wave-
lengths. But one may show that this effect is independent of the mode
wave-lengths in the resonator. In this way also several modes can coexist.
In the next section we want to prove this rigorously.

4.10. The coexistence of modes due to spatial hole burning. Quantitative
treatment

In this section we want to show how the effect of spatial hole burning can
be treated quantitatively. To this end we start from our fundamental
equations (4.57) for the temporal change of the photon numbers. These
equations read

ftt,: -2xt n^ * n^ W^*d*.

We assume that the inversion d, follows the laser light instantaneously as
explained in section 4.2. This allows us to put il*:0 in eq. (4.61) and to
solve that equation approximately for small enough n's, which yields

I
It

a. :  d, ( r -2r \ r^*^. ) ,

(4 .  r01 )

(4.t02)

(4 .103)

in which

(4.104)

(4 .10s )

which we have derived before. By inserting (4.102) into (4.101) we obtain
a closed set of equations for the photon numbers n^ alone,

nx : -2xt n^ * don^ L W^* - dsn^2T L W^*L n^,Wr,,*.

In the following *. ,truil focus our atteriio,, o,l ,ne steadv state

f i t : 0 .

As a consequence, eqs. (4.103) are transformed into

/
| - 2 * ^  + d o I  W t p - d o 2 T  I  n ^ , I
\  p  A '  p

w ^ . ) r t  : 0 .

This set of equations can be solved if either /l,r :0 or the term in brackets
vanishes. Since we are interested in actually lasing modes we shall consider
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apply this procedure to the evaluation of the sum over W^*, i.e.

N f ' 2- 
;  J. 

o'  r jsin'(k^x)A?.#*. ( 4.n2)

this sum by W^ Its evaluation amounts to performing the
in (4.112) over the sin-function squared, which immediately

We now

L W^*

We denote
integration
yields

2 M  + l

Using the definit ion of /^, (4.1 l8

f ZWi, for ,\ : ,\,,N I  W^"W^,* :1
tL lw^w^,, for , \  r  I ' .

It is a simple matter to evaluate also that sum over p which contains the
products of two w's again using the replacement of the sum over p, by an
integral. A brief calculation yields the following result:

for (4.

.  . + 2

( 4 . 1 l 3 )

( 4 . 1 1 4 )

( 4 . 1 1 5 )

( 4 . 1 1 6 )

(4.rr7)

(4 .1  18)

( 4 . 1 l e )

Inserting the results (4.113) and (4.114) into the brackets occurring in eq.
(4.105) we are readily led to the following set of equations:

-2*^ + do|  
do2T '  ' -  d^T

^ -=ff  
^L,*^n^,W^W^- no 3W'^/?,r :0.

After multiplying these equations by

N I w^doT,

we obtain

3W^n^ * ,  
^E^n^ ,W: , :  

l ^ ,

where we have used the abbreviation

/^:+(,'-:+)
r \ il^dol'

When we introdvce W^n^ as a new variable /,r, w€ readily verify that the
set of eqs. (4.117) has a very simple structure. This allows us to find its
solution in a straightforward manner.,

l x =  W t n t :  / , r
2 ( l r + . . . + l r )

N f  |  2 x ^: i Lzn t  
* ,  d "w^-

)

l  l e )

x * lW,

), we obtain

2 ( 2 x r l  W ,  + . lWtlt
r Lztut +t doil^ ( 2 M  + l ) d o

(4.r20)
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If we are satisfied with a rough estimate of up to an accuracy of 10% we
may replace (4.123) by

l " v
3r3< F;(s'Do- Ky), (4.r2s)

which allows us to quickly determine the number of coexisting modes once
6 (cf. (4.122)), g (cf. (4.107), (4.108)), D6 (cf. (4.124)) and y and rc are given.

(2) We now turn to the second example in which all modes have practi-
cally the same frequency but where the decay constants r(^ are different.
We treat this case by way of a model. Our model consists in the assumption
that the modes are space independent across the direction perpendicular
to the laser axis. A more detailed treatment should take into account that
variation also. For simplicity we label the modes in a new way namely by
distinguishing them by the index lz instead of ,\ so that

K ^ :  r ( 1 +  q ) ^ - t (4.126)

q is a quantity which measures how quickly the decay constant increases
when the mode index m increases. We let m start from m: l. We shall
further assume

M q < 1 .

Inserting this hypothesis into (4.121) we readily obtain

(4.127)

M

4 x  I  ( l + q ) ^ - '
m : l > 0 . (4.r28)

(2M + r )dow

The geometric sum over m can be easily evaluated. The result can be
considerably simplified by making use of the assumption (4.127). After
some trivial algebra we obtain as final result

1  _ 2 x ( I  +  q ) M - t  *
2 M  + l  d o w

M2<; (y  r )  + r , (4.t2e)

which allows us to determine the maximum number M of modes which
can coexist. If q is sufficiently small, quite a number of modes can coexist
even slightly above laser threshold which is given by

doW - 2x :  0.  (4.  130)

(Compare exercise 1.)
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Chapter 5

The Basic Equations of the
Semiclassical Laser Theory

5.1. Introduction

In this section we start with the central topic of the present book namely
semiclassical laser theory. In the preceding chapter we have described laser
action by means of the photon picture where we could motivate the laser
equations only heuristically. Therefore it is necessary to derive those
equations from first principles. Furthermore we know from classical physics
that for a complete description of the light field we not only need its intensity
which in a way corresponds to the photon numbers but also the phase of
the light field. Because photon numbers do not contain information on
phases the rate equations of the preceding chapter are incomplete. These
deficiencies can be overcome by the semiclassical laser theory. This theory
which we are now going to develop treats the light field as a classical
electro-magnetic field which obeys Maxwell's equations. Because laser
action is brought about by the interaction between the light field and the
atoms we have to treat the motion of the electrons within the atoms
adequately. It turns out that we cannot ignore quantum theory entirely and
indeed when treating the motions of the electrons we must start from the
quantum mechanical treatment. In the following we shall proceed in several
steps. First starting from Maxwell's equations we derive a wave equation
for the electric field strength. It will turn out that the polarization of the
medium acts as a source for the electro-magnetic oscillations. Then we shall
study how this polarization is in turn generated by the field. Thus we arrive
at equations describing the coupling between field and atoms. Finally we
introduce some well founded approximations and thus obtain the funda-
mental equations for the semiclassical laser theory which we shall treat in
the chapters 6 to 9.
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It will be our goal to derive a simple equation from the equations mentioned
above, namely an equation for the electric field strength. If we know this
quantity we may calculate, e.g. the magnetic induction by means of eq.
(5.1). In our subsequent treatment we shall deal only with the electric f ield
strength ,E because it contains all the information which we need to develop
laser theory. In a first step we differentiate (5.2) with respect to time and
obtain

cur l l i : j+ f i .

In (5.1) we replace the magnetic induction B by poH. Then
in (5.7) by cur lE according to (5.1) and thus obtain for the

- c u r l c u r l E = A E .

(s.7)

we express .Ff
l .h .s .  o f  (5 .7)

In deriving (5.8) we have used the following equation, well known from
the vector calculus:

curl curl 6 : grad div E - AE,

where the relation (5.6) has been taken into account. In it 4 is as usual the
Laplace operator, a : a2 I ax' + a'1 ay' + a2 f a22. Finally we replace the quan-
tit ies j and D on the r.h.s. of (5.7) by means of the relations (5.4) and (5.3),
respectively, and bring all expressions containing E to the l.h.s. of (5.7).
We thus obtain the fundamental wave equation

(5 .8 )

(5.e)AE -\t * pooi : poF,

where we have put e6;r,6:l/c2, with c the l ight velocity in vacuum. when
we put P:0, (5.9) reduces to the telegraph equation which was derived in
the last century. In the exercises we shall discuss some solutions of the
telegraph equation. In eq. (5.9) the polarization P may be considered as a
source term which produces the electric field. On the other hand an electric
field in a medium can generate a polarization. Therefore we have to deal
with the question how to calculate the polarization p.

Exercises on section 5.2

Solve the telegraph equation (5.9) in one spatial dimension under the
following conditions:
( 1) At the points rc : 0 and x : L the field strength E must vanish, or
(2) the medium extends from x:0 t i l l  x :  m. At x:0,  E :  Eocos(aror)  is
prescribed.
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we can solve (5.11) immediately

- p  I
tt *  

^  o .3 - �  a '

where we have used the abbreviation

co2o: f I m.

Inserting this result into (5.10) we recognize that the dipole moment p* of

the atom g, is connected with the electric field strength by a constant factor
a, the polarizability of the atom,

(s.  r  3)

(5 .14)

( 5 .  I  5 )

(5 .  r7)

(s .1e)

p* :  d  E(x* ,  t ) .

An inspection of (5.13) reveals that the polarizability is explicitly given by

e ' 1q : -  - )  ) .  ( 5 ' 1 6 )
m  @ o -  @ -

Because the polarization of the medium is the sum over the dipole moments
per unit-volume it follows from (5.15) that P is proportional to E Because

in (5.9) the second derivative of P with respect to time occurs, the net effect

of the polarization is a change of the effective velocity of light in the medium.

Of course, what we have presented up to now is nothing but conventional
dispersion theory.

This theory is not able to represent laser action adequately, however.
Rather we have to deal with the quantum mechanical processes. To this
end we assume that only two energy levels within an atom participate at

the interaction between the atom and the light field. We denote the electronic
coordinate by f. With respect to the electron we treat the problem fully
quantum mechanically and therefore start from the Schrildinger equation

HV: ih l i r .

In it the Hamiltonian H is composed of the unperturbed operator Ho and
the operator of the external perturbation Hs

H s  :  e €  E ( t ) ,  ( 5 . 1 8 )

i .e .

H :  Ho+ e t  E ( t ) .

Ho refers to the unperturbed motion of the electron in the field of its atomic
nucleus. In the following we shall assume that the corresponding quantum
mechanical problem

H o g i : W i q i ,  j : I , 2 , (5.20)
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In order to simplify the notation we consider only one selected atom so
that we neglect the index p" for the moment being. We have introduced that
index above in order to distinguish the atoms. The expectation value of the
dipole moment p replaces the classical dipole moment (5.15). Thus, if we
can calculate p, we may determine the polarization P of the medium so
that our task to calculate the source term of the wave equation will be
solved. Inserting V, eq. (5.21), in (5.27 ) and using the relations (5.26) we
obtain

-p - cf c2 expl-iiatlr},r * c' cf exp[iatl &rr,

where we have used the abbreviations

ar : ( w2_ wr) lh

and

Ef etEu d't.

cf cr exp[ -iat]: d(t),

because with their help we may write the dipole moment in

- p  -  a ( t \  & p *  a * (  t )  & z t .

For later purposes we introduce the abbreviations

p ( * ) :  - a ( t )  & p ,  p \ - )  :  - d * (  t )  & r r ,

ur-: J

(s.28)

(s.2e)

(5.30)

( 5 . 3 1 )

the form

(s.32)

From this result it transpires that we have to know the coefficients c, in
order to calculate the dipole moment p. It has turned out that it is not so
useful to solve first eqs. (5.22) and (5.23) and then to determine the dipole
moment according to (5.28). Rather it has turned out to be preferable to
proceed along lines which we have presented in Vol. l, for instance when
deriving the Bloch equations of spins. There we have seen that we may
obtain equations for the expectation values of the spin components directly
and in a very simple fashion. We shall follow the same procedure here, i.e.
we wish to derive equations for the expectation value of the dipole moment
p. We note that the dipole moment p is known if we know the quantities

(5.33)

so that the dipole moment of the atoms under consideration can be represen-
ted in the form

p :  p ( * )  +  p ( - ) (s.34)

We now wish to derive an equation for (5.31). The reader wil l be well
advised if he considers a(r) as a measure for the dipole moment of the
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(5.39) with resPect to time

i l :  c tcr*c lc2-  c f  i r -  c f  cr .  (5 '41)

When we replace on its r.h.s. the time derivatives of c, according to the

re lat ions(5.36)and(5.37)weobta inaf terashor t t ransformat ion

1

d  : :  E ( r )  ( O ,  a *  -  a r ) 1 2 ) .
rn

This equation describes how the inversion is changed due to the interaction

of the electron and the electric field. When we wish to treat laser processes

we must not ignore the interaction of the atom with its surrounding, for

instance, we have to pump the atom energetically by a pump process' On

the other hand the electron may recombine on account of its interaction

with its surrounding. For instance, these processes can consist of radiation-

less transitions. But we also have to take into account transitions in which

light is spontaneously emitted without participating at the proper laser

pio..rr. All these processes taken together will lead to a relaxation of the

inversion towards a stationary value do within a characteristic relaxation

time Z, This eftect can be taken care of by adding the corresponding

relaxation term to (5.42) so that we obtain

O:irr r r ) (o '  a* -  a&12).T

The time constant T occurring in this equation corresponds to the longi-

tudinal relaxation time 11 of the Bloch theory of spins.

Now we have prepared all ingredients in order to formulate the semi-

classical laser equations but we have to remind ourselves that we are not

dealing with a single atorn but with an ensemble of N atoms in the laser'

For each of these atoms we have derived equations for their "dipole

moments" d and inversions d. We remind the reader that d(t) is a

dimensionless quantity which is proportional to the dipole moment,

however. To underline the physical significance of d we shall call it a dipole

moment here and in the following. In order to treat the ensemble of atoms

we attach the atomic index pc to the corresponding atomic quantities in the

equations (5.40)-(5.43). Furthermore we take into account that the electric

field st.ength E is a function of the atomic positions .rp' Thus we obtain

the fundamental matter equations of the laser

d*: ( - i ,  -  y)a*  - i tU. ,  t )  &21d1",

(s.42)

(5.43)

(s.44)



(*)

'ox + x roJ '0 : (or - r)g (t)

:osl? suorsueurp oeJgl ur pougep eq ,(eu uorpunJ-g eql

.asrA\Jeqlo

'q>ox>o 
JI

'uorlcung snonurluoc B sr

'ox + x roJ '0 : (ox - x)g (t)

:,{gedord Eurmollog
eqt ,{q pougop sl (9t'S) 'ba ut pocnportul o^\ qclq^\ uollcunJ-g s.ceJIC

t's uo$cos uo sosrJrexg

sruelqord lecrsfqd Eurpuodsorroc orll Jo luoruleor] eql roJ
polrns eroru are ,{eql }?ql os suorlenbe oseql uroJsusrl lll^\ am Eurmo1loJ
eql uI 'Qv's) pu? (9t'S) o1 Eurprocce d uogezrrelod eql ,{q .relncrpud
ur pelceuuoc ors f,e.11 '(Sl'S) pue (W'S) suorlunbe relteru oql Jo pu€
(O'S) qtauerls plau crrtcele eql roJ suorlenbe oqt Jo tsrsuoo {a,II 'suollenbe

go ruelsfs pesolc ? punoJ o^Bq o^t snql 'e^oqe ̂\ou{ ot toE o^Br{ e^\ qcrql\

'(,.33, 
@1" +r, & (t)'r)- :,lrd + (l\d :'td

.,^ :9] : xp (ox - x)e ( 4I I '(ox)l) /v \ " 
,J

(x)l ll',{rurlrqre tnq 0 < 3 ereq^r

'l:xP(ox-t)g' 
'f 

fUl
,+or J

Qv's)

Kq n, serlrluenb eql qlrl\ palcouuoc oJe dd slueurour elodrp lenprnrpur
eql '(l esrJrexe areduoc) spenerd d lueuou elodrp Eurpuodserroc aql llg
s! 'r uorlrsod cruole uB ueq/r\ orurl qceo pue uorlJunJ-g eql Jo sueau ,{q

Iurreleru aqt etedyed em r eleurpJooc aql eEueqc e/r\ ueql6 'lerJel€tu eql Jo
stuol? eql IIB JoAo sunJ tuns oql 'esrl\Jeqlo soqsru€A r{clr{,r\ pue tr: r lurod
1e 4ead e Eurleq se pezrlensrl eq uec qcrq/r\ uorlcunJ-g s.cuJrCJ sr g lr uI

(qrs)''d ("- r)g !:1r'*y4

ruroJ aql ur uorlezrr€lod eql elrr^r e^\ qcrq^\ ,tq 1cr.r1 l€crlerueqleru
B esn o^\ pue stql oI 'sluetuotu alodrp lenpr^rpul eqt qtl^\ pepeuuoc sr
uorlezrJslod crdocsoJce(u aql A\oq uorlducsord e esrnep ol ol"q am ,{11eurg

(srs)

L1l suorlenba roll?tu eql .€.9$

'(.t&dn -in'.e) (r "*)sT*&:.y



108 5. The basic equations of the semiclassical laser theorv

I
( i i )  |  a ( t - x s )  d 3 x :  l ,

J v

provided x6 is contained in V.

(l) Evaluate I"fQ) 5(r-ro)d3x in analogy to the equation marked
with 1*; .

(2) Average (5.a6) over a volume element 4 v which contains xo. Let 4 v
be so small that in it p* practically does not change. write p*: p(xo) and
show P(ro, t): pp(xo), where the bar above p means averaging. p is the
density of the atoms, i.e. p: AN I Av where 4N is the number of atoms
in the volume / 14
Hint: The average is defined by

P(x, r) d3x.

5.4. The semiclassical laser equations for the macroscopic quantities
electric field strength, polarization, and inversion density

By simple transformations, equations for the macroscopic polarization and
the inversion density may be derived from eqs. (5.44) and (5.45). Because
we shall not immediately make use of these equations in the subsequent
sections, the speedy reader can skip this section. Once again we consider
the decomposition (5.46). When we insert the further decomposition (5.47)
in it, it suggests itself to introduce the new quantity

P,*,(r ,  t ) :  -16(r  -  x*)  &n a*(t) .

We denote the quantity conjugate complex to l'(*) by pt-l

p(+)* _ pe).

In a way analogous to (5.48) we define the inversion density by summing
up over the individual atoms using Dirac's 6-function

D(x, t): 
? 

U(r - x*) d*. (5.s0)

It wil l be our goal to derive from eqs. (5.44) and (5.45) equations for the
macroscopic quantities P and D. To this end we multiply (5.44) on both
sides by 6(x-x*)  . } , ,  and sum up over p.  The term 6(x- x)  E(x, , t )

P:--l- |
A V  J o u

(5.48)

(5.4e)
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5.5. The laser equations in a resonator

As we know, in general laser processes take place within a resonator. It is
defined with respect to the laser by the mirrors mounted at the endfaces of
the laser material or by externally mounted mirrors. First let us consider
the electric or electro-magnetic field in vacuum and the one-dimensional
case (compare fig. 5.2). Let us assume that the conductivity of the mirrors
is infinite. In such a case the tangential component of the electric field
strength must vanish on the mirrors. This boundary condition is fulfilled
by the electric field if it has nodes on the mirrors. In this case the electric
field strength can be represented by

E: Eosin kx. (s.s6)
Here k is given by mnll, where t is the distance between the mirrors; m
is an arbitrary integer. Thus in the resonator a set of different modes can
develop. In the following we shall free ourselves from the specific form of
the standing wave (5.56) and we shall denote the spatial part of the wave
function by u^(x). In the special case just considered u^ has the form

u^ (x) : €t J{ sin k^x, (5.57)

where e^ is the unit vector in the direction of the field polarization, i.e. it
is parallel to the electric field stren gth. J{ is a normalization factor and the
spatial variation of a^ is described by the sine-function as in (5.56). But
now we may also assume that r^ describes a three-dimensional configuration
of the electric field, for instance waves which, so to speak, do not run
parallel to the laser axis. The electric field strength which may be a general
function of space and time can be represented by a superposition of such

Fig. 5.2. The electric field strength E(x) between two mirrors separated by the distance L.
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it on later occasions. Finally we have to explain P^ which occurs on the
r.h.s. of (5.62). This is given by

& : 
I 

u^ (x) P(x) d3x. (5.64)

If we consider the decomposition (5.58) into the u's as Fourier decomposi-
tion, P^ is nothing but a Fourier component of the polarization, p. In
order to establish the relation of & with the microscopic representation of
the polarization, i.e. the individual dipole moments, we recall that the
polarization P is related to the individual dipole moments p* by

P(x, t) :  
I  

U(r - x*) p*. (5.65)

Inserting (5.65) in (5.6a) and recalling the property of the D-function (cf.
exercise on section 5.3), we may immediately evaluate (5.64) and obtain

& : P!*) +Pl-), & : -I ut,(x*) &nd*(r) +c.c. (5.66)

PI*' PI '

So far we have transformed the equation for the electric field stren gth E
into equations for the individual amplitudes E^(r). We now do the same
for the matter equations. This means only some writing because in eqs.
(5.44) and (5.45) we have merely to replace on the r.h.s. E(x*, r) by the
corresponding decomposition (5.58). We immediately obtain

d * : ( * i ,  -  y ) a * - ) a - I  E ^ (  t )  u ^ ( x * )  & r t ,
l n ^

d* : h+ *3 @r,af; - d *&,r)I E^ ( r) u^ (x* ).* T i h ' A

(s.67)

(5.68)

Eqs. (5.62), (5.67) and (5.68) represent a good starting point forthe treatment
of laser processes. In many cases these equations can be still considerably
simplified, however, by introducing two approximations which in general
are well founded. These approximations will be studied in the next section.

Exercise on section 5.5

Derive equations which generalize $.aa) and (5.45) or (5.67) and (5.68) to
three-level atoms with a pumping scheme of fig. 2.9.
Hint: Start from the Schrcidinger equation with three energy levels and
der ive equat ions for c{c2,  ctcr , l r , l ' , l r r l ' , lc . l t .  ROO decay terms -y(cf  cz)
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Eq. (5.67) can be transformed in a similar manner. To this end we recall
that a* contains the rapidly oscillating factor (5.7l). When we multiply the
equation for a*, i.e. (5.67), on both sides by exp[-iatl i t hits quantit ies E^
thus producing terms of the form (5.72). This allows us to apply the rotating
wave approximation to eq. (5.67), too. We thus obtain

(s.74)

Eventually we may decompose the quantities E^ and & occurring in the
wave equation (5.62) into their positive and negative frequency parts (com-
pare for example (5.69)). We thus obtain the field equation

d*:( - i ,  -  y)a*-  ja .T t l - ' t  t )  u^(x*)  Dz, .

, '^E\*)  +r!*r  * f  , , (a^^, f  es)E!1) :  - ( I lso)Pl*)

Eqs. (5.73) to (5.75) again represent a closed set of f ield and matter equations.
Our next task wil l be to further simplify eq. (5.75). This can be achieved

by the slowly uarying amplitude approximation. To this end we consider for
example the positive frequency part E!*)

El*'  :  A^(t) expf- iar^t] . (s.76)

As we shall see in later chapters, in general it will not be allowed to assume
that the amplitudes A^ are time independent. But it will turn out that A^
will change much more slowly than its accompanying exponential function.
This may be visualizedby saying that A^ performs much fewer oscillations
per unit time than its accompanying exponential function. Therefore we
may assume that the temporal derivative of A^ is much smaller than ar^A^,
i .e .

(5.75)

(s .77)l*l *1,^a^1
We use this inequality as follows. Differentiating (5.76) on both sides with
respect to time we obtain

d  _ , * ,  |  .  , d A ^ \
dr  

E l - '  :  
\ - ia r rA  

^  * i  
)exp f - ia r^ r ] .

But according to (5.77) we may replace (5.78) by

d

i 
tl-' : -it^E'^*''

(s.78)

(s.7e)

In a similar way we proceed with respect to the second derivatives and
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transform the original equation for the electric field strength (5.75) into

-2iroy (El-' � +ii. i �^EG)) - (o^ I es)i@..Ef) : (a'/"0)p1,*).

We divide this equation by -2ia^, introduce the abbreviation

x^ :  a^ f  (2es)

and put all terms except E!*) on the r.h.s. Thus we eventually
rather simple equation

El* '  :  ( - i r^  -  *^ )E1*) +l i ro lQeo) lp j ,*) .

(s .87)

(5.88)

obtain the

(5.8e)

We have assumed in addition that we may replace ar,,, by ar in the last term.
Let us summarize the results of this section. We have first introduced the

rotating wave approximation and then the slowly varying amplitude
approximation. The resulting equations are represented in (5.73), (5.74)
and (5.89). These equations may serve as a starting point for the laser theory
and they are indeed quite often used in that form. On the other hand it has
turned out that these equations can be cast in a still simpler and more
symmetric form. In sections 5.8 and 5.9 we shall introduce this kind of
equations which incidentally will allow us to make close contact with our
quantum theoretical treatment of the laser in a later chapter. In that quantum
mechanical treatment we shall also quantize the light field. But so far we
shall remain in the frame of a semiclassical theory.

5.7. The semiclassical laser equations for the macroscopic quantities
electric field strength, polarization and inversion density in the rotating
wave- and slowly varying amplitude approximation

The rotating wave approximation and the slowly varying amplitude approxi-
mation cannot only be applied to the laser equations in a resonator, but
they may also serve to simplify the laser equations we derived in section
5.4. Since we shall need the thus resulting equations much later in this book,
the reader may skip this section and read it only later when it will be needed.

We start with the field equation (5.55). With respect to its l.h.s. we have
several options depending on the specific problem, i.e. standing or running
waves. When we use standing waves, we are essentially dealing with the
field in a resonator. Since this problem was treated in sections 5.5 and 5.6,
we shall deal here with running waves. Incidentally, this allows us to treat
the functional dependence of E on x and t in a symmetric fashion. To this
end we consider a plane wave expfi(lc -iia.t)] which is slowly modulated
in time and space. We therefore write

E(x,  t )  -  gt+)( . r  t )  + nt- t1x,  t ) , (s.eo)
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In the last step of our analysis, we multiply this equation by c2l(Ziar), use
the relations

k f k : e v ,  c ' l r o : l / e o ,  o f ( 2 e s ) : x  ( 5 . 1 0 1 )

and on the r.h.s. of (5.100) the approximation o:rit. This leaves us with
the final lesult, namely the field equation for the slowly uarying amplitude

/c(e1,Y) E[*)(r, r) + r[*)( x, t) + rcE[*)(4 r)

: io l (2e)  P8* ' ( r ,  r ) .

+ jfr.-'� @, t) & 2) & t2D(r, r).

We wish to reduce the matter equations (5.52) and (5.53) in a similar fashion.
To this end we insert (5.90), (5.91) and (5.98) into (5.52) and apply the
rotating wave approximation. We immediately obtain the equation for the
slowly uarying amplitude of the polarization

P[*)(r, t): ( ia -iro - y) P[*)(r, r)

Note that a need not coincide with ar, but that we require only la - , | < @, 6.
We insert  (5.90),  (5.91) and (5.98) into (5.53).  When we neglect  in

6' t+)p(-)  _ BG) p(+) _ g(+) p(+) + E(-)p(-)

(s .102)

(5 .103)

(s.r04)
the rapidly oscil lating terms oc exp[ti (a + a)r] we can transform (5.53) into
the equationfor the inuersion density containing only slowly uarying amplitudes

d ^ .  Do -  D(x ,  t )
-  D l . r .  r ) :

d r T

-3<4"(r, r) r[-)(r, r) - ES-)(.r, /) p3*)( x, t)). (5.10s)
tft 

'

The equat ions (5.102),  (5.103) and (5.105) represent our f inal  resul t .

5.8. Dimensionless quantities for the light field, and introduction of a
coupling constant

In this section we continue our outline of section 5.6. In the following we
shall introduce dimensionless variables b^ and bf instead of the mode
amplitudes El*) and Ef ), respectively. The quantities E^ and b^ differ by
a simple factor only, namely

El* ' :  iJnrJ Q"o\u^, (5.  r06)
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,klore precisely speaking we assume that the light field amplitude decays
in the course of time by means of the damping constant x^. Thus the electric
field strength is represented in the form

E(x, t) :  
T 

,^ Q) u^(x) .  .& +conj. compl.

where b^(t) is the amplitude of the field mode,\. This amplitude is made
dimensionless by means of the factor "Al^,

----- 
r

Jrtt : i../ ha^ I (2eo,.

The specific choice of "4{^ was made so that we can establish a direct
connection with the quantum theory of the light field. The reader is advised
to remember in the following that b^(t) is connected with the electric field
strength of the mode z\ except for a numerical factor. While the light field
represents one subsystem of the la.ser, the other subsystem is provided by
matter. We assume that the laser material is built up of individual atoms
which we distinguish by the index g.. with each atom p a dipole moment
p, is connected which we represent in the form

- p , " :  & n d * ( t )  +  & 2 1 a f ; ( t ) . ( s . l  l 2 )

In it O't is the dipole matrix element which is in quantum theory a prescribed
and time independent quantity. Its precise definit ion is given in eq. (5.30).
a*(t) are time dependent functions which determine the temporal behavior
of the dipole moments p*. BecauS€ pp and a* differ only by the constant
vector O12 w€ shall consider in the following d*(t) as a dimensionless dipole
moment and shall also call it that way. When we consider a system of
two-level atoms, the only additional atomic variable still necessary is the
inversion d*. It is defined as difference of the occupation numbers of the
upper and the lower level of the atom p;

d * :  N r , * - N r , p .

So far we have discussed the subsystems, namely the modes on the one
hand and the quantities describing matter on the other hand (dipole moment
and inversion). These two subsystems interact with each other by means of
the electric interaction between the electrons of the atoms and the electric
field. This interaction is described by a coupling constant g which depends
on the indices p. and )t;

g t"x : i& 2ru^(*)'[, J Qn t J.

Evidently this coupling constant contains the dipole matrix element O21 ?s
well as the spatial field amplitude u^ taken at the atomic position r,,. This
assumption implies the dipole approximation. As we have shown in the
preceding sections, the following equations have been obtained for the

(s .  r  l0)

( 5 . 1  1  l  )

( s . l  13 )

( 5 . 1 l 4 )
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the field into the atom by absorption. This change of direction is taken care
of by the factor d, whose size depends on the actual occupancy of the two
atomic levels.

Let us now turn to a discussion of the r.h.s. of eq. (5.1l7). The first term
describes the relaxation of the inversion caused by the pumping and incoher-
ent relaxation processes. do represents the resulting equilibrium inversion
and T is the corresponding relaxation time. The sum over I is brought
about by the interaction between the field modes ,[ and the atom p.. As may
be shown this term is proportional to the energy per second put into the
atom or drawn out of it because of the coherent interaction between the
atom and the field.

As we shall see in the next chapters, a wealth of phenomena is described
by  the  equat ions  (5 .1 l5 )  t i l l  (5 .1 t7 ) .

For sake of completeness we now quote a formulation, which is equivalent
to eqs. (5.115)-(5.1t7), but which stresses the continuous distribution of
atomic frequencies, oJ,,, in an inhomogeneously broadened atomic line. In
such a description (compare also sections 4.6 and 4.7) the frequency a),, is
replaced by the continuous (frequency) variable cD, and correspondingly
also the index p. lt is further assumed that gr^ is space independent (cf.
a lso sect ion 6.1).  Therefore the equat ions (5.116) and (5.117) read in th is
notatlon

( i  a  :  ( - i ,  -  y )a  r * i  I  g " ,^  b^d  r ,

,  do-  d .
d a :  :  +2iL (g*.^ a  ̂ bf . -  c.c.) .

I 1

( s .1  1  8 )

(s .1  re)

Most important, the sum l, in (5.115) is transformed into an integral over
ri, which contains the frequenoy distributi on p(a) (cf. section 4.6), which
may be a Gaussian or, in some model calculations, a Lorentzian. In this
way, (5.115) is transformed into

b ^ : ( - i a r ^ - r ^ ) b ^ d o  p ( a )  o  ̂ . (5 .120)

Note that a ", d " and b^ are time dependent functions.

Exercise on section 5.9

Special ize the eqs. (5.115)-(5.117) into those for a s ingle mode laser and
assume gp,r r€al. Make the hypothesis b: r exp[ig], d*: P*+ie' where
r, 9, Pp and Q* are assumed real and derive the equations for the new real
quantities.

-'J;
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We first study the case in which the pump strength d6 is so small that we
cannot fulfil the laser condition. Under these circumstances we have to deal
with a usual lamp. As one may convince oneself, the solutions of eqs. (6.1)
to (6.3) read b :0,  &r, :0,  d*:  do.  This resul t  is  in so far  astonishing as the
light field amplitude which is, of course, proportional to b, vanishes. In fact
one should expect that a lamp emits light so that a nonvanishing b should
result. This discrepancy can be resolved in a satisfactory way only in the
frame of a quantum theoretical treatment which we shall present in chapter
10. The cause for our present result rests in the fact that b, which occurs
in (6.1), represents only the coherent part of the l ight f ield. Light emitted
by a conventional lamp is, on the other hand incoherent.

We study what happens when we increase the pump strength do. rnorder
to check whether the solut ions b:dp:0 and dr:do remain stable,  we
superimpose small deviations 6b, Da, and 6d* on b, a* and, d", respectively,
and linearize the equations (6.1)-(6.3) with respect to these small deviations,
i.e. we neglect terms quadratic in these quantities, such as 6d*6b. While in
this approximat ion the eqs. (6.3) are st i l l  fu l f i l led by d*:do,the eqs. (6.1)
and (6.2) acquire the form

5 $ :  ( - i a r  - x ) D b - i g l 6 a r ,  ( 6 . 4 )
lL

5d* :  ( - i ,  -  y )Da*  + ig ibdo.

Because according to eq. (6.4) the l ight f ield is generated by the sum of all
dipole moments, it suggests itself to introduce this sum as a new variable

L* o*:  t .  (6.6)

correspondingly we sum (6.5) up over l, and obtain on account of

I : N : total number of atomsI
lL

(6.s)

(6.7)

the new equations

5 $ : ( - i a r - x ) D b - i g 6 E
and

65:  ( - i ,  -  y )DS + igDs6b.

(6.8)

(6.e)

(6.10a)

(6.10b)

Do: Ndo is the unsaturated inversion of all atoms. In order to solve these
coupled linear equations we make as usual a hypothesis in the form of
damped oscil lations

5b : Dbo exp[(- io + f)t l ,

65: DSo exp[(- io +f)r] ,
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(3) Derive the instability condition (laser condition) for the case that g*^
still depends on p. and a homogeneously broadened line.
Hint: Make the hypothesis b: 5b, d,": 6a*, d*: do* 6d* and derive l inear-
ized equations for 6b, 5a*, 6d*. Make the further hypothesis

6b:6bo exp[ ( - iO + f ) t ] ,

6o *  :  5a * .oexp[(- iO + f  )  r ] ,

6 d r : 0 ,

6b6, 6ar,o time independent.

Eliminate from the resulting equations 6ar,6 and convince yourself of the
following intermediate result:

( i o r  +  x - i Q + f ) ( i a r  *  y  - i A  +  D  -  d o l  l g r l t  :  0 .

6.2. Single mode laser action. Amplitud. "; frequency of laser light in the
stationary state

We again start from the eqs. (5.115) and (5.117) which we specialize to one
mode. Therefore we drop the index tr of rrr and y.In order to clearly exhibit
the connection with the rate equations introduced earlier we keep the index
,\ of the coupling constant g,^. We shall admit that the atomic transition
frequencies may differ from each other, i.e. that the line is inhomogeneously
broadened. Therefore the laser equations are of the following form:

d b

; :  
( - i ,  -  K ) b  - i l  g ! , t , a , ,

da . .

i :  
? i 6 * -  y ) a * I i g * ^ d u b ,

dd* do- d* ,  ̂ .
t 

: 
ff + zikf,^o *b* - sp^rrtrb).

(6.t4)

(6.  r  5)

(6 .16)

Because we are dealing with only one mode, the index ,\ is kept fixed and
there is no sum over i in the eqs. (6.15)-(6.16). Because we expect that the
eqs. (6.14)-(6.16) allow a stationary oscil lation of the l ight f ield we make
the following hypothesis for the field amplitude:

b :  B  e- iQt ,  6 .17)
where the time independent amplitude B and the frequency J2 must still
be determined. We expect that in the stationary state the inversion acquires
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the photon number n which we have

lB l ' :  , .

introduced into the rate equations

Eq. (6.26) describes how the actual inversion d, is changed with respect to
the unsaturated inversion do when the photon number n is generated by
the laser. d* is also known as the "saturated inversion". By means of (6.26)
we have expressed the inversion by the photon number. When we insert
(6.26) into (6.23) we may express the amplitudes A* of the dipole moments
by the field amplitude B alone. The A, calculated in this way is finally
inserted into (6.20). In this way we obtain the equation

(6.27)

(6.28)
I  *2TW^*n

In the following we shall assume, of course, that the laser condition is
fulfilled so that a laser amplitude B unequal zero results. Therefore we may
divide eq. (6.28) by B. In order to discuss this equation further we decompose
its left- and right-hand sides into their real and imaginary parts. We obtain
for the real parts

B(i(a -  a)*x) : I  ls*^ rBcJ). ,

w.
2 x : d , , s  

" " *
--"  

7 |  +2TW^*n'

do

(6.2e)

where we have used again the abbreviation (6.25).
Precisely the same relation can be derived from the rate equations (4.57),

(4.61) if specialized to a single mode. We leave it as an exercise to the
reader to convince himself of this fact (cf. exercise). If the photon number
n is sufficiently small, we may expand the ratio in (6.29) with respect to
powers of n. Retaining the first two terms we find the relation

Wt p - do2Tn W'^u. (6.30)

This relation can be considered as an equation for the photon number n
which may be calculated. Because the calculation does not bring us anything
new compared to the single mode case treated by rate equations we just

refer the reader to our former result (cf. sections 4.7 and 4.10 where we
calculated the sums over p explicitly for an inhomogeneously broadened
line or standing waves, respectively).

Let us now study the equation which results from the imaginary part of
eq. (6.28) (after we have divided it by B). We then obtain

Wtp

|  *2TW^*n

I
lL

2 x :  d o L
lL

a - e : - * l @ . - a ) (6 .31)
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state and the single mode case is concerned). But in addition we may now
also determine the frequeny of laser light. The phase of laser light remains
still undetermined. We shall come back to this problem when we shall deal
later with the quantum theory of the laser.

Our results lead to the question whether we may derive the rate equations
from the semiclassical equations also in the case of multimode laser action.
We shall come back to this question in section 6.9.

In conclusion of this section we want to present the explicit results for
the equations for the photon number n and frequency (} when the sums
over F, are explicitly evaluated. We quote the important special case of an
inhomogeneously broadened line and repeat the results for n obtained in
section 4.6:

Standing wave. According to (4.91), (6.30) can be cast into the form

J r
2x: poAdo'  

"  
e-u ' (  |  -3ATnlei l ) ,

a

where  we assumed y4a:
ps = density of laser atoms,
A: aol&lz lheo,
6 = (O - ro)lo (note the change a - Ql),
a : half width of Gaussian distribution (cf. (a.8a)).

The integral occurring in (0.f t ) can equally well be evaluated under the
assumptions y < a and (l +2TW^*n)-t: | - 2TW^*n. The result reads

a  -  a  -  -PoAdoe-u '  @16y  *nc ,

where

A2 psdsTJ nA ,-u '

(6.36)

(6.37)

f 6  1
@ ( 6 ) :  I  e " ' d n ,

J o

c : 1
2 2a2

Precisely speaking, (6.36) and (6.37) are two coupled equations for n and
O. They can be solved iteratively by assuming in a first step .f) : ar.

Exercise on section 6.2

( 1) Show that (6.29) follows from the rate equations (4.57), (4.61) if dn I dt :

d d * l d t : 0 .
Hint: Solve (4.61) for d* and insert the result into (4.57).

(2) Solve (6.36) for n.



'slop fq
ool lou

(ss'q)

polecrpur ere gclr{rr\ g Jo sreaod raq8rq eqt nelEau ,{eu em qErq

eJB spleg oql JI 
'sluelclgooc lu"lsuoc ulsuec ete ec pue Ia eJeqt\

' ' ' '+ ,lqlq" + qt) :dn

:ruJoJ Eurno11o; otll uI tn urelqo

Ileqs e^\ pu? elqrssod peepul sI slqt leql ees llst{s a1yg fq no sserdxa uec

err aldrcuud ut snql '(g'g) pue (Z'g) suotlenbe rellslu eql Jo esneceq s."p

pu€ s."n oql sexg ueql sIqI 'g pleg tq611 aqt /t\ou{ ,{peerle e^\ lstlt Eureq

luetuotu oql JoJ etunss? ed\ 'U adecse ol JepJo uI 'slcJlc SnoIcIA € glIA\ eJeq

Eurleep oJe eA\ esuos urepac B uI 'Jer{lo tlc€e uolllpuoc 'uotslelul cltuol?

pue Sluauour alodrp cluole 'apotu plag 'serlltuenb earql OSOqI ,{1}uept,re

alln} 'uorsrolul oql Jo oEueqc lerodrual t sosnec epoul pleg eq] pue salodtp

eql Jo uolteradooc eql (g'g) 'bo o1 turproccv 'selodrp oqt Jo suoItBIIIcso

sesnec eporu IqEII eqt l€gt sn sllel urnl ul (Z'9) 'bg 'epour plog eqt elereuaE

sluoruoru elodrp egl (l'9) 'be ol turproccv'(e'9)-(t'q) 'sba uro.t; uels olfi
'YdB uo puu ocueuosoJ uo uotldurnsse culceds eqt dorp

IIBr{s ea\ ereq^\ os?c epoulltnur aql ol pepuelxe eq ,(eur a:npacord slt{l /t\ot{

A\oqs II€qs orvr uollces lxeu eql uI 'leoJ pounsse sI 3 ereqm '3 : vd8 'Y pu?

rl go luepuedapur og ol Yd3 luelsuoc Eurldnoc eql etunssu ed\ oJotuJeqIng
.'g : oor 'e'l 'dro SeICuOnbOrS UOIIIsuUJ] CIuOI€ OIII pu€ (D : \0,{CUenber; epotu

eql ueetUeq etu"uoseJ pexe eunSSB errr sdals aAISIcep egl oleplcnlo oI
'eldurexa ue s? JesBI epotu olEuts Oql qll/$ U31s e^\ pue uI sles uollc€ JoSBI

qcFlrr\ uI es€c eql lBeJl II"t{s e/r\'JeAeA\oq'uotlces luesard eql uI 'selllllqslsul

aseql qtyn edoc ol i(oq spoqloul sreldeqc ret?l rno uI luesoJder 11eqs
e^\ pu? serllllqelsul Jo ,{qcreratq eloqlrr B sI oreql lsql ees II€t{s e^\ paepul
',{11ecr1eurerp seEueqc lqErlgo roI^eLIeq e^Il?lIIBnb aqt areq^\ lurod,{1t1tqe1sut
,(1uo aqt lou sI ploqsort{l rosel eq} }3gl eos II€t{s elrr sroldeqc relul u1'k'r_.I
'sqlprrrt-eull clruole l€srelsu?r1 pue leurpnlr8uol eql ueql Jellstus qcnu sI v

qlpl/(,(llec eql l"ql Eurmollog oql ur etunssa llet{s o^\ eroturequnC 'lserelul

1ucrs,{qd relnctged go 'esrnoc 
Jo 

'sl t{clq^\ ploqsarl{l Jessl ol osolc IIe/t\ $lJo/l\

arnpecord rno letll sueetu slql'qEIq ool lou eru lYql sapnltldtue pleu eqt 13gl
serrnber eueqcs JnO 'uolleulxordde luellecxo u? uI uralqord eql ellos ol sn

sa\olle r{clql\ eueqcs uoll?rurxordde lereueE B esllap eA\ uol}cos luanbesqns
eql pue luaserd oql uI 'setueqJs uorlerrrlxordde alenbepe esl^ap of olsq

a/r\ eJoleJeql 'suorlenbo 
lBlluereslp JBeulluou peldnoc I+rr0lxz e^los

o1 lqEno aA\ epotu ay8urs e ,(1uo pu€ Stuol€ enllc€ Jesel ,r0l sulsluoc Jesel

e Jr OSnBceq Il€J plnot\ uollnlos talnduoc 3 uoAE 'turoJ pesolc uI pellos

oq louuec ruolqoJd srqt 'reeurluou eJB suollenba eql esneceg 'suollenbe

resel epotu elEurs oql Jo suollnlos luapuadep outfl ,{pn1s etrr uollces slq} uI

l€l sluelsueJl :JesBI epou alEuls eql '€'9$

sluolsuurl :resul opou elEugs eql 'g'9



132 6. Applications of semiclassical theory

If we retain only the l inear termq.b in (6.38), the dipole moments of the
atoms, dp are proportional to the field amplitude b. or, in other words,
we are back to conventional dispersion theory. Inserting the dipole moments
(6.38) in the field equation (6.1) we obtain a closed equation for b. The
circle is now closed again but we can solve this new equation. As the reader
may convince himself in the exercises this new equation does not allow any
stable solution, at least in general. Indeed the stabilization of laser light
can be properly described only if we take into account the nonlinear term
in (6.38). It wil l be our goal to derive (6.38) and then to study the resulting
nonlinear equation for b.

Let us now turn to the nonlinear equations (6.1)-(6.3), where we apply
the following iteration procedure. We first assume that the field is given in
the form

b : B exp[- i0r].

In the following we shall admit that B: B(t) depends on time. we shall
assume, however, that its temporal change is much slower than processes
described by the atomic relaxation constants y and l/ I As can be shown
in detail, B may be assumed as constant within the individual steps of the
iteration procedure. We shall further assume that in lowest approximation
a constant inversion

d* :  do (6.40)

has been established by pump and relaxation processes. On the other hand
according to eq. (6.2) a field generates nonvanishing dipole moments a,
of the atoms. Because we determine these ar's in a first step we call them
af;). According to eq. (6.3) dipole moments and field jointiy cause a new
inversion which we call d',]'. gy means of this new inversion which we
insert in the r.h.s. of (6.2) we obtain an improved dipole moment af;). As
we shall see in a minute explicitly we shall succeed in expressing the dipole
moments o*by the field amplitude b alone. When we insert the correspond-
ing expressions into the eq. (6.1) for b we obtain a closed equation for b
alone. This equation can be considered as a self-consistency condition. The
atomic variables are eliminated completely and we have determined the
reaction of the field on itself. Our procedure can be described by the
following scheme:

(6.3e)

(6 .41)
Start: 

W,t-iotl] 
- oy - dl])- ot) - b

Before we perform the individual steps explicitly we remark that in the case
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equation for B:

n1; : ( -. *fu) ",,, -g+ Bf se)
\  

_  
y /  y :

G C

The first term in the brackets on the r.h.s. stems from the cavity losses, the
second positive part stems from the unsaturated inversion. The last term
describes the lowering of the effective inversion by the laser process.

This equation tells us that the behavior of the laser system is fundamentally
different depending on whether the laser is operated below or above its
threshold (6.13). This can be visualized especially nicely when we identify
B(t) with the coordinate q(t) of a particle (in a purely formal way). By
adding an acceleration term mQ to (6.48) and abbreviating the r.h.s. of
(6.48) by K(q) we obtain the equation

m d  +  4 :  K ( q ) .

(6.48)

(6.4e)

(6.50)

This equation is the equation of motion of a damped particle under the
action of the force K. When we let m+0, we may retain the mechanical
interpretation which allows the following conclusions. The force K(q) may
be derived from a potential V

.  a  v (q )
K t q l = - -  ^  ,

where v(q),, , i"n r o,

V ( o \ - - G  
'  C

,  Q '  +7  Q- , (6.5 r )

and G and C were defined in (6.a8). This potential .is represented in fig.
6.1. When the laser is operated below its threshold, i.e.

D o 1 x y l g 2 , (6.s2)

the potential is represented by the dashed curve. The only equilibrium point
is given by q:0, i.e. the l ight f ield amplitude B = e is equal to zero. If on
the other hand the laser condition is fulfilled, the solid curye applies. Quite
evidently the amplitude q :0 is no more stable and there are two new stable
positions instead, provided we consider q as a real quantity. If q is complex
as it is the case with B, there are equilibrium positions with an arbitrary
phase of B, as we shall demonstrate below. Thus above threshold, Do)
yxlgz, the amplitude of the laser light is unequal zero. q can be easily
calculated by putting ti: 4:0 in (6.49) and by dividing the resulting
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16 is the field amplitude at time ro. Multiplying eq. (6.56) by r and putting
12: n we obtain the rate equation

n  : 2 G n  - 2 C n 2 .

It agrees with the rate equation of the single mode laser of section

(6.se)

4 . 1 .

Exercise on section 6.3

Solve the single mode laser equations (, : ,*: d, gt tr: g real) in the
linear approximation, where in (6.3s) only c, # 0 and all other cr : 0.

6.4. Multimode action of solid state lasers. Derivation of reduced equations
for the mode amplitudes alone

In chapter 4 on rate equations we showed that in a laser several modes can
be excited simultaneously. Therefore in this section we wish to treat the
question which effects can be expected in multimode laser action. The
experimental and theoretical study of such effects has not yet been finished
but is going on quite actively and indeed over and over again new types of
effects are being discovered. In this and subsequent chapters we shall try
to exhibit the most important and interesting effects so far found and we
hope that our treatment will enable the reader to explore new effects.

In this section we carry on the line of thought presented in the preceding
section, i.e. we confine our analysis to laser modes whose amplitudes are
still sufficiently small and to a situation in which laser action starts at the
laser threshold introduced before. Later on we shall present further methods
and results concerning new kinds of instabilities. Because the laser equations
which we derived in chapter 5 are nonlinear, in general it will not be possible
to solve them in closed form. In this chapter we shall represent two approxi-
mation procedures which will allow us to get a first insight into multimode
action. In the present section we shall apply the same method we used
when treating the single mode laser and we shall eliminate the atomic
variables, i.e. the dipole moments and the inversions. We then obtain
equations for the field mode alone which will give rise to new effects
especially to phase locking. Furthermore we shall look into the question
whether the rate equations which we derived heuristically in chapte r 4 can
be derived from the original laser equations of chapter 5. As we shall see
this is indeed possible provided one may assume that there is no phase
locking between difterent modes, i.e. provided we may average over the
phases of the individual modes. But let us start here with the derivation of
equations for the laser modes alone.
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improved inversion d|. ln order to integrate the corresponding equation
we make a hypothesis for d!) which just contains the exponential functions
exp[( io^ - iA^,)r ] .  We then obtain

/ \
d ' ) ' :  do(  I  -2  L g! ,^gu^,bf ,bs,D1,^t , *conj .  compl .  f  .\  ^ ^ '  /

The constants D*t,x,occurring in (6.65) are abbreviations
expressions:

D*xt , :  - i (6*-  Q^,-  i i l - ' l l /T  + i (a^-  o^, ) l - ' .

We now insert this improved value of the inversion (6.65) and our original
hypothesis for the field modes (6.60) into the equations of the dipole
moments. The integration can be done in a fashion analogous to the one
we just have used so that we may write down the final result immediately,

oY)  :  doL g*^b^( t ) (a*  -  Q^  - i y ) - '

-12do I gpt gf,x,g*^,,b^b|,b^,,M*n,t,.
, \ A ' I  "

(6.67)

The constant coefficients M,"t x,x,,are explicitly given by the expressions

M*n, t , , : l I l  T  + i (a^ , -  o^ , , ) l - ' (a^ , -  a^  -  o^ , , t  d )u - iy ) - ,

x  [ (& l *  -  A^ ,  + iy ) - '  -  ( ru  -  A^ , , -  i y ) - ' ] . (6.68)

This is, of course, a rather lengthy expression and we shall use it later on
in this explicit form only at few instances. Much more interesting, however,
is the form (6.67). The first sum is already known to us. It means that the
dipole moments oscil late coherently with the originally present laser ampli-
tudes b^(t).The additional term in (6.67\ stems from the fact that the
inversion has been changed by laser action. In contrast to the single mode
laser the inversion has become a time dependent function. The inversion
performs pulsations with frequencies corresponding to the frequency differ-
ences of the individual laser modes. Therefore this effect is called inversion
pulsation. By means of the explicit result (6.67) we can now do the last
step, namely we may insert the explicit expression for the dipole moments
(6.67) into the equations for the laser modes (5.115). We thus obtain our

L @ * - A^, - iy)*' sf"^ g*,,, bt, do
& ^ '

(6.65)

for the following

(6.66)

final equations

db,

; :  
( - i r ^  - r c ^ ) b ^ - i

-2do I 8!,^g*^,Tf,trgs"t3bt,b|,b^.M *^,^2^3.
trt )t1X)t 3

(6.6e)
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physically particularly interesting. The simplest case is, of course, that of
a single mode in which case we may drop the index ,\ of b^. Furthermore
we may drop all sums over A. But in contrast to section 6.3 we retain the
indices p, and may include the nonresonant case. The expression for the
inversion (6.65) now reads

When we recall the definition of W^u of eq. (4.55) we immediately recognize
that (6.70) agrees with the expression @.6a) which we derived in the frame
of rate equations. This expression describes, as we know, hole burning.
Correspondingly we obtain from eqs. (6.69) an equation of the form

d,,] , :r .( t  -2rls*^12
( a ^ - a * ) 2 + y ' "  l '#;7")

ff 
: t-t, - rc * Go +i6ar1)b - (, +i6o4)lbl2b,

(6.70)

(6.7r)

where the constants G6, 6a1, s, and 6ra�2 are real. We have derived an
equation of such a form already in the frame of the iteration procedure of
section 6.3 (cf. (6.46)). The additional terms 6art and 6c,r2 which occur in
the case of an incoherently broadened line are of special interest. These
terms describe a frequency shift of the laser mode. We have found such
terms in section 6.2. But there is a difference between our former result
(6.31) and our present one. In section 6.2 we had to confine ourselves to
the stationary case but could treat arbitrarily large amplitudes b. In this
section we could find also nonstationary solutions but we had to confine
ourselves to b's which are not too large.

Let us consider the second simplest case, namely that of two modes. We
obtain the following expression for the inversion:

-2T ls* ,1 , 2 y
l r12dN': {o( '

t y

, ) ]

) '

n

(A t  -  6 *

2 y-2Tlg*212
(a,

+l-2dsgf"rg*rD*rrfu

oc exp( i (O,

+fconj. complex].

-2dogf,zgptD*n!t"b,)

Though this expression is rather long, it can be easily studied. We derived
the expression which stands in the curly bracket already in the context of
the rate equations (cf. (4.64)). It again represents hole burning. The

-  Q r ) t ) c  e x p ( i ( O r -  O , ) t )

(6.72)
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The constants C,x, F, F', H,FI' represent terms which can be easily deter-

mined by a comparison with (6.69). The first row and the first term in the

second row which contains the factor C11 are known to us from the single

mode laser.
The other contributions contain expressions which represent mode coup-

ling. This mode coupling is brought about in various ways. First of all there

is the term containing Cn.It corresponds to an expression which we know

from the rate equations. It means that the inversion is not only diminished

by mode I but also by mode 2 (hole burning). The underlined expressions
are of special interest. The first kind of underlined expressions is given by

( Fn, * F' nr)br oc exp[- iQrt),

which means that the mode with index 2 tries to modulate the mode with

index 1 via inversion pulsation. Further modulation effects are represented

by the further terms (underlined by a wavy line) where frequency depen-

dencies,

(6.7e)

expf- i (2Or-  A) t f ,

expl-iQ0r- Ar)tf,

(6.80)

(6 .81)

occur. We recognize that an interaction between the individual modes is

brought about via the atoms whereby new frequency combinations leading

to sidebands are made possible. As we shall see in subsequent chapters
such coupling effects, where phase relations occur, play an important role

in several aspects. They may bring about phase or frequency locking, and

in the case that many modes acquire fixed phase relations ultrashort pulses

can be generated.

Exercise on section 6.5

Determine the constants Gs,6r^l, and 6ia,, in the single mode case explicitly
by means of (6.69). Compare the expression of 6ar, +lbl '6ar, with that of

eq. (6.31) under the assumption that2TW,"tn4l .

6.6. Frequency locking of three modes

The case we are going to discuss represents a particularly beautiful example
of how the semiclassical laser equations may describe effects which cannot

be treated by rate equations. We consider a laser which shows laser action
in the modes 1,2,3. We assume (as can be verif ied experimentally) that

these three modes belong to the subsequent resonator frequencies &)1, o)2, e)3.
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or vice versa. Because we shall assume that the expression (6.82) is small
the relation

Ar :  d )^ r+  A^r -  A^ , (6.8s)

is approximately (but not exactly) fulfilled. In order to elaborate the essen-
tials we shall assume in the following that the real field amplitudes rA are
time independent. Inserting the expressions (6.83) into the multimode
equations (6.69) and dividing in each case by the exponential function
(6.83) we obtain equations of the following form:

A, *  <i  r  :  6 r+ Im( C, expf i (O, *  e,  -  2er)  t l

xexp [ - i (2e r -  e r -  e ) f ) ,

Qt * Qt: 6z + Im( C3 exp[i(O r * e, - 2Or) t ]

xexp[- i (2er-  er -  e) f ) ,

A, * ciz: 6z + Im( C2 expf- i  (O, + A, - 2er) t ]

xexpl i(2ez- et- p:) l) .

(6 .86)

(6.87)

(6.88)

The quantities 6r, 6r, ti, are those frequencies which stem from the original
mode frequencies in the unloaded resonator and the various frequency
shifts. of course, in the general case these frequency shifts may depend on
the intensity of the laser modes. But because we assume that the intensities
are time independent we shall not be concerned with the dependence of
ri^ on the real amplitudes, r^. Similarly we shall assume that the coefficients
in front of the exponential functions are time independent constants

Ci : Ci(rr,  12, rr).

This is justified when we neglect temporal changes of r^.
We shall try to derive from eqs. (6.86) to (6.38) an equation for the quantity

V :  ( 2 Q 2 -  A t -  A ) t  + ( 2 e r -  e t -  9 z ) ,

(6.8e)

(6.e0)

which occurs in the exponents on the r.h.s. of (6.86)-(6.8s). To this end we
multiply (6.88) by 2 and subtract from it the eqs. (6.86) and (6.87). we then
obtain a single equation for v which has the following structure:

, h : t * a s i n  V + B c o s r / l .  ( 6 . 9 1 )

In it f is an abbreviation

€ :26r-  6 t  - -  6r .  6 .92)

a and B are constants which are composed of the real and imaginary parts
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frequency differences decreases. When lf l2 reaches the value o' + B'a quick
transition into the frequency locked state occurs and instead of the two
difterent frequency differences Oz - Q, and Ar- Aronly a single one occurs.

6.7. The laser gyro

A nice example for the application of lasers is provided by the laser gyro.
Incidentally this example shows us how technical applications are linked
with a profound understanding of fundamental physical phenomena. By
means of the laser gyro it is possible to detect rotations with respect to the
inertial system of the cosmos. Thus the laser gyro can replace mechanical
gyros. Basically the laser gyro consists of a ring laser which we show in fig.
6.3. If the whole arrangement is rotating with respect to the inertial system
of the universe, according to the general theory of relativity the following
happens. Observers, in our case the photons, running in the direction of
rotation proceed along a path whose length is different from that of observers
(photons) going in opposite direction. According to the general theory of
relativity, this change of length is proportional to the area A which is
surrounded by the path and proportional to the rotation speed O in the
inertial space. In the case of photons, flying with the speed of light, the

Kinemat i c  moun t Cathode

te r  sh ie ld

(readout)

n  sp l i t t e r

detectors

:r  pr ism

Ouar tz  b lock

Fig.6.3. Schematic arrangement of the laser gyro. [J. Kil lpatrick, IEEE Spectrum, Oct. 1967,
p . 4 4 . 1
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Laser gyro I
output rate I
of phase I
change I
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--
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Fig. 6.4. Frequency locking in the laser gyro (compare text).

positions x*, the velocities nLL (for which a Maxwellian distribution is
assumed) and over all angles @r1.

The equations of motion can now be taken directly from those referring
to f ixed atoms, (5.115)-(5.117),  i f  the coupl ing "constant"  (6.100) is used.
ar, is simply to be identified with the center frequency cJo of an atom at
rest. (The Doppler broadening is automatically taken care of by the explicit
representation of the atomic motion in (6.100).)

In a region not too high above laser threshold we may eliminate the
atomic variables basically by the same iteration procedure we described in
section 6.4. But because of the time dependence of g*^ in (6.100), one has
to repeat it step by step. We leave the explicit performance of this procedure
to the reader as an exercise and merely quote the results for the special
case of single-mode operation. Readers interested in two- and multimode
operation are referred to my book "Laser Theory".

Making the hypothesis

b*(t) :  B* exp[ior], ( 6 . 1 0 1 )
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a homogeneous spatial distribution of the active atoms, we obtain:

r c + i (  e - a 1 : P A d o  I  
Y + i ( a + a o -  a ) -

- \ - -  - /  
6  J ( A - a - r J ' + y '

" ( '
3yTnA J3yTnA

a ( o )  d a
5 [ ( O - c , r o * r ) ' + y '

u * i y

0  I  f  -2 i@)@ -  @o-  a  - i y )2 (A-  a ro  *  a  + iy )

x  a ( o )  d a . (6 .105)

p is the density of the atoms and A is defined in eq. (4.81). The terms
containing A under the first integral arise from a static depletion of excited
atomic states, while the second integral arises from the time dependent
response of the atomic system. This can be seen most easily by following
up the single steps of our iteration procedure.

Assuming a Gaussian velocity distribution and using constants typical
for a He-Ne laser, we can show that the last integral in (6.105) is one order
of magnitude smaller than the first one and therefore may be neglected.
Keeping terms up to order yla and splitt ing (6.105) into its real and
imaginary part, we obtain an equation for the photon density and another
one for the frequency shift (c is the half-width of the Gaussian).

5[(O - ao- d'  + y' f

, pA2don I-  r o  J

(1) Equation for the photon density;

J r r p A d s . - u ' [ .  3  . - ^ l  t* :--- 
6;- Lt 

- l  AnT 
\t 

* )1, (6.106)
2ly '+@ -  a) ' l

from which we determine the photon density:

(6 .107)

If the photon density is plotted versus frequency it shows a dip. This dip
is brought about by the fact that the atoms move in opposite axial directions.
As a result, two holes are burnt into the inhomogeneously broadened line
at two symmetric points of the line center. If we have fixed atoms instead,
no such dip occurs. This dip which was theoretically predicted indepen-
dently by Haken and Sauermann and Lamb, is called saturation dip or
Lamb dip. It plays a fundamental role in (nonlinear) saturation spec-
troscopy.
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assume that the laser equations allow laser modes of the form

b^ : Bx exp[-i0^ r],

where the amplitudes B^ may still be slowly varying functions of time. We
insert the expression (6.1 I I ) into the laser equations (5.1 l6) for the atomic
dipole moments and assume that the inversion d, is time independent or
varies only slowly in time. We then obtain quite similarly as in section 6.4

( 6 . 1 1 r )

the expression

_ \- igu^d*b^
Qt': 

+ 
'r@" 4^) + Y

We insert this expression immediately into the equations for the field modes
(5.115) and multiply the resulting equations by bf. We now add to these
equations their complex conjugates and introduce as usual the photon
numbers nr by means of the relation

n ^ :  b f  b ^ .  ( 6 . 1 1 3 )

The sum of the complex conjugate equations can be written in the following
form:

(6.tt2\

( 6 . 1 l 4 )

( 6 . 1 1 6 )

,t : -2xtLr^ * I Z( rg !tr^oruiu!+....).
,  , r l  \ - i ( O ^ ' -  r * ) *  Y  

- ' - ' I

Let us consider the expressions b^, bL which occur on the r.h.s. of (6.1 l4)
more closely. If we have everywhere ,\' : ,\, we shall use on the r.h.s. the
photon numbers (6.113) as in the usual rate equations. We now assume
that the oscillations ,\ are not phase locked. Let us imagine that we perform
a phase average on both sides of (6.1l4) and let us assume that the phases
are uncorrelated. Then on the r.h.s. of (6.114) all expressions vanish for
which i '  + i. In this way the sum over ,\ '  cancels and we may write (6.1 14)
in the form

n7: -2x7"^ * l  W^* drn^. (6 .1  r  5)

Here we have introduced the quantity IV^, which we may deduce from the
comparison of  (6.1l5) and (6.114) and which is given by

W^*:
Zvlg*^l '

( A ^ - , i ) 2 + y 2 '

But this is precisely the transition rate we introduced in chapter 4 in a
heuristic manner. The only difference rests in the fact that the mode frequen-
cies f2^ are the actual frequencies of the laser modes and no more the mode
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Chapter 7

Ultrashort Pulses

7.1. Some basic mechanisms. Active and passive mode locking

In section 6.6 we saw that locking of laser modes may occur. We wish to

study what occurs when many modes are locked together. For the beginning

we shall ignore the detailed mechanism which leads to mode locking. Let

us first recall how we have introduced the individual modes. When deriving

the semiclassical laser equations we decomposed the electric field strength

E into the amplitudes of individual standing waves. When we assume as
usual that there is only one direction of polarization we may consider ,O as

scalar. Thus the decomposition of E into modes is given by

E( t ) : I  r ^ ( r ) .

More precisely speaking E^ is a function of space x also,

E^(x, t), for instance E^ oc sin k^x.

( 7 . 1 )

For the moment being we are not so much interested in the spatial depen-

dence of the complex amplitude of E^ but primarily in its time dependence.

For simplicity we shall assume that all amplitudes have the same modulus,

so that we may write

E^ € exp[ ie^] .  (7.3)

We now consider two typical cases, namely:
(1) The phases g^ are statistically distributed. As a consequence

(7.2)

(7.4)E^E  ̂ , :  g  ( I  *  i ' )

holds (compare also the exercises). We investigate the intensity which results

from the average over the phases

I : I E Q ) T . (7.5)
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156 7. Ultrashort pulses

N and let the sum in (7.12) run over the

N - l  N - l
i - -  

2  
, . . . , i : ; .

following indices

(7.r3)

can be easily evaluatedThe sum in (7.12) is of the geometric type and

Err(t): Ee expfirr] T*3.
sln(i@ t, l

when we perform these studies from the very beginning for running
w'e have to replace (7.12) by the hypothesis

Ert(t): 
T 

to exp[iar^t -ik^xf, k^: ro^f c.

In this case the final result reads

Ept  :86  exp [ ia r  ( t  -  x / .y1 t in ( iM ' ( /  
-  " / tD

'  ' -  
s i n ( j  @ ' ( t  -  x l  c ) \

(7.t4)

waves

( 7 . 1 s )

For the following discussion of (7.16) we choose x:0 for simplicity. The
ratio of the sine functions reaches its maximum at the time

2 n
t : tn---7 t rr: integer.

The maximum intensity belonging to (7.16) is given by

I pr : I roltru' : N /,r,r"orreratedr

i.e. the maximum intensity is proportional to the square of the number of
modes. In this way we have found our first important results. If mode
coupling is possible, the emitted intensity can be multiplied by a large
amount which is the bigger the bigger the number of modes locked to each
other is. Fig. 7.2 represents the ratio of the sine functions in (7.16) as a
function of r - xl c. The exponential function in front of the sine functions
in (7.16) has been ignored because it represents the carrierwave which we
are not interested in for the moment being but rather in its envelope. As
we may see, the very intense pulse is followed by several very small ones.
The width of the big pulse is given by

2rr
' 

&)'.A/'

which can easily be deduced from (7.16). Nar' is the range of frequencies
cover ing the indiv idual  mode frequencies (compare (7.1l)-(7.13)) .  I t  thus

(7.16)

(7 .17)

( 7 . 1 8 )

(7. te)
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frequency &r' so that side bands result, especially with the frequency rrrl:
co * at' . We may expect that side bands created in this manner resonate with
mode E1 and influence in this way the field 8,. Such a modulation of Eo
becomes possible by a modulation of the losses produced by the mirrors.
To this end we make the following hypothesis for the loss rate:

K : Ko * rc, sin al ' f .

As we know, in the laser equations terms of the form

E'  x  Q.22)

occur. When we decompose E into its individual modes and pick up Ee as
well as the frequency dependent part of rc (cf. 7.21)), we obtain the scheme

EoQ) rc1 sin ar' l

J J (7.23)

t o \ :  o  +  a ' '

In this way a new field mode with the frequency ari is generated. If there
is a resonator mode just at this frequency ai it can be excited to a forced
oscillation being in phase with Eo. In a similar way E, can excite a further
mode E, in phase, etc.

Another way to produce mode coupling is provided by a saturable
absorber (compare fig.7.a).In this case a saturable absorber is inserted
in-between one of the mirrors and the laser material. The action of such
an absorber can be visualized as follows. Let us consider an ensemble of
two-level atoms (cf. fig. 7.5). when we irradiate this system by light, two
different cases may occur depending on whether the incident intensity is
weak or strong. If the intensity is weak, only few atoms will be brought
from their ground states to their excited states via absorption and they

1
soturoble

obsorber 
m

Fig. 7.4. Schematic set-up of a laser with saturable absorber for the generation of ultrashort
pulses.

(7.2r)
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Fig. 7.7. Visualization of the action of a saturable absorber. The tails of the pulse with too
low an intensity are cut away.

rate decreases beyond a critical field strength F-'r'. Such saturable absorbers
can be realized by organic dyes.

We now consider what happens in the laser of fig. 7 .4 due to the saturable
absorber. We imagine that by a fluctuation of the light intensity a wave
track with a spatially inhomogeneously high intensity has resulted. If such
a wave track hits the saturable absorber, those parts of it whose intensity
is not high enough will be absorbed, but the other parts having sufficiently
high intensity will be let through. In this way the wings of the laser pulses
are again and again cut away (fig.7.7), and the light pulse becomes shorter
and higher. In order to recognize how this picture can be connected with
loss modulation we consider more closely the pulse running back and forth
in the laser. Denoting by c'the effective speed of light in the total experi-
mental setup and by L the distance between the mirrors we mav write the
pulse repetition time as

t r : 2 L /  c ' . (7.2s)

The modulation frequency for cutting away the wings of the pulse is thus
given by

0 ) M : 2 r r / t r . (7.26)

Now let us assume that we decompose the pulse into its individual stationary
laser modes with frequencies ar^. Then the interaction of the modes within
the saturable absorber leads to new side bands which differ from the
fundamental wave frequency ar^ just by a multiple of (7.26). on the other
hand, the frequency distance of axial modes in the laser is given by (7.26)
with (7.25) when we recall the condition that half integers of the laser
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locking effects and depends on the mechanisms
According to the different mechanisms we have the
(a) loss modulation (active mode locking)

Z :  x1 s in r . r ' lb6;

nonlinear polarization (passive mode locking)

Z :  a(b! f to \bo;  (7.31)

internal modulation (saturable absorber) (passive mode locking)

under consideration.
following expressions:

(7.30)

(b)

(c )

z : ( - r " . - -  ^ r )  by :  - x1 Ib , .
\ l + B r  - /

The intensity I of all modes is taken in the form

1: lI b^J,[^ exp[ik^x]12.

Exercise on section 7.1

Prove (7.4).

Hint: The phase average E^^- is defined by

I  1 2 -  f r - '
, ^  , ,  I  d E  I  d q '  E ^ ( E )  E ^ , ( q ' ) .
( 2 r r ) ' J o  J o

(7.32)

(7.33)

7.2. The basic equations of self-pulsing lasers

In this chapter we continue the theme of the preceding section, where we
discussed how the mechanisms of phase locking can produce ultrashort
laser pulses. We shall focus our attention on a laser which becomes spon-
taneously self-pulsing, i.e. without an external modulation, e.g. of its mirrors.
Ultrashort pulses produced by a ring laser with a homogeneously broadened
atomic line were first predicted theoretically. Self-pulsing of laser has indeed
been found experimentally, but with an inhomogeneously broadened atomic
line. In order to elucidate the basic mechanisms and theoretical treatment
we shall present an analytical treatment of the onset of ultrashort laser
pulses caused by laser atoms with a homogeneously broadened line. We
shall then point out recent developments.

The main results of the following analysis are presented in section 7.6
and the reader not interested in mathematical details can directly proceed
to that section. We base our analysis on the equations (5.102\, (5.103) and
(5.105) for the slowly varying amplitudes E[*) and P[*) of the electric f ield
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7.3. A general method for calculating evolving patterns close to instability
points

Let us consider a system which we describe by a space- and time-dependent
state vector U(x, r). For simplicity we treat the one-dimensional case. Since
in the following we shall have in mind to solve the eqs. (7.38)-(7.40), an
explicit example for such a state space vector is provided by

/81x ,  ry  \
u(x ,  t ) :  I  r tn  r l  f  .

\D(x,  t )  I
(7.42)

For sake of simpli city E and F are treated as scalars but the method can
easily cope with the case in which they are vectors. We shall assume that
U obeys a set of difterential equations which we write in the general form

Y: G(U, a", A). (7.43)

(7.4s)

G is a nonlinear function of Il which may also contain derivatives of U
with respect to space. ,,1 is a parameter which may be controlled from the
outside, e.g. by the influx of energy. An explicit example for the set of
difterential equations (7.43) is provided by (7.38)-(7.40). We further use
the definit ion

o,:  E/ ox. (7.44)

We now consider the following situation. We assume that for a given A we
have found a time- and space-independent solution of (7.43). We call this
solution Ue. Again the system (7.38)-(7.40) provides us with an example
because the corresponding solution reads

/ r \":llJ
The method we are going to present here can be extended to the case where
Uo is space- and time-dependent and x is a three-dimensional vector. We
have to refer the reader for that case to the book Advanced Synergetics
(see references). As we have seen in a number of instances of the present
book, a solution can become unstable if a control parameter ,rl (e.g. the
pump power) is changed. In order to check the stability we make the
hypothesis (cf. section 6.1 for an explicit example)

U (x, t) : Uo + qQ, t). (7.46)
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functions exp[B/] and expfikx], we obtain a set of ordinary algebraic
equations where K is a constant matrix and B plays the role of an eigenvalue.
In order to find nontrivial solutions of

FO :  K(A, ik )  O,  (7 .56)

the eigenvalues B must be chosen properly. The matrix K is parametrized
by k so that the eigenvalues depend on k A set of algebraic equations
(7 .56)  possesses  a  se t  o f  e igenva lues  9 i , j :1 , . . . ,n .  We there fore  denote
an eigenvalue B more precisely by Bi(k). Also o depends on the same
indices so that we write

F : F i & ) ,  O : A & ) .  ( 7 . 5 7 )

Using these indices, k and7, the solution (7.50) is written in the form

w(x, t ) :  exp[pj(  k) t l  uk ' i  (x) .  (7.58)

We further shall assume that also left-hand eigenvectors of (7.56) exist, i.e.
that

Oi (tc)x : Fi(k) Ot(t ) o.ss)
holds. We assume that the l.h. eigenvectors and the r.h. eigenvectors form
an orthonormal set, i.e. that

d ( t  )  o ' (k)=L Oi(k)  ot , (k1:  s , , . (7.60)

(7.6r)

In order to solve the fully nonlinear equations (7.47), we expand the wanted
solution q into a superposition of the complete set of eigenvectors in.x-space
spanned by (7.58), i.e. we write

q(x,  t ) :  I  fu, ; (  t )  uhi(x) ,
k,i

where the amplitudes ((t) are still unknown quantities. Inserting (7.61) into
(7.47) we readily obtain for the l.h.s. of (7.47)

I fa, ( t) uf.i(x). (7 .62)
k,i

For the linear term on the r.h.s. of (7.47\ we obtain

L tu, iL  Ku' (A, ik)  o f ' i (x) ,
k j  r

which because of (7.56), (7.57) can be transformed into

Z Fi&) tr,,i uf'i (x)'
kj

(7.63)

(7.64)
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one of the eigenvalues becomes positive. A mode, j, k, is called unstable if

the real part of F;&) is positive (or vanishes).
As we shall see below, in the case of a ring laser, Fi&) may indeed

acquire a positive real part provided the pump is high enough. This instabil-
ity point is reached at a specific k wave number (see below fig. 7.9). We

shall call the wave number k, where this instability is reached first, k. We
label the B's in such a way that this instabil ity occurs forT:1. We shall
denote the pair (k: k,, j: l) by n indicating "unstable". When we further
assume that all other B's have negative real parts, all the other modes are

still stable and we shall use the following abbreviations:

( k :  k " ,  j  : 2 , 3 )  -  s ,  ( k +  k , ,  j  : 1 , 2 , 3 ,  .  .  . )  -  t .

For our general outline we need not restrict the analysis to a single
unstable mode but we may admit a set of them distinguishing them by the
index u. With the new notation of u and s we may rewrite the set of equations
(7.69) in a new self-explanatory fashion

dt"ldt : Fu€u *,1, c uu,u,tu,€u,

* I C,,,,6,,6', + I C,",,6,f,,,
S , U  s ' s l

(7.72)

where a**,t ",ii,i"Jku,u" is written as Cuu,ur, Cuu,, or Cu.r.r, depending on the

index combinations k', j', etc. Thus the unstable modes are coupled to the
stable modes. In many practical applications the terms C,u,u, vanish on
account of selection rules. For sake of simplicity we shall drop the corre-
sponding sum in (7.72). For the general case consult the references.

The stable modes in turn obey equations of the form

d{,/ dt: B"f" + C ruut€utr,

C rurr€u€r,

C r"r 116r, fr, , (7.73)

where again the C's stand for a. . . J .. . corresponding to the various
combinat ions of  indices k ' , j ' , . . . .  An important aspect should be men-
tioned here. Note that "unstable" and "stable" refer to the linear stability
analysis. Here we deal with a nonlinear analysis, however, and we shall see
that the "unstable" modes become stabilized because of their coupling to
the "stable" modes which in turn are coupled to the "unstable" modes. In
the following we shall indicate a method by which we can eliminate the

I
u , u l

I
u,s I

I
s l , s 2
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transient processes which occur on time scales shorter than Il@u are not
covered by this procedure. When we insert the expression (7.79) into the
r.h.s. of (7.72), we obtain terms of third order in €u,

€u: F,t" - bt',.

In many cases of practical interest, e.g. at the first laser threshold, were
"usual" laser action sets in, the sign of the cubic term is negative so that a
stabilization of the total state is achieved. Because it was found that this
need not always be the case when ultrashort pulses occur, one has to go

two orders of magnitude further and we briefly describe the corresponding
steps. In lowest approximation we treated eq. (7.7a) whose solution is given

in the adiabatic approximation by (7.79).
In the next step of our approximation we insert this solution in eq. (7.73)

which in first order then reads

(7.80)

( 7 . 8 1 )ldl dt - F,lf ! ' '  : I
U , U t

c,uu,€utu,* 
I, 

4,,, f,f!l'

ln the adiabatic approximation the solution of (7.81) is given by

6!t 
) : f!o) +,,!,,,,f ' , i ,),ur€,€,,€ur.

The constants f are defined by

f 'rli, 
u, : l0) uu, u, - F rJ- 

t C, ur,l, u, u, - F r r]-' C r, u, ur,

where we use the general abbreviation

@ u u 1 u 2 . . . u n :  I m ( F ,  *  F r r *  F u r + .  
.  . +  

F r ) .

(7.82)

(7 .83)

(7.84)

Inserting (7.82) into (7.72) we obtain a closed set of equations for the order
parameters f, alone. Because the explicit result becomes somewhat lengthy,
we leave this step as an exercise to the reader. In the case that only one
complex order parameter is present the (typically) resulting equation reads

ldl dt - B,l€,: Blt,l '€" + Cl€"lo t". (7.8s)

The reader may easily convince himself that the solution of this nonlinear
equation can be discussed in terms of a potential in analogy to our discussion
in section 6.3. We shall come back to this question explicit ly when dealing
with the laser.
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transforms the differential equation of the linearized problem into an alge-
braic equation whose determinant must vanish,

B + i k + K  0  - K

y A  F + y  y A
- l  - l  B + l

The characteristic equation belonging to (7.94) reads

B'+ B ' ( l  +  y  *  r  *  ik )  +  B l ik ( t  +  y \+  y(  I  + ,4  +  rc ) l

+ i ky ( l  +  A )  *2xyA  :0 .

For fixed k this equation has in general three different solutions B which
can be dist inguished by the index j :1,2,3.  A detai led discussion of  the
solutions of (7.95) is, of course, rather boring. Therefore we present only
the essential results. If the cavity losses are small.

x  1 l  *  y ,  (7  .96)

an instability occurs if the pump "power" ,rt exceeds ,r1". The critical value,
-,{., is given by

A. :4  +37 +  212( t  +  y ) (2  +  y ) l ' / , .  (7  .g7)

Then a range of wave number vectors k exists in which one of the three
eigenvalues B acquires a positive real part. We shall define the critical point
as that value of k for which the first eigenvalue touches the imaginary axis.
The corresponding critical eigenvalue reads

F":  i ly (3A.-  y) /21 ' / ' .

- 0 . (7.e4)

(7.es)

(7.e8)
A plot of the different eigenvalues in the complex plane is given by fig.7.9.
The individual points on each curve are parametrized by the value k Note
that the k-values must obey the condition k:nrl l, where zr is an integer
and L is the length of the ring cavity, So that expfikx] fits into the cavity.
The branches I and 2 correspond to the stable modes, branch 3 shows a
region where the modes can become unstable because B acquires a positive
real part. k : 0 corresponds to the cross section of this branch with the real
axis. For k + -oo the eigenvalues move in the direction of positive imaginary
parts, for k + +oo in the direction of negative imaginary parts. In order to
reach the instabil ity of the cw-solution, the wave vector must l ie in the
unstable region. The stable branches I and 2 do not show essential depen-
dence on h their real parts are evidently much smaller than the negative
real parts of the unstable eigenvalues. If the fields E and P are complex
and if ' their stabil ity is studied, we obtain the branches 4 and 5 for their
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I

Fig. 7.10. The eigenvalue B in the complex plane in the bad cavity case (x> I *v in the

notation of this section). The points on each curve correspond to different k-values which

range from -oo to +o. Branches I and 2 refer to unstable modes where the imaginary axis

is crossed. As can be shown, the first crossing occurs at k=0' Branches I and2 contain' of

course, also damped modes at k-values un.quul 0. Branch 5 stems from the phase mode which

can be omitted, however, in the nonlinear analysis because the phase remains constant' The

branches 3 and 4 refer to modes with damped amplitude (stable modes)'

by means of the method we presented in section 7'3' We take as an example

the case of a good cavity, i.e. x < I + 7. We further assume that only the

eigenvalues Brik), i: u (: 'unstabl a"), k: tk., cross the imaginary axis (cf'

ng;. Z.e;, and-thailust one pulse fits into the resonator' Furthermore we

shall assume for sake of simplicity that the cavity length is chosen such

that the instability occurs ai the smallest possible value of the pump

parameter as given bY (7.97)'

We denote the order parameters (= amplitudes of unstable modes) by

€u.,' and €-4,u'

The corresponding eigenvectors o are to be written as

O,(k")  and O,(-k.) ,

respectively. Because the fields are real, the relations

t -n.,u-- tt-'

and

O' ( -k " ) :  Of (k " )

must hold. Because of J xt,,x. occurring in (7.69) the amplitudes fu," of the

slaved modes have wave vectors k which are multiple integers of k", k: nk.'

(7.ee)
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order parameter,

60.. : [_8, (0)]- '  ZC Y;.ul?lr,

€ru,, : 12 B " - B,Qk)l-' C'ti €t.
Eqs. (7.704) and (7.705) have been obtained by means of the adiabatic
elimination as explained in section 7 .3 . The expressions (7. 104) and (7. 105 )
can now be inserted into the equation for the order parameter f where they
give rise to nonlinearit ies of third order. Because under certain conditions
the coefficient of f ' l f l t ir positive no stabil ization is reached and we have
to consider the next nonvanishing higher order term. Before we go over to
that approximation we introduce a further abbreviation. namelv

O"  (k . )  +  Q.  (7 .106)

We further note that

O"  ( -k . )  +  O* .

An inspection of the formulas for f and f, of section 7.3 reveals that the
eigenvectors O occur always in the combination O . {, whereas in the iterated
terms, e.g. (7.104), we always find fs : . . . O. This suggests to introduce
the following abbreviation

Kr"(m) : L lmF, - B,(mk)l- '  O',(mt<) 6',1mk1.

The first factor under the sum results from the adiabatic approximation.
This abbreviation does not only simplify the whole formalism because we
have less to write down, but allows us to calculate r in an easier way (see
below). The r.h.s. of (7.108) represents a sum of projection operators oo.
By means of the completeness of the eigenvectors O, O, i.e. in the notation
of sect ion 7.3,

L oi&) 6'.ro: 61"'
l

we may write for m # I

K (m) : lm\ , I  +  K( i ,  mk) l - '  ,

where 1 is the unitv matrix

I o * : 6 o * '  ( 7 . 1  1  l )

K^(mk) is defined by (7.92) with the replacement E/0x+imk. Because of
eq.(7.110) we need not solve the complete eigenvalue problem for each
wave vector. Rather it is sufficient to determine the invers e (7 .l l0) of a 3 x 3
matrix. Only for m: I the eigenvectors and eigenvalues must be calculated

(7.104)

(7.  l  0s)

(7.107)

(7 .108)

(7 .10e)

(7 .1  10 )
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On the r.h.s. we have now to insert the expression for the stable modes
(7 .104)-(7.105) and (7. rl4)-(7 .l l5). we then obtain our final order param-
eter equation

ldl dt - B"lt : nltl '€ + cl€l'€.

The coefficients are given by the expressions

B: I 2O,g,*.lO*G-(0) +OI,G-(2)I
vpc

and

c : L,26,g,*-lG*( I ) G-(0) * cI( D G,(2) + C[(2) c-(3)]. (7.r2r)

As the reader may note the whole procedure is rather simple. It requires
only the evaluation of some sums which can easily be performed on a
computer.

7.6. Solution of the order parameter equation

The behavior of the ring laser close to the second laser threshold is entirely
described by the equation

ld/dt - B"l t :  nl€l '€ + clt lot,

which we derived in the previous section. This equation has a form strongly
reminiscent of the form of the single mode laser equation. We decompose
the parameters Bu, B, C, which occur in (7. I22) into their real and imaginary
parts,

B u :  b  + i a ,

B : d + i Q ,

c : _f +iir.

In (7.125) we have explicit ly exhibited the negative sign of the real part
which guarantees the stabilization of the system. We approximate the
imaginary part of the critical eigenvalue B, by its value at the critical point
(7.98). This means an unsignificant simplification and modifies the velocity
of the pulse only slightly. we shall decompose the complex amplitude f
into its modulus and phase,

€ ( t ) :  R ( r )  e x p f i q ( t ) 1 ,

( 7 . 1 l e )

(7.120\

(7.122)

(7.123)

(7.r24)

(7.t2s)

(7.126)

where R ( r) and a ( t) depend on time explicitly. Inserting (7 .126) into (7 .122)
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d = R e ( B )

0.001

Fig.7.l1. This figure shows the behavior of the real part of F (left ordinate and solid l ine)
and d = Re(B) (right coordinate and dashed line) versus resonator length. The vertical dashed
lines indicate the region of L in which the mode becomes unstable. Because the dashed line
crosses the 0-axis, the coefficient of the cubic term of the amplitude equation changes its sign
within an allowed resonator leneth.

stationary state but which allows us also to calculate transients. Once we
know the order parameter we can calculate the amplitudes of the'stable
modes. In a last step we can calculate the field, the polarization and the
inversion, namely by (7.100) and (7.100a). The normalization factor of the
plane waves can be taken care of by a proper normalization of the eigenvec-

- P U m P  s t r e n g t h +

Fig.7.l2. The potential V(R) of eq. (7.129) as a function of the amplitude R for various
pump strengths, for d : Re( B) > 0 (cf. f ig. 7.1 I ).

R e { 0 1

L
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r -  L / v - . - f  t - X / V

Fig.  7.15.  Same as f ig.7.14,  but  somewhat above the second threshold.  [H.  Haken and H.
Ohno, Opt. Commun. 16, 205 (1976).1
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Fig. 7.16' Results obtained by a direct numerical integration of the laser equations (7.36)-(7.gS)
somewhat above threshold. The ordinates refer to E (left) and D (right). The field E is
represented by the dashed line, the polarization by the dash-dotted line, the inversion by the
solid l ine, and the intensity / by a solid l ine also. These quantities are plotted versus t-x/D,
where / : t ime, x : coordinate along the axis of the ring laser, u : pulse velocity and L: length
of the ring laser. [H. Risken and K. Nummedal, J. Appl. physics 39,466 (196g).]
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are in their ground states as long as they are not coupled to the laser fields.
The formulation of the basic equations is quite simple because it is just a
straightforward extension of the basic equations (5.115)-(5.117). For sim-
plicity let us adopt the mode picture and let us consider a single mode only.
Because the amplitude b of the single mode interacts with the set of dipole
moments of the lasing atoms and with those of the absorber, eq. (5.115)
now acquires the form

[ :  ( i a  -  K ) b  - i l  g * a * - i
p

L g'*
l L '

Here and in the following the prime will indicate quantities belonging to
the absorber. The coupling coefficients g were defined in (5.114). In general
the size of the dipole moments of the laser atoms and of the saturable
absorber atoms wil l be different. Depending on the models depicted in figs.
7 .17 a and 7 .17b, the following conditions must be imposed on the coupling
coefficients g and g':

(a) gp + 0 in region L,

: Q outside of region L;

g'*' * 0 in region S,

- 0 outside of region S;

, d ' *

m o t e r i o l  *  o b s o r b e rn r r r o r

Fig. 7.17 . (a) Laser arrangement
material L (schematic). (b) Same

ml r ro r

(7.132)

from the
volume.

I
mirnor

N
obsorber

(b )

in which the saturable absorber S is separated
as (a), but the material and absorber fi l l  the same

mi r ro r  mo te r i o l
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we may express A* and d* by B, and similarly the quantities
by B in an explicit fashion, so that

A* :  A* (B) ,  A ' * , :  A ' * , (B) ,

d r :  d * ( B ) ,  d ' r , :  d ' * , ( B ) .

Inserting these functions of B into the first equation (7.132) we
nonlinear equation for B alone,

B[i(ar - A\ * rc]:  - iL g*A*(B) - i l  g '*,A'*,(B).

This allows us to determine B as a function of d6. As can be shown for
small enough but positive inversion ds a stable stationary solution exists.
The models treated use a running laser mode. For certain parameter ranges
three constant amplitude solutions may coexist and a hysteresis cycle may
occur.

When the pump parameter is increased, the onset of oscillations could
be shown. Such oscil lations can be modelled only by the semiclassical
equations (7.132), (7.134)-(7.137), but not by rate equations.

The coexistence of two limit cycles under certain assumptions on the
systems parameters could be demonstrated also. Under certain.parameter
conditions even the emissionless state (B: A*- A'*,:0) can be unstable
against oscil lations.

The problem of a laser with a saturable absorber based on the configur-
ation b (fig. 7.17b) has been formulated also in the multimode case based
on space- and time-dependent electric f ields, atomic polarizations, and
inversions in a straightforward generalization of eqs. (7.38)-(7.40). This
model exhibits a pulse instability, but so far no pulse-like solutions have
been constructed explicitly. An exception is provided by a simplified model
in which the action of the saturable absorber is described by an intensity
dependent cavity loss as explained in section 7.1. As it seems, sti l l  a good
deal of work has to be done in this field. The problem is rather difficult
because of the many variables and especially of the many possible free
parameters which allow one to operate the system in quite different regimes.
In view of the results of the single mode laser without saturable absorber,
a rich variety of phenomena can be expected and still awaits its exploration.

I
l L '

I
lL

A'*, and d'*'

Q.raDa)
(7.140b)

find a single

(7.14r)
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the "rationali ly 
condition" (8.2), the actual laser frequencies o^ of a free

running laser are continuously shifted against their corresponding ro^'s and
may be expected to fulfil the " iruationality" condition. Quasiperiodicity can
be easily verif ied by taking the temporal Fourier components of (8.1) which
can be done experimentally by a spectrograph. On the other hand, when
(8.1) is considered as a function of t ime, an irregular t ime dependence is
observed.

In chapter 7 we saw that qualitatively new effects may appear when phase
and frequency locking takes place. Here ultrashort pulses which are still
regular arise. In this chapter we want to study whether still other kinds of
behavior can be expected or have been found. One of the most surprising
findings is that of "chaotic laser light". The search for such a new type of
light was motivated by certain analogies between laser light dynamics and
fluid dynamics which we shall describe below. Unfortunately, ihe word"chaos" or "chaotic light" is used with two entirely different meanings and
we shall first discuss this basic differences in order to avoid confusion. In
traditional optics light from thermal sources, i.e. from thermally excited
atoms, is sometimes called chaotic. In this case no laser action takes place.
The atoms are pumped only weakly. After each excitation of an individual
atom it starts emitting a wave track spontaneously. Because the acts of
spontaneous emission are completely uncorrelated, an entirely random light
field results. Neither the rate equations nor the semiclassical equations we
have introduced before allow us to treat spontaneous emission adequately.
This indeed requires a fully quantum mechanical treatment and we shall
come back to it in a later chapter. The only important thing to keep in mind
for the moment being is the following. The randomness or chaos of light
in this case is produced by fluctuations which are of a quantum mechanical
origin which is the cause for spontaneous emission.

In this chapter we will exclusively deal with a second, entirely difterent
type of chaos. We start from the semiclassical laser equations which are
obviously deterministic and do not contain any fluctuations a priori.
Nevertheless it wil l turn out that the solutions mean that the emitted l ight
behaves randomly. But the kind of randomness is difterent from that which
we discussed with respect to thermal l ight, because sti l l  many atoms co-
operate coherently in order to produce chaotic laser light. This chapter will
be devoted to this new kind of chaotic light. We shall first give an example.
Then we shall discuss criteria which can tell us whether l ight is chaotic or,
e.g., only quasiperiodic, and then we shall discuss various simple mechan-
isms which may cause chaotic laser l ight emission. Finally to conclude our
discussion on chaos we shall show that there are various routes to chaos
when we start from conventional single mode laser action.
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Fig. 8.1. (a) Scheme of experiment on the B6nard instability. A fluid layer in a vessel is heated
from below. (b) Formation of rolls by the liquid beyond a crit ical temperature difference
between upper and lower surface (schematic).

motion of the fluid is described by the Navier-stokes equations which we
are not going to write down here because they are not important for us.
We only mention that they are nonlinear, partial differential equations. In
order to cut down the complexity of the problem of solving these equations
Lorenz introduced a Fourier decomposition. He expanded the velocity and
temperature fields of the fluid into spatial Fourier series. The Fourier
coefficients were still time dependent variables. From the infinite series,
Lorenz retained only three terms altogether. In this way he derived three
coupled differential equations for three variables. Because their physical
meaning does not matter in the present context, we shall call these variables
X, Y, Z. The Lorenz equations have the following form:

(8.7)

^Lnnfiilr!r:

X : a Y - a X ,
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Fig. 8.3. (a) Trajectories of the Lorenz attractor shown is their projection on the Z-X plane.
(b) Same as (a) but with the projection on the Y-X plane. (First results of this kind were
obtained by E.N. Lorenz.)

(b )

through which eqs. (8.7)-(8.9) acquire the new form

€ : a n - o € ,  r t :  t € - n ,  t : b ( r - ( ) -  € q .

But these equations are identical with the laser equations (8.3), (8.4) and
(8.6), as one may easily verify by using the following substitutions:

t + t ' o / x ,  E - a {  w h e r e  o : l b ( r - I ) l - t / 2 ,  r } 1 ,

P - > a \ ,  b - t ,  f 1 1 : x b f o ,  T : K / o ,  A : r - 1 .

( 8 . 1 0 )
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8.4. Criteria for the presence of chaos

In order to decide whether or not chaos is present one might naively be
inclined just to look at a plot of the time dependence of a variable of the
system. If the plot looks irregular one would call the process "chaotic".

Such a procedure leads to the following difficulty, however. Quasiperiodic
motion as described, e.g., by (8.1) can also look irregular. Therefore a more
detailed analysis is necessary. To this end it has been suggested to study
the Fourier transform of (8.1), or in general, of a typical variable q(t) of
the physical system under consideration. Periodic and quasiperiodic motion
(or l ight emission) can be characterized by a set of discrete l ines, while
broad band emission could indicate chaos. However, here again an intrinsic
difficulty arises, because light from thermal sources would have also a broad
frequency band. But in this case light emission stems from uncorrelated
spontaneous emission acts and has nothing to do with the chaos we are
studying here. Another criterion for chaos, which was suggested in the
literature, is based on correlation functions of the type (q(t + r) q(t)|.
According to this criterion, an exponential decay of this correlation function
should indicate chaos. But in the case of light from thermal sources the
correlation function decays exponentially also, though we are not dealing
here with deterministic chaos. Though both "criteria", namely a broad band
of the Fourier spectrum and exponential decay of the correlation function,
are rather often used in the literature on chaos, these criteria are certainly
not sufficient. Therefore other criteria have to be developed.

A criterion which has been coming into the focus of research over the
past years is provided by the concept of Lyapunov exponents. As numerical
solutions of the Lorenz equations or of similar equations reveal, the time
evolution of the variables is very sensitive to initial conditions. Or, in other
words, when we change the initial condition even a little bit, in the course
of time the two trajectories will increase their distance more and more.
More precisely speaking, their distance increases exponentially with elaps-
ing time.

To cast this concept into a
of nonlinear equations for a

4 :  N ( q ) .

mathematical form we consider a general set
state vectot e,

Then at each time r we study how a neighboring trajectory evolves by

( 8 . 1 3 )

putting

( 8 . 1 4 )

quant i ty.  Insert ing (8.14) into (8.13) and
with respect to u we obtain equations of

q ' : q * u ,

where r is assumed to be a small
l inearizing the resulting equations
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laser action and no frequency locking occurs. According to the original
Landau-Hopf picture, in fluid dynamics the turbulent state can be character-
ized by an infinite number of oscillations at frequencies irrational with
respect to each other. This idea has been abandoned due to the experimental
results according to which after the occurrence of oscillations at rwo or
three frequencies chaos has been observed in fluid dynamics. In laser physics
still more free running modes have been observed, however. A technical
term should be mentioned in this conrexr.

Provided the dimension of a vector

c n , , n r , .  . , n M  e x p [ i ( n ,  a r l n 2 a 2 + .  .  .  ] n * a * ) t fq : L (  8 . 1  8 )

is  b igger than the number of  basic f requenci€s {d1 ,  @2,. .  . ,  the endpoints
of the vector q(t) can be represented as trajectory lying on a torus.
Therefore the Landau-Hopf picture consists in the idea that with increasing
control parameter, tori of higher and higher dimensions are formed.

(2) Another picture based on mathematical arguments on "generic

properties" was produced by Newhouse, Ruelle and Takens. According to
this picture, after a system has reached an oscillatory state at two basic
frequencies, chaos should set in. Such a route is observed in various cases
in fluid dynamics ("motion on a two-dimensional torus") though also
motion on three-dimensional tori was found. We do not want to bore the
reader with mathematical subtleties and therefore interpret the above men-
tioned term "generic" simply as "typical". The reader should be warned,
however, that there are some doubts whether such term, which stems from
certain mathematical properties of systems, can be immediately applied to
concrete physical situations. Clearly a laser freely running at 4 modes with
irrational frequencies contradicts that theorem.

(3) A third route to chaos, which has become rather "popular" now,
consists of a sequence of period doublings (fig. 8.4). According to this
picture, with increasing control parameter the period of oscillations under-
goes a doubling at specific values of that parameter. In a large class of
systems the values of the control parameter q. at which such doublings
occur obevs the law

t ' -  
at+t  -  ar  

:  6 :  4.6692016.
I + @  A l + 2 -  d l + t

where 6 is called the Feigenbaum number. In particular cases
of period doublings could be followed up to n:5 or 6 and
observed. The observation of higher numbers n is impeded

(8 .1e)

the sequence
then chaos is
by the noise
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fluid, remains quiescent for a while, then a chaotic outburst occurs, then a
quiescent state reappears, etc.

(5) Finally it may be worthwhile that for instance in chemical reactions
alternating sequences between periodic and chaotic oscillations were found
when a typical control parameter is continuously increased.

Some of the routes to chaos just mentioned could be verified in the
meantime experimentally in laser physics and the study of further routes
to chaos in laser physics offers a wide field of future research. In the
subsequent sections we shall discuss some situations where laser l ight chaos
can be expected or has been observed. It is beyond the scope of this present
book, however, to discuss the mathematical details of these various routes
to chaos and I refer the interested reader to my books Synergetics and
Advanced Synergetics where these problems are treated.

8.6. How to produce laser light chaos. some theoretical models

Using the analogy between the single mode laser equations and that of the
Lorenz model of turbulence we were able to reveal a possibility of creating
chaotic laser l ight. As we have seen (compare (8.1 I )), the cavity losses must
be particularly high. Therefore this case is referred to as the "bad cavity
case". We now wish to study other means of generating chaotic laser l ight.

we start from the single mode laser equations (6.1)-(6.3) making the
same simplif ications as in section 6.1. For the reader's convenience we
repeat these equations,

b :  ( - i l o  -  x )b  - i s l  o * ,

d * :  ( - i ,  - y ) a * * i g b d * ,

. l
d* : 

i  @o- d*) +2is(o*b* - "f,D.

To remove the terms containing iar

b : expf -icot] E(t)

and

et-" :  exp[ -  ioot l  a*( t ) .

Because a sum over p occurs on
introduce the whole sum as a new

(8.20)

( 8 . 2 1 )

(8.22)

the substitutions

(8.23)

(8.24)

of (8.20) it suggests itself to

(8.25)

we make

the r.h.s.
variable

I
tL

d * :  g ( t ) .
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an oscil lation of €"brtno chaos. As can be shown, in this region the electric
field is modulated, although the incident electric f ield has a constant ampli-
tude. In order to obtain chaos we consid er a modulated external field in
the form

A ( r ) :  e *  a '  c o s ( A ' r ) ,  a )  a ' D 0 . (8.44)

A numerical solution of eq. (8.41) indeed reveals chaos for a sufficiently
high amplitude a'. when e':0, the system shows a l imit cycle* behavior
with the angular velocity ao:0.2714. When c' increases, the system acquires
a quasiperiodic motion with two characteristic frequencies ol and aro. By
increasing c' further the l imit cycle is entrained by the external force A(r).
As Aol Q'= 0.6031 = 3, the entrainment occurs at a rational frequen cy of A,
i.e. ]O'. Therefore, when we observe the time evolution at t ime intervals
2rr f A' , the quintuple cycle (we wil l use this terminology hereafter) is seen
to be realized. This periodic state loses its stabil ity at a':0.0339 to lead to
a chaotic state. The power spectra of the periodic and the chaotic states
are shown in fig. 8.8. A broad peak is clearly seen in the chaotic state. To
prove the chaotic behavior we plot the separation distance of two initially
adjacent points. The method is the following: After a large number of steps
when the phase point can be considered to be trapped in the attractor we
take this phase point and choose another point which is separated from
this point by a small distance. In the present case the real part of # is
chosen separated by the distance 0.00001. Then the distance, D(r), between
these two points is plotted in fig. 8.9 versus the time r. In the quasiperiodic
state (a ' :0.01) i t  can be seen that the two phase points remain c lose to
each other. In the periodic state (c':0.03) the phase points approach one
another as the system evolves. The reason is that the periodic state appears
due to the entrainment of the phase point by the external f ield, and the
relative phase of the phase point to the external force A(r\ becomes fixed
on the attractor. Therefore, the two phase points coincide with each other
as ? + oo. On the other hand in the chaotic state the two phase points get
more separated as time goes on. The saturation behavior appears after
r - 400. This is due to the fact that the size of the strange attractor (in the
present case it is of the order one) is f inite. This behavior of D(r) is quite
in l ine with the other examples of chaos.

At sufficiently large a.' (> 0.15), the time evolution of the system is periodic
with the frequency O'. Between this completely entrained state and the
chaos mentioned above there appear various states. The bifurcation scheme

xReaders not familiar with the nomenclature such as "limit cycles", "strange attractors,,, etc.
are referred to my book: Advanced Synergetics.
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206 8. Instability hierarchies of laser l ight

Fig. 8.9. The separation distance D(r) of two initial adjacent points against time r. The
logarithmic value of D(r) is plotted. The three curves correspond to the quasiperiodic
(a ' :0.01),  the per iodie (a '=0.03),  and the chaot ic (a ' :0.036) states.  [T.  yamada and R.
Graham, Phys. Rev. Lett. 45, 1322 (1980).1

The existence of chaos studied here seems not to depend critically on the
particular approximation (the adiabatic approximation) made at the begin-
ning. Sufficiently close to the transition region between the steady state and
the limit-cycle states we can always expect to get a bifurcation scheme
leading to chaos if only we choose appropriate values of the parameters to
reach the chaotic state. Let us now consider a second approach to laser chaos.

(2) Laser chaos produced by an external oscillating field with constant
amplitude, and a modulated inuersion
Because the inversion 9o enters eq. (8.41) via R (compare (g.40)) we put

(8.45)

(8.46)

It has been solved numerically for specific parameter values.
In order to have a three-dimensional phase space of the system, it is

necessary that both A' and Ao in eq. (8.a6) are different from zero. For
d)':0 or Ao:0, €g. (8.46) may be reduced to two equations of f irst order.
For R':0, €e.(8.46) has a stationary starc €,. A l imit cycle appears when

R :  Ro + R'  cos(() ' r ) .

Thus the model equation is provided by

d S  , , ( R o + R ' c o s ( O , r )  . \ ,
* :  

- i6aE.  
\ -  r  lC ; -  

_ ,  
) t  

*  Ao .
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o
o'
o
- 4
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multimode lasers without external modulation. Indeed, in multimode lasers
the atomic inversion felt by each mode is internally modulated at the
difference frequency between different modes and the amplitudes of modes
provide a driving field for other modes (cf. sections 6.4 and 7.1).

8.7. single mode laser with injected signal. chaos, breathing, spiking

In the foregoing section we studied the effect of an injected coherent light
field. We treated cases where we could eliminate the atomic inversion and
polarization so that the laser equations could be reduced to a rather simple
equation for b (or E) alone. In this section we wil l drop this adiabatic
approximation and treat the full set of laser equations. The basic equations
are well known to us and read

E -  - iaE -  K(E -  E , * r )  - igT ,

O: - ia.g -  yE +igET,

9  :  y u ( D o -  e )  + 2 i ( g * g 8 *  -  g g * E ) .

We start from the full set of equations (8.47), where we assuma E,*rin the
form E.*t: A exp[ -i.,stl.In order to remove expf -io6tl from eqs. (8.47)
we put

E(t):  €1t) exPl- ir i ,st l ,

g( t ) :61r)  expf  - i , i ,s t ] .

ln this way we obtain

L _

E : l - i ( ,  -  a ro)  -  K IE *  xA- igg ,
L -

E :l-i(a - aro) - ylT *igEg,

tb : yi l(go- 9 *7 +Zi1g* 6&* - 96* 61.

In order to reduce the number of parameters which can be freely chosen
and also to make the system (8.50)-(8.52) more apt for a computer calcula-
tion, suitably scaled quantities must be introduced. They are defined as
follows:

C:  aLdo lQT) ,

(8.47)

(8 .s3)

(8.48)

(8.4e)

(8.s0)

(8 .s  1)

(8.s2)

where a is the unsaturated absorption coefficient per unit length, L the
length of the sample, and I the intensity transmission coefficient of the
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F i g . 8 . l 3 .  T i m e e v o l u t i o n o f t h e n o r m a l i z e d e m i t t e d f i e l d l x l  f o r C : 5 0 0 , 4 : O : 5 , i : l : 1 .
The abscissa is measured in r units. The curve shows erratic behavior. Driver amplitude
y:  l l7 .  [L.A.  Lugiato,  L.M. Narducci ,  D.K.  Bandy and c.A.  Pennise,  opt .  commun. 46,64
(  le83 ) .1

describe the time dependent behavior of the system computer calculations
are necessary. In these calculations yll : y was chosen. In the following we
shall assume resonance between the cavity mode (with frequency r.r) and
the frequency ar of the atomic l ine center, a: dt. When the external f ield
is switched on, the output intensity begins to oscil late immediately in a
regular way with a frequency @ - oo where r,.ro is the frequency of the incident
light. The average output intensity varies in a continuous way so that the
behavior of the system is a direct continuation of the stable lasing state in
the absence of the injected signal. With further increased A the system
begins to display an i r regular sel f -puls ing behavior ( f ig.8.13).  For st i l l
h igher A the chaot ic pattern is wel l  developed ( f ie.s.14).  The laser f ie ld
shows outbursts in which each burst is followed by a number of rapid noisy
oscil lations. A further increase of A brings the system out of the chaotic
domain through a system of period doubling bifurcations. An inverse order
on irregular self-pulsing sets in (f igs. 8.15). At this point the system enters
a new regime. First the amplitude of the simple oscil lation decreases con-
tinuously, upon increasing y, while, at the same time a gradual lengthening
of the time scale heralds the appearance of a "breathing" behavior, i.e. a
stable modulation of the self-pulsing envelope, over a narrow range of
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212 8. Instability hierarchies of laser l ight

Fig.8. l6.  T ime evolut ion of  the normal ized emit ted f ie ld lx l  wi th the same parameters as in
f i8.  8.13.  For y:310.3 the system displays a marked modulat ion of  the sel f -puls ing envelop.
[L.A.  Lugiato,  L.M. Narducci ,  D.K.  Bandy and c.A.  pennise,  opt .  commun.46,64 (19g3). ]

values of y. The time scale of the breathing pattern is about 50 times longer
than that of simple oscil lations. Larger values of the injected field bring
about a dramatic increase of the breathing pattern ("heavy breathing", fig.
8.16) and eventual ly lead to a "spik ing" regime ( f ig.8.17) in which very
narrow spikes are followed by long periods of lethargy. Normally, the spikes
have varying peak heights and their temporal separation grows as y
approaches the turning point of the state equation (8.59). Finally, when y is
made larger than y,6., the system quickly approaches a steady state (injection
locking) in the upper branch

If the parameters are chosen in such a way that the injection locking
threshold l ies beyond the turning point, breathing and spiking have not
been seen. One sees instead a gradual reduction of the self-pulsing amplitude
which, eventually, vanishes at the injection threshold. (The period of self-
pulsing is about 0.3 unit of r in this case.)
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In general, in order to obtain chaotic behavior from the present model,
the rates rc and 7 must be kept of the same order of magnitude; this is
unl ike the Lorenz model (y:0) where one must insist  on ^ >y*7;1.  In
addition, chaotic patterns are seen to persist even if y and f11 are quite
different from one another.
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Therefore the material will absorb the impinging light. However, this absorp-
tion may depend in a nonlinear fashion on the incident l ight f ield because
saturation effects occur. Therefore E, becomes a nonlinear function of Ei.
As we shall see below, the behavior of the system is determined by the ratio
of the absorption parameter aL and the mirror transmissivity I where a
is the unsaturated absorption coefficient per unit length on ,.ronunce and
L the length of the sample.

Let us discuss what happens when we increase the ratio aL/T (compare
fi}.9.2),where we plot the transmitted intensity versus the incident intensity.
As one recognizes, the slope may become greater than unity or, in other
words, the difterential gain dlrldd becomes larger than unity. If under this
condition one slowly modulates the incident intensity, the modulation is
transferred to the transmitted field via the nonlinear relation 1r: 1r(d) and
turns out to be amplified. Thus the system works as an optical transistor.
If one further increases the ratio aLlT, the steady state curve I-1:17e1)
becomes S-shaped. While the segments with positive slope are stable, the
segment with negative slope is unstable. Hence there is a certain range of
values of d where the system is bistable. If we slowly sweep the incident
power from 0 to a value beyond the bistable region and then sweep it back,
we obtain a hysteresis cycle with a low and a high transmission branch.
This bistable behavior arises from the interplay of the nonlinearities of the
atom-field interaction with the feed-back of the mirrors and will be the
main subject of our further study. The threshold valu e of aL/T for which
one yields bistabil ity depends on several parameters as the cavity mistuning,

I i

various parameter values of aLl T.

J,n.,."or'nn $

Fig.9.2, Transmitted intensity I, versus input intensity 1, for
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Fig' 9.3. Experimental set-up assumed in the model calculations; I and 2 are semi-transparent
mirrors, 3 and 4 fully reflecting mirrors; V denotes the medium. [L.A. Lugiato, Theory of
optical Bistability, in: Progress in Optics, vol. XXI, ed. E. wolf, p. Tl.North-Holland.
Amsterdam 1984.]

We further assume that all vectors are pointing in the same direction and
are Lz. The field equations read:

AEf t  )  6g t+)  i@
* ,  ,  

: ; p , _ , .  ( 9 . 1 )At ()z 2eo

The response of the medium to the field is described by the matter equations

a P ( * )  I
u 

:  [ -  i (&,  -  c,ro) -  y]Pt*t  *  
nEl t l 'o,  

(g.2)

and

#: rn(Do- D) - jru'"P(-) - 6t-)pt+);.

We include a detuning between the frequency of the atomic transition, cD,
and the frequency of the incident light, aro (= o.r in our previous notation).
Due to the boundary conditions at mirror I this frequency will then be
taken over by the oscillation of the field and polarizationwithin the medium.
In contrast to the laser case where Do was positive we assume here no
pumping so that

Do: -N lV (N total  number of  atoms).

We remind the reader that D is the inversion densitv

D :  (N, _ N,) /  V.

(e.3)

(e.4)

(e.s)
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where X is explicitly given by

x :  a ( t - i a l ( t  * o , * l r l . ' l ' )  
' .  

( e . r 3 )
\ 1 . /

From electrodynamics we know the significance of X. It is nothing but the
complex dielectric susceptibil i ty

X :  X u * i x o ,

where yuand Xdare the absorptive and dispersive components, respectively.
The quantit ies in (9.13) are defined as follows.4 represents the detuning
between the incident light with frequency aro (= ar) and the atomic transition
frequency ar measured in units of y,

A: (6 - ra.o)ly.

d is the saturation intensity defined by

,  -h 'YY ' l" -  4 l . } l t '
I I

When we special ize (9.13) taking A:0

X :  a E \ * )  '

and E(*) very small we find

From this jointly with (9.14) it transpires that a has the meaning of the
absorption constant. Within our specific model (9.1)-(9.3) it can be explicit ly

(e .14)

(e. r 5)

(e .16 )

(e . t7  )

(e .18 )

(e .1e)

(e.20)

calculated and reads

altl,
tr ::-------:- N

2eshVcy

In order to explore the physical meaning of our results we specialize them
to the case of perfect resonance between incident light, atoms, and the
cavity. We further introduce the normalized dimensionless electric field F
by putting

r_,  p(+)  z lo l r , - )
L  - -'  -  

J i -  hJy\
Then (9.12) acquires the explicit form

d F F

d z  
* l + F 2 '

where we have assumed that the field is real. We normalize the incident
and transmitted amplitudes in a fashion analogous to (9.19) so that we
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F(o)

xo xb xc

Fig. 9.4. Qualitative graph of the normalized field F(0) at z:0 as a function of the field
F(L)= x at z: I- (transfer function of the atomic medium at steady state). For R :0 one has
F(0) : y. x and y are proportional to the transmitted and incident fields E, and E,, respectively.
For a generic R, the function x: x(y) is obtained by intersecting the curve with the straight
line F(0):RF(L)+T/. [L.A. Lugiato, Theory of Optical Bistability, in: Progress in Optics,
Vol. XXI, ed. E. Wolf, p. 71. North-Holland, Amsterdam 1984.]

Fig. 9.5. Plot of transmitted light versus incident l ight at steady state for C: aLl2T fixed
equal to l0 and different values of aL and I For aL-+ 0 one approaches the behavior predicted
b y  t h e  m e a n  f i e l d  t h e o r y .  ( a )  a L : 2 0 ,  T :  l ;  ( b )  a L : 1 0 ,  T : 0 ,  5  :  ( c )  a L - - Z ,  T : 0 ,  l ;  ( d )
mean field, C: 10. [L.A. Lugiato, Theory of Optical Bistability, in: Progress in Optics, Vol.
XXI, ed. E. Wolf, p. 71. North-Holland, Amsterdam 1934.]
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which represents the usual expression of the transmissivity as a function of
the cavity detuning 66.

In the special case of two-level atoms which we have been considering
in the model treated above, (9.33) can be cast into a slightly more explicit
form. To this end we introduce normalized incident and transmitted
intensities by

I,
Y -

I . T ,

and

X  : l F (  L \ 1 2  -  [ '
t _  \ _ / ,  

I r T ,

respectively, where 1. was defined above (9.16). From eqs. (9.31) and
wi th (9.6) ,  (9 .7) ,  (9 .13) ,  (9 .14)  and (9.19)  we obta in

)
X :  - i  

, loL _ ( t  +  42)  ln  T l ,
n  - r

and

e(L)  -  e (0)  :  A  ln  n .  (9 .40)

By solving eq. (9.39) with respect to 4 one obtains the function 4 : n(X).
Hence by inserting (9.39) into (9.33) one finds the expression of the trans-
missivity as a function of the normalized transmitted intensity:

" 
Y lq(X) - Rl '  + 4Rr7 (X) sin' � [ ](4 ln niD| ')  -  6o)l '

Therefore in this case the shape of the function g(X) is governed by the
dependence of n on X. In particular, for large x, \ approaches unity so
that the transmissivity becomes constant and equal to the empty cavity value
(9.36). When dispersion is dominant, under suitable conditions one or few
resonances survive. The possibil i ty of multistabil ity (f ig. 9.6) depends on
the number of oscillations that the function

sin [ j (4 ln a(X) -  5o)]

undergoes. As one sees from eq. (9.39), T is a monotonically decreasing
function of X which varies from 1 to exp l"L/( I + 4'�)]. Hence the quantity
A lnq  -60  var ies  f rom -5o  to  aLAl (1+4 ' ) -6o .There fore  the  number  o f
oscillations of the sine function is determined by the param eter aLA I (l +
a2\.

(e.37)

(e.38)

(e.32)

(e.3e)

(e .41)
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It is easy to derive the steady state solution in the l imit (9.44).In fact, from
(9.31), (9.32) and (9.35), (9.44) we have to first order in aL

'q  :  l - r  aLi"( lF( L) l ' ) :  |  *  aL r t^(x),

eQ) - e(o) : aL xo6). (9.45)

By inserting (9.a5) into (9.33) we obtain in the l imit (9.44)

9 : { lr  + 2ci^(x)l '  +l@ - zcftd(x ) l ' }- '

and because 9: X I Y we have

v : x{I +2c i^(x )l' + [ @ - 2c io{J')]'].

(e.46)

(e.47)

The limit (9.44) is called "mean field l imit" in the l iterature on optical
bistabil ity. For a homogeneously broadened system, from (9.13) we have

Y : Xl(' .#. ")' . ( " -:fu)') (e.48)

In the particular case A : @: 0, (9.48) can be written in terms of amplitudes
instead of intensities as follows:

2Cx
v : ' \ - T - -' /  "  

l + x 2 '
(e.4e)

Eqs. (9.48) and (9.49) can also be recovered directly from the exact solutions
(9.39), (9.42) and (9.26), respectively, by performing the l imit (9.4a). Let
us briefly comment on the physical meaning of the l imit (9.44). First, aL->0
(i.e. a + 0) is the weak coupling l imit in the interaction between the electric
field and the atoms. However, if we only let aL+ 0 but keep I finite, C
vanishes and therefore we obtain the empty cavity solution Y : X(I + @2).
On the contrary, if we also let T+0, the parameter C is arbitrary and we
obtain the nonlinear terms in eq. (9.47), which produce all the interesting
phenomena. The physical meaning of the limit T + 0 is that the mean lifetiine
aS l cT of the photons in the cavity becomes infinite so that the photons
can experience the interaction with the atoms even when this becomes
vanishingly small. Finally the l imit

uo:9#-r , ":ffi, finite

means that the cavity detuning must be smaller than the free spectral range,
but on the same order of magnitude of the cavity line-width k, given by

k :  cT  I  9 .  (9 .50)
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f ield curve is a better approximation in the dispersive case (fig. 9.7b) than
in the absorptive one (fig. 9.7a). This is due to the fact that absorption is
reduced in the dispersive case so that the variation of the field in space is
not strong even for aL large.

In the following two subsections we shall analyze the mean field state
equation (9.48), which expresses the incident intensity as a function of the
transmitted intensity. It depends on three parameters, the cooperativity
parameter C, the atomic detuning A and the cavity mistuning @.ln compar-
ing (9.a8) with experimental data,the definit ion (9.44) of C must be changed
into

C :  aLJ f  2rr ,  (9.51)

where ,I is the eftective finesse of the cavity. A general property of eq. (9.4g)
is that, contrary to (9.39) and (9.42), it can never produce multistabil ity,
but at most it can lead to bistabil ity.

Bistability condition in the resonant case (mean field timit)
The field internal to the cavity is in general quite different from the incident
field, because there is a reaction field, co-operatively produced by the atoms,
which counteracts the incident one.

In the purely absorptive, resonant case A : @: 0, the steady state behavior
is described by (9.49). The nonlinear term 2Cxl(l +x2) arises from the
reaction field and hence from atomic co-operation, which is measured by
the parameter C. For very large x, (9.49) reduces to the empty cavity solution
x:y ( i .e.  E :  E).  The atomic system is saturated so that the medium is
bleached. In this situation each atom interacts with the incident f ield as if
the other atoms were not there; this is the nonco-operative situation, and
in fact the quantum statistical treatment shows that atom-atom correlations
are negligible. On the other hand, for small x, (9.49)reduces to y : (2C + l)x.
Here the linearity arises simply from the fact that for small external field
the response of the system is l inear. In this situation the atomic system.is
unsaturated, for large C the atomic cooperation is dominant and one has
strong atom-atom correlations. The curves y(x) obtained by varying C are
analogous to the Van der Waals curves for the l iquid-vapor phase transition,
with y, x and c playing the role of pressure, volume and temperature,
respectively. For C < 4, y is a monotonic function of x so that one has no
bistabil ity (f ig. 9.8). However, in part of the curve the differential gain d,xldy
is larger than unity so that in this situation one has the possibil i ty of transistor
operation. In fact, if the incident intensity is adiabatically modulated around
a va lue  o f  I r  such tha t  d l r ld l t : (x l i ldx ldy>1,  the  modu la t ion  is
amplif ied in the transmitted l ight.
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defined by (9.aS) has always a single inflection point at

2 C - A @ + l  "
X i , ' r :  

C  + A @ 1 ( A - + l ) .

In order to have bistability the conditions are

d y l
X; .p )  0 ,  

dX |  * , , , ' 0 .

(e.s2)

(e .53)

The first condition guarantees that the inflection point is within the physical

region X > 0, while the second one identifies the values of the parameters

for which the curve Y(X\ has a maximum and a minimum. For A@>0

the first of conditions (9.53) reads

2 C >  A @  - 1 .

The second condition gives

( 2 C  -  A @  + l ) ' ( C  + 4 A @  -  4 ) >  2 7  C ( A  +  @ ) ' .

The analysis of (9.55) and (9.54) leads to conclude that:
(1) Bistabi l i ty  is  impossible for  C<4.
(2) For a fixed value of C > 4, the largest hysteresis cycle is obtained for

A:@:0 and bistabi l i ty  exists only in a f in i te domain of  the plane {A,@}
around the origin.
(3) If we keep C and 4 fixed and C satisfies condition (9.55) for @ :0,

by increasing @ the size of the hysteresis cycle increases unti l i t reaches a

maximum and then decreases. Finally the cycle vanishes in correspondence

to a value of  @ smal ler  than (2C +l)14 (see (9.54)) .

(4) If we keep C > 4fixed and increase 4 and @ simultaneously from zero

with the ratio A I @ kept fixed, the hysteresis cycle of the curve X (Y) shifts

to the left and decreases in size, unti l i t disappears.
Therefore in homogeneously broadened, two-level systems when absorp-

tive bistabil ity for @ :0 is not possible also dispersive bistabil ity for geneial

values of A and @ is impossible. This is no longer true in the case of

inhomogeneously broadened systems ( Tj < oo). For fixed A, @ and

inhomogeneous relaxation time Tl' one obtains bistabil ity provided C is

larger than a suitable value C-;,., which depends on A, @ and Tt.C^i^

increases rapidly with ( Tt)-t. The important point is that for (yTt)-' << I

one finds values of C such that the system is not bistablc for 4 : @:0 but

becomes bistable for A and @ large enough. In other words, for these values

of T\ and C one does not f ind absorptive bistabil ity, but only dispersive

bistabil itv.

(e.s4)

(e.55)
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232 9. Optical bistability

the saturation and so on, unti l the absorber is bleached so that It:.[1. On
the other hand, when the system is in the one-atom (i.e. higher transmission)
branch and the incident intensity is decreased, the field internal to the cavity
is already strong enough to maintain the absorber saturated and therefore
the transmitted light switches "off" at an incident power lower than that
necessary to switch "on", thereby producing hysteresis.

In the case of purely dispersive optical bistabil ity the mechanism is quite
different. In the empty cavity, the transmission is low because the empty
cavity frequency o.r" is detuned from the incident frequeney oo.If the atomic
and cavity detuning have the same sign, by increasing the incident field the
nonlinear refractive index changes the effective optical length of the cavity
towards resonance. This in turn increases the internal field which further
drives the eftective cavity frequency aL: a,- xXa(X) towards the incident
field frequency and so on, unti l resonance is reached so that It-11. On
the other hand, when the system is in the higher transmission branch and
the incident intensity is decreased, the internal field is already strong enough
to maintain resonance, which again produces hysteresis.

In order to complete the discussion of the steady state behavior, let us
illustrate the relative advantage of absorptive and dispersive optical bistabil-
ity. First of all, i t is clear that dispersive optical bistabil ity is "easier" mainly
for two reasons:
(a) it does not require saturation of the medium as it appears from the
cubic model (9.60);
(b) in absorptive optical bistability the resonance condition between the
incident field and the atoms cannot be easily maintained for a time long
enough to allow the system to reach steady state, due to the jitter of the
laser frequency.

As we have seen in the previous section, in the case of homogeneous
broadening absorptive optical bistability has the advantage of exhibiting
the largest hysteresis cycle for f ixed C, when A : @: 0. However, this is
no longer true in the case of inhomogeneous broadening. Furthermore, even
in the case of homogeneous broadening the switching from the low trans-
mission to the high transmission branch occurs for lower values of the input
field when 4 and @ are different from zero. This is an important advantage,
also because the presence of a field too intense in the absorber might produce
undesirable effects, e.g. excessive heating of the medium.

On the other hand, from the viewpoint of theory and hence of the
comparison between experiment and theory, absorptive optical bistability
with @:0 is certainly much easier to deal with, because in eqs. (9.1)-(9.3)
all the fields can be assumed real. This is the reason whv most theoretical
papers treat the absorptive case.
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Chapter 10

Quantum Theory of the Laser I

A first approach via quantum mechanical Langevin equations.
Coherence, noise, photon statistics

10.1. Why quantum theory of the laser?

The semiclassical theory of the laser which we presented in the preceding

chapters enabled us to explain or even to predict many properties of laser

lighl. According to these studies,laser action sets in above a certain threshold

of the pump, whereas below that threshold no emission occurs at all. But

this latter f inding is highly unsatisfactory, because even below laser threshold

light emission happens - namely the l ight emission by usual lamps' An

alequate laser theory must be able to describe the transition from the light

of usual lamps to laser l ight and it should contain l ight emission by usual

lamps as a special case. Thus quite evidently, we must have left out an

important aspect of laser theory. In order to elucidate the problem we

consider the emission of l ight from usual l ight sources more closely.

As we know (cf. for example Vol. I ) l ight is spontaneously emitted by

excited atoms. This spontaneous emission cannot be dealt with in the frame

of a theory which treats the l ight f ield classically. We have met this fact

already in the first volume when we calculated the Einstein coefficients of

absorption and emission. There we could derive the corresponding

coefficients of absorption and stimulated emission but not those of spon-

taneous emission. As we have shown in Vol. 1, spontaneous emission can

be treated adequately only when we quantize the l ight f ield. In that volume

we have also seen that the damping of a classical or quantum mechanical

quantity is always accompanied by a corresponding fluctuation. For

example, the l ight f ield in the resonator is damped due to the transmissivity

of the mirrors. According to our studies in Vol. I we have to expect

fluctuations of the light field amplitude. Both the fluctuations produced by

spontaneous emission as well as those accompanying cavity losses are not

contained in the semiclassical laser equations. We shall see that a fully
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Furthermore we know that the atoms and the field interact with each other.
In a quantum mechanical formulation one usually starts with writing down
a Hamiltonian which in a classical interpretation has the meaning of an
energy. In a quantum mechanical treatment the Hamiltonian becomes the
Hamilton operator. We shall write down the explicit form of the Hamilton
operators below but first we introduce the following abbreviations. The
Hamiltonian operator of the field will be denoted by Ht, that of the atoms
by Ho, and that describing the interaction field-atoms by Hon A treatment
of the laser with these Hamiltonians is, however, quite insufficient. Namely,
the field is coupled to the mirrors which will cause damping and fluctuations
of the field. We shall describe the mirrors or other systems to which the
field (with the exception of the laser atoms) is coupled by a heatbath (or
"reservoir").

Similarly the atoms are coupled to heatbaths. They are pumped from
the outside and the excited atoms may decay in various ways. They may
decay, for instance, by radiationless transitions, or they may decay by
radiative emission into the nonlasing modes of the l ight f ield. The motion

of electrons in the atoms may be perturbed by their interactions with lattice
vibrations or by atom-atom collision. All these effects are taken care of by
an appropriate coupling of the atoms to heatbaths.

It wil l be important for our following discussion that the detailed
physical nature of these heatbaths need not be known. Rather for our
analysis it will be sufficient to know only a few features which we shall
discuss below.

We denote the Hamiltonians of the heatbaths I and 2 by H", and Hs,,
respectively. Similarly the Hamiltonian of the interaction between heatbaths
1 and the field is denoted by H",-r, that of the interaction between heatbaths
2 and the atoms by ,f{s,-a.

According to the fundamental rules of quantum mechanics the Hamil-
tonian of the total system is obtained by a sum over the individual contribu-
tions so that the total Hamiltonian reads

H :  H r *  Hs*  H /J - l  H " ,  *  H r , - r *  Hu ,  *  Hu , -o .

Here and in the following we shall speak of Harniltonians, though, more
precisely, we should speak of Hamiltonian operators.

We now have to consider the explicit form of these Hamiltonians. To
this end we use the results we derived in Vol. 1, chapters 5 to 7. But the
reader wil l note that a good deal of the results to be presented here can be
understood directly without a detailed knowledge of their previous deriva-
tion. Because the single mode case shows all the important features we wil l
treat only that case. We decompose the electric f ield strength in the resonator

(  l 0 . l  )
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Because there are many laser active
them as previously by the index p
index to the operators a,

oi 'ol.*,

a i )  Q j . * .

The energy of the atomic system is

H t :  , ,  L_ ai .*az.* .

Again for sake of completeness we quote
relations for the atomic operators

a i *a t * , *  a [ * ,a , * :0 ,

A j * Q t  * , *  Q p * , A i * : 0 ,

ai*au*, I ap*, af* : 6i1,6 **,.

the corresponding commutation

Finally we have to deal with the explicit form of the Hamiltonian which
describes the interaction between the field mode under consideration and
an atom. This form has been derived in Vol. I and reads*

Hur :  hga i  a2(b  +  b* )  *  hga!  a t (b  +  b* ) .

atoms in the cavity we shall distinguish
so that we have to attach this second

(  10.  r2)

a sum over the individual energies,

( 1 0 . 1 3 )

( 1 0 . 1 4 )

( 1 0 . 1 5 )

( 1 0 . r 6 )

( 1 0 . 1 7 )

( 1 0 . 1 8 )

2__ ̂

1 '
of the processes descr ibed by eq.  (10.17).

g real which can always be achieved by the proper

'l*l

The meaning of this interaction Hamiltonian can be easily visualized when
we recall that an, e and b*, b are creation or annihilation operators. For
instance the term ai a2b* describes the creation of a photon while an electron
is annihilated in state 2 and created again in state 1 (remember that the
sequence of operators is read from the right to the left). A complete survey
of the processes descr ibed by (10.17) is presented in f ig.  10.1.  g is a coupl ing
coefficient which is proportional to the optical dipole matrix element

StJz :  
- i Ef (x) exgrQ) d3x u^ (xs).

l*
I I

Fig.  l0. l  Schemat ic representat ion

*Here and in the following we shall assume
choice of a phase factor of alar.
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In sections 10.3 and 10.4 we shall follow up the first approach, while section

I I . l  wil l be devoted to the second.

10.3. Quantum mechanical Langevin equations

10.3.1. A field mode coupled to a heatbath

To derive quantum mechanical Langevin equations we use the Heisenberg

picture. In this picture the operators are treated as time dependent quantities

whereas the wave functions are time independent. The time dependence of

the operators is determined by the Heisenberg equations of motion which

can be obtained as follows. Let Q be an operator whose time dependence

we wish to study. Then its time derivative is given by the equation

i.e. the time derivative of A is given by the commutator between the

Hamiltonian H and the operator A.Let us briefly remind the reader how

this formalism works by means of a simple example.

Let us consider the field operator b and its corresponding Hamiltonian

Hp alone so that we consider a freely oscillating field without any couplings

to atoms or reservoirs. Using A: b and inserting Hr (eq. (10.4)) instead of

H into (10.22) we obtain

6:+ ho,(b*bb - bb*b).
h

(  10.23)

Because of the commutation relation ( 10.3) the r.h.s. can be transformed into

b :  - i ob . (r0.24)

We leave the performance of this transformation as an exercise to the reader.

Now let us consider the interaction between the field and the heatbdth

l. The time derivative of b is then given by the equation

a:; lH, al : - f ,ea -  aH),

6:;L(rrr+ r{8,  + H",-r) ,  b l .

(r0.22)

(  10.25)

Because the Hamiltonian of the heatbath and the interaction Hamiltonian

contain the variables of the heatbath, corresponding Heisenberg equations

must be established for the heatbath variables. As has been shown in Vol.

1, the heatbath variables can be eliininated from these equations and one

finds a closed equation for the field operator b alone. The thus resulting
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vanishes,

i l  : 0 .

Furthermore we introduce the operators

a : a l a 2 ,

+ +
d .  :  A Z Q t .

A little algebra with help of the
us to the following Heisenberg

d :  - i a a ,

( i - : i o a -

(compare the exercises).
We now turn to a derivation of the Heisenberg equation of motion of

the electron (atom) when it is coupled to heatbaths. To this end we again

remind the reader of the main results of Vol. 1, chapter 9.

Let us introduce the mean values of the occupation numbers of the

electronic levels j : 1, 2 by means of

(  10 .33)

(  10.34)

(  10.35)

commutation relations just mentioned leads

equations of motion:

( r 0.36)

(  10.37)

(  10 .38)n i :  ( @ l a i  a ) @ ) ,  i  : 1 , 2 .

Because of pump and decay processes these occupation numbers may

change, the temporal change being described by the well known rate

equations

dn,-  -  :  wzrp t -  w t2 f rz ,  (10 .39)
d t

d n t

d r

w21 and wnare the transition rates caused by pump and incoherent decay

processes, respectively (cf. f ig. 10.2). These pump and decay processes are

-1;"
I

Fig. 10.2. Scheme of radiationless transitions or nonlasing optical transitions (left-hand side)

and pump transitions (right-hand side) with the corresponding transition rate constants.

;I

Миша
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where

f _ � = f r r ,

f *=  f f r= f r , .

For later purposes we need the correlation functions between the fluctuating
operator forces 1- When the quantum mechanical average over the variables
of the reservoirs 2 is taken we find relations of the form

( 1 - " (  t )  f  t t ( t ' ) )  =  G , ' , ' , 6 ( /  -  t ' ) , .  .  ( 1 0 . 5 5 )

or more generally

< f jk1)  f , ^ ( t ' ) l=  G;ar -6 ( t - t ' ) .  (10 .56)

The G's have been der ived in Vol .  1,  formulas (9.104)-(9.109),  and are
repeated here

G , , , , ,  :  w t 2 / 1 2 *  w 2 1 n 1 ,

G r r , r r . :  -  W 2 t / 1 1 -  W 1 2 f l 2 :  G 2 2 , r t ,

G 2 z , r r :  W 2 t n 1 *  W 1 2 n 2 ,

G r r , r r . :  G z r , z r : 0 ,

G r r , r r :  W t 2 f l 2 -  W z t n ,  * 2 y n r ,

Grr , r ,  :  W2t l l  1  
-  W 12 t12  *  2yn2 .

Because in the case of the laser we have to consider many atoms being
distinguished by the index p we must say a word how the correlation
functions must be generalized to that case. We shall assume as usual that
each atom is coupled to its own heatbaths, so that the heatbath variables
are independent of each other. In such a case it turns out that quite generally

( f  * .p ( t )  f  * , , t ^ ( r ' ) )c  0 , , , .

(  10.54)

(  10 .57)

(  ro.s8)
( 10.se)
( 10.60)

(  1 0 . 6 1 )

(  10.62)

(  10.63)

It is not difficult to transform the correlation functions for 4r to those
referring to the fluctuating forces of (10.50)-(10.54). A l itt le analysis pro-
duces the following relations:

( r "_( r ) ) :  (1- , , * ( r ) ) :  ( f  *o( r ) ) :0 , (  10.64)

5 r * , 6 ( t - t ' ) ,  ( 1 0 . 6 5 )

6 r r , 5 ( t - t ' ) ,  ( 1 0 . 6 6 )

( f**(  t )  r* , -( t ' ) l :

( r "_(  t \  f  u , * ( r ' ) ) :

( r r  r

( r t  r

+<dp>)

- (d">)

.+(do-'(d^,)))
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Taking the terms (10.26) and (10.73) together we find

b  :  ( - i ro  -  x )b  - iSL  o*  +  F ( r ) .
l.L

For what follows it is important to note that the correlation functions of F

and F+ (cf. (10.27)-(10.30)) are unaftected by the interaction between the
field mode and the atoms.

In a similar fashion we have to derive the Heisenberg equation of motion

for the atomic operators if the interaction between the field and the atom
is taken into account. The evaluation of the corresponding equation

##1,_. :|tH^,, o7
requires some elementary algebra using the commutation relations. We
leave this algebra as an exercise to the reader and immediately write down
the final result

( 10.74)

(  10.75)

(  10.76)

(10.77)

It shows that in order to determine the time dependence of a we need not
only to know that of the operator b but also that of the inversion operator
d defined in (10.31). Therefore we have to derive an equation for d also.
Before we turn to this question we write down the equation for c if the
full Hamiltonian H (10.1) is taken into account. According to the terms
stemming from the "free" motion of a, from its coupling to heatbaths and
from its coupling to the field we obtain the equation

d :  ( - i @ a  -  y ) a  + i g b d  +  f  _ .

#1,_" :isbd.

dp --  ( - i , "  -  y)a* +igbd* *  I  *- .

The equation for the Hermitian conjugate reads, of course,

, i i " :  ( i ,  -  i " i - igb* d** f  , ,+.

The generalization to atoms with index pc is straightforward. We just have
to supplement the atomic variables a and d by the corresponding index p,

(  10.78)

(  10.7e)

Finally we have to derive an equation for d. Because the construction of
this equation is quite obvious we write it down immediately

(  10.80),  d o - d u . ^ .  /  t +  - F r r .  nd* : 
f  

+2ig(a*b* - oi"b) + I *a.

The first two terms on the r.h.s. stem from the action of the heatbaths on
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248 10. Quantum theory of the laser I

(2) Prove (  10.33) by means of  (  I  0.32),  (  10.1 1).
Hint :  use (  10.5)-(  10.7).
What does this result mean physically?

(3)  Der ive  (10 .36) ,  (10 .37) .

10.4. Coherence and noise

I t  wi l l  be our task to solve the basic equat ions (10.74),  (10.78) to (10.80).
The striking similarity of the quantum mechanical equations to those of the
semiclassical laser theory suggests to formally proceed as with these latter
equations. This is in fact possible provided we take care of the sequence
of the operators in the nonlinear terms, and by taking into account the
fluctuating forces F and 1- The first step consists in an elimination of the
atomic "variables" a*, a[ and d* in analogy to our procedure of section
6.3. Because that procedure was outl ined there explicit ly we do not repeat
it but write down the final result

b :  ( -  ia  -  x  + g '  Dol  i lb  -  cb*  bb* 4o, .

Do is given by

Ds: Nd6

and C is defined by

C :4goTDol y ' .

F,o, is defined by

F. " , ( r )  :  F (  t )  -  ( iS l  y )L  f  "_ ( t ) .

With respect to the terms which do not contain fluctuations, eq. (10.83)
possesses the same degree of accuracy as our former semiclassical equation
(6.46). With respectto the additional terms, i.e. to the fluctuations, it must
be noted that one term, which stems from the fluctuations of the inversion,
has been neglected, because, in general, this causes only small effects. For
what follows it is important to know the properties of the fluctuating force
F,o,. Using the definit ion (10.86) and the correlation functions (10.27)-
(10.30),  (10.64)-(10.69) and (10.81),  (10.82) of  the f luctuat ing forces we
may easily derive the following relations:

(  10 .83)

(  10.84)

(  10 .85)

(  10.86)

(F;,( /)) :  0, (F,",( /)) :  0,

(F;,( /) F;,( t')l : (4",( /) 4",( /')) : 0,

(  10.87)

(  10 .88)
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250 10. Quantum theory of the laser I

Fig. 10.3. The potential of a fictit ious particle versus coordinate q. Dashed line: below laser
threshold. After each excitation act due to the fluctuating force, the particle relaxes towards
its equilibrium position. Solid l ine: potential above laser threshold.

taken, is much smaller than the other linear terms and may be neglected.
(This conclusion can be justif ied also rigorously.) In this way ( 10.33) reduces
to

b : ( - i r - I G D A * f , o , . (  10.e3)

Its solution can be directly read off from our previous treatment of such
an equation done in Vol. l, section 9.1. Because (10.93) is l inear, commuta-
tion relations do not play any role and we can treat at least in a formal
fashion b as a classical variable. Identifying, in a formal w?y, the velocity
u(t) ,  introduced in sect ion 9.1 of  Vol .  1.  wi th b(t \ .  we obtain

b ( t ) : exp[(  - i lo  - lc l ) (  t  -  t ' ) ]F, " , ( t ' )  d t '  +b(0)  exp[-  ( i ,  -  lC l ) r ] .

( 10.e4)

In order to visualize the effect of 4o, we represent it by way of a model
in the form

4o, : L f"A(t - t*) with f* : f exp[ig,].

l

( to.e5)

Indeed we have seen in Vol. 1, eq. (9.3), that the meaning of the fluctuating
forces F can be visualized besf when we consider them as a sequence of
individual pushes occurring randomly at times rr. Then our fictitious particle
with coordinate q behaves l ike a ball in-between two.hil ls, but being kicked
by soccer players in a statistical sequence. The term -lGlb of eq. (10.93)
which represents the damping force can be easily visualized as the friction
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252 10. Quantum theory of the laser I

l ight from ordinary lamps and from lasers consists only in such a l ine
narrowing. But we shall see that this is not the only and essential difference.
In fact laser l ight behaves above laser threshold in a qualitatively entirely
different manner than below threshold.

But let us sti l l  discuss the situation below laser threshold and let us study
the coherence properties of l ight as described by (10.94). Because the kicks
occur with equal probabil ity in both directions the mean value of (10.9a)
vanishes, i .e.

( b ) : 0 .

Therefore in a next step we investigate the coherence function of second
order which we derived in Vol. l, sections 2.2 and 8.1. There we derived
the coherence functions by means of the field amplitude E where we
decomposed the field amplitude into its positive and negative frequency
parts. While the positive frequency part oscil lates with exp [-ir,rr], the
negative frequency part oscillates with exp[iarr]. Eq. ( 10.24) tells us that the
positive frequency part corresponds to the operator b, whereas the negative
frequency part corresponds to b*. Thus we may use the following replace-
ment  (c f .  (5 .106) ,  (5 .107)  o r  Vo l .  1 ) :

E- + bi . . /ha l2eo) u(x),

E-  +  -  b* i " /ho  lQtJ  u (x ) .

Because the factors of b and b* are fixed quantities which do not fluctuate,
we can extract these factors from the averaging procedure.

Our former classical average of secti on 2.2 of Vol. I can be translated
into quantum statistical averages as we have shown in section 8.1 of that
volume. We shall denote the averaging by brackets. Our present discussion
shows that the coherence properties of laser l ight are represented by
expressions of the form

(  10.e6)

( 10.e7)

( r0.e8)

( 10.ee)

(b * ( t )  b ( t ' ) ) .

We have met expressions of the form ( 10.98) with ( 10.94) in Vol. l. Therefore
we can immediately use the corresponding result and obtain

(b*( r )  b( t ' ) ) :  expf i ro  ( t  -  t ' )  -  lc l l t  -  t ' l ) (b*( t ' )  b( t ' ) | .

In this formula transients have been neglected, i.e. we study the steady state
emission where time / is large but / - / '  f inite. Because we study the steady
state, at least in the case of sufficiently large times r' we may use the relation

(b * ( t ' )  b ( t ' ) l :  n , (  r  0.1 00)
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emission becomes bigger than absorption, and thus lGl becomes smaller
than rc,  i .e.  rc l lc l> 1.  we then obtain an enhanced number of  photons
nlnr6f /tsn.The laser system is sti l l  operating below laser threshold but
within a region of amplification. When Do approaches its value at laser
threshold Do,,r,. : Ky I 92, lGl tends to zero.

As a consequence, the amplif ication factor KllGl tends to infinity. It
should be noted that this divergence is an artefact caused by our approxima-
tion which neglects the nonlinear terms - b*bb. A rigorous calculation
without linearization will show that the photon number remains finite at
laser threshold, as we shall demonstrate in section 10.5. By means of ( 10.99)
we can immediately calculate the complex degree of coherence. According
to the corresponding relation of Vol. I i t can be represented in the present
case bv

(b * (  r )  b ( t ' ) )-Ctr: exPfiar (t - t') - lGllt - t' l]. ( l 0 . l 0 4 )

As we may see, this degree of coherence decreases exponentially which is,
of course, caused by the finite duration of the individual wave tracks. The
correlation function ( 10.104) can be measured experimentally either directly
by Young's double slit experiment (cf. Vol. 1) or an arrangement described
in fig. 10.6. Another possibil i ty is provided by measuring the l ine-width
occurring in the spectral decomposition of l ight in a spectrometer.

The foundation of this possibility is provided by a theorem due to
Wiener-Chintschin which we do not derive here mathematically exactly,
but which we can interpret in a rather simple fashion. Let us imagine an
ideal spectrometer which decomposes the field amplitud e b(t) into its

Fig.  10.6.  Scheme of  an exper imental  arrangement for the measurement of  ( (b*(r)+b*(r ' ) )  x
(b(t) + b(t'))). The first mirror (upper left) which is semi-transparent splits the incoming beam
into two beams. The second mirror (lower left) and the third mirror (lower right) take care
of the deflection of the beam which by the mirror upper right is reunited with the original
beam. In this way on the original wave an identical but delayed wave is superimposed.
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We see that the correlation function which is given by (t0.109) belongs to
a Lorentzian l ine with half-width lcl. If the decay time ll lcl becomes
longer, a l ine-width becoming smaller is observed. This result has been
anticipated intuit ively above.

As we shall see below the fundamental difference between the statistical
properties of l ight from conventional lamps and those of l ight from lasers

appears only through correlation functions of fourth order (and higher).

In fig. 10.7 we remind the reader of how a correlation function of fourth

order can be measured. Let us consider the correlation function

( b * ( r )  b * ( t ' )  b ( t ' )  b ( t ) ) .

Our subsequent calculations are somewhat clumsy. For this reason the
speedy reader can skip them and immediately proceed to the final result
presented in eqs. (10.124) and (10.125).  In order to make our calculat ion
as transparent as possible we assume that b has been calculated according
to ( 10.94), where we represent the fluctuating forces by means of individual
pushes according to (10.95). Strictly speaking we are dealing here with
fluctuating operator forces but a detailed analysis shows that all what we
are doing below can be done in a strict sense with operators also. But in
our present context we rather wish to give the reader a f eeling how the final
result can be obtained rather than trying here to give a formal but rigorous
derivation. We focus our attention on the stationary state so that we can
neglect transients. This means that we may drop the term containing b(0)
in (10.94).  According to the indiv idual  contr ibut ions we represent b(r) ,
b*( t )  in the form

( 1 0 . 1  r 3 )

( 1 0 . 1 1 4 )

( 1 0 . 1  l s )

We shall assume that the contributions which stem from different pushes
are uncorrelated so that we may use the relation

<B;8",>: (F[,F*16*u

b( t ) : L  F *Q) ,  b * ( t )  - -L  F iQ) .
l.L l.L

(b*(r)  b(t ' ) l :  
n,$i ,Q) B*,Q'D.

On account of  the Kronecker symbol 6, , , ,  in (10.1l5)

Because the evaluation of ( I 0. I I 3 ) by means of ( I 0. I I 4) is somewhat lengthy,
we first treat the case of a simpler correlation function, namely (10.98), as
an exercise. Inserting (10.114) and the Hermitian conjugate expression in
it we obtain

( 1 0 . 1 1 6 )

the double sum over
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258 10. Quantum theory of the laser I

By means of (10.123) we finally obtain

Kr(t ,  r ' )  :  l (b*(  t )  b( t ' )112.

In our derivation of this result we have not been very carefui with the

sequence of the B's because in our model-l ike fashion we have treated them

as classical quantities. In reality they are operators which in general do not

commute with each other. A careful analysis reveals, however, that result

(10.125) holds also in the case of  operators.  The essent ia l  resul t  of  (10.125)

means that the fourth order correlation function can be expressed by a

correlat ion funct ion of  lower order.  By means of  the resul t  (10.99),  (10.100)

we can express Kt exPlicitlY

Kz: nz expl - 2y"olt - t ' l], 7.ri = lGl.

The correlation functions can be measured in the Hanbury-Brown-Twiss

experiment which is explained in figs. 10.7 and 10.8. As can be shown quite

generally, also all higher correlation functions can be expressed by correla-

t ion funct ions of  f i rst  and second order,  i .e.  by (10.96),  (10.98),  provided b

consists of many statistically independent contributions, or, in other words,

if b is Gaussian distributed. Because the field strength E is directly connected

with b and b*. we thus have found that the fluctuating field strength of

Detecfor

Dischorge
fube

Defector2 Coincidence
counler

Fig. 10.7. Experimental arrangement for the measurement of a correlation function of fourth

order by which the correlation between photon numbers is measured. In experiments made

before the discovery of a laser, a gas discharge tube was used as light source. In experiments

with laser l ight it is replaced by the laser and the pinhole is no more necessary. The beam is

split by a semi-transparent mirror (beam splitter). In receivers I and 2 the incoming photons

are registered. The photon numbers registered by the receiver 2 are transmitted with a certain

time delay to the coincidence counter where they are processed jointly with the photon numbers

measured by the receiver l.

( l 0 . r 2s )

(  l  0 .1 26)

Beomspli l fer
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Fig. 10.9. The potential for the motion of the fictit ious particle in two dimensions. It represents
the behavior of the complex laser amplitude above laser threshold.

fluctuate. Finally taking into account that b oscillates with the carrier
frequency @, our discussion leads us to the following hypothesis for b:

b:  ( ro+ pU))  exp[ ie( t ) ]  expf  - i r , . t l .

A detailed discussion reveals that our procedure remains valid if b is an
operator. As it turns out in this case, 16 remains a classical number whereas
p and g become operators. We shall not discuss the details which result
from the properties of p and 9 being operators. As can be shown the laser
can be described in a very good approximation by treatin g p and 9 as if
they are classical quantities. In order to determine p and g we insert (10.127\
into (10.83), which we repeat for the reader's convenience

b : (- iar - r  + g'Dol i lb - cb* bb * 4o,.\------____:
C

Inserting the explicit form (10.127) in (10.128), performing the differenti-
ation with respect to time, and dividing the resulting equation by the
exponential functions occurring in (10.127) we obtain

iQ rs*  p :  G( ro+  i l  -  C ( r to+3r f ,p  + '  '  ' )

to ,  (  l0 . l2g)

We determine ro by means of the condition that eq. (10.129) is fulf i l led

(r0.t27\

(  10.128)

+exp[ i ro l  - iq ( / ) ]4 " , .
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But now we wish to show that the statistical properties of laser l ight differ
from those of l ight from usual lamps fundamentally. To this end we consider
the correlation function Kr which we introduced in (10.124) and insert
(10.127) in it. Anticipating that p is a small quantity we calculate this
correlation function only up to its leading terms in p. As it turns out, these
are terms quadratic in p so that we obtain

Kz: 4r3(b,p,,) -  (p, l(p,,)). ( 1 0 . 1 3 8 )

The quantity p, obeys eq. (10.132). This equation has a mathematical
structure which corresponds entirely to that of eq. (10.93), if we put there
ar:0 and replace lGl by y" and f,o. by Re(.f,",). Therefore the solution of

eq. (10.132) is readi ly found. In part icular we obtain

( p , l :  ( p , , )  : 0 .

In th is way (10.138) reduces to

4r'ob,p,').

By means of  the solut ion of  (10.132) we
function between p, and p,, in analogy to
then obtain our final result

Kr ( r ) :  ( t 4 ,o  *  n ,n ) exp[ - 2C(nlr l ,

(  10 .  l  3e )

(  10 .140)

can determine the correlation
the calculat ion of (10.99). We

(  1 0 . 1 4 1 )

(  10 .142)

K

C

where n,o is the number of spontaneously emitted photons as before and
is given by

Nr..
l l . p : ( N r _ N , ) r _

y"  =  2C (n l ,

and the abbreviation

^  4 x 2 T
L -- 

(At- N,),n.

n16 is the number of thermally activated photons which in the case of the
laser is negligibly small (note, however, that in the case of the rl i ls€r r?16

dominates over n.o). We have further used that

(  10 .143)

(  1 0.1 44)

( f is the relaxation time of the inversion).
In order to compare the behavior of Kt below and above threshold it is

useful to divide K, by the photon number n and to plot it against the
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We have found that the physical nature of light is fundamentally difterent
depending on whether the laser is operated below or above threshold. Below
threshold light consists of exponentially damped wave tracks whose phases
are entirely uncorrelated. Because the decay time of the wave tracks increases
with increasing pump intensity, an emission line becoming smaller and
smaller results. Above laser threshold, light acquires quite different proper-
ties. It consists of an amplitude stabilized wave which can perform small
fluctuations around its stable amplitude. On this wave amplitude a phase
diffusion is superimposed which also gives rise to a finite line-width of laser
light. This finite line-width decreases more and more with increasing
emission intensitv.

Exercises on section 10.4

( l )  Prove (10 .87)  and (10 .90) .
H in t :  Use ( r0 .27) - (10 .30) ,  (10 .64) - (10 .69)  and (10 .81) ,  (10 .82) .

(2) Calculate n which occurs in (10.100).

Hint :  Use (10.94) and (10.90).

(3 )  Show tha t  (p ( t )p (0) ) :  f  ,p ( t ) .
Hint: Integrate (10.132) and use the fact that F,",(t) and F;,(t ') are
6-correlated, i.e. that

(F," , ( t )F; .( / ' ) ) :  const.  x 5(r  -  { ) .

(4 )  Prove (10 .137) .
Hint :  Put b(t)=roexp[ i9(r) ]  as an approximate solut ion of  (10.83).
Assume that 9(t) is decomposed into individual terms g, So that 9Q):
L*e*(r) and assume that these are small and statistically independent of
each other, i.e. (gugu,):0 for p. * l" ' . Put further

I
exp[ ie(r ) ] :  exnI i  I

I
e,,Q) I  :  [ I  exp[ie"(r)]  : l [  (1 +ie, - ]q?").

J p p

10.5. The behavior of the laser at its threshold. Photon statistics

In the previous sections we demonstrated that the behavior of laser light
above threshold differs dramatically from that below threshold. But our
methods did not allow us to treat the rather small, but interesting region
around threshold where this change takes place. An elegant way to answer
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thus resulting equation into two equations for the real quantities x and y,

dx

f i : o * - C ( x ' + y 2 \ x + & ,

d v

fi: o, _ c(x, + y2)y + F,

9[: -! +r o* -
At r lx  

' -

-!+r c, -
0 y ' -

C(*' + y1*l/\

c(*'+ y)yli\* q,,P** 0,,!,

( l 0 . l 4 e )

(  10 .1  50)

We have shown in Vol. I how to construct a Fokker-Planck equation which
belongs to an equation of the form (10.149). It is not diff icult to generalize
this procedure to coupled equat ions such as (10.149) and (10.150).  In such
a case we have to construct a Fokker-Planck equation for a distribution
function which depends on the two independent variables x, y, and on time
t, i(r, y: t). iQ, y; /) dx dy is the probabil ity to find at t ime / the variables
x  and y  in  the_ in te rva ls  x . . .  x  +dx ,  y . . . y  +dy .  We sha l l  p resent  a  concre te
example on f (x,y; r) below. The Fokker-Planck equation for f acquires
the form

Q"" and Qu, are the diftusion coefficients. They are determined by means
of the correlation functions of the fluctuating forces by

(n( / )  F, ( t ' ) ) :  6( r  -  t ' )Q, i ,  i , i  :  x ,  y .

( l 0 . r 5 r )

( l o . l s2 )

( r 0 . r53 )

Whereas in a c/assical treatment, which we present here, Qu ir uniquely
def ined by (10.152),  a more subt le discussion is required i f  the F's stem
from quantum mechanical Langevin equations such as (10.83). In such a
case the sequence of the operator forces Fn, F is important. Here we
anticipate the result of the rigorous quantum theoretical treatment to be
presented in chapter 1 1. Close to laser threshold one is allowed to calculate
( l0.l 52) by means of symmetrized F's, i.e. by F replaced Uy .1(f* * F), or
by F's used in "normal order",  i .e.  (F*( t )F(t ' ) ) ,  wi th pract ical ly the same
results. In particular a closer discussion reveals that

Q", : Qr" :0

and

Q"" :  Qr r :  Q,  (10 .154)

where  Q: ) * (n ,n* f l ,o ) l  r? , t  and n .o  were  in t roduced above (10 .102,  10 .103) .
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function it must be normalizable in the whole range 0 < r { m. Consequently

f (and its derivative with respect to r) must vanish sufficiently strongly for
r+oo.  Le t t ing  r+oo in  (10 .16 l ) ,  we read i l y  f ind

( r0 .162 )

(  10.163)

This first order differential equation can be easily solved. Its solution reads

C '  : 0 ,

so that (10.161) simpli f ies to

y:+(Gr- Cr')f.E r  a '

./\r
f  : ;exp l r 'GIQQ) -  roc  l (4Q)1.

"lf is a normalization factor which is defined bv

I  f -
t: J" 

exn[' '  ' fr dr'

f  :#exp[ -  v( r ) lQ] ,

(  1  0.1 64)

By means of the potential function V(q) of a fictitious particle, which we
introduced in (6.51), f can be written in a particularly simple form

(  10 .165)

(  10 .166)

where Q= r .
A discussion of the function (10.164) tells us how laser l ight behaves

close to and at laser threshold. In fig. 10.12 / is presented as a function of
r for various parameter values G. Obviously for G < 0 the maximum of /
l ies at r:0. This maximum is shifted to higher r values with increasing
G > 0. But we know that 12 is identical with lbl'�. tn a classical interpretation

lbl ' � is the intensity of l ight (besides a constant factor), whereas in a quantum
mechanical interpretation we may consider r' as a qualitative measure of
the number of  photons. Figs.  10.13 and 10.14 represent/as a funct ion of
r and g, where for G > 0 a probability crater can be observed. The potential
of the fictitious particle is represented below the distribution function. It is
evident how the potential jointly with the fluctuating forces shape the
distribution function. In the case G < 0 there is only one minimum of the
potential. Correspondingly there is only one maximum of the distribution
function. For G > 0 we find a circular valley of the potential. Correspond-
ingly a circular rim of a mountain with a crater in the middle is found
representing the probability distribution.

In order to compare the theory, which we have outlined above, with
experiments, the following two points must be observed. In order to rep-
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Fig. 10.13. The left-hand side represents the potential of the fictit ious particle below threshold.

On the r ight-hand s ide / (q, ,  qr)  wi th r2:q1+q) is p lot ted versus the coordinates qr ,  q2:  f
is  bel l  shaped.

We now discuss the transformation from continuous to discrete variables.

Experimentally, discrete photon numbers n are counted within giveh count-

ing intervals of time duration T6 by means of a photo detector mounted

outside of the mirrors of the laser resonator. The thus resulting distribution

Fig. 10.14. Above threshold the potential function of fig. 10.9 applies. In the present figure

the corresponding distribution function f(qr, qr) is shown. The probability "crater" can easily

be seen.
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propert ies of  b+, b.  Insert ing n:b"b in (10.172) we obtain

( (b*b) ' )  -<b*b>2,

or more explicit ly

<(b* bb*b))  -  <b* b>2.

As we know, b, b* obey the commutation relation

b b * - b * b : 1 .

By means of  th is relat ion,  the product b*bb*b in (10.173) can
as b*b*bb +b*b. In th is way (10.173) t ransforms into

<b* b* bb> - (b* b>' + (b *b).

K 2 ( r : 0 )

As we shal l  prove in chapter l l ,  the expression K2 in (10.175) can be
evaluated by means of the distribution function / as if b*, b were classical
quantit ies. Equivalently, <b*b"bb> and (b*b) can be calculated by use of
the solutions of the classical Langevin equations. Therefore we may identify
K2 in (10.175) wi th the expression Kz(r :0)  of  sect ion 10.4,  where we

calculated it explicit ly below and above threshold. In this way we obtain:

(  1  0 .1  73)

(  1  0.1 74)

be rewritten

( 1 0 . 1 7 s )

( l o . l 7 6 )

(to.r77)

by inserting ( 10.176),

( 1 0 . 1 7 8 )

below threshold

Kr ( r :  0 )  :  \b*  b ) ' ;

aboue threshold

Kr(r:0) : 
*rlL"

We can calculate the mean squared deviation (10.172)
( 1 0 . 1 7 7 )  i n  ( 1 0 . 1 7 5 ) ,  ( 1 0 . 1 7 2 ) . W e  t h u s  o b t a i n :

below threshold

( ( n  -  ( " ) ) ' l :  ( b * b ) 2  + ( b * b )

aboue threshold (n+oo)

( ( n  - ( r ) ) ' ) :  ( n ) .

= ( n ) ( ( n ) + l ) .

This result is typical for Bose-Einstein statistics, where photons tend to

form clusters (compare fig. 10.15). On the other hand we obtain:

(  10.17e)
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the distr ibut ion funct ions (10.164) or (10.170),  respect ively.  We remind the
reader that we shall justify the use of classical averages instead of the
quantum statistical averages in chapter I 1. In order to describe the smooth
t rans i t ion  f rom (10 .178)  to  (10 .179)  we wr i te  the  l .h .s .  o f  (10 .178)  (o r
(10 .179) )  in  the  fo rm

( n ' l  -  ( r l '  : ( n X  I  +  H r ( n ) ) ,

where H, is a function of (n) sti l l  to be determined. Quite evidently , Hz: I
below and Hr:0 above threshold.  Solv ing (10.180) wi th respect to Hrand
using the abbreviat ions Mz:(n '1,  M,:(n) we obtain

Mr-  M1 l
t - j t :  

- - - -  
^' M i M l

(  1  0 .1  80)

(  1 0 . 1 8 1 )

I  u  n / n o

(experimental,  after results of

In this way H, is directly expressed by measurable quantit ies, namely the
moments of n2 and n. Fig. 10.17 represents a comparison between the theory
based on the distribution function (10.164) and experiments. The results
show both a good agreement between theory and experiment and reveal
also a continuous transition from (10.178) to (10.179). The pump parameter
has been replaced by a normalized emission intensity. A similarly good
agreement has been found for other quantit ies also, which can be expressed
by higher moments,  such as Mr:<n')  and Mo:(na).
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Fig. 10.17. H2 versus normalized number of emitted photons
Arecchi et al., theoretical results after Risken. cf. references).
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Chapter 1l

Quantum Theory of the Laser II

A second approach via the density matrix equation and
quantum classical correspondence

11.1. The density matrix equation of the laser

In the foregoing chapter we developed the quantum theory of the laser by
means of quantum mechanical Langevin equations. These equations have
the advantage that their physical meaning can be quite easily visualized
due to their analogy with the semiclassical laser equations. Below and above
threshold they can be rather easily solved even in the quantum mechanical
case by means of linearization or quasi-linearization. On the other hand
the rather small but most interesting region close to and at laser threshold
could not be treated directly by means of the quantum mechanical Langevin
equations. Not because these equations become invalid, but because no
way of their solution is known in that region. Therefore we resorted to a
Fokker-Planck equation in section 10.5. In that section we could base the
derivation of a classical Fokker-Planck equation from quantum mechanical
Langevin equations merely on heuristic arguments. The present chapter
serves the purpose of filling that gap. We wish to derive that former
Fokker-Planck equation from first principles whereby the complicated
quantum mechanical problem is cut down stepwise by well-defined and
well justif ied approximations. In this section we shall make a first step
towards that goal by deriving the density matrix equation of the laser. The
reader should be familiar with some basic features of a density matrix
equation, for instance as presented in Vol. l.

Again as in the foregoing chapter we start from the total Hamiltonian
which reads

H :  Hr*  H o*  Hor - t  H" , *  H " ,_ ,  I  Hv r *  H " r_o . ( 1 1 . 1 )

In it Ho ,, ."r"X*ed of the Hamiltonian H, of the free modes, of the



rd xuJeru ,{lrsuep eq} JoJ

(s'r r )

uorlenbe uB anrJep feul ezn leql u.{\ogs eleq eA11

uorlenbe eql sfaqo pue

(s'r r )
rot'J d

,{q palouap sr tue}s,ts 1e1o1 slql Jo
xrrlsru ,{lrsuap 3qI 'ql?qlBeq s}I o1 peldnoc opotu pleg 3 replsuoc sn le-I

'sdels uletu

eql Jo rurq puruor fgauq e^\ ecuoluoluoc s.ropseJ oql rog 'peleerl eq UBJ

qluqteoq e o1 paldnoJ tuole ue ro qleql?oq e o1 peydnoc epotu pleg 3 ^\oq

pa^\oqs oA\ eJOr{A\ I 
'lo1 ut dn pol\olloJ uooq suq rue.rSord e qcns 'd tol

uorlenbe xrJleru,tysuap eAIlceSO u? enlrep ol aq lptr leoE snollqo Jno uoql

.(r"rd): d (?.I I )

.;ror.rot .r-,EH + ,BIl +tHl+- : 
+

U 'D 'l*,d'H);- : -,dp

'sarnlerod

-ruel culceds rleql le BIrqIIInbe lerureq] rloql ul oq ol pounsse er€ qclq,!\

solq€rJel ql€qleoq eql relo lord xuluru flrsuep leurEuo eqt EurEurene ,{q d

xrJlsru ,$rsuop A\ou 3 ecnpoJlul oA\ pue slql oI 'sOlqsIJBA t{13q13eq aql eJou

ou lnq 'selqeue,r cltuole eql pue epou pleg oql 'a't 'salqeIJBA res€l redold

eql sureluoc qcrq^{ xrJleu ,tlrsuep 3 uI polseJa}ul eJe oA\ pu€g Jeq}o eql uo

(€'r r )

(z'r r )

uorloru Jo uortenba aql s,(aqo '(l'l 
I ) ,{q poqucsop tuals,{s 1e1o1 eql o} sreJor

qclqa 'rord xuleru flrsuop oql 'xIJlBtu ,{lrsuep eq} eIA qceorddu eql ldope
o/r\ puo slt{l oI 'tuaql eleuIuIIO ol qsIA\ eA\ pue 'telamoq 'sn 01 }soJelul

lcorrp ou Jo eJ€ salqslJe^ eseql 'solq€Iren ql"q IIe suleluoc 'osrnoc 
Jo 

5L{JIq^\

'6tr!: 
fiH

uorlenbe reEurpo.rqcg

Eurpuodserroc oql e^los o] oq plno^\ ( t't t ) uuruolpulsH egl fq peugep

uralqord oql EurteeJl Jo ,{em alqrssod y 'sql"q}Boq EurpuodsoJroc JIOqI

ot sruolu eqt pue opotu pleg aqt yo Eurldnoc ot{l oqlrcsep ( t't t ) ut surol

Eurureruar eql '(yZ'OI)'(€l'01)'(?'01) fq ue,rtE sI sueluotlltueH oqlJo turoJ

llcrldxa eql 'epotu plou eql gll^\ ecu€uosor ur Eureq stuoJe le^el-o1(t Jo les
e pu€ epotu e13urs e ,(1oueu 'roldeqc SuloEero; eql uI sB lepou etues oqt

ldope lleqs el6 'sruole aq] pue plag eql ueealeq uollcerelul eql Eurqrrcsep
Jvg u€ruollrruuH eql Jo pue 'stuole elllce JesBI eql Jo vg ueruolllul€H

LL(, Jes€l eq] go uollenbe xIJI€LU ,tltsuep eql 'l'l 
I$



2'18 I l. Quantum theory of the laser II

which refers to the field mode variables b*, b alone. The equation for

Pr :  (Pr , to t )  (11 .7)

reads

.  i . n  I
i r :  - l lhab*b,  pr l+ 6{ [b*pn b]+ lb* ,  p ,b l ]

+ €{lbpr, b*l +lb, p,b*l},

where the constants 6 and f are connected
of the field mode amplitudes and the number
fltn, bY

6: rcn,6,

€ : * ( n , 6 + l ) .

After this brief reminder let us return to the problem of deriving a reduced
equation for the density matrix p of the total system field*atoms (11.4).
The total temporal change of p consists of three parts:

( I ) The change caused by the coherent interaction between fietd and atoms.
This change is given as usual by

/ap\
( # , ) . " , : - | l no ,o l '  ( I 1 .1 l )

(2) The two other parts stem from the coupling of the field to its heatbaths
and from the coupling of the atoms to their heatbaths. so that

dp- - t ,u ,o r . (+ )  . (+ )  (n . t2 )
dt  t rL 'o t  u '  ' \  

o t  )  e . r - \  o t  /  " ,_o '

The change of p due to the coupling field-heatbath can be directly taken
from (11.8),  because the coherent mot ion of  psis taken care of  by ( l l . l l ) .
The terms sti l l  to be considered of (11.8) are given by

(  I  1 . 8 )

with the damping constant r
of thermally present photons,

(  I  l .e)

( 1 1 . r 0 )

/ap\
f  -  I  :6 { [b*p ,b l+ [b* ,  pb l ]+ t { lbp,b* l+ lb ,  pb* l } .  (11.13)
\ d / /  s , - r

The last term in (11.12) describing the effect of the heatbaths on the atoms
can again be taken from the general results from Vol. 1. According to that
volume quite generally we have

/ a p \  !
I | : I {[(ol ai) *p, @f a,) *A,i,i1 *l(a! o) *, p(af a,) *]Af1r].\ d l /  s r - e  p i j

( r  1 . 1 4 )
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matrix equation. With respect to the degree of accuracy this density matrix
equation is entirely equivalent to that of the quantum mechanical Langevin
equations of section 10.3 (provided we include the terms ( I 1.20) in ( I 1 .21)).
It should be noted that both approaches imply the same kind of approxima-
tion, namely it is assumed that the interaction between the field mode and
the atoms is not so strong that the interaction of these individual systems
with their individual heatbath is appreciably disturbed. In the case of a
very strong interaction between field and atoms new kinds of effects may
occur, for instance a quenching of the interaction between atoms and their
heatbaths.

In order to proceed further, one possibility is given by trying to solve the
density matrix equation (l l. l2) directly. Approximate solutions of this
density matrix equation were given in the literature. Readers interested in
those approaches are referred to the references. In the context of the present
book we rather wish to follow up the l ine indicated at the beginning of this
section, namely to derive a classical Fokker-Planck equation starting from
the quantum mechanical density matrix equation. To this end we have to
provide a link between the quantum mechanical and the classical description
by means of the method of quantum classical correspondence.

11.2, A short course in quantum classical correspondence. The example of
a damped field mode (harmonic oscillator)

11.2.1. A formal analogy between quantum statistical and classical
stqtistical auerages

The method which we are going to describe briefly is of interest both to
laser theory and to nonlinear optics. Let us start from the quantum
mechanical Langevin equation of a damped field mode. The equation of
the annihilation operator b is given by (see also Vol. I )

6 :  ( - i a  -  K ) b  +  F ( r ) .

By means of the transformations

b:  b  exp [ - ia r t ] ,

F( r) : F( r) exP[ -io,tl,

we can cast (11.22) into the simpler form

L .

b : - x b + F ( / ) .

(n.22)

( r  r .23)
(n.24)

( 1 1 . 2 5 )

This equation is analogous to a classical Langevin equation which we have
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simply given by the 6-function

f o ( q ,  t )  :  6 ( q  -  q ( t ) ) .

Now let us assume that the heatbath producing the fluctuating force F(r)
is acting on the particle coordinate q. This force causes random pushes so
that the particle will follow up different paths for different realizations of
the random events. When we now wish to know the probability of finding
the particle at time / in the interval q' " q + dq we have to average the
distribution function ( 1 1.30) over the different paths caused by the heatbath,
i .e.  we have to replace (11.30) by

f (q ,  t ) :  (6 (  q  -  q ( r ) ) ) " . (  r  1 . 3 1 )

The form ( I 1.31) jointly with the properties of the fluctuating forces can
be used to derive the Fokker-Planck equation (11.29) which belongs to
(11.26) (cf. H. Haken, Synergetics. An Introduction). In the present context
another property of ( I l .3l ) is sti l l  more important, however. Namely let us
use the Fourier representation of the D-function, i.e.

(  l  r .3o)

(  r  r .33)

(  r  1 .35 )

Inserting (11.32) in ( I 1.3 I ) and noting that the

f has nothing to do with the heatbath average

(n.32)

integration over the variable
we obtain

6(q - q(t)) : 
*J__ ..ot i(q(t) - i l t l  d€.

(6(q - q(r)))" :*J_J,..ot i(q(r) - q)f l)" df,

+r
or, using the same argument again we obtain

(  I  1 . 3 3 )  : expf-iq{l(exp[i q ( r ) f] u df. (  l  r .34)

The statistical average over the exponential function which occurs in
( I 1.34) is well known in statistical physics and is called the characteristic
function X,

(exp[iq(t)f])" -- xG).
After these preliminary steps we are in a position to define a distribution

function for quantum mechanical variables. We first note that according to
the basic principles of quantum theory classical observables, such as q(t),
are replaced by operators b in quantum mechanics. As we know (see Vol.
I ), in quantum mechanics we have different choices with respect to the time
dependence of b. In the Schrodinger picture the operators b, b* are time
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In th is way the character ist ic funct ions (11.37),  ( l1.38),  (11.39) wi l l  g ive
rise to different distribution functions which are called the "Wigner distribu-
tion function x", the "Glauber-Sudarshan 

distribution functi on yp", and
the "Q-distribution function Xe", respectively. In the following analysis we
wi l l  use ( l1.38) as expl ic i t  example.

Let us recall what our goal was. We wanted to find a distribution function
corresponding to a quantum mechanical process. Our starting point was
eq. ( I 1.31) which defined a classical distribution function / for a classical
variable q(t).The translation of this distribution function into one for
quantum mechanical processes is provided by (11.34) where we have to
replace the classical characteristic function (11.35) by the quantum
mechanical characteristic function (11.38). To this end we have merely to
take the Fourier transform of the characteristic function (11.38) where we
replace the former real variable q by the complex variables u and u* and
the single integration over € by a two-dimensional integratio n d'B. We shall
not dwell on the mathematical details how to perform the integration in
the complex plane. We rather exploit some formal properties and refer the
reader to the specific l i terature for mathematical rigor. In analogy to ( 1 1.33),
( I 1.34) we define the Glauber-Sudarshan distribution function bv

P(u ,  u * ): r - ' Iexpl-iBu - iF* u*] X r(F, B\ d' p,

x exp[iBb] p] d'9.

(  I  1 .40)

( l  l . 4 l )

or, making explicit use of ( I 1.38) by

P(u, u*) :  , - '  I  e*pt- iB u - . iB*u*J Tr{exp[ i  B*b*]
J

what is known and what is unknown of the right-hand side of (l l .4l)? u
and u* are independent variables, while B and B* are integration variables..
b* and b are operators with given properties. Therefore the only unknown
quantity is the density matrix p. or, in other words, once we know p, we
can calculate P, at least in principle. Thus one way would be to solve the
density matrix equation for p first and then to calculate (11.41). Our goal
is more ambitious, however, because we wish to derive a Fokker-planck
equation for P. To this end we shall transform the density matrix equation
for p into an equivalent equation for P. In order to achieve this goal we
need some formal tricks. First we introduce the abbreviation

O : exp[i B* b*lexpfiBb], (n .42)
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As we may see from (11.48) and ( l l .5 l ) ,  the operator expressions of  the
left-hand sides may be expressed by derivatives of O. In a similar way we
can proceed with the remaining terms of ( I 1.46\ and we leave it as an
exercise to the reader to derive the corresponding relations.

We now show how relations of the form ( I 1.48) can be used to express
the r .h.s.  of  ( l l .a6) by means of  1.  To this end we study

Tr{ b * Obp}.

Using (11.48) we may transform it  into

- [  a 2 o  It ' t o t iB - y  
* , n1

Because taking the trace does not refer to the variables B
perform the differentiation in front of the trace so that we

a

d -

r( f iB .)  rC,B) 
rr{oP) '  (11'54)

According to (11.43), the remaining trace is identical with the characteristic
function X so that we obtain as final result
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to iBx and iB,

ao  A20
: n x - �

a( iB*)  
'  
d ( ip* )  a l iB  1 '

on the left-hand side yields

dP(Y., u*) : I o, B expl-iBu - iB* u.l+
d t  )  

'  - r  - - ' d t

(  l  1 . 5 1 )

(  l  r .52 )

(  1  1 . 5 3 )

and B*, we can
obtain

(  l  l . ss )

In quite the same way we can deal with all the other terms also, and we
leave that treatment to the reader again as an exercise. Collecting all the
terms we find

^ 2

(  t  1.52) :  ** ,- !  *  X(p, B*).a ( iB* )  a ( i p ) / ' \ , - 7 , -

* 
:- " (tu# * iB. 

{h)* 
. 2xn,6(iB\(ir) x,

which is the wanted equation for the characteristic function. In a last step
of our analysis we wish to transform eq. (11.56), which refers to the
characteristic function, into an equation for the P-distribution function. To
this end we differentiate (11.41) on both sides with respect to time, which

(  I  l .s6)

(  1  1 .57)
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the last term in ( I 1.56) (except for the constant factor) gives rise to

(iB*xiB )x-##. ( n.64)

Col lect ing the terms (11.62)-(11.64) and using them on the r .h.s.  of
(l1.57), we arrive at the fundamental equation for the classical distribution
function P,

Quite evidently we have found a Fokker-Planck equation in the classical
variables u and u* so that the problem of solving a density matrix equation
has been rigorously transformed into that of solving a completely classical
Fokker-Planck equation. In the following we shall use a short-hand notation
for  (11 .65) ,  namely

P : L I P ,  ( 1 1 . 6 6 )

where Lr is the differential operator which occurs on the r.h.s. of (11.65).
We leave i t  as  an  exerc ise  to  the  reader to  so lve  eq . (11 .65) .

11.2.3 How to calculate quantum mechanical auerages by classical auerages

At the beginning of this sectiorr we asked ourselves whether we can develop
a formalism by which we can evaluate a quantum mechanical average, say
of the form (11.27), by means of c-number procedures, i.e. by classical
averages. We now want to demonstrate that this goal can be achieved and
that in the specific problem (11.27) we find

dP(u, u*\ ld, t :  "  (*  ,  +]=r.)  "  +2*r,n-t  -  r .

Tr{bp} : 
I 

,rru, u*) d2u.

( r  l .6s )

(  1  1 .67)

(  1  1 .68)

To derive this relation we write the l.h.s. of ( I I .67) in a specific form, namely

Tr{bp}:  [Tr{  O( B, 9*)bp}]B:F*:ot

where O was defined by

o(8, F*):  expf iB*b*]  exp[ iBb].

We now remind the reader of the properties of the

(  1  l .6e)

5-function. Without
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( t t .77 )

(  l  r .78)

(  l  1 .7e)
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Performing the same steps as before we then verify
a

I
Tr{b"  p}  :  I  u"  P(u.  u*)  d '  u .

.)

Finally we may evaluate the trace

Tr{(  b  " )^b"  p}

by means of derivatives, namely by means of

l l  a  \ - /  a  V  I( 1 1 . 7 8 ) : l (  |  |  l r ' t o ( p , B * ) p \  |
L \ a ( i B * ) /  \ a ( i B ) /  

- - ' � -  \ r '  r ' ' '  
t u - F * - o

In this way we find again by repeating the steps as before that the following
relation holds:

T r { ( b * ) -  b ' p } :  |  @ * ) ^ r ^ P ( u ,  u * )  d 2 u .  ( 1 1 . 8 0 )- J

An important remark must be made, namely the nice relation between the
left- and the right-hand side of ( I 1.80) holds only if the product of creation
and annihilation operators b and b*, respectively, is written in normal order,
where the creation operators stand on the left-hand side of all annihilation
operators. If we define a function of b*, b in normal order we have the
translation rule

Tr { / (  b*  ,  b )  p ) :  I  f t  u*  ,  u )  P(u ,  u* )  d2  u .  (  I  I  .81  )'  
J "

This is the final result of this section.
Let us summarize what we have learned in this section. In order to study

the stochastic process, which the operator b (or b*) undergoes, the action
of a heatbath can be formulated in several ways:
( 1) by means of quantum mechanical Langevin equations;
(2) by means of the solution of the density matrix equation and jointly by
the evaluation of expectation values (quantum mechanical averages) by
means of the solution of the density matrix equation;
(3) we may solve in an entirely equivalent fashion a classical Fokker-Planck
equation (11.65) and calculate quantum mechanical expectation values by
means of  an ent i re ly c lassical  integrat ion v ia (11.81).

In this way it has become possible to translate a quantum mechanical
problem into a classical problem without any loss of generality. We have
described this procedure for a special representation, namely the Glauber-
Sudarshan representation (11.38). The reader may try it as an exercise to
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In analogy to our considerations when deriving the quantum
Langevin equations we shall use pairs of operators ci, ap in
known to us, namely

Q i  Q 2 :  a ,

C l 2 A 1 :  d + ,

a i  a z -  a i  a t :  f l .

mechanical
a form well

(  1  1 .82)

(  I  1 .83 )

(  I  1 .84)

Because we shall deal with a set of atoms distinguished by the index p we
shal l  supplement the quant i t ies on the r ight-hand sides of  (11.82)-(11.84)
by that index,

e*, a[,  dp.

In order to simplify the calculation we shall adopt the model of a single
mode laser with a running wave so that the spatial dependence of the
coupling coefficients gp can be transformed away. Because the field mode
then interacts with the operator of the total dipole moment, we shall
introduce that operator and its Hermitean conjugate as new operators

L o* :  s - ,
lL

L  " i :  s * '
P

Finally we introduce the sum over

I  d * :25 , .
lL

The notat ion (11.86)-(11.88) stems from the fact  that  S",S-,  and S, can
be considered as spin operators as far as their commutation relations are
concerned. We shall not use this fact here explicitly, though it plays a role
in the detailed derivation of the generalized Fokker-Planck equation we
wish to describe.

In the foregoing section we have seen that one may establish a correspon-
dence between the operators b, b* and u, u*

b <+ u, b* <+ u*.

ln a similar fashion we introduce the correspondence

S-e u, S*+t u*, 25"<+ D.

From the formal point of view we now perform the same steps as above in
section I 1.2. We first have to define a characteristic function bv means of

(  I  1 .86)

(  I  1 .87 )

d* as a new variable which we call 25,

(  1  1 .85)

(  1  1 .88)

(  l  1 .8e)

(  I  l .e0)
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Its individual parts are as follows. l,i stems from the coupling of the field
mode to the heatbath. It is given by (11.65) and is repeated here for the
reader's convenience,

[ a  a  I  a '
L r :  K l - u  + - u *  l + 2 x n , 1  ( 1 1 . 9 8 )'  

L d u  i ) u * - '  J  
'  - ' ' ' " ' n  

0 u  0 u * '

loi describes the coherent interaction between the field mode and the set
of atoms and is explicit ly given by

l l  A 2  a  I
Le. r : - ig  {  |  e  2o /oD u{ '  - - : : -  u  + :  D l "- l . L  0 u '  6 u  J

t  i*" +e-2a/aD,).# ,),.

.[-*.,.],-[-#*,],.]
Finally Lo stems from the interaction of the atoms with their heatbaths.
This term is the most complicated one and has the explicit form

w - ' (  
1 o - 2 a / a D - | \ +  n  o r o , o o  

0 o  
- .  

A 2
r " :  

? t  
A/ (e-20l ' '  -  l )  +  N . .  

du2 du*2 
2Nau 

a l

A  f  , ,  d2  .  +2  e -2a /aD-  I  l ,  +11  ,  
o '  

,  +2  e -2d /aD-  r - l r **  
r L ' a n  a n *  

'  ' u  
I  d u *  L  d u  d u *  

'  ' u  
I

l l  \  oo oo 
. l21

- rL ( . -2a /aD - l )  -ez " r  
a2u  a2u*  )  2  )

+w" f  *6 '0 , 'o -  l )  ++ ,  ++ u*  +2(e ' " /dD - � l )3 . [ .  ( l1 .100)'  
2  l . . ' ' -  

- '  
A t ) "  

'  
d t ) *  

v  '  ! \ v  "  
2 J

If the phases of the atomic dipole moments are destroyed not only by real
transitions but also by virtual transitions, the following term must be added
t o  t h e  r . h . s .  o f  ( 1 1 . 1 0 0 )  ( w h e r e  q : 2 A ) :

tJ*, +4 u. +2# r,or oo P* N# ",,,,o\.

(  l  l .ee)

( l  1 .100a)

In the following considerations we shall not take care of this term explicitly
but rather quote its effect at the last stage of our approach only.

Clearly, the Fokker-Planck equation we derived here stems only from
those parts of the original density matrix equation (11.12), which contains
the coupling of the field and the atoms to their corresponding heatbath,
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typical for a laser at threshold. The other case is not so interesting because

it leads us back to a treatment equivalent to linearization or quasi-lineariz-

ation of quantum mechanical Langevin equations. Close to threshold the

following relation is assumed to be valid

l r l ' :  , ,n,. ( 1 1 . 1 0 2 )

Note that n.6. must not be mixed up with n,6, becauSe fl15. means "photon

number close to threshold", wher€&s lt16 refers to the photon number present

in thermal equilibrium. A relation between the size of the atomic dipole

moments proportional to u and the field mode amplitude u can be estab-

lished via the semiclassical theory where we assumed a steady state relation

(which can be justified because close to threshold the effective relaxation

time tends to zero (crit ical slowing down)). In this way we obtain

|  |  K r  I

l u l  : - l u l .
g

P o :  N  l V ,

so that with N + oo we must assume

Nc V.

g x  V - t / 2  c  N - r / 2 .

From the behavior of the

f l t h . c  N t / ' '

We further introduce the relations

7 l :  W n l W 2 t '

2 y :  w n *  w z r ( + n ) .

( 1 1 . 1 0 6 )

photon number close to threshold we conclude

(1  1 .107 )

(  I  1 .  r08 )

(  I  1 .10e)

(  l  r . 103 )

In order to find an appropriate expansion parameter we assume that the

density of the laser atoms p6 is kept fixed but that we let the dimension of

the laser go to infinity. Denoting the total number of laser atoms by N and

the laser volume by V we have, of course,

( 1  1 . 1 0 4 )

( 1  1 . 1 0 5 )

The coupling constant g, which occurs in (11.103) depends on the volume

so that

where we note that in general an additional term ? occurs which is due to

phase destroying processes not connected with real transitions. In order to

simplify our procedure we shall ignore 4 here but we note that we insert

it again into our final result.
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idea consists in expanding this expression into inverse powers of N'/ ' .rn
order to find an equation which guarantees a bounded distribution function
we have to include terms of order N-ttz.In this way we obtain

Le, :  (wrz-  * , , )  K**  y  (  + ;  **  ; - )  *  y ,+ D
d D  

'  
\ 4 ,  0 u ^  /  

' ' d D

+  N -  t / z w z r K  d 2

52 a6 a6*
and

(  a  i - � , -  a  -  I
Lnr:  - is l  -z .  6* ui  5152J K +- DrtJ 6,1 6r- !  Ntr2

I  aD  a6  
"  - J rc

r l- -uJ6 ,  l 6 ; - : - -N rz : - . . . .  l ,  ( l  l . l  l g )
a f i  JX  )

while /.r retains its original form. We note that it is also possible to retain
terms which are important away from threshold but this is not our concern
here.

( l 1 . r l 8 )

( l  l . l 2 l )

( t t . t22)

If additional phase destroying processes are
a'�lai dd* must be replaced by

w z , * L q ] + n / r c ) . (  I  1 . 1 2 0 )

u into their realWe decompose the complex classical variables u and
and imaginary parts and write

/ R e  u \  / R e  u \
r , : 1 ,  l ,  0 : l -  l .

\ I m  u / '  \ I m u /

We further introduce the well known abbreviation

Do: 7r{zr 
lt

W 1 2 t  W 2 1

Then it is an easy matter to cast the Fokker-Planck equation containing
the  te rms (  i  l . l  18) ,  (  I  l . l  19)  and (  1  1 .98)  in to  the  fo rm

included, the factor w^ of

#*o,*, 
-xu* st)f \+V,{( -yD+ sDu)f}

*$ttr,,( Do- D) - agualf|

:tn,nV J+]Nw, ,A,f t yd#. ( l 1 . 1 2 3 )
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D16. woS defined above ( I 1.1 l0). Under the assumption ( I 1.13 1), the fluctuat-
ing force f is given by

f  :  f u + | r , .  ( 1 1 . 1 3 5 )
v

By means of (11.128) and using the fact that /-" and l-, are uncorrelated
we readily obtain
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holds. Under this assumption we may
D adiabatically, whereby we end up
for the field amplitude u alone,

u:  FU - l " l r )u *  f .

In it we have used the abbreviations

4x2a - -H yDrn, '

A:+(Do-D,n . ) .
4 x '

Q: Q, *1Q,,
T

a:;',^*#I**,,.
By means of the relation

g , K

7: vD*,'

eliminate the atomic variables u and
with the classical Langevin equation

( 1 1 . 1 3 2 )

( 1 1 . 1 3 3 )

(  l  1 . 1  3 4 )

(  1  1 . 1  3 6 )

( r  1 . 1 3 7 )

( t  1 . 1 3 8 )

where Q, and Qu are given expl ic i t ly  by ( l1.129) and ( l1.130).

We now observe that the classical Langevin equation ( 1 I .132) possesses a
classical Fokker-Planck equation which is identical with ( 10.151 ) of section
10.5. But in section 10.5 we derived this classical Fokker-Planck equation
in a heuristic fashion from the quantum mechanical (Langevin) equations,
whereas here we derive it from the quantum mechanical equations via
quantum classical correspondence. To complete our derivation we wish to
cast Q into the form we used in sect ion 10.5.  Using ( l l . l29),  (11.130) we
may write Q in the form
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Chapter 12

A Theoretical Approach to the
Two-Photon Laser

12.1. Introduction

In this book we have been concerned with laser action produced by optical
transitions where each individual transition is accompanied with the gener-

ation (or annihilation) of a single photon. In Vol. 1 we got acquainted with
a process in which two photons of quantum energies ha1 and ha, are

absorbed simultaneously, whereby an electron of an atom makes a transition
between two levels 1 and 2 and the relation ha1+ha2: Wr- Wt holds. In

this relati on, \ is the energy of the electron in its state j. Because on the
microscopic level, quantum processes are reversible we must expect that
there is also a possibil i ty of the simultaneous emission of two photons by
means of a single electronic transition. Provided these transitions are stimu-
lated emission processes, we are led in a natural way to the concept of a
two-photon laser. At the same time this problem provides us with a nice
example how the methods developed in this book can be applied to a variety
of optical processes. Incidentally we shall see how we may derive the various
approximations such as the semiclassical approach from the fundamental
quantum mechanical equations in a rather elegant fashion.

In a fully quantum theoretical formulation we start from a Hamiltonian.
It consists of the Hamiltonian of the field modes, that of the set of laser
atoms, and that of the interaction between these two subsystems. As we
know from Vol. l, two-photon absorption can be caused by the virtual
absorption of a single photon where the electron is first brought from state
I to an intermediate state i and from there by a second virtual absorption
of a further photon to the final state 2. Instead of treating these individual
virtual transitions explicitly we may start right away from a phenomenologi-
cal Hamiltonian which describes the process of two-photon absorption (or

emission) jointly with the corresponding electronic transition. We shall
formulate this Hamiltonian in the subsequent section.
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coefficients can be written in the form

gsL\t, ' : exp[-i( k^ + k^')x* g^^,.

As a somewhat more detailed analysis shows the coupling
symmetric with respect to the arguments i and i'

9p^t '  :  8p^ '^ '

(12.6)

coemcients g are

(12.7)

operator A inWe write the Heisenberg equation of motion of an arbitrary
the form

Y:lrs. a1+f1?)
d t  h ' ^ - '  d r  /  " - s '

b^ : (  - ir^- r,r) b^-i l  
I  t"^^,o*bi, ,  +F^ (r),

d*: ( - i6*  -  y)au* i  f  g f ,^^ ,b^b^,dt"  + r t " f t ) ,
/  t t '

I ,  (B*^^,a *b:b; ,  
-  h.c.)  *  f  ,a.

(b^ ) - b^.

We furthermore assume that we may factorize
of averages. Finally it is assumed that the
following property:

(F^  (  / ) )  :  (Fu(  r ) )  :  ( f  *o ( r ) )  :  0 .

(  12 .8 )

The second term orr the right-hand side of (12.8) stems from the coupling
between the system and the heatbaths and gives rise tc damping constants
and fluctuating forces. It is a simple matter to evaluate the commutator on
the right-hand side of ( 12.8). By means of the commutation relations of the
operators bn, b,  du,  .  . .  we obtain

(12.e)

(  12 .10 )

( 1 2 . 1 1 )

These are the quantum mechanical Langevin equations which can be con-
sidered as a straightforward extension of the single photon case treated in
section 10.3. In order to obtain semiclassical equations we replace the
operators by their average values and replace for sake of convenience these
average values by their arguments, e.g.

4 , . : d u ' o -  
d u  

* 'F T

/r2.r2)

these averages into products
fluctuating forces have the

( t2 . t3)

In the next section we shall be concerned with the thus resulting equations
which we do not need to write down explicit ly once more. In the following
we just have to interpret the quantit ies b, etc. as classical t ime dependent
variables and to omit the fluctuating forces.
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Again the explicit determination of the coefficients D is left as an exercise

to the reader. We may now insert (12.19) into ( 12.9) which closes the circle,

i.e. we find a self-consistency equation for the field modes b^. These

equations have the general form

b^ : (-iro,r - K,r )b^ + I M*x,tt1t,tb|,b^,b ^,,
p ) t '

r r l i

+  I  I  N* , t , t ' , r , , r i r2^ :^3^!  b \ 'b  ^ ' ,b^ ,b \ ;b \ rb^rb  ̂ ' r '
p, \ '  ) '  1A i

A)r5
I : A i

For sake of completeness we have to write down the coefficients M and N

explicit ly. They read as follows:

( t2 .20)

M*t 'x , t  i :  t rg*^^ 'g f "^ ,^ ' ,d* ,s (A  t  , l  A  x , -  6 t ,  *  i7 ) - ' ,

\ r ,  r l  : ld*.og*^n'glr , , r i  8*^.^ igf ,^,ni [ '  '  ' ] ,

where we have used the abbreviation

t .  .  . l  : 0 l T  + i ( A ^ ;  A  x 5 -  A t . -  O ^ r ) - '

x  (O^ ,  *  A  x i _ �  d ) t , -  A  t *  Ax , *  A  x t -  6 *  * i y ) - t

x  [ ( O ^ .  1 A  t  \ -  @ p -  6 *  * i y ) - t  -  ( A ^ , *  A  t  a L " - i y ) - t ] .
(12.23)

Quite evidently the equations ( 12.20) are the analogues of the equations

(6.69) of the multimode laser which were valid somewhat above laser

threshold. In the following we do not intend to present here the complete

theory taking into account all modes but we rather wish to treat a particularly

simple example, namely that in which only a single mode has a sufficiently

long lifetime to support laser action.

12.4. Single mode operation, homogeneously broadened line and running

waYe

In this case there is only one field mode present so that .tr : ,1,'- ,\o. In the

following we shall drop that index for simplicity so that

(12.24)

we may assume the form (12.6)

( t2 .2 t )

( t2.22)

Spxx '+  8p '

Because we are dealing with running waves

and write

lg*l '  : g'. (12.2s)
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Fig. 12.1. The potential function V versus lBl for various values of the unsaturated inversion
Do according to eq. (12.34).

oo. In such a case eq. ( 12.32) is replaced by

B :  -  xBa C, I  BI ,  B -  C, IBIU B*  Bu, (  12 .35)

where Bo is proportional to the amplitude of the injected signal. It is a
simple matter to cast (12.35) again into the form (12.33) where the potential
is now given by

v : xlBr - InoG, I illBlo+*Dogo( r I yr)lBl* _ BoB* _ Bt B. (12.36)

It is a nice exercise for the reader to discuss the form of the potential
function V as a function of the parameters Do and Bo.

In this short chapter we have presented the simplest case of the two-photon
laser to show some of the typical features introduced by this new photon
emission mechanism. The case we have been treating is called the degenerate
case, because the energy of the electronic transition is split into two equal
a m o u n t s  h a 1 : h a 2 .

In the non-degenerate case the emission of two photons with energies
ha1 andhia�2must be treated. In this case by a proper choice of the decay
constants rc1 and rc2 these two modes may be selected. In such a case two
equations for the modes ,\, and ,\2 can be derived from the general eqs.
(12.20) by means of specialization. Then the task remains to solve the
remaining two equations. A detailed discussion wil l be beyond the scope
of this book, however, so that we refer the interested reader to the l iterature.



res€l ol sdtu€l Jo tqEII ruo{ uortlsu€rl eql teql ^\oqs II€rIs ol11 'scrleEreu,ts

;o slcedse lueuodrur lsoru eql Jo etuos ssncsrp IIBqs o^\ {ooq srr{l Jo oru€r;
eqt urqlr^\ aroJereqJ '(g reldeqc 'Jc) tqErl resel crlo€r1c '3'e '1qEr1 res€l Jo
seruedord lreu ,(1en1te11enb lcrpe.rd ol olqrssod oruoceq seq ll scrleEreu,ts

;o lurds eql ur 'pueq reqlo oql uO 'seldrcuud 
leraueE oseql go ,{renocsrp

aql ol lcadsa: qll^\ elor lelueu€punJ B pe,(e1d ser1 resel eL{I 'slenpl^lpul

ueunq uane Jo 'srolndruoc 's11ac 'seyncelou 'sruole 'ocuulsur "rog 'aq ,{eru
sua1s.(sqns l€npr^rpur egl esnsceq peorq reql?r sr ue;Eo-rd qc.reesar srql Jo
adocs eql 'tuals,(s 

1e1o1 eql Jo saruadord crdocsorcetu ocnpord surelsfsqns

Ienpr^rpul eqt qclq^\ q8no:qt seldrcurrd lereue8 qu€eun o] scrleErau,{s
go leo8 uretu e sr U 

'sue1s,{sqns 
l€nprlrpur oql 3o sarpadord eql tuo{

reglp ,{1a,u1u1r1unb uane qJIg^\ poleorc ere uols,(s Islol or{l Jo serpedord ,{um
srqt uI 'lnyasodrnd s-readde uene sourletuos gclt{A\ uorqseJ pougop IIO,/v\ B uI
aleredooc sualsfsqns lenpr^rpur or{} regleg 'urols,(s oql Jo sged Isnpr^rpur
oql Jo sergodord oql Jo uorlrsodradns ereru e fq peureldxa eq louuec
uals,{s I€lol eql go sergedord eqt lBql lno suJnl lr sesoo ,(ueu uI 'sllec

Ienprlrpur slr olur ueEro ue sesodruocep lsr8olorq e;o 'surole slr olur 1e1sr(rc e
sosodruocop lsrcrsfqd e 'acuelsur roC 'sped 

lunprlrpul olul uroql osodtuocop
,{eq1 uet;o ,fu0,r 'qc.ruoser go spafqo Jroql go sargodord oq} ,{pn1s o} qsrt\
slslluolcs ueq1\ '..uot1e;edooc 

Jo ecuelcs,, Jo 'oouolleJedooc,, su€elu pue
spJo.r\ IeeJC oluJo slsrsuoc lI '..scrla8Jeu,{s,, pJoA\ eql uruldxe lsJg sn lo'I

'vorlezrueEro-g1es fq sernlcnrls leroduel ro lerleds ecnpord
qclqa sruels,(s ;o ed,(1olord e sB resul egl Jo ecuecgruErs eql uo relncrged
ur puu serEoleue eseql uo ler{A\etuos elBJoqBIe ol qs!r!\ em .reldeqc srql uI
'suorlrsuerl oseqd pue ploqseJql lB ros?l B Jo rorluqoq oqt uao^uaq serEoleue
ol osle pue 'scr1aE.reu,{s ol pepnll? e/rr looq srql ur suorsecco snorJBA lV

elnoqu sclle8reu,{s q lcqAyI'€I

scrleEreuIs

Jo tezelqllsrl rese-I eql

E I reldeqJ



310 13. The laser - trailblazer of synergetics

light represents an instructive example of self-organization. Furthermore
we wish to show that the laser is a typical example of a whole new class
of phenomena, namely of nonequil ibrium phase transitions.

13.2. Self-organization and the slaving principle

We have shown in chapter l0 that the statistical properties of laser light
change at laserthreshold drastically. Let us consider once again fig. 10.10.
In this figure the normalized noise intensity is plotted against the pump
power. According to that figure, the statistical properties of laser light change
qualitatively at the laser threshold. Below laser threshold noise increases
more and more while above threshold it decreases again. We have seen
how to visualize this behavior. Below laser threshold, l ight consists of
individual wave tracks which are emitted from the individual atoms indepen-
dently of each other. Above laser threshold, a practically infinitely long
wave track is produced. In order to make contact with other processes of
self-organization let us interpret the processes in a lamp or in a laser by
means of  Bohr 's model of  the atom (f ig.  13.1).A lamp produces i ts l ight
in such a way that the excited electrons of the atoms make their transitions
from the outer orbit to the inner orbit entirely independently of each other.
On the other hand, the properties of laser l ight can be understood only if
we assume that the transitions of the individual electrons occur in a corre-
lated fashion. Let us translate these processes into an anthropomorphic
picture. Imagine that some men stand at the border of a channel f i l led with

@ @ @  @ @ @
Fig. 13.1. Upper part: The electric field strengths versus time in a lamp (left-hand side) and
in a laser (right-hand side). Lower part: In Bohr's model of the atom an electron circles around
the nucleus. When it makes its transition from the outer orbit to the inner orbit. it emits a
light wave which is plotted in the upper part of this figure. In the lamp the electrons make
their transitions to the lower orbit in an uncorrelated fashion. In the laser they make their
transitions in phase, i.e. in a correlated fashion.
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end we use the equations of a single mode laser including fluctuating forces,
but we shall assume for simplicity that the laser equations including their
fluctuating forces refer to classical quantities. We furthermore transform
the rapid oscillations with frequency a away so that the laser equations
acquire the familiar form

d B l d t : - x B - i l g A * + F ,
l-L

dA*ldt  -  - fA*  + igd*B + i * ,

dd* ld t :  (do -  d " ) lT  +2 ig (A*B*  -  A f ,g ) .

In the last equation we have dropped the fluctuating forces because they

are not so important. In many realistic cases the damping constant rc is

much smaller than the damping constant 7. This gives rise to the following

idea which we have exploited at several instances in our present book, e.g.

in sections 6.3 and 6.4. Because ,( is small, we expect that B decreases only

slowly according to eq. (13.1).As we have seen in chapter 10, B decreases
below laser threshold with a damping constant which is even considerably

smaller than rc. But also above laser threshold B relaxes very slowly when

we take the laser process into account.
According to (13.2) the temporal change of A* is caused by the field

amplitude B standing on the r.h.s. (provided we neglect for the moment

being fluctuations). According to ( 13.2) we shall expect that also A, changes

only slowly. This immediately leads us to the inequality

ldA" I dtl : I xA*l < lyA"l.

( r 3 . 1 )

(r3.2)

(13 .3 )

(  13 .4 )

(  1 3 . 5 )

Because r is much smaller than 7 we can put the l.h.s. of (13.2) practically

to zero. That means that we can resolve (13.2) with respect to A*,

A"( t ) :  ( i s l  y )d "B( t )  +  f  * l  r

This equation tells us that the amplitude of the dipoles, which is proportional

to A*, is instantaneously given by the field amplitude B(t) (and by the
fluctuating force). This is probably the simplest example of a principle

which has turned out to be of fundamental importance in synergetics and

which is called the slauing principle.
In the present context it can be formulated as follows. Fast relaxing

quantit ies (e.g. A*) adopt their values instantaneously with respect to the
values of slowly varying quantit ies (e.g. B( r)) or, to use a terminus technicus,

fast relaxing quantities are slaued by slowly relaxing quantities. Within syner-
getics it is shown that this principle can be considerably extended in various
ways (cf. for example section 7.3). But it is far beyond the scope of the
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pattern in chemical reactions. On the other hand in synergetics it is shown
that there are also other classes of equations describing macroscopic proper-
ties. But (13.6) was the first example of such type of equation in systems
far from thermal equil ibrium.

13.3. Nonequilibrium phase transitions

The laser was the first example in which the occurrence of nonequil ibrium
phase transitions could be demonstrated. Before we deal with this problem
we wish to remind the reader of some important properties of phase
transitions of systems in thermal equil ibrium. Examples for phase transitions
are provided by ferromagnets or superconductors. In both cases we are
dealing with systems in thermal equil ibrium. When we lower the temperature
T below a crit ical temperature 7", the macroscopic behavior of such a
system changes dramatically. In the ferromagnet suddenly a macroscopic
magnetization is produced, while in a superconductor the electrical resist-
ance disappears entirely.

In order to treat such transitions, various theories were developed. The
most well known theories are the Landau theory of phase transitions and
the more recently developed theories based on the renormalization group
by Wilson. For our purposes it wil l be sufficient to remind the reader of
the Landau theory. Let us consider a system in thermal equil ibrium and let
us treat the ferromagnet as example. A ferromagnet can be considered as
being composed of elementary magnets each with a magnetic moment g,.
Let us further assume that the elementary magnets can point in only two
directions, up or down. Let us denote the number of elementary magnets
showing upwards by Mt and of those pointing downwards by M1. The
total magnetization of the material is then given by

M :  (Mt_  M)p .

In the following we replace the variable M by a variable q because we wish

to treat the problem somewhat more generally. In the following we shall
denote q as "order pararneter", because it describes the degree of order of
a system (e.g. of the ferromagnet). Let us recall some basic facts of thermody-
namics. In the present case the free energy depends on two quantit ies,
namely temperature T and magnetization q. If q is not too big, we may
expand the free energy into a Taylor series,

( 1 3 . 7 )

(  1 3 . 8 )F (q ,  T ) :  g (0 ,  T )  +  g ' (0 ,  T )q+ '  '  '  + | .9 " " {0 ,  T )qo  * '

ln many cases of practical interest the first and third derivative vanish for
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T a b l e  l 3 . l

State

Disordered Ordered

Temperature

Parameter (external)

Most  probable order parameter qo

f(q) : maxl

I : minl

En t ropy ,  S  :  -dT(qo ,  T ) l  a f

Speci f ic  heat ,  c  :  T(aSl  aT)

T> T.

a > 0

4 o : 0

T < 7 .

a < 0

q t :  + G r v  I  F ) t / 2

Broken symmetry

so+(a2 lQB)x I -  7 - t )s0:  - i )9(0 ,  T) laT

cont inuous at  T:  T,

TQS(.) laT) T (aSo ldD+  Q ' �  lQ i l ) r

As one can der ive f rom table 13.1 the entropy S is cont inuous at  T:7. .
When we calculate the specific heat, we obtain two different expressions
below and above the crit ical temperature and thus a jump of the specific
heat at T -- 7.. This phenomenon is called a phase transition of second
order, because the second derivative of the free energy is discontinuous.
But because the entropy is continuous, this transition is also called a
continuous phase transition. In statistical physics also the temporal change
of the order parameter is studied. Quite often in a purely phenomenological
manner it is assumed that the temporal change of the order parameter is
given by an equation of the form

.  d g
q : -  ^  .' d q

In our concrete example (13.10),  (13.17) acquires the form

4 : - o q - F q ' ,

( r 3 . 1 7 )

(  1 3 . 1  8 )

which coincides with (13.6) provided we assume B real  and drop the
fluctuating forces.

In (13.17\ and (13.18) we have omit ted a constant factor on the r .h.s.
which merely f ixes the t ime scale.(13.18) al lows us to discuss some typical
phenomena of phase transitions which we came across in the realm of laser

d iscon t inuous  a t  I :  7^
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References and Further Reading

Since an enormous number of publications has appeared in the field of
laser physics, it is impossible to give all the references. Therefore, with a
few exceptions, references are given to theoretical papers only (for references
with respect to experimental work, consult the books and series below),
where again only a small selection can be given. I have included those
which pioneered the corresponding approach and those upon which the
present book is based. My apologies go to all those research workers whose
work could not be quoted here. For the use of graduate students and research
workers I have included a number of references of quite recent papers in
fields where research is progressing most rapidly.

Comprehensive monographs or texts on laser physics (note that "quantum

optics" and "quantum electronics" are often used synonymously for "laser

physics") :
Bloom, A.L.: Gas Lasers. Wiley, New York, 1968
Haken, H.: Laser Theory, Encyclopedia of Physics Vol. XXV/2c. Springer,
Ber l in,  1970,2nd corr .  ed.  1984
Laser Handbook Vols. I-II, Eds. Arecchi, F.T. and Schulz-Dubois, O.E.
North-Holland, Amsterdam, 197 2
Lengyel, B.A.: Lasers. Wiley, New York, l97l
Maitland, A. and Dunn, M.H.: Laser Physics. Elsevier, New York, 1970
Pantell, R.H. and Puthffi H.E.: Fundamentals of Quantum Electronics.
Wiley, New York, 1969
Sargent III, M., Scully, M.O. and Lamb, Jr, W.E: Laser Physics. Addison-
Wesley, Reading, }l4A, 1974
O'Shea, D.C., Callen, W.R. and Rhodes, W.?i: Introduction to Lasers and
their Applications. Addison-Wesley, Reading, MA, 1978
Siegman, A.E.: Introduction to Lasers and Masers. McGraw-Hill, New
York,  l97l
Smith, W.V. and Sorokin, P.P.: The Laser. McGraw-Hill, New York, 1966
Suelto, O.: Principles of Lasers. Plenum, New York, 1976
Yariu, A.: Quantum Electronics. Wiley, New York, 1975
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$ 4.9. The multi-mode laser. Mode competit ion and Darwin's survival of
the fittest
Haken, H. and Sauermanf l ,  H.:  Z.  Phys. 173,261 (1963)

$ 4.10. The coexistence of modes due to spatial hole burning. Quantitative
treatment
Haken, H. and Sauermann, H.: Z. Phys. 173,261 (1963)
Tang, C.L., Statz, H. and deMars, G.A.: J. Appl. Phys. 34,2289 (1963)

Chapter 5
General remarks on chapters 5 and 6.
Since most of the important features of laser action can be treated by means
of the semiclassical laser equations, there exists an enormous literature on
them. The formulation of the basic equations (at least for two-level atoms)
rests mainly on the analogy between a system of two-level atoms and a
system of spins, described by Bloch's equations. For this analogy cf. Vol.
I of Lighf, section 4. ln that book, also the Bloch equations are derived
(Bloch, F,: Phys. Rev. 70, 460 (1946)). The equations for the two-level atoms
are combined with Maxwell 's equations. For this reason, the resulting set
of equations is occasionally called Maxwell-Bloch equations. The methods
of quantum statistics allow one to derive similar equations for multi- level
systems (see, e.g., Haken, H.: Laser Theory, Encyclopedia of Physics Vol.
XXYl2c.  Spr inger,  Ber l in,  1970,2nd corr .  ed.  1984).  The essent ia l  e lement
of the semiclassical theory presented in chapters 5 and 6 is its method of
solution, by which the nonlinear, multivariable equations can be solved, in
particular by an elimination of the atomic variables:

Haken, H. and Sauermann, H.:  Z.  Phys. 173,261 (1963);  176,47 (1963)
Lamb, Jr, W.E.: Phys. Rev. 134A, 1429 (1964)

For comprehensive texts:
Haken, H.: Laser Theory, Encyclopedia
Berl in,  1970,2nd corr .  ed.  1984
Sargent III, M., Scully, M.O. and Lamb,
Wesley, Reading, }l4A, 197 4

of Physics Vol. XXY l2c. Springer,

Jr, W.E.: Laser Physics. Addison-

$ 5.3. The matter equations
Bloch, F,: Phys. Rev. 70, 460 (1946)
Wangsness, R.K. and Bloch, l i :  Phys. Rev.89,728 (1953) (relaxat ion of  spin)
Feynman, R.P., Vernon, L. and Hellwarth, R.W.: J. Appl. Phys. 28,49 (1957)
(elaborate analogy spin 1 l2 -two-level system)



t86l 
'po 'rror 

PUZ 
'0161 'utpeg

'ref uud5 'cZ 
I LXI. 

'1on scrsfqd Jo erpedolc,{cug ',troeql ros€"I :'H 'uilloH

,seqceorddu aseql Jo ocuel€rr,tnbe el{l JoC

ftge) eZVt'Vttl 
'neg 's,{qd:g'1 11 'qwo7

(gqOt ) Lt'gLI 
's,{gd 'Z :H 'ttttouuanDs puo 'H 'uDlDH

uotletado apotu e18ur5 'rosel se8 oq; '8'9 
$

(lSOt ) OX 
'6ZV '^eU 's{t{d i'CI'f 'tassat3 puD 'S'J 'o'lJ ''A'q)DIt1rS

(osot) gttl '91-eO '1E '1uen|
'f 

EESI :'17 'z1o1g puv 'N'I 'rltluts ''H 'zloH ''V'H 'snog ''VJ 'DutpsroQ

(ZSOt) VIZZ';ZY 
'neg 's,{q4

:O'N '[yncg puo 7A 
'tpDItpS ''4 'a4stary ''H'A '71asmo7 ''CI'f 'tassat3

lL96r)
6gE'g07, 

's{tld 'Z :'CI'H lawIIoA puo 'J 'plwqrs ''g 'ttttDttttanDs ''g 'ua1og

:Eur1co1 ,(cuenber; uo OSIou Jo lcoge oq] uo leded ,(pee ue JoC

6L6I 
'upag '.re8utrds 'rc'd

''1y1,'X 'aqtoy puv 'H 'nqlptr4'spA 'AI ,{docsorlcadg rasel :ul ''O'74 'rQlntg

(tgot) Sft'9g'turuo3'ldO :'s1 1sn1 puD'O'1tg'[11ntg''S'W'tu1oqn7
:eslou Jo lceuE

w 
'd'Lg6l '1cg 'un;pad5 

EEEI :'7 'Tntvndntx

:o:,{3 Jesel aql uo aeIAeJ ,(1ree ue JoC

(OSO1) gtO '91 'JlcalA '1uen| 't:'0'141 '{yncg

puo 'W 'I[I rualtos ''A'uapuog ''1 \tutqJmH ''1 'auuaqwoH '',1A '^oqJ

Uget) Sw'6€ 
's'(qd 'po1z1 '^oU :T'E 'tsod

('r6r)
LLI'V urrrnlpe1'sfrld'f :(€16l) 6ltl 

'80r'l9l 'puel'1dtuo3 :g'touSog
or'(E rese"I 'L'9 

$

ftget) OZVI'VVtl 
'^eU 's[t{d :'EI'lyl 't1 'qwn7

sopotu ros€l go 3ur1co1 ,{cuenberC '9'9 
$

g nfinq3

ftSet) fOt 
'92's,tqd'pohtr'^eU :f 'n7urut1tg puo'C'l{'[awoy ''['f 'lqny

(OtOt) ZZS 
'rS '^oU 'sfrld :'7'y'ua&ary puv 'C'tpolg

:'3'e'eos

ocueuosor-utds uI uoll€Lurxo.rdde eA,€A\ Eurlelor eql Jo uorlecrldd€ eql JoC
uotl€tulxordde apnlrldrue Eurfrun ,(1lro1s egl pue

uorleulxordde oAeA\ Eurlelor eql 'Suolleutxo:dde luepodug otrl '9'9 
$

tzt Surpeer requnJ pu" seouereJe;



324 References and further reading

$ 6.9. Derivation of the rate equations from the semiclassical laser equations
See, e.g. :
Haken, H.: Laser Theory, Encyclopedia of Physics Vol. XXV/2c. Springer,
Ber l in,  1970,2nd corr .  ed.  1984

Chapter 7
Mode-locking is well known in radio engineering, where an oscil lator is
locked in its frequency to the frequency of an external signal. For a detailed
representat ion see, e.9. ,  the books:
Gardner, F.M.: Phase Lock Techniques. Wiley, New York, 1966
viterbi, H.J.: Principles of coherent communication. McGraw-Hill, New
York, 1966

An early experimental verif ication in lasers where one gas laser was locked
to another one was given by:
Stouer, H.L. and Steiner, H.W.: Appl. Phys. Lett. 8, 9l (1966)

For early theoretical treatments with respect to lasers see:
Uchida, I: IEEE J. Quant. El. 3, 7 (1967)
Tang, C.L. and Statz, H.: J. Appl. Phys. 38,323 (1967)

For further references on early work including analogies to microwave
circuits see:
Haken, H.: Laser Theory, Encyclopedia of Physics Vol. XXV/2c. Springer,
Ber l in,  1970,2nd corr .  ed.  1984

Since active mode locking by means of loss modulation plays an important
role in practical applications, we quote some early papers. Linear theories
were presented by:
Di Domenico, Jr, M: J. Appl. Phys. 35,2870 (1964)
Yar iu,  A. :  J.  Appl .  Phys. 36, 388 (1965)
Cromwel l ,  M.H.:  IEEE J.  Quant.  El .  QE-1, 12 (1965)

For nonlinear theories see:
McDuff, O.P. and Harris, S.E.: IEEE J. Quant. El. QE-3, l0l (1967)
(inhomogeneously broadened line)
Haken, H. and Pauthier, M.: IEEE J. Quant. El. QE-4, 454 ( 1968)
(homogeneously broadened line;this paper shows the existence of various
pulse shapes)
A similar theoretical treatment is performed by:
Kuizenga, D.J. and Siegmann, A.E.: IEEE J. Quant. El. QE-6, 694 (1970)
(this paper contains experimental results also)
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For recent studies on higher order instabil it ies of various types in lasers see:
Goggia,  R.S. and Abraham. N.B.:  Phys. Rev. Lett .5 l ,650 (19g3)
Casperson, L.W.:  Phys. Rev. A2l ,  9 l  I  (1980) ;  A23,248 (1981)
Maeda, M. and Abraham. l / .8. :  Phys. Rev. 426,3395 (1982)
Goggia,  R.S. and Abraham. N.B.:  Opt.  Comm. 47, 278 (1983)
Mandel,  P.  and Zeglache, H.:  Opt.  Comm. 47,146 (1983)
Hi l lman, L.w.,  Boyd, R.w. and stroud, Jr ,  c.R.:  opt .  Let t .7,426 (1992)
Hendow, S.T. and Sargent III, M.: Opt. Comm. 40, 385 (1982)
Minden, M.L. and Casperson, L.w.: IEEE J. euant. Er. 18, 1952 (19g2)
Hillman, L.w., Krasinski, J., Boyd, R.w. and stroud, Jr, c.R.: phys. Rev.
Lett .  52,  1605 (1984)

$ 7.7. Models for lasers with saturable absorbers
Kazantseu, A.P., Rautian, s.Q. and surdutouich, G.J.: Sov. phys. JETP 27,
7s6 (1e68)
scott, J.F., sargent III, M. and cantrell, c.D.: opt. comm. 15, l3 (1975)
Knapp, H., Risken, H. and Vollmer, H.D.: Appl. phys. 15,265 (197g)
Lugiato, L.A., Mandel, P., Dembinski, s.T. and Kossakowski, A.: phys. Rev.
A l 8 ,  3 3 8  ( 1 9 7 8 )
Dembinski, s.?1, Kossakowski, A. Lugiato, L.A. and Mandel, p.: phys. Rev.
A l 8 ,  l l 4 5  ( 1 9 7 8 )
DeGiorgio, V. and Lugiato, L.A.: Phys. Lett. A77,167 (1980)
velarde, M.G. and Antorenz, J.C.: Phys. Lett. A40, 220 (1980); J. Stat. phys.
2 4 , 2 3 5  ( 1 9 8 1 ) ; o p t .  c o m m . 3 8 , 6 l  ( 1 9 8 1 ) ; P r o g .  T h e o r .  p h y s .  6 6 , 7 1 7  ( 1 9 8 1 )
Bonil la, L.L. and Velarde, M.G.: J. Math. phys. 20,2692 (lgl�g)
Arimondo, E., Casagrande, F., Lugiato, L.A. and Glorieux, p: Appl. phys.
B 3 0 ,  5 7  ( 1 9 8 3 )

Chapter I
$ 8.3. The single mode laser equations and their equivalence with the Lorenz
model of turbulence
Lorenz, E.N.:  J.  Atmos. Sci .  20.  130 (1963)
Haken, H.:  Z.  Phys. 190,327 (1966)
see also
Risken, H., schmid, c. and weidlich, w.: Z. phys. 193,37 (1966); r94,337
0 9 6 6 )
Haken,  H. :  Phys .  Le t t .53A,77 (1975)

$ 8.4. Criteria for the presence of chaos
Haken, H.: synergetics. An Introduction, 3rd ed. Springer, Berlin, 1983
Haken, H.: Advanced Synergetics. Springer, Berlin, 1983
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For further theoretical or experimental studies of laser l ight chaos, see e.g.:
Broomhead, D.5., Elgin,,I.N., Jakeman, E., Sarkal, ,S., Hawkins, S.C. and
Draz in ,  P . :  Opt .  Comm.50,56  (1984)
Graham,  R.  and Cho,  Y . :  Opt .  Comm.47,52  (1983)
Elgin, J.N. and Sarkar, S.: Phys. Rev. Lett. 52, l2l5 (1984)
Brun, E., Derighetti, 8., Holzner, R. and Meier, D.: Helv. Phys. Acta 56,825
(  1e83)

Chapter 9
Absorptive optical bistabil ity was theoretically predicted by:
Szdke, A., Daneu, V., Goldhar, J. and Kurnit, N.A.: Appl.Phys. Lett. 15,
376 (Ie6e)
McCall, S.L.: Phys. Rev. A.9, l5l5 (1974) (showed theoretically that such
a system can show transistor effects)
Gibbs, H.M., McCall, S.L. and Venkatesan, T.N.C.: Phys. Rer,. Lett. 36, I l3
(1976) (observed transistor operation and bistabil ity in sodium)

A basic theoretical paper is:
Bonifacio, R. and Lugiato, L.A.: Opt. Comm. 19, 172 (1976)

In this chapter I closely follow the first part of the excellent article by:
Lugiato,  L.4. ,  in:  Progress in Opt ics,  Vol .  21,  p.71, Ed. Wolf ,8. ,  North-
Holland, Amsterdam, 1984, which contains a detailed account of the his-
torical development and numerous references

Recent proceedings in this field:
Bowden, C.M., Gibbs, H.M. and McCaU, 5.L,, Eds.: Optical Bistability.
Plenum, New York, 1984

Chapter 10
$ 10.3. Quantum mechanical Langevin equations
The quantum theory of the laser based on operator noise sources was
developed by:
Haken, H.: Z. Phys. 1 8 1 , 96 (1964) ; Phys. Rev. Lett . 13,329 (1964); Z. Phys.
190,327 (1966)
see also
Haken, H.: Laser Theory, Encyclopedia of Physics Vol. XXV/2c. Springer,
Ber l in,  1970,2nd corr .  ed.  1984

For a related approach see:
Lax, M.:  Phys. Rev. 145, I  l0 (1966)
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$ I1.3. Generalized Fokker-Planck equation of the laser
In this section I give a sketch of the approach by:
Haken, H., Risken, H. and Weidlich, W.: Z. Phys. 206, 355 (1967)
see also
Haken, H.: Laser Theory, Encyclopedia of Physics Vol. XXV/2c. Springer,
Berlin, 1970,2nd corr. ed. 1984, where all details are given. This approach
is based on the Glauber-Sudarshan representation and the characteristic
funct ion for  e lectrons def ined in eq.(11.95).  For more recent approaches
based on the Wigner distribution function and its generalization to atomic
variables see:
Lugiato, L.4., Casagrande, F. and Hzzuto, L.: Phys. Rev. 426,3438 (1982)
Haake, F.  and Lewenstein,  M:.2.  Phys. 848,31 (1982);  Phys. Rev. A27,
l 0 l 3  (  1 9 8 3 )
Casagrande, F., Eschenazi, E., Lugiato, L.A.: Phys. Rev. A29,239 (1984)

$ 11.4. Reduction of the generalized Fokker-Planck equation
Haken, H.: Laser Theory, Encyclopedia of Physics Vol. XXV/2c. Springer,
Ber l in,  1970,2nd corr .  ed.  1984

For further reduction schemes to eliminate the atomic variables. cf. the
above mentioned references by Haken, Lugiato et al., Haake et al.

Chapter 12
In this chapter we closely follow:
Wang, Z.G. and Haken, H.: Z. Phys. (1984), to be published

For earlier work, cf.:
McNeiIl, K.J. and Walls, D.F: J. Phys. A8, 104 (1975)
Parigger, C., ZoIIer, P. and Walls, D.F.: Opt. Comm. 44,213 (1983)
Gdrtz, R. and Walls, D.F.: Z. Phys. 825,423 (1976)

and for the two-photon amplif ier:
Narducci, L.M., Eidson, W., Furcinitti, P. and Etesofl, D.: Phys. Rev. ,4.16,
1665 (  1977)
Estes, L.E., Narducci, L.M. and Shammes, B.: Lett. Nuovo Cimento l,175
( l e T r )

For experimental observations, see:
Nikolaus, 8., Zhang, D.Z. and Toschek, P.E.: Phys. Rev. Lett . 47 , 17 I ( l98l )
Grynberg, G., Giacobinao, E. and Biraben, F,: Opt. Comm. 36,403 (1931)
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