


HANDBUCH DER PHYSIK
Band VIli/1

STROMUNGSMECHANIK 1

MATHEMATICAL PRINCIPLES
of
CLASSICAL FLUID MECHANICS

by
JAMES SERRIN

Berlin — Gottingen — Heidelberg
1959



L. Ceppun

MATEMATHMYECHKME
OCHOBbI
KNACCHMECKOM
MEXAHHWKMH
HMUAKOCTH

ITepesoo ¢ anzauiickozo
A. b. lla6ama
ITod pedaxyuei

J. B. OscanHurosa

M3AATENbBCTBO
MHOCTPAHHOW NUTEPATYPbI
Mocksa 1963



AHHOTAULUA

Kuura amepuxanckoro yuenoro [lx. Ceppuna, Hecmo-
TpA Ha CBOH Majbli 06beM, CONEPKUT HE TOAbKO TOT Ma-
Tepual, KOTOPbIH OOLIYHO BXOXHMT B KYpPChl PHAPOJAHHAMUKH,
HO ¥ pAJ HOBBIX HJIH HEOOBIYHO M3JIOXEHHBIX Pe3yJbTaTOB.
OCOGeHHO THMIIHYHBIMH B STOM OTHOIIGHHH SBJIAIOTCH pas-
AeJbl, MOCBSIIEHHBIE MH3JOXEHHIO BAPHALMOHHBLIX MPUHIH-
OB, TEOPHH IMHAMHYECKOTO MNOJAOOHs, TEOpHH TEH30pa
HanpsikeHui, o60o6menuio TeopeMsl 'eabmroasna — Pages.

XapakTepHbBIMH 4epTaMH KHUTH SIBASETCS YETKOCTb H
NOCJEIOBATEAbHOCTb H3JOXKEHHUS, NpelelbHas MaTeMaThuye-
CKasi CTPOTOCTb H BBICOKHH TeopeTHueckuH ypoBeHb. OT
quTaTeas TpeGyeTcs AMIIb M3BECTHAs MaTeMaTHUeCKas NOX-
roToBka H He Tpefyercss 3HaKOMCTBa C T'HMIPOIMHAMHUKOM,
INosToMy KHUra nNpejaCcTaBASET HHTEPEC HE TOJbKO .5
CIIELHAJHCTOB B 06J1aCTH I'HAPOasPOMEXaHHKH (Hay4HbIX pa-
GOTHHKOB M HMHXEHEPOB), HO M I INHPOKOTO KPYra Mare-
martukoB. OHa JOCTYNHA CTyACHTaM CTapUIMX KYpPCOB.

Pedaxyus aumepamypat no mamemamudeckum HAYKAM



FJIABA 1

NPEANCNOBME U BBOAHLIE 3AME4YAHUA

1. 0630p copepxanus. Kaaccuueckas MeXaHMKa XHIKOCTU
ABASIeTCd OJHUM M3 paslie]OB MEXaHHKM CIVIOWIHBIX Cpel H
HCXOJMT, TaK¥M 00pasoM, M3 NPEANOJOXKEeHHs, UTO XKUAKOCTb MO
CBOel CTPYKType MpaKkTHUeCKU HenpepbiBHA U onHOpoAHA. OCHOB-
HOe OTJMYME KHMJIKOCTH OT JAPYrMX CIJIOLIHHX Cpel 3aKJio-
yaeTcs B TOM, YTO B MOJIOXEHHM paBHOBECHS KacaTesbHbie Ha-
NpsKEHU Ha TpaHule pasiena ABYX CMEXHHIX YacTeH KUAKOCTH
IOJKHBl paBHATbCa Hymo. Camo mo cebe 3TO CBOHCTBO HE fiB-
JseTC NOCTATOYHBIM [IJS ONUCAHMSA IBMXKEHUS KUAKOCTH, XOTH
OHO M IOJIOXEHO B OCHOBY TMIADOCTaTHKM H THADONMHAMHUKH.
Ias Ttoro uroOb XapaKkTepu3oBaTb (PuU3uUeCKOe MOBENEHHE He-
KOTOPOH IKHAKOCTH, 5TO CBOHCTBO HOKHO ObiTh 0000LIEHO,
NpeiCTaBJIEHO B HalJexalled aHaauTHuecKOo#H (opMe M YYTEeHO
B YDaBHeHHUsIX IBHKEHHUS NPOM3BOJbHOM criowmHo#t cpenawi. Ilpu
STOM HeusfiexkHO MoJydaeTcs cucteMa AuddepeHuualbHEX ypas«
HeHU#, KOTOPBHIM JOJKHBI YIOBJETBOPATb CKOPOCTb, IaBJEHHE,
IJIOTHOCTb M T. L. NPU INpPOM3BOJLHOM JIBHIKEHWHM KHIKOCTU.
B nanHo#t crathe Mbl OyzeM paccMaTpuBaTbh 3TH AHddepeHinaib-
Hble ypaBHEeHMs, WX BbIBOL M3 OCHOBHBIX aKCHOM U pas/uulible
¢OpMEI, KOTOpble MNPUHUMAIOT STH YypaBHeHWs npu Oonee AU
MeHee OrpaHHYMTE/bHBIX NPELNOJOKEHHAX, KaCaloLIuXCcs CBOHCTB
KUAKOCTH UM ee IBHXKEHHUS.

Takum o6pa3oM, Halla LeJb 3aK/JI0YaeTCd B MaTeMaTHYeCKH
KOPPEKTHOM KPaTKOM H3JI0XKEHHU KJIaCCHYECKOH MeXaHMKU XKUIKO=
CTH; TpPU STOM JOCTATOYHOE BHUMAaHHE YIeafeTC OCHOBHBIM .
akcuoMaM. PabGoTa colepXHUT TOYHbIE TeOpeTHUECKUe Pe3y/IbTaThl,
HOJyYeHHble MPU UCCJAELOBAHNM OCHOBHBEIX ypaBHEHHH U He BKJIO-
YaeT ONUCAHMUS PeJSATHBUCTCKUX M KBAHTOBHIX s(dexToB, GoMblueH
YaCTH KHUHETHYeCKOH TeOpHH a30B, HEKOTOPHIX CIELHA/IbHBIX
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BONpPOCOB, HANpUMep TYypOYJEHTHOCTH, H BCeX YUCJEHHBIX W NpHU-
6KkeHHBIX HcceloBaHui. OnylieHH TakXKe HEKOTOphle pasleds,
BXOAdulMe B OOWIMH NJaH CTaThH, a MMEHHO TMIDOCTAaTHKA, MC-
CJIeJlOBaHHE BPALIAIOIMXCHA MAcC XUAKOCTH, TEOPUS OJHOMEPHOrO
TeueHHUs rasa M TeOpHs YCTOHYMBOCTH; STU pasieJbl H3JATAIOTCH
B IpYrHX CTaThaX NaHHOH DHuukJjonemuul). OT unrarens Tpe-
6yeTcs 3HaHHE OCHOB BEKTODHOTO aHaJM3a U Teopuu Huddepex-
LMANbHBIX ypaBHEHHH C YaCTHBHIMH IPOU3BOJHBIMH; HEKOTOpOe
3HAKOMCTBO C THADONMHAMHUKOH OyleT, HECOMHEHHO, MOJE3HBIM.

CraTbsl HauuHaeTcs MO CYLIECTBY C IJ. 2, Tle BHIBOIATCH
ypaBHeHHs IBHXeHHA. MBI crapajuch AaTb CTPOroe M NMOJHOE HC-
C/leloBaHUEe MCXOAHBIX MPELMNOJOXEeHUH, OCHOBLIBAACH HA KOHIeN-
LYM JABHXEHUS KaK HelpepblBHOTO TOYEYHOTo npeo6pasoBaHus
npocTpaHcTBa B cebd. B 3ax/ouuresbHOM yacTH 3TOMH riaBhl pac-
CMaTPHUBAIOTCA BONMPOCHI, CB3aHHbIE C TPe06pa3oBaHUEM KOOPAHHAT
¥ BapUALHOHHBIMH MPUHLUMIAMHE MeXaHUKU xkuiKocTH. ColepiaHue
IJ. 3 He BHIXOAHT B OCHOBHOM 33 paMKH OOLIENPUHATHIX y4eOHH-
KOB, OJHAKO, BHIIYCTUB €€, Mbl Hapyluad Obl eIHHCTBO U3JO-
xeHus. KpoMe Toro, B 3TOff riaBe Mbl BNepBHE 3HAKOMUMCSH
CO MHOTMMH HIeSIMH, MTpAIOLIMMH BaXHYIO pOJb B JafabHefilleM,
npu usydyeHuu OGoJiee CJONKHEIX BONPOCOB. B ria. 4 Mbl BHOBB
BO3BpAlllaeMCsl K HCC/ICIOBAHUIO MCXOLHBIX MNPENNOJOXEHHH H
KpaTKO M3/araeM TEePMOIMHAMHMKY IBHXXeHHUS XKUAKOCTH, BKJIIOYas
CHCTEMY MOCTYJaTOB COOTBETCTBYIOIIMX pPa3lesoB KJaCCUYecKoH
TepMOAMHaMUKU. [lpencTaBieHusi, pasBUTble B 3TOM pasiele,
MOTYT CJYXHTb MOIeJbl0 INpPU HU3YYeHHH MHOTOKOMIIOHEHTHBIX
TUIPOJIHHAMHYECKUX CHCTEM.

B ra. 5 crpoutrcs obwias Teopus TeyeHus HieaJbHOro (T. e.
HeBA3KOro) rasa. Mubl crapamucb Kak MOXHO O0J/ee LIMPOKO
OXBaTUTb Ppe3yJbTAaThl, KacalollMecs HEHU3SHTPONHUYECKHUX IBHKe-
HUH, M De3y/abTaTbl, He 3aBUCHALIME OT MPEINOJNOXEHHS O COBep-
weHHoCcTH rasa (pV =& T). VHrepecHo, 4TO 3Ta TOYKA 3peHHUS
NPUBOIMT BO MHOTHX CJy4asX K YNPOLIEHHIO pPAacCyXIeHUH.
B ra. 6 paccmatpuBaeTcs TeOpHs YAAapHBIX BOJH B HIAeasbHOMH
KUAKOCTH. PaccyxIeHHs OCHOBaHBl TOJbKO Ha MOCTYJaTax IBH-
seHuss (T, 2 u 4) u He TpeGYIOT HOBBIX NMHAMHYECKHX Ipej-
noJoxenu#t. Pasmen 06 ynapHOM cJ0oe HrpaeT poJb BBeleHHS
K CreldaJbHOH! JUTepaType MO 3TOMY BONPOCY. 3aK/IOYMTE]bHas

) 3nech, KaKk U BCIOAY B HajbHeHIueM, HMEETCS B BUIY , DHIHUKJIO-
nenus ¢usnueckux Hayk“ (Handbuch der Physik), B 1. VIII/1 xoTopoit
BKJIOYeHa 9Ta cTaTbsa CeppuHa. — ITpun. nepes.



2. BexToput u TeH3opbl 7

rnaBa HayuHaeTcds ¢ OOOCHOBAHMSl YpaBHEHUH, OMUCHLIBAIOLIMX
IBUHXEHHe BSIBKOM MXUIKOCTH, U OXBAaTBIBAET HEKOTODLIE Teope-
THYeckue paboTHl, ONMyOMHKOBAHHBIE B MOCJ/ENHHE TOLH.

Pan pasnesnoB cONepXKUT HOBbiE pe3yabTaThl WU 6OJee co-
BepIIEeHHOe U3JI0KeHHe UsBeCTHHX paboT. B 0co6eHHOCTH OTMETHM
Clelyloliye pasjesbl: H3/J0XEHHEe BAPHALMOHHBIX IMPUHLMUIIOB
(m. 14, 15, 24 u 47), Teopuio nuHaMHueckoro nonobus (m. 36 u 66),
TEOPUI0 TEH30pa HanpsikeHH# (m. 59), SHepreTHueckH# MeTol
(n. 73), o6o6uienne Teopembl ['enpMrossua — Panes (m. 75) u
HeKOTOpble HOBhle (OPMYJH M YypaBHeHusi, Hanpumep (29.9),
(40.6), (42.8) u 1. n. Beane, rme 3TO BO3MOXHO, MBI IBITAJHCh
yKa3biBaTh B CCHIIKAX NMEePBOMCTOYHHKH, ONHAKO MOJHas Oub.HO-
rpacus BOMpoca NpUBOAMTCA aJeKo He Bcerja, Tak Kak B 60/b-
LWIHHCTBE CJAYyyaeB e€e MOXHO MPOCJAENHTb IO LUTHPOBAHHLIM pa-
GoraM. B 3akaioyeHue MBI JO/KHB 106aBUTb, YTO BO MHOTHX
clyyafix NOKas3aTe/JbCTBA 3HAUHTE/JbHO BHIAOM3MEHEHBI M COKpa-
IeHbl N0 CPABHEHMIO C MX NMepBOHauaJbHOH opMmoH.

dra pabora MHOrHM 00s3aHa HHTEDECHBIM JEKIHSAM H 3aMeyaTeb-
HOH spynuuud Moux yuuteaeit [ssuna lkun6apra u Kanddopaa Tpyc-
nenna. VX BausHHe BO MHOTMX MECTax OYeBHIHO, XOTH OTBETCTBEHHOCTb
3a colepxaHHe CTaThbH JEWHT LieJHKOM Ha MHe. Moeii xeHe Bap6ape
1 ray6oko GaarozapeH 3a 60JblIyI0 HOMOIIb B OPOPMJECHHH DYKOMHCH
U B OCOGEHHOCTH 3a ee ILieHHBle 3aMeyaHHsd IO NOBOAY OO6IIEero IJaHa
cratbu. O6pas3uoM paGoThl MO IHHAMHKE XHAKOCTH B CMBICJAE CTHJA,
ACHOCTH M 3aKOHYEHHOCTH H3JOWeHHus saBasercd kuura Jlamba ,['umpo-
IuHaMuka“® [8]. ABTOp HazeeTcs, YTO OH OCTaJCH BEPEH MaHEpEe H3Jo-
WeHHs 3TOH KHHTH.

Hayuno-uccaenosareabckomy otaeny BBC CILIA asrop o6s3an
NoAAepKKOH B MepHOX paGoTHl Hal TOH CTaTheH.

2. BekTopsi M TeH30pH. B 9TO# crTathe ymoTpebasioTcs
TpalMUUOHHbHE 0003HaueHHUss BEKTOPHOro aHaiusa. IlpumeHeHue
9THX 0003HaueHUH NMPHUBOIHMT K Npele]bHOH KPATKOCTH H3JIOKe-
HHS M BMeCTe C TeM MOosicHseT ¢uanuecku#t cmpica Gopmyasl. Met
HCNOJb3yeM B OCHOBHOM CTaHAAapTHbie BEKTODHBIE ONEpauuH,
OIHAKO B OTHEJbHBIX CJAydYasX BO3HMKaeT Heo0X0AUMOCTb MpH-
MeHEHHsl BbIpa)KeHHH, KOTOpHIE MOTYT IOKa3aThCsl HeOOBLIYHBIMU
WM JABYCMBICJeHHBIMH. [Io 3TO#H npuuMHe yLOGHO OMpeleuTH
BCE Onepauud INpH MOMOLUM KOMIIOHEHT BEKTOpa; TOrAA JIETKO
BLISICHHTb CMBICJ ypaBHEHMd, IepelnucaB ero B BHIe Npoekuui
Ha OCH KOODIMHAT. DTOT METOIL MMeeT ellle U TO NMPEUMYIUECTBO,
41O JI0OOMY YPaBHEHHIO MpPU KeJAHHM MOXKHO cpasy AaTb TeH-
30pHYI0 HHTEpIpETaLHIO.
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3a HeMHOTMMH MCKJIOUeHUsAMU Mbl OyneM ynorpebasTb mo-
JyKUpHble CTPOUHBle OYKBBl JATHHCKOTO andasuta N 0603Ha-
yeHHMsl BEKTOPOB; KOMIIOHEHTH BEeKTOpPOB b, ¢ u T. A. B QpuKCHpo-
BAHHOM OpPTOTOHAJbHOM cuctreMe KoopiuHaT OyayT o0osHayaThcs
yepes b, ¢’ uT. A. wwm b;, ¢; u T. A, rae i=1, 2, 3. B stux
0603HaueHUAX CKaAsipHOe mpousBeleHue b - ¢ ompenensercs ¢op-
MyJ0o#

b c=blc,= b’y

COTJIACHO OOGLIEMPUHATOMY COTJIALIEHHIO, MOBTOPAOMIMMRCA HHIAEKC

03HauaeT CYMMHPOBaHHE MO 3TOMY MHIEKCy oT 1 mo 31).
AnasoruuHeiM 06pasoM BeKTOpHOe mpousBeleHue b X ¢ onpe-

IensieTcsl yepe3 KOMIOHEHTHl STHX BeKTOPOB (GOpMyoH

i ijk

(b X ¢) =¢e" bjck,
rae e/® — o6runbIf mepecTanoBOUHBI CHMBOA2). Moayab Bek-
Topa b o0603Hauaercs COOTBETCTBYMOLIEH KypCHUBHOH CTpOYHOH

oykBo#t b, T. e.
b=|b|=Vb-b

(crenyer OTMETHTb, YTO MOAYJb BeKTOpa ckopoctd Vv Oyner
0603HayaThCa B OTJMYMe OT 0OOLiero mpasuia yepesd ¢, a OykBa v
6ymer ucnmoJsb30BaHa 1 0003HAaYeHUst OLHOR M3 KOMIOHEHT CKO-
pOCTH). :

CumBoart grad ¢, divb u rotb 6yayT MCnoab30BaTLCS B HMX
OOLIYHOM CMEICTIE, T. €.

divb = bi, i
(rot b)! = e”kbk, j (grad D=9,

3anaras B 9THX (OpPMynax B COOTBETCTBHM C OOBIYHBIM COTJa-
meHueM o0603HauaeT JAuddepeHuupoBaHue. [ pyruMu CaI0BaMy;
I NMpPOU3BOJMbHOM CKAJNAPHOM HAM BEKTOPDHOH (GYHKUUM TOUKH
NPOCTPAHCTBA Mbl MMeeM, IO ONpelle/IeHHIo,

F,=%C 1—=19:.
! oxt

ITpn MCNOJB30BAHUM KPHUBOJMHEHHBIX CHCTEM KOODIMHAT, Ha-
npumep B n. 12, onpenenenue F ; 10JkHO ObITh BUAOU3MEHEHO.

) OnHOBpeMeHHOe ynoTpebJeHHe BEPXHHX M HHXHHX HHJIEKCOB
OpPHHATO ISt €AHHO06pasis ¢ 0603HaUEeHHSMH TEH30PHOTO HCUHCJEHHS.

2) TO eCcTh 6123 — 9231 —_ 8312 p— 1’ e = 218 — elS2 — e321 —_ l’ a oc-
TaJbHble KOMIOHEHTHl PaBHBl HYIO.
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Mpl, omHAaKO, Ha STOM OCTaHaBIUBAaTbCA He OydeM, TaK Kak 3a
HECKOJIbKMMM HCKJIOUEHHAMH CHCTeMa KOODJIMHAT BCIOLY Npen-
noJ/iaraeTcss IeKapTOBOM.

B srto#t pabore Mbl uyacto OyleM HMeTb [IeJO C TEH30PaMH
BTOpOro paura (auamamu). Jas ux oGo3HaueHuss OyAyT yno-
TpebuaTbcs NOMyXUupHble nponucHbie OykBel X, T u t. 1. Kommo-

HeHTH TeH3opa X OyayT oGosHauathca uepes L wm, korza
510 yaoCHee, uepe3 L'; u Eij. ITon pasencTBamu
b=c-Z u b=2-¢
MBI MOHUMaeM COOTBETCTBEHHO
Y I __yij
by=c;¥" n b'=1X"c,
Hakonen, cumpon X%:T o6osuauaer ckanspHoe NpousBeleHHe
X T,
Y 106Hb HeKOTOpbie crelnaibHble oOo3Havenus. ITox divZ

MHl noHuMaeM sexmop ¢ komnonentamu X/%, .. Cumsox gradb
0603HauaeT MeH30p C KOMIOHEHTAMH b; ;;

(gradb); =10; ;.

Hakoneu, nos X, Mbl MOHUMaeM 8€KMOpP C KOMIOHEHTAMH eijk)ljk.
W3 sTux ompeleseHuft Cc/leLyeT, 4YTO

rotb=(gradb), u (c-gradb),=c’bp,;.

j

YuraTeab, 3HAKOMBIH C TEH30PHBIM aHAJH30M, 3aMETUT, 4TO €CJH pac-
cMaTpuBaTh CHMBOJM b Kak COKpallleHHOe 0603HaueHHE COBOKYMHOCTH
KOHTPaBAPHAHTHBIX b’ MM KOBAPUAHTHBIX b; KOMIIOHEHT BEKTOPA B MpPO-
U3BOJLHOW KPUBOJHHEIHOH cHCTeMe KOOpAHHAT, a £ — KaK COKpalleH-
Hoe 0603HaYeHHE COBOKYMHOCTH KOMIIOHEHT TEeH30pa, TO IIPUBEJEHHbIE
BBIILIE OMpe/eleHHss HHBAPUAHTHBI IO OTHOLIGHHIO K NMPOU3BOJbHBIM Ipe-
o6pasoBanusM koopauunar. Takum o6pasoM, BBEIEHHYI0 HAMH BEKTOPHYIO
CUMBOJNUKY MOHO B DaBHOH Mepe CYMTaTh M COKpaleHHBIM 0603Haye-
HyeM Omepanui TEH3OPHOro aHaau3a.

O6myio ¢opmyay mnpeoGpasoBaHus HHTerpaza Mo o6bemy
B MHTErpas IO MOBEPXHOCTH MOXHO 3amUCaTh B CJAEAYIOLIEM CHM-
BOJIMYeCKOM Bulel):

f F ,dv = <§Fni da. 2.1)
1Y §

) Puaaunc [48], popmyaa (127). (Cm. raxxe Kouwnn H. E,
BexTopHOoe HcuMCAeHHE M Hayajla TEH30PHOro Hcuucaenud, Han.
AH CCCP, M., 1951, ctp. 138. —ITepes.)
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dopMyna cnpaBeiaMBa LI CKalapHOH, BEKTOPHOM HJH TEH30D-
Ho#t ¢ynkuuu F npu ¢GuUKCHMPOBAHHOM HHIeKce I, IONyCKaeTcs
TaKKe CYMMHDOBAHHE MO 3TOMY HHIekcy. PyHxuus F mpenno-
Jaraercs 3Aechb HenpepuiBHO AuddepeHuupyeMoii B paccMaTpu-
BaeMoM o0beMe D, OrpaHHYeHHOM JOCTATOYHO TVIALKOH MOBEpX-
HOCTbIO 8; Yepes 72; 0603HaUeHEl KOMIIOHEHTHl 8K el Heli HOpMaJH n

kK 8. 3amenss F Ha b', moayuaeM Tak HasLIBaeMyio TeopeMy
0 nuBeprenuuu (TeopeMmy [aycca — OcTporpanckoro):

fdivbdv=§b-nda. 2.2)
v 8

Bamena F Ha e”*b, mpusonut K papencrsy

frotbdv:é}nxbda. 2.3)
¢

v

dopmyar Takoro poaa OyyT YaCTO MPUMEHATHCS B 9TOH pabote.

Ilepeyenr yacTO BCTpeuaromuxcss 0603HAYEHHH

MHOI‘JL& Jaxe B Ipenenax OAHOro pasjesa OJUH H TOT 2KE CUMBOJ
MOXET ONPENENITbCA H HUCMONb30BAThCA B Pa3JHYHBIX CMbICAAX. CCHIAKH
CAEJaHbl Ha MYHKT, B KOTOPDOM CHMBOJI BBOJIUTCS BIIEPBBIE.

— CKOpPOCTb 3BYyKa, M. 35,

— BHYTpeHHsi sHeprus, m. 30, 33,
— NpPOU3BOJbHAA (QYHKIHS,

— o6mas sHTasbmnug, m. 18, 38,
— 3HTaJbnug, m. 38

— akobuaH, 1. 3,

— uucao Maxa, n. 36,

— IJHHA NYTU HOPMAJH K JHHUH TOKa,
— NaBJIEHHE,

— MOAYJb BEKTOpPAa CKOPOCTH,

— NOTOK MaccHl, 1. 37,

— IJHHA pajHyca-BEKTOpa,

— IMHHA AYTH JHHUH TOKa,

— sHTponug, m. 30, 33,

— BpeM#4,

— abcoaoTHAs TeMIeparypa,

U, W — KOMIIOHEHTHl CKOPOCTH,

ZSSTame

R N L I Ve R I

— BEKTOp YCKODEeHHS,
— Tensop jpedopmauuy, m. 11,

— BEKTOp BHeIIHeH CHJIBI,

— €JMHHYHasA MaTpHIa,

— BEKTOp €JUHHYHOH (BHELIHeH) HOPMAMH K NOBEPXHOCTH,

CN el 1Y
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— BEKTOp HampsixeHus, 1. 6,
— TEH30p HampsiKeHu#, m. 6,
— BEKTOp CKODOCTH,

< -

— ILIOTHOCTb,

— NOJSApHbIA yroJ,

— YroJl HakKJOHA BEKTOpa CKOPOCTH,
— JHMBEpreHnus CKOpoCcTH, m. 26,

— [OTEHUHan CKOPOCTH,

— dynkuus puccunanuy, m. 34, 61,
— ¢yuxkuus TOKa, m. 19, 42,

— BEJHYHHA 3aBHXPEHHOCTH,

— NOTEHLHaJ BHEUIHHX CHa I 9,

— BEKTOp 3aBHXPEHHOCTH,
— TEeH30p 3aBHXpeHHocTH, I. 11,

— KHHeTHYecKas sHeprug, m. 9,

— Mepa 3aBHXpEeHHOCTH, m. 27,

€, &, B — KpHuBHIE, NOBEPXHOCTH, O6'bEMDI, IBHXYIHECS BMECTE
C XHUIKOCTDIO,

b, 8 —o06beM M MOBEPXHOCTb, GHKCHPOBAHHHE B HPOCTPAHCTBE.

8 OE Pe€BE PP

Pap npyrux cranpapTHeIX 0603HaueHu# ykasaH B IL 2 u 3.



TIABA 2

YPABHEHUA ABUIKEHMA

§ 1. KuHemMaTHKa H AMHAMHKA JBHXEHHS KHAKOCTH

8. OcHOBHbIe MNOHATHA KHHEMAaTHKH. MarteMaTHuecKuM ro-
HSITHEM, COOTBETCTBYIOLINM HHTYMTHBHOMY (pH3HUeCKOMY mnpen-
CTaBJEHUIO O IBWXEHHH XUIKOCTH, S§BJAETCS NOHATHE Henpe-
PblBHO20 npeo6 pa3o8anus TPEXMEPHOrO €BKJHIAOBA MPOCTPaH-
crBa B cebs. [lapamerp £, onuchiBaiouiuit aTo mpeoOpasopanue,
OTOXIECTBJsAETCS C BpeMeHeM. Poib HAYaJIbHOTO MOMEHTa Bpe-
meHu Oyner urpath £ =0, a o6sacTbl0 u3MeHeHus { Mu OyleM
OGBIYHO CYHTaTb BCIO JEHCTBUTEJBHYIO OCh.

Jlas  aHaAMTH4eCKOro OnuCaHusi Tnpeo6pasoBaHus BBeleM
PUKCUPOBAHKYIO 8 NPOCMPAHCMBE NPAMOY20RbHYIO CUCMEMY
rKoopdunam (x', x2, x%). Tpotixy koopauHat (x!, x2, x3) mu
OTOXKIEETBJIAEM C MO%KOL NMPOCTpPaHCTBA U 0003HAYaeM uepe3 X
PaccMoTpuM Tenmepb XapaKTepHYIO TOYKY MM wactuuy P, nsu-
Kyuyocs ¢ KuIKoCTblo. IlycTh B MOMeHT £ ==0 oHa Haxoautcs
B Touke X=(X1, X2, X3), a B MOoMeHT f—B TOYKe X==
=:(x1, x2, x3). Torma BeimuuHa X ompeleieHa Kak ¢ynkuus X
U { W TeyeHHe MOXKET PACCMATPUBATHCH KAk NpeoOpasoBaHue

x=9X, £) (@m x=¢ X 9). (3.1)

Eciu X c¢uxcupoBaHo, a f u3MeHsieTcs, TO ypasHenue (3.1)
oHpeleNseT mpaexKmopuo uacTHUb P, nepBOHayaJbHO Haxo-
nusutetics B Touke X. C npyro#t CTOpoHb, npu GUKCHPOBAHHOM £
cootHoweHue (3.1) onpenenser npeoOpasoBaHue o6.acTu, 3a-
HUMaeMO} XUIAKOCTHIO B Haya/JbHH# MOMEHT, B 00/1acTb, 3aHHMae-
MYI0 XMIKOCTbIO B MOMEHT BpeMeHHd .

Mb npennoJaraeM, 4YTO MepBOHAYa/JbHO pAa3JHYHLIE TOYKH
OCTalOTCA pPAa3/JUYHLIMU BO BCe BpeMs ABHXEHHS, HJM, APYTUMU
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CNOBaMH, uYTO AJA npeoGpasoBanus (3.1) cyuwectByer oOpaTHoe
npeoGpa3osaHue 1):

X=0(, ) (mm X =0"(x, £)). 3.2

Mpexnonaraetcs Takke, uto ¢ u @° 0064a%al0T HempephiB=
HBIMU TIPOM3BOJHBIMH A0 TPETbero MOpsAiKa Mo BCEM IepeMeHHbLIM,
MCK/II0Yas, GLITb MOXeT, HeKOTOphie 0cOOble MOBEPXHOCTH, KpH-
Bhle WaM TOYKH. EcIM NPOTUBOMOJONKHOE He OrOBOPEHO, MHI
GyzeM paccMaTpHBaTh TOJBKO T€ 4HacTH TEYEHHsi, KOTOpHe He
comepxat ocobeHHocTeft. VckmounTebHEle Caydad (B YaCTHOCTH,
oco6ble MOBEPXHOCTH) TPeOYIOT CNMelHanbHOTO H3yuyeHus; O HUX
peub Gyser uatu B m. 51 u 54. 3ameTuM B 3aKJIOYEHHE, 4TO
BHYTpHU /1060 3aMKHYTOH NMOBEPXHOCTH, HBUXKYUIeHCH C XKHIOKO-
CTbIO, COLEpPXKATCH OIHM M -TE e 4acCTHlbL BO BCE BpeMs ABU-
HEeHus.

Xorsi TeueHMe TMOJHOCTHIO OMpeleJsercs TNpeo6pasosa-
uueM (3.1), cTONb ke BAaXHO PAaCCMOTPETH COCTOSIHWE IBHMKEHHUS
B IAHHOM TOUKE MPOCTPAHCTBA, M3MeHswlleecs BO BpeMenu. OHO
ONKCHIBAETCA MPU MOMOLM (GYyHKUUH

p=p(X, f), V=V(X, ) uT L, 3.3)

KOTOpble NAI0T HaM 3HaueHHe IUIOTHOCTH, CKOPOCTH H T. A. Aad
YaCTHLEI, HaXOXsllelics B MOMeHT { B TOYKe X. 3HaueHHE OMH~-
caHus noJsa (3.3) npu U3yYeHHH ABHIKEHHS XKUIKOCTH OHIIO OT=-
Meueno Brepsbie Janambepom (1749 r.) u Dtnepom (1752 r.).
3aMeuaTenbHas .Mlesl U3YYEHUS ABUXKEHUS HENMOCPeICTBEHHO yepe3
M depeHunanbHble ypaBHEHHS C YaCTHLIMM TPOU3BOAHLIMH OT-
HOCHTE/JbHO BeuuuH (3.3) npuxamiexur diliepy ?).
ITepemenHbie (X, £), BBeleHHble IPH paccMoTpenun noas (3.3),
Gyayr B JHanbHeHIIeM Ha3bIBATbCH NPOCM PAHCMBEHHOLMU (UX-
Ha3HIBAIOT TaKXe IlepeMeHHHIMH DMRuepa); mepemenube (X, £),

) 'pegeckre GyKBb 6YyayT HCIOJL30BAThCA B KauecTBE HHIEKCOB:
KOOPJHHAT YaCTHIBI.

2) Pa6oThl Jitnepa MO MEXAaHUKE XUIAKOCTH CONEPIKATCH B OCHOBHOM
B 12 u 13 Ttomax ero cobpauus counHenuit (Opera Omnia. Zurich).
Beesennsa k sTuM TOMaM, HamucaHubie npod. Tpycmennom conepxat
KCTOPHYECKHH 0630p HCCJENOBaHHH MO MEXaHHKE XUIKOCTH TOrO Bpe-
meuu. CpaBHenue pa6oT mpelliecTBEHHHKOB Dijepa ¢ paGoTamu ero
YUEHHKOB -¥ MOCJIel0BaTe]eld no3sonseT 6oJee SCHO MPEACTaBHTb 3Ha-
ueHde ujed diaepa Aas Pa3BUTHA MEXaHUKH XHIKOCTH B IEJAOM.
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KOTOpble BBIIENAIOT HEKOTOPY (UKCHPOBAHHYIO UYaCTHULY, MBI
OyneM HasbiBaTb nepemennwmu Jlazpawocal).

JlioOyio BeauunHy F, 3alaHHyl0 KaK (YHKUMIO NpPOCTPAH-
CTBEHHBIX TlepEeMEHHHX (X, ), MOXHO paccMaTpHBaThb TaKXke U
kKak ¢(yHxuuio nepemennsix Jlarpamxka (X, £), u Hao6opot. Ecau
MBI XOTHM INOJYEPKHYTb 3aBUCHMOCTb F OT ONnpeleseHHEX nepe-
MEHHBIX, TO Mbl mnumeM F=F (X, f) um F=F (X, £); npu
stoM ¢yukuun F (X, £) u F (X, £) cBf3aHbl, KOHEYHO, 3aMeHOU
nepeMeHHbX (3.1) u (3.2). TeoMerpuueckd 35TH (YHKUUU MOXHO
untepnperuposath Tak: F (X, £) ectb BemuunHa F, ompeneJeH-
Has B MOMEHT BpeMeHM f I/ YacTHLB, KOTOpas HaxOIuJacb
nepBoHavaJbHO B Touke X, a F (X, f) ecTb BeauuuHa F, ompe-
JleneHHass A YacTHUBl, Haxolslle#ics B MOMEHT f{ B NOJOXe-
HuM X. Mb Gylem ynorpeGastb 06Go3HaueHHs

OF __ 0F (x, t) dF __ 0F (X, t)

ot~ of dt T ot
I IBYX BO3MOXHBIX NMPOHM3BOAHHIX IO BpeMeHH OT F; OueBUIHO,
YTO 9TO COBepLIEHHO pasHble BeJHuuHB. IIpousBonuas dF/[dt
Ha3blBaeTCa mamepuassholl npou3goorol or F. OHa usMepser
CKOPOCTb H3MeHeHHs BeJUUuHH F 14 BHIODAHHON 4YacTHLH H
MoxeT ObITb BHpaXeHa KaK B NepeMeHHBIX JlarpaHxka, Tak u
B MPOCTPaHCTBeHHbIX NepeMeHHbX. C npyro#t cropousl, dF/[ot
IaeT CKODOCTb H3MeHeHHMs BeJMuYMHB F 1Js HabmaolaTtensd, Ha-
Xo0JsLlerocss B TOYKe X.

Cropocmb VvV 4acTHLB Ompelensercs CJeAyIOIHM 06pa3oM:

dx ( i dxt 99l (X, 1)

v =Tar =—ot“)-
B cuny sToro ompeneseHus CKOpPOCTb V siBJsfercd (yHKuUUeH
nepeMeHHHbIX JlarpaHixa; Ha NpaKTHKe, OJHAKO, Yallle UMEIOT AeJOo
C ee ompeleJieHHEM B NPOCTPAHCTBEHHBIX NEpPEMEHHBIX:

v=v(X, ).

V=

B GosbIIMHCTBE 3343y BaXHO 3HaTh V (X, f), a He JefiCTBHTE/b-
Hoe J1BmxeHue (3.1).

Mu BBesu noJe cKOpocTeft NMpu NMOMOLIM IBMIKEHMS, 3alaH-
Horo cootHowenusmu (3.1). Ilpu paccmMoTpeHuH noas CKOpocTeft
v (X, ), 3aIaHHOTO He3aBUCHMO OT cooTHoleHu#t (3.1), ecre-

1) YcraHoBUBIIAfACA TEPMUHOJOTHUSA .fABASETCA He BHOJHE HPaBHJb-
HOii, TaK KaK Ha CaMOM JieJe H Te H Ipyrue nepeMeHHble OblIM BBe-
ZeHbl BoepBble JitnepoM; cM. [27], § 14.
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CTBEHHO BO3HUKAeT BONPOC O CYIUECTBOBAHHHM H HAXOXIEHHUH
IBUXKEHHs C STUM MOJeM CKopocreff. 3alzaya CBOIUTCS K pelie-
HHIO CHUCTeMBl OOBIKHOBeHHBIX JIuddepeHUnalbHHX YpaBHeHHH

dx

—dT=V(X, t) (34)
npu HauaiabHbX ycaoBusx X (0) = X. Hurerpuposanue ypasue-
Hus (3.4) 0OMKHO OBITH BHITOJHEHO ,B LEJOM“ U, CJIeL0BaTE/bHO,
He Bcerza MnpencTaBjseT NPOCTyio 3adauy l).

Yexopenue ectb cxopocTb uaMeHeHus v (X, £) Lag IBUKY-
wefics yactuubl. (OO603HaYUB BEKTOpP YCKOPEHUs] yepe3 a, MBI
nonyuuM a==dv/dt. 3aMeTuM, YTO YCKOpDEHHE MOXHO HaliTu He-
NOCPEACTBEHHO MO MOJIO CKOpOCTed V (X, ¥):

dvi __ 0v! vl dx/

dt ~ ot o dt

i=

Ui

a= %‘;—-4—, v-gradv. (3.5)

Pasenctso (3.5) sBiseTCs uyaCTHBIM cayuaeM oGmeft dopMy bl
dF OF

—dt—=—y+v-grad F, (3.6)

CBA3HIBAIOIIE MaTepUa/NbHYIO NPOU3BOLHYIO C MPOCTPAHCTBEHHOH.
Bripaxcenue (3.6) MOXHO HHTEpNpPETHPOBATH JS MNPOHU3BOAbLHOM
eanuuHbl F = F (X, f) KaK CKOpOCTb HM3MeHeHUs: F BO BpeMeHH
nas Habmonatens, JABMXKYLIErocs € 4YacTHueH, KOTOpas B MO-
MeHT { HaXxOIWTCHd B TOYKe X.
Slkobuan npeoGpasoBanus (3.1)
S et (22)
0 (X1, X2, X9) X«

JaeT BEJMYHHY OTHOCHUTENbHOTO pacluiupeHus OeCKOHEYHO Ma-
Joro o6bema, ABHIKYLLErocs C XKUAKOCTbIO. Y3 npenmosioxeHus
0 cyuecTBoBaHNd AuddepeHiupyeMoro obpatHoro npeo6pasosa-
HHUS CJAeLyeT, 4TO
0<J< oo, 3.7)
) B pa6ore [10], § 9.21, npuBeneH uHTepeCHBIH NpHMEP HUHTErpH-
poBaHus ypasHenus (3.4), npunamiaexauuéi Makcseany [Proc. Lond.
Math. Soc., 3, 82 (1870)]. Ilpyrue npumepbl MOXHO HaliTH B pa6o-

rax [10], § 9.71 u [8], § 72, 159. O6mas 3anaya MHTErpUPOBaHHUsA pac-
cmartpuBanach JluxrenmreinoM [9], crp. 159—170.
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Briocsencteun Mpl GyseM noab3oBaThCs H3AUIHOA (POPMy.IOH

dl

77=Jdiv v, (38)

npunanexaimet daepy. Has ee BbBoxa 0603HaunM uepes Aj
anre6panyeckoe JomnoJHeHue B J snementa 0x'/0X°* Toraa uz
COOTHOLIEHHUS
oxt a i
clellyer, 4To '
aj __ d (()x") a vl . 0vi o . ov

3 I [ — A:‘_‘J.
0X oxX* T oxd ax* T oxi

i =

dt dt

Hecocumaenve scudxocmu, Eciu xuoKocTs npeanoaraercs
HeCXMMaeMO# (3TO O3HauyaeT, YTO JABMKEHHE MPOMCXOAUT Ges
uaMenenusa o6bema), To u3 dopmyin (3.8) caeayer, uro

divv=0. (3.9)

HanbuHedimee u3ydyeHue MOBUIKEHHS HEC)KMMAEMOH KUIKOCTH
IOJIKHO BKJ/IOYaTh B cebs JNHHAMHYeCKME PACCyKIAEHMS; B yacT-
HOCTH, OOBIUHOE mpenmonoxende rotv=0 Bcaxkuli pas Hyx-
JaeTcs B JMHAMHYECKOM OGOCHOBAHHUH.

4. Teopema mnepeHoca. Ilycts B = B (f) — npousBoOJILHEIH
o0beM, nBwxyuuiica ¢ xuakoctsiol), a F (X, f) — ckanapHas
MM BEKTOpHas ¢yHkuua Touku. Toraa uuTerpan no oGnemy

dev
B

SIBJIAETCS BIOJIHE OMNpeneseHHOW ¢ynknue#t Bpemenu. Ilpousson-
Hasg 9TOH (QYHKUUM BBHIpAXKaeTcs CJaelyloledf BaxHOH (opmyioH:

%dev:f(‘fd—f-{-Fdivv)dv. (4.1)
B B

') Mu Bcerma GyneM ynmoTpe6GAsTh MPOMHMCHbIE FOTHYECKHE GYKBEHI
Inst. 0603HaYeHHA OOBHEMOB, IOBEPXHOCTEH M KPUBBIX, NBHKYIIAXCS
C yacTUuaMu XuAKOCTH. C JpYyrod CTOPOHBI, OGBEMBI, HOBEPXHOCTH
U _KpHBBE, (HKCHDOBaHHBIE B (PU3MUECKOM NPOCTPAHCTBE, Mbl GyAem
0603HauaTh CTPOYHBIMHM FOTHUECKUMH 6YKBAMH. JTH 0603HAUEHHS YIOOHHI
NIPU U3JOXEHHH OCHOBHBIX NPHHIMIIOB I'MAPOJIMHAMHUKH.
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Hns  nokasarenbcTBa paseHcTBa (4.1) BbiGepeM B KauecTBe Ie-
peMEHHbIX MHTerpupoBanus nepeMenusle (X!, X2, X3), cpasan-
Hele ¢ (x!, x2, x3) coornowenusmu (3.1). Ilpu sTOM O0B6BEM
B (t), ABUKYIWUACS BMECTe C XKUAKOCTHIO B MPOCTPAHCTBE MeEpe-
MeHHBIX X, mnepeftmer B o6bem L= BV (0), ¢uxcupoBaHHbIK
B mnpocrpaHcTBe mnepeMmeHHBIX X (o6bem B (£) coCTOMT BCe
BpeMsl H3 OJHHMX M TeX )K€ YaCTHUIl KUIKOCTH).
flkoOuan ykasaHHOH 3aMeHbl paBeH J, C/eLOBATENbHO,

dev:fF(X, £) J dv,.
B Bo

Taxk Kak B TNpaBo# yacTh OT { 3aBUCHT TOJLKO NOILUHTErpaJb-
Hasd (QYHKLMSA, MBI BUIUM, UTO

d dF aJ
ﬂdev::f(J an —}—F—dt)dv
Py Bo

u pasenctso (4.1) cpasy caenyer us dopmyars Jiiepa (3.8).
®opmyse (4.1) MO} HO mpumaTh BHA, KOTOPHH crenaer 6o-
Jee fICHEIM ee KHHeMaTHyeCKoe 3HaueHue. B camom nene, moa-
MHTerpajbHas (yHKIMA B npaBoi uactu pasencrtsa (4.1) B cuiy
cooTHowenus (3.6) MoxeT ObITh 3anucaHa B BUIE

L 1 div (vF).
Ipumenns Tteopemy Iaycca — Ocrporpanckoro (2.2), moayuum

d 0
—EIde:—()Tdev—{—ﬁst-nda. (4.2)
B Py ©

3nech © 0603HauaeT rpaHUYHYIO NOBEPXHOCTb 06beMa B, v-n—
NPOEKLHI0 V HA Hanpas/ieHWe BHeluHe# nopmamw k¥ &, a d/of —
mup¢epeHunpoBane npu  QukcupoBaHHoM o6beme LB. Papen-
cTBO (4.2) oTpaxaer TOT (AKT, YTO CKOPOCTb HM3MEHEHHS HHTer-
pasia or BeauuuHnl F, 3a1aHHOM Ha MaTepuaabHOM 06beMe B, paBHa
CyMMe CKODOCTH W3MEHeHMs HuHTerpaja oT F 1o QuKcHpoBaH-
HoMy o0beMy, coBranamolieMy B MOMeHT # ¢ B, u noroka F
yepe3 IpaHUyHylo noBepXnocTb. CielyeT NoOAYepKHYTb, yYTO pa-
BeHcTBa (4.1) u (4.2) BHIPAXAIOT KUHEMQAMUHECKYIO MeopPery,
He 3aBUCALIYI0 OT XapakTepa BeauuuHbl F.

9 3ak. 1160
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5. YpaBHeHHe Hepa3pbIBHOCTH. Mbl npeamnojaraeM, 4TO
macca I KuAKOCTH, 38aK/MOYeHHOH B oGbeMe B, ompenensercs
¢dopmyoit

M= fpdv, (5.1)
Py

rie p=p (X, £)> 0. IlaorHoctu p(X, f) npunuceiBaerca Gu3u-
yeckas pasMepHOCTb ,Maccajenununa obnema‘.

O6pawasch K (U3NYECKOMY 3HAUEHHIO MOHATHA MAaCChl, MbI
HOCTY/IUPYeM CIeLYIOWNR npURGUN COX PAHERUS MACCHL: MACCA
acudrocmu 8 o6seme B, dsuscyuemcs 8mecme ¢ HHuOKOCMbIO,
Heu3Menna 80 8ce 8pems O8uscenus. ITOT NPUHLUMI COXpa-
HeHUs Macchl MOXHO cOpMy/IHpOBaTh MHAYe KAaK YTBEDKAEHUE

d
=7 [pav=0. (5.2)
B

Us ypasuenutt (4.1) u (5.2) caenyer, uro
d .
f(TZ-i—pdwv)dv——:O.
B

¥ B CHUJY NPOM3BOJILHOCTH OOBbEMa MBI MOJy4aeM

d .

d—‘;+pd1vv=0. (5.3)
PapenctBo (5.3), sBJsIOlleecd HEOOXOMAMMBIM U IOCTAaTOYHBIM
yCIOBMEM COXPaHEeHHs MacChl B KaXIOM MIBUKylleMcs oObewme,
HOCHUT Ha3BaHHUE Y PABHEHUS Hepa3pusrocmu 8 gopme Jisepa.

Bocnoab3oBasiucs ¢opmyaot (3.6), M MOXeM 3anucaTbh ypas-
HEHHEe HepaspLIBHOCTH B IPYroM BuIe:

9 1 div (pv)=0. .4)

3aMeTuM, YTO B CYUIHOCTH INpUBEJIEHHbIE PACCYXKIEHHS MpPHHAL-
Jexar diepy ). '

) Euler L., Principes généraux du mouvement des fluids, Hist.
Acad. Berlin (1755), Opera Omnia (2), 12, ctp. 54—92. Eme paHbure
(8 1751 r.) diinep moayuua COOTBETCTBYIOI{HE Pe3YJbTaThl NI HECHKH-
MaeMO# KHIKOCTH, HO OHM He Obliu omyGaukoBane g0 1761 r.
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YmuoxuB ypasHenue (5.3) Ha J u mpumenus dopmyay (3.8),
MBI NIOJIYUUM ypasHerue Hepaspsienocmu 8 ghopue Jlazpanica:

d
-7 @) =0, pJ=npy (5.5)

31ech py==py(X) oCo3HauaeT NepBOHayYaJbHOE - pacnpene/eHue
HJIOTHOCTH.

[TpuHUMI COXpAaHEHMs MAacCH BLIPAXalOT WHOTLA B SKBHBA-
JEeHTHOH ¢opMe AJs (UKCHPOBAHHOTO 06beMa: CKOPOCTb H3Me-
HEHHs Macchl B GMKCHPOBaHHOM oGbeMe D paBHa INOTOKY MacCH
yepe3 IPAHMYHYIO MOBEPXHOCTb, T. e.

%fpdv=—§pv-nda. (5.6)
v ¢

ITpumenenne TeopeMur I'aycca—OcTporpanckoro K mpaBofl yactu
paBeHcTBa (5.6) NMPUBOIUT K YpaBHEHHIO

f (%—{— div (pv)) dv=0,

v

U3 KOTODOrO JIerKO MOJyuuTb ypaBHeHHe (5.4). B GosbuiuHCTBE
yueOHHMKOB H3J/IOXeHHe MIET HMEHHO IO STOMY MyTH, HO MpHMe-
HeHHE TeOpeMbl O JIMBEPreHLUHMH MAacCKHpPYeTcsi pacCMOTpeHUeM
BADHALMHM pV B MaJOM Napa/ulelenHnele. EIUHCTBEHHBIM BO3pa-
XEHHEM IPOTHB TAaKOrO OOOCHOBAaHHS ypaBHEHHs HepPaspHIBHOCTH
ABJaserca 66abLiasg yOeauTebHOCTb NMPHUHIMNA COXPAHEHUs MacCHl
B ero nepso# ¢opwe.

B 3axiioyeHue 3TOro pasiesa Mbl NMpPUBEAEM BaxHYIO ¢op-
MyJay, COpaBelJMBYIO IJs MpPOM3BOJAbHOR ¢yHkuun F = F (X, £):

d dF
—depF dv:fp & dv. (5.7)
2 3
PaBencTBo (5.7) serko BuiBecTH u3 dopmya (4.1) u (5.3).

6. YpaBHeHHs [BMiKeHMs. Mbl nepexomuM Temepb K pac-
CMOTPEHHI0 OuHQMUKWL JBUXKEHHS XXHIKOCTM H CTaBUM Mepen
coboft 3ajzauyy IOJYYHTb Te YpaBHEHHs, KOTOpHE ONUCHIBAIOT
JeHcTBUS HAa KHAKOCTb BHEUIHMX U BHYTPEHHUX CHJI. B stoM
NyHKTe MHB JaiMM, BepOsATHO, HauboJee mpsMoe U 06OCHOBaHHOE
MCCJ/IelOBAHHE STOTO BONPOCA, HaMeUYeHHOE B OCHOBHBIX YepTax
ewe B paborax Ditnepa u Komn.

DA



20 I'a. 2. Ypasnenun Osuscenusn

Mbl HpUHHMaeM B KauecTBe INOCTYJaTa NpUHLUN HANpPRice=
nuii Komul), yreepxnaiomutt, yt0 A4 M060H 3aMKHYTOH MO~
BepxHocTH © CyliecTBYeT pacupelesieHue 8eKmoOpa HAnpAxXce-
Hui t ¢ pesyabTUpyOUled U MOMEHTOM, SKBHBAJEHTHBIMH NOJIO
CHJI, IeRCTBYIOMHMX HA CIUIOUIHYIO CPeAY,.3aK/I0ueHHyI0 BHYyTpH &,
CO CTODOHBI CPENbl, PAacCHOJIONKEHHOH BHE STOH NOBEpXHOCTH® 2),
IlpennoJaraercd Nmpu STOM, uTO B JAaHHHIH MOMEHT BpPEMEHH BeK=
TOp t 3aBHCHUT TOJLKO OT MOJIOXKEHHS M OPDHEHTAUMH HJEMeHTa
MOBEPXHOCTH d@; APYTUMM CIOBaMH, eCan OBGO3HAYMTL uepe3 n
BHEIUHIOI HOpMaJb K mnoBepxHoctn O, 10 t=t(X, ¢ n). Kak
ormeuaer Tpycmenn, npunumn Komu o6janaer ,rednasibHoO#
npoctoTo#t. Ero noaauHHyl0 rayOUHY MOXKHO OLEHHTb, TOJMbKO
npeiactaBuB cebe, uTO leJOe CTOJETHE BELIAIOILINECS IeOMeTpHI
HCNOMb30BA/IM DX UCCAEL0BAHUN LOBOJbLHO YacTHBLIX 3213y ynpy-
rOCTH  OUeHb CJOXHBIE, @ MHOTLa U He COBCeM KOppeKTHhle Me-
ToAn. B ux paGoTax HeT Aaxke HAMEKa HA STy OCHOBHYIO HIEI0,
KOTOpas Cpa3y HaMeTHJa dcHble NyTH OOOCHOBaHUS MeXaHUKHU
CTUIOWHBEIX cpen® 3).

Mbl chopMyiupyeM Tenepb OCHOBHOM HpPUHIMN JIMHAMHKH
ILBHIKEHHS XUAKOCTH, HOCAIUUH HA3BaHUE NPUHY{UNG COXPAaHe-
HUSL KOAuUeCcmBa OBUNCEHUA: CKOPOCMb USMEHEHUA Koaude-
cmea O08udCenus HUOKOCMU, 3AKAOUEHHOE 8 O0BUICYUEMCR
obseme B, pasna pe3yasvmupyouei cunr, OelcmeyOusux
Ha amy ocudxocms?). AHAJIMTHYECKMM BBIPAXEHHEM STOTO

) Cauchy A. L, Ex. de Math., 2 (1827), Oeuvres (2), 7,
ctp. 79—81. Ananoruunblil mpuHnun G6b1 chOpMYJIHPOBAH paHee Jiuie-
poM B Cayuae HIeajbHOH XKHIKOCTH.

%I‘lpnseneﬂﬂaﬂ HaMH (GopMyaupoBka mpuHuuna Komu npunanse-
wut Tpycaeany [J. Rational Mech. and Anal., 1, 125 ( 195‘))5

) Truesdell C., Amer. Math. Monthly, 60, 445 (1953).

4) Heof6X01HMOCTb YETKOT'O ONMpeAe]eHHs MOCTYJaTOB, Ha KOTOPHIX
OCHOBaHAa MEXaHHKa CILIONIHRX cpej, Oblia oTMedueHa eme PeaukcoMm
Kaeiinom u IaBunom I'mabGeprom. CBepeHue HCXOAHBIX HMpEANOJOKE-
HUt B CHCTEMY akCHOM G6BlIO ocyuiecTBaeHO BnepBbie ['amerem [Math,
Ann., 66, 350 (1908)]; cm. Takxe [42], cTp. 1—42. Boxee ctporoe 06o-
CHOBaHHE MEXaHMKH CILIOUIHBIX CPej, CPAaBHHMOE IO YPOBHIO CTPOrOCTH
C COBpEMEHHBIM MaTeMaTHYEeCKMM aHAJIN30M, MOXHO HaHTH K HeXaBHeH
pa6ote B. Hoana.

CaenyeT mNOXuIEPKHYTb, 4TO CHOPMYJIHPOBAHHBIN BBHIIIG MOCTYJAT,
HECMOTpS.-Ha CYLIECTBYIOIIYIO 31eChb aHAJOTHIO, HE MOXET (bIThb MOJY-
4eH M3 KJaCCHUECKOH MEeXaHHKH CHCTeMbl JUCKPETHbIX MaTepHaIbHBIX
TOYEK MPOCTHIM INpeleNbHbIM NEePEeXOi0M.
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NMpUHLNIA BJAETCA YpaBHEHHE

%fpvd‘o::fpfd'u-}—§tda, (6.1)
B B

rie uepe3 f 00O3HAYEHO n04e BHEULHUX CUAL, OMHECEHHbLX
K edunuye maccor. B dopmyauposke (6.1) mpuHuMna HesiBHO
NpennoJaraeTcs, uro cuia f aBseTcs u3secmuol (hyHKyuel, 3apu-
caule#t oT BEIGPaHHOH TOUKH NPOCTPAHCTBA, BPEMEHHU M, BO3MOXHO,
COCTOSIHUS IBMXKEHHS KUIKOCTH. 3aMeTHM, 4TO NPH TaKoi Touke
3peHuss 00XOQMTCA OJHA M3 TJABHBIX NpoO6./eM: 000CHOBAHHS Me-
XaHMKHM, a UMeHHO mpoOjeMa ompeleseHUs CHCTeMbl KOPpPIMHAT,
B KoTopo#t f sBiseTcs u3BecTHOH GyHKUMeH, uau no KpaiiHed
Mepe [0OKa3aTeqbCTBA CYLIECTBOBAHMSI TAKOH CUCTEMBI KOOPIHMHAT.
OIHAKO B NPHJIOKEHUX MEXAHUKH JKHUIKOCTH HHEPLUAJIbHOCTh
paccMaTpuBaeMOR CHCTeMBl KOOpAMHAT OOLIYHO He EHI3BIBAET
COMHEeHHUH u nepexol oT cHopMy.aH-
POBAHHOTO TPHUHIKMNA COXPaHeHHUs
KOJMYeCTBa [JBMKEHHS K YpaBHe-
nuwo (6.1) aBasercs, oueBHUAHO, 3a-
KoHHBIM. McnoJb3ys ¢popmyay (5.7),
ypaBHenne (6.1) MOxHO 3anucaTb
B Bule

fp%dv:fpfdv+§tda.
v v 8 6.2)

(31ecb MHTerpupoBaHUe MO ABHKY-
uieMycst 00beMy MOXHO 3aMeHUTb
MHTETPHPOBAHUEM IO HEMOABHXK-
HOMY 00TBeMy.) Puc. 1. HanpaxeHns Ha
OTMETUM OIHO BaXHOE CJEICT- TETpasape.

pue ypasHenus (6.2). Ilycte £3

ecTb BesquynHa o0beMa 06JacTH b; pasnenuB o0e yYacTy paBeHs-
crea (6.2) Ha [2, Mbl nouayuyum B mnpegene, koraa [->0, npu
OJIHOM TOJIbKO MPEeANOJIOKEHUH OrpPAHUYEHHOCTH MOJIUHTErPab-

HOR (ynHKiLki lim l'2£§ta’a=0. (6.3)
§

v->0

D10 paBeHCTBO MOKAa3biBaeT, YTO CHJBl HaNpsKeHUH HaxoxsaTcs
B JOKaJbHOM paBHOBeCHMH. PaccMOTpUM Tenepb TeTPasAp, H30-
Opaxennbli Ha puc. 1, ¢ BeplIMHOH B HEKOTOPOH .NPOUZBOJLHOM
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TOYKE X M TpPeMs TpPaHsiMHM, MNapPaNIeJbHBIMU KOOPAMHATHBIM
niaockoctaM. OO003HauuM HOpMaJdb K HAKJIOHHOH TpPaHH M IIO-
manb, STOH TIpaHH COOTBETCTBEHHO uYeped m U Y. Hopmanamu
K TpeM OCTa/JbHBIM TPAaHAM SBJAAIOTCA BekTOpnl —1i, —j, —K,
a MX MAOWANX paBHB mX, nyL M ngk. IlpuMenum Qopmyay
(6.3) x ceMe#CTBY TeTpasApOB C MJOWAILI0 HAKJIOHHOH TrpaHu
Y—0 u o¢uxcupoBaHHO# HopMaibi0 n. Tak kak 2~X n't
ABJIAETCA HeNnpepbIBHOR (yHKUMEH TOYKM, MBI MOJIYYHM

t() gt (— D) 1yt (— )+t (— ) =0;  (6.4)
sgecb t(n) cokpauweHHo o6o3Hayaer t(n)=t(X, {; n). Idra
¢dopMysa LOKa3aHA HAMH TOJMbLKO NPHU MOJOKUTEJbHBHX 7;. [l
TOr0 4TOOLl NPOBEPHTH €e CNpaBelJUBOCTb NpH 60Jee LIMPOKHX
NPEINONOKEHHAX, B3aMETHM CHAyajJa, YTO MO HeNpephLIBHOCTH

5Ta (Qopmyaa ocraercs cnpasefauBof npu n; > 0. Orcrola,
B YACTHOCTH, CJeLyeT, YTO

t{)=—t(—i), t)=—t(—j) t=—t(—k. (6.5

PaccmarpuBad Temepb TeTpasiphl B APYTrHX OKTAHTAX W IpHMe-
Hfisl COOTHOLIEHHs (6.5), HeTpyIHO yGeluTbCs, 4TO (OpMy.a

t() = gt (i) + gt () =+ gt (k) (6.6)

CrpaBselJuBa /9 NPOHM3BOJBLHOrO BekTopa n. Cuedosamensro, t
npedcmasasiem co60d AUHEGHYIO PYHKUUIO KOMNOHEHM
gexmopa n:

ti=anji, rie Tﬁ=Tﬁ(X, ).

Matpuua xosdouuuenros 7T o0pasyeT, OYEBHIHO, TEH30D;
STOT TEH30pP HA3LIBACTCA MEH30POM HANPAXHCeHud u 0003HA-
uaercs B Hawe# pabore uyepes T. Kaxcnas xomnonenra T umeer
npocTyio Qusnyeckyio uuTeprnperaumio, a uMedHo T ecth kom-
NIOHEHTa MO OCH j CHJIHI, nelcTByIoled Ha HOBEDXHOCTHHI} 2.1€-
MEHT ¢ BHelUHe#l HOPMaJblO, HANpaBJIeHHOH MO OCH i. [Tpuse-
JeHHble PACCYXIEeHHs B CYIIHOCTM npuHaniexar Komru 1),
3amensas B ypaBHeHud (6.2) t na n-T u npumeHss Teopemy
l'aycca — OcTporpaickoro, Mbl IOJyuYaeM, uTo

d .
fp—d}dv=f(pf+dwr)dv,
) v

) Cauchy A. L., Ex. de Math., 2 (1827); Oeuvres (2), 7, ctp.
79—81.
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a TaKk Kak o0beM b NMpou3BOJIEH, OTCIAA CJEAYET, 4TO
d -
pgr =pi+divT 6.7)

Brepsbie 5T0 H3SIUIHOe YpasHexiue 08ujcerus GbIO HOJIY-
yeno Komu!). OHO cnpaBelJuBO He TOJbKO JJsS KHIKOCTH, HO
u BooOwe naas JMo60H CIJOWIHOR Cpelbl He3aBUCUMO OT BHIA
TEeH30pa HampsxeHul.

Hoearvnas owcudkocms. Bo Bcex peanbHBIX IKUAKOCTAX
MOTYT BO3HHKaTb, OYEBHIHO, TAHTEHUMAJbHble HANpsHKEHHA Ha
MOBEPXHOCTHBIX 3JIeMeHTaX, TaK 4YTO HanpaB/eHHe Cuabl t He
Gyzer, BOOOLIe IOBOPS, OPTOTOHAALHO 3JEMEHTY INOBEPXHOCTH,
K KOTOpPOMYy 9Ta cuja npuaoxeHa. TeM He MeHee BO MHOTHX
MPAKTHYECKUX 3ajJayaX TaHTeHUUaJbHEIE HANPSXKEHUS WrpaioT
HE3HZUMTeJbHYI0 POJb W TMO3TOMY HpEACTaBJsSeT HHTepeC uayye-
HHE MIeaJH3MpPOBAHHOMH Cpelbl, B KOTOPOH TaHTeHUHaAbHblE Ha-
npsiKeHus OTCYTCTBYIOT. lTak, mo ompenesenuio, Ijs udeais-
HOU orcudxKocmu

t=— pn. (6.8)

BenuudHa p HOCUT HasBaHHe O0a@8.seHus: Koria p > 0, cuawl t,
IeHCTBYIOIIME HA 3aMKHYTYI0 IIOBEPXHOCTh, CTPEMATCH CXaTb
MHIKOCTb, 3aK/IOUEHHYI0 BHYTpU 3ToH mosepxHoctu. Comocra-
BuB pasenctBa (6.6) u (6.8), Mul HafizeM, uTo p(n)=p (i) =
= p(j)=p (k). Beauunna p He 3aBHUCHT, TakuM oOpasom,
oT n u

p=p(X b).

YpaBHeHUs! IBMXKeHUS NPUHHMAIOT B PACCMAaTPHBAEMOM CJyuae

6osee mpocTo# Bun l):
p ,
p—%_— pf — grad p. (6.9)

[TonyyeHHYI0 HAMH CHCTeMY, COCTOSILIYI0 M3 TpPeX YpaBHe-
HAH, COOTBETCTBYIOIUMX ypasHeHuaM (6.7) mam (6.9), u ypasHe-
Hust (5.3), MOXHO paccMaTpUBaTb KaK CHUCTEMY OTHOCHTEJbHO
YeThHpeX HEeU3BECTHBIX: p M TPeX KOMIIOHeHT ckopoctd V. Ilepe-
mendnie T u p, Bxoasiue B ypasHenud (6.7) u (6.9), Ha

) Cauchy A. L, Ex. de Math, 3 (1828); Oecuvres (2), 8,
crp. 195—226.
2) Cwm. paboty Jinepa, ykasaHHyio B mpHMeuaHud 1 Ha crp. 18.
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OCHOBAaHUM COOOpaKeHu# TepMOIMHAMUYECKOrO M MEXaHHYeCKOro
XapakTepa MOTYT OBITb HENOCPEeNCTBEHHO BBHIPAXEHBl Yepe3 MIoT-
HOCTb M KOMIOHEHTbl CKOPOCTH. Pas/HuHble BO3MOMHbIE BADHAHTEL
OyayT pacCMOTpeHH B CJeLYIOLUX IJ/aBax.

Y pasnenus Osudcenus 8 nepemennsx Jlazpansca. B cay-
yae MAeaNbHOM KUIKOCTH HETPYAHO NOJYYHTb ypaBHEHHS, KOTO-
pBIM YIOBJETBOPSIOT V, p H p KaK QYHKUMUM NepeMeHHBIX X, £.
IeticTBuTeIbHO, YMHOXUB 0Oe yacTu ypasHeHus (6.9) Ha x,; ,=

= xt, , W BOCNOJIb30BABIUMCL DPaBeHCTBOM dV[dt = ax/dt?, mul
HOJIYYHM, YTO
dZ.)Cl i 1
W_f)xi,a:_Fp,u'
9rd ypaBHeHHs MOXHO 3amucaTb B BeKTOPHOH ¢dopme Tak:
d2
Grad x - (—Eth—f):—%gradp. (6.10)

3a uCKJI0YEeHHeM CJyuasi ONHOMEPHHIX TeueHu#, ypaBHenus (6.10)
MOYTH He HCHOJAb3YIOTCSA, TaK KAK KX NpPHMEHEHHe 10BOJbHO
Heyn06HO. HeoGXOMMMOCTh B HMX BO3HMKAET, ONHAKO, KaXIbift
pa3, KOrza HYXHO OT/IMYATb OJHY YACTHIY OT APYroH, Hampu-
Mep B Ciayude HEOAHOPOIHOH >HIKOCTH. YpaBHEHHs IBHXKEHHUs
BSIBKOM KUAKOCTM B MepeMeHHBIX JlarpaHxa, BepOATHO, He NpHu-
MeHs10TCs BoOOIIE ).

7. 3aKOH COXpaHeHHs MOMEHTa KOJHYeCTBa JBHKEHHd.
B KJaccuuecKOll JMHAMHKE MATepUAJbHBIX TOYEK HJM TBEPABIX
TeJ TNPUHUMN COXDAHEHUs] MOMEHTa KOJMYECTBA JBHXKEHHA
oOBIUHO (opMyaupyercs B Buide TeopeMmbsl. Ee nokasarenbcTso
OCHOBAaHO, ONHAKO, HA ONpeleseHHBIX NpPeANoJOXEeHHIX OTHOCH-
TEeJAbHO ,BHYTPEHHUX® CUJI B3aUMOAEHCTBHA YACTHL WM TeJ,
'06pasyolUX MaTepHaNbHYI CHCTeMy. AHa/JOTHYHBIH MeTOk NpH-
MEHMM M B MeXaHMKe CILIOWHBIX cpel ?). 3xech Aad TOro, YTOOH
obecreynTh COXpaHeHHE MOMEHTAa KOJMYeCTBA [BHXKEHHs, HYKHO

) B Teopuu HeJHHEHHOH YIPYrocTH, HANpOTHB, YPAaBHEHUS IBHU-
WEHHd B NMEepEMEeHHEX JlarpaHxka HrpawT GOJbIUYI0 POJb.

2) CxeMa, KOTOPOH Mbl IPHJEDKHBAaEMCs HHUXE, [IOX0Xa Ha CXeMy,
npennoxennylo 'amenem B paGore [42], crp. 9. Bosmoxen u apyro#
MOAXOJ, NPH KOTOPOM MOCTYJIMpyeTcss OCOGIIEHHBIH 3aKOH COXpaHEeHHs
MOMEHTa KOJHYecTBa IBHIKEHHUS, CNPABEIJHBBIH H NPU HAAUYH}_ MOMEH-
TOB BHEIIHHX CHJI; CM. cTartbio Tpycieana u Tynusa B 3TOH DHUHKJIO-
nepuu (tom III, wacts 1).
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clenaTb OmpefieeHHble MNPENNONOXKEHUsT OTHOCUTEJNbHO Hamps-
JKEHHH HA TOBEPXHOCTHBIX 3JEMEHTaX WJau, LPYTUMH CJOBAMH,
OTHOCHTe/JBHO TeH30pa Hanps:keHuH. TouHee: MBI NMOCTYJIHpYyeM
CHUMMETPHYHOCTb TEH30pa HAmpsiKeHu#, T. e. PaBEHCTBO

TH — T/, (7.1)

(Tlpu HaNMMYNU BHEUWHUX MOMEHMOB CUA BBeICHHOE INPENNoJo-
KeHde HyxaaeTcs B Moandukauuu. OJHAKO NpU UBYYeHUH Me-
XaHHUKM JKUAKOCTH MOXKHO, YTO Mbl M JeJaeM B JajbHeHlueM,
npeHeOperaTb BO3ACHCTBUEM STHX 3aKPYYMBAIOLIUX MOMEHTOB,
TaK KaK OHM, BOOOLIEe TOBODPA, BO3HUKAIOT TOJBKO B IOJSIPH30-
BaHHOM BellecTBe.) CooTHomeHnus (7.1) GblaM MOJIyYeHb BHep-
Bole Kommul) kak cleicTBHe NPMHUMIA COXPaHEHUS MOMEHTa
KoJuuecTBa IBMkeHud. TOT ¢akT, 4TO 3TH YCJIOBHUS SIBASIOTCS
H JOCTATOYHBIMU NI CHPaBefJIUBOCTH YKA3aHHOTO TpHHUHUMA,
Obl1 ob6HapyxeH DoabumaHoMm (cM. [42], ctp. 9).

Teopema (3aKOH cCOXpaHeHHSs MOMEHTAa KOJH-
yecTBa ABUXeHUA). Jaa 40008 cniomwHol cpedst, yoo-
saemsopanowels ypasHernuio Hepaapsisrocmu (5.3), ypasue-
nusam Osudcenusns (6.7) u nocmyaamy Boavymana (7.1), mol
umeen

ditfp(r><")d’0=fp(r><f)dv+§r><tda (7.2)
B B &

0as npoussoavrozo obsema B, O0suscywezocs smecme
C JHCUOKOCMBIO.

HoxasareabcrtBo. Vcxons us ypasuenu#t (5.7) u (6.7),
HeTPYIHO II0KA3aTh, YTO

L%fp(er)dv:f%rX%)dv:
b1 3

:fp(rxf)dv+§rxtda—fodv.
3 & 2

Yepes T, amec oGoswauen BektTop c KoMmonentamu (T,) =
= ¢"/*T;,. B cuny coornowenn#t (7.1) wm umeem T, =0, u
ypasuenve (7.2) noxasaHo. BepHo u o6paTHOe YTBepKIeHHe:
ecu ypasHenue (7.2) cnpaBeNIMBO AJs NPOKU3BOILHOrO 06beMa B,
10 TeHsop T nO/mkeH OBITH CHMMeTPHYHBIM,

) Cm. paboty Kom, ykasanryl B npuMedyaHuu i Ha :Tp. 22.
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JIns HeKOTOPBIX KHIAKOCTEH TEH30p HANPsKEHHH OKa3biBaeTCs
CHMMETPUYHBIM B CH/Iy YHCTO MEXaHMYeCKHX NMpPUUHH, HE3aBHCHUMO
OT KakHuX-1u60 APYrux npenno/oxeHut. Mel oTMeTuM, B uacrt-
HOCTH, HeBSI3KHe XMIKOCTH, I/ koTtopnX T=-— pl, u uso-
TPONHblE BA3KHE MKUAKOCTH, IJS KOTOPBHIX Hamps:KeHHE SBJAETCH
¢yHKuMe# oT ckopoctd nedopmaumu (m. 59). B stux npaxru-
YeCKM HHTEepeCHBIX CJayyasx TmocTyiaaT bDoabuMana dBasiercs
npocTo TaBToMOrve#t M ypasHeHue (7.2) MOxeT ObITb NOJYUYEHO
HeNOCPeACTBEHHO M3 ypaBHEHHH IBHKeHUd.

MoxHo (OpMaibHO MOCTPOHTh MEXAHHYECKYIO CHCTEMY, IAd KOTO-
poit Teusop T OyleT HeCHMMETDHUHBIM; IpPHMepbl TaKHX CHCTeM IIpH-
BelleHsl B pa6ore ["amens [42]. [lpuHuMm coXpaHeHHss MOMEHTAa KO-

yecTBa jJBHKeHHd B dopme (7.2) B 3TOM ciyuae yxe HeCNpaBeNJHB H
Hy®JaeTcd B 0606 IIEHHH.

8. I'panuunsie ycaous. Ecam nosepxuocts © B aBHKY-
eHdca KUIKOCTH COCTOMT BCe BPEeMs H3 OLHHX H TeX e HacTHL,
TO SCHO, 4YTO OHa HrpaeT pOJb NOBEPXHOCTH pasfena, OT-
IeJsiiollel KHIAKOCTb, 3aK/AOUEHHYIO BHYTpH ©, OT KHAKOCTH
BHe 3TOR noBepxHocTH. OOpaTHOE NpeNJOXKEHHE O TOM, YTO
Kaxxjas MOBEPXHOCTb pasfesa COCTOHT BCe BpeMs H3 OIHHX H
TeX e YacCTHl, MeHee OYeBHIHO.

[Tpexnos0oXKuM, UYTO IKHAKOCTb HAXOAHTCA B HeNpepLIBHOM
IBHKEHHH, YIOBJAETBOPSIOLIEM YCAOBUAM, CHOPMYIHPOBAHHEIM
B n. 3, u uro nosepxHocTh F (X, ?)==0 orpaHuuMBaeT HeKoO-
Tophit 00beM xuakoctd. Torma ¢yuxkuus F nomxxa ynosie-
TBOPATb CJELYIOLIeMY YCJIOBHIO:

%?zé;t-——i—v-gradl*‘:o npu F=0. 8.1
Ycnosue (8.1) 6uiio Bnepshie chopmyauposaHo Keabpunow !).
D10 ycaoBue 03HauaeT, yTo mMoBepxHocTh F (X, £)==0 Bce BpeMs
COCTOMT M3 ONHHX M Tex e uactul (Jlarpamxk ?)).

HoxasarteabctBo. HopmanabHag cKOpOCTb IBHKYILUeHcs
nosepxHoctd F (X, £)=0 Bbipaxaercs Hu3BecTHOH opMyJOh
OF ot
V=—1grndrr"

Y Thomson W. (Kelvin), Cambridge and Dublin Math. J.
(1848); Papers 1, ctp. 83.

?) Lagrange J. L., Nouv. Mém. Acad. Sci. Berlin (1781),
Oeuvres 4, ctp. 706. ‘
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ITo npeanosoxeuuio mnosBepxHocts F ==0 gBigerca nosepx-
HOCTbIO pasnena. Jlerko BHIeTb, UTO MJIA TAKOH NMOBEPXHOCTH
JIOJDKHO BHINOJHATLCS YCJIOBHE

V=v.n=v-(grad F/|grad F|).

Orciona cpasy chaenyer paseHcTBO (8.1). IlToxaxeM Temepb, uTo
npu BuinosaHenud ycaosus (8.1) nosepxHocts F =0 cocrout
BCe BpeMs M3 OIHHX M TeX xe yactuil. [Tosoxum

GX, H=F@X 1) 1)

u paccMorpuM nosepxHocTh G (X, £) =0 B npocTpaHCcTBe mnepe-
MeHHBIX X. DTa MOBEPXHOCTb SIBJSETCS IeOMETPUYECKHM MeCTOM
TOYEK, B KOTOPHIX NEepBOHAYa/JbHO HAXOMMJIMCh YaCTHLBI, COCTa-
Basiomie B MomeHT £ nosepxHocts F (X, £)=0. U3 ycunosus

(8.1) caenyer, uto
oG
———=0 mpu G=0.
o p
Taxum 006pa3oM, HOpMa/ibHasgs CKOPOCTb ~PacNpOCTPaHEHHUs
nosepxuoctd G =0 paBHa HyJIO M, CJeJOBATeNbHO, B MPOCTPAH-
cTBe mnepeMeHHhIX X 3Ta MOBEPXHOCTb IOKOUTCS. DTO B CBOIO
ouepelb O3HAYaeT, YTO NOBePXHOCTb F =0 COCTOUT BCe BpeMd
M3 ONHMX H TeX Ke YacTHULL.
Ha HemonxBHXKHBIX YacTAX TIpaHULB! BHIMOJHAETCS OYeBUIHOE
ycaoBue v.n=0.

§ 2. TepeHoc 9HepruM M KOJHYECTBA ABHIKEHHS

9. YpaBHeHue nepenoca 9Hepruu. OGosHauum uepes T
KMHETHYECKYI0 SHepruio XUIKocTH B o6beMe B.

1
T= gqu2dfv,
8

a uvepes D— mensop Oegopmayuu, D;=1'/;(v; ;+v; ).
Torza 1as NpoU3BOJIbHOIO 06 beMa B, ABHAKYILErOCH € KUIKOCTLIO,
MBIl UMeeM

a2 [et-vav+ $t-vaa— [T:Ddv.  (©O.1)
Ry & Py

BbiBOL 3TO# (OPMYJIE CBOAMTCH K IPOCTOMY NpPHMEHEHUIO YpaB-
Henutt (5.7) u (6.7) c yueroM cuMMerpuM Tensopa T.
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Ypasnenue (9.1) o3nawaem, 4mo cxopocme U3MeHeHUs KuHe-
muuecKkol sHepzuu 8 0BuNCyueMcs 00veme PABHA PA3HOCMU
MOWHOCMU BHEWHUX Cun, Oelicmeynouux Ha 06seMm, U Om-
HecenHol K eO0unuye BpeMeHu Beluduus, ,Oouccunayuu®,
8bL38aHHON pabomold cus Hanpsaxceruli no Oegopmayuu
o6sema. TouHee, mociaelHu#t ujeH Haer BeqanuuHy paboThl, 3a-
TpayuBaeMOH 3a eNMHUIy BpEeMEHM HAa HU3MeHeHHe OObeMa H
¢dopmbl ssemMeHTa KUAKOCTH. HexoTopas wacTb SHepruu- mnpu
3TOM HepexOoiuT B Temaory (cM. n. 34). B cayuae uneanbHoft
XHUIKOCTH ypaBHeHHE SHepruu npuHuMaer 6oJjee mpocTyio Gpopmy:

.‘%:fpf-vdv-(‘;pv-nda—}—fpdivvdfu. 9.2)
B S Ry

ITocnenHuft usmeH 5TOR GOpPMyabl nAaeT BeJUUUHY pabOTH CHA
DIaB/ieHUs, 3aTpaunBaeMO#l 3a eNMHMIy BPeMEHH Ha H3MeHeHHUe
ob6beMa XUIAKOCTH.

~ YpasHeHHe sHepruu JOmyckaeT He6GOJblIOe yNpolleHHe, eCau
none f mopoxaaercd He 3aBUCAILMM OT BpPEMEHH MNOTEHUUAIOM:

f—=— gmd'sz, Q = Q(x). B atoM cayuae, noaaras Ul = f PR dv,
3

MBI TOJYYUM

%(i+u)=§t-vda—fT:de.
8 R

10. YpaBHeHue nepeHoca KoanyecTBa ABHKeHuUs. [1puHuun
coxpaHeHus KoJuuecTBa ABmkeHus (6.1) mossoJisier ompeneauTh
CKOPOCTb H3MEHEHHs KOJMYecTBa IBWXeuus B (DUKCHPOBAHHOM
o6beMe Y, paBHYIO

-g—tfpvd‘v=fpfdﬂ+§(t—pvv.n)da_ (10.1)
v v .

Ilna BbIBOZA STOTO OTHOIUEHMS LOCTATOYHO NPHMEHHTb K ypaB-
Henuio (6.1) cdopmyay (4.2). ‘Mcxoas us ¢u3nuueckoro cmbicaa
nocaenuero uneHa (10.1). 3T0 cOOTHOLIeHHe HABHIBAIOT Ypas-
HeHuem nepenoca Koauwecmsa Ogudcenus. PopMyITUPOBKH
(6.1) 1 (10.1) 3aKoHa coXxpaHeHHUs KOJIHYECTBA ABHIKEHUS ABJAIOTCA
PaBHOCHJbHBIMM, M MHOILA 3a OCHOBY OepyT BTOpOe U3 9THUX
YpaBHeHHu#.
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YpaBHeHHe nepeHoca KOJIMYECTBA ABHXKEHHS YACTO MCMOML3YIOT
I8 TOro, ytoOnl HaWTH Ccuay, IeHCTBYIOLLYIO HAa TeJO B ycTa-
HOBUBLIEMCS TeuyeHUH. [IpOMAIIOCTDpUpYEM 3STOT MeTOL OLHHM
npuMepoM. [IpeanosoxuM, YTO MKHUAKOCTb 3aHUMAET BCE IPO-
CTPAaHCTBO BHE HEKOTOPOro Te/Ja M YTO BHEIIHWE CHJIBl OT-
cyrctBylor. Toraa, o0o3HaunB 4epe3 & MNOBEPXHOCTb TeJa,
a yepe3 X — ,KOHTPOJbHYIO® IOBEPXHOCTb, OXBATbLIBAIOULYIO B,
MBI noayuyuMm Ias cuasl F, LeAcTBylOlEH Ha TeJo, Ciaelylollee
BhIpaxceHue:

F=~—ftda=f(t—pvv-n)da (10.2)

(sameruM, uTo V- n==0 Ha 8).

AHanoruuHeIM 00pasoM, UCMOJb3Ys ypaBHeHue (7.2), HETPYIHO
HafiTH A9 MOMeHTa L cus, DefCTBYIOIUMX Ha NOBEPXHOCTb, Bhl=
paxcenue

L=fr><(t—pvv-n)da.

X

Ipyroro pona ¢opmyna nns cuabl, IeHcTByouel Ha Teuo,
rnoJy4aercst NMpU NMOMOLUM ypaBHenusi sHeprun (9.1). Paccmorpum
TBEpPLOE TeJO, IBHKYLIEECH MNPAMONMHENHO cO ckopoctbio U
B XKHIKOCTH, KOTOpasi MpeAnoJaraeTcs OrpaHHuYeHHOH HemodBHIK-
HbIMU cTeHKaMu. Ecan oGsacte TeueHus -0603Hauuth uyepes OB,
BHEIIHIO TpaHULy 3TOH 006.1acTH — uepe3 & M IOBEPXHOCTD
IBHKYLIErocd TeJa — uepes 8; TO

ft-vda:U-ftda (10.3)
8 8

(B ciryyae HeBASKOM KHAKOCTH STO PABEHCTBO ClelyeT M3 rpa-
HUyHOro ycaoBust v-n==U.n, a B cayuae BA3KOH XUIKOCTH —
u3 npennonoxenus v==U Ha §)). BocnoabsoBaBiuuch Teneph
ypashenueM (9.1), Mbl moayunm dopmy.y

. d
F-U=7§_+\fr;odv,, (10.4)
B

KOoTOpas naeT BeauuuHy mnpoexuud F Ha wHanpasaenue msumxe-
Hust. (Popmyay (10.4) MoxHO 0606IMTb HA cayuwalt HeorpaH-
YeHHO! 00JIACTH TeueHus; HYXHO TOJbLKO HAJOKUTh ONpeleseH-
Hble TpeGOBaHMA HA MNOBeleHHE TeYeHHs® Ha OGeCKOHEYHOCTH.
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Bouee noapo6HOe U3JI0XKeHHe NMPUMOKEHUH NMPUHLUNA COXPAHEHHS
KOJIMYeCTBA IBHXKEHHS MOXHO Haiith B KHure [26], cTp. 203—204,
u B kuure [12].)

11. Kunemaruka pedopmanuun. Bexkrop 3aBHXpeHHOCTH.
PaccyxIenust 3TOro pasiesia OCHOBAHBl Ha NMPOCTOM IpejiCTaBJie-
HUM TeH3opa grad v:

gradv=D-+Q, (11.1)
rie

1 1
=5 @+, Ry=50,—1, ).

Tensopsl D n @ sBASIOTCA COOTBETCTBEHHO CHMMETPHUYECKOH H
KococuMMeTpuyeckoit vacTeio grad v. Hanoxenue Oynder yno6GHo
pas3buTb Ha JBe YaCTH.

1. Tensop Odegpopmayuu. OGo3HauuM dyepes dX KUIKHH
snemeHT ayru. CKOPOCTb U3MeHeHUs ITOrO 3JEMEHTA NpPH ABH-
MEHUHM XKUIKOCTH BHIPAKAETCS <;oop1vxynoi>l

d n__d [0xt " ovt
Ti—t—(dx)—-—d—t‘(-a—FdX) -—E—'d
WM, B BEKTODHOH ¢opme,
4 @) =dx - gradv. 11.2)

U3 ypaBuenus (11.2) caemyer, uro
A @s)=24x-D.dx,

rae ds = |dx|. Takum oOpasoM, Tensop D npencrasaser coGott
Mepy CKOPOCTH H3MEeHeHHs KBalpaTa dJeMeHTa LYTH, IBHXKyeHcs
BMeCTe C XHIKOCTbIO. ECau KUIKOCTb IBIXKETCS KaK TBeploe
Tea0, To ds == const, NO3TOMY Heo6X00umblm & OOCMAMOLHbLM
Yca08uem mozo, 4molOol 8 OQHHbLE MOMERM 8 PeMEHIL HCUOKOCHLL
AOKAAbHO 08u2aNACH KAK m8epooe meno, S8ASLeMCA YC.20-
sue D =0. Mcxons u3 satux coobpaxenu#i, D HasnviBaloT men-
3opom Oegpopmayuu. Tensop D —1/; (SpurD)I Taxxke mnpen-
CTaBJseT HMHTEPEC; PAaBEHCTBO 3TOrO TEH30pd HYJI0 SABASETCA
HeOOXOAMMBIM U JOCTaTOYHBIM YCJOBHEM COXPAaHEHHs YTJIOB
(B AQHHOH TOYKe B JAHHBIfi MOMEHT BpeMeHH).
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Ecmu D=0, To XuIKOCTb IBHXKeTCd KaK TBEpLOE TeJO H
1
v=7w><r—{—const. (11.3)

Besnunna ® 31ech He 3aBUCHT OT r M paBHAa YABOEHHOH Yrio-
BOH CKODOCTHM BpALIATEJIbHOTO IBHXKEHHS. AHAJUTHYECKH COOT-
Hourenue (11.3) aBasercs caeACTBMEM CHCTEMBl YpaBHeHH! epPBOrO
nopsiika ¢ 4YacTHEIMH npousBoiHbIMH D =0 u serko moxyuaercs
U3 MePBLIX HHTErpajoB 3TOR CHCTEMHI.

2. O6wuii caywai osudcenus scudxocmu. PaccMoTpum moJe
CKOpPOCTeHl B OKPECTHOCTH HeKOTOpO# (uKcupoBaHHON Touku P.
Ecau nonumate noa Fp 3HayeHHe BeJHuuHBl F B Touke P, TO
o Touek, Oau3kux k P,

v=vVp—r - (grad v)p+ O (r?;

3lleCb yepe3 r 0603HaueH PafHyC-BeKTOD, OT/IOXKEHHHI} 13 TOUKH P.
Eciu npene6peub 4jeHaMu MOpAAKA r2 ¥ BOCIO/b30BATLCA ITpei-
craBienueM (11.1), To MB moayuum

v=vVp—+r1:Dptr-Qp (11.4)

BuiicHuM Temepb CMBICA OTAEJbHBIX YJMCHOB STOH (DOPMYyJbL.

[TepBbifl u/ieH MpeACTaB/AfAeT MOCTyNaTe/lbHOE IBHXKEHHE C MO-
CTOAHHOA CKOPOCTbIO Vp. ITosoxu D==r:Dp:r, M MOKeM
3anucath BTOPOH uJeH B BuIe

grad - D. (11.5)

ITone cxopocrelt, COOTBETCTByIOIlEE 3TOMY 4YJEHY, B KaxIOH
TOUYKE OPTOTOHAJbHO MOBepXHOCTH 3Jaunconna D = const, npo-
xonpsued uepes 3Ty TOUKy. B 3TOM mnose ckopocrefl ecTb TpH
B3aMMHO NepleHIUKYIApHLIX HallpaBJeHUs — IJIaBHBIE OCH Jedop-
Malu¥, He yYyaCTBYIOlIMe B MTHOBEHHOM BpalllaTeJbHOM IBUKEHUH
(COOTBETCTBYIOIIEM 3TOMY NOJIO cKopocTelt). I'naBHBle 3HaYeHUs
TeHaopa D paBHEI CKOPOCTIM OTHOCHTE/BbHOTO YIJHHEHUS KHIKHAX
3JIEMEHTOB B 3TUX HANpaBJIeHUSAX.
IMocnennuit unen ¢opmyasr (11.4) MOxHO 3anucath B Bule
T opXT, (11.6)

rae o =rotv npeiacrasiseT co6o# sexmop 3asuxpenHoCcmU.
[das noxasatenbcTBa ¢opmydasl (11.6) mpouwe Bcero Bocnoabe
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30BaATbCA TeM, 4YTO

o = (grad v)x = Qx =2 (R, 24, Q).

Jlerko BUIETb, 4YTO BeKTOD (D3, @i, Rp9) X r paBeH r - Qp.]
Bexropuas 3anuce (11.6) nocsentero unena, r - @p, NokaswBaer,
4TO STOT Y/JEH XapaKTepuayeT BpallleHHe MXUAKOCTH Kak TBep-
IOro Telda C YrJOBOH CKOPOCTBIO !y ®p.

ComnocTaBnsis MOJyueHHble Bbillle PE3YJAbTATH, MBI NMPHXOLHM
K CJaelylollieMy HCTOJKOBaHuI0 cooTnowenus (11.4). Iag npous-
BOJIbHOTO IBHKEHUS MOJe CKOpOCTelt v BOJM3M JaHHOH Touku P
C TOYHOCTbIO [0 OECKOHEYHO Ma/JbiX BTODOrO INOPAAKA HMEET
BHI ~

V=Vp+gradg D44 wp X1, (11.7)

ae D=r -D-r =const onpeneaser smmunconn nedopmauuu,
a ® =rot v— BeKTOp 3aBUXpeHHOCTH. Taxum oOpasoM, s0o0e
M2HOBEHHOE COCMOARIE OBUNCEHUS CRAOWHOL Cpedbl ABAAEMCA
8 KaxicO0l mMouKe cynepno3uyuei nocmynametshozo 08udice-
HUSL, PACMANCEHUS NO MPeM B3AUMHO OPMOLOHANbHbLM OCAM
u spaujerus smux oced Kax meepdozo meaal). Yrioas
CKOPOCTb YKa3aHHOTO Bpaluenus pasHa !/, wp. ChopmyauponaH-
HOe Npejl/IOKeHHe MO3BOJISET YTBEPKAATb, UTO W npedcmasiien
cO60l M2ZHOBEHHYIO CKOPOCMb BPAUEeHUS HCUOKOCMU 8 OQH-
Holi .motKe.

Ecin B nauno#t Touke D=0, To u3 ¢opmyan (11.7) cae-
IyeT, uTO IBUXEeHHe JIOKAJIbHO MpelcTaBiseT co0off MrHOBeHHOE
BpauleHue; ecau ke D==RI, To nBuKeHHe ABJAETCA Cylepno-
3ULMER YUCTOrO pacTsikeHus M BpalleHHs. OTH Pesy/bTaThl
CIYXKAT TOATBEPKIEHHEM TNpeNIONKeHUll, BHICKA3aHHBIX BHILIE.
C 1pyro#t CTOPOHBI, ec/i B KOHEUHOM 0GbeMe xuikocTH i =Q8=0,
TO OTHOCHTE/NbHOE MBMXKeHHe JI000ro 3jeMeHTa 3TOro o6nheMa
ABJIsleTCsl UMCTOH JedopMmauuedt ¥ HasbiBaeTCa Oe3BUXPEBLIM.
B 3TOM ciayuae MOXHO MOKa3aTh, YTO IOJe $BJAETCH IOTEH-
UMAJbHEIM, T. €. IpelcTaBifeT COOOH TpaiMeHT HEKOTOPOro
notenyuana (v=grad¢); cm. [48], crp. 101.

) Cauchy A. L., Ex. d’Anal. Phys. Math., 2 (1841), Oeuvres
(2), 12, crp. 343377, Stokes G., Trans. Cambridge Phil. Soc., 8
(1845), Papers 1, ctp. 756—129,
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§ 3. IpeoGpasoBanue KOOPAMHAT

12. YpaBHeHHS JBUXEHHS B KPMBOJMHEHHBLIX KOOpPAMHA-
TaX. Mbl XOTHUM MOJYUYUTb 3JeChb YpaBHEHHS Hepas3pbIBHOCTH H
IBUXKEHHS B NPOU3BOJbHONH KDHUBOJMHEHHON cuCTeMe KOOpIMHAT.
Iaa 3ToH uenu yaoOHO BOCHOJb30OBATHCA METOLAMH 3JeMeHTap-
fIOT0 TEH30PHOTO AaHA/IM3a; YMTATE]b, HE3HAKOMBI# C TEH3OPHLIM
aHanu3oM, Moxer oOpatuThcs k paGore [47], rae HdaHO ACHOe
M3JI0XKEHHE STOrO MpeaMeTal), MU MOXKET MPOMyCTHTH BeCb 3TOT
pasiesn 6e3 3HAuMTeJbHOro yulepOa IS NOHMMAHUA OCTAaJbHOH
yactu cratbu. O603HauuM yepes (x!, x2, x3) KOOpPAMHATE TOYKH
B NPOM3BOJbLHOM KpUBOJMMHEHHON cucTeMe KoopauHAT. Mbl, Kak
W paHblie, Moa0KUM X = (x!, x2, x3), olHako X 31eCb He/b3s
paccMaTpHBATh Kak BeKTOp. IBHXKeHHe MO-MpexHeMy Bbipaxaercs
ypaBHeHusMu B ¢opMme (3.1), KOTophie AaIOT HaM MOJOXEHHE ua-
CTHLBI B MOMEHT f; B LM/JHUHIPUUECKOH cUCTeMe KOOpJIMHAT, Ha-
npuMep, IBHKeHHe 3alaeTcs NMPU MOMOILK ypaBHEHMH

r=yX ), 0=9(X 0, z=9¢X ).

Slcio, uro mpoussonubie dx'/dt or dyuxumi (3.1) apasiorca
KOHTPaBAPUAHTHBIMM KOMIIOHEHTaMM BeKTOpa, TaK UYTO Onpeje-

JleHhe BEeKTOpa CKOPOCTH o' =dx'[dt coxpausier cmbica. Ilas
OnpelelieHust MAMepuUALbHOL NPOU3BOOHOH OT TNPOU3BOJbLHOM
CKa/sipHOM, BEKTOPHOH MM TeH30pPHOH (yHKuuM F Mbl BOCMO/Ib-
ayemca Qopmy.ioi

OF oF ;
-ogz-=—T+vlF'i’ (121)

rie cumBoa F ; 0003HauaeT KOBAPUAHMHYIO NPOU3BOOHYIO

or F no mepemenHo# x’. HeTpyiHo mpoBepuTh, Y4TO TaK oOmpe-
NeJieHHasi MaTephajbHas NPOM3BOAHAS ABJAETCH TEH30OPDOM H UTO
NaHHOe OfpelesieHHe COTJACYeTCS C BBEeIEeHHBIM paHee onpele-
nenueM (3.6). Cuexyer ormeruts, uto Beauuuna OF (X, £)/of
B obuIeM CJjyuyde yie He sBASETCS TEH30DOM, M, C/eLOBaTeNlbHO,
omnpeje/ieHde, BBeleHHOe B M. 3, B O0LLeM ciyyae HeNPUMEHHMO.
Ins TOoro uyToOBI MOJAYYUTh KOPPEKTHYI0 (GopMyay I/ Marepu-
aJlbHO# TNpOU3BOIHOH B nepemennsoix Jlazpausca, MOXHO NO-

) Cm. takxxe Kouwun H. E., BexrtopHoe mucuucienune u Hayaia
TensopHoro ucuucaenus, Msx. AH CCCP, M., 1951, crp. 138. — ITpun.
nepes.

3 3ak. 1160
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CTYyNUTb ClenyloluM 00pasoM. 3anuileM KOBAPHAHTHYI [pPO-
M3BOJHYIO B BUIE

oF

Fi=sr+4

rie A; —XOpOWIO M3BeCTHHIE BLIPAXEHUS, BK/IOUaOLiKe B cebs

cumBosiel Kpucropdena. IlomcraBuB 310 BhipaxeHue B ¢op-
myay (12.1), mbl nosayuum tpebyemyio Qopmyny:

3F oF i [ OF . dF ;
v:7+”l<ﬁz+’4i>zﬁ‘+”““f- (12.1%

dopmyna (12.17) BcTpeuaercs Taxkke B AubdepeHLUUaTbHOR reo-
MeTpUM B TeOpHHM Napa/lje]bHOrO MepeHoca M CHO MOKa3blBaeT
pasanune Mexay OF/8t u dF/df. 3ameruM, 4TO B MNPSIMOYTOJb-
HOHM cucTeMe KOOpAMHAT 00a 3TUX ONpeleeHUs COBMANAIOT,
3F 3t = dF/dt; npyruMu cl0BaMU, TOYHO TaK e Kak 0600uieHue
OOBIYHO! MPOU3BOAHON NMPUBOLUT K MOHATHIO KOBapPHAHTHOH mpo-
M3BOLHOH, 00001eHe MOHATUS MaTepHaabHON Npou3BoiHoN d F[dt
NPUBOIUT K onepauuu OF/3f. 3aMeTHM, HAKOHEL, YTO NMPH MCNOJb-
30BaHUM TNOHSTUS MaTepHaJbHON NMPOU3BOAHON yrOOHee MCXOLUThb
u3 Qopmyanl (12.17), a ne (12.1). Huxke Mbl OyneM NMoJb30BaThes
BEKTODHBIMU OOO3HAUEHHUSIMU; ONpeLeJeHUs M. 2 MepeHOCATCA Mpu
3TOM Ha CJay4yal#l mpou3BOJLHOA KPUBOJMHEHHOH cHCTEMB KOOp-
IMHAT OueBUAHBIM oOpasoM. Hampumep, cumBosa Vv OyneTr Tenepb
0003HayaTh YNOPALOYEHHYIO TPOHKY KOBapUAHTHBIX HJIM KOHTpa-
BAPUAHTHBLIX (B 3aBUCHMOCTH OT CHTyallid) KOMIOHEHT BeKTOpa
ckopoctd, a ¢opmyna (12.1) sanuuerca B Bule

3F

ot

[TpunsB Takoe corjallleHde, Mbl MOXEM 3alUCaTb ypaBHeHUe
HEpa3pbIBHOCTH B /M00O# U3 IBYX MHBAPMAHTHEIX GOpM:

%f;_+pdivv:0 wim g%—{—div(pv):O, (12.2)

oF
:—at*—JrV . grad F.

rie auMBepreHuusd, Kaxk u 0OLIYHO B TEH30DHOM aHaJ/Ju3e, O3HaudaeT
1 o0 !
leb:btr— —_’-‘—‘( gbl
)i Vzox V' )

Tensop nedopmMalMu Mbl ONpeNeUM 4Yepe3 €ero KOMIOHEHTH!
B HEKOTOpOH mnpsiMoyro/bHo#t cucreMe koopauHat. Torma coor-
HOLlEHHE MeXI1y BEKTOPOM HampsikeHUH t W HOpMAaJblo K Io-
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BepxHOocTH N, t=n - T 6yler cnpaBelJHBHIM Iaxe B TOM CJyuae,
Korjga komrnoHeHTH T He cOBMalaloOT C BeJMYHHAMH CHJ, IeH-
CTBYIOIMX Ha 3JEMEHTHl INOBepXHOCTH. OTMeTUM, HAKOHell, HH-
BAPHAHTHOCTb YPABHEHUS LBHXKEHUS, 3aMUCAHHOTO B CJAELYIOILEM
BHIE!

P —pf 4 divT, (12.3)
ruoe

. )
divT),=T* ,= o (;;k(l@ka) —T* T, (12.4)

PaccMorpuM mnoapobHee cayuyafi OpTOTOHaJbHOH CHCTEMBI
KOOpAMHAT. B Takux cucreMax KBaipaT 3JeMeHTa Iyrd BhIpa-
waeTcs (GOpMyJIOH

ds? = (hy dx"Y2 + (hy dx?)? + (hy dx3)2. (12.5)

YpaBHe}me HEpa3pbIBHOCTH B pacCMATPUBAEMOM CJayyae ymnpo-
ujaercs U npuHUMaeT BUL

69 1 0 i) . O ——
W+7§— 57(‘/5’9’0 )=0." Vg=thhy (12.6)

C ueabio npeobpasoBaHus ypaBHeHus (12.3) 3ameTuM cHauasa,
4TO

dv ov 1

— v _ 22
a=; 5 + v X 0+ grad5¢q 12.7)

[cM. dopmyay (17.1)]; caenoBaTenbHO, YCKOpeHHE JerKO Bhbi-
paxaercs yepe3 V M . YUuTBIBaf paBeHCTBO I‘jlkzl‘k’j, BeK-
TOp ® MOXHO MNpENCTaBUTb B BHIE

; ol/k ol/k ov,

[ —.._'Uk j-:——_—..

Ve ®' Vgoxi

[Tpeo6pazoBatb 4ien div T 6oJee 3aTPYLHUTENBHO B CHILY CJIOK-

sHoctu ¢opmya (12.4). Cumsoan Kpucroddesst, coorsercTByio-
e Merpuke (12.5), BEIpaxaioTcs c/eLyOLUM 06pa3oM:

(12.8)

1 o
D=1 =— 2%,
PR ki h; 0xF
Fik[ . hi dhl (L. k);

ni ox*
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k
Bce ocranbbie Bequuunbl I';'; = 0. (CymmupoBanue 1o uHzekcam

i nu k B 310K opMmyne He mnpousBoauTCA.) HenocpelcTBeHHblE
BBIYUCJ/ICHUS TMOKA3bIBAIOT, YTO

@divT)y, = —— 2 (V") — k% (12.9)
X

(cymmupoBaHue 1mo k). B cuayuae umeanbHOH KUAKOCTH HEOOXo-
JMMOCTb B 3TOH ¢opmyste oTnazaeT. 3aMeTHM TaKxke, 4TO B CJyuae
BSIBKOH MMAKOCTH, YIOBJeTBOpsiiowefl 3akony Komu — ITyaccouna
(n. 61), Kak NpaBuJO, NPOLIE BBLIBECTH YDPaBHEHUS NBHXEHHS,
He oGpawasch k Qopmyae (12.9).

MoxHO ykaszatb ApPYrywo ¢opmyay AJs ONpele/eHus ycko-
peHus, a HUMeHHO

.ﬁdv, 4o (Ovi_vkdloghk) (12.10)
o' '

BriBoa 3TOH ¢GopMyabl aHajaoruueH BeiBoay dopMmy.aw (12.9).

Ha npaxtuke uacto ObiBaeT y1OOHO DPAacCMaTpUBATL BMECTO
KOBAPUAHTHBIX UM KOHTPABAPUAHTHLIX KOMMOHEHT BEKTOpa b ero
¢dusnyecKue KOMIOHEHTH J;. Pu3MyecKHe KOMMOHEHTH BekTopa b
ONpelesioTCs PaBeHCTBAMU

i 1
Bi=nb'= T b;

(o i He CYMMKpPOBaTb) M MPECTABJAIOT COOOH BEJHYMHBI TPO-
ekuMd b Ha COOTEeTCTBYIOUIME KOODIMHATHbIE JMHUK, MPOXOMd-
IMe yepes TOYKY NPUJIOKEHUS BeKTOPa. AHAJOTHYHBEIM 06pasoM
onpenenasanT (})X/ISM'-IQCKI/IG KOMIIOHEHTBI T€H30pa, OLHAKO HA 3TOM
Mbl OCTaHaBJMBaTbCA He OyneM.

Mpuwmep. Luaunopuueckas cucmena koopouram. B sTom
cjyyae Mbl MMeeM

ds?=dr? -+ (rdf)> -+ dz2.
Ecan 00603HauuTh uepes ¥,, Uy U U, COOTBETCTBYMOLIME (U3H-

yeCKHe KOMIIOHEHTBl CKOPOCTH, TO YpaBHEHHE HepPaspHIBHOCTH
npuMeT BUI

0 Iro 0 0 |
—0%“*' 7[? (prv,) =+ 55 (Pvg) + 53 (P"Uz)_j:o- (12.11)
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dusnyecKkue KOMIIOHEHTH YCKODEHUS] B YpPaBHEHHM JIBUIKEHHUS

B cuay coortHouenus (12.7) un (12.10) Bripaxaorcs gopmynamu
v

arZDvr_T' a;=Dv, +

U,V

a,=Duv,,
0 0 vy 0 0
b=+ +7 o tog

dusuyeckue kommonentsl div T npusemenbt B pabore Jlapal),
0JHAKO HAaM OHM He TOHanobsTcs. HakoHel, KOMIOHEHTbl Bek-
TOpa 3aBUXPEHHOCTH ONMpENENAITCA U3 COOTHOLIEHHUH

7 )

1 0y, vy __ 0v, ov,
Cr=7"%0 9z’ T 9z Tor’

) 1 ov, 1
(OZ—W—‘——F*O?—F‘T. (1212)

13. Pumanoso npoctpaHcTBo. C TOUKM 3peHUSl BBISCHEHHUS
JIOTHYECKOH CTPYKTYpPH OCHOB MeXaHHKM XXUIAKOCTH MpPeACTaBJseT
MHTepeC BHIBOL YpaBHEHHH THIPOAMHAMUKM B DHMAHOBOM NpO-
CTpaHCTBE C 3alaHHOH B HEKOTOPOH cuCTeMe KOOpIHHAT
x=(x1, ..., x") merpuko#

ds?=g, dx"dx’.
Boo6uie roBops, B 9TOM NPOCTPAHCTBE HeJb3s BBECTH JIEKapTOBY
CUCTEMY KOOpIHUHAT H, caenoBare/ibHO, HeJ/1b3d MPUMEHUTb He-
l'IOCpe,llCTBEHHO nposeueHHue BhILIE paccymae}mg /1 BbHIBOLA
»YPABHEHUH [BHKEHHA.
JlBrkeHue B PHMaHOBOM TpPOCTPAHCTBE ONMHUCBLIBAETCS MNpeol-

pasoBanueM tuna (3.1), HO Temepb i NMPUHHUMAET 3HAYEHUS OT
l 10 n. Mbl npuHuMaeM B KayeCcTBe ONpele/eHUs KOMIOHEHT

BEKTOpPa CKOPOCTH COOTHOWIeHHs v =dx'[/dt u no auanoruu
C ompeje/eHUeM MAaTepUanbHON INIPOU3BOLHOA I eBKAULOBA
NPOCTPAHCTBA MOJAraeM

3F oF i

S _OF | yiF . :
of = or TV (13.1)
(310 onpenenenne 061anaeT TeM CBOHCTBOM, KOTODOE WUMEJO Obl
MeCTO 1Jil NMPOCTPAHCTBA, MOMELIEHHOTO B €BKJ/UIOBO NPOCTPAH-
CTBO BhICIIeH pasMepHOCTH. Ec/M, Hanpumep, Mbl paccCMOTPHM

'y ias A., Maremarnueckas teopus ynpyroctd, OHTH, 1935
(cM. rakwe ykasdauuylo Bbime kuury H. E. Kounna. — ITepes.)
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NOBEPXHOCTb B TPEXMEPHOM MNPOCTPAHCTBE, TO MaTepHaJbHas
npousBoiHas, noHuMaeMas B cMbicae (13.1), aBasercs nmpoexuuei
Ha TMOBEPXHOCTb ,eCTECTBEHHOW® MaTepuaJbHOH NPOU3BOLHON
eBKJUIOBAa NPOCTPAHCTBA.)

YpaBHeHHe HEPAa3pPBIBHOCTH JErKo MOJYYHTb, NOJb3YSACh Me-
tozamu 1. 4 u 5. PopMmyna (4.2) saMensieTcs 1pu 9TOoM GopMya0OH

fp(x, HdV = fp(x, t) VgJ dv,
Vo

%

a BMecTO ypaBHeHusi (3.8) ucmoJb3yercs ypaBHeHue
d - T
+ (V&) =Vegidivv.

Bo BceM ocTanbHOM paccyxneHiss NOJHOCTHIO COBNANAIOT U NpU-
BOAAT B KOHIIE KOHUOB K YPaBH¢HHUIO

—g;i-{»pdivv:O,

MIEHTHYHOMY ypaBHenuio (12.2), Ho noJyyeHHoMy Ge3 npuBiie-
yeHHUs] NeKapTOBOH CHCTeMBl KOOpPIHMHAT.

Brison ypaBHeHUs IOBHXKEHHS BKJIIOYAET B cebs JUHAMUYECKHUe
paccy:IeHusi, KOTOpble, TMO-BHINMOMY, He/b3s TNpPUCNOCOGUTH
K pUMAaHOBY TNPOCTPAHCTBY; B YaCTHOCTH, HESCHO, KaK Hano
GOpMy/MPOBATH NPHHLMA COXPaHEHUS KOJMYECTBA JBUNKEHHS.
TeM He MeHee HAM Ka)KETCSl eCTECTBEHHBIM NPHHSATH ypaBHeHue (12.3)
B KauecTBe MOCTyJaaTa. B 9ToM cJayvae naJbHeiiliee HccJenoBa-
HUe MNpOBOAMTCS TOYHO TaK e, Kak U B OOBIYHOH TuHIpOIU-
HaMHKe.

§ 4. FapuauucHHble METOAH

lllupokoe u ycrnemHoe npuMmeHeHHe BapHAUMOHHBIX NpPUHIHA-
NOB B KJAaCCHYECKOH MeXaHuKe BLI3BAJIO MHOIO MONHEITOK Cop-
MyJAHPOBATb aHAJOTUUHBIM 0OpPa30M 3AKOHB MEXAHMKH CIJIOLIHBIX
cpen. Hexoropeie us 31nx Qopmy1upoBok OyAyT paccMOTPEHBI
HuxXe, B M. 14, Bce mnoJayuyeHHLle B 3TOM NYHKTE pe3yJbTaThl
nepeHocarca 06e3 BCAKMX W3MeHEHWH Ha cayyali npou3BOJbHOM
CI/IOIIHOM cpenbl. B n. 15 MccaenyoTcs HeKOTOpbIe ClielnanbHbIe
BapHALMOUHBIE NPHHUMINBI, CIpaBelJUBLIE TOJbKO IJS ABHKEHHUH
1nea bHON KUIKOCTH.
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14. IlpousBoJbHbIE XKHMAKOCTH. BapuauuoHHble NPUHLUMIEBL,
COOTBETCTBYIOLIME HEKOTOpPOH AMCCHNATUBHOH cucTeMe, B TO4Y-
HOCTH COOTBETCTBYIOT OCOOEHHOCTAM MeXaHu3Ma IMCCHMAlUK 3TOH
CUCTEMBl; MX HeJ/ib3si 0e3 CYLIeCTBeHHBLIX U3MeHeHU#i 0000WHUTD
Ha apyrue cucteMbl. OTOT akT ob/eryaer (GopMyAHpOBKY Ba-
DHALMOHHBIX TNPHHLMIIOB MEXaHHKH JKUAKOCTH U  YKa3biBaer,
C Lpyro#t CTOPOHbBI, HA HEOOXOAMMOCTb MpPEABAPUTEJILHOTO BbI-
sicHeHna CBOHCTB HccaenyeMoro spjeHus. CienyeT NnoayepKHYTb,
YTO YCTAHOBJIEHHAS HUXKE CHCTeMa BAaPHALIMOHHBIX MPHUHUAMOB
6Gosiee MM MeHee SKBUBAJNEHTHA CHUCTEME YpaBHEHWH ABHKEHUd
WUAKOCTH U SIBJISETCA MO CYLIeCTBY APYyro#t GopMyIMpOBKOH 3THX
3aKOHOB JIBHXKEHHUS, TNPUCTOCOOJEHHON K NpHMEHEHHIO METOIOB
BAPHALUMOHHOIO HCYUCJIEHUS.

[Tycts O0Xx = % (X, f) obo3HauaeT supmyasbrOe nepemeuje-
Hie YaCTHLBl XKUIAKOCTH M3 TOUKH X, B KOTODOH OHa HAXOMUTCA
B NaHHBIH MOMeHT BpeMeHu f. BexTopHas ¢yHkuus (X, ) npen-
noJiaraeTcsi OrpaHHYEeHHOH M HempepHBHO AuddepeHUnpyeMon;
KpOMe TOro, OHa LOJKHA YAOBJAETBOPATH BCEM OTpaHUYEHUAM,
HAJIOXKEHHBIM Ha MepeMellleHHe XKUAKOCTH. B yacTHOCTH, nocaennee
ycaosue comepxuT B ceGe TpeGoBanue, 4TOOBI BEKTODP %) Jexan
B KacaTeJqbHOH NJIOCKOCTH JI0OO# CTeHKH, OTpaHuYMBalollel
KUAKOCTb. Bupmyasvnywo pabomy, COOTBETCTBYIOLLYIO BUPTY-
aNbHOMY TMepeMelleHHI0 3X, OnpelenuM CaeLylolel gopmyof:

3 = A, — ’ T : grad 3x dv;

Ry

sgecb B — o6beM, 3aHnMaeMbii kunkocrtbio, T — TeHsopHas
¢yHKLUA TOUKH, a

2, = [ pf - dxdv+ Egt-axda (14.1)

B

IBJSEeTCS BUPTyaabHOH paboTOi BHEWIHWX cUa f M MOBEPXHOCT-
HBLIX HanpskeHu#l t. Bropo#l umen ¢opmyabl, onpenessiomert 33U,
cneunuuHbI 019 MEXaHMKW CIVIOIIHOW Cpelbl, OTpaxaeT TO
06CTOATENLCTBO, YTO NpH JdeOpMalUM KUAKOH Cpelbl 3aTpauu-
BaeTcs paGoTa Ha NMpeojOJieHHe CUJ HampskeHus. B nanbHedmrem
Mbl He OyjleM MOJb30BATbCH [MPELNOJOXKEHHEM O CUMMETpHY-
Hoctu T. 3ametdm, oxHAKO, yTO mnpu HecumMerpuunoM T Bup-
TyaJbHOMY MepeMeIleHNI0 KUAKOCTH KaK TBEPAOTrO Te/a OTBEYaer,
B0oOOIlE TOBOPsS, HeHyleBas BUPTya/bHas paboTa no medopMauuu
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wunkoctd. [lo 3To# npuuyuHe OOGBIYHO DPACCMATPUBAIOT TOJbKO
CUMMeTpHUHble TeH30pHl HampsikeHu#t T.

CoopmymupyeM Tenepb OCHOBHOH BapHallHOHHbIH MPHHUMUI
JlanamGepa — Jlarpaunxa:

Judkocmv dsusxcemcs marxum 00pa3onm, 4mo

2 — [pa-dxdo=0 (14.2)
B

04s 8Cex BUPMYAAbHbLX NepeMeuwjeruli, Komopsie Yy0os.ae-
meopsom 3a0aHHbLM Kunemamuueckum ycaosusn'l). Ecau
Ha [JBIXKeHHe XUAKOCTH He HaJO0XeHO HUKAKUX OrpaHWYeHHH,
KpOMe VCJOBUS HAa HEMOLBUXKHOH TrpaHulle, TO IOC/AE XOPOWIO
M3BECTHHIX pACCymAeHUM noJydaeM, 4YTO a8 IKCTpeMmajdell 3a-
nayn (14.2)

pa=opf+divT u t=n-T. (14.3)

[TepBoe ypaBHeHMe uMeeT MeCTO B JI00OH BHYTpeHHe# TOuKe,
BTOpOe — Ha ,CBOGOAHOR* noBepxHOCTH. ITH GOPMyaB B TOY-
HOCTH COBMALAOT C YpaBHEHUSMH JBHXKEHHUS, BbIBEJEHHBIMH
paHee.

Meroab BapUALMOHHOTO HCYUC/IEHHS NO3BOJAIOT HCCJ/ENOBaTh
IBHMEHHE XKUIKOCTH, B KOTOPOM YaCTHLbl MOTYT TepeMellaTbcs
TOJbLKO [0 3alaHHOMY ceMeHCTBY MNOBEpPXHOCTEH WJM CBS3aHbI
KaKUMU-HUOYIb APYTHMH OrpaHuuenusmu. Hurareab, WHTepecyio-
HMHCH STHMH BOMPOCAMHM, MOXeT OOPaTHTbCA K CTaTbe XeJlIMH-
repa B JHUMKJONEeIMH MaTemarndeckux Hayk (§ 3e, 4c u 8D).

Ykasaunwf npuHuun JlagsambGepa — Jlarpanxa MoxHO cdop-
MyJanpoBaTh Takke B ¢opme npunuuna Iamuabrona. [las sToro
HYXHO CBSI3aTh BHUPTyaJbHOEe nNepeMmellleHue C Bapuauued Tpaek-
Topuft uactun. IlycTh MHOXECTBO TpPaeKTOPUH, MOMYHYEHHBIX
B pesy/bTaTe BapuallMy paccMarpiBaeMoro asuxenus X =@ (X, £),
umeer Bua x =@ (X, £, ¢), rne —1<e<l n X £ 0)=

') Cnavana npunuun (14.2) 6bin noayuen Jiarpamxem (,AHanutu-
yeckas MexaHuKa“) Ajs ciayuyas CTaTHYECKOrO DAaBHOBECHS: CNAOWHASL
cpeda HaxoOuUmcst 8 pagHOoBecul 8 MOM U MOALKO 8 MOM CAy4ae,
K020a 3U =9 O 6cex supmyanrsuoix nepemeujeruii. Iosauee Jla-
rpamx (TaM Xe), MCHOAb3ysl H3BeCTHbI mpuunun [Janambepa, pacnpo-
CTpPaHMJ MNOMyYEHHBIE pe3yJAbTaThl HA JHHaMuyeckHe cucTeMbl. CM.
trakxe Voss P, Enc. Math. Wiss.,, 41, Ne 1; Hellinger E., Enc.
Math. Wiss., 4%, Ne 30.
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=@ (X, f). Ecn BBeCTH CUMBOJ
d

=d

’

e=0

TO BMPTYya/JbHOE IepeMelleHne, COOTBETCTBYIOLIEE MNOMYYEHHOMY
B pe3y/abTaTe Bapualuyd IBUXKEHHUIO, 3anmUIIETCs B BUIE

x =g = G

=0
B cuny Toro uro du?d nepecTaHOBOYHBI,
dix _ d
dt T dt
Bapuauus naoTHOCTH ONpenenseTcs YCJIOBUEM COXPaHEHUS MacChl
XKUIAKOCTHA MPU NepeMelieHuaX COCTaB/MgUIUX 3Ty MacCy 4acCTHL.

MaremaTuyeck 3TO YCJOBHE MNPHUBOAUT K CHEAYIOLIEMY ,yCJ0-
BUIO HEpPa3pbIBHOCTH“:

d N 1
a-»szw(v-?}x)—v- (v-ox)——qu?. (14.4)

3 = — pdiv x. (14.5)

B camom nene, ecau nas aBuxenus X =@ (X, £; &) B KauecTBe
BpEMeHH B3Tb NapaMerp &, TO Be/luuMHa OX Oyler WrpaTh poJb
HayaJbHOH CKOpOCTH; TakuM 00pasoM, cooTHolueHue (14.5) cie-
Lyer Ccpasy M3 YypaBHeHWs HEePa3phLIBHOCTH NpH 3aMeHe B MO-
cnenHeM d/df u v Ha 3 M OX COOTBETCTBEHHO. AHAJOTMYHBIMH
paccyxIeHUsIMM JdOKasbiBaeTcs dopmya

aprdv=fpaF dv. (14.6)

Ycnosue (14.5) siBiseTcst Takxke C/eICTBHEM CJeLyIOLWIUX TNpen-
no/soXeHUH: a) KawJjoe IBHXKEHUe, TMOJyyeHHOe B pe3yJbTaTe
BapHallii, YIOBJETBOpsSieT YPaBHEHHIO Hepa3pLIBHOCTU u 6) BUp-
TyaJibHble TMepeMellleHds pPaBHBl HYJII0 B HeKOTOpHH ¢uxcupo-
BaHHBIH MOMeHT BpeMeHH. Eciau yMHOWUTH 00e 4YacTH COOT-
Howennss (14.4) Ha p w mnpounrerpuposatb no o6vemy B,
osuscyueMycsa ¢ oCUOKOCMbO, TO TpuMeHeHue dopmyn (5.7)
A (14.6) npuBOIUT K YpaBHEHHUIO

N d
fpa-oxdv:w fpv-Bxdfu——BE, (14.7)

€n

Ry

rie $ o6GosHauaer KHHETUYECKYIO 3HEepruio, T. €.

1
b3 =5 qu"’dv.
%
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Haxoneun, B cuny npunuuna [lanambepa — JlarpaHxa ypaBHeHue
(14.7) MoxHO 3amucaTh B BUIE

3 + 3 ——gt—fpv 3% dv=0. (14.8)
B

ST0 ypaBHeHMe CNpPaBEeNJHBO B TOM CJyyae, KOrIa MOJyYeHHOE
B pesyabTaTe BapHaUMM IBIXEHHE YNOBJCTBOPSIET YPABHEHHUIO
HepasphiBHOCTH (14.5) ¥ COrnacoBaHO C BHEIUHHUMU CBA3AMH,
HaJIOXXEHHbIMU Ha paccMaTpuBaeMoe ABwxenue. IIpounrterpuposas
ypaBHenue (14.8) no f or £, 10 #; u mpeanonokuB, 4To dXx =0
npu ¢ ==£f, u t===t;, MBH MOJYy4YNM TaK HA3HIBAEMbIH MNPUHLHI
FamuabToHa 1):

4
f (AT +3A) dt =0,
ty

CrpaBelMuBLIA 475 J1I0060r0 MOJIYYEHHOTO B .pe3yabTaTe BapHALMHU
IBHXEHHUS, YLOBJETBOPSAIOIIETO YCJIOBHIO HEpa3pLIBHOCTH, BHEI-
HUM CB3AM M ycaoBuio 0X =0 npu ¢ =t¢, u t =t 2).

15. UpeanbHbie wuakocTH. A uIeasbHOR HeCKHMMaeMOH
HUAKOCTH mpuHuun [lanambepa — JlarpaHxa MOXHO chopMyJd-
poBaTb B OoJsiee H3ALHOH ¢oOpMe, a UMEHHO udeasbvHas He-
cocumaenas HuoKocms 08uNicemcs maxum o6pa3om, 4mo

A, — fa-%xdfv::O (15.1)
Ry

0A5l 8CeX BUPMYQAbHOLX Nepemeujeruii 3X, COXPAHAOUULX
00veM, uLw, OpY2uMU CA0BAMU, YOOBAEMBOPAIOUWUX YCAOBLIO
divdx =0. Bupmyassnan pa6oma 8, onpedessemcs 3decs,
Kak u parvuwe, gopmyaoh (14.1).

B coorsercTBuM ¢ Teopue#t MHOuwuTenelt JlarpaHxa ypaBHe-
Hue (15.1) 9KBUBAMEHTHO C/ELYIOLEMY:

f[p(a——-f)-?)x—)\divﬁx]d'v—- §t.8xda=o,
B ©

) Cm. Hellinger E., Enc. Math. Wiss, 44 npumeuanue 61.

%) Cpenu IpYruX BapHAaUMOHHBIX NPUHIMIOB HAaHGOJBLIMH HHTEpeC
npeacTaBiseT NPUHIMN HauMeHbmero Bpemenn (Hellinger, § 5¢)
W sHepretnyeckHit npuHnun [Herivel J. W. Proc. Roy. Irish.
Acad., 56, 37, 67 (1954)]. Cm. Takxe ctatbio ['6abaepa [Ho1der E.,
Ber. sdchs. Acad. Wiss. (Lpz), Math.-phys. Kl., 97 (1950)].
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rie A — MHOxuTeab Jlarpamka, a Ha OX yKe He HAJNOKEHO HU-
Kakux yc/aoBuH. WHTerpupys 9TO COOTHOLIEHHe MO YacTSM, NO-
JaydaeM

pa=pf—gradA n t=—An. (15.2)

Beauuuxa A, TakuM o6pasoM, UrpaeT poJb ,AaBJEHU“ U sBJISETCH
OIHOH H3 OCHOBHBIX HeM3BECTHHIX 3alaud. YpasHeHus (15.2)
BMeCTe C YCJOBHEM Hepa3pLIBHOCTH 00pasyloT ueThipe ypaBHe-
HUA C YeTHIPbMs HEM3BECTHBIMU: V U A.

Jlarpamx cuuTand, u4to ypaBHeHuwe (15.2) cmpaBemanBo u
B o0LieM cjyyae CXKMMaeMOH MAeaJbHOR KUIKOCTH, €CJHU B 3TOM
ypaBHEHUM paccMaTpuBaTb A KaK ,CUJIY peakUun® mpu HU3MeHe-
Huu o6bemal). DToT MeTOL pacumupeHus 06/1aCTH NPUMEHEHHUs
ypaBHeHHUs, TOJYYeHHOr0 B YaCTHOM CJjyuae BBeJeHHeM — IO-
CpeicTBOM MHOXuTendsd JlarpaHmxa — HOBBIX ,CHJ  peakuuu®,
lamenb Has3Ba/a ,MPUHUUNIOM BbICBOOOMIeHus“ JlarpaHxka. Yka-
3aHHbIE PACCY}KIeHUsd, XOTS U NMPUBOIAT K NpPaBHALHOMY pe3y.b-
TaTy, NOBOJAbHO HeyOelUTe/bHbl; TPYAHOCTH CTAHYT OYEBHIHBIMH,
€C/li pAacCMOTpPeTb CXKHMaeMblt ras, I KOTOPOro JaBileHHe
IBJSIETCS TEPMOJMHAMHYECKOH TNepeMeHHOMH.

Ecau BOCNOJL30BaThCA cooTHouenneM (14.5), To BapuauuoH-
Hblft npuHuun (15.1) MoxHo 3anucath B opMe npunuuna I'amuab-
TOHA: Npu O8UNCEHUU UOLAABHOL HeCcHUMAeMOUL HUIKOCILU

t
[ eT+3u)at =0

to

0as sapuanyui dsudxcenus SX, Y008LeMBOPAOUUX YCAOBUAM
divdx =0; 0x=0 npu t=¢f, n ft=¢,.

AHaJIOTHYHBI BapHaLMOHHBIA NMpUHLUHUN OBl ycTaHOBJAEH JluxTeH-
wreitnoM [9, ra. 9] masg  aBMKeHHs  CiKMMaeMOH  uaeasbHOM
wuakocTu. Heckoabko uckyccTBeHHbI! MeTod JIuxTeHmTeiHa Obla
nosnHee ycopeplieHctBoBaH TayOom [44, ctp. 148). Haubosee

1) Cu. [5], crp. 173, 522. Anajoruuublf MeTOX ObLA HCIOJAb30BAH
IMuona [Piola G., Modena Mem., 24, 1 (1848)] nas BbIBOja 06UX
yPaBHEHUH IBHKEHHS CIJIOLIHOH CpeAbl.
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ylauHas (OopMy/JHPOBKA 3TOTO NPUHLMNA, KOTOPOH MBI U 6yleM
N0/b30BATHCS HIKe, TNpuHaljgexur Xepuseny l).

3aMeTuM CHAyaja, yToO AJs MeXaHUYeCKOH CHUCTEMBl C M3BeCT-
HOM oSHeprue#t mnpuHUMN [aMU/IbTOHA MOXHO CQOPMYIUPOBATH
B BUIE

t
f(88+891e)dt=0, (15.3)
ty

rie ¢yukuus Jlarpanxa ¥ npeiacraBiaseT cOO0# pasHOCTb KHHETH-
yeCKOM M noTeHuuabHoH oHepruu. CyllecTBeHHOe OTJIHYUE
npunuuna (15.3) OT ycTaHOBAEHHBLIX paHee 3aKJIOYAETCS B TOM,
yTo GopMa STOr0 NPUHUMNA He B3aBUCHT OT BHAA yDaBHEeHHH
IBWXKeHUs paccMatpuBaeModt sanaun. Ipunuun (15.3) nospouser,
TakuM 00pa30oM, BBIBECTH ypaBHEHHE JIBUIKEHHS COBEPLICHHO He-
3aBHCUMO OT NPHUHSTOrO BbIlIE MOCTyJaTa O COXPAaHEHUH KOJH-
yectBa ABMKeHusd. [IpuMeHUM 3STOT MeTOL A BLIBOJAA ypaBHe-
HUH JBHM<EHUS Trasa.

Bynem npennosaraTb, 4TO JABHXEHHE NPOUCXOINT Oe3 BbI-
lleJieHUs TENJIOBOM SHEPTUU W/IHM, TOUHEee, UTO yleabHas sSHTpomust S
KaXI10# XUAKOWH YacTHIl OCTaeTCs NMOCTOSHHOW BO BpeMs IBH-
WeHus 2), T. e. uTO

das
7 :0. (15.4)

[Ipu 3TOM TNpeLNoOJIOXKEHUH 3SHEPrus omnpenensercs ¢opMyIoi
T+ 6, rome T — kuneruueckas sHepruss, a & — BHyTpeHHss
SHEepPrUs pacCMaTpuUBaeMOro 00beMa KUIKOCTH;

¢ = f pEdv, E=E(p, S)= Yle/ibHas BHYTpeHHSis SHeprus.

€N

B xauecrtse ¢yukuuu JlarpaHixa ecrectBeHHo BHOpaTh & = F —(@.
ITokaxem Temepb, 4TO npu TakoMm BhHOGope ¥ ypasHenue (15.3)
NPUBOAMT K TNPABUIbHBIM YDAaBHEHHSM IBIXEHHS CXUMaeMoft
naeanbHON KHUIAKOCTH.

MMycts &x =08x (X, ) o006o03HauaeT BapualMI0 TPaeKTOPHUY;
0 =0 npu t=f, nu t=1=¢;. Kak Obl/IO NMOKa3aHO BhIlle, M3
NpelnoJoKeHHs O TOM, YTO MOJYYeHHOE B Pecy/bTaTe BapHalUu

N Herivel J. W., Proc. Cambridge Phil. Soc., 51, 344 (1955).
?) TepMoJWHaMuUecKoe OGOCHOBaHHE NOCJAEAYKIIHX PacCyMAeHUR
MOXHO Haiity B m. 30 u nepsom paszene m. 33.
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ABIKEHUE YIOBJACTBOPACT YPABHEHMIO HEPa3pbIBHOCTH, CJELyeT,
4TO BapHallis MJIOTHOCTH omnpeneasercs opmyuoi (14.5). Ana-
JOTMYHBIMH PACCYKACHHAMU NOKA3bIBAETCSH, YTO BAapHALLUs SHTPO-
NMM LO/KHA YLOBJIETBOPATL YCJAOBUIO

38 =0.

Us ypasuenut (14.6), (14.5) u coorHowenus (0E/dp)g = p/p?
nosayyaem

8(5:fp8Ed0=—fpdiv8de::
¥ B

=f?>x-grad pdv— (ﬁpn - 3x da.
3 &
Beanuuna 3T onpenenserca dpopmyioit (14.7). Mbl MoxeM Temneps,
npeoGpasys oObluHbLIM crioco6oM ypabHenue (15.3) u ucno.bays
popmyant aas dF, 3 u 3U,, BriBecTH ypasHeHus
pa=pf—gradp u t=— pn,

COBMajalollye, OYeBHIHO, C OOBLIUHBIMU YpABHEHUAMH NBUXKEHHS 1),
MBIl CHOBAa MOLYEPKMBAEM, 4YTO OHM ObIANM BLIBeJeHH U3 Bapua-
LLMOHHOTO TPHHLUNA, He BKJIOHAKOIEero B ceGs anpuOPHOTO 3HA-
Hud ux ¢opmel. Jleso o6CTOA10 MHAYe NMPHU BbLIBOLE YpaBHEHHH
aswxenus (14.3) u3 BapuauuonHoro npunuuna (14.2).

B rTeoperuueckofi MeXaHUKe ypaBHeHHE SHEPrHU SBJSETCH
clelnCcTBUeM TNpuHuMna [aMuibTOHa. 3aMeTHUM, YTO 3TO BEpPHO H
B HauleM cJjayuae. JeficTBUTENbHO, H3 COOTHOLIEHHUS

g dE ) .
—d-[_fp—dt—dv_— fpdwvdfu
3 3

Mbl TIOJIyYaeM, BOCMOJb30BABLINCH ypaBHexueM (9.2), ypasHeHue

2 ET+6) = [of-vav+ d}‘t-vdru,

3 &

KOTOpoe coBmagaet ¢ o6niuHOf HOPMymMPOBKOH 3aKOHA COXpa-
“1€HUs SHEPIrUuu A.Jd HETSHHOHPOBOHHOﬁ Cpelnnl.

B paGore, na xoTOopyio Mbl yxe cCHAAAACh, XepuBea Mbi-

Tanca 000CHOBAaTh ypaBHEHUs HABUMKEHUS WIEAJbHON KUIKOCTH

') B namewm BbiBOje Mbl CaelOBajau B OCHOBHOM paboTe Xepupena,
OIHaKO B (OPMYJIHMPOBKY NpPHHLMOA U €ro J0Ka3aTedbCTBO BHECEHbI
HEKOTOpbie H3MEHEHHs.
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npu TNOMOLM BAPUALMOHHOIO MNPUHLMNG, CHOPMYJIHPOBAHHOTO
B TNepeMeHHbX Ofnepa. EMy He yaanoch, OAHAKO, JLOCTHYb
noJHoO#i OOIIHOCTH; TOJMbKO HEKOTOPHIN KJjacC TeuyeHuH, ynro-
BJIETROPSIIOLINX ypaBHeHusiM Ofkepa, naBaad SKCTPEeMyM mo-
CTPOeHHOMY (YyHKLUOHATy. OTO 3aTpylHeHHe BrepBble ObIIO
paspemeHo Jlunb Ll3s-u350, KOTOpEIM OblMa MNpel/oKeHa KOp-
pexTHas (OPMyJMpOBKA BapHAUMOHHOrO NpuHuuna Xepusenal).
PaccMaTpuBaeMbifl BapuauMOHHbIf npuHUMn Xepuseaa — JluHsa
yTBepKIAeT, YTO KaxJas SKCTpeMab (yHKIHMOHa/a

ffL(v, 0, S)dvdt, (15.5)
rie yepes L o6osHaueHa NAOTHOCTb ¢yHkuun Jlarpasixa

1
L=5pq*—p(E+9)

IBJSIETCS  TEYeHHeM, YAOBJETBODAOIIMM YypaBHeHusM Offiepa.
DkcTpeManb (YHKLUOHAJIA pAa3bICKMBAETCS IPU 3TOM B Kaacce
JBHXEHNH, yIOBAETBOPSAIOWINX CJELYIOIMM 3aKOHAM COXDaHeHus:

_g% —+div (pv) = (coxpaHeHne MaccChi),

as

o= 0 (coxpaHeHue SHepruw), (15.6)
% =0 (umeHTH(dUKALUS YACTHULLBL);

sgecb BekTopHOe mnote X (X, £) ompeje/sieT Hauya/lbHOe MOJONKe-
HHe YaCTHLBl, HaXONsLIeHCs B MOMEHT BpeMeHU £ B TOuke X 2).

CoopMynupoBaHHYI0 BapUALMOHHYIO 3aJayy MOXHO 0cBO6O-
IUTb OT OrpaHMYeHMH, HAMOKEHHBIX Ha Bapuauuu v, p, S u X.
JIlnst 9TOrO HY:KHO BBeCTH MHOxuTeau Jlarpamka ¢, B, y, nocse

) B Bapuauuonuo#i 3anaue, cdopMmyaupoBaHHoii XepuBeaom, Ha-
KJaAblBaNMCh TOJbKO INepBbie xBa orpaHuueHus (15.6), TpeTbe orpanu-
yeHue Obljo BBeleHO JluHem (B HeonmyO6aukoBanHOH pabote). Ges atoro
JIOTIOJIHUTEJNBHOIO YCJAOBHS HM33HTPONHYECKOE TeyeHHe NaBajJO 3KCTpe-
MyM ¢yHKuHoHany (15.5) TOJbKO B TOM cJayuae, KOrja sTO TeueHHe
6b110 Ge3BuxpeBbIM [cM. nepBoe ypaBHeHae (15.7)].

2) AHaJOoruyHble pe3yJbTaThl NPEIBAPHMTENLHOTO XapakTepa Oblau
noayueusl Kaebmem [Clebsch A. J. reine angew. Math., 54, 293
(1857); 56, 1 (1859)] u Beiitmenom [Bateman H., Proc. Roy. Soc.
Lond., Ser. A, 125, 598 (1929)].
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Yero 9Ta 3ajaya NPUHUMAET CJENYIOLHH BUI:
0 . das
Bff{L+go(a—§+dxv(pv))—p@ A }dfodt—o

YacTHble BApHaUUU BEJUYUH, BXOAALUUX B 3TO COOTHOLIEHUE, NMPHU-
BOIAT K ypaBHEHUAM

dv: v =—grado+pBgradS—gradX .7,
d 1
Bp: —d%-:'é'q?—l—g,
43 (OE (15.7)
88: —_— = == :T'
(05)p
ax: %’;—:

[ToxaxeM, uro ypaBuenue (6.9) sBasercs C/JIeACTBUEM STHX ypaB-
HeHUH W ABYX MNepBbIX cooTHouweHu#t (15.6). I[lepemuineM ¢ sToft
ue/blo MepBoe u3 cooTHowenu#t (15.7) B Bune

V= 2 Ex grad MNe

[Mpumensis dopmyast (3.5) u (3.6), Mbl NPUXOLNM K CJELYIOLIEMY
BBIPAXEHUIO 11 ycxopemm:

a+grad Z (;x grad —z d”" + d"‘ grad m) (15.8)

x

Ho dS/dt = dX/dt = d'{/dt =0, noaromy
:—-grad—q +grad + tgradS—-—grad 9—— grad p.

(Mbl MCTIO/IL30BAJHK 3JeChb H3BECTHOE TEPMOJAMHAMHYECKOE TOMIe-
ctBo TdS=dl—dp/p.)

ILas toro uytoObl npuaaTb NpPOBENLEHHOMY HCCJeLOBaHUIO 3a-
KOHUEHHBI/I XapaKTep, HY»KHO €llle NMOKa3aTh, YTO Kaxloe (eye-
HHe HIeaqbHOH CXUMaeMOH JKUAKOCTH SBJASAETCS 3IKCTPEMaJbio
BapHalUMOHHOH 3anauu Xepusesaa — Jluna. DToT ¢akT Obla ycrTa-
HOBJIEH aBTOPOM Hacrtosiuleii paGoTel (cM. m. 29a).

Xorenocb Obl MMeTb BO3MOXHOCTb BBIBECTH YpaBHEHUS [BU-
’KeHHust BSI3KOHl MUAKOCTM HAa OCHOBE BAapHALMOHHOrO MPHHUMMNA,
aHaJOrMYHOro npuHumny Xepureaa. Bompoc cBoautcs nmo cyiue=-
CTBY K TOMY, 4TO HeoOXOJAHMMO B KauecTBe JAOMOJHUTENbHOrO
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YCA0BHUs TIOCTYJINPOBATL YpaBHeHHe SHepruM (B pabore Xepuseia,
HampuMep, ypaBHeHHE 3SHepruu ompese/seTcs YC/IOBHEM cOXpa-
HeHus SHTpomuu). DBes Takoro uau Kakoro-an60 aHaJIOTMYHOTO
JIOMO/THUTE/IbHOTO YCJOBUS, N0-BUAHMOMY, HEBO3MOXHO MOJYYHTH
ypaBHeHHs IBHXKEHUS BSSKOH KUAKOCTM M3 npuHuMNa [aMu/b-
tona. Tak, nanpuMep, Muanuked!) mokasas, uTo W3 MPUHLHMMIA

BUJA Bdev:O, roie L 3aBUCHT TOJBKO OT Vv M gradyv,

Heab3s BBIBECTH YpaBHEHHWH YCTAHOBMBILErOCSl IBHXKEHHS BSI3KOH
HeCKMMAeMOH HIKOCTH, 3a HCKJ/IOUeHHEM HEKOTOPHIX TeucHuH
YacTHOrO BHJa (9TH TeueHUss OYAYT pPACCMOTPeHBl B M. 75 HauleH
cTaTthbu) 2).

lpyzue sapuayuonusie npunyuns. KpoMe pacCMOTPEHHBIX
Bbillle OCHOBHBIX BapHALMOHHBIX MPUHLHUIIOB, CYLIECTBYIOT Pa3J/iny-
Hble BapHaUUOHHHIE (OPMYJMPOBKM YACTHBIX 3alady JAHHAMHKH
Kunkoctd. Hexoropble 3 9TUX BapHalLMOHHBIX 3alau Mbl OyleM
paccMaTpUBaTh HUXKE B COOTBETCTBYIOLIMX PasienaX Halle# CTaTbu.
OTMeTuM, B yacTHOCTH, TeopeMy KeibBuHa O MUHUMyMe 3SHep-
run (n. 24), BapuauuoHHble npuHuMnel Befitmena (m. 47), Teo-
pembl [eabmrombua u Pasmes (m 79) u T. m.

) Millikan C., Phil. Mag., (7) 7, 641 (1929).

2) Pe3yabTaThl OTPHUATENBHOrO XapaKTepa, Kacalol1ecs BapHalHoH-
HBIX TIPMHUMIOB JJS IBHXKEHHS BA3KOH XMIKOCTH, OblLIM MOJYYEHBI U
npyrumu aBtopamu [Gerber R., Ann. Inst. Fourier (Grenoble), 1,
157 (1950), J. Math. Pure Appl., 32, 79 (1950); Bateman H., Phys.
Rev., (2), 38, 815 (1931)].
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HEC{MMAEMbLIE M BAPOTPONHLIE WAEANDBHBIE
HUAHOCTH

§ 1. OGwmue NPUHL MDD

16. Beenenne. Mul HauiiHaeM IeTa/JbHOE H3yueHue CBOHCTB
IBMXKYLIEHCA KUIAKOCTH C UYACTHOTO, HO BECbMA BaXKHOTO CJyuasi
MAeaqbHOR KHIAKOCTH. B 3TOM cayuyae BeKTOP HanpsKeHUH Bbl-
paxaercs npocToi GopMy/aof t=-— pn M ypaBHeHUS IBHKe-
HUS HMEIOT BUIL

B 4 pdivy=0, (16.1)
d
pd—‘t]: of — grad p. (16.2)

B ofuiem ciyyae K 5TUM UYeTbipeM YPaBHeHHAM caeiyeT 100aBuTb
TepMOLMHAMHYECKOe COOTHOLIEeHHE

p=r T) (16.3)
rae uepes T obGosHauena abcomoTHad TeMmmepatypa. Vccienosa-
HUe 3TOr0 OOUIEro cJyyas Mbl OTJIOXKUM 10 CJAEIYIOIIUX IJIaB,
3JleCh M€ Mbl PaCCMATPUBAEM U3SIUHYIO TEOPHIO, OCHOBAHHYIO Ha
NpeAnoIOKEHUH, YTO JaBleHHe U IIOTHOCTb C8A3AHbL. Heno-
CpedcmseHHo, T. €. UTO

p=/(@) wm p=g(p) (16.4)
TeueHne, B KOTOPOM IIOTHOCTb M JaBJ/eHHE CBA3aHbl TaKUM
06pasoM, HasbiBaeTcs OQPOMPONHbLM. 3aMETHM, YTO COOTHO-
uieHue (16.4) MoxeT BEIMOMHATbCA MO0 B CHaIy OCOOLIX YC/I0-
BUH, NPH KOTOPHX MNPOMCXONMT HABHKeHHe, IUOO B CHIY NpU-
CYIIMX CaMO} XULKOCTH CBOHCTB. B moc/elneM cayyae XUAKOCTH
HA3bIBAETCS Nbe30M ponHol (pasauuue Mexny 6apOTPONHLIM JIBH-
JKEHWEM ¥ JABIXKeHUEeM MNbe30TPONHOH MXUAKOCTH CTaHET SICHBIM,
ecaM 3aMeTHTb, 4TO M1000e TeyeHHe Mbe30TPOMHOR KUIAKOCTH
6apoTpPONHO, HO He HAaO6OpOT; CM., HampuMep, IPUBEJEHHbBIE
Hixe mnpuMmepbl). [lbe3oTponHas KHUAKOCTb, LI KOTOpPOR p=
== const, Ha3bLIBACTCA HecHcuMmMaeMmoll.

4 3ak. 1160
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YkaxeMm cienyiomue npuMepbl 6apOTPONHOTO TeYEHHUS.

1. YcraHoBuBLIeecs ABHXEHHE BO3AyXa NpH uyucjIaX Maxa
or 0 no 0,4. laMeHeHMe NJOTHOCTH BO BCefl 004aCTH TeyeHUs
npu TakMX uucaax Maxa He mpesnimaer 89, W, KaK MpPaBuio,
IJIOTHOCTb MOXHO CYMTaTh MOCTOSHHOM.

2. WssuTponuyeckoe ABHKeHHe rasa. B cayuae, Hanpumep,
COBepILeH! O O rasa C NMOCTOAHHBLIMU YNEAbHBIMU TENI0eMKOCTAMH,

p=Np', N, 71=const.

Bce pesyabTaTH, NOJYuYeHHBlE B STOH TIJaBe, OCHOBAHB Ha
NpeLNoJOKEeHHH KOHCePBAaTUBHOCTH TOJA BHEWHUX cul, f=
= —grad Q. 3ameTHM, UTO HHMKaKHE IONOJHUTE/bHbIE NpPELNO-
JIOXKEHHUs OTHOCHUTENbHO XapaKTepa [ABHXKEHHS KUAKOCTH 31eChb
HCIMOMb30BATECS He OYyAyT.

XapaxmepHom c80olicmeom Gapomponnozo OBuNCEHUS
ABASEMCSA NOMEHYUAALHOCMb NOAA YCKOpeHul

a.—.—_%_—_——grad(fdp—p—l»—sa). (16.5)

dra mpocras dopmynaa Iiaepa ABJAETCS OCHOBOH IaibHEHUIETO
WCCEeNOBAHUSA U NPUBOAUT K 3HAUMTENbHOMY YNPOLIEHHK) BOMpOCa
O CBOHCTBAX IBHXKEHHS MXUIKOCTHU.

Mrockoe dsuscenue. Ocecummempuyroe 0susxcenue. Bex-
mopusle aunuu. Kpatku#t 0630p 3THX NOHATHH, KOTOPHIM MBI
3aKaHYMBAeM BBOIHBIM NYHKT JNAHHOTrO pasflea, HUMeeT CBOel
rIaBHOM HeJbI0 YCTaHOBUTb TEPMHUHOJOTHIO.

JIBHXKeHUe IKUAKOCTH HA3bIBAETCH N.LOCKUM TEYeHUEM, eCJH
B HEKOTOPOH INpSMOYro/ibHOH cHCTeMe KOOpAMHAT X == (X, Y, 2)
CKOPOCTH & =0!, ¥ =0% gBJAIOTCA QYHKUUAMH TOIbKO X H Y,
a ©v3=0. J[IBM:xKeHHe NPOUCXOIUT B ceMeHcTBE TMJOCKOCTEH,
napajjesbHbX TMIOCKOCTH X, Y, W B KaXIO# U3 ITUX IIOCKO-
cTet MMeer OAMH M TOT Ke BuL. [Io 3TOH mnpHuKMHE MOXKHO
OrpaHUYUTBCS PACCMOTPEHMEM eIMHCTBEHHOH miockoctu 2z ==0.
JIBUKEHUE HA3BIBAIOT OCecuMMempuiHslim, €clu B HEKOTOPOH
UMJMHAPHYECKON cucTeMe KoopauHaT X ==(x, y, 0)1) ckopacrtu

1) OpueHTalus CHCTEMBl KOODAMHAT MOKasaHa Ha puc. 2. Bmecrto
3THX 0603HaueHuit HeKOTOpble aBTOpH [Hampumep, Jlam6 u Muan-Tom-
COH MCHOJb3YIOT 0603HaueHus (x, o, 0)]. Caenyer sameTuTh, UTO BBRAe-
HHIO B MEpHAHAHHON MIOCKOCTH MOJAPHBLIX KOODAHHAT 7, § 06bIUHO €OOT-
BETCTBYeT BBEJEHHE B MPOCTPAHCTBE cdepiieckux KoopauHat r, ¢, 0.
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u=1!, v=1% aBasiioTcs QYHKUUAMH TONbKO X U Y, a v3=0.
OueBUIHO, 4YTO B ITOM CJydae [AOCTATOYHO H3YYUTb IBUKEHHE
B MepuauauHo#l noayniaockoctu 6 =0.

Kpusas, xacatejbHas k KOTOPOH cOBMajaeT B KaxJAoOH TOuke
C JAHHBIM HeNpepLIBHBIM BEKTOPHBLIM I0JIEM, HA3BIBAETCS BEKTOP-
HOft JuMHMe#l. B uyacTHOCTH, BEKTOpHble JIMHUM NOJS CKOpocTeft
HA3bIBAIOTCA ALUHUAMI MOKQ, & BEKTODHBIE JMHUM NOJSA BeK-
TOpa 3aBUXPEHHOCTH — BUXpesblMu Aurusfmu. (3aMeTHM, UTO
JUHUU TOKA ¥ TPAEKTOPHUH UaACTHL
COBMNAalaT, BOOOLIe rOBOPS, TOIBKO ¥

B C/yuae YCTaHOBUBIUEroCsl JBHKE-
@,y)

nus.) Hakowuen, romopsr, uTO IBH-

KeHue Oe38uxpesoe, eciad TOJe

BEKTOpPa  3aBHUXPEHHOCTH  PaBHO

HY IO, =

17. KoHBexuus 3aBHXpeH-
HocTH. M3yueHue u3MeHeHHs BO
BpeMeHH MOJI BEKTOpa 3aBUXpeH-
HOCTH §IBASETCH OLHUM U3 Haubosee Puc. 2. CHCTeMa KOOpAHHAT
BAXXHBIX METOIOB II0MYHYEeHUs l/IHq)Op- A OCECUMMETPHYHOrO JBH=-
Malyy O IBMXKCHUHU KUIKOCTH. MMmes KEHHUS.
93TO0 B Bl/lﬂ.y, MBI BhbIBeleM celuac
KUHEMATHYECKOE COOTHOLIEHUe, Onpelesiolliee CKOPOCTh U3MeHe-
11 3aBUXPEHHOCTH B MPOU3BOJBLHOM TeYEHHH CIUIOLIHOH Cpeisl.
OTnpaBHbIM NYHKTOM HaM MOCJAYXKUT XOpPOIIQO H3BECTHOE TOKIE-
CTBO

v-gradv-_-:w><v+grad%q2. (17.1)
ITpumenus omepatop rot k obeum uacTaM ypaBHeHHs (3.5), Mbl

B cuay paseHctBa (17.1) nosayuum

rota=%%+rot(w><v)=%;—’—w-gradv—l—«)divv.

W3 sroro ypaBHenus M ypaBHeHus (5.3) clelyeT ypasHeHue
Ougppy3uu Benbrpamul), a HUMEHHO ypaBHeHHe

d (o ® 1
7 (?) == - grad v+ ?rota. (17.2)

B Beltrami E., Mem. Acc. Sci. Bologna (1371—1873); Opere,
2, crp. 202—379, B ocoGennoctu § 6.

4*
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[MpuMeHHM Temepb 3TOT pe3yabTaT K 0apoTPOIHOMY TeueHHIo
uneasbHOM KUAKOCTH. B 3TOM cayyae B cuay dopmyas (16.5)
rota==0, tak yro ypasHeHue (17.2) npuHuMaer cleAyouil Buu:

d (o ©

—_ =)= — . oT . .

dt(P) 2 - grad v (17.3)
10 M3ALHOE YpaBHeHHe !) OMUCHIBAET KOHBEKLUHMIO 3aBMXPEHHOCTH
npu GaporponHoM Aswxenuu. Murepecno, uto ypasuenue (17.3),
paccmatpuBaeMoe Kak auddepeHuralbHOe ypaBHeHHe OTHOCH-
TeJbHO ®, NOMYyCKaeT TOYHOe MHTerpupoBaHue. JleHcTBUTENbHO,
"BBeJIeM HOBYIO HEH3BECTHYIO C, ONpelelseMyl0 PaBeHCTBOM 2)

© ==pc - Grad x. (17.4)

d1a saMeHa NepeMeHHbIX koppekTHa, Tak Kak J==|Grad x | == 0.
Torma, KaK TOKA3bLIBAIOT MPOCTHIE BBEIUHCACHUS,

de
r =0, c¢=cX).
IMoncrasass B dopmyay (17.4) ¢ =0, mnonayuaem ©,==p,C 1,
cJeJ0BaTeNbHO,
2 =" . Gradx. (17.5)
p Po
AtoT 3aMeyaTesIbHBIY pe3y/bTaT ObLI MOJYyYeH, NPaBla, H3-COBCEM
apyrux coobpamenut, Kowu3d) B 1815 r.

OTMEeTUM TPU BAXKHBLIX CJeACTBHA ypaBHeHus (17.5).

1. Coxpansemocms suxpesolx auruii. DTO 03HAYaer
NPOCTO, YTO MHOXECTBO 4YacTull, o0pasyiollee BHXPEBYIO JHHUIO
B HEKOTODHI!l MOMEHT BpeMeHH, npu npeobpasopanun X =@ (X, £)
NepexOAUT B MHOXKECTBO, sBJMIOLIeecd BUXPeBOH JuHHell BO Bce
nocjelylolide MOMEHTH BpeMeHd. Jla9 10Ka3aTeJbCTBA 3TOTO
YAMBUTEJLHOTO (aKTa NOCTATOYHO MOKA3aTh, YTO HanpasJ/enue dX,
KacaTeJbHOE K BUXDEBOH JMHMM B HEKOTODH{ MOMEHT BpeMeHH,
MepeMelliaeTCs BMeCTe C KUAKOCTbIO TakuM o0pasoM, 4TO BO BCe

") Ono mnpunamaexur Haucony [Nanson E., Mess. Math., 3,
120 (1874)]. B Heckosbko HHOH (opMe 3TOT pe3dyabTar Obla MOMYUYEH
ditnepoM [Euler L., Novi Comm. Acad. Sci. Petrop. (1762); Opera
Omnia (2) 12, ctp. 133—168]. B yacTHOM cayuae MOCTOSHHOH MJIOTHOCTH
ypaBHeHue (17.3) oObiuHO Ha3bIBAIOT ypaBHeHHeM [‘eabMroJsua.

2) B caenywomewm nanee paBenctBe Grad xzdxj/Xm.
3) Cauchy A.-L., Mem. Divers Savants (2), 1; Oeuvres (1),
1, ctp. 5—318, B ocoGennoctu u. 1, § 4.
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BpeMs JBIDKeHUsI OCTAeTCA KacaTeJbHbIM K BuxpeBoft mumin. Tak
Kak npy ¢t =0 dx =dX =w,dx, 10 B 11000/t ADYyroi MOMeHT
BpEMeHH

dx =dX - Grad x = v, - Grad xdc:%mdt, (17.6)

M Mbl JeHCTBUTENbHO I0OJyYaeM, 4TO BEKTOpP dX HampaBjeH MO
KacaTenpHOH K BuxpeBoit muHuM. Kcraru, ypasnenue (17.6) mno-
KasblBaeT, YTO [JWHA B3JeMeHTa AYyTd dS BUXPEBOH JMHUM U3~
MeHsieTCl B COOTBETCTBUU C (popMyJioh

0
2 ds = -2 ds,, (17.7)

Hccnenopanue BHXPeBHIX JuHHB Oyler npono/pkeHo B M. 25.

2. Teopenma Jlazpannca — Kowu'). Ecau wacmuya
HCUOKOCMU UAL HeKOMOPuL 00%eM HUOKOCMU HAXO0OUAUCDH
nepeoHAUALbHO 8 Ge38UXPEBOM OBUNCEHUU, MO 3MO CBOUCMBO
coxpanumcs 80 8ce 8pems O8uscenus. IDTO YTBepKIeHHE
ABJISETCH OUEBUAHBLIM cjeictsieM ¢opmyast Kowwm (17.5).

3. B cayuae naocrozo Osuscenus Mbl uMeeM

ov Jou
w,=o0,=0, 0, =0 =G — G (17.8)

TakuM 06pasoM, BEKTOD ® HAampaBJeH MO HOPMaJu K MJIOCKOCTH
Teuenua u o - grad v=0. W3 ypasHenus (17.3) cuaenyer, uTO
10751 UKCUPOBAHHON YaCTULBI KUAKOCTH w/p == const;, 3TOT ¢axr
HATASOHO WJoCTpuUpyeT ciaelctBus 1 u 2, chopmyanpoBaHHbe
Bblle. AHAJOTMYHO IS OCECUMMETPUYHOIO TeueHUs

ov ou
(A)xr.:wy:(), (1)‘3:(1):.7)?._5)T

(17.9)

(cM. m. 12). Hs ypasuenus (17.7) caenyer, uto aas uUKCHPO-
BAHHOM YaCTUIBI XKUAKOCTH ®/yp == const. DTOT pe3ybTaT MOXKHO

') Lagrange J. L., Nouv. Mém. Acad. Berlin (1781); Oeuvres,
4, ctp. 695—748. Tlpu dopmyaupoBke M J10Ka3aTelbCTBE TeOpeMmhl Jla-
rpaHX AOMYCTHJ HEKOTODble HeTOUHOCTH. KOppekTHOe 10Ka3aTeabCTBO
TeopeMb] npuHamiexuT Komm, cM. npumeuaHue Bbilie. 3aMeTHM, 4TO
tTeopeMa Jlarpanxa — Komu ocHOBaHa Ha TNpENNOJOXEHHH O Hempe-
PHIBHOCTH [IBUXEHHA B CMbICJE OMpejJeneHHs, 1aHHoro B m. 3. DBesBu-
XpeBOe TeueHHEe MOXKeT CTaTh BHXPEBBIM INOCJE MPOXOXKAEHUA YIapHOH
BOJHBI (CM, I. 54), HO ocraeTcs GEe3BHXPEBbIM NpH Iepexoje uepes
NOBEPXHOCTb caaboro paspbiBa (cM. 1. 51).
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66110 OBl MOJYUHTH, MCXOIS, KAK M B Cayuae MJIOCKOTO TeyeHus,
u3 ypasHenus (17.3), omnako BblBOA OblI OB He CTOJIb IPOCT.

18. Teopemsl bBepuyaau. YpasHeHnueMm DBepHynan oGBUHO
Ha3LIBAIOT OLMH M3 TEPBBHIX HHTErPaJOB ypaBHEHUH NBHKeHHs ).
B 3aBUCHMOCTH OT YaCTHHIX AHHAMHYECKHUX HMJIH KHHEMATHYECKHUX
npeﬂnonomeﬂnﬂ OTHOCHUTEJbHO xapamepa ABHXKEHNA 3TO ypaBHE-
HUe TIpUHMMAeT pa3auuHblie (GOpMBI, OAHAKO BO BCeX CJydasax
OCHOBHYIO pOJIb HUrpaer BeJHUYHUHA

1 d
H57q2—{—f—pﬁ—|-52.

MB paccMOTpUM B TOM MNYHKTe pas3/uuHble (GOPMBI ypaBHe-
Hus bBepHyam B ciydae 6GapoTpONHOrO TeyeHHs HIeaTbHOH
HULKOCTH.

Bocnoabsosasiucs dopmyaoit (17.1), Mpl MOxeM 3anucaThb
ocHoBHOe ypasHenue (16.5) B Buze

(3)_‘;+m><v=—grad]‘[. (18'1)

[Tpeano/sOKUM TeMepb, UTO TeyeHHe YCTAHOBMBILeecs; TOIAA,
KaK Jerko BuleTh u3 ypaBHenus (18.1), cnpasenauso cienyio-
liee yTBEpKIEHHUE.

Teopema bBepuyaanu. Ecau 8 o6racmu Yycmarogus-
wezocs GapomponHozo mewernus uoeasbHOl HuUOKoOCmU
w X v=0, mo

;—q2—f—f—dpﬁ+9 = const.

B npomusnon cayuiae, ecau w X v=+0, 8 o6racmu meye-
Hus cywecmeyem cemelicmso nosepxrocmedi

H=%q?+f—dpﬁ—{-9=const,

npudem Ha KaxcOod ud smux nosepxrHocmel 8 Kadecmse
KOOPOUHQMHOIL Cemii MOJNCHO Bbl6Gpams suxpesvle AUALL
u aunuu moxa. B wacmuocmu, H = const Ha AuHuax moxa.

) Hanuna Bepuyaan (Bernoulli D. Hydrodynamica, 1738)
noayuua oGuyl Teopemy Tuma cQopMy.aupoBaHHOH Bbime. He Hamo
IyMaTb, OJHAKO, YTO €My OBbIIH HM3BECTHbl BCE pe3yabTaThbl, KOTOpbIE
cefiuac HOCAT HasBaHue ypaBHeHuil BepHyana. Cwm., Hampumep, mpenu-
CélOBHe perakropa k Cob6panuio couunenuii ditnepa (Opera Omnia
(2) 12).
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[MosepxuHoctu H = const MOxHO Obl10 OB Ha3bIBATb NOBEPX-
Hoctamu Jlam6a mo MMEeHH X MepBOro uccaenosatess !).

[Toutn Takof ke pe3yJabTaT MOXKHO MOJYYHTb Tpu Godee caabom
NPENNONOKEHNN HE3ABUCUMOCINU OM 8PeMEHU NOAS 6eKMOpPA 3AaBUX-
pennocmu, He TpeAnofaras 3apauee, 4TO TeYeHUE yCTaHOBUBLIEECs 2).
B camom jneae, ecan o X v=0, 10, NpuMeHUB omeparop rot K COOT-
HOIUEHHIO V = Rw®, Mbl MOJYUYHM

2
T w-rotw

)

U3 Yero CJeAyeT, YTO MOJe CKOPOCTeH Takke §IBAneTCs YCTaHOBUB-
muMcd. JTOT OCHOBHOH cayuail yxe Obla paccMoTped Bhimie. Ecau
o X v =0, 0 nose ckopocTeii He 00s3aTeNbHO OyIEeT YCTaHOBHUB-
HIHMCS,, HO B 3TOM Clyuae

ov ow

ot 57 =5 =0

H, ClefloBaTelbHO, Ov/0f = grad y, rie y — HEKOTOpas MOTeHIMadbHad
¢ynxuus. Takum obpasom, mpu o X v =0 B 064acTH TeueHus Cyme-
CTByeT CeMefiCTBO MOBepXHOCTeH

%qz+f‘i‘)_p+sz+xz const,

Ha KaxJ0OH M3 KOTODBIX B KAayeCTBE KOOPJIMHATHOH CETKH MOMHO
BLIGpPaTh BUXDEBHIE JHHHH M JUHHH TOKa.

Kax wu3BecTHO, Oe3BUXpeBOe TeueHHEe XapaKTepPUBYETCs TeM,
yTo cyuectsyerT (OBITb MOXEeT, MHOTO3HAUHBIH) nomeHyuas
noan cxopocmel ¢ =q¢(X, t), Tako#l, 4TO

v=grad ¢. (18.2)

(HekoTopele aBTOpbl 110 aHAJMOTMU C MNOTEHLUHANOM CUJI OIpe-
IeNdioT TMOTeHUHan CKOpOCTelt COOTHOLIeHueM V== — grad ¢.
Onnako 3To MeHee ynOOHO, M B COBDeMeHHOH JHTepaType
noc/elHee onpeleaeHue, KaK npasumo, He ynorpebasercs.) Coot-
Houwenue (18.2) nospo.sifeT npouHTerpupoBaTh ypasHeHue (18.1),
M Mbl TnoJyuaeM, TakuM oOpasoMm, meopeny bBLepuyairu 0isn
6e38uxpesozo meueHus:

g_'j+%q2+f%+9=f(t). (18.3)

? Lamb H, Proc. Lond. Math. Soc., 9, 91 (1878); cm. Taxxe [8],
§ 165.

2) dro o6o6uIEHNE NpHHALMEKUT, MO-BHAMMOMY, Masorru [M a-
sotti, Rend. Lincei, (6) 6, 224 (1927)).
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B caysae ycraHoBuMBLIerocs IBHxeHusi ypasHenue (18.3) mpu-
HuMaeT OoJiee MPOCTOH BHA:

—;—qQ—i—f%ﬂ—{—Qsconst. (18.4)

Bosbinoe snauenue ypasHenn#t (18.3) u (18.4) omnpenensiercs
TeM, YTO STH YypaBHEHHUs MNpPelCTaBJAAIOT COOOH MOJHEIE WHTE-
rpanbl ypaBHeHHH IBHXEHUS.

19. dyukuua ToKa. B kaxmoMm ciayuae, KOria ypasHeHue
Hepa3PLIBHOCTU JOMYyCKAeT TPeACTABJEHHE B BHIE CYMMBl ABYX
NPOM3BOIHBIX, 3TO YypPaBHEeHUEe MOXeT OBITb MPOMHTErPUPOBAHO
BBelleHHeM (YHKUMH TOKa. B 35TOM NyHKTe Mbl pPacCMOTPUM
TOJbKO TIIJIOCKOE TedeHHe M OCeCHMMeTDHUYHOE TeueHue, XOTs
9TU TEeYeHUS He MCUEePNLIBAIOT BCe C/Iydad, B KOTOPHIX BO3MOXHO
nocrtpoeHue Qynkuumu TOoKa. Mbl OyZeM MpeANoJaraTb TakKke,
YTO MUAKOCTb HecC:KHMMaeMa; OoJjiee CJAOXKHBIR Ciyyat CxuMaeMoH
WUIKOCTH OyIeT pacCMOTpeH Hike (cM. m. 42).

ITaockoe mewenue. B stom ciyvae u = u(x, y), v=1v(x, y),
=0, U NO3TOMy ypaBHEeHUe Hepa3pbIBHOCTH HMEET BHU]

ou ov
ox Ty =0
B cuity 3TOr0 ypaBHeHUs! KpUBOJIUHENHBIHA HHTEr pall f udy—vdx,

B3ATEHIH OT (UKCMPOBAHHOH TOUKHM (X V,) MO IepeMeHHOR
TOUKM (X, y), onpeleiser (ObITb MOXET, MHOTO3HAYHYIO) (YyHK-
unio =4 (x, y, £): s
u=-g—t, 'U:———%. (191)

Jlerko BuieTb, YTO MO u3BEeCTHOH ¢(yHxuMM ¢ none ckopocrett
BOCCTaHABJIUBAETCS OLHOBHAYHO. SICHO TaKXKe, 4TO JMHUM { = const
ABJAIOTCA JUHUAMH TOKA; NOcJelHee OOCTOATENbCTBO MOCJIYKHIIO
NPUYMHOW HasBaHua GyHKuuH ¢ (yHKLUeH TOKa.

Ilpencrasnser MHTepeC ypaBHeHHe, KOTOPOMY YIOBJIETBOpPSET
¢ynxuua ¢, a MMEHHO ypaBHeHHe

0%y 0%y
W ayz = — 0, (192)
KOTOpOe sBJseTCs cJeicTBUeM ypaBHenu#t (17.8) u (19.1) u
HCTIONb3YeTCA [/ oOnpeleseHus ¢ MO U3BeCTHOH BeJHUHHe
3aBUXPEHHOCTH. 3aMeTUM TeNepb, YTO M1 BAOCKOZ0 YCMAHQ-
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susuLe20csa mederus B cuiy ypasHenus (18.1)
dH
H=H(}), ©=—r
CienoBatelbHO, moboe pellenue ypaBHenus A% = f({) Mmoxer
CJYXUTb NPUMEPOM YCTAHOBHUBILETOCS MIOCKOTO TEUEHHUS; KOHEYHO,
B KOHKPETHOH 3alaue HYXHO Take TNPHHUMATL BO BHUMaHue
TPaHHYHBIE YCJAOBHUS, KOTOPHIM 10/KHA YAOBIETBOPATL GyHKUUA .
B cayuae GesBuxpeBOro TeueHusl CylIeCTBYeT TMOTEHLMAT ¢ H
op _ 0b o9 oY
ox oy YT Oy T " ax”

KoMniekcHas oyukuna w =w (2, £) =9 +i), z2=x-1y
AIBISETCS, CJe]0BaTe/JbHO, aHaJUTHYeCKOH; 9TOT (hakT 4acro
NO3BOJISIET HAWTH TOYHOE pellleHHe 3a1auu O TMIOCKOM Ge3Baxpe-
BOM IBHXEHHH HecCxxumaeMo#t uakoctd. Yuratenb Moxer obpa-
THUTbCA TO 3TOMY Bompocy k kuuram JlamGa [8] u Muan-Towm-
cona [10], a Taxxe k cratbam bBepkepa, Bexaysena u Ilxusabapra
B IaHHOH IHUMK/IONMELNH.

U =

Ocecummempuunoe meverue. Tak KaK PaccymJIeHds B 9TOM
ciydyae BMOJHE aHAJOTMUYHBI H3/MO0XKCHHBIM BBILIE, MbI OTPAHH-
yuMcs  QOPMYJIMPOBKOH pe3ynbTatoB. [l 0OCECHMMETPHYHOrO
TeuyeHHs ypaBHEHHe HePa3PbIBHOCTH HMEET BUIL

2 (90) + - (y0) =0

[cM. dopmyay (12.11)]; caenoratesbHO, MBI MOXEM ONpENENHTD
OyHxuuo ToKa U =19 (x, y, {) TaxK, 4T0OH
Loy 19y
y oy’ 7y ox’
YpaBHeHue nnas HaxoxAeHus ¢ MO M3BECTHOH BeJMYMHE 3aBHX-

DEHHOCTU MOJIyYaeTCs B pe3y/bTaTe HCKMOUEHHs # W U W3 ypas-
veuu#t (17.9) u (19.3) u wumeer Bun

U= (19.3)

2y oy 1A
2) = 9%
E% = i + == e I yo. (19.4)
B ycmanosusutemcs mewenun H v o cB93atbl COOTHOLIEHUIMH
' dH
H=H(®Y), o=—y T

i mo3TOMy J060e peluenue ypasHenus E£2y = y2f () MOKHO pac-
CMAaTpUBAThb KAK MpUMep YCTAHOBUBILETrOCS OCECUMMETPUYHOIO
TeyeHus.
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Hutepecuuit  nmpumep jgaer cdepuueckufi Buxpb Xuaia
=1, Ay*(a®—7r?), rie r?==x2-y2 Jlag 9TOrO TeyeHHs
0o=>5Ay u H=—5Ab—- const (cm. [8], ctp. 309).

20. YpaBHeHHss [ABHXEHHUS B €CTECTBEHHBIX KOOpAMHA-
TaX. PaccmorpuM miockoe ycranoBuBlleecd ABHxeHue. IlycTb s
M n 0003HAUYAOT AJMHY AYTH JMHHH TOKA MU MX OPTOrOHA/bHBIX
Tpaextoputt. IlocraBuM cBoeit 3ajave#t Haitu BUI ypaBHeHuh
IBUXEHHS, 3aMHCAHHBLIX B NPOMU3BOLHBIX 1O MEPEMEHHBIM S U N,
Y100HO HayaTb Halil paccCMOTPeHH ¢ (OPMYyJbl A1 IUBEp-
FeHUMH BEKTOPAa CKODOCTH; Ha 3TOM IpUMepe CTaHET SICHBIM
TaK:ke OOWMK MeTOH, MCMOJb3yeMbH B 9TOM myHKTe. B 1ekap-
TOBOH cucteMe KoopauuaT (x’, y’) C HayaioM B HEMOIBHNK-
HOH OTHOCHUTENbHO XKUAKOCTU TOUKe P U OCAMHU, HanpaB/eHHLIMHU
N0 NpPOXOAALIMM yeped P JMHUM TOKA M OPTOTOHAJNBbHOH Tpaek-
TOPHUH,

. ou’ o0v’ 0 0 .
div v =5+ Gor = g7 1405 (O — Dp)l - 5o [ sin (B — Bp)];

anech uyepe3 ¥ 0003HAYeH VYrosa HAKJIOHA BEKTOpPa CKOPOCTH
K OCH X HCXOLHOH cucTeMbl koopauHat. [IpousBens ykasaHHOe
nuddepeHUNPOBaHUE, Mbl [OJYYMM, YTO B TOuke P

. __ Oq 0%
divv = '53——*'— q'ﬁ. (20‘1)

Vcxomas ¢opmyaa, Takum o6pasoM; mHoJyyeHa. Bsens B pac-
CMOTpeHHe KpUBM3HY % 4 K /uHME TOKA U MX OPTOrOHA/IbHBIX
TPaeKTOPHH COOTBETCTBEHHO

0% 0%
a5 K=3»

K=

MB MOMeM, BOCHO/L30BaBIMCh papeHctsoM (20.1), sanucars
ypaBHEeHHe Hepa3pHIBHOCTH B BUIE

9
75 (09) + Kpg =0. (20.2)
ToyHo Tak ke, MpuMeHUB GoOpMyIy

d 0
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Mbl NOJYYUM B IPOEKUMAX HA JUHUIO TOKAa U HA €e OpTOro-
HaJbHYI0 TPAeKTOPHUIO YpaBHEHHUSA

dq 9 9
Pqﬁs‘:"Tg* pq%:_%. (20.4)

Ypasuenus (20.2) u (20.4) ob6pasyior cucmemy ypasHerui
YCMAHOBUBULEZ0CA NAOCKOZO MEHEHUA B €CIECHBEHHbLX KOOD-
Ounamax. PaccyxjeHus, aHa/JOTHYHbIE HCIOJb3OBAHHHIM TIpH
BriBoZe opMmyas (20.1), nossoasior
HaHTH a8 ONpeleJeHUs 3aBUXPEH-
HOCTH (opMyay

a
og mox
®=— -+ ug. 20.5 uf

on '1"“ q ( ) I\UH
Jlerko BBIMHCATb COOTBETCTBYIOLIHE
ypaBHeHHs  LJsi  OCECUMMETPHUYHOro
TeyeHus. B uyacTHocTH, MBI BMecTO

ypasHenns (20.2) nouyuum b

%()’Pq)-i—Kypq:O, (20.6) Puc. 3. EcrecrBennbie
KOODJHHATHl B Tpexmep-
a ypasuenus (20.4) u (20.5) ocratorcs HOM TEYEHHUH.
HeM3MeHHBIMU.
[Tonyuennble Bbille ypaBHeHus Oe3 Tpyxa 06006mal0Tcs Ha
TPeXMepHBI# Cayual, ecau BOCNONb30BaTbes (opMynamu dpene

)
os

ﬁ
0s

=1,

= —1n, (20.7)

rie yepe3 s, n U b 0003HaueHH COOTBETCTBEHHO KacaTeJbHad,
rjaBHas HOpMajib W GMHOpPMAJdb K JMHUM ToKa. MBI HMeeM

divv==div(gs) :%‘g +gdivs.

Cnenosarenbto, ecau o6osnauuts M ==divs, TO ypaBHeHue
HepaspLIBHOCTH MOXKHO 3amucaTth B BHIE

2 (6) + DMog =0. (20.8)

AHaJOTMYHO TNOACTABMB B  ypaBHeHHs JIBUXEHHA BHIpae-
HUE V==¢gS 1 BOCMOJb30BABLINCL dopmyao#t (20.3), MLl moJayuum

0 Js
pq EZ— s+ pg° 55 = —grad p. (20.9)
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Bropoe cnaraemoe JieBoft uacTH MOXHO Npeo6pasoBaTh MO OAHOH
3 ¢opmyn dpede, mocae uero, 3anucas ypasHeHue (20.9)
B NpPOEKUMAX HA HAmpaB/eHus S, n U b, Mb NOJyYUM

q 4 2 op op
Ypasuenus (20.8) u (20.10) ABIAIOTCH UCKOMBIMU Y PABHEHUAMU
VCMAHOB8UBWEZOCA OBUNCEHILSL 8 eCMECMBEHHILX KOOPOUHAMAX.

" Boipaxenue 1 BeKTOpa 3aBUXPEHHOCTH IIpOLIE BCEro MOJYYHTHb
CHAEAYIOIHUM Ccnoco60M. 3aMeTHUM, UTO

( Sp np bp
] 0 0
o =r0otv= Js —d‘n—* % N (2011)
V.S, v-n, v-bp

rie P — HemojBHXHAas OTHOCHTEJNBbHO MOTOKA TOUYKa, a (S, n, b) — nexap-
TOBBl KOODJMHATBI C HadaloM orcyera B Touke P (cMm. puc. 3). Iloa-
craBuB B cooTHomexue (20.11) BeipaxeHHe V= gS M BBINOJHHB yKa-
3aHHble IudepeHpoBaHUs, Mbl MOJYYHM B TOuke P

. ds Js oq oq
u)—q(b'?’z——'ﬂ'a—b)s—]'"ﬁﬂ"{—(%q——-o—’[)b (20.12)

B cayuae 6e3BuxpeBOro teueHuss uau B Gojee obuieM cayuae,
KOTJa IoJje cKopocTeHl HOpManLHO K OJHONApaMETPUYECKOMY CEMEHCTBY
noBepxHocTelt S, MHOxMTenb IR B ypaBHeHuu (20.8) MOwHO HHTepmpe-
THPOBaTb KaK CyMMy TIJaBHBIX KDHBU3H (CPeIHIOI0 KPHUBHM3HY) 3KBH-
NMOTEHLHAJbHBIX MOBEPXHOCTEH uaM B ofieM cJaydae HOBepxHocTel S.

Ocra/sbHasg yacTb 3TOH rsaBbl pasbuTa Ha ABa maparpada,
B KOTOPBEIX M3/1araloTCs Pe3yabTaThl MCC/ef0BaHHH Ge3BUXPEBOro
M BHXPeBOTO JABWKeHu# cooTBeTcTBeHHO. CHauana MBI paccmo-
TpuM OoJjiee npoctoft u Gojee u3yuyeHHBH cayyait Ge3BUXPEBOTro
JBHKEHHS.

§ 2. Be3Buxpesoe IBHKEHHE

21. ¥YcaoBUS NMOTEHUHANAbHOCTH ABMKeHHA. OCHOBHIBAfACH
Ha ypasHenusx bepuyain (18.3) u (18.4), serko nokasatb, uTO
ypaBHeHHs IBMXEeHUS KUAKOCTH 3HAYHTEJbHO YNPOLIAIOTCS, eCu
NPeNNOJOXKUTb, 4TO ABMKeHue Oe3puxpeBoe. OOLIYHO N/ 060OCHO-
BaHUA 3TOTO INpPEINOJOKeHHd INOJAb3YIoTCd TeopeMo# Ko —
Jlarpanxa (n. 17), koropas yTBepKIaeT, UYTO 6apomponHoe
dsuoicernue udeaabHol dcuoKocmu s8Aslemcs 0e38UXxpesbli,
ecau Kaxcoas 4acmuya JHCUOKOCMYE NePBOHAYANbHO HAXO0-
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0unacCy 8 COCMOAHUL NOKOSA. DTO YTBEpXAEHHE HE O3HAYaer,
yTO KadcOoe OapoOTPONHOE IBHXKEHHe WUIKOCTH siBasercs 6es-
BHUXpEBBIM, TaK KakK, OCTaBasia B cTopoue ¢uiocodckufi Bompoc
0o ToM, OyzeT /M KaxJas YacTHLA TNOKOUTbCA B HEKOTOpPHIHA
MOMEHT BpDEMEHM, 3aBHXPEHHOCTb MOXET BO3HHUKHYTb B KOH-
KpeTHOH 3ajaye, Hanpumep NOAL BO3 eiCTBUEM BHeILHEro Mexa-
HH3Ma B3KOCTU WJM YyIapHBIX BOJH. TeM ne Menee chopmy.an-
pOBaHHAas BHILE TEOPEM? CBHIETC/bLCTBYET O TOM, YTO HcCJle-
IOBaHUe O0e3BUXDEBOrO JABMMEHUS SBJSETCS BeCbMa EaKHLIM
pasne/oM TeOpHHM MIeajbHOH KUIKOCTH.

B 3TO# <¢BA3M npencTaB/ASETCH MHTEPECHBIM POLCTBEIHbIH
pe3yJbTaT, KOTOpPHH BO MHOTUX CJyuyasX TapaHTHPYeT IOTeH-
uMajsbHOCTh TeueHus. OOBIUHO ITOT pe3yabTaT (OPMYJIHPYyeTCs
cienyiolinM o0pasoM: TeueHHe, BO3HHKIIEE U3 COCTOSHHS
NOKOSl MJX pABHOMEPHOTO [BUKEHHS, §BJAAETCA Oe3BUXPEBBIM.
CchopMynupoBaHHOe YTEepiKIeHHE Ha NepBbLIH B3IJIAL He BHI3bI-
BaeT COMHEHUHl, OIHAKO B TOM C/yuae, KOTJa ABMKEHHE XKUAKOCTH
paBHOMEDHO Ha OeCKOHEYHOCTH, OHO HYXKAAeTCd B TLIATEJbHOH
nposepke. IlycTb 1pH X -—>CcO BeJUYHHBl V, p, P U ® CTpe-
MATCA K HEKOTOphiM Mpelenam, npudeM limw =0. B cayuae
NJIOCKOTO W OCeCUMMETPHYHOrO TeueHUs Mbl U3 Teopembl 3 m. 17
gecTBuTeabHO noaywaeM, uto ®=0. MHWnaue ob6ctour zneno
B CJyuae TPeXMepHOro TeueHus !); 34ecb 3TOT pe3y/bTaT MOXKHO
NOJIYYUTb TOJbKO B CJyyae YCTaHOBHUBLIErocst nBuKeHus. Jlokasa-
TeJbCTBO NPOBOAUTCS ChenyloliuMm o6pasdoM. CornacHo Teopewme
Bepnysau (m. 18), Ha JuHMAX TOKa BBINOJIHSETCS pPAaBEHCTBO

H:%qz+_f ‘z_p_g_szzconst,

NpUYeM B CHJY YCJIOBUA Ha OeCKOHEYHOCTH %) MOCTOAHHAS HMeeT
OIHO U TO e 3HaueHHe I/ BCeX JUHMH TOKa. Bocnoabsosas-
wuch Tenepb ypasHeHueM (18.1), Ml mosayuaeM, uto ®w X v=0,
T. €. YTO HafileTcs Takas CKa/ispHas QYHKUus & == & (X),

© = kv. (21.1

1) XoTs HEH3BECTHO HH OJHOrO MpPOTHBOPEYAINEero fIpHMepa, He-
TPYIHO OblIO Obl NOKa3aTb, YTO MOTEHLHAJLHOCTb HE SABJSAETCA CJAej-
CTBMEM OJHOTO TOJbKO ypaBHeHus (17.3) uiu skBUBaJeHTHOH eMy dop-
myaot (17.7); cm. crarbio JlekopHio [Lecornu, C. R, Acad. Sci.,
Paris, 168, 923 (1919)]. Ccrlaxky Ha 3Ty pa6oTy H CxeMy Z0Ka3aTeb-
cTBa sl o6Hapyxua B kHure Tpycaemna [27], § 77.

%) Ilpexnonaraercs, 4TO MOTEHLHal BHEIIHHX CHA £ CTPEMHTCH
K ONpeje/eHHOMY Hpejeay NpH X —> co.
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Vs ¢opmyas (21.1) B cBOlO ouepeldb C/eLyeT, 4TO
0 =div (kv) =div (kT pv) =pv - grad —pk—

[Mocnennee cOOTHOLIEHM: MpelCTaBaseT coOO# He 4TO MHOE, KaK
yC/IOBHE TOCTOSIHCTBA K[/p HA JauHuM Toka. Takum obpasoM, Ha
JHHUAX TOKa

(0]
e const. (21.2)

Ecmu limv =0, TOo Aad Bcex JHHUH TOKa NMOCTOfIHHAs paBHA
HyJI0 M, caenoBatesbHo, w==0. B mnporuBHoM cayuyae, ecuu
limv=0 (xunkoctp B OeCKOHEYHOCTH HAXOLUTCH B COCTOSHUU
MOKOS1), Mbl OyIeM BBIHYXKIEHB YIOBJIECTBOPUTHCA OOJee CKPOM-
HBIM pe3yJbTaToM (21.2). ,

[TonBons utor paccyXAeHUsIM, NMPOBENEHHBIM B MPeNblIYIINX
NYHKTaX, Mbl MOXeM cOpMyJIUpOBaThH CJeLylolliee yTBepKIeHHe:
6apompontoe meyerue u0eQAAbHOI HCUOKOCMU 8 KOHCEPBA-
MUBHOM noAe BHEUHUX Ccun ABAsemcs 0e36UXpesuli, eciu
Kaooasn 4acmuya nepsoHauaAbHO HAX00UAACL 8 00.acmiu
NOKOS UAu pasromepHO20 Osudcenus. Kpome mozo, naockoe
meyueHue, OCecumMMempuiHoe mederue, 4 MAKIHce YCMAHO-
susuleecss mpexmepHoe mederue npu limv =0 ssasemcs
6e38uxpesuis, ecau mederue Ha GeCKOHEULHOCMU ABASCMCS
PABHOMEDHbLM.

22, CpoiicTBa Ge3BuxpeBoro JBHikeHusn. I[loBeneHune mno-
TeHnuaJa Ha OecKoHeuyHOCTH. DesBuxpeBoe IBHKeHHE Xapak-
TepU3yeTcss CyLIeCTBOBaHMEM MOTeHUMasNa CKOPOCTH © = ¢ (X, £),
Takoro, 4to v ==grad¢. Ecau paccMarpuBaemMas XKHIKOCTb He-
cxumaema, 10 divv =0 u, cieropaTeqbHO, NOTEHUMAT @ YIO-
BJIeTBOpSAeT ypaBHeHuio Jlamiaca

e e - o 22.1)

3amaya o 6e3BUXPEBOM IBHXEHUHM HECHKHMAeMOH KHIKOCTH CBO-
IUTCS TakuM o00pasoM INpPOCTO K pelleHWIo ypaBHeHus (22.1)
Np# COOTBETCTBYIOIUMX TPAHUUHBIX YCJAOBHSIX. MEI paccMOTpuM
HEKOTOpble OCHOBHBlE aCIeKTbl ITOH 3aJauM B ITOM H CJeLYIO-
uieM MYHKTaX; BOMpPOCH, Kacaloluecs JABHXKeHUs CKUMaeMOH
auakoctu, OyayT usyyaTbCs B Il 5,
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PaCCMOTpHM CHAua/Jaa TOT BAaXHLIA cnyqan, Koria XHWIKOCTb
3aHuMaer BCe TNPOCTPAHCTBO BHE OAHOIO HJM HECKOJbKHX IBH-
KYLIUXCA  TBepAbIX TeJ KOHEYHBIX pasMepos. HpennonomnM,
yto HAa OECKOHEYHOCTHU IKHUIAKOCTb [HABUKETCS PaBHOMEPHO CO

ckopoctbio U, T. e. uto lim v=U. To20a nomenyuas u
r—>oo

cKopocmb npu r—>co umewom C./led)HOtlUle acumnmomuye-
cKue npedcmaa/zeﬂu;z:

¢=U-x+C+0(), }
v=U-+0 (9.

30ecy X=(x, v, 2) u r*=x>+4y24 22

CyuiecTByIOT pas/inuHble LOKa3aTeJbCTBA STOTO BAXKHOTO pe-
3y/AbTATd; CAMBIM TPOCTHIM, BEPOATHO, SBJISETCH MpHBElIEHHOE
ke, HauneM c 3aMeyaHusi, 4TO NOCTATOYHO PACCMOTpPETh CJy-
yaff U==0; obuuft cayyaff CBOAUTCA K STOMY HaJOXEHHUEM NOJS
ckopocteft paBHoMepHoro apmxenus. Ecanm U=0, To uaerko
nokasatb (cM. [10], § 3.75), uto

¢ —C=p§[o o () — 7 2]da. (@23

(22.2)

rae C -— cOOTBETCTBYIOIMM 00pa3oM BbIOpaHHAs [OCTOsIHHAA,
Y — saMKHyTas MOBEPXHOCTb, cojlepxalias oOTekaeMble TeJa,
X — TOYKa BHe X, 4 r’ — paccTosHHe MeX1y X M TOUKOH MHTe-
rpupoBanus. (3aMeTHM, YTO NpPH HEOJAHOCBA3HOH o6sacTH Teve-
HHS MOTEHUMAJ CKOPOCTH MOXeT OblTb MHOTO3HA4YHOR (yHKLMeR,
OHAKO M B 3TOM CJydyae NpPU LOCTATOYHO OO0JbIIOM r 100yi0
BETBb MOXHO pacCMaTpUBaTb KaK ONHO3HAUHYI0 (YHKLHUIO.)
Wurterpaa B npaBo#t wactv paBeHCTBA (22.3) MMeeT, OYeBHIHO,
c/lefyiolilee aCUMNTOTHYECKOE NpeNCTaB/IeHHE:

0@, (22.4)

roe A — MOTOK KUIKOCTH uYepe3 X, T. e.

_ f 99

3

[Ipn MOCTAHOBKE 3a0aun HEABHO [IPEANOJArasoch, 4TO WUCTOY-
HUKH OTCYTCTBYIOT, CJeloBaTe/bHO, A = 0 u npencrasJenue (22.2)
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10Ka3aHo. AHasnoruyHbiM 00pasoM, AuddepeHUUpys COOTHOLIE-
Hue (22.3) mo X, Mbl nosayuaeM, 4to npu A=0

v=0(r"3). (22.5)

DTuM 3aBepulaeTcd [LOKA3aTe/lbCTBO CHPaBel/JHBOCTH TpeacTa-
BaeHu#t (22.2).

B ciyuae HeOGXOIMMOCTH MOXHO MOJAYYHTb NOJHOE PasJio-
»KeHHe TIOTeHUHAaNa U CKOPOCTH B OKPECTHOCTH GECKOHEUHO
yIajleHHOH TOYKH B BHAe paidad M0 chepHyecKuM GYHKUUAM
(cm. [45], crp. 143).

Jlpyroe nokasareabctso ¢opmyanl (22.2) ocHOBaHO Ha mpejacra-
BJeHUH moJis ckopocte#d uHterpasom I1 accona

V(%) = f v ‘—"4—’;; R 4, (22.6)
r=R

rie R 10CTaToOYHO BEJHKO H | X | > R. 3aKOHHOCTDb npejcTaBaeHus (22.6)
JIETKO MpPOBEPSIETCS Ha OCHOBE H3BECTHHIX CBOHCTB uHTerpaaa Ilyac-
coHa (cM. [45], cTp. 243). BocnoabsoBaBiucy, ycaoBiem div v == 0, Mbl
noaydaeM u3 ¢popMmyas (22.6) cooTHOLIEeHHE

v=0(r"2. ' (22.7)
Tak Nak u3 9TOrO COOTHOuIEHHs caenyer, uyto ¢ — C = O (r~'), noreu-

nuajg ¢ Takxe MOXHO MNpencTaBuTb HWHTErpaJsoM ﬂyaccoua. 3aKJayu-
TeJlbHAs 4aCTb JAOKa3aTe€JdbCTBA OYEBHHA.

ACHMNTOTHKY MJOCKOTO TeuYeHHs MOMHO MOJYyUHTb Kak M3
TEOpHH aHAJUTHYECKHX (YHKUMH, TaKk M HE3aBUCHMO OT Hee,
MCNOJb3Ys NpeNCTaB/ieHne CKOpoCcTH B Buae unrerpana Ilyac-
coHa. Jra aCHUMNTOTHKA UMEeT BUIL

¢=U-Xx+C+ o 04+0¢"D, |
I { (22.8)
=Utgm (= D00 |

B orauuue OT npeabiAyliero cayuas MOTeHUMan  Laxe NpU
60/bLINX 7 MOXeET TNpeacTaBaATb cOOOH, BoOOLlEe TOBOPS, MHO-
rO3HA4YHY10 (YHKLUIO.

M3 sropo#t gopmyan (22.8) caeayer, uro ['= § v - dx aas

MoO0H 3aMKHYTON KpPUBOH, colepxkauleit oOTekaeMble Tesa (MpU
o6xone KpuBOM mnporus uacoBoi crpeakn). Bemauwuusa I' Haswi-
BaeTCs yupkyaayueld; B n. 25 onpeleienue LUpPKyJaauuu Oyner
000011eHO Ha cayyall BUXpeBbIX TeYeHUH.
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23. CeoiicTBa 6e3BUXPEBOTr0 ABHXEHHS (TPOJOJIKEHHE).
B stoMm MyHKTE MBbl PaCCMOTPpUM HauboJiee BaxHbIE pesyJbTaThl,
OTHOCSAILIMeCS K M3yyaeMOMYy BOIpPOCY.

1. Maxcumym crxopocmu Oocmuzaemcs HQ 2paHuye
o6aracmu mededus. TIpocToe IOKa3aTeabCTBO 3TOro (akTa,
npennoxeHHoe Kupxrodom, MoxHo Halttu B kHure Jlamba [8],
§ 37; nuxe (cM. m. 28) MBI MOJIyYyuUM 3TOT Pe3yabTaT KaK cael-
crBue GoJee OOLLETO yTBEpPHACHHA.

2. Kunemuuecrkasn sHepzus. IlAa TedeHUs B OrpaHuyeHHOH
ONHOCBSI3HO# 00J/acTH ) JIerko MOKa3aTh, MOJb3Ysich GOpMy.JIokH
['puna, uro

21=fp(grad<p)2dv=p§cp~%l“’—da, (23.1)
¥ 8

rie dyepe3 § oGo3HaueHa rpanuua v. Popmyna (23.1) naa ku-
HeTHYeCKO# SHepruu cnpaseluBa M LI 06JacTH D, BHelIHef
MO OTHOLIEHHIO K &, €CHH TOJbKO JKHMIKOCTb Ha OGECKOHEeYHOCTH
nokourcsi. B camom nene, ecam o0603HauuTh uyepes L codepy
JNOCTaTOYHO GOJBILIOrO pajuyca, COLepiKallylo BHYTpU cebs &,
TO KHHeTHuecKass SHeprus T* KULKOCTH, 3aKJ/IOUEHHOH B HaH-
HbIfi MOMeHT Mexny & u X, BbIpasutca Qopmyioh

. 9 9
D% =p(§)cp—o%da+p§cp 22 da.
[ I

[MonuurterpanbHas GyHKUMI BTOPOTO CJHAraeMOro HMMeeT MOpPSLOK
He Huxe r~3 (IPU OTCYTCTBMM UCTOUHMKOB MODSANOK paBeH r~%);
Npy STOM TNpennoJaraeTcsi, 4TO INOTEHUMAN @ BbLIOpaH Tak,
yto B ¢opmyie (22.2) C=0. CrenoartelbHO, HHTerpaa no %
CTPEMUTCS K HYMIO NpU ylajdeHnud L -B GeCKOHEUHOCTb, ¥ B Tpe-
Ieje Mbl nonaydaem c¢opmyay (23.1).

3. Eduncmsennocms. BepHeMcst K 3amave, paccMaTpuBaeMoft
B TNpelbloylleM NyHKTe. MH yTBepxJaeM, YTO TeYeHHe MKUI-
KOCTH B OIHOCBA3HOH# 006/acTH IMOJHOCTbIO ONpeleseTcd 3ana-
HHEeM 1BUXeHUs oOTekaeMbix Tea M Beqnuudbl U. B camom neune,
MycTb ¢ U ¢, — MOTEHUMANLl ABYX TeueHHH, YAOBYETBOPAIOUIMX
YKa3aHHBIM BEILE TPeOOBaHUAM; TOTAA @ == @; — P, ABJAECTCH MO~
TEHLMA/JOM TeuyeHHs, C HyJeBOR CKOPOCTbI0 Ha GeCKOHeYHOCTH H
0¢/on =0 Ha nosepxHocTH ABMXyuMxca Tea. [Ipeanonaras, uro
00/1acTb TeyeHMs OLHOCBfA3HA, Mbl MoJyuaeM u3 ¢opMmy.n (23.1),

" 2av 1180
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yro ¥ = 0. Tax kax 3T0 osHauaeT, 4t0 grad 9 =0 u ¢ = const,
TO 1Ba paccMaTpHBaeMble TeuyeHUs] COBMAAAIOT.

Ecau o0nacTb TeueHUsl HEOINHOCBSI3HA, TO YKA3aHHLIE BHIIIE
yCJIOBHS, KaK HOKAa3bIBAIOT NMPOCTble MPUMepH, He 06eCHeyuBaioT
eIMHCTBEHHOCTH TeueHus. MccienoBaHne BO3HUMKAIOIMX NPU 3TOM
BONPOCOB MOxHO Halitu B § 47—55 monorpadun Jlamba [8].

3aMeTHM B 3aK/IOYeHHe, YTO TeOpeMa eIMHCTBEHHOCTH, yCTa-
HOBJIEHHAs! Bblllle, MOKAa3bIBAeT, YTO HA TpaHule 06JacTH Teye-
HUS Helb3d 3alaBaTbh, BOOOLIE TOBOPS, KpoMmMe O¢/dn, elue
Kakue-HuOyIb NOMOJHUTENbHBEIE YC/I0BUA. B wacTHOCTH, yc.a08ue
npusunarus Ha TOBEPXHOCTH TBEPIOro Teja NpH Ge3BUXPEBOM
IBHXEHUH XUIAKOCTH, KaK NPaBUJIO, He BLINMOJHsieTcs 1),

4. Iapadoxkc [Haranmbepa. PaccmoTpum cuay, KoTopas
IefCTBYeT Ha ABMXKYILLEECH B XKHUAKOCTU TBEPAOE TesO; Npelno-
Jlaraetcs, 4TO CKOPOCTb TBEpAOrO TeJa NOCTOSIHHA M KHIKOCTb
Ha OeCKOHEYHOCTH NOKOHMTCH. $ICHO, 4TO 9Ty 3alauy MOKHO
chopMyJMPOBAaTH M KaK 3amauy O cuge, AelCTBYyOlleH Ha He-
TIOABMKHOE TeJO B paBHOMepHOM mnoroke. Ecim 0603HauuTh
yepes U ckopocTe Haberaiwoumero IOTOKa, TO B COOTBETCTBHH
¢ ¢opmyaoft (22.2)

v=U-+0 ("%,

8IeCbh, Kak M BClOLy JaJjblie, cuMBOJA O OTHOCHUTCS K 4CUMNTO-
THKe 0pu r—>oo. [lpelnosoxuM, Ias NpocTOTH, uyro L =0;
roraa u3 TeopeMel Bepuymim (18.4) cuienyer, uro

p=po+~;~p(U"'—q"’)=po+0 (r79.

Tpumenss Teneps dopmyay (10.2) nas cheprr X nocrarouso
6osbuioro pazuyca R M NOJb3yfACh COOTHOLIEHHeM t==— pn,
MEI TOJyYaeM

=—-—f(pn-|—pvv ‘n)da =
P

= f(Pon+ pUU - n)da+ O (R™Y).

) Bosee mnonpo6HOE HCCAENOBAHHE JTOFO BOMPOCA MPUBEICHO
B kuure Tpycneana [27], § 37. Cuenyer oTMeTuTh, YTO 3TO 3aMedyaHue
COXpaHseT CBOIO CHJY U s 6e3BHXPEBbIX TEUEHHH CXKMMaeMOH HIeaib-
HOH KHAKOCTH B TeX CaAyyasix, KOr'Ja ylaeTcs JOoKa3aTb aHaJOTHYHYIO
TeopeMy eIMHCTBEHHOCTH.
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Taxk kak B cuay teopembl ['aycca — OcTporpaiackoro uHTerpal,
BXONAWIMA B 3TO COOTHOIUEHWE, DaBeH HYJI0, OYEBUIAHO, YTO
F=0.

OTOT Ha nepBbift B3IJIAL HEOXUAAHHBIX pe3y/bTAT U3BECTEH
nox HaspanueM napanoxca Jlanambepa l). HecooTseTcTBue C ONBIT-
HbBIMH JAHHBIMM BBI3BAHO, KOHEYHO, TeM, YTO pacCcMaTpHBaeTcd
CJMIIKOM YNpOleHHas Monesb oOTekanus Tena [8, § 370, 371].

B cayyae mNJIOCKOTO TEYEHHS HM3-3d HAMUUUS LMDKYJIALUUAH
BOBHHKAIOT HEKOTOpble NOMOJHUTE]bHBE TpyIHOCTH. Ilpeanono-
UM, 9TO CHCTeMa KOOpIuHatT BHOpaHa TaK, UTO HANpaBJeHHE
CKODOCTH HaGerawlero MOTOKA COBMAAdeT C TMOJOKHTEAbHBIM
nanpasieHueM ocu x, T. e. yro U= (U, 0). Torna, nosaras
v=(u4, ¥) u noabaysicb popmyaof (22.8) u ypasnenueM bep-
HYJIM, JETKO TNOKa3aTb, 4YTO

p=p,+oU@—U)+0(?.

M3 3TOr0 COOTHOINEHHS BBEITeKaeT cJelylowmas Qopmyna mis
NPOEKUUH CHJB HAa HampaBJeHHe CKOPOCTH TOTOKa:

X:-f(pcosﬁ+puv-n)ds:
X
=pf[U(u—U)cosB—(u—U)v-n—Uv.n]ds—{—O(R‘l),
I

rge v-n=ucosf-ovsin. CymmMa mepBeX IBYX 4Y/JEHOB IOI-~
MHTErpaibHOM (yHKUMH uMeeT B cuay dpopMmyinl (22.8) nopsiok
O (R™2). Unterpan OT TPETbEro 4JeHa B eCTECTBEHHOM MpeNrno-
JIOXKEHHH OTCYTCTBUS MCTOYHHKOB paBeH Hymo. Taxkum o6pasoM,
HaXke NpH HAJMYMH LUPKYJASUMA CONPOTUBJEHHE PABHO HYJIO.
AHa/JOTMYHblE BBLIYMC/IEHUs TIPUBOAAT, OIHAKO, K HeHyJIeBO#i
Be MYUHE NMOLBEMHOM CHUJIBI

Y = — oT'U. (23.2)

HHtepecHo, YTO MOIbeMHas CHJA 3aBUCHT TONBKO OT BEeNHYHMHBI
uMpKyJauud, a ¢opMa u pasMephl Tedd He MIpaloT HUKaKOH

YdAlembert J. L, Opuscules Mathematiques, 5 (1768).
B sTol pa6oTe OTCYTCTBHE CHJIbl CONPOTHUBJEHHS JNOKA3aHO TOJBKO JJIs
CHMMETPHUHBIX TeJ Ha OCHOBE OUYEBHIHOH CHMMETPHH paclpeje]eHus
JaBaenus. AHAJOTHUHBIE PACcCYXJEHHS BCTPEYaNHCh W B 6ojee PaHHUX
paborax HaaamGepa, a takxke B paborte Diinepa no 6amanctuke (1745r.);
cM. mpenucaoBue pepaktopa k 12 tomy CoOpanus couuHenui Diaepa
(Opera Omnia (2), 12).

ode
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poau. [lonyuennas wesasucumo apyr ot apyra Kykosckum!)
n Kyrra?) dopmyna (23.2) gexur B OCHOBE TEOPHH MOLBEMHOH
CHJBl KpBLJA.

Mbl pexOMeHAyeM 4YHTaTeNI0 O3HAKOMHTHCS C HMHTEPECHBIMH
¢dopmynamu Kupxroda ans cHaBl M MOMeHTa, NeHCTBYIOWIMX Ha
TeJO, ABHXKYLIEeC B XUIKOCTH NpOU3BOAbHLLM 00 pPA30M (CM.,
Hanpumep [8], ra. 6). Ms-3a HemocTaTKa MecTa 3TH BONPOCHI
3lecb He paccMaTpHBalOTCs.

24, Teopema KeabBuHa 0 MHHHMYMe 3Hepruu. Paccmo-
TPUM IBHXKEHUS XHIKOCTH B OT PAHWUEHHOHN OJIHOCBA3HOM 06sacTu b,
yLOBJIETBOPAIOLIME HA TpaHule & YCJIOBHUIO

pvV - n=~, (24.1)

rie #-— HekoTOpas salaHHas Ha § dyHkuua. JIpyrumu cjoBamy,
NpOeKLUs KOJMYeCTBa ABHXKEHMS Ha HOpDMa/b MMEET B TOuKax $
IS BCeX TeyeHHUH paccMaTpUBaeMOro KJjacca OIHO H TO Ke
aHaueHne. Crenylolni NpH3HAK sBJSETCS XAPAKTEPHHIM A5 Ge3-
BUXPEBOrO [JBMKEHUS B KJACCe BCeX NBHXKEHHH Hec:KuMaeMoH
WULKOCTH, YIOBJETBOPAIOLIUX YyCAOBHIO (24.1).

Mpunuun Kenvsuuna. Cpedu scex meuwenui necocu-
Mmaemoll scudxocmu 6 o6aacmu v, Y008.4emBOPAOUULX YCAO-
suo (24.1), Oessuxpesoe mewenue umeem MUHUMALLHYIO
KuHemu4eckyio 3Hepzui.

Knaccuueckoe 10Ka3aTeqbCTBO STOTO DPe3yJbTaTa, NpUHALIe-
xauee KeabsuHy, MoxnHo Hahtu B kuure Jlamba ([8], § 45).
CrnipaBensnBO 1 06paTHOE YTBEPKAEHUE; STO YTEEPKACHHUE ABJIACTCS
Mo CyllecTBy nepedOpMyJIHPOBKO# H3BECTHOrO mnpuHuuMna Ju-
puxJe LJs TrapMOHMYECKHX (YHKLUH.

Npuuuun Jupuxaed). B xaacce scex Gessuxpessx
mevenuii v==gradg 8 o6sacmu VY Haubosvuee 3HAYeHue
PYHKEGUOHALY

1
S=—g¢[dv+§onda 24.2)
v §

190613) Xyxosckuit H E., Bwoar Hucm. Aspo. Kywuno (Cr6)

)

¢ 2) Kutta W. M, Sitzgsber. bayr. Acad. Wiss. (Miinch.), 40 (1910).
¥) Ananornunas TeopeMa Gbiaanoayuena [lpateaan [Pratelli A.R,,

Rend. Ist. Lombardo (3), 17, 484 (1953)]. B pa6ore Ilpareanu kaacc

paccMaTpUBaeMbiX TeUeHHH HECKOJbKO IUMPE: B HEro BXOIAT BCE Teye-

HUsl, HMEIIME 33/aHHOE PACHPEACIEHHE 3aBUXPEHHOCTH,
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Oaem meuenue, YOO08AeMBOPSIOUEE YCAOBUSM
divv=0, pv-n=*#4 na 8 (24.3)

Muoxuteab p, urypupymownit B gopmyaax (24.2) u (24.3),
npeicTaBaseT co00H HEKOTOPYIO 3apaHee 3alaHHYIO MOCTOSIHHYIO,
KOTOPYIO €CTeCTBEHHO MPUHSATb 33 INUIOTHOCTb TEYEHHs, [AIOLIETrO
MakcuMyM ¢yHkunonany (24.2). IIBuXeHHS paccMaTpUBAEMOro
Kaacca He o00g3aHbl ynoB/eTBopsiTe ycaoBuio divv =0, u ux
MJIOTHOCTH, CJeLOBaTe/NbHO, HeJb3sd OTOXAECTBJAATH C p. Jlas
noKasatenbcTBa npuHuMna Jlupuxgae 0003HAYUM uyepe3 ¢ MOTeH-
uuan  Ge3BUXDEBOTO  ABIXEHUsS,  YIOBJETBOPSIOLIETO  YCJO-
BusM (24.3). §lcHo, uTO ¢ sB/seTCs] TapMOHMYECKOH GYHKIueH
M Onpelensercd eNUMHCTBEHHBIM 00pasoM ¢ TOYHOCTbIO 10 al-
IuTUBHOM nocroauHo#. Tlpoctble mnpeoOpasoBaHuA  NPUBOLAT
K CJIeLyoLIeMy pDaBeHCTBY:

3@ =3+ o [ lerad (s — ¢ do,

rie dvepe3 ¢ 0003HAYeH MOTEHLHMAN J1IOOOr0 IPYroro TedeHus.
TaxkuM obpasoM, (¢) > J(¢*), npuueM paBEHCTBO BO3MONKHO
TOTAA M TOJbKO TOrja, Koraa ¢*==¢ - const, yto u Tpebo-
BaJOCh JOKAa3aTh.

OueBunHO, YTO pellleHUs ABYX BapHALMOHHBIX 3a1ay, cdop-
My/JTMPOBAHHBIX BHILIE, COBNANAOT. Dojee TOro, MmunumasrsHoe
3Hauenue sHepeuu 8 npunyune Kervsuna 8 mouwnocmu
pasno maxcumyny § 8 npunyune Hupuxae. Dro crenyer
U3 TOrO, YTO IJs TeueHUss C IKCTPEMAJbHOH SHeprueH

-;—pqud"U:z

v

é;cphda-—:pfcp —(?%da:QZ.
§ §

§ 3. Buxpesoe aBuxeHnue

25. Teopema KeabBuna o uupkyasuuu. Teopembr eapm-
roabua. [loHatue wUpKyaauun OO BBeleHO  KeJbBUHOM
B 1869 r. nas Oosee HArJgAHONO TNpeICTABJIEHHA T[EOMETpH-
YeCKHUX CBOMCTB HABMIKEHUS KUAKOCTH M AJd YNPOLIEHUS [OKa-
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3aTe/IbCTB 3aMevaTe/bHHIX TeopeM [e/bMro/bla, yCTaHOBACHHBIX
He3a/04ro 10 3Torol).

[To ompenenenuto, yupryaaygus I' npencrapaser coboft uHTe-
rpaj OT BEKTOpa CKOPOCTH MO 3aMKHYTOMY KOHTYpY, T. €.

I‘:§v-dx=§vidxi.

O (&)

[penmonoxum Tenepb, 4t0 KoHTYp & = @G (£) aBuwkeTCHT BMecTe
C KHOKOCTbIO, M HaljieM CKOpOCTh W3MeHEeHMS LHPKYJIAluu Mo
5TOMY KOHTYpy. 3alaiuM C 3TOH Ueabl0 ABINEeHHE KpUBOH
€ ypasHeHnem

x=0(, ), 0Ls]l,

rie S (QUKCHpYeT Ompele/eHHYIO 4HacTuuy kuiakoctu Ha €, a ¢
o3HauaeT BpeMs. JIerko BuIeTb, UTO

1

%gv'd":f%(v'%)‘k:é}a'd’{‘ (25.1)

]

D10 COOTHOILIEHHE HBJIKETCA UHCTO KMHEMATHYECKHMM W BbI-
MOJIHAETCH 14  JI000Tr0 JBH:KeHMs. 3aMeTuM, YTO JJ9 6ap0-
TPONHOI'O JBUXKEHHA TIOJE YCKOpCHHﬁ a fBJfeTCd IOTeHUHaJb=

HBIM B cuay ¢opmyan (16.5). B stom ciayuae fa-dx:O ",

(6%
CJIeI0OBaATE/bHO,

d
-(Z'T (§ A" dx - 0 (252)
(€]

Mpt nmpuxonum, TakuM 00pasoM, K CJAeAYIOLIEMY pe3yabTarty,
U3BECTHOMY IOJ Ha3BaHueM TeopeMbl KeuabBuna: 8 cayyae Ga-
POmponnozo meweduss 1w0eaavHOl JHCUOKOCMU 8 KOHCepBa-
MUBHOM 1018 BHEUHUX CUA LUPKYAAGLS 1O 21000MY HCUOKOMY
Koumypy re 3asucun om spesmenu. Cnpasel o n ob6paTHOe
YTBEDIKIEHHE: eCau paBeHCTRO (25.2) umeer Mecto mist m060ro
3aMKHYTOrO Kontypa €, TO mnose yCKOpeHH# MNOTEHUHANLHO,
JpyreMu  cl1oBaMM,  ABWXKEHHE  HECOHCUMAEMOL  OCUOKOCMU
AB/IAETCA JHHAMHYECKM BO3MOXHEIM B TOM U TOJBKO B TOM CJy-

" Thomson W. (Kelvin), Trans. Roy. Soc. Edinb., 25, 217
(1869), Papers, 4, ctp. 13—066; Helmholtz H, J. reine angew.
lath., 55, 25 (1858).



25. Teopema Keavsuna o yupkyrsyuu. Teopemor Tesvmezorvya T1

yae, KOrZa paseHcTBO (25.2) BHIMOJHseTC A9 MO6GOro 3aM-
KHYTOTO KOHTYPa, ABHXKYIUETOCS C MXHMAKOCTBIO (LI CXKUMaeMOH
KUIAKOCTH 3TO yTBepxkIeHHe B OOLIeM C/ydae HEBEPHO).

C nowmoupio TeopeMsl KesbBHHA HeTPYINHO Temepb MOJYYHUTD
TpH TeopeMbl ['e/bMro/iblia, KOTOPblE TaK APKO XapaKTepusyioT
reoMeTpuyecKHe CBOHCTBA IBHKEHHH, COXPAHAOWHUX LUUPKYJIs-
uuio. [lepBas M3 9THX TeOpeM SABJAETCH YHCTO KHHEMAaTH-
yeCKOR, JBe OCTaJbHBIE JIeTKO BLIBOAATCS U3 TeopeMHl KebBHHA
W MOSTOMY CHpaBelJHUBH A8 J0OOr0 ABUKEHUS, COXPAHAIOLErO
UMPKYJISILHI0, He3a8ucumMO OT NMPUPOLB CPElbl.

Buxpesas mpy6ra onpesensercsi OObIYHO KaK TOBEPXHOCTb,
06pa30BaHHAS BUXPEBEIMU JMHHAMH, TepeceKaloUMH 3aJaHHYIO
3aMKHYTYI0 KpHBYIO. ODTO OINpele/eHHe, K COXaJeHHIO, OXBa-
THIBaeT M TaKue KOH(DUTypauuM, KOTOpHIE BPSL JH MOXHO Ha3-
BaTh ,TpyOkamu“. B naabHefiieM MBI OrpaHM4YUMCA paccyxie-
HUAME, CIpaBeNJUMBBIMU [1J5 TeX BHXPeBHIX TPYOOK, Yy KOTOPHIX
,TIONEPEUHble CeYeHHs“ NMpPeLCTaBJAAI0T COOON 3aMKHYThle KpUBLIE
6e3 TOueK CaMONepeceueHusi; OAHYy M3 3THX KPHUBHIX MH BhiOe-
peM B KauyecTBe OMNpele/diollelt.

Iycte G, u G, — 1Ba NpPOM3BOJBHBIX 3aMKHYTHIX KOHTYypa
Ha TOBEPXHOCTH TPYOKM C ONMHAKOBHIM HanlpaB/eHHeM 00xo01a
(yTOYHMM, YTO KaxJiasd KpuBas JOKHA OBITh SKBHBAJEHTHA
onpelensiomel B CMbIC/IE HeNpPePLIBHOrO npeobpasoBaHus, OCTa-
BJAAIOLIETO KPUBYIO Ha MOBeDXHOCTH TpyOku). [lepsas meopenma
Teavmezonsya ymsepocdaem, umo yuprysagus no &, cosna-
daem ¢ yupryanyuei no @, JokazaTeibCTBO 3TOH TeOpeMH
yuTaTeJNb MOXKeT HalTH MouTH B JIOOOM Kypce TMIPOIMHAMHKH,
Mbl pekoMeHayeM oOparturbcsl k kHure Jlamba [8], § 145.

[Tpexnae ueM mnepefttu k Apyrum TeopemaM [ejbMrosbua,
HY»KHO CIeaTb HeCKOJbKO 3aMedaHuit. Bo-mepBbiX, Ha OCHOBe
copMy IPOBAHHOH BbIlle TEOPEMbl MBI MOXEM BBECTH ITOHATHE
uHmeHcuBHOCmu BUXpeBOH TPyOKHM KakK LMPKY/IAUUM 1O Jexa-
1eMy Ha TOBEPXHOCTH TPYOKH U OXBaTblBalolleMy TPYOKYy KOH-
1ypy €. Taxkum o6pasom,

VIHTEeHCHBHOCTD =fv-dx=fw -nda;
5 ]
slmech uepes 8 o0603HAaueHa HeKOTOpas (OPUEHTHPOBAHHAA) MO-
BEepXHOCTb, HaTsiHyTas Ha Kpusylo (; mnocienHee paBeHCTBO
apiseTca caenctsieM teopeMbl CTokca. Bo-BTOPBIX, KaK BHIHO
M3 mnpusefeHHoro JlamOoM JOKasaTenbCTBa, MNepBasg TeopeMa
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[enbMrosba ocraercss cnpaBefJuBOf jJake B TOM cilyuyae, KOrAa
noJje 3aBUXPEHHOCTH KYCOYHO HENpPEepEBHO, €CJAM CaMo MoJe
CKOpocTelt ocTaercs HenpephBHBLIM. B-Tperbux, Mbl XoTuM 00pa-
TUTh BHMMaHHe 9uTatens Ha TOT (aKT, YTO 4acTo U3 NepBoOH
TeopeMbl ['eJbMrosblua JesalT BLIBOA, YTO BUXPeBble AUHUL
NpeiCcTaBidi0T co00i aubO0 3aMKHYThIe KpuBBle, JUO0 3aKaHUM-
BAIOTC Ha rpaHule o0JjacTd TevyeHust kuAKoCTH. Keqsor
[45, ctp. 41] ykasan Ha CWMOOYHOCTb STOTO 3aKJIOYEHHS; OH
3aMeTHJ, OJHAKO, YTO aHaJOTHYHOE YTBep:KIAeHHE OTHOCHTENbHO
suxpesslx mMpy6ox CrnpaselinBo.

Bropaa Teopema TlenbMrosbua yTBep:uAaeT, UTO BUXpe8as
AUHUS B0 8Ce BpeMs OBUICEHUSs cocmoum u3 O00HUX
u mex e wacmuy HudKocmu (3TO SKBUBANEHTHO YTBEPKIe-
HHUIO, UTO BUXpeBble TPYOKHU MePeMelaioTcst BMECTe C HUAKOCTHIO).
Sra TeopeMa yxKe BCTpeyasach Ham pasee (m. 17); ee MOXKHO
BLIBECTU TaKxe u3 TeopeMbl KeabBuna o umpkyasuun (cm. [8],
§ 146). Tperbs TteopeMa [ebMro/bLA — UHMEHCUBHOCHD BU-
Xpesoii mpyOGKu ocmaemcs NOCMOAHHOL 80 B8ce 8peMs 08uU-
JICeHUsL JHCUOKOCM U — SBJSIETCS OUEBUAHBIM C/IEACTBHEM TEOPEMBI
KenbBuna. 3ameruM B 3axJ/ioueHHe, YTO 3TH JIBE TeOPEeMbl TaK¥kKe
OCTalOTCSl CNpPaBelJHBbIMU, €CJH NPeANnoJaraTb TOJAbKO KYCOUHYIO
HEMpepLBHOCTh 1O/ 3aBUXPEHHOCTH.

TeopeMbl 0 3aBUXPEHHOCTH 1/ TeYeHHH, B KOTOPHIX LHUP-
KyJsLuss MeHsieTcsi cO BpeMeHeM, OynyT ycraHosiaeHs B m. 40
u B m 69.

26, O6mue Bompochl TeOpUM BHXPeBbHIX TeueHuH. OOuwas
TeOpUs] BUXPEBBHIX TeUYeHUH NOCTATOUHO MOJHO M3/10XKEeHd B MO-
Horpadusax JlamGa [8] u Buasna [18]. MB xoTuM 3xech ycTa-
HOBUTb 0OO0Jiee eCTeCTBEHHBIM M SCHBIM CHOCOOOM JUIIb HEKOTO-
pHIe OCHOBHBIE pe3yJIbTaTbl, U3J0KEeHHE KOTOPHX B LUUTHPOBAHHBIX
KHHTAX, K4K HaM KaxerTcd, He COBCeM OTBeyaeT CYLLECTBY leJa.
B uwactHOCTH, MBI PacCMOTpPMM 3alauy orpeleseHHs TOJA BeK-
TOpa CKOPOCTH MO ero 3aBUXPEHHOCTH M JUBEPreHLUH U HEKO=
TOpble CBfi3aHHBIE C ITOH 3anadell pe3ysbTaThl, Kacaroluecs
pacrnipeie/ieHnss 3aBUXPEHHOCTH.

CorsacHo ompenedeHuto nuBepredund @ U 3aBUXPEHHOCTH ©,

0 =divv, ®o=rotv.

Jlerko mnoxasatb. 4T0 045 0anH020 (KYCOUHO HENpepbl8Ho20)
pacnpedeqsenuss OuBepPeHyUL U 3ABUXPCHHOCMU 8 KOHey-
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Holi o0aacmu cywecmsyem He 00see 00H020 NOAS CKO-
pocmeti ¢ 3a0QHHOU HOPMAAbHOL cocmagasouell CKOpocmu
Ha epanuye (cM. [8], § 147). EXHHCTBEHHOCTb HMEET MeCTO
1 aas GeckoHeuHol o06sacTu, ecau 3alaH Tpele] BEKTOpPa CKO-
pocTH mpu X —>co. Hecko/abko TpylHee NOKas3aTb CYujecmso-
BaHue MOJA CKOPOCTell C 3alaHHBIM pacHpelejeHHeM IHBepreH-
UMM ¥ 3aBUXPEHHOCTH. MBI paccMOTpUM HMXE TpU Cayuas.

1. Koneunan obaacms; w-n=0 ra 2panuaye. [lpenno-
JOXUM, YTO B KOHeuyHOH oOsactu v GyHkuun © u © oxud pas
InddepeHMpyeMbl; TOrLd HCKOMOe [M0Je CKOPOCTeH HeTpyaHo
NOCTPOUTL TIPH TIOMOLIM TNOTEHINANOB

cp:{;f%dv, rc:zl;f%dv, (26.1)

v v
roe r’ 0003HauaeT pacCTOsiHME MexIy TOYKOH HHTerpupoBa-
aug X’ UM TOYKOM X, B KOTOPOR OMpeiesioTCs BEMUUUHB @ U 7.
PaccmoTpuM noJe

w=—grad ¢} rotw (26.2)
U 3aMETHM, 4TO

divw = — V% =0,

rotw =rotrot ® = grad dive — V2% = w.

Mbl BOCTOJB30BAMUCh 3lech cooTHouenneM divs =0, crenyo-
juiM 13 ycaoBust ® - n=0 Ha rpanuue o6jactd. ITO COOTHO-
JUeHUe BLIBOINTCA TaK:

. 1 1
d1vn=4—nfu)-grad ;Tdfvz

v
:-—%fdiv’(—:’r)dv:—zlgsﬁ m,./n da =0;
v 8
H3MeHeHUe 3HaKa BO BTOPOM paBeHCTBe OOYCJOBJIEHO 3aMeHOMH
nuddeperuposanus no x anddepenunponanuem no x’. Tak kak
noJie W MMeeT 3alaHHble 3aBUXPEHHOCTb U JUBEPreHLUI0, HUCKO-
MOe MoJe CKOpOCTe#l v 3aNUChIBaeTCd B BUIe

v=w —grad 7 = grad (4 — ¢) 4 rot =, (26.3)

rie rapMoHuueckas ¢yHkuus £ BeiOpaHa Tak, uToObl HOpMA/bHAs
COCTaBJSAIONIAst CKOPOCTH V- 1N MNpHHAMAajla Ha § 3alaHHble 3HA-
yeHuss. (DT 3HAYEHHS [JOJ/KHBI OBITb, KOHEUHO, COTIACOBAHEI
C HHTerpajoM OT JAMBEPreHUM IO 001acTH V.)
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[Tone cxopocreit v* ==rot= HenpepHBHO BO BCEM HPOCTPAHCTBE,
HMEET 3aBHXDEHHOCTb ® BHYTPH D U sBJseTcs Ge3BUXPEBBIM BHE 3TOH
o6aacTd, mpuueM Ha OeckoHeuHocTH V¥ =0. YcaoBue w-n=0 Ha 3
O3HAYZET MNPOCTO, UTO BHUXPEBBbIE JMHHU SBJAIOTCS 3AMKHYTBIMH KDH-
BbIMi, Jexamumd B obaactu v. Takum o6pasom, moie v* mpejcra-
BJsET cOOOH mose ckopocTeii M30JIHPOBAHHOH BHXPEBOH CHCTEMBl He-
CXIHMaeMOH XKUIKOCTH.

ITpu 3amaHHOM noJae cxopocTed v* BO3HHKAET €CTECTBEHHLI BOI-
poC O CYUIECTBOBAHMH M €IHHCTBEHHOCTH COOTBETCTBYIOIIETO JBUKE-
HHS  XKMIAKOCTH, YAOBJETBOPAIOIIEro YypaBHeHHsM Jiaepa. Tpyanas
3ajaua O CyIIECTBOBAHMH HcCJeAoBajsach Jluxtenmrefinom (cMm. [9],
ra. 12; [25] ra. 11, 12), Téapnepom!), Boab6uuepom 2), Lleddepom 3)
u Mapynowm 4).

ExvncTBeHHOCTh TeueHHS ¢ 3aJaHHBIM HAYaJbHBIM MOJEM CKOpO-
cTell MOXHO yCTAHOBHTb Ha OCHOBAHHH METOJOB, KOTOpHiE GyIyT OlH-
caubl B 1. 72. Pasianunble wacTHble CJayuaH, B KOTOPHIX COOTBETCTBYIO-
1e€ NBHXEHHE HAXOJMTCS B KOHEUHOM BHJIE, PacCMaTpPUBAOTCA B MO-
norpapuax Jlam6a, Buana, Jluxrenmreiina u Muan-Tomcona.

2. BeckoHewnasn o6aacms. Ecau  mpeanonoxuts, uto ©
W ® paBHbl HYJI0 BHe HEKOTOpPOH orpaHuueHHOH obaactu,
a v oOpawaerca Ha 6eCKOHEYHOCTH B HYJb, TO COOTBETCTBYIO-
uiee MoJie CKOpOCTe# NpeAcTaBJ/seTcs B Bile

v=—grad ¢+ rotx,

rie ¢ ¥ «— noreHuuansl (26.1), onpeleseHHble BO BCeM MNpo-
cTpaHcTBe. MOXHO 0Ka3aTh CHPaBelMBOCTb TOTO MPeNCTaBJE-
HUSl B TPEANOJONeHHH, 410 O ®W © npu r—>co gBAAIOTCA
BeikiunHamu mopsnka r~3, Hakoneu, eciu © n © npu r—> oo
yObiBator kak r~2, To wuHTerpansl (26.1) ma1 ¢ u ® pacxo-
IST¢s, HO OCTaeTcsl CIpaBelUIHBLIM TpPEACTABJAEHHE MOJA CKO-
pocTe#t yepes MPOU3BOLHLIE ITUX MOTEHIUAJIOB:

v=——%f®grad (%)dv—%megrad(%)dv.

8. Koneunan o6aacme; o6wui caywal. Tlpu nonbiTke
npeiACTaBUTL B 3TOM CJlyuae MoJe ckopocreit B Buie (26.2) Mbl
CTaJKMBAGMC C TOM TPYINHOCTHIO, UTO BeauunHa div e Teneps
He ©0073aTeJbHO paBHa Hymo. Ho ecan Ha moBepXHOCTH § u3-
BECTHbl 3HAYeHH CKODOCTH V, TO MOXHO IOKa3aTb, 4TO

v = — grad ¢* 4 rot =%,
YYHolder E, Math. Z., 37, 727 (1933).
2y Wolbiner W, Math. Z. 37, 698 (1933).
8) Schaeffer A. C. Trans. Amer. Math. Soc., 42, 497 (1937).
‘) Maruhn K., Math. Z., 45, 155 (1939).
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rue
* 1 0 1 n.v
¢ —-4—nf7dv—4—n ¥ da, (26.4)
v 8
1 » 1 n X v
X _4—nfr—,d'v-4—ﬂ %Y da (26.5)

v [

(cM. [48], crp. 190). 3aMeryM, yTO HHTerpajsl MO MOBEPXHOCTU
ompefe/sioT B 0O6JacTH b rapmonuueckue @yHkuuu. Ecanm Ha
rpaHuie 8 3ajaHbl TOJbKO 3HAYyeHUs V - N, TO HHTErpaJ Mo Mmo-
BepXHOCTH B QopmyJe (26.5) BHUNCIUTD Heab3s M ClefyeT NpH-
MEHMTb HAPYroi MeTOom.

Pacuiupum o6JacTh onpejesieHHs © A0 BCEro NMpOCTPaHCTBA.
PaccMoTpuMm ¢ 3TOf uesblo B 00/1aCTH, BHEIUHEH MO OTHOLIEHHIO
K D, TapMOHHYECKYIO (BKJIOYas X = 00) (YHKUHIO ¢, YIOBJIETBO-
pAloOLIyI0 Ha & YCAOBHIO O0¢/[On=® - N, U MOJOXKUM ==
= grad ¢’ B TouKax BHe 8. [lMBepreHuuss ONpene/]eHHOTO TaKHM
0o06pa3oM mOJs © paBHA HY.JI0, U © HMeeT Ha GeCKOHeuHOCTH
nopsitok r~3%. Pacuupus Tenepb 06JacTh HMHTErpHPOBAHUA
B ¢dopmyaax (26.1) no Bcero NpocTpaHcTBa, MBI MOJYUMM

v = — grad ¢ - rot=.

B cBA3u ¢ moayyeHHBIMM BhIlle NpPEACTABJICHHAMH TMOJS CKO-
pocTelt OTMETMM HEKOTOpble HHTepecHhle HHTerpajbHble COOT-
Holuenus. JlamO npuBOIMT ABe OPMYJbl A OMNpENE/eHUs KH-
HETHYECKON SHEPruM CHCTEMBl BUXPeH B HECXKMMAaeMOH XKUIKOCTH.
IIpeanonoxuM cHauana, 4TO KHIKOCTb NOKOMTCA Ha GeckoHeu-
HOCTM M YTO B3aBUXPEHHOCTb ® paBHa HYJI0 BHE HEKOTOPOH
orpaHuueHHOH oGsactu. Toraa

i———-%ff w'rwl dvdv’,

NpuYeM HMHTETPHPOBAHUE KaXXAbIH pas NpoBOAMTCA MO Beeft
ofaxactH, saHaTOH cucremoft Buxpeft. (Tpycmean [27], § 35),
0606mun 3Ty GOpMyay Ha caydat KoHeuHOR 00sacTH W OTJIMY-
HOM OT HyJs auBepreHuuu. OH MOJYUHI CAeAyIOLUMH pesy/bTaT:

%_fq2d¢,=_81;ff@—®—,ft—“"—‘idvdv’——
1 v v

——-%f(@f—}—w-g)dv———é—fﬁ@p*vﬂ—n*)(v)-nda.
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rie deped f m g 0003HaueHbl MOTEHUUAJB MPOCTOrO cJa0sl, ¢u-
rypupyiome B dopmyaax (26.4) u (26.5). Bropas ¢opmyna
Jlam6a OyneT paccMoTpeHa B m. 71.

B 3ak/ouenne Mbl XOTHM NpPUBeCTd JBe GOPMYJbl, CrpaBen-
JIMBblE S NPOUBBOJLHOTO HENpepLIBHOrO ABixkeHus. Ilepsas
u3 9Tux ¢opmya npunanaexur JamGy ([8], crp. 273 1):

f(v—{—u) X v)dv = <§ [v (v - n)——% qgn]da, (26.6)

8

a sropas — Tpycresay %)

ditf © dv — §[v(w ‘n)—@Xnlda.  (26.7)
by S

[OGe aTi dopMyaHl Jerko NpOBePUThb, BOCMOJL30BABIIUCHL GOpP-
myno#t (2.1) u rowaecrsamu (17.1) u (17.2).] B rtex cayuasx,
KOrja MHTerpa/jbl MO MOBeDXHOCTH paBHbl HY/I0 JAu6O B CUIY
ycaosus v=0 Ha &, nuG0 B CHUJIy COOTBETCTBYWOLIeH acUMNTO-
THKH Ha OeckOHeyHocTH, QopMyasl (26.6) u (26.7) nepexonsr
B CJ/GLYIOILUE MPOCThie COOTHOLUCHHUSA:

(v X v)dv=0, 4 wdv=0.
j 4]

[lepBOe M3 9THX COOTHOLIEHMH MOKA3HLIBAET, YTO CpelHee 3Haue-
HHe © X V PaBHO HYJIO, @ BTOPOE — YTO CyMMapHas 3aBUXpeH-
HOCTb CHUCTEMBLI Buxpeﬂ NMOCTOsIHHA BO BpeMeHH.

27. Mepa 3aBuxpenHocTu. Tpycnesuxa 3) samernsa, 4TO Beju-
YMHA MIHOBEHHOH YrJIOBOH CKODOCTH ® JaJIeKO He BCeraa mpa-
BUJILHO ONpefenser poJb, KOTOPYIO UTpaeT BpalleHde B JABUKEHUH
auakoctd. HenocraTKoOM 3TOH XapaKTepHUCTHKU SBJSETCH TaKKe
3aBHCUMOCTb BEJMYHHBI ® OT BHIODAHHOH CHCTEMBl eIMHHUIL H3-
Mepenus. Tpycrean npuBea yOeinTeabHble LOBOAE B MOJAb3Y

) dopmyana Gblna moayueHa Jlambomt 1a9 HecHHMAEeMOH XKUAKOCTH
M B HeH, €CTECTBEHHO, OTCYTCTBOBaJ 4JIEH Ov.

2) Truesdell C. Phys. Rev. (2) 73, 510 (1948). B mpyroii
pabore [Canad. J. Math., 3, 69 (1951)] Tpycnenn nonyuua neayio
cepuio (GOpMYya 1S 3aBUXPEHHOCTH, oGomanmux dopmyay (26.7).

8 Truesdell C. J. Rational Mech. Anal., 2, 173 (1953).
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TOTO, YTO 33 Mepy 3aBUXPEHHOCTH CleLyeT B3ATb Oe3paaMepHbIH
MHBAaPHAHT
Q:Q ®
D:D " yop:D °
Ilns Ge3BUXPEBOTO INBIMEHHS, He COBMANAIOLIETO C JBHKEHUEM
WUIKOCTU Kak TBeproro tena, o =10, D = 0 u, crenosareabHo,
W=0. B ciayuae, xoraa >KHUIKOCTb- BPallaeTCs KaK TBepLoe
teno, D=0, w #0 u W=o00. Takum 06pa3oM, ompere/eHue
(27.1) cTaBuUT B COOTBETCTBHE /IOOOMY [BHXKEHMIO JKUAKOCTH
(32 MCKJIOUEHHEM TMOCTYNATEIbHOTO IBHMMEHHS IKUIKOCTH Kak
TBEPIOrO Te/a) YHC/IEHHYI0 Mepy 3aBHXPEHHOCTH CO IIKaJOH
or 0 10 co, mpuyeM MaKCHMAJbHYI0 3aBUXPEHHOCTb MMeeT Bpa-
IleHHe XKUAKOCTH KaK TBEPAOTO Tea.

[TponnmocTpupyeM MOHsATHE Mepbl 3aBUXPEHHOCTH BbIYUC/E-
HueM BeJMuMHbl 2B LIS HEeKOTOPHIX OOLIEU3BECTHHIX [BHXKEHUH.

W = (27.1)

1. O6o6wennoe menwenue [Iyaseiasn. Tlome cxopocte#t
STOTO TeYeHWs B HEKOTOPOH NMpPSMOYTOJbHOH CHCTEME KOOPAMHAT
HMeeT BUI

u=v=0, w=w(x, y). (27.2)

dopmyanl (27.2) BkawyalT B ceb KAaK TeyeHWe YUCTOTO CABHTA
w=~Fy, TaK M JAMUHAPHOE TeueHHEe BA3KOH KUAKOCTH B TpyOke
C TOCTOIHHBIM TONEPEeUHBIM ceyeHHeM. JIerko npoBepuTh, HTO
I Takux TeueHu#t W =1.

2. [suncenHue ¢ nocmosrHOL 3asuxpernHocmsio. PaccMmo-
TPUM TJIOCKOE TeYeHMe HeCXKHUMaeMOH MKUIAKOCTH C TNOCTOAHHOM
3aBUXPEHHOCTbIO ®. PyHKUMSA TOKA 3TOTO TeuyeHHs YLOB./ETBO-
psieT ypaBHEHHUIO

‘V2L])=—-(D

¥ yCI0BHIO ¢ = const Ha HEMOMBWXHBIX TpaHnuax. Ecau muaxoctsb
HaxoauTcd B cocyne C HENnOABMXKHLIMH CTEeHKaMU, TO JIEerKo
BUIETh, 4YTO

b= o}*(x, y).
CnemBaTeano, QB HE 3aBUCUT OT 3aBUXPEHHOCTH NBUNKEHUS H
ompelenderca TOAbKO GopMoit cocyna a9 3AMMITHYECKOTO
cocyna ¢ MnoJayocsaMu a b Mul noayuyaeMm, B 4aCTHOCTH,

TP

a? — b2
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3. Boauw Iepcmrepa. PaccMOTpPUM Tenepb HHTEpECHHIH
npuMep BOJIHOBBIX IBUXKeHUH, ToJyyeHHblH TepcTHepoMm, H mo-
NbITaeMCA OLCHHTb B 3TOM CJyyae OTHOCHTENbHYI0 pOJb Bpa-
11aTe/IbHOTO ABHXEHHS, TMO/b3YSACh MOHSATHEM MePBl 3aBUXPEHHOCTH.
3aMeTHM, YTO paccMaTpuBaeMOe NBHXKEHHE HMeeT INpaKTH4YeCKuh
MHTEpeC TOMbKO B TOM C/yuyae, KOTja BeJuynHa I8 He CAMIIKOM
Besuka 1).

B npuMepe TepcrHepa nBu:KeHHEe 3alaeTcd B IEPEMEHHBIX
Jlarpanxa (3.1) celylOlUMH ypaBHEHUAMU:

x=a—i——/1c;ek”sink(a—+—ct), y=b-—iekbcosk(a—+—ct);

k
(27.3)

81eCb R U € — HEKOTOpHIE MOJOKHUTENbHEIE MOCTOsIHHbIE, XOTS
BeJMUYMHBl @ U b JeHCTBUTENbHO UKCHPYIOT HavaJbHOE MOJNOXKEHHE
YaCTHLEB, OHM He SBJSIOTCA NepeMeHHbIMH JlarpaHxa B TOUYHOM
3HAUEHMH 3TOrO Ca0Ba, Tak kak fpu f=0 yacTuua He Haxo-
JIUTC B TOUKE € KOOpIHHATAMH @ M b. MB paccMOTpuM IBH-
deHue TeX uacTHu, A Koropux b b, < 0. Jlerko Buuers,
yTo AKkoOuaH npeoOpasoBanus X —=¢’ (@, b, ) He MeHsieT 3HaKa
npu b <0, 5

(A x, ¥ kb

= m =1 — 32 > 0,
U, CJIeN0BaTeNbHO, NBHXKEHHE, OmpcieaseMoe ypaBHeHusMu (27.3),
apageTcs ponycTuMbiM. Cpoboanas noeepxHocTs b =10, (u Bo-
oOwe n00asi MOBEPXHOCTb § == const) mpencrasiser cobo# Tpo-
XOMAYy C IJMMHOR BOJHB 2m/k, IBUXKYLIYIOCA CO CKOPOCTHIO €
B OTpPHULATE/JbHOM HANpaBJeHHH OCH X.

Tak kak
0y d@b)
J0(a. b) 0(X,7) ’

dopmyas (27.3) onpelensioT ABUXKEHHE HECXKUMAeMOH KHIKOCTH.
HnrerpupoBanne ypasHenu#t nsmxenuss (6.10) B nepemeHHBIX
JlarpaHxa Npu NpeinoJoxeHud == gy NPUBOLMT K yPaBHEHHUIO
bepnyaau caenymoouero Buia:

_f:_ =—gb—+ —é— c2g2k0 —+—% (g — kb"’) ekt cos & (a -+ ct) -+ const
(27.4)

') [lpuBenesHulff 3j4ech MarepHa’l B3fAT H3 LUTHPOBAHHOH BbilIe
pabotar Tpycaenna.
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Hs ypaBHenus (27.4) BMOHO, YTO IJs BHINOJHEHHS YCAOBUS
p=const Ha CBOGOIHOH MOBEPXHOCTH HYyXHO mNoTpeboBath,
4TOOE!

2= g|k. (27.5)

dro ycaosue TNpuUBOAUT K O6OJee NMPOCTOMY BHLY YpaBHEHHS
BepHy/IH, a HMEHHO K YpPaBHEHHIO

-gi: —gb—+ % c2e?kb | const,
3aMeTuM B 3aKJIOuUeHHe, YTO MNPOU3BENEHHOE HHTErPUPOBAHHE
ypaBHenu#t aBikeHus (6.10) c/ayXuT oxHOBpeMeHHO IOKa3aTelb-
CTBOM BO3MOXHOCTH BOJHOBHIX IBHXKeHMH [epctHepa 8 nose
cun msaxcecmu.

Jlasi BoludcaeHnst BequunHBl B HYNKHO ONpeleNUTb KOMIO-
HeHTH grad v. Mbl nMmeeM

__4dx __
u=-—_r-=ce cos 9,

rie 8=~k (a - ct); cienoBaTe/]bHO,

ou _ 0(u, y) d(a b) . - -
W*m)—m_——/lsmﬁ (A= kcekbJ' 1),

AnanoruuHbsM 00pasoM HAXOAMM HpPOU3BOAHBIE

ou Jv ov

— = — A(cos?d kby —— = — A(cos8—ekb), —— = Asin?d.
3y (cos 6 — ek?) ox (cosd—ekt) 3y Asind
[ToxcTaBuB 5TH BHIpaxeHHs B COOTHOWIeHWe (27.1), MBI MOJIyunM
3aMeyaTe/ibHYI0 MO CBOel MpocToTe GOpMyay s MepH 3aBUX-
pennoctn W Ha ,raybune’ b:

9B — kb — On Amnautyna )
JlnuHa BOJHH

Jlerko BUAETb OTCIOAA, YTO BeuyuHa W [NOCTUTAET MaKCAMyMa
Ha CBOOOIHOH IOBEPXHOCTH M SKCMOHEHLMAJbHO yOBIBaeT NpH
yseauueHud ray6unbl. Ecau MBI XoTuM, 4t06Hl BeanumHa B He
npeeocxoiusaa, nanpumep 109%, To HyxHO norpe6oBaTh, YTOGHI
Ha CBOOOIHO! NMOBEPXHOCTH BBINOJHANOCH YCJIOBHE

Ammurysa < 1,59 IJIMHBI BOJIHBI.

TaxkuM o6pas3oM, BOJHB ['epcTHepa mnpencTaBasioT COOOR CHIABHO
3aBUXPEHHOE IBHXKEHHME, 3@ MCKJIOYEHHWEM Cayuasd BOJH MaaoH
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aMIUIMTYAB; HAa CaMOM Jlesle aMIUINTYIa JOJKHA OBITh HACTOMbKO
MaJoff, YTO CTAHOBUTCA NMPUMEHUMON JMHeapU3UPOBAHHAS TEOPUS
NOBEPXHOCTHEIX BOJIH.

28, Ilose yckopeunii u ypaBuenne Bepuyaan, PesysbTarsl,
u3jaraeMbie B JaHHOM INYHKTe, OCHOBAHBI Ha Pa3JMYHBLIX KHHEMa-
TUYECKUX MNpelcTaBiaenusax ansg div a. BuiBold 3aTux obuux ¢op-
Mya ¥ UX npuMeHeHue mnpuHangiexar Tpycnaeany!l), xora pas-
JUYHBIE YACTHBIE Cay4yau OblMM M3BeCTHH W paHblie.

[TpumMeHuB onepaTop AuBepreHuuu K ¢opmynae (3.5), ompe-
Ieasioliefl yckopenne, W Hoa0kuB O = div v, MB 0OJY4UM

. 00 . do ;
diva= —7 -+ div (v - grad v)=7—{—fvidfv1’i=

do . 1
=2 +D:D— 5o’ (28.1)

UJIu
diva=-2 4+ (1 —®WH)D:D. (28.2)

Tperbe mpencrasienne s div a, UCMOJAb3YyeMOe HHXe, SBJSETCA
ciaeactBueM Toxzuectsa (17.1):

diva =20 4 div(w X V)+ V25 ¢ (28.3)

HapectHo, uTO /060 BEKTOPHOE MOJME MOXKHO PAa3JONKHThH
Ha CyMMy MOTEHLHMa/JbHOTO M COJEHOMINAJNBHOrO moJjed (cM. [48],
ctp. 186); B uacTHOCTH, NOJIe YCKOPEeHUH HOMyCKaeT NpeiCcTaB/eHie
B Bulle

= — grad ¢* - rot =* (28.4)
OueBuaHO, uTO B Ciayuyae GapOTPONMHOrO TEUEHHS
s+ [4r -
¢ _f e, =0 (28.5)

C npyroft CTOPOHBI, LIS HeCXKUMaeMOH BSI3KOH KMIKOCTH, yIO-
BjeTBOpAoleli ypaBHenusM Hasbe — Crokca (68.2),

@:%4—53, T = — o, (28.6)

IoxncraBus npexncraBnaeHue (28.4) B ypasuenus (28.2) u (28.3),
Mbl NOJYYUM, YTO IJjsi JI0OOrO HENpepHIBHOTO IBHXEHHUs TOTEH-

HTruesdell C, J. Rationat Mech. Anal., 2, 173 (1953).
) ) (
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uMan yckopeHu#t ¢* yIOBIeTBOpSET CJACAYIOLIMM yDaBHEHHAM
Ilyaccona:

Vg =— 2 4 (@ —1)D:D (28.7)

V2 (q,q_ % q2) e % —+ div (v X o). (28.8)

Tak kak BTOpOe ypaBHeHWe BHIpaxaeT BelUuHHy ¢*— 1/, ¢2
yepe3 Ipyrue NapaMeTphl TeueHHs, ero MOXHO pPacCMaTpUBaTh
KaKk ypaBHenue BepHysau. Ypasuenus (28.7) u (28.8) Bnepsrie
noaydyeHsl TpycleanoM, XOTS B YaCTHBHIX CJy4asx OHM Oniau
npuselens patee JI. K. BoGblneBbiM!) u Poynannom 2).

ITpy npumeHeHHMH TOJYYEHHBIX pe3yJbTaTOB K IHHAMHUKeE
XKHUIKOCTH Mbl OrpaHuuuMcs cayyaeM p= const. PaccMoTpum
cHauana Ge3BuXpeBoe IHBHKeHHe. B 3TOM ciayuae u3 ypaBHeHHH
(28.2) u (28.3) noayuaem, uToO

V2%q2=D:D>O;

CJIelOBATeJbHO MAaKCHMyM MOLYJs CKODOCTH -[JOCTHUTaeTcsi Ha
rpanuue; 31oT akT yxe ynomusajcs Boiue (n. 23). PaccMoTpum
Tenepb JBUXKEHHE XUIKOCTH, yIOBJeTBOpsIOlLee ypaBHeHH!O (28.5)
uiau ypaBHenuio (28.6). B mo6oM u3 sTMX ciayyaeB (TMOCKOJIbKY
0 = 0) mbl MoXeM 3anucatb ypasHenue (28.7) B BuAe TaK Ha-
3bIBAEMOr0 ypasHeHUus 0aBACHUS:

v2 (§+sz)=(§232— 1)D : D. (28.9)

TaxkuM o6Gpa3oM, B ciIyuae me4eHull Hecscumaemol scudkocmu,
Kax udeaavHoli, mMaK u BA3KO0H, 8 KOHCEPBAMUBHOM NOAe
BHEWHUX CUA

1) 8 o6sracmu, 20e W> 1, maxcumyn sesusuns: p—+ p
docmuzaemcs Ha eparuye;

2) 8 o6sacmu, 20e W1, munumyn seaununs. p— pR
docmuzaemcs Ha 2paHuye.

1) Bo6uaes [. K., Math. Ann., 6, 72 (1873).

2) Rowland H., Amer. J. Math., 3, 226 (1880). Ananoruunsie
YPaBHEHHs PacCMaTpUBAJIMChb Takxue B paborax JluxrenmreliHa [9, cTp.
409], Tamena [Hamel G. Mh. Math. Phys., 43, 345 (1936)] u Jla-
raman [Lagally, Z. angew. Math. Mech,, 17, 80 (1337)).
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Ecau V2R =0, umo sunosnsemcs, Hanpumep, 04s cay-
4as nOAS CUA MAXNCeCMU U OASL CAYHAS OMCYMCMBUSL 8HEUL-
Hux cur, mo 06a 3mu ymeepicOeHUus ChRpasedsuss. maroice
OMHOCUMEAbHO CAMOL BeAUUUHb. OABACHUS P.

B uactHOCTH, yTBep:KIeHHe 2 CNpaBelauBO 1/ Oe3BUXPEBOro
JABUXKEHUA.

29. llpeoGpasoBanusi BeGepa u KuaeGma., B 3akmoueHue
9TOM TJaBLl Mbl ONHMLIEM [Ba M3BeCTHHX NpeoOpas3oBaHust ypas-
HeHu# JBMKeHUs B cjydyae OapOTPOMHOIO TedeHHs HIeaabHON
WUIKOCTH., IDTU mNpeoOpa3oBaHUs NPUMEHSIOTCS CPAaBHUTENbHO
pelKo, HO MpelcTaB/aseTcl HHTEPECHBLIM 3amucaTh uxX B Oosee
ynoOHOM BHAE, 4eM TOT, B KOTOPOM OHHU OOBIYHO ymorpebasiorcd,
U CcleaaTh UX, TaKUM 00pa3om, 6osee NOCTYNHBIMH AJST YMTATeNs.

Mul HauHeM ¢ BHIBOIA nmpeoOpasoBanus Bebepa u paccMoTpuM
C 9TOH 1leJbl0 OYEBUIHOE TOXIECTBO

Grad x - a = % (Grad x-v)— Grad%qz.
[Otmerum aHamoruto c¢ Qopmyinoit Jlarpanmxa (14.4).] IToasaysch

9THM COOTHOLIEHHEeM, MBI moJayuyaeM u3 ¢opmyasl (16.5) nasa
YCKOPEHHS, UTO

—d?(Gradx-v)——-—Grad (f—P_+9_ —Q—q?).

[TpounterpupoBas nocjeiHee ypasHenue or 0 10 £ u HOJIOKHUB
t
— dp 1 o

MBI TOJyYHM ypaBHEHHE

Grad x - v—vy=—Grad ¥, (29.1)
rie v,— noJje ckopocreit npu ¢ = 0. Ypasuenue (29.1), xoropoe
HasbiBaeTCs Y pasHeruem (WM npeolpa3osaruen) Bebepal),

MOXHO paccCMaTpUBaTh KaK BUAOU3MEHEHHYI0 (OpMYy ypaBHeHuH
IBUXKEHHS B NepeMeHHBIX Jlarpanxa.

) Weber H, J. reine angew. Math., 68, 286 (1868).
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Hcnosbsys npeobpasoBaniie BeGepa, CpaBHUTENLHO Jerko
nonyuutb mnpeoOpasopanne Knebmia !). 3ameruM cHavaaa, uro
noJjie CKOpOCTe# BcCerga MOMXHO (MO KpaHHeH Mepe, JOKaJbHO)
npencrasuth (cMm. [48], § 49) B BuIe

v=grad ¢+ f grad g. (29.2)

Ho torma o =grad f X grad g, clen1oBaTe/lbHO, NOBEPXHOCTH
f=const u g ==const 4BIAIOTCA BUXPEBLIMU MOBEPXHOCTIMU.
Kak 6bJI0 ycTaHoBJ/IEHO, BUXPeBble NIOBEPXHOCTH MepeMelaioTCs
BMECTE C XHAKOCTbIO, IIO3TOMY €CTeCTBEHHO MOMBITATbCS B Mpel-
craiennu (29.2) mono6pars f u g Tak, 4TOOHI

ar g
2 =0 =0 (29.3)
JlokaxeM, 4TO 5TO NeHCTBUTENbHO BO3MOXKHO.

IlpencraBuM ¢ TOH LeJbIO HauyajbHOE MOJde CKOpOCTed v,
B Bule (29.2), T. e. MOJOXKHM

v, == Grad ¢, f Grad g.

3xecy ¢yukuun ¢, f u g 3asucar Toapko oT X. [loxcraBus
5TO BBIDAXKeHHEe I V, B ypaBHenue (29.1) u ymuoxus o0e
yacTu ypaBHeHus Ha grad X, MBI MOJyYHM

v—grad ¢, = f grad g = —grad ¥,
1
v =grad ¢+ f grad g,

rie 9=9,— ¥, a dyskuun f M g yLOBJETBOPSIOT ypaBHe-
HusaM (29.3).

Kne6w nokasan, uro B cJydae, Koria HoJe CKOpPOCTeH v
npencTasieHo B Bule (29.2) m BemosHeHwl yciosus (29.3), ypa-
BHeHHe ABHxeHusi (16.5) momyckaer uHTerpupoBanue. J[leficTsu-
TeJbHO, HCXOAs u3 ToumaectBa (15.8), Jserko mokasath, uTo

d 1 d d
a=grad(2§—§q2)+a%gradg+fgrad d—f:

dy 1 1, 0, L0
— grad (5 — 5 %) =grad (5 g+ wrIe)

" Clebsch A, J. reine angew. Math., 54, 293 (1857); 56, 1
(1859). Utenne 3TUX paboT HOBOJBHO 3aTPYyAHUTENBLHO, Mbl CJENOBaJH
3u?c1) B OCHOBHOM H3JIOXEHHIO STHX BONPOCOB B kHure Jlam6a [8],
§ 167.

R*
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CpaBHUB TOJMyYeHHbIE BhIpaxeHus ¢ dopmysoit (16.5), Mul nmoay-
yaeM, uTO

1 d 0 0
§q2+f~§+9_—_——a—f—f§; (29.4)

HECYILeCTBEHHAsT (YHKIUS BpPeMEeHH BKIIOYeHA 31eChb B ¢. YpaBs-
Henne Kae6ua (29.4) MOXKHO paccMaTpuBaTh KaK ONHO M3 ypaB-
Henu#t BepHy/IM, ONHAKO B OTJIMYME OT PACCMOTPEHHBIX BhIIIE
¢opm 3TOTO ypaBHeHHs COOTHOIeHHe (29.4) He 3aBUCHUT HU OT
TNPEANONOKEHHST O TOTEHUHAMLHOCTH TeueHHs, HU OT MNpennoJo-
XEHHUsI 0 ero CTALHOHAPHOCTH. 3aMeTUM, HAKOHELl, YTO ypaBHEeHUs
(29.3) n (29.4) ofpasyioT cucreMy Tpex YpaBHeHHH OTHOCH-
TeNbHO HeM3BeCTHBIX @, f, g W p; V ONpele/seTcs U3 ypaBHe-
Hus (29.2), a naBnenue sBAsEeTCS M3BeCTHON (yHKUHeH p B cHIy
6apOTPONHOCTY TeueHus. B KayecTBe 4eTBePTOro ypaBHeHMs CJe-
LyeT B3ATh ypaBHEHHE Hepa3phHIBHOCTH 1).

Kaxywasica mnpocrota npeoOpasoBanus Kiebwa sBiagercs
yacTMYHO OOGMaHUMBOM, TaK KaK Jaxe B YCTAHOBHUBIIEMCS ABHU-
sweHuu ¢yukuun ¢, f u g Oyayr, BooOuie rosopsd, 3aBUCETb OT
BpeMeHH.

Ecan ¢byHukuuu f u g He yIOBAeTBOpsOT ycaosuaMm (29.3),
TO BMeCTO ypaBHeHus (29.4) Mbl NOJyuYuM YypaBHeHHE BHIA

d d
d—f grad f ——TJ; grad g =grad §,

rie
1 d 0 0
©:7q2+f7p+9+o~i+f5§' (29.5)
Caenosatensio, § =9 (f, g, ) u

dg 99 df 0% .
5TH ypaBHeHUs 1O (opMe HATOMHHAIOT KAaHOHMUECKHE YpaBHEHHS
FamuabroHa. B cayuae mnpeo6paszoBanns KieOwa Mbl uMeeM,
B uactHoctH, H=0 u dffdt =dg/dt =0. TlpennonoxuM
Tenepb, YTO IABUKEHWe YCTaHOBUBIIeecs M 4TO GyHxkuuu f u g

) Knebw 3ameTHs, UTO 9Ta CHCTEMA YPaBHEHHII dKBHBAJEHTHA He-
KOTOpOH BapHauMoHHOH 3anade. B Gogee o6meM Buae 3Ta 3agaua 6plaa
chopMyaupoBaHa He3aBUCUMO ADYr oT Apyra XepusejoM H JluHeM
(cm. m. 15).
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yIOBJIETBOPAIOT He ycaosuaM (29.3), a ycioBusIM

of _og_
ot~ ot~ 7
Toraa § He 3aBHUCUT SBHO OT £ M, CJIENOBATENbHO,
dp __0Hdf | 0Hpdg
= deZ_‘_@ZZ_O' (29.7)

31ech YMECTHO 3aMeTUTb, YTO TAK e NOKa3hiBaeTcs oOLieusBe-
CTHBI NMpPUHLMI COXPAHEHWS SHepruu B IMHaAMHKe [ aMH/IbTOHA.
YpasueHnne (29.7) 3KBHBAJNCHTHO, OYEBHIHO, YPABHEHHIO DepHymiu
(cM. m. 17). B ocHOBe yIMBHTE/JbHOH aHAJOTMM MEX1y KaHOHH-
yeCKMUMHU ypaBHeHusMu [aMu/IbTOHa u ypaBHeHusaMu Knebma sexat,
N0-BMIMMOMY, BapHALMOHHbBlE NIPUHINIIE, YCTAHOBJIEHHBE B 1. 15.

29a. JlonoaHenue. OGoGmenHbie npeoGpasoBanus BeGepa
u Kae6ma. Mb paccmMoTpuM 3nech- 0600lieHHe. pe3yabTaTOB,
MOJAyYeHHBIX B M. 29, Ha cayuyall ABHXEHUS NPOU3BOJBLHOTO rasa.
TepMoIuHaMHueckoe OOOCHOBAaHHMe DPacCyxIeHH#H, KOTOphle Npo-
BOLATCA B 9STOM IyHKTe, OyleT HaHO B CJelylolled riase
(n. 30, 35).

[Tpn o6006mwenun npeobpasosanusi BeGepa Mbl cliefyeM TOH ke
cxeme, yTo U B m. 29, npuyeM posab ¢opmyan (16.5) Gyner
UrpaTh Tenepb COOTHOLIEHHE

a=Tgrad S —grad (/ + Q), as

2 =0, (29.8)

rie uepes [/ oGosnaueHa yneabHas sSHragbnug, [=E- p/p
(37a ¢opMyaa siBaseTcs CJAeACTBHeM ToxlecTBa p~lgrad p=
= T grad S — grad /). B pesy/bTaTe HeC/I0XKHHX NpeobpasoBaHuit
BMeCTO ypaBHeHus (29.1) MBl NOJyyuM ypaBHeHUe

Gradx - v— v,=0 Grad S — Grad ¥, (29.9)
rae
g dv 1
=0 GF=I1+—5d (29.10)

Ypasuenue (29.9), apasioueecs 0600LIeHHHIM YpaBHeHHeM Bebepa,
TaKke MOXHO paccCMaTpuBaTb KaK BUIOU3MEHeHUE YpaBHEeHUH
IBHXeHUs B mepeMeHHbIX Jlarpamxa.

[Moayuennble ypaphenus (29.9) u (29.10) npencraBaaioT 3Ha-
yuTeJbHbIH# MHTEpPEC C TOYKH 3pEeHUs BapHalMOHHOM 3axauu
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Xepusena — Jlunsd, paccmotpenHo#t B m. 15. ToBops TouHee,
ypasuenue (29.10) u ypasHeHue

v=—grad ¥ 4B grad S 4 grad X - v, (29.11)

noJayuaiolieecs NpH yMHOxeHun ypaBHeHus (29.9) na grad X,
BMeCTe C OueBUAHHIM yciaoBueM dvy/dt =0 coBnazaloT (C TOYHO-
cTbi0 10 00603HaueHUH) ¢ ypaBHeHUsiMH Oiilepa BapualLUOHHOM
3anauu, onpenenaseMoit ypaerHenusmu (15.5) u (15.6). Sro noxaski-
BAET, YTO KaXJ0e TeueHHe 1aeT SKCTPeMyM BapHaLMOHHOH 3anauu
Xepusena — Jluna (cM. n. 15).

Herpyzrno noayuutb o6oOuienue npeobpasosanus Kiebmia,
OIHAaKO BbIBOJ 0000uIeHHBIX ypaBHeHu#t Kaebwa u ux ¢opmaib-
Hoe 000CHOBaHHE MBI NPENOCTABJEM YUTATE/IO.



FTIABA 4

TEPMOAWHAMWUKA M YPABHEHME 3HEPIrUM

§ 1. TepmoanHamMuKa mpocToii cpensi

Bcerna, kpome HaubGosiee MPOCTHIX CJIy4YaeB, PaCCMOTPEHHBIX
B NpelblIylllelt TJaBe, YUCIO HEU3BECTHHIX B ypaBHEHHSX, BEHIBe-
JEHHBIX B IVI. 2, TPEBOCXOIHUT YUCJ/IO yPaBHeHUH H, CIe0BaTe/bHO,:
OIHMX STHX YpaBHEHHH HeJOCTATOYHO O/ MOJHOIO ONUCaHHUS
apmxenns xuikoctd. CoszgaBlieecs 3aTpyIHeHHe paspeliaeTcs
BBEJeHHEM YPABHEHUS NOAKOE 3Hepzun, OCHOBAHHOTO HAa KJjac-
CHYECKUX TpHHUMIIAX TepMOLMHAMHUKHM, M MCIIOJb30OBAHHEM 3aTeM
3aJaHHBIX 3apaHee ypaBHEHHR COCTOSHHUS Cpelbl.

B sroff rnaBe Mbl BbiBeleM YpaBHeHHe IOJHOH SHepruH,
HauaB c o6sopa (m. 30—32) Tex pesyJbTaTOB KJaCCHUECKOM
TepPMOJMHAMUKH, KOTOpHIE HaM NMOHaA00ATCS B NajbHedmeM. Mb
paccMOTpPHM, B YaCTHOCTH, OCHOBHBle B3aKOHH, OIKCHIBAIOLHE
U3MEHEeHUs TePMOIMHAMUUYECKOR CHCTeMBI, (asbl KOTOPOH HMeIOT
TIOCTOSIHHYI0 MacCy ¥ (HMKCHDOBAHHOE YpaBHEHHE COCTOAHHS.
Ilpexne yeM HepefTH K JeTasaM, CJAeLyeT 3aMeTUTb, YTO MHl He
cTaBUM nepel coboft 3azauy (3TO BHIXOZMJIO OBl K TOMY e 3a
paMK# JaHHOH cTaTbu) ¢u3UYecKOro OOOCHOBAHHS JIOTHYECKOH
CTPYKTYPHl TepMOLMHAMHMKH. YKaeM JMIlb, YTO TaKOro pojia
o60CHOBaHHe MBI HaxonuM B 3akoHax Kuayauyca u KembBuHa,
pe3yibTaTaX KHMHETHYECKOH TEOpHH M CTATUCTHUECKOM MeXaHUKH
U, noxaiy# B HauboJbllet Mepe, B YCHELIHOM MPUMEHEHUH
TEOpUU [AJ5 OObACHEHHS SKCNEPUMEHTAJbHEIX (aKToB 1),

) TpyaHO yKa3aTh YHTATEJIO BIOJHE CTPOrOe H3JOXEHHE BONMPOCOB
060CHOBaHHsI TepMOXMHaMMKH. OJHHM M3 HauGoJee YHAUHHEIX SJEMEH-
TapHBIX METONOB sBJAfeTCs MeToX PHIIHICA, H3JIOXEHHBIH, HampuMmep,
B kHure [31], ra. 8; mpexcTaBisiOT TaKkxke MHTEpPEC M IPYrue pasiessl
stoit "kuuru (ra. 1—3, 6—7 u 19—24). Bojee mnoaHoe wucCaerOBaHHE
npuHanaexut Kapareogopu [Math. Ann., 67, 355 (1909); Sitzgsber.
Akad. Wiss. Berlin, Math.-Phys. Kl., 39 (1935); Handbuch der Phy-
sik, 7. 9, ra. 4, 1926]. OQaHAaKO Kak dJeMEHTapHble METOAHl, TaK H
ussauHBIA Metos, Kapareogopu HempHMeHHMBI B Clyuae HeoOpaTHMBIX
OpOLECCOoB; IO 9TOMY BONPOCY MOXHO oOpaTuTbe K pabore Jlu-
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80. Ognodasnas cucrema, [Ipoctefimielt TepMOAMHAMUUYECKOR
cucTeMoit sBisercs onnoponHas cpena. CBoHCTBAa ONHOpOLHOK
Cpelbl JexXaT B OCHOBE BCeH TMAPOIMHAMUKH CKMMAcMOH KUIKO-
CTH, MOSTOMY Hallle H3J0XKeHHe eCTeCTBEHHO HauaTb C MaTeMa-
TUYECKOr0 ONHUCaHWsA 3ToH onHodasHOH cucreMmbl. BeeneM ¢ 3To#
LeJbl0 Nepemernble cocmosiHus, Hanbojee BaXHBIMU U3 KOTO-
puix sBasiorcst o6veM V, surponua S, BuyTpennss sHeprus E,
napjieHue p u aGcouoTHas Temmeparypa 7. 3anaHnble 3HavyeHus
9THX NMePEMEHHBIX BIIOJIHE ONpPeensioT TePMOANHAMUUECKOE COCTOS-
HHe ONHO(A3HOH CHUCTEMEL.

Cmpyxmypa onHO}a3HOH cucTeMbl onpene/seTcs (GyHKUUO-
HAaJbHBIMA COOTHOIUGHUAMH MeXLY TePEMEHHBIMM COCTOSIHUS.
Crenys ussunoMy merony ['u66ca, BhiOepeM B KauecTBe OCHOB-
HOTO COOTHOLIEHH

E=ES, V)

(byuxuus E (S, V) npennonaraercs 3adannoii 3aparee) u npu-
MeM CJeLyOliue onpedesesus Benuuud p u T:
O T—OE'

P=—"gv: 173"
npeanoJaraercs, KoHeuso, uro 0E/0S >0 u 0E[0V < 0. Pas-
JanyHble cooTHowenus Mexay E, S, V, T u p, KOTOpbe MOXHO
MONYYUTh M3 BHIIMCAHHBIX Bbillle (QOPMYJ, HA3HLIBAIOTCA ypasHe-
Ruamu cocmoanus. SIcHo, uto 3adukcuposas Jjo0ble 1Be mepe-
MEHHBIE COCTOSIHMS, MBI TEM CaMLIM ONpenc/sdaeM, B006Llle rosopd,
Bce ocrtaibhbie 1), [lToanoe puddepeHunposanie COOTHOIIEHUA
E=E(S, V) npuBonur X ciaeiymulei BaxxHod ¢opmyie:

TdS =dE -+ pdV, (30.1)
CBfI3bIBAIOLIECH nepeMeHHbIe COCTOSAHUA.

da[Leaf B, J. Chem. Phys., 12, 89 (1944)], B ocoGennoctu k ctp. 94,
3amMeTdM, YTO B NOCJeAHee BpeMsi Bce GoJee MOMyasipHOH CTaHOBHUTCH
Ta TOYKA 3pEHHs, YTO CJeJyeT OTKa3aTbCH OT MONBITOK CTPOrOro o6bAc-
HeHHsl aKCHOM TEPMOJMHAMHUKM HEOODAaTHMBIX NPOLECCOB; CM. KHHTH
Jle 'pora (e F'por C. Tepmosunamuka HeoOpaTHMbIX NPOLECCOB,
TCocrexusnat, 1956) u [Heubura (Len6ur I, Tepmosunamuka cra-
HMOHApHBIX HeoGpatuMbix npoueccos, WJI, 1954).

CranjapTHOE H3JOXeHHe KUHETHUECKOH TEeOpHH ra3oB MOXHO HaHTH
B kuure Yenmena u Kayaunra [34].

) B kauecTBe OCHOBHBIX NepEMEHHBIX MBI OyaeM OOBIYHO yrO-
tpebasats (S, V) uau (p, V), nocaendsas napa nepeMeHHbX NPHMEHHMa,
KOHEUHO, TOJbKO B TEX CIyuasX,Koria p U V OJZHO3HAYHO OHNPEASIANT
TECPMOAHHAMUUECKOE COCTOSHHE CHCTEMBL
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B rtoMm uyacrHoM cuayuae, koraa E = E(S), ocHOBHOe ypaBHe-
uue (30.1) sameusiercs ypaBHenueM I'dS =dE, mnpuueM IaB/eHue
yxe He sBjserca Oojee TepMOAUHAMHYECKOH MepeMeHHOH. ITo
BBHI3BIBAET HEOOXOLMMOCTH CNEUHaJbHEIX OFOBOPOK B MOCJAENYIO-
LWMX PacCy®AeHUAX, OLHAKO AJs KPaTKOCTH Ml Bce Heo0Xolu-
Mble M3MeHeHHs NpeNOCTaB/IseM YHTATEeNI0 U Hudice 8Ci00Y cHuU-
maenm, umo (OE[0V)s < 0.

Mb  paccMOTpUM CcHauyajJa B KaueCTBe IIpuMepa TNpOCTOR
TePMOLMHAMUYECKON CHCTeMbl COBEpIUEHHEIH I'a3, OINHAKO NpelBa-
pUTENLHO HANIOMHUM YHTATeNO HEKOTOpHE OOlIMe pe3y/bTaTH,
CrpaBei/uBbIe 1151 IPOU3BOJILHON 0NHO(pA3HON cucTeMul. I'oBopHrT,
yto O0JHOGA3HAS CHCTeMa Y4acTBYyeT B Ouggbepenyupyemon
npouecce, ecad TiepeMeHHble COCTOsiHUS cucteMbl V =V (),
T=T{) u 1. A saBaA0Tcad AuddepeHUUpYeMbIMU QYHKIUIMU
Bpemenu. [1pu o6paruMom mpouecce, T. €. NpU npouecce, B KOTO-
poM cucteMa B JI000fi MOMEHT BpeMeHH HaXOJAMTCH B PaBHOBECHH
¢ OKpyxawoie#h cpenot, mpuroxk Temiaa Q(f) Kk cucrteMe omnpe-
JeasieTcsl Mpu MOMOIIU GOPMYJIBl

dQ=dE—~+ pdV

(cM. m. 32). DBoubluioit uHTEpec NPEACTaBJSIOT IMenL0eMKOCmU
onHodasHoi cucremsl 1)

S -

Tak xak ¢, =T (9S/0T), u ¢, = T(OS/OT)p, TO 06e 3TH Temao-

€MKOCTH 4BJMIOTCA NEPEMEHHBIMU COCTOAHUAMHU. Us 9KCMEpUMEH~
TOB YCTAHOBJIEHO, 4YTO

¢, > ¢, > 0. (30.2)

D710 ycaoBHe MBI TpUMeM B KauecTBe JOMOJHUTEJIbHOTO TOCTY-
JlaTa, OMUCHIBAIOUIErO CTPYKTYPY OLHO(A3HOH CHCTEMB.

B JanbHeHlIeM HaM MOHan00siTCA TaKKe H3BECTHbIE Q)OpMyJIbIZ

(?157)7 =T (g“’;)v —P (30.3)

_ op ov
Cp — Cy = T ((ﬁ)v (a_f)p ’ (304)

') Ecan onHodasnas cucTeMa MMEET eMHHYHYI0 Maccy, TO Temo-
€MKOCTH Ha3biBaloTCH YJEJbHBIMH TEIJIOEMKOCTAMH,
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JI0Ka3aTeNbCTBO KOTODBIX MOXHO HaliTu B JI06OM Kypce TepMoauHa-
MHKH. 3aMETHM, KpoMe TOro, 4to

op\ _d(p, V) _d(p, V) 0(p, T) (VY (Op
(‘ﬁ)V—d(T, V) d(p, T) o(T, V)_’(W)p (av), (30.5)
¢, _ Opl0V);
¢ (0pIOV),’

(30.6)

dopmyaa (30.6) oxasbiBaeTcs anajqoruuHo dopmyae (30.5). Jlerko mpo-
Beputh, uto u3 ¢opmyn (30.4) — (30.6) u ycaosua (30.2) caenyer, uto

(%)S < (g—{j)T <0. 30.7)

B n. 37 Gyner BBeleHO elle OJHO NOMOJHHTENbHOE MPEANOI0KEH!e
TEPMOIMHAMHYECKOTO XapaKTepa, OJHaKo 10 TeX Mop 6yner IOCTATOYHO
chOpMyIHPOBAHHOMN BbILIE CHCTEMBI MOCTYJAATOB.

Mbl He cTaBUM CBOeH 3ajauell H3yueHHe MHOTOKOMIIOHEHTHBIX (a3
(TEOpHIO TaKHX CHCTeM BpfAZ JH MOXHO paccMaTpHBaTh Kak 4YacTb
KJaCCHUECKOH MEeXaHHKH JKHIKOCTH), HO HaM IpPeICTaBJIfeTCA IOJE3HbIM
ykasaThb Te HeOGXOAHMble M3MEHEHHS B NpPHBEIEHHbIX Bbille GopMyH-
POBKax, KOTOpble NO3BOJHJAH OBl BKJIOUHTb B DPACCMOTPEHHE TAKOrO
poia cucrTeMbl. B 4acTHOCTH, OCHOBHOE ypaBHEHHE COCTOSIHUSA CJENO-
Baso OBl 3anHucaTbh B 6oJee OOIIEM BHIE

E=E(S, V, My, (30.8)

rge BeamunHa M; (i =1, ..., B) onpeneasieT KOJIHYECTBO {-T'0 BeUIECTBA
B nauHol (ase. Tak Kak yBeluueHHE BCceX BeNHUHH M; B ONHO M TO Xe
gHcaA0 pa3 He MeHseT cocTaBa ¢a3bl, To ¢ynkuus E JomkHA GHITb
ONHOPOAHOH (YHKIHEH MEPBOH CTENEHH OTHOCHTEJIbHO MepeMeHHbX M;.
Omnpejie uB TeMH Xe COOTHOIIEHHSIMH, YTO H paHbIle, TEMIEPATypy H
nasienue, Mbl BMecTo opmydast (30.1) mouyuum dopmyry

TdS =dE+ pdV +p; dM,

rae p; = — 0E/0M;. Onpenenenne dpyuxuuu Q (£) ana auddepennupye-
MOTO MpOIECCa OCTAETCH MPEWHHM, COXPAHSIOT CBOI0 CHJy TaKxe COOT-
nomenus (30.2) — (30.7), ecau MoOHUMATh NMOA YACTHHIMH MPOU3BOIHBIMH
Benwxllubl, BHIYHCJ/EHHbIE NPH (HUKCHPOBAHHBIX 3HAYEHHAX IEpEeMEH-
HbIX M.

31. ComepuieHHbi ras. DBoio 3amMeueHO, UTO YypaBHeHHe
COCTOSIHMSI MHOTHX peafbHBIX Ta30B, BKJIOYas BO3LyX, Ooujee
UM MeHee TOYHO aNmpoKcuMupyercs GopMmyaoH

rne gﬂy — TOJ0XKHUTENbHAA KOHCTaHTa. HecmoxHbie paccyxueHus

KUHETHYECKO! TeopuM IMOKa3-IBAIOT, KPOME TOro, 4TO COOTHO-
wenne (31.1) ecTeCTBEHHO C TEOPETHYECCKOH TOUKH BpEHHS.
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TakuM 06pa3oMm, XOTs B NPHPOJE HET BElIeCTBa, LIS KOTOPOTO
cooTHomienue (31.1) BHINOJHAETCS TOYHO, M3YyuyeHUe CBOHCTB
THNIOTETHYECKOrO BENIeCTBa, YIOBIETBOPSIOLIEro ypaBHeHuo (31.1)
¥ HA43HIBAEMOTO COBepIUEHHBIM Ta3oM !), MOJE38HO CO MHOTHX
TOYEK 3peHHUs.

CoOTHOIIEHNS MeXILy APYrMMH NepeMeHHBIMH COCTOSIHHS CO-
BepILIEHHOTO Tasa Jerko noJyuaiotcs ua dopmya (30.3) u (30. 4)
B uyacTHOCTH, MBI HaXOIMM, UTO

oE
(W)T= 0, Cp—c,yzﬁ.

Orciona caenyer, yro E=E(T), a tak kaxk c,=(0E[0T),"
TO U ¢, ==¢,(T). Jlna ONHOATOMHLIX peaJbhbHHX Ta30B HalIeHO,
YyTO BeJUYMHA ¢, OCTAeTCA TNOYTH MOCTOSHHOH B INMPOKOM Jua-
Ma3oHe M3MEHEHHs] TeMIepaTyphl, XOTd 9TO YTBepKIeHHE He
pacmpocTpaHsercs Ha 00JacTb OYeHb HU3KHX TeMIeparyp.
B cayyae MHOrOaTOMHBIX Ta30B BEJUYHHY C, MOXHO CUMTaTh
MOCTOSHHOH Juwb B o6JacTd TeMmneparyp, OJM3KMX K KOMHAT-
HOH#. DTO O0OBACHIETCA TeM, YTO INpPU HUSKUX TeMIeparypax
BpallaTeJbHOE IBMXEHHe MOJeKysn TpeGyeT MajblX 3aTpar
9HepruM, a NPHU BHICOKUX TeMIlepaTypax HAuMHAIOT UrpaTh Cylie-
CTBEHHYI0 pOJb KoJebaTeabHble [BHXKeHMS MoOJekya. B cuiy
TaKOrO TOJOXeHHUs BelleHl Naxe I/ COBEPIUEHHOrO ra3a OOBIYHO
COXPAHAIOT BhIPaxXeHWe IJ BHYTpeHHe# sHepruu B Qopme

E=fc,,dT.

Jlns OIHOATOMHOTO COBEpIIEHHOrO Tra3a KMHETHYeCcKas Teopus
Iaer 3HaveHue ¢, =3/, 8, B TO BpeMs KaK IJs IBYXaTOMHOTO
rasa B 06/1aCTH TEeMIepaTyp, NPH KOTOPBIX CYLIECTBEHHH Bpa-
lmarteabHele (HO He KoJebaTesbHble) JABHXKEHUS, TNOJy4aeM, YTO
€y =5[y . Tlpn STHX BHAYEHHSX C, OTHOWeHWE T==c,/c, TpH-
HUMaeT 3HaveHus OSf; u [y COOTBETCTBEHHO. Has  Bosnyxa
NpY YMepeHHHX TeMNepaTypax 3KCINepUMEeHTAIbHO Olpele/eHo
7==1,40, 4TO COOTBETCTBYET TEOPETUYECKOMY B3HAYEHHIO I/
IBYXaTOMHOTO rasa. OTO B3HayeHHe, BePOSITHO, OCTAeTCs TNpa-
BUJILHEIM M NPU BHICOKHX TeMNeEpaTypax, ec/i NPH STOM SHeprus
Kosne6aTeqbHOTO  ABMMEHHS OyneT He3HauuTeJbHOH. MOXxHO
6bs10 OBl 106aBUTb B 3aKJIOYEHHE, YTO NOBeleHUE BO3IyXa IpU

) Yacto mnpUMEHSieTCs TakKke TEPMUH ,HIEaJbHHIH“ ras, HO ero
OpPEANOYTUTEAbHEE HCIONL30BATh JAJA O003HAYSHHMS HEBA3KOrQ rasa.
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BBICOKMX [aBJEHUSIX 3HAUHTENbHO OTKJ/OHAETCH OT OMNHCAHHOH
Bbie cxeMbl 1),

Hurerpuposanue ypasuenus (30.1) npuBomuT K caeayiouieit
¢opMmyne 19 IHTPOMHH COBEPUIEHHOTO rasa:

S:fcvilrl + &R 1logV.

[Ipu MOCTOSHHOH TEMMOEMKOCTH €, 3TO COOTHOIIEHHE YIpPO-
maerca W npuduMaer Bul S ==c,log pV' 4 const; Torza ero
MOXHO OyJeT paspelidTb OTHOCHTEJNbHO p M TNOMYYUTb

p=2el%V7T, 1 =const> l. (31.2)

B ypaBHenuu (31.2) MBI OCBOGOAMANCL OT MOCTOAHHOM MHTErpu-
poBanusi, BHOpaB 8a Hauazo oTcYeTa S TOUKY, B KOTOPOH
p=V=1

32. 3akoHBl TepMOAMHAMHKH., PaccMOTpHM COBOKYNHOCTb Mt
OIHO(A3HBIX CHCTEM CO CBOMCTBAMHM, OmHCaHHbIMU B M. 30, u
NpeLNno/IOKUM, UYTO B mMoOOM MNpolecce NPH MeXaHHYeCKOM H
TEPMOLMHAMUYECKOM B3aUMOLEHCTBUM 3TH (Pasbl COXPAHAIT CBOIO
MHAMBHAYanbHOCTb. [lpumuineM kaxno#i ¢ase paccmarprBaeMoit
cucteMbl HoMep o (a==1, ..., m) u BBeldeM nepemeHuwe V,
T, S, E, u p, ONUCHBAIOIIME TEPMOIMHAMAYECKOE COCTOSIHUE
cucreMbl. Torna suTponus, o6beM U BHYTPEHHSs 3Heprus Bcelt
CHCTEMbl B LIEJIOM ONpELeNA0TCsS C/eAyIoWUM 00pasoM:

&=YS, V=V, 6=IE.

[IpencraBum Tenepb cebe Takol mpolecc, MpU KOTOPOM (a3l
CHCTeMBl MEPeXOIiT M3 OXHOTO COCTOsHUS B apyroe. O6o3HAUUM
yepes A BeanuuHy pabOTHI, BLIMOJHEHHOW B CHCTEMe NpU 3ITOM

npouecce, H uepes Q, — KOJIHYECTBO TEMJIOTHI, NOAYYeHHOH a-

300 0 M3 UCMOYUHUKOS, BHEU.HUX IO OMHOULEHWUIO K cucmeme.

OnpenenuM ofliee KOJIHYECTBO TemIOTH $Q°, TMOMyueHHOe CH-
Q) "

creMo#t, dopMmy.of De=ZQ§. Torna nepsusii 3aKon mepmo-

a

OuHGMUKL YTBEPAKIAET, 4TO
Q°f=AC 4, (32.1)

) UccaenoBanne cBOHCTB pealbHbIX a30B M, B YAaCTHOCTH, BO3-
Jlyxa uuTtaTeJb MOXET HalTH B kHure Befirmena u ap. (2], ctp. 504—512;
cM. Takwke paboty [oabamrefina [Goldstein S., Aero Res.Com. R.
and M., Ne 2337 (1946)] u tom XII panHOil DHUuUKJIONELHUH.



52. 3akoHbL TepMOOUHAMUKL 93

rie A — npupaleHue BHyTpeHHelt 3Hepruu cucteMel. Ecum
paccMatpuBaetcss Auddepenuupyembi mpouecc, B KOTOPOM
CHCTEMA MPOXOIUT HEKOTOPOE MHOXECTBO TOYHO ONpeNeseHHBIX

cocrosinuft, T. e. ecmu V, =V _(¢), Q=Q5#), A=A®)
T. N., TO TNepBbH#l 3aKOH TEPMOAHHAMHKH IPHHUMAET CJELYIO-
iyl BUA:

Al =dG 4 dil. (32.2)

Ilna omuo#t ¢assl o6biuHO BMecTo dfR° nmumyt npocro dQ. Us-
BecTHO (cM. [35], ra. 2), uTo A9 OAHOG(ABHOH CUCTEMBI, HaXO-
Jsiieiics B TeueHMe Mpollecca B DPaBHOBECHH C OKpyXKawlued
cpeloff, pabora, BHINOJHEeHHAs CHCTeMOH, BhIpaxaercs QopMmy-
ot dW = pdV. Mwl BrBOIMM, TakuM 0Opa3oM, Iis ompene-
JleHus KOJUYecTBAa Temaa, MNOJYYeHHOTo OAHO(A3HOH cucTeMOR
B 00paTHUMOM MpOLECcCe, ypaBHEHHE

dQ=dE+ pdV.

dra dopMyna yxe ynomuHasnach panbie (cm. m. 30).

BTopoft 3aKOH TePMOAMHAMUKM He HMeeT 3aKOHYeHHOH ¢op-
MYJUPOBKH JJSi TNPOU3BOJILHBLIX NPOLECCOB; B CBSI3U C ITUM MBI
orpaHuyuMcsl ciaydaeM uddepeHunpyeMbX NpPOLECCOB, Al KO-
TOPHIX 3TOT 3aKOH (OPMyJHpYeTcs CJelylowuM o06pa3oM:

B Ougpghe penyupyemon npoyecce KOAULECMB0 MeRAOMbL,
noaysennoe ka0l gas3old, u PYHKGUL COCMOAHUS MUK
$a3 y008.4emsoPAIOM HEPABEHCMEY

O 4Q8

s> ) = (32.3)

a

B an6om npoyecce, 041 Komopozo Qi=0, sumponus
00n%CHA 803paACMAMD.

[Tpouecc Has3bIBaeTCs CMOHTAHHBLIM, ecau B dopmyie (32.3)
MMeeT MeCTO CTPOrOe HePaBeHCTBO; eCJM 3HAUEHHUs TepeMeHHbIX
COCTOSIHMS TaKOBBI, YTO CIIOHTaHHBIH MNPOLECC C STUMH HauyaJb-
HHIMH [aHHEIMM HEBO3MOXEH, FOBODPSAT, UYTO CHCTEMa HAXOMUTCS
B paBHOBecuHM. B KauecTBe mpuMepa NpUMeHeHHS BTOPOrO 3aKOHa
TEPMOAMHAMUKH PAaCCMOTPUM HpOLEcC, NMpU KOTOPOM BCe (ashl
UMeIOT ONMHAKOBYIO0 TeMmnepartypy, T. e. 1;=7T,=
eo.=T,=T (). Torna B cuny ypassenus (32.3) Td@ —dD.”



94 Ta. 4. Tepmodunamuka u ypasueHrue 3Hepauu

U, NMPOUHTErpUPOBAB ITO COOTHOLUCHHUE, MBI MOJIyuuM, 4TO

MO =8,—& > [4F (32.4)
1

T

MMeHHO 3TO HepaBeHCTBO OOBIYHO MPHUBOIAMUTCA B yueOHUKAX.
Tenepb mnepeineM K BONPOCY, KOTOpHI He CBS3aH C AaJb-
HEHIIMM H3JI0XMKEHHEeM, HO TIIPeICTaBJSeTCd HaM MHTEPECHBIM.
PaccMOTpuM BBIBOL ypaBHeHH# paBHOBecHs H30JMPOBaHHOH (KaK
TepMOLUHAMUYECKH, TaK M MEXaHWYeCKH) CHCTeMbl (QUKCHPOBAH-

Horo o6bema B. Tak Kak B paccMaTpuBaeMoM cayuae dQi=

=d¥==0, 10 B cuay mnepsoro 3akona dE=0. Ouesunxo
TaKke, 4TO A cucTeMbl ¢ukcupoBaHHoro ob6beMa dB =0.
Tenepb CTAHOBHTCS SICHBIM, YTO CHOHTAHHLIE MPOLECCH HEBO3-
MOXHBl TOJBKO B TOM CJyyae, KOrAa I8 BCEBO3MOMXHBIX NpPH=
pauweHn#i  NMepeMEeHHBIX  COCTOSAHMSA, MNONUMHEHHBIX  YCJOBAAM
dG ==dB =0, semuuuna d© =0. [IpocTsle paccyxieHus Mo-
Ka3HBAIOT, OIHAKO, YTO BCeria MOXHO moa0kuTh d© =+ 0,
KpOMe TOro cJjyuast, KOrla BeJuuuHbl T, W p, ONMHAKOBH A
Bcex (a3 cuctembl. TakuM 00pa3oM, Ml NPUXOAUM K BHIBOLY,
YTO MOJIOKEHWE PABHOBECHS XapaKTepu3yercs MOCTOSHHEIMU BO
BCEl cucTeMe TeMmeparypoli u JaBaeHHeM. ITOT pe3yJabTar,
XOTsl ero U CJeLOBAa/I0, KOHEYHO, OXMAATh 3apaHee, mpencra-
BJSIETCS TEM He MeHee BAXHBIM, TaK KaK YKasblBaeT HA COBMe-
CTHMOCTb BTOpPOTO 3aKOHa C TNPUBBLIYHBIMM MNPENCTABJIECHHAMH,
MOJIyUeHHBIMX K3 ONbITa. 3aMeTUM, HAKOHell, YTO €C/JH paccMa-
TpUBaeMas CUCTeMa HAXOIHUTCS B PABHOBECHH, TO MBI MMEeM

Tad =Y (55) @2 —(5;), @

a

otkyna B cuiy HepaseHcTB (30.2) u (30.7) caenyer, uto moGble
IOCTATOUHO MaJjible M3MEHEHHUs COCTOSHHS BHI3HIBAIOT yMeHbleHUe
o0uiell SHTPONHH, TaK 4YTO pPaBHOBECHE SBJIAETCS YCTOHYMBLIM.
ITOT pesy/abTaT MNOKA3bIBAET €CTECTBEHHOCTb IPUHATOrO BhILIE
npennosnoxenns (30.2).

VkaxeM elle OLWH Pe3yabTaT, CBS3aHHHIH C OOLIYHBLIMH Tpen-
CTaBJEHUAMH TepMOLMHAMUKHK. J[l/i9 NpPOU3BOJBHOrO Tpolecca,
NEPeBONALIEr0 CUCTEMY M3 COCTOsHHUS € TeMmepatypoit T, B co-
cTosHue ¢ Temmepatypot Ty, TEMJIOEMKOCTb ¢ ONpeleaseTcs
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c/aefyouuM o6pasom:
Qe
C= A—T' .

Ecan mnpouecc ABJISIETCS JMOKAMbHO OOpaTUMBIM M B Ji0GOH# MO-
MEHT BpeMeHW TeMneparypa INOCTOSHHA BO BCed cucreMe, TO,.
KaK JIeTKO BHIETb,

A . d3 N dQ,
= <T g =X%r

a

Taxkum 006pa3oM, mensoemMKocms MHO2000A3HOL cucmemsl He
MOdicem npesocxo0ums CYMMbL MenA0eMKOCMeEl 0MmOenbHbLX
a3 smoli cucmemot.

§ 2. YpaBuenue snepruu

33. CoxpaHenue sHepruM. Kax yxe oTMeuatoch B Hauaze
9TOR TJaBH, K YpaBHEHUAM JABUXEHUA KHUIKOCTH HYNKHO IMpHU-
COEeIMHUTb ypaBHeHHe MOJHOH sHepruu 1). Mul onpenensieM nos-
Hyi0 dHepeuio obbeMa B KAk CyMMy KHHeTHuecKOH sHepruu &
1 BHyTpeHHe#t sneprun § sroro obveMma, rae

E=—;—qu2dv, («i————prdU,

a BeqnunHa E npencrasiseT co00# BHYTPEHHIO SHEPTHIO, OTHe-
CeHHYI0 K enuHuue oObema. TepMONMHAMUYecKas HHTeprpera-
ung E cyllecTBeHHO pasauyHa IJs CXKUMAeMOR M 1/sl HeCKu-
MaeMOH JKMIKOCTH: 3TH CJy4an COOTBETCTBeHHO OyAyT pac-
CMAaTpUBATbCA OTHENbHO. B caywae cocumaemol oscudoxocmu
MbL noaazaem, no onpedesenuro, umo sesuwuna E ecmd
MmepmMoOUHAMULECKAS NePeMeHHAsl COCMOAHUS, CBA3AHHASN
¢ abconomnol memnepamypoii T, ydeavnol snumponued S
u Oagaeruem p Cae0YOWUM COOMHOULEHUEM:

TdS=dE+ pdr, <=1/p, (33.1)

) B mocaenymoImeM H3JI0KEHUH Mbl pPacCMaTpUBAEM TOJbKO OXHO-
pOIHBIE U XMMHUECKH HHEPTHBIE XHUIAKOCTH. Bompocs, cBsizaHHble ¢ nud-
Gysnelt, XUMHUECKMMU PEAKUUAMH H MPOYUMH TOHKHMH (H3HKO-XHMH-
YeCKMMH IIpPOLECCaMH, BBIXOJAT 3a paMKH JaHHOH cTaTbu. B cBsizu
C 5TMM MBl pEKOMEeHJyeM 4uHTaTeNlo Oo6paTHTbC K 3aMeuaresbHOH
paGore Tpycneana [Truesdell C., Sulle basi della termomeccanica,
Rend. Accad. naz. Lincei (8), 22, 33—38, 158—1667(1957)], B koTopoit
BHEepBHIE pa3BHTa PAlMOHaJbHAsA M CHCTEMATHUECKas TEOpHs, OCBEIal0~
mas 9TH CJOXHbBIE BOIPOCEL
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20e t© o6o3Hauaem yoeavHwii o6sem (cm  n. 30). Cuaenyer
OTMETUTb, YTO CHOPMYJIHPOBAHHBIH TMOCTYyNAT onpedeasiem NLaB-
JeHHe KULKOCTH KaK TePMOLMHAMHYECKYIO MEPEMEHHYIO, TaK 4TO
B ofOueM cayuyae p = f(p, S).

Las necocumaemoli scudxocmu Mol npednonoofcufyt umo
smecmo coomuouenuss (33.1) swnoansiemcs Goaee npocmoe
coomrouLerue

TdS=dE, p==const. (33.2)

Us ypasnenus (33.2) Bmrekaer, utro E=E (S) u T==dE/dS;
C/IeN0BaTeJbHO, NaBJeHHe HUKAK He CBA3aHO C TepMOAMHAMHYE-
CKUMHM CBOHCTBAMM HeCXKMMaeMOR MKUAKOCTM H IeHCTBUTENbHO
npencras/seT cOOOH He3aBUCHMYIO BeJHYUHY.

CdopmyanpoBaHHble BbILIe aKCHOMBI HU B KOefl Mepe He
ABJAIOTCA TPUBUAJIbHBIMU MM OUYEBUIHBIMH, €CJAM MNPUHATb BO
BHUMaHHe, YTO WX TMNpelnoJaraeTcs NPUMEHATb K J000oMy BO3-
MOXXHOMY [IBUXKEHHIO XUIKOCTH. B moaTBepxieHHe 3TUX aKCHOM
Mbl MpexJAe BCEero OTMETUM eCTeCTBEHHOCTb M OTHOCHTE/bHYIO
NpOCTOTY cooTHOMIeHus (33.1). 3ameTuwm jajee, 4TO AJ4 LOCTa-
TOYHO MPOCTHIX MOJEKYJISPHBIX Mozese#t KuHeTHYeckKasds Teopus
TPUBOJMT TOYHO K TaKOMy e peayJabrTarty. Hakouel, Tnox-
TBePKACHHEM TMPABUJbHOCTH TPHHATHIX THUNOTE3 CJYXKUT TOT
¢axkT, YTO BCe U3BECTHble SKCNepUMeHTaJbHble [aHHble Haxo-
ISTCS B XOpOIUIEM COOTBETCTBUM C TEOpPETHYECKHMH pe3yJ/bTa-
TaMH, BBITEKAIOWIUMH U3 STHX runore3. [locaennu#t 10BOL,
BUAMMO, He OCTaBJseT MecTa COMHeHusiM. HamomHum B CBs3U
c 9TuM 3aMeuaHue Jlxmabapra o TOM, UYTO ,ypaBHEHUs 4YacTo
OCTaIOTCS CNpaBelJUBBIMU TPH MPEANOJNOXEHUsX, MeHee OrpaHu-
YUTEJNbHBIX, YeM TpeNNOJOKEHUs, NPHUHATbIE NPH UX TepBOHA-
yaJbHOM BBEIBOJe. Takoro pona yaaua sBiseTcsd B JLeHCTBUTE/b-
HOCTM OJHOM M3 XapakTepHHIX 4YepT TeOpUU B XOpOILIEM 3Haye-
HHHU 3TOrO cjoBa“l).

B cBf3u ¢ BHIILEH3IONKEHHBIM INPEACTAB/AETCS €CTeCTBEHHBIM
NPpuUHAmMb 8 Kawecmse QKCUOMbBL CAeOYOUUEL 3AKOH COXpa-
HeHus o0wel 3uepeuu:

%(z+(&)=fpf-vdv+§;t-vda—§q nda. (33.3)
B [ )

) Gilbarg D., Paolucci D, J. Rational Mech. Anal., 2,
618 (1953).



34. Tepmodunamuxa Aedopmayuu 97

CorsacHo .9TOMy YpaBHEHHIO, CKOPOCTb M3MEHEHUs IMOJHON 3Hep-
run ob6beMa, IBHXKYLIErOCH C XKHUIAKOCTbIO, paBHA CyMMe MoUI-
HOCTH CHJI, TNPHJIOXKEHHHX K 00beMy, M KOJHYeCTBA TeMJOTHI,
noJyyeHHo#i 06beMOM (OTHECEHHOTO K eNuHHLe BpeMmeHu). Bek-
TOp NOTOKAa Tenaa ( HMeeT pasMEpPHOCTb 3SHEPruM Ha eJUHHLY
NJI0WANK, OTHECEHHYI0 K eIMHULe BpPEMEHU, CJeLOBaTeJbHO, pa3-

MepHOCTb ( paBHa MT™%, Csssb srtoro BEKTOpa C Ipyrumu
MeXaHHYeCKMMH M TepMOLMHAMHYECKUMH TNepeMeHHbIMU Oyler
OnpelesaTbcs BIOCJICACTBUUM JOMOJHUTENbHLIMU  MpELNoJoxke-
HUSIMH OTHOCUTEJNbHO CBOMHCTB paccmarpuBaeMoft cpensi. [lpu
noMoIM OOLIYHEIX paccyxaeHu#t, ocHOBaHHBIX HA dopmye (9.1),
Mbl NOJyYuM M3 ypaBHeHus (33.3) Tak HasblBaeMOe ypaBHeHue
noanol snepeuul), a UMEHHO ypaBHeHHe

22 —T:D—divg. (33.4)

Kak samerun Tpyclenn?), 910 ypaBHeHHE TPUHAIJIEKHT
K. Heftmany.

YpaBuenue (33.3) cOOTBETCTBYeT MNepBOMY B3aKOHY TepMO-
nvHamuku. Tlo aHajoruu co BTOPHIM 3aKOHOM Mbl OyleM mpel-
noJaratb, 4TO

j—tfdev>—§ 91 da. (33.5)
B ()

3aMeTuM B 3aK/JIOYeHHe, YTO CHOPMYy/JUPOBaHHHIE B STOM
NyHKTEe IOMOJNHUTENbHbBIE TPENNONONEHUs 3aBepLIAOT CUCTEMY
NOCTY/aTOB, JIEXKAULYI0 B OCHOBE MeXaHUKH CIUVIOIUHBIX Cpel.
JlanbHeliilee pa3sBUTHE TEOPHM CBA3aHO C YACTHLIMH IPELTOJIONKE-
HUSMH OTHOCUTE/IbHO BHMIa TEH30Pa HaNpshKeHHH, BeKTOpa IMOTOKA
TemJIa U YpaBHEHUs COCTOSHHUS, CBSI3BIBAIOILETO TEPMOIUHAMHUYE-
CKUe NepeMeHHbe.

34. Tepmonunamuka gedpopmanmuu. Mb HayHeM C 3aMeua-
HUS, Kacaiwollerocs MOHsATUS nasjeHus. [lepBoHauyaiabHOe ompene-
JeHWe naBjeHust OBIJIO BBeZeHO B M. §, M, COrJacHO 3STOMY
olnpene/ieH!10, JaB/jeHue dABJAETCS AUHAMHYECKOH IepeMeHHOH,
ONKCHIBAOLIE# CBOMCTBA IBHXEHUS MIEaJbHON MKHUIAKOCTH. 3aTeM

) Muorpa B mpaByio uacth ypaBHeHus (33.3) no6GaBasiioT 4iaeH R,
YUUTHIBAOMUA pa3auuHble APYTHe HCTOUHUKH aHeper B XHUJIKOCTH,
HanpuMep XMMHYECKHe Peaxuuu, pagHanuio u T. I

2) Truesdell C., J. Rational Mech. Anal., 1, 160 (1952).

7 3ak. 1160
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B Hauaje 3TOH ruaBb OBIJIO BBeNEHO MOHATHE [aBJAEHUS Kak
TepMOLMHAMUYeCKO# mepeMeHHO#H. XapakTepHOH uyepTo# auHa-
MUKHM CXUMaeMOH KHAKOCTH, HJHM, KOpOYe, Ia3oBOH IHHAMHKH,
ABJAETCS MpPeANOJOXKeHHe, YTO TepPMOAMHAMUYECKOE [aBJeHHE
paBHO JMHAMHYeCKOMy JaBieHuio. TakuMm o6pasoM, B Cayuae
uleaJbHOM IKHIKOCTH HMeeT MecTO cielylouias dopmyna Aas
Hanpsokenu#i: T = —pl, cnpaBeauBas Kak I/ CXKHMaeMbIX, TaK
M HeCXKMMAaeMBIX XKUIAKOCTeR. B mepBoM ciayuae p npeacTaBiseT
cOGOH TepMOIMHAMHMYECKYI0 MepeMeHHylo, a BO BTOPOM pac-
CcMaTpuBaeTCs KaK He B3aBUCAILAS OT TePMOLMHAMUYECKOTO CO-
CTOAHUS XHUAKOCTH NMHAMHUYeCKas MepeMeHHas.

B ofwewm cayyae, koria npeHe6peraTh KacaTeJbHbLIMH Hamnps-
JKEeHHUsIMU He/b3s, Mbl NnpeiactaBuM T B Buue

— I V; (34.1)

a1y ¢GOpMyJay clelyeT pacCMaTpuMBaTh KaK OMNpeleleHHe TeH-
sopa V. Ilns ckMMaeMOH KUAKOCTH p B coorHoulenuu (34.1)
o6osHauaeT TepMOJMHAMUYECKOE [HaBjeHHue, [IJf HeCxKuMaeMoh
MHIKOCTH p UrpaeT HeCyLIeCTBEHHYIO pOJb, W BLIOOD 3HaueHus
9TOM HeusBeCTHOM B 3aBUCHMMOCTUM OT 3HaueHus T Oyzer chenan
Janee Tak, uTo0bl YpAaBHEHUS IBHXKEHHS HMeJH BO3MOXHO 6o.ee
npocro#t Bux (cM. m. 59a). Bo usbexaHne HeHYKHHIX OTOBOPOK,
Mbl B JajbHefiiem ©OyleM paccMaTpuBaTh HMIEaNbHYIO XHIKOCTb
KaK YacTHbH caydait, coorserctBylowutt V=0 B popmyine (34.1).

[Moacrasus npexacrasaeHue (34.1) TeHsopa HampsikeHHR
B ypaBHeHue (33.4), NoJy4uM, 4TO

p%—{—pdivv:fb—-divq, (34.2)

rie ® =V :D. Bocnosb3oBaBuuch Tenepp ypaBHEHHEM Hepas-
PHIBHOCTH M COOTHOLIeHHeM (33.1) B cayyae CKUMaeMOH MULKOCTH
uin (33.2) B cayuyae HeC)KMMaeMOM MKMAKOCTH, Mbl NPHUXOAUM
K CJelyIolLleMy ypaBHEHHIO:

o725 — 0 —divg, (34.3)

d

BHIPAWAIOIIEMY CKOPOCTb H3MEHEHHS SHTPONUM HHIUBUIYaJIbHOH
gyacTuubl kuikoctd dYepes @ u divq. 3amerum, uTO B CHIY
paBenctBa dQ=TdS, rae dQ o0003HauaeT OTHECEHHOE K eNH-
HMIE MAacChl JKHAKOCTH KOJHUYECTBO TeMJOTHI, IOrJOLIeHHOe
KUAKOCTbIO, M3 ypaBHeHHs (34.3) cienyer Takxe, 4TO CKOPOCTb
NOTJ/IOILEHHS TENJIOTHI, OTHECEHHasd K eJUHHYHOMY 00DbeMy, paBHa
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® —divq. Tax kak BTOpOH 4jeH mpencraBiseT coboft Tensory,
MOJYYEeHHYI0 OT COCeIHMX 3JEMEHTOB XUIKOCTH, Mbl IPUXOLHUM,
tTakuM 06pa3oM, K BBIBOLY, uTO BeauunHa @ omnpenesser OTHe-
CeHHOe K eIMHHLEe BpeMeHH M 00beMa KOJHYECTBO TeMJOTHI,
BO3HHKIllee B pe3yabTaTe JedOpMaLUM 3JeMEHTOB KHUIKOCTHU.
BrineneHde 5TOH TemjaoTH BJjeyeT 3a COOOH, KOHEYHO, Pacxono-
BaHHe MeXaHH4yeCKOH sHepru, B cuay yero @ HoOCHT HasBaHue
pyHKyuu Oouccunayuu.

PaznennB o6e wactu ypasnenus (34.3) ma T ¥ npouHrerpu-
pOBaB TMOJNYYEeHHOE COOTHOLIEHHe MO 00beMy, ABHMYLIEMYCS
C XKUAKOCTbIO, Mbl Halzem, 4TO

—;—t fdev:f[i?——————q'g;de]dv—és q-Tn da.
% 8 é

D710 ypaBHeHHe TMOKa3blBaeT, 4YTO mpenmoJoxeHnue (33.5) Hasia-
raer Ha @, q u T crenyloliee OrpaHuyeHue:

®—q-gradT/T > 0.
B yacTHOCTH, TO HEPaBEHCTBO BLINOJHAETCS, €CJd
®>0, q-grad7T<0. (34.4)

" Ycaosust (34.4) ABJISIOTCH MaTeMaTUYeCKUM SKBHUBAJIEHTOM
IBYX H3BECTHBIX 3SKCMEPUMEHTAJbHO YCTAHOBJEHHBIX (DAKTOB:
BO-TNePBLIX, TeIJOTAa BCerja Iepenaercs OT Tead C OGoJblielt
TeMIepaTypo#l K TeaaM C MeHbIeH TeMnepaTypoH, BO-BTODBHIX,
B mpollecce LeOpMalLUK MeXaHHYeCKash SHeprusi MOXKeT Nepeitu
B TeMNJOBYI0, HO He Hao0opoT. JIerko BHIeTb, YTO HEpaBeH-
ctBo (33.5) B CBOIO oOuepelb MOXHO 8bl8ecHmu W3 HEPABEHCTB
(34.4), rak uto mpexnosoxenue (33.5) sBJfETCS NPAMBIM CJaell-
CTBHEM NPOCTHIX (M3HYECKHX HAOJI0NEHHUH.

B TtepMoauHamuke HeOGPATUMBIX NPOLECCOB OJHUM M3 OCHOB-
HBIX TIPeAnoJOKeHUH ABAsSeTCH U3BECTHBIH ,3aKOH JaMHeHHOCTH 1),
[py6o rosopsi, 9TOT 3aKOH YTBEpKIAeT, YTO TePMOAMHAMHYe-
CKasg CHCTeMa CTPEMUTCHS K CBOEMYy IIOJIOXKEHHIO pPAaBHOBECHUSI CO
CKOPOCTbIO, JHHEHHO 3aBucCsAlleH OT BEJUYMHBI OTKJIOHEHUS CH-
CTEMBl OT MOJOXEHU paBHOBeCHd. HecMOTps Ha COMHMTENbHOCTb
STOr0 MNpeNIOoJIOXKEHHs, MPENCTAaBJAETCS HHTEPECHHIM CPOpMY.u-

) Cm. cratbu Onsarepa [Onsager L, Phys. Rev., 37,405 (1931);
38, 2265 (1931)]; HeckoJbKO C HHBIX IO3HIMI 3TH BOIPOCH pacCcMaTpH-
Ban Keprucc [33).

TR
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poBaTb IBa CJIENCTBHS ,3aKOHa JHHeHHOCTM“. B Haimem ciyuae
BE/JMYMHA OTK/OHEHHS OT MOJOXEeHHs pPaBHOBECHS H3MepseTcs
sequunnamu D u grad T, cienoBartenbHo, V M q AOMKHBL OBITb
auHedinbiMu Gyukuusmu D u grad 7. Vi3 pasauuHoro (¢ TOYKU
3peHus TEH3OPHOTO aHa/lu3a) XapakTepa STHUX BEJHUMH BLITEKaeT,
4TO

V = Jlunetinas ¢yukuus ot D,
q = Jlunefinas ¢ynxuus or grad T.

[MepBbift M3 9TUX pe3yJbTAaTOB NPHUBOLMT K 3aKOHY BaskocTH Ko-
mu — IlyaccoHa, a BTOpO# — K u3BeCTHOMY 3aKOHy HbioToHa u
dypbe. OoHAKO 3TH PaACCYKIEeHUs CJellyeT CUMTATb B 3HAYMTEJb-
HOW cTeneHu 3BPUCTUUECKUMH, MU HX HCNOJIb3OBAHHE B BBHIBOLE
ypaBHeHMH MEXaHUKM IKHAKOCTH SBJISETCS HEKOPPEKTHLIM.



riABa 5

UIAEANLHLIA A3

§ 1. O6Guue NpUHI MBI

35. BBemenue. B ri. 2 Oblinm nosyuyeHb! ypaBHEHHs IBHMKe-
HUSl MJeaJbHON KUIKOCTH, 2 MMEHHO YPaBHEHHUs

& 4 pdivv=0 (35.1)

p-2¥ — pf — grad p. (35.2)

K num HyxHO n06aBuTh ypaBHeHue sHepruu (34.3), BHBeleHHOE
B IJ. 4. EcTecTBeHHO NpPeNNOJIOXHTb, UTO HApsily € KacaTeb-
HBIMM HaNpSXKEHHMAMH, KOTODLIMM Mbl TpeHeOperaeM Hpu pac-
CMOTPEHHH MJIEaNbHBIX MXHIKOCTEH, paBeH HYJI0 TaKxe NOTOK
temaa (. (CornacHO KHUHETHYECKOH TeOopHH, BSIBKOCTb M TEMJO-
NPOBOJHOCTb ONPENENAIOTCS CXOIHBIMH MEXaHU3MaMM B3aUMO-
JeHcTBUS MOJIEKYJ M ABJSIOTCS BeJMYMHAMH OJHOTO MNOpAIKa
ManocTd, INO3TOMY, npeneOperas OIHOH H3 HHMX, MBl JOJKHBL
npenebpeub ¥ Apyro#.) I1pu 9TOM NpelnoJ/ioKeHuu npasasi 4acTb
ypaBHenust (34.3) oOpaiiaercs B HYJb U, CJIELOBATEJbHO, OHO
CBOIMTCA K NpoOCTedlieMy BULY

ds
Cucrema ypaBuenu#t (35.1) — (35.3) cTaHOBUTCS MOJHOH, ecan
K Hell NpUCOEIMHUTb TePMOILMHAMMYECKOE YpaBHEHUE COCTOSIHHUSA,
cssi3bIBalOlllee BeJHUUMHB p, p U S, T. e. ypaBHeHHUe

r=7@ 9. (35.4)

B uacTHOM cJjyyae COBEpLIEHHOTO Ta3a C IOCTOSHHBIMH YIeJb-
HBIMH TENJIOEMKOCTSMH ypaBHenue (35.4) nmpuHUMaeT Caenyiolui
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BUI:

p=evp’, y=const>1. (35.5)
OnHako B JanbHelmieM MBI, Kak NpaBuso, OyIeM NOJb30BATHCH
TOJLKO OOLIMMH CBOHCTBAMM ypaBHEHHH COCTOSIHHS, CHOPMYJH-
posannbiMu B m. 30. M3 nepasenctBa (30.7), Hampumep, BhiTe-
Kaet ycijoBue (0p/op)g > 0, KOTOpOE NO3BOJSAET 88eCM U TEPMO-
IUHAMUYECKYI0 NepeMeHHylo c:

c=‘/(_‘%§= g. (35.6)

Kunkoctb, ynosierBopswomiyo ypasHenusm (35.1) — (35.4),
MBI Hixte OyleM HasbiBaTb u0easbHuiM 2a30Mm. Ilpu u3yueHun
rasoBOft IMHAMHKM TNOUTH BCerza npeHeOperaioT Bo3lelcTBHEM
MO/l BHELIHMX CHJ, M MBl Takxe OyleM NpUIEPKUBATHCH ITOTO
€CTECTBEHHOTO MPeJNOJIOXKEHNUs.

[Moxany#, HanboJee XapaKTePHbIM CBOHCTBOM CHCTEMBI ypaB-
Henn#t (35.1) — (35.4) siBasieTcs KOHeYHass CKOPOCTb pacnpocTpa-
HeHUsl BOJH JaBJjeHus. JIJs TNOSICHEHHS STOro (akTa BOCHOJb-
3yeMcsi cJaelLylolMMU cooOpaxkeHusiMu. PaccMOTpuM TeuyeHue,
NoJy4eHHOEe BO3MYILEHHEM COCTOAHMS Tnokos v=0, p=p,,
p=0pyp S=3S;, H MNPEINONOKHM, 4YTO aMILIUTYIa ITOrO BO3-
myuienus Mana. Eciaum npu 3TOM npeHeOpeub KBalpaTaM¥ MajbIX
BeJMYKH, TO ypaBHenus (35.1) u (35.2) mpumyT caenyomutt Bum:

0 . ov
S podivv=0, py-r=—grad p.

Hckalouende V U3 3THX YpPaBHEHMA NPHUBOJMT K COOTHOIUEHHUIO
V2p = 0%/0t2. C npyro#t cropoHbl, u3 ypaBHenu#t (35.3) u
(35.4) cuenyer, uto 0°p/0t? = c}0%/0t?. Taxum oGpasom, Maibie

BO3MYILEHUs JABJEHHs MLOJ/DKHH YIOBJIETBOPATb YPaBHEHHIO )

9*p

gV = -

B cuiy XOpowWO M3BECTHBIX CBOHCTB pellleHMH STOTO ypaBHeHus
MaJble BO3MYILEHHUSs AaBJIeHUs PACIPOCTPAHAIOTCA CO CKOPOCTHIO C.
IpuBeneHHblE pACCYXIEHHS, HECMOTPS HAa CBOI0 HECTPOTOCTb,
IIOKA3bIBAIOT €CTECTBEHHOCTb BBEAEHHOrO BHILE ONpele/eHHs

) 310 pagHeHHe 66110 u3BecTHO eie ditnepy [Mem. Acad. Sci.
Berlm (1759); Opera Omnia (3), 1, cTp. 428—507].
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ckopocmu 38yxa cl). B Gosee TouHOH moctaHOBKe Bompoc
0 pacrnpocTpaHeHud BOJH OymeT paccmoTped B m. 51 u 54.
HyxHO 8aMeTHTb, Y4TO ¢ He sBJISETCS MOCTOSHHOH, a mpex-
cTaBjseT COOOH TepMOIMHAMHMYECKYIO IepeMeHHYI, 3aBUCALLYIO
OT COCTOSIHMSl XHAKOCTH. Hanpumep, I/ COBepLIEHHOTO rasa?)

c=]/lpfi = V1&T. (35.7)

rae R — yHuBepcanbHas rasoBas IOCTOSIHHAS, OTHECEHHAS K elu-
nue Maccnl (B cucreme CGS Besmumna &8 pasna 2,87 X 106
nasi Bosnyxa u 83,1 X 108 rpamM-mouab g uucroro rasa). Tou-
HOCTb (opMyJbl (35.7) MOXHO OLEHUTb, BEIYMC/IMB 3HAUeHHE ¢
Ang Bosayxa npu 0° nmo mxane Ileabcus (273,16° mo abcoaor-
Ho# wmkane). IloacrasuB B dopmyay (35.7) 1==1,40 u npuse-
JeHHoe Bbille 3HaueHue &, Mbl noayuum ¢ =331,3 x/cex, uto
XOpOIIO COrJacyeTcss C SKCNEePUMEHTaNbHBIMH JNAHHBIMUA. ITO
COBNajJieHHe fIBJAETCS ONHMM M3 BaXXHBIX NOBOJLOB B MO/b3Y IPU-
MEHEHHs TeODHH HIeaJbHOR MXUIKOCTH IS M3y4YeHHs NBHMXEHHs
rasos.

Konuenuus koHeuHO# CKOPOCTH 3ByKa NPHBOLMT K XOPOLIO
M3BECTHOH KapTMHe [03BYKOBOIO M CBEPX3BYKOBOTO TeueHHf.

1) MepBas TeopetHueckas ¢opmyJa JAas CKOPOCTH 3BYKa GblAa Haii-
nena HoloTonoM (MartematHueckHe Hauala HaTypaJbHOH duuocodun,
kuura I, ornea VIII, Ilpennoxenus 48, 49.) Ipyroi nogxon K Bompocy
6bla pefJoxeH JitepoM; UM GbLIO YCOBEPLUIEHCTBOBAHO JOKA3aTENbCTBO
HbloToHa M BBIBEIEHO BOJHOBOE ypaBHeHHe. Tak Kak MoOHATHE amuaba-
THYECKOTO M3MEHEHHS TOTJa He OBLIO M3BECTHO, DHJep TaK e, Kak U
HbloToH, chopMyarpoBas OKOHUAaTeNbHBIH pe3yabTaT B Buge ¢ = p/p.
CorJiacoBaHue 3TOH TEOPHH C 3KCIEpHMeHTOM O6blI0 BhimoJHeHo Jla-
MJacOM, KOTODHIH OTMETHA TOT ()aKT, YTO TeMmepaTypa, TaK Xe, KaK H
IaBJEHHe, YBEJHUHBAETCH IIPU MIHOBEHHOM CxaruH. Pesyabrarh Jla-
miaca BrepBbie Oblan omy6JauMKOBaHbl, NoO-BuAuMOMy, Buo [Biot J,
Bull. Soc. Phil. Paris, 3, 116 (1802)]. B sroii 3aMeTke NOBbIIEHHE
TeMIepaTyphl pacCMaTpHBaJOCh, OJHAKO, C TOYKH 3pPEHHS SKCIEpPUMEH-
taibHbIX (akToB. Hekoropoe Bpems cmycts Jlamiac o6bsCHHA ykasaH-
HOE TOBBIIIEHHE TEMIePaTyphl, HCXOAS M3 anuabaTHYECKOro Xapakrtepa
npouecca pacnpocTpaHeHHs 3Byka M moayuua dopmyny c2 = yp/o, rie

— OTHOLIEHHE YJeabHbIX TemnoeMkocteli [Ann. Chim. Phys., 3, 238
(1816)]. O6mas dopmy.aa ¢ = (()p/dp)s 6bl1a NOJyYeHa, KOHEYHO, MO3KeE.

?) drta dopMysa cnpaBelduBa M B Cayyae NepeMEHHBIX yAeJbHbIX
TENJIOEMKOCTeH, Tak Kak B culy cooTHomeHHs (30.6)

(0_p) =x(0—”) —ar
O /s o)r p
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XoTs pasauuus MeXAy STUMH TeueHUAMH OYILYyT eCTeCTBEHHBIM
00pasoM MOJIyueHHl B TMOCJENYIOlleM HMCC/AEeJ0BAHUH, TpeacTa-
BJSeTCS TIOJIE3HLIM YXe 31eCh BBISICHATb HEKOTOpble OCOoOeH-
HOCTH VKAa3aHHBIX Te€YEHHH NpH MOMOIMIM HHTYHTHBHHIX co00pa-
weHu#t. PaccMoTpuM cayvaft yCcTaHOBHBLIErocs IO3BYKOBOT'O Te-
YyeHHs, HAallpUMep FOPH30HTA/bHLIH MOJET caMoJeTa C MOCTOSSHHOM
JNO3BYKOBOH cKkOpOcTbIO. [IpH 3TOM BO3MylleHMe NaBJEeHUS pac-
MPOCTPAHSAETCsl B HATIPABIEHNU ABHKEHHS CaMOJIETa CO CKOPOCTbHIO,
paBHOM PasHOCTH CKOPOCTH 3BYKAa H CKODOCTH MoJeTa, a B obpar-
HOM HaNpaBJeHHH — CO CKOPOCTbIO, paBHOH CyMMe CKOpOCTH
3ByKa U ckopoctu noJtera. CienoBaTe/bHO, BO3MYLUEHHE LOCTHU-
raer moOOH TOYKM MNpM YCJIOBUM, 4YTO TOJET MPOLOJIKAETCS
6eckoHeuHo 10.r0. JIpyras kapTuHa OyleT mpu noJere CO CBepX-
3BYKOBOH CKOpOCTbI0. 30HAa BO3MYILUEHHS OrpaHHYeHa Tenepb
KOHYCOM, MPOCTHPAIOLIMMCSl OT IepelHei TOYKH caMoJjiera Hasaln,
npuueMm oOpasyioliMe 3TOrO KOHYCa COCTABJAIOT C €ro OChio
yroJa, paBHufl arcsin(c/g) (B 9Ty KapTHHY HYXHO BHECTH He-
KOTODBHIE M3MEHEHMS, €C/IM PAacCMAaTPUBAIOTCHA BO3MYILEHHUS KOHeY-
HOH{ aMIJUTYIH, T. €. yAapHble BOJHBH) ).

36. Jlunamuueckoe mnogo6Gue. B srom mnyHkte MH GyreM
CUNTaTh, YTO WYUTATe/Nb 3HAKOM C OOBIYHOH WHXeHepHOH Tpak-
TOBKOR TMOHATH AMHAMHYECKOrO MOXOOUs, ¥ MOCTAPAeMCs YETKO
U3J0XKHUTb MaTeMaTHUecKHe IPUHUMIME!, JeXallue B OCHOBE pac-
CMaTpHBAEMOrO BOMPOCA. 3aMETHUM, YTO TMOHSTHE NUHAMUUECKOTO
nono6us mnpunanjaexur Crokcy. B ero paGoTe O [ABHXEHHU
MasTHHKA B TOPMO3siedl Kuiko# cpere?) He TOJLKO BrepBbie
6b1J10 CHOPMYIMPOBAHO NMOHATHE AMHAMUYECKOrO NOAOGUA, HO H
B MepBHLIN pas ¢urypupoBasna KOMOMHALUS NMAPAMETPOB TeYEHHUS,
HocAwlas ceffuac HaszBaHue uyucsaa PeitHoubica.

JBa TeueHus uneanbHON MUAKOCTH HA3BIBAIOTCA OUHAMU-
yecKu noOOOGHbLMU, €CIH TepeMeHHble STHX TeYeHUH CBA3aHBI
COOTHOILEHHAMH

v=UV, p=Rp/, p=Pp’ (36.1)
u
x=Dx/, t=TV¢, (36.2)

') Mntepecunie coobpaxenus oO6IEro xapakTepa MO MOBOAY TEO-
pHH CXXHMaeMOH mieanbHOH IKHIKOCTH MOXHO HaHTU B NepBOH raase
pa6oter [39], cm. Taxwe [21], [23], [24] u [26].

?) Stokes G., Trans. Cambridge Phil. Soc., 9, 8 (1850); Pa-
pers 3, ctp. 1—141.
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rie U, R, P, D u T — nocrosuubsle noao6us!), ITokaxem ceft-
4ac, YTO 3TU TMOCTOSIHHBEIE CBSI3AHBl HEKOTOPHIM COOTHOUIEHUEM, -
HHaue TOBOpPS, YTO ONpele/eHHble KOMOWHAUMM HOCTOSHHBIX
nono6us LOMKHEL UMETb OJHO M TO Ke 3HauyeHHe O/ BCeX MOo-
JOGHHIX MeX1y coGo#i teuenutt?). [lomcTaBuB COOTHOILIEHHS
(36.1) u (36.2) B ypaBHeHHe Hepa3pHIBHOCTH, MBI HafileM, 4TO
R 0y’ RU . ,
= =7+ —=—div’ (p"v') =0.
Tak Kak TeueHWe, NapaMeTpPbl KOTOPOrO MNOMeYeHHl IITPUXAMH,
TaK)Ke YIOBJETBOPSET yPaBHEHHIO Hepa3pbIBHOCTH, OTCIOAA Clie-
LyeT, 4TO
D
— U

(MCKJIIOUeHHeM fiBJseTcd  CJaydat  yCTaHOBMBILEroCs — TeYeHus,
OHAKO B 3TOM cJjyuae BTOpas ¢opmynaa (36.2) TepseT cMbiC.).
OcraBuivecss ypaBHeHHs] IBHXKEHUS NPU MOMOILM COOTHOLIEHHS
(36.3) MOXHO NpenCcTaBUTb B BUIE

T (36.3)

A M ;o 4as
V= RUZ grad’ p’ wu a7 =0.
W3 nepsoro u3 sTux ypaBHeHUH CJIeLyeT COOTHOLIEHHE
RU?
5— =1 (36.4)

Ecnu 3amucaTh Temepb ypaBHeHHe COCTOSIHMSI ,LITPUXOBAHHOIO“
TeyeHuq B Bule p’ =g (p’, '), ToO

F(Rp', S)y=Pg (', §). (36.5)

B3ss MaTepuaNbHYI0 NMPOM3BOAHYI OT 0GenX uyacTell paBeHCTBaA
(36.5) u BocnoabaoBaBuKCh TeM, 4TO0 dS/dt =dS’[dt' =0, Mt
NocJe COKpAallieHHs Ha OOLIUMA MHOMXHTENb MOJIyYHM

Re2= Pc’, (36.6)

1) TIpy O6GBIYHOM MHKEHEDHOM H3JIOXEHHH MOHATHA O IHHAMUYECKOM
nono6un o0a TeueHus CBOAATCH K ONHOMY U TOMY e ,6e3pa3mMepHOMY“
teuyenuo. ChopmyaupoBaHHOe 3IeCh ONMpejeleHde HAM Kaxercs 6Gonaee
SCHBIM M YEeTKHM.

2) JroT pesyJbTaT 03HAYAET, YTO ONHOIO FEOMETPHUECKOrO NOJ06Us
nByx obaacteil TeueHuH HENOCTAaTOYHO JIJs AHHAMUYECKOrO IIOR06Hs
9TUX TEYEHHH.
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B xauectse caenctsus paseHcTB (36.4) u (36.6) moxHO cdop-
MyJadpoBaTb CJelylolllee YTBePKIEHHE: ecAu 08a me4eHus
ABAAIOMCA OURAMUYECKH NOOOGHBLMIU, MO MECMHOe HUCAO
Maxal) M=gqfc amux meuenuii npunumaem pasuvie 3Ha-
YeHUus 8 COOMBEMCMBYIOUWEX MOYKAX O6iacmeid meweruii.

TosyueHHOE Bbillle YCJAOBME He SBJISAETCH eNMHCTBEHHBIM
CJIeCTBHEM IMHAMUYECKOTO NOA06Hs. JIerko y6eauThcs, 4TO COOT-
Homenue (36.5) mexny S u S’ He NOMKHO 3aBHCETb OT BeJH-
yyHe p’ (B MPOTMBHOM cJayyae 00a TeueHus NMpPeLCTaBAAId Obl
coboft nBuxeHHs HeCxuMaeMoH xuakocty). Hanpumep, B ciydae
COBEpIIEHHOr0 rasa coorHouieHue (36.5) CBOIMTCA K COOTHO-
ILEHHIO

§—8 =c,log PR™T

KOTOpOe CJYXUT I ONpelelieHds SHTPOMUM ,LITPUXOBAHHOIO“
TeyeHusl.

B npusnoxeHusix (Hanpumep, INpH SKCIepUMEHTaX B aspo-
IuHaMuYeckolt TpyGe) moOMBalOTCA TOro, 4TOOH 06JacTH TeueHUH
OblnM reoMeTpHuecKH NONOOHBI M NpPUBENEHHbIE CKOPOCTH V/C M
v/[¢’ Gum cornacoBaHbl 8 00Hok mouxe P. Ilpu stux obcros-
TeJIbCTBAX NMHAMMYeCKH MNONOOHBIE TeueHHs SBJSIOTCS TEOpeTU-
YeCKH BO3MOXKHBIMH, eCJH COOTHOlleHHe (36.5) BhIMosHseTC.
Bosuukaer Bonpoc, OyLyT JM TakHe TeueHHs peasu30BaHbI
B JIeHCTBUTEJbHOCTH. SICHO, 4TO MBI MOXeM OBITb B 5TOM YBEpEHH!
TOJbKO TOTJa, KOTla TeueHHe eNHMHCTBEHHBIM 00pas3oM omnpene-
JAsieTcs ycJaOBHEM, 3alaHHEIM B Touke P. Kak Gyzer nokasaHo
HHMXEe, TeOpeMa eNMHCTBEHHOCTH CHpaBelJIMBa NO KpaliHeH Mepe
B cllyyae J03BYKOBOrO OOTeKaHHs NpPENSTCTBUS [pU 3aJaHHOM
COCTOSIHMM TOTOKa Ha OeckoHeyHocTH (cM. n. 46). OnHako
B JNeHCTBHTEJbHOCTH NpPH SKCHEPHMEHTaX B a3pOJIUHAMHYECKOH
TpybOe CHUTyauusi CHJAbHO YCJOXHseTcs HAeficTBMEM Pas3JIM4YHOTO
pola NMOCTOPOHHUX (aKTOPOB, TaK YTO BONPOC O AMHAMAYECKOM
nonobuu cjaenyeT pewiatb — MO KpaliHe#i Mepe 4acTHYHO —
HCXOLSl W3 ONBITHHIX JaHHBIX.

Berinte GbIJIO MOKa3aHO, YTO €CJM ypaBHEHHE COCTOSHUS COBEp-
IIeHHOr'0' ra3a BHINOJNHAETCS, TO BO3MOXHBI pas/uyHble JMHAMH-
yeckd mNOJOOHble TeyeHHs. OKasblBaeTCs, YTO CIPaBENJIMBO U

1) KpaTkoe usnoxeHue pa6orsl Maxa M CBs3aHHOe ¢ HeH BbIfCHe-
HUS TIPHOPUTETA BBEJEHHS XapaKTEPUCTHKU TEUEHHA ¢/C MOXHO HalTu
B cratbe baeka [Black J. J. Roy. Aero. Soc., 54, 371 (1950)].



86. Huwuamuueckoe nodobue 107

0o6paTHOe YTBepXICHHE: ecau BO3MOJNCHO OUHAMULECKU NO-
doGHble meweHus 08YyX 2a308 NPU NPOU3BOAbHLLX NOCMOAH-
Houx nooobus P u R, mo ypasHeHue CcOCMOAHUA Kax#0020
u3 amux 2a308 umeem 8ul

p=a(S)p" (36.7)

¢ 00HOH u moi osice nocmoAKHoL ml). DTOT pesyabrar Ino-
Ka3blBaeT, KaKue CHJbHbBle OIPAaHHYEHHS HYXKHO HAJOXHTb Ha
ypaBHeHHe COCTOSIHHS I8 TOTO, 4YTOOBI ras o6.ajasi MOJE3HbIMH
CBOHCTBAMHM IMHaMH4yeCKOro nonobusi. OdeHb yHayHO, 4YTO OOBIY-
Hble Tassl ¢ OoJblle#l UM MeHbIlel TOYHOCTbIO YIOBJIETBOPAIOT
ypaBteHnio (36.7).

IOns noxasatenbcTBa CPOPMYJIHPOBAHHOTO YTBep:KIeHHUS pac-
CMOTPUM TPAEKTOPHIO HEKOTOPOH YaCTHIIb XKUAKOCTH (Mbl CUHTaEM
IJsi MPOCTOTHI, YTO MOCTOsfHHAs mnomobus D =1). Broar stoi
TpaexTopuy BeauunHbl S U S’ nocrosuue. Tak Kak Teuenue, napa-
MEeTPH KOTOPOrO He MOMeueHbl WITPUXAaMH, CYMTAETCS 3aNaHHBIM
3apaHee, TO BequuMHa S ecTb (PUMKCMPOBAHHOE uuca0; B (op-
MyJaX, BBIMHCAHHBIX HMXKe, MBI STO YHCJO I KPaTKOCTH Omy-
ckaeM. Bemuuuna S’ saBasercda ¢ynkuue#t mapamerpos P u R.
OGpatuB 3TO COOTHOILIEHHEe, MbI NOJYYUM

P=P(R, §'). (36.8)
Bosppamasce Tenepb K ypaBHeHuio (36.5), MBI BUIMM, 4TO
R ’ 4

Tak Kak R wu3Mensiercs HesaBucumo oT S’. Bropoe pasen-
ctBo (36.9) MoxHO 3amucaTb B Bule

P(RS) _ f(R) _f(R),

P(1,5) ACY) fa”’
nocjienHu#t mepexon B 3TOH oOpMyJe 3aKOHEH B CHJIY HE3aBH-
cuMocTd JieBo# uyactu ot p’. Takum oGpasow,

f (Rp’) = const - £ (R) f (¢p"), (36.10)

u, crenoBaTelbHo, f(p)==const-p™2). Mb BUINM OTCIONA, YTO
f (., S)=05(S)p™ u, TakuM 06pa3oM, LOKa3aTeJbCTBO 3aKOHYEHO.

) AHanoruuHblf pesyJabTaT AJsS H3IHTPOIHYECKHX TeUeHHH mpu-
BeneH B pa6ote Bupkroda [17], ctp. 109 (1 wusn.).

2) Jlas rtoro utoObl yGepHTbCH B 3TOM, JIOCTaTOYHO mpoiuddepeH-
nupoBatk cooTHowetHe (36.10) no R u mopcraBuTh R = 1.
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B OGojee caOXKHBIX cayyasX, KOrIa Heab3s NpeHeOperath
BJIMSHUEM BSIBKOCTH, TeMJNONPOBOAHOCTH, TOJS BHEIUHUX CHJI,
TPaHUYHBIX YCJOBUH M T. ., NpPHBENEHHBIH BhHILIE aHAJIU3 He
¥iCYEepNbIBAET NepeyeHb HeOOXONMMbIX CBOMCTB AMHAMHUYECKU MO-
LOOHOro Teyenus. Bimsine HEKOTOPBHIX U3 3TUX (AKTOPOB Oyler
paccMoTpeHo najee (cM. m. 66).

Teopus pasmeprHocmeid u duHamuveckoe nooo6ue. Hexo-
TOpble M3 MpPUBEJEHHBIX BHILIE pe3yJbTATOB MOXHO NOJYYUTh
NpOCTHIM aHanu3oM pasMepHoctefi. Hanmpumep, TtoT daxt; uro
B COOTBETCTBYIOIUMX TOYKAX JAMHAMHYECKM MNOLOOHBHIX TeuyeHufH
BeJMYMHA ¢/c TPUHHMAeT paBHble 3HAYEHWA, CTAHOBUTCH OYEBMJi-
HBIM, €CJd 3aMeTHTb, YTO BCe YJeHbl, BXOJIslLIMe B YypaBHEHUs
JBHXEHHUSA, MMEIOT ONMHAKOBYIO pasMepHocTb. Kimeer mMecto u 60-
Jee OOLIMH pe3y/bTaT: ecau hnpPeonoAodums, 4mo cyuwecm-
sylom 08a OuHamuuecKu noOOOHLLX Me4eHUs U 4mo 8ce
napamempo dmux medeHuii eOuUHCMBeHHULM 06 pa3onm onpe-
O0ensIomces COCMOAHUeM MedeHus 8 Hexomopol mouke P, mo
a00ble 6e3pasmepHole KOMOUHAUUU NAPAMEMPOS MeveHul
8 coomgemcmsywOwux mouyKkax cosnadaiom, max KQK OHU
ABAAIOMCSA BYHKUUAMU MOAbKO Om 3H@HeHus qucaa Maxa
8 mouxe P. Jlokasate/ibCTBO NPOBOAUTCS OOGLIYHBLIMM METONAMH
Teopun pasmepHoctedl. CyllecTBeHHHIM NPENATCTBUEM NpUMEHe-
HUIO De3yJbTAaTOB TEOpHM pasMepHOCTeli ABJSETCS, ONHAKO, He-
00X0AMMOCTb aNpPHOPHOTO NpeiNnoaOKeHUs LJUHAMHUYECKOro NoL0-
6us paccMarpuBaeMbix TeueHu#t 1). C 9TOH TOYKH 3peHus pasBuTas
Bbille TEOpHSl JHHAMHYECKOTO MNOoLOOMs mNpelacTaBaseTcs 6GoJee
LIleHHOM, TaKk KaK OHa TNO3BOJseT IOJYUUTb Heo6Xx00umbvie U
docmamounvle YCA08US CYUeCMBOBARUSL OUHAMUUECKE itG-
006Hb X medenul ?).

Heabsa orTpuuath ueHHOCTM MeTOAA AHAMM3a pasMepHOCTeld
B TeX MHOIOUMCJEHHBIX CJyYasX, KOria juMHaMuyeckoe nonobue
TeueHUH He BBHIBBIBAET COMHEHMH. DTOT M¢TOL NO3BOJSET TaKKe

') K coxanenuio, B IpuJIONKeHHAX TEOpHH pasMepHocTell cnpasern-
JUBOCTb OCHOBHOrO NPEJINOJOXEHHS IOYTH HHKOIZA He MPOBEpSeTCH.
KpuTuueckue 3ameyaHHsi MO STOMY NOBOIY H COOTBETCTBYIOLIHE MHOIO-
YHCAEHHbIE NpuUMephl MOXHO HaiTH B ra. Il paGotet [17]. B sTo#t pa-
60Te MOAYEPKHBAETCH, B YAaCTHOCTH, YTO CNPABENJHBOCTb M3BECTHOH
[u-TeopeMmbl, SABASIOMEHC OCHOBHbLIM PE3YJAbTATOM TEOPHH Pa3MEpHO-
cTeil, COMHEHMH He BBI3BIBAET; TPYMAHOCTb 31eCb CBSI3aHa C MPENNOJO-
XEHHSAMH, Ha KOTOPBIX OCHOBaH aHaJu3 pa3MepHOCTEH.

?) MntepecHoe 3aMeuaHue 6O 3TOMY MOBYLY NMpUBELEHO B pabore
Toabawreiina [36], cTp. 113.
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MOJYYUTb HEKOTOpbIE pPe3y/bTaThl B C/Ayuasix, K KOTOPBHIM HeNlb3st
NPUMEHUTb Kakue-au00 Apyrue MeTOAbl HCC/AeNOBaHUsA; HO pac-
CYXKIEHUs TeOpHU pasMepHOCTe#t nmpu 3TOM Obli10 Obl XeJaTeJbHO
NOATBEPAHTb, HACKOJNbKO 3TO BO3MOXKHO, HCCJ/ENOBAHMEM MOJHBIX
YPpaBHEHU! ABHXKEHHUS.

§ 2. dxeprus, SHTPONHA W 3aBHXPEHHOCTH

B ocraBuefics yacTu STOH TIJIaBBl IOJe BHEIIHHX CHJI Mpel-
mojiaraeTcsi paBHBIM Hymo. JlO TeX MOp NMOKa Mbl HMeeM AeJ0
C rasoo0pasHOi cpelolf, 5TO NpeNNoJOKeHHe He ABISETC Cylue-
CTBEHHBIM OrpaHudYeHueM OOLIHOCTH.

37. YpaBHeHue Bepuyaan. Teuenue rasa nasbiBaercs u39H-
mponuyeckum, €CId SHTPONMS TNOCTOAHHA BO Bcefl oO6JacTH
TeueHuss. YpasHenue (35.3) B 9TOM cayuae o6paluaercs B TOXIe-
CTBO, 4 ypaBHeHHe COCTOSHHS (35.4) npUHMMaeT NPOCTYIO GOpMY

p=75@:- @7.1)

CienoBaTenbHO, MBI HMeeM [eJO CO cjayuyaeM 06apOTpONHOro Te-
yeHusi, ywke wusyyaBwuMcad wamd B ria. Ill. B uwactHocTd, nmepe-
¢pasupya pesy/abTaTr, YCTAaHOBJEHHLIH B 3TOH rJiaBe, Mbl BHIUM,
YTO 045 WU3IHMPONUHECKO20 YCMAHOBUBULEZOCSA 0e38UXPELEO20
meuenus u0eanbHO20 2a3Q NPU OMCYMCMBUL BHEULHUX CUA
cnpaBeluBa clelyiolias Teopema Bepuy.u:

—é— ?+ f %’l = const; (37.2)

B KauecTBe HUXKHEro Ipeliesia MHTErpUPOBaHHS B 3TOH dopmyne
06niyHo BHIGMpaoT 3Hauenne p ==0. Kak Oyner BHIICHEHO HHXe,
uHTerpan B ¢opmysae (37.2) naeT HaM BeAMUHHY yNeabHOH 3H-
Tanbnuu. YpaBHeHue (37.2) MOXHO 3amucaTh Takxe B dudde-
peHLManbHOH dopMe:

pgdq+dp =0, (37.3)

WM, BOCTOJb30BABIINCL (opMmynao#t (35.6) mas cxopocTd 3Byka,
B Bule

pqdq + c2dp=0. (37.4)
B cayuae COBepIIEHHOTO Ta3a C MOCTOSHHBIMH YIeJbHBIMA
TENJI0EMKOCTAMA MHTErpa fdp/p BLIYUCJAETCS B SIBHOM BUIE M
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ypaBHeHue (37.2) npuHHMMaeT B
q2 c2
5 +T:1_ == const. (37.5)

Mu1 He OyleM KacaTbCsl XOPOIUO M3BeCTHHX anre6panyeckux cJael-
CTBHH 3TOTO COOTHOLIEHHS U PACCMOTPHM HeMOCpPeACTBEHHO Ofllee
ypasuenue (37.2). Ilpu sToM yA0OHO BBeCTH CJ/elyioliee TepPMO-
LMHAMUYECKOE MpelnoJoxenue 1):

(g.ﬂ)s >0. (37.6)

Teomerpuueckn HepaBenctBa (37.6) u (30.7) o3HaualoT, uTO
B nmuockoctd p, V anuabarel NpencTaBisioT cOOOH BEIIYKJble
KpUBEIE C OTPHUATENbHBIM YTJOM HAaKJOHA Kacare/bHOH. 31ech
Mbl OyleM HCHOJb30BaTh He HepaBeHcTBO (37.6), a ero cuaen-

CTBHE:

1 d
7 4 (0)>0. (37.7)

B cuny onpenenenns BeauuuHsl M, ypaBnenus (37.4) u ¢op-
Myan (37.7)

a=

%:%[1+(a—1)M2]. (37.8)

OueBuzHo, uto dM/dg >0 mnpu M < 1; Takum o6pasom, Ijs
($MKCHPOBAHHOTO yDaBHEHHS COCTOSIHHS CYILECTBYET TOJbKO OJHO
3HaYeHHe CKOpOCTH ¢ ==gq,, npu koropom M =1. Ilpu ¢ < g,
TeyeHUe HasbiBaerca 0038ykosoim (M < 1), npu g > q, — csepx-
38yxossim (M > 1); BequuuHa ¢, HOCHT Ha3BaHHE Kpumuxeckol
cKopocmu.

3aMeTHM, YTO XapakTep H3MeHeHHs BeJMUMHBI MOTOKA MacCHl
Q=0pqg CylLeCTBEHHO MeHseTCs INpH NepeXxole yepe3 KPHTHUe-
CKOe 3HayeHHe CKOPOCTH ¢. JleHCTBUTE/NbHO, B CHUJY YypasHeHHus
(37.4)

%(pq)=p(1 — M?); (37.9)

) HepasenctBo (37.6), ectecTBEHHO, BO3HHKaeT H B JpPYrux pas-
JieJax rasoBod IMHAMHKH; HampuMep, AJs afHabaTHUECKOH BOJHBI CXa-
THS 9TO YCJOBHE ofecneunBaeT BO3paCTaHHE KPYTH3HBI NPOQHIA
ckopoctu (cM. [21], § 41). DTo ycaoBHE BCTpeyaeTcs TakkKe B TEOPHH
Beiins ynmapHOro nepexopa, M3JOXeHHOH B 1. 56, rie O6ydyT paccMoT-
pPeHbl pasJuyHble CAeACTBUS HepaBeHCTBa (37.6). OueBHaHO, YTO Hepa-
BEeHCTBO (37.6) BHIIOJHAETCA LA HAEAIbHOrO rasa C MNOCTOSHHBIMH
YACAbHBIMH TEMIOEMKOCTAMH.
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cnejoBaTeNbHO, NpU ¢ < g, BeJIMYMHA pg BO3pPACTAaeT IpH
yBE/MYEHHH CKODOCTH, a NpH ¢ > g, yObiBaer. Mbl BuLUM
OTCIONa, YTO NpH 33aJaHHOH BeJUYMHE MOTOKA MAacCH pg BO3-
MOXHE! 1B Pa3/MYHBIX DPEeXXUMAa TeYeHHsi: LO3BYKOBOH U CBEPX-«
3BYKOBOH.

OnucaHHbi# XapakTep M3MEHeHHs MOTOKA MacChl MOMOraeT no-
HAATb MHOTHE SIBJIEHMA Ta30BOH MMHAMUKH, CBSI3aHHLIE C MePeX0I0M
yepe3 MaKCHMajlbHOe 3HaueHume Q, MOTOKa Macch. B kauectse
MTIOCTPAlliM YCTAHOBJIEHHBIX 3aKOHOMEPHOCTEH MOXET CJYXKHTb
puc. 4, Ha KOTOPOM NOKa3aHa
3aBUCUMOCTb pg OT M nns co-
BEpLIEHHOTO ra3a C NMOCTOfiH-
HHIMU VIEAbHEIMM TelJOeM-
KOCTSIMH.

3aBHCUMOCTb  TJIOTHOCTH
oT uMcia Maxa OyeHb NPOCTO
NOJIyuYuTh Tpu momowu ¢op- & 7 2 ,} M
MYJIBI

1 1 It 1 1

P uc. 4. 3aBHCHMOCTb NOTOKA Mac-
5 = cil Q=pg or uucia Maxa nxis
aM q aM yCTaHOBUBIIErOCs M39HTPONMHYE-
P CKOro TeueHwus.

= T 3F@—1) M’
KOTOpas BHITEKAeT HEMOCPEeACTBEHHO M3 ypasHenuit (37.4) u
(37.8). PaznenuB nepeMeHHbie M BHIIOJHUB MHTErpUPOBaHHE, MBI
II0JIyYNM PaBEHCTBO

M’

e ___ 1 ds
log-p> = 20f1+(a—1>u

=1 [M2—2o=

. 1M4+...],

TaK 4TO IJi4 np0H3BOJle0r0 rasa
p==p0(1 — g Mz 2 ey ...). @10

DT0 COOTHOLIEHHE TOKAa3bBAeT, KAaK MeLJIEeHHO H3MeHseTcs
IUVIOTHOCTh B 3aBUCHMOCTH OT uuMcra Maxa npd MajdblX 3Haye-
Hugax M.

B taba. 1 ykasaHbl 3HaueHus p, pg p/]/l M? xak GyHKUUH
oT M B cayuae coBeplieHHOro rasa. Ilocieluss BeJMUMHA NPH
MaJblX YdcJaax Maxa mouTH He MeHsercs.
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Tabauya 1

flepeMeHHbIe COCTOAHHSI AJISi YCTAHOBHBIIErocCs H3IHTPONHYECKOTO
TE€UYEHHs COBepLIeHHOro rasa (y = 1,40)

HloaBykoBoe TeyeHne CBepx3ByKOBOE TeueHHe
q p Q q P Q o
M —_ — — k M — — — S
% ] Qx o ‘ Tx Po Qe Po

0,1 |.01109 | 0,99 | 0,172 | 1,000 | 1,1 | 1,082 | 0,582 | 0,992 | 0.999
02 | 0,218 | 0,980 | 0,337 | 1,000 | 1,2 | 1,158 | 0,531 | 0,970 | 0,993
0,3 (0326 | 0956 | 0,491 | 0,998 | 1,3 | 1,231 | 0,483 | 0,938 | 0,979
04 (0431|0924 | 0,629 | 0,992 [ 1,4 | 1,300 | 0,437 | 0,897 | 0,958
050,535 | 0,885 | 0,746 | 0,978 | 1,5 | 1,365 | 0,395 | 0,850 | 0,930
0,6 | 0,635 | 0,840 | 0,842 | 0,952 | 1,7 | 1,483 | 0,320 | 0,748 | 0,856
0,710,732 | 0,792 | 0,914 | 0,903 | 2,0 | 1,633 | 0,230 | 0,593 | 0,721
0,810,825 | 0,740 | 0,963 | 0,810 | 3,5 | 2,064 | 0,045 | 0,147 | 0,213
0,9 | 0915 | 0,687 | 0,991 | 0,635 | 5,0 | 2,236 | 0,011 | 0,040 | 0,062
1,0 | 1,000 | 0,634 | 1,000 | O o | 2449 )0 0 0

- y— -~
OG6osnauenun. Q=pg, k=p ! VI—MZ, p,— naBnenne TOpMOXEHMS 33 y1apHO#
BOJIHOM. '
3anenanue. Tlocaennuii cToabem CAYXHT TakxkKe A9 ONpeNeJeHHUs OTHOIIeHHH

(’3:)/?0, 6*/0*, cM. dopmyay (55.7). CKa4uoK SHTPONUM NPU NMepPexole yepe3d YIAPHYIO
BOJIHY ompejeasercsd mo gopmyne AS== log (po/po)

38. YpasHenne Kpokxo — BaxoHbu. B sTOM nyHkre pac-
CMAaTpUBAETCAd YCTAaHOBHUBIIEECHd HEUIIHTPOMHUUYECKOE [ABHKEHHE.
ITpeano/sioxuB, 4TO moJie BHEWHMX cua f PaBHO HyJIO, U3 ypaB-
HeHu#t (35.2) u (17.1) monmyuum, utO

va:—grad%f—Pigradp. (38.1)

Jlerko BuIeTb, YTO B CHJY ONpeleseHHsl yAeqbHOH SHTAAbIUK
I =E 4 plp uMeeT MecTO pPaBEHCTBO

grad / =T grad S+ %grad p-

VicknouuB ¥3 9THX IBYX ypaBHeHHH grad p, Mbl IpuieMm K Bax-
HOMY ypaBHEHHIO

© X v=Tgrad S — grad H, (38.2)
rne H=1/9>+41I.
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B yactHOM cayuae coepuienHoro rasa npu H = const ypas-
Henue (38.2) 6bin0 moayuyeno B pabore Kpokko !). Jlas obuiero
caIydas 3TOT pesyJbTaT NpUHALIeXUT Baxoubn 2).

V3 dopmyas (38.2) cienyer, 4TO 3aBUXPEHHOCTb B HEH33H-
TPOMUYECKOM Te4YeHHH, BOOOLle TOBOPS, OTJMYHA OT HYyJs.
B uactHOCTH, M3 HEM3OHTPONMUYHOCTH TEUYEHUS 32 UCKPUBJEHHBIM
yIapHBIM (POHTOM CJelyeT 3aBUXPEHHOCTb STOTO TEUEHHS.

YMHOXuB ckanaapHo obOe yacTu ypaBHeHus (38.2) Ha v u 3a-
MeTHB, 4YTO B yCTaHOBUBIIeMcst TeueHuH V - grad S =0, Mb mo-
JyunM cootHollieHue V - grad H = 0; cienoBaTenbHo

H= —; ¢?+I=const Ha auHMM TOKa. (38.3)

Hanee, nockoabky (0//0p)g==1/p, Mb HMeeM
p
1= [ dpp;
0

smecb mpennonaraercs, uro /=0 npu p=0 (unrerpan,
KOHeuHO, GepeTcs npu NOCTOSHHOM S). Y paBHeHue (38.3) asasercs
o6o0uenneM ypaBHenus bepHy/iu, NpUBeJeHHOTO B NpeIbIIyIleM
NyHKTe, U CBOAUTCS K mociaenHemy mnpu © = grad S=0. Ecmu
BeMMuHHB S u H u3BecTHB, TO ypaBuenue (38.3) ycraHaBiu-
BaeT 3aBMUCHMOCTb IIOTHOCTH M [1aBJEHHS OT .

3aMeTHM, YTO [Js COBEPLIEHHOrO Trasa SHTAJbIIHS 3aBHCHUT
TOJMILKO OT CKOPOCTH 3BYyKa. JTO CJeiyeT M3 TOro, 4TO

I=E+@T=I(T) u 2=+RT=c2(]).

Taxkum oOpasom, Lis JI060ro TeyeHus, y koroporo H = const,
HE3aBUCUMO OT TOro, OyleT /M 3TO TeYeHHe M3IHTPOMUUECKUM,
BBINOJIHAETCS COOTHOLUEHHUE

—;- q>—+ 1 (¢?) = const.

Il HecoBeplLIeHHBIX Ta30B 9HTAJbIMS B3ABUCHT KaK OT (2,
Tak 4 or S.

MoxHO OTMeTHTb B 3aKJIOueHWe, UTO B CHJIy YpaBHe-
Hus (38.3) BesmuuHa H 1M yCTAaHOBUBLIErOCS TeYeHHs pABHA

Y Grocco L., Rend. Lincei (6), 23, 115 (1936); Z. angew. Math.
Mech., 17, 1 (1937).
2y Vazsonyi A, Quart. Appl. Math., 3, 29 (1945).

8 3ax. 1160
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3HAYEHUIO ,OHTANbIMM TOPMOXeHHs“ [y, T. €. SHTAAbNMH, KOTO-
pyio uMesna Obl 4acTHUA KUAKOCTH, ecld OBl OHA B HEKOTODHIH
MOMEHT BPEMEHH OCTaHOBHJIACh.

39. U3snTponuueckoe TeueHne, H309HEpPreTHYECKOe Teue-
HHe H G6e3BHXpeBOe YCTaHOBHMBIIEECH TeueHue. MH XOTuM
BHISICHUTb, KaK CBSI3aHbl MEXILY COOOM yCTaHOBHMBILHMECS TeYeHHs
CJeIyIOLUX THIIOB:

M3HTpONHYecKoe TeueHHe S ==const,

H303HepreTHyeckoe TeueHue H = const,

6e3BUXpeBOE TeyeHHe w=0.

Hurtepec K Te4yeHUSIM STHUX THMOB OOYCJOBJAEH HX OTHOCHTEJb-
HOH NPOCTOTOH M LIMPOKHM HpUMEHEHHEM.

PaccMOTpUM CHayasa TeuyeHHe, BO3HHKLIEE M3 COCTOSHUA
PaBHOMEPHOTO [IBHXEHHMS C TOCTOSHHOR TeMmnepaTypofi, nasie-
HHEM, TUIOTHOCTbIO M T. A. Ecim 9TO Teuenue sBJsieTCa Hempe-
PHIBHEIM, TO B CHJIy YypaBHeHus (35.3) BeaHYMHA SHTPONUH
MOCTOSIHHA BO BCe#t 00JaCTH TeueHHs, H 31eCb MOXHO BOCHOJb-
30BaTbCA PACCYXKIEHUSAMH, NpoBeleHHHMH B m. 21. M3 anano-
FMYHBIX COOGpa)ceHHH BHITEKaeT NOCTOSHCTBO SHEPrUM M IMOTeH-
LMAJIBbHOCTb IBMKeHHS. DHeprus OyleT NOCTOSHHOR naxe B TOM
cliyuae, KOTIa HMMEIOT MeCTO yIapHbie BOJHBHI, OIHAKO TeyeHHe
ABJISIeTCS MIPU STOM, BoOOLle rosops, HeussHTponuueckuM. Coop-
MyJaupyeM Telepb pe3yabTaThl HCCAEAOBAHMA TNOCTABJEHHOrO
BONPOCA O COOTHOLIEHMH TeyeHWR pas/JIMYHBIX THNOB B BHIE
TeopeM.

Teopewma 1. Ilzockoe (usu ocecummempusnoe) ycma-
HOBUBWeEECS U3HMPONUYECKOe mewerue ¢ NOCMOAHHOL 3Kep-
2ueli nsasemcs 6e38uxpesvim.

NokasaTteabcTBoO. B cuny ypaBHenus Kpoxko—BaxoHbu
Bo Bcell o6nacty Teuenus ® X v==0. CaenosatesbHo, w =0,
33 MCKJIOYeHHeM, OBITb MOXeT, TeX TOYeK, rle CKOpPOCTb paBHa
Hymo. Ecau 3TH TOYKM SBJSIOTCS H30/MPOBAHHBLIMH, TO MO -He-
npepuiBHOCTH © == 0 BCloAy; C APYrot CTOPOHHI, €CAM 3TH TOYKH
3aMOJHAIOT HEKOTOpYyl o0JacTb, TO OYeBHIHO, 4YTO B STOH
obaacty w =0.

Huxe caelyer TeopeMa, B HEKOTOPOM CMbicle OOpaTHas:
npexbayle#. Dta TeopeMa NpUMEHHMa M B TPEXMEPHOM CJjyuae.

Teopema 2. Ycmanosusweecs O0e3suxpesoe mewerue
AUGO RBASEMCA UIILMPONULECKUM U uMeem NOCMOAHKYIO
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snepaum, au60 npedcmasisem co6oi mevenue 2eAuK0UOAND-
Hoz20 munal),

HDokasaTteabctBo. Eciu nanHoe Ge3BuXpeBoe TeueHHe
IBJSETCS U3DHTPONUYECKHM, TO OHO GyleT MMEeTb TaKKe MOCTOSH-
HYI0O SHepruio B cuja1y ypaBHenus Kpokko — Baxonbu. Takum
06pa3oM, Mbl JOJKHBI I0OKa3aTb, YTO e€CJU B HEKOTOPOH 06JacTu
TeyeHHe He ABJSETCH U3IHTPONHUYECKHM, TO OHO TeJUKOUIANbHO
B 9Toit o6nacTd. PasobbeM 10Ka3aTelbCTBO HA JBE YacTH.
INokaxeM cHadana, uyTO HAa /MOOOR JMHHM TOKa CKOPOCTb H
IJIOTHOCTb MO¢TOSHHEL. BocnoabsosaBmuck ypaBHenuem (38.1)
H ypaBHeHHEeM COCTOsIHHS (35.4), mouyuuM

1 1 1
-2—gradq2=:=—?grad p=—?(fpgradp+fsgrad8).

IMepsasg wacTb 3TOrO. paBeHCTBA O3HAYaeT, 4T0 ¢=gq(p) u
(sciony, rme grad p=+0) p==p(p). Torza u3 BTOpOH uacTu
paBeHCTBAa cJjelyeT, 4YTO BO BCeH paccmMaTpuBaeMolt o6iacTu

grad p X grad S =0.

Taxum 06pasoM, p = p (S) u B cuiIy mepsoro 3aMeuanns ¢ = q (S),
p=p(S). Tak kak Ha JuHHAX Toka S = const, mepsas yacTb
JlOKa3aTeJbCTB3 3aBepllleHa.

JloKkaxeM Tenepb, uTO (e384Xpesoe mederue SBASLEMCS
2eAUKOUOQANBHBLM, €CAU CKOPOCMY U NAOMHOCME NOCMOSAHHL
Ha 0008 aunuw moxka 8 o6aacmu medenus. Tak Kak
BLOJIb JIMHAH TOKa Be/JMYMHA p INOCTOSIHHA, ypaBHeHue (35.1)
csoautcs K ycjosuio divv=0. [IpunumMas BO BHUMaHHE NOTeH-
UMAJIbHOCTb TEYEHHs, Mbl BUAMM, UTO IOTEHLHANT ¢ SBJAETCH
rapMOHMYeCKO# ¢yHKUMel; KpoMe TOro, Ha JUHHAX TOKa
| grad ¢ | = const. Temepb MBI MOMEM COCJATbCS HA pe3yJbTaT
Tamens 2), COracHO KOTOPOMY TeueHHE C ONHCAHHBLIMU BHIIIE
CBOMCTBaMM SIB/IAETCHA TeJUKOULAMbHBIM.

') Teuenue reaMKOMIANBHOTO THNIa NpejCTaBAsSeT COGOH cymep-
fIO3MIMI0 MJIOCKOrO BHXPS M IapalJe]bHOr0 NEpPEeHOCa BAOJb OCH 3TOrO
BHXpPSl C NMOCTOAHHON cKOpocThbio. COPMYIMPOBaHHBIA De3yJbTaT MpH-
Hapaexut [xunbapry [Gilbarg D., Amer. J. Math., 71, 687 (1949)].

) Hamel G., Sitzgsber. preuss. Akad. Wiss., Phys.-math.
Kl., 5—20 (1937); cm. Takxe pa6ory Ilpuma [Prim R. C., J. Rational
Mech. Anal., 1, 425 (1952)], B xoTopoii pesyabrar 'ameas o6o6maercs
Ha GoJee IIMPOKHH KJACC TeUEHHH.
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Tak xak gokasaTenbCTBO [aMess sBJASETCA OYEHb CJAOMKHBIM,
MBI JIaguM 31eChb B KauecTBe R0OaBJEHHSI SJEMEHTapHOE -J10Ka3aTelb-
CTBO 3TOro (akTa B cJjayyae MJIOCKOro TeueHus. (JlcHo, 4TO reaukowu-
NajibHOe TeyeHHe B 9TOM CJyuae NMpPEeACTaBJseT Co60l TeueHHe ¢ Toueu-
HbIM BuXpeM.) M3 ypaBHenus (20.5), HOCALIEr0 YKCTO KHHEMATHUECKHH
XapakTep H CIPaBEAJMBOro NO3TOMY Iasi J06Oro ABYMEpHOrO TeueHus,
BhITEKAeT cjaefylomas ¢opmyaa IS KPUBU3HBI JUHHA TOKa:

1 dg _1dg o d
T Pd—i. 7=q)

rie ¢ — GyHKuMa TOoka. MBl BHIMM u3 3TOH (GOpPMYJb, YTO BEeNMYHHA %
NOCTOSIHHA BJOJb JHMHHUH TOKA M, CJel0BaTe/NbHO, JUHUM TOKA SBAAIOTCH
OoKpyxHocTaMH. Bojee TOro, Tak Kaxk NpoM3BOIHAs

ooy _
on _db on MGy

3aBHCHT TOJBKO OT ¢, JMHMH TOKa NPEICTaBJAIT COGOH KOHUEHTPH-
YeCKHe OKPYXHOCTH.

Cesa3b Mexnay Teopemamu 1 u 2 cranoBurca GoJee fCHOH, ecau
HECKOJMbKO OCJMabHTb JNOKa3biBaeMbleé B HHX YTBepxIeHHs W cdopmy-
JHPOBATh TeopeMbl CJelylumHuM o6pasoM.

B ycmarnogusuieMcss u33HMPONU4ECKOM Me4eHulL ¢ NOCMOSIHHOU
dHepzuel 8eKmMOp 3A8UXDPEHHOCMU  YOOBA2MBOpSIem COOMHOUEHLLIO
o X v=0. ‘

Ecau 8 o6racmu ycmanosusutezocst mevenuss o X v=_0, mo meue-
Hue AubGO SBASIEMCST W33HMPONUYECKUM C NOCMOSIHHOL 3dHepauel,
AuUbGO umeem Ha AUHUSIX MOKA NOCMOSIHHYIO CKODOCMb.

PaccMOTpHM Temepb YCTaHOBUBILIeecs TeyeHUe rasa, ypaBHe-
HHE COCTOSIHHS KOTODOIO HMeeT BHJ

p=P(p)X(S). 39.1)

Mul noxaxeM, uyto Jau6o S, au60o H Bcersa MOXHO CuMTaThb
NOCTOSIHHBIMU BO BCeH oOsacTu TeueHus. B camoM nene, pac-
CMOTDUM CONPAINCEHHOE medeHue:

1 172
V=—v, =m’ S'=2"[n3OS)] (392
rie m-— HeKOTOpas CKaJspHas OYHKUMS, NPUHLUMAIOWAA HA
AURUAX MOKA NOCMOAHHbe 3Haverus. Herpynno yGeautbed,
YTO TaK ONpele/eHHOE COMpSXKEHHOEe TeueHue YIOBJIETBOPSET
ypaBHeHuaM ABuxenus (35.1) — (35.3). Jlerko BuieTh TaKkxke, YToO

dp* 1
p*zp, I’Zf——f__:——[

p m?
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H ypaBHeHHe DepHy/anu uMeeT BHI
%qﬂ_{_[* = H*— m—2H.

TakuM 00pa3oM, CONpsKEHHOE TeYeHHe HMeeT TaKylo e Kap-
TUHY JHHHH TOKAa, TakKoe e pacnpeleleHHe NaBJeHHS U Te XKe
yucaa Maxa, uYTO U MCXOJHOe TedyeHHe. 3aMeyaeM Jajee, YTO

ecqu B KauecTBe m B3STb M == I/VZ (S), 10 3HTpOmHA compsi-

JKEHHOTO TeueHus GyAeT NOCTOAHHOM; ecam ke nonoxuts m =V H,
TO 3Heprus CONMPSXKEHHOro TeueHHs OyAeT MOCTOSIHHOH (mocJjen-
Hee YTBepxIeHUe OCTaeTcs B CUJe Jaxe TOrja, Koria B obaacTu
TeyeHUs] MMEIOT MeCTO YIapHble BOJHBI). Takum o6pasom, nefi-
CTBUTEJbHO BCErja MOXHO cHenaTb Jubo Beauuuny S, au6o
BenuuuHy H TMOCTOSHHOM BO Bcelt o6JacTé TeyeHus l).

B o6meM cayuae Heab3s JOOuTBCS, YTOOB JJIsi COMPSIKEHHOrO
Teuenuss o6e BeauuuHnl S u /A 6bliu noctossHHBIMH. TouHee, conps-
HCeHHOe meueHue ¢ nocmosimHeimu S u H cywecmgyiom 8 moxm u
MOALKO 8 MOM CAYy4ae, K020a 0asAeHue mopMONHCEHUST Py NOCMOSIHHO
80 8cell o0iacmu meverus. :

(ITo ompeneJeHHIo, NaBJeHHE TOPMOXEHHS p, MpPeACTaBaseT Co6oi
BEJMUYHHY HaBJEHHS, COOTBeTCTBYWIyl0 ¢ =0 B ypaBHenuu DBepnynin,
tak uto [ (py, S) = H. Jlerko BHAETb, UTO BEJIMUHMHA p, MOCTOSHHA Ha
JAnHUAX TOKa.) Jas nokasaTeabCTBa CHOPMYJHPOBAHHOTO YTBEPMJIEHHUS

%*

3aMETHM, HYTO €CHH p, IOCTOSHHO BO BCEH 06JacTH TeueHHUs, TO H p,

TaKXe MOCTOSIHHO B CHJy PaBeHCTBAa 3THX JNaBjeHuH. BuibpaB m Tak,
yT06bl BeJMYHHA S* Oblla INOCTOSHHOH, Mbl INOJYYHM TeUeHHe, HJs
KOTOpOro BeauuuHa [* rakxe nocrosiiHa. Heo6xoxumocts mpoBepsieTcs
aHaNOr HYHO.

B cuny ypasHenns Kpokko — BamoHbu il TeUeHHMH C NMOCTOSH-
HbIMH S* W H* uMeeT MeCTO COOTHOIIEHHE

o* X v =0 (39.3)

(ypaBuenne Kpoxxo — BaxoOHbH CHOpaBelJIHBO, KOHEUHO, M 1Js COMps-
XeHHoro teueHus). TeueHus, yaoBjeTBopsitouue ycaosuio (39.3), HocaT
HasBaHHe 0000ueHHblx meteHul beasmpamu. 10T KaacC TeueHuH
noayuaercs u3 TeueHuil Beabrpamu (w X v = 0) 3amenoit (39.2).

B 3akaioueHue MBI OTMETHM, HYTO PAacCMOTPEHHE COMPSKEHHBIX
TedeHUH MpeiCTaBAseT HHTEPEC JIABHHIM 06pa3oM sl BUXPEBHIX ABH-
KeHuil U NpPUMEHSeTCs TOJbKO B CJAyYae YCTAHOBUBIUEroCs TEUEHWs
rasa, ypaBHEHHe COCTOSIHHS KOTOpPOro 3amuchiBaercs B Buie (39.1).

Y Munk M, Prim R, Proc. Nat. Acad. Sci. USA, 33, 137
(1947).
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40. Nuddy3ua 3aBuxpeHHOCTH. OCHOBHBIE KMHEMaTHYeCKHe
ypaBHEHHUs, KOTODHIM YIOBJETBOPSeT pacnpeleleHne 3aBUXpeH-
HOCTH TPOHU3BOJBHOIO [BUKEHUS MKHIKOCTH, OBIJIH BhbIBEAEHbI
B n. 17 u 25. DrtuMu ypaBHeHHsMH SBJSMIOTCS YypaBHeHHe
BenbTpamu

d (o © 1
—d?(T)——E—-gTadv—}—?rota (40.1)
n ypaBHeHue KesabBuna
%Eﬁv-dx:féia-dx. (40.2)
5 €

[Mpumenus ypaBHenus (40.1) u (40.2) k cayyaio HeHM3IHTPOMH-
YeCKOTr0 [IBUIKEHHMSl HIeaJbHOrO rasa, MBl TOJYYUM HECKOJbKO
BaXKHBIX Pe3YJbTATOB.

HaMm yno6Ho 3anucaTh ypaBHeHHsl IBUKEHHS B BHIE

a=—-+grad p, (40.3)

rie = 1/p — yneabuntt 0O6beM rasa. IIpumMeHnB K o6euM 4acTaM
ypaBHeHus (40.3) oneparop fot W BOCMO/Jb30BAaBLIACH TEPMO-
IMHAMUYECKHM TOXAECTBOM

tdp=—TdS+dl, (40.4)
Mbl NOJY4YHM
rota=grad T X grad S.

HatinenHoe mpexcraBjeHne s rot a MO3BOJSET 3aMUCaTh ypaBHe-
nue (40.1) B BuLe ypaBHeHHs 3aBHXpeHHOCTH BaxoHbu !):

& (—‘;’—)= 2 ~gradv+%gradT><grad S.  (40.5)

[Ipy OTCYTCTBUH BTOPOTO 4YJeHa B MPaBOH YACTH STOro
ypaBHEHHﬂ U3 Hero cJjenosanau OBl TEOpPEMBI I'eabMroJbua. AtoT
YyjJeH TINOKa3biBaeT, OIHAKO, YTO HEOILHOpPOIHOE noJse 3HTp0ﬂHl/l
BHI3HIBAET NU(PGY3UI0 3aBUXPEHHOCTH M BCIeACTBHE 3TOTO Hapy-
1aeTcda yeTkasd KapTMHa nepeﬂoca 3aBl/lxpeHHOCTVl, yCTaHaBJIH'
BaeMas TeOpeMaMu I'eabMroJbua.

Y Vazsonyi A, Quart. Appl. Math., 3, 29 (1945).
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Ilns ycmanosusuie2ocs medenuss ¢ NOCMOAHHOU dnepaueli
B cuny ypasHeHus Kpoxko — BaxoOHbH chpaBel/UBO CJelyiO-
lllee COOTHOLICHHUE:

grad T X gradS=T‘1 [grad T X (0 X v)] =
=T[v (w -grad%)——m-% (lT)]

[MoncraBuB moayuyenHoe Bhipaxenue s grad T X grad S B ypas-
nedue (40.5), MBI MOJyuyuM nocje HeKOTOPHIX YNpOLIeHWH ypaB-

HeHHe
2 () =2 gna(}). (40.6)

Ilns maockux TeyeHu# u3 ypasHeHus (40.6) caenyer, uro Ha
JUHUAX TOKa

T“’T— = const. (40.7)
Aror pesyabrarT Gbla Bnepshle nmoaydeH Kpokko !) mns wacthoro
cayyasi COBEPLIEHHOTO ras3a. 3aMeTHM, YTO /s YCTaHOBUBIUIKXCH
TeyeHMH C TOCTOSHHOW SHeprue#f u3 paBeHcTBa ® =0 B Heko-
Topo#t Touke P o6aactu TeueHus B cuiy ypasHenus (40.7)
BhITEKaeT paBeHCTBO ®w =0 BLOJb BCEeH JMHHH TOKA, MNPOXOAA-
we# uepes P 2).

HenocpeicTBeHHble BBIYKC/IEHHS, B OCHOBE KOTOPHIX JEXHUT
ypaBHeHue beabTpamu, NOKasHBalOT, YTO [/ MNPOU3BOJLHOH
CKaNApHOH, BEeKTODHOM WM TeH30pHOH (yHkuuu F clpaBerIuBO
caelyouee TOXIECTBO 3):

d
E(%-gradl*‘)=?3-grad

dF

1
7F+ v rota-grad F. (40.8)

CoornomeHue (40.8) sBiseTcs KHHEMAaTHYEeCKUM SKBUBAJEHTOM

uHTepeCHOH (OpMyJBl IS 3aBUXPEHHOCTH, HafilenHOR Ipre-
aeM 4). Ecam B KavectBe F B3ATb SHTPONMIO HIEaJbHOTO rasa,

) Crocco L., Z. angew. Math. Mech., 17, 1 (1937). Kpoxxo
3anuchiBad 9TOT Pe3yJbTaT B BHIE o/p = const Ha JHHHAX TOKa.

2) [Tone3Ho CpaBHHTb IOJy4YeHHHH pesyabrar ¢ Teopemod Jla-
rpamxa — Komn (cm. m. 17).

8 Truesdell C., Z. angew. Math. Phys, 2, 1 (1951);
cMm. takxe [27], § 79, 98, 99.

4y Ertel H. Naturwiss., 30, 543 (1942); Meteor. Z., 59, 277,
385 (1942); Phys. Z., 43, 526 (1942).
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TO mpaBasd uacTb TOxIecTBa (40.8) oOpaTuTCs B HyJb U MBI
MOJIY4YUM, YTO A/ (UKCHPOBAHHOH YACTHLB KHIKOCTU

%ogradSzconst.
dtor pesyabrar Obla  ycraHoBJeH Tpycaennrom; B paborax,

Ha KOTOpPble MBI TOJbKO YTO CCHIIAMUCh, MOXHO HaHTH Ipyrue
uHTepecHble caencTBus ¢opmyJr (40.8).

P

——G

€ T

Puc. 5. Teomerpuueckass HHTepHpeTauys
TeopeMbl BbépkHeca O LHMPKYJIAIHH.

Paccmorpum Tenepb cJencTBHS BHIBEJEHHOTO BHIILlE ypaBHe-
Hus Keabeuna (40.2). Bocrnosb3oBaBIIMCh ypaBHEHHEM JBUKE-
Hug B ¢opme (40.3), MBl mOJayuuM, uTO

d
Et‘égv'dx:““é;po;
e €

Noc/JAefHUH MHTErpaj, Kak Jerko BHUAETb, NaeT IJIOLagb Orpa-
HHueHHOR o6pasom kpuBo#t @ oGmacTé B MIOCKOCTH p, T
(cM. puc. 5). Takum 0Gpasow,

d
—d—t—§>v-dx=i3’,
I

rie ¢ — miowanb yKazaHHOH o6JaacTé miockoctH p, t. Tax

Kak B cayuyae OapoTponHoro TeueHus o6pa3 kpusoit € mpen-

cTaBaseT co0o# OnHO3HAauHYI QYHKUMIO p = p(t), OTCIOIA CJe-

IyeT, B YaCTHOCTH, TeopeMa Ke/bBHHa O UHUPKYJISILMH, YCTa-
A

HOBJIEHHast B I. 25. JIpyryi MHTepNpeTalui0 BeJUYHMHbI Eir“cdp

MOXHO MOJIYYMTb, eC/JH HaTsHyTb Ha KpuByio € opueHTHpOBaH-
HYI0 TOBePXHOCTb & M HAHECTH HAa STOH NOBEPXHOCTH JUHUH
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p=0, £1, £2, ... n =0, £1, £2,... . Obpamasdcs
CHOBa K puC. 5, MBI BMAHMM, 4YTO
d

E§v .dXx = £ Yucao sueex (p, t) Ha ©.
e

10T H3ALIHLIA pe3yabTaT HOCUT Ha3BaHue TeopeMbl BhépkHeca !).

BMecTo sueek (p, T) MOXHO 61110 661 paccMaTpuBath Aueliku (T, S),

Tak Kak B cuay ¢opmyan (40.4)

§cdp:—§rds.

3aMeTHM B 3aKJlOYeHHe, YTO HeTPYyAHO HPOBEPHUTb CHpaBelJiH-
BOCTb TeOpeMbl Bb&pkHeca M B TOM Cayuae, KOria B 00/acTH
TeyeHus NOMYCKAlOTCs caaGbie paspeiBhl (CM. M. S1).

§ 3. CnenunajbHbie METOAB HCCJAENOBAHHSA
JIBYMEpHBIX Te4eHHUH

41, YpaBHeHUS JABMKEHH B €CTECTBEHHHIX KOOpJAHHa-
taX. B n. 20 Obliu BhiBeleHbl YpaBHeHHs JBHXKEHHUS B ecTe-
CTBEHHBIX KOOPIMHATAaX LJs YCTaHOBUBLIErOCs IJIOCKOTO TeYeHHs,
a UMEeHHO YpaBHeHHs

a 0 op
M e =G5 =g (41.1)
H ypaBHEHHUE HEepaspbIBHOCTHU
0
55 (P9) 1 Kpg =0. (41.2)

Tak kak Ha JuHuAX Toxka dp == c2dp, TO ypaBHeHWUe Hepa3phiB-
HocTu (41.2) MOXHO 3amucaTb B HECKOJbKO JAPYrOM BHIE:
o9 _ Kgq .
s T W1’ (41.3)
IJg STOT0 HAlI0 BOCIO.Jb30BaTbCS MepBbLIM M3 ypaBHeHu#t (41.1).
B yacTHOM cJ/ayuydae Ge3BUXpeBOrO IBIXNeHHS U3 ypaBHeHu#t (41.1)
MOXHO TNpH TNoMouM uHTerpana Bepuymm (37.2) MCKIIOYMTH
IaBjieHHe, B pe3y/bTaTe Yero MOJyYuM
0 __  Kgq 0q __
s —ME—1' n /M (41.4)

Y Bjerknes V. Vidensk. Skr., Ne 5 (1898); Kgl. svenska
Vet. Handl. (2), 31, Ne 4 (1898).
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42, ®ynxnusa Toka. Il1a HeCKUMAEMOH KMIAKOCTU (PYHKUUA
Toka Obla BBeldeHa B M. 19. BrickasanHele Tam coolpaxceHus
MOXCHO MCMOJL30BATb M B C/ydyae CXHUMaeMOH MXUAKOCTH, eCJH
NPenNONOKUTE, YTO TeUeHHe SIBJISETCS YCMAHOBUBULLMCS. Y PaB-
HeHHe Hepa3pBIBHOCTH YCTAHOBUBILIErOCS IIIOCKOFO  TeYeHHs
uMeeT BHI

25 00+ 5 () =0.

Jlerko Buueth OTCIOAA, YTO QYHKUMIO TOKa §={ (X, y) MOXKHO
OnpeleauTh CJAeLYIOUHM 00pa3oM:

0 0
pu=—0—y‘*’—, p=—-2 (42.1)
ITpn TaxoM ompeleseHUH JHHMA ¢ == const ABIAOTCA, OYEBUILHO,
JIMHUSIMH TOKa.

Bocnosb3oBaBinch ypashenuamu (17.8) u (42.1), Mbr cpasy
HoJiyuaeM ypaBHeHHe

$rx T Yyy — V* - grad p =— po, (42.2)

rie v*— BeKTOp C KOMIIOHEHTaMH (— ¥, ). DTOMY YpaBHEHHIO
OTHOCHTeNbHO ¢ MOXHO npuuaTbh Oojee COBeplIEHHY0 GOpMY,
npeo6pa3oBaB ujeH v* . gradp. [Ipeo6pasoBaHuss HOCAT CTaHAapT-
HHH XapakTep, OLHAKO B HEKOTOPHIX COBPEMEHHHX paboTax OHH
M3/1araloTCsl, HEKOPPeKTHO, MNOSTOMY Mbl NPHBOILUM HX HHIKE.
HauxeM C OYeBHIHBIX COOTHOILEHHH:

o X Vv=oV*,

grad g% = p~?[grad (p’q®) — 2pg® grad p], (42.3)
grad p = c?grad p -+ Bgrad S,

rie B—_-=(6p/0S)p. [ToncraBus BhipaweHns (42.3) B ypashe-
nue (38.1) m paspemiuB ero OTHOCHTENbHO grad p, MOJYYUM, UYTO

gradp = (pg® —pc?) " [p%0v* +pB grad S+ grad 1, (p%¢%)
HaxoHen, MOACTaBHB MOC/AelHee BhHIpaxceHHe B ypaBHeHHe (42.2)

U 3aMETHUB, UTO
grad (p%g?) = grad (§; + 3),
grad S =pv*'¥’,
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rie S’=dS/dy, MBH TnOCIe HEKOTODHX YMNpOLleHHH mNpuiem
K YPaBHEHHIO

52_112) “Pxx_Qu‘vq)xy _l'_ (02_"02) tpyy= —p (62‘” + ‘IQBS') (424)

DTO M ecTb MCKOMOE ypaBHeHHe Ins (GYHKUMH TOKa. (DTOT BHBOL
ynpolaercs B C/yyae M3HTPONHMYECKOTO TEYEHHs M CTAHOBUTCS
COBCEM MPOCTHIM, KOrJa TeuyeHUe SBJSETCS OLHOBPEMEHHO H33H-
TpomHueckuM M Oe3BuxpeBbiM.) YieH, crosuuit B nmpaBo#t yactu
ypaBHeHus (42.4), MoxHO cBsisaThb C YypaBHeHHeM Kpokko—
BaxXOHbH, KOTOpOe NJsl MJIOCKOTO TeueHush MMeeT BUI

o=p(TS' — H’), (42.5)
rze S=S(), a

H=H@)=50+1G. S

Ecmu S(¢) n H(y) — isBecTHHe ¢yHKIUM, TO ypaBHenue (42.4)
MOXHO paccMaTpuBaTb KaK yPaBHeHHe BTOPOrO NMOpPsAKA C 4acT-
HBIMU TPOM3BOJIHBIMU OTHOCHTEJNbHO .

Cmeicn  ypaBHenust (42.4) craHer 6o0Jiee NOHATHHIM, €CJH
paccMOTpeTh YacTHHIH Cayyafi COBEpLIEHHOrO rasa € MOCTOSHHBIMU
yIeJbHBIMH TemIOeMKOCTAMH. B sToM cayuae

5=(3%5),—%

(cM. 1. 35), M moc/e HeCHOXHBIX BHIYMCJAEHHH MBI NOJyYHM
(d2 - ('Pi) q)xx + 2(qu)yq)xy + (d2 - 412) ‘Pyy =
1 1 dlog H dSjc
= [ [=r o) R — (= ) 2] 2

rie d = pc — aKycTuyeckui uMnenanc. YpasHenuio (42.6) MoxHO
npuzath 60Jee MpocTylo GopMy, KOTOpas OLHOBPEMEHHO SABJSETCS
GoJsiee ynoOGHOM /sl YHCJIEHHOrO pacueTa TeyeHHH. PaccmoTpum
C 3TOH UeJbI0 conpsocennoe meverue (cM. n. 39), onpenenen-
Hoe (opMyJaMH

Vi =pycoV, p*=0p/(ppcp)>. P*'=p.

dynxuuss Toka W 3TOrO TeyeHus yNOBJIETBOPSET COOTHOLIEHHIO
d¥ = d{[p,c; CNeNOBATEILHO,

|grad ¥| =

42,
Poco (42.7)
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Takum oO6pasoM, 3Has TOJbKO ¢(yHkuuio Toka W, MOXHCHO npu
nomowu 06viuHoLX 2a300uHamudeckux mabaul (uru npo-
cmolx OPpMYA) ROAYHUMb 3HAUEHUS PA3AUYHBLX napame-
mpos ucxodnozo mewenusn: M, p[p,. pfp, ¥ T. A. PyHKUMsA
toka ¥ ynosieTBOpsieT, OYeBUIHO, ypaBHeHuio (42.6) 4is comps-
HEHHOro TeueHus. Mbl uMeeM

=%, M=mM

= do ’
H* = (pycy)? H = const - p2,

s pe T
= = log —*—— =log pl+7- const.
Cy (poco) il 0

[MoncraBnss 3TH BEIpaxeHus B ypaBHeHue (42.6), moayuaem

[(d%)? o lIJ'f, ]‘Ir” + waywxy + {_(7%)2 o Wﬁ] ‘Fyy =

—(1—Mm) L (2 dlogp
=1 M)Y(do) 98 2o (42.8)

VpaBHenue (42.8) sBiaseTcs TeM CaMBIM YNpPOIUEHHEM ypaBHe-
Husi (42.6), O KOTOpOM MBI TOBODUJIM BHILIE. 3HAYUTENbHOE
npeuMyuiecTBo ypaBHeHus (42.8) o0yc/0B/MBaeTCS TEM, UTO ero
K03(HUUUEHTE JIETKO BHIPa3uTb HemocpeicTBeHHO uyepe3 grad .
Jo6GaBuM, uto B ypaBueHun (42.8) cdynxkumu S’ u H’ Bxonar
TOJbKO B BeJanunHy log p,. B Taba. 2 npuBeneHbl YuC/IeHHBIE
3HayeHuss Ko3dduuuentoB ypaBHeHus (42.8); Gosee yIOOHBIM
OKa3bIBAeTCA INpelNCTaBUTh BCE BEJUYMHB B BHAe OGYHKUAK OT
yucja Maxa, X0oTd Ha caMOM JeJie HEe3aBMCUMOH nepeMeHHOH
spasercss BeanuuHa |grad U'|. CnenyeT OTMETHTb, UTO MaKCHUMYM
peanuunbl  |grad ¥| pasen 0,579 u uTo Kaxmoe 3HayeHHe
|grad ¥|, menbiuee 0,579, BcTpeuaercs B TabJauie ABaXAbl. DTOT
($axkT CTAaHOBUTCS TMOHATHBIM, €CJM BCIOMHHTb, YTO BeJHYMHA
| grad ¥| mpencraasieT cob6oit moTok macchl pg. CBsizaHHas ¢ 3TUM
HeonpeleNeHHOCTs B BhIOOpe 3HaueHu# kosddunuentos (42.8)
He MOXET BHI3BaTb HeNOpas3yMeHM#, TaK KaK B 3aBUCMMOCTH OT
XapakTepa wuccaenyeMoft 3aauyM MBI IOJb3yeMcsl JHGO 4YacThbio
Tab/MKMibl, OTHOCAIUIEHCS K I03BYKOBOMY peXHMMY, JUGO 4acTblo,
OTHOCAILEACH K CBEPX3BYKOBOMY PEXHUMY.
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Ta6aruya 2
Kosdpuuuento ypaBHeHus (42.8)
Jlo3BykoBOe TeucHHE CBepx3ByKOBOe TeuyeHHe
M | grad ¥ | (d/dy)? A M | grad W | (d/d,) A
0,0 0 1 0,714 L1 | 0574 0,272 | —0,011

0,1 0,099 0,988 0,690 1,2 | 0562 | 0219 | —0,015
0,2 0,195 0,953 0,623 1,3 ] 0543 | 0,174 | —0,015
03 0,284 0,898 0,524 14 | 0519 | 0,137 | —0,013
04 0,364 0,828 0,411 1,5 | 0492 | 0,108 { —0,010
0,5 0,432 0,746 0,299 1,7 | 0432 | 0,065 | —0,006
0,6 0,487 0,659 0,199 | 20 | 0343 | 0,029 | —0,002
0,7 0,529 0,571 0,119 { 35 | 0,085 | 0,001 | —0,000
0,38 0,557 0,485 0,061 50 | 0,023 | 0,000 | —0,000
0,9 0,574 0,406 0,022 | 10,0 | 0,011 0,000 | —0,000
1,0 0,579 0,335 0 | o 0 0 0

Sanmeuwanue. B astoit Tabnuue npuuATH caexpyomue obosnavenus: | grad ¥| =
4
= pq/poCo, d=pe, A=(1—M?) T (71-0-) . Boluucaenns BumoaHeHB pas.y=1,40.

Ilng TedyeHMH C TNOCTOSHHOM SHepruefi ypaBHEHHe, SKBUBA-
JeHTHoe ypaBHeHHI0 (42.8), GOm0 mosyueno B pa6ore Kpoxkol).
[puBenennble 3J1eCh pe3yJbTaThl NPEACTABJIAIOT COOOR 06001eHne
M YNpOlleHHe pacCyxJeHuit, colepxamuxcs B 3ToH# pabore.
B 3akJjioueHue 3aMeTHM, 4TO BBeleHHe ¢yHkuud Toka ¥ comps-
HEHHOTO TEeYEHHS MMEeET CMBICJI TOJbKO B CJyyae COBEPIIEHHOTrO
raza. OTmeruM Takxke, uTo ¢yukuus Toka ¥ mnpereprneBaer
paspeB Ha (PpOHTE yNApDHOH BOJHBLI, TOIMA Kak MCXOAHAs (YHK-
uMs TOKa { OCTAeTCs HelpephIBHOM.

Hsanmponuseckoe 6e3suxpesoe meuenue. B aToM cayuae
ypaBHenue (42.4) npuHHMaeT mNpOCTYI0 M H3fHYO dopmy,
a MMEHHO

(2—u) gy — 2uvdh,, + (2—09) gy, =0.  (42.9)
Vpasrenne (42.9) MOXHO NOJYUYNTb NPH MKeJNaHUHM HENOCPeX-
CTBEHHO M3 ypaBHeHHsi (42.2). MurepecHo, 4TO NMOTEHLHMAJ CKO-
pocTeit YIOBJETBOPsAET YpPABHEHMMIO C TAKUMH Xe KOd(duuueH-
Tamu (CM. m. 45).

) Crocco L., Z. angew. Mgth. und Mech., 17, 1(1937).
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B cayyae cosepllleHHOro rasa npH pacyeTaX OGLIUHO
UCNOJIb3YETCA HECKO/bKO Gosiee ynoOHOe IJs STHX Lejed ypas-
HEHHe, KOTOPOMY YIOBJETBOpPSET (YHKLHS TOKA COMPSAKEHHOrO
TeueHHs.

Ocecummempuunoe medenue. ViccienoBanue B 3TOM Cayyae
MOJIHOCTBIO AHAJIOTMYHO MPOBEAEHHOMY Bhillle. PYHKUMIO TOKA
MOXHO OINpele/uTh CJeLyOLNM 06pasoM:

1 0y 1 oy

=y Gy STy o
[TyreM BHIK/JaNOK, aHAJOTHYHBLIX TeM, KOTODHIE NpPHBEJH K ypaB-
HeHuio (42.4), nattneM, yTo (yHKUMA ¢ YIOB/IETBOPSET YPABHEHHIO

(—u) . — 2uvd,, —|—(c?—v"’) Pyy — c2%=

= —py (c®0 + yg’BS’).

Ynen, crosmu#t B npaBoff yacTH ypaBHEHHUs, MOJY4aeTCs MpPHUMe-
HenueM Qopmyas o = yp (7S’ — H’). Ilas 6e3BUXPEBOro TeyeHus
npasas uvacTh ofpalaetcs B Hyab. B 9TOM ciayuae moTeHuuas
CKOPOCTH YIOBJIETBODSET YPAaBHEHHIO, MaJO OT/IHYAIOIIEMYCS OT
ypaBHeHHus 1Jad GYHKUUM TOKa:

) ¢
(€2 — 1) 9y — 200,y 4 (¢ — V) gy + ¢ = = 0.

3ametuM B A00aBieHue, u4TO Napa (GYHKUMH TOKAa NJs MpO-
CTPaHCTBEHHBIX TeueHuit Oblia BBedeHa [usel).

43. Meron romorpadpa. HecmoTps Ha oTHocuTenbHYIO Tmpo-
cToTy ypaBHenu#t (42.9) unu (45.4), uX npuMeHeHHe NPHBOIHT
K Cepbe3HBIM 3aTpyIHEHHSM, OOYCJOBJEHHBHIM HEJIMHEHHOCTDIO
9THX ypaBHeHuH. Mousen6pok?) B 1890 r. samerun, uyro nud-
¢epeHUHaIbHEE YPaBHEHHS JIBHXKEHHS CTAHOBATCA JMHERHLIMH,
ecad MNepeHTH K MJIOCKOCTH rojorpada, rie poJb HE3aBUCHMBIX
NEePEMEHHEIX MIPaloT KOMIOHEHTHl CKOPOCTH #, ¥ (uau g u ).
dror Merol OB HCMOJb30BaH YambrMHHIM B €ro 3HaMeHHTOH
paboTe O rasoBHX CTPYAXS3) M CTan 3aTeM KJACCHYECKHM MeETO-

) Tuse N., c6. Mexanurxa, Nel (17), 86 (1953).

%) Molenbroeck P., Arch. Math. Phys., 9, 157 (1890).

8 Hanasrunu C. A, O rasoBbix CTpyax (aucceprauus), co6p.
(1:829’ 1. II, Tocrexuagar, M.—JL, 1948 (uMeerca oTieabHoe H3jaHue,

).
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IOM HCCJeNOBAaHHHA 1O rasoBOf AMHAMHKE, NPUMEHSBLIMMCSH MHO-
rUMH yuyeHbIMH !). MBI OrpaHMYMMCS’ 37eChb H3/0XKeHHEM OCHOB
mMetona romorpada, He Kacascb WIMPOKOTO KPyra MPHJIOXKeHUH
ApeoOpa3oBanusa roporpada.

Kak Mb yxe BuLeJH, MOTEHUUAN CKOPOCTH W (QYHKUUS TOKa
ycTaHOBHMBLIEroci O€3BMXpEBOrO TEYeHUs . YAOBJIETBOPAIOT COOT-
HOLIEHHAM

1 1

u=(Px=?(‘Py’ ‘U=cpy=———p—LPx. (43.1)
Hac unTepecylOT Te ypaBHeHHS, KOTOPHIM YIOBJAETBOPAIOT (yHK-
nuu @ H q), €CJu 3a He3aBHCUMbIE NEepeMeHHble B3ATb MOLYJb
CKODOCTH ¢ M YTOJ HaK/JOHa BekTOpa ckopoctd 9. IIpennaraembiit
HUXE BBIBOL 3THX ypaBHEHHH SABJAETCHA, BEPOATHO, Haunbouee

NPOCTHIM. 3aMeTHM INpexIe BCEro, 4TO

do—+1 -gpiz(udx—}—fvdy)—{—l('——vdx—i—udy):
=(u—iv)(dx+idy)=qe-*dz;

anecb 2= x-}1y. PaccMarpuBas Temepb ¢ M ¥ KaK He3aBUCH-
Mbie IepeMEeHHbIE, IOJIyYaeM -

Pq bg %9 by
z =e‘9(— i-—), z =e”’(— I —=].
7 7 Tl 8 7 Tl

Hcnonb3yss paBeHCTBO 249 == 2Zy;, MOC/AE HECJOXHBIX mNpeobpa-
30BaHUH HAXOLUM

St mg 4
pq 9 ¢ % dg \pq/’
HpﬂpaBHldBaﬂ B 3TOM ypaBHeHuu ,lleﬂCTBPITeI[beIe U MHHUMLIE
yacTH MO OTIEJbHOCTH M NpuMeHss ypaBHenue Bepuymu (37.9),
l'[pMXOlIl/IM K TaK Ha3biBA€MBIM ypaBHEHI/IﬂM zodozpa&a:

1— M2

prp— M 9. (A2 O\

1Y TMMonpobuVIO O6ubAMOrnadHUid MO 3TOMV BOIDOCY MOXHO HAaHTH
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Pewenne ypaBHenuit (43.2) coOoTBETCTBYeT TeueHHIO B (hU3UUeCKOH
NJOCKOCTH TOJMbKO B TOM CJjydae, KOriaa siKkoOMaH mepexona OT
nepeMeHHHX ¢, ¥ K NMepeMeHHBIM X, Y He paBeH Hymo. [lostomy
npeacTaB/seT HHTepeC HAalTH BEIPAaxeHHe 3TOro sfKobuaHa B mepe-
MEHHBIX IIOCKOCTH rojorpada, T. €. BeJIUYUHY :

d(ny) _ 0(ny) 0@y 1
@ — 0G0 9@y — g AT 1M §]. (43.3)
3aMeTHM, uTO B CJayuyae NO3BYKOBHIX TedyeHu# 3TOT sAKOGHMAH
OT/MYeH OT HyJd BClody, KpOMe, ObITb MOXeT, HeKOTOpOro
MHOXeCTBa H30J'[Hp0BaHHle Toqel{. TOque FOBOpﬂ, BBeIEHUEC
HepeMeHHbIX FOﬂ.Ol‘pacpa OCHOBAHO Ha npeﬂﬂOJIO)KeHHH He3aBUuCHu-
MOCTH q )i | %, a He X U y. pemeﬂﬂﬂ, AJad KOTOple 3TU Hepe-
MeHHBIe SABJAIOTCA 3dBUCHUMBIMH, T. €.

0(q, %) __
IO

He mozym OHTb NMOMyYeHH METOLOM roaorpada, rak xax o6pas
00/1aCTH COOTBETCTBYIOLIErO TeYeHHs Ha IJIOCKOCTH #, U npel-
cTaBisieT co0o#t HekoTOpyl0 KpuByw0. Teopuio Takux TeyeHuH
yyTaTeJb cMOXeT Haitd B IX TOMe 3TO# DHUMKJIONENUH B CTAThe
Uluddepa, HanapHeHmne mnoapOOGHOCTH -OTHOCUTEILHO OCOGHIX
Touek npeo6pa3oBaHuss roporpada MOxHO Haktu B KHure Ky-
paura u $punpuxca ([21], § 30, 105).

Vs ypasHeHuit (43.2) serko mOJayuuTb ypaBHEHHS B IIOCKO=-
cta roporpada, coxepxaiiie TOAbKO ¢ uiad Toabko ¢. Tak,
HanpuMep, HCK/IIOYMB (YHKUMIO ¢ ¥ BBeAd HOBYIO NEpPEeMEHHYIO

o= f pg~ldg,
MBl NOJIYYjM

¢, K@) y=0, K@=p"2(1—M2). (43.9)

DTO ypaBHeHMe CJYXKUT OTIHPABHOH TOYKOH I IIMPOKOro Kpyra
UCCIeNOBaHuit MO TeopuM MNO3BYKOBHIX M OKOJIO3BYKOBBIX Teye-
Huft. Ilpm wusydyeHuum NO3BYKOBBIX Te€UeHUH HUHOTIA TMPUMEHSETCA
Ipyras He3aBuCUMas NepeMeHHas:

e
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ypasHeHue Ojs GYHKUMM TOKA MPUHHMAET NMPU TOM CJeAYIOLuH
Bun l):

b by (log k), b, =0, k=p~1 YT —M.

CrenyeT ynoMaHyTb TakXe YypaBHeHHs romorpada, KOTopble
nojyyalorTcs B peayJbraTe npeoOpasoBanus Jlexannpa:

O=ux—+vy—o, Y=puy—pvx—i.
B cuily OY4eBUIHBIX COOTHOIIEHHH
x=q_)u='—'wpw y=0,="

v pu
UMeeM

v, =_;_(1 — M) @y Wy=—pqQ,. (43.5)

ITn ypaBHeHUS SKBUBAJEHTHH MOJYYEHHHLIM BHIIE YpaBHe-
HusM (43.2).

Kak samerun Kpokko ?), cucreMy ypaBHeHu#t rogorpaga (43.2)
i (43.5) MoxHO 3anucaTb B H3SILIHOH cHMMeTpuHuHOR ¢opMe,
ec/ OJHOBPEMEHHO C IepeMeHHOH ¢ BBeCTH APYTYIO He3aBHCH-
Myl0 TepeMevHyl0 Q==pq. JleficTBUTENbHO, B NEpPEMEHHHX g,
Q u ¥ MH uMeeM

1 1
cps—_———aq)q—l, "Po=;“PQ‘l (43.6)
U aHAaJOTHUYHO
(I)S—_.—q‘IJ'Q, ‘I"9=—Q(I)q. (43.7)

44. YacTtHole pemeHus. ITo-BuauMomMy, ue/ecoobpasHo pac-
CMOTpeTh 3LeCh HEKOTOpLle NpPUJOXKEHHS ypaBHeHu# ronorpada.

1. [Tpubauscennsii Memoo. s NO3BYKOBOTO TEUEHHS ypPaBHEHHS
(43.2) MoxHO 3amucaTbh B BHIE

¢, =—k{y Py=1rkY, (44.1)
rae
q J—
M2 V1i—Mm2z
r— fl_/_l__M_dq, = Y 1—M2 (442)
q 4
o
) HerpyaHo moayuuTth aHaJIOrHUHOE YPABHEHHE H IS CBEPX3BYKO-
BhIXx TeueHuid. [anbHefimee mnpeoGpa3oBaHue YpaBHeHHi rogorpada
OCHOBaHO Ha 00001eHNH nMpeobpa3oBaHus Bek/ayHla H3 TeOpHH IOBEpX-
HocTeli; cM. cratbio JlépHepa [Loewner C., J. d’Anal. Math, 2,

219 (1953)]. :
2) Crocco L., NACA Tech. Note 2432, 1951.

9 3ak. 1160



!30 Ta. 5. Hoeanovneiii 2a3

a q,— HEKOTOpOe XapaKTepHOe 3HAaUeHHE CKOPOCTH. 3aMETHM TeNeEpb,
yto ¢yHKnua k =k (r) Mano MeHseTcs NpH M3MEHEHMH uncaa Maxa
B CPAaBHHTEJbHO OOJbIIHX IIpeje’ax; 4ToObl NPOBEPHTb 3TO, MOMHO
BOCMOJAb30BaThCs pasaoxenueM (37.10) wau taba. 1. [deficTBuTenbHo,
B CJyyae COBEpIIEHHOrO ra3a W3MeHeHHe k He NpeBblaeT 8% B LIH-
pokoM juanasone uucen Maxa or 0 g0 2%/, [loatoMy nas Teuenwuit
C TaKMMH CKODOCTSIMH Mbl MOXEM YNpPOCTHTb ypaBHeHus (44.1), mouso-
%uB k = const; omubka npu 3TOM OGyAeT He3HauUTeJbHOH. B cayuae
TeueHUH c 6oJjee BBICOKUMH CKODOCTSMHM Mbl TaKKE MOXEM HOJOXHTb
k = const, mpenmoJarasi. 4TO u3MeHerue uucia Maxa B moae TeueHHs
He CJHIIKOM BEJNHKO.

[Mpu upexmonoxenuu k = const ypaBHenus (44.1) cBoxatcs K ypas-
HeHusim Komu — Pumana Teopuu aHaauTHUECKMX QYHKIHUH, B CHIY 4Yero

dynxnus
¢+ ik}

gBaseTCd aHaauTHUecKoil ¢yHkuued ot r — 3. [Ipu Mauibix 3HaueHHAX
yucaa Maxa MBI MMeeM NPHOIHKEHHO

q , 1 ,
r~log —, r—iy=~log— (u—iv).
g 7 l g 7 (v —iv)

DTO HAaBOAMT Ha MHCJAb OGOOMIUTH METOJA, MPHMEHSIOUHACS NIPU HCCJie-
JIOBaHHHM TEUYEeHHH HECHHMAeMOH MXHIKOCTH, Ha CJayuad TeueHud CxH-
maeMo#t wunkoctd. [IpennonoxuM, uto @ () ecTh KOMNAEKCHbIH MOTEH-
H¥an HEKOTOporo OG6e3BUXDEBOrO TeYeHHs HECHHMAeMOH  KHIKOCTH
B maockoctu . Torza scHO, YTO mapaMeTpUYeCKHe ypaBHEHUs

¢+ ik =const- w(£), r—id=log dw/d (44.3)

ONpeNeNsioT TEYeHHE CKUMAEMOH KHAKOCTH (/s 3TOrO TEUEHHd, KO-
HeuHO, BBINOJHsAETCH YycaoBHe k = const). Ilpu manbix uucaax Maxa
TakuM 06pa3oM ONpefeseHHOe TeueHHe OyIeT OYeHb Malo OTAUYAThCH
OT TeYEHHs! HeCKHMMaeMOo# MHJKOCTH; NMPH GoJabpmuX yucaax Maxa pas-
JUYHE MEWJNY TEeUeHHAMH CTaHEeT 3HAYHTEJbHBIM, OJHAKO MOXHO MpH-
HATb THNOTE3Y, YTO KAPTHHA JHHHH TOKA TEYEHHS CXKUMAEeMOH KHIKO-
cTu Oyzet, Boofiue roBops, MOoKoOHA KapTHHe JAMHHUH TOKa HCXOIHOrO
TEYeHHs HECKHMaeMOH XuakocTH. TouHOe COOTBETCTBHE MEXIy TO4Y-
KaMH IJIOCKOcTelt 2 u { ompegeasercs ¢opmy.oi

2= fe"‘”’ (ﬂq‘ﬁ ti %). (44.4)

YkaszaHHoe HWHTErpHpOBaHME IpeACTaBASeT, KOHEUHO, Cepbe3Hbie
3aTpyJHEHHS, H Pa3yMHee NO3TOMY HCXOIHTb M3 KApTHHbl TEUEHUd He-
CXKHUMaeMO# XHIKOCTH, U3MEHAS NMPH STOM BEJHYHHY CKOPOCTH B COOT-
BEeTCTBMH €O BTOpoH ¢opmynoit (44.3), T. e. B coorBercTBuH C (op-
MyJ10H

r(q) = 10g Guecx.
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Ha stoii upmee, B wacTHOCTH, ocHoBaHa ¢opmyna Kapmana — Llsua!)
IJs ONpefe/eHHsh BEJHUHHBl CKOPOCTH TEYEHHs rasa MO CKOPOCTH Te-
yeHHs HeC)KHMaeMOH XUAKOCTH. B KauecTBe ypaBHeHHs COCTOSHHSA rasa
BeIGHpAeTCs NpH 5TOM ypaBHeHue p = afp -+ b, Aas KoToporo k2 = const
M HEeCKOJbKO YIpolnaeTcs HHTerpHpoBaHue B dopMmyae (44.2). Bocnoas-
30BaBLIHCH HCTHHHBIM YDaBHEHHEM COCTOSIHHSI pacCMaTPHBAeMOr'o rasa,
MOXHO GBLIO Gbl MOJYYHTb BbipaxeHue IJisl NMOMPABKH CKOPOCTH Gojee
TouHoe, ueM ¢opmyna Kapmana.

"~ [Hackoabko uaBecTHO aBTOpY, Tabauisl,GyHKIHH 7 (¢) AJs COBep-
MEHHOTO Ta3a He COCTaBJEHH!, OlHaKOo B Tabaunax [appuka v Kanuaana 2)
MOXXHO HaHTH 3HaueHHs GJHM3KOro HHTErpa’ia

°=qu“dq

B 3aBHCHMMOCTH OT uxcaa Maxa M. [Ipu ucnoab3oBaHuM 9TOH BeNHUHHBI
npubanxeHHas ¢opMyJaa Ias8 ONpeNeJeHHS CKOPOCTH ra3a MMeeT BHJ

3 (M) = o (M) 4 10g Guecx.;

npennojaraeTcs, KOHEUHO, KaK M paHee, YTO TeUeHHe HECIKHMMaeMOH
WUAKOCTH BHIGPAHO Tak, uTOOH B HEKOTOPOH 3apaHee BHIGpaHHOH TOuke
BeJHYHHA CKOPOCTH STOrO TeueHHs Obljia paBHa 1.]

Jlpyrue dopMyJabl HONMpaBKH CKOPDOCTH IJS NO3BYKOBBIX Te€UEHHH
CKMMAeMOW XMIKOCTH OblaH moJayueHnl. [appukom, Kannanom u Puu-
rae6om (cM. [26], ctp. 340). [Ipu BeiBOZE 9THX (HOPMYJ HCHOAL3OBANHCH
paccyxjeHusi, OTJMUHBIE OT NPHBEJEHHBIX BHIIIE, HO HX MPHMEHEHHe
NPUBOLMT MOUYTH K TEM K€ Pe3yAbTaTaM; MO-BHIHMOMY, 9TO O0bACHAETCA
Ianeko unylnei aHanorueil Mexny ypaBHeHusMH (44.1) u ypaBHeHHAMH
Komu — Pumana.

2. Cnupaasnoe meuenue. Ypapuenue (43.4) umeer I1Ba
NPOCTHIX YAaCTHBIX pellleHHs, 4 UMEHHO

q)=3 U q»:o:qu_ldq,

Ilepsoe u3 Hux mnpencraBasgeT co6o# paauanbHOe TeyeHHe,
a Bropoe — Kpyrosoe Tteuenue (cM. Kypawt m ®dpuapuxc [21],
cTp. 244—245). Jlune#inas komMGuHauus sTUX peweHuft, ad +- b,
onpeleJifieT, CJAelIOBATENbHO, CNLPAAbHOE meyeHrue.

3. Pewenusn Punese6a u Menyssaa. Hatinem obGuwuit Bux
pelueHuss ypaBHeHu# (43.2), KoTOpOe MOXHO INpENCTaBUTb
B cienywouie#t gopme:

=1/ (q)sind, @=~r(g)cosd.

W Karman T, J. Aeronaut. Sci., 8, 337 (1941).
?) Garrick L, Kaplan C, NACA Rep. 789, 1944.

Q%
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Jlerko noJyuuTh, 4TO
q
f=q7[a+0b [eqdg]. h=—p"gs"
0

roe ¢ u b — nocrosHuble. Buibupas, B wactoctu, a =1, b =0,
NpUXOLUM K H3BeCTHOMY peleHuio Punrne6al). Menysun?) yka-
3a] LpYrofi HHTEpeCHbH NMpUMep, a MMEHHO

q
f=q"[regdg, n=p"1f—gq.
[/]

rie a — nocrosHHas. Popmysna npeobpasoBaHus K (U3HUECKOH
NJOCKOCTH MMeeT BUIL

=)
cos%,fq%—{—isinﬁ f—g
— a a

BoiuucieHns 3HauuTeNbHO YMPOLIAIOTCA, eCJH HHTErpHpOBaHHE
no ¥ BHLINOJHUTL NpPH g==a, & MHTETPUPOBAHHE MO q — npH
¢uxcupoBaHHoM U. JIerkO BUIETb, 4TO B (DMBUUECKOH MJIOCKOCTH

= 1 (U — U)o . (44.5)

Do
067r0cmb
g MEYeHUA
J6nacrb
2a
mevenisn é,z{///rﬂouo"b/
A DA B A, ‘B
a 0

Puc. 6. O6aactb TeueHus Menysiia.

@ —B TJOCKOCTH roaorpaga, 6 —B (PU3HYECKO IJIOCKOCTH,

o6pasom obaactu 0<Lqg < a, 0¥ ® B maockocTH romo-
rpada siBaseTcs 00JacTb, BHEIUHSAS IO OTHOLIEHHIO K moJyGec-
KOHEYHOMY TeJsy, TOKa3aHHOMY Ha puc. 6. 3ametum, uto ¢yHk-
uus ToKka (= fsind crpemurcs K HYMO INpH NpPUGIMKEHUU

) Ringleb F., Z. angew. Math. Mech., 20, 185 (1940). Cwm.
Takxe pa6oty Temnna u fpeyma [Temple G, Yarwood J., dero.
Res. Comm. R and M, 2077 (1942)].

2) Manwell A, J. Math. Phys., 34, 113 (1955).
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K TpaHule, KOTOpas, CJel0BaTe]bHO, fBJASETC JUHHEH TOKa.
BoJsee TOro, 3Ta rpaHULA He 3aBUCUT OT BeJUUHHB @. Takum
06pasoM, pemenne MeHnysJuia 1aeT HaM KJjacc 00TeKaHn# ¢ pasind-
HbHIMM uucaaMu Maxa uxcupos8arno2o 1noayO6eCKOHEYHOrO Tena.

Jas N03BYKOBLIX TeYyeHHH, T. €. TeueHuH, IJg KOTOPHIX
BeJUUYMHA @ MeHbllle KDHUTHUeCKOH cKopocTH, sikoOuaH (43.3)
ne oOpawmaercsi B HyJab M npeoGpasoBanue ot (g, 9) k (x, y)
IB/ISETCA B3aUMHO OJHO3HAYHBIM. B NMpOTHBHOM cJayyae npu a,
GOJ/IbllleM KPUTHYECKOH CKOPOCTH, (PM3MUYECKOrO TEYEHHs, COOT-
BETCTByIOLLEro pemenuio Menysana, ne cymectsyer. B 3rom
npoue Bcero yOeluTbCs, 3aMETUB, YTO OLHOH M TOH e TOuKe
auaun ToKa $ =0 COOTBETCTBYIOT [B€ pAa3/MYHLIE TOYKH ILIO-
ckocTd roaorpaga. B camom Jnene, u3 ypaBHenus (44.5) cie-
AyeT, 4TO d_x =iﬂ=_f__(M2_. 1).

dgl,.0 ¢ 49 g

Jlerko BHIETb OTCIOAA, YTO NpU Mepexole yepe3 CKOPOCTb 3BYKa
pequuuHa dx[/dq MeHsieT 3HAaK. 3aMeTHM, UTO IIPU @, MeHbLIEM
KDHUTUYECKOH CKODOCTH, Teuehue Menys/aaa (TOUHO TaK XKe, Kak
u TeueHue PuHrie6a) MOXHO NMpPOLO/KATb uepes rpanuiy. Ilpu
3TOM MBI MOJYyYaeM MNpuMep OKOJO3BYKOBOIO TEYEHHs.

HecocrositenbHocTe npuMepa MeHysana IS IOTOKOB CO
CBEpPX3BYKOBBLIMH CKOPOCTAMU CBf3aHA, BEPOATHO, C TEOPEMOi
Hukoabckoro u TaraHoBa (cM. m. 52), koTopas YTBepikKAaeT,
YTO He MOXeT CYlIeCTBOBaTb OKOJIO3BYKOBOI'O TEUYEHHUs C JOKaJb-
HOM CBepX3BYKOBOH 30HOH, NpHUMBIKaIOLIER K NPAMOJHHEHHOMY
y4acTKy TpaHULbI. ’

4. Pewenus UYanaveuna. Hatinem oOumu#t Bui pelieHus
ypasHeHu#t (43.2), umeiomero caenyioumywo ¢opmy:

b=Ff@DF@®)., e=h(@H®).
[ToacraBuB nepBoe M3 9TUX BhHIpaxeHu#t B ypasHeHue (43.4),

Mbl HaitneM, uto F ()= e!"® rne n — npousBo/bHOe HeHCTBH-
TeJbHOE UMCI0, a QyHKuMA f YAOBJETBOPSIET CJeLyioLieMy

YPaBHEHHIO: fo.—n2K (o) f =0.

DT0 ypaBHeHHe CJYXKUT OTNPABHOH TOYKOH NS MHOTMX COBpe-
MeHHBIX paboT, MOCBSILEHHBIX TOYHBLIM pelleHHsM !).

HLighthill M. [33], ra. 7, Crocco L, NACA Tech. Note
2432, 1951; Ghaffari A, The Hodograph method in gas dynamics,
Univ. of Teheran Publ. Ne 85, 1950. :
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5. Pewenus Kpoxrxo. KomniekcHb noTeHwuasn ckopocreft

w=(logq —i" = kzo Cnp (log @)F (— i9)"—*

ompeleJifieT, OYEBHIHO, HEKOTOpPOe JBHXKEHHE HeCKUMaeMoR
xuaxkoctd. Kpokkol) ykasan Ha MOAMOUKALMIO STOTO Bbipaxe-
HHSl, KOTOpasi NMO3BOJSET YIOBJETBOPHTb YpaBHeHHsM roiorpacda
LJIsl TeueHHs CXUMaeMOH XUIKOCTH. 3Aech yA0OHO OyneT BBeCTH
B pacCMOTpeHHe MepeMeHHYI0 Q ¥ BOCIMOJ/b30BATbCS yPaBHEHUAMHU
rogorpada B dopme (43.6). Mb mosaraem

o = S eul (g B)(— iBy""
= (44.6)
p=1 3 cpul @ B (— D",

rae ¢ynxuun L n L onpenenens ciexyiowmm 06pasoM:
-—l -1

L. k)_klf qdQ” an'q ey L(g.0)=1,

k pas

7! Q! R
L. k):k!f qu"f qdQ' ..., Lg.0)=1

(TIOBTOPHEIE MHTErPaJIbl BHIYKC/IAIOTCA 3LeCh NMPU OLHOM U TOM XKe
(UKCHPOBAHHOM HHXHeM npeleJe).
OueBuaHO, YTO
AL kgl (g k—1). L —kQL(g k—1).
dQ dq

Tenepb HeTpyNHO NpoBepuTh, uTO opMyin (44.6) naior pele-
Hue ypaBHeHu#t (43.6). BasB TOJbKO NEeHCTBUTE/bHBIE MJIH TOJBKO
" MHMMBble 4acTH BhIpaxeHuit (44.6), MBl NOJyYnM pelleHuss B JeH-
CTBUTeJbHOH oOnacTu. B paGore, Ha KOTOPYI0 MBI CCHIIAJIUCH
BHIle, KpOKKO mNOKa3biBaeT, Kak NMPU MOMOILM TOYHBIX pelle-
Huft (44.6) MOXHO NOCTPOMTb TeueHHs B (HU3MYECKON MJIOCKOCTH.

) Crocco L., NACA Tech. Note, 2432, 1951.
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§ 4. Jlo3ByKOBOE MOTEHIHAJbHOE TEUYEHHE

B osroM mnaparpade MBI pPaccCMOTPUM HEKCTOpble BaXHble
TeOpeTHYeCKue BOMPOCH, Kacaiouldecs NO03BYKOBOTO IOTEHLHMANTb-
HOTO TeueHUs HAeaJbHOrO rasa.

45, Oomue npuHIHUAB. OCHOBHBIMM YDaBHEHHIMU YCTaHO-
BUBIIETOCA IOTEHLMAJIbHOrO TeueHHs sBJseTcss ypaBHeHue Bep-
HY LU '

—é—q"’—i—f%{i:const (45.1)

(rne ¢yukuus p= f(p) cuuTaercs 3alaHHOM) M ypaBHeHHE He-
paspeiBHOCTH. Tak Kak v==grad ¢, ypaBHeHHe HePa3pbLIBHOCTH
MoxHO 3amucaTh B Bule div(pgrad¢) =0, wuag, B TeH30PHHIX
00603HaYeHHUsX,

©9,),;=0, v'=9, (45.2)

Ec/ii BOCIOJIb30BATHCH BHIPAKEHUSIMH IS P, ;, TJOJYYEHHBIMH U3
P,
ypasHeHust (45.1), To ypasHenue (45.2) MOXHD 3amucaTb TaK:

2V2% —v'v’y ;; =0. (45.3)

dro WUpPOKO u3BecTHOe AH(depeHUuaIbHOe ypapHeHe Crpasen-
NMBO, KOHEUHO, HE3aBHCUMO OT TOTO, fBJAELCA JH TedeHue
JO3BYKOBBIM. B ciyuae MJIOCKOro TeyeHus ypasHenue (45.3)
3aMMCHLIBAETCS B CJELYIOLEM BHIE: '

(?—u?) 9, — 2009, (2 —?) cpyy‘==0. (45.4)

[ToMUMO BLIMMCAHHOTO BhIlle YpaBHeHHs (45.2) [I/1M 3KBUBAMEHT-
HOrO eMy ypaBHeHus (45.3)], 1S MOTeHUMA/Ja UM2ET MECTO TAKWKe
C/lelyloluil 3aKOH COXpaHEHHUs:

pwi,‘/‘?, ji— 0,

B CNpaBeAMMBOCTH KOTOPOTO Mbl yOeNMMCH Huge MPH PaccMo-
TpeHUHd OJHOM BapuauUMOHHOR 3anauu (n.- 47, nobasieHue).
Maremaruyecku ypasueHue (45.3) mpexncrasaser coGoft kBa-
3uaMHeHOe auddepeHLMaIbHOe ypaBHeHHe BTOPOrO TMOPALKA
OTHOCHTE/IbHO TOTeHLHMana CKOpocTd. Tum 310r0  ypaBHeHHS
onpeenseTca CBOHCTBAMH KBaAPaTHUHOR BOpMBI c2EiE,—vivjEiEj,
rle & — npou3BOJbHHIH BeKTOp C AeHCTBUTENbHBIMH KOMIOHEH-
Tamu. Haumnas ¢ 9TOro MecTa, Mbl OrpaHHYMMCH PacCMOTPeHHEeM
103BYKOBBIX TeueHu#t. [Tpu 3TOM npeanooxeHuu ypasHenue (45.3)
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ABJACTCA JAAUNMUYECKUM B CHIY OYEBHIHOrO HEPABEHCTBA
%8 — Vvl > (B —gH) | B (45.5)

Wsyuenne ypasHeHus (45.3) mpelcraBiseT cepbe3Hble Mare-

MaTuyeckue TPYLHOCTH, TaK Kak Koadduuuents c¢? u viv’ 3apu-
CAT OT TOJA CKOPOCTeH; TeM He MeHee YHaeTcs YCTAHOBHTb psii
Ba)XXKHBIX Pe3yJbTaToB.

1. Makcumym modyars cKopocmu He Modxcem Oocmu-
2amvcs 80 BHYmperHeld mouxe o6iracmu mederus. IIag Toro
yT06H yOenuTbcs B 9TOM, NpoiudepeHiupyeM ypasHeHue (45.3)
N0 X W NOJY4YdM ypaBHeHue

c?y?u —vivu,  + Diu, ;= 0; (45.6)

3leChb 1 — MPOEKUUs CKOPOCTH Ha ock X, a D' — Hexoroprie
K03 dHIKeHTH, TOYHOE 3HAYEHHE KOTOPHIX HAM He NMOHaL06UTCS.
B cuay ycaosus (45.5) ypasuenue (45.6) oTHocureabHO «
IBJSeTC  SJJUNTUYECKUM IJd JI0060ro [103BYKOBOTO TeYeHHS.
W3 o6uwel teopembt Xomndal) caenyer cpasy, 4TO OTJIMYHOE OT
NOCTOSHHOM pellleHHe # JJIINNTHYeCKOro AuddepeHIuatbLHOro
ypaBHEHHs He MOXeT NpPUHUMATb MAaKCHMaJbHOTO 3HAYEHH BO
BHyTpeHHeR Touke. [To TeM ike NMpPUYMHAM ITO HMEET MECTO U
nas  ynxuu#t v ¥ w. CnpaBenaHBOCTb JOKa3BIBAEMOTO yTBEp-
WIOEHUS ClelyeT Temepb M3 paccyKIeHu#, npunasnexawux Kupx-
ropy (cM., Hampumep, [8], § 37).

2. OGmeraHue npenamcmsus;, nosederue NOMOKA Ha
Geckonewrocmu. s ONpene/eHHOCTH MBI PacCMOTPUM OLHO-
pPOIHBIH Ha GeCKOHEYHOCTH MJIOCKU#l NMOTOK, Haberaiowuit Ha He-
MOABMKHOE Teno (paccMaTpuBaeTcss HempephiBHOE oOTekanue).
Tax kak TeyeHHe NpeAnosaraeTcsl LO3BYKOBHIM, uuca10 Maxa M,
menble 1. O6o3HauuM yepe3 U cKOpOCTb NMOTOKa Ha OGecKOHed-
HOCTH, HANpAaBJEHHYIO (LS MPOCTOTH) BLOJb OCH X. Acummnro-
THYECKOe NOBeleHHe TaKOro TeyeHUss NpU X —> OO Ompejensercd
CJEYIOIUME (OpMYyJIaMu:

¢==U-x+C+ Larctg@ig )+ 001+, |

T (—
v=U- S 0

Y Hopft E., Sitzgsber. preuss. Akad. Wiss., 147 (1927).

(45.7)
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B stux ¢opmyaax (r, 0) — monspHble KOODAMHATH TOUKH Ha
niockoctd, f== Vl — M2, I'—uupkynauus, a e— moboe

CKOJMb YTOAHO Manoe nosodxcumessroe yucao. Ecium B obmactu
TeyeHUs MMEITCA HCTOYHMKHM OOlie#t MHTEHCUBHOCTH A, pacno-
JOKEHHbIe B KOHEYHOM YacTH IUIOCKOCTH, TO B IIPaBYI0 4YacTh
nepsoit dopmyasl (45.7) HYXKHO BBECTH AOMOJHHUTENbHBHIN YiieH
(8/4B) log (x2 - B2y?) U COOTBETCTBEHHO W3MEHUTb BTOPYIO HOp-
myay (45.7). B Tom ciyyae, KOrIa COOTHOlIEHHEe MeX1y AaBie-
HHEM ¥ ILIOTHOCTBIO BBIPAXAETCd AaHaIUTHYeCKOH (yHKUUeH,
MOXHO TOJIYUUTb NOJHOE pPasJoeHHe IJs ¢, a UMEHHO

g=U X+ 5 logr+ 5 arc g (B1gh)+
3 Seo (P wo

Ipu A=T'=0 pasnoxenne (45.8) umeer Bux
e=U-x+ X a,0)r (45.8")
n=0

Stn panbl cxonaTca aGCOJIOTHO M PaBHOMEPHO NPH JLOCTATOYHO
6oNbIIMX 3HAYEHUAX 7 M, CJENOBATENbHO, NONMYCKAIOT MOYJIEHHOE
nuddepenuyposanne. IToayuennsie AuddepeHUUPOBAHIEM DPAlLbl
00/1a1a10T aHAJOTUYHBIMH CBOHCTBAMU CXOIMMOCTH.

IIpencrasseT HHTePeC HCTOPHS NMOJYYeHHs pasioxeHuk (45.8)
u (45.8”). IlepBoHauajbHOE MNpENNOJOKEHHE O BHIE TIABHEIX
Y/JeHOB OCHOBBLIBAJIOCh Ha TOM, YTO NpH OO/bUIKHX 3HAYEHUAX I
ypaBHeHHe, KOTOPOMY YAOBJETBOPAET (YHKUUS, CTAHOBUTCH
»OJUBKUM® K YDaBHEHHIO

(1 - MiO) (‘Pxx__*—‘?yy =0

TMepexons K HOBOH NepeMeHHOM, T. e. MoJjaras x = Vl——MzOE,

noJyuaem ypasHeHue Jlammaca, aCHMITOTHKA pellleHM#t KOTOPOTo
M3BeCTHA. OTH PAcCykAeHUs KaXyTCs NOBOJbHO yOenuTeNbHLIMH,
HO He MOTYT CJYXHTb CTPOTMM JOKa3aTeNbCTBOM CIpaBelJu-
BOCTH npelcTaBienus (45.7), xpome TOro, OHH He JaOT BO3-
MOXHOCTH ONpeLeseHHss BHAAa OCTaTOYHOro uJjeHa. Bnepsrie mpa-
BUIbHYI0 Joraiky O (opMe INOJHBIX pa3/oKeHHH BLICKA3A
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BetiTmen 1); npaBaa, oH BKJOuan B pasnoxenus diens (log r)"/r?,
n > p, KOTOpble B AeHCTBHTEJbHOCTH B pa3/OXKeHHEe He BXO.IAT.
Hecko/nbko mosaHee Beprman ?) mosyuus pasioieHue ¢ B Iepe-
MeHHbIX rogorpada, a Jlandopn®) BHIONHMI pacyeThl, Heo6Xo-
nuMble IJs mepexoja B pasnoxceHun bBeprmana k ¢uauueckum
nepeMeHHEIM. B atoft pabore GBlIO MoJydyeHO pasdnoxenue (45.8),
HO ellle TpeACTOSJIO II0KasaTb, YTO IOTEHLHA/JIbHOE TeueHHe
neHcTBUTENbHO 00J1aJjaeT TeMH aCHMMNTOTHYECKUMH CBOMCTBamy,
Ha ocHOBe KoTophix Deprman crtpoun cBoe pasioxeHue. D10
6bi10 caenaHo dunHoM u Jxuabaprom 4), KoTopble Nanu Hesa-
BHCHMOE JI0Ka3aTeJbCTBO CNpaBelJUBOCTH TNpeacTaBienus (45.8).
W3 ckasaHHOTO BhHILEe CTAaHOBUTCS SCHBIM, uTO (opmyaa (45.8)
OCHOBLIBA€TCS Ha TJaYOOKMX HCCJeNLOBAHMAX, MMEIOIIUX CBOUM
HauaJoM Teopuio Beprmana ocoObiIX TOYeK pellleHH# JHMHEHHOTO
3/UNTHYECKOTO yPaBHEHUS C YACTHBIMM NPOU3BOAHBIMU U 3aBep-
IAKIINXCS YCTAaHOBJEHHEM (UYTO BOBCEe He NPOCTO) ACHMNTOTH-
YeCKHUX CBOHCTB, KOTOpHIe BhipaxceHb ¢opmynoit (45.7).

OnnsuM M3 OCHOBHHIX NPHJOKEHHWH npencrtapienus (45.7)
SBJAETC JOKa3aTedbCTBO ¢opmyan 2Kykoeckoro — Kyrra nasa .
NOAbEMHOM CHJAB B CJAyyae TEYeHHs CXKMMaeMOH KHIKOCTH.
Jxun6apr u duHH5) HeIaBHO 3aMeTH/IM, YTO JJisl L1OKA3aTe/bCTBA
s3TOH GOpMyJabl Ne#CTBUTeJbHO HeoOXoiauMmoit sBasercs OoJee
cnafas ouenka

v=U-o(r). (45.9)

dta ouenka npoule, yeM pasnoxeHus (45.7) uau (45.8), u Ml
npugeseM ee CXeMaTHYeCKOe J0Kas3aTelbCTBO.

Caenyst Ixkunbapry u <Puudy, nepeiinem B ypaBuenun (45.4) or

He3aBHCHMOH nepemeHHOH X K mepemenHoit )/ 1— M2 & B mnepemen-
HbIX §, y ypaBHeHue (45.4) mpuHHMaeT BHUJ

ACPEE -+ QBcpEy—Jr— Ccpyy =0, (45.10)

1) Bateman H. Proc. Nat. Acad. Sci. USA, 24, 246 (1938).

?) Bergman S, Trans. Amer. Math. Soc., 62, 452 (1947).

8) Ludiord G., J. Math. Phys., 30, 117 (1952). Tounoe paso-
WeHue NoTeHnHana o6TekaHus Kpyra G6buio moayueno Mimaum [Imai I,
J. Phys. Soc. Japan, 8, 537 (1953)].

o ¢) Finn R, Gilbarg D. Comm. Pure Appl. Math., 10, 23
(1957).

5) Finn R, Gilbarg D., Trans. Amer. Math. Soc., 88, 375

(1958).
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ree A, C—>1, a B—>0, xorna touka (§, y) cTpeMuTcs kK 6€CKOHEUHOCTH.
M3 ypasuenus (45.10) crexyer, 4TO ,KOMIOHEHTHI* CKOPOCTH U =@, H
U = ¢, YIOBJETBOPAIOT CJEIYIOIYM ' yDaBHEHHAM:

—Coy = AuE -+ QBuy, Uy = Uy
[lyctb Tenmepp Z — OKPYXKHOCTb AOCTaTOYHO OGOJBLIOrO panuyca; TOraa
B 064aCTH, BHeIIHEH MO OTHOUIEHHIO K 3TOH OKPYXHOCTH X, KO3bdu-

nuentnl A, B, C orauualoTca OT uX NpeAe]bHBIX 3HAUEHHH MeHblHe,
yeM Ha e. CaenosarenbHo, B 3TOH 00JacTH

C (vitty -— vyu) = Aul +2Bu.uy, + Cul > (1—2¢) (uf + 43).
AnajnoruyHbiM 06pasoM MOJyyaeM HepaBeHCTBO
A (v, — ‘Uy_‘;s) > (1—2¢) (v? + vf,).
TakuM 06pa3oM, B 006J1aCTH, BHEIIHEH MO OTHOLIGHHIO K I, HMEET MECTO
OLIEHKa
u + u) 4 vl + 0] 2K (v, — vyu), (45.11)
rie K= (1+4¢)/(1 —2¢). Wcxona us nepasencrsa (45.11), woropoe

MaTeMaTHYeCKH O3HayaeT, 4TO (YHKNUA @ = v - iU OCYUEeCTBAAET
KBa3uKoM(popMHOE OTOOpaxeHHe, MOXHO MOKa3aTh, 4TO ')

- R |* .
lv], lu—-BUléconst-'r—,l , r'>2R,

rae p = K —V KE—1, R—panuyc 2, a r' =V & y2. BoaBpamasch
K MCXOIHBIM MEepPEMEHHBIM, MOJYy4YaeM OLEHKY

R |»
lvl, lu—U| < const - —r' , r> 2R/,

U3 KOTOpO# cpasy cJaenyer mpexctasieHue (45.9); nocratouHo BbiGpath &
TaK, 4TOOH & > !/,

3. O6meranue npenamcmsus. Cuav, Oelicmsyouue Ha
mes0. VIHTepecHO, YTO npu OOGTEKaHMM Tesa LO3BYKOBLIM MOTO-
KOM BbipaxeHue IJs CHJbl, LeficTByloule Ha TeNO, HMMEET
TOT Xe BUI

YTO @ B CJyYae TEYEHHS HeCXKUMAaeMOH XUIAKOCTH. DTOT pe3y.bTaT
MOXHO TOJYYHTb, HCHOJIb3Ys pacCyxXJAeHusi, NMOYTH He OTAuyaio-
mgecs OT KJAaCCHUECKOro IoOKasaTeJbcTBa Teopemb 2KyKoB-
ckoro — Kyrra (cM. [8], § 370b). B camom nene, B CHAY OUEHKH

) Finn R, Serrin J, Trans. Amer. Math. Soc., 89, 1 (1958).
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(45.9) n3 ypasitenns BepHynan craenyer, uTo
d -
p=poo+(%) @—9)+ -+ = Po—p U (u=U)+-0(r™.

IIpumeHss Tenepb IJis ONpene/ieHUs CHJABL. JelcTByioleH Ha TeJo,
¢opmyany (10.2) u yunThiBas COOTHOLleHHe V -n=ucosl
~+vsin 6, moayuaem

X=—§(pc089—|—puv-n)ds=—U§§§pv.nds+o(1).

Ilpn mnpennoJOKEHHWH, YTO HCTOYHHKH OTCYTCTBYIOT, U3 3TOMH
¢opmyan cienyer paBeHctBO X = 0. Taxkumu ke paccyxie-
HUAMH JOKasbiBaeTcss ¢opmyna Oas NoxbeMHOH cuibl. Jlerko
3aMeTUTb, YTO NpPUBelJEHHOe [0Ka3aTe/]bCTBO BIOJIHE aHAJOTMYHO
JIOKa3aTeNbCTBY JJIS CJyuast HeCkuMaeMo# kuaxoctd (cM. m. 23).

JIlns TpexMepHBIX TeueHu#t mapasokc JlanamGepa Obli lOKa-
san dunHom u JDxuabaprom !) Ha OCHOBE aCHMITOTHYECKOH

dopmyan v=U-+ o (r2).

46. Teopembl CymecTBOBAHHS U EIHHCTBEHHOCTH. Mul
paccMaTpuBaeM, Kak M B NpPEIBIAYIIMX NYHKTax, oOTeKaHHe He-
NOLBMXHOTO NPOMUIA  TJIOCKMM YCTaHOBUBLIMMCS IIOTOKOM.
OcHOBHO} 3azauefl NpU 3TOM SBJASETCS ONpeleNeHUe ABHKEHHS
WHUIKOCTH, ecau 1) 3ajaHbl yc/10BHS Ha OeCKOHEYHOCTH M BeJu-
UMHA UMDPKYJALUMM MJAM 2) 3alaHbl YC/IOBUS Ha OeCKOHEYHOCTH,
a uMpKyJslusi onpejenasercs u3 ycaosus Kykosckoro — Kyrra.
B o6oux sTuX c/yyasx HY»KHO 10Ka3aTb CYIIeCTBOBaHME M €IUH-
CTBEHHOCTb TeYeHHs] M YKas3aTb MeTONBl ero pacueTa. B mociennee
BpeMs HcCJeLOBaHMe STHX 3alay INJIO [OBOJBHO yCNelHo. Mul
paccMOTpuUM 3lech TOJbKO pe3yJbTaThl, Kacalollhecs BONpoca
O CYLIeCTBOBAHMM M €NMHCTBEHHOCTH, TaK KaK OMNUCaHHe MeTOLOB
pacyeta BBHIXOAMT 3a paMKu Hawe#t cratbu. Yurarenio, uHTepe-
CYIOLEMYCSl YHCJEHHBIMM MeTONaMH, CJelyeT OOpaTHTbCS K CO-
BPEMEHHBIM yyeOHMKAM NO rasoBOH JIMHAMUKe (CM., Hampumep,
[26], [29], [38] u [39]), B KOTOPHIX OH MOXeT HaliTH U mepe~
YyeHb JIMTEPaTypbl MO 3THM BONPOCAM.

Haubosiee cuibHble pe3yabTaThl, Kacalolinecs BONPOCa O eluH-
CTBEHHOCTH pellieHust, OwlaM noaydeHsl dunHoM u Jlxuabap-

" Finn T, Gilbarg D., Acta Math., 98, 265 (1957).
g
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rom !). Ucnoab3ys acumnroruyeckyio ¢opmyay (45.7) u unre-
rpajbHble TOXIECTBA, HaNMoMHHalomue opMmy.ay (23.1) naa xuHe-
THYECKOH SHEepruM, OHM [OKa3aJu CJAELYIOULYI0 TeOpeMy.

Ilrockoe 0038yK080e nomenyuasbrHoe o6mexanue 2.4a0-
K020 npodhurs eOUHCMBEHHOBLM O00pa30M onpedessemcs
yca08uamMue HQ GECKOHEMHOCMU U BEAUHUNOL WUDPKYAAYUU.

ITrockoe 0038yK080e nomeHnyuasbHoe o6meKarue npo-
Ppurs, umenuwezo ocmpyo 3a0HI0 KPOMKY, eOUHCMBEHHILM
06pa3on onpedessiemcss YCAOBUAMU HQ GecKOHeunocmu 2).

DTH pe3yabTaThl, KaK CTaHeT SCHO M3 MpPUBEJEHHOTO HUKe
aHanu3a, MrpalT OOJbLIYI0 POJb B TEOPUM AHHAMHYECKOTO MO-
no6us. PaccMoTpuM HenpephiBHHE NO3BYKOBble OOTeKaHHUs ABYX
reoMeTpUYecKH NOJOOHBIX mpodusefi MOTOKaMH IBYX COBeplieH=
HBIX Ta30B C OIHUM U TeM Xe MNoOKasaTeaeM anuabatsl. [lpen-
MOJOXHUM TaKXe, 4To uncaa Maxa M_ M BeqMUMHBI OTHOCHTE/b-
upiX wapkyasuuit I'/U nas sTMX NOTOKOB coBmazaiot (BTOpoe
ycJIoBUEe MOXKHO ONMYCTUTb, €CJH NPOGHUIM UMEIOT OCTPYIO 3aLHIOK
Kkpomky). Toraa us chopmy/npoBaHHOH BHIlIEe TeOpeMHbl CJAELyeT,
YTO 3TH [Ba TEYEHUS SBJIAIOTCH JIUHAMUYECKU MOLOOHBIMH.

C TeopeTHuecKOH TOUKM 3pEHHst MHTEPECHO TO OOCTOSTENMb-
crBo, uyro Bequyuna I'fU nas obrekanus npoduias ¢ ocTpoi
3aiHell KPDOMKOH fBJseTC MOHOTOHHO BoO3pacrawuleft QyHKUHeR
or uyucia Maxa Ha OeckoHeuHocTd. KoadpouuueHT norbeMHOH
cunet C; =Y |/(/pU?) Gyner npu stoM BO3pacraiouleft QyHx-
uueit or M.

Bomnpoc o cyuiectBOoBaHHM pelieHHs, HECMOTDPS Ha Cepbe3Hble
MaTeMaTHyecKHe TPYILHOCTH, pellleH ¢ JOCTaTOYHO! NMOJHOTOR B pa-
6orax ®. W. dpanxas u M. B. Keannina 3), Uludmana ), Bepca 5).
Ecau nns ompele/ieHHOCTH CYUTaTh, YTO 3alaua popMmyiaupyercs
st 3a0arno20 ypaBHenus Bepuyiamu (45.1), 3ananHoro npoduis
M 3aJaHHOTO HanpaB/leHHs CKOPOCTM Ha OeCKOHEYHOCTH, TO

Y Finn R, Gilbarg D., Trans. Amer. Math. Soc., 88, 375
(1958). [lokasateabCTBA TEOPEMBl €IWHCTBEHHOCTH B IOSIBUBILINUXCH
panee pabotax lludmana u Bepca (cm. npumeuanus 4 u5) aBasOTCH
MeHee CTPOrMMH H YETKHMH.

2) IMoTok Ha G6GeCKOHEYHOCTH INPENNOJaraeTcss €CTeCTBEHHO OIHO-
ponHbiM. — ITpun. nepes.

 Keageim M. B, ®pauncas ¢. U, Hzs. AH CCCP, omo.
MameM. u ecmecms. Hayk, 4, 561—607 (1934).

49 Shiffman M, J. Rational Mech. Anal., 1, 645 (1952).

§) Bers L., Comm. Pure Appl. Math., 7, 441 (1954).
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OCHOBHOH pe3y/abTaT MOXKHO CQOpPMYJIMPOBATL B CJEAYIOLIEM
‘BHIE.

Lars 3adannozo 2aadrxozo npoduss u 3a0aHH020 Ypas-
nenun Bepuyaru ') 6 naockocmu (M, T') cymecmsyem marxasn
obaacms, codepicau,an BHRYMPu ce6f HALALO KOOpPOUHAM,
4mo 048 Kacdol mouxu amoi o6aacmu cywecmsyem eOur-
cm8erHOe 0038YK080e O0MmMeKaHue ¢ 860 PAHHLLMUL 3HAYE-
Huamu M u T. Ipu npubauscenun mouku (M, T) k zpa-
Huye o6aacmu MAKCUMYM MecmHO20 uucra Maxa coom-
semcmaynouezo mevernus cmpemumcs K 1.
© laa 3adannozo npoguias ¢ ocmpod 3adnel Kpomrol

Halidemcs maxoe wucso M, umo 0sa Kaxncdozo M_ u3 un-

mepsasra 0 M <M cywecmsyem eduncmsennoe 0038y-
K080e oOmerxanue npoguis ¢ 8.6 PAHHOU 8eAUHUHOL CKO-

pocmu Ha Geckoneunocmu. Ilpu M\D—>f\7& MAKCUMYM Mmecm-
HO20 uucsra Maxa cmpemumcs K 1.

JloxasaTe/bCTBa TEOpeM CYLIECTBOBAHMS THIA TOJBKO YTO
ChOpMYyTMPOBAHHON CJHMILKOM CJOXHBI, YTOOB MX MOXHO OHIJIO
3leCb HM3JOXHTb. Mbl OTrpaHUYMMCSl TOSTOMY JIHMIIbL OErJbiM
0630pOM METOIO0B, MCIOJb30OBAHHHIX B YKa3aHHLIX Bhillle paboTax.

B paGore ®pankas n Kennwla ucnoJb3oBajcs Hekuit urepa-
IMOHHHIH TPOUECC; CYIeCTBOBaHME TNpH 3TOM ObIIO HOKa3aHO
TOJBKO 1S LOCTATOYHO Majbix 3Hauenu#h -M_. JlokasaTeabcTBO
lllupdpmana ocHOBaHO HAa NPAMBIX METONAX BAPHALKMOHHOIO
MCUMCJIEHHS; MCXOAHBIM NMYHKTOM fIBJAseTCs NMPUHUMN DBedTMeHa —
KenbBuna. B ero pa6ore ucnosnb30BaH OCTPOYMHBIH MpueM,
KOTODBIf TNOMOraeT yCTAaHOBHUTb CYLUECTBOBAHME TeuyeHHUs, AAI0-
er0 MMHUMYM COOTBETCTBEHHOMY ()YHKIHOHAJY.

INokasatenbcTBo bBepca ocHOBaHO Ha MeTOmaX Teopud (YHK-
uui (aHaJOTHYHO LOKA3aTeNbCTBY CYILECTBOBAHHS IMJIOCKOTO Teue-
HUS HECXKMMAEMOH KUIKOCTH); NP STOM NPHUBJEKAETCH, OIHAKO,
ueqblil apcenan rayOOKMX pesysabTaTOB aHaiusa. Kpome poka-
3aTe/bCTBA CYIUECTBOBAHMA JNO3BYKOBHIX TeueHu#l, Bepc ycrauo-
BUJ MX HENpEpHIBHYI0 3aBUCUMOCTb OT M _, OT dopMbl npoduis
¥ OT BMIA (YHKUMM, CBA3LIBAIOLIEH MIOTHOCTb M BEJNUUYUHY CKO-

') B cayuwae coBepueHHOro rasa B GOpPMYJIUPOBKE TEOPEMBI MOXHO
ONYCTHTb TpeGoBaHHe 3aJlaHHOI'O ypaBHEHHs BepHyaau; npu sTOM cie-
anyet 3samenuth I' na T/U. B sTHX mpeamoioxeHusx reueHue Gyner
onpeneasTbc €JMHCTBEHHEIM 00pa3oM C TOYHOCTbIO 0 npeo6pasoBa-
HHA no1006us.
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poctu. HecMOTps Ha 4pe3BHIYAHHYIO CIOXKHOCTb MaTeMaTHYECKHX
MeTONOB, MCMOMb30BAaHHBIX B 3THX paforax, mocieiHue Kak Gbl
nepeKUHyJM MOCT Yepe3 NpONacTh, JABHO pa3lelsBUIYIO MaTe-
MAaTHKOB U a3POLMHAMUKOB 1).

CyuiecTBOBaHHE U €JIMHCTBEHHOCTb TPEXMEDHBIX LO3BYKOBBIX
TeueHHWH paccMaTpUBAMUCh B HelaBHO ONyOJHKOBaHHOH paboTe
JlxunGapra u dunna 2). INosyueHHble UMH riyOOKHEe pe3y.bTaThi
MOJHOCTBIO peIialoT BONPOCH €IMHCTBEHHOCTHM M aCHMNTOTHYE-
CKOro noBejeHus MOTeHLHMana Ha OeCKOHEYHOCTH; CYLIECTBOBAHHE
JO3BYKOBBIX TeueHMH JOKa3blBaeTcsi MPH YCJIOBHM, YTO MeCTHOE
yucao Maxa He npesniuaer 0,53. Bonpoc cyuiecTsoBaHus pac-
cMaTpuBancs Takxe B pabore Hsma %); moabaydch ycraHOBJieH-
HO#t B aToH pabore 3aMmeuaTeJbHOH TeOpEMOH, MOXHO, MO-BUAH~
MOMY, MNOJYYHTb pe3yabTaT Aaxe Oosee oOuiui, yeM B ciaydae
NJIOCKUX TedyeHHuH.

47. BapnannoHHble NPUHUMIBI ra30BOi AHHAMUKH. B sToM
NyHKTe MBl PacCMOTPHM HEKOTODbIE IKCcmpemasbHbie CBOHCTBA
yCTaHOBHBILIErocs NO3BYKOBOTO TeueHus. VisyueHwe 3TuX CBOHCTB
06 bsAcHsAeTCS, C OLHOH CTOPOHHI, KesJaHueM OOOCILUTb TeopeMy
KenbBuHA O MHHUMyMe KHHETHYeCKOM SHepruum Ha ciyyait Teye-
HUH CxxuMaeMOH MHMIKOCTH, a C APYro# CTODOHBI, — HeoOXOmIHu-
MOCTbIO CO3JlaHMSl METONOB pacueTa TaKMX TeueHHH. 3ameTum,
yTo ycTaHOBJeHHas B n. 15 Teopema Xepusena — JIuHg He
ABNAETCA BAPUALUOHHBIM TPHHUMIIOM B TOUHOM 3HAYEHHH 3TOrO
ciaoBa, onHako uies XepuBena O BbOOpe B KauecTBe (GYHKUUU
Jlarpanxa npu ¢GOpMyJaupOBKe npuHuuna ['aMu/IbTOHA BeJHYHHBI
T — G B nanbHefimeM OyleT CJAY:KHTb HaM OPHEHTHPOM IIpH
BLIOOpE TMOLMHTErpanbHOH (YHKLMH.

PaccMOTpuM HEKOTOPHIH KOHeuHHI#t 00beM Y rasa ¢ rpanuuedt §
¥ [PENNoJIONKUM, YTO HOPMAJIbHAs COCTABJAIOLLAS /2 TTOTOKA MAaCcChl

1) IpexcTaBasiioT MHTEPEC Takke JPYrue TeopeTHueckue paboTHI,
L KOTOPHIX PAacCMaTPHBAJUCh CBOHCTBA JO3BYKOBHIX TE€YEHHH, a HMEHHO
paborni Bepca [Bers L., Comm. Pure Appl. Math., 7, 79 (1952)],
Hxun6apra [Gilbarg D., J. Rational Mech. Anal., 2, 233 (1953)],
Joxun6apra u upmana [Gilbarg D, Shiffman M, J. Rational
Mech. Anal., 3, 209 (1954)], Jiésnepa [Loewner C., J. Rational
Mech. Anal., 2, 537 (1954); On the critical Mach number, Studies
in Mathematics and Mechanics, presented R. von Mises, New York.
1954] u CeppuHa [Serrin J, J. Math. Phys., 33, 27 (1954)].
- 2 Gilbarg D, Finn R, Acta math., 98, 265 (1957).

8) Nash J., Proc. Nat. Acad. Sci. USA, 43, 754 (1957).
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YAOBJIETBOPSET Ha § YCJIOBUIO

Pacxon = § hda=0.
¢

Mel XOTHM NOCTaBUTb TAKYI0 BAPHALMOHHYIO 3anauy, KoTopas
BbiLeauna Gbl Kjaacc OGe3BUXpeBHIX TeueHMH KaK KJacc TedeHuH,
JAoIUX MUHUMYM HEKOTOpOMY (YHKLUMOHAJIy Hal MOJeM CKO-
pocrefi. C sroft uembio ymoGHO MOCTaBUTb B COOTBETCTBUE
Ka}(IOMy TIOJI0 CKOpPOCTEH HEKOTOpoe moJaé ,IJIOTHOCTH®. Ml
BOCHOJ/Ib3YyeMCA AJil  ONMpeleJeHHss STOr0 IO0Js ypaBHeHUEM
Bepuysum 1)

%qQ—}—f dTp=const. 47.1)

3aMeTuM, UTO Olpele/ieHHOe TakHM 00pasoM Teuenue (p, V) He
00513aHO YIOBJIETBOPATh HU yPaBHEHHIO HePa3pHIBHOCTH, HU ypaB-
HEHHsM IBHXEHHS. YCJIOBHMCS Ha3bIBaTb CKOPOCTb V AO3BYKOBOH,

ecad g < ¢== Vd.p/dp. CrenaB 3TH npelBapuTe/bHbIE 3aMeyad-
HHUs, MBI MOXeEM MNepefiTH K M3JIOXKEHHIO pe3y/bTaTos.

MNpunuun Betirmena—KeanbBuHa?). B kracce scex
0038yK08bLX noseli ckopocmed, Y0084emMBOPAIOUUX YPABHE-
HUIO Hepa3pul8HOCMU U 00AG0QI0UWUX 3A0AHHBLM NOMOKOM

) Ipu xenanun ypasHeHue (47.1) MOXHO paccMaTpuBaTh Kak
»BHEIIHIOI CBA3b“ B CHOpMyJHPOBAHHOH HHXKE BapHALMOHHOH 3ajyaue.
HuxHui npenes HHTErDUPOBAHHMS M IOCTOSHHAas, CTOSAMasi B NpaBOd
gyacTH ypaBHeHHs (47.1), B naibpHeiilleM CYHTAIOTCH (DUKCHPOBAHHBIMH.

?) Bateman H., Proc. Nat. Acad. Sci. USA, 16, 816 (1930).
IpuBenennas HaMu GOPMYJHPOBKA BapHALMOHHOR 3alaud O MHHHMyMeE
OCHOBaHa Ha pesyabratrax pa6orsl Jlama u Yeppu [Lush P. E.,
Cherry T. M, Quart. J. Mech. Appl. Math., 9, 6 (1956)]. Mauo-
BEPOATHO, 4TOOB KTO-HHOGYIb M3 YNOMSHYTHIX aBTOPOB OGpaTuJ BHHU-
MaHMe Ha NpAMYI0 aHAJOrHI0 MEXNy 9TOH BapHaLUOHHOH 3amauedt U
TeopemMo# KeabBHHA, TaKk Kak HX HHTEpPECOBaJd B OCHOBHOM TOJbKO
cayvai miockux teuenud. Jlpyras ¢opMyanpoBka mpuHuuna Beltmena
nlpgnslz)eueﬂa B cratbe [éabgepa [Holder E. Math. Nachr., 4, 366
(1950)].

Coo6paxenus B NoJb3y BbIOOPa HMEHHO TaKOH MONMHTErpajbHON
GyHKIMM OCHOBaHBl Ha CJENYIOLIEM: Mbl HMEEM TOXIECTBO

P+eq? =209>—E 49 (/2 ¢ 4 1) = /5 pg®> — p (E + const);

TakuM 00pa3oM, NOCKOJNbKY sHeprus £ Boofuie ompejeneHa ¢ To-
HOCTBIO JO MOCTOAHHOH, J =% — G,
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MAcCChl B Ha 8, MUHUMYM UHMezpaiq
W) = [ (p+pg?) dv

docmuzaemcs 8 MOM U MOABKO MOM CAY4Ae, KO20a nose V
Ge3suxpesoe.

jIcHo, uTO moJe cKOpocTeH Vv, ABAAIOLIEeCs pelleHneM 3TOH
BapUAlLMOHHOR 3ajauu, mpencTaB/ifeT COOON NUHAMUYECKH BO3-
MOXHOE H33HTPONMHMYecKoe Oe3BUXpeBOE TeueHUe, YAOBAETBOPSIO-
uiee 3aJaHHBIM HA § TpaHUYHBLIM YCJAOBHUAM. YKasaHHble CBOHCTBA
M ONpelessioT UeHHOCTh npuHuuna Befirmena. CchopmyauposaH-
HHI{l NpUHLMN JOMyCKaeT oOpallleHue, TaKke MpUHAJIexallee
no cyuwecrsy befitmeny.

Mpunuun betirmena— Nupuxael). B raracce scex
0038YK08bLX noseld ckopocmell v=grad ¢ maxcumym uxme-
epara

S W= [ pdv+§ohda
v 8

docrmuzaemcss 8 mMOM WL MOALKO 8 MOM Cayiae, K020Q
div(pv) =0 « pv-n=~= Ha 8.

Jlerko BHIETb, YTO pelleHHe OJIHOH M3 9THX BapHALUOHHBIX
3ajay ABJAETC TAKXKE pelleHHeM APYrofi BapUaUMOHHOH 3ajaui.
Kpome TOro, kak craHer fACHO M3 Ja/bHeHllero, U3 CYUIECTBO-
BAHMS peIUeHUss CJAelyeT ero eNHMHCTBEHHOCTb. [l0o3TOMYy cmpa-
BeJMBa CJeAylolas aabTepHaTHBAa: JuOO 9TH 3alauyd HMET
onHO ofuiee MM OOedM pelleHue, JU0O pellleHUs] HE CYULCTBYeET
BooOule. B mepsBOM M3 9THX ClyyaeB, IPUMEHHUB TEOPeMY
I'aycca — Ocrporpanckoro, Mbl NMOJyYaem, 4TO

Suin = Snax = | (P 047 dv
v

(snepBrie 3T0 OblN0 OTMeueno Jlamem u Yeppu). BosmoxHocTb
OTCYTCTBHS  pellleHHs CJelyeT M3 TOro, YTO MOXET He

!) B pa6ore BelirMena (cm. mpumeuanve 2 Ha ctp. 144) ne comep-
JKATC BADUALMOHHOH 3a7a4M O MAKCHMyMe€ B UHCTOM BHJE, TaK Kak
BeATMeH OrpaHUYHJICA HEPBHIM WISHOM C MONMHTErPaNbHOH QyHK ued p;
J06aBOUHBIM YJIEH, COXEPKALHil HHTErpaJ 10 MOBEPXHOCTH, Obla BBEAECH
nosnuee Jlamem u Yeppu (cM. To ke mnpumeuanue). [lpuseienHas
3aeqcb (opmyanpoBka Heckoabko oGoGuraer Qopmyanposky Jlama
u Yeppu. .
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CyLIeCTBOBAaTh 0€3BUXPEBOr0 J103BYKOBOIO TEUEHUSl, VIOBJIETBO-
pAKwWEro 3alaHHBIM IDaHuuHbIM ycaoBuaM. lludman !) noxasar,
KaKk Hajl0 BHUIOM3MEHHTb 3TH BapHalMOHHHIE 3alayd, UTOOLI
pelleHne UX BCeria CyLeCTBOBAJO.

s - pokasaTenbcTBa nNpuHuuna befitMeHa — KeabBuHa Ml
BBelleM BequunHy Q =pv U 3aMeTUM, YTO ypaBHeHHe bBepuynu
N03BOJAET PacCMaTpUBaTh V, a CJeJOBaTeNbHO, H § KaK (YHK-
miio or Q. (Kak Oblo ykasaHo B M. 37, KauJAOMY 3HaueHHMIO
BEJMYHHB @ COOTBETCTBYeT IBAa Pa3JMUYHBLIX 3HAYEHHs BEJHUUHBI
CKOpOCTH ¢. Mbl BhHIOMpaeM, ecTeCTBEHHO, TO 3HAuYeHHE, KOTO-
poe COOTBETCTBYeT NO3BYKOBOMY TeueHuio.) BrOOp B KauyecTse
OCHOBHOH mnepeMeHHOH He v, a Q OODBACHAeTCs TeM, YTO NpPH
nomown Q nerye chOpMynHUpOBaTHL YCJIOBMS BapUALUOHHOHK
sanaud. Hampumep, ycaosue div(pv)=0 npunumaer BUI

divQ =0.

PaccmoTpum Temepb moJse BekTopa Q, naoumee MHUHUMYM .
Mycts Q* = Q - ¢§ — nHexoTopoe AomycTHMOe MoJe BekTopa Q.
Pasnoxus (Q*) mo cTeneHAM €, MOJYYHUM

IQ)=I Q) +¢e3I+R,

rae

83=fv-§d'v,

ro| =

2 2 2) ¢2
=1 GO +E-—DE
) P (2 —q?
3HaK TUAbIA TpUMeHsIeTCs 3IecCh s 0003HAYEHUS BEJIMYHH, Bbl-
YUCJACHHBIX NPH HEKOTODOM INPOMEXYTOYHOM 3HaueHuH Q. Hpn
HaxoxIeHuH 0% u & ymobuo Beectn QyHkumio F(Q?) = p—+ pg%
npousBOAHbE 3TOH (QYHKUMH MMEIOT NMPOCTOR BUIL

Fr=@p) F'=Mp @ — g

Tak kak paccMaTpuBaeMble TeueHMss J103ByKoBhie (8> 0),
TO 3KcTpeManb Q onpeneasercs ycaosueM 8% = 0. Hameﬂ 3a-
Jauelt ABJSETCS NOKAa3aTb, YTO STO YCJOBHE SKBHBAJEHTHO yCJ/O*
puio rotv=_0.

1y Shifiman M, J. Rational Mech. Anal., 1, 605 (1952).
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IMpexne Bcero, ecau rotv==0, To v=grad¢ u

fv-de:fdiv(goC)dv:O.

v

3mecb Mbl BOCMOJb30Batuch ycaoBuaMu divi=0 u {.-n=0
Ha rpanuyHoit nosepxuoctu 8. C npyro#t croponsl, ecau 8% =0
IJs BCeX JONMYCTMMBIX Bapuauuil §, TO moJe V LOJKHO ObITh
Ge3BuxpeBbIM. B camoM neJe, mpeanosioxuM npoTusHoe: rot v~0
B HexoTopo#t Touke P. Torza MoxHo Ha#iTh BekTOop A, 0Gpa-
IWaKLUuics B HyJb BHe HEKOTODOH Majio# OKPeCTHOCTH TOuKM P
1 TaKo, yTo

fA-rotvdfo;eO.

Ho orciona cuaenoBano 6w, 4To 8% = 0 1as HekoTopo# momy-
cTMMOH Bapuauuu §==rot A.

Il nokasatesbcTBa npuHuuna Befirmena—KenbBuna ocraerca
BOCIOJ/Ib30BATbCSA COOTHOLIEHHEM '

JIW)I=IJI(V+ &

CrpaBelJMBHIM 15 J1060ro AOMyCTUMOrO MO v*. V3 sroft dop-
Myabl caenyeT, 4to §(v¥) > J(v) npu v* <= v; Takum o6pasom
IOKa3aHa M eNMHCTBEHHOCTh SKCTPEMAaJM HCC/IeiyeMOH Bapua-
uuoHHoO# 3anauu. CnpaBenanBoCTs npuHuUMNA DBetitmena — lu-
puxJ/ie yCTaHABJMBAETCH TEM e METOLOM, OIHAKO PpacCyKIeHus
B 3TOM CJyyae OKasblBaloTcsi 6oJiee NMPOCTHIMH, TaK Kak * 3a-
BUCUT OT OJHOH (yHKUUH ¢.

[Ipu npumenennu npunuuna Defirmena — KenbBuHa nns uc-
C/el0BaHHsI MJIOCKMX TeueHUuH BBOIAT B KayecTBe MCKOMOH (hyHK-
uud  (QyHKUMIO TOKA. YpaBHeHHe Hepa3pbIBHOCTH BHINOJHSAETCH
TOrla aBTOMATUYECKHM, a TPAHHYHOE YCJOBUE CBOAMTCS K. 3alaHHIO
BequuuHbl ¢ Ha 8. AHajnoruyHble CXeMbl Npeniaraiuce u JJs
MCCJeNOBAaHUS TPOCTPAHCTBEHHBIX TeueHHH !), OmHAKO He ACHO,
noJyyaeTcs JM NPH STOM Kakoe-au00 NMpenMyIlecTBO MO CpaBHe-
HHIO C WCMOJb30OBaHHEM B KauyecTBe Heu3BeCTHOH Q. ,

Kak Obiso oTMeueHo panee, cOpMyJHpPOBaHHbie BhILE Bapua-
UMOHHbIE TNPUHLMIE, TNO3BOJSIOT CTPOUTb TeueHHe Trasa IyTeM
Hax0XIeHus oKcTpemanselh ¢yHkuuonasoB § u §*. Onunako

) Cm. cTp. 13 paborh Jlama u q&pu yKa3aHHO# B mpuMedaHuu 2
Ha cTp. 144, a takxe ctatbio ['use [c6. Mexanuxa, Ne 1 (17), 86 (1953)].

10%*
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B NPaKTHYeCKU BAXHOM ciayyae OOTEKaHUS HEKOTOPOro KOHeuy-
HOTO Tejla COOTBETCTBYIOLUME MHTerpasbl pacXomatTcss. ATy Tpya-
HOCTb, Kak OblIO MOKasaHo psimoM aBropoB (Baur!), llludwman 2),
Jlam u Yeppn),  MOxHO 0OO#TH, U3MEHHB COOTBETCTBYIOLIUM
o6pa3oM mnoauHTerpajvHeie (ynkuuu. Hanpumep, ¢yHkunonan
BapuauuoHHo#t 3amaunm bDefitMena — KeabBuHa (Mpu OTCYTCTBUH
LUPKYJIALMK) MOXHO 3amucaTb B BUIE

[ (p+og*—p—pv-U)do, (47.2)

rie yepes U o603HaueHa CKOpPOCTb MNOTOKA Ha 6eCKOHEYHOCTH.
Jlerko Buzeth, uto wuHTerpan (47.2) cxomurcsa, ecau v—U=
=0 (r-1-%) paa nrockux TteueHu#t u v—U =0 (r—*2~%) pis.
TpexMepHbIX Teuenu#t. Kax Mbl Bugesu B n. 45, sTn ycnosus
JNeHCTBUTENbHO UMEIT MeCTO. BapuaunonHas 3azaya 0 MMHUMyMe
¢ynkunonana (47.2) He TOMbKO NPUBOLUT K METOLY YHUCJAEHHOTO
pacuetra TeueHuH3), HO M CHAYKHT OTIPABHOK TOUYKOH Las AO=
KasatesbctBa LlludMana cyuiecTBoBaHHS LO3BYKOBOTO OOTEKaHHs
3aJaHHOTO TeJa. )

Upyzue sapuayuonnsie npuryuns. 2a3080i OUHAMUKL.
Ypasuenue bBepuyanu (47.1) MoxHO 06061MTb, NPEANOJIONKHUB,
uto p=f(p, S), rae S — Hekoropas 3anaHHaa ¢yHKuUua ¢.
ITpu 3THX npenno/ioXeHUAX pelleHHeM BapUALMOHHOH B3alauu
Befitmena — KesibBHHA sBAseTCS u309HepreTHyeckoe M, BOOOLie
roBops, Buxpesoe Teuenue4). C gpyro#t CTOpOHBI, eCaH BMeCTO
ypaBHenus1 (47.1) paccmaTpuBaTh ypaBHeHHe

3@+ [L=HW.

TO, Kak nokasanu Jlam u Yeppu, sxcTpeMyM ¢yHKUHOHAA COOT-

BETCTBYET BUXPEBOMY HM33HTPOMUYECKOMY TeUEHHIO.
[TpencraBaser, HaKOHeuw, HHTepeC H3yuyeHde BapUALMOHHON

3alayd, COOTBETCTBYyIOllelt (YHKUMOHAAY C NOLHHTErpasibHOH

"W Wang C, J. Aeronaut. Sci., 15, 675 (1948); Quart. Appl.
Math., 9, 99 (1951). :

2) Cm. mpumeuaHue Ha cTp. 146.

%) CM., HanpuMep, uHTepecHyl0 pabory [mmnepra [Gispert H,
Wiss. Z. Univ. Halle, 6, 14 (1956/57)].

Y) Lin C. C,,Quart. Appl. Math., 9, 421 (1952).
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obyukunelt /o0q% — pE, rie E — BHYTpeHHssl SHeprus, a p U V
M3MEHSIOTCS He3aBUCMMO. MOXHO T1OKasaTb, 4YTO MNpH YCJIOBUH
div (pv) = 0 axcTpeMaJbio 3anaun ABJseTcqd 6e3BUXPEBOE TeueHue,
KOTOpOe, OIHAaKO, He 0053aTelbHO COOTBETCTBYeT MUHUMYMY
¢yHKUUOHATA.

Ho6asaenue. 3anaun 0 MakcuMyMe ¢yHKLUOHama J*(p) uau
B Cllyuae NJIOCKOTO TeUeHHss O MHHHMyMe () SBIAIOTCA 4YacT-
HBIMH ciyuyasmu oOliefi BapualMOHHOH 3anauu, KOTOpasd B nocnaen-
Hee BpeMsl HMHTEHCHBHO paspabaTbiBaeTcd. B ciaydae mniockoro
TeueHUs 3Ty OOLLYI0 3a4ayy MOXHO CHOPMYJHPOBATH KaK 3anauy
0 MHMHUMYMe (PYHKLUOHAJA

S@=[ [ F vdxay, (47.3)

The 4 =9, U=70,. YpaBHenue Diinepa ykasaHHOH BapHalHOH-
HOM 3aJauu UMeEET BUJI

(F.+ (F,a)y =0, 47.4)

7001
Fuu(?xx—l'" QFuz/(ny + Fm/(Pyy =0. (47.5)
dro ypasHeHne OyIeT SJIMNTUYECKUM MPH BHINOJHEHHH YCJIOBUS
Fuu ‘w— Fiﬂ > 0. YcaoBue 3/MJIMNTHYHOCTH €CTeCTBEHHO BO3HHU-

KaeT NpH paccMOTpeHHH (GOPMYJIHl

S@+0=8@ 45 [ [(Fult2Futly+ Foli) drdy,

cBa3niBaloliell sHaueHue (YHKUMOHANA NJS TPOM3BOJbHON (YHK-
MM CO 3HayeHHeM (YHKUMOHAMa I/ SKCTpeMaan ¢. IJTO ycJjo-

BUE FuuFm,—F,?w>0 osHauaer, uto F(P—+L)>F(p) nm,
¥Haue TOBOpPs, YTO SKCTpeMa/jb BapHalUMOHHOM 3anaud naeT Mu-
HUMYM ¢YHKUMOHAJA F(P) M UTO STOT MHUHHMYM SBJSAETCA €NMH-
CTBEHHBIM.

Jlas BapualUMOHHOH 3anayM, COOTBETCTBYIOLleR (YHKUMOHATY

%*(9), Mpl umeeM F (4, v) = — p, CleJ0BaTeNbHO, NMOTEHLMAN ¢
yIOBJIETBOPSIET YPABHEHHIO
Pus®rxt 2pu'y"ny —+ PoyoPyy = 0. (47.6)

HerpyaHo y6enuThcsi B TOM, 4TO (PyHKUMS TOKa YLOBJETBOPSET
AHAJIOTMYHOMY YPaBHEHHIO.
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§ 5. CBepx3ByKOBOEe TeueHHE H XapPAKTEPHCTHKH

Teopus HeyCTaHOBHBILUXCS TeueHUH WU CBEPX3BYKOBBIX Te-
YeHUH CkuMaeMOHM XUIKOCTH OCHOBAHAa B 3HAYUTEJbHOH CTeNneHu
Ha CyleCTBOBAHHM B 00JaCTM TEUYEHHS XapaKTepUCTHYECKUX
KDUBBIX WJIHM NoOBepXHOcTefl. JleficTBUTe/IbHO, ycmex B HCCJaeENO-
BaHMH CBONCTB rasoB, MABMXYIUUXCA CO CBEPX3BYKOBHIMH CKO-
pOCTAMH, oOnpelenseTcs B GOJbIIMHCTBE CJy4YaeB MNpeNCcTaBJe-
HUSIMH, CBSIBaHHBIMM C TIOJEM XapaKTepUCTHK, M OOJIbLIWHCTBO
HHTEPECHbIX IMpPHMEpPOB pelleHHH NOJMy4YeHO Ha OCHOBE CBOWCTB
9TOr0 MnoJd.

48. Tlpupona xapakTepucTHK. PaccMOTpUM CHaua/sa mpous-
BOJbHOE TeuyeHue HEKOTOPOH CikuMaeMo# kuikoctu. Ilycts L —
HEKOTOpOEe TpeXMepHOe MHOroofpasme ueThIpeXMepHOH 06aacTH
Te4yeHUsi MPOCTPaHCTBa (X, ) uau, B MeHee aGCTPakTHOH ¢opMme,
nycTb L — HEKOTOpas OBUJICYU,AACS TOBEPXHOCTb B Tpexmep-
HOHW ¢usuveckoft obnactu Teuenus. IIpelnoNOKUM Telepb, 4YTO
HaM M3BECTHbl 3HAaYeHH NapaMeTpPOB TeueHUs V, p, p u S Ha
NIOBEPXHOCTH.

Torna npu nomown ypaBHenu#t (35.1) — (35.4) Mu1, BoOOG1Ie
roBOps, MOXeM eIUHCTBEHHHM 00pa3oM OMNpeleiuTh MPOU3BOI-
Hble OT STHX BEAMYMH B TOYKAX L. MeTon moayueHus STHX npo-
M3BOIHHIX OOLIYeH: MNPOM3BOAHEIE MO KAacaTeJbHHIM K L Hanpa-
BJCHUSIM ONpPENEJAIOTCS HEMNOCPeACTBEHHO M0 3alaHHHM Ha X
8Ha4YeHNAM QYHKLUHA, a HOPMALbHBLE TPOUIBOIHEIE MOJNYYAIOTCA
u3 cucTeMbl ypaBHenuft (35.1) — (35.4); MMHEHHBIX OTHOCHUTENLHO
9THX HEM3BECTHBIX MNPOU3BOLHBIX. MOXET CJAyYMTbCH, ONHAKO,
uTO cucTeMa ypaBHenu#i (35.1) — (35.4) He nossoaserT onpene-
JIUTb BEJMYMHB HODMaJLHBIX TNpPOM3BOJHHIX. B 3TOM cuayuae
roOBOPAT, YTO ¥ — xapaxmepucmuieckoe Muoroo6pasue. CMbica
ycaOBuH, oONpeneJsIOIMX XapaKTepHCTHYECKOe MHOrooGpasue,
craHeT OoJsiee SICHBIM, €CJAM 33aMETUTb, YTO IBA pELIEHHS MOTYT
,KacaTbca“ TOJILKO BIOJb STHX XapaKTePUCTHYECKHX MHOrooGpa-
8uit, MJIM, MHAue rOBOPS, NPOM3BOLHBIE OT PEILEHHst MOTYT Ipe-
TepneBaTb Pa3pbiB TOJbKO Ha STUX MOBEPXHOCTAX. MOXKHO OT-
MeTUTb TaKxke GOJbIIYI0 POJb, KOTOPYH MIPAalOT XapaKTepUCTH-
YeckMe MHOrooOpasus B pAcCNpOCTpaHeHUH BO3MyLleHMH B moJe
TedeHHs; 3Ta poab Oojee HIM MeHee fACHa Ha OCHOBE Bhllle-
CKa3aHHOrQ.
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B cienyoLMX ABYX MYyHKTAaX Mbl PACCMOTPHMM YaCTHBIH CJyuai
yCTaHOBHMBIIErOCA TeYeHHs 1). XapakTepucTuueckoe MHOroobpasue
OpH 9TOM He 3aBUCHT OT ¢ ¥ mpencTaB./geT coO0M, C/1eA0BaTebHO,
KpuBBIE B CJyyae IUIOCKOTO TeueHUs M TOBEPXHOCTH B CJjyyae
NpOCTPAHCTBEHHOTO TeUeHHUs. W3 nocaenymolero cTaHeT SICHHIM,
4yTO B J03BYKOBOM YCTaHOBMBIIEMCH TEUEHHM HE MOXET Cylue-
CTBOBATb XapAaKTEPUCTHK, OTJMYHBIX OT JuHUH TOka. B cuuay
5TOr0 Halu paccyxieHus B n. 49—50 HanpaBieHB B OCHOBHOM
Ha u3yueHUe CBEPX3BYKOBHIX TeueHud. B m. 51 ceMettcTBO xapax-
TepUCTUYECKUX MHOroo0pasuif u3yuyaeTcs HECKOJbKO C APYTUX
NO3UIMK, YTO MO3BOJIAET NOMOJHUTL NMpeNHAYLIe PACCYKIEHUS.

CrpofiHasa Teopusa XapaKTePUCTUYECKUX KPUBBLIX OLHOMEpHBIX
HeyCTAHOBUBIINXCS TeYeHUH B ITOH cTaThe He OCBelaeTcd, TaK
KaK OHAa NOCTAaTOYHO XOPOLIO H3JO0XeHa B psle yueOHMKOB.

49. YcraHoBuBIIEecs NJOCKoe TeueHue. [IycTe B obractu
yCTaHOBHBIIErocs IVIOCKOTO TeueHusi HekoTopas kpuBas C 3anaHa
napaMeTpU4yecKuM ypaBHeHHeM X =X (o), Tle X =(x, y), a 6 —
aauHa py-u kpueoff C. 3anannele Ha C napaMeTphl TeuyeHHs
MOXHO 3anucaTb B CJelylollieM BHIe:

V=V (), p=p(9), p=p(9), S=S8(a). (49.1)
Hac uHTepecyeT BONpOC: NPH KaKUX YCJAOBHUAX, HAMOXKEHHBIX
Ha C, Hesb3s MO 3anaHHbIM ¢GyHkuusM (49.1) onpexenautb B TOY-
kax C npou3BOAHBIE OT BEJHUMH V, p, p U S?
Ilaa ompeneneHus STUX NMPOM3BOLHBLIX Mbl HMeeM C/eLYIOLIYI0
cUCTeMy YypaBHEHHH:
v-.gradp—fpdivv=0,

pv - grad v grad p =20,
v.grad §=0,
rie p=f (p, S)— 3anaHHOe YypaBHeHHe COCTOAHUA. BHINMUCaH-
HYI0 CHCTEeMY ypaBHEHHH JIErKO NpPHUBECTH K BHLY
pv - gradv—grad p =0,
pc2divv—-v - grad p=0, }

1) Xapakrepuctuueckue MHOroo6pasus B 06wieM Ciayuae Tpexmep-
HOrO0 HEYCTAHOBHBLIETOCS TEUEHHSl pacCMaTpHBAIOTCA B KHure [24],
crp. 128—134. B aT0#i pabote comepxaTcs TaKKe MHTEPECHLE 3aMe-
YaHHS OTHOCHTEJBHO XapdKTEPHCTHYECKHX MHOroo6pasuii mpou3BOJILHOK
CHCTEMBl YDAaBHEHHH C YAaCTHHIMH MPOU3BOJAHBIMH MEPBOro MOpsAKa
(ctp. 117—128).

(49.2)
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B KOTOPOM MbH M OyleM ei0 moJb30BaThcd. YToOB ynpocTuThb
paccyxnenusi, BeibepeM CHCTEMy KOOPAMHAT TaKUM 00pasoM, 4TO
ocb y kacaercs xpuBo#t C B HekoTOpo# Touke P; B 3TOM Ciay-
yae BEeJUUYHHBl YACTHHIX NPOM3BOIHLIX MO y B TOYKe P M3BECTHHI
M 3amaya CBOIAMUTCH K BONDPOCY O BO3MOXHOCTH OINpeleeHUs
NPOU3BOIHLIX MO X. Jli9 onpeleseHus 3TUX NPOU3BOIAHLIX MBI
HMeeM CHCTeMy JIMHEHHBIX YpaBHEHHH:

puu, +p, =—pou,,
puv, = —*pUU, — p,, - (49.3)
pctu,  +up,=—pc*v,—vp,.

CrenoBaTesqbHO, yclOBMeM TOro, uto kpusas C npencraBiser
co0o#t XapaKTepPUCTHKY, SIBJISETCS He803MONCHOCMb ONpene/eHNus
U3 3TOR CHUCTeMBl ypaBHEHHH NPOHU3BOIHBIX 4., U, U P,.
IlpupaBHUBasg HYJI0 OMpeleNuTe/b, COCTABJCHHBIH U3 KO3(-
GUUMEHTOB NPH NMPOU3BONHEIX, NOJyYaeM YpaBHeHHe

p2u (42— 2, =0.

Tayum obpasom, rxpusas C snsasemcs xapaxkmepucmuroi
8 MOM U MOABKO 8 MOM cayiae, K020a 8 Kaxooy mouke C
au6o 1) HOpMaAbHAS COCMABAAIOUWAR CKOPOCMU PABHA
KYA10, AU6G0 2) HOPMAABHAA COCMABASAIOWASL CKOPOCMU NO
Q0 CORIOMHOL Benruduke PABHA MECMHOL CKOPOCMU 38YKA.
TlepBoe yc/0BHe COBMAajaeT, OYEBUAHO, C ONpeje/eHUeM JHHUH
TOKa; TOT (aKT, YTO JMHHU TOKA SBJIAIOTCA XapaKTepUCTHUKAMHU,
6bl1, coOCTBeHHO roBops, siceH 3apaHee. OCHOBHYIO pOJb B U3-
JlaraeMoi Huxe TEOpUM WrpaloT XapaKTEePUCTHKH, onpenenseMble
BTOPBIM YCJIOBHEM.

XapakTepuUCTHYECKHE KPHBEHIE, I/ KOTODHIX BEIIOJHEHO BTO-
poe ycaoBue, OyAyT, OYeBUIHO, UMETb MECTO TOJAbKO B Cjyuae
CBEPX3BYKOBOTO TeyeHus. PaccMoTpuM B QUKCUPOBAHHOR CHCTeMe
KOOpAMHAT (X, y) IBa MOJS HampaBJeHHH:

Y —tg®+4), DL =tg®— a), (49.4)

rae ¥ — yron HaKJIOHA BEKTOpPA CKOPOCTH, a A — MeCTHH Y204
Maxa:
[

1
sinA=?=7w—.
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Mrak, ceMe#CTBO XapaKTeDHCTHK [JIOCKOTO YCTaHOBHUBILErOCs
TeueHnss 06pasoBaHO U3 KpuBHIX C ., YLOBJIETBODPAIOIMX NEPBOMY
u3 ypasHeHu#i (49.4), xpusbix C_, yIOBJIETBOPSAIOLWUX BTOPOMY
u3 ypaBHenutt (49.4), u auHui
Toka. Yeped KamAyl TOUKY
06/1aCTH CBEPX3BYKOBOIO Te-
yeHHuss TPOXOLAT, C/AeNOBa-
TeNbHO, TPH XapaKTePUCTHKH;
3aMeTHM, 4YTO KacaTe/bHasd
K JUHAM TOKa siBJseTcss Ouc-
CEKTPHCOH yria Mexny KpHu«
suiMu C, n C_ (puc.. 7, a).
Xapakrepuctuku Ci MOXHG
HHTEPIPETHPOBATh KaK JIMHUH,
N0 KOTOPHIM HpPOXONMT pac-
npocTpaHeHne 6eCKOHEUHO Ma-
JBIX BO3MYIlEHHH B YCTaHO-
BUBLIEMCS TEYEHUH; CTOMb IKe
BaXHAa, OJHAKO, HMHTepnpera-
1Us XapaKTepPUCTHK KaK TaKuX
JIMHUH, BAOJb KOTOPHIX MOTYT
,COTpHKacaTbCca“ nBa pelie-
Husl.

[MapameTphl TeuyeHHs Ha
XapaKkTepUCTHKAaX He/b3d 3a- o
IiaBaTb NPOU3BOJbHEIM 00pa-
3oM. B camoM nene, Ha Xxa-
PaKTepUCTHKAX, SBJAIOLIUXCS I
JUHUSMA TOKa, MBI HMeeM g4 u
OueBUHbIE YCIOBUSA

N

Puc. 7. XapakTepuCTHUE€CKHE KPH-
S == const, H =const, BbHIE.

Q — XapaKTePUCTUKHU B MJA0OCKOCTH TedYeHHus
Bhlpaxaiouiue NOCTOAHCTBO 6 —006pa3bl XapaKTepUCTHK B TA0CKOCTH
sHTponuu u ,3Hepruu‘. Ha roxorpada.
JuHuSX Maxa (T.e. Ha Xapak-
tepuctukax C.) M3 YCJIOBHMS COBMECTHOCTH CHCTEMbl JHHEHHBIX

ypaBHeH## (49.3) nosyuaem ypasHeHue
— puu,, 0 1
—pvo,—p, pu 0|=0;
—pc*vy,—vp, 0 u



154 T'a. 5. Hoeanrvnoui 2as

ONYCTHB OTJMYHBIA OT HYJNs MHOXHTEIb, TO YPaBHEHHE MOXKHO
8amucarb TakK:
2 —
pc’v, —puvu, +vp, =0. (49.5)

Bun 3TOro ypaBHeHHs CBsSI3aH, KOHEUHO, CO CIELMAJbHBLIM BbI-
6opOoM CHCTEMBI KOODAMHAT, BBENEHHOH B Hauaje TOrO MyHKTA.
Bocno.ib30BaBIIKCh YCI0BHEM | & | == ¢ Ha AMHUM Maxa, Mbl MOXKeM
3ank.atb ypasHenue (49.5) B Bume

p(uv, —ovu,) tctg A p, =0, (49.6)

rie 3HaKM —- W -— OTHOCATCS COOTBETCTBEHHO K XapaKTe-
puctukam C, u C_. VYpasHenne (49.6) Herpyano samucaTb
B BHLe, He 3aBMCALIEM OT CMeELHMATbHOrO BHIGOpA CHCTEMbI KOOp-
IMHAT, & MMEHHO B Buue

g + ctg Ap=0; (49.7)

8lecb TOYUKa oO3HauaeT nupdepeHUUPOBAHUE MO 6 (LJAMHE AYrH
XapaKTepUCTHUKH).

B cayuyae "0e3BMXpEBOro HM3SHTPOMMYECKOTO TEYEHHS JHHHUK
TOKa TepecTaloT OBITh XapakTepucTHKaMu (ycaoBus H = const,
S =const naoT undopMauMio, LOCTATOUHYIO NAS ONpeeTeHIs
MPOU3BOIHBIX OT N1aPaMETPOB TedeHUd, 3alaHHBIX HA JUHUU TOKa).
Bocnosb3osaBmuch ypaBHeHueM bBepuymiu (37.3), MBl MOxeM
UCKJIOYMTh p W3 ypasHenus (49.7), mocie uero moJyuyuM, uToO
Ha JMHMM Maxa uMeeT MeCTO COOTHOLIeHHE

4y gocdgd | VI—T (49.8)

dgq q q ,
IlpaBas uactb ypasnenus (49.8) 3aBUCHT, OUEBHIHO, TOMBKO OT g.
CuaenoBaTe/bHO, Ha XapaKTEPUCTHKAX B (DU3HYECKOH MIOCKOCTH
MO/y/Ib BEKTOpPA CKOPOCTH M YTOJ ero HaK/JOHA CBA3AHBL MPOCTHIM
COOTHOIIEHUEM :

== f l/—A—%j—l—a'q = =& r(g) <+ const. (49.9)

B cuay smozo coomuowenus o6pa3s xapaxmepuc-
mur C_ 6e38uXpesoz0 U3IHMPONULECKOZO Me4eHUus 8 N.20-

ckocmu 2o0ozpaga npunadsexrcam 00HONAPAMEM PULECKOMY
cemelcmsy Kpusblx, He 3asucaujemy npu OUKCLPOBAH-
noox S u H om xapaxmepa mewenus daununozo zasa. Ilo
Tpanuuun Mbl OyleM oGosnauath o0pas Xapaxrepuctuku C,
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yepes I', u o6pas xapaktepuctukn C_ wuepes I'_. [Tak xax
kpusble 'y sB/IAIOTCA XapaKTepHCTMKaM¥ ypaBHeHWH roporpada
(43.2), oHM Ha3LIBAIOTCA TAKXKE XAPAKMepucmuKamuy 8 nio-
cxocmu 2000z2pagha.)

W3 csoficts ¢yHKUuH r(g) MOXHO TNOJYYHTb DSl CBeleHUf
orHocuTenbHo reomerpuu kpusbix I',. Tlpexne Bcero samernw,
yto ¢yHKuUS t(g) MOHOTOHHO Bo3pacTaeT NpHu ¢, < g < Gmax-
Kpome Toro, npu g =g, Mb umeeM M =1 u dd/dg =0, a npu
§= Qmax Mb uMeeM M=o00 u dd/dg=oco. KpuBusna kpu-
so#t I', onpeneaserca dopmy.ofi

2 ”
*+2"—q¢" ¢ (qf=£1)
38, —_—_
(q2+q,2)/2 CVMZ-——I a3y
M fBAsSeTCd B CHUJIY HepaBeHCTBA (37.7) BEJUYMHOH MOJIOXHTE/b=
HOH. Bce BhileckasaHHOe NO3BOJsE€T YTBepXIaTh, 4YTO RpU=-
soe I', 8 naockocmu (u, v) npedcmasasom co6od pac-

Kpy4usamouuecs npomus 4acosoli cmpesxu cnuparn, 3aKLo-
4eHHble MedH0y PUKCUPOBAHHLLMUL OKPYHCHOCMAMU q==q, U

Puc. 8. Kpusne I', B miockoctu
roxorpada.

§ = Qumax; 6CE&. 3MU CRUPAAL NOAYLQAIOMCA BpAWeEHUEM
KaKoii-4u60 O0HOE u3 HuXx BOKpY2 HAYAALQ KOOPOUHAM
(puc. 8). AHanOruuHOe yTBepKjJeHHe CNpaBelJUBO, OYEBUIHO,
u orHocureabHo kpuBbix I'_. Hakonen, us sieMeHTapHBHIX
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reoMeTpHYecKHX coobpaxeHuit sicuO, 4T0 ypasHenue (49.8) sxau-
BAJIEHTHO YPaBHEHHUIO

dv .

= 3£ 4). 49.10

T ctg ( ) ( )
CpasnuBas ypasnenns (49.10) u (49.4), nonyuaem, uro Ha-
npasaenus xapaxmepucmux C, u C_ opmozonairsno Ha-
npasaesuanm xapaxmepucmux I'_ u I'y coomsemcmsenno
(puc. 7). IlonydeHHble Bbllle pE3YJbTaThl CHpPaBeMJIMBEL JJs
moboro rasa HesaBUCHUMO OT BHAa YPaBHEHUSI COCTOSIHHA.

MoxHo mnoxasatb, uTO pa3phlB grad v Ha XapaxkTepHCTHKe
B CJyuyae H33HTPONHMYECKOro O6e3BUXPEBOro TeUeHHd YNOBJETBO-
pfer BLOJb 3TOH XapakTepucTuxd YypasHenuio Puxxatul). Us
9TOrO CleAyeT, YTO BeJMYMHA pa3phiBa ONMpeNeNseTcsl edUHCTBEH-
HbiIM 00pasoM u He ofpauaercs B HyJb HU B ONHOH Touke
XapaKTepUCTHKH, €C/U M3BEeCTHO 3HAaueHHe (OTIMYHOE OT HYyJIs)
9TOr0 pa3phiBa B HEKOTOpOH ToYKe Xapakrtepuctuku. Hyxuo
NOAYEPKHYTh, YTO BCe 9TO KacaeTCs TOJbKO pPacnpoCTpaHeHHUs
pa3phiBOB grad v U He NpHMeHWMO K pa3puiBaM CaMOH ¢QyHK-
uuu v. PasphBH caMux NMepeMeHHBIX TeYeHHs PacHpOCTPaHSAOTCA
KaK ,yIapHble BOJHBI“, M TpoLeCcC PACNPOCTPAHEHHS] PA3pPHLIBA
HOCHT NIPU 3TOM KayeCTBEeHHO uHOM Xapakrtep (cM. ra. 6).

Jns coBeplIeHHOro rasa ¢ MOCTOSIHHBIMM YIeJbHBIMM TEIJIO-
eMKOCTAMH XapaxkTepucTuku I', TpencrasisioT coboit smuuu-

KJOHJbI, NOJYyYaloluecs NpH OOKATBIBAHUU OKPYIKHOCTH g = ¢,
OKPYXHOCTbIO panuyca /o (¢max —— 94)- Ilpeumywiectso cosep-
LIEHHOTO ra3a 3akJ/Io4aeTCs B TOM, YTO HE3dBHCHMO OT COCTOA-
HHUA CUCTEMBI MOXHO I0JIb30BaTbCA OLHOW M TOH e aunarpammoit
XapaxKTepUCTHK. B nmpoTHBOMOJOXHOCTb 3TOMY B C/y4ge NpOM3-
BOJIbHOI'O ra3a BHI XapaKTepucTUK B IUIOCKOCTH roaorpada
CYILLECTBEHHO B8aBHUCUT OT BeJWYUHBl SHTPOIMH U SHEpPTuM pac-
CMaTpUBaeMOr0 PABHOBECHOTO COCTOAHUS. ITO  HE3HAUMTE/bHOE
C TeOpEeTHYECKOH TOUKM 3peHHs TNPEUMYILECTBO CYLIECTBEHHO
YyNpoOILAeT 4YHCJIEHHble pacyeThl TEYEHUH COBepUIEHHOrO rasa.

Ocecummempuinoe meuenve. MeTon, HCNOAL30BaHHEBIH
BHILIE NPHU BHIBOJE ypaBHeHUH XapaKTEPUCTHK INIOCKOrG TeYeHHs,
NpUMEHHM ¥ K CJyYal OCeCHMMETPUYHOIO TeueHus. B cuny pas-
auuu# B Qopmyse aaa divv MB NPUXOLMM B STOM Ciyuae

) Nitsche J.,, J. Rational Mech. Anal., 2, 291 (1953).
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K CHCTeMe YpaBHEHMH, HeCKOJIbKO oT/uuaometica or (49.3);

pun, + Py =—pudy,
puvy, = —pvYy, — Py, in 9
pctu,  ~+up,=—pcPv,—vp,—pqc? s”y‘ ;

agech ¥ 06o3HauaeT yroJ, 06pasoBaHHBI BEKTOPOM CKOPOCTH H
ocblo  Bpawenusi. Jlerko BHMAeTb, UYTO XapaKTepHCTUYECKHe
KpHMBble B MOJYMJIOCKOCTH OCECUMMETPUYHOTO TEUeHHS ompeje-
JSI0TCA TEMH XK€ YCJOBHSIMU, YTO M B CJyyae IJOCKOI'O TeyeHus.
YcaoBue Ha XapakTepUCTHKAX HMEET, OJHAKO, HECKOJbKO OTJIMY-
HBH OT ycaoBus (49.7) Bun:

: tgA - sin A sin ¥
%i(cpng e B (49.11)

JIlna u33HTPONHMYecKOro Ge3BHXPEBOrO TeUYeHHs YpaBHeHUe
(49.11) MOxHO 8samucaTh TaK:

d sin A sin §

— () =— 49,

ST : (49.12)
O6pasel Junufi Maxa Ha MJIOCKOCTH roporpaga, cienoBaTelbHO;
He 00pasyioT (UKCUPOBAHHOrO CeMeACTBAa KPHBHIX B OTJIMYHE OT
Clyyas TUIOCKOTO TedeHHs. B CBSI3M C 9STHUM pacueT OCeCHMMeT-
PUUHBIX TeuyeHWH NpeACTaB]seT 3HAYUTENbHbIE TPYLHOCTH.

60. TpexmepHoe ycTaHOBMBLIeecs Ge3BHXpeBOe TeueHHe.
B coorBerctBuu ¢ TeopemoH 2 u3 m. 39 MEI, He OrpaHuuMBas
OOIHOCTH, MOXEM CUMTaTb TaKOe TeYeHHe :I3DHTPOMUYECKUM U
u3ogHepreTuueckuM. HamomHuM, uTO IJIS TaKUX TeyeHHH Teo-
peMa BepHy/uu cnpaBensuBa B ee CuJIbHOH ¢dopme (37.2).

[Torenuuan cxopocrte#t ¢ G6e3BUXPEBOTO INPOCTPAHCTBEHHOTO
TeYeHHsl YLOBJIETBOPSIET YpPaBHEHHIO

V% —v'vlg =0 (50.1)

(cM. n. 45). B cayuae cBepX3BYKOBOro TeueHust (¢ >> ¢) ypas-
Henue (50.1) npencraBaser coGoH KBasuinHeHHOe TunepGOMU-
YyecKkOe ypaBHEHHE BTOPOrO NMOPAAKA C YACTHBIMH NPOM3BOAHBLIMHU.
Teopus TaKkuMx ypaBHeHMH Xopowo u3BecTHa (CM., Hanpu-
Mep, [46], ra. 6), u MBI OTMeTHM 3JecChb JUllb HEKOTOpDbiE Hau-
GoJiee MHTepecHbe CBOMCTBA pellleHWH STHX YpaBHEHHH.
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[ToBepxHOCTb L ABJAETCS XapaKTePUCTHUECKUM MHOrooGpa-
aueM nas ypaBHenus (50.1) B TOM HM TOJBKO B TOM Ciyuae,
Koraa B Kaxao#t Touke X

n-A-n=0; (50.2)

31ecb 4epe3 N 0603HaueH eNMHUYHBIA BEKTOp HOpMand K X,
a AY =% —o'y/ — matpuua k03 HUMEHTOB ypaBHeHHs
(50.1). 3amerum, uro ycaoBue (50.2) MoxHO samucath B Gosee
npocTo# ¢opme, a MMEHHO '

n-v=*e. (50.3)

TakuM 06pasoM, HOpManbHas KOMIIOHEHTa BEKTOpPa CKOPOCTH V
Ho/mkHa paBHATLCA Ha L MecTHOR ckopoctn 3Byka. Ilycts P —
NpOM3BOJIbHAS TOYKa 006/acTH (CBEpX3BYKOBOrO) TedeHus. Mer
onpenenuM Kornyc Maxa B Touke P Kak npaMo# Kpyroso#
KOHyC C BepliMHO# P, 0Cblo, HANpaBJeHHOH MO BEKTOPY CKO-
pOCTH V, M YTJOM pacTBOpa, paBHbIM yray Maxa A = arc sin ¢/q.
Jlerko Buietb, uto ycaosue (50.3) 5KBUBaJEHTHO TpPeGOBAHHIO,
yTOOB B Kamno# Touke P MNOBEPXHOCTH X 9Ta MOBEPXHOCTDb
Kacalzacb koHyca Maxa ¢ BepliMHOH B Touke P.

PaccMoTpuM snuHeRHBI# S/eMEHT MM, YTO TO XKe, HampasJe-
HHe Ha NOBEPXHOCTM L B Touke P, N0 KOTOpOMY KOHyC Maxa
kacaercs L1). MB Ha30BeM 5TO HanpaB/eHUe XaDPAKMepucmi-
Yeckum Hanpasseruem Ha moepXHoctw L B touke P. Coso-
KYMHOCTb XapaKTePHCTHYECKHX HaNpaBJeHUH Ha XapaKTepHCTH-
4eCKOM MHOroo0pasum oOmpelensieT NOJe HanpaBJeHU#; COOTBET-
CTBYIOILME ITOMY MOJIO KDUBBIE HOCAT HA3BAHHE Xapakmepuc-
muyeckux aunuli. B cooTBeTCTBUU C TEOpHEH XapAKTePUCTHYECKHUX
NOBEPXHOCTEH XapaKTepUCTUYECKHE JIMHUH MOXHO MOJYYHTb,
pelas CUCTeMy ypaBHeHHH

jk
LA, L0 L, (504

ds ds 2 o0x!
NpU CJAeYIOLMX HavyaJbHBIX YCJIOBHAX: Touka X (0) nexut Ha I,
a Bexktop n(0) B 3TO# TOuUKe HampaBJeH MO HOpMalu K X.
$lcHO TO3TOMY, YTO XapaKTepUCTHYeCKas JHHUS BIIOJHE OMpe-
REeNSeTCS CBOUM HAYaJbHBIM NOBEPXHOCMHOLM SLEMEHMOM H,
CJIeN0BATENbHO, 084 XAPAKMEPUCMULECKUX MH02000pa3us,
Kacaowuxcsa 8 Hexomopoli mouxe P, umeiom yeryio sunuio

1) D101 nMHeHHBIA 3JMEMEHT MOMyYaeTcs NPOEKTHPOBAHHEM V- Ha I,
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—_—

CONPUKOCHOBEHUS, KOMOPAs npedcmasisem co6ol xapaxme-
pucmudeckyin AUHuo, RPoxo0awyin wepe3 P. IT0 mnokasw-
BaeT, YTO XapaKTepUCTHYEeCKHE JMHHM HrpaloT B pacnpocTpaHe-
HiU OeCKOHeuHO MaJblX BO3MYLIEHUH TY e pPIJib, UTO U XapakTe-
pHCTHYECKHE KDHUBHIE B MJIOCKOM YCTAHOBUBLIEMCS TEYEHHH.

ITosocka X (s), n(s), ynosrerBopsiouas ypasHenusM (59.4)
u (50.2), HaswiBacTCa Guxapaxmepucmuroi. V13 usnomeHHoro
BhIlLIE CJAEedyeT, 4TO J/000e XapaKTepUCTHYecKo2 MHoroobpasue
MOXHO NOJYYuTH, ,CKJIEUBASA“ HEKOTOpPOE ONHONAapaMeTpA4y2CcKoe
ceMmeficTBO OMXapakTepUCTUK. DTOT PAKT, BEpOSTHO, cTaHeT Gosee
ICHBIM, €C/H BBeCTM B DAaCCMOTpeHde XapaKmepucmudecKil
KoHoud, 00pa3oBaHHbLIA ceMeftcTBOM OHXapakTepUCTHK, TNpPO-
XOLAWMX yepe3 [aHHY0 Touky. Torza nelicTBHe BO3MYLLEHMS,
BO3HHUKIUETO B MPOU3BOJLHOM MHOMXECTBE TOUYEK, OIPaHHYEHO
orubamoule XapaKTepUCTUYECKHX KOHOULOB, BepIIHHBI KOTOPHIX
JexaT B 3TOM MHOXeCTBe TOYeK. 3aMeTHM, UYTO 3TOT MNpoliecc
noctpoeHus orudamooiiet XapakTepUCTHUECKHX KOHOULOB Mpen-
craBaser co0off He 4YTO HHOe, KaKk IIOCTPOeHHe BOJIHOBOTO
¢pounra mo Merony .[iofirexca.

MeTroa XapaKTepUCTHK, B HEKOTOPDOM CMbICJe aHA/JIOTMYHBIH
METOLY XapaKTepUCTHK AJA IJIOCKOrOo TeueHusi, Gbl1 paspaboTaH
IJIs1 UCC/IeNOBaHUs ONpeNeNeHHOr0 KJacca TpPeXMepHBIX CBepX-
3BYKOBBIX TeueHu#t KoGepHom u [DoapoM. B nosBuBmIMXCA He-
naBHo paborax Xoaral) u KobGepna?) paccmarpusanach 3agada
O XapaKTepPHCTHYECKHX MHOrooOpasusX YCTaHOBUBLIETOCS BUX-
Pe8020 CBEpPX3BYKOBOrO TeueHusd. B 3Tux paborax, Tak xe Kak
B 1. 49, ypaBHeHus ABUKeHHsI GBLIM 3aNMUCAHLI B eCTECTBEHHOH
CUCTEeMe KOOpAMHAT, CB3aHHOK C XapakTepUCTAYECKMMU Ha-
npasjenuamu. KoGepHy yaanocb, MCIOAb3Ysl MOJY4YEHHBlE YpaB-
HEeHHs, HAHTH HeCKOJbKO HOBHIX TOYHBLIX pellieHMil 3anayd O mpo-
CTPAHCTBEHHBIX TEYEHUSX.

51. Oco6rie NOBEpPXHOCTH H 3BYKOBHIE BOJHHL. Bcony
BHIlLle B 3TOH CTaTheé Mbl B OCHOBHOM HMeJH [eJ0 C ,Hempe-
PHIBHBIMU IBHXXEHUAMHU“, HHAauYe TOBOpHA, CUHTAAH, YTO TMOJeE
ckopocrelt aBawan Auddepenumupyemo. PaccmoTpuMm Temepb
B 00JaCTH TeyeHUs] MOBePXHOCTb X = X (f), TaKyw0,- 4TO caMu
napamMeTpel TeYeHHs OCTAalOTC HENpPEepLIBHLIMU MpH TNepexoe

'y Holt M, J. Fluid Mech., 1, 409 (1956).
2) Coburn N., Quart. Appl. Math., 15, 237 (1957).
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yepe3 L, a HEKOTOpble MPOM3BOAHBIE OT ITAX BENMUMH TNpET: p-
NeBAIOT NMpH TNepexoje uepe3 X pa3puB (Mpeamnosaraercs, 4To
KaK C TOW, TaK U C IPYroil CTOPOHBI OT NOBEPXHOCTH XL Tmapa-
METpHl TeueHHs HenpepuiBHO NuddepeHUupyeMbl M 4TO HX INpO-
M3BOAHBIE TNDHU NMOAXOJE K X CTPeMATCd K HCKOTOPbIM Npenellb-
HbIM 3HauyeHusiM). Takasi TNOBEPXHOCTb HOCUT HasBaHue 0c060d
nosepxHoOCmMU nepsozo NopPAOKa, uAu nogepxHocmu cAa6020
pa3peuiea, HO 1A KPATKOCTH Mbl OyleM HaspiBaThb TaKylo IO-
BEPXHOCTb NPOCTO 0c060H MOBEPXHOCTbi0. 3anaia 3TOr0 MyHKTA
COCTOMT B BBHISICHEHMH NpPHPOABI CJabbIX pa3pLIBOB M 3aKOHOB
MX pacnpocTpaHeHus B oOLieM cJyyae TPeXMepHOro HeyCTaHo-
BUBILEroCst JIBHNeHHs. Jlerko BuieTh, 4TO 0co0as NOBEPXHOCTDb
00693aTe/IbHO  SIBJSIETCS  XapaKTEPUCTHYECKUM MHOrooGpasueM
(n. 48) m, cjenoBaTeNbHO, MOXHO H3YuaTb OCOOBIE TOBEPX-
HOCTM C 5TOH TOuxu 3peHusi. OJHAKO HEMOCPENCTBEHHPE HC-
C/Ie10BaHUE BOINPOCA O pacnpocTpaHeHHH caabbIX paspLIBOB
fIBJISIETCS, C OLHOH CTOPOHBI, 60Jiee NPUBJEKATEJbHBIM, a4 ¢ LPY-
roif CTOpOHBI, ObicTpee M H3silHEe TNPUBOAMT K TpeGyeMbiM
pes3yJbTaTaM.

[TycTs nMOBepXHOCTb X 3anaHa ypasuenueM F (X, £) ==0 (npex-
nonaraercs, 4ro |grad F|= 0). Toria BexTOp HOpMaJtu N K
M HOpMaabHas ckopocmb pacnpocmpanenuss G 3Tph 10-
BEPXHOCTU omnpelessaioTcs Gopmynamu

grad F

n— OF|ot
T |grad F |’

G=— [grad F|°

[Ipeanosoxum Temepb, UTO HEKOTOPLIf TNapaMeTp TedyeHHs
f=f (X, t) ocTaercs HenpepLIBHbLIM NMPH NepeXole -uepey X, HO
no KpaHeH Mzpe OIHAa M3 KOMMOHeHT grad f mnpereprneBaer
Ha X paspeiB. Mbl nokaxeM, YTO B 3TOM C/ydae CYUIRCTBYeT
Takas ckaaspHas ¢yHkuus o == 0, 3alaHHas Ha X, 4TO

g 0
[grad f1=on, [Wti]:—-aG; (51.1)
KBajpaTHble CKOOrM O00O03HAYalGT 31eCh CKAYOK BEIUUYUHE,
3aNMMCAHHOH B CKOOKax, TpH mepexone yeped X (T. €. P43HOCTb
ee mMpelenbHBIX 3HaYeHUE ¢ pasHBIX cTOpoH oT X)1). Ilau noka-
3aTeqbCTBA 3TOro (QakTa 3aMeTHM, YTO AJs JO0ro HanpasJje-

) dta Teopema mpuHagnexutr MakcBemry (Maxwell J. C,
Electricity and Magnetism, Oxford, 1881, Szct. 78a).
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nus dXx, df, Jexaulero Ha L, HMeeT MeCTO PaBEHCTBO
[ax - grad f + (g) at] =0, (51.2)

TaK Kak f, a C/lel10BaTeJbHO, ¥ NMPOM3BOAHAs OT f MO Hampa-
BNEHHAM, KAaCaTeJbHbIM K [OBEPXHOCTH X, HempepblBHH MNpH
nepexole uepes X. Muaue rosops, ypasuenue (51.2) Beimoa-
uaercsd Las BceX dX, df, Takux, 4TO

dx-gTadF+(%f-)dt=o.

Hs srtoro ciaenyer cpasy, uro

[grad f] __ [9f/0¢]
grad F ~ OFJot °

OGo3nauu Ternepb OOLIYI0 BEeJMYHHY BIUCAHHBIX OTHOLIEHHH

yepes a |grad F|'1. MBI TPUXOAMM K TpeGyeMblM COOTHOLIECHHAM

(51.1). B cuay cootHowenut (51.1)
[%}:—a()_—{—v-an:-—aﬂ,

rie Il =G — v - n .npencrasiser co6o#t CKOPOCTb pacmpocTpa-

HeHus Y OTHOCHTE/NbHO YaCTHLE, Haxonsuiefici B paccMaTpH-

BaeMbli MOMEHT BpeMeHW Ha 3TOH MOBEPXHOCTH.

Ha nosepxHocti ¥, mO NpennoJOXeHUu1o, NpeTepreBaeT pas-
pbIB MpOM3BOIHAA MO KpalHe# Mepe OT ONHOro M3 MapaMeTpoB
TeyeHus p, p, S uan v. M3 npensinymux paccyxueHu#t cienyer,
uTO HalnyTCs 3amaHHble HA ¥ MHOXuTeau a, B, 7 u 8 (xoTd Obl
ONUH M3 KOTOPHIX OTJIMYEH OT HyJsl), TaKue, 4TO

[grad p] =an, [d—p] = —all,

[grad p] =@n, [%] = —pII,
[grad S] = yn, [Ei] — 1L,

[grad v] =23 - n, [—‘;—‘;] =—2IL

W3 ypasuenutt (35.1) — (35.4), cnpaseniuBuX n0 06e CmopoHst
OT NMOBEPXHOCTH X, MBI HaXOLMM Terepb, YTO

—BII 453 n =0,
— 8l +an =0, (51.3)
=0, a=c% + By.

11 Q2A.v 1180
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B stux coornomenusx c2=(0p/dp)g u B=(0p/0S), sBasiorcsa
TEPMONUHAMUYECKHMH TIeDEMeHHbIMU. B 1a/ibHefiueM Npu uccie-
IOBaHMUM CUCTeMbl ypaBHeHHH (51.3) ymoOHO paccMmaTpuBaTth
oTneabHO caydanm a =0 u a=0.

Ocobast MOBepXHOCTb, HA KOTOpo#t a == 0, HasblBaeTcsl 38Yy-
K080l 804HOH, TAK KaK Ha TaKOW MOBEPXHOCTH MpeTepreBaer
paspbiB rpasueHT naBieHus. OTHOCHTENbHAd CKOPOCTb pacmnpo-
crpadenus II 3BykOBO# BOJHBI INPUHUMAETCs, MO ONpeleNeHHUI0,
3a cxopocms 38yra (Beanuuna II, xoHeuHo, MeHseTCs npu Tepe-
X0Ze OT OZHOH ToukM X K Ipyro#f, Tak uro GoJee MpaBHJIbHO
HaswiBate Il mecmuoi cxopocmeio 38yxa). Iokawxem, urto
TaK OINpeleJeHHas CKODOCTb 3ByKa COBNAlaeT IO BeJUYUHE
c c:V(dp/dp)S. HetictBurensHo, mpu a == 0 B cuay BTOpOro
ypasHenust (61.3) II = 0; o6pamasicb K TpeTbeMy YpaBHEHHUIO
(51.3), Mbl BuAMM, uTO Y ==0. YMHOXHB NpaByi0 yacTb BTOPOIO
ypaBHeHus (51.3) cxaaspHO Ha N U BOCHOJb3OBABILUCH YeTBep-
THIM, NPUXOIUM K paBeHCTBY

—pTI3 - n+ ¢ =0. (51.4)

Haxoueu, uck/lOYeHHe U3 3TOr0 ypaBHeHHs pd - M MPU TOMOILH
nepsoro ypaBHenus (51.3) naer TpeGyeMoe paBeHCTBO:

H:ic:i]/m (51.5)

\ ¥

[MpusenenHoe o6ocHOBaHHE (OPMY.abl [/ CKOPOCTH 3ByKa MNpH-
HajIexuT mo cyuwectsy [torouno!l). 1o o6ocHOBaHMEe CpaBHH-
TeJbHO NMPOCTO, BMOJHE CTPOrO C MaTeMaTHUecKoH TOuku 3pe-
HUSl ¥ OCHOBAHO Ha YeTKOM OIpeleseHud, NMPUMEHUMOM K INpo-
M3BOJILHOMY Te4YeHHIO uleanbHOH kuikoctH. OO6ocHoBaHue ¢op-
MyJbl JJs CKOPOCTH 3BYKa, TNpHUBeJeHHOe paHee B m. 35, yno-
BJIETBOPSIET B JyulleM CJyuyae TOJbKO TepBOMYy M3 3THX
TpeboBanuit. Crenyer sameTuTh, OIHAKO, YTO HCIOJL30BAHHBIA
MeTOJ TaKMXe He OXBaThiBaeT BONpOCa BO BCefl ero moOJHOTe,
TaK KaK OH NPUMEHUM TOJbKO K JIBHXEHHAM MIEaNbHOH XUIKOCTHU.
Jpyroit 6onee oO6wWME MOAXONL K TOHATHIO CKOPOCTH 3BYKAa,
B HEKOTQODOM CMBIC/IE CHHUMAIOIIMK yKa3aHHBIX HeLOCTAaTOK, OyneTr
M3JI0XKeH B M. d7.

Y Hugoniot H., C. R. Acad. Sci. Paris, 101, 1118, 1229 (1885);
Math. Pures Appl. (4), 3, 477 (1887); 4, 153 (1888).
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YCTaHOBUM HEKOTOpbie IOMOJHUTEbHbIE CBOHCTBA 3BYKOBHIX
BoaH. B cuny pasenctBa Il=G — v -n Mb umeem

[v-n—G|=c¢, (51.6)

T. e. PasHOCTb HOPMAa/MbHOH CKODOCTH B TOYKE MOBEPXHOCTH X
M CKODOCTH pacrlpocTpaHeHMss Y paBHa N0 abCOMIOTHOH BelH-
yyHe CKOPOCTH 3BYKa ¢. JTO COOTHOLIEeHHe fABJseTcs 0600LIeHHeM
pesyJ/ibTaTa, MOJYYEHHOro paHee NMpPH HCCJeNOBAHHH XapakTepuc-
THYECKUX MHOrooOpasuit ycraHoBusLierocsi TeueHusi. [Ipu mepe-
XO0lle uYepe3 INOBEPXHOCTb 3BYKOBOH BOJIHEI Mbl HMMeEEeM TaKxke
Y==0 u[w] =28 X n=_0; TakumM 06pasoM, ILMPOnus s8ALEMCS
HenpepblsHo Ouggepenyupyemoii @GyHKyuel, u 3a8uXxpeH-
HOCMb OCcmaemcs Henpepul8HOU npu nepexode uepe3 poHm
38YK0801 804Hb,. AHAMOTHUHLIM 006Pa3OM NpH NOMOLIU BTOPOrO
ypasuenus (51.3) mpoBepsieTcs Henpepui8HOCMb KACAMEAbHOU
cocmasanouel YKo perHus:

[a]—_——811=_‘;‘_n,

Paccvorpum Temepb ocoOble MOBEPXHOCTH, Ha KOTOPHIX
a=0. Us Broporo ypasuenus (51.3) cuexyer, uro Il =0
(B MPOTHBHOM CJIy4ae Mbl NOJAYYHJIH O, 4T0 & =P =7 =198 =0),
a rak kKak dF/dt = —1ljgrad F|, 310 o03HauaeT mno Teopeme
m. 8, 4TO BO BCe BpeMsi IBUXKEHUS! IOBEPXHOCTb X COCT4BJEHAa U3
ONHUX M TeX Xe YacTHL XuAKocTH. IIpu nepexole uepes Takue
MOBEPXHOCTH KOHTAaKTHOTO paspblBa INepBble MPOU3BOJHLIE OT
IaBJieHusl, NMBEPreHUMs CKOPOCTH M YCKOpPEeHHWe GCTAalOTCs Herpe-
PBIBHEIMH.

B cayuae HecxnMaeMOft KUIKOCTH cucteMa ypaBHeHu#t (51.3)
3aMEHsieTCd NEPBLIMH IBYMS YDaBHEHHSMH STOH CHCTEMH u IO-
NOJHATENbHBIM ycI0BHeM B == 0. YMHOXUB CKa/SpHO JIEBYIO 4aCTh
BTOpOro ypasHenusi (51.3) HAa N W CPaBHUB MOJyYeHHOE paBeH-
CTBO C NEpPBEIM ypPaBHEeHHEeM, Mbl MOJyuuM a == 0, U3 Yero B CBOIO
ouepenn caenyer, yro Il ==0. Takum o6Gpasom, 8 cayuae meue-
HUsl Hecotumaemol KHCUOKOCMU 0COObLMU NOBEPXHOCMAMU
MO2ym  Obimb  MOABKO NOBEPXHOCMU, NepeMeuanuuecs
8mecme ¢ HudKoCcmoio.

Ecan ocobyio mosepxnocTh paccMatpuBath Kak (UKCHpOBaH-
HOe MHOrooOpasue B YeTHPEXMEPHOM NpOCTpaHCTBe (X, f), TO
ycaosue (51.6) MOXHO COHOPMYIHPOBATHL B BHAE CJAEAYIOLIETO
reOMEeTPUYECKOTO KpUTepHUs: 8 Kaicoolk mouxe P 3syxosod

11*
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804HbL gﬁpoum B80LHBL Kacaemcs KORYcCaQ

| X — vpt|2=c2f? (51.7)
-no xapakmepucmuuecKol AuHuu
x=(vpEcpn)t. (51.8)

B amoii gpopmyasuposke npeonosazaemcs, 4mo HaA4arLo Ko-
opournam nomeweno 8 mouxy P. Popmyam (51.7) u (51.8)
JONYCKAIOT NPOCTYI0 HHTEPNpETalui0 B TepMHHAX PacIpoCTpa-
HeHus 3BYKOBOH BOJIHB B MNpocTpaHcTBe (mpuHuun [iofirenca).
AnanoruuHbiM 00pasoM 8 Ka@oc00# mouKe NOBEPXHOCHU KOH-
MaKmHo20 pa3puiea 3MmMa NOBEPXHOCMb KACAEeMCS AUHUU

X = Vpt. (51.9)

Kak 6blI0 OTMeueHO Bbime, Kaxjas 0co6as MOBEPXHOCTb SABJSETCH
XapaKTepHCTHUeCKHMM MHoroo6pasneM. OG6paTHOe, KOHEUHO, HEBEPHO,
OJIHAKO B JI0GOM CJlyyae Ha XapaKTEPUCTHYECKOM MHOrO0GPa3uy JOMKHBL
YIOBJETBOPSATbCS TEeOMETPHUYECKHE YCJOBHS, ONpEIEJAoue 0cobbie
nosepxHocTH. [lpeapigymuii aHaaM3 HOKAa3BIBAET, YTO B MPOHU3BOJBHOM
TEYEeHHH CXMMAeMOH MKMAKOCTH CYINECTBYIOT IBa THIA XapaKTePHCTH-
‘YyeCKHX MHOrooOpasuif: MHOroo6pasus IepBOro THIA — 3BYKOBbIE
BOJIHBI — KacaiTcs KoHycoB (51.7), MHOroo6pa3usi BTOPOro THIA — IO-
BEPXHOCTH KOHTAaKTHOTO pa3phiBa — KacaloTcsi JuHHH (51.9); pasauuus
Mexly MHOroo6pasusiMM IIEPBOrO H BTOPOrO THNA yKasaHbl B Tabu. 3.

Ta6auya 3

OcHOBHbIE pasNHYHsI MEXAY ABYMsi
THNAMH 0COGbIX NOBEPXHOCTEH
nepBoro nopsiika

T 3BykoBas KoHTakTHBI

un BOJIHA pasphiB

CkopoCTh V op 0
pacmpocTpaHedns | €= ( /s
Henpepoisune a; a
BEJHYHHB
® 0, o,
grad S grad p

Tounee, mMnO2006pasue X ssasiemcst xapakmepucmuuecKum
8 MOM U MOALKO 8 MOM CAYy4ae, K0z20a 8 Kaxc00i mouxe P smo
MHO02000 pas3ue Kacaemcs au6o konyca (51.7), aubo aunuu (51.9). dtot
Pe3yabTaT MOXHO MOJAYYHTb TaKke HENOCPEACTBEHHO M3 ONpeleleHHs
XapaKTEPHCTHYECKOrO MHOroo6pasus. HyxHO 3aMeTHTb, YTO HEKOTOpbIE
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BONPOCH TEOPHH XapaKTEePUCTHYECKHX MHOroo6pasuii B HacTosmiee
BpeMs eme He paspa6oranbl. Teopusi 6HMXapakTEpUCTHK HCCAENOBaHa
JuIb B OOIMX YepTax, He HalJeHO ypaBHEHHe, ONHCHIBAIOLIEE PACHpPO-
CTPaHEHHE Pa3pbIBOB BAOJAb XapaKTEPHCTHUYECKHX JIHMHHH.

§ 6. CnenuaJnbHeie BONPOCH

52. Tpanc3BykoBoe TedeHue., Teuenue rasa Ha3biBaercs
TPAHC3BYKOBHIM, €C/M 3TO TeYeHue B ONHOH CBOe# 4acTu ABJser-
ci NO3BYKOBBIM, a B JDYro#t — cBepx3ByKOBHIM. B mociennee
BpeMs [OBMJIOCh MHOTO paboT, NOCBAIIEHHBIX HCC/EN0BAHUIO
pasJMUHBIX 3a/la4 TEOPUM TPAHC3BYKOBHIX TeYeHHH, ONHAKO HENO-
CTATOK MeCTa 3aCTaBJjisieT HaCc OTPaHUYUTHCH OJNHMM M3 pa3lelioB
sTo#t Teopuu. PaccMaTpuBaeMbi#f HaMu Kpyr BONPOCOB MpPENCTaB-
JSieT 3HauuTebHBIt ¢usMuecKufl HHTEpec; MPH STOM BLIICHAETCS
TaKXe XapakTepHas MaTeMaTHyeckas OCOOEHHOCTb TeueHHHt
B TPaHC3BYKOBOM pexuMe.

PaccmMoTpuM oOGTeKaHHe HENMOABMXKHOIO TNpOGHJs IJIOCKHM
YCTAHOBMBIUUMCA TNOTOKOM MA€albHOTO Tra3a, ONHOPOAHBIM Ha
G6eckoHeyHocTH. Kak OBIIO yKa3aHO BhIlllE, CYLIECTBYET €IUHCT-
BEHHOe J03ByKOBOe oOrekanue npu M., M3 HEKOTODOrO HHTEp-

Basa 0 < Mo, < M, npuuem npu npubamxenud My, k M makcu-
MyM MeCTHOTO uMc/Ja Maxa CTpeMHTCS K elMHHLe. DKCIepuMeH-
TajibHbie  HaOJIOLEHWs  MOKa3blBAlOT, YTO NpH JaibHeHuieM
yBeandeHuu M, BOJM3UM TNpPENATCTBUS PA3BMBAKTCA MECTHhIE
CBEPX3BYKOBbIE 30HBI M, HaKOHell, NPH HEKOTOPOM KPUTUYECKOM
3HaueHWM yucJa Maxa B CBepX3BYKOBHIX 30HaX BO3HMKAIOT yAap-
Hble BOMHb. Yncio Maxa My,, TpH KOTOPOM BriepBble BO3HH-
KaloT yINapHbie BOJHBI, ONpejeJseTc He BMOJAHE OLHO3HAYHO,

omHako Bcerga M < Myn_ < 1.

[Moab3ysacy MeronoM roaorpada, MOXHO MOCTPOUTHb Psl TOY-
HHIX TIPUMEPOB TPAHC3BYKOBHIX OOTekanu#t npoduasl). dtu Tou-
Hble pelleHHs, HECOMHEeHHO uMelomue OOJ/blIOE 3HAYeHue,
He MOTYT TapaHTMpPOBaTb, OJAHAKO, CYLIECTBOBAHUA TPAHC3BYKO-
BOro oGTeKaHUss NPOU3BOJBHOTO NpPOQH/A; KPOME TOrO, HH OILHO
M3 U3BECTHBHIX pelueHUH, NOJYuYeHHHIX MeToLOM -romorpada,
He 1aeT HaM HeNpepLIBHOTO Nepexoia OT LO3BYKOBOTQ K TPaHC-
3BYKOBOMY OOTEKaHHIO OQHHO020 PuKCUpOBAHHO20 TPOPUIL.

) Cm. crarbio Jlafitxuana B kuure [33], cTp. 251, a Taxxe paboty
Yeppu égc herry T. M, Phil. Trans. Roy. Soc. Lond., Ser. A, 245,
583 (1953)).
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MoxHo Obl0 OBl HazefITbCA, YTO JajbHeRIIMe HCCJIeIOBaAHHUS
YKaXyT MyTb PeIleHHsi STHX HEeACHHIX BONPOCOB, OJHAKO NMpHUBJIe-
Kare/JbHasi TUNOTe3a O npelenbHON JWHHM, NMpeLJIOXeHHas NJs
o6 bsICHeHHsT MeXaHH3Ma BO3HHUKHOBEHMS! YIAPHBIX BOJH TpU yBe-
JauyeHud M., B NepBOHAYyaJbHO HeNpepbIBHOM OKOJO3BYKOBOM
o6rexaHnu (PUKCHPOBAHHOTO mpoduas '), okasansach Henpasuib-
Ho# 2). TIpuuuHy TaKOro CTPaHHOIO MOJIOXEHHS Belue# OGDBACHSET
teopema Hukoabckoro u TaraHosa 3):

Ecau 8 HenpepvlBHOM NOMEHYUAABHOM Mederuu Cyuecn-
8yem MeCmMHAs C8EPX38YKOBAsL 30HA, NPUMBLKAOUAN K OYy2e
2paHuysl, mo sma 0y2a O00AHCHA Obvimb CMpo20 BbLLNYKAOL.

CoranacHo 3TOH TeopeMe, J[OKasaTeabCTBO KOTOpo# Oyner
[pUBeLeHO HUXKe, M000e TPaHC3BYKOBOe OOTeKaHHWe sBJseTCs
HEYCTOWYMBBIM, TaK Kak €ro BCeria MOXHO pa3pylIuTb
CKOJIb YrOILHO MaJ/biM H3MEHEHHeM Npodu/si, a MMEHHO 3aMeHO’
HEKOTOpPOTO y4yacTKa FpaHUlbl B CBEPX3BYKOBOH 00.1aCTH OTpe3-
KOM npsaMofi uiauM BorHyto# ayro#i4). Takum obpasoM, ecrect-
BEHHLIM BHIBOAOM M3 TeopeMb Hukouabckoro u TaraHosa siBasiet-
Csl HEeKOPPEeKMHOCMb 3Q0Q4U O HenpepouléHOM MPAHC3BY-
KO08OM OOmexarul @uUKCUPOBAHHO020 NPOPUALL 8 PAMKAX
meopuu udeaavroli ocudxocmu. 3Arot ¢akT OB 3aMeueH
He3asucuMo apyr ot npyra dpankaem, ynepsieem u bBysema-
HOM 5); TOYHOe [10Ka3aTeAbCTBO HEYCTOMYMBOCTH TPAHC3BYKOBOTO
o6rekanus ony6aukoBaHo Mopaseu B 1957 roay ).

O6bscHEHHE HCCJELYyEeMOro fBJCHHSA CBA3aHO, NO-BHIHMOMY, C BIHd-
HHEM BSISKOCTH B IOrPAaHUYHOM CJO€. BHemuss rpaHyiia norpaHu4yHoro

1) DTH yTBEpWKAEHHS OTHOCATCA TOJbKO K TCOPHU HAEANbHOM KHI-
KOCTY; €CJM NPHHUMAaTb BO BHHMaHHE BAMSHHE BSI3KOCTH, TO Pa3BUTHE
TeueHus: NpH yBeaunueHHH M GyneT HECKOJbKO HHBIM.

2 Friedrichs K. du Comm. Pure Appl. Math., 1, 287
(1948); 6osee mpocToe J0Ka3aTeabCTBO MpHBeleHO B pabore KoaoxHepa
u MopaBen, (c6. Mexanura, Ne 2 (24), 14 (1954)]; cM. Takxke cTaTbio
Menyasana [c6. Mexanura, Ne 5 (33), 64 (1955)).

 Hukouabcxku#i A. A, Taraumos I. U, Hpurc/l. Mam.
u Mex., 10, 481 (1946).

4 VlCHOJszyH MeTOH, aHaJjoruunbiii Merony Hukoabckoro u Ta-
radoBa, I'. JlxoHcon (Johnson H. Masters thesis, U. of Minn.)
[0Ka3alJ, YTO OCECHMMETPHUHOE TeueHHe TaKxie HEeyCTOHYHBO OTHOCH-
TEJbHO MaJbIX M3MEHEHHH rpaHMIbI.

5y bpaunkap . WU, puxa mam. u mex., 11, 192 (1947),
Guder]ey G., Wright Field Rep. Ne F-TR- 1171- ND Buse-
mann A., J. Aeronaut. Sci., 16, 337 (1949).

6) Morawetz C. S., Comm. Pure Appl. Math., 10, 107 (1957);
11, 129 (1958).
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CJIOS MPEAMNOJOKUTEIbHO NPHHHMAaeT GOpMY, COOTBETCTBYIOLIYIO XapaK-
TEPY HeBA3KOro TeueHHs BHE MOTPAHMYHOrO CJOS; HpPH yBeJHYEHHH
M, B HekoTOpO# TOuUKE BHEIMHEH TIpaHHIBI NMOTPaHHYHOI'O CJOS KPH-
BH3HA CTAHOBHUTCS OuYeHb O6OJbIIOH H B TEUEeHHH BO3HHUKAET YAapHHIH
pa3pbiB. JTO MpEINOJOXEeHHE INONATBEePKAAETCA DPe3yJbTaTaMu.paboThl
®puapuxca, Ha KOTOPYI0 MBI CCBHIIAJHCh BblHe. JIMHb CUHMTAeT, 4TO
3ajaua O TPAHC3BYKOBBIX TCUEHHAX HMMEeT pelleHHe NI AHAAUmu-
yeckux BBHIMYKABIX Npoduiell; ecau 3TO HeHCTBHTEJbHO. TaK, TO Ha
OCHOBE TPUBEIEHHBIX BbIIIe COOGPaXKeHHH O POJH NMOrPAHHYHOrO CJOS
MBI T0Jy4aeM HEYTO BPOAE TEOPEMbl CYIIeCTBOBAHUA JJs TPAHC3BY-
KOBBIX O6TeKaHHH mpodus.

B COOTBETCTBHM C BBIIIECKAa3aHHBIM MBI HMMEEM OCHOBAHHSl CUH-
TaTh, 4TO 8He TOTPAHHYHOTO CJOS TPAHC3BYKOBOE TeueHHe SBJISETCSH
HenmpepbiBHbIM. HexoTopbie CBelleHHSs O BO3MOMXHOM PaCHOJOXEHHH
MECTHBIX CBEPX3BYKOBBIX 30H MOXHO MOJYYHTb H3 TeopeMbl HuKOJIb-
ckoro — TaraHoBa; HamnpuMep, paHblle BCEro CKOPOCTb 3ByKa JOCTH-
raeTcsi Ha BHIYKJAbIX Y4YacTkax Opoduad, TaM Xe paHblle BCEro
HOsBJAfETCA CKadok. TeopemMa NMPHUMEHHMA TAaKXe K MECTHHIM CBEpPX3BY-
KOBHIM 30HAM BHYTPH ILIOCKOrO COMJa H MOXeT GBITb HCIOJb30BaHa
IJs OThICKaHusi TOYKH ¢ uuciaoM Maxa M =1 npu oKo103ByKOBOM
o6TeKaHHU KJHHA.

IlokasaTenbcTBO  TeopeMbl  Huko/abckoro — TaraHoBa  Mbl
pasobbeM Ha TpPH YaCTH.

1. ITycmos o6aacme meuenus pa3busaemcs HA 30HbL
0038YK08020 U CBePX3BYK08020 meueHus 38YKo8oii sunueli C*,
ra xomopold M=1. Tozda
npu o6xode C*, ocmasanio-
wem C8epX3BYKOBYIO 30HY
Cnpasa, Y204 HAKAOHA 8eK-
mopa ckopocmu  MOHO-
mouno ymenswaemcs Ha C*
(puc. 9).

O6osHauuM yepes S u s*
COOTBETCTBEHHO [IJMHY IYyTH

aMHMM  Toka W JuHun  C*. ' Nurus moka
Toraa (cm. puc. 9)
0% 0% 0} . Puc. 9. Ionoxenue 3BykoBoft
W == —()_S- COos )\+ 5";‘ Sin )\. auHuu C*.
(52.1)

Tax xak Ha Juaun  C* BumoJHsiorcs  yciaosus M=1

u qg=gq,=const, T0 B cuiy ypasHenu# (41.4) B ectecTBeH-

HEIX KOOpAMHATax coOoTHOlleHHe (52.1) MOKHO 3anucaTb Tak:
o8 1 oq A — cos?A odq

03*_?;5;‘:08 = % 57?—,'.
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[TockoJbKY HOpMa/ib n* HanpaBieHa B CTOPOHY 30HH 103BY-
KOBOTO TeuyeHus, Mb uMmeeM 0g/on* <0 u, caenoBaTe/nbHO,
0%/0s* < 0. YTBepxIeHHe JeMMbl NOKa3aHO.

B cooTBercTBUM C 3TOH NeMMO} CBEPX3BYKOBAs 30HA HE MOXET
AexaTb BHYTpPU 06JacTH TeyeHHs, TaK Kak TMpH NMOJHOM obxolne
rpaHuubl BHYTpPeHHe# CBepPX3BYKOBOH 30HBI MBI MNOJYYHJIHd Obl
NpoTHBOpeYHe C OLHO3HAYHOMH ONpele/eHHOCTbIO yriaa .

2. O6pa3 mecmuoil cB8epPxX38YK0BOH 30Hb. D, NpumbiKa-
fowell K 2paruye obaacmu medesus, npedcmasgasem co6oi
00HOKpAMHOE NOKpbLimue HEKOmopoh 004acmu NAOCKOCMU
2odozpadgpa.

PaccMoTpuM xapaxkTepucTiky C_ ¢ HaualoM B HeKOTOPOH
Touke P, pacnonoxeHHON Ha npoduse B CBepX3BYKOBOH 30He.
drta XxapaKTepUCTHKA KOHYaeTcs B HeKOTOpOH Touke A 3ByKOBOH
JMHUH, TaK KaK OHA, OYEBMIHO, HE MOXeT BEepPHYTbCS Ha NpoO-
¢uab. Ilyctb Q — nepeMmenHas Touka ayru AP, u nycTb R
0603HayaeT TOYKY MNepeceyeHHs 3BYKOBOH JMHHM C XapakTepH-
crukoft C,, Buxomswe#t us Q (cm. puc. 10). B naockocru

Puc. 10. JlokanpHas cBepx3ByKOBasi 30Ha.

@ — 10KaJbHas CBEPX3BYKOBas 30HA B IJOCKOCTH TedeHHs, 6 —o0pa3 JNOKaJbHOH CBepx-
3BYKOBO/ 30HH B IUIOCKOCTH roaorpaga.

rogorpada obpasm stux Touek A’, R/, B’ uMeloT ykasaHHHH#
nopsinok, Tak kak 0%/ds* < 0. IMostoMy, Koraa Touka Q mpoxo-
aur ayry AP ot toukn A k Touke P, Touka R’ nBuxkercs
or A’ x B’, a touka Q' —or A’ k¥ P’. Tenepb /erko BUILETb,
4YTO NpH NepeMelieHud A BIOJb 3BYKOBOH JuHuu 06pas ob.a-
¢t D Ha IUIOCKOCTH roporpaga MOKPHIBAETCS OJHOKPATHO.

3. TlepexonuM K mOKa3aTe/bCTBY HeNOCPeACTBEHHOI'O YTBEPXK-
nenus teopeMbl Hukoabckoro u Taranosa. Ilycte A o6Gosnauaer
obpas ayru npoduas P,PP, na naockoctd ronorpada. Ilpu
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ABWXXEHUH 1o Kpuo# A P; x P, (NONOXKATENbHOE HATIPaBJeE-
HHe OTCYeTa §) yroa U [IOMKEH MOHOTOHHO YGBIBaTh, TaK KakK
B TNpPOTHBHOM caydyae kpuBad A mepeceksaa O HEKOTOPYIO
XapAKTEPUCTHUKY HOBAXIbI, a 3TO HEBO3MOXHO B CHJIYy TOrO, YTO
00a KOHLA XapaKTepUCTHKM He MOTYT JexaTh Ha rpaHuue o6na-
ctn Teuenns. Crenosateabho, 0%/0s <O Ha nmyre P,PP,
M paccMaTpuBaeMas JOyra TpaHulbl AOKHA ObITb BBINYKJIOH.
(IlanbHefiiee HcClelOBaHUe MOKA3HIBAET, YTO 3Ta Ayra NOJKHA
GbITb €M pPO20 BHIMYKJIOHN, OIHAKO MBI 9TOTO JOKa3biBaTh He OyleM,
TaK Kak TOc/elHee YTBEPXKIEHHE HE COLEPXUT CYLIECTBEHHO
HOBOI'O pe3yJ/bTaTa.)

[IpuBeleHHbIe BBHILE pPAacCyXIeHM MOKA3BIBAIOT TAKKe, YTO
o6pa3 CBepX3BYKOBOH 30HH Ha MJIOCKOCTA Troforpada Jexur
B o6JacTd, OrpaHuueHHOH xapaktepucTukod I', BEIXxOmslleH U3

U ’
tToukn P,, u xapaxtepuctuko#t I'_, Bmixomsawe#t u3 Ttouku Pi.
Takum 0O6pasoM, MAaKCHMYM MOLYJs CKOPOCTH ¢ He MOMKeT
NPeBOCXONHTL ¢, ONpeJe/]eHHOro 1o dopmyae

» a.l_"'=}2

1) =—"5",
rie == Tt (g) — ypaBHeHHe XapaKTePHCTUYECKUX KPUBHIX.
Oas TtoHkux npoduied yrasl & u ¥, Mano oriMualOTCA ApYT
OT Ipyra H, CJelOBAaTeJbHO, BeJHYHHA CKOPOCTH B MECTHOH

B
- Yoapras nurun

Xapaxkmepucmuxe
+

Puc. 11. JloxanrbHas CBepX3BYKOBas 30Ha,
OrpaHHuYeHHas yAapHOH JauHueil.

CBEDX3BYKOBOH 30He HENpEepHIBHOrO TeuyeHUs He MOxeT ObiTh
BeJIMKA.

Uurareab MoxeT 6e3 Tpyna ybeauTbCs, 4TO peayJbTaThl MyHK-
TOB 1, 2 M 3 mpuMeHUMBl B paBHOH Mepe M K CBEpPX3BYKOBOI
obaactw P;BP, nokasauHo#t ua puc. 1l. Tak xak ykasaHHas
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KOHQurypauus no HabawoleHusM BMOJNHE YCTOHYWBA, MBI MMEeM
3leCh elle OJAHMH TIpuMep TOHU ompene/dioUled pOaU, KOTOPYIO
UrpaeT 110rPaHUYHBIA C/IOH B Cria)XMBaHMW HEPOBHOCTEH Npodus
B TPaHC3BYKOBOM TEUYEHUH.

53. Uckaouenue naBJeHHS W NJIOTHOCTUH H3 ypaBHEHHH
ABMMeHus, IlpencraBiaser oOnpeleeHHb#t uHTepec 3ajgasa 00
UCKMoueHnd p, p u S u3 cucteMsl ypasHenu#t (35.1)— (35.4)
¥ BBIICHEHHS MOCPEJCTBOM 3TOrO yC/JOBMH CYLIECTBOBAHHSA U €1MH-
CTBEHHOCTH 0.1 CKOPOCTeH MPOU3BOJILHOIO ABHIKEHUS XKUIKOCTH.
B o6uieit mocraHoBKe 9Ta 3ajaya ‘Oblsia pelleHa HelaBHO Bep-
KepoM 1), OLHAKO H3-3a CJHOXHOCTH MCCJIENYyeMOro BONMPOCA Mbl
pPEeKOMEHIyeM uuTaTeno Mo MNoBOAy oOweH 3anayu 0OpaTUTLCS
K nepBOMCTOUHUKY. B paGore Bepkepa noayueno Takxe HeCKOJbKO
HOBBIX TOYHBIX peLIeHHH.

HccaenoBaHue BONMpOca HECKOJbKO YMpOLIAeTcs, ecau orpa-
HUYMTbCA TJIOCKUMH YCTaHOBUBLUIMMHCS Tededusmu. i coBep-
LIEHHOTO Tra3a C TMOCTOSIHHLIMU  yIeJbHbBIMH TeNJ0eMKOCTAMU
dpuxcen 2) NOAyyMaI CUCTEMY ypaBHeHUH:

oMz KMz \
=5 =72 +G— 1) M2,

OM?2  M2(M2— 1)[01(

(63.1)
o o
o K [ 55— 2Kx— 2 (G v

B KOTOPYH BXOJAT TOJNbKO 4YHC/I0 Maxa u BeJHUMHEI, Onpeje-
JI0LIHEe TeOMeTPUYeCKyI0 KapTuHy TeueHus (x M K — KPUBU3HBI
JUHHH TOKa M HUX OPTOrOHAJMbHHIX Tpaekropuit). M3 ycsioBus
COBMECTHOCTH cucTeMbl (53.1), T. e. U3 COOTHOIIEHHS

o (of o (df\ __ of of
_ﬁ(_ﬁ)_ﬁ?(%)_xa_ﬂw—ﬂ, (53.2)
rie f=M?, oH Haumen, 4TO
AG3 4 A,G2 4+ A,G+ Ay =0; (53.3)

snecb G=M?2—1, a xoapduunentst A;, A, A, u A, 3aBu-
CAT TOJAbKO OT %, K W uX npousBoiHbiX. OTMeTHM J[Ba HHTE-
PecHBIX CJeNCTBHA 3TOrO pe3yJbTaTa:

Y Berker R, C. R. Acad. Sci., Paris, 242, 342 (1956).
2) Ericksen J. L., Bull. Tech. Univ. Istanbul, 6, 1 (1953).
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1. Ecau u3secmna Kapmuna auHul moka (nanpumep,
no gomozpaguu), mo ypasrernue (53.3) nos3soasem onpe-
desrums wucao Maxa, a credosamensno, u ckopocmu coom-
8eMCMBYIOU,20 MedeHUs.

2. He wmoocem cyuecmsosams 6Gosee mpex pa3iuuHblx
meuerul, coomsemcmsywouux O00HOH U MOL Jce KapmuHe
aunuli moxal).

B cayuae G6Ge3BHXpeBOro IJIOCKOTO [BHXEHHs BOMpoc 06
HCKJIIOYEHHU JaBJIeHWs M TJIOTHOCTH OBl pelleH HaMH NpH
BhIBOLE ypaBHeHu#t (41.4) B ecTecTBeHHBIX KOOpAMHaTtax. [Ipume-
HEeHHe K STUM YpaBHEHHSM YCJOBMA coOBMecTHOCTH (53.2), rne
f =10g q, NpUBOAUT K KBALPATHOMY ypPaBHEHHIO OTHOCHTeJbHO G,
N0TOMY He MOXeT CYIIeCTBOBaTb 60Jiee IBYX pa3/iMuHBIX Ge3BHX-
peBHIX TeyeHMH C 3alaHHOM KapTMHOM Junu# ToKa. Hcnosb3sys
Apyroit Meron, DpukceH?) mokasal, 4TO Ha CaMOM leJie CyLecT-
ByeT TOJbKO ONHO Takoe TeuenHe. TouHee, MM INlOKa3aHO cCJe-
nyiolliee yTBepkAeHHe:

Lsa nrockux 6e3suxpesolx mewenus cosepulenroz0 2a3a,
umeuux 00HY U MY Jce KAPMUHY AUKUL MOKA, ABASIOMCA
dunamudecku noOOOHULMU.

) Cm. takxke cratbio Tomaca u Bepumrredina [Thomas T. Y,
Bernstein B, J. Rational Mech. Anal., 1, 703 (1955)).
) Ericksen J. L., J. Math. Phys., 31, 63 (1952).
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YAAPHBIE BONHL! B UAEANLHOW HUAKOCTH

Xopowo u3BeCTHblE IKCNEpUMeHTaAbHble HA0JI0JeHUs MOKa-
3LIBAIOT, YTO B TEYEHWHM T'a3a MOTYT CYLLECTBOBATb MOBEPXHOCTH,
NpHU Nepexoie uepe3 KOTOpHe BEJHYMHB LABJAEGHHS U TJIOTHOCTH
pe3ko MeHsioTcsl. JIOBOAB (PM3MYECKOrO M MATEMATHYECKOrO Xa-
paKkTepa B NOJb3Y CYLIECTBOBAHUA TAKHX NMOBEPXHOCTeH — CKay-
KOB, HWJH YIAapHBIX BOJIH, — TaKXe XOPOIUIO H3BECTHH U OCBe-
IeHbl B IIKPOKOM Kpyre paGoT mo ra3oBoii nuHamuke. 3a
HEJOCTATKOM MeCTa Mbl 3TOr0 OGOCHOBaHMS He TNpPUBOLHM l).
JanHad riasa NOCBSAlLlEHA OCHOBHBIM TEOPETHHYECKMM pesyibTaTaM
HCC/IefloBaHUS 3alayd 00 ylapHbHX BOJHAX. DYAyT BhIBENEHH,
B YAaCTHOCTH, COOTHOIUIEHHS Ha YNAPHOM (PpOHTE, YCTAHOBJEHH
HEKOTOpHle NPOCThble CBOMCTBA YAApPHBIX BOJH M ONMMCaHA HX

CTPYKTypa.

54, CoorHomeHus Ha paspeiBe, C MaTeMaTHuecKO#f TOUKH
3peHHust ylapHas BOJHA npeiacTaBiseT co00#f MOBEPXHOCTDb
Y=X(f) B obsactu TeueHus, NpHU IMEPEXOie Yepe3 KOTOPYIO
XoTd Obl ONHA M3 NepeMeHHHX V, p, p U S MeHSeTCs CKAauyKOM.
IIpy BEIBOJE COOTHOIUEHUH, BBHINOJHSAOLIMXCA Ha yAapHOM ¢(poHTe,
Mbl Oynem ynorpebasth uHIekc ! aas o603HauyeHUs BeJUYMH IO
OJHY CTOPOHY OT yIapHOH BOJHB W HHIAEKC 2 1js 0003HaueHHd
BeJMYUH MO APYrylo ee cTopoHy. (BmocsienctBunm uHuexc 1 6yner
OTHOCHTbCA K TEYEHHIO Tmepel yNapHO# BOJHOH, HO B JaHHBIR
MOMeHT 062 HHIeKca BIOJiHe paBHONpasHbl.) O003HauuM yepes 1
eIMHUYHBI/ BEKTOP HOPMaiu K NOBEPXHOCTU L (£), HampasJ/eH-
HH# B cTOpOHY oOaactu 2, a uyepe3 (G — CKOpPOCTb pacnpo-

) Cm. kuury [21), § 50, 117, u cratbio KaGaHHa B RaHHOR dHuM-
kaonenuu, ToM [X.
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CTpaHeHUs TMOBEPXHOCTH B 3TOM HanpasJIEHHH. Torna 3HaueHus
NMepeMEeHHBIX Ha JIBYX CTOpDOHAaX IIOBEPXHOCTH L cpssaHbl cae-
AYIOUUMA COOTHOLUEHUSAMM:

[pU]=0,

[pUv + pn] =0,
[pU(%q2+E)+pv-n]=0, ©+D

[pUS] > 0.

B sTux ypasnenusx BeamynHa U =v.n— G npencrasaser
cOGOH HOPMa/MbHYI0 COCTaBJAIOLIYI0 CKOPOCTH TeueHus, OTHe-
CeHHYI0 K IBHXYLieHCsi MOBEPXHOCTH X, a KBalpaTHbe CKOOKH
0603HaYal0T CKAYOK BEJIHYMHBI NMPH Mepexole yepe3 MOBEPXHOCTb

pasphiBa, T. e.
Ul=rfo— /i

[Mepsrie Tpn cooTHolieHus (54.1) BHIPaxalOT COOTBETCTBEHHO
COXpaHeHHe MAacChl, KOJNMYECTBA ABHXKEHUA W SHEPrHH XHAKOCTH
npu nepexofe uepe3 X1!). [locienHee COOTHOWIeHHe SBASETCA
caenctsueM mnoctynata (33.5) OTHOCHUTENbHO M3MEHEHHS SHTPO-
nin B o6beMe, ABMXKYIIEMCS BMeCTe C XUIKOCTbIO 2). OGBIMHO
BLINMCAHHBIE BBl YypaBHEHUss OOOCHOBLIBAIOTCA MpPH TOMOLUA
paccyxnenut, Gojee MM MeHee HE3aBUCHMBIX OT MOCTYJAaTOB,
M3J0XEeHHBIX B V1. 2 ¥ B I'1. 4, TaK 4TO Lesecoo0pa3HO NMOKa3aTh

1) MousATHEe NOBEPXHOCTH pa3phiBa BrepBbie BBea CTOKC, OH Ke
noayuua mnepBwe 1Ba cootHomeHus (54.1) [Stokes G., Phil. Mag.
(3), 33, 349 (1848)]. Murepecus 3ameuaHus CTOKCa MO 3TOMY NOBOAY:
»OTH BHIBOAbl KaXyTCs, KOHEYHO, JOBOJIBHO HEOOBIUHBLIMH, HO elle Gonee
YAHBHTEJNbHO, 4TO ...*; ,3TOT pe3yaAbTaT, OJHAKO, HACTOJLKO CTpaHEeH
e U TN

To o06cTOATENbCTBO, YTO NPU Mepexofe uepe3 yHapHHIH (pOHT
SHEprus JOJXKHA COXPaHATBbCH, HESBHO YKa3blBaeTCs yxe B pabore
Penkuna [Rankine W.J. M, Phil. Trans. Roy. Soc. Lond., 160,
277 (1870)]: Tounas ¢opmyaupoBka npuHagaexut [toronno [Hugo-
niot H., J. Ecole Polytech., 57, 1 (1887); 58, 1 (1889)].

2) BospacTaHue OSHTPONMMH MpPH MNepexoje UYepe3 CKauoK YMJOTHe-
HUs 6bLIO OTMeueHo Brepsble Llemmaenom [Zemplén G, C. R. Acad.
Sci., Paris, 141, 710 (1905)]. 3ameuanne Llemniena Obiio CyIIECTBEH-
HbIM IIarOM BHEpEN, XOTA U KaXeTCH Tenepb INOBOJbHO TPHBHAJbHBIM.
Bo Bpems omy6aukoBaHua ero pa6otsl KeabBuH u Pajei cuutanu. 4to
Ha ynapHoMm ¢poute [S] =0. 70 3aCTaBAANO UX YCOMHHTBHCS B MPaBoO-
MEpHOCTH THIOTe3bl 06 yAapHBIX . BOJHAX MNPH M3YYeHHH CBOWCTB
peanbHBIX Ta3oB, TaK kak nepBele TpH ycaoBua (54.1) HecoBmec-
THMBl C MpeINoJaraBuIMMcs BepHbIM cooTHomeHnem [S]=0. Crokc
TaKxe pasneasl HX TOUKy 3pEHHs, ¥ B COOPAaHHH €ro COouuHeHHH,
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‘3JleCb, KAaK BLIBONATC YCJOBUS Ha paspbiBe HENOCPEICTBEHHO
U3 9TUX OCHOBHBIX NOCTYJIAaTOB.

Mbl GyzeM mpeinosarath B Aa/bHeillieM, YTO NOBEPXHOCTb B
pasnesseT ABe 00JacTH, B KaXILOH U3 KOTOPHIX TEUeHHE Hempe-
PEIBHO, TNpHYEM BCe NapaMeTpbl TeYeHHss MMEIOT Ha KawnoH u3
CTOPOH L BIIOJHE ONpele/eHHbIEe Tpenedbl. ByaeT Npeano.a-
raTbCd TaKxXe, 4YTO 3TH MNpeleabl No KpakHne# Mepe njaga onaHOH
M3 TNepeMeHHbIX He coBnanaor. Paccmorpum o6vem B,  nBu-
KYUMACA BMECTe C KMAKOCTHIO M TakoH, uro Y pasGusaer B
Ha aBe uacTH. B cuny ypasnenus (5.2) uMeeM, uTO

%fpdv:_—o. (54.2)

N

=

ITo amamoruu c paccy:xIeHHSMH, TNPOBeLEHHBIMH B Ti. 2, XO-
Tesoch OB A mpeoOpa3oBaHus JeBOH 4YACTH COOTHOLIEHUMH
(54.2) BocnosabaoBatbes opmynoft (4.1). OnHako mpu nepexoze
yepe3 L BO3MOXHBI PaspbiBBl Kak MJOTHOCTH, TdK W GKODOCTH,
u mnostomy dopmyna (4.1) nmomxkHa ObTb MOAMDHUIUPOBAHA

U 3anucaHa B CJEAYIOLLEM BULE:
d d . P
—d?ffdfo:f(T{-;-f d1vv)dv—|—f[fU]da., (54.3)
B by b

B nmocaenHeM ujeHe 3TOrO ypaBHeHHs, KOTODOe JErKO MOXHO
noJayuuTh u3 ypaBHeHus (4.2), uHTerpupoBaHue Bexercs IO
TOH YacTH TNOBEPXHOCTH X, KOTOpasi JeXUT BHYTpU oObeMma B.
Bocnosb3oBaBiuch ypaBHeHHeM Hepa3pblBHOCTH, MBI {10J1y4aeM
u3 ypasHeHu#t (54.2) u (54.3) cienyioluee ycaosue:

f (eU)lda =0.

bt

Ins nokasaTenbcTBa TNepBOro coorHolueHus (54.1) mocTatouHo
BOCMO/b30BATLCS Terepb NMPOU3BOJLHOCTLIO MJOIIAAKH 3, MO KO-
TOpO# NpOU3BOAUTCA HHTerpuposaHue. OcTajbHbIE COOTHOLIE-

BhimenmeM B 1848 r., 3ameTHa TeHzeHuus u36exarb NpUMEHEHHS
ycaoBull ymapHoro mnepexona. Caexnyer fo6aBuTh, 4TO THAPOIXMHAMUKH
KOHTMHEHTa BOOGIlE He TNPUHHMAaJH Yy49acTuss B OTOH HUCKYCCHH,
a Oojee MAM MEHee INPaBHJbHBI BBIBOX COOTHOIIEHHil Ha yZapHOM
¢poute O6bl1 HalineH npubausuteabho B 1915 r. (BBI3bIBaeT, MEWLY
NpouKMM, yauBJeHne TOT (akT, uTto Jlam6 Mpoxo/KaNn HAaCTAUBATH HA
CTapbiX OINGOYHBIX [pPEACTaBACHHNAX).
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Hua (54.1) npoBepsIOTCS aHAJOTMYHO NpH ITOMOIUM ypaBHeHuH
(6.1), (33.3) u (33.5); mpu 3TOM MNpeanoJaraercsd, KOHEYHO, YTO
t-=—pnu q==0. (C TeopeTnHyecKO! TOYKHU 3peHHs NPEICTABISET
MHTEpEC H3y4YeHHe COOTHOLIEHMH Ha yHapHOM ¢(poHTe B BS3KOM
KUIKOCTH. ODTO H3yYeHHe NPHUBOILUT K pALy TayOOKHX pe3yJb-
taroBl), OIHAKO B HACTOsIUee BpeMs HEU3BECTHbl IKCIIEPHMEH-
TajbHble (AKTH, OOBICHEHHE KOTOPHIX MNOTpeboBato OBl 1pU-
BJIEUEHHs TEOPUU YAAPHBIX BOJH B BA3KOH KHIKOCTH.)

B ocraBiueiics yacTd 3TOro NYHKTa MBI M3JIOXKUM HEKOTODHIE
DJeMEHTApHbIe CJENCTBUS COOTHOWIEHHHl Ha yZapHOM (pOHTe.
Yn00HO paccMaTpuBaTh OTIENbHO [BAa BO3MOXHBEIX CJyyas:

. U=U,=0;
I. U;=+0, U,=0.

B nepBoM c/ayuyae NOBePXHOCTb pa3phiBa He fABJAETCH YyAapHOH
BOJHO#f B CTPOTrOM 3HAuUeHWH ISTOTO CJIOBA, TAaK KaK YaCTHULLbI
rasa He nepeceKaioT 3TOH IOBEPXHOCTH, KOTOpas NMPOCTO ABH-
HETCS BMECTe C TasoM M pasfielseT JBe 30HB C pPas3/M4yHOH
MJIOTHOCTLI0O M Temneparypo#t. Ilpu sToM naBieHue W HOPMalb-
Has COCTaBJIOIIAS CKOPOCTH MMEIOT ONHM M Te Xe 3HAYeHHd
no o6e CTOPOHH OT Y. ITOr0 NPOCTOr0 H CPABHHUTEJLHO HEHHTE-
PECcHOTO cJyyas Mbl B JajbHefieM kacatbcs He 6yneM. Bo Bropom

) OcHoBHas pa6oTa IO 3TOMY BONpOCY NpHHamJexuT [loremy
[Duhem P., Recherches sur I' hydrodynamique, Ann.Toulouse (2)
(1901—1903); mepeneyarana B Ilapmxe B 1903—1904 rr.]. K coxanenuo,
nonumanue paboThl JlioreMa oueHb 3aTPYAHUTEJbHO H3-32 3alyTaHHOCTH
H3JOXEHHUs], YCYryOaeHHOH yCTapeBUIHMU 0603HaUeHHSIMH H MOPa3UTeb-
HbLIM 06uJneM CUMBOJOB. B cuay 60abinoifi BaxHOCTH HEKOTOPHIX pe-
3yJAbTAaTOB MNPEICTaBAANOCh IOJE3HBIM INepepaboTath cTaThio [liorema,
41O ¥ GBlO caenaano aBropoM. OcoGoe BHUManue GbLIO OOpALIEHO NPH
3TOM Ha cJaelylouiue nBa pesyuabrata [ioreMa: (A) B B3KOH XHIKOCTH
HEBO3MOXHbBI 0COJble HOBEPXHOCTH HYJEBOIO MOpPALKa (yAapHble BOJHBI)
1 (B) ocoGhie moBepxHOCTH HepBoro mopsigka (cM. m. 51) B HeBs3KoH
1€ TIONPOBOJHOR KHIAKOCTH DACIHPOCTPAHAIOTCS C HbIOTOHOBCKOH CKO-
pocThio 3Byka. Hamre uccaenoBaHHe 3THX pesyJbTaToB NMPUBENO K Clie-
IYIOIUM BbiBOJaM: 1) B BSI3KOH XHIKOCTH 803MOJCHbL YAAPHLIE BOJHBI,
H2 KOTOPBIX BHINOJHSIOTCS OCHOBHBlE 3aKOHBI COXDAaHEHHS; 2) eClH,
0llHaKo, NOCTYJAHPOBATh, UTO HpH INepexolie yepe3 0Co6Yy0 MOBEPXHOCTh
B Bsi3koH xuiakoctd [v] = [T] =0, To BO3MOXHBI TOJbKO KOHTaKTHbHIE
pa3pbiBBl (IO CYTH [IeJa— 3TO MepBbIH pesyabTar lliorema); 3) B He-
BASKOH TENMJONPOBOLHOH MXKHIKOCTH OCOGble MOBEPXHOCTH MOZym pac-
NPOCTPAHSATLCS C HBIOTOHOBCKOfI ckopocThlo 3Byka. [Togpo6GHoe wu3io-
MeHHe ITHX pe3yabTatoB Oynaer onmybaukosaHo B Journal of Mathe-
matics and Mechanics.
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caydae MBl MMeeM Ieno ¢ ynapHo#t BoaHo#. Bes orpanuuenus
OOUIHOCTH MOXHO CYHTATh, HTO

U, >0, Uy>0; (54.4)

B TPOTMBHOM CJIyYae Mbl MOTJHM OBl MOMEHATh MECTAMH CTOPOHHI 1
M 2 (MHaue roBOps, M3MEHHTb HaNpaBJ/eHHe HOPMaJd N Ha Mpo-
TUBOIOJIOXKHOe). ['eoMeTpuueckn#t cmeica ycaoBus (54.4) sak.o-
yaeTcs B TOM, YTO KMIKOCTb BXOAUT Yepe3 CTOPOHY | u BHIXO-
IUT 4epe3 CTOPOHY 2 NOBEPXHOCTH YAAPHOH BOJIHHI.

Tenepb, 00603HauuB uYepes3 V, ,OCTABJSIOUYI0 BEKTOPa CKO-
poCTH V, Jexallyld B KacaTelbHO# MNJOCKOCTH NOBEPXHOCTH I,
U NpPHUHSB BO BHUMaHHE NoJoOxuTeJbHOCTs U; n U,, Mb MOXeM
sanucatb cooTHollenyuss (54.1) B Gosee CUMMETPHYHOM BHIE,
a HUMEeHHO TakK:

[pU]1=0,
[PU2+ p]=0, [v]=0,
[% U IJ —0, (54.5)
[S1>0, J

rne /=E— p/p— yneabHas sHTajibnua. B ycraHoBuBLIEMCs
IBHXeHUH (GPOHT YN4pHOH BOJHBI NMOKOMTCH M M3 TPETbero M
yeTBepTOro cooTHowewu#i (54.5) caenpyer, uro

[% qz_*_]} —0. (54.5a)

CrenoBarenbHO, ypaBHeHMe DBepHy/IM [as yCTaHOBUBLIETOCH
TeYeHHs CNpaBeNJMBO Jaxe B TOM CJyuyae, KOria B TEYeHHH
CyLIeCTBYIOT YINapHBEIE BOJHBI.

[Ipencrasaser MHTepec BhAeJeHUe U3 cucteMul (54.5) coot-
HOIIEHHH MexIy TepMOLMHAMUYECKHMHU NMepeMeHHbIMH, B KOTOphIE
JApyrHe NepeMeHHble He BXOAAT. PaccMOTpuM ¢ 3TOH Lleabio Mo-
TOK MAacChl 7 4epe3 IOBEDPXHOCTb YAApPHOH BOJHBI:

m=pU;=1pU,. (54.6)
Torma u3 nepBoro u yTOporo cootHouenuft (54.5) caenyer, yro
2 2
Ppp— i =pUr—plU;=
=mU,—Upy=m?(yy— )= U Uy (p—pp; (54.7)
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alech yepes t o603HaueH o6beM enuHHMYHOH Macchl. M3 mepsoro,
BTOPOTO M TPEThero PaBeHCTB, coldepialuuxcs B ¢popMmyie (54.7),
CleLyI0T COOTBETCTBEHHO COOTHOLIEHHS

(p2— p) (o) = Ul — U3, (54.8)
Po—P 2
L=h U, (54.10)
_ P2— 01
Haxkonen, us ¢opmya (54.8) u (54.5) noayuaem, uro
(Pe—p)(p+ =2y —1Iy). (54.11)

dra BaxHas ¢opmysa Oblia BnepBble MoayyeHa I'IOroHHO, ONHAKO
IJs cJydas COBepLIEHHOro rasa oHa Oblja u3BecTHa ele Pe-
kudy. I1pu 3anaHHOM Haua/lbHOM COCTOSHMM (p;, T;) COOTHOLIe-
e (54.11) onpenenser Bce BO3MOXHbIE TEePMOIMHAMHYECKHE
COCTOSIHUA (Pg, Ty), KOTOPHIE MOTYT BO3HUKHYTb IpH Nepexofe
yepes ynapHbii GpoHT. DkBuUBaJeHTOM ycioBus (54.11) apaserca
COOTHOLIEHHe

(P + py) (g — 1) =2(E;, — E)).

BaxHbiM CBOHCTBOM yHNapHHIX BOJH SIBJAETCS TO, YTO OHH
MOTYT BHOCHTb B3aBUXDEHHOCTb B IepPBOHauaJbHO OGe3BUXDPEBOE
TeyeHue. OGHIYHO 3TO CBOHCTBO CBSIBLIBAIOT C BO3MOKHOCTBLIO
BO3pACTaHUs SHTPONUM TIPH YCJIOBHH, YTO IHEPTHS (TOUHEE, SHTA/Ib-
nus TOpMOXeHus H) npu mepexone uepes (pOHT yAapHOH BOJHBI
He MeHsercs. Takue pacCyxaeHus NPUMEHHUMBl TOJBKO B CJayuae
YCTaHOBHUBINErOCs [BHXKEHHS, OIHAKO B psie NOSBUBLIAXCSA He-
naBHoO pabor!) 3TOT pesyabTaT Gbla 06OCLIEH HAa HEYCTAHOBUB-
Hinecs IBUXKEHUd.

Cnenyer OTMETHTb MHTEpeCHyIO NpocTyio ¢GOopMy.ay, onpe-
ZeNsIOIYI0 3aBUXPEHHOCTb 32 ()POHTOM YNAPHOH BOJHEL B Cay-
yae, KOTNa NMOTOK Mepel BOJHOH fABJSeTCA PaBHOMEPHBIM; IJs
YCTaHOBUBLIETOCH TeUEHHs 3Ta GOPMyJaa UMeeT CJeLyIOIMH Bun 2):
— (11—12)2 nX d .
=2 gradsm; (54.12)

Tg

()]

Y Hayes W. D., J. Fluid Mech., 2, 595 (1957); KanwalR.P.,
Arch. Rational Mech. Anal., 1, 225 (1958).

) Lighthill M. J,J. Fluid Mech., 2, 1 (1957); Hayes W. D,,
J. Fluid Mech., 2, 595 (1957).

10 aw 1180
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alecb grady — NMOBEPXHOCTHBIY rpaaveHt u m =pU. [lokasa-
TeJbCTBO 3TOH (POPMyJBl IOBOJLHO TPOMO3IKO, TOITOMY MBI
OrpaHUYUMCH TeM, UYTO VKaXKeM HEKOTOphle C/IeICTBHUs, BHITEKAK0-
mne u3 paseHctBa (54.12). OueBunHo, BO-TNEPBHIX, YTO BeK-
TOp ® HampaBJeH MO KacaTeJbHOH K NOBEPXHOCTH pa3phiBa.
3aMeTHM TaKxke, YTO IJs IJIOCKOTO HJIM OCeCUMMETPUYHOTO Te-
venuss ¢opmyaa (54.12) npunumaer 6o/iee NPOCTOH BHA:

2
b2 —0)° peoy,,

P1P2
rie K — KpMBU3HA JIMHMM - Pa3pbIBA, a U,— KacareabHas CO-
crapasiowas cxopoctul). U3 ¢opmyan (54.13) caenyer, uro
3aBUXPEHHOCTb 32 (pPOHTOM OylerT OTAMYHA OT Hyad B TexX
TOYKAX JIMHUM paspbiBa, B KOTOPHIX KpuBH3Ha K = 0 u yroa
MeXIy KacaTeqbHOH K JIMHMM pa3pbiBa M HanpaBJ/eHUEM CKOPOCTH
Ha0eramluero nOTOka He paBeH w/2. 3aMeTuM, HAKOHEl, YTO
BE/JUYMHA 3aBUXPEHHOCTH MMeeT IO OTHOLIEHHI0 K HHTEHCHUB-
HOCTH Ty — Ty YAAPHOH BOJHBI BTOPOH MOPSNOK MajOCTH, B TO
BpeMsi KaK H3MeHeHHe SHTPOMNUM fBJAETCH BEJIUYMHOH TpeTbero
nopanka.

VlayyeHne CBOHCTB ynapHOro MHepexoia B TeYeHMH MPOU3-
BOJMbLHOM HIeatbHOM KuAKOCTH OymeT npoio/keHo B 1. 56.
B uactHocTH, OyIeT NOKa3aHO, YTO CKAYOK SHTPOMHMM TNpH Nepe-
X0Jle uepes3 yIapHbff (QpPOHT MMEET HO tT; — T, TPeTUH NOPALOK
majoctn. TakuM o006pa3oM, paccMaTpuBas TIOC/IeL0BaTebHOCTb
YVAApHBIX BOJIH, HHTEHCMBHOCTb KOTOPBIX CTPEMHTCS K HYJIO,
MBI MMeeM B MpepeJe

lim U? =1im U3 == lim 22—P1 — c2,
Pa— 0
HHaue rosops, cxopocmb pacnpocmpanenus cKaiKa 0ecKo-
HEUHO MQA0L UHMEHCUBHOCMU OMHOCUMEAbHO JHCUOKOCMU
8 npedese pasHa CKOPOCMU 38yKa. JTOT pe3yJbTar elle pas
NOKa3blBa€T NPaBUAbHOCTb BBENEHHOTO paHee ONpeNeJeHHs! CKO-
pocTH sByKa C.

o=

(54.13)

55. CooTHomenuss Ha paspeiBe B cCJyyae COBEpPHIEHHOTO
ra3sa. llJlﬂ COBEpIIEHHOro rasa ¢ TIOCTOIHHBIMH YIE/JAbHBIMH
TEeIJIOEMKOCTAMHU

—__ 1
[——-YTI—'——-Y_IPT.

1) Truesdell C., J. Aeronaut. Sci., 19, 826 (1952).
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D10 MNO3BOJAET 3amucaTh cooTHouleHHe [loroHuo B Go.ee yno6-
Hoit dopme!):

(1 154 ) o~ T ) =g e 0

CootHourenue (53.1) npu 3a1aHHOM HAYaJbHOM COCTOSIHUHM (py, T;)
onpejessieT BCe BO3MOXHBIE = TEDMOLMHAMUYECKHE COCTOAHUSA
(Pg» T9), KOTOpEIE MOTYT BO3-

_ HUKHYTb NpU Nepexolne yepes y=p/p:

MOBEPXHOCTh X yAapHOH
BOJIHBI. JIerko BUIETb, YTO g
COBOKYTHOCTb KOHEUHBIX CO-
cTOSIHUM] (g, Ty) B INIOCKOCTH
(p, ©) obpasyer paBHOGOYHYIO
runep6osy ¢ aCHMNTOTaMU

\
\
\
\
\
\
\

dra KpuUBas Ha3bIBAETCHA KpuU-
soii  [wzoHuo. YciaoBue <
S; > S, BheafeT Ty 4acTb
runep6o/bl, KOTOpAs JEKHT 7 | |

BHILIE TOYKH (p), T;), CJIelNo- - / 2 z-1/7,
BATEJILHO, Acumnmomes

1—1
1+1 n<n<lmy Puc. 12. KpuBas lorouno u agma-
6ata aas 7="T[/s. Ha pucyske uso-
+1 OpakeHbl TaKiKe aCHUMITOTBHI KPHBOMH
0, < py < 1?1_ os. Toronwuo.
1 kpuBas 'orouuo (6x — 1)(6y -+ 1)=35,
— ——aguabara xlsy=1.

WJIn

TakuM  00pasoM, BeJHYKMHA
CKauKa IJIOTHOCTH NpPHU Iiepe-
X0/ Yepes yAapHy1o BOJHY orpaHuueHa ceepxy. Ha puc. 12 noxa-
sanbl anguabata u KpuBas ['IOrOHMO, NpOXOsuiye UYepes TOYKY

1) CoorHomeHnHe [IOTOHHO 1M COBEDIIEHHOrO Ta3a MOXET GHITh
34MUCaHO TaKXe B Caeaynmux QJOpMaxi
Pr_ GF+Do—G—=Dp  pp—p oy PetP
G+Do—@—Dp" po—p P21

12*
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(P, v); B TOuUKe (py, T;) 9TM KpUBbIE MMEIOT KacaHue BTOPOro
nopsanka.

Eciu samaHbl cOCTOAHHE XMAKOCTH Mepel GPOHTOM ylapHOH
BOJIHB M BeJHYMHA CKOPOCTH pacnpocTpaHenus paspeisa G, TO
cocrosiHie 33 GPOHTOM oOmpenenseTcs MOAHOCTbIO. B uacrHocTH,
BBOIS. ,OTHOCHTEJbHEIE uucia Maxa“

M, =U,fc;, My=U,/cy,

MBI B CJyyae COBEpIIEHHOroO rasa noJiyuaeMm

Uz—Ul_"z—Tl . 2 1—M%
v on 1 m
Py — Dy — M{ — 1
P +1 (l ! )
T,—T,  2(—1) (M7 +1)(M2—1) (55.2)
T, G+ M}
M? —1
1—M3_
r-{—l( )

JlocTaTOYHO 10Ka3aTh TMepBOe M3 ITUX COOTHOMIeHMH, mocie
9TOrO0 BCe OCTa/JbHblE NPOBEPSIOTCS MPOCTO. B cuay paBeHCTB
(54.9) u (54.6)

Po—py=m?(y — 1) = TP1M?(1 — /1) (55.3)

HETPYAHO yOeiuTbCs B TOM, YTO, HCKJIOUMB M3 ITOrO ypaBHe-
HUSL BeJUYHHY po/p;— 1 npu nomoww ypaBHenus (55.1), Mbl
MOJYyYuM mepBOe u3 cooTHouweHu#t (55.2).

[Tpupalienue SHTPOMUU NPHU MNepexole 4yepe3 yAAPHBIA (POHT
onpejensercs Gopmy.aoh '

=St jog (22) (2 ). (55.4)

Heckonbko B IpYyroM BHIE MOMKHO 3amucaTh 3TO COOTHOLIEHHE
B C/iyyae yCTaHOBHMBIUErocs ABMeHus. V13 ypaBHeHus (54.5a) cae-
IyeT, 4TO DHTAMbIIHS TOPMOXKEHUS nepel GPOHTOM YAAPHOH BOJHBL
TaKOBA e, KaK M 3a ee (POHTOM, @ 3TO B CBOIO Ouepelb O3Ha-
yaeT PaBEHCTBO TEMMEPATYpP TOPMOXKEeHHUs nepel GpOHTOM yndpHOH
BOJHB M 3a ee ¢ponToM. [IpuHMMas BO BHUMaHWe, YTO IHTPO-
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nuis MOCTOAHHA BAOJIb JHUHUH TOKAa, MBI noJaydaeM OTCroga COOT-

HOLIEHHE
e _ (_P_oz)l" (I@)‘ — (ﬁe&)H (55.5)
el \Pa Ty Por ! )

rie BeJMUYUHH C MHIeKCOM O OTHOCATCS K MOKOsiLIe#cs KUIKOCTH.
YuurhiBag cooTHoureHue (55.5), MB MOXEM 3amHcaTh Tenepb
dopmyay (55.4) B caenyioueM Buue:

S,—8, =8 Iog%. (55.6)

B cuay ycaosus (64.5a) u ¢dopmyns /= c?/y — 1 xpuruueckas
CKOPOCTb @, M KpHUTHYECKas 3HTaJbnua /, Takxke He MEHSIOTCS
npu mepexole duepe3 yaapHu#t ¢pouT. [TosToMy npuBelneHHbIE
BHIILIE PACCYXIEHHS CJAYXKAT OILHOBPEMEHHO 10Ka3aTeJbCTBOM
clelyioliell LeMOYKM paBeHCTB, KOTOpas 4YacTO OKa3hBAaETCH
10J1e3HOM:

Por Pt Pu P Qu (55.7)

Po2 Po2 P2 Pa2 T Qe

BenuunHa 3TOrOo OTHOIIEHHMS TNpHBeNeHa B MOCJIEIHEM CTOJGLe
Taba. 1 (cm. m. 37).

Hakonen, Tak kxak po/p; > 1, uncno Maxa M; I0JKHO OBITH
6o/bllle eIMHULE [cM. BTOpOe ypaBHeHue (55.2)]. DTo o3Hauaer,
yro U;>¢;, T. €. UTO OMHOCUMENbBHAS HOPMAALRAR CKO-
pocmb nomoxka neped PpOHmMoOM. YOApHOU B0AHb Coabule
cxopocmu 38yxa. C npyro#t croponsl, My, < 1 u, cienoBareibHO,
OMHOCUMEADHAS HOPMANBHASL CKOPOCMbd 36 YOAPHOLM HPOH-
mom meHsuwe crkopocmu 38yxa'). Kak Gymer mokasano B cie-
IyoleM MyHKTe, 3T CBONCTBA yAapHOro (POHTa COXPAHAIOTCS
M B CJayyae IBHXEHUS NpPOM3BOJbHOrO rasza. I/ ycTaHOBMBIUe-
rocas mnoroka u3 mnepeoro ypasHeHus (55.2) u ypasHenus Bep-
HYJJM CJeLyeT, uTO

: —1 2
V1,0, = U, U, _—_ﬁ Ui+ H_—lc%—_—
S Gl N0 1—1 o
= @)= — I

') 3TH yTBepKAEHHS AT HEKOTOPYX HHPOPMALMIO O CTPOEHHHU
yaapuoro ¢poura; cm. [21], cTp. 303.
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dra uHTepecHas ¢opmyna Obia BnepBble noJyuyeHa [lpanartaem.
Ecau MOBEPXHOCTb pa3phbiBa OPTOroHa/NabHa HANpPABJEHUIO MOTOKA,
To ¢opMyaa [Ipanaras cBOAMTCS K TNPOCTOMY COOTHOLIEHHUIO:

2
992 = C*.

56. OcHOBHBIE CBOiicTBAa yjaapHoro mnepexoma. B stom
nyHkTe OyILyT YCTaHOBJEHBI YeThipe BaXHBIX pe3yJbTaTa OTHO-
CUTEJNIbHO CBOMCTB COCTOSIHMH rasa mepel ynapHOH BOJMHOH u 3a
ee (ppPOHTOM.

1. Ilpupauwenue sumponuu 8 yoapHom nepexole umeem
mpemud nOpsaO0OK MQAAOCMU 1O OMHOULEHUIO K UHMEHCUS-
Hocmu pa3puisa (T4 — Ty).

1. B yoapHoii 8osaHe npoucxodum cocamue zas3a, m. e.
P> P < T

IlII. Hopmasrvnas cocmasrsouas CKOPOCMU NOMOKA
OMHOCUMEAbHO YOAPHO2O (POHMA SBASEMCS (8ePX3BYKO-
80U neped PpoHmom u 0038YK080U 30 hpoHmoM.

IV. ITapamempo. menenuss neped ¢hpormon YOoapHoi
B0AHBL Il 8AUYUHA OMHOCUMEAbHOU HOPMAAbHOU cKOpocmu U,
NOAHOCMbBIO ORPeCeAsiiONM 3HAUEHUsS NAPAMeMPO8 MedeHUs
3a proimom YOapHOU B0AHbL.

Jlisi COBepIIEHHOTO rasa C MOCTOSIHHBIMU YAe/AbHBIMH TEII0-
eMKOCTSAMH CrnpaBelMBOCTb cBoficTB II—IV Oblia noxasana
B mpenblayuieM nyHkte. MHTepecHO, YTO 3TU Ke CBOHCTBA Bbl-
MOJIHSIIOTCS W A5 NMPOU3BOJBLHOI'O ra3a NpU LOBOJbHO LIMPOKHUX
NpennoOKeHUsIX TepMOAMHaMuueckoro xapaktepal). Tounee, Mbi
norpebyeM, 4YTOOB!

1) mepmodunamusecrkoe cocmosrnue Z z2a3a onpedess-
A0Cb €OUHCMBEHHULM 00pa30M Besudunamu O0aBaeHUs u
yoearHo20 00Bema;

2) umesu mecmo Hepasencmsa ?)

(%[:—)s <0. (%)S > 0.

) 370 0606uienre npunannexut . Bére u I'. Beimo; cM. pabory
Beitas [Weyl H.,, Comm. Pure Appl. Math.,2, 103 (1949)]. Heckoabko
C JpYrUX NO3MIUH pe3yabTaThl JAHHOrO maparpada u3iOXeHbl B He-
IaBHO onyGankoBanHo# pabote Kaysna [Cow an R. D., J. Fluid Mech.,
3, 531 (1938)].

2) OTu npeanoJoXeHust yxe OblAM CGHOPMYJAHPOBAHBI HAMH INpH
H3JOXEHHH OOLIMX TEePMOAMHAMHYECKMX MpPUHIUIOB;, CM. YpPaBHEHUs
(30.7) u (37.6).
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[[IpeamoiaraeTcs Takxke, UTO BCe TOYKH MEPBOr0 KBalapaHTa
MJIOCKOCTH (p, T) OMpene/siOT BO3MOXHBIE TepMOAMHAMUYCCKIE
cocrosinusl. Ecau ycioBug 1 u 2 He BBINOJHAKTCS BO BCeM KBal-
paHTe, Halli paccyxaeHus OYAYT CnpaseluBbl (C He3HAUNTEJb-
HBIMM M3MeHeHUsMu) B J1I000H 8unyxk.20d 00JacTH, B KOTODOH
9TU YCJIOBUSI UMEIOT MeCTO.]
[Tpexxkne uem nepeilty K n0- 4p

Ka3aTeabCTBY cBoficTB [—I1V, Mbl R
3aMeTUM, YTO B HalIUX INpeimno-
JIOXKEHHUSIX afinadaThl B MJIOCKOCTH AV

(p, t©) mpercTaBafoT coboli Bbl-
NyKJble MOHOTOHHO YObIBaioOlLIUE
kpusble (puc. 13). bomee roro,
MOXHO Obli0 Obl MOKa3aTb, YTO Zg
u3 ycaosuit 1 u 2 ciuenyer, uto
pesuuuHa (0S/0p), BCIOLY HMeeT Aduabamm
OIMH M TOT ke 3HaK. Ml Gynem

npeamnoJarats /g OnpeneJseH-

npear peleJieH Z, ~—y
HOCTH, 4YTO

(-‘g—j—) >0,  (56.1) T

T Puc. 13. Ajxuabarsl B mio-
Ha TpaKTuKe, Kak TpaBuio, cKoCTH  (P,7).

1IMeeT MeCTO UMEHHO 3TOT cJayyaf.

[Mi3BecTHO JaMIIL HECKOJbKO TpPUMEPOB, KOrla HMeeT MeCTO
ob6parHoe HepaBeHCTBO; HaubOJiee MHTEDPCCHBIM M3 HUX SBJISETCH
Bojga mnpu Temmeparypax Hike —-4°C. Cuayua#t takoro obpar-
HOT'O HepaBeHCTBA NMOUTH He TpeOyeT NOMOJHHUTE/IbHBIX paccyxie-
Hufi.] B cuny nepasencta (56.1) annabathl, COOTBETCTBYIOILHE
60/bLIUM 3HAYEHHSM SHTPOMUH, PACNOJNOMKEHbl B IIOCKOCTH (P, T)
BHILlE M InpaBee, 4YeM anxadaTel, COOTBETCTBYIOLIHE MEHbLIHM
3HAYEHUSIM SHTPOINHH.

HokaszateabcTBO cBoficTB [—IV. PaccmorpuM ¢yHk-

1110

Hp, 9=20—1)—(p—p) G+ (56.2)
rie (py, Ty) — HekoTopasa PuKcuposarHas ToUka. JIerko BUIETb,
yTo KpuBag [IOrOHNHO &, COOTBETCTBYIOLIAs COCTOSHHIO Z; ==
=(py, Ty), npeacraaseT coOOH reoMeTpuyeckoe MeCcTO TOYeK
niockoctn (p, t), 41 xoropeix H =0. Jlio6oe cocrosiiue
Zy=(py, Ty), KOTODPOE MOXET OLITb LOCTHUTHYTO U3 COCTOAHUS Z;
Npu yLapHOM Iepexole, LOJUKHO Jexarth Ha §). M3 coorHoue-
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Hus dl =TdS —dp crenyer, uro nuddepeHunan GyHKuun
H(p, <) umeer BUI

dH=2TdS —[(p— py)dc—+(t, —)dp].  (56.3)

Tak kak Ha kpuBo#t [toroHuo diH =0, TO u3 COOTHOLIEHUA
(66.3) crenyer urto

dS=0 (srom §) B TOuke Z,.

BBens B paccmorpenue BTOpO# u TperTu#t auddepenuuans yHk-
uuy H ¥ BHIUMCIMB UX 3HaueHWe B TOYKe Z;, HafieM, uToO

d’S =0, 2Td3S=dpd*—drd?p

Broab § B Touke Z;. BriGpaB B KauecTBe HE3aBHUCHMOH Imepe-
MeHHOR T, Mbl moayuuM dS =d2S=0 u d35 >0 naa dr <.
Takum oOpasom, yrBepxkieHue I mokasanol).

'O603HayuM yepes
PP

T—T

r

yraoso#t kosdduuueHT npsaMoH, coepuHsowel Toukn Z; n Z.
C yuerom sTOro oG6O3Hauenus dopmyay (56.3) MoxHo 3amnu-
caThb TakK:

dH = 2T dS (v, — <2 dr. (56.4)

B cuny Bemykaoctu anuabarsl A, mpoxonsme#t uepes Z;, yrio-
BO#t KO3(PUUUEHT r BO3PACTAET NMpPU NEepPeMElieHUH BIOJb KpH-
Bo#t Y cuesa nanmpaso. U3 ¢opmyant (56.4) Teneps caenyer, uro

dH >0 npu nepeMmewenun Broa» 9 cuaesa Hanpaso.

Tak kax H=0 B Touxe Z,, 3T0 o3Hauaer, 4T0 [ < 0 Ha Bepx-
et vactu W u H >0 Ha ee HmxkuHeH uactu (cM. puc. 13).
Ecin o6osnaunth uepes R syu 7 =const, mpoxoismn#t uepes
Touky Z;, TOo Broab R Mbl umeem dH =2TdS.

Paccmorpum ayy R, xoropmit umeer ¢ U TOMIbKO OmHY
obwylo Touky Z,. Toraa B cuay HepaBenctBa (56.1) npu asu-
aenuu Broab R u3 Touku Z; nuddepenuuan dS Oymer Bce

) B peiicTBuTeNbHOCTH B1OJb KpuBOH I'loronuo mig S — S, umeer
MECTO CJEAYIolee Pa3NoXKeHHe:

1 o%p
S‘S*—Tz—rr(o?)s(m“*"‘”""
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BpeMsi uMeTb /MO0 3HAK MOC, JMOO 3HAK MUHYC (B 3aBUCH-.
MOCTH OT TOTrO, Bbllie M Huke 9 JeKUT paccMaTpuBaeMblit
Hamu ay4). Tak kak dH =2TdS, Takoit /1y4 He MOXET UMETb
OTJMYHBHIX OT Z; TOouek, B Kotopeix H =0. Ilycts Tenepsn
ayy R nepecexaer anmabaty U B Touke Z 4, nexaineit Ha Bepx-
vett uacty . B cuiy BbimykaocTH annabaThl U3 reOMETPUYECKHX
cooOpaxkeHU!t OUYEBHIHO, YTO TNPH [IBHXKEHUH BIOJIb R u3
TOuKH Z, 3HaueHHe S CHauaja yBeJHUYBACTCA — HAa OTPE3KE OT
Toukn Z; 00 Toukn Z; (cM. puc. 13), —a sareMm ymeHbluaeTcs.
Tax xak dH=2TdS, To npu aBumxeHun BRoJdb N u3 TOukH Z;
pequuMHa F Takxke CHauaja yYBEJMYMBAETCH, a 3aTeM YMeHb-
waetca. Ho B Touke Z,, kak yxe Obao ykasawo, H <0, u,
cnenoBaTeNbHO, Ha M CylecTByeT eNMHCTBEHHas  Jexallas
mexny Z, u Z, Touka Z,, B kortopo#t H =0. Iurponud
B 3TOH TOuKe, OYEBHIHO, 6OJbllle SHTPONMHH B TOUKe Z,.

Haxonew, ecau R nepecexaer annabary U B ee HuxHeH dacTd,
TO M3 TeX ke cooGpaxeHuit cienyer, yTo Ha N He MONKeT GHIThb
Gosiee onHo# Touku, rie H = 0. Takas Touka Z OymeT JiexaTb
nusxce A (nanomuuM, uro H > 0 Ha nwxue# wactu ), u, cue-
noBaTe/qbHO, B 3TOH Touke S < Sy

Takum 06pa3oM, MBI NOKa3ajd, uTO kpusas [loroHuo mnpen-
crasiser coOOH kpuByl0 6Ge3 Touek caMollepecedyeHHs, NMPOXOAs-
myio yeped Touky Z;, mnpuueM S > S, Ha BepxHe#i uactu 3TOH
kpuBo#i u S <.§; Ha ee HmkHe#t uactH. M3 nsToro cooruoume-
Hua (54.5) cienyer, uTO NpH YIApHOM IMepexone U3 COCTOs-
s Z; nepel GpPOHTOM MOTyT ObITb JOCTHUTHYTH TOJBKO Te
COCTOsIHMSl Z, KOTOpble pacloJIOXKeHbl Ha BepXHelt 4acTH Kpu-
Boit T'oronno. Tak kak Ha 3TOH uyacTu KpuBO# p > p; u v < 1,
yrBepxaenue II mokasauo.

Ins nokasateanctsa ytBepxienus I1I samerum (cm. puc. 13),
YTO AJs YLapHOrO MepexOia M3 COCTOSiHUS Z; B COCTOsIHME Zy
LOJDKHEl BBIMOJHATLCA CJAelyIOlIUe HepaBeHCTBA:

9p 9p 5
(ar)s’z,<’<(or)s’z,' (56.9)
Tak kak (0p/0t)g = — p%? u [cM. ypaBHenue (54.9)]
r=—m2=— p2U2,

u3 IBYX HepaBeHCTB (56.5) cienyeT cOOTBETCTBEHHO, 4TO o > U,
u U1 > ¢;, T. €. 4YTO BeJMYMHA HOPMaJbHOH coOCTaBsIOLICH
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OTHOCHTENbHON CKOPOCTH Mepej CKayKoM GoJblile CKOPOCTH 3BYKa,
a 33 CKaukOM MeHblIe CKODOCTH 3BYKa.

Haxoneu, ecaum 3samanbl COCTOAHME Mepej CkaukoM Z; W HOp-
ManbHasa cocTasaowas U, OTHOCUTEIbHO! CKOPOCTH, TO s Ompe-
JeJeHls COCTOAHUSA 32 CKAYKOM HYXKHO HAaHTH TOUKY MepeceyeHus
BepxHe#t yactu kpusod [toronuo u ayda R ¢ yraosoiM Kosd-
¢uunentom r = — p?U?2. Jlerko Bunetb, uro npu ycaosuu U, > ¢

(ecmu 3TO yc/IOBHE He BBLINOJHAGTCS, TO CKAaYOK HEBO3MOXKEH)
3Ta TOYKa Ompejensercs 00Ho3Hauro. Bemnunna U, Haxoaurcs
nocsie storo no gopmyne Uy, = (p;U,) 1.

B sak/ioyeHne 3aMeTHM, YTO r MOHOTOFHO yOwiBaer (mo abco-
JIOTHOH Be/MuHHE MOHOTOHHO BO3pacTaer), Korja Z IBHKETCS
1o BepxXHe#t yacTH KpuBoi [IOrOHMO B HampaBJeHHH OT TOUKU Zj.
Kpome Toro, B cuny coortHouleHud (56.4) npu yMmeHbLIEHUH T
BenuunHa S ysenuuuBaercs. TakuMm o06pasoM, npu 3A0aAHHOM
mepmMoOUHAMULECKOM COCMOAKUUL neped @GpoHmoMm yoap-
HOl oAbl GOabwum 3nauwenuan U, omseeuanom npu nepe-
Xxo0e uepe3 paspols 60avuiue udmenenus sumponuu. Hanpu-
Mep, MNpupallleHMe SHTPONMU Ha oOTolleillefl yAApHOH BOJIHE,
BO3HHUKAIOIel IPU MOJeTe CO CBEPX3BYKOBOH CKOPOCTHIO, LOCTHU-
raeT MaKCHMyMa Ha LEHTPaJbHOR JMHMM TOKA U MOHOTOHHO
yObiBaeT npH yHaJeHHH OT 3TOR JMHHK BROIb (POHTA.

57. Ynapubiii caoli. B peanpHbX rasax npoxoxIeHue
yacTulbl yepe3 yaapHb#t GpOHT nmpelcTaB/seT co60#f He MIHOBEH-
HBI# TIpoiiecc, B KOTOPOM COCTOSIHHE YAaCTHIBI MEHSETCS CKauKOM
U3 COCTOSHHSI Nepel (POHTOM B HOBOE COCTOsIHUE 33 (PPOHTOM,
a ObLICTPHIY Nepexol M3 OLHOIO COCTOSHHS B LPYroe B HEKO-
TOpo#t ysko#f oOJjacTH, WJIH yAapHOM cjoe. B arto#t obnactu
JBIXKEHUE He MOXeT ObITb ONHCAHO YPABHEHHSMH JBMXKEHHUS
uleajJbHON XUAKOCTH, M, CJELOBATENbHO, BO3HMKAIOT HEKOTOpbIE
COMHEHHSI OTHOCHUTEJbLHO CNPaBeNJIMBOCTH NMpeNBbIAYILEro BLIBOAA
cooTHoweHn#t Penkuna—TI1orouno. B cusy sToro Bompoc o cTpyk-
Type YAAapHOTO CJOSl MNpeACTaBJSET 3HAYUTEJbHBIA HHTEpeC WU
eMy TMOCBSALIAIOTCA MHOTOUYMC/IEHHBIE HccaenoBaHus. Uayuenue
YAAPHOTO CJI0f 1O3BOJseT IJay0xe MNOHATb NPUPOLY YAApHBIX
BOJIH, JlaeT HEeKOTOPYI0 MH(MOPMALHMIO O TOJLIMHE YNAPHOTO CJa0d
U TpHUBOAMT K Oosee 0OOOCHOBAHHOMY BBIBOLY COOTHOLUCHHUMH
Penxuna — [oronno.  KpoMe Toro, cpaBHuBas MOJyYeHHbIE
pesyabTaThl € SKCMePUMEHTOM, Mbl MOXeM BBIACHUTb TPaHHILBI
npuMeHuMocTy ypaBHenu#t Hasbe — Crokca. U3 cooOpaxenuft
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MaTeMaTU4YeCKOro XapakTepa 3ajlaya pacCMaTpuBasacb B OCHOB-
HOM [IJA TnpocTefiero ciayyas OJHOMEPHOIO YCTaHOBHUBLIErOCH
NBIKEHHUS, ONHAKO Jaxe B 3TOM MpoOCTelilueM ciaydyae [Mpo-
ABJISIOTCS XapaKTepHble YepPTHl IBMIKEHUH TUIIA YAAPHOrO PasphLiBa.

3anaua 0 CTPYKType YILapHOrO paspeiBa B ONHOMEDHOM Teue-
HUM BKJIOYaeT B ceOst caeldylollue [Ba OCHOBHBIX BOIpOCA:
BONPOC O CYLIECTBOBAHUM TAaKUX pelleHUH ypaBHEHUH IBUIKEHUS

u
u=1u,
\\ U—Uz
Zz

Puc. 14. [Tpoduis ckopocTi B yIapHOM
cJoe.

BASKOHN IKMIKOCTH, KOTOpBle HOCST Xapakrep ,OBICTPOro uaMe-
HeHus“ (Npo¢u/ib CKOPOCTH, HANpHUMEp, JAO/MKEH HMETb BHI,
noxasaHubit Ha puc. 14), u Bompoc omnucanus npoduas yuzap-
HOH BOJHBI, B OCOOEHHOCTH ee MMpPUHBL. [lepBHH M3 3THX
BOIIPOCOB TOCJe LOBOJbBHO OesycneliHo# nomsiTKu Pajes ) Obia
peuten B paGorax Museca ?) u Jxuibapra 3). Bropo#t Bonpoc —
KOJIMYeCTBEHHAs XapaKTepUCTHKA NPOQUIs — CBSI3aH C BecbMa
CIOXHBIMA pacuyeTaMd M, TakUM O0O0pa3oM, BHIXOLUT 33 PaMKH
3TOH CTaTbu.

Tak kak npuBejeHHbIE HMXKE PAaCCyMXJEHHS OCHOBAaHbB Ha ypaBHe-
HHUSIX MEXaHHKH CILIOMIHOH cpeipl, OyIeT He JHIIHHM O3HAKOMHThCH
C TEeMHU BO3PAXEHUSMH, KOTOPble BBICKa3bIBAIOTCA MO MOBOAY NPUMEHHU-
MOCTH 3THX ypaBHeHuit. [lepBoe BO3paxeHHE 3aKJIOUAETCs B TOM, YTO
TOJIIMHA YJAPHOrO CIOS HMeeT MOPSIOK HECKOAbKUX JJHH CBOGOIHOrO
npo6era MoJeKyJ H, CIeIOBaTeJbHO, MPUOMMKEHHs, MPHHATHIE B MeXa-

W Rayleigh, Proc. Roy. Soc. Lond., Ser. A, 84, 247 (1910);
cM. Takxke cratbio Tafopa [Taylor G. L, Proc. Roy. Soc. Lond.,
Ser. A, 84, 371 (1910)].

?) Mises R, J. Aeronaut. Sci., 17, 551 (1950). las cayuas Tpex-
MEpHBIX TeUeHHH 3anaua o0 ymapHOM CJOe paccmaTpHBajsach B pabore
Jlanpopaa [Ludford G, Quart. Appl. Math., 10, 1 (1952)].

8 Gilbarg D. Amer. J. Math., 73, 256 (1951).
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HHMKE CILIOLIHBIX Cpell, alpHOPH HENMpPHUMEHHMBI !); BTOPOE — B TOM, YTO
I TOJIIHHBI yNAPHOTO CJIOsi JaeTCs 3aHMMXEHHas OLeHKa (CJAELyeT u3
nepBoro Bo3paxeHus). Bropoe BoapaxeHne MOJNHOCTbIO CHATO paboToit
Ixun6apra u Ilaonyuun 2), xoTopbie NOKa3anM, 4TO B CJAydae, KOrua
BEJHYHHA BA3KOCTH B3aBHCHT OT TEMIIEPaTyphli W CpPeja CuuTaeTcs
TEIIONPOBOJHOH — BJIMSIHHE 3THX (PaKTOPOB B NPEABIAYIIMX HCCAENO-
BaHUSAX YUYHMTHIBAJIOCH TOJbKO YaCTHYHO, — ypaBHeHus Hasbe — CTokca
JaloT OLEHKY TOJIIHHBI YAapPHOTO CJ0s, KOTOpas COrJAacyercs C 9KCIEpH-
MEHTOM CTOJb € XOpOINo, KaK M KHHeTHueckas Teopus 3). Haxownen,
nepBoe BO3paxceHHe mocJje 6oJjee TIATEAbHOIO aHAAH3a TaKke elBa JH
MOXHO cuuTaTh y6exutenbHbiM *). ITosaToMy Mbl He BUAUM NpUYMH A4S
OTKa3a OT METOJLOB MEXaHWKH CIVIOIIHBIX Cpej NpH U3YYEHHH ynap-
HOT'O CJIOsl.

MaremaTuueckasi TeOpusi yAapHOTO cJos B TOH Mepe, B KOTO-
polt OHa OXBaThHIBAaeTCs MEXaHMKOR CIJIOLIHBIX Cpell, OCHOBaHA
Ha ypaBHEHUSX OJHOMEPHOIO YCTAHOBHBILEroCs J[BMIKECHMs rasa,
a MMEHHO Ha CJAEAYIOLIUMX YDPaBHEHHSX:

d
zx (1) =0,
du daT
dE du dq

P = Tox g — ax

[cM. ypaBHenms (5.4), (6.7) m (33.4)]. K artuM ypaBHeHHAM
HYXHO NpPHUCOEIUHUTb [Ba COOTHOIUEHHUS:

, d dT
To=—p+0+2) 0, ¢=—r3-, (672

1) Hau6onee coBpemeHHoe o60cHOBaHHE 3TOro addeKra MOKHO
HaliTu B kuurax [39], crp. 130, u [26}j ctp. 550. :

2y Gilbarg D, Paolucci D, J. Rational Mech. Anal., 2,
617 (1953).

3 Sherman F. S, NACA Tech. Note 3298, 1955; cM. Takxe
nopo6HOe HCCAeOBaHUE SKCIEPHMEHTAAbHBIX JIaHHBIX B pabore [lar-
Tepcona [32], ra. 4.

4) Maker u Croapt [Puckett A. E, Stewart H. J, Quart.
Appl. Math., 7, 457 (1950)] ycranoBuaM, uTO ypaBheHus HaBbe —
CTOKCa HEMPHMEHMMbl JHIIb B TEX HCKJOUHTENbHBIX CJIyYasX, KOria
Ta3 CHJbHO paspexkeH H GOJbIIYI0 POJb UrpaloT 3¢eKTh AUCCONHANHU
M KOHLEHCALlMH MJH KOTJa OYEHb BBICOKA TeMIeparypa TOPMOXEHHS.
MHTepecHbl Takke 3aMeyaHns TpycAeina MO TOBOAY OTHOCHTENbHOH
NpPUMEHMMOCTH METONOB MEXaHMKHM CILIOLIHBIX Cpel W KHHEeTHde-
ckoii Teopuu [J. Rational Mech. Anal., 2, 678 (1954); 5, 55 (1956)].

i
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koropble 6ynyT 06OCHOBaHHI B pasjele, KacalolleMCs ABHXEHUs
BsskuX xkuakocre (n. 61 u n. 63). YpasHenus (57.1) nerko
MHTErPUPYIOTCH; BOCMOJL30BaBIINCH dopmynamu (57.2), pesyib-
TaThl 3TOTO0 MHTEIPUPOBAHMS MOXHO MNpPEACTaBUTb CJEAYIOLIUM
o6pasom:

pu=m (57.3)
Hu
O+20) % — ptm(u—a),
ol . (57.4)
x 2l =m [E—f(u—a)ti—b],

roe a, b u m nocrosiHHele. B cuay coornowenus (57.3) ¢yHk-
wu p=p(, T) nw E=E(p, T) MOXHO paccMaTpuBaTh KaK
usBecTHhe ¢yHkuMH OT u u T.

Teuenue, COOTBeTCTByIOllee peleHHld #==u(x), T=T(x)
cucTeMbl ypasHeHufl (57.4), Ha3HIBAETCA YOAPHHLM C.a0eM, €CIH
npu X, CTPeMsillieMCsl COOTBETCTBEHHO K X oo, Touka Z(u, T)
CTPEeMUTCS K KOHEUHBIM TNpeleJbHHIM Toukam Z,(uy, Ty)
U Zy(uy, T,), npuuem uy << 4. Jlerko BuLeTb, 4TO HeoGXxonu-
MbIM YCJOBHEM CYIICCTBOBAHHS peLIeHHs BHIA YAApHOTo CJOS
apagerca oOpauieHue B HYJb BEJHYMH B NPaBLIX 4acTAX YpaB-
HeHu#t (57.4) npM NOACTAaHOBKE B HUX MNpeleJbHbLIX 3HaueHuf,
T. €. BBINOJHEHHE CJeLyIOIUUX YCJIOBHM: -

P1éy = pollg =m,
P+ muy = py +muy=am, (57.5)
1 1
E, —-7(111 —a)Y=E,— —2—(u2—a)2=b.

OTH yCcaOBUS SKBHBAJAEHTHE! yCa0BUAM Penkuna—TIioronno (54.5);
clelloBaTe/IbHO, YOapuuld caoid, coedunsowul 0sa cocmos-
Hus Z, u Zy MOJcem CYU,eCmsos8ams mo.abKO 8 MOM CAY-
wae, koz0a Z, u Z, A6AAIOMCSL OONYCMUMOLMYL HALANbHbLM
U KOHeYHbLM COCMOSHUSMU COOMBEMCMBERHO 04 YOQAPHO20
nepexoda 8 HeKOMOPOM Me4eHul uleaAbHOL JHCUOKOCMU,
umeioujeld me e YPABHEHUS COCMOAHUS, UMO U OQHHAA
acudxocms. OOpatHO, ecau coctosHua Z; ¥ Z, YLOBJIETBO-
psiioT ycaoBusM PenkuHa — I'lOroHuHo, TO yoapHb# cJaOH, coenu-
Haowu# cocrosHus Z; u Z,, oOlpejeiseTcs pelIeHHeM ypas-
HeHu# (57.4), mpHyeM INOCTOsIHHHE @, b W m HAaXoAdaTCa U3
coorHoweHut (57.5).
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HerpyzHo mokasaTh, Cleays ONUCAHHOH BhILIE CXeMe pelie-
HUSI 3ajaud, YTO CKOPOCMb PACRPOCMPAHEHUS OeCKOHEe4HO
c2a6020 YOAPHO20 CA0A  OMHOCUMEAbHO  0BUdCYUjelcs
acudxocmu cosnadaem €O cKopocmyio 38yKa c. IDTOT (axT
elie pas MOATBEPXKAAeT KOPPEKTHOCTb INPUHATOTO ONpeleseHUs
CKOpOCTH 3ByKa C.

Hauunag ¢ 3TOro Mecta, Mbl OIPaHMYUMCA PaCCMOTPEHHEM
C/yyas COBEPLIEHHOTO Tas3a C MOCTOSHHLIMM YHAEJbHBIMA Temio-
emkoctamu !). YpasHenus (57.4) npuHMMaloT TOrAa BUA

O+2) T =m (4 u—a),

u
xj—i:m{ch——%(u——a)g—bj].

(57.6)

[9Tu ypaBHeHHs LONYCKAIOT TOYHOE pelleHHe NpH
¢p (A +2p) —1

*

JleficTBUTE/IbHO, YMHOXHMB nNepBoe ypaBHeHue (57.6) wa u u
CJIOXHUB €ro CO BTODBHIM yDaBHEHHMEM, Mbl Ha#leM, 4To

d 1 1 1 .
()\—'{P—QP)H (CPT+ 5 uQ) =m (CPT+-§' u2——§ a2—b);
Cn1en0BaTe/NbHO, CYLIECTBYET 4aCTHOE pelleHue
1 1
cpT—Q—7u2=7a2+b=const. (57.7)

WckaouuB Tenepb M3 INepBOro ypasHenus (57.6) seauuuny T,
MOJYYHM
A+ 29)3—2:(:(”15{ . w—u) @—uy) R

u

[Tocnennee ypaBHeHHE MHTErpUpyeTCs B 3aMKHYTOM BHIE B TOM
cjlydae, KOrja BeJHYMHA A— 2p MOCTOSIHHA, M JOMYCKaeT 4M-
C/IeHHOE MHTerpupoBanue 2) B ToM ciayuae, korna A+2p = f(T).]

) UccaenoBaHue AJs1 MPOM3BONLHOTO rada MOXHO HAalWTH B CTaTbe
Jxunbapra, ykasaHHOH B upuMedaHuu 3 Ha ctp. 187.

2y Thomas L. H, J. Chem. Phys., 12, 449 (1944); Mopay-
xoB M, JTu66wu I, c6. Mexanura, Ne 1, 22 (1950); Mises R,
J. Aeronaut. Sci., 17, 551 (1950); Medepro¢ JI., c6. Mexanuxa,
Ne 6 (10), 39 (1951); Puckett A. E,, Stewart H.J., Quart. Appl.
Math., 7, 457 (1953). ‘
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 IToxaxem ceftuac, cienys pabore Ixuabapral), uro dis
3a0aHHbLX OONYCMUMBLX KOHeUHbLX cocmosnul Z; u Zy cyuje-
cmsyem eOuncmsennoe pewenue YpasHenui (57.6) suda
YOapHO20 CAOR.

C yTo#f uenbio paccMOTPUM B IJIOCKOCTH Z(u T) noxe Ha-
npaBJeHnH, COOTBETCTBYlOLEe cHCTeMe A depeHIuanbHbBIX ypas-

\ T

g a u
Puc. 15. Ilose wuHTerpaibHBIX KDHBBIX
W ylapHas KpuBas B INIOCKOCTH Z.

nennt (57.6). Koudwurypauus 3T0Oro no.ss mokasaHa Ha puc. 15,
HayepyeHHble XUPHBIMH JMHUAMU NapaboJibl ONpelesioTcs ypas-
HEHUSIMU

L (u, T):—yZ—T-—J,—u—a:O,

M (u, T)::ch——;—(u——a)Z—bzo.

Jlerko BuaeTb, YyTO 3TH NapaloJ/bl MePeceKanTcs B TOUKaX Z; u Z,.
3anaua 3akaiouyaeTcsl B OTHICKAHMM MHTErpajbHOH KpUBOH (,ylape-
HOH IuHUKM*), coeluHAwIel ocoObie Touku Z; u Z, cucteMsl (57.6).
Ilnsi BplsCHEHUS XapakTepa MNMoJis HamnpaB/ieHUH BOMM3M 3THX TOYEK
HYXKHO HCCJEN0BaTh KOPHU XapaKTepPUCTHYECKOrO YpaBHEHHs

1 oL 1 oL
A 2w ou Nf2w oT | __
1 oM LM _, =0. (57.8)
% ou * oT —

Herpyano nposeputTb, 4TO KBanparHoe ypasHeHue (57.8) ummeer
B Toukax Z; U Z, NelCTBUTe/AbHble KOPHH, NpPHYEM B TOouke Z,

) Cm. npumeyanue 3 Ha ctp. 187.
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o6a KOpHS MMelOT OIMH U TOT e 3HaK, a B Touke Z, — pas-
JuuHble 3Hakd. TakuM oO0pasoM, mnepBas U3 STHX TOYEK MNpen-
craBiseT cobo#t ysen, a BTopas — cenqol). M3 kapTuHbl noJas
HanpaBieHu#t, nokasaHHOH Ha puc. 15, caepyer, 4TO KpHBafd,
BXOJdIas B TOUKy Z, C/eBa, He MOXeT INepeceub NpH ee Npo-
IO/KEHUH BNPaBO HU onHO# m3 kpuBbix L=0, M =0. 310
O3HayaeT, YTO YKa3aHHAs KpUBas NomaleT INpH CBOeM MpPOAOI-
xeHun B Touky Z;. CyluecTBOBaHHE YNapHOro c/os, OTBevao-
IIEr0 KOHEUYHbIM COCTOSAHUAM Z; U Z,, TeM CaMbiM JIOKAa3aHO.
EnMHCTBEHHOCTb TaKOro pelleHusi NOKa3biBaeTCd aHAJOTHUHBIMH
paccyxIeHUAMH.

(3ameTHM, YTO ONUCAHHHIH BbIlle METON [HaeT BO3MOXHOCTb
YUCJIEHHOTO pacuyera yaapHoro npocuis; cM. pabory Jmuabapra
n [laoayyun.)

Ocraercsds mpoBepUTb TOJBLKO, YTO NPH MaJbX 3HAYEHUAX %
H A 2p npoduib ynapHOro cjos MMeeT CKOJb YrOIHO Y3KYIO
o0/1acTb Mepexola M Ty Ke KayeCTBEHHYIO CTPYKTYpY, YTO H
npo¢unb, nokasaHHblf Ha puc. 14. He ocranaBiuBasicb Ha ¢op-
MaJbHOM JOKa3aTe/JbCTBE 3TOr0 (haKTa, Mbl NpuBeneM Te c000-
paXkeHusi, KOTOpble MOKa3bBaIOT CyllecTBO Aesa. HauneM ¢ Toro,
YTO MOHOTOHHOe YOblBaHHe BeJMUMHBl # OYEBHIHO, TaK KakK
dul/dx < 0BoBcex Toukax yaapHo# kpuso#t. [Ipeanosoxum reneps,
4YTO Mbl XOTHM, 4TOOH, ckaxeM, 909, u3MEHEHUS| BEJHUMHBI U
NpPOUCXOJU/IO HA MHTEpBaJe MPOTHKEHHOCTbIO MeHbule €. Mnaue
roBOpsi, Mbl XOTHM, YTOOB ,ylapHas KpuBas‘ npoxonuaa 64.b-
IIYI0 4aCTb PacCTOSHUA Mexny Z; u Z, npu MaioM (MeHblle €)
usMeHeHuu x. M3 Buma cucreMmnl (57.6) sCHO, YTO STOrO MOXKHO
DOGUTBCA, cnefaB A— 2p M x JOCTATOYHO MAaJbIMU HE3aBUCHMO
OT TOrO, ABJSIIOTCA JU OHU TMOCTOSHHBIMHU.

NanbHefimee wuccnenoanue ypasHenn#t (57.6) ynporuaercs
npu 3aMeHe o ==u2 T[eoMeTpuueckas HHTepHpeTaLHs MOJyHeH-
HOTO YpaBHEeHMSl MO3BOJAET BBIBECTH MNPOCTHIE M BeChMa MOJe3-
Hble HepaBeHCTBA IS OLEHKH TOJUMHEL YAapHOTO Ca0s (CM.
pabory Museca). Lllupoku#t Kpyr BOnpocoB, cBSI3aHHbI# C yaap-
HBHIM CJIOeM, H3y4eH ¢ (MU3MYeCKOR TOUKM 3peHHs B ONnyGJHUKO-
BaHHOM HexaBHO paGote JlaliTxuina?).

"W Konauurtou E. A, Jlesuncou H, Teopus o6uixHOBEH-
Hblx auddepenunanbubix ypasuenuit, UJI, 1958, ra. 15.

) Lighthill M. J, Surveys in Applied Mechanics, Cam-
bridge, 1956, ctp. 250.
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BA3KME HHUAHKOCTH

§ 1. OcHoBHBIe ypaBHEHHs HNBHKEHHS BA3KOH KHIAKOCTH

58. Tensop HanpsxkeHuit. BekTop HanpskeHu# t, OMUCEHIBAIO-
i ne#cTBHe BHYTPEHHMX CHJI Ha BBIIEJEHHYI0 MOBEPXHOCTb,
NnpencTaB/adeTcd, KakK IOKasaHo B II. 6, B BHIE

t=n-T,

rie T=T (X, {) — TeH30p HanpsKeHu#t, a N — eIHHHUYHBIH Bek-
TOpP HOPMalM K pAaccMaTpuBaeMoft NOBEPXHOCTH. BBenenue TeH-
30pa HampshKeHWil B ypaBHEHHS [BHXKEHMSI HMeeT CBOeH Leabio
yueT peakiu#i, BOSHUKAIOUIUX B Cpele B MPOLECCE ee ABHKeHHs.
YcranaBianBast cBA3b MexAy TeH3opoM T U ADYrUMH KHHeMaTH-
YeCKHMMU M TEPMOIAMHAMMYECKUMU IE€DEMEHHBIMH, Mbl TEM CaMbIM
ompejenseM M KaacCHUUUpYyeM THN CPellbl, HAPUMED XUAKOCTb,
ynpyras cpeia, IJacTuyeckas cpeia W T. A. Takoe coorHolue-
Hue Mex 1y TeHsopoM T W ApyruMu nepeMeHHBIMM HOCHT HA3BaHHE
onpedessiowezo ypasHernus. [IpuMepoM Onpeaesioero ypas-
HEHHS MOXET CJyXHUTb, B YaCTHOCTH, ypaBHenne T = — pl, ycra-
HAB/JKBAIOLCE YKA3aHHOE COOTBETCTBHE B Clydae HeabHOH
XUJAKOCTH.

B caemywouux nynkrax OyAyT BEIBEJEHH ONpeieasiollue
YPaBHEeHHs, NMpPHMEHUMble K XUIAKOCTAM, B KOTOPHIX CYleCTBEH-
Hyl0 pOJb HUrpaloT KacaTeJbHble HanpsikeHuss. IIpumensembift
3gech Meron Geper cpoe Hauyano or pa6or Crokcal) m Byccu-
Hecka %), JlanbHefiliiee passuTHe 3TOTO MeTOAAa B HMCC/ACLOBAHHAX

1) Stokes G., Trans. Cambridge Phil. Soc., 8, 287 (1845);
Papers 1, cTp. 75—129.
)Boussinesq J., J. Math. Pures Appl, (2), 13, 377 (1868).

13 3ax. 1160
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Patinepa!), Pusnuna2) u Tpycienna ) npuseno K onpenessiomum
ypaBHeHussM OOLIEro BHAA, BKJKOYalOUUM B cebS B KauecTse
YacTHOro caydas kJjaccuueckuit sakon Komwm — Ilyaccona u oxsa-
TBIBAIOLIMM BCE. H3BECTHBIE TUIIBl HENpepBIBHOH cpelbl. Dbl
3HAYMTEJbHO YCOBEpIUIEHCTBOBAH TaKXKe BHIBOJ OMNpele/sIolmuX
ypasHeHuH. B mepBoM mnaparpade 3To# riaBbl yCTaHaBJHBAeTCS
yeTKas CHCTeMAa YCJIOBHH, KOTOPHIM JOJKHO YLOBJAETBOPATb MO-
BelleHHe KHMAKOCTM Npu ee Aedopmaunuax. B kayecTBe mpsamMoro
CJeNCTBUS 9STOH CUCTEMbl aKCHOM Mbl MOJyuYaeM ONpejensioline
ypaBHenusi. [TpocToTa JOTMYeCKO# CTPYKTYDH BEIBOJA ONpele-
JS0IIMX ypaBHeHHH NO3BOJAET NpPH 3TOM TayCxe NOHATb MaTe-
MaTHYECKYIO CTOPOHY BONpOca 00 onpee/IeHHH OHATHS KUAKOCTH.
Teopusl, TMOCTPOEHHass HA OCHOBE YKa3aHHOM CXeMBl paccyxie-
HUM, YYUTHIBAeT HeslMHeH#HbIe 5 QeKTH BA3KOCTH, KOTOpHIE MOTYyT
urpath OOJBIIYI0 POJIb B HEKOTOPHIX CJAOKHBIX CJAyyasX, TaKuX,
KaK HCC/IeloBaHWe YILApPHOTO CJOsi, MOTPAHUYHOIO CJIOS M TOJe-
TOB Ha OOJbIIUX BBHICOTAX.

Bce Hamu paccyxaeHusi He BBIXOLST 33 PAMKH MeXaHHKH
CIVIOWIHBIX cpel. MoJekyaspHas TNpPHPONA MXHUAKOCTeH# U TasoB
NpH STOM B pacyeT He NPHUHUMaeTcs. ITO MOXKET, KOHEUHO,
B HEKOTOPHIX CJyYasX BhI3BaTb COMHEHUS B NPUMEHUMOCTH TeO-
pun. Takue COMHEeHUs BO3HHMKAIOT, HampuMmep, B NPUMEHHMOCTH
ypasHenu#t Hasbe — Crokca K u3yueHHIO MOJETOB Ha OOJBLINX
BBICOTaX MJM K HBYYEHHIO YJAPHOTO CJOS B CBA3H C TeM, YTO
cpelHssi AjauHa cBOGOAHOrO mnpoGera MOJEKYJ SIBJASETCS B STHX
CJ/yyasX BeJMYMHOH TOTO e NOpSIKa, YTO M XapakTepHHH pas-
Mep. OxHako BOTPOC pellaeTcss B KOHLe KOHLOB He y6enuTelb-
HOCTBIO NIOBOLOB, @ CPaBHEHHEM pe3yJbTaTOB TEODUM C 3KCIe-
pumentoM. ITpu TaxoM cpaBHeHMH OKa3bIBaeTCsl, YTO ypaBHEHMA
Hasve — Crokca JaloT XOpOIUHE Pe3yJbTaThl B YKAa3aHHBIX. BhlllIe
W B nNOJOOHBIX cJayuasx. Jlo6aBuM, uYTO NpU BHOOpE MEXALY
KMHeTHYeCKOH Teopuefi M Teopuell CNJOMIHBIX Cpel OCHOBHEIM
¢akTOpOM sBJSETCS MPOCTOTa M CTPOHHOCTL MOCJEAHe# Teopuu,

59. IMocryaars Crokca. xopax Crokc B cBoeffi 3ameua-
TeabHOlt pabote, onyOJuKOBaHHO# MM B BoapacTe 26 Jer, nana

" Reiner M., Amer. J. Math., 67, 350 (1945).

2y Rivlin R. S., Nature, 160, 611 (1947); Proc. Roy. Soc.
Lond., Ser. A, 193, 260 (1948).

% Truesdell C. J. Math. Pures Appl. (9), 29, 215 (1950);
(9),30, 111 (1951); J. Rational Mech. Anal., 1, 125 (1952); 2, 593 (1953).
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clefyolee OnpeleneHie MOHATHIO XuaKocTH 1): , PasHoCTh Mex Iy
JaBleHHeM B IBHXyuleficd KUIKOCTH HA TJIOCKOCTb, MpPOBENEH-
Hyl0 B TOuke P B m060M 3aJaHHOM HanpaBJeHHH, M OJUHA-
KOBBIM JUIS BCEeX HampaBJeHuHt HaBJeHHeM, KOTOpOe Cylie-
cTBOBaNO Obl, ecau Obl KUAKOCTb B OKPECTHOCTH TOYkM P Ha-
XOAMJIACh B COCTOSIHHM OTHOCHUTE]bHOTO paBHOBECHS, 3aBUCHUT
TOMLKO OT OTHOCHTENbHOIO JBHXEHHS XUIKOCTH B Hemocpen-
CTBeHHOHM OJM3OCTH OT TOukM P; Ha BeJHYUHY YIOMSHYTOTO
BhHIIIE JABJEHUS HEe OKa3blBaeT BJHUSHUS OTHOCHTENbHOE IBHIKE-
HHie, BBI3BAHHOE BpallleHHeM :KUIKOCTU. “ HecMOTps Ha KaxyuLyocs
pacn/bB4aTOCTb 3TOrO OMNpENeJeHHs, B HeM OTPaXeHa CYIIHOCTb
noHATHa KuikocTH. Paboras c¢ stum onpeneneHueM, Crokc ¢op-
MyJupyeT cBOM uIeH OGoJsee UeTKO. B YacTHOCTH, HMX MOXHO
BHIPA3UTh CJAELYIOlle#l CUCTEMOH NOCTYZaToB.

1. Tensop T ssasnemcs Henpepu8HOd pyHKYUeH meH30pa
degpopmayuu D u ne 3asucum om Opyzux KUHeMAMUYECKUX
nepemennsx.

2. Tensop T He 3a8ucum SIBHO om nOAONCEHUs mouxku P
8 npocmparcmge (00HOPOOHOCMb NO NPOCMPAHCMBEHHbLM
nepemerHHsM).

3. B npocmpancmse Hem UCKAIOYUMEAbHOLX HANDPAB.AeE-
Huld (u3omponnocmo).

4, Ilpu D=0 men3op T onpedesssiemcs coomuoueruen
T=—pl

KoHeuHO, BO3MOXHBEI (2 B HEKOTOpPHIX CaAyyasx H Keja-
TeJbHBL 2)) Jpyrue CHCTEMBl TMOCTY/aTOB, HO JJA HCCAelO-
BaHUH, H3JaraeMblX B NAHHOR cTaTbe, WU MOYTH JJs BCeX COB-
PEMEHHBIX NPUJIOKEHUH rMAPOJMHAMHKYI BNOJHE JOCTATOYHO Mpel-
nosnoxenuit Crokca. Cpeny, onpezensiiolye ypaBHeHUss KOTOPOR
YAOBJETBOPAIOT C(HOPMVINPOBAHHONM BHILIE CHUCTEME NOCTYJIATOB,
Mbl OyneM Ha3blBaTb CMOKCOBOL HCUOKOCMBIO.

Maremaruyeckas (GopMymMpPOBKAa INepBHX JBYX IOCTY/aTOB
JlaeTCcsd MPOCTHIM COOTHOILEHHEM:

T = f (D). (59.1)

) Stokes G., Papers, 1, ctp. 76—129.

2y Truesdell C, J. Rational Mech. Anal., 1, 125 (1952);
Noll W., J. Rational Mech. Anal., 4, 1 (1955). Wurepecnoit ocoben-
HOCTbl0 paboThl Hoana saBaseTCa TiLaTe/bHOE HCCAENOBAHUE MOHATHA
H30TPOIHOCTH.

1%
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YcaoBue H30TPONHOCTH BHIpaxaercs TpeGoBaHHeM, 4TOGH [1Js
J060# MaTpPULLL S OPTOrOHA/MbHOrO NpPeoOpa3OBAHMA BBHIMOJHS -
JIOCb PaBEHCTBO

STS ' = f(SDS™)). (59.2)

ATO paBeHCTBO O3Ha4yaeT, YTO HH B MNPOCTPaHCTBE, HH B cpele
He CYILLEeCTBYeT UCKJ/IOUHTENbHBIX HaNpaBJIeHUH, HJIH, HHAYE TOBOPH,
yTO 3ajaHHas JAedopMalMs HEe3aBUCHMO OT €€ OpHEeHTalUU BHI-
3blBa€T OJHM M Te xXe HampskeHus. Tounee, paBeHcTBO (59.2)
O3HAuaeT WHBAPUAHTHOCTb cOOTHOMeHUs (59.1) OTHOCHTENbHO
BCEX OPTOrOHAJbHBIX MpeoOpa3oBaHUM CUCTEMBl KOOPAHHAT.

Tensop T, oyeBMIHO, HNO/MKEH 3aBUCETb OT TepMOJMHAMU-
YeCKOr'0 COCTOSHUSI KMIKOCTH; 3Ta 3aBUCHMOCTb He OBlIAa Oro-
BOpeHa BhlIe IO TOH INpHYHHe, 4TO B JAHHBIE MOMEHT Hac
MHTepecyeT Julllb 3aBUcUMOCTb T oT TeHsopa nedopmanuit D.

Ml nokaxem celuyac, 4TO BHIMMCAHHAA Bhille CHCTEMa MO-
CTy/1aTOB NPHBOIUT K NPOCTOH ¢dopMy/e I/ TeH30pa Hampsie-
Hu#, a MMeHHO K QopmyJe

T =al 4 8D+ 7D?, (59.3)
rie a, B u 7— ckanapHele QYHKUMM TVIaBHBIX MHBAPHAHTOB TeH-

sopa D, T. e.
a=a(l,ILII) u 1 I

3ameuarue. TNaBHHIC HMHBAPHAHTH MOXHO ONPENENHTh Kak
K03(duLHeHTH NPy pasnoxenuy onpeeureas D(A) = det(\—D)
N0 CTemeHsM A:

D) =M —1)X2TI\—IIL (59.4)

W3 onpenenenus BHITEKAeT, B 4YacCTHOCTH, 4T0 [=SpurD =
=div v=0. Xapakrepucruueckue uuciaa d,, dy, d, MaTpuus D
ABJAIOTCS KOPHAMHU ypasHeHus D (\) = 0; B cuily cCHMMETPHYHOCTH
matpuusl Ddy, dy u d; saBisoTCA NEHCTBUTENbHBIMU YHCJAMH.
SIcHO, 4YTO XapaKTepUCTHYeCKHe uuc/aa MaTpuubl D sBisiorcs
GYHKUMAMA ee TJaBHBIX -MHBAPUAHTOB.

dukcupyd ¢yHkumn «, B W 7, M TOJYyYaeM IKUAKOCTb
C onpeleNeHHbHIM XapakTepoM Bs3KWX HanpskeHu#l. Hanpuwmep,
ecau Mbl BhiOepem ¢ynkumu o, § u Y Tak, uToOH 3aBucumocts T
or D Oniia nuHeHHOH, TO npuieM K KJIACCHYECKOMY B3aKOHY
BsiskocTi Koun — ITyaccona. Huxke (cm. 1. 65) Gyner paso6pato
HECKOJIbKO NpUMEpOBs, B KOTOPHIX 3aBUCUMOCTb (69.3) uMeer He-
JHHEHHBIR Xapakrep.



59. Moctyrarer Crokca 197

JokasateabcTBO dopMyan (59.3)1). IMokaxem cHa-
yaja, 4YTO TJaBHBE HanpaBjeHus TeHaopa T coBmajalT ¢ rias-
HBIMU Hanpas/eHUAMH Tensopa D uam, unaue rosops, uto moGoe
opTOroHanbHOe NpeobpasoBanue, NpuBodAulee Marpuuy D k aua-
rOHa/JbHOMY BMAY, NpPUBOAMT MaTtpuuy T TakxkKe K JHAaroHaiab-
HOMy BHIy. JIeHCTBHTEJbHO, NpENNOJOXHM, 4TO Marpuua D
npHBeleHa K BULY

d, 0 0
D=|0 d, 0
0 0 d,

u uro Matpuua T mnpeoGpasosanace npu 3toM B Marpuuy T.

Torna u3 cootHomenu#t (59.1) u (59.2) shitexaer, uro T = f (D).
Jlerko BUIETb, 4TO OPTOrOHA/IbHOE NpeobpasoBaHHe KOOPIUHAT

1 0 0
s=(0 —1 o0
0 0 —I

He Menser Marpuuy D. CienosarensHo, o6pamasch cHOBa K ¢op-
MyaaM (59.1) u (59.2), nosayuaeMm

STS '=f(SDS™ )=/ (D)=T. (59.5)
Takum o6pasoM, npu npeobpasoBaHud S MaTpuua T Takxe co-
XpaHsier CBOH npexuuft Bui. ITpoCTOH mMOACUeT MOKA3LIBAET, 4TO
B 3TOM CJyuae JO/DKHbI BBIIOJHATBCS YCAOBHA o == fyg ==ty =

=13 =0 u fy; =1t =0. Urak, Mbl 10Kasam, uto Marpuua T
UMEeT NMArOHAILHYI0 (POPMY, T. €. UTO

L 0 0
T=[ 0 ¢ 0.
0 0 ¢

C reoMerpuyeckolt TOYKM 3peHus TpeoGpasoBaHUe S MOKHO
paccMarpuBaTh Kak MOBOPOT CHUCTeMBl koopauHart Ha 180° Bok-

1) 3a uckilouYeHHeM 3aKJIOUHUTENbHOH YacCTH J0Ka3aTeNbCTBa, MbL
clenyeM ussmHoMy merony OIpukceHa H Pusauna [Ericksen J. L,
Rivlin R. S, J. Rational Mech. Anal., 4, 323 (1955), B ocobeHnocTH
§ 30). B apyroit pa6ore Spukcena [J. Washington Acad. Sci., 44,
33 (1954)] paccMOTpeHbl pa3anuHble OTPaHHUYEHHH, KOTOPBIE HAKJIaLbl
BAIOT HAa KO3QQUUUEHTB @, § M | Te HAH HHble (UIHYECKHE YCIOBHA.
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pyr ocu x,. YpasHenne (59.5) noxasmiBaer, uTo Martpuua T
CHMMeTpHYHA OTHOCHTEJbHO 3TOH oOcu.

Tax xak maTtpuua T sBAseTCs IMaroHaAbHOH, XapaKTEpPHUCTH-
yeckue uncaa T aBasiorcs ¢yHkuusamu or dy, dy u d;, T. €.

t,=f1(@, dy dy), i=1, 2, 3. (59.6)

[pennosioxuM CHavuana, YTO XapaKTepUCTHYECKHe uHCIa Ma-
Tpuusl D pasnuuHEl Mexay coOoH; TOrZa Mb MOXeM BHOpaTb
MHOXMHUTeaH &, B u Y Tak, 4TO

t,=a—+Bd,+1d;, i=1, 2, 3. (59.7)

IlefictButenbHo, ypaBHenus (59.7) MOMXHO paccMaTpUBaTh Kak
CHCTEMY JHHEHHBIX YpaBHeHu#t oTHocutenabHo a, B u 7. Torna
onpejenuTtesb, COCTABJIEHHBIH U3 KO3(PQUUHEHTOB 3TOR CHCTEMHL,

1 dy d
A=\l dp di|=(d;—dy)(dy—dy)(d;—dp)+0
1 ds dj
U, cornacHo npasuay Kpawmepa,
t dy dl
a=x|t: dy d}|- (59.8)
ty d3 dj

AHanornuHeiM 00pa3oM BHIPaxaloTCA MHOXHUTeaAM B u y. dru
MHOXHUTEJH ABJIAIOTCS HeNpephLBHBIMH GYHKuMAMU ¢, U d,, a ¢,
B CBOI0O oOuepelb HenmpepniBro 3aBucsiT oT d;. CiaenosatesbHo,

B CJyuae pAa3IMUHBIX XapaKTEPUCTHYECKMX YHCEN MaTpHubl D
MHOXHTEeNH o, B U 7 ABJSAIOTCA HenpephIBHBIMH (PYHKUUAMH STHX
XapaKTepUCTHYECKUX YUCEJI.

B xauecTse cJaepylollero 1Iara 3aMeTHM, YTO Jiobas mepe-
CTaHOBKAa uHhcesa d; MPUBOIUT K aHAJOTMYHOH NepecTaHOBKe YM-
cen t; [3TO caenyeT u3 OPTOrOHAJLHOCTH YKA3aHHOTO npeobpa-
30BaHus W U3 cootHowenus (59.2), B cuny koroporo Matpuua T
u3MeHsAeTCd Tak ke, Kak Marpuua D). Herpyano y6enutbcs,
NO/Mb3YSCh STHM 3aMeYaHueM, YTO MepecTaHOBKa uMcea d; ocra-
BaseT a, B u 7 Ge3 usMeHeHuss. TakuM o6pasoM, MHONCUMeLl O,
B u 7 ssrawmcs cummempuunoimu @dynxyuanu d;, 1o
03Hauaer, 4T0 @, § W 7| 3aBUCAT TOJbKO OT TpPeX IVABHHIX HHBA-
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puanro: O, II u Il (B cnpaBenauBOCTH 3TOrO YTBEpKIEHHS
JeTKO  yOeduTbCsl, BCHOMHMB, YTO 4YHCAa d; SIBJISIOTCS KOPHAMH
MHOrOouneHa ¢ koaddunuentamu O, II u III). Takum oGpasom,
Mbl JIOKa3aJjd, YTO B CJAyYae pa3JMYHBIX XapaKTePUCTHYECKHUX
yucea wmarpuunl D mmoxwcumesun o, B u y sssaomcs 00Ho-
SHAUHBLMU HenpepusHblmu (PYHKQUAMUL 2AQBHULX UHBADUAH-
mos D. BosBpawasch K MaTpPUYHBIM OGO3HAYEHUAM, Mbl NOJY-
yaeM BMecTo cucTeMbl (59.7) ypaBHehue

T =al+ D + YD,

KOTOpOe B TOYHOCTH COBMagaer ¢ ypasHeHueM (59.3), koTopoe
cBa3biBaeT McxonHbie Matpuusl T u D.

Ocraercd [10KasaTb CHpPaBeNJMBOCTb mpencTasieHus (59.3)
B CaydYae JBYX WJHM TPeX PABHBIX XapAKTEPUCTHUECKHX UHCEN

matpuusl D. TlepecTaBuB paBHBE XapaKTepUCTHYECKHE U#CJa

Matpuusl D, HeTPYAHO yGemuThcsi, MOAOGHO TOMY, KaK 3TO GBLIO
ClleNaHo BBIlle, YTO COOTBETCTBYIOLIME XapaKTepUCTHUECKHE

yucaa matpuubl T Taxxke coBmamaior. M3 rtex e coobpaxenuit,
KOTOpHle MpHUBeJU K ypaBHehusM (59.7), cienyer, yTo B ciayuae
IBYX DaBHBIX XapaKTepPUCTHYECKHX YUCEJ

T:al«{—ﬁﬁ,

a B cayuae tpex paBHbIX uyucean T -=al. Tak kxak 3Tu Gopmys
takxe uMeloT BUL (59.3), 10Ka3are/bCTBO 3aBEPIIEHO.

[TpuBeneHHOe [0KAa3aTEJIbCTBO He NaeT TapaHTHH HelpephiB-
HOCTH o, B M Y NpH COBNALEHMH XapaKTepUCTUYECKUX HHCe]a
MaTpunbl D, 4TO oOCTaBaser BreuaT/ieHHe HEKOTOPOH HesaBep-
ureHHocTH. Ecau npeanonoxuts 3asucuMocts T = f (D) mpusicde
HenmpepbBHO AH(depeHunpyeMoit, TO MOXHO CPaBHHTEJLHO
NpoCTO MNOKAa3aTh, YTO YKAa3aHHAs HENPEepPHIBHOCTb HMEET MeCTO.
[Tocko/bKy STOT pesyabTaT HaM B JajbHefilieM He MoHan06HTCA,
110Ka3aTeJbCTBO ero OYyAeT OmyuieHo.

Ecau k nocrynaram Crokca 106aBuTh yC/IOBKe JMHEHHOR 3aBH-
CUMOCTH KOMIOHeHT Marpuubsl T OT KoMnoHeHT Marpuus D,
TO npexctaienne (59.3) npuHUMaeT BUI

T =(— p+18) 1+ 2D. (59.9)

OTOT pesyabTaT, KaK BHIICHUTCS HUXKe, SBJAAETCS CJeACTBUEM
oOuweft Teopembl, kKoTopas Oyaer IokasaHa B 1. 60, oxHako
ApeicTaB/asgeT HHTepec M JAPYroe, 3HauuTeabHO 060Jee NMPOCTOe
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JOKa3aTeJbCTBO, B OCHOBHOM He CBf3aHHOE C TNpeIblLyLINIMH
paccyXIcHUAMH.

B cuny uwerBeproro mnocrysnata CTOKCa W THUIOTE3b O JH-
HeHHON saBucuMocTu ¢; OT d; dopmyan (59.6) n0omKHB UMETb
C/AeLYyIOIUA BHUL:

ty=a,d;+ aydy+ ad3—p,
ty=byd, + bydy + byd; — p,
ty = 1d;+ Cody - C3d3— p.

Kos¢¢puuneHtsl 9THX BblpaxkeHH# He 3aBUCAT, KOHeuyHO, OT D.
Tax Kak H3MEHEHMIO HyMepauMd d; NOJ/KHO OTBEYaTb aHAJOrHY-
HOE H3MeHeHHe HyMepalmuH £;, TO UMKJIHYeCKas MepecTaHOBKa
(2, 3, 1) npuBOAMT K yC/IOBHAM

a,=by=c; ay=0by=c¢;, a;=>b=c,.

AnasornyHeiM  06pasoM, NOJB3yfACh NepecTaHoBko# (2, 1, 3),
HaxoluM a,==0;. Taxum 06pa3oM, Mbl HMEeM

G=ay=b=by=ci=c=A a=by=0c=\+42,

u npexacrasienne (59.9) nokasano.

B cjlelyoueM MNyHKTE MBI 3aliMeMcsd aHa/au30M MOHATUA Oa-
BJCHUA KUIAKOCTH, IIOC/€ Yerc B 3aKJ/IYEeHUU pasneja O KUMd-
KOCTfX, ynoBJeTBopsiiowux nocrynsaram Crokca, OyleT paccMo-
‘TPEeH MHTEPECHHIt TNpUMED NOAUHOMUAALHOL 3asucumocmu
KOMIIOHEHT Tij TEH30pa HanpsKeHUH OT KOMIOHEHT Dii TeH30pa
-Jaepopmauuit.

59a, JlaBaenue. Jlas CKMUMaeMBIX KHIKOCTeH maBieHue
'IBJISIETCS BIIOJIHE ONpeJe/IeHHOH TepMOINHAMUYECKOH MepeMeHHOH.
910 nosBoJsgeT HaM NepenucaTb ypasHenue (59.3) B Buze

T=(—p—+a)I+4 D+ D2 (59.10)
rie p — TepMOILMHAMUYeCKOe naBjeHue, a a*==a— p. B coor-
BETCTBUM C yeTBepTHIM moctyaaroM CTokca BeqMuuHa a* 1OJIKHA
obpamatscs B Hyap npu D=0. Cpasuus Temepb Qopmybt
(59.10) u (34.1), nosyuuM COOTHOIIEHHE

V=a’l1+ D 1D?,
‘CBfI3LIBAIOLEE TEH30D B3KOCTH C TeH30pOM HedopMaruu.

B NPOTHBOMNOJIOKHOCTb CAYyuYalo CXKMMAeMBIX XKUAKOCTEH, nJd
‘Hecxcumaemolx MUIKOCTEH JaBjeHHE, KaK YixKe OTM€4a/10Ch
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B n. 33, He sgasemcs TepMOAMHAMUUYECKOH nepeMeHHOH
OCTaeTCsl MOKa HeompeleleHHbIM 1). MBI MOXeM, C/el10BaTelbHO,
BBECTH JI000O€ ONpele/eHHe [AaBJeHUs, He NMPOTUBOpevallee yeT-
pepromy noctynary Crokca. OxoHuareabHBIH BEIGOP 3TOrO
onpeleNeHus He WUIpaeT CyLIECTBEHHOH pOJHM, TaK Kak cJeiayer
MOMHUTb, YTO BBEJeHHOE TaKUM 006pa3oM B THIPOLUHAMUYECCKUE
ypaBHeHus 3}, AaBleHue“ He 00s3aTe/bHO LOJKHO COBMAnaTh C MO-
KasaHHeM H3MepHUTeNbHBIX NPUOOPOB; HA CAMOM 1eJe 3TH TNOKa-
3aHusl J1a0T HaM OOBIYHO BEJMYUHY OLHOH M3 KOMMOHEHT TeH-
30pa HanpsiKeHu#H. _

B cuny choenaHHbIX Bhille 3aMeyaHufi BHIOOD Ompene/eHus
NIaBJIEHHs] €CTeCTBEHHO TNOLYUHUTb TpeOOoBaHHUIO, 4TOOL ypaBHe-
Husl IBIKEHUS uMean Haubosee npocToit Bui. M onpenenum
IaBjeHde p Kak kospduuueHt a B popmyae (59.3) ¢ obpatHbIM
3HAKOM. ODTO NPUBOAUT K CJeNYIOLIEMY BHIDAXEHUIO [/ TeH30pa
HanpsKeHUH Hecocumaemol KUIKOCTH:

T = — pl + 8D -+ 1D2 (59.11)

3aMeTHM, YTO BBENEHHOE ONpele/eHHe [TaBJEHHs COrIacoBaHO
¢ ycaosueMm, uro npu D =0 Beanunna T npunumaer sHayeHue
T=—pl

Hekoropoie asropsl (Hanpumep, Jlam6 [8]) onpenendior na-
BJEHME MHAue, a UMeHHO moJjaraioT p = —!/; Spur T. To omnpe-
JeJieHde BIIOJHE KOPPEKTHO, HO BBIpaXceHHe IJd TeH30pa Hamps-
wennit T umeeT B 3TOM ciayyae Gosee CJAOKHBIA BuA. B Haued
cratbe Mbl OyneM HaswiBath — ![;Spur T cpeonum dasasenuen

1 0603HauyaTh ero vepes p. PasHOCTb Mew Ay AaBJeHHEM H Cpel-
HAM JaBJeHHeM [IJs HeCXKMMaeMOH KHIKOCTH HETPYAHO HahTH
u3 ¢dopmyns (59.11) B crenyioweM Buie:

3(p— p)=1D:D.

Mu BuauM, TakuM 00pa3oM, YTO p==p TOTAA M TOJbKO TOTIa,
korna 7=0, T. e. coBmajgeHue NABJEHHS M CPEIHErO NABJEHUS
SIBISIETCS XAaPAKTEPHBIM MPU3HAKOM KBa3W/IMHEHHOH 3aBMCHMOCTH
TEH30pa HanpsKeHUH OT TeH3opa HAedopmanui. B yacTHOCTH,
B paMKax KJaCCHYECKOH TeOpHH JuHeHHON BA3KOCTH pa3aHuHe

) dta Heompene/NeHHOCTb HMEET MeCTO, KOHEYHO, TOJbKO JJs
83KUX WHUAKOCTEH.
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MeXIy p u p ucyesaer u 00a ompenesneHHs AABJAEHHA, p = —a,
u p=—1/,SpurT, 1al0T B TOYHOCTH OZHO H TO e 3HAUEHHe.
Mbl nopuepKuBaeM M3JIOXKEHHBIE BHIIE OGCTOATENbCTBA NOTOMY,
YTO YacTO BCTpeyaeTcs HEeNOCTATOYHO SICHOE MOHMMAaHWE YCJI0B-
HOCTH TIOHATHS IABJEHHS B C/ydae HeCXKHMaeMOH KHIKOCTH.

60. IonuHOMHaANbHASA 3aBUCHMOCTD. B npenbiayuemM nyHkre
6bIJI0 YCTAHOBJAEHO, 4TO Haubojee OOUIMH BHIL 3aBUCUMOCTH Ha-
npsbkeHu# oT AedopMauuit, COrMACYOWUKCS ¢  MOCTyJaTaMu
Crokca, naerca ¢opmymao#t (59.10) wuam dopmynosi (59.11).
Bxonsume B 3TH ¢GopMyas koadduuments: a¥, § u Y npen-
CTaBJAI0T CO60H NMpOM3BOJbHBIE (PYHKLUM TJIaBHBIX HHBaPUAHTOB
marpuiii D M TepMOAMHAMHYECKMX TNepeMeHHbX. Jag Toro
uyToObl MOXHO OBLJIO TOJYYUTb pe3yJabTaThl, MpPeACTaBJSIOLNE
VHTEepeC [/ THIDOIMHAMMKM, YKA3aHHYIO 3aBUCHMOCTb CJe-
IyeT KOHKpPETU3HPOBATh; B NPOTHBHOM CJayyae NpH HCCJeNOBa-
HuM J0GBIX 3aKay, KpoMe HauboJ/ee 3JeMeHTapHbIX, BO3HUKJ/IN OBl
HENpeonoMble TPYIHOCTH. [TpaKTHYeCKU yHUBEPCA/IbHBEIM ABJASETCS
BHOOp noaunomuasvrol sasucumoctu T ot D.

Hau6osee BaxHubi#t u HaubGoJjee uacTo BCTpeuamolwufics ciay-
yail juHedHo# saBucumoctd T ot D Gwun yxe pasobpan B m. 59.
CrlenyomuM 10 BaXXHOCTH $IBJISETCS CJayyall KBaipaTH4HOH 3aBH-
cumoctd T or D. Tak xak uuBapuantnl ©, Il u Il sBasiorcs
GYHKUUSAMH NEpBOTO, BTOPOTO H TpeTbero Mnopsaka COOTBET-
CTBEHHO OT KOMMNOHeHT D, TO KBaipaTUYHYIO 3aBUCHMOCTb MOXHO
NOJYunTb TNPOCTO, KOHKpeTusupys ¢opmyis (59.10) u (59.11)
clenyomuM 06pasoM:

(— p—~+ M0 - V024 N II) [ + (20 + 2p/O) D —+ 4vD?
T= (011 C)KMMaeMO# KMIKOCTH),

— pl+ 2pD + 4vD? (oa1s HeCKMMAEeMOH KUAKOCTH).
(60.1)

AnanoruyHeiM 00pa3oM MOXHO 3amucath U 3aBUCHUMOCTH OoJlee
BHICOKOr0 nopsiika. Ilpu 3TOM BO3HHKaeT BONIPOC, ABJAIOTCHA JU
npexacrasiedus (60.1) u ux anajsoru Gosee BBHICOKOrO NOpsAKa
HauGoaee o00wumu npencTaBleHUsMU. Mpl mokaxem ceHuac,
YTO CNpaBelJnBa CJeNYIOLas OCHOBHas TeOpeMa:

Hau6oaee obujee onpedeasouee ypagHerue, Yy008.4emeo-
paouee cPoOpMYysuposanHbM 8biue nocmysaman Cmoxca
4 makoe, “mMO KOMNOHeHmb meH3opa Hanpfxcenul T
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ABAAIOMCA NOAUHOMAME cmenenu N om KOMROHENmM mex-
sopa degpopmayui D,;, uneem 8ud

T=(—p+ Py 1+ PD—+ P,D? (60.2)
20e P,, k=0, 1, 2, npedcmasganiom co00l mHO2041eRb. Om
eaasnox unsapuanmos D, npuuwem sec!) muozowsena P,
He npesoiwaem N —FEk. B caywae cocumaemol scudxocmu

nHozousen Py Ooascen umemv c80600HbLE 4aeH, PpaBHbLE
Hyai0; 8 caytae Hecocumaemol scuoxocmu Py=0?2).

JlokasateabcTBO. JlOCTATOUHO MOKasaTh, 4TO KOz¢-
¢duumnent o, Bxomswuit B dopmyay (59.10), umeer BMA MHOrO-
yneHa Py Bul K03bduuUNeHTOB 3 M T yCTaHABJAWBAETCA BIIOJIHE
AHAJOTHYHO. 3aMeTUM CHauaja, YTO B NPHHATHIX HAMH TMpPeLNO-
aoxcenuax o¢ynxuuu f; B Qopmysae (59.6) DomkHb MMeTb BHI
MHOTOU/IEHOB CTeneHW He Bhie /N (OpTOroHajlbHOe Npeobpaso-
BaHME He MOXeT M3MeHUTb XapakTepa NOJMHOMHUAJIbHOH 3aBUCH-
moctn). CirenoBarTesbHO, ONMpeneNuTe]b, CTOSUIUA B wuc/auTe/]e
dopmyarr (59.8) i xoddduumeHTa a, ABJISETCS MO MEPEMEH-
HBIM d; MHOrou/JeHOM cTemeHu He Bhime /N 3. Tak kak 3TOT
onpenenute]b ofpamaerca B Hyab npu dy=d, (u3 d;=d,
BhITEKAaeT, 4TO0 ¢ =1,), a Takke Tnpu dy=d; u d;=4d,, M
BUIMM TIOCJE COKpauleHusl Ha A= (d; —dy)(dy—d,)(d;—d,),
YTO @ $BJSETCA MHOTOY/IEHOM IO TNepEeMeHHHIM d; CTeneHu He
Bhie N.

Ho, xax ObiJO NOKa3aHO Bhllle, & SBJASETCS CHMMETPHYHOH
Gynxuueit d;, mosToMy B CUAy HM3BECTHOH TeopeMmbl aareGpni3)

1) lng TOro 4TOGLI MOACYHTATL BEC MHOrOUJNEHA Pp, HYXHO HaHTH

MaKCuMyM BecoB k -2/ 4-3m ero unenos O™,

2) Jra TeopeMa, CHOPMYJUPOBAHHAA C PA3JIHYHOH CTENEHbIO OOII-
HOCTH, NPHUBOAUTCA BO MHOrux paborax. YactHblli cayya#t auneiHOH
3aBUCHMOCTH Obl1 HccaefoBaH Crokcom. MHrepec k o6wme# moamuo-
mMuaabHO# 3aBucumocTH T or D BO3HHMK 3HauHTeJNbHO MO3jHee: (op-
myna (60.2) mosBuaach Brnepsbie B paborax PaiiHepa u Pupamna (cum.
npumeuanus 1 u2 Ha crp. 194).Ilepoe crporoe, HO najieko He NMPOCTOE
I0Ka3aTeNbCTBO TEOPEMBl MNPHHAMJIEKHT PHBIMHY H JpuKceHy (Ha STy
paboty Mbl cchianuch Beime B I 39 u 41). IlpuBelneHHoe HaMmu
JI0Ka3aTebCTBO 3HAYHTEJbHO NpOIIE H 6osee eCTECTBEHHO; HEKOTOpLIE
HIeH 3TOro J0KasaTeabCTBa NpuHamaexar . Kanabdw.

Teopema nomyckaer o6oOmeHne Ha CaAydail aHaAMTHYECKOH 3aBH-
cumoctd T ot D; poap MHOrouneHos AP, GynyT HIpath IpH 9TOM aHa-
JAuTHYeCKHe (YHKIHH IIaBHBIX MHBapHAHTOB.

% Baum nep Bapaen B. /I, Cospemennas aare6pa, [UTT/I,
1947, vacts 1, § 26.
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0. MMeeT BUJ MHOTOuJeHa Beca He Bbille N OT IVIaBHBHIX WHBapHMaH-
ToB D. B cooTserctBuM € mocTy/aaTOM 4 CBOOOIHBIH 4YJEH 3TOTO
MHOTOYJIeHa JOJ/KeH OBITb PaBeH — p, CJEL0OBATENbHO, a*=a -} p
AB/SIETCA MHOrou/ieHOM 6e3 cBOOGOLHOrO uJjeHa, Y4TO U TpeGopa-
JI0Ch [10Ka3aTh.

Ha ocHose MeTonoB Teopuu pasMmepHocte# Tpycneunn!) nawen
XapaxkTep 8aBUCHMOCTH KO3((GULUEHTOB MHOrousieHoB P, or
TePMOJMHAMHYECKUX TepeMeHHbIX.

61. Kaaccnueckada rugpoamHamuka. YpasHeHus Hasoe —
Crokca. Tak kak Tensop nedopmauud, BooOlie roBOpsS, OveHb
MaJl 10 CPaBHEHHMIO, CKaxeM, C BEJHYNHOM OTHOLIEHHsI XapaK-
TepHOH CKOPOCTH M XapaKTepPHOH MJMHHEI, €CTeCTBEHHO NPUHSATH
runoresy o JuHeHHOCTH cooTHOwWweHus Mexay T u D. Cuenpyer
MONYEPKHYTb THUNOTETHYECKHI XapaKTep STOr0 NpeaNoJoKeHus:
ero Heab3sl HU BBIBECTH M3 SKCIIeDUMEHTAa, HH CTPOrO 06OCHO-
Bath. CornacoBanue pesy/bTaToB, MNOJYYEHHBIX Ha OCHOBE MpH-
HATOH THIOTE3b, C SKCNEPUMEHTOM SIBJASETCS, KOHEUHO, NOBOAOM
B MNOAb3Yy TNpHMEHEHHs THIOTE3bl W HaleH Bepsl B ee cCrpa-
BelJIMBOCTb, HO He 6oJiee TOrO.

[Ipumenss pesyabrar, NpUBeIeHHHIH B KOHUe m. 59, Ml
NOJy4yaeM M3 TMIOTe3bl O JHHEHHOH B3aBUCHMOCTH KJacCHUecKHe
onpeleJsIOlINe ypaBHEHNU:

{ (— p+28)14-2vD (na1st cxxMMaeMOH KHAKOCTH),
T= — pl4-2pvD (on1g HecXKMMaeMOR XKMIKOCTH).
(61.1)

B cayuae cxxumaeMo#t KHIKOCTH p-— TePMOAHHAMHYECKOE MaB-
aenve, @ =divv, a A H p— cKaNsgpHBe QYHKUMH TepMOAMHA-
YeCKMX MNepeMeHHbIX. B cayuae necxnmaeMo#i kuiakoctd p
ABJISETCA OAHOM M3 OCHOBHBIX [AMHAMHYECKHX TepEeMEHHBIX,
a p 3aBHCUT TOJbKO OT TEMIEpaTypH 2).

Baxum#i BOnpoc 0 XxapaxkTepe 3aBUCUMOCTH KO3(dHULKMEHTOB
BA3KOCTM OT TePMOJMHAMHUYECKUX NepPEeMEeHHHIX JeTaJbHO MCCJe-

1) Cm. pabotu Tpycrneanna, ykasaHHele B mpuMeuannu 3 Ha ctp. 194.

%) ¥YpaBuenue (61.1) 6bi10 mpuBeneHo Bnepsbie B paGote [lyaccona
[Poisson S.-D., J. Ecole Polytech., 13, Cah. 20, 1 (1831)]. B moxyuen-
HOM HECKOJbKO paHee Komu onpegessionieM ypaBHEHMH He GBLI yuTeH
unen —pl. JanpHeHmas JuTepatrypa NO STOMY BONpPOCY YyKa3aHa
B pa6ote [2] n B cratbe Tpycpeana [Truesdell C. J. Rational
Mech. Anal., 1, 126 (1952)].
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nosan B knure Yenmena u Kayaunra [34], ra. 9—121). Ipunuu-
nuanbHass CTOPOHA CXeMbl paccyxleHuft KMHETHYECKOH TeopuH,

NPUBOIALIMX K COOTHOIIEHHIO P~ T, Griia paccmorpena Tpyc-
IeJIJIOM; MM e OblJIo NpOBEIEHO HCC/IeLOBAHHE BONMPOCA C TOYKH
3peHUst TEOPUU Pa3MEPHOCTH 2). YKa3aHHble uCCAE0BAHUS U SKCHe-
pUMEHTa/IbHble JAHHble NMOKA3BIBAIOT, YTO B JOBOJBHO UIMPOKOM
nuanaszoHe KO3(QUUUEHTH BA3KOCTH MPAKTHYECKH He 3aBUCAT OT
naBnenus u ¢opmyna p~T™ paer xopouee npubJHKeHUe.
K stomy BOmpocy Mo eule BepHeMCS B CJELYIOUIEM MYHKTE.

dyHKuuA QUMCCUNALMHM, COOTBETCTBYIOLas 3akoHy Koiun —
IMyaccona (61.1), umeer BuL

AO2+4 2uD : D  (aas ckuMaeMmoH KMAKOCTH),

P=V:D=
V:D { 20D :D (ans HecKHMaeMOH KUAKOCTH).

(61.2)

Ycnosue @ > 0, BhiBeneHHOe B M. 34, HaK/IaAbIBAET HEKOTOPHIE
OrpaHuueHus Ha BeJuYHMHEL A ¥ p. B cayuae uecxkumaemot
KUIKOCTH, B HaCTHOCTH, M3 9TOTO YCJAOBMS caenyer, uto p > 0.
Jas cxuMaeMoft XKUAKOCTH, KaK NMOKAa3blBAaIOT HENOCpeNCTBEHHBIE
BBIYUMCJ/ICHHS, MMEET MeCTO COOTHOLIEHHE

30 = (3\+4- 2p) @2+ 2p [(d,— d2)2 -+ (dy— d3)2+ (dy;— d1)2]§ 7

caenosaresbHo, ycaoue ® >0 nns aoboro D BumosHserca
B TOM M TOJbKO B TOM CJyuae, KoOria

p>0, 3 42u>0

Besnunna 3N 2p. Bxomut Takke B GOPMYJaY IS PAa3HOCTH
Mex 1y [aBJEHHEM M CDeJHHM JaBJEHHEM B CKHMaeMOH KUIAKOCTH:

3(p—p)=(r+2p)- 6. (61.3)

Ypasnenus Hasve — Cmorca ®). YpaBHeHns IHHAMHKH, KO-
TOpble NOJyYyaloTCs M3 OCHOBHBIX ypaBHeHui#t (6.7) mpu nomoutu

)Y B pa6ore Koyma u Xaprpu [Phil. Trans. Roy. Soc. Lond., A,
241, 282 (1948)] paccMOTpeHBl 3KCIEpHMEHTaJbHBlE JaHHBIE sl BO3-
IyXa; MOXHO OOpaTUTbCA TaKke K OMNyGJMKOBAaHHOH HexaBHO paore
Jixuamopa (Gilmore F. R, Rand. Corp. Mem. RM-1543, Santa
Monica, 1955).

2) Truesdell C, Z. Physik, 131, 273 (1952); cM. Takxe pa6oTh
ykasaHHble B NPUMERaHHH 3 Ha cTp.

8 Navier C. L. M. H, Mem. Acad. Sci. Inst. France 2), 6,
289 (1827); pa6ota marupoBana 1822 r.; Stokes G. Papers, 1,
ctp. 75—129. HaBbe paccmaTpuBal TOJNbKO HECHKHMAEMbIE JKUAKOCTH.
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3akoHa Kommu — ITyaccona, HocaT Ha3BaHue ypaBHeHu#i Hasbe —
Crokca. Mexay ciayuaeM CXXUMaeMOH M HeCXKHMAeMOH JKMIKOCTH
¥MeeTCs HeKOTOpOe pasiuuMe, a MMEHHO

IJ CXXUMaeMOR XUAKOCTHU
e % = pf — grad p+grad A8) +-div (2pD);  (61.4)

IJI1 HECKMMaeMOH XuIKOCTH

p% = of — grad p + div (2uD). (61.5)

®opmanbHo ypasaenue (61.5) monyuaercs us ypasnenus (61.4),
ecan nonoxuth O =divv=0. D10 He 03Hauaer, omHAKO, YTO
ypasnenne (61.5) sBisiercs uacTHRIM cayuaem ypashenus (61.4),
TaK KaK TOHATHE [JaBJeHHs MMeeT CYLIeCTBEHHO pas/HYHBIY
CMBIC/ B CJyYasx CXuMaeMOH M HecxkuMmaemolt xuakoctd. [lpu
NOCTOSHHEIX A M p. ypaBHenus (61.4) u (61.5) npunumaior 6oJee
npocToft BUJ M 3aNHCHIBAIOTCA TaK:

L9 CXHUMAEMOH XKUIKOCTH
d
pgr =P —grad p () grad @ +pV2v,  (61.6)
IJg HECXKHMMAaeMOH XHUIKCCTH
p%:pf—gr_adp—i—'puV?v. (61.7)

Jlas TOro 4toGB MMETb BO3MOXHOCTb 3aNUCATh YPABHEHHS
Hasbe — Crokca B NpPOHM3BOJBHOH OPTOrOHAJbLHOM CHUCTEME KO-
OpIMHAT, HAM HYXHO HaHTH COOTBeTCTBYIOI(HE (OPMYJB /5
yckopenust, nas O wu gas V2v. dopmyan mas a u O Geum
nosyyeHbl panee (cM. 1. 12), a ¢opMy.bl A/s JanjacuaHa npouie
BCEro Ha#TH, BOCNOJb3OBABIUKCH TOXIECTBOM

V2v =grad 8 —rot w;

uned grad @ ynoGHO OCTaBAATL jaxe B CJayyae HeC)KUMaeMOH
MUAKOCTH, TAK KAK TPU ITOM INPOMCXOJHT COKpALIEHHE HEKO-
TOPOrO 4YuCJa 4IEHOB pasioxenus rotw. KommoneHts Tensopa
HanpsokeHu#t (61.1) B oOuieft KpPUBOJMHEHHOH cuUCTeMe KOOpAU-
HaT onpezensioTcs GHopMysMu

T =(— p+18) ¥ + 2pD",
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e 0 log h;
D k Og
0x‘+ axk ’
17 0¢ hp\2 OvF
D 3 _-] E + ).
L [ox +(hi) PY” (k+D

B u4acTHOM cJay4yae UMAMHIDHYECKOH CHCTEMBI KOODIMHAT
BHIpaxeHus 1iad a, O u © npusenedisl B m. 12. Tloassysch
METOLOM, pa3BUTHIM B M. 11, MOXHO TOJY4YUTH CleAymolIue
BbIpaXEHHS;

(gradO),—T—a?(rO)——-_
1 o o0v, 1 0%y 0%, 1 Odvy v,
Fo—("or)+7w+m_7z‘76‘—r—z'

1
(grad 8)y = —5 W (r8) =

_ 1 0%, 1 J%y 0%, 1 ov,
=7 oro0 T 7 a0 +r B00z + 7 0
) 19 19 ov, 0%y | O%u,
(grad9)2—75;(79)—7‘7(’ 0z)+r 0oz T ozt
n
2 oJv v
(V2V), = Ao, — 75 5 — 75
2 dv v
(V?v)0=A‘v)+ —L —‘72-1
1 d [ 0 1 o 92
2v). — =———|r— — 357 T 557
(V?v), =Av,, =7 or (r 0r)+ rr 002 + 0z%*

~~ ~~
Hakonen, o6osHauuB uepe3 rr, r0 u T. 4. ¢Qu3Myeckue KOMMNOQ-
HEHTHl TEH30pa HampshKeHu#, Mbl MOJAYYUM

(2;;'. zz_—p—}-)\e—}—?p.
6’6=_p+)\8+2}”(‘}_‘ 009+0r)

-~ {10y, O0vy Uy o (0uy 1 ov
’9—*’“(7“074"737——)' ez—P(wﬂL? oez)'
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Ypasuenus (61.6) u (61.7) B cdepuueckoit cucreme KOOpIUHAT
paccMoTpeHbl noapo6Ho B kHure [36], § 39—41.

62. CoorHomenune Crokca. B pabore, Ha KOTOpYyIO MHI
yxe ccoiiamuce B m. 58, Crokc mpuBoiuT J1Ba COOOpameHus
R NOATBEPXJEHHE COOTHOLIEHHS,

3\ 2p=0 (62.1)

Mex 1y ko3 PHIHEHTaMH BASKOCTH CKMMaeMOft BS3KON KMIKOCTH.
KopoTtko rosops, sTM cooOpaxeHHs CBOIATCS K TOMYy, 4YTO
ecau Onl ycaoBue (62.1) He OBIJIOSBEINOJHEHO, TO Iaxe B CJydae
OJHOPOJHOTO pacliUpeHUs IHCCHMAUUA ¥ Pa3HOCTb MEX.Iy JlaBie-
HHEM M CpelHHM JaBjeHHeM ObiaM OB OTAHYHBL OT Hyas [cM.
¢dopmyay (61.3)]. IpyruM, u Bo3MOxHO O6oJee yOeIuTe/bHBIM,
IOBOIOM MOXET CJYXKUTb KHHeTHYecKas Teopus MaxcBenna JJs
OJHOATOMHHIX Tra30B, KOTOpas MNpUBOIMT K ¢opmyre (62.1).
Aprymentauus CTOKca B HacTosilee BpeMs KaxeTcd HeyGenu-
TeabHOM; mpasna, u caM Croxc mnosnHee ykaswiBaal), uro oH
HuKorja He OB MOJHOCTBbIO YBEpEH B CIPaBeNJIUBOCTH STOrO
coortHoweHus. Yo Kacaerca kuHetuuecko#t Teopun Maxc-
Be/ula, TO, KaK Nokasdai Tpycmean?), B ee OCHOBE JIEKHT Npel-
NOJIOXKEHHe, PaBHOCHUJAbHOE cooTHoullenuio (62.1).

[lpn XenaHHH K BONPOCY O CNPABEINHBOCTH COOTHOmeHus (62.1)
MOXHO 6blIo 6bl mono#iTu c 60oaee o6mux nosunuit. TouHee, MOXKHO OTKa-
3aTbCsl OT PEHOMEHOJOrMYECKOr0 MOJX0/a, HCIOAL30BAHHOrO B 1. 58 u 59,
M pacCMaTpHBaTh BMECTO 3TOrO BHyTpPEeHHee CTDOEHHE MHIKOCTH . pH
Goapmux HampsikeHusax. Ilpy TakoM noaxome mpocras TePMOAHHAMH-
uyecKasl TEOpHs, H3JOWKeHHas B IJ. 4, 6bi1a Obl yKe HeClpaBelJHBa H
MOXHO Gblji0 6bl HONBITATBCS TEM HJH HHBIM CIOCOGOM CKOMIIEHCH-
pOBaTh HEBA3KY B TEPMOIHHAMHUECKOM YPARHEHHHM COCTOSIHHS 32 CUET
KOMIIOHEHT TEH30pa BA3KOCTH. B cuily cka3aHHOro oueBHIHO, UTO C 3TOH
TOYKH 3pPEHHS BONPOC O CHPABElIMBOCTH cOOTHoueHus (62.1) Tepser
BCAKUH CMBICIL.

OOpauiaicb K SKCNEPUMEHTY, Mbl CTaJKHUBAaeMCs C Cepbe3-
HBIMH TPYZHOCTSAMH. DTO BHIHO XOT#i OBl M3 TOrO, YTO B JIOOOM
9KCIepUMeHTe I/ onpejeseHHsi A Heo6X0AUMO BO3HHKAIOT fiBJe-
HHd, CONpOBOXAawolMecs OGoJbIUM yBeiuueHHueM O, B cBA3u
C YeM BCTaeT BONPOC O NPUMEHMMOCTH B3aKOHa JHUHeHHOH 3aBu-
CHMOCTH TEH30pa HampsikeHuft oT TeHsopa nedopmauuit. OCHOBbI-

) Stokes G., Papers, 3, crp. 136—137,
?) Truesdell C., Z. Physik, 131, 273 (1952).
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Basicb Ha paboTax, B KOTOPHX pPacCMaTpHBAJIHCh SKCIEPHMEH-
TanbHBle JaHHBIE 1), MOXHO YTBepKIaTb CJeiylolLiee: IJs OLHO-
aTOMHBIX Tra3oB cooTHolleHue (62.1) BrImOJIHAETCS C IOCTATOY-
HOM CTenmeHbi0 TOYHOCTH; C IPYILOH CTOPOHBI, AJs KHUIKOCTEH M
MHOTOaTOMHBIX Ta30B Ko3¢¢uuueHt A >0 MOxeT HHOTAA BO
MHOI'O pa3 NPeBOCXOIUTb NO BeaHuHHe Kod(hduuueHt p. Hau-
6osiee 4aCTO BCTpevaloliuecs 3HAuUeHHs NEPEMEHHBIX A ¥ | IpH-
seleHbl B KHure YemMena u Kayaunra [34] u B paborax, Ha
KOTOpBlE Mbl TOJbKO YTO CCHIJIAJUCH.

3ameTuM, uTO B TeX CayuyasX, Koraa 3¢¢eKT CKIMaeMOCTH
HE3HAYUTEJIEH, BeJUYHHA A He MOXeT OblTb, KOHEUHO, GOJbILOH.

63. TensonpoBOAHOCTb. I/l TOro uto0bl CHCTEMa ypaBHe-
HUHM KJacCHMYECKOM MeXaHMKH XUIKOCTH OblJa MOJHOH, Heo0Xo-
IUMO BHIPa3UTb BEKTOpP NMOTOKA Temaa ¢ Yepe3 MeXaHHueCkHe U
TepMOJMHAMUYECKHe TNepeMeHHble. Mbl  OyleM MCXOIMTb U3
OOGBIYHOTO TNPEANOJNONKEeHUS, UYTO ( f8ASAEMCS U30OMPONHOL
dyHKyueli om zpaduenma memnepamypsu. U mepmoOUHa-
MutecKux nepemennox. BoaMOxHb, KOHEUHO, U 60Jiee CIOKHBIE
CUTyalLlMH, B KOTOPHIX NPOHECCH TeMJIONPOBOLHOCTH BBHI3BIBAIOTCS
IedopmauusamMu (1 Haob6opor)?). OnHAKO BO BCeX PacCMOTPEH-
HBIX JO HACTOSLIEr0 BPEMEHH CJyuasX NpHHATOE HAMU Mpel-
TNOJIOXKEHHE He HYXKAAJIOCh B YTOUHEHHH.

VI3 ycnoBus M30TPONMHOCTH, KaK HETPYIHO BHAETb, BHITEKaeT,
yto BekTophl q ¥ grad T DO/KHBI OBITh NapajfaelbHbl, OTKYAa
crenyer 3akoH Hpiorona — dypoe

q=—~xgrad T, (63.1)

rae x— ckanspHaa ¢yukuus |grad 7| M  TepMOIMHAMMYeCKHX
nepemenHnx. TepMmonuHamuueckoe yciosue (34.4) Bkiioyaer
B. ce6 TpeGoBaHUe, HYTOOB MHOXMTeNb x OBII HEOTPHLATEJEH.
Bun ¢yukuuu » BHIOMpaeTCs B 3aBHCHMOCTH OT XapakTepa pac-
CMaTpHBaeMOi 3alayd HAa OCHOBE 3KCNEPUMEHTa M KHHETHUeCKOH
Teopun. Yame Bcero moubsyroTcs ¢opmynoi (cm. [34], ra. 13)

-“Tcp- == const, (63.2)

) Tisza L. Phys. Rev., 61, 531 (1942); Lieberman L,
Phys. Rev., 75, 1415; 76, 440 (1950); Kapum C, Poseuxen JI,
c6. Mexanura, Ne 2 (18), 83 (1953). Cm. Takxe crathio Tpycrenna
[Truesdell C., Proc. Roy. Soc. Lond., Ser. A, 226,59 (1954)1.

?) Cm. npuMeuaHue 2 Ha crp. 195.

14 3axk. 1160
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KOTOpas COBMECTHUMa C MPUHHUMAEMBIM 06GLIYHO NPpEANONOKEHUEM,
4YTO BEJHUYHHBI %, P H Cp noctosiHubl. HeoOxonuMbiM ycaoBuem

cnpasenauBoctd ¢opmyas (63.2) sBisiercd HE3aBUCHMOCTb % 01
|grad T'|. Jlns cOBEpLIGHHOrO rada C MOCTOAHHBLIMH YAEJbHLIMH
TEMJIOEMKOCTAMH BesMMyMHa OTHoIeHHs (63.2) BrGupaercs ciaenyio-
wuM obpasom:

BCp 2 3

— =, - 1 0,72

* 3’ 4 7
COOTBETCTBEHHO B CJy4afAX OJHOATOMHBIX Tla30B, ABYXaTOMHBIX
rasoB M BO31yXa. BennunHa pc,/x HOCHT HasBanue wucaa [1pano-

mAs; BNOCJENCTBUM Mbl BCTPETHMCS C 3TOH BeJMuHHOH npH
HCC/Iel0BaHHM BONPOCA O IMHAMUYECKOM NOLOOMH TeueHHH Tenao-
NMPOBOAHOM KUAKOCTH.

[MoncraBuB Bhipaxenue (63.1) B ypasnenue 3duepruu (34.3),
MBI TIOJIYYUM

p %f_=¢>+ div (x grad T). (63.3)

OTo ypasHenue BMecTe C ypaBHeHusamu Hasbe — Crokca, ypas-
HEHHEM HEpa3pBLIBHOCTH M TEPMOIHHAMUUYECKHMHU YPaBHEHUSIMH
€OCTOsIHMSA 00OpasyeT CHCTEMYy ypaBHEeHHH, Ha KOTOPOH OCHOBaHa
KJaccuueckas ruapoauHamuka. Tak Kak naIOLOTBOPHOE HCCJeno-
BaHMe 3TOH cuCTeMbl B ee OOLIEM BHIE efBa JU BO3MOKHO,
TOYHee OblMO OB CKa3aTh, YTO KJaccuyeckas THIPONMHAMHKA
HMeeT HeJO C pas3JMYHBIMU YACTHBIMU CJyYasMU YKasaHHOH cu-
CTEMBI.

64. I'panuuHbie ycaoBusa. PaccMoTpuM Temeph Te nuHamu-
YeCKHe ycJaoBusd, KOTOpre JAOJXKHB!I BBINOJHATBCS HA FpaHUle
kuakoct. Ha cBOOOZHOR MNOBEPXHOCTH HJIM HAa BHYTpeHHeH
MOBEPXHOCTH pa3lesia JABYX PasJMUHBIX KHIKOCTEH BHIMOJHAETCH,
kak 3aMmeTun Jlamb, ycnoBHe HenpepbLIBHOCTH BEKTOpa Hampsixe-
Hu#t. Bompoc O NOCTAaTOYHOCTH STOTO YC/IOBUS IJs HENpepbis-
HOCTH TOJI1 CKOPOCTe# MpH mepexole yepe3 cBOGOLHYIO MOBEpX-
HOCTb HJH TOBEPXHOCTb paspeaa oOCTaeTCsd IMOKa OTKPHITHIM,
OIIHaKO HCCJAeNOBAHUE PA3NUUHBLIX YACTHHIX CJYYyaeB NOKA3LIBAET,
YTO yTBEPAMTE/bHBIH OTBET Kaxercs NpaBrONOLOGHbLIM.

CrnoxHee OOCTOMT HenO C YCJOBUAMHM, KOTOpblE JOJKHBI
BBHIMOJHATHCA HA TBEPIABIX Y4YacTKaX TIpaHulbl; 31eCb Mbl CTAJKH-
BaeMCs C HEKOTOPbIMH mporuBopeunsiMu. CTokc npuiepiusanca
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TOR TOUKM 3peHus !), YTO KUAKOCTb MPUIIHNAET K TBEPLOMY TeJy,
TaK Kak B MPOTHBHOM CJyyae CHJa CONpPOTUBJEHHS MPOCKa/Ib3bl-
BAHMI0 IBYX COCEIHHX CJOEB XHIKOCTH 10/kKHAa Oblia Obl mpe-
BOCXOJAUTb CMJY NPOCKa/Mb3bIBAHHSA CAOS MKUAKOCTH Hal TBEPIbIM
TenOM B GeCKOHEYHOE YHCJIO pa3. DKCIEePHMEHTH C KanHIAPHbIM
BHCKO3UMETPOM MOKA3HIBAIOT, WYTO MO KpaHHe#d Mepe AJs XKUIKO-
cTel mpu OGHLIYHBIX YCJOBUAX pacxon yObiBaeT OyeHb OBICTPO,
NpUMEPHO KAaK paiuyC B 4eTBepTOH CTemeHH. DTO yKasLBaeT
HA TO, YTO NPUJWNAHKE JIeHCTBUTENLHO HMeeT MecTo. XoTa yGe-
IATEJbHOCTh YKA3aHHHIX (aKTOB He BHIBBIBAET COMHEHHH, OHH
MUMEIOT MecTO TOJbKO TpM  HE3HaYUTeJbHHX KacaTeJbHBIX
HATIPSKEHUSIX M He OYeHb HUBKMX AaBJeHusX. OueBMAHO, Hampu-
Mep, 4TO YCJIOBHE NPHIUNAHUS HEMPUMEHUMO NpPH M3YYeHUH TIOJe-
TOB Ha 6OJBUIKX BHICOTAX 2).

Jlas o6bscHeHus HA6GMONAEMBIX TIPH SKCNePHMEHTAaX fBJeHHH’
MBI MMeeM, BO-NMEPBHIX, KJACCHYeCKOe YCJIOBHE NPH/IHNAHHUS

Av=0 Ha TBepAHX TpaHHLAX, (64.1)

rie Av 00603HauaeT PasHOCTb MEXAY CKOPOCTbIO MHIKOCTH H
CKOpOCTbIO TpaHuubl. Bwmecto ycnosus (64.1) npennaraauch
pas/MuHble YCJIOBHS TPOCKANb3BIBAHHMA, W3 KOTOPHIX HauOOJbLIMiH
MHTEpeC NpeiCTaBaseT CJelyloliee:

Av, =0, Av,= kt, (64.2)

(uHIekcH n M ¢ 0003HAYalOT COOTBETCTBEHHO HOPMATbHYIO H
KacaTelJbHYI0 COCTaBJsiole). DTOT eCTeCTBEHHbIR C pusuueckoH
TOUKM 3PEHHMs B3aKOH HAXOAMT TOLTBEPKIEHHE B KHHETHUECKOM
teopun. Ecau B ¢opmynax (64.2) kosdduiuent R aABaAeTCS
nepeMeHHON BeMHYMHOH, 3aBHCAlet OT TEPMOAMHAMUYECKOroO
coctosiHus (B 4aCTHOCTH, €ClH K paBeH.HyJI0 BHe 00.acTH HU3-
Kdx nasJjeHuft), TO. dopmysan (64.2) moryT BKJ/OYaTh B Cebs
ycaosue npuiunanus. Ham kawmercs ecrecTBeHHBM 00600meHue
ycaosuss (64.2) nyrem BBeleHus ,KoadpuuMeHTa TPeHHA‘ Ri;
NpM MajblX TAHTEHLWAJbHBIX HANPSKEHHAX U BHICOKHX JABJIEHUAX
Takoe 00o00lieHHOe ycjoBue OydeT CBOAMTBCA K YCJ/IOBHIO MpH-
JIMNaHUg, 4 B NPOTHBOMOJIOXHOM IpellelbHOM ClydYae — K yCJ/io-

1) Cm. nmpumeuyanue 1 Ha ctp. 195.
2) Liaub Cwoas-coup, ¢6. [lasoBas punamuka, WJI, 1950,
ctp. 310—340.

1 Ak
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puio (64.2). Tounee, MBI ToOJaraem
0 npu k|t | <k L,

K= t
n
B—hy[2| mpn k1G] > Ry,
rie k& u k, — HEKOTOpHIe MOJOXKUTeNbHbe NOCTOSHHBIE, W TpH-
HUMaeM B KayeCcTBe IpaHU4YHOro YycCJOBUSA

Av,=0, Av,=Kt, (64.3)

B nHacrtosiee BpeMs elie He MPOBEPEHO, HACKOJBLKO XOPOILO
9TH .COOTHOIUEHHUS COTJACYIOTCS C SKCnepuMeHTaMu. PasiauuHbie
Apyrue TpaHuyHble YCJIOBHS OBLIM Mpenoxent B pabortax Makc-
sesia, JlioreMa, Knyacena, a raxxe Yanra u Yienbeka. Kpu-
THYeCKUH 0030p HCCAENO0BAHHA TO 3TOMY BONPOCY MOXHO Ha#TH
B paGorax Befirmena [2], wacts II, § 1.2, 1.7, 3.2, Tpycpeanal)
u Ilarrepcona ([32], ra. ).

B ocraBuwelics vacTu 3TOH CTaTbu B KayeCTBE CTaHIAPTHOTO
rpaHMYHOTO YCJIOBUS MBI npuHuMaeM ycioBue (64.1). Herpyano
MOKa3aThb, YTO TMPH ITOM NPEANOJONKEHHH BEKTOp 3aBUXPEHHOCTH
HampaB/JeH TO KacaTeJbHOH K HeENoABMKHOM creHke. B camoMm
nene, no teopeme Crokca

fw-nda=§v-dx=0,
8 4

rie 38— Npou3BOJbHAsg TMJOLIANKA HA CTeHKe, OrpaHUYeHHas
koutypom c¢. CrnenosarenbHo, Ha creHke © -n=0. Hcxoas
U3 KJacCuuecKoro 3akoHa Bsiskoctd (64.1), Bepkep anamoruu-
HBIMA  PacCyXIEHUsMH TOKa3ank %), YTO BEKTOpP HanpsuKeHuH

) Truesdell C., J. Rational Mech. Anal., 1, 125 (1952),

ocoGenro § 79.
2) Berker R, C. R. Acad. Sci., Paris, 232, 148 (1951). Ioxka-

3aTeJbCTBO BepKepa HIET MO CJAEAYIIIEMY HYTH: MBI HMEEM
§vxdx=—f(n><v)><vda=f(n®+ % an—n-D) da

(cm. [48], ctp. 72), u Tak KaK CTOSIUH CJleBa HHTErpal paBeH HYJO
o 1
Ha HEMOJBHXHOK CTEHKE, BeauuuHa n® - 5 ® X n—n . D raxxe pas-

Ha HyJwo. Bocnosas3oBaBmuCh STHM, Jerko mnpeo6pasoBaTbh ¢opmyay
=n.-T=(—p+20)n-42un-D k Buny (64.4).
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HMeeT Ha HeNnoJBMMKHOH CTEHKe cJenyloliee BBEIDAXKEHHE:

[—p+Q0+2p)B]ln+p(w X n)

(mna cxuMaeMORt XUAKOCTH),

— pn—+p (0 X n)
(a1 Hec)KMMaeMOM KUIKOCTH).
(64.4)

B cuay stux ¢GOpMyJa KacaTedbHEE HANpSXKEHHS 3aBUCAT TOJIBKO
OT MeCTHOH 3aBUXPEHHOCTH, TOrJa KaK HOpMa/bHble HaNpsiKeHus
34BUCAT OT J[aBJeHHMa M BeauuuHh O = div v. 3ametum, urto
B Clyyae CXMMaeMOH KMIAKOCTH BeJHYHHA HOPMAJbHOIO Hamps-

XeHud omauvaemcss OT CpEIHEro AaBJEHHS p, TOYHEEe, MEexny
HOpMaJIbHBIM HanpsiKeHUeM p,, NaBJEHHEM XUIKOCTH p U -Cpel-

HUM IaBJCHUEM p HMEET MECTO cne,uylomee COOTHOLUEHHue:
Po=pP—N+20)0=p—"4;p6. (64.5)

65. JlonoaHenue. YacTHbe pemeHHsi ypaBHEHHH ¢ HeJdH-
HeliHOW BfA3KOCTBbIO. a8 TOro YTOOB KAayeCTBEHHO OLEHUTDH
pOJb HeJUHeHHBIX uiaeHoB B ¢opmyne (59.3), mpolue Bcero Boc-
N0/1b30BATHCA YACTHBIMU pELICHUSIMH YPaBHEHUs! ABIKeHUs. Mbl
paccMoTpuUM 37eCb [Ba NPOCTHIX NpHUMepa ABHXKEHHH HecxkuMae-
MOH XWAKOCTH; TepBb#t M3 HUX Obla TLaTenbHO u3ydeH Pusin-
HoM !). Ilpu sTOM OyZeT BBHIICHEHO OCHOBHOE PpasjiHuyMe Memny
TeOpUSAMH JMHEHHOM W HeJMHeHHOM BSA3KOCTH, a HMEHHO IpH
yuyeTe HeJHMHEHHBIX YJAEHOB BA3KOCTU B CJOMCTOM TEYEHHH MOTYT
CYLeCTBOBaTh HOpPMaJbHBEE HaNpsiKeHHS.

1. Ilpanoruneiinoe caoucmoe meuerue. Ilpennosoxum,
yto0 #==ky, v=w =0, rae k—nmnocroaunas. Toraa B cuiy
coorHoluenns (59.3) Tensop nanpsmxenu#t T umeeT BuI

010 100
T—=— pl+45Bk(100|+par2010], (65.1)
000 000

rue
B=8(, 1L, 111)_—.;3(0, Y, k2 0) oY= 1(0, —1, &2, o).

1) f{ivlin R. S., Proc. Roy. Soc. Lond., Ser. A, 193, 260
(1948); Proc. Cambridge Phil. Soc., 45, 88 (1949).
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U3 npencrasienus (65.1) ciaenyer, B 4acTHOCTH, YTO YAe/bHOE
conporusienue T,, sABasercs yeTHO# QyHKuue# CKOPOCTH NpO-
ckaib3biBaHus k. Tak Kak B paccMaTpUBAaeMOM TeUYeHHH yCKOpe-
HHE PABHO HYJIO, LMHAMHYECKUe ypaBHeHus (6.7) 3alMCHIBAIOTCA
B BHUle

__0p 0 (1 .\, 9 (1 )
0=— 3535 (3 ) +55 (3 84).
_0p 0 (LN, 9 (1
0——7y‘+”5y(ﬂk)+w(§pk)-
Ecan npexnosoxuth Tenepb, uto § M 7 He 3aBucAT OT TeMme-

paTypHl, To ypaBHeHus (65.2) uMelor npocroe pelueHue: p = const
u

(65.2)

— k?
Tyy._——p«{—- 5.

CrenoBaTe/bHO, IS CYLIECTBOBAHHS CJOHCTOTO TEUYEHHS! MENIY
IBYMsl TNJOCKMMH OeCKOHEYHBIMM TJIACTHHKAMH, KpOMe CHIIHI,
BHI3BIBAIOIE! MNpPOCKANb3BIBAHHE, M JNaBJEeHUd, HeOOGXOMMMO [10-
MOJIHUTEJIbHOE HaNpsKeHHe, HanpaBJeHHOe 0 HOpMald K Ia-
CTHHKaM M MNPONOPLUOHA/IbHOE K8a0pamy CKOPOCTH NPOCKAJb-
3bIBAHMA. OTOT HECKOJbKO HEOXHIAHHHH pe3yJbraT HOCHT
Hageanue sddexra IloiHTHHrA.

Eciu B o6JgacTd TeyeHHs TeMmepaTypa He NOCTOSIHHA, TO
pelienne p=const He ynoBJeTBOpser cucteMe (65.2) u nsa
9¢1peKTUBHOTO MOCTPOEHHSI PELIeHHs] HYXHO BHOPaTh KOHKPETHYIO
3aBHCHMOCTb {3 M Y OT NaBJEHHS M TeMIepaTypHl.

2. Teuenue ITya3eiian. TIpeAnosoKUM, YTO B UHMAMHIDHYE-
cKkoft cucreMe koopimHar r, 0, 2z ABumxeHue 3anuchiBaeTcs B BUIE

v,=1,=0, v,=w=w(), 0<ra,

npudeMm w(a)=0. B stom cayuae T ompene/sercs ¢dopmyof
(cm. m. 61)

001 100
T=— pl4++w [000]++1w?(000]),
100 001

rae

p=p(0. — 5" 0). 1=1(0, —F o 0).j
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YpasHenus naBuxenus (12.3) ¢ ydetom ¢opmyan (12.9) sa-
NUCHIBAIOTCA CJIe,IIYIOLuPIM obpasom:

op 2 w 0B _
or 4r or [r’r ,]'_—_ 5z =0 65.5
op 1 , w? oy (65.3)
B — g 3 b — S gL = )

Ecnu kospduunentsr B 1 | He 34BUCAT OT TeMmepaTyph M 1a-
BJEHUS, TO MBI MOXEM MOJYYHTh pellleHHe TpeOGyeMOro BuIa,
TIOJIOXKHUB

p=Cz—4 f(r), C=const. (65.4)

JleficTBUTENbHO, MOJACTAHOBKA STO{0 BHIpaXeHUs IJ p B NepBoe
ypaBHeHHe (65.3) npuBOAMT K cielylolieMy OOBLIKHOBEHHOMY
L depeHunalbHOMY YPaBHEHHIO AJa NMPOQHUIs CKOPOCTeH:

Bw’ =Cr, (65.5)
a 3aTeM M3 MepBOTO ypaBHeHPlﬁ Mbl TOJIYYUM
f(H= 4r dr [r*rw’Z]dr (65.6)

[Motok Maccet IR Bhipamaerca npu 3ToM (GopMmyaoh
a a
—pffwda:——wp fwd (r2)=1rpCfr3$’ldr. (65.7)
0 0

(Tlpu yuere cuasl Tsxectd B dopmydae (65.4) kosdduuuenr C
Hajgo 3aMeHutb Ha C —pg.)

B wuwacTHoM ciayuae kBanpatuuHo# 3asucumocty T or D
Ko3bduunenTs 8 M 7 NOCTOSHHE (TaK Kak paccMaTpHBaeTCs
TeueHHue HeCkuMaeMOH xunkoctu), [losaras B = 2p u uHTerpupys
ypaBHenue (65.5), Mbl NpUXOIMM K KJACCHYECKUM (HOpMYaaM
Il CKOPOCTH

C
—_ (72— 2
V=g (r*—a°)
H TOTOKa MaccChl

M — i‘gf— at, (65.8)

SaMeTHM, YTO pacnpeneseHue NaBJeHUS MO CEYEHHUIO prﬁbl HE
OyleT npu ITOM NOCTOAHHBIM., [jasi GoJee LETAaIbHOrO HCC/Aeno-
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BaHUA CJAEICTBHH 3TOrO Ppe3yJbTaTa Mbl [PENOJONKHM, uTO
KUIKOCTb BbITeKaeT M3 TPYOKM B BO3AYX NpH NaBJEHHH p.
Torna Ha BHIXOJIHOE CeYeHHe C BHelUHeH CTOpDOHHI Oyner nei-
crBoBath cuna wa’p, Tax Kak

~ ~ 1

=y L 1€
2zz=rr=—Cz 5

TO U3 YCJHOBHS pPAaBEHCTBA CHJI, JAeHCTBYIOIIMX HA BLIXOLHOE
ceuenne 2z=0 cHapyXu M M3HYTpH, MNOJyYaeTcs ClelyioLlee
COOTHOILIEHHE:

a
nalp,=—m f;;d(ﬂ)—
0

© yC* , 9
1 @ -+ ma? . const.
Takum oOpasom, cuna P, ¢ KOTOPOH KHIAKOCTb HeHCTByeT Ha
eIMHUYHYI0 IUIOLIANKY CTEHKH, paBHa
o 1y ,
P=—rr[r=a =Cz+64 et @’ po.

Ecnu Beectu Beqnunny I'= P/map, pasuyio o6bemy mHIKOCTH,
NpoTeKalIe! 32 eNMHHIY BpeMeHH uYepe3 EIUHALY IUIOWALM
NIoNepeuHoro cevenus, 10 U3 dopmyan (65.8) caenyer, uro

C =8pl'/a?.
[Toxcrasus 3TO BhIpaXeHHe B BEHIMUCAHHOE BhHIIE YpaBHeHHe,
MOJYy4YUM HMHTEPECHYI0 (OopMyJy:
P—p, -1
£ —=8uIl .9
(T/a)? 8ul' 241, (65.9)
KOTOpasi MOXeT CJYXHTb TEOpEeTHYeCKHM OObscHeHHeM Hab.mo-
JaBuierocs MeppuHrTOHOM ) paciivpeHnss MOTOKa Yy BHIXOAHOIO

Puc. 16. HUcreuenue xuaxoctd u3 BHCKO3HUMETpa
MaJjoro auamerpa (mo MeppHHITOHY).

oTBEepCTUS BHCKO3uMeTpa (puc. 16). Ile#cTBUTE/NBHO, B COOTBET-
creun ¢ Qopmyno#t (65.9) pasHOCTb [HaBJeHWR Yy BEIXOLHOIO

)y Merrington A. C, Nature, 152, 663 (1943).
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orsepctus 2 =0 nosoxurenpHa npu 7 > 0, Tak 4T0 OGHapy-
#eHHbt MeppuHrTOHOM 3¢ddekT Jerko OGBACHSETCS BIUSHUEM
NONIOXKHUTELHOR  KBaapaTuyHO#t mpo6asku B dopmyne (59.3).
CnpasenauBocth ¢opmyasl (65.9) MOXKHO npoBepuTh 3KCIEpH-
MEHTaJbHO, OMNpelenss BeJUYMHY H3MeHeHus P BLOJb TPYOKH
npu Pa3JHYHBLIX 3HayeHusx I'; oxHOBpeMeHHO 9TO a0 Gbl Ha-
IeXHO ONpejeJeHHYI0 BeJquuyuHy Kosdduuuenta Y. Ilpu Brmoa-
HEHUH TAKOTO SKCMepUMeHTa HauGonbliu# 3(deKT NoMKeH Ha-
6/100aThCsl, KaK MOXHO 3aMeTHTb u3 ¢opmyast (65.9), npu
60/bLIMX 3HAYEHHMAX TOTOKA MacCh M MaJHX paguycax TpyoOkd,
npuyeM Xapaktep uaMeHeHus P we 0o.udicen 3agucemsy om OAuUHbBL
mpy6xu (MeppuHITOH HefiCTBHTeNbHO Ha0JIONAN YBeJHUEHHE
MOKa3aHHOro Ha puc. 16 pacuMpeHns NOTOKa NpU pocTe Ha-
NpsiKeHUH M NMOTOKA Macchl).

B paborax PuB.iuHa, Ha KOTOpble MBI YXe CCHILIANMChL B Ha-
yaje 3TOTO NYHKTa, OBLIO HCCIEJOBAHO Takxke Teyenue Kysrra;
9TO MCC/IeNOBaHHe 3iech onyueHo. Ixkuabapr u ITaoayyuu 1)
paccMoTpesnd pellieHHe THNA YIAPHOrO CJOSl JJs  KHAKOCTH
C HeJMHe#HOH BSIBKOCTHIO.

§ 2. Aunamuueckoe nogo6ue

B crenyomux Huxe nmyHkTax OYAYT BhIBeNeHB HeOGXOAuMbIE
yCIOBMS ~ JMHAMHYECKOTO noxoOMs IOBYX TeueHuH  BA3KOM
HUAKOCTH. MBI NpHUHEMaeM JuHeHHBI 3aKOH 3aBUCHMOCTH Ha-
npsukeHud or aedopmauuit, HO He NpeanosaraeM BSI3KOCTb M
TEMJIONPOBOJHOCT, MNOCTOAHHEIME 2). Cuyuau cxuMaeMOH M He-
CKMMaeMO# XHIKOCTH YLOOHO pacCMaTpUBAaTh OTAEJbHO.

66. Cxxumaembie BA3KHMe XHAKOCTH. JIBa TeueHHs SABJAAIOTCS
JUHAMHYECKH l'IO,llOﬁHbIMH, €CJIM OHH CBf3aHBI COOTHOLICHHUAMHU

v=UvV, p=Rp, p=2Pp, (66.1)
x=Dx/, t=DJU)¢t (66.2)

) Gilbarg D. Paolucci D. J. Rational Mech. Anal., 2,
617 (1953). .

2) OG6biyHO mpeamojaraetcs, 4To KO3(pdHIHEHTH BA3KOCTH JHGO
IBISIOTCA MOCTOSHHBIMH, JHOGO IPONOPLHOHAJLHBE aGCOMIOTHOH TeMIe-
parype B HekoTopoil cremenu. ITocienyomuit aHanu3 mokassiBaer, 4To
OPENoN0KEHHUST TaKOT'O POAA ABJIAIOTCH KeOOX00UMbl MU B TOM CMBICIE,
YT0 06e3 STHX CBOHCTB HEBO3MOXHO TOYHOE AMHAMHYECKOE NOAOGHe.
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(cM. n. 36). Mu cTaBUM cBOeH 3aauelt BHISICHEHHE TeX CBOKMCTB
JBYX IMHAMHYECKH NONOGHBIX TeueHHH, KOTOpHE CIeNYIOT U3 CO+
otHowenu#t (66.1) u (66.2); Tax kKak npu 3TOM npuieTCA TPO-
fenath Goabmylo paboTy, 4YMTaTeNb, KOTOPOrO HHTEPECYIOT
TOJbKO OKOHYaTe/JbHHE pe3yJbTaThl, MOXeT OOpaTUTbCA Cpasy
K yTBEPKIEHHIO, CHOPMYJUPOBAHHOMY Ha cTp. 221.

YpaBHeHHe Hepa3pbLIBHOCTH He HAKJIANBIBAET HHUKAKMX Orpa-
HAYEHMH Ha BeJMYUHB KO3(DOUUMEHTOB MNOLOOMS, TaK YTO MH
nepexoauM cpasy x ypasHenuio Haepe — Crokca (61.4). Ilpe-
HeOperas JefCTBHEM BHEIUHHX CHJ, MBl 10C/Je TOACTAHOBKH
B 3TO ypaBHeHHE Bmpameﬂnﬁ (66 1) u (66.2) noayuaem

RUP’dTw = Ugfad’p +5 Pgrad’e’-%?!* div'D" +
+e'( rgrad’ p' 57 d > grad’ p )+
-+ 2p/ ( - grad’ p + grad’ p’):,. (66.3)

ITpennonaraercss, uTo KO3 UIUMEHTE A M P 3aBUCAT TOJBKO
OT TepMOAMHAMHYECKHX IepeMeHHHX M O =divv. (B uacTHOM
Clyyae MOCTOSHHBIX KO3((ULHEHTOB BA3KOCTH YJEHB, CTOSILHE
BO BTOpO# u TperbeH cTpokax ypasHeHus (66.3), oOpamaiorcs
B Hy.b.) PaccMoTpum Temepb ceMeficTBO KpuBHx C B NpOCTpaH-
ctBe X', onpejenseMbiX ypaBHeHusmu p’ == const, p’ = const.
Brosb moGo#t u3 sTMX KpuBHX ypaBHeHue (66.3) mmeer Bua,

8

i2=1 a5, =0,
Tie @;— NOCTOsSHHble, a §; — BEKTOpHbiE MNEepeMeHHbie; B YacT-
HoCTH, @)= RU, §, =’ dv’[dt, ay=P|U, §, =grad’ p’ u . 1.
B cuny Toro, yto ,moMeveHHOE IUTPUXAMU“ TeUeHHe YLOBJETBO-
praer ypaBHenuio Hasbe — Crokca, Mbl BIOAb KpuBbiX C uMeeM

TaKXe 8

2 b =0,

i=1
rie by=">by=1, by=—N\ u 1. 1. M3 aTuX 1BYyX ypaBHeHuft
caenyer, 4t0 a;/b; = const=RU,

RU?P=1 (66.4)
"

A
RUD = =-5-. (66.5)
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(9tu paccyxieHus TepsiOT CBOIO CHJIy, €C/H NepeMeHHHe §; He
HE3aBHCHMH Ha KpUBHIX C; NPUMEPOM MOXET CIYXHTb IJIOCKOe
TeueHHe. B TaKuUX c/Iyyasx Mbl MOXeM, OJHAKO, MNOJYYHTb YKa-
3aHHblE pe3yJbTaThl, He BBOAS B paccMorpeHne Kkpushie C u
NPELNON0XKHUB, YTO KO3(GHULUEHTH BA3KOCTH NMOCTOSHHH HJIH 4TO
A, p=const - p™ph.)

K coornomenuto (66.4) Mbl BepHeMmcs jaJjee, MOC/e BHISCHE-
HUS JIpPYrUX HeOOXONMMBIX YCJHOBHH NMHAMHYECKOrO MNOAOGHS.
Yro xacaercs cootHouenus (66.5), To ero cijeiactsueM sBJaseTcs
yTBepXIEHHE: OmHKOUerue Ny u mecmroe wucao Peiinoasoca
Re =pql/p Ooroxcnel npunumams pasrble 3HA4EHUS 8 COOML-
semcmeyuux mouKax 08yx Ournamuvecku no0oOHux meye-
Huii. Yepes | snecb 0603HaueH HEKOTOPHII XapaKTepHHI# pas-
Mep (reoMmeTpuyeckn NONOGHEIX) oOuacte#t Teuenus. Ciaenyer
NOAYEPKHYTb, YTO STOT pe3yabTaT NOKa3aH NpPU NePeMEHHHLX
K03¢duuueHTAX BA3KOCTH H He3aBHCUMO OT cooTHomweHns Crokca.

U3 coorHoruenutt (66.5) ciexyer Taxe, YTO OTHOLIeHHe f/p’
He 3aBHCHT OT p’; MO3ITOMY

r(Pp) __ - (P)
()

Ipu ecTecTBEHHOM NPEANOJONKEHHH O CNPaBeIJIHBOCTH 3ITOrO
COOTHOIIEHHS INJd MoObHX 3HaueHu#t P Mbl NOJAydYaeM OTCiOAa
w(p) __ rPp) __ plp).

) Toe® T @

TakuM 00pasoM,
@ (Pp’) = const - p (P)p(p')

H, - CIe0BaTeJbHO, (~ p™1). AHanornunbiM 06pasoM nonayuaem
COOTHOIIEHHEe P~ p", TaK YTO OKOHYaTeabHO == const - p™p”.
Tak kaxk B cuiy coorHomenus (66.5) p/p’=A/N, 10 cnpasex-
JUBA CJELyIOlIas TeopeMa: 048 moz0 4molsl Gviau 803 MONCHYL
Ounamuuecky noOoGHbe mevenus 08YX CoHUMAEMbBLX HCUOKO-
cmell npu npou3sosvHblx 3HadeHusx R u P, Heo6xo00uno,
umobu Ko3ggutyuenms 8A3KOCMU KANCOOH U3 SMUX HUOKO-
cmeli umenu 8uo

A, p.==const - p™p" (66.6)

C O0HuMu u memu gce NOCMOAHKLMU m u n. Kpome mozo,
omuouenus Ny 048 smux scudxocmeli 00ANHCHB cOBRAOGMS.

!) Cu. mpumeuanue 2 Ha ctp. 107,
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JIaneHefiilee HCC/IeNOBAHHE OCHOBAHO Ha MNPEANOJOMNEHHUH,
YTO ypaBHEHHE COCTOSHUS IKUAKOCTH SIBJSETCS YPABHEHHEM CO-
CTOSIHHSl COBEpIIEHHOTO rasa l)

p=&pT, E=E(). (66.7)
U3 ypasuenuit (66.1) u (66.7) crenyer, uro
T_%’LT'—TT' (66.8)

NOC/eHee PABEHCTBO CIYXKHMT IJd onpenefeduss kosdduiueHta
nono6us T,. Iloacrasus Buipaxenus (66.1), (66.2), (66.7) u
(66.8) B ypaBHeHue SHepruu (63.&), NOJY4UM

RTyc0’ dt, P = (— A8”* 4+ 2uD : D)+

T, y ; 0
+~D—°L7[W2 T+ grad’T’ . (0—;—, grad’ p’—}—o—;grad’ p’)], (66.9)
rre ¢, =dE[/dT. Eciu no aHajoruu ¢ npeibliyluMA paccyxie-
HUSIMH BBECTH B paccMOTpeHHue ceMmeicTBo kpuBhx C, TO, Caedys

YKa3aHHOR CXeMe, HeTPYIHO NOJYuHTh, UTO
RT, (ﬁz) =P u RUD (iv_) =%,  (66.10)

c‘ll CT)

%
Torxa u3 coorHowenuit (66.8) u (66.10) mbt umeem &'c, = Ke,.
Tak kax R =c,—c, 9TO o3Hauaer, uro y=7'; APyruMH
CI0BaMM, OTHOUIEHHE yAeJbHBIX TEMJA0EMKOCTeH M1 0Goux rasos
JAOMKHO OBITh OIHMM M TEM Xe B COOTBETCTBYIOLIMX TOYKAX
tedyenu#t. Ha ocnoBanuu storo paseHcTBa, coorHolleHus (66.5)
H BTOpOro cooTHowenus (66.10) Mbl 3ak/ai0uaeM, 4TO YHCJO
ITpauaras
o =p.c,[%

IOMKHO OBITh OJIHMM M TEM Xe B COOTBETCTBYIOUIUX TOYKAX
Teuenufi. Hakonel,

ok _ R (66.11)

BosBpauascy k ycaoBuio (66.4) u cpaBuuBas ero ¢ COOTHOLIe-
HueM (66.11), MBI BUAMM, YTO MeCTHBle ydcia Maxa MOMKHBH
COBNAajaTh B COOTBETCTBYIOUIMX TOYKAX TeUYEHHUH.

1) 3ameTuM, 4TO YAEAbHbIE TEMJOEMKOCTH He Nnpednosazaomcs
NOCTOSHHBIMH,
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Ecau  BO3MOMHBI IMHAMMYECKM TONOOHBIE TeueHHs JBYX
rasoB INpH TNpPOU3BOJLHLIX 3HAYEHUAX R M P, TO BeaHUHHB |
i 7’ NOMKHB ObITh MOCTOSHHBIMH. Hapsay ¢ 5TuM nmOCTOAHHBI

¢, M €, M BHIOJHSETCA ycaoBue x == const - p™p®, Takum o6pa-

20M, MOMBOAS HTOI NPOBENEHHOMY BBIlEe HCCJAEI0BAHHIO, MBI
MOXeM CGOpMYTHPOBATh CJEAYIOLLYI0 TEOpPEMY.

Ecau 08a cosepuennoix 2030 ¢ OMAULHLLMU OM HYAS
Kodppuyuenmanu B8A3KOCMU U MENAONPOBOOHOCMUE HAXO-
0amcsa 8 Ournamusecku nOOOGHOM OBUJCERUU, MO MecmHble
yucaa Peinoavdca u mecmuvie wucaa Maxa pasno 8 co-
omsemcmeyouux mouykax mederuii. Kpome mozo, 8 coom-
BEMCMBYIOUWUX MOYKAX PABHB. OMHOULEHUS YOeAbHBLX Menso-
emxocmedi Y, OmMHOWeHus KoIPPuyuenmos 8a3Kocmu A
u yucaa Ilpanomas o.

Ecau Ounamuuecku nodobrule 08udceHus 08YyX maxux
20308 BO3MOJCHbL Npu NPOU3BOAbHbLX 3HaueHusx R u P,
mo 045 Kaxdo20 u3 2a308

&, A, x=const . pmp"

C OOHuUMuU u memu e nocmosuusmuu m u n. Kpome mozo,
omuoutenuss Y0ervrolx mensoemxocmeii u wucaa Ilpanomasn
060UuX 20308 NOCMOAHKKL U PABHYL.

Crepyer OTMETHTb, YTO XOTH CHOPMYIUPOBAHHBIE B TeOpeMe
ycJaoBusa ABJAIOTCA INOBOJbHO XKECTKHMMH, rasmel, C KOTOPLIMU MBI
uMeeM [1eJO B MpPaKTHYECKHX 3aJayaX, MM, KaK NPaBUJIO, yIO-
BJIETBOPSAIOT.

[Ipu GoJsee JneTajbHOM H3YueHHM BONMpPOCa O JHHAMUYECKOM
nojo6HH HYKHO YYHTHIBATL BJHMSIHME TPAHMYHHIX YC/IOBHH. [lpu
pelieHdd BO3HHKAIOUIMX NPU 3TOM CJOXHBIX 3a1ay N1040TBOP -
HBIMH OKa3BiBalOTCS METOJbl TeOpud pasMepHocTed. OnHako
BO BCeX TeX CayuasX, KOrjia IMOJHOe HccjelOBaHHE He MpoBe-
LEHO, HYXHO HMeTb B BHIY CIeJaHHOe B N. 36 3ameuaHHe OTHO--
CHTE/bHO BO3MOXHOH HEKOPPEKTHOCTH BHIBOJOB. TEODUH pa3-
MepHOCTeHN.

67. Jnnamnueckoe mnoao6ue; Hec)KHMMaeMmbie BfA3KUE
KHUIAKOCTH. ,U.JIH HeCXXUMaeMbIX . dXKUIKOCTeH BONpOCH JUHaAMHye-
CKOro l'lOJ.'lOﬁl/lﬂ ABJAAIOTCA CYIIECTBEHHO 6oJee CJOXKHBIMH B, CUJNY
TOro, 4YTO TEepMOIMHAMHUKA HECKMMAEMbIX WUIKOCTeH uayudeHa
3HAYMTENbHO XYXKe, 4eM TepMOIMHAMuKA rasos. Tak Kak JaBie-
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HHe OmNpele/ieHO Temepb TOJbKO C TOYHOCTBIO 10 aIJHTHBHON
NOCTOSIHHOR, ycaoBue (66.1) cienyer BUIOM3MEHHTb W 3amucaTh
TaK:

p =Pp’ <+ const.

Torna npH NMOCTOAHHOM KO3(dHULKMEHTe BA3KOCTH JeTrKOo N0Ka3aTh,
4YTO B COOMBEMCMBYIOUUX MOYKAX OUHQMUYecKU NOOOGHbLLX
meyenuli pasHu. MecmHule wucaa Peiinoavdca. JanbHeftuine
pe3yabTaThl CBA3aHBl C TPYAHO MpPOBePSEMBIMH MPEANOJOKEHHAMH

T=T," u E=FkT.

l'Ipu 9THUX INpPeanoJIOKEHHAX YCTAHABJIMBAECTCA, aHAaJOTHYHO TOMY,
KaK 3T0 OBIIO ClIeNaHO Bbillle, YTO MJS KaxAOH u3 XKUAKOCTeH
KOSQ)Cl)HLlPleHTbI BA3KOCTH H TEMJIONPOBOLHOCTH JHOJXKHHEI HMETb
BH I

p, x=const . T™

u uro ,udcna Ilpanaras® pR/x paBHH B COOTBETCTBYIOLIMX
Toykax o6oux TeueHu#t. VcciaenoBaHue BIMSHUS CHMJIBI TSKECTH
MOXHO Hafith B paGore Bupkroda [17].

§ 3. Hecxxumaemnie BASKHE WHIAKOCTH

Jlanee wMb  OyneM paccMaTpuBaTh HeCXKHMaeMble BSI3KHe
XUJIKOCTH C JHHERHOH 3aBHCHMOCTBIO HampsKeHHH OT dedopMaiuit

T=— pl+ 2pD

u OyleM npeianosaratb, 4TO KO3(¢UUUEHT BA3KOCTH . MOCTOSIHEH,
TaK KAaK B MPOTMBHOM CJyuya€ BO3HMKAIOT 3HAYMTeJbHBE Mare-
MaTHYeCKHe TPYAHOCTH. OTO NpeANoJOXKeHHe XOpOLIO cOorja-
CyeTCsl C SKCIEePMMEHTaNbHBIMM JAHHBIMM MO KpafiHelt Mepe B Tex
clyyasX, KOrja H3MeHeHHe TeMNepaTypsl B 00JacTH TeyeHus
He OueHb BeJMKO. ByneMm mpennoJarath TakiKe, 4TO MOJe BHell-
HUX CHJ NOTEHLHAJbHO, T. e. uTo f==-—grad &.

Teopus cxuMaeMbIX BIBKMX XHAKOCTeH He 1nosyuuna oco6oro
pa3BUTHS, 32 MCKJIOYEHHEM aKyCTHYECKOro NPUOJMKEHUs U Teo-
puu norpanuyHoro cjaos (cM. T. XI n VIII panHo#t Suuukione-
IMH), ¥ TIO3TOMY 3JIechb u3JjaraTbcs He Oyner.

Crelyer yNOMsHYTb, OIHAKO, HEKOTOpDHE H3BECTHHIE TOYHHIE
pelleHus, B 0COGEHHOCTH pelieHHe THIIA yapHOro ca0s (CM. 1. 57),
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NpOCTHE NpUMepbl CAOMCTHX Teyenutt Mimuursopral) m mccie-
IoBaHue 3ajaud Pajes, npuseleHHoe B pabore Xoyaprta?).

68. YpaBHeHHs ABHIKEHHS. YDAaBHEHHAMH IBUIKEHUsS HECHKH-
MaeMOM BA3KOH KHUIAKOCTH SBJAIOTCSH YpaBHeHHE HepaSPBIBHOCT[/I

divv=0 (68.1)
u ypasneHue Haebe — Crokca
d
p g = —grad (p+p2) +-pV2v. (68.2)
Tak KaK B CHIYy YpaBHEHHs HEPaspHIBHOCTH MBI HMeeM
Vv =—rotw, (68.3)

70, yuuThiBasg ToxazectBo (17.1), MH MoOxMteM 3amucaTb ypaBHe-
uue Habbe — CTOkca B caelyioleM Bule:

%‘ti-{—m)(v:—gradH—vrotw, (68.4)

rie H=1,4>+ p/p+Q u v=ypfp. B nanpuefilieM HaM npu-
neTcs He pas oGpaumiathcsi K ypasHenuio suepruu (9.1). Ilpu
CHeJaHHBIX IPENNOJOXEHHSX HEeTPYAHO 3aMeTHTh, uto T:D=
=2uD:D=®, rae O — dynkuus JAuCCUNALMH, BBEIEHHAs
B 0. 61. CurenoBarenbHO, ypaBHeHHe SHePrHM B CJyyde HECKH-
MaeMOfl BSIBKOH KHIKOCTH MOXHO 3aNKCaTb TaK:

%(z+u)=§t,-vda—fcbdv; (68.5)
S B

¢usnyeckas HMHTEpNpeTauds pasJUYHBIX YJIEHOB 3TOr0 ypaBHe-
Hug oueBuiHa. Jlanee, ypasHenue (63.3) /g TeMnepaTyphl B Cay-
yae BA3SKOH HECKHMAEMOH MKHUIKOCTH MMeeT CJeNyIolui BHA:

oc, % = @ «V2T; (68.6)

3leCcb MNpennoJaraercss, uTo ¢, M x MOCTOSHHH. Tak Kak TeM-
nepatrypa He BXOIUT B ypaBHenus (68.1) u (68.2) (npemmona-
raercs BCe BpeMs, YTO p. NMOCTOSIHHO), ypaBHeHue (68.6) moxer

B Illingworth C. R, Proc. Cambridge Phil. Soc., 46, 469
(1950). [HanbHefimee wucclenoBaHHe IJIOCKOro TeueHHsi Kysrtra mpuse-
JgeHo B [23], cTp. 362—367.

2) Howarth L. Quart. J. Mech. Appl. Math., 4, 157 (1951).
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NOHaLOOUTbCA TOJBKO IJIS OINpele/eHHsl paclpeleseHus TeMIle-
parypel B KHIKOCTH. Bompoc o pacnpeleneHun TeMmepatyphl
MOYTH HE OCBElleH B JHUTepaType, 3a MCKJIOYEHHEM TeXHHYe-
CKUX MNpUJIOXeHHA!), u Mbl He GyZeM 3aTparuBaTh ero B 9TOH
cTaTbe. ‘

3anucb NpUBEJEHHBIX BHIIE YpaBHEHUH B CHUCTeMe KPHBO-
JUHEHHBIX KOOPAMHAT He MpeACTaBJsdeT TpPyZAa, €CJAd BOCMOJb-
30BaTbCsl OOLIMMM METOJAaMHU, YKa3aHHHIMH B . 61.

69. 3aBuXpeHHOCTb. XapaKkTepHOH uepTo# ABHKEHUH BS3KOH
KUIAKOCTH SBJASETCS HAJIM4YHe B3aBUXPEHHOCTH. B 9TOM myHKTe
6ynyT BBISCHEHbHl TNPHYMHB BO3HUKHOBEHMS] B3aBUXPEHHOCTH W
pPaccMOTpeHbl ypaBHeHHS, OMUCHIBAIOLIME ee paclpeleneHue.

Hegosmoocnocmy 6Ge3suxpessix mewenuii. Ilone ckopo-
creft v=grad¢, Kaxk Jerko BHIeTb, YIOBJETBOPSET ypaBHe-
HusiM (68.1) u (68.2), eciu ¢ — pyHkuusa rapMonnyeckas. TakuMm
0o6pasoM, Ge3BHXPEBOE JBHKEHHE HeC)KHMaeMOlt BA3KOH MMIKOCTH
ABASIETCS IMHAMHYECKH BO3MOXHBIM. Hecmorps Ha 3to, B neft-
CTBUTEJIbHOCTH TaKOe [BUKEHHEe He MOXeT GHITb OCYIEeCTBIEHO.
Ilpuunna sakaoyaeTcs B cHendHKe TPAHUYHBIX YCJAOBUH Mg
BSI3KOM KHMIKOCTH: HA TBEPJBIX IPAHMYHBLIX TOBEPXHOCTAX KOKHO
BHIIOJHATbCSA yC/IOBMe mnpusaunanus (cM. n. 64). drto yciosue,
KaKk Mbl 3HaeM (cM. M. 23), He OCYyUIeCTBMMO Npu Ge3BUXPEBHIX
IBIKEeHUAX HeCxkuMaeMo# xkunkoct. (CkasaHHOe Bhillie HU B Koeft
‘Mepe He MPOTHBOPEYUT TEOPHH MOrPAHUYHOrO CJIOS, B KOTOpO#
TeyeHHe BHe NMOTPAHUYHOTO CJIOfl TpennosaraeTcsi Ge3BHXpPEBHIM;
3aBHXPEHHOCTh TeYEHHs BHe MOTPAHHYHOTO CJIOS, KOHEYHO, Cylle-
CTByeT, HO OHAa HAaCTONbKO MaJa, YTO C TOYKH 3peHus TNpax-
THYECKUX TNPHJIOKEHHH STO TeueHHe BIOJHE MOXHO pacCMaTpu-
BaThb Kak 0Oe3BuxpeBoe.)

B HekoTOpHIX cJayuasx, BOmpekH o6meMmy mOpaBuly, Ge3BHXpeBoe
IBHXKEHHEe BSI3KOH WHIKOCTH sBJseTCH BO3MOXHBIM. [IpuMepom Moxer
CIYXHTh TeYeHHEe C MOTEHUHaIOM ¢ = A/r (BUXpb) B 06JaCTH, BHelIHei
[0 OTHOIIEHHIO K BPALIAIOIEMYCSl KPYrOBOMY LHJIUHADY; A BbiGupaercs
‘TakK, yToObl Ha CTEHKE LHMJIMHAPA BBLIMOJHAJNOCH YCAOBHE IPHJIMIAHHUSA.
CocTaBHTb, MOMHBIH IEpeYeHb TAKUX HCKJIOYMTENbHBIX  CJYy4aes,
MO-BHAMMOMY, HEBO3MOXHO, OJHAKO MOXHO C YBEpPEHHOCTbIO CKa3aTb,
YTO HX HEMHOTIO.

) Cwm. cratbio CxBaiipa [39], 1. 2, a Takxe kuury Xoana [HallN. A,
The thermodinamics of fluid flow, New York, 1951]..
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Pacnpeoesenue 3asuxpennocmu. OCHOBHBIM ypaBHEHHEM
IJisl pacmpejeneHus 3aBUXPEHHOCTH SBJAETCA C/elyioliiee ypaB-
HeHue:

do 2

F—u»gradv—{—vv w, (69.1)
KOTOpOe JIerkO MOJIy4YdTh INpHMeHeHHeM omnepaTopa rot K ypaB-
Henuio (68.4). Ecim B npaBof YacTH ITOrO ypaBHEHHS OTCYT-
cTBOBaX OBl BTOPOH u/eH, TO pacnpelelieHHe 3aBUXPEHHOCTH
B BSI3KOH KHUIKOCTU yIOBJETBOPAI0 OBl TeopeMaM [esbMroJbua.
Hanuune 3TOro ujieHa INOKa3blBAeT, ONHAKO, YTO Majble H3Me-
HeHUs 3aBUXPEHHOCTH B 00/ACTH TeyeHUs B OOLLEM CJyyae BHI3bI-
BAIOT Oughhy3ury 3aBUXPEHHOCTH. PaccyxleHus Takoro poja
NpUBOIAT K CJELYIOIIeMYy TMPAKTUYECKH BAXKHOMY pe3yabTaTy:
308UXPEHHOCMb He MOJdCem UHULUUPOBAMbCS 80 BHYM PeH=
Hux mouxkax ob6sacmu medenus BA3KOE HecHUMAeMOl
gcudKocmu, MmaxK 4mo nPULurol nosSBAeHUS 3A8UX PERHOCMY
asasemcs ee OudpPy3us ¢ 2pARUMHLLX noBepXHOCmeld.
B peanbHBIX XMIKOCTAX CYILIECTBEHHO OTJMYHAS OT Hy/s 3aBH-
XPeHHOCTb Habmonaercsd TOMbKO B TeX 4acTAX KHUIKOCTH, KOTO-
pbie MPOXOAAT OJaM3KO OT TBEPAHX TPaHHL; SPKUM NpPUMEpPOM
MOXeT CJYXUTb CIyTHOE TeUeHHe, KOTOPOe BO3HHKAeT 3a KOPMOH
Kopabisi M 3aBUXPEHHOCTb KOTODOIO0 MOPOXIAEeTCS TOJbKO
B CJOAX BOAb, INpPOXOJSLIMX B HeNocpeiCTBEHHOH GJHM30CTH OT
GoproB. Ha 3ToM e mnpuMepe MOXHO NpPOCIeNUTb 3aTyXaHue
BUXpe#t B BO3MylueHHOR 30He BcaeacTBue BsiskocTH. Chopmy-
JIMPOBAHHEI} BBIIIE Pe3y/bTAT MOXKHO TOJYYHTb TAaKKe, HCCAelLys
CKODOCTb HM3MEHEHUS UMPKYJIAUud BIOJb 3aMKHyTOR Kpuso# €.
B cuny ypasnenuit (25.1) u (68.2) MBI umeeM

%§v-dx=§a-dx=va2vda;
(4 e &

3nech uyepes © o603HaueHA MPOU3BOJMbHAS TOBEPXHOCTb, HaTs-
HyTas Ha Kpusylo €. B ciyyae NJIOCKOro TeuyeHMss ypasHe-
Hue (69.1) cBoauTCA K IPOCTOMYy ypaBHEHHIO

do

ae _v2

57 =V, (69.2)
HAMOMUHAOLIEMY VpaBHeHUe TEmJIONpOBOLHOCTH. IloayuyeHHas
aHa/MoTHs C TOTOKOM TellJa CHAYXHUT yOelHTeNbHBIM CBHIETENbe
CTBOM 1uddysus 3aBUXPEHHOCTM C TPAHMYHBLIX MOBepXHOCTel
BHYTpb 00/1aCTH TeYeHHs,

15 3ak. 1160
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Mpumeptr. HHTepecHO MNpOCHeNUTb NPOLECCH BO3HHKHO-
BeHHs] M 3aTYXaHHSl BUXDEBHIX BO3MYILEGHHH B BSI3KOH XMIKOCTH
Ha npuMepe HEKOTOPHIX YacTHHIX pelleHMH ypaBHeHu#t Hasbe —
Croxca. PaccmoTpuM CcHauana -ABIDKEHHE IO KOHLEHTPHYECKUM
OKDYHOCTSM C UEHTPOM Ha OCHM, B KOTOPOM BEIUYHHA CKO-
poctu q saBadercs (yHKUMeH pacCTOAHMA OT STOH ocu. 3aBuMX-
peHHOCTb ompeneisercs no ¢opmyse (12.12), a umenso

o=+ (rg). (69.3)

Bocno/b30BaBIIMCh TeM, YTO ® 3aBHCHT TOJILKO OT 7, MBI BMECTO
ypaBHenus (69.2) mosnyuaeM cleiyiolliee ypaBHeHMe:

do 1 do
e ( o 7 t)r)
YacTHOe pelueHHe STOrO ypaBHEHHd
2

I, The =g, (69.4)

o= 4 e
T 4nvt ’
COOTBETCTBYET 3aTYXaHUI0 NOMEHYUAAbHOZ0 BHUXPS HHTEHCHB-
Hocth A. TloicTaBuB 3TO 3HayeHHe ® B ypaBHeHHe (69.3), mul
HAaXOLUM

A
9= Inr (1_‘3 X)

no6aBouHoe chaaraemoe f (f)/r 3mech onymeﬂo HCXOAsl M3 Tpe-
6OBaHU KOHEYHOCTH ¢ Ha OCcH 2. JIerko BHIETb, YTO 9TO Teye-
HHe B HauyaJbHbli MOMEHT BpeMeHH SAB/IfAeTC Ge3BUXPEBHIM
¢ uupkyaauue A (IO KOHTYpY, OXBaTHIBAOLIEMY OCb 2) H
BO BCe BpeMs [BIXKEHMS MMEEeT OJHY M Ty Xe CyMMapHYyl0 3a-
BUXPEHHOCTb. ‘B ¢ukcupoBaHHO# Touke r == 0 3aBUXPEHHOCTH
paBia Hymo 1npu f=0 M f=o00 M HOCTHraer MakcumyMa
B HEKOTOPHI/f POMeXYTOUHBIA MOMeHT BpeMenu ). Hysxuo 3ame-
TATH, YTO KHUHETHYECKas SHePrus, MOMEHT KOJMYECTBA JBHKEHHS
M SHEPrua [UCCHNAUMA TPENCTABJIAIOTCS B  PacCMaTPUBAEMOM
npuMepe pacxXoiamuMuca (K OeCKOHEYHOCTH) HHTErpajiaMu, Tak
YTO -TAKOE TEYeHHe B HEOrpaHUYeHHOH 06JaCTH (QU3HYECKH He-
OCYLIECTBUMO.

) Mepa 3aBHXPEHHOCTH STOrO IBHIKEHHS X/(eX—l_x)
MOHOTOHHO Bo3pacTaeT BMecTe € £ oTr W =0 npu t=0 10 W=o0
npu 't ==oo. Takum 06pasoM, OTHOCHTEJIbHAs pPOJb BpaLIATEAbHOrO
UBHXEHHMS BO3DPACTAET, XOTH 3aBUXPEHHOCTb CTPEMHTCH K HYJIO.
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Bosee peaabHOe [BMXKEHHE COOTBETCTBYET IOJIO 3aBUXPEH-
nocru 1)

A
o=gm(l—pe™

(310 perueHue noayyaercs audpdepeHunponanueM petuenns (69.4)
no ¢). CkopocTh ompepeasercsd U3 (OPMYJbl

__rA -
1=z & "

B 3TOM ciyuyae uMpKyJsuMs paBHa Hymo npu ¢t =0, cymmap-
Hble BEJMYMHE SHEPrMM M IHUCCHNALMH SHEPrHH KOHEUHH, a MO-
MEHT KQJMYeCTBa JBUXKEHHS L NOCTOsIHEH, TaK Kak

L=f 2w - prq - rdr=pA.
0

B ¢ukcupoBaHHbfl MOMeHT BpeMenn £ > 0 ckopocTb paBHa HY.oO
Ha OCH 2 H Ha OECKOHEYHOCTH M JOCTUTaeT MaKCHMaJIbHOH

peauuunsl A/2x V2vet3 Ha DACCTOSIHUU I == Vﬁ Beauunna

)‘0= ‘/ Qvto
Gnisia Ha3BaHa ToRIOPOM ,pPafMyCcCOM“ BUXPS B MOMEHT BpPeMeHH £,
)
Tak Kkak MakcuMajJbHas CKOPOCTb 3aTyXaeT MO 3aKOHY f " 10
BpeMs, 32 KOTOpOE HMHTEHCHBHOCTb BHXDs pajuyca ry C MakCu-
MaJbHOM CKOPOCTBIO ¢, YMEHbUIMTCS IO 3HAUEHHs, COOTBETCTBYIO-

LIero MakCHMaJbHO# CKOPOCTH = o, PaBHO

t—ty=(2" —1)¢,= 0,296r3/.

Ts#jop NpUHHMaeT 3TO YMUCJAO 332 MepPy CKOPOCTH 3aTyXaHus
BuXps 2). ’
CrenyeT OTMETHTb B 3aKJ/IOYEHHe NMPUMEP, PAcCMOTPEHHbIH
Jlam6om ([8], crp. 740) u wmmocTpupyIOlIMH HCYE3HOBEHHE
TIOBEDXHOCTH pasphiBa B BUIE CONPUKACAIOLIUXCS CJOEB, IBH-
KYWHUXEs C PasIMUYHBIMH CKOPOCTSIMH. [lOJIyuyeHHBIt TMpH 3TOM

) Taylor Q. I, Aero. Res. Comm. R. and M., Ne 598, 1918.

?) Mepa 3aBuxpeHHOCTH W= |y~ '—1| B 3TOM ciyyae Taxxe
HEOrpaH{YEHHO BO3pAcTaeT, HeCMOTPA Ha TO, 4TO CaMa 3aBHXPEHHOCTb
.CTPEMHTCH K HYJIO. -

15*
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pe3yJbTaT NOKa3bBaeT, Kak OBICTPO Takas NMOBEPXHOCTb Cria-
nunach Obl, ec/iu Obl OHa AeHCTBUTE/NbHO BO3HUKJA B HEKOTODHIH
MOMEHT BpeMeHH, OTOT NpPHUMep MOXHO pacCMaTpPUBATH TaK IXKe,
KaK JABHXKEHHE TNepBOHAYaJbHO MNOKOseHcs HeorpaHuueHHOR
XHAKOCTH, BHI3BAHHOE BHE3aNHO HAYaBUIUMCS JBHXEHUEM ILIOCKOH
cTeHKM (3anaua Pajes).

70. YpaBHeHHs YCTAHOBHMBUIErocsi [IBHXEHHA B ecTecCT-
BeHHBIX KOOpAHHATAaX. B cayuae MIOCKOro ABMKEHHS MBI MOXeEM
samucaTh ypasHeHne (68.2) B mpoexuusix Ha HanpasJ/eHus JHHUR
TOKa H HopManeﬁ K JIMHUSIM TOKa H NOJYYUTb CJeAyIOUIMEe
ypaBHeHHH:

oq op do op 0o
PIos+os = P PR G =0
IpucoeluHUB K STHM YDaBHeHHWSM YpaBHeHHEe HepPa3pPEIBHOCTH

U ¢opMmyay Aaa 3aBuXpeHHOCTH (cM. m. 20)
: dq dq
divv=gt+Kg=0, o=— = 4x

MBl TOJyYMM MOJHYI0 CHCTEMy yPaBHEHUH B eCTeCTBEHHBIX KOOp-
IUHATaX.

Jas OCECUMMETPUUYHOIO TEYEHUd MBI MMEEM aHaJOrH4HO

0 0 0
P e+ 55 = 5 ),
0 9
pe 5k = 55 o),
H .
10 dq

— = =0 =1

yas WD +Kg=0, o on T4

YpaBHeHus 1A (QYHKUMH TOKA MJIOCKOrO 4 OCECHMMETPUYHOrO
TeyeHUs npuBeleHb B kuure [36].

71. JHepreTHuYecKHe COOTHOWmEHHs. Mbl oGpaluaem BHU-
MaHMe YMTaTeNs Ha 1Ba MOJE3HBIX M YacTO UCMO/Ab3yeMHX TO-
wpaectBa: ¢opmyay Jlam6ba — Tomconal) nana KuHeTuuecko#

) Lamb H., A treatise on the mathematical theory of the
motion of fluids, Cambridge, 1879 (mepBoe wusnaHne kuuru [8]).
’{Slégmson J. J,, A Treatise on the motion of vortex rings, London,
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3HEpruy
1 2
$=pf(r o X v)dv4p <§ [—2—q (ren)—(r-v)(v- n)]da
v 8
(71.1)
u ¢gopmyay BobGuiteBa — Popcafital) ans auccunauuu SHepruu
f@dv=pfm2dv+2p§a-nda. (71.2)
v 4 8

B stux ¢opmynax uepes b 00603HaueH KOHeuHHt o0beM, orpa-
HUYEHHBI TOBEpXHOCTbIO &. 3aMeTHM, YTO CNpaBelJHBOCTb
¢dopmya (71.1) u (71.2) nposepsiercs GopManbHLIMH BBIKJIALKAMH,
OCHOBAHHBIMH TOJMbKO Ha YpaBHeHnu HepaspeiBHocTH divv =0
u ¢opmyne nuccunaumt ®=2uD:D. B ToM cayuae, Koria
CKOPOCTH Ha & paBHBI Hyaw, ¢opmyan (71.1) u (71.2) npunu-
MaioT 6oJ/iee NMpOCTO# BHA, a MMEHHO

z=pf(r-w><v)dv (71.3)

f@d‘u:p.fwzd'v. (71.4)
v v

Ins nokasateabctBa ¢opmyan (71.1) Mb BOCmOJB3yeMCs Cie-
JyIOLMMH TOXIECTBAMH:

div (¢%r) = 3¢2 4-r - grad ¢3,
div [(r- V) vl]=¢?+v-r X m+%r - grad g%

npu TpoBepKe BTOPOro M3 HMX HaJ0 WMeTb B BHAY, 4YTO
divv=0. CpaBHuBas 95TM TOXIeCTBA M TpHMEHAA TeOpeMy
l'aycca — OcTporpaickoro, noJaydaeM

(&[%q?r—(r . v)v]-nda:f(—é—ﬁ—— ver X io)dv. ‘

8 v
oTkyna cpasy caenyer cdopmyana (71.1). ®opmyna (71.1) nerko
0600611aeTcss Ha cayvail cxMMaeMblX XHIKOCTel; B 9TOM cJiyuyae

Y Bo6uaes I K., Math. Ann, 6,72 (1873), Forsythe A.R,
Mess. Math., 9, 134 (1880).
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OHAa HMeeT BUJA

f—;—q?dvzf[(r-v)@—i—r -va}dfv—I—

1) v

+§[q2[r-n)—~(r-v)(v-n)1da. (71.5)

3amerum, utro B ¢opmyaax (71.1) u (71.5) nmomuHTerpaabHyio
(YHKIHIO HHTErpajsa No MOBEPXHOCTH MOXKHO 3anucaTb B Goiee
cUMMeTpUYHO! (opMe, a MUMEHHO TaK:

S X V) - (VX ) (- V(v -l

IokasateabctBOo  GopMyasl (71.2) ocHOBBHIBaeTCS Ha TOM,
uro B cuay ypasHenus (28.1)

1

D:D= - 0-tdiva,

vl

tak Kak O ==divv=0. Ortcwona dopmyra (71.2) noayuyaercs
NpPOCTHIM TpuMeHeHHeM TeopeMsl ['aycca —- OCTpOrpajickoro.

[MpuBenenHble 3IeCh J0Ka3areabCTBa 3HAYMTENbHO MpOLIE
aHaJOrMYHBIX nokasaTeabcTB Jlamba ([8], ctp. 273 u 726). He-
CKOJ/IbKO JPYTHX SHEepreTHYecKUX COOTHOIIeHHH OBIJIO NMpUBELEHO
HaMu paHee (CM. m. 26).

72. Teopembl eIMHCTBEHHOCTH JJs TeueHUil BA3KOH
WHIKOCTH. PaccMOTpuM  BS3KYI0 HECXKUMAEMYIO KHIKOCTb,
3aTOJHAIILYI0 orpaHuueHHbI ofveM B =B (£), rpaHuua KoTo-
poro & COCTOUT M3 KOHEYHOrO UHC/IA 3aMKHYTHIX TBEPIBIX MO-
BEPXHOCTEH, IBMKYLINXCS B3alaHHBIM 00pa3oM (TBepible Tena,
JIBUXKYLUHECS B OrpaHHYeHHOM cocyle). B cuay yciaosus npu-
junanus (cM. n. 64) nose ckopocreil XUIKOCTH HA rpaHnue &S
COBMAfaeT C MOJeM CKOpOCTelH rpaHuusl © B ee COOCTBEHHOM
nBiXeHUH. ECTecTBEHHO MOCTaBUTh BONpOC: OyAET /U JBHKEHUE
KHIKOCTH B 3THX MNPEANOJIOXKEHHAX MOJHOCTBIO ONpPEeAesThCs
pacnpeleseHieM CKOPOCTH B HEKOTOPHIH HauaJbHBIE MOMEHT
t = 0? Tloa10KHTeJAbHBIf OTBET Ha 3TOT BOMPOC [HaeT CJAeAyio~
11as TeopeMa: ecau 08a medeHus 8 O2PAHUYEHHOE o6racmu
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= B () unmeiom 00HO 1 mo gce pacnpedesenue cKopocmu
npu t=0 u Ha epanuye BV, mo oHu mooscdecmsennsl).

IloxasareabcTBO 3TOH TeOpeMbl OCHOBAHO HAa TNPOCTOM
TOXKIECTBe NJsi KHHETHYECKOH SHeprHH, COOTBETCTBYIOUIEH pas-
HOCTU cKopocTe#i AByXx ABwxeHu#t. Ilyctb v u v* — 1Ba moJs
CKOpOCTeH, yIOBJETBOPSIOWIUX YCJIOBHAM TeopeMbl. Bselem
B PacCMOTpPEHHE BeJHYHHBI

u=v'—y, R:—;—fu?dfv.

Torga Mel uMeeM 2)

a8

_dT=__f(vgradu:grad u—+u.-D-u)ydo, (72.1)
B

rae D — rensop nedopmauuit, coorBercTylowuit noaio v. Hdef-
CTBHTEJbHO, TaK KAK V H V' SBIAIOTCA pelleHHAMH ypaBHEHHS
Hasne — Crokca (68.2), 1o

+v -gradu—u- gradv::—gradp p—[—qu

YMHOXHUB 5TO ypaBHEHHE CKa/JApHO HAa U M BOCMO/b30OBABLIACH
ycioBueM HecxkumaeMoctd divu==divv =0, Mb noayuum pa-

% dta Teopema npuHagtexur Poa [Fod E. L'/ndustria (Milan),
43, 426 (192961 Teopema Poa 6wina nokaszaHa He3aBHCHMO . E. Jo-
aunse [LAH CCCP, 96 437 (1954)] u o6061eHa Ha cayuall CKUMAEMbIX-
WHUAKOCTEH I“pa(bdm [Graffi D., J. Rational Mech. Anal., 2, 99
(1953)]. Cum. Takxke pabory aBTOpa 5TOf CTaTbH (Arch. Rational Mech.
Anal., 1959).

Pasauunoro pora TeopeMbl EeIHHCTBEHHOCTH TaK Ha3blBAEMbIX
»Clabpix“ pemeHud ypaBuenu#t Hasbe — Crokca (cm. HH)KQE( MOXHO
HaliTH B yKa3aHHBIX B KOHLE 3TOro myHKTa pa6otax Jlepe, Kucenesa
H JlagblxeHCKOH.

?) Ypasuenue (72.1) moxHo HaiiTH B pabore PeiiHoabaca [Phil.
Trans. Roy. Soc. Lond., A, 186, 123 (1894)] u B pa6ote Oppa [Proc.
Roy. Irish. Acad., A, 97, 69—138 (1907)].

YHacTo oxa3biBaloTCA MOJAE3HBIME Ipyrue ¢GopMsl cooTHomeHus (72.1),
BBITEKAIOI e H3 TOXLECTBA

fgradu:gradudv=f|rotu]zdv=2fD’:D’dv, (72.1%)

CNpaBeiauBoro B npexnnojoxenuu, uto divu =0 u u =0 na &. Pasen-
cTBO (72.1’) nerko AoKasath MeTOJAMH, yKadaHHbIMU B 1. 28,
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BEHCTBO
d%(-;—u)==—vgradu:gradu—u-D-u+

*
-+ div (v grad—;—u2————-—~p —2y -1 u2v*),
P 2
MHTEeTpupOBaHue Kotoporo mno o6wvemy B npu ycaosun u==0
#a & mnpusoant ¥ Qopmyre (72.1).

OGo3HauuM Telepb 4epe3 — M HUXHIOI T'PaHb XapaKTepHu-
cTHueckux unces Matpuubl D B npomexyTke Bpemenn 0 <t < T;
saMetuM, urto m >0, Tak kak SpurD=divv=0. U3 ompe-
JeJieHdss M M CBOMCTB XapaKTepHCTHYECKUX YHCEN CJAeNyeT, YTO
B kaxno#t Touke B u naa Bcex £, 0 <t < T, BHNOJHAETCH
HEepaBEeHCTBO

u-D.u>—mu (72.2)

Torna B cuay dopmyas (72.1)

%—?<mfu2dv=2mﬁ.
B

ITepenncaB 5T0 HEPaBEHCTBO B BUIE
d
(R () em2m) L0

M NPOUHTErpUpPOBAB OT t=0 po {="T, MB NOJyYUM, 4YTO
! (T) e—2mT < 0.

Takx xax MoMeHT T Onln BHIGOpPAH MPOU3BOJBLHO, 3TO O3HAUaeT,
yto BeauunHa & TOxIecTBeHHO pasHa Hymo. CieloBaTesbHO,
u=0 u moas ckopocret v m Vv* cosmanawT. [Ipu coorser-
CTBYIOUIMX IPEINOJOXKEHHIX OTHOCHTEJIbHO aCHMITOTHYECKOTO
NOBelleHUs TeYeHHUsl MPH 7 —> 0O YCTAHOBJAEHHBIH Bblllle pe3yabTaT
MoxeT GBITh MepeHeceH Ha cayyaft oOrekanus 6eCKOHEYHBLIM MOTO-
KOM KHMIKOCTH KOHEUHOr0 YHCJia OTrpPaHHYeHHBIX Tel. B uacTHoCTH,
ecau IJs Vv U V* clpaBel/UBBl aCUMITOTHYECKHE TNpPELCTaBACHHUS

v=U-+40(r-%, gradv=0 (r-%t+1), p=poo+0(r-k+1)'

raie k> 3/,, To unTerpan B dopmynse g & cxomurcs u npu-
BEeIEHHOE Bhillle [OKAa3aTeJbCTBO OCTAeTCsl CHpaBelJUBHIM. (DTH
YCJIOBHSl SBJSIIOTCS LOBOJBHO KECTKMMH H, TO-BHIMMOMY, He
BHINOJIHSIOTCS B 30HE BOSMYLUEHHOrO [BIKEHHS 33 MPENATCTBUEM;
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MOXHO NPeNJOXHUTb YCJIOBUS APYTOro poia, KOTOphle JOMYCKAIoT,
OIHAKO, TOJbKO CMelMaJbHbBI} XapakTep ABMXKEHUS B BO3MYILUEH-
HOHt 30He.)

Mur He MMeeM BO3MOXHOCTH OCTaHOBHTbCH 31€Ch Ha BONPOCE O Cy-
IWeCcTBOBaHuM pemenuit ypasHennit Hasbe — Crokca, yzxoBierBopsio-
IMX 3a12HHBIM HAa4aJbHbIM M I'PAHUYHBIM YCJIOBHAM. JTa UCKJIIOUATEALHO
TPYAHas 3ajaya pelleHa euie He MOJHOCTbIO, XOTd eH MOCBAIEHB MHO-
rouHc/JeHHble HccaenoBanusa. He craBs mepen co6oif TPYAHO BBHINOJHHU-
MO#t 3ajauu JaTh MOJHYI0 GuGanorpaduio, Mbl OrpaHHYUMCS HEepeyHeM
MoHorpaduit, KOTOpblE COXEpKaT OCHOBHbIE PE3Y.bTAThl, MOJYUEHHBIE
K HacTosIIEMY BPEMEHH:

Oseen C. W, Neuere Methoden und Ergebnisse in der Hydro-
dynamik, Leipzig, 1927.

Leray J., Etude de diverses équations intégrales nonlinéaires et
de quelques problémes que pose I'hydrodynamique, J. Math. Pures
Appl. (9), 12, 1—82 (1933).

Leray J., Essai sur les mouvements plans d’un liquide visqueux
que limitent des parois, J. Math. Pures Appl. (9), 13, 331—418 (1934).

Leray J., Sur le mouvement d'un liquide visqueux emplissant
I'espace, Acta Math., 63, 193—248 (1934).

Doaunse H. E, Heauneitnas kpaeBast 3agaua Ajas HeyCTaHOBHB-
n{gxga NBYIKEHUH BA3KOH wunkoctu, I1puxnr. mam. u mex., 12, 165—180

48).
( Hopf E. Uber die Anfangswertaufgabe fiir die hydrodynami-
schen Grundgleichungen, Math. Nachr. 4, 213—231 (1951).

Kuceanes A. A, Jlagmxenckasa O. A, O cyuwecrsoBaHuu
M eIMHCTBEHHOCTH pemleduil 3agaun Kourd 1is BASKHX HECKHMAEMBIX
wuakocredt, M3s. AH CCCP, 21, 635—680 (1957).

OcHOBHasl TPYAHOCTh 33Jau¥ 3aKJAOYAETCA B TOM, YTO Haxe raat-
KHe HayajbHble NaHHBIE NIPHBOAAT B HEKOTOPHIX CJAYYasiX K peLICHHSM,
HenpepblBHO AH(pdepeHuupyemMbM TONbKO HAa OrpaHHUYEHHOM OTpe3ke
BpeMeHH. DTO BBI3bIBAET HEOGXOIMMOCTb BBEIEHHs! Pa3IUYHOrO poia
»CJabbix* pemenu#t ypaBHeHuii Hasbe — Ctokca (cM. paboThl, yKa3aH-
Hble BBIIIE), HCCJENOBAHHE KOTOPHIX TpeGyeT NpHUBJEUEeHUsS TOHKHX Ma-
TEMaTHYECKUX METOJOB.

73. YcrtoituuBocTh TeueHuit BA3Ko# kuakoctH. C mpo-
6/1eMOH eIMHCTBEHHOCTH TeCHO CBA3aHBI 00Jiee CJI0XHbIE BOMPOCH!
TUAPOIMHAMUYECKOR  ycToHuuBOCTH. PaccMoTpuM  IBuxeHune
KUIKOCTH, 3anoJsiomed obvem B, ¢ 3afaHHLIM pacrpeneJie-
HHEM CKODOCTM Ha TpaHulle 3Toro o6beMa. B 6oabuiMHCTBE
3amay ykasaHHOro tuma o6sactb LB orpaHuyeHa TBEpPABIMU CTeH-
KaMH M TPAHMUHBIE YCJIOBUS OMNpeNeNsioTCs IBUKEHHEM ITUX CTe-
HOK (HampuMmep, teuenue Kysrra). [IpenmnosoxuM Tenepb, uTo
paccmarpuBaeMoe TNoJie CKOpPOCTed mojyyaeT B HauyaJbHBIE MO-
MeHT ¢ =0 Ma/ible BOaMyuieHus., EcTecTBeHHO NOCTaBUTL BOMPOC
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0 Xapakrepe MOCHeNYIOWEro [BHXEHUS IPU HEH3MEHHBIX TIpa-
HUYHBIX YC/MOBMSAX: OyZeT JM 3TO IBIXKEHHE MAJ0 OTIMYATbCHA
OT HEBO3MYLIEHHOTO HJM Jaxke Majble BO3MYILEHMS HayajlbHBIX
JIAHHBIX CYLIeCTBEHHO MEHSIIOT XapaKTep TeuyeHHus. ‘

Ectb IBa pasiMuHBIX MeTONa HCCJIeLOBaHMS STOH 3amgauu:
nepeuift BKioyaeT B cebGs CTaHAapTHYI0 NpOUeLypy JHHeapusa-
LMK, BTOpO# ocHoBaH Ha ¢opmyse (72.1). Mp uMeeM BO3MOX-
HOCTb pacCMOTpPETb TOJbKO BTOpPOH H3 9Tux Meroxos!). Ilpu
MCNONb30OBAHMUH 3TOr0 MEeTOJA 3ajiaya CBOXUTCA K JOKa3aTelb-
CTBY TOro, uyTo & CTpeMHTCs K HYyJMIO, TaK KaK OTCIONa Cpasy
CleNyeT, YTO U CTPEMHTCS K HYJIO ITOUTH BCIOAY.

CkasaHHOe HYXZHaeTcsi B HEKOTOPOM mosicHeHuH. ITycTb v —
MoJie CKOpOCTe#l OCHOBHOTO TeueHHs, a V*—moje cKopocre#t
BO3MYLUIEHHOrO TeueHus. TOrlia OCHOBHOE TeueHHE HA3BLIBAETCH
YCTONUNBHIM (YCTOHUMBHIM B CDENHEM), eC/AH¥ SHeprus BO3MyLie-
HUS U= V*— V CTpeMHTCS K HYJIO NPU BO3PACTaHUU f.

TMoBeneHHe 3HEpruM BO3MYLIEHHS TpHU {—> OO ONpelelseTcs
3HAKOM BEJMYHUHBI, CTOslEed B npaBoit yactu dopmynwe (72.1);
€CJaM 9Ta BeJMUMHA OTPHUATEeNbHA [IJS NPOU3BOJBHOrO NOJA 1,
ynoBJjerBopsioiero ycaosuio divu =0, To uMeeT MecTo ycTofi-
4iBOCTb. TakK Kak MepBHIH uJeH mpaBoit yacTu ypaBHenua (72.1)
‘BCcerza OTpHLIaTeJeH, TO J1000e BO3MYyleHHe HMeeT TEHIEHLHIO
CrJIaJUThCs 32 CYET BASKOCTH, OLHAKO NpPH OOJBLIHX BeJHYHHAX
KacaTeJbHBIX HANpsDKeHU# B OCHOBHOM NOTOKE 3HaK IpaBoit
yactH (72.1) MOXeT WBMEHHTbCS 32 CUET MOJOXKHTENbHOTO BTO-
poro ujeHa M aMmauTyia BO3MylueHu#t OyleT NpH 3TOM BO3pa-
cTathb. TakuM o06pa3oM, YCTOHUMBOCTb TeueHus oOnpenensercs
OTHOCHTEJ/IbHOH BeJIMYHHOH 3THX IBYX UJEHOB.

Ilpyro#t kpuTepuff aHAJOTMYHOIO XapaKTepa MOXHO MOJY-
UuTb, 3anucaB ypaBHeHue (72.1) B HECKOJbKO M3MeHEHHOH
¢dopme. Tak kak divu=0, M umeeM '

u-D.-u=div[(u.-v)u]—u-gradu-v.

ITpumenus teopemy I'aycca — OcTporpanckoro, Msl BMeCTO ¢op-
Myas (72.1) noayuuMm paBeHCTBO

%-?-zf(u-gradu-v——vgradu:gradu)dv. (73.1)
g

) OTHOCHTENBHO HCCHENOBAaHHA YCTOHUYHMBOCTH NMEPBBIM H3 YIOMS-
HYTHIX MeTONOB CM. paborsi Cuura [Synge J. L., Semi-Centennial
Publications of - the Amer. Math. Soc. 2 (Addresses), cTp. 227—269,
Jluna [22), a Takxke BeiitmeHa u zp. [2].
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CilenoBaTenbHO, €C/M MepPBHIH YjeH NMOLUHTErpajbHOrO Bblpaxe-
HUsi B npaBo#fi uacTu paseHctBa (73.1) no abco.aioTHOH Benu-
YiHe MeHblle BTOPOTO YJeHa NJs BCeX IONMYCTUMBbIX (YHKUHMH u,
TO OCHOBHOE TeueHUEe C TNoJeM CKOpocTeH v faBJsgeTcd yCTOHuu-
BeIM. Tak Kak B nepBBIfl uJeH B KauyeCTBE COMHOXMHTeJSi BXO-
IMT V, MBI TNPUXOJAMM K BHIBOLY, 4TO OOJIbUIME BeJHYHHBl CKO-
pPOCTH OCHOBHOTO TedyeHHs U OOJIbliKe HANpsKeHHs MOTYT BLI3BATb
HeycToHuuBOCTb. Huke Ha OCHOBE YKasaHHHIX COOOpaxeHut
OyLyT NOJyd4eHbl YHC/IEHHBlE OLEHKH T'PAHUIl YCTOHYMBOCTH.

Crenyer 3aMeTUTb, YTO MeTOI IHEPreTHUYECKUX OLEHOK MPUH-
LUMNHATbHO He MOXeT J1aTh TOYHBIX 3HAYEHUH TIpaHul, yCTOHUM-
BOCTH (I/1 TOJYYEeHHS TOYHBLIX OLEHOK cJefyeT 06paTHTbCH
K JMHeapU3WPOBAHHBIM YPaBHEHUAM), TaK KaK B 3TOM MeToIe
S8HAK BeJNUYMHBI, CTOsLIEH B mpaBo# yacTd ypaBHenus (72.1) uan
(73.1), ycranaBiuBaeTcd /s MOJe# U NpPOU3BOJBHOTO BHAA,
KOTOpbIE MOI'YT M He OBITb JIMHAMHUYeCKH BO3MOXHBIMH. OJIHaKO,
HECMOTpSl Ha 9TO, uUccjaeroBaHue ypaBHenu#t (72.1) u (73.1)
NPUBOJUT K DSLYy MHTEPECHBIX M LEHHBIX Pe3yJ/bTaToB.

Ilycmy o6aacme B umeem woHeunwli duamemp d. Tozda
KuHemuueckas SHepeuss NPOU3BOAbHO20 BO3MYUEHUS U ==
= V' — Vv yoossemsopsem 08YM CACOYIOUUM HEePABEHCMBAM:

! < ‘Qoe(2m—6ﬂ2v/d2)t (732)
u
ﬁ < ﬁoe(vz-i’m?v?/d?) t/v' (733)

20e R — HQHAALHASL 3HEP2US BOSMYUEHUS, — M — HUKHCHAS
2PAHbL XAPAKMePUCMULECKUX 4UCes MEH30pa Oedopmayuil
045 OCHOBHO20 medeHus nHa unmepsase spemerdu om 0 0o ¢,
a V— makcumymn mo0yas cKoOpocmu OCHOBHO20 mMedeHUs
HQ mon ge unmepsase 8pemenu. Ecau m < 3n2)d? uau

ecan V< ]/Sch/d npu scex 3natenusax t, mo & -0 npu
t—>00 U OCHOBHOE medeHue ABASLEMCS ycmoluugsiml).

) ®opmyaupoBKa H I0KA3aTEIbCTBO STOH TeOpeMB! NpPUHALJEKAT
Tomacy [Thomas T. Y. Proc. Nat. Acad. Sci. USA, 29, 243 (1943)]
u Xongy [Hopf E., Math. Ann., 117, 769 (1941)]. AHanoruuHsii pe-
3yAbTaT MMEET MECTO B cayyae, Koraa o06Jactb B MOXKHO 3aKMOUHTH
B GECKOHEUHBIH HUJHHAD HJIM MEXIY ABYMS IIOCKOCTSMHM, H B CiAydae,
KOrjla BO3MYLIEHHS NPEANOJaralTcs MePHOIHYECKHMH.

MuTepecHo 3aMeTUTb, UTO KpuTepuit ycroliuuBoctu V <V 3nv/d Mox-

HO BLIPA3UTh uepe3 uHcao Peitnoabaca: ecau Re = pVd/p L V 3n = 5,44,
mo me4enue SBASLEMCS YCMOUHUBLLM.
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INJokasaTelAbCTBO. 3aMeTHM CHayaJga, 4To AJd J060ro
HenpepnBHO AuddepeHunpyeMoro mnoas BekTopa h

0 < (grad u—+ hu) : (grad u ++ hu) =
=gradu : grad u—+h - grad &2 h242.

INpuHuMas BO BHHUMaHWe rpaHuuHoe yciaoBue u=0 Ha &, rne
© —rpanuua obaactu B, MB moJydyaeM oOTCIOAA

fgradu:g'radudfu>f(divh-—h2) u?dv. (73.4)
B P

PacemoTpuM Teneps nose Bekropa h = (r/r) C tg Cr, HenpephiBHO
luddepenunpyemoe BHYTpM Iuapa pamuyca w/2C. [Ilouaras
C=rm/d u OGuKCHpys HaljlexalluM 0o06pasoM Hauya/Jio KOOPIMHAT
B obnactu B, MH MONeM NOACTaBUTL 3TO 3HaueHue h B op-
myay (73.4). Torna nocje HeCJHOXHBIX NpeoOpa3oBaHuii Mbl MpH-
XOLMUM K HepaBeHCTBY

f grad u: grad udo > 3C? f w?dv = (6x2d)R. (73.5)
by B

CpaBnuBass coortHouenus (72.1), (72.2) u (73.5), mnoayuaem

HEpaBEHCTBO
P A% < @m—6xdja)§,

UHTErpUpOBaHUE KOTOPOTO NPUBOLHUT K Tpebyemott ouenke (73.2).

JlokasaTebCTBO OLEHKM (73.3) NPOBOLUTCA aHAJIOTMYHBIM
06pasoM. MCXOMHEIM MyHKTOM SIBASETCS HEPABEHCTBO, CNIPaBelJiH=
BOe I NpPOU3BOJLHOH AManbl A:

A:A—2u-A.- v+ u0?=A—uv):(A—uv)>0.
W3 9TOr0 HepaBeHCTBA CJELYeT, HTO

0-Av< 5 (A A uk?), (73.6)

IMonoxus A==vgradu u MCNO/Jb30BaB MOJYYEHHOE HEPABEHCTBO
Ang  TOro, uYTOOB HaHTH OLEHKY CBepXy IJs BeJUYHHH
u-gradu-v, BXo&siwel B ypaBHeHue (73.1), MBH NpPUXOIUM
K COOTHOIUEHHIO

LA [ @t —vrgradu: grnduydv < Lwvr—syan g,
J

MHTET DUPOBAHKME KOTOPOro AaeT oueHky (73.3).
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Kpome noBOMBHO TpyOHIX !) uHMCHEHHBIX OLEHOK TPAaHHUL
yCTOHYMBOCTH, U3 HepaBeHCTB (73.2) u (73.3) cuaemyeT pan
MHTEPECHHIX pe3yJ/bTaTOB KauyeCTBEHHOrO xapaktepa. Hanpumep,
803MYUHUSL OOCM AMOYHO MQAA0U LUK BOAHb d 3amyxaom
He3aBucuMoO Om Xxapakmepa OCHO8H020 meuenus. ViHaue
rosops, JAaxe B TYpOYJEeHTHOM IBHXXEHHUH He MOTYT CYIUeCTBO-
BaTb ,BUXpPH® MaJOro LuaMeTpa; MaKpPOCKONMHYECKH TeueHue
MOXeT TpelCTaB/ATbCA 3aNyTaHHBIM CJAy4afiHHIM NPOLECCOM,
HO ecau HaOJ/IONeHHs TOrO IKe TeuyeHHs NMpPOBOAsITCS NMpuOOpOM
C JoCTaTOyHOR paapewapoel cnoco6HOCTBIO, TO CTPYKTypa
TeyeHus OyreT Bcerja BHITJSIIETb PETYJsSPHOM.

PaccmoTpuM Temepb Apyro#i mnpeneabHblft cayuya#f, koraa
CKOPOCTb V OCHOBHOIO TeueHus paBHa Hyao. [lTycts obaacte B
OrpaHHYeHa HenoOBUICHbL MU TBEPIBIMH CTEHKaMH, Tak 4To V=0
Ha & Toraa KuHeTHyeckas SHeprus a060ro ABuxeHus B B
B COOTBETCTBMU C ycJaoBHeM (73.2) HOJ/IKHA CTPEMUTHCS K HYJIO
10 3aKOHYy

T K T e bt (73.7)

rae T, — KuHeTHYeckas OSHeprus JAsmkeHus npu =0 2.
Ocraercs, OIHaKO, HesACHBIM, OymeT JM caMO noJje CKopocTef
npu f{—> 00 CTPEMUTbCS K Hymo. B kauecTse mocjensero ciael-
CTBHSI LOKAXKEM TEOPEMY eNMHCTBEHHOCTU YCMAHOBUBULLLX CS TeUe-
Hu#t B (HKCUpPOBaHHON OrpaHuueHHo# o6JaacTH V.

Ilyems v u V'—08a yYcMAHOBUBWUXCA  MEYEHUS
8 obsacmu Y ¢ 300QHHLLM, He 3QBUCAWUM OM 8PEMEHL
pacnpedeseruem CKOPOCMU HA 2paHuUye Y, nycmb — m-—
HUMCHAR 2PAHb XAPAKMEPUCMUYECKUX 4lUcenr MEH30Pa
Oegpopmanuii mewenun v u nycmb V =max|v|. Toz0a meue-
Hus Vv u V* 0042icHb. cosnadams, ecau

urn m < 3ved? waw V < Y3wv/d. (73.8)

JloKasaTeNbCTBO STOTO  yTBEPHKIEHHS OYEBHAHO: KUHETH-
yeckas 9Heprus mnojas U ==V-— V"' J0MmKHa ObiTb NOCTOAHHOM
@ BMECTe C TeM YIOBJETBOPATh oueHkaM (73.2) u (73.3). Ilpu

") Cum., nanpuwmep, [2], ctp. 336, 377, u pabory Tomaca, Ha KOTO-
Y10 MBI CCBLIAJHCH BHIIE.

2) HepaBenctBo (73.7) mpusomutcss B paGore Kawmme-gze-Pepbe
[Kampé de Fériet J., Ann. Soc. Sci. Bruxelles (1), 63, 36 (1949)};
aHAJMOTHMYHOE HEPABEHCTBO .1Js I[LIOCKHX TEueHHH, KaK yKasbBaeTcs
B 3TOH pa6ore, OblJO paHee ycrtaHoBaeHO Jlepe.
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BHINIOJIHEHUH XOTs OBl OJHOrO M3 HepaBeHCTB (73.8) orciona cie-
nyer, uto & =8 =0 u v=1v*.

CdopmynupoBanHas TeopeMa CYyIIECTBEHHO 3aBUCUT OT Mpel-
nonoxenus (73.8); B oOuieM ciayyae MOXHO, NO-BUIHMOMY,
NOCTPOUTh NpUMepP HeeIUHCTBEHHOCTH.

Kak nokaswiBaer npeibinyuiuft aHaaus, npu 6OJbIIMX Beu-
YHAX BASKOCTH BCE Te4YeHHS C OLMHAKOBBIM paclpeleleHHeM
CKODOCTH Ha TpaHulle IOCJAe JOCTATOYHO JOJIQro BpeMeHH
6ynyT onuHakoBbl. C ADYroff CTOpOHBI, TPU MaJbiX 3HAYEHHSX
BA3KOCTH (M/¥, SKBHBAJIEHTHO, mnpu OOJbIIKX uyucaax Pe#-
HOJIbACa) HabmolaeMble TeYeHHss Yxke He CTPeMATCs K elH-
CTBEHHOMY TMpelle/lbHOMY TedyeHHIO. YKadaHHble (aKThl Jerko
fIpOUJIIOCTPUPOBATL HA TIPOCTHIX NpuMepax TeyeHu#t Kystra u
Ilyaseitna, nias KOTOPHIX yCTOHUMBBLIH JIAMUHADHBIH peXMM BO3-
MOXEH TOJbKO INpu Maanix uuciaax Pe#Hosnbaca. Hcexons wus
SKCMepUMEeHTaAbHHX pesyabrartoB, Xond !) Beickasan npenno-
JIOXEHHE O CYLIeCTBOBAHMM KJacca peuleHuft ypaBHeHu#t HaBbe —
CTOKCa, COOTBETCTBYIOLIMX TeYeHHUsIM, HAOMIOAAEMEIM TIOC/Ie JOCTa-
TOYHO [OATOr0 MNPOMEXYTKAa ~BPeMEHH, KOIJa BJHsHUE HayaJb-
HBIX - JAHHBIX YXe He CKaswiBaercd. Ilpum OGOJbILMX BeaMYMHAX
BABKOCTM STOT KJ/4aCC MCYEPNbIBAETCA ONHHM peIUeHUEM; IIpu
yMeHbIUEHHH BASKOCTH TaKHX pellleHMR cTaHOBUTCA Bce 6oJblie
u Ooabine. Ilpn duxkcuposanHom v kijacc Xomnda BuAeAsET
»ycToHunBOE“ MHOroo6pasue B ()a30BOM NPOCTPAHCTBE BCEX BO3-
MOXHBIX pemeHuff. B pabore Xomnda, HA KOTOPYIO MBI CChlJa-
JIUCh BhHILIE, 3TO MpPeNNOJoXeHue cHOpMyaupoBaHo GoJiee 4eTKO
¥ TIONTBEPXIEHO HMHTEDECHOH ,MaTeMaTHyeCKOH MOZIEJbI0“ ypas-
nenu#t Hasbe — Crokca, pelleHus KOTOpPOH MOXHO BHINHCATDH
B 3aMKHYTOM BHJE.

B cBsisu ¢ runoresoit Xonda OBIO BEICKA3aHO MPENMNOJIO-
XEHHe, 4TO HpU f—>CO KHHETHYeCKas SHeprus IPOU3BOJBHOrO
TeueHMs: yOblBaeT [0 HEKOTOPOH Ompene/eHHOH BeJMYHMHEI,
3aBucsAllefl TONBKO OT BENHYUHBI BASKOCTH M 'PAHHYHBLIX YCJIOBUH.
dra sanava Onlia. uccaenoBaHa Xondom 2) B NpeAnoNOKeHHsX,
chOpMy/IHPOBAHHLIX B Hayaje JAHHOTO NYHKTA. [10JyueHHBIE "UM
pe3y/bTatst B CYHMIHOCTH TNPOCTH, HO TPOMO3IKHE BHIKJAIKHU
BLIHYXKAQIOT HAC OTOC/IATb YMTATeJsl K MEePBOUCTOUHHKY.

Y Hopf E., Comm. Pure Appl. Math., 1, 303 (1948), Proc. of
the Conference on Differential Equations, Univ. Maryland, 1956, ctp. 49.
2) Hopf E. Math. Ann, 117, 764 (1941).
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Hccnenosanne TedeHH# B HEOTPAHHYEHHBIX 00JACTAX B NPUH:
LMNe NMPOBOLMTCS TaK Ke, KaK M s OrpaHMYeHHBIX o6JjacTef,
MOSTOMY MBI HPENOCTaBJsgeM UYHMTATENIO COOTBETCTBYylOllee Q606
IleHHe TpPUBEJEHHHIX BHIIE Pe3y/abTaToB.

74. BapmaumonHsie MeTOAbl, CBfi3aHHbIE C BONPOCAMH
ycroilunBocTH, B npenwaymem mnyHkre ObIIM HafiieHB Kpu-
Tepud YCTOWYUBOCTH ‘MO OTHOUIEHHUIO K ,MIPOU3BOJILHOMY“ BO3-
MYLIEHHIO W, XOTd HAa CaMOM Jejie NaJeKO He BCe BEKTOpHHIE
NoJs W ABJIAIOTCA AONYCTUMBIMUM. I GOJlee MOJHOTO HCCJIel0+
BaHUf# BONPOCOB YCTOHYMBOCTH PACCMOTPUM 3a1ayy O MaKCHU-
MyMe npaBoH uwacTM ypaBHewus (72.1) npu JONONHUTEJIHLHOM
ycnosun divu==0. ITocse Hamiexauielt HOPMUPOBKU MBI TpHU-
XOAMM K ClleAyiollet BapualMOHHO# 3axaye JJs WMCCJelOBaHUA
YCTORUUBOCTH:

MHHHMHU3UDOBATL HUHTErpan

Ju-D-udo (74.1)
B

npyu NONOJHUTEJNBbHBIX YCJIOBUAX

divu =0, fgradu:gradudv_—_l, u=0 na &. (74.2)
B

Ecan 0603HaunTh MuHuMyM uuterpana (74.1) uepes —v, TO
opu v < v BEIMYMHA, CTOAILAA B NpaBoit yacTu ypasHeHus (72.1),
Oyzer oTpuuaTeJqbHa A BCeX ,THAPOLMHAMUYECKH [JOMYCTH=
MBIX“ BO3MYILEHHH U, C/eoBaTeJbHO, OCHOBHOE TeueHue Gymer
yCcTOHUMBHIM (B CpelnHeM).

Bapuauuonnywo sapauy (74.1), (74.2) npu nomowu xopouo
M3BECTHLHIX METOAOB MOXHO C(HOPMYJIHPOBATb B BUIAE YpPaBHEHUSI
B YaCTHBIX NPOUBBOIHBIX JJIsi SKCTPEMaJIbHOH (yHKuuu u. Beenem
c 9TOH uenblo MHoxuTend Jlarpamxa v* u A=DX\(X) ¥ 3anuueM
¢opMabHO

8f(u ‘D.u+tv'pradu: gradu —hdivu)do=10. (74.3)
B

VpaBHenuio B Bapuauusx (74.3) coorBeTcTByeT ‘CHCTEMa HH(-
¢depeHIHaIbHEIX ypaBHEHUH

u-D=—grad A4 vV, divu=0 (74.4)
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¢ rpanuuHbM ycaosueM u==0 nHa &. BooGuwe rosops, cuctema
ONHOPOJHBIX ypaBHeHu# (74.4) nonyckaeT HeTpHBHAJbHBIE pelie-
HHS TOJILKO /ISl OTPaHHYEHHOTO MHOXeECTBA cOOCTBEHHBIX yHces v,
Ecau v o6o3Hauaer HauboJblliee M3 3THX COOCTBEHHBIX YHCed,
TO OOBIYHBHIE METOJbl BapHALMOHHOTO HCYHC/IEHHS TNPHUBOAAT
K HEepaBeHCTBY

—fu-D.udv<3,
3B

CrpaBe i MBOMY AJs BCEX U, YAOBJIETBOPSIOLHX ycaoBuaM (74.2).
Takum o6pasoM ((popmajbHO) LOKA3aH CJELYIOLIMH pe3yqbTar.

Ilycms V— HauGosbuiee cOGCMBERHOE LUCAO 00HOPOOHOH
Kpaesoii 3adauu 0asn cucmemsvt (74.4) 8 o6racmu B. Tozda
OCHOBHOe meueHue Vv 8 ob6aacmu B asasemcs ycmoiluu-
8ulM, ecau

vy

3aMeTHM, YTO MexLy YypaBHeHusMu (74.4) u ypaBHEeHUSMH
TUAPOJHHAMUKH CYLIECTBYeT NpHMeyaTe]bHAs aHAMOTHUA. '

K coxanenuio, uccaenosanue ypasheHult (74.4) npelcra-
BJMeT He NMpOCTYI0 3ajayy Jaxe B Cjayyae dJeMeHTapHBIX Teue-
Huft. Jlas miockux caoucthix tewenn#t v= {U (y), 0, 0} ypas-
HeHMs, aHaJoruuHble cucreMe (74.4), Oblnu HafineHnl B paborax
Oppal) u Tamens 2). B stom ciayyae D uMeer TOIbKO 1Be
HeHyueBble KOMmoHentsl Dy, =D, =1/, U’, a 1symepHOCTb
BO3MYUIEHUH MO3BOJIET BBECTH (yHKIMIO TOKa §. B aroM cay-
yae cucrema (74.4) csoautca k ypasHenuio Oppa — I'amens:

PV = o (U4, + U",). (74.5)

DT0 ypaBHeHHe YeTBepTOro NOpsAAKa ObJIO JETaJbHO M3YueHO
Oppom. Kak ¥ c/elloBaji0 OXHAATh, YHC/IEHHBE OUEHKH JalOT
rpy6oe npub/uxeHHe TPaHUL, yCTOHUMBOCTH, XOTS KadeCTBEHHas
CTOpOHa OTpa}aercsd, KOHEYHO, NpaBWJbHO. B uactHocTH, I
pacnpenenenns U =~ky B xanane 0 <y -<d Opp nHauwen, uTo
KpHuTHYeckoe 4uca0 PefiHoabaca

Re = kd®™-1=177.

1y Orr W. McF., Proc. Roy. Irish Acad., A, 27, 69 (1906).
) Hamel Q. Nachr. Ges. Wiss., Gottingen, 261—270 (1911),
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Jlunp [22] BhICKa3a] NpEANOJIOKEHHe, YTO paccMaTpHBaeMoe
TeyeHHe NOMKHO OBITb YCTOHYMBLIM HE3aBUCHMO OT BEJUYMHBI
yucia PeftHonbaca. .  Kaxyuieecs npoTHBOpeude Mexny pesyib-
Tatamu Oppa u JIMHA CTAaHOBUTCA MOHATHBIM, €CJAH BCIOMHUTb,
yto JIuHb paccMaTpuBajs TOMbKO OECKOHEYHO MaJjble BO3MYLIe-
HHSl; BNOJHE BO3MOXHO, 4YTO OECKOHEYHO Majable BO3MYILEHHUS
racarcs Jaxe TOrAa, KOrja KOHeuHble BO3MYLIEHUS NPUBOJAT K He-
ycrofiuuBoctu. SlcHo, uro Ha#nennoe OppoM KpUTHYECKOe 3Ha-
yeHHe yuc/ia PefiHOJbACA OTHOCUTCA HMEHHO K STHM KOHEYHBIM
Boamywenusm. C nanbHeRwuMu npunoxeHusmu teopuu Oppa
yuTaTesb MOXET O3HAKOMHUTbCS B KHure [2], crp. 335—336, 377.

AHanoruuHslM 006pa3oM MOXHO TNPOBECTH HCCleNOBaHHe
YCTOHUMBOCTH TeYeHHS MeX1y JMABYMS BpaLAIOLMMHCH LUJIHH-
npamu (teuenue Kysrtra). Ecaum BHyTpeHHUH M HapyXHHI}
LUMIHHADE MMEIOT pamuychl R; M R, ¥ BpaIaloTca C YIJOBLIMH
ckopoctamMu 2;(>0) u £, cOOTBETCTBEHHO, TO NOJE CKOPO-
creit TeueHuss KysTra uMeer BUIL

v,=0, 9= Ar—1+4 Br,
rue .
_ (RRY(®—9) R3Q, — R,
R —R} R—Rr

/0 1

Tak xak D 3aBucuT TONBLKO OT KO3(hduuuenta A, MH BHIUM,
yTo pellleHHe cucreMbl (74.4) H0/KHO NaBaThb KpuTepuft ycTof-
YHBOCTH B BHIe OLEHKH cBepXy Beauuunb | A|. TouHee, MOXHO
IOKa3aTb, 4TO abCoMIOTHad yCTOHYMBOCTb (YCTOMYMBOCTH MO
OTHOMIEHHIO K J/IOOLIM BO3MYILEHHAM) OyIeT HMeTb MecTO NpH
BHINIOJIHEHUU YCJIOBUS

9,_.9,

, B=

npuueM

[ <C(Ry, Ry.

Bonpoc o TounoM onpenenenud Buga ¢ynkuun C(R; Ry)
OCTaeTCd B HACTOsLIEE BpeMs HEBHISCHEHHBIM.

Yro kacaeTcd yYCTOHYHMBOCTH IO OTHOIUEHHIO K OGeCKOHEuHO
MaJbiM BO3MYILEHHSM, TO, kak mokasaa Cumrl), ycro#unBocTb

) Synge J. L, Proc,; 5th Int. Congr. Appl. Math., Cambridge,
USA, ctp. 326—332. g e g

1L o~ P
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TeueHu#t KysTra umeer Mecro mno kpaftHeit mepe nas o >0,
T. e. Lad 2/ < (Ry/R;)? Pacnonoxenue 30HB yCTOHYH-
BocTH (74.5) u Hafinenno#t Cunrom 30He B MIOCKOCTH (R, 2,)

)
Yegpus T3dnopa.

71011 > /v

Puc. 17. 3oun ycToitunoctn nas Teuenus Kystra.

a —30Ha a0bCOMOTHOH ycTOH4YHBOCTH Aas Tedenus Kysrra, 6 — 30HH
ycrofuuBocTH s Tedenus Kysrra mpu R,=3,55, R;=4,03.

nokasaHo Ha puc. 17, @. Ina cayyas R; ~ Ry nmpuMeHHMa Teo-
pust Tattnopa !); 30Ha yCTOHUMBOCTH, COOTBETCTBYIOLUas pajnuy-
cam R,;=3,55, R,=4,03, usobpaxena ua puc. 17, 6. Ilpu
MOCTPOEHNH 30HH a6COIOTHOR YCTOHYUBOCTH HA STOM pPHCYHKe
MBI MCXOIUJIM u3 npubmukenHoro sxaveHus-C (3,65, 4,03) =11,
HalleHHOFO BHLIYHCIEHUSIMH 2).

" Taylar G..1, Phil. Trans. Roy. Soc. Lond., A, 223, 289 (1923).
2y Serrin J.,, Arch. Rational Mech. Anal., 2, 1(1959).
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75. Teopema I'eapmroanuna — Pages o auccunanuu. Heko-
TOpHIE MHTEPeCHBIe OOLiMe pe3y/bTaThl OTHOCUTENbHO IHCCHIIA-
UMM SHEPTWH B JIBIXKEHHH BS3KOM KMIAKOCTH ObIIM NOJyYeHBI
TFeavmroabuem ') u Paneem 2). B ocHOBe 3THUX pes3y/bTaTOB
JIeXHUT TPENNOJOXeHHe O TMOTEHLMAIbHOCTH MOJs BeKTopa rot o,
T. €. NPEANOJOXKeHHE, UYTO

rot w = grad c. (75.1)

O6pamasicb k ypasHeHnio Hasbe — CTOKCa, MBI BHIMM, YTO
npennosnoxenue (75.1) SKBHBAJEHTHO MPENNOJIOXKEHHIO O TMOTeH-
LMAJBHOCTH BeKTOpa yckopenus. Ycjaosue (75.1) ynos.serso-
pAieTcs, B YAaCTHOCTH, IJisS TJIOCKMX CJOHCTHIX TeueHuil, TeueHuH
[lyasettns u Kyarra, ycraHoBuBMIerocs TeuyeHus DeabTpamu u
BooGile AJsi JIOOOr0 TeyeHHs, B KOTODOM MOXHO npeHeGpeub
MHEPUMOHHBIMH YJeHaMH. B 3TOT Kk/acc BXOAAT TeueHHss BecbMa
YyaCTHOrO BHIA, HO TOT (DAaKT, UTO HCC/ELOBaHUS HOCAT 3aKOH-
yeHHBI M CTPOrMH XapakTep, HMeeT GOJbIOE 3HaueHHe.

PaccMoTpuM IBHXeHHMe XKHAKOCTH, YIOBJAETBOpPSIOIlEe YCJIO-
o (75.1) B Hekoropo#t orpanuyenHoit obaactu b. Ilyctsb
V — BEKTOp CKOPOCTH 3TOrO IBUXKeHHS, a V' ==V —- v/ — BeKTOp
CKOPOCTH JpPYroro npou3gonbr020 IBHKEHH HECKMMaeMok
sxuakoctd. Ilyctb, Hakoweu, §, §* u §’ o00603HaualOT AuccHna-
1IMM, COOTBETCTBYIOLUKE NOJAM V, V' u Vv’ (3aMeTuM, 4TO NOJA V
M V' MOryT M He sSIBJATbCA NMHAMUUYECKH BO3MOXHHIMH). Torzaa
MB HMeeM caeayiouyl ¢opMmyiy:

%"=%’5—I—%’+2u<§[ov’-n+2v'-D-n1da, (75.2)
8

HECKOJIbKO 0000I1aI0Iy10 COOTBeTCTBYIOLMM pesyabraT Pajes u
leabmrosbua. s AOKasaTe/bCTBA 9TOR GOPMyJBI 3aMeTUM, YTO

F* =f(I)*dfv=$3+%'—+-4p.fD : D’ do
v 0
# (B TEH30pHHIX 00O3HAYEHHAX)
fD :D'dv= f [(Dikvg), k ——Dik,kv;] dv=
»

v

=§V’-D-nda——%fV2v-v'd'U;
8 v

Y Helmholtz H, Verh. naturhist-med. Ver. (1868); Wiss.
Abh,, 1, cTp. 223.
2) Rayleigh, Phil. Mag. (6), 26, 776 (1913).

100
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MBI BOCNOJIb30BAJIHCh 31eCh ypaBHeHUeM HepaspeiBHOCTH div v=0.
ITpeo6pasosaB moc/aelHu# HHTerpasj Npu NOMOIUH COOTHOLIEHMMH

Vv = —rotw =—grads
K BULY

——é;ov' -nda,
8

MH nosyunM dopmyay (75.2).

PaccMOTpUM HEKOTOpHIE CIEJCTBUS, BHITEKAIOINE U3 (POPMYJIb
Teabmroabua — Pajes. [IpennoJioxkuM cHayana, 4To TedeHue V*
HMeeT HA 8 TaKOe e pacrnpejeseHHe CKOPOCTH, KaK M MCXOl-
HOe TeueHue, T. €. uto v/ =0 Ha §. Toraa B dopmyae (75.2)
MHTErpaj Nno MOBEPXHOCTH OOparTutcst B Hyab u, Tax kak §' >0,
MHl NOJyYaeM CJelyIOlLyl0 TeopeMy.

Teopema Teabmroabua: Teuenue HecoHumaemol
8a3Kol  ocudkocmu, yoossemsopsaiouee ycaosuio (75.1),
xXapaxmepu3yemcs mem C80HCMBOM, 4MO 04 IMO20 meye-
Hus Ouccunayus 3Hepz2uu 8 410604 obracmu MmeHvule Ouc-
cunayuu 3Hepzauu 0458 24106020 0pY2020 MmedeHus ¢ mem e
pacnpedesenuem CKOpocmu vV Ha 2paruye.

B xauecTBe ciaenyiolero npuaoxeHus ¢opmyas (75.2) pac-
CMOTpUM 0606ujenroe mewenue Ilyaselins (1aMuHapHOE Teye-
HHE) B TpsiMoit TpyGke mpousBoabHOro cevenus R!). Tax kax
KOMIIOHEHTH cKopocTH #=v==0, w=w (X, y), ypaBHeHHe
Hapbe — CTOKCa npuHHUMaeT BHI

0 = — grad p 4 pV?v,
W MBl BHAMM, uTO ycaoBue (75.1) BHIMOJHSIETCH NMDH

6 =— p/p. (75.3)
3aMeTnM, KpOMe TOrO, YTO JaB/eHHe JOMKHO ObiTh JUHe#HOH
¢yukuue#t or z. BriGepem 3a obaacts b B Qopmyse TeabM-
ronbua — Pases oTpesok TpyOkH AMMHBI [ W NPENNOJIONKHM,
YyTO BO3MYLIEHHOE TeyeHHe SBJASETCS JaMUHADHLIM WJH yIOBJe-
TBOpSieT GoJee caaboMy TpeGOBAHMIO MePUOAMYHOCTH QyHKUMH W’
no nepeMeHHo# 2 ¢ mepuoiom l. Toraa, NMOCKOJbKY Ha CTEHKax
TpyOkn v’ = 0, Mbl moJyuyaeM AJIf MHTErpajoB, BXOAALLUX B (Op-

) DT0 mnpuMeHeHHe TMoOACKa3aHO ofHoi u3 pabor Tomaca
[Thomas T. Y. Amer. J. Math., 64, 754, (1942)].
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myny (75.2), crepyolune 3HaueHus:

9§°V"nda=AP(Q*~—Q), §v’-D-nda=0,
3

8

rie Ap > 0— mepenan naBJeHHs Ha PacCMaTPMBAeMOM Y4acTKe
TpyOkn, a Q u Q" — pacXoNB UCXOJHOTO U BO3MYILEHHOTO
TeyeHn# COOTBETCTBeHHO. dopmysna [enbMrosbua — Pases npu-
HUMaeT, TakMM 00pasoM, BUL

T=F+T +24p(@—Q. (75.4)
M Mbl NPUXOJIUM K CJELYIOILEMY pe3yabTaTy.

Teopema: Yemanosusuieecs ramunapruoe meverue He-
cocumaemod 8A3KOE dcuOKocmu 8 npAMOL mpy6re npous-
BOLbHO20 CeUeHUSL XAPAKmMepu3yemcs mem C80ECMEOM, 4MO
048 He20 Ouccunayus sHepauu MeHbuie OUCCUNAYUL IHeP2UL
048 £106020 0pY2020 AQMUHAPHO20 (UAU NePUOUUECKOZ0
no Oaune mpyoKu) meweHus ¢ mem e pacxodouns.

[Ipennosoxum Temepb, 4YTO TeueHHE V* HMeeT TakoH ke
nepenax nAasaeHu#t Ap >0, Kak M JaMUHADHOE TeyeHHE V.
Toraa MOxHO mMOKas3aTb, 4TO

& e — @ ~Q, (75.5)

rae T¥ — KuHeTHUecKas SHeprus TeyeHHsl V' B paccMaTpHBaeMOM
cevenuu TPyOku. s nokasartenbcTBa GopMyan (75.5) sameTum
CHayaJa, YToO B CHaAy ypaBHeHusi (68.5)

¥ as* "
7=§t'Vda——%, T=§t*'v da'—%*.
& S

B stux ypasHewusx d[df MOXHO 3aMeHWTb Ha 0/0f, Tak Kak
TEeYeHUsl MPEANOJaraoTCs NepUONMYECKUMU MO JJIHHE TPYOKH;
OueBHIHO Takxke, uro 0¥ /0f=0. Hcnoapays npeacrasienne (75.4),
Mbl TIOJIy4aeM COOTHOLIEHHe

I frvde— (§4 T +20pQ—Q) =
S

=—F—20p @ —Q+ v — tev)da.
S
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Ias Toro utoObl mosaydutb Gopmyay (75.5), ocTaercs BHIYHCIUTH
NOC/IeXHUI HHTErpaj, uTO Jerko clie/aTh, TaK KaK Ha CTeHKax
TpyOkM TNONMHTErpaabHas ¢GyHkuus olpaljaercs B HYJb, a Ha
KOHLAX paccMaTpuBaeMoro ceuenust t* u t paBHBI COOTBETCTBEHHO
— p'n u — pn (B CUJIy NEPUOLUYHOCTH TeueHUsi).

[Tpumenum dopmyay (75.5) k TeueHno Vv*, Takomy, uTO
Q"> Q. Torna 0%*/0t <0 wu, cienoBarejJbHO, T* MOHOTOHHO
yObiBaeT KO Tex mop, moka Q* > Q.

CdopmymupyeM TOJYYeHHBIi pe3yJbTaT B BHIE TEOPEMbI.

Teopema o HeycToftuuBoctul): [lepuoduneckoe no
RPOCMPAHCMBERHOLM NEePeMEHHbLM MedeHle 8 RPAMOL mMpYylice
€ 300aHHBLM HQ nepuode nepenaodom OABACHUS SBASEMCS
Heycmouuusom, ecau pPAcxo0 3moz20 MmeveHusi nPesocxooum
pacxo0 AQGMUHAPHO0 MeHeHUs C MmeM e Hepenadom
dasueHus.

OTOT pesy/JbTaT MOXHO C(HOPMYJIUPOBATb HECKOJLKO HHaue,
YTO MOJYEPKHET ero (U3HyecKuit CMBICII.

[epenan naBseHus, HeoOXOIUMBIH I/ TMOLLep:KaHUA 3alaH-
HOTO pacxoja yepes ceueHHe TPYOKH, Aas TYpOY/IEHTHOrO Tede-
Hus 6oJbllle, YeM IJS JaMHHAPHOTO.

IloxasaHHas TeopeMa O HeyCTOMUMBOCTH uMeeT 00.blIoe
NpaKTMYECKOE 3HAYeHHe M HAXOLUTCS B MOJHOM COOTBETCTBHH
¢ 3sKcnmepuMenTaMu. (YC/IOBHE MePHOAMYHOCTH TYpPOYy/IEHTHOrO
TEYEeHHs! B KauAblf MOMEHT BpeMEeHM MOXKHO OblO Obl 3aMEHHTb
MeHee OrpaHHYUTeJbHBIM TpeOOBAHUEM HE3aBHCHUMOCTH OT 2
YcpedHenrno20 TO BpeMeHM TedyeHUsl; B 3TOM CJayuyde MOL JIHUC-
cunauuelt sHepruy cjelyeT NOHUMAaTh, KOHEUHO, ee ycpedHerHoe,
a He MrHOBEHHOE 3HayeHue.)

76. Teopemm bBepuyaau. Ms ycaosus rotw = grad o, BBe-
IlCHHOTO B MNpeAbIAYLIEM NYHKTE, BHITEKAIOT M HEKOTOPbIE Apyrue
cJaelncTBua. B uacTHOcTH, AJS TeyeHUH, YAOBJIETBOPAIOLIUX STOMY
YyCJI0BMIO, IOJIE BEKTOpa ycxopeuuﬁ NOTeHUUAJ/NbHO:

a=—g1ad(—‘§——9+vc)

W Thomas T. Y., Amer. J. Math., 64, 754 (1942); Proc. Nat.
Acad. Sci. USA, 29, 243 (1943). Tomac paccmarpuBaji TOAbKO TPyOKH
C KPYrOBBIM CEUYEHHEM.



76. Teopemst Bepuyaau 247

M, CJel10BaTeJbHO, HAa paccMaTpuBaeMbift c/ayuyall mepeHocarcs
NOYTH BCe pe3ynabTaThl, mpuseieHHble B ra. 3. CoXpaHsioT cuay,
Hanpumep, dopmyasl (17.3) u (17.5) 118 KOHBEKIL(HH 3aBHUXDEH-
HOCTH, TeopeMa KesbBHHA O UMDKYJIAUMM u TeopeMbl [eabM-
rosbla 0 BUXpsax. Teopema KenbBuHa, B 4aCTHOCTH, MOKAa3bIBACT,
YTO He0OX00UMbLM U OOCMAMOYHbLM YCAOBUEM BOINOAHEHUS

COOMHOUeEeHUR rot w — grad G

8 meueHul HecHcuMaeMoll BAKOL JcudKocmu N8Aemcs
yCa08ue COXPAHEHUS QUPKYAAGUL NO 21060y KOHMYPY,
08udCyue mycs smecme ¢ HUOKOCMBIO.

Hakonen, Tak kxax BeBOL TeopeMbl Bepuysan B 1. 18 Gbua
OCHOBaH TOJbKO Ha CYIIeCTBOBAaHHM MOTEHIHMAJA YCKOpeHus,
pe3y/ibTaThl 3TOTO MNyHKTAa OCTaHYTCAd B CUJe, eClH MBl BCIOLY
npubasum Kk H po6asounblit ujieH ve. TakuMm obpas3oM, 8 ycma-
HOBUBUWLEMCS MeHeHUU BA3KOL HecoHumaemoil owcudxocmu,
COXpangomenm YUPKYAAGUID, BYHKGUA

1
g @+ L2+

nocmosinKHa 8004b AUHUI MOKA u 8uXpesulx AuHul. AHa-
A02UMHOE ymeepicoeHue cnpasedsuso u npu 6osee cAabom
mpe6o8anuUL He3ABUCUMOCMU OM BPeMEHU MOABKO NOAS
3aguxpesnocmu (cM. m. 18).

Knacc reuenuft, ynoBaerBopsiowux ycaosuio (75.1), oxsa-
THIBAET JIMIIb HE3HAYUTE/IbHYI0 UacThb BCEX BO3MOXHBIX TeueHHH
BASKOM JKMIAKOCTH, OJHAKO TeuYeHHs 3TOr0 KJacca MOryT OKa-
3aTbCA  MOJIE3HBIMH A/ TNOCTPOCHUSI HOBBLIX TOUHBIX pelleHHH
ypaBHenu#t HaBbe — CTokca mpu noMouu nosnyoGpaTHHX MeTo-
noB1). OTM BO3MONHOCTH ellle OTHOCHTEJbHO MaJ0 HM3yYeHHI.

Ilna TeyeHuH, He COXpPAHSIOWIUX UUPKYJISUMIO [MJHM, SKBHBA-
JIEHTHO, [JIf TedyeHUH, He YAOBJETBOPAIOLIMX YycaoBHio (75.1)],
Teopema Bepuynin B ee 06biuHOM BHAe, BOOOLUE rOBOPS, HEBEPHA.
Jlerko nokasaTh, OLHAKO, UYTO?2) 8 YCMAHOBUBUEMCS Me4eHLu
oyHryua Bepryiriu

1
H=q¢+2 42
NOCMOAHHKA 80046 KAXCOOH MPAEKMOPUL NOAS HANPABLEHLLE

A= (v X v) X rotw. (76.1)

" Neményi P. F, [19], 1. 2, cTp. 123—151.
2) Truesdell C, Phys. Rev., 77, 535 (1950).
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DTOT pes3yabTaT ABJAETCS HEMOCPEACTBEHHLIM CJEICTBUEM YpaB-
HeHust (68.4). [lose BekTOpa A BHIPOXKIAETCH B TeX CAyuasXx,
korga rotw =0, korza ® X v=0 uau Koria BeKTOpH rotw
u o X v napanieibHel. B mepBeIX JABYX c/ayuasx MoJje Bek-
Topa rot® nOTeHUMAJIbHO M TNpUMEHMMa NpeAblAylias TeopeMa
Bepuym. Hakoneu, ecau BekTopsl 1ot w u @ X V HapasjielbHbl,
TO U3 ypaBHenus (68.4) HemocpeACTBEHHO cJ/IeLyeT, YTO BepHa
TeopeMa BepHylnu B ee KjaaccHieckol (pOpMyaupOBKe, T. €. uTO
¢ynkuus H nOCTOAHHA Ha JIMHUAX TOKA M BUXPEBBIX JIHHHUAX.

OTMeTuM emle OZHO MHTepecHoe cBOHCTBO ¢yukuun H:
8 YCMAHOBUBULEMCS OBUNCEHUW BAZKOU IHCUOKOCMU MAKCU-
mym H Oocmuzaemca Ha epanuye ob6aacmu medenus. as
JIOKa3aTe/bCTBA 9TOrO yTBEPMAEHUS 3aMETUM, YTO B CHJIY ypaB-
Henus (68.4) UMEIOT MecTO C/eLYyIOLIME COOTHOLIEHHS:

V2H =div grad H =div (v X ®) (76.2)

v-grad H= —vv . rot w. (76.3)
C zpyro#t CTOpPOHBI, Mbl HMeeM JIErKO NpPOBEPSIEMOE TOXKIECTBO
div(v X ) =02 —v-rotw,

KOTOpOe no3BoasieT 00beAMHUTb COOoTHOolleHus (76.2) u (76.3).
B pesyabrate Haxozum Ias H cienylollee ypaBHeHue:

yW2H — v . grad H = vo?, (76.4)

Kak wusBecTHO, A1 3/1/MNTHYECKHX ypasHeHu# Buna (76.4) cnpa-
BeNJUB TNPHHUUN MakcuMyma (cM. mpumedanue 1 Ha crp. 136).

HanomuuM, uTo ananoruyHble pe3yabTaThl Oblad MOJyYeHBl HAMH
B n. 28.

77. AcUMNTOTHYECKOe MOBeleHHEe TeueHHl BA3KOH W HIKO-
ctH. MccienoBaHue acHMNTOTHKM TedeHHH BA3KOH KUAKOCTH Ha
6eCKOHEYHOCTH MpPeACTaBJ/IsfeT OO/BIION TEOpPETHYECKUH U MPaKTU-
yecku#t murepec. Jas npubaumxenuit Croxca u O3eeHa acUMNTO-
THYeCKHe (OpPMYJ/bl MMelOT BuA !)

v=U+0("Y npu r—>oo, (77.1)
OIIHAKO aHAJOTHYHBIX '(HOPMYJ LA TOYHHX ypasHenu#t Hasbe —
Crokca mnoka elie MOAyuuTh He yAaa0Ch. VIMeiorcs mpensapu-

) Cm. xnury Jlam6a [8], § 336, 342, a rtaxxe pabory Punna u
Hoana [Finn R, Noll W., Arch. Rational Mech. Anal., 1, 97 (1957)].
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TeJbHble pe3yabTaTH Yaeckunu!) u Bepkepa?), koToprie pac-
CMaTpUBaIM 3aNauyy C HECKOJbKO [pYro#i TOYKU 3peHus. IDTU
aBTOpHl TNpeanoJaraqu 3apaHee, YTO B YCTaHOBUBLIEMCS MOTOKe
BA3KOH IKHMAKOCTH, HaberaiolleM Ha HeMOABMKHOE TeJO, Crpa-
BeIJIUBEl aGUMNTOTHYECKHE (OpPMYJBl BUIA

v=U-+O0(r-%, Dv,D =0 (r-*-1, (77.2)

rie D o6o3HauaeT omepaTop 4YacTHOX NpOM3BOLHOH MEpBOTrO
nopsiika o /10060# M3 NepeMeHHHX, M MCCIeNOBAaJH BOIPOC
0 IONYCTHMHBIX 3HaueHHAX Nokasatens k. Oxasajioch, uyto B << 2.

- B nokasareabcTBe Bepkepa MCXOAHBIM IYHKTOM SIBJSIETCS

TOXKIECTBO div(vX 0)=w0?—v-rotw.

B cuny ypasuenns (68.4) m mpenmo/oxeHus, uTO JABHKeHHe
SIB/SETCA YCTAHOBHBIIMMCS, HMEET MeCTO DaBeHCTBO

B rotm:—%v -gTadH_—.-—%div(Hv).
CpasHenue 9TuX IBYX (OPMYJ NPHUBOIUT K COOTHOLIEHUIO
w2=div(v>< w—%Hv),

MHTErpupyst KOTopoe 1o cdepe (LOCTaTOYHO 60IbIIOr0) paruyca R,
conepxaleft BHYTpu cebs oOTekaeMoe TeJO, W MCNOJb3Yd TeoO-
pemy T'aycca — Ocrporpaickoro M rpaHuyHoe ycaosue v =0,
Mbl NOJyYaeM

fu)?dv:(j;(va—%Hv)-nda, (77.3)

v X -

rie X — noBepxHocTh cdeprl. [To mpenmosoxenuio,
vXw=0("*1), H=H+ 0%

(BTOpOe M3 COOTHOIIEHU#t He COBCEM OYEBUIHO; €ro JOKasaTelb=
CTBO yuTaTeJb MOXeT Ha#itu B paboTe Bepkepa). Tak kak ypas-
HeHne (77.3) OyneT BepHHM M mnpu 3ameHe H na H— H|,
OTCI0Ja ClelyeT, yTO

fw2dv=O(R'k+2) npu R —> co.

v
TakuM oOpasoMm, npu R > 2 ABMXKeHHE IOKHO ObJIO 6H OHITb
Ge3BUXPEBLIM, YTO TPUBOIMT K NPOTUBOPEUHIO C PE3YJILTATOM,
YCTaHOBJIEHHHIM B I. 69.

Y Udeschini P, Rend. Accad. Italia CI. Sci.-Fis., (7),2,957 (1941).
2) Berker R, Rend. Circ. Mat. Palermo (2), 1, 1, (1952).
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