r«. SCHPETOD

MAPOAVIHAMUIKA






HYDRODYNAMICS

A STUDY IN LOGIC, FACT AND
SIMILITUDE

Revised edition
by
GARRETT BIRKHOFF

PRINCETON, NEW JERSEY
PRINCETON UNIVERSITY PRESS

1960



I BUPKITOo®

T’MAPOANHAMHUKA

METOJbI. ¢AKTbL. NMOJOBHE

TTepesod co smopoz0 nepepabomanuozo
QHZARECKOZ0 U30aHUS

H B. TOTPEBHCCKOTO

ITod pedaxyueli
M- W TYPEBHUYA u« B.AA.CMUPHOBA

ITpeducaosue
J. U. CEJOBA

U3AATEJABCTBO
WHOCTPAHHOW NUTEPATYPH

Mocksa 1963



Tlepsoe usganue KHHFH HUIBECTHOrO AMEPHEAHCKOLO MAaTEMATHKA
I. Bapkroda, somepwiee 3 1950 r., Guato nepese;eno ya pyccknh
A3pK  (Manareswcrso umocTpammolt aurepatype, 1954 r) u sacay-
Ao seenliee NpHIRAHWE COBCTCKUX VYeHHX. 32 AecsTs JeT, oTge-
JIRICIEHX BHIXOZ fEPHOTO ¥ BTOPOro aHriuickux nspasndl, B wocse-
JOBAHAR ABWXEHHH KHAKOCTH 8 rasa GHA KOCTHPHYT 3HATHTEJbHBLIN
aporpece, B BTOpoe uwsiaHne «TWAPOAHHAMUKH® HpeAcTanaser coGof
CYLUECTBEHHO H3MEHEHHYIO KHHTY, COZePKaMiVI0 MHOTO HOBHIX #H
BAXHBX PesyabTaros.

ApTOp 1O-HOBOMY ZREMUIUPYET W CHCTEMATHUECKH WHINATAET He-
KOTOpHE BechMa HHTEpecHble OCOGEHHOCTH JIOFMYOCKMX HOCHUIORK H
MATEMATHYECKHX DOCTAHOBOK 33a¥ ruspOMexanyuky, & TaKKe yora-
HABJIHBAET CBASH 3THX HOCRUIOK W NOCTANOBOK ¢ NPAKTHKOR W Ha-
Omozenuamn. Ha MHOMMX NPAMEpax OH NOKASLIBALT, KAK ONMIT CRHO-
COGCTBYET DASBATHIO TeOopwu, Tpeys €@ ROCTONHEOTO YCOBEpHieH-
CTBOBAHMA, B KaK TEOPUHA, YCJAOKHAE ¥ BHAOUIMEHHS CBOH METOXM,
ofbucuReT QHINTECKYIC CYIHOCT: HabMOIaeNuix spaexni.

Kuura npescrapiser HECOMHEHHHIR HHTEPRC He TONBKO ANS
CTIEUHANNCTOR B OONACTH THADOZUHAMHKH (HAyuHBIX palOTHHROR H
BHKEHEPOB}, HO ¥ AAR IMHPOKCTS Kpyra MaTemartuxos. Oua sionwe
ROCTYIHE CTYREHTAM CTapUiHX KYpCos.

Pedaxuus suTepaTyPht 10 RATERATURECKUM ROYKLH



HPEJLHUCAOBHE
K BTOPOMY PYCCKOMY H3JAHHIO

Lleab npensiaraeMoit KHHIH COCTOWT He B peIIEHHH YaCTHHIX 3a-
Jay THIPOMEXaHUKA W He B NOJYYEHHH KaKuX-JHOO HOBHIX KOHKpeT-
HBIX BBIBOJOB TIO CYHIECTBY KOHKPETHBIX #BJeHUH, a TakKXe He
B COOOIIEHHH OTAENbHHX Pe3YJbTATOB, MOJE3HbIX JJIs MPUIOKEHHH.
Ee asrop I'. Bupkrod, MareMaTHk, H3BECTHHI CBOHMH palboTamu
B BecbMa OTBJAGYEHHHIX oO6sacTax anre6pel u TOMOJOTHH, HOCTABUA
cefe UeNbI0 NPOAHANM3UPOBATH W CHCTEMATHUECKH H3JIOXKHUTH HEKO-
TOpLle HHTEpEeCHbIe OCOOCHHOCTH JIOTHUECKHX NOCBHLJIOK U MaTeMaTH-
4YeCKHX HOCTAHOBOK 3ajad THADOMEXaHHKH, a TaxXke MPOCJIEAUTHb
CBSI3H 3THX MOCHUJIOK M [IOCTAHOBOK ¢ MPAaKTHKOH H HabJIOdeHHAMH
s npupone. Kpome atoro, B KHure cojepiKartcs 3aMeuaHUs O HEKO-
TOPHIX TpefelbHHIX Mepexojax, HPHMeHseMbX B TIMAPOMEXaHHKe.

CobpaHHe U PacCMOTPEHHe TAaK Ha3BIBAEMBIX NMapajoKcoB Ji0Go-
MBITHO CaMo no cebe W ABJISETCA BECbMa NOJE3HHIM A NMOHHMAaHUSA
0COBEHHOCTEH TeOpeTHUYeCKoHl IHApPOMEeXaHHKH H ee CBS3M ¢ 3KCIIIe-
puMenroM. PasbsicHeHne napajoKCcoB 103BOJIAET IMOHATH CMBIC]
MHOTHX THIPOMEXaHHUYECKHX TeODHIl M BCKPHIBaeT BaxKHble (hH3HYe-
CKue OCOGeHHOCTH OMUCHIBAGMBIX JBHMKEHHH.

Tak, Xopowo H3BeCTHO, KaKylo GOJbHIYIO POJB CHIFpaX B IHApPO-
JUHAMHKE napanokc Jfinepa — Hanambepa. Mccnenosanme 3toro
napagokca CnocoGCTBOBANC YCTAHOBJEHHIO OOLIMX CBOHCTB BO3MY-
WeHHH, BHI3LIBAEMBIX B JKUIKOCTH [BHXKEHHEM TBePAOro Teaa,
a TakKXe BBUICHEHHIO MeXaBH3Ma BJIHSHHA BA3KOCTH KHIKOCTH
B 3aBHCHMOCTH oOT ¢opMb ofTekaeMOoro Tena H pfga JAPYrHX
adexros.

C noMoupl0 MateMaTHUECKHX a6CTPaKIMA MBI MPHXOAHM B Teo-
peTHyecKofl IHIpPoJMHAMHKe K. IIOCTAHOBKAM 3ajau, COIepXKailuM
NOMHUMO COOTHOIIEHHH, BHIBOZMMBIX M3 OOGLIMX YpaBHeHUH, elile J0-
NOJHHTEAbHBe CIENHAJIbHBIE THNOTE3H, f03BOJIAIONINE BHIICIAUTL Te
pelUeHHs, KOTOPHle OTPaXKaloT BJMSIHHe (u3HYecKHX (AKTOPOB, He
YUHTHIBACMELX NpHHATOR cXeMo#t (3(deKT BA3KOCTH B Teopun Hie-
AJIBHOH JKHAKOCTH, YYeT KaBHTALUHM B TEODPMH HENPEPHIBHEIX MOTO-
KOB, y4eT YCTOHYHBOCTH ABHIKEHHS BA3KOH XKHIKOCTH MPH Nepexonse
OT JaMHHApHHX NOTOKOB K TypOynmentHniM # T. 1n.). Ham npencra-
BJI€TCH, YTO MaTeMaTHYeCKUH aHaJH3 TaKHX THNOTe3, NpPOBEICH-
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Hblil B ABHOI dopMme, 3a0CTPAET BHHMAHHE WHPOKUX KPYros crneuHa-
JIKCTOB, NMpenojiaBaTteneil ¥ HHXKEHEPOB HAa HIEAX H METONAX, (10J10-
JKEHHBIX B OCHOBY I'MJAPOMeXaHHKH. 3T0 0cOGEHHO HeO6XONUMO B Ha-
cTosilllee BpeMs, Koraa K pa3paGoTKe npoGsieM rHAPOMEXaHUKH MPH-
N1araloTcs YCHANA GONBbIIHX KOMJNEKTHBOB TEODETHKOB M HHXKEHEpOB.

YrayGneHHn#t NOTHUECKHA aHanNH3, OPHUBJIEKAIOWHA TOHKHE Ma-
TeMaTH4YeCKHe METOMH, Bcerja OnT OCHOSOR Da3BHTHS TeopeTHue-
CKol ruapomexanHki. FiMenHO no3ToMy pycckue yueHnie, OCHOBOMO-
JOXKHHMKH THADOMEXAHHKH, a3DOAHHAMHMKM W ra30BOH [HHAMHKH,
Bcerja GblIH TECHO CBSI3aHHE C MaTeMAaTHKON M ABAAJIUCH B Hel BHA-
HBIMM crnelHanHcramMH. HanoMHuM, 4To Hawk 3HaMeHHTHe yuyeHble
H. E. )Kykoeckuir # C. A. Uanaurud 6biM He TOJNBKO 3aMedaTesib-
HbIMH MeXaHHKaMH, HO H NEePBOKJACCHHIMH MaTeMaTHKaMH.

TeopeTuueckoe OCMBICAHBAHHE PA3JIHUHBIX pPealbHLIX sBJCHHH
CBSI3aHO ¢ BBeJeHHMEM MaTeMaTHYECKHX MOHATHH H XapaKTEepHCTHK,
U1 KOTOPHIX YCTAaHABJAMBAIOTCA YHCJIOBHIE MeTOXH pacyera. B cBfi-
31 C 3THM TEOPETHKH BCeraa AOJIKHB BBOJAHTb CXE€MAaTH3HPOBaHHBIE
MOJENH M NMPOLECCH, ¢ NMOMOLULI0 KOTOPhIX (OPMHPYIOTCS pa3jauy-
HOTO pPojfa 3aKOHOMEPHOCTH, ONMUCHIBAIOUIHE ¢ TpebyeMOi CTeNneHbio
TOYHOCTH CBOHCTBA M COGLITHA, NMPOHCXOAfLlHE C pealibHhIMH Te-
JIaMH,

IIpakTHKH ¥ 3KCHepUMEHTATOpbl HMEIOT [eJN0 C SBJAEHUSIMH H
3p¢eKkTaMy 3 NpUPONie U B TEXHHKE, KOTOPblE NMPOUCXOAAT HE TOABKO
B COOTBeTCTBHH C #3BECTHbIMHU TEOPETHUECKHMH NPEACTABIEHHSAMH,
HO H B COOTBETCTBHH C 33aKOHAMH H C M#KPO- WJIH MAaKpOMeXaHH3-
MaMy, ellle He OTKDLITHIMH HJAH He YYTEHHHIMH B HCIONL3YEMHIX
Teopusx. Takoe mosoXKeHHe BO3HHKAeT O4YeHb YacTo.

He Gosee kak msaTLCOT JieT TOMy Ha3aj elle He CYLIECTBOBaJO
MEeXaHHKH KaK HayKH, TOrla Kak Tenepp MeXaHWYecKHe pacyeThl
ABJSAIOTCA OCHOBO#l A/ pelieHHs BceX TeXHHueCKHX 3ajad. Ho ewe
6oJiee THICAYH JIeT TOMY Hasaj JIOAH HAa NPAKTHKE yMeJlo HCIOJb-
S0BaJH ellle He OTKPBITble 3aKOHB MEXAHHKHM H ONHPaNHCh Ha HHX.
H3paBHa npu OTCYTCTBUM MeXaHHKH KaK HayKH Ha NpaKTHKe
ycnemwHo OBIIM pa3spelleHsl MHOTHE JOBOJIBHO CJIOMKHble TeXHHuYe-
CKHe 33/1a4H: MO 3eMJie [epeMellajuch OoJibliHe TSKECTH, CTPOH-
JHCh CJIOXKHBlE COOPYXKeHHs, OblI0O Pa3BHTO MOpenjaBaHHe H T. A.
HT. I

Heuto ananornuHoe mpoOHCXOAMT M B Hallle BpeMs, Lelecoobpas-
Hble JeHCTBHA NMPAKTHKOB M 3KCMEPHMEHTATOPOB 3auacTyio CBA3aHH
C HCNOJb30BAHHEM H NDHMEHeHHeM ellle He OCO3HAHHHX H He OT-
KPLITHIX 3aKOHOB. PalnoHanbHas TeOpHsl BO3HUKAET ¥ Da3BHBaETCs
B pe3yJbTaTe OOOOLIEHHS M OCMLICJHBAHHS yXe HAKONJIEHHOro
ONEITA, KOTOPHIH B HEKOTODBIX CydYasix AoOLIBAaeTCs NyTeM JOruue-
CKOf pa3pabOTKH CyLleCTBYIOIIHX TEOPHI.
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Kak u3BecTHO, TeopeTHyecKoe ONHCAaHHEe MOXeT OTPa3HTb Aei-
CTBHTEJIbHblE AIBJIEHHS TOJIbKO B Ofpefle/leHHbIX TPaHHUAX H B HEKO-
topoM npuGanxkeHuH. SIcHoe npeacrasnenne o6 3THX rpaHHUAX H 06
HCTHHHOM COOTBETCTBHM MEXJY TeOpHell M HeACTBHTENIbHOCTHIO
ABAAECTCA HEOOXOAHMBIM YCJIOBHEM AJAfA OBJIAJICHHA TeOpHed H AAd
ee npaBuibHOro noHumanuda. CToib ke BaXHO AJs NOHHMaHHS
CYILHOCTH BOTIPOCA XOPOIUO MPeACTaBAATL ce6e B KaXKAOM KOHKpeT-
HOM CJydyae B3aHMOAEHCTBHE MeXJy TeopHeil H 3KCIEePHMEHTOM.
B npeasnaraeMoil KHHre Ha MHOTHX THAPOMEXAaHHYECKHX MPHMepax
B HArMAJHOA M mMoyuuTeabHOR ¢OpMe NOKAa3aHO, KaK ONLIT BeleT
TeOpHI0, TPeOysi ee MOCTOAHHOrO yCOBEPIIEHCTBOBAHHSA, HOBBIX MNO-
CTaHOBOK 3aflay4, HOBHX TOYEK 3PeHHs, H, ¢ APYroll CTOPOHH], Kak
TEOpHS, YCAOXKHSAS H BHROH3MEHNST CBOH CXeMb!, OOBACHSIeT MEXaHH-
4ecKylo CyIHOCTb Hab/onaeMHX ABJaeHHH.

ApTop yAeaser 3HauHTeNbHOE BHHMaHHe MPHMEHEHHIO coobpa-
JeHHH TEOPHH PasMEPHOCTH M TeOPHH moaobus K npobiemMaM rui-
poMexaHHKH. BHBOAM W MeTOAW 3THX HeGOALWIHX N0 06beMy Teo-
puRt IPHMEHHMBI K CaMbiM Pa3sHOOOPa3HLIM 3a1ayaM M He CBA3aHbl
¢ 0COGEHHOCTSIMH OTAENbHBIX YACTHLIX CJYy4aeB, a OCHOBH HX KpaiiHe
APOCTH H JIerKO ZOCTYNHH AJIA IIOHHMaHHS.

OauHako KpafiHfis NPOCTOTa NOJYYeHHS COOTBETCTBYIOL{HX BbI-
BOJAOB C MOMOIILIO KPATKOfi no cBoeMy CyllecTBY (HO He Bceria
O4YEBHAHOH 3apaHee) (GOPMYJAHPOBKH MOCTAHOBKH 3aAauu HeEpPeaKo
CAYXKHT [JIf MHOTHX HMCTOYHHKOM WJVIIO3HH NOHHMAHHS NPH OTCYT-
CTBHH ray6GOKOro H SIBHOI'O NPOHHKHOBEHHS B CYThb Jefa. Yray6aeHHoe
H fAIBHOEe ONMHCaHHe TeOPETHYECKHX MoJesedl H 3aKOHOB 06A3aTeNhHO
AN CO3HATENbHOTO ONMEPHPOBaHHS MeTOAaMH NOAOGHS H Da3Mmep-
HOCTH. D10 06CTOATENbCTBO OGBACHAET TO, YTO METOAH TEOPHH pas-
MepHOCTeli H NMoJAOOHA Pa3BHJANHCL H BHEADHJHCL B TEOPHIO COBCEM
He[laBHO, NMOCJe HAKOMJIeHHs1 GOABILIOrO 4Hcaa PasHOOOpasHHX (H-
3HYECKHX MOJeJefl W MHOXeECTBA Pa3/HYHHIX NOCTAHOBOK 3a1ay B
¢dusuke n MexaHHKe.

He cayuafino npencrasieHue o GeapasmepHbiXx ONpenesslOUIHX
napamMeTrpax, XapakTepPH3YIOLIHX PeXHMBl ABHMEHHS, BHEJPEHO B
npakTHKky ToabKo B XX croserud. Beab coBceM HelaBHO GblJ1a OCO-
3HaHa BO3MOXHOCTb NepeHeceHHus Pe3y/bTaToB H3MeDeHHA B JABHXKe-
HHAX KHAKOCTH (HarnpHMep, PTYTH) MO UHJIMHAPHYECKHM Tpy6aM Ha
COOTBETCTBYIOLIHE aHANOrHUHBE ABHMKEHHS rasa (Hampumep, BO3-
nyxa). CoorsercTBylolllee 060CHOBaHHE MPOCTO; OHO Temepb mpejl-
CTaBJIAETCA MHOTMM TPHBHAJBHBIM, HO 3TO GBLIO MOHATO yXKe mocJje
nposepeHus O6OJLLIOTO YHCAA ONLITOB, 06GpabaTHBABIIHXCH He
Bcerga npasuabHo. [losHOe OCMHIC/HMBaHMe yKa3aHHbIX TEOPHH No-
MHMO 3HaHHfi H ONbLITHOCTH Tpebyer TakXe xopolledi ¢H3HUeCKOH
HHTYHIHH.
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Ouyuiaercs HeoOXOAHMOCTb ACHBIM 06pa3oM OTAeNHTh coobpa-
XeHHs mogo6Gusi H pa3MepHOCTeldl OT MOCTAHOBKM 3afauyH, CBA3aHHOH
C paccMOTpeHHeM KOHKDETHOro KJjacca SIBJIE€HHH Mo CyLlecTBY BO-
npoca H He CBsi3aHHOM HenocpeacTBeHHO C mopoGueM. Ilocranoska
3aflayd MoXeT ObiTh Pa3JuyHOH M MOXeT ObiTh NPaBHABHOH HIH
HeT B 3aBHCHMOCTH OT XapakTepa M LeJH HccaenoBaHuda. [as ka-
KON NMOCTAHOBKM METOABI Pa3MepPHOCTH AalOT CBOH BbIBOJHI.

K coxaaennto, B YyueOHOH suTepaType MO 3THM BONpOcaM
HMEIOTCHA JIMIb NMOMYTHbIE H OTPLIBOYHLIE 3aMeyaHHst HWJIH Xe JOMy-
CKaeTcsi KyCTapHOe, JIOTHYeCKH HeOOOCHOBAHHOE H HEOTUET/JHBOe H3-
JoxeHue, B pesyabrate B 3TOH 06JacTH NOABHJIOCH MHOXECTBO
MyTaHbiX, CMyTHHIX H HAYKOOGPAa3HBIX COUHHEHHH.

B xnure «Merombl TeOPHH pa3MepHOCTeH H TeOpHH noaobus
B MexaHHKe», Bbimenweit B 1944 romy!), aBTOpOM Hacrosiero
npeaucaoBus Oblia NMPeANPHHATA MOMNLITKA BHECTH HEKOTOPBIA MO-
PAOK B paccMaTpHBaeMble TeOpHH. Psa npumepoB u coobpaxenui,
colepXkallluXc B 3TOH KHHTe, MOXHO HAHTH H B NpelJaraeMoH
kuure Bupkroda. Eute no storo B kHure Bpumxkmena «Ananus pas-
MepHocTell» (2-e aurauiickoe H3nanue Boiuao B 1931 r.)?) 6bnlio
IaHO CHCTeMATHUYECKOe H3JoXeHHe TeopHH pasmepHocTH. Opnako
KHura DpuikMeHa oKasajsacb HeJOCTaTOYHOH IJIA YCTAHOBJEHHS
NpaBHJIbHOM TOUKH 3DeHHSl Ha CBA3b MEXJy TeOpHeH Pa3MepPHOCTH
u TeopHueir nopobus. [Tocie ee nosis/ieHHss HEOMXHOKPATHO BHICKAa3bl-
BaJ10Chb MHEHHe, UTO CJEACTBHS M3 aHaJH3a pa3MepHOCTEeH H H3 Teo-
puH nogo6Hs He fIBJSIOTCS SKBHBaJEeHTHBIMH. OT 3THX COMHEHHA He
cso6oneH u Bupkrod B mpensnaraemoit kHure (cm. ra. IV).

B pefcTBHTEeNBHOCTH, OJHAKO, 3TOT BONPOC BoOGLle He BO3HH-
KaeT, ec/Jd CHCTeMa ONpefesiOWAX NapaMeTpPoB JJs BLIOpaHHOrO
KJacca fiBjeHuil (B npefesnax HyXHOH TOYHOCTH) yXe YCTaHOBJEHA.
HOns 3toro, omHako, Tpe6yIOTC MNpeABapHTe/]bHbBIE HCC/AEL0BaHUSA
cyulecTsa 3ajaud ¢ 00si3aTeJbHBIM HCMOJNB30BaHHEM YaCTHLIX 0CO-
Bennoctell H3yuaeMblX siBleHHfi. B uacTHocTH, K Takoro popa uc-
c/eIOBAHHAM OTHOCHTCA M paccMaTpuBaembli B kHHre bBupkroda
«HHCMEKLHOHHLIA aHa/in3». YCTAaHOBJEHHE CHCTEMBl ONpepessiomuX
napaMeTpoB CBsi3aHO ¢ oOllell cxeMaTH3auMel fABJEHHA, C HCMOJb-
30BaHHEM pa3jMuUHOro poja pa3BelblBaTe/bHbBIX THNOTE3, SKClepH-
MEeHTaJbHBIX JaHHBIX, CTAaTHCTHYECKHX BBHIBOJOB, C OMHCaHHeM
H3YyYaeMBIX MPOLECCOB TOYHBIMH HJH MNPHO/IHXKEHHBIMH YpaBHe-
HHUSIMKH3 ), KpaeBbIMH M HauyaJbHbLIMH YCIOBHAMH, Pa3jHYHBIMH Orpa-

1) Cneayouve uananus Beiuax B 1951, 1955 u 1958 rr.

2) Pycckui{ nepesoa Beiesn B 1934 r.

%) Kak H3BeCTHO, CHCTEMa ONpeXeNfiolNX NapaMeTpoB H KPUTEPHU [OROGHA
MOTYT GbITh OJHHAKOBHIMH, KOTAa AeficTBUTe bHble (H3HYECKHE CBA3H MOCTAHOBKY
3ajay W YpaBHEHHs, ONMHCHLIBAIOLLHE NpOLECCH, Pa3Hble, NPHYeM 3TH YPABHEHHSA
MOXHO BapbHUpOBaTh B JOBOJBHO IMIMPOKHX mpegenax.
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HuueHusiMM (pH3HYecKo#l mpupoab M T. M. Takoe HccneloBaHHe MO
CYILECTBY OMUpaercss Ha pa3Hoobpa3Hble Pu3HuecKHe YCJI0BHs H CO-
o0pa)keHus, cneundHynble A48 YaCTHBIX KJAcCOB SIBJEHHH, H NO-
3TOMY €0 €CTECTPEHHO BKJIOYHTb B COOTBETCTBYIOLUME CHELHAJIbHBIE
pasnenbl Hayku. BbigeseHne CHCTEMbl ONpelesslOLIHX NapaMerpoB
JIETKO OCVILeCTBNRETCH MONYTHO B npouecce NMPOHHKHOBEHHS B Me-
XaHU3M H3y4aeMbIX IBJEHHA U SBASETCS COCTABHBIM 3JE€MEHTOM Mo-
CTAHOBKH 3aJlayH.

INpu TaKoil TPaKTOBKe BOmpoca W MPH OOGBIMHOM ONpeaesieHHH
du3snueckoro nogo6us !) He MOryT BO3HHKHYTb Kakue-THGO mnpo-
THBOTIOCTABJIEHUS aHaJH3a pa3MepHOCTE! H TeOpHH MOZOOHS.
Coo6paeHHs1 3THX ABYX TEOPDHH MOryT KacaTbCsl JHIUb OOL{UX BHI-
BOJOB, OT/AEJNEHHBIX OT YaCTHBIX CBOMCTB M 0coGeHHOCTell KOHKpeT-
HBIX SIBJIEHHH, a colepXaHue TeOPUi B TAKOM NOHHMAaHHH CTAHOBHTCH
MOJHOCTBIO 3KBHBAJIEHTHHIM. DBupKrod B cBoelt KHMre He Bmojaue
fCHO M OTYETJIHBO H3Jaraer 3TH BONPOCH, YTO, BIpOUEM, CBA3a3HO
CKOpee C TEpMHUHOJIOTHER, YeM C CYLLEeCTBOM jena.

B MexaHHKe NpH Pa3BHTHH HAYUHLIX TEODHH KDaMHE BaXKHO BBO-
IOHUTb HOBHlE MOHATHSA, OfipefeseHHs, CHCTEMB! OTCUETa, CHCTEMB! €fiH-
HALl U3MepPEeHHsl U T. M., HCMOJb3ys O6OraThiii ONBIT, HAKOMJAEHHBIH
B mpoliecce NMPaKTHYECKOH NeATeNbHOCTH H oOliero xoaa HCTOpHue-
CKOTO Pa3BHTHA HAyKH, a TaKKe YYHTHIBATb HeOGXOAMMOCTb CAENATh
$OpMyJNHPOBKH 3ajlay M pPe3yJbTaTOB HCCJAE[J0BaHHs HanGojee
vaoGubiMu. MRaue roBopsi, Xxapakrep MeTOAOB HCCeOBAaHUSA JOMKEH
onpaBAbIBaTbCsA cyllecTBoM nena. C 3Tof TOUKHM 3peHHss pasJuyHoro
pola NpakTHYECKH HEHHTEePeCHble, NaToJOTHYeCKHE HIH HCKYCCTBEH-
Hble a6CTPAKTHBIE CAYYaH, C KOTOPBIMH Mbl Ha NMPaKTHKe HHKOrLa He
BrTpevasich H, NO-BHAMMOMY, He BCTPETHMCH, AOJKIIB HCKIIOUAThCH
Ompele/ieHUSIMH H CaMOl NMOCTaHOBKOH 3anaud. B HekoTopbix Mec-

!) Ha npaktuxe ymo6HO NOJb30BATLCS CACAYIOLNIM ONpefefeHHeM AHHAMH-
YecKore WJM BooGlle (hn3Hyeckoro noaoGus. J[Ba sABAEHHS NOZOGHL, ecay MO 3a-
NaHHLIM XapPAKTEPHCTHKAM OLHOTO MOKHO NOJYYHTb XaPaKTePHCTUKH APYroOro
NPOCTHIM NepecueToM, KOTOPHf aHaJOTHYeH NEpPexoAy OT ONHOM CHCTeMB eLHHHI
u3Mepenun K apyro# cucreme. s OCYLIECTBAEHHSN Mepecueta Heo6X0AMMO 3HATHL
«nepexofHsie MacliTabu» 3TO onpejAeneHHe YIOBJIETBOPAET NPAKTHUCCKHM Tpe-
GoBaHMAM § CHAbHO YNpOUl3eT ¥ COKpamaer o6umiyio teopuio (cM. [14*]).

Yxa3auuuiii BHIBOJL COXPAHAIET CBOIO CHAY TaKXKe H B CJAY4ae, KOTAa noaoGue
ABYX SIBAGHHA ONpe/leieHo B OGOGLIEHHOM CMhICJTe, T. €. KOFAa Nepexof ¢ o6uiy-
HHIM MEpecYeTOM 110 HM3BECTHHIM MA3CWITa6aM BO3MOXKEH TOMLKO RAS HEKOTOPOit
CMEUNAJIbHON  CHCTEMHW  XapaKTepPHCTHK, MNOJHOCTHIO ofnpemeasioilefl sBAeHWe W
MO3BOISTIONLEN JIETKO HAXORHTh Ji0GhIe APYTHE XaPAKTEPHCTHKH, KOTOpbIe, ONHAKO,
Hesb3f MOJY4HTL MPOCTHIM YMHOKEHHEM Ha COOTBETCTBYIOUIME MaclTabul MpH
uepexole OT O1HOTO M3 IBYX MOMOGHBIX SIBJAEHHH K APYTOMY.

B uactrocti, nono6ue, cooTeeTcTBywImee addHHHBIM NPe0GpPa3OBaHHAM
KOOPANHAT, MOXeT OuiTb PAacCMOTPEHO ¢ MOMOIILIO aHAnH3a pa3MepHocTell mpw
IDHMEHEHUH DPA3THYHLIX €IHHUU W3MEPEHHN BLOAb Pa3jAHYHBLIX OCefi AeKapToBofi
CHCTEMBI KOOpAMHAT.
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tax Bupkrod paccMarpuBaer TakHe NPHUMEpPLl, H3Jjaras HX HHOI-
la He BhnoaHe vyetko (cM., Hanpumep, topmyay (6) § 61, a
takxe § 65).

B ecTecTBeHHBIX HayKax noJle BO3MOXHKIX COOTHOLIEHHH H BCH-
KOro poja ypaBHeHHi{ BecbMa pa3HOO6Da3HO, OJIHAKO C TOYKH 3pe-
HHSl BO3MOJKHBIX NPHJIOXKEHHHl TeOpHH pa3MepHOCTeH H noaoGus
3TO IOJIe NPHJIO0XKEHHH BNOJAHe 0603DHMO, H MOXHO NPAMO CKa3arTh,
YTO BO BCeX TPaBHJLHO Pa3BHBAEMBIX TEOPHAX He BCTpeuaercs Ta-
KHX 0cOGLIX IPHMEpOB, KOTOphle paccMorpen Bupxrod.

CooTBeTCTBYIOLlee W €CTECTBEHHOE OnpejiesieHHe H3ydaeMbix ¢u-
SHYECKHX 33aKOHOMEPHOCTeHl NaeT KaK CJNEACTBHe CTPYKTYpPy COOT-
BETCTBYIOUIMX YpaBHEHMH, NpeICTaBNeHHBIX B Ge3pasMepHOM BHIe.
Onpepensiiolllne napaMeTpbl, TepeMeHHble HJIH NOCTOSHHEIE, BhIje-
JsieMHe ITOCTAaHOBKOH 3ajaud, MOMXHO pacCMaTpHBaTh KaK BeJIH-
9HHH, B HM3BECTHOM [JHana3oHe He 3aBHCAllMe OAHA OT ApYroii.
OnpenensieMble BeJTMYHHB MOXKHO PACCMATPUBATHL KAK BEJIHYHHDI, BbI-
pajkaeMHe C MOMOIUIbI0 HEKOTOPHIX MATeMAaTHYECKHX oOfepallHii ue-
pe3s onpenensiomue. COOTBETCTBYIOUIHE (YHKUHOHA/AbHBIE CBA3M
MeXJy Pa3MepHEIMHM BeJHYMHAMH 00JafaloT BIOJHE ONpeleseHHOH
CTPYKTYpO#, OGYCJHOBJIEHHOH He3aBHCHMOCTBIO 3TOfl CBA3H OT BH-
60pa OCHOBHHIX €IHHHL. JTa CTPYKTypa CBf3aHa € CYILECTBOBA-
HHEM B KJlacce pacCMaTpUBAEMBIX fIBJE€HHI CBOHX COGCTBEHHBIX Xa-
PAKTEPHHX BeNHYMH — COGCTBEHHEIX €QMHHI{ H3MePeHHA, He 3aBH-
CHMBIX OT YCJOBHHIX €[HHHL H3MepeHHsl, BLIGPAHHBIX HA OCHOBE
CreHaNbHOro coryallenus.

Crangaprtuzauusa U yHHGHKAUHs eRUHML H3MepeHHA YRoOHa H
Heo6X0/lMMa C MHOTMX XOpOLIO M3BECTHHIX TOYeK 3peHusi. Bmecrte
C 3THM TeOpHfl pa3MepHocTel U mMOAOGHA YKa3blBaeT, 4To AN pas-
JHYHBIX KJACCOB BIOJHE onpefle/leHHEIX SABAEHHH BHIFOAHB CBOH
co6CTBeHHEIE XapaKTepHble €IUHHMIB HIMEpeHHS, CBA3aHHHE C Cy-
WIECTBEHHEIMH BEJTHUYMHAMH, XapaKTepHLIMH AJs O6BEKTOB H siBJie-
Huil naHHOTO KJaacca. Mcmosb3oBaHHe cOGCTBEHHOM CHCTEMBI elHHHML
H3MepeHHs YacTo O4YeHb BHITOJXHO, H K HEMY CBOJMTCS ONHCAHHE AAB-
JIeHH# H 3aKOHOB B Ge3pa3MepHO#l ¢opMe — MpHeM, MIOAOTBOPHHIRA
H IIMPOKO BHEAPEHHBIN B HAacToOsilllee BDeMs B HayKe M TeXHHKe.

Oco6eHHOe 3HaYeHHE HMMEIOT CIYyuyad, KOrRa YHCJAO OCHOBHBIX Xa-
pakTepHHIX He3aBHCHMBIX IMOCTOSIHHBIX pasMepHBIX MapameTpoB
MaJlo H HeIOCTAaTOYHO IS MOJYYeHHS YHCJA He3aBHCHMMHX Geapas-
MepHBIX NMepeMeHHBIX BeJHYHH, PABHOTO HHCJY HE3aBHCHMBIX mepe-
MeHHHX pa3MepHHIX BEJNHYHH, B STOM CJyyae BO3HHKAeT ABTOMO-
JIeBHOCTh SIBJIEHHsI, YTO BHOCHT CYyLIeCTBEHHble YHApOLIleHUA B 3a-
Jayd TEOPETHYECKOTO HJH IKCMNEPHMEHTAJIBHOTO HCCAefOBaHUS.

B knure Bupkroda clesaHa nonbiTKa npusjiedb K npobliieMe MH-
TerpUpOBaHHs YpaBHeHHH THAPOMEXaHHKH MeTOAM TEOPHH rpymm,
4TO MO3BOJIsseT 0603peTh ¢ €AHHON TOYKH 3PEHHs CBOHCTBA Pa3nuy-
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HBIX KJ3CCOB HaCTHHX pEINEHU 3THX YypaBHeHHA, HaRAEHHBIX H
H3Y4EHHbIX pallee Pa3sHLIMH aBTOPaMH.

Co BpeMeHH BHIX01a B CBeT [1epBOro uijanusa npoGiema npH-
MEHEHUS TeOPHHM Trpynn K 3afayaM HHTerpuposanus anddepeHuu-
albHbIX YDaBHEHWH M K YCTAHOBJIGHHIO BJHAHHA reOMETDHYecKoR
CHMMETPHH Ha NPUPOAY TeH3OPHHIX (QYHKUHOHAJbHHLIX CBsi3edt pac-
cMaTpuBanach B pycckoll auteparype 8 MoHorpaguu JI. B. Oscsn-
nukoBa ') u B pabore B. B. Jloxuna u JI. U. Cenosa?). B srux
pa6oTax COAEPKHTCA PAA AAJNEKO HAYLUIHX HOBHIX Pe3yJbTaTOB, KO-
TOpHIE OCTAJIHCh HE3aTPOHYTHIMH B NpeAJaraeMoii KHHre.

[Mpu nepesoae CCLIIKM aBTOPa Ha YueGHYlO JIMTEpaTypy 3ame-
HeHH CCHINKAaMHW HA COOTBETCTBYIOUIME KHHIH, HMEIOLUHECS Ha pyc-
CKOM fi3biKe. B KoHIle KHUFH noMelieH CNHCOK JIONOJHHTEALHON JH-

TepaTypul.
JI. H. Cedos

) OBcavnnkon Jl. B, Ipyniogeie cBofictBa aAudipepenuansiuix ypas-
nenuit, Uan. AH CCCP, Cu6. ota, Hosocubupcik, 1962.

) Joxun B. B. Ceaon J. M, Heaunviide Touzopiuie dyvuxkimn of
HECKONbKHX Tensopiidx aprymeuran, [lpuka. mar. u sex, sun. 3, 1963,






U3 NPEAHCAOBHA ABTOPA

Hacrosilas KHMra nocBsillileHa NpeHMMyUleCTBEHHO [BYM cne-
HHAJbHLIM AaCneKTaM THAPOMEXAaHHKH: CJIOXKHBIM JIOTHUECKHM CoOT-
HOIIEHHAM MEXAY TeopHel H IKCMEPHMEHTOM H MNpPHMEHEHHI0 no-
HATHA CHMMeTpHH. BTOopas TemMa ¢ MaTeMaTHYeCKOM TOUKH 3PeHHA
OTHOCHTCA K TEOPHH rpynm.

COOTHOILIEHHE MeXJy TeopHed H 3IKCNEPHMEHTOM pacCMaTpH-
paerca B ra. | u 1] Ha MaTepHane MHOTOYHC/EHHHX «NapafOKCOB»,
B KOTOPHIX NMpPaBAONOJZOGHHIE PacCy)KAeHHA NPHBOAAT K HeBEpHHM
pesyabratam. B ra. III 3To cooTHouwieHne Hu3yuaerca Gojee mo-
APOGHO B YACTHOM CJlyuyae CTPYHHBIX TEUEHHH.

FaaBa IV nocesileda aHaAH3y MOJAeNHPOBAHHR H e€ro TEOPETH-
yecKoMy o6ocHoBaHHio. IlpoBoauTCs cpaBHeHHe (MAH NPOTHBOMO-
cTaB/eHHel) TEOPHH H NPAKTHKH, a TaKxe ONHCHIBAeTcs MNPOHCXO-
KAeHHe MOJENHPOBAHHS M3 MOHATHA CHMMETPHH; TakHM 06pa3oM
yCTaHABJHBAETCH CBA3b MEXAY TeMH [ABYMs BaXHbLIMH CTOPOHaMH
THAPOMEXaHHKH, KOTODhie H3YYalOTCA B 3TOH KHHTe.

LlenTpasibHas TeMa OCTAJIbHOH YAaCTH KHMIH — NPHMEHEHHe uiel
reopud rpynn. B ra. V nokasano, uTto TaKHe HAEH MO3BOJSIOT
060CHOBaTh 3HAYHTEJNbHOE KOJMYECTBO H3BECTHHX TOYHHIX pPelleHHH
3ajflay TeOPHH CXXHMaeMo#i H Bs3Koft xujakoctd. B ra. VI ycrawno-
BJIEHO, YTO, HCXOAf H3 HHX, MOXKHO MNOJYYHUTb KJaCCHUECKYI0 Teo-
PHIO «IPHCOENMHEHHHIX MAacc» KaK YacTHBIi cayuyali COBPeMeHHOH
reoMeTPHYECKONR TEODHH «OAHOPOAHBIX MPOCTPAHCTBS.

Hrak, obliee pacnpeneneHne marepuasa BecbMa 6JH3KO K ToMY,
410 6HJ0 B nepBoM H3gaHHH. OoHaKo Becb MaTepHasl KHHTH TINa-
TEJIbHO NMEepPecMOTpeH M BO BTOpoe M3AaHHe nobaBieH psaa HHTepec-
HbHX HOBBIX pe3y/IbTAaTOB, MOJYYEHHHIX 3a MocJjelHee AeCATHJETHe.
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NAPAJOKCHI HEBAI3KOIO TEYEHHSA

§ 1. TeopeTHyecKkas rHAPOAHHAMHKA

TeoperHueckan (panHoOHalbHas) THAPOJHHAMHKA CTPEMHTCA
npH6JMIKEHHO MNpeiCKa3aTh MBHXKeHHe peaNbHOH XHAKOCTH NyTeM
pelleHnst Kpaesbix 3afay AJNSl COOTBETCTBYIOWHX cHcTeM aupdepen-
UMANLHHX YPABHEHHA B 4acTHHX MPOH3BoAHMIX. [IpH cocTaBjenun
9THX YPaBHEHHHi B KauecTBe aKCHOM NMPHHHMAIOT 33aKOHbl ABHXKEHHS
Heiorona. Ilpeanonaraercs TakxKe, 4T0 pacCMaTPHBAeMan XHIKOCTH
(06biYHAs KHIKOCTb HJH ra3) BCIOAY HeNmpepuiBHA M yTO Ha JIO6YI0
4acThb NMOBEPXHOCTH RefACTBYET BMOJHE ONpeResieHHOe NaBJeHHe HJIH
KaKoe-THGO Apyroe BHYTPeHHee Nanpsaxexue (cuna, npHXofsascs
Ha edHHHLY NJOWAMAH), KoTopoe, no KpafiHeli Mepe JIOKAAbHO, fB-
anerca AHGdepenunpyeMoi GyHkuHeli KOOpAMHAT, BPEMEHH H Ha-
npasnenua., Hakowel, ycTanaBiuBaeTcsi CBA3b STHX HanpsiyKeHHN
¢ IBHXXEHHeM JKHAKOCTH TNOCPeACTBOM BBEIEHHs Pa3NAUUHBIX
napaMeTpos, XapaKTePH3YIOWHX ARaHHOe BEWEeCTBO (NJOTHOCTH.
BA3KOCTb H T. A.), H GYHKUHOHAJAbHBIX 3aBHCHMOCTEH (3aKOH afMa-
6aTtHyeckoro cxatus ¥ T. n.). Mcxons u3 takux monyueuuit, mare-
MaTHKH COCTaBHAH CHCTeMH JH(QQepeHUHAJNbHHX YDaBHEHUA A1
Pa3snHYHBIX udeaau3uposannbix mudxocred (Hec)KHMMaeMofi HeBsi3-
KO, CXHMaeMOof HeBA3KOM, HeCXKHMaeMo# BA3KOA H T. K.).

Ias Toro uTo6H MONYYHTH BMOJIHE ONpelefeHHbe, WIH KOPPEKT-
HO TOCTaBJIeHHble '), 3aaul OAs TakuxX AHPdepeHUHaNbHBX YPaB-
HeHHR, HeOGXOAHMO elle 3a4aTh COOTBETCTBYIOLIHE Kpaeshle yCJoO-
BHA, OTHOCALLHECS JHOO K HAUaNbHOMY COCTOSTHHIO ABHIKEHHA, AHGO
K JABHXXEHHIO CTEHOK H TPEenATCTBUH, OrPAHHUHMBAIOIUHX TedeHHe
XHIKOCTH, W60 KW K TOMY, H K ApyroMy. TeopeTHueckas ruaponw-
HaMHKa BKJioyaer B cefa H3yyeHHe KpaeBHX 3a1ay, KOTOpHe
TONYy4aloTCA B  pe3yJbTaTe COYETAHHA 3THX KpaeBhiX YCJOBHA

') Mu noansyemcs crapliei B Hactosulee BpeMs Kjiaccuueckof TEPMHHONO-
ruefl Amamapa, cornacHo KoTopoR Kpaepas 3afaua HA3HBaeTcCA KOPPEeKTHO nocra-
BJIEHHOﬁ, €CAK¥ OHa uMeeT OAHO i TOJBKO ORHO peincHue, ReNpEPpHIBHO 3aBHCALLEE
or xpaeswx ycnopuit. CM.Hadamard J, Lectures on Cauchy's problem,
Yale Univ. Press, 1923, c1p. 32.
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¢ aupdepeHuHaNbHHMH YpaBHEHHAMH [JA HAEaJNH3IHPOBAaHHBIX
JMuakocredt ').

Marematnky nerko yGeauth ceff B TOM, 4TO TeopeTHyecKas
FHAPOAHHAMHKA B OCHOBHOM HenorpewnMa. Tak, Jlarpaux ?) nucan
B 1788 r.: «<Mu of6azann 3finepy nepsniMu ob6uinMu dopMyaaMu
ANA ABHXKEHUS XXHAKOcTel... 3aNHCAHHBIMH B NPOCTOH H ACHOH CHM-
BOJIHKe YACTHHX NPOH3BOAHBIX... Baarofaps 3ToMy OTKpHTHIO Bes
MexaHHKa XHAKOCTedl cBeJach K BOMPOCY aHaausza, u 6yAb 3TH
ypaBHEHHA HHTErpHpyeMbIMH, MOXHO GHn0 6ul B aw6om cayuae
NONHOCTBIO ONPERENHTb ABHMEHHe MHAKOCTM NOoJ BO3JeACTBHEM
JI06HIX cHA..» MHOrMe W3 BenHuallIHX MaTeMaTHkos, ot HbioToHa
H Jfinepa A0 HaWHX AHefi, IITYPMOBANH 3aa4yd TEOPETHYECKOM ruA-
poaHHaMHKH, Bepa B 310. 1 B MX HcchenoBaHHAX, ¥4acTo BAOXHO-
BAsieMBIX (DH3HYECKO HHTYHIHeH, GblIH BBeleHh HeKOTOphle H3 HaH-
6onee BaXKHHIX NOHATHI TEOPHH YPaBHeHHH B YAaCTHHIX MPOH3BOJ-
Hbix: $yHkuna [puHa, BHXpeBas NHHHA, XapaxTepHCTHKa, 06aacTb
BAMAHHA, yNapHas BOAHA, co6cTBeHHbie (YHKUHH, YCTORUMBOCTS,
«KODPEKTHOCTbY 334341 — TAKOB HeNOJHbI CTHCOK.

Onnako kpaesnle 3afa4yd TeOpPeTHYECKOH THAPOAHHAMMKH upe3-
BblYaiiHO TPYAHB, H NMPOABHXKeHHe B 3TOi o6aacTh wno 6H ropa3go
MeaJeHHee, eciu Gbl CTporasi MaTeMaTHKAa He AOMOJHANACH Pa3JjHy-
HEIMH npasdonodobuoimu UNTyuTusHuMu 2unote3amu. HauGonee
NNOAOTBOPHLIMH CPen HHX OLIIK caelyloltKe.

(A) Onpenensia, Kakue (H3HUECKHe nepeMeHHble He06XxoauMoO
paccMaTpHBATh, MOMHO NMONAraThCA HA HHTYHIMUIO.

(B) Oddext manpix BosneficTBHi Man, a s¢pdekT GeckoHeyHo
ManbiX Bo3feAcTBHH GeCKOHEYHO Man.

(C) Cummetpus BO3AEACTBHA OGYC/NOBNHBAET CHMMETPHIO 5¢-
tekra.

(D) TononorHi0 TeueHHS MOXKHO YNOBHTb HHTYHTHBHO.

(E) Onepaunu ananu3a NpHMeHHMH 6e3 OrpaHHueHnii: (QyHK-
UHH, paccMaTpHBaeMble B TEOPETHYECKOH THAPOAHHAMHKE, MOMHO
cBOGOAHO HHTErpHpoBaTh, AU PepeHUHPOBATb, NPEACTABAATL B BHAE
panos (Tefinopa, ®ypee) uau murerpanos (Jlannaca, ®ypobe).

(F) MartematHueckne 3anauH, NOCTaB/JeHHBE Ha OCHOBE HHTYH-
THBHHX (QH3HYECKHX MPENCTaBNeHHH, CYHTAIOTCA KOPPEKTHHMH.

Npusenexnsie npasaonono6GHble MpeanonokeHus oGLIYHO NpH-
HUMalOTCA Gea OroBopoK, Kak camu coboi pasymeiowmnecs. [Neppute
ABe rNaBH 3TOA KHHIH MOCBALLEHH TJ1aBHHIM 06Pa3oM noapoGHOMY
HCCNEeNOBaHHIO HX NPHeMJEeMOCTH.

') JlAA NPOCTOTH W3NOXEHHA MH He KAC3EMCA 3aKOHA COXP2aHeHHS SHEpPrHw
l(l np_\émlx4 )repuonunauuqecxux coolpaxeHRrfi, KOTOpHe TakXKe MOXHO NpHBAEYDL
oM. .

) Warpanx XK. JI, Ananutuueckay wmexanuxa, 1. Il M.—J1, 1950,
ctp. 307,
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§ 2. TuapoaHHAMHYECKHE NAPANOKCH

Ha nene B psne cayuaeB ypaBHeHust Dfinepa Ou/IM NPOHHTErpH-
POBaHbI, HO Pe3yJbTATH PACYETOB PE3KO PACXOJHJIHCH C HAGJIONIEHH-
fIMH, 9TO SIBHO MPOTHBOPEYHT MHeHHIO J1arpanxka. B ruapoannamuke
TaKHEe NeCOMHeHHble NPOTUBOPEYUR MEeX]Y 3SKCMepHMEHTAaNbHBHIMH
JAaHHBIMH M 3aKJIOYEHWAMH, OCHOBAHHLIMH Ha NPaBAOMOAOGHBIX
paccyX/eHHsX, Ha3WBAIOTCA NAPadoKcamu, W B AajbHeflleM 3TOT
TepMHH GyaeT ynotpeGAsiTbC HKMEHHO B TAaKOM CMBICIe.

STH napajokck GblM NPeIMETOM MHOTHX ocTpoT. Tak, HeAaBHO
6Hi710 cKa3aHo!), UTO B EBATHAAUATOM BeKe «HAPOAMHAMHKH pa3-
JeNsAHCh HAa HHXKeHepOB-THAPaBJHKOB, KOTOpHe HalJaiolalH To,
YTO Heab3sl 60 OGBACHHTb, H MaTEMaTHKOB, KOTOpble OGBbACHAMH
TO, YTO HeAb3s 6bio HabmiopaTthy. (Ham Kaxercs, 4ro npeiacTaBH-
Tenn o6oux BHAOB BCe elle BcTpeuatorca.) [la m Cuauedr losba-
WTefiH 3aMeTHA, uTo BCIO KHury Jlam6a [7] MoxHO nmpouHTaTh, He
npeacrasans cebe, 4To BOAA... MOKpasn!

Tenepb o6LiuHO 3aABASAIOT, 4TO NOZOOHbBIE MAPALOKCH BO3HHKAIOT
H3-3a OT/IHYHA PeasNbHHX MXHAKOCTed, HMeIOUIHX Manaylo, HO KOHed-
HYIO BSI3KOCTb, OT HAeaJibHBIX XXHIKOCTeH, HMEIOLIHX HYJEeBYIO Bsi3-
Koctb ?), U3 srtoro, mo cyliecTsy, caexyeT, uro yTBepXKAeHue Jla-
rpanxa (cM. npuM. 2 Ha crtp. 16) MOXHO NMOANPaABHTb, NMOCTaBHB
«Hasbe — Ctokc» BMecTo «Dfinep».

310 yTBepkAeHHe OyAeT KPHTHUecKM paccMorpedo B ra. [I;
OHO, NOXKaNyH, B NPHHLHIE BEPHO AJA HECHUMaAeM020 BSI3KOro Te-
yenns. OnHaKo, MHl MoJlaraeM, 4TO €CJAH MOHHMaTb ero GYKBaJbHO,
TO OHO MOXeT BBEeCTH B 3a06JyxXJIeHHe, NOCKOJNbKY fBHO He Bhije-
JIeHH NMepeyHclieHHHe BHIe NMPaBAONOAOGHHIE THNOTE3W H He YyuTeH
TOT yuiep6 B CTPOroCTH, KOTOPHI 0GyCJOBJAEH HX NpPHMEHEHHeM.

Tem He MeHee HaM He M3BeCTHO HH OIHOrO CJyyas, KOraa fe-
AYKUHA, CTPOras Kak (PH3HYECKH, TaK M MaTeMaTHYECKH, TMpHBesa
Obl K HeMmpaBHAbLHOMY 3aK/JIOUEHHIO, HO JIHIUb OYeHb HEMHOTHe BHI-
BOAK TEOPETHYECKOA THAPOAHHAMHKH MOryT OLITb CTPOTO YCTaHOB-
JdeH. IIns caMbiXx MHTEPECHHX H3 HHX LIHPOKO HCNOAb30BANHCH
OHAa HJIM HEeCKOJIbKO H3 yNOMAHYyTHX runortes (A)—(F).

370 MOXHO MOKa3aTh Ha npuMepe ypaBHenuit Hasbe — CToOKCa.
Onv siBHO HeNpHroAHHl AJS yueta DeNATHBHUCTCKHX 3(hexToB, Mo-
JIEKYASAPHOA CTPYKTYDbi, KBAaHTOBHX 3(eKTOB, PaBHO KaK TaKHX
cneunHYECKHX SIBJNeHHA, KaK HOHM3aUHS, 3JEKTPOCTATHYECKHe CH-
JIH, 3arpsi3HEHHsT BO B3BECAX, KOHAEHCAUHs M T. M., KaXJ0e H3 KO-
TOPHX MOXET BbI3BaTb Cepbe3HHe OCNOXKHEeHHA, Kak Gyaer

Y Hinshelwood C; uurupyem no Jladtxwany [Lighthill M. Y,
Nature, 178 (1956), 343]; cm. Takwke [11], 7. 1, Beexenne.

%) Cm. [3), § 1, 14; [I1], v 1, Boeneune; 1. 2. Bpepenne: Hunter Rouse,
Fluid Mechanics for Hydraulic Engineers, McGraw-Hill, 1938, crp. 10,
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nokasano Hixke. CTano GbiTh, yXe CPa3y WHPOKO HCNOJb3yeTcs
runoresa (A). B cnyuae coumaemozo TeueHHsi OCTaeTcss OTKPHITHIM
Aa¥xe BONPOC O TOM, KAKOH CMBICJ MMeeT MOHsSTHe «BTOpOil» Bs3-
KoctH (§ 22, 33).

Mbl He HacTaupaeMm Ha ToM, yToObl BIpeAb He HCNOJbL30BaTh B
Teoperuyeckoli ruapoanHaMuke runoressl (A)—(F) — naxe B umc-
TOH MaTeMaTHKe mnpaBponofoGHble cOOGpaXKeHHs HrpaioT OYeHhb
BaXKHyio posib'). B rusponnHaMuke npoaBHKeHHe elBa JH ObiJ0 6bl
BO3MOXHO 6e3 IIHPOKOr0 HCMOJb30BAHHS TAKHX MPaBAONOLOGHBIX
CHNOTE3, a NOJIHAS CTPOTOCTh PeAKO GhiBaeT AOCTHXUMOHA. Mbl TOJME-
KO HAacTaWBaeM Ha TOM, uTO, NMpexJe YeM CYHTATb HAYUYHO YCTAHO-
BJIGHHBIMH 3aKJIOUEHHUs, OCHOBAaHHble Ha NpasBRonoAaobHbIX coobpa-
JKEHHAX, MX HajA0 INPOKOHTPOJHPOBATH AUOO C MOMOLUBIO CTPOTHX
JNOKa3aTeNbCcTB (K4K B YMCTOH MaTeMaTHKe), 4ub0 ¢ NOMOIIBIO 3KC-
NepUMeHTa.

HanpoTus, Mbl cuMTaeM, 4TO HYKHO TOJbKO HNPHBETCTBOBATL OT-
KpbiTHE THAPOAHHAMHUECKHX NapajoKCOB, HCKPeHHe NpPH3HAB He-
CIIOCOGHOCTh CYLIECTBYIOIlE MaTeMaTHKH (M JIOTHKH) aleKBAaTHO
oTo6paxaTh CJOXHbBIE W yAHRHTENbHble fBJeHUs npupoan.. OnHT
NOKa3LIBAET, UTO yesioBeyecKoe BooOpa)keHue ropaizso Oodee orpa-
HHYEHO, YeM pecypch! TMPHPOAb; Kak nucan [lackann, «BooGpaxe-
HHe CKOpee YCTaHeT NMOCTUraTh, YeM NPHPOAA NOCTABJATHY.

B cBA3M ¢ 3THM, OCTajJlbHasi yacTb NMepBOil ryIaBel Oyner MOCBA-
LleHa aHAJH3y HEKOTOPHIX MapajlOKCOB KJAaCCHUECKOH THAPOAHHA-
MukH. B ra. Il Mo yaenum BHHMaHHe aHaNOTHUHBIM (HO He CTOJb
LIHPOKO HM3BECTHHIM) MNapajoKCcaM «COBPEMEHHOH» JHHAMHKH
KHUAKOCTEH.

§ 3. ¥Ypapnenus Jdaepa

Mbl HauHeM ¢ PacCMOTPEHHsi OCHOBHBIX YPaBHEHHWH MJisi HeBfi3-
KHX KHAKOCTel, BolBeXeHHBIX DitnepoM u Jlarpanxkem. Ilycth u =
= u(X, ) 03HauaeT BEKTOP CKOPOCTH KHAKOCTH B TOUKE X B MOMEHT
BpeMmenu f. [lyctb p(X, £) o3HauaeT NIOTHOCTL XKHUAKOCTH, g(X, ) —
BHelllHee PaBHTAalHOHHOe?) mone M p(X, f) — AaBleHHe B XKHAKO-
CTH.

Ecnu npuusts npasgonogoGuyto runoredy (E) uz § 1 (Arnopu-
pysl MOJIEKYJSPHYIO CTPYKTYpPY BeluecTBal), To Jerko nokasaThb, 4TO
33KOH COXDAHEHHS MacChl KBUBAJICHTEH CJEAYIOLEMY YpaBHEHHIO

Yy Cm. TTodia N1, MaremaTHka u npasponofoGHuie paccyxkaenus, HJI, M,
1957. Tlapanokcw BO3HHK2IOT aaxe B uncTofi Matematnke;cM. NorthropE. P,
Riddles in Mathematics, Van Nostrand, 1944.

?) OTum TepMHHOM aBTOpP TNoNb3yeTcs B GoJiee LUIHPOKOM CMHLIC/AE, 4eM STO
O6bIUHO TNPHHATO, NPUMEHAA €ro AJg NOoAS MAacCOBHX (HNH OOBLEMHBIX) CHA. —
Mpun. nepes.
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B YaCTHBIX NPOH3BOAHLIX!:
div (pu) + %% == ( (ypaBHEHHE HEPa3pHBHOCTH). 8))

Ecan 0603HayHTh «CyOCTAHIHOHAJbLHYIO» NMPOH3BOAHYIO MO Bpe-
MeHH AJs HabmojaTesl, ABHKYLIErocs BMeCTe C XKHAKOCTbIO, uepe3
D/Dt = 00t + Zu,0/0xy, To MOXHO nepenucath (1) B BHAe

D 4o divu=0. (1)

Cayuawo Hecacumaemoctu cootBerctByer Dp/Dt = 0, u, cnenosa-
TesbHo, divu = 0.

' ITpy u = 0, Koraa XHAKOCTb HAXOAHTCA B COCTOSIHHH NOKOA,

HanpsxeHde B XHJAKOCTH Ha Ji060H 3/JeMEeHT NOBEPXHOCTH Jeil-

CTBYeT no HOpMasu K HeMy. IJT10— (H3HUecKoe oOnpeaeseHHe

JKHUAKOCTH; 3KCMEepHMEHTaJbHO NMPOBEPEHO, YTO e€MY YAOBJETBOPAIOT

MHOTHe peasibHLle BelllecTBa.

dilnep NpeAnoJOKUA, YTO 3TOT 3aKOH THAPOCTATHKH NPHMEHHM
TaKkKe K [ABHKYLIMMCH XHIKOCTAM, T. €. B THAPOAHHAMHKe, 3TOT
3aKOH NMpUOGJHMXKEHHO YAOBJETBOPSAETCH BO MHOFMX cjyyasix ABHXKe-
HHA XKHAKocTed (McKaAloyasd obsacth B6au3H rpaHHun). Hanpumep,
A3MeHeHHe ckopocTH Ha 50 M/cex B caoe BO3AyXa TOJIUHHOM B 4eT-
BEPTb MUJJHMeTPa BLI3HIBAET YCHJHe CABHra, COCTaBJjsioOllee NPH-
mepHo 1/2000 armocdepuoro aasnenus ([3], crp. 2).

HenpepniBrnie XHAKOCTH, YAOBJETBOpSIOile THNoTese Jisepa,
HasnBaloTCa Negaskumu'). Kak nokasan Ko, nanpskeHHe B He-
BSI3KOfl JKMAKOCTH AOJ/MKHO OHTb OJHHAKOBHIM BQ BCeX HamnpasJe-
HHSAX (M30TPONHLIM); NOAYYalOLanAcs CKaJaapHaa GyHKuHA p(X, {)
MOXeT GbiTh Ha3BaHa Odasaenuesm. Ilanee, 3aKOH COXpaHEHHS KOJIH-
YeCTBa JIBHXKEHHA SKBHBAJIGHTEH CJeAylolleMy BeKTOPHOMY ypaB-
HEeHHIO B YaCTHLIX NPOH3BOAHHX:

%.4,. % grad p =g (ypaBHEHHE ABHXEHHs). @)

[Oas toro uTo6bl MOJYYHTb 3aMKHYTYI0O CHCTEMY ypaBHeHHfi B
uaCTHHX NPOM3BOJHBIX, B KOTOPOA BCe NPOH3BOJHLIE NO 8pemeHu
MOryT 6HTb BHpPaXeHbl Yepe3 MPOHIBOAHHE NO NPOCTPAHCTEEHHbLM
xoopounaram ?), x ypasHeHHsM (1), (2) nyxHo n06aBHTH elile OQHO
COOTHOLIeHHe. B TeopeTHuecKoii MeXaHHKe OAHOPOAHBLIX HEBS3KHX

1) B cootBerctBuu ¢ runotesoft (B) wa § | Bo3nyx u Boay mMoxuo paccMa-
TPHBATL KAK HMEEA3KHE MKHAKOCTH.

) Tak, ut0 HauanbHule ycaoBus GyAyT onpefeastb 3agayy Koww B oGuyHOM
MATCMATHYECKOM CMLICJe, '
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AHAKOCTEH OOGLIYHO BBOJAHTCA COOTHOLIEHHE, CBfA3biBalollee MJOT-
HOCTb H JaBJ/IEHHE!:

p=h(p) (ypaBHeHHe COCTOAHHS). (3)

BPapoTtponHne TeueHHs. HeBsiskHe XKHAKOCTH, YHOBJe-
TBOpsOWMe ycaoBHIO (3), MoryT ObITh Ha3BaHbl 6apOTPONHLIMH,
a BHXXeHHs XKHAKOCTH, yIOBJETBOPsiOlLKe ypaBHeHuaM (1)—(3),—
«6apOTPONHBIMH TeUeHHSIMH». IJTH TEUEHHS BCTPeYaloTCas B (MpPH-
6AHKEHHO) OJHOPOJHBIX JKHMIKOCTAX MNPH YCJOBHAX, KOTOpHIE
apasiloTcd  TepmoguHamHuecku o6patumbiMH. (Iloa «oasopoaHoit
XKHUAKOCTbIO» Mbl TOHHMAEM XHIKOCTh, HMEIOLLYIO OAHOPOIHOE CTpOe-
HHe, HalpuMep YHCTYIO BOLY HJH BO3AYX.)

M MeHHO TaKHe KHIKOCTH OObIYHO paccMAaTPHBAIOTCA B aKyCTHKe
H B a3poXHHAMHKe GOJBIWIHX cKopocted. BrlcTpoe cXartHe u paciuH-
peHMe — THMHYHble agHabaTHYecKHe npolecchl !) B TOM cMblcie, 4To
MOXHO npeHe6peyb TensonpoBoaHocTbio. KpoMe Toro, npene6pexe-
HHE TeNJIONPOBOAHOCTBIO JIOTHUECKH He NMPOTHROpeunT npexebpexe-
HHIO BSI3KOCTbIO B ypaBHeHHHM (2), NMOCKOJBLKY Kak TeNJaonpoBo-
HOCTh, TaK M BA3KOCTb NPEACTaBAAIOT cO60OH MOJeKynsipHble $B-
JNeHus.

B cayuae umeasbHOro rasa ¢ TePMOJMHAMHYECKHM YPaBHeHHEM
cocToanda p = pRT ¥ NOCTOAHHLEIM OTHOLIEHHEM TelJOeMKocTell
Cp/C» = 1 3neMenTapHble pacCcyXAeHHA AAIOT 414 aAnabaTHuecKoro
TEUeHUs COOTHOUIEHHE

p=kp' (3a)

— TaK Ha3blBaeMoe NOAUTPONHoe ypaBHeHHe COCTOSHHA [AJsA Hie-
aJbHOrO TEPpMOJAMHAMHUECKH coBeplieHHoro rasa. [lpegensHulit cay-
yaii y = | COOTBETCTBYeT H30TEPMHUYECKOMY TeuyeHHIO (GeCKoHeuHast
TeNJ0eMKOCTh HJIH B GeCKOHEeUHOM H30TepMHUYecKOM pe3epByape Gec-
KOoHeuHasl MPOBOANMOCTS).

YpaBHeH#e (33) AOCTATOUHO TOUHO A MHOFHX 3ajay ra3oBod
IMHAMHKH; 1Js Bo3ayxa 1 = 1,4. OnHako aas XKHOKOCTeH ypaBHe-
nue (3) Heo6xoauMo 6path (npuGJaHMKEHHO) BBHIe (P — p,) = kol,
rie p, eCTh AaBJeHHEe 1apOB NPH KaBHTauuu (cM. § 42).

CooTHoiueHHe BHAa (3) sBAfETCS TaKXe NMPHEMJEMbIM IJIsl KHI-
KocTel, KOTOphle TOJIbKO HEe3HAUHTEJAbHO CAHHMAaeMbl (T. €. MpH CKO-

') Hanomunm, uto Hbiotor («Principia Mathematica», Kuura 11, otmen 8,
npegnoxenue 48; pycckuit nepesol — B <«CoGpamuu TpyaoB A. H. Kpuiaosas,
T. VII, M—JI, 1936; cM. taM ke, cip. 480) npHHEma;id AJA H30TEPMHYECKOro
TeueHHs 3aKOH Dofing, YTO MPHBENO K HENPaBHALHOMY BHIBOAY CKOPOCTH 3ByKa.
Own6ka Helotona Guina ucnpasaena Jlanaacom ([7], ctp. 477; B pyccKOM u3ga-
uun cTp. 596; cm. Takke ykasaHHmfi Tom «CoG6paxus Tpyaos A. H. Kpunosa»,
crp. 485, npum. 175).



§ 4. Norenyuar cxopocru 2

pPOCTAX ropas3fo MeHbLUIHX CKOPOCTH 3ByKa, 0COGeHHO B OOGLIUHBIX
KHAKOCTSAX). B 3TOM ciyyae MOXHO mpoOCTO nHucaTh

P="p (36)

H TOBOPHTb 06 00HOPOOHOU Hecocumaemod Hesaskod wcudkocrd. On-
HAaKO B 3TOM CJjyuae yXe HeJb3si BLIPA3HThb BCe NPOHM3BOJAHBIE MO
BPEMEHH yepe3 NPOM3BOJHblE MO NMPOCTPAHCTBEHHBIM KOOPAMHATaM.

§ 4. MoteHunan ckopocth

OcHoBHble ypaBHeHus Jilnrepa (1)—(3) no3soasalOT NOMYyYHTH
pasiHyHble (yHIaMeHTajbHble CJEACTBUS, HMeKOLlHe MHOro BaX-
HBIX NPHJAOMEHHH.

CaMbIM CyLIECTBEHHBIM CJAeACTBHEM siBJAsieTcsl TeopeMa [ enbM-
roabla, cnpaseaanBas aasi 6apOTPONMHOro TeyeHHs B KOHCEPBATHB-
HBIX TPAaBHTAUMOHHBIX MoJsX (T. e. npu g = —V (). Ara Teopema
([7], crtp.54;{1*]')), .1, cTp. 149) yTBepKAaeT HHBAPHAHTHOCTL LHP-
Kyasuuu I’ =§>Xak dx, no aob6oMy 3aMKHYTOMY KOHTYpY, HABH-
XKYUIEMYCsl BMECTe € KHIKOCTbIO, T. €. BO BCSIKHH MOMEHT BPEeMeHH
COCTOALIEMY M3 OXHHX M TeX Ke uyacTHi xuakocTH. CnegoBartenbHo,
eCJd B HAuaJbHBIE MOMEHT MXH/JKOCTb HAaXOAMUTCS B NMOKOe (Hampu-
Mep, BHITeKAaeT H3 HENOABHXKHOrO pe3epByapa) M~ ecau KOHTYp
OCTaeTcsi BCe BpeMs 3aMKHYTBHIM, TO UHPKYJALHS Bceraa IO/MKHa
PaBHATLCA HyJI0. DTO 3HAUMT, UTO AOJKEH CYLIeCTBOBATH JIOKAJNBHO
ONHO3HA4YHHIH CKaNAPHBIH norenyuaa ckopocru U(x, ), T. e. Takas
cKanapHas QyHKUUA TOYKH, 4TO

u(x, t)=vU=grad U. 4)

Teuenusi, o6nagaiolie TakuM CBOHCTBOM, Ha3bIBAIOTCA (NOKaJb-
HO) Geseuxpesvimu?). Cle0BaTeNbHO, B 0OHOCEA3HOG 06NaCTH, Ta-
KOi"l, Kak obJsacTh BHe HEKOTOpOro TBEPJIAOro TeJga B NPpOCTPAHCTBE
HJIH TIOJIOBMHA CUMMETPHUHOH 00MacTH BHe KPYrOBOrO UHJAMHApPA Ha
NAOCKOCTH, cKopocTh U aomkHa ObiTh 04HO3HAYHOH GyHKUHeH BO
Bcel o6aacry.

B cayuae 6apoTponHbIX TeueHHH NpPH OTCYTCTBHH BHEIIHHX rpa-
BHTALMOHHBIX CHJl A/ 6e3BUXPEBOro ABUMKEHHS [T. e. ecH BbIIoJ-
HfeTCAA ypaBHeHHe (4)] MOXKHO MOJYYHTh MHTErpasd ypaBHEeHHH ABH-
XKEHHsI, TaK Ha3biBaeMoe ypaBHeHue Bepuyann

f%”-:—_-P(t)—-;—VUVU——-%Z. p="h(p). #)

dl) 3Beanouka 06o3nauaer CCHUIKY Ha JOMOJHHTENBHYIO AHTepaTypy. — [Tpum.
peo.

) B pyccxoii auTepaType uallle HCNOMb3YeTCs TEPMUH «NOTEHUMAAbHBE Te
4eHun», — fIpum. nepes.
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HeficrButenpHo, ypaBHeHHs ABHKeHus (0e3 rpaBuTANHOHHOIC
cJiaraeMoro) npeicTaBasiorT co6oif B TOUHOCTH TPaXHeHT COOTHOIIe-
uus (47).

Hecxumaemrie Teuenns B ciyuae ofHOPOOHBIX HECKH-
MaeMBIX KHAKOCTEH MOXHO 06001uTs, ypaBHenme Bepuynnu (4')
Tak, 4106nl yuuTbiBanca addext rpaBuranun. JeficTBurtensHo, AAq
6e3BHXpEBLIX HECKHMAEMBIX TeUeHHH T'DAZAHEHT COOTHOLIEHHS

p=Pt)— {7 VU VU+5 + G} )

KBHBAJeRTeH YPABHEHHSM [ABMKEHHUS € TPABUTANHOHHBIM UJEHOM.
Bonee Toro, B sToM cayuae ypasuenme (1) cBomuTCa K BHILY
divu = 0, oTKyaa noayuaem ypaBHeHHe

ViU == Q. (6)

Haxkonern, oueBnaHo, uyro Ha M060H HeNpoHHUAEMOR TBepaOl
rpaHHile NPONU3BOJHAA

& =F(x #) ™

onpejensercs HOPMadbHOH CKODOCTBIO [ABUIKEHHS STOH TpaHulbl.

Jns opHo3nauneix BO BceH ob6aactu odymxkuuit U(x) ypaBneHHst
(6) m (7) mpeacTaBJSIIOT KJIACCHUYECKYI0 3a1a4y TEODHH TOTEH-
1uana, Tak HaswiBaeMyio 3adauy Heldmana. Kak Mol yBuaum B § 5
u ra. VI, sra 3azava nMeer Gosblioe 3HadeHHe NJIs TeOpeTHUECKOH
ruppoauHamuki. Ho npexnae orMeTnM, 4To 3xech NoApasyMeBaercs
soinosiHenHoft runoresa (F) u3 § 1. npeamosaraercs, yto 3ajgaua
Hefimana posxHa HMeTh OJHO H TOJBKO ONHO OJHO3HAYHOe pelue-
e U(x, ¢) ans pasyMHbiM 06pasoM onpene/ieHHBIX TPaHHIL

[IpumeuaTenbHo, YTO AJA CTPOrOro A0OKa3aTesNbCTBA 3TOTO MaTe-
MaTHYeCKOro NpPeANooKeHHs, BO3HUKIIETO U3 THAPOXHHAMUYECKUX
paccmoTpenuit, norpe6osanocs Gosee uem 50 nmer. B Hacrosuiee
BpeMsi 3TO OCHOBHas TeopeMa oOuledl Teopuu noreHumana ([4]
crp. 310—311; [2%]).

Dra TeopeMa TMOKa3HBAeT, UTO €C/AH HECKHMAaeMas HeBsizKas
KHUJKOCTb B HauaJIbHbIH MOMEHT HAaXOAHTCA B COCTOSIHHH [OKOS, TO
nojse cKopocteii B J000i MOMEHT BPEMEHH S38BHCHT TOJBKO OT
MZHOBENHOU CKOPOCTH IDAHMIB H He 3aBHCHT OT OPEAUIECTBYIONHMX
cocrosinui. IlpuBeseHHble TE€OPeMB MOKA3HIBAIOT TaKXkKe, u4TO JBH-
xenve N000H vacTH I'PaHHIB MTHOBEHHO OKAa3biBaeT BO3JeHCTBHE
Ha BeCb 00beM MKUAKOCTH: CKOPOCTb CHTHAa/la PaBHAa GECKOHEYHOCTH
(310 coryiacyetcs H ¢ HH3UUECKOH HHTYHLHEH),
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§ 5. Craunonapuble Ge3BUXpEBHIE TEYSHHS

Cayyaji crauponapnbix (HJAH YCTaHOBHBLIMXCH) TedeHHH, Korpa
u = u(X), OueBHAHO, uMeer ocoboe 3Hauenue. Mcxons m3 pesynn-
ratoB § 4, runponunaMurn XIX Beka cudranu NPaBAONOJOGHHIM,
4TO JJISl TBEPHOro TeJa, MPOXOAAILETro C NOCTOSHHOH CKODPOCTRIO
JocTaToyHO GOJBIIOE N0 CPABHEHHWIO C €r0 pPasMepaMH DAaccTOSHHe
B HEOTDaHMYEHHOM oO6beMe KHIKOCTH, BSI3KOCTb KOTOPOH J0CTa-
TOYHO MaJia M KOTODas TIePBOHAYANbHO HAXOAKIACH B TOKOe, MOXKHO
HAMHCATH PABEHCTBA:

U=U®), p=pKx), g=gx)

B T. A. — IJig Ocell KOODIAHHAT, JKECTKO CBA3AHHEIX C TEJOM, OTHO-
CUTEJIBHO KOTOPBIX XKHAKOCTb ABHIKETCH C MOCTOSTHHOH CKOPOCTBIO a.
SIcHo, uTO TaKke NpPaBHONOROOHBIE BHIBOJAL OCHOBAHB HA THIO-
Teze (B) § 1.

Ecau uCXOAMTh H3 3THX NPaBAONOAOGHBIX 3aKMIOUeHMI, TO naJjee
MOXKHO JeH#CTBOBAThH cleAyloIuM o6pasom. [las cTauMOHApHBIX. Te-
yenudt mpu U = U(X) ypaBHenue nBHXeHHA (2) mocie OAHOKpart-
HOTO HMHTErpHPOBAHHS MO TMPOCTPAHCTBEHHBIM KOOPAMHATAM CTaHO-
BUTCSI S5KBHBAACHTHBIM YPaBHEHHIO !)

1 d d
g VUV [F4G =L, wan Y, du+ 75+ dG=0. (8)
[
Dr0 ypaBHeHHe Ha3BIBaeTCst ypaBHeHHeM BepHYJAIH IJs CTAUHO-
HapPHOrO TEUEHHS; B CJAyYae HECKHUMAEMOH JKHIKOCTH OHO NPHHM-
MaeT U3BeCTHHI nmpocTolt BUI: ‘

p=p—p (3 YUVU+G). (8%)

TTogo6uEiM 06pasoM YCJIOBHE TOTO, UTO CKOPOCTH Teda OTHOCH-
TEAbHO KHAKOCTH Ha GECKOHEYHOCTH pPaBHa —a, MOXeT OBITh 3alH-
CaHOo B BHIAE ‘

lim grad U=a 9
X >0
¥ Nisl HECKHMAeMOro, ¥ /1 CXKHMaeMOro TeUeHHs.

Haxonen, nockosbKy TeueHHe CTaUMOHAPHO, TO NOJKHB! GBITH
CTANUOHAPHBI ¥ TPaHHUH Teuenns. OTCIOa YCIOBHE HENPOHHILAEMO-
CTH (7) CBOAHTCS K YCJAOBHIO

%%-——-O Ha TpaHUNE. 7*)

'} Eenn  cnpasemsuso  cooTHomenwe (3a), To f dpfo=1pl(y—1)p =
=[(y—1).
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B cayyae 6e3BUXPEBOTO CKHMAaEMOTo TEUEHHS ypaBHeHHe Hepas-
puiBHOCTH (1) Bece ellle MOXKHO 3ATHCATH TIPH IIOMOLIM eJMHCTBEHHOH
HenapectHol GyuKuMH U(x), ecau TOAbKO npeHebpeun sddexrom
TPABHTALHH, YTO OOBIUHO JONVCTHMO NPH JOCTATOYHO GOMBIUHX CKO-
pOCTSX, KOTJA CTaHOBHUTCA saMerHoll ckumaeMocts ). (Ecan rpasu-
Tauued Heab3s npenebpeun, Kag, HanpHMep, B ciayuae armocdep-
HBIX fABMKeHuil Goapmux MacmraGon, To ycnorme (9) He MoKer
GLITh BHIIOJHEHO, JajKe HECMOTPS Ha TO, uTo (e3BHXDEBOe TeueHHe
SBJAAETCS JAOTYCTHMBIM.)

Kunematuka OGaporponsoro Tteuenus Illonaras
G = 0 B ypasuenuu (8), npu ONHMCAHHBLIX BbIIE YCAOBHAX MB MO-
JKEM MOJNYUYUTh PABEHCTBO

dp 5 1 1 ‘
4 = =T STeTny ©*

rae J — ¢yuxguusa, o6patnas GyHKUHH 2pﬁjpo-m2f do | R'(p)p*2).
C npyroit cropons, u3 ypaBHenus (1) npu 0p/ot =0 caenyer
p~ldiv(pu)=0, wuau

y— 1o oo 10

Hpyras dopma ypasnenua (10) umeer BHA
N Uilty i

T == M? . *

V=M 2& gt Ox;dx (10%)

rae Jsokaasioe «uuesno Maxa» M = ¢/c ecTb OTHOWEHME JOK&JBHOMN

CKOPOCTH TeueHHs ¢ K JIOKaJbHOH CKOPOCTH 3BYKa ¢, a BCe KO3(hDH-
HHEHTH U;U/q* MeHbIle WK paBHbl 1.

TMoacrasus B ypassenue (10) Bumipamenue pas 1/, Basitoe n3

dopmyant (9%}, Met noayuum ([10], crp. 240) ypasuenue

ey oU o :
27 ] = . Pl AN
ViU =J (VU - VU) 2 Oxj 0xp 0Ox;0xp (an
Onuo-eMECTBEHHOE YpaBHEHHE B UACTHHIX NPOH3BOAHBIX (11) Bwme-
cre ¢ KpaesbiMu yciouamu (9) u (7*) cBo;uT 3ajmauy Aas Cayuas
CTAIHOHAPHOTO CHUMAEMO20 TedeHHst 6apPOTPONHOH KUAKOCTH HYy-
qgesolt (Manoi?) BA3KOCTH K Apyro#i npasponofo6Holt Kpaesolt sa-

'} B cayyae HEC)KHMAEMOCTH rpaam‘aunonﬂmyx adert cBoautes K OGBIKHO-
BeHHOR ruapocTatHweckofi nopvemMuOfl cuae, Kax rokasamo B § 21

2} Tlpu aToM nocaexnion (yHKUMIO HANO PAcCMATPHBATH KaK QYHKUHIO apry-
menta A'(p). — Mpum. nepes.



nauve. Ecau TOMBKO MocneHsis 3ajdua peuiena, TO H3 ypaBHeHls
(8) MOXKHO JIErKO HaiTH noJe jaBjaeHus.

TakuM 06pa3oM, Mbl CBeJH 3afauyy CTALHOHADPHOIQ TEYeHHs K
YHCTO KMHeMaTHuéckod 3agave. Ecan gaHo mo6oe MarTeMaTHUeCcKoe
pemtenre ypaBuenuit (11), (9) u (7*) W ecau NOCPeACTBOM ypdBHe-
Hus (8) onpegeneno nose fabiends npu G = 0, To ypaBHeHHe 1BH-
xerus (2) ynosiaerBopsiercs asromarnueckd. OueBHIHO, uTO 3a-
gada HefiMana u3 § 4 noayuaercs Kak NpefesibHb cayuai npu
¢—»oco. [lonyuienue (F), takum o6pasoM, NO3BOJAET TOJNYUYUTH I'0-
pasno GoJablile, a HMEHHO, 4TO pellleHHe MOXKHO PasjioXHTh 10 CTe-
mensm M? (metop Paaes — fuuena, [15], crp. 275).

§ 6. Mapagokc o6paTHMOCTH

Onnoit u3 ¢dynmaMeHTaNbHBIX 3aRa4 THAPOMEXAHHKU SIBJASETCS
onpedejenne cuiibl, HeHcTBYIOLLEHl Ha TBEPJOEe TeNO, HAXOAslleecd
B CTANMOHAPHOM IIOCTYNATeNbHOM [BHIKEHHH C MNOCTOAHHOH CKO-
pOCTBIO a B ONHOPONHOW moKosieHcs xuakoctd. Ecam  TtBepaoe
TeJo JBHMKETCS] MapajlieNbHO HEKOTOPOH IVIOCKOCTH CHMMETPHH, TO
5Ty CHJy MOXKHO Da3JIOKHTb Ha Jo6OBoe conpoTHB/eHdHe D, Moab-
eMHYI0 cuny L u MoMeHT M, NeHCTBYIOLIHHA B 3TOH IIOCKOCTH.

Jlarpanxk Mor Gbl 3aMeTHTb, NMOJbL3YSACh BECEMa NPOCTHIMU COOG-
PaXKEHUIMH 06PATUMOCTY, YTO WeANU3UPOBAHHAA KpaeBas 3ajnaya
§ 5 MOXKeT He NPHBECTH K NDAaBUJIBHOMY DPe3yJbTATy MPH onpejeie-
HHUY CONPOTHBJIEHHS], HCIIBITBIBAEMOIO PeasJbHbIMH TBEPABIMH TeJaMH
OpH JBHXKEHHH B DeaNbHBIX XHAKOCTAX. OCHOBHAs MbICAb 3aKJH0-
uaerca B caenyiomem (cM. [1]).

Onpeneaenue 1. Obpauenue Teuenns u(Xx; f) onpegenasercs
Kak v(X; {) = —u(X; —t), npuyeM B OOOHX TeueHHFX TaBJeHHE U
IMOTHOCTh B COOTBETCTBYIOLLHX TOUKAX OJHHAKOBHI.

[Mpsamofi NOACTAHOBKOH MOXHO MOKAa3aTb, u4To OOpallleHHe JIO-
6oro TeueHus, YAOBAeTBOpsIollero ypaBHenuaMm (1)—(3), rtaxxke
yHoBaeTsopsieT ypasHeHusM (1)—(3), npasia, npu obpalleHuu H
KpaeBbIX ycJOBHI. B uacTHOCTH, cnpaBednuBa CJAedyloulas JeMMa.

Jlemma. Ecau u(x) ecré crayuoraproe 6e3guxpesoe Tedeuue
6orpye 18ep0020 NPENATCT8UA U U{00) = &, TO TAKOBbLIM ABAAETCA
u v(x) = —u(x) npu v(oco) = —a. Kpome 1020, noas dagaexus,
rak ace kax u D, L u M, odunaxose. daa u(x) u v(x).

Jra JeMMa HAXOIHTCA B KAUECTBEHHOM NPOTUBOPEYHH C AHHA-
MHKOH peaJipHBIX KUAKOCTeH: B JEeHCTBUTEJbHOCTH H3MEHeHHe Ha-
NpaBJeHHs] JABHXKYLIErocss TeJa Ha TNPOTHBOIOJOXHOe 00BIUHO
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srever oGpamenne sequunn D n L (xors u He M) 1), a ne ocras-
JISIeT WX HeW3MeHHBIMHU.

[MoyuntensHo npoOaHanu3UPOBATHL NpEAbIAYlUee NPOTHBOPeUHE
nonpo6Guee. [Toka He ycraHOBJEHO, UTO KpaeBasi 3afaua B § 5 Kop-
PEKTHO TNOCTABJIEHA, HeJb3sl JeaTbh BHIBOL O TOM, uTO ee ypaBHe-
Hua ownGounsl. Bo3MoxHo, yro norpefyercss BBECTH Kakoe-HUOYIb
AONMOJHATENbHOE ycnoBHe. [lelicTBHTeNbHO, KaK MH yBuauM B § 10,
3TO MOXKeT 0Kas3alhCH CIPABEIJIUBBIM IJIf C8EPX38YK0B020. TCUECHUS
(1. e. ecstr yncao Maxa M > 1). UtoOnl NOACHHTR 3TO, NpOBefeM
cremyioilee pasrpaHHueHue:

Onpenenenue 2. Bysem Ha3nBaTh rHAPOJHHAMHUECKHE TEO-
DHH HenOAHbLMU, €CHIH COOTBETCTBYIOLIME YCJOBHS ONpenensioT o6-
TeKaHWe [AaHHOTO NPEeNATCTBANA HE eJAHHCTBEHHBIM obpasoM; nepeon-
pedesennHbimy, €CAH 3TH YCJIOBHS MaTeMaTHYECKH He COBMECTHbBI;
AOXCHBIMU, €CNTM KOPPEKTHO HOCTaBJeHHAs 3ajaua jaer rpy6o OLIH-
GouHBle pe3yJabTaTH.

Teopema 1. Bcakasa obparuman eudpoduramuteckan Teopusn
8 OTHOWeRUY paciera 210608020 CONPOTUBACHUS U NOOBEMHOU CunbL
ABAAGTCA HENOAHOL, nepeonpedenerHOl Ul AOMHOIL.

Ho3zsyxosol cayuai. B no3sykosoM ciayuae, M < 1, no Kpafuefi
Mepe Anisd AOCTATOYHO Majoro yHcaa Maxa HelaBHO GbLIO NOKa3a-
HO?2), yTO KpaeBas 3ajaua, onpejesnsemas ypasHemuamu (11), (9)
u (7*) u3 § 5, siBAseTcs KOPpeKTHO nocrasiaenHol. ITockoabky sta
3ajflaya 3JJHNTHYECKOTO. THIA, ee MareMaruueckoe pemedne U(x)
AOJKHO OniTh anaautudeckum. OTCIOZa MBI 3aKJII0uaeM, 4TO ypas-
HeHus Jusepa — Jlarpamka JaloOT AONHYO TEOPHIO AN CTanHo-
HapHOro 403BYKOBOrO NNOTOKA.

Oxoao3syrosod cayqad. Tlo moBoxy storo cayuasi, Koria B Io-
3BYKOBOM TIOTOKE HMEIOTCSl JIOKaJbHble CBEPX3BYKOBble 30HBI, BbI-
CKa3aHO MHOIO Das3/IHUYHBIX H NPOTHBODEUMBHIX yTBepXxKAeHui. Brun
MOCTPOEHB MaTeMaTHYeCKHe MOJeJH MOAOOHBIX OKOJI03BYKOBHIX Te-
ueHu# %), HO OHH, MO-BUIHMOMY, OUeHb cy1alo OTpaxkKalT (H3IHYECKYIO

1) Kaaccuueckasl MHAPOJHHAMMKA NPABH/IBHO NPEACKA3bIBACT TEHAEHIHIO OCe-
CHMMETPHYHBIX NPENgTCTBHH NOACTABIATL NOTOKY Gojlee WHPOKYW cTOpoHY: cp. [7],
§ 71, 124. (B cayuae veq1, ofaamariux NPOAOJbLHOR cHMMeTpHel, nipH obpautenny
noroxka L ocTaercs HeuaMeHHbIM, a Y M H3MeHsercs 3HAK.)

2) Graffi D, /. Rat. Mech. Analysis, 2 (1953), 99—106; Gilbarg D,
Tam ke, 233—251; Gilbarg D. and Serrin J, tam xe, 4 (1955), 189—175;
Bers L., Comm. Pure Appl. Math., 7 (1954), 441—504; Finn R. S. and
Gilbarg D, tam xke, 10 (1957), 23—64 u Acta Math., 98 (1957), 265—276.
370 ofobmaer pesyavrat u3 § 4 Ha cayyaii M = 0 (3amauva Heiimana). [Cayuain
manex M cm, B [3%] — Hpum, pedl]

Musec P, Maremaruueckas TeOPHs TeueHHH CKUMAEMOH KUIKOCTH,
WJi, M, 1961, § 25, n. 3. ‘
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kaptuny. Eme Gonee npamarmueckaM OGCTOATENLCTBOM ABJSETCH
TO, YTO AJS HEKOTODHX npoduiefl HUKAKOE OKOJO3BYKOBOE TeyeHHe
Ge3 ynapHOH BOMHH HEBOIMOXKHO. JTOT HapaloKc OKOJO3IBYKOBOTO
TeueHHs HefaBHo ycrasosjeH K. Mopasen!). Ilo repmuHOMOrHH
tTeopeMsl 1, 3T0 O3HauaeT, YTO 3a4aua OKOJNO3BYKOBOI'O TEUEHHS B
Teoperwyeckoit (Dinepa — Jlarpanxka) TrHAPOAHHAMHKE MOXeT
GuiTh nepeonpedesennod. ‘ ‘

B § 10 mMb yBHAHM, YTO 3374243 CBEPX3BYKOBOIQ TEUEHHS — TH-
NUyHAasi HEMOoJHAasl 3afava, H NPUMEUaTeNbHO, YTO PasjiuuHbie pas-
peitieHHst Mapajiokca OOPaTHMOCTH B TpPeX NPEABIAYIIHX CAydasx
HAXOAATCH B COOTBETCTBHH ¢ o6iel MareMaTHyecKoll Teopueil kpae-
BHIX 33Jay /IHITHYECKOTO, CMEHIaHHOrO M THHepGONHUEcKOro TH-
HOB.

§ 7. Napanokc JanamGepa

Bonee nasecTHHiM B Gosee NaBHHM, ueM mapafokc o6paTHMOCTH,
siBasercs napaporc Hanambepa. CorsacHo 3TOMy napamokcy, H3
RonymieHu#, cenanHblx B § 5, cnenyer D = L = 0. Haa cnyuaes

Puc. L Oérekame - HHAMHADA,
no Ditxnepy.

Kpyrosoro uunuuapa (puc. 1) u cdepwr sTo cuenyer, B cuiy cum-
MeTPHH, U3 SBHOH HOPMEI NOTEHUHANA CKOpOCTell:

Us=a (x-}-—r’%) (WHAHHAD), (12a)
U=a (x+-—§§§—) (chepa) (126)

‘u Teopembt bepryann (8*) npu g = 0. Ecaun 3anaua KOPPeKTHO no-
CTaBJIEHA, TO HAJHYHE YETHIPEXKPATHOH CHMMETDHH, KaK B JAAHHBIX
Cirydasx, no3podisier nokasate, yTo D = L = 0, HCXOIS TOJBKO H3
cooGpaxennit o6parumocty ({1, crp. 248).

Boo6me xe napanoke Hanam6epa ciexyer us npunuuna obpa-
THMOCTH JJIsi JOGOTO mpodmisi, KoTopHifi obaamaer YeHTpasbHOL
CHMMeTpHeH, T. €. ISl TaKOro, KOTOPHi oToGpaxaercs B cebs npH

Yy Comm. Pure Appl. Math., 9 (1956), 45—68, 10 (1957 e
(1958), 129--144, [Cm. Takxe [4%], [5*].-}Tpu.u. ped) (1987), 107131 w 11
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OTPa’KeHHU UTHOCHTEJbHO HENOJBHXHOrO leHTpa cummerpuu. O6re-
KaHHe IJIOCKOH IJIACTHHKH HA pHC. 2,a jlaeT npuMep noAobHOro
pona. [lapaenus, neficrayiolye Ha 37AeMEHTH NOBEPXHOCTH, COOTBET-
CTBYIOL{HE APYF APYLY NpH LEeHTPAJAbHOA CHMMeTPHH, PaBHHI N0 Be-
JHYHHE ¥ NPOTHBONOMNOXKHE 110 Hanpabjaeruio, Ciaenosarensho, srta
CHCTEMa CHJI CBOIHTCS TOJNIBKO K Hape Cua (cMm. npum. 1) Ha crp. 26).

\.-_——
Pas()eW

nuxus noia

—_—\—_—________.
——\~———_—

a

Pasdensyascs
NUIHUS MoK
6\
Paadensioiaacs
RuHUS MaKa Cned

8

Puec. 2. Ofrexanne MIOCKOH MIACTHHKM,
no J#nepy (a), mo XKyxoscxomy (6) u no easmroasuy (8).

HemoHrcTpaunus napajgokca B oflleM ciayuae Ae10 AOBOJbLHO TOH-
KO€, IPH 3TOM HCIOJIb3YyeTCs CJIOXKHASA TEeopeMa O MOBEJEHHH pelle-
Huli ypasuennusi V2U = 0 na GeckoneyHocTn. A mMmenHo, nycrs U(x)
Bo3pactaeT Ha GECKOHEUHOCTH, HO KpaHHell Mepe kak mepsas cTe-
neb [x| = r. Torga MoXHO 10Ka3ath, 4T0

U=a- x4 ¢(x),

rie ¢(X) «peryaspHa Ha Geckoneunoctu» ([4], ra. X, § 8; [2#]). Iox
STHM Mbl MIOHHMAeM TO, 4TO @(X) MOMKHO PAa3/JOXKHTb B HEKOTOPbIH
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cXOASRAcs pax (AHANOTHYHBIE PHAY N0 OTPHUATENLHBIM CTENEHAM
B pasnomenun Jlopama}, uJeHs KOTODOIO CYTh NPOR3BENEHHA
oTpUHATe/bHBIX crenereff + H chePHYECKHX TapMOHHK, BBIDAXKeH-
HbIX yepes mHpoTy # poarory. ([nsm Takux pemesdH ypamueHHA
vz = { npasgonomofuan runotesa (E) noarsepxpiaercs, cieno-
BATENBHO, CTPOTOH TEopeMOoH.)

§ 8. Teopus xpsiiosore mpoduin

He cmymasce DpHBeAeHHBIMH BbIIE MapajoKCaM#, YUeHble cy-
MeJu NPABWILHO NMOJYYHTh, N0 Kpalinell Mepe KauecTBeHHO, n000BOE
CONPOTHRJCHHE H NOXBEMHYIO CHAY, OCTABafACh B PaMKaX ypaBHeHHH
AsmKenus Jitiepa. Bes XMTPOCTH 3akjiouaercs B ToM, wrobni nale-
x)arb ynorpebiennst runotesst (D), Kotopyw npumenaan Jisep w
JlarpaHi, a 3TO MOXKHO CHeJaTh, HCIOAB3YS PA3PLIBHbIE H MHO20-
axaunbie norennuansl, (Taxue GYHKIHM, NPaBA4, YaCTO paccMaTpH-
BAKOTCA «NPAKTHKAM®» Kag narosorus!)

Jnn onpenesenus 20608020 CONPOTUBALHUS MOXKHO NOCTYRHDO-
Bath HaJaWuWe 3acroliHoi kuassareprod soHs  {chen, obnacTh
«mepTBofl BoAb») ¢ U = 0 mosanu mpenaTCTBHA, NPOCTHPAIOIErocs
o GecKOHEYHOCTH, KAK Ha pHC. 2, 6. Dra 30HA OTAeIeHA OT IVias-
HOTQ TeueHUs «CBOGOMHEBIMH JHHHSIME TOKa» C NOCTOSHHBIM JaBJje-
HHeM, npuHueM cKopocTh = VU usMmensiercs cxauxoolpasuo npH
mepexoie depes 3TH JHHHH. DTa Moxeas Gvier mayuewa B § 39

Teopuio noAbeMHOH CHAB B ABYMEPHOM TEUEHHH MOXKHO NOJY-
YHTh, BBOAN MHOTO3HAYHBH MOTeHUWAJ BUIA

U=+ Napt,+ex), (13)
fae
V=0 1 ¢(0=0(%)

re
3nece I' = § Al == § 2 ity dX) — UUPKYISIINA, ONPEASTCHHAS B

§ 4, npuuem wunTerpan Gepercs BOKPYr npenarcTBhs {npoduis
Kpuuiia).

Baons unen I'6/2r 8 dopmyay (13), MBI JKepTBYeM AETEPMHHH3-
MOM, TaK Kak npy »ToM 3aiaga Hefimana wa § 4 sameusercs 3a-
Aauen, KOTOpas He AB/IAETCH KOPPeKTHO mocrasaennoll. Hekoropyio
BUANMOCTL ACTEPMHHA3MA MOXHO enle COXPaHHTh, KOTAA KDPHJIO
HMEET OCTPYIO 3aJHIOI0 <KPOMKY» (HO He B ofmieM ciyuae). B stom
Clyuae sBAAETCA NPABAONUAOGHLIM NPEANONOKEHHE, 4TO «CKOPOCTh
KoHeuHa Ha 3aaxeil KpoMkes (yeaosue JKyKOBCKOro — YHanasiruna).
370 yeaoBHe BHAEANET ENUHCTBEHHOE 3HAYEHHe mupkyasuur ' #
T03BOMIET HAXOAUTh JN0GOBOE CONPOTHBJECHHE W NOXbLEMHVIO cany
cnenytomeii reopeme Kyrra — )Kykosckoro ([8], crp. 188).
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TeopeMa 2. B aobom nrockom teweruu suda (13) mor umeem
D=0u L =gpal, e0e a=|al.

B uactHoM cayuae I' = 0 MH nojiyuaeMm Kak cjeJcTBHe mapafoKc
Janambepa.

CraiHoHapHoe JIOKaJbHO Ge3BHXpeBOe MJIOCKOEe TedeHHe C Hup-
Kyasilueli MOXHO ONpele]HTh Kak «TeueHHe JKYKOBCKOro», ecii
ono ynosJeTBopsier ycioBuio JKykoeckoro. Teuenue )KykoBckoro
JAJ8 TJOCKOH N/NaCTHHKH CXeMaTHuecKd u3o6paxeHo Ha puc. 2, 6;
ko3 duunent nogbeMHofl cuant Cp = 2x sin @, rjie @ — yros arakH.
Teuenue JKYKOBCKOTO I/ 3agaHHOTO npoduist ¢ OCTPOH 3ajgHed
KPOMKOfl mpencrapiasier co60fi KOPPEKTHO IMOCTABJIEHHYIO KpaeBylo
sanauy. Ee pemeHue B uyacTHelx ciayuasax (mpoduab JKyKOBCKOro,
npobun, Kapmana — Tpeddrna # 1. I.) COCTABAAET OCHOBHYIO
raBy COBPEMEHHOH TEOPHHM KDBUIA; BIEPBHle OOGLIyI0 TeopHio (¢
npwiokeHusiMi) Haa Musec!). Ee crnpaselJIHBOCTL OCHOBHBAETCS
Ha CJefyiolleli TeopeMe UMCTOH MaTeMAaTHKH, KOTOpasi MO3BOJAET
HaM npeo6pasoBEIBaTH 3JeMeHTapHoe TeueHue JKykoBckoro (12a)
JUls eQHHUYHOTO KPyra B HecxKuMaeMmoe teuenHe JKykosckoro nas
IPOH3BOJILHOTO npodus.

OcHoBHas TeopeMa o KoHbpopMHOM oTo6Gpaxe-
HA U Hmeerca 00HG U TOABKO OOHA KOMNAECKCHOA QHAAUTUYECKAR
pynryus

w=f(z)=kz+?ckz"‘, k>0,

oTobpaNaAOWas 83aUMHO OOHO3HAYHO U KOH(pOPMHO 06a4aCTb BHE
e0UHUYHO020 KpYea HA 8HEWNHOCTL OaxHOl 00HOC8A3HOL obracTu.

B nocnexuee Bpems 9TOT pe3yabTaT Obli pacnpocTpaHeH Ha
«KBa3HKOHpOpPMHOe» oToGpaxenue (cM. mpuM. 2) Ha ctp. 26), Ko-
TOpOe COCTOHT B TOM, 4TO AAsl AaHHOro ynucia Maxa M < 1 umeercst
ONHO. H TOJILKO OIHO H03BYKOBoe obrekanue, no JKykosckomy, ans
mob6oro npoduas ¢ octpoit 3agHel KPOMKOH.

B canyuae xopomo o6TeKaeMHX npoguiel npu MaloMm yrie ata-
KH HefiCTBATEJbHBIE MOTOKH XOPOHIO ANNPOKCHMHPYIOTCA HAealb-
HuMy Tevenusamu JKykosckoro. Xors moJaarath, 4To Jo6GoBoe conpo-
THBJIGHHE PaBHO HYJIO, OUEBHIHO CBEPXONTHMHCTHUHO, TEeM He Me-
Hee MNOJAbLEMHAsi CHIA B JAeHCTBHTEJNLHOCTH CcoOCTaBaser 75—959Y,
pacueTHo#, a OTHOIIeHHe NOJbEeMHAad CHJa/NoGOBOe CONPOTHBJEHHE
MoXeT H0XoiuTb fo 50.

1) Mises R, Zeits. Flugt. Motorluftschiffahrt, 1817, ctp. 157—163 n 1926,
crp. 67—73 n 87—89. OTHOCHTesBHO aHanu3a (aKTHYECKHX AAHHHX cM. Ma-
sec P, Teopus nonera, M. WUJI, 1949. [dopmyna Ans ompelenends MOMeHTa
cwJi, NeficTBYIOINAX HA KPHAO, 6baa nodywena C. A. UanawiruueiM (cM. Uana s
run C, A, Cou, 7. 1, M—J1, 1933). — [Tpus. ped.)
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Onnaxo ycaosie )KyKoBCKOrO HHKOHM 0GPasoM He AaeT HaleX-
HOIT TEOPHN nubeMHOIT cuianl B obuiem ciaydae! Tak, B TpexmMepHOM
npocrpancrse o6aacTb BHe CaMoJieTa, OYeBHAHO, fIBAAETCA ONHO-
cBs3Hoit. CnegoBaTenbHO, MI060e J0KaAbHO Ge3BHXpeBOE TeuyeHuc B
NPOCTPAHCTBe AOMMKHO HMETh OAHO3HAUHLIA NOTEHUHas CKOPOCTed
U npu nynesoit noabemuoit cuie. Ecan 66 370 6blI0 AefiCTBHTENb-
HO TaK, noJieT Gblyl 6bl HEBO3MOXKEH,

Bonee yToHuyeHHEIM siBAsieTCs CAeAyiolHit napagoke Hnsorti !).
PaccMoTtpum Teuenne )KyKOBCKOro AJis MJAOCKO#H NAACTHHKH, cxeMa-
THYeCKH H306paxceHHoe Ha puc. 2,6. CornacHo Teopeme Kyrra —
JKyKoBCKOro, pesy/abTHpYIOLMAast cHAa AONAXKHA GuiTh HOPMAMbHOH
K NIOTOKY; MOCKOJLKY Ke AaBjeHHe BCIOAY HOPMAJbHO K MJIACTHHKeE,
3Ta CHJa AOMKHA OLITh HOPMAJBHOH K MJIAaCTHHKE — OueBiiHOe
nporuBopeure. Kak noxasan Uu3orTn, 3170 OOBACHAETCH COBCEM
MPOCTO: Ha 3a/HIOI0 KPOMKY AeiicTBYyeT KOHeYHas CHNA BCJACACTBHE
6eCKOHEUHOrO OTPHLATENBHOTO AaBJieHHA (II0ACOCA), 4YTO CBA3aHo,
yunthiBas Gopmyay (5), ¢ 6GeCKOHeYHLHIM 3HAa4YeHHEM CKOPOCTH B
stoit Touke. TakuM 06pa3oM, mapajioKC CBA3aH C TeM, 4TO Heco-
crositensHa runore3a (E) u3 § 1, n Moxer 6biTh Ha3BaH napa-
IOKCOM 0cO60iT TOUKH.

K coxanenuio, sxcnepuMexTasblible AaHHble He MOATBEPIKAAIOT
H3MeHEHHR MOABLEMHON CHJbl ¢ H3MeHeHMeM GOpPMbLI KPblJia, YKA3h!-
saemoro Teopueii JKykosckoro. Ml nonyuaem 3aecbh cJeAylOULHit
MapajfoKe yTOJNLUEHHA: TeopeTHeckH KO3 duuuent Cp, aonken Bo3-
pacraTth ¢ yToJilleHHeM KPblja; B AEHCTBHTENBHOCTH e 06buHO 0ol
y6biBaer ?).

§ 9. 3ddext Maruyca; aepusauus

Hrpokam B ronbg H TeHHHC M3BECTHO CTpeMJieHHe Bpaulaoule-
rocs MsAYa YK/IOHHTbCA OT CBoeil HOPMaAbHOI TPaeKTOPHH B Hampa-
BJIEHHH, B KOTOPOM BpallaeTCs ero nepeaHsAs 4acTb. DTO ABAeHIe
HasbiBaeTcst SPpdektom Marnyca. Coraacio Paneio ([12}, 1. I,
343—346), adppekT MarHyca oGbluHO OGDBACHAIOT KaUeCTBEHHO CJe-
aywowum obpasom.

JlokanbHas CKOPOCTb BO3AyXa OTHOCHTENbHO MS4a H3-3a ero
BpalueHus Gosblile ¢ TOH CTOPOHBI, Tfle BpatlleHHe HANPaBJIEHO Ha-
3aA, ueM Tam, rie oHo HanpasaeHo Bnepen (cM. puc. 3). Caenosa-
TeNbHO, no ypasueHuio Bepuyaau (3), nasiaexde ¢ 0AHOH CTOPOHBI

') Cm. Cisotti G, Rend. Accad. Lincei, 5 (1927), 16—21 u 7 (1928
I7—19 u 538—543; a 1akxke Pistolesi H., tam )Ke,) 12 (1930), 403—4l)lt
(9107 napasokc 6w n3secten ewe H. E. JKyKoBckOMY, KOTOPHE nan B cBa3n
C STHM OGbsCHeHWe ABAEHHA NofcackiBasowted cuav; cM. )X yKosckuir H. E.

NopAepxupalOmKX MaaHax THnA Auntyanerr, Tpyan oTA. ¢u3. Matewm. nay-mf
o-sa’motsnreneﬁ ectectsoskanusd, XV, oun. 2 (1911). — [Tpun. nepes.)

) Cm. (1], c1p. 252. — Mpus. nepes.



32 T'a. 1. Mapadokcer Hea23k020 Tederta

MeHblUE, H STO [J4eT PABHOAEHCTBYIOLLYIO B HaNmpaBJeHHH, COOTBET-
cTBYIOLleM HabilogaeMoMy.

Ha ocHoBauun naHnOro oGDbACHeHHs OueHb TPYAHO MOJYYHTD
KOJIMYECTBEHHBIl pe3y/abTar, TaK KaK y Hac HeT Kakoro-au6o onpe-
neneHHoro cnoco6a nJjs Toro, 4ToObl CBSI3aTh BpallleHHe C LUPKY-
JALKHeH — faxe B cayuae uuaueapa'!). Ilpawatap npeanpuHsa re-
POHYECKYIO NONBLITKY ONpPefesiHTb XOTd 6Bl MaKCHMyM NOLbEeMHOM
cHabl L, KOTOpHIH, KaK OH yTBepXAaJ, AGCTUrAeTcss TOrAa, KOraa
3HaueHHe UHPKYAAUHH oOnpeje/sieTcsl NPH YCJIOBHH, UTO HMeercs
OfHa-eJIHHCTBEHHasl KPHTHYECKas TOuKa 2).

OCHOBLIBasACh Ha 3TOM, OH HallleJl, YTO MaKCUMyM K03 dHIHEHTa
C. pasen 4w. Henasno 3to 3Hauenue Gbio npesbiimeno ®) — euwe

|

Puec. 3. 3dpdexr Marnyca.

oauH ¢axT, NOKa3biBAIOUIHA HEHALEKHOCTb HECTPOTHX PacCyK/AeHHil.

HecocrostensnocTs cyuectsyiomux o6bsicuenust sdppekta Mar-
Hyca eule Gosiee sIpKO MOKa3biBaeT cJaelyiolUHii napagokc spdekra
Marnyca.

I[Mapanokc sddexra Maruyca. lTpu mareix ckopoctax
8pAlL4eHUs HANPABACHUE OTKAOHEHUA 8 QeliCTBUTEAbHOCTU NPOTUBO-
NOAOKCHO TOMY, KOTOpoe Oaer obvacuenue Psres (u KoTopoe na-
6ar00anroce Maznycom) *).

Has Toro uTo6H O6BACHHTL 3TOT NMapajokc ddekTa Marnyca,
HYXHO, NO-BHANMOMY, YUeCTb TYPOYJNEHTHOCTb NOTPAHHUHOTO CJIOSI—

') Kak nokasano B § 8, 8 cayuae cepsl Mbl NpHXOZMM aaxe k Gosee ray-
GoKOMY NapajoKcy: BCAGNCTBHE OXHOCBA3HOCTH UMPKYJsuua I = 0.

?) Josoam Ilpanaras uszoxensi B ([3], § 27); pas UWJIHHApPA paaMyca ¢
NIPH OTHOCHTEJIBHOR NMOCTYNaTeAbHOR CKOPOCTH @ uupkyasuua I = 4 nca. [lo no-
BOAY Gojee MO3AHMX 3KCMEPHMEHTANbHBLIX AAHHBX cM. [50], § 239.

!) Swanson W. M, Final Report on Contract DA-33-019-ORD-1434, Case
Inst.  Technology, December 31, 1956. Ipu V =o0c=17a xosdpduuneur
Cr =147 u «npomonxan BoO3pacTaTh ¢ (OCTOAHHORA ckonpoctbios. Henasno,
Glauert M. B. (Proc. Roy. Soc. A242 (1957), 108—115) nonsepr BHBOA
TlpauaTas KpuTuKe, MCXOAR M3 TeopeTuecKnx coobpaxeHud.

Y) Cwm. (3], § 27 u 221I; SKCTEepUMEHTA. TbHble JaHHbe (B caydyae cepn) no-
ayuna Makkon. dauuwue, npusesentivie B (3], § 239, noxaswBawT, 4TO, NO-BHAK-
MOMY, @HaNOrHYHaA CHTYBUHA HMeeT MECTO W AJH UHJMHAPA.
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aBJeHHe, KOTOpOoe A0 CHX MOp He INO0A1aeTcsi MareMaTHYeCKoMy
HCCJIeOBaHHIO KaK KpaeBas 3ajaua. Takum o6pa3oM, npu J06om
KOPPEKTHOM HCTOJKOBAHHH DEA/LHOH MonepeyHol CHibl npH Mamilx
CKOPOCTAX BpallleHHs HAL/eXHT YUHTHIBaThb uyHcao Pefinonpjcal).

SIBaeHHe «AepHBAaUHH» aHaJOTHuHO 3¢ ¢exTy Marnyca. Aprtua-
NepucTaM yxe Gosiee CTa JieT H3BECTHO, YTO BpaILAOWHeCs CHAPAALI
HMEIOT TeHAEHUHIO OTKJOHSITHCA OT BEPTHKAJbHOH MJOCKOCTH, B KO-
TOpOii MPOH3BOAMTCSA CTpenb6a, U UTO TAKOe OTKJOHEeHHe MpPOHCXO-
JHT B HanpaBJeHHH BpauleHHs TOJOBKH cHapaaa. OaHako 3To #B-
JieHHe B TeYEHHe MHOTHX JIeT NOHHMAJOCh HeNPaBHJbHO 2).

Onuo HeBepHOoe O6DbACHeHHEe ObIIO NMPEMJNIONKEHO H3BECTHBLIM Ma-
teMatHkoM — [lyacconom. OH cunTan, 4TO BC/IEACTBHE HHEPLHH
OCb CHapsilla OTCTaeT OT HaNpaBJIeHHs KacaTe/bHOIl K TPaeKTOPHH,

- — — — ——

— —

- - —~ -
\0\’“‘;‘/ / ) \
e Cnapad
<
J a

Menowee dagnene
—— llanpassenue depusayuu

Bonvuwiee dasnenue 7]
Puc. 4. O6uacuenue sdderra Marnyca, no IMyaccony.

KaK CXeMaTHueCKH nokasaHo Ha puc. 4, a. CienoBarelbHo, Ha HIX-
Hell CTOpPOHe JOMXKHO co37aThCf OoJsibLiec NaB/eHHe, a 3HAYHT H
Goablee TpeHHe. B cooTBeTCTBHK C PHC. 4, 6 3TO JOMIKHO NMPHUBECTH
K OTKJOHEeHHIO B Ha6aogaeMom HanpaBiaedu. Oumin6oyHocth 06bsC-
Henus Tlyaccoda cTaHOBHTCA OUEBHIHOM, €C/1H NPHMEHHTH €ro K Bpa-
UIeHHI0 TEHHHCHOrO0 MAYa: NOJY4YuJ0Ch Obl HalNpaBJAeHHe OTKJOHe-
HHAA, NPOTHBONOJOXHOe O6biuROMY 3ddekTy Maruyca!
[NpaBuabHoe o6bscHeHue 3akjaioudercs B caeayiouweM. C no-
MOLUBIO KOMAHYECTBEHHOTO MCC/CAOBAHMA THPOCKOMHUYECKOH YCTOMYH-
BOCTH MOXHO YCTAaHOBHTb, 4TO YCTOHUYMBOE MO.10XKEHHe OCH CHapaia
(c npaBofi BHHTOBOM Hape3Koil) HAXOAITCA CIPaBa OT KacaTeabHOH
K TpaeKkTopuM, a He Bhllle ee, KaK 3TO yTBepxkaaa [lyaccon. Takum
o6pa3zowm. NepPHBaUHA CHAPAAA BbI3bIBZETCA TNaBHbIM 06pas3oM He-

1) Cu. Krahn E., J. Aer. Sci,, 23 (1956, 377—378.
%) Wurepeckuit uctopudeckuit o63op aaw n[5], ra. X.
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NOCPeACTBEHHO a3POAHHAMHYUECKOil MONMepeyHoil CHIOH H JHIlb KOC-
BEHHO — BPaLIEHHEM.

370 ONATH-TAKH NMOKa3biBaeT HEHANEKHOCTb KaYeCTBEHHbIX CO06-
paxennit. BepoATHOCTb TOro, uTO CiAyuailHOe OGBACHEHUE OKaXKeTcs
npaBUJbHLIM, paBHa 50%!1

§ 10. Boanosoe fnoGoBoe conmpoTHBAeHHEe TOHKHX KpPbliben

[Mapanokc Hanam6epa Heab3si pacnpocTPaHUTb Ha CBEPX3BYKO-
BOe TeyeHHe: fa)Ke 6e3 yuera BAI3KOCTH MaTeMaTHuecKHe coobpaxe-
HHS NPHBOJASAT K CYLIECTBOBAHHIO NOJOXHTENbHOrO J060BOr0 CONpo-
THBJNeHHA. BBuay napagokca o6paTHMMOCTH 3TO BO3MOMKHO TOJbLKO
NMOTOMY, YTO KpaeBas 3ajauya (AJsf CTAUHOHADHOro ABHXKEHHA), of-
penensieMasi ypaBHeHHsAMH ODiJepa, He fBJASETCS KOPPEKTHOH. Mbi
foKaxeM cefldac 3TO, HauaB C PacCMOTPEHMS JHHEAPH30BAHHOrO
CBEPX3BYKOBOTO TEYEHHS (TEOPHHA «TOHKOTO KphbiJia»).

PaccMoTpuM ceMelCTBO He3aBHCHMBIX OT BPEMEHH CIKHMaeMbIX
TeUeHHH, 3aBHCALIHX OT mapaMerpa 3 — TOJLIUHBl KPblad. Mbl npej-
rnonaraem (runotesa (E) u3 § 1), uTo noteHuuan ckopocTH MOMKHO
3anucath B BHJE

U=ax+3d(x, y, 2)+0(3. (14)

[loacraBassa ero B ¢opMmyay(10) u nenas ob6biuHble B TEOPHH BO3-
MYLIEHHE AONYLIeHUs, Mbl monyyaem ') npu 3 — 0

M —1)o,,=9,,+%, M=a/. (14*)

flcno, uto caywasM Ao3BykoBoro TteueHuss (M < 1), 3BykoBoro
Teyeuus (M = 1) u cBepx3sykoBoro Teuenus (M > 1) oTBeyaroT
ypaBHEeHHst B YacCTHbIX MNPOH3BOAHBIX COOTBETCTBEHHO 3JJMMNTHYe-
ckoro, napa6Gosnyeckoro H runep6osanueckoro THNOB?), 3Tto mpoc-
TOE 3aMeyaHHe yxe yKa3blBaeT Ha TO, YTO KpaeBasi 3alaya KOpPeKT-
HO 1OCTaBJeHa JHUIL B JO3BYKOBOM Cayuae.

B cayuae naockoro teuenus ¢ = ¢{x, y) eite co sBpemen Jlanam-
Gepa H3BecTHO, uto obuiee pellleHHe ypaBHeHHs (14*) umeer Bup

o=Flx— VM —1y)+G(x+ VM —Ty) (15)
rae F(r) u G(s) — npou3BobHbie QYHKIHH.

1y Cm. [6], § 141 uan [10], cTp. 245. Bosee noapo6Hoe onucaHne MpHJI0KEHHT
cM. B [10], rn. VIII

?) 3to BepHO Take H 6e3 AUHEaPH3aLUHH, HO B TakoM cayyae M Gyzer sa-
BHCeTb OT KOOpAMHAT. CnenoBaTeNbHO, BO3MOXHBI TPAHC3BYKOBHIE NOTOKH W cO-
OTBETCTBYIOIHe HM RHb¢epeHuHaNbHble YPABHEHHS CMELIAHHOTO THNA (SANUNTH-
YecKHe B OJHHX 06JacTAX M runeplonnuyecKHe B APYTHX), KaK Noka3aHo B § 6.
[CMemanHpM TeweHusM nocBslleHa OGLWIMPHAs JHTePaTypa; CM., Hanpumep, [7*]
u [8*]. — lTpum. ped.]
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Jlas Toro uTo6bl onpeaeauts F(r) n G(S), HyXKHO HCNOMbL30BATD
ycnoBHe (7), KOTopoe npH CTALHOHAPHOM TEYEHHH CBOAMTCH K pa-

BEHCTBY - - = 0 uan

F=ar' ) (15")

AJSl «TOHKOTO Kpblja», OrpaHHYEHHOro KpHBOH ¥ = n(x). Mnl 3ame-
HHJAH B (ISI)W Ha 9y NpeAnoJOXHB, YTO TaHTeHC YrJja HakJo-

Ha 1/(x) € 1. [eiicTBuTeNbHO, Takasi runoresa (WJId, BepHee,
n'(x) € M) daBasieTcs OCHOBHbIM JONyIlleHHEM TeOPHH TOHKOrO
Kphlja.

Yro6bl H36exaTh Napanokca o6paTHMOCTH H NMOJYYHTb KOPPEKT-
HO NOCTaBJeHHYyIO 3ajayy, Heo6xoaumo cucremy (15), (15°) nonoas-
HHTb HEKOTOPO#H J06aBOYHOH rHUMOTE30l Heo6parumocTu, BhIpaxKaio-
Llefi HHTYMTHBHO OuYeBHAHBIH (u3HueckHH $aKT, 4YTO «BOJIHBI CKAaThl-
BaIOTCs BHH3 NO TeueHHio», Ecad Mbl pacnonoXuM TOHKOE KPBIJIO
BJOJIb OCH X, TO NMOCJEIHION THNOTE3y MOXHO 3anHcaTh B CJeNylo-
1ueM BHuje:

Flx—VMZ—1y), ecin y <0,
Gx+VMZI—Ty), ecan y >0.

C yuetoM pe3yabTaTa NMOACTAaHOBKH B ypaBHeHHe Bepuynnu (5)
Halla CHCTEMA YPaBHEeHHH MNO3BOJIeT 3aK/H0YHTh O CYLLECTBOBAHHH
804108020 Oa8ieHuA, KOTOPOe, B NPHGAHIKEHHH TEOPHH BO3Mylie-
HHH, noayuaetcs B BHAE P = pa’n’(X) Ha BepXHell NOBEPXHOCTH
Kpuina y = 7(x) u B BHAe p = pa’n’(x) Ha HHXKHeHi NOBEPXHOCTH
Kpe1a y = 1(x). Onpenenus npoioNbHYIO COCTABASIOUIYIO daBle-
HHA M BHINOJIHHB HHTErPHPOBaHHE, MLl MNOJY4YHM AJs J06OBOro

¢ (x,y)= (15%)

conporuBaenus D= §p dy BbipaxeHue
D=a [ (1 dn+7 dn)=pa [ [ +7'ldx,  (16)

TXe HHTerpan Gepetcs No AJUHE KPblaa.

Jlas 10cTaToOMHO MasbIX YrAIOB HAKJAOHA NpHBeAeHHble GOPMYJIbI
BMOJIHE XOpOWo cornacyiores ¢ sxkcnepumentoM ([10], crp. 346, 350)
H, OUEBHIHO, NAIOT NMOJIOKHTEJILHOE CBEPX3BYKOBOE «BOJIHOBOE J1060-
Boe conpoTuieHHe». JI0GONMBITHO, YTO OHM COIMIACYIOTCS C OQUEHb
CTapoil KBa3H3MIHPHYECKOH ¢dopmynoit Jitnepa, B KOTOPYIO BXOIHT

YHHBEPCANIbHEIA MOCTOSIHHBIH MHOMXUTeAD, onpeensi€MBdl, no npea-
TIOJIOXKEHHIO, IKCTIePHMEHTAJNbHO n.

]
) OTHocutenbho NpHMeHeHHA K Gaaanctuveckiy 3ajauam cM. [5), § 12—16.
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§ 11. ToHKkHe Teaa BpatueHHs

C/IHUIKOM CNOXHO pacCMaTpHBATh 3/1eCh NPHMeHeHHe YPaBHEHHSA
(14*) Ilpanatas — I'aayspra K CBepX3BYKOBOMY 0O6TeKaHHI0O TaK
Ha3biBaeMBIX «TOHKHX», HJAH <YAJHHEHHHLIX» Tel NPOH3BOJLHOM
¢opMmul ). Mu TOJNLKO NpHBEJEM HECKOJbKO NPHMEpPOB, HAMIOCTPH-
pylOUIHX OGLUHH Te3HC O TOM, YTO €CAH Pe3yJbTaThl He MOJYYeHbl
MaTeMaTHYeCKH M (H3HUECKH CTPOFO, TO HM TNPHCYIa TEHAEHLHA
CTAHOBHTBbCH HEHAAEXKHBIMH.

OTHOCHTENIBHO MPOCTYIO 3aRauy npeicraBaser coboit ocesoe 06-
TEeKaHHe TBEpPALIX Tes BpallleHHs (apTHiJepuiickHe cHapsaan Ge3
poickanua). Kapmau u Myp ?) nepBoiMM NpHIUJAH K BBIBOAY, 4TO Ha-
JIiuHe BOJIHOBOTO JI0GOBOrO COMPOTHBJEHHS BbI3bIBaeT Pe3kHii pocT
CONPOTHBJIEHHAI NMPH ABHXXEHHH TOHKOTO CHapsad, Koria M =1, |
OUEHHAH 3TO BO3pacTaHHe CONDOTHB/EHHA Ha OCHOBe YNPOLIEHHH,
ykasaunnix B § 10. Bosnee yem yepe3 10 ner Konan pacnpoctpanun
3TOT BBIBOA Ha CHApPSAH ¢ PHCKaHHEM H MOKa3aJj, YTO ynpouleHHas
TEOPHS MPHBOAHT K pPAAY owHOG0uYHLIX 3aKmioueHHit 3). B vyacTHOCTH,
B C/yuyae KOHYCOB NMOJ YIJIOM aTakH MOmepeuHas CHAa, NOACYHTAH-
Has no ¢opMynam u3 § 10, y6uBaer ¢ Bo3pacrandeM M, B To Bpe-
Ms KaK NpaBHJIbHOe NPHOJH)KEHHE MO TEOPHW BO3MYUIEHHA [aeT ee
yseauuenue (napagoxc Konana).

B nacrosuwee Bpems npusuao (cM. npuMm. 1) Ha atoit cTp.),
YTO NMPOCTAaA NHHEApH30BAHHAA TeOpHHA, npuBeideHHasa B § 10, naxe
AN TOHKHX TeJ NPUBOAHUT X HeNpaBHJALHOMY 3HAUeHHIO CHAH. B cay-
yae o6TeKaHHA CBEpPX3BYKOBHIM NMOTOKOM TOHKHX TeJ BpallleHHs,
KBaJipaTH4Hble YieHb B ypaBHeHHH BepHyaau npu noacuere pasJe-
HHA OyAyT TOro xe MOPAAKA BEJNHYHHH, YTO H JHHEAHH ujaeH*).

Jlns HeKOTOPHIX YaCTHHX NPHJOMXKEHHA NpPoCThie JHHEaPH30BaH-
Hule ypaBHeHHsl H3 § 10 HY)KHO BUAOM3MEHATH TEM HJH HHHM Cho-
co6om ®), Tak, AN KphUIbEB KOHEYHOTo pa3Maxa Moj YrJOM aTakH
HYXHO paccMaTpuBaTh cGeraiplllHe BHXpeBble caou. Kpome Toro,

'} Cu. Ward G. N, Linearized theory of steady high-speed flow, Cam-
bridge Univ. Press, 1955.

) Trans. Am. Soc. Mech. Eng., 54 ?932). 303—310. OTtHOCHTesILHO COBpe-
MeHHOR «inneapx3oranHofi> Teopuu cm. {IC], § 83; unu [15), ra. VIII, § 15.

) Kopal Z, Phys. Rev., 71 (1947), 474; [10], ctp. 377; nonpoGuee — Tables
of supersonic flow around yawing cones, Mass. Inst. Technology (1947),
ocofeno ctp. XVI, XVIL. Sxcnepumentanbune pannsie npupoaatr Holt M. ®
Blackie J, J. Aer. Sci., 23 (1956), 931—936.

4) Tlo-suaumony, BnepBuie 370 mokasaa Lighthill M. J., Reps. Mem.
Aer. Res. Comm.,” 2003 (1945); cM. taxxe Broderick J. B, Q/IMAM, 2
(1949), 98—120 u [10], c1p. 307.

8) Ursell F. and Ward G. N, Q/IMAM, 3 (1950), 326—348; Gold-
stein S, Proc. Int. Math. Congress, Cambridge, 1950, t. 2, oco6ennn
crp. 288—289; Adams M. C, Sears W. R, /. Aer. Sci,, 20 (1953), 85—98.
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B cJyyae 3aKpDYrJeHHBHIX TeJl BpalleHHs, TAKHX KaK chepa, nHHea-
pH3OBaHHasi KpaeBas 3ajaua, OnpefeJseMas TMOCPEICTBOM YpaB-
Henuil (14*) n (157), naer HecylwecTByIOUlHe 0COGEHHOCTH B KPHTH-
YeCKHX TOUKax (T. e. Ha ocu cuMmeTpHu). Ho caMplil cynlecTBeHHbIH
nedeKT TEODHH «TOHKOrO Kpblla» 3aK/Ii04aeTcs B TOM, YTO OHA HE
B COCTOSIHMM INpeiCKa3aTh CyLIeCTBOBaHHe YOApHbLX BOAH.

Ynapubie BoJHBI JIerKo HaG/10AaI0TCH B BHIE YETKHX JUHHUH HA
MrHOBeHHbIX (otorpadusix ABHKEHHS CHapsiloB, TAKHX, KaK CHH-
MOK, H306pa)keHHbli Ha ¢poHTHCHCe. B cayyae KOHycoB H ApYrHux
OCTPOKOHEUHBIX Tesl NPH HLOCTaTOUHO GoibwiMx unciaax Maxa 3TH
BOJIHBI «IPHCOEJHHEHBI» K BepllHHe NMOAOGHO XapaKTepHCTHKAM pe-
LIeHHH JHHeAHblX runepGonuyeckux IAHOepeHUHANbHBIX YpaBHe-
nuii. B Ipyrux ke CIyyasXx OHH «OTXOAAT» OT BepIUHHbI H OKa3bl-
BalOTCA NPH 3TOM BIEPeAM CHapsjia — TaM, rie fo JHHeapH30BaH-
HOf TeOpHH He NOJIXKHO OLITb HHKAKOro BO3MYLIEHHA.

§ 12. Mapanokc IpHwoy

[NonsiTHE «yZApHOH BOJIHBI» MOXHO TaKie BbIBECTH TeOpeTHYe-
CKH, OTNPaBJsisiCh OT NPOCTOro Napajgokca, KOTOPbHIM Mbl 00sf3aHbl
Spuuoy !). Haw opran cayxa CBHAETENbCTBYET, YTO 3BYK MPOXO-
auT GoJiblliMe PAcCTOSIHHA MOYTH 6e3 HCKa)KeHHil M ¢ MOCTOSIHHOM
CKOPOCTBIO, 3aBMCslUeidl OT TeMnepaTypsl BO3AyXa. JTOT ONBITHHH
(akr menaer npaBaonofo6GHBIM NPEANOJNOKEHHE, UTO MJIOCKHe 3BY-
KOBble BOJIHBI PacnpoCTpPaHSIOTCS B MA€AJbHOM HEBSI3KOM rase, He
HCKaxkasicb W He 3atyxas. OJHaKo 3TO He Tak, UTO N0Ka3biBaeT na-
panokc dpHuWoy.

ITapanokce dpuwoy. [Ipu aduabaruueckux KoaebAHUAX
2a3a nAOCKUE 38YKOBbLE CTAYUOHAPHbLE BOAHbL KOKEYHOU aMniuTydbt
MATeMATUYECKU HEeBO3MONCHDL.

Hokxasareasbcrtso. [lpeanonoxum, uto ¢opMa 3BYKOBBIX
BOJIH HEH3MEHHA M 4YTO BOJIHBI PAaclMpOCTPAHAIOTCA C TMOCTOSTHHOH
CKOPOCTbIO, HOPMaJbHOH K BOMHOBOMY ¢poHTy. Toraa, ecau Mul me-
pefireM K ocsM KOOpAMHAT, ABHXKYLUHMCS BMECTe C BOJIHAMH, TO
YBHIOHM, 4TO ABHIKEHHE XKHIKOCTH He TOJbKO OJHOMEPHO, HO H CTa-
Yuonapro. BriGpaB B KayecTBe HampaBJieHHs [ABHXKEHHS OCb X, Mbl
MoXxeM Hanucath p = p{X), # = u(x) u T. A, n (6Ge3 yuera CHJbI
TAXecTH) ypaBHeHue BepHynuau (8) cenercs k suay udu + dpfp = 0.

pome Toro, ypaBHenHe HepaspeiBHOCTH (1) nepeiljer B paBeHCTBO

" Earnshaw S. Phil. Trans. 150 (1860), 133—148; cm. Takxe Sto-
l2(es. Phil. Mag., 33 (1848), 349; Rankine W. J. M.. Phil. Trans., 160 (1870),
[67]7:§[152l], T. 5, 573 (wau Proc. Roy. Soc., A84 (1910°, 274—284); [7], § 283;
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pu = const = C, unn u = Cfp. TloacTtaBnas 310 B mpeablayiiee co-

OTHOLIIeHHe, NoJlyyaeM ypaBHeHHe
2 c2d
__E_()_;il+ti"_p=0’ Han dp = e,

92

(17)

CaenoBaTeqbHO, NONOGHOE BOJHOBOE [BHXKEHHE BO3MOMKHO TOJb-
KO B cJyuae, eCH KHUAKOCTb yAOBJNETBOPSET ypaBHEHHIO COCTOSIHHA
(3) uacTtHOro BHAA:
. C? .
P=po— - (18)
Ho Ham He M3BecTeH HM OOHH ras, AJs KoToporo ajHaGaTHue-
cKoe !) ypaBHEHHe COCTOSIHHA UMeso Gbi TaKOH BHI.

§ 13. Bo3HHKHOBeHHE yAapHOH BOJIHBI

Kak u MHorue apyrue napajoKchl, Mapaiokc DPHIUIOY COAEPHKHT
B cefe 3epHO cyllecTBeHHOH HCTURBL [Ipn GoJee TLIATENILHOM HC-
cJ1elOBaHHH COOTBETCTBYIOLIMX YPaBHEHHH MOXHO YCTaHOBHTb, 4TO
IJs aaHabaTHYeCKOro TeueHHsl ra3a OGoJsiee TNJOTHLIE YACTH BOJHEI
KOHEeYHOH aMMJHTY/bl HAaroHAIOT MeHee MJOTHbiE U B KOHEYHOM cue-
Te neperoHsioT ux. [lokasmBaeTcs 3710 cieayoluM o6pasom.

[Tyets a o6o3nauaer BCIO Maccy XUIAKOCTH CJeBa OT JQaHHOM
TOYKH, TaK uto x(a@, t) npeactasaser co6oi MOJOXEHHe YyacTHUH a

x o 1
B MOMEHT BpeMeHH [, a —— eCTb yle/bHbH 06bem o =—P—.-Torna

D/Dt w3 § 3 3aMensercst Ha (0/0f)q, (0x/0f)q = u n (92x/0f2), ecTs
cy6CTaHUHOHANbHOE YCKOPEHHe; 3echb HHAEKC @ 03Hauaer, YTo Be-
NMYHHA 4@ OCTaeTCA NOCTOSHHOH. YpaBHeHHe HepaspuiBHOCTH (17)
YAOBJIETBOPSIETCSA aBTOMATHYECKH, NOcKoabKy Dp/Dt = —p?02x/0¢ da
H divu = po%x/da d¢t. Kpome TOro, MOXKHO HCIOJIb30BaTh ypPaBHEHHE

cocTosiHua (3), Ans TOro utoObl HCKJIUYHTb P IOCPEACTBOM COOT-
HOHIeHHsA

-1 (1 0
p=nh I(T)ZH(O): 0—:. (19)
~ Cu1ep0BaTe/IbHO, €C/M He YUHTHIBATL CHIY TSXKECTH, TO GOPMyJbl
(1)—(3) 3kBHBaNEHTHBI ypaBHEHHIO

0%x dx 0%x
o =—H 55z (20)

l) ﬂeﬁCTBHTC.ﬂbHO, €CJIH NPHHATH 18 , TO MOJYYHM d? /dp’<0, 4TQ NpPOTH-
Y
BOpPEYHT BTOPOMY Hauany TepMOAHHAMHKH,
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[Myaccon OTKPBIA BaXKHbIil Kjaacc peuleiinit ypasuenns (20), 3a-
AaBaeMuil ¢opMyJoii
u==G(x—(+u¢e), (20*)

rae G(r) — npou3BonbHAA GYHKUHS. DTH pewleHHst GbliM HA3BAHbI
npocroimu BonHamu ([6]. cTp. 92); oum xapakTepusyiorcs cBoil-
g

CTBOM: U = fc(c)dolc, rae ¢ = dp/dp = —c%dp/de ectb KBagpat
Y .

CKOPOCTH 3BYKa, KOTOpas fABAAeTCs QyHKlUHeH yleabHoro obpema o.

Kak nokasan Apamap, Jaw6as naockas BoJHA, TOJbKO ¢ OJHOH

CTOPOHH BCTynamioulasi B XHAKYIO cpely (OObIUHYIO XKHIAKOCTb WJH

ras), B HauaJbHbLIi MOMEHT HAXOASILYIOCH B COCTOSIHHH MOKOS, A0J1-

JKHa GHTh NPOCTOH BOJIHOM.

Tax kak u=fc(c) ds/s, To popmyna (20%) naer pyHKUHOHAND-
HOEe COOTHOLLEHHE MEXAY 4 H o, a CJeJOBaTe/NbHO, H MeX1y U H C.
Henas cuosa noacranosky B (20*), npu p = kp' (y > 1), aerko no-
Ka3aTb, yTo 6oJiee NMJOTHble YaCTH rasa HAroHAIOT MeHee MJOTHbIE
([6], cTp. 96), mpHueM c mocTOosAHHOK cKopocThio. Clel0BaTeNbHO,
B TeYyeHHe KOHEYHOro NPOMEXYTKa BPeMeHH HeH36eXHO BO3HHKaeT

paspvis NAOTHOCTU KWK «yLapHas BOJIHA®, YTO HAXOJIUTCH B CaMOM
ABHOM NPOTHBOPeYHH ¢ runote3ol (E) us § 1.

§ 14. TepMoauHAMHKA HEBA3KHX XHAKOCTEN

s Toro yTo6bl O6BACHATD ABACHHE yaapHoil BOHbI, HEOOXO4H-
MO NpHBJIEYb HEKOTOpble BaXKHble TePMOLHHAMHYECKHE NOHATHS !);
ONHHX MEXaHHYECKHX KOHUENUHWH ANs 3TOro HegocratoyHo. Tak, Ha-
NpHMep, HeOGXOAMMO paccMaTpHBaTL BHYTPEHHION 3Hepauto WKHI-
koctd E(p, T) maxe Torna, Koraa ee MOXHO MCKIIOYUHTb H3 OKOH-
YaTeJbHHX YPaBHEHHMH, KaK B cJyuae aaHaGaTHUECKOrO TeYEHHs.

4 BeJIHUHHA BXOJIMT B 3aKOH COXPaHeHHS SHEPTUH COrNAacHO (op-
MyJae .

dQ=dE +padV. @1)

3necs pdV ects audpdepenunan paGoThl NpH OTCYTCTBHH BHELIHHX
chL.

Cogepuiennoid 2a3 MOXHO ONpefeNHTb MOCPEACTBOM yPaBHeHUR
Sitnepa, TEPMOAHHAMHUUECKOTO yPABHEHHS COCTOSHHA p = pRT, rae

2npenocxozmoe M30KenHe TePMOAHHAMMKN CKHMACMLIX KHAKOCTEN CM.
B [10] ww Jiuamau . B, Powko A, Daementn rasosoi AWHamuku, M.,
WJ), 1960. (Ha pycckom #3.: 3eabnosuu 5. b, Teopun ynaphux BoJH
Y BBeAeHue B rasommsamuky, M. w3z, AH CCCP, 1946; 3ayap P., Bseaenne
B rasonyio awsamuxy, M, [octexusnar, 1947. — fpus, aepes.)
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R — razosas nocrosiHuas, ¥ GOpMyJbl A8 BHyTPenHel sHeprun E =
= CyT, rie Cy — eile OJHa nocTosiHuas (yIaelbHas TEIJIOEMKOCTH
npu nocrosHHOM obbeme).

Hns usorepmuueckozo tewenus T = const M M3 COOTHOUIEHMS
p = pRT caenyer ¢popmyna (3a) npu t= 1. B cayuae aduabaruue-
CKO20 TeYeHHS NPEANOJATAETCS, 4TO TEIJIOTa MePeHOCHTCH TOABKO
MOCPEACTBOM KOHBEKIHH (HEeT HM TelJIONPOBOAHOCTH, HH H3Jyye-
Hua); npu sToM uMeeM dQ = 0 B dopmyne (21). Hdas eaunuunoi

MaccH (’raK aro V w}-) umeeM torsa pV =RT u E = CyT =

= (Cy/R)pV. Torpa dopmyna (21) naer B pesysabrare ypaBHeHHE
O0=dE~+pdV=(Cy/R)Vdp+(1+Cy/R)pdV.

TMonaras = (R 4+ Cvy)/Cy, nonyuaem . cooTHOmeHHe dp/p =
= —vdV/V = 1dp/p, H3 KOTOpOroc CJefyeT «NONUTPONHOE» ypaBHE-
mue cocrosuus (3a) :p = kpv. ‘ ‘

Cosepuiennyro #UGKOCT6 MOKHO OIPESENHTb MOCPENCTBOM ypaB-
HeHHNl Disepa M ycJIOBHA HecxkHMaeMmocTh V= const (ypasme-

uue (36)).
VpasuenuasPsuruna—Tworonno.

Hcnonpaya 3akoHsl COXDAHEHHS Macchi, KOJAHYECTBA HBHNKEHHS -
H DHEPIruH, MOXHO TaKiKe HafTH COOTHOHIEHHE MEXAY 3HAYEHHSIMM
IaBJIeHHs, IVIOTHOCTH H TeMIepaTypul pi, pi, 11 MEpej yAapHOH BOJ-
HOH W 3HAYEHHSMH TeX e BeJHUHH Py, p2, I 33 YAAPHOI BOJHOM.
Hanpumep, Ans COBePIIEHHOrO ras3a 9TH BeJIHYHHBL 33BHCHT TOABKO.
OT OJHOTO NapaMeTpa — OTHOLIEHHs JaBjeHHH P = ps/p; nam un-
rencusrocry ckadka P — 1. Torpe nomyumm ([10], crp. 30) ene-
AyIollize PaBeHCTBA:
P2 PEE ge=dl
T BEEaN
1
C“‘»‘:‘cl[‘l+ (T—H)Q(Pwl‘)]’i__
1
Tapanokc o6GpaTHMOCTH, B CHAY KOTOPOTO MOXHO Obiio 6n
MOMEeHATb MecTaMu HuJexchl | ¥ 2 B npeamecTByOwux GopMynax |
npunsats P <1, MoXHo n3bexaTb, ecyiH NPHBJEL BTOpPOe HAUYaJ0
tepmoaunamuki. (B § 13 npununn, cornacHo kotopomy Gosee mioT-
‘mble yacty 0apOTPONHLIX TeueHHH HArOHAIOT MeHee NJIOTHHE, NpH-
BOAHT K TaKOMY IKe 3aK/JIOYeHHI0. JT0. CIefyer M3 HePaBEeHCTBA.
¥ ="(R 4+ Cy)/Cy > 1, xOTOPOE B CBOIO OYEPElbh CJIEAYET H3 MOJO-
HHTENbHOCTH BeMHUHH R 1 Cy B CHJy H3HuecKux coofpamennil.)
CoorrollleHus 1JIS1 KOCHIX YAaPHBIX BOJH MOMKHO JIETKO BHIBECTH

U3 COOTHOWIEHHH JJIS HODMAa/bHEIX CKAuKOB YIVIOTHEHHS; HCHOJk-
sys nojpwxube ocu (§ 67). R
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§ 15. Bypynn u Gopul

Mexay AauHHBIME 6e38uxpeseimy TPABHTAUHOHHLIMH BOJHAMH
B JKMAKOCTH MOCTOSHHOM MaJjoil r1yOHHBI M BOJHAMU CXKaTHg B
aguabGaTHYECKOM rase npH { = 2 cyllecTByer 3aMeuaTesibHas aHa-
sorus. JINHHHbIE TPaBHTALMOHHBIE BOJIHBI GECKOHEUHO MaJsol amn-

JUTYBl PAaCNPOCTPAHSAIOTCS C MOCTOSAHHOA CKOPOCTBIO € = V gh 6Ges
H3MeHeHHs cBoeli (GopMbl, COBCeM KaK MpH JIHHEaPH30BAHHOM MNpH-
6auxennd csepx3Bykosoro teuenus B § 10. [linHHble rPaBHTALHOH-
Hble BOJIHBI KOHe4HOU aMIUIKTYAbl PacnpoCTPAaHAIOTCH CO CKOPOCTLIO
V gh, xoTopas BO3pacTaeT ¢ yBeJHYEHHEM MECTHOM BBICOTBI BOJIHBI.
CnenoBatenbHo, rpeGeHb BCAKOH MJIHHHOH BOJIHbI Ha MEJNKOBOAbE
HaroHsieT BnajHHy TakK, KaK 3To onucaHo B § 13. Hakaon ¢poura
BOJIHBI NOCTENEHHO CTaHOBHUTCH BCE Kpyue, NMOKa OH He CTaHeTr Bep-
THKa/JbHBHIM, ¥ BOJIHA, HaKOHel, «0OpyLIMBAaeTcA» NoL COOCTBEHHOH
TAKECTBIO.

Panefi!) wucnonp3oBan 3Ty aHa/doOTHIO, 4TOObl KaveCTBEHHO
O6DBSICHHUTL NpeBpallleHHe B «GOpLI» NPUJAWBHLIX BOJIH NPH HX pac-
npocTpaHeHHH B ycTbsiX pek. [logo6GHble «Gopbly noJayuanTCs ualle
BCEro B IMOCTENEHHO CYXAIQIIUXCS YCTbAX CO CTYNEHYATbIM JHOM:
OTHOCHTEJIbHA BBLICOTZ NPHUJHBHBIX BOJH YBEJHYHBAETCSl BCJEN-
CTBHE MNOJyHalolledcss KOHUEHTPAUHH BCEH 3HEPTHH BOJHBI B MeHb-
meM MoMepeyHoM CeueHHH M Ha MeHbIUled [JMHe BOJHHI [paBHOI

npoussegenHio (12 yacos) Vgh].

Hosoro MarematHueckoro ycnexa yaanoch n06uThcst Gaarogaps
3ameyanu0 PsaGymunckoro (cM. mpuM. 1) Ha 3Toil cTp.), KOTOpHIit
ykasaJ, uto ¢opmyna ¢ =V g(h + y), rae y — AokanbHas BbICOTA
BOJIHH, COOTBETCTBYeT BHIGOPY 7 = 2 B cooTHowenHu (3a). Bckope
mocne storo Ixepdpu (cm. npum. 1) Ha 3710l CTP.) NpHMEHHN
HACI0, aHANOTHYHYl0 ulee Pajes npu ucclesoBaHHH paspylIeHHs
BOJH Ha OTJAOrux otMensax. Ilo Mepe TOro Kak BOJHBI NEpexoAsT
Ha MEJKOBOAbE, HX CKOPOCTb yMeHbinaercsi. M3-3a sToro sHeprus
BOJIHH COCpPefoTOYHBAeTcs Ha Gojiee KOPOTKOM YuacTKe, 4TO elle
Gosblue yBeJHYHBAeT BHICOTY BOJHEI M ee KpyTu3ny. Ecam ormens
AOCTAaTOYHO nOJIOra, rpeGeHb BOJMHEI CHOBA MONajgaer BO BIAAHHY,
o6pasys «6ypyH» npu6os.

CTokep ?) M Apyrse aBTOPHI MHITAJHCh OGBICHATH KOIHYECTBEHHO
o6pa3oBaine «GypyHOB» u «60pOB» NpH NOMOWIM BHIENPHBEIEH-

1) Proc. Roy. Soc., A%0 (1914), 324--328; (7], ctp. 175—177, 182
g eisr; bouchi Irll s% D., Com,étes Rendus, 195 (1932‘)), 988—989; [6], 'cﬁé‘.'a?_"%e
AbTaTH XKe H CM. i i i
bl 2)15(‘;1—159. p ornish V., Ocean Waves, Cambridge, 1934,
Toxkep Jx. Boaun Ha soge, M., UJI., | 7 -
sezeimey Ok npu'reparypa. ae, M., 2 1959, ra1. 10, § 7, § 10 u npa
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HBIX cOOOpaKeHHHA. ITO 3HAUHT, UYTO OHH NBITAJHCHL paccMaTpPHBATh
3TH fIBAEHHA B PaMKax PalHOHANbHOH THAPOJAHHAMHKH Jlarpanxka.
OnHaKO npeacTaBAseTCS COMHHMTEJbHBIM, YTO [BHXKEHHe XHAKOCTH
B NeACTBUTENbHOM nNpuGoe H B NMPHIAHBHLIX BOJNIHAX fABJAseTca Ge3-
BHXPEBHM HACTOJNbKO, 4TOOLI Takas MoJAeJb Obljia pPeaNHCTHYHOH.
B HacrosilleM npnGoe # B HACTOAWHMX NPWIHBHBIX BOJHAaX BCerja
HMeeTCSi 3HAYHTE/NbHAsg 3aBHXPEHHOCTb K3-3a OTKATHBAHHA mpej-
IIECTBYIOIHX BOJH («NOAMBIB»), H3-3a TeueHHs BceH Macchl
MHAKOCTH H T. 1. H, BO3MOXHO, H3-3a «paccjoeHusi» (CTpaTHHKa-
1MH), BHI3LIBAEMOrO HaJHYHeM B3BelleHHOro necka. BeaexcrBue
3TOr0 peajibHble GYPYHB MOTYT HBIPSTb», «I€PEKATHBIBATHCHA® HJH
«pacnieckuBaTbCsi®, a peajbHHe GOpbl MOTYT NMPOABHraThCs 3 BHIE
H30/IMPOBAHHOR CTeHbl BOIALI HJAW B BuAe cryneHek !). Kaxkerca ma-
JIOBEPOATHBIM, YTOGH Ge3BHXpeBble TPaBHTALHOHHbBIE BOJIHH AaBaNH
Takoe paaHoo6pasHe siBJEHHI.

Kpome Toro, ciegyer BCNOMHHTb, 4uTO B aGCTPAKTHYIO TEOpHIO
BXOAAT dsa mapaMerpa: OTHOHIeHHe A/A TAYGHHBI K AJHHE BOJHbI
H OTHoweHHe A/R riyGHHBI K MHUHMMaJbHOMY PaiHYCy KPHBH3HbI
nosepxHoctH R. Kak nokasan B 1925 r. Ctpoiik 2), npu Jo6ux puk-
cuposaxtbix h W A BOJHBI NOCTaTOYHO MaJloH KOHEuHOil aMMIHTYAH
MOTYT PacnpocTpaHaTbCcsi 6e3 HM3MeHeHHs cBOoed (OPMbl; 3TO BHAH-
Moe npotHBopeuHe ¢ BeIBOAaMH Panesa u Pa6ylIHHCKOrO MOXHO Ha-
3BaTh NapajoKcoM JJHHHOH BoJHB, OObsiCHEHHe 3aK/AlO4aercs B
TOM, uYTO mnoctpoenus CTpofika oTHOcsATCA K Cayuawlo, Korma A/R
CpaBHUMO C h/A, B TO BpeMsl KaK BbIBoAb P3jiess NPHMEHHMB TOJBKO

K cayuaio A R 1.

§ 16. Mapanokc Peppu

lFopasno Gonee HemaBHHA NapajgoKC, KOTOPHIM Mbi 06si3aHH
®eppu ), OTHOCHTCA K CBEPX3BYKOBOMY OGTEKaHHIO C «NPHCOCMH-
HeHHOH» yJapHOH BOJMIHOM HAaKJOHEHHOrO KPYroBOrO KOHyca, OCh
KOTOpOro o6pasyeT yroJsi «pbiCKaHbfi» 3 ¢ HalpaBleHHEM TeuyeHHS,
Kak 6yner nokasaxo B § 88, u3 runoresn (C), § 1, cneayer, uro
Takoe TeueHHe JOJMXKHO o6nanath Konuueckod cummerpued. Tlosro-

1) Cv. Mason M, Gravity waves, 315—-320, Nat. Bu. Standards Circular
521, ;?52, uan ra. 111 u3 paGorw Cornish’a, uuTHpoBauHOA B mpuMeuasuu 1) Ha
cTp. 41.

?) Struik D. J, Rendic. Lincei, 1(1925), 522—527. O6cyxaenne napa-
Rokca anunHoft BonHel cM. B [7]; Ursell F., Proc. Camb. Phil. Soc., 49 (195%),
??gﬁ%hBen'amin T. B, Lighthill M. J, Proc. Roy. Soc, A224

3) Ferri Aj. NACA, Rep., 1045 (1951); cm. takxke Holt M., QIMAM
7 (1954), 438—445. (1961) Q '
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My Mn GyaeM paccMaTpHBaTh u = u{@, 0) B cdepHuecKHX KoOpaH-
HaTax.

Ecan oToXaecTBHTb COOTBETCTBYIOWHE JIMHHH TOKA MpPH LeH-
TPaAbHOM NPOEKTHPOBAHHW H3 BEPUIHHbI KOHYCA, TO OHH COCTaBAT
OJHOMapaMeTpHYeCKOe CeMeiRCcTBO, KOTOpOoe cXemaTH4YeCKH H306pa-
XKEHO Ha pHC. 5. 3a HCK/NIOYEHHEM JIHHHH TOKa, JieXKallHX B IJIOCKO-
CTH CHMMETDHH, AN KoTopuXx § = 0, &, Bce JHHHM TOKA CcTpEMATCH

Puc. 5. llapagoxc Peppn.

K mnpeleibHOMY HanpasJjeHHio (a—38, m), T. e. BCe OHH CTpe-
MATCA BJAHTHCA B NPAMYIO JHHKIO TOKa, HAYLLYIO NO KOHYCY H COCTa-
BAAIOULYI0O HaHMeHbIUHA yroa a — 3 ¢ HanpasieHueM TeueHus. Ho,
B CHAY ypaBHeHHA P3HkHHa — T'OrOHHO, JHHHAM TOKa, flepecekalo-
UM «IPHCOCHHEHHYIO® YAapPHYIO BOJHY MOJA PAa3jHUHBIMH YIJAaMH,
COOTBETCTBYIOT pa3jiHuHbie 3HaueHus 3HTponHu. [lostomy u(g,B)
uMeeT 0coby TO4Ky B (@ — 3, ), YTO CHOBA HapyluaeTr runoresy
(E) u3 § 1. 3ta oco6eHHOCTh AenaeT HenmpaBOMEpPHLIM Pa3JioXKeHHe
u(p, 9) no creneHAM yrna phickaHbsd 3 U B psad Pypbe OTHOCHTENb-
Ho 8. CnenosarensHo, BuliuHcnenuss Konaaa s ouenkn 3ddexros
PHICKaHbA, KOTOpHE OCHOBAHH HAa TEODHH BO3MYIULEHHH, HCNOMAbL-
3yloulelk TakHe Pa3nioXKeHHA '), He ABAAIOTCA CTPOrMMH. A cjenoBa-
TeJAbHO, CTPOro He obocHopaH u napagokc Konana (§ 11).

') Stone A. H., J. Math. Phys. MIT, 27 (1948); 67—8!. [Bue ToHkoro
BUXPeBOro cnos BOAN3R KOHyca pasnoxenwe Ctoywa npaskavio, B [11*] ono
AWAAVTHYECKH NPOLOJ/IKEHO BHYTPb BHXDEBOTO C/IOS, FA€ OHO NEPeXOANT B Pas-
aoxenne Braanera [12*]. — [Tpum. ped.)



44 Fa. I, Hapadoxcel neBA3K020 Tederua

§ 17. Napanokc Tpoituoil ynapHoit BoaHb

B § 14 ynoMuHanoce 0 TOM, 4To ypaBHeHHs P3sHkuza — [rorc-
HHO BBIBOJSITCH H3 3aKOHOB COXPaHEHHS, DTH YpaBHEHHS [OKa3hi-
BAIOT, 4TO B CJIyyae COBePIIEHHOro ras3a OTHOLIeHHA HaBJeHHH, mioT-
wocrelt u temneparyp p/p’, pfp’, T/T' no pasHbie CTOPOHBI OT CTa-
HUOHAPHOH vIAapHOH# BOJHBI 3aBHCAT TOJBKO OT OAHOTO napamerpa
(MHTEHCHBHOCTH CKauykKa unu uncia Maxa — cm. [15], ra. IV, § 4).
Kpome HEKOTOPHIX HCKMIOuEHHH, OTMedeHHLIX B KOoHUe § 14, srtn
BBEIBOZBI TMOJTBEPKAAIOTCS SKCNEPHMEHTAJNbHO, NPHYEM HA NPaKTHKE
MOKHO HalJI0ZaTh YAapHble BOJIHEL DA3JUYHON CHJEL
- He Tax ofcrout meno ¢ «KpaTHBIMH» YIAPHLIMH BOJAHAMH. Beay-
yae HOBOHHOMN, «pPery/sipHO® -OTPAXKEHHOH yxapHOH BOJHHE (CM.
puc. 6,4} u TpoliHoH yaapuoli BoAHE, WiH Y-BonHpl Maxa (om.

Ompazcenias Nodarwougos Ompasiceryas Nadarwuos

Tevenue
CHONMBICEHUS

Nedawuas Ompagicennas DNadawwas

a 6

Ompascennas

Pwuc. 6. Orpasenve yRapHbX BOJH.
a - peryasproe oTpaskenne; §— Y-obpasuoe orpamenue no Maxy.

puc. 6, 6}, COOTBETCTBYIOIHE MATEeMATHUECKHE PACYETHl BO3MONKHBL
eCJIH HPEANOJIOKHTD, YTO B KaXKAOM H3 IOAVUYAIOIIUXCH NPH 3TOM
cektopos (1, 2, 3, 4) ¢usuueckdne nepeMeHHble NPHHUMAIOT Onpe-
IeneHHble npefebHbIe 3HayeHHA BOMU3H 0COGOH TOUKH B <«Bepuin-
Hes yxapHoH BoaHB. MHOTHe U3 TaKHX PAacueToB Takke HOATBEp-
HKAAOTCH IKCUEPUMEHTANbHO, TAK 4TO 3Ta TEOPHT ABAAETCH BechMa
npasgonoRo0HOH.

Onnako B ciayuae «clalblX» YAApHBIX BOJH PeryisipHble oTpa-
JKEHHST TPOHCXOAAT HPH YIVIAX NaZeHHs HECKONbKO OOJIBUIHX, uyeM
9TO NONYCKAETCA TeOpHeH, a noAy4eHnble npu pacdere npedeibsle
SHQUeHUA 018 TPOUHbIX YOAPHOIX BOAH BHAHUTEALHO OTAUHAIOTCH OT
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nab.a0daemolx. DTo NPOTHBOPEUHE, KOTOPOE MOXKHO Ha3BaTh napa-
HOKCOM TpOiiHOfi yaapHOi BOJHBL, ObLIO, IO-BHAHMOMY, OTKPBHITO
JIx. don Hefimarom (1945 r.). .

He pas nbITanHChb paspelnThb 3TOT Napajnoke, KOTOPbIH, BO3MOX-
HO, SIBJISIETCSl «APajJOKCOM 0COOOH TOUKH», T. €. IOJY4aercs H3-3a
ype3MepHO YNPOLIEHHOH KaPTHHBI JIOKAJbHOTO MOBELEHHS B6IH3M
oco6oi Touku. Ho go cux nmop He JaHO HH OZHOrO YAOBJIETBOPUTEJD-
HOFO MCTOJIKOBAaHHS !).

§ 18. 3HaueHne ypasHeHud Dilnepa

INpeabinyliide napajokchl MOKa3blBAalOT, UTO OOJNACTH NPHMEHH-
MOCTH ypaBHEHMH DH/epa HMeeT HEKOTOPble OIPaHHUYEHHUS; OJHAKO
STH ypaBHEHHs BCe ellle ABJANOTCA OCHOBHLIM ODYAHEM IMpaKTHYe-
ckoii ruapoMexaHukH. Tak, OHH AalOT BO3MOMKHOCTb NPHOJHKEHHO
BHIYHCJAUTL: 1) pacnpefeseHue AaBJeHHH Ha JoGOROH MOBEPXHOCTH
NpensiTCTBHA; 2) NOLbeMHYI0 CHJy KpDblIa caMmoJjerd; 3) CHJB Npu
ABHXKeHHH ¢ «KaBurauuedt» (ra. I1I) wm Haamuum crpy#; 4) rua-
pojlMHAMHYECKOe TIPOTHBOAEHCTBHE YCKODEHHIO TBEpJAOro Tesna B
JKUIKOCTH («IpHCOeHHEeHHag Macca», cM.ri. VI); 5) pacnpocTpane-
HHe TPABHTALMOHHLIX BOJIH, BKJIOuYas CeHIIH, NPUJIMBHL H OTJIUBLI,
6) pacnpocrpaneHue 3ByKa (akycTHKa); 7) paciupeleieHue AanJe-
HHSI U CKOPOCTH TeUeHHs B CBEPX3BYKOBBIX COIJIax H 8) CBepX3By-
KOoBoe 1060BOe CONPOTURJCHHE.

Ilpu mojpo6HBIX pacyeTax HeOGXOIUMO UMETh B BHJY OTHCAHHBIE
Bhlllle Apa{OKCHl, 4 TakiKe 6oJblloe paszHoolGpasue TeueHuil, yao-
BJIETBOPSIOLINX TEOPHH HEBA3KOro OOTEKaHHsI NPH HaJUYHU 3aBUX-
pennocty. B Teoperuueckoil ruApoavHaMHKe 3TO pasHoo6pasue HHO-
rza Kak Obl OCTaercss B TeHH M3-32 TOrO, UTO CJHIIKOM MHOTO BHHU-
MaHHusl YIeNsiloT TeopeMaM CYILeCTBOBAHHUS M €IHHCTBEHHOCTH
KCTaTH CKasaTb, NPHU AOKA3ATENLCTBE TAKHX TEOPEM YACTO MCXOJSAT
U3 HepeaJbHBIX AOMYUEHHH. JTO MOAUEPKHBAETCS] B GOJNLLIMHCTBE
KHHI IO «COBPEMEHHOH TMAPOAWHAaMHKe» (HampuMep, B paborax
[3] u [24]), rae ¢ camoro Hauaza VKa3blBAlOT, UTO BO3SMOXKHA HEOJ-
HO3HAYHOCTb peIUEeHHH, a TaKXe OTMeyaloT TakKhe YAHBUTeNbHbIE
SKCIEPUMEHTANbHbIE SIBJIEHHUS, KaK MOrPAHHYHBIE CJIOH U TYPOYJIEHT-
HOCTb,

Onnako HajnHude Takux OBCTOSATENLCTB BOBCE HE AOMKHO CHH-
Xarb 3HAYeHHEe YHCTO MATEMATHUYECKOH TEODHU HEBSSKHX MKHKO-

) Cum. Bleakney W. and Taub A. H., Revs Mod. Phys. 21 1949
5R§7~605; [6], ctp. 342; [15], crp. 144; Polachek H. and Seeyger R.,( Phyl'.
ev., 84 (1951), 922929, a takxe [16] ro. 5 Tex xe aBTOPOB W MpHBEAEHHAs
;gM Jurepatypa. Dosiee Hobie paGotsl Jahn R. G., J. Fluid Mech., 2 (1957);
~—48 u Sternberg J., Physics of Fluids, 2 (1959), 179—206. ’
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crefi. Teopusa B COCTOSIHMH yKa3aTb CYyLLeCTBEHHble BO3MOMKIIOCTA,
KOTOpble «3[1PaBbiM CMbICJIOM» OblJIH Gbl OTBEPrHYTH! KaK aGCcypaHble.

Hanpuwmep, Teopust ykassiBaeT, uTo MOryT GHITb Kpbiiba ¢ npe-
Hebpewcumo Marvim A0608biM conpoTusaeHuem. XoTa 3TOT uuean
NOKA ellie He JOCTHTHYT, OH SBHJICS CTHMYJIOM [JISl MHOTHX BaXXHBIX
pa6otr (cM. § 29).

Hakoneu, u3 napamokca oGpaTHMOCTH cJeAyeT BO3MOXHOCTb
TOrO, YTO 06J1aCTh «MEPTBOTO» BO34yXa, HJIH «cJed», MoxeT obpa-
30BaThCs 8nepedu uunuuapa. Haauume takoit obnactu caenano 6wl
BO3MOXHBEIM O0TEKaHHe KOHEUHOro LHMJAHHApPA TAaKHM e TOTOKOM,
Kak H H3BecTHOe o6TeKanHe Teitnmopa — Makkona (§ 85) ans KOHH-
yeckoro cHapsja. Takoe TeueHHe XapakTepH3yeTCsl TeM, 4To Ha 60-
KOBOH NOBEPXHOCTH KOHYyca BCIOAY NMOCTOsIHHOe AaBieHHe. CoOrjiacHo
Teopun «cjegoB» (ra. 1I1), TBepaniit KoHyc MOXHO Gblio 6bl, HE
Hapywasi paBHOBECHSl, 3aMEHHMTb HJA€aJbHbIM HEBSA3KHM BO3IyXOM
NPH MOCTOSHHOM M36BITOUHOM JaBJeHHH. MaTeMaTHUecKH 3TO O3Ha-
4yaeT, uYTO B HAeaJbHOH MHAKOCTH BO3MOXHO OOGTeKaHHe MJOCKOrO
AUCKa CBEPX3BYKOBbIM NOTOKOM, MPH KOTOPOM HEBHAMMBbI KOHHue-
CKMH BO3AyWIHHIH Gapbep 3alllHllaeT AHCK OT JaBJEHHs BO3AyXa,
HaMHOro yMeHbIlasi 1060Boe CONPOTHBJEHHUE.

3apaBbiii CMBICA H HHTYHIHS HeMelJIEHHO OTBEePraloT BO3MOXK-
HOCTb TMOJOGHOrO TeueHHs! Kak MO HeJeNnoCTH HeycroiuuBoro. Jloru-
yecKasi OCHOBA 31€Ch TaKas Xe, KaKk H B TOM cJydyae, Koraa oTsep-
raloT BO3MOXHOCTb CYyLIECTBOBAaHHs «cjela» B 064acTH BBepX MO
TeyeHH0. Kaxercst B BhicLIeit cTeneHH npaBAONOAOGHBIM, YTO HaJH-
uhe NPenATCTBHA Jaer ce6st 3HaTh JHIIL B 06JIACTH, PACIONOKEHHOH
BHH3 MO TeyeHHio !).

M Bce xe B nmaHHOM cayuae, MO-BHAHMOMY, CKopee ominGaercs
3apaBbifl CMBHICJ, YeM MaTeMaTHuecKHil BbIBoA! CHHUMKH, clellaHHbIE
B AGepaMHCKOH HayyHO-HCC/IeNOBATeNbCKOR GaHCTHUYECKOH J1a60-
patopuu (cM. QPOHTHCNHC), MOKA3HBAIOT, YTO OYeHb TOHKAsl HrJa,
noMellleHHas nepej AHCKOM, JeHCTBHTEAbHO cnocobHa co3jaThb He-
YTO BpOje NOAOGHOro «a6CypaAHOTO» TEYEeHHS.

BBuay 3Toro m Apyrux NpHMepOB Mbl CUHTaeM, 4To y MaTeMa-
THKOB HET OCHOBaHHH AyMaTb, GyATO B I'HADOAHHAMHKe CHHXKaeTcA
3HayeHHe JeAYKLUHH (TIpH COMOCTaBJEHUH ee C «(H3UUYECKHMH BbIBO-
HaMH»), ecAu YYHTHIBAIOTCA Te THAPOJAHHAMHYECKHe NapafoKCH,
KOTOpHIe BhIABHJAHCDH B 3KCIIEDHMEHTe,

'} Te xe caMmble HHTYMTHBHHE JOTafiKH GHIIH HCNOAb3OBaHW B § 10, uTo6H
BLAEJUTL GoJsiee NMPEANOYTHTENHHOE «NPOCTOE OGTEKaHHE» TOHKOTO Kphlaa.



Tanasa Il

NAPAJOKCbHI BA3KOIo TEHEHHA

§ 19. Ypasueriuss Hasbe — CToKca

HecMoTpsi Ha 3HauHTedbHYI0 00/1acTh NPHUMEHEHHs ypaBHEHUH
diinepa — Jlarpanxa, ux, BooOule rosops, 6oJibile He CYHTAIOT
npueMaeMol OCHOBOH ANl TeopeTHYeCKOH rHipoiMHaMuKH. Bwmecrto
3THX ypaBHeHHH Hcnoab3yiorcs ypasHenus Hasbe — Crokca, BHBOL
KOTOPBIX Mbl celiuac KpaTKO H3J0XHM.

Brnepsile 31H ypaBHeHHst Gblau BbiBedeHnl Hasbe (1822 r.) n
[Myacconom (1829 r.), npHMeHHBIUHMY YNPOUIEHHYIO MOJEKYAAPHYIO
MOZEeJb AJS Fa30B, YTO MPHBEJO K BBEAEHHIO NMOJOXKHTENbHOH 83-
KocTu pu > 0, KoTopas, KaK NpeanoJsaranaoch, ONHCHIBAET MOJEKYAAD-
HYI0 AH(HY3HIO KOTHYECTBA JABHXKEHHS.

OnHako B HacTosillee BpeMsi OOCLIENPH3HAHO, YTO MPOCTble 3d-
KOHbl [/l MEXMOJEKYNSPHBIX CHJ, MPHHATble OGOMMH YueHbIMH,
6e3HafexHO He COOTBETCTBYIOT [eHCTBHTENBHOCTH, OCOGEHHO B
caydyae peadbHblX xkuakoctedl. [losToMy npuHuunuanbho 6oJee
NPeINOUTHTENbHBIM B HACTOsLIlee BPeMsl CYUTAETCS KOHTHHYaJbHbI
noaxoa Cen-Benana (1843 r.) u Crokca (1845 r.), KoTopHii no-
3BoJIeT H36e€XaTh YKa3aHHbIX npeanosoxeHui!). Mol Haunem c
H3JIOXKEeHHs] 3TOT0 KOHTHHYaJbHOrO (MJAH <«MaKPOCKOMHYECKOTO»)
noaxoja.

Taxkoit noxxox ocHoBan Ha (yHAaMeHTAJBHON THNOTE3e, 3aK/I0-
YaIOLIEHACS B TOM, UTO K HanpsKEHUsIM JaBJeHHsl, KOTOpble paccMa-
TPUBas Jiliep, HYXHO N0GaBHTHL BA3KUE HanpsiXKeHus, AUHEUHO 3a-
BUCAIINE OT cKopocred degpopmayuid. Huxke npuBOIMTCA KpaTKoe
pe3ioMe npuMeHseMBIX NpPH 3TOM AapryMeHTOB.

_3anaua sakmouaercs B TOM, YTOGH HalTH CBA3b MeXay Matpi-
ued (BA3KMX) Hanpskenunit P = [|p;ll u Marpnueii ckopocteii fe-
bopmaunn | du;/0x; |l. Kown nokasan, uto ans mMoGoit cpeibl,
€C/IM  CUHTATb HENONYCTHMBIMH GeCKOHEeuHo 6oJibliHe YIJOBbIE

1
» “3’) nol-"“YlO OuGauorpadmuio cm. B [7], ctp. 723; uccaenosanus CTokca oM,
+ T 1, cTp. 78 u mannwe; crp. 182 u aaawiwe. Xopolice COBPeMeHHOE 11310~

Aenwe cm. Serrin J, J 59— > !
[13*). - Mpun. nepes.) Math. Mech., 8 (1959), 459—470. (Cm. takxe [1¥],
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yckopenus (runortesa (E) us § 1), MaTpuua sanpsmenus A0JKHa
6BITh CUMMETPHUHOH: p;; = pj;;. C APYrodl CTOPOHBI, MaTpHUa CKO-
Pi; = P; ' P -
pocTH jJedOopMalHH eCTh CYMMa KOCOCHMMETPHUHOM cOCTaBafoLLel
| Ouyfdx; — Ouyldx; |
2 ’

COOTBETCTBYIOLefi BpalleHnio abCOMIOTHO TBEPAOTO TeNa, H CHM-
METPHYHOH cocTaBafouUel

S— [ 0u;/ox; 4 dujfox, |

5 .

Tak kaxk npu BpaleHus TBepioro Tena Gusnueckas nedopma-
Uus OTCYTCTBYeT, TO CHMMETPHYHAs MaTpuua S BeIpaXaeT HCTHH-
HYI0 €KOpPOCTb AehopMauuy.

[lpn nanuuum H30TpONMHOCTH riaBHble ocH Matpuu P u S mon-
KHBl cOBmajaath (MBI HAaMOMHMHAeM H3BECTHYIO TeopeMy anare6pbi,
COrJIaCHO KOTOPOH BCAKYIO CHMMETPHUHVIO MATPHLY MOXHO CBeCTH
K JMaroHajJbHOMY BHIY NYyTeM BpallleHHs, OpUBEAs ee K COOTBeT-
CTBYIOUIHM «TJIaBHbIM» ocsM Koopausar). JlaJjee, 3 HawHxX npej-
TIOJIOXKEHHH O JIMHEHHOCTH M H30TPOMHOCTH HETPYAHO MOJAYYHTh, 4TO
OTHOCHTEJIbHO IVIABHbIX OCEH CnpaBed/IMBO COOTHOLIEHHE

R 2u. 9
Pu=p—rdivu— *{;x:“ (1)

NpU HaaleXalux NOCTOAHHBIX A ¥ u. Kpome Toro, ¢ yuerom ceM-
MEeTPHH OTHOCHTE/bHO TJIaBHOH NHAroHa/J M, MOXHO 3aNmucaTh pa-
BEHCTBO

0u1 01‘] . .
PU-——‘E‘-{—E =0, ecan i j,

Bosspamasice K o6ulelf cHcTeMe KOODAHHAT, MBl MOJYYHM cle-
AYIOLIHEe OCHOBHBIE YPABHEHHS:

. dui du,
Pz/'—‘PSzj*)‘le“—P'(a;—i'o—m)- (1*)
KOTOpbie GyJieM NPHMEHATh HHUXKE.

Ecan He BBOAHTL MpPeANOJIOKEHHS O HECKHMAEMOCTH, TO OYeHh
TPYAHO MOJYYHTh AAs cucTeMbl ypasHenni Hambe — CTokca kop-
PEKTHO NOCTaBJNEHHYIO KPaeBylo 3afady, YCJAOBHS KOTOPOi GHLIH GHl
¢uanyeckn cocrositenbHbiMH. [lpexkae Bcero wacto 6niBaer Heus-
BecTHa BennynHa A (cM. § 33). Crokc npo6oBaa NpeanoaoKHThb, YTO
«BTOpasi BA3KOCTb» p’ 0OpalllaeTcs B HyJb:

b=t =0, @
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3T0 MOXeT ObiTh BBHIBELEHO H3 KHHETHUECKOH TEOPHH AJA OJHO-
aTOMHBIX Ta30B !). MoXHO ¥ OmWKMGOYHBIM CNOCOGOM BBIBECTH yCJIO-
pue (2), onpedesus nasienne p B BHAE (P11 + Paz + Pas)/3. Jlo-
BYLIKA COCTOMT B TOM, 4TO HE H3BECTHO, ONpeJefser Ju 3TO «Aa-
BJIEHHe» MJOTHOCTb COIMIAaCHO T€PMOJANHAMHUECKOMY YPaBHEHHIO CO-
crosuuss p = p(p, T), B KoTopoM p U p GepyTcsi H3 CTATHYECKUX
uaMepenuii, Ecam 310 Tax, TO YCJIOBHE (2) umeer Mmecto ([7],
cTp. 718); B npOTHBHOM cayuae, MH He 3HAeM, KaK CBA3aTb TEPMO-
IHHAMUUECKOe faBieHne ¢ Tensopom Hanpskenus | pi; Il

§ 20. PeaJipHble ra3bl H XUIKOCTH

IToMHMO CKAa3aHHOIO, B PeabHBIX KHAKOCTAX BEIUUYHHBI A H ®
H3MEHSIOTC BMecCTe ¢ TeMneparypod T H JaBJjeHueM p; Hanpu-
Mep, H3MeHeHHs TeMnepaTyppl HMelOT GoJblioe 3HAYEHHE NS
cMa3kn. B JyumieM cayyae MOXKHO HajzesTbesl, yro A(p, T) u
w(p, T) —onpnosHauuble Qyukuuu. Ilasg TOro utobH 3Ty 3aBHCH-
MOCTh yuecTb MareMaTHueckH, ypaBHeHHs Hasbe — Crokca Heobxo-
JHMO IOTOJIHHTH 0 MEHbIIeH Mepe YPaBHEHHUEM TeIJIONPOBOLHOCTH.
ATo Henaer KPaeByl0 3ajfauy COBCEM He INOJAaioUleiics pPELIeHHIo;
HO Ja)Ke M JONOJHEHHas cHCTeMa (U3MYeCKH He TOYHA, TAK Kak Mbl
npene6pernu usnyyenueM. (Takoe npeneGpekenue BecbMa NPaBio-
nofo6Ho B cuay runoress (B) un3 § 1.)

Oanako [BHIKEHHe peasbHBIX KHUAKOCTEH CBS3aHO W C APYTUMH
¢pusnuecKHMH 3(deKkTaMu, KOTOpble He YYHTHIBAaJHCh HH Hasbe, i
CrokcoM. Tak, B peaJbHBIX rasax NpPHU TUNEP3BYKOBBIX CKOPOCTSAX
TeYeHUsl BAXKHYIO POJib HrpaloT 5P dekT penakcaun, MOJeKyIsapHas
AuccolHauus M HOHH3auus ). Bynyuwwid cmenuwansuer no rugpome-
XaHHWKe, KOTOPOMY INPHUJAETCA HMeTh AeJNO C 3aJauaMH, CBA3aHHBIMH
CO COYTHHKaMH H HX BO3BpallieHHeM, JAOJXKeH [IOMNOJHHUTENBHO K
YpaBHenuam Hasbe — CTOKCa XOpOIIO O3HAKOMHTBCH € XHMHue-
CKOH KHHEeTHKOH.

ITomo6ubiM 06pasoM GHUOM NEePBHIX CBEPX3BYKOBLIX A3POLHHAMH-
YeCKHX TPy6 OblIM yaapHble BOJIHBEI, BO3HHKAaBIDHE H3-32 KOHIEH-
Cauuu BOJASIHBIX NMapoB B BO3JyXe — ellle 0JHA «CKPHITAs MepeMeH-
Hasi», KOTOPYIO MTHOPHDPYIOT HPH TIOCTaHOBKe 3ajgauy mo Hapbe U
Crokcy; oM. [16, ra1. 5

OKenepuMeHTaNBEHO GBUIO OGHAPYIKEHO, YTO 3aTyXaHWe 3BYKa
B XKHAKOCTSX M rasax — siBJICHHe, KOTOpOe ONpejleNeHHO TpeacKa-

—

') Maxwell J. C, Phil. Trans., 157 (1867), 49—88; Uenmen C., K ay-
funr T, MaremaTuueckas TeOpus HeOZHODOXHHX razos, UJI, M., 1961. Jiorem
WOKasan, yro us BTOpPOro Hauana TEePMOAMHAMUKH clepyer p' > 0.

%) Cv. Lighthill M. J, s «Surveys in Mechanics», Cambridge Univ.
Press, 1956, 250—351; Xe#s V. I u MIpo6erau P, @, Teopua runep-
3BYKOBHIX Teuemmii, M., MJI, 1962.
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abiBaetcs J06G0H TOUNOH TeopHel CKHMAaeMblX BSISKHX MHAKOCTeH, —
B 3HAUMTEJAbHON Mepe 3aBHCHT OT MOJEKyAspHbiX 3ddexkToB (pe-
nakcauuu), cM. § 33.

Beuay ynoMsHyThiX Bbilile TPYZAHOCTeH, NO-BHAHMOMY, Pa3yMHO
OTPaHUYHTBCA PACCMOTPEHHEM HECHUMAeMblX BS3KHX XKHAKOCTEH,
HO M B 3TOM CJyyae M3BeCTHbl pPa3/uuHble aHoMajaud. Tak, MHOrue
KHAKOCTH, COCTOSIULHE H3 [JJHHHBIX MOJEKYJSPHBIX LeNOoUeK HIH
cofepiKallHe IMIHHUCTble B3BECH, HA3bIBAIOTCH «HEHBIOTOHOBLIMH» —
TakoB ynoTpe6JasieMblii B HacToslllee BpeMsi pabouuil TepMHH A
XKHAKOCTEH, KOTOPhle He ya0BAeTBOpAIOT ypaBHeHusam Hasbe — Cro-
Kca. CBepXTeKyyecThb XKH/KOTO rejiisi — ellie OQHO sBJeHHe, KOTO-
poe He cornacyercs ¢ teopHeit Ctokca !).

§ 21. HecxxumaeMble BA3KHE XHAKOCTH

Beuay tpyiaHocteii, onucanubix B § 20, oCHOBHOe BHHMMaHHe Ma-
TeMaTUKOB GbWO cocpegoToueHo Ha ypaBHeHusax Haswe — CroKca
JJ151 HECXKMMaeMbIX BSI3KHX HIKOCTEH B NPeAno/OXeHHH, 4TO BeJH-
YHHBl 4 M p MOXKHO CYHTATh NMPHUMEPHO NOCTOSIHHBLIMH. BosblunucTao
CMNEeUHANHCTOB CYHTAET, YTO TeopeTuxecKas 2udpoOuHAMURA, OCHO-
BbiBalollasicss Ha ypaBHenusx Hasbe — Crtokca, naeT 10BOJABHO TOU-
Hoe NpUOMMIKEHHe AUHAMUKH peanbHsix KHIKOCTEH, €ecaH 4HCJI0
Maxa M HacTo1bKO MaJsio, 4TO MOXKHO npeHe6peub 3PdeKTaMu CxKH-
maemoctH. OHH yBepeHel B ToM, uto (mepedpasupys Jlarpanxka)
«ecau 6b1 ypaBHenns HaBbe — CTokca OblTH HHTerpHpyeMbl, TO IPH
MaJiblX yucaax Maxa MOXHO Gblio Gbl NMOJHOCTBIO ONpee]uTh BCe
ABHXKEeHHs kuAKocTH» (cp. § 1). Has Toro utobnl HccaenoBaTth, Ha-
CKOJbKO 060OCHOBaHa TaKasl yBepeHHOCTb, Mbl peobpa3yeM cHauana
3TH ypaBHeHHsA K 6oJiee yno6HOMY BHIY.

O6peauuuB ypaBHetds (1*) c yciaoBuem HeckuMaeMocTH (dop-
myaa (1) u3 ra. I), Mpl molyunM ypaBHeHHe

dul Ouj
Py ZPBU —p (Ex—, -+ d—x,) .

Ecan npu o6GbIYHOM BbHIBOJE YpaBHeHMH [BHXKEHHS YuecTb
yjieHbl, COJepKalllie BeJHYHHY (1, TO NOJYYHM BMECTO YypaBHeHHS
Diinepa (2) B ran. I cnenyiomee ypaBHeHHe:

D 1
_Dltl__*_..P_gradng—-{—vVQll, v:%. 3)

BMecTe ¢ ypaBHenunem
divu=0 (4)

'} Cm. London F. Superfluids, Wiley, 1934, ctp. 6—13; Donnel-
ly R J, Phys. Rev., 109 (1958), 1461—1463 1 npuBeAeHHYIO TaM JHTepaTypy.
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ypaBHenue (3) onpejessieT (HbIOTOHOBY) HECHUMACMYIO BA3KYIO
HudKocro.

Jlerko yuectb, Kak [elicTByeT cHJa THXKeCTH Ha TBepAoOe TeJo,
AOrpyXKeHHoe B N0J0GHYIO XXHAKOCTb, HCIOAb3YS CJAEAYIOLIMH MPHH-
uunt).

Teopema . a1 643k06 HudKOCTU ¢ NOCTOAKRHOG NAOTHOCTSIO Py
2pasuTAyUONHbIL  IPPeKT IKBUBANEHTEH HAAONEHUO 2udpocra-
Tu4eckoe2o dasaenusn poG.

Hokaszatenncrso. Ilonaras B ypaBHenun (3) g;=
= — dG/0x;, rae G — rpaBHTAUMOHHBII TOTEHIHAJ, Mpl NOJYYHUM
B pesynbTaTte ypaBHeHHe

D+ “pl:, grad p=>Viu,, e p=F+ p,C. ©

Ilpeaocrtepexenue. 3ameruMm, uto npeo6pa3oBaHHE Teo-
peMbl 1 He coxpaHseT OGBIMHOrO KPaeBOro YCJAOBHSA Ha «CBOGOIHOMN
NOBEPXHOCTH» p = const Aas rpaHdubl ra3—xHAKocTh. CJaemona-
TeJAbHO, OHO GECIIOIe3HO NMPH H3YUEHHH BOJH Ha MOBEPXHOCTH M Ka-
BuTauuu (ra. III).

Has toro uto6b nosyunts u3 ypasHenuit (3) u (4) KOPDPEKTHO
NOCTaBJIEHHYIO KPaeBylo 3ajauy, BMeCTO ypaBHeHus (7) ra. | BBe-
AeM KpaeBoe YC/IOBMe NPUJIMNAHHA?) B CchAelylolleM BHe:

u(x) =0 na no6o# (ukcnposaHHON Tpannie. (6)

(Ha aBmxyuwuxcs rpaunmuax u(x) = v(X) — CKOPOCTH ABHXKEHHs

TpaHuubl, B TO BPEMsl KaK B HEBA3KOM cayyae Tpebyercs, yToGbl

Obizia HempepbIBHOH TONLKO HOPMAaNibHAS COCTABAAIONULAS CKOPOCTH.)
HanoMunM Takxke ocHOBHON npHHLHN noao6us.

Teopema 2. Tlycts u=1F(x, ) ydossersopser ypasnenusm
(3), (4) u (6) npu p= const. Ecau seausunst V, L, y, V', L', ¥/
nocrosuusie u rakue, «ro VL)y = V'L'}V, o

, v’ L LVt
w=g(x 0= ()17 77 @
Taxxe ydoerersopaer ypasnenusm (3), (4) u (6), ede nposedena
8amena p na p’ u p Ha p’, npusem
IV 2

e (p—30). ®)

p/ —P,G=

' Karman Th, J. Aer. Sci., 8 (1941), 337—356. B HeBA3KOM cayyae 3TOT
Pesyabtar nonywen JlanamGepom, Théorie de la résistance des fluides, ¢raTbhy 48,
56, 921, H ABanuusn (1807).

O 3uauenuu 3710ro yCI0BHA Mbl CKaXKeM B § 3+
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Hpyrumu ciosamu, moboe H3MeHeHHe MaciuraGa (B OpocTpan-
CTBE W BPEMEHH), COXpausioulee HeM3MEHHBIM 4ucio Peiinoasdca
VL/y = pVL/p = Re, nepeBonut HecXKHMaeMble TeueHHs, YyAOBIe-
TBOpsIOIIMe ypasHenusam Hasbe — CTOKca, B pellieHHs TeX e ca-
MBbIX YpaBHeHHI.
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Puc. 76. C (Re) nas cheprr.

" Caepctsue. Ecim ABa CTAaUHOHAPHBIX TEUEHHMA YAOBIETBO-
palT Kpaesoit samave (3), (4), (6) npun OZHOM H TOM Xe uHC/le
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PeiiHo/IbjCA4 11 €CJH 3Ta Kpaepas 3ajaya MaTeMaTHYeCKH KOPPEKT-
Ho nocraB/eHda, TO obTekaeMble 3THMH TEUEHHSMH Tesa JOJKHDI
uMmeTb OAHH M TOT e KosdpgHuueHT JOGOBOro CONPOTHBJIEHHSA
Cp(Re).

KaaccHyeckoe 9KcrepUMeHTaabHOe IOATBEp:KAeHHe JaHHOro
caeactBus (o He o653aTeNbHO TEX THMNOTE3, KOTOPble NMPH 3TOM
6BIIH HMCIIOABL30BAHBI!) MOKasaHo Ha puc. 7a u 70, rjie NpHBeLeHb
kK03 dHUMEHTL J1060BOr0 CONPOTHBACHHSA COOTBETCTBEHHO /s LH-
aunapa u chepnl. EaBa M M0oXKHO ObIJIO NPEANOJNOXKHTE CYLUECTBO-
BaHIe 3TUX 3aMeuaTeJbHbIX KPHBLIX, ec/d Obl CBOHCTBA BSI3KOCTH He
6Bl yKa3aHbl B TOUHON MaTeMarHueckol ¢opmyauposke!

[pexcrasieHus, Jexallie B OCHOBe TeopeMsl 2, 6yayT Nopo6HO
ripoaHaausupoBans B § 71.

§ 22. Mapanokc HeaHAIHTHYHOCTH

.Harpal-m& NOCTPOUJ [EPBOE AOKA3aTeJbCTBO TOro, 4TO B HEBA3-
KOH 2KHIKOCTH 3aBUXPEHHOCTb YACTHILI XHUIAKOCTH SIBJSETCA Hep-
MaHeHTHOH. K coxaneHuio, JokasartenbcTBo Jlarpanxka, Kaxk I[OKa-
3aa Croke ([13}, 7. 1, crp. 106—112), owubouno. OHO OLHHAKOBO
NPUMEHMUMO H K 06/1acTaM B BSI3KOM KHMAKOCTH, T 3Td 3aBUXPEH-
HOCTb HenepmanenTra! OmubKa 3ak/awuanacs B TOM, YTO CKOPOCTh
H 3aBUXPEHHOCTb MPENNONaranich aQHAAUTUHECKUMU QYHKIHAMH
BpeMeHH.

Ecan 310 npunare (cornacuo runorese (E) u3 § 1), To MOXKHO
paccyxnatb cneaywwum o6pasoM. OcHoBHOe ypaBHenHe (3) 3KBH-
BAJIEHTHO (€CJM NMPUMEHHTL onepauuio rot kK 06eHM ero uacTsM)
YPaBHEHHIO

D —WELE-Vu ©)

OTHOCHTEJIbHO 3aBHUXPEHHOCTH § = V X u. C nomoulbio He3aBHCH-
MbIX nepeMeHHEIX Jlarpana a u f, rie a OTHOCHTCH K ABHXKYILLelCs
Jactdue, Tak uto 0/0f (a ¢ukcuposano) ects D/Df, Mb MONKEM
npeoGpa3oBaTh YacTHbIE NPOU3BOAHLIE 110 HOPMYyaaM

J 0
W:EAkj(a, t)Ta,

[TpuMenss sty onepaumo x ypasuenuio (9), nonyuaeM cooTHO-
lienyue
Dg;

DF+ (@ 0 Ay @ e =W C- D a, (10)

Tocnenosatenvho auddepenunpys cooTnomente (10) no spe-
MEHH f npH NMOCTOSHHOM &, HOJVYHM NOCAELOBATEbHOCTD SIBHBIX
o 2L o
Bblpaxcennit ana D"i,/De¢". Jlerko [0Ka34aTh, 4YTO KaxKAbli ujed B
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KaMJOM TAKOM BbIPAXKEHHU COAEPKHT B KauecTBe MHOXKUTeas au60
&, 6o V2, 1M60 oAHY M3 MPOHU3BOAHBIX

DDt ..., D" %/Dt" ™" u 1. n.

TTosToMmy, npeanonaras Bce (pyHKuH# AnpdepenunpyembiMu Hec-
KOHeyHoe YHCJI0 pa3, HHAYKUHeH no n  noayyaem, 4To 8cCe
DnE;/Din = 01).

Hanuuue BsAsKOCTH MposiBAsSieTcsi B UWieHax ¢ NPOCTPAHCTBEH-
HbIMH NIPOU3BOAHBIME OT 3aBHXPeHHOCTH. [/ HEBA3KOH XKUAKOCTH
HauaabHas 3aBHXpeHHocTb E(a, 0) =0 B w0Goit Touxke x(a, 0)
o6ecneynuBaer to, yto Bce D"E/Din(a, 0) = 0 B Tex e TOUKax, B TO
BpeMsi KaK B BSI3KOU KHAKOCTH AJsi O6paillleHHs B HYJb NPOCTPaH-
CTBEHHBIX MPOM3BOAHBIX OT 3aBHXPEHHOCTH TpeOyeTcs OTCYTCTBHE
3aBUXPEHHOCTH B HEKOTOPOH OKPECTHOCTH TOYKH X(a, 0).

M B ToM n B gpyroMm cayuae, ecad ¢yHkuus E(a, {) anasutuze-
ckas no f, To OHa TOX/eCTBeHHO ofpalllaeTcsi B HYJb, TAK KaK Bce
uneHbl ee pasjloxkeHus B psg Telsopa (nmo {) TOKAECTBEHHO PaBHbI
HYJI0. 3To NPUBOAHT K CJeylolleMy napaiokcy ?).

[Tapanokec HeaHaAdUTHUYHOCTH. [aa 1020 urobol 06-
AACT6 WUOKOCTU, HAXOO0AWAACS 8HA4AAe 8 COCTOAHUU nokosa (uau
8 Geseuxpesom 0BUNCEHUW), CTAAQ 3ABUXPEHHOU, OHA O0AMHA Yice
UMETb 3ABUXPEHHOCTb, KOTOPAA ABAAETCA HEAHAAUTUHECKOU GyHK-
yuetl epemenu.

§ 23. CyumecTBoBaHHE H €AHHCTBEHHOCTh

[Mpexpe uem BHISICHHTH MpHrogHoctb ypaBHeuuit Hasbe — Ctok-
ca A/ ONHCAHHA MeXaHHKH peasbHbIX (HeCKHMaeMblX) XKHAKOCTeH,
HaM CJeao0Bajo Ob! Y6EIIHTbCﬂ B TOM, UTO C HX MOMOUBX MOXKHO
dhopMyaupoBaTh (PM3HYECKH eCTeCTBEHHble KpaeBble 3aJ1auH, KOTO-
pble MaTeMaTHYeCKH OKAa3biBAIOTCS KOPPEKTHO NOCTABJEHHBLIMH (CM.
Teopemy 2, caepcreue). To ecTb MBI BOMKHBI HMETb TEOPEMbI Cylile-
CTBOBAHHS M €JWHCTBEHHOCTH, KOTOpbie A0 CHX TIOp AOKa3biBaJHChb
TOJIBKO NPH BeCbMa OrpaHHUYeHHBIX JONYLIEHHsIX.

UYro kacaercst 3agauu Komn (3agayn ¢ HayaJbHLIMM YCJOBHS-
MH), TO QA5 Hee CYLLeCTBOBaHHE H €MHCTBEHHOCTb GblIM J0Ka3aHbl
A5 cayyaeB MJIOCKHX H OCECHMMETPHYHBIX TeueHHil B npeanosoxe-
HHH KOHeuHOCTH noJiHo#t 3Heprun. Ilpm JokasarenbcTBe HCNOAb-

Y Ecau nepeouayaneio § = 0.— [Tpum. nepes.
2) Duhem P, Traité d’Energétique, 1. 2, ctp. 121; Truesdell C, Ki-
nematics of vorticity, Indiana Univ. Press, 1954, § 104. :
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— e —

3yeTcsl ypaBHeHHe (9), xoTopoe 145 IOCKOrO TeueHHsl lIMeeT ynpo-
LIEeHHBIH BHA:
ov ou

Di v
PR, U= — ay (11)

=

OnHaKo B NPOCTPAHCTBEHHOM CJydYae JaxKe [1Js1 KOHedHoil moJ-
HOH 3Hepruu OblMO J0KA3aHO TOJbKO CYLUEeCTBOBAHHE — H TO JHUWD
JSl OrpaHUUYEeHHBIX HHTepBasaoB BpeMeHH !'). XoTsi MPeANoJOKeHHE
0 KOHEUHOCTH MOJHOH 3HEpPrHH, BepOsITHO, MOXeT OblThb ocnabie-
HO, — M0XKAaJ/ay#, AOCTATOUHbIM MOJKET OKa3aThCsi OrpaHHUYEHHOCTb
ckopocT, — E. Xond'?) nokasan, uto 3anaua Kowu ais ypaBHeHRHH
Hasbe — CTOKca He sIBASIETCS KOPPEKTHO MOCTaBJEHHOH, ecad JO-
MyCTHTb, UTO C yBeJHYeHHEM PacCTOSIHHA OT HauaJa KOOPAHHAT CKO-
pOCTb BO3pacTaeT JHHelHO, a 1aBJleHHe — KBaJPaTHUUHO.

B craumMoHapHOM cJyuae TeopeMbl CYLIECTBOBAHHS [JOKA3dHbi
ansi 06TeKaHus NPensiTCTBHA NPOH3BOJNBHONH (DOPMBI KaK B IJIOCKO-
CTH, TAK H B MPOCTPAHCTBE, HO He [0Ka3aHbl TeOpeMbi €AHHCTBEH-
HoctH. Ecnn paccMarpuBaeMble CTallHOHAPHble TedeHHsl SBJAIOTCH
eIMHCTBEHHBIMH, TO TpPH Goabluux uyHcaax PeliHonbaca onu ¢u3H-
UeCKH HeycTou4ussl; 370 SIBHO CJAeAyeT H3 mapajokca TypOyJeHT-
noct (§ 25) 3).

§ 24. Teuenne Iyaseiing

YpaBuenuss HaBoe — CToKca, kKak H ypaBHeHHs Jfinepa Bo Bpe-
mena Jlarpasxa, yAaJoch NMOKa POMHTErPHPOBATD JIHIIL B HECKOJIb-
KHX cayudasx. [loaTomy corsiacoBaHHe ¢ 3KCIEPHUMEHTOM B 3THX He-
MHOIHX CJly4asiX MMéeT MPHUHUUIHAJNLHOE 3HAUYEHHE,

OaHHMM M3 TaKHX CAyuaeB SIBISIETCSl TEueHUEe XKHAKOCTH B JIJHH-
HOH npsamoit Tpybe, NOMepevyHOe CevyeHHe KOTOPOH ecThb KpYyr
nocrosinnoro paauyca c¢. Ilyctes x o6o03Hauaer paccrosindHe, H3Me-
psiemoe BHOJb TPYOH, a r— paccTosiHMe OT OcH TpyGel. B 3THX
UMAHHADHUECKHX KOODAMHATAX Uy, U, U Uy MycTb 0603HAYAOT CO-
OTBETCTBEHHO OCEBYIO, PaJHaJBHYIO M TPAHCBEPCAJNbHYIO COCTABMSAIO-
U(He CKOPOCTH.

Teopema 3. EQuHCTBEHHO BO3MONCHBIMU DEULEHUAMU CUCTEMbL
(3), (4), (8), obaadarouumu npednorazaemori cummerpuat (cra-

'Y Leray J, J. de Math., 12 (1933), 1—82; Tam »xe 13 (1934), 331—418;
Acta Math., 63 (1934), 193—248; Hop i E., Math. Nachr., 4 (1951), 213—23[.
Cum. takwe Lonunsze I. E, ITMM, 12 (1948), 165—180 u 19 (1955), 764.

2) Hopf E, J. Rat. Mech. Anal.,, 1 (1952), 107.

%) 3uaunte bHbie Pe3yABTATHI OTHOCHTEILHO CYILIECTBOBAHHSN H YCTOHUHBOCTH
Pellenyii cTauHOHApHBIX M HECTAUHOHAPHBIX KpaeBBIX 3a1ad  MJIs YpaBHeHHi
Hagre — Crokca nonvuens B paze pabor O. A. JIagnieHCKOR u ee COTPYAHH-
KoB. Cm. JTagpxenckasn O. A, MaTreMaTnyeckne BONPOCH AHHAMUKH BA3KOH
HeCxxumaemolt xuukocrd, Puamarrus, M, 1961. — Hpum. nepes,
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YUOHAapPHble TeueHuA BA3KOU WUOKOCTU 8 KPYy2.10u Tpybe), ABAATCA
Tewenun Ilyaseian, onpedeasemole popmyramu

uy=a(@—r),  u,=u,=0. (12)

JdokazarteabctBo. [lpeanonoxxeHHe O CTaLHOHAPHOCTH Te-
yeHHs O3Hauaer, uTo QYHKUHS u = u(x, r, §) He 3aBHCHT OT Bpe-
Mend {. KpoMe Toro, yc/joBuA 3alauyd HHBAPHAHTHbI OTHOCHTENLHO
OoTpaxkeHHs B JI0OG0H IJIOCKOCTH, NMpoxojsulel uepes och TPYGbi;
TeueHHE HMeeT 3Ty CHMMETPHIO TOrAa H TOJbKO TOrAa, Korfa
uy =0, uy =f(x, r), ur = g(x, r). CornacHo HauIHM YCJIOBHAM, 10.I-
XHA OBITb Takxe HHBAPHAHTHOCTb OTHOCHTENBHO NPOH3BOJLHOIO
nepeHoca BAOJAb ocH TPyObl. A Tak Kak v NPeANoJaraerca e 3aBH-
CALUMM OT JaBJEHHS, TO ITO XK€ OTHOCUTCA U K ypaBHeHHUAM (3) H
(4). CuMMeTpHSI OTHOCHTEJNILHO NMepPeHOCa 3KBHBAJEHTHA COOTHOLIE-
HUSIM Uy = f(r), u, = g(r). U3 3TUX COOTHOWIEHHH H M3 YCJOBHS
(6) caenyer, uro divu =d[rg(r)l/dr =0, orkyna g(r) = C/r =0,
TaK Kak Ha ocH g(r) = 0.

Teneps, nonaras g = 0, cornacHo Teopeme 1, Mbl HCMOJB3yeM
ypaBuenue (3). [NTockonbky us = u; = 0, umeem p = p(x). Paccma-
TpuBas cayvad { =1 (c oxHO#t KOOpAMHATOH X), MOAYYAEM COOTHO-

leHne
P =eViu,=plf () +r /()]

Tak kak JeBas yacTb He 3aBHCHT OT 7, TO MpaBas 4yacTb TakXe
A4 " ’
He JOJI)KHA 3aBHCeTb oT r. Takum obpasoMm, (rf’) =rf’' + [ = kr

AJ1s HEKOTOPOro MOCTOSHHOrO &, ¥ rf’ = kr? + K. 310 Naer Koweu-
Hoe 3HaueHHe Uy = [(r) npu r =0, Tonbko ecan K = 0; caemosa-
teasHo, ' = kr/2 u f(r) = Tkr‘l 4- b. Ilns Ttoro uto6bl yxOBJETBO-

pAnocs ycaoBHe npuaunanus (6) wua rpandue, ROAXKHO GblTh
uy = a(c? — r?), uto 3aBepuUIaeT JOKA3ATENbCTBO TEOPEMBI,
[NogcraBass nonyueHHble BhIpaKeHHs B ypaBHeHHe (3), Mbl no-
JyuaeM KJaCCHYeCKMH pe3yabTaT, uTo TpPajHeHT AaBJeHUs paBeH
dp 81Q
—dx =4P~d=1t—c4. (13)

rie Q = nac*/2 ectb 06beM XKHAKOCTH, NMPOTEKAOWHNA 3a €AMHHLY
BpEMEHH uepe3 nonepeyHoe ceueHue TPyGHL.

§ 25. Mapapokc Typ6yNAeHTHOCTH

SKcnepUMeHTalbHBE NaHHBE B 5TOM CJyuae B BhICIUEH CTeNeHH
saMeuarenbibl. Xora dopmyna (13) (3akon Ilyaseitns — Xarena)
MOATBEPIKAACTCA NPH ABHKEHUM XXHAKOCTH B KaNHWUIAPHHX TPYG-
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e

Kax, OHa NOJIOCTbIO TePAeT CHAY MJIA OOGLIUHBIX THAPABIHYECKHX
1py6. TouHee, Mbl MOXKeM cHOPMYNHPOBATb CAEAYIOWHI 06Kl na-
pajoKc.

Mapanokc Typ6yneHTHOCTH. a4 Tewenud 8 npamoix
rpybax eunoresa cummerpuu (C) us § 1 svinoanserca, ecau wucao
Pednoarvdca Re < 1700, u obvtuno ne sbinoanserca npu Re > 104
Koz0a Re > 10%, nabawodaemoe na onvite reuenue ne obaadaer Hu
NPOCTPAHCTEEHHOU, HU BPeMenNOl cummeTpued u asaserca Typby-
ACHTHHIM.

0,007 +
Mosepzrocmuoe mpenue ns 6ador u 6030yTa
[+
0006 . o Boda 6 mpyte
+ o + Bo3dyx 6 mpybe
0005 |- + e
- + o + + +e +
N 4 + o+ 4
g 0004 - ey * e
= + e +
0,003 | + i
[ J ° o
g002 |- vo/v e
1 |}
2500 10000 25000 100 000
0' 0”, 1 l [ 1 l s ! F 1 I
30 32 ¥H 36 38 40 42 44 46 48 50
Log vD/v

Puc. 8 Tlono6ue Teuenudt posnyxa u Boawt B Tpy6ax mo umcay Re.

OroBopka «0GhiuHO» B NpeAbIAYILEM YTBEPXKAECHHH OTHOCHTCA
K TOMYy, 4TO MOXHO H36exaTb MOAIBJEHHSI TYPOGYyJeHTHOCTH, AOGH-
BasfcCh nosHoii 06TeKaeMOCTH BXOAIIOrO OTBEPCTHA, MOAHPYS CTEHKH
H o6ecrneyuBas Ha BXOZe TPYGbl JamuHapHoe Teuenne. [1pu upesBbi-
YafiHOH TLWIATE/NLHOCTH MOMHO GbLIO TAKHM TNyTeM H36exaTb NOsB-
JeHus: TYpGyJIeHTHOCTH NpH 3HaueHHsX Re Bmaots po 40000. Ho
€CJIM He TPHHHMATh CMeUHaJbHBIX Mep, TO TeueHHe B TPyOKax npH
Re > 2000 6yzer Typ6ynenthuim.

ST0 XOpOWO H/MIOCTPHPYIOT KJAACCHUECKHE JKCIePHMEHTaJAbHble
Aanubie Ctantona u I19Heas ), KOTOpHIe BOCIPOH3BENLHB! Ha PHC. 8.

') Stanton, Pannell, Phil. Trans, A214 (1914), 119—I24; 6Gonee
MoApoGHOE nccaenoBakye TYpPOYJEHTHOTO TEHEHHA B TPY6AX CM. B [3), ra. VIII,
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OHu cBoeo6pasHo noarTBepxkaawT ypasHenus Hasbe — CTokca, no-
Ka3blBasi, Y4TO KpuTudeckoe wucao Pelinoavdca Re,p, npu kotopom
HMEET MeCTO Nepexof K TypOy/aeHTHOCTH, OAHO M TO e /s BO3-
dyxa H BOAbBI H paBHO npHOau3uTenbHo 1700. TeopeTHuyecku 3TOT
BbIBOJL MOXHO G6blJIO Gbl MOJYYHTb H3 TeopeMbl 2. BoabwiuHCTBO
COBpEMEHHbIX CMEelUHaNHCTOB CUHTAlOT, uTo TeueHue [lyaseiins ss-
asieTcs npocTo Heycroduusbim npun Re > Reyp, a Typ6ynentHoe Te-
yeHHe BCe-TAKH yjoBJeTBopsieT ypaBHeHHsiIM Hasbe — Crokca. Xora
M3 npuHUKNa nogoGus (7) TeopeMmbl 2 He cJeldyeT CIPaBeNIHBOCTb
ypasuennii Hasve — C1okca, X NMPHroAHOCTh B cayuyae TYpOyJeHT-
HOTO TEYeHHsl MOATBEPKAAETCS ONbITHBIMH H3MePEHHUSIMH CKOPOCTH
3aTyXxaHusa oJHOpORHOH TypOyneHTHoCTH ).

Kpowme toro, runotesa (C) u3 § 1 Bce-Taky BhinosHseTcs ¢Td-
Tuctudecku. O603Hauas 4epPTOUKAMH CpedHHe 3HAYeHHS, Mbl MOXeM
BbIPA3HTh CHMMETPHIO MOCPEACTBOM CJIEAYIOLHUX GOPMYJL:

u,=F(@r), w,=u,=0 w=G(r), w2=H(r)

u 1. A. TakuM 06pa3oM, paccCMOTPEHHE 3KCMEPUMEHTANbHbLIX JaHHBIX
NoACKa3biBaeT HAM KOHUENUHIO CTATUCTUYECK! onpeaenenHbX
pelieHHii ypaBHEHHH B YACTHHIX TMPOH3BOAHBIX KaK HOBYIO H
yBJleKaTeMbHylo 06/1acTh A/ MaTeMaTHYeCKHX HccaegoBaHuit, Usy-
YyeHHe T3aKHX  «CTOXACTHYECKHX AH(PPepeHuHaNbHBIX ypaBHe-
HHA» OTKpbIBAeT Temepb HOBble TOPH3OHTHL B MaTeMaTHYECKOM
aHanuse.

HecmoTps na nobnecTHeie ycuHS MaTeMaTHKOB2?), Habniopae-
Mast HeyCTOHYHBOCTb TeueHHs [lyasefinis He mosyyaercs B pesysibTate
MCCIe0BaHHUil CPeACTBAMH MaTeMaTHuecKoro adaausa. [Ipeanona-
ranu3) naxe, yTo B MIEasbHO IMALKHX KPYrabix Tpybax Teyenue
IMyaseiinsa sBasieTcs YCTOGYUBHIM OTHOCHTENILHO GECKOHEYHO MaJibiX
Bo3Myillennil. OflHaKo B HacToslllee BpeMs Naxe st c/ayuas ABY-
MEpHBIX BO3MYIIeHHH COBEpLIEHHO [OCTOBEPHO YCTAaHOBJAEHa He-
ycToHuHBOCTL Mlockoro Teuenus [lyasefins Mexay aByMs napan-
NeJbHBIMH nytacTHHKamu npy Re > 5300. TTostoMy nopoGHoe npen-
MoJIOXKeHHe NMPeiCTaBAseTCs MaJIOBEPOSITHBIM,

') Stewart R. W, Proc. Camb. Phil. Soc., 47 (1951), 146—157. (Otno-
CHTENLHC W3OTPONHOHK TYpOynentHocTH cM. [14*], [9*] W npusesenuyio Tam Jute-
patypy. — Ilpum. ped.)

?) Cm. Synge J. L., Hydrodynamical stability, Semicentennial publ. Am.
Math. Soc., 1938, 1. 2, ctp. 227—269; [36], ocoGenno § 3.2.

%) Cm. [11), 1. 2, c1p. 32—33; Comolel R, Comptes Rendus, 228 (1948),
2049 (takxke La Houille Blanche, numéro special B (1949), 673). Teopetnue-
C2ng ;ggymemu cM. Pekeris C. L., Proc. Nat. Acad. Sci., USA, 34 (1948),

85—295.
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§ 26. Jlpyrue napanokcbl CHMMETPHH

Becbma JHOGOHbITHO, YTO CKJIOHHOCTb K CHMMETPHH NPOABJAACTCS
Juilb B orpanHuueHnolt ob6aactu Re < 1700. JIuloéonblTHo, YTO M npej-
nojiaraeMoe CTpeMJ/eHHe K HauMeHblIeMy NeHCTBHIO, MO-BUANMOMY,
BMeeT NPHMEPHO Te XK€ TPaHUIbl, NOCKOAbKY PacXOoll 3HEpPruu B Te-
venun [lyaseiiia menblie, ueM B TYPOYJEHTHOM TeueHHH ').

[das toro uto6ul X0Th HEMHOro pa3ofparbCcs B 3THX Qakrax, pac-
CMOTPHM ApYyrie npuMepbl W3 THAPOJAMHAMHKH, B KOTOPHIX Heoboc-
HoBaHHoe mpuMeHenue rumoresbl (C) u3 § 1 TakkKe NPUBOAMT K He-
NPaBUJIBHBIM pe3yJbTaTaM.

OpuH M3 HHTEpPecHbIX NpUMeEpOB Npeactasasier coboii Teuenue
B Tpy6ax ¢ HeKpyrosblM nonepeunbiMm ceuentieM. Ilpu maanix Re B
3TOM cJiyyae ONATb-TaKu HabJiofaerTcsi napajjeabHoe TeueHuwe, AJs
KOTOPOTO MOXKHO BBIUMCJUTL npoduis ckopoctedr ([7], § 332) u s
KOTOPOM NPHHIHI HaHMMeHbLIEro AeHCTBHS ocTaeTcs B cuse. [lpu
6oabiux Re TeueHue cHOBa CTaHOBHUTCS TypOYJEHTHBIM M Jaxe CTa-
THCTHUECKH He fIBJISIeTCs NapasJieNbHbIM: CYIIeCTBYIOT 3HAUHTE/]b-
Hble «BTOPHUYHbIE TeyeHua» 2) B yraax TpyObi

Hpyroit cayuait 6bi1 u3yven JIx. Teltmiopom B ero k/aaccuueckoi
paGore ). PaccMOTpDHM BSI3KYIO JKHAKOCTb, HaXOASILYIOCS MeXI1y
JABYMSI JUIMHHBIMH COOCHBIMHM LHJIHHADAaMH, KOTODble BpallalTcs B
NPOTHBOIOMOXHBIX HAMPaBJEHHSX ¢ MOCTOSHHBIMH YIVIOBBIMH CKO-
poCcTAMH © M ' cooTBeTcTBeHHO. OmnMicaHHOE TEUEHHe SIBASIETCS
(npuGAMIKEHHO) CHMMETPHYHBIM OTHOCUTENBHO MEPEHOCOB BHOJb H
BPalLeHHa BOKPYT OCH LUHJIMHADPOB, @ TAKXKE He 3aBHCHT OT BPEMEHH.
ViMeeTcss B TOYHOCTH ONHO pelleHHe cHcTeMbl (3), (4), (6), o6aa-
jamoilee Takod CHMMeETpPHeH; OHO HOCHT HasBaHHe «Teuenus Ky-
3TTa>.

[Tpu mannix @, o’ Takoe Teuenne Kysrta HaGaiomaercs skcnepu-
MeHTadbHO. [lpw Gonbuinx uucnax PeliHoabica BMecTo Teuenud
KysTTa nosiBasietcss HeCHMMETPHYHOe, OJHAKO HeTYPGYJeHTHOe Te-
yenne, I'pyGo rosopd, coxpaHsiercss CHMMeTDPHsi BO BPEMEHH, HO He
B NIPOCTPAHCTBE.

Hanee, paccMoTpuM MaJsleHbKHii My3bIpeK BO3AyXa, MOLHHMAIO-
mficss B crosvelt Boje nmoA neficTBHEM COGCTBEHHON mniaByyecTy.
Baiarogapst noBepxXHOCTHOMY HATSKEHMIO OH HPHHHMaeT dbopmy,
6au3KYI0 K CQEePHUECKOi, U, BO BCAKOM CJayuae, Ha HEro He jeli-
CTBYET HH oJHA CHJa, KOTOpast He Oblna §bl CHMMETPUYHOH OTHOCH-
TEJIbHO BEPTHKANLHOH OCH, NpPOXOAsillell uyepe3 LEHTP Ny3bIPbKa.
CrenoBatensno, B cuiy CHMMETPHH, MNy3blpeKk [A0KeH Obln Gbl

') Mo nosoxy crenua’bHEIX TeOPEM OTHOCHIEALHO MHHHMYMa PAacxoaa 3Hep-
rn cM. [7], § 344.
:) [3], m. 161, rae npusoastcs pesyabratel Hukypanse.
Phil. Trans., A223 (1922), 289--293; cum. TaKKe [36], ra. 2.
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HOJHHMATbCA BepTHKaJbHO, OAHAKO, H 3TO NOpa3uTeNbHbI (aKT,
npu Re > 50 Takoit nysnipek npokjajnbiBaer ceGe nyts BBepx M0
BePTHKANBHOM criupaJdu! 1)

Ananoruynoe siBjieHHe HMeeT MeCTO B Clele 3a KDYrOBBIM IH-
JHHADPOM, KOTODRIii JBHKETCH B NOTOKEe NapaJjieibHo CBoed obpa-
syloueit. B gnanasone uncen PeiiHoabiaca 50 << Re < 500 3ta 30na
COJEPKHT yepeAylollHecss BHXPH MPOTHBOMOJIOXKHBIX 3HAKOB (BHX-
peBas popoxka Benapa — Kapmana); sto siBneHHe Gyger npoaHa-
JIU3UpoBaHO B § 56.

Ha nepBuiit B3rssig MoKeT NMOKa3aThesl, 4TO MOJOGHBIE NpHMeph
NpoTHBOpeyar MeTadu3nueckoMy npuHuUHNY JlefiGHHLa AaocTaTOu-
HOTO OCHOBAaHHA ?), a uMeHHO Hame# runotese (C). Bonee ray6oKHi
[IOAXOJ COCTOMT B TOM, UTO, XOTR CUMMETPU4HbIE nPpuiuHbr 06YCAO-
B8AUBAIOT CUMMETDUYHbIE SABAEHUS, NOYTU CUMMETDUYAbLLE NPUULHbL
He 0043aTeAbHO NPUBOOAT K NOYTU CUMMETPUYHbIM ABACHUAM: CHM-
MeTpHYHAasd 3a37laya MOXeT He UMEeTb HH OIHOrO YCcTod4u8020 CHM-
METPUYHOro pellleHusl. Takasi BO3MOXKHOCTb M SIBJIsieTCSl HEHCTBH-
TeJbHbBIM HCTOYHHKOM «NapaJOKCOB CHMMeTPHH» (HaGJIOZaeMBbIX
HapymeHu# runoressl (C) u3 § 1).

Ilanee oTMeTHM, YTO NPOAHANH3UPOBAThL YCTOUYUBOCTL PELUEHHS
ropasgo TpyAHee, uYeM IIOJNYYHTb CaMO pelleHHe, [103TOMY
MOYTH HaBepHAKa pelleHdss O6yAyT noJyuyatbCA 3aJ0Mr0 A0
TOrO, KaK 6yJAeT ycTaHorneHa HX HeycTOH4YHBOCTb, B cuay 3Toro Mo-
KHO NpeABHMeTb, YTO W s OyAylUleM NOTOK NapaJoKCOB CHMMETPHH
He npeKpaTHTCS.

§ 27. TeopHs NOrpaHHYHOro CJOsA

dynpaMeHTanbHbIH BOMPOC MEeXaHHKH XKHAKOCTEH COCTOHT B TOM,
yToGbl HAHTH B3aHMOCBSI3b MeXJy pelleHHSMH ypaBHeHHit Dilnepa
IS ABMIKEHHS1 HEBSI3KOH KHAKOCTH W peilleHHMSMHM ypaBHenuit Ha-
sbe — CTOKCa AAs KHAKOCTEH ¢ Mcye3amollie MaJoll BA3KOCTbIO. Ma-
TEMAaTHUYEeCKH peub HieT 06 aCHMITOTHYECKOM MOBEJEHHH pelIeHHi
cucteMbl (3), (4) nmpu p—0 (1. e. npu Re— + o). ITockoanky
O6BIYHO JJsi KopaGaeil U camoaeToB uHciaa PeliHoabAca Jaexar
B HHTepBaje 108 — 10°% To mast TOro e HHTepBaja OrPOMHOE MPakK-
THYECKOe 3HaueHHe HMeer 3ajaya pacyera Ja0o60BOrO COMPOTH-
BJIEHHS.

) Cm. Nisi H. and Porter A. W, Phil. Mag., 46 (1923), 754; [17],
cTtp. 294; Saltman P. J, J. Fluid Mech., 1 (1956), 249—275.

2) CospeMeHylo (OpMYJNHPOBKY 3Toro mpuuunna aaa Birkhoif G. D.,
Rice Institute Pamphlet, 28 (1941), Ne 1, 24—50; Collected Papers, 1. 3,
cTp. 778—804. JTi060MbITHO, 4TO (OPMa/bHBIE CHCTEMbI MATCMATHUECKOH JIOTHKH
UFHOPHPYIOT 3ITOT TPHHUKN, NPUMEHHMOCTb KOTOporo K ¢uinke 6HNa 3aMmeuena
B 1894 r. Tlsepom Kiopu («Oeuvres Scientifiques», Paris, 1908, oco6enuo
etp. 119--215).
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Jlerko BHAeTh, UTO O6GbIUHAS TEOPHS BO3MYIUEHHH K 3TOil 3afaue
He NpHMEeHMMa, TAaK KaK yJeH, YuHThiBalowmuil Bsaskocts vV2u, Bypa-
BueHHH (3) uMeer caMblil Goabuioft MOPSIIOK H, CAe0BATENLHO, BO3-
MyILEHHe BSI3KOCTH v OTHOCHTEJbHO 3HaueHHsl v = 0 ecTb cuneyasp-
Hoe egoamyujenue'). Tun ypaBHeHHR B YaCTHHIX TNPOH3BOAHBIX
o6BIuHo onpefensieTcsl YJeHaMH HauBbicillero nopsaxa. Takum oGpa-
30M, npeHeGpexXeHHe YIEHAMH BBICIIEro NOPSJKa BeleT K CTHPaHHIO
pasiHunii Mex1y THnamHu ypaBHeHHH. Jlaxe 114 0GbIKHOBEHHBIX AU(-
(epeHUMANBHBIX YPABHEHHI Takoro BHAA, KakK ey’ + y = 0, ¢ Kpae-
BbIMH ycaoBusaMH y(0) = a, y(1) = b, Mbl noJyyaeM B npenese co-
BepIUIEHHO Pa3NHyYHble KADTHHLI B 32aBHCHMOCTH OT TOTO, MOJIOXHTD JIH
e—> +0wmwme>—0.

CoBpeMeHHble MCCNEOBAHHS YKA3aHHOrO Bhillle CHHIYJSPHOTO
BO3MYIUICHHS B GOJbIIHHCTBE HCXOAAT M3 Hied [Ipauaras o Towm,
YTO 3aBHXPEHHOCTb HMEET MEeCTO JIHLIb B TOHKOM NO2PAHUHHOM CAOe
JKHIKOCTH Yy JIOGOH TBepAOH rpaHHIBl, B KOTOPOM NPOHCXOAMT pes-
KHil nepenaj KacaTeJbHbIX HAanpsixeHHH, H B ciege (uacto 6an3-
KOro K BHXPEBOMY CJIOI0) mo3aiad Tena. BHe 3toro morpandyHoro
cJI0fl ¥ cllefla TeueHHe sIBJsIeTCsl MOYTH Ge3BHUXPEBHIM, N K HEMY NPH-
MeHHMBl ypaBHeHHs Dinepa.

Hns co6erBenHo mnorpanuyHoro chos Ilpanarab?) nocrpoun
MOJiefb, COTJIACHO KOTOPOH HEKOTOphble ujeHbl B ypaBHeUHAX oT6pa-
chiBalotcsi. Jlaa nByMepHOro nmotoka OH NMoOJy4HJ (npeHe6perast cH-
JIOH TSIXKECTH) ypaBHEHHe

P F) ;) 1, 92
G tugr vt W=r55.  p=px), (14

maoc OoGblYHOE YCJOBHe HecxKMMaeMoctd (4) Ju/dx + du/dy = 0.
YpaBuenue (14) — ypaBHeHHe napaboau4ecko2o Tuna, U ero MoOX-
HO HHTErpHpOBATb YMCJAEHHO, MokKa # >0, ¢ yueToM KpaeBHX
ycaosnii u(x, 0) =ov(x, 0) =0 Ha HenoABHXKHOH CTeHKe W
u(x, 00) = Ux(X) BHE NOTPaHHYHOFO CJIOS, IPHYEM NpeanoJaraercs,
YTO U (X) BBIPaXKeHO uepe3 AaBJleHHe NO ypaBHeHHIO DBepuynau:
pu [2+ p (x) =const. Tlpeanonaraercs TaKkKe, 4yToO B MEPBOH XKe
TOYKe, B KOTOpOH 4(X, y) <0 npH NOJOXKHTENBHOM Y, MPOHCXOLHUT
OTpbi8 MoToKa %),

Beuin npennpuuaATH pasnuuHBle MONBLITKH cAenaTh 6oJjee CTpo-
IHM HECKOJIbKO HMHTYHTHBHBbIH BbiBoA Ilpauatnem ypaeuenus (14);
BepoATHO, GoJjiee BCEro 3acJyKHBaeT BHHMAHHA TO, YTO CAENAHO

2‘) Aro nojpuepkusaiu Oseen ([9], crp. 211) u ap.
) Proc. Third Int. Math. Congress Heidelberg (1904), crp. 484—491,
nepeneyarauo B [37].
Boaee noapo6io ¢m. 8 [3], ra. IV; naw 8 [43), ctp. 94—99 u 222—224.



62 Ta. H. Mapadokcer 8435020 Tewenus

Musecom!). Onnako MHOTHe pe3yabTaThl TEOPHH elle Jajieko He
sichbl. KpoMe HepazbAcHEHHON CHHLYJAADHOCTH Y nepegHell KPOMKH,
K HHM OTHOCHTCS Takxe cJjeiylollnii napajiokc.

[Tapanokc norpanuunoro caos. Teoperuwecku npu
a6t800e ypasrenusa (14) npednoisazaerca, 4to oTHOWEHUE 3[x TO.1-
WUHBL NOZDARUYHOZ0 €A0R § K OAUHe X CTPeMuTcs Kk Hyaw. Jkcne-
puUMeHTaAbHO e nokasawo, 4to ecau 3/x < 0,01, 10 nozpanuunsii
cA08 cTanosuTca TyYpbyaeHTHoM U ypasuerue (l4) we ydogaerso-
paerca?).

Hanpumep, norpaduunblii cnofi ocraercs JaMuHapHbiM BA0OJAb
Kopnmyca Kopabasi ¥ BAOJb KpPblIbeB CaMoJeTa BO BpeMst MOJeTa
BCEr0 Ha PAacCTOSHHH HeCKOJbKHX CaHTHMeTpoB! 3ty TypOyJeHT-
HOCTb NOTPAHHYHOTO CJNOR MOXKHO CBfi3aTh, KaK Mbl cefiuac yBH-
AHM, ¢ TypOYJEHTHOCTLIO B TPy6ax.

§ 28. NMapanokcw diigens n JLobya

[Tpencrasnenne o TOM, uTo conportuBieHue cuapsga D AOMXKHO
6LiTh NJaBHO Bo3pacraiolleil pyHKUHelH CKOPOCTH CHapAAa v, BeCbMa
crapo. Tak, Bo MHOrux yyeGHMKax MOXHO HaHTH «AOKa3aTelb-
cTBa» (C MOMOULbIO aHanu3a pa3MmepHocteit, cM. § 61) toro, uro co-
npotusnedne D fosKHO ObiTh TNPONOPUHOHANBLHO U NPH MadbIX
CKOPOCTSIX H NPOMOPUHOHANBHO 22 IPH 6OJbIIHX CKOpOCTAX. [ToaTo-
My B BbICIIEeH CTeneHH YIHBHTEJbHBIM NokKasaJcs oTKpuiThiid B 1912,
KoHcranuu u Diidenem 3) cnenyoiuuit napagoxc.

ITapagokce Diidensn [lpu wucaax Peldnoavdca, 6auskux
K Kpurtuseckomy uucay Rep = 150000, conporusaenue cghepsi
paxTudecku yboisaer ¢ B03PACTAHUEM CKOPOCTU.

HBa roga cnycta [Ipanarab nokasand, 4yTo 3TO naieHHe COMpO-
THBJIEHHS 3aBHCHT OT BO3HHKHOBEHHUS TYPOYAEHTHOCTU B <«NOTpa-
HHYHOM cJioe» OKOoJIo cdepbl H 3Ta TypOyJIEHTHOCTh MOMXKET ObiTh
BbI3BaHA NyTeM YBeJHYEHHS WIEPOXOBATOCTH chepnl uau XKe MNpH
TIOMOIUH JAONMOJHUTENbHOH TypOyausanuu noroxa. lelicTBUTENBHO,

) ZAMM, 7 (1927), 425—A427. DBpHCTHYECKOE HCC/@LOBAHHE CHHIYSAPHOCTH
AAS TeueHust BOMM3M nepefHeldl KPOMKH nJocKoft nnactudkd cm. Carrier G. F,,
Lin C. C, Quar. Appl. Math., 6 (1948), 63—68.

?) Cp. [43), cTp. 32—33. [Ipyrue TPYIAHOCTH, BO3HHKAIOUIHE NpPH HAUBHOM
npuMeHeRUy TecpHH, ynoMsadyTu Tam Ha crp. 110—112. Mo nosoav naabHelmux
:;;;pyixglen_vm cMm. Takke Stewartson K., J. Math. Phys, MIT, 36 (1957),

5 Eiffel G. Comptes Rendus, 155 (1921), 1597—1599. O6bacuenue
{}]%amlx;gn em. B [I1], 7. 2, n. 63, nam Gott. Nachr, Math.-Phys. Kl. (1914),
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MOXKHO cBsi3aTh uucao  Reyy ~= 150000 napagokca itgena c
Rey,. == 1700 aast typGysentnocTit B Tpy6ax nocpeacTBOM CONOCTa-
BJIEHHS TOJILHHLL JIAMIHAPHOI'O NOrPAHHYHOIO CJIOS § AUAMETPY TPY-
6bt d. Ecan Re = uox/y ectb uncio PeliHonbica ocHoBHOro Teue-
HHSl HA PAcCTOSIHHH X OT mepeiHeil KPOMKH, TO U3 ypaBHeHus (14)
cnenyer 3(x)=~4 Vvxfu_, u toraa uucao Peitnosbaca aas norpa-
HHYHOTO CJI0s onpejensieTcs BbipaxeHnneM Re;=un 3v =4V u_ x/.
Orciona ¢/x==4/YRe, a uncno Peiinonbica w3 napamokca di-
dens Renp. == 150000 npubauxeHHo cooTBeTCTBYeT uMcay Rey~
~4 VRe,q,, =~ 1600, urto BmonHe coriacyercs ¢ Re,p aas TypGy-
JIEHTHOCTH B Tpy6ax. 2TO OTKPHITHE OOGBACHAET TaKXKe CJeAyIoLui
GoJiee cTapblil Mapajokc.

ITapanoke Hi06ya. Conporusienue narku, KotTopyro yoep-
HUBAIOT HENOOBUINCHO 8 NOTOKe, UMeroujem CKOPOCTb U, O6bI4HO
MeHbule, 4em conpoTugaeniie Tol e NAAKU, KOTOPYI TARYT ¢ TOL
e CKOPOCTyIO v 8 cToAk el 8ode.

DTOoT napagokc OCOGEHHO HHTEpeceH MOTOMY, YTO Ha NepBbiil
B3rMIIA Kaxxercs, OyATO OH NPOTHBOPEYHT OCHOBHOMY NPHHUMIY
MexaHHKH HbloToHa — HHBApHAHTHOCTH BCeX 3aKOHOB MPH NEpexoje
K PaBHOMEDHO M MOCTYNaTe/NbHO ABHXKYUIHMCA OCSAM KOODAHHAT.
BepositHo, motoMy uto Jleonapmo ma Bunuu!) npusHasan 31OT
OpHHLMN, OH YTBePXKAaJ PAaBHOCHJABHOCTb ABYX YKA3aHHLIX BBIlE
cyuaeB — XOTsA 3TO cpa3y OnpoBepraercss HaGJIOICHHEM.

B Hactosimee Bpems o6bsicHeHHe napapokca {io6ya cuuraercs
usBecTHbIM. IloTokm xuaxkocTn Bceraa Godee wixn MeHee TypGy-
JIEHTHEI; 3TO NPUBOAUT K NOHMKEHHIO CONMPOTHUBJAEHHS MO TOH XKe
(He oObscHEHHOH MaTeMaTHYeCKH) IIpHYMHE, N0 KOTOPOfl MOHH-
JKaercsl COMPOTHBJIEHHE NMPH 06TeKaHHH cdepHl, KaK GLUIO NOKa3aHo
ITpanatnem. Boipaxasich coBpeMeHHBIM SI3bIKOM, CBO6OZHAsS TYpGy-
JIEHTHOCTh MOTOKA BBLISLIBAET NMEPEXOf K TYPOYJEHTHOMY ABHIKEHHIO
B NOTPaHHyHOM clioe. DTO B CBOIO Oyepelb 3aJePKHUBAET OTPHIB MO-
TOKa, Cyxkas TakuM 06pa3oM «cJeld» H YMEHbIIasd CBA3aHHOe C 3TUM
n060BOe CONPOTUBJEHHUE.

§ 29. PeryaupoBanue norpaHu4HoOro caos

[lepeonavanbio (cm. npum. 1) na crp. 61) Ilpanaras cunran
CBOIO TEODHIO NMOTPAHHMYIIOLO CJIOSI MOCTOM, CBSI3bIBAIOLIMM KJaCCH-
YECKYI0 TEOPETHUECKYI0 THAPOAMHAMHKY M AHHAMHUKY peaJbHBIX

'y MacCurdy E., The Netebooks of Leonardo da Vinei, New York,
1941.6cgp. 503. Jleonapio TaKke 3aMeTHaA nogofine BO3AVXA H BOAM (Tam ke,
cTp. 645).
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xuakocted. CornacHO TEOPHH, NPH HEOrPaHHYEHHOM BO3PAcTaHuH
yucna Pefinonbaca Re norpanuynnifi C/10# 1O/MXKEH CTPEMHThLCA CTaTh
GeckoreyHo ToHKHM., OTClOfa CJAeAyeT, 4TO NP  AOCTATOYHOH
H300peTaTe/bHOCTH MH B COCTOSSHHH Pe2yAuposars 3TOT norpaHud-
HBIfl CIOA NPOM3BOJIBHO MA/HM YCHIHEM TaK, YTOGH annpOKCHMHUPO-
Batb TeyeHus )KYKOBCKOro C Hy/aesbiM conpoTusaenuem u 60abwiod
nodsemuod cunod. JIns ROCTHKEHHS 3TOR UeAH OLLIO NPOBEEHO
OrpoOMHOE YMCI0 TUATENLHHIX HCC/AeAO0BaHHIl H 3KCNEpPHMEHTOB; He-
KOTODbIE U3 HUX MBI ceiluac BKpaTle paccCMOTpHM '),

HaunGonee n3secTHHIM ABASETCS TO COOGpaXKEHHE, 4TO COMPOTH-
BJleHHe MOXKHO YMEHbUIHTh NPH NOMOMIM YAYuIIEeHHS 06TexaemMoCTu.
IMon 3THM Mbl noHumaem noa6op AAs KpHJa caMoneTa TaKOro oyep-
TaHHA, KOTOPOE CBOJIMT K MHHHMYMY TPaXHEHT NPOTHBOAABJIECHHS.
3710 noMKHO 6biN0 6bl 3a4epXKaTh OTPHIB MOTOKA K TaKHM 06pa3oM
YMeHbWHTh N060BOE CONPOTHBJEHHE, NO3BOJASAA H36EXKATh 3aCTOMHOM
o6nactd y nepeaHed KpoMkH nu6o oTpwBa B6auan Hee. Ha npak-
THKEe 3TO AOCTHTAaeTCs TeM, 4YTO NepeiHAs KPOMKa OKPYIJIAeTcsH,
2 0CTANbLHARA YacTh TENa NOCTENEeHHO CYXKHBAETCH A0 OCTPOH 3anxHeil
KPOMKH.

OnacHocTh nossjeHus 3acToHHON O06JMAcTH, KOTOPaR yMEHbLIaeT
NOABEMHYIO CHJY, PaBHO Kak yBeJauuuBaer J060BOe CONPOTHBJe-
HHe, mnpexie BCero Bo3HMKAeT npu  OGoAbWIMX yraax arakH.
Jnas Toro uro6bl 3agepxaTh NOsSBJEHHe 33CTORHONA 06/1aCTH, BeChMa
NONE3HO TaKXKe C/erka KWCKPHBUTH NPoduab Kpbiia KHH3Y. B npe-
AeNbHOM cayyae NpodHAss B BUAE AYTH OKPYXHOCTH Jerko yGe-
JAHTBCA B TOM, 4TO 3TOT NPHEM MNO3BoJAeT H3bexaTb GECKOHEYHOro
3HaYeHHs CKOPOCTH HA nepexHeil KpoMke; B obuieM cjyyae TEHEHHR
JKYKOBCKOro 3TO NPHBOAHT K 3HAYHTEJIBHOMY YMEHBUWEHHIO TPajH-
€HTa MPOTHBOJABJEHHUSA HAa BepXHe#l (NOJACOCHOM) CTOPOHe.

InasHoit 3apauest HaunonanbHBIX JNaGopartopuii B TeueHnue
1910—1930 rr. 6uino co3nanue ONTHMANbHO 06TeKaeMbiXx oOuep-
TaHHW JJ1a CaMoJIeTOB, JIETAaBLUHX CO CKOPOCTAMH He GoJee
400 «m/4ac (xorna MOXHO Obio npeHeSpeun 3ddexTaMu CXKH-
MAaeMoCTH).

Ins anaausa 3KCIEPHMEHTA/NbHLIX RAHHBIX W NPOEKTHPOBAHHA
HOBLIX OMBITHBIX KOHCTPYKUMH GOJblWHMM noacnopbem 6bin pacyeT
pacnpenenenus nasaeuus coriacio teopan JKykosckoro, a caego-
BaTeNbHO, NO ypaBHeHusM Jitnrepa. OQHAKO UEHHOCTb TAKHX pac-
4eTOB He B ONMpeNEeNEHMH 3HAYEHHH NMOABEMHO CHJAM, JIOGOBOrO CO-
NPOTHBNEHHA HAH MOMeHTa (cp. § 8), a B TOM, YTO OHM NO3BOAMUNH
YKa3aTtbh Ha nmepexox K TYPOYJEHTHOCTH M HAa OTPHIB NOTOKAa B MO-

') Cm. [3], ra. 12 u [43], ra. 13, rae colcpxutes 6oJee noawoe BReJeHHE
B gsccg;rpuglaemgl;ﬁ sonpoc. OtHocutenbno ugedt [Tpanarag oM, [11), T 2,
m — " —393,
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rpannyHoM caoe. Kak 3To fanexko oT nepBoHauabHOR KOHLENUHH
Jlarpanxal

Ilpu Goabwux yrnax atakd MOXKHO H30€XaTb MOTEPH CKOPOCTH
H NOJY4YUTb GOJIBIIYIO NOABEMHYIO CHUAY NMPH MOMOLLIY TaK HasblBae-
MBIX paspe3nbix Kpoiaves. TaKkHe KPBIbS 3HAKOMBI IaccaXXupaM
CaMOJIETOB U MOTYT GHITh MOJIyYeHH! NPH IOMOLLY NPefKPHUIKA ¥ 3a-
kpbiika. K coxaneHHo, pa3pe3Hble KPHUIbS YBEJHUYHBAIOT N060BO€E
CONpOTHBJEHUE, MO3TOMY HX HCIOJB3YIOT JHINL HA B3Jete W TpPH
nocajKe, Korja B MePBYIO ouepelp BayKHO MOJYUYUTH GOJBLIYIO NOAB-
eMHYIO CHJY NpH yMeHbUIEHHOH CKopocTH. XOTa TPYAHO MpeAcKa-
3aTb MaTeMaTH4YecKH, Kak paboraloT paspesHble KpblIbs, Xapak-
Tep BJAMAHWA lleJell HAa TEUEHHS BIOJb BepxHel CTOPOHBLI KPBLIBLEB,
OYE€BHJIHO, NMOAOOEeH MEHACTBUIO CTPYH, KOTOphle CHHXKAIOT TEHIEH-
IHUIO K OTPBIBY NOTOKA MOCPEACTBOM YCKOPEHHS MOTrPaHHYHOrO CJIOS.
H3o6peraTenbHble TeXHHKH NPOGOBaJH TaKXKe HCMOML30BaTh CTPYH
09 TexX XKe Ledef.

Hpyroe muoroofemiaioniee npucrnocofjeHde OCHOBAHO Ha CO3-
NaHWH TPUHYAMTeNbHOro nodcoca aubo uepe3 wenn, au6o yepes
pPaBHOMEDHO pasMelleHHble KPYIJble OTBEPCTHS HAa TeX YYacTkax,
rie uHaye mpousowen Gul OTPLHIB MOrpaHHuHOro cjos. B atoM cay-
yae MOrpaHHYHBIA CJIOH OTXKMMaeTcsi K CTeHKe, U Mbl ONATh NOJY-
yaeM ayumee npu6anxenne k teuendio YKykosckoro. Ecnn ucnodns-
3yIOTCS 1LeJIH, TO, HCXOAsl U3 TeopHH JKyKOBCKOro, HYXKHO CO31aTh
NOBLILIEHHOE AaBJEeHHE Kak pas Bhnepead wened!). MoxHO Takxe
MONLITATECA HCHOMBL30BAaTh MOACOC MJIA TOro, 4yToObl COXPAaHHTH NO-
PDAHUYHBLIA CJIOH AQMURAPHLIM, TEM CaMbIM ONSITb-TAKHM YMEHbINAas
n06oBoe comporHBiaeHue. K coxkaneHuio, oueHb TPYAHO, NO-BHIH-
MOMy, NOJY4YHTh Takoe JaMHHaphoe TeueHue. [laxe mersuiue B
BO3JlyX€ HACEKOMble MOTYT BbI3BaTh TYPOYJIEHTHOCTb NPH OGTEKaHHH
caMoH Iy1afKoH NMOBePXHOCTH Kphija.

IMocaennss unes Ilpanarns 3akawouanach B TOM, 4TOGH MOMe-
IaTh YMEHBIIERHIO CKOPOCTH B IOFPaHHYHOM CJIOE, a CJAeL0BaTeNbHO,
U OTPHIBY, HCHOMB3YS dsuacyujuecs epanuyst. Xots B 1a60paTOPHBLIX
YCJIOBHSIX U MOXKHO NPOJAEMOHCTPHPOBAThH NPAaBHJBHOCTL paccMa-
TpHBaeMoli HAeH?), HO OO CHX NOp e€e NpUMEeHeHHe HMeeT JHILIb
SMIIMPHYECKYIO OCHOBY, TaK YTO B JajibHedweM Mbl Gosibiie He Oy-
LleM BO3BpAIaThCs K 3TOMY BOIPOCY.

'Y Cm. Goldstein S, J. Aer. Sci, 15 (1948), 189—220; Pfennin-
ger W, Tam xe, 16 (1949); 227—236; Doehnhofi A. E, Lofton L. K,
Jr., tam ke, 729—740; Lachmann G. V, J. Roy. Aer. Soc, 539 (1955),
163—198.

2) Cw. [l1], n. 51—52; Ackeret J, Das Rotorschiff.., Goettingen, 1925;
Favre A, Comptes Rendus, 202 (1936), 434—436. Mo nosopy uzeht Tlpanaras
cM. Takxke § 9.
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Texuuyeckue TPYAHOCTH, BCTPeYAIOIIHECS NPH peanH3alUH yno-
MSIHYTHX Bbillleé COOGpa)eHHH, He JOMMKHBH 3aCAOHATH JeEKallylo
B HX OCHOBE HJ€I0 — aNNPOKCHMAUHIO HAealbHOTO TeyeHHs JKyKoB-
CKOro, onHcanHoro B § 8.

§ 30. Mapanoxc Croxca

B § 25—29 mun paccMoTpenn TPyAHOCTH, CBA3aHHBE C TEOPETH-
9€CKHMH pacyeTaMH TeueHHR npH Goablinx uyucaax Re. Tenepn Mbl
nepefiileM K NPOTHBONOJNOXKHOMY cayyalo, korga Re—0. B 31oM
cnyuae paanoxeHnue no crenessiM Re yxe He cBssaHo c «cunryasp-
HHIM BO3MYULIEHHeM» B cMHcle § 24; He/MHeAHBIi KOHBEKTHBHHIN
yned u- Vi He GyleT ueHOM CAMOro BLICOKOFO MOPSAAKA, ¥ ¢ Ma-
TEMaTHYECKOH TOYKH 3PeHHS NMpeICTaBJfeTCA BMOJHE Lienecoolpas-
HHM €ro nonpocTy ONyCTHTb.

310 6o caeaano CTOKCOM, KOTOPHEA BBes, TakHM 06pasoM,
HOBHIR KJacc HAeaNbHHX TeueHHH, OGLIYHO HA3LIBAEMBIX «MON3y-
imuMu». B takom npubanxennn CTOKC BuBen popMyiry

D = 6mpcv (15)

AAS CONPOTHBJEHHS, HCNWTHIBAEMOro TBeplOA cdepod paauyca ¢
NpH MEe[JIEHHOM ABH)XXEHHH CO CKOPOCTBIO U B JKHAKOCTH C BSI3KO-
cTbi0 p. [1pn BHBOZe cywecTBesHO Henonb3yeTcs runotesa (C) HpH-
MEHHTEJIBHO K OceBOR cHMMerTpuu. OxonyartenpHas dopmyaa (15)
XOpOLIO MOATBEPIKAAETCS IKCNEepPHMeHTaNnbHO!) npu Re < 0,2.

Kasanoce 6H, Bno/He €CTECTBEHHO NPHMEHHTL TOT Xe caMuil
METOL K KPYrOBHM LHJIHHAPAM, ABHXYILHMCS EPHEHIHKY NS PHO OCH.
Onnako B 3TOM cityuae MH HMeeM CJEAYIOLLHIl TapaLokKc.

IMMapanoke Croxkca. Crayuonapnoe <noasywee» obrexa-
Hue KpY208020 YUAUROPA HEBO3MONCHO.

Hokasareabcrno. [Ipx nJ0cKOM cTalHoHapHOM nonsymem
TeueHHH ypaesHeHHst Hasbe — Crokca (11) cBomsaTcs k ypaBHeHHIo
VX =0. Ecau V — pyukuus toKa, 10 nocreanee ypaBHeHHe 3KBH-
BaJIeHTHO ypaBHeHHI0 V4V =0, 1. e. V — 6uzapmonuveckas ¢dyuk-
uxs. Otciona caeayer, uto V — anasuruueckas pynryual), Ieir-
CTBHTEJIbHO, BO BCAKOM KPYrOBOM KoJblle (QYHKUHIO V MOXHO pa3-
JOXHTb B paf Pypoe

V=2la,(r)cosnd+b, (r)sinns, (16)

;) [3], n. 215. o nomoay dopuyau (15) cm. {71, n. 337—338.
%) OrHocurensHo cpoficTs HCMO/MIb3yeMBX GHrapMOHHUECKHX GYHKHHA oM.
Nicolescu M, Les fonctions polyharmoniques, Hermann, 1936, ocoGenno

ctp. 13—16 u crp. 32. O6uuHO BMecTO CTPOTrOro JOK23aTeibCTBa CCHJIAIOTCA Ha
runoresy (E).
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rae an(r) u b,(r) yaoBI€TBOPSIOT COOTHOLUEHUSIM

d? r ld

Ej;a:x = E;bu =0, Ei =a" -+ ar nre. (16%)

Ecau sektop ckopoctu (0V/0y, — dV/0x) B npaAMOyroapssix Ko-
OpAMHATAX OrpaHuyed Ha OECKOHEYHOCTH, TO MNPOCTOe BLIMHUCJEHHE
4 _— ”
maet cooTHowerue a,(r) =Ayr+a\/r, v a,(r)=a,/r"*+a’/r"
npu n >2. Otciona caelayer ¢opmyna
a,cos § 4 b, sinb

; +

(o o AV
+§{<;m+7>°°5”6+<»—-2+7>5‘“""}- i

V=vy+ Vo+a,lnr+

C npyroit cropoHul, ecan V'V =0, To H3 TeopeMsl 0 AMBepreHuyy
cjlefyeT ypaBHEHUE

[Jovrasay= [{vv G —vzwv)}as
A ¢

rne C — kpuBas, orpanuuuBamowas obaacts A.

[Tyets Tenepr A -—o6nacTe MeXAy UHAHHAPOM H GOJbLIOH
OKDYXHOCTbIO paguyca r. Tak xax Ha uuaunipe V = oV/on = 0, uu-
TerpaJ B NpaBoifl yacTu NPEAbLAYLIEro YpaBHEHHS, B3ATHIH NO 3TOH
yacte C, pomxed obpauiarecs B Hysab. Ha Gosabwofi OKPYKHOCTH,
NIOCKOJIbKY

VV=0(r3%, V=0(r), VWV=0(1) & V(V*V)=0 (9,
CIIpaBeJInBO COOTHOLUEHHE

Jivv S — v (V) }as=0¢"9 - 0() -0
c

npu r—>oo. Tak xkax (V2V)?> 0, 1o orcloma creayer, uro

V2V =0, 1. e. V nomxuo GuITh rapMoHuueckoit ¢ynkureii. Crego-
’ !

BatenbHo, B ¢opmyne (17) a,=5b,=0. Haxoneu, u3s ycnosus

0V/0r = 0 — yc/IoBHS NPUJIMNAHMA HA NOBEDXHOCTH UHJAHHApPE —

caenyet, uto V = Vo n v =0, a 310 3aBepwaer Joka3aTenncTno!).

1) ToxpoGHoe u3:oxkenne Bonpocos § 30 u § 31 oM, 8 [1*),— MHpunm, ped,
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§ 31. Ypamuenus Oseena

Oseen') u JlaM6 BBenn napamokc CTOKCa B paMKu TeOpHH, 1o-
Ka3aB, YTO KOHBEKTHBHbIE ujleHH Npeo6GnafaloT HAaA BA3KHM YJEHOM
NPH oueHb GOJBLUIMX 3HAYEHHAX 7, KaK 6Bl HH GbIJIO MaJo uHcao Re.
epeonpenenennocts MoxHO H36exathb, GoJee aKKypaTHO Nepexons
K ABOHHOMY npegeny npu Re—0, r — + oo,

Hro6pl  monyydth paspemMMyl0 KpaeBylo 3ajauy, OseeH
NpeAJoKHA BBecTH B oneparop D/D{ BMeCTO TOYHBIX UYJEHOB

> uyd/dxy JMHEeaPH30BaHHKE KOHBEKTHBHbIE WieHH 3 uy (00)0/3xy.
Bnaronaps BBeneHmio Takux ciaraeMsix B ypaBHeHns Ctokca Oseen
CMOr TMOJIyYHTb TEOPETHYECKYI0 GopMmyny s J06OBOTO CONPOTHBIE-
HHA B C/yyae MeJIEHHO ABHXKYllerocss UHAHHAPA. [Ipu6auxenunoe
- 3KCNIePHMEHTANIbHOE MOATBEpKAeHHe 35TOH (GOPMY/ab BO3MOXKHO,
XOTS H OKa3blBaeTcs A0BOJbHO TPpyAHbM ([3], rar. IX).

1o paspewenue napagokca CToKca B CBOI Ouepellb NPHBEJO
K ApyroMy napajoxcy, otkpuitoMy QPaitsionom 2). B napanokce ®afi-
JIOHa YTBepXKAaercs, YTo ypasHenuss Oaseena, B3asiTble GYKBAJbHO,
RAIOT GeCKOHedHbld MOMEHT I/l 3JUIMNTHYECKOTO LHJMHAPA, KOCO
MOCTaRJEHHOr0 OTHOCHTE/IbHO NMOTOKA. DTOT Napajokc 6bla HeHaBHO
paspemten Mman mpu nmomouu nepexona K Gosiee BBICOKHM NPHOJIH-
KEHUSM.

[MpuGnuxennsie ypaBuenuss O3eeHa MOXKHO TAKKe HCNOAb30BATH
Ans ucnpasienus ¢opmyast (15), yro6el yuecTh BJHAHHE MaJoro,
HO KOHeyHoro uucia Re Ha 1060Boe compoTHB/eHHe cdephl; nonpa-
BOYHBI MHOMHTeNb OKasaacs paBeuM (1 + 3Re/8). dtor nompa-
BOUHbIH MHOXHTeNb bl TIMATENbHO HcclenoBaH TosbawTeiiHoM 3),
KOTOPBIH TONYYHJI CTeneHHOA psn AnsA Ko3hdHUHEHTa cONpoTHBE-
uust Cp(Re), cxonsimuics, Bepostho, npu Re < 2. DKcnepHMeHTAb-
Hble H3MEpeHHs, MO-BHAMMOMY, HAlOT MeHblliee COMPOTHBJEHHE;
KpoMe TOro, BBHAY aCHMNTOTHYECKOTO XapakTepa HCCJei0BaHHi
Oseena Bosnukaer Bompoc, He Oy[eT JH OKOHuYaTeAbHas (OPMyJa
BepHA TOJbKO aCHMITOTHYECKH 4).

OG3op peuwlennit APYruxX KpaeBbiX 3afay, K KOTOPHM GDHBOLST
ypaBuenns Oseena, nau B pa6ore [9), wacts III. Onnako amnpok-
CHMalHs KOHBEKTHBHBIX WJIEHOB BechMa HeTOuHa BOMU3H npensT-

) [9], ctp. 162; [7], ctp. 769; cm. Takxke [12), 1. VI, crp. 29—40.

?) Filon L, Proc. Roy. Soc., A113 (1926), 7—27. Tlo NOBOAY O6LACHEHHA
ng;;anoxca ®ainona, namworo Hmam (Imai), cm. Tam xe, A208 (1951),
487—516.

5) Goldstein S., Proc. Roy. Soc., Al123 £1929). 225—235; wuau [3),
§ 2f5. Cp. Weyssenhoff J, Annalen der Physik, 62 (1920), 1—45.

) Cr. Kaplun S, Lagerstrom P. A, I. Math. Mech., 8 (1957),
5233—3231 Proudman I, Pearson J. R. A. J. Fluid Mech., 2 (1957),
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CTBHH ¥ CTEHOK. B cBsiau ¢ 9THM Teopus norpanuyHoro cioa Ilpana-
rasi npu Goablunx uMcnax PefiHosbaca 3HaumTesbHO Gojee MJIOAO-
TBOPHA.

§ 32. Mapanoxc ny3sipeka

B TGODHHM NOJBOJHOTO B3PbiBAa Mbl BCTPEUAEMCS C TOJOXKEHHEM,
agancryunbiM napazoxcy Crokca. Xors cyluecTByer npocTas H
ype3BbIUafHO NOJIE3Hasl TEOPUS C(epHyecKUx Ny3bIPHKOB, BO3HHU-
KaIOLIHX NPU MOABOAHBIX B3phIBAaX!), JIerKO NMOKa3aTbh, YTO B ABY-
MepHOH THIPOAHHAMHKE NS BCAKOTO PACIIMPEHHH HJIK CXKATHA
ny3bipbKa B HECXKMMaeMOR KHIKOCTH TPeGyercs GecKOHeuHOe 3Ha-
yeHHe KHHETHYECKOH SHEPTHUH

5 [ [evU-vU)dxdy.

[Ipy KOHEUHHIX CHJIaX CXKHM3aeMOCTh Bcerja JOJKHa Urpark
OCHOBHYIO POJIb HA AOCTATOUHO OOJbLUIMX PACCTOSHHUAX.

HmeloTcs elle ABa JHOOONBITHBIX NapajoKca, NPOHCXOXKAEHHE
KOTOPBIX CKOpee (PU3HUECKOE, HEXEJIM MATeMATHUECKOe, H KOTOphie
10Ka3LBAIOT ya3BAMOCTh runoresst (A) us § 1. Ilycrs MadeHbRHH
BO3JAYLIHEIE My3bipeK MOJHMMAETCS B KHAKOCTH MO JeACTBAEM
nAaBydYecTH, NPHYEM OH HACTONBKO MaJ, 4TO BC/AEACTBHE MOBEpPX-
HOCTHOT'O HATSKEHHSH COXPaHseT MouTH ctepuuecKyio GopMmy u ero
IBHIKEHHE — «noJizyliee». Tak Kak Ny3eIpek COCTOMT M3 rasa, TO
BMecTo ycaoBusi (6) Hafo BasiTh ero Jorhwdeckoe ofofulenue: u(x)
JIOJIKHA GBITH HeNpEPHIBHA NPH mepexojle uepe3 rpaHuy.

ITocraBnennas TakuM 06pasoM MaTeMaTHyeckas 3ajaua Obuia
pewesa Pui6unnckum ¥ AfamapoM npu RoGaBOYHOM MpEANOJIONKe-
HHM HenpepLIBHOCTH TaHreHuMaabHoro Hanpsixenus?). Teoperuue-
CKH JIOBOBOE CONMPOTHBJIEHHE ONpejenseTcs no GopmyJe

2 3’
D = 6rewp (H) ~4nepw, ecan p <& p, (18)

rge W — BA3SKOCTh MHUJKOCTH, 8 W' — BS3KOCTh KMAKOCTH IOAHH-
MaIoIerocs My3bIPbKa.

Bce ato orHocurcss X Teopun. Ha npakTuke ke A7 CONPOTH-
BJIGHUS, NO-BHAMMOMY, oObluHo BepHa ¢opmyna (15), a ne (18).
DTO 3HAYNT, OUEBHJHO, YTO Ny3hIpeK Bener ce6s TaK, Kaxk ecad Obl

1} Cm. [7}, n. 91—9la, uau [17), ra. XI, § 13

?) Rybeczynski W, Buall. Acad. Sci. Cracovie (1911), 40; Had a-
mard J., Comptes Rendus, 152 (1911), 1735. OTHOCHTENLHO 3KCMEPHMEHTAb-
Hoix mamHmx oM. Barr G, A manual of viscometry, Oxford, 1931, ctp. 190
s nanvwe; Bryn T, Forschung Ing., 4 (1933), 27-30; {111, 1. 2, 0. 74,
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OH Gbl1 TBEpAbIM TenoM. Takoe MpPoTHBOpeuMe MeXAay TeopHedr H
IKCNEPHMEHTOM MOXeT GHTh HA3BaHO MapajOKCOM NOLHHMaiolle-
rocsa nysnlpbKa.

Kak npennoaaranu Boun') u apyrue 4aBTOPbI, KaxXyllasica TBep-
AOCTb, BO3MOXHO, 00bsACHAeTC 00pa3oBaHHEM TOHKOH (MOHOMoJe-
KYJSPHOH) NJIEHKH HA NMOBEPXHOCTH NY3biPbKA M3 DA3JIHYHBIX TpH-
MeceH, M 3Ta NJAEHKAa OKa3biBaeT CONpPOTHBJeHHe AedopMmauu?).
OnHako noJiHasi KapTHHA BCe elle He SICHA.

Ewe Gonee addekrHbIM sBaseTcst CleAyIOWMi napanokc.

[Tapanoxc mamawumwero nyswpoka. [Ipu sepTuxans-
HOM 2paduente Temneparypol. 8 HuUOKOCTU U3MEHERUS NOBEPXHOCT-
HO20 HATANEHUR MO2YT NPUBECTU K TOMY, 4TO ny3eipex Gyder ony-
CKATbCA, @ He NOOHUMATLCA 3).

CraruBanKe NOBePXHOCTH HY3biPbKa MO HANPABJEHHIO K CTOPOHE
¢ GOJBIUHM MOBEPXHOCTHHIM HATSIKEHHEM 3aCTaBAsieT Ny3Hpex B
BA3KOH JKHIKOCTH ABHraTbCsi B HanpasJeHHH YObIBAHMS NOBepX-
HOCTHOT'O HaTsXKeHHs, T. €. B HanpaBJeHHH BO3PaCTaHUs TeMnepa-
TYphl. ITO sIBJIEHHE KaXeTcs MapajoKCalbHLIM TOMBKO NMOTOMY, YTO
OHO TaK HeOOLIYHO, H MOTOMY, YTO B MEXaHHKe XHAKOCTeH MOYTH
BCerja YC/J0OBHO NDHHHMAlOT NOBEPXHOCTHOE HaTsXKeHHe (KaK H
BAA3KOCTb) MOCTOSHHBIM, '

§ 33. «Bropas» Ba3kocts

Kak ykasbiBasnoch B § 19, npy o6biyHOM BhiBoje ypaBHenuii Ha-
Boe — CTokca (1*) Mbl HMeeM Jie1o ¢ aByMs Ko3ddHUHEHTaMH BA3-
KOCTH A H p. MOXHO NpHHATE, YTO KOIGGHUUUEHT BAIKOCTH p npu
CABHre H3MepsieTcs Inisl TeuenHs Ilyasefina; Toraa ocraercs 3amaua
H3MEePHTb KOIQGOHUHEHT A H NPOBEPHTb CJENCTBHS ypaBHeHHmii (1*)
Ans 3TOro KoagpuuHeHTa A, KOTOPLIH, BEpOATHO, 3aBHCHT OT TeM-
neparypsl T u naBaenus p.

Kak 6b1o ckasamo B § 19, Crokc mpocto npeamosarad, 4to
A = —2p/3. Oanako SACHO, YTO HaJexKHee BRECTH B paccMoTpenHe Be-
JHYHHY p' = A + 2p/3 ¥ HccaefoBaTh ee 3KCepPHMEHTanbHO. C ¢u-
3HYECKOH TOYKH 3PEHHR A H «BTOpasi» BSI3KOCTb p’ He HMEIOT CMbi-
C/la, MOKAa OHM He ONPEeJeNIeHbl H He H3MepeHbl KCNEPHMEHTAJIbHO.

! Bond W. N, Phil. Mag., 4 (1927). 889—898. Oranunmit o630p Bonpoca
eM. McNown J. S, La Houille Blanche, 6 (1951), 701—722.

2) ConpoTusieHHe MOXeT GMThL BARKHM HJH ynpyruM; cM. Criddle D. W.
and Meader A. L, Jr, J. Appl. Physics, 26 (1955), 838 —842 u NPHBEACHHYIO
TaMm JIHTepaTypy.

%) Block M. J, Young N. O, Goldstein J. S, J. Fluid Mech.,
G (1959), 350—356; cm. [17], cTp. 319.



§ 33. «Bropaa» easxocrs i}

A 370 caenath He Jaerko. Tak, B MOrPaHHYHBIX CJ0OAX CKHUMaeMoil
MHAKOCTH 3HaueHHe p' He Mrpaer GOJbLIOA POAH, TaK KaK BeJH-
YyHHa Ae(opMalHK CABHra HAMHOrO NPEBLILIAET BEJIHYHHY CIXKATHS.
OrtyaCTH no 3TOH NMPHYHHE B TEOPHU TeueHHH ¢ GOJNbIINMH CKOPOC-
TAMH «BTOpPOH» BA3KOCTbIO O6GLIYHO npeHeGperaior') u HauGonee
A06GpOCOBECTHEIE aBTOPLI OCTABJSIOT OTKPHITHIM BOMPOC O COOTHOILIE-
unn [Tyaccona — Crokca p’ = 0.

DKcnepHMeHTaNbHble onpefeneHisi w’ OGLIYHO OCHOBBIBAJHCH HA
H3MEpEeHHH 3aTYXaHHS 3ByKa, HO TeopeTHYecKoe HCTOJKOBaHHe Ta-
KUX H3MepeHH# faneko He npocto. Tak, CTokc B cBoeil Teopuu 3a-
TyXaHHsl 3ByKa He TOJbKO mpeanosaraer, yto w’ = 0, HO Bce BHU-
MaHHe YAeasieT TOJbKO BeJHUYHHE p H, KPOMe TOro, He YUHTHIBAET
paccesiHHe, Bbi3biBaeMoe TEMJIONPOBOAHOCTbIO (TemsoBas AHbY-
sus). ITocnennee 6oi10 yutreHo Kupxrodom, KoTophlil Takke BHYHC-
Aun (¢ GOMbIIHM 3aBhILIEHHEM) 3aTyXaHHe, 06YCNOBJIEHHOe TPEHHEM
B MOTrPaHHYHOM CJIOE MPH pacnpocTpaHeHWH 3ByKa B TpyGax?),
mpHYeM YYMTHIBaJIach TOJbKO BeaHunHa p. Ho, mo-supumomy, o6a
9TH aBTOPa He paccMaTPHBaJH 3aTyXaHHe 3BYyKa KaK CPeACTBO A
H3MepeHHsl BeHUYHHBI p'.

XoTa uHTepnpeTauUHs 3KCMEPHMEHTANbHBIX NAHHLIX BCe eille SiB-
JsieTCA A0 HEKOTOPOil CTeNeHH MPOTHBOPeUUBOi, caeayoLLHe GaKThl,
MO-BHAMMOMY, BMOJIHe pas3bscHeHbl. [ HEKOTOPHIX ra3os, TakKHX,
kak He, Ar u N,, onmbIT coraacyercs ¢ npexnosioxenwem p’ = 03),
Ho apyrue rasul, Takne, kak Oz u CO,, faioT ropasno Gosee peskoe
3aTyXaHHe 3BYKa B ONpeAeJeHHbIX N0AOCAX 4ACTOT 4).

B Bosayxe nenponopunoHanbHO Godblune 3PGHeKTH MOFYT ObiTh
BHI3BAHH HE3HAYHTENbHONA OTHOCHTENbHOM BJAXKHOCTHIO HJAH HEOOJb-
woit npumecsio CO,, paBHO KaK H MbLIBIO, 2 TAKXKeE 1LIEPOXOBATOCTHIO
cTeHOK (B Tpy6ax). [as GoAbluMHCTBAa KHAKOCTEHl MOIVIOLIEHUE
CH/IbHO 3aBHCHUT OT 4acTOTH; KPOME TOr0, HeOGXOAHMO TILATEJBbHO
CIEAHTh 32 COAEPKHUMBIM Ny3bipbKa. Tak, NPH OTHOCHTENbHOM o6be-
Me nyseipbka, paBkoM 0,17%, ckopocTe pacnpocTpaneHus 3Byka

1) Cwm. [15), crp. 36—38, u {10], ra. 11, ITo noBosy saMeuamnii oTHOCHTEALIO
upeanonoxkenus B’ =0 cu. {7}, n. 325, 328; (10], ctp. 185, u [11], 1. 1, cTp. 260,
npuMeyanue, ’

?) Cwm. [7), n. 369—360; Kirchhoff G., Pogg. Ann., 177 (1868), 177—193.
OTHOCHTENLHO TPEHHA B NOTPAHUYHOM CJ0E CM, § 115.

%) BTo MOKHO cBA3aTL ¢ JoKasaTeabcTBOM Makcesenna (npu nomomu Mmose-
x{napuux coobpaxenuft, cM. § 34) Toro, ¥TO ANA MpeanbHOro OAHOATOMHOrO rasa
3A + 24 =0; cMm. Takke Rocard Y, Hydrodynamique et théorie cinetique
des gaz, Aﬂ)endlx I.

4 Du A W, Phys. Rev., 8 (1898), 129—139 u 11 (1900), 65—74;
van Itterbeck A, Mariens P, Physica, 4 (1937), 207—215 u
609—616;, Markham J. J, Beyer R. T, Lindsay R. B, Revs. Mod.

Phys., 23 (1951), 353—611; inR'S. ' ap.
12f 12180 ) Marvin R. S. w ap, J. Appl. Phys., 25 (1954),
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yMeHblU@eTcs B 5 pa3') W COOTBETCTBEHHO yBesJMUHBAETCH 3aTyXa-
HHe 3ByKa.

Jlerue Bcero o6bACHATL 3aBUCHMOCTb 3aTyXaHHs 3ByKa (yJabTpa-
8BYKa) OT YacTOTH, BBOAA 6pema peaaxkcayuu?) (rucrepesucHHil
s dexT) npu nepexoae MOJEKYJSPHOH 3HEPrHH OT OQHOH COGCTBEH-
HOM vacrtoThl K Apyrofi. OAHaKo pa3JHuYHble aBTOPH NMAITAJHChL CO-
raacoBatb JaHHele HaGJIIOJEHHH C COOTBETCTBYIOLIHMH HHTEpIpe-
TalHAMH «BTOPOH» BA3KOC1H p’3), a CJeAOBAaTeNbHO, H BEJHYHHBI A
B ypaBHeHuH (1%*) 4).

§ 34. Moaekyasipunie spdexTh

Monekyasipioe cTpoeHHe MXHAKOCTEH OOGBSACHSET MHOrHMe sBJe-
HHA B JHHaAMHKe pea/lbHbIX JXHIKOCTeH — He TOJbLKO HaJHYHe 0COo-
GLIX MOJIOC 4ACTOT MPH MOTVIOLEHHH YJAbTPAa3BYKOBHIX BOJIH, YKa3aH-
Hoe B § 33. HacusscTBeHHBIM M HeecTecTBEHHBIM 6bll0 6bl HCCaemo-
BaHHE MHOTHX T2KHX SIBJICHHH B PaMKaX OPTOAOKCa/lbHOf MEeXaHHKH
KOHTHHYYMa.

Hanpumep, npu ouenke ToJHHb GPOHTA yAAPHOH BOJAHH Heob-
XOAHMO YUYHTHIBATb BPeMsl PeJaKCallHH B TeX XKHIKOCTAX, B KOTO-
puix NOAOGHBle MOJEKYJfAPHble SBJAEHHSI THIA THCTEpe3Hra OKa-
3bIBAIOT BJIHAHHE Ha BEJNHYHHY <«BTOPOfi» BA3KOCTH (CM. npuM. 2)
Ha 3TOR cTp.). (B KaaccHueckoH TEODHH MeXaHHUKH KOHTHHYY-
Ma TOJAIMHAa (poHTa yAapHOH BOJHBI MNpeAmoJjaraercs paBHOM
HYJII0.)

B BepxHHux csosx atMocdepH, rie oueHb MaJja IIOTHOCTbL (Aa-
BJIEHHE), BpeMsl peJakKcaluu npu M > 2 CyllecTBEHHO BJHseT HA
BeJAHYHHY 0TX00a ydapHod 80AKbL OT ABHKYyLLerocst Tena’).

Y Wood A. B, A textbook of sound, crp. 362. Tlo nomony yausuTess-
BHX sbdexroB nassedHs cM. Litovitz T. A, Carnevale E. H, J. Appl.
Phys., 26 (1955), 816—820.

?) Kneser H. O., Annalen der Physik, 11 (1931), 761—776; Eckart C.,
Revs. Mod. Phys., 20 (1948), 232—235, Liebermann L. N., Phys. Rev.,
75 (1949), 1415—1422; Lighthill M. J. B padore [20], pa3aa. 4 (oTHOCHTenBHO
TOMUHHHN YAapHof sosHM cM. pa3s. 6); Herzfeld K. F, Litovitz T. A,
Absorption and dispersion of ultrasonic waves, 1959,

8 Tisza L., Phys. Rev, 61 (1942), 631—536; Fypesunu C. 5., Joxa.
AH CCCP, 55 (1947), 17—19; Karim S, Rosenhead L, Revs. Mod.
Phys., 24 (1952), 108—116; Truesdell C, J. Rat. Mech. Analysis, 4 (1953),
643—721.

4) Mo noBoxy H3NOXEHHWX B 3TOM naparpade cooGpaxennd cu. Cnea-
kuH H. A, JInnamMuka Ba3kofi HecxxuMmaeMoR xuaxkoctu, M., I'TTH, 1955, ra. |
nJlangay JI. I, Iudmwuny E. M, MexauHka CHJOWHKX Cpel, H3A. 2-e,
M, I'TTH, 1954, rn. 11 u § 78 B ra. VHI. — Mpum. nepes.

%) Cwm., nanpumep, Schwartz R N, Eckerman I, /. Appl. Phys,
27 (1956), 169—174. Ecau 6u 5TO 6biJIO pe3y.ibTATOM MCHOBEHHOM NHCCOLHALMH,
TO BEJMYHHA 3TOr0 paccTOsHHA He 3aBucesa Ob OT MuOTHOCTH (§ 73).
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KpoMe TOro, Mo/leKynsipHasi QHCCOLHMAlLHs, peKOoMGHHAUHs MO-
NeKyJl ¥ HOHH3allHsl BJMSIOT Ha TOJLIMHY YAApHOH BOJHBI B THMep-
3BYKOBOM [MOTOKe!); JHeHCTBHTENLHO, OHH B 3HAUMTeNbHOH Mepe
BJAMSIOT HAa [BHXXEHHE JXMIKOCTH B CJayuyae, KOrZa npu OGBIYHBIX
arMocepHBIX ycaoBHax uucao Maxa M > 10. Tak, Bosnyx conep-
#ut 1% NO npu 2000°K u 10% NO npu 3000° K. [1pu temnepary-
pax cebime 11000°K cTaHOBHTCS OLLYTHMOH HOHHM3ALMSA.

Tlo 3TOfi npHuMie NpH PeanUCTHYECKOM MOAXOAe K H3yueHHIO
FHNEP3BYKOBLIX YAAPHBIX BOJMH BCe B Gosbliel Mepe Hag0 Y4HThHI-
BaTb XHMHUECKYI0 GHU3HKY 2).

OprofoKkcalbHass MeXaHHKa KOHTHHyyMa He B CHJIax TakXe
06BbACHATL (u3uueckoe dBjeHne dugpgpysuu n oGpaTHoe emy — pas-
Jenexue COCTaBHOH KUIKOCTH HJH ra3a Ha CBOH KOMIIOHEHTH!, Ha-
npaMep OT[eJeHHe CIMBOK OT MOJIOKAa. B HieanbHOM KOHTHHYyyMe
oTAe/eHNe M30TONOB He Obljio OBl BO3MOXKHO HHM C NOMOIUBIO ra3o-
Bo#t anddysun, HE B ueHTpHYyrax, HH B comiax ?).

CkxoabpxeHne xuagkoctu CoBcem HHaue HCNOAL3YIOTCSA
MOJMEKyJNsipHble TpeAcTaBNeHHA NpPU OOGBACHCHHHM HapylleHUHs rpa-
HUYHOTO YCJaoBust (Mpuiaunanus Xuukoctu) (6), korma cpeaunss
anuda csoGomHoro mpofera MoJieKyJhl CPaBHHMa ¢ MaKpOCKONHue-
CKHMU pa3MepaMH. MOXXHO OTMETHTb NPH 3TOM TPH BAXHBIX yacT-
HbIX cJyuas: TeYeHHe uepe3 LieqH, CBOOOJHOe NafxeHHe MeJbyai-
KX Kanenap (onnT Musuikkena ¢ Kamjieft Mac/ia) B TOPMOXKEHHe
cnyTHHka. Bo Bcex 3THX ciiyyasix BecbMa 3aMeTHO OTKJOHEHHE OT
33KOHOB MeXaHUKH KOHTHHYyMa*): HaGuionaeMble YCHJUSI CHABHUra
SH?queano MeHbllle, 4yeM npeackasbiBaeMbie dopmynamu (13)
u (15).

Jlerue Bcero MCTONKOBaTb YKa3aHHble SIBJEHHS KaK Bbl3BaHHblE
YacTHYHBIM HapyuieHuem yciosus (6). B npemenbHoM cayuae «3ep-
KaNMbHOrO OTPAXEHHS» BCEX MOJEKYyN (yros mnajeHus paBeH yIray
OTpaXeHHs) HanpsXKeHHe CABHra Ha TPaHHLE, OUEBHIHO, HOJNXKHO
paBHATBECs Hymo. Takum oGpasoM, ycioBHe (6) JIOTHYHO 3aMeBHTh
yCI0BHEM HeNnpepbiBHOCTH HOPMAJbHOK COCTABJSIOWIEH CKOPOCTH
(rn. 1, (7)), cBOACTBeHHbBIM HEBA3KOMY TeueHHi0. Tak Kak

; Cum. Lighthill M. 1, J. Fluid Mech., 2 (1957), 1—32, a takxe [14).
CM. Nature, 178 (1956), 343—345; Deal W. E., J. Appl. Phys., 28
L19p57)6' 782.]:i Llennniit 06301}'3 nccneuos‘%ﬂuﬁ, NPOBEACHHHX B TeyeHMe BTOPOIl
HPOBOA BOAHM, clesann Penne . G, Pike H H M, i
Physics, 13 (1950), 46—82, y e M. Progress. in
%) Mo noBozy aspoauHaMmueckux METOAOB OTAE/NEHHA H3OTOMOB (C IOMOMIbIO
conna) cM. Leroy M, Nucleonics, April, 1960, crp. 68.
‘) Knudsen M., Annalen der Physik, 34 (1911), 593—656. O HERABHHX
&Qz}zopaxlé:sgu(SnH\(;rpw»lmn cmé Phattt;rs on G. N., Molecular flow of gases
iley, , rAV; a takxe Schaaf S, rn. 9—10 B Heat tra ive
of Michigar: Press, 1953; [16], ra. 8. rensfer, Uniy.
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V2u; = 0(VU)/0x; = 0 #ns 11060r0 Ge3BHXPEBOro HECKHMAEMOIO
notoxa, moGoe pewenne sagaun Hefimana (reuenne )KykoBckoro
WM Diinepa) XOMKHO YAOBAETBOPATHL ypaBHeHHsiM Hapbe — CrTokca
(5). Takum o6pa3oM, yuyeT 3epKAJBHOTO OTPAXKEHHUS AOJKEH Gbla
6bl BHI3BATh MOJIHBIA MEPECMOTP TEOPHH BA3KHX TeueHHH.

Ilns o6bsicHeHHs SKCHEPHMEHTAJbHHX (PAKTOB BMECTO MOHATHS
3ePKaJIbHOrO OTPaXKeHHs BBOJAAT KBA3HIMIHPHUYECKHA «K03PDHIIHEHT
akkoMoAauuu». Ilonbaysace TakuM K03 DHLHEHTOM M yYHTHIBAS MO-
CTyJiHpyeMoe B KMHETHYECKOH TEOPHH Tra30B KOHEYHOoe 3HAYEHHe
cpellHeil LJMHB CBOGOAHOrO npoGera, GblAH MOJMy4YeHB pe3yJbTaTH,
B 061LEM COrJiacylouHecs ¢ JaHHBIMH 3KCIIEPUMEHTa.

«CKOJIb)KEHHEe» B TEYEHHH PA3PEKEHHOTO rasa HeJb3fl CMELIH-
Barb C MNPeACTaBJEHHAMH [eBATHAALATOrO CTOJETHS 06 o6ileM
CKOJIbXKEHHH HA IDaHHLE BecbMa IVIaIKHX TBEPILIX Tel (HanpHMep,
Hg no crekay). Tak, CTokc!) cuuTas, 4To «CKOJbKEHHe» AOIKHO
HacTynaTb HayHHas C ONpede/IeHHONH CKOPOCTH, TOrJa KaK MHOrHe
ApYTHe BLIJAKOUIHECH YueHhle BO3JAEPIKHBAJHCh OT BHICKA3BIBAHHMI
no sroMy Bompocy. Beumy Mmuorux ocoGennocrell ¢usHKH nosepx-
HOCTell TaKoe NOJIOXKeHHe He CAHUIKOM yAHBHTeNbHO. [TonTBepxie-
HHeM B3rasgos Ctokca Morsia GhiThb M NpeAmosaraeMas aHaJOrHs
C TPEHHEM TBEPABIX TeJl, IPH KOTOPOM HamnpsiKeHHe CABHMra t Orpa-
HUYEHO NMPOHM3BEACHHEM MOCTOAHHOA p < | Ha HOpMma/ibHoe HaBJe-
Hue. [laxe B HacTosllee BpeMsi, HECMOTPS Ha TO 4TO MOAABJASAIOLIee
UHCI0 (aKTOB CBHAETENLCTBYeT NMPOTHB AHAJNOIHH C NOHATHEM OG-
wero ckoabxeHus 2), BceoGuied M aGCOJIOTHON YBEPEHHOCTH B 3TOM
BOMpoce NOKa He JOCTHIHYTO,

§ 35. Busoam

KpaTko uanoxennble Bhllle (AaKThl ABASIOTCH CePbE3HHIM AOBO-
JOM B HOJb3Y NPHroAHOCTH ypaBHeHuit HaBbe — Ctokca ans moro-
KOB HeCoumaemblx BA3SKHX JKHIKOCTeH, K KOTOPHIM OTHOCATCH Teye-
HUSl OOBIUHBIX Ta30B H XKHAKOCTEH NPH CKOPOCTAX, 3HAYHTENBLHO
MEHbIIHX CKOPOCTH PacnpOCTpaHEHHs 3ByKa (T. e. ecin M < 0,2).
Onnako pansi GOMBLIMHCTBA INPHJOXKEHHH HeJb3si NOJAraThCs Ha
npaBlONOLOGHbIEe THHOTE3H!, MepeuncaeHHble B § 1, X0Ts 3TH rHmo-
Te3bl B APYIHX YCNOBHAX MOrYT OKa3aTbCs Noje3HbiMH. [ToaTomy
0COGeHHO NpH PacCMOTPEHHH TYPOYAEHTHOCTU TpeGyeTcsi BechMa

M) [13), 1. 1, cTp. 96—99. CM. Tam xe n ctp. 186.

2) CHCTeMaTH3HPOBAHHHI 0630p ()aKTOB OTHOCHTE/NBHO OGLIErO CKONbXKEHHS
cM. B paGore [3], T. 2, ctp. 356—361. INocnennne pauune cM. Brockman MR,
Nat. Bu. Standards Rep., 4673 (1956);: Schnell E., J. Appl. Phys., 271 (1956),
1149—1152; Debye P. and Cleland R L., tam xe, 30 (1959), 843—849,
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akKypaTHOe TNpHMEHEHHe CTATHCTHYECKOTO AaHAJIH3a HAa BLICOKOM
MareMaTHYeCKOM YpOBHC.

Taxk, BMecTo Hcnoab3oBanus ypasHeHnii Hasbe — CTokca npu
¢opMy/IHpPOBKe OYEBMAHLIX KpaeBblX 3ajxay (HanmpuMep, 3ajgaud cta-
IIMOHADHOTO TEYEHHS) HYMKHO 06paumaTbcd HemoCPEeNCTBEHHO K ¢u-
3uyeckoli OelicTBUTEALHOCTU [JS1 TIOCTAHOBKM COOTBETCTBYIOLUMX
KpaeBhIX 33]1aY.

ITopo6Hoe nonoxeHue HUKOUM 006pa3oM He SBJSETCH YEM-TO HO-
BblM B aHaJnausze, xors o6 3ToM uacto 3abniBaioT. Tak, OTKphIBad
TlepBuiit MeAyH2apOAHLIN MateMaTHyeckuil Konrpece, Ilyankape
ckazan: «Kakum 6bl GoratsivM HU 6bulo BooGpaxeHHe ueNOBEKA,
npuposna eule Goraue B THICSUY pas», u Aajee: «Kaxnasa cdusuue-
CKasl TEOpHS... NO0-HOBOMY OCBellaeT yPaBHEHUS (B YacTHLIX NPOHU3-
BOAHBIX)... Be3 aTux Teopuit Mpl He 3Haau GBI, YTO TaKoe ypaBHe-
HUS B YACTHBLIX NPOH3BOAHLIX» !'). C Tex nop 3TH OCHOBHBIE HCTHHBI
NOATBEPXAAJUCh M JPYTHMH BBIIAIOLIMMHCH MaTEeMaTHKaMM, W HX
BCeraa cjaejyeT NOMHHTb.

MeHee sCcHO, KakHe CBOHCTBA MOMKHO 3aKOHHHIM 06pasom mnpu-
NACATh CHUMAEMbIM BA3KHM XUAKOCTAM. XOTS MOXHO HALEAThCH,
YTO Kakoe-TO BHAOM3MeHeHue ypaBHenuir Haewe — Croxca Gyaer
XOpOUIO COOTBETCTBOBATh (M3HUECKHM (aKTaM, OCTAETCH HESCHHIM,
KaK yBf3aTb 3TO BHJOM3MeHEHHe ¢ TepMOAMHAMHKOHM.

Jna nonHoH CTPOrOCTH HYMHO YWYHTHIBATH KaK TEIJIONPOBOJ-
HOCTb W M3JyueHHe, TAK M HarpeB 3a CYET TPEHHR H M3MEHEHHe BSf3-
KOCTH M IJIOTHOCTH C M3MeHeHHeM Temnepatypbl. CTporoe peuleHue
BO3HHKAIOUIUX NPH 3TOM KpPaeBblX 3ajJdu ¥ J0KAa3aTeNkCTBO TOTO,
4TO 33JaY4 KOPPEKTHO IOCTaBJEHH, MO-BHIHMOMY, NOUTH Ge3xajex-
nas npobnema. Cronb ke, ecau He GoJiee, TPYAHLIM [eJ0OM Npeg-
CTaBJSeTCS CTPOroe NpUMeHeHHe MeTOJOB TEOPUH BO3MYLUEHHS, 060-
CHOBBIBAIOIlEE npeHeOpexeHHe OTAEJbHBIMH nepeMeHHbIMH. Jlo-
CTHXKEHME yCrexa B 3TOM ciayuae GyfeT 3aBHCETb OT HCNOJb30OBaHHUS
runores (Q)—(F) u3 § 1 ¥ apyrux nonoGHbIX 3BPHUCTUYECKHUX Npes-
NOJIOXKeH Ui,

oOm{aKo JOBOJILHO 06061{{6}{141:1! Teneps, He cBA3blRas cebs cTpo-
roff nporpaMMo#, Mbi nepedjeM K H3YYEHHIO TpeX PA3INMYHBIX KOH-
UenuHuit rHAPOAMHAMHUKHM, 4TOOH MNOAyuuTs Gonee ray6okoe mpep-
CTaBjleliHe O TOM, KaKOro pofa coo6pa)keHHs XapaKTepuayloT cy-

wecTBo Bonpoca, Mul uMeeM B BMAY TEOpHIO CTPYil, nomoGue u
NpUCOEHHEHHBIE MaCCHL.

) Poincaré H., Proc. First Int. Math Congress, Ziirich, 1897, crp. 81—
90. lNoarsepxaenus 3704 TOukM 3pennn oM. Hadamard J, Lectures on
Cauchy's preblem, Yale Univ. Press, 1923, ¢rp 23 n Courant R, Proc
Eleventh Int. Math, Congress, Cambridge (USA), 1950, 7. 2, cTp. 278.
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§ 36. Pa3pbiBHbie TeyeHHS

[Tpu aBMXKEHHUH peasbHLIX XKHAKOCTEH C MaJioll BA3KOCTbIO 06biy-
HO MOXHO 33aMETHTh, YTO NMOTOK CTPEMHTCH OTOeAUTHCA OT TBEPABIX
CTEHOK, 0COGEHHO Y OCTPHIX YryIoB. JT0 6LINO yxKe oTMeueHo B § §,
rae Ha puc. 2, 8 u3o6paxeHo TaKoe TeueHHe, a Takxe B § 29,

Nonosuwascs srcudkocmes —_———m—=—===
L
maluniryyinndmatnig T trrva—  Tsepdoiii Nonosuuiics
Y MIA==  qupung cned
L s
lowaswascs scudiocmo ===
a ]

Puc. 9. a—nmpsamas cTpys HAeanbHOH MKHAKOCTH, O — cael mO3afu Noay-
WHJAHHAP2 B MAEaNbHOH XKHAKOCTH.

MareMaTuueckiHe Mojend NMOJOGHBIX TeUEHHH C OTPHIBOM MOXKHO
AOBOJIbHG JIEFKO NMOCTPOHTb, HCHOJb3YA YpaBHEHHs [BHXKeHUS Iii-
Jepa ans Hesaskot xugkoctH. OCHOBHASA HIE€s COCTOHUT B TOM, YTO
Jonyckaercs cKauykooOpa3Hoe H3MeHeHHe CKODOCTH NpH INepexoje
yepe3 JHHHIO TOKa, YTO SIBJsieTCs IpyOBIM HapylleHHeM THIOTe3bl
(E) n3 § 1. TlpocTele npuMepLl TaKHX TEUEHHH CXEMAaTHYECKH H30-
Gpaxenbl Ha puc. 9. B 3THX TeueHHsX Bce JIMHHH TOKa napas-
NesbHbl OPYr ApYry, a o6jacTH paBHOMEDHOTrO TeUeHHH OTHEeJeHbI
oT o6nacTell cTosiuedl BOABI AUHUAMU TOKA, TODH llepexojie yepes
KOTOpHie CKOpocTb H3MeHsietcsi ckaukom. Ha puc. 9,a u3o6paxena
uieaJH3MpoOBaHHas GecKOHeuHAs CTpys; nocTynamwolas B obaactb
HENOABHXKHOMA BOJAbLI H3 TPYOb! NPOH3BOJILHOIO MOMNEPEYHOTrO CeYeHHs,
a Ha puc. 9, 6 H3o6pakeH paBHOMEpPHEHI MOTOK, OTPBHIBAIOLIHICA OT
NOJMYUHJIMHAPA CO CTOPOHH cpe3a M O6TekaloWMil 3acTOlHbIA caed
N03ajd 3TOro NOJAyuuJHHApPa. B o6oux cinyuadx [gaB/leHHE MOXKHO
CYHTATb THAPOCTATHUECKHM.

[To onpeaenenuio, B HAealbHOH HeBsi3KOH JKHUAKOCTH YCHIHE
CABHra PAaBHO HYJIO; C/leA0BaTesNbHO, HEOGXOAHMOE H AOCTATOUHOE



§ 36. Paspoisnsie Teuenus m”

—— e

yc/oBile PABHOBECHN HA JIMHHH TOKa, ABASIOLlefcs ANIHelt pa3phl-
Ba, — 9TO HEnpepsiBHOCTbL OasAeHus NPH Nepexoje uepe3 Hee.

Ecnd NUHUA TOKA OTPAHHUHBAeT HAEANH3HPOBAHHLIA crel WIH
KaKyio-1160 Apyryio 061acTb, 3afOJHEHHYIO HEMOIBHXHOH MXKHIAKO-
cTbIO («MepTBas BOLA»), a CHJIa TAKECTH yyTeHa cornacHo Teopeme 1
u3 § 21, To ycnoBHe HENpepbIBHOCTH AaBJieHHS PABHOCHALHO yCJO-
BHIO TIOCTORHCTBA AAaBJeHHs1 B paccmMaTpHsaeMoil obaacty. [Tosromy
BBUAY HENPEPHIBHOCTH JaBJeHMs Ha JIHHHAX TOKA, OTpaHH4HBaIO-
uIMx cjea, AaBreHMe AOMKHO ObiThb mMocTosHHBIM. JIMHMH ToKa, Ha
KOTOPBIX CKOPOCTh H3MEHSETCA CKA4yKOM, & 12aBAeHHE NOCTOAHHO, Ha-
3bIBAIOTCA CBOGOOHBIMIL AUHUAMU TOKA.

‘ HOI? o9

! =

' Pasdensiouascs
oo

' Aunus nioxa

a 6 ind
Puc. 10. a — kpyraaa c1pys; 6 — caen N03axH JAHCKa,

B cuay ypasuenus Bepuyaau (8*) ra. I, ecan sce ewe npene-
6peraTb CUJION TAMECTH, CKOPOCTb OCTAETCS OCTOAHHOH BAOJDL JIO-
6081 cBOGOAHON JMHHH TOKA NMPH CTAllHOHAPHOM TeYEeHHH, W Haobo-
pot: vdv = —dp/p = 0. 3T0 NaeT YHCTO KHHeMaTHYeCKOe KpaeBoe
ycloBHE ANA CTALlMOHAPHHIX TeueHHi, OrpaHHYeHHbIX CBOGOMHLIMH
JHHUAMH. BMecTe ¢ dpopMynaMn § 5 oHo ompedessier cneayiowyto
KPaeBylo 3a4auy TeOpPHU MOTEHlHaAa.

3anava FeasMroasuma. Ina 3agauHoro npenarctsus R
HaHTH NOTEeHUHaNn CKOpOCTell, yIOBJETBOPsiIOUHii 1) YypaBHEHHIO
V2U = 0 Bne npenaATcTBHS R H BHe 061acTH «MePTBOR BOALI» Ry;
2) ycnosuio dU/On = 0 na rpaHuuax npenatcTBusa R u o6nactu R,
u 3) ycnoeuio | VU |2 = const Ha rpaunune o6nacru R;.

3aMeTHM, 4TO nocseHee KPaeBoe YCJIOBHE HeAuxeldno. 3aMeTuM
TaKXKe, 4TO TOMOJIOrHs TEYeHHs OCTalach Heonpejae/eHHON; HaA Npak-
THKE ee 33/]al0T HCXOAS W3 HHTYUTHBHBIX NPENCTABACHHH HJIH SKCne-
pPHMeHTaJMbHbIX AaHHbLIX (rHnote3a (D) u3 § 1). JBe Takne TonoJo-
FHH TeYeHHs CXeMaTHueckH Husobpakenol Ha puc. 10. Ha srtux
PUCYHKAX MOKA3aHbl «CTPYs», BHITEKAIOMasA W3 KPYIMIOTO OTBEPCTHS
B MNOCKO# CTeHe, H «ClIed» 32 AHCKOM.

Teuenus, ya0oBAeTBOPAIOLINE YKa3aHHBIM YcA0BHAM 1)—3), T.e.
pewienun 3agauu leabMrosbua, B nocrenyiomeM Mu 6yaeM Hasbl-
BaTb Teweruamu enomeorvya.
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B AeﬁCTBHTeanOCTH JKe HHKTO ellle He CyMea haThb TOUHYK Ma-
TEeMaTHYECKYI0 TPAKTOBKY YKa3aHHLIX Bhie ABYX Teuenuii ['esbMm-
roasua, cM, § 49. Oauako aHANOTHUHBIE TEUEHHS AN [JIOCKOTO
ciayuas, T. €. CTPyA, BbhiTeKawlas H3 LUeJaH, U cJell no3aiau mJIoCKO#
NJAaCTHHKH, MOXHO NOCTPOHTbL ANOBOJILHO JIErKO. Teopml 3THX NJO-

ckux reveHuit [leabmronbna Oyder npeiMeTOM HcCJel0BalHA B
§ 37—391).

§ 37. lonorpadur B BHAE moaykpyra

B obuieM cayuae JIOKalbHO Ge3BHXPeBLie HeCKHMaeMple MJO-
CKHe TeYyeHHs XapaKTepH3YIOTCH CYILUECTBOBAHHEM KOMNAEKCHbIX Nno-
renyuanros W = U + iV. 3necs U — norteHunan ckopocreii, a V —
¢yukuus Toka. KomnaekcHoi# noteHudan W ecTb aHaJHTHYECKas
$YHKIHSA KOMMJIEKCHON nepeMmenHofl 2 = x 4 iy, xapakrepu3ylollueh
IOJIOJKEHHE TOUKH, a ee NPOU3BOAHAs

aw .
4z ={l=p—iv (1)

npesficTaBiaseT coG0l coOnpaxennOe 3HAYEHUE KOMIIEKCHON CKOPO-
cTH?) u + iv =¥, raoe =25 g=9
’ dat’ dt
Ecnu u3pecren noreHuuan W = f({) kak KoMmnjexkcHas aualu-
THueckass (yHKUHSI {, TO, CJeJOBaTeJbHO, MOXHO ONpelenHTbh Z B
BH/le aHaNHTHYECKOH (YHKUHH OT {, T. €.

z= f @) db = f tlaw, 2

H CJe0OBaTeJbHO, MOXKHO (B MpHHUHNE), HCKJIOUMB {, Haitth W(z).
Hrtak, ans onpefeieHHsl CTAHOHAPHOrO INIOCKOTO TeyeHHs: [esnM-
rojiblla JOCTATOYHO 3HaTh QYHKLHOHaJabHOe cooTHoweHHe W =f(L).
KakoB Buz 3T0f GyHKHMH B cliyyae MJAOCKHX TeuyeHHii, npUBeAEHHBIX
Ha puc. 10, MoxHO noramatbest no rogorpad)aM paccMaTpuBaeMuixX
TEeYeHHH.

T'odozpagom nnockoro TeueHHs HA3bIBAETCS T€OMEeTPHYECKoe Me-
CTO TeX 3HaueHH# [, KOoTophie AeACTBUTENbHO AOCTHralOTCH B 3TOM
reyenud. M3 puc. 10 nerko Bunerts, uto romorpads COOTBETCTBYIO-
LIMX TJIOCKHX Te4YeHHH (ecaH OHM CyLIecTBYIOT) HOAKHB OHIThb
noaykpyeamu. 10 caelyeT U3 TOro, yro arg { (HanpaBJieHHe Teye-
HHs1) — BeJIHYHHA, MOCTOSIHHAA Ha MJOCKHX NMJAACTHHKax (QHUKCHpPO-

') B pycckofi nuTepaType NPHHAT TEPMHH <€TEOpHS CTpYfi», B STY TEOPHIO
BXOIHT M3ydeHHEe BCeX TeUeHHHA CO CBOGOAHBIMH NOBEPXHOCTSIMH, Ha KOTOpPBHIX
HaBJAEHHE NOCTOAHHO. — [Tpum. ped.

2) B pyccKofi JHTepaType KOMMJAEKCHOR CKOPOCTbIO HA3BIBACTCA CaMa3 BeJH-
Wiua dw/dz = u— iv, — [Tpun, ped,
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BaHHBIX TPaHHlax), B TO BpeMs Kak |§| (CKOpPOCTb TeueHHs) MOCTO-
sIHHa BJOJIb ¢BOGOAHBIX IpaHMIl, Kak mokasaHo B § 36.

C napyrofi cropoHbl, o6aactb W, HJIN reoMeTpHYECKOE MECTO
3HAYEHHH, MPHHUMAEMEIX B JAHHOM TeueHHH BesquuuHo# W, orpauu-
yeHa JHHUAMHE V = const (MHHMH TOKA), MapaaseNbHBIME LeHCTBH-
reabHolt ocu U. Ha pue, 10, a — 310 Geckoneunas nosoca. Jasa cay-
yag Ha puc. 10,6 — 3T0 MOAYNNOCKOCTb, pa3pe3aHHass BAOJb NOJO-
xuteabnoit ocn U (ecnn BHIGpaTh NOCTOSHHYIO MHTErPHPOBaHHS B

W:dez TaK, yToGbl B KpuUTHuecKol Touke Oniio W = 0).

Annapat koHdbopmHOro orob6paxenud Ilycrs Te-
neps O — moGoe Teuedue, HMelollee roaorpadoM noAyKpyr (caemo-
BaTeJbHO, OFPaHHYEHHOE CBOGOAHBIMH JIHHHSIMH TOKa M TPAMOJIH-
HeliHBIMH CTeHKaMH). Mbl MOMXeM Tak BhIOPaThb OCH KOOPJIHHAT, YTO
BeqHuMHa [ OyZeT NMPHHHUMAaTh AeHCTBUTe/NbHble 3HayeHHs Ha HEno-
JBHXKHON rpaniue, U TaKk BHIGpaTh €HHHILI H3MEPEHHS, UTO Ha CBO-
6onuo# rpanune Gynmer |g| = 1. 3areM ¢ nomolusio npeo6paszoBaHust
o= (¢ + {')/2 oro6pasum oGaacts rogorpada Ha HHIKHIOKO NOMY-
naockocTs Im {o} < 0. KougopmHoe npeobpasoBanue Haubonee oG-
mero Buja, orobpaxamwliee obaactb rogorpada Ha HHKHIOO NONY-
IJIOCKOCTB, 3ajaerca ¢opMyaoH

7 a+b _ a@4 )+
= wtd  c@F)Fod’

rae a, b, ¢, d — feficTBUTENBHLIE YUCAA.

C npyro#t croponn, o6Gaacte W uso6oro oJHOCBH3HOrO Teue-
HHUSl, OTPAHUYEHHOI'0 JIMHHAMU TOKA, eCTb 00001lUeHIIbIA «MHOTOYTOJb-
HHK®, ORHA WK GoJjblllee YHCJIO BEPUIMH KOTOPOrQ PacmoJOXeHbl HA
6eCKOHEYHOCTH M BCe CTOPOHBI KOTODOro HapaJelbHbl JeHCTBH-
TesbHoit ocu. CiieoBaTeNbHO, MOXKHO 0TO6pa3uTh o6aacts 1, onpe-
JeasieMylo cooTHoweHnneM (3), Ha oGaactb W npu nmoMoluu mnojxo-
asmero (koH¢opmuoro) npeo6pasosanus [lIBapua — Kpucroddens:

W CII(T—B])
& —R(T)= -, 4
>
rie C u Bj, Tp — Oedicteutesvnoie napamerpn ([4], cTp. 370). Mul
BHAMM, YTO AJs J06Oro ofHocBsizHoro TeueHusi @, y Koroporo 06-
nacTb rojgorpaga ecTb MOAYKPYr, MOXKHO 3andcats W B BHAe

f A(€) dt, ucnonesys dopmyan (3) u (4), rae A (%) — payuonase-
Haa pynKyuA.

PaccMoTpenHBbl#t BhIlUE MeTO4 MOXKHO Jierko OGOGIUTL Ha
¢ayvai, koraa obnactb roforpada ectb KPYroBoif cekTop ¢ yraom,

ad > be, (3)
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npH BepluuHe pasHuM w/n ([17]), ra. 1I). B stoM cayuae npeo6pa3so-
Banue {® oto6paxaer obnacTh rogorpada Ha NOAYKpyr H, C/lemo-
BaTeJbHO, COOTHOIIEHHE
T — a@ 4 1)+ 20
=T F24r

npeacrariasier coboi oTo6pakenne o6aacTi rogorpacda Ha noaAynao-
CKocTb. A Rajblue MW AeHCTBYEM, KaK B NpelblAylleM cJyuae.

§ 38. Hcreuenne cTpyn H3 mean

TenvMronsu [27] nepewiii npuMenun B 1868 r. onucaHHblil BbiWe
annapart K CJAy4al [JIOCKOH CTPYH, BBITEKAlOLled H3 WIeJH, CM.
puc. 11, a. B atom cayuae, BH6paB eAHHHIY AJHHBI TaK, YTOGH CKa-
uyok V npu nepexone uepe3 oTBepcTHe GHJI PaBeH T, MbH MOXEM B
¢opmynax § 37 nonoxurs W=1InT, T =e%¥. dW/dT = |/T.

0
(- -]
s 5
d
5\ /5" s
0 co
et
oo S
a

Puc. 1. Tlaockas crpys, BmTeKaomas H3 UEAH.

Hns BoiGopa BenHUHH a, b, ¢, d pacCMOTPHM 3aBHCHMOCTh MEXKAY
T u W » dusuueckoft nsrockoctd. OueBniaHo, uro npegea { =0 B
o6aacTt roforpada Ha puc. 11,6 mocrHraetcs toraa, Korpa W =
= — oo B o6nacth W ra puc. 11,6 HaH, YTO IKBHBANEHTHO, KOrAa
T = 0. U3 aroro cneayer a =0 B dopMmyse (3). C TOuHOCTBIO 4O
noJ06GHS Mol MOXKEM Telepb HanHCaTh PaBEHCTBA

S
T=m' W=InT, C:=—djc. (5)

Touka cTpyn, nexainas na Geckoneunocti, rae W = + oo, ove-
BHJHO, COOTBETCTBYeT 3HaueHHio (=¢e, ((+{')2=0c=C=
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= cos a. CaeoBaTenbHO, YpaBHeHus (2) u (5) onpepensiior crpyro,
eviTekarowyo u3 wesu B GeckoHeuHOl naacTHHKe W 06pasyiolLylo
c sToli maactHHkoifl yroa a. Tak Kak nogHHTErpajbHOe BHIpaKeHHE
B ¢opmyae (2) mpeacrasiserT co6oil PaNHOHANBHYIO QYHKIHIO, MBI
MOXXEM NPOH3BECTH HHTEIrPHPOBAHWE B 3aMKHYTOM BHZE H NOJYUHM,
yuHTHIBasi paBeHcTBa (b), cjexyiollee COOTHOWEHHE:

W=1Int—In (@ — 2CC+1); (6)

JeTanu BBIYHCAEHHA MBI 37ech onmyckaeM. Cayyait sepruxkasbroll
CTpyH, paccMoTpennull FenbMronbuem, coorBercTByer C = cosa =0,

§ 39. Cxema oGrekanus Kupxroda

B 1869 r. Kupxrod {31] Bbinosinua aHajorHuHble pacuersl As
cieja nosajgd miaacTHHKA. B atom cayuae npeobpasoBanne W =
= T? oro6pajkaeT HUIKHIOIO MOJYMJIOCKOCTL Ha MJOCKOCTh C paspe-
3oM, sBjgiomylocs obaacteio W, takum o6pasom, R(T) = 2T B
¢dopMyJsie (4), ecn¥ HampaBHTb HeHCTBHTENIbHYI0 OCb BAOJAb MIIa-
CTHHKH.

Has toro yto6bl onpefennTh NOCTOSHHHE @, b, ¢, d B dopmyae
(3), Mbl cHOBa PacCMOTPHM 3aBHCHMOCTb MexAy W u [ B ¢usHue-
ckofi maockocth. Touka W = 0, B KoTOpo#i HauHHaercs paspes, co-
OTBETCTBYEeT KPHTHUECKOH TOUKe TeueHHs, B Kotopoit { = 0. Orciona
a=0, ¥ Mbl CHOBa MOXEM HanucaTb paBeHCTBa (D), MOMHs npH
310M, uTo C = €O0S ¢ OmpelensieT HanpaBJeHUe TeueHHs Ha 6ecKo-
HEYHOCTH.

HauGonee untepecen cayuaft o6TeKaHus NIACTHHKA NOA NPAMbIM
yrJoM; OH DpeAcTaBiasieT coGOH MJIOCKOe TeueHHe, aHAMOTHYHOE H30-
GpaxenHoMy Ha puc. 10,6. B stom cayuae paBencrsa (5) copsarcs
K BHAY

We=T1=(gir ) @)

Bhinonnsis MHTerpupOBaHHe, YKa3aHHoe B ¢opMyne (2), Mbl Ha
3TOT pa3 noJayuaeMm cjeiyiolllee COOTHOLIEHHE:

¢ 1 e i t—i
z=(C’+l)’+7{t’+1"’7‘"'c_+“}+const 8)

A8 BCeX 3HauyeHHR §{ = § + in.
Broab nnacTHHKH BeaHuHHa { npuHMMaeTr AeHCTBHTeJbHBIE 3HA-
YeHus1 u cooTHoUeHHe (8) CBOMHTCHA K BHAY

4 1 £ ’
z=(c2+1)z +7{c2+1+afCtgﬁ}. (8a)
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rae, oueBHaHo, 2(0) = 0, H, TakuM 06pPa3oM, NOCTOSAHHAs HHTErpH-
poBaHus paBHa HyJawo. B npaBo#i Touke orpriBa S§ = |, caegopa-
TENAbHO,

e®=g+ziz +3I="3" (86)

JaBaenne Jerue Bcero BBHIUHC/AHTD, NMONOKHB { = E = tgh saoan
nnacTHHKY, TaK uto §/(§2 + 1) = sinf-cosb = 1/2sin 2. Cneposa-
TeJbHO, B CHJYy TeopeMbl DBepryasnu!) u dopmyan (8a), naBienue
Ha IVIaCTHHKY PaBHO HHTerpany

] 1 /4
1—1tg2 80 1 .
Efo(l—ez)afx=ef0—ngT—a'[Tsm? 29]=0f0 205228 df =

OrHotileHre 3TOH BeJHYHHBI K MOJNOBHHE AMHHBI NNACTHHKH, Oye-
BHJHO, NpeicTaBaseT coboit Ko3pduUHeHT J060BOro CONPOTHBJE-
HHS, KOTOPBIH, TAKHM 06pa3oM, paBeH BesiHuHHe

2
Co= 74 =088 )

AHanornunble, Ho 6Gosiee CJIOXKHble NOACUETHI AJ8 cay4as o6Te-
b
KaHHs NJIACTHHKH NOJ OCTPHIM YIVIOM @ # 7 NMO3BOJSIOT MOJY4HTh
caeaylowue GopMmydbi 2):

__ 2msin’a . =sin2a ’
CD—4+1csma' CL~_4+nsina' (9)

§ 40. BansHue crexox

Meron rogorpadad) MOXKHO TaKKe NPHMEHHTb C UEJbIO MOJY-
yeHHs] MHGOPMAIHH OTHOCHTEJbHO BJMSHHA CTEHOK Ha CTPYIO NPH
HCTEYeHHH H3 COola,

PaccMotpnM, no easMroasiy, o6TekaHHe NAACTHHL, NOJOBHHA
IIKPHHBl KOTOPOA paBHa b M KOTOpasi yAepKHBAeTCA B CHMMETPHY-
HOM TOJIOXKEHHM B CTpPye H3 COmla, Kak MOKa3aHo Ha puc. 12,a.
Tak xe kak u paubiie, dyukunn W(2) u {(z) konpopmuo oro6pa-
KaloT TeueHHe Ha GECKOHEUHYIO MOJIOCY C Pa3pe3oM H Ha MOJYKPYr
COQOTBETCTBEHHO.

') AsTOp npesnonaraer, YTO NAOTHOCTH IKHAKOCTH pABHA EXMHHIE. —
Hpun. ped.

2) Uepes Cp oGo3Haued koadpdHUHEHT NOABEMHON CHAH. — [Tpun. ped,

8) Cm. [17), ra. 11, § 7, 8; a Takxe ra. 1, § 11
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10 ONATL-TAKH cJielyeT W3 TOro, uto obaactb W orpandueHa
JHHHAMH TOKa, Ha KOTopbix V = const, BKaouas JIHHHIO TOKa, pas-
HeNSIOWYIocs B KPHTHYECKOM
touke. OG6aacts roporpacda or- -
paHWueHa CBOGOAHbLIMH JIMHHAMHU
TOKa, Ha KOTOPhIX BeJHYMHA [ —
NOCTOSIHHA, ¥ HEMOABUXKHOMH nJia-

CTHHKOH, BLOJbL KOTOPOH BeJiH-
yMHa [ HanpasJeHa BepTH-

KaJkHO.
C MaTeMaTHueCKOH TOYKH — ~
apeHds yEo6HO Tak BHIGpaThb Ha- (7

YaJlo KOOPAWHAT M eJHHHUBI H3-
mepenusi, uto6nl o6jacte W
npeacTaBasiia  coboil  mogocy
—a<V < &, pa3pesaHuyo B10Jb
nosoXKUTEAbHOH mnojyocH W =

=U>0, a o6racts rogorpa- ___/_—_.—
da — noaykpyr gl < 1, ~% <
<argi < %

Ymo6Ho Takke pacemarpu- e
BaTb TOJILKO HIXKHIOO NMOAOBUNY
TEUeHHS.

IIpn stux yciaoBusix obnacts
sHavyenuft T =eW coBmagaer ¢ _~
noaymiockoctblo. Tak Kkak mpe- /
o6pa3osanue {? oro6paxaer no- __/
JIOBHHY o6Jjacti rogorpada Ha :___/
eAMHHYHBII moaykpyr 0<arg ;<
<mlEl <1, TO bYHKUHA
(L2 + £?)/2 oroGpaxkaer ee Ha
NOJIYIIOCKOCTb. B cuay ocHonoM
TeOpPeMHl 0 €AHHCTBEHHOCTH KOH- 8
¢GopMHOro OTOGpaXKeHHs, OTCIO-

Aa CJIeAYyIOT COOTHOIIEHHSA:
W=InT, Puc. 12. Ilpumepnt naockux TedeHHi.

_ a4
c(C+t2) 42"

rie BeauuuHsl a, b, ¢, d — peficTBUTENbHBIE uyHcAa. DTH AeHCTBH-
TeJibHble [IOCTOSIHHbIE MOKHO CBA3aTh C reOMETPHYECKHMH CBOHCTBA-
MH Teuennst. Ecan @ < 1 — ckopocts Teuenus B comne (npemnona-
raemas nOCTOfHHOH) M €~ '*— CKOPOCTb B HHXKHeH CTpye, TO § = 0,

]

a -~ NJAacTHRK2 B CTpye, BHTeKalomed u3 conaa;
0 - mNACTHHKA B KaHane; 6 — NAACTHHKA B CBO~
(10 Goauolt cTpye.
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koria W= —oco u T =eW =0, B T0O BpeMa kak { = e’*, koraa
W =T = oo. Takum 06pa3oM, orOpachiBas MOCTOSHHLIE claraeMbie,
NOJMYYHM CJefyloliee BRIpaXKeHHe:

W= In [((2 — %) (?— e-2%)] — In | (@ — 2?) (R — v %) =
—In [t — 200+ 1] — In [ — (22 + v~ Q2+ 1], (11)

rae C = cos 2a. ITockonbky w3 dopMynn (2) 2= f ”'dW, ato

BHIpaXK€HME MOXKHO TNPOHHTErpHpPOBATb 9JIEMEHTaPHLIM CIOCOGOM M
noayuuth 2(f) B 3aMKHYTOM BHIe!).

Oco6uii uHTEpec npeactasasiior cayyaii C = 1 —naacTuHa B
3axpuiTom Kaxase (puc. 12,6), aas KOTOPOro MOXHO NOJYYHTh CO-
OTHOILIEHHE

z=4arcthC—2'aarcthvt—%arcthi—. (12a)

B caysafi v =1 —rnuacTHHAa WHAPHHH % B Cc60600H64d CcTpYe,
(puc. 12, 8), oy KOTOPOro MOXHO MOJNYYHTb COOTHOUIEHHe

({1 !
dte  iagg e (126)

140 Ie
z=dnp et R T—e %
Ucnoasays cdopmyan (12a), (126), moxHo noka3aTsh, yTOo moO-
npaBKa Ha BJHAHHe CTeHOK Aas xosdduuunenra Cp Mana, ecin Hee
XOAHMTb K3 CKOPOCTH Ha cBOGOAHON! JAMHMH TOKAa, HO OHAa OYEeHb Be-
JIHKA, eC/IH HCXOJHMTb M3 CKOPOCTH BBEPX IO TeueHHwo. Tak, ona co-
crasaser 30%, ecan (aByMepHHfA) TyHHesnb HMeer wHpHHy B 100
auaMerpoB. B cayuae cmoGoxunoff cTpyH 3Ta nmonmpaBka Mana, H
paccMOTpeHHas Bhille Npo6aeMa He BO3HHKaeT.

§ 41. HeycroRluusoctn TeueHuft eanmroanna

K coxanennio, cBoGoAHHe IPaHANN CTPYR ® CJIeNOB, paccMoT-
pennne eavmronsuem u Kupxrodowm, weycrod«uss. 3to Guao us-
BecTHO yxe leabmrosny ([27], crp. 222), KOTOpH# 3aMeTHN, 4TO
rPpaHuisl CTPYH, BHITEKAIOIHX H3 AYXOBHX TPy6, 3akpyuHBaOTCA
B BHJIE TEPHOJHYECKHX CIIHpaned.

Kpome Toro, nabmiofenus nokasmBaiOT, 4TO NMpPH qucaax Ped-
HoabAca Re > 10% auHuMH TOKa, KOTOpHeE OTAEASIOTCS OT IMJIOCKOR
MJIaCTHHKH (HAH JAPYroro nNpemsaTCTBHR) B ABHXYIIEMCH TOTOKe,
BCKOpE NpPEeKpalllaloT CBOe CYlIeCTBOBAHHE B TYpOy/AeHTHOHA <«30He
cMenlenus». BcaeacTBue 9TOro peaNbHHAA Cel HHKOMM 0GpasoM
He npeAcTaBiasieT cOGOR HEMOABHXHYIO NOJOCY «MEpPTBOA BOAHY,
npocTHpawloimylocss B GecKOHewHOCTb, Kak moaaran Kupxrog.
PealbHble cJeAbl 3an0AHEeHH BHXPAMH, KOTOphie HaHGoJee aKTHBHH

) 3agaun, paccNOTpeHHHe B 40, sneppue OWJH pemeMH ,
H. E. Xykosckum [lSB]TP— Hpux. peg. P P 5 1890 r
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B 30HE CMelleHHA, H 3TH BHXPH HENPePHBHO BHIHOCAT MKHAKOCThb
BHH3 710 TEUEHHIO 33 Npejenbi cJela.

Yrobn 06beM XKHAKOCTH, oOpasylowell cjaefl, OcTaBajcs OQHHM
A TeM Xe, Heo6XOAHMO, 4ToOH B lEHTpe clela MOAAEPKHBANOCH
o6paTHoe TeueHHe. B pesysbTaTe 3TOro B MOTOKe MOABAAIOTCH ABA
BHXP#, KaK 3T0 H3006paxKeHo Ha cxeMe pue. 13. ATtn Buxpu noaaep-
WMHBAIOTCH 3HAUHTEJNbHBLIM TpPajHEHTOM JaBJEHHA, OHH HaMHOTO
yMeHbllaloT faBNeHHe P, B KHALBATEPHOI 30He MO3afH NAACTHHKH.

Beuay takoi KpaiiHeil HeyCTOHYHBOCTH B peaJibHLIX cJefax No-
Jy4aeTca 3HauMTe/NbHOe MOHHXKEHHEe AaB/EHHA: AaBJEHHE B HHUX Pu

I

o Sona
B i et

e T d
- CMeUIEHUS
- [

Puc. 13. O6patHoe TeueHHEe B pPeaAbHOM
caene.

ropasfio MeHbllle AaBAEHHs p, B CMeXHbXx obaactax. Kak caen-
cTBHe 3TOro Hafinensnit Kupxropom TteopetHueckn Ko3pdHuueHT
conpotusaenus Cp = 0,88 MeHble, yeM NMONOBHHA AeACTBHTENALHOTO
sHavedss Cp, KOTOpoe NpHGAH3UTENBHO paBHO ABYM. JIAs HAKAOH-
HbIX NAACTHHOK 3HaueHHe noAbeMHO# cHanl Cp B Mogenn Kupxroda
3aHHKEHO Aaxe B Goabiuefl Mepe, OCOGEHHO MPH yriax, MeHbIUHX
«KpHTHuYecKoro yraa» (oxkonao 15°).

Ecan Oul 370 OHJAO He Tak, TO noner camonera 6ua Gul Kpafine
sarpyaHen. Jro 3amerun Pased ([12], t. I, ctp. 287, u T. III,
cTp. 491) yxe B 1876 r. K cuacrtbio, Moaeab )Kykoeckoro us § 8
SIBASeTCS FOPa3fo JYYHMIHM NpUGAHXKEeHHeM [efcTBHTeNLHON Kap-
THHBH MPH Maabix yraax atakd. (KpoMe toro, oTpHB NOTOKa MOXHO
HaMHOrO 3ajiepXaTb NPH NOMOIUIH COOTBETCTBYIOLLeA KOHCTPYKLHH
KpHiaia, Kak yxe 6bis10 o6bscHeno B § 29.)

i dakTH 6biaH Xopowo H3BecTHH KenbsHHY !), KoTOpHll mo-
Ayuyua 6ojiee BaXKHbIA pe3ybTaT: OH MOKA3aj, KAK MOXHO KoJHue-
CTBEHHO HCCNIEIOBATh YCTOHYHBOCTb NPAMOJMHHEAHBIX JHHHA TOKA
B IJIOCKONApaaeIbHOM TeYEHHH.

Ouenb 60AblIOH HHTEPEC NPEACTAaBASET CAYyUYail rOPH3OHTAJAbHOMR
FpaHHib B BEPTHKAaJAbHOM mNoJe cHAM TaxecTH. ['paHHua pasge-
Aser fBe XHAKOCTH C MJOTHOCTAMH p H p’, KOTOpHe ABHXYTCH CO-
OTBETCTBEHHO CO CKOPOCTAMH # H 4/, Kak YKa3aHo Ha puc. 14.
Keabsun nokasan, 4to B 3THX YCNOBHAX CHHYCOHAAJIbHOE BO3Myille-

':)’gNature, 50 (1894), ctp. 524, 549, 573; cM. Takxe Ponehn {38}, T. 6,
cTp.
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HHe TPaHWYHOR FMOBEPXHOCTH C JAJNHHOR BOJHB A = 2m/k KOMKHO
BO3PACTATh MO KCMOHEHUHANbHOMY 3aKoHy exp {/(A)f}, rae

‘p2 , —y A3
P =B @ —up— 2 E e — 5 (13)

NpHYEeM | eCTh HaTSXKeHHe HAa FPAHHYHOA MOBEPXHOCTH, a8 g — YCKO-
peHHe cuanl TAXKecTH. Ero noKasaTenbcTBO RpHBeneHo B paGore
{7], n. 266—267.

B cayuae caenoB, Korna p=p’ H 7= 0, oueBHAHO, Mb HMeeM
I(A) = klw’ — u]/2 > 0. 'panxuHas NOBEPXHOCTb B BHICIIEH CTeNeHH
HEYCTOMYHBA, CKOPOCTb HapacTaHWs BO3MYLUEHHA C OueHb KOPOTKOA
HAJMHOM BOJIHH He o2panudena, Taxk, HanmpHMep, HAa PAaCCTOSHHH
B 1 AJUH BOJHKH, |@’ — ul{ = nA = 2xn/k, ckopocTb HapacTaHus onpe-
ReNfeTCd MHOXKHTEJEM e2%" B OTHOCHTEJbHOM JBHXKEHHH '),

U'——.

P N T

—— i

Pac. 14. Heycrofituusocts no Feasmroanny k Keabsuny.

Boaun, B3biBaeMbe BeTpoM. KeasBHHY Mbl 06f3aHbi
KNacCHYecKHM npuMeHenHeM ero ¢opmyan (13) ana pacuera Mu-
HHMaJbHOH CKOPOCTH BeTpa, TPeOylOllleAcs: AJis BO3SHHKHOBEHHS psibu
Ha NMOBEPXHOCTH CNOKOAHOA BoAH. BeposTHO, KaXAOMYy AOBOIHIOCH
Ha6/MonaTh, YTO NPH AOCTATOYHO JierkoM OpH3e MOBEPXHOCTH MNpy-
AOB OCTaeTcsl 3epKaabHO IV1agKoR. TeopeTHUeCKH MOXHO NOKa3aTh,
4TO AJisi PaBHOMEPHO AYIOLLEro BeTpa NpH OOLIYHOM OTHOUIEHHH
IJIOTHOCTH BO3JyXa K MJIOTHOCTH BOAM, DaBHoM p’/p = 0,00126, u3
¢opmyan (13) cneayer, uTo BO3MYUUEHHS BC€X IOJHH BOAH GyayT
6e3pa3/HuHO YCTOMYHBW TOTAA H TOJNbKO TOrga, Koraa |u' — u| <
< 646 cm/cex. B neficTBHTENbHOCTH BOJHH BO3HHKAIOT NPH BETpax
CO cpejHeR CKOPOCTbIO, MeHbLuel yeM !/5 3TOA BeNHUYHMHEL, NMPOCTOE H
y6enuTtenbHoe o6bicHEHHE 3TOrO NapajoKcCa elle NpeACTOMT HaliTh 2).

§ 42. KaButaumsa

Koraa tBepaoe Teso ABHXKETCS B JXKHAKOCTH ¢ GO/MbUION CKOpO-
CTLIO, ero cief OGHUYHO 3anojHAeTcs rasoM. Takoi 3anoaneHHHRA

') MHorre cTpyfiube Tewenus npH.p’ = 0 o6nagaor c<HefATpanbHoR ycrofum-
BocThiow, cN. Fox J. L, Morgan G. W, Quartl. Appl. Math., 11, 4 1954 —
lIpum. peod.

%) Ursell F. nenasuo nan o6sop stok sapaum B pabore [20], crp. 216—
249; pesioME€ HEKOTOPHX SKCIEPHMEHTANBHBIX JAAHHHX CM. TaM Xe Ha cTp. 240.
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rasoM ciej HasbBaloT xasepnod, n pelueHHs 3afayd [espMroabua
OMHCHIBAIOT 06TeKaHHe KaBepHH rOpasfo Jyuule, YeM OHH OMHCHI-
BAIOT caMblit cnen.

EcrecTsennniM 06pa3oM KaBEpHH BOSHHKAIOT TIPH PAa3NHYHHIX yc-
nosuax. Tak, MoxHo cororpadmposate (38) samonnenHHe Bosdy-
XOM KaBepHH nmo3aaM cdep, nafaloliHx B BOLY C BHICOTH ABYX MeT-
pos H Gonbme. 3anonHeHHHe NapoM KaBepHH 06pasyloTCs MOsSaaM
NOABOAHHX CHApANOB, CKOPOCTb KOTOPHIX MpeBHILIAET, CKaXeM,
30 m/cex. TTonoGHLIe KaBepHH! TaKXKe 06bIYHO 06pa3yloTcs Ha Jonac-
TAX CYAOBHIX BHHTOB NMpH NAaBAEHHH HA NOBEPXHOCTH BHHTA, NpPEeBH-
walomeM npuMepHo 1,5 xz2/cm?, u B Takux cayuasx onacaloTca pas-
pPylIeHHs MaleHbKHX NY3HPbKOB, CONMYTCTBYIOUIHX «BO3HHKHOBEHHIO
KaBUTaUMH» KaK NPHYMHH 3po3uH BHHTA. [TomoGHas sposus (u no
TO )Ke MPHYHHE) MOXeT NPOMCXOAHTHL TPH Meperpyske THAPOTYP-
6un. INapapokcaneHo, 4TO «CynepKaBHTalHOHHbLIE» BHHTH, paGoTaio-
lLHe NpH ropasno GONLIIKX 1aBJAEHHAX H NPHTOM B GOAbLIMX Kapep-
Hax, MOXHO CKOHCTPYHpPOBaTb TaK, yro6nl H36eXaTh 3TOfi SPO3HH.

BnepBue npakTHueckoe 3HaueHHe KaBHTalMH GHAO OTMeYeHO
npumepro B 1900 r. MaTemaTHuecKu#t aHanH3 STHX ABAEHHA OCHO-
BAH Ha MpaBAONOAOGHOM NPEANONOXKEHHH, UTO 3aMONHEHHHE NMapoM
KaBepHH 00pa3yloTca 6aarofaps HCNapeHHIo, KaK TONLKO NaBAeHHe
B JKHAKOCTH MafaeT HHXKe BMNOJIHe ONpeleNieHHOT0 3HAYEeHHN — «Ja-
BJIEHHEe HCMAPEHUA» P,. MaTeMaTHYeCKH STO SKBHBANEHTHO YCAOBHIO

P=p, B KaBepHe; p> p. B XKHAKOCTH. (14)

(B kaBepHax, 3aNOAHEHHHIX BOSAYXOM, KOHEYHO, BO3MOXHO P> p,.)

Pykosoacraysce stofi uneed, Toma BBen!) B 1924 r. mupoko
MPHMEHsEMHA B HAcTOflliee BPEMs napamerp Kasurayuu (KaBHTa-
LHOHHOE YHCAO0)

Q=LZs=Fe (15a)
7P

Tle po— NaBleHde Bo BHewHedi o6naetn. Bckope nocae storo
AKkkeper u JpyrHe aBTOPH®) NOKa3anM, 4TO TEOPHA TeueHuf
TenpMronbua npuMennMa K kaBepHaM GOALUIMX MaciuTa6oB N03agH
TBepabX npenatcreuit. Ho B mepayio ouepens paseartrio Teopun ka-
BHTALHH, KaKOH OHA AIBAsAETCA B HACTOsLiee BPeMs, cnoco6CTBOBAMH
PaGoTbl N0 NPHMEHEHHIO MOABOAHWX CHAPSNOB BO BpeMs BTOpOi
MHPOBO#i BOAHH.

Y Thoma D, Trans. First World Power Conf. (1924), 1. 2, 536—551;
cm. takke Taylor H B, Moody L. F. Mech. Engineering, 44 (1922),
633—640; cm. § 72.

') Ackeret J, Tech. Mech. und Thermodynamik, 1 (1930), 1—21
63—72. B 1932 r. Weinig snepsue npuMeHna Mofenb Pa6ywnnckoro ns §7
K KaBHTAUHOHHLIM TeYeHHAM.
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§ 43. Mapamerpn p'/p U Q

Onpejenennbie Bhille SMANHPHYECKHM nNyTeM napamerpu p'/p H
Q, BpeMsi OT BpEMEHH YINOMHHAJHCh B HHXEHEPHOR JHTepaType, HO
B yueGHHKax TeopeTHueckofi THAPOAHHAMHKH'!) OTCYTCTBOBaJH
BJoTh 10 1945 r. B HacTosllee BpeMs 3TH napaMeTpnl AAlOT K04
KO MHOroMy npHu HccienoBaHHR Teuennfi eabmroabua. Hampumep,
npH noMolls napameTpa p’/p MOKHO OGBACHHTb, MOYEMY CTAIHOHAP-
Hble KaBHTAlLHOHHHIE TeYEHHA H CTPYH XKHAKOCTed B BO3AyXe (T. €.
dsyxgpasnble Teuenus) onHcuBaioTes no leabMroabuy ropasmo Jayu-
e, yeM CJebl HAH, CKaXeM, ra3oBhle CTPYH.

B cayuae CKOPOCTHHX TOpNEX YJeHHl, cofepxaillue g u 1 B ¢op-
myae (13), otHocuTeabHo Manan. CregoBaTenbHo, echn p’ < p, T0 B

nepBoM MpuGAHKeHHH noayuum pasenctso/ A)==(k|u’—ul[2) V¢'fp-
3710 NPHBOAMT K BHIBOAY, YTO paccTosnue |u' —u|t oT TOUKH OT-
pHiBa 0 30HH NepeMellHBaBHf, rie Modeab leabMrosbua Tepser
CHJly NpH AaHHOR A/NHHE BOJMHH A, Oyaer nponqg(;.t OHAJNbLHO VP/P’.
JIna KaBepH, 3anoJHEHHHX BO3fyXoM, p/p’== 750, a ana KkaBepH,
3anonHeHHbX napoM, p/p’ == 30 000; cnenmosarenbHo, B 0GOHX CJy-
yaax, corgacHo aHaaudy KeabBHHa, Haf0 OXHAATb, UTO HEYCTOH-
YHBOCTb CBOGOAHBIX JHHHIA GydeT HeBeJHKa.

S1HM TeopeTHYecKH OGDBACHAETCA IMIHPHYECKOe YTBepiKAEHHe
Berua u [Ilerepcona?), urto reopus crpyd npumeruma, ecau
p'/p< 1. 3OtH aBTOPH OCHOBHBaAHCL Ha paGotre Axxepera
H Ha Gonee paHHHX paGorax Museca, npoBepABIIEr0 TEOPETH-
yeckHe pacuetnl AJfg CTPy#l Boau B Bo3ayxe. HanpuMep, xota Baus-
HHe CTEHOK, onHcanHoe B § 40, He CKa3biBaeTcsl B PeanbHHIX c/leaax,
AJSl KOTOPHIX OHO MepBOHAYaJbLHO GHIIO PacCUHTaHO 3), OHO BeCcbMa
CYILEeCTBEHHO NPH HAJHYHH PEANbHBIX KaBepH.

[MpakTHuecKoe nNPHMEHEHHe TEOPHH CTPYA SABHCHT TaKkXKe oOT
BTOpOFO nMapamerpa, KOoTOpHil coBmaaan 6u c BhpaxkenHem (15a),
eca 6w ycaosus (14) O6uiam TounsiMH. Ecan npeanonoxurs,
nro ycaosus (14) B ypaBHenue Bepnyann sunoansiorcs ans
TeopeTHueCKoro ABYX(da3Horo TeuenHs IeJbMrosbua, To BhHIpa-
xenne (15a) npunumaer Bua Q.= (Vsf/ve)2—1, rme vp—
CKOpOCTb Ha CBOGOXHOM JIHHHH TOKA, @ Ug — CKOPOCTH BO BHELIHed

) Cm. {7), n. 73—80 n ra. XII nepsoro nanauus [8]. KonTpact ¢ nanHHMH
wuure [2), ra. 11, nopasmresen; cu. takxe Proc. Seventh Ini. Congress Appl.
Mech., London, 1948, 1. 2, ctp. 7—16.

%) /ngenieur Archiv, 2 (1931), 190—211. OrnocutenbHo AaHHuHX Museca,
noateepxaaomnx GopMyin, Buseaennne B § 40, cm. Zelfs. VDI, 61 (1917),
447—452, 467—473 u 493—497.

%) Volcovici V. Inaugural dissertation, Goettingen, 1913. Otnocurenbho
nprnoxenudi k kapurauuu cM. Birkhoff G, PlessetM.andSimmonsN,,

uar. Appl. Math., 8 (1950), 151—168 n 9 (1952), 413—421,
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ob6aactu («ckopocts cBoGoAHOro noroxa»). [loatomy reoperuveckud
napaMeTp KaBHTaUHH ANA TeyeHHR [e/bMroJbiua M ONpelesHM
BbipaxKeHHeM

Q=(Z) -1 (156)

SlcHo, 4TO ANS MaeanbHOR XKHAKOCTH H3 ycnoBui (14) caeayer
Q > 0. Ias kaBepH, 3aNOJAHEHHBIX BO3AYXOM, 3MNHPHYECKHA KO3d-
GHUHEHT NajeHHs RABACHHA TaKke BCErAa NOJNOXKHTENEH H orpe-
aensercs GopMmynoi
Pa— P,
Q= =" (158)

apv?

rae p.— AaBjeHHe B KaBepHe. HakoHel, sMIHpHYeckH HaALeHO, YTO
nadenue dasaenus 8 caede (Pa — puv), ynomsinytoe B § 41 u Buipa-
XKeHnoe B Ge3pa3mepHOA dopme uepes Ko3D(HUHEHT najgeHus Aa-
BJIEHHA B C/aefe

Q,=2a"rte (15r)

13 p0?

3aKJI0UeHo Mexay HynaeM u eaunuueil. Takum o6pa3oM, 3a naockoit
naacTHHKOR 3HayeHHa Qu GJH3KH K eHHHLUe.

IMpuHuMasn BennuHHy Q, B KauecTBe 3MIHPHYECKOro nMapaMerpa,
TEOPHIO CTPY MOXKHO IJIOAOTBOPHO MNPHMEHHTh Haxe K caeda.
Tak, ecan BBecTH NONpaBoYHHA uyucaoBof MHoXHTEAL (1 + Q.),
AnA Toro uto6n ydecth HaGJiofnaemMoe najeHHe JAaBJICHHA
B chefe 32 HAaKJAORHOR nJOCKOR NJAACTHHKOW, TO (OpMyabi
Teopud Kupxroda Xopoiio cornacyrorcs ¢ fnoayyaeMnMH Ha npak-
THKe QYHKUHAMH pacnpegesieHHs RaBNAeHHH HA NepeaHed NOBEPXHO-
cti ([17). cTp. 28, puc. 3) —no kpafineit mepe ecan a > 15° 1. e
Goablue KPHTHYECKOro yraa.

Ycnosue Q > 0, oueBHAHO, NerKo OTOXAECTBHTL B Cjyuae He-
BA3KOA XHAKOCTH CO CAEAYIOLIHM YHCTO KHHEMATHYECKHM YCJ0BHEM,
sBegentniM B 1911 r. M. Bpuasiosnom [19] B cBA3H ¢ HccaeaoBaHKHeM
caenoB !).

Ycanosne BpuaaniosHa Ckopocts NPHHHMAaeT MakCHMadb-
HOE 3HayeHHe Ha CBOGOAHOR JIHHHH TOKA.

XoTs BO BCceX H3BECTHHIX HaM MNPAKTHYECKHX NPHJOKEHHAX BH-
nonHeHo ycaosue Q > 0, 6uno 6n HENPAaRHALHHM NpPEANOAAraTth,
yro ycnosre (14) crporo Bunoaxsercs npH J06HX 06CTOATENB-
crBax. (Cm. pa6oty (17], ra. XV.)

!} Yro ycnosne Bpramosna suBoantcs H3 opmysn (14), yxazauwo B pabore
[2], cTp. 51; cM. Takxke § 45.
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§ 44. Monean veuenndt npu Q + 0

B cayuae ofrekanHs nJIacTHHKH B kaHajle, ¢opmyna (12a).
MOXHO CUHTaTh Q MOJOMHTENbHOR BEJHYHHON, BBOAS B paccMorpe-
HHe CKOPOCTh BBEPX HO TeueHHIO (paBHYIO eJMHHLE, YTO AOCTHraer-
¢si BHIOODOM eHHHIl H3MEPeHHA) B KauecTBe CKOPOCTH CBOGOLHOTO
noroxka. [Ipn rakom ycnoBus Q=v2—1>0u 14+ Q = 02 Ta-
KHM 06pa30M, NpeanonoXeHHe 0 TOM, 4TO NPH ONpeleseHHH Ko3d-
¢uunenta Cp HYXHO HCHOJb3OBATH CKOPOCTH HA CBOGORHON JIHHUH

Pasdenswoupscs Pasdenmounscs
MHUR mong YRGS MONR

CaoBodnas nusus moxo
Toura mopmosicenust

Pasdensioupscn Kasumauyus
nunus mong = 0Cb cummempul
\mmy
[/

~ Puc 15, a—tevenne Pabymunckoro; & — BosBpaTHas CTPyR.

TOKa, U == Uy 3KBMBAJIEHTHO BBEACHHIO B fipeAbiAyilemM naparpade
muoxurens (1 + Qu).

Onunako nocrpouts Teuenns lenbMronbila ¢ ycnosuem Q =0
B 6ecKOHEYHOM NOTOKe ropasjo TpyAHee. Kpome Toro, peanbunie Ka-
BEPHH HMEIOT KOHeuHble pa3Mephl, @ NOCTPOHTh TeyeHHA [enbMrods-
1a ¢ KOHEYHHIMH KaBepHaMM OCOGeHHO TPYAHO H3-32 CJEAYIOLIEero
napanokca.

Mapanoxe Bpuanosna. Kasepus koueunozo pasmepa,
yOosaersoparoujue ycaoeuio bBpuantosna, maremarusecku Hesos-
MOOICHDL,

Huxe MH KpaTKO paccMOTpHM Hokasareasctso (cm. [19]). IMo-
CKOABKY JlaBJieRHe BHYTPH KaBepHnl MHHHMajbHo (ycaosue Bpua-
JI03HA), cBOGOAHHE JHHHH TOKa OGpailens cBoell BOTHYTOCTBIO B
CTOPOHY KaBepHbl, KoTopas AOJMXKHa 6biThb no3ToMy Bhinykiaoft. Ho
TaKas KaBepHa AO/MMXKHA MMeTb KPHTHUECKYIO TOUKY, B KOTOpO#i cXo-
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HATCA ABe CBOGOAHBIE JMHHM TOKa, C MHHHMAJbHBIM [aBJeHHEM p,.
ITo Teopeme Bepuyanu ua sroro caenyer, uto |ul? = 2(p, — p) /p<0
Be3jie, 33 HCKJIOueHHeM CBOGOAHOM TPAHHIbI, a 3TO O3HAYaeT, 4To
t1 = 0 TOXIEeCTBEHHO.

Yro6n n3Gexatb nmapajaokca bpuamosna, GblJH nocTpoeHH pas-
AvuHble MOAM(HKAUMH TeueHHs [eJbMrosiblia mMyTeM HCKYCCTBEHHO-
ro u3MeHeHHs 3aJAHel yacTH KaBepHHl. MOXKHO mOJiararth, 4TO Ta-
KHM 06Gpa3oM 6yler BbinoJHeHO ycnoBHe Q + 0 6e3 3HAUHTENBHOro
MCKaXeHHsl TeUeHUs OKOJO MPeNnsTCTBHS, CO3XAIOLIEro KaBepHy.

Tak, B 1921 r. PaGywunckuii [39] noctpoun teuenne ['enbMrosib-
11a co cBOGOAHBIMH JHHHSIMH TOKA AJs ABYX CHMMETPHYHO pacno-
JIOXKEHHBIX NAacTHHOK (cM. puc. 15, a) ¢ ycaosuem Q > 0. 3to no-
CTPOeHHe MOXHO KPaTKO OmHcarth ciexyiomuM oGpasom (cM. [17],
rn.V,§9).

«O6aacrts rogorpada» (T. e. fHarpaMma Ha {-NJIOCKOCTH) OXHOH
YeTBEPTH TeuyeHHsl, OUEBHAHO, NpeACTaBAsieT co6oii YeTBepTb KPyra,

- a o6nacts W — KBajpaHT BBHAY BEePTHKAJBHOH M TOPH3CHTAJLHOM
cumMerpuu. CremoBaTesbHO, KOH(pOpPMHOe oToOpaxKeHHe o6JjacT
rogorpadha Ha obaacte W Boimosnsercs (cM. § 40) no dopmyae

_e@+UN4b L LR
@ Dt vtnEf1 (16a)
IMocpencTBoM BHOOPa eAMHHI] H3MEPEHHS MBI MOXEM CBECTH BCE

k cayyaio C= 11 ¢ =1 npun W = oo, u3 yero cneayer p = —1.
[Tocae 3T0ro NOAYYHM COOTHOLIEHHE

_ YO+
V="%—n

(166)

OTKYA2 BEJHYHHY 2= f dW/[; MOXHO MONYyuYHTb B BHAE JUIHNTH-

yeckoro HHTerpana. Ecam v ectb ckopocts Ha cBoGoaHOA su-
HUM TOKa, TO G =v npu W =0, orkyna [+ 2A2+ 1=

= (2—0v?) (2—v? u )\=—-%('02+ 2~?. Tlo ypasuenuio Bep-

HyaIH Q =02 — 1, on(yna‘ A= -;— [(+Q+0+Q7'] C no-

MOHIBIO 3THX $HOpMYJ Jerko HaiiTh KoapduuueHT Cp Kak GyHKIHIO Q.

Hpyroe BaxHoe TeuenHe I'esbMrogeina c ycnaoBiuem Q > 0 6nuio
nocrpoeHo B 1946 r. D¢pocom u, HesaBHcuMO oT Hero, ['HabBap-
rom 1 PokoM!). BMecTo CHMMeTpHUHON KaBepHH OHO HMeeT 803-
spartHyto cTpylo (cM. puc. 15,6) 2). BosBpaTHble cTPYH HA6MOAaMHCh
3KCIEPUMEHTAJNBHO, XOTH OHH, TO-BHAHMOMY, O6pa3yloTCsi JHIb

) Cm. [17], ra. III, § 8, no nosogy JsurepaTypn % NOAPOGHOCTER BHYHC-
JACeRHH.

?) Cwm. [16*], nonpoGuoctu B [17*]. — Mpum. ped.
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BpeMsl OT BpeMeHH M Heycroiumsmi'). [TosToMy Mofenn BO3BpaT-
HO#t CTPyH NpelcTaBjiser OcOOWil HHTepec ¢ (PH3HUECKOH TOYKH
3peHus.

[To3asu BHOYKALIX TeJd MOXKHO MOCTPOHTH TaKXKe «3a0CTPEH-
Hble» KaBepHH npu Q < 0, XxoTs B CBOe BpPeMs CUHTAJH, YTO ITO He-
BO3MOXHO 2). OJlHaKO TaKHe KaBepHH BOBCe He NOXOXH Ha HalJio-
naemele, o6pa3usl KOTODHX Nokasakbl Ha ¢orto I u doro II (cm.
§ 51). CoxpanuTb NMOBHIIEHHOE JaBJieHHe B YCTOHUMBOH KaBepHe
(unH B cielne KOHEYHOM MJIMHBI), NO-BHAKMOMY, OYE€Hh TPYAHO.

§ 45. KpuBoarHefnnle NpenATCTBHA

Jlas MaTteMaTHYECKOro anmnapaTa, ONUCaHHOrO BHIle, CYLIECTBEH-
HO TO, 4TO HaM H3BECTHH cneyuaistivie KonpopMuble 0TOOpaXKeHUs
M MHTErpajn oT cneyuaabno2o Buna ¢ynkunft. Xors sTOT ammapar
TIMATEJLHO Pa3paboTaH W NMPHTrOfEeH ANs DPElUIeHHs MHOrMX 3ajay ¢
NONHroHadbHEIMH npenstcTBHsaMH (cM. {17], ra. II, III u V), on,
BoOOUe TOBOPH, HE TPHUFONEH AJIA HCCNENOBAHHS KaBHUTAalHOHHOTO
o6TeKanus KPUBOAUHEIHbLX IPENSITCTBHA.

Coaganne GLICTPOAECHCTBYIOUIMX BBIYHCJAHTENbHBIX MALIHH AAN0
BO3MOXHOCTb NOAOATH MNO-APYroMy K 370 npo6JieMe, ROAbL3yACh
obujumu TeopeTHKO-bYHKIMOHAJIBHBMHA MeTofaMu. XoTa Takoi moA-
XO [0 CHX NOpP YCHNEUIHO NPHMEHAJCA JHIIb K NAOCKUM TEYCHHSAM
H XOTSl HHXe MBI 6yJleM pacCMaTpHBATb TOJbKO TaKHE MPUJIOKEHHS,
nojao6HLle METOAb BIOJHE MOTYT OhiThb NPHMEHHMB K OCeCHMMeT-
PHUHLIM M Ja)kKe K MDOH3BOJIbHHIM CTPYHHLIM TEUEHHSIM.

B kayecTBe HJJIIOCTPALMH 3TOrO COBDEMEHHOTO IIOAXORA MKl pac-
cMOTpUM OOWMA Cayuyali KDHBOJHHERHOrO NPENATCTBHS, CHMMeT-
PUMYHO pacnojcKeHHOro B GeCKOHEUHOM MOTOKe, KaK MOKa3aHO Ha
puc. 16. Mu cHoea 6yiem npeanonararb, 4TO CMauMBaeMhbif ydyac-

TN
Tok ACB 1nOBepXHOCTH NPEHsITCTBHA PACNOJNOXKEH BePTHKAJIbHO, H
BEIOepeM eNMHHIILI H3MepeHHH Tak, uTo6b Ha CBOGOJAHOH rpaHHLE
610 BEIMOMHEHO ycaoBHe || = 1.
Cnenys Jlesu-Uusura {33], oro6pa3auM kKoHGOPMHO ¥ OXHO3HAYU-
HO OJHOCBSA3HYIO O6GJNACTL TeueHHsi Ha BHYTPEHHOCTh noaykpyra I'

(<1, Im{t]>0. (17

'} B 3agHefi 9acTH KaBePHH 32 OCECHMMETPHUHHIM [IPENATCTBHEM MONKET
06pa3oBaTbLCH TaKKe Napa BHXpeR ¢ Myctof BHyTpeHHeR o6nacreio  ([42],

erp. 230).

2y Cm. pabory {17], ra. V, § 10, 14, a taxxe paGory [2], crp. 58. [Cayuan
330CTPEHHOR KaBepHHl neped MjacTHHKOR Obn paccmorper C. A. Yanasiruusim
eme B 1899 r. [I8*]. 3agaua o 3aocTpenHolt kaBepHe 33 OGTEKAEMBIM KAHHOM
Takxe Ouna pewesa C. A, Yanawruuwmm [19%]. — [Ipum. ped]
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Hs ocHoBHOM Teopembl 0 KOHGDOPMHEIX OTOOpaxeHHsX !) cneayer,
YTO HMEETCH B TOYHOCTH OZHO Takoe oToGpaxenue f = f(2) obnactu
TeueHHs Ha BHYTpeHHocTh nmonykpyra I', mepeBoasiuiee Touku A, B,
C coorsercrBenso B ToukH 1, —1, i. OueBnano, uto PyHKUHSA [(2)
oToGpaxaer c80600Hble JIMHHUM TOKA Ha OuGMETP, PACTOJNOMKEeHHBIR
Ha JeACTBUTEJLHOH OCH, 2 CMAYHBAEMHIH YYaCTOK NOBEPXHOCTH npe-
narcreus — Ha noayoxkpyscnocts ¢ = ei%(0 <o < %), (B srom cay-
yae MBI HCnoab3yeMm o0o3Hauenus, oTanuyawmuecs or § 38—40.)

Yro6el MOAYYHTL BHIPAMKEHHe MAJig KOMIVIEKCHOTO NOTeHUHAAa,

Puec. 16. O6rekanne kpusosauHeliHOro mpe-
NATCTBHA.

yX06HO 0TO6pa3suTb 06,1acTh I' Ha BEPXHIOID NOJNYNJIOCKOCTh NMOCPen-
CTBOM KOH(GODMHOro npeoGpa3oBaHus

ottt a7 1—172
Te=——5—, T8 4T0 —r =——p—. (18)
Torna KOMILJIEKCHBIX MOTEHUHAJ, OYeBHAHO, 3aJA€TCS TaK:
MT? dw
V== Zr=M, M>0 (18"

rie M — HeKOTOpasi TOJIOXKHTENbHAS! MOCTOSIHHAA. DT0 Clelyer H3
Toro, uro ¢opmyaa (18’) nosBoasier oTo6pa3uTh 06aCTh TEUEHHS
Ha IJIOCKOCTb € Pa3pe3oM, NpHUEM TOYKA pa3BeTsjeHHs [ = i nona-
naer B Touky W =T =0, a ToOuKa Ha GecKOHeYyHOCTH [ = (0—B8
TOYky W = T = oo, :

Teneps paccMorpuM dyHkunio (i —£)/(i + £) = (1 + it)/(1—it).
Moayns ee pasen exunule, ecnd {— AeACTBHTE]bHOE WYHCHIO;

€e apryMeHT Ha YyuvacTKe AC paBed =/2, Ha yyacTKe CB paseH

'} Bieberbach L., Lehrbuch der Funktionentheorie, Springer, Leipzig,
1923, 1. 1, ctp. 61. Ilo mosony mpmeumna orpaxenus [lIsapma cM. Tam xe,
CTp. 225. [Ha pycckoM sA3sbike cM., Hanpumep, MapxymesHy A U, Teopus
aMaawruneckux Qysxumn, FUTTJ, M.—JL, 1950; unu Jlaspentnen M. A,

86ar B. B, Merons teopu QYHKUHA KOMN/IEKCHOTrQ nepeMenHoro, M.—J1.,
1951, — Npum. nepes.)
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— /2, B Touke C HMeercs cKayoK apryMeHta — n. HoBas ¢yHxuus
Q(t) =8 + i, onpenenennas GopMyaaMu

R (= A

TaKKe aHaJHTHYecKas H peryasipHas GYHKUHs BHYTpu o6aactH T.
Ha cBo6Goanoit rpaHuue, riae ! — neACTBHTeNbHOE YHCAO, HMeeM
paserctBo |1 + it| = |1 —ifl, n chnexoBaTenbHO, MOXKHO 3anHcaTh
COOTHOllIeHHe

1=ICI=[ }'_*'5: e =x(2). (19)
IMostoMy ¢yHkuus 1(f) o6paluiaercd B HyJb Ha AHAMeTpPe NOAYKPY-
ra I, 1. e. pyukuns Q(Z) dedcreureavna, ko20a OedcT8ureadvno f.
[To npuHuuny cummerpuu lBapua (cm. npum. 1) Ha crp. 93)
GyHKUHIO Q(f) MOXHO aHaNMTHYECKH NPOAOJKHTL Ha BHYTPeH-
HOCTb enuHHuYHOro Kpyra |f] <1. TloatoMy B paccMarpHBaeMoM
HaMH CHMMETDHYHOM chayudae (} M iQ(f) neAcTBHTeJbHBHE HAa MHH-
MOH ocH !, sBasOUleficA OCbI0 CHMMETPHH) MBI MOXKEM HalHCaTh
paBeHCTBO

et)=ayt+aP+af + ..., (20)

rae Bce a; AeACTBHTEJNbHblE YHCJA, NPHYEM PaaHyC CXOAHMOCTH pA-
na (20) He MeHble efHHHUH. JIAA HENOABHXKHOM rpaHuum |f| = 1
C MOMOILBIO JOBOJILHO TOHKHX PacCyXAeHHA MOXHO A0Ka3aTh, YTO
oyukuusa Q(f) naxe nenpepsisna ([17], ra. VI, crp. 135). He crpo-
ro Bupaxasch, MHOxHTeab (1 — if)/(l + if) «cHumaer» npocTof
noawoc aaa ¢yHKuudH {! (Hyab ans GyHKUHH ) B KPHTHYECKOR
TOYKe.

O6patHo, ans nanHo#t ¢yHKUHH (20) ¢ pagHycOM CXOAHMOCTH,
paBHBIM efHHHIe HAH GoJblue eNHHHUH, ypaBHeHHs (19) H

= [ () () ar= 2 - @
I i

onpenensioT TeueHHe, pa3aeflolleecss Ha ABeE CAMMETDHYHHIE YaCTH
—_—

nosaau raaakoro npenstctBuss ACB, nMelollero HenpepuBHYO Ka-
care/ibHyl0. 3TO NPHBOJAHT K KJAacCHYeCKOMy pe3yabrarty JleBr-Yu-
BHTA.

Teopema 1. Tewenusan, pasdesrsnemtim Ha 08e CUMMETPUHNDIE
YACTU CUMMETDUUKLIM NPEnATCTéUeM 8 BeCKOReYHOM noToKe, 0OHO-
3HAYHO COOTBETCTBYIOT pa3audnsie pynxyuu suda (20), pecyaspnrvie
npu |t| < 1 u nenpepoisroie npu |t| = 1, u nocroannsie M. 310 coor-
eercreue 3adaerca ypasrenuamu (19), (20) n (21).
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§ 46. l[Ipamas 3anaua

Teopema | nossoaser pelInTh 06pATHYH 3a1auy — HAHTH KNacCC
@cex MIIOCKHX TeyeHHiH GECKOHEYHOro MOTOKA, Pa3fleJieHHOro Ha CHM-
MeTpHUHble 4acTH KPHBOJNHHEHHBIM npenaTcTBHeM. Teneps Mbt o6pa-
THMCS K npsimoil 3anave: HalTH, KakoBa ¢yHKuHs Q(f) aas apan-
HOro ABYMEPHOTO MNpPensTcTBHA P, CHMMETPHYHO pachoJ0KeHHOro
B 6eCKOHeYHOM NOTOKe. Mbl MOKaxKeM, uyTO 3Ta 3ajava 3KBHBaAMEHT-
Ha pelLieHHI0 HeNHHEHHOrO HHTErPaNbHOrO ypaBHEHHS.

B npuHUHNe MOXHO O4YeHb NPOCTO BHIPA3HTH BCE CBOMCTBa Te-
yends ¢ nomoubio ¢yHkuHu Q(f). Tak, BIOAbL HENOABHXKHON rpa-
nuubl P (¢ = €9 B nockocTH ¢) aas Q = § + it 3anHiueM pasen-
CTBa

0=a,coss+a;cos3s-+ a;cos 56+ ... , (22a)
t=gq,sin o4 @a, sin 36} a5 sin Ho 4 ... ., (226)

Hawm 6yner yno6Ho paccMaTpHBaTh TaKikKe NPOH3BOAHYIO
A(o)=—d8/de=a,sinc 4 3a,sin 36 +-agsin5c+ ..., (228)

npeanoJaras B COOTBETCTBHH ¢ runoresoit (E) us § 1, uro Buinucas-
Hble paabl Pypbe YAOBNIETBOPHTENLHO CXOASTCH B CJYyuae AOCTATOY-
HO «TNIafKHX» NPensiTCTBUM.

=
Mu nokaxem Ténepb, 4TO 0 oTnHuaercst Ha BeJIHllliHy—2~ OT Hanpa-

BNEeHusl @ KacaTeJbHOH Kk npensatcTBHiO, Tak Kak argdz/dT =
= argl{! + argdW/dT u argdz/dT = ¢ (uckAOUAS KPHTHUECKYIO

Touky C), TO oueBHAHO, yTO arg{™! paBeH ¢—m Ha yuactke AC

u paBen ¢ Ha yuactke CB. C apyroii CTOPOHBI, B cHAy (OPMYyJibi
(19) H coesnaHHBIX mepej 3THM 3aMeYaHHH OTHOCHTEJbLHO BEJHYHHbI
ng[(l + it)[(1 — it)] aﬂaqeﬂne,gg;“ paBHO O — /2 Ha yuacrke
AC u pasHo 8 + w/2 nHa yyactke CB. O6a 5TH COOTHOIIeHHs NOKa3bl-
BAIOT, YTO BAOAb yyacTka ACB § = ¢ — /2.

Hauny ayrn npensitcTBust | MOKHO HAlTH NPH MOMOILH COOTHO-
wenus (21), U3 KOTOPOro cleayer paBeHCTBO

dl=|0" - 1dW/dT| - |dT/dt)-ds na ¢=e".

Tpumensin dopmyny (19°) u anemenrapuyio TPHTOHOMETPHIO, 110Ny~
YaeM COOTHOlIeHHE

-1 __ 1—it By 1+slna _

IC I—'1+it ‘le ‘l_, cos s e

Ananornuno, tak xak dW/dt = (ft—t3), kak u B dopmyae

(21), naxomum cooTHoweHHE

}%i:Mﬂcowsim}, M= const.
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CpasuuBas npeabiaywue ¢OPMYJH, OKOHYUAaTEJNBHO MOAYYaEM
CHAeAYIOWHHA pe3yAbTarT:

dl= Mv(s)e~*@ do, v(s)=|sins (1 +sino)|. (23)
TlostoMy ans kpususne:, onpenenseMoit paseHcTBoM x = —do/dl =
= —db/dl, nonyuaem dpopmyay

by < (o)
= (24)

YTO MOXHO CPaBHHTb C LOpPMysnaMu (22B), (23).
IMycts Tenepb P — no06oe rhaaakoe cHMMeTPHYHOR ¢opMbi npe-
NATCTBHE, HMeIOLlee KPUBU3RY NOCTOAKNHO20 3Haxa (T. e. 6e3 ToueK

neperu6a), ¥ nycts x = K(f) BHpaxaer KpPHBH3HY Kak (YHKUHIO
yraa = ¢ — /2, Ha KOTOPHIAl KacaTeNbHas NMOBOPaYHBAETCH 33 TOY-

kot C. Torpa, npeob6pasys ¢opMyay (24), noayduum BniparkeHue

Mo)= My (d)e* WK (0) = My (s) e-O* K (M), (25)

rae aunefinnie oneparoper D u J onpefensior dyHkuuu 1(s) ud(c) ue-
pes A(c) no dopmynam (22a)—(238). (HefictBurenvro, JA =

= f A(s)ds, TOorRa Kak DA aBnserca «npeoGpasoBanuem Hunu»
/2

¢YHKUAH A(0) NPH COOTBETCTBYIOMIEM CHHIYJIIDHOM HHTErpajibHOM

anpe D(o, ¢’); cMm. paGoty [17], ctp. 136.) Hrak, Hamn nokasana

chefyiolias reopema.

Teopema 2. [laa 1020 4TO6bL TedeHue, ONUCANKOe 8 TeOpeMe
1, coorgercrasosaro npenarcrsuio, umeouemy Kpususuy x = K (8)
NOCTOAHKO20 3HAKA, HeobxoduMo u OOCTATOMHO, 4TOOBI BHLINOAKA-
A0cb cooTHoweHue (25).

Ipu Manux 3HaueHHAX KOHCTAaHTH M HHTerpajbHoe ypasie-
HHe (25) MOXHO paspewnTh npAMoil HTepailHell QYHKUHOHANBLHOIO
npeo6pa3oBanHs

Ma+1(0) = S, (0)] = My () e™PaK (/). (26)

Tpu Gonbmux 3HayeHHsix M cxoauTca «ycpeaHeHHAs UTEpaUHs»
OTHOCHTE/ILHO COOTBETCTBYIOIIHM 06pa3oM BuGpPaHHOrO «BeCOBOro»
MHOXHTENS ¢, T. €. MOXKHO HTePHPOBATh 1o opMyJe

ka1 (0)=(1—¢€)}, (0, +eS[A, (9)]. (26")
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Takum o6pasoM, HCnoab3ys coBpeMeHHbie GuICTpoaeficTBYIOWHE
BHYHCJHTENbHbIE MalUHHH, MOXHO 3Q(EeKTHBHO pa3pellHTb HHTE-
rpajnbHOe ypaBHeHHe (25), npH 3aKaHHOM NOJOXHTEABHOM 3Haue-
Huu M; nogpo6HOCTH MOXHO HafiTH B AuTepatypel).

§ 47. HeonpeneaeHHOCTh TOYKH OTPHIBA

CooTseTcraHe MeXAy HHTErPaNbHbIMH ypaBHeHHsMH (25) H npe-
nATCTBUSAMH P He aBasieTcd B3aWMHO OJHO3HAYHBLIM H3-32 HaJNHUHA
napamertpa M. [TosToMy BO3HHKaeT OCHOBHOMN BOMPOC: B KAKOM CMbl-
cne (ecqH O HEM MOXHO TOBOPHTb) KOPPEKTHO NMOCTaBjeHa 3afaua
TFeanMroanna, paccmorpennas B § 36? Srtor TpyAHHH BoOnpoc ellie
He paspelleH NONHOCTBI) Aa)ke AJA TJOCKHX TeueHHil, HMeIOHX
0Cb CHMMETpPHH.

TakuMm oGpasoM, kak nokasaa B 1911 r. A. Buana [22), naxe
reyedHe Kupxroda, onucannoe B § 39, He sBASieTCS eLHHCTBEH-
HLIM peililenHeM 3agaud [eapMrosbua AnA NJAOCKOA NJNACTHHKH B
GeckoHeyHoM motoke. Jlas Kongurypauuu, H3o6paxeHHoli Ha
puc. 17, nosBaserca ofHOnapaMeTpHyecKoe ceMelCTBO APYrHX, TO-
NOJIOTHYECKH OT/IHYAIOWHXCA BO3MOXHbIX pemenuft?) (cm. (D),§1).

B cayuae Kpyrsix mpemaTcTBUAl BOo3HHKaer eille GoJee cyule-
CTBEHHAs] HEONpeAeJEeHHOCTb, Aame ec/M NPeanoJOXHTb, YTO TO-
NOJIOTHs TeueHHsi o6ycnOBAHBAET HaJlH4yHe eMHCTBEHHOA GeckoHeu-
HOfl KaBepHH Mo3aax npenstcTBHs. Eute a0 Toro Kak yaanoce Ao-
Ka3aTb CTporue Teopemul, M. BpuaniosH yCTaHOBUJ, 4YTO noasoKeHue
TO4KL OTPLLBA ABAA2TCA HeonpedeseHHbiM. ITOT $aKT TeCHO CBA3aH
C HeompeaeNeHHOCTbIO NOCTOsAHHOR M B cooTHowennu (25): BooGuie
roBopsi, KOHCTaHTa M COOTBeTCTByeT «CMOUYEHHOH AJNHHE», paB-
HOA pacCTOSHHI0O OT TOYKH pasjgena C [0 TOYeK OTPHIBA

o~ P
A u B, u Bospactaer ¢ yBeauuekHem yuyactkos CA = CB. Ilo-
sTOMy 3afava [eabMrosbua A KPYranX npenstcTBHi He sAB-
JIfIeTC KOppPeKTHO nocranneunoi&, Aaxe ecaH 3alartbis ronoaoruei
TeyeHHS.

!} Pa6ora [17), ra. IX, § 8 Birkhoff G, Goldstine H H,
Zarantonello E. H, Rend. Sem. Mat. Torino, 13 (1954), 205—223.
(Mepran xonkpetHan 3anaua 06 oGTeKaHHH ¢ OTPHIBOM CcTpy#t ﬂ:unonuneﬂuoro
ll%e‘nxmanﬂ (ayra xpyra nps npamow yaape) Guna pewena A. M. Hexpacopun

] MetonoM nocnenoBatenbHBIX WPHOAMKEHHA ¢ AOKA3ATEALCTBOM CXOAWMOCTA
¥ €XMHCTBEHHOCTH. 3aTeM NOABHJCA ewie psa paboT, nporomkaownx u o6obuwao-
mux  uccaeposanus A. U. Hekpacosa, cm. [17*]. Merox H. E.- )Kykoscxoro
6uin oGo6lien ua caywafk crpyfinoro oGTeKaHHs MPOHIBOLHOrO YHCAE KPHBO-
angefnux ayr JI. U, Cenossim [7°]. Ilupokne TeopeMu CYILECTBOBAIUR H eAMM-
CTBEHHOCTH ANA CTPYAHHX TedeHHR Ouau nokasansl M. A, JlaBpentbesnm [217] —
Mpun. pes)

Cm. paGory (17}, rn. V, § 3. Zarantonello E. H.,, J. de Math, 38
(1954), 29—80, nokasaa, ute APYTHX BO3MOXHOCTel He CyllecTByer.
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OnHako ecad NMPeANoOJIOMHTb, YTO BLINOJIHSETCH YycJa0BHe Bpui-
ao3Ha (§ 43), 10 3agaua 6GecKOHeYHOH KaBepHbI CTaHOBHTCS KOP-
PEKTHO TNOCTaBJEHHOH, Mo KpaliHeli Mepe B HEKOTOPBIX cJ/yyasix.
Caeays Jleps [35]), onpeaenuM «ckoOKy» Kak npensitcTtBHe P, KpH-
BU3HA KOTOpOro %(8) Bo3pacraer!), Kak nokasaHo Ha pc. 18.Jleps
JloKa3aJ, uTo BCAKas CHMMeTpHuyHas cko6ka P uMeerT eIHHCTBeH-
nyro napy «rouex Bpuaniosnas Ao, By, 06/Maaloliux cAeayIOLIUM
CBOICTBOM: KpHBH3Ha CcBOGOAHBLIX JIHHHIl TOKA B TouKax oTpbiBa A, B
npu Ja060M CHMMeTPHUHOM OOGTeKaHHH yacTH P paBHa -+ oo, KO-
HeYyHa HJH PaBHA —oo B 3aBHCHMOCTH OT TOrO, NMPOHCXOAHT JH OT-

| |
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/ \ N
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0! 1 T T
| (I
b | ¥
Piuic. 17. O6rekanune naockoit naa- Puc. 18. O6Tekanue «ckobku» mo Iedabm-
CTHHKH, N0 Buana. roabuy.

poiB nepea TtoukaMu Ao, Bo, B Toukax Ay, By uAM nosaaM Touek
Ao, By cooTBercTBeHHO. B mepBoM cayuae BBHAY GECKOHEYHOH KpH-
BH3Hbl CBOGOJHble: IHHHH TOKA AOJIKHBI NPOXOAHTH CKBO3b CKOGKY,
YTO HEBO3MOXHO. B TpeTbeM cayuae, oueBHAHO, Hapyliaercs ycJo-
BHe Dbpuamosna. CremoBaTenbHO, eciaM Mbl onpelenum 3adauy
Teavmeorvya — Bpusatodna, Kak 3a1ayy HAaXOMKAEHHA DiinepoBbIX
TequHﬁ, KOTOpble OrpaHHuY€Hbl HelNoJBHXXHBIMH NpensiTCTBHAMH H
CBOGOAHLIMH JIHHHAMH TOKa, YJAOBJIETBOPSIOIHMH YCA0BHIO Bpua-
JIIO3HA, TO MOJYYHM CJefyloliee YTBepkKaeHue.

B cayuae GeckoHeuHoli CHMMETPHUYHOH KaBepHbl 103aJH CKOOKH
sagaua lensMronbua — Bpuasioana nocraBieHa KOPPEKTHO H OT-
PbIB NPOMCXOAHT B Toukax Bpuamosna Ay, By. UHTepecHo 6b110 6l
TOYHO ONpPE/IE/IHTh K14CcC CHMMETPHYHHIX NPENsTCTBHI, AJ15 KOTOPbIX
sanaya [eabMronbua — Bpusaniosna nocraenena KoppekTHO.

Mbl nokasanu Bbillle, 4TO B cjyyae CKOGOK ycjoBHe Bpuasiosna
3KBMBAJIEHTHO YCJOBHIO KOHEYHOCTH KPHBH3HBI CBOGOZHOM JIMHHH

') Tlo Teopeme 0 uweTwpex BepwiMHaX, KPYr ecTh eAMHCTBEHHAas «CKOGKa»,
OrpaHHUHBAIOWASA TAAJKYI0 BHNYKJYIO 06JacTb.
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ToKa. B aurtepatype He pa3 BCTPeualoCh yTBepXKIEHHE, 4TO nOCaen-
Hee YCJAOBHe («rjagkoro orpuiBa» — cM. pabory (17}, ra. VI, § 6)
npeactasaser co6ofi «PHU3HYECKH Pa3yMHYIO» 3aMeHY YCAOBHA
Bpuanosxa. Oguako B cuny ycaosuii (14) u oco6enno B cuay toro,
41O MpH o6Tekauuu no Kupxrody naocKoil nNacTHHKA Hapywaercs
YC/OBHE <«FIaJKOr0 OTpPbiBAas, ycnoBHe Dpuaniosna Kaxerca Ham
NPeANOYTHTENAbHLIM ').

§ 48. Ocecummerpuutbie Tederus leabMmroasua

Bnepsnle oceciMMmeTpuuHbie TeueHus [enbMroabua 6binu cTporo
MaTeMaTH4YeCKH npoaHaiusnpoBannl B 1946 r., koraa JleBuHcon ?)
Aan CTPOroe HCCAeAOBaHHe aCHMATOTHYECKHX OYEPTaHHA KaBepHH.
IMpeanonaras, uto AN HHUX YAOBAETBOPAETCA YCAOBHE

m *£& g, @7)

y=x'g(x), rae leoo 209

JIeBHHCOH 0Ka3ad, uTo § = /3 1 uTO
C(ln x)""* < g(x) < C(lnx)~"*+*

ans Hekotopoft moctosiHHoft C, mpH Bcex € >0 M npH AOCTATOYHO
Gonpwnx X. Ecau ycaosue (27) ycuaute mo Buxa xg’'(x)/g(x) =
= 0 (1/In x), TO MOXHO NMOAYYHTb COOTHOLUEHHSA

y ~Cx' (In x)~" (7. e. { T A(LE; LA g const) (28)

v Vx
¥ J060oBOe CONPOTHBJ/IEHHE MOXKHO BbipasHTh no opMmyne

__ mpCle?
D_—s.
OnHako JIeBHHCOH He J0Ka3aJl, YTO TaKHe KaBepHbl CYLIeCTBYIOT.
IlepBoe noxa3aTenbCTBO CYLIECTBOBAHHA KOHEHHLIX OCECHMMe-
TPHYHBIX KaBepH 6biio maHo B 1952 r. apaGensunom, lluddepom
u Jlesu [24]. IMonbaysich npuHuMnom Pa6ywnnckoro o ToM, YTO CBO-
GonHbie IHHHU TOKA IKCTPEMH3HPYIOT NPHCOEAHHEHHYIO MacCy OTHO-
CHTe/IbHO BapHauUu#i, OCTABJAIOLMUX NOCTOSHHBIM OGbEM KaBepHbi, a
TaKkXe MNONb3yAChb HOBLIM PE3YJALTaTOM O TOM, Y4TO «CHMMETpPH3a-
UHSI®» YMEHbLIAaeT MNPHCOEAMHEHHYIO Maccy, 3TH aBTOPW ROKAa3aiH
CYUleCTBOBaHHE OCECHMMETPHUHBIX TeueHH#d [DedbMroabua <«THNA

') Cum. takxe {2} § 5, rne yxasanuwe Bonpoct Bnepsmie GHAW pPaccMOTpeHm
¢ 'raix)oﬁL 'rou;m 3peumrlq. Annal Math '
evinson N. Annals o ath., 47 (1946), 704—730. .
[17%]. — pus. ped.) I ’ (1949) (Cu. raxxe
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Pa6ywunckoro» (paccMoTpeHHnlx B § 44) nas npocdwuneir npous-
BOJILHOTO ouepTaHus (W Aas Jw6oro Q > 0). Cyuecrsosanne Xe
teyeHuil TenbMrosibna ¢ 6ecKOHEUHBIMH OCECHMMETPHUHLIMH KaBep-
HAMH He J0Ka3aHO AETaJbHO, XOTsl NMOKa3aHo, UTO 3TO AOCTATOYHO
npaBaonogo6Ho.

EnHHCTBEHHOCTh GeCKOHEUHOH OCecHMMEeTPHUYHON KaBepHbl 6blia
JoKa3aHa OJs npensTCTBHA ¢ AaHHOH TouKoi oTpbiBa ['Habbap-
rom H Ceppunom. [loka3aTe/IbCTBO OCHOBAHO Ha MeTOde CpaBHe-
HH#A, BnepBble BBeieHHOM M. A. JlaBpeHTbeBbIM 1),

3aMeuaTesNbHBIM B YKa3aHHbLIX J0Ka3aTe]bCTBax SBJASIETCA TO,
YTO B HHX HCNOJBb3YIOTCS CYLIECTBEHHO HOBbie HAeH. 3TO 0Ka3aJoch
HeoOXOAMMBIM, TaK KAaK annapat KOH(MOPMHLIX oToGpaxkeHui, Tpa-
IOHLHOHHO HCNOJb3YeMBbll B C/yuae NJIOCKHX TEYeHHil, 31echb yxKe He
NPHFOJIEH.

JII060NbITHO TaKXe, YTO XOTH CYILECTBOBaHHE H €HHCTBEHHOCTb
IIJIOCKHX TeueHHH# CO CBOGOAHBIMH rpaHuuaMH OblJIM JOKa3aHu 60-
Jlee ueM uepes 50 Jser, nocne Toro Kak GblAM MOCTPOEHBI NepBhle He-
TPHBHAJIbHble NPHMEpbl TAKHX TeueHHH, Mbl [0 CHX MOD He 3HAEeM
HH OJRHOr'O NPeACTABJAAIOLIEr0 HHTEPEC aHAJUTHYECKOTO (KTOYHOTOY)
OCeCHMMeTPHUYHOrO TeueHHs [enbMronbua?), u 3To HeCMOTPS Ha TO,
YTO MBbl pacnojaraeM TeOpeMaMH CYIIeCTBOBAHHS U €JHHCTBEH-
HOCTH.

[TosToMy npH aHanu3e YaCTHBIX OCECHMMETPHYHBLIX TeueHHH
TFenbMronbua NpPHXOAUTCS ONUPATbCA HA NPHOJHIKEHHble METOMHI.
W3 npumeHsBIIMXCA A0 CHX NOP MeTOAOB HaHGoJiee OCTPOYMHBIM
IBJIIETCS METOJ Pa3/IOXEHHs MO CTeNneHsiM uHcaa moAoGHsi, paspa-
6oranublit ['apaGeasinom [25]3). B 1O Bpems Kak mpeabiayliue aB-
rOpH HOJNYYHJAH AJA KO3¢¢HLUHEeHTa CXKATHA CTPYH, BHITEKAIOMleH
U3 KpPYIJIOro OTBEPCTHS B NJIOCKOH naacTHHKe, Besanuuny 0,61, Bhi-
yncaenus IapaGensina npuBenu K pesyantaty 0,58

§ 49. 3aKkoHbI coxpaHeHHSA

MareMaTHyecKHe [0Ka3aTeJbCcTBa Pe3yabTaToB, CGHOPMYJUPO-
BaHHLIX B § 48, kpaithe cnoxHbl. [lone3Hble pe3yabTaThl OTHOCH-
TeJIbHO OCECHMMETPHYHBIX TeueHHil ['enbMroJbla 4acto MOXKHO MO-
JYUYUTh ropazjo npoile, o6pamasck K GH3HYECKHM 3aKOHAM coxXpa-
HeHHSl, KaK 3T0 H OYJeT CAeJaHO HUXKe.

') Gilbarg D, J. Rat. Mech. Anal., 1 (1952), 309—320 u SerrinlJ. B,
Tam ke, 2 (1953), 563—575; cM. Takke [17], ra. IV, § 12—14. PaGory
M. A. JlaBpentoeBa cM. B Maremaruveckom cGopruxe, 46 (1938), 391—458,

2) ITo noBoay ananu3a npubaneHHux pewenuit cM. Birkhoff G, Sym-
posium on Naval Hydrodynamics, August, 25—29, 1958 [32].

3) Kpuruueckne saMeuanns no 9Tofi pabotre cM. PPXK «Mexanuxa», Ne 5,
B 309, 1963 r. — Ilpus, ped,
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Hacaanok Bopna. Paccmorpum cocyn ¢ BepTHKAJbHBIMU
CTEHKAMH, KOTOPbIH 3aNOMHEH XKUAKOCTBIO NJIOTHOCTH p U B KOTOPHIA
pcTaBJeH HacaloK Dopla c nomepeudbiM CeueHUEM NPOU3BONLHON
¢opmbl # maomanu A (cM. puc. 19); nycts paBieHHe Ha ypoBHe
Hacajika paBHo p. Mbl NpeAnoNoXHM, 4TO CPLIB TeueHHA !) c Ha-
cafKa NPOMCXOAHT y €ro BHYTPEHHEro Kpasi M 4T0 CKOPOCTb CTPYH,
BLITEKAOIleH W3 Hacajka, aCHMNTOTHUECKH NpuOIUKAaeTcsl K HOCTO-
SHHOMY 3HAY€HHIO U, KOTOPOe NPelCTaBJseT co60i NOCTOAHHYIO CKO-
pocTh Ha CBOGOMHOH JIHHHU TOKa,
orpannunBamouein crpyw. Ilycts
A* — acuMNTOTHYECKOe  [omeped- [lopuietb
HOe ceueHHWe CTPYH; TOria, 1o oi-
penenennio, A*/A ectb Ko3buU-
mHeHT cxatud., Mbl  noAcuuraem
ero caeyoupm o6pasom.

O6BeM KHAKOCTH, BbITEKAIOLWHUH
3a eQUHHIy BpeMeHH, paBen vA*,
ero KOJIHYECTBO J[BHXKEHHA pPaBHO
v2A*;  «pacxol»  KHHETHYeCKOH
sHepruM  cocrtasasier  /ppuv3A*,

C apyroit croposbl, AofaBiaseMoe
KOJHUYecTBO JBHXeHHs paBHo pA Puc. 19. Mcreuenne u3 Hacamka
(u36rITOYHOE [1aBjeHHe), a 3Hep- Bopna.

rus (noTeHuuanbuad) paBHa

p(vA*). Orcopa pA = pv?A* u pvA* = /pv®A*. Pasgenus nepsoe
ypaBHeHHe, YMHOXEHHOe Ha U, Ha BTOPOE, NOJNYYHM B pe3yibTaTe
pPaBeHCTBO

Konmeiuep

Cmpys

A 1
T =73 (29)

KyMyasitTuBHBE 3apsajab. Jpyroe BaxkHOe npuMeHeHue
33KOHOB COXPAHEHHSI Mbl HaXOAHUM B TEOPUU HONPABACHHbLX 3aps-
008, KOTOpHIE HCHOJL30BAJHCh B aMePHKaHCKHX «6asykax», B GpH-
raHckux PIAT u pasublx IpPyrux BHZAaX NPOTHBOTAHKOBOTO U ¢y-
racHOTO OPY¥XHsl BpeMeH BTOPOH MHPOBOil BOHHLL. Mbl 3fech KPAaTKoO
M3JI0KHM CYIHHOCTbL NOJOGHOrO NPHMEHEHWs TEeOpUH CTPYil; Aajib-
HefllIyI0 NHTepaTypy MOMXKHO HaWTH B paborax {17], ctp. 16 u [22*].

KOHCTPYKUMIO W [AeHCTBHE TAKOro OPYXKHSI MOXHO B IIpHHUIUIE
onucarb ciaeayiomuM o6pasom. BapsiBuatoe BellecTso ¢ MeTajaHue-
CKOll TPOKJ2JKOH OKPYyXKaeT MONYIO BBIEMKY; JI€TOHATOD CHapsaa
pAacrnoJioxeH B THIJIbHOR yacTu. PaccMOTpHM TOJIBKO CAyyaun KOHHUYE-
CKOH M KJIMHOBHAHOH META/IINYeCKOH NPOKJAAJKH;, B IMPOHOJBLHOM

') Bro cayuaii «GesnanopHoro Tteuemusm»; cM. Gibson A. H., Hydraulics,
Constable, London, 4-e w3a., crp. 122; 9TO ycnOBHE He BCerja BHITOJHAETCH.
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paspese OHM NOKa3aHsl Ha puc. 20. BapuiB 3actaBiser npo-
KJNAQKY ABHraThesl BHYTPb H Bnepel, NPHUEM OKA3bIBAETCS, YTO MPH-
BeJeHHasl TakuM o6pa3oM B JBHXKeHHe NpoKJaajgka obnajaaer orpom-
Ho#t poGuBHOA cuioil. UeM 0ODbACHAETCH NMOABJEHHE TAKOH CHABI?
Hauayuiuee U3 H3BeCTHBIX OOBACHEHHH HCXOIAHT M3 CJeAYIOHIHX
npaBAOnOAOGHHIX AONylieHud (npHOAHIKEHHOro Xapakrepa).

Honyuenne l: nonyydB HauadbHBI UMOYJALC OT B3PbIBYaT-
KM, CTEHKH INpPOKJaJAKH ABHKYTCA BHYTPb noj AelcTBHeM HX coG-

Cmenxa npoxnadxy

SN

Puc. 20. Cxema neitctsua KYMyASTHRHOrO 3apsaja.

I
/

CTBEHHOrO KOJIMYECTBA ABHKEHHSI C NMOCTOSIHHOM CKOPOCTBIO N0 Te€X
Iop, NOKa OHM He BCTperaTcs Ha «ocH» (AA’ Ha puc. 20,q).

Honymenue 2: nox AefcTBieM pa3BHBAIOLIHXCH NPH ITOM
OrPOMHBIX HanpsKeHHH MeTaaJ NpPOKAadKH BefieT ce6s Kak HAe-
anbHas XHAKOCTD.

Honymenne 3: 3Ta KHAKOCTh ABHXKETCS CTALHOHAPHO OTHO-
CHTE/NbHO OcCell, CBSI3aHHBIX C TOYKOH J BCTPeuYHd NMPOTHBOMOJONKHBIX
CTEHOK NPOKJIAaAKH,

Honymenue 4: NOBepXHOCTH CTEHOK NPOKJANKH SBJASIOTCH
¢BOGOJAHBIMH IpPaHHIAMH.

STH JonylieHHs CBOAAT BOHPOC K 3ajxaye [esbMrosnua o co-
ynapennu ctpyit (puc. 20,6). B naockom cayuae (xaun) romorpad
npeacTasaser co0of OKPYXHOCTb, IOAOrpag xe MONOBHHB MOTO-
Ka — nonyokpyxuocts. O6aacts W npeacrasasier cotoft Seckoney-

AYI0O TIOJIOCY C Da3pe30M, MO3TOMY MOMHQ NQJHOCThIO PaCCYHTAThH
Tegenue ') mo merony § 37.

') [17}, crp. 36; [8], ctp. 263,
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Jns Gonee BaXKHOro cayyass KOHHYECKOH NMPOKJAAKH Mbl He pac-
goaaraeM Takum annapatom. Om{axo C NMOMOILIO 3aKOHOB COXpa-
HEeHHA BCE€ Xe MOXHO ﬂpHGﬂH)KeHHO YKa3aTb 3aBHCHMOCTbL CKOpO-
CTH H MaccChbl CTPYH OT yIJa npH BepllHHe KOHYCa H OT HCIOAb3ye-
Mofi B3pbiBYaTKH. ViMess 3TH JaHHble, MOXHO OHEHHTb NPOGHBHYIO
cHay, Noab3ysch ypasnenreM Bepuynan '),

§ 50. KaButauuoHHbie Te4eHHA KaK TeyeHus [eabmroasua

B § 43 6b10 naHO TeopeTHuecKoe 0GOCHOBAHHe 3MNHPHUECKOrO
yreepxaenus (Berua — [letepcona, cM. npum. 2) na <1p. 88), uto
Teopusi CTpPyil mpuMennMa, ecan p’/p € 1. D10 yKasmiBaer Ha BO3-
MOXKHOCTb MaTEMAaTHYeCKOTO ONHCAaHHA KaBHTALMOHHLIX TeUeHHH no-
CPeACTBOM pelleHHsi KpaeBoii 3ajauu [enbmrosbua — Bpuamosna.
Huxe Mbi faguM 0630p ZOBOLOB B N0/ib3Y H NPOTHB 3TOrO MOJIOXKEHHS;
B HacTrosilleM naparpade paccMOTPHM TOJIbKO NMepBbie AOBOABI.

Bo-nepBbiX, KAK U B c1yuyae KABHTALHOHHBIX TeYeHHH HAEaNbHOM
KHIKOCTH, OYEPTAHHA peasbHbIX KaBepH CPaBHHTENbHO TJalKHe,
cTaulHoHapHble 2) W uMeloT AAHHY B 10 nau 6osee nHaMerpoB ofte-
KaeMoro Tena. TakuM 06Gpa3oM, OHH SIBJSIOTCA 3HAUYHTENLHO Jyu-
UM NpHOJHKEHHEM TEOPEeTHYECKOH MOJesH, ueM peaJlbHble cJlelbl
(cM. § 53). Mckatouenne cocTaBASIOT Te CJy4aH, KOrAa npensrcTeHe
NoMelleHO B KABUTaUUOHHYIO Tpy6y npu Q > 0,3.

Bo-BTophiX, npoduab KaBepHB MOYTH BCErjla BHINYKABIH, W OT-
PLIB MOTOKA NPOHUCXOAHT Y MOMNEPEYHOTO CEYEHHH C MAKCHMAaJIbHbIM
nuaMeTpoM. 3TO yTBep:KAeHHe B OGLUEM COrJacyercsl ¢ pelleHHAMH
3agayn lenbMrosbua — BpuaIO3HA H 3aMeTHO OT/AHYaeTcst OT cay-
yas c/ejoB.

B-TpeTbHX, NpHONHKeHHAs KCMepHMeHTalbHas (opMyaa?)

Cp=0,55+4-0,4Q =0,55(1 +0,73Q) (30)

ans ko3dpduunedta Cp NpH NonepeyHoM KaBHTAUHOHHOM OOTEKaHHH
UHJHHAPA BMOJHE XOPOWIO COrJIacyeTcsi C TEeOPEeTHYECKHM 3Havue-
uueM Cp(0) = 0,55, BeluncnenusiM Bpomeukum ans sagauu lenbm-
ronbla — Bpuaniosna no Meroay us § 46, ecaw BBecTH nonpapou-
HHA MHOXHTeNb (1 + Q), cornacho § 43 4).

) Birkhoff G, MacDougail D. P, Pugh E, Taylor G
1. Appl. Phys., 19 (198), 563582, ¢ Y '
) Ecain npensTCTBHE He COBCEM [I/1afKOe, MOryT BO3HUKHYTb HeGonbluue
«GHEHHA», HaNpaBJeHHHIE N0 OCHOBHOMY TEuEHWIO, KAK Ha ¢doro I uam B [23],
erp. 116, 129. Korna Q > 0,3, kapepua Moxer nonepeMeHHo BOHPATh W BHNYCKaTh
loay.; c;(a. [32], fCT}?f 1%
emp . Foerster E., Hydrodynamische Probleme des Schiffs-
anfrl‘ebs, Springer, 1932, 227—342. Y y e
ONPOTHBJEHHE UHIHHAPA TIPH PA3/HYHBIX YHC/IaX KaBHTAUMH ObI0 pac-
CHHTAHO PALOM aBTOPOB, JuTepaTypy oM. B [17*]). — Mpum ped,
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Heckonbko HauGojiee HHTEpPeCHbIX (PaKTOB OTHOCHTCS K KaBep-
HaM Mo3ajH CHAPS/OB, BHICTPeNeHHBIX B Boay. Poro 1 naer Ham or-
JHUHBI MaTepHas Takoro poaa'); Ha ¢oro nokasana kasepHa, o6-
pasoBaBuiasics mnosafu cdepsl, BXOAAINEH B BOLY €O CKOPOCTBIO
okoJsio 45 m/cex. Ha oaHOi ¥ TO# ke ¢doTonnacTHHKe GbIH CAENaHbl
IBa cHUMKa co casuroMm Bo BpeMmeHd Ha 0,005 cex. Beabie TOUKH Ha
CHHUMKaX — 3TO0 MaJieHbKHe Ny3bIPbKH, KaXKAblii H3 KOTOPHIX COTO-
rpadupoBan ABaxasl. HerpyaHo HalTH TOUYKH, COOTBETCTBYIOULHE
ONHOMY M TOMY JK€ MY3bIpbKYy, H JAJIHHA BEKTOpa, HWAYyLlero or nep-
BOU TOYKHM KO BTOPOH 1A Kaxknaoi napel, B rpy6oM npubanixkeHuu
MPOMOPUHOHAJILHA BEKTOPY CKOPOCTH BOAB! BOJIH3H Ty3bipbKa. Ta-
KUM 06pa3oM, MOXKHO HArJAsjiHO NpelACTaBHTb ce6e NpodHIbL KaBep-
HBl H NOJIe CKOPOCTel TeueHHs.

OpHako no pasHeIM npHYMHaM MnofoGHble CHHMKH He BIOJHE
TOYHO COOTBETCTBYIOT TEOpeTHUeCKOH MocTaHoBKe Bonpoca. Tak, Ha-
npuMep, OHH H306paxaloT 3aMennseMoe Teso, a He CTaUHOHapHoe
TeueHHe; MOBEPXHOCTb BOJLI fABJIeTCA BTOPOH CBOOGORXHOM rpaHHue#,
4TO YCJIOXKHSIET MaTeMaTHUecKoe ONMHCaHHe; K TOMY e HeJb3s npe-
He6GperaTb BAHSIHHEM Bo3ayxa (cp. § 53).

ITpuMenumocTb Teopun TeueHuit I'eabMronbua KayecTBeHHO NOL-
TBEpPHKIAaeTcsl TeM, YTO NOSajH CHAapAAOB, ABHXKYLIHXCSA AOCTAaTOUYHO
GLICTPO, MOJY4AIOTCH KaBEPHBI CKOJb YroAHo Goabinof anuun (100
IHaMeTpoB M GoJsblue). ITO sIBJEeHHe WMeeT BaXHOe MPAaKTHYECKoe
3HayeHHe: Gosblloe mopaxaiolilee JeHCTBHE CKOPOCTHBLIX CHAPSAOB
H OCKOJKOB 60MG ‘006YyCJIOBJNEHO TEM, YTO OHH MOTYT NpPoJeabiBaTh
OTBEpPCTHS, 3HAUHTEJNBLHO INpeBbllLIalOUHe MX COGCTBEHHble pas-
Mepbl 2). [Ind Hac e 3HaueHHe 3TOTO (akTa 3aKJAIOHAETCS B TOM,
YTO OH YKa3biBaeT ¢u3rueckoe NpuUOAHKeEeHHe K GeCKOHeYHbIM Ka-
BePHAM, KOTOpble OnpefensiioTCs MaTeMaTHUeCKH KaK DelleHHs 3a-
nauu lenbMroabna — Bpuanosxa.

O6o6uieHHad 3agavya [eabmroanbua. Ecau npen-
MOJIOXKHTb, UTO BLIMOJHAKTCA yeaoBHs (14) M uTO XKHAKOCTL He-
cKHMaeMasi ¥ HeBSI3Kasi, TO MOXHO NMPHMEeHHTb KoHuenuHw [enbM-
roJblla H K YCKOPEHHOMY Te4exuro ¢ yueTOM 2pasuTayUONHbLX CHJL.
C 3Tofi Uebl0 JONYCTHM, YTO KaBHTALHMS CaMOMPUH3BOJNBHO BO3HH-
KaeT, Kak Toabko p < p,. [lonyualouwylocs TakuM ofpa3oMm xpae-
BYIO 3a/lauy MOXHO Ha3BaTb 0606uennod 3anaveil enbmroabua ).

) Cm. Birkhoif G, Caywood T. E, J. Appl. Phys., 20 (1949),
646—659 (omucanue npuGOPOB, HCNOJAB3OBAHHBIX B ONBITAX, H APYrHE CHUMKH).

2) Cm. [5], § 74 u ykasauuyio Tam JuTepatypy; a Takke Harvey E. N,
The Military Surgeon, 98 (1946), 509—528.

%) Teopus rpaBMTALUHMOHHBIX BOJH paccCMaTpMBaeT TECHO CBASAHHYIO ¢ Hefl
3ajady, Koraa p = p, Ha cBo6oaHOA nopepxHocTH. OGHYHO MOX NOBEPXHOCTHIO
P > Pa, HO B J3HHOM CJYyyae 3TO YCJOBHE He NpeanoJaraercs.
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Haes o ToM, uTo peanbHylo KaBUTAUHIO MOXHO MAaTeMaTHYeCKH OMH-
cath nNpd noMouwH pemeHdd o6oGuleHHolN 3agaud [eabMmrosabua,
NOATBEDKAAeTCS KaueCTBeHHbLIM HAGJIOAEHHEM TOrO, YTO 3ANOAHEH-
Hble napom KasepHul BO3HUKAIOT Yy TeepObix nosepxnocTed, 3To
IMNHPHYECKOE MOJIOMXKEHHE MOXKHO BBIBECTH NPH paccMOTpeHun o6-
o6iennoit 3agauk [enbMronbua chaeayioituM obpasom!), Ilpume-
HAsi oneparop Jlansnaca k ypasHeHnuio bBepryianu [ra. I, ¢opmy-
Ja (9)], nonyunM ypaBHeHHe

1 0
Vsz——povq{?VUVU—-}--—d(t]——f-G}. (31)

B ¢opmyne (31) V3G =0, tak xak G ecTb HbIOTOHOB IpaBHTa-
unoHHbIH notenuuan; V2(oU/[ot) =0 (V2U)/ot =0, B cuay ¢popmyJni
(6) m3 ra. l; u, nonaras u, =oU[dx,, Tak uto VU VU= X ut,
noayuaeM bopMyay

V(Zul)=2u,Vu,+23(Va,  Vu,)>0.

Orcioga V?p <0, npHueM paBeHCTBO HMEET MeCTO TOJIbKO €CJ/iH
U MOCTOAHHAA, T. €. p — cynepeapmonudeckas dyuxuua, HMasecrtro,
OJlHAaKO, YTO cyneprapMoHHuyeckass (QYHKUHA [JOJXKHa TNPHHHMAThb
CBOM MHHHMaJbHble 3HAUEHHs HA TPaHHle; cleloBaTedbHO, p Oyaer
CTAHOBHTbLCS MeHbille p, Npex/e BCero Ha rpaHuue.

§ 51. Ny3bipbKu

Yacto ynorpeGisieMoe BMECTO «KaBEDHLI» CJOBO «Iy3bIPEK»
yKasoiBaeT [J06aBOYHO HAa Masjbie pa3Mepbl H NOABHXKHOCTH, [lpH
pPacCMOTPEHHH MaJieHbKHX My3bipbKOB OGBIUHO HEOGXOAHMO YHHTHI-
BaTh CHAY TSXECTH K TOBEPXHOCTHOE HATsIKEHHe, KaK Mbl yxke
pupent B § 32. Mbl u3n0kHM cefluac HEKOTOpPHIE pe3ysabTaThl OTHO-
CHTE/IbHO MY3bIPLKOB, KOTOpble NOKa3biBalOT NPaBHALHOCTh YKa3aH-
HbIX coobpareHuil, H pasbACHAM JaJjiee NPHUYHHL, NO KOTOPBIM Teue-
uus [eslbMro/iblia AalOT AUIIL TPHONHXKEHHYH KapTHHY peajibHbIX
KaBepH. _

Cuavana Mol HanoMuum ([11], 7. I, n. 29) o ckauke daBJeHHS,
paBHOM 27/r, KOTOPbIA CO31a€TCs MOBEPXHOCTHBHIM HATsSKEHHEM 1
npH nepexone BHYTPb NOBEPXHOCTH ChepHYECKOro MNy3bipbKa pa-
nuyca r. Yxe 3710 Gersioe 3aMeuaHHe yKasbiBaeT Ha BO3MOXHOCTb
TOro, 4TO MHAKOCTb, U3 KOTOPOH yAaJeHn BCe NMy3blpbKH paAuyca
r > R, MoxXeT BblAepPKHBATb HaTsKeHHe BeauunHod (27/r) —p,
6e3 KaBHTaUHH!

) Kirchhoff G, Vorlesungen iiber Mechanik, 1876, cvp, 186; cm. Takxe
Bouligand G, /. de Math, 6 (1927), 427.
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XoTs OrpaHHyeHHOCTb 0GbeMa KHHTHU JHILAET HAC BO3MOMXKHOCTH
NnoApo6HO HCCAEAOBATH 3TOT YBJAEKATENbHBIH BONPOC, Mbl BCe XKe Ha-
MOMHHM, 4TO MHIKOCTH nocte Merasaliuu B JaGoOpaTopHbIX yclo-
BHSIX BblAEPXKHBAJH HaTs)KeHHe BEJHUHHOM B HecATKH atMmocdep!),
BonpekH ycaosuio (14). Ilopo6Ho 3ToMy BoAa, M3 KOTOpOil yaa-
JleH BO34yX, MoxeT ObiTb neperpetra 6e3 mnapooGpa3oBaHusa. [lo
3THM NPHYHHAM J1a60DaTOPHBIE H3MepeHHs KaBHUTAUHH Telepb, Kak
NpaBHJIO, COMPOBOXKIAIOTCA H3MEepPeHHEM COAepXKaHHs BO3dyXa B
KHUAKOCTH. TONBKO MOTOMY, YTO uallle BCErO «BOJAa» He B J0CTAaTOY-
HOH Mepe oaHoposHa (cp. § 1), a coepXuT BO B3BECH MHOrO «Iy-
3bIPbKOBBIX sjep», ycaoBHe (14) npubjanKeHHO crnpaBeaJiHBO,

z=0
_ — \ ) .
oo, 00, o,

00,

—_—

Ho— —

a g

Puc. 21. Moxbsem naockoro nysnpLka B KaHadre.

Bropoit Bompoc, uMeloLIMHl MaTeMATHYECKHH HHTepec, CBs3aH
C MoAbeMOM O60JbLIMX NYy3biPLKOB B BEPTHKAJAbHBLIX Tpy6ax npu Ha-
JIHUHH CHABI TsxecTH. He 3aTtparuBas TpPYAHBIX 3ajgau QH3UYECKON
peanu3auHHy K YCTOHYHBOCTH M npeHeGperast MOBEPXHOCTHBIM HaTA-
XeHHeM, Mbl PacCMOTPHM HjJeaNH3HPOBaHIbI cnayuyai — noabLeM
JBYMepPHOTO MJOCKOr0 My3bIpbKa, CXeMaTHYECKH H306paXkXeHHbIH Ha
puc. 21, a.

HauGonee untepecHo 3aech 6oJsblloe CXOACTBO ¢ MarteMaTHue-
CKMMH MeTORaMH, BBeleHHbIMH B § 45, 46. Uto6ul noxkasarte 370,
cHOBA oTO0pa3HM TeYeHHe Ha eIUHHUYHBbIH noaykpyr I' B njockoctu
t (puc. 21,6), npuyeM HeMOABHIXKHYIO FpaHHLy OTOGpa3uM Ha AHa-
MeTp, a cBOGOIHYIO — Ha MOJNYOKPYXKHOCTb, Kak B § 37. Ilycts d —
anameTp TpyObl U Up— CKOPOCTb NOABbEMAa NMy3bipbKa (ecaH ocH He-
NOJABHXKHO CBA3aTh C BepXHell TOUKOH Ny3bipbKa, TO Uy €CTh CKO-
pocTb najeHUss B oog — B TOYKe Ha GECKOHEUHOCTH BBepX Mo Teue-

!) C npyroi croponnl, Beanunsa 250 aTMmocdep, KOTOPYIO 4acTo NPHBOIAT.
ABAACTCA, TIO-BHAMMOMY, Hempasuabko#; cM. [17], ra. XV, § 3.
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HHI0). Toriaa, 4To NMOYTH OYEBHAHO, NOTEHLHan cKopocTei
W=Aln(1Zs). A=22 (32)

1—£2 n
XapPaKTepH3yeT HCTOYHHK HYXHOH HHTeHCHBHOCTH npH (=0,
CTOKH pPaBHOl HMHTeHCHBHOCTH npH f = * |(co; M o003); rpaHHunl
o6aactu I' nepexoasiT B JIMHHH TOKA.
Yro Kacaercs CONMpsiKeHHOH ckopoeTH {(f), TO Ml YUHTbiBaem
ee HyaH H GeckoHeyHocTH B 061acTH I' noacTanoBKOA, aHANOrHUHOM
nojactaHoBke Jlesu-Uusura (19):

=014+ C1—)"4, 0<C<05  (33)

Kak # paubite, u3 npuHuuna cummerpuu IllBapua caeayer, uto
dyuxkuns Q (¢, C) peryasipHa B exuHHYHOM Kpyre |{| < | u ee psn

Tefnopa
Q(t, C)=ay(C)+a,(C) £2+a,(C) 4+ ... (33)

cyMmupyerca no AGeato npu f = 1.

OcTaetcst YAOBJETBOPHTh YC/AOBHIO [§|2 = 2gy Ha NOBEPXHOCTH
pasaena, T. €. ypaBHenu1o BepHyanun aas cBo6GOAHOMA rpaHHLL B CTa-
{HOHADHOM HECXKHMaeMOM HeBSI3KOM TeYeHHH. 3TO YC/NOBHEe 3KBH-
BaJNEHTHO HEJHHEAHOMY HHTErpajJbHOMY YPaBHEHHIO OTHOCHTEJbHO
HeH3BeCTHON YHKUHH

Ao)=—Im {Q(¢, C)} =—2a,sin20 —4a,sin4s— ...,

KoTOpas onpeaeasercs koapduuuentamu paga (33').

310 HHTErpaibHOe ypaBHEHHEe aHaJOTHUYHO ypaBHeHHI0 (25), HO
6onee cnoxxHo. HafiTh ero npH6AHIKeHHOe YHCJEHHOe pellieHHe OKa-
3aJ0ch TPYAHHM JeJ0oM. BHuYHCNeHHSs npuBeaH K BoiBOAy !), uTO

8,/V gd =0,23 £ 0,01, uto BnONHE XOPOLIO COT1acyeTcsi ¢ HEMHO-
FHMH HMEIOUIHMHCS 3KCMEePHMEHTANAbHLIMH JaHHBIMH 2).

§ 52. Heycrofiunsocts no Tedinopy

Korna p’ > p, rpaButauuonnsft yiaen B popmyse (13), oueBuano,
BLI3NBAET KeYcTOd4UBOCTs. 3Ta HEYyCTOAYHBOCTb MPOCTO-HANPOCTO
Takas Xe, Kak y BOAb B Bejipe, NMepeBePHYTOM BBEpX AHOM!

Tak kak noctynatenbHoe ABHXeHHe 06MacTH ¢ yCKOpeHHeM a
OKa3LBAeT AeRCTBHE, IKBHBAJEHTHOE 3) HANOMKEHHIO NONSA TATOTEHHS

) Birkhoff G, Carter D, J. Rat. Mech. Anal, 8 (1957), 769—
780; cm. Taxxke Garabedian P, Proc. Roy. Soc., A241 (195(7). 4)2’3~64%l
I7 ?) HéaE, Xyxosckuft B [23*] nonyaun TowHoe pewrenHe nogo6HOA samaum. —

pus. ped.

3 Synge J. L, Griffith B. A, Principles of Mechanics. 2.
McGraw-Hill 1949, 7§ 53, rinciples of Mechanics, 2-¢ usa.
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g = —a, TO B YCKODEHHOM TeueHHH NPeALIAYWHA Pe3yabTaT MOXKHO
HHTeprnpeTHpoBaTh chaeayiowium o6paszoM. [laockas noBepxHocTb
pa3saena ABYX JKHAKOCTER ¢ NNAOTHOCTSIMH p, p' HeycToluuBa, Koraa
HMeeTCA YcKopeHHe, HampaBjaeHHOe oT 6Osee Jnerkoff MHIAKOCTH K
Gonee Taxenol. Takas HeycTOHYHBOCTb Ha3biBaeTcsl HeycToddu-
eocrtoro no Teidaopy '). _

JIByMepHasi HeyCTOMYMBOCTb BO3MYILUEHHI MepPBOHaYaJbLHO MJIOC-
KOH MOBepXHOCTH pa3jesia aJeKBaTHO omuchiBaercs ¢opmydoit (13),
MoKa aMIIHTYJa BO3MYIUeHH# ocraerca beckoneuno masobd. Tlpu
HayaJIbHbIX CHHYCOMIAJIbHbIX BO3MYULIEHHAX HauGoJlee 3aMETHHIM
NPH3HAKOM HeJIHHeAHON TeHAJOpPOBON HEYCTOMYHUBOCTH SBJASETCH
BO3HHKHOBEHHE 3aKPYIVIEHHBIX Ha KOHLAX CTOJGHKOB, pa3jefeHHHX
NajaniMH cTpysaMHU. JII060NBITHO, YTO HaJMYHe 3THX CTOJOGHKOB
NPHOJIHKEHHO COrJacyeTcs C TeM aHaJH30M MoAbeMa MJIOCKHX
Ny3bIPbKOB, KOTOPHIA KPaTKO H3/M0XKeH B § 51.

TeitnopoBa HeycTOHYHBOCTL BecbMa 3aMeTHO MpOABASETCH
B nyJbcalun chepuueckKHX ny3blpbKOB. TakHe my3bIpbKH HIpaioT
rJ1aBHYIO POJIb KaK B KaBHTaUHOHHOH spo3un (§ 42), tak u B nmox-
BOAHBIX B3phiBaX. B npeanonoxenun cepHyeckoft CHMMETPHH
(cHosa runortesa (C)!) Paneii?) noayuns npocteie supdepeHuHans-
Hble ypaBHeHHsA IJs paguyca b(f) xak QyHKUUH BpeMeHH, MpHMe-
HHMbIe K 060UM THNaM ny3bipbkoB. OHaKo, ecH BO3MyILeHHs cde-
pHueckoil rpaHHlbl pa3oxuTh, no dyHkuuaM Jlexauapa pn(cosg),
TO MOXHO MOKasaTb, YTO aMIJIHTYIH BO3MyuleHH# by () ymoBaert-
BOPSIIOT yPaBHEHHIO

bb,+ 3b b, — (h — 1)bb, =0. (34)

(370 ypaBHeHHe OT/IHUaeTCs OT ypaBHeHHs (13) ass maockoro cay-

yass uneHoM 3bbn.) Ily3bipbKHM, BO3HHMKAaIOLIHE TPH TNOABOXHOM
B3pbiBE, CHaya/a Ype3MePHO pacCIUMPSIOTCA, KOTAa BOJA BHITAJKH-
BaeTcsl HapyXy, a 3aTeM CHOBA CYXKalOTCA NPUMEPHO [0 HAyaJbHOrO
paauyca.

B6a13an MHHMMaJBLHOTO pajuyca NMPOMCXOAHT pe3Koe 3aMepJie-
HHEe TeYeHHsl BHYTDb Ny3bIPbKa, T. €. MPOWUCXOAHT YCKOpeHHe B Ha-
npasneHuu Gosiee MJOTHOH XKHMAKOCTH. JTO, OYEBHAHO, Aenaer cde-
pHUeCKYI0 NOBEPXHOCTb pasjena HeycrodudBoit no Tednaopy, —
06CcTOATENLCTBO, KOTOPOE OYeHb 0CNaG/AeT NOC/Ae10BATENbHBIE My /ib-
calHH Ny3bipbKa.

Cayuait nyspipbKa, 3aMOJHEHHOrO MapoM M CXKHMalolLerocs
«B TOYKYy», KaK NpeanonaraeTcsi NpH HAeaJH3HPOBAaHHOA KaBHTa-

') Tak xax Bnepsue ee ¢usnueckoe suavenue suscHua Tefnop; Proc. Roy
Soc.},(f\2(§)llé1950), 192—196. lanbuefimne pasbscHenus n autepatypy cm. s [17],
ra. XI, , 13.

%) [12], 1. VI, c1p. 504; (7], n. 91 a; [17), ra, XI, § 1—3.
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LHOHHOH 3PO3uH, MeHee sCeH, TaK KakK TYT Bcerja uMeeTcs yckope-
HHe, HanpaB/leHHOe OT 6o./iee MJOTHOH XHAKOCTH K MeHee MJIOTHOMH.
TeM He MeHee M B 3TOM CJyuae MMeeM HeyCTOHUHBOCTp M3-32 OTpH-
HaTenbHOro TopMoxkensus'), Tak Kak no cyuecrsy b < 0.

B npeatrecTBYIOLIHX paccyXAeHHAX Mb He TOJbKO npereGpe-
raad MHOTHMH (DH3HYECKHMH NepeMeHHBIMH, KOTOPhlIE MOTYT HMEeTb
3HayeHHe (HanmpuMep, NOBEPXHOCTHLIM HaTs)KeHHeM), HO H OTpaHH-
YUHBANHCh OECKOHEHHO MQAbLIMU BO3MYILEHHAMH. XOTH JOCTHIHYT
HEKOTOPHIH ycrex B HCCJAEJOBAHMH BO3MYLIEHHH KOHEUHO# aMmiu-
TyIbi, B HeJIHHelHOH TeOPHH NOKAa eule He BCE MOHSTHO.

§ 53. MacwraGuuie 3ddexTHt npn Bxoge 8 soay

BoablinucTBO npHBeleHHBIX BbIle 3KCNepHMeHTadbHBIX (akTon
NOATBEPIKAAIOT MHEHHE O TOM, YTO MaTeMaTHueckHe pelueHns 0606-
weHHoi 3adaun [enbMronbua npubAHKEHHO NPHUMEHHMBI K pealb-
HbHIM KaBHTaUHOHHBIM TEUEHHAM. YNOMAHYTble A0 CHX TOP HCKJIO-
YeHH ObLIIH CBA33aHH C OCOGEHHOCTAMH MaJjbiXx MNy3bIPbKOB2).
Kpome Toro, paccyxnenus B § 43 nai0T cepbe3noe ocHOBaHHe npea-
noJsiarath, YTO TEOPHsI CTPYil NPHMEHHMa B cJaydae, Koraa p’/p Ma.o.

Ecau MBl XOTHM cOr1acoBaTh 3TO NpPeanoJokKeHHe ¢ ONbITHbIMH
dbaKTaMy, TO NPUXOAUTCH MPH3HATh, uTo wucao 0,0013 e «mano».
B uacTtHOCTH, ecThb ABa THAPOJHHAMHYECKHX SIBJIEHHS, KOTOpble Ha-
GnionaloTcs NPH BXOJe Tesa B BOLY B aTMoc(epHbIX yCJIOBHAX W OT-
CYTCTBYIOT, eca¥ BO3ayx yaansed. CreaosatelibHO, HHKakas
MaTeMaTHueckasi Teopus, npeueGperaiouias oTHoweHHeM p'/p<<
< 0,0013, He mMOXeT WX NpaBuabHO OObsicHHTh. Bosnee BaKHBIM M3
3THX ABJEHHI CUNTAETCH NOBEPXHOCTHOe cmuikaHue. Ecay B cnokol-
Hyl0O BOAYy najiaerT HeGOJbIIOH wmwap co ckopocTeio 3—6 Mm/cex, TO
KaBepHa cHaya/lla CMbIKaeTCs Nno cxeMe puc. 22,4, Tak Ha3biBaeMoe
eaybunrnoe cmbikarnue. Ecan ke cKOpocTb NpH BXoJe paBHa 12 m/cex
uau Gosblie, TO KaBePHAa HAUHHAET CMLIKATbCS HAa [OBEPXHOCTH MO
cxeMe puc. 22,6. CHUMCK nonst CKOpOCTell NMpH CMbIKAHHH Ha NO-
BePXHOCTH BocnpousBedeH Ha ¢oto II. Bnepsuie sBieHHe noBepx-
HOCTHOTO CMblKawns HabGatonan BopTtuurron npumepxno s 1900 r.
[33); nosaHee Manaok3) 3ameTus, uTO 3BYK, BO3HHKAIOWMHH 0pH
rAyOHHHOM CMbIKaHHH, HaIOMHHAET XJOINOK, @ NPH NOBEPXHOCTHOM —
BCMNJECK.

B 1944 r. d3suc*), cneays ykaszauusm Teitnopa, nokasan, 410
€cJIM B JIOCTATOUHOIl Mepe CHU3WTH JaBjieHHe BO3AyXa p, TO NOBEPX-

W Bitkhoff G.. Quar. Appl. Math., 13 (1956), 451—453.

?) Cwm. § 32, 51 u [32]. Manenskue nyaupLKH Koe-4yero ga cTosT!

3 Mallock W. Proc. Roy. Soc., A95 (1918), 138—143; cM. Takxe
Harvey E. N. and McMillen J. H, J. Appl. Phys., 17 (1946), 541—555.

4) Heony6ankoBaHUH{l HOKMAA, OTMeyaTaHHHi Ha MuMeorpade.
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HOCTHOE CMLIKaHHe yXKe He MPOHCXOAHT Aaxe NMpH GOJNbUIHX CKOPO-
ctax. Buauane npeanonaranu, uTo HaNHYHE HAH OTCYTCTBHE NOBEPX-
HOCTHOrO CMbIKaHHSI 3aBHCHT OT KaBHTaUHOHHOIO uucaa Q = 2p/pv3,
TaK KaK BeJIHYHHA Q OKa3biBaeT CYLUECTBEHHOe BJHSIHHE Ha MHOTHE
KaBUTalUHOHHbIe siBAeHHs. Ho B 1945 r. no HaweMy npeafioXeHHnio
Hx. T'unb6apr u Augepcon [29] npuMeHuaH TsKeable raspl THNA
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Puc. 22. a—ray6unnoe cMHKaHKHe; § — NOBEPXHOCTHOE CMBIKAHHE,

¢peona, 6naronaps yeMy MOXKHO GbINO HE3ABHCHMO MEHATH JaB.Je-
HHe M IVIOTHOCTb. ITH aBTOPHl MOKa3aJH, YTO AJfA 3aJaHHOro AHa-
MeTpa d Wwapa H 6epTukasbHod CKOpocTd BXOoAa v (uxcao Ppyaa
Fr = v?/gd) xapakrep CMblKaHHsi B OCHOBHOM Ofpele/IieTCs OTHO-
wenueM p’/p. Hanpumep, ana wapos auamerpa 2,5 cM, BXOASLIHX
B BOAY €O cKopocTAMH 15—45 sm/cex (1. e. npu Fr = 103 — 104)
NPOHCXOAHT NOBEPXHOCTHOE CMbIKaHHe, ecau p’/p > 0,001, u ray6uu-
Hoe, ecau p’/p < 0,0001.

310 BHe3anHOe H3MeHEHHe peXHMa BGJH3H MaJoro 3HayeHHs
napamerpa p’/p HanmoMHHaeT BHe3aNHOe H3MeHEHHe B OGHIYHOM
cnepe, npoucxoasitee B6aH3H 1/Re = v/ud = 0,02 (BuxpeBas jao-
poxka) H I/Re = 0,000005, a Takxe B TpyGax B6aM3n |/Re =
= 0,0005 (cM. ra. 11). TakuM o6pa3zoM, 3TO gaeT HaM elle OAMH
«NapajoKC annpoKCHMallHH» M CHOBA yKa3hlBaeT Ha TO, YTO XApPaK-
Tep pewenud ypasHenul 8 4aCTHLIX NPOU3BOOHbLIX MONET BHE3ANHO
USMEHATHLCA 60AU3U O4ENb MAAbLIX FHAYEHUD NnaApameTpos,

B § 78 Gyner nokasane, npasia, ¢ NOMOILBIO A0 HEKOTOPO# cTe-
NeHH NPOH3BO.ILHOrO (PH3MYECKOro aHasau3a, uTO TaKoe H3MeHeHHe
pexHMa B AefICTB“TEJILHOCTH TECHO CBA3aHO ¢ Ge3pa3MepilbiM napa-
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metpoM N=VFrp’/p u npoucxoaut Toraa, xorna N mnpHMepHO
paBHO !/go.

Hpyroe sBaenue, He COBMeCTHMOE C HAMBHHIM MOHHMaHHPM
yrBepxaeHHn Betua u Ilerepcona, cOCTOHT 8 TOM, YTO NMpPH HaK.IOH-
HOM BXoJle B BOJy OGHapyXHBaeTCH TEHAEHUHA K NPEJOMJIEHHIO TPaeK-
TOPHH ABHXEeHHA KHH3Y. XOTs 0G6CTOATENbCTBA €713 He BIOJHE ACHH,
CanxTep noka3saJ Ha onbiTe, UTO r.1ajlkas awoopa.epas cdepa aHua-
MeTpPOM B 5 cM, BXOAALIas B BOAY CO CKOPOCTbIO OKOMO 15 mfcex
nox yraoM B 20° K TOpPH3OHTY, MOXET OTKJOHHTBCA BHH3 NPH BXole
Ha 5° u Goabwe. ([Mpn ropa3io GOILWHX CKOPOCTAX Obiin OGHAPY-
XKeHbl OTKJOHEHHS BBEPX M TeHI1eHUHs1 K pHKowety!).) Tloanoi
TeOPHH 3THX aABJennii ner, o Cauxrtep nposea Tiatenbubll (K co-
XKaJeHHI0, HeoNnyONHKOBAHHbBIN) 3KCNepHMeHTa bHbBIl anaad3, KOTo-
pPHR NMOKa3as, 4To Takoe MpejJoMJeHHe TPAeKTOPHIl CBA3AHO ¢ 843-
KOCTbI0 8030YyXxa — mepeMeHHON, BJHAHHEM KOTOPOii MO HHTYHMLUHH,
Ka3anocb Oul, MOXHo npeie6peub (cp. ¢ runotesoil (A) 3 § 1).

§ 54. PeanbHbie caenn

OG6uiyHO ypaBHeHHR| 3Jitnepa npuGAHKEHHO NPHMEHHMB B YCJ0-
BHAIX CTAUHOHAapHOro TeueHHs, Koraa p’/p K 1, HO OAR 3Toro He
AOCTATOUHO, YTOOW v 6HJ0 MaJo. 3TO BHPa3HTeNbHO NOKAa3aHO
Ha ¢oTorpadusax peatbHbiXx caeqoB. B uacTHOcTH, ocHOBHOH nepe-
MEHHOM, onpejeaniollell noselelHe pea.1LHOro c.1efa, ABIAETCA 6e3-
pa3mepHoe uucjao PefiHonbaca Re = vd/v, onpegenexnoe B § 21.
[Tpn 3ToM 1€10 CBOAMTCA K BLIACHEHHIO NMPHPOAL pPeasbHHX C€/1e10B
npu Re > 1.

ITpn ycnosun Re < | B peasnbHbIX c/lelax mepegHAs H 3a]1HAA
YacTH NPHOIHKEHHO CHMMETPHYHH, H TaKHe CJelbl COOTBETCTBYIOT
npubaunxenuio Ctokca — noasyuemy teuenuio (§ 30), ecan MoOXHO
NOJYYHTb pelleHHe TaKOR KpaeBofl 3agaun. B Hutepsase 5 < Re <
< 30 (npuGanxkeHHO?)) npy oO0TeKAHHH KPYroBOro UHJIHHAPA HJH
Apyroro Heo0TeKaeMOro MpPenATCTBHA JHHHH TOKa <OTPHBAIOTCAY,
o6pa3ys KoHeunbiil BLIYKAMH c/1efl, KOTOPHR KauecTBeHHO HaNMOMH-
HaeT KOHeuHYyl0 KaBepHy, ONHCaHHYyIO pasee B 3TOH raase. B neit-
CTBHTE/IbHOCTH NOAOGHBIE c.aelbi HAGMIORANUCh No3aau cdep H AHC-
KOB BN/OTb A0 3HavenHs Re = 200.

ITpu 66abwnx Re, rnaBHbiM o6pa3om B uutepBase 40 < Re <
< 1000, peanbune caean O06blYHO GBIBAIOT nepuoduUYecKUMU,

') Ramsauer C., Uber den Ricochetschuss. Kiel dissertation, 1903; [S],
crp. 453. [PuxouleTHpoBanie No NOBEPXHOCTH BOAHW 6un0 Miyyeno JI. U. Cego-
8uM (cM. Ceaop JI. H., Boasnwe pukowern, JAH CCCP, 37 (1942), M 9). —
Npux. ped)
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6narojgaps yeMy YacTo CJAbILIHA My3bKaJbHas Hota. B cayuae kpy-

FOBOTO LMJHHApPA yacToTa KojaeGaHus N cBi3aHa cO CKOPOCTHIO Teye-

HHg U H IHaMeTpoM d npHOJHKEHHBIM IMIHPHYECKHM COOTHOLIEHHEM
v

N=_6?1"' (35)

ITockonbKy TedeHHsi ¢ MOJOGHBIMH NEePHORMYECKHMH cjaelaMH CTa-

l(lgOHaprl, 3TO npeicTaBJjseT co60if HOBHIA NapaloKc CHMMETPHH

26).

B uurepBase 103 < Re < 10° peanbHble cieAbl no3agd MJI0OXO
o6TeKaeMBbIX Te.J1 OKa3blBAlOTCS NPEHMYIUECTBEHHO TYLOYACHTHLIMU,
HO B CJiyuae JOCTAaTOYHO IVIAAKHX MOBEPXHOCTEH MOrpaHHuHbifl cioi
0o6bIYHO He CTaHOBHTCA TYpOYJEHTHBIM RO TeX Nop, noKa He INpo-
u3oiiger otpeis. OnHako Ana 3Hauexuit Re > 3 X 105 norpaHuuubif
C/IOH, KaK NpaBHJO, CTaHOBHTCA TypOyJeHTHuiM Ao oTpbiBa. Kak
yxe o6bAcHANOCL B § 28, 3TO Aaer BecbMa CyXeHHHIH (HO Bce eule
TypOy/NeHTHBIH) cren.

CylecTBeHHasi 3aBHCHMOCTb BCEX 3THX KAYeCTBEHHBIX ABJAEHHH
OT YHCJIEHHOTO 3HaueHHA Re nenaer oueBHAHBIM TOT (aKT, 4TO HH-
KaKasi AefiCTBHTE/NbHO QyHIaMeHTabHAs TeOPHs peaJsibHBIX C/e[108
He MOXeT npeHeGperaTh BA3KOCTbIO. TeM He MeHee GblIM NMOCTPOEHBI
pas/uMuHbHE OCTPOYMHble MOJAENH CJelOB Ha OCHOBe YpaBHEHHH
difinepa.

Tak, Muzec!) npeasoxun NPHMeHATb pelleHHe 3anaud lenbM-
rosbla — BpuaniosHa B KauecTBe mNOAXOASLEr0 MPHOIHKEHHA
peansbHOro OGTeKaHHA UMJAHHAPA C JaMHHAPHLIM MOrPAaHHUYHLIM
caoeM. B toM cayuae, koria u3-za TypOyJeHTHOCTH NOrpaHUYHOrO
cios npu Goabwux yucaax Pefinonbica caep cyxkaercs, xopotuuee
npu6auKeHHe AAaeT «cJiefl HYJeBOro CONpPOTHBJEHHS».

By NpeasioXeHsl B APYrHe «CTpYyiitibies» MoJenH 2), B KOTOPHIX
BBOJAHTCS YaCTHYHOE BOCCTAHOBJIEHHE AaBJEHHs B cjele Ha 60Jb-
IIHX PACCTOSHHAX, UTO MOXKHO COIVIACOBATb C IMNHUPHYECKHMH LaH-
HBIMH.

§ 55. BuxpeBble MOREAH CJleLOB

B apyrux Mozensx c/eflOB 3apaHee BBOAATCS anpuopHbie pac-
npeaesieHHsi 3aBHXPEHHOCTH C LeAbl0 BHPa3HTb HabJlonaemsle
CBOACTBA TEUEHHA MOCPEICTBOM NPOCTHIX MaTeMaTHYECKHX YypaBHe-
nuit. Tlpn Goabwnx Re onsaTb-TakH MOXHO NpeHeGpeub BA3KOCTLIO,
4T0, MO KpafHeil Mepe nMpH 6eraoM PacCMOTPEHHH, KaXeTcs Onpas-
REHHHM.

‘g Musec P., Teopus noaera, M., HJI, 1949.

%) Roshko A, J. Aer. Sci., 22 (1955), 124—132; Cornell W. A.  [32].
CxeMa, Ha KOTOpYIO ykasnBaeT aBTop, BnepBue Guia peeieHa H, E. XKykosckum
15%], — llpum. pedl]
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B onHo#i u3 cTaphix Mojesell BBOAATCS NBa CHMMETDHYHO pac-
NOJIOXKEHHBIX 3a KPYTOBbIM HH/JIHHAPOM TOYEUHbIX BUXPHA, KaK MOKa-
3aHO Ha puc. 23 (cp. puc. 13). DrToli MoaeaHu, KOTOPOH Mbl 00sA3aHHl
®ennuio, ypensjoch 3HaYNTeNbHOE BHUMaHHE BBUAY ee upes3Bbiyail-
HOH MaTeMaTHYECKOH HPOCTOTHI, UHTEPECHOH TEOPHH ee YCTOHYM-
BOCTH M CBSI3H €€ ¢ MOAe/JsiMH BuxpeBnix popoxek (§ 56). Ecau
BHXPH DAacHosioxeHBl Ha KpuBoH 2ry = r2 —a? ([7], ctp. 155), rae
a— pajdyc UUIHHAPA, TO BUXpeBas KoHUrypauusi HaXOLHUTCS B
(HeycToliuuBOM) paBHOBecud. KpoMe TOro, MoxHO HOGHTHCS, 4TOGHI

Puc. 23. O6rekanue nuauHapos, no Penmnaio.

KoHHUrypanua JUHUE TOKA MOJENH HMesa Xopollee COrJiacoBaHue
¢ HalGuonaeMoii 3SKCIIEDHMEHTAJbHO, TIPUMEPHO B HHTepBaJje
5 < Re < 30.

OnHako B6/H3H LIEHTPa BUXPS B CTAallHOHaPHOM IJIOCKOM Teue-
HHH MHOTHE [OJ CKOPOCTeH HAaNOMHHAIOT KOH(HrypallHu JNHHHH
TOKa B BH/J€ KOHLIEHTPHUECKHX OKPYKHOCTell, W, c/jiel0BaTeNbHO, HE
CTOUT MPHAABATh CJAMIIKOM GOJblLHOE 3HAUEHHE YMNOMSAHYTOMY CO-
raacoBanuio. Teoperuuecku xe B cTalHOHAPHOM TEUEHHUHM 3aBHUXPEH-
HOCTb JIOJUKHA M3 JI060TO LeHTPa pPAaclpOCTPaHATbCS BO BHELIHHE
006,1aCTH, CTAHOBACh AaCHMITOTHYECKH MNOCTOSAHHOL BHYTPH J10GOM
3aMKHYTOH JIMHHM TOKa JIaMHHAPHOrO TeueHUsi OPH GOJILLIOM YHCIE
Peitnonbaca.

dta 3HayuTeNbHO GoJiee MOAXOAAILAA MOAEJNbL Gbla HERABIO
npefsnioxeHa batuenopom!), onHaKoO MO CHX MOp NMpH KOHKPETHBIX
pacueTax He YZHaa0Ch IMPEOAOseTb BBLIUHC/JHTENbHLIE TPYIHOCTH.
Kpome Toro, B BHAy HeycrohumsocTH nmo [enbMrogbily, peanbHbie
caefbl npu Goabluux Re fgalor B Beicuiefi CTeNeHH HecTallMOHAapHOE

') . Fluid Mech., 1 (1956), 177—190 u 388—398; cm. Takxe Wood W. W,
Tam ke, 2 (1957), 77—87,
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TeyeHHe, H, CJeaOBaTeqbHO, MOJAeJb fABJISeTCA HepeaabHol. Jas
auanasona 5 < Re <€ 30, no-suaumoMy, Gonee nprHem.aemoil $B-
naetca MoAenb Ba3koro teyeHus Oseena (§ 31)1).

§ 56. BuxpeBble 1OPOXKKH

Hau6osnee 3amaHuHBO# BUXPEBOH MOZeJbIO IJis C/ielOB ABJIAeTCA
«BHXpeBasi NOPOXKKa», COCTOALLAS H3 ABYX Napa/lielbHbX pAAOB
TOYEYHBIX BHXpeil, pa3MellleHHBIX Ha OJHHaKOBOM pacCCTOSIHHM, MPH-
yeM 3TH NEPHOZUYECKHE PAALl PACMOJIOXKEHbl «B L1aXMaTHOM [O-
psaKe», TaK YTO BHXDH KaXAOro pRAa TNPHXOAATCE MNOCpesHHe
MeXX1y BHXPSIMH IApyroro psia. dta MOAeab Obl1a Npeanoxenia
Kapmanom 2) ans npeiactaBneHHs NMEepHOAHUYECKHX CJaeAOB 3a LH-
JHHApaMH, Ha6alonaeMbix B OCHOBHOM B uHTepBaJsie 30 < Re < 300.
dns Hee koMmnaexkchnii notenuwan W = U + iV 3anuceiaerca
B CJAefyilouleM BHAe:

W=%{]gsin¥—lgsin%(z—%—ih)}. (36)

Takum oGpa3oM, MOTEHUHaJ  BK/IIOYAeT TPH MapaMeTpa: HHTEH-
CHBHOCTb BHXPsl %, NMPOJOJLHBIA pa3Mep a M MOMNepeuHblii pa3Mmep
h. B nio6oM KOHKpEeTHOM cJyuae Onpejae/eHHe 3THX NapaMeTpoOB,
OYeBHAHO, ABJSETCS OCHOBHOII 3ajaueft, a 1060 HaGOp 3HAYEHHT X,
a U h 3a1aeT paBHOBeCHOE pacroJ0XEHHE.

KapMau nokasaJj, YyTo B HeBfi3KOi XKHIKOCTH Takoe pacnonoxe-
HHE HMEET HeYCTOHUHBOCTL MepBOro nopsaika (T. e. OTK/JIOHEHHS OT
NONOXKEHHA PaBHOBECHS PACTYT 3KCMNOHEHLHAJbHO), eclAH TONbKO
h/a ne pasHo 0,281 (npuGamkenHo). OH noka3sas Takxke, YTO aHa-
JIOTHYHOE pa3MelleHHe BHXPeH, NPH KOTODOM BHXPH B 06GOMX psiiax
ocTaloTCA NapaJJiebHbIMH [BeqHuHHa af2 onyckaetca B dopmyne
(36)), Bcerna HeycTOHUHBO.

Kpome Toro, uccieayss ckopocts K, ¢ KOTOpOil 3aBHXPEHHOCTb
pacnpoCTpaHsieTcs B MOrpaHHuHOM cJjoe no o6e cropoubl, lefizen-
6epr u Ipanarab 3) noayuuau cooTHolleHHe

2w e 1+Qv?

- =K~ 7, (37)
otkyna x == (1 + Q)av?/4. Xots caM BuIBOJ BecbMa NpUGAU3HTENEH,
pe3y/ibTaT ABAAETCS HANEXKHBIM C TOYHOCTBIO A0 MHOXHTEAd 2.

1) Jlutepatypa npusesena 8 (17}, crp. 263, npumeuanue 13. OTAHYHBI
HCTOpHYeCKHAi 0630p BHXpeBWX cucTEM B caenax aan Posenxen JI, 6.
[Tpo6nemnt nmexauuku, UJI, M., 1955, cTp. 446—454.

2y Gott. Nachr., Math.-Phys. KI. (1912), 547—556.

8) Heisenberg W., Phys. Zeits., 23, (1922), 363—366 u xomMmentapiuu
[pasaras wa ctp. 366; cm. Takke [3), crp. 555, 564 u [I1], 1. 2, c1p. 132.
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Hakonel, nerko goraaatbcs, 4To BeIMYHHA A He HOJKHA HAMHOro
OT/IHYaTLCA OT AuaMeTpa uuauuigpa d; B § 57 Mol cMoxeM B 60Jb-
uiefi Mepe 060CHOBaTh 3TO TeOpPeTHYECKH. YUYHTHIBasf BCe NpPHBEAEH-
Hble Bhlllle cOOGpaKeHHA, MOXKHO NMOCTPOHTb NPHOJIHKEHHYIO anpu-
OPHYIO MOJeNb NEePHOAHYECKHX CJEAOB.

OuesnaHo, 4TO 3Ta MOAeNb BHXPEBO#l NOPOMKKH BO3HHK/A He H3
peleHHs MaTeMaTHYeCKOH KpaeBOH 3alayH: ocTpoyMHas Hiesa Kap-
MaHa He NPHHAMJEXHT K «paUUOHaJbHON rHAPOAHHaMHKe» B CMbICE
§ 1. Tak, B 3Toit TeopuH o6GTeKaeMoe NpensaTCTBHEe He ABJAETCH He-
KHM PeasIbHO CYLIECTBYIOLUIHM TIeOMeTPHYECKHM OGBEKTOM.

Buino BhickaszaHo nmpeanosioxeHue, YTO BHXPEBble NOPOXKKH ecTe-
CTBEHHO BO3HHKAIOT NPH 3aKPYUYHBAHHM BHXDEBHX CJOEB, MpeAcTa-
BJfig, TAKHM 00pa30oM, AaCHMNTOTHYeCKHe pellleHHs 3ajgauy Kowm.
Onnako npu6aHKEeHHe B BHAe MOIEAH COCPEAOTOYEHHBIX TOYEYHbIX
BHXpefll siBIsieTCA HepeaJlbHLIM KaK TeOpeTHYeCcKH, TaK H 3IKCllepH-
MEHTAaJbHO '), AaxKe HECMOTPSA HA TO YTO, KaK MHOrAa rOBOPAT, BHX-
peBble CJIOH 3aKPYUYHBAIOTCA, NPHYEM «33BHXPEHHOCTb BCe 6oJbllie H
foJsiblile COCPeAOTOYHBAETCH B 3aKPYYEHHBIX y4acTKax».

STH 3aMevaHHs HMEIOT CBOeH Uebi0 MOAYEPKHYTh, HaCKOAbLKO
Aa/1eKO yllna COBpeMeHHas THAPOJAHHAMHKA OT NPOCTOA H AOrMaTH-
yeckoii naeu Jlarpanxka. Bce craunHoHaplble BUXpeBHe TeYeHHS H3
§ 55 H Bce pewenns 3afaun I'enpMrosibua ymoB/ieTBOPSIOT ypaBHe-
HUAM Dfslepa Aas HecXKHMaeMOl HeBA3KOM XHAKOCTH, 3TO MOKAa3bl-
BaeT, HACKOJIbKO JlasieKa OT ¢KOPPEeKTHOH» NOCTaHOBKH 3aflaya cTa-
LLHOHAPHOTO TeYeHHA ANSA 3THX ypaBHeHHH.

B neficTBUTe/ILHOCTH JKe CaMO MOHATHE «CTAllHOHAPHOro Teue-
HHsi» omHGouHO ¢ DH3HUECKOA TOYKH 3peHHs IJIf XKHUIAKOCTeR Manofi
Bf3KocTH!

§ 57. KoaHuecTBO ABHXEHHA B Ccaeae

Oanako ToT $aKt, uTo MAen JlarpaHika oka3anHch OLIHGOUNBIMH,
He 03HayaeT, UTO TeopeTHYeCXHN MOAXOA B TMAPOAHHAMHKe caelyeT
orsepruyTh. Kak Mbi Buienu B ra. 11, ecTh Gosibuine OCHOBAHUS CUH-
ratb ypaBHenns Hasbe-Crokca Ans Hec)KHMaeMoA XHAKOCTH 3a-
cAYXKHBaOWHKMH JoBepus. Hame paccMoTpenne TeOpuH c/eoB Mbl
3aKOHYMM KPaTKMM 0630pOM pe3y/bTaToOB, MOJYYEHHBX K HacTOfl-
liieMy BpeMeHH NPH NOMOLLH 3THX ypaBHeHH#l. Kak n B cayuae xa-
BUTALMOHHOTO JABHXKeHHA (§ 49), MHOroe Moxer ObiTb OGBACHEHO
NpH NMOMOLUH 3aKOHOB COXPaHEHHH.

Bo3MOXHO, uTO HaHOo/iee NOJIE3HOR ABJAETCA HHTepnpeTanus
xoauwecrsa Osuxcenus caeda. B 3KcnepHMeHTe NMO3aAH BCAKOro

') Teopetuueckuft pas6op cm. B paGore Birkhoff G, Fisher J,
Rend. Soc. Mat. Palermo, 8 (1959), 77—90, OTHOCHTENbLHO SKCMEPHMEHTAMLHLIX
aaunuix cM. [3], ra. XIII. Llarara B3sara u3 Tofél xe paGoThl.
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ABMXYLIEroCs B XXHAKOCTH TBEPAOro Tena Mbl Ha6GaiogaeM ABHXKY-
wuitca Bnepef «chaefll». Takum o6GpasoM, IS ABYMepHOro cJjyuas
MOXHO ONpeneNHTb KOJNHYECTBO [BHXKEHHS cJiefa, nmpHxojasiuieecs

Ha eJHHHIY AJIHHbI, HA PAacCTOSHHH X OT NMpPensTCTBHA, Mo GopMye
([17], cTp. 266).

Mx)=p [ u(x,y)dy, (38)

rae ocb x BbI6paHa nNapaJJel]bHO HaNpaBJeHHIO ABHIKEHHS TBep-
AOro Tena, a BeJHYHHA u 00603HayaeT NOCTYMAaTeJbHYIO CKOPOCTDb ')
JNBHXXEHHS1 }KHAKOCTH.

Ecan Mbl npuniMaeM sMoupuueckuil GpaxkT, 4To BHe c/efa 3aBHX-
PEHHOCTbIO MOXHO npeHeGpeub M MO3TOMY 374eCb NPHMEHHMBI MpPH-
6/MXKeHHst KJ1acCHYeCKON THAPOAHHAMHKH, TO 3TO MNPHBOAKT Hac
K MPeNNOJNOXKEHHID, UTO KOJHYecTBO ABMKeHusas M (X) dakTuuecku
He 3aBHCHT OT BeJHUMHBLI X — HeGOJBLIOrO PacCTOSHUA (103afH MNpe-
NATCTBHA 2). JTa rHNoTe3a NOATBEPXKAAeTCs 3KCHEePUMEHTAJbHO.

Ilanee, ecTecTBEHHO MPEAMOJIONKUTh, UTO KOJHUHECTBO JABHIKEHHS
B CJele co3[aercs JAaBJeHHEM TeNa Ha XHAKOCTb (BTOPOH 3aKOH
HbloToHa) ¥ 4TO OHO paBHO NO BeMYHHE W MPOTHBOMOJOKHO NO
HanpaBJIeHHI0 CONPOTUBJIeHHI0 D, KOTOpoe XKHIKOCTh OKa3biBaeT
OBHXeHHIO Tena (TpeTuit 3akoH HbloTona). B wactHocTH, conmpotu-
Bl1eHHe D N0MXKHO PaBHATLCS BO3HHKAIOLEMY 32 €IUHHLY 8peMeHU
KOJIMUECTBY [BHMKEHHS B cjele, KOTOPOe B CBOW Ouepelb JOJKHO
paBHATBHCSH NPOU3BEAEHHIO U M, rie M — KoNHueCTBO ABHIKEHHSI B
cJele B pacueTe Ha eHHALY JAUHbL,

OTH UHTYHTHBHBIE JOTaJKH MOXHO cOpPMYJHPOBaThL MaTeMaTH-
YeCKH H BBIBECTH M3 Pa3yMHBLIX NPEAMOJOXKEHHH OTHOCHTENBHO Teue-
Hus XuAKOCTH 3). Ewe Gosee HHTepecHO TO OGCTOATEALCTBO, 4TO
HEKOTOpOe YTOUHEHHe TakHX (OpMyJ JaeT HauAyullHi Crnocob u3-
Mepenust paKTHYECKOTO JOGOBOTO COMPOTHBEHYS Kpbiia B NOJETe,—
no naBieHusiM B Tpy6kax [Tuto, onpenensieMbiM No3aau Kphlna Ha
pPacCTOSSHHH OT Hero, COCTaBJfIOUleM HeGOJbLIYI0 A0MI0 HIHPHHBI
Kpblaa %).

Has Hac eme 6osee HHTEPECHO MpUMeHeHUE 3aKOHA COXPaHeHUs
KOJIMYECTBA [BHIKEHHA cJela K MOJe/NH <¢BHXPEeBOH JOPOKKH» M3

) Oas nepuoanueckux uAH TYPGYNeHTHMIX CAENOB — CpefHee 3HAueHHE 9TOR
CKOPOCTH TIO BPEMEHH.

2) Yto6ul mMpHAaTh TaKWM THNOTE3aM MaTeMaTHYECKYI0 pecrneXTaGe/NbHOCTh,
MOXHO Ha3blBalb HX «TayGepOBLIMHY.

3) [17), ra. X1I, § 9. Bonee pannee TimaTenbHOE HCCAENOBAaHHE MpPOBeN
Taylor G. Y., Phil. Trans., A225 (1925), 238—245; cM. Takxe Gold-
stein S, Proc. Roy. Soc., A142 (1933), 563—573

4) [3], § 115 [lepsonauansHo 31y TexHuky paspaGotaa Betz A, Zeits
Flugt ~ Motorluftschiffahrt, 16 (1925), 42—44; cm. Takke Fage A
Jones B. M, Proc. Roy. Soc., A1l (1926), 592—603.



§ 57. Koauuecrso Osuxmcenuns 8 caede 117

§ 56. B ouenr AHHHOM BHUXpEBOM «XBOCTE» ¢ OTPaHHYEHHOM CKoO-
pOCTbIO CcpedHee NPOAONbHOE pAacCTOsAHHe 4 MeXAy BHXPAMH He
MOXeT H3MeHaTbca cO BpeMeHeM. C ADYTrod CTOPOHbBI, KOJHUYECTBO
JBHXKEHHR cnefla B pPacueTe Ha e[MHHLY AJHHB JErKo NMOACYHTAThb

no ¢gopmyne hx/a, rie h — cpenHee nonepeuHoe pPacCTOSHHE MexAy
puxpaMy. TeopeTHuyecKH M3 3TOTO CJERYET, YTO B HEBA3KOH XKHIKO-

CTH, KOrla % NOCTOSIHHO BO BpeMeHH, 3HaueHHe h (a clenoBatenbHo,
# OTHOUIEHHE CPeAHero NpPOAC/JLHOIG pacCTOAAHHA K CpelHeMy mone-
pPeYyHOMY) NONKHO GBbITb NOCTOAHHO BO BPEMEHH: 31eChb HeT TeHMEeH-
UHH K €IHHCTBEHHOMY «YycTOHYHMBOMY» ') OTHOLLEHHIO MPOTAXKEHHO-
crefi. B Bs3Kkoil JKHIAKOCTH cocpelOTOYEHHS 3aBHXPEHHOCTH =%
NPOTHBONOJOXHBIX 3HAKOB AHMDOYHAHPYIOT H B3aHMHO YHHUYTO-
KAIOTCS; CJIeJOBATeNbHO, MOXHO OXHAaTb BO3PAaCTAHHA BEJIHYH-

HH h, uTO W Ha6al04aeTC B 3KCNEPHMEHTE,

C HayuyHO! TOYKH 3peHHsl NpHBedeHHble Bbillle pe3y/bTaThl HHTe-
pecHbl TeM, YTO OHH MOMOTAIOT BHISCHHTHL ACHMNTOTHYECKYIO CTPYK-
TYPY peanbnblx caenoB. OQHAKO AJ1s NONyueHUS KOHKPETHHX BHBO-
AOB HYXKHO BBECTH ellle OAHY runoresy nonoGus. [logo6ue u oTHO-
CAlHECA K 3TOMY HAeH OyAyT OCHOBHONl TeMO#l NOCJAeAyioLHX
ra. IV u V. OtHOCHTeNbHO XKe NpHMEeHeHHH K TEOPHH CJIel0B CM. pa-
6oty {17}, ra. XII u XIV.

') ®aktuueckn naxe oTHoleHWe npoTakennoctefi KapMana h/a = 0,281...
naer H?CTOﬁHHBOCTb. XOT M HH3wero nopsaaka, cM, [18). [310 6uno ycranosneno
H. E Kouusum B paGote [24*]. — [Tpum. ped.]



FTnasa IV
MOOEJUPOBAHHUE H AHAJIU3 PASMEPHOCTER

§ 58. O moaeasx

[Tpumenenne modesed NpH H3yyeHHH MEXAHHUKM XKHAKOCTEH Ha-
XOAHT OTKJHK Yy KaX/JOro, KTO He JIMIIeH eCTeCTBEeHHOi Jio603Ha-
TeJAbHOCTH. Kakoi Ma/nbyHK He Hrpajs c MoAelNsiMH KopaGJjei H
CaMo0JIeTOB H C YNPOIUEHHBIMM MOLeJSIMH TJIOTHH H BOJOCJHMBOB?
Ho naxe B nHau6Gonee pa3BHTHIX 061acTAX COBPEMEHHOR TEXHHKH
TaKHe€ MOJeJ/1H He3aMEeHHMbI H HMEIOT CYLUECTBEHHOE 3HAUYECHHE.

M uecMoTpa Ha 3TO, MMeeTcs OueHb MaJjo TaKHX (H3WUECKHX
AWCUMNNHUH, T Pa3pbiB MEXAY TeopHeill W HHXKeHepHOH npakTH-
KOH ©Obln Obl Gosblie, ueM B o6aacTH NPHMEHeHHs Mofeded
K HM3YYEHHIO THAPOAHHAMHUYECKHX fIBAeHHA. YueHble-TeOpPEeTHKH
CTPeMATCA OCTAaBHTb B TeHH Te HeynoOHble (DaKTH. KOTOpLIe He
yKN1abIBalOTCA MOCJAYIIHO B PaMKH NPOCTOifl JIOFMYECKOH TEOpHH.
B TO jXe BpeMs HHIKEHepHl, MOCTOSHHO CONpHKacamwliHecs ¢ Hefi-
CTBHTE/IbHOCTbIO NMOX OTKPHLITHIM HeGOM H B JaGopaTopuu, OGHIYHO
CJIMLIKOM MeperpyxeHsl YaCTHBIMM TeXHHYECKHMM 3ajayaMH, H HM
NPakTHYECKH HEeJOCTYNHO yyacTde B aKaJIeMHYECKHX HIHCKYCCHAX.
Beab serye Bo3naTh Ha CJAOBax MOJMXKHOe OOWIENDPH3HAHHLIM TEO-
pHsM, a NPH pelIeHHH KOHCTPYKTOPCKHX mpoGJeM MoJaraThCs Ha
ONBIT H HHTYHIUHIO.

Hama uenb — yMeHbIIMTb 3TOT paspblB NyTeM KDPHTHUECKOro
MCCJIeICBAHHs NMPO6JEeMbl B LesioM ¢ 06eHX TOUeK 3peHHs. Ml Hau-
HeM ¢ Teopuu MOJeNHPOBaHHA, MOAYEPKHBAs MPH 3TOM CBA3b
C NOHATHEM epynnot.

Cunauana, B § 59—65 Gyaer nan KpuTHueckHil o630p awaausa
pasmeprocted. K ananusy pasmepHocTell oGbIYHO O6palnaloTcs,
KOrja HYXHO 06paboTaTb pe3yJbTaThl 3KCIEPHUMEHTOB C MOAESAMH,
M OH 06/12aJ12eT TeM MNPEHMYLIECTBOM, 4TO AJS Hero He tpebyercs
MaTeMaTHYeCKHX CBELEHHH CBEpPX Kypca 3JeMeHTapHO#l ajare6pi,
HO 3aTO H Te€M HEeJOCTATKOM, YTO HeOOXOAMMO BEOAHMTb N06aBOYHBIE
nocryJjarhl, QH3HUECKYI0 HANEXKHOCTb KOTOPbIX NPHXOAHTCA NpoBe-
pate oco6o. B § 60—61 3TH noctynaTel naHel B TeopeTuxo-zpynno-
606 GOPMYJHDOBKe B TePMHHAX «TPYNNLl NOACOHA» BCEBO3MOXHbIX
13MeHeHHH OCHOBHBIX eIAHHHIL.
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3atem B § 66—74 Gymer noka3aHo, KaK 3TH NOCTYJaThl MOXHO
BLIBECTH M3 MaTeMaTHYeCKHX QOpMYJHPOBOK AHHAMHKH XKHIKOCTEH,
paccMoTpeHHHX B ra. I, 11, nposepas rugpoasHaMHuecKHe ypaBHe-
HHSl HA HHBAPHAHTHOCTb OTHOCHTEJNbHO 3aJaHHbIX rpynn. Mbt GyaeM
Ha3blBaTb YKAa3aHHBI METOX UHCNEKYUONHLIM AHAAU3OM, 3aHMCTBYS
3TOT BhipasuteabHuiit Tepmun y Pyapxa [56]; dakrtuvecku, meroa
OCHOBaH Ha crapoil uiee, Kotopas Oblia npeasoxeHa Adanacbe-
Boii-Opendect [61]. Ho no cHX nop maHHBI/i METOA HUKOrJAa MPaKTH-
YeCKH He HCNOJIb30BaJCH, XOTH, KaK Mbl TOKa){eM, OH SBJdeTcs
3HauHTeabHO Goslee HaldeXHBIM (§ 72) u Gonee obuuM (§ 74), uem
aHaAu3 pa3MepHOCTel.

Haxkonen, 8 § 75—78 BuiBoAB HHCNEKLUHOHHOrO aHajJH3a (M aHa-
Jlu3a pa3HOMepHOcCTefl) GyAyT COMOCTaBAEHLI C NPaKTUKOL MOLEJH-
posanuda. Kak u B ro. I n II, okaxkeres, uto aeHCTBHTENBHOCTD
HaMHOro CJI0XKHee TEOpHH. B HHXKeHepHOIH NpakTHKe HOJKHBI YUH-
THIBaThCsi MHOrHe (haKTOpbl, HFHOPHpPYeMble MpPH MaTeMaTHYeCKOM
ONHCAHHH, H MPHXOJHTCHA HCNOJb30BAThH HEKOTOPbe MPHEMBI, He MO-
JYYyHBILIHe elle HaYYHOro 060CHOBAHHS.

§ 59. AHaaun3 pa3mepHocre

Ananu3 pa3MepHocTeii BO3HHK B pe3yJbTaTe PacnpocTpaHeHHS
Ha (QH3HueCKHe SIBJIEHHS MOHATHIl reoMeTpHueckKoro noao6GHs, oTHO-
HIEHHA M NMPONOPIIHH, 3HAKOMBIX ellle rpekam !). Bnepsbie 310 6nn0
creaano 'anuseem npu onpexeneddu MPOYHOCTH 6aJOK H3 JaHHOrO
MaTepHana B 3aBHCHMOCTH OT HX JHHedHbXx pa3MmepoB. OH BBeJ
HHTYHTHBHO OYEBHAHOE NPEeANoJOXKeHHe O TOM, YTO pa3pylieHHe
GaJIKH TTPOHCXOAHMT TOrRa, KOTAa CHJIa, OTHECEHHAA K eAMHHle MI0-
wanu (HanpspKesue), NPEBOCXOAUT HEKOTOPYIO MaKCHMAajbHYIO Be-
JHYHHY, XapaKTepPHYI AJas Matepuana OGankH. laaunelh npuulen
K BBIBCY, YTO Be/IHUHHA 6e30nmacHOH HAarpy3Kd Ha elHHHLYy o6beMa
06paTHO NMPONOPLUHOHANbHA [/JHHE H NMPEABOCXHTHJ MHOTHE Apyrue
KJlacCHYECKHE Pe3yJ/IbTaThl.

3ateM aHaaM3 pasMepHocTelt npuMeHsau Mapuort u Heio-
ToH?), HO Tonbko Pypbe (cm. mpuM. |) Ha 3TOll cTp.) BnepBhie
YCTaHOBHJ, UYTO CYLIECTBYIOT ONpejle/ieHHble «OCHOBHblE €IHHHIbIY,

') Tak, ®ypve ([59], ra. II, pasa. IX) ynomuuaer, uto TrpeKH 3Haim pas-
vepHoCTH nuowaan H o6bema. Psnefi Bceraa ccwaancs ua «nogobues W «aHHA-
Muyeckoe cxocTBo». Y Tannnen, cm. ero «JIse Homme Haykus (1638), [Heus
BTopofi. [«Becenn o mByx oTpacasx mayku», M.—J1., 1933. — ITpum. ped.]

?) Mariotte, Traité de la percussion des corps (1679) u Traité du
mouvement des eaux (i686); Newton, Principia Mathematica (1686), T. 2,

asg. 7. [B pycckom nepesoge: Kpwaos A. H, Co6panne Tpymos, T. 7,
—J1, 1936. — [Tpum. nepea] Cm. takxe Bertrand J., [ de I'Ecole Polyt.,
19 (1848), 189—197.
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OTHOCHTENBHO KOTOPbIX Kaxaas GH3HYecKas BeJUUHHA HMeeT onpe-
OeJleHHble «DAa3MEPHOCTH», KOTOpble Hal0 3aMHMChiBATH KaK NMOKa3a-
Tenu creneHed. KoHeyHo, 3Ta HAEA MOYTH OYeBHAHAE, €CAH BAY-
MaTbCAd B CMbIC «kO3(Q(HUHEHTOB nepecyera» npH nepexoge -
3HYECKHX BeJHYHH OT OJHOH CHCTeMbl efHHHI K APYroi.

ITocpencTBoM pasauuHoro BbiGopa eannull DPypoe Ges Tpyaa
AOKa3aJ, YTO OJHH MW Te XKe aHaJMTHuUecKHe (GopMyasl 1alOT Kak
peweHHsa 3ajaud 06 oxaaxleHHH cdep MalblX pazMepoB Tak H 3a-
naud o6 octoiBahuu 3emas. [lockoJabKy Hac uHTepecyeT coOTHOLUe-
HHe TeOpHH H (aKTHYECKMX HaHHBIX, TO 31eCh YMeCTHO 3aMeTHTb,
uyTo BHIBOAb Pypbe OblIH He NPAaBOMOUYHBI, TaK KaK OH HE YUYHThHI-
BaJ KOHBEKIHH W PaAHOAKTHBHOrO Harpesa 3eMHorc siapa. TeMm ne
MeHee ero MeTof HCKJIOYeHHS napaMeTPOB NyTeM H3MEHeHHs efH-
HHIl CTAl Tenepb KJIACCHYECKHM H TIPHMEHSIETCS CO 3HAUYHTEJABHBIM
(xoTs ¥ He oAMHAKOBHIM!) ycnexoM BO MHOTHX pasjenax ¢GH3HKH.
Croxc, Casap, ®pya, PeitHonbac, Bamw#d u MHorue apyrue Hccnaego-
BAaTeJH C YCNeXOM HCNOJNb30BajJd 3TOT METO] H YCTAaHOBHJAH psll
32KOHOB (PyHAaMEHTAJLHOrO 3HaUYeHHS.

Panelt nepsbiM 3aHs/cA H3yYeHHEeM BOMpPOCA O TOM, HACKOJbLKO
yKa3aHHbIll NMpHeM MJIOAOTBOPeH KaK OOIUHMH MeTod HCCJAeN0BaHUS.
3710 BHI3BAJN0 AAMBIIYIOCH B TeyeHHe ABYX JecaTuaetuii, 1900—
1920 rr., OXHBJEHHYIO IHCKYCCHIO C YyuyacTHeM Belyulnx QH3HKOB
0 MOJIYAJHBO NPHHATHIX paHee MPeANOJIOXKEHHAX H O IPaHHllax NpH-
MEHHMOCTH aHaJju3a pa3MepHOocTed.

ITH NpeANoJiONKEHHS H OTPaHUYEHHH, XOTS Ha HUX HACTO HE
o6pallaioT BHHMaHHS B TEXHHKe U B NONYNSPHOR JUTEPATYype, H3JO0-
#eHbl HAPAAY C APYTHMH BONPOCaMH 3TOTO pasfiesa B KJ1acCHYecKOR
moHorpaduyu Bpumxmena [46), Kk kKoTopoii MBl OTChlnaeM J10603Ha-
TeAbHOrO uuTaTens. JIpyrHMM aBTOPHTETHHIMH MCTOUHHKAMH HB-
asorcea pabotu JI. M. Cenoa [57] n Jlanrxaapa [51].

§ 60. I'pynna noaoGusa

OnHa ¥3 HallMX OCHOBHLIX LeJsefi — 060CHOBATL aHa/H3 pa3Mep-
HOCTeli ¢ NOMOLIBIO MOCTY/1aTOB, B KOTOPLIX IBHO HCNOJAb3yeTcs yno-
manytas B § 58 rpynna nonoGHs NOJIOXKHTENbHBLIX CKaAfPHbIX
npeo6pa3oBakuil elHHHL H3MepeHHs. XoTa noctyaartel 6yayrt ¢op-
MYJHPOBaTbCH AGCTPAKTHO, Mbl GyleM HHTEPNpeTHPOBATL MX NpH
NOMOIUM MPOCTbIX NPHMEPOB H3 THIAPOMEXAHHKH, H, ObITb MOXKET,
CaMbiM MPOCTHIM M3 HHX AIBASETCA CJeAylOlHi TpUMep.

MNpumep I. JonycTuM (HaM BCNOMHUM!), YTO CKOPOCTH BOJ-
Hb U B r1yGOKOM BoJoeMe onpefessieTcss ee JUIHHOM A M YCKOpEHHEM
CHAb TAXKECTH g, Tak yTo U = f(A, g). HonycTum TakXe, yTo 3TO
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COOTHOIEHHE OCTAETCs TeM e CaMblM NpH A106oM BHOOpe «OCHOB-
HbIX €/UHHHU» AAHHBEL ¥ BpeMmeHu, CaenaB 3TH npeanoioXKeHus, Mbl
MOXEM MaTeMaTHUecKH pacCcyXAaTh C/elyloUnM 006pa3oM.

IlycTb B HeKOTOPO#t (PHUKCHPOBAHHOH CHCTEME OCHOBHBIX €QHHHL
BOJIHA AJHHOH A IBUIKETCA CO CKOPOCTbIO U B TPABHTALHOHHOM noJe
HHTeHcHBHOCTH g. Ecan BoIGpaTh HOBYIO €HHHUY AJIHHB, PaBHYIO &
CTaphIX eHHHL, H HOBYIO €HHHLY BPeMEHH, PaBHYIO T CTapbiX elH-
I, TO AJHHA BOJIHBI 3aMHINETCA B BHAe A’ =Aja, a ee CKOpPOCTb —
8 Buae v’ = v1/a, B TO BPEMSA KaK YCKODEHHe CHJIbl TAXKECTH NpuMeT

suad g = g¥/a. Bubpas a=2 u = VNg. Mu noayuum
A =g’ =1, n popmyny
S =o' =f(V, g)=f(1, N=C,
Veh
rae C — CKOpPOCTb BOJIHB €IMHHYHOH MJIHHBI B TPABHTAUHOHHOM
none, BbHIPaXKeHHass B HOBOil cHcTeMe OCHOBHHIX eaunuu. Otciona

8 HOBO cucTeMe ocHoubix eannntt v=CV gk. Ho, no npeanono-
KeHHio, QYHKUNS f He 3aBHCHT OT BhI6OPA OCHOBHBIX €AMHHL; OT-

ciona v=C Vgh Ttakxe u B crapoit cucTeMe eauHul, rae C — He-
KOoTOpaA yHuBepcaJbHas nocrosnHas. (Jas soan B raySokom Bodo-
eme C=1/Vor.)

Mpeasinyluee paccykieHHe MOXHO NPOBeCTH B aGCTPaKTHOR
dopme B TEPMHHAX OOBIUHBIX TMOHATHH «OCHOBHHIX» H «MPOH3BOA-
HbIX» OLHOPOAHBIX MO Pa3MePHOCTH BeJHUYHH. JTH MOHATHS Xapak-
TEPH3YIOTCA CJeYIOLIHMH ABYMS NOCTYJAaTaMH, KOTOpble NMPeacTaB-
asT co6oit Heuro Gosbliee, yeM npocto onpenedenus. (B npu-
vMepe | A — ocHOBHas BeJIHYKHA, B TO BpeMd Kak U H g — MPOH3-
BONHBIE BEJHUHHBL.)

Mpeanonoxenne I. HmeloTca HekoTopbe He3aBHCHMble

«OCHOBHbIE BENIHUHHBI» §; [i=1,...,n], TakHe, yTO OHH HE3aBHCH-
MO npeo6pa3yioTcs «3aMeHOH eIHHHI» 1o GopMyaam
T (g)=uq li=1,...,n 4,>0] (1)

rae a; — Nio6ble MONOXKHTeNbHble AeficTBHTeNbHBle yHcaa. (B mexa-
HHKe n = 3, a ¢; — 3TO AJIMHa, BpeMsl H Macca; B npHmepe 1 n =2,
TaK Kak Macca He BXO/JHMT B PacCMOTpeHHe.)

lMpeanonoxenue II. MMeloTca «nNpoH3BOAHBE BEJHYHHBI®
Q; (Takue, KaK MJIOTHOCTb, CKOpPOCTb, BR3KOCTb M T. A.), KOTOpHe
710HOPOOHBL N0 PA3IMEPHOCTU B TOM CMBICJe, YTO npH npeo6pa3oBa-
uu no ¢dopmyne (1) Kaxkzoe Q; yMHOXKaeTcs Ha MNOAXOAALUMH
ko3 pHUHEHT nepecyeTax:

T(Q)=aln...alimQ,. 2
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Tokasateau b;, Ha3bBalOTCA «Pa3MEPHOCTAMH» BesuuuHbl Q;
B JaHHOH CHCTeMe OCHOBHBIX €QHMHHIl; €CJld BCe OHH PaBHHI HYJIO,
TO BeqMuHHa Q; Ha3biBaerca «Ge3pasmepHoit». OueBHAHO, uTO JIO-
Goe npousBefeHHe cTeneHell OJXHOPOIAHBIX MO Pa3MEPHOCTH BEJHYHH
OCTaeTcs OJHOPOJAHLIM MO pa3MepHocTH. SlcHo Takxe, uto dopmyna
(1) siBnstetcs yacTHLHIM ciiyyaeM GopMyJbl (2) npH yCJOBHH

5 3 {1, ecau k=1,
" =%k | 0, ecan k + i.

CneposaTeL,HO, ¢ MaTeMaTHUeCKOll TOYKHM 3PeHHS NpeAnoJoXKeHHe
I uanuuue.

[TpeoGpaszoBaniam T, B3AHMHO OJHO3HAYHO COOTBETCTBYIOT BEK-
TOPbl & = (@), ... , &n) C NOJOKHTEJIbHBIMH KOMIIOHEHTAMH («MOJIO-
XKHUTenbHble» /1-BeKTOpH). KpoMe TOro, ecau onpenenuts ciaeayto-
e AeHCTBHS:

ad=(afn ..., 2,Bp) & '=(a7" ..., a7T) 3)

TO, OUEeBHMAHO, BBITIOJHSIOTCS PaBeHCTBA
Ta(Ts(Q))= Ts(T2(Q)) = Tas(Q)). (3a)
T«“ (Ta(Qj))z Q!' (36)

TFoBops MareMaTHYeCcKHM $3bIKOM, paBeHCTBa (2) onpefensior
NpeacTaBAeHHe MYAbTUNAUKATUBHOL 2pynnbl') TOJOXKHTE/bHBIX f-
BEKTOPOB, ONnpeje/eHHoit cooTHowenueM (3) kak rpynna (2) nuneii-
HbIX npeoGpa3oBatinil npocTpaHcTBa BeKTOpoB Q.

§ 61. CooTHOoUIEHHS, HE 3ABHCSLHE OT eAHHHUL H3IMEPEHHS

[Tpu BbIBOAE GOPMYJbl U = CVghs npuMepe 1 Mbl HCHOJIB30-
BaJM elle ABa APYruX npennosoxkenus. Ha aGcTpakTHOM si3blke
Bblllle NpuBegeHHbIX mpeanosoxeHuid 1 u Il mx MoxkHo chopmyanu-
poBaTh cJaeAYIOIHM. 06pa3oM.

[Ipeanonoxeunune [ll. CyumectByer (pyHKLUHOHaJbHOE COOT-

HOLIEeHHEe BHAA
¢(Qor -+ ,Q)=0, 4
rie ¢ — oAHo3HauHas ¢yHkuua, [(B npumepe 1 r=2, a o =v—

—f (A g))

Mpeanoanoxenue 1V. CooTHowenye (4) He 3aBUCHT OT BHI-
60pa OCHOBHBLIX eJHHHI.

) NMoa epynnod noHuMaeTCA TAKOE MHOXKECTBO, 3aMKHYTOE OTHOCHTEJBHO
aCCOUMATHBHOTO YMHOMKEHHS, 4YTO A/ KaXIAOTO W3 €ro 3/eMEHTOB CYLIeCTBYyeT
o6paTHbIi 3M1eMEHT OTHOCHTe/bHO YMHOXeHuA. [TogpoGuoctd cM. B [45], ra. VI,
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Takum o6Gpa3om, B aHa/H3e pa3MepHOCTell pacCMaTPHBAIOTCA
¢yHKUHOHAAbHBie coOoTHOWeHHA @(Qo, Q1, ..., Q,) =0 nosoxu-
TEAbHbIX TIEPEMEHHBIX, KOTOpble noa fAeficTBHeM (KOMMYTaTHBHOI,
3aBHcAllell OT n-napaMetpoB) rpynnsl T, npeobpasyiorcs no ¢op-
Myaam (2). Iosops TouHee, HCCAENYIOTCS COOTHOUIEHHs!, KOTOpHle
He 3aBHCAT OT BHI6OPa e1HHHIl H3MepeHHS H KOTOpbie OnpeaesioTcs
caelyouumM o6pasom.

Onpenenenmue. D yHKLUHOHaAbHOR COOTHOLIEHHE
9(Qo, Qi ..., Q) =0 OXHOPOAHKIX MO Pa3MEPHOCTH NepeMeHHBIX
He 3a8ucur oT 86i60pa eOuHuy TOTNAa ¥ TOJABKO TOT[a, KOTAa H3 CO-
otHoweHHsa ¢(Qo, Q1, ..., Qr) = 0 crenyer

‘?(TG(QO)v ey Ta(Qr))=0 (5)
npH 11060M npeo6pa3oBaHHH OCHOBHBIX efHHHIU T,.

O6patHo, ucnonb3yst dopmyay (36), noayuaeM, YTO M3 COOTHO-

wenns ¢(T,(Qo), ..., TL(Q,)) = 0 caeayer

¢(Qp --» Q)=0 (5
IJs Kaxjaoro npeoGpasoBauus T,, HO Mbl, He BHHKASA B 3TH TOH-
KocTH, 6yaeM npuxHMmate Kak Qopmyay (5), tak u dopmyay (5).
IpyriMu csoBaMH, 10 oONpefesNeHHIo, CJeaylolllee COOTHOLUEeHHe
¢ (Qo, Q1 ..., Q) =0 He 3aBMCHT OT eIMHHU TOIAd H TOJBKO
TOT4a, KOrAa B FHNEPOKTAHTEe, ONpeResieMOM MOJOXKHTEeNAbHBIMH 1)
BekTopaMH Q = (Qo, Qi, ..., Q;), ceomerpuueckoe mecTo TOHUEK,
COOTBETCTBYIOllee 3TOMY YPaBHEHHIO, UHBAPDUAHTHO OTHOCUTEAbHO
npeobpasosanui epynnet (2),

Caenyer nogyepkHyTh, YTO ypaBHeHHIO ¢ = 0 cooTBeTCTByer He-
KOTOpO€e reoMeTpHYecKoe MeCTO TOueK W Ha BHA QYHKIUUH ¢ He Ha-
JIOXKEHO HHKaKHX OTPaHHuYeHHil. JTO W/HOCTPUPYeTCs CJedYIOL{HM
MPOCTHIM NMPHMEPOM.

[Tpumep 2. PaccMOTpHM yacTHLL], BbiBEJEHHBIE H3 COCTOSIHHSA
MOKOA H ABHXKYUIHECS C He 3aBHCAILMM OT BPeMeHH YCKOPEHHeM 4.
OG6o3naunM paccTosiHHe uepe3 s, BpeMs uepe3d f U CKOPOCTb yepe3 v.

Ina takoii cHcTeMbl Bcerja crpaBelHBbl XOPOIIO H3BECTHHIE
OXHOpPOAHbIE MO Pa3MepHOCTH (C/1eJ0BaTENbHO, He 3aBHCSIHe OT
€[IHHHIl H3MEepeHHA) COOTHOWeHHsa v = af H v? = 2as. OAHAKO reo-
METPHYECKOE MECTO TOUeK, onpeaesnsieMoe ypaBHEHHeM U = al B no-
JIOXKHTE/IbHOM OKTaHTe npocTpaHcTea (U, a, £) coBnajaer ¢ reoMmert-
PHYECKHM MECTOM, onpejesieMblM, HampHMep, COOTHOUIEHHEM

if(v—at)(a—{—'v)—i-f/t(v—at) =0 (6)

1) 310 Bce MOXKHO DPacUPOCTPAHHTL HA CAYYAl HENOAOKHTEABHMX BEKTOpOB,
HO TO/ILKO LEHOR YCAOKHEHHA (OPMYMHPOBOK.




124 Ta. IV. Modeauposanue u araaus pasmepuocreil

[MosToMy cootnoutenne (6) He 3asucur ot soibopa edunuy, X0TA
OHO M He ABJfdeTCd OAHOPOIAHBIM MO pa3MepHOCTH.

HeCMOTpﬂ Ha CBOI0O HCKYCCTBEHHOCTb, 3ITOT MNpHMep NOMOXeT
HaM BBIABUTH pa3zjuuue MexJay (OpMaibHBIM I0Ka3aTeNbCTBOM
Bykunrema (§ 64) II-Teopembr H Gojiee OGWHM FEOMETPHUYECKHM
JOKasaTeqbcTBOM Baiu#, Kotopoe 6yamer HanoxeHo B § 63. Ho
npexjae yeM N0Ka3biBaTh II-TeopeMy B o6LieM c/ayuyae, Mbl PacCMOT-
pUM cHauaJjla yacTHBIA cayyaft r = n, KOrjia COOTHONIEHHS, He 3aBH-
caye OT BuIGOpa eAMHHU,

QO =f(Qlf ety Qn)) (7)

colepkaT TOYHO Ha eauHuuy Goabwe Beauuud Q;(j =0, ..., n),
yeM HMeeTcsl OCHOBHMIX eguMHMU ({= 1, ...,n). Mbl Gymem mnpesg-
noJnarath, 4To [ — ofHO3HAauyHasA (YHKIUHSA, a TakXKe, YTO BEAHUHHH
Q1, ..., Qn 3aBHCAT OT n OCHOBHBIX eMHHI, T. e. MaTpuua ||bll
u3 dopmyas (2), cocrosmas u3 (n )X 1) X n 371eMeHTOB, HMeeT
paHr n. JKBHBAJEHTHBIM YCJIOBHEM sBJAeTcH TpeGoBaHue, 4TOGH!
KBaapaTHbifi MuHop B, coorsercTBytomust j = 1, ..., n, 61 Heoco-
6od martpuuei !).

Kak yxke Gbio yKasaHo Bhille, npuMep | OTHOCHTCA K 3TOMY
cayyalo npu n =r =2

Teopewma 1. Beakoe cootrowenue suda (7), ne 3asucaujee oT
soi6opa edunuy u codepxcaujee n OCHOBHbLX €OUHUY, PABHOCUALHO
COOTHOWLEHUIO

Q=CQ... Q. 8
2de C=f(1, ..., 1) u x; onpedeanrorca u3 ypagrenuil
boi_——'buxl_*' e +b’!lxﬂ [i-_——' 1, es ey n]. (8,)

JdokasateanbcTBo. Tak Kak BeJHUMHB Q; NOJOXHTE/bHEIE
n MHHOp B — Heoco6ast MaTpHLA, TO MBI MOXEeM HaiTH Takod Bek-

Top &, uto To(1)==Qy rae 1 = (1, ..., 1); u nycts npu 3tom C =
= f(i,...,1). Otciona, npumenus copmyasl (5), (5’) K coorHo-
wenuto C—f(1, ..., 1) =0, noayyuM paBeHCTBO

T.(C)—f(Qy ---» Qu)=0.

lMpumenss dopmyny (2) K nepBoMy ujeHy M MepeHocs ero
B JPYrylo CTOPOHY, MOXHO 3anHcaTh

f(Ql, veey Qn)= Ca:’OI - q,:on . (9)

) SToMy SKBHBaJIeHTHO YC/IOBHe HepaBeHCTBa HYJ0 onpeleiHTens B (cMm,
[45), cTp. 304).
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C npyro#t cropoubl, Tak Kak MHHOp B — Heoco6as MaTpHua, TO
cucteMa (8') mMeeT elMHCTBeHHOe pelleHHe X = (Xy, ... , Xa). s
3TOro pelleHHs X ClpaBeAHBH PaBEHCTBA

x X b b, \*y
Q= Te())=(ale ... ajm) s,
BbIIIO.'IHHB 3JeMEeHTapHble BbIKJ3aRKH € NMOKa3aTeadAMH, ﬂOﬂyql‘lM
x b, x; Lo, x b
] = aJbj = al IR ] = ok
l;l Q, j,l-lk &k ];[ f ] l;I ak .

Hdenas noactaHoBKy B npaBylo 4acTb paBeHCTBa (9), noayuum
dopmyay (8).

Hns nanbHefiulero pasbscHeHHs CMbic/a TeopeMbl | npuBemem
clelylollHe H3BECTHbIE MPUMepHI.

Mpumep 3. lpeanonoxum, uro conporusienue D, Kortopoe
KHAKOCTb OKAa3whBaeT ABHXKEHHIO TBEepAOro reJna 3a/1aHHOI (bOprl,
AIBNAETCA UHEPYUAAbHLIM B TOM CMLICJE, YTO OHO Onpelensercs
NAOTHOCTbIO XHAKOCTH p, CKOPGCTbIO U H AHaMeTpom Tesia 4. Toraa
npu x, =X, X =y, X3 =2 dopMmynaa (8) skBMBa/NeHTHA COOTHO-
IEHHIO

MLT =MLY (LT L,
TaK yto ypaBHeHus (8’) cBoAATCA K BHAY
l=x, 1=—3x4y+2 —2=—y,

otkyaa x =1, y =z =2. Orclona, ecAd COOTHOIIEHHE He 3aBHCHT
OT eAMHHU u3MepeHHdA, To D = Kppv?d?, rae Kp— nocrosnuasn.
(B nefictButensHocTH e BeauunHa Kp = nCp/8, KoTopas HOCHT
Ha3BaHHe OaJJIHCTHYECKOro KOI(QHIHEHTA CONPOTHBJEHHS, caa6o
H3MeHsieTcsl.)

ITpumep 4. Ecan conporusnenne D onpegensieTcss uepes p, v,
d ¥ BA3KOCTb XHAKOCTH p B BHIe QYHKUHOHAJIBLHOTO COOTHOLIEHHS,
He 3aBHCAUIEr0 OT BHIGOPA eHHHIL, U eC/H CHAAMH HHePUHH MOXHO
npexne6peub («monasyiine TeueHHs» CToKca), TO aHAJNOrHYHHI MOA-
CYeT pa3MepHOCTeil NPHBOAMT K coOTHouwleHuw D = K*pvd, rpe
K* — ewe onsa nocrosiHuasl,

§ 62. Yncaa Peitnoanaca m Maxa

B TeopeMe l 4HC/I0O n OCHOBHHX €IMHHLL PaBHAJNOCH 4YHCAYy T
fiIepeMeHHbIX, BXOAsALUIHX B HE 3aBHCALlee OT Bu60pa €JHHHL COOoT-

HolueHue
Q=/(Qy ---s Q).
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INMpu r=n+1 paccyxiaeHHs, aHAJOTHYHBIE J0Ka3aTeJbCTBY
TeopeMbl 1, MpUBOAAT K ¢opmynaM, colepXKallWM mnoseanuie 6es-
pa3MepHbie MapaMeTpbl.

Teopema . Bcakoe coornowenue Qo = f(Q, ..., Q,), e
3asucauee or asibopa edunuy u codepxcaujee (r— 1) OCHOBHbIX
eOuHUY, MOXCHO 3anucats 8 sude

Q=C(Q" ... Q-

rae II=QTl Q:f — Oe3pasmepHoe npousselerue cTenexed
Qi ... ,Q u QQ™ ... QFr=1l, rakxe GespasmepHoe npo-
u3sedenue.

Teneps Mbl NpOMJANIOCTPHPYEM NpeAbIAYLINA pe3yabraT, Npel-
CTaBJSAOIHHA co6oH uacTHuIRt cayuaii II-Teopemnl (Mbl ee JOKaXKeM
HHXe), NBYMS Ba)XHBIMH NPHMEPaMH H3 THIPOMEXaHHKH.

MMpumep 5. Illpeanonoxum, uto D = f(p, v, d, p) ecTb QyHK-
UMS OT p, U, d U yu, He 3aBHCAILAA OT BbIGOPA €AHHHL NPH BCeX Npe-
06pa30BaHUAX €IHHHIl AJNHHEL, BDEMeHH H Maccel mo dopmyne (1).
BeapaamepHubie Beauuunsl Kp = D/pv?d? u Re = pud/p (uncno Peii-
HOMbACA) HMHBAPHAHTHH OTHOCHTEABHO 3THX mnpeoGpasosauuii. Ho
C NMOMOLIbI0O OJHOrO H3 TAaKHX NMpeo6Gpa3oBaHHii!) Mbl MOXXeM OIHO-
BPEMEHHO CBeCTH p, U, d K 1; npu 3ToM p nepexoaut B p/pvd = 1/Re.
ITosTomy

D=Kp(Re)pv?d?, rne KD(Re)=f(1.1, 1, RLe) (10)

[Tpumep 6. IlpeanonoxkuM, yro D nonaobubiM Ke 06pasoM
onpenensieTcsl BeJHUHHAMH p, U, d H CKHMaeMOCTbIO HEBO3MYILEH-
Horo notoka xuakoctH —d(1/p)/dp = dp/p*dp. Tlpu 3tom nonyua-
1oTcs Geapaamepuble BeaHunnnl D/pu?d? = Kp u vidp/dp (pasmep-
HocTb nocaenneit (LT-')2(ML-3) (MLT-2L-2)-!' = 1). uanueckufi
CMBICA BHIpakeHusi v2dp/dp cTaHeT NMOHATHEE, eClM Mbi BCIIOMHHM,
yto dp/dp = ¢?, rae ¢— CKOPOCTb 3BYKa B XHAKOCTH. Paccyxnas,
Kak B npHMepe 5, nojiyuaeM COOTHOLUEHHE

Kp=f(M?, rze M=~§-—~qncno Maxa?). (11)

®opmyny (10) MOXHO BHIBECTH TaKxe H3 TeopeMbl 2 ra. II,
ecl¥ NpeAnoJNOXUTb, YTO ypaBHenus Hasbe — CTOKca noaHocTbiO

) 370 AOKa3aTeABCTBO B OCHOBHOM npHHannexut Baunk; em. Takke
Riabouchinsky D. L'Aerophile, September 1911.

?) Ha3wBaemoe BO ¢gauuuu «uucaom Cappor. Tepmur <«uncio Maxas
npeanoxua Ackeret J, Schweiz. Bauzeitung, 94 (1929), 179,
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onpefensloT ABHXKeHHe XHUAKOCTH, cp. § 71. Auanoruuso dopmyay
(11) wmoxuo BuiBecTH H3 ypaBHeHnnit Jfinepa — Jlarpanxa,
cp. § 73.

TIpexxne uem nokasatb II-TeopeMy, MH npuBeiaeM elle OAHH
BaXKHHIl NpHMep NMpHMeHeHHA aHa/JH3a pa3MepHOCTef.

ITpumep 7. IlycTb uMeeTca oTHeceHHOEe K eJHHHUE MACCH CTQ-
yuonaproe pacnpeeneHHe 3HepruH TYpOGYJAeHTHOCTH MeXAy BHX-
pAMH pa3nHuHbix pa3MepoB A, Tak uto dE = E’(A)dA. Tlpeano-
JIOKHM, dTO 3TO pacnpefefeHHe ONpelesIfeTCs UHepYUAAbHbIM
MeXaHH3MOM MepejfayH 3HeprHH TypOYJeHTHOCTH BHXPAM MEHbUIHX
pa3MepoB A. OueBHANO, 4TO CKOPOCTb NMEPeAayd 3HEPriH, NPHXOAf-
wefics Ha eAMHHLY Macchi, HMeeT pa3MmepHocte V2/T = L2[T3: cje-
JOBaTeNbHO, NPH JJIO60M H3MeHeHHH Macwitaba Buga L — oL,
T — 1T ona yMHOXaerca Ha BeauuuHy a?/y®. Kpome ToOro, uto6m
E’(L) coxpaHa/oChb HeH3MEHHbIM, 3Ta CKOPOCTh He J0JXKHa 3aBH-
cetb o1 A, Otciona ocpeanennoe spesma T (L), Heo6xoanmoe ans npe-
BPalleHHs! BUXpell pa3Mepa A B BHXPH MeHbLIHX Pa3sMepoB, AOJKHO
GLITb NPOMOPLHOHANBHO A's: npu u3mewenuu macuraba 8eAuduHa
T umeer pasmeprocte L°s. Tenepb paccMOTPHM CMEKTp 4acTor
sHepruu: dE = F(k)dk, rne k = 2n/AL ects BOAHOBOe umcao. [lo-
ckonbky dE umeer pasmepHocts V2 = L2T? a sennuunn k u dk =
= 2ndA/A* uMeloT pa3MepHoctb |/L, o dynkuus F(k) uMeer pas-
MepHocTb L3/T2, uau L°h, uan k~*s. OKoHYaTeAbHO M3 aHa/u3a pas-
MepHocTelt caeayet ¢opmyia KoamoropoBa ans pacnpedenenus
snepeuu Tpybysentroctu: F(k)~ k™"

Qopmyna Kosamoroposa cBfiz3aHa ¢ M3BeCTHLIM MapagoKcoOM
6ecKOHEYHOM NJIOTHOCTH MNOJIHOM 3HEPrHH TYpPOYJNEeHTHOCTH, MPHXO-
Asulefics Ha eAHHHUY o0beMa, B ciyyae MOLUHBIX MYyJbCaUuii, HO
Mbl He 6yleM paccMaTpPHBATb 34ech OODbACHEHHe 3TOTO MapanoKca.

§ 63. N-reopema

He npusoas 6onbwe npumepos'), mepeilnem cpasy k aoxasa-
TenbcTBy o6ueii Il-reopembl Bawii u Bykunrema, kotopyio MoxHo
copMyNHPOBATH CAEAYIOIHM 06pa30OM:

Teopema 2. Ilycro noaoxcuresvuoie nepemennsie Q,,. .., Q,.
npu ecex npeobpasosanusx no popmyse (1) ocnosusix edunuy
§1, ... gn UBMEHAWTCA cO2aacHo opmyae (2). Mycro m L n—

') Muorouncrennnte npumepsl npusoasr Bpuaxmen I1. [46], ra. 1, Vi;
Cenon JI. M. [57]; Jlaurxaap [65), Moptep [54] » PoGepTcon B. A,
Gen. Elec. Review, 33 (1930), 207, cm. Takke Paneii, Phil. Mag., 34 (1892), 59
u 8 (1905), 66, a Takxke Nature, 95 (1915), 66.
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pane marpuyet bl onpedeanemois popmyramu (2). Tozda 8ciaKkoe
He 3asucsuiee OT 8vi60pa eOuHuY COOTHOWEHUe suda

f(Qy ..y Q)=0 (12)
IKBUBANCHTHO ycaosuwo euda
oI, ..., O,_,)=0 (13)

npu nodxodaujum o6pa3om seibpannsix b6e3apa3mepruix npoussede-
wuax Iy, ... , Ml_m cTenened Q;.

[Mosscuenwne. IlepBas ¢ppa3a cooTBeTCTBYeT MpPEANoJOKEHHAM
I u Il u3 § 60. [Mpeanonoxenus III u IV o6061ensr dopmyoft (12).

HokaszateabctBo. Coraacuo onpenenenHio, matpuua ||bgll
HMeeT HeocoOnlii MHHOD ') m-ro nopsaaka. [lepectaBassa Q; 1 g; Mbl MO-
XKeM J0GHTBCS TOro, yTOGbI B 3TOT MHHOP BXOAHAM JHIb Qi ..., Qm
H Gy ..., Gm (PH3HYeckH 3TO 03HAuYaeT, YTO J[pyr#e OCHOB-
Hble €IMHHLBL He HABJAAIOTCA He3aBHCHMbIMH.) Toraa BCAKHIA
BekTop bj= (bj, ..., bjn) npun j>m ectb JuHeilHas KOM-
6unauus b; = ¢; by + ... + ¢jmb, BexkTOpOB by, ..., bp

Teneps onpegenum (r — m) HOBHIX 6e3paszmeprbix nepeMeHHbIX
I1; bopmynamn

-c -c
H'=Qm+lQ| no,.. Qm/"’.
OnpenesiuM Takxe HOBYIO OYHKUMIO g B BHE

g(Ql’ R Q:m Hh R | Hl-m) =f(Ql’ L Qy); (14)

OueBHAHO, uTO B hopMyae (14) szﬂj_mQ“'Jl sz npu j> m.

B «okTante» Q, >0, ..., Q. > 0 npeo6pazosanue (2) He3aBHCH-
MbIX NepeMeHHbIX B3aHMHO OfHO3HAuHO B Goaswom?). [loatomy ro-
oTHouleHue [ = () 3KBUBaJIEHTHO (T. €. ONpeAensieT TO Xe CaMue reo-
MeTpHueckoe MecTO) CcoOTHoweHHI0 g =0, u, c/1el10BaTeNbHO,
g = 0 Takxe He 3aBHCHT OoT Bbi6opa eamHuu. Ho Tak kax MHHOp

matpuubt byl npu i, j =1, ..., m HeoccOHit, TO cHCTeMy JHHEHHBIX
ypaBHenuit bylgar+... + bimlgom =1g Q; ans m06bLIX noso-
KHTEJbHBIX Qy, ..., Qnm 0OpH noaxoasuiem BrHGOpe MOXKHO paspe-

AT OTHOCHTEJ/JIBHO YHCeN &,, ... Om. A TaK Kak cooTHolleHHe g=0
HE€ 33aBHCHT OT Bbl60pa €IHHHLU, TO onpeaenaseMoe HM reoMeTpuue-

'} OTHOCHTENLHO CBOMICTB MAaTPHR, HCHO/Mb3yeMulX 3aeck, cM., Hanpumep [45],
ra. X, B yacTHocTH, c1p. 306 [om Tantmaxep . P, Teepua matpuu, I&{—-JI.,
1950. — [Tpus. ped.]. Heoco6mit MHHOp m-ro TopsAka — 3TO KBajpaThas nof-
MaTpHlla NOpAJKa M, ONpelelHTe]b KOTOPOR He PaBeH HYJIO.

?) B cayuae koria Cjm — lieblé 9HCAQ, STO MOXKHO OGOGUIMTL HA Apyrue
OKTanTH. XapakTep noBefieHHsi HA runepnaockoctax Q; = 0 Gojee caoxeH; ero
ueenegoBan Riabouchinsky D, Comptes Rendus, 217 (1943), 220—223.
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CKO€ MECTO OIHO H TO XKe aas Bcex Qy, ..., Qm; CEROBaTENLHO, COv
oTHoweHHe (12) skBHBa/NeHTHO, HaMmPHMepP, 3aBHCHMOCTH

(I, ..., II,_)==¢Q, ..., , IO, ..., I,_,)=0.
Takum o6pa3oM, TeopeMa J0Ka3aHa.

Hcropuueckaa cnpaska. VimeloTcs HeKOTOpHE pasHOrJacus
OTHOCHTeJIbHO aBTOopcTBa II-Teopemul. Bamii!) nonyunmn stor pe-
syabrat B 1892 r., Ho oH He chopMyMHPOBaZ CBOMX HCXOHHBIX
nonyuiennii. OH ykas3asn HCNOJNb30BAHHHNA BhILIE METOH, HO €ro pac-
CYXJI€HHS HACTONbKO 3arajOuyHbl, YTO HHKTO He BOCNPOH3BOAHJ €ro
nAoKkasatenbcTBa. Bykuurem ({47), {48]) maa B 1914 r. nepsoe Hoka-
sarenbctso Il-TeopeMbl, HO TOJbKO AJS YaCTHOrO CaAyyasl, KOTAa
GyHKUHIO f MOXKHO Da3oXKHTb B psj Makaopena, U 0 HeaaBHHX
nop sto ObI0O €IHHCTBEHHOe OGLIENPUHATOE J0KAa3aTeabCTBO?),
Henasho Ps6ywmuucknit u A. Mapruro-Jlarapa [52], pasbschus
coobpaxenus Bawid, noayunaun ropasgo Gosee ofliuee A0Ka3a-
TeNbCTBO %),

IlpuBeneHHOe 3lech HOKA3aTeNbCTBO AA€T BO3MOXHOCTh 6oJee
OTYETJIHBO BLISIBHTb OTPaHHYeHHs, HaK/aAblBaeMble HAa BENHYHHB ag
H Q; ¥ noka3aTb HCNOJNb3yeMBIl MAaTPHYHbLIH annapar4),

§ 64. OGcyxnenne nokasareabcTaa

Ecau npeanonoxuts, yto QYHKUAIO f MOXKHO Pa3jOXKHTL B PSA
MaknopeHa, To MOXHO AaTh APYroe ajre6paHyecKoe JOKa3aTelbe
ctBo II-teopeMul, NOHATL KOTOpOe, GbITL MOXKET, Jerye, Mu npHse-
AeM 31eCh 3TO J0KAa3aTebCTBO H HEKOTOPHE CBSI3aHHble ¢ HHM pe-
3yAbTaTH, YTOGH MOJHee Da3bACHHTb TNOHATHE OOHOPOGHOCTU no
pasmeproctu. Tlpexne Bcero OTMETHM CJ/AEAYIOLHE OYEBHAHBIE CAeN-
CTBHSl M3 TeopeMbl Jiiiepa 06 OJHOPOAHBIX (YHKUHSAX.

JNemma 1. [aa ¢ynxyuu f(Q), 3asucawed or nosoxcurenrs-
Kowx seausun Q,, ..., Qm, 8vinosnenue Jdreposoix ycarosuld ooxo-
podnoctu

of 9% 4
-bbj— = —OT ’ (15)

') Vaschy A, Annales Télégraphiques, 19 (1892), 25—28. Hpgen Paby-
IIHHCKOTO MOAYYH/H pa3sBuTHe B Ogsu'le ero pa6or (L’Aerophile, September, 191¥|
Comptes Rendus, 217 (1943), 205—208 u 225 (1947), 837—839).

T) ®axtnuecks BpummMen ([46] crp. 16) nocraBua Bompoc 0 TOM, Heabsa
AU paccMaTtpHBat, ¢yHkumu Gonee ofwero suna. ®yukmus a (B, M,y) B onpe-
aenennn Tefinopa — Makkona u3 § 85 smaserca GespasMepHot dyukuwefl, KoTo-
PYIO HEAL3R PAIIONKHTL B P MaxnopeHa; CM. Takke napajoxc tzeppn H3 § 16.

%) B nepsom n3gaunn [57) pano pokasatensctso Il-TeopeMn mpu cammx
o6murx npeanonoxennsx. — ITpuu, ped.

4) Cu. taxxe Langhaar H. L. [51] 1 gauune tam conaxy,
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2de )\j— OedicTeUTeNbHbIE NOCTOARKbLIE, IKBUBANEHTHO CAEAYIOUEMY
COOTHOWLEHUIO:

f@=CQh ... Qr, C=f(1,..., 1) (1)

Ecau Q; 00nopodnsr no pasmeproctu, kax 8 gopmyae (2), to o0-
HOPOOHAG no pasmepHOCTU U GyHKYUA |, u ee paamepHOCTU OTHOCU-
TeAbHO Gy eCTo Mbi + ... + Ambmr = Ax.

Haa takux GyHKUMH Mbl BBeleM cielylollee onpeleseHHe,

Onpeneneunne. Koueunyo cymmy ¢dynkuuii f(Q), ynonne-
TBOpAtowyw (15%),
P(Q=/1 Q)+ ... +/(Q (16)

O6ynem Ha3biBaTh Q-NOAUHOMOM.

Jlemma 2. Ecau sce waenst f(Q) 8 ¢(Q) odnod u roii xce pas-
MepHOCTU Ap no 21060MY qn, TO PynKkyua ¢ 0OHOPOOHA no pasmep-
HOCTU.

JleficTBHTENLHO, BLIMOJAHHB NOACTAHOBKY (2), NONyuYHM

?(Ta(Q)=2¢(Q, &)=a)1... a’rp(Q). (17)
[Mpoctoét npumep fi = @, f: = Qq, fa = — Q, noxkaswviBaer, yTo
o6paTHOe HeBEepHO, ecan GYHKUHS @ He NpUBeJeHa K HOPMaJbHOMY

BHIY.

Meul Gyzem rosoputb, uto Q-nMOAHHOM POPMALLHO OOHOPOODEH,
€CJIH BCe €ro WJeHbl f; UMelT OJHH M TOT XK€ BEKTOP Pa3MepHOCTH
A= (A, ..., An). Ouesnnno, ecnn ¢yHKuHs ¢ GopMajbHO OAHO-
polHa, To paBeHcTBO ¢ = 0 He 3aBUCHT OT Bbi6Opa €JHHHI B CMbI-
cie cootHowenus (5). Kpome Toro, oHo skBuBasneHTHo Ge3pa3mep-
HoMmy cooTtHomenuo 1 + (f2/f) + ...+ (f/fi) =0, uro TpuBHaL-
HO J0Ka3biBaer il-teopeMy s Q-NMOJHHOMOB.

MHorue ypasnennsi ¢u3nkn ¢GopManbHO OXHOPOIAHBLI, MOZOGHO
NPHBEAEHHBIM Bhillle B npuMepax 1, 3, 4. YTBepxaanu gaxe (xoTs
3TO HeBepHO, cM. § 65), uTo Bce Hacrosdlue GH3HYeCKHe YPaBHEHHSA
doaxcHbt 66iT6 OQHOPOJAHBI H, NEHCTBHUTENbHO, KPHTEPHEM ORHOPOL-
HOCTH N0 pPa3MEPHOCTH 4YACTO MOMKHO MNOJb30BAaThC B KauecTBe
yao6Horo cnoco6a topManbHOH npoBepkd (U3HUECKHX YPaBHeHHI,
€CJIH Bbl B HHX He BnoJHe yBepeHbl. OAHAKO B [AeACTBHTEN>HOCTH
Heno oOCTOMT 3HAYUTEJBHO CJ0XKHEe, M HEKOTOpPhle TOHKHe pa3-
FpaHHueHHd, KOTOpble 3]echb HaJo HMeTb B BHAY, Jyulle [OKa-
3aThb Ha nMpUMepe. B cBsA3M ¢ 3THM Mbl BHOBbL PaccMGTPHM NpHMep
2 u3 § 61.

Ecau npumenuts Il-teopemy x cootnouwenuio (6), He 3aBucs-
weMy or Bm6opa eXHHHI W paccMatpuBaTb U Kak @, a f—
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KaK {42, TO NOCAe HEKOTOphX mnpeoObpa3oBaHHA NOJAYYHM COOTHO-
1enHe !)

VISIHEF1) + V=T —o.

3T0 COOTHOLIEHHe B OTJNHYHe OT COOTHOUIeHHA (6) He TOABKO
He 3aBHCHT OT BHI6Opa eNHHHL, HO H OLHOPOAHO NO Pa3MEPHOCTH,
TaK KaK BCe BXOJfLHE B HEro YJieHH HMEIOT pPa3MepHOCTb HYJb MO
BCceM OCHOBHHM BesMuMHaM. HecMoTps Ha 3T0, ROKa3aTeNbCTBO
H-teopemn Bykunrema He NpHMeHHMO K cooTHoueHHIO (6).

Cnenys Bpumxmeny?), Mbl MOXeM paCCMOTPETb TaKKe IOJH-
HOMHAJIbHOE YPaBHEHHe

(s, v, a, t)y=v+v*—2as—at=0. (18)

H 3to ypasrienne, H cooTHoweHHe (6) yaOBIeTBOPAIOTCSA B YCJAOBHSX
npaMepa 2; KkpoMe Toro, GyHKUHSA ¢ ecTb Q-NOAHHOM.

OxnHnako ypaBHenHe (18) ne a68.4serca He 3aBHCAWMM OT BuGOpa
€AHHHI[ B CMBIC/Ie COOTHOWEHHA (), B QYHKUHA ¢ He GOpMAJBHO
ONHOPOAHAA GYHKUHSA: NOACTaHOBKA S —as, ! —-Bf nmepeBOAMT ypa-
BHeHHe (18) B caenyiomee:

F@—a)+(3) @—a9=o0. (18)

Tak kak ypaBuenue (18) cnpaBeannBo B Ji06G0OA CHCTEMe OCHOB-
HBIX eqUHHIl («CnpaBeA/IHBO NPH JIOOGHX €AHHHIAX», XOTA H 3aBH-
CHT OT BHGOpa efuHHL), TO ypaBHeHHe (18") ecTb ToXAecTBO OTHO-
CHTeNbHO BeJH4HH g H 8. [losroMy u3 ypaBHenus (18’) caenyioT
paBeHcTBa: U = af H v? = as. DTH paccyX/JeHHA MOXHO O0OGILUHTbL
clenyiolHM o6pasoM.

Teopema 3. Ilyctb ¢(Q) ecre Q-nosunom, u nycrs coort-
nowenue @(Q) =0 «cnpasedruso npu aobeix edunuyaxs, Tozda
ycaosusn ¢(Q) = 0 sxsusasentno cucreme Popmarvrno O0OHOPOOHbIX
YpasHerui.

IlokasaTenbcTBO ceflyeT U3 GOPMANBHOrO PACCMOTPEHHS TOXK-
AeCTBa

?(Te(Q) =2 a}it ... aling (Q),
riae ¢;(Q) — cnaraemMule GpyHKUHH ¢, HMeIOUIHe pa3/HuHBeE pa3Mep-
HOCTH A = (fagy, ..., Ain).

ITpaMeHHB npeibiayulHe paccyXleHus K psay MakaopeHa, mo-
AyuHM Joka3aTeibcTBO Dykuurema Il-TeopeMmbl; no-BHANMOMY, OHO

) 310 cootHoweHHe He moaywaerca M3 (6). — [Tpum. ped.
2) {46), crp. 42. UccaenoBanne ypanuenns (18) npusesio Dpuakmena x Mbican
NPeANOKHTb «BEKTOPHOE HCYHCJAEHHE» COOTHOWEHHH.
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paBHEIM o6pasoM mnpuMeHuMo K pany Jlopana u x peficTBHTeNb-
HoMmy psaay Ilupuxae BHYTPH obaacTeil CXOAHMOCTH.

Hakonen, MBl HanoMHUM CBOACTBO «aGCOJIOTHOR HHBapHAHTHO-
CTH OTHOCHTEJbHON BeJHuUHHH», BBegeHHoe Bpuaxmerom !). Cornac-
Ho BpuaxkMeny, ¢yHKuuA nepeMeHHHX ¢, ..., §n 06JadaeT 3THM
CBOACTBOM, €CJH OHAa YAOBJETBOPSeT QYHKUHOHAJLHOMY YP2BHEHHIO

£(ay-ooan) _ S0 2g)

f(‘Il- ey qll) - f(“th . --;“AQa) (19)
RISt BCeX MOMOXKHTENbHHX a, s H g, [i=1, ..., n]).
Mbl NpHXOAHM K cllefylollleMy pe3yabTary.
Teopema 4. Iycto Q= f(qi, ..., gn) ecTt noaoxKuresbras

8EeAUMUNA, HeNnpepuiBHan no OCHOBHbIM eduHuyam q; u yodoeaeTseo-
parowan ypasnenuto (19), Tak 4TO OTHOWEHUA ee YUCAOBbIX 3HaAYe-
Hull UHBAPUAKTHBL OTHOCUTEAbHO U3MeHenull ocrosHbix eduruy. To-
20a Q doaxcHO YyooeaeT80pATL cOOTHOWEeRUIO (2).

HokasatenbctBo. IlycTh g;=o0, a; = o™, a Bce oCTalb-

Hble nepeMeHHble paBHb 1. TIpH noMowu mepecTaHOBKH MOXHO Mno-
ayuutb dopmyay (19).B Buae

ME™ 1, ..., D=f(0"",1,..., 1),
rae A=f(o, L, ..., 1)/f(1, I, ..., 1). Huoykuveit no m noayyaem
AN BCeX TMOJIOXHTeNbHBIX H OTPHUATENbHHX LeJbX m caedyiollee
PaBeHCTBO:

JE™ L., =NMf(1,1, ..., 1) (19")

n
Orciona, nonaras ¢,=2"" ¢=V2 u f(Q,..., )=C, no-
Jy4aeM BHpaXKeHHs

Fl@ul, ooy D=C\™ u f(2, 1, ..., 1)=C\"

IMoaoxum a = log.{f(2, 1, ..., 1)/f(1, L, ..., 1)] = nlog: A, TaK ytO
Am = 2ma/n. nocje NOACTaHOBOK MOJYYaeM COOTHOLIEHHE

@1, .., )=C2" " =C (™) (20)

1) Cwm. [23], cTp. 2]. YpaBuenue (19), oueBHAHO, NOKA3LBAET, 4TO OTHOUIENUSR
ONHOPOAHBIX BEJMHYHH HHBAPHAHTHH OTHOCHTENLHO 3a8MeYH OCHOBHHIX @AMHHIL
Mpeanonoxenue, 9TO ¢; NONOKHTEABHH, XOTR ¥ HE YNOMHHAEeTCA, HO TaKKe
HeoGxoouMO B [OKa3aTeAbCTBe DpHikMeHa, nOCKONLKY OH HMeer fgeno

c f dq;/q;. N, neRcTBHTENBbHO, OTPHUATeNbHbe BEAHUYHHHW 4¢ OOGLIYHO He HMEQT

HHKaKOro ¢H3Hyeckoro cMuiciia. JTH pe3y/bTaThl PacHpoCTPaHHA C nnqxpepenuu-
pvembix Ha HenpepniBHne ¢yskunn Martinot-Lagarde A, Comptes
Rendus, 223 (1946), 136—137.
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Ho ctenenn ABOAKM C palHOHANBHLIMH TNOKa3aTeJsMH obpa-
3YIOT BCIOAY MJAOTHOE MHOXECTBO MONOMKHTENbHHMX AeACTBHTEAbHBIX
yHcen. CrenoBaTenbHo, ecii [ (PaKTHYECKH HenpepuniBHA, ecaH [ He
ABASAETCA HEH3IMEPHMOR H He ABJSETCA BCIOAY Pa3pHBHOR QyHK-
uMefi'), To AAA BCeX MNOJOXKHTEAbHLIX ¢, NONyYyaeM PaBeACTBO
Ha 1,...,1) = Cq'.

[TosTopuB paccyxnueHHe AN APYrHX HHAEKCOB, Mbl MPHXOAHM
K YTBEePXKAEHHIO TeopeMul 2).

§ 65. Hesasucump an Qu3HyecKHe 3aKOHL OT Bufopa CANHHL?

B § 61 Ml paccMaTpiHBaAH CBOACTBO HE3aBHCHMOCTH COOTHOLUe-
BHR oT BmGoOpa enHHHI KaK MaTeMaTH4YecKylo runoresy. OTnoCH-
TeNbHO ee (H3HYecKOA NPHMEHHMMOCTH BeJIHCh XapKHe crnophl, Tak,
HEeKOTOphie aBTOPH MO3BONANH cebe HCTOJNKOBHBATH TOT NPaBAONO-
ROGHLIA NPHHUHN, YTO «BCe eJHHHUB H3MEepeHHA’) NPHroAHH», KaK
APHBOASILHA K BLIBOAY, YTO NPH BCEX TaKHX €JMHHIAX NOJYUAOTCH
OHH H Te e YHHBepca/ibHbe ¢H3HuecKHe 3aKOHH. Tak, Toaman¢)
» 1914 r. yrBepx<aaa: «OCHOBHBbIE CYLIHOCTH, H$ KOTOPHX HOCTPOeHa
dH3HyecKan BCoeHHas, TAKOBB, YTO H3 HHX MOXHO NMOCTPOHTHL MH-
RHATIOPHYIO BCe/IEHHYIO, B TOYHOCTH NOAOGHYI0... HAlllefl BcesleHHOM»,

Jlerko BHAeTh, YTO TAKOR BHBOA He SABAAETCA JNOTHYECKH Heol-
XOAHMbIM, €C/1H BCNOMHHTB, YTO B HEKOTOPOM CMbiC/e BCe MPOCTPaH-
CTBEHHO-BpPeMeHHbie CHCTeMB KOOpPAHHAT pPaBHOBO3MOXHH. Ho reo-
HeHTPHYecKas cHcTeMa, nojaobHas TOR, 4TO HCMOAb3YeTCA B aCTPO-
HoMHKR [lronemes, He NpHBOAHT K TeM jKe (PH3HYECKHM 33KOHaM,
9TO H reJIHOLEHTPHUECKAS CHCTEMa.

Kpome T0ro, Takoe HCTONKOBAHHE HEBEPHO AaXe AAS €RHHHIL
ANHHB, MacChl H BpeMeHH B MeXxaHHKe ), JleAcTBHTEAbHO, OCHOBHO®
NONOKEHHe CneuHanbHOA TEODHH OTHOCHTENLHOCTH COCTOHT B TOM,

') OTHOCHTENbHO KOHTPNPHMEPOB BCIOAY pasphBHhX ¢yskumft cu. Ham-
mel G., Math. Annalen, 80 (1905), 459—46Z. C nomowb0 AOrapHPMEIECKOro
npeoGpasonaHua ypasueHhe (19) CBOAHTCA K H3IBECTHOMY AMAHTHBHOMY (yHXUMO-
BaapbEOMY ypaBHewmio. Jlerko nokasath, 4TO, B cuay ypaseenma (19), ecan

ymxuua | paspnisra B 0aHOfi TOUKE, TO OHa J0/KHa OMTM BCIOAY Pa3puBHOR.
NTEALHO ueusuegguocru [ cu. Banach S, Théorie des Operations
Unéflrﬁ-. Warsaw, 1933, ctp. 23.

) Hpocroe poxasarensctso STof TeopeMmu ans auddepenunpyemux dymux-

anfk oM. » [57f—ﬂpux. ped.
. 8) OrvocurenvHo 3R2ueHHA wWKAAW u3mepenf ca. Campbell N, Mea-
surement and Calculation, 1928. Crtporo rosops, creayer pasimuats lDKajau
DEPEANCACHNN, NOPAAKOBHE UIKAAM, IKAAH, B KOTOPHX MOXHO YGTAHOBHTS
panescTso rasnoc'reﬁ sSHaueHHA, W HCTHHHDIC ANHeRHMe WKAAW C HyAeM.

) Tolman R. C, Phys. Rev., 3 (1914), 244—255.

Komewno, moxno coxpaants npeanonoxenne [V caeayounu oGpsiom:
CUNTETS, MO OnpenesieHAI0, OCHOBHOR eamHHUGR TaKY0 eARNAUY H3MepeHMs, AAk
crpapesgpo npeanosoxenne 1V, 910 MOMeT Raxe QKAIATRCA NOJGIHMM.
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4YTO 3aKOHH MEXaHHKH, OAHHM H3 KOTODHIX ABASAETCS OCHOBHOH 3a-

KOH CHJ/IH
Fe d (mu/V 1 —u3[c¥)
— dt $]

(21)

He ABAAIOTCA He3aBHCHMBLIMH OT BHIGOpPa eAHHHL H3MepeHHs IJHHH
H BpeNeHH B OTAEJAbHOCTH, TAK KaK B HHX BXOAMT CKOPOCTb cBeTa'!).

B xBantoBOt MexaHHKe mocrosiHHas [lnaHka h BxoanT B ¢op-
Myay ne-Bpofins pans AAHHB BOJIHW 4acTHUMW A = h/mu u B doro-
sJieKTpHYecKoe ypaBHeHHe E = hv; 3To eule Gosee NMOAYEPKHBaeT
TO 0GCTOATENLCTBO, YTO He BCce (H3HYECKHe 3aKOHH OAHOPOAHH NO
paaMepHocTH. 3jecb h— yHHBepcasbHas NOCTOMHHAR, HMeIOlas
pa3MepHocTb feficteua MLYT (sueprus X Bpems). Ipyras pas-
MepHas TMOCTOSHHasA 7 BXOJAHT BO BCeOOLIHHA 33aKOH MPHTAXKEHHS
Holotona?) F = ymm’/r?;, gpyrHe Takue nOCTOSIHHble BXOAAT B Bbi-
paxKkeHHe ANs AHaMeTpa Mo60fi MHKpOYacTHUH, H T. A. Takum 06-
Pa3oM, Mbl BHHYKIeHH 6e30roBOPOYHO NPH3HATb, YTO Mbl He 3HAEM
TaKuXx €OCHOBHBIX eQURUYY, NO OTHOWEHUIO K KOTOPbIM 6Ce U38eCT-
Nole Ham (pusudecKkue 3aKOHbL He 3aB8ucuMst OT 8bl6opa eduruy?).
B neficTBHTENLHOCTH BHGOP HEKOTOPHIX €JHHHI KaK OCHOBHHIX (HJH
NepBHYHHX), a BCeX OCTaJAbHHX KaK NpPOH3BOAHHX (HJAH BTOpPHY-
HHIX) ABJASieTCH [eJI0M COraallleHHs W He BH3BaH ¢H3HuecKolt Heol-
xoauMocTblo. Tak, HHOra OKasbiBaeTcsi YNOGHHIM CYHTaTh CHJAY He
SaBHCSAUER OT MacCH, JUIHHH U BpeMeHH 4).,

dusnyecKHe NOCTOSHHHE B npexwecrylownx yrsep-
KIAEHHAX HEOOXONMMO CAenaTh CYLIECTBEHHYIO OrOBOPKY. YHHBep-
CaJbHOCTb <€YHHBEPCAJNbHHIX MOCTOSHHLIX® MOXET OKa3aTbCH He
a6comotHod. Tak, no oTkpuiTHA HbIOTOHOM TAroTeHus BenduuHa g
RomKHa Obna, NO-BHAMMOMY, CYHTAaTbCi YHHBEPCANbHOA NOCTOSH-

1) HesaBncAMMA BHGOP eAHRMI[ ANHHH H BPEMEHH BO3MOXEH H B STOM CAYe
4ae, CJM CKOPOCTb CBEeTa € PACCMATPHBATbL KaK (YHIHUECKYIO Pa3MepHYIO NOCTOAH-
#ylo. — ITpum. ped.

?) Cornacko dpamurrony (Lond. Phys. Soc., 1918, crp. 91), npaxruueckn
NpHPOAa 33CTAB/AET HAC EAMHCTBEHHLM O00pa3OM BHODATL CAHHHUM AJWHM, Bpe-
MEHH H MacCH TaK, UTOOW O6bin0 7= ¢ = h = |, OrpanHueHHHe 33KOHH «rpa-
nunnlrgguoro noxoGus» Hccaeaosan Laboretta, Electrotecnica, 1932,
erp. .

%) Hpyrue npumepn cM, y Bpumiumena [46], crp. 103. [ITo-smpamomy, peus
MJET O 3ABHCHMOCTH OT €AHHHI| H3MEPeHHN cMoco6a 3anHCH (HIHUECKHX 3IAKOHOS,
& He CaMHX 3aKOHOB no cyulectsy. — /Tpusm. ped.]

) Cm. [46], ctp. 65. B TepMOnHHAMHKE MB HMeeM 3aMedaTeNbHHA napas
Roxc PaGywmuckoro (taMm e, crp. 10), a Taxxe sakon pannauus Credana —
Bontumana E/nnomans = KT4. Eme Goabine NPOABASETCS HCKYCCTBEHHOCTH No-
RATHS «OCHOBHASl CANHHIA» NMpPH PACCMOTPEHHH SACKTPOMATHATHMX EAHHHI[, CM.
Jeans J, Electrlclt{ and magnetism, Cambridge Univ. Press, 1941, ctp, 14—15,
s raxke Brylens ki, Comptes Rendus, 218 (1942), 104,
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HO#A (4TO [0 CHX NOpP CKa3nBaeTcs B BH6ope TeXHHYECKOH CHCTEeMH
eauHun). Hdanee, ckopocTb c=1/VKp pacnpocTpaHeHHsT 3JeKTPO-
MAaTHHTHHX BOJIH paccMaTpHBajach MakcBennaoM !) He Kak yHuBep-
cajJbHas TNOCTOSHHAf, a Kak BeJHUHHA, 3aBHCAILAA OT HH3JEK-
TPHUeCKOH NnOCTOSAHHOW K W MarHHTHOR NPOHHLAEMOCTH [AaHHOro
peitecTBa. [To-BUAHMOMY, mpexaeBpeMEHHO OTKa3nBaTbCfl, KaK OT
6e3pcHOBATENbHBX, OT MONLITOK, MOAOOHHX NpednpHRATHM ToJAM3-
-HOM (cM. npuMm. 4) Ha ctp. 133) H SAAHHIrTOHOM 2), BHBECTH COOTHO-
IIEHHs MeX]Yy YHHBEPCaJbHbIMH NMOCTOSTHHBIMH H3 HEKOTOPHIX OGIIHX
NPHHUHNAOB.

§ 66. HucnexunoRULIA aHaan3

B Hb10TOHOB0U KOHTUHRYAABHOU MeXaHUKe MONHO npou3soduTs
ao6vie usmenenus Tuna (1) e macwrabax Oaunbvi, macces u 6pe-
MeHU, Uero Hejlb3sl CKa3aTb O PENSITHBHCTCKOW H KBaHTOBOH Mexa-
uuxkax. M, no-BHAMMOMY, MOXHO OHITb YBEPEHHHIM, YTO 32KOHH
HBLIOTOHOBO/l MEXaHHKHM OOCTAaTOYHO TOYHO OMMCHIBAIOT MNOBeldeHHE
peanbHBIX XKHAKOCcTedl B OOBIYHHIX ycJOBHSIX. XOTA mofo6Hble H3Me-
HeHHsA MaclitTaba MOryT CyllecTBEHHO NOBJAHATbL Ha TaKHe cBOHCTBa
BELIeCTBa, KaK MJIOTHOCTb H BA3KOCTb, AHANa30H MJOTHOCTH W BA3-
KOCTH peajibHbiX XHAKOCTEA HACTOJMIbKO BeJHK, YTO 3TO BJHsHHE
OGLIYHO OCTAeTCs He3aMeTHHIM.

BhifeneHHBR Bblllle KYPCHBOM MPHHUHI MOXHO [10Ka3aTbh He
TOJIbKO 3KCMEPHMEHTAaJbHO HAa MOAEJAX, HO €ro MOXHO TaKXKe BHI-
BECTH TEOPETHYECKH H3 OCHOBHBIX YPaBHEHHA rHAPOMeXaHHKH. ITOT
BHIBOJ, OCHOBBIBA€TCSl HA MPOCTOM METAa-MaTeMaTHYeCKOM NMPHHIUHIIE:
ecau Kakas-aubo cucTema MaremaTuseckux ypasHenuld UHBAPUANT-
Ha OTHOCUTEAbKO KReKOTOpOd 2pynnoi, TO TO Xe camoe cnpasedrugo
048 acex caedcreud u3 3Tux ypasnenud.

[NpuMeHHTeNbHO K CKaAAPHHIM mpeoGpa3oBaHuaM (1), yKasaH-
HHIM NPUHUHNOM (aKTHUYECKH moJsb3oBannch Pypoe, CTokec u aApyrHe
NMHOHePH HCCAENOBAaHHS aHajJH3a pa3MepHocTedl, YTOGH NpPOBEPHTH
NPaBH/ABHOCTL CBOHX pacCyxaeHHA. DToT MetoA Gbl OTUETIHBO
ocosHaH PsneeM, Korjla oH cchsiajncsi Ha «noaoGHe»; mpeHMyLue-
CTBa 3TOr0O MeToja NpH3HaBaa Takxke DbBpuaxmen3), koropuit
nucan: «IlpenmyuiecTBo (aHasu3a pasMepHOCTed) B TOM, YTO OH
6HICTPO NPHBOAHT K Pe€3yJbTaTy, HO.. OH He JdeT TaKoil NOJHOTH
HHPOPMALHH, KOTOPYIO MOXHQ O6HJO Oh NOJYYHTb C NOMOILBIO...

1) Theory of electricity and magnelism, Oxford, 1881, craten 784—787.

?) Eddington A, Relativity theory of protons and electrons, Cam-
bridge Univ. Press, 1935; cm. taxkxke [46], ra. VIII n Whittaker E. T,
Spaseand spirit, Edinburgh, 1946.

%) Rayleigh, Phil. Mag., 34 (1892), 52 u 8 (1905), 66, a Takxe Nature
8 (1915), 66; Bridgman [46), 17, cM. 7akke Schiffer L, ZAMM, 24
(1944), 289--293,
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[eTaJbHOrO aHa/iH3a» H «aHaJH3 pPa3MepHOCTel ¢ gmsuqecxoﬁ TOY-
KH 3pEeHHSA He CTOJIb NOYUYHTEJeH, KaK ycjoBHe NMOJo0OHA».

[IpuHUMN «AHHAMHYECKOro MOAOGHS» ANl ABHKEHHH KHAKOCTH
06bIuHO GOpMyAUpYeTCs cleiYIOIHM 06pa3oM.

Onpenenenue. JIBa Teuenus xxuiakoctH @ u @’ HasbiBaoTCA
dunamuuecku nodobrbimu, ecnd X MOMHO OIHCATb [PH NOMOLLH
KOOPAMHATHBLIX CHCTEM '), B KOTOPHIX NPOCTPAHCTBO, BPeMs H Macca
CBfI3aHbl APYT C APYTOM CAEAYIOIHMH COOTHOWEHUAMH:

X)==ax, t' =3¢, m’ = 1m. (22)

Jlerko npoBepHTh, ABAAIOTCH AU YPaBHEHHA THAPOAHHAMHuYECKOR
TEOpHH MHBapHAHTHBIMH OTHOCHTEJNBHO npeo6GpasoBanuil Buaa (22).
ViMeHHO 3T0 6RO CAenaHO NpPH ROKa3aTeJbCTBE TeOpeMH 2 H3
§ 21. Vs ypaBnennfi, noanexauux nposepxe, Haubonee BaXKHH
ypaBHenus Hasbe — Ctokca pas necwumaemod 8a3kod scudxocru:

Du L L0 v, i=1, 2, 3. (23)

p 0x;

Buino nokasaHo, 4To 3TH ypaBHeHHS HHBapHaHTHB NpH OTCYyT-
CTBHH CBOGOJHOH NOBEPXHOCTH, ecAu AJsl BEJHYHH v M pfp (Tuapo-
€TAaTHYeCKOe [aBJieHHe MOXHO yuecTb coryiacHo teopeme 1 us § 21)
MacimiTalnt BHIOpaHb! TakK, yTo yHeao Pefisonbica vd/v U3 rpumMepa 5,
§ 62 coxpansercs neusmeHHbIM. (OTHOCHTENLHO pOJHM MapaMeTpOB,
XapaKTePH3yIoIHX AaHHOe BeLMECTBO, TAKUX, KaK v U p, cM. § 65; ux
poJIb aHAJOTHYHA TOH, KOTOPYIO Hrpalor- K M p B TEOPHH 3J]eKTpoO-
MarseTuaMa, rie ¢ ==c,/V Kp..)

B § 70—73 6yayr noka3aubl pa3iHuHble aHaJAOTH TeOpPeMhl 2 3
§ 21 nprMeHHTENbHO K CXKHMaeMOMY HEBSi3KOMY TEUEHHIO, CKHMae-
MBbIM CTPYAHHIM TeYeHHsIM, TeueHUSIM C KaBHTauueir u T. . Ho
CHayaja Mbl pPacCMOTPHM HHCNEKUHOHHBIA anaius Booblie, AJas
Toro 4ytobbl Jayulle YACHHTb ceGe ero OTHOUIEHHE K TPaAHLHOHHOMY
3HaJH3y pasMepHocTell.

§ 67. Ces3b ¢ Teopueft rpynn

SlcHo, yTO MaTeMaTHYeCKHe ypaBHEHHS MOXHO MPOBEPHTbL Ha
HHBAPHAHTHOCTb HE TOJAbKO OTHOCHTE/NIbHO «H3MEeHeHH# MaciuTaba»,
ONMCLIBAEMBIX MOCPeACTBOM COOTHOMEHHH (22), HO H OTHOCHTENBHO
MHOTHX Jpyrux npeo6pasoBanuil. Hanpumep, ece ypaBHeuns ¢u-
3HKH MHBADHAHTHBI OTHOCHTeNbHO NepeHoca M MOBOPOTAa oceRt Ko-

1) B aeficTBHTE/LHOCTH MW HMeeM B BHAY HBIOTOHOBRI CHCTEMH KOODIHHAT,
B KOTOPHX BepHHW S&EXeHW IBuxenns HaoToHa, TTocxoanky npeanonoxenne o6
HX CYyLICCTBOBAHHH CTGBHT BOOPOC O BOSMOXHOCTH AHHAMHUYECKOTO mogo6us,
B 3TOM ONpele/ieHHH HMEETCA HEYTO OT NOPOHHOTO Kpyra,
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ODAHHAT — H3BECTHBIi NPHHLHN, KOTOPHIl BecbMa cyllecTBeH MNpH
MaTeMaTHYeCKOM HCC/eAOBaHHM GONbLIMHCTBA (U3HYECKHX 3ajay.
B HEKOTOpbLIX YaCTHBIX Caydasx MOXKHO BOCNOJbL30BATbHCA HHBApH-
@HTHOCTHIO OTHOCHTENbHO KOHGOPMHHIX M adHHHBIX npeobpa3oBa-
HHA (cm. § 74).

Boo6le roBops, UHCNEKYUOHHBIL AHAAU3 NPUMERUM K A10604
epynne npeobpasosanud'). [lox rpynnoii npeo6pa3oBaHuii Mb pa3y-
MeeTcsl, MOHHMaeM (cM. npHM. 1) Ha ctp. 122) mMHOXecTBO npeo6pa-
s0BaHHil, coflepxalllee TOXKIeCTBeHHOe H Bce oGpaTHHe npeo6pa3o-
BAaHHA H NPOH3BeJeHHs AIOOHX ABYX CBOHX 3JIeMEHTOB.

Hawe yTBepaaeHHe OCHOBBIBAeTCs Ha JOTHYECKOH aKCHOMe, O
KoTopoit mna peub B § 1, runoresa (C) u B § 26, a uMeHHO: ecau
2UnoTe3sl Teopuw UHBAPUAHTHLL OTHOCUTEAbHO epynnbt G, TO uHea-
puantnst otHocureasno G u ux caedcreus?). O6patHo, MHOXe-
CT80 B8Cex B83AUMHO OOHO3HA4HbIX npeobpas’osanul, 0CTaAsARIOWUX
6e3 usmenenus xaxyro-aubo cucremy ypasHenud, obpasyer 2pynny.

Camoft BaxHof rpynnofi B MexaHHKe IOCJe «TPYNNH MOROOHS»
npeoGpa3oBanuit BHAa (22) saBaserca JecsiTHNapaMeTpHyecKas
rpynna laaunnes — HeloTona. 3ta rpynna nopoxaaercs tpexnapa-
MeTpHYecKoll nmoiarpynno# S npocTpaHCTBEHHBIX NEePeHOCOB

X, =X, [i=1, 2, 3] (24)
oaHonapaMetpuyeckofi moarpynnofi T nepeHocOB OTcueTa BpeMeHH
t'=t+c; (25)

TpexnapaMerpHueckot noarpynno# R nosopoTos npocTpaHcTBa
X, = a,%, (26)

rae llamll — HanGonee o6las KsagpaTHas OPTOrOHAJNbHAs MaTPHLUA
TpeTbero nopsijika, H TpexnapaMerpHueckofi moarpynnofi M rpynnnl
npeo6pa3oBaHufl K 0CAM, OBUNYUUMCR TIOCTYNATENAbHO C MOCTOSH-
HOM CKOpPOCTBIO

X, =2x,—b,t. @7

Tenepn nerko npoBepHTb, uTO TPH SaKOoHa ABMXeHHsa Hbiotona
AHBAPHAHTHH OTHOCHTENbHO mpeobpasoBanuil (24) —(27) u uTo ITH

1) 310 6uno Buckasano Ehrenfest [61], crp. 261, mo me npuenekno
BHHMaHHS, TaK KAK OHA He YKa3ajna HHKaKHX MpPHACGKeHHR. DjeMeHTapHHe cBe-
nenust o rpynnax cM. B [45), ra. VI; o6 opTOroRa/bHHX MATPHIAX CM. TAM XKe,
ra. VIII. [Cn. tagke Kypom A. T, Teopus r| , M.—J1,, 1963; Maas-
ues A. U, Ocrosu anHefinodt anreSpm, M.—JI., 1948, — [Tpum. ped.].

) 310 nonoxeHHe, XOTA W MHPOKO HCNOJAB3YETCA MATEMAaTHKAMH H (PH3N-
Kamn, peako dopmyanpyerca siBHO; cM., ofHako, Bouligand G. Théorie
Générale des Groupes, Paris, 1935, crp. 3,
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npeo6pa3oBaHHA He HAMEHAIOT OnpefeNeHH TAKHX (GH3HYeCKHX na-
paMeTpoB, KaK NJOTHOCTh, BA3KOCTb H T. A. (Mpeamonaraercsi, 4To
Macca ocrtaercd HenamenHoi). CrefoBaTenbHO, Teoperudeckas Mme-
xanuka Hbsi0TOHG UHBADUAHTHA KAK OTHOCuTeAbHO epynnst [aau-
nes — HoloTona, Tak ¥ OTHOCHTENBHO rpynnn npeoGpa3oBanuit (22)
DHHaMUyeckoro noJoGusa. IDTOT NPHHUHN OB MOATBEPIKAEH Ha
ONbITE MHOTHMH crnoco6aMH ¢ OYeHb 6OAbUIOH TOYHOCTBIO, 34 -MCKJIO-
YEeHHEM TexX CJy4yaeB, KOrZa CKOPOCTH ABHXKEHHS CPABHHMHI CO CKO-
pocTeio cBeTal).

§ 68. Teoprs MomeaupoOBaHHA

Mul ykasand OBa OCHOBHLIX I[IPEHMYIIECTBA HHCNEKUHOHHOTO
8HaJM3a: OH NaeT HaM BO3MOXHOCTb ONPaBAATh NPEANOJOXKEHHE
IV anannaa pasaMepnocTeif, MO3BOJAS MPOBEDHTH HHBAPHAHTHOCTH
yPaBHeHH#, OnpeenfiouHX N1aHHYIO KpaeByI0 33744y, OTHOCHTEeNBHO
npeo6pa3zoBanuit (l); a TakKe NO3BOASET PacCMaTPHBATH «NOIO-
GHe» He TOJBKO TaxOro npocToro BHAa, Kak (1). MucnexuroHHb#
aHaJH3 HMeeT H TpeTbe NDPEHMYILECTBO: OH 1aeT B NPHHUHNE pa-
UHOHAJbLHHHA MeTOd MPOBEPKH CNpaBeAsHBOCTH npeanonoxkexua 11

Xora, Kak Mbl Buaead, npeanonoxenus I, I u IV, no-sugu-
MOMY, B ofmleM JOMYCTHMH B MeXaHHKe XHIKOCTeH, ¢ Ipeanoao-
xenuem I1I nmeno oGerour HuHaue. Kpome Toro, akanua pasmepHo-
cTefi He AaeT OCHOBAHHH a priori pewHTb BOIPOC O TOM, OnNpeje-
JSIOT AU nepeMmeHHsie @y, .... Qa BeqHyuHy Qp NOCTAaTOMHO TOYHO,
Tak, BpumkMen 2) 3aMeyaeT BCKOJb3b, YTO 3TOT KaPAHHAILHBIA BO-
npoc «He Moxer OniTh paspewed ¢uaocodpom Ha Kadeapes, a ero
MOXHO pellHTb TOJbKO Ha OCHOBe (H3IHYecKoro onuta. Mul nmpous-
JIOCTPHPYEM 3TO 3aTpPyAHeHHe GOJbLWIHM 3KCNEPHMEHTANLHBIM Ma-
TEPHANOM.

Hns toro uto6n NPOBEPHTb CpaBeAJHBOCTh npeanonaoxkenusn I11
€ OMOLUBIO HHCNIEKUHOHHOTO aHa/K3a, B MPHHLUIE MOXHO AeitcTBO-
BaTh caeaylowuM obpaszoM. IlycTh H3BeCTHO, UTO HekOTOpoe Teye-
HHe XHAKOCTH MOXHO NPHGJHIKEHHO PacCyMTaTh, PEIIHB COOTBET-
CTBYIOLLYIO Kpaesyto 3adauy B cMuicne § 1. Toraa MaxHo nonpo-
CTy NpOBepPHTb HHBApHAHTHOCTh AMGdepeHUHANTEHBX YPaBRHEHHI H
KpaeBBIX YCJIOBHH OTHOCHTE/NbHO NpeoGpa3OBaHHA HEKOTOPOH rpyn-
nu (ckax<eM, npeoGpaszonannit (22)). Ecau onm wunBapuantHn W
KpaeBsas 3ajaya KODDPEKTHO MOCTaBJaeHa, To npeanosoxenHe III
CnpasejlyIuBO.

Takum 06pa3om, HHCNEKLHOHHLIA aHaN¥3 MMeeT TO NpeHMylue-
CTBO, YTO OH YKNaJAWBaercs B OOlIYI0 CXeMY TeOpPeTHuecKoH THApo-

'} Kaxkywmiicn napagoxc [lio6va He smimercs KOHTPNPHMEpPOM; CM. 28.
?) [46), c1p. 13—14; cM. Tam xe, crp. 50, d $
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RuHaMUKH, OCHOBHOe oOrpaHuyeHHe, HaK/JaAblBaeMOe Ha ero MpH-
MEHHMOCTb, 06YCJI0BJIeHO, KAK MHB YyXe BuscHUAH B ra. I—II, Ten
00CTOATEIbCTBOM, YTO BCe ellle CAMIIKOM Majno 3ajay TeopeTHue-
CKOR THAPOAMHAMHKH CBelleHH K TaKHM KpaeBbIM 3ajfayaM, Kop-
PEKTHOCTb KOTOPHX JAOKasyema.

§ 69. YacTHufi HHCIEXUMOHHLIR anaxn3

Mbl npuseseM cefiuac mMpHUMep, HAMIOCTPHPYIOLUHA NpPHUMEHEHHE
KaK HHCMNEKUHOHHOrO aHalH3a, TaK H CMOcoGbl YCTpaHeHH: 3aTpyA-
HEeHHH, BO3HHKAIOWHX NPH 3TOM.

Paccmotpum ypasuenns Hasbe — Crokca (23) ans HecxuMae-
Mol BA3KOH xkuakoctH. Cornacho Pyapky [56] ux MoxHO npHBecTH
K GespasMepHOMYy BHAy cJelyiollHM 06pa3oM.

ITyets V, L n P cooTBeTcTBEHHO CKOPOCTH, AJAHHA H AaBJeHHe
Ha MOJEJIH, H3MepeHHbie, N0 NPEANOJOXKEHHIO, Ha TPaHHIaX TeUeHHSA
xHuaAKocTH. Ecin yMHOXHTL ypaBHeHus (23) na L/V?, yto6u npwu-
AaTb 3THM YypaBHeHHAM Ge3pa3MepHbIi BHA, H BBecTH Gespa3mep-
Hhle nepemenunle u;=u,/V, t'=VIL, x;=x,|L, p'=p/P u
GespasmepHbie noctosnHue Re = VL/v, Fr=V?Lg u Q*=2P)pV?,
TO MONYYHM YPaBHEHHS

Du; 1 _, 1 ( & Q%p’
=—Vuy+ —\—=)——7F,
Dt  Re i+ Fr\ g 20x; (28)

rAe gi/g — HanpaBAsIOIHE KOCHHYCH CHJAB TAKECTH.

beapasmepune anddepenunanvinie ypasHenus (28) naxomsaTcs
B 3aMeyaTe/IbHOM COOTBETCTBHH C TEXHHUECKHM OMBITOM: MB MOXeM
OTCIONa BLIBECTH TPH HauGosiee BaXKHHX OPHEHTHPYIOUHX NMpaBHAa,
HCcmosibayeMble NpH  MoaenHpoBaHun!). Tak, ™Mbl BHAHM, 4TO
€C/H BJHMAHHE CHJL THXECTH, CXKHM3eMOCTH H KaBHTalHH He3Ha-
YHTENbHO, TO MOlenb NOMXKHA HMeTb TO Xe camMoe uHcao Peft-
HosbAaca Re. Ecnn He HMelOT 3HaueHHs CKHMaeMOCTb, KaBHTALHA H
'BA3KOCTb, TO MOAENHPOBaTh Hafo no yHcay dpyaa Fr.

Ecan MoxkHO npeHe6peub CXKHMaeMOCTHIO H BSKOCTbIO, HO HAJlO
YYHTHBaTh IPaBHTAUHOHHbE H KaBHTaLHOHHbE 3(QeKTH, TO cJae-
AyeT COXpaHATb HeH3MeHHHM KaK uHcao Fr, Tak H «yHcjo KaBuTa-
nuu» Q* (cm. § 72, 78). :

HMucnekunoHHHA aHanus JenaeT npaBAONOAOGHHM MpPeANONo-
XeHHe, YTO Te HNH HHbie BEeJHYHHB He HIpalOT POJIH KaK pas Toraa,
KOTJa Majhl COOTBETCTBYIOUIHE KO3 HUHEHTH B ypaBHeHHAX (28),

) Cu. [11}, 1. 2, ra. 1, no nososy ananorwyhoro BmBoAa. Peuent Tam Taxos:
HYXHO COXPAHHTh HEN3MEHHLIMH «OTHOWEHWA CHA»; HH BeAHHHa Q°*, Hu Aug-
depenunaibible ypasHeHHs HE PacCMaTpHBAIOTCA B ABHOM BHAE.
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H, TakHM 06pasoM, MO-BHAMMOMY, OH JlaeT XOpolliee TeOpPeTHUeCKoe
o6ocHOBaHHe ModenHpoBaHua no uucaam Fr, Re n Q*.

XoTd TONBKO YTO NIPHBE/ICHHOE paccyxK/JaeHke BeCbMa coJepiKa-
T€JbHO H €ro CTOMT 3alOMHHTb, OHO CTpanaer TE€M HEAOCTaTKOM,
YTO YYHTBIBAJOCh TOJILKO ORHO M3 Tpex (yHIaMeHTaJbHBIX ypas-
HeHHII THAPOMeXaHHKH, a HMEHHO ypaBHeHHe ABHXeHus. Urtax, npu
5TOM OCTAJHCh B CTOPOHE YpaBHEHHe HepaspbIBHOCTH

dp ] . D
7’%_,_ -%:0, uan  div u+%=0 (29)

4 ypaBHEHHE COCTOSIHHS, KOTOPOE MOXKHO 3alHCaTh B BHAE
p=7(p) (30)

ITo sroit npuunHe MBI 6ygeM Ha3blBaTb ero «YacTHBIM HHCIEK-
UMOHHBIM AHAJAH30M», a COOTBETCTBYIOLUHH Npolecc, KOrja paccMa-
TPHBAIOTCS KOPPEKTHO NOCTaBJEHHbIE YCJAOBHS, IMOJHOCTBIO ONpefe-
JanouMe Teyende, GyJeM Ha3biBaTbh «NOJHBIM HHCIEKLUHOHHBLIM aHa-
JIU30M>.

§ 70. HHepunanbnoe MoaeaHpOBaHHe

Ha npaktuke coo6paxeHHsiMH yA06cTBa 3KCIEPHMEHTHPOBAHUA
M 3KOHOMMH YaCTO PYKOBOACTBYIOTCSI He TOJbKO IIPH BbIGODE HCIOJIb-
3yeMoll XHUAKOCTH (HanpHMep, BO3AYyXa HJIH BOABI), HO H NPH Bbl-
G6ope pasmepos Mopneneil H cxkopoctu Tteuenns. Mcnonb3zosauue
MajbiXx Mojesell AJsl TNpeicTaB/eHHS AeHCTBHTEJNbHOH KapTHHHI
Goabuiero Macmraba 06bIUHO OGOCHOBbLIBAETCS C MOMOILLIO aHAJH3a
pa3MmepHocTedl. B uyacTHOCTH, OOGLIYHO CHMTAIOT NPHUOGIHXEHHO BbI-
NOJIHEHHBIM CJeAylollee yC/IOBHE,

[lpyHUuMn HHePpUHAJABHOrO0 MOAEJHPOBAHHA.
De3pasMepHble BEJIHUMHBI OCTaloTCs Ge3 H3MeHEHHS NpH Bcex Inpe-
o6pasoBaHunAx Buaa (22).

Tak, ecau L — xapakrepHag aauHa u V — Xapakrtepsas cko-

POCTb, TO CYHTAKOT, YTO V”lu(L"x) HHBAaPHAHTHO MO OTHOLIEHHIO
K npeobpa3cBanusaM (22). B kauecTBe c/eACTBHSI MOXHO NOJYUYHTh,
MCXO/Sl H3 3HAYEHHst BEJIMUHH Ha MOJEH u(X), AeHCTBHTENbHYIO Be-
JHRYHHY V(Y) NOCPeACTBOM COOTHOLIEHHS

v’ L
v =-y-u(%).
rae L’ u V/ — xapakrepHule jjuHa H CKOPOCTL MOJHOrC Macuiraba.
[MoaoGubiM ke 06pa3oM AOMYCKAIOT HHBAPHAHTHOCTH OTHOCHTENBHO

npeo6pasosannfi (22) Kospduuuenra napnenus C,=(p —p,,)/—%p'zﬂ,
rae ps— NaBjieHHe B OKpywalollefi cpeae. B cayyae HeBsaskoR
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MHAKOCTH H3 ITOTO CJefyeT HHBAPHAHTHOCTD KO3(PHUHEHTa
Cp= D/% pV2A, rae D — no6osoe conpoTuBieHHe H A — niowans
OonepeyHoro ceyeHus, 3aMeTHM, ONIHAKO, YTO HeH3MEHHOCTb BEJH-
qHHB p/ —21-pv2 He npeanonaraercs (cM. § 72): aHanu3 paaMeproctelt

OXBaThiBaeT He BCe.

B peficTBHTENIBHOCTH MeTON HHCINEKUHOHHOTO aHajlH3a [no3Bo-
AseT HaM oGoiiTHCh Ge3 BCex nNpeAnoJoXeHHHA amrajgH3a pa3mep-
HocTei. B uvacTHOCTH, NPHHUHN HHEPUHAALHOTO MOAEAMPOBAHHA
MOXHO CTPOro 6bi6€CTU H3 CTAHAAPTHLIX YPaBHEHHHA AJs HECHKH-
MaeMoil HeBSI3KOH KHIAKOCTH NpPH YCJAOBHM OTCYTCTBHS CBOGOAHOM
HNOBEPXHOCTH.

Tak, nouTH TpHUBHa/AbHbHE BHKJAAAKH NOKA3nBalOT, uTo npeobpa-
soBaHua (22) B coueTaHHH ¢ npeoGpa3oBaHHAMH U = au/, p’ =
= qp/a® H p’ = (7/aB?)p COXPAHSIOT HEH3IMEHHBIMH KaK ypaBHeHHA
ABHXKeHHs Diinepa H ypaBHeHHe HeDa3pbiBHOCTH, TaK H YCJOBHE
orcyTcTBHst BHXpefi V .X u=0. JTuM A0Ka3zaHa cjeaylolias Teo-
peMa.

Teopema 5. B cayuae RecHuMaeMO20 TEHEHUR K YPABHEHUAM
Osuscenus Jidrepa, YypasHeHuI0 HePA3PHIBHOCTU U HE3ABUXPEHHOCTU
U K Kpaesoim ycAosusm 3isepa Ha TBepOBIX CTEHKAX NPUMEHUM
NPURYUN UKEPYUANLHO20 MOOELAUPOBANUS.

IMockonbky chopMYyAHPOBaHHBE Bbillle YCJOBHA ONpenesior
KOPPEKTHO MNOCTABJEHHYI0 KpaeBylo 3ajauy (3apawy Hefimana,
¢M. § 4) ans CTaLHOHAPHOTO TEYEHHS NPH 33aJaHHOM p,, OTCIOJA
BHITEKaeT CleAcTBHe.

Canencteue. Ecan cnpaBeannsn ypaBHeHHs Sitnepa ans 6e3-
BHXPEBOro HeC)KHMaeMOro TeueHus, To H3MepenHoe 3Hauenne Cp He
AROJKHO 3aBHCeTb OT Pa3MepoB, CKOPOCTH ABHXXEHHA H MAOTHOCTH
HAKOCTH.

QaxTHuecKH, BBHAY napaaokca JlanamGepa, 3TOT pe3yJbTaT Me-
mee HHTepeceH caM No cefe, a HHTEPECEH B KauecTBe HJJIOCTPaLHH
paxHoro Meroaa. OaHako npHBeleHHHE PaccyXAeHHA paBHBIM 06-

a3oM npuMeHHMbl K TeueHHAM )Kykosckoro (§ 8), k «caegam»!)
&npxmq)a (§ 39), k Teuennsam leanMroanua — Bpuano3na (§ 47)
B K TeopHH BHXpeBHX aopoxek Kapmana (§ 56). ITpunuun uuep-
IHAJbHONO MOJENHDOBaHHA CIPaBeRNHB TaKXKe JJAA NPUMHTHBHOR
MbIOTOHOBO KHHETHUECKON TEOpPHH CONpPOTHBJAEHHS BO3AyXa H AAR
KBasusMnHpHueckoR d¢opmyan Dfinepa, Buipaxaioulelt a060Boe

) To ects X KaBepHaM. 3aMETHM, 4TO, NOCKO/ALKY TEOpHH Tedenmnft Sfizepa
[ )<I(%xoncxoro o6patumil, B npeoGpasoBanuax (22) MOXKHO pacCMATPMBATD Aaxe
<0
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CONMpPOTHBJIEHHEe H NOXBEMHYIO CHAY B BHJe OnpejleeHHbIX HHTe-
rpanoBl).

Ecan npuMeHHTb TeopeMy 5 K YCKOPEHHOMY JBHXKEHHIO, BO3HH-
KalollleMy H3 HAauaJbHOTO COCTOSIHHS NOKOS, TO MOJYUHM, UTO KO3¢-
DHIHEHT NPHCOEHHEHHONI Macchl %, BBIPaXAKWKACH OTHOLIEHHEM 2)

b= ITpucoeaunentas macca’
T Macca nepeMeweHHOR XHIAKOCTH

onpegensiercs Gopmod paccMaTPUBAEMOro Tena M He 3aBHCHT OT
ero pasMepoB, OT H3MeHEHHS YCKOPEHHSI W OT IIOTHOCTH JXHAKOCTH.

OKcnepHMeHTaNbHO INPOBEPEHO, YTO MPHHUHM HHEPUHAJBHOrO
MOJeNHPOBAaHHSA NPHOJIHIKEHHO CNPaBelJHB NPH pPeXHMax, COOTBET-
CTBYIOWHX LIHPOKOMY AHamna3oHy H3MeHeHWil Re. OnHako oH cpaay
nepectaer GBbITb ClipaBeJIHBLIM, KOTAa MOABAAIOTCS epeMexauiye-
Cl BUXPH H TYpOYJEHTHOCTb B IOTPAHHYHOM cJoe (Hanpumep, BOIH3H
1/Re ~=0,02 u 0,00005, cm. § 28).

§ 71. Moaeauposaune no uucay PefiHoabaca

lopa3no Géawlllee 3HaueHHe HMeeT NMPHMeHEHHe MeToja HHCMeK-
LIHOHHOrO aHa/MH3a K YPaBHEHHSIM [JS HEC)KHMAaeMblX BA3KHX XKHA-
koctell. B 3toMm cayuae, B cusny teopembi 2 u3 § 21, nosyuaercs
caepyloulas TeopeMa.

Teopema 6. Ecau ypasnenusa Hasve — CTokCca 08 HecHu-
MaeMol 8A3KO0L HCUIKOCTU BMECTe C YCAOBUAMU HECHUMALMOCTU
NPUAUNAHUA HA CTEHKAX NPuGAUNCeHHO onpedenslOT He3asucsaujee
OT 8pemenu (CTATUCTU4ECKU) Tederue HUOKOCTU, TO cnpasedauso
cooTHouterue (8).

HefictBuTenbHO, cooTHOoweHue (8) BecbMa yGenHTeNbHBIM 06-
pa3om ObiO NOATBEPKAEHO SKCNEPHMEHTaJbHO AMA CaMbIX Pa3HO-
o6pasHblX XxHuAKocTedl ¥ rasos3). Kak nokaszano na puc. 8, paspy-
uleHie TeueHus [lyasefina B Tpy6ax ana Bo3ayxa, BOAB H MHOMHX
ApYTHX JHAKOCTEH HacTynmaer NPH ORHOM M ToM Xe uyuciae Peif-
#onoaca. [Ipu uncnax Maxa, mesbiiux M = 0,3, xosdoHUHEHTH

') 31w Teopum noapoGuo paccMoTpeHn B KHHrax Painlevé P., Lecons
sur la résistance des fluides, Paris, 1930 u Cranz [5), ra. 1L

2y [Mpucoedunennas macca Tena B Xuaxkoctd (. VI) — ato pasnocets Mexay
ero MHEPTHOA Maccofl B XXHAKOCTH H B BaKyyMe.

8) CM. § 25 W npHBeJeHHWE TaM CCHJIKH Ha JHTepaTypy, a Takxe [54],
ctp. 16—17. Teopuio paszpabotan Croke, [13], T. 3, c1p. 17. Tak kak TypGyaeut-
Hble OBHXEHHS OOHYHBLIX KHAKOCTeR M rasoB AMHAMHYeCKH MOAOGHH, MO-BHAH<
MOMY, MaJOBEpOsTHO, YTOOH TYPOYAEGHTHOCThL MOXHO OO CBA33Tb C KHHETH-
yecKOfl Teopuell WHaue, YeM KOCBEHHBIM 06pa3oM — 4epe3 BA3KOcTh. [10406HBIM Ke
o6pasoM O6unu HccnemoBaHn Macaa —Boswall RO, Brierly J. C,
Proc. Inst. Mech. Eng., 122 (1932), 423—569.
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N1060BOr0 CONPOTHBACHHA cep H LHAHHAPOB YAOBJETBOPSIOT COOT-
solenuio (8) npu oaHoM u ToMm e 3HaueHuH Kp(Re) aas Bcex
KHIKOCTEHl W MPH BCeX pasMepax H cKopocTX. CoOTBETCTBYIOLLHA
pe3yJabTaT COpaBedJHB NS IOBEPXHOCTHOTO TPEeHHS MJIACTHHOK,
napaafedbHbiX HanpasJeHHIO NOTOKA.

[Tpu onbiTHO# mMpOBepKe 3THX Pe3yAbTAaTOB HEOGXOAHMO COGJIO-
AaTh CAeayioliHe ABe NPeJOCTOPOXKHOCTH, HHaye He o6ecmeynBaercs
MoLenupoBaHHe no yucay Pefinonbaca. Bo-nepBuiX, HYXHO MOJAb30-
BaTbC MOAENAMH C AHAJOTHYHON uiepOX08AaTOCT6I0 NOBEPXHOCTEL.
3T0 CYLUECTBEHHO BJAUSIeT HA MOSIBJieHHe TYPOYJIEHTHOrO TeyeHHs H
Ha Tepexon B NMOTPAHHYHOM CJIOE OT JIAMHHAPHOrO TEYEHHA K Typ-
GynentHoMy. Tak, B6AH3H Reyxp, MOXKHO HAMHOFO yMEHbIUHTH N1060-
BOE CONpPOTHBJAeHHe cdepHl, yBeIHUHB AOMKHBIM 06pasoM LIePOXO-
BaTOCTh €€ MOBEPXHOCTH.

Bo-BTOpHX, TYp6ysenTHOCTE c80600H020 NOTOKA AOMXKHA OCTa-
BaThCA TOH e caMoii '), oco6eHHo B a3’poAHHaMHueckHx Tpybax
¢ 3aMKHYTHIM KoHTypoM. HaiizeHo, uto Beauunsa Re.p. ana coep
B a3pOAHHAMHYECKHX TPy6ax MOXKeT yBelHYMBAaTLCHA B 2 pasa B 3a-
BHCHMOCTH OT TypOyJeHTHocTH B TpyOe. IlpakTHuecKoe pellleHHe
370it npo6aeMul 6yner onucaxo B § 75.

MogeinpoBanne npu G66ablWIHX yHcnax PefiHonbaca B ManoMm
MacuitaGe AN GoJbWIHX CKOPOCTedt B [MOTOKE — BecbMa HeJerkas
3ajaua. Ecan Hcnonb30BaTh NAHHYIO XKHAKOCTE (BO3AYX HJH BOAY)
npu arMocdepHbIX YCJIOBHAX, TO BCAKOE YMeHblleHHE IHAMeTPa MO-
IeMH JOMKHO KOMIEHCHPOBATLCA YBEJHUYEHHEM B TOM XK€ OTHOLUEHHH
ckopocTH. B cayyae Bo3ayxa BA3KOCTh v MOMHO YMEHBIIHTD, HCNOMD:
3ys CXKaTHi BO3AYyX, 4TOGH KOMIEHCHPOBATb yMeHblIeHHe MacliTa-
6a anuH (cp. koveu § 73 u § 75). K coxanenuio, Mol He 3HaeM HH
OIHOM KHAKOCTH, y KOTOPOA 3HaueHHe v GHJI0 Obl HAMHOIO MEHblle,
ueM y BOAbl, XOT MHOTHe XHJIKOCTH HMeEIOT 3HauHTeJbHO GoJblliee
sHayeHve v. [ToaTroMy ToNbKO aspoanHaMHueckHe TPYyOHi?) paior
9KOHOMHUYHbIE MOZEJH Mo uHcay Pefioabaca npn MOAeNHPOBaHHM
TeyeHHH BOAHI.

§ 72. MoaeaupoBane no uucay Ppyna
M N0 YHCAY KaBHTAUHH

HUHcneKUHOHHWA aHaNM3 MOXHO TaKxe NPpHMEHATD AJA MOJY-
YeHHA 33KOHOB MOIENHPOBAHUS AABJIEHHH, B KOTOpHX BSI3KOCTb H

) [3], crp. 431; cM. Takxe § 28, rne npHBeleHH AHAJOTHUHHE PE3YABTATH.

2) O6 mcnosb30BaHHH a3DOAHHAMHYECKHX TPYG BMECTO THAPOAHHAMMYECKHX
cM. Keller C., Escher Wyss News (1940). Feauft B ycnosuax csepxtekyuecty
(§ 20), no-swanuMOMY, HE NMORXOAMT,
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CXXHMAEeMOCTb HE HrPaioT CyUleCTBEHHOH pOJIM, HO 3aTO HMeeTcs
«CBOGOAHAS MOBEPXHOCTbY, HAXOASILLASICA NMOA MOCTOSIHHBIM JaBJe-
HueM. B YAaCTHOCTH, TaKHe 3aKOHbl IIPHMEHHMbl K TPAaBHTALLHOHHBIM
BOJIHAM H K ABJEHHIO KAaBHTAaUHH B XHIAKOCTAX. Cnpaaen.rmaa cie-
Aylolias TeopeMma.

Teopema 7. B 0OHOPOOHOM 2DABUTAYUOHHOM NOAE UHTEHCUB-
HocTu g 3iinepossl ypasHeHus OBuMeHUS U Kpaegvle YCAOBUA HA
T8ep0Obix 2panuyax, a TaKxce ycaosue 0e38UXPEHHOCTU U YycAao8ue
Ha «c800600HOG nosepxnocTus p = const wa epanuye cped wcuod-
KOCT6 — 2A3 OCTAIOTCA HEUBMEHHbIMU npu 8cex npeobpa3osanusx
suda (22), ocrasisiouux Heusmennoim uucro Ppyda Fr = YigL.

HoxasarteasbcTBo. B cuny Tteopemn 5, mocraTouHo pac:
CMOTpeTb ycJIOBHe HAa ¢cBOGOLHON MOBepXHOCTH p = const, T. e. ycio-
Bhe TOro, 4uto6ul Vp 6Ll HOpMaJdeH K OrpaHHuMBalOllell MOBepX-
HocTH. [N mokaszaTeibcTBAa YMHOXKHM ypaBHenua (23) na L/V?,
KaK npu BbIBOJEe ypaBHeHU (28); Mbl moayuum Ge3paszMepHoe ypaB-
HeHue

DHZ=L<ﬂ>_M (31)

Dt’ Fr \ g ox;

Tak kak gi/g ectb i-fi HanpaBAAOLMNA KOCHHYC HHTEHCHBHOCTH
rpaBHTAlMOHHOrO MOJS H TaK Kak u(x, f) onpegeasier Vp, 1o Mbl
nojsyyaeM AMHAMHuecKoe NOAOGHE NPH NPONOPUHOHANLHOCTH Oug-
eperyuaros KospduuueHra aasieHus 2p/poV? (x0T M HeT O6bIu-
HOR NPONOPUHOHANBHOCTH BeJHUYHHBI 2p/peV?), ecaum TONMBKO uHcaa
Fr 6yayt paBHbl.

JleficTBHTE/IbHO, AaBJeHUe B OKpYyXKalolueil cpefte P — 310 06bly-
HOe JloKaJibHoe aTMocdepHoe naBieHHe P, IPH MOAEJIHPOBAHHM rpa-
BUTAUHOHHBIX BOJH; MPU KAaBHTALHOHHOM MOJIENHUPOBAHHH HYKHO
paccMaTpHBaTh TakKXe JaBJeHHE napa pP,. JTO CTAJO BHOJIHE SCHO
Jauiub B 1924 r, xorna Toma!) BBea uHCIO KaBHTALMH

P—p,
Q=i (32

1) Thoma D., Experimental research in the field of water Power, Trans.
First World Power Conf, T. 2 (1924), 536—551; cm. takxke Taylor H. B,
Moody L. F, Mech. Engineering, 44 (1922), 633—640. SBHo 3To BHCKa3an
Lerbs H. Ha crp. 290 B Hydromechanische probleme des schiffsantriebs,
Hamburg; cm. Takke Rossell H. E, Chapman L. B, Principles of naval
architecture, Soc. Nav, Arch. Marine Eng., New York, 1947, 1, 2, c1p. 177,
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o storo cuyurtajoch o6LIENPH3HAHHBIM, YTC KABHTAUHA 32BHCHT OT
OAHOPOAHOro Ge3pa3MepHOro napamerpa

Q= 1'/:7 g (32)

BXOASLlero B YypaBHeHHe (28), uTO HeMOCPEeACTBEHHO CJEAyeT H3
OGLIYHOrO aHajJH3a pa3MepHocTel !).

IMonHblii MHCNEKUMOHHBIA aHaAH3 BMeCcTe € MPelNoJoKEeHHEM,
4TO KaBHTAUHs BO3HHKaeT CAMOMPOH3BOJILHO NpH p < Py, AAET TeOo-
peTHueckoe OGOCHOBaHHe [Js1 mpeanoyreHudss ¢opmyas (32), u6o
3TO MNpeanoJIoKeHHe PpAaBHO3HAYHO TOCTYJHPOBAHHIO Pa3pHIBHOTO
ypaBHeHHs coctosinus ra. 111 (14):

pP=py €M Pp>p, (33)

P="Pqg» €CJH P =D

Ipu 3apaunnbix P U p, npeo6pa3oBaHHe nogo6us (22) He H3Me-
HfAeT cooTHolleHHil (33) TOraa M TOJAbKO TOr[a, KOrga OHO He H3Me-
HSieT BeJMuuHY Q; 10Ka3aTeNbCTBO aHAJOTHYHO JI0Ka3aTeJlbCTBY
‘TeopeMbl 7.

Ilpn MonenupOBaHHH MOXHO OCTAaBHTb HEH3MEHHBLIMH KAK rpaBH-
TAIlMOHHBIE, TAK M KAaBUTALHOHHLIE uJeHBl NMpPH JHHeHHOM MaclirtaGe

1:q, B3siB 1151 cKopocTh MacmTa6 1:1 a (OXHO K TO e g) K H3MeHsAS
P takum o6pasoMm, uto6ue P — p, npeo6pa3oBuiBaJoch B OTHOUIe-
Hud 1:a. Takoe «MojenHpoBanHe mo ydcay Ppyna ¢ MOHHKEHHEM
AaBJeHHS» cefiyac IIMPOKO MCNOJb3yeTcsl MpH MCCAENOBAHHH KaBH-
TalHH CYAOBbIX BHHTOB, MOXKeT OKa3aThbCs, YTO B TaKHX MOAENAX
LaBJeHHEM Napa HeJb3sl peHe6peyb.

§ 73. Moaeanposanne no umcay Maxa

Eme co Bpemen onmitoB Po6una (1747 r.) ?) usBectHo, uTo co-
NPOTHB/NEHHe CHapsilla He MNPOMOPLHOHANAbHO KBAaApaTy CKOPOCTH;
CleaoBaTeNbHO, HH OAHMH CMOCO6 HHEPUHAJbHOrO MacuITaGHPOBAaHHSA
He fBAsieTcs npHeMmaeMbiM, B o6Go3znauenuax npumepa 3 us § 61
Kp 3ameTHo Bo3pacraer B6aM3H cKopocTH 3ByKa. [lostomy Kp
0o6biuHO TabyAHPOBAJH KaK (YHKUHIO U.

Bbino npusnano ¢ camoro HayaJsa, YTO NPHYHHON STOTO ABJAAETCH
CXXHMaeMOCTb BO3lyXa, HO GoJiee paunonanbHoe TaGyanpoBanne Kp
Kak ¢yHKUHH yHcia Maxa M OTHOCHTCR JHIIL KO BpeMeHH nepBof

') Cm. Lorain F. L’hélice propulsive, Paris, 1932, ctp. 129. Bucking-
ham E, Jour. Am. Soc. Naval Eng., 48 (1936), 147—148; Taylor D, W,
The speed and power of ships, 3-e nananne (1943), crp. 17.

?) Tlo mosoay uctopun sonpoca cM. Cranz [9), cTp, 44—45
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MHpOBOi BOiHBEL, Jlo Jioruke Beuleil caeayer, 4To Ha JKaJbHOCTb
noJjeTa CHapAAOB JOJIXKHA BJHATH HE TOJBKO MJOTHOCTb, YTO BHAHO
yxe M3 BbIpaxceHHs, onpepeasioulero Kp, HO W TeMnepatypa BO3-
ayxa. OpHako aBHBIM o6pasoM 3T0 6bUIO BHepBble YCTAHOBJEHO,
No-BHAHMOMY, NIOCJIE IePBOH MHPOBOH BOMHBL 1),

Hauunas npumepro ¢ 1935 r. B ¢Bsi3u c co3ganneM CKOPOCTHBIX
CaMOJIEeTOB, a3POAHMHAMHKH CTaJd HHTEPecoBaThCH MOJENHpOBa-
HHeM 10 uucay Maxa. AspoanHaMuueckue Tpy6bl, paboTaouine npH
ckopoctd 30 M/cex, MOXHO HCNOJbL30BaTh AJiS1 BOCIPOH3BELEHHS YC-
sgoBuil nonera co ckopoctamu o 120 s/cex, ecam peryanposath
JOMKHBIM 06pa3oM «3ddexTHBHOe» uucao Peiinosbaca, Ho B HHX
BOBCE He CKa3blBaeTcs BJAHSIHHE CXKHMAeMOCTH, KOTOPOE MPOsBASETCH
npu 6Oablux ckopoctsiX. ITostomy Hauwuas ¢ 1935 r. asponaHHa-
MHKH U 6anJHCTUKY OOBEAMHHAH CBOM YCUJUS /ISl U3YyUEHUs CXKH-
MaeMBbIX TeYeHHH.

BnepBole 3aKoHbl MOIENHPOBAHHS INPH COXPAHEHHH YHCAA
Maxa ans nOJMTPONHOrO ypaBHEHHS COCTOSIHUA BhiBes Jlanxesen
(cM. NpHUM. Ha 3TOH CTP.) NPH NOMOIUH «HHCIEKUHOHHOTO aHaJH3a»
ypaBHeHHH ABHKEHHS CHUMAEMO20 HegA3K020 Ta3za 6e3 yvera CHJ
TSXKECTH. Mbl H3JI0XKHM pe3yabTarthl JlaHxKeBeHa B HECKOJAbKO 0606-
ILEHHOM BH/I€.

Og@pauiasicb CHOBa K TeopeMe 5, Mbl BHAMM, 4TO YpaBHEHHe He-
pa3pbIBHOCTH HHBAPHAHTHO OTHOCHTEIbHO BCeX npeoGpa3oBanuil
nogo6usi. OueBuaHO Takxke, uyTo J0G0e 3aRaHHOE ypaBHEHHe CO-
crosiHusl (30) He H3MeHsAeTcs HM NPH KAakoM npeolpa3oBaHHH, KO-
TOPOE He H3MeHsieT p U p B COOTBETCTBYIOIUUX ToukaX. Crasio GbiThb,
OHO He U3MeHfeTCs, B YaCTHOCTH, NPH Npeo6pa3oBanHuax

X;—>o0x;, t—>oaf ecid p,p,U He H3IMEHATCH. (34)

HHcnekunonHblfi aHaNH3 yKa3blBaeT, uTo B ypaBHeHHax (23) caa-
raempie  Du,/Dt = X u,, 0it,/0x, + 0u;/0t u dplpdx, npu npeobpa-
3oBaHuH (34) ofa ymHokawTcad Ha l/a. B pesynbTate nosayuaem
Teopemy.

Teopema 8 Ocro8Hble ypasHeHUR CHUMAEMO20 HEBA3KO20 Te-
YeHUA UHBAPUANTHGL OTHOCUTEAbHO npeobpasosanusn (34).

Kak nokasano B ri1. I, 3TH oCHOBHbIE ypaBHeHHS He ONMpeaensioT
KOPPEKTHO NOCTaBJIeHHYIO KpaeBylo 3ajgauy. [1o Menblieli Mepe He-

'Y Darrieus G, Mem. Art. Frangaise, (1922), ctp. 242; Hilliar H. W,
Dept. Sci. Res. Exp. Report RE 142/19 (1919). Darrieus yTBepxaaer, 4To H3Me-
HeHHe Ja/JbHOCTH [0JIeTa MO 3TOA NpHUHHE MOXKeT COCTaBiATh npuMepHo 1%.
Pa6ora JlankeBeHa, UMTHpPYyeMas Huxke, HaneyaTaHa cpasy nocjae pa6ote Dar-
rieus, O60CHOBaHHOCTL MOZe/qHpOBauWd no uncay Maxa nokasan Bucking-
ham [48], ctp. 275—278. O npaktaueckot cropoe gena cm. Kent R. H,
Mech. Eng., September 1932,
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06xXoaHMo 106aBHTb K HUM ypaBHeHusi Pankuna — [oronuo a4s
yaapueix Boan (§ 14). Oanako NOCKONBKY nociegHHe ypaBHEHHS
MOXHO BLIBECTH H3 YPaBHEHHsl COCTOSIHHS M 3aKOHOB COXpaHEeHHS
Macchl, KOJIHYeCTBa ABH)XXEHHA M 3HEPTHY — @ 3TH 3aKOHbl He H3Me-
HAIOTCA npH J06oM npeobpasopanun Buaa (34), — To mpousoiiner
COOTBETCTBYIOllee H3MeHeHHe Macwtaba M B ypaBHeHuax Psu-
KuHa — Torouuo.

3akoH u3MeHeHHs MacwitaGa (34) crnpaBeasuB Takxe B TEOPHH
yNpYrocTH, TEOPHH NMACTHYHOCTH H B JMHAMHKE B3PbIBHLIX Npolec-
coB !); oH Ha3BaH 3akoHoM KpaHnua. Boo6Guie o cnpaBeanus Bceraa,
KOT[la TeH30p Hanpaxexut ecTo QYHKyus TOAbKO 0T Oegpopmayuu
H He 3aBHCHT OT ee CKODOCTH, H BCSKHH Pa3, KOria B HEKOTOPOM
HanpsiXXE€HHOM COCTOSIHHH 0CBOOOXKAaeTcs onpejesieHHas (B pacue-
Te Ha eAMHHlUY o6beMa) XHMHUecKasl 3HepPrus, Kak 3to Tpebyercsi
B ycsoBuax Henmena — XKyre ([6], § 87). JTioGonbiTHO, 4TO 3TOT 3a-
KOH CHpaBel/IUB TAKKe B PEAATUBUCTCKOL MeXaHMKe MXKHAKOCTEH,

HekoTopble aBTOpHl XOTeM € MNOMOLILIO YaCTHOrO HHCMEKLH-
OHHOrO aHaJju3a 060CHOBaTb MOJENHPOBaHHe 1o yHcay Maxa. [Tycts
c=YVdpjdp o6o3nauaer JIOKAJIbHYIO CKOPOCTh 3BYKa, H nycts C—
CKOPOCTb 3ByKa B HeBO3MyllleHHOM mnortoke. Torpa, ecau npeHeG-
peub CHJIaMH BAA3KOCTH H TSXecTH M 0603Haunte M = V/C, to coot-
HouleHHe (23) npuMeT BHI

Ou; u,’zdu; 1 (c )2 op

7[’_+E 0xy +W C ] pox =0. (35)
Srto naer caeayioliee NpapaonofoGHOe NpPaBHIO: MoOeauposaxue
npu nocroasHom uwucase Maxa, 4yTO AN NAHHOFO HEBO3MYLUEHHOTO
NOTOKAa 3KBHUBAJEHTHO npeoGpaszoBanuam (34).

Oxnako B o6lieM cJayuae 3TO NPaBHJIO OKA3bIBAETCH AONHLIM,
€C/IH paccMaTpHBaTh Pa3fiMuyHble rasel (rasel ¢ pa3HbIMH ypaBHe-
uuAMH coctosinus (30)) HAM faxe OLHH M TOT Ke ras, HO NPH pas-
JMYHBIX TeMrepaTypax M fnaBjeHusX. CpaBHHM, HanpuMep, AHHA-
MHYECKH NnoJ06HbIe 6apOTPONHble TEYEHHS ra3a, Y KOTOPHX YCJAOBHSA
CBOGOLHOrO MOTOKA OTHECEHbl K ABYM TOUKAM Ha ONHOH M TOi XKe
apuabate. B cuny ypasnennit (22), BeJIHYHHB U H p BCIOAY YMHO-
KAIOTCA Ha MOCTOsiHHble MHOXHTeqH. [lostomy B cuny ypaBHeHus
(35) gradp ymHoXaercs Ha NOCTOSIHHMIA MHOXHTeNbL a(a), rae
o — OTHOIIEHHe MoTHocTe#t B cBOGogHOM noToke. CreJoBaresbHO,
ecnu F(p) = p(p) — py (ps— RaBieHne B CBOGOJAHOM [OTOKE), TO
F(ap)/F(p) = a(a) He 3aBucur or p. Takum o6pasoMm, ana Bcex
p, ¢/, a cnipaBeanuBo F(ap)/F(p) = F(ap’)/F( ’). Ho 310, OueBHAHO,

1) Cm. [10], c7p. 195; Schardin H., Comm, Pure Appl. Math., 7 (1954),
223—243,
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SKBHBAJIEHTHO COOTHoINeHHI0 (16) u3 § 64. Orciona no teopeme 4
F(p) = kp¥ u, cnenosarensHo, cripaBeiHBa Clelylollas TeopeMa.

Teopewma9. Jas 1020 4uT066L MOOLAU CHUMAECMBLY NOTOKO8 NO
yucay Maxa 6otan Qunamudecky nodobuel npu A6bIX YcA0BUAX 8
HEBO3MYUWEHHOM NOTOKe, YPABHEHUE COCTOAHUA OOANHO UMETb cne-
yuaasHoli guo:

p = kpy—+ const. (36)

ITpu atoM noctaTouHO, yTOGBl ¢ GBIIO ONHHM M TeM Xe BAOJb
Bcex aauabatuyeckux KpHBHIX. O6GoblienHe Ha HeannabaTHueckHe
TeYeHHs OUeBHIHO.

JluHeapuszoBaHHOe MojJeJlHpoBaHHe no Maxy.
Wutepecuniii npumMep adpduHHOrO MOAENHPOBAHHUSA JaeT JIHHEAPU3O-
BanHoe npubauxKenue ([Ipanaras — I'mayspra) crauwoHapHoro
cxMMaeMoro o0TeKaHMs TOHKHX TeJl, yxKe omucanuoe B § 10—11.

BoaMmyuenue ¢ norenuuana ckopocreit U = ax + ¢(x, y, 2) yno-
saerBopser AuddepeHunansioMy ypasHenuwo [ra. I, (14*)]

(M2—1) (Pxxchyy"*_chz’ M=

B Jdossyxkosom cayuae (M < 1) OHO 35KBHBANEHTHO YPABHEHHIO
v’2 o =0, rae V2 = 92/0x"? + 0%/dy? + 0%/02% u )C'=X/V1 — M2,
B CHAY Yero 3ToT cayuail ag@uunbim npeobpasoBaHHeM CBOAHTCH
K CAYuAl0 HeCcxumaemozo NoToKa.

B csepx3syxosom caywae (M > 1) Mbl nogoGubiM xe 06pasoM
MPHBOAKM 3TO YpaBHeHHE K BHAY

02 1 02 0? M2 1
-

a
P

37)

YyTo MNpeAcTaBJsieT coGOH B80.4HOB0e ypaBHeHHe. B ofoux cayuasx
Mbl TIOJIyuaeM npu COOTBETCT8YrOwux uuciax Maxa aggunno no-
Jdo6Hole Tedenus 0as apunno skeusarenTHolx modened. Cryuait
3BYKOBOH CKOPOCTH HYXHO paccMmaTpuBate otaenanHo  ([10],
pasa. 9.6).

TakuMm ob6pasoM, aas adpdHHHO NOACGHBIX TEUEHHH H3IMeHeHHe
aHayeHHss M 3KBHBaJIleHTHO (no KpaiHed Mepe B TeopuH!)) uaMe-
HEeHHIO «OTHOLIeHHS TOMLHH», CnegoBaTeIbHO, 33 HCKAIOYEHHEM
O6LIKHOBEHHOr0 MOAENHPOBAaHUA mo Maxy (35), MOXHO H3MeHATh
MacuTabbl B IBYX NEPNeHAHKYJAPHBIX HANpPaBJAeHHUAX HE3aBHCHMO
IOPYT OT APYra, TaK )€ KaK B TeODHH AJIMHHBIX BOJH.

') Yuuteisan § 12, K 3TOf TEOPHH HYIKHO OTHOCHTBCS HECKOJBKO KPHTHYECKH,
OHa He paccMatpuBaeT YR3PHBIX BOJH,



§ 74. AcumnroTudeckoe usmenenue macuiraba 149

MonenuposaHue fBoRHBX coynapenuit'). [lpeo6-
pasoBaHHe PacCTOSIHMA M NJOTHOCTH B OOPaTHOM OTHOIIEHMH NPH
COXpaHEeHHH CKODOCTH H TeMIepaTyphl

xl—-)axl, t—)at, u,—*llp P"’P/a) 069

o6najfaer HEeKOTOPHIMH HeOGHIUHHIMH CBOWCTBaAMH, B coBepLIEHHOM
raze (§ 3,14) oHO coxpaHser HeH3MeHHHIM YAEJIbHYIO TenJjoeM-
KocTb C,, annabaTHYeCKYI0 NMOCTOSHHYIO 7 H CKOPOCTb 3BYyKa B OK-
pyxaiouteit cpege C. CnemoBaTesbHO, OHO coXpaHsieT yucjao Maxa
M =YV/C.

Kpome Ttoro, ato npeoGpa3oBaHHe corjacyerca M ¢ KHHeTHye-
cKoit TeopHeil ra3oB, ecJlM pPacCMaTpHBATL TOJAbKO ABOHHbIE cOyja-
peHus Mosekya. CrefoBaTeNbHO, OHO COXPaHSET HEH3MeHHbIMH BA3-
KOCTb M, MPOBOAHMOCTb %, a CPelHIO IJHHY cBoGoaHOro mpoGera
MOJIEKYJIbl A H3MeHsieT B OTHOWIEHHH | :a. 3HAYHT, OHO COXpaHsSeT
Takke uncao Peidnonbaca Re = Vip/p, uncno Ilpanatas Pr =
= Cyu/x " uncno Kuyncena A/L. Takum o6pa3oM, OHO NPHroJHO
OAS MOJENHPOBAHHUA CIKHMAEMOCTH, SIBAeHHH yAapHLIX BOJH, siBAe-
HUH BSI3KOCTH, MOBLILIEHHS TeMNepaTypu BCJeJCTBHE Harpea Imo-
rPaHHYHOTO C/I0OS H SIBJIEHHA B pa3pexxeHHOM rase (6Gosblias cpel-
HfAS JJAHHA cBoGoaHoro npobera).

Haxkonel, naHHoe mnpeo6pa3oBaHie COXpaHsier BCe BTODHYHBIE
NpoLecchl XHMHYECKONH KHHETHKH, C/1el0BaTeIbHO, OHO MPHIOAHO AJis
MOJIe/IHDOBAHUST MHOTHX sIBAGHHH, paccMoTpeHHbx B § 34, KoTophie
He YKNaAHBAlOTCH B PaMKH MeXaHHKH KOHTHHyyma. C apyro# cro-
POHHI, OHO HMeeT To 6OJbILIOE MPEHMYLIECTBO, YTO MNO3BOJsSET BOC-
NPOM3BOAHTL MYTEM MOJAENHPOBAHHS MHOTHe a3pOTEPMOAMHAMHYE-
CKHe fIBJIeHHsl, TIpOTeKalollHe B BEPXHHX CJOSIX aTMoc(epbi, npu HC-
NHTaHAAX HA MOJAeNfAX He6OJbLIMX Pa3MepoB BOJIH3H MOBEPXHOCTH
sSeMJH.

§ 74. AcHMNTOTHYECKOE H3MeHeHHe MacmTafa

AddunHoe MojlenHpOBaHHE — KaK M B TEODHH TOHKHX Tea—
MOXHO GOpPMaJbHO paccMaTpHBaTb B PaMKax aHanu3a pasMepHoc-
Tell, NPUNUCHIBAsl Pa3Hble «Pa3MEPHOCTH» AJMHHAM B Pa3HHLIX Hanpa-
BJEHHAX 2),

Onaxako ropa3fo Gojee AeficTBEHHBIM ABJAAETCS MeToJ HHCREK-
MOHHOrO aHajH3a, KOTOPHH NoKa3hnBaeT, YTO TAKOA «aHanu3 pas-
MepHocTeil» 06bIYHO paBHOCHJEH 0co6Of Teopuu 803mywenud, T. e,
ACHMINITOTHYECKOMY HHCNEKUHOHHOMY aHaJH3y.

1) HeonyG6ankoBaHHas %Gon antopa B dxkepmana w3 AVCO Corp.

H Cu. Williams . Phil. Mag., 34 (1892), 234—-271; Moon P,
Spencer D. E, J. Franklin Inst., 248 (1949), 495—522, Yacro metoan 803e
MymeHnfi caMi He MOTYT GWTb CTPOrO 0GOCHOB@HMI,
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Mbl paccMoIpens Cayuaidl JHHEapH30BAHHOrO MOJAENHPOBAHNSA
no uHcay Maxa. Cefiuac Mbl NpHBeJeM HECKOJbKO NPHMEpPOB MpH-
MeHeHHS TOH Xe HaeH.

BuTte MoxeT, Hau6osee BaXKHHIM NPUMEPOM CJYXKAaT ypaBHeHHS
nozpanu4nozo caoa TlpasaTAs QA JTaMHHADHOTO TedeHHs BOJH3H
raagxkon tBepaoi rparuun (§ 27). Tak, crauHMoHapHOe MJIOCKOE
TeyeHHe B norpaHiiuHoMm choe onpegeasercs [ra. 11 (14)] ypasne-
HHSAMHA

du du 1 dp 0% du v
e TV oy T ox ="y ax Tay =0 (38)

H KpaesbiMH ychosuamu u(x,0) =0, u(x, o) = .

OTi ypaBHeHHs, BbiBeleHHbe B NPHGJHKEHHH, KOrAa TOJUHHA
NOTPAHKYHOTO CJOA CuHTaeTcsi OECKOHEYHO MaJjiIof, WHBAPHAHTHH
OTHOCHTEJILHO Tpynnu appHHHHX npeo6pa3oBaHHA BHAA

x—>B2x, y—>By, u->u, v—o>plv, (39)

a4 TakXe OTHOCHTE/bHO TPYNNH, onpejensioulefl MOAeAHPOBaHHE
no uxcay Pefivoabaca.

Hpyroit npumep naetr Teopus OGe3BHXPEBHX TIPABHTALHOHHLIX
BOJIH B MEJKHX BOJOEMax C MeAJeHHO H3MeHsoouledcs ray6HHoR A.
B camom rpy6om npubanxeHHH CpeHSA CKOPOCTb YacTHUM u(x, f)
B 3THUX <«BOJHAX Ha MeEJAKOBOJAbe» JJf ABYMEDPHOro [ABHXKEHHS
[58, pa3a. 2.2] yaosaerBopsieT ypaBHEHHIO

Uy = g (hit)ex. (40)

YacTHBA HHCNEKLHOHHbIA aHAJNH3 MoKa3nBaeT, uto ypaBHeHHe (40)
HHBAPHAHTHO OTHOCHTEAbLHO NpeoGpa3oBaHuA

t—>Bt, h—>0"’h (41a)

npu no6om B > 0. Tak kak ypaBuenue (40) oaHOpPOAHO M JIHHERHO,
TO OHO MHBAPHAHTHO TAaKXe OTHOCHTENbHO npeo6GpasoBaHHil

#u—>3w—+s¢ npu aO6HX §>0 H e (416)

Kak yxe 6bi10 oTMeueHo B § 15, BOJIHB Ha MeJKOBOAbe MOXHO

NpeACTaBHTb 60jiee TOYHO YPAaBHEHHAMH NMOJHTPONHOrO TEYEHHN NPH

= 2. M3 ckasannoro B § 73 caeayer, 4To OHH HHBAaPHAHTHH NpH
Bcex H3MeHeHnax macwrala sHAa

X—>ax, t—>at, u—>u, p—>kp. (418)

B ra. V Mbl nokaeM, Kak C NOMOLLbIO TaKHX TPYNN MOXHO MO-
RyyaTb B fIBHOM BitJe 4YacTHble DelleHHs KpaeBblX 3afav.
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3aechb ke Mbl TnaBHbIM 06Gpa3oM paccMaTpHBaeM NPHMeHEHHs
TeOpHH MojennpoBaHHs. Ee BaKHHIM npHjaoxeHHeM sBasercs o6oc-
HOBaHHe H3MeHEHHA BePTHKAJbHOro Macuitabd B THAPaBJAHYECKHX
Mojaensx '). Mu paccMoTpHM 3TOT Bonmpoc B § 77.

§ 75. AspoauHamuueckue TPpyGnl

B HacTosillee BpeMsi MHOrHe BeiylllHe J1aGOPaTOPHH B NePBYIO
oyepelb 3aHHMAIOTCSl NMpOBefleHHEM H HCTOJKOBaHHEM ONbLITOB Ha
Mojeasix. B cBsi3H ¢ 3THM Ha nMpaKTHKe GHJIH BbipaGoOTaHbLl HEKOTO-
pble NPOCThbie MOJOMXKEHHA OTHOCHTENbHO MoJ06GHSA, Bpoje ONHCaHHbIX
B 9TOH raase. ONHAKO NMepBOHAuYaJbHO NMPOCTble HiaeH ObiIH 3HAYH-
TeJbHO YCOBEpLIEHCTBOBAHH € Pa3BHTHEM 3THX PaboT, H Ml noJjy-
yuan 6bl BecbMa MCKaKeHHOe NpeacTaBjieHHe O MOJeMHPOBaHHH,
ecan Gbl He pPacCMOTPeNH HEKOTOpble NpaKTHUECKHe acNeKThl 3TOH
Temsl. [TosToMy B 3ak/ioueHHe MBI JajHM KpPaTKHil HCTOPHUECKHH
0630p pa3BHTHSA 3KCNEPHMEHTAJbHOH TEXHHKH HEKOTOPBIX ClelHaab-
HbIX BHI0B MOLE/HPOBAHMS.

Aspoannamuueckne TpyGbl MpeacTasisiioT, OGuITe MOXKeT, HaH6oO-
Jlee coBeplieHHble YCTPOHCTBA [/ NPOBeLeHHs 3KCNEPHMEHTOB C
mozneasiMi, IlonyueHHble B HHX JaHHble NEPBOHAYaJbHO HCTOJKO-
BLIBAJHCh TOJBKO C NMOMOLIbI0 HHEPLHAJBHOr0 MacuiTaGMpOBaHHA,
HanpuMep B cayuae 3amepoB KoapouuuentoB Cp, Cr, Cp aas npe-
NATCTBHS MJHM Kpblia 3aJaHHON OpMbL MPH 3aLaHHOM Yrie aTakH.
K toMmy xe, 3TH rpy6ble AaHHble Tpe6GOBaJH «NONPaBOK TapHPOBA-
HHA®» Ha BJHAHHE AEPIKABOK MOIENH, a TaKXKe NIONPAaBOK HA BJHA-
HHe cTeH u nmajgeHde gasaeHHs (§ 102). [Nockoabky onbiThi NpoBO-
JWJIHCh NPH Pas3JHuHbIX yucaax PeitHoabiaca, 4acTo BO3HHKAJAH pac-
XOX€HHsl, B OCOGEHHOCTH B OKPeCTHOCTH Reyp, H KOHKYypHpyiOlLHe
n1a6opaTOpHH HHOTAA 3aABJSJIH, UTO 3TO Pe3yJbTaT OWHGOK 3KChe-
pHMeHTa ?).

OctpoyMHas HIes, MO3BOJIAIONLAS MOJyuaTbh pa3Hble uucia Re
Ha MalblX MOAENNX, COCTOKT B TOM, YTO6bl HCNOJIL30BaTh a3pPOAHHA-
MHyecKHe TPYy6nl ¢ nepeMeHHoii miortHoctsio ({3), pasa. 102); Tak
KaK BfI3KOCTb | He 3aBHCHT OT JaBJNeHHs, TO uHca10 Re = VL/fy =
= pVL/pn nponopuUHOHA/IBHO TNIOTHOCTH.

Onuako onmbiThl NOKA3BIBAIOT, YTO HAeH, u3joxelnbie B § 71, He
Gesynpeunbl H B TOM OTHOLIEHHH, 4TO TypOYJEHTHOCTb B a3pOJHHA-
MHYeckoi TpyOe MOXeT BAHATH Ha Beanundy Cp{Re). Urobu 370
yyecTb, ObiJi0 NMPENJIOKEHO AJMs BCAKOH HaHHON a3pOoAHHAMHUECKOM
TPYy6Gbl ONpefeNHTb TAKOH MHOXKHTeAL A, 4TOObL B 3TOH TpyGe

) Craya A [50" Doodsaon A. T. [51], cTp. 148.
?) Mo BocnomuuausiaM mnpodeccopa B. [lparepa. Koueuno, wepoxosarocts
MOJG/H Takke npeicTasiser co0Ofi napaMerp, KOTOpHIl MOANEXHT ydery,
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«3ddexTuBHOe» uncao Peftnonenca Reyy, 6bino pasuo AVL/yv. B Ha-
cTOflllee BPEMS B CBA3H C CO3JaHHEM a3pOJAHHAMHUYECKUX TPyG HATY-
pajibHBIX pa3MepoB ¢ MaJioff TypOyJNeHTHOCTHIO, He roBops yxe 06
HCCeOBaHUAX B CBOGOJHOM TNOJeTe H O CTAaHAAPTHHIX Habopax
npoduneii, sKcnepuMeHTEl B a3POAHHAMHYECKHX Tpy6ax ¢ MaJoH
CKODOCTBIO B 3HAUUTEJbHOH Mepe H36aBHAMCL OoT OHJo# cBoeil ne-
onpeeNeHHOCTH.

TexHuka HCNOAL30BAHHA (BEPX38YKOBbLX a3POIHHAMHYECKHX
Tpy6 HMeeT ropasno MeHblylo HeTopuio. [lepBble Takue TpyGul Obl-
JH BBeJleHH B JeHCTBHe BO BpeMs BTOpOH MHDOBOH BOWHHBI, H HX
6MyoM GbIIO HenpelBHAeHHOe BO3HHKHOBEHHEe CKAauyKOB KOHIEHCAILHH
H jaxe of6pa3oBaHHe CHera— sIBJIEHHS, KOTOpble TPYAHO HCCJeL0-
BaTh C MOMOLILIO TOJILKO aHalH3a pa3MepHocTeil.

AHnanu3 paamepHOCTe#l YKasbiBaer Ha TO, YTO B CBEPX3BYKOBBIX
a’poAMHaAMHYeCKHX Tpy6ax (H Bo BHellHef OaJVIHCTHKE) HYXHO
cuutatb Cp ¢yHKuHe#k oT udncen M u Re. Oanako nmpakTHYeCKH
uyucao PefiHonbaca, no-BHAHMOMY, Hrpaer BTODOCTENEHHYIO pOJIb,
BOTIPEKH IIHPOKO PACNPOCTPaHEHHOH NMPOTHBOMONOXKHON TOUKe 3pe-
Hus '), Tak, noBepxHOCTHOe TpeHHe OOBLIYHO COCTABJSET TOJBKO
10% ot moaHOro COMPOTHBJAEHHS NpPH ABHXKEHHH CHapsiga, a 3To,
cKopee BCero, HMEHHO Ta COCTaBJAIONLAs, HA KOTOPYIO BJHAIOT LUe-
poXoBaToeTb MOBEPXHOCTH H BsidkocTh. Oanako BennunHa Reyy, oka-
8LiBaeT BJHAHHE H Ha Da3JMYHble MeHee CYLIeCTBEHHble fBJIEHHSA,
CKaXeM, Ha TOJIMHHY YAapHHX BOJH M HAa A-o0pasHble yaapHhe
BOJIHBI, OTKpHITHIE AKKepeToM 2).

§ 76. OnbitoBbie GacceliHu

HauG6onee BaXHbLIM NPHMEHEHHEM MOLENHPOBAHH MO YHCAY
Ppyna ABASIOTCA HCHBITAHHA MoJenell CYAOB, XOTA OHO TaKXe
NpHMeHseTcd NpPH MOAEJHPOBAHHH BOJH W ceHilleH, BXOXJIEHHS
B BoAy (§ 78) u ucnons3yercs I8 THMAPABAHYECKHX TYPGHH, HMel0-
KX cBOGOAHYIO MOBEPXHOCTD %).

YkKe naBHO CNOPAT O TOM, KOTO HaJo CYHTATb aBTOPOM «Moje-
nHpoBaHuA no uucay Ppyna» npu ucciaelOBaHHH HAa MOZENAX CO-
npoTHBJeHHs cymos, — Puua uan ®pyna. Ilockonbky dakte no-
BOJIbHO JIIOGONBITHBI, Mbl NPHBEEeM HX.

1) Teopernueckne BwBOAW B The Mechanical Properties of Fluids, Blacklie
B gap., 1935 ocHOBaHHW HAa OXHON-eAHHCTBEHHON TaGiHle, NpHBeNeHHON Ha
ctp. 37 B [5]. B GaanucTuyeckux onnitax, nposefenubix B CIIIA, He oGHapyxHH
yero-1m60 najke OTJaJ€HHO HANOMHHAIOLIEr0 NAHHLiE 3TOR TaGJHIEL
‘; Ackeret J., Mitt. Inst. Aerodynamik Zdarich, Ne 10, 1944,
%) Cm, Bertrand J, /. de IEcole Polyt., 19 (1948), 189—197,
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B 1831 r. Puu!) npeanoxua B TOYHOCTH TO, YTO OOHIYHO Ha3bi-
BalOT «3akoHoM dpyna», a HMEHHO HCTMHTHIBaTL MoOAeNH KopaGJeit
npd paBHbix uhcnaX Ppylda H OLUEHHBATb CONPOTHBAECHHe O0bEKTA
¢ noMouwpbio npeo6GpasoBanus mnogoGus (22). Bosbwas sacayra
®dpyna COCTOHT B TOM, YTO OH nouleJs Aaibllie 3TOr0 NpPocToro 3a-
KOHa.

Y GoabwmuucTBa TOProBuix KopaGaed 90% BeAHYHHBI CONPOTH-
BJIEHHsl NIPHXOAMTCA HAa TPeHHe, H, CJefoBaTes]bHO, AN HHX NPHIOA-
HO He MoJe/IipoBaHHe Mo yHcay Ppyna, a MOAeNHPOBAHHE NO YHCAY
Pe'inoabaca. Uto6ul OueHHTb COMPOTHBJAEHHE Kopnyca kopaGas no
HCMBITAHHAM HA MOJeNfiX, HYXKHO ero npeicTaBHTh B BHAe JBYX CO-
CTaBJISIOIHX: BOJHOBOE CONPOTHBJEHHE H CONPOTHBJEHHe TPEHHS.
BnepBbie 310 6nisi0 npeaJioxeno B 1874 r. ®pyaoM?), H 3TO OCHOB-
HOe JonylleHie MOXHO NPeACTaBHTh B BHIe GOPMYaH

Cp="Cy (Fr)+C,(Re). (42)

A y toprosuix kopa6aeil o6utuno npesaaupyer C;(Re)!

OnHako TOuHble «32aKOHK» MOJENHPOBAHHS ellle NaJeKO He Bbl-
sciennl, Haunnas ¢ 1935 r. Cy(Re) oObiyHO pacu/ieHAOT Ha «Mno-
BEPXHOCTHOE TpeHHe» H «CONpOTHBAeHHe (GOpPMbi» (COMPOTHBJIEHHE,
BbI3BAHHOE HAJIHUHEM cJefla HJH BUXpefi).

ITepexoa oT conpoTHBJeHHS (GOPMEI MOAENH K MOLEAHPYeMOMY
COMPOTHBJIEHHIO B 3HAYHTENbHON Mepe OCHOBBIBA€TC Ha JIHYHOMH
HHTYHUHH HccnepoBartens. Hauunasa npumepuo ¢ 1945 r. o6biy-
HbIM MPHEMOM CTaJi0 CO3/JaHHe HCKYCCTBEHHOH LIEPOXOBATOCTH MO-
BEDXHOCTH MOIEJH, C TeM YTOOH MONyuuTh «3QPeKTHBHOe UYHCMO
PeitHoabaca» Resp. v ko3¢ duuneHT conporusienus ¢opmpl Gonee
G/IH3KHMH K COOTBETCTBYIOLIHM KO3 HIUHEHTAM 51 PeaNbHOro Ko=
pa6as. ABTOpy He M3BeCTEH HH OAHH TeOPETHYECKHH NpHUHUMN, NO-
3BOJIAIOLLHIl OnpeneNnTb, KaKass HMeHHO TpefyeTcs WIEPOXOBATOCTb
MoOZe/H, 0COGEHHO €CJIH yuecTb, YTO «o6pacTaHHe» KOpPNyca CHJALHO
H3MeHsSleT MOBEPXHOCTHOE COMPOTHBJAEHHE TPEHHA y PeaabHOro Ko-
pa6as 3a BpeMst ero cayx6ml.

HenaBHo 6bl10 npeasioeHO 8bi4UCAATG BONHOBOE CONPOTHBJE-
HHe KOpalJisi TEOPETHYECKH, a CONPOTHBJIEHHE TPEHHA (M (HOPMH)
paccMaTpHBATL KaK HeKH ocTaTok, Takue BBIYHC/IEHHR NOKa He
npoBeleHbl: HEJHHEAHOCTh KpaeBbiX ycloBHAi Ha «cBOoGOAHOMH rpa-
HyLle» Jej1aeT HX yCTpPalaloUuMH,

B cnyyae AuHeapH30BaHHOrO MPHGNHIKEHHS «TOHKOro Kopa6ns»
(§ 74) Teoperuueckoe BbuHcleHHe xoddpduunentra Cw(Fr) npuso-
JAHT K NATHKPATHOMY HHTErpaiy (HHTerpaj Muuenna). B Heckosb-

l') Reech F, Cours de I'Ecole d’Application du Génie Maritime, Lorient,
%) Trans. Inst. Nav. Arch., 18 (1874), 36—59,
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KHX MPOCTBLIX c/ayuasx oH Obla noacuutad. OaHako 4o cux nop e
fICHO, ueM OOBACHSIETCA PACKOXKAEHHE MEXKAY BLIYHCJEHHBIM 3latue-
ineM Cw(Fr) # nonyyaeMblM H3 onbiToB 3HauenHeM Cp — Cy(Re)—
HeJIHHeNHOCTbIO HJIH HaJHuHeM ciela').

§ 77. MonesH pexk H rasaHeh

O6bsicHetHe pe3yabTaToB, NOJLYYEHHBX NPH MOAENHPOBAHHI ra-
BaHeil, pex, yCTheB, MJOTHH, BOJOCJHBOB H T. A.2), elne Gonee 3a-
BHCHT OT NPaKTHUECKOTo OnblTa H HHTYHRHH. JloCTaTouHo CA0XKHO
TaK¥e MOJeJHpPOBaHHe MOTOKA XHAKOCTH B TaK Ha3biBaeMbLIX «He-
NOABHXKHBIX JIOXKaX»; elle fojee TPYAHO C MOMOLLBIO NPOCTHIX MaTe-
MaTHYeCcK!X MOHATHH HHCMEKIHOHHOTO aHa/H3a OCYUeCTBHTL Moje-
JHPOBaHHe 3PO3HAHOrO AEHCTBHA H OTJOXKEHHMH B Cjayude «IOABHXK-
HOTO JIOXK a».

[Tpu u3yuenHH ABHXKEHHS XHIKOCTH HAa MaJsblX MOAENsX Hernopn-
BHXXHbIX pycesl B MepBoM TMPHOJHXEHHH MOXHO HCMOJb30BAaTh MO-
AenupoBaHHe no yucay Ppyaa. ITo 3HAYUT, YTO €CAH YMeHblUeHHe
a4 paBHo L : 1, To CKOPOCTb J0/1KHA YMEHbUIHTLCS B OTHOLIEHHH
V L:1, a o6beMublit pacxol— B OTHowesHn L : 1, kak npeano-
aAarajoch B § 72, Ho Bce 310 BecbMa npHOaHkeHRro. (Ilepuoawt ot-

JHBOB H MPHAHBOB TOXeE H3MEHAIOTCA B OTHOLUEHHH VL:1)
OpHako npakTHka MOAeAHpoBaH#s no yucay Ppyna ckopo 3a-
CTaBJsEeT MPH3HATL HeOOXOMNMBIMH Da3jiHuHble orpanHuedus, Tak,
3aTVXaHHe BOJH M Apyrhe 3Q@deKkThl BA3ZKOCTH OKa3blBAlOTCA 3aBbl-
WeHHLIMA HAa MOAeAsX Majblx pa3MepoB. B nebGoabuinx Moneasix
raBaHeil BOJIHbI He pa36uUBAIOTCA TaK, KaK HacTOslIHe BOJHbI: pe-
WAKWAM OKa3biBaercs JeficTBHe KanuanaspHoctd 3). Kpome Toro,
3axBaT BO3AyXa B HeG6OJbIIHX NO pa3Mepy MOJendxX BOAOCHH-
BOB H BOJOMNAAO0B rOPa3fo MeHblUe, UeM B eCTECTBEHHBIX YCJAOBHAX 4).
Bosee Baxen tor ¢akr, uto (§ 71) CHABI BA3KOCTH B MOAesax
OTHOCHTEJIbHO BEJIHKH H, CJAe[0BaTeNbHO, TYPOYNEHTHOCTh («BHXpe-
Basi BI3KOCTb») CPaBHHTENBHO ¢ HAMH Mana. Uto6u 3toro HaGe-
KaTb, OGBIYHO B MOAENNAX UHOYYUPYOT TYPOJEHTHOCTb, HCKYCCTBEH-
HO yBENHuHBas LWIEPOXOBATOCTb MOBEPXHOCTEH HJAH Ja)e Co3aaBas

) Birkhoff G., Kotik J, Korvin-Kroukovsky B. V,
Trans. Soc. Nav. Arch. Marine Eng.. 62 (1954), 359—396.

2) KoMnereHTHoe H3JoXeHHe OOWYHBX noxxogos cM. Warnock H,
Engineering Hydraulics, Hunter Rouse ed., ra. Il; em. rakxe Am. Soc. Civ. Eng.
Manual of Engineering Practice, Ne 25.

3) Yro6n HX MOAEIHPOBATb, HYXKHO OCTaBAATb HEH3MEHHHM «uHciao BeGepa»
W =7/pV2L, rme Y — noBepxnHocTHOe HaTtfixenne [cM. Bashforth,
Adams, Capillary Action (1883 r.)].

) Cm. Escande L. Génie Civile, 16- dec. 1939; Camishei C. and
Escande I, Similitude Hydrodynamique et Technique des Modéles Reduits,
Paris, 1938 (peakasa KHHra},
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NPensATCTBHA ABHXKEHHIO XHAKOCTe#i B BH/Ee BEPTHKAJbHbLIX MJaacTH-
HOK MJIH XKeCTKHX NMPOBOJIOYHBIX CETOK. ITO YBeNHYHBAET BUXPEBYIO
BA3KOCTb, TAK UYTO CHJbI BA3KOCTH B MOJAENH CTAHOBATCA AdKe OT-
HOCHTENbHO GONBLIHMH, YEM B APYFHX YCJAOBHSX.

BnpoueM, npH gocTatouHo 60JbiiHX ukcaax PeilHonbica, Tagyio
A0 HEKOTOPOil CTeNeHH NMapajokCalbHYI0O MPAKTHKY MOXXHO 4acTHu-
HO 060CHOBATb C NOMOILBIO HHCMEKIHOHHOrO aHaMH3a, HAa 4TO yKa-
3aa astopy C. Poit. B ykasaHHbIX YCAOBHAX CHJIbI BA3KOCTH ropasao

MeHblUe, ueM «HanpsxeHHs PefiHoabaca» uj u,/. rae u’— BeKTop
Typ6YJIEHTHOH CKOPOCTH, a uyepra O3Hauaer ycpeaHeHHe (cM. [5],
crp. 192). losToMy, ecau OTHOCHTeNbHasi TypOyJeHTHOCTb BO BCeX
TOYKAxX OJHA H TA Ke, MOXKHO PacCYHTHIBATb Ha TO, UTO pacnpepe-
JEHHS CPEAHHX CKOpOCTell HA MOJENH H B HATYPe CXOAMbI.

TlepeHoc TBepABIX yacTHL (3arpA3HeHHH, NecKa, rpaBHsa) JBHKY-
uleiica Bojo# B cHAY ero 60JblIOro MPAKTHUECKOrO 3HAUYEHHsl A
pek, raBaHell H ycTbeB 4acCTO H3yYalOT Ha MOJAENAX THNA «MOJABHXK-
Horo Joxas. HMcnosnbsoBanue Takux Moaeneit TpeGyer Goablioro
HHIHBHAYaJNbHOTO HCKYCCTBA M CBAI3aHO C OYeHb TOHKHMH coolpa-
KEHHAMH ).

Mognennposanye no uucay Ppyaa BecbMa npHOIHKEHRO cOXpa-
HfieT KaK CKOPOCTH, BHI3BaHHble CHJOH TAXECTH, TaK H BOJIHOBble
LBHXKeHHR (B MOAENsAX raBaHefl), HO TOJBbKO B cayyae TypOyJseHT-
HOTO PeXKHMa TEYEeHHs HJH B CJyuyae, KOrAa MOXHO npeHebpeunb BA3-
KOCTbiO ?).

Ha mozenn yacTo 3aBbIIAIOT OTHOCHTENbHHE pa3MepH 4acTHl,
0T4acTH, YyToOL H36eXaTh CHAB CUENJIeHHs, OTYACTH, YTOOH coXpa-
HHTL yucno Re, a Takxke, 4TOGH 0G6JEryHTh H3rOTOBJICHHe MOJeNH.
Takoe 3aBhilleHHe pa3MepoB NPENATCTBYET YBJEUEHHIO YacTHILL MO-
nesH BOAOH. OTO siBJeHHe KOMNEeHCHPyeTcs®) yMeHblIeHHeM HX OT-
puIaTeNbHOR NJIaBYYecTH p — p.

3acayxHBaeT YNOMHHaHHsA TakXe OObluHOe B TaKHX MoOAeNsiX
HCHONb30BaHHE DA3AUYHbIX MacuiTab08 NO 20PU3ORTAAWL U nO 6ep-
ruxkasu. B AHFNNM TPHHATO 3aBHIIATH BePTHKa/AbHHA MacmTal
(cnepys Pefisonbacy u I'n6eony), urob6mi H3bexaTb upe3MePHOTO
MenkoBoabi. OG0CHOBAHHOCTL TAKOTO 3aBHILIEHHS 4acTo ocnmapHBa-

) IMoapo6uoe paccMoTpeHHe HEKOTOPHX TPYAHOCTER MOXKHO HafiTH B pa-
Gote Proc. Am. Soc. Civ. Eng., 71 (1944), Trans. Ne 3, 4. 2. B HexoTOpHX
MOJeNfX NPHARBOB CHAY KopHoaHCa HYXKHO MOLenHpOBAaTh NOCPEACTBOM H3Me-
HEHHS KPHBH3HH pycaa; cM. [49], crp. 78.

2) MoxHO 3aBHICHTH HAKAOH AHA PEKH HMJH YCTbH, YTOGW MNOJAYYHTB NOAXO-
Aflide CpeAHHe CKOPOCTH TedeHusi, Koraa wHcao Re mano. LlepoxoBatocts mnpeg-
cTaBifeT coGofi BakHuA dakTop.

3 Cm. Camichel C,Escande L., Comptes Rendus, 189 (1934), 992.
Otauunoe H3IONKeHHe 32KOHOB MacWiTabHpoBauus B ClydYae fepeHoca HAAZ CM,
Einstein H. A, Miller R, Schweiz. Archiv, 5 (1939), Ne 8,
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aach!) Bo ®paruuu, rge nMeeTcs TEHAEHLMS HPUMEHATL MOJENH
GosblIHX pa3MepoB. DTO MOMHO HCTONKOBATh KaK HeuTo BPOAE
aCHMNTOTHYECKOro MaciirabupoBanua (§ 74).

Ha npakTnke npu n3yueHHH rHAPaBIHYECKHX Mojesefl peK W ra-
BaHeH pelko ofpallalOTcad K TEOpeTHUecKHMM aoBoaaM. Hampexxknoctn
NOGHBAIOTCSl TE€M, YTO BOCHPOH3BOAAT Pa3JHUHbIE ACMeKThl PeXHMa,
HaO/MI0faeMoro B peanbHBIX YcaoBHsX. IIpu 3ToM HajgeloTcs, uTo
H3MEHEeHHs B YCJIOBHAX OOTeKaHHs Takxe OGyRyT BOCIPOH3BeIEHB!
B HOBOM Macmtafe — XOTsl He HMeeTCsl HHKAKHX TeOpPeTHUeCKHX ZO-
BOJIOB B MOAAEPIKKY TAKOTO NMPEANONOKEHHH.

§ 78. MoneanpoBaHHe BX0ia B BOAY

Has noaBogHo#i GajJNHCTHKH MOXET HMeTb GOJblIOe 3HayeHHe
MOZIeIHPOBaHNe fBJIEHHA NCBEPXHOCTHOTO H IMIYGHHHOrO CMBIKaHHS,
KOTOpble COMPOBOXKAAIOT BXOJ B BOAY, Kak ykasado B § 53. ITosto-
My BO3HHKaeT npo6sieMa, KaKk BOCIPOH3BECTH 3TH SIBAEHHS B IPYroM
maciura6e.

Ha ocHoBaHHH 3KcnepHMEHTaJbHOH aHAaNOTHH MOXHO MOAAATHCA
HCKYLIEHHIO HCNOJb30BaTh MNOMPOCTY MOJAEAHPOBAHHE MO 4YHCAY
dpyna ¢ NOHHXKEHHHIM JaBJieHHeM INPH MOCTOSHHBIX yHcaax Fr u Q
ua Q*; u meficTBHTENBHO, TaKoe MpeioxeHue Guiio caenauno. On-
HAaKO Mbl pajgbl 3asiBHTb, YTO HAa 3TOT Pa3 NPaBHJLHOE pelleHHe B
c/lyyae NOBEPXHOCTHOrO CMbIKAHHS, MO-BHAHMOMY, 6LIIO AaHO He
HHIXKEeHepOM, HCXOJHBILHM H3 (U3HUYECKOrO ONHITA, a4 C MNOMOIULIO
HHCMEKUHOHHOrO aHaju3a «MaTeMAaTHKOM B ero KaGHHeTe», HMEHHO
aBTOpPOM 3Toft KHHTHZ). Peluenye OBLIO NMOACKA3AHO CJEAYIOLUHMH
co06paKeHHAMH.

Ilpocroe pa3MbllljieHHe NPHBOJAMT K MBICJH, YTO NOBEPXHOCTHOE
cMbIKaHHe 0GYCJOBIEHO NMJAOTHOCTHIO BO3AYXa: HMEET MeCTO CHMXKe-
HHe NaBJIEHHS B FOPJIOBHHE KaBepHH Ha BeJHUHHY p'v’%/2 (p’— naot-
HOCTb BO3[yXa, U’ — CKOPOCTb BO3JyXa), H 3TO BHI3BIBAeT BCIJIECK
M Cy)KeHHe TropJOBHHBI. Takoe ABJIEHHE HEBO3MOXHO BOCHPOH3BECTH
Ha MOJeJH, eC/IH IJIOTHOCTb p' YMEHbIIaeTcs BCJEACTBHE MOHHKEHHS
LaBJIeHHA; HO eC]IH AaBJieHHe He TOHMXKAercs, TO, NO-BHAUMOMY, He
MOJENUPYIOTCH pa3Mepbl Ny3bipsi, 06Pa3yioIerocs: nocje cCMbIKaHHA
KaBepHBI.

1} Camichel C, Fischer E, Escande L., Compfes Rendus, 199
(1934), 594. dkcnepHMeHTaAbHHA KOHTPNODHMED, NPHBEJCHHHLA HMH, He SBASETCH
NPHMEPOM TIOYTH TOPH3OHTAJBHOIO TOTOKA.

%) Birkhoff G., Modeling of entry into water, Applied Math. Panel,
National Defense Research Council, May, 1945 (paccexpeueno); Waugh J. C,
Stubstad G. W, Water-entry cavity modering, Klavord Rep. 5365, De-
cember, 1957. OTHOCHTE]bHO MOJE/HPOBAHHA BXOZa TBepLOTO Tela B BOAY
cM. Takke May A, J. Appl. Phys., 18 (1948), 127—139; Levy J, Rep.
E-12.19, Hydrodynamics Lab., Caltech., August 1956,
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[MockonbKy Mbl HMeeM 1elo He C BOASIHHIM MapoM, ypaBHeHHe
COCTOSIHHS yKe He HMeeT BHaa (33), a Bopa)kaerca MpHOAHKEHHO
COOTHOLWEHHEeM

p =k ‘43)

[Tpu6anKeHHO 3TO ypaBHeHHe yAOBJETBOPSETCS /sl NOABOAHBIX
My3biPbKOB ra3a, H eCJH TOJbKO Mbl He HMeeM Jesa C HACHILeHHBIM
rasoM, paBeHcTBO p’ = p, + kp’¥ He Buinosuserca. I1o sToft npuunHe
HAaZO0 KCMOJb30BaTh yHcA0 Q* BmecTo uucaa Q.

C MaTeMaTH4YeCKOH TOYKH 3PEHHs, yPaBHEHHsl Hepa3PHIBHOCTH,
COCTOSHHS M [BHXKEHHs COXpPaHsSIOTCS npH npeo6pa3oBaHHH

X == aX, f1=Va_t: ulz‘/};u, Pi=1p,
pi=ap’, p=p, =" ky =ak,

rae HHAeKcoM o06o3liayeHbl NpeoGpasoBaHHbe nepeMeHHue. Hrak,
MB MOXEM MOJYYHTb MOAEJb, eC/iH Y Hac GyAeT ras, ypaBHeHHE CO-
CTOSIHHSl KOTOPOro HMeeT BMI p;=akp;“°s, rae p’ = kp'™*® ectn
ypaBHeHHe COCTOSIHHS BO34yXa. TakHM rasoM, HanpuMep, BNOJHe
MOXeT GHTb BO3AyX NPH HH3KOA TEMIepaType, HO 3TO HEMPAKTHUHO
C TEXHHUYECKOH TOUYKH 3PEHHA.

[No-BHAUMOMY, NpaKTHYHEe HCNOJNB30BATh (PEOH HAH KaKo#-1H6O
Apyro#t «TsKeaAbldl ras3», y koroporo ¢ # 1,4, HoO NJIOTHOCTL KOTOPOrO
B HECKOJIbKO pa3 6oJiblle MJIOTHOCTH BO3AyXa MPH MOHHXKEHHOM Aa-
BJIEHHH H NPH TeMuepaType atMocdepbl; B ManoM macuitabe Takoe
MojesupoBanHe 6u10 BoinosiHeHo (cp. [29]). Ocraercst TONBLKO Bbi-
NOAHUTbL MOAelupoBaHHe p u dp/dp anq rasa.

Mogaenupylouwnit npouecc, OMHCAHHBIA BBHIlUE, NO-BHAHMOMY, He
orpaxaer rayOHHHOro cMeikauus. Ecau ono npeacrasaser coGot
3¢deKT BA3KOCTH, KaK Mbl NPEANONOXKHIN B § 53, ero MoXHO MoJe-
JAHpOBaTh, JHUIb COXpaHAqa YHCJIO Re, YTO NPpaKTHUeCKH HEBO3MOXHO.
OpaHako, NMOCKOMBKY MaKCHMalbHO BO3MOXHOe NOHHXKEHHe JaBJe-
HHSl yMeHbllaercs O Hyas BMecTe ¢ Q* (B NPennonoXKeHWH, 4To
pactaxeHie p < 0 HeBO3MOXHO B TeueHHe paccMaTpHBaeMoOro npo-
MEXYTKa BpeMeHH), riyGHHHOe CMBIKaHHe JOMKHO MONYYaThCsl XOTH
6Bl H He COBCEM TOYHO NPH MOJAENHPOBAHHH no uucay Ppyna ¢ no-
HWXKeHHHM HaBJjleHHeM, ¢ NPHMeHeHHeM HJAH 6e3 NpPHMEHeHHA TH-
}KeJIoro rasa.

Heo6xoaumMocTh Gojlee akKypaTHOro aHaju3a, 4yeM OGBLIUHBIH
aHalM3 pa3MepHOCTell, BUAHA H Ha npumepe Oe3pa3mepHoro na-

pamerpa N =V Frp’/p. 3tor napamerp, kak HeaaBHo!) 6bl10

') Birkhoff G, Isaacs R, Transient cavities in air-watter entry,
Navord Rep., 1490, January 1951,
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NnoKa3aHo, BecbMa NPHOGAHIKEHHO onpejpeasieT BHA CMbLIKAHHA NPH
BXOJe B BOAY: MOBEPXHOCTHOE WAH rayOHHHOE.

Hcnoabzosauue napaserpa N B KauecTBe HeoOGXOIHMOTo KpH-
TepPUS [0Ka3LIBAIOT CJaedymlide onbiThHble AaHHble. CornacHo akcne-
puMeHTaM BpeMsi Tr., Heo6xoauMoe ANA FAYGHHHOrO CMBIKAHHSA, B

rpy6om nmpHOAMKEHHH NPONOPLUHOHANBHO BEe/HYHHe V'Lig. C npy-
roii CTOPOHbLI, YCTAHOBJEHO (HampHMep, C NMOMOLLLK HHCNEKLHOH-
HOTO aHa/M3a WHEePLHAJbHOrO MeXaHH3Ma NOBEPXHOCTHUIO CMBIKa-
HHS1), UYTO MPOAOKHTENbHOCTb Inc. NOBEDPXHOCTHONO CMBIKaHHA
nponopuxonansbia pl/p’V, rme L — xapaxtepHas aauHHa, a V —
XapakTepHass CKOpocTb. [103TOMYy AnA NOBEPXHOCTHOrO CMbLIKAHHA
ycaosue Tre > Tpe nprHuMaet BHA N > Ny,

[Ipr O6GLIYHOM HCMONbL3OBAHMH aHAJ/H3a pa3MePHOCTEH Mbl MpPH-
wau 6bl K BLIBOAY, YTO CpeJlHe Pa3HOCTH AaBJeHHH, BH3bBalOLLHE
NOBEPXHOCTHOE W IJyGHUHHOE CMBbIKaHHe, JO/KHB ObiTh NMPOMNOPLUHO-
HalbHbl COOTBETCTBEHHO BeanuuHaM p'V?/2 u 2pgLl, a 3to npuBeno
6hl K NPEAJOXKEHHIO HUCNOoAb30BaTh Ge3pa3Mepuoe oTHoweHHe N’ =
= Fr p’/p B KauecTBe KPHTepHA NOBEPXHOCTHOTO cMbiKanua. [Tocren-
Hee pe3Ko pacXOAUTCA C HaGMIOREHHSIMU,



Fnasa V
TEOPHSA TPYINIII U THOPOMEXAHHKA

§ 79. Bmenenne

B ra. IV Obi10 noKa3aHo, 4To [OHSITHE TPYNMbl HEHHO OAJsl THA-
pOMeXaHHKU B TPeX OTHOleHHAX. Bo-nepBblX, 3TO NOHATHE MOMO-
raer MateMatHuecKH OGOCHOBATb MOIEJHPOBAHHE C [OMOLLbIO HH-
CMEeKUHOHHOTO aHaju3a, KOoTophlii Gojlee COOTBETCTBYET CYTH Jena,
yeM OOGBIYHO NpHMeHseMblll aHanau3 pasMepHocTeil. Bo-BTophix, ¢
NOMOULLIO TMOHATHSA rpynmnbl MO2XKHO NPOBEPSAThL CNpaBelJIMBOCTb Ma-
TeMaTHYeCKHX TeopHil THAPOMEeAaHHKH faXe B TEX CayyasX, Koraa
HeBO3MOKHO NPOHHTErPHPOBATh TEOPETHUECKH BblBeleHHble ypaBHe-
HHS B YaCTHbIX NPOM3BOAHBIX. M HakoHel, KaKk H aHasiu3 pasMepHoc-
Teil (Ho Gosiee 06iM o6pa3oM), OHO YaCTO JaeT CPeACTBO CHH3HTh
YHCAO MOANEXKAUIHX PACCMOTPEHHIO NapaMeTPOB; TeM CaMbIM MOHs-
THE TPYylnbl BHOCHT 31aYUTeNbHble YIPOLIeHHS.

Tenepb Mbl 06cyAUM BO3MOMKHOCTH NPHMEHEHHS 3TOrC NOHATHA
K uHnTezpuposaruro AH¢depeHuUHalbHbIX YPABHEHHH THAPOMEXaHH-
KH M, KOHeyHo, YpaBHeHHH MareMaTHuecKol ¢H3nkH BooOuue. Bonb-
a8 yacTh TOro, YTO Mbl HAMepeHbl BLICKAa3aTh B CBA3H C 3THM, B
TOM HJH MHOM BH/e yXe HMeercsl B Apyrux paborax. Ho ecau, kak
Mbl rnonaraes, NpHMeHeHHe MOHATHR TPYNnbl B TeOpHUH AHddepeH-
IIM3JIbHBIX YPaBHEHHH TOMBKO HauyMHaeTcsd, T0, NO-BHIHMOMY, leJe-
co06pa3Ho CBeCTH BOEJHHO OTHOCSILHECS K 3TOMY BOmMpocy coobpa-
HeHHs.

CHayana Mbl OMHIIEM TO, YTO MOXXHO Ha3BaTb METOAOM NOuUcKka
CUMMETPULHBLX pelient s ypaBHEHN B 4aCcTHbIX NPoH3BOAHbIX. [Tpen-
MOJIOKHM, UTQ CHCTEMA YPaBHEHH{ B YACTHbIX NPOH3BOAHBIX T UHBa-
pHanTHa Haj rpynnoit G, 3JeMeHTaMH KOTOpOil ABJASIOTCA BXOAS-
ulHe B CHCTeMy 3aBHCHMLIe H He3aBHCHMble nepeMeHHbie. Mertolx
COCTOHT B OTHICKAHHH peuUIeHHs,, HHBAPHAHTHOrO Hal HEKOTOPOil noA-
rpymnoit rpynnet G. Jlpyrumu cioBaMi, OH COCTOHT B OTHICKAHHH
a8TOMO0eAbHbLX PELIeHHH, 06]aNa0IUX BHYTPEHHed cummeTpued
orHocutesasHo G.

StoT MeToa Tak 4acToO NPHUMEHSJCH NPH pelleHHH OTAeNbHbIX
(H3HUECKHX 3aAay, UTO YAHBUTEJILHO, NMOUeMYy OH ne 6u11 Goaee
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OTueT/INBO cHOpMYJIHpPOBAH ropa3fo panpuie'). Msl nokamxem cefl-
qac ero 3 peKTHBHOCTb Ha HECKOJIbKHX YaCTHLIX NpuUMepax.

§ 80. CHMMeTpHYHbIE pellleHHS YPABHEHHS TEMJIONPOBOXHOCTH

Meroa «noucka CHMMETPHUHBIX pelleHH{» NMPUMEHHM K KOHTH-
HyaabHoit pusnke Boobute, CoBceM MPOCTO €ro NpHMeHeHHe K ypas-
HeHu10 AuGY3HH; U 3TO Mbl PacCMOTPUM npexie Bcero. [las nio-
CKO-Tlapa/ifiesbHoro Teuenust ypasHenust Hasbe — CToKca cBOASITCH
K ypasHenuio Auddy3un?), Ho HaubGojee H3BECTHO MNPHUMEHEHHE
ypaBHeHHs JH(GY3HH B TEOPHH TEMJIONPOBOAHOCTH. BBHAY TOTO yTO
NepeHocy TelJa H MepeHocy KOJHYeCTBa ABHXKEHHS B BA3KOH XKHI-
KOCTH COOTBETCTBYeT OJHA M Ta e Ipynna CHMMeTPHH, B HEKOTO-
PHIX 3afayax, OTHOCSIIUUXCH U K TENJIONMPOBOMAHOCTH & K KOHBEKLHH,
MOXHO NPHMEHATh aHAJOrHuHBe paccyxaeHus. Hanpumep, MOXHO
paccMaTpHBaTh 3aJauH ¢ W3MeHeHHeM (a3l Ha MOJBHIKHHIX FpaHH-
nax (3amaua Credana) uau 3ajaun o pocte chepHYECKHX MY3bIPb-
KOB Napa B pPaBHOMEPHO Ieperpercit soje.

Hraxk, paccMoTpum AHG(DY3HIO Tenaa M3 TOYEYHO20 UCTOUHUKG
B Cpefle C MOCTOSHHOH TeMJIONPOBOAHOCTLIO ¥, YPaBHEHHE TeIJIonpo-
BOJXHOCTH [JIs1 TBEPABIX TeJ HMeeT BH]

n
ou o
- =V =1 o (n=1, 2 uau 3), (1)
i=1
rae U — teMneparypa B TOUKe X = (Xy, ..., X,) B MOMEHT BpeMeHH &

Beuay cdepnueckod cuMMeTpHH 3ajaud O6yAeM HCKaTb pelleHHe
n

suna U(r, t), rie r2= X X2, DTHM HCuepnLIBAaeTCs HCMOJb30BaHHE
=1

B 3ajaue YHUCTO 2eomeTpudeckol cummerpuu ssnenns. Ho Tyr ewe
HMeeTcH u3udeckan CummeTpus B TOM CMBbIc]e, uTo AUdGepeHin-
anbHOe ypasHenue (1) MHBADMAHTHO OTHOCHTEJbLHO TPyNnHl npeo-
pa3oBaHHi NPOCTPAHCTBA, BPEMEHH H TeMIepaTypbl

r=ar, ' =a?, U =8U~+17, (1%

saBHCsiLlell OT TpeX NMPOH3BOJLHbLIX NapaMerpoB a, B, 1. dToil rpym-
noft 06o61IaeTcs KJACCHUYECKUI 3aKOH BPeMEeHH, COra1acHO KOTOpPOMY

1) Bnepseie on 6ula Bhickasan Bexeprom [62]. Bosnee nonnas dopmynuposka
6una nana JI. . Cenosum [72] u [67], ra. IV, § 1; cm. rakxe K. I1. Cranioxo-
puu [73] u [74]

? (71, n. 345—347. Pesynbtatht storo naparpada OuiM onyG/HKOBaHK
B [63], npexkae ueM HaM CTaJO HM3BECTHO O paGOTaX, HA3BAHHLIX B NPHMeYaHHH I,
OTHOCHTEJbHO TNPHMEHEHHA K MCCAeNIOBAHHIO DOCTa Ny3blpbKOB Napa  cM,
Birkhoff G, Horning W. A, Margulies R, Physics of Fluids,
1 (1968), 201204,
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BpeMsi, Tpebyiollleecst M pacnpoCTPaHEHHs TenJa, NPONopLUHOHab-
Ho KBaapaty paccrtosHus. IIpn Ji060M MOJOXKHTENbHOM uucle M
TpexnapameTpuueckas rpynna (1*) cofepXuTr onnonapaMerpuue-
CKYIO MOArpymnny, onpejiesiseMylo COOTHOIIEHHAMY

¥ =ar, ¥ —=a?¢, U'=am{/. (2)

Tak kak y =0, To 3Ta noiArpynna coxpaiser ciaeaymouiee Kpaesoe
ycJIoBHE U(oo £y = 0. Mot 6ydem uckaro pewenusn U(r,t) ypasre-
tua (1), unsapuantusie oTHOCUTeAbHO nodepynn suda (2).

B paccmaTtpuBaeMoM cayuae, BBHAY TOro uto rpynna (2) co-
CTOMT H3 CKalsIpHbIX YMHOMXeHHH, MOMXHO npHuMenHtb Il-Teopemy.
[Mepemennbie y = r?/t u U/t™? yuBapuaHTHBl OTHOCHTEJbHO npeos-
pasoBauuit (2). I'lostomy, coraacdo II-teopeMe, Bcsikoe pelueHne
(1), ¥HBApHAHTHOe OTHOCHTEJbHO TpeoGpa3soBAHHA (2), AOJKHO
UMeTh BH,

U=1{"fx). x=rit. (3)

B § 89 Mbi nokaxeM, uTo ypaBHenue (1) Bcersa Mmeer pelieHus
cuMMetpuunoii popmel (3) (aBTroMmogenbhuie), no KpaiiHed Mepe no-
KaJbHO.

IToxa Mbl OrpaHMuYMMCA HCcJieloBaHitleM OAHOTO YacTHOTO Cay-
yas. Tloxcrasasis coorHoweHHe (3) B ypaBHeHde (1) u gens na
NOAXOAALLYIO CTeNeHb BeJHUHHBI f, MOJyuaeM ypaBHeHle

4y f” + (24 3) f' — 5 f=0. (4)

ITepexon x nepemenHoit § = r?/4xt (kotopas O6e3pasmepHa B
OGBIYHOM CMbICJ/IE, T. €. HHBAPDHAHTHA OTHOCHTENBLHO IpyNnb nmpeos-
pasoBanuit (22) us ra. 1V) paer Gosiee npocThie BbIpaXeHUs:

U=1¢""F¢), rae EFEE+(E+§) F— 2 F=0. (4

[Tocne nmoacTtaHoBKH x = -—E mocneflHee ypaBHeHHe nepexoiut
B KOH(QJIY3HTHOe THlepreoMeTphueckoe ypasHeuHe!}. Oanako He
3TO rN1ABHOE; [J1aBHOE TO, YTO peuwlenus ypasnenus (1) moxcno Haii-
TU, UNTe2pupysa obbiKHOBeHHOe Judepenyuarbroe ypasHerue, uTo
BCErla MOXKHO NPOJesiaTb YHCJAEHHO.

He Bce «cuMmerpHunble» peureHHs ypasHenus (1) [r. e. (4)]
npejcTaBAslOT OAMHAKOBLIH (u3Hueckuil unrepec. IIpenmyuectsen-
HO HHTepecHbi peuieHHs, ans Kotopblx U—0 npu r— oo, Tak uto

lim f()=0
LF>x

) Kamke 3., CnpaBouHK N0 06bLIKHOBEHHHLIM m@q)epenuuanbnuu ypasHe-
HHAM, u3g. 2-e, M,, '~‘Du3M3TrH3. 1961, ypaBuenue 2.113,
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Hac rakixe HHTEpecyeT no.iHoe KoauvecTso renaa, Kotopoe nponop-

o0

ILHOHANBHO HHTErpany f U(r, t)r*-'dr, a cnenosateabHo, 0 BesH-
1]
yuHe aMat =am+n yau £"TR,
B uacTHOCTH, HHTEpecen cayuail, KOraa nojaHoe KoJHUECTBO Tem-
J1a NOCTOAHKO, 4TO COOTBETCTBYET PACNPOCTPAHEHHIO OrpaHHUYEHHOro
KOJHUECTBA TeNNOBOH 3HEPTHH W3 Havyana koopauuar. Toraa m =
= —n; ec/IH NONOXHTb n = 2h, To ypaBueHue (4’) nocne npusese-
HHsS MOAOGHBIX YUMeHOB CBOAHTCA K BHAY

0=tFg+(E+ 1) FHhF=t(Ft+ P+ h(F+F), h=5. (4%

VYpaBHenue (4*) MOXKHO NPOUHTErpHPOBaTL B 3aMKHYTOM BHAe.
Yro6ut nonyuuts U(oo, ) = 0, pynkuun F u F; RONKHEI CTPEMHTD-
cs K nyao npu §— + oo, H, cnenosatenbto, F(E) = e%. Mt noay-
yuan peweniHe Jlannaca

U=t e, (%)

KoTOpoe B GOABUWIHHCTBE YueGHHKOB BbIBOAHTCS C MOMOLlbio npeos-
pasoBanus Pypeoe.

Ilpyroft unTepecHH cAy4ad — 3TO CAy4all TOHEUHO20 UCTOYMUKA,
BHACNAIOIErO TEMAO (33 CHEeT XHMHYECKOro HWJIH PpajilioakTHBHOTO
npouecca) ¢ MOCTOAHHOR CKOPOCTbIO HayHHas ¢ MoMenTa {= 0.
3aecb m + n = 2, T. . m = 2 —n, BCJEACTBHE Yero ypasHeuue (4')
NPHHHMaeT BUI

tFa+G+hFR+(1—hF=0, h=5= 1=m

Hurterpann takoro BHAa KOH(}pJAYIHTHOro runepreoMeTpHyeckoro
ypasHeHHs (OHH GbK NOJYYEHH! APYrHM NyTeM) MOryT GLiTb BHpa-
*eHol B 3aMKHyToM BHAe'). OAHAKO 3TO He CTOAb Ba){HO, KaK TO
06CTOATEABCTBO, YTO NoayUeHHoe AHdepeHuHaNbHOE ypaBHeHHe AB-
nsiercq O6bKHOBEHHBIM.

§ 81. CnupaabHbie TeHeHNS BA3KON KUAKOCTH

Tenepb Mb NPOHANIOCTPHPYEM METOJ «NOHCKA CHMMETPHYHBIX
pelueHuil» Ha KNacCHYECKOM NPHMepPe «CNHPAAbHHIX TeueHHH» He-
cXxHMaeMoil BA3KOA KHAKOCTH. BnepBule okoHuaTenbHbie GopMyab

') Cu. Carslaw and Jaeger, «Conduction of Heat in Solids». Oco-
Gento npoct caydaft n =2, tak kak Toraa (| —h)=0. [Ha pycck sa3. Kap-
cnoy, Teopua rennonposoanocty, M,—J1., TTTH, 1947, — [Tpus. nepee.)
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6bl1i nonyuensl Ixedpdpn n Xamenem'). Haubonbuee 3nauenue
IS TPHJIOXKEHHIT HMEIOT HacTHble CAyuau BbuIPOXKAeHls: pagHadb-
HOe TeueHile B KanaJe W KpyroBoe teuciie Kystra. Bee xe Mbl pac-
CMOTPHM O6GUIHI cayyald, TAK KaK OH NPeACTaB/IAET HHTEpec C MaTe-
MaTHUYECKOH TOUKH 3PeHHs.

Xopoulo H3BECTHO, YTO B CAyUYae MJAOCKHX HECXKHMAeMblX IOTOKOB
ypaBHelHe HePa3phLIBHOCTH IKBHBAJIEHTHO BBeNEHHIO «PYHKUHH TO-

Ka» V=J.(udy-—'udx), tak uto (dV/dy, —a3dV/dx) ectb BekTOp

ckopoctH. Toraa suipaxenie —V 2V = duv/dx — du/dy paer 3agux-
pexnocts. Kpome Toro, ypasuenus aBHxeHns Hasbe — Crokca aas
TAKHX [JIOCKHX TEeueHHil KBHBAJEHTHb! 2) ypaBHeHIo

VIV, V) 1 a(WBV, V)

WiV = d(x, y) i o(r, 0)
__ 1AV o(VV) 9V a(v?V)
—7[?(7——0, — 9 o ] (6)

rae d(p, q)/0(x, y) = pxqy; — gxpy — oOblulioe 06GO3HAUEHHE FKO-
6uana, a v, Kak 06blYHO, KHHEMATHYECKAs BA3KOCTL p/p.

Aunanus pasmepHoCTeil NOKA3bBAET, YTO MPH FEOMETPHUECKH M10-
JOGHBIX VCJOBHSX MOBeleHHe HeCXKHMaeMblX BS3KHX MHAKOCTEH 3a-
BHCHT TOAbLKO OT Ge3pa3MepHoro napaMerpa Re. Teneps Mul 6yaem
HCKaTb a8ToModenbHble TNOCKHE TEUeHHS OAs OJHONapaMeTpHue-
CKHX MOArpYNN rpynnbl NoAo6Hs

r=er, 6’ =048.

370 3HAUNT, 4TO MBI GyJleM pacCMaTpHBATL TeUEHHS, HHBAPHANT-
Hbl€ OTHOCHTEJIbLHO HEKOTOPOil cnupaasHod NOATPYNNEI

r=er, 6 =10+ ca, )

rjie napaMerp ¢ xapakTepH3yer CnHpaJb.

ITpeo6pa3oBanua (7) nepesoaaT naockocTb caMmy B cebs. Tak
Kak p moctosinHo, GopMmyasl (7) naloT aBTOMOAeNbHOE [BHXEHHe
IpH MOCTOSSHHOM uHcie Re Toraa u TOJILKO TOrjaa, Korfaa 3HaueHHsl
ru. W ru, B COOTBETCTBYIOWIMX TOuUKaxX oinHaxkoBbl. Ho auddepen-
1Majabl 3HaueHHi GyHKLUHH ToKa V nponopuHOHabHb MPOR3BEAEHHAM
paccTosiHHil Ha cKopocTH, Tak Kak dV = (0V/dx)dx + (aV/dy)dy.
[Mostomy nuddepenunannt V 6yayr uH8apUAHTHE! OTHOCHTENBHO
cnupanbhoil rpynnel (7). Utak, npH 3a1aHHOM B NOJAPHLIX KOOPIH-

Yy Jeffery G. B, Proc. Lond. Math. Soc., 14 (1915), 327—338; Ham-
mel G., Jahr. Deutsche Math. Ver., 25 (1916), 34—60.

2) Sto MoxHo BuBecTH 3 ra, 11 2“), TaK Kak rol g = 0 B KOHCEpPBaTHBHOM
node u £-9 =0 B cuay Toro, utol, =3y = 0/02 = 0. IToT  peayAbTaT MOXKHO
HafiTh Taxxe B [8], crp. 573, npumep 7,
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HaTax cooTHoweHuH (r, 6) = (e, 8) nocpeacTBOM npeo6pa3oBaHHA
(7) npn a = — A noayuaeM COOTHOLIEHHA

Ve, ) — Vi, )y=V(1, 8 —c)— V(l, 0)=F(x), x=0—c\.
®

Mo Toh ke NpHYHHe B CAyyae ABTOMOJEJNbHHX OTHOCHTE/bHO
rpynnsl (7) TeueHH#i paBHHE H3MEHEHHA A BH3LIBAIOT paBHbie H3Me-
nenus V (e, cA); nostomy V (e, cA)=ar+b ectb auHefinan
¢yHkuus ot A. ([Mocrosinnas b He BAHAET Ha CKOPOCTb, H ee MOXKHO
MOJIOXHTb pPaBHOM HYJ0.) KOMOGHHHpPYS 3TOT pe3yJbTar ¢ COOTHO-
meHneM (8), MH noayyuM ¢opMmyny

V(r, )=a 4 F(x), r*=Inr, x=10—cA 9

CoraacHo 3toft popMmyJie, TeueHHe Onpejensercs MPOH3BOJLHON
nocTosiKHOA a u ¢yHKuHel oxHoi nepeMenHoit F. HanGonee uurte-
peceH cayuaff, KOrga Auxuu TOKG — cnupasu, T. e. Korqa ¢ =0 8
dopmyane (9).

Kax u panbille, Mbl cAeslaeM NMOACTAHOBKY B AHddepeHuHaAbHOE
ypaBHenue ofilero Buaa (6); nanee cnefyloT BbIKJAALKH.

B o6mem BuAe nonyuaercs ypaBHeHHe

ne k(B ). @0

OTKyAa, B chay ¢opmyan (9), V2V =e-2 (24 1) F".
CroBa AH(dEPeHUHpPYS, NONYYaeM CIELYIOUIHE YPaBHEHHS:

S (PV)=—eB (4 1) [cF"42F),
(10")
-(;—’ﬂ— (VV)=e-2 (24 1) F".

Ma ¢opMyan, naiowedt OTHOLleHHe nJowaged B sAKOGHaHAX,
0/0(x, y) = r20/d(A, §) caeayer, uto ypaBHenus Hasbe — Crtokca
(6) 3KBHBaAEHTHH YPaBHEHHIO

w(Fe+ ) V= [T —w w

Bunoansas ykasaHHole AeficTBHs, Hcnoab3ya papeHcrsa (10),

(10’) u coxpawasi Ha o6wuft MHOXHTeNAb (C2+ 1)/rA=e"*(c?+ 1),
MH nOJlyyaeM ypaBHeHHe

(24 1) FIV + 4cF” 4 4F"| 4+ aF" 4 2FF' =0.  (11)
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310 B ecTb 06bikHOBeHHOe AH(PdepeHUHaIbHOe ypaBHEHHe, nOAY-
ueHHoe O3eeHoM !'); TPYAHO HaWHTH APYroil CTOJbL e NpocToff ero
suisoa. C nomouwbio noActaHoBkH G = F/ MoXHO npHRaTh ypaBHe-
KHio (11) Heckonmbko Gojlee npHBAEKATENbHBIH BHA; KPOMe TOrO,
OHO yZoBJeTBOpsiercss Bceraa, Korxa F” = 0. Bo BcakoM cdyuae,
peuIeHHS MOXHO MOJy4aTb YHC/JEHHBIM HHTErPHPOBAHHEM.

§ 82. Iorpaunynbie cAon y KAHHbEB

PaccMOTpHM Temepb 3ajflauy WHTErPHPOBAHHA YPaBHEHHd JaMH-
HAapHOI'O MOrpaHUYHOTO CJIOA B CJAyuae CTaUHOHADHOTG MJIOCKOTO Te-
yeHHs; OHH yXKe OblnH npuBeleHbl B § 27. DTu ypaBHeuHs HMelOT
BHA

du du du, 0%u ou dv
axt ey Ste g TV o Gt =0 (12)

a KpaeBble yCJOBHA TAKOBbI:
u=v=0 npu y=0, x>0 (13)

H
lim u(x, y)=u_(X). (13)
y>eo

Kak 6us0o otMeyeno B § 74, npuBeieHHHe YPaBHEHHS BbIBEAEHB!

B ACUMNTOTUYECKOM NPHOAHXKEHHH. DTO MOACKA3bBaeT HAM MHCJb

paccMaTpuBaTth Mactitabbl X H Yy Kak He3aBHCHMble H3MepeHH: H

MCKaTb pelleHHs, CHMMETPHYHble OTHOCHJE/NbHO HEeTPHBHAJIBHLIX

NOArpynM uyeTbipexnapaMerpryeckoit rpynnnl ad$uHHHX npeobpa-
30BaHHUMA

x—>ax, y-»By, u—>u, v-—>3dv. (14)

MoXHO HalesTbcl HA ycmex B cayuae o6TexaHus GeCKOHEUHOro
CHMMETPHUHOTO Kaura. B 3TOM ciyuae ¢ NOMOIUBIO 3J€MEHTapPHOrO
KoH$popMHOro npeo6pasoBaHHs MOXKHO MOKa3aTb, YTO 3#J1epoBO Te-
yeHHe BHe NMOTPAHHYHOTO CJOS HMeeT BHA?) uUwo(X) = cx™ npH noa-
XOQAIIMX 3HAUEHHAX NMOCTOAHHBLIX ¢ H m. Cayyai m = 0 coorser-
CTBYeT NJAOCKOHA NJIAcTHHKe, NapanjenbHOA NOTOKY; cayyalt m = !/
COOTBETCTBYET MJOCKOR NAAcTHHKe, MepRneHAHKYJAAPHOA MOTOKY.

IMpoeepsas ycaosust (12) u. (13’) Ha HHBApHAHTHOCTL OTHOCH-
TeAbHO rpynnbl (14) npH Uw(x) = cx™, Mbl nojyuaeM OAHOmapa-
MEeTPHUECKYIO NOATrpynmy, olpeaeasieMyio COOTHOLIEHHAMH

B=all-m2, y—=qam (TpuBHa/bHO), d=am-B=1/B.  (14%)

1) Cu. Oseen C. W, Arkiv for Mat., 1—11, 1927—1928, wan [71), ra. 1L
OTiIOCHTEBHO  ACHMIITOTHYECKOTO NOBeAeHRA wpH maiom v cM. Kuerti G,
J. Math. Phys. MIT, 30 (1951), 106—115.

2) Jloxasateascrso Aan# Falkner w Skan [77); cm. Takke [3], § 64.
Cayuafi naockofi naacTHHKM Bruepssie paccMorpen Blasius [65]; oM. Takke
Weyl [66), Geis [67)
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[lepemennas 1 = (u./x)'"y HHBApHAHTHA OTHOCHTENBLHO ITON NOA-
FPYNABI, NOCKOJbKY BeJHYHHA V=fu dy noayyaercs B BHAE

am+D2Y, 1o HHBApHAHTHA TaKkXe H GYHKUHA [, onpelenseMas pa-
BeHCTBOM V = f(x, y). [103TOMY Mbl HlUEeM pelueHHe YacTHOro BHAA
V= ximiV2f(q), T1.e. pelueHHe, HHBAPHAHTHOE OTHOCHTENbHO MOJ-
rpynnsl (14*),

Besikoe pewenne V Takoro Buaa yaoBaersopsier ycaosuam (13),
(13’) u Bropomy ypaBHenuio u3 dopmya (12), ecaun f'(o0) = c. Qas
TOro 4To6bl YAOBJETBOPSAJNOCH OCTaBlleecsl ypaBHeHHe, HeOGX0AMMO
M A0CTaTouHO, YTo6u dyHxuusa f(n) yAoBnAeTBOpA/Na ypaBHEeHHIO

(" — 1) =2 g = (15)

INocnenree ypaBHeHHe MOXHO TPOHHTErPHPOBAThH MHCJIEHHO ')
npu KpaeBbiX ycaoBusx f(0) = f(0) =0, f'(o0) =c.

§ 83. Ctpyu u caeant B BA3IKOR XHAKOCTH

C nomoublo paccyieHnfl, aHaJOrHYHBIX MPeAbIAYUIHM, MOXHO
paccuHTaTh, B NPHOAHMKEHHH NOTPAHHYHOIO CJ0s, aCHMNTOTHYECKHIT
npopHab cCKopocTell JaMHHAPHBIX BA3KHX CTPYH Kak IR .MJOCKOro,
TaK H U1 OCECHMMeTPHUHOrO TeYeHHH.

Beuay nuBapHanTHOCTH ypaBHeHHS NOrPaHHUYHOrC COS H ypas-
HeHHs1 Hepa3puiBHOCTH (12) ornocHTenpHo adduHHBIX npeo6pa3so-
BaHHi Ml 6yleM HCKaTb NPodHAH CKoOpocTeR, YAOBAETBOPRIOULHE
runotese noao6us

u=x"rf(), =3 (16)

rae y 0603HauaeT PaccTosiiiie OT OCH X HA MJIOCKOCTH HWJH B NpO-
crpanctBe. Jlas Toro 4toObl ypaBHenusi (12) GblauM HHBapHaHTHBLI
OTHOCHTeNbHO npeo6pasoBaiiig (16), Heo6XOAHMO ¥ HOCTATOYHO,
4y106h 29 = p + 1.

Mbi onyckaeM BHKJAAKH 2) ONLEKO 3aMeTHM, 4TO B XOle BHIUMC-
JeHHA mnoATBepxnaercs ¢opMyla B =a''"™? =9 43 rpynnu
(14*) nas paccmorpentoro B § 82 cayyas p=—m,

Has 1oro w106bl 0npe1esNTh P, HVKHO TaK¥Ke HCMOJb30BATH
3aKOH COXPaUEHHSI MONHOTO KOAUYECTBA OBUNKEHUA CTPYL, PABHO KakK
32KOH COXPaHeHHs1 KOJIHYeCTBA ABHXKEeHHS cJsiela, PacCMOTPeHHBI B
§ 57. Ha nnockocTH 3TOT 3aKoH COXPaHeHHs 3IKBHBALeHTeH COOT-

') Cu. Hartree D. R. Proc. Camb. Phil. Soc, 33 (1937): 223—229;
Goldstein S, ram xe, 35 (1939), 338—34]; Stewartson K, Tam xe,
50 (1954), 454—465.

2) [17), cTp. 271
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HOLLIEHHIO 2p = ¢, a B NPOCTPAHCTBe — COOTHOUIEHHIO p = ¢ B nped-
MOJIOKEHHH, UTO cnpaBelnBo cootHoulenne (16).

Pemas npeabiaylllHe ypaBHeHMs, Mbl NOJYYHM JAJsl NMPOCTPaH-
CTBEHHOrO cJiyuyasa p = q = 1. D10 BecbMa NnpHMeYaTeabHo, TaK KakK
nonHas cucreMa ypasHeHHii Haswne — CTOkca HHBapHaHTHa ©THO-
CHTeNbHO HaHJEeHHOH yacTHOIl rpynnsl MogoGHs, 4TO BrepBble GbLIO
nonyyeno flueesbiM u CkBaiipom !'). Ypasneunss HaBbe — Ctokca B
chepHyeCKHX KOOPAHHATAX HKBHBANEHTHLl YPaBHEHHIO

=414 21— f =2+ a1 +e), y=- =cosb, (17)

Cae ¢y, Cy, €3 — NOCTOSIHHBIE HHTErpHpoBaHus. Kpome Toro, u3 ecre-
CTBEHHBIX (U3MUECKHX KPaeBbIX YCJOBHIl CJefyeT, uTo ¢, = Cg ==
= ¢3 = 0; B TakoM csyyae ypaBHeHHe (17) MOXKHO Jierko NpOHHTe-
TPHPOBATH H NMOJYYHTH CJedYIOIH#A pe3yabTar:
in?

=i (7)
npu npoussosabHoM a. [ToBegenue 3THX peluenit «B GodbmoM» Gy-
ket paccMoTtpeno B § 89.

AHaNOrMYHO MOXHO paccMOTpeTh JlaMHHapHbIE cJelbl B BSI3KOIl
JKHAKOCTH, €C/IM U CYHTATh BO3MYILlEHHEM CKOpPOCTH cBOGOANOro no-
toka U, tak uto6el U + u npeactapasinio coGoil JIOKaJNbHYIO CKO-
poctb. B 3toMm cayuae, kpoMe runoresnt nogo6us (16), Hazo npH-
BJIeyb 3aKOH COXPaHeHHA Koau4ecrea dsuxcenus caeda (§ 57), uto

RaeT p =g = 7 oA IWIOCKHX CJaeJOB H p = ], q = —Q-}IJUI caenon

B npocTpancTBe. MOXHO TakKXe BBIUHCJAHTL H NpOdHAH cKopocTel
no-npexkHeMy B NPHOJHIKEHHH JaMHHADHOTO TOTPAHHYHOTO CJOS.

IMpuMepHo TaxuMm ke o6pasoM Hcoaenylores TypGyJeHTHble
crpyu ¥ caeanl. OnHako B Hacrosliee BpeMms OOCLUENPH3HAHO, UTO
JOTNYIIEHHS, HCMOJb3YIOLIHE TMOHATHE <«JIHHBI MepeMenIuBaHUA»,
A nopgoGust B TypGyJNeHTHOM cJlyvyae, [pUHATHIE B ounyGau-
KOBAHHBIX TEOPETHUECKHX paboTax, BecbMa cOMHHTeabHb (cM. [17],
ra. XIV, § 11).

§ 84. Teuennsa Ilpanaras — Meiiepa

B kauectBe eule oaHOro mpHMepa npHMeHEHHs MeTORA «MOHCKa
CHMMETDHUHBIX pellieHHil» B 3ajauax KOHTHHYaJbHOH (H3HKH MBI
nepeiizeM Tenepb K yCTaHOBHBIINMcA Oe3BHXPEBbIM TeUEHHSM CXH-
MaeMHX HeBA3KHX XuaxkocTed. duddepenunanbueie ypaBHEHHA

Yy Suees B. JI, K3TD, 20 (1950}, 1031—~1034; Squire H. B, Q/MAM,
4 (1951), 321—329. OtuocuTeaLHO KpaeBbX ycaoBuit oM. [17], c1p. 278,
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TaKKX TeyeHH/l HHBApPHAHTHH, KaK MH BufieaH B § 73, OTHOCHTE/NbHO
OnHONapaMeTPHYECKOA rpynnul MONENHPOBARHA MO uHcay Maxa:

X;—>ax;, t-—>af; p,p, 1 HE HIMEHAIOTCH. (18)

Caenys MeToay MOHCKA CHMMETPHUHKWX pemeHHfl, 6yaeM HCKaTb Te-
YyeHUs, HHBapHAHTHHE OTHOCHTeJAbHO rpynnm (18); crauuonapbie
xe TeueHHs OyAyT WHBADHAHTHHI H OTHOCHTEJbHO Cpynnu npeoG-
pa3oBaHH#H

t—>t++x (18"

NpPH HEH3MEHHOCTH BCEX MPOUHX NMepeMeHHHIX.
[pn paccMoTpeHHH TeueHHH, HHBAPHAHTHHIX OTHOCHTENbHO mpe-
o6pasoBannft (18) u (18’), yno6Ho noab3oBaThcs MOAAPHHMU (7, 0)
u cepuyeckuMH (r, §, ¢) koopaunataMu. Ilycts 4, u uy — coorper-
CTBYIOLiHe pafHaibHaf H TPaHCBepCAJbHAS COCTaBARIOU(HE CKOPO-
cTH. Mbl paccMOTpHM auub cayyah 4, = 0, T. e. cayyadl OTCYTCTBHA
UHPKY/NALUHH B CTALHOHapHOM (6e3BHXPEBOM) MJOCKOM H OCeCHM-
METPHYHOM TEUeHHH.
onylieHHe HHBAPHAHTHOCTH OTHOCHTEAbHO npeo6pa3oBaHuA
(18) u (18’) o3nauaer s TAKHX TeYeHHH, YTO HHXKeCJAeAYIOLUIHE Be-
JHYHHB! 3aBHCAT TOJBKO OT Yr/0BOA mepeMeHHOR (ROTMONHEHHUS UIH-
poTH):
u=g@®), wu=h10), p=p()

p=1e)  G=re=c

[Maockne TeueHus, yaoBiaeTBOpsifOliHe YycaOBHAM (19), Hasw-
palotTcsl Tedenuamu Ilpandras — Medepa; B § 92 Mul maguM HX
o6Go6wenne (cM. Tam puc. 26). [TpocTpancTBeHHBIE TeYEHHS, YAOBIe-
TopsouHe yesaoBHaM (19), Ha3bBAIOTCA OCECHMMETPHUHBIMH KOKU-
4eCKUMU TeYeHHAMH. A

IMpeanosoxense o6 OTCYTCTBHH BHXPefl PaBHOCHJABLHO YCJOBHIO

u,dr-+4uyrdd=0 pana Bcex 3aMKHYTHX KPHBHX, oTKyaa 0 =
= 0(ruy)/0r — 0u,/08 = h — g’, u MH noayyaeM PaBeHCTBO
h=g" (20)

Tak xak TeueHHe Ge3BHXpeBOe, TO YpaBHEHHs ABHXXEHHS 3IKBHBa-
JEeHTHH ypaBHeHHIO BepHyaan, KoTopoe MOXHO 3anucaTh B BHIE

1 d 1
7u2+f_9’1=-2-(g2+g’?)+f—‘il=const, @n
HJH KaK Au¢pPepeHuHAaNAbHOE YPaBHEHHE

°=“du+%=g’(g+g”)+c’(%)- (1)

(19)
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[1pu noauTponHom ypaBHEHHH COCTOSAHHS p = kpY + p,, ¢ = 1kp1~},
H TaK Kak fdp/p = k1p"~ /(Y — 1) =¢?(1 — 1)+ const, T0, caeno-
BAaTeJNbHO, B 3THX YCJOBHAX NOJYyyaeM ypaBHeHHE

%(g?_*,_g")_*_’—c_;_]-:COﬂSt:C. (21")

Bce cka3zaHHOe A0 CHX NOP CNPaBeAJHBO H JJNs KOHHYECKHX Te-
YeHHH.

Hna teyennit [Ipangras — Meiiepa ypaBHeHHe Hepa3pLIBHOCTH
div(pu) = 0 moxHO 3anHcaTh B BHAE

0 0 ’
0 = 5 (pre,) + 57 (pta) = pt, + (ptas) =p (&, + ue)+pats.
Hcnoasaosas (19) u (20), Mbl nosyunM ypaBHeHHe
e+ &)+ (%) g =o. (22)

YwmHoxas ypaBhenue (22) Ha g’ M BbiUHTAfl noJydyenHoe ypasHeHHe
u3 paBenctBa (217), npuaeM k pesyabrarty

(c+g)e—g) (%) =o. (22

CootHowenna (22) u (22’), oueBHAHO, IKBHBAJEHTHBl YPAaBHEHHAM
ABHXEHHS H HEpPa3pHBHOCTH. Mbl nojyuaem, Takum o0pa3oM, aBa
ceMeHCTBA pelleHHH.

Cayuah I p’=0. Toraa, cornacHo ypaBHeuuio (22), moay-
yaeM g”’ + g = 0, otkyaa u, = A cos (§ — a). UTo6bl nonyunTsh us,
Mbl Hcnodb3yeMm ¢opmyan (19) u (20) 1 HaxoAHM, 4TO Te'ueHHE pas-
HOMEpDHOE C MOCTOSAHHBIM BEKTOPOM CKOPOCTH.

Cayuait II. ¢? =g’ uan ¢ = = ¢g’. Mbl BUAMM, uTO PaaHyChl
5 = const #BAAIOTCA XapPAKTEDHCTHKAMH B TOM CMbICJle, TN MEPMeH-
AUKYJSipHaR K HHM COCTaBASOLLAs CKOPOCTH Bcerga paBHa CKOpo-
CTH 3BYKa ¢. 3T0O TaK Ha3biBaeMble 804AKbt pa3pesxcerus [Ipandr-
A3 — Mediepa '}; OHH MOryT 3anojHATb KAMHOBHAHbe O6JacTH,
NaBHO NepexoAsiliiHe Ha rpaHHile B 06/1aCTH PaBHOMEPHOTO Teye-
Husl. Mbl 4acTO BHAMM TakHe o6GjacTH Ha ¢oTorpadHax nedcTBH-
TeNIbHLIX TeueHHd; TakuM obpasoM, npeanooxkedue, uro p = p(d),
HenocpeACTBEHHO MOATBEPMKAALTCH IKCIEPHMEHTOM.

B nonuTponHoM cayvae, noacTaBass ¢? = g’? B ypaBuenue (21%),
Mbl Cpa3y nojyuaeM aHbdepeHnHanbHOe ypaBHeHHe

(+Dg?°+(r—1Ng=2(1—1)C. (23)

1) [69]; Meyer T. VDI Forschungsheft, 62 (1908), 3167,
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OHo Jerko HMHTEerpupyercs B 3aMKHYTOM BHJle, NpHueM Kavue-
CTBeHHO XapaKrep pelueHHH B aguabaTHYeCKOM cayuae 1> 1 co-
BepLIEHHO OTJHuYEeH OT XapakTepa peuleHMd npH g =1, npH
—1 < q< 1| uan npu 1= —1 (Kpyroeoe Teyenue).

B ofuieM (HENDOJHTPONHOM) cjyuae ypaBHeHHe (22) M COOTHO-
WweHHe ¢ = =g’ OCTAIOTCA CMNPaBeAJHBBIMH. B cHJly cHMMeTpuH J0-
CTATOYHO paecMoTpeTh cayuait ¢ = g’. C nomoutbio ypaBHenus (21)
Mbl moJay4yaeM cCHauajta Inp= ¢(c) = ¢(g’), a 3ateMm ypaBHeHue

(g+&")+&'g"V(g)=0, (23')
KoTopoe wuHTerpupyercsi unciaeHso ({14], pasmen 7.1). (Ecan
g’V (g’) = —1, to uMeercss ocobennoctb.) Crel0OBaTeNbHO, 80AHbL

paspexcenusn Ilpandtan — Mediepa maremaru4ecki 603MONHbL OAR
obuezo suda ypasgHeHus COCTOAHUA.

§ 85. Konnueckue Teuenns TeAhnopa — Makkoaa

B npocrpanctee n u3MepeHHit ((pu3HueCKH, pa3yMeercsi, npen-
CTaBJsieT HHTepec CJyyail n = 3) ypaBHeHHe HEPA3PBIBHOCTH AJA
CTallHOHAPHBIX OCECHMMETPHUYHBIX TEYEHHH NPHHHUMAET BHJ

0= -gr— (pr*-cos~20u,) 4 —ge— (pr*~2 cos" 2 fug) =
== pr=2(cos"~20u,)’ + [(n — 1) pae, = p'uts] r"~2 cosn-2 .

Pasfenns Bce uJieHbl YPABHEHHS Ha BbIpaxeHHe pri-2cos*~20 n
BOCMONbL30BaBMIMCL cooTHoweHUAMH (19) u (20) (HamoMHuM, uyTO
ypaBHennsi (19)—(21’) cnpaBeanuBel A1 NPOCTPAHCTBEHHLIX Teye-
HHH), BMecTo ypaBHeHHs (22) Mbl DNOJyuHM cJlelyiollee ypas-
HeHHe:

(n—Deg—@m—2g'tg0+e +eg (Y)=0. ()

Ypaeueune (21’) B faHHOM ciyyae Bce ellle CAPaBefJIHBO, OHO
9KBHBAJIEHTHO ypPaBHeHHIO (21*) B MONMTPONHOM CJyyae, H yUYUTHI-
Basg ypashenus (21) m (21¥), MBI noayuaeM COOTHOLIeHHe

N\ get+g) _gtegHrly.. '
(5)=— = hle+ed)—c)

IoncraBuB 3T0 COOTHOULIeHHe B ypaBHeHHe (24), KoTopoe MOXHO
sanucaTtb B BHJE

@ +o+n—2(—g ei+o+e(5)=0 @

-1
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Mbl TOJIY4HM CeAYIOLLnTi pe3ysbTart:
] -1
/ g 1/ 4 Y }
+(n—2)(—g't1gh+g=0 (25
TMocnenuee ypaBHeHHe Obll0 YHCJAEHHO MPOHHTErpHPOBAHO NPH
1 = 1,408 (Bosayx) B usBectHoft paGote Teiinopa u Makkona [75].
JIas 6aanucTHku (cM. puC. 24) npeacTaBAsiOT HHTepeC OAHO-

pOAHblE M MJOCKO-NapaJJe/ibHble BHayalie TEYEHHs, HCKaxaeMble 3a-
TeM KOHHYeCKOH YAapHO#H BOJHO NOCTOAHHON HHTEHCHBHOCTH, COryac-

Ydapuas eonna
Konuveckui crnapad

Punec. 24. Konunueckoe teuenue Teitnopa
H Makkoaa.

HO ypaBHeHHSM PankuHa — TloronHo [Taxkxe HHBapHaHTHLIM OTHOCH-
teabHo npeo6pasosaunit (18)] Hanee 3TH TeueHHs NPOMCXOAAT B
obaacTax, riae BHNOJHAETCS ypasHeHHe (25)!), moka oHH He cTa-
HOBATCA uucTo paauaabupiMu (g' = 0), 1. e. KacaTeAbHBIMH K HAea-
ZIH3HPOBAHHON KOHHYECKOM rOJIOBKE CHapsAa, NoJyyroJ npyu Beplunte
KOTOPO#t PaBeH B, a OCb HanpaBjieHa NO CKOPOCTH HEBO3MYLUEHHOTO
Teuenus. [as 3adaHHBIX B, 7 ypaBHeHHe (25) MOXKHO NMPOHH1ErpH-
pOBaThb UYHC/IEHHO MPH HAYaMbHBIX YCJAO0BHAX, a HMeHHO: 3ajaercs
& (B) = 0 u moGoe 3HaueHHe GeapasMepHOro oTHouleHus g*(B)/C B
ypaBhennn (21*). HMMeeTcss ToNbKO OfHO 3HAayeHHe yryia yAapHo#
BOJHBI g M COOTBETCTByloulero yucaa Maxa M, aas Koropolx ypas-
HeHnss Psukuna — OroHHO COBMECTHMH € IWIOCKO-NMapaJiielbHbIM
JBHXKEHHEM BBEpX NO TeueHHIO oT yaapHoil BosHbl. [TosToMy Mbl MO-
xewm 3anucatbh a = a(M, B, 7). laa 3anannbix B, ¥ TaKoe pelieHHe
¢ «npHcOeAHHEHHON yaapHOA BoaHOA» (cp. § 11) TeopernueckH cy-
miecTByeT ToAbKO mpH M > M(B, 1). Ecan M <M(B, 1), TO HHKa-
Koe KOHHUeCKoe TeyeHHe HEeBO3MOXKHO, H, CJ1eJOoBaTeJbHO, TEOpHS

1} B cayyae nJAOCKOCTH JHHHH TOK8 B 3Toft o6nacTH — npamue (§ 84, cay-
wafi 1), Ha uto BmepBbe ykazaa A, Busemann, ZAMM, 9 (1929), 496—498.
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NnpeacKa3blBaeT CYLIECTBOBAHHEe TEYEHHA ¢ «oToluedleil ynapHOA
BOJIHOM».

INogo6uble TeueHusn GyayT paccMorpednl B § 88. 3amecs aocra-
TOYHO OTMETUTb, YTO TEOPETHYECKH BbIUHCJEHHble rPAaHHIB KOHHue-
CKOTO peXHMa, JaBJieHHe Ha KOHHYECKYIO T'OJIOBKY H YroJl NMPHCOECH-
HEHHOH yHapHOM BOJHB (Kak ¢GYHKUMH yHcia Maxa ¥ yrna npu
BepIUHHE KOHyCca) HEHAMHOIO OT/IHYAIOTCA OT 3KCMePHMEHTaJbHBIX
JAHHBIX.

§ 86. Pacxoasuuecs BOJAHBLI AaBJIEHHSA

CyHIeCcTBYIOT TakxkKe Ba)KHHe ceMeHCTBa HECTAalHOHApHLIX Teue-
HHfl, o6aajaloumiue BHyTpeHHeit cuMMerpHeii (18). K3 rtakux ce-
MeiicTB 0CO6eHHO 3aCJyHBAIOT YNOMHHAHHA pacXoAsLIHecs BOJ-
Hb — MJIOCKHE, IHANHApPHueckHe H cdepnueckue. [lnockue pacxo-
nsilMecs BOJHLI BO3HNHKAKOT, HanpuMep, Koraa B ygapHod TpyGe
pBercs auadparMa B 0o61acTH no3aaH CNOSA B3PHIBYUATKH, B3OPBAH-
HOro ¢ OAHOH M3 CTOPOH, HJH MO3ajAH NOPLIHSA, KOTOPbIii MTHOBEHHO
HauMHaeT ABHraTbCsl € NOCTOAHHOR CKOPOCTHIO B GECKOHEYHO MJIHH-
HoM unanaape !). Chepuyeckne BOJNHBI BO3HHKAIOT NPH PaBHOMEp-
HOM paclUHpeHHH cdhepH.

UnTepecHo OTMETHTB, YTO ¢ PACXOAALINMHCA BOJHAMH AaBJje-
HHSl CBSA3aHO OAHO H3 NEPBHIX CO3HATENLHHIX NPHMEHEHHil MeToxa
IIOHCKA CHMMeTPHYHBIX pewieHHit 2). Mbl pacCMOTPHM HX JIMILIB C Ma-
TEMAaTHYEeCKOH TOYKH 3peHHS.

3aecy yno6uee mepeliTH K nepeMeHHbiM Jlarpanxka. O603HauuM
yepes a Maccy, OnpelelsieMyl0 TyTeM HHTerpHPOBAaHHS OT KaKOH-
AH60 GPHKCHPOBAHHOH MaTepHaJbHOH TOUKH (HampHMep, OT CTaLHO-
HapHOro leHTpa cHMMeTpHH). [l naockux BOJIH, eclH ONpeaeNsTs
noJIoXKeHHe KOODAHRaTol x = f(a, {) H 0603HauaTh NJIOTHOCTL Ye-
pe3 p = p(a, {), ypaBHeHHe Hepa3pHBHOCTH 3KBHBAJEHTHO COOTHO-
weHHO o = Jf/da Mexay yaesbHHIM o6beMOM o = l/p, BeJHUYHHOMN
x ¥ Maccoit a. ITostoMy fonycTHMBe AAsi JaHHOro YpaBHEHHSI CO-
CTOAHHA P = pg— F(0) = po + kp' TeueHHs COOTBETCTBYIOT pelue-
HUAM ypaBHeHHH ABHxeHHs. [TocneaHHe cBOASTCA K YPaBHEHHIO

92 92 YA )
s =Fog=nE) . (26)

) Tlo noBoAy PpacXOARIIHXCA NJAOCKHX BOJH (€UEHTPHPOBAHHLE BOANH
pa3apexennsn») cu. [6], § 46. O BonHAX NaBjeHHA, BOIHHKAIOUWIHX MPH PACLIAPEHHH
chepu, cM. Taylor G. I, Proc. Roy. Soc., A 186 (1946), 273—292.

2) Cm. [62], [72) u [74). O uux ugmer peus u B [57], rn. IV. B [57], ra. I,
§ I3, npuBoAnTCA ccWIKa Ha GoJsee paHHWIO paGoTy 06 aBTOMOJE/RHBIX TPABH-
taunoHuwix Boswax H. E. Kounna, Tpyaw Mar, Hucturyta um. Crekaopa, 9
(1935); cM. Takxke [7], n. 277.
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Kak ykasaso B [6), § 18. (Jlerko npoBepuTb, uTo 4 = 0f/0t ectb cKo-
pocTb, 0%f/3¢? — cy6eTaHUHOHANBHOE YCKOPEHHE H YTO MPaBas yacTb
npeacrapaser coboit — dp/pox.)

Tak Kak ckopocth 4 = Gf/0f, To aBTOMOAENLHOCTb OTHOCHTENBHO
npeo6pa3sopanuii (18) 3KBMBaJeHTHa cooTHouweHHuo f(aa,af) =
= af(a,t) ana Bcex a >0 H, cAefOBATENbHO, COOTHOLIEHHIO
f(a, at) = af (1, t) = ag(¢). MNonaras t = t/a, nonyunm paBeHCTBa:

x=f(a, t)=af(1, %):ag(t), =L, (26")

Takum o6pa3om, paBeHcTBa (26”) cayxaT BhpaKeHHeM HHBApHaHT-
HOCTH OTHOCHTeAbHO npeo6pasosanuil (18).

IMoacrasus dopmyay (26') B ypaBHenue (26), moayuum COOTHO-
1eHHe

0=a"1g" () {1 — ykpr* 1%, (27)

TaK Kak NPAMON MOACYET MOKasuiBaer, uto 0%f/0a? = £2g”(t/a)/ad.
MTak, «lleHTpHpOBaHHBIE» INJOCKHe BOJIHLI, O6Jajaiolliie CHMMeT-
pueit pacwupenus (18), npeacrasasior coGoit peileHHss OGbIKHOBEH-
Horo AuG¢epenunansioro ypasuenns (27). (ITapanoke dpnuwoy yT-
BEpPXKAAeT, UTO TAKHX pelueHHil, o6aajalOLIMX CHMMeTPHed nepe-
Hoca, HeT.) YpaBHeHHe (27) uMeeT aABa ceMeficTBa pewenuit. Ecan
g =0, 10 f=a [C,+ Cy(t/a)] = Cia + Caf. 10 TPUBHANbHBIH
cayuail, KOr1a HMEEM paBHOMEPHOe TeueHHe C MOCTOSHHLIMH 4 H o.

Bo Bropom cayuae, | == Tkpt*1t2%, OTKyla c/ienyeT COOTHOILEHHE

9 T+l 7
()" = = 28)

Cornacho ¢opmyae (26’), of/oa = g (t/a) — (t/a)g’(t/a), n, caeno-
BaTe/bHO, NOJIyYaeM YCJIOBHE B BHJE

g— ‘tg' J. [Tk72]lmﬂ) (29)

ecan 7y #+ —!1. 70 AuHeiiHoe HeopHOpoaHOe oObIKHOBEHHOe AH(de-
peHlHaabHOEe YDaBHeHHEe NMEPBOro MOPsA/Ka JNerko NpOHHTErpHpoOBaTh
¢opmanbHo. Ero obiee pewierne HMeer BHA

g (1) =Cr— A+, (29
rae A=[(14 /(1 — DI [74"*", a C npoussoasio npn ycaosus,
avwn eca |7l # 1. Ecan y = —1, To peuieHHs He CyleCcTBYeT, Tak

Kak Toraa BBHAY cooTHowenHs (28), 1 = const. Ecau 1= 1, 10 06-
wee pemenne umeer Bua g(1)=Crt— VY rktln=.

AHaJOTHUHO MOXHO Pa3o6paTh CAy4yaH LeHTPHPOBAHHBIX UHAHHA-
puueckux M cdepuueckux Boad. ns caydas m + | uaMepenuit
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ypaBHeHHs ABHAKEHISl 3aNHChIBAIOTCA B CJelylolileM BHAE:

d%r i} or or

L mfy = pm 2 —pm =L
o =1 9) 5 [’ da]' °o=r"%a (30)
VenoBHe aBTOMOAENBHOCTH CTHOCHTENbHO mnpeoGpasoBanuit (18)
3KBHBAJIEHTHO CJeYIOIUUM COOTHOHIEHHSIM, aHAJOTHUHBLIM (hopMyJie
(26"):

) t '3
= bg (x), =, b=aqa'm+D, (30)

TMoacrasus cootHowenusa (30°) B ypashenue (30), Mbl CHOBa moJay-
YHM 0O6bIKHOBeHHOe AH(PdepeHUHaNbHOE YpaBHEHME BTOPOro nopsi-
K4, pelieHdsi KOTOPOro MNpeiacTaBasior coboifl UHJAHHADHYeCKHe H
cepruecKue BOJIHBIL.

Kak n B § 84 u 85, MOXHO NOJYYHTb BOJIHbBI, AHAJOTHYHBLIE OMII-
CAHHBIM Bbillle AJs oOllero ypaBHEHHs! COCTOsHUs, He Tpebys ycao-
BHS MOJHTPONHOCTH '),

§ 87. MoaurponHasa CHMMeTPHS

B noautponsom cayuae p — po = kp' (cp. ra. IV, teopema 9),
a ypaBHeHHst CXHMaeMOro HeBsI3KOro GapOTPOMHOro TeueHHsi 06-
JNa4alT AByXnapaMeTpHuecKoil rpynnoi ciMmerpuu. Oua npegcra-
Basier co60il NOArpynny TpexnapameTpHyecKoil rpynnbt npeo6Gpaso-
BaHUM:

X —>ax, t— B¢, u—(2/B)u,

p—>%,  (p—po) >3 (P —py).
{TonutponHoe ypaBHeHHe COCTOAHHS H ypaBHEHHe HePa3PLIBHO-
ctn dp/ot + div(pu) = 0 UHBapHAHTHBI OTHOCHTEJbLHO BCAKOrO Mmpe-
o6pa3oBanua Buaa (31). YpaBHeHus ABHMXKEHHS (HeBA3KOH KHIKO-
CTH) HHBADHAHTHB OTHOCHTEJbHO rpynnel (31) TOrga ® TOABLKO
Toria, Koraa 37! = a?/g%. Orciona, AByXnapaMeTpHueckas noarpyin-
na rpynns! (31), coxpausiowas HeH3MeHHBIMH YDPABHEHHS! ABHKEHHSA
Jiinepa, onpegeasercs ycaosueM = (a/8)7171,
3a ucKaloueHHeM TPHBHAJBHOrO cayuas B=1, BO BCAKOH OQHO-
mapamMeTpHueckod noArpynne rpynnsl (31) crnpaBefsHBO paBEHCTBO
a==B" npH HEKOTOPOM NOCTOSHHOM NOKa3aTese 1. [Moatomy, ecan
ypaBHeHUs ABHXKeHHs Diljiepa MHBAPHAHTHB OTHOCHTEJbHO TaKOMH
noArpymnnsl, To d=R2¢=VG-1, y Mp mosyuaem caeayioliie COOTHO-
IIeHHS:

(31)

x—>f'x, t— B¢, u—»{i""u,
p—s (D p,  (p— po)—> BAE=DI-D (p— p).

') OtnocurensHo MatepnanoB § 86 cM. opurnnaibHylo JuTepaTypy ma pycs
ckom a3bike [8*], [14*]. — [Tpum. ped,

(32)
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ABTOMO1e.1bHLIM TeueHHAM H3 § 84—86 cooTsercTByer BLIGOp 1 = |,
H TOrjla BTOpAas CTPOYKA 13 COOTHOUIEHHH (32) cBOIHTCH K p—-p,
p—p, Tak uTo cooTHoweHnna (32) Buipoxaaiorca B dopmyasl (18).

Op6utamu rpynnnl (32) (ee «MHOXECTBAMHM TPAaH3IUTHBHOCTHY)
B CHCTEME€ KOODAMHAT MPOCTPAHCTBO — BpeMst HA3bIBAIOTCS! KpliBbie,
#a KOTOPLIX NOCTORHHA BennunHa y = x/{*. Cnexnosartensno, iue-
BSI3KHE CrKHMaeMble TedeHHs, KoTopule rpynna (32) nepeBoauT ca-
MHX B ce{sl, onpe1e1sioTcs COOTHOIUCHUAMH

w(xi =1 (W),  p=M-De(x), (33)

a TakXe U 3aBICHMOCTbIO p — po==kpl. Cpnesas NOACTAHOBKY B
Ypanienust ABIDKCHHS, NOJAYYHM HeoOX0aiMoe i Z0CTAaTOYHOC yCJ0-
BHE IJ8 TOTO, YTOGLl TeueHHe GbIJIO aBTOMOIENBHBIM OTHOCHTENBLHO
3TOIt 4acTHOIT IPyNnLl MOAEHPOBAHHUS MO WHcay Maxa.

BaubIM npiiMepoM TAKOTO TeUeHHs ABJISeTCH aCHMITOTHUECKoe
TeyeHHe ra3oB B pe3yabTaTe B3DbIBAa B CTBOJIE OpYIHSl NMPH CO-
o0lIeHIIH YCKOPeHH cHapaay noctostnHoil Macest '), [lonb3syvsich ne-
peMeHHLIME Jlarpania, MOXHO HCKJIOYHTh YpaBHEHHE Hepa3pblBHO-
ctH. KpoMe Toro, Kak i B nepsowm npirvepe u3 § 80, umeercs ocobas
«TOYK2 KOHIIEHTPAUWH» HauaabHoW 3Heprun npu f = 0. 10 coort-
BETCTBYET CJAYYal BLICOKOIl KOHUEHTPAIHH B3PHLIBUATKH B «IJHHHO-
CTBOJILHOM» OPYJIHH, B JAHHOM CJyuae MOXHO MpeanoJararb, YyTo
TeyenHe aduabaruino.

Vxa3zauuplil npuMep cBA3aH ¢ NPHMEPOM upe3BbIUAHO HHTEHCHB-
HBIX cpepHuecKHX H IHTHHIPHYECKHX B3PLIBILIX BOJIH, KOI'1a MOMXKHO
npeHeGpeub 1aBneniieM BHe o6aacTi B3puiBa ?). B 3toMm cayuae 3H-
TpPONMS 3aBHCHT OT CHJABl YZAaDHOIl BOJHKBI it YOLIBAET CO BpeMeHeM;
4yTofbl COXPANAsach BEJNUNHA NOAHOIN 3HEPTHH, HYXHO NOJOKHTH
T = 2/5.

Oxonyareasiible GOPMYAB AJAA 3THX ClyuyaeB YHTATeNb MOXKeT
HAITH B JHTEPATYDE, A KOTOPYIO Mbl CCHITAJHUCD.

§ 88. Kounyeckue TeveHHs

Teueuns, KOTOpPbie Mbl RO CHX NOp paccMarpuBaax, obnagait
aocTaTouHO# (DH3HYECKOH CHMMETpHeH B NPOCTPAHCTBE H BPEMEIH,
TaK YTO BCC XaPaKTepH3ylOLlMe HX BEJHUHHBl KaXKALR pa3 MOXKHO
BbLIPA3NTh QYHKUMAMH 00HOU He3aBHCHMON mepeMenuoit. B 3Tux yc-
JIOBHAIX YPABHEHHS B YACTHBIX NMPOM3BOAHLIX MEXAHHKH XKHAKOCTe]

Y Love A E, Pidduck F. B, Phil. Trans., A222 (1922), 167—226;
f(]cnt R. H.. Physics, 7 (1926), 319—324. Yckopeune a~t"%  Cum. rakxke
6. § 160.

%) Cm. [6], § 161. Takyw wmoxzear nan Taylor G. I, Proc. Roy. Soc.,
A201 (1950), 159—186. OtnocuTeasho maawHefmuux pe3v.abTaton oM. [57), ra 1V
[B pycckofi mTepaType TAKHE BOJHB Ha3IbIBAIOTCA «CHIBHBIMH VZPHLIMH BO.-
Hamue, — [Tpum. ped.|
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CBOAAITCH K OOBIKHOBeHHBIM AH(ddepeHUHaNbHHIM YypaBHEHHAM.
OnHako HMeloTcs JPYyrue BaxKHble NPHJIOKEHHS METOAA MOUCKA CHM-
METpHUHBIX pellleHHH, Korjaa 3ajadya CBOAHTCS K ypaBHEHHSIM 6 4acT-
#oix npousgodnsix, HauGonee oueBHIHBIH NpHMep NPEACTABIAIOT
co6ofi «KOHHYecKHe TeyeHHsl» Ge3 OceBOil CHMMeTpPHH, KOTOphle Bnep-
Bbie BBesl W HccsenoBaa A. ByseMan!). 3To — cTauuoHapHble Teuye-
HHA ¢ noJjeM ckopocrel (B cpepHueCKHX KOOpAUHATAX)

u=u(y, ). (34)

IMogoGHble TeYEHHS MONYHAKIOTCsl, HANDUMEP, OKOJIO AejbTaBHA-

HbIX KpBLIbEB, TaK KAaK TaKHe KPblibsl 00/IafaloT KOHHYECKOH CHM-
MeTrpHed.

Bonee akkypatHoe npHMeHEeHHe MeTOJa K paclIHpSIOLIEMYCH

aBTOMOJENbHOMY TEYeHHI0 HeoOXOAMMO INPH PacCMOTPEHHHM BXoJa

B BOJY K/JHHA MJIH KOHYCa C IIOCTOSIHHOH CKOpOCTBIO (CM. pHc. 25),

Teepdvid roryc

Puc. 25. Beprukaasuuil yaap
KOHyca O BOLY.

NpHYEeM CKOPOCTb JOMKHA OBITh LOCTATOUHO BeJUKA, YTOOBl Ha BXO-
Re npeo6nananu cuasl HHepuuu. CHayana Mbl paccMOTpHM chayuaft
kiauHa ?). Kak u paHbie, npeo6pa3oBanue:

X;—> 0X;, t—af, BEIHUHMHBI P, p, U; He H3MensloTcs  (35)

OCTaBJISIET HHEPUHAJbHYIO THAPOMEXaHHKY HeH3MEHHOH; Mbl Aaxe
MOXKeM CYHTaTh XHAKOCTb CXKHMaeMo#! Iloatomy MeTton «noHcKa
CHMMMETPHUHHIX PelIeHHHA» B cJyyae KJAHHA NPeACKA3biBAeT HAM Bbl-
Gop pelueHHH BHAA

Ul y; =te(F. %) (36)

") Cm. NACA Tech. Memo. 1100 (1947) u naunyio Tam GHOGAHOrpadHIO; CM.
takxke [10], § 105, ®eppn A, crares B Keure O6lLas TEOPHA 23POAMHAMHKH
Gonmbuiux ckopocreir (pex. Cupc V. P.), Boenuspar, 1962

2) Dtor Bonpoc 6ua uecaepoan JI. KU, CenosniM [14*]. — [Tpum. ped,
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DTOT MeTOA CBeNEHHS TPeX He3aBHCHMBIX NEDEeMEHHHX K JBYM HC-
nonb3oBaH B H3BecTHOH pabore I. Baruepa o6 ynape ruapdnnana
npu nocaake Ha BoAy!). Paccyxnas, Kak B ra. 11, § 2 mMnt MoxeM
CBECTH 3alayy K (QYHKUHAM 0OHOZ KOMIIEKCHOH nepeMeHHQH, HO
NIPH 3TOM YCJIOXKHATCSH KPaeBble YCAOBHS.

OueBHAHO, TOT e MeTOA NPHMEHHM K 3agaye o KOHYCe, BXOAS-
uleM B BOAY C NMOCTOSTHHOM CKOPOCTBIO, H pellieHHe HMeeT BHJ

Ux, y, z; t)=t(p(l:~, % ti) (37)

T. €. Mbl NepellNd OT 4eTbipex He3aBHCHMBIX NEpPEMEHHBIX K TpeM.

B cayyae npsiMOro kp:e08020 KOHYCd, BEPTHKAJbHO BXOASALLEroO
B BOLY, 3ajaya HMeeT OCEBYI0O CHMMETPHIO H pelleHHE MOKHO no-
CTPOHTb C NOMOWLbLIO GYHKILHH

Ux, y,°6; t)=t<?(ti. %)

T. €. O/IHOM € IHHCTBEHHOH (DYHKUHH 08YX HE3aBUCHMBIX IlePEMEHHbIX.

B cayyae Hec)xHMaeMOH KHIAKOCTH TEODHIO NOTEHIHAJa MOXKHO
HCIMOJb30BaTh AJA CO3[aHHsl NOJi TeUeHHA ¢ MOMOIUbI0 pacnpede-
ACHUA UCTOYHUKO8 Ha CBOGOLHOH MOBEPXHOCTH, MOJIOKEHHe H HH-
TEHCHBHOCTb KOTOPHIX SBJISIOTC HCKOMBIMH (OVHKUHSAMH OLHON ne-
peMenHoii (aauHbt ayrd). HcnonbsoBae sty upeto, Uludpdman u
Crencep ?) nmokasasH, 4TO YCJIOBHe NMOCTOSHCTBA JAaBJICHHS HA «CBO-
6OAHOM MOBEPXHOCTH» MPHBOAHT K CHCTEMe HHTErpaJbHHX ypaBHe-
HHH OTHOCHTENBHO (QYHKUUA OOHOU nepeMeHHOH. 3HAUHTENbHBIM
JOCTHXKEHHEM, KOTOpOe NPHHAANEXKHT XHIJIMaHy, OblJo NPHOIH-
KEeHHOe YHCJeHHOe MHTerPHPOBAaHHE 3THX ypaBHeHHA IJs KOHyca ¢
yriaom B 60°.

§ 89. JlokaabHble H r106aabHbIE peleHHs

[IpuBeneHHble Bbille NPHMePbl NOKA3BIBAKOT, YTO BO MHOIHX CJY-
qagx AJS 3a1ay, HMEIOLIMX AAaHHYIO CHMMETPHIO B NPOCTPAHCTBe H
BpeMEHH, CYUIECTBYIOT aBTOMOJIe/ibHble MaTeMaTHUeCKHe pelleHHs.
Opnako chopMynupoBaTh H 10Ka3aTh OOLLYI0 TEOPEMY CYLIECTBOBA-
HUS TOPa3ao TPYyIHee.

Koraa uMeeTcst CHMMeTpHs, AOCTAaTOYHAs AAS TOTO, 4TOOH 06-
e adddepeHuranbuble YpaBHEHHS TEeUeHHN KUIAKOCTH CBOAMJIHKCDH
K 06bikHOB8eHHbIM A DePEHINANbHHM YPABHEHHAM, Ml MOXKEM HC-
N0JIb30BaTh CTAHAAPTHHIE AOKAAbHbIE TEOPEMH CYLIECTBOBaHHSA.

1) Wagner H, Zeits. ang. Math. Mech., 12 (1932), 193—215.
?) Comm. Pure Appl. Math., 4 (1951), 379—417; B 9TOf Xe cTaTbe H3.0-
meun pesynbtate Hillman; cm. takake [17), ra. XI, § 9.
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OnHaKo cyllecTBOBalHe 2400a/4bHbix DelleHHH, YA0BAeTBOPSIOUIHX
COOTBETCTBYIOUIMM KpaeBbIM YCJOBHAM, Npeacka3aTb ropasfo TPyi-
Hee. SIpKHM NpHUMepOM BCTPEYAIOUIUXCA 3[eChb TPYIHOCTEH MOXKeT
CJVXKHTb CXKHMaeMoe HeBf3Kkoe IJOCKOe TeueHHe ¢ CHMMeTPHEH Bpa-
uenus (cndpansHble JauHUM ToKa). Kak BnepBole mokasan Pur-
ne6!), Takoe TeueHHe HEBO3MOXKHO B «GOJbLLIOM», NMOCKOJbKY €ro
pafiiajbHasi COCTaBASAOLIAs MEHSIeT CBO€ HANpPaBJEHHC Ha NPOTHBO-
TIOJIOKHOE BAONb «NPefesbHOH OKPYHKHOCTHY.

Takyio HeompeJeneHHOCTb HATJSAJAHO MOXHO NPOJEMOHCTPHPO-
BaTh Ha TeueHusx Teilsopa — Maxkona (§ 85), 415 KOTOPLIX PeXKHM
KOHHYECKOH CHMMETPHH THNA HPHCOEIHHEHHON YHAapHOl BOJIHbI
OrpaHHueH yC/JO0BHEM JOCTAaTOYHOH MaJiOCTH YIJla NpH BeplluHe KO-
nyca (npu panHom uuciae Maxa). [las obutero knacca crauMoHap-
HbIX OCECMMMETPHUHBIX TeuyeHHH, YAOBJETBOPSIOWHX YPaBHEHHIO
(25), oyeHb TPYAHO CTPOro ONpPeNeJNHTh CyLIeCTBOBaHHE PeleHHs B
«60AbLIOMY, H ONYGAHKOBAHHbIe Pe3yJ/bTaThl He BCerja HaaeXHH %),

TMogo6ubiM 06pa3oM, XOTS CyLlecTBOBaHHe 6e3yJapHBIX LEeHTPH-
POBaHHBIX BOJH pa3peXeHHsl BO3MOXHO, BOJIHbI CXATHA CBsI3aHbl
C YAApHBIMH BOJIHAMH, H3-3a Y€ro BeCbMa VCJ/IOXKHSAETCs HCCleloBa-
HHe CYLIeCTBOBaHHs pelleHHs B «GOJbIIOM» Al aBTOMOJENbHbIX
BOJIH B3pLIBA.

Jlpyroit MHTepecHbll nMpHMep TPYAHOCTH OnpejeseHHs ra06ab-
HOFO pelIeHUs NPeACTaBJAfoT co00l OcecHMMETDHUHBle cTpyu (fa-
MuHapHble, Bsi3kHe). Kak mnokasano B § 83, ypaBHenus Haspe —
CTOKCa MOXHO CBECTH K OGBIKHOBEHHBIM AH(depeHunalbHbIM ypaB-
HEeHHSIM, eCJIH HCIIONb30BaTh aBTOMOJENbHOE N0Jle CKOpoCTell, HMelo-
uiee B chepHyeCKHX KOOpPAMHATAX BHA

u = r-1(6). (38)

K coxanenuio, Kak nokasana bepau?d), pesyabriupylolllee o6bIKHO-
BeHHoe AuddepenuHanbHoe ypaBHeHue (17) He uMmeer ryo6ajbHbiX
pelueHuii, yHXOBJETBOPSIOIMX €CTECTBEHHBIM KpPaeBHIM YCJIOBHAM
ANl CTPYH, BBITEKAlOLleH W3 KPYrJIoro OTBEPCTHS B MJOCKOH CTEHKe
HJIM U3 Kaxoro-aAu6o APYroro KOHHYECKoro orBepcTHs. Bomnpekn He-
KOTOPbIM OMYGJHKOBAHHBIM Pe3yJbTaTaM, MO-BHAHMOMY, TOJbKO
CTpY#, BbITEKAIOIAsl H3 TPYO € napasJiesbHBIMH CTEHKAMH, MaTeMa-
THUECKH COBMeCTHMa B «6oJblIOM» ¢ TpebyeMo#t cuMmeTrpueir (38)
H €CTeCTBEHHBIMH KPaeBEIMH YCJOBHSIMH.

JlokanpbHaa TeopeMa cymectBoBaHHuA Jlaxe o06-
LlMe A0KaAbHble TEOPEMBl CYHIECTBOBAHMS HeJerKo AokasaTb. OnuH

1y ZAMM, 20 (1940), 185—198; cm. takxe [15], ra. V § 4 u VII § 8,

2) HauGojee aKKypaTHOE HCCJAEJOBaHHe INpOBEJEHO aBTOPOM H Yosulew,
W alsh J. M., Riabouchinsky Jubilee Volume, Paris, 1954, 1—I12,

3) Beran M., Quar, Appl. Math., 14 (1956), 213—214,
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H3 MOJIOKHTEJNbHBLIX Pe3y/bTaToB (OPMYyAHpYeT caedylouian ') Tteo-
peMa (Mbl NIPOCHM NpOLUEHHS y uuTaTens 32 a6CTpakTHYlO MarTeMa-
THYECKYI0 TEPMHHOJIOIHIO, KOTOPOH Mbl BOCIO/NB3yeMCs pajd Kpar-
KOCTH).

Teopema 1. flycte X =T X E ecto npamoe npousseBenue
csoux nodnpocrpancts I u E u nycte daa xawmdoeo urcuposan:
Hoeo & € E epynna G npeobpasosanui npocTpanctea X TpawauTus-
Ha?) Ha mHuoscectge (Y, &), ede nepemennan Y € I'. Ecau ougppepen-
yuaavroe ypasuerue D [u] = 0, onpedesennoe 8 X, uneapuanTHo
ornocureasno G, 1o Ha E cyujectsyer dupepenyuarbroe ypasue-
rue A[U] = 0 nopadka ne 6oaee wem D[u] = 0 u raxoe, 4to u(x) =
=u(y &) =U(E) ydosaersopser ypasuenuro Dlu]==0 r020a t
roasko T020a, Kozda U(E) ydosaerscpser A[U} =0 0as & € E.

JdokasaTteabcTBO. B OKPEeCTHOCTH KaXMOH TOUYKH X =
= ({, & #u3 X MoxHO BBecTH B X JIOKa/JbHble KOOPAHHATbl
Tir -+ s Tr Ay «o ., 8y, Besikas p-s wactHan npoussoaHas X(Pujno
3THM KOOpAHHAaTam Oyier umeTb npoctoil sua IV [a] E¥ ™4l rae
™ u E'”"™ _yacTHble NMPOM3BOAHblE MO KOOPAHHATAM i, ..., 1r
n &,..., §_, ans I'm E coorBercTBeHno. OTCl04a BCSKHil ome-

paTop B 4ACTHbIX NPOH3BOAHBIX D= le”l), R, Xﬁ”s)‘, nopsiika

g Ha GyHKuUMsAX 4 (X), onpejdeneHnbX Ha X, MOXHO 3anucaTe B BHAE
COOTHOLIEHHSI

D=w(r(™), ..., T("s); EF™), L, EPsT), (39

KOTOpOe NpeAcTaB/sieT co60H (YHKUHIO 4AaCTHBIX MPOM3BOAHBIX HA
E nopsaka He 6oJsblie 4.

Ho te ¢ynkunu U(E) = u(Y, §), 3HaueHHe KOTOPHIX B JIOGOH
Touke X = (Y, §) 3aBHCHT TOJbLKO OT ¥ (T. e. GYHKUHH, HHBADHAHT-
Hble oTHOcHTenAbHO (), onepatop E; nepeBOAHT B ApYyrHe GyHKUHH
TOro e KJjaacca, a oneparop I'; (rpynna G TpaH3HTHBHA) nepeso-
aut ux B 0. [TostoMy aas Takux QyHKUHHA onepatop D 3KBHBajeH-
TeH AH¢depeHLHanbHOMY onepaTopy Ha E, monyuenHoMy oTGpachl-
RAajHEM BCeX UJEHOB, B KOTOpbIX m; > 0. ITuM Teopema AOKasaHa.

Caencrtsue Ecau 3agaua D [u] = 0 KoppekTHa A/s HeKOTO-
p)ro Kjaacca KpaeBbiX YCJOBHH, HHBAapHaHTHOro orHocutenbHo G,
TO KOppeKTHa u 3anaua A [u] = 0.

Xota NpH AOKa3aTeJNbCTBe JIOKAJbHbIX TEOpEM CYLIECTBOBAHHA

) Cm. Takxke Morgan J. A, Quar. J. Math, 3 (1952), 250—259. Ecau
Auddepennuanbhbie ypaBHEHHst JHHEAHM M rpynna G KOMNAaKTHA, MOXHO Mo-
HOATH K BONPOCY MHAye — € TOYKH 3PCHHA HHTETDHPOBAHHA Ha rpynnax.

2) D10 o3mavaeT, uTO ANA RavHuX (Y, &) ¥ (Y, ) B G cyuwecrsyer takoe
g, uto g (Y, «) ==/’7’, &). Mul npeanonaraeM, uto [' u E — anddepenuupyemuic
MHOroo6pasus,
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I OGHKHOBEHHBIX AH(P(depeHHaNbHbX YPaBHEHU aHAJIHTHYHOCTD
HecyllecTBeHHa !), B TeopeMax CYyleCTBOBAHHA [Jil ypaBHeHHf B
YaCTHHIX NMPOH3BOMHBIX TaKOe YCJOBHE FaCTO CYUIECTBEHHO.

B cnyuae anasurudeckux ypaBHeHHIl ¢ yaCTHBIMH NPOH3BOAHBLIMH
(M aHaJHTHYECKMMH rpynnaMu CHMMeTpuH) ypapHeHHe (39) Takke
Oyzer aHaJdTHYHO. B 3TOM ciyyae mjisi MHOTHX 3aJay ¢ HA4AAbHGI-
MU YCAOBUAMU MBI pacnoniaraeM Xors Obl /L0KQAbHOIMU TEOpeMaMH
cyutecrBoBanHs. Tak, NPeANoa0KH#M, UTO Bce NMPOH3BOJLHLIE no 8pe-
Meru BXOASLLKX B ypaBHeHHe dyHKUMIt ¢;(X; £), Xx = (X1, ..., Xp) BHI-
paxkaioTcsi uepes ¢@; H HX MepBble NPOH3BORHbIE NO NPOCTPAHCTBEH-
HbIM KOODJAHHATAM, TAK UTO MOXKHO 3aMHCcaTb YpaBHEHHe

Op; [ O¢
= =F (‘P/» ﬁ) (40)

Torpa teopema cymecrsoBanus Kown — KosaneBckoit 2) yrBep-
XKJaeT, yTo ypasHenHe (40) uMeeT OAHO H TOJLKO OJHO JOKaJbHOE
aHANMMTHYECKOE pelleHHe ANA [AaHHBIX AHAJHTHUYECKHX HAYaJbHBIX
ycnoBH# ¢;(x; 0) npu £ = 0.

A Tenmepb npexnoJIOXKHM, uto ypaBHeHue (40) MHBapHaHTHO OT-
nHocureabHo rpynnut G. Ilycts ¢;(x; 0)=G,(X) ecTb MHOXecTBO
AHaNUTHYECKHX HAYaJbHhIX YCJAOBHH, HHBAaPMAHTHOE OTHOCHTE/LHO
G. Torpa eIHHCTBEHHOE JIOKAaJbHOE pElieHHe, KOTOpOe CylllecTByerT,
COrJ1acHO Npeablaylled TeopeMe, ToXe GyAeT MHBAPHAHTHO OTHOCH-
tenbHo G. CiaefoBaTesibHO, MBI HMeeM JIOKAJNbHYIO TEODEMY cyiye-
cT808aKuA (M elHHCTBEHHOCTH) AJS NpHBeAeHHOro AuddepeHuHaNb-
HOTO YpaBHEHHA, NOJYYEHHOr0 METOLOM [OHCK2 CHMMETDHUHHX
pelieHHH, ec/iH TOJAbKO TAaKOBasi TeOpeMa HMeeTcs [ad MepBOHa-
yanbHHX AuddepeHHaNbHEX YPaBHEHHH.

Kaxyleeca He3HauHTeJbHHIM OTFPaHHYEHHE, 4YTO NPOH3BOJHLIE
Mo MPOCTPAHCTBEHHBIM KOODAHHATaM B ypaBHeHHsaX (40) ROMKHH
GLiTh nepeozo nopsjKa, Ha CaMOM JleJleé OKa3biBaeTcsl BechMa CHJlb-
unM. Tak, u3 Hero cnenyer, uto cucrema (40) gomkHa GuiTh rHmep-
Goauyeckoro THna. B cayyae cxKuMaeMoi HeBA3KOH KHAKOCTH 3TO
BHIMONHSAETCA, YEFO HeJb3s CKa3aTh, HAIPHMED, O HeCXKHMaeMo# He-
BA3KOH XHAKOCTH HMH JI0GOA BA3KOR KuakocTH. Ons Toro utolet
CTPOTrO YCTAHOBHTb Aaxe JIOKAaJbHYI0O KOPPEKTHOCTb METOAa MOHCKA
CHMMETPHYHLIX PelleHUHA, HYKHB Aa/bHelllIHe HCCeROBaHHUSA B Teo-
pHH ypaBHeHHA B YACTHBHIX MPOH3BOAHHIX.

1) AsTop He H3yuan Bompoca, Kakue Tpe6ylOTCs yC/A0BHA AAs TOr0, 4TOGH
H36aBUTLCA OT TPYAHOCTeM, KOTOpHIE MOTYT BO3HMKHYTb B CAYy4ae TAKHX OGHIKHO-
BeHHHX AuddepeHUHaNBHHX YpaBHenn#H, Kak Y2 + y?> 4+ 1 = 0, «cTeneHu» BHle
nepsofi.

) Hadamard J., Le probleme de Cauchy, Paris, 1932, ra. | [uam
Crenawos B. B, Kypc auddepenumanvhmx ypasHewufi; M, —JI,, 1950, —
Hpum. pedl
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§ 90. TeopHsa rpynn H MeTOA pa3feleHHs NepeMeHHBX

Peulenusa ¢uanuecknx 3agay, obaafatrouiie BHyTpeHHeA CHMMeT-
pueli OTHOCHTENbHO HEKOTOPOH rpynnbl, MOXKHO MaTeMaTHYeCKH yil-
POCTHTH C MOMOLILID CBA3AaHHOrO C 3TOH rpynnod Bel6opa nepemeH-
HBIX. MBI OKaxeM Tenepb, KAKHM 06pa30M 3TO NPHBOAHT K METOLY
«pasfielieHHsl nepeMeHHbIX», KOTOPhIil WHPOKO TPHMeEHseTca B THA-
poILHHAMHKe,

PaccMotpumM, HanpuMep, HHBApHAHTHOCTL YpaBHeHHH Diisepa —
JlarpaHxka paas HeBA3KOH CXUMaeMOR MKHUAKOCTH OTHOCHTENIBHO
rpynmbl

t—>af, x;—>o0x; p, p, U 6e3 U3MEHeHHH. (18)

[Mo onpesenetinio, yacTHole «@BTOMOJENbHbIEY TEUYEHHUN, HHBAPHAHT-
Hble OTHOCHTeNbHO rpynnsl (18), MOXKHO BHIPAa3HTL B BHAE

w=f00, p=pPM) p=0@)=p(P () (41)
rae
=0 % =3 P =% (42)
OueBnaHo, (42) ecTb yacTHBLIN cAyuail COOTHOLIEHHS
Xx=h()x. (43)

Haiinem Tenepb Bce HecTallHOHapHble TeYEHHS HEBA3KON KHUAKOCTH,
dbopMansHo AomycKalolliHe pa3jejieHie MepeMeHHbIX Mo (GopMyaaM
(41) u (43).

Haw nepsuifi pesynbrat O6yaer OTpPHILaTeNILHOTO Xapakrepa.
Oka3sniBaercs, 4TO BCAKOE Takoe TeyeHHe HHBAPHAHTHO OTHOCHTENb-
Ho rpynnnt (18): o6o6uienue cooTHouleHns (42) mo Buma (43) Hu-
yero He jaer. _

Ouenuzno, 4to a8 MoGoi auddepenunpyemoit pyuxkuun F(y)
H3 COOTHOLEeHHS (43) c.nenylor paaeﬂcraa:

_ oF oF
Ot - EXk e " ox; =h5 oy ! (44)

rlle CyMMHDOBaHHe NPOH3BOAHTCA No HHiekcy k. Ilostomy ypasue-
HHe HepaspuiBHOCTH dp/df + div(pu) = 0 3KBHBa/NEHTHO ypaBHEHHIO

HE)ZEE+ S )= 6

ecJIH CnpaBeAJMBO COOTHOweHHe (43). AnanornyHo, ecan npeue6-
peub CHOH TAXKECTH, YPaBHEeHHS! ABHKEHHS HeBA3KON >KHAKOCTH 3K-
BHBAJIEHTHbI YPABHEHHSAM

T ™
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Ecan hA’/h? — nocrosnHasn, He 3aBHCALLAA OT BpeMelid U He pas-
1
Has nyawo, ckaxem —C, 1o 3 =C (£ —¢£). [lostomy nocpeacrsom

O4EeBHAHOIO H3MEHEHHS! Haua/ja OTCYeTa H eAHHHL U3MEpeHHs Bpe-
MEHH MOXHO CBECTH Hall cAyuadl K CAyualo TedeHHil, YAOBJETBO-
PRIOWIHX cOoOTHOWEHHIO (42) H, cleloBaTeNbHO, 06/1aNAI0IHX CHM-
MeTpHeil OTHOCHTeAbHO rpynnbl (18).

B npoTHBHOM cayuae, KaK MOXHO NMOKa3aTb YacCTHHM RH(depeH-
uuposaHHeM COOTHoweHHi (45), (46) no mpemeHn npu GHKcHpoO-
BAHHOM 7, GyZeM uMeTb X X» 00/0fy = X x» 0u,/0y, =0. B s3TOM
cayuae, B cuay paseHcTB (44) 0p/dt = du/dt = 0 u, caegoBaTennHo,
p=p(x), v =u(x). Orciona, vacTuuii BbiGop nepemernonn h'fh?
B opMmyJae (45) naer Kak pa3 CTAUHOHAPHbie KOHIYECKUe TeyeHus
u3 § 88. Takne Teuenns yaoBneTBopAIOT cooTHoweHnaM (41) 1 (43)
npu ato6om h(t), B yactHoctH npu h(¢) = 1/f, kak B popmyne (42);
BCE OHH SBAAIOTCH aBTOMOAENbHBIMH OTHOCHTeAbHO rpynnbi (18).

MTak, MeToAOM MOHMCKa pelleHHA, CHMMETPHYHBIX OTHOCHTENbHO
rpynnol (18), MOXHO NOAYUHTb 8Ce HEBA3KHE TEYEHHA, NONYCKalo-
wHe (Kaxyueecs Gosee o6IHM) «pa3fiesieHHe NepeMeHHBIX» BHIa
(41) u (43).

Hns 6Gessuxpeswvix Teuenuit coorHoutenuss (41) u (42) 3xksuBa-
NEeHTHH MPEANOJNOXKEeHHIO, 4TO noTeHuHan ckopocrett U(x, ¢} nony-
CKaer pa3jiesieHHe nepeMeHHbX

U=tF () = tF(x/t), (47)

YTO yXe caenano B cooTHoweHusnx (36) u (37). IMpu 3tom ana Ges-
BHXpeBbiX 6apoTpoOnHbix TeveHWA MOXHO NPHMEHHTb 0606uieHHoe

ypasHenue Bepnyaan u3 § 4, dU/dt + %VUVU—{- f dplp=C(¢).

[Mocnennee BBHAY paBeHcTB (44) CBOAHTCA K ypaBHEHHIO

FO)— Ntr s +3 VFVF+ [L=c. )

B cayuae necxumaemod KHAKOCTH (p = po) MOXKHO MOJYHHTh
pacuiHpenue Kfacca NMOAOOHMX peiwenuit, nonoxus C = C(f).

HanpneAwue o6o6weHusn PasnenenHe nepeMenHuix
suaa (47), xoTs # IKBHBAJEHTHO Qopmyne (41), HaBOAUT HA MHIC/D,
4yTo (opMasibHO CJaelyeT PaccMOTPeTb BooGlie BCe TEYeHHS, KOTO-
pble a8TOM00eAbHbL IO BPEMEHH B TOM CMbLIC/Ie, 4TO AJA HHX Cnpa-
BeJIHBO COOTHOLLEHHE:

u=g(®)t(x), rme yY=~h()x. (48)

B sToT knacc TeueHHA BXOAST TAKXKE TeYEHHH, PACCMOTPEHHHe B
§ 87, nas Kotophix {Kak ckasaHo B 3aMeuaHHH nocje popmyant (32)]
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HHBapHAHTHOCTb OTHOCHTeNbHO (18) SKBHBa/NeHTHa paBEHCTBY
1=l

B Hero Takmke BXOZHT HOBHA KJacc Hecacumaembix Ge3BHXpe-
BhiX CTPYHHHX Teuenufi, BBefeHnnii Kapmanom '), ITocnennue onpe-
JesioTCR ycAoBHeM noxoGus

1
U=(x; t)=—t—cp(x), (49)
KOTOPOE COOTBETCTBYET MOCTOAHHOMY KO3((PHUHEHTY YCKOPEHHS.

§ 91. Cayuaf saskofi XKHAKOCTH

HutepecHo 6ul10 6bl onpefennTh caMoe ofliee TeYeHHe HEBA3-
KO XHIKOCTH, YAOBJIETBOpSIOllee YCJaOBHIO nonobus (48), u npo-
BEPHTb TeuYe€HHe Ha HHBAPHAHTHOCTb OTHOCHTEJLHO NOATPYMNN rpyn-
nu nopo6usi. BmecTo 3TOro Mb B BHAE KOMNEHCAUHH onpeje-
JEHM) Hecoumaemvie 6A3Kue TeueHHs, YAOBJETBOPAIOUIHE YCJOBHIO

48).

Kak u B § 3, ypaBHeHHst cCOCTOSSHHSI H HEPA3pHBHOCTH ANA He-
CIXHMaeMOro TeyeHHs, B3SITHE BMeCTe, SKBHBAJNIEHTHH OLHOMY YCJO-
Buio divu = 0. Tak kak g 1 h He o6pallalorcs B HyJb, TO 3TO PaB-
HOCHJIbHO PaBEeHCTBY

4
(,Ll:==o, (50)

H3 KOTOPOTO HCKJIOUEeHO £,

Ocraercs paccMoTperb ypaBuenns asukenns Hasbe — Crokca.
[To Teopeme 1 B3 § 21 cunoit TsxkecTH MOXHO mpeHeGpeun. C yue-
TOM 3TOr0 H focj]e HENoCPEACTBEHHOA NOJACTAHOBKH ycJoBHA (48)
B ypaBHeHHs Hasbe — Crtokca u3 ra. II, dopmyna (3), mu noay-
9HM COOTHOLIEHHSA:

du,

- =8 +2gh’x»(,,i{;—)=g’ﬁ+2(g,f')xp%{—;.

Yo gee= S ereh () = Liem 34

1 9 Hh(t ad
1 :‘=(L(%.Q.)§£ ectn p=a(t)p ()

VW, = v (gh?) 2 %‘él_ .
®

'} Annali di Mat., 29 (1949), 247—249; cu. takxe [17] c1p. 248.
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CnenoBatenbio, AnddepeHuranvibe ypasHenus Hasbe — Crok-
Ca MOXHO 3amHCaTh, pPa3fiefHB fepeMeHHHe, B BHIE

5
2 F00,00=0, (51)
rae
F1=g’, F2=gh'/h, F3=g2h, F4=ah’ F5=gh2
H

2 (")
G=f» G=u3t G=rg%.

1 9p _ 03f
R Gy=—» ), ole'

OueBuaHo, 4T0 ycjaoBHe (51) SkBHBaNeHTHO TpPeGOBaHHIO, 4YTOGH
sektopnl F = (Fy, F, F3, Fy, F5) u G = (G, Gs, Gs, G, Gs) npunan-
JeXaNH B3AHMHO OPTOZ0HAALHOIM NOONPOCTPANCTEaM. B 3aBHCHMO-
CTH OT YHCJIa JIHHeAHO HE3aBHCHMHX COOTHOUIEHHHA, KOTOPHM yAo-
saetBopsier Gj, «F-noanpocTpaHCTBO®, HAaTAHYTOe Ha BeKTOpH Fy,
MOXeT, KaK BHIHM, HMeTb 1, 2, 3 H 4 namepenns. CHauana MH pac-
CMOTPHM TOT HEBHPOXIEHHWR caywadl, koraa Bce F; nponopuuo-
HaNbHH, TaK u4T0 «F-NOANPOCTPAHCTBO® HMEET OAHO H3MEpeHHe.
Mb MmoxeMm caeaats F, nponopuHoHaAbHHM F3;, NONOXKHB
a = ag?® Kak W paHblue, HaJlHYyHe PaBeHCTBA g = h (noCTOSHHBIE
MHOXHTE/H MOXHO ONYCTHTb) SKBHBAJIEHTHO NMPOMOPUHOHANBHOCTH
Fi n Fp. Ocraercs ewe ycnosHe, uto Fy ROMAXKHO GHTb NMPOMOPLHO-
Haabho Fs MM MOMKHO BHNOJHATLCH PaBeHCTBO g’ = (—PB/2)gh
ans HekoTopoh nocrosHHOA f. Tak Kak g = A, TO 3TO YCJOBHE paBHO-
CHJILHO TOMY, uTo —2g°/g% = B, unu 1/g? = g(t — #,). Hagnexawum
BHOOPOM Hauaja KOOPAHHAT H WIKAaJbl BPEMEHH MNOC/JefHee YCJo-

BHe MOXHO cBecTH K g = 1/ VT u, crenoatensHo, K yc/10BHAM

a (x; t)=}%f‘(x) wop=LE, [x=7%] ©

1 8f; of; L_i?__v *fi Y

2 (it ) Hg+ oo Yo (6)

Hrak, B nonckax Gonee o6lIero THNa CHMMETPHYHHX pelIeHH

Mbl CHOBA CHH3HJIH YHC]O HE3aBHCHMBIX NEPEMEHHHX Ha eNHHHLY!

PaccmatpuBath cootHouenus (52’) camu oo ceGe spech M He Gy-
oeM').

¥) Ha naockoctr g'c.nonne (50) sxmmpanenTHO cyllecTBOBAHWIO GYHKUHH TOKa,
a u3 cootnomenns (52) MOXKHO McKMOINTL p, Kenoabsys rot (grad p) = 0. IMpu
STOM YpaBHeHHe 4YeTBEPTOro NOPAAKA B 4acTHHX NPOHSBOAHBX (6) He H3Me-
HAeTcH,
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D10 cooTBercTBYeT HHBapHaHTHocTH ypasHennii Hasbe — Crok-
ca OTHOCHTeNbHO npeo6pa3oBanus {—af U X —BX NPH YCJIOBHH, 4TO
yucno Peitnonsaca Re = vdjv ~ (B/a)B, [v==const] He uamensiercs,
TaK 4To f ~ V a. Pewenus (52) — B TOYHOCTH Te TeueHHs, KOTOpbie
MHBaPHAHTHB OTHOCHTEJIHO STOA rpynnsl.

Vpasuenue (51) uMeer Take «BhpOXIeHHbie» peineHusi. Ha-
NpHMep, PACCMOTPHM TeueHHs, NapanienbHble OCH X, TOFAA MOXKHO
3anMcaTh paBeHCTBa:

u=gW)fHi(y, 2, g=uy=p=0. (53)

B stom cayuae ycaoBue (50) Bcerga ynosJjerBopsiercsi. Tak kak
h=1, 10 F,=0; u3 p=0 caeayer F,=0. Boabmoe 3nauenne
uMeer T0, uTo G4 = [10u;/0x = 0 npu Bcex i; no3ToMy ana Fs Her
orpannyennii. OcTaercs yJA0BJAETBOPHTD yc0BHIO g'fy = vg (9%f,/0y*+
+ 8%,/32%), KoTOpOe, MOCKOJAbKY g 3aBHCHT OT £, a fi 3aBHCHT OT
X = (y, 2), CBOAHTCA K PaBeHCTBY g’'/g = — R H COOTHOILUEHHIO

- orf, |, o ,
u,=e"f(y, 2), rne 05,' +—0%,'=—ka,. (53")

Mochenxee cooTHOLIEHHe onpeiesisieT XOPOINO H3BeCTHoe!) skc-
MOHeHUHAJbHOE 3aTyXaHHe NapajifiejibHLX BA3KHX TeueHHH, HANDH-
Mep, TeueHHs B ABYMEPHOM KaHalle —a<y-<< a npHu,=e~*cos=ny/2a
H k = n2/4a3v.

§ 92. OGpaTHule MeTOAW

IMpeaniaymne npuMepH XapaKTepHU3YIOT METOA «pa3jieleHHs ne-
peMeHHBX» KaK 060GLICHHE «MeTO[a MOHCKA CHMMETDHYHBIX pelue-
Hufi»>. B cBolo owepeabh MeTOA pa3fesieHHs] NepeMeHHHX MNpeacra-
Baser coGofl yacTHufi cayyalk Gonee IWIHPOKOro KJjacca «o6paTHHX
MeToAoB», cHcTeMaTHyeckHn H3ydeHHunx I1. Hemennn?). ITosoxe-
HHe B STOM BONpPOCe HECTPOr0 MOXHO OMHCATh CJeAYIOUIHM
o6pasoM. Besxuft pa3, KOria TeopHs rpynn ykasniBaer Ha CyLUeCT-
BOBaHUe TeueHHH C pa3fle/IeHHLIMH NepeMEHHLIMH WM TeueHH#, ob-
NafalolHX KaKHM-JIHGO ApYyrHM cBOACTBOM P, anpuopno mocTysH-
pys cBOWCTBO P, Mbl MOJAYYHM MO MeHbIUefi Mepe Te XKe pelLIeHHS,
HO, BO3MOXCHO, H KaKkHe-nHGO Apyrue.

'Y Cm. Taylor G. I, Phil. Mag., 46 (1923), 671—674. Ananornudoe
SKCNOHEHUHANbHOE 3aTyXaHHe BO3MOXKHO W J/IA KPYrosWx Tteuenu#l, xoraa p’(r)
JROCTATOYHO BEAHKO AJA CO3QEHHN HEHTPOCTPEMUTENLHOTO YcKopeHHs; cp. [71] a
Berker R, Sur quelques cas d'intégration des équations du mouvement d'un
fluide visqueux incompressible, Lille, 1936.

?) Hemensu I, @, c6. [Ipo6remut mexanuxu, HJI, M., 1955, crp. 234--257.
[Cm. Taxxke [44). — Tpus. ped.
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HanpiMep, coriacHo TeOPHH FPyNH, CYLUECTBYIOT (JOKaJIbHO)
BonHb paciuupenus [Ipanaras — Mefiepa, Ans KOTOpbLIX

BekTopHas CKOpPOCTb MOCTOSHHA BAONL BcAKoA npaMoft meKoToporo P1
OJHONBP3METPHYECKOTO CeMeRCTBa.

«O6paTHBIT METOA» COCTOHT B HAXOXKIEHHH BCEX CTalHOHAPHBIX
Ge3BHXpeBbLIX TeUeHHil CXKUMaeMOift HeBS3KOH JXXHAKOCTH, o6snanarw-
wux cBoiicteom Pl. 3To noayuaercs caeaylowum oGpasom.

Mul 3HaeM (§ 5), uTO ypaBHEHHsi ABHXKEHHs B cJyuyae CTauuo-
HapHoro Ge3BHXPeBOro NOTOKAa 3KBHBaJIeHTHBI YpaBHeHHI0 Bepuynnu

u?/2 + fdp/p= C. TloatoMy c NOMOILBIO YHCJEHHOTO HHTErpHpo-

BAHHA AJ8 KaXAOro 3HaueHHs <«AaBJeHHS TOpPMOXKeHHs» (T. e. No-
CTOSIHHOM HHTETPHPOBaA-
HHS1) MOJIYYHM ONHY H TOJb-
KO OAHY napy GyHKIUH{
p(¢) n plp(u)), ynosner-
BODSIOIIHX KaK YPaBHEHHIO
COCTOSIHHA, TaK H YypaBHe-
HHAM aBHXenus. Kpome
TOrO, TEYEHHS CO CBOICTBOM
Pl — 3710 Teyenus, y Koto-
poix Takue p(u) u plp(u)l,
YTO BUXPU OTCYTCTBYIOT W
ypasHeHue  Hepa3pbIBHO-

Puc. 26. Koopaunate ans BOAHH paa3- cru (T. e. 3aKOH coxpa-
pexcenns lpanaran — Medlepa. HEHHS MacChl) YOOBJIETBO-
psiercs.

B paccmaTtpuBaeMoft 3ajaye MOXHO AOCTaTOYHO XOpolo Pa3o-
6paTbCcsy FeOMETPHUECKH, HCMOJb3Yys CNEHHaNbHYIO CHCTeMYy KOOp-
AMHAT, CBf3aHHYI0O C HalIHM ORHONAPaMEeTPHUECKHM CeMelCTBOM
npaAMbiXx. B KauecTBe cneuuasnbHoil cHCTEMb! KOOPAHHAT PaccMort-
pHM yroa 6, o6pa3yeMblii OCbl0 X C MPAMBIMH, H HanpasJeHHoe pac-
CTOSIHME A BAOJL JIHHWH, OPTOIOHA/JILHO MNepecekalollefi npsMble H
OTCUHTHIBAEMON OT HeKOTOpoR ¢HKCHpPOBaHHOH KPHBOH, Kak MOKa-
3aHO Ha pHc. 26. Eciu BCIOMHHTB, YTO 3ajaHHble npsMble npeacra-
BAAIOT c060#, «BoOGlIe rOBOPsi», KacaTeNbHble K HEKOTOPOH NJOCKOH
kpuBoft I, To cpa3y BuaHo: (1) aunum § = const cyTb aauuble nps-
Mbie; (2) auHuM h = const 00pa3yiloT OpTOrOHa/NbHOe ceMeicTBO
soiot Kpusoit I'; (3) ds?=dh?+ r’d®, rae r=h + s(8) ects
pPaAMyc KPHBH3HH 3BOJIIOTHl, @ § O3HAuaeT AJHHY AYrH BAojb I

B 3TOA ectecTBeHHOH reoMeTpHueckoll cHcreMe KOODAHHAT Jerko
3aMHCaTh YCJ0OBHe HE3aBHXPEHHOCTH H YCJ/IOBHE COXPaHeHHs Macchl.

o onpepenennto, He3aBHXPEHHOCTb 03HAUae€T, HTO UHPKYJIALHS
no Ni0Gof 3aMkHyTOH KpuBOft 1 paBHa uyaio. Ecan a oGosnauaer
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yron Mexay npamofi § = 06y H BekTOpoM ckopocTH u(fy) c MORYy/NeM
¢, TO LHPKYAAUHA NO 7 paBHa

§> 2 uydx,= § q(cosadh—+sinardf).

Mo teopeme I'pHHa, 3TOT HHTerpan obpaiaerca TOXKAECTBEHHO
B HyAb TOra # TOJBKO TOTA&, KOraa

% (gcosa)= ’:T (rq sina).

Tak kak r=h + s(8), 10 Or/0h = |; panee, B cHaAy cBoficTBa
Pl, Beanununl ¢ H a cyTh dyHKUHH ToAbKO §. [TosTOMy ycaoBue ne-
32BHXPEHHOCTH 9KBHBAJIEHTHO YCNOBHIO

% (gcosa)=gsina. (54)

Monoxus g(8) = gcosa Hu h(8) = gsina, GyaeM umerp g’ = A, yto
o6o6uiaer popmyay (20) u3 § 84.

Ilas Toro uyro6n 3aMHCATH YCAOBHE COXPAaHEHHS MacChi, 3aMe-
THM, 4TO MNOTOK MacCH BO G6Neuni0i0 06AacTo uepe3 KPHBYIO |
paBeH

§ pq (—sina dh - cos ar db).
T

ITo teopeme 'pnua, 9STOT HHTErpaa Toria H TOJbKO TOrgxa obpa-
aeTcs B HYJ/b, KOraa

%(—-pq sin ¢)=-a'% {rpq cos @) =pq cos a. (55)

B ToAbKO uTO BBeAeHHHX 0603HA4YEHHAX NOCAeRHee YCJNOBHe CBO-
RHTCA K. ypaBHeHHI0 (—ph)’ = pg, rae wWTpHX O3Havaer aAuddepen-
nupoanue no 0. [Tocne noacranosku h = g’ W ynpoweHnfi noayuHM
g +pg +pg =0, unn (g" + g) + (p'/p)g =0, 1. e. ypaBHenue
(22) u3 § 84.

ChnenoBarenbho, 6ce Texenus, ydosaersopaouiue ycaosuro Pl,
MONCHO noay4utd u3 tedenud Ipandras — Medepa 3ameHol nyuef,
HCXOAALIHX H3 BepPUIHHH (HKCHPOBAHHOIQ Yr/aa, KacaTeNbHbHIMH K
¢puxcHpoBaHHOR KpHBOHA I', npHueM BeKTOpHasi CKOpOCTb B COOTBET-
CTBYIOLIHX TOYKAaXx ocTaetcs Tofl xe!l).

1} 3ot pesyavrar noayunn Less F. H, Proc. Camb. Phil. Soc., 22 (1924),
; cM. Taxxe [6), cTp. 273—278, n npuseaennywo Tam Guamorpadmo,
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Ilpeabiayuiuii npuMep SIBJASIETCH UACTHLIM ciayuaeM GoJaee obiueli
«06paTHOH 3aJaYH» HAaXO0XAEHHS BCeX TeYeHHH C OAHOMEPHBIMH [O-
aorpadaMH, T. €. TAKHX TedyeHHIi, AN KOTOPLIX BEKTOPbl CKOPOCTH
ONHCBLIBAIOT OAHY-EAHHCTBEHHYI0 Kpusyro '), (B obuiem cayyae rogo-
rpagoM Ha3bLIBAETCA FEOMETPHYECKOE MeCTO BCeX BEKTOPOB CKOPOCTH
NOTOKA.)

§ 93. O6Gune 3ameuanus

OueBHAHO, YTO METOd NMOHCKA CHMMETPHUYHLIX pelleHHil Kak pa3s
ABJASETCA OJHHM H3 TAKHX METONOB, NPH KOTOPLIX 331alOTCH NPOH3-
BOJIbHble (YHKLHOHANbHble COOTHOILEHH H 3aTeM HaxoAATcs Ylo-
BJIETBOPAIOLIHE HM TeueHHSA. [[PyrHM TakHUM MeTOAOM siBAsieTcs pas-
desieHHe nepeMeHHbIX. TakHM 06pa3oM, Kiacc «oGpaTHEIX METOJOB»
BKJIOYaeT B ceGf B KauecTBe YaCTHBbIX CJAYyYaeB METOJ NMOHCKA CHM-
MeTPHYHDIX PelleHHH H MeTOH pa3jieleHHs epeMeHHBIX.

Boabuim npenmyuiecTBoM MeToaa NOHCKA CHMMETDHUHBIX pe-
HIeHHi MO CPABHEHHIO C OCTAJbHLIMH ABYMSl ABASETCA TO, UTO AAA
Hero Mbl pacnojiaraeM TeOPEeMaMH CYLIeCTBOBAHHA CHMMeETPHUHBIX
pewenni, no Menbuwefl Mepe B MajaoM (cp. § 89). A koraa pasge-
JleHHe nepeMeHHbIX NPHBOAHT K HETPHBHANBHLIM pelieHHSM, TO MNO-
caexHHe OOBIYHO CBA3aHbI C TeOpHeR rpynm.

3T0 NoNOXKEeHHE MOXHO NPOHJANIOCTPHPOBATL HAa NpHMepe ypa-
BHeuus Jlanaaca V2U =0 ans cTaunoHapHbX TedyeHuit Dilnepa B
NpocTpaHcTBE H Ha npuMmepe ypaBHenHs IleapMrossua V2U +
+ k2U = 0. Bbi1o nokasano?), uto B 060HX C/Ay4YasX CHCTEMH KO-
OpPAHHAT, B KOTOPbIX MMeeT MEeCTO pDa3jesieHHe NepPeMeHHBbIX, MPH-
HAaZNeXAT K HeCKOJLKHM H3BECTHBIM KJjaccaM, Gosbluias yacTh Ko-
TOPHX NpH Npeo6pa3OBaHUAX HAAL TPYNIOH, NMOPOKAAEMOH HHBEp-
CHSIMH OTHOCHTEJIbHO c(ep, MepeXoRHT B CeMeACTBO napajjesbHHX
naockocreil, B NMy4YOK INIOCKOCTeH, NMPOXOAAUMX uyepe3 OQHY nps-
MYyIO, U B ceMeiilcTBO KOHLIEHTPHUECKHX cdep, T. e. B OJHY H3 CHCTEM
KOODAHHATHLIX NMOBEPXHOCTEA JAJSl [eKapPTOBbIX, UHJHHAPHYECKHX
HIM cepHUECKHX KOOPAHHAT. DTO HABOAHT Hu MbLICAb, YTO K JaH-
HOM 3aJaye MOXHO HENOCPeACTBEHHO NMPHMEHHTb MeTo# KoLdopM-
HHX Tpeo6pasoBaHHi, pacCMaTpHBas HHBAPHAHTHOCTb OTHOCHTE/b-
HO KOH(OPMHOM rpynnsl.

Opnako yTBepXIeHHe, YTO BCAKOe pasjejeHHe NepeMeHHbIX B
rHApPOMEXaHHKe CBA3aHO C [rpPynnaMH (BHYTPEHHSA CHMMeTpHsi),

') Cnyuafi veckumaemofi psiakohi xuakocrt cm. Miiller W, Einfiihrung
in die Theorie der zdhen Fliissighciten, Leipzig, 1932; rakxe Zeits ang. Math.
Mech., 13 (1938), 395—408. Cnyuail cxHMaeMOHl HEBS3KOM KHAKOCTH cM. [72),
a takxe Giese J. H, Quar. Appl. Math., 9 (1951), 237—246.

2) Cm. {70), a Taxe Moon P, Spencer D. E, Proc. Am. Math. Soc.,
3 (1952), 635—642 u 4 (1953), 302—307 u npuBeAeHHYIO TaMm J/IKTEpaTypy.
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6ui10 6ot npeyseanuennem. HecMotps Ha To uto pemienne!) Kap-
mana ypasHennii Hasbe — Ctokca an1a TeyeHHs BGJAH3H Bpaulaio-
1erocs AHCKa He H3MeHAeTcs npH adpdpHHHOM npeoGpa3oBaHHH

r—>ar, z2—>2, u,—>au, Uy —> ol u,—>u,

ypasHenuss Hasbe — CTOKCA He WHBAPHAHTHH OTHOCHTEABHO 3TOFO
npeo6GpasoBanns.

Ananornuto «o6paTHbiey JONYIEHHS OTHOCHTENbHO NMOCTOSTHCTBA
BEJHMHHLI CKOPOCTH MJH 3aBHXPEHHOCTH Ha JIHHHAX TOKAa M T, A. He
HMEIOT HHKaKoro OTHOLUeHHs K rpynnam?). Buao 6nl ejarenbHo
onpejenuTs, Kak 370 caenano anas ypasuenufi Jlannaca u Ieabm-
roqblta (cM. npuM. 2) Ha ctp. 188), Bce CHCTEMbl KOOPAHHAT, B KOTO-
PbiX pelleHus ypaBHeHHH HeCTalMOHapPHOro [ABHXKEHHS XXHAKoOCTed
MOXHO HafiTH METONOM pa3fieflcHHsA HePeMeHHHIX.

§ 94. Meton roporpada

C noMowplo npeo6pa3oBaHHit roaorpaga MOXKHO 3HaYHTEJbHO
YOPOCTHTL YpaBHeHHs CXKHMaeMOro HeBSiI3KOro TeueHHs. Mu yxe
sugenn [ra. I, ypasuenne (10)], uto cranuoHapHbie Ge3BHXpeBbie
NJOCKHe TeYeHHS CXKHMaeMOH HeBAA3KOH XXHAKOCTH B3aHMHO OAHO-
3HaYHO COOTBETCTBYIOT NMoTeHUManaMm ckopocrtefi U, kKotopoie yno-
BJIETBOPSIOT HEAUHEUHOMY YPaBHEHHIO B YACTHBLIX NPOH3BOAHBIX:

VU =% (U U U+ 200U, +UUU,).  (56)

3neck HMHAEKCHW oO3HayawT AHd¢epeHUMPOBAHHE MO COOTBET-
CTBYIOLUHM MEepPeMEeHHBIM, a ¢ ecTb MeCTHas CKOpOCTb 3BYKa.

HanomuuM ?), uto ypaBHenne (56) SKBHBaJEHTHO ONHOMY M3
CNefyIOUHX AuUHelHbX YPABHEHHA B YACTHBIX NPOH3IBOAHHIX: JHGO
YPaBHEHHIO

Ve t+4q (l + %’) V,+ (1 — %:‘) V=0, (57a)
AHGO YPAaBHEHHIO
2 2
q2‘90q+q(l __cq’_) ‘Pq+(1 _'z—:) Pop = 0. (676)

3aech V — byHKuns ToKa, ge'® — KOMNJIEKCHBI BeKTOp CKOPOCTH,
Tak uto Uy =g¢cosd u Uy, = gsinh; c? — onHOo3HayHag ¢yHKUHA

'Y Karman Th, ZAMM, 1 (1921), 233—252; Batchelor G. Quar. J.
Math. Appl. Mech., 4 (1951), 29-—41. [lo nosoay nanbHefiwux oGoGweHul cM.
Berker R, pabGoty, uuthp. B npum. 1) na crp. 185.

?Z) Kampé de Fériet J, Proc. Int. Math. Coniress, Ziirich (1932),
T. 2, 298—299; Nemenyi P, Prim R. J. Math. Phis. MIT, 27, (1948},
130- 135,

3) Cum. [6], rn. IVA unu Seifert H, Math. Annalen, 120 (1947), 75—126.
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nepemennoit ¢, corsacko ypasuennio bBepuyaan, n ¢ = U — xUc—
—ylU, — 3aBHcHMan  nepeMeHHas B JIeKaHAPOBOM KOHTAaKTHOM
npeo6pa3loBaHHH, MNOCPEACTBOM  KOTOPOrO  NOJYyYeHO  YypaBHe-
Hie (576).

Tenepb HeTpyaHo noayuyntb ypaBHenus (57a) u (576), ncxoan
H3 ypaBHeHHsa (56) M TONbKO uTO YKA3aHHHIX onpeaenenHii, Ho Bo-
BCE He AICHO, noueMy HYXHO GbiN0 HCMOSb30BaTh 3TH MepeMeHHble
rogorpacdu, uTo6n NOAYUHTbL NHHeltHble ypaBHuenis. OQHHM H3 MoO-
THBOB MOrJ0 GuiTh TOo coofpaxenne, 4yTo MeTod roavrpada ycneuHo
IpHMEHseTCs B 3ala4ax co CBOGOAHLIMH IHHIAMH TOKA (Kak B § 38).
Cefiuac Ml npuBefeM JAPYryl0 MOTHBHPOBKY, HCHNO/b3YIOLLYIO TPH
coo6paxeHus H3 TEOPHH rpynan.

IlepBHiM H3 HHX SIBARETCHA HHBAPHAHTHOCTL 3aKOHOB AHHaMHKH
HEBA3KOR XKHIAKOCTH OTHOCHTeAbHO rpynnul (18) npeo6pasosanni
Jlanxesena:

X)X, u—u, U—iU, ViV, ¢ —> 9.

Oka3nBaercs, YTO ypaBHeHHe B 4AaCTHBIX MPOH3BOJHBIX, BLIPaXalo-
ulee 3TH 3aKOHbI, KAK NMPABHJO, JIOMKHO ObiTb HEOONOPOOHHIM (M
1105TOMY HeJHHeAHLIM), eclH B KauecTBe He3aBHCHMBIX MepeMeHHLIX
6paTtb x;, @ B KauecTBe 3aBHCHMLIX nepeMmenubix — U, V uau ¢; Ho
9T0 ypaBHeHHe GyleT OOHOPOOHbLIM, €CAH NMPHHATH 32 He3aBHCHMbie
nepeMenubnie') u;, a B KauecTBe 3aBHCHMHX nepeMeHunx U, V
HAH Q.

Hawm ocraercs ne sichuiM a priori, noueMy 310 0aAHOpPOLHOE ypa-
BHEHHe JIOJDKHO GbiTb NHHEHHBIM, KOrla B KauecTBe 3aBHCHMbIX Me-
peMeHHLIX B3aThl V i ¢.

Bropoe coofpaxexHe H3 TeOpPHH TIpyNm -— OYeBHAHAA HHBAPH-
AHTHOCTb 3aKOHOB BHXXEHHS XKHAKOCTH OTHOCHTEJIbHO FPYyNnb n06o-
poros 6§ —~0 + a, koraa ¢, U, V, ¢ octaiores ¢uxcuposanunimu. Us
3TOro cjeayer, uto B popmynax (57a) u (576) Beauuuna § nonKHa
BXOAHTL ToAbKo B AHd¢epeHuHaNbHble ONepaTopi H He BXOAHTb
B Ko3dpduunentn. CrenoBaTe1bHO, MBI HMeEM TeOPETHKO-rpynnoBoe
onpaBaaHHe HCMOJb30OBAHHR B KayecTBe HE3aBHCHMBbIX NepeMeHHbIX
g 1 82) Bmectro u = Uy uw v = U,. baaronaps 3toMy koapduuuenth
Hawero AHddepeHUHaNbHOrO YPaBHEHHS 3aBHCAT TOABKO OT 00NOd
H3 ABYX He3aBHCHMBbIX NepeMeHHhIX.

Tpetbe TeopeTHKO-rpynnoBoe coobpaXkeHHe — 3To oueBHIHAN
HHBAapHAHTHOCTb 33KOHOB ZBHXEHHS XXHAKOCTH OTHOCHTEJNbHO Fpyn-

'} 310 BO3MOKHO B MaJOM, Kpome cayvas (ynousmytoro 8 § 92) oawo-
mepHoro roaorpada. IMo npuunHaM, aHanoruuHuM omiicannuiM B § 89, ponbuie
TOBOPS, 3TO HEBOIMOXKHO B G60ABLLIOM.

) Hcnoaviosaune nepeMennofi @ = Ing AMECTO ¢ NOACKA3LIBACTCA TeopHed
¢ynKuUMA KONDAEKCHOrO nepeMeHHoro: w + i@ = In (u + iv).
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nbi nepenoca x— x + a, koraa u, U, V, ¢ ocralorcs ¢utkcuposan-
ubiMu (§ 67). D10 3KBHBAJIEHTHO TOMY, YTO X H y B ypaBHenuu (56)
BXOAAT JHIL B AHd¢epeHUHaNbHBEe ONepaToOpH M He COmepxKaTcs
B KO3 dHIHEHTAX.

§ 95. HuepunanbHoe NAOCKOE ABHXKEHHe

Teopuio rpynn MOXHO HCROAL30BATH He TOABKO AAf ynpollenns
ypaBHEHHN ABHKEHHS XHAKOCTH, C €e MOMOLULbIO MOXKHO TaKxXe npi-
BOAHTb HHTErPHPOBaHHe YpPAaBHEHHil ABHXKeHHS K Kpaapatypam').
BaxHoe noaTeepikaeHHe 3TOrO MOJNOXKEHHA 1aeT ABH:KeHHe CHApsaa
B MJAOCKOCTH noA ZeACTBHEM TOMbKO unepyuanrbrbix cua. (ITpubau-
3HTEJbHO TaKOM Xapakrep MHMeeT ABHXeHHe BO MIIOFHX 3ajnauax
6aANHCTHKH, a TaKxKe ABHXKeHHe NOJABOAHOM NOAKH NpH ¢HKCHpO-
BAHHOH YCTaHOBKe pyJedl, Koria TCHAPOCTaTHYeCcKas NJaByyecTb
YPaBHOBELIHBaeT CHAY TsXKecTH.) 3To 3HAUYHT, yTo Mu Gynem pac-
cMaTtpHBaTh rpynny u3 § 70.

[Mycte x = q1 1 y = g2 0603HA4AIOT KOOPAHHATH CHapsda, a
$ = g3 — yron MeXIy OCbi0 X H HEKOTOPOR OCbIO, JKECTKO CBA3aH-
Holt co cnapsgoM. Mol npednoasazaem, 4To KOOPAHHATHI MTHOBEH-
HOTO MOAOXKEHHA cHapaia onpelensior ero 6yayuiee JBHXKeHHe noa
JleficCTBHEM CHJ peaKLUHH H corniacHo 3akoHaM HeploTona, tak uToO
(11pH O6GBIYHBIX OrpaHHYEHHAX OTHOCHTeNbHO AHDdepeHuHpyeMocTH)
NONYUYHM ypaBleHHA:

61=F1(‘71’ 92 93 ‘.Iv (}2. 213)=Fi(q3 Q) (58)

3r10, OYeBHAHO, CHCTeMa OGHKHOBEHHWIX, BooGuUle roBOpS, HeJAH-
Heitnelx OHd¢epeHUHaNbHBIX YPABHEHUHA wecTo20 nopsiaka.

Mui ceityac noka)keM, Kak ¢ NMOMOLLBIO TEOPHH TPYNN €€ MOXKHO
CBeCTH K CHCTeMe 8TOPO20 NMOPAJLKAa H ueThHpeM KBaapaTypam. Me-
TOA, KOTOPHIi1 MBI OnHilueM, B OCHOBHOM 060611aetr o6blUHBIT MeTo1
«LHKJHUECKHX KOOPAHHAT» NPH Nepexofie OT JiarpaHKeBuX JHHaMH-
YecKHX CHCTeM K HeaarpaHxkeBbiM cHcreMaM. ITocae Toro kak Gyaer
ONMHCAH 3TOT NePexch, Mbi VKaxeM cXeMmy Aanbliefiiiero o6obute-
HHA — Ha cayyafi OObIKHOBEHHBIX AH(depeHilHaNbHbLIX YpaBHEHHH,
HHBAPHAHTHHIX OTHOCHTENBHO HEKOTOPOIl rpynnel.

[Mpexae Bcero MOXHO 0OXHAaTb, YTO CHcTeMa (58) Gyaer HuBa-
PHAHTHA OTHOCHTENIbHO nepeNoca MNpPOCTPAHCTBEHHLIX KOOPAHHAT
XXX Y—>Y+¥5?). 310 06cTOATENLCTBO OYEHD TPOCTO HHTEP-

1} Crporoe coBpeMenHOe MaTeMaTH4ecKOe HcCJedoBaHHe 3Tofi cTaBwed kiac-
CHYeCKOMl CBA3H C TeOpHeA rpynn B caydae OGHKHOBEHHHIX OJHOPOMHLIX AUMHENbIX
Andoeperunansinx ypastennsi cmM. B pabore Kolchin E. R, Annals of Math,
49 (19§8), 1—42. OrnocHTenbHO Hesmuueiinoro cayuas, cv. Dickson [68).

?) TlpakTidecks 3TO 03HAYAGT, YTO MOKHO MpencOpeyb TAKHMH (aKTOPaMH,
KK [I3MEHeHHe NJOTHOCTH C BHICOTOH,
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nperupoBaTb MATEMATHUECKH: OHO 103BoJdeT HaM 3aMeHHTb CH-
creMy (b8) cHcTeMoll 4ergsepTo2o nopsiaka:

dl d2
T =F(g5 Q 2=Fyg5

ﬁqi ::‘}3’ dt —F{(q{v q) (59)

M IBYM# KBa/Jpatypamu
ql"—“f"hdt’ ‘h=f‘}2dt- (59"

Takum o6pascM, ¢ HOMOUIBIO ABYXNTapaMeTPHUYECKOH IPYNNnbl MOXKHO
CHH3HTL NOPSIAOK Halleill cHCcTeMbl HAa [Be elHHHIbI, 3aMeHHB HHTe-
rpupoBaHHe ypaBHeHH# KBaapaTtypamu. [lanee, cucrema (58) wu3o-
TPONHA, T. €, HHBAPHaHTHA OTHOCHTEJNIbHO NOBOPOTO8 KOOPAHHAT-
Ho#t cHcteMbl. UToOblI BbIpa3uTh 3TOT (aKT aHAJHTHUYECKH, yA06HO
B KayecTBe HOBBIX NEPEMEHHBIX HCNOJb30BaTb MOAYJ]b CKOPOCTH
v=(x?+y?)'" u yron HaknoHa § TpaeKkTOpnn k ocn x. Toraa
x=vcos§ u y=vsinf. OueBUAHO, UTO U H <«YroA TaHraxas
¢ = ¢ — 0 HHBADHAHTHBI OTHOCHTE/IbHO BpallleHHi; N03TOMYy cHCTeMa
(59) sksuBaseHTHA'!) (ecsH oHA M30TPOMNHA) CHCTEME:

d . do .
'd—: = Gl ('U, <P’ ?)) dt = G? (v’ cP’. (P)’ 6
) (60)
d d :
=g, ar =Gs(v 2 )

Y KOTOpO#i BTOpPOe ypaBHeHHe CBOAHTCS K KBajpaType ¢ = ft,%dt.

Hakonen, npegnosioxeHHe, 4To BCe CHJH «HHEPUHAJbHbI», O3HA-
_4aeT, 4TO OHH NPONOPUHOHAJIBHBI KBaApPaTy CKOPOCTH, T. e. reOMer-
pHuecKHe TPaeKTOPHH HHBADHAHTHbI OTHOCHTEJBLHO TPYNNbl H3MeHe-
HHii macwtaGa BpeMeHn. Ho oueBmamHo, uto ¢ M paccroanue

s= fvdt HHBapHaHTHB OTHOCHTeNbHO 3TOR rpynnei. Otcloaa, 3a-
MeHHB ! He3aBHCHMONH nepeMeHHOR §, MOJYUHM ypaBHeHHe

.d dy’ dv
=y, F=He ¢) 55 =16 ¢) (61)
(Hanpumep, mv du/ds ectb KacaTeabHasi cOCTaB/AIOUIAS CHJLI, OHA
paBHa npousBenendio v? Ha cuay mG (v/v, 9, ¢/v) = mG(l, ¢,0') =
= H* (9, ¢’), KoTOpaA AeiicTBOBaja Gb Ha cHapsa, ecan Gbl Bce
cKopocTH OLIIM M3MeHeHH B oTHoluewHH U:1.) B uTore cucrema

1} Crporo ropopf, foka v He o6paiaercs B HYJb.
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(58) 3keusaaenrra cucreme 810p0co nopadxa (61), naru xeadpa-
Typam: (59) u caedyoujum COOTHOUIEHUAM

{ e as .
v=2e , t=[2 ¢=[¢ar (62)

v

§ 96. Teopema bbsHkH

Ilpeawigyuee paccyKleHHe MOMXKHO CYIeCTBeHHO O606IUTS.
[lycte X — moGasi cHcteMa OGBIKHOBEHHBIX ad(idepeHuMa bHbIX
ypaBHeHHH n-ro nopsjaka:

B Ry e X li=1, .., . (63)
MpeanonoxuM, uro T HHBApHAaHTHa OTHOCHTeJAbHo rpynnul I' npe-
obpasoBaHuil Xx— Yy(x) B npocTpaHcTBe (X1,...,Xn). ITO 3HAUHT,
uyTo ecau ¢yHkuua x(f) yaoBaeTBopser cucreMe (63), To eit yno-
BAeTBOpseT W npeobpa3oBaHHas GyHruua Y(x(f)) mnpu Bcex y €1
Mbl nokaeM, 4To 3T0 O6CTOSATENbLCTBO 3HAYHTENALHO ofJieryaer HH-
TerpapoBaHue cuctembl (63).

3T1o serko nokasarb, ecan I'— opHomapaMerpuueckas rpymna.
B naHHOM cayuae, 3a HCKJIIOYEHHEM OKPECTHOCTeR O0COOBIX TOYEK,
rpynna I' JIokanbHO CBOAHWTCA!) MOCPeACTBOM 3aMeHbl KOOPAMHAT
K rpymnne NnepeHocoB Yy —>Yi + a; Yz, . .., Yo 6e3 uaMenenuit. Cucrema
(63) sanuinercs B 3THX KoopAnHaTax B BHAe dy;/dt = G;i(y, ..., Yn).
Tak kak BBIYUHTaHHe MOCTOSHHOH M3 Y, He H3MEHSeT HH OJHOH H3
npou3BoAHbIX dy,/dt, To, oueBHAHO, (; paKTHUECKH He 3aBHCHT OT
Y1, MO3TOMY MOXKIO 3aHHCATb ypaBHeHHe

d .
'T)t'i=01()’2, ooy Ya) li=1,..., n]. (64)

Takum o6pa3oM, MH CBeleM HHTerpHpoBaHnne cucreMnl (63) kK HH-
TerpupoBanmio cucteMbt (n— 1)-ro nopsaaka dy;/dt = G;(ys,....Ya),

i =2,..., n]uonHoit KBaapatype ¥y, =f G, (y2(8), ..., ya(2))dt.

O6o6miaa ckazaHHOe, OTMETHM cJenywollee: ycTs I'— awbas
r-napaMeTrpuyeckas paspewnmas rpynna Jlu npeoGpaszoBauuit npo-
cTpaHcTBa (X, ... Xn), OTHOCHTENBHO KOTOPOil HHBapHaHTHa ci-
crema (63). Torma, noytn no onpedenexuio, rpynna I' umeer
J0KanbHbeIe2) noarpynnsl Jlu S < Sy <... < S, =T, takne, uyto
1) S;-, HopmaabHa B S;; 2) S; nopoxkagaerca noarpynnoit S;_; d
HEKOTOpoOil odHonapamerpuueckoi noarpynnoi I';.

'y CM. [78], crp. 34. BooGwe Mu 3Zecb He JaeM MOAPOGHBIX YKa3aHW®
OTHOCHTCJABHO HCNOJB3YeMBIX pe3yanTatos Teopuu rpynm JIn.

?) IounaTte JOKadbHON NOArpyuns pasbacHserca B kuure Wesanae K,
Teopus rpynn JIn, M., WJI, t1. 1—2, 1948—1958 rr
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PaccMatpuBasi Bce B MaJioM, MPEANOJOXKHM, YTO NOAMHOMXKECTBA
TPAH3UTHBHOCTH MOArpynnbol S;_; NpPeAcTAaBJAOT coGoill A-MepHule
HOANDOCTPAHCTBA NOCTORHHBIX Y,4.1, ..., Yg» T. € OHH NApaliesb-
Hbl PHNEPIJIOCKOCTH (Y, - .., Yr) A4S HEKOTOpOro A. Ilpenmonoxum,
Aajee, YTO BBHAY HHBApPHAaHTHOCTH cHCTeMbi (63) oTHOCHTenABHO
Si—1 MOXHO CBECTH HHTErpHpoBaHHe cHCTeMbl (63) k HuTerpupo-
BAHHIO CHCTEMB!

dy .
Gy U=hi L 69)

¥ KBaapaTtypaM. Mbl nokKaxeM, 4TO TOrla aHaJOrH4yHOe yTBepiKie-
HUe cnpaBelJIuBO Aas S;.

Bo3amoxubl aBa cayuas. Ecay noaMHoKecTBa TPaH3HTHBHOCTH
rpynnsl S; h-MepHbI, TO Hallle yTBepK/1eHHe TPHBHaabHO, B nporus-
HOM cJyqae, MOCKOAbKY S;_; HOpMasbHasi (T. e. HHBapHaHTHasl)
noarpynna rpynmbl S; MHOXeCTBa TPAaH3UTHBHOCTH!) moarpynmbl
Si-: HerpuBHanbHO npeobpasyiorces noxrpynnoit I';, Bei6pas Han-
JexamuMm o6pa3oM CHCTEMY KOOPAMHAT, Mbl MOXKeM NPeANo/J0XKHUTh,
uyto I'; ocyuiecTB/isieT NepeHOCH Ypp1—>Vps1+ @ Ypsor -5 ¥V, HE
n3MeHs1oTcs. CiiegoBatenbHo, Kak U IJisl CHCTeMBl (64), Mbl MOXeM
CBECTH HHTErpHpOBaHHe cHcTeMbt (65) K HHTErpHPOBAHHIO CHCTEMDI

dy . ’
B Gy rn eor Y U=h42 ] (65)

H KBajpartype y,,+l=f0,,+,(y,,+2(t), «eoy Yu(8))dt. OTuM 3aBep-
mwaercs [0Ka3aTeJbCTBO MO HHAYKUHH CJefyIOlLlell TeopeMbl,

Teopema 2 (bouauku)?). [ITycre cucrema 06biKHOBeHHbLX
Jugpepenyuaavuoix ypasHenud X nopadka n UHBAPUANTHA OTHO-
CUTeNbHO HeKOTOpOU paspewumoti epynnot Jlu, o6aadaroued m-mep-
HbIMU MHONCeCT8amMu TPan3uTusHocTu. Toeda uwnTezpuposanue cu-
CTemMbl. T MONMCHO C8ECTU K UNTE2PUPOBARUIO CUCTeMbL NOPAOKA
(n— m) u & xsadparypan.

B § 95 I, ato rpynna x—>x—+a, I'y—rpynna y—>y—+5,
I'y—rpynna 6 >6—+4a, x—>xcosa—ysina, y —>xsina4 ycosa,
I'y—rpynna f—>¢A, x—>x, v—>l n T. A

) Mo onpeneneHHIo, «MHOKECTBO TPAH3HTHBHOCTH® CPYNNbl Sp_; A8 HEKo-
Topofi TOukH y ectb MHOXkecTBO Y Bcex o(¥)[c€ S;_,]. Tak kaky €l Hu3s € S;_
cnenyer 77'e7€S;_;, To MHO)ecTBO Beex ¥ (s (¥)) = (o7) (¥) cosnagaer ¢ MHO-
xectBoM Beex 6 (Y(Y)), H, clefloBaTeNbHO, TOXe sBJAETCA MHO/KECTBOM TPAaH3H-
THBHOCTH Tpynnul S;_,.

?) Cm. [78], [34, V]
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§ 97. 3akaiouenune

[TpocmaTtpuBaa cuoBa ra. IV u V, Mbl HaulHaeM NOHHMaThb, Ka-
Koe 60JbliOe 3HaYeHHe HMeeT ANA HAPOAHHAMHKH MOHATHE PyNnH,

Taxk, 370 NOHATHE JIEXKHT B OCHOBE BCEro aHanH3a pasMepHocTef
H MOIe/HPOBaHKA; OHO JaeT TaKxe 3HauyuTeJbHOoe ofobLienHe DTHX
TeopHfi B BHJe HHCNEKIHOHHOrO aHaJiu3a.

Hanee, rpynnu CHMMETPHH NO3BOJISIOT YMEHBIIHTb YHCAO He3a-
BHCHMLIX NepeMEeHHbIX, BXOASILIHX B YPaBHEHHA B 4acTHBIX NpPOH3-
BOAHLIX, HEMOCPEACTBEHHO C NMOMOWILIO METOAA MOHCKA CHMMETpHY-
HbiX pelleHHH M MeToda <«OTHeJIeHH MNepeMeHHON BpeMeHH» H
KOCBEHHO — ¢ TNoMolUbi0 o6paTHHX MerogoB. Kpome Toro, Meron
NOHCKA CHMMETPHYHBIX pelleHHii B o6lleM ciayuyae 3aBeiOMO [aet
pelneHus B MaaoM (§ 89).

Haxe nocne Toro, Kak 4HC/JI0 He3aBHCHMBIX IlepeMEHHLIX CBe-
IeHO K OJHOMY, TaK uTO AajbHefiliee ynpolleHHe C NMOMOILbIO mpe-
ABAYIIHX METOAOB YXKe HeBO3MOXHO, MOJYYEHHYIO CHCTEMY OGHIK-
HoBeHHbX AH¢depeHuUHanbHHX ypaBHeHHR wacTo ferve BCEro npo-
HHTErPHPOBATb, HCMOJb3ys TEOPETHKO-FPYNNOBbe COOGpaXKEHHA.

VKa3anHble Bbillle MeTOAH NPHMEHHMH K YPaBHEHHSM Kak
aHaJHTHYECKHM, TAK H HEaHaJAHTHUECKHM, KakK JHHellHBIM, Tak H
HeNHHeHbIM; TAKHM 06pa3oM, OHH CBOGOJHB OT OrpaHHYeHH, HaK-
JaabiBaeMbIX Ha OGLIYHbie METOAbi Pa3NOXKEHHs B psanl HAM nped-
cTaBsieHHs HuTerpanamu. [TostoMy Teopus rpynn urpaer ¢pyHaamen-
TaNbHYIO POJib B PelleHHH AH¢PdepeHUuHaNbHHX YPaBHEHHH T'MApO«
MEXaHHKH.

Hakonen, B ra. VI M nonuitaeMca nokasatb, 4TO TEOPHSA rpynn
JeXHT TaKXKe B OCHOBE KJAaCCHYECKHX YpaBHEHHH JBH)XKeHHS TBep-
AOro Tena B HAeaNbHOH (T. e. HecaKHMaeMofi HEBA3KOMN) XHAKOCTH.

Mu Hazeemcs, 4TO B 6ynyu§em B ellle 60/bllell Mepe BLISICHHTCS
CBS3b FHAPOMEXAHUKH C TeOpHed rpynm.



F'maBa VI
NMPUCOEAHUHEHHDBIE MACCHI

§ 98. Ipucoenunennas macca ciepnl

KauecTBeHHO npeacraBieHHe O NPHCOEIHHEHHOH Macce O6LUEH3-
BecTHo. Hanpumep, nycTs MB ONYCTHJIH JIErKO€ BECNO B CNMOKORHYIO
BOJy M 3aTeM clenaju rpe6ok. Bcem H3BecTHO H3 onmiTa, 4TO KaXKYy-
masics HHepuHus (T. €. CONPOTHB/EHNE YCKODPEHHIO ABHXKEHHA) Becja
NpH ABHXKHHHK €ro B BoJe 3HAYHTENbHO YBEJHUHBaeTcss. Ta yBeaH-
YMBIIASCA HHEPUMS KakK pa3 H Ha3blBaeTCsl «Kaxylledcs Maccoils
BecJa, a pa3sHOCTb MexJ1y Kaxyuledcss M IefACTBHTENbHOH MaccoR
Ha3bIBAIOT ¢HHIYLHDOBAHHOH» WJIH «NIPHCOEJHHEHHON Maccoily.

Tounoe MmarteMmarHueckoe onpelesieHHe NPHCOeJHHEHHOH Macchl
BnepBele JanH I'pun u Ctokc Gonee cra Jer Hasan'). Xox ux pac-
¢yxaeHuit 6bl1 MPUMEPHO TAKOB.

PaccMofpum chepy Maccot m u paguyca @, ABHXKYILYIOCS CO
CKOPOCTBIO U B Hecxumaemold HeB8A3KOE HAKOCTH NJIOTHOCTH p (HA
MPOTSXKEHHH Bced 9TOA raaBel MH Gy/JeM pacCMaTpPHBATh JHIIb 6e3-
BUXpeBble TEYEHHS TAKOH «HieajbHOH Xuukocti»), He orpanuyu-
Basi OCLUHOCTH, MBI MOXXEM CYHMTaTh, YTO [IBHXXEHHE HANPABJEHO MO
ocH cdepuueckoi cHcreMn KoopauHar. IloTenuuan ckopogreit gas
HHUAKOCTH, NOKosile#ics Ha GeCKOHEYHOCTH, COBNAnaer ¢ NOTeHIHa-
JIOM AMNOJSA, KOTOpH# B cdhepHyecKHX KOOPAHHATaX HMeeT BHY

— a8 0
U=“_2"rf°s_. (1)

HeficTBUTENbHO, Jlerko NPOBEPHTb, YTO HOPMaJbHAS NPOH3BOJ-
Has noreHuuana oU/Or = v cos§ npexacrasisier co6oil HOPMaJbHYIO
COCTaBJISIOILYI0O CKOPOCTH TOuY€K Ha moBepxHocTH cdepnl (§ 4). Pa-
AHajNbHAs W TPAHCBEPCAJbHAS COCTABJAIOUIHE CKOPOCTH B NpPOU3-
BOJIBHOH TOYKe XKHJKOCTH PaBHH COOTBETCTBEHHO
a®v cos 0 0 1 oU a®v sin 0

-5 =g -

2r3

r 3 ' 8 — 7

') Green G. Mathematical Papers, ctp. 315 (1833); (13}, 1. 1, crp. 17
{1843). bosee noauyio Gubamorpaduio cM. B [7], n. 92,
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[TosToMy mnonHag KHHeTHYECKas 3HepPrUA IKHAKOCTH BHIpaxaercs
¢dopmysoh

T= fff—P(u’—i-u’)r?sianrdOdq)—

sin? 8

= npvab frzdrfsmﬂ[cos 0—}- 7P 1d9=

(o]

=L ”‘wzas f f[l+3cos2 0] sin 6 df =

|

2 —_ o0
et [—l] [—cos § — cos? 0]} =

4 r3 J,
__ mpvigd _l 2rpal 2_._1. ‘o0
=—3 T3 g3 V=gmv.

Taxk MBl noJiyuaeM cJefyIOHH KJACCHYECKHN pe3yJbTaT: KHHe-
THYECKasl SHePrus MHIAKOCTH PaBHA KHHETHUECKOIl SHEPTHH YaCTHLH,
ABHXyuWlefAcA ¢ TOH JKe CKOPOCTbIO, YTO H cdepa, H HMelollelk Mmac-
cy m’, paBRYIO NOAOBUHe MACCHL BbiTeCHeHHOd cgepoil acudKocru.

Kpome TOrO, OYEBHIHO, UTO B HEBS3KO# MHAKOCT:! BpalleHHe
cpepnl He OKa3blBaeT Ha OKPYIKAIOLLYI0 KHIAKOCTb HHKAKOFO BJIHS-
HHS; cleJoBaTeJbHO, MOMGHT HHEpPUHH cdepbl OCTAeTCs HEeH3MeH-
HbIM. DTO HaBOAHT HAa MBICAL, YTO (ec/H npeHeOpeyb BJAHSHHEM CHJ
TAXKECTH) cdepa B TAKOH KHAKOCTH AHHAMHYECKH SKBHBAJICHTHA
GoJsiee TsxeJof chepe B BaKyyMe, Kaxyluascs macca m* =m + m’
KOTOPOH ecTb CyMMa Macchl cepsl M ¥ NPHCOeIHHEHHOH Macchl m’,
paBHOM MOJIOBHHE Macchl BbITECHEHHOH BOABI, HO MOMEHT HHEpIHH
KoTOpOfi He H3MeHsieTca. 1o Oyder cTporo Aokasano B § 109, rge
Mbl NOKaXKeM, YTO BCe AHHAMHUYECKHEe XapaKTepHCTHKH BCAKOro 6es-
BHXPEBOr0 HECXKHMAeMOro TEeYeHHs MOXHO BHIBECTH H3 BLIPaXKeHHs
A/ ero KHHETHYECKOR SHEPTHH NpPH MOMOLLH O6IHX YPaBHEHH# Jia-
rpaHxeBON AHHAMHKH.

§ 99. Mpuaoxenun

HanoxenHble Bbillle pe3ysbTaThl HaXOAAT cebe pas/iHyHble MpPos
cTole npumeHeHHA. OQHO M3 HUX OTHOCHTCH K BBIYHCJIGHHIO Hayalb-
HOr0 YCKOpE€HHf, MOJly4aeMoro HamoJHEHHBIM BOZOPOAOM cdepHue-
CKHM 6aJlIoHOM, KOTOpHI#t cpasy ocBoGoXAeH oT KaHnatoB. IIpeano-
JIOXKHM, uTO Macca 6aJijloHa coctaBasier !/jp Macchl BBITECHEHHOrO
HM Bo3ayxa. YesoBek, He 3HaIOWIMI 0 KaXylueiics Macce, MOr G6hl
npoaenartb cjaeayloliHe owHGouynble BhuKHcaeHHA. [To sakony Apxu-
MeJa, MOJHAas MOAbEMHAs CHJIAa paBHa nMpou3BefeHHI0 9¢ Ha Maccy
6annona; nmo3ToMy (TaKk MOXHO 6blio GbHl MOACYHUTATb) HAyaJbHOE
YyCKOpeHHe N0J/KHO paBHATbCA 9g. A B cnyuae cdepuueckoro 6adn-
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JIOHA, HAMOJHEHHOro BONOPOAOM H MNOTPYXEHHOr0 B BOAY, TaKhe
e owmuOOUHbie BBHIYHCJAEHHA [alH Obl AJsl YCKOPeHUsi 3HayeHHe,
pasHoe 1o Menbleit mepe 1000g.

OnHaKo NPaBHIbHOE HAYa/lbHOE YCKODEHHE MOXKHO JIErKO HaHTH
NpH NOMOLUH TeOPHH Kaxyuuxcs macc. Kasgkcywaacs macca Ganno-
na m* cocrasasier 0,1 + 0,5 = 3/; Maccel BHITECHEHHOTO BO3AYyXa;
No3TOMYy B AEHACTBHTENBLHOCTH yCKopeHHe paBHO 3g/2. B Boje ono
cocTaBuao 66l OKGJO 2g.

Bosee ToHKHM O6yleT NpHMEHEeHHe MOHATHS MPHCOEAHHEHHOH
Macchl, B cjyuae KOra MXHIAKOCTb, B KOTOPYIO TNOTPYXeHa HeBeco-
Mas cdepa, BHe3alHO NOJyuaeT yCKopeHHe a. UeMy paBHO YycKo-
penue a* cdepbl OTHOCHTENbHO HabmojaTess, HaXOAsULErocss BHe
MHAKOCTH? DTy 3ajayy MOXKHO pewath Tak. [as nabaioparens,
CBA3aHHOTO C JKHAKOCTLIO, YCKOpPeHHe a 3KBHBAJEHTHO QHKTHBHOMY
rPaBHTALMOHHOMY TOJIIO HaNpPsKEHHOCTH a. Paccyxiasi, Kak H B
npebAyIEM CAyuae, NMOJYYHM, YTO HauajbHOe YCKopeHHe a* —a
cdepbl OTHOCHTENBHO HaGMa0naTeNs, CBA3AHHOTO C XKHAKOCTBIO, YAO-
BJIETBOPsieT ypaBHeHHI0 a* —a = 2a, 1. e. a* = 3a.

Takoit pacuer 6bta moarsepxaen T. E. KeitBynom u aBtopoM!)
AJS MaJbiX BO3AYIIHHIX NYy3bIPDbKOB B BOAE, H 3TOT BHIBOA Cyille-
CTBEH AJS HCTOJKOBAHHS ONBITHBIX HAHHBIX OTHOCHTENBHO pPa3nny-
HBIX TeYeHHH XXHUIKOCTH, MOAOGHBIX H306paKeHHHIM HA ¢oro I u II.

VkaxeM ellle OAHO NPHUMeHeHHe — K yacaMm ¢ MastHHkom ([13],
1. 3, ctp. 1—141). HM3-3a npucoeanHeHHOH Macchl HHepuHus coepH-
YecKOro MafiTHUKAa B BO3lyXe yBesnuuBaercst npumepuo Ha 0,02%;
yacel ¢ TAKHM MasTHHKOM OTCTaloT npHMepHo Ha 10 cex B naeHsb,
B 3aBHCHMOCTH OT IVIOTHOCTH BO3JyXa (AaBJEHHS H TeMnepaTyphl).

MoxHo 610 G NMPUBECTH MHOXECTBO APYTHX NPHAOKeHHM
{cM. § 103—104), no, no-BuaRMOMY, nenecoo6pasHee CHauaia pac-
CMOTpETh TEOpeTHYeCKHe OCHOBLI BHIUHCJIEHHSI NPHCOEAHHEHHOR (HJIH
«MH[YLHPOBAHHONW®) MAacCHl 1J1f Teja NPOH3BOJbHONH popmul. M, kak
Mbl YBHIHM, 3TO COCTaBJisieT 3aMeuaTesbHyl0 IJ1aBYy KJaccHuecKoi
narpauxesofi nuHaMuky. Ee cospann Keaseuu {85] u Kupxrod [81];
eit B ocHOBHOM nocBsaena ra. VI «Cuaponunamuku» Jlam6a [7]2).

§ 100. Hrepunaabnbie JarpaHKeBbl CHCTeMbl

PaccMoTpHM HHHAMHYECKYIO CHCTEMY, COCTOAILYIO H3 TBEpIOro
Tena I W HAeanabHo# xkHAKOCTH Ge3 cBOGOMHBIX MOBEPXHOCTEH, orpa-
HHYEHHYIO CHapyxu # (HaM) H3HYyTpH TeJom X. OueBHAHO, yTo Z
HMeeT LIeCTb cTeneHed cBOGOABI, KOTOPbIE MOXKHO OMHCATD C NOMOLUBIO
KOOPLHHAT ¢, ..., §s. Ianee, ecaun naHo q(¢), To npu BecbMa o6IHX

Y Birkhoif G, Caywood T. E., J. Appl. Phys., 20 (1949), 646—659,
?) Cm. Taxxke paGoTH f?‘], [25*], [267]. [l‘f u [9*]. — pum. ped.
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YCJIOBHSIX CYUIECTBYET OAMH H TOJbKO OLMH NOTEHLHan cKopocTed
(cM. § 4 nau [4], ctp. 217, 311) U = q9;Ui(q), kotopuiii Ha Gecko-
HEYHOCTH CTPEMHTCH K HYJIO («peryansipeHs), yAOBJAeTBOpAeT ypas-
Henuio V2U = 0 u Ha nmoBepxHoctH S Tena I NpUHHMAET 3HaueHHN
oU[dn, onpenensieMble ABHenHem X, CreqoBaTeslbHO, KHHETHYe-
CKan 3Heprus ¥XHIAKOCTH onpejaensiercs paBeHCTBOM

T:%fffp(VUVU)dR=-%— 2 TI}(Q)q.lq.f 2
i, J=1

KpoMe Toro, cyMMapHasi KHHeTHYeCKasi 3Heprus XKHIAKOCTH M TBep-
JIOTO TeJsla OmpeAesisieTcsl aHAJOTHYHLIM PaBEHCTBOM, HO C JPYrHMH
Ko3¢ppuunentamu. CumMeTpHuHas MaTpuua

Ty@=s[[[ (U VU aR, 2)

BX0Jfll1af B pPaBeHCTBO (2), Ha3biBaeTCs TEH30POM <«MPHCOeIHHEH-
HOIl Macchi»; eCJIH YYHTHIBAeTCs ¥ KHHeTHUecKas 3Heprus tena X, TO
NoJyyalolylocs B pe3ybTaTe MaTPHIY Ha3biBAlOT TEH30POM «Kaxy-
ulefics Macchois.

JlvHaMuueckas cHCTEMA, TOJBLKO YTO OnpejefieHHasi, HEroJOHOM-
Ha ¥ HMeeT GeCKOHeyHOe YHCAO CTeneHel cBOGOAH, eC/H yuHThIBATh
nedopmauiio KHAKocTH. TeM He MeHee ecTecTBeHHO paccMaTpPHBATh
ee Kak oObluHylo JarpaHxkeBy cucreMmy ([76], crp. 36) c¢ imecTvio
cTeneHsIMH cBOGOAB B CUHTATh, YTO KOHQHUIyPaUHs KHIKOCTH onpe-
AensieTcs ee TPaHHIAMH, ABHXKYUIHMHCA NPH HAJNHUHK «MIea]JbHOl
CBsi3H» — HecXKHMaeMocTH. Ha gese takoe ponyluenne o6uivHo npH-
HuMaercsi Ge3 jpoka3satenbctBa ([7}, ra. VI; [81], ctp. 238 u [85],
ctp. 320). Mui nokaxeM ero B § 109.

Hanee, no teopeme ABanunuu (§ 21, Teopema 1) neiictBue TAro-
TEHHA COCTOHT MPOCTO B TOM, YTO K CHCTEME HHEPLHAJbHBIX CHA
6e3 yueTa CHJBl TAXeCTH N06aBJseTCA MOCTOSIHHAA THAPOCTATHYe-
ckas nodvemnas cuaa. IloaTomMy fnocTaTouHo paccMaTpuBaTh cay-
yaii L =T HyJeBoi NOTEHUHAJbHOH 3HEPrHH, uTO COOTBETCTBYET
& = 0. dtum onpeneasercss JaarpaHxeBa cHctema'), B KoTopoit
«060611eHHble CHIAB» Q; YNOBNETBOPSIOT YPaBHEHHSIM
d ( oT )_ or 3)

9g;

JlarpaHxeBy cHCTEMY C HYJeBOH NOTEHLHANbHOH 3HEpPruef Mo-
JKHO Ha3BaTb uHepyuaabroU aazpamxcesod cuctemod; 8 § 101—112
Mbl pacCMOTPHM TeH30p NpHCOeAMHEHHOH (M Kaxyulefics) Macchl,
onpepeaseMblii HHepuHaJbHON JiarpawxkeBoil cuctemoir (2), (3).

| =

dt \ og,

') Tounee, yacTHH cayuail aarpanxeBodt cuctembl. — [Tpum. ped.
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§ 101. TeHsop nMpUCOeIHHEHHOH MaccChi

B6ausn monoxenuss g = 0 B HEKOTOPO# cucTeMe oTcyeTa yA0GHO
CYHTaTh, YTO §1, §o, §3 ONPEAENAIOT MOCTyNaTe/bHLIE IBHKEHHSA TeNa
X B HanpaBJeHHAX TpeX oceH KOOPJAHHAT COOTBETCTBEHHO, d 4, (s,
gs ONpPEAENSIOT MOBOPOTH (B PafMaHax) OTHOCHTENbHO 3THX oOcefi.
Torga The (0) u3 dopmyarl (2) npeacrasiasioT coboit uucaa, 3aBH-
camue 0T BeIGopa ocell KOOPAUHAT, CBA3AHHBIX ¢ X.

ITpu moGom takom BuiGope oceit mycts U!, U?, U? o6osnauaror
MOTeHLHANbl CKOPOCTEH, COOTBETCTBYIOLHE NepeHocaM B HampasJe-
HHH oceil ¢ eIHHHUHON JHHeHHOH ckopocTthio, a U4, US, US— noren-
HHajdbl CKOPOCTEH NpPH BpallieHHH Tejla BOKPYT 3THX OCed ¢ elHHHY-
HOlt yrsopofi ckopocteio. Torza KHHeTHYecKast 3HEPTHA KHAKOCTH
T u3 dopmynsl (2) ompenensiercss paBeHCTBOM

oT=qq, [ [ [ o (VU" - VU AR = 4,4, T s )

re Mbl CYMMHDYEM [0 MOBTOPSIOIIUMCSA HHAEKcaM (oOblgHOE corJa-
uleHHe B TeH30opHOM Hcumcaenun). Kak u B dopmyne (2),
dR = dxidx.dx; ects a7eMeHT 00beMa KHUAKOCTH;, KpoMme TOTO, IO-
ckosbky VUPVU* = VU*VU", oueBumno, umeeM Ty = Thn, T. €. TEH-
30p NPHUCOEIHHEHHOH MACCHl CUMMETPUUEH. ]

IpH yCKOpeHHOM JIBHIKEHHH W3 COCTOSIHHSA NOKos Bee g, = 0; cie-
J0BaTeJbHO, YpaBHeHHue (3) CBOAUTCSA K YPaBHEHHSM NPOCTOro BHAA:

hZThk(O)(;k’ ecau q=(i=0. )

Orciofa clefyer npocTast HHTEPNPeTamHs BeJHUYHHBl Thy; 8TO
ecTs k-KOMNOMENTQ CUAblL, ecau Teay 8 COCTOAHUU NOKOA CO00-
waror eQuru4Hoe Yyckopenue 8 Hanpasaexnuu h. Kpome Toro, Tak
kaK Thp = Trn, MB cpa3y noJdyuyaem ciaeLylOIlHil NPHHIHN B3aUM-
noctu ([76], crp. 305): k-KoMNOHEHTa CHJIBI TIPH €ZHHHUYHOM YCKO-
peHHH B HaNpaBJeHUH A paBHa A-KOMIOHEHTE CHJIbI MO JEHCTBHEM
eIMHUYHOI0 YCKOPEHHsI B HanpasJeHun k.

B mpocrom cayuae (5) Jerko npoBePHTb HENOCPEACTBEHHO, 4TO
Hallla CHcTeMa Jarpadkesa. B cuiy Broporo toxnzecrsa I'puna (4],
cTp. 212) cnpaBennuBO PaBeHCTBO

Thk=pfffVUhVdeR_—_pfoh(

Ho B s10M cayuae npousBoaHas dU*/On pasua (ra. I, (7)) =HOD-
MaJIbHOHM COCTABJAONIeH CKODOCTH Tes1a X NPH ABHAKEHHH C eIHHHY-
HOl CKODOCTBIO B HanpaBJeHHH gp. BBejem Tenepes cijeayioiilee

ok
on

) ds. (6)
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yroGHoe oGosnayesue, KoTopoe OVAeM HCIHOJL30BAaTh H B JajhHell-
weM, dS,=(0U*/0n)dS, Taxk uTO MOMNKHO 3aMHCaTh COOTHOUICHHS!

dsi == dx2 d.x:;, ng = dxg dxl, dSB =5 dxl CfXQ,
dS4 =.’C2 dSS—'x3 ng, dS5:x3 dS] — xl ng, {7)
dSG = x} dSQ —-_ xg dSl‘

[To camomy ompenesneHHI0 BeIHUYHHBI Thp OUEBHAHO PaBEHCTBO
hk*PfohdSkafodeh- ®)

OueBHJHO TAaKKe, YTO ec/H 0603HAYHTHL uyepe3 p cKajsgpHOe aa-

BJEHHE, TO ffp ds,, ffpng, ffp dS, npeacrasasoT cobo
KOMMOHEHTBl CuAbl, ¢ KOTOpoll Teno X JeHCTBYeT Ha XKHAKOCTh, a

ffpdS,;, ffpdSS, ffp dSs mnpeicraBAfioOT co6oft KOMIOHeH-

Thl MOMEHTQ 3TOH CHIIBL

Tenepb pacCMOTPHM TeYeHHE, BO3HHKAKOLlee W3 COCTOSHHUA NO-
KO TpH eNHHHYHOM YCKODEeHMH B HAalpaBJeHWu g, Jlerko noa-
cuuraTh, uto ecam B Hauase U =0 u 9U/0t = Ur, 10 U(x; ) or-
anuaerca ot tUM(x) Ha GeCKOHEUHO MAaJNyI0 BeJHYHHY BTOPOro IO-
paaka orHocurenbHO f. Tak Kak MBI cBeJM 3ajgauy K ciayuawo g =0,
TO U3 ypaBHenus DepHymnau ans faBieHHS KHIKOCTH, ABHXKYLIeHCH
¢ yexopenuem [ra. I, (5)], cienyer ypaBHenne

p—}——é— pVUVU—}—p%—L—t/«:--const. (8*)

Orciofla BHJAHO, YTO HauajgbHOE THADOAHHAMHUYECKOe HaBjeHue ph
BCIOJly PABHO MPOHM3BEIEHHI0 KNOTEeHUHasa yckopenuf» Uh wa nsor-
Hocte p. CoorseTcTBylomlast NOJACTaHOBKA B QopMyay (8) naer

Tpp = f f p*dS,, T. e Tu ecto k-xomnonenra cuss npu dsuice-

MUL U3 COCTOAHUA NOKOS, SLI3GAHHOM eOUHUYHBIM YCKOPEHIEM 8 Ha-
npagaenuu qpn. B uactaoctu, Qy, Q2 Qs npepcrasasior co6oit 06biy-
Hble KOMIIOHEHTH CU.Abl OTHOCHTEJNBHO BLIOPAHHBIX HaMH oceil, a Qy,
Qs5, Qs — COOTBETCTBYIOLIHE MOMEHTHl. DTHM ONPABAAHO NPEANOJO-
)keHHe (3) mns cayuas (5), T. e. AJst clyuas VCKODeHHs1 Teja H3
COCTOSIHHS IIOKOS.

Koraa psmkeHne CBOAHTCH TOJBKO K AOCTYNATEAbHOMY, KOOPIH-~
HaThl {q;, G2, g3) MOrYT ObiTh HCNOAB3OBaHB & Goaswom. Torma
T;3(q) = T4;(0), 1. e. nocroanusie, u, Takum obGpasoM, H3 GOPMyJIbL
(3) cneayer cooTHOUIEeHHE

or AT o = L
Q= (aq,)“—.éq—i_‘rffq}" i, /=1, 2, 3] 9
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Orcioga BuAaHO, uto mapajgokc [lanambepa (§ 7) BO3HHKaer yxe
H3-32 NPUHATHS NpeANoJoKeHHs (3), ¥ 3TO 3aCTaBiser HAC BCHO-
MHHTB, YTO Hama Mojeis B o6lieM He COOTBETCTBYeT (H3UYECKOH
JleﬁCTBHTGJII:HOCTH. DoJjiee Ca0XKHBIM OKasblBaeTCyg HUCCAENOBAHUE
MOMeHTO8 ¥ BOOGIle BEJHYHH, XapaKTePU3YIOUIHX BpallleHHe IpH
HaJMHYHH TOCTynartenbHoro ABuxKenus (cm. § 111—112).

BriBefieHHble Bbile (OPMYJbl OTHOCATCH K <«MNPHCOEIMHEHHOH»
macce. OueBuIHO, UTO Kaxywasca macca, onpejfeiseMas KaK cyM-
Ma COBCTBEHHOH Maccel HaxXOAsLIerocsi B KHAKOCTH (TBEPAOroO)
Tena ¥ U NPHUCOEAMHEHHOH Macchl, MPeJCTABAACTCS APYTHM CHMMe-
TPUYHBIM TeH30poM (MaTpHue#), o6/iafalOUIUM B TOYHOCTH TeMH
e CBOHCTBAMH.

§ 102. Teomerpuyueckne (Urypbl YacTHHIX BuJ0B; Tei0 Pankuna')

KosdpuuuenTsl NPHCOSINHEHHOH Macchl OblIM MOACUATAHB TEO-
PETHUECKH He TOJMbKO JIIst c(epsl, HO H JJIs TeJ NPOCTOM reoMerTpH-
yeckoii Qopmbl. O6bIUHO X NpPHBOAAT B 06€3pa3MePHOM BHIE, BbI-
paxas HX uepe3 OTHOIIeHHe R MPHCOeIMHEHHOH Macchl KO BCel Mac-
ce, PaBHOIf NPON3BEIeHHI0 IIOTHOCTH p HAa 00beM (Z) BHITECHEHHOMH
KHJKOCTH.

Msuorue pesy/bTaThl, NOJYUYEHHbIE Pa3JHUHBIMH aBTOPAMH, NpH-
BelleHH B KHure Jlam6a {7]. danuntHyeckue UHJARHAPHL B caAyuae mo-
CTYNaTeNbHOro ABHKEHHS H BpallleHHs paccMaTpuBarotcaB(7], § 71
n § 105—107, cdepounrt u sanuncoumsl —B [7], § 106—107 u
§ 113—116; napa chep — 8 [7], § 113—116. '

MoxHO TaKkKe BBIUUCIAHTH NPHCOEJHHEHHYI0 MacCy PasjHuHBIX
APYTHX <JBYMePHbIX» QUIYp (UMJAHHAPOB, ABHKYIIHXCS TMapasiesb-
Ho cBoeit ocu). Tax, Teitnop 2) moxcuuTan BeTHYHHY B A pasiny-
HbIX MHOTOYTOJIBHHKOB M mapabosuuecKux ABYYroJbHHKOB. Pasdnuu-
Hble aBTODPHI %) paccMaTpuBalH TakxKe KPYrH M 3JJHICH ¢ CHMMe-
TPHYHO PACMONOKEHHBIMH CTa0UJH3aTOPAMH C LeAbl0 HCCAEN0BaTh
cTaOmIH3HpyloLlee NeHCTBHE, KOTOPOE OKAa3blBalOT Ha JeTaTesbHbIH
annapar pyJieBble OBEPXHOCTH.

) MHorue u3 pe3yJbTaTOB, NPUBEJCHHLIX B 3TOM naparpade u B HAPYTHX
naparpadax 9Tof TMaBH, MOXHO HafiTH B paGotax JI. M. Cegosa [25*1 n [27%];
oM. Takxke Puman U C, Kpenc P. JI, Mpucoennuentple MaccH T&J pasauy-
Hoit dopmst, Tp. LLATH Ne 635, 1947 r. — [Ipus. ped.

) Taylor J. L., Phil. Mag.,, 9 (1930), 161—183. Cnyuaii napajsentusix
mnactuHok oM. PaGywunckni [, Proc. Int. Math. Congress, Strasbourg
(1920), 568—585; cm. takxe Bickley W. G. Phil. Trans., A228 (1929),
235274 u Proc. Lond. Math. Soc., 37 (1934), 82—105 u Seth B. N., Publ.
Lucknow Univ. (1938—1939).

% Kuerti G. u ap., Navord Rep. 2295 (1952); Bryson A. E, J. der.
Sci., 20 (1953), 297—308 u 21 (1954), 424—426, Summers R. C, Tam xe,
12 (1953), 856—857, cp. ¢ dopmynoi (22).
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V3 Apyrux OcecHMMETDHUHEIX TeJ, AJs KOTOPHIX aHAaAHTHUECKH
HafijieHa NPHCOeJHHEHHAs MAacca, MOXKHO Ha3BaTh TOP, cdepHueckue
JAYHOUKM H «JIHMH3BI», OPAHHUYEHHBIE COOCHBIMH chepHYeCKHMHU cer-
mexnTaMu !). B cayuae cdep Ouiiu uccaenosansl H caabo medopmu-
poBanHble cdephl.

MoxXHO TakXKe paccMOTperh reaa Ponxkuna — TBepable Teja
BpallleHHs, KOTOpble NPH OGTEKAHHH PABHOMEDHBIM MOTEHIHAJbHBIM
NOTOKOM NMapajsefbHO OCH X; IKBHBAJIEHTHBI CHCTEME HCTOUHHKOB U
CTOKOB, Pa3MeLIeHHBIX Ha 5TOH ocH. Mul paccMoTpuM cefiuac nopo6-
Hble Tesia PsHkuHa B nopsaxe o6oGiueHus peaysasTaToB Makca
Myuxa n Ix. Tefinopa 2).

Ileppmiit mar sakmaoyaercs B TOM, YTO K BbipaxeHuwo UVx, —
— x,VU npumensiercss BTOpoe ToxAecTBo [pHHA ¢ yueToM TOrO, uTO
VU = V2x,=0. HUrak, ecnu S” — Gonsiuas cdepa, comepxauias
X, a R — obaacTe Mex1y MOBepxHOCTHIO S Tena X u chepoi S7, 10,
noaarast U* = U, Ml noayuaeMm us Qopmyasl (8)

T1h=9ffu(%%*)d5=“~
S

—=of [ Sas—o [ [ (0 Gr—US2)as;  (10)
N 5"

npuuem —3d/0n = 0/0r ua coepe S”. Hurerpann no cdepe S Mo-
KHO JIETKO OLEHHTb aCHMIOTOTHYECKH, €CJH BOCHOJb30BaThCH NpeX-
CTaBJeHHEM

ol

— = aiad +O(f'-3)’ 5 =2 2 Hfi +O(r‘4)' (11)

r3 dr r

Tag kak mromans cpepsl S” pasHa 4wr?, unenamn O (r-?) coor-
sercteenno O(r*) B ¢opmyne (10) moxkHo mpenebpeus. B cuay
CHMMETPHH OTHaJaloT caaraemble, COpepxauine g, ps. Urobu oue-
HHTH OCTATOK, Mbl BOCHOJIL3YeMCsl cepHUecKHMH KOODAHHATaMH,

1} Orsocuresnno Topa cm. Hicks W. M., Phil. Trans, 172 (1881}, 609
# Dyson F. W, ram xe, 184 (1892), 42. O cdpepHueCKHX JAYHOUKEX CM.
Bassett A B, Proc. Lond. Math. Soc., 16 (1885), 286. OrtnocutensHo JuH3
e, Shiffman M. and Spencer D. C, Quar. Appl. Math, 3 (1947},
270288, Payne L. E, tam xe 10 (1952), 197—204. [lo moBogy nourx
cihepuneckux ten oM. Szego G, Duke Math. J., 16 (1949), 209—223; Takxe
Plana, Mem. accad. sc. Torino, 38 (1835), 209.

2) NACA Tech. Notes, 104—106 u [83]; cm. rakxke[7], § 121a; Tolimien W,
Ing.-Archiv, 9 (1938); Landweber L, Quar. Appl. Math., 14 (1956), 5156
u J. Fluid Mech., 1 (1956), 319—336.
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NONOXKMB X; = r sin @, dS = 2nd (sin ¢}. Murterpan no cdepe S” ¢
tounocTsio o O(r1) paBen BenHuHHe
w2
2mpp f (2 5in? ¢~ sin? ¢} d (sin @) = 2mpp, [sind o], = 4npp,.
—~x2

[TosToMy, nmepexois K Npefeay HpH r-—> 0o, Mbl MOJYYHM COOT-
HOLIEHHE

Ty =Ty = 4mpplt~ Pff Xy (%%i) das, (12)

roe pt ecth Moment munoas BenmummEr UP A HanpasiaeHHs Xj.
3amerum, wro sesoa dopmya (10) — (12) cnpaBeasnus ana arobod
¢yuxuuu U, perynspHoi Ha GeCKOHEYHOCTH M YHOBJETBOpHIOmIed

YVCAOBHIO f f (@U[onydS =0.
S’l

Mpu nonyunin oGobiiende pesyabrata Tefimopa [83], koropmit
paccMmarpusad cayuail £ = 1. B srom caysae (8UY/0n)dS ects dS,,
¥ MHTErpHPOBAHHEM MO YaCTAM IO BHyTpeHHeH o6nacTy X NOBEPXHO-

CTH S MBI HAXORUM, UTO ff Xy dSlwfff dR npencrasaser co-
Goft oopem tena X. [Tostomy MOMXKHO 3ammucaTe DPABEHCTBO

Tu == 4wppl — o - 06bEM (). {129

Hannuue penuuuner ofbema tena ¥ B dopmyne (127} Tefnop
OGBIACHUI TEM, YTO 3amOJHEHHAs MKUAKOCTHIO NOJOCTL B X NpPH [O-
CTYNATEJIbHOM JABHIKEHHH YBENHUYHMBAET €ro NPHCOeRHHEHHYIO Maccy
Ha BOJIMYWHY, DABHYIO NPOM3BEJEHHIO p HA 00BEM NOJOCTH, HE HBME-
HAA gunoabHoro moMenta U! ma GecKOHeUHOCTH.

OH TaKXe OTMETHJ, YTO B ciyuae Teaa Pauruna p%mgx(f}ek.
Clefl0BaTeABHO, NPH NMOCTYINATENLHOM [BHXEHHH BAOMbL OCH X; NPH-
COSAMHEHHA® Macca paBHA [POH3BEIEHHIO MOMEHTa JHNOJL,
onpejeNnsoniel TeJO CHCTeMb HCTOYHHKOB M CTOKOB, HAa BeJHYHMHY
4mp MHHYC Macca BHITeCHeHHOH XHIKOCTH.

Gopmyaa ansa cdepsi, Korna p==a%2, kax B § 98 dopmyna
{1), siBAsieTcs YACTHBIM CJaydaeM BbIparxKeHHd

4nad Irpa?
Tn=27cpa3mp( 3 ).::m—r
Cayyalo BHTAHYTOrO cepousia BPaleHHS COOTBETCTBYET JHHEH-

HOE pacnpefelieHHe HCTOUHHUKOB MEXKAY (GOKyCcaMH.
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§ 103. Teopust ¥ KCHEPUMEHT

XoTs MBI Hauand ¢ TEOPETHYECKOr0o PAcCMOTDEHHS, HO ABJEHHE
MPHCOENHHEHHOH Macehl BlepBble GblI0 OTKPHITO 3KCIePHMEHTaNbHO.
B 1776 r. Jio6ya!) umaGmiopaj ero BJAHSHHE Ha NEPHOI MaJbIX
KoneBanuil chepuyeckoro MasTHHKA. M3mepenHnle um 3HauenHa k
nxexkar B unrtepsane 0,45-0,67.

B T0 BpeMms cucTeMaTHuUeCKOe H TOUHOe OnpejesieHHe Iepuona
KoJe6andi MasiTHHKOB HMeno 00Jbmioe HayuHOe M NPAaKTHUECKOS
suauense. yKenatenpHo GBIIO TOYHO 3HATH, YEMY PABHO g H KaKOBH
€ro aHOMAJIUH, a AJS ONpeledeHHsl JOJTrOTHl BO BPeMsl JJIHTeNbHBIX
MOpPCKHX mnyTewiecTBHil TpeGoBaJuch XOpoline XpoHoMerpsl. B ny-

crore Mbi HMmeem mlb= mg sin8, crano GuTb, g CBH3aHO C NEpUO-
AOM T MaJbix KojeGauuil MasiTHHKA AJMUHBL [ opMynol g = 4nl/+2
Ho neo6xommMel MONPaBKH Kax Ha BJAUSHHE BO3LyXa, OKPYyXaw-
1ero MasTHUK, TAK ¥ Ha TPEHHE B CHCTEME IIOoJBeca.

QOueBuHO, UYTO H3-3a4 NOLBEMHOH CHJAL BOCCTAHABAHBAOIAN
cHia mgsinf MafgTHUKA IVIOTHOCTH p YMEHbINAETCHs B OTHOLIEHHH
1 — (p/p), rme p’ — naoTHOCTL BO3AyXa. Biaronaps OueHb TOUHBIM
usMepennsiM Beiflnu 2) 6Bi0 BBHISICHEHO, YTO 5Ta NONDPABKa, JOXOAs-
miasi NPHMEPHO 10 5/p MHHYT B JeHb, sBJsieTCsl HejoctaTouHol. Or-
ciofia §iCHO, Kakoe Gosbilioe 3HavYeHHe umen pesyawbrtart Ilyaccona u
T'puna, uTo /72 B AeBOH YaCTH YpaBHEHHS MasTHHKA HYXKHO 3aMEHHTh
Ha <KAXYULYIOCS Maccy» m*, uTo VBeJIWuHBaerT BEJNHUYMHY T B OTHO-
wenun 1:[1 + (m//m)]: Taxoe sbiuncienne a priori 3Havedus
m = m*—m pas chepHueCcKOro MaATHHKA GHIO MOPA3HTENLHBIM
pe3yabTATOM.

OnHako Toudble H3MepEeHHsi BBISBHJIH TO OOCTOSTENABCTBO, 4TO
nabmiofaeMele 3HaueHuss m’ = kp-o6vem (X), nosyueHHBIE NO H3-
MeHEHHOMY ypaBHeHmI0 MastHuKA (m + m')[0=m[l — (p'/p)]sin®,
CHCTEMATHYECKH INIPEBBIIANH 3HAYEHHs, HalJeHHBE 1o QopMyaaM
ITyaccona u I'puna.

1o cucrematnueckoe pacxoxneune Croxe ([13], r. 3, crp. 1—
101) o6wbacuan BausHuem gaskocru. Ero coobpaxenus GYAYT KOH-
cnekTHBHO usjJoxenol B § 115; ua yux caexyer, uto ykasanHas pas-
HOCTB 3HAUeHHi nmponopumoHanpna umucay Crokca S == v/w'ha, rae
® ~—4acToTa, a2 a— pajauyc chepel. CTOKC MOMYUMJ TAKKe BS3KOE
3611‘%16&&&8, KOTOpoe B OOBINHEIX YCJAOBHSX TOXKE MPOMOPIHOHANb-
HO S.

OTci0fLa cnenyer, uto npu GbiCTPOIX KOACOQHULYX MAAOU AMNAU-
TyObl, K020a S MaA0, TEOPUA HIEaNbHOH KHAKOCTH NOJXKHA J0CTa-

1y DuBuat, Principes d’hydraulique, 3-e wusg., Paris, 1816, 221—251
(nepBoe n3mamve—B 1776 r). O63op Gosmee paunux paBor oM. B [I13], 1. 3,
crp. 76--122 uwn 8 [79], crp. 97—101.

%Y Baily F., Trans. Roy. Soc., London (1832), 399—492,
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TOYHO XOpPOIIQ COIVIacoBHIBaThCS ¢ Habmiogenusmu, M nefictBu-
TeJIbHO, MHOTHE SKCHePHMEHTH !) MOKa3aJH XOpoliee COIViacoBaHHe
¢ teopuefi. K coxkanenwio, aMoyuTygsl npu 3ToM ODLIUHO He H3Me-
PSIINCh, @ NMOTPEIIHOCTH SKCIepUMeRTa yacTo OBUIH OLHOTO MOpPSAKA
¢ nonpaBkofi Ha BsusKocTb. Jlaunvle Beccenst, no-sunumomy, 3aHu-
MaioT ocoboe MecTo; HeKoTophie noboynnie 3QexTs B 5TUX onbITax
6btiu mpoananusupoBansl Crokcom ([13], 1. 3, crp. 112).

Boino ycranoBieHO TakxXKe, YTO BAAJHM OT BCeX TBEPABIX rpaHHI
IBUIKEHHE KHAKOCTH NpU YCKOPEHUU U3 HAYAAbHO20 COCTOAHUS NO-
KOs HA TPOTSIKEHHH NPHMEDHO AMaMeTpa XOPOHIO COTAACYercs ¢
Teoprell uneanpHoOl xuaxoctu. OfHAKO, NOCAe TOro Kak cdepa 1mo-
IBHHETCS Ha HeCKOJBbKO JHaMeTpoB, Ha0JI0LaeTcs OTPBIB MOTOKA
(oThnensiercs BHXpeBoH cJiof), u TOria cranHoHapHoe sHayenHe Cp
craHoBuTcy Oosee BaxuEIM ?). Eme cxopee 370 NPOHCXONUT npH
YCKODEHHOM JBHXEHHH JHCKa NepHeHAHKYJIsPHO K ero MJIOCKOCTH 3);
3TOTO M CNeAOBAJO OXKHAATH, TAK KAK OCTPAH KPOMKA GJIATONPHSAT-
cteyer oTpuiBy. BooGime rosops, TeHAEHLHS K OTPHIBY 3aBHCHT OT
BEeJIMYAHBI NIOJIHOTO NepeMellleHns, BHIDAXKeHHOH B AHaMerpax; Tax,
NpH TEPHOAHYECKOM IBHIKEHWH oHa 3aBucuT 0T Umaxt/d, roe t1—
nepHoi.

§ 104. Kosthdunuentnt ycTofiuuBocTH

Tlpu ncchaencBAHHHM YCTOHYUBOCTH CTALMOHADHOTO [ABUKEHHS B
BOJe MHOFHX THIIOB Tesl GBIIH HCHOJb3OBAHH B COOTBETCTBYIOILEM
odopMileHHH HIleH, NOACKa3BIBaeMble JarpaHxeBbiMH (opMynH-
poBkamu (§ 99, 100). Ecau stH ¢opMyJHPOBKH TNDHMEHHMH, TO
MOXHO NOACTaBHTb opmyny (2) B coortHomenue (3), urobul noqay-
YHTh ClAeAYIolliee ypaBHeHHe:

Q= E ij(‘l) ‘;j—i— Fi(q. d), (13)
rae F; Beipaxalores GopMyJiol
Fy=23T{"(0) 9,4, (13)

W Laird L. H, Phys. Rev., 7 (1898), 102—105; Krishnayar S,
Phil. Mag., 46 (1923), 1049—1053; Yu Y. T., 7. Appl. Phys., 13 (1942), 6669
u 16 (1945), 727—729; Stelson T. H., Thesis Ph. D, Carnegie Inst. Tech.
(1952), Cm. Tagxe npelblIyIIde CCbIIKK, a TakKe npuMeyadns kK § 104—115.

2y Cook G., Phil. Mag., 39 (1920), 350—382; Hirsch P., ZAMM, 3
{1923), 93—107; Bagliarello G, Ric. Sci, 26 (1956), 437—461. O soyncye-
HHH PACCTOSHEH, HA KOTODHIX NPOHCXOZMT OTpuis noroxa, cM. Tollmien H,
Handbuch Exp. Phys., 4 (1931), u. 1, 272—279; Goldstein S, Rosen-
head L., Proc. Camb. Phil. Soc., 32 (1936), 392—401.

%y Luneau J, C. R. Paris, 227 (1948), 823—8256 u 229 (1949), 227--228;
Iverson H. W, Balent R, J. Appl. Phys, 22 (1951), 324—328; B nArH
cayyasx HaGJI0ORanoCch TeoperHyeckKoe .
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a l‘{k=(aTij/qu—{—dTi,,/dqj——dek/dq,-)/Z CYyThb KOMIIOHEHTHI TEH-
sopa Kpucroddens ([76], crp. 39). KpoMe Ttoro, Bxoasiue B 3TH
(opMyqab QYHKIMH B NPHHUMIE MOXKHO, KaK yTBepxjgan Jlarpanx
(§ 1), onpeneantnp a8 priori Ipud NOMOILH TEOPUM MOTEHHHAJA,

Ha npaxrtuxe npeanosiaraercsi H3BeCTHBIM JIHLIL 84J ypaBHEHHH
(13) u (13"), npuuem dopmyna (13’) ¢dakTHUECKH COOTBETCTBYET
HPHHATHIO «HHEePUHaJbHOro MoleauHposanusy» (§ 70). Ykasaunnie
ypaBHeHHs NPHMEHSIOTCS OOBIYHO TOMBKO K MaJbiM BO3MYLIEHHSIM

CTalHOHADHOTO [ABHIKEHHs, 4TQ TO3BOJsET CYHTaTh Tij H ¥ 8
ypasHenuax (13) u (13/) mocTOAHHBIMH BeIMYHHAMH. DTH NOCTOSH-
aele (nofo6Ho Cp, Cr W Op.) OGBLIUHO ONPEEAINT IMRUPULECK —
TaK, YTOObl OHH COOTBETCTBOBAJH /[aHHBIM HAO/IONEHNS; SMIHpHUe-
CKHE KOHCTAHTHI, OmpejesisgeMble TaKUM 006pa3oM, HA3BIBAIOTCH KO-
sppuyuenramu ycroduusocTu.

Bo BpeMst nepsoil MHPOBO# BOHHBI Takue KO3(D(HUIHEHTH HC-
[OJIb30BAJINCh, HANpHMep, AJS HCCAENOBAHHS YCTOHUMBOCTH Bpa-
LWaluxcs cHapsaoB !). B HacTosulee BpeMs OHU MPHMEHHAIOTCS
K aHaju3y yCTOHUYMBOCTH NOJIETA PaKeT H YNPAaBJseMbIX CHapsiIOB;
Ciyyadl CHapsiaoB cO CcTabH/IH3aTOPOM TFOpPasfo Hpolle AJst H3Y-
YyeHHs.

UpespbiualHO BaXKHO H XOpOIIO Pa3paboOTaHO HX NPHMEHEHHEe K
4HaJM3y YCTOHYUHBOCTH MNOJieTa caMoyieToB. TecHo CBsi3aH C 3THM
AHANM3 YCTOMYHBOCTH JBHIKEHHS JUPHIKaOsedl (M NONBOIHBIX JIOJOK).
B atuX cayyasx oco6eHHO GOJIbIIYIO POJIb MTPAeT HHEPIUHS BO3AYXa
(BOmBI), B KOTOPOM HAaXOAMTCA ABHXKYylleecs Teso. Cum. [45%].

Broxnosasemble upesimMu Jlarpanxa, pas/iHuHble aBTOPbI MBITA-
JIHCh BBIYHCAATD KO3(POUIHEHTH YCTOHUHBOCTH HCXORSl H3 anpuop-
Hbtx coobpaxenuii. Xors [ja OupukaGieli W NOABOMHBIX JOMOK
yaanoch JOOHTbCS HEKOTOPBIX YCIEXOB, 3KCHEPHMEHTH I10Ka3aJid,
YTO B JIeACTBUTE/NILHOCTH NPHCOCAHHEHHAS MAacca MPH CTALHOHADHOM
ABUKEHHH HCOLITBIBAET 3HauHMTe/bHble H3MeHeHHst. COOTBETCTBYIO-
LHe BBbIYHCJIEHHSI KO((HIUHEHTOB YCTOHYHBOCTH [Jsi CAMOJETOB
ropasjioc TpyJiHee: HYXKHO YUHTHIBATb LHPKYJSAIHIO H pacnpenesieHue
BUXpefi; 60/bIIME COMHEHHUS BHI3BIBAET HCNOJBb30BaHHe yeaosus JKy-
KOBCKOro. Mgal OTCHLJIaeM 9dTaTesss 3a MOAPOGHOCTAMH K TeXHu4Ye-
CKO#l nuTeparype ?).

') Fowler, Gallop, Lock, Richmond, Phil. Trans. Roy. Soc.,
A221 (1920), 295—387 u A222 (1922), 227—247; cm. McShane E. V., Kel-
ley J. L, Reno F. V., Exterior ballistics, Denver, 1953.

2) O6sope Bmecre ¢ GuGmuorpaduesi xaam Reissner E., Bull. Am. Math.
Soc., 55 (1949), 825—850 n_ Garrick I. E., Appl. Mech. Revs, 5 (1952)
89—91; cm. takxe Scruton W. R, Aer. Res. Comm. Rep., 1931. Ornocurensto
aupuxabreli cm. Cowley, Levy, Frazer, Relf, Jones, Adv. Comm.
Aer., Tech. Rep., 1918, 1919, crp. 95—127; Szebehely V., Proc. Sec. Nat.
Congr. Applied Mech. USA (1954), 771—776. :
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Ha npakruke xaxymiefics Maccoll HHTEPeCyloTCs TakKe B CBA3H
¢ TeM BJIHSIHHEM, KOTODOe OHA OKasbiBaeT Ha COGCTBEHHEBIE YacTOTh!
xoseGanuil Kopabas, paBHO KaK M Ha yacToTH GOPTOROH W Kuienofl
Kaykd. B nepsom cayuae BAHSIHHE CBOGOZHON MOBEPXHOCTH JETKO
OUEeHHTh. B BHAY OTHOCHTENBHO GOJIBIION YACTOTHI MOXKHOC TIOJNOXKHTD
npu 3tom U = 0. B apyrux cayyasix BausgHue o0pasyiouiuxcs Ha
TOBEPXHOCTH BOJH YUecTh CJoxkHee. M Ha 3TOT pas Mbl OTChIaeM
uyprarens K aureparype!). ITo-sumumomy, Mano HMeercsl CHCTeMa-
THYECKHX BHaBuH OTHOCHTENbLHO 3aBHCHMOCTH Ko3¢(]HIHEHTOB yC-
TofyuBOCTH OT uncia Ppyna.

Haxouney, MHOTHe aBTOPH NMPHMEHSANH NOHATHe Kaxyuiefics mac-
CHl ANS OUEHKH YAaPHBIX CHJ NpH NocaJke rHAPONJIAHA HA BOAY
TIpH BXOJAE CHAPANOB B BOLY ¥ Apyrie Xujpkoctd. KpaTtkoe pesiome
110 3TOMY BOnpocy npHBezeHo B pafore [17]2, crp. 243—250.

Xorsi pemykrusHas teopus § 99—102, cTporo roBops, He npume-
HUMA HH K ONHOMY H3 NIPHBENEHHHIX NPHMEPOB, BCE XKe B KaXKIOM
H3 HHX NOHATHE TEH30Da NPHCOSHHHEHHOH MAaCCH OKa3asoch ILIOHO-
TBOPHBIM.

§ 105. MNpucoeanHeHHas Macca ¥ KOJHYECTBO JBHNKEHUs

B GonbmiMHCTBE TPHIOKEHHH BAMAHME NPHCOSNHHEHHOH Macchl
coueraetcsl ¢ BO3jeHcTBHEM MHOTHX APYruxX (aKTOPOB, B HCCHAERO-
BaHHH KOTOPHIX 32HHTEPECOBAHEI TOJbKO crennanuctsl. I1oaToMy Mbi
ceflyac BepHEMCH K YHMCTOH Teopuu Kamxymefcs Macch — TeOpHH,
NPHBJEKATENBHOH H ¢ 3CTeTHYECKOH H ¢ MaTeMaTHYECKOH TOUEK 3pe-
nus. Ho npexne uem nepefita K Gosee afoTpakTHHIM PACCMOTPEHHSM,
(§ 108—112), Mp npuBeieM HECKOJBKO UYACTHBIX Pe3YJbTATOB, KO-
TOpHiE TIOMOTYT YACHHTh CMBICA BBOEMMHX HaMi abcrpaxuuil

CocTaBasiiouine TeH3opa npucoeauHeHHOH Macchl Haubojee yao-
BJETBOPHTENLHEO ONPEeResIOTCS TOCPeACTBOM HHTETpPasioB KHHETH-
yeckoll 3Hepeuu noaobuo dopMynam (2) m (4). Dta HHTErpany
cxofdarca "a GeckoneusocTH, Tak Kak (§ 7) V U = O(r?) B npo-
crpancrBe. B cayvyae nyiockux tewenuit {upuxie mHTErpal KHHeTH-
YecKOH SHEPrHy TaKKe CXOAHTCS HA OECKOHEYHOCTH: 4 B 3TOM CJy-

qyae HWHTErpasn ff(VUVU)dxdymO(fr"’rdr) KOHEUeH,

1y Nicholls H. W, Trans. Inst. Nav. Arch., (1924), 141—163; Le-
wis F. M, Trans. Nav. Arch. Mar. Eng., 37 (1929), 1——}8 Moullin E. B,
Proc. Camb. Phil, Soc., 24 (1928), 400413 u 531—b558; Brown A D. u Ip.,
taM xe, 26 (1930}, 258———262 Weinblum G, Scszfbaa 32 (1931), 488--495;
509——011 il 520—529 Xacxﬁﬂn M. NI, Has. AH CCCP (1946), 23—34 u
12{)1\41\/{2 10 (1946}, 4756—480; Wendel K., Jahr. der Schiffshan Ges., 44 (1950),

7255,

%) TlepBas 3agaya o TPHCOGAMHEHHON Macce TaaBsawoluero rena Ghsa pelueHa
H. E. JXyxosckum [28%]. Cospemennoe cocrosasue Bonpoca em. B paforax [7%)],
[17%], [26¥—33+%). — [Tpum. ped,
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Ceftuac Mb GyJeM HHTepNpeTHPOBaTb Thy KaK HHTErpajnl KOJH-
yecTBa ABHXeHHA. PasnnuHble aBTOpb oTMeuaau '), 4yTo HHTErpann
KOJIHUEeCTBa ABHXXEHHA pacxoAstcs B OObiuHOM cMbicnie, [loaToMmy
NpH uHTepnperauus BeqHYHH Thy C NOMOULBIO KOJMueCTBa ABHXKe-
HHS HYXHO COGJII0ZaTbh OCTOPOXKHOCTL. A Tenepb pPacCMOTPHM 9TO
noapoGHee.

Kospduunentn Thy u3 dopmyan (8) npeactapasior co6oli HH-
Terpann!, B3siThle MO rpaHuue S Tena I, H B HOBBIX 0603HAUEHHAX
HX MOXHO 3anHcaTh B BHAE

Tm=>¢ [ [UdSx, (14)
M

Rl
rie U = U* —rapmoHnueckas ¢GyHKuHa u dS, = 12 K;dS, Bu-
-]

paxaer auddepenunan noroxka sekropnoro noas K= (K,(x),
K.(x), K3(x)) uepes S. Tak, B caAyuae nepeHocOB, napajienbibix
ocH x;, K= (1, 0, 0); B ciyuae noBOpPOTOB BOKPYr OCH X MOJAY4HM
K = (0, x3, —x3) u 1. 4, [Tocpeacrsom 3Toro yao6Horo o6o3iaueHns
onpefensercss NoJe3Hb Kaacc uHterpasos CTuabTheca no nosepx-

HOCTAM NpPH YCJIOBHH, Y4TO mnerpa.nfflde | KoHeueH. 3aMmeTHM, uTO

Bceraa, koraa K ectb mose ckopocteit tBepnoro Teaa, div K = 0.
Jt0 ycaoBHe u ewe 1o, uto U ecTh rapMonHuyeckas QyHKumus, pery-
asipHasi Ha GeckoHeynocTH ([4], cTp. 217), — BoT M Bce, YTO HaM no-
TpeGyeTcs A4S AaJbHEHLIHX BHIBOLOB.

Onpeaennm «K-HHHIO®» KaK HMHTErpajibHyl0o KPHBYIO CHCTeMb
dx;/dt = K;(x), wan dx/dt = K(dx; = Kidt). Takum o6pasom, ecau
K cooTBeTCTBYeT moCTYNaTeNbHOMY JBHXKEHHIO NMapaJiie]bHO OCH X,
ro K-aHHMH cyTh npsiMbie, napaaneabibie 3710# ocH; ecan K coort-
BETCTBYeT BHHTOBOMY ABHXXEHHI0 OTHOCHTEAbHO OCH X;, TO K-1dHHA
npeacTasadior coGoil BHHTOBHE JIHHHH BOKPYr 3TOH OCH M T. A.
Tenepb k BekTopHoMy nomio UK Haa o6aacTaMu R, orpaHHu4eHHbIMH
nogepxHocTasu S8’ 8, rae S” cocrout us K-amuuil, Mut npu-
MeHHM TeopeMy o mHBeprenuud. Tak kak dSk==0 Ha noBepxHocTH &,
cocrosiieit u3 K-nunuit, u tak Kak

div (UK) =K, 32 4+ U divK.

10, noab3ysich paseHcTBoM div K = 0, Mb nonyuaem #3 GopMysH
(14) cneaytoluee cooTHoLIEeHHE:

T,,,,=9f,;ff(K,-g%)a‘R—p{fUde. (14°)

(7, 119; Tollmien H.. ZAMM, 18 (1938), 154.
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[TokazauHble 3jech 3HaKH nepedl ABOHHLIM M TPOHHBIM HHTErpa-
AaMy BepHbI, eCTH HOPMAJH HanpasJ/eHbl 8HYTPs obaactu R, B uacr-
HoCTH, ecau R — Geckoneunas o6aacTh ¥ NOBEPXHOCTh S’ oTOABH-
raetcs Ha OeCKOHEUHOCTh ¥ eCJH mn*erpa.n B obnactu R cxomures,
TO nOAYyUHM DOpMyay

Tame S [ 1 (K 32)aw. e

Teneps paccMOTpUM pasjiHufble CAyYaH, COOTBETCTBYIOLIHE 4acT-
fIbIM 3HAYEHHAM KO3POHUHEHTOB B BHIPAXKEHHH AJS NPHCOENNHEH-
HO# Macchl.

Ecan k=1, 1o K= (1, 0, 0) = grad x, = Vx;, B 3aBucumMocTH
ot oBosnavenuit. [lycts S” ecTb GeckoHeuHO NNWHHBIL YUAUHOD, OCH
KOTOPOro napajienbHa OCH X; ¥ KoTopbili conepxut teno X. Toraa,
NOCKOJBKY MHTErPas 0T KOJHYECTBA [JBHKEHHS

Tu=Tu=p [ [Utaxdx,=p [ [ [(25)ar  (50)
S R

CXOOHTCS Ha GeCKOHeuHOCTH, Mbl MOJIyuaeM CAeqyIOUHHd pe3yabTar.
Koagppuyuentor 8 soipaseruu 04 npucoeOuUHeHHOl mMacest, COOT-
BETCTBYIOUUE NOCTYNATEALHOMY OBUNCCHUIO NAPAAALABHO OCU X,
PABHLL COCTABAAIOUEN 1O Xy KOAULECTBA OBUMCHIUSA HCUOKOCTU BHYTPU
4106020 OeckoHewHO20 YUAUHOPA, COOCHO20 ¢ Xy U cOdepocaiyezo
Teno I npu 0suscenuu ¢ eQUHUUHOU CKOPOCTbIO 8 Hanpagaenuu h. O6-
nacte R npouie Bcero GpaTh B BHAE UH/JIHHADA, ONHCAHHOIC BOKDYI.
tena . DTOT PEIYAbTAT NPUMEHHTENbHO K BesauunHe Tj; MOAYUHI
Teonopcen [84].

Janee, ecin k=4, to K= (0, x3, —x3) = 3V — x,Vx,.
Ilycte 87 orpanumuusaer mioboe T8epdoe Tea0 8pAUL@HUS, KOTOPOE
CONEPXKAT TeN0 ¥ U /s KOTOPOTG DChb X; eCThb ocb cHMMeTpuH. Torana
rpanuna SwS” obaactu R cocTouT n3 moBepxHoctH S u w3 K-au-
uuit (kpyros), tak uto ¢Qopmyna (14%) ceoaurcs K BHAY

Tu=e [ [ ] (x z%[;~x3%;)d;?—pfff(wh)df€,k
(156)

rae § = arctg xa/x.. Cnenosareabto, Thy — MOMEHT KOAUYECTBA 08U~
oexts OTHOCHTENBHO OCH X MHAKOCTH, Haxodsuelica B obaactu K.

C noMouibio LHKIHYECKOH nepectaHoBkH oceil u3 (15a) u (156)
MOXKHO JIETKO MOJIYUHTh OCTafbHble BequuuHb Thy. Cayuail sunrogo-
20 Osuxcenus BOKPYr och x;, koraa K = aVx; + B(xV x5 — x3Vxy),
JEerKo MOJYYHTh CYHeprnosuuueil ABYX npeablayiinx  dopmya.
Ilyets  nosepxHocts S — kpyeosoi  yuaundp, ONHCAHHBI BO-
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Kpyr tesa X. Toraa npucoeiniieHHas Macca DABHA KOJHUYECTBY BHH-
TOBOIO [ABHXKEHHMS| MHAKOCTH, HAXOASLLEHCS BHYTPH [OBEPXHOCTH

S”, a uMmenno pfj (@ 0U™0x, + 8 0U"08)dR; 1o me camoe BepHO
4/ BCeX UMJAMHAPOB, COOCHBIX C X H COAepPKallUX Telo B.

§ 106. Jlpyrue untepnperauun

CoBcem HepaBno Y. [lapBun!) nan HOBYIO M OueHb MPOCTYIO HH-
TepIpeTaumio TeopeTHUeCKOH NpHCoeAHHEHHOH Macchl TBepAOro Tena,
BBe/s NpeicTaB/eHde o dpetighe, T. €. O CMELIEHHH NONEPEeUHol HO-
BEPXHOCTH XHIKOCTH, Bbi3bilBAEMOM TIOCTYNATeJbHbIM [BHXKEHHEM
Teqa ¥ U3 —oo B 4 oo BAOJb AaHHO# ocH. OH nokasaJ, 4To npu-
coedurnennbili 00vem p1/p, onpejensieMblil KAK OTHOLUeHHe BEJHUHHbI
NPHCOEJAHHEHHOH Macchl IPH NOCTYNAaTeAbHOM ABHXKEHHH K MJOTHO-
CTH KHJKOCTH, paBeH 00beMy, 3aKJIOUEHHOMY MEXAY HauaJjbHbiM H
KOHEUHBbIM MOJOKEHHAMH 000N Takol MOBEPXHOCTH.

B cayuae naocko-napanrsenssroeo obrekanus HEKOTOPOH JIOCKOH
obractn £ MOKHO AaTh APYIyl0, COBCEM MPOCTYI0 HHTEpHpeTauuio
B TEPMHHAaX KombopMHoro omépameﬂuﬂ:

=azto+L+24 .., a>o0, (16)

nepeBoJsLlero BHEUIHOCTh €AHHHYHOrO Kpyra Ha BHEUIHOCTb o6Jia-
cth Z. Kak yxe oTrmeuasnocs B § 8, uMeeTcsl OfHO H TOJbLKO OLHO
Takoe npeoOpa3oBaHye. 3aMeTuM, 4yto eciu V ectb QYHKuUMS TOKa,
10 aucpeperuuan (VV - VV)dxdy xuneTHuecKoil sHEpruu coxpa-
HAieTCS NPH KOH(OPMHOM OTOOpaKeHHH H CKOPOCTh HAa GeCKOHEeuHOo-
CTH M3MEHSeTCS NpM 3ToM B oTHOweHuu 1 :a. C Apyroit CTOPOHLI,
¢ynkuua V u3 ypaBHeHHS V + Uy = ¢ ydOBJETBOPSieT KPAEBOMY
ycaosuio V = 0 na .

HenocpencTrennas acuMntoTHueckas oueHka, yYHTHIBAIOULAA 3TH
Aannbie ([86], ctp. 204), nokasbiBaeT, 4TO B CJaydae T€YEHH, napaJ-
JieIbHbIX OCH X1, OpHCcoeanHenHas macca My, tena ¥ yaosJeTsopser
ypaBHeHHIO ?)

M;/p + nnowans(X) = 2ra? |1 — Re(c,)]. (17)

@opmynoit (17) 3agaua BbIUHCJAEHHS MPUCOEAMHEHHOR Macchl CBO-
IUTCA K 3afaye KOH(popMHoro oTo0OparkeHHus.

Hpyro#i unTepecHblii pesysabTat — 310 Teopema [lofia o Tom, uTO

H3 BCEX MJIOCKHX 06/acTel, HMEIOIHX [aHHYI0 MJolladb, KPYIJbl#
QHCK 06M1afaeT HaHMeHbLeil yCpeAHeHHOH NPHCOE€AHHEHHOH Maccoi

') Proc. Camb. Phil. Soc., 49 (1953), 342-—354; cm. Takxke Light-
hill M. Y., J. Fluid Mech., 1 (1956), 31—53 u 311—312.

2) B [7*] naHb Bblpaenus A BceX KOI(PQUUHMEHTOB (PHCOEAUHEHHLIX
macc. — [Ipum. ped.
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(ycpennenHofi 0O BCEBO3MOMKHBLIM OpHEHTAUHMsIM)., AHasjOrHuHbIA
pesyabrat aas chep B npocTpanctBe HegasHo nonyuua Wuddept).

Hakonen, wmeercss 3aMeuarefibHblli Pe3yAbTAaT, BBIABAAIOLLINI
CBSI3b TOHSITHS MNPUCOeAMHEeHHOH Macchl ¢ TeopHel cTpyH, pac-
cmotpennoit B ra. IIl. Kak BrnepBble nokasan PsabyiuuHckuii,
B ceMefiCcTBe TIDaHHIl, OXBaTHIBAIOUIMX OAHH M TOT Ke O06beM
(n14, B clyuae MJIOCKHX TedeHHH, — OJAHY H Ty XKe IJIOWAAb), IKC-
TPeMAAbHOE 3HAYEHle NPUCOeOUHEeHHOU maccet O0arT c80000HbIe
epanuybt, OTHOCHTENLHO BHIBOJA H NPUMeHeHHUl >TOH TeopeMbl Mbl
orchblsiaeM yurareas K [17], crp. 85—89 u 177—184.

§ 107. Kanonuueckasn ¢opma

Kaxk yxe mosicusinoch B § 101, TeH3op kaxyiuuefics Maccel TeJsa
3 3aBHCHT OT Bbifopa Ocell KOODJAHHAT, CBA3AHHBIX C TEJIOM, H H3Me-
HseTcsl ¢ M3MEHEeHHMeM IMOJIOXKEHHs Tesla OTHOCHTENbHO HEKOTOPOro
3a/aHHOr0 HauyaJbHOTO NoJoXKeHHa orcuera q = 0. Cayuait coepnl
Becbma npocT. Eciyv ocu mpoxomsit uepes ueHTp cdephl, To B 060-
3Havenusx u3 § 100 cnpaBeanuBel paBeHCTBa

Ty=Ty=Tg=m", Ty=Tg=Ts=2ma’5,

a Bce T;; BHe ryaBHO#l AnaroHadu [{ + j| paBuB HyJLO.

Jpyroii u3BecTHHIH YacTHBLIl caydall — 3TO TBepJoe TeJIO B AYyC-
rore. Eciim 3a HauasJo KOOPAMHAT B3ATb LEHTP THAMKECTH, TO BCE
Tiyjli#+juij=1,2 3] o6parsirca B Hyab, a Ty = Top = Ty3 =
= m, rile m — Macca tena. Jlanee, NpHHSAB IJ1aBHble OCH HHEPUHH
B KauecTBe AeKAPTOBHIX OCeH KOOPIHHAT, MBI MoXeM o6paTdTh B
Hyab Bce T4(i < j u i, j =4, b, 6). CiiepoparenbHo, TeH30p HHEp-
YUY OnpejessieTcsl YeThiPbMS CKaAAPHbIMH BenuuuHaMu Ty, Tay, Tss,
Tes, KOTOpblE MyTeM H3MEHEHHs €JHHHMI AJHHBI H BPEMEHH MOXKHO
cBecTH K 08ym. 3ateM, T4y + Tg5 > Tes U T. 2. TPU HHUKIHUECKOH
3aMeHe HHAEKCOB; cJiyuafl 3JJHNCOHIA ABJSETCS BrOJHE OOLIHM.

B nByx ykasauueix cayuasx marpuua |7/ npusoautcs K aua-
roHaJbHOH (POopMe C NOMOLUBIO HAAJexKallero Bbifopa oceil KOOPIH-
nar. IlpeacraBiser HuTepec BBLISICHHTb, HACKOJbKO MOXKHO YIpoO-
CTHTb MaTpHIly HHepUHaJbHBIX KO3 duurenToB T;; TPH MOMOLIK HAL-
Jexallero sbi6opa 1eKapToOBOH CHCTEMBbl KOOPAWHAT U UEHTPaJabHOMH
TOukM ?) aas obllero cayyas KHAKOCTH € MOJOXKHUTEIbLHOH MJOT-
HOCTBIO. DTO NpeicTaB/sieT co6OH NPOCTOe yNpakHeHHe N0 TEOPHH
KBaApaTHYHBIX (OpM.

Y Polya G, Proc. Nat. Acad. Sci., 33 (1947), 218—221; Schiffer M.,
Comptes Rendus, Paris, 244 (1957), 3118—3121.

?) OrHocuTenbHO WeHTpasibHOR Toukn cM. [34*]. Mo Bonpocy 06 yupouwenun
MaTpHULl HHepPUHaAbHbIX kO3bduunentos cm. [26%]. — Mpus. ped.
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Ha npumepe Becsa (§ 98) suano, uro kaxyulascs HHEPUHUS MO-
®eT GHTh pasAnuHOl UPH NOCTYNATENLHOM [BHKEHHH B DasJHUHBIX
HaNpaBJeHHsAX; Topasfo Jerue cozjaTh yCKOpeHHe, paccekas Bec-
JoM Boay, ueMm 3arpebas. Ognako TaK Kak BCSKag KBajpaTvuHas
dopmMa sKkBHBaNeHTHA !) OTHOCHTENbHO IPYHANH BpAuleHHH AHATO-
HaabHo# QropMe, TO MbI BCerja MOXKeM MOBEPHYTb OCH TaK, YTOGH
nonyuuth T2 = To3 = T3 = 0, npuuem senuuuHnl Tyy, Tos, Tas
OYAYyT COOTBETCTBOBATH <IVIABHBIM HaMpaBJEHHSIM» [OCTyHaTelb-
HOrO JBYIKEeHHS.

3a HCKAOUEHHEM Chyuas BRIDOXKIeHHs (cayuali HEBeCOMOH TOH-
KOW NJIACTHHKH), Korjga oaHa u3 Benuuud Ty [ = 1, 2, 3] o6pawaer-
¢ B HyJAb, BO3MOXKHO HafbHefilllee YOPOHieHHEe HAJJIeKAUIHM BHI-
60poM Hauajia KOOpAWHAT B ueHTpaabHOM Touke. IlycTh w, wi, w3
0603Haual0T BpAILEHHA CO CKOPOCTbIO OJAUH paiHaH B CEKYHAY
OTHOCHTEJILHO HEKOTOpPOH CHCTeMbl oceil, napa/ebHBIX TIJ1aBHBIM
HanpaBJeHUsIM NOCTYNATeNAFHOr0 ABHKeHus; nyctk X, Y, Z o6o3Ha-
4ai0T NepeMeleHHs B IVIaBHBLIX HANPABJACHHAX NPH €AHHHYHOH CKO-
POCTH, ¥ NycTh W;, W, W; 0603HAYAOT BPAIUEHUS OTHOCHTE/bHO

ocell, CMeLeHHbIX Ha BeKTop (x, ¥, 2). Torna
w,=w,+yZ—2zY,

Wy =W, 42X — xZ, (18)
w, =W, +xV —yX.

IMoxcranoBKa w; BMecTo w; He H3MeHsieT 74— 3HEPTHIO B3aH-

vopelicTBus MexAay X M W), NOCKOJbKY 3HEpPrusi B3aHMOJAEHCTBHS
mexay X u Y uan Z pasHa nyiio. C Jpyroit CTOPOHBI, NPH 3TOM
sesinuuna Ti5 = Ts ypennunsaercst Ha 2Ty, seauuuna Tig = Tor —
ua xTpo, a BeanunHa g4 yMeHbInaercst Ha 2T H 7. L.

ITosToMy HagnexawuM BuIGOpOM 2 MOXHO AOOHTHCS PaBeHCTBA
Tis = T2y v ananoruuno nonyuutb Ty = T3y u Tos = Tys. Takum 00-
PA30M, MATPUYY UNEPUUAAbHOIX KOIPOUUUEHTO8 MONCHO NPUBECTU
K ynpoiuesHoll ¢opmMe, KoTopas ykasaHa Ha puc. 27.

B 31y KaHOHHYeCKYI0 (OPMY BXOAAT NATHAOHAT6 NPOU3BOALHLIL
ROCTOAHHbBLX, YHCAO KOTODBIX MOMKHO CBECTH K TPHHAJALATH, H3MEHHB
Macwitab AgaxHbl 1 BpeMmenu. Mrak, obuini cayuail xapakrepusyercs
TpuHadyareio Geapa3MepHHIMH OTHOIUEHHSIMH M AByMs npeoGpaso-
BaHHSIMH €[[MHHI H3MEpeHH. ,

Ecan Teno umeer Tpu B3aHMHO NepHeHIHKYJApHBlE JIOCKOCTH
CHMMETPHH, KaK JJIMICOH[, TO MX MOXHO B3siThb B KayecTBe KOOp-

') Hcnonssyembie 3[ech aqrefpadueckie TeopeMnl JOKasaHH, HanpuMmep, B
[45], ra. 1X, Teopema 21. Ilo nomosy camux peayabrato cM. [7], § 126; oGmuit
cayualt paccmorpen Clebsch, Math Annalen, 3 (1870), 238. Oruocauiuecs
clona Apyrue pesyawtathl ¢M. Morgan G W, Quar. Appl. Math., 12 (1954}).
277—285.
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nuHaTHIX miockocrell. OTpaxende, cKaxeM, B IJOCKOCTH (X, y)
ocrasaser Z, W, Wy HEH3MEHHEIMH, HO MEHSieT 3HaK Ha NPOTUBONO-
goxunit y X, Y, ws; xuHeTHUeCKAR SHEPTUS NPU 3TOM He H3MEHser-
ca. B cany atoro T3 = —T3 = 0, u anasornuso

T32:T36=T41=T423T46”—“T51:Tszszszo'

TToBTOpsia 3TC pacCyXJeHHe IS APYTuX KOOPAHHATHBIX NJOC-
KocTefl, MBI BHAMM, 4YTO MAaTPHIY HHEPHHAJBHBIX KO3(pHHUHEHTOB

flepenoc Bpawenuve
P 3 7
3 a 4
7 4 T

Tas Tys Tas
T4s Tss Tse
Tse T's6 Te6

Puc 27.

T R T e T
S Q@ M| O o
LIRS I B S o T et

~i

MOXKHO JMaroHaJu3upoBaTh. TakuM 06pasoM, Y HAC OCTAIOTCA WECTb
NPOM3BOJIbHBIX MOCTOSHHBIX M 4erTsipe Ge3pasMepHBIX OTHOILCHHS
(MX TONIBKO J(Ba B cJyuae TBEPJOrO TeJa B BaKyyMe).

Hpyroii uaTEpecHHl cayyall — CHMMETDPHS OTHOCHTEABHO Tpex
B3aUMHO NEePHeHIHKYNAADHLX ocell, HO 0e3 CHMMETPHH OTHOCHTEIBHO
NJAOCKOCTEH, NPOXORSIIHX uepes STH oCH. TUNWUYHBIM NPUMeEpOM sIB-
Jsiercst BUHTOBas JHHHS: X =rcosz, y=rsinz, |[r|<1, |2/ < 2%

B cHly CHMMETDHH OTHOCHTEJBHO OCH 2 OCTAlOTCH HEeH3MEeHHbIMU
Z, w3, HO MEeHSeTCH 3HAK Ha NPOTHBONONOXKHLIH y Besnuun X, Y, w,
ws. [TosToMy, KaK H BBIIIE, NOAYYaeM PaBEHCTBA

Ty=Ty=Tg=Tg=T="Ty="T4="Ts5=0.

TTosTOpHB 3TO paccykiaeHHe s APYTHX KOOPAHHATHBIX MJIOCKO-
cTell, Mbl BHIHM, YTO, KDOME «BHHTOBBIX MDOH3BEIEHHIl HHEPUHH»
p, ©, T, Bce KOS GULHEHTH, CTOSIHe BHe IVaBHOH Auarosa.au, obpa-
IAKTCH B HYAb. Takum o6pasoM, 31ech Mbl uMeeM 0e81Ts k03hdu-
HWEHTOB HHEDLHH, W IIPH NOMOIUH H3MEHEeHHs MacHITaboB AJHHBI H
BpeMEHH ¥X MOXHO CBECTH K CeMu CYLIECTBEHHO HE3aBHCHMBIM ra-
paMerpam.

IlpuBesennsle Bhilie DPACCYXKACHHS MOXKHO paBHBIM 00pazoM
OPHMEHHTL K TeH30Py NpHCOeAHHEHHOfI Macchl, XOTd, BooOlle ro-
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BOpS, IVIaBHbIe OCH OYAYT NPH 5TOM ADYIHMH, €CNH TOJBKO OHH HE
SIBJISIIOTCS OCAMHE CHMMETPHH. Mbl paccMaTpHBajiu TEH30D KaxKyuled-
CSl Maecchl C UeNbI0 BKAIOUHTbL CIOJa H3BECTHHIA cayuall TBepaoro
TEJIA 8 NYCTOTE B KAYECTRE YacTHOrO !).

§ 108, I'eomerpHuecKasn MHTEPHPETAHHA

Teneps Mpt 6yaem TPAKTOBATHL TEOPHID KANKYLIMXCS Mace Kax
pasgen uHcroll reomerpuu. Hauynem ¢ toro pesyastarta us § 100,
101, uro cucrema, COCTOSIIIASE U3 TREPAOTO Tesa X B BieaNbHOW Wuj-
KOCTH, €CTh UHEDUUQALHAA AQ2DOAHYNCEEN CUCTEMA ¢ KHHETHYECKOH

suepruedi, pasHoft T == 5 T;,0,q,. OTCIONa MOXHO JIETKO BHIBECTH

KJaccuueckuil pesysasrat?), saxmouanowpiics B TOM, YTO <«E€CTecT-
BeHHBIE» TPACKTOPHH, MOJYUAIOUHUECS NIPY OTCYTCTBHH BHEIIHHUX CHJ,
npencrapasior coboll eeodesuueckue aunuyu. B gactrHocTH, @ = 0

B dopMmyre {3) TOrEa H TOJBKO TOTASR, KOrAa f Tdt npunamaer

MHHUMaAbHOE 3HayeHne. DTO OUEBHJAHOE CHEACTBHE W3 ypaBHenui
Sitnepa npencrasaser cobofl npoctefimuil caywah DpHELIMNA HaH-
MeHbIero JAeHcrBus -—— BapHauuonaofl GOPMYyAUPOBKE AUHAMHYE-
CKHX 3a/a4.

Tounee, npocTpaHcTBO «KOHbUrypauuily q = {q1, ..., ¢s) Hamel
CHCTEMH €CTh PHMAHOBO MHOrooGpasHe ¢ «IJIHHON AyrH»
a’sz‘mE T:tj(‘l) dq, dq;. (19)

KpoMe TOro, MOCKONBKY 3HEprus He usMensieres, ds/df ects se-
JIHUHRA MOCTOfHHAS, ¥ TOTOMY Kak f Tds, rak u f T d¢ wpuun-

MamT 3IKCTpeMalbHbie 3HAuyeHMS (JOKaabHBIE MHRHMYM). DTH no-
JIOJKEHHS JIETKO NPOBEPHTh HA M3BECTHHIX IPHMEpax.

Taxg, ecan V = V, ectb moBepxHocTs Ge3 TpeHusl X == x(41, §1)
B OOBIYHOM NIPOCTPAHCTBE, MBI BHAMM, YTO PeaxklHs CBA3H Nepnen-
KHKYJSIPHA TIOBEPXHOCTH V) MO3TOMY IPH OTCYTCTBHH BHEMIHHX CHJI
HODMaJL K TPACKTODHMH UYACTHUH CHVKHT HODMAABI0 K Vi Kax M3~
BECTHO, 3T0 YCJAOBHE XapaKTePHIYeT recfesndyeckue junun. B Hoaee
oGuieM caydyae pacCMOTPHM NPOH3BOJNBHYIO TPACKTOPHIO ¥ HA MO-
sepxuocTa Vo HopManbholt k nosepxuocta V, cocTapasiomied CHIb
peaxunn oferuno npenebperaior, Ocraercst cula B TJIOCKOCTH, Kaca-
TEJIBHOR K NOBEPXHOCTH Vo. Ona pasnaraercst Ha JABe COCTaBISIO-

ime: #a COCTABJMIOINYIO 8, KACATEABHYIO K 7, KOTOPYIO MOMHO Bhi-

;g ?THOCHTI?J&?}G marepuana § 107 om. [30L
epu I, Npununnn mexanuxs, M. 1959; [76], § 100; Syn . L.
Phil. Trans., A226 (1926), 31—106. 176}, § yage J. Ly
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ugeanTh N0 dopMmyne s = Qiq; + Qq2f2, Hcnoab3ys BHpaxenne T =

1Y ;2
=-‘=-2—2‘J€2, H HZ COCTaBAAIOULYIO, HOPDMAALHRYIO K 1 B TIJIOCKOCTH, Ka-

CaTesbHOM K NOBEPXHOCTH Vs, PABHYIO IPOM3BENEHHIO reofe3nyecKod
KPHBH3HH Ha U? = §2.

Ananoruunbie GOpPMyJBl CIPaBeMJHBHL BO BCSKOM PHMAHOBOM
npocrpancrBe V. B uactroctH, Q mpeo6pasyercs Kak (KOHTpaBapH-
aHTHBIH) 8eKTOp, a ee HOPMaJbHAs COCTABJAWIIAs PaBHA NPOUSBe-
JAEHHIO BEKTOpa recje3nueckoil KpUBH3HH Ha v CrenosarelibHo, 3a-
Aauy GuHAMUKL VHEPUHANbHBIX JAarpankeBbiX CHCTEM SKBHBAJCHT-
HBl 260METPUMECKUM 3aauaM.

§ 109. NoxasareabCTBO TOro, MTO CHCTEMAa ABASETCH Jarpamxkenofi

Teneps 1A TPEXMEpHOro Teja OrPaHUYEHHOro 0GBEMa MBI O~
KaxKeM CIPaBelJiMBOCTb MNPEANOJOXKeHHs, 49To 06o6iieHHble CHIIBI
Q;. onpenenseMble BapHAaIHOHHEIMH ypaBHeHHsiMu Jlarpauxa (3),
IeHCTBHTENBLHO SABASIOTCS KOMNOHEHTaMu Q% pesyJbTHPYIOLIEro Aa-

BJEHUS HJIM COOTBETCTBEHHO MOMEHTa CHABI JaBJeHHS B OGBIYHOM
cmeicaie 1), TTocnennne, KoOHeUHO, ONPeNeNsIOTCS MaTeMaTHYeCKH KaK
HHTErpajinl 1o NOBEpPXHOCTH Tesa

Q= [[pN,as. (20)

3aecsy N; o603Ravaer HOPMAJBHYIO COCTaBJISIOIIVIO CMEIISHHS NO-
BEPXHOCTH HPH MOCTYHATENHHOM HJIH BPalaTelbHOM IBHXKEHHH, CO-
OTBETCTBYIOWYIO [-#i 0606eHHON KOODAHHATE, a4 p ONpeleNifercs H3
ypaBHenus Bepuyanu

p+ o[ VUVU+2L = po 8 @1)

AJIS HEYCTAHOBUBINEroCcs NBHIKEHHA B uieassHOR xuukoerw [ra. 1,
(5)], ecau, Kak ofeiyHO, mpeneGpeub FHAPOCTATHUECKAMHU MNOABEM-
HBIMY CHJAaMH.

Crporoe mnpoBeleHNe NOKA3aTENbCTBA 3aTPYAHSETCH TEM, YTO
NoJIHAg Macca paccMaTpHBAeMOHR cucTeMbl GeCKOHeuHasl, a TaKkKe .
6eCKOHEYHO YHCJIO H3MEDPEHHH «IPOCTPAHCTBA KOHQHrypauuii» B co-

') BosMoxuocth npuusTh ypamHemms (3) crasuwsm nop monpoc Bonsumau
{Crelle, 1. 73, crp. 111) u Ilepcep; cm. takwe Mises R, ZAMM, 4 (1924),
155181 n 193--213,



§ 109. Hoxasareascrso 1020, HTO CUCTEMR ABARETCR Aqzpanxcesod 217

OTBETCTBHH ¢ OECKOHEYHOCTBIO uHCja CremeHefl cBobojanl npH ABH-
JKeHHH XHAKoCcTH. BonpocoMm npeoposieHus 9THX TPYAHOCTEH SaHH-
Manacg aums Jlam6 (82} u {7], § 135, 136), u, Kak Kaxercs, He COB-
cem yenemno '), ITosToMy Mbl IpHBeJeM HOBOE H BeCbMa H3fIIHOE
BApHAUHOHHOE [0Ka3aTesbCTBO, NpHHaAMNeXKallee, ¢ TOYHOCTHIO A0
neboabmux BuaousMenenud, JIx. DBpeiixseany. llpn nanoxenuu
3TOr0 JOKa3aTeNnbCTBa Mbt GyAeM MOJb30BATHCSH BHIpasuTeabHOH 8-
cuMBoMHKOH Ana Bapuanufl, ofuieynorpeOHTe/bHOH B [IHHAMHKE,
XoTsi GOMBIIHHCTBO COBPEMEHHBIX aBTOPOB, 3aHHMAIOILHXCA BapHa-
UMOHHBIM HCYHCJIEeHHeM %), npeanouutaloT oObIyHbie 0G03HAUYCHHS
pudgeperuaibHOro HCUHCICHHSA.

Mpr npumennM 6e3 1OKa3aTesbCcTBa IBe obmue Teopemnl. [lep-
Basg M3 HHX IpeactaBiasier coBoll ToxzecrtBo Jiijepa And nepBol
BapHaUuHK

f

3 f‘Tdt——.—- f Qg (¢) dt, (22)

ta

rae @Q; Te Xe, yTO U B ypasBHenusix (3), ® noApasyMeBaercs CyMMH-
poBaHHe no MOBTOPSIOIAMCA HHAekcaM. Bropas rteopema 3aki/io-
yaercss B TOM, 4TO B TOXJAecTBe (22) BO3MOXHBI BCe BapHaiHH
3g; (), nuub Gbt OHH YIOBJETBOPRAJH YCHOBHSM 3g;(fy) = 8g:(t) =
= (. 310 paBHOCHJIBHO «TOJIOHOMHOCTH» NPOCTpPaHCTBa KoHdurypa-
uuit aas TBeporo rtena. Otciona caefyer, 4yTo JJsl A0Ka3aTesbCTBa
ToxknecrBa Q; = Q] mpn cpasneruu dopmya (3) u (2) nocTaTouHOo
JOKa3aTh NEpBOe TOXK/JECTBO H3 CAEAYIOIHX ABYX:

4 4]

fQ‘;qu(t)dti—ﬁdet=fdt{&fff—;—VUVUdm}. (23)
t

to fo

BTopoe TOXIeCTBO CTAHOBHTCS OUEBHIHHIM, ecan nuddeperunan
Maccel dm B dopmyde (23) 3anucath B BuIe p dR.

Toxpecrso (23) MoxHO AokasaTh, npeo6pa3ys MpaByld 4acThb
chaeayomuM obpasom. Haure npeobpasoBantie IONycTHMO, NOCKOJb-
Ky, Kak u panbie, VUVU = O (1/r%), 6narogaps ueMy deThipexkKpaT-
Hbl HHTErpai mo NPOCTPAHCTBY W BPeMeHH cXoaHTCH abCoMIOTHO, U,
ClielOBaTENIbHO, MOXKHO MeHSATb NODPSAOK MHTerpupoBaHusi. ITpexne
BCEro, BOCMOJb30BABIUHCH JarpaHXeBoil CHCTEMOH KOOpPAHMHAT, ABH-

'} Tag, paccmarpusaemuie B [82] uuTerpansr me cxomstes, a B [7] Touwnmil
CMBIC/I NPHHATHIX TaM 3a OCHOBY AONYIIEHHH, KaK HAM KarKeTcs, He BMOJHE fCeH.

%) Morse M, The Calcuius of Variations in the Large, New York, 1934;
Bauce Ox. A, Jlekund no BapHaUHOHHOMY HCuHc/eHmio, M., 1950,
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x(ylueﬁc;{ BMeCTE C KHIAKOCTBIO, Mbl HENOCPEACTBEHHO NHOJdyyaeMm
COOTHOIIEHHE

fdt{%fff%—VUVUdm}ztfdé{fffuiﬁuédm}x
szfdm{j‘uiﬁuidt}, (24)

rae u; = OU/dx;. VHrerpupys no uacrsm, AJs KaxJI0# YacTHIb
WHAKOCTH HaXOILHM COOTHOLIEHHE

f u, S, dt = [, 3%,]) f a;3x, d¢, (25)

rae a; = du;/df oGosznavaer yckopenue,

W3 ypapuenuil gsuxenus (ni. I, (2)) CHeNyeT, uTo eCH MOXKHO
npeHeﬁpe% ruIpocTaTHIeCKOH noibeMHON cunoit (§ 21, Teopema 1),
TO —@; == Op/p0x;, ¥, CJAENOBATENBHO,

div(p 3X) = z 8x; (—(%%)—{—p div (3x) ==
= Yox(52)=—s Y, adx, (26)

rak Kak div (8x) = 0 gna HecxkumaeMOH XUIKOCTH. AHAJOTHYHO
div (Udx)= X udx,. Cuoa noxcrasam dopmyay (25) B nocae-
Hee BrIpaxeHHe B popmyne (24) u, KpoMe TOTO, BOCHOJB3YEMCS [J151

npeoGpasoBanns {24) dopmyaamy (26) ¥ aHaJOTHUHEIM eMy COOT-
HOUIEHHeM. MBI HOJyuuM CJAefVIOUHH pe3yabTaT:

[ [ aridiv U+ [ [ dR{fdiv(pr)dé}. (@7)

Tak kak p = O(1/r%), & = O(r) n dR = 4nr’dr, yeTnpexkpar-
MBIl HHTErpaljd, Kak H pasblie, cXomurca abcomotHo. IloaTomMy Mt
MOXeM M3MEHUTh NOPAAOK HHTEIPUPOBAHHUS M 3aTEM, IDHMEHHB TEO-
peMy o AHBepreHu## !), NONIYYHM PABEHCTBO

8f‘Ta’tz[fprandS]h—i»frldt{ffpﬁxndé’}. (28)
fo Ay ty Ay

ty
') Uro6sl onpasaarh Takoe NMpHMEHeHHe, HEOCXONMMO BOCHOJB3OBATHCH TEO-
pemoft Jlarpanxka o ToM, YTO YaCTHiB MKHAKOCTH, CONPHKACAMOINHECH C TBEPAbIM
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3necy 3x, ofo3HAYaeT COCTABJSICLIYID BexkTOopa 8X, HOPMAJBHYIO
¥ ofuelf rpaHnue S TBepAOro Tena W XHUAKOCTH. Tak Kak TBepaoe
TeA0 U KHAKOCTb CONPHKAcaloTcst, To B 0003HaueHusx GopMydbt
(20) 3x,= 3 N,3q; B uactHoCTH, 3%, = O B TOUKax fo u 4 u mep-
BhIY usieH B NPaBoil wacTH paseHcrBa (28) ofpamaercs B HyJb, Tak
kaK 8g;(fy) = 8¢:(#;) = 0. V3 paBencrpa 3x,= X N,3q, Mb noay-
4UM TakkKe B cuiy dopmyan (20) caenyioulee BHpaxKeHHe:

[ [pox,as=2 [ [ pNi3q,ds =Y, Q;%..

S
IToxcraBHe 3TO B paBeHCTRO (28), noJiyuuM COOTHOLIEHHE

£ %
atf Tdt:o+tf Q2 3q, (9) dt. (29)

2710 COOTHOIIEHHE HOKa3biBaeT ToxpaectBa (23), coeloBaTesbHO,

Qi = Qu
§ 110. OgHoponHOCTH

Pumanoso muorooGpasue V, onpenensiemoe dopmyaoit (19) no
npocTpaHcTsy Kono¢urypauuit Teepioro Tenma X B GecKOHeyHOH
HleasbHON JKMIKOCTH, 3aMeYaTesJbHO TeM, YTo OHO ofJjajnaer mpoc-
Toll TpaH3WTHBHON TFpynnmoft «u3oMeTpuily (ABHMXKeHUH TBepAOro
Tesa), OCTABASIONIMX HHBapHaHTHHM dS. Ilo coBpeMenHofi mMaTeMa-
THYECKOH TEePMHHOJIOTHH OHO SBJASIETCS OOHOPOORLIM NpOCTPaH-
cT80M. JTO0 OODBACHAETCH CAGAYIOMIMM OYEBHIHBLIM TEOPETHKO-rpyn-
TIOBHIM NPHHIUNOM OTHOCHTEABHOCTH: OTHOCUTEABHO pACCMATPUSQe-
MO20 TEAOG 6Ce NOAOMEHUR IKBUBAAEHTHb.. POPMaJbHO 3TO MOXKHO
BBHIPA3HTh CJleLyIOHIHM o6pasom.

Pasauunble nojioXeHus q=a, b, ¢, ... Te1a B NPOCTPAHCTBE
B3aUMHO OJHO3HAYHO COOTBETCTBYIOT PA3JHUHBIM HABHKEHHAM TBEp-
J0To Teaa, a, B, 1, . .. MePeMelalolHM TeJo H3 PHKCHPOBAHHOTO Ha-
yaJpHOTO nonoxenus orcuera 0 B nosioxkenus a, b, ¢, ... . ITosromy
MBI MOXEM OTOXIECTBHTb TOYKH IIPOCTPAHCTBA KOH(Hrypauui ¢
IJeMeHTaMu eskaudosod epynner [45, cTp. 259]. Kpome Toro, ecan
o €CThb HEKOTOPOe OTHe/bHOe JBUKEHHe TBepJOoro Teda, To JUIs Ha-
SonaTens B NOJIOXKEHHH & HOJOKEHHE aC NPeACTaBAseT s TOUHO Ta-

Tesiom, 06pasyior umsapuantnoe mmoxecrso ([11], 7. 1, m 50). Hyxuo rtakxke
OTMETHTb, YTO TIOBEDXHOCTHHIE MHTerpaist or LAx, W pixy,, B3ATHe NOo GOJbUIMM

cdepaM, CTPeMATCA K HYJI0, Tak Kak d.x, = O (f u df) =0 (/r®).
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KHM Xe, KaKuM ¢ npeacrasisietcs nabmogarenio 8 0, HOCKOIBKY
BCE AeKapTOBbl CHCTEMDbI KOODAHHAT 3KBHBAJCHTHH. HOSTOMY Lrpyn-
na NepeHoCoB» o->ao He MOXKeT H3MeHHTh MeTpHKy (19), onpene-
JAAEMYI0 KHHETHUYeCKOH sHeprueil.

Ilyctp Tenepn o u3MeHserca: paccmarpuBast V Kak rpynmosoe
MHOrooGpasie eBKJAHAOBBIX TPYIN, Mbl BHINM, YTo V HMeeT «mnpocto
TPaH3HTHUBHYIO® !) rpynny «usoMerpuil» (1. e. ABHKeHWH, ocTa-
BASIOLIMX HHBapHaHTHOH Merpuky ds?). Tlomo6Hoe MuorooGpasue
Mbl 6y/leM HA3BIBATH PUMAHOBHIM 2PYNNOBLIM MHO2000pA3UEM; U Mb
BCerda MOKEM DACCMaTPHBATL H3OMETDPHH Kak JieBble HEPEeHOCH!.

KpoMe 13/10:K€eHHOr0, MOXKHO Ce/aThb elle OJHO TEOPETHKO-TPYI-
noBoe 3ameyanune., «CTALHOHADHBIM ABWXEHHEM» B JHHAMHKE Ha3bl-
BAIOT JBHIKEHHE, KOTOPOe, eCJH PaccMaTpUBaTh €ro no OTHOUIEHHIO
K OCSIM, CBSI3aHHBIM € TeJIOM, He 3aBHCHT OT BpeMenu. Kak u B dop-
myne (13), ycxkopenwe ¢ craumonapsoro ABIKEHHS YBeJHYHBAeT
3HAYCHHE Qi=2d(T”qj)/dt+(6Thkj6qi)qhqk Ha seauwunHy Ty;q;.
CaenoBatesnbHo, A TOrO YTOGBI MOJYYHTH CHABI NPH HPOH3BOJb-

 HOM JIBHXKEHHH, Mbl IIPOCTO MOXKEM CJOXKUTb CHJIbI, COOTBETCTBYIO-

HiHe YCKODEHHIO ( B3 HauaJbHOTO COCTOSHHS TOKOS, PaccMOTpeHHbie
B § 100—102, u cuanl, ReficTBYIOLIHE IPH CTALHOHADHOM IBHIKEHHH.
Tak, ecin MBI XOTHM ONpENENHTb CHJBI, AEHCTBYIOUIHE HA TBEpROE
TEJIO NIPH €ro CTAYUOHAPHOM OBujiceHuy B HAeaNbHOA (T. €. HeCKH-
MaeMOH HEBA3KOH) MXUAKOCTH, TO MBI MOXeM ONPEHENHTh CHJHI
v npu JawboM aBExenud. [losTomy Mbl orpasduMMcs 3ana-
uell onpeneseHAs cha, AeHCTBYIOIIHX HPH CTALHHOHADHOM JBHIKe-
HHH.

Xopowo H3BeCTHO?), 4TO €ZMHCTBEHHBIMH FeOMETPHUECKH BO3-
MOXHBIMH CTAUHOHAPHBIMH JBHXEHHSIMH TBEpPLOrO T€Aa B eBKJHIO0-
BOM NPOCTPAHCTBE ABJSIOTCA MOCTYHATeNbHOE H Bpallare/ibHOe ABH-
MEeHHA C MOCTOSIHHOH CKOPOCTHIO W BHHTOBOE NBHKEHHE ¢ (HKCHpPO-
BAHHBIM LIArOM H TOXKE C NOCTOSHHON CKOPOCTHIO.

o onpenenennio, ecin a(f) — CTAaUMOHApHOE JBHXKEHHE, TO CMe-
HeHue o, HeoOXoauMoOe Aast nepexona ot a(f) x a{f + k), sasucur
TOJILKO OT /1, T. e. ¢ ecTh o(h). [Toatomy

a(0)s(h + h')=oa(h+ k') =a(h)o (k') =a(0)s (k) o ().
CokpaTuB B paBeHcTBe cjeBa Ha Beauunny «(0), nosyuum Torza

o(h + h’) =o(h)o(h’); cneposarensuo, nepemeuienus o(h) o6pa-
3YIOT OOHONAPAMETPULECKYIO RO0PYNAY OTHOCHTENbHO KAHOHHYECKAX

"} Tlon sTum nogpasymemaercd, 4TO 0P A3HHEX ©,T € VcyilecTsyer onmo
H TOJNBKO OIHO ¢, TaKoe, 4To ol = T. Mbl Npeanosiaraem 3Jech HEKOTOPOe 3Ha-
KOMCTBC C JieBMM MepeHocamy aGeTPakTHOH rpynnoi.

%y Cm., nanpumep, Ames J. S, Murnaghan F. D, Theoretical Mecha-
nics, crp. 87,



§ 111, Cselenun us reopuu zpynn Jlu 221

napamerpoB '), a a(f} apasercs ee orobpaxkeHueM NPH H3OMETPHUH,
a WMeHHO npu rpynnosoM nepexoce o{f) ~>a(0)o(f) = a(f).

KpoMe Toro, Tak Kak MoJHasi KHHeTHUeCKasi SHePrus npu cra-
HMOHAPHOM JBHIKEHHH I[OCTOSIHHA, TO, OUEBHAHO, § = U MNOCTOAHHA
B COOTBETCTBYIOLIEM pHMaHOBOM MHorooGpasuu V. Orciona, cornac-
Ho § 108, npH cTauMOHAPHOM ABHKEHHH BeKTOpP cHIbl Q paBeH npo-
M3BEAEHHIO BEKTOpA Treode3HYecKoll KPHBH3HB OJHONAapaMerpHue-
ckofi noarpynmst o(h) Ha nocrosinayio vl CaexosarenbHo, cHAG,
dedicTeyrowias Ha T8eploe Teno Npu e20 CTAYUOHAPHOM O8uiteHul
8 ulea1bHoll HuUOKOCTU, NPONOPYUOHANLHA BEKTOPY 2e00e3uteckol
KPUBLSHbL COOTBETCTYOWel odHonapameTpudeckol nodepynnst eg-
Kaudosoll epynnet 'V npu nHadrexcaujeli «1e80-UHBAPUAHTHOU> MeT-
puxe g epynne V. A 31a NeBO-UHBApHAHTHAA METPHKA ONpejensiercs
BO BCex Toukax yke paccmorpeHHbiMu B § 100—102 «urnepuuanis-
abiMu Ko3gduunenramus» Ty (0).

§ 111. Csenenns u3 teopuu rpynn Jin

Teneps Mul BbiBeieM (GOPMYJly HJs Treojle3HYeCcKOll KpPHBH3HBL
OAHONApAMETPHUECKHX HOATPYRI NPOH3BOJBHOTO PUMAHOBOIO rpym-
TIOBOrO MHOrooGpasus. DTOT pe3ynbTaT, MeXIy NpOUYHM, Npeicra-
BJSI€T MHTEpPEC ¥ B reoMetTpuu rpynn JIu— 370 ellle OZHO CBHIE-
TEJLCTBO TOTO, YTO BCA MaTeMaTHKa Mo CYLIeCTBY eJHHa.

O6beM KHUTH He HO3BOJSIET H3JOXKHUTH TEODHI0 rpynn JIm gocra-
TOUHO MOJHO, IJIg TOro yTo6sl BCe noApOOHOCTH BHBOLA GLIJH SICHBL
Bee e xouerca NaTh JOCTATOUHO CBEJEHHH AJs1 TOTO, 4T06L MOXKHO
6bls10 YACHHTL cefe CMbIC OKOHuaTesbHO# (GOpMyab, no kpafxed
Mepe B cJyuae eBKJIHAOBOH rpynmbl.

Ecau TBepiaoe Teno ABHKETCS C €XMHHUHOH CKOPOCTBIO mNapad-
JIeJIbHO OCH X, TO CKOPOCTH JI000# uacthust Tena paera (1, 0, 0).
TloatoMy ecanm F(x;, X, X3) ecTh NPOH3BOJIbHAS (YHKUHSA, Onpene-
NeHHass BO BCeM TNPOCTPAHCTBE, TO CKOPOCTb H3MeHeHHS 3HaueHud
3TOfl DYHKUMH NO OTHOIIEHHIO K TaKOH yacTHue pasHa OF/dx;. One-
paTtop 0/0x,;, onpejeseHHH TakuM 06pasoM, HA3BIBAGTCA CHMBOJIOM
Jlarpauxka u BoIpaxaeT 6ecKOHeuHO manroe npeobpasosattie, CBsi-
3aHHOe C NOCTYNATEJNbHBIM ABUXKEHHEM TBEpJOro Tejaa B HanpasJje-
HHUH, napaj/enbHOM OCH X1

Ecau TBepioe TeNO BPAlaeTcs ¢ eHHHUHOHR YIVIOBOH CKOPOCTHIO
(OIMH paluaH 3a CEKYHILY) BOKPYT OCH Xy, 4aCTHIa C KOOpAHHATaMH
(x1, X3, x3) Gyxer umerh ckopocth (0, —xs, x3). CKOpOCTL U3MeHe-
Hust GOYHKUME F (X, X, ¥3) OTHOCHTEJNbHO HAHHOA HACTHIH DaBHA
X30F [0x3 — x30F/0xy. TToaTOMY Geckoneuno manoe npeobpasonanmue,
CBA3aHHOE ¢ BpalleHHeM OTHOCHTEJNbHO OCH X, BHpaxaercs

'} O Hux cM. B caepyouweM naparpade, — ITpus. nepes.
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caumBosiom JlarpaHma (nuHellHbiM AHQepEeHHNANBHBIM ONEpaTo-
poM) x20/0x3 — x30/0%2.

MTaK, B COOTBeTCTBHH C HIECTBIO CTEleHAMH CBOﬁOlIbI JABHXKEHHA
TBEPAOrC Teaa Mut §ylIeM HMeThb LiecTh GECKOHEYHO MaJsbix Npeob-
pa3oBaHmil, KOTOPbIe MOXKHO 3aHHCATh B BUJE

.0 . o i)

El—‘“éx_ly E4——JC2-5;3~ )C3 0X2 *
¢ ¢ a

Egz':a'g, E52X3 5;;-‘*—)(71'0*5, (30)
0 [o} i}

Es= 550 Eg= x5 — % 55, -

VM cooTBeTCTBYIOT ReKTOPHBIE NOAsL (moast ckopocredt) (1, 0, 0),
(0, 1, 00, (0, 0, 1), (0, —xa, x2), (%3, 0, —xy), (~x2, Xy, 0).

Peayaprar AeficTBHS nosg ckopocTefl (6ecKOHeyHo MaJioro npe-
obpasosanusi) E; B Teuedme BpeMenn [ o6Go3Hauaercs uyepes
exp(tE;); takum obpasom, exp(2E,) o6o3Hauaer MOBOPOT OKOJIO OCH
X, Ha ABa paauana. Ecan £ < 0, To exp ({E;) Gyner o6o3nayars npe-
o6pasoBanue, obpartHoe npeoGpaszoBaHuo exp(—IE;). Takum 06-
pasoM, AAs BCeX AeHCTBHTENBHBIX f, ¥ HMeeM TOXKIEeCTBO

exp (tE) exp (uE)) == exp ({t+u] E)). (31

Kanonuneckumu napamerpamiu, Hanpumep €BRJHAOBOHR rpynmns,
Ha3bpIBAOTCH TapaMeTPHUeCKHe NPEACTaBJACHHST <«TBEPALIX» IBHKe-
HUH npy¥ TOMOUIH BEKTOPOB, TaK 4YTO ABHMKeHHe TBEPIOTO Teja, KO-

TOpoMy coorBeTcTBYeT Bekrop t = (4, ..., f5), npencrasaser coboii
KOHeuHoe npeobpasoRanue
exp(HE,+ ... +1Ey), (32)

KOTOPOEe BbIpakaeT NOJHOe nepeMellleHHe Tesia NPH BO3AeHCTBHH Ha
Hero nojs ckopocreft LE; + ... 4 f5E B TeueHHe e IHHNIB BpeMEHH.
Haxoneun, ckobxa ITyaccona, unn xommyrarop [E;, E;] nByx Gec-
KOHeUHO MaabiX npeobpazosanuit E; n E; onpegensiercs kax XBOH-
HOH npenen \
: i :
f;I:srg() [-57 exp (—¢E;) exp (—uE;)exp (¢E)) exp (qu)}. (33

Hssectno, uto 3TOT mnpejen npeiacrasiaser co6oil auddepen-
uaJbHB onepatop ')

QF® aFBY 3
— — m OFi i 9%
EE,— EE, ;k; (E, g —EP ) e (34

') Samuce E:E; Bciofly 03Hauaer, yro cHauana NpUMeHseTcs onepatop £:.
a notom £;.



§ 112, Cunvt u xommyraropst 223

KOTOPHIH. MOXKHO JIETKO BBIYHCAHTL, Tax, Hanpumep; B caydae es-
KJAHI0BOH TPYNNB NOAYYIHM TOXKIECTBA:

|Ey Esl==I|E;, EJ=0:
[Ey Esl=—Ey |Ep Esl=—Es, (35)

C nomouislo ouesuaHoro roxupecrsa [E; Ej} = —[E; E;}, us.xo-
TOPOrO, B HacTHoCTH, caenyer [E;, E;] = 0, u nnkanuecKkux nepecra-
HOBOK HHJIEKCOB B TOWIecTBax (3D} MOXHO BBHIYHCJIHTDL TAKMKE H BCE
apyrue ckobxku Ilyaccona Ey, ..., Es.

urepecHo OTMETHTH, 4TO B cAyyae GeCcKOHEYHO MasblX Bpaite-
unit E,4, Es, Es, ckoGka [E;, Ej] ectb npocro BHeuiHee, WM BEKTOp-
noe, npouspepenve E; X E;. Onsre-raky, ecann E; u E; (unn sksu-
BajienTubie exp ((E;) u exp (uE;)) nepecrancsouns:, tax uro E;E; =
= E;E;, ro{E;, Ej] = 0, u naoGopor.

3ameTuM, uTO B TOXAecrsax {35) Bcerna cnpaBefANBUO COOTHO-
wmenne

[En Ej}= ; ¥’ En (36)

riae c¢F — cooTBerTcTByWOiMe nocrosuueie, OcHoBras Teopema Jim
3aKAIOYAETCS B TOM, YTO COOTHOLIeHWs, aHajtornymeie (36), cmpa-
BeAJNHBH A8 40001 KoHeyHo-napaMerpuyeckofl rpynnel. [locrosn-

uste ¢ HaswBaoTCs CTPYKTYPHBIMU NOCTOAHKBIME TPYILI K Onpe-
LEeJSI0T TPYIIY ¢ TOYHOCTBIO 0 H30MOP(hHIMA.

Mb! HafieeMcs1, 4TO TIPUBEIEHHABIE TONBKO ¥TO OODBSCHEHUS NO3BO-
JST DOHATH H3JNaraeMele HUXKe DE3YJLTATH, jlaxke HeCMOTPH Ha TO,
4TO BX ZOKABATENbCTB2Z MOXKET NOHATH JHIMIb TOT, KTO VXKe 3HAKOM
¢ Tecpurelt rpynn Jlun.

§ 112, Cuanst 1 XOMMYTATOPB

Iycts Teneps ¢ — mpoOH3BOJIBHOE 7-NaPAMETPHYRCKOE PHMAHOBO
rpymnuosoe MuorooGpasue, ¥ nycre € — gofas ofHonapamerpuue-
cxas noarpynna rpymnel (, nopoxierHas OeCKOHEYHO MajblM npe-
o6pasopanueym E.

B rpymnne G BOau3u TOXKAECTBEHHOTO NpeobpasoBaHus Bceraa
moxuO ([78], cTp, 47) TaK BBECTH KQNOWUNECKUE NApoMeTps ¢ 6a-

3HCOM H3 (ecKoHeYHO Masblx npeoGpasoBanuit E;, Es, ..., E,, uTO
ecan g = (g1, .. gn) — M0GOH ZOCTATOYHO MAJHIHR BEeKTOPHHHI ane-
menT rpynnst G, T0

q=exp(g,£1+ ... +9.L,). (37)

C nomoipio storo o6obmenns GopMyan (32) MOXKHO NOAYYHTH
enenywinee ofobimenune roxaecrsa (31):

Mpq=QA4+pq (38)
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rae r-s o6o3HayaeT («rpynmnosoe») NpoHsBeleHHe r u s B rpynne G.
Teneps paccMOTPHM reofe3HUECKYI0O KPHBH3HY noarpynnsl C npH

q=0 B Merpuke ds?= T,;dq;dq; B cuny § 108, ee Bennuuua
NPONOPUHOHAABHA CHeYIoLiell BeJIHUHHE!
d (07') ar

. 0Ty - -
Q= %

d : 1
g x"g{“(riqu)m'?“ oq; Indr=

" v 9T - 1 6Th - - oT; 1 ary
== ika"f‘%"a‘&%Qh““z“”@f&‘qh%ﬁ?ﬁ“?“@%' (39)

Tak Kak ¢y = 1, ¢;=0npu j=2, ..., 7 u g» = 0 npu scex & D10 —
BuIOu3MeHeHHbIH Tensop Kpucroddens (137); cornacuo § 110, xo-
s¢duuuest nponopuuonanbrocTd v? = T NOAXOASILIHM BBIGOPOM
MacmraGa BDeMERH MOXKHO CBecTH K eauHuue. B xoHeumoM cuere
B JeHCTBHTENBHOCTH HAc HHTEpPecyeT He reojesHuecKkas KPUBH3Ha,
a seauunHa Q, Tak uro BOmpoC O Ko3dbhHUHEHTE MPONOPUHOHAb-
HOCTH HE AOJIKeH HAC 32HHMAaTh.

BoiuHC/HM Teneph YACTHBIE NPOH3BOJAHBIC, BXOAMLIHEe B MOCAS-
"o H3 dopmyn (39). das 3T0ro 3aMeTHM, UTO, MO ONPEHENEHHIO,
GeckoHeuHO Madabli BekTop dq’ ¢ Hauanom B exp(fE;) sksuBasieH-
TEH [PH JIeBOM CABHre OECKOHEYHO MaJOMy BeKTOPY dq ¢ HauajoMm
B TOXjpectTBenHoM npecbpasosanuu 0 TOrAA M TOJNBKO TOria, KOraa

exp(tE;+dq')={exp(tE))} - dq. 40)

Ho npasyio uacte Boipaxenus (40) ¢ NOMOIIBIO Pa3/IOKEHHS
B pan llypa — Ksmn6eana — Xaycnopda !) MoKHO npencrasurh B
BHJE

(exp (E)} - da=exp (B, +da-+ F4[E, dal+ ...). (1)

e ONnyIieHb WIEHBl, COfepxalike { Bo BTopoH creneHd. [Tockoabky
dq n dq’ 3KBUBaJIeHTHbIE O@CKOHEUHO MaJjble, OTCIONA CJIEAYET COOT-
HOLIeHHE

4 I 7 »
dq=dq’' — 5 t[E, dq'l+.... 419
2

Teneps,3anucas, 410 dq=dgF1+ ...+ dg.E,y ndq = dqiE; -
+ ...+ dgaEy, nonyuum, no onpejeseHnio, nogoGuo dopmyae (36)
cjenywlliee paBeHCTRO!

[Ey, dq'l=4dq}[E,, E;|=dqc}/E,.

'} Ora gaaccHyeckas GoOpMyna AOKazaHa NDH BeCkMa OGWIHX YCHMOBHSX HA
crp. 92 crathu astopa <«Analytical groups» (veopema 14), Trans. Am. Math.
Soc., 43 (1938), 61—101,
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IToacraBus ero B BeKTOpHOe ypaBueune (417) u npupasuusas coor-
BETCTBYIOUME KOMMOHEHTHI, MOJAYYHM OCHOBHOE COOTHOLICHHE

’ 1 ’
dg,=dq,—<te/dq;+ ..., (42)

rjie oT6poLIeHbl UJIeHb CO CTENEeHAMH ¢ BhIILIE NEPBOH.

Ho, no onpenenenuio pumaHOBOro rpynmnosoro MHOrToo6pasus,
ds? MHBADHAHTHO OTHOCHTEJIBHO JIeBbIX mepeHocos. ITostomy, B cuny
ycaosus (40) w coortHoweHust (42), MOXHO 3anucaTh CASAVIOU(HE
paBeHcTea:

dq,T,,(t£,)dq,=dq,T,, (0)dg, =

= (g, — g tei/ 4q)) T, 0) (dg; — 5 tct dg;) =

=dg, Ty (0)dg,— 5 ¢ el dq; T, 0) dg}~+ci dg, T, (0) dqy}
C TOYHOCTBHIO JO 4JIEHOB BblIlIe nepsoifl creneHu orHocurensno f. [le-
pecTaBisisi «HeMble HHIEKCHI» CYMMHUpPOBaHuUs f, A u [, k B QUrypHBIX

cko0Kax, 9To0nt NpUPaBHATb KO3 (HUHEHTH, NOJyYaeM COOTHOIIe-
Hue

1 .
TiaCE) =T (0)— 5 t [T, (O)+ T (0)} + ... .
Teneps, nponuddepennuposar no £ U 0603uauus 06a UHAEKCA CYM-
MHpOBARHA uepes f, noayuum opMyay

oT 1 ‘
T = [P T+ Ty} mpu 0. (43)

Hanee, nogcrasus ¢opmyny (43) B suipaxenne (39), monyuum pa-
BEHCTBO

4Q,=—2YT};, — 2} T, ;+ e T + ' T, .

Kpome rtoro, B cuiy usBectHolt aHrucummerpuu [E; E\] =
= —{E), E;] nonyuaem A/ CTPYKTYPHBIX NOCTOAHHBIX — C¥ ==c’! u
¢'==0. TloxacraBass 5TH BHIPAXKEHHS B NpPEABIAYILYIO (opMmyny
¥ COKpalllas Ha ueThipe, MBI NOJIyuaeM OKOHYaTesbHYIO dopmyay !)

Q= C? le' (44)

1y dopmyaa (44) 6wsa moayuena 8 1945 r. Ixonom Bpefixysanom u aBro-
pom }aeaasgcgmo ;x(pyr or apyra. CM. Abstract, 52—7—242, Bull. Am. Math. Soc.,

52 (1946), 617,
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QueBHAHO, YTO B CJyyae CTALHOHAPHOTO ABHKEHUS BAOJbL OCH
E;, cootsercTBylomas ¢opmyna GyNeT uMeTs BHI

n n
Qi = jgl c?l T’*i = ]gi c?i Tfii‘ (44%)

CraepoBatenbuo, 048 CYULECTBOBAMUS CTAUUOHAPHO20 G8UMERUI
HACTHYBL 8 HEKOTOPOM PUMAHOBOM. 2pynnosom mrozoobpasuu G
s8doae Ey Tpebyercs erewrsas cuaa (44%). Jpyramu  croBami,
¢*Ty;/ Ty, (cymMMHPOBaHHe 5O j, HO He IO f) ecTb reofesnyecKas

KPHBH3HA OJHONAapaMeTpuueckoil noarpynnst exp (£Ex) Ha rpynne G.

Ecan Mel BHGepeM HOpMasbHBIH opToroHasmsHeil 6asuc Ey, ..., En
B MeTpHKe ds? npu 0, To 3Ta KPUBH3HA GYAeT PaBHATbCH IIPOCTO CL"

§ 113. Hpunoxenus

Toabsysick Tosbko obmedl popmyaoit (44%) ¥ COOTHOULICHHAMH
KOMMYTATHBHOCTH (35) eBKJAHNOBOH TIpynmbl, MOXHO BbIBECTH
BEIp2XKEHHE [l BHeUIHed CHJIH, KOTOpas Heo6XOAHMa, yToObl moj-
AepKHBATH CTALHOHAPHOE NMOCTYNATENbHOE WJM BPAlaTeabHOE [BH-
Kenne B Hieanabuod xugkoctu. (Cuiaa, ¢ KOTOPOH KHIKOCTL Aefi-
CTBYET Ha TeJO, KOHEUHO, PaBHA 3TOH CHJIE N0 BEJIHYHHE U NPOTHRO-
MOJIOXKHA NMo Hampasienuio.) Tak, npu crannoHapHoM mepenoce £,
BJOJIb OCH Xy 9Ta CHJIA PaBHa

0, 0, 0; 0, Ty, —T). (45)

AHaJOrHYHO NPH CTALHOHAPHOM BpauieHHu Ey ¢ yriioBo#t CKOPOCTHIO
B OJIMH PajyaH 32 CEeKyHILY BOKPYT ocu Xx; Tpefyercs cunia

0, Tyso — T3 0, Tygo — T'pg). (46)

Sto xnaccuueckue dopmynsr Kupxroda u Kenpeunua!); samerum,
yto hopmyaa (45) ceoputcs K 0 (cranHOHapHOe ABHKEHHe NPH OT-
CYTCTBHM BHEUIHHX CHJI), €CJH TEH30D KHHETHUYEeCKOH 9Hepruu
3

> T.iq:9; nocrynareasroeo dsuscerus nuaronanusuposan. Huaue ro-
i,f==1

BOpPS, CTALHOHAPHOE MNOCTYNAaTeNbHOE [BHKEHHE [PH OTCYTCTBHH
BHEIIHHX CHJl (TEOpPETHYECKH) BO3MOXKHO BJOJb IVIaBHBIX ocefi TeH-
30pa KMHETHYECKOH 3HEPIHH NMOCTYNATEJBHOTO [IBHXKEHHsl U HH B Ka-
KOM ApyroM cayuae ?),

1y Ornocutensuo Gopmynst (45) om: {7}, n. 124, dopmyna (4); » § 125 n3
[7] dopuyna (46) nana HeABHO; CM. TaKXe npuseleHHyio Tam GuGanorpaduio.

%) VcroBumBoCTh TAKMX NOCTYNATeNMBHEIX  JABUmewn#f sccaegosan  Ur-
sell H. D, Proc. Camb, Phil, Soc., 37 (1941), 150—167.
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Hecyorps Ha TO uto npexuliecTByUine GopMyJbl cyry6o Teope-
THUECKHE M 4TO CTAIHOHAPHOE NOCTYMaTeJNbHOE [IBHKEHHe HpH OT-
CYTCTBHH BHEIIHHUX CHJ (DH3HUYECKH HEBO3MOXKHO, dopmysa (45) naer
KJaaccHueckoe OOBACHEHHE CTPeMACHUIO NAOCKOI NAACTUHKW CTAT6
wWupoKot, CTOPORON NePneHRUKYASIPHO K Teuenuno. Herpyauo noka-
3aTh ¢ noMowpio (45), uro ycroduuseim GyHeT CranHOHApHOE HO-
CTynaTe/bHOe [BHIKEHHE BROJNb IVIABHOH OCH, COOTBETCTBYOIeH
MAKCUMAABHOMY KOMMOHEHTY TeH30pa KWHeTHYecKoil 3Heprau. DtoT
BBHIBOX KAYECTBEHHO COTJIACYeTcs ¢ SKCHepHMeHTOM.

B kauecTBe Apyroro npusioxenus obuieli dopmyan (44*) Mbt
MOXEeM. OTMETHTh, 4TO cocrasisiomas o80OMeHHOH Ccuibl paBHa
HyJAl0 B M0GOM HanpaBJieHHH, COOTBETCTBYIOIleM OecKOHeyHo Ma-
JoMy npecOpa3soBaHuIo, MEPeCcTAHOBOMHOMY € PAacCMaTpPHBAEMBIM
CTAUMOHAPHLIM JBHKeHHeM. ITo chelyeTr H3 TOro, 4TO eCaH
[En, Ei} = 0, To Q; paBHO HyJII0.

YKazaunoe CROHCTBO Jaer TeOPeTHKO-IPYInoBoe oBOCHOBaHHE
napanokca JanamGepa. CranuonapHoe HOCTYHaTeNbEOEe JBHXKEHHe
BaoAbL J0Golt ocH He BHI3HWIBALT (TEODETHYECKH) HHKAKOLO IPOTHBO-
JaBjennsd, a TOJLKO BpAILATENILHBIH MOMEHT, OCKOJLKY BCE NOCTY-
narenbHele JIBHKeHHs NepecTaHoBOuHB., Tak Kak mocrynatesbHble
¥ BpallaTebHbie ABHMKEHHS OTHOCHTEJIBHO OAHOH M TOH XKe ocH ne-
pecTaHoBOUHE, NOCTYNATENbHOE ABHKEHHE He BLI3BIBAST W HHKAKOr'o
BpaniaTe/bHOr0 MOMEHTa BOKPYT OCH NepeHoca, — OCh MOMeHTa nep-
NEHAHKYASPHA OCH NOCTYNATENBHOIO ABHKEHHH,

To xe camoe paccyXAeHHe HENOCPEACTBEHHO NPHBOAHT K TOMY.
YTO MOMHO Ha3BaTh napajokcom nponesiepa, Ilpu BUHTOBOM ABH-
JKEHUH BOKPYT OCH (B KJacCHuecKoll TeOpHH) HeT HH NPOTHBOZAaBJe-
HUSI B HANpPAaBJEHHH 3TOH OCH, HH BPalATEJbHONO MOMEHTa OTHOCH-
teapHo uee! Tlostomy nnst BHHTAZ cCaMojera MJM IAs KaKoro-nubo
apyroro npeamera, o6iafaloliero n-KPAaTHOH BPAATENBHOH CHM-
MeTpHell OTHOCHTEeNbHO 3TOH ocH (n > 1), BCe KOMNOHEHTHI CHJIB
(TeopeTHuecKu) paBHu! HyMO 1),

Kax nokasano B [2], r1. V, § 14, npupeseHHble pe3yabTaThl MOXK-
Ho 06GoOIWMTL Ha cayyalt BooOpamaeMblx aGCOMIOTHO TBEPIBIX Tes
B HIeaJbHOH XHIAKOCTH, 3aNOJHAIIIEH Heeskaudo80 npoCTPAHCTRO.
Onanago Mb He GyleM TNPHBOJHTH 3TOr0 3[e€ch, NOCKONbKY (uaHue-
CKOe 3HaueHHe TAKHX DPe3yJbTaTros jganeko He sicHo. OcHOoBHOe Xe
COCTOHT B TOM, YTO KAQCCUHECKYIO TEOPUio Osuicenus abCOAIOTHO
T8epB020 Teal 8 UOLAAbHOL MCUOKOCTU MONCHO PACCMATPUBATL KAK
uacre Teopun J1u 00HOPOOHBLX NPOCTPANHCTS ?).

1y Tax Kak 067aCTh BHe NPONENIEPA OAHOCBASHA, TO 3T0 NOJOMEHHE HOAB3A
HCNPABUTh BBEACHHEM «UMPKYASHHH» BOKPYI Jjonacrell mpopennepa — Ges 3Havu-

TeJBHKIX OTOBOPOK.
2) Wesaaane K, Teopus rpynn Jlu, WJI, M., 1. 1-2, 19481958,
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§ 114. CrokcoBo 3aryxaHue

B cayuae Maanix xosnebauuil narpaHXeBsl METOAB MPeibIAYILHX
naparpados NPHBOAST K BHIBOAY O HAJAHYHU NPHCOSIHHEHHON Mac-
ChHl, H3-3a2 4ero yAJIHHSAeTCs nepuoj cBoGOAHBIX KoaeGauuil, HO 3a-
TyXaHus KonebaHui oHu He naior. IlepBoe TeoperHueckoe HCCaeno-
BaHWe 3aTyXaHHd CBOOOAHBIX KoJeGaHHH, BEI3BAHHOTO BA3KOCTHIO,
6uuto Beimosineno Crtokcom B 1850 . Ilpu atom Croke npeneGperast
KOHBeKuHelH, uto 00OCHOBAHO B Clyuae AOCTATOYHO Majbix Kojeba-
HUH, H JUHEeapH30BaJ ypaBHeuHs ABHXKeuus. BeaencTsme stofl -
HeapH3alyy OH MOJYUHJ «JorapudMuuyeckuil AekpeMent» (onpege-
JisleMblil Kak JorapudM OTHOUIEHHs] AMILIUTYH MOCA€L0BATE/NbHBIX
KoneGaHuil), KOTOPHIl He 3aBHCHT OT aMIVIUTYIbl. Mbl KPaTKo H3-
JAOXKHM CXEeMY BBIUHCJEHHH,

[Tpu oO6bIYHON TPaKTOBKE NOLBEMHON CHJBI JIMHEaPU30BaHHbIE
YPaBHEHHS JBHXKEHMS CBOAATCS JIMIIb K YPaBHEHHIO

a v
o =4V (47)

Mpbl MOXeM HCKIIOUHTH p, NPHMEHHB K o6enM croponam (47) ome-
pauuio porop. O6osnauus Buxpe V X u uepes §, noayunm cienymo--
Ilee ypaBHeHHE

9%
5 = V%, (48)
B cayuae sbinyncOerublx CHHYCOHZANDBHBIX KOJMEGAHHH NMOCTOSH-

HOH aMIIMTYABL B YIJIOBOI YacTOTH @ ypasHeHue (48) sksusaneur-
HO YDaBHEHHIO

V4 = ()¢ N CLY

Ilpn atoM MBI NpHAepXKHBaeMcH OOBLIUHOTC COTVIALeHus, yTo Puau-
qeckull BHXPb CKODOCTH €CTb OelCTBUTEAbHAA YacTh KOMILIeKCHOH
(YHKIHH HPOCTPAHCTBEHHBIX KOODJAHHAT H BPEMEHH, aHANNTHYECKONR
110 BPEMEHH.

B cayuae niockuX M OCeCHMMETDHYHBIX TeueHMH (T. €. B Ciyuae
monepeyHbix KoJjeGdHHH UHJIHHAPOB H NPOLOJbHBEIX KOJeOaHHi Ten
Bpallenyua) BEJHUYHHY § MOXHO BBIPA3HTb uepes CTOKCOBY (YHKIHIO
toka V. (Tak, naa naockoro rewenus { = V2V). Dto mamuoro yn-
pOLIaeT KpaeBble YCJAOBHA.

Heranun nosonbHo anuuHbIX Boiumcaennst ([13], 1. 3, crp. 22—54,
una [7], § 345—354) Mbl omyckaeM. Hasi cgepst paguyca a mnoa-
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HOH JHHamuuecKofl xapakrepuctHxoit samasiercs cuaa ([7], § 354,

(26))
—X=p-otven D5 i+55 1 +5 (5 + g},

-1/ %

DT0 3HAYHT, YTO NOMHMO Haxopmsiefics B ToH ke dase CHIB HHEpP-
. 1
UHY NPHCOENMHEHHOR MACCH 5 p - 06beM (X) (coraacko § 98), umeer-

Csi ele CHHYCOMIaJbHas cHJa ¢ aMIJHTYRol B 95 pas Goasinedt
H co casuroM ¢assl Ha 135° u apyras cunycouzanbHas cuila ¢ aMIaH-
tygoft B 95% pas Goabme#l u co caBuroMm (asel Ha 180° no orHoume-
HUIO K (rase KoneGaHuil.

INocaenuss cuia — 3TO OPOCTO COMPOTHBJIEHHE CTAUHOHAPHOMY
<«nos3yumeMy obrtexanuioy cdeps!, ABHKYMeHcs C NOCTOAHHOR CKO-
poctbio (§ 30). IlepByo Xe cuJly MOXHO HCTOJKOBATH KaK CHAY
TOPMONCEHUA NO2PAHUYHO20 CAOA, W TAKYH0 CXeMY Mbl PacCMOTDPHUM
ceffuac B obLeM cayuae.

(49)

§ 115. TopMoxenHe nOrpaHAYHOTO CJ0S

B 1850 r. Croke ({13} t. 3, ctp. 21) npexnmonoxun, 4TO «BO3-
HeHCTBHE MHUZKOCTH MOMHO BBIYHCAHTL ¢ BecbMa GoJbioH cre-
HEeHBIO TOYHOCTH, ©CJAM PACCMaTPHBATE KAXKIb{l 3JIeMeHT NOBEPXHO-
CTH TBEPAOro TeNa KaK 3JIEMEHT HeKOTOPOH 6eCKOHeYHOf MJIOCKOCTH,
xosnebmoniefics ¢ Toll xe aunefinofi ckopocreio». Xora CToke npex-
JIOMHJ 3TO TOJMBKO AMAS KPYTHABHBIX KoJebanuil TBepioro tesa Bpa-
HIeHHsT BOKPYr €T0 OCH, TO e caMmoe npubsmxenne OblIo npennio-
KEHO ¥ JJIs ManbiXx noctynaTesbHbix kogebaunit 1). [Nockonabky sta
ujlest BhITEKaeT M3 TeOoPHH norpasuyHoro caosa [lpanaras (§ 27),
€C/IM npeHeOpeub KOHBeKUHeH, TO BHIUHCIEHHYIO BHILE CHIAY Mbl Gy-
€M Ha3bIBATh CHJOH NOSPAHUHHO20 CAOS.

Jas cuHycouaanbHbIX NPOJOJbHLIX KOMeGaHHA €e MOXKHO JIErKO
BBIYMCAUTE. DTa cuia cABHHYTa o ¢aze Ha 135° oTHoCHTENBHO ABH-
xenus ([7], crp. 620). ITosTomy ecau F ecTb MakcHMaibHOe 3Haye-

HHE CHABl U —FE ecTp ycpeJHeHHAs CKOPOCTb pacCesiHus 3IHEPruH,
10, oueBunno, —E = Fq/2V 2, rxe g — MAKCHMaJbHas CKOPOCTh KO-
aebanuil Teproro tena X. Ho cpennss ckopocTh paccesHHs SHep-

Y Boussinesq J, J. de Math, 4 (1878), 835—376. Carrier G. F,
Prima R. C, J. Appl. Mech., 23 (1956}, 601—605, npepnoxuwim mnonpaBky
BTOPOro TOPSIKA,
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rHd B pacuere Ha 3JeMEHT NOBepXHocTH maomaxx dS pasma ([7}
crp. 620, (9)) seauunne

—dE=p}) F-1}(x)dS, (50)

rae ve(X) ecTb MaKCHMAJbHAs JOKaJbHAS TAHFEHIHAbHAS CKOPOCTH
B TeyeHHH Ditnepa. 3Haw vy(X), MGIKHO BBIYHCJIHATD —E u, cneposa-
TeJIbHO, CHAY F, npoHHTerpupoBas Beipaxenue (50) 1o nmoBepXHOCTH
Tena.

Tax, ecan I — cdepa paguyca a, 10 v¢(X) = (3:};’2) sin§. Mure-
rpupysi, mnoayuaem — E ==3mp Vve/2¢%2 CneposareibHo, cuia,
neficTByioIas Ha cdepy cO CTODPOHB MOrPaHHYHOrO CJIOS, paBHA

F=6mpg Vve = [~— o - 06bem (E)}( Vo ) =9m'S. (61)

Aganornynyio QOPMYJY MOMXKHO BBIBECTH AJSi CHHYCOHZAJbHBIX
KosebaHuil TBEPAOro Tena NPOH3BOJbHOH GopMul i),

IlpuMenus k ypaBHemuio (48) npeofpasosaHne Pyphe, MOXKHO
TaKKe BBIYKCJAHTEL Pe3YABTHPVIOIYIO CHAY B CJyyae MaJoro ABHMKe-
Hus TpH J06GoM ero nNpoTekaHud B npourtoM 2). OgHAKo OCHOBHOM
BONPOC TAKOB: APUMEHUMbL JIH TOJYu€HHblE TakMM oGpazom ¢op-
MYVJIBL, It €10 MBI ceffyac pPacCMOTPHM.

§ 116, KoneGanus ¢ Goabiwioi aMminTymoi

Xots uacel ¢ MasiTHHKOM cefiuac HMeIOT KyJa MeHbIIe 3HayeHud,
yem B 1800 r., ogHaKo 610 BHINOJHEHO MHOTO ONBITOB C TeM, YTOOB
npoBepUTh NpaBHAbHOCTH Gopmyan Crokca (49) 8). Ouesuano, yro
MHOMHTENb NPUCOENHHEHHOH Macchl B ¥ KO3(QHUHEHT 3aTyXaHHA
ABAAIOTCH PYHKIHAMH KaK OTHOCHTEABHON aMIJIMTYAB &, TAK H yHC-
aa Croxca S, K coxaneuunio, npg cBoGOJHOM 3aTYXaHUH BeNHYHHA
o — NepeMEeHHas, H B GO/ILIIMHCTBE ONBITOB OHA HE 3aMepfAach;
no 3TOH ¥ N0 APYrHM HPHUYMHAM 3HAYEHHe MHOTHX ONBITOB OCTaeTcH
HeSiCHBIM.

Toxaayil, HanGosee BaXKHBIMH JJ5 CAyuas GOJBIIHX aMILIHTYH
1 Maablx S sBasioorcss onbithl Kefinerama u Kapnenrepat) c uu-

) Lighthill M. J, Proc. Roy. Soc., A224 (1954), 1—23.

2y Rayleigh, Phil. Mag., 21 (1911) 697—710; eme panbme TaKHe
dopmyant noayunsid Boussinesg u Bassel

8 Mever O. E, /. . Math., 73 (1871), 31—68; Northway M. Y,
Mackenzi, Phys. Rev 13 (1901), 145—164; McEwen G. F, Tam e,
33 (1911), 492511, Marty L., J. de Phys. et Radium (Parisy, 6 (1936),
373—-382; Valensi J., Clarion C., Bull Soc. France Mec, Ne 8 Ri-
chardson E. G, Tait R L, Ost. 1ng~Archw 8 (1954}, 200—207. Hpyrue
CCHIARM RaHB HuXe u B § 103—i04; oM. Takxke § 31—32.

) Keulegan G. H, Carpenter L. H, J. Res. Nal. Bu. Standards,
60 (1958), 423—440,
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JUHAPAMH W MJACTHHKAMH, TOMELIEHHBIMH B KOJeGJMIOUIYIOCH MKl
koctb, [TonyueHnsle B 3THX ONbITaX AaHHbIE NOKa3bIBAOT JOGONBIT-
HYI0 33@BHCHMOCTb HPHCOGAHHEHHOH MacChl M 3aTyXaHHsy OT OTHOCH-
TeJbHOH aMIVIMTYAH, uero HeT B Qopmyne Crokca.

[lycre x == A sin §f ofo3uavaer 3aBucsiliee OT BPEMEHH CMele-
Hue, TaK uto T = 2n/§ ecTb nepHof, § = Pt — basza v um = AB— max-
cumadbHas ckopocts. Cuaa X(8) uamepsanach Kak QyHKuus ¢assl
seuny cummerpuu, X (8 + =) = —X(8). OGo3znauum HaMeTp Teaa
¥ yepes d, TaK YTO OTHOCHTENbHAT AMIVIETYHA paBHa a = 24/d.

Hns usMepennbix sHaueHuii ¢yukuun X(8) okasasnach noaxois-
weft noayaMnupuueckas dopmyaa

— X () ~cx| x|+ Mx. (52)

B ocrope 5Toft GOPMYJB JIeXKHT NPEANONOKEHHE, UTO Cuia
—X{§) momxkua OwrTe cyMMO# cuitel 0GOBOTrO conpoTHBJeHHR D =

1 : .
== pdx*Cp, NPONOPLUHOHANLHON KBAAPATY CKOPOCTH, H HHEDIHA/L-

Holt cuater Mx = (Wpd2/4)CMx OPONOPUHOHANBHON ycKOperuio. Ecan
6b1 peficTBuTeNbHO 610 Tak, T0 Cp ¥ Cpr MOMXHO 6blI0 GBI BbIYHC-
JTE 00 GopMYyiaM

b=17 gd f X (8) cos 0 d (53)

Cop=—st f X () sin 6 do. (53

ad2

Swmuupuueckd GblIO HafileHOo, 4TO IS NAHHBIX, MOJAYYEHHBIX NPH
Kosefaunsx ¢ Goabinofl aMIVINTYAOH, BHOJHE cnpaBeliHBa QOpMY-
aa (52), gorma sMmmupuueckue nocrosuube Cp u Cy onpeiensorcs
no ¢gopmynam (53) u (53"). Mamepennsle sHauenus noctossHeXx Cp
u Cyr 3aBHCAT B NEPBYI0 OYepelb OT OTHOCHTENAbHON AMIIHTY b
@ = 24/d wu cpasuurensno Mano!) — or yncaa Crokca S. I'padukn
usMepenHnix 3Hayenuii Cp u Cy H300paxkesnl Ha puc, 28,

Hurepecro comocrasutb (opMyay (52) ¢ ¢opmyJioit, Koropas
NOJNYYAETCS NMPH CTOKCOBBIX MPHOIHMEHHAX AJS Madod aMIIHTYIHI,
1. €. ¢ hopmyJo#

— XO)=c1x+mx, m={(m +my), (52")

1 Korna ? MOJKHO OXHIaTh, 4TO CBA3b ¢ g«umceaoM  Pefiwosnacas
Re = updfv = /252 6v1:e'r HMeTh Ooannioe sHayenue; oM, Bagliarello — patory,
wutnporannyio 8 § 103,
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rae m’— TeopeTHuecKas NPHCOSAMHEHHAs MACCA, & Macca BbiTec-
HEeHHOH XHIKOCTH — g = p-00beM (X). [as nnocko#i naacruuxy,
NOCTaBAEHHOH NONePeK TeYESHHS, WK IJIs KPYroBOIO LHJAHHAPA H3Be-
cro ([7], crp. 85), uto m’ = wpd?/4. B dopmyay (52’) meobGxommmo

3

! T 1 1

D 25 50 75 100 175
: s

Puc. 28. [Tpucoeansentasn Macca BUARHADPA (BEEPXY) M NNACTHHKY (BHHSY).

BKJIOUHTD YJIGH /Mg, TAK KaK NPensiTCTBHE YAEPKHBACTCHS HEHOHABHK-
HBIM B KosieOmomiefics KHAKOCTH, 3TOr0 cJarasMoro He Onijio 6HI,
ecan Obl NMPENATCTBHE KOJeGasoch B HEMOABHIKHOR XMHAKOCTH. D1y
Pa3HOCTb MOXKHO BBIUHCJIHTB, €CJH YYecTb, YTO B CHCTEME XKHI-
KOCTh NOCTOSHHOH [MOTHOCTH p ¥ TBEp/AOe TeNO NDH CHHYCOH-
HanbHBIX TOCTYNATeNbHBIX KOJNEGAHHAX BCell CHCTEMBI Ha TBep-
poe Teno X peficreyer cuia mex. Ouesnpno, uto X(8) He 3aBu-
CHT OT f.

Jas cpaBHeHus ObIH BbIYEpPUeHBl TaKKe KpHBbie 3HayeHHH
Cy — ANt UUAHHAPOB M NJIACTHHOK COOTBETCTBEHHO, — NOJYUEHHBIX
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no JuHeapusoBanuofi rteopun Crokca. OueBugHo, uTo GOPMYJH
CroKca COBepUIEHHO HENpHMEeHHMB K KojaeGaHusiM C Goabuioit
aMIJIHTYHOH.

§ 117. 3axaouuTtenbkbii naparpad

[leAb KHUIH — KOE-UTO BHECTH B HAYKY O NpHpOfe. 3aHMCTBY:
cnosa v Hseworona!), MoxHO 60 Ob CKasaTh, 4TO <«COUHHEHHE
3TO TIpeJJiaraeTcst B KauecTBe MAaTeMATHUOCKHX NPHHIUIOB HaykKH,
u60, N0-BUAHMOMY, BCe TPYAHOE Le/10 HAYKH COCTOHT B TOM, YTOGH
MO ABACHUSIM [IBHIXKEHHS PAClO3HATb, KAKOBBl CHJBI NMPHPOXbI, H IO
3THM CHJAaM O0BACHHTL sBJeHHs». Mbl cTapa/iuch cIeoBaTh BHCKA-
spisanuio Apucrorens: «Jlasaiite cravana nofiMeMm dakThl, a Toraa
MBI YK€ CMOMKeM HCKaTb NPHYHHBI», NaMATYs TakXke O NPHHIHANE
HeloTona (uur. cou., crp. 398): «Hawm, koneuHo, He cieayer orGpa-
CHIBATH CBHJAETEABCTBA SKCIIEPHMEHTOB PAJH BUACHHH H NPH3PAUHBIX
H3MBILIIeHHH, TPUAYMAHHBIX HAMH CaMHMHU>» ?).

B cooTBETCTBHM C 3THM Mbl HayaJu C ONHCAHHs PAAa napafok-
COB, KOTOpHIE NOAYYAIOTCH NPH H3YUEHUM JBHKEHHH XHAKOCTH KakK
YHCTO JIOTHYECKHE BBIBOABl M IIPH H3YUYEHHM CJIOMKHBIX ABJICHAH nei-
CTBHTEJALHOCTH. Jra TeMa OBlIa OCHOBHOM B NIEPBBHIX Tpex rjasax,
OHa NPOXONUT H B HETBEPTOH, Iie YKa3aHhl HEKOTOPHIE CIIOPHbIE Me-
cTa B OOBLIYHOH TEOPHH MOIENHPOBAHHS, H BPEMs OT BPeMEHH Mbl
ofpalaiuch K Hell 10 NMOCHEAHHX Naparpados BKJIIOUHTENHHO.

Hopusna Hauero crocofa H3J0XKeHHs COCTOMT B TOM, 4TO MBI
BHAMM NPHYHHY NApagoOKCOB B HENOCTATOUHOH CTPOrOCTH HCC/EN0-
BaHHS: NPaBla, HEKOTOPbIE CHENHANUCTE OODBABISIOT 3TOT HELOCTA-
TOK NpPOSIBJIEHHEM MYMKECTBEHHOH CHJbL, ~— HO, KOHEYHO, NOJ TaKoe
3HaMs He ctadu 6u nu Hsioron, vu Disep, ny Jlarpamxk, au Croxe
B HUKTO JAPYrofl W3 OCHOBONOJIONKHHKOB HAYKH O ABHKEHHH XKHIKOC-
teil. Y, nmoxanyii, raaBHag 3acayra (KpUTHUECKOro xapakrepa) sToH
KHUTM — CTPOTHH aHA/NH3 TEODETHUECKHX OCHOB MeXaHHKH pealib-
HBIX JKHJIKOCTeH.

B xauecTse HALNEro rJIaBHOTC NMOJOXKUTENBHOIO NOCTHNKEHHUS MBI
yKa)KeM Ha NPHMeHEeHHe B MeXaHHMKe XKHAKOCTEH MOHATHA TPYMIBL
Tax, B uerseproil raaBe oOHAPYKUBACTCSH, YTO 37O MOHATHE SIBJIAET-
€5t KJIOYEBHIM B TEOPHH MOMEJHPOBaHHs (Teopuu «mogobusi»). He-

1y TIpepucnoBue K ero Principa Mathematica. Aprop nonp3osascs auryuit-
cxuM mepesogoM B usmammm F. Cajori, Berkeley, 1947, erp. XVII—XVIIL

{Cp. ¢ nepesogom Ha pycexkmii sia. A. H. Kpuinosa B VII Tome ero «Co6pa-
wus TpyAos», M.—JI.,, 1936, ctp. 3]— Hpum. nepes.

?) B nepesoge A. H. Kpunosa (cum. npeamiaymiee npuMeYaHHe) STO MeCto
nepenano Gonee sHepruyno: <«[JOHATHO, UTC B NPOTHBHOCTH DALY ONHITOB HE cie-
JAyeT WSMBINVIAT Ha aBOCh Kakux-iunbo Opeamedr..» (uur. cod, crp. 5603}, —
Hpun. nepes,
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MaJo APYTMX [IpUMEHEHHA TEODUM rPpymnn AaHOo B NSATOH W imectof
raasax. KyJpMuHanuei sgech 6blI0 HCTONKOBaHHE CHJBI, AeHCTBYIO-
el Ha TBepRoe Teso npH JAo00M ero CTauHOHAPHOM JBHIKEHHH B
HAeaNbHOH MHAKOCTH, KaK XKPHBH3HBI COOTBETCTBYIOHIEH ojHOnapa-
MeTPHUECKOH NOATPYINIHL B NPOCTPAHCTBE eBKAWIOBRIX TPy, Mer-
pHKa KOTOPOT'O ONpeJeseTcsi KHHeTHUECKOHA aHeprHed.

Mrax, aBTop neiTascsa nepebpocHTb ABa MOCTa uepe3 pacllupsio-
uiicsd npoBai MeKAY 4HCTOR mMaTeMaTHkoi m dusukoft. O6 ycmexe
STOrO HaJlo CYAUTh no O6yRaymuM paboraMm Tex uMrartesell KHUrH, 118
KOTOPLIX OHa OKa)KeTcsd CTHMYJIOM K HCCACLOBAHHUSIM,
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