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IIpeguciaoBue

B mocaennme Togb HTEpeC K TOMY, 9TO HA3HIBAETCA (KBAHTOBBIE KOM-
MBIOTEPHD , HeOOBIMaHO Bozpoc. W jes ncmoap3oBanmsa BO3MOKHOCTER KBaH-
TOBOU MeXaHWKH MPU OPraHU3alNy BHIYUCJIEHUN BBHITISINT BCE Gojee TPH-
BIEKATETHHON, HAYATHl DKCIEPIMEHTATBHBIE PAGOTEL B 3TON 06JaCTH.

OnHaKO MePCOEKTUBH (PU3MYECKON PEATM3alni KBAHTOBHIX KOMIBIOTE-
POB MOKa coBepIeHHO HesACHBI. CKOpee BCETO, 3TO AEI0 HECKOMBKUX JIeCs-
TuiaeTnin. OCHOBHBIE TOCTHMKEHUA B 3TOH 06JAaCTH HOCAT MOKA 9UCTO MaTe-
MaTHYIECKIH XapaKTep.

[ITa kAUra npegHaszHadeHa I8 MEPBOHAYAIBHOTO 3HAKOMCTBA C MaTe-
MaTHYIeCKON Teopuell KBAHTOBHIX Bhducaenuit. [las ygobGcTBa wmTaTens
BHAYAJE MAETCs KPATKOE BBE/IEHNE B KIACCHYIECKYIO TEOPUIO CIOKHOCTH BhI-
YHCTEHU. 3aTeM MO APOOHO M3IArAI0TCS OCHOBBI TEOPHH KBAHTOBBIX BHITH-
CEHUI, BKJIIOYasd ONUCAHNE OCHOBHBIX M3BECTHBHIX K HACTOSAIIEMY BPeMeHH
3(pPeKTUBHBIX KBAHTOBBLIX AT OPUTMOB.

OcCHOBY KHHUTH COCTABIIN MaTepuaabl Kypca «Kaaccumieckoe m KBAHTO-
BOe BBIUNCIeHHey, mpodanTaHHoro A. llenem (kiaccmdeckne BEIYHCIEHHA) 1
A. KuTaeBbiM (KBaHTOBBIE BHIMHCAEHNsA) B BBICIIEM KOMTE/Ke MaTEMATHKI
IlezaBucumoro MockoBckoro yHUBepCUTETA B BeceHHeM ceMecTpe 1998 T.
[Ipu moaroTOBKe KHUTH TaKXkKe NCIOJAb30BAINChL MaTepruaabl Kypca Physics
229 - Advanced Mathematical Methods of Physics (Quantum computation),
koTopsiil Beqn k. Ipeckmmn (John Preskill) w A. Kuraes (npu ygactun
A. JTaupana (Andrew Landahl)) B KanndopHuiickoM TeXHOTOIHYECKOM WH-
ctuTyTe B 1998-1999 yu. r.

B ocHoBHOM 5Ta KHHTa pacCcINTaHa Ha CTAPIIEKYPCHUKOB W ACHUpaH-
TOB. Bripouem, TpefGyeMble i 9TeHHS 3TOU KHUTH 3HAHUS HEBEIWKH, TaK
9TO OHA MOCTYIHA W MJIAIMIEKYPCHUKAM; C NPYTOU CTOPOHBI, HEKOTOPHIE
CIOXKETBI MOT'YT MPENCTABIAATE WHTEPEC U /s TPOeCCHOHATIOB.

Mt1 cTapadauck yIecTh TO 06CTOATENBCTBO, ITO 3TON KHUTOH MOTYT 3a-
HMHTEPECOBATHLCSA JIOAN C COBEPIIEHHO PA3HOW MOATOTOBKON: YNCTHIE MaTe-
MaTUKH, PU3NKH, COEIHATHCTH B computer science. [loaTomy MBI He mpe/-
moJgarajan, 9TO Halll YUTaTelh HMEET XOPOIIYI MaTeMaTHIeCKyio MMOATO-
TOBKY. BaXXHO MOHUMATH TEOPETHKO-MHOKECTBEHHBIN SI3BIK, OCHOBBI JIH-

HENMHOW aireSphl U TEOPHH BEPOATHOCTEN; MMEThH MUHUMAJIBLHBIE TTPEACTa~
BJIEHHUA O MOHATHN aIrOPATMa (HABBIKE MPAKTHYECKOT'O MPOTPAMMEIDOBa-
HUA HETPHUBHATBLHEIX AITOPHTMOB BIIOJHE TOCTATOYHHI). B mocieqHnx ma-
parpadax moABAAIOTCA U 6ollee CUABHBIE CPeJCTBA, HATIPUMED, TPYIITHI TO-
MOJIOT U, XOTA HIKAKNX 3HAHWH U3 TOMOJOTMYeCKON aare6phl TP 3TOM He
noTpebyeTcs.



Oo6o03HaYeHNA

b 1 > <

Am3bloHKINA (Tormdeckoe WJIN)

KOHBIOHKIHA (Horudeckoe 1)

oTpUllaHue

CJOKEHNe Mo MOAyao 2 (a Takxke MpAMasd CyMMa
JMHENHBIX TTPOCTPAHCTB )

MMIIMKAIHA (IOTH9ecKoe cileI0BaHme)
JormvecKad S5KBUBAJEHTHOCTE

MHOXKECTBO KOHETHBIX CJI0B B aidasuTte A
MyCTOH CHMBOI (TIpo6en) B aipaBuTe MAIINHEL
TriopuHTa

dbynkumA mepexonos MammHbl ThIOpUHTa
CBOJMMOCTH TipeankaTos o Kapny (L1 cBoamres
K La) (c. 32)

cymecTByeT Takoe qncao C, aro f(n) < Cg(n)
cymecTByeT Takoe qncao C, aro f(n) > Cg(n)
To XKe camoe, 9To f(n) = O(no(l))

KOHeYHOE TIOJIE U3 ¢ DJeMEeHTOB

KOJIBIO BLIYETOB MO MOIYJIIO 7

AN MUTUBHAA TPYINa Koabla Z /nZ
MyJAbLTUITAKATABHAA TPYyTIa 06paATHMBIX
snemenToB Z /nZ

(= Hom(E,U(1))) — rpynna xapakTepoB abeleBoil
rpynnbl F

CUMILTEKTHYeCKaA TPYIHa Haj mojaeM [y
pasmeprocTH 1 (c. 133)

pacmmperHas CAMILIEKTHYeCKadA TPYINa Hal IoJeM
IFy pasmeprocTn n (c. 132)

MHOXKECTBO KOMIIIEKCHBEIX THCe

KOMILJIEKCHOE COTIPSKEHNE

rpylilia YHUTAPHBIX OMepaToOpOB Ha
npocTpaHcTBe M

SU(M)
SO(M)
C(a,b,...)
men

L(M)
LNV, M)

(€
|€)
(€l

U(alaﬁla ..

A-B

crenuagbHad YHUTApHad TPYOIa Ha
npocTpaHcTBe M

crenuasbHad OpTOTOHAMLHAA TPYIINa HA eBKJIUTOBOM
npocTpaHcTBe M

MPOCTPAHCTRO, MOPOXK IEHHOE BeKTOpaMu a, b, . ..
MPOCTPAHCTBO JUHEHHBIX (PyHKITNOHAIOB

Ha TpocTpaHcTBe M

n-f TeH3OpHAsA CTeleHb

MPOCTPAHCTBO JUHEHHBIX OTepaTOpoB Ha M
IPOCTPAHCTBO JHHEHHLIX oTobpaxenuit mz A B M
Kaaccudecknit 6uT (MuOKecTBO {0, 1})

KBaHTOBBI 6uT (q-6uT, NpocrpancTeo C2 — c. 50)
6pa-BekTOop (c. 53)

KeT-BeKTOD (c. 52)

CKAJAPHOE TPOU3BE/IeHIE

SPMUTOBO CONMPAKEHHBIN OllepaToOp

obpaTumoe konuposanue 6uTa (Controlled NOT)
(c. BT)

obparumMas PYHKIUA, COOTBETCTBYIOMAaA GyaeBON
dbysakumn f (c. 56)

TOXKIeCTBEHHBIN ONMepaTop Ha mpocTpancTBe L
YHUTAPHBIN 00epaTop, COOTBETCTBY IOMINT
nepecranoke G (c. 56)

omeparop U ¢ KBaHTOBEIM ynpasieHueM (c. 60)
IpoeKTOp (omepaTop NPOeKTHPOBAHNA) Ha
noAnpocTpancTBo M

., Qp, Bn) GazucuHble omepaTopkl Ha npocTpancTBe BE™ (c. 130)

npeobpazoBaHe MATPUIL TWIOTHOCTH p — ApB
(c. 125)

omepaTop, AeUCTBYIOMNH Ha KBAHTOBLIA PETHCTP
(MHOXKecTBO -6uTOB) A (c. 54)

YaCTUYHBIN CJIeJ oT omepaTopa A 1mo
mpocrparcTBy F (c. 79)

HOpMa BekTopa (c. 64) mwim onepaTopHas HOpMa
omeparopa (c. 64)

caeoBas HopMa (c. 123)

HOpMa [Jf TpeobpaszoBaHUl MATPUIL IOTHOCTH

(c. 125)

MOIIHOCTB MHO2KE€CTBA UJIMW MOAYJ/JAb 9YUCIA



(,y)
a=b (mod q)
a mod ¢

]

Pr[A4]
P(])
P(p, M)

MaTpunsl [layan:

22)
25)
37)
30)

cumBoa Kponexepa

xapakTepucTuieckas GyHKINA MHOKeCTBa S
HanOOJABIINNA OGN ATUTENb £ U Y

cpaBHEHEEe O MOAYJIIO ¢

OCTATOK MO MOJYJIIO ¢

npejcraBieHie paloHadbHOroO Yucaa a/b B Bue
HECOKPATUMOH npobu

BEPOATHOCTE cOGHITHA A

YCJIOBHAA BEPOATHOCTD (B Pa3aWIHBIX KOHTEKCTAX)
KBaHTOBasA BEPOATHOCTH (c. 78)

Obo3navenus mampuy:
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O603HCL%€HUJ£ CAOHCHOCTMHBIL KAACCOB6!

MA  (c. 106) BQNP  (c. 106)
I,  (c. 44) PP (c. 74)
S (c. 44) PSPACE (c. 22)
BQP (c. 74)

Bregenne

Bce xoMmboTepHI, HAYNHAA OT TaK W He MTOCTPOEHHON «aHAINTHYECKON
Mammaen Yapabsa [b66nmxkal) n konvaa Cray’eM, OCHOBAHBI Ha OJHIX 1
Tex ke npuHIUnax. C JOrUIeCKON TOYKH 3PEHNA KOMITBIOTED COCTOUT W3
6UTOB (MepeMeHHBIX, MPHHUMAIINX 3HadeHna 0 wim 1), a nmporpamma —
3TO MOCAEIOBATENBLHOCTD OMEPAIN, KAk 1asd M3 KOTOPBIX HCIOJb3yeT He-
6oabinoe ncao 6uToB. KoHedHO, HOBBIE KOMIIBIOTEDPH PafoTal0T GHICTpee
CTApBIX, HO MPOTPECC B BTOM HAIPaBIeHUN UMeeT mpefed. TpymHo mpen-
MOMOKNTH, 9TO Pa3Mep TPAH3UCTOPA WIH AHAJOTUYIHOTO BIeMeHTa GyleT
menbire 1078 em (guameTp aToma Bogopoma), a paGodas 4acToTa — GOMb-
mwe 10 T'ny (wacToTa aToMHBIX nepexojoB). Tak 4TO Kaxe CyNepKOMIbIO-
Tepbl GYIYIIETO HE CMOTYT PellaTh BBIYHCANTENbHBIE 3aa<H, NMEOIIe
IKCNOHEHYUAADHYW CIOKHOCTH. llaccMoTpuM, HAPUMeED, 3a0atMy O pPasfio-
JKEeHHUH [eoTO YHCAa & Ha MPOCThbie MHOXKUTenn. OYeBUAHBIN CIOCO6 —
5To MoMpo6oBaTh Pa3AequTh T Ha 9ucaa oT 2 10 +/z. Ecaw 4mcao z umeer
n 3HAKOB B [JBOMYHOIN 3alliiCH, TO MPHISTCH mHepebparh ~ /z ~ 2%/? Ba-
puarToB. CyliecTByeT XUTPOYMHBIA ajJlrOPUTM, PEMIAKIINT Ty XKe 3a1ady
npumMepHo 3a exp(enl/?) maros (¢ = const). Taxe B 5TOM caydae, 9TOGH
Pa3J0KNTh HA MHOKUTENN 9UCJIO N3 MIULTHOHA 3HAKOB, HE XBATUT BPEMEHH
xu3tan Beemernon. (BosMokHO, ecTh u Godee >pdeKTHBHBIE AATOPHTMBI,
HO OT 3KCIIOHEHTHI, TTO-BUANMOMY, H36aBUTHCA HE yAACTCA. )

CyliecTByeT, OfHAKO, APYTOH CIOCO6 YCKOPUTH HPOIECC BBIYMHCACHUA
Ui HEKOTOPHIX CIENUAJBHBIX KJIaccoB 3ajgad. /leqo B TOM, 9TO OOLITHEIE
KOMITBIOTEPHI He HCIOMB3YIOT BCEX BO3ZMOKHOCTEN, IPEJOCTABIAEMBIX TTPH-
pogoii. [ITo yTBepXK feHIe MOKET TOKA3aThCA CJAUIITKOM OYEBHIHBIM: B TIPH-
pPOJle eCTh MHOXKECTBO IPOIECCOB, COBEPIIEHHO HEMOXOXKMX HA OMEPAINH C
HyJaaMu U eguHATAaMI. MOXHO TONBITATHCA MCMOAB30BATH 3TH MPOIECCHI

1)1_[3661/1;[»( Hada/J paboTy Hal NPOeKTOM «aHAJINTUYeCKON MallMHLD B 1833 romy.
[Ipenoaaranock, 4T0, B OTIUYNE OT y¥Ke CYIIECTBOBABIINX B TO BPEMS BHIYUCAUTEIb-
HBEIX YCTPOUCTB, 3T0 6y IeT yHUSEEPCaabHblll KOMIbIoTep. [12661 1K nocBATII pa3paboTke
KOMIbIOTepa BCIO JKU3Hb, HO €My TaK H He yZa/loCh OCyWeCTBUTH cBoto MedTy. (Iloaee
npocTad, HO HeyHUBepca/dbHad ¢«pa3HoCTHad MallliHay 6b11a IOCTPpoeHa 9acTUYHO, HO TPO-
eKT 6B BHOJIHE peaaucTudeH — B 1991 rogy mMaminHa 6bL1a ITOJHOCTBIO BOCIPOU3BeIeHA
o YepTexXam H3661/1;[>Ka.)



10 BBEIEHUE

A CO3JaHNA aHAJOTOBOU BEIMUCANTEALHON MalNWHEBL. Ilampumep, mETep-
depeHIINA cBeTa MOXKET HCIIOAb30BATHCA JAA BEMMUCICHIA IPpeobpa3oBaHua
Pypbe. O 1HAKO B 6OJIBIINHCTBE CIy9aeB BEIUTDLIIL B CKOPOCTH He ABAACTCA
IpUHOINNHAJLHLIM, T. €. cIabo 3aBHCAT OT pazMepa ycTpolcTsa. llpmamma
3aKI0YAETCA B TOM, UTO YPaBHEHHA Kdaccuueckot (usukm (Hampumep,
ypaBHeHns Makcpemna) >ppeKTHBHO DEMIAlOTCA Ha OGBITHOM HHPPOBOM
xoMmbioTepe. Yro sHavnT >¢ddexTrsHo? BLMmCcIeAre nHTEpdepeHINOHHON
KapTHHLI MOXET 3aHATH B MIULIMOHEL Pa3 GObIIEe BpeMeHH, 9eM PealbHBII
SKCIEPHMEHT, MOTOMY 9TO CKOPOCTBL CBeTa BeANKa, a JJIIMHA BOJHEL MaJa.
Opgnako ¢ yBeIndeHHEM pasMepa MOeIUPYyeMoll (PU3MIeCKOl CHCTEMEl KO-
JIMIeCTBO HEOOXOMMMBIX BLITHCIATEILHEIX OIEepalllil PacTeT He CIHIIKOM
6EICTPO — CTEIEeHHLIM, WM, KaK NPHHATO I'OBOPHTD B TEOPHH CJAOXKHOCTH,
noauHoMuaabHbiM o6pazoM. (Kax mpaBmiIo, YHCIO ONEpalHil MPOTOPINO-
HaabHO BemdanHe Vi, rie V — 06béM, at — Bpemd.) Takum o6pazom, Kaac-
cuueckad (PUANKA CAUIIKOM «IIPOCTas ¢ BLIYUCAHTENLHON TOYKH 3PEHHA.

KpanToBasg MexaHHKa yCTpO€Ha B 3TOM CMEICIE [Opa3o HHTEepecHee.
[MaccMoTpuM, HaopuMep, CHCTEMY U3 1 CIHHOB. KaxXgbil comH obaagaeT
ABYM#A GasUCHBIMH coCTOAHNAME (0 = «CIHH BBEPX» W | = «CIHH BHU3Y), a
BCA cucTeMa nMeeT 27 6a3ucHuy COCTOAHUM |%1,...,L,) (Kakgasd u3 me-
PEMEHHBIX X1, ..., &L, OpuHnMaer 3HadeHne 0 wam 1). CorsacHo ofmnm
IpUHONIAM KBAHTOBOU MEXAHUKH, BO3MOXKHBLIMHI COCTOAHHAMIE CHCTEMEL
ABJAIOTCA TaKXKe CYnepno3utuu BHAA le,...,xn Cov,oown |1y Tn), THE
Cov,...wn — KOMILIEKCHBIE 9HC/A, Ha3bIBAEMBIE GMNAUMYOJAMU. 3HAK CYyM-
MBI 3JeCh HY>KHO MOHHMAThL 9HCTO (opMaabHo. CyIepHo3unua ABIACTCA
HOBBLIM MaTeMaTHIeCKIM 06BeKTOM — BEKTOPOM B 2'-MepHOM KOMILICKC-
HOM NpOCTpaHcTBe. KBaapaT MoAyIs aMIUIMTYAB, |z, .. |?, paBeH Be-
POATHOCTH OGHAPYKHUTEH CHCTEMY B Ga3NCHOM COCTOSHUM |X1,...,&Lyn) TPH
3MEDEHUN 3HA9eHHH [epeMeHHHX &;. (OTMeTHM, 4To Takoe H3MepeHHe
paspyuiaer cymeprosunuio.) CieloBaTelbHO, TOMKHO BHIIOTHATBCA YCIO-
BHE le,...,xn lczr, wn]? = 1. Nrak, obuiee cocTodnme cHCTEMEL (T.e. Cy-
MEPIO3NINA) — TO BEKTOD JNHUYHON JIHHBL B 2”-MePHOM KOMIIEKCHOM
IpoCTpaHCTBe. MaMeHeHne COCTOAHNA 3a ONpeJeleéHHBI IIPOMEXYTOK Bpe-
MeHH ONMCHIBAETCA YHUTAPHON MaTpuien pasmepa 2" x 2. Ecanm mpome-
KYTOK BpeMeHN o4eHb Mal (& fi/J, rjge J — 5Heprus B3anMOJeHCTBHA),
TO »Ta MaTPHIa yCTPOeHa JOCTATOYHO MPOCTO; KaXK LI U3 €6 5IeMeHTOB
MOXKHO JIETKO BBEIYIC/IATE, 3Had B3alMOIelICTBIE MEXK Y cImHaMK. Ecam xe
MBI XOTHM Y3HaTh H3MEHEHHE COCTOAHHUA CHCTEMBI 33 GOJBIION MPOMEXKY-
TOK BpeMeHH, TO IIPUAETCA IepeMHOKaTh Takue MaTpunkel. /1 sToro Tpe-
6yeTcA DKCIOHEHINAIBLHO OOJBIIOE HMHCAO OolepallWil. B HacTodmee Bpemsa
HEM3BEeCTHO HUKAKOT'O CIIoco6a YIPOCTHTL JaHHOE BLIYHC/ACHIE U, CKOpee
BCEro, MOJEINpOBaHNe KBAHTOBOI MEXaHWKH ABIACTCA SKCIOHEHIHAJIBLHO
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CTOKHOU BBIYUCJAUTENBHON 3amateil. OIHAKO TO XKe caMOe yTBeDKjJIeHne
MOXHO CPOPMYJIUPOBATH WHAtYe: KBAHTOBasA cucTeMa >(MPeKTHBHO «pelia-
€T» CIOKHYIO BEIMHCIAUTENBHYIO 3a0a4y — MOJEJINPYeT caMmy cebs.

MoXHO Ju HCHOIB30BaTh KBAHTOBBIE CHCTEMBI A PEIEHUS APYTHX
BBIMHCAUTENBHEIX 3anatd’ KakoBa MoaxkHA OBITH MaTeMaTHYecKas MOIENb
KBaHTOBOT'O KOMITBIOTEPA, B TOW XK€ CTEMEHN He 3aBUCAIIAA OT (PU3NIeCKOn
peaIm3amm, 9To W MOJeIN KIACCHuecKnx Bordncienuii>)? IITn Bompock,
O-BU JUMOMY , BIlepBbIe Oblin nocTabiaeHbl B Kunre K). 1. Mannna «Borau-
caumoe u Hebrancanmoes (1980 r.). Oun o6cyx nainch Takke B paboTax
II. definmana u apyrux asropos. B 1985 roay . Moi4 [27] npemioxu
KOHKPETHYIO MaTeMAaTHYeCKYIO MOIeJb — KBaHTOBYIO MamnHy Teopuara,
a B 1989 roay — skBUBaJeHTHYIO, HO HoJee YIOOHYIO MONETh — KBAHTOBBIE
cxeMHl [28, 47].

Yro Takoe xBanToBas cxema’ IlycThb B HallleM paclmoOpsXKeHUH UMeETCH
N cOuHOB, KaX BN W3 KOTOPHIX HAXOIUTCA B OTIEAbHOM AMIMYKE W e~
AJBbHO M30MMPOBAH OT OKPYXKAWOIETO MUPa. B Kak B MOMEHT BpEMEHN
MBI MOYK€M BBEIOPATH, MO HAIEMY YCMOTPEHHIO, dfo0ble MBa CINHA U IO K-
CTBOBATH HA HUX J060I yHuTapHON MaTpuien 4 x 4. [locaegoBaTeabHOCTE
TaKWX ONepaliil HazbiBaeTCA Kearmosol cremoti. Kax mas omeparus ompe-
IensgeTCs Mapoll HOMEPOB CIIMHOB U IIECTHAANATHIO KOMILIEKCHBIMI THCAa~
M, TIO3TOMY KBAaHTOBYIO CXeMY MOXKHO 3ammcaTh Ha Gymare. IITo cBoero
poJa mporpaMMa Ijid KBAaHTOBOI'O KOMIBIOTEDA.

Y106 HCIOAb30BATH KBAHTOBYIO CXEMY A BEIYHCICHHA (QyHKIHE®)
F: B — B", Hy’HO YMeTh BBOJAUTE BXOJHBIE JaHHBIE, MPOJEIBIBATD BhI-
YHCAEHNST W CIUTHIBATH PE3YJAbTAT. BBecTnm B KBAHTOBBIN KOMOBIOTED IO-
CHIEIOBATENBHOCT (£1, . . ., &) HYJIEH 1 €JHHHUI — 3HAYUT MPHT OTOBHTH Ha-
qaaBHOE COCTOAHMUE |21, ..., &, 0,...,0). (O6BEM BXOAHBIX JAHHBIX N OGBIY-
HO MeHbIIEe OOIIero KOINIeCTBa (A9eeK MaMATHy, T. €. cnnuoB, N . OcTabiim-
ecA AYENKN 3aTONHATCA HyaaMi.) K HadalbHOMY COCTOAHUIO TPUMeHAETCA
KBAHTOBAA CXeMa, 3aBUCAIIAA OT pewaemoti 3adauu, HO He OT KOHKPETHBIX
BXOJHBIX JaHHBIX. B WTOre BozHUKaeT KBAHTOBOE COCTOSHITE

(@t m)) = S e @1 za) [0 ),

Y1,--HYN

2) [Jan6onee M3BECTHON MaTEMaTHIECKOH MO JEIbI0 OGEMHOIO KOMIIBIOTEPA ABIAETCA
mammHa ThiopuHra. [[oabIIHCTBO MOJENEH N 0AUHOMUAALHO IKEUEAAEHMHbL TPYT ADYTY,
T.e. 3ajaqa, paspemmMan 3a [ maros B oTHOW MoOJedH, paspemmMa 3a cL® maros B
IPYTrof Mogean, Tae ¢ U k — KOHCTAHTEL.

3) Jlio6as BHMMCINTEIbHAS 3a0a4a MOKET GbITh MpecTaBIeHa B TakoM Buge. [lanpn-
Mep, eCIi MEl XOTHM pellaTh 3aJady O Pa3/JoyKeHHH e0r0 Yucia & Ha MPOCTEE MHOXKHU-
Tean, To (%1, ...,%n) = (B fBONIHON 3anucH), a F'(x) — cINCOK NPOCTEIX MHOXUTETEN

(B HEKOTOPON TBOMYHOU KOLHPOBKE).
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3aBucAmee oT (&1,...,&,). Temeph HyX)HO cumTaTh pesyabrar. Ilpen-
nosaraeM, 9TO OTBET JO/KEH CONEpKAThCA B IMEPBLIX M O6HTax CTPO-
KA (Y1,...,YN), T.€. MBI HIIeM Takue (Yi,...,Ym), 970 (Y1,...,Ym) =
= F(z1,...,2,). [aa moayvdenus oTBeTa NMPOU3BOAUTCA M3MEpDEHWE 3Ha-
YeHUI BCceX CIUHOB. Ile3yIbTaToM H3MEpEHHA MOKET OHITH 10604 IOCTIe-
JOBaTEILHOCTE HyJdell W eAuHul (Y, ..., YN ), 6EPOAMHOCTG TOSYINTE €8
paBHa |cy, yn(T1,. .., 2,)|?. Takum 06pazoM, KBAHTOBHII KOMIBIOTED MO~

JKET, C HEKOTOPOU BEPOATHOCTHIO, AaTh JA1060 oTBeT. KBaHTOBaA cxema

ABAACTCA (IPABUJILHOI JJIA MaHHOW (QPyHKIMH F, ecim NpaBUAbLHBIA OT-

BeT (Y1,...,Ym) = F(21,...,2,) TOTydaeTCA C BEPOATHOCTHIO, JOCTATOY-

HO 6am3KON K enuHuIe. I[IOBTOPUB BCE BEIMUCIEHNE HECKOIBKO pa3 U BHI-

6paB TOT OTBET, KOTOPHIN BCTPEYAETCA dalle, MOXKHO CHU3NTEL BEPOATHOCTD

OMMOKNU O CKOb YTOJHO MAaJIOH BEJUIHHEL.

MEr ToabKo 9TO cpopMyanpoBain (OIyckas HEKOTOPHIE MOAPOGHOCTH)
MaTeMaTHIeCKylo MOJedb KBaHTOBOT'O BLIYHCAeHUA. Temeph ecTecTBEHHO
3aJaTh JABa BOIPOCA.

1. [as xaxknux 3agad KBAaHTOBOE BEIMHCIEHUE NAeT BEIUTPHIII IO CPABHEHUIO
C KJacCuIecKum?

2. Kaky®o cumcTeMy MOMXKHO WMCIOAb30OBATH MJIA (PU3NIECKON Ppeadu3alin
kBaHTOBOr0 KoMubioTepa? (IITo He 06A3aTENBHO TOMKHA OBITH CHCTEMA
CITHHOB. )

ITo moBoay MepBOro Bompoca ceildac M3BECTHO caeaylollee. Bo-TepBhIX,
Ha KBAHTOBOM KOMITBIOTEPE MOXKHO MOJEINPOBATH JIOOYI0 KBAHTOBYIO CH-
CTEMY 33 NOAUHOMUAALHOE HNCAO AaroB. IITo mosBoawT (IpH HAJHYTHI
KBaHTOBOIO KOMITbIOTepa) TPEACKA3EIBATH CBONCTBA MOJIEKYT W KPUCTA-
JIOB, TPOEKTUPOBATH MUKPOCKOMUIECKIE 2TeKTPOHHLIE YCTPONCTBA pa3Me-
POM B HeCKOIBKO fecATKoB aHrcTpeM. (Celivac Takme ycTpolcTBa HaXO-
MATCA Ha Tpefeqe TEXHOJOTHYECKNX BO3MOXKHOCTEH, HO B GyAyIleM OHH,
BEPOATHO, OyAyT NPHMEHATHCA B OGBIMHBIX KOMIbIoTepax.) BTopoil mpn-
MeEp — Pa3foXKeHne Ha MHOXKHUTENN W aHaJOTHIHBIE TeOPeTHKO-INCIOBBIE
3a/1a4H, cBAzaHHBIe ¢ abeneBbiMu rpynnamu. B 1994 rony I1. Mop (P. Shor)
NPUAYMAaT KBAHTOBEI aIropuT™M?) | MO3BOMAIOIINI PA3IOKITH HA TPOCTHIE
MHOXHUTenn 9mcio u3 n 3Haxos 3a n°(logn)* maros (k = const). [IToT
KPacHBBII Pe3yabTaT MOXKET MMeTh CKOpee BpejHOe, 9eM IIOJAe3HOe MpH-
MEHEeHWe: pazaarad Iucaa Ha MHOKUTENN, MOXKHO TI0A0HpaTh KAKYN K IIIH-
dbpam, ToJAeNbIBaTh 2MEKTPOHHEE TOATHCH 1 T. 4. (Bupodem, TpyaHOoCcTH
Ha IIyTH CO3JaHNA KBAHTOBOI'O KOMIIBIOTEPa CTObL BEIUKH, 9TO B TEUEHUE

4) Ecau ne BAaBaTbCA B TOHKOCTH, KBAHTOBLIN ajdqropuTM — 3TO TO XK€ caMoe, 4YTO
KBaHToBad cxeMa. OTJINYNEe COCTOUT B TOM, 9TO CX€Ma OollpeaeJecHa OJad 3alavdu (bI/IKCI/I—

poBaHHOIO pa3Mepa (n = const), a aArOPUTM ONPEAENEH LI BCEX 1. CPa3y.
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Gamkaiumx 10 geT noapsoBaTen mMbPOB MOTYT ClaTh CMOKOHHO.) Tpe-

THH MPUMep — 3TO MOWCK HYXKHOU 3alllCH B HEYIOPAIOYeHHON Gaze maH-

HBIX. 3/1€Ch BEIITPHIII HE CTOJb 3HATUTENEH: [ HAXOXK JEHUSA OTHOU 3aliCH

n3 N Tpebyerca nopaka /N omepaniii Ha KBAHTOBOM KOMITLIOTEDE BMe-

cro N omepamnui Ha kKaaccmieckoM. [la 5ToM cOUCOK M3BECTHHIX MPUMEPOB
3aKaHINBAETCS — HE TMOTOMY YTO KBAHTOBBIE KOMITBIOTEDHI GECIIOIE3HEI

I APYTHX 3a1ad, a MOTOMY 9TO TeOPHs KBAHTOBBIX BBIMUCICHUN TOKA He

pazpaborana. [lygem HagesThCA, 9TO CKOPO TMOABATCA HOBBIE MaTeMaTHYe-

CKHe Wjel, KOTOPHIE MO3BOJIAT MPUAYMAaTh HOBBIE MPUMEDHI.

PuzuiecKkas pearn3anua KBAHTOBOI' 0 KOMIBIOTEPA — YPE3BLIYANHO WH-
TepecHas, HO CJAOXKHasA 3aada. EIE HECKOMBKO JeT Ha3a BHICKA3BLIBAJNCH
COMHEHUS B €€ NPUHINNNAJBHON pazpeninmMocTu. /leqo B ToMm, 4T0 dwoboe
YHUTApHOE MpeoGpa30BaHne MOXKHO PEATIN30BATH JUIb C HEKOTOPOH TOYHO-
cThio. KpoMe Toro, crcTeMy CIIMTHOB MM AaHAJOTHIHY O KBAHTOBYIO CHCTEMY
HEMB3A TOJHOCTBIO 3alllITUTh OT BO3MYIIEHWH CO CTOPOHBI OKPYKAIIEN
cpeabl. Beé 5To 10axHO TPUBOANTE K TMOTPEITHOCTAM, KOTOPBIE OyAyT Ha-
KaILIUBaThCA B mpollecce Bhidaucaenud. Uepes L ~ 671 maros (rge § —
TOYHOCTH KaXK[OTO YHHTAPHOTO NpeoGpa3oBaHNd) BEPOATHOCTH OMUIMOKN
CTAHET MOPAKA e[UHUIBI. K c9acThio, 3Ty TPYAHOCTH MOXKHO TPEOIOIETD,
HCTIOAB3YA K8aHMoebie kodol, ucnpasagouwue owubku. B 1996 roxy I1. lllop
MPETOKII CXEMY KOPPEKIINH OMMOOK B MPOIecce KBAHTOBOT O BEIMHUCIEHUSA
(fault-tolerant quantum computation), kKoTopas Gblia BCKOpe yCOBEpIIEH-
crBoBaHa. OKOHYATENBHBIN PE3YALTAT COCTOUT B caenyiomiem. CylnecTByeT
HEKOTOPOE TIOPOTOBOEe 3HAMEHNE TOYHOCTH Jp, Takoe 9To Tpu § < dg BO3-
MOXKHO CKOJb YTONHO NIWHHOE KBaHTOBOe BhIducienue. Oaunako npu d > &y
ommbKN HAKAMLINBAIOTCA OBICTPEE, eM UX yAaETCA HCIPABAATh. [lo pazHbiM
onenkam, dg aexkuT B unTepsate ot 1072 1o 107° (Tounoe sHaueHue zaBucuT
OT XapaKTepa BO3MYIIEHHH W NCHOAB3YEMOH CXeMBI KOPPEKINH OIIMGOK ).

Urak, npuryunuaas Holx TPENATCTBAN A PEATN3ANNN KBAHTOBOT O KOM-
nbioTepa HeT. QIHAKO 3a0ava CTOMb TPYJHA, ITO €€ MOXKHO CPaBHUTH C 3a-
nasell 06 yupaBiseMoM TePMOS IepHOM ciiHTe3e. B camom reste, HeoGX0 TIMO
VJIOBIETBOPUTE HECKOJIBKHM MOYTH HECOBMECTUMBIM TPeGOBAHUSM.

1. TlneMeHTHI KBAHTOBOI'O KOMIBIOTEPA — KBAHTOBBIE GHTH (CIIHHEL HIW
9T0-TO MOAOGHOE) — JOMKHBI OBITH H3OANPOBAHEL APYT OT APYTa H OT
OKPYKAIOIIEN CPETH.

2. Ieo6xoamMo UMeThH BOZMOKHOCTEH M30MPAaTEAbHOTO BO3IEHCTBUA HA Ma-
Py KBaHTOBHIX 6HTOB. (BoaMoxHO, moTpebyeTcs HECKOABLKO THIIOB BO3-
NeRCTBUST HA OJHY U Ty XK€ Mapy, OMUCHIBAEMBIX PAa3dMdHBIMI YHUTAD-
HBIMH OllepaTOPaMI. )

3. Kaxapiil u3 yHUTApHBIX OMEPATOPOB MOMKEH OBITH PEAJN3OBAH C TOY-
HOCTBIO 0 < Jp (CM. BHIIIE).
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4. Tleanmayembie omepaTOpPBl JOMKHBI GBITH JAOCTATOYHO HETPUBHAJBLHEI.
TowHee TOBOPs, OHN [TOJKHBI 0OPA3OBHIBATD NOAHBIY 6a3uc, 9TOOHI IO~
601 MIPYTOU OMEePATOP B OIPEIeIEHHOM CMBIC/TIE BHIPDAKAICA G€pE3 HUX.
B macTosIee BpeMs CyIeCTBYeT HECKOABKO MOAXOIOB K MpobiaeMe pea-

AU KBAHTOBOTO KOMIBIOTEDA.

1. Otpgeasunie aTombr win woHEeL. [ITo mepBas u HamboJee XOpOIIO pazpa-

6oTaHHad WjIesd, OHA CYIIECTBYeT B HeCKOJbKHNX BapmanTax. [lis mpemcra-

BIEHUS KBAHTOBOT O 6WTa MOKHO HCIOAB30BAThH KaK OOBIYHBIE 3IeKTPOHHBIE

YPOBHH, TaK M YPOBHH TOHKOW W CBEPXTOHKOU CTPYKTYPHI. MMeeTca sKc-

MEPUMEHTAJIbHAS TEXHUKA, MO3BOJAIONIAA VIEPKUBATEL OTAIbHBIN HOH WJIH

aTOM B JIOBYIIIKE M3 MOCTOAHHOTO MATHUTHOT O WM IEPEMEHHOT O BJIEKTPH-

YeCKOTO MOJAA B TedeHHe NIUTEIbHOrO BpeMeHH (mopsgka | waca). Mon

MOJKHO ¢OXJIaNTh» (T.e. MOracuTh KodeGaTelbHOe JBIKEHNE) IPH TTOMOIIN

aazepHoro Jayda. [logbupas NINTeIBHOCTH M YACTOTY Ja3€PHBIX HMITYIh-

COB, MOXHO MPUTOTOBUTE MPOU3BOJBHYIO CYMEPIO3NINI0 OCHOBHOTO T BO3-

6yxkaennoro cocrosgami. Takum o6pa3zoM, yIpaBiIsiTh OTAETHLHBIM HOHOM

JOCTATOYHO JerKO. B MOBYIIKY MOXKHO TaKXkKe MOMECTHTH [Ba WA GOJbIlee

ICJ0 HOHOB HA PACCTOAHUN HECKOJIBKO MUKDPOH [PYT OT APyTa I YIPaBIAThH

KaXIb6IM W3 HHX B oTAeabHocTH. OIHAKO OPraHm20BaTh B3aHUMOJEHCTBHE

MeXK Iy MOHAMHE TOCTATOYHO TPYAHO. [l 3TOl meJan mpeIIoKeHO HCIOAb30-

BaTh KOMIEKTHBHBIE KoeGaTelbHble MOIbl HOHOB (OGBIMHBIE MEXaHUYeCKe

KOJIeGaHNA ¢ 9acTOTOH B HECKOABKO Merarepi). [pyroi cnoco6 (aasa Hel-

TPANTbHEIX ATOMOB): MOMECTHTEH ATOMBI B OTJEbHEE HJIEKTPOMATHHTHHIE

Pe30HATOPHI, CBA3AHHEBIE JPYT C APYTOM ([OKA HEMOHATHO, KaK 3TO Peain-

30BaTh TeXHHYeCKH). [TakoHel, TpeTHH CMoco6: MPH MOMOIIH HECKOMBKHX

Ma3ePHBIX Jy9ell MOKHO CO31aTh MEPHOANIECKII TOTEHIHAT («ONTHIECKYTO

PEETKY»), yAePKUBAOUINN HEBO36Y K IEHHEIE aTOMBL. [IpH 5TOM BO3MOXK-

Ha CUTYaIus, KOTQa Bo30yKIEHHBIE aTOMBI MOTYT CBOGOMHO ABUTATHCA.

Takum obpazom, Bo3OyKaas Ha KOPOTKOE BPeEMS OJWH I3 ATOMOB, MBI 3a-

CTABJIgEM €TI0 B3aUMOJENCTBOBATE C cocefsgmu. [ITo HampaBieHme SKCIEpH-

MeHTaJbHON (PU3NKN cemvdac GBICTPO PA3BUBAETCSA W, MO-BHANMOMY, HMEET

GOJIBIIIIE TTEPCTIEK THBHI.

2. SfpepHBEIN MArHMTHBLIA Pe3OHAHC. B MOJEKyJ/Ie ¢ HECKOMLKIMU Pa3AUUHbl-

MU AJEPHBIME CIITHAME TTPON3BOJBHOE YHUTAPHOE TpeobpazoBaHiie MOKHO

peaqnzoBaTh MPHU MTOMOIIN TTOCAEIOBATENLHOCTH UMITYJIBCOB MarHHTHOT O

moas. IITo 6BLIO MPOBEPEHO HKCHEPUMEHTATBLHO DU KOMHATHOW TeMITe-

paType. OnHAKO [MJs MPUTOTOBIEHUS HAYAJIBLHOTO COCTOSHUA HEOOXOTmMa

TemmepaTypa < 1073K. IloMnMo TpyJHOCTEH ¢ OXIaK eHHeM, IPH TaKOH

TeMIlepaType BO3PACTAIT HeXKeJaTelbHbIE B3aNMOIeHCTBHUSA MOJEKYI APYT

¢ apyrom. Kpome Toro, HEMOHATHO, Kak m36upaTelbHO BO3AeACTBOBATH HA

NAaHHBIN CIIWH, €CJN B MOJEKYJE €CTh HECKOABKO ONMHAKOBHIX CITHHOB.
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3. CucTeMBI CBepXIIPOBOJAUMX I'PaHyd. [Ipn CBepXHU3KNX TeMIepaTypax
eMHCTBEHHON CTENeHBbI0 CBOOOABI MHKPOCKOMHYECKON CBEPXIIPOBOAAIIEH
rpaHyJIBl (InaMeTPOM B HECKOABKO COTEH aHTCTpeM) ABAdeTcs e€ 3apar. OH
MOXKET U3MEHATHCA Ha BEMHYIHHY, KPATHYIO JABYM 3apajaM 5JIeKTpoHa (Mo-
CKONIBKY JEKTPOHEL B CBEPXTIPOBOTHIKE CBA3AHBI B TTapH). MeHAA BHEIIHIT
DAEKTPUIECKUN TOTEHNNA, MOKHO JOOMTHLCA TaKON CHTYallnd, KOTJAa ABa
3apANOBBIX COCTOAHRNA GYyT NMETH MOYTH ONMHAKOBYIO sHepruio. IITn nBa
COCTOAHUA MOXKHO HCIONB30BATh B KadecTBe ODABNCHBIX COCTOAHWN KBaHTO-
Boro 6mTa. I'paHy/ Bl B3aMMOJEHCTBYIOT MEXKIY COO0H IMOCPEJCTBOM KO-
36(PCOHOBCKAX KOHTAKTOB W B3aNUMHOU 2IEKTPUIECKON éMKOCcTH. [ITnM B3a-
UMOENCTBIEM MOXKHO yTpabasaThb. OCHOBHas TPYAHOCTHL COCTOMT B TOM,
9TO HYyXKHO YHOPAaBIATH KaXAOU I'PaHyJod B OTASALHOCTH, TIPUIEM C BHI-
COKOIl To9HOCTRIO. [lo-BuAnMOMY, 5TOT MOAXO TIEPCIEKTUBEH, HO A €r0
peann3annun moTpesdyeTcsa co3jaHne HOBON TEXHOJOTHH.

4. AmmonBl. AHNOHEI — 5TO 0CcO6ble BO3OYXKJAeHNA B MBYMEPHBIX KBaHTO-
BBIX CHCTEMAaX, B 9aCTHOCTH, B JBYMEPHOMU >JEKTPOHHON XU IKOCTH B Mar-
anTHOM nose. Oanu u3 apropoB (A.K.) camraeT »roT mogxon Hambomee
HHTEPECHBIM (TTOCKOMBKY OH XKe ero W npuaymal [32]), mosToMy ommiieM
ero 6osnee monpo6HO.

OcHoBHOI TPO6IEMON TIPH CO3JaHN KBAHTOBOTI' O KOMIBIOTEPA ABAAET-
cA HEOOXOTMMOCTD Peaqu3aluil YHUTAPHBIX Tpeo6pa3zoBalnil ¢ TOTHOCTHIO
§ < 8y ~ 1072 = 107%. [asa sToro, Kax mpaBmio, TpebyeTca KOHTPOJI-
pOBaTh TMapaMeTphl CHCTEMEI C €lé GOJbIIeN TOIHOCTBI0. OHAKO MOXKHO
NpeacTaBuTh CHUTYAINio, KOrJa BLICOKad TOYHOCTH MOCTHTAeTCA aBTOMa-
TUYECKH, T.e. UCIpaBleHne oMMO0K IIPOUCXOANT Ha (PU3MIECKOM ypPOBHE.
[TpuMepoM ABAAIOTCA TBYMEPHBIE CHCTEMBI C AHWOHHBLIME BO36Y K IeHUAMIM.

Bce 9acTumer B TpEXMepHOM IPOCTPAHCTBe ABIAIOTCA OO 6030HAME,
mi6o pepmuonamu. Bornopaa GyHKINA 6030HOB He MEHAETCA TP TlepecTa-
HOBKe MBYX 9acCTHI], a BOAHOBaA PyHKIHA (PepMUOHOB yMHOXKaeTca Ha —1.
B mro60oM caydae nmpu BozBpallleHUH KaxKOW U3 IacTHUI] Ha TPeXHee MECTO
COCTOAHNE CUCTEMBI He MeHAeTcA. B JIBYMEPHBIX cHCTeMaX BO3MOXKHO 60-
Jee clIoXkHoe moBejenue. IIpex e Bcero 3aMeTnuM, 9TO pevb MOHAET He 06
SJEMEHTapPHBIX 9acTUIaX THIIA JEKTPOHa, a O BO30YK IeHUAX, WA Aedek-
Tax B ABYMEPHON 5JeKTPOHHON KUAKOCTH. Takne Bo3Oy XK IeHUS MOXOKHA Ha
GHACTOAIINE (T.e. dIeMeHTapHbIE) YaCTHIbL, HO O6IaJal0T HEKOTOPHIMI
HEOOBIYHEIMHA CBOICTBaMH. Bo36y Xk 1eHne MOXKeT UMeTh APOOHBIN DIeKTPH-
YecKui 3apa (HampuMep, 1/3 oT sapsana saekTpoHa). [Ipn ABUKEHIN OTHO-
ro Bo3byXAeHUA 60KpY2 Jpy2020 COCTOSHIE OKPYKAIOMEN X DJIeKTPOHHON
KU TKOCTH MEHAETCA CTPOTO ONpPeNeJéHHEIM 00pa3oM, 3aBUCAIIAM OT THUIIA
BO30YXKEHUI W OT MONOA02UU TIYTH, HO He OT KOHKPETHOW TPaeKTOPHN.

B npocretiiem ciaydae BoaHOBasg (PYHKIUSA JOMHOKAETCS HA THCAO (627”/3
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[JI AaHWOHOB B JBYMEDHOW 3JIeKTPOHHON KU AKOCTH B MATHUTHOM ITOJE TIPH
daxTope sanonnennd 1/3). BosbyxkaeHnsa ¢ TaKnM CBOHCTBOM Ha3BIBAIOT-
cA abenesvimu anuoramu. JIpyroil mpuMep abelleBEIX aHHOHOB ONHCAH (Ha
MaTeMaTHIeCKOM sA3bike) B pasmene 14.11.

Moaee muTEpEecHBI Heabeaesbl GHUOHBL, KOTOPBIE TIOKA He HaOMIOIAJNCH
sKcnepuMeHTaTbHO. (Teopusa NpeAcKasHIBaeT CYLIeCTBOBaHHE HeabeldeBEIX
AHMOHOB B IBYMEPHOU 3JeKTPOHHON XU AKOCTH B MATHITHOM TI0JI€ TIPH pak-
Tope zamoaHernsa 5/2.) IIpn HaIW9HN HECKOMBKNX HeaGeleBhIX aHHOHOB CO-
CTOSTHIE DIEKTPOHHON KUAKOCTH SABIAETCA BBIDOXK JEHHBIM, MPUYEM KPAT-
HOCTH BBIDOK/EHNA 3KCIOHEHIMAJTBLHO 3aBHCHT OT Yncaa aHuoHOB. [Ipy-
TUMH CIOBaMU, CYIIECTBYET HE OJHO, a MHOTO COCTOSIHHUH, KOTOPBIE MO-
ryT 00pa30BBIBATH IPOM3BOJBHBEIE KBAHTOBHIE cymepmnozuruu. [la Takyio
CYTIEPIIO3UIINIO HEMB3sT HUKAaK BO3eHCTBOBATEH, HE TIepeMeIas aHNMOHBI, 10~
3TOMY OHA MIeaJbHO 3allluileHa OT BoaMytleHnil. Ecan o6BecTn oqus aHmoH
BOKDYT APYTOro, CYNEPIO3NNAA O BEPTHETCA ONPEAEIEHHOMY YHUTAPHO-
My mpeobpazoannio. [ITo npeobpazoBaniie ABIACTCA A6COAOMHO TMOUHBLM.
(Oumbka MOXeT BO3SHHKHYTE, TOJNBKO €CJIH AHHOH ¢BEIPBETCA ¥ HAC W3 DYK»
BCJIE/ICTBIE KBAHTOBOTO TYHHEINPOBAHIIA).

[Ta mepBBIN B3TIAL, TPOEKT C MCIOAb30BAHNEM AHUOHOB BBHITJIAUT HAM-
Menee peaqucTudHO. [Ipex 1e Bcero, abeieBEl AaHNOHBI He TOAATCA /s KBAH-
TOBBIX BBIYMICJACHNI, & HeabeleBhI €II€é TOJbKO MPEACTONT HAUTH B 3KCIEPH-
MenTe. [las peaqnzanny KBAHTOBOIO KOMIBIOTEPA HYKHO KOHTPOINPOBATH
Kaocdyio W3 9acTHIl, KOTOpPBIE OYAYT ABUTATHCA HA PACCTOAHUAX TOPATKA
OoJell MUKpOHa APyT oT Apyra. [ITo ¥pe3BbdaiiHo cloxkHas TeXHUIeCKas
zagada. OIHAKO, C yIETOM BBICOKUX TpeOOBaHWHE K TOYHOCTH, OCYIIECTBUTH
AI0601 13 TMepPevnCcaeHHBIX BHIIE TMONX0M0B HUYYTh He Jerde. Kpome Toro,
HIEs MONOAO2UNECKO20 KE8AHMOB020 6bINUCAEHUSA, JEKAITAA B OCHOBE IO/l
XO[la ¢ AaHMOHAME, MOXKET BOTUNIOTUTHCS KaKUM-am60 apyrum crocobom. [1a-
MpUMep, 3alIAIIEHHAS OT BO3MYIIIEHNH KBAHTOBAA CTEMEHb CBOGO B MOKET
BOBHUKHYTH Ha KOHIlE (KBAHTOBOH MPOBOJOKIY (ONHOMEPHOTO TIPOBOHIKA
C HEYETHBIM HHCJIOM PACIPOCTPAHAOIINXCA DIEKTPOHHBIX MO, HAXO AL~
rocsi B KOHTAKTe ¢ TPEXMEDHBIM CBEDXITOBOJHHKOM ).

NTak, njged KBaHTOBOT'O KOMIBIOTEPA BHITIANAT CTOMD JKe 3aMaHINBO,
cKoJb HepeaancTraHo. [TaBepHoe, Tak XKe BOCTPUHUMAJCA TTPOEKT OOBLITHO-
To KoMnbioTepa Bo BpeMena Yapabza I[>66uaxa, nzobpeTeHne KOTOPOTo
OLITO peaJn30BaHO AWML CTO JeT crnycTdA. llymeM HagedThcd, 9TO B HaIllle
BpeMS Hay THO-TEXHUYECKUHN IPOrPece WaeT OBICTpee, OXTOMY He MPHAETCS
KIaTh Tak HoJro. BoaMOXKHO, TOCTATOYMHO OJHOU CBEXEW HEH ILIIOC He-
CKOJBKO JIET Ha pazpaboTKy HOBOU TEXHOJOTHH. . .

Hacts 1

Kiaaccuieckne BuItmcIeHUS

1. Yo Takoe aaroputm?

IledbopmanbHO acopumm — >TO OJHOZHAYHO OLpeleJCHHAA COBOKYII-
HOCTBH HHCTDYKIWH IO Ipeo6pa3oBaHUIO HCXOIHLIX JaHHLIX B Pe3yJbTaT,
OpUIEM BCe HHCTPYKIHU SACMEHMAPHLL, T.e. IIPH HX BHIIIOAHEHUN «HAM
OPHUAETCA TOABKO MeXaHNIEeCKH CICJOBATE NPEAMUCAHNAM, KaK eC/lIl Gl MBI
6bL10 poGoTaMH: OT Hac He NoTpebyeTca HU IOHUMAHUA, HA HCKYCCTBA, HN
uzobperareasuocTuy [5, ¢. 270].

O6br4HO ToJpasyMeBaeTcA, 9TO KaxK B allOPHTM pellaeT KaKyIo-To
sbruucaumesyio zadauy. C GopMalbHON TOUKH 3PEHNUs, BLIYACINTENbHAS
3ajada — 3TO QYHKINA

F': BXoaHbIe TaHHBIE — PE3YALTAT,

KaK MPaBUJIO, YaCTHYHO ONpe/IeJeHHas.

Yro Takoe «BXOAHBIE NaHHBIEY U «pe3yabTaT? [laccMoTpum, HapuMep,
3agady 06 YMHOXKEHNN IBYX MHOT OYJIEHOB C TeabiMu KoapdunnenTamu. To-
rja BXOJHBIE MaHHBIE — 3TO Mapa MHOro4ieHoB. IIpoGaema B TOM, Kak
3aluCcaTh 3TH MHOTOWIEHBI, 9TO6BI X MOYKHO GBLIO BBECTH B KOMIBIOTED.
Marmmaer ThiopuHT &, KOTOPBIE MBI PACCMATPHBAEM HUXKeE, TOHUMAIOT JHIITH
KOHEYHBIE TOC/EI0OBATEALHOCTH CHMBOJIOB (CTOBA) M3 HEKOTOPOTO KOHETHO-
ro MHOXecTBa A, HazbIBaeMOTO 6HewHuM addasumon. [losTomy cTporas
dopMyanpOBKa BBIMHCANTEIBLHON 3aadl JOMKHA BKIOYATh B ceba aada-
BUT 1 cI0cO6 KOAUPOBKN BXOMHBIX JaHHBIX. [lampumep, MOXHO 3aTiNCHIBATE
mapy MHOTOWJIEHOB ¢ mcmoab3oBaHueMm 10 mmdp, cuMBoJa HepeMeHHON &,
3HAKOB +, —, * 1 CKOGOK: (2 * %2 — 5)(—4* 2+ 1). B apyroit KogupoBke, kKo-
3 pUIMEeHTH 3aTUCHBAIOTCA B [BONYHOW CHCTEME U TIEPEUNCAAIOTCS depes
3alATYIO; [Ba MHOTOWIeHA pa3faeastorca 3pesgodkon: 1,0, —101 % —100, 1.
Takmm 06pa3zomM, MBI UMeeM JBe DPa3JUvHbIE BHIYUCAUTENbHBIE 3agadu. O
MPaKTUIECKON TOYKH 3penns, 06e 3a a9l 3KBUBAJEHTHEL, TIOCKOJIBKY Tepe-
BOJ U3 OJHOU KOAWPOBKH B APYTYIO OCYHIECTBJISETCS C MOMOIIBIO NOAUHO-
MUAAbHO20 agszopumma. [loka ompeeteHns TOJMTHOMHUATBLHOTO AJTOPUTMA
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u Hac HeT (OHO TMoABHTCA B pasjete 1.4), maBaiire GyneM dhOpMaTUCTAMA:
BBEIMHCANTENbHAA 3a1a9a — 5T0 dacTudHad®) (ynknma F: A* — A* (rme
A* o6ozHadaeT MHOXKECTBO KOHEYHBIX caoB B addasure A). IToTom MBI
HO3BOAHM cebe HEKOTOPYIO BOJIBHOCTH M 6yleM TOBOPHTEL O 3ajade yMHO-
JKEHIA MHOTOWICHOB WU Pa3oKeHHA NeJOr0 9HCIa Ha MHOXKNTEIN, HMed
BBHJY, 9TO BCE Pa3yMHbIE KOJUDOBKH SKBUBAJICHTHBI (T.e. TEPeBOAATCH
APYT B APYyTa PN MOMOIIN MOJHHOMHAIBHEIX aaropuTMoB). OTHAKO HYX-
HO IIOMHHTB, 9TO He BCAKad KOJIHPOBKA ABIAETCA «pasyMHoIb. Ilexopormmo,
HAIpUMep, MPeNCTABIATE HATYpalbHOE THCIO N HaOOPOM U3 1 3Be3N0YCK,
HOTOMY 9TO JINHA TAKOH 3aINCH 3KCIOHEHINAILHO BEINKA MO CPaBHEHIIO
C IBOMYHON WM NeCATUIHON 3alNChIo. 3aMeTHM TakkKe, 9TO B HEKOTOPHIX
3agadax HET XOPOIIEro BLIGOPA «pasyMHOI» KOJAHPOBKH, B TAKHX CIyYadx
(oHE HaM He BCTPETATCH) HEOGXOINMO YKA3BIBATE KOANPOBKY ABHO BCAKUI
pa3, Korga popMy/IHPYETCA 3a1ada.

Mamum Temephb GpopMaTbHOE OTIpeflesieHne AT OPUTMA.

1.1. Maumser Teropmura. Mammaa Triopuara (cokpaménno MT) on-
HO3HAYHO 3amaérca ykasaHmeM Habopa (S, o, A, Q,qp,d), rae S, A, Q —
KOHedHble MHOXecTBa, npniéMm A C §; o — HekoTopbI saemenT S \ A;
qo — HEKOTODHIN d7eMeHT Q, a § — HekoTopad (dacTHIHAA, BOOGIIE TOBO-
ps) Gyrakung m3 @ x S B Q@ x § x {—1,0,1}.

Cocrapastomue qactu MT masbBaloTca Tak:

S — aadasur,

o — MycTol cuMBoJ (Hanm npober),

A — Bremmnn aadpapuT,

Q — MHOXECTBO COCTOAHUN YNPaBJAIOMIEr0 yCTPONCTBA,
qo — HadaqbHOEe COCTOSHMUE,

0 — (pyHKIHUA NEepexonoB.

Cocmoanue MT sanaérca Tpofikoi (o, p, ¢), Tie 0 — GECKOHETHOE CIIO-
BO B aadaBuTe S, T.e. TPOU3BOIbHAA MOCAENOBATEMALHOCTD Sp, ..., Sp, - - -
27aeMeHTOB S; p — HEOTPHIATETBHOE Hefoe dnciao; ¢ € Q. CHMBOIHI CJIOBaA
o 6yeM, KaK 5TO TPUHATO, IPEJCTABIATDH 3alMCAHHBIMEI Ha feHme, pa3tu-
TOU Ha Auetiku, O g9elike Ha cUMBOJ. [la JeHTe TakkKe UMeETCA 20406Ka,
KOTOpas paclofokeHa Hal Adeikol ¢ HoMepoM p. [larasamo 5To uzobpa-

5)1_[0;[ “acTu9HON GYHKIMEN HA MHOXKeCcTBe X 3[1eCh U gajtee MOHUMaeTca DyHKITUA,

06/1aCcTh oNpeneJeHna KOTOPOH COMEPXKUTCA B X .
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KaeTcs Tak:
HOJIO)KGHI/IG T"OJIOBKH V
Haenkn ‘50‘51‘...‘51,‘...
ITomepa saeex 0 1 P

ITomumo JeHTH MammHa ThIOpHHTa IMeeT ynpasadiowee yempoticmeo, co-
CTOAHIE KOTOPOTO 3aJacTCA IEMEHTOM ¢ MHOXKeCTBa, Q.

Coctoanma MT MerAOTCA TUCKPETHO. 3a OJUH TAKT paboThl YIPAB/IA-
[ollee yCTPOUCTBO BBINOJHAET caeylolmne AelcTBuA (moaaraem, ato MT
HAXONTCA B COCTOAHUN (0, p, ¢)):

a) uumaem CHMBOJ, HaXOJANMHACS O TOMOBKOH (T. €. OMpegetaeT sp);

6) sbluucasem 3HadeHNe (PYHKIUE IepexoloB: d(q,sp) = (¢', s, Ap) (ecan
(dyHKIUA DepexooB Ha mape (¢, s,) He OlpejeleHa, TO OCTAHABINBAET
maumny ThopuHTa);

B) 3anuckiéaem Ha JeHTY B AYElKY p CHMBOJ §, CABHTAET TOJIOBKY Ha Ap
U TepexoauT B cocTofHme ¢ (ADYTMME CIOBAMH, HOBOE COCTOSHIE Ma-

. o o Y.

MIUHBL 3aJaéTcs TPoHKOH ((So, ..., Sp—1,8, Spt1,..-), P+ Ap,¢'));

r) ecan p+ Ap < 0, ToO OCTAaHABINBAET MAIIHHY.

Moxanyit, BCAKUE COTTACHTCSA, 9TO STH JeUCTBUA He TPeCyIOT HU MOHM-
MaHUA, HU UCKYCCTBa, HA N306peTaTelIbHOCTH.

ITa6oTa Mammuabl Thiopunra 6ygeT Bcerga HAUYWNHATBCA W3 COCTOSHUA
(..., 0,qp), Plle 38 KOHETHBEIM CTOBOM (¢, COCTOSIINM U3 CHMBOJIOB BHEII-
Hero agadgaBuTa, ciefyeT 6eCKOHEYHOE CIOBO, LEANKOM COCTOAllee U3 Iy-
cTBIX cuMBoJOB. CioBo « GyeM HazbiBaTh 6xodon MT. B do6oit MmomenT
BPEMEHHU CJOBO, 3allliCAHHOE Ha JeHTe, ONHO3HAYHO 3aluChbiBaeTCA B BHE
O ..., TJle MOCHEIHNN CHMBOJ CJIOBA 0 — HE TMYCTOI, a 3a HUM YT TOJbKO
nycThle cuMBOJHL. [Ty 1eM Ha3BIBATEH CAOBO 0 UCNOALIYEMOL UACTBIO AEHNDL.

Brinmonnaa oaun TakT paboTH 3a APYTUM, MaInHa ThIOpWHT a TTOPOK Ta-
€T TOCJIeJOBATEIbHOCTE COCTOSHIT

(O-anaqo)a (UlaplaQI)a (UZaPZaQZ)a

Ecan MT ocTanaBanBaeTcs, HCTIONB3yeMas 9acTh JeHTHI B JOCTUTHY TOM
mepe OCTAHOBKOW COCTOAHWN Ha3biBaeTcs pedyapmamonm paborer MT.

1.2. Bermcaumvele GyHKIMYE M paspellmMMble IpeJUKATH. Kaxgad ma-
mmraa Teiopunra M ewviuucagem dacrtudanyto gysknuio ¢z nz A* B A*,
oToOpaXkalollyio BXoq « B pe3yabTaT paboTel MT Ha BXxOde o mpm ycio-
BUU, ITO Pe3yabTaT pPaboTHl ABJAAETCA CJIOBOM BO BHellTHeM aadasuTe. [lada
BXOJIOB, Ha KOTOPBIX MallllHAa He OCTAHABINBAECTCA WIN PE3yIbTaT COlep-
xKuT cuMBogbl uz S\ A, pyHKuus @y He onpejgeaena. U3 onpenenenus sicHo,
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a0 mobad MT BeraucaseT poBHO 0aHY DYHKIHIO (6BITH MOXKET, HUTIe He
OIPEJETEHHY0).

Onpegenenne 1.1. Yacruunas pyuknua [ uz A* B A* naszesiBaeTcsa 6bi-
wucaumoll, ecin cylnecTByeT Mammnia Teiopunra M, mis xkoTopon oy = f.
IIpum »ToM 6ymeM roBOpUTEL, 9TO [ eviuucauma uHa M.

ITe Bce pyuxmun Beraucanmer. [ITo scHO W3 cpaBHEHNA MOITHOCTH MHO-
KecTBa PYHKUUH (KOHTHHYYM) 1 MOIIHOCTH MHOXeCTBA MAllliH THIOPHHTA
(caéTHoe MHOKecTBO). [oflee MHTepeCcHBIe TTPUMEDEL cM. B 3agadax 1.3-1.5.

Mox npeduxamom GyjgeM TMOHUMATH HEKOTOPOE YCIOBHE, KOTOPOE BhHI-
noaHseTcA (OpeJUKaT NCTWHEH) WIH He BBITOMHAETCA (NPENUKAT JOXKEH)
miA kKaxaoro ciaoa 3 A*. Onpenenéuubie TakuM o6pazoM, TpeIuKaThH
JETKO OTOXK IeCTBIAIOTCA € A3blkaMy (TTOAMHOKeCTBAMH ¢IoB B A*) — mpe-
QUKATY COOTBETCTBYET MHOKECTBO CJIOB, HA KOTOPHIX OH ncTuHeH. Kax mo-
MY MPEIUKATY COMOCTABUM TAPAKMEPUCTRUNECKYW PYHKYUI0, KOTOPas pPaB-
Ha | Ha MHOXeCTBe CJIOB, /A KOTOPHIX MpeanKkaT UCTWHeH, n paBHa ( Ha
MHOXKECTBE CJOB, IS KOTOPHIX TpeaukaT moxeH. Mul Oymem o6o3HA9aTH
XapaKTepUCTHIeCKylo (PYHKINIO Tak ke, Kak u caMm mpeankar. [Ipegmkar
paspewun, eciin ero xapakTepucTndeckas GyHKInd Borauncanma. O Marm-
te ThIOpUHTa, BEIYUCAAIONIEH XaPAKTePUCTHIECKYO (PYHKIUIO TPEINKATA,
6y 1eM TOBOPHTE, 9TO OHA AaéT OTBET («fjas WM (HeT») Ha BOMPOC (HCTIHHO
JU 3HAYEHNE MPeInKaTa Ha BXOTE 7y

MowusTust BLrYHCAUMON QYHKINN W Pa3pelInMoro npegnkara 6y Iy T mc-
MOAB30BATHCA U A QYHKIHH (IpeInKaToB) OT MHOTHX MePEMEHHBIX.

Ilycth A — HekoTOpHI alaBHUT, a N — HaTypaabHoe 9ucio. IlycThb
M — mammna Teiopunra ¢ BraemnnM aadgasurom A U {#}. Iloctpoum 4a-
CTHYHYIO (QYHKOHIO @ar, m3 (A*)" B A* Tax: pprp(ar,...,an) = y, ec-

AU pe3yabTaT paboThl MammHELl M Ha Bxode ai#asd ... #a,FF coBnagaer
co caoBoM y. Ecim MallimHa He OCTAHABANBAEGTCA WIH Ha JEHTE 3aMNCaHO
9To-HNOYAb He TO (HANPHMeEp, CHMBOJIBI He W3 aiadapuTa A u T.m.), TO
omnla, ..., ap) He olpegelreHa.

Onpegenenne 1.2. Yacrnunas dywkuma f wmz (A*)" B A* HaswpiBaer-
ca ebluuCAUMOt, ecIn cyllecTByeT MalmuHa Tblopunra M, A1s KoTOpoi
$PMn = f

Hpe,Z[I/IKaT OT HECKOJBKHX NEPEMEHHEBIX paspeuium, €CJal €ro xapaxkTe-
pPUCTUYIECKaA dpyHKHI/IH BBIYHCJAMA.

[Mac 6y gyt mHTEpEecOBaTH pecypcel, TPeOYIONIMecs MJisd Buraucaenuni. /[Ba
BaKHENIINX pecypca — 6pemA W namams. llymeM ToBOPHTH, 9TO MAaINHA
Teiopuara M padoraer 3a Bpems Tyr(n), ecanm MakcnmaibHoe (MO BCeM
BXOJaM JIHHBI 1) KOJAMYEeCTBO TAKTOB, KOTOpoe mpopatoTaeT M 10 ocTa-
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HOBKH, paBHO Tyr(n). Anamormyano, maumua Teiopuara M paGoTaeT Ha
naMATH Sy (n), ecin HanboIee yaanéHHOE OT HaYala JEHTH MOIOKEHIE DO~
JOBKW TIPH BHIYHCAEHHAX HA BXOJaX JIHHBL N paBHO Sir(n).

1.3. Beruucaenus na manmuax Teopunra. Owesugao, aTo MT 3agaer
AJITOPUTM B CMBIC/IE TPUBEJIEHHOTO BHIlE HeOPMATBLHOTO OIMPEIeNeH .
O6paTHOE yTBepKAeHNE HA3BIBACTCA Mme3ucom Iépua:

«a1060t aszopumm Moxcem Gvimb peaauszosar mawunoti Tvopuneay.

ITe BaaBasick B o6cyx genne Tezmca He€pda, 3aMeTHM, 9TO B HACTOAIIEE
BpeMs HET CEPBE3HBIX OCHOBAHUU TIONBEPraTh ero coMHeHnoo. Bee mapect-
HBIE B HACTOSIEe BPEMs AITOPUTMBI PEATUIYIOTCS MalmHamu ThiopiH-
ra. [logpo6Hoe m3/0KeHIE TEOPUN AJTOPUTMOB YUTATENb MOKET HAUTH B
kuurax [1, 5, 6, 10, 13, 16, 17]. Mbl e orpaHu4uMcs KpaTKuMU HepOp-
MAaJbHBIMU TOACHEHUAMHI MPUEMOB MPOTPAMMUPOBAaHNA Ha MammnHax 1hio-
pHHTA.

BoamoxkuocTn manmabl ThiopuHTa Mpn TakKoM He(OPMATBEHOM 00CY XK Te-
HIH — 3TO BO3MOXKHOCTH Y€JI0BEKA C OTPDAHNYEHHON TaMsATHIO, KapaH JallloM
I TACTHKOM, KOTOPOMY BPY YHIN HEOT PAHHIEHHON (6€CKOHEHOMN ) TOMINHBL
TeTpaib. CTPaHWUIB TeTPaIl IMEIOT OTPAHIYEHHBIH pa3Mep (BCe BOZMOXK-
HBle BAPHAHTHI 3allOJHEHNs CTpaHulbl o6pasyfor aiadasut MT mpu cTpo-
rom ommcannn). [Ta mepBHIX cTpaHHIaX TETPALH 3aMHCAHO BXOTHOE CIOBO —
[0 OTHOMY CHMBOIY (I3 BHEIIHeT 0 aadapuTa) Ha cTpaHny. TenoBek MoxeT
JUCTATh TETPalb, CTHPATH CHMBOJBI, 3aIINCHIBATL HOBBIE. JaKaHINBAETCA
ITa €ro JeATeJBHOCTh TeM, 9TO OH 3aKPHIBAET TeTpalb (CABHT TOJOBKN
BJI€BO B TofoxkeHnn () U BO3BpAlAeT Pe3yIbTAT CBOEH paGoTHL.

[IpeacraBus ce6st B TaKOW CHTYAINH, JET'KO COOOPa3UTh, ITO MOKHO, 3a-
MOMUHAS HECKOIBKO CHMBOJIOB, BHITIOJIHATE JIOOBIE TeACTBISA HA Or DAHMYEH-
HOM KOJWYECTBe MOAPS] UAYIINX CTPAHNI]; MOXKHO CTAaBUTh HAa CTPAHUIIAX
JOTIOMHUTENbHBIE TTOMETKH (OTpaHNYeHHOE KOAMYIEeCTBO HA KaXK T0H ); MOXKHO
JUCTATh TETPab, IOKa He HANIETCA HYXKHAA MOMETKA; MOXKHO KOTTHPOBATH
CHMBOJBI Ha CBOGOMHBIE cTpaHunbl TeTpasu. CBOGO HEIE MecTa Ha CTpa-
HHI[AX MOXKHO TaKXke MCIOJB30BATh /s XPAHEHUs BCIOMOTATEABHBIX CJOB
[POU3BOMBHON IIHHBL (KaK 1 BXOTHOE CJIOBO, OHH 3aITHCHIBAIOTCA TI0 OTHOMY
CHMBOIY Ha CTPaHUILY ), HaJ KOTOPBIMHI MOXeT MOpaGoTaTh APYTOH deloBeK
(5T0 HasBIBAETCA (BBI3OB MOANPOTpaMMBD ). B 9acTHOCTH, 5TH BCIOMOTa-
TeNbHBEIE CIOBA TO3BOAAIOT MOAIEPKUBATE cuémuukt ([MeI0UNCIeHHbIE Te-
pementbie). Mcnoap3ysa CIETINKE, MOKHO aPeCOBATHCA K A9eHKaM TaMATH
O UX HOMEDY.

MMockoapky ommcanme Ja1060M MamnHbl THIOPUHTA ABAAETCH KOHETHBIM
06BEKTOM, M0 MOXKHO 3aKOUPOBATH CJIOBOM B HeKOTOpOM adadabuTe. B Ha-
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mreli HepopMadbHON CHTY AN JETKO TIOHATH, 9TO CYIIECTBYET YHUGEPCAAD-
Haa mawuna Tvrwopunea U, KoTopad, moaydas Ha Bxon mapy ([M], z), gaér
BHIXOJ s (). 3meck depes [M] obo3nadeHo onucanie HEKOTOPOIH MaIITHEL
Trropunara M. [lefcTBUTENILHO, MPEATONOKNM, ITO TeTpajb HAIMHAETCA
CO CTpaHWI, TJe 3alicalbl HHCTPYKIHMH o padoTe. Toraa BEINOTHATL 5TH
MHCTPYKIMH MOXKHO CJAeAYIONIAM 0Opa3zoM: IMOMETHM TeKYIIy CTpaHuIly;
NpOJHCTaeM TeTpajb A0 HA9aJbHOTO pasjena, coAepXKallero MHCTPYKINH,;
HalJéM HYKHYIO HHCTPYKIINIO; BEPHEMCA Ha3a U BBIIOJHUM €€.

1.4. CroxuocTHBIe KAACCH. Ile 1A BCAKOU BHIYUCAUMOUN (DYHKIHH
MOXHO peaJbHO OCYIIeCTBUTEH BBHIYHCIAeHUE €€ 3HadeHus. CyllecTBOBaHIe
aATOpUTMa He O3HadaeT, YTO HaM MO CHJAAM TMpOJeIaTh BCe MpEeANucaH-
Hble AeUcTBUA. [IpenaTcTBIE MOXKET 3aKA0OYATHCA B TOM, ITO Tpebyemble
[UIA 5TOT'O BBIYUCICHUA PECYPCHI CJAUITKOM Beauku. [lo>Tomy Hac mHTepe-
CyeT He CTOMBKO CYIIeCTBOBAHNE AJTOPUTMA JIJISA PEIICHU 3aatdl, CKOALKO
CYIIECTBOBAHNE SPPeRMUsHO20 ai20pumma.

PopMaT3oBaTh 5TO MOHATHE HEMPOCTO. [IPUHATHIN celvac cnocob co-
CTOUT B TOM, YTO BBIJEMAIOTCA KAACCH TeX (QYHKIUN WIM TPETAKATOB,
BBEIMHCJAEHHE KOTOPHIX BO3MOXHO MPH 3aJaBACMBIX ONPDAHMYEHUAX Ha MO-
TpebageMble pecypchl. [puHa 1IeKHOCTE GYHKIMH TOMY HWIH THOMY CAOMHC-
HOCMHOMY KAACCY CAYKAT YIOOHON XapaKTEpUCTUKOH BO3MOXHOCTEH eé
5 hHEeKTUBHOTO BHIYUCICHNSA, HE CBA3AHHON ¢ KOHKPETHBIMU Pealu3aluaMu
AT OPUTMOB.

[ManGosee BakHbIe KAACCH TOMYIAIOTCA, €CAN HAKAAIBIBATE OT'DAHUIIe-
HUA HA POCT BPeMeHU PaboThl /Wil UCTIONb3YeMON MAMATH B 3aBUCHMOCTH
OT JUIMHBI BXOJHOTO ciioBa. A Hambojdee BaKHOE pasanmdne Mexay s>dpdek-
TUBHBIMU U Hed(PHEKTUBHBIMI BBIYUCJICHUAME 3a0a6TCsA QYHKIUAMI N0-
Aunomuasbroz2o pocma. Pyuxkunsa f(n) — TOIMHOMHAILHOTO POCTA, €CIAN
NI HEKOTOPOU KOHCTAHTHI d MPHU NOCTATOYHO GOJBIINX N BBIMOJHAETCA
nepasercTBo f(n) < n¢. B aToM caygae 6yeM HCMoab3oBaTh 0603HAYCHTE

f(n) = poly(n).
Omnpepgenerne 1.3. Ipegukar f na MHOXKecTBe [B¥ IpuHAJICKUT KIac-

cy P (1 HA3BIBAETCA NOAUHOMUAADHO SVINUCAUMBIM), €CJH €70 XapaKTepn-
cTuveckas (GpyHKIUSA BuIYucanma Ha mammmie Tetopunara M| mias koTopon

Ty (n) = poly(n).

Ompepenenue 1.4. Tlpegukar f Ha MHOXKecTBe [B* MpHHAIICKAT KIACCY
PSPACE, ecim ero xapakTepucTudeckas (pyHKINA BLITACANMA HA MaIlIHE
Teropuara M, aag koTopoit Syr(n) = poly(n).

Ilo amajgormm c mpefUKaTaME MOXKHO ONpPEJeMHTh M GYHKYUU, 6bluu-
CAUMBLE 30 NOAUHOMUAALHOE GPEMA, T PYHKYUU, SHINUCAUMBLE HA NOAUHO-
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MmuaabHoli namamu. [as kaaccoB Takux (QYHKIUN TakKe HCTOAb3YIOTCA
o6oznadenus P u PSPACE, Tak 9To TOYHBIE CMBICA 3THX OGO3HAYMEHUH
HYKHO BOCCTAHABINBATE U3 KOHTEKCTA.

1.5. Cxemur. Cxema (6yaeBa) — 5TO CHOCO6 BEIMHUCANTH (PYHKIHIO
f:B* — B”. lloMmuMo MCXONHBIX TEPEMEHHBIX &1, ..., Ln, AT KOTOPBIX
BBIMHC/ISETCS 3HAYeHNe [, CXeMa MCIOMB3YeT HEKOTOPOE KOJUIECTBO BCIIO-
MOTaTeIbHBIX IEPEMEHHBIX Y1, . . ., Y5 i HEKOTODHIN HaGop (6azuc) GyaeBEIX
(T.e. mpuHEMatommx 3HadeHns 0 wim 1) gynkomii F. Cxema S B Gasuce
F omlipefiendeTca MOCAETOBATENBLHOCTBIO npuceausanut Y1, ..., Ys. Kaxmoe
OpucBauBaHume Y; mMeeT BHT y; = fj(ug,, ..., ug,. ), vde f;(-) € F, a mepe-
MenHad ug, (1 < p < r) — 2T0 am6O OJHA U3 HCXOJHBIX IEPEMEHHBIX &t
(1 <t < n), mmbo BenoMoraTeabHasA MEPEMEHHAA Y ¢ MEHBIINM HOMEPOM
(1 <1 < ). Takum o6pazoM, JIA KaxJoro HaGopa 3HAYEHNH HCXOTHBIX
MepEMEHHBIX TOCJAEOBATENbHOE BHIMOJHEHIE TPUCBANBAHNN, BXO[ISAIINX B
CXeEMY, OJHOZHAYHO ONPEeNeNdeT 3HAYEHNA BCEX BCIOMOTATENBHBIX Tepe-
MEeHHBIX. [1e3yabmamonm SbNUCAEHUA CIUTAITCS 3HAYEHUA MOCAETHUX 1M

NEPEMEHHBIX Ys—mtl, .- -5 Ys-
Cxema eviuucasem QyHKUuio f, ecan mas dio0bIX 3HAYEHUNR T1, ..., T,
pe3yaBTATOM BBIMHCAEHNA ABAAeTCA f(L1, ..., %)

Cxema HazbIBaeTCA opuyaoti, eCin Kaxk fasd BCIOMOT aTelbHAas TlepeMeH-
Had HCTOb3YETCA B MPABOT YacTH MPUCBANBAHNE TOJBKO ofuH pa3. (OG-
Hble MaTeMaTHdeckue GopMYyIbl MMEHHO TaK 3aJaloT MOCTIeI0BATEILHOCTE
NpPUCBANBAHWN: «BHYTPH» (POPMY.I HE HPHHATO UCTOAB3OBATH CCBLIKH Ha WX
qacTH WIH Apyrue GOpMY.IHL.)

CxeMy MOKHO TaK:Ke MPENCTABIATE B BUje OPHEHTUPOBAHHOT O AITNKJIH-
YecKoro rpada, y KOTOPOro BepIIHHbl BXOgHOH cTenenn 0 (6zodst) mome-
YeHBI MCXOHBIMH TEPEMEHHBIMH; OCTAABHBIE BEPIINHBL ((FYHKYUOHAAL HbLE
saeMeHmbl) TOMedeHbl PYHKIUAMA 13 Gasnca (Ipn 5TOM BXOHad CTeNeHb
BEPIINHBEL JOMKHA COBNIAJATh ¢ KOJIHIECTBOM apryMeHTOB €€ MOMETKH);
péGpa moMedeHBl YUCAaMy, YKA3BIBAIOMINMI HOMEPa apryMeHTOB; BEPIINHLL
BHIXOAHOH cTenern 0 (6vzodbl) TOMEYEHE MePEMEHHBIMH, OMMCHIBAOIIN-
MU pe3yabpTaT paboThl cxeMbl. Borvucienune Ha Tpade onpegenseTcs WH-
OYKTHBHO: KaK TOMBLKO M3BECTHHI 3HAYMEHNA BCEX BEDIIUH Y1, ..., Yk,, U3
KOTOPBIX BeJyT pébpa B JaHHYIO BEPIINHY v, BEPIINHA U MOJyYaeT 3HaTe-
Hre Yy = fu(y1,. .., Yk, ), 0Ae f, — GasucHas QYHKINA, KOTOPOH MOMEYEHA
BepmmHa. [Ipw mepexoje kK rpady cXeMBI MBI OIIYCKAEM HECYULECTEEHHDLE
npuceausaHui, KOTOpble HU pa3y He UCMOAb3YIOTCA HA MYTH K BBIXOHBIM
BepIIMHAM, TaK 9TO OHW HUKAK HE BAUAIOT HA PE3YIbTAT BLIYHCICHIUA.

[Maswc Ha3BLIBAETCA NOAHBIM, €CAU I JI060H GyaeBoil GYHKIUE [ ecTh
cxema B 5ToM 6asmce, Burancasomias f. fAcHo, ¥To B moanoMm 6asnce MOXK-
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HO BHIYUCANTH NPOM3BOJBHYIO dyHKUmo f: B* — B™ (rakyio QyHKINO
MOJKHO TIPE/ICTABHTE Kak YHOPAJOYEeHHEIN HAGOD U3 1M OyaeBHIX DYHKIINH).

[MyaeBa dyukina MoxeT ObITH 3ajana Tabaumen sHadenui. [Ipuseaém
TabANNEl 3HATEHIH AAA TPEX (pyHKINH

NOT(x) = —~x, OR(x1,%2) = 21 V &2, AND(21,22) = 21 A 22

(ompuyanue, JuU3BIOHKYUL, KOHBIOHKYUA), OOPA3YIOIINX TOJHBIN 6a3mc, Ko-
TOPBIN Oy A€M CINTATEH CTAHIAPTHHIM. B nasbHelllleM IMeOTCA B BUIY CXe-
MBI IMEHHO B 3TOM 0asuce, ecin ABHO He YKa3aHO ITO-Anbo MHOE.

x | NOT r1 oo | OR r1 oo | AND

0 1 0 0 0 0 0 0
1 0 0 1 1 0 1 0
1 0 1 1 0 0
1 1 1 1 1 1

KoHBIOHKINA W AU3BIOHKINA ONPENeNAIoTCA MAA TPON3BOIBLHOTO YUCAA
OyJeBLIX TepeMEHHBIX aHAJOTMIHHIM 06pa3oM: KOHBIOHKINA paBHa | TOdb-
KO TOT'[a, KOTa BCe apTyYMeHTHl paBHLI 1, a AM3BIOHKINA paBHa ( TOIbKO
TOTJa, KOT'1a Bce apryMeHTHI paBHH (. B cTangapTHOM 6a3mce OHU OYEBU,I-
HBIM 06pa3oM BBIUACIAIOTCA cXeMaMH (1 fazke popMyIaMin) pasMepa n— 1.

Teopema 1.1. Haszuc {NOT, OR, AND} — noanwii.

JokazaTeascrBo. Jumepasom GyjgeM Ha3BIBATH TEPEMEHHYIO WIN €€
oTpunanne. KOHBIOHKIHER JHTEPATOB (ITO cxeMa 1 f1ake GhopMyaa) Jerko
IpeJCTABUTE (QYHKINIO Xy (£), KOTOpasd IpUHIMAaeT 3HadeHHe | POBHO OHH
pa3: mpu £ = u. Ecanm u; = 1, BKIo9aeM B KOHBIOHKIINIO MEPEMEHHYIO Z;,
ecan u; = 0, TO BKIIOYaeM B KOHBIOHKINIO —&;. [I[pomsBoabuas dpyuxius f
MOXKeT OBITE IpefcTaBleHa B BUIE

flx) = \/ Yu(2). (1.1)

w:f(u)=1
B Takom caydae ropopAT, 4ro [ mIpeicTaBlieHa B Ju3bioHKMUEHOU HOp-
Mmaavroti Popme (ﬂHCID), T.e. KaK AN3BIOHKINA KOHBIOHKIINH JII/ITepaJIOB.6)
KaK y)Ke FOBOpI/IJIOCb, ,Z[I/IB’I)IOHKHI/IH HECKOJIBKNX HepeMeHHbIX Bpra)KaeTCH
gopMyJIoH B cTaHIapTHOM 6asuce. (I

Haamepom cxeMBlI Ha3BIBAETCS KOMMYECTBO MPHUCBAanBaHUN B cxeme. Mu-
HUMAJBHBIN pa3Mep cxeMbl B 6azuce F | Buraucastomell pyHKIno f, Ha3piBa-
eTcd cremnoti caomcnocmuio pyrkunn f B 6asnce F u o6oszHadaeTcd cx(f).
Ilepexom oT oHOTO MOTHOT'O KOHETHOT O 6a3Wca K APYTOMY MOJTHOMY KOHet-
HOMY 6a3HCy MeHAeT CXEMHYIO CIOKHOCTH dyHKIHH Ha MHOXKNTerb O(1).

6),Z[aJ1ee HaM €€ NOTPebSyeTcA U KOMBIOHKMUsHAR Hopmarvnas gopma (KIIP) —
KOH'BIOHKIINA TU3BIOHKIIUN JHTEPAJIOB.
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Tak 9T0 B aCHMITOTHYECKNX OIEHKAaX BHIGOD KOHKPETHOT O TMOJMHOT0O 6a3mnca
HeBaXeH W ModToMYy OyIeM HCIOMb30BaTh obosHadeHue ¢ f) A1 cxeMHOR
CTOKHOCTH f B KOHETHOM IOJHOM Gasuce.

Kaxgeii mpegukar f Ha MHOXKecTBe B* ompegeiseT mocaenoBaTenb-
HOCTE GyaeBHiX pyHKuun f,: B* — B caenyrommum obpazom:

falzr, za, . mn) = flerme .. xy),
rie cIpaBa CTONT XapaKTepHcTHYeckKad (PYHKIHA IpeJukaTa f.
Omnpepgenenne 1.5. Ilpegukar f npumammexuT kaaccy P/poly, ecan
e(fn) = poly(n).
Teopema 1.2. P C P/poly.

HoxazareabcTBo. Ecau MT paboTaeT 3a noanHoMuadbHOe BpeMs, TO 1
MaMATh, KOTOPYIO OHa NCIOAb3yeT, orpannydena moanHoMoM. [loaTomy Bech
MPOIECC BHIYUCAEHNA HA BXOJHOM CJAOBE & JIUHBI N MOXKHO TPEICTaBUTH
mabauyet sviuucaenus pasmepa T x S, rae T = poly(n), S = poly(n).

t=0 N

t=1

t=13j r I’ T
t=j5+1 r
t=1T

S KJIeTOK

Ctpoxka ¢ HoMepoMm j Tabaunsl 3agaer cocrosume MT mocae j TakToB
paboTsl. CumBoae! ', 3ammcaHHBIe B Tabamlle, MPHHALICKAT atdaBu-
Ty § x {@ U Q}. Cumsox I'; ), ompegenseT mapy (CHMBOJ, 3alHNCAHHEIN B
k-1 Adelike mocae j TaKTOB pabOTHI; COCTOAHHE YIIPABIAIOIIETO YCTPOU-
CTBa TOCAe j TaKTOB PabOTHI, €CAN T'OJOBKA HAXOMUTCA Hal k-U AIeHKOM,
B TIPOTHBHOM CJIydae BTOPOH dIeMeHT napbl — &). Jlid IpocToTH TaKkke
CYMTaeM, ITO eCIU BLIYUCICHNE 3aKAHIUBACTCA MPH HEKOTOPOM BXOJE 3a
T’ < T TaKkTOB, TO CTPOKHU C HOMepaMn, 6OALIIIME 1" | IOBTOPAIOT CTPOKY
¢ momepom 1".

[MocTpouTh cxeMy, BEIMUCAAONIYIO 3HAYEHUA MPeNKaTa Ha CIOBAX [JIH-
HBI 1, MOXKHO cliefyiomnM obpazom. Cocmosnue kancdoti kaemku mabauybl
MOJKHO 3aKOAMPOBATH KOHEYHHIM (HE 3aBHCAIINM OT 1) YHCAOM OyIeBEIX
nepeMeHHBIX. IMeIoTcs 40KaAAbHbLE NPABUAL COZAACOBANUA, T. €. COCTOAHIE
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KaXk ol KaeTKn I’ B cTpoKe HMXKe HYJeBOU ONHOZHATHO OMpeeadeTCa CO-
CTOAHUAME KJETOK B MPEALLAYIIEN CTPOKe, JeKalllnX HEeIOCPeICTBEHHO Ha 1l
pausoit (I'), nepee nanuon (IY,) u mpasee naunon (I')). Kaxnas mepeven-
Has, KOAUPYIOIIAsa COCTOAHUE KaeTKu ', ecTh (byHKIHUA OT TI€epeMeHHBIX,
Kojupyioiux cocrosuusa Kaerok [ TV T . Bee oTu GyHKUUN MOTYT GBITH
BBEIMHCJIEHBI CXeMaMi KOHETHOT 0 pazMepa. OOLeuHAsA 5TH CXeMBI, TTOJYIUM
CXeMy, BEIMHCIAIONIYIO BCe TepeMeHHble, KOAMPYIONe COCTOAHUA KJIETOK
TabamIEn; pasmep sToit cxembr 6y et O(ST) = O(n?M).

OcTanock 3aMeTHTh, 9TO TepeMeHHBIe, KOAUPYIONe 9acTh KIeTOK Hy-
JIEBOW CTPOKH, ONpPeNealoTCss BXOMHBEIM CIOBOM, a MepeMeHHble, KOTupyTo-
e oCTadbHEIE KIETKH HYJIEBOU CTPOKH, ABIAIOTCA KOHCTAHTAMH. ATOGE!
Y3HATh pe3yabTaT BHIMHCAEHNA, HYKHO ONMpeJeJnTh CHMBOJ, 3alTACAHHbIN B
HyJ/JIEeBOH AYedKe JeHTHl B KOHIIE BLIMUC/AeHNA. [le3 orpannmdenna oOMHOCTH
MOXKHO CIMTaTh, YTO COCTOAHMUA KJAETOK TabIUIbl KOMUPYIOTCA TaK, 9TO
oJlHA M3 KOAWPYIOIINX MEPEMEHHLIX paBHa | TOMLKO B TOM Ciaydae, KOT[a
B aAdelike 3anucana 1. Torga sHadenne 5TOH mepeMeHHOH M xofa I'p o m
6yJeT Pe3yabTATOM BEIUCICHHA. O

3ameuanne 1.1. Kuaacc P/poly wmpe waacca P. Jloboi qpyuxumum ot
HATYPAIbHOTO apryMeHTa @(n) co 3HadeHUAMH B [§ MOXHO COMNOCTaBHTH
npegukatT f, 0o mpasuay f,(z) = ¢(|z|), rge || obosHataer mIMHY ClO-
Ba r. OrpaHmdenne TaKkoro NpejnkaTa Ha CI0OBa AJIUHBI N TOXJECTBEHHO
pasro 0 wan 1 (B 3aBucuMocTH oT n). CxeMHasA CIOKHOCTD TaKUX (YHKIHIT
orpanmvena KonctanTon. [losToMy Bce Takme MpefuKaTHl MO ONPeIeNeHIIO
npunagaexar P/poly, xors cpeau HUX ecTh U HepaspelnMble MpeInKaTh.

CrpaBeqauBo clieyIollee YCUIEHIE TEOPEMHI.

Teopema 1.3. f npunadaescum P moada u moavko moezda, xkoeda

1) f € P/poly;

2) eywecmeyem MT, komopas no wucay n 3a epems poly(n) ecmpoum cre-
MY BBINUCAEHUA [, .

JokasaTreascTBo. — JlaHHOe B MOoKa3aTeqbCTBe TeopeMbl 1.2 ommca-
Hie HeTpyaHO mpeBpaTuTh B MT, xoTopas cTpouT cxeMmy BbIMHCIeHUS [
3a MOTHHOMHUAIBHOE TI0 1 BpeMdA (cXeMa f,, IMeeT TPOCTYIo CTPYKTYPY: Ka-
K jIas mepeMeHHas CBA3aHa C TPEIBLIYIIMA OTHIUMEI 1 TEMU Ke MPAaBUJIaME
COTJIACOBAHNA).

<= C(Croap XKe mpocTo. BervucasgeM paszmep BXOTHOTO CJIOBA. 3aTeM
CTPOUM [0 HTOMY Pa3sMepy CXeMy S|y| BIMUCACHUA fi;|, HCIOMB3YA yKa3aH-
Hyio B ycaopuu 2) mammny. Ilocae sroro BeraucaseM S)p|(x) Ha MammHe,
KOTOpas MO ONUCAHMIO CXEMBI U 3HAYEHUSAM BXOIHBIX MEPEMEHHBIX BBITH-
casgeT 3HAYEHNEe CXEMBI 3a MOJNHOMHUAJTBLHOE OT [JIHMHBI BXO1a BPEMS. d
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3agatuu

1.1. TlocTpoirte mamuuy TrhOpuUHTa, KOTOPasA 3AINCHIBAET BXOTHOE TBO-
UYHOE CIOBO B 06paTHOM TOPAIKE.

1.2. Tloctpoure mammuy ThropmHra, KoTOpas CKIaJbIBacT [Ba UUCIA,
3alllCaHHble B TBOMYHON cucTeMe. [/ ONpeeTéHHOCTH CINTANTE, ITO 3a-
MHUCH YUCe Pa3efeHbl ClelnaJbHbBIM CUMBOJIOM aahaBuTa «+».

1.3. JokaxuTre, 9TO He CYIMIECTBYET aJrOPUTMAa, KOTOPHIN 110 MAIINHE
ThiopuHT A U BXOAY ONpeNenseT, OCTAHOBATCA M1 OHA Ha 3TOM BXO[e.

1.4. JJokaxuTe, 9TO He CYMIECTBYET AT OPUTMA, KOTOPHIN BHIMICHIBAET
OJHY 3a JIPYTOHW BCe MalnHBI 1HIOpHHTA, KOTOPHIE HE OCTAHABINBAIOTCS,
Oy Iy<du 3amyMIeHHBIMI Ha TyCTON JeHTE.

1.5. Tlycre T'(n) — MaKcUMaabHOE BPEMs, KOTOPOE MOXKET MPOHTH 10
OCTAHOBKHN MaIMHbl ThIOpUHTA ¢ N COCTOAHUAME W N CUMBOJAMHI ajlpaBuTa,
ecan eé 3alyCTHTH Ha TycTol JerTe. lokaxnTe, 9To pyHkunda T (n) pacTér
GBICTpEE TGO BEIYHCANMON BCIOAY ONPEAeTEHHOT QYHKINI b(n), TO ecTh

lHm[T'(n)/b(n)] = +o0.

[MaGop saeMeHTAPHBIX WHCTPYKIWH y ONUCAHHBIX BIMe MammnH Thio-
punra kpanme 6emer. UMetoTcs pazHoobpasHble UX 0606IIEHNA, HAIPIMED,
MHOZOAEHMOUHBIE MAITUHBL ThiopuHTa. B oTanYne oT onmcanHoON BhIIIE, Ta-
kag MT nMmeeT HeCKOABKO (KOHEWHOE MHOXKECTBO) JEHT, KaXKgas CO CBOEH
T OJIOBKOIL, YIIPABAAIONIEMY YCTPOUCTBY JAOCTYIHBI CHMBOJBI, HAXOIAIINECS B
AYelKax, Ha KOTOPBIX PACIOJOKEHHBI TOJOBKH JeHT. BhITeqeHbl 1Be JEHTH:
6r00HAA, ¢ KOTOPOU paszpelnaeTcs TOJAbKO YUTATh CHMBOJBI, U 6blT0JHAA,
Ha KOTOPYIO paspelraeTcs TOJbKO MHCaTh CuMBOJAbI. OCTaJdbHBIE JEHTH Ha-
3BIBAIOTCA pabouumyu. MHOTOMeHTOYHAA MAIIMHA HA3BIBACTCA Kk-JTeHTOYHOMN,
ecan y Heé k paboumx aeHT. /leiicTBre 3a TaKT pabOTHl COCTOUT B M3MEHE-
HUW COCTOSHUS YIPABAAIOMIETO YCTPONCTBA, M3MEHEHNN CHMBOJIOB B Svell-
KaX 1O/l TOJOBKAMHU W M3MEHEHUH TOJOXKEHNI TONOBOK Ha JeHTax (Kaxkjad
TOJIOBKa CABHTAeTCA He Gollee, deM Ha ofHy Tozuinio). IITo geficTBre 01HO-
3HAYHO OIpeeNAeTCs COCTOAHNEM YIPABISAOINIErO yCTPOUCTBA U HAGOPOM
CHMBOJIOB B siMellKax Mo TogoBKamu. Ecanm meficTBHe BBITIOJHUTEL HETB3S,
MallliHa OCTaHaBJANBACTCA.

B mavane paGoThl MHOT OIEHTOYHON MaIllnHEl ThIOpIHTa BCe JEHTHI Y-
CTHI, KPOMe BXOMHOW, Ha KOTOPOU 3amucal Bxoi. IlesyabraT paGoTh Ma-
IIMHBL — COCTOSIHINE BHIXOHOW JEHTHI B KOHIIE PAbOTHI.

Ecmn naTEpecoBaTHCA CIOKHOCTBHIO AT OPUTMOB C TOYHOCTHIO IO TTOJH-
HOMUAJBHO OI'PaHNYEHHOT'O MHOXKHUTENA, MHOIOJIEHTOYHbIe MallIMHbl HUYe-
ro He JOGABIAIOT MO CPABHEHUIO ¢ OMUCAHHBIMU BHIMIE MAUWUHAMU € COUH-
cmeeHHol aenmot.
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1.6. /TokaxuTe, 9TO NBYXJICHTOYHYIO MAIIHHY ThIOpHHTa, paboTaroNy o
3a Bpemsa T'(n) > n Ha BXOAax JIMHBI 7, MOKHO MOJEINPOBATH HA MAlIUHe
¢ enuHcTBeHHOI JenToll 3a Bpema O(T?(n)).

1.7. JoxaxwTe, 9TO TPEXAEHTOIHYIO MAITNHY T hIOpUHTa, paboTaIONIy 0
3a Bpems T(n) > n Ha BXOJax MIMHBI N, MOXKHO MOMEIMPOBATL HA MBYX-
ferTO9HOMN 3a Bpema O(T'(n)logT(n)).

1.8. Hycte M — mammna ThlopuHTa ¢ eMHCTBEHHON JeHTON, KOTOpas
KOIHMpPYeT BXOJHOE CJOBO (MIPUIACHIBAA €T'0 KOMHIO CIIPaBa OT CAMOT'O CJIO-
Ba). Hycth T'(n) — MakcuMaabHOe BpeMs €6 paGOThI Ha BXOJAAX AJIUHBL 7.
Nokaxure, ato T(n) > en? naa mekoroporo € u aaa Beex n. UTo MoX-
HO cKazaTh mpo 17(n), KOTOpoe eCTh MUHUMAJbHOE BpeMA €8 paboTHI Ha
BXOfaX IIWHEL N7

1.9. ITaccMoTpUM A3BIK TPOTPAMMUPOBAHNA, B KOTOPOM ecTh Bcero 100
HATYPaJbHBIX EPEMEHHBIX, PA3PEMIEHHBIE OTIePAIT — MPUCaBIeHNE U BhI-
qnTaHne |, pazpeméHHas IpoBepKa — He paBHA JU lepeMeHHas Hyato. [laz-
pelieHo ncnoabp3oBaTh if-then-else n while, HO peKypcud He pa3pellicHa.
JokaxnTe, 9TO ¢ MOMOMIBIO TTPOTPAMM Ha TaKOM A3BIKe MPOTPaMMUPOBa-
HUA MOXKHO BHIYUCAATEH JIO0YIO BHIYACIUMYIO PYHKITHIO.

1.10. TlocTponTe aaropuT™m, ONpenedionini, ABIAETCA AN JaHHLIA 6a-
3uc mogaubiM. [lazucaere QyHKINN 3a1aHBl TAOANIIAMI 3HAYEHUN.

1.11. TIycTs ¢, ecTh MaKCUMyM CIOXKHOCTH ¢ f) o BceM GyaeBEIM Py H-
kmuaM f oT n mepeMmenubix. JoxkaxwuTe, 9o 1,99” < ¢, < 2,01" npu go-
CTaTOYHO GOMBIINX 7.

1.12. aybunoii cXxeMBI HA3BIBAETCS MAKCHMAJABHOE THCJIO DIEMEHTOB Ha
myTH OT BXOA0B K BbIXOAy. [lokaxuTe, 9T0 A106yI0 PYyHKINIO MOXHO BBHI-
YHCAUTE CXeMOU TIyOmHEL He Gomee 3 w3 saemenToB NOT m m3 2JeMeHTOB
AND u OR ¢ mpon3BOJBHBIM YHCJIOM BXOTOB.

1.13. Joxaxmure, 9T0 ecan u3 cxeMbl niy6unst O(logn), BEIMmICAAIOMEH
dyukumio f: B — B, BEIOPOCHTEL BCe HECYIIECTBEHHBIE TPUCBANBAHIISA,
TO MOMyYeHHAS CXeMa NMeeT MOMNHOMUAABHBIN IO N + M pa3Mep.

1.14. TlocTponTe cxemMy, KOTOpas CpaBHUBAeT ABa N-OUTOBLIX UNCIA U
mMeeT pasmep O(n), a ray6uny O(logn).

1.15. a) TlocTpoliTe cxeMy CIOXKeHWs ABYX N-GUTOBHIX 9HCEN pazMepa
O(n).

6) ToT XKe BOIPOC, €CH JONOJHUTEILHO TOTPeGOBATE, YTOGH MIyGHHA
cxembl Geita O(logn).

1.16. Pysxuma MAJ: B* — B paBHa | Ha JBOMYHHIX CJIOBax, B KO-
TOPBIX YHUCIO eIWHUI GOJbIle dncia Hyden, n 0 — Ha OCTAJBHBIX CJIOBaX.
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IocTpoiiTe cxeMy, BLIMUCIAIONIYIO 5Ty (QYHKIWIO, Pa3Mep CXeMbl TOIKEeH
6uITE auHeeH 0o n, raybuaa — O(lognloglogn).

1.17. TlocTpoiire cxemy pasmepa poly(n) u ray6ume O(log® n), Koropas
IpOBEPAET, CBA3AHEBI JH IIyTEM IBe BEpPIIUHLL B rpade. I'pad Ha m Bepim-
Hax, KOTOpBIe MOMeYeHbl dnucaaMu oT 1 go m, 3agaérca n = m(m — 1)/2
OyaeBbiME epeMeHHbIME. [lepemennas 2;;, rjie ¢ < j, onpejeisder, ecTh Ju
B rpade pebpo, coeUHAONIee BEPIINHLL i H .

1.18. Ilycte cxema raybuns 3 us saemerToB NOT u u3 saemerntoB AND
u OR ¢ TpOM3BOJBLHBIM YUCAOM BXOIOB BBEIYMNCAAET CIOXKEHNE 1 GUTOB IO MO-
ayao 2 (byakuus PARITY). TlokaxuTe, 9T0 pa3Mep CXeMBI He MeHbIIIE ¢
I HEKOTOporo ¢ > 1.

1.19. Ilycts fi, fo,... — mociaefoBaTeIbHOCTEH OYJAEBHIX (DYHKIUH OT
1,2, ... aprymenToB. [lokaxunTe, 9T0 cleAyioliye ABa CBONCTBA PABHOCHIhH-
HBIL:

a) CYIIECTBYET MOCHAEJOBATENBHOCTE BEIMHCAAIONINK >TH GYHKINH Pop-
MYyJl, pazMep KOTOPHIX He TPEBOCXOMUT MOJMHOMA OT 1

6) CYUIECTBYET MOCTENOBATENBEHOCTE BEIYHCIAIONMK 3TH QYHKINH CXEM
ray6unst O(logn) us saementoB NOT, AND u OR (c qAByMs BXOTaMH).

1.20. [JoxaxwuTe, 9TO CYIIECTBYET DPa3PEMIUMBIN TIPEANKAT, KOTOPHIT
npunanaexut P/poly, Ho He npunagiexur P.

2. Kaace NP: cBogUMOCTD H IMOIHOTA

2.1. NP — kiacc npeuKaToB, BEITUCIMMBIX 32 IOIMHOMUAIBHOE BpeMs
HeJeTepMUHUPOBAHHEIMM ManmHaMu Teopunra. Tepmun «HeneTepMUHI-
DOBaHHBINY HEYAYHBIN, HO OH yXK€ CTaJ CTaHJapTHBHIM.

Kaacc NP onpegenén Toabko a1 npeankaToB. [oBOpAT, HAIPpUMED, ITO
(«CBOHCTBO T'pada , IMETh MaMILIBTOHOB MK ) “ npuHamiexnT NP».

Mul gaamM HECKOABKO OTMPENETeHuN 3TOT0 Kiaacca. [lepBoe mcmoab3yer
MOHATHE Hedemepmunuposannoti mawunst Toiopunza. YcTpOUCTBO HeleTep-
muHupoBanHoi MammHubl (ITMT) Takoe Xe, Kak U OGBLIMHON (JAeTepPMUHNI-
POBAHHOIT), 3a OJHNM WCKIOYeHHeM. Y yIpaBadolero yerpoicrsa ITMT
eCcTh 0CcOOble HeleTEPMUHIPOBaHHBIE cocTOssHNA. [laxogsack B TakoM cocTo-
aunn, [IMT MoxeT BEITIOTHITH OJHO M3 HECKOALKNAX AericTBui. [losToMy y
IIMT BMmecTo QYyHKINN MEPEXOJOB €CTh TabuIla, B KOTOPOHW s Kaxk JoH
mapbl (COCTOAHUE YIPABJAIIETO YCTPOHCTBA, TEKYIINH CHMBOI Ha JEHTE)

) Namuavmonos yura — 3aMKHYTHIU Iy Th B rpade, MPoXo IANII Yepe3 BCEe BEPIIHHBL
rpada poBHO 110 ogHOMY pa3zy. ['pad, B KOTOPOM eCTh X0Ts 6B 0 JUH MaMUJIBTOHOB ITUK.I,

Ha3bIBaeTCAd 2aMUABTNOHOB6bIM.



30 KJIACCHYECKHE BBEIYHCJIEHAA

BMECTO €JHHCTBEHHO BO3MOKHOTO BapHaHTa AelcTBHI (M3MeHEeHHe COCTOA-
HIA YIPAaBIAIIErO YyCTPORCTBA, 3alHCh CHMBOJIA HA JEHTY, CJBUT TOJOBKN)
yKazaH HabOp BO3MOXHBIX mericTBuil. O6BIMHEBIE, TeTEpPMUHUPOBAHHBIE, CO-
CTOSTHUA CTAHOBATCA YaCTHBIM CJAydaeM, KOra TAaKOU Habop COCTOUT POBHO
13 OJHOTO BapWaHTa AeHCTBUH.

Ilymv sviuucaernus [IMT onpeneaseTcsa BEIGOPOM OTHOTO 13 BO3MOXKHBIX
MEPEXOI0B HA KaXKJA0M TaKkTe paboThl. [lefeTepMUHNPOBAHHOCTD IPUBO AT
K ToMmy, 94To nyTen Buraucaenus aas [IMT, paboratomien Ha TaHHOM BXO[-
HOM CJIOBE, OKa3BIBAETCS MHOTO.

Omnpegenenne 2.1. Ilpenukar L mpunaiexunT Kiaccy NP, ecan cyiie-
crBytor I[IMT M u moansom p(n) Takue, 9T0

L(x) =1 = cymecTByeT IyTh BBIYNCICHHA, TAIOUMI OTBET ¢Ja) 3a
BpeMs, He mpeBocxodiee p(|x|);

L(x) =0 = (1 sapuanm onpedesenus) HeT YKa3aHHOT'O BEHIIIE MyTH;
(2 sapuanm onpedeaenus) Ha AOGOM MYTH BBITHCACHUS

OTBETA ¢la» HE MOJYTACTCH.

Sameuanne 2.1. IlpuBeneHHble BApUAHTEHL OMpeeJeHNA SKBUBAJICHTHEI.
YT106B HCKIIOYNTE BO3MOXKHOCTE OTBETOB «/Iay HA JUIMHHBIX TYTAX BBIYH-
caerns, nocraTodno B3ATH [IMT, umutupytomyto ucxogauyio [IMT u moa-
CINTBIBAIOMIYIO KOINIeCTBO caedanubix ncxoauon IIMT maros. Korga «m-
CJIO MIArOB MpeBHIIIaeT p(|z|), Malmaa ocTaHaBIHBACTCA.

3ametuanne 2.2. B mpenpinyinem paccyKIeHUU AOMYIIeHA OMHA TOHKAA
ommbKa. B onpee/eHnn HIUEro He CKa3aHo O MOMANHOME p(n), KpoMe hak-
Ta ero cymectBoBanud. Ecan koo punneHTH MOAMHOMA HEBHITUCANMBI, MO-
I'yT BO3HUKHYTH NPOOGJAEMEL ¢ YKa3aHHBIM BHIIIE CIIOCOOOM CBeIeHUA OTHOT O
ompefiefeHnA K ApYroMy (HY’KHO BHIYHCAHTE 3HadYeHHe MOANHOMA). TTO6H!
B JagabHellieM u30eraTh 3TOW CAOKHOCTH, 6yjJeM CINTAThH, 9TO TOJIMHOM
nMeeT feable KO3 UuIneHTH.

Jameqanme 2.3. IlenocpencTBenno u3 ompeneaeHus 2.1 caeayeT, 9TO
P C NP. Asaserca jqu 510 BKaovdenne crporum? [JoBoIbHO WHTEHCUBHBIE,
XOTA U Ge3yCIenrHble, MONBITKI OTBETUTEH HA STOT BOMPOC MPOIOIKAIOTCA
yike moaru 30 aet. [egasno C. Cumeiin Brmoana npobaemy P = NP B ancio
TPEX BaKHEHIINX MAaTEMATHIECKHX MPOOGIEM CIEAYIOMIEr0 CTONETHSA (Be
Apyrue — runoresa [Tumana u runoresa Ilyarkape).

Bropoe onpeneaenne knacca NP mpegcrasisercs Gomee ecTeCTBEHHBIM.
OHO uCHONB3yeT MOHATHE MOMMHOMHAJBHO BBHIYUCANMOIO TpEINKaTa OT
OBYX mepeMeHHBIX. OmpeefeHne TAaKOTO IPeINKATa MOAy9aeTcs KOMOUHA-
umeit onpenenennit 1.2 u 1.3. Tlox pasmepom Bxoga aas mpegnkara R(z,y)
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MOXKHO MOHUMATh Takxke win ||+ |y|, man max(|z|, |y|) — noay4arca sxBu-
BaJeHTHBIE OTpeTeJeHH .

Onpegenenne 2.2. IIpenukart L npunamiexuT kaaccy NP, eciu on mpej-
crasuM B hopme L(x) = Jy ((|y| < q(]z)) A R(z, y)), rje ¢(-) — TOamHOM,
a R(-,-) €P.

IIpumep 2.1. Tlycte R(z,y) = ¢y ecTh NaMUABTOHOB INKJI B Ipade .
IToree To9HO HYKHO CKazaTh TaK: «T €CTh JBOMYHBLIN KO HEKOTOPOTO I'pa-
da, a y — Ko raMEIbTOHOBA UHKJa B 5TOM Tpade (HCIOIB3YeM TaKoe
KOJMpOBaHie, IPH KOTOPOM KOJ IHKJIa He IIHHHee Kona rpada), Takie
970. . .». BoseMméM ¢(n) = n. Torga L(z) 6yaeT B TOYHOCTH O3HAYaTH, 9TO
B Tpade HAIAETCA TaMIIbTOHOB UK.

Teopema 2.1. Onpedeacnus 2.1 u 2.2 sxsusasenmusl.

Jokazateascrso. Omup. 2.1 = omnp. 2.2. Ilycte ects [IMT M u mo-
anHOM p(n) m3 mepporo ompefedennd. Ilaccmorpum npeauxar R(z,y) =
= 4y eCTb TPOTOKOA paboThl M Ha BO3ZMOKHOM MyTH BBIMUCIEHUSI CO BXO-
JOM ¥ JaloleTo OTBET , 1a“ 3a BpeMd, He TmpeBocxondiee p(|x|)». Jaunna
TaKOT'0 MPOTOKOJA TIPH Pa3yMHOM KOTUPOBAHUN JUHEHHO 3aBUCHT OT Bpe-
MeHW BBEIYHCICHUA (€CIH HCTOMB30BATh B Ka4eCTBe MPOTOKOJA OMMCAHHYIO
B JOKA3aTeIbCTBE TeOPeMEl 1.2 TaGINIy BBEIYHCICHHA, TO KBAJPaTHYHO),
HOPTOMY B KadecTBe ¢(n) Jid BTOPOTO ONpeIeldeHNs MOXKHO B3ATH p(n)
(p*(n)), yMHOKEHHLI Ha MOAXOAANLYIO KOHCTAHTY .

Y7106B 3aKOHYNTH JOKA3aTEAbCTBO B DTOM CIydae, OCTAJOCH ITPOBe-
puth, 9to R(-,-) € P. IITo mourn oveBmgHO. MBI JOMKHBI TPOBEPHTH
npoTokoa HekoTopon IIMT, paboTaloltiell 3a noanHoMnaabHoe Bpemd. IITo
3afMET Hac IPUMEPHO Ha TO XKe BpeMs (COBEPIIEHHO He3a9eM CMOTPETE Ha
O[IHY SAUEHKY BKCIOHEHIHATBLHO TOITO).

Omp. 2.2 = onp. 2.1. Ilycte ects R, ¢ 3 onpengenermns 2.2. [TocTpo-
uM M mas onpeneaerns 2.1. Oua paboTaeT B ABa >Tarma.

Buauare M wedemepmunuposanno nuuiem y (KOTOPHIE B CHIY OIpe-
JeldeHns 2.2 CyUeCTBYeT maf J060To cloBa &, misd KoToporo L(z) = 1).
ToopaT emwg, aro M «oTrageiBaeTs (“guesses”) y. Tlomee To4HO 5T0 03HA-
qaeT, 9¥T0 M HaXoAWT NpaBbIll KOHEIl BXOJHOTO CJIOBA, CABUTAETCA €IIE HAa
OJHYy AYENKY BIPaBO, 3allMCHIBAET B HeE F£, ell€ pa3 CABUTAETCA BIPABO I
MEPEXOUT B TaKOe HeJeTEPMUHUPOBAHHOE COCTOSIHIE, B KOTOPOM OHA TIH-
[IeT OJMH W3 CHMBOJOB Ha JEHTY, CABUTAETCA BIPABO U BHIOMPAET MEXKTY
COXpaHeHNEM 3TOT'0 COCTOAHHUA M MEPEXOJIOM B (yXKe JeTePMUHHPOBAHHOE)
COCTOSHIE HadaIa CAeAYIONEro STala.

[Mocae zaBepireHmss mepBoTo >Tala Ha JEeHTE, MTOMUMO BXOJIHOT'O CIO-
Ba &, 3ammcaHo emeé u caoBo y. Temeppr M ocTaloch BBIMUCANTL 3HaME-
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HUe TpeaukaTa R(z,y) 3a moanHOMEATbHOE BpeMd. IITO MOXHO CIefaTh,
HCTIOJAB3YS TeTEPMUHUPOBAHHBIN AJTOPUTM, CYIIECTBYIOIINH B CHIY OIpe-
nejeHus 2.2. (I

Emie onro ompenenenne kaacca NP ecTh He 6ostee 9eM BapuaHT OIpeIe-
JeHUA 2.2, HO UMeHHO B Takol (popmMe ero ygro6HO o6o6MIATE U MOMYYIATh
ompeaelNeHuA NPYTUX CAOKHOCTHBIX KJIaCCOB.

Ompepgenenne 2.3. Vmetorcs aBa nepcoHaxa: kopoab Arthur (Apryp),
YMCTBEHHBIE CTTOCOGHOCTH KOTOPOTO TMOJHHOMHUAILHO ONPAHWYEHBI, W BOJ-
webunk Merlin (MepanH), KOTOPHIH HHTEMIEKTYAIBHO BCEMOTYII] U 3HAET
MpaBUALHBIE OTBETH Ha BCe BOMPOCHL. Kopoab A mHTepecyeTcsi HEKOTOPBIM
cpoiicTBoM L(#) (HampuMmep, «ecThb au y rpada TaMHIBTOHOB UK/ ), a BOI-
webHnK M Xod9eT, 9TOGH KOPOIb NPN3HAJA HAJIWYHE ITOTO CBOHCTBa (HY,
cKaxeM, Tpad CTpEMHUTCA K 3BaHWIO MaMHJIBTOHOBA M 1ad M BadaTKy). A
He JoBepAeT CBOEMY BOJMIECHUKY, 3HASA €TI0 KOPHICTOMI06HE, I XO9eT NMETh
BOBMOXHOCTEH CAMOCTOATEABLHO TTPOBEPUTE MPeAToKeHHBN M oTBeT.

[MosTomy onu gericTBYIOT caeayiomum obpazom. A w M o6a cMOTPAT Ha
clI0BO z, nocie dero M coobuaeT HeKOTOPYO NHGOPMAIH (CI0BO ¥), KO-
Topas fomkHa yoeanTs A, uto L(x) = 1. Ucnonbaysa o1y uHpopMaimo, A
npoBepaeT yoeAuTeIbHOCTh apryMeHToB M HEKOTOPBIM NOJUHOMUATLHBIM
criocoboMm.

B sTux Tepmunax ompepgenerne Kiacca NP MoxHO chopMyanpoBaTh
Tak: CBOHCTBO [, mpuHamexuT Kiaccy NP, ecain y ApTypa ecTh moanHOo-
MUAALHBIT cH0CO6 TPOBEPATH YO TUTEIFHOCT JOBOJAOB Mepanta, Tpuaém:

L(x) =1 =y M ecth cnoco6 ybegutb A B 53T0M;
L(x) =0 = xak 661 M Hu usompsicd, A e noseput, uro L(z) = 1.

[IxBUBaJEHTHOCTE ITOTO ONpeeleHNs ONpeeJeHNIo 2.2 He BHI3BIBAET
comHeHUH. [|eNCTBUTENBHO, W3-3a TOJTHOMUATBLHON OT PAHMIEHHOCTH KOPO-
ast A, coobrmenne Boatebunka M 101KHO UMeTH MOJANHOMHUAJTBLHBIN pa3Mep.
B ocTanbHOM pasantnsa MeXK Ty ONpeNeleHHAMN YNCTO BHEITHWE.

2.2. Coaumocts u NP-momnora. CaoXHOCTH BBIMHCIEHNA MPeIUKa-
TOB MOXHO CPaBHUBATH, MOAb3YACH CACAYIOUNINM ONpeIeTeHIEM.

Onpegenenne 2.4. Cpogumocth mo Kapmy. [Ipenukar L, cBoauTca K
npeankary Lg (oboznadenne Ly « La), ecan cymecTByeT Takad GyHKINA
fFeP aroVa Li(z) = La(f(2)).

CeogmmocTh 1o Kapmy Takxke Ha3bIBAIOT MOJMHOMHUAJIBLHOW CBOIMO-
CTBIO, & IaCTO — MPOCTO CBOJIMMOCTBIO.

Jemma 2.1. ITyems Ly < Lo. Toeda
a)LQEP:>L1€P; 6)L1¢P:>L2¢P; B)LQENP:>L1€NP.
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JokasareabcTBo. I[[yHKT a) COBEpIIEHHO O9YeBHMIeH — YTOOBI BBLIYMH-
CIUTH 3HaYeHNe IpeanKaTa L1, TOCTaTOYHO NPAMEHNTHL KO BXOAY T (PYHK-
nuo f, a K peayabTaTy eé paboThl — IPOrpaMMYy BBEIYHCACHHA L.

IlyHkT 6) clrenyeT M3 MyHKTa a).

[ynkT B) Takxke npocT. Ero MoXKHO 06BACHATE Mo-pazHoMy . [lanpumep,
Tax: Mepann coobmaet ApTypy f(#) (anmuHa KoTOpOro orpaHuYeHa HEKO-
TOPBIM MOJAMHOMOM i OT AIWHBI &, NOCKOAbKY f € P) u cioBo y, koTopoe
ybexaaeT Aprypa B ToM, 9To Lo(f(2)) = 1. ApTyp Takke MOXKeT MpOBe-
PHTD, 9TO eMy AelcTBHTeNbHO coobmeno f(x). cnoabays onpenenenne 2.2,
MOXKHO HallUCaTh HENOYKY SKBHBAJCHTHOCTEN

Li(z) & La(f(2)) & Jy ((lyl < q(If (@)]) A R(f(2),9) &
& 3y ((Jyl < r(lz)) A R(f(x),y)).

TomnaoM r(|2]) B moche HeM BEIPAKEHHH — TO KOMIO3HINA MOJHHOMOB ¢

u h. O

Onpegenerne 2.5. Ilpenukar I, € NP maswiBaercs NP-noanvim, ecan
aiobon nmpeankat m3 NP Kk Hemy cBoamTcA.

Ecmm mexoTopen NP-ToAHEIN TIpeARKaT MOXHO BEIMHCIATH 3a BpeMA
T(n), To ao6oit npeaukar u3 NP MOXHO BEIYHCAATE 3a BpeMms T'(n°) aas
HEKOTOPOT 0 (PMKCHPOBAHHOT O 9ncaa ¢. Takas morepa sppeKTHBHOCTH CIH-
TAaeTCA B 5TON HayKe HECyIleCTBEHHON.

NP-mosHBIE TPEUKATHI CYIIECTBYIOT, TPUBEAEM MPUMEPHI.

BBITOJHUMOCTE. 3ataéTcsa TpeInKaToM

SAT(x) <= & ecThb Ppopmyaa c OyIeBEIME TIEPEMEHHBIME 1 CHMBOIa-
M (7, V, A), KOTOpas HCTHHHA PN HEKOTOPHIX 3HATe-
HUAX MePEMEHHBIX.

Teopema 2.2 (Kyk, Jlesun). 1) SAT € NP; 2) SAT — NP-noana.
Cuaegcreue. Fcau SAT € P, mo P = NP.

MoxasareabcTBo (Teopemsr 2.2). 1) Mepanny gocTaTowHO COOGIINTH
ApTypy 3HaAYEHHA MEPEMEHHDBIX, BXOAAMNX B (pOPMYJIy, IpN KOTOPHIX OHAa
UCTHUHHA. APpTYp CIpaBUTCA C MTPOBEPKON HCTHHHOCTH MOy I€HHOT O BHICKa-
3LIBAHIA.

2) Mycts mpeaukat u3 NP, koTopsiil HyxkHO cBecTn K SAT, uMeeT BHJ
L(z) =3y ((ly] < q(|=])) A R(2,y))-

TMaccMoTpuM TabaNIly BEIMUCAEHUA (CM. JOKa3aTeILCTBO TEOPeMEI 1.2)
aag MT, seramcastomein R(xz,y) (Bxogom apasgerca mapa z#y). Iynem nc-
MOAB30BATE Te XKe MepeMeHHBIE, 9TO I B JOKA3aTelbCTBEe TeopeMbl 1.2 (Ko-
JBI COCTOAHUN KAeTOK TaGAWIEl BEIMHCACHNA). TTOGH TabJiula BEITHCTE-
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HUA COOTBETCTBOBAJA MPABIIBHO MNPOBEJEHHOMY YCIEMIHOMY (C OTBETOM
¢/la») BBIMHCJAEHIIO, TOJKHBI BHITOMHATHCA JOKATBHEE MPABHIA COIMACOBa-
HIA 118 KaXA0H 9eTBEPKH KAeTOK Biga D 7 pesyapTaT JomkKeH GHITh
«tar. Kaxnoe Takoe mpaBmiIo 3a4aéTcA GOPMYJION OT TIepeMeHHBIX, OTBe-
Jalomnx Ju60 paccMaTpUBaeMoOn YeTBEPKe, JUO0 HYJAeBOH ATeHKe caMOn
HIKHel cTpokn Tabaunul. Onpeneanm GopMyay ¢, KaK KOHBIOHKIIHIO BCEX
5TUX (POPMYJI, B KOTOPbIEe TIOJCTABIEHE 3HAYEHUSA MEPEMEHHBIX, KOTUPY-
IOIINX BXOA XF£Y, MOTMOJTHEHHBIN cHMBoJaMn o Ao aauHbl |z] + 1 + ¢(|z]).
3HavYeHns, COOTBETCTBYIOIINE T 1 F, — KOHCTAHTHI, TI03TOMY TIepeMeHHEbIE,
OT KOTOPHBIX 3aBUCHT 5Ta (hOPMYJIa, OTBEYal0T Y W KOAaM BHYTPEHHUX Ate-
ex Tabauuel. Tak 9TO MOXKHO CIATATH, 9TO (POPMYJIA Pz 3ABUCAT OT Y U
elé OT KaKUX-TO MEPEMEHHDBIX, KOTOPHIE MBI 0O03HAYHNM 2.

NTak, MBI comoCTaBmWIN CIOBY & GOPMYAY ©gz(Yy,2), KoTopasd 1o MO-
CTPOEHHIO 06ajaeT CAeAYIOMNM cBolicTBoM. Ecan BuimonuseTca R(x,y),
TO HaWJETCA Takoll HaGop 3HadeHWH z(&,y), TpH KOTOpoM ¢ (y, z(,y))
HCTHHHA (5TH 3HadeHHA ommchiBaoT padoty MT Ha Bxoge z#y). A ecan
R(x,y) He BRIDOXHAETCH, TO ¢, (y, 2) Bcerga aoxkHa (MOCKOABKY IO CYTH
YTBEDAKJAET, 9TO BHIUHCIEHNE Ha BXofe (#,y) aéT oTeT «aa»). Takmm
obpazom, ipn L(z) = 1 Taxkad ¢popMyaa wHOT1a (IpH HEKOTOPHIX 3HAYEHN-
Ax y) ncrnaAaa, npu L(z) = 0 — Bcerga aoxkHa. O

Npyrue npumepbl NP-oJHBIX 32184 HOAYYal0TCA C TOMOIILIO CIEAYIO-
1IeH JeMMBL.

Jemma 2.2. Fcau SAT < L u L € NP, mo L — NP-noanasa. U soobuye,
ecau Iy — NP-noanas, L1 < Ly u Ly € NP, mo Ly — NP-noanas.

JokazaTreascTBo. [locTaTOYHO NMPOBEPUTH TPAH3UTHBHOCTEL CBOJAMO-
ctu: ecanm Ly « Lo, Ly « Lz, To L1 «x Ls. OHa cregyeT m3 Toro, 4To
KOMITOBHIIA JBYX HOINHOMHAILHO BHIMHCIIMBIX (DYHKITNN TOJTHOMAATHHO
BBIYHCANMA. O

3-KIIdb. 3agaerca mpeankaToMm

3-SAT(z) <= x ecrb 3-KIIP, koTopas HCTHHHA NCTHHHA [IPH HEKOTO-
PBIX 3HAYEHUAX MepeMeHHbX. 3-KIIP — 570 KoHbIOHK-
Ius TU3BIOHKINNT, KaX1asd 03 KOTOPBIX COMEPXKUT TPH
JUTEPATA.

3-SAT makxe NP-mmoana. [ITo ycranaBauBaeTcs cegennem K Henw SAT.
Teopema 2.3. SAT o 3-SAT.

JokazaTteascTBo. ComocTaBuMm d0C0H CXeMe B CTaHJIApTHOM 6azmce
Takyo 3-KIIP, BHIOIHIMOCTE KOTOPOU PAaBHOCHIBLHA TOMY, YTO BBHIYH-
casgeMas cxeMonl (yHKUuA He paBHa ToxkgecTBerno 0. B a1y KIIP 6yayT
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BXOJUTE BCe MePEMEHHBIE CXEMBI (£1,...,%n W Y1,. .., Ys — HCHOAB3YEM Te
Ke 0603HAUEHNA, 9TO U B ONpPeJeJeHnn cxeMbl). [l 3T0ro HocTpouM BHa-
Yaje KOHbIOHKINIO K’/ ycloBui, ozHadaomux, 9TO KaXjad M3 BCIIOMOTa-
TeIBHBIX TIepeMeHHHIX ; NMeeT 3HadYeHNe, COOTBeTCTBYOIIee MPaBOI IacTH
npucBanBanusg Y;. EcTb Tpu THOa Takux ycIoBHH (OHE COOTBETCTYIOT TPEM
GazucHEIM PYHKINAM), N Kaxk b MOXKHO 3amucaTh B Bije 3-KITd:

(y<:>(x1\/x2)) =@ Ve Vay)A(mzp Vaea Vy) A(xr Vo Vy) A
A(mxy Ve Vy),
(Y& (z1Ax2)) = (21 Vo Vay) A (0o Vo Voy) Az Vaas Vo) A
A(mxy Ve Vy),
(y<:>—|x) =(zVy A(-xV-y).

IMoacrapasa >tn 3-KIIdP B K, nonyanm 3-KIIP K'. Uckomasn 3-KIIP nme-
er Bug K = K’ A y,. [leficTBuTenbHo, HCTHHHOCTL K paBHOCHILHA YTBEP-
JKJIEHHIO: BCe MPUCBANBAHUA BBHIMOJIHEHBI IPABUIABHO U B PE3YIBTATE MOIY-
yuaack 1 (ys = 1). 3HAUAT, ecan MPpH KAKWX-TO 3HAYEHNAX MEPEMEHHBEIX ¥;
cxeMa BBIJAET 1, To K BBIMOJHEMA, I HAOGOPOT. (I

Emie oamue nmpocToll npuMep cBeéHNS.

3aaa4A ILIIT (mesnodncaeHHOr o JHHEHHOTO TporpaMMupoBanis). Ja-
Ha CHCTeMa JUHENHBIX HEPABEHCTB C IeabiMu kKoddpduimentamu. EcTh jau
y Heé menouncieHnoe petnerne? (JIpyruUMH cIOBaMU, COS8MECMHA U CHC-
Tema?)

B sToit zagade BxogoM siBaseTCa MaTpuia KOIPQPUIMEHTOB W BEKTOD
npaBbix gactein. To, aro LJIIT € NP, He coBcem oveBmano. OxaspiBaeTcs,
9TO B Ka49eCTBe Mo/IcCKazKu Mepanua MoxeT coobumTh ApTypy 3HAYMEHNS TTe-
PEMEeHHBIX, TP KOTOPHIX BHIMTOJHEHEl BCe HEPpaBEHCTBa cucTeMbl. [lo ompe-
JEeMeHNTO, UIMHA 3TOrO COOOIIEHNsT JOMKHA OBITH MOANHOMUAJBHO OTDAHU-
seHa. MoOXKHO [oKa3aTh, YTO W3 CYIIECTBOBAHUA MEJOUNCAEHHOTO PEIIEHIS
caeyeT CYIIECTBOBAHNE [ETOTNCIEHHOT O PEIEHNs, Pa3Mep 3alNCH KOTOPO-
o OrpaHuveH MOJMHOMOM OT IIWHBL 3aUCH CUCTeMBbI, cM. [14, T. 2, §17.1].

Ceenem Teneps 3-KITP x HJIII. Hoctpoum mo 3-KIIP cucremy gam-
HEUMHBIX HepaBeHCTB. lleTovncaeHHBIX MEepEMEHHBIX BO3BMEM CTOJBKO K€,
CKOJBKO €CTh OyJeBHIX mepeMeHHBIX. [lyeBoil mepeMeHHON #; COMOCTABHM
BeIpaxenue p;. OTpUIIAHIIO TepEMEHHON —&; COMTOCTABUM BHIpaXKeHme 1 —p; .
Kaxnon mmspromknmn X; V Xi V X, (X, — Ja#Tepaabl) cOmOCTaBHM
nepapenctso P; + P, + P, > 1, B xotopom FP;, Py, P, — BhlpaxeHnusd,
COTIOCTAaBIEHHBIE JUTEPAIaM JH3BIOHKINN.

Hckomasa cucrema coflepKUT A1d Beex ¢ HepaseHcTBa 0 < p; < 1, a Tak-
JKe BCe HEPABEHCTBA, COMOCTaBJAeHHbIe AuabloHKIuIM n3 KIIP. Odenugmo,
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9T0 BHIINOJHIMOCTL 3-KIIP PaBHOCHW/IBHA COBMECTHOCTH TaKOU CHUCTEMEL.

3amedanue 2.4. Ecin me Tpe6oBaTh IENOYHCACHHOCTH PEINEHHH, TO
IPOBEPUTH COBMECTHOCTE CHCTEMBL JUHEIHBIX HEPaBEHCTB MOXKHO 3 IIOJIH-
HOMUAJIbHOE BpeMs. [IpuMephl Takux aaropuTmos (Xaduana, Kapmapkapa)
Takke cM. B [14, 7. 1, §13, §15.1].

O6mmpubin cniucok NP-moaubix 3agad cofepxutcs B KHure ['spum u
Hxoncona [3]. Kak npasuiao, ux NP-moanoTa JOKA3BIBAETCA ¢ MOMOIIBIO
cBenéunii. [IpuBeném Heckombko mpumMepoB NP-TOTHEIX 3amad.

3-PACKPACKA. [lan rpad. CupammBaeTcs, MOKHO JH PACKPACHTH €0
BEPIIVHBI B TPW IBeTa TaK, 9TOOH KOHIBI KaxAoro pebpa OBIIN MOKpa-
[IEHE B pasHble UBeTa. (AHaTOrMYHad 3aj1a9a 2-PACKPACKA peIlacTcA 32
HOAMHOMHAIBLHOE BPEMS. )

Kuika. /lawer rpad u wucao k. CrnpammBaeTcs, eCTh Ju k-3JeMeHTHOE
MHOMXKeCTBO BepIInH Tpada, Ji06ble TBe BEPIIMHLI KOTOPOTO COeANHEHDI
pebpom.

3agatuu

2.1. Jlokaxure, 9To 3aada npoBepkn BuimoaHuMocT 2-KIIP (koHb-
IOHKIHW JU3BIOHKINN, KaXkAad 03 KOTOPBIX CONEPKNT ABa JNTepaa) Ipu-
HaIexuT P.

2.2. Jokaxurte, 9T0 3amgada 06 3MIEPOBOM MyTH B HEOPUEHTHPOBAH-
HOM Tpade (CymecTBYeT JH MyTh, TPOXOAAINE IO BCeM péGpaM POBHO 1O
ONIHOMY pa3y) TpuHaeXnT P.

2.3. Ilpeanoaoxum, uto kaacc NP cosmajgaer ¢ P. /lokaxuTe, 9T0 B
3TOM caydae 3a MOTMHOMUAJBLHOE BPeMS MOKHO He TOJBKO IIPOBEPUTH BHI-
MOMHUMOCTE (POPMYJBI, HO U HAWTH 3HAYEHUA MEPEMEHHBIX, TTPH KOTOPHIX
OHA MCTHHHA (AHAJOTWYIHO A MaMUJIBTOHOBA KA U T. II.)

2.4. JokaxmuTe, 9T0 3a1a4a O MAPOCOUETAHHAX (€CTh 1 MATBLINKOB H N
IEBOYEK, M3BECTHO, KaKne Maphl COTVIACHBI APYT ¢ APYTOM TaHIeBaTh; Ha 10
OTpPEeIeaNTh, MOXKHO I YCTPOUTHL TaHel, B KOTOPOM BCE N MaJILINKOB U N
JeBOYEK COeMHEHBI B Maphl) NpuHa 1e:xkuT NP 1, 6oiee Toro, mpHHalie-
xur P.

2.5. IlocTponTe

a) ToAMHOMHAALHOEe cBefleHme 3agaqn 3-KIIP k zanadte KINKA;

6) TOT Xe BONPOC, HO JOMOJHHUTEALHO TPeGyeTCs, 9TOOHI KOAMIECTBO Pe-
weHui coxpansatock (ecan 3-KIIP F npu cBeeHNN COOTBETCTBYET Hapa
(rpad H, pazmep k), TO KOTHYECTBO BHIOMHAIONNK HAGOPOB MepeMeH-
HBIX JiA ' paBHO KOIH9eCTBY KJAWK pasMepa k B rpade ).
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2.6. [TocTponre
a) ToanmHOMHaABHOe cBeferue 3agadn 3-KIIP k 3agadte 3-PACKPACKA;

6) TOT JKe BOIPOC, HO JONOJHUTEILHO TPeSyeTcs, YTOCH KOJINIECTBO BhI-
TMOMHATOIINX HAOOPOB mepeMeHHBIX s atoboi 3-KIIP paHsgoch ObI 1i1e-
CTUKPATHOMY KOIMYECTBY 3-PAacKpacoK COOTBETCTBYIOIIETO el rpada.

2.7. TlokaxuTe, ITO cregyiomasn 3agatda apageTcs NP-moamo: gan Ha-
60p m3 He Gosee ¥eM N THUIOB KBanpaTHKoB 1 X 1, Ha CTOpOHAX KOTOPHIX
HaMCAHbI KaKue-TO GYKBBI; JaH CIONCOK JOMYCTHMBIX Map GYKB U CINCOK
IPAHUYHBIX 6YKB; CIPAIINBAETCS, MOXKHO I KOPPEKTHO CJIOKUTH M3 KBa-
JAPaTHKOB Habopa GOMBIIOH KBaApaT pasMepa n X n (Tak, YTOOB Ha TpH-
MBIKAIOMINX CTOPOHAX KBa IPATHKOB OBIIN TOJBKO AOMYyCTHMBIE TTAPH OYKB,
a Ha T'paHulle KBajpaTa — TOJIBKO I'DaHHYHBIE OYKBHI).

2.8. JlokaxuTe, 9TO TIPEAUKAT «X — JBOMYHAA 3alNCh COCTABHOTO Y-
caay npuHapexnT NP.

2.9. JlokaxuTe, 9TO MPEAUKAT «& — ABOWYHAS 3a0UCH TPOCTOTO THCIAY
npuHaaaexxuT NP.

3. BeposaTHocTHbie aaropuTmbl U Ki1acc BPP. IIposepka
MPOCTOTHI THCIA

B BeposTHocTHEIX MT (BMT), Kak u B Hefle TepMHHHPOBAHHBIX, NMe-
IOTCA COCTOSHUSA, N3 KOTOPHIX BO3MOXKEH MEPEXO] B HECKOMBKO (HOMbIIE 0/
HOTO) cocToAHUi. OTaAN4ne COCTONT B TOM, 9TO cOCTOsHHE, Kyga BMT
JeraeT TePEXO, OMPeNeseTcss PE3YIbTATOM HEKOTOPOr'O CAYIalHOT O TTPO-
necca («moabpackiBaHuA MOHETED ). IIyKHO OrOBOPHTE, KaKHe MOHETHI O~
nyckaiorcs. [lanpumep, ecain B3ATH MOHETY, BEPOSTHOCTE BHITIA TEHUA TeP-
6a I KOTOPOHU paBHA HEBHITUCJIMMOMY <Hcay, TO BoaMoxuOCTH BMT,
HCTIOJIB3YIOMIEN ToA0pACHIBAHIE TAaKOW MOHETHI, OYIyT OOJbIIE, WeM XO-
Tedoch OBI; OHA CMOXKET BBIYHCIANTH U HEKOTOPHIE HEpa3pelIMMble Tpe-
MUKATHI.

O6BITHO CINTAIOT, YTO BEPOSTHOCTH BHIIAMTEHNS OTMHAKOBHI [ 06enx
CTOPOH MOHETHI, & PE3YIAbTAT MOAOPACHIBAHUA OTOX IECTBIAETCA C THCAOM
0 mm 1.

Xotsa ana BMT meabss ckazaTh, KaKOW B TOYHOCTH OTBET OHA BBIAACT,
MOXKHO ONPENENNTH BEPOATHOCTH TOIO WM WHOTO OTBETA.

Omnpegenenne 3.1. Ilpenukar L npunagaexut kaaccy BPP, ecan cyie-
crBytor Takine BMT M u moawrom p(n), aro mammura M 3aBeioMo ocTa-
HOBWTCA 3a BpeMs, He npeBocxogsiiee p(|z|), mpudém
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L(x) =1 = M c BepoATHOCTBIO Goablell 2/3 naér oTBeT «1a;
L(x) =0 = M c BepoATHOCTBIO Goabliell 2/3 naér oTBET ¢HETH.

Eciu B 5ToM onpefieneHnn 3aMeHUTh Yucio 2/3 Ha aoboe GUKCHPOBAH-
Hoe 4ncao, 66abtiee 1/2, kaacc BPP ue uzmennrcs. Ecrh npocroli cnoco6
JOBUTHCS BEPOSITHOCTH, CKOJIb yroaHo 6anm3kon K 1. Bo3apMéM HECKOIBKO
OJIMHAKOBLIX MAIIMH, 3aMyCTHM WX BCE, a OKOHYATEAbHBIM PE3YIbTAaTOM
6yleM CcIMTaTh MHEHNEe GOJBIMTMHCTBA. Kcian BepOSATHOCTEH HENPABUIBLHOTO
oTBeTa s KA 100 dK3eMILIAPa MallliHbl paBHa ¢ < 1/2, To BeposATHOCTD
HETPABIJIBHOT O OTBETA TIOCIE TOJOCOBAHUSA 12 MAIINH

Z (1— C)|S|Cn—|5| _ <(1 B C)C)n/2 Z (lic)n/z—lsl <

SC{1,...,n}, SC{1,...,n},
ISI<n/2 ISI<n/2

<( (1—c)c)n2":/\", rae A=2/c(l—c)< 1. (3.1)

Jameqanme 3.1. IlpeacraButh puandeckyio peaauzanuio [IMT ovennb

TPYAHO (BCIOMHHEM, 9TO HaM OPUIETCA MOMECTHTH B Heé BeesHAalKy Mep-
AMHA). A BepOATHOCTHBIE MAIIHHEI BIIOJIHE MOT'YT MBEICJAHTHCA KaK peanbHble
ycrpoiicTBa. [losTomy nmpeankaTsl n3 Kaacca BPP Bmoame Moxuo canrarh
peasbHO BBIYHCANMBIME.

Kaacc BPP mMoxHO onpeeiuTh 1 ¢ TOMOIIBIO TPENUKATOB OT ABYX Ile-
PeMeHHHBIX, KaK 3TO ObLIO cliefano A Kaacca NP.

Omnpegenenne 3.2. Ilpenukar L npunamgaexut kaaccy BPP, ecan cyiie-
CTBYIOT TakWe ToJauHoM ¢(-) u npeauxar R(-,-) € P, aro

L(x)=1 =  goas cao r gausbl ¢(|z|), 418 KOTODEIX BHINOJHEHO
R(x,r), 6oabie 2/3;

L(x) =0 =  goas cao r gausbl ¢(|2|), 418 KOTODEIX BHINOJHEHO
R(x,r), menbie 1/3.

Teopema 3.1. Onpedeaenus 3.1 u 3.2 sxsusarenmunl.

Moxasareabcto. Omup. 3.1 = onp. 3.2. Tloxaraem ¢(n) = p(n) (xo-
JMIECTBO MOA6pacEIBAHNN MOHETHI He IPEeBOCXOMUT OOIIero vucia jei-
crimit). Onpeneanm npeaukat R(x,r) = «vammua M Ha BXoe # 1aéT 0T-
BeT ,da“ MpHU YKA3aHHOW B T MOCJAEN0BATENLHOCTH Pe3yIbTATOB MOAOPaCcH-
BaHUU MOHETED. [ITOT MpegnKaT 110 OYeBHIHEIM IPUIHHAM yA0BAETBOPAET
omnpeaeneHnio 3.2.

Omup. 3.2 = onp. 3.1. Cayuaiiro BbIGHpaeM cioBo r aauHbl ¢(|z|) n
NoACTaBAsAEM B TIPEJANKAT, 3aTeM BLIYHCAAEM 3HadeHNe mpegukaTra. Takas
BMT ynoBaeTBopseT onpenesennio 3.1. |
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Omnpenenenne 3.2 gomyckaeT CJAedyrollee HATJIA -
Hoe ToakoBaHne. OTMETHM Ha MIOCKOCTH (#,Yy) TOdU-
kn w3 MHOKecTBa {(2,y) @ R(z,y) A (Jy] = ¢(Jz|)}- y
Hast © = x¢ pacemorpnm cedenne {(z,y) : Rz, y) A
Ayl = q¢(|=z])) A (x = xg) } aToro mHOKecTBa. TIpean-
kaT R(-,-), y9acTByoOIHi B onpeteneHnn 3.2, obiaa-
JaeT TaKWM CTPAHHBIM CBOHCTBOM, 9TO MeEPa 3TOrO
cedeHNs mpu JI060M g aubo 6odbiie 2/3, 160 MeHb-
e 1/3. TIto pasgenser 3HadYeHUs & HA ABE KaTero-
pHI: OfHA COOTBETCTBYET MCTHHHOCTH HpeanmkaTa L,
apyras — JOXKHOCTH. z €L

Knaccuwtecknn npumep 3agadu u3 BPP npencraBaser IPOBEPKA TIPO-
CTOTBI Yucaa: JaHO YUCJAO N, TpebyeTcs OMpeIeanTh, TPOCcToe Jau OHo. [las
3TON 3aJa4l CYMECTBYET BEPOATHOCTHBIN aJrOopuT™M, paboTaonmn 3a mo-
JUHOMUATBLHOE BpeMs; OH 6y1eT celdac OMMCaH.

z &L

3.1. Ileo6xogumsble cBeAeHud u3 Teopuu uncelx. [loapobHoe nanoxenme
DIeMEeHTAPHON TEOPUH YHUCe CONepKuTcs B Kuure [2]. Mbl auib HanoMHuM
[IBE T€OpeMBI, KOTOpBIe Oy AYT BaXHBI IpU aHaan3e paboThl aAropuTMa Ipo-
BEPKH MPOCTOTHI “THCA.

Manas Teopema Pepma. Fcau n — npocmoe u n { a, mo a®~1 = 1

(mod n).

Kwurauckas Teopema 06 ocraTkax. [lycms n = uv — pasaoncenue wucad
na 63aumno npocmuie muoxcumeau. Toeda Z/nZ = Z[uZ x ZJvZ.

Jpyaunu ca06amu, Cyuecmeyem 63auUmMno 0OHOZHAUHOE COOMBEEMCMEUE
Mencdy OCTAMKAMY 0M JEAEHUA HA N U NAPAMU OCTRAMEKOS OM JeACHUA
na u u na v. (F amo coomeemcmeue yeancaem ONEpayUY CAONCEHUR U
YMHONCEHUA. )

Uz magoii Teopembl depma caenyet, aTo a1 Z£ 1 (mod n) nozsosaseT
YTBEDKAATH, ITO N — COCTaBHOE (TOBOPAT, UTO ¢ ABIACTCA C6UJEMELEM
HenpocTOoTH dncia n). [ITo cBuIeTeTbCTBO KOCBEHHOE — ABHOT'O Da3floxke-
HUSA N Ha MHOXUTENN MBI HE MOJAyYaeM — ¥ CHIBHOE: 9acTO JOCTATOTHO
npoBepku pu a = 2!

Oanako nTpoBepkHu MaJol TeopeMbl PepMma fake MPU BCEX d MOKET OKa-
3aThCA HEJOCTATOYHO. AJITOPUTM MPOBEPKH Gy 16T HCIOIB30BATEH CBUIETE-
Jeii emé ognoro tuna: ecan b = 1 (mod n), a b £ +1 (mod n), To n —
cocTaBHOE; N 1 b — 1 uMeroT obmmi geanTens, 60apimmi 1. [TosTomy cBuae-
Teln Takoro Buga (Boobie TOBOPS, TOpa3 o Gojee PEJKO TOABIAIONINECH)
MO3BOJIAIOT cpa3y JKe yKa3aTh pasfioiKeHne n (IPOTHB MPOCTOTH KOTOPO-
IO OHH CBHJETEILCTBYIOT) HA JBa MHOXKHTENA 33 MOIHHOMUATBHOE BpeMs



40 KJIACCHYECKHE BBEIYHCJIEHAA

(HamboapIIMil OGIINN feauTedb (X,y) ABYX HHCel ¥ W Y MOXKHO HANTH 32
MOAMHOMHATBHOE BPEMS, CM. HITKE).

3.2. MMeo6xoguMBbIe CBeleHUA U3 AITOPUTMUIECKON TEOPHH HCel.
Apudpmernteckre onepanuy Haj YUCIAMI MOXKHO BBIMOJHATE 3a TOJUHO-
MHAJIBHOE BPeMA OT JIHHBI WX 3alicH (qucio n samuckiBaeTca [logn] =
= O(logn) snakamu). ITanpumep, cxeMa YMHOXEHHA SHCET N, M CTOJOU-
koM nmeeT pasmep O(lognlogm), pacTyumii KBaApaTH9IHO OT JINHBL BXO-
na. XoTd KBajpaT OT JJIWHBI BXOAa yXkKe JOCTATOYHO Mad, YTOObI GbITH
MOJMHOMHUATHHBIM, 3aMETHM, 9TO A YMHOXKEHUSA N-3HATHBIX YHCET eCTh
u Gosee HKOHOMHEIe cxeMBbl pasmepa O(nlognloglogn), em. [1, p. 7.5] wan
[7, 1.2, p.4.3.3].

B moayaspHoit apudmeTike (apudMeTHKe OCTATKOB IO MOAYJIO 3a1aH-
HOTO 9YHCAA ) MOXHO BHIYUCAHTH @ MO MOJYIIO ¢ CXeMOH MOAMHOMHATb-
HOTO pasMepa OT JINHH BXoAa (@, n, ¢) (B 0OBIYHON apn(pMeTHKE Jake pe-

3yJabTaT BO3BEICHNA B CTEIICHb MOXKET NMETH BKCHOHGHHI/IaJIbeIfI pa3Mep).

- k
,HJIH STOI'O HY2KHO BBEIYHUC/INTE OCTATKHI OT CTEII€eHEU Cl2 IoCJE 10BATEABHBIM

BO3Be/[eHNEM B KBaJpaT W 3aTeM IEePEMHOXKHUTH Te U3 MOJYYeHHBIX HHCel,
KOTOPBIM COOTBETCTBYIOT | B [BOMYHON 3AMUCH YHCAA 7.

ManGoapmmi o6muA AeAUTENb TBYX YHCEN MOXKHO HAWTH, MOIB3YICH
alropuTMOM EBKiIWa, HCTOIB3YIOMNM DEKYPCHBHO DPaBEeHCTBO (Z,y) =
= (y,# mod y). Ecim neanThb 66/bllee 9UCIO Ha MeHBIIEe, TO 33 KaXk Ible
[IBa IIara MJANHA 3alllC MeHBIIEro YUC/Ia YMEHbIIAeTCA HA KOHCTAHTY.

CyliecTByeT TakiKe ajirOPUTM MPOBEPKH TOTO, TO W3 YHCIA M3BIEKa-
eTcsi HAIleqo KOpPeHb k-1 cTenenn. [ITo MOXHO cienaTh, HAWAS JOCTATOYMHO
TOYHO MPUOIMKEHHOE 3HAYEHNE KODHS U BO3Be[s OJMKallliee K HEMY Ife-
aoe "mcao B k-to crement. [laliTn mpubankeénHoe 3Hadenne %/r MOXKHO ¢
MTOMOIITBIO PEKYPPEHTHON MOCIEIOBATETEHOCTH

Ap41 = % (k - l)an + % )
Qan
[Slexiny BbI6paTb o axXo adamiee 3HaIeHue dg. ,HeTa,JII/I 2TOTr O (HOJII/IHOMI/I&JI])HOFO)
AJTropuTMa OCTABJAAIOTCA YUTATENIO O CAMOCTOATEJIBHOTO O6,Z[yMbIBaHI/IH.
3aMeTHM, 9TO BCe CXeMBbl, O KOTOPBIX IIa pedb BHIIE, MOTYT OBITH
IIOCTPOEHLIL MT 3a noamnomMmaJgbHOE BpeEMi. Tak 4TO Bce INEPpEINCJICHHBIC
3ajavu IpUHaJIexaT Kiaccy P.

3.3. AaropuT™m npoeepku npoctoTsl. BXO01: wucao n.

IIAT 1. IIpoBepsem 4éTHOCTEL N. Ecan n = 2, To 0TBET «n — IPOCTOED,
ecanm n — YETHOE W GOJBIIE 2, TO OTBET «N — COCTABHOEY, B MPOTHBHOM
ciyvae TEPEXONuM K mrary 2.
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IIAT 2. IIpoBepsieM, maBAeKaeTCA AU W3 N HAIEAO KOPEHL k-T CTemeHn
opu k = 2,...,|log, n|. Ecin m3piexaeTcs, TO OTBET «n — COCTABHOE»,
WHade TMepexo M K IIary 3.

IIAT 3. 3anuceBaem n — 1 B Buge 2F - [, rae k > 0, a | — meuérHOe.

IIAT 4. Buibupaem caydaiHoe a cpein ducea oT 1 1o n.

AT 5. Beraucagem a', a®, ..., a®~! mo Mmomymo n.

PoBEPKA 1. Ecam a”~! Z 1 (mod n), To oTBeT «n — cocTaBHOE).

. . i

[IPOBEPKA 2. Ecan maiifeno Takoe j, aaa kotoporoa® ! # +1 (mod n),

i+
aa?” ' =1 (mod n), To oTBeT 1 — cocTaBHOE).

B IOIPOTUBHOM CJly4dac OTBET «N — IIPOCTOE».

3.4. Anamus aaropmrMma.

Teopema 3.2. Ecau n — npocmoe, mo ONUCAHRBII 6bIWE AA2Z0PUNM
scezda (c 6epoamuocmuio 1) ewidaém omeem «n — npocmoey.

Ecau n — cocmasnoe, mo omsem «n — cocmasnoes 6ydem noayuen c
sepoamuocmyvio > 1/2.

3ametanue 3.2. YToOHI MOMYYINTH MOJMHOMHUAMLHBIN BEPOATHOCTHBIN
aJTOPUTM MPOBEPKH MPOCTOTHL YHCAa B CMBICAe oNpefedernsa 3.1, HyXKHO
JBaXIbl IPEMEHNTD MPUBEASHHBI adropuTM. Torna BEpOATHOCT ONIMOKH
crateT Menbie 1/4.

HokazaTeabcTso (Teopemst 3.2). U3 ckazaHHOIO BBILE CeAYeET, 4TO B
MOKa3aTelbCTBE HYXKAaeTCA TOJBKO BTOPOE YTBEPK ACHHE.

Mycte n = uv = 1 (mod 2), rae (u,v) = 1 (ecam Takoro mpegcrapie-
HUA HET, TO Ha Imare 2 GyneT o6HapyXkeHa HenpocToTa). Ecan (a,n) > 1,
TO mMpoBepKa | IJA TaKoro a 3aBejoMO OOHAPYkKHUT, 9TO I — COCTABHOE.
Tak 9To JOCTATOYHO AOKa3aTh, YTO HE MEHbIIE TTOJOBAHEI TEX @, KOTOPHIE
B3aMMHO MPOCTEI C N, OGHAPYKUBAIOT HEITPOCTOTY THCAA.

O6osnaanm rpynny (7 /uZ)* gepes U, rpynny (Z /vZ)* — qepes V. U3
KUTAHCKOI TeopeMBbl 06 ocTaTKax cleayeT, 9To rpynna (7 /nZ)* nzomopd-
Ha U X V (#30MOpQuaM 3a1aéTCA eCTECTBEHHBIM 06Pa30M — BBIMHCAEHNEM
OCTATKOB 1O MOIYJIIO % H 10 MOIYIIO ).

Hacemorpum muoxkectsa U = {z% 12 € U}, VF = {2* : 2 € V}. TIto
noarpynnsl B U 1 V' cooTBeTCTBEHHO (MpOU3BeeHIE k-X CTeTeHEN eCTh k-5
cTereHb, o6paTHHI K k-1l cTenenn ecTh k-s crenens). Tak wro |U|/|UX| —
nenoe yucio. Ilonee Toro, oTobpaxkenne & — & aBageTCA FOMOMOP(UIMOM
IpyTII, TTIO3TOMY 9UC/I0 TPOo0o6pa3oB MPH 5TOM OTOOPaKeHNN OJUHAKOBO JJIA
BCex saeMenTon UK.
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Ouesngro, aro U C U' (cTemeneit xBagpaToB He Goblie, deM Beex
cremneneit). [TosToMy morydaeM mapy HeBO3PACTAOMINX [EMOYEK MHOXKECTB
vlou?o...oUunto {1}, VoV DO..DV*lD {1}

lanbHelmee paccyXqeHne pazbuBaeTCA Ha aHAIN3 HECKONBLKUX CJIy9aes.
1. HOyere UP=Y £ {1} nan V=1 £ {1},
Yro6Ll mpolTH NMpoBepKy | B alropuTMe, HYXKHO IOCTE BO3BEJICHHUA B
(n—1)-to crenmens moayunTH Mapy octaTkos (1, 1). Tlockoabpky mpoobpa-
30B Kaxjoro umcia uz U"~1 £ {1} ogmHaxoBoe KOIMIeCTBO, BEPOAT-
HOCTE moaydenns napst (1, 1) He poiare 1/2.
2. Ilyers U"~t=Vn=l = {1}
Hockonbky | — meuérnoe, —1 € U N V', 1. e. maiigérea Takoe t = 2°,
0<s<k,aro UX =VZ ={1},a Ut # {1} mam V' # {1}.
Iy ieM J1OKa3BIBAThL, YTO ¢ BEPOATHOCTHIO HE MeHbIe 1/2 B 5ToM MecTe
npoBepKa 2 alropuTMa 0OHApYKHUT, 9TO n — cocTaBHoe. B ganHoM cary-

dae a?® =1 (mod n), TaK YTO Hy:KHO MOHAThL, C KAKOHl BEPOATHOCTHIO

a’ ne pasno +1. [laccMoTpuM ABa cay4as.

a) Ommo mz muoxects U', V' pasno {1}. IlycTs, manpumep, U =
= {1}. B 5ToM caydae MOXKHO yTBepKAaTh, 9To a’ Z —1 (mod n)
(octaTky —1 NpHW feleHWM HAa T COOTBETCTBYET Mapa OCTATKOB
(—1,—1) npu gereHun Ha U, V).

MoxHo paccyXaaTh Tak Xke, Kak u B caydae 1. C BepOATHOCTHIO
He MeHBbIe | /2 moaydnm mapy octatkos (1, a), a # 1.
6) O6a muoxecTBa U, V! comepkaT Mo KpaitHell Mepe 1Ba dJIeMeHTa,

nycth |U| = ¢, |[VY| = d. B 5ToM caydae MOXKeT NMOSyqUTHCA KakK
a® =1 (mod n), Tak u @ = —1 (mod n), HO BEPOATHOCTEL TOrO
He mpeBocxoauT 2/(ed) < 1/2. O

Jameqanme 3.3. Illlar 2 B aaropurTme uzbbITOYEH, MOTOJNHUTEILHBIMUI
COOBPaKEHNAMHI YCTAHABINBACTCA, YTO U A4 4nce] Buja m* mposepku 1,

2 MarT HpaBHJIbeIﬁ OTBET CO 3HAYUTENLHON BEPOATHOCTBIO.

3.5. BPP u cxeMHaa cI0XHOCTE.
Teopema 3.3. BPP C P/poly.

JokazaTteascTBo. laes goxazaTeaibCcTBa COCTOMT B TOM, 9TOOHI yCH-
JNTH olleHKHN BeposTHOcTel ¢ (1/3,2/3) 1o (£,1—¢). Yncno £ nomKkHO GEITH
HACTOJIBKO MaJ0, 9TOOB MOXHO GBLIO BHIGPATEH TaKoe CIydalHOe CIOBO Yo,
IpH KOTOPOM paccMaTpuBaeMblil mpeankat n3 BPP copmagaer ¢ R(z, yo).

CyThb 371eCh B TOM, 9TO MOBTOPEHHUE ONMBITOB 34 MOINHOMUAIBHOE BPEMS
SKCIIOHEHIINATBHO YMEHBIAET ONEHKY BEPOATHOCTH OMIMOKN &, HO He MEHSI-
eT pasmep Bxoja |z|. TToaToMy MOXKHO JOOUTHCA BHIOJHEHUSA HEPABEHCTBA
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£21°l < 1. Tlpn TakoM COOTHOUICHNN MEXKAY € I |z| Bcerga mangércs ciy-
YalHOe CJAOBO, A KOTOPOT'O HET OMMOOK HI TPH KAaKuX &.
JenicTBUTEIbHO, BCIOMHIM Haradagnoe Toakosanne BPP, rannoe mocae
Teopembl 3.1. Ecam moia ciaoB r, Ha KOTOPBIX MPOWCXOAWT OMWMOKA, NJA
KaXJOTO & He MPEeBOCXOMUT £, TO JOJA TeX CIOB 7, Ha KOTOPHIX MTPOUCXO-
JUT OMMOKA XOTA GBI A1 ofgHoro x, me mpeocxoant 21 < 1. BmaunT,
HAWAYTCA W TaKWe T, Ha KOTOPHIX HET OMMNGOK HU MPH KaKOM L. d

IITo TunmIHOe HEKOHCTPYKTUBHOE [MOKA3ATEILCTBO CYIIECTBOBAHUA.
Mu1r goKasbiBaeM, ITO BEPOATHOCTH TOTO, 9TO O6BEKTA ¢ HYXKHBIMHI CBOM-
cTBaMU He cymiecTByeT, MeHblre 1. [To 3To n o3ravaeT, 9T0 X0TSA 6B OAUH
TaKOU OOBEKT CYIIECTBYET.

4. I/Iepapxml CJAOKHOCTHBIX KJacCoOB

[MamoMHaNM, ITO MBI OTOXK T€CTBIAEM A3LIKM U MPEIUKATH, KAK OMHCAHO
Ha ¢. 20. B wacTHOCTH, 3amuchk ¢ € L ozHadaer L(z) = 1.

Onpeaemenue 4.1. IlycTs A — HEKOTOPHBIN Kaacc A3bIKOB. Kaace motmos-
HEHUN CO-A COCTABAAIOT JOTOJHEHNA KO BCeM s3biKaM m3 A. dPopmMaabHO

LeA <= (B"\L)€coA.

MenocpencrBenno u3 onpegenenuit knaccos P, BPP, PSPACE caeayer,

410 P = co-P, BPP = co-BPP, PSPACE = co-PSPACE.

4.1. VIrpel, B KOTOpEIe MTPAIOT MAIIMHBL. [lacCMOTpUM UTPY, B KOTO-
pyIo WrparoT [ABa HIPOKa, OyaeM uX HaseiBaTh Genble (1) u wéprbre ().
NrpokaM cooblaeTca HEKOTOPOE CIOBO T, W OHU [AeNaloT XOABI 10 Ode-
pean (wp — TepBHIH xo4 GelblX, by — TePBHIH X0 9€pHBIX 1 T. 1.). Ka-
KIBIH X0 MOXKeT OBITH omucan caooM jgausbl p(|z]), rae p(-) — Heko-
TopbIil ToanHoM. Mrpa 3aBepmaeTcst Tocae HEKOTOPOTo, 3apaHee 3aJaHHo-
ro, ancra xo108.8) [le3y bTaT NPl OMICHIBAETCA HEKOTOPEIM IMPeIHKATOM
W(x, w1, b1,...) € P, HCTHHHOCTH KOTOPOT'O O3HAYAET, UTO BHIUIpAIN Ge-
Able (HHYBHX He GBIBAET, TaK 4TO JOXKHOCTH W o3HawIaeT, 9TO BHIUTDAIN
4épHbie). [Ipeauxkar W 3aBHCHT OT HCXOAHOTO CJOBA M XOJOB, CeJaHHBIX
UTPOKaMMU: W1, ... — OedBIMH, b1, ... — 9épabME. [lockoapky P zamkmyT
OTHOCHTEIBHO JONOJHEHHH, mpegukar B(-) = =W (:), yTBepX 1afmmil Bhl-
UTPHIIT Y6PHEIX, TaKkke MpHHALIEXAT P.

OTcyTcTBIE HUYBUX W KOHETHOCTDL 9HCAa XOJOB IapaHTUPYIOT IIPH 3a-
MAHHOM T CyNIECTBOBaHWE BHINTPHIITHON CTPAaTernu JuO0 Jd OelbIx, Au6o

8) Ila camom Iede NMMpaBujio 3aBEPIIEHNA UT'PEL MOXKET 6BITE U ciaoxHee, Ecan ecTh BEPX-
HAA OU€HKa Ha YUCJ0 XOOO0B, TO MOXKHO BCEr'Ta TOIMOJHUTH YUCJAO0 XOOOB 10 >TON OLICHKU,

HHUKaK He¢ YYUTHBad TOMOJHUTEJBHEIE XO OBl ITPU IIOABEICHUN PE3yJabTaTa UT'PDHL.



44 KJIACCHYECKHE BBEIYHCJIEHAA

g 9épHBIX. (PopMalbHOE T0KA3aTeIbCTBO JETKO MOMYIaeTCsA MHAYKINe
o wucay xo10B.) ITosToMy KaXKI0H HIpe MOXKHO COTOCTABHTE 1Ba B3aHMHO
MOTMOJMHUTENBHBIX MHOXKECTBA

L, ={z : TI uMeeT BLIUTPBIMIHYIO CTPATErHIO },

Ly ={« : 9 uMeeT BHIMIDBLILIHYIO CTPATErHIO }.
Muorme CAOXKHOCTHBIE KIACCHI MOXHO ONPENEINTh KaK MHOXKECTBA Ly,
(maw Lp), coOTBeTCTBYIOIINE TeM WM MHBIM BHAaM urp. Ilanpmmep, mo-
JydaeM CJIeTyIoNine KIacCH.
P: muOXecTBa Ly (Kak w0 Ly, BOPOUeM) A4 UTP, B KOTOPHIX HHKTO He
neraeT XOMoB.
NP: muox)ecTBa Ly 151 UTP, B KOTOPHIX Genble geaatoT 1 xox. [pyrumun
CTOBaMU, TO MHOXKECTBA BHU/a
{e : Fw W(z,w)}.
co-NP: muOX)KecTBa Ly i UTp, B KOTOpHIX Geable nenaior 1 xon. [lpyrumn
CTOBaMU, TO MHOXKECTBA BHU/a
{x :Yw B(z,w)}.
Yo: MHOXECTBa Ly maf urp m3 2 xogoB: 1 xonx 6edbix, 1 xo1 9€pHBIX.
JlpyruMu ciroBaMu, 5TO MHOXKECTBA BHU/Ia
{e :Fwy Yby W(x,wy,b1)}.
CamoBaMu 3TO MOXKHO CKa3aTh TaK: eCTh TAKOHW X0 OelbIX, 9TO, KaK
OBl HU CBITPAJIH Y€PHBIE, Gelble BHINTPHIBAIOT.
II5: muOXecTBa Ly nast urp mz 2 xonoB. JpyruMu cJioBaMm, 3TO MHOXKe-
CTBa BH[A

{2 :Yw 3by Bz, wi, bi)}

Yi: MHOXKeCTBA Ly, 1 urp u3 k xonoB (B 3aBHCHMOCTH OT 9€THOCTH K
HOCTETHUMHI XOJAT Au6G0 4épHbIe, NGO Geable). JpyruMu caoBamMi,
5TO MHOXKECTBa BUIA

{e:Fwi Vb o Quys W(x,wy, by,...)}
(eciu k wérnoe, To Q) =V, yr = by/2, ecim k HeuéTHOE, TO
Qr =3, yr = Wr41)/2)-
lj: muoxecTBa Lp s urp us k xonos (B 3aBHCHMOCTH OT YETHOCTH K
HOCTETHUMHI XOJAT Au6G0 4épHbIe, NGO Geable). JpyruMu caoBamMi,
5TO MHOXKECTBa BUIA
{e :Yw 3by ... Quyp Ble,wi, by,...)}
(eciu k wérnoe, To Q) = 3, yr = by/2, ecim k HeuéTHOE, TO
Qr =V, yr = Wrt1)/2)

Kaaccwr Y u Il B3auMHO gonosHuTeAbHBI: Y = co-Ilg, Il = co-X.
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Teopema 4.1 (Jlayreman [35]). BPP C Yo N1l,.

HoxazareabcTBo. Ilockonbky kiaacc BPP 3aMKHYT oTHOCHTENBLHO MO-
TMOMHEHHH, JOCTATOYHO MoKazaTh, 1To BPP C X5,

Jlasi 5TOTO0 HYKHO HAYYHTHCA (POPMYJAHPOBATH CBOMCTBO ¢MHOXKECTBO
COJEPKUT MHOTO DJIEMEHTOBY C HCIOMIB30BAHNEM KBAHTOPOB CYIIECTBOBa-
Hus u BceoOrOCTH. MBI clemaeM 5To, peAmoaaras, 9TO pacCMaTPUBAKOT-
csl TIOJMHOYKECTBA HEKOTOPON KOHedHOU Tpymmsl. [lyctes (¢ — rpymma, a
X — moamuoxectBo (. CBOWCTBO, KOTOPHIM MBI OYIeM OTAMYATH GOIh-
IITIe MHOXKECTBA OT MAJBIX, COCTOUT B TOM, YTO HEKOTOPHIM KOJMYIECTBOM
CIOBATOB MHOXeCTBa X MOKHO TMOKPBITH BCIO TPYIITY

Elgl,...,gk:UgiX:G. (4.1)

ITo6k BHIOPATE MOAXOJAlIee 3HAYEHHE k, HYXKHO HANTH CIydam, KO-
raa (4.1) 3aBe oMo BBITOMTHAETCA, I KOTa 3aBEJOMO HE BHITIOMHAETCA.

Ecmm

kIX| < |G, (4.2)
ycaosne (4.1) 3aBeoMo JTOXKHO.

Yenosue (4.1) 3aBejoMO MCTHHHO, €CJIH A CAY9alHBIX HE3aBHCHMBIX
g1, ..., gk BeposTHOCTE cobrrtud | J; ¢; X = G Goasine 0. JpyruMu croBaMi,
Pr[G\ (U; 9:X) # 2] < 1. BepoATHOCTE TOT0, 4TO cIydailHbIi cABUT X He
MOKPHIBAET (HE COAEPKUT) HEKOTOPHIH (MUKCHPOBAHHBIN I€MEHT, PaBHA 1O
oveBngubIM npuanaaM | — | X|/|G|. BepoaTHocTh Toro, 9T0 k CIyvaiiHBIX
CIIBUTOB He TIOKPHIBAIOT (pUKCHPOBAHHEN saemenT, pasna (1 — |X|/|G|)*
(MOKPBEITHA Pa3HBIMHI CABHTaMH — He3aBHCHMBble cOOBITHsA). [locKOaBKY MmO~
kpiBaeTca |G| aaemenTos, BepoaTHocTh cobbitua Pr[G\ (|U; 9:.X) # @] ne

6oabwe |G| (1 — |X|/|G|)* (BepoaTnocTs 06beunenns cobLITHil He GoIbIIE
CYMMBI BepOATHOCTEN >Tnx cobbitnit). Urak, mpu
o (12BN oy (4.3)
(e '
ycaosne (4.1) 3aBe oMo BBITIOTHAETCA.

ITaccmoTpum Teneph HekoTOpbIn A3bIK L € BPP. [las mero, kak o6m5-
ACHATOCH BHIIIE, MOXKHO HANTH MOJIMHOMHUAMBLHO BLIMUCAUMEIN TIPeINKAT
R(x,y) u nomurom p(-) Takue, aro wncio | X, |/2007D rre X, = {y : (Jy| =
= p(|#])) A R(z,y)}, pasandaer cioBa, HpHHAJIEKANME A3BIKY (J1A HUX
oHO Gogblie | — €), U caoBa, A3BIKY He NpPHHAIEXAIIe (JIA TaKuX CJIOB
3TO 4ucao MeHblle ¢). [lapaMeTp £ MBI BEIGEPEM TIO3XKe, cefidac OTMETHM,
9TO ero BeJUInHa MOXKeT GbITh SKCIOHEHIMAALHO Majda, KaK OO0BACHAIOCH
Ha c. 38 mocie ompeaeaerus 3.1.
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BBeéM BCKYCCTBEHHO CTPYKTYPY TPYIIIEL Ha MHOKECTBE CJIOB Y JIMHLL
p(]x|) Tak, 9TO6H Npom3Be/eHNe W OOpAallleHHe BJIEMEHTa B 5TON I'DYIIeE
OBLIN TTOMMHOMAAIBHO BHIMHCIUMBIME (HATIPUMED, B KadeCTBe I'DYIIOBON
olepanii BO3bMEM MOKOMIIOHEHTHOE CJOKEHHE IO MOJYIIO 1Ba). SaluiieM
clefytomee Yo-yCAoBHIe

Jg1,-- 96y ((yl = p(|2) =
= (Y € Xo) V(Y €goXa) V-V (y € 1 X)) ).

[ pyrumMu clioBaMu, pacCMaTPHBaeM TaKyl0 UTPY: GeJble CBONM XO0M Ha3hl-
BaIOT k CIOB (3JEMEHTOB I'DYINHL), & Y6PHBIE — OJINH DIEMEHT, KOTOPHIH, 10
X MHEHUIO, He TOKPEIT CABUTAaMU MHOXEeCTBa X, Ha CloBa ¢;, Ha3BaHHBIE
OebIMH.

Yenosue (4.2) B sToM caydae mmeeT Bug ¢k < 1, a ycaoeme (4.3):
2r(eDek <« 1. TITn ycioBuA BBHIMOIHAIOTCA MPH IOIXOAAIIEM BHIGOPE Ma-
pameTpoB. Moxuo BaaTh k mopagka p(|z|) u & nopaaxa p~1(|z|). O

Sameuanne 4.1. VmeeTcsa paccyxkeHme, KOTOPOE «IOKa3BIBAETY, UTO
BpeMs BuIduCAeHns GyHKIUN u3 Kaiacca BPP mox#o chenats, mo-Buanmo-
My, MeHbIme 27 qis mo6oro €. Hges cocTONT B TOM, 9TOGH HCIOIb30BATE
reHepaTopbl ncegdocayuatiney wuces. Takoll TeHepaTop 1o HAGOpy 6GUTOB
nanHL k cTponT Habop aauHEel k', rae k' > k. Ecim npu sToM BEIGHpaTH KO-
poTKme HaABOPHI CIyYalHoO, TO JJINHHBIE HAGOPHl 6y Ay T pacipeieleHbl Tak,
YTO BEIYHCANTENILHOE YCTPOHCTBO ¢ OUpAHHYEHHBIMH pecypcaMu (Hampn-
Mep, MOANHOMHAIbHAA MallliHa THIOPHHATA) He CMOXKET OTIHYHTh HX OT HO-
HACTOAIIEMY cayvdaiHbix. [ITo ToscHeHMe 3aMeHAET TOYHOE OIpeeleHIe
MICEBIOCAYYaNHOr O TeHepaTOpa, KOTOPOe HaM He TIOHATOOMTCA.

CyliecTBYIOT 1 TICEBOCAYYallHBIE TeHEPATOPHI, Hem3BecTHO. X 3aBe-
momo HeT, ecain P = NP. Ilo B 5Tom cay4vae P = 9 = BPP.

Ecmm xe P # NP u ecTh TiceBgOCTyIaliible TeHEPATOPHI, TO MOXKHO Ha-
XONUTH 3a YKa3aHHOE BEIle Bpemd 3HadeHne pyukuun f € BPP, Berancass
aHadeHns npeankara R(z,y) w3 onp. 3.2 TOABKO A TCEBAOCAYIaNHBIX Y.

Ocraércsi «He6OABIIONY TeeKT B DTOM DPACCYKIEHUN: OHO HE MPOXO-
mut mpu P # NP w oTcyTcTBum TceBRoCTyIalHBIX TeHepaTopoB. Takas
CUTYAINsA CINTAETCA MAJOBEPOSTHOH.

4.2. Kaacc PSPACE. Kak yXe roBopmiochk, B 3TOT KJacC TOTafa-
0T Te QYHKIUU, KOTOPBIE MOTYT ObITH BerdmcaeHbl Ha MT, mcmoabayto-
el TaMATh, OTPAHTYIEHHYIO TIOAMHOMOM OT [IIWHBI BXOTHOTO cioBa. Kiacce
PSPACE Takxe MOXHO OMUCATH, HCHOJAb3YsT UTPHI.

Teopema 4.2. L € PSPACE mozda u moavko mozda, koeda cyuwecm-
BYEM MAKAA USPA C NOAUHOMUAALHBIM OM OAUHBL ETOOHO20 CAOEA YUCAOM
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20006 U NOAUHOMUAABHO ELINUCAUMBLM pe3Yyabmamon, umo L = {a:| 1T ume-
€M GLIUZPLLUHYI0 CIMPATNERUIO}.

HokazaTembcTBo. <—  Ilokaxem, 9TO A3LIK, ONpeeldeMblil HT'POH,
npuragiexuT PSPACE. Ilyctes 4mcio xogoB orpanmdero p(|x|). Onpege-
MM 1o WHAYKIHH HaGop MamnH Tetopuara My aag k = 0,...,p(|z]). Ka-
Kaas M mo zaganHOMy Hadady WTPH T, w1y, b1,... AIHHLL k ompejgeaseT
Haqn4ne BLIMTpbIHON cTpaTerun y 11 Tlocregnein B ToM pagy MammHe
My (|z|) HYZKHO TPOCTO BBHIMUCAHTDL MPeJUKAT Wiz, wy,...). Mammna My
mepebupaeT Bce BO3MOXKHEBIE BapHAHTH (A + 1)-10 X0a I KOHCYJIBTHPYeTCA
¢ Mpgy1 Mo mOBOJY OKOHYATENbHBIX PE3YAbTATOB UrPhl. EE olleHKa MrpbI
COCTABJIAETCA O9eHb MPOCTO: eCAN TEKYIIHN xoa y 11, To gocTaTodHo Hall-
TH OUH XOJ, IPH KOTOPOM M 11 MrapaHTUDYeT BHIMIDBLILIHYIO CTPATErUIO
masa 11, Ecan rexymmin xon y Y, To npu Bcex BapuaHTax Myy1 JOMKHA
0o6HApYXNTh BHLINTPLIMHAYI0 cTpaTeruo aaa II. Mammma M, onpegeaser
HaJIW4ie BEINTPHIIHON cTpaTerunn Aud Il B caMoM Hadajle WIPHI U AJIA €€
paboTH HaM Hy KHO HCIIOAL30BaTh BCIO TTOC/Ae0BaTeALHOCTE Mammi M. ITo
KasK/ad M3 5THX MAalliH NCIOAB3yeT HeGOMbIIYIO (TONNHOMIAILHO OrDaH!-
YeHHYI0) MaMATh, Tak 9TO BeCh MPOIUECC MOTPESYET NI TOJHHOMIATBLHO
OrpaHMYIeHHON MaMATH.

—> IlycTb ecTh MammHaa M , pacmosHaomas BXOXKJAEHIE CJI0Ba B A3BIK
L Ha moamHOMUANBLHON NaMATH. Bo-NepBHIX, 3aMeTHM, 9TO BEIUCICHNE Ha
namaT S 6eCCMBICICHHO TPOBOIUT foabine, em pema 2909 (Bcé nauner
MOBTOPATHCA MOCTIE TOTO, KAK MBI HCYepPIIaeM BCE COCTOAHUA HAIllel CHCTe-
MBI, a ux He 6oaee gem |A|°-|Q|-S, rae @, A — coOTBETCTBEHHO MHOKECTBO
COCTOAHNI yIPABAAKIIETO YCTPOHACTBA 1 akpaBuT paccMaTpubaemoit MT).
ITosTOMYy MOXHO CYMTaTh 6€3 OrpaHMIeHIA OOITHOCTH, 9TO BpeMA paboThl
maumubsl M orpanmteno 29, rge ¢ = O(p(|z])).

Y106k 6BLI0O TPOIIE OMUCHIBATH UTPY, TOoTpebyeM, YTOGH MOC/E 3aBep-
mennA Beraucaenns M'T coxpansaza 6e3 m3aMeHEHNN JOCTUTHYTOE COCTOSHIE.

Urpa sakaodaeTrcsa B caegytomeM. [lenble yTBepXKalT, 9TO OTBET Ha
BXO/THOM CJOBE T paBeH «Ja», a Y6pHBEIE XOTAT 5TO IPOBEPUTh. Ileanie cBo-
MM TEPBBIM XOOM JAeKIapUPYIOT cOCTOAHME Malmubl M (cTpoka, 3ammcaH-
Has Ha JeHTe, MOJOXKEHNEe INTAOMEN T'OJOBKH, COCTOAHNE YIPAB/IAIOMIErO
ycTpoiicTsa) mocae 2971 TaxTos. UépHbie CBOMM X010M BHIGHDAIOT OJIMH 13
npoMexyTKoB: oT Hadada 1o (2¢71)-ro takra uau ot (2¢971)-ro Takra g0
konma. Ileqsle geknapupyioT cocrogame M B cepenHe 3TOro MPOMEXKYTKA.
anee Bcé mopTopaeTca: YU BEIGHpaeT oaHy W3 MOJAOBUHOK, I1 nekmapupyer
coctoanne M B cepejnHe BHIGpAHHON MOJOBUHKY ¥ T. J.

Wrpa sakanamBaeTcd, KOTda JIHHA TPOMEXKYTKA CTAHOBUTCSA PABHOM 1.
IleayabraT ompegeaseTca Tak: aas o60WMX KOHIIOB DTOTO MPOMEXKYTKA B



48 KJIACCHYECKHE BBEIYHCJIEHAA

mpolecce Urphbl ObLIH HazBaHbl cocTosgums M. Ecam cocrosiame mpaBoro
KOHIIA TIOJYYaeTCs U3 COCTOSHUS JeBOrO KOHITA 3a OJAWH TakT padoTh M,
To Il BeIMrpaau, wHawe BEIUTpaan .

Ecan orBeT M Ha ciaoBe x JeNCTBHTETBHO ¢ay, TO GEJBIM HYKHO BCE
BpeMs TOBOPHTH MPaBIy, 3TO TapaAaHTUPYET UM BBINT PHIIIL.

Ecan orBeT M Ha clioBe  — «HeT», TO TIPH AO6OM XO€ GETBIX HA OTHOM
I3 TPOMEXYTKOB (MM Ha 060HX) OyJeT colepKaThCA omnbKa. 1 ToMKeH
VKa3bIBATh KAXKABIH Pa3 UMEHHO 3TOT MPOMEKYTOK. d

3agaia 4.1. [JokaxknuTe, 9TO KJIACC A3LIKOB, paclo3HaBaeMbIX HepeTep-
MUHUPOBAHHEIMA MalllMHAMH, paboTaoMNMI Ha NaMATH .S, CONEpKUTCA B
KJacce A3LIKOB, PAaCcIlo3HABAEMbIX JeTepMIHIPOBAHHLIME MAIIHHAMIE, paGo-
TafmuMn Ha maMaTi poly(S).

B kadecTBe caegcTBus Teopembl 4.2 moyHdaeM BKIOYEHUs BCEX OIIPe-
MEMEHHBIX BHIMIE KaaccoB X, Il B kmacc PSPACE. Bzanmuoe cooTHote-
HITEe DTUX KJIACCOB MOXKHO M306PazuTh AWATrPAMMON BKJIIOYEHNH, TTOKa3aH-
Hou caeBa. [la »Tol gmarpamme oT G6OIBIIETO KIACCA K MEHBIIEMY MOXKHO

MPOUTH, ABUTAACH IO cTpeakaMm. BHm3y pac-
@ mosaraeTcs Kjaacce P, oTBedaommi urpaM ¢
0 xomoB, 3aTeM UAYT [TOMOJHSIONINE JAPYT
apyTra KaacChl, OTBEYAIOIe WI'PaM C KO-
HEYHBIM HHCIOM XOMOB (I OJHOTO XOoma
510 NP 1 co-NP, ansa aByx xoqoB — g

@ @ u Il2 m T.1.). 3aBepuiaeTcsa >Ta Anarpam-

ma kaaccom PSPACE, koTopwinn ompemens-

w eTCsA TPON3BOILHBIMA UTPAMU C OJTHUM eCTe-
@ @ CTBEHHBIM YCJIOBUEM — BpeMsA UTPHI TOTK-
HO 6LITH MOTMHOMHUAIBLHO OTPAHWYEHO pai3-

MepOM BXOJHOTO cJoBa. MBI yiKe poKaza-
JIU BCe BKJIOYEHUS, M306paKEHHBIE HA DTON
nuarpamme. [lu mpo ogHO U3 BRIOYEHWH,
CAEYIONNX U3 3TOU AWArpaMMBbl, HEM3BECT-
HO, ABJsieTCs au oHO cTporuM. [TeiTes MoxkeT, ckaxem, P = PSPACE. C npy-
roi cToponbl, BoaMoxkHO u Tak, ¥To PSPACE = EXPTIME, rge EXPTIME
o6o3HadaeT (He pacCMaTPHBABIINICA HAMHE) KJ1aCC A3BIKOB, BEIMHCANMEIX 32
SKCIOHeHIHaIbHOe BpeMa 2P (?) | Bipouem, nanboiee nomyaspHa MHIOTE-
3a 0 TOM, YTO BCe BKJIIOUYeHNA, M300paXeHHBIe HAa HArpaMMe — CTPOTHE.

Sagatua 4.2. Mawuna Tviopunea ¢ oparyiom A — »1o MT ¢ gomoanm-
TeNbHOH opakyabHot JEHTON, Kyja oHa (MallliHa) MOXeT 3alHCHIBATE CIO-
Ba, a 3aTEM 3a OJNH TAKT pabOTHI MPOBEPATH, TPUHA,IJIEKIT JI 3aTTHCAHHOE
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Ha OpaKyJIbHOHU JeHTe CIOBO A3BIKY A. Ilo ABYyM CIOXKHOCTHBIM Kiaaccam X
I Y MOXKHO OImpeeanThb Kiace XY TaKnX A3BIKOB, KOTOPBIE PACIO3HAIOTCA
MallliHAMHI 13 Kaacca A ¢ opaky/JaaMu u3 Y.

Hokaxure, 4T0 P¥r = Pl C Ypgpr NIlgyq.

B kaacce PSPACE cymecTBy0T HOAHBIE 33,1241 (OTHOCHTEABHO MOJNHO-
MHAJIBHON cBoguMOCTH). IIpocTellinnil BapHaHT MOAyYaeTCA TPUMeHEHEM
MPEeIbIIYIIER TEOPEMEIL.

3ana4a TQBF. 3agaercsa npegukaTom

TQBF(z) < = ecTb ncTuHHasA GyaeBa (opmyaa ¢ keanTopamu (True

Quantified Boolean Formula), T.e. ¢ropmyaa Buga

Quyn - QuunF(yr,- - un),
rae y; € B, F — HexoTopas Jormdeckada GopMyJa, a
Q; — mmbo V, aubo 3. Tlo onpenenennto, (Vy; A(y1)) =
= (A0) A A(1)), a (Fyr A(yr)) = (A(0) v A(1)).

Teopema 4.3. TQBF PSPACE-noana.

JoxkazateascTrBo. [locTpoum cBenéume mroboro ssvika L. € PSPACE
k sagade TQBF. Haa sroro npesparum MT, BHIMHCIAONIYIO pe3yabTaT
urpsl (opegukar W (-)), B cXeMy, a XOABl HIDOKOB 3aKOANPYeM OyIeBEIME
nepeMeHHbIME. Torfa HaAUYHe BHIUTPHIITHON CTPATErnl y GeJIbIX 3a4aéTca
yCIOBUEM

FJwl Fu? 3Dyl vl S wl w?, L),

rae S(-) o6o3HavgaeT pe3yapbTAT BHIYHCAEHHA MO CXEME.
Yrobul npeBpaTuTh S B 6yaeBy GOpPMY.Ty, J06aBUM HOBLIE TIepEMEeHHEBIE
y; (3HaYeHHe, BEIYNCICHHOE [IPH {-M IPUCBANBAHNE B cXeMe) o 3aMeHnM S(+)
Ha GOpMyJay BUIA
Jyi,.. ~aE|ypa3Mep CXEMBI (yl g Rl) FANRERIA (ys g Rs) ANYs,

TJe s — pa3Mep CXeMbl, ; — TpaBad JacThb ¢-T'0 IPHUCBANBAHUA.
Mocae sTol Mo ACTAHOBKN MOJAYYINM KBaHTH(GUIHPOBAHHYIO 6yIeBy (pop-
MYy, KOTOpasd UCTUHHA B TOYHOCTH Jad & € L. |
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KBaHTOBBIC BHINIMCICHHUA

Kak yxe roBopuioch BO BBeIeHUN, OOBLITHBIE KOMIBIOTEPHI HE MCIOMb-
3YIOT BCEX BO3MOXKHOCTEI, TMPEIOCTABIAEMBIX IPUPOAOL. B HUX BBHITOIHSI-
0TCA MPeo6pazoBaHnsA Ha KOHETHBIX MHOXKECTBAX COCTOAHME (IeHCTBHA ¢
0 u 1), a B Ipupo/ie ecTh BO3MOXKHOCTH JelaTh YHNTApHBIE TTpeoGpasoBa-
HIA, T.e. IeHCTBOBATH Ha GeckoHeunoM MuoxecTse.?) IITa BOIMOKHOCTE
OMWCHIBAETCA KBAHTOBOH MeXaHUKON. YcTpolicTBa (pealbHBE WIH BOOGDa-
KaeMBle), NCHOMB3YIONHE 3TY BO3MOXKHOCTH, HA3bIBAIOTCA KBaHTOBBIME
KOMTILIOTEPaMH.

3apaHee HeSCHO, YBEJIMYIMBAIOTCA JH BHIYUCJAUTENILHBIE BO3MOXKHOCTH
MpH mepexojie 0T TpeobPazoBaHN KOHEYHBIX MHOXKECTB K YHUTAPHBIM TIpe-
06pazoBaHUAM KOHETHOMEPHBIX MpOCTpaHCcTB. Cellvac eCTh OCHOBAHUA TO-
JaraTh, 9TO TaKoe YBeJAUdeHWe NENCTBUTETRHO mpomcxonunT. B kadecTse
TpuMepa MOXKHO TPHUBECTH 3aJa4y O Pa3jloKeHWHN 4YHucAa Ha MHOXKWUTENN:
M OOBITHBIX KOMITBIOTEPOB HEM3BECTHBI MOIMHOMUAIbHBIE AJTOPUTMBI €€
pellieHnaA, a AA KBAHTOBLIX KOMIBIOTEPOB TaKhe aJrOPUTMEL €CTh.

OO6BIYHBEIT KOMOBIOTED paboTaeT € COCTOAHUAMH M3 KOHEYHOTO YIHC-
aa 6uToB. Kax et 6UT MOXKET HAXOIUTHLCA B OJHOM W3 JABYX COCTOSHUH
0 mam 1. CocTossHEE BCEU CHCTEMBI 3aMaéTCs YKa3aHNEM 3HAYEHHH BCEX
6uros. IosTomy muHOXKecTBO cocrosgunii B” = {0,1}” xoHedHO W mMeeT
MOIIIHOCTEL 2™.

KBanToBeIl KOMIIBIOTED pafoTaeT ¢ KOHETHBIMI HAGOpaMu IeMeHTap-
HBIX COCTOSIHWUW, Ha3bIBaeMBIX (-OmTamu. Kax et q-6uT mMeeT nBa BHI-
JeNeHHBIX COCTOSAHUA (eCaAn CYNTaTh ¢-GUTHI COHHAMI, TO 3TO COCTOSHMNA
«CTIH BBEPX» W (CIIHH BHU3»). YKazaHHe BHIJEICHHBIX COCTOSHUN /I Ka-
KJIOTO -OMTa CHCTEMBI 3a/Ja€T HE BCe BO3MOXKHBIE COCTOAHUSA CUCTEMBL, a
TOMBKO 6asncHble. BoaMOKHEL TakKe JI06BE THHENHBIE KOMOMHATIIH Ga31c-
HBIX COCTOSHUU ¢ KOMILIEKCHBIME Kod(duiimenTamu. [lazncHbie cocTosHmsA

Q)KOHG‘IHO, HacTosNen 6€ CKOHEIHOCTH B NPUPOIe He GhiBaeT. B namHoM caydae memo
B TOM, 9TO YHHUTAPHOE Mpeobpa3oBaHue MOYXKHO 3a0aTh JUIIb C HEKOTOPOH TOYHOCTHIO —

Mo IpoGHOCTH CM. B pa3gee 7.
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MBI 6y geM 0603HAYATE |1, . .., Ln), [le &; € B, win |z), rage ¢ € B”. IIpo-

M3BOJABHOE COCTOSHIE CHACTEMBI MOXKET OBITH opeacTaBJIeHO B BI/I,Z[elo)

|1/)> = Z Cxl,...,xn|$1a .. 'a$n>a rae Z |Cx1,...,xn|2 =1

(€1,...,z)EB" (21,...,x0)EB™

IIpoemparnemeo cocmoanuti 1A TAKOH CHCTEMBI — KOHEYHOMepHOE (pas-
MepHOCTH 2") TPOCTPAHCTBO HAJ MOJAEM KOMILIEKCHBIX THCE.

Cocroguue

O0OBITHOT O KOMIIBIOTE€PaA KBaHTOBOI'O KOMIIBIOTEPDA

o 0o ---0 o6uru o o ... Od q-6UTHL

T1 T2 ... Tp x; EB 6asucHoe: | £1, T2, ..., Tn), z; €EB

LPOUBBOJBHOE: . Cz|T), Tae > |Cm|2 =1
xEB™ relB™

[Te6oabIoe yTOTHEHNE: €CIH YMHOKITE BEKTOD » . ¢ |2) Ha (fadosblii uHo-
scumenp €' (¢ — BelIeCTBEHHOE), TO MOAYHNTCA HUANIECKH HEOTIHIH-
Moe cocTosiume. TakuMm o6pa3zoM, cocTogHNe KBAHTOBOT'O KOMIBIOTEpA —
3TO BEKTOD €JUHUYHON JJIUHBL, 3aJaHHBIN ¢ TOYHOCTHIO 10 (hazoBOTO MHO-
JKUTENA.

Boruncienve MOXHO MpeNCcTaBAATH Kak TOCAeNOBATENbHOCTE Mpeobpa-
30BaHUI Ha MHOXECTBe COCTOSHHU cucTeMbl. OmuiiieM, Kakue mpeoGpazo-
BaHUA BO3MOXKHBI B KJIACCHYeCKOM, a KaKie — B KBAaHTOBOM C/Iytac.

Kaaccuaeckui cayyam: KpanToBBIH ciIydan:
npeobpaszoBaHnua — 3To PpYH- | Tpeobpa3oBaHUA — 3TO YHATAPHBIE OIE€paTOPHI,
ki us B B B”. TO eCTh OIepPaTOPhl, COXPAHAIONINE JTUHY BEKTO-

pa 3 feal”.

xEB™

3ameuanme. Bcé ckazaHHOe OTHOCHTCA TOJABKO K 3aMKHYTHIM CHCTe-
MaM. [leadbHBIN KBAHTOBBIA KOMOBIOTED — 3TO YaCTh OOJBIION CHCTEMBI
(BceqeHHON), B3aMMOJEHCTBYIOMIAA ¢ OCTAABHBIM MUpOM. KBaHTOBHIE CO-
CTOSHUA U MPeoOPa3oBaHUsA OTKPBITHX CHCTeM 6y YT PACCMOTPEHH B Pa3-
perax 9-10.

Temepb HyXKHO AaTh GOpMadbHOE ONpefeNeHne KBAHTOBOT'O BLIYHCTE-
ana. Kax n B KraccmveckoMm ciaydae, MOXKHO ONPETeNUTH KBAHTOBLIE Ma-
ummHbl ThiopuHTra minm KBaHTOBBIE cxeMbBl. MBI BHIGHpaeM BTOPOW TOAXOM,
KOTOPBIN ya06HEee 10 ALY TPUIHH.

10) Ckobkn |...} B 3anucu |¢) He 0603HAYAIOT HUKAKOI ONlEPAllNU Haj O6BEKTOM i —

OHU IIPOCTO YKa3bIBaXT Ha TO, 4YTO ’L,ZJ ABJAACTCA BEKTOPOM.
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5. Onpegenenus u 0603HaICHUA

[IpocTPanCcTBO COCTOANMI cCTeMEl 13 1 -6mToB C2 MOKHO 3aIlicaTh
B BIJe TeH30pHOr0 mpomssefennd 2 @ ...@ 2 = (C2)®n. CoMHOXKITETH
COOTBETCTBYIOT NPOCMPAHCMEY COCMOAHULL 00Ho20 g-6uma.

TenzopHoe mpomsBefeHne ABYX MPOCTPaHcTB L u M, B KOTOPBIX (UK-
CHpOBaHbI 6a3UChl {e1, ..., e;} u {f1,..., fm}, MOKHO onpeeauTh KakK mpo-
CTPAHCTBO ¢ GAa3MCOM I3 HIEMEHTOB €; @ fi. (B mammoMm caywae e; ® fi —
5TO TO XKe caMoe, ITO (ej, fx), T.e. IpocTo mapa BeKTopoB.) [lasmepHOCTD
TEH30PHOTO IPON3BEIeHNs PaBHa [ (TPOM3BeIEHITIO PAa3MEPHOCTEH COMHO-
KUTETEH).

Takoe olpejileleHne HEUHEAPUAHMHO, T. €. 3ABUCAT OT BEIGOpa 6a3NCOB B
NepeMHOKAEMBIX TIPOCTpaHCTBax. MOXHO NaTh UMEAPUAHMHOE OTpejele-
Hue. [l 5TOro pacCMOTPHM BHawale MPOCTPAHCTBO (GeCKOHETHOMEPHOE)
c 6azmcoM e®@ f, rae e € L, f € M — mponaBolbHbIE BEKTOPHI U3 TTEPEMHO-
JKaeMBIX MpocTpaHcTB. TeHzopHOe mponaseaenne 6yaeT paKTOPHPOCTPaH-
CTBOM DTOT'O MPOCTPAHCTBA TI0 TTOANPOCTPAHCTBY, TIOPOXK TEHHOMY BEKTO-
paMn BHa

(e1+e)@f—e1@f—e® f,
e@(fit+f)—e®fi —e® fa,
(A@) ®f—6®(Af),
Me@ f) —(Xe) @ f.
llpyrumMu cioBaMu, yKazaHHbIE BEKTOPHI CINTAIOTCA paBHbIMHE (.

MoxHO MoKazaTh, 9TO JaHHBEIE ONpPEAENeHNA SKBUBAJeHTHLL.

B mammeM ciaydae HMeeTCA eCTECTBEHHBIH BHIJeJeHHBIN Gasnc (COOTBET-
cTBYIOUMI BhIeaenHbM cocTognuam): aaa C2 — {]0), [1)}, a aaa (C2)®n —
{le1,...,zn)}, ; € B. llpoctpanctBo C? ¢ BBLACIEHHBIM 6a3HCOM 0603HA-
qaeTca depes B. BoigeaeHHEIN 6a3nc cINTAETCA OPTOHOPMUPOBAHHLIM, 5TO
3aJaéT CKaIApHOe ITPOM3BeIeHre Ha ITPOCTPanCcTBe cocToarmi. Konddumm-
EHTHL Cy, .y, DA3IOKEHHA BEKTOpa |¢) Mo 5TOMY 6asucy HasHIBAIOTCH d.M-
naumydamu. Ux pUanIecKnii CMBICT COCTOUT B TOM, 9TO KBaJpaT MOyl
AMILIITY ABL |Cq, 5, | WHTEpIpeTHpyeTcs Kak BePOATHOCTH OGHAPYKHTH
CUCTeMY B faHHOM 6a3ncHOM cocTodHmu. Kak m JoaXKHO 6BITE, cyMMapHas
BEPOATHOCTEL BCEX COCTOAHWN paBHA |, TOCKOJBKY JINHA BEKTOpPA ITPEIo-
raraercs efnHIYHON. (BepoaTHOCTH 6y 1yT TOAPOGHO 06CY K AATHCA TTO3KE;
IO HEKOTOPHBIX MO MEI Oy 1eM 3aHNMAaThCA JUHENHON anirebpoil — M3ydaTh
YHUTapHBIE OTepaTOpPhl Ha mpocTpancTBe BE™).

M&r GyeM HCHOAB30BaTh (M yXKe HCIOAB30BANN) NPHHATHE B (QHU3HKE
0603HaYeHNA, OTHOCAIINECA K BEKTOPaM M CKaJiApHOMY IPOM3BEJECHUIO B
rHaBGEpTOBOM TpocTpancTBe (X BBET Jlupak). BekTopkl 0603HAYAOTCA
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|€), ckanapuoe npomssegenme — (&|n). Ecam [£) = > az|z) u |p) =
= > belx), To (&|n) = Yo, akb,. (3geck u nanee a® o6Go3HaYAET KOM-
[UIEKCHOE COTpsUKeHMe.) B 3amnmci BeKTOPOB CKOGKW HYMKHBI JHINb /UL
KpacoThly — OHH yKa3blBalOT Ha THUII O0BEKTa W TPUAAIOT CAMMETDHIO
o6ozHadeHHAM (cM. HIXKe). BMmecTo |€) MoxHO GBUIO GBI HATHCATH MPOCTO
&, xord 570 u He TpHHATO. [TosTomy €1 +£2) = |£1)+[€2) — u To, U apyToe
obo3HatMaeT BeKTOp &1 + &3.

CKalApHOe TIPON3BeeHTe aHTIINHENHO Mo nepeomy aprymenty ') u am-
HENHO TI0 BTOPOMY, T. €.

(€1 + &aln) = (Caln) + (Ealm), (Elm =+ m2) = (€lm) + Eln2),
(c&lm) = ¢*(¢[m), (Elen) = e{€ln).

Ecan B o60o3uadeHNN CKAIAPHOTO TIPOU3BEJECHISA B3AThH JEeBYIO TOJOBUHY,
TO NOAY UM 6pa-sexmop (€], T.e. IMHENHBIN HYHKINOHAT HA KEM-6€EKMOPAT
(BexkTOpax Hamero mpocTtpaHcTsa). Ilpa- W KeT-BEKTOPHI HAXOAATCA BO
B3aHMHO OJHO3HAYHOM cOOTBeTcTBHH. (TeM He MeHee, HYXKHO WX KaK-TO
pasangaTh — HMEHHO [JIf 3TOTO U OBLIH BBEIeHBl YIIOBEE ckoOKH.) M3-3a
AHTUANHEHHOCTH CKAJAAPHOTO MPOU3BEIEHUA IO TEPBOMY apryMeHTY HMeeM
paseHcTBO (€| = ¢*(£]. IIpa-BeKTOP MOXKHO 3alHCATH B BIJE CTPOKH, & KeT-

BEKTOD — B BHJe CTOa0HA (ITOGBI er0 MOKHO OBUIO YMHOXKHTH CJIeBa Ha
MaTpHILY):
c
(€l =cs0+ci(l[ = (ch,el), &) =col0)+erfly ="
3amnce (E|A]n) (A — AUHENHBIH omepaTOp) MOXKHO TOJKOBATEH JBOSA-

KO: 00 KaK CKaJApHOe Mpom3BefeHme BekTopa (€| Ha BekTop A|n), mbo
kak — (€] A Ha |n). Tak noaBaseTca conpsAXKeHHBIH omepaTop Al: mo ompe-
nexermio, (AT¢] (6pa-BexTop, cooTeTcTBytonmit Af|€)) paBen mumeitHOMY
dynkumonany (£|A. s onpenesenns cpaszy caeayer, 9To

(ATeln) = (€| Aln).

YHumaprviti onepamop — 3TO INHENHBIA OMEPATOD, COXPAHSIOMINN CKa~
JAAPHOE MPOM3BEeHTE. Y CIOBHE

(nlé) = (UnlUle) = mUTU€)
SKBHBAJEHTHO ToMmy, 910 UTU = T (rme I — TOXKAECTBEHHBIH OMEPATOP).

[Tarmme omnpenejeHne CKaadadpHOr' O IIPOMU3BEACHUA B B@n CorJIacoBaHO C TeH-
30PHBIM IIPOU3BEACHUEM:

(€t e (eal) (ln) @ ns)) = (&rlm) {€alme)

11) O6paTI/ITe BHUMaHHE, YTO MaTeMaTUKH OBGBIYHO CHUTAKWT, 4YTO CKaJAPHOE IIPOU3BE-

neHWe B YHUTAPHOM NIPOCTPAHCTBe aHTUJINHENHO MO 61M0p oMY APTYMEHTY.
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B panbmeiiiem 6y1eT HCTOAB3OBATHCA MEHZOPHOE NPOUIEEJEHUE ONePpamo-
pos. OHO MeliCTBYET B TEH30PHOM MPOM3BEIeHNN MTPOCTPAHCTB, Ha KOTOPHIX
OERCTBYIOT COMHOXKUTENMN, TI0 TTPABIIY

(A @ B)|§) @ n) = Al§) © Bln).

Ecan onepaTophl 3a/jaHbl B MATPUYHOM BU e B HEKOTOPOM 6Ha3uce, T.e.
A= agli)kl, B=> bli)(k]
7.k 7.k

(merxo moHATH, 9To |j)(k| — auneinbi oneparop: |7){k| |€) = (k[€)]7)), To
MaTpHIHBIE bleMeHThl onepaTopa (' = A® B uMeoT BUJ ¢(jk)(im) = 4jibkm.-

Brraucaenne cocTouT u3 mpeoGpaszoBaHull, CAUTAEMBIX dJAeMEHTAPHBIMA
(BHIMIOMHAEMBIX 32 €IMHUIY BPEMEHH).

[TnemenTapuoe mpeobpazosanue | [lremenTaproe npeobpasoBaHure B KBAHTOBOM
B KJIACCHYECKOM CIydae: Takasd | CIydae: TEH30PHOE MPOU3BEEHUE ITPOU3BOIb-
¢yuxmma nz B® B B, KoTopas | HOro yHHTapHOIO oIEepaTopa, IEHCTBYIOIIe-
saBHCHT OT HeGoabimoro (He 3a- | To Ha wactu commoxuTenein BE rpe r ma-
BUCALIErO OT n) 4ucia 6uroB u | 10 (r = O(1)), u TOXKIECTBEHHOIO OLEPATO-
U3MEHsAET TAKXKe HeGOMbIIoe UK~ | pa, AeUCTBYIONIEr0 HA OCTAMBLHBIX COMHOXKU-
cio 6UTOB. Teaax.

TenzopHoe mponsBeeHne HEKOTOPOTo onepaTopa U/, felicTBYIOmero Ha
MHOXECTBe (-6HTOB A, I TOXIeCTBEHHOr O OIlepaTopa, AEHCTBYIOIEro Ha
OCTAlBHEIX q-6uTax, 6ynem obosHadaTs U[A]. (B wactHocTn, U[l, ..., r] =
= U ® I obo3Ha4daeT felicTBHe HA MEPBHIX I q-OUTaX.)

IIpumep 5.1. Tlpuseném marTpuny omeparopa H[2], geiicTByolero B
1 /1 1
v\l -1
6WT, Ha OCTAJbLHLIX (-OMTaXx AelCTBHUEe TOX AecTBeHHOe. [lazncHble BEKTOPHI
PACIONOKEHBI B JeKCHKOT padgudeckoM nopsaake: ot |000) xo [111).

10 1 000 0 O

npoctparcTse BO3. Onepatop H = OeRCTBYET Ha BTOPOW (-

01 0 100 0 0
10-1 000 0 O

1101 0-100 0 0
H[Q]__200001010
00 0 001 0 1

00 0 010 -1 0

00 0 001 0 —1

C »Toro MecTa HaMMHAETCA BHIYUCJAUTENBHAA CAOKHOCTE. [lycTh 7 = 2,
Torga U — mHexoTopasa matpuna 4 x 4, U @ I — maTpuiia pa3MepHOCTH
2" x 27 y KoTopou mo mmaroHadun crosaT 6aoxm mz marpun U. Ilta ma-
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TPpHUIla TPEACTABIAET OJWH 3JeMeHTapHBIN mar. Korga nmpuMeHseTcs He-
CKOJBKO TaKWX ONepaTOpOB K Pa3HBIM NapaM -6uToB, peayabTaT OyneT
BHITVIAETH Topa3ao ciaoxkuee. Ile BuaHO crmocoba onmpeneanTh 3TOT PE3YIb-
TaT, KPOMe TPAMOT O IepeMHOKeHnA MaTpuIl. [lockonbKy pasMepsl MaTpPHIL
SKCIIOHEHIINAJIbHO BEJWKHN, NMOTpebyeTca SKCIOHEHIMAJABHOE BpeMA i UX
TIePEMHOKCHUA.

3aMeTHUM OHAKO, ITO BEIMUCACHIIE MATPUIHBIX 2I€EMEHTOB BO3MOXKHO HA
MOMMHOMHUAJIBHO OT PaHMYIeHHON maMsATh. [lycTh HyKHO HAUTH MaTPUIHBIHN
saemenT U, omeparTopa

U=U0, k) USDGisy kioa] - U, ko] UD [, k).
OdeBuIHO, ITO
(U<’> . U(l)) — vl o) (5.1)

Li—1,..,%1

(3meck xq, ..., L) — CTPOKW JAHHON n 6mToB.) [ BEIYNCIEHHA STOH CYyM-
MEl focTaTouHo (I — 1)-To permcTpa jid XpaHeHHs TEKYIINX 3HAYEHHH
Zi_1,..., &1, €IIE ONHOTO PETHUCTPA A XPAHEHNSA TACTHIHON CYMMBI I He-
KOTOPOTo (PUKCUPOBAHHOT'O KOJAWYECTBA PETUCTPOB AJMA BBIMHUCICHUA MPO-
MEKYTOYHBIX TPOM3BENEHUN.

Ompepaenenune 5.1. Keanmosasn crema. [Tycmo A — nexomopoe muo-
HECmEo yrumapHulr onepamopos (6asuc). Toeda keanmosas crema 6 6a-
suce A — smo nocaedosameavrocme Ur[Aq], ..., Ui[4)], ede A; — wmno-
acecmea g-oumos, U; € A.

Onepamop, peasusyemviti ke6anmoeot cremot. I[Imo onepamop
U: B®" — B9 pasuwiti Uj[A] - ...  Ui[A1].

[ITo ompenenenne He O¥YeHB XOPOINO, TaK KaK HE YINTHIBAET BO3MOXK-
HOCTH HCIOJB30BAHUA [TOMOMHUTETHLHON MaMATH B MPOIECCE BBIMHCIEHIS.
[osToMy gagum emré oqHO ONpeeeHNe.

Onepamop U: B®" — B®", peasusyemviii cremoti 6 pacwupen-
HOM cmbieae. [Imo makotd onepamop, wmo npouszsedenue

W =U[A]-... U[A]

deticmeyrowee na N g-6umos, N > n, daa awbozo eexmopa [£) € B
ydosaemeopaem ycaosuro W ([€) @ [0V=")) = (U]€)) @ |0V 7).

Takum 06pazoM, MBI «6epéM HaNpOKaT» AOMOJHATENLHYIO MaMATh, 3a-
HOJHEHHYIO HYJAMHE, I NOJKHBI BO3BPATHTE €€ B IIpeKHEeM cocTodHnn. Ka-
KO CMEIC/ MMEET TaKoe OlpejeNeHne? 3adeM HyXKHO TpebGoBaTh, ITOOBI
MOTIONHUTEbHEIE (-6UTH BepHyanch B cocToanme [0V ~")7 Tla camom me-
JIe 5TO YCIOBHE YHCTO TEXHMIEeCKOe, OJHAKO BasKHO, 9TOGH BEKTOP COCTO-
AHUA B KOHIIE BBEIYHCJCHUA OBLI pazaoxcum, T.e. numen Bug |€) @ |n') (c



56 KBAHTOBBLIE BHIYUCJAEHUA

mpou3BoAbHEIM |17)). Ecam 1o Tak, To nepBadg moACHCTEMA HAXOANTCA B
onpenenéHHOM cocTosHNA |£), TTOPTOMY PO BTODYIO MojacucTeMy (T0moJ-
HHTEABHYIO MaMATH) MOKHO 3a0bITh. B MPOTHBHOM cayvae, COBMECTHOE CO-
CTOSIHUE JABYX MOJCHCTEM OKa3bIBAETCSA (3alyTaHHBIM» (entangled), mosTo-
MY TIE€PBYIO IIOJCHCTEMY Helb3fd OTAEINTH OT BTOPOIL.

6. CooTHolllenne MeX1y KJIAaCCHIeCKHM U KBAHTOBLIM BLI-
IUCJICHUEM

Kaaccuaeckuit o6beKT, COOTBETCTBYIONMIUN YHUTAPHOMY OTEPATOPY, —
nepecranoska. Jlio6olt nepectanoske G': B — B* ecrecTBenHO ComocTa-
BIAETCHA yHHTApPHEI omepatop G B mpoctpancte BYF | peficTBytommit mo
IpaBILILY é|x> &t |Gz).

AHajsornvHo onpefeseHuio 5.1, MOKHO oNpeAeauTh 06paTUMbIE KAACCH-
YeCKHWe CXEMBI, PEAln3yIoline MepecTaHOBKH.

Ompeaerenue 6.1. O6pamumasn raaccuuwecras crema. ITycmo A —
Hewomopoe MHodcecmeo nepecmanosor suda G: BY — BY (fasuc). Obpa-
muMas Kaaccuneckas crema 6 6asuce A — amo nocaedosameabrocms ne-

pecmanosor Ui[A1], ... Ui[A)], ede A; — mnoocecmsa 6umos, U; € A.
Ilepecmanoera, peasusyemas o6pamumnoti cremoti. IImo npous-
sedenue nepecmanosor Ui[A;] - ... - Ui[Aq].

Ilepecmanoera U, peasusyeman cremol 6 pacuiupeHHom CMbl-
cae. [Imo makxas nepecmanoska, Ymo npouzsedenue NEPecmaHo8or

W: Ul[Al] e Ul[Al]

deticmeywuee na N 6umos, N > n) das awbozo x € B ydosaemeopaem
Y ) =z Y D
yeaosuio Wz, 0N ~") = (Ux, ON_”).

B xakux cayvaax QyHKIHNIO, 3aJaHHYI0 OYJIeBOH CXeMOU, MOXKHO Peasi-
30BaTh ob6paTumon cxemoli? O6paTHMble CXEMBI Peaqn3yioT TOJIBKO Mepe-
cranoBku. [IpeogoiaeTh 5Ty TPYAHOCTH MOXKHO TaK. BMecTO BBIYHCTICHUA
bynxuun F: B — B™ 6yneM BHYMHCIATH QYHKIHIO g BPH™ 5 Frtm
3aJaHHYIO0 cooTHOMIeHNeM P (z,y) = (2, y @ F(x)) (31ech & o3HadaeT mo-
6uTOBOE CloKeHHe 1o Moayao 2). Toraa anadenne F'(2) MOXKHO TOXYyYHTH
Tak: Fg(x,0) = (x, F(x)).

Y7106BI MOXKHO OBUIO BBIMUCAATL (DYHKIUN, 3aTaHHbIE OYJIeBLIMH CXe-
MaMU B TOJHOM 6asmce, HEJOCTATOUYHO B3ATH 6a3wc A 0GpaTHMBIX CXEM
U3 TepecTaHoBOK Ha AByX 6mrax. OKasbiBaeTcs, 9TO Ai06asd mepecTaHoB-
ka Ha AByx 6urtax ¢: B2 — B? apaserca aumelinoil dyukiumeii (nmpu ecre-
CTBEHHOM OTOXJECTBJICHHN MHOXeCTBa B 1 oA W3 JBYX 2IeMeHTOB IFa):
gz, y) = (ax B by P e, de Dey® f), rae a, b, ¢, d, e, f € Fy. TlosToMy Bce

COOTHOUWIEHUE MEXKIY KJACCHYECKUM M KBAHTOBBLIM BBIYUCJEHUEM 57

(PYHKIUH, BLIMUCALEMbIE 06paTHMBIME CXeMaMHi B 6as3ice 13 MepecTaHOBOK
Ha IBYX GHTaX, ABAAIOTCA JHHEHHBIMIL.

A BOT mepecTaHOBOK Ha TPEX 6HTax ykKe JOCTATOTHO, YTOOBI peaan3o-
BaTh 06y QyHKIHD. IIpn 5ToM He 06A3aTelbHO HCIOAb30BATH BCe Ie-
PECTAaHOBKH, NOCTATOYHO BKIKOYNTH B 0a3WC JUIb ABe (DYHKINH — OT-
putianne - u agemenm Toddoau Ag: (x,y,2) — (z,y,z ® zy). lIpu sTom
HMeeTCA B BIAY PEadn3yeMOCTh B paCHIIPEHHOM CMBIC/E, T. €. MOXKHO 6paTh
HampoKaT OHTH B cocTodann () M BO3BpallaTh UX MOCAe OKOHIAHWA BLITH-
CJICHHI B TOM K€ COCTOAHMNH.

Jaga4da 6.1. /lokaxuTe nis o6paTUMBIX CXeM MOJHOTY 6a3mca, COCTOS-
mero U3 oTpunanua u >neMenTa Toddoan.

Jemma 6.1. Ilycms gynxyusa F: B — B" peasusyemcs 6yaesoli cxe-
moti pazmepa I 6 wmexomopom 6asuce A. Toeda mosxcno peasusosamo
dynxyuio (x,0) — (F(z),G(z)) obpamumoti cremotd pasmepa O(L) 6 6a-
suce Ag, cocmoswenm us Pynxyud fg (f € A), a marme dynxyuu

@: (z,y) = (z, 2D y).

3amedanne 6.1. Tlommmo «mofesHoro» oTBera F(z) cxema, ykasaHHasd
B (POPMYINPOBKe JEMMBI, TPOU3BOAUT «Mycopy G ().

Sameuanne 6.2. CogepxKaTelbHBII cMBICH omepatnn @ — obpaTumoe
KONMpOBaHue 6uTa (ecin HadalbHOe 3HadeHHe y papHo (). B aurTeparype
sTa oneparus o6erHO HazkiBaeTcss Controlled NOT mo mpuamaam, koTopbie
CTAHYT ACHBIME U3 NadbHEHIIero.

3ameqanne 6.3. Ilpumends gpynkumio (<): (a,b) — (b, a) MoxHO Me-
HATHL 6UTH MecTaMHi B 3anucu. O6paTuTe BAUMAaHNE, 9TO /1A IIepecTaHOBOK
6UTOB OCTaTOYHO TaKXKe HMeTh B 6asuce @), Tak Kax

()K= @, K@k 1O k-

JokazaTreascTBo. BoszbMéM cxemy, BuIUHCAAIONY0 F. [lycTh BxogHBIE
mepeMeHHbIE — DTO &1, ..., &,. BCOOMOraTelbHBIE TIEPEMEHHBIE CXEMBI U
OUTHI Pe3YALTATA — ITO Tpnii, ..., LntL; B OOPATHMON CXeMe COMOCTAa-
BUM UM [JOTOJHUTEAbHBIE GUTHI, UMEIOIINe B HAYAIbHOM COCTOSHUEN 3HAa-
genne 0.

Kaxkoe mpHcBaHBaHUE B CXeMe HMEET BHL ZLnik = fi(Zip, ..., 21,),
fe €A Ji,....lix < n+ k. B obGpaTuMon cxeMe aHaJOrOM IPHCBAUBAHUA
6yIeT AelCTBHE HEPECTAHOBKE (Zj,,..., &1, Tntk) = (fi)e (T, .., 2o,
Tptk), T-€ Tngk = Tnik D ful@je, .., 21,.).

ITockonbky HavdaabHble 3HAYEHUA JOMOJHUTENbHBIX MEePEMEHHBIX OBLIN
paBHHI 0, UX KOHeYHBIE 3HAYMEHNS Oy Iy T TAKUMHI XKe, KaK i B 6yJIeBOI CXeMe.
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OcTanoch MOMEHATH MECTaMH OWTHI, YTOOLI TOJAYYIUTH yKa3aHHLIH B
yCAOBHH (hOPMAT OTBETA.

Bech mpomecc BBIMHCACHNA YIOGHO NMpencTaBUTHL CAefyfolleil cXeMoll
(Ha1 IPAMOYTONBLHUKAMH MO IMHCAHO KOAMIeCTBO OUTOB, BHYTPH — HX CO-
JAEPKIMOE):

n L—m m
L« o [ o |
TMIPUCBAMBAHUA IO CXEME
‘ x ‘l‘n_H l‘L_m‘ F(x)
epecTaHOBKHI 6GUTOB
| P | G(x)

d

Jlemma 6.2 (osmcTka Mycopa). B ycaosuar aemmbt 1 moocno npousee-
emu eviuucaenue gynryuu Fg obpamumot cxemoti pasmepa O(L + n + m)
(¢ ucnoavzosanuem JonoaHuMEAbLHBIT GUMOS).

JokasareascTBo. [lad ouncTkum Mycopa 6ymeT MCIOAb30BaHa 06paTh-
MocTh. M3o6pasum npotiecc BorvuciaeHus Fg cxeMol, aHAJTOT UYHON TOH, YTO
TIpUBe/IeHa B JOKa3aTelbCTBe JeMMH 6.1.

n L m
(=] o [ v |
BBEITHCJEHNE TI0 CXEME U3 JOKa3a-
m L+n—m m TeaAbCTBa JeMMBbI 6.1
| P | G | v |
cioxenne F(x) w0 y Mo Moayro 2
‘ F(x) ‘ G(#) ‘ Fle) sy ‘ obpalleHne BEIYHCIEHN,
‘ - ‘ 0 ‘ F(l‘) oy ‘ CleJaHHBIX Ha IIEpBOM IIare

d

3ameqanne 6.4. OOpaTUMBIMU BBIYHCIEHUAMHN 3aMHTEPECOBANUCH MPH
HONBITKE OTBETHTH Ha BOIIPOC, KaKad SHeprUA HeOOX0JUMa, IJIA BHIMHCACHIIT
(kmaccumiecknx). AHAIU3 TOKa3aJ, 9TO MOTEPH SHEPTHH MOKHO YCTDEMEUTH
K HYJIO A BCeX BLIMUCINTENBHLIX Ollepalliii, KpoMe HeobpaTuMLIX. Koraa
NpOU3BOAUTCA HeoGpaTUMasds Olepanns (HalpuMep, CTHpaHUe OWTa), JBa
pasandaHbx jgornmdeckux sHadenus (0 m 1) craHoBATca oguHakoBHIME (0).
OHako guanmdeckne 3aKOHBI Ha MEKPOYPOBHE ABJIAIOTCA OOPATHMBIMHE, O~
TOMY OTIANYNE MeXKAY CTapbiMi cocToAHuAME (0 1 1) NOMKHO COXpAHUTHCA
B KAKHX-TO HEKOHTPOINPYEMBIX (PH3MIECKIX CTeleHAX cBo6oAbL. 1ITo MOX-
HO MHTEPIPETHPOBATH KaK BO3pacTaHne GecropsaiKa (SHTPONNH), KOTOpoe
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B KOHEYHOM CYeTe MPOSIBUTCA B OKPYXKAIOIIEH cpefle B Bh e Tellia. Beamdn-
Ha SHEPruu, TpeGyeMol Jif CTHpaHHA OTHOTO 6uTa, odeHb Mada (& kT),
HO KoHewHa. [loTeps sHeprunm n3-3a HeOOGPATUMOrO CTHPAHAA WHPOPMAIIIH
npH (hOPMAaTHPOBAHNH KECTKOTO JUCKa éMKocThio 1 I'6 papra 31071 Ik,
9TO MPUMEPHO COOTBETCTBYET 3aTpaTaM SHEPIUH HA CIBUT TOJOBKH [UCKA
Ha TIOJOBUHY AnaMeTpa aToMa Bogopoaa. [ITo Ha MHOTO MOPS IKOB MEHBIIIe
pPeasbHOr O TepeMEITeHNs TOJOBKI MTpH (POPMATHPOBAHUH.

C OpyroM CTOPOHBI, €Cil €MKOCTH AUCKOB GyIeT PAcCTH CTOJb XKe Obi-
CcTpO, KakK B HacTosilee BpeMs, To K koHiy X XIII Bexa s ¢popmaTupoBa-
HIS KECTKOTO ANCKA MOTPeOYyeTCss 3HEPTHA, COOTBETCTBYIOMIASA IOJOBOMY
maaysermio CogHa.

Jlemma 06 ovMCTKe Mycopa MOKAa3bIBAeT, YTO MOXKHO M36eXKaTh TaKnux
MOTEPDh DHEPTHUH, CBA3AHHBIX ¢ HEOOPATUMOCTBIO BHIMUCICHIH.

MoxHo TakXke MOKazaTh, 9TO JAI060e BBHITHCICHHE, Tpebylolee maMs-
TH L, MOXHO peain3oBaTh o6paTHMBIM 06PA3oM ¢ HCIOAb3OBAHUEM TTaMs-
T, ne npesbimatorneii L) TIpuseaém HabpocoK J0Ka3aTerbCTBa.

Hockoapky zagaga TQBF PSPACE-moara, TO 10cTaTOYMHO BEIMUCAATH
Ha HeGOMBIION MaMATH 3HaYeHHe POPMYJIBI

eV ... Jaem Vym fler, v, 2m, Y, 2) (6.1)

npu ycaosuu, 910 f(-) BeIMmCIUMa GyIeBOU CXeMOH HeGOIbIoro pasMepa L.
ITokazxem, 9To B 5TOM ciIydae sHadeHne (opMyabl 6.1 MOXKHO BEIMUCINTE Ha
namaTn O(L+ M ). Berauciaenne 6y 1eT opraHn3oBaHO PEKYPCHBHO, HAYINHAS
¢ BHYTPEHHIX KBAHTODPOB.

Trober BEICAnTh V& F (2, 2), erancanm F(0, z), 3aHecéM pesyabTar
B OJIHY JAOTNOJHHTENBHYIO A9eiKy, 3aTeM BbhraucauMm F(1,z) u 3aHecém pe-
3yabTAT B Apyryto Adeiiky. [ocae Beraucanm Vo F(x,z) = F(0,2) A F(1,2)
U pe3yJabTaT 3aHeCéM B TPeTho A4eliKy. ITo6Bl y6paTh Mycop, HPOKPY THM
BCe BLIMHICACHNA, KPOMe MOCAeHErO MIara, B 06paTHOM HallpaB/JIcHHUIH.

MMazo6papmmch anagOrHIHBIM 06pasom c dopmyaon Jz F(z, z), mpu-
XOAUM K TaKOMY BBIBONY: NoGaBleHHe KBaHTOPa MO GyJeBOl IepeMeHHOI
yBeIM9IHBacT TpebyeMyIo NaMAThL He 6ojee 9eM Ha KOHCTaHTY GHUTOB.

B zakmiovenne chopMyaupyeM TeOpeMy O BRITUCACHUN 06PATUMBIX Py H-
KI[HH, KOTOPas SABAAeTCA MPAMBIM 0600IIeHneM JeMMbI §.2.

Teopema 6.1. [Tycme I u F~1 sriuucaunst 6yieaoluy cremany pasme-
pos < L. Toeda F peaausyemesa obpamumoti cxemoti pazmepa O(L + n).

MoxasareabcTBo. J[laérca caegyromell cxeMoll BHIMHCAEHHH (1A MPo-
CTOTHL He YKa3aHbLl OUTHI, KOTOPLIE «6epyTCA HAIPOKAT) NP BLIYUCAEHHIN
3 TeMMEL 6.2).
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n n

xr
BLIYHCJACHIE F@ IO cXeMe U3 JoKal3aTeabCTBa JEMMBI 6.2
xr

EREC
HepecTAaHOBKH GHTOB
)| @ | -
npuMerenne (F~1)g (H0 cxemMe W3 JTOKa3aTelbCTBA JTEM-

MBI 6.2) maéT B mpaBoM permctpe & B F(F(z)) =0
F(a:) ) A p p p (£(x))

7. Ila3ucel JJasA KBAHTOBBIX CX€M

Kak Boibpath 6asuc mis BBEIYHCAEHUH B KBAHTOBBIX CXeMax?! YHUTap-
HBIX OIEPATOPOB GECKOHEYHO MHOTO, TOSTOMY JUGO MOJHBIN 6azmc KO-
JKEH cofepkKaTh O0eCKOHeYHOEe KOJAMYECTBO 3JAEeMEHTOB, JUOO MBI JOJNKHBI
ocrabuTh YCAOBHE TOYHOU PEATI3YEMOCTH OIEPATOPA CXEMOM, 3aMEHNB €r0
Ha yCJOBHe TPUOIMKEHHON peadumzyeMocTn. MBI paccMoTpum 06e BO3MOXK-
HOCTH.

Tounas peaan3ammi.

Teopema 7.1. [lazue, codepacawuti sce ynumaphvie onepamopwl, deti-
CMBYWWUE HA NAPAT G-6UMOS, NO3BOAAEM PEAAUB06AMb AI0O0U YyHUMAP-
HbItl ONEpamop 6 pacluuperrom CMbICAE.

Jlast fokazaTeapCTBA BTON TEOPEMBI BBEEM BaXKHBIN KJIACC OMEPATOPOB:
ONePamopvl ¢ K6AHMOEHIM YNPABACHUEM.

Onpegerenme 7.1. Onpedeaum no onepamopy U: BS" — B®" one-
pamop A(U): B @ B®" — B @ B®" ¢ keanmosvim ynpaeisouum
g-6umom (nepsviii COMHONCUMEAD) CACOYIOUUMU COOTNHOUEHUAMU:

AU [0) @ &) = 10) @ [£),

A @ 1€) = 1)@ UlE). (7.1)

I'pacdudeckn GygeM H306pakaTh ONEPaTOP

A(X) ¢ KBAaHTOBBIM yTIpaBJeHHEM KaK MOKa3aHO

Ha PHCYHKe. BepXHAd JUHIA COOTBETCTBYET Iep-

BOMY COMHOKHTENIO, HIKHAA JHHIA — BTOPOMY .

ITanpap/ieHne CTPEJOK COOTBETCTBYET HalIpaBICHIIO ePEMHOKEHIA Oollepa-
TOPOB (CIpaBa HATEBO).

ITam HOTpe6yIOTCH TaKXKe OllepaTOPbl ¢ HECKOJABKNMUM YIIPAaBJAAIINMNI
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q-6uTamn:
& ]z, ) © 1), ecan &1 ... v, =0,
A (U)|l‘1,...,xk>®|€>—{ o1, .. gy @ UIE), ecam xy-...-ap = 1.
(7.2)

Ipumep 7.1. Ilyctb 0¥ = = = <(1) é) . Torga A(e®) = , aA?(c®) =

= Ag (saement Toddomn).

Teneps nmoctpoum saemerT Toddonn, ncnoabays npeobpa3zoBaHus ABYX
q-6uros. [las Hadama HalgeM Mapy OMEPATOPOB, YAOBIETBOPSIONNX CJe-
aytomemy coorHomerno XY XYL = jo. MampuMep, roinres Takasd

napa:
1 (1 2 1 0
=56 =6)

[MosicauM TreoMeTPUHECKUT CMBICT 3TON KOHCTPYKINI. YHUTAPHAA T PYTI-
ma U(2) neficTByeT Ha TPEXMEPHOM €BKIAMJOBOM MPOCTpaHCTBE. TTOGH!
OTHNCATDH DTO JAEUCTBUE, 3aMETHM, 9TO 3PMHUTOBEl MATPHUILL 2 X 2 ¢ HyJe-
BBIM CJAeJ0OM 0OPa3yiOT TPEXMEPHOE €BKJINIOBO MIPOCTPAHCTBO: CKAIIPHOE

. .1 o
npousBeieHNe 3amacTca HOPMYION B Tr(XY'), opTOHOPMHPOBAHHKII Ga3wC

obpasyioT smampuyvt [layau

o (01 (0 =i\ ._ (1 0
“\1 07 TG o0) 7 o —1)

Yunrapsseii oneparop U € U(2) geficTByeT Ha 5TOM MPOCTPAHCTBE TaK:
U: Ew— UEU™L. Moxuo goxazats (cm. [8, §11.12]), uTo onucannoe aeii-
ctBue 3agaér msomopduam U(2)/U(1) = SO(3), rae U(l) — noarpyn-
ma (azoBHIX ¢ABHTOB, a SO(3) — rpynna MOBOpOTOB B TPEXMEPHOM MPO-
cTpaHCTBe (T.e€. IPYNIa OPTONOHATBHEIX MPeobpa3oBaHuil ¢ JeTePMUHAH-
TOM, paBHBIM 1).

[Ipu sToM gelicTBuE ¢° COOTBETCTBYET MOBOPOT BOKPYT ocu & Ha 180°,
X cooTBeTCcTBYET TIOBOPOT BOKPYT  Ha 90°, a Y coOOTBETCTBYET MOBOPOT
BOKpyT 2z Ha 180°.

[Ma puc. 1 msobpaxeno rpadguaeckoe MpeJIcTaBIEHNE CXEMbI, BHITHCIA-
toweit saemenT Toddoan ¢ nomorurbio onepatopos A(X), A(Y) u A%(—i).
TocaegHmil — 5TO ympapiseMblll 1ByMA GHTaMU (HazoBBIH CABUT (yMHO-
xerne Ha —i). IIpoBepuM 5Ty cxemy. IlycTh Ha BXOJ MOTaéTCA BEKTOD
la) @ |6y @ &), rae a,b € B, |&§) € B. Ecim a = b = 1, 1o x |£) 6yger
npumenén oneparop —i XY X1Vt = 0% T.e. [0) u |1) B TpeThem q-GuTe
nepecTaBaAoTcsa. e ke XoTa 66l OMH U3 YIPABIAOIMX 6UTOB paser (),
TO K |£) 6y1eT IPUMEHEH TOX IeCTBEHHBIN onepaTop. IITo n ecTh AeficTBIe
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Puc. 1.

ajgemenTa Toddon.
C nmomompio saemenTa Toddoan MOKHO peadm3oBaTh JOOYIO mepecTa-
HOBKY GasHCHBIX BEKTOPOB (C WCIOMB30BAHNEM TOTOJIHUTETLHON TAMATH).
Moxaxem, Kak peadmsoBaTh omepaTop A*(U) mas mo6oro k, meitcTys
TOJBKO Ha Tapbl -6uToB. [las 3Toro Takxke moTpebyeTcs MOMOMHATETbHAL
namATk. [lygem ctpouTh omepatop W, menicTBytoimii B mpoctpancTBe N
q-6uros BEN u yroBreTBOpAIOLMI yCI0BIIO

W (lm) @ [057570) = A(U) ) @ [077F7H),

(TIpegocTepexenne: 5To yciaopne He o3nadaer, ato W = A(U) @ I.)

CymecrByeT obpaTumas cxema P pasmepa O(k), BEIMNCAAONIAA TPOH3-
BeeHNe BXOJHBIX OHTOB (C MycOpOM); rpadU¥ecKn OHA MpeACTaBIeHa Ha
puc. 2 (cBepxy 06O3HA®MEHO UNCAO GUTOB B KAazKIOM W3 BBIJEJEHHBIX (par-
MEHTOB TTaMATH).

1 N -1 k N —k
r1@y - .wp |Gy, .. 2g) L Ty, g 0
Puc. 2.

ITa puc. 3 mokazaHo, KaK C MOMOMNILIO CXeMbI P M omepaTopa C OJHHM
YIpaBAAOMIM -6UTOM TTocTpouTh onepaTop AX(U). M1 npumensem cxe-
My P, a3aTeM — obpaTHYyIo cxeMy P ™!, mocie Iero Bce BCIIOMOTATEILHEIE
6UTHl BO3BPAIIAIOTCA B HCXOJHOE COCTOAHME. B IIpoMeKyTKe caMoil BepXHell
JMHHIH COOTBETCTBYET OUT CO 3HAYEHUEM X1 - . . .- Tk. ETO MBI I HCIIOAB3YeM
IS yIpaBJaeHua omepaTopoM U, AelCTBYIOIMMM Ha CaMOU HHMKHEH JHHNU.
Npyruu ciocobom A*(U) moxmo samcats kax P~TA(U)P.

Neticteue A*(U) MoxHo ommcaTh Tak: Ha IOJNPOCTPAHCTBE, MOPOK-
AérHOM BekTopamn |1,...,1,0) u |1,...,1,1), neficrByeT onepatop U, a Ha
OPTOrOHAJLHOM [NOIOJHEHHH K 3TOMY MOMIPOCTPAHCTBY — TOXKJECTBEH-
HEIT onepaTop. [lama clefyromada 3a1a9a; pealn3oBaTh OIepaTop, KOTOPHII
YCTpOEH TakK K€, HO HeTPHBHAJIbHOE MelCTBHE OCYMIECTBIACTCA Ha IIO-
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T < 1 2 k 1
o <
Tk
P! P
G(x)
] . -~
0 ’ 0
©
Puc. 3.

NpOCTPaHCTBe, HATAHYTOM Ha MPOM3BOALHYIO Mapy Ga3MCHBIX BEKTOPOB.
IIycTh MBI XOTHM peaqu3oBaTh MPOU3BOJALHLIN ONEPATOP B MOAIPOCTPaH-
CTBe, HATAHYTOM Ha Ga3WCHBIE BEKTODHL |x) U |y), rae # = (&1,..., %),
y=(y1,.-.,¥n), 2j, y; € B. lycrs f — Takaa nepecranoska, 9To f(z) =
(1,...,1,0), fy) = (1,...,1,1). Torga HyXKHBII HaM ONePaTOp MPEACTA-
BASETCA B BUE f_lA”_l(U)f. (TTamoMHHM, 9TO j?f orrepaTop, COOTBET-
CTByIOUINI TepecTanoBKe f.)

WTak, Ha mapax Ga3MCHBIX BEKTOPOB MBI MOXKeM JeHCTBOBATEL MPOM3-
BobHO. TToKa BCe WCMOMB30BaHHBEIE CXEMBI HMedn pazmep O(n), Tak 4To
NOCTPOEHHDBIE NeNCTBHA peanusytorca >pdextnbro. Caenyromas 9acTh He-
spdexTnBHa. MIMeeT MeCTO caenyIomas JeMMa.

Jlemma 7.1. Jw6as ynumapmas mampuya U 6 npocmpancmee CY ymo-
aem 6umep npedemasaena 6 sude npoussedenus M (M — 1)/2 mampuy
suda

1 0

0 o
0 1 o ...

a b a b

0 ...... d 0 ...... , 2de d e U(2)
0 . 1 0 0
....................... 0
0 1

3aMeTnM, 9TO B HailleM caydae M = 27 Tak 4To MOgyvdaeM IpeacTaBIe-
HIle B BU/E TPOM3BENEHNS SKCIOHEHITNATBEHOTO GOMBIIOT O 9UCIa GA3NCHBIX



64 KBAHTOBBLIE BHIYUCJAEHUA

omepaTopoOB.

IIpubmrxénnaa peamusamua. Lemephb mepellféM K KOHEIHBIM (a3mcaM.
B 5ToM cliyqae BO3MOXKHO TOABKO IPHOAIKERHOE MpeAcTaBleHIe ollepaTo-
POB IIPOM3BENCHIAMI Ga3lCHBIX. ITO6HI ONpeNeauTh NPHOIIKEHHYIO pea-
JHM3AINI0, HaM IoTpebyeTca HOpMa Ha MPOCTPAHCTBE OMepaTOPOB.

[Ta mpocTpaHCcTBe COCTOAHUN €CThH HOPMA |||€>|| = /{£|§). Ona, xak n
Mobad HOpMa, 110 ONpPeIeleHIIO Y I0BIETBOPAECT CACIYIOMNM YCIOBHAM:

lel{ So k2o &
€Y + I || < [[1d]| + [1m)|; (74)
lele) ] = lel[[lE)]]- (7.5)

BBegéM Temeph HOpMY Ha IIPOCTPaHCTBe onepaTopos. Ilycts N — npo-
CTpPaHCTBO ¢ HOpMOIl. IIpoCcTpaHCTBO OMEepPaTOPOB, ACHCTBYIOMMX Ha HEM,
MOXKHO TIpegcTaBuTh Kak L(N) = N @ N* (m3omopdusm 3anaeTcs MaTpud-
HEIM IpefcTaBIeHueM » | aik|j){k]).

Onpepgenenne 7.2. ITopma onepamopa X (mak Ha3bieaemas onepamop-
HAA HOPMA, 6006ULE 2060PA, €CL U OpYaue) pasHa
X1
IXIl = sup ol
ley=0 111€)
Samernm, uto || X||? — manGomabmee cobeTBennoe ancao onepaTopa X 1X.
[Ira Hopma obiagaeT BCeMU TEePEYUCIEHHBIME BHIIIE CBOUCTBAME HOD-
MBI, & KPOMe TOT0, ellle HECKOMBKUMH CIeTnhuIeCKIMI:

XY < [IXHYAL (7.6)
X = 15 (7.7)
1X @Y =[[XIY, rae X € L(NV), ¥ € L(M). (7.8)

JokazaTeabcTBa THX CBOMCTB HOPMBEI MOJIYYalOTCA HEMOCPEACTBEHHO
13 oNpeJeeHns U OCTABIAIOTCA B KadecTBe YIPaXKHEHUA.

Nagum Temephb onpefelenie TpUOJAMKEHHON peatmsyeMocTn. Ecan mc-
KOMBII oneparop — U, To ero IpubIMKEHHAA peaqusanusa 6yaeT obo3Ha-
qaTeca U.

Omnpegenenne 7.3. Onepamop U npedemasasem onepamop U ¢ mou-
Hocmuvio 6, ecau ||[U = U|| < 4.

Y 5Toro ompejielieHns €CTh IBa 3aMevYaTeJbHBIX CBONCTBA. Bo-TepBHIX,
eclM MBI IMeeM MPOM3BeeHNe HeCKOMBKIX onepaTopoB U = Uy -... - UyU1,
KaX B M3 KOTOPBIX UMeeT cBoe mpubankenne Uy ¢ TOIHOCTBIO g, TO
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npomuzBegenne >tux npubmmxennn U = Up - ... - UsU; npubauxaer U c
TOYHOCTBIO 0 (OWUOKY HARANAUGAIOMCA AUNETNRO):

UL . O =Up . Uh ] <D0
i

MocTaTovHo paccMOTPETh MPUMED C NBYMSA ONEPaTOPaMU:

020y — UsUs|| = ||U2(U) = Us) + (U — Us)Uh || <
NU2(Uy = U+ (U = Ua) Ur || < U= (U = U)[|+1[(U2 = Ua) [ |U1]] =
= [[(U1 = U+ (U2 = Ua)]|.

B sToft BRIKIAJKE TOCHEeHEE PABEHCTBO CIPaBEIINBO Oaarogapsa YHATApP-
HOocTH omnepaTopoB. (Ecam paccMaTpuBaTh HEyHHTAPHBIE OMEPATOPHI, TO
omnbKu NpubANKEHNA MOTYT HaKallINBaThCA I'opas o 6pIcTpee, HaIpUMep,
HKCTIOHEHINATBHO. )

3ametuanme 7.1. Bceakasa Monenab, npeTeHIyIONMAA HA PEMIeHNe CTOKHBIX
3aJa9 KaKUMU-TO pPeadbHBIMHU (PU3UYECKUMU IpolleccaMm, MOJXkKHaA o0A3a-
TeABHO M3YYaThCA HA MPEeNMeT YCTOUYUBOCTH K OMMOKAM TPUOIMKEHTS.
(B peanbHOI KXU3HN TapaMeTphl JIO60r0 (HU3HYECKOrO MPOLEcca MOKHO
3a/1aTh AWIIb ¢ HEKOTOPOH TOYHOCTEIO.) B 9acTHOCTH, BEIYHC/IEHHE C 3KC-
MOHEHINATBHBIM HaKOIIEHNEM OINOO0K TOYTH 3aBeOMO GECIIONEe3HO ¢ Tpak-
THYECKOU TOYKHN 3PEHIS.

Bropoe cpoiictBo mouaTusa «U npexacrasiger U ¢ TOYHOCTBIO §» MBI
chopmyaupyem B 6ojee ob11eM KOHTEKCTE.

Onpegenenue 7.4. Onepamop U: B9 — B®" ppubauscaemes e
pacwupennom cmvicae onepamopon U: BEN — BEN ¢ mounocmoio 4§,
ecau dan a0bozo |€) uz BE™ swinoaneno

17 (Ie) @ [0¥=)) = Ule) @ o™= | < a[l1e)]]- (7.9)

CdopmyanpyeM 3To onpejeleHne €€ OfHUM crmocoboM. Beegém ore-
patop V: B®" — BN xoroperi meiictByeT mo mpasuay V: [€) — [€) @
® |0N_”>. OmnepaTtop V He yHUTAPHBIN, HO U30METPUIHBIA. YCIOBHE W3 MO-
CJleTHETO OTIPENENEHNsT MOKHO TePENncaTh Tak

UV —VU|| <9 (7.10)

TMaccyx teHne TPO HAKOTIEHHE OINGOK TPOXOANT U B 3TOM clIydae (4To,
KOHEYHO, CIeJyeT TTPOBEPHTH).
CrpaBeuiBO cleyolliee yTBEPXK AeHue: ecin U mpubanxaeT (B paciin-

pentoM cmbicae) U ¢ TounocTbio §, To U~! mpubmuxaer U~! ¢ Toit xe
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TovHOCTEIO 0. IITO caenyer mz Toro, aro ||Wi XWs|| = || X|| sasa yaurap-
HBIX omepaTopoB Wi, Ws. YMHOKaA BEIpaKeHHe o HOpMoi B (7.10) caeBa
na U~! a cnpaBa — ma U~!, moayuum caegcreue uz nepasencrsa (7.10):

UV — VU1 < 6.

Ompepaemenue 7.5. IIydem wasvieamv 6asuc A noanovim, ecau moboii
yrumapuuiii onepamop U mooncno ¢ 060t mounocmdvio npedcmasums 6
PACWUPEHHOM CMBICAE KEaHM O80Tl cremot 6 basuce A.

Teopema 7.2 (em. [4]). IHasuc @ = {H, K,A(c%),A*(c%)}, 2de

11 1 . (10
=7zl ) E=1i)

Aeasemes noanvim. (Taxolt 6asnc 6y 1eM Ha3BIBATH CTAHAAPTHBIM. )
JlokazaTeabCTBO 3TON TEOPEMBI CAeyeT W3 peleHus 3amad 7.5—7.9.

3ametanme 7.2. Ecan yGparh m3 Gasmca @ KBaHTOBBINA »aeMeHT Tod-
doau, oH mepecTaeT 6BITH MOAHBIM. OIHAKO MHOTHE BaXKHBIE BBIMHUCIEHUA
MOXHO JleflaTh U B TaKOoM ycedeHHOM Gasmuce. B wacTHOCTH, Kak 6yaeT Bu/I-
HO B JaJbHENIEM, CXEMBI, HCIPABIAIOIINE OIMMNOKH, MOXKHO PEATN30BaThH 6e3
ajgemenTa Toddon.

MoXHO OlleHHTH CAOKHOCTBL peaamsanuu omnepatopa U B 3Tom Gasmce.
Ecau U: B®" — B®" 10 MOXHO pealm30BaTh TOT OHePaTop ¢ TOIHOCTHIO
J xBaHTOBOMH cxeMoll B 6aznce Q pasmepa L = exp(O(n)) - poly(log(1/d)).
Ecan maTpuynbie saemenTsl U 3ajaHbl B JBOMYHOHW 3aINCH, TO 3Ta CXe-
Ma cTponTcsi mo U ¢ MOMOIIbI0 HEKOTOPOTO aJrOpUTMa TPUMEPHO 3a TO
Ke BpeMs (MHOXKHTENN W CTENEHH MOJANHOMA MOT'YT oTandaThes). Maes mo-
CTPOEHNA TaKOT'O ajJrOPUTMAa JeTKO yeMaTpuBaeTed u3 3anad 7.1 m 7.11.

3agatuu

7.1. [loxaxwuTe, ¥TO BCe OMEPATOPHI HA OJHOM (-OWTe B COMETAHWH C
omepaTopoM A(c”) o6pasytor moaHei Gaszuc. [lemenne 1OMIKHO GBHITE TOCTa-
TOYHO 3(P(PEeKTUBHBIM: JOMKEH CYIIECTBOBATH AJTOPUTM, KOTOPHIN CTPOUT
CXEMY, PeATU3YIOIIYIO MPON3BOABHEIN omepaTop U Ha n q-6uTax, 3a BpeMs
exp(O(n)) - poly(log(1/4)).

7.2. Jokaxure cBolicTBa onepaTopHol HOpMEI (7.6-7.8).

7.3. IlycTs onepaTopsl Uy MpubanKaioT B PACIITTPEHHOM CMBICE OMepa-
Topbl Uy ¢ TogrocThio 0, 1 < k < L. JoxaxuTe, w10 omepaTop Ur -...-U;
npubanxKaeT B pacIUpeHHOM cMbicae omepatop Uy - ... - U ¢ TowHO-

CTBIO Y 0.
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7.4. Ilycts omepatop U mpubanmkaeT B PACIHITPEHHOM CMBICHAe Olepa-
Top U ¢ TounocThio §. [JokaxuTe, 9TO cyiiecTByeT omepaTop W, TowdHO
npefcTaBasonini U B pacHinpeHHOM CMBICIE, T. €. BHITIOJHAETCS PABEHCTBO

W (le) @ 1077™) = (Ulg)) @ |07 77),
n Takoit, aro ||W — U|| < O(3).

7.5. lycTs yauTapubii onepaTop U : B — B®" yopieTBopaeT ycio-
B0 U]0) = |0). TTocTpoiite peammsytouryio A(U) cxemy pazmepa 6n + 1 B
6asuce QU {U}, ucnoawayioiyio oneparop U oguH pas.

7.6. Tlycre X, Y — HekoMMyTHpYIOINe saeMeHTH Tpynnsl SO(3) —
MOBOPOTHI HA YIJbLI, HecOomaMepumble ¢ 7. [lokaxmuTe, 9TO Tpymma, mo-
poxaénras X u Y, o6pasyeT BCIoAy MIOTHOE MOAMHOKecTBO B SO(3).

7.7. Ilycte M — yHuTapHoe NmpocTpaHcTBO pasMepHocTu > 3. Ilac-
cmoTpuM noarpynny H C U(M) — crabuansarop oJHOMEPHOT'O MOAMPO-
CTPaHCTBA, TOPOXKAEHHOIO HEKOTOPHIM e€INHNYHBIM BeKTOopoM |£) € M.
ITycte V — Npom3BOAbLHLI yHHTApHBEIN OMEpaToOp, He COXPAHAIOMINI 1101
npocrpanctso C(|€)). NokaxuTe, uTo MHOKecTBO onepaTopos HUV™LHV
nopoxaaeT Bero rpynmy U(M).

(3ameTnm, uTo B yeaosun ol 3agaun U(M) u H MoxHO TpodakTo-
puzoBaTh Mo moarpymie dhazosuix casuros U(1)).

7.8. [JokaXmuTe, 9TO OIEPATOPLI U3 CTAHJaPTHOTO 6a3MCa IOPOK JAI0T
BCroly mioTHoe MEOKecTBo B U(B9?)/U(1).

7.9. [lokaxwuTe, 9TO (Ha3oBhie CABATT MOKHO Pealn30BaTh B CTAHIAPT-
HOM Oasnuce, UCTIOAB3YA HAIPOKAT MONOJHUTEJNbHBIE (-OUTHI.

7.10. [lokaxure, yTo oTpunanue o u saemenm Jotua A*(R), rae
R = —iexp(miaoc™), a — mppaluoHaIbHOe, 06Pa3yOT MOAHBIH Gasnc Iisd
KBaHTOBOT'O BBIMHCIEHTIS.

7.11. [oxaxute, 4To awoGou omepaTop U, HeHCTBYOIINI Ha OJHOM
q-6uTe, MOKET OBITH TPUOIMKERHO Pealn30Bal B PACHIMPEHHOM CMBICAE C
ToaHOCTBIO § cxemoii pasmepa O(log®(1/8)) B cramgapTHOM Gazuce, n ecTh
NOJMMHOMHUAIBHBIN AT OPHTM MOCTPOEHHA STON CXeMBI IO onucanuio U.

IITa 3aga9a JOBOABLHO CAOXKHA, K €€ PEIIEHNIO Jy9Ile TPUCTYIIATh MOCIe
3HAKOMCTBa ¢ pasfeaamu 11 n 12 u pemenns sajgaqn 12.3 (KkBaHTOBOE Ipe-
obpazosanne Pypre). [IpegraraeMblil My Tk pelleHNA ABIAETCA JOCTATOTHO
H30MIPEHHEIM. B cTaThe [4] 6B Henonb3oBan 60iee TPAMOH (HO TOXKe HEOUe-
BIHEIN) [OJXO0J, TP KOTOPOM TofydaeTca cxeMa pasmepa poly(log(1/d)).
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8. Onpe,z[eJIeHI/Ie KBAHTOBOI'O BBITUC/ICHUA. HpI/IMepr

[Moka mMb1 onucaan paboTy KBAaHTOBOIO KOMIIbIOTepa. Temeps mopa ompe-
JeqnTh, KOrga 3Ta paboTa MPUBOANT K PEIIEHUI NHTEPECYIOUEN HAC 3a-
na«n. Ompenenenne 6y1eT TOX0XKe HA OMPeAeTeHNe BEPOATHOCTHOTO BRI~
CIEHIS.

IIycth ecTh pynkuma F: B? — B . [laccMoTprM KBAHTOBYIO CXEMY, pa-
6oTaromyo ¢ N 6utamm: U = Uyp -...-UsUy: BEN — BN Tedopmaabio
TOBOpd, 3Ta cXeMa BervucageT F', ecan nociae npumMenerns U K HadaJlbHOMY
coctosrmio |z, 0N ™"}, MBI, (TOCMOTpeB» Ha TepBEIe M 6UTOB, ¢ 604buL0t Ge-
poamrocmyio «yBuaumy F(x). (OctanbHble ¢-CHTE MOTYT COTePKATH MPO-
H3BOJBHBIH MyCOD.)

[Ty»)HO TOABKO OrOBOPHUTE, 9TO TAKOE 3Ta BEPOATHOCTE. (CaoBa «mocMo-
TPEB» U «YBUANM» B TOYHOM CMBIC/J€E O3HAYMAIOT, 9TO MPOU3BOAUTCA U3MeEpe-
Hu€e 3HAYeHNN COOTBETCTBYIOMNX (-6nTOB. B peayabTaTe mamMepeHus MOTYT
MOMY9IaThCA PasHble OTBETHI, KAXK[OMY COOTBETCTBYET CBOSI BEDOSTHOCTH.
Tuxe (pasgen 9) ToT Bonpoc paccMaTpuBaeTcs moApoSHo. [t Toro, 9To-
OBl IaTh OMpe/leJeHne KBAHTOBOTO BBEIYHCIAEHUs (pYyHKIUEH F, TOCTATOYHO
(He BAaBadch B o6CyXjecHHe GUANTECKNX OOBACHEHNI >TOr0 (akTa) npn-
HATH CAEVIOUIEE: 68EPOAMHOCTD NOAYNEHUA OAZUCHO20 COCTNOAHURA T NPU
UBMEPEHUU COCTNOANUA |) = ) co|a) pasha

P(0),2) = e s.1)
ITac mHTEpecyeT BEPOATHOCTL TOrO, 9TO KOMIIBIOTEDP 3aKOHIUT paboTy
B coctosuun Buga (F(z),z), rae z — moboe.

Onpegenenne 8.1. Crema U = Uyp - ... - UsU; eviuucasem I, ecau das
4106020 T 6LINOAHEHO

N-—ny\|2
; ; = <y
Z|<F(x) AUz, 0N > 11—«

2de ¢ — neromopoe Purcuposannoe wucao, menvuiee 1/2. (Obpamume enu-
manue, umo F(x) u & cocmoam us pasnoeo koauuecmsea 6UmMoe, ToMA CyM-
mapras dauna (F(z),z) u (z,0Y~") odunaxosa u pasna N.)

Kak u 151 BEpOSTHOCTHBIX BBIYMHCAEHNH, BHIOOD £ HECYIIECTBEHEH, MO-
CKOJTBKY MOXKHO 3aIllyCTUTh HECKOJBKO DK3EMILIAPOB CXEMBI HE3ABUCHMO U
BRIOpATh TOT pPe3yabTaT, KOTOPHIA MoaydaeTcsa waile Bcero. Wz omenxn,
MPUBENEHHON Ha C. 38, CAeqyeT, ITO /s YMEHBIIEHsT BEPOSTHOCTH HEY1a-
9 B N pas HyxHO B3ATh O(log N) skzemnaspos cxemul U. Bribop camoro
YacTOrO pe3yabTaTa Peadu3yeTcs KJIACCHIECKON CXEMOU, MCIOMb3YIOMIen
dbyskumo roaocosarna MAJ(x1,...,x,) (oHa paBHa 1, Korjga Gosee moao-
BUHBI €€ apryMeHTOB PaBHH |, 1 paBHa 0 B IpoTHBHOM ciy4ae). PyHKIIA
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MAJ(x1, ..., x,) peanusyerca B moaHOM Gasuce cxemonl pasmepa O(nlogn),
Tak 9TO moTepd >PppeKTUBHOCTH IIPH YMEHBIICHAN BEpOATHOCTH HEY Tt
B N pas zagaérca maoxuTerem O(mlog N loglog V).

3apgata 8.1. [/lokaxwnTe, 9T0 TIpUBEJIeHHOE PACCyXK AeHHUE ABIACTCA KOP-
PEKTHBIM B KBAaHTOBOM ciy4ae: (hyuknusa MAJg peanusoBana B Buje ob6pa-
THMOH CXEMBI, Ha BX0J KOTOPOH MO JAIOTCA BEIXOHBIE (-OUTHI N KON CXe-
MeL U

8.1. KpauToshmi mouck: arroput™ I'poBepa. llTak, MLI nMeeM ompefe-
JeHlMe KBaHTOBOI'O BLIYUCAeHMA. Teneph MOXHO 3aHATLCA CpaBHEHHeM (-
GeKTUBHOCTH KIaCCHYECKOr O I KBAHTOBOI'O BLIYKICAeHNA. Bo BBejeHun yio-
MUHAJINCL TPU OCHOBHLIX IpUMepa, AIA KOTOPLIX KBAHTOBOE BLIYUC/EHIE
OKasLIBaeTCd, [MO-BUAMMOMY, >3pdeKTuBHee KiIaccuiecKoro. Ml HavHEM c
TOr'0 U3 HUX, B KOTOPOM KBaHTOBOE BLIYHC/IEHHE 3aBeloMO >(ppeKTuBHEEe
(XOTA yCKOPEHHE JHIIE (MTOTTHOMEUATLHOE) ).

MaguMm ompefeneHne yHueepcaabHoti nepeboprott 3adauu B Kaaccude-
CKOH M KBaHTOBOU IIOCTAHOBKE.

IlycTb mMeeTCs yCTPOHCTBO (CM. PHCYHOK), KO-

TOpOe TI0 BXOJaM T 1 ¥y oNpejeideT 3Hadenne HeKo- A(z,y)

Toporo npeankara A(z,y). Ilac uaTepecyer mpe- * a—
aukatr F(x) = 3y A(z,y). TIto moxoxe Ha ompee-
nerne kaacca NP, HoO celi9ac HaM HeJOCTYIIHA BHY- TNT

TPeHHsAS CTPYKTYPa YCTPOUCTBA, BBIMHCIAIOIIETO

npegukatr A. B Takux ycaoBHAX Ha KAACCHIECKOM KOMIBIOTEpe 3HAYEHHe
npegnkara F(z) Helb3sd BBIUNCAUTH GBICTPee, deM 3a N = 27 maros, rie
N — KOAMYECTBO OGUTOB B 3allNCH Y.

OxaszpiBaeTcA, 9TO HAa KBAaHTOBOM KOMIIBIOTEPE MOXKHO BBLIMHCANTD 3Ha-
JeHne npegukaTa F(z) u naxe HaAlTH ¥, Ha KOTOPOM BBIOIHEeHO A(, y), 3a
spema O(v/N). Tloaydennr Takke 0 HUKHIE OUSHKH, TOKA3BIBAIONINE, TTO
B DTOH IOCTAaHOBKE KBAHTOBBIE YCTPOUCTBA AAIOT

JUIIb MOJUHOMHUAJBHOE YCKOPEHNE TI0 CPABHEHUIO C
e Ue =
KJIACCUYIECKAMMU. I 4 N
B xBamTOBOI MOCTAHOBKE 3afada BHITIAJINT TaK. Amr
Bxon x mo-mpexneMy KIacCHYeCKHH, HO caM «I6p-
HBIH AMAKY» — KBAaHTOBOE YCTPOHUCTBO, W BXOI Y

(BapwaHTH OTBeTa) MBI OyjJeM CYHTAaTh KBAaHTOBBHIM. IlosToMy Haml
opakyd (WM «9EPHBIN AMIK») 3a4aéT omeparTop Uy, AeHCTBYIOWNH 1O
MpaBUIY

lyy, ecim A(z,y) =0,

UCL‘|y> = _|y>’ eCJn A(xay) =1
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[MyxHo BBIMMCANTH 3Hadenne F(x) m HAUTH «OTBeT» y (IpH KOTOPOM
BoimoaHer A(z, y)).

Ile3y1bTaTH, O KOTOPBIX YK€ YIOMHHAIOCH, (POPMYIHPYIOTCA TaK
(em. [31, 48]): cywecmsyiom dee woncmanmur C1 u Cy maxue, wmo ecmsy
crema pazmepa < C1VN, pewarowan 3adavy das awboeco npedurama
A(z,y); a dan woboii cremvt pazmepa < Co/N cywecmeyem npeduxam
A(z,y), npu komopom 3adaua ne pewaemes Ha smoti creme (m.e. crema
daém Henpasuabubiii omeem ¢ eepoamHocmuio > 1/3).

Mui pazbepéM yIPOIIEHHYIO TOCTAHOBKY: CIMTAEM, 9TO (OTBET» CYIIe-
CTBYET U eIUHCTBEH, 0603HAYNM €ro ¥epe3 Yp; HYKHO HauThm Y. Cxema,
KOTOPYIO MBI I 3TOT'0 TOCTPOUM, Oy AeT MPUMEPOM «IIPAMOT 0% KBAHTOBO-
IO BBIYMUCAEHNS; OHA Oy e T ONncaHa B TEPMUHAX MTpeoGpa3oBaHmil Ga3nCHBIX
BEKTOPOB.

TlacemoTpuM aBa omepaTopa:

U= I—2|y0><y0|
noV=1-20 raele)= =3y
7x 2

Omneparop V B MaTpu4HON hopMe MOXKeT GHITH 3amucaH Tak (Hamo-
MHIM, 910 N = 27):

2 2
-5 N
v=|[ o
2 2
_N PN 1_N

Omneparop U Ham 3ajgaH (370 opakys). [TocTpoNM KBaHTOBYIO CXeMY,
BrHcaAdomyo V. JefictBoBaTh 6yieM Tak: mepebegeM [€) B |07) HeKOTO-
peIM omepaTopoM W, saTem npumennm omepatop Y = I — 2|07)(07|, mocae
gero mpmMmernM WL

ToctponTs oneparop W, koropsiil nepesoaut |€) B |07), npocto. ITTo
W = H®" rae oneparop H — m3 crangapTHOro 6asuca (cM. c. 66). Teii-

cTBUTENLHO, [€) = % (10Y + [1)®", a H: % (10Y + 1)) = |0).
Teneps mocTponM peaauzaiuio omepaTopa Y. Mcnoabayem oGpaTnmyio
KJIACCIHIecKYIO0 CXeMy, pealmayionyio omepaTop Z: Brt! — Brtl,

Zlag, ..., an) = lag ® flar,az,...,an),a1,...,00);

1, eectma; =...=a, =0,

f(al,..~,an) - { 0, ecan Elj:aj?éo'
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(C TOYHOCTBIO 10 MEPECTAHOBKN apryMeHTOB, J = fe;) Mockoapky f ume-
eT MAJIYIO CXEMHYIO CJIOXKHOCTD (B KIACCHIECKOM CMBICTE), o deMMe 6.2 s
BBIMHCAEHNA 7 CYIIECTBYeT HeGObIIAA cXxeMa (B KOTOPOH «5epyTca HApo-
KaT» JOMOJHUTEIBHBIE (-OUTHI).

Cxema, peanuzymotias orepatop V , nzobpaxena Ha puc. 4. lleaTpasbuas
qacTh, BKJAOUamwIIasa B ceba 7, 07 u 7, peaausyetT omnepatop Y. B cxeme
ucnoabzyerca onepatop o° = K2 (K u3 cTangapTHOro 6azuca).

0 ag = 0
< %74 o %74
« Z Z i
0 0
0 0
Puc. 4.

3ameruM, 9To W2 m Z? feficTBYIOT TOXJECTBEHHO Ha BEKTOPAX C Hyle-
BLIMH 3HAYCHIAMHI (-GUTOB, B3ATHIX HAIIPOKAT. I103TOMY pellalollyo podb
UTpaeT olepaTop ¢°, NeHCTBYIONIHI Ha BCIOMOTATEILHLI (-61T, KOTOPHII
TaKKe He MEHAETCA MOCAe BCETO BBHIMHC/ICHIA.

IlycTh Bac He CMYIIAET TO, 9TO 0° JEHCTBYET TOJIBKO Ha, (yIIPaBIACMEBII)
q-6UT, a MEHAETCA B peayabTaTe Bech BeKTop. Booble, pasamdne Mex Iy
«ITeHHEeM» U (3allIChio» B KBAHTOBOM CIAydae HeaGCOMIOTHO U 3aBHCHT OT
BLIGOpa Gasuca. [IpuBeéM cOOTBETCTBYIOMNUI TPUMEp.

Manmmem marpuny A(o?): |a,b) — |a, a®b) B Gaznce % (10) £ |1)) mas

KaxKJoro u3 q-6uT. [ pyruMy cIoBaMH, 3alldilleM MaTpULy JJId OomepaTopa
X = (He H) A(e”) (H® H). Cxema 118 3TONO ollepaTopa n306pakeHa

@@

Puc. 5.
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Ha puc. 5. Ucnoabays pasencrBo A(0%)|e, d) = |¢, ¢ ® d), Haligém geficTBie
X Ha 6a3sMCHOM BEKTOpE:
Xla,b) = (@ H) Afe™) S (=1)%4)e, dy =
c,d

(HoH)Y (=1)*Tc,cad) =

)

— Z (_1)a’c+b’(c+d) (—l)ac+bd|a/, b/> —
a’,\b’c,d

= > 206 - 280 (ar4pry|d’ b') = |a @ b, b).

a' b

B | = B | =

N

Urak, B 6azuce % (|0 £ |1)) yupaBasiommil 1 yIpaBIseMblil GUTE MOMe-

HAMNCH MecTaMu. Kaxolt 6UT «yIpaBIdOIINNy , I KAKOU «IHTAETCSy , 3aBH-
CUT OT BBIGOpa 6azmnca. [lazymeeTcs, Takoe TOJOKeHNe A& TPOTABOPEINT
HaIlell KIacCH9eCKOW WHTyminn. Tpy HO MpeacTaBuTh, KaK MPH TEPEXO-
e K Apyromy 6asmcy KBaHTOBBIN TPUHTED BAPYT CTAHOBHTCS KBAHTOBBIM
CKaHHEPOM.

3agata 8.2. Yro 6ygeT, ecin M3MEHNTH 6a3¥C TOJABKO B OfHOM 6uTe?
. ITamprmep, Kak 6yAeT BHITIAALETH MaTPH-

la ollepaTopa, CXeMa KOTOPOro u3o6paxe-
@ @ @ ma Ha pucyuke? [lompobyiTe TakXe momMe-
HATH 6a3mc B ApyTroMm 6uTe.

BepuémMca K TOCTPOEHUIO CXeMBl I YHUBEDPCATLHON TepeGOpHOU 3a-
pasn. Opakynr U = I — 2|yo)(yo| HAM 3a1aH, I MBI PealH30BAIN ONEPATOD
V = I-2|€)(£|. U3 BekTopa |0™) MOKHO HOAYIHTH BEKTOD |€) TpUMeHeHTEM
onepatopa W (W? = I). Tenepn ¢ nomouibio onepatopos U u V moctpo-

UM U3 BeKTopa |[£) MCKOMBIN BEKTOD |yg). [las »Toro GygeM MoodepeHo
nercTBOBaTH omepaTopamu V, U:

LVUVUIE) = (VU)IE).

Yro mpnm >ToM moaydaerca? [eoMeTpmdeckm ofa omepaTopa e€CTh OTpa-
KeHNA OTHOCHTENBHO runepmiockoctn. [Mognpocrpancrso £ = C(J€), |yo))
HHBApUAHTHO OTHOCHTEIBHO OGOHX OIepPaTOPOB, &, 3HAYHT, I OTHOCHTEb-
HO VU. TockolbKy BEKTOD |£) NPUHAJIEKHT HTOMY MOAMPOCTPAHCTBY,
NOCTATOYHO paccMOTpeTh gelicTere VU Ha HEM.
Komnosunusa AByX OTpaKeHHH OTHOCHTEb- - alyo)

HO JBYX NPAMEIX €CTh MOBOPOT Ha yABOCHHLII
YyTOJd MEXAY DTUMHU TPAMBIMU. YTOJ JET'KO BHI-

<
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qucanth, (€|yo) = L 2 1.e. oTH TpA-
N T

MBIE TIOYTH MEPHeHNKYAApHBL. [TooToMy MOKHO

manucath VU = —R, rae R — moBopoT Ha Ma-

abiit yrox . Ilo Torga (VU)® = (=1)°R*, rae

R? — moBopoT Ha yroua sy. 3HaAK HAaC He WHTe-

pecyeT (pasoBble MHOXKHUTENN HEe MEHAIOT BEPO-

arHocreil). [Ipn Goapumx N nmeeM ¢ & 2/\/N Torga mocie s A 7T/4\/N
uTepanui HCXOAHBIN BEKTOD MOBEPHETCA Ha YU ol s¢ A& 7/2 u cTaHeT Gau-
30K K MCKOMOMY BekTOpy. IITO u o3HadaeT, 9TO cucTeMa OKaXKeTCHd B CO-
CTOSHEN |Yo) C BEPOATHOCTHIO, GIM3KON K €THHHUIIE.

Ecan permaerca nepeGopHasd 3afada B oOIIeH MOCTAHOBKe (T.e. OTBe-
TOB MOXKET OBITH HECKOABKO, & MOXeT He GHITH BOOOIIE), TPeOYIOTCA N0~
MOMHNTENbHBIE TEXHUYECKNE YXUIIPEHNsa. 1HUcao MaroB s MOBOPOTA OT
HCXOHOTO BEKTOPA K KaKOMY-HUOYIb BEKTOPY M3 MOANPOCTPAHCTBA, IMO-
POXKIEHHOTO BEKTOPAMH OTBETOB, O6GPATHO MPOMOPIHOHAILHO KODHIO M3
GHUCAa PEICHn.

8.2. YHuBepcalbHad KBAHTOBad cxeMa. BTOpPOI W3 NPUMEPOB, YIIOMA-
HYTBIX BO BBEJEHWH, — MO/eINpPOBaHNe KBAHTOBOMEXaHNYIECKHX CHCTEM.
IITo HewéTKO mocTaBieHHad 3ajada, TaK KaK OOJMBIIYIO POJIb B Hel HIrpa-
eT BEIGOpP KOHKPETHON CHCTEMBI W BBIJEJIEHNE (CYNIECTBEHHLIX) CTeleHen
cBoboabl. C MaTeMaTHIeCKON TOYKH 3peHnd, 60Jee KOPPEKTHO TOBOPUTH O
MOJENNPOBAHNT KBAHTOBBIX CXEM.

KBanTOBLIE CXEMBI MMEOT KOHCTPYKTHBHOE ONMCAHME, €CAH yKa3aTh
TOYHOCTH, C KOTOPOHN M3BECTHHLI MaTPUYHEBIE DJAEMEHTHI ONMEPaTOPOB, BXO-
AAEX B cxeMmy. IlycTh ecTh onucaHue KBaHTOBOU cxeMbl 7, pasmepa < L
n TouHocTH §. IlaeMenTaMm >TOU CXEeMBEI MOTYT OBIThH JIOOBIE yHHTAPHBIE
omeparopel Ha © = O(log L) q-6urax (Tak 9To6H HOAHAA JINHA OMHCAHIA
cxeMbl He TipeBbitnana poly(L, log(1/4))). O6ozHaunm omepaTop, peainsye-
MBI 9TOH cxeMoll, depes Op(7).

N3 pesyapTaTos 3aga4 7.1 m 7.11 caegyeT, 9TO MOXKHO TTOCTPOUTE YHU-
sepcaavylo keanmosyio cremy U pasmepa poly(L,log1/§), xoropas Mo-
neaupyeT paboTy MPOHM3BOJIBHON KBAHTOBOW CXEMBI CJAEAYIONIAM OOGpa3oM.
Ecan sagano onucatue HekoTopoil cxeMbl Op(Z) pasmepa L u eé Bxoq |€),
TO

[v12y 0 16 - 12) © Op(2)16)]| = O(20).

8.3. KBauToBrie aaroputmsel u kaacc BQP. [lo cux mop MBI paccma-
TPHBAIN HEOJHOPOIHBIE BHIMUCAEHUA (BEIYHCIAINCH GyaeBbl PyHKINN). Aa-
TOPUTMBI BBIYHCAAIOT (QYHKINHA Ha CJAOBAX MPOW3BOABHOW aaumHbl. Ompe-
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JefeHlle KBAHTOBOT'O AT OPUTMAa MOXKHO MaTh, WCIOAb3YsA yXkKe BBEJIEHHBIE
KBaHTOBBIE cxeMbl. [lycTh ecth dyukuma F: B* — B* ) gauna pesyabra-
Ta — TOJUHOM OT [IWHBI BXoa. Eil comocTaBaseTcs MOCHe0BATENBHOCTD
GyeBBIX DYHKUUH (OTpaHWYeHNs Ha BXOABl MHHBEL n) Fp: B — B
Ksanmoswviti aszopumm 1as BeIMUCTEHUs F — 3TO OJHOPOTHAA TOCJETO0-
BaTETBHOCTH CXEM, BBIMHUCAAONMX Fp. «OTHOpOAHAsSY O3HAYAET, ITO 10 N
MOXHO MOCTPOUTH ONHUCAHIE COOTBETCTBYIOIIEN CXEMBI HA OOBLITHON IO~
HOMHUAJBHO OT'paHWdeHHON Marmmbe Twiopuara. [lygem roBoputh, ¥TO a-
ropuTM pabGoTaeT 3a BpeMma T'(n), ecam pasMep CXeMBbl, BHIYUCAAIOMET F,,
paser T'(n).

3ametuanne 8.1. MoxHO onpeaeanTh KBAHTOBYIO Mammny ThiopuHTa n
HETIOCPEICTBEHHO YePE3 CYMEPIO3UINN PA3INIHBIX cocTOoAHn deaThl M'T
(nepBonavansbHoe onpegenenue JI. Toida 6pu10 iMeHHO TaknMm). [Tatme ompe-
IeJeHne OKa3bIBaeTCA SKBUBAJCHTHBIM.

Onpegenenne 8.2. Dyuxyus F: 1B — B npunadaencum raaccy BQP,
€cAU ecmb KEAHMOGHU at20pumMm €€ 8biuucienUl, pabomauwut 3a 6pems
O(n?) das nexomopoti woncmanmut d.

Kaxk coornocures kiaacc BQP ¢ cioXKHOCTHBIMEI KIaccaMu, BBEJEHHBIMA
pamee?

Jaga4da 8.3. okaxwure, 4TO
BPP C BQP C PP C PSPACE.

Kaacc PP cocrout u3 npeaukaToB Buga

Q) = (v : Ro(w,w)H < Hy: Rula.p)} ).

rae Ry, R1 € P, u y9uTHIBAIOTCA TOJBKO ¥ C IINHON MEHBIE HEKOTOPOTO
noanHOMa ¢().

[ITo mowTn BCE, wTO M3BecTHO O cooTHomeHuax Mex 1y BQP n apyru-
MU CJIOKHOCTHBIME Kaaccamiu. KocBeHHOe CBHIETENBCTBO B MOMB3Y CTPOTO-
ro Braodenna BPP C BQP gaér cymecTBoBanne »(ppeKTUBHBIX KBAHTO-
BBIX AJTOPUTMOB [l HEKOTOPBIX TEOPETUKO-IUCAOBBIX 3a a4, TPa JHIIHOH-
HO CINTAEMBIX TPYAHBIME (CM. pazfen 12).

3aMeTHM TaKXe, YTO B MOCHe[HEe BPEMsA MOSBUINCH MHTEPECHBIE De-
3yJBTATH O KBAHTOBBIX aHAJOT aX HEKOTOPHIX G0ee CIIBHBIX CIOKHOCTHBIX
KJIAacCoB (He OMWUCAHHBIX B 9acTi ).

3agaua 8.4. IlocTpoliTe KBAHTOBBIE CXEMBI MOJMHOMHAATHLHOTO pa3Mepa
B 6a3nce W3 onepaTopoB Ha ABYX (-6UTax, KOTOPBIE BBIMTOAHAIOT CJIETYIOIIHe
MENCTBUA:
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a) s 3ajaHAoro uncaa ¢, 1 < ¢ < 2", 3anncaHHOr O N JBONYHBEIME IH(ppa-

g—1
MH, TpeobpazoBaTh cocTosume |07) B cocTosnme |¢,(¢)) = iq Sk
§=0

6) mpeobpazopath |¢ — 1,0") B |[¢ — 1) @ |¢n(q)), canras, 4ro ¢ 3anucaHo
7 JBOMYIHLIMH IIpPaMHE;

B) BHINOIHNTH mpeobpasoBanne Pypre Ha rpynne Zy npn k = 27:

k-1
Uglz) = % Zexp (271'1'%) [y,
y=0

CYMTAdA, ITO £ W Y 3AIMUCAHB 1 NBOMTHBIMA IMuppamu; (B 5TOM caydae
naiiqure cxemy pasmepa O(n?)).

9. KBanToBuie BEPOATHOCTH

Ilepeiigém Temepb K 06CYXKACHUIO HEKOTOPHIX «(pU3MIECKNX) ACIeKTOB
KBaHTOBEIX Bbrancaenunit. IlycTh cucrema u3 n q-6MTOB HaXOUTCA B COCTOA-
Hun [Y) =) cp|x). KoadduumenTsl pasiokennd 0 B IeICHHOMY Ga3icy
(KIaccW4IecKNX COCTOAHMUH) HA3BIBAOTCA aMIUIHTY aMn. KBajgpaT Moy/is
AMILTATYAH |c;|? paBeH BepOATHOCTH OGHADYKHUTH CHCTEMY B COCTOAHNH
z (cpasHuTe ¢ (8.1)). JpyruMn cloBaMn, IPH U3MEPEHUY COCTOSHIUA HTOH
KBaHTOBOI CHCTeMBI 6yAyT MOMy9aThCA KJAACCHIeCKHe COCTOAHUA, pacipe-
JeNEHHBIe KaK |cg|2.

Oupenenéunas gopmyion (8.1) Beamanua o61ajgaeT OCHOBHBIME CBOTI-
cTBaMU OOBIIHON BepoATHOCTH. ToT hakT, 9TO KBaApaT MOAYAA aMILTATY-
Bl — 3TO BEPOATHOCTDL HAO/MIOAEHNA CUCTEMEI B COCTOAHNH T, COTACYeTCA
C TeM, 9TO PU3NIECKHE COCTOAHNA B KBAHTOBOM MEXaHUKE COOTBETCTBYIOT
BEKTOpaM eMHUYHON [JIMHEL, a Mpeo6pa3oBaHuA >THX COCTOAHUN HE MeHA-
IOT JIUHEL, T.e. yHuTapHbL [leiictBurensro, (¥|¢) = > |cz|? = 1 (cymma
BEPOATHOCTEN paBHa 1), a IpNMeHeHNe PU3NIECKN DEATN3YEMOTO OTIEPaATO-
pa IOJKHO COXPaHATH 5TO COOTHOIIEHHUE, T.€. MOJKHO OBITH YHUTAPHBIM.

Popmyast (8.1) gocTaToYHO MIA ONpEAeNeHHA KBAHTOBOTO BBEITHCIE-
Hua n kracca BQP. Ognako ecTh BONMpOCH, B KOTOPHIX TO OIpeeNeHne
OKa3LIBAeTCsA HeyJOOHLIM WM HENPUMEHMMBIM. [IBa OCHOBHBIX IpHMeEpa:
M3MEpAIONIIe OMepaTOPLI N AJTOPUTMHEL, TIOCTPOEHHBIE Ha UX OCHOBE, W 3a-
nada MOCTPOEHNA HA6KHBEIX KBAHTOBLIX CXeM M3 HEHAEKHBIX DJIEMEHTOR
(ncnpapieHue OMNGOK).

ITosTOMY MBI TOCTPONM OTIpejeNeHne KBAaHTOBOI BEPOATHOCTH, B KOTO-
poM 060611aeTeA Kak TO, 9TO Mbl HabaiogaeM (COCTOAHNE CHCTEMB), TaK 1
peayabTaT Habmonennda. K sToMy obIeMy olpeeneHnio MBI TIPHAEM, Pac-
cMaTpuBad pAj npuMepoB. /I HadaTa MepenumeM yxKe oMy IeHHOe BhIpa-
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KEHNE s BEPOATHOCTU B BHIE
I

—N—
leol? = Kl)[* = (@ o) (] ),
r e gepes 1, oGo3HAUEH IPOEKTOD Ha MOAMPOCTPAHCTBO, OPOK TEHHOE |T).
Y106l cpenaTh CAeAVIOMNN Iar K OOIIeMY ONpefeleHnio KBaHTOBOI
BEPOATHOCTH, MOACINTACM BEPOATHOCTDL TOI'O, 9TO IIEPBLIE T OUTOB UMEIOT

3aJaHHOe 3HaYeHNe ¥ = (Y1, ..., Ym). /A4 3TOT0 IPeICTaBIM COCTOSHEE B
m n—-m

BU/Jle IBYX OJIOKOB T = . Nmeem
P([v),y) =Y _P(v), (v, 2)) = > (| ly, o), 2l[¥) = (@] ly)ulo1|¢) =
= (Y[Ma|¥). (9.1)

o4 316Ch 0603HATACT IPOEKTOP Ha MOAMPOCTpaHcTBO M = |y)@ BO(=m)
Popmyia (9.1) 3a1aéT onpeelenne KBAHTOBOH BEPOATHOCTH 1 B TOM CJTy-
4ae, Korja M — Ipou3BOJBLHOE MOAIPOCTPAHCTBO.

B sTom caywae mpoekTop Ha moampocTtpancTtBo M C N onpegendercs
kak Il = Zj lej){e;], Tae e; mpoGeratoT M0GOH OPTOHOPMHUPOBAHHBIL
6azuc M.

o |2

3ameuanue 9.1. Beamawna Zz| (F(z),2| U |=,0¥ ”>| , KOTOopas HC-
TMOMB3YETCA B ONpeJedeHnn BuIducaeHuA Gyuknun n3 B° B B KBaHTOBOI
cxeMoll (cM. c¢. 68), paBHa P(U|x, ON_”>,M), rae M = |F(z)) @ BN—™.
Emié pas HamoMHEM CMBICA 5TOT0 onpedenennsa: cxema U = Uyp - ... - UsUj
BoruncasgeT F: B? — B” | ecanm paa mio6oTo & BEPOATHOCTDL HAOMIONeHUA
IPaBUIBHOTO 0TBeTa I () MOCTe TPUMeHEHHA CXeMBI K HAYAIBHOMY COCTO-
auamio Uz, 0N ~") Goapme 1 — ¢.

ITpoekTOpEl He ABIAIOTCA (PUIMIECKN peaqn3yeMbIMH OlEpaTOpaMHu,
TOYHee TOBOPA, OHU HE ONUCHLIBAIOT TI€PeXo] OT OJHOTO COCTOAHUA CHCTe-
MBI K JApYyTOMY 3a OIpeNeleéHHBIN TPOMEXYyTOK BpeMeHH. Takoll Imepexo
ONUCHIBAETCA YHUTAPHLIME OllepaTopaMu. Bcé Ke, MOMycKasa HEKOTOPYIO
BOJLHOCTE, MPOEKTOpPaM MOXKHO NpHUAaTh (uamdeckuil cMbict. ITpoekTop
BHIIeIAeT 9acTh COCTOAHUN CHCTEMEBI W3 BCEX BO3MOXKHEIX. IIpegcTaBbTe
$uabTp (yCTpONCTBO, a He TeOPETHKO-MHOKECTBEHHOE TTOHATHE), KOTOPHIH
NpOMycKaeT TOABKO CHCTeMBI B cocTosuuax n3 M. Ecam na Takon ¢puabtp
[MOJaTE CUCTEMY B COCTOAHNH 1)), TO CKBO3E (PHIBTP MPONJET CHCTEMA B CO-
crosuun [€) = Iaq|¢). CymmapHas BepOATHOCTE BBIIEAEHHEIX COCTOAHMII,
BoOOIIe TOBOPA, MeHblle 1, ora pasHa p = (£]&) = (Y|[ITaq|¢). Tmcao 1 —p
onpegeasieT BEpOATHOCTh TOT'O, YTO CHCTeMa CKBO3b (PUILTP He MPOHIET.

CpaBHEM CBONCTBA KJIACCHYIECKON M KBAHTOBOU BEPOATHOCTH.
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Kanaceriaeckan BEPOATHOCTH KpauTosas BEPOATHOCTH

Ompenenenne
Cobeitie M C N — moamuoxecTBo | CobbiTHe M — TOANPOCTPAHCTBO He-
HEKOTOPOI'0 KOHEYHOI'O MHOXKECTBA. | KOTOPOI'0 KOHEYHOMEPHOI'O YHUTAPHOI'O

mpocTpancTa N

Tactipenenenne BeposSTHOCTEN zafa- | IlacipefieneHne BepOATHOCTEN 3aJaéTCs

ércs dynxnmen w: N — R co cBoil- | BekTopom cocrosuus [¢), (Y|) = 1.

cTBaMHu a) »y wy; = 1; 6) w; > 0.

BeposTaocts: Pr(w, M) = Z]GM wj. | Bepositrocts: P(|9), M) = (| a])).
CaonictBa

19, Ecim My 1L M», To

P(|), M1 ® M) =

= Pr(w, M1) 4+ Pr(w, M>). P(|y), M1) + P(|¢), Ma2).

2. (B obwieM ciay4ae) 29, Ecmm T, g, = Mag, T agy, TO
PI‘(’LU,Ml U M2) = PI‘(’LU,Ml)-F P(|Z/J>,M1 + M2) = P(|Z/J>,M1)+
—|—].:)I'(’LU7 M2) — ].:)I'(’LU7 M1 n M2) -|—:P(|Z/J>7 MQ) — :P(|Z/J>7 Ml n MQ)

1. Ectu My N Mz = @, To
PI'(’LU,Ml W] MQ) =

SameTuM, 4o yciaoBue My L Moy skBuBanenTHo yeaoBuio g, g, =
= g, pq, = 0.

Ecan ectn ABa HEOPTOT'OHAJBHBIX MOANMPOCTPAaHCTBA C MYCTHIM II€pece-
YEHUEM, TO KBAHTOBAasA BEPOATHOCTDL Heob6A3aTeabHO AT oIUTUBHA. HpI/IBe,Z[eM

mpocTolt mpuMep, Korga P(|&), My & Ms) # P(|€), M1) + P(J€), Ma).

Mycrs |€) = |0), My = C(|0)) (awHeltHOE MOATPOCTPAHCTBO, MOPO-
x gerHoe BekTOopoM |0)), Mo = C(|n)), mpudem (£|n) 6ansko k 1. Torga

L=P(|§), M1® M) # P(I), M1) + P(|{), M2) » 1 + 1.

NTax, MBI onipefienan B HanGomdee obIeM BUe TO, ITO MBI I3MepAeM.
Temepb HyKHO 0606IINTH TO, HAX €M TPOBOANTCA M3MepeHne. B pesyabTa-
Te MOJIYYUM oIpeflejieHe BepoATHOCTH, obobinarollee KaK KJIaCCHIeCKYIO,
TaK U KBAHTOBYIO BEPOATHOCTD.

ITaccMOTpHEM paclpefeleHne BePOATHOCTEH Ha KOHETHOM MHOXKECTBE
KBaHTOBLIX COCTOAHUE {|&1),. .., |€)}. BepoaTHocTs coctosuusa |€;) o6o-
3HAYNM pj, 09eBHAHO, 1TO ). p; = 1. IlogcunTaem BepoaTHOCTD Habmoje-
HEA COCTOAHUA B MOAIPOCTpaHCTBe M:
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Zpk P (&), M

Zpk (G Mamlér) =D pr Tr(|e)(&r M) =
= Tr(pllam), (9.2)

rfie depes p oGo3HAYEHA Mampuya niomuocmu'? p = > Prlér) (k|- Tlo-
ciefHee Bhipaxenue B (9.2) m nmpuMeM 3a oflllee ONpejeleHNe BEPOAT-
HOCTH.

3agada 9.1. [Jokaxure, 4To oneparopsl Buga p = y . pi|&k) (x| — oT0
B TOYHOCTH 5PMHTOBLI HEOTPHIIATEILHO ONpPeNeI¢HHEIE OMEpaTOPHL CO Clle-
noM 1, T.e. omepaTopsl, yIOBICTBOPAIOIINE YCAOBILAM:

Vp=p 2V (lpln) >0,  3) Trp=1.

B paabHeilmem moJ mampuyeti niomuocmu MOHIMAETCA JI060H omepaTop
C DTHMH CBOICTBaMH.

IMaccykgeHne o «paclpeneleHIl BepOATHOCTE Ha KBAHTOBBIX COCTOA-
HUAX» HOCHJIO BCIIOMOTATEALHLI XapaKTep. 3afada COCTOMT B TOM, ITO-
651 06O6IITL NOHATHE KBAHTOBOTO COCTOAHNA TaK, YTOOLI OHO BKJIIOYa-
70 B cefa Kaaccmaeckne paclpefeJeHua BepoaTHocTel. [TomyveHHbI HaMK
oTBeT (mocaeaHee BhIpaxeHwe B (9.2)) 3aBHCHT WL OT MaTPHUIBL TIOT-
HOCTH, IO3TOMY MBI MOXKeM MOCTYAHPOBATH, 9TO 0GOOIIEHHLIE KBAHTOBbIE
COCTOAHNUA W MaTPUIBI IMIOTHOCTH — 3TO OJHO W TO XKe (Takasd aKCHOMa
He TpOTHBOpPeINT pusmdeckuM Habaonennam). Ecanm cocTosune 3anaer-
ca onHEM BeKTOpoM (p = [€)(£]), TO OHO Ha3BIBAETCA WUCMbLM, ECTH CO-
CToAHNE 3aJaeTcA obIell MaTpHIell MIOTHOCTH, TO OHO HA3LIBAETCA CMe-
UAHHBLM,

Ompegemenne 9.1. /I1d KBaHTOBOT'O COCTOAHUA, 3a7aBacMOT'O MAaTpPH-
el IIOTHOCTH p, W moAnpocTpancTBa M BepoaTHOCTD «cobbiTusty M pas-

Ha P(p, M) = Tr(pIlm).

[lunaronaqbHble MATPUIEL p = Zj w;|7){j| cooTBeTCTBYIOT KaAaccHde-
CKHM pacIpejeleHIAM BepOATHOCTEN Ha MHOXKECTBE Ga3HCHBIX BEKTOPOB.
IITo o3Ha4aeT, 9TO NPH BLIYUCICHHH BEPOATHOCTH IO O6IIed KBaHTOBOI
opMyle 414 AHarOHaJLHON MaTPHIEL H KOOPAUHATHOI'O IO AIIPOCTPAHCTBA
M (HaTAHYTOTO Ha 9acTh GAa3WCHBIX BEKTOPOB |a): a € M) nomydaer-
cd TO Ke, 9TO W NPH BLIYUCICHHH IO OOBIYHON KJIaCCHYeCKOH opMy.e:

P(p, M) = Pr(w, M).

12)B MEeNCTBUTEILHOCTH 2TO OMEpaTop, a He MATpPHUIla, OMHAKO Ha3BaHUE «MaTPHUIIA
IVIOTHOCTH» YK€ CTAJ0 TPaTuINOHHBIM. BripotdeMm, B faqbHeHIIEM MB 9acTO 6y 1€M HMETH
B BUy UMEHHO MATPWUILY, T. €. OIEPATOP, 3AIMCAHHLIN B BEIIeJeHHOM ba3nce.
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I[Ipogoaxum cpaBHeHWE CBOUCTB KIaCCHYeCKOW W KBAHTOBOU BEPOAT-

HOCTH, TOJ TOCTeTHER MBI 6yeM Teleph MOHUMATH ObIlee OMpeeaeHne ¢
HCnoab3oBaHneM MaTpul maoTHocTH. (CoficTBa 19 1 24 ocratorcs B cuie).

Kiaccuieckas BeposATHOCTD

KpauTosas BEPOATHOCTH

CaonictBa
3. ITa mmoxectBe N = N; x N» zagamo | 3%. Ila mpoctpanctee N = N; @ N>
pacupefieJieHrie BEPOATHOCTEN BUa W;x = | 3ajaHa MaTpUIla IUIOTHOCTH BHIA
1) (2
= w]( )wé ). Unmeetcs JBa MHOKecTBa mc- | p1® p2. MMeeTcs gBa noanpocTpan-

xomoB M1 C Ni, My C N,. Toraa Be-
posiTHOCTH IHepeMHOoKaoTcs: Pr(w, M x

M) = Pr(wV, M) Pr(w®, Ma).

ctBa My C N, M, - N>. To-
rjla BEPOATHOCTH TAKMKE II€PEMHO-
xkatorcst: P(p1 @ p2, M1 @ M) =
= P(Ph Ml) ].:)(pQ7 MQ)

4. lImeeTcsa coBMecTHOE pacipeneleHne Ha
muoxkecTBe N1 X N3, NmTepecymoliee Hac
COBLITHE He 3aBICAT OT MCXOa BO BTOPOM
muoxecTBe: M = M; x N2. BepoaruocTn
TaKOI'o COOLITHA BHIPAXKaeTCA epe3 IMpo-
eKITNIO paclpefelcHna Ha IepBOE MHOXKE-
crBo: Pr(w, My x N2) = Pr(w’, M), rae
wi =3, wyk.

4%, B KkBaHTOBOM CIy€ae orpaHKe-
HHe Ha OJIHY U3 TO0JCUCTEM 3aJaeTCA
orepaliiell B3ATUA 9aCTUIHOTO CJe-
fa (cm. muxke). IlosTomy, gaxe ecim
MCXOHOE COCTOSHNE GBLIO TUCTHIM,
TOJTy9€HHOEe COCTOAHME TI0 CUCTEMBI
MOXKET OKa3aTbCsA CMEIIaHHBIM:

Pp, Mi @ N2) = P(Trw, p, M),

Omnpegenenne 9.2. Ilycte X € L(N; Q@ N3) =

L(N) @ L(N2). Jacmuu-

notti caed omeparopa X 1o mpocTpancTBY N5 ollpeneleH cle yomnM o6pa-

som: ecit X =) Ap @ By, 1o Tra, X =5, A (Tr By ).

JlokaxkeM, 9T0 5TO ollpejeleHne KOPPEKTHO, T. €. He 3aBUCHT OT BHIGOPa
claraeMblx B npegcrasienun X =Y Ap, @ By,. [as oToro sagukcupyem
HEKOTOpPBIe OPTOHOPMUPOBaHHLIE 6a3MCH B IpocTpancTBax N1, N3 1 BhIpa-
3UM YacTHYHEIN Clef depe3 MaTpHIHbBIE dIeMeHTH X e = (7, §/| Xk, k).

Iycte A, = Za]k|j><k| u B, = Z b7 [3") (k'] Torpa

Z X]]’kk’|.7 _] ><l{7 ]{7 | = ZAm ® Bm — Z a%b‘;ﬁk’|jaj/><k’k/|

7,3k k!

U 9aCTHIHBII cJlel paBEeH

J3'kkNm

T, X =33 ]k(Zb Ykl =323 Xl el

m ik

TlaccMoTpuM mpuMep, KOTrja B3ATHE YACTUIHOTO cJefla OT MaTPHUIIHI
MJIOTHOCTH, COOTBETCTBYIOIIEN YHCTOMY COCTOSIHWUIO, IPUBOAUT K MaTPH-

e IMJIOTHOCTH, COOTBeTCTByIOIlIeﬁ CMEIIaHHOMY COCTOSAHHIO.
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Myere Ny = Ny = B, a p = )], rae |¢) = %<|o,o>+ I1,1)). B

STOM CIydae p = 1 a,a){b,b|, mooTOMy TOdyTaEM
P=73

a,b

Try, p = %Z|a><a| = (162 1?2)'

TITa MaTpHIa COOTBETCTBYET CMEMIAHHOMY COCTOSHHIO (MUCTHIM COCTOSA-
HUAM COOTBETCTBYIOT MaTpHIE panra 1). [lodee Toro, 370 cMelTaHHOE CO-
CTOSTHIE 3KBUBAJEHTHO KJIACCHIECKOMY PAcCIpeIedeHno BepoaTHOCTen: )
1 umetor BepositHocTH, pasbie 1/2. Takum 06pazoMm, oT6packiBaHie BTO-
poro q-6uTa IPUBOANT K YHCTO KIAACCHYECKOMY PACHpeIeJeHn0 BEPOSTHO-
cTell Ha TIepBoM q-CuTe.

Yreepxaenme 9.1. JTwb6oe cuewannoe cocmoanue p € L(N) npedema-
sumo kar wacmuunbiti caed Trr(|P)(¢]) om wuemozo cocmoanus 66avwed
cucmemst, | ) € N @ F, npuuém moxcno cuumams, wmo dimF < dim N

MoxazarenbcTBo. Ilomaraem F = N*. Tax kKak p HeoTpHIATEILHO
ompegerena, To cymectsyeT (/p € L(N) = N @ N*. [Tokaxem, 910 a1
|¥) = \/p BBIMOIHEHO MCKOMOE, T.e. p = Tra (|\/p){(\/pl)-

IToCKOIBKY p 5pPMHUTOBA, OHA AHATOHAJU3YeTCA B HEKOTOPOM OPTOHOP-
snposanros Gramce {|6)). Toraa p = 3 il il a [0) = 7 =
=225 VP 65 s m [0) (] = 205 PP (1€5) © (€D (1€k) © (k). Braan s
YACTHYHBIN CJIe]] BHOCAT JHIIE ciaraeMble ¢ § = k. TTostomy Trar« (|¢0)(¢]) =
=2 pil&) (&1 = p. O

3agaqa 9.2. IlycTs nmeeTcs wncroe cocrosnue |¥) € N @ F. Tokaxu-
Te, 9TO CYMIECTBYeT TaK HazblBaeMoe pastodcenue [Imudma:

) = ZAj|€j>® i),

rae 0 < A; < 1, a muoxkectBa BekTopos {|;)} C N u {|n;)} C F asastorcs
OPTOHOPMHPOBAaHHBIMIL.

3aMeTuM, 9To 4ncia A — 3TO HeHyJIeBHe cOSCTBEHHEIE IHCIA JACTHI-
ueix caego p = Trr(|¥)(]) u o/ = Trar(J¥){(¥]). (Takum obpasom, He-
HyJeBHIEe COOCTBeHHBIE 4nciaa p u p copmagaioT.) OTciofa cleayeT, 4To
B3ATHE TaCTHIHOTO ClefJa OT YHCTOrO COCTOAHNA IPUBONUT K THCTOMY CO-
CTOAHIIO TOTJa W TOJIBKO TOrJa, KOTJa HCXOJHOE COCTOAHHE Pa3JOKHMO:

) = 16) @ |m).

3aga1a 9.3. Ilycts [¢1), |[t2) € NQF — ABa 9MCTHIX COCTOAHNA, TAKHX

aro Trr (|1 {(¢1]) = Tre(|2){(¥:2]). Joxaxure, ato |th2) = (Jar @ U)|e1)

I HeKOTOpOT'o yHUTapHOT O onepaTopa U Ha mpocTpancTBe F.
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10. Puzuveckn peaarudyemMble mMpeoOPa3oBaHUA MATPHIL
IVIOTHOCTH

Tenepsb onuiieMm, kakue MpeobpazoBaHud MATPHIL MIOTHOCTH JOIYCTH-

MBI ¢ (PU3UTECKON TOYKH 3PEHUA.

1. YHuTApHBIE OMEpaTOP MEPEBONUT MATPUILY IOTHOCTH YHCTOTO COCTO-
aana p = |ENE] B maTpumy p' = U|ENE|UT. EctecTBerno cantaTh (1o
JAMHEHHOCTH), 9TO TAKON Xe POpMYJION 3anaeTca H JeHCTBHE YHHTAD-
HOTO omepaTopa Ha MPOU3BOJILHBIE MATPHUIIEI TIOTHOCTH:

u
p=UpUT.
2. Bropon Tun mpeobpazoBaHHA COCTONT BO B3ATHN HaCTHIHOTO CIETA.

Ecam ecthb p € L(N @F), To ombpacvisanue 6mopoti cucmemsl 3a1aeTCs
npeobpazoBaHUEM

p—=Trrp.

3. BcnomumM, 9TO HaM emg 6bIBaET HyKHO O6paTh HAPOKAT G-ONTEl B CO-
croanun 0. IlycTsb ecTh cocTosrme p € L(B®™). [TaccMoTpuM mzoMeTpn-
"eckoe (CoxXpaHsiollee CKaTApHBIe IPOM3BeIeHns) Biaoxenne V : B —
— BPN B npocTpancTBO Goablell pazMepHOCTH, 3agaBaeMoe GOPMY.IO
|€) A |€) ® [0 ~"). MaTpuiia mIOTHOCTH p IPH 3TOM TIPeo6pasyIoTes B
p @ |0V =W0N"|. [lag A1060T0 MBOMETPIHIECKOTO BAOKEHHA V TO aHa-
JIOTWH TIOJIaraeM

p AN VpVT.
IIygeM cYUTATL, YTO PUUNECKU PEAAUBYEMBIE NPEOOPUAZOEAHUA MAMPUY

NAOMHOCMY €CTH B TOYHOCTH KOMIIO3UINH JIO60T0 dncaa IpeobpasoBaHui
Trma 2 n 3 (caygail 1 — 9acTHBIN caydail mpeobpazoBaHna THOA 3).

3agada 10.1. /[lokaxuTe, 4T0 11060€ PUIMIECKY peaTnzyeMoe mpeobpa-
30BaHMe MaTpHl IJIOTHOCTH MMeeT BHUJT p — Tr]:(VpVT), rae V: N —
— N ® F — uzoMeTpuYeckoe BIOXKECHHE.

Omnepanus B3ATHA YACTHHIHOT'O CJlIeja 03- 1 2
HadaeT 3abbiBaHne (0TOpacHIBAHHE) OTHOM
n3 nojcuctem. I[lokaxem, 4TO Takasd WH-
TepIpeTanus ABIAETCA PA3yMHOW, a WMeH-
HO, JajbHelnas cyab6a oTCPOIIeHHON CH-
CTeMBbl He BINAET Ha BEINYUHBI, XapaKTe-
pusylomme ocTaBiyioca cucreMmy. Bozbmém
CHCTEMY, COCTOAIILYIO M3 JBYX IIOJCHCTEM
M HaXOAAMIYIOCS B HEKOTOPOM COCTOSIHUI
p € L(N @ F). Ecan Mbl BEIGpachiBaeM BTO-
pyo cucreMy (B MYCODHYIO KOD3WHY), TO
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oHa 6yleT IOABEPraThcA HEKOHTPOAUPYEMBIM BO3IeHCTBHAM. IIyCTb MBI
NpUMeHIIN Kakou-To onepaTop U k mepeon cucteme. [loayanan cocroanne

(U@ Y)p(U @Y)!, rne Y — TIpOM3BOMBHBIN yHUTADHBIH OMepaTop
(melicTBEE MYCOPHOH KOP3WHBI Ha Mycop). Ecam Mbl XoTHM HalTH BepOAT-
HOCTE maaa mogmpoctpancTBa M C A | oTHocaAmeroca K mepBoll chcTeMe
(Mycop Hac He WHTepecyeT), TO OHa He 3aBHCHT OT Y W paBHa

Py, M® F)=P(Trgv, M) = P (U(Trz p)UT, M).

3/ech TEpBOe PaBEHCTBO — 3TO CBOMCTBO 49 KBAHTOBOU BEPOATHOCTH, a
BTOpOE€ PaBEHCTBO — HOBOE CBOICTBO:
Trr (U@ Y)p(UaY)) = U(Trep) UL (10.1)

3agaga 10.2. Joxaxure Toxaectso (10.1) aad gacTHaHOTO Clefa.

3agaqa 10.3. Banwmewm aumennbi oneparop 1': L(A) — L(M) B ko-
OpAHHATHOM BHJe:

TR = D Tigegyoen) 130K
ka.l
Jokaxure, 9T0 (pusUIecKad peaqnzyeMocTh 1 SKBUBaJeHTHa HAGOPY H3
TPEX yCJIOBHﬁ'

a) Zk, y(k'k) = 0% (cmmBom Kpomekepa);
* —_ .
6) T(jfj)(k’k) = Tipmy gy’
B) T{j1j)(kk) — HEOTPHUATETbHAA MATPHIA (IO TIAPAM WH/EKCOB).

3aga1a 10.4. [Joxaxure, uTo amueinbni onepatop 1: L(N) — L(M)
ABAAETCA PUBUIECKN pPeaTM3yeMbiM MpeobpazoBaHieM MATPHIL MIOTHOCTH
TOT/Ia U TOJBKO TOT/a, KOT' & BLITIOAHEHBI TPU YCIOBHA:

a) Tr(7X)=TrX ama mo6oro X € L(N);
6) (TX)' =TX" nua moboro X € L(N);
B) T ABAAETCA BIOMHE TOMOKHTEMBHBIM Hpeo6pa30BaHHeM A wmenHoO, s

moboro mpoctpancTBa G npeobpazosanne T @ Ipg LNV ® g) —
— L(M ® G) orobpaxaeT HeOTpHUIATENBHBIE onepaTopr B HEOTpH-
naTelbHbIE.

10.1. Mogc4éT BepoATHOCTEHM AMA KBAHTOBOT'O BEIMUCICHMA. 'lemepb,
uMest obIIe OMpe/eJeHns KBAHTOBOU BEPOSTHOCTH U (PU3MHECKH PEAJH-
3yeMoro npeobpa3oBaHuA MaTPHUL IIOTHOCTH, MOXKHO BBIMHCAATE BEPOAT-
HOCTH, BXOJAIINE B oIpefejeHNe KBAHTOBOI'O BBIMHUCJACHUA, MBYMA CIIOCO-
6amu. IlycTh MBI UCTOMB30OBAAN MPW BLIYUCIEHUAK JOTMOTHUTETBLHYIO TO-
cuctemy. Ilocae Toro, kak oHa cTajfa HAM He HYXKHA, MBI MOXKeM BHIGDO-
CHTh €€ B MYCODHYIO KOD3UHY, & TPH MOJCIYETE BEPOITHOCTH B3ATH 4a-
CTUYHBIN Caefl TIO TPOCTPAHCTBY COCTOAHUH JAOMOJHUTETHHON MO ICHCTEMEL.
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A MOXHO TAHYTBH BECh DTOT MYCOD MO CAMOTO KOHIA W CINTAaTh BEPOAT-
HOCTDH 11s cobbrTHi BuAa M1 @ Ao (pas y& MBI IepecTaln NCMoIb30BATh
BTOPYIO TOACUCTEMY, TO HUKAKHE JTeTAJN €€ COCTOSHUS HAM HEe BaXKHBI —
HaM Ge3paz3inyHO, 9TO WMEHHO MPOU30WAET € MCHOJb30BAHHON TIONCHCTE-
Mol B MycopHOI kopsuHe). Kak yiKe TOBOPHIOCH, 3TH BEPOATHOCTH PaBHBIL:

P(p,./\/ll ® Nz) = P(TI'N2 p,./\/ll).

Jameqanme 10.1. TleTpyaHo onpegeauTh Gojee O6IIYIO MOIeNb KBAHTO-
BOT'O BBIMHCJAEHNSA, B KOTOPOU BIeMEHTAPHBIMA [eHCTBUAME ABIATCS 1O/
XO/IAlIe TPpeo6pasoBaHis MaATPHIL IIOTHOCTH OBIIET0 BHAa (He 06A3aTeNb
HO YHHTapHBIe omepaTophl). Taxasd Mogelb Godee anekBaTHA (PU3HTECKON
CUTYaINn, KOT'fa KBAHTOBBIN KOMITBIOTED B3ANMOIENCTBYET € «OKPYKAIO-
el cpegoiy. C BBIMUCANTETBLHOW TOYKH 3DEHUs HOBAad MONENb DKBHUBa-
JeHTHA CTAHJAPTHOR (ecay B 0GOUX CIAy9adX NCHOAB3YETCA TOJHBIN Ga3HC).
Onnako B Mojeqn ¢ o6ImIMI MpeobPaszoBaHUAME MATPHUIL MJOTHOCTH BO3-
MOXKHO 60Jiee eCTeCTBEHHOE OIpeflefeHne MOAMPOrPAMMBL s KBAHTOBOT O
BBIMHCIEHNA, TOCKOABKY PE3YIbTAT pabGoTHl KBAHTOBOU CXEMBI — 6EPOAM-
HocmHaA PyHKYyuA. 30ech MBI He 6yIeM NaBaTh DTOTO OMpeIeleHns U OT-
CBLIAEM 3aMHTEPECOBAHHOIO durarens K [20].

10.2. Tlorepa xorepentHoctu (decoherence). TlaccmoTpum B KadecTBe
npuMepa npeobpaszoBaHne MaTPHUI IIOTHOCTH, KOTopoe «3abbiBaeT» BHe-
quarOHAJBHBIE JIeMEHTHI:

p= ijk|j><k’| = prnlk)(k

ITokazxkeMm, 9TO OHO «(PU3NIECKH PeaqU3yeMoy, T.€e. MOXKeT OLITh MOCTPOe-
HO KOMIIO3MIMEN ONMCAaHHLIX Bbille MpeobpazoBanuii. [lynem cTpouTs 5ToO
npeoGpazoBaHne B TpH IIara. BHadvade fo6aBuM HyJeBble GUTHL:

p = p@]0)0].
3aTeM ckommpyeM 06paTHMBLIM 06pa3oM HCXOJHLIE OUTHI B A0OGABIEHHBIE.
O6paTnMoe KonmpoBaHue 3ajaercd onepatopoM A(o®): |a,b) — |a,a @ b).
TToayuaem

p @ [0)(0 )Zpyk|]] )k, k|

A Tenepb BoabMEM YaCTUYHLIA cle] o fo6aBaeHHBIM 6uTam. [loayanm
[MarOHAALHYIO MaTPUILY
E prk k) (k
k



84 KBAHTOBBLIE BHIYUCJAEHUA

Ilpegocrepexenue. [laccMoTpenHasds HAMU «OTepanna KOMAPOBAHUS)
1) = 14, 3), > pikli)kl =D pikld, i)k, k]
J,k J,k

(KOMIIOBHUINSA TIEpBBIX JABYX NpeoOpa3OBaHMII) HA CAMOM jefe KONUpYeT
TOJBKO Ga3NCHBIE COCTOAHMA. 3aMETHM, 9TO KOMUPOBAHNE NPOU3E0.AbHOZ0
KBaHTOBOTO COCTOAHNA [£) — [€) ® |£) ABAAeTCA HEMMHERHBIM OTEPATOPOM,
HO>TOMY He MOXKeT GLITh pealn30oBaHo (U3MIecKH. B gaibHeleM KoIH-
poBaHHe Bcerga 6yJeT ONpefelaThcA OTHOCHTENBHO HEKOTOpOro 6asmca.

Jameqanme 10.2. TlaccMoTpeHHOe TpeobpazoBaHmMe TEPEBOAUT JH060E
COCTOfAHNE B KIACCHYeCKoe (¢ MHArOHAJBHOH MaTPHIEH MIOTHOCTH), HC-
ob3ys KonmmpoBaume 6uToB. [ITO MOXKHO WHTePNpPeTHPOBATHL TaK: ec.t
nocmoanHo Habawdame 3a cucmenoti (deaamv wonuu), mo cucmema 6y-
dem eccmu ceba kak kaaccuueckas. B ciaydae oqHOTO q-6UTa TO JKe caMoe
npeobpazopanne (OCHYJIeHNe BHEAHAT OHAMBLHBIX DIEMEHTOB) MOXKHO IOJY-
YUTh, €CJAH IPUMEHHTE ONEPATOp 0 ¢ BEPOATHOCTLIO 1/2:

1 1 . .
p=-p+ -0 po.
2 2
TogoGHBIN Tpoliecc HaszbBaeTCsA CIydalHBIM cGoeM (asel: cocTodHme |1)
[NOMHOXKAeTCs Ha (asoBBIl MHOXKHTENL —1 ¢ BepoaTHOCTbIO 1/2. Takum

obpazoM, cboli Pazvl maksce npueoIuUM K MoMy, YIMO cucmema sedem ce-
64 KaK KAQCCUMECKAA.

3aga4da 10.5. IlycTh umMeeTcsa puznydeckn peaqnsyeMmoe npeobpaszoBaHie
T:L(N) = L(N®F) co caegytommm cporictoM: Trz(Tp) = p ansa moboro
wucToro cocrodnud p. Jokaxure, aro Torga TX = X @ v (aas awoboro
omeparopa X ), rge y — HeKoTOpas (UKCHPOBaHHAA MaTPHIA MJOTHOCTH
Ha mpocTpancTsBe F.

Takum o6pazoM, HeAb3d MOMYINTh HUKAKOW WH(MOPMAINN O HEM3BECT-
HOM COCTOSHHUU p, He BO3MYIIad 3TO COCTOAHME.

10.3. Uamepenue. Ilpu ommcannm KBAHTOBBIX AITOPUTMOB HacTO OBI-
BaeT eCTEeCTBEHHO CYMTATH, YTO HAPAAY ¢ KBAHTOBBLIM BLIYUCAUTENLHBIM
YCTPOUCTBOM HCIOAb3yeTcs U Kaaccudeckoe. OCHOBHON MEXAaHU3M B3aNMO-
JEACTBUS MeXKTY KBAHTOBOU M KJIACCHYECKOHW 9acTSMEU COCTOUT B U3MEpe-
HUU KBAHTOBBIX PETMCTPOB, JAIOMIEM KJIACCHYIECKHN Pe3yabTaT.

[MaccMOTpPUM CHCTEMY, COCTOAMIYIO U3 ABYX HacTell, — kBaHTOBOH (N)
u kaaccmaeckon (K). Tlo kaaccmveckuM KOOpAHHATAM MATPHIA JOTHOCTH
auaroHagbHa!

p=>_ piu (15K @ (1K) =D wy™ @ (1)),

Ikl
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rae w; = Zj Pjjll — BEPOATHOCTE UMETH KJIACCHIECKOe COCTOAHTE [, a oTre-
paTop 'y(l) = wl_1 Zj & Pikil 06TaTaeT BCEMU CBOIICTBAME MATPHUIIH IIOTHO-

)

ctu. Taxum o6pa30M, KBaHTOBO-KJAaCCUIECCKOE COCTOAHME BCEr Ja Pa3J0xKH-
MO Ha «yCJOBHLIEY (HO AHAJOTUN C YCJOBHBIMM BepOHTHOCTHMI/I) MaTpHuIbL
IIJIOTHOCTH ")/(l) . Hy,Z[CM HCIIOJAb30BAaTh AJA TaKOI'O cay4vad CllieIuaJbHOe 060~

smagenme: p =, w (YW, 1) =37, (wiyW,1).

ITycTh uMeeTcs psjl B3AMMOUCKAIOHYAIOIINX BO3MOKHOCTEN, YTO BbIpa-
KACTCS Pa3IOKeHHeM IPOCTPAHCTBA COCTOAHUN B MPAMYIO CYMMY HOMap-
HO opToroHalbHEIX nogupocrpacts N = @ L, rae @ = {1,...,r} —

JEQ
MHOXK€eCTBO BO3ZMOXKHOCTEH ([AeACTBUTEABHO, €CIH HOANPOCTPAHCTBO L£1 Op-
TOrOHAJIBHO MOAIPOCTPAHCTBY L2, TO AIsA AHOGON MATPHUUBL ILIOTHOCTH
p € D(Ly) semoanserca P(p, L2) = 0).

ITpeobpazoBanue MATPULL IIOTHOCTH, KOTOPOE MbI Oy 1eM HA3BIBATh U3-
MEDEHUEM, COCTOUT B TOM, ITO IIA COCTOAHUH M3 MOANpOCTpaHCTBa L;
«U3MEPSIOLINE TPUGOPY MOMEIIAET B KIACCHYECKUH DErUCTD HOMEP COCTO-
AHUS j:

ecmu [§) € L;, o [€)(E] = (I€)(E],7) - (10.2)

XoTs nzmepenne orobpaxaeT npoctpancTso L(AN) B L(N QK), pesyan-
TaT Bcerja AHaroHaJeH IO BTOPOIl KoMmoHenTe. [102ToMy MOKHO CIRTATE,

”
a0 msMmepenne otobpaxaeT L(N) B @ L(N).
j=1
Nas |€) € L£; sumonnsaerca pasenctso [E)(E| = 1Lz, |€)(E|1Ls;. TlosTo-
My I3 coO6paKeHNil JHHEITHOCTH MOXKHO NOONPEIeINTh H3MepeHe Ha BCeX
OCTAMBHBIX MaTPHIAX IIOTHOCTH

p = Z (Hﬁjpﬂﬁjaj>
J

 TPUUTH K CAEIYIOMEMY OTIPENETEHNTIO.

Ompepencrne 10.1. (Jemepmunuposannvim) usmepernem Ha3bBa-
eTcda npeobpazoBaHue MaTPHI MJIOTHOCTH

p = 3P L) (49.4). (10.3)

pe 90) = Plp, £)7 x e, e,

MoxHO cKa3aTh, YTO j — DTO PEIYALMAT USMEPEHUA, P(p,L;) — Be-
POATHOCTH MOAYIATH AAaHHLI pe3yabTar, a ) — cocrosnme mamepaemoit
CUCTEMBI TIOC/Je M3MEDPEHNsA NPHU YCJIOBHUM, 9TO MOMYyUeH pe3yabTaTr j. Eciam
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MBI H3MepAeM 9HCTHe cocTosuus, T.e. p = |[E)(E], To 4U) = [n;)(n;1, T e
H£j|€>

Inj) =

VPO L)
[IpuBenem mpocTretmnin npuMep maMepenns. CrenaeM JBe KOTHH OUTA.
Mycrs Mgy = [0)(0], a Tz, = |[1){1]. Torga

r= (gig ﬁi) = (pool0)(0], 0) + (p11|1)(1], 1).

3agaga 10.6. «KsautoBag Teremopramuay (cm. [21]). Ilycrs nmetoTcs
TpH ¢-6UTa: TepBBIN W3 HIX HAXOAMTCA B MPOM3BOJIBHOM (3apaHee HEU3BECT-

HOM) COCTOSIHHN p, BTOPOH I TpeTHH — B cocToAHnn |€y o) = % |0,0) +

+ |1, 1>) [MpouzBeaém HaT TEPBHIMEU IBYMS (-OUTaMU N3MEPEHIE, COOTBET-
CTByIOIIee OPTOrOHANTBHOMY Pa3fIOKEeHNUIO

B®? = C(|&00)) ® C(I€01)) @ C(I€10)) & CI€11)),
rae |Eqp) = % Zc:(—l)bc le,e @ a).

[MokaxuTe, 9TO UCHOMB3YA PE3YIABTAT M3MEDPEHUA W OCTABIIMUICA TPeTHH
q-6uT, MOXKHO BOCCTAHOBUTD MCXOHOE COCTOSHUE p. SAMNIINTE BCK TMOCTE-
JIOBaTEIBLHOCTD AeHCTBHI (M3MepeHne I BOCCTAHOBAEHNE) B BIJEe KBAHTOBOH
CXEMBI.

Jameqanme 10.3. TlToT mpotecc MOXHO IPeACTABAATH TAKUM 06pa3oM.
TMonycTnm, aTo Ammnca xoder mepeaarh 1lo6y'?) kBanTOBOE cocTosAmMMe P
[0 KJaCCHYeCKOMY KaHalIy CBA3M (Hampnmep, mo Tededony). OxaspBaeTcs,
9TO 3TO BO3MOXKHO, ecan Admca u [lo6 3apanee TPUTOTOBUIAN COCTOSHUE
|€00) ¥ B3AAM OT HETO TIO TIOMOBUHKE — OAHOMY (-CHTY. AJHca TPOU3BOIHT
usMepenne u coobmaeT pesyabTaT [loby. 3aTem [lo6 nepeBoauT cBou q-6uT
B COCTOAHTE p.

11. Usmepsroniue onepaTophl

BBegéM 0cobEIl KIace OIepaTopoB — ugmepatoujue onepamopsl. IlycThb
€CTh MPOCTpaHCcTBO cocToAHul N @ K, IpuveM MepBHI COMHOKITENb Pas-
JIOXKEH B IIPAMYIO CYMMY HOIIapHO OPTOrOHAIBLHLIX IMOANpocTpancTs: N =
= @ L;. Torna seaxuii oneparop Buja W =3 Il ® U; 6yseMm HazpBaTh

J

J
USBMEPAOUWUM .

13) IIrn IBa IIepCcoHaXa BCTpeYdarnTcd NIPpaKTHYeCKH B 1106011 cTaThe Mo KBAHTOBOH Te-

opun nHGOpMAaIINH.
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YTo6bI opaBAaTh TaKoe Ha3BaHHe, PACCMOTPHM CIeAYIOMMN MPOIEcC.
IlycTh mMeeTcA HEKOTOpPOe COCTOAHNE, ONUCHIBACMOE MATPHUIEH IIOTHOCTH
p € L(N). Hoacoenuuanm npubop; COBMECTHOE COCTOAHNE CUCTEMBI W TIDH-
6opa OTMHCHIBAeTCA MaTpHIel mwioTHOCTH p ® [0™)(0™| (MBI cauTaeM, 4T0O
BO BTOPOM COMHOKHTEIE, OIMICEIBAIOIIEM IPUGOD, eCTh BhIJeJeHHBIN (asic,
HampuMep, 9To To BE7).

Tenepb npumensiem maMepsatommin onepatop W. Iloxydaem cocTosnue

W (e 0y Om )W = 3o e ple, @ U30){010]
J

(3/1eCh MBI BOCIIOMIB30BAJINCH XaPaKTEPUCTHIECKHMI CBOHCTBAMH TTPOEKTO-
pallt =11, 1% = IT).

W mocaennee aenicTBue: TpUOOP CTAHOBHTCS KaaccmuecKnM. [1To ozHa-
qaeT, 9TO MATPHUIA THATOHATM3IYETCS MO BTOPOMY COMHOXuTe0. [Tocmo-
TPHUM, BO YTO HEPEXOAAT IIPH 3TOM BTOPHIE COMHOXKHTEIN B HANHUCAHHON
CyMME:

% = IE)HE | — DI kL (o wanc (33) | = (ki K))
k
Temepnb 3anuieM MOMYIUBIIHICA Pe3yabTaT:

ZZ (Hﬁjpnﬁj (k|U;[0)* k’) = ZZP(k’U) (Mg, plle, k),

. 2

TJle BBEJEHBI YCAOBHBIE GEPOAMHOCTIU P(k|j) = [(k|U;]0)|". 3ameTnM, 9TO

I W3MepeHNs (KakK OHO OBLIO ONpeleleHO B MPEABIAYIIEM Dasjele)

P(k|j) = {;, MOPTOMY TOJBKO UTO OMNHCAHHEIN IIPOIECC MOXKHO Ha3BaTb

(BEPOATHOCTHLIM M3MepEHNEM». BBeJI6HHBIE TaKMM 00pa3oM KBaHTOBBIE

YCIOBHBIE BEDOATHOCTH BeAyT cebsl KaK OOLIMHBIE, eC/AN PacCMaTpPUBAIOTCA

NPOU3BeEIeHNA M3MEPAIONINX OIEPATOPOB, MOCTPOEHHBIX Ha ONHOM M TOM

Ke OPTOrOHAMBLHOM Pa3loKeHNH MPOCTPAHCTBA COCTOAHUH (CM. HETXKE).
ITpuBeeM IpUMepPHI H3MEPAIOIINX OMePaTOPOB.

1. Omepatop A(U) =TIy ® I + I} ® U, aeficTBYOUMI Ha TPOCTPAHCTBE
B®N, — uamepamomui.

1’. TleTpuBraaIbHO, 9TO OH M3MEPAIOIINI W TI0 BTOpoil KommoHenTe. [lo-
ckoabKy U — yHWTapHLII OIepaTop, ero MOXKHO Pa3foXUTh B CyM-
My IPOeKTOpOB Ha coGcTBenHble mojnpocrpancrsa: U = ) 0 Ajlle,,

10
|A;] = 1. Torga A(U) = Zj(HO + NI @1, = Zj (O A @ I, .
B sToM caydae ycaoBHBIE BEDOATHOCTH PABHBI P(0|j) =1lmu P(1|j) =0,
MOSTOMY TaKOU ONEPATOpP, XOTA N ABAACTCA M3MEPATOIIAM IO OTIpeIee-
HIO, (PaKTUIeCKN HUIET O He M3MepAeT.
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Sametuanne piag ¢msmkos. [lycto U —
omepaTop (Pa30BOroO CABUTA CBETA MPH MPO-
XOXKJEHUN CKBO3b CTEKIAHHYIO ILIACTHHKY.
Mur mMoxeM pazfgennThb Jyd CcBeTa Ha JBa,
MPONYCTHB €r0 Yepe3 MOMyIPO3PATHOE 3eP-
KaJgo, 3aTeM OJWH M3 MOJYYEHHBIX JyYel MPOMYyCTHTH Wepe3 CTEKIATHHYIO

H

JIACTUHKY, & 3aTeM 3aCTaBUTh IOJAYyHYeHHBIE B pe3yabTaTe Jy4u HHTepde-
pupoBaTh. Ilo kKapTuhHe mHTepPhQEPEHIINN MOXHO y3HATH (PA3OBHIN CABHT.
MaTeMaTHIeCKUN BAPUAHT INPeABIAYNIero NMpuMepa. AHAJOTOM MOJY-

1 /1 1
TIPO3PAYHOTO 3epKaja OyaeT CaAyXKuTh omepaTop H = ﬁ 1 -1/ Kak

BUIHO U3 TPHUBEEHHON BEBIlE KAPDTUHKN, €r0 HYXHO NPUMEHUTH B Havdale
u B KoHIe. CTPOro roBopsi, pACCMOTPHM ONEPATOP

EU)=(He HAU)H ).
Ecan nadaibHBIH BeKTOp HMeeT B [¢) = |m)@1E) (|€) € £;), To =(U)|¢) =
="y @), rae

NI A A A T A N I AR A I B VR Ry
|n>_ﬁ(1 —1) (0 A)ﬁ(l —1)|n>_5<1—% 1+A)|n>

B

T+ 1-=X

Mosromy E(U) = Z% (1 i— /\j Iy ) @I, . Tenepp mogcuuTaeMm yc-
j

noBHLIe BepoaTHoCTH. Co6CTBEHHbIe YNcAa YHITAPHOIO ONepaTopa paBHBI

O MOJYJO 1, TO3TOMY MOXKHO TIONaraTh A; = 275 B pesyabTaTe HMeeM

1—1—)\]' 2
2

14 cos(2me)

P(0]5) = [(0|R;|0) = 2

B janbHeilllleM HMEHHO ¢ IOMOIILIO TaKOI'O olepaTopa Mbl 6yaeM olle-
HUBaTh cO6CTBeHHLIC Yucaa. [idg 5Toro npugeTca 6paTh pasHble GUTHI B
KadecTBe IEPBBIX COMHOXKHTeNel (pasHble «pubophbDh ). KoHewHo, caemyeT
yOeuThCs, 9TO 3TO KOPPEKTHO (T.e., 9TO BEPOATHOCTH OYyAYT TEPEMHO-
KATHCA).

CBolcTBA M3MEpAIONIHX OMepaTopoB. MEl GyjgeM paccMaTpHBATDL H3-
MepAIOIIIe OepaTOPLl, COOTBETCTBYIONE 0 AHOMY M TOMY Xe OPTOr OHAJIb-
HoMy pazaoxennio N = P L;.

1. TIpousBeaeHre N3IMEPAIOIIMX OMEPATOPOB — M3MEPAIOLUTMN OIEPATOP.
ﬂeﬁCTBHTeJIbHo NYCTh €CTh ABa U3MEPAIINX ollepaTopa

ZR @I, u W ZR @1, .
J
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Mockompxy Tl Ilg, ;ﬁ 0 & j =k, umeem

ZR ®H£

2. YcaoBHBIE BEPOATHOCTH JJA MPOM3BEJeHUI M3MEPAIONMX «Pa3HBIMU
Hp]ﬁ[vﬁopaMH» onepaTopoB_IIEpeMHOXAKTCA. Tlomee TowHO, TycTH R =
=R'® I, a R® =1 R* Toraa P(ky, ks |j) = Pi(ki|j)Pa(k2]j). lro
PaBEHCTBO CJelyeT HEIIOCPEACTBEHHO M3 OIIpeAeJeHIA YCIOBHBIX BEPOATHO-
cTell U U3 OYE€BU IHOT O TOXK IE€CTBA

(<€1| ® <€2|) (Ul ® Uz) (|771> ® |772>) = (& |U1|m) (&2|Uz[n2).

3. ®opmyaa nmoaHOU BepoATHOCTH. [1yCTh €CTh M3MEPSIONME OIePaATOD
W = >  R; @ Il;,. Ecan npumennts ero k cocrosumo [0)(0| @ p, rae p €
€ L(N), To BepoATHOCTH HAGJIOIEHUA COCTOAHWUA k MOXKHO 3aIUCaTh B
BUJE:

P(W(0)0l @ W', (k) & N) = > PP

MoxasaTeabcTBO. W(|0><0|®p) Wh=~r=3" (Rj|0><0|R}) @I, pllg, .
J
[Manee 6bLTO TOKA3aHO, 9TO P('y, C(|k)) ® N) = P(TrN ~, C(|k>)) Magee,

Ty = > (Ri0)0IRS) x Tr (I, pllz, )
J
ITockoabky

Tr (Mg, plle,) = Tr (T3 p) = Tr (Tl p) &

=P L;),

MOJyYaeM HCKOMOE BBIDaKeHne P('y, C(|k)) ® N) =5 P(k|j)P(p, £;). O
J

Saga4ua 11.1. [lokaxuTre popMyay TOJHOW BEPOSTHOCTH HAIPAMYIO, He
UCTIONB3YA B3ATUA JACTUTHOTO ClAea.

3agaua 11.2. «O6parumoe usmepenmes. [Iycte W = 2221 I, ® Vi —
usmepsowuit oneparop, Vil0) = 37 ¢y (k)|y, z). (Umeerca B Buay, uro
omepaTopkl Vi AeHcTBYIOT Ha m + s -6HT; mepBble m q-6uT (T.€. y) —
(IOJIE3HBIN PE3YABTATY, OCTATBHEIE § q-OUT (T.e. z) — «mycops.) Jomycrum,
gro V usmepser nexkoropyio pyukuuio f: {1,...,1} — B ¢ BepoaTHOCTBIO
omubkn < &, T.e.

PFR)IE) S Jepu(K)P > 1—e.

2
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ocTpotiTe ¢ menoabzoparneM W n W ™! KBaHTOBYIO cXeMy IOIHHOMHAIL-
HOT'O pa3Mepa, Pealm3yIomyio ¢ TOIYHOCTHIO 0(61/2) HOBBIN M3MePATOIINT
omepaTop

t
U= T, ©Qpuy, rae Quly) = y@v).
k=1

(TTazpermraeTcs «GpaTh HAIPOKATY JOMOIHATENBHBIE (-OUTHI.)

12. IlbicTpBle KBAHTOBHIE AJT OPUTMEI

EquncTBeHHOE HETPUBHAIBLHOE UCIOMB30BAHNE KBAHTOBBIX CBOMCTB /IS
BBIMHCIEHNIN, KOTOPOE MBI YK€ PACCMOTPENH, — 3TO PEIleHNe YHUBEPCAIb-
HOU TTepeGOPHON 3aaatn aJropuTMoM |'poBepa, N3I0KeHHBIM B pasgene 8.1.
K coxamenuto, mpu 5ToOM JOCTUTAETCSA JHUINL MOINHOMUAIBHOE YCKOPEHHE.
[MosToMy HUKAKUX CEPLEIHBIX CAEJACTBUI A TEOPHUH CAOKHOCTU BBIYH-
crernii (Tuna BQP O BPP) aaroputm I'poBepa He gaér. B HacTosmee
BpeMsS HET JOKA3aTeJbCTBAa TOTO, ITO KBAHTOBBIE BBIMHUCIEHNA MPEBOCKO-
AT MO CKOPOCTH KJIACCHYECKE BEPOSTHOCTHEIE. 110 ecTh KOCBEHHBIE CBH-
JETENBCTBA B TOJb3y TaKOT'O yTBepkaeHus. IlepBoe m3 HUX — mpuMep
3adauu ¢ oparyaom (T.e. MPOUEAYPON THIIA «IEPHOTO AMINKA»), I KO-
TOPOH CYWIECTBYET MOMMHOMHUAJBHBEIN KBAHTOBHIU AJATOPUTM, B TO BpEMsA
KaK M0601 KIACCHYeCKIH BEPOATHOCTHBIN AIrOPHTM HKCmoHeHmnarer. )
ITror mpumep, nocrpoentbiin JI. Caiimonom [42], masbiBaeTcsa zadauet o
ckpwmoti nodepynne 6 (Z2)X. B nambHeimem MBI permmM Takie 3aja-
4y 0 CKpBITON HoArpynme B ZF, 0606mANy0 Bce peayIbTaThl U3 3TOTO
pasmena.

3AJAYA O CKPBITOU NOATPYNNE. [lycts ¢ — koHedHAs TPYNIA, MPHYEM
3aJaHO HEKOTOPOE TIpeicTaBIeHne 3aeMeHToB (G IBOMYHbBIME caoBamu. Vme-
eTcd yeTpoHcTBO (opakys), Beramcagoniee gyuxunio f: G — B? co creay-
TOIIIM CBOHCTBOM:

f@)=fy) < z-yeD, (12.1)
riae D C G — HekoTOpas 3apaHee HemsBecTHad nojarpynmna. [lyxuo HanTn
OTY MOATPYIILY.

12.1. 3aga1a o ckpurToit moarpymie B (Z2)*. Mbr paceMoTpiu cdop-
MyJIHPOBAHHYIO BhIIe 3a4aqy B caydae G = (Zo)*. [laemenTsI 5T0OH rpynmel

14) Cﬂe,z[yeT UMETh B BUOY, YTO CJHOXKHOCTH 3ala4 ¢ OpaKyJoM YacTO OoTJHuYaeTCd OT

CMOYXKHOCTH OGBLIMHBIX BEYUCINTEILHBIX 3a1a4. KIaccuyaecknii mpuMep — TeopeMa o TOM,
aro IP = PSPACE [36, 37]. OpakyabHBII aHAJOT 3TOT0 yTBepXK feHusa HeBepeH [30] !
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MOXKHO MPENCTABAATE CTPOKAMU [IWHBEL k W3 HYJeH U eIWHWIL, TPYIIOBasd
omepanusa — TMOOUTOBOE CJAOKEHNE O MOJYIIO 2.

Jlerko moKazaTh, YTO HeIb3s OBLICTPO HAWTH (CKPBITYIO TOATPYIIILY»
HAa KJIACCHYECKOH BepoATHOCTHOHW MammHe. (Kiaaccudeckas MalmHa mMo-

ChLTAET Ha BXOJ (IE€PHOTO ANNKAY CTPOKHU L1, ...,&L; W MOJYyIaeT OTBETHI
Yi, ..., Y. Kaxaei ciegytomuit Bompoc &; 3aBUCHT OT TPeHIIYIINX OTBe-
TOB Y1, . .., Yj—1 K HEKOTOPOL'O CIyIalHOTO THCIA T.)

YrBepxgenue 12.1. [lycms n > k. Jaa awboeo kaaccuueckozo 6epo-
AMHOCMHO20 atzopumama, deaawezo ne 6oace 252 obpawenuti & opary-
ay, cyweemsyem nodepynna [ C (Zz)k U cooOmeemMemeyouas PyHKyua
f: (Zz)k — B, das womopot aszopumm owubAEMCA ¢ GEPOAMHOCTIbIO

>1/3.

MoxasareabcTBo. [lisg ofgHON W TOH Xe TOATPYNIBl [ CYIIeCTBY-
eT HeCKOABKO pasinmdHbiX opakyiaoB f. Mbl 6ygeM camrarh, 9TO OJHH
W3 HHX BHIOWpaeTcsa cIydaiiHo m paBHOBeposATHO. (Ecam aaropuTa oim-
GaeTcA ¢ BEPOATHOCTHIO > 1/3 mpu ciaydailHOM opakyfe, TO OH TakK-
Ke OyjeT oUmMbATHCA ¢ BEPOATHOCTHIO > 1/3 mpm KakoM-HEGYTH KOH-
KpeTHOM opakyJe.) CayvqaiiHpiil opakya obiagaeT cIeAyOMIM CBOHNCTBOM:
ecIl OYepeSHON OTBeT Y; He COBIAJaeT HH C ONHIM H3 IpeIBLIyIINK
OTBETOB Y1,...,Yj—1, TO OH pPaBHOMEDHO DAacCIpefeleH Ha MHOKECTBe
B*\{y1,...,yj—1}. Takum obpazoM, cIydaHHEIl Opakyl SKBHBAICHTEH
YCTPOHCTBY ¢ MaMATHIO, KOTOPOE Ha BOIPOC &; BHJaeT HaUMEHbIIee THCIO
s; < J, Takoe WTO T; — x5, € [. Kraccmueckyro MamImHy MOXKHO HM3Me-
HUTH TAaKIM 06pazoM, 9To OHa cama 6y leT IPOU3BOIHTE CYYalHEIN BHIGOD
yi €B*\{y1,...,yj-1}, xorga s; = j.

MycTh 4mcao BonmpocoB K opakyay pasro | < 2F/2. Tles ymenbimenus
OOGIIHOCTH BCe BOMPOCH! pasaw4Hbl. B caydae D = {0} Bce oTBeTH Tak-
Ke pa3id<HLl, TO ecTb §; = j Oaf Bcex j. Temepb paccMoTpuM ciIy-
gaii D = {0,z}, rge z BHIOHpaeTCA CAYYalHO ¢ PaBHOMEDHBIM paclpe-
JeleHeM Ha MHOXKECTBe BCeX HEHYJAEBHIX baeMeHTOoB Tpymmhl (Zg)k. To-
rla, HE3aBHCHMO OT HCIOIB3YEMOIO allOPHTMa, §; = j C BEPOATHOCTLIO
>1—(j—1)/(2¥ —1). C Bepoarnoctnio > 1 — (I — 1)/(2(2% — 1)) > 1/2
3TO HMeeT MecTo 17d Beex j = 1,...,[. TlanoMHNM, 9T0 y HAC €CTh IBa CIy-
YafHBEIX MapaMeTpa: 2z 1 . MBI MOXeM 3apUKCHPOBATH 2 TAKHM 06PazoM,
9TOGH BEPOATHOCTD NIOIYIEHIS OTBETOB §; = j (/A BCeX j) MO-IpeKHEMY
6er1a Goabite 1/2. TlocMoTpnM, 9To Gy 1eT fefaTh KIaccudecKas MallnHa B
sroM caydae. Ecan ona BeigaeT orser «D = {0}» ¢ BeposTHOCTBIO > 2/3,
noaoxum D = {0, z} — Tora BEIaBaeMEIll 0TBET Oy e T HEBEPHEIM C BEPO-
ATHOCTBIO > (2/3) - (1/2) = 1/3. Ecan ke BepoaTHOCTH oTBeTa «D = {0}
Menblire 2/3, noaoxnum D = {0}. O
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Tenepsb onpegeanmM KBAHTOBBIH aHAJIOT OMUCAHHOTO BHIIIE YCTPOUCTBA.

CooTBeTCTBYIOUINN KBAHTOBBLIH OPAKYJd — 3TO YHUTAPHBIN ONEPaTOP
Ut lz,y) = |z, y& f(2)). (12.2)

(& obozHavaeT MOGHTOBOE CJAOKEHHE). 3aMETHM, UTO KBAHTOBHIH OpaKy.l
NOMyCKaeT JUHEeNHbIe KOMOWHAIINH PA3HBIX BOMPOCOB, TIOXTOMY €T'0 MOXKHO
HCTIOAB30BATH Gogee dOPEKTUBHO, YeM KIACCHIECKUN OPaKyI.

Ilycts £ = G/D, a E* — rpynna xapakrepos Ha E, T.e. roMmoMopgua-
vos F — U(1). B cayaae G = (Zo)* rpymmy E* MoXHO 0XapaKTepu3oBaTh
CIENYIONTNM 06Pa3OM:

B = {h e (Z)" ¥z € ()" (h-z=0)},

rie h - z obo3HAUaeT CKaIApHOE TpomsBeerne o moayio 2. (CooTmer-
cTBytormmii h xapaxTep mveeT Buf z +— (—1)"%.) Toxaxem, kak MoxHO
MOPOANTE CAyYalHBIN 3aeMeHT h € E* ucrnoabsys omeparop U. [loponus
JOCTATOYHO MHOT'O CAYYIalHBIX 3JAEMEHTOB, MBI HalgeM rpynny E* u, Tem
CcaMBIM, HCXOMHYO moarpymmy D.
[Tavném ¢ TOro, 9TO TPUTOTOBUM COCTOSHIE
&)= 27412 3" fa) = HO¥|0)
zeG
B OJIHOM KBAHTOBOM perucTpe. Bo BTOPOW peructp mMOMECTHM COCTOSHUIE

|0™) u mpumenuM omepaTop U. 3aTeM BHIGPOCHM BTOPOI PETHCTD, T.€. He
6yneM ero 60Jblle NCTIOAB30BaATE. [loaydnTea cMelllaHHOe COCTOSHIE

p = T(UaE @00 puT) = 275 30 [l

r,y.x—yeD

Tenepn mpumemnnm omepatop H©F:

_ ®k ®k _ -2k a-r—b-y
y = HpH® = 2723 3" (-1) |a)(b].
a,b ¢, yx—yeD
Jlerko BUeTh, 9TO BeANINHA > (—l)a'x_b'y OTVIMYHA OT HYJISA TOJBKO
r,y.x—yeD
B TOM caydae, Korjga a = b € [*. Takum o6pazom,

1
V= 2 ol
IITo B TowHOCTHM MATpHUIA MIOTHOCTH s CIYIAWHOTO PaBHOMEDHO pac-
mpeefeHHoTo daeMeHTa rpynnbl [£*. Temepbh ocTaJoch BOCHOIB3OBATHCA
CAeVIONEN JEMMON, KOTOPYIO MBI C(DOPMYJIUPY€EM B BHJ€ 3aatH.

Sagata 12.1. Ilyctb Ay, ..., hj — HezaBHCHMBIE CIYYIaHHBIE pABHOMED-
HO paclpe/ieJeHHble dieMeHTH aGeqesonl Tpynnbl X . /lokaxuTe, 9T0 oHI
NOPOXK AaloT Bcio rpynmy X ¢ BepoATHOCTHIO > 1 — | X|/2%.
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Takum obpazom, foCTATOTHO 2k CAyYaNHBIX DJEMEHTOB, YTOOBI TOPO-
IUTH BCIO Tpynny E* ¢ BEPOATHOCTBIO OMNOKE < 27k, (Takaa Ma/eHB-
Kad BePOATHOCTH OMINOKN noayvaeTca 6e3 ocobbIX 3aTpaT 1O CPaBHEHUIO C
1/3. 9robbl ceqaTh eé eé Menblie, 5GpQeKTUBHEE BCEI'0 BOCIOAB30BAThH
csl CTaHAPTHON MPOIENyPOH: TIOBTOPUTE BCE BEIYHCIEHNE HECKOIBKO Pa3 U
BHIOpATH HANGOMee YACTO BCTPETAIONUMICA OTBET).

[MogBeaem uTor: mis HAXOXK AEHUSA «CKPBITON MOATPYINby 1) TpebyeTcs
O(k) obpaleHIN K KBAHTOBOMY ODPaKyJIy. B IeJIOM alropuT™M HMeeT CIOXK-

nocts O(k3).

12.2. TIazmoxeHrMe HA MHOXUTEIN U HAXOXAEHUE MEPUOJA OTHOCHTEIb-
HO BO3BEJ€HUA B CTeNEeHb. BTOpoe CBUAETEABCTBO B TOMB3Y THIOTERI
BQP O BPP — 6oicTpble KBaHTOBBIE aJTOPUTMBI PAa3JOKEHUA HHCaa Ha
MPOCTHIE MHOXKUTENN W BHIYUCAEHUS AUCKpeTHOTO jJorapudma. OHn 6bLin
maiigenst I1. Mlopom [38]. O6cyaum moka mepByIo U3 dTHX ABYX 3ajad.

PAKTOPUBALNA YUCJAA. [ano HaTypaabHoe wncao y. TpebyeTca HauTn
€r0 paziokKeHne Ha TMTPOCTHIE MHOKUTENN

y=piips? Rt

[ITa zamada cumTaeTcs CIOKHOU HACTOJBKO, 9TO HA IIPEAMTONOKEHUH
O TPYAHOCTH €€ PellleHns OCHOBBIBAIOTCA MPAKTUYECKHNE AJATOPUTMBI KPH-
nrorpadun. C TeopeTnvecKOn TOYKH 3PEHUS TMOJOKEHIE HECKOTBKO XYKe:
HEM3BECTHO HU CBeJéHNe K 3ajade paKTopu3almum 3ajgad m3 kKaacca NP,
HI APYTHeE IPAMbIey CBIIETENBCTBA B MOAB3Y eé cioxHocTH. (CoBo ¢ips-
MBI€» B3ATO B KABLIYKHU M3-3a TOTO, YTO B HACTOAIIEE BPEMS HEM3BECTEH
OTBeT Ha Bompoc P = NP.) Takum 06pazoM, MpeNONOKEHIE O CIOKHOCTH
3afgadn (pakKTOPU3ANNN TOMOJHAET U 6e3 TOro OOMIBHYK KOJIEKINIO He-
JOKa3aHHBIX TUIIOTE3 B BRIMHCIUTENILHON TEOPUH CIOKHOCTH. KoamdecTBo
TaKUX TUMOTE3 XOUeTCHA MO BO3MOXKHOCTH YMEHBIIATH. B 3TOM 1 cocTouT
OCHOBHAs eHHOCTH pesyapTaTa lllopa — ecam coBepmmTh ONWH «akT Be-
PBI» U YBEPOBATH B CJAOKHOCTH 3aMadn (pakKTOPU3ANN, TO HEOGXONMOCTE
B €llé OJHOM aKTe Bephl (OTHOCHTENBHO GOMBIINK BEIYHCANTENILHBIX BO3-
MOJKHOCTEH KBAHTOBOT'O KOMIIBIOTEDA) OTTAJAET.

Mur 6ymeM cTpouThb OBLICTPBI KBAHTOBHIN AJiTrOPUTM HE LIS PEIeHNs
3aga4n PaKTOPU3ANNN, a /s pelllenns Apyron 3amadn [IAXOXKJIEHUE ME-
PUOJIA, K KOTOPOH 3aa4a (haKTOPUIAIIN CBOJAUTCSH € MTOMOIITBIO KJAACCHIe-
CKOT'O BEPOSITHOCTHOI'O AT OPUTMA.

ITAXOXK IEHUE TEPUOJIA. NUMeeTca [mcao ¢, 3ammcHIBaloeeca He Golee
geM n aBomdHbIME nudpaMu (1 < ¢ < 27) u YucIo @ Takoe, 4To @ < ¢,
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(a,q) =1 ((a,q) obozHavaeT HaMGOABIINT OGN AeauTens). ITyxHO Ha-
TH nepuod ¢ OTHOCHTEIBLHO ¢, T.e. TaKOe HamMeHbIIee HeOTPHIATEILHOE
wncao t, aro at = 1 (mod q).

JpyruMu cIoBaMu, EPHOJ — 3TO MOPANOK 9HCAa ¢ B MYyJbTHILIIKA-
THBHOU Tpymme BeraeToB (Z/qZ)*. Tygem o6o3HAYATE MEPUOJ TUCAA ¢ OT-
HOCHTeNLHO ¢ Kakx per,(a).

ITiKe MBI HOCTPOMM KBaHTOBBIH aArOPUTM A PEIleHHA 3aJa9i O Ha-
XOXK ICHIHN TepHoja 9rcaa. 11o HadHéM ¢ TOro, YTO ONHIIEM KAACCHIECKOe
BEPOATHOCTHOE CBeéHIe 3a]a4l (haKTOPU3ANE K 3a]a9e BLIYUCICHUA TIe-
puoga. InTaTeno Takxke IpeJlaracTcd BCIOMHHTE BEPOATHOCTHEIN TECT
IPOCTOTHI YHCTA, H3IOKEHHBIN B MePBOll 9acTn (cM. pasner 3.3).

12.3. CBegenne (pakTOpHM3alMK K BEIMHCACHUIO mepuoga. Wrak, mpen-
TTONIOKUM, ITO MBI YMeeM PeIlaTh 3a1ady HaXoxX feHud mepuoia. fcro, 9To
haKTOPU3ANNIO HHCAa Y MOXKHO NOAYYHTH, ncnoabsya O(logy) pas moa-
MPOrpaMMy, KOTOpas Mo MI060MY COCTABHOMY YHCAY BBIYUCAAET KAKOU-TO
ero JeauTelb ¢ BEPOATHOCTEIO, He MeHblel 1/2. (KoHewHo, HyKHA TaKke
cTaHJapTHad TPOIelypa YCHICHIA BEPOATHOCTEN, ONCcaHHaA Ha c. 38.)

IIpoueaypa HAXOXAeHUA JeaUTeNd.

Bxon: gucio y.

IIAT 1. IIpoBepsiem WwéTHOCTD y. Ecam y — ©€THOE, TO BHIJaEM OTBET
¢2», B IPOTUBHOM CJydYae MePEXOINM K mary 2.

ITar 2. IIposepsiem, w3BmeKaeTCsa JU M3 Y HAIEJO KOPeHb k- CTeleHn
npu k = 2,...,logyy. Ecam y = m”
mary 3.

, TO OTBET «M», NHAYE MEPEXOIUM K

ITAar 3. Beitbupaem cayvaiinoe a cpeiu 9uceg OT | [0 Y, BBIMHCIAEM
r = per,(a) (MCTIOAB3YA MMETOMIMIICA TIO TIPETONOKEHNIO AMTOPUTM HaXO-
K JEHUA TEPUOIA) H, €CU I — HEYETHOE, TO OTBET Y — IPocToey. B mpo-
THBHOM CJIydae HaXoJuM d = (a’“/2 —1,y) (cxkaxem, arropuTmoM EBKanjga)
U mepexoAuM K mary 4.

AT 4. Ecim d > 1, To oTBeT «d», B IPOTUBHOM CIydae OTBET Y —
MPOCTOEY.

Anamm3s mpoueyphl HaXOXJAecHUA AeauTend. Jloxaxem, 9TO BepoAT-
HOCTH HNOJYYUTH AeJUTENb HYUCIa Y B pe3yabTaTe paboThl NPoUeayphl Ha-
XOKCHNA JeInTens He Menbine, deM 1 —1/25 71 rre k — wmcio pasmmambix
OPOCTHIX fAeluTeler Y. (3aMeTHM, B 9aCTHOCTH, 9T0 3Ta BEPOATHOCTE paB-
Ha ( A4 TpocToro Yy, TaK YTO JaHHAA MPOIeIypa MOKET TaKikKe NCIOIb30-
BaThCA W KaK TECT MNPOCTOTHL 4ncaa.) IIpu fokasaTelbcTBe HAM MOTPedy-
eTcsi KUTalcKas TeopeMma 06 ocTaTKax W TOT (HakT, 9TO MYJIbTHILITKA-
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THBHaA CPYIIa BEYETOB MO MOAY/II p*, Tle p IPOCToe, — IHKINYeCKasd
(em. [2, Ta. 6, §3]).

Ecau r = per,(a) — uérnoe, T0 (a”? 4 1)(a"/?> = 1) = 0 (mod y). Tax
9TO B 3TOM CJIydae Ipolefypa BEHAACT OTBET «y — IIPOCTOe) TOJIBKO TOTA,
korga a’/? = —1 (mod y).

3anuiieM pasaoKeHne Y Ha IPOCThe MHOKITEIN i = H§:1 p?j U BBeJEM
obo3HaveHNA

o v .
a; =a (mod pjj), rj = per e aj = 25”“}, rie r} — HeYETHOE.
7

JlokazkeM, ITO MPOIEAYPaA BELIAET OTBET «Y — MPOCTOEY TOT 1A U TOIBKO

TOrja, KOrjga 51 = Sy = ... = Sk. /leCTBUTENBHO, €CIN §1 = S3 = ... =

= s = 0, To r He4€THO (MOCKOABKY 7 — HanmMeHbIlee 00llee KPaTHOE
ri/2 o

Beex 7). Bcam s1 = so = ... =55 > 1, TO ajj/ = —1 (mod p;’) (mcmoanay-

eM TUKJITIHOCTh (Z/p?jZ)*), a, suadnT, u a”/? = —1 (mod y) (ucnoabayem

KHTalCKylo TeopeMy 06 ocTaTkax). [lao6opoT, ecin He Bce s; PaBHBI, TO
MpU HEKOTOPOM 11 TOJLY IUM al?=1 (mod p&m), m.e. a”/* # —1 (mod y).

ITo xuTalnckon TeopeMe 06 ocTaTKax CAyIalHBIN paBHOMEPHBLIN BHIOOD
@ eCTh TO Xe camMoe, YTO He3aBUCUMBIU CIyYalHbIA PABHOMEDPHBIN BBIGOD

Bcex a;. OUEHNM FIf HEKOTOPOTO § BEPOATHOCTH COOHITHA §1 = § IPI
He3aBHCHMOM BBIGope ap. IlycTh pi' — 1 = 2%¢, rne ¢ — meduéTHoe, g —
obpasylomasn (nnkamdeckoin) rpynnst (Z/py*Z)*. Toraa
t—s .
[{a1 :s1 = s} =[{g® " :m — neuérnoe}| =

_ q, ecam s = 0,

(26 —2571)q, ecam s >0,
HODTOMY BEPOATHOCTb §1 = § He Goablue 1/2. Orcioga caegyeT uckomas
OLIEHKa BEPOATHOCTH YCIIEXa BCEH NMPOUEAypPhl HAXOXKIeHUA NeJUTENA: Be-
POATHOCTH COBBITHA 51 = $3 = ... = s He Bhme 1/2%~! mosTomy ¢ Bepo-

ATHOCTBIO He Menbie 1 —1/28~1 mporeaypa HaxoX jeHna JeuTens Hail IeT
NeJIUTENb Y.

12.4. KBaHTOBEIM AITOPATM HAXOX€HHA MEPHOJa: OCHOBHAA M/ .

ITaccMOTpHEM ollepaTop YMHOMXKEHHA BBHIYETA Ha ¢, AEHCTBYIOIINI II0 IIpa-
Bury Ug: |¢) — |az mod ¢). (Hloaee xoppekTHOe oGosHadenme — Uy q,
OIHAKO 9HCIO ¢ He MEHAETCA Ha IPOTAKEHHH BCETO BLIYHCICHUA, MO3TO-
My MBI ONyCKaeM ero B HMHiekcax). IIToT omeparop mepecrtapaseT Oa-
ancHble BekTOpH npn 0 < 2 < ¢ (#amomumM, 9To (a,q) = 1). Tlyxem
CYATaTh, 9TO Ha OCTAJbHBIX Oa3MCHBEIX BEKTOpaX OH JeHCTBYET TOXJe-
ctBerno, Uy : |x) — |2) npn # > q.
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ITockoabky mas yMHOXKeHWA BLIMETOB ecTh OObIYHAasA 6yieBa cxeMa IO-
JUHOMUAJIBHOT O — O(nz) — pasmMepa, TO CYLUIeCTBYeT U KBAaHTOBAdA CXeMa
IPHMEPHO TAKOTO Ke pasMepa (MCHOAB3YIoNas HAPOKaT JOMOMHATENBHBIE
q-CUTEL, KaK 5T0 OOBACHATOCH PAHBIIE).

[MepectanoBka, kKoTopyio 3amaeT omepatop U,, pazbuBaeTcsa Ha UK.
[uka, cogepxalimii a, conepkuT u 1 (moce perq(a) — 1 urepanuin MBI TIOTIA~
faeM u3 a B 1). AIropnT™, 0 KOTOPOM MOHAET petb, HAMHHAET ¢ COCTOSHIA
|1) u npumenseT K HeMy omepaTop U, mo MHOTY pas. ITo 3a npegeast opOuTH
a (UMK/Ia TepecTaHOBKH, KOTOPOMY MPHHAIERKHT ¢) MBI TAKHMH Mpeopa-
30BaHUsAMHE He BhIfeM. [losTOMy paccMoTpuM orpanmsieHune oneparopa Uy,
Ha MOATPOCTPAHCTBO, MOPOK IEHHOE OPOUTOI a.

Co6erBenmbie wncra g Uy : A = e2™F/t tre t — nepuon.

t—1
Co6crBennble BeKTOpLL 5 Uy @ [€q i) = L Z e_zm'km/t|am>.
Vit
m=0

Jlerko mpoBepHuThb, YTO HATMCAHHEIE BEKTOPHI ENCTBATENLHO COOCTBEH-
mole. /locTaTovHoO 3aMeTHUTh, 9TO yMHOXEHWE Ha ¢ NMPUBOAUT K CABUTY
HUHJEKCOB B cyMMe. EciIm 3aMEHNTL NMEepeMeHHYI CyMMHUPOBAaHUA, ITOOBI
YCTPAHATH HTOT CABHT, HOIYIAM MHOKATETD 270 F/t,

Ecam 6B1 MBI MOTaIM M3MepAThL cOGCTBEHHBIE wHCaa omepaTopa U, To
noay4aiu 6el uncia k/t. Cuadana pazbepéM, Kak 5TO MOKET HAM MOMOYb
B HaXOXIeHUH MepUoa.

IIycTe y mac ecth Mammua M, KoTopas IpH KaXJOM 3allyCKe BLIAaeT
HaMm 4ucao k/t, rae { — UCKOMBII Tepuos, a k — PaBHOMEDHO pacipe e
aéunoe Ha mMuoxkecTse {0, ... ¢ — 1} caygaiinoe qucao. Mbl npeanoaaraem,
4T0 k/t IpescTaBIeHO B BHjEe HECOKPATHMOH npotu k' /t' (ecim GBI MaiimHa
BHIJlaBaIa 9HCIO B BUje k/T, To BOOOIIEe He GBLIO GBI TPOGIEM).

IMoxy<us HeckoIbKO apoGel Taxoro Buga ki /t), kb /th, ... ki /t], MoxHO
¢ 60JBLIION BEPOATHOCTBLIO HAUTH GHCIAO T, TPUBOJAA >TH ApOOH K OOIIEMY
3HAMEHATEIO.

Jlemma. FEecau noayueno | dpobeii, mo eepoamuocms mo20, umo Hau-
MeHbuLee obujee Kpamuoe ux aHamenamedeti omauuro om t, menvute 3-27",

Jokasareancrso. [pobu ki/t),..., k//t] morydarorca cokpalmeHmeM
5 tp — L _

npoben kl../t’ ookt (T e. ki/t; = kj/t), rae ki,... ki HEe3aBHCHMO
pacipeleléHHble CaydadHble 9ucaa. [ocTaTovIHo, 9TOOL >TH 9HCcaAa Obl-
JM B COBOKYITHOCTH B3aWMMHO TIPOCTHI, TOT1a HauMeHbIee o6IIee KpaTHOe
t),...,t; 6ymeT paBHo t.

BeposTHocTh Toro, 9To ki, ...,k uMeloT OGN TPOCTON AETUTETD P,
ne Goabire, dem 1/p!. [looToMy BepOATHOCTDL TOAYIHTEL He ¢ MOCTe TIpHBe-
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(o]
MeHnA K o0eMy 3HAMEHATENI0 He TPEeBOCXOUT Z ll < 3-27 (57a cymma
k=2
3aBeJIOMO BKIOYaeT B ce6s BCe MPOCTHIE, MEHbIINE 1). O
Tenepb 6yaem crpouth Mammnay M. OHa Jo/KHA COAEPKATH CXEMY, W3-
MepAOIILYI0 COGCTBERHBIE dncaa omepaTopa Uy das awbozo b (a He TOIBKO
A1 b = a — «ncna, 4as KOTOpOro mileTcsa nepuof). TodHee roBops, Ham
HyxeH onepatop U: b, z) — |b,be mod ¢), ecam (b, q) = 1. Kak omeparop
U nelcTByeT B OCTANIBbHBIX Caydadx, HeBakKHO. ETO MOXHO goompeneanThb
JFOOBIM BEIMHCANTENHLHO TPUBAATBHEIM criocobom. [la camom gente, Bee mpu-
BeJIEHHBIE paHee PacCykKAeHus 00 MMHTANUHN KJIACCHIeCKWX CXeM KBaHTO-
BBEIMU COXPaHAIOT CHTY W JIA WMHTAIUN CXeM, BLITUCAAIONNX IACTHIHO
onpegeaénnbe (hyHKIIH.

3agada 12.2. Hcnoaesys onepatop U, peaansyiire omepatop A(Up) aus
a060oro b, B3aMHO TPOCTOTO C ¢.

O6osnaanm Lo = C(|€, %)) (moampocTpancTBo, TOpoK AEHHOE (€4 k),

TOrjja MCKOMad CXeMa [OJKHA Ppealn30BBHIBATHL M3MEPAIOMIUN OIepaTOp
t—1

W = > Vor ®Ilg,, c omeparopamu V,r Buga [0) — Zy,z ey 2|y, %),
k=0

rge y — HEKOTOpas HecOKpaTmMmad Apobb, a z — Mycop. llpu sTom aaa

YCIOBHBIX BEPOATHOCTEN NOJKHO BHINOJHATHCA HEPABEHCTBO

JEDER(E

k
rae o6o3HavaeT HECOKPATUMYIO APOOb, MPeACcTaBIAIIYIO PAINOHAIE-

2
Va,k‘0>‘ 2 1—6,

Hoe wucao k/i.

MMocTpoenne Takol W3MePSIOUIEN CXEMBI [TOBOJBHO CJIOXKHOE, TTOITOMY
BHaYaJde OOBICHUM, Kak W3 Hee€ cTpouTcda MammHa M . BozbMém cocTosdHme
|1) B kadecTBe HadaabHOTO. IIpAMOe BEIUHCICHHE (YHTATENO PEKOMEH TyeT-

cA ero MpojenaTh) MOoKasbiBaeT, 4To |1) = % EZ;IO |€x). TITo paBercTBO

rapaHTHPYeT paBHOMEPHOe pacupejeienne ducantenen apoben. [Iposeaem
H3MEPEHHE B 3TOM COCTOSHIM, TOT 1 M0 (POPMYJIe MOJHON BEPOATHOCTH O~
JaydaeM

P(W(l0) 11)),w) = > Pu[# P11, o)

BeposTrocTn Beex |€x) pasubl: P(|1), Ly) = |<€k|1>|2 = 1/t, a ykazanHoe
BBIIIEe CBONCTBO YCJAOBHLIX BEPOATHOCTEH IapaHTHPYeT HaM, 9TO C BEpo-

k o
ATHOCTBIO 1 — ¢ 6yeT MOay9IaTheA Kak 6ygeT BUAHO B maJbHEUIIEM,
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npu mocTpoeHnn W MOXHO creiaTh BEAUYHHY € CKOJAb YTOJHO MAJON.
Ycaopuo paboTy Mammabl M MOXKHO MpeJCTaBUTh B BUAe TAKOT'O MPO-
mecca:

cayYqalHBIN BEIGOD k a, y ;é l <&
0 et | e )<
(60or, nrparmomuit B KocTn)
y= . > 1-— E.

(Cary9aitHbiil BEIGOP k& TPOHCXOANT caM 1o cebe, 6e3 MpUMeHEeHHA KaKOTo Obl

TO HEU 6BLIO OmepaTopa. IIpocTo opMyna MOTHON BEPOSTHOCTH yCTPOEHA
Tak, Kak 6y TO 10 HavYaJda U3MEPEHNs TeHEPUPYeTCsA caydaitoe k, KoTopoe
3aTeM OCTaeTCAa MOCTOSHHBIM. [lazymeeTcs, opMyaa YCIOBHOW BEpOSTHO-
CTH BepHa TOJIBKO TOT[a, KOT'la omepaTop W ABAgeTCA M3MepPAONINM /A
3aJaHHEIX HOJUIPOCTPAHCTB L4 k).

12.5. IlocTpoenune m3MepgIolero omeparopa. lernepb 6yjaeM cTpPOUTH
omepaTop, maMepswonmia cobcrBennbie unciaa U,. Kak yxe 6vu10 cxasza-
HO, MOKHO OTPAHNYNTHCA M3YYIEHNEM NENCTBUA 3TOTO OMepaTopa Ha BXOJ
|€4,%). IlocTpoenne pasieaseTcda Ha TPH STalla.

1. Umem undopManuio o A, = e>™%* rre ¢ = % mod 1 (em. 12.5.1).

2. JlokammsyeM 3HadeHWe ¢ ¢ HeGOMABIION ToUHOCTHIO. CaMoe BpeMs Mo
YePKHYTH, ITO BO BCEX MPUBOAMMBIX DACCYXKIEHUAX €CTh ABa Mapame-
Tpa: 6epoAmHocms owubku € 1 mounocmdy 8. MBI moydaeM HEKOTOPOE
YHCIO Z KAK De3yabTaT H3MEDEHUsS, NPH HTOM [OJIKHO BBLITOJHATHCH
ycaosue Py[|z — ¢p| > 6] < ¢. Tloka Hac ycTpouT HeGoabIIas TOTHOCTE,
ckaxeM, § = 1/8 (cm. 12.5.2).

3. Jlanee HyKHO YBEINIHTH TOYHOCTE. [le06X0MMO YMETE OTINIATE APYT
orT apyra umcaa Buga ¢ = k/t, rone 0 < k < t < 2". Bamerum, 4TO
ecin ky/ty # kofts, To |ki/t1 — kofts| > 1/tits > 1/22". TlosTomy,
aHadA 3HAadYeHne @i = k/t ¢ TounocThio 1/227+L Mur Moxem ompeennTn
ero aBCoMOTHO TOYHO (B BHje HeCOKpATHMOH apodu). TTobk! ¢reraTh
5T0 >PdEKTHBHO (33 MOJHHOMHAIBLHOE BPEMA), MOXKHO HCTIOIb30BATH
aITOPUTM LEeNHBIX Apober (cM. 12.5.3).

12.5.1. Kak moay4aTs mHpopMammio o coOGCTBEHHOM Uucae. B pasie-
ae 11 6ern BBegén omepatop =(U,) = (H @ NA(U,)(H & I), nzmepsrommmit

coBCTBeHHBIC Yncaa. B HalmeM caydae A\ = e2T%F 03TOMY MOMKHO 3alll-
caTh 3TOT ONEPATOP B BH/IE

_ 1 /14 eZﬂ'ink 1— eZﬂ'ink
:(Ua) = Z Va,k & Hﬁa,ka Va,k == 5 1— eZﬂ'z'ka 14+ eZﬂ'ink ’
k
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a ero rZ[(%I‘/,ICTBI/IG B BHe
14+ 62772ka 1— 62772ka

s 10) + ——

10y @ Jgx) T8 1)) @ 16,

TaK 9TO OJsd yCIOBHBIX BepOHTHOCTeﬁ IOoJady1vacM BBIDpaXKEHUE

: 2
14 2%k 1+ cos(2mpy)
P(0|k) = > = B :

TTam moTpebyerca emmé omepatop Z(il,). Ero Takke HeTpPYIHO pea-
an30BaTh. lleanmsamnms, m3o6pakEeHHas Ha PUCYHKe, HCIOMB3YET ONEPATOP

. 1 0 .. .
K = ; | 13 cTaHapTHOrO 6azuca. O6BeIEHHBIN (PPATrMeHT Pealn3yeT

0
omeparop A(iU,). HdeiicreurensHo, K yMHOXaeT Ha ¢ Toabko |1), HO Kax
pas B 5TOM clIydae IpuMeHseTca omepaTop Uy (Mo olpeeeHRIo onepaTopa
A(U,)). Naa onepatopa =(iU,) ycaoBHBIE BEPOATHOCTH PAaBHEL

1 —sin(2mpy)

P(0|k):f.
—— ) a—
A(iU.)

CaoxkHoCTh peannsammn onepatopoB =(U,) n E(¢U,) 3aBHCHT OT CTOXK-
HOocTH peamusannn oneparopa A(U,), KoTopas HEHAMHOT O BBILIE CJIOKHOCTH
peannsammu onepatopa U, (cM. 3agady 12.2).

12.5.2. OneHKa yCIOBHEIX BepodTHOCTeH. MEI 6yeM JToKalIn30BEIBATE
3HAYEHNE (P, OMEHUBAS YCJIOBHBIE BEPOATHOCTH, IPUBEAEHHBIE Bhite. [l
MOXYIeHNA TaKoH OUeHKH Gy 1eM TPUMeHATH onepaTophl =(U,) m E(il,) &
PasIMYHBIM «IpUGOpaMy (JONOMHNTENALHBIM q-6rnTaMm). IlaccykaeHnsa oan-
HAKOBHI /U 0GONX ONEPATOPOB, MOYTOMY OrpaHu+dnMca caydaeM =(U,).

Y Hac ecTb KBaHTOBBIH perucTp A, B kKoTopoM HaxoguTcs |, k). (Ha

1 t—1
caMoM jefle TaM BHadage ObLI |1) = 7 Y k—o |&k), HO MBI paccMaTpuUBaeM

|€4,%) IO OTIEIBLHOCTH; 9TO KOPPEKTHO B CUIY BHJa H3MEDAIOIEr 0 OIEPaTO-
pa). 3aBeiEM GOJBIIOE KOAHYECTBO (§ IITYK) BCIOMOTATENBHBIX PETTCTPOB
nauaon B 1 6mT. Kax b u3 5TUX PErucTpoB OyaeT HCHOJb30BATHCSA A
npuMerenus oneparopa =(U,).
Kak 6b110 jgokasano B pazjete 11 (cm. c. 89), ycioBHBIE BEpOATHOCTH
s

B TaKoM cilydae epemHokatorcd. Jlasa omepatopa [ E(Uq)[r, A] ycaosHbIe
r=1
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s
BepoATHOCTH GyayT paBHEl P (v, .. .,ys|k) =11 P(yr|k) (3eCh 4epes Yy,
r=1

0603HAYEHO 3HAYEHIE B 7-OM GHUTE).

[ajee ¢ 6uTaMu, B KOTOPHIX 3AlNCAHBI PE3YALTATHI (IKCIIEPUMEHTOBY,
6yAYT yiKe OPOU3BOANTLCA KJAACCHIeCKHe JeUcTBHSA. [[OCKOMABKY yCIOBHBIE
BEPOATHOCTH TMEPEMHOKAIOTCA, MOKHO CIUTATE, 9TO MBI OIMEHUBAEM BEPO-
ATHOCTH BhIagenns | B cepun ucnbiranuit [lepmysim.

Ecan MoHeTa GpoliieHa § pa3, TO JOJA BEIIABIINX e HHAL (Y ¢y )/s IpH-
MepHO paBHA P(1|k). C Kakol TOYHOCTBIO BepHa Takas omenka’ 3 Teo-

s
pUH BepOATHOCTEN MaBecTHO, 4To Pr # - P(1|k’) > 6| < 2e=<’s,

rae ¢ > 0 — HekoTopad KOHCTaHTa. I[ITO MOKasLIBaeT, 9TO MPH JTIOO60M
DUKCHPOBAHHOM § MOXKHO NOGHTHCA BeposaTHOCTH onokn € 3a O(log(1/¢))
HCTBITAHNN.

WTak, MLl Hay THINCH HAXOMUTH C HEKOTOPOH TOYHOCTHLIO 0 CHHYC W KO-
cuHYC OT ). Tenepb mon6epém § TakuM, ITOOH 3HATEHHE L) MOXKHO GBLIO
YCTAHOBUTH MO 3HAYEHUAM CHHYCAa W KOCHHYyca ¢ TovHocTbio 1/8. Ila aTom
BTOPON DTall 3aBeplleH.

12.5.3. IIkcioHeHUMATBLHO TOTHOE OMpefeieHne cO0CTBEHHBIX THCEl.
Jliist yBeTnaeHUA TOYHOCTH MBI Oy IeM HCTIONb30BaTh, Hapaxy ¢ A(U,), ome-
patopsr A((Ug)?") s Beex j < 2n. Uncaa Mbl MOKeM GHICTPO BO3BOIUTD B
CTelleHb, a ONepaTopHl, BooObIIe roBopd, — HeT. [lo omepaTop yMHOKeHUA
Ha wucao U, obiagaeT caeqyOMnM 3aMedaTelbHBIM CBOUCTBOM:

(Ua)p = UgPmodg-

Caenoparensuo, A((Uz)?) = A(Uh), rae b = a* (mod q). Tlyxuse Ham
3HAYEHNA mapaMeTpa b MOXKHO BBIMUCAUTH IPHU MOMOIIN CXEMBI TOJINHOMUI-
AJBHOT'O Pa3Mepa, a 3aTeM HCIOMb30BaTh PE3yabTaT 3agadn 12.2.
Bepuémcsa k cxeme myakTa 12.5.1. Mb1 Haxogmanm coGCTBEHHOE WHCIO
M = e2™P% g HeKoToporo co6cTBeRHOr O BeKTopa [€q & ). ITTOT Ke BekTop
ocTaHeTcsi COOCTBEHHBIM W s JIOO0U cTermenn omepatopa Uy, O3TOMY
MOXKHO Ha OJJHOM I TOM XK€ KBAHTOBOM DETUCTPE UCKATEH COGCTBEHHOE MHCIO

qasg U2 = Uz, oHo paBHO A\ = e2™2%k: qag U2 = Uza oHO paBHO A\ =

= 62”4W; -

JpyruMu caoBaMu, Mbl MOKEM C TOYHOCTBIO 1/8 onpeneauTs 3HadeHusA
Or, 20k, ..., 2%, o Momymo 1. Ilo smo nozeoasem onpedeaumdv Qp C
mounocmuio 1/22" 3a noaunomuassroe epema.

Wpea pokasarembcrBa. MHOXKECTBO BO3MOXKHBIX 3HAYEHUH ) yA0OHO
MPEeICTABAATE B BH/E€ OKPYKHOCTH €IUHNYHOW MJIWHBI. SHAA ©f C TOIHO-
cTbio 1/8, MBI BhIgeaseM ayry B 1/4 oT Bcell OKDYKHOCTH. SHaHUE 2 C
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Bxoa: awugq
. J .
— Brrumcaenne cremenenn a? (] =1,. ..,2n) o0 MOIYJIIO ¢ (Kﬂaccnqe—
CKOE).
— o3JaHue { MITYK KBAHTOBBIX PETUCTPOB, CoAepXKalnX 0a3nucHoe COCTO-
Cos l , 6a3
axue [1).
| [
2s 2s
0].--19 0]---10 4ns TOMOJHUTEIbHBIX
ol ... lo ol ... lo q-6uTos («npu6opos)

¢ KsanToBEIE H3Mepenns npu nomomu oneparopos =Z(U ;) u Z(:U ,;).
a a

ygl) L ygl) y52") y(f") pe3yabTaThl
NG 0 —on) o) U3MepeHUN —
Y1 Ys Y1 Ys HYJU U €JUHULILD

¢ [logcuéT yncaa Hy1el n eguHUL (KIACCHIECKUI ).

cosp 6§ cos(227p) £ §
sing £ § o sin(22"¢) £ §
¢ Tpuronomerpuveckue BuMUCIeHN (KIaccuiecKue).
p+x é co. 22n 4 é
o YTOYHEHNE 3HAYCHUSA ¢ HO HABGOPY HHCed @, .. ., 22" ¢ (kaaccuieckoe).
o+ 2—(2n+ 1)
o Omnpejenennie TOYHOTO 3HAYEHNA @ MPU TOMOIIN HETHLIX Apo6er
(rmaccmaeckoe).
k'/t' — mecokpaTumas gpo6b, paBHAA
LT
/ / /
k1 ky Ky
5 5 e 7

— Buruncienne man6oabliiero O6Hlel"0 3HaMeHaTeaqa (KJIaCCI/I‘IeCKOG).

c

OtBeT: ¢ (C BEPOATHOCTBIO OMIMOKE < 3 - 27 4 4nle=°  rge ¢ = const)

Tabauma 1. Obnras kapTHHA BEIYUCIEHHI 10 ONUCAHHOMY aJrOPUTMY
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TOYHOCTBIO 1/8 mosBoAET BEIACINTH ABE AYyTH AAUHON 1/8 Kax nas, npuaém
TOJBKO OJTHA W3 HUX MMEET HEIYCTOe Mepecetdennie ¢ TPEeIbIAYIIEN TyT On.

Baxwusie 3aMe1aHud.
CyIecTBeHHO, 9TO BEKTOD |£)) HE MOPTHTCA BO BPeM#A BEIMHICICHIH.

2. Bcé Brrdmcaenme B memoM 3aBucuT oT mapameTpoB ! u s. CymmapHas
BEPOATHOCTDL OIMMGKH He HpeBbimaeT 3 - 270 4+ 4nle™®* rae ¢ = const.
Ecau Tpebyercs MOAyIUTh OTBET ¢ BEPOATHOCTBIO omubku < 1/3, cae-
ayeT momoxkuTh | = 4, s = cylogn, rme ¢; — HeKOTOpas KOHCTAHTA.
[pu >Tom noaydaeTcs KBanToBad cxema pasmepa O(n®logn).

12.6. O6cyxaenne arropurma. O6Cy UM IBa €CTECTBEHHO BOZHUKAO-
IIIAX BOMPOCA TIO TIOBOY M3JI0KEHHOT'O Al OPUTMA.

— MoXHo ¥ HAXOJHUTEL COGCTBEHHBIC YMCAA JPYTHUX OMEPATOPOB TAaK
Xe, KaK B aJT OpUTMe BEIUCIeHud epuoga? /la, Hampumep, MOXHO HaXo-
JNTH COGCTBERHEBIE MHCaa TaKHX onepaTopos U, mas koTopeix U|0) = [0), n
eCTh TTOMNHOMUAXBHAA cxeMa peanmsanun oneparopa A(U). (13 sanaqau 7.5
ClelyeT, 9TO eCau AIA caMoro onepaTtopa U ecTh MOJIMHOMHUANbLHAA CXEMa,
To u g omeparopa A(U) eé TakKe MOKHO HOCTPOUTE).

TounocTh onpegenenna cO6CTBEHHLIX IUCEN TTPOU3BOILHOT O OlepaTopa
HeBeInKa, TTOJMHOMHUANLHO 3aBUCHT OT pasMepa CxeMbl. Ecam MoxXHO -
()EKTHBHO BBIMHCJATEH CTENEeHH olepaTopa (Kak W GBIIO B pACCMOTPEHHOM
AITOPUTME), TO TOYHOCTH MOXKHO CIelaTh SKCTOHEHIHAILHO.

— Kaxkue cobcTBeHHEIe THceaa MBI HaxoquMm? MBI HaXoIUM 3HaveHHE
CIy9aliHO BHIGpaHHOI'0 CO6CTBEHHOIO YHcIa. IlacpeaeneHeM IO MHOXKECT-
BY BCeX COGCTBEHHBIX IHCET MOKHO YIIPABIAThH, BHIOHpad HadaJbHOe COCTO-
AHUe (B aJropUTMe BbUHCIeHHA nepuona — |1)). Ecam B3aTh B KadecTBe
HAYaJbHOTO COCTOAHNAE, 3aJaBaeMOe JUATOHAILHON MATPHUIEH MIOTHOCTH

p=1 3 la)al = 37 6|

re [£x) mpoGeraeT MHOKECTBO COBCTBEHHBIX BEKTOPOB U | TO MOLYIHM paB-
HOMepHOe paclipeflefieHnie Ha MHOXKeCTBe BCceX COOCTBEHHLIX Uncen. B aaro-
PUTMe HaXOXK JeHNA Nepruojia HadadbHOE COCTOAHNE BBEIONPAIOCh UHAUE: MBI
BRIOHpAJIN TAKOU BEKTOP, YTOOHI MOMYIUThH PABHOMEPHOE pacIpelefeHne Ha
cOOGCTBEHHBIX 9HCIAX, COOTBETCTBYIONUINX ONPENETEHHON OpOHUTEe, OCTATE-
HBle COOCTBEHHBIE YHCIa He MOPOK TaJNCh.

3agada 12.3. TlocTpoiiTe KBaHTOBYIO cxeMy pasMepa poly(nlog(1/6)),
peamusyiomlyio mpeobpasopanne Pypbe na rpyniue Zj npu aiodom k < 2”7 ¢
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TogHOCTHIO §. (Onpegenenne cm. B 3ajgade 8.4. YkasaHue: BOCHOAB3YHTECH
pezyapTaToM 3ajgaqn 11.2).

12.7. 3agaua 0 CKpPHITOM MOATpyIme B Z*. AJTOpHTMBI, OTKDHITHLE
Catimonom u Illopom, o6obiaoTes Ha [TOBOJBHO MIHPOKUH KJIACC 3a1ad,
CBA3AHHLIX ¢ aGeqeBbivMu Tpynnamu. CaMoi obIiel U3 HUX ABAACTCA 3a1a9a
o ckphiToit moarpymme B Z* [23]. K mefi cBoamTca 3amada o CKPBITOH IO/
rpymnme B d060H KOHETHO-TTOPOXK feHHon abereBon rpynmne (7, MOCKOabKy (G
MOKHO TMPeJICTABATL Kak daxTop-rpynmy ZF (g1a mexoroporo k).

«CxpoiTaa noarpymmar D C Z* momopdna Z*, mockoapKy ona mMeeT
KOHEWHBIN MH/JeKe: TTopAIoK Tpynnsl K = Z* /D ne npesocxoaut 2. C BHI-
YUCANTENBHON TOYKH 3peHna D npejcTaBaseTca 6asncoM (g1, . . ., gk ), JBO-
HYHAA 3aMHCH KOTOPOTo UMeeT mauHy poly(k, n). Jio6oh Takoil 6asnc can-
TaeTca pemerneM 3anaqn. (IIKBIBATEHTHOCTE ABYX 6a3MCOB MOXKHO MPOBe-
PHUTH [PH TOMOIIN TOANHOMHAILHOTO AT OPHTMA).

3afada O BBIMHCACHNN TMEPUOAa ABIACTCA YACTHBIM CAyYaeM 3adadu O
cKpBITON moATpynne B Z. [lanomunm, aTo per (a) = min{t > 1 : at =1
(mod ¢)}. Pyruma f: x — a® mod ¢ yrosaerBopser ycaosuio (12.1), rae
D = {mper,(a) : m € Z}. llta pyHKINA NOIMHOMHATLHO BBEIMHCIAMA,
MOTOMY JMIO60H TOIHHOMUAMLHBIN AATOPUTM HAXOXKIEHUA CKPBITOH MOJ-
CPYOIEL TpeobpasyeTca B NOJMHOMUAILHBIA AATOPUTM PEIleHnA 3a a9l O
BBIMHCJACHNH TTEPUOAA.

WaBecTHas 3anada BBIYUCJICHUSA JUCKPETHOTO JorapudMa MoKeT GBIThH
cBefleHa K 3ajade O CKPHITOH MOATpyIHe B Z2. Juckpemuvim 402apu@momn
9Hcaa ¢ Mo OCHOBaHUIO (, Tje ( — HEKOTOPBIA MepBOOOGPA3HBIA KOPEHDb IO
MOIyIf0 MpocToro 4ncia ¢ (obpasyiomas (7 /q7)*), HaselBacTCA HANMEHB-
lee TMOJOKUTENBHOE YHCaA0 § Takoe, 9¥To (¥ = a. [laccMoTpum GyHKINO
fi(x1,22) = ("1a” mod ¢. TlTa QyHKONA TakKe yAOBIETBOPAET yCIO-
puto (12.1), rae D = {(z1,22) € Z? : (*1a®* = 1 (mod ¢)}. 3naa Gazuc
noarpynnbt D C Z?) aerxo naiitu saement Buja (s, —1) € D. Toraa (¥ = a,
T.e. § €CTh MUCKPETHBIH JoTapudM a Mo oCHOBaHUIO (.

OnuirieM KBaHTOBBIH AATOPUTM PEIIeHnA 3a0a9i O CKPBITON MOATPYTI-
ne 8 ¢ = Z*. On amamsornven aaroputmy aas caydas G = (Zs)*, Toapko
BMecTo oneparopa H @ menonssyeres npomeaypa u3aMepeHns co6CTBEHHbIX
qnces. Bmecto 6azuca camont rpynnsl D MBI 6yaeM HCKATh CHCTeMY o6pa-
aymoluxX Jasa epynnyt zapakmepos E* = Hom(FE, U(1)) (nepexon ot E* x D
OCYIIECTBAAECTCA TPU HOMOIIU MOANHOMHUAIBHOTO AATOPUTMa, CM., HATIPH-
Mmep, [14, T. 1]). XapakTep

(gla .. agk) = eXp(Q?TiZ SDJg])
J
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3a1aéTcs HAGOPOM 9HUCeT @1, . . ., Pk 1o Moayaio 1. IITo paunoHambHbIe Tu-
cia co 3HaMeHaTeasMu He Goablue |E*| < 27,
Ecan mopoanTs | = n 4+ 3 caAyYailHBIX PABHOMEPHO DPACTIpeTeléHHBIX

XapakKTepa (go(ll), e goél)), . (go(ll), .. .,gog)), TO OHH IOPOXJAIOT BCIO
rpynmy E* ¢ BepoaTHOCTBIO > 1 —1/2/7" =1 —1/8 (cm. sagasy 12.1). Ka-
KAYIO U3 BEANTHH go‘g.r) NOCTATOYHO 3HATH C TOYHOCTBIO § U BEPOATHOCTHIO
ommbku < €, rae
1 1
g < @
ITocaennee ycioBwe TapaHTHPyeT, 9TO CyMMapHas BEPOATHOCTH OIMIUOKH
Gy et e Goablue, yeM 1/8 4+ 1/5 < 1/3.

BriGepem goctarTodHo 6oibiioe qncao M = 27 (koHKpeTHAad OlleHKa MO~
AydaeTCA N3 aHaIn3a anropuTMa). Mel 6y geM paboTaTh ¢ UeJBIMI 9HCIAMIE

B anamnazone oT 0 mo M — 1.

d <

N It

(12.3)

HpI/IFOTOBI/IM B OTHOM KBAaHTOBOM pPErucTpe IJMHbI km COCTOAHUE
€)= M~*23 " gy, rae A={0,..., M — 1},
geEA

B apyroii pernctp momectnm |07). TIpuMennM KBaHTOBHIN opakya (12.2) n
BLIGPOCHM BTOPOIl perucTp. IlofyqnTca cMelIaHHoe COCTOAHNE

P = Tegemar, mant (U(E)EN 0 07O DUT) = M7 30 gyl
g,h€EA:g—heED

Teneps MBI cOOMpaeMcsi H3MEPUTH COOCTBEHHBIE 3HAYEHNA OMEPATOPOB
capura mo Moyt M:

Ve (gl,...,gj,...,gk) — (gl,...,(gj—i—l)modM,...,gk)

(MeHAeTCA TOABKO j-ad KoMmoHeHTa). [ITH omepaTopbl KOMMYTHDYIOT, MO~
3TOMY ¥V HUX €CThb 06muini 6a3uc m3 coGCTBEHHBIX BEKTOPOB, U, 3HATUT , MOXK-~
HO ONpPeJIeJsiTh UX COGCTBEHHBIE YnCaa OqHOBPeMeHHO. COGCTBEHHBIE THCIA
uMeroT B e27i5i/M

k
_ ) g; 85
€51 sp) = M k/2 Z exp(—?ﬂ'zz%) lg1, -, 98)-

(91,--,95)EA Jj=1

. COOTBCTCTByIOIlH/Ie coOCTBEeHHEBIE BEKTOPLBI paBHBI

BeposTHOCTE TOTO, ¥TO peanmayeTcs faHHBI HAGOD S1, ..., Sk, PaBHA

P(p, £51,~~~75k) = <€81,~~75k|p|€817~~~75k> =

k
= M~ Z xp(g —h) xalg)xa(h) exp(?ﬂ'zz %),
g,h€L* =1

rae x4(-) obozHavaeT xapakTepucTHIecKyo GyHKINIO MHOKecTBa A. Py-
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pbe-06paz OT MPOU3BeIeHNs PaBeH CBePTKe PypPbe-06pa30B COMHOKUTENEH.
Takum o6pa3oM, MOTyTaeM:

1
P(pa £81,~~~,8k) = |E*| § pwl,...,wk(51,~~~,5k),
(p1,.., k) EE*

k . 2
_ sin(Mn(s; /M — @j)))
rae Por, (5150 8k) = ]1;[1 (Msin(ﬂ(Sj/M — @)

IIpu 3aIaHHLIX 3HAYEHIAX @1, ..., Pk QYHKIUA Do, o, (51,. .., Sg) AB-

JSeTCA BEPOSTHOCTHHIM PAaCHpe/leJeHNeM, OTHOCUTEABHO KOTOPOT O
1
Pr(ls; /M — ¢i| > 8] < 373

(8 — moboe). Mur naMepsieM Beandnus! s; /M (kKax yike TOBOPIUIOCH, H3Me-
peHWe OHON U3 HUX He MeHdeT 3HAYEHHA APYTOH); IPH 3TOM HAC yCTPOHT
ToYHOCTh § U BepoATHOCTH owubku < 1/MB. Tem caMbiM MBI MOJy4a-
eM 3HAYEHUSA P1, ..., € TOYHOCTHIO § = 23 W BepOATHOCTHIO ONMIUOKH
< e = 2/Mp. Teneps ocraisoch noaodbparh uuciaa M u 3, 4T0GB ya0BIe-
TBOPUTH HepaBeHCTBaM 12.3.

CmoxHocTs aaropurMa. Tpebyerca O(n) obpalieHUN K opakymiy, Ka-
® bt Bonpoc uMeeT muHy O(k(n+log k)). TTazsMep KBaHTOBOI CXEMEI Olle-
nupaetca kax O(kn?) poly(logk,logn).

3ameuanme. /|14 m3MepeHNA COOGCTBEHHHBIX 9HCE] ONepaTOpoB V; MOXK-
HO BOCIIOJB30BATHCA KBAHTOBHIM npeobpazoBanueM Pypwe Ha rpynne Z s
opu M = 2™ (cm. 3agady 8.4). TITo mo3Bo/seT HECKOIBKO YMEHBIINTE Pas-
Mep cXeMbl (Ha Jorapu@MUYecKiil MHOXKHUTEND), OTHAKO TPHXOJUTCA HC-
MOMb30BAThH HECTAHJAPTHBIE DIEMEHTHI.

13. KBanTosem anagor NP: kaacc BQNP

MoXkHO cTPONTH KBAaHTOBBIE aHAJOTHM He TOALKO MaA Kiaacca P, Ho m
I APYTHUX KJAACCHIECKUX CAOXKHOCTHBIX KJaIacCOB. MBI pazbepéM mpumMmep
KBaHTOBOI'O aHaJora kJjaacca NP.

13.1. Moaundukamus KiaccuiIecKMX ompejeleHHM. KBaHTOBOe BEIYH-
cleHre, KaK, BIPOYEM, W BepOATHOCTHOe, Hambodee eCTECTBEHHO OIMCHI-
BaTh, NCIOJAB3Ys 9aCTUYHO onpefencHubie pyuxmnn. [lanee Mb1 06x0 quanck
6e3 3TOT O TMOHATHUA, IYTOOBI He YCAOKHATDL M3AOKEHWe JUITHUMHA TeTaldMMI,
HO TeTlephb OHO HaM MoTpebyeTcs.

Hacmuuno onpedeaéunan byaesa Gynryus — 370 QYHKIUA

F:B" — {0, 1, (ne onpeeneno)}.
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B sTom pazgene Bcrogy moj 6yaeBBIME (PYHKIUSME TIOPAa3yMEBAIOTCA Ga-
CTUYHO ONpefeNeHHbIe GyaeBh (PYHKINN.

W erme oHO 3aMedaHme 0O MOBOAY 0H603HAMEHNIT: MBI HCIIOIB30BAIN 060-
3nadenne P m mis kaacca MOMMHOMHUAJBHO BBIYUCAUMBIX (DYHKIWH, W 7
KJIacca TOJUHOMUATBLHO Pa3PENMBIX IPEJUKATOB; TEMeph MOCTYIUM aHa-
JOTHYHO, ucmoab3ys obozuadverms P, NP w 1.0, mas kaaccoB gacTm<HO
OTpPeIeT6HHBIX (PYHKIIHI.

P, ecTecTBento, o6o3HadaeT KiacC MOIMHOMHUAJBHO BBIYUCANMBIX 9a-
CTUYHO ONpPeNedeHHBIX (pyHKIUN. [IpuBeaeM MoAuGUIITPOBAHHOE OIMpPETe-
aenne kaacca NP.

Ompepgenenne 13.1. Pynxyus F: B — {0, 1, (e onpedeaeno)} npu-
nadaeancum waaccy NP, ecau ecmv wacmuuno onpedeaénnan Gynryua
R € P om dsyr nepemennbir, maxas umo

Fe)=1 = 3y ((yl <allz)) A (R(z, y) 1),
Flz)=0 = Yy ((lyl <a(lz])) = (R(x,y) = 0)).
Kax u panvwe, ¢(-) — noaurnom.

Yro 6yaer, ecim B onpenenennu 13.1 3amennTh ycaosre R € P Ha ycio-
Bue R € BPP? IloayuuTcs apyroii, ckopee Bcero, Golee MNPOKUI KJIacc,
KOTOPBIT MOXKHO 65110 6bI 0603HaMnTh BNP. O nHako mis 3Toro kimacca ects
apyroe, cTaHgapTHOe, obo3Hadenne — MA | ykaspiBarolliee Ha TO, ITO OH
BXOJUT B MEPAPXUIO KJIACCOB, OMPeIesieMbix uzpany Apmypa — Mepauna.
06 urpax, KOTOPBIME 3aJal0TCS CAOKHOCTHBIE KIACCHI, MBI YK€ TOBOPIIN
B pazgene 4.1; urper Aprypa — Mepanna oTangaiorcs TeM, 9T0 ApTyp —
BEPOATHOCTHAA MOAMHOMAAAbHaA Mainnia Teiopuara. [lopsagok 6yks B 060-
s3nadennn MA ykasbiBaeT Ha MOPAI0K XOM0B: BHadage Mepann coobiaeT y,
3aTeM ApTyp mpoBepseT BHIOAHEHHE TIpeanKaTa R(x, y).

13.2. KBauToBoe€ onpejeieHne MO aHAJIOTHH.

Ompepgenenne 13.2. Pynryus F: B — {0, 1, (e onpedeaeno)} npu-
nadaenxcum kaaccy BQNP, ecau cywecmsyem odnopodnan nocaedosamev-
HOCTb KEAHMOGHIT CTEM NOAUHOMUAADHOZO NO N PAMEPA, PEAAUSYIOUUT
marue onepamopul Uy, : BEON» — BEN= ymo

Fa@)=1 = 3 P(Uale) @ l2) @ [0¥"=mn), M) > pr,

Fa(e)=0 = V[ P(Ual) @ ]a) @ [0¥="7n), M) < po.

3decv F,(-) — oepanuuenue F na caosa daunwt n, |[£) € BO™Mn m, =
poly(n), M = 1) @ B®We=1 " a das po u p1 doarcno evinoansmocs

ycaosue p1 — pg = Q(n~%), a > 0.
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BexTop |€) BEIMOAHAET POIH MOACKA3KN () U3 IPEABIAYIIETO OMpeete-
HuA. [TaM yjo6Hee CINTATh €70 HEPBBIM apryMeHToM omepaTopa Uy, (4To6w!
MOXKHO OBLIO B 060 MOMEHT IIOJOXKHTH & KOHCTAHTOH U MCKIFOYNTDH M3
06GO3HAYEHNI ).

3ameqanne 13.1. B onpegenenun 13.2 kpaHTOPH 0O |£) BKIOYAIOT B
cefsi TOABKO BEKTOPHI e IMHUYHON JJINHBL. AHAJOTWIHOE coTaalneHne 6y eM
HCTIOJAB30BATE U Jajee B TOM pa3jleie, BHIHOCS HOPMUPOBOYHBIE MHOXKUTE-
JW 33 3HAaK | ).

Ecan BMeCTO 9HCTEIX COCTOAHUT [€) paccMaTpnBaTh CMeIIaHHBIE, TO TO0-
JydaeTcsl SKBUBAJEHTHOE ONPefeNeHIe: MAKCUMYM BEPOATHOCTH BCE PABHO
JOCTHTA€TCSA HA YHCTOM COCTOSHUH.

Ilo cyTn mpoumcxoauT Bcé Ta ke urpa Mepamna ¢ ApTypoM, TOIBKO
Teleph MO 9NHAIOMAACA 3aKOHaM KBaHToBol Mexannku. Coobmenne Mep-
anHa (cocTosuue |€)) naérT ApTypy BO3MOXKHOCTB YOENUTHCA B TOM, 9TO
F(xz) = 1 ¢ BepoaTHOCTBIO p1, ecan 5To Tak. A ecim F(z) = 0, To BeposT-
HOCTB, 9T0 Mepauny yaacrtca y6enuTh ApTypa B o6paTHOM, He BBHIIE P
M aroboro coobirenns Mepanaa.

O6cyanM Tenmepb COOTHOIIEHHA MEXK Ty MOPOTOBBIMH BEPOATHOCTAMI.
W3 npueenénnoro B onpegeaennn 13.2 COOTHOIEHUs cIefyeT Topas o 6oee
CHIBHOE yCIOBHE Ha Pg U 1.

Jlemma 13.1 (ycunenue BepoarHocren). FEcau F € BQNP, mo ona ydo-
64EMEOPACT! MAKICE U MAKOMY capuanmy onpedescnus 13.2, 2de ycaosue
p1 —po = Qn~%) sameneno na py = 1 —¢, py = ¢, ¢ = exp(—0(n?)),
8> 0.

JokazaTexberBo. O6IIas ujes yCUICHI BEPOATHOCTEN 0cTaéTca peK-
Hell: pacCMOTPHUM GOJBINOE, HO OTPAHNIeHHOE TTOTNTHOMOM, KOTNIeCTBO KO-
nmii cXeMbl, peaansyomer onepatop U = U, (uHgexc n Mbl OyjgeM omyc-
kaTh). K pesyapTaTam nx paboThl mpuMeHnM (HYHKINIO TOJOCOBAHMUSA C TIO-
POT'OBEIM 3HaYeHNeM, Pa3eIAIoNM BepOATHOCTH Py 1 Py

k
L, ecmm ) z >1
Glz1,. . ) = =t (13.1)

rael = pk, p= (po+p1)/2. o Teneps nodBiAseTCA TOMOMIHATENBHASL TPY -
HOCTE — MepinH MOXKeT THTAaThcd 06MaHyTh ApTypa, cooblas eMy He-
PAa3JOKNMYIO B TEH30DHOE NMPOU3BE/EHIE MOJACKA3KY .

[ycte mbl ucnodwzyem k wommii cxembl U. IlpegmoctaBum Mepauny
64aBIIYI0 CBOGOMY, Da3peNinB B KadeCTBe TMOACKA3KH JMIOOYI0 MaTPHUIY
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IJIOTHOCTH p € L(B®km). BeposaTHoCTE moNyvueHNA OTBETOB 21, . .., 2; TIpH
TIoJCKa3Ke p paBHa

P(z1,. ..zl p) = Te(XEV @ @ X&) p), (13.2)
rie

X =Ty (U0 (o @, 0V7") (@, 0N=7=)) ). (13.3)

3mech H(la) — NpOEKTOp Ha MOANPOCTPAHCTBO COCTOAHHUN, NMEIOIINX ¢ B
neppom g-6ure (1.e. C(|a)) @ BENV-1),

Trober yoenuTh ApTypa B mpauibHocTH F(2) = 1, Mepanu moxer
naTh mofackasky p = p&% rae pr = |€:)(&| — coobmenmne, KoTopoe y6e-

KaaeT ApTypa, geficTByoIIEro mo cxeme U, ¢ BepossTHOCTHIO p1. [lo obmmm
CBOHCTBAM KBaHTOBOH BepoATHOCTH, Gopmyia (13.2) mpeobpasyercd B

k

k
P(zl,...,zk|p):HTr(X( H (z5]p2).
j=1

TMaccmoTpuM Teneph caydait, korga F(xz) = 0. TlaM HY»KHO OUEHUTE Be-
positHOCTB P (21, ..., 2;) M npousBoibHOro coobienns Mepanna p. Boi-
6epeM B mpocTpancTse B OpTOHOPMHPOBAHHLIE 6a3iC, B KOTOPOM JHa-
ronaimusyerca omeparop X 1) (3101 oneparop, ouesnano, spmMuTon). Omne-
parop X(© =7 — XU guaromaren B TOM Ke Gazmce. Oupegeanm HabOP
«ycaoBHBIX BeposiTHOcTeiy p(z|d) = (d|X?)|d), rae |d) — onun m3 Gazuc-
HBIX BekTOpoB. (OueBnano, ato p(z|d) > 0 u p(0|d) + p(1|d) = 1.) Toraa
pequanna P(z1,. .., 2| p) npuoGperaeT Bup

Pz, omlp) = > paoap(aldy) - op(aalde), Y pay e =1,

iy di iy di
(13.4)

3neck pa,. q, = (d1...dgl|p|d1 ... di).

Popwmyaa (13.4) umeer ciegyolnyto nHTepnpeTanmo. [TaccMoTpnm Ha-
6op BeposTHOCTER P(21, ..., 25| p) IIA Beex mocaefoBaTelbHOCTER (271, . . .

, 21 ) KaK BEKTODP B k-MeDHOM BellleCTBEHHOM TIpocTpaHcTBe. MBI ToKasza-
JI, 9TO 3TOT BEKTOP Ha MPOM3BOJLHON TIOJACKA3ZKE p TIPUHAIIEKAT BHITYKJ/I-
ol 060/I0TKe TAKNX Ke BEKTOPOB Ha PasfoKNMBIX TMojcKaskax |dy, ..., dy).
Tosromy HamGobIIAA BEPOATHOCTE coObITHA G(21, .. ., 2;) = 1 (gaa moboi
dbyakunm () JocTHraeTcsA Ha MOACKA3Kax Takoro BHA.

B cayuae, korga G — noporosas dyrkiug (13.1),

Pmax = Hl;iXPI‘ (G, ) = 1] p] = Z (lj)pi(l —p)77, (13.5)

Iy
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rje p. = maxjg) (€|XMW|¢). Cormacho yenoBmio, p. > p1, ecin F(z) = 1, n
Ps < po, ecan F(z) = 0. OueHnM BeTHUNHY Pryax B 9THX CIyYasX, COOTBET-
CTBEHHO, CHH3Y M CBEPXY.

Iy nem ncnoar3oBaTh HepaBeHCTBO epHoBa (cMm. [18]). TlycTs

H(p,rJ)Z—(l—p)hli:

Torpa mpu p, > p; moryIaeM
1- Pmax < eXP(_H(Papl)k)a

4 —pln2
P P

anpn py < po —

Pmax < eXP(_H(P pO)k)
W3 mepasencrsa In(1 + ) < « caeayer, aro H(p,q) > 0. Ucnoawssys Gonee
To4HOE pazioxenne In(1 + x) r—22/24 £3/3, MOXKHO MOAYIUTDH OLEHKY
H(p,q) = Q((p—q)?). Tak aro npu k = n?**+# ykazannne B ycrosnn onenxn
Ha € BBITTOJHEHHL. O

3ameuanne 13.2. BaXHBIM MOMEHTOM B M3JOXKEHHOM JTOKa3aTelbCTBe
apagerca ToT daxt, 970 X (O 1 X1 rraromanmsyiorea B oqHOM I TOM Ke
6azuce. Boofue, ycnienne BEpOSTHOCTEN [ HETPUBHATBHBIX CAOKHOCT-
HBIX K1aCCOB (KaK KBAaHTOBHIX, TaK M KJIACCHYIECKHX) — Bellb TOBOILHO
TOHKAA.

13.3. IHoausre sagatqu. B kiacce BQNP, xak u 8 NP, ecTh moambie 3a-
&< OTHOCHTENBHO TOH XKe CaMOW MOJAMHOMUAABHON CBOAUMOCTH, KOTOPYIO
MBI paccMaTpuBaJau paHbiiie. BoT mpocreimnii npuMep.

3a1a49A 0. Bagagum pyuknuio F caegyiomum obpasom. Ilycrs 7 —
MHOXECTBO TPOEK BHa

({ommcanne kBaHTOBOMH cxeMbl W), po, p1),

rie Mmoj ONMCaHWeM CXeMBl TOHUMaeTCA eé TPUOIMKEHHAA pealn3anud B
cTaHgapTHOM 6asnce, a p1 — pg = (n~%) (a > 0, n — pasMmep onucanmsa
cxembl). Torna pas z € 7

F(z)=1 <= ecan cyuecTByeT BeKTOD |{), UpH AelCTBUE HAa KOTO-
PHI MBI HOJTyYMM B TEepBOM OHTE | ¢ BEPOATHOCTHIO,
OOBITEN P1;

F(z) =0 <= ecan mid Beex [£) BEPOATHOCTD NOMYYINTH B EPBOM G1-
Te 1 MeHbIIIE pg.

Moanora zaga«un 0 odeBmana. Bcé, daTo TpebyeTcsa aas MOCTpPOeHUS
CBeIéHMsA, COMepXKUTCA B ompefetenun 13.2. Bxoa x Bougér B omnmcanme
cxeMbl W BMecTe co cxemon U, .
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ITaccmoTpum 6ojee mHTepecHble mpuMepbl. [laa Hadvaga gaguM ompe-
Jejerne kBaHToBoro anagora 3-KIIP — mokadabHOro raMuabTOHIAHA (JIO—
KaIbHOCTDH ABIAECTCA aHAJOTOM OTPAHHYEHHOCTH WNCIA MEPEMEHHBIX, BXO-
JAMIHEX B OJHY NH3BIOHKIINIO).

Onpegemenne 13.3. Onepamop H: BE" — B®" nasweaemes k-rokann-
HBIM TaMUJALTOHUAHOM, €CAU OH GbIPANCAEMCA 8 6Ude

H =3 H[5),

2de kadcdoe caazaemoe — Ipmumos onepamop, detcmayrowut Ha MHONCE-
cmee g-6umos S;, |S;| < k, na ocmaavnviz g-6umaz on deiicmeyem mo-
AHedecmeeHHo.

Ipu smom evinoareno ycaosue nopmuposku 0 < 1 (dpyeumu cao-

] \
samu, u H;, ul — H; — noaodcumeabmo nmtyonpe&eﬂeHHble).
3ATAYA 1: JOKAJBHBIN TAMUJAbLTOHUAH. IlycTh Z — MHOXeCTBO

TpoeK BHJa
({ommcanne k-rokaapHOTO raMmabToHNAaHa ), a,b),

rre k=0(1), 0<a<b, b—a=Q(n"%), (a« >0). Torga gua z € Z

F(z)=1 <= ecimy H ecTh cCOGCTBEHHOE YHCIO, He GOMBIIEE a,

F(Z) =0 <~ eclIn Bce cOOCTBeHHLIE Yncaa H 6oubiie b.

YrBepxgenue 13.2. 3adaua JOKAJTBHBIN TAMUJIbLTOHUAH npuHad.ie-
agcum BQNP.

HokazarerbcTBo. OnmimeM BHavade OCHOBHYIO Haelo. MEel mocTpomm
Takylo cxemy W, KOTopas HCIIOAL3YeT MOACKa3Ky W3 IPOCTPaHCTBa, B KO-
TOpOM fedcTByeT H, W BBIAAET OTBET «Aay (3HadeHme 1) Ha MOJACKa3Ke
|n) ¢ BepoaTHoCTBIO p = 1 — r=Yn| H |n), rae r — 4ucio caaraembix B
rammabTonuane H. Ecan |n) — co6cTBEHHBIN BEKTOD, COOTBETCTBY IOUIHN
COBCTBEHHOMY 9HCIY @, TO BEPOATHOCTH OTBETa ¢Jay 6yJeT

p=1—r""(lH|p) >1-r""q,
a ecan Bce coGCcTBeHHbIe Yncaa H Goablie b, To
p=1—r""|Hlnp) <1—r""b.

CrnepBa TOCTPOMM TaKylo CXeMy s OAHOTO caaraeMoro. IlycTh sTo
6yzer H; =3, As|ws) (5|, meficTBytommy Ha MHOXKecTBe ¢-6uToB S;. Ilo-
CKOJIBKY Pa3MepHOCTDH IPOCTPAHCTBA, Ha KOTOPOM feilcTByeT [, orpaHu-
9eHa KOHCTAHTOH, MBI MOKEM Peall30BaTh ONEpaTop

Wil 0= ) @ (VA0 + VT= X))
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KOTODHIH JelCTByeT Ha MHOXKecTBe ¢-6mToB S; U {(oTBeT)}, rue (oTBeT)
obo3HatMaeT q-6UT, M3 KOTOPOro GepéTcs pe3yabTaT paboThl cxeMmbl. [la
OCTaIBHBIX (-6HTax MOACKa3Ku W; JellCTBYeT TOXKJeCTBEHHO.

BrrancanM BeposTHOCTL 1 B 6HTe pesyabTaTa Hocle npuMenennsa W, k
cocrosaumio |17, 0) (6uT pesyabTaTa ycraHoBIeH B 0 mepes HAYaaIoM pabOTH
cxeMmer). Ilyets |) = 7, ys|1)s) — pasioxkeHue |7) 0O OPTOrOHAILHON CH-
cTeMe COGCTBEHHEIX BeKTOPOB H;. IIMeeM, IO OIpefeleHNI0 BEPOATHOCTH,

P;(1)= (0w (e w)Wj n,0) =

(oTBeT)

Zys (t,,0] WT<I®|1>1| Zytwt, =

(OTBeT)

= Z \/1 - /\sy::\/1 - /\tyt<1/)s|1/)t> = Z(l - /\s)y:ys =1- Z/\sy:ys =

s, s

=1—{nlHn). (13.6)

O6mman cxema W BLIOmpaeT caydailHO W PaBHOBEPOATHO HOMEp j, TMO-
clle dero mpuMenseT omeparop W;. Takoe IeficTBHe MOXKHO DealH30BaTh
U3MEPATOITNM OMepaTOPOM BHA Zj [7)(j] @ W, npuMeHEHHLIM K BEKTODPY

(% Zj |j>) ® [n,0). (Baech |§) oBosHadaeT Ga3UCHBIN BEKTOP BO BCIO-
r

MOTATEIbHOM 7-MEPHOM TIpOCTPaHCTBe.) [IpOBOAA BLIMHCICHHA AHAIOTH-
o (13.6), noxygaem

1 1
P(1) =Y —(n, 0l Wi (T @ [DA[)W;lj,n0)=" -P;(1) =
Zj:r —— ZJ: " (13.7)

=1 — "N (n| H |n).

(oTBeT)

d

YrBepxgenue 13.3. 3adaua JOKAJLHBIN TAMWJILTOHUAH nNoaHa 6
kaacce BQNP omnocumeavno noauromuaabroti ceodumocmu.

Naes poxasareibcrsa BocxonuT K Peiinmany [29]: 3aMeHa yHUTAPHOI
SBOMOIAN HE 3aBUCAIINM OT BPEMEHH I'aMIIBTOHHAHOM (T.€. MepPexon OT
CXeMBI K JOKAJIBHOMY TaMUIbTOHNAHY ).

JokasaTreascTBo. UTak, mycTh ecTh cxema pasmepa L: U = Up-...-Uj.
[Iyxem canrats, wTo U melicTByeT Ha mpocTpaHcTBe n3 N -OUTOB, IepBhIe
m M3 KOTOPHX — (-OUTHI MOACKAa3KM, a OCTalbHBIe — BCIOMOTATETbHEIE
(B3ATHIE HATIPOKAT HA BPEMsA BHIYNCJAEHHI); CINTAEM TaKKe, 9TO CXEMa CO-
CTOWT W3 OMEPATOPOB, MEHCTBYIOIINX HA Mapax ¢-6UTOB.
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TamuabToHUaH, conmocTaBageMbin cxeme. OH JeliCTByeT Ha MPOCTpaH-
cTBe

N L+1
£ =B octtt,
I'Jle TIEPBBII COMHOXKHUTEND — TPOCTPAHCTBO, Ha KOTOPOM JENCTBYET CXEMa,

a BTOPOH COMHOXKHTENb — MPOCTPAHCTBO cUéTYnKa maros (dackr). Cocro-
HT >TOT TAMIIBTOHUAH W3 TPEX CAATAEMBIX

H=H;, + HpI‘Op + Hout.

CiaaraemMoe Hin oTBeYacT HaYaJbHOMY COCTOAHUIO U PaBHO

fh:(Z:mﬂ®me (13.8)

s=m+1

()

rae ;" — npoekTop Ha MOAIPOCTPAHCTBO BEKTOPOB, ¥ KOTOPBIX §-I OUT
paBeH «. BTOpoll COMHOXUTEE B 5TOH GOpMYyJIe JeICTBYET B IPOCTPAHCTBE
CUETYNKA.

Caaraemoe H,y; 0TBedaeT KOHETHOMY COCTOAHIIO M PABHO

How = 11" @ |L)(L], (13.9)

3MeCh MBI CIUTAEM, ITO OUT PE3yJAbTATa — IIEPBHIH.

W, maxonemn, craraemoe Hprop OMICHBACT SBOMIONNIO CUCTEME W COCTO-
UT, KaK U CAeJOBAJO OXKUIATH, M3 L caaraeMbix, Kaxjgoe m3 KOTOPHIX OT-
BedaeT 3a mepexoa oT j — 1 K j:

L
HPFOP:ZHJ’

Jj=1

1 o 1o . Lo N e
Hj=—2U; @ )= = 5U] @ li-1)Gl+ 7@ (1)) + =16 -1]).-

(13.10)

Kaxgoe craraemoe H; peilcTByeT Ha ABa (-6UTa U3 HPOCTPAHCTBA CO-
CTOAHNH U Ha (-OMTHl MIPOCTPAHCTBA CHETYNKA.
3amena Gasuca. [IpousBenem zameny Gasnca, 3a1aBacMyi0 OTIEPATOPOM

L
W= U ... U@ i)l
5=0

Momesno o6paTnTh BHEMaHme Ha TO, 9T0 W — H3MepAONINN OMepaTOP:
U3MEPSeTCA 3HAYeHNe CIETYNKA j U K -OMTaM MPOCTPAHCTBA COCTOSHUH
CXeMBI TIPUMEHSETCS OTEePATOP HBOMIONNN 33 BPEMSH j. B

lamuiapTOHMAH MpHU TakOW 3aMeHe M3MEHUTCA HA CONMPIKEHHBIN: H =
= WTHW. [locMoTpuM, Kax JelicTBYeT CONmpsAXKeHHe omepaTopoM W Ha
craraeMmbie H.
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IIa craraemoe Hin CONIPpAXKEHNE HE BJAUACT!

Hin = WHHW = Hyy,. (13.11)
NeticTBue Ha craraemoe Hoyt:
Hous = WHHo W = (UTH(lo)U) @ |LY(L]. (13.12)

Caaraemoe H; cocronT us Tpéx. Buadaie sanmmeM TeficTBHe CONpSKe-
HUA Ha NepBoe U3 ciaaraembix B (13.10):

Wi (=30 @) - 1) W =
=2 S (Wa U@ ) (U © )G = 1) (Ue - Ur @ 1)) =

== (W U t) e (DGD G = 1 (- DG = 1)) =

1 N
= Lrali- 11

ConpsixkeHne ABYX NPYTHX CAAraeMBIX ITPOUCXOAUT AHAJOTHMYHO, B HTOTE
oAy acM

H]:WTH]W:
=18 (15 10 = 1= i = 061 )G = 1+ )01) = T B,
n
Hprop = WHHo(pW = T © E, (13.13)
rae
1 _1
e 0
L 2 . 2 .
E=) Fj= 2 13

OneHkKa COGCTBEHHOTO THCIA TP OTBeTe «Zar. [Ipenmonoxnm, 9To cxe-
Ma, Ha BXO[ KOTOPOH ToAaH BeKTOD |€), naéT oTBeT | ¢ BEPOATHOCTHIO He
MenbIne, 9eM 1 — €. [ITo, o onpefenennio, 03HAYAET, ITO

P(0) = (€, 0| U U €, 0) < e.
TokaxkeM, 9To B 5TOM caydae y H (a, smaunT, n y H) ecTh magoe
co6cTBeRHOE qncio. [l 5ToTo TpebABAM Tako# BekTop |7}, uro (7| H |7)

JOCTATOYHO Majdo (MHHEMYM KBaipaTudHoi dopmer (-| H |-) gocTuraercsa
Ha COGCTBEHHOM BEKTODE).
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B mpocTpancTBe cuéTdmKa BEIGEPEM BEKTOD

) = ﬁ;m (13.14)

WNckomerit BekTop |7j) paser |£,0) @ |¢). Ouennm (77| H |77).
Ouepnro, uro E|¢) = 0. ITosTomy

<77| Hprop |ﬁ> =0= <77| Hj |ﬁ>
ITockoabKy Bce BcromMorartedbHBIE (-OUTH BHavajde yCTaHOBJIeHBI B 0, TO
HETOCPEICTBEHHO 13 onpefesiomei gpopmyast (13.8) moaydaem

<ﬁ| ﬁin |ﬁ> =0.
OCTaJIOCI) OLOEHUTH IMOocJeqHee caaraeMoe
(il Hout ) = () (UT0) @ L)L) = P(0) = < 7

Nrak, MBI TOKa3adm, 9TO

~1 17 &€
H < —
AT <
mo3TOMY ¥ H ecTh cOGCTBEHHOE YMCIO C TAKOW XK€ BEPXHEN OMEHKOMN.
OneHka coGCTBEHHOT'O MHMCJAA IPU OTBeTe «HeT». B nToM ciaydae Ham

HYKHO NOKa3aTh, YTO Bce COOCTBEHHBIE Uncaa Beankn. [IycTh aada aoboro
BEKTOPA |£) BEPOATHOCTHL 0TBeTa | He TTPEBOCXOINT £, T. €.

€0 U g, 0) > 1—e.

JokaxeM, ITO B 5TOM caytae Bce cCOOCTBEHHBIE dncaa H 6oablile n60 paB-
uet ¢(1 —/€)L73, rjge ¢ — HekoTOpas KOHCTAHTA.

HoxazaTeabcTBO JOBOJIBHO JIHHHOE, MOXTOMY BHadaje NMPHUBEJEM ero
kpaTkuii maan. lpejcrapup ramMmuibToRran B Bujge cyMmbl H = Ap + A
onepaTopoB Ay = Hig+ Houw 1 A2 = Hprop, MBI OIICHUM CHU3Y HaMeHBIITE
HeHyJeBble co6CTBeHHBIe Yncaa Ay n A, mo orgeabrocTn. Iloayaum ormen-
ki 1 u ¢/ L=? coorBercrBenno. YTo6LI OIEHUTH HAMMEHDIIEE COGCTBEHHOE
anciao Aj + Ao, HaM moTpebyeTcs JeMMa, KOTopasd TaéT TaKyIo OMeHKY /A
CYMMBI ¥epe3 OIMeHKN A ClaraeMBIX W YTOJd MEXIY UX HYJEBBIMU TO-
IpOoCTpaHCTBAMI. YTVIOM MeX Ay moanpocTpancTBaMu L1 Lo ¢ HYJEBBIM
nepecedenneM OyieM HasbBaTh Beamdnuy (L1, L), 3a7aBacMyto yCJIOBH-
AMUI

cos¥(Ly,Ly) = max  [(mn2)|, 0< 9Ly, L2) < g (13.15)
[n1)€L1
[n2)€L2
Jemma 13.4. Ilyemv Ay, Ay — wHeompuyameavrvie onepamopvi, L1,
Lo — ux nyaesvie nodnpocmpancmea, npuuém L1 NLy = 0. ITycmv makoice
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nenyaesvle cobemeennvle uucaa Ay u As ne menvwe v. Toada
A+ Ay v 2sin® (13.16)
ede ¥ = V(Ly, La) — yeoa mencdy L1 u La.

O6osnadernne A > a (A — omeparop, a — €HCI0) HYXKHO TOHHMATH
kak cokpatenne or A — al > 0. /Ipyrumu caoamu, ecin A > a, To Bce
cobcTBeHHBIE Uncaa A He MEHBIIE d.

B HameMm cIydae MbI HOIYYHM oleHKH 1 U ¢/L~? 114 HeHyIeBEIX cob-
cTBeHHBIX dncen Ay m Az (06 >TOM yXKe TOBODHIOCH BHIIE) I sin? 9 >
> (1—+/2)/(L+1) paa yraa. OTcioga BHITEKaeT UCKOMOE HEDABEHCTBO

H>c(l—e) L5

JoxasareabctBo (aemmsr 13.4). Owuesngno, aro Ay > o(l —Tlz,) u
Az > v(I —Tlz,), modTOMY T0CTATOYHO AoKazaTh HepaBeHcTBo ([ —Tl., ) +
+ (I —Tlz,) > 2sin?(¥/2). Ono, B CBOO OYepeIb, DKBUBAICHTHO TAKOMY
HEepaBeHCTBY:

Mg, + Tz, <1+ cosd. (13.17)

Mycrs |€) — coberBennbiit BekTop omepaTopa Iz, + 1., , oTBevdatommi
cobcTBerHOMY wmcay A > 0. Torga

Oe, 18) = walm), Mg, l&) = uzlna), uyp|n) + uzn2) = AlE),

rae |m) € L1 u |n2) € Lo — eqWHUYHBIE BEKTOPEL, & U] W Uy — HEOTPHIa-
TeJbHBIE BelleCTBeHHBIe IHCIa. OTCIoga HaXO0IM

A= (g, + T, )1E) = uf + us,
A = (wr(m |+ uz(na]) (wilm) + ualnz)) = ui +u3 + 2urus Re(ni[2).
CaenoBaTenbHo,
(14+z)A— A2 = z(up £ u2)2 >0, rmex= |Re<771|772>|.
Taxum o6pazom, A <1+ 2 < 14 cos?. d

Tenepb momy4uM YIOMAHYTBIE BHIIE ONeHKH. llyJeBble MoANpOCTpaH-
cTBa Ay m Ay mpecTaBIAIOTCA B BUIE

L£1=B" @0V @ |0)e BN @ C(|1),...,|[L - 1)) &
e UT(|1) @ B*WN-Y) @ |L)

(mocae THUTT COMHOKHTEND BO BCEX CJAATaeMBIX OTHOCHTCA K MPOCTPAHCTBY
CUETHUNKA),

(13.18)

Lo = BN @ |, (13.19)
rjle BEKTOD |¢) onpegenén popmyaon (13.14).
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Hns otenkn
A1|£f_ >1 (13.20)
JOCTATOYHO 3aMETUTh, 9TO Aj ABAAETCA CYMMOHW KOMMYTHUDPYIOIINX APYT
C IPYT'OM NMPOEKTOPOB, TO3TOMY Bce COGCTBEHHBIE YNC/IA 3TOT'O OlepaTopa
neJble.
[asa onenkn A2|£J_ HYXXHO HAaWTH MEPBOE MOJOKUTEABHOE COOCTBEHHOE
2
«mcao MaTpuibl F. Co6CcTBEHHBIE BEKTOPHI I COOCTBEHHBIE dncia F naoTces
dhopMyIaMu
L

[g) = Z OS(% (j+ )) 17, A =1 —cos gy,

rae qp = wk/(L 4+ 1) (k 0,...,L). Orciona cregyer, 4To
Aslgs > 1— cos (LLH) > /L2 (13.21)

[Takomnen, HyXHO OIEHUTH yroa Mexay mommpocTpancTBamMu L1 u L.
Ily nem onenmBaThH KBaApaT KOCHHYyCA yTJa

2
cos’¥ = max |<7]1|772>| = max (12|, |n2). (13.22)
c [n2)€L2
[n1)€L1
[n2)€L2

Mpeacrasum |n2) B Buge |€) @ |¢). lIpoekTop Ha £1 pacmagaeTcs Ha CyMMY
TPEX TMPOEeKTOpPOB, B coorTBeTcTBun ¢ (13.18). CoBceM Jerko moacanTaTh
BKJa BTOporo ciaraemoro, ol paset (L — 1)/(L 4+ 1). TlepBoe u TpeThe
caaraeMble B CYMME NaiOT

1+ cos
L+1<€|<HK1 +HK2)|€> < L7—|—1’

rae Ky = BN, Ky = Ut (|1> @ BOW- )), a  — YroJd Mexjy STUMU ABY-
MsA TOANPOCTPAHCTBAaMH. (31ech NCHoab3yeTcsa HepaBercTso (13.17), moay-
YeHHOE B XOJ€ JOKa3aTelbCcTBa JeMMEL 13.4).
Benmanna cos? ¢ paBHa MaKCHMAJILHON BEPOATHOCTH MOMYIeHIA OTBETA
1 mcxomHOM CXeMOU; IO YCIOBHIO OHA He Goablie, deM £. [loaydaeMm Takywo,
npogomkaroryo (13.22), oueHky:
L— 14+ 1—4/e

<772|H£1|772> L—|—1+ L+1 =1- L+1°

CuaenoBarenbio, sin® ¥ = 1 —cos? ¥ > (1—+/2)/(L41), kKak u yTBepxKa1och
BRIIIIE.

IMeammzanua ciéTmka. Mbl Hanncaan 3aMedaTelbHBI IaMIILTOHIAH,
HOYTH yAOBJAETBOPAIOINN TpeGyeMbIM CBONCTBaM. Y HEro eCTh TOJBKO
O/IMH HeJOCTATOK — OH Jullb (log L)-I0KaabHbI (B MTPOCTPAHCTBE CHETHH-
Ka MBI JIe[iCTBYeM Ha Bce q-OWTHI).

KBAHTOBHIN AHAJOT NP: kjaacc BQNP 117

[IToT HemOCTATOK MOXKHO MPEONOJETH, €CAU BJIOKHTH MPOCTPAHCTBO
cuéTamKa B 64bInee MpocTpancTBo. BozbMéM L q-6UTOB, 3aHYyMePOBAHHBIX
or 1 go L. Uckomoe Broxenne CEH1 — B prirpaqur Tak:

) = 11,...,1,0,...,0).
N——
j L—j
I/ICHOJII)ByeMbIe B KOHCTPYKIOHNHN TaMWJIbTOHHWAHA H OonepaTopbl Ha IIPO-
CTpaHCTBE C‘{éT‘H/IKa 3aMEHAIOTCA COIVIACHO CXeMe

10)(0] ma I}, 10)(1] na <|o><1|> g,
)Gl ma VI, 1= 1G] ma 152, (Jo)a]) 1y, (13.23)
|LY(L| ma 115 L — 1)(L] ma 11y (J0)(1]),

Teneph oHN 3-TOKadbHBIE (& caM TaMIUIBTOHWAH, C Y9€TOM [AeACTBHA HAa
(-CUTEl HCXOHON CXeMBI, — B-JIOKAIbHBIH).

Ecau roBopuTh TouHee, MBI 3aMEHWIN MaMWIbTOHUAH [, 1eHCTBOBaB-
mmii Ha npocrpancre £ = BON @ CLH! | ma mowwli rammibTonnan Hoy,
onpejeneHHbI Ha 66abmemM npoctparcTBe Lo = BNV @ BEL . Oneparop
Hext oTo6paxkaeT moanpocTpaicTBO L C Lext B ceba U MeNCTBYET Ha HEM
Tak Xke, Kak H.

Tenepb BozHWKaeT HOBasg MpobaeMa: 9TO JedaTh C JUMIHAMHU COCTOS-
HUAME B PaCHIIPEHHOM TpocTpaHcTBe cuérdmka? MBI cipaBUMcA ¢ 5TOU
npobJaeMolt, J0GABUB EIIé OJHO claracMoe K TaMUIbTOHUAHY H eyt :

L-1
Hstab—IB®N®ZH ]+)1
j=1

[MyneBoe moampocTpancTBo onepaTopa Hgiap cOBIAgaeT cO CTapbIM pa-
60YUM MPOCTPAHCTBOM L, HOSTOMY AOTOJHUTENBHOE claraeMoe He MeHseT
BepXHEN OlEeHKN MUHUMAJIBLHOTO COGCTBEHHOTO YHCIa TP OTBETE ¢ay.

[Mpu oTBeTe ¢HeT» TPeSyeMyio HIKHIOW ONEHKY A COOCTBEHHBIX THCe
omepaTopa Hext + Hstap MOXKHO TONYYIUTE Clegyiomum obpazom. Oba caa-
raeMbIX OCTABJAIT WHBAPUAHTHHIM MOANPOCTPAHCTBO L, TTODTOMY MOXHO
OlleHHBATE He3aBUCHMO Ha L 1 ero opToronasbaoM gomoxnernn L. Ia £
nmeeM Heoxt > e(1—+/€)L73 1 Hgap = 0, a wa LY — Heye > 0w Hypap > 1.
(37ech MBI TOJIB3YeMCA TeM, 9TO KaX10oe M3 claraeMBlX MaMIIbTOHHAHA,
(13.8), (13.9) u (13.10), ocraeTcs HeoTpuuaTebHEIM pn 3aMere (13.23)).
B no6om cayuae

Hext+Hstab (1_\/5)[/_3.

[ITo 3aBepiaeT JOKA3aTEALCTBO MOJHOTHI 3291 O JOKATBHOM TaMIIBTO-
nname B Kaacce BQNP. a
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13.4. Mectro BQNP cpegn apyrux caoXHOCTHBIX KaaccoB. [Ipsamo uz
ompefeleHns caegyer, 9To kiaacc BQNP cogepxut kracc MA (a, sHauuT, n
BPP, u NP). ITutero 6ofee onpeeaéHHONO O CHIIE ¢HEeTEPMUHNPOBAHHEIX)
KBAHTOBHIX AITOPHTMOB CKa3aTh MOKa Heab3d. ")

Ile canmkomM MHOrO MOXKHO cKazaTh I 06 HX «CaabOoCTIy.

YrBepxgenue 13.5. BOQNP C PSPACE.

HokazaTembcTBo. MakcnMadbHas BEPOATHOCTHL TOTO, ITO TOJACKAZKA
Mepanna 6yaeT npuHATa ApTypoM, paBHa MAacHMa/JbHOMY COGCTBEHHOMY
qucay onepartopa X = X (em. popmyay (13.3)). TTam HyKHO BEHCIITE
5Ty BeamanHy ¢ TodHOCThIO O(n~™%) (a > 0).

3amerny, 9To 0 £ X < 1. /114 omeHKH MaKCHMAaJbHOI'O COGCTBEHHOT O
qucta 6yJeM HCIoIb30BaTh CaeAyIOIee MPeJelbHOe PABEHCTBO!

d
I Ay = lim 2T
d— o0 d
[IycTs Amax = A1 > A2 > ... > Aam — cOOCTBeHHBIE 4nCha omepaTopa X
(3geck m = poly(n) — aamua moxackaskn). NMeeM oreHKY
g
, WX Ad
InTr X i=1
In Amax < — 2 = Jd gln/\max—i—%an,

3 KOTOPOMH CaeyeT, 9TO A OIEeHKN ¢ TOJHHOMHUATBLHOW TOYHOCTHIO HEO-
TPUIATEABHOTO OMEPATOPa, JEUCTBYIOMIErO HA M -0UTax, TOCTATOYHO BhHI-
YHUCAUTH CAe[ OT €ro CTEINeHN, OTPAHNYEHHON TTOIMHOMOM OT 1.
Berancaenne semmaussl Tr X¢ fgemaercda Ha MOIMHOMUAIBHON MaMATH
TeM XKe CIoco6oM, ITO U MO/eJupOBaHIe PAOOTH KBAHTOBOW CXEMHI. |

Sameqanne 13.3. Ilonydennbiil pesyabrar MoxHO ycuanth: BQNP C
C PP. JoxazaTelbcTBO MOTHOCTHIO aHAJOTHYHO PElleHNIo 3a1a4n 8.3.

Sameuanne 13.4. Mer orpanmyamiancek caydaem urp Mepamaa m ApTy-
pa, KoTopble mpogoakaiorcs oaud payua. Ilegasao 6blio mokaszano [45],
9TO yiKe ABYX PayHIOB TaKOW KBAaHTOBOW WIPHI JOCTATOYHO, 9TOOHI MO-
ayanThk Bech kaacc PSPACE. B kuaccudeckom caydae mias AOCTHUKEHUA
kaacca PSPACE TpeGyeTcs NoinHOMHAIBHOE KOJAUIECTBO payH1os [36, 37,
MPUYEM B IMHPOKUX KPYyTaX Y3KUX CIENUAJNCTOB T'OCHOJACTBYET MHEHME,
9TO HUKAKOTO (PUKCHPOBAHHOT O KOJMYECTBA PAYHIOB HEJOCTATOTHO.

15) IIpenynpex geHue: B uTepaType BCTpEYaeTCA IPYroe olpefeleHe KBAHTOBOTO He-

AeTEePMUHUPOBAHHOI'O BEIMUCJACHUS, A1 KOTOPOro MoMyvYeHa [oMHad XapakTepusalii B
TepMHUHAX KJIaCCHIECKUX CJIOKHOCTHEIX Kaaccos (cM. [46]).
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14. Kiaaccudgeckue M KBAaHTOBLIE KOdBbI

Kak yxe of6cyXaaloch paHee, KBAHTOBOE BLIYHC/ICHUE «He CJHIIKOM)
9YBCTBHTEIBHO K IIOCPEIIHOCTAM peaJi3allid YHHTAPHLIX OINEpaTOPOB:
omuGKN HAKAILINBAIOTCA JUHeHO. Ecim ecTh nociejoBaTelIbHOCTh YHITaP-
HEIX omepaTopos Uy, ..., U m mociefoBaTe bHOCTh TpubanKenmit Uy, . ..
U, |U; = Uj)| < 8, To BhimoansAeTca HepaBeHCTBO

WO -...-Uy=Up-...-Uj|| < L6.

OTCIO,Z[& JIETKO 3aK/AII0YNTh, HACKOJBbKO M3MEHHUTCA BEPOATHOCTDL IIOJY'e-

HUA TpaBWIBLHOTO oTBeTa F'(x) KBaHTOBOH cxemolt U = Up - ... - Uy (cm.
ompegenerne 8.1). IITa BepoATHOCTE (JeBas 9acTh HEpABEHCTBA B ONpee-
Jenmn) MoxeT 6biTh samucana Kax (E|UTTIpMU|E), Tae [€) = |z,0V77) a

M = |F(z)) @ BEN=7) Tlmeer MecTo cieqyiomasn oneHKa:

(EI0TTLMT1E) — (€U U1E)] < 2010 = U]l < 2L,
Takum 06pazoM, TpU HETOYHOU PeATU3ANNN YHUTAPHBIX OTepPaTOPOB Mpa-
BHJIBHBIN OTBET TOAYIAETCA C BEPOATHOCTHIO > 1 —e—2LJ; B 061eM caydae
3Ta OIeHKA HEYIydIIaeMa.

C TovKNM 3peHnsd (PU3NTECKON Peaqn3alni KBAHTOBOT O KOMIIBLIOTEPA, MO~
JYYeHHBIN Pe3yabTaT He SBASeTCA VIOBIeTBOpuTeabHBIM. [logydaeTcs, 110
pasMep KBaHTOBOW cXeMBI L He ToJKeH mpeBocxoAnThb 1/(46), mHade Bepo-
ATHOCTD IPABUIBLHOIO OTBETA MOKET cTaTh MeHblue 1/2. Tlosromy BozHU-
KaeT BayKHBIN BOTIPOC: MOXKHO a1 n36€KaTh HAKOILIEHS OMMNGOK | MCITOMb3Y
CXEMBI CIIENNAIBbHOTO BIIAT

OTBeT Ha >TOT BOMPOC MOJOKUTENbHBIH. M nes cocTonT B ToM, 9TO6BI
sakoduposame (3aMEHNTD) KaX ABIH q-OUT, NCIOAB3YIOMNICA B BHIYHCIEHH-
AX, HECKOJBKHUMHE TIPU TIOMOIIIN OTPENETEHHOT O M3OMETPHIECKOTO BIOKEHIA
V:B — B®". Jlero B ToM, 4TO OmMOKH, KaK IPABUIO, JEHCTBYIOT OJHO-
BPEMEHHO Ha HeGOMBIIOE YUCHO -OUTOB, TO3TOMY KOANPOBAHIE TOBBIIIIAET
YCTONYNBOCTH KBAHTOBOTO COCTOSHISA.

KoncTpykunm, HeoGxoauMble 1ji OPraHU3aIlNN BEIYMUCACHIH 6€3 ToTepn
TOYHOCTH, MOBOABHO CA0XKHBL. [To1po6Ho otn uzaoxennt B [41, 19, 34, 4, 32],
a 3/1eCh MBI B OCHOBHOM OTDAHUYUMCA 6OJee TPOCTHIM BOIPOCOM: KaK CO-
XpaHATH HEOTPAHWYIEHHO [OJTO 3ajJaHHOe KBaHTOBoe cocrosHue? (Jlerko
MOHATH, 9T0 3TO — YaCTHBIN CIyYal TPeIBIAYIIEro BOMPOCa, KOT1a Peali-
3yeTCA TOCAeI0BATENBHOCTE TOXJAECTBEHHEIX onepaTopoB.) s petennsa
TaKOU YIPOIIEHHON 3aa¥N KOHKPETHBIH BI /[ KOJAUPYIOUIET0 0TOOPaKEHNA
V HeBaxkeH; HYKHO 3ajaTh JUIIb NognpocTpancTeo M = ImV C B,

Ompepgenenne 14.1. KpauToBbIl Ko THIA (1, M) — 3T0 NOATPOCTPAH-
crBo M C B®™ pasmepnoctn 2. (Yncao m — KOIMIecTBO 3aKOAUPOBaH-
HBIX (-GHTOB — He 00A3aTeNbHO JOMKHO OBITH IEABIM).
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Ommbkn, Bo3HUKAOIINE TPU XpaHeHNN HHGopMalnm, 6y 1y T TPUBOINTE
K TOMY, ITO COCTOSHUE CHCTEMEI 6y 1eT BEIXOANTH 3a mpefeast M. [TosTomy
Heo6XO0MMMO Hay4INThCA BOCCTAHABINBATH COCTOAHNE CHUCTEMBI ITOC/E BO3-
MERCTBUS OMMMGOK OMPEeNeqEHHOTNO THIIA.

14.1. Kaaccuieckue kKoawl. Bmadajge paccMoTpuM caydail KJaacchmde-
CKHX KOMOB. MEI Wb cJerka 3aTpoHeM 5Ty obmmpHyto Temy. Iloapo6Hoe
H3JI0KEHIE TEOPHH KOTOB, KOPPEKTHPYIOMINX OMHOKH, (TaK OGBLIYHO HA3BI-
BaeTCA 5Ta HayKa) MOXKHO HaiTw B [9].

Kaaccuueckuii x0d muna (n,m) — s1o mogmuoxectso M C B Mo
noctm 2™. [las onmucaHmA OMMOOK HEOOXOMMMO TaKkKe ONpPeNeTnTh KAHAA
643U — HeYTO Bpoje HeoIHO3HAIHOIO oToOpaxenus B — B . Cyme-
CTBYET [Be MOeqN OIMMOOK: Gojee peaquCTHIHAA — BEPOATHOCTHAA, W
yTIPOIEHHAA — TeOopeTHKO-MHOKecTBeHHasA. CoraacHo BepOATHOCTHON MO-
Jeln, KaHaJ CBA3H 3a1aeTCA YCIOBHBIMI BepoATHOCTAMH p(y| ) npuema
cloBa Yy TIpW mepefade cioBa r. MbI 6ygeM paccMaTpuBaTh Caydall Hesa-
BHCHMO pacIpe/leéHHBIX OMMOO0K, Modarad 9To n' = n, a yCIOBHBIE Bepo-
ATHOCTH ONPEAEJAIOTCA Yepe3 BEPOATHOCTE OMIMOKH TIPU Tepegatde OHOTO
ouTa p1:

ply|z) = piY (1 = py)rdew), (14.1)
3neck d(x,y) — paccmoanue Xommunea (MUCIO PABIHIHBIX OHTOB).

EcThb cTamgapTHBI CIOCO6 YHPOCTHTHL MOJENbL HE3aBUCHMO PacIpe-
neqeéHHbIX omm6oK. OUEeHMM BEepOATHOCTEH TOTO, YTO CIyIdTcA Gomee k
ommn6oK (Kak fAcHo u3 gopmyawl (14.1), sTa BeqwvHHA OT & He 3aBHCHT).
Cunraem, aTo n, k — Ppukcuposansl, p; — 0. Torga

Pr[uncio ouwmbox > k] = Z " i1 —p1)" 7 = o(ph). (14.2)
i>k
Nrak, BepOATHOCTH TOTO, 9TO HIHCAO OMINOOK Goabuie k, Maaa. [TosTomy
MOXKHO CHJIBHO yIPOCTUTE MOJEMb. [lyleM cauTaTh, 9T0 NP nepejiate CJo-
Ba & MOXKET TOMYINThCA a1060e cIoBo Y, Takoe 9to d(z,y) < k (mapamerp k
3a1aéT WHTEpeCYIOWMI HAC MOPOT TOYHOCTH), & APYTHe OMMOKN He BCTpe-
TAIOTCA.
Beegém oGoznatenns:

N =B — MHOXEeCTBO BXO/IOB,
N' =B — MHOXECTBO BBIXOIOB,
E C N x N/ — MHOXeCTBO Mepexo/IoB
(OHO XKe — MHOXEeCTBO OLINGOK),
E(n, k) — wmHoxecTBO {(2,y) : d(z,y) < k}.

Ompegenenne 14.2. Kox M ucnpasasem owubku m3 MHOXKeCTBa F, ec-
AW UL TOOBIX 21, 82 € M u3 (x1,y) € B u (x2,y) € E caenyer 1 = xs.
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JlpyruMu caoBaMm 3TO yCJIOBHE MOXKHO CPOPMYAUPOBATH TaK: JJS JIO-
6uix map (21,41), (€2,y2), npuHagIeKammx F, u3 x1,22 € M u 21 # 22
crenyeT Y1 £ ya.

B Tom ciydae, korna E = F(n, k), ropopar, 4To kod ucnpasasem k
0WUBOK.

3ameuanne. TepMUH «KOJ, MCIPABIAIIINN OMNOKI) ABIACTCA HETOY-
HLIM. [IpaBmiibHee 6b1I0 OB CKa3aTh, 9TO KOJ OCTaBAAET BO3MOKHOCTD JJIA
ucnpaiaeHna ommook. Henpasasoujue npeobpaszosanue — 5TO oTo6paKe-
Hne P: N' — N, Takoe uro, ecin (z,y) € Euwx € M, 1o Ply) = =,
BBEIMHCJIEHNE 3HAYeHNA UCIPABJIAIOIIEr O IpeobpasoBaHna Ha3bIBAETCA JeKo-
duposarnuem.

IIpumep 14.1. Koq ¢ moBTOpeHmeMm:
Ms = {(Oa 0, O)a (L 1, 1)} C B
Takol Koa HCOpaBIgeT OTHY OUIHOKY .

OueBnaoe 06006mmenne npumMepa 14.1 IpUBOANT K KIACCHIECKIM KOTaM,
HCTIPABAAIONINM Mf060e KoandecTBo ommbok. [locTpoum 6ojee nHTepecHBIE
MPUMEPHI KJIACCHYIeCKNX KOMOB. [l Havaga qaquM elne oJHO CTaHIapTHOE
ompeaeneHue.

Omnpegenenne 14.3. KomoBoe paccTosiHie — 3TO
d(M) = min{d(z1,22) : 1,22 € M; 1 # 22}

[asa xona nz nmpuMepa 14.1 KonoBoe paccToAanme paBHO 3. UMeeTcsa ove-
BUTHOE YTBEDXK ICHIUE.

YrBepxpgenue 14.1. Kod uenpasasem k owubor mozada u moavko mo-

eda, kozda d(M) > 2k.

14.2. IIpuMepsl KIacCHIeCKUX KOJOB.
1. M, tuna (n,1); xas mero d(My) = n.

M, ={(0,...,0), (1,...,1)}.

n n
[ITo camas mpocTas cxema KoaupoBaHus. [loBTOpseM KaxX AbIi GUT MHO-
ro pas, a mocie KayK[IOU omepaiiuil BOCCTAHABIMBAEM KOMOBOE CJIOBO,
3aMeHAA 3HAYeHUA OGUTOB Ha TO, KOTOPOE BCTPEUYAETCA HAllle.
[Ira cepus Kon0B, Kak 6yeT MOKa3aHo HIXKe, He 0606IIaeTcsa Ha KBaH-
TOBBIN CAy<a.

. 2 2
2. Ilposepka mHa 9éTHOCTB. Ko M rima (n, n—1), 115 Hero d(Mr(l )) =
= 2. CoCcTOUT U3 BCEX YEMHBIT CJIOB, T.€. CIOB, COJEPKAIINX IETHOE
9HCIO €JUHNAIL.
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3. Koa Xommuura H,. IIto kox Tuna (n, n — r), rge ncio n = 2" — 1.

CaoBa uz B — 5To mocienoBaTeIbHOCTH GUTOB
= (2q : o = 1,...,n). Tlomep Kaxkgoro 6nra
100 MOXKHO 3aMUCATH B [BOWYHOHW CHCTEME KaK o =
——— 110 = (ay,...,a,). BBegéM MHOXKECTBO KOHTDOMbL-
111 / HBIX CYMM
101
010 mi@ = 3 wa
011 aoy=1
001 (cymMMmpoBaHHe 3 1eCh TOHNMAETCA [0 MOIYJIIO 2).

[Ta pucyske BbIeJeHBI MHOXKECTBA OGUTOB, BXOIdA-

[INX B KOHTPOJBHBIE CYMMBL TIpH © = 3 (MOJE3HO

BIJIETH B 5TOH KapTHHKE TPEXMEPHBIN Ky6).
MHuoX)ecTBO CJIOB KOAa XOMMHHIA 3aTa€TCS YCIOBHEM PABEHCTBA BCEX
KOHTPOJIBHEIX cyMM 0 (T.e. OHO ABIAETCA TMOAMPOCTPAHCTBOM TIO MOJY-
1o 2). MoxHO moKasaTh, 9To 1 Koga XsMMmuHra d = 3.

14.3. Jlunennsie xopet. Ilycrh ecth mMuoxkecrBo N = B? = Fj. Ju-
netnwit kod M C N — 5To AuHEeHHOE TTOAMPOCTPAHCTBO. JIMHENHBIE KOTBI
YIOGHO 3ajjaBaTh TBOMCTBEHHBIM GasncoM (KaK MHOXECTBO DEIIeHHH CH-
CTeMBI JHHENHBIX YPABHEHIH).

IIpumep 14.2. Kop XsMmuHra, pacCMOTPEHHBIH BHIMIE, 3aa€TCH KaK
MHOXKECTBO PeIeHNH CHCTEMBI YPaBHEHUT

100+ 101 + 2110 + 2111 = pa () =
Zo1o + ®o11 + X110 + 2111 = po(z) =
zoo1 + To11 + T101 + 2111 = ps(z) = 0.

TTosTomy Kox XaMMuHTa 06pasyeT NOATPOCTPAHCTBO KOPA3MePHOCTH 3.

14.4. KsauToBsie koabl. IlyneM naBaTh ompefiefieHua aHATOTHIHO KAAC-
cudeckoMy caydato. [TaGopy ycIoBHBIX BepOATHOCTEH (p(y|x) e €N ye
€ N’) COOTBETCTBYET (PUAMUECKHU peanusyeMoe MpeobpazoBaHue MaTpHII
mnotaoctn T: L(N) — L(N’). UMeeT cMBICT W yNIPOIEHHAA MOENb: IO
AHAJOIUE ¢ MHOXKecTBOM nepexogoB F C N x N’ onpeneaum npocmpan-
cm60 owubok — TPOM3BOABHOE JuHelHOe mpocTpancTBo & C LN, NY).
(Taknum o6pa3oM, KBaHTOBad OMIHOKA — 5TO AFOGOH JIMHEHHEIN OMEpaTop
N — N’). Ectb u npsamoin araaor muoxkectBa F(n, k). llaccmorpum A =
= N' = B®" Yepes £[A] ob6o3nauumM Te omUEKH, KOTOPHIE JEHCTBYIOT Ha
q-6urax uz MHOXKecTBa A W He JEHCTBYIOT Ha OCTANbHBIX (-6UTax, T.e.
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E[A] = L(B%4) @ Igerna (31ech m namdee [n] o6os3HaTaeT MHOKECTBO BCEX
g-6utos {1,...,n}). Torga noraraem

En k)= &[A]
|AI<k
(S,Z[GCI) CTOUT IIPOCTO CYMMa IIOJNIPOCTPAHCTB, He HpHMaﬂ.) B naabuenem
Hac 6yleT HHTEPECOBATH MMEHHO YCTOMYNBOCTD K OIIMOKAM I3 S(n, k)
ITo mepen TeM, Kak 3aHATHCA U3YTEHHEM KOJOB, YCTOWIHBHIX K OIING-
KaM 3 S(n, k), PacCMOTPUM aHAJIOT MOJEJSN HE3ABUCHMO PACIPENeTEHHBIX
ommnboK B KBAHTOBOM cllydae U €ro CBA3b C OIMOKaMu U3 S(n, k)

14.5. Moaeab He3aBUCHMEBIX OIIMOOK B KBAHTOBOM cay4ae. Ilpejmoio-
JKUM, 9TO Ha KaX AL q-OUT NeNCTBYET OJHO M TO XKe MaJoe BO3MYIIEHHE.
ITTo ozmadgaeT, 9TO HAa MAaTPHUILY MMIOTHOCTH PacCMAaTPUBAEMON CHCTEMBI 13
n q-6mToB gelicTByeT mpeo6pazosanne T = (I + R)®" rge R — ago».
B x1accmveckoMm caydae Majoe BO3MYIIEHHe O3HAIaeT MaIylo BEPOATHOCTD
onm6ku. B KkBaHTOBOM cilydae Majdoe BO3MYIIEHNE MeHAET MaTPHUIBI MLIOT-
HOCTH «He CIUIIKOM CHJALHO». UTO6BI IPUIATE 5TOMY BHLIPAXKEHUIO TOIHBEIN
CMBIC, HyKHO BBECTH HOPMY Ha MATPHIAX MIOTHOCTH, XapaKTepH3 YOIy o
ux 6J4M30CTh, a 3aTeM — TaKylo HOpMy Ha MpeobpazoBaHUAX MaTPHIL ILIOT-
HOCTH, 9TO6BI BHIOJHAIOCH YCAOBHE: MaJoe Mo HOpMe TIpeobpa3oBaHue Me-
PEBOANT MaTpPHILy IMIOTHOCTH B GJIU3KYIO K HEl.

ITa<HéM € TOTO, YTO BLIACHUM, KaKie HOPMBI ITPATOTHBI /1A XapaKTeph-
sanuy 6,IM30CTH MaTPUIL IMIOTHOCTH. MaTpHuIa MIOTHOCTH, KaK MBI TIOMHUM
u3 pazgena 9, 3a1aéT BEpOATHOCTHOE paclpejeeHne Ha TUCTHIX COCTOAHMN-
AX. BepoATHOCTHEIE pacIpefeleHnsa ecTeCTBEHHO CPaBHUBATH B {'-HopMe:
ecin p= (p1,...,0n), 4 = (¢1,- -, qn) — [Ba PACTIpeIeNeHnsA, TO MEPOH HX
pa3InvnA CInTaeM Z;:l lp; — ;1 = |lp — ql|:. Jagum onpegenenue amaio-
THYHON HOPMEI JJIA MaTPHIL TJIOTHOCTH.

Onpegenenne 14.4. Caenosas Hopma onepatopa A € L(N') pasaa

Al = Tr (m) . (14.3)

[lasi 3pMuTOBa OmepaTopa CAefoBasg HOPMa — 3TO CyMMa MOMyaen cob-
CTBEHHBIX HHCEJ.

3agada 14.1. TIposepbTe, 9To (14.3) nelicTBUTEIBLHO ONpeeseT HOP-
my. [lokaxure, 4TO

| Tr AX|
Allty = sup ———— 14.4
L (14.4)
(|| X]| — omepaTopras HOpMa, cM. onp. 7.2 Ha c. 64).
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3agaua 14.2. IlpoBepbTe BHITOMHEHHE CAENYIOMNX CBOUCTB CJAeOBOM
HOPMBI:
a) [[ABlloe <IBIHAlle, 1) [Teae Allor < [[Allse,
6) 1BAllee < 1B IAllee,  a) [[A @ Bllee = [|Allse][ Bl
8) | Tr Al < [ Allr

Caepnyromias reMMa TIOKa3BIBAET, TIOYEMY MOXKHO PacCMaTPUBAThH CJeN0-
BYIO HOPMY I MATPHI] IMOTHOCTH KaK aHAIOT £'-HOPMEL 1A BEPOATHOCT-
HBIX paclpegeleHun.

Jemma 14.2. IIycmps N = @]./\/J — pasaoscenue npocmparcmea N
8 NPAMYI CYMMY 63AUMHO OPMO2OHAAbHBLT nodnpocmpancme. Toada das
410601 napel MAMPUY NAOMHOCTIU P, Y

ST, NG) =Py, NG| < o=l
7

JokazaTeascTBo. JleByo 9acTh 3TOT0 HEPABEHCTBA MOXKHO TIPEACTa-
BuTh B Buje Tr((p — ¥)B), rae B = Zj(:leNj). fcuo, uro ||B|| < 1.
Teneph NPUMEHNM MPeCTABICHHE Cle0BOH HOPMEL B Brge (14.4). (I

Tenepb KaXeTcAad eCTeCTBEHHBIM ONpeleluTh HOPMY HpeO6pa3OBaHI/IH
MaTpHul IJIOTHOCTHU aHAJOTHMIHO OHepaTOpHOfI HOpMe

TX tr

71 = sup I2X1

xz0 |[Xller
1 MEPUTH STOU HOpMOﬁ MaJIOCTh BO3SMYIIICHUA. O,Z[HaKO HCIIOJb30OBaHUE HOP-
MEI (145) OKa3bIBaeTCA Hey,Z[O6HbIM, TaK KaK OHa He corvlacOBaHa C TeH-
30PHBIM IPOU3BCACHIEM. [Tosacaum »To HO,Z[pO6Hee. Yr1o6LI UMETH OIICHKY,
aHAJOTUIHYIO OICHKE (142) B KJAaCCUICCKOM CIy1vae, MBI TOJ2KHBI HAIINCATH

pa3jIOKecHUEe

T=(I+R"" =1+ > R*@Impna+ » R @Ipa  (14.6)
|A|<k |Al>k

(14.5)

P

i oneHnThH HopMy P mpm yciosuu ||Pll; < . Ecanm 6Bl BEITOJHATOCH He-
pasercTBo ||[T @ R|j1 < ||T)[1||R||1, MoxHO GBLIO GBI 6yKBaJIBHO MOBTOPHTH
onenky (14.2). OgHako 5TO HEPABEHCTBO HE BCET/A BHIMOJIHAETCA.

IIpumep 14.3. IlaccmoTpum npeoGpazoBaHie
T )kl = 1k)GL (G k=0,1).

Owuesngmo, ato ||T|; = 1, ognako ||T' ® ILs)lli = 2. (logeficTByiiTe Tpe-
obpaszopanmeM '@ I,y Ha omepaTop X = Zj o |3, )k E|)
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OxasbiBaeTcs (HIKe 5T0 OyleT TOKa3aHo), 9T0 HATOJOT A IpuMepa 14.3
UMeeT orpaHWdeHWe Mo pazMepHocTH. A mmenno, ecin dim§G > dim N, To
IT"® Iug)lli = ||T|¢, rae Bemmamma ||T]|¢ oT G He 3apucnT. Ipex e dem
MOKa3BIBATh 3TO YTBEPXKJAEHHE, TIOCMOTPHM Ha €r0O CAeNCTBHA.

Bo-nepBEIX, ACHO, 9TO onpefenéHHas TakuM obpazom peamdura ||7¢
ABAACTCA HOPMOM.

Bo-BTOpHIX, TOCKOIBKY CaenoBad HOpPMa My/JbTHILIHKATHBHA OTHOCH-
TelbHO TeH30pHOTO yMHOXeHUA, 1o [T @ R||1 > ||T|1]|R|1. HosTomy
ITlle > 17l

B-TpeThux, us onpenenenns caeayet, 91o ||[TR||1 < ||T|1]|R]||1, mosTomy
nMeeM TaKne HepaBeHCTBa

TR <T@ Rl = [(T'o H{I @ R)lli < [T @ W[ @ Rl (14.7)

N3 5Tux HEpaBEeHCTB ClelyeT My IbTHILIHKATHBHOCTL HOPMEI || - ||¢ oTHOCH-
TeIBHO TeH30PHOTO YMHOXKEHHA.

Tro6rl JoKazaTh NPUBEIEHHOE BHIIIEe cBoicTBO HOPM ||T ® Il|1, nagum
Apyroe onpejefenne Beamaunbl ||T][e.

Onpepenenne 14.5. Tlaccvorpum mpeacrasaenus T: L(N) — L(N”) B
Buge ' = Trz A-BT. 3gecy A-B' o6o3magaer npeobpazosanue X — AX BT
aAd, BeL(N,N'®F), rie F — npousBoabHOe yHUTAPHOE MPOCTPAHCTBO
pasmepnoctu mHe Menbieit, dem (dimA)(dim A”). Torga ||T||¢ — Tounas
HIXKHAA Tpalb wucen Buga ||A|| ||B|| (3170 omepaTopHble HOpMBI) IO BCeM
npeJcTaBIeHIAM YKa3aHHOT'O BHJA.

3ameqanme. Ycaosme dim F > (dim A)(dim A”) rapaaTupyet, 9T0 Cy-
IIEeCTBYET XOTA 651 0HO mpeacTasienne 1' = Trr Ay ~B$. Jnst MUHUMW3AInn
npousBefenus ||Al| || B|| mocraTowHo paccMaTpEBaTE OMEPATOPHL ¢ HOPMa-
mu ||A]] < |[Ao|| u ||B]| < ||Bol|, mosTomy mupUMYM gocTHTaeTCAs B CHILY
KoMmakTHOCTH. To, 9TO OH He 3aBHCHT OT pazMepHOCTH JF, BHITEKAET W3
CJIeYIOIEN TEOPEMEL.

Teopema 14.1. Fcau dimG > dim N, mo |[T|¢ = ||T @ ILg)ll1-

Nokasareapcrso. Ilyers TX = Trr AXBT. Torza, mcmoansys cBoi-
CTBa CJIeJOBON HOPMHBI U3 3agatdn 14.2, moaydaem

(T ® I6)) Xl =l Trr (A © Ig) X (BT @ Ig) |l <

<A@ L)X (BT @ Ig)llw < [IAINBIHEX for-
Hosromy [Tl > [T @ Iuig)lh-
[okazaTh HepaBeHCTBO B 0OPATHYIO CTOPOHY HECKOMBKO cioxkHee. Ile3

yMeHblerusa obmrocTH, ||T|e = 1. Wadumym B onpegenennu 14.5 goctn-
raerca mpu ||A|| = ||B|| = 1.
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IokaxeMm cHadamga, ITO CYNECTBYIOT TPH MATPHIEI ILIOTHOCTH p,~y €
€ L(N) u 7 € L(F), Takue uro Tra (ApAT) = Trp (ByBY) = . Tycts
K = Ker(ATA — I), £ =Ker(B'B - Iy),

E = {TrN,(ApAT) pe D(/C)}, F= {Tw(B'yBT) 1y € D(ﬁ)},

rae D(L) o6ozHavaeT MHOKECTBO MATPHI IIOTHOCTH Ha MPOCTpaHCTBe L.
Torga E, F C D(F), 0osToMy B KadeCTBe T DOJANTCA JMIOOOH BIEMEHT 13
ENF.

Jokaxem, aTo BN F # @. Tak xaxk £ uw F' — KOMIOaKTHBEE BBITYK-
Jble MHOJKECTBA, JOCTATOYHO J0Ka3aTh, 9TO HE CYIIECTBYET DPa3Ielsolen
UX THMEPILIOCKOCTH. [pyruMu cioBaMu, HET TAKOT'O 3PMHUTOBA OMEPATOPa
Z €L(F),uaro Tr XZ > TrYZ gaa mobuix X € E, Y € F. A 70, B cBoWO
o¥epeib, CAeAYeT N3 MUHUMATbHOCTH BeawsuHE ||A|| || B|| mo oTHomeHM0 K
mpeo6pazoBaAHUIO

A (I @e YA B (I @ €e'%) B,

rae t TOJOKUTEILHO, HO MAJIO.
Utax, mycts Tras (ApAl) = Tran(ByBY) = 7 € D(F), rae p,y €

€ D(W). Hpeaeranm p u 7 5 vuge p = Trg (|E)(€]), 7 = Trg (In)n]),
rae |€),|n) € N © G — equAWYHBIE BEKTODHI. 31€Ch MBI HCIOAB3YEM yCJIO-
Bue dim§G > dim A u yreepxkaenne 9.1. Homoxum X = [£)(n|. OveBuano,
o || X = 1.

Noxaxem, ato |[(T'® Irg)) X||tr > 1. O6oznadmm

X'=Teolg)X, [K)=(Aallk), )= (BelIg)n),

TOT 1A

X =Ter(I€)),  Trareg(E)E']) = Trarag (In')0']) = 7.
Orciofia, BO-TIEPBBIX, CleAyeT, 9TO BeKTODHL [£') U |') HMeoT e nHNYHY O
nanHy. Bo-BTOpEIX, HalAéTcA yHHTapHBEIN omepaTop U/ Ha MPOCTpaHCTBe
N @G, raxon aro (U @ I£)|E") = |1’} (10 yTBepKaenne us zagaanm 9.3).
CaenoBaTenbHo,

|ITrUX')

11he > L = [T (0 @ 1)) )| = ) Dl = 1. O

Tenepb MOXKHO OL€HUTE OCTATOYHHIN wieH P B gopmyae (14.6), mouTn
JOCIOBHO TIOBTOPAA PACCy K JeHNA B KIaccmdeckoM caydae. Ecan ||R]|; < 6,
To ||R|l¢ < C6, rae C — koHcTanTa (BCe HOPMBI SKBUBANEHTHEI, TIPHIEM
MHOXWUTEIb OTpPaHWYeH pa3MepHOCTBIO MPOCTpaHCTBa; R nelcTByeT Ha
IPOCTPAHCTBE MaTPUI MIOTHOCTH ofHOro (-6mra). Mcmoapsys MyabTH-
IMKATHBHOCTE HOPMHI || - || o, 3aKimodaem, 410

1Pl < NIPlle = o(8).
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[MosTomy 6yaem npenebperaTh BCeMU caaraeMbiMu n3 P, a neficTBHe BCeX
OCTAIBHBIX CIaraeMBIX 6ygeM yauTeiBaTh. IIpeobpazoBanma RO4 mmeror

Bug RO4p = Z XipYZ»T, rae X;, Vi € E(A); cuMBOIMYECKH 5TO MOXKHO 3ali-

2
cath Tak: R®4 € £(A)-£1(A). Cymma npeobpazopanmnit Z|A|<k R?AQ@I[”]\A
aexut B £(n, k) - ET(n, k). Taxum 06pazoM, MBI TPUXOIUM K BEIBOTY, 9TO
HYKHO paccMaTpuBaTk ommoku nz E(n, k).

14.6. OcHoBHEIE ompeje/iecHMA M TPoCTenme ciaefcTeua. Corepyrormee
ompeflefieHne Ta€T B KBAHTOBOM CilIydae (popMadbHOE BEIpakeHne TpeboBa-
HUA (PA3IUYIHBIE COCTOAHNA TEPEXOAAT B Da3iHuHBEIE COCTOAHHAY (3TO He-
06X0INMOe yCJIOBHE BO3MOXKHOCTH BOCCTAHOBJIEHUA WCXONHBIX COCTOSHUH
DUBHIECKN Pealn3yeMBIM TPe0OPa3OBAHIEM ).

Omnpegenenne 14.6. KsanToswiin kon (mognpocrpanctso M C N) uc-
npasasger oumoky u3 £ C LN, '), ecim

Y€1), 1€y € MY XY € € ({€2]61) = 0) = ((&|YTX|E) =0).  (14.8)
Onpegenenne 14.7. Puzmdeckn peannszyemoe npeobpazoBaHue
P:L(N') = L(M)
Ha3bIBACTCA UCNPABAAIOULUM (,Z[JIH xoma M u mpocTpaHCTBa OIMUOOK 5),
ecJan

VT e&-ETe=c(T)Vp EL(M) (PTp=c(T)p).
Ecan nipu srom T coxpanser caex, o ¢(T) = 1.

Teopema 14.2. Fcau kod M uecnpasasem owubku uz &£, mo uenpasad-
10uee NPeobpazo6anue CYWEecmeyem.

HokazaTeabeTo 6y geT gato Huxe. ObpaTHOe YTBEPXK feHre JoKazaHo B [4].

Ilpumep 14.4. Tpusnaabubii kog tuma (n,m): nycte M = B @
@10y, a & = E[m+1,...,n], T.e. Qa9 KOAUPOBAHUA HCIOAB3YIOTCA
mepBBIe M q-OUTOB, a OMUOKH MENCTBYIOT HA OCTAJbHBIE -OUTHI. YCIOBHE
(14.8), o4eBnAHO, BHIMOAHEHO. B KadecTBe NCHPABIAIONIETO MPeobpazoBa-
HUA MOXHO B3ATb P = Ippem) @ R, rae R: X w (Tr X)[077™)(0" ™.
IIpeo6pazoBanne P peaqmsyeTcsi O¥MeHb TPOCTO: BHIGPACHIBAEM ITOCJETHITE
n —m q-6NTOB 1 3aMeHsAeM NX Ha HOBbIe -6nTHl B cocTosuun |0). TIpakTu-
“eCKOU TMOAb3BI OT TAaKOTO KOJa, KoHewuHOo, Maao. UaTepecHo, omHako, 410
J10601 KBAHTOBBIN KOJ, UCIIPABIAIONINN OIMHOKH, B OMpPeNeIEHHOM CMBICTIe
MOXOXK Ha TPUBHATBHEIN (CM. JeMMy 14.3 HILKe).

IIpumep 14.5. IlaccMOTpPHM KBaHTOBBIH aHAJOr KOJa C IMOBTOPEHHEM.
Mycre npoctpancTso M = C([0,...,0),|1,...,1)). TaccMoTpuM aBa CO-
crosumd |£1) = 0,..., 00+ |1, ..., Dy u |[€3) =10,...,0)— |1, ..., 1). Omubry
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BeiGepeM Tak: X = I, Y = o?[1]. OueBnano, aro X,V € &(n,1). Ilpn
sroM Y|€s) = X|£1), 9T0 NPOTHBOPEYNT ONpeNeNeHII0 KOla, NCIPABIAIO-
mero omubKH. MBI BIANM, 9T0 KOJ ¢ IPOH3BOIBHO GOMBIIAM HOBTOPEHIEM
He 3alluaeT Jake OT OJHON OIMHOKH.

Oumbkn Buga o [1] HABEIBAIOTCA Kadccudeckumy, a ommokn Buga o [1]
Ha3BIBAIOTCA Ha306b1MU.

B onpenenernn 14.6 pevb mia TOJbKO O mapax OpTOTOHATBLHBIX COCTO-
aunn. /[laBanTe MOCMOTPHUM, YTO MOMYYIaeTCA HA TPOM3BOJIBHBIX Mapax. 3a-
dukcupyem X,Y € £ u o6o3nauum Z = YT X. OkassiBaeTcs, 910

V1), [€2) € M (&2]Z161) = e(Z)(&211), (14.9)
re ¢(Z) — HeKOTOpOe KOMIUIEKCHOE YHCIO, He 3aBucatiee oT |€1), |€2). en-
CTBUTEIBHO, IYCTH |71), . - ., |m) — OPTOHOPMUPOBAHHEIN Ga3HC TPOCTPAH-

crBa M. Ilo ompegenennio 14.6 (n;|Z|m) = 0 upu j # k, a (n;|Z|n;) ue
3aBHCUT OT j, TaK Kak

(31 Zn;) = (ol Z1ne) = (ni — nelZ1ng + ) + (el Z|ng) = (| Z 1) = 0.
(Bce Tpm craraeMbIX B MpaBOW 9acTH PaBEHCTBA DAaBHBI HYJIIO, TaK KaK
BXOIALIAEe B HUX Mapbl BEKTOPOB OPTOT OHAIBHEL. )

Samernm, uto ecn X,Y € £(n, k), To Z =YX € E(n, 2k).

Onpegenenne 14.8. Kox M obrapyoncusaem oumbkn m3 £ C L(N),
ecin

VIE1), 162) € MY Z € & (&2 Z]|61) = c(Z)(&al6r).

Kodosvim paccmosnuen HazbBaeTcs HanmMeHbIee uncao d = d(M), npn
KOTOPOM Ko7l He oGHapyxkuBaeT oumbkn us &(n, d).

Takum o6pa3oM, Ko HCIpaBiieT k omnbok, ecan 2k < d(M).
Temepb MBI HepenfeM K JOKa3aTeAbCTBY TeopeMbl 14.2.

Jlemma 14.3. Iycmoy ksanmoswiii kod M C N ucnpasasem owubru u3
E CL(N,N'). Toeda cywecmsyem ynumapnoe npocmpancmeo F, uzome-
mpuueckoe saodcenue V: MQF — N' u aunetinoe omobpancenue f: € —
— F, maxue umo

VIE) e MY X € £ XIE) = V(&) @ |F(X))). (14.10)
JokasareabcrBo. Ilyers & = {X € £ : V|§) € M X|¢) = 0}. Tac-

cMoTpuM akTop-npocrpancTso F = £/ u ecrecTBenHOe 0TOGpAKEHIE
f: & — F. JIuneitnoe orobpaxenne V: M @ F — N, ynosreTsopsiomee
ycaosuio (14.10), crponTces KaHOHWYECKHM 06Gpa3oM; HYKHO JIHIIL MPOBe-
PUTH ero W30MEeTPUIHOCT.

CxanapHoe Npou3sBejieHne Ha TPOCTPAHCTBE F MOXKHO 3aaTh IIPH TTOMO-
wn GyHKUNE ¢ 13 cBoficTBa Koaa (14.9): ecam |n1) = |f(X)) u |n2) = [F(Y)),
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To (n2|m) = e(YTX). OgeBugno, 9To 5Ta BeTwvNHA He 3aBACAT OT BEIGOpA
X nY. flcuo Takxke, urto (n|n) > 0, ecam |n) # 0. Popmyaa (14.9) kak pas
W 03HAYAeT, 9TO oTobpaxkeHune V ABIAECTCA W30METPHIECKIM. O

MoxazatenbcTeo (Teopemer 14.2). Ilpegcrasum mpocTpancTso N/ Kak
CYMMY B3aHMHO OPTOTOHAJBHBIX noanpocTpancTs: N/ = (ImV) & K, rae
V — orobpaxenne us npeabigymeil aemmbl. Hycrs W: K — AN — xa-
HOoHIYecKoe Baoxenne, a R: L(K) — L(M) — npouspoasHoe duandeckn
peaanmzyeMoe npeobpazoBanue. Torga MBI MOXEM OIMPENENNTh

P:pw Tre(VipV) + ROWTpW), e X YT (F(Y)|F(X)).

(PyHKUNA ¢ JUHENHO MPOJOIKAETCA Ha BCE TPOCTPAHCTBO & - é'T). |

Jemmy 14.3 n mokazaTeabcTBO TeopeMbl 14.2 MOXKHO HeHOPMATLHO W3-
JOXKUTH TakuM ob6pazom. Koa, ncnpaBasoniuil o6k, XapaKTePU3yeTCs
TeM, 9TO OIMnbKa He CMEIIMBAETCA C 3aKOMPOBAHHON MHMOPMAINEN, T. €.
OCTAETCA B BHjE OT/EJbHOTO TEH30PHOT'O COMHOXHTeJs. Mcmpasasioriee
npeoGpa3zoBaHie N3BAEKAET 3Ty «BCTPOEHHYIO OMMOKY» W BHIOPACHIBAET ee
B MYCODHYIO KOP3WHY.

3agata 14.3. Ilycth xoq M C B®" o6mapyxusaeT ommbkn s E(A).
Hoxaxute, 910 cocTosnue p € L(M) MOKHO BOCCTAHOBHTE, HE HCIONb3Y A
q-6uTOB W3 MHOXKecTBa A.

14.7. Kog Wopa [40]. Ouuuiem cepuio KOAOB CO CKOJIb YIOJHO 60Jb-
M KOJOBBIM paccTosameM. OHE HCIOAB3YIOT N = "2 KOJOBBIX (-GITOB I
KOAUPYIOT ofuH ¢-6uT (T.e. dimM = 2), a konoBoe paccTodHne d PABHO 7.

[MockoabKy KOJIMYIeCTBO KOMOBHIX (-6UTOB — TOYHBIN KBaIpaT, yaI00-
HO 3a/aBaThb GA3MCHBIE COCTOAHNA B TAKOM KOTOBOM MIPOCTPAHCTBE B BH/IE
MaTpuisl. B a3tux oboznadennsax koa lllopa mopox naeTcsa BekTopamn

Y1 eee e Y1
ST SRVt > (14.11)

Y1, yr€B”

Naa anamusa xona lllopa mam moTpebyeTca KaacCUPUKAIWA OTEPATO-
poB ¢ momotikio MaTpui [layaun. Ux, BooGine ToBops, Tpu, HO YeTBEPTOH
matpunen [layan Gymem cantaTh emHITHYIO. BBe1EM HeCcTaHIApTHYIO WH-
Jekcaruio maTput [layan:

10y 1 0 2.
00 =4 1) o1 =1 —1) T
01 @, 0 —2 y
gio=14110/=9> o=\, o) T
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Matpuist [Taynn 3aMedaTenbHBl TEM, 9TO OHI 3PMUTOBH I YHUTAPHBIE O -
HOBpeMeHHO. BBenéHHasA MH/EKCANA TTO3BOJSET y0OHO 3allCHIBATH KOM-
MYTAalMOHHBIE COOTHOIIEHNA MexXK 1y MaTputamvn [Tayan

_i)ocﬁ'—oc'ﬁ (_1)ocﬁ'—oc'ﬁ

Ua@Ua/@/ = ( Ua/@/Ua@.

(14.12)
MuoxecTBo umHgekcoB obpazyeT rpynny G = Zo @ Zo win 2-MepHOe TPo-
CTPAHCTBO HaJ ToJeM [Fg.
Marpuusr [Tayan o6pasytor 6asnc npoctpatcTsa L(B):

L(B) = Clooo) @ C(ao1) ® Clo1o) ® Clorr).

s mpoctpancTsa B2 6ygeT yxe 4" 6asHcHBEIX olepaTopoB. Begém o6o-
3HaYeHIe

Taga! 006" Taplalf’ =

def
O-(f) = U(alaﬁlaQZaBZa .. 'aanaﬁn) :e Oay,B1 @ Ty, Be @ ® [T

3aech f € Gn =T,

Hcnonk3ys KOMMYTAIMOHHBIE COOTHOIIEHNA, MOXKHO HAalNCaTh, C TOY-
HOCTBIO 710 o6mmero (azoporo muoxurend, o(f) = co(f@) - o(f&)), rae
f@) = (a1,0,a9,0,...) HasbIBaeTCA Kaaccuueckol owubkod, a F& =
=(0,01,0,02,...) — daszosoti owubroii.

Tenepr npoanammsupyem kox Illopa. B cuay mmmeiiHOCTH OTpeee-
HUA JOCTATOYHO OTPAHMINTLCA M3yvdeHneM Ga3nCcHBIX omubok. IlycTh 7 €
c&(ri k), (k<ruZ =0o(f) = ca(f(x))a(f(z)). Mockonbky |f| < k (|f] —
qUCI0 HeHyIeBHIX MepeMennbix B f), mo |f@)| |fE)| <k < r.

llocTaToYHO MOKa3aTh, 9TO B BTOM CIAy9ae

<51|Z|€0> =0, <51|Z|€1> = <50|Z|50>~ (14~13)

MaccmoTpum aBa caydas.
1. Kaaccuveckas ommbka oTanvna oT (. B aToMm cayvae kaxaoe 6a3mcHoe

COCTOsAAHHUE
Y1 e e Y1
Y2 e e Y2
Yr e e Yp

U3MEHSETCA TOJ TeHCTBUEM / B HEKOTOPHIX e 6uTax, 0 < e < r. [loaTo-
MY B CKaJApHBIX nponsBeernsax (14.13) Bce cnaraeMbre 6y ayT pasHbl 0.

2. f® = 0. Oumbka uncro Qaszosat: 7 = (0"2)ﬁ11 Q- (o"z)ﬁ”, rie
Zj,l Bi1 < r. Obosnaamm A; = >, B Torga (cm. (14.11))

Y1 Y1
Aoy = 3 (SpEouredagp o v
Yi,--5Yr Yr e e Yp

ITac mHTEpecyioT 3HAWEHNA A; 1O MOAYMIO 2. Bo3aMOXHH 3 crydas:

a) (A1,...,A) =(0,...,0) (mod 2).
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6) (A,...,A)=(1,...,1) (mod 2).

B) (A1,...,A) #(0,...,0),(1,...,1) (mod 2).
Cay4ait 6) B IeHCTBUTENBHOCTH DEAMU30BATHCA He MOXKET, TaK Kak
3. A; <k < r.B caydae B) Bce cKalsgpHble IPOU3BEIEHHA 0OPAIIAOTCA
B Hyb, (£4|7|€a) = 0. B cayuae a) J|¢,) = |€4), T.€. Z nelicTByeT Ha
KOZIOBOM TIOIIPOCTPAHCTBE TOXKAeCTBeHHBIM obpasom. (Takasa ommbka,
MO CYWNIECTBY, He ABIAECTCA OMIMOKOW, MOCKOJBLKY HHYEro He MOPTHT).

Caenopareabro, (Eq|71Eq) = (Eallar)-

Nrak, kon lopa o6uapy:xkupaeT r — 1 ommbKy; KOJ0BOE pacCTOSHHE
paBHO 7.

Jameqanme. Kon [llopa ocHoBaH Ha yadbHOCTH MEX Y KJIACCHIECKIUMUT
1 ($a30oBLIME OIMIOKaMH, KOTOpas BLIpakaeTcsl paBercTsoM o° = Ho"HT.
BuyTpu xaxmoit CTpOKH Yi,...,Y, PEATH3OBAH OOGBIYHBIN TTOBTOPHTETh-
HBIU KO, MCIPAaBIAINNA Kiaccudeckne ommOkn. CTPOKH OpraHm30BaHBI
B aHAJOTMIHBIN Ko;[, OTIMYAIOIINICS 3aMeHON (a3nca B KaxkJIoM (-6uTe:

E Y5) _

Doy, (21 ly1, - yur) = (H Q- @ H)|a, ..., «a). IIToT ko1 HC-
npaBiseT (hazoBbie OMMOKH.

14.8. CuMmmexTwieckue (crabmwmmsupytomme) koast [26]. IITo anamor
KJIACCHIeCKNX JHHENHBIX KOJ0B. KBaHTOBBIE CHMILIEKTHIECKHE KOl YCT-
POEHBI TaK e, TOALKO BMECTO KOHTPOJBHBIX CYMM Oy IyT MCIOMB30BATHCH

o-onepatopkl (o(a1, 1, ..., 0, Fn) B OPEABIAYIIAX 0GO3HAYECHHAX ).
Baga1nM, HapuMep, TakuM coco6oM xog Mopa. Jag sero N = B
dimM = 2. KogoBoe MoAmpOCTPaHCTBO MOPOXKJAEHO ABYMA BEKTODPaMH,
\. (14.11).

Kakuwm yciaoBusam yaoBreTBOpsAOT 6a3ncHble BeKTOPBHL M7

1. Maa mobweix j,I (I < r) BBRIIOIHEHO 05075 (41) €Y =€), T.e. kaxgaa
CTPOKa COCTOUT M3 IMOBTOPEHHI OJHOIO 6I/ITa

2. [as mo6oro j < r BHIIOJHEHO | ], ( ]lU]+1 ) |€) = |€). Uro osHagaeT

sT0 yeaosue? Onepatop [], (O'fla

xr
(j+1)) mepeBoauT
6a3mcHBIN BexkTOp | ¥ W B BeKTOp | ¥ ol ey 1
Y41 - Y41 Yi+1 By D1

(ocTambHBIE CTPOKH He MeHAOTCA). [ITH ABa BEKTOPA MOMIKHBI BXOIUTH
B |£) ¢ onmHAKOBEIME KO(D(MIMEHTAMI.

YrBepxkaenue 14.4. Fcau |£) ydosaemsopsem ycaosuam 1 u 2, mo

1€) = col€)o + c1l€)o-
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IIpex e deM mepeld T K M3y<deHnio 60jee OOINX CUMILIEKTHIECKITX KO-
OB, PACCMOTPHUM ToApoOHee CBONCTBA 0-OIMEPATOPOB.

Kax yxe I OBOPILIOCE, §-ONepaTOpLl yI06HO WHAEKCHPOBAThL DIeMeHTa-
mu rpynnel G = (Z2)”. Tlygem o603HaYaTh MYJBTHHHIEKC 0-OMEpaTOPa

_ n

epes ¥ = (alaﬁla .. 'aanaﬁn) S G .

o-omepaTopkl o6pasytoT 6asuc B L(B®™), Goxnee Toro, ecTh ecTecTBeH-
wag G"-rpagynpoBKa:

®ny —
L(B%") = P C(a(7).
veGn
,HJIH 0-0II€EPATOPOB BLIMMOJHEHHBI CJACAYIOMINE COOTHOMICHUA

a(n)o(ye) = ()" o(n 4 72) = (=1 o ()0 (1),
rie
n

Oy, By, By, By, .. al, Bh) = Z(a]ﬂ} — a}3;) mod 4,

j=1
w(71,72) = @(71,72) mod 2.

ITaccMoTpuM yHUTapHBIE TIpe06pazoBaHnA — AEHCTBUA YHUTAPHBLIX OIle-
paropoB X + UXU'. Taxoe jgeiicTBue He MeHAeTcA HpH JOMHOXKeHUH [/
Ha 9HCJI0, paBHOE 0 MOYJII0 eJUHHIE, TOITOMY T'PYIIa YHHTAPHBIX Mpe-
o6pazosammii mmeer g UT(BE™) = U(B®")/U(1). Ormernm, 9To yHU-
TapHBEIE TTPe06pPa3OBaHUA — 3TO B TOYHOCTH ABTOMOP(H3MEL *-aare6phl
L(B%m™).

[ac wnTepecyloT Taxme mpeobpasoBanus, gaa kotopeix Uc(y)UT =
= o(u(y))-c(y) (v: G* = G"™ — nexoropas dyrkuns). Onepatop Ua(y)UT
SPMHUTOB, TO3TOMY ¢(y) = %1, TO €CTH MBI MOXKEM HANHCATH

Us()UT = (=1)*Do(u(y)), u:G" =G, v:G" —=Zy (14.14)
I'pynna Taxmux mpeobpazoBaHUl HA3LIBAETCA PACULUPEHHOU CUMNAERMUYE-
ckoti epynnotl m obosuagaeTca ESp,(n). Omeparophl w3 5Toll Tpynnsl Gy-
eM HasblBaTh CUMILIEKTHYecKuME. [IpuBenéM mpuMeph.

1. o-omeparopu. o(f)o(v)o(f)t = o(f)o(y)o(f) = (—l)w(fﬁ)a('y). B nan-

HOM caydae u(y) = 7.

1 /1 1
2. Omepatop H = ﬁ (1 _1). IlemmocpencTBenHO TpPOBEPALTCA, ITO

Ho®H=0¢°, Ho°H=0" Ho'H =—0".
Taxum o6pasom, npeobpazosanme H - HT € ESp,(1).

MoxHo nokazaTs, aTo | ESp,(1)| = 24. Ecan yunreBaTh (hazoBEe MHO-
KUATEMU, TO TOXYyIUaach 661 epynna Kaugddopda wz 24 -8 = 192 sraemMenTOB.

OcHoBHBIE CBONCTBA BBeEHHOTO oToGOpaxenus u: G” — G TaKoBHL:
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1. w aunenno na G".

2. u coxpanseT dopmy w, T.e. w(u(f),ul(g)) =w(f,g).

OTobpaxeHns ¢ TaKUMH CBONCTBAMU, KaK M3BECTHO, Ha3LIBAIOTCA CHM-
UIEK THHIECKAMHT; OHI 00Pa3yIoT cuMnaekmuueckyl epynny Spy(n). Takum
o6pazoM, onpefeaén romoMmopdusm ¢: ESp,(n) — Sp,y(n).

Teopema 14.3. Imé = Sp,(n), Kerd = G" (adpo cocmoum us
o-onepamopos). Takum obpasom, ESpy(n)/G"™ = Spy(n).

[ag moHMMaHUA MOKA3aTelbCTBA KeTaTedbHO 3HATH UTO-HUOYABL TPO
pacimpenus 1 Koromojoruu rpynn [15]. HuraTeao, He3HAKOMOMY ¢ 5THME
HOHATHAMHE, Oy IeT TPEJIOKEH «OOXOIHOT My Thy (CM. HUXKeE).

MoxasareabctBo. IIpeobpasopanie (14.14) nomKkHO 6BITE aBTOMOPdI3-
Mom #-anre6per L(B®™). TITo nMeeT MecTO TOrja W TOABKO TOTJa, KOTAa
COXPAHAITCA MpaBmia YMHOXKeHHA omepaTopos o(y). IITo osHadaeT, 9TO
dyHKINA u ob6aanaeT YKazaHHBIME CBOUCTBAMH, & U YAOBJIETBODAET ypaB-
HEHIIO

v(e +y) —v(@) —v(y) = wlw,y), (14.15)
e (e, y) = LELUD 5009) ¢ 7,
B cayuae, xKorjga u — TOXJecTBeHHOe oOTOOpaKeHWe, MpaBas YacThb

ypasHenus (14.15) pasra HyT0. TlellleHUAMN ABIAOTCA BCe AWHENHBIE BYH-
xiuu. [ITo nokazeiBaer, uro Ker § = G”.

YrBepx aerne Im ¢ = Sp,(n) paBHOCHIBHO TOMY, 9TO ypasHeHne (14.15)
HMeeT DellleHne TIPH JI060M % 3 Sp,y(n). YTo6H f0Ka3aTh 5TO, 3aMETHM,
9TO PYHKIUSA w 06AagaeT CAeyOIINMI CBONCTBAMM:

w(y,z) —w(x 4y, 2) +wle, y+2) —w(x,y) =0, (14.16)

w(z,y) = w(y, ), (14.17)

w(z,z) = 0. (14.18)

Popmyaa (14.16) — »ro ypasHenne xoumkaa. OHO o3Ha9aeT, 9TO (PYHK-

A W 3a0aeT CTPYKTYPY TPYIIIBL Ha eKapTOBOM MPOU3BEIEHNT MHOXKECTB
G" x 7% coraacuo mpasuay (z,p)-(y,¢) = (x+y, p+q+w(z,y)). Hoayuen-
Had Tpynma (obosHaduMm ee F) sBagerca pacmmperueM (G mOCpeICTBOM
Z.a, T.e. onpeaesén roMoMopduam A: E — G X: (x,p) = & ¢ aapom Za.

Ypasuenue (14.17) osnagaer, uro rpynna F aGeneBa. IlakoHen, ypas-
uenne (14.18) ozHadaeT, 9TO BCe HAeMEHTH IDYHNLL F HMEOT MOPALOK 2
(wmu 1). CaegoBarensno, B = (Z2)*"T1. Orcioga BbiTekaeT, 4To pacimpe-
ume F — (7 TpuBHMAJBHO: CymecTByeT roMoMopdusm pu: G" — E,| Takon
910 Ayt = idgn. 3amuceBag 5TOT TOMOMOPMU3M B BHIe p: x — (z, v(x)),
noaydaeM pelilerne ypasaenns (14.15). O



134 KBAHTOBBLIE BHIYUCJAEHUA

CymrecTByeT ApYroH, HECKOJABKO KYCTApHBIN CIOCO6 MOKA3aTh, €9TO

Imé = Spy(n). HaccMoTpuM crefyoline CHMIUIEKTHYECKNE TPeoGpazo-
sarua: (H - HN)[j], (K - KT)[j] u (A(c”) - AT(¢%)) [4, k]. (Ianomunm, aTO
K= é ?) ). Ix o6pasbl mpu roMoMopduaMe § MOpOXK AT BCIO TPYIIILY

Spa(n). (IMaMéx Ha JOKAa3aTEILCTBO: JOOYO apy BEKTOPOB Y1, Y2 € G, Ta-
KYyt0 9T0 w(¥1,¥2) = 1, MOXKHO TlepeBecTH STUMH Mpeobpasosanuamu B (1,0,
0,0,...) m (0,1,0,0,...).) Ha camom gefe, TAKHM CIOCOGOM MOXKHO TIOJY-
YUTh W APYTOW HMHTEPECHBIN Pe3yabTaT. YKazaHHbIe DJAeMEHTHI TPyTIbI
ESp,(n) mopoxgator Bce maTpuubl [Taymu, T.e. aipo roMomopdmsma f.
CaefoBaTeabHO, BEPHO TAaKOE yTBepK TeHHe.

YrBepxaenue 14.5. I'pynna ESp,(n) nopoxcdaemes saemenmanu
(H - HY[), (K- KDL (Ae) - AT(0")) [, K-

st npuMepa mocMOTpHM Ha JeficTBre omepatopa U = A(e”)[1, 2]. To
ompegeternio umeeM Ula, b) = |a,a @ b). lenicreue U Ha obpasyioline ai-
re6pot L(B®?):

UsiUt = of,
UoiUl = oioi,
UosUl = o7,

UotUT = 6703,
[IpuBeéHHEIE paBEHCTBA MOXKHO 6€3 TPY/a MPOBEPHTH MPAMBIM BLITHCIIE-
nnem. OJHAKO TI0J€3HO NpUBeCTH 06bACHEHUE (Ha Taabnaxy. OmepaTop o
MOJKHO NMOHMMAaTh KaK HM3MepEeHHe 3HadeHUA COOTBETCTBYIOIIEro (-OHTA.
IlepBBIe nBA paBeHCTBA MPOCTO MOKA3BIBAIOT, KAK MEHAIOTCA DTH 3HATCHUA
npu 3aMeHe Gazmca, zagaBaeMoll /. TpeThe paBeHCTBO MOKa3LIBAET, YTO
n3MeHeHNe 3HaYeHNA BTOPOTO (-OMTa KOMMYTHPYET ¢ 3amMeHon Gasmca U.
YeTBépTOe — YTO M3MEHEHNE 3HAYEHNA MEPBOTO q-ONTa TP HEM3ZMEHHOM
BTOPOM 6UTE B TIOBEPHYTOM 6a3zlce 03HAYAET OJHOBPEMEHHOE M3MeHeHHe
3HAYEHNN 060NX (-OMTOB B MCXOTHOM 6Gasmce.
llagum Temeps olpejenenne CUMILIEKTHIeCKOTO KoJa. B mpocTpancTBe
N = B® mpr Begeanm moanpoctpancTBo M ycaosmamu X;|¢) = [¢)
(X; 6yIeM HasLIBATL Nposepounvlmu onepamopamu). IIpoBepodmnble ome-
paTopbl 6yIyT HMETE BH

X;=(=1)%a(f;), fieG", ¢;€La (14.19)
Iles orpanmvenns OGUIHOCTH MOXKHO CUHTATDh, 9TO {f;} AnHeNHO HesaBH-

cumel. [loTpeSyem eme, 9To6H Bce omepaTopsl X; KomMmyTHuposaau. Ilo-
cKoIbKy X;Xj = (—l)w(fj’fk)Xka, yCJIOBHE KOMMYTHUPOBAHUA O3HAYAET,

aro w(f;, fr) = 0.
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Onpegeaenne 14.9. Cumnaexmuueckuti keanmoswiti xod 3anaércsa yc-
nosuamu (14.19), rae Bce X; KOMMYTHPYIOT.

NTak, cUMIIeKTHYeCKOMY KBAHTOBOMY KONy COOTBETCTBYET M3OTPOI-
HOe mojgnpocTpancTBo F' C G™; M30TPOMHOCTHL O3HAYAET, YTO s JIOObIX
f, ¢ € F Bumoaneno w(f, g) = 0. [TosToMy pasMepHOCTH CHMIIEKTHIECKO-
IO KOJla JeIrKO BBIMHCAACTCA.

Teopema 14.4. dim M = 2n—dim P,

Jemma 14.6. JTwboi cumnaexmuneckud kod npusodumca npeobpaso-
sanuamy uz ESpy(n) k emandapmuomny sudy, kKo2da nposepounvim onepa-
mopamu seasomes o?[1],... c%[s], 2de s =dim F.

JoxasarexsctBo. [lognpocrpancTBo F' C G MOXKHO HepeBeCTH OTO-
GpazkeHneM u3 Sp,(n) B moanpocTpatcTBo FY| cocTosllee M3 BEKTOPOB BHA
(0,61,0,8,...,0,06,,0,...,0), rge 3; — mpomsBoabhile. CoriacHo Teope-
Me 14.3, 3ToMy 0TO6paKEHUIO COOTBETCTBYET HEKOTOPOE YHUTAPHOE TIpe-
o6pazopanrue U - UT. Ono mepeBoauT Koj0BOE IO AMPOCTPAHCTBO B IIOAIPO-

CTPaHCTBO, 3aJaHHOE MTPOBEPOYHBIME omepaTopamu +o°[j] (j = 1,...,s).
[pumensas nomoanTembHOEe Tpeobpasosanme Buma o(f) - o(f)T, Bece smaxm
MOXKHO CIeJaTh ILIIOCAMH. O

Temepb mocMoOTpUM, Kakne OIMOKN cocobeH 06HAPYKIUBATH CUMILIEK-
THYecKui kKof. [TamoMHIM, 9T0 Ko oGHapy KuBaeT ommnbkn u3 £(n, k), ecan

V&), In) € MV Z € E(n, k) (€] Z]n) = e(£) (&) (14.20)

Ilo coobpakeHHAM JHHEHHOCTH TOCTATOYHO PacCMaTpHBATL JHIIL 7 =
=a(g), lgl <k

IIycte |n) € M, T.e. X;|n) = |n) maa Bcex j, rge X; = (—1)%i0(f;).
O6osnaunm Z|n) = |¢), rae 7 = o(g). Kak MBI ceif9ac yBHANM, BEKTOD |¢)
ABIAETCA COOCTBEHHBEIM [/ BCEX IPOBEPOYHBIX OLepaTopoB X, MOYTOMY
oH n60 MPHHALICKIT KOJOBOMY IIOAIPOCTPAHCTBY M, 160 eMy opToro-
HageH. [logelicTByeM MPOBEPOYHBIM ONMEPATOPOM Ha |¢):

Xjlo) = X;2|n) = ()9 2X;|n) = (=1)*159 Z|n) =
= (-1,
Yeaosue |1y € M paBrocmibHo yeaosuio w(fj,g) = 0 nag Beex j. Takue g
06pa3yIoT MUHERHOE MONIPOCTPAHCTBO, KOTOPOoe Mbl o6o3HaunM Fy, T.e.
Fro={9eG":¥YfeFuw(f,g) =0}
BoaMoxkHEL ceayoline Tpy caydas:

1. g & Fy. Tpu stom |¢p) L M, mosromy (£|o(g)|n) = 0. Takyto ommubKy
KOJa O6HApPYXKUT.
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2. ¢ € F. Taxkag ommbKka (pakTH9eCKH HEOTIMYNMa OT TOXKJICCTBEHHOI O
omepaTopa, Tak KaK OHa He MeHseT KOZOBOI 0 BEKTOPa |7) (¢ TOIHOCTHIO
1o dazoBoro MHOKNTeMA). [lyems ¢ = ar fi + ... + as fs, Torga o(g) =
()X ... X% rae ¢(g) = £1,+i. B srom cayuae {&|o(g)|n)
= ¢(g){&|n) — ycaosue (14.20) BHImOIHEHO.

3. g € Fy \ F. B srom cayuae (mpoeepbre!) (£|o(g)|n) He mmeeT Buma
c(g){€]n). Taxyto oumbKky Ko He OCHADYKHBAET.
IITuME paccyKIeHHAME NOKa3aHa CAeJylolad TeOpeMa.

Teopema 14.5. Kodosoe paccmoanue daa cumnaexmuneckozo koda M
dM) =min{|f|: f € FL \ F}.

3aMeTHM OTANYNE OT KJIACCAIECKNX JHHENHBIX KOTOB. TaMm Ko10Boe pac-
CTOAHNE onpefenseTca Kak HauMeHbIIad HOpMa BeKTopa U3 MOANPOCTPaH-
CTBa C BEIKHHYTHIM HYJIEM. A y CHMIIIEKTHYECKIX KOMOB HYJIb Pa3/yBaeTCA
IO IO POCTPaHCTBA.

3agada 14.4. TlocTpoiiTe CHMIUIEK THYIECKIH KBaHTOBEIN Ko Tnma (5, 1),
HCTIPABAAIONINN OJHY OMINOKY .

3agaa 14.5. [lokaxuTe, 9TO He CYMIECTBYeT KBaHTOBOIO KOJa THIIA
(4,1), wcTIpaBAAONIETO OJHY OMIHOKY.

14.9. Topuieckue koawi. I[lpuBenéM BaXHBIU TPHUMED CHMILIEKTHYE-
ckoro kofa. Ou crponTes Tak. [lycTh ecTh KBapaTHAas pelIeTKa pazMepa
r X r Ha Tope. ComocTaBuM KaxkKJAoMy e€ pebpy mo g-6mty. Takum obpa-
30M, BCeTo uMeeTcs n = 12 q-6uToB. [IpoBepOdHEIe OMEePATOPH 6YIYT ABYX
THUIOB.

Puc. 6.
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Tun I zagacerca BepmmHaMu. BoibepeM HEKOTOPYIO BEPIIHHY § W COIO-
CTABUM €l TPOBEPOYHBIA OTEPATOP

A == I
J € 3Be3pa(s)
Tun II 3agaéTca rpamavu. Boibepem HEKOTOPYIO TpaHb ¢ W COMOCTABIM
ell TPOBEPOYHBIN OMEPATOP

AP =oith= T o

j€ rpanunna(u)

OmnepaTopst AP g AP KOMMYTHPYIOT, TIOCKOJAbKY T'DAHUIIa U 3Be3na
BCer[1a MepecekatnTcs o 46THoMY wncay péep. (IlepecTaHOBOMHOCTE Olle-
pPaToOpOB OJHOTO THIIA OYEBHIHA. )

Xora Mbl ykazain 12 +r? = 2r? npoBepoYHbIX ONepaTOpoB (MO 0AHOMY
Ha I'paHb 1 Ha BEPIINHY ), MEXK Y HUMH €CTh cooTHommeHns:A. [IponsBeenne
Beex A®)_omepaTopos, kak n nponssetenne Beex A)-omepaTopos, paBHEI
TOXKAeCTBEHHOMY. MOXHO TOKa3aTh, 9TO APYTUX cooTHommeHut HeT. Ilo-
sTomy dim F = 2r?—2, adim M = 22, [losToMy TOPHYeCKHI KOJ II03BOIAET
3aKOAUPOBATL ABa (-6uTa. [locMoTpuM, WeMy PaBHO KOJOBOE PACCTOSAHIE
[V TOPUIECKOTO KOIA.

Jlist ToprHgecKoro Koma MMeIOTCs eCTECTBEHHBIE PA3IOKEHNA
_ ) (2) _ i) (2)
F=F%qF", Fy=F @ FY

Ha TOAIPOCTPAHCTBA, COOTBETCTBYIOIINE TPOBEPOTHBIM OMEPATOPAM, CO-
CTOSAIINM TOIBKO U3 07, 160 Toabko u3 0. Takne koger HaseBatoresa C59
rodamu (0 GaMHUIHAM aBTOPOB, BIIEPBHIE PACCMOTPEBIIHX 3TOT KJIACC KO-
1oB [25, 44]). B ciydae TOPUYECKOTO KO 31eMEHTHI HOAMPOCTPAHCTB F),

Z
F_E_ ) mMetor B (0,51, . ..,0,5,); IM MOXHO coOCTaBHTE 1-1emH, T. €. hop-
MaJbHble JUHEHHBIE KoMOumHamuu peébep ¢ xoadpduumentamu 31, ...,0, €

(@) ()

xr
€ IFy. TlaemenTam nognpoctpancTe F7, F,™/ comocTapaaoTcs -komemn.

Z Z 3]
MMaccmoTpum BekTOP flg ) € F ), OTBEYAONINN I'PAHN ¢ HOMepOM u. Ewmy
6yIeT comocTaBiaeHa 1-1ellhb, ABIAOIIAICS TDAHUIEN >TON rpaHn. Jlerko Bu-
[eTh, 9To mpocTpancTBo F(*) cocTonT 13 Beex 1-rpammi]. AHAIOMHYHO, BEK-
xr .

TOpaM fs( ) 6yIyT COMOCTABIAATHCA |-KOTDAHUIIBI, TOPOXK JAIOIINE BCE MPO-
CTpaHCTBO l-KorpaHui.

BosbMéM TPOM3BOMBLHBINA DieMeHT ¢ € Fy, ¢ = g + ¢ Yeaosua
KOMMYTHPOBAHUA 3AMUIIYTCA CAETYIONINM 06pa3zoM:

w(fi,9)=0 <= w(f ¢ =0,
w(flgz),g)zo — w(fgz>,g<f>):0.
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(Z))

xr v
Y1068 BHITTIOTHATOCH w(fs( ),g = 0, HyXKHO, YTO6HI B MI0601 3Be37e ObI-

70 9ETHOe Hncao pédep ¢ HemyteBbiMI Becamn u3 ¢#). Jlpyrumu caosamn,
¢ — 510 l-unka (¢ xonppuumenTaMI B Z2). AHATOIHYHO, ¢ nomxen
OBITEH 1-KOIIUKJIOM.

Nrak, npocTpancTBa F_E_Z), F_E_x) COCTOAT U3 1-TUKJIOB U 1-KOIUKJIOB, a
npoctpanctsa F*) | F&) cocroar ms 1-rpamun n 1-xorpanum. CiegoBa-
TeNbHO, KOJOBOE PACCTOAHNE €CTh MUHUMAAbHAA MOIIHOCTH (KOIMYECTBO
HEHYJAeBHIX KODGUINEHTOB) MO UHKJIAM, HE ABJAAIIAMCA TDAaHHIAME, 1
KONWKJIAM, He SBAAIOIIIMCS KOTpaHuaMmu. Jlerko BujeTh, 9TO 3TOT MUHU-
MyM paBeH 7 (HYXHBI JHGO UNKI, JH60 paspes, He ToMonorudabie 0). ITTo
O3HAYAET, YTO TOPHIECKHI Koj ucnpasasgeT |(r — 1)/2] ommbok.

My nem o6o3Ha9aTE KOABL omucanHoro Bra depes TOR(r).

3ameuanmne. Topudeckre KOABI ABIAIOTCA OYeHb BaXKHBIM MPUMEPOM,
obJaafatoNNM PAJOM 3aMevYaTelbHBIX CBOUCTB. B YacTHOCTH, 5TO Kodbl ¢
AokaabHuimu nposepramu. [locrenoBaTebHOCTD KOMOB HA3HIBAETCA KOAaMI
€ JOKaJbHBIMH NTPOBEPKAMMU, €CIN BBIOJHEHEI CJACTYIONINE YCIOBUA:
—  KaXJBII TPOBEPOYHBIN OTIEPATOD MeHCTBYET Ha OTPAHMYEHHOE KOHCTAH-
TOU 9ncio ¢-6uTOoB;

— KaXJBlll ¢-OUT BXOAUT B OT'PaHWYEeHHOE KOHCTAHTOW 9YHCJIO MPOBEPOH-
HBIX ONEePaTOPOB;

— KO[IOBO€ PacCTOAHNE HEOTPAHMYEHHO BO3pacTaeT.

Takne KOABI TpeICTABAAIOT HHTEPEC A 32 a9 MTOCTPOEHNA BEITUCANTENb-
HBIX CXEM, YCTOUYUBHIX K ommbkam. [Ipu mcnpasiaennn ommboK MOTYT MpO-
ACXOMUTh HOBHle ommbkw. [lo mada KomoB ¢ JOKATBLHBIMU MPOBEPKAMHU CXe-
MBI HCIPaBAeHUA OMMOOK NMeoT (PMKCHPOBAHHYIO INIyOUHY, TIO3TOMY OIHA
ommnbka nmpu paboTe TAKOU CXeMBI MOPTUT OrPaHUYEHHOE MUCIO (-OUTOB.

14.10. IIpoueaypa ucnpasiaenus oumbGok. Onupeaenenne 14.6 mw Teope-
Ma 14.2 yKasbIBalOT TOJBKO Ha IPUHIHMIHATLHYIO BO3MOXKHOCTH BOCCTAHO-
BHTHL MCXOJHOE COCTOAHME CHCTEMBI MOCIe AelcTBAA OmmuOKn. Ila mpuMepe
CUMILIEKTHIEeCKIX KOJIOB TIOKaXKeM, KaK pealn3oBaTh MpoleAypy UCIpaBie-
HUA OMINOKH.

ITaccMoTpUM 9acTHBIA Caydail, K KOTOpOMY Bce cBoauTcs. IlycTh mme-
IOTCA [Be OUMOKH, 3aKaHHEE onepaTopamMu X = o(g1), Y = o(g2). Toraa
7 =YX =co(g1 — g2) (|c| = 1). TazoBém cundpomom ommbKu g, BeKTOD
(w(gr, f1)y .- wlgr, fs)) (mas g2 — aHATOTHHHO).

Bosbpmém BekTop |7) € M. Oboznaunm |¢p) = X|n). IlpoBepotHEle orme-
paTophl JeHcTBYIOT Ha [¢) Tak: X;|¢) = (=1)2(g0F) b)Y TlosTomy, nmamepsa
cobcTBeHHEIe THCIa X Ha COCTOAHNN [¢), MOXKHO H3MEPHTH CHHIPOM.
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- - ~~ [uamepenue\ ™" - -
a(f)ln) =cln) | : @ : D . | cungpoma | - H : ‘ : I
- - - - - -

g': cungpom(g’) = cunapom(g)

g =9+f J[fEF

Puc. 7. Ucnpapienue omm6ku

Ecan komoBoe paccTosHme paBHO k, TO BBIIOJHEHO

V91,92 ((|91| <kl <k)=2 (-9 €F)V(n—9 & F+)))~

Ycaosue g3 — g2 € F ozHadaeT SKBUBAJEHTHOCTH OIMUOOK ¢1 W (a2, T.€.
a(g1)|n) = eo(g2)|n) naa aroboro BekTopa |1) M3 KOJOBOT'O MOANPOCTPAH-
cTBa. Yciaosue g1 — go € Py paBHOCHABLHO TOMY, YTO CHHAPOMBI OIIUGOK ¢1
u g He coBmagaioT. MTak, mu60 OMMOKN SKBUBAJEHTHEI, JUOO MX MOXKHO
pazamanTh 1o cuHapomy . CiefoBaTeabHo, O CHHIPOMY MOXKHO OMpPefeanTh
OMMOKY ¢ TOYHOCTBIO J0 3KBUBAJEHTHOCTH, T. €. TI0 MOAYJIIO MOAIPOCTPaH-
cTBa F.

Tenepb AcHO, Kak HyKHO HCIIpaBaAThL ommOKy. Ilocae Toro Kak ompe-
MeJE€H CHHAPOM, MPUMEHNM ONEpaTOp, OOPATHLIA K ONepaTopy BOCCTAHO-
BJAEHHON MO CHHAPOMY OmmMOKH. [loaydmM cocTosHMe, OTINYAIONIeecs OT
HCXOTHOT'O JHUIIb Ha (azoBbII MHOXHTENL. Best mpoueaypa nzobpaxena Ha
puc. 7.

Beite paceMoTper caydail ommubku trna o(g). Ila caMoMm gede omutka
COCTOUT B JeNCTBAN MpeoOpa3oBaHUsA MaTPUI IMIOTHOCTH BUa

— § ’ nt
T = bhyh/O'(h) O'(h) .
[RI<E R <R
B kadgecTse yopaXHeHnda YUTaTenio npellaracTca IIpOoBepUTh, KaK pa6o—
TaeT HpI/IBe,Z[éHHaH BBIIIC CXeMa B ciayvdac TaKor'o ob111eT 0 HpeO6pa3OBaHI/IH
MaTpHul IJIOTHOCTH.

Sagada 14.6. IlocTpoiiTe TOAMHOMWAJBHBIN AJTOPHTM OIpPEAeTeHIA
OMIMOKU MO CUHAPOMY A TOPUHYECKOT' O KOJIa.

14.11. Auunons (WUIOCTPATUBHEIA MPUMED HA OCHOBE TOPHIECKOT0 KO-
aa). Tla npumepe TOPHUECKOI'O KOAa MOKHO AaTh GoJdee TOYHOE MPeacTa-
BIeHNEe 06 AHMOHHBLIX CHCTEMAX, O KOTOPHIX MOBOPHUIOCH BO BBEJIEHUN.
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NTak, BHOBE pacCMOTPHM KBaJpaTHYIO CeTKY Ha Tope (a MOXKHO U Ha
IJIOCKOCTH — celvac Hac OyeT MHTePeCcOBATH TOMBKO €€ IeHTpadbHasd
qacTh). Kak u panblie, 11 KaX 0 BEPIIMHBI § W KaXJOH TPaHW U Pac-
CMOTPUM IPOBEPOYHBIE ONEPATOPHI

A= I e A= I o

j€ 3Be3na(s) j€ rpanunna(u)
CocTosiHrEe KOIOBOT'O TOAMPOCTPAHCTBA 3316 TCST YCAOBISAMHE A@ 1€ =€),

Z
Al )|€> = |&). Mx MoxHO mepemnucaTh ApyruM crnocoboM. IacecMoTpuM cie-
YOI 2aMUAbMOHUAH — BDPMHITOB OIepaTop

H=Y (I-A")+> (1-Ap).

[IToT omepaTop HeOTPUTATETBHBIN, TPUYEM €0 HYJIEBOE MO ITPOCTPAHCTBO
B TOYHOCTHM COBIIAJa€T C KOMOBBIM MOANPOCTPAHCTBOM TOPUHYECKOT'O KOJA.
Takum 06pazoM, BEKTOPH W3 KOJOBOT'O TMOANPOCTPAHCTBA ABAAIOTCA CO6-
CTBEHHBIMH 1 06/1a1a10T HAaNMEHBIIElN SHepruell (T. €. COGCTBEHHBIM THCIOM
raMuJIbTOHHAHA). Takie BEKTOPHI HA3BIBAIOTCA OCHOEHLIMU COCTROAHUAMU,
a BEKTOPHI M3 OPTOTOHAJIBHOT'O JOTOMHEHUA — G036YMCOEHHBIMU COCTNOA-
HUAMU.

MMaccmoTpum Bo36y XK IEHHBIE COCTOSHUA ¢ HANMEHBIIIEN HEHYJIEBOU SHED-
rHell, Koria HapyIIeHO POBHO [Ba yCJoBHA (HATpUMeD, BeplmHHBIX). (n-

(=) _

CJI0 HAPYIICHHBIX YCIOBHI KaXJOTO THIA 4ETHOE, MOCKOIbKY [[ Ay =
Z
=1L, AP = I.) Torga nas nBYX BepINHH, B KOTOPHIX KOJOBHIE YCIOBHA
HapyIIAOTCA, BBIOJTHEHO
xr _ xr —
Ay = =Im), A ) = —In).
P
Kak MOXHO MOMyYnTh cOCTOsAHUE |n) U3 Kogooro coctosnus |£)7 Coean-
HUM p W § PeméTodHeiM nyTeM Cj W mofgelicTByeM Ha |£) omepaTopom
W = Hj601 o7. lror onepaTop KOMMYTHPYET € IPOBEPOUHBIMI BePIIIIH-
HLIMH OIlepaTOPaMH’ JJIA BCEX MPOMEXKYTOTHBIX BepuH myTn C, a B KOH-
xr xr
Max — AHTUKOMMYTUDYET: WA® = —ADW. Mosoxum [n) = WI|¢) m
MOKaXeM, 9TO |7)) yAOBAETBOPAeT TpeGyeMBIM cBoiicTBaM. [lid BEPUIHHEBL §
(aHAMOTWYHO N A p) NMeeM
= = @)y = _ A®) = (w)

xr
(A§ )|€> = |&), Tak Kak cocrosHue |£) — Ko0BOE).

JIto60e cocToARNE CHCTEMBI MOXKHO MOCTPONTE W3 BJAEMEHTAPHBIX BO36Yy-
KIEHUN JABYX THUIIOB, OJHU W3 KOTOPBIX KUBYT» Ha BEpUIMHAX, APYTHE —
Ha TpaHax. Il1reMenTapHOoe Bo3OyXKJeHNe — 5TO MPOCTO HapylleHHOe KO-
MOBOE YCJOBHE, HO Telepb MBI AyMaeM O HEM KaK O 9acTHIe. JacThibl-
BO30Y K IeHNA MOXKHO [BUTATh, CO3AaBaTh N yHHITOXaTh. [lapa Bo3Oy X ne-
HUI TEPBOTO THIA MOAYYaeTCA W3 OCHOBHOTO (KOJOBOTO) COCTOSHEA JeH-
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—-—— -

UM - UNe =|= ==

Puc. 8.

cTBUeM omepaTopa W, NpUBENEHHOrO BHIME; TTapa Bo3OyXKJIeHHH BTOPOTO
el i T
THIA — JeHiCTBIeM omepaTopa V =T1ljec, 0f, rae C2 — nyTh, coeuns-
IO f1Be TPaHy, KaK MOKa3aHo Ha puc. 8a). Kak m paHblme mposepsieTcs,
(2) _

aro Ay ' (V]€)) = =V |€).

YTo cay«amTCs, ecan ABUTAThH Bo3OYXKAeHNe ONHOTO TUIA (KPECTHK) BO-
KpyT Bo36yX AeHus Broporo tuna (kpyxo4ka)? (Cm. puc. 86).) /IBmKenme

BO36y K leHUsA ONUChIBaeTcs onepaTopoM [[;cqi0f = [, Ar, sasucammum
oT koHTYpa ob6xofa C’ (31eck r mpoGeraeT Bee rpann BHyTpH C'). Odenua-

HO, 9TO AV)|1/)> = |[¢) nas Bcex r # p. B pesyabpTaTe MBI OLY49NM

[y = I ofle)y = A N) = —[4).
jeC
TO eCThb BeKTOp COCTOAHUA ,Z[OMHO)KI/IJICH Ha —1. HTO " O3Ha‘1aeT, 9TO pac—
CManI/IBaeMbIe BO36y)K,Z[eHI/IH ABJAIOTCA (a6eJIeBbIMI/I) AHMOHAaMI.

ITa Tope MOXHO ABUTATh YaCTHILI IO ABYM Pa3JUYHBIM IUKJIaM, oGpa-
aylolmM 6as3uc B Tpymie romMogorni. [lampuMep, MoXHO CO31aTh 3 OCHOB-
HOT'O COCTOAHMUA TTapy Bo36yXAeHUH OJHOTO THHA, OOHECTH OJHO I3 BO36Y-
JKIEHUHN 110 TUKJAY W TPOAHHUTIINPOBATE CO BTOPLIM Bo36y X fenneM. IIToT
HpOHeCC OIINChIBacTCHA HeKOTOprM OHepaTOpOM, rZ[(%I‘/,ICTByIOHH/IM Ha KO,Z[OBOM
IoANpOCTPaHCTBe, — NPOU3BeleHUEM O'j» BJOJb IIyTH Ha perieTke, aubo o

J
BOJBL MYTHU Ha ABOUCTBEHHOU pemeTKe. [ocKOMbKY cylecTByeT ABa THTIA

6 & 4 . Y(Z) Y(x)

BO30YXKIeHUH, MBI IMeeM 4 TakmUX ollepaTopa: Y, ' # Y, ' COOTBETCTBY-
6 Vi vy m

10T ofHOMY 6asUCHOMY LUKIY, a Y, ' 1 Y apyromy. I[ltu omepaTopst

JAeACTBYIOT Ha JBa 3aKOAHPOBAHHEIX -6uTa Kak o7, o7 (i = 1,2), moro-

MYy 9TO OHN 06JaTal0T TAKHME K€ KOMMYTAINOHHBIMI COOTHOITEHUSMHE:

Yi(x)YZ»(Z) = —YZ»(Z)YZ»(x) (ocTalbHBE Taphl KOMMYTHDYIOT).
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Ilemenunsa 3agada

B 5Toit wacTu mpuBosSTCA pellleHns 3ajad wan HepOpMadbHBIE yKa3a-
HIS, TOJAb3YSICh KOTOPHLIMHI 3aMHTEPECOBAHHBIN THTATETb MOXKET BOCCTAHO-
BUTH CTPOTO€ PelIeHNe CaMOCTOATENbHO.

W3 pazgena 1

1.1. TlecpopmanbHO omucaTh TaKyio MamnHy Jerko. OHa MepeHoCHT CHM-
BOJIBI 10 OJHOMY CJ€Ba HaIpaBo U CIIpaBa HaJeBo, MOKa He 06HApYKUBACT,
9TO NOCTUTHYTAa CepeNiHa CIOBa, IOCIe 9er0 OCTaHABINBACTCA.

Jamum Temmepb (hopMaibHOE OMICAHEIE 3TOH MAIIHHEL

Buemnuii anpasur: A = {0, 1}. Aadasur § = {,0,1,x, 0’ 1'}, nomu-
MO CHMBOJIOB BHEIIHET'O al(paBUTa U MYCTOrO CHMBOJA i, BKIIOYAET TPH
BCIIOMOTaTeIbHLIX METKH, YKa3bIBaIOIINX Ha IIOJOXKEHHE CHMBOJOB, KOTO-
pEIE IIePEHOCATCA.

MHOXKeCTBO COCTOAHMN YIPABIAIOIIEr0 YCTPOICTBA,

Q =1{q0,9f,70, 71,10, 1, lor, 11}
Ilykeel r u | ykasbiBaloT Ha HallpaBIeHHe MepeHoCa CHMBOJA, MHIEKCH IPH
>THX 6YKBax — Ha MepeHOCHMBIN CHMBOJL.

Temnepnb 3aganum GyHKINIO TepexooB. [lad Bcex map, Ha KOTOPHIX GpyH-
KIS TIEPEXO OB He OMpe/leJeHa MPUBOJUMBIME HIKE TPABIIAMI, €€ 3HATE-
HUA MOXHO BHIGHDPATH MPOU3BOJIBHO.

[Tagano paboThr:
(q0,0) = (ro, *,+1),
(90, =) = (g0, 0, —1).
IlepBad cTpoka o3Ha¥aeT, 9TO MaIlINHA TOCTABIIA METKY B MIEPBON MOBMITNN

1 TIOHECJTa, BIIPABO CHMBOJ, KOTOPHIN B HEl cTOsiI. BTopas cTpoka o3HavaeT,
9TO Ha MIYCTOM CJIOBe MalllnHa Cpal3y OCTaHaBANBACTCH.

(QOa 1) — (rla *, +1)a
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Ilepenoc Bnpaso:
(ro,0) = (r0,0,+1), (r1,0) = (r1,0,+1),
(ro, 1) = (o, 1,+1), (ri,1) = (r1,1,+1).
Mamna ABUTaeTCA BIPaBO, MOKa He JOCTUTHET KOHIA CIOBA WA METKH.

[Tepemena nanpaBieHUs: MBUIKEHNA CIpaBa HAJEBO COCTOUT U3 ABYX [el-
CTBUH: CHATH METKY (€C/H 3TO HE MYCTOH CHMBOJ)

(ro,0") = (lor, 0, —1), (r1,0") = (l1/,0,—1),
(ro, 1) = (lor, 1, —1), (r, 1) = (s, 1,-1),
(ro, o)~ (lor, oy —1), (ri,o) = (I, 0, —1)
U TIOCTABUTH €€ Ha JEBOTO COCEMA
(I, 0) = (Io, 0", =1),
(lor, 1) — (11,0", 1),
Ilepenoc BaeBO:
(ly,0) — (lo,0,—1),
(lo, 1) = (I1,1,-1),
[Mepemena nBUKeHNS ciaeBa HAIPaBO:
(o, *) — (g0, 0,+1), (l1,%) — (qo, 1,+1).

3apepinierre paGoOTHI 3aBUCAT OT YETHOCTHU JJIUHBI CIOBA: IPHU ETHON
[UINHE OCTAHOBKA TIPOUCXONUT TPH HAYa e NBUKEHUSA BIPABO

(QOaO/)'_)(QfaOa_l)a (q0a1/)'_>(Qfa1a_1)a
a IpHU HEYETHON AJMHe — IIPH Hadaje ABIKEHUS BIEBO

(10"*)'_>(qf’0’_1)a (111’*)'_>(qfa1a_1)a
(Qf,o)'—>((]f,0,—1), (Qfal)H(Qfala_1)~

1.2. TlepopMaabHO fAelacTcA clAefyiollee: KO BTOPOMY CIaracMOMy II0-
0vepEaHO JOGABIAIOTCA Pa3pAALL IepBOro, Jo6aBACHHLI pa3pA] CTHPACT-
ca. [JobapaeHne oTHOTO pa3pALa MPOUCXOAUT 3a BpeMdA, He MPeBHIIAoIIee
YABOCHHON [IJIMHLI BTOPOrO CAAraeMoro, TakK 9To obllee BpeMA paboThl Ma-
MIMHBI KBaPATHIHO 3aBHCHT OT JJIHHEI BXOJA.

JamuamM Temepb (hopMadbHOE OMUCAHIE TaKOH MAIIHHEL.

Buemmuit anpasut: A4 = {0,1,+}. Aapasur S = {_,0,1,+,0,1',+'},
HOMEMO CHMBOJIOB BHEIIHETO aa(paBHTa B IMYCTOTO CHMBOJIA i, BKIKOYAET
TPH BCIOMOT'aTeIbHBIX METKI.

(11/,0) — (ZOa 1/a _1)a
(11/, 1) g (11, 1/, —1)

(11,0) — (10,0,—1),
(11, 1) — (11, 1,—1).

MHOX)eCcTBO COCTOAHUE YITPABIAIONIETO YCTPOUCTBA

Q= {40,497, 9,70, 71,10,11,d}.
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Ilyksbr # u | ykasbiBaloT Ha HallpaBJeHNEe TEPEHOCA CHMBOJIA, HHAEKCHI TIPH
5THX OyKBax — Ha MEPEHOCHMBIH CHMBOJ (BI€BO MAallliHa HOCHT OHT Tepe-
HOCa B CAeAYIOMIH pa3paf, a BIpaBo — Jo6GaBaAeMEIll OUT), B COCTOAHNN d
MaIlITHA OCYIIECTBAAET CTUpaHNe 06paboTaHHOTO Pa3pAaa.

Teneps zagaaum pyukuo nepexonoB. Kak n B 3agade 1.1, aad He ymo-
MAHYTBHIX HUKe map QYHKINA MePEXOI0B ONpeNefeHa MPOU3BOIbHO.

ITagamno n KoHen paboTH:

(90,0) = (90,0, 4+1), (g0, 1) = (gp, 1, +1), (g0, +) = (d,0,-1),

(9p,0) = (2, 0,4+1),  (4p,1) = (ap, 1, +1),  (gp,+) > (d,0,-1),

(QP’O/) H(Qf’o’"i'l)’ (QP’I/)H((]f’l’—i_l)a

((U,O)'—)((]f,(),—l), (Qf’l)H(Qf’l’_l)'
CaMBIl IEBBIN CHMBOJI MEPBOTO CJAATA€MOT O MOMedaeTCsi, ITOOB He MPOITY-
cTuTh KoHell pa6oTel. [ajee malmna JBHKeTCA BIPaBO B COCTOAHUU (.
Ecan mangen 3uaKk 4, TO TPOUCXOANT TePeXon K Hadady noGaBJIeHUs Ove-
pefqHOrO caaraemoro. Ecianm HalijeHa MeTKa, TO OHA CTHPAETCS, a MAINHA
ocraHaBanBaeTcs. [Ipn 5TOM Ha JeHTe OCTAéTCA Pe3yabTAT CIOKEHUA (CHn-
TaeM, 9TO CyMMa MOXeT HAYHHATHCA HYIAMH).

Omnpegenenne odepeqHOT0 O6MTa, KOTOPHIN HYKHO H06aBIAATH KO BTOPO-
MY ClaraeMOMY, MEePEHOC €0 BIPABO U TePEXO] B PEKNM CIOKEHUA:

(d,0) = (ro, +, +1), (d,1) = (r1,+,+1),
d,0") = (ro,+', +1), d, 1) (ri,+,+1),

( (

(ro,0) = (r0,0,+1), (r1,0) = (r1,0,+1),

(ro, 1) = (ro, 1,+1), (ri, 1) = (r1,1,+1),

(ro, o) — (lor, oy —1), (r1, o) = (4, o, —1),
(ro,0") = (lor, 0, —1), (r1,0") = (l1/,0,-1),
(ro, 1) = (lor, 1, 1), (r1, 1) = (L, 1, =1),
(lor,0) = (I, 0", =1), (11,0) = (lo, 1", 1),
(lor, 1) = (I, 17, =1), (I, 1) — (11,0, —1)

CmoxeHnne, oKa He JOCTUTHYT 3HAK —+
(16,0) = ({0, 0, -1),

(lo, 1) = (lo, 1, -1),

(l )i—>(d,0,—1), 11,+)'—>(d,1,—1),

(l /)H(qp’o’_l)’ ll’+/)'_>(QP’1’_1)'

HOCJIC,Z[HHH CTpOYKa IMpUMEHAECTCA B KOHIIE, KOI'Ja JeBee 3HaKa —|—/ YXKe HHU-

vero Her. HOBTOMy MalllHa Ha9IMHaET ABUT'aTHCA BIIPpaBO, 9TOORL CTEPETH
OCTaBUIYIOCA METKY.

lla 1) — (11,0,—1),

o~ —

0a+
0a+
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1.3. [JokazaTelbcTBO OT MPOTUBHOTO. [IpeAmosoXnM, 9TO TaKON aaro-
PUTM €CTh, T.e. CyllecTByeT Maimua A, koTopas Ha Bxoje ([M], x) gaér
OTBeT «fay, ecinm MammHa M ocTaHaBINBaeTCA Ha BXOJEe T, B IPOTHBHOM
clydae TaéT oTBeT «HeT» (depes [M] oGosHadeHo ommcanme MammHel M ).
Toraa ecth n Takaa mammua A’, KoTopasa Ha Bxoge X MogeanpyeT paboTy
A ma Bxoge (X, X). 3areM, eciim oTBeT ManHel A — «1as, To A’ HadmHaeT
IBUTAThH FOJOBKY BIIPABO W HE OCTAHABINBAETCA, a €CIN OTBeT A — (HeT»,
To A’ ocTanaBaMBaeTCA.

Ocranosurcs au A’ na Bxoge [A’]? Ecau ocranoBures, To A gaér oTBer
«par Ha Bxoge ([A'],[A]). Toraa, mo ompenenennto mammubl A’ Ha BXOje
[A’] ona me ocranoBuTcs. Urak, A’ na sxoge [A’] He ocranasausaercs. Ilo
Torjga A gaér oTeeT «HeT» Ha Bxoge ([A],[A']). Tlo »To oznagaer, aro A’
ua Bxoje [A'] ocranasausaercs. Ipuiin K NpoTHBOPEUHIO.

1.4. Bo-nepBHIX, 3aMeTHM, 9TO €CTh AJATOPUTM, KOTOPEII BHITICHIBACT
oany 3a apyroii Te MT, KoTopble ocmanasiusaiomes, 6yIy9IH 3amyIleH-
HBIMH Ha TycToi JenTe. IIToT amropnTm mepebupaer Bce mapwl ([M], n)
([M] — ommcanme maumubsl M, n — HaTypaibHOe HHCIAO) W AIA KaXKAOH
napel MoJeaupyeT padoTy M Ha IIyCTOM BXOJe B TedeHHe N TaKTOB. Lcian
3a DTO BpeMsA IIPONCXONUT OCTaHOBKA, TO M BKIOYaeTCA B CIHCOK, €CIN
He 6BLTa BK/AIOYCHA B HET'O PaHee.

Eciu 651 cylmecTBOBal €IIE W TaKOil airopHTM, KOTOPBI BLITHNCHIBAET
OMHY 3a JPYroil MAIlMHLI, He OCTAaHABIMBAIOMIHECA Ha IMYCTOM BXOJe, TO
MOXKHO OBLIO GBI IIOCTPOUTD H AT OPHTM, IPOBEPAOIINI, OCTaHABINBACTCA
i MT A ma mycToM Bxofe: 3alycKaeM 06a aJrOpHTMa IIePeIHCAeHIA 1
K IEM, KOTJa olncanne A IOABATCA B OJHOM WK B JPYTOM CIIHCKE.

ITo Torga cymecTBOBaJ OBl H AJrOPHTM, PElIafOlIHi MpoGJIeMy OcTa-
HOBKH: N0 MamuHe M 1 BXOJy ¥ JerKo CTPOUTCA MalliHa, KOTopasA CHada-
Jla 3alHCBIBacT & Ha JEHTY, a 3aTeM MojdeaupyeT pabory M. Tax 9To m3
OpebAyIel 3aJaq9l 3aKII0IacM, 9TO0 HeT alrOpHTMa, IMepednCIAINEro
MAaIlIMHLL, He OCTAHABANBAIOMIAECA Ha IIyCTOM CJIOBE.

1.5. Orpanuunmcs ykasanneMm. [[as qo6oll BeraucanMon pyskunm b(n)
OpU JOCTATOYHO GOJBIINX N CPENU MAIUH ¢ N CHMBOJaMu aadhaBUTa U
N COCTOAHUAME, OCTAHABIMBAIOIINXCA HAa MYCTOM BXO/e, MOXKHO HAWTH W
TaKyl, KoTopasd BHYHCAAET nb(n), a 3aTeM BEIMUTAET W3 HTOTO IHCIA 1O
eJUHNIIe, TOKa He TOHIET A0 HYJA.

1.6. Ilycth umeeTca aByxJaenTounas MT Ms, paboralomias 3a Bpems
T(n) > n Ha BXogax AauHbl n. OnumeM HedOPMaIbHO MalnHy M ¢ efuH-
CTBEHHOH JEeHTOH, MOJEANPYIONIyio paboTy Ms. AadaBuT >TOH MaIINHBI
JOCTATOYHO BEIUK, 9TO6BI KOAUPOBATH B OHON AYEHKE COMEPKUMOE STTEEK
C TeM XKe HOMepOM Ha JeHTax My m mHPOPMAINIO O TMOJOKEHUH T['OJOBOK
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(Ha KaKWX JeHTax TOJOBKH HAXOJATCA Hall AYEHKOH C TeM JKe HOMEDPOM).
Yupasasioltiee yeTporcTBo M| MO3BOMAET 3aNOMUHATH COJAEPKAMOE AHe-
€K, Ha/l KOTOPHLIMEU HAXOMATCA TOJOBKH Mo, W COCTOAHNE YNPaBIAIOIETO
ycTponicTBa M.

Mammnaa My paboTaeT MAKIaME, KAX BT U3 KOTOPBIX IMUTHDYET OJUH
TakT paboTel M. B Havgade Kaxkgoro mukJIa rofoBKa M HaXomuTcs Haj
CaMON JeBOW AIENKOH.

[Muka cocTonT U3 ABYX TMOCAENOBATENLHBIX TTPOXOJIOB MO 3alNCAHHOMY
cioBy. Bruavame M aBukeTcs BOpaBO U cOBUpaeT HHPOPMAIHUIO O COCTO-
AHUAX B A9eikax Mo, HA KOTOPBIMU HAXOAATCA ToJOBKHA. [Ipn o6paTHoM
mpoxofe cipaBa HaldeBO M| BHITIOMIHAET AeUCTBUA, UMATHPYIOIINE TAKT pa-
6ol My. Ila kaxgoe Takoe neiictue Tpebdyercs O(1) TakToB.

luka seimoanseTcd 3a O(S) TakToB padorsl My, Tjge S — nawHa Hc-
noab3yeMoil dacTu deHTH. Tak kak T'(n) > n, To S < max{n,T(n)} =
T(n). losromy M; paboraet 3a Bpema O(ST(n)) = O(T?(n)).

1.7. TpuBegem emmé Gomee HepOpMATBHOE, 9€M B TPEABIAVIIEN 3aMate,
ommcaHne aaropuTMa. AapaBuT MOJIeIUPYIOMIEN MAIMHBL BEIOEDEM MOCTa-
TOYHO GOJBIINM, 9TOOH KOJAUPOBATH B O THOW AYENKe CONEPKUMOE TIe€K Ha
BCeX JeHTax, NHGQOPMAIINO O MOJOKEHNH TOMOBOK (Ha KaKHX JeHTaX I'OJIOB-
KW HaXOQATCA HA JAHHON A4YelKON) W MOTOJHUTEIbHEIE METKH, KOTODHIE
nmoTpebyioTca B mpotecce paboTHI.

Onuinem aaroput™M A, KOTODPHIU pelllaeT TaKYIO 3ajady: Ha OJHOU M3
JEHT 3aliCcaHo caoBO (t,w), Ha BTOPOH TOMOBKA HAXONWTCA B KOHIE HC-
MOMB3YEMON YacTH JEHTHI, HYXKHO ITPOMONEINPOBATH PaboTy TPEXIEHTOM-
HOWl MalllMHBI 3a [MePHO/ BPEMEHH ¢ (3aNNCAHHBIH JBOMYHBIM CIOBOM), €C/IH
BHAYaJe COCTOSHIE JEHT OMPEIETEHO CTOBOM W.

Sanuiem Ha cBOGOJHOE MECTO HA BTOPOI JdeHTe 9ucio {/2, nocie qero
cKommpyeM Tyaa xe ({/2)-0KpecTHOCTH KaXTOH W3 T'OJOBOK Ha BCEX TPEX
JEHTAX HCXOTHON MAIINHBL Il IEPEMECTHM T'OJOBKY B KOHEII C/I0Ba W (B KOHET!
HCTIOIB3YEMON 9acTH TEPBON IeHTH). K MoJIy4eHHOMY Ha BTOPOH JEHTE CIo-
BY MIPUMEHNM PEKYPCUBHO adropuT™M A, 1o 3aBepiiieHnn ero paboThl CKOTIH-
DPYEM Ha MEPBYIO JEHTY PE3YIBLTAT MOAEINPOBAHNUS, CKOTUPYEM HA BTOPYIO
TeHTY (t/2)-0KpeCTHOCTH T'OMOBOK BO BHOBB MOJXY9eHHOM COCTOAHHUH, OTBe-
YaloIleM COCTOSHUIO TPEXAEHTOUHON MAIIUHLI octe {/2 TaKToB paboTh,
OTSITH TEPEMECTHM TOJOBKY B KOHEI UCIOIB3YEMON YaCTH MEPBON JEHTHI.
Emie pas pexkypcuBHO npuMeHuM A K CJIOBY Ha BTODOI JeHTe, IO 3aBepIile-
HUM er'0 paboTHI CKOMUPYEM PE3YIbTAT MOMEINPOBAHUSA Ha TEPBYIO JEHTY.

Jli1s1 KOPPEKTHOr O OMMUCAHNS AATOPUTMA HYXKHO €III€ 3aaTh ero paboTy
Ha caose (1, w). B aToM caydae mpocTo MpuMeHAeM alrOPUTM, aHAJOTHY-
HBIU ONMMCAHHOMY B MPENBIAYIIEH 3a mate.
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Onepannio KONMWPOBAHUA € JEHTH Ha JEHTY MOXKHO OCYIIECTBHTH 3a
JUHEWHOE OT [IWHBI KOMUPYEMOTO cJoBa Bpems. [losTomy mams BpeMeHU
T(t,s) paGoTEl B HAUXYAMIEM CAydae airopuTMa A, MOAEIUPYIOUETo pa-
60Ty TPEXTEHTOTHON MAIIWHBL 33 BpeMs ¢ Ha CJIOBAX [IIWHBL §, MOJyYIaeM

OLEHKY:

T(t,5) < 2T(2,1) + O(t) + O(s). (+)

M3 (%) cpasy caegyer, 9T0 npn HekoTopoll koHcTanTe Cp mt > 1

T(t,2t) < Cit(logt +1).

IToaTomy

T(t,s) = O(tlogt) + O(t) + O(s).

3aMeTHM, 9TO NOAYYNTH CA0BO (I, w) M3 CIOBa w MOXKHO 3a BpeMs
|w]|logt, ecau t uzBecTHO.

AJITOpUTM MOJEINPOBAHAA TPEXJICHTOYHON MAIIHHLL Ha, IBYXJICHTOIHON
HCHOAB3YeT aaropuT™M A ciaefytommM obpaszoMm. IpoMogenupyeM paboTy
MAaIIMHLL I3 HaYaJbLHOI'O COCTOAHNA 3a 1 TakT, 3aTeM paGoTy 3a 2 TaKTa M3
MOCTHTHYTOT O COCTOARUA U T. 4. OlleHnM BpeMsa paboTHI TOr'0 aJTr OpUTMa.
IlycTh mcXoHAA TPEXJACHTOYHAA MAIIMHA padoTaeT Ha CIOBaX JJIMHEL 7 3a
Bpems T(n) > n. Torma epemsa T'(n) paBoThl MOEMUDYIOUIEH MAIIWHBL
6yneT OUeHHBATHLCA Kak

fogT(n)] _ [log 7 (n)]
T'n) < Y, T n+2 < D 0m+2)+0(k2")+0(2%) <
k=0 k=0
[log 7 (n)]

< Y 0(T(m) = O(T(n) log T(n)).

1.8. Nndopmanua B mammue ThropnHra mepeHOCHTCA TOJOBKOH yTIpa-
BJAIOMIETO YCTPOHCTBa. Ilofee ToYHO 5>Ta MBICAL (POPMYJAUPYeTCA Tak.
IMaceMoTpuM mocIefoBaTeabHOCTE {Q;(z, k)} cocTosmmil ympaBiIfoOmero
ycrpoiictBa MT B MOMEHTH TEPEXOJOB TOMOBKH Mexay k-it u (k + 1)-it
adenikamu ipu padore MT Ha Bxoze # (paccMaTpnBaeM Hepexoibl B 06e
croponsl). [TaboTa MammHel ThiOpHHTa cpaBa OT k-1 AYEHKH HOTHOCTHIO
omlpefeaseTcs HocaefoBaTelbHOCTBIO {Q; (2, k) }.

Teneppb 3anmimeM HUKHIOI OlleHKY Ha BpeMma patoTsl MT, konupytomen
BxoHOe caoBo. OHa OCHOBaHa Ha TOM, ITO KaXkK LI MEepexoj| TOJMOBKH Tpe-
6yeT oTaeapHOro TakTa paboThl MT. Beeném mapaMeTprl € u 7y, 3HATEHNA
KOTODHIX omnpejeinM mosxe. Jlasd cioBa w depes 7 (w) o6o3HAYNM HHCIO
[ePeXoI0B TOMOBKH MeXay k-it m (k + 1)-it adeiikamu npn pa6ore MT Ha
Bxoge w. IlynemM HCKaTh Takoe ClIOBO w, 9TO Ti(w) > 73, mpu k > n/2.
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ITockoabky MT xomumpyeT HadadbHBIN KyCOK AJAWHBEI k chopaBa oT k-1
AIeliKH, HocIefoBaTeIbHOCTH {();(vy, k) } IpH PUKCHPOBAHHOM U JOMKHEL
GBITH PA3MNYIHBL 1A PA3InYHBIX k-GYKBEHHBIX CI0B v. KopoTkux (IIWHEL
He GOJIBIIIE T) MOCTENOBATENBHOCTEN COCTOAHIN YIPABIAIOIIEr O YCTPONCTBA
ne Goabie, yem |Q|"T1/(]Q| — 1), rae @ — MHOKecTBO coCTOAHUIL ypa-
BAAIIET0 ycTpolicTBa. [l ao6oro (n — k)-6yKBEHHOT O ClloBa ¢ TPH

| Q|T+1

Q-1
rae .,4 — BHENIHUU aJI(l)aBI/IT, HepaBEHCTBO Tk(vu) > T BBINOJHEHO 110 Kpaf&—
Hel Mepe OJad OoJam 1 — ¢ oT Bcex k’—6yKBeHHbIX caos v. IITo O3Ha4vaeT, 9TO
1A 0OJN 1-— |.A|n_k6 OT BCeX k’—6yKBeHHbIX CJOB v HEPpaBCHCTBO Tk(vu) > T
BBIIIOJIHACTCA IJ14 BCEX U. HOBTOMy Ipu

n—k 1
|A|" ™7 < o (#%)

< 2|9 < elAfF, (%)

HAAETCA CIIOBO w Takoe, 9To T, (w) > 7 mpn k > n/2.

Ecin ¢ = (n|A|*/?)=1) 1o (x*) Beimoauserca npu k > n/2. Ecau npn
srom emé u 7, = |(log(e/2) + %nlog |A|)/ log|Q]], To (%) BBIMOMHAETCA
opu k > 2n/3. TIpu Takom BEIGOpe mapaMeTpoB 7, = §2(n) npu k > 2n/3.
Ouennm Bpemsa paboret MT Ha caoBe w Takom, 4To T (w) > 7 npn k >
> 2n/3 (MBI yKe IOKa3ali, 9TO TaKOoe CIOBO €CTh)

k=[2n/3]

[ OUeHKNM MWHMMAJbHOTO BpeMeHH paboThl 1'(n) MOXKHO COUTATB,
aro MT BHavame monmceiBaeT 3a T1(n) TAKTOB MOCHEIOBATENBLHOCTL W3
onanx 0 AawHBL 1, 3aTeM 3a O(n) MArOB MPOBEPAET, COCTONT JH NCXO-
Hoe caoBo W3 oJHux (), mocae 9Yero mpekpamaeT paboTy, eCld 5TO TakK, a
B IIPOTUBHOM Caydae paboTaeT JIOOBIM NpaBUIbHLIM criocoboM. fcro, 9To
T'(n) = Ti(n) + O(n). B cBowo ouepens, Ti(n) = O(nlogn). Hdefictu-
TeIbHO, ecA 6Ll MallllHa BO BHYTPEHHEH HaMATH MOIVIa XPaHHTh HCIA,
TO KONMMPOBaHWE CIOBA U3 HyJell He co3aaao Obl mpobaeMbl (Hano OBLIO OB
MOJACINTATH JINHY CIOBA W IIOTOM HATMCATEL CTOABKO XKe Hyaeln). [1o aroro
clenaTh Helb3A. 3aTo MammuHa ThHIopUHra MOXKEeT XpaHUuTh IUCIO B JBOMY-
HOU 3aITMCH B OKPECTHOCTH CBOEH I'OJOBKH (MbI MOXKEM DACIIHPUTE ad(aBuT
U CINTATh, 9TO Ha JEHTE €CTh MECTO A JONOTHATEILHEIX IIOMEeTOK PAJOM
c 6yKBaMW CJ0Ba 3 HyJell n eqmani). [Ipu sToM npubaBienne eqMHULBI K
TaKOMy CYETYHKY, BLIMHTAHUE eAMHNILl U CABAT CIETIMKA 1O JeHTe (ero
Beb HAJO0 BO3HTH ¢ cO6ON) TpeGyIOT BPEMEHN MODAIKA JUIHHBI CIETINKA,
T.e. O(logn), Tak 910 Beero MBI yKaaasiBaemca B O(n logn) TakTos.

13 PA3JIEJA 1 149

3amedanme. MoxHo mnokaszarh, uTo T'(n) = Q(nlogn). Unraremrio
MpeIaraeTcs CaMOCTOATENLHO TIOHATh, KaK HYKHO MOTU(pUINPOBATL W3-
JOYKEHHYIO BHIIIE HIKHIO ONEHKY BPeMeHH paGoThl B XyIIeM Caydae.

1.9. TIpuBegéM maero HAMCAHUA TAKOW MPOrpaMMEL.

ITy 1eM mHEcaTh IPOrpaMMYy , MOAEIHPYIONYI0 paboTy YHIEBEPCAILHON Ma-
mmnabl Tehiopuara. ITocKoabKY 3HadeHHE MePeMeHHON MOXKeT GHITh CKOJb
yTLOMHO BEINKO, TO B OJHON ITepeMEeHHOI MOXKHO XPaHHTh BCIO JEHTY MAIIlH-
HBI (HdpH |S|-waHOT O TpeCTaBICHISA YnciIa, Te S — aX(aBuT MAIINHEL).
YKkazaTeab NOJTOKEHHA TOJOBKH — 3TO €Ilé OAHA MepeMeHHas, COCTOAHNE
YIIPaBIAIIIEO YCTPONCTBA, — TPEThA.

ITpeo6pazoBaHuA >THX MepeMEHHBIX 3 TaKT paGOThI OIACHIBAIOTCA MPO-
CTBIMH apu(MeTHICCKAMHA NefCTBIAME (CAOKEHNe, YMHOXKEHHE, BO3BEJe-
HHE B CTEIeHb, JeleHHe ¢ OCTaTKOM I HaXOX JeHHe 3TOrO 0CTaTKa, CpaBHe-
Hue ducen). Bee 5T gelicTBUsA 1erkKo peaqn3oBaTh 663 PeKypPCUH, NCIIOIb3Y S
UX CTaHIapTHEIE ONpeJeJeHAA U IPUBIeKasA HeOGOMbIIoe KOAHIECTBO JOIOJ-
HETEILHBIX TTepeMEHHBIX.

IToCKOIBKY COCTOAHUI yIPaBIAIIIErO YCTPOICTBA I CHMBOJIOB aJI(aBH-
Ta (PUKCHPOBAHHOE YHCA0, HaGOpOM BJIOKEHHBIX NpoBepok if-then-else
KOHETHOU TIyOHHEI MOXKHO 3aJaTh BLIGOP TeKYIMX 3HAYCHHN HTHX IIepe-
MEHHBIX, H, TeM CaMbIM, (byHKIHIO IIePEXOIOB.

Sameuanmne. Korga sHadeHns mepeMeHHBIX He OT'DAHWYEHHI, B O THOM ITe-
PEeMEeHHON MOXHO XPaHUTh [METBIH MACCHB TAaKUX MEPEMEHHBIX:

(T1,. .. xn) — 271372 pon

n

Pj — LPOCTHIE HYHC]IA. HOBTOMy Or'paHMYE€HNE Ha TUCJO MMEPEMEHHBIX HECY-
IIEeCTBEHHO.

1.10. Tlygem nckaTh Bee yHKINHU OT ABYX MEPEMEHHBLIX, KOTOPHIE BLIPa-
xKaroTca gopmynsamn B 6azuce F. BHadate ecTh jJBe Takne GpyHKINEH (MPo-
exnun): p1(z,y) = @ u pa(x,y) = y. Jatee K MHOKECTBY yXKe HOCTPOEHHBIX
dbynkumn F' npumenseTca caenyomaa nponeaypa. JobapaseM K MHOXKe-
ctBy F' Bce qynkuun uja f(g1(c1,22), g2(23, 24), .. ., g1 (®op—1, Z2k)), T 1€
;€ {z,y}, 95 € F', f € F. Ecim muoxecTBo F' yBeAWIMIOCH, TOBTOPAEM
nponeaypy emeé pas. B mpoTuBHOM ciydae BO3MOXHBI ABa BapuaHTa: JH60
yKe TOlTydeHBl Bee MYHKIUN OT ABYX NePeMeHHBIX (Torja Ga3uc MOJOH),
6o — HeT (Torga 6asmnc He ABAACTCA TIOMHBIM).

Ouennm Bpema paboThHl 5Toro adaroputMa. [lacmupaTs MHOKecTBO F'
MOXKHO JHIIE 14 pas (Bcero ecth 16 Gy/eBbIX QYHKIWH OT IBYX MepeMeH-
HBIX). Kax Il pa3 Hy»KHO TpOBepUTH He Goaee |F/|™ - 2™ = (2m)1+10g|}-l|
BapHaHTOB, TJe M — MaKCHMa/JbHOe KOJNIeCTBO apryMEHTOB y Oa3MCHBEIX
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dbyskuni. Jlanra Bxoga (aamHa 3amncu Gasmca) He npesocxoant |F|27, a
|7'| = O(1). Tax aTo arropuTM paboTaeT 3a BPeMs, O DAHUTIEHHOE TTOIH-
HOMOM OT [JIMHBLI BXOJA.

1.11. Bepxusasa ouenka n2" < 2,01" (mpu n > 2000) aas ¢, cpasy cie-
AyeT U3 MpefcTaBieHns (PYHKINN B MU3BIOHKTHBHON HOPMAaJbHOW (hopMe
(em. (1.1) HA c. 24).

Jlasi momyvdeHNs HUMKHEHW ONEHKH MOJACYNTAEM YHCAO PABIUYHBIX CXEM
pa3Mepa s U CPABHHUM €0 C KOJUIeCTBOM (PYHKIUH OT N TepeMeHHBIX. [las
OTIPENETEHHOCTH CINTAEM, ITO UCHOAB3YETCA CTAH AP THBIN MOJHBIN 6a3mC.
Toraa mas k-ro mprcBamBaHUsA CXeMBI €CTh He 6odee

2-(n+k)n+k—-1)/2+(n+k—-1) < (n+k)?
BO3MOXKHOCTeNl (KOHBIOHKINA U AU3BIOHKIHUA — CHMMeTpHdIecKne (yHK-

WM, & BEIOWPATH MBI MOXKeM 13 n+k — 1 mepeMeHHOIT ), TOITOMY KOJIMIECTBO

N pa3audHLIX cXeM pa3Mepa s He 60Jbllle, TeM
s

B3
H(n + k)Z < H 277,2]{72 < (277,2)8(8!)2 < 25(1+210gn)+2510gs.
k=1 k=1

A "ncio 6yaeBbIX PYHKINA OT N MepEeMEHHBIX PaBHO 22" IIpu

2" > s(1 4 2logn) + 2slogs (%)

HKI[UHA GOJBIIE, 9eM CXeM, IIODTOMY ¢, > s. Ecim s = 1,99", To HepaBen-
by : : y 997, p
cTBO (%) BBIIOMHAeTCA mpu 1 > 3000.

1.12. CaoBa mcrmoab3yeM AM3BIOHKTHBHYIO HOPMaJabHYI dopmy. Fcian
cTponThk 1o (opmyae (1.1) cxemy n3 saemenToB AND u OR, umerommx
MPOM3BOJABHOE HHCAO BXOAOB, TO MOHATOOUTCA He Gosee 3 CAOEB DJIEMEHTOB:
OJIMH CJIOW Ha OTPUIIAHNSA, OJNH — HA KOHBIOHKIINN, U OJNH — Ha HWTOTOBYIO
M3 BIOHKITHIO.

1.13. Kax roBopmiock Ha . 23, cCXeMy MOXKHO TPeACTABIATH B BHE
rpada. U3 kax 1ol HeBBIXOAHON BEPIUHBI Tpada CXeMbl eCTh XOTH OBl 0 JUH
OPHEHTUPOBAHHBIN MYyTh B OJHY M3 BHIXOAHBIX BepiimH. [losToMy pazmep
CXEMBI OTPAHUYEH CBEPXY CYMMON YHC/IA BHIXOHBIX BEPIINH W THCAA TaKUX
myTen.

[livHa opueHTUPOBAHHOT O My TH B T'pade CXeMbI He TPEeBOCXONUT Ty 6u-
HbI cxeMbl d. [lJs cXeMBI B CTaHJapTHOM (asmce BXOAHASA CTEMeHb Kayk T0U
BepImHbL He Godbiie 2. [TosToMy opueHTHPOBAHHBIX TYTeN, BEAYIIUX B BbI-
XoHbIe BepuHbL, He Goabie qem 2¢ = O(n?™M) (nuraemcsa ot BHIXOJHO
BEPILINHEL TPOTHB HANPABAEHNsA CTPETOK U IPHMEHAEM HHIYKIINIO).

1.14. TleayipTaToB cpaBHeHUA ABYX UHcCel £ W Yy TpU — T > Y, WIN
z =y, man x < y. llymem cTponTh cxeMmy, KOTOpas BHIJAET ABa OUTA pe-
3yJbTaTa, KOAUPYoUNe 3T TPU BO3MOXKHOCTH.
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Ly e l‘n/z xn/Z—l ......... o
Yn oo yn/Z yn/Z—l ......... Yo
Cxema C'mpy, /2 Cxema C'mpy, /2

"= 1, ecam 9ncra paBHEL e’ = 1, ecin 9ucia paBHEL
g=1eccmez>y g’ =1 ecmz >y

e.=¢ Ne'

g:=¢g V(e ng)

e = 1, ecam «mcaa paBHBI
g=1,ecau & >y

Puc. 9. Cxema C'mp,, g1a cpaBHEHHA N-Pa3PAJHBIX GHCET (pa3Mep CXeMBI
O(n), ray6ura — O(logn)

Jliast TpoCTOTHL OAraeM, 9TO N SBIAETCA CTENEHBIO ABOUKH. I1TO He
MOPTUT OLEHKY B 0OOIIeM ciay4ae, IOTOMY HYTO MOMKHO JAONOJHUTH HHCIA
HYJAMH cJaeBa, 9TOOBI WX [NIWHA CcTaja CTeleHblo gaBoukm. [lazmep BxOoma
yBeaAMYIuBacTCA TP 3TOM He 6ojice eM BJBOE.

CxeMy cpaBHeHUS n-pazpsgHBIX ducen OygeM coOWpaTh M3 ABYX CXEM,
CPABHUBAIOLINX YU, 06DA3OBaHHbBIE TEPBLIMEI 1/2 paspsgaMu U MOCae /-
HUMU 1 /2 paspsagaMu. 3Hasd Pe3yJbTaThl CPABHEHUS HTUX JABYX Iap HHced,
MOXKHO BOCCTAHOBUTH U PE3YJAbTAaT CPABHECHUA MCXOMHBIX HHCE.

Koncrpykumsa cxembr nzobpaxkena Ha puc. 9. OueHnIM €€ pazMep U ray-
6uHy. BEITOTHAIOTCA CleyIoNIe PeKypPpeHTHBIE COOTHOITEHTA

Sn:25n/2+3a hn:hn/2+2
W3 Hux noaydaem s, = O(n) u hy, = O(logn).

Sameuanne. CpaBHeHNE n-3HAYHBIX TBONYHBIX 9HCEJS £ U Y PABHOCHIE-
HO OIPeJeleHI0 CTapIero paspajga qncia £+ (2" — 1 —y), a gaucao 2" —1—y
HAXOANTCA 1o Y cxeMoll raiy6unsl O(1) auHeiHOTO pasMepa (HYKHO MpHMe-
HUTH OTPHIAHHE KO BCEM TlepeMeHHBIM). [TosToMy nocTaTodHO GBLIO GBI
peumTh caegyiomyio 3afgady 1.15. Mei, mao6GopoT, 6yaeM HCIONB30BATH
CpaBHeHWe YHCEN [ CJIOKEHI.

1.15. BBegém o6ozHakveHUA: MYCTh &y_1, ..., Lo — ABOMIHBIE PAa3PAILI
TePBOTO CAATAeMOT0; Yp—1, - - -, Yo — BTOPOTO; Sy, Sp—1, ..., S0 — PABPATHI
pesyabTaTa; ry_1,...,70 — ONTHI MepPeHoca B CAeAYIONIH paspal. Beegem
MOMOJTHUTENbHBIE TTepeMeHHble §; = x; B y;, to = 0. Torga sqg = g, 5; =
=r1@tiupui>0,r_; =0, = (1 At) Va; npu i > 0 (ecam 6uTH
B claraeMbIX Pasfd<Hbl, TO OGUT MepeHoca TaKOH Ke, KaK B MPeIbIAYIIEM
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paspsje; ecii OMHAKOBEl — OUT TlepeHoca coBHagaeT ¢ UX (OOUMM) 3Ha-
YeHHEM ).

IMoka MBI BBOAUMAN 060O3HAYEHNS, MIMOXOOM PEIIMIACH 3adada TYHK-
Ta a). [eficTBUTeNBLHO, IPUCBANBAHIE O MPUBEJEHHBIM BHIIIE POPMYIaM
HyXHO cfeaaTb O(n) mWTyK.

st myHKTa 6) HCTIOMB3YeM MPeJbIAYIIYIO 3a1ady.

3aMeTHM, 9TO eCJU eCTh CXeMa pasMepa S u rayOuHbl H | BEITHCAAIONAA
GUTHL MepeHoca, TO W3 Heé JerKo CTPOWTCA cxema pasmepa S + O(n) n
ray6unast H + O(1), Beramcasiomas cyMmmy (Bce ¢; MOTYT OBITH HaliJeHBI
mapajaeabHO, U, IPH M3BECTHBIX 6UTaX MEPEHOCa T, BCe §; TaKKe MOTYT
GBITEH HAlIeHBI TaPAIeIbHO).

Brraucienne 6uToB nmepeHoca paBHOCHIABHO CPABHEHWIO, TaK ITO JA0CTa-
TOYHO HAYYUTHCA CPABHUBATH NapaIelbHO BCe «Cy(PQPUKCHY HGHUCET, T.e€.
[T KaXIOT'0 § CPABHUTH UHCAA £;Ti—1 ... Lo 0 Y7 Yi—1 - - - Yo-

Brauage cpaBHUM YHCAA Tp_18p_2 ... .20 T TYp—1"Yn—2 - - . Yo MO CXe-
Me, ONUCAHHOW B TPEABIAYIIEN 3amade. 3aMeTHM, 9TO Tpu paboTe >ToH
CXeMBl HAa HUXKHEM yPOBHE MBI CDaBHUBAeM OWTHI, HA CJAeAYIOIIEM — NBY-
3HAYHBIE THCJAA, 3aTeM — YeThIPEX3HaYHbIe U T. 1. [loryvaem «cyxarotmeecs
JepeBoy. OHO JaéT pe3yabTaTHl CpaBHEHHUA GJOKOB 10 2F 6UTOB, B 4acTHO-
ctu, nast cydpdukcoB paun 1, 2, ..., 27 = n. [ITo 4nciaa, 1BOMYHAA 3alUCh
KOTOPBIX COJEPKUT POBHO OMHY enAnHnny. KoMOUHUDYS pe3yabTaThl CpaB-
Henus cyddurcos uHbl 2F 1 coceHIX ¢ HUME 6I0KOB, HOLYYHM Pe3yIbTa-
THI CpaBHEHNS CY(pOUKCOB, TBOWYHASA 3AMNCH IINH KOTOPHIX COJIEPKUT JIBE
enmaUEL. [[pogoaxkas >TOT mporecc, MBI TOJAYYUM Pe3yabTaThl CPABHEHNA
Bcex cydpurcoB. [ToCKOIBKY KOAUYIECTBO €MHNUI B JBOMTHON 3AMUCH JJIH-
HBI cydukca He peBocxoauT logn, ray6uua nomydennoil cxembl O(logn).
TTazmep CXeMBI JIHHEEH — MOMIMO CXeMBI cpaBHeHus & 2" — | —y (AnHeRHO-
r'o pasMepa) MBI HCIOJb3YeM TOTMOTHITENBHO A Kak 1070 cyddukca ot
610K, M306PaKEHHBIN B IEHTPe puC. 9, KOTOPHI KOMOUHUPYET PE3YIbLTATEHI
MPEeIbITYITNX CPABHEHUN.

1.16. [usa suraucaenus pyukinmun MAJ gocTaToqHO HAYIUTHCA O ACTH-
THIBATH YUCJAO €JUHUI CPEJH 3HAYEHUN TMePEeMEHHBIX: MAdbIle MOXKHO WC-
MoJB30BaTh cxeMy u3 3afgadu 1.14. Obiee wucIo eIUHAL paBHO CyMMe Y-
cla eIUHAL] CPe/Il 3HAYCHUH MEePEMEHHBIX OT T1 JI0 T |, 2| W TUCIA eINHETL
cpefi 3HAYEHUIl TIePEMEHHBIX OT T|n/2|41 A0 Tn. [lpejcTapias 5To B BU-
[le CXeMBI, TIOTYIUM CXeMy DIYOWHBI logn, sieMeHTaMu KOTOPOU JOJKHBI
O6BITH QYHKINU, BEMUCAAONE CYMMY ABYX wucet. [lockoabKy T wmncia
He TPEBOCXONAT N, UX MBOWYHAA JJIMHA He npeBocxonuT logn. U3 pemienns
sagaqn 1.15 BeITeKkaeT, uro raybuna Taknx cxeM O(loglogn). Tny6una Beei
cxembl oaromy O(log nloglogn) (a pasmep O(n)).
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1.17. [as rpadoB MOXKHO ONMpEJETUTH OTIEPAIINIO BO3BEIEHNA B CTEIEHbD.
B rpade G* croabko xe BeprmH, ckoabko 1 B (G, a Be BEPIINHEI CBA3AHEI
pebpom, ecin B (¢ X MOKHO COEHHUTE Iy TEM He JiinHHee k (B 9acTHOCTH,
G =G).

Ipadnr 6ymem 3agaBaTh sampuyant cuexrcnocmu. CTPOKI U CTOJGIHI
maTpuisl cMexuocTH A(G) rpada G WHIEKCHPOBAaHBI BepIIMHAMHE Tpada.
Ecan (jk) — pebpo G, 1o a;5 = 1, B nporuBHoM caydae aj; = 0. Iam
Gyer yao6HO mofaraTh d;; = 1 U CHMUTATH B/ICMEHTH MaTPHUILL Oy IeBBIME
nepeMeHHBIMI .

Jlerko MOHATE, 9TO ecan Mex Ay BepimmHamu B rpade G ecTh My Th, TO
ecTh U IyTh He JIuHHee n, Dje n — 9ucio Bepinud B rpade G. Tak aro auas
peleHus 3aJad JOCTATOYHO MOCTPOUTH CXEMY, BHIYHCAAIONIYIO MATPUILY
A(G*) ana xaxoro-uubyab k > n, u cxeMy, BHIGHDAIOITYIO MATPIHIHbIH Hie-
MEHT MO 3aJaHHBIM HOMepaM CTPOKH U CTOAbIA.

[t TIOGBIX TIOMOKUTENBHBIX k, §, , Takux 9T0 k = j+m, cipaBeauBo
TOXKJIECTBO

AG)w =\ AG)uw AAG™ . (%)

weV (G)

Ecan ckazaTh cioBaMu, TO 5TO TOXAECTBO O3HAYAELT, 9TO Ha JIOGOM MyTH
manHb k B rpade G, cBA3LIBAOIIEM BEPIIUHBL ¥ U ¥, €CTh BEPINUHA W TaKasfd,
9TO JJAWHA TMYyTH OT % MO w paBHA j, a JIWHA TYTH OT w JO ¥ paBHA M.
B ofparuyio ¢cTopoHy, eclu ecTh MyTH MeXAY ¢ U W, W W ¥ AJIAHBL j 1
M COOTBETCTBEHHO, TO UX OObeJAWHEHNE MaéT MYTh IIWUHHL j + m = k u3
U B Y.

Berdmcienne MaTpHYHOTO ddeMeHTa 1Mo (hopMyae (k) Jerko 3alucaTh
B Buje cxeMmbl TiayouHer O(logn). Berancaas nocieoBaTeIbHOCTh MaTPHI]
A(GY), A(G?), A(G?),. .. nocaefoBaTelbHBLIM BO3BeJIeHIEM B KBapaT, de-
pez [logn] mwaroB MBI TOAYYNM MaTPHIY A(sz), rae 28 > n. Doy6uma
MOCTPOEHHON cxeMbl log? n, a pasMep TOAMHOMUATEH IO 7.

Temeph mokaxeMm, Kak H3BIACKATH W3 HaGOpa MATPUYHBIX JJIEMEHTOB
DJIEMEHT Uj, €CIU j M k 3aJaHbl IBOUYHBIME IIPEACTABICHUAMHU i ... Jo,

ki...ko, I = [logn]. 3ameTnm, 9T0 paBeHCTBO ABYX OWTOB & W Y TPOBe-

o 7 def
pseTca B cTaHIapTHOM Gazuce dopMmyoil = y = (- A —y) V (x A y).
ITosTOMy 3HaYeHNe, BHIMUCAEHHOE IO (hOPMY.IE

\/ U555, 1o /l\ (Sm = Jm) A (tm = k’m) , (*%)
m=0

$1...50,t1...t0

BCEr'/1a PABHO G5 —— 7. Tazmep GOPMYJIHI (**) TOJHHOMIAIEH IO 1. Jler-

KO TIpefcTaBuTh 3Ty qopmyay cxemoil riaybuuer O(logn). MoxHo Takxe
coclaThCcA Ha pe3yabTaT 3agaqnm 1.19.
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1.18. Ucnoawb3ysa ToxgecTBa ge Moprana

Vo= Ao A=V

MOXHO JHOOHTHCH, ITOORI OTPUIIAHNA MTPUMEHSINCEH TIEPBLIMA. A MOCKOIBKY
=f = f & 1, npuMenssa npu HeoOXOAUMOCTH TOXAecTBa Me Moprana emre
pa3, MOXKHO MO6UTHCs, 9TOOHI MOCAETHEN TPUMEHIACH U3 BIOHKIINA.

ITocie Takux mpeo6pazoBaHUi MBI TOAYHINM CXeMy, KoTopad ecTh JI1P.
U zagata cBemack K TOMY, ITOOH yOENUTHCH, ITO KOJMIECTBO KOHBIOHKTOB
(aprymenToB ausbloHKINN) B ao6ol 11, sanaromeit gyukunio PARITY,
SKCIIOHEHINATBHO BEINKO.

Jlerko moHATH, 9TO A0060N KOHBIOHKT B Takon /I momken comep-
KaTh N COMHOXHUTeNEN (B MPOTHBHOM ciaydae (pYHKINA, KOTOPYIO 3aJaéT
sta 1P, maorga He OymeT MEHATHCA MPHU U3MEHEHWN POBHO OTHOTO M3 €€
apryMeHToB). KOHBIOHKT, COJepKAIINE 1 COMHOXKUTENEH, paBeH | POBHO
Ha OJHOM Habope 3HAYEHHN MepeMeHHBIX. [[opToMy “mcio KOHBIOHKTOB He
MeHbIIle uncta egquunn dhyaxmun PARITY, koTopoe pasHo 2771,

Sameuanne. MOXHO TOKa3aTh, ITO CXEMBI JIO60U (DUKCHPOBAHHON TJTy-
6mabl u3 saemenToB NOT u OR, AND ¢ TpOM3BOJBHBIM YHCIOM BXOIOB,
Beraucstone Gyukimio PARITY, nuMeloT SKcoHeHTIHAIbHEI pazMep. [lo-
Ka3aTelbCTBO CTPOUTCA MO HHAYKINH, OCHOBAaHHE KOTOPON [TAlOT CXEMBI
ray6uHbL 2 U 3 (M3JI0KEHHBIH BHILIE CAyYai).

JokazaTeabeTBO DTOrO yTBepXKgeHUs MOXKHO HaiTu B [24]. TlpuBeém
KPaTKOE M3JOKEHNe OCHOBHOW MAEH. 3aMETHM, ITO MPUMEHEHNE U3 HIOHK-
[N 1 KOHBIOHKIINN B CXeMe MIUHUMAJIBHOT O Pa3MepPa JOIKHO TePefOBATHCS.
3aMeHss TU3BIOHKINO KOHBIOHKINA Ha KOHBIOHKINIO AU3BIOHKIINN, MOXK-
HO YMeHBUINTH TiaybmHy cxeMbl Ha 2. OTHAKO pa3Mep CXeMBI MOXKET ITIPH
3TOM YBEJIMIUTHCS KBAAPATHYHO, IO3TOMY HUKAKOW PA3yMHON OIEHKHN TaK
He ogyvaeTcd. [l moaydeHns oneHKn cayuatinbism 06pa3oM MPUCBOMM 3HaA~
YeHUs 9acTH HepeMeHHBIX. [loayydentas GyHKINA OT MEHBIIErO 9UCIa Te-
pementbix — au6o PARITY, nu6o eé orpunanme. CxeMHas CAOKHOCTE A
orpunanng PARITY Takas xe, kak u gas camonn PARITY. A ¢ HekoTopon
BEPOATHOCTHIO HAIlA CXeMa YOPOCTUTCA W HEPECTAHOBKA KOHBIOHKIWH U
QU3BIOHKINN HE MPUBEIET K OOMBIIOMY YBEIUMYEHHIO Pa3Mepa CXeMBI.

1.19. a) = 6). T'pad, npeacrapagoumil GOPMYILY, MOXKHO CeIaTh
MePeBOM, eClIi Pa3MHOKNTE BXOMHLIE TlepeMeHHble. [lazmep mpu >ToM yBe-
auanuTcAa He Gofee, MeM BIBOE.

st noctpoenns cxembl ray6uast O(logn), Beraucasomein gpopmyry X
pasMepa n, UCIOAB3YeM HIe0, TPUMEHEHHY O B pelniernn 3agad 1.14 u 1.15.

[Burasch oT KOpHS NepeBa, MPeNCTaBAAIONIETO HOPMYTY, W BHIOHpad
KaXIbII pa3 BePIINHY, COOTBETCTBYIOIIYIO TOMpopMyle GOABIIETO pasMe-
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pa, MBI HAHEM PpaHO WM MO3AHO TOAMOPMYIY Z, pa3Mep KOTOPOH JeKUT
mexay n/3 u 2n/3. Bamenss B gopmyae X noadopmyay Z He3aBUCUMOIL
MepEMEHHON z, TTonydaeM (popMyay Y ¢ TaKUMU JKe OlleHKaMu Ha Pa3Mep.
Mycte ama Z uw Y ecTh BBIYHCAAIOIINE UX CXEMBI TIYOWHBEI He GOJBIIe
h. llocTtpoum nas Becenn popmyast X cxemy raybusbl He 6oabie h + 3. Bei-
HHCAUM 3 TepeMeHHBIE MTOCXeMaMu TIyOuHBI He Goabliie h: yy — 3HaMEeHIe
dopmyast Y mpu z = 0, y; — 3Hadenne dopMmyasl Y mpn z = 1, s —
3Hadenne (popMyJabl 7. JHadenne f Bcell GOPMYIBEI PABHO
F=(yoA—-s)V(y As).
IITo popmyaa raybunsr 3.

Nrak, gas h(L) — MHHEMAJBLHON TIYGHHBL CXeMBI, BEIIHCAAONIEN dHop-
MYJy pasMepa L, BLITIOJHEHO PEKYPPEHTHOE COOTHOIIEHNE!

W) <h(2E) +3.
W3 Hero caenyer h(L) = O(log L).

6) = a). IIto coBcem npocto. IIpeBpaTuM rpad cXeMbl B [€peBo,
pasMHOXKasd TpU Heo6X0MUMOCTH BepiinHbl. [lazmep sToro nepesa ue 6yjaeT
MPEBBIMIATH KOANIECTBA OPUEHTUPOBAHHBIX OYTEH OT BBIXOJa KO BXOAM.
A Takux myTedt me Goxee 27,

1.20. BemoMHIM KOHCTPYKIHIO HEPa3penMOro Ipejukata f,(z), Ipu-
mannexamero P/poly, koropas npusenena B 3amedanuu 1.1 Ha c. 26.

Ceitac MBI 6y 1eM CTpOUTE Takol OpefukatT f,(z), ITOGH OH GELI pas-
pemmM, HO He NMpHuHaIexat P. MBI mocTponM Takylo BEMUCAUMYIO (DyH-
Ko ¢(n), 970 JA060H alrOpHTM €€ BBIYNCIEHHA paboTaeT MOJbIIE, TeM
2", JIpyruMu cIoBaMU, €CTh aJTOpPHTM Paclo3HaBaHUA TTPUHA IIEKHOCTH
A3bIKy H, cocToAmeMy W3 ABOMYHBLIX 3allMCell TeX TUCeT M, MIA KOTOPHIX
¢(n) = 1; HO BpeMsa paBbOTHL B HAHKY AIIEM CIydae AF0G0r0 TaKOr O ajlrOpHT-
Ma Ha CIOBaxX JIMHBL M PACTET GBICTpee, deM 22 .

Toxaxem Gogee obiee yrBepKk aerne. [lycts f(n) — erancanvasn dyH-
k. O6o3Ha4nM Tepes M ¢ S3BHIK, cocToAmMMA u3 Takux nap ([M], z), 1To
manmua M Ha BXofe ¥ ocraHaBinBaeTcs 3a Bpems f(|z]). IIpuHa iekHOCTE
TOMY S3BIKY paspellliMa (3allyCTHM YHHUBEPCATbHYIO MalmHy ThoOpHHTa
co BxogoMm ([M], x), orcauraem f(|x|) TakToB pa6oTsl M u TOCMOTPHM —
ocraHoBuaack au M). To 6BICTPO MPOBEPUTH 3TY Pa3pElIIMOCTh HEMB34,
KaK MOKa3kIBaeT CAeAyIolIee paccy X qeHne, TOYTH JOCJAOBHO MOBTOPAIOIIEE
pettierne 3aga4n 1.3.

IIycte mamnna A pacmosHaéT IpHHAIIEKHOCTD ABLIKY M cIoB 1am-
HBL n 3a BpeMms T'(n). Torga ects n Takad mammua A', KoTopas Ha BXO-
ge X sanyckaer A mHa Bxoge (X, X), mocle Wero B caydae oTBETa «Ja)
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MePeXOqUT B COCTOSAHUE, B KOTOPOM TOJIOBKA ABHTAETCA BIPaBO (M MaIInHa
He OCTAHABIMBACTCA), & B CAyTae OTBETA ¢HeT» ocTaHaBamBaeTcsa. CMogenn-
poaTh pa6oTy A za Bpemsa T'(n) moxno 3a Bpema 1" (n) = O(T?(n)). Ecan
T'(n) < f(n), To aro ckaxer A o ciose ([A],[A])? Ecan «1a», To npn-
XOAUM K IIPOTHBOPEYINIO C ONpeleleHIeM MalmHbl A’ ecinm «HeT» — Toxke
npuxoauM K npotuopedmo. Hosromy T'(n) > f(n), a T(n) = Q(f/%(n)).

NTak, MBI OKa3aad, 9TO BpeMA paboThl JF060I0 alropuTMa, Paclo3Ha-
IOIIEro MIPHHA [IeKHOCTD cIoBa S3LIKY M ; ne menbire, sem Q(f1/2).

Bzas B kauecTse f dynxmmio 22| MOIy<MHM pelleHIe 3a Jasdil.

W3 pazgena 2

2.1. IlamoMHEM, 9TO JUTEPATOM HA3BIBAETCS TIEPEMEHHAA WM €€ OTPH-
nanue. Jlutepaasr 6yem o6o3HaqaTh {1, ls, . . .. AITOPUTM pelleHns 3a1a9u
2-KIIP 6yneT paboTaTh B Tpu >Tana.

IITan 1. IlepeGupaem Bce mapbl gu3bioHKINH. Ecanm BcTpedaem mapy
l1 Va, sV -z, To gobasiasem k KIIP gmanionkmmio [ V [s. Ecim Bce ma-
pHI (BKaOYas M0GaBIeHHbBIE MU3BIOHKINN) MPOCMOTPEHBI, TO MEPEXOIHM K
aTamy 2.

[ran 2. Mpoeepsiem mias KaX[IOW TMaphbl MEPEMEHHBIX, CKOIBKO AH3H-
OHKIINH HCTOJAb3yeT 3Ty napy. Ecanm xaxgas mapa mcnodb3yeTcs He Gomee
ofHOrO paza, To BeAaéM oTBeT «gas (KIIP Beimoannma). Ecan Hamuack
mapa TepeMeHHBIX, NCIOIb3yeMas M0 KpalHel Mepe B [BYX [IM3BIOHKIINAX,
BBITIOTHAEM COKPAIIEHHE: JeJaeM TOICTAHOBKY PABEHCTB, YKa3aHHBIX B TPe-
Thel CTPOYKE CAeNyIOMien TabauIbl, BO BCe NU3BIOHKINE W €CIH MOJYTaeM
npotusopedne ((z = 0) A (z = 1) mam (z = —y) A (z = y)), To BHIaEM
OTBET ¢HETY», B IPOTUBHOM CJIyvae HEPEXOANM K DTAMy 3.

xVy xVy xVy -z Vy —xV -y —xV -y
A A A A A A

xV -y —xVy —xV -y xV -y —xVy xV -y
x=1 y=1 r ="y r=y xr=0 y=20

IITan 3. [lemmaem moaydeHHYIO Ha >Tale 2 3aMady C MEHBITAM YHCIOM
MepEMEHHBIX W TIOBTOPSEM €€ OTBET.

KOppeKTHOCTb TaKOI'O aJropuTMa BBEITCKAaeT U3 CJACAYIOIINX Ha6JIIO,Z[e—
uuit. Bo-epBLIX, B CUIY JOIHYECKOT0 TOXKJECTBA
((11 vV l‘) A (12 vV ﬁl‘)) — (11 vV 12),
Ha II€pBOM >Talle MEIL ,Z[O6aBJIHeM CJIEICTBUA YK€ UMEIOIINXCA KOH'])IOHKHI/II‘/’I

Bo-BTOpHIX, M5 KaX 1010 cTOAOA TPUBEEHHON BHIIE TAGIUIIEL JETKO MTPO-
BEPUTH, 9TO KOHBIOHKIINA MEPBLIX IBYX CTPOYEK >KBUBaJeHTHA PABEHCTBY
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B TpeThenl cTpotuke. [losTomMy BEITOMHEMOCTD Hcxo ol KIIP skeuBaaenT-
Ha BBITOJAHUMOCTH cokparerton KIIP.

[Makonern, goxaxeM, 9TO ecan Ha KAy JIOU Mape TePEMEHHBIX €CTh He 60-
aee oguon auaboakmuE, To KIIP, moayvernnas Ko BTopoMy 3Tally, BHITOJ-
unMa. [IpucBonM 3HaveHEe TEPEMEHHON &1 TPOM3BOJBHBIM 0GPa30oM, 3aTeM
YITEM BCe CIeJCTBHA >TOro npucBoenus. [lepBoll m3 mepeMeHHBIX, KOTO-
POl He MPUCBOEHO 3HAYeHHE, TaKkKe MPUCBOUM 3HaYeHHE MPOM3BOJBHBIM
o6pazom u T. 1. Korga Mbl He TOIyYUM BBITIOJHAOINEr0 HAGOpa 3HAYEHUN
nepeMeHHbIX! ToabKO B TOM ciytae, eciau IJds HEKOTOPOU HMEPEMEHHOU I3
3HAYEHNN paHee ONpeNeNeéHHBIX TTepeMeHHBIX 6y 1y T caenqoBaTh u 0, u 1. Tlac-
CMOTPHUM CaMOe paHHee Takoe mpoTuBopetne. OHO 03HAYAET, YTO UMEOTCA
ausbioHknn [y Vo u ls V -x, a Takxke, 110 [1 Vis = 0. ITo 5T0 HeBo3MOXKHO,
TaK KaK B DTOM ciaydae nma3bioHkius 1 V ls Takke BxoquTt B KIIPD mocae
sTama 1.

Teneps ornernM Bpemsi paboTH aaropuTMa B XyaieM ciaydae. O6o3na-
quM ero depes T'(n), rge n — 9YHCIO TePEMEHHBIX (YHCIO MePEMEHHBIX 3a-
BEJJOMO He MPEBOCXOAUT MIHHBL BX0a). [To OCTpoeHHo HMeeM cileyoliee
PEKYPPEHTHOE COOTHOIICHNE

T(n) < O() + T(n - 1),
orkyaa caenyet T(n) = O(n’).

2.2. Cmenenvio BepuinHbl B T'pade HABLIBAETCA KOANIECTBO PEGED, BBI-
XONAMIAX W3 DTOU BepInuHbl. [le06X0MUMBIM yCAOBHEM CYIIECTBOBAHMS HIi-
JepoBa MyTHU ABJAAETCA ceA3Hocmb Tpada: NOMKEH CYIIeCTBOBATEH MYTh W3
A10601 BePIIUHBL B JI06Y10. ITOOB BEIACHUTE, CYIIECTBYET JHU 3MIEPOB MY Th
B CBAZHOM rpade, JOCTATOYHO MOJACINTATH KOJMIECTBO BEPIINH HEIETHON
cTernenn B 3ToM T'pade. Eciu oHO He MPeBOCXOAUT 2, TO SIAEPOB My Th €CTh,
B IPOTUBHOM CJIydae — HeT.

Bropast 9acTh 3TOro yTBepKAeHAA OYeBUIHA: ECAN €CTh 3MIEPOB My Th,
TO BCe BEPINUHBI Tpada NMEeT YETHYIO CTeleHb, KPOMe HAYAJbHOU M KO-
HEYHOI BEPIINH 3iIepoBa My TH (eCii HavalbHas N KOHEYHAA BEPIINHBI CO-
BIIAIAI0T, TO CTENEHN BCEX BEPIINH YETHH).

JlokazaTeabCTBO CYNMIECTBOBAHUA DWJIEPOBa IIYTH OCHOBAHO HA TaKOM
IpoCcTOM HaOMIOJeHUN: eCJAN eCTh IBa 3aMKHYTHIX TyTH 6e3 o6mux pebep,
HO ¢ OOIIel BEPIINHON, TO NX MOXKHO OOBEJHHUTEL B OJNH HYyTH (HIEM 1O
MEPBOMY MyTH A0 OOIIEH BEPIINHBI, TOTOM O0XOJIUMM BTOPOU My Th W MPO-
JOJIKaeM JBIDKeHUe TIo TepBoMy ). [lalee HYKHO IPUMEHHTH HHAYKIHIO 1O
4qHcay BeplmH u peébep B rpadpe. KpaTko maiokmM 5TO WHIYKTHBHOE Pac-
CyXKjeHWe (YATATENO PEKOMEHAYETCA BOCCTAHOBHTH OIYIIEHHBIE JTETAJN
CaMOCTOATENBHO).
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Ecan Bce Bepimast rpada (G IETHOU CTeNeHn, TO BEIOEpEM B HEM KaKOM-
HubY b 3aMKHY T nyTh C'. BeiGpocus pebpa (' u3 rpada G, noaydnm He-
KOTOpOe KOINIeCTBO CBA3HBIX IpadoB (71, ..., G, ¥y KOTOPHIX BCE CTENEHN
BepiimH 4éTHBE. Tak 9T0 B KaX oM U3 5TUX rpadoB eCTh DHICPOB MyTh
(mo mHayKIEN). Kax el 03 Takux rpadgoB nMeeT XOTA Obl OJHY BEPIIHHY
Ha C' (unade G Gbul OBl HecBA3HBIM). [To3TOMY MOXHO MPUMEHUTH H3JI0-
JKEHHYIO BBHIIIE KOHCTPYKINIO, ITOOH TOCTpOuTh 3 C' W BHIepOBHIX TyTen
B rpadax G silrepos nyTs B G.

Ecan B rpage G ecth aBe'®) BepmIMHLI HEIETHON CTemenH, TO BHIGEpeM
cBasbBaolnil nx myTh . [ladbHellee paccyk TeHle OCTAETCS MPEXKHNM.

OcTagochk 3aMeTHTh, 9TO W TMOJACYET CTENEHW BEPINUHBI, N IIPOBEPKA
CBA3HOCTH T'pada MOTYT OBITH BHITOAHEHB 33 TTOANHOMHUAIBHOE BPEMA.

2.3. Tlaccmorpum npeaukat @ € NP. Ilo onpegenernio

Q(z) =3y ((lyl < a(lz])) A R(z,y)),

rae ¢(-) — moamsoM, a R(-,-) € P. B gpyroi nmHTepnpeTalun cJIoBO y —
5To coobiieHne MepanHa, noKazpBaollee HCTHHHOCTE ().

ITpeanonoxum, 9To0 ApTyp NOJHOCTBIO AoBepAeT Mepanuny, a TOT HMeeT
[PaBO OTBEYATh TOJBKO OJHUM GHTOM (M BCerja JaéT NPaBHIALHBIH OTBET
Ha TocTaBAeHHEN Bonpoc). Torga ApTyp MOXeT BOCCTAHOBHTBH CIOBO ¥,
BBISICHAA ero GHTHI OT MEepBOro /10 MOCAefHero, caeayommuM obpazom. Ec-
JW YK€ W3BECTHBHI TIepBhle k GMTOB, oOpasylolmye CIoBO %, TO ApTyp Mo-
JKeT MomHTepecoBaThcA y Mepauna, cymecTsyeT au ciaoBo u(z, Takoe 9TO
R(x, u0z). IIpu noaoxuteaprom orBeTe (k=+1)-it 6uT monaraerca papHbIM 0,
NpH OTpUIATEIHHOM — 1.

Ecau P = NP, To ApTyp MoxeT mMuTHpoBaThH MepamHa.

2.4. llpuHaareXXKHOCTD 3aJa4YN O MapocodeTaHmax kaaccy NP oueBm-
Ha: Mepauny nocTaTodHO pa3buTh MATLYMKOB W MeBOYEK Ha Taphl, MOCTe
“ero ApTyp cMOXkeT yOeanThCA, ITO Hap POBHO 1 W BCe BHIODAHHBIE AP
COTJIaCHBI TaHIIEBATh.

[okazaTeabcTBO TpUHA NJIeXKHOCTH P 6y1eM TPOBOANTE, TepedopMyIu-
poBaB 3ajady B TepMHHaX Teopuu rpados. EcTh deydoavnbitl epadi (pébpa
COEIMHAIOT TOJNBKO BEDIINHBEI M3 Pa3HBIX JOJEN), HYXKHO HPOBEPHUTH, CY-
HMIECTBYET JH COBEPULEHHOE NAPOCONEMAHUE, T.e. Takol HabOp peGep, ITo
KaKJad BepIINHA MHIHJeHTHA POBHO ONHOMY pebpy 13 Habopa (ecianm Ka-
JKTad BeplinHa rpada MHIRIeHTHA He 6ojee veM ogqHoMY pebpy n3 Habopa,
TO TaKOU HAGOp HABLIBAETCH NGPOCOUEMAHUEM, PABMED TTAPOCOTETAHIA —
KOJMYIECTBO BXOJAIINX B HET'O PEGeD).

16) Bean y Bac moJydmica rpad, y KOTOporo poBHO OTHa BEPIIHNHA HEIETHOU CTEIIEHH,

TO MPOBEPHTE BHIYUCICHUA U HAUIUTE ONIUOKY .

3 PA3JIEJA 2 159
4 4 4
/ \ / \ \ / \ /
/ \N 7/ \ \N 7/ \N 7/
/ \N/ \ \N/ \N/
/ A \ A A
/ /7 \ \ /7 \ /7 \
U U \ \ U \ U \
/ / \ \ / \ / \
/ \ \ U
Puc. 10.

MEl paccMOTpUM AT OPUTM, TOCAeNOBATENBHO YBEAUTUBAIONT TEKY-
Mee TmapocoveTanne, HadnHas ¢ mycroro. [locTpoenne zasepimaercs Jau6o
COBEpIIEHHBIM TTAPOCOYeTAHNEM, JUG0 TOKA3ATEIbCTBOM MAKCHMAIbHOCTH
pasMepa TeKyIero mapocodeTaHusa (M TOTJa COBEPIIEHHOTO MapocodeTa-
HUA B Tpade HeT).

AgropuTM 6y eT UCIOIB30OBATE A YBEIUIEHUA pazMepa TeKyIIero ma-
pocodeTaHuds TOCTpOeHNe uepedyiowezo nymu (3To Takol NyTh B I'pDa-
e, KOTOPHIT HAYUHAECTCA W 3aKAHIUBACTCA B BEPITUHAX, He WHIIHJEHTHBIX
péGpaM mapocodeTaHusA, U MPOXOAUT TONEPEMEHHO Mo péGpaM, TpUHA IIe-
KalM W He TPHHALIEKAIINM TapoCOYeTaHm0). 3aMeHNB B MapocodeTa-
HUU pEGpa €depeyloniero My TH, CTOAIINe Ha YETHBIX MecTaX, Ha pédpa,
CTOAIINe HA HEIETHBIX MeCTaX, Mbl YBEJUIUM PazMep HapOCOUeTAHNUA.

O6ozuadnmM Tekylee mapocoderanne depes ', a MHOXKECTBO BepIIUH,
HHIAAeHTHBIX pébpam 3 C, — depes W(C). Mlpeanoaoknm, 910 B rpade
ecTh mapocoderanne ' 60abmero pasmepa. [laccmoTpum rpad A, o6paso-
BaHHLIT oO0Benuaenem pebep C' u C’. Cremenn BepmuH B TakoM rpade He
IPEBOCXOJAT 2, IOITOMY €I'0 KOMIIOHEHTHI CBA3HOCTH — 3TO MY TH (BO3MOXK-
HO, AAUHBL 1, T.e. pé6pa) n mukael (cM. puc. 10, rae CIIOIIHBIME THHAAME
nzo6paxkentl peébpa w3 C, a mrpuxosbiMn — u3 C/) Ha CTpeaKn Moka He
HyXKHO o6pamarh BauManne). Tak kak C’ mmeeT Goabiue pédep, dem C, To B
A HaléTCcsa KOMIIOHEHTa CBA3HOCTH, cofepKaliad 6oabe pedep ma C) qem
uz C. Takad KOMIIOHeHTa ABJAAETCA, KaK HETPYAHO BHIETH, YepenyIONiM
Ty TEM.

Hrax, npoBepka MaKCUMAaJIbHOCTH 3aJaHHOTO mapocodeTanns C' paBHO-
CHIbHA TPOBEPKe CYIeCTBOBAHUA depeyioliero nyTu. [locaeqHion MoxXHO
caenarh, Hanpumep, Tak. O6osnadnm goau rpada depes V u U. Opuen-
mupyem peébpa Tpada CONIACHO CIEAYIOMEMY TPaBUAY: péGpa, BXOAAIINe
B (', nampasaensl u3 V B U, a Bce ocTaabHble PEGpa HANPABACHBI TPOTH-
BOIOJOKHO (3Ta opueHTaNns Takxke m3obpaxena Ha puc. 10). Toraa cyrme-
CTBOBAHUE YePeNyIoNIero MyTH PaBHOCIIBHO CYIIECTBOBAHWIO TAKOW Maphbi
BepumiH v € U\ W(C) n v € V\W(C), 910 3 « B v €CTh OPHEHTHPO-
BaHHBIA My Th. CylllecTBOBaHNe OPUEHTHPOBAHHOTO TIYTH ¢ HAYAJOM U KOH-
[IOM B 3aJaHHBIX BEPIIHAX TPOBEPAETCA CIOCOBOM, OTMCAHHBIM B PEIIeHIH
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sagaqn 1.17, KoTopsli paboTaeT 1 B cliydae OpHEHTHPOBAHHOTO I'pada (Ma-
TPHUIA CMEKHOCTH CTAHOBUTCA HECUMMETPUYHON, 9TO HUKAK He BIAUACT Ha
BBIHCAEHNA).

Wrak, MLl foKasza/iu, 94TO 3ajada O HapocodeTaHUAX IIpUHAAIexKuT P.
OnucamHEBIl BHINE aJCOPUTM He ONTHMAJEH, INTATEI0 MpelJaracTca IIo-
AyMaTh, KaK MOXKHO ero YCKOPUTD.

2.5. 6) Yno6Hee omnchiBaTh cejerne 3-KIIP k 3agate HE3BABUCUMOE
MHOZKECTBO. B sToit 3anate o rpadgy G u qnciy ¢ TpebyeTcs OnpeenTh,
cymrecTByeT Jau B rpade (G MHOXKECTBO BEPIINH MOIIHOCTH ¢, HIKAKasd mapa
BEDILNH KOTOPOT'O He CBA3aHa pebPOM (HE3A6UCUMOE MHOHCECTEO).

OueBnHO, ¥TO 3a1a4a KJINKA mas rpada ( 3KBUBageHTHA 3aKate HE-
3ABMCHUMOE MHOYKECTBO Id JONOJHATETbHOTO Tpada G (B momogHn-
TeAbHOM Tpade pé6pa H HEPEGPA MEHAIOTCH MECTAMH).

Bozbmém 3-KIIP u3 m qm3boOHKINN, B KOTOPBIE BXOAAT 1 IEPEMEHHBIX.
I'pad, koTopwii conocrapaseTca sron KIIP, mmeeT 2n + 4m Bepmmn. Ka-
JKJIOU TIEPEMEHHON X; COOTBETCTBYIOT [ABe BEPIINUHBI, CBA3AHHBIE PEGPOM.
i TMomernm ux z; u —x; (cM. puc. 1la).

3
L > “eThIpe BEPIINHBI, TIOMAPHO CBA3aHHBIE
x; x; pebpamu Mexay cobomn. Bepimumbr, co-

Kaxgoll QU3BIOHKINN COOTBETCTBYIOT

OTBETCTBYIOIINE IEPEMEHHBIM W OU3'b-

—l, -l IOHKIINAAM, CBA3aHBI MeXIy coOOll Tak,
KaK mokazaHo Ha puc. 116), (Hapucosan
flepementan AN BIOHKILIA OpUMep s TH3BIoHKINA {1 V lo V l3).
a) 6) OueBniHO, 9TO TaKOU rpad CTPOUT-
Puc. 11. csi o 3-KIIP moamHOMUAIBHBIM AT 0-
PHUTMOM.

ITo mocTpoenuto rpada sacHO, 9TO d060e HE3ABUCHMOE MHOXKECTBO €r0
BEPINH COMepXKUT He Gojee n + m saeMenToB. JloKakem, 9TO He3aBUCH-
MBle MHOXKECTBA pa3Mepa N + m HaXOAATCS BO B3aNMHO OJHO3HATHOM CO-
OTBETCTBUN C BHITOJHSAOIIMEI HaGopamu 3HadeHun mis 3-KIIP, koTopoe
3aJaéTCsl TTPABUIOM: €CJAN W3 Tapbl BEPIINH, MOMEYeHHBIX &; W —&;, B He-
3aBIUCIMO€E MHOXKECTBO BXOAUT BEPINUHA &;, TO B COOTBETCTBYIOIIEM 3TOMY
HE3ABUCHMOMY MHOXKeCTBY Habope 3HaYeHNN &; = |, B IPOTUBHOM CIy4ae
T; = 0.

M3 puc. 116) gerko ycMaTpuBaeTcs KOPPEKTHOCTH TAKOT'O COOTBET-
cTBud. B HezaBmCHMOe MHOXECTBO pasmepa n + m ob6sg3aHa BXOIUTH XOTA
6Bl OffHA BEPIINHA W3 YeTBEPKH, COOTBETCTBYIOMIEN Auabioukuuu. [lo 5To
O3HAYAET, 9TO XOTsA OBl OJHA W3 BEPIINH, IOMeYeHHBIX =1, —ls, —l3, B 5TO
MHOXECTBO He BxoanT. 1 Hao60opoT, eciin B3ATH MHOKECTBO 5 BEPIINH, CO-
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OTBETCTBYIOIINX BBHIMOJHATOMEMY Habopy mis 3-KIIP, To ono onHO3HATHO
JOTIOMHAETCA 10 HE3ABUCHMOTO MHOXKECTBA pasMepa n + m (TIpoBepbTe Mo
puc. 116), 9To aas xaxgoro HaGopa sHadeHun I, l2,l3 (kpoMe HyaeBOrO
Habopal) m3 9eTBEPKH, COOTBETCTBYIONIEH JU3BIOHKINH, OJHO3HAYHO BHI-
GUpaeTCA BepIINHA, KOTOPYIO MOXHO NOGAaBHTH K S).

2.6. 6). 3aMeTHUM, 9TO YNCJIO PACKPACOK B 3 IBeTA 1O OYEBNIHEIM TIPH-
qHMHAM KPAaTHO 6: lepecTaHOBKA [[BETOB COXPAHAET MPABIIBHYIO PACKPACKY .

Mycte ects 3-KIIP u3 m qusboHKINT, B KOTOPBIE BXOISAT N TEPEMEH-
ubix. I'pad, koToperi conocrapasgerca sroit KIIP, mmeer Tm + 2n + 3 Bep-
umH. [las ommcaHus cTpyKTYypH rpada yao6HO TOMETHTE YaCcTh BEPIIHH.
Bo-miepBrix, moMeTum Tpu BepmuHbl dncaamu 0, 1, 2. Bo-BTOpHIX, TOMeTUM
KaKJIBIM JIITepaioM (TTepeMeHHOT Wl €€ OTPUIIAHNEM) O OJHOH BEPIIHHE.
Ocraabhble Tm BepiinH pa3o0beéM Ha T'PYIIIEL MO 7, KaXas CPYINa COOT-
BETCTBYET OJHON N3 AM3BIOHKIIII.

Teneps ommieM pébpa »rToro rpada. Kak nokasano ua puc. 12a), Bep-
wuabl 0, 1 2 coequHeHBl MexK Ay coboll pébpamu. [1a puc. 126) nokazanb!
elmé n TPeyroAbHUKOB B 5ToM rpade. W, HakoHeln, puc. 12B) TOKa3bIBaeT,
KaK COeJMHEHBl pe6paMu BEPIINHBI, COOTBETCTBYIOIINE KaXK [0 U3 HIOHK-
uuu. [la aTom pucytke I, ls, I3 0603HA9AIOT JUTEPATEI, BXOAMINE B U3 H-
IOHKIINIO. 3aMeTHM, 9TO HEKOTOPBIe pebpa MBI TIEPETNCANIN M0 HECKOABKY
pas.

Od4eBHIHO, YTO OMUCAHHOE BHIMIE MOCTPOEHNE MOXKHO BBHITOJAHATE 34 MO-
JUHOMUAJTBHOE OT 1 U M BpeMs. [lokaxeM ero KOpPPEKTHOCTH.

MMaccmoTpuM, Kaxkme MpaBUIbHBIE PACKPACKE B 3 IBETA BO3MOXKHBI A
Takoro rpada. [lez orpanunverns o6ITHOCTH MOXKHO CINTATH, 9TO BEPIINHBI
0, 1 m 2 nokpamuienst B upeta 0, 1 u 2 (13 mecTH packpacok, PasaunarolInXCsa
MepecTaHOBKAMI [[BETOB MBI BEIGpa/H ofHY ). Tor 1a BepIINHbL, TOMeYeHHEBIE
z; U —x;, mokpamreHsl B 1Beta 0 m 1, mpmuéM mxX BeTa NOMKHBEI GBITH
IPOTHBOTOIOKHEL (cM. prc. 126).

0 1 - x; h I
1y -1,
7_. I3
KOHCTaHTBI mepeMeHHasd M3 BIOHKIIAA
a) 6) B)
Puc. 12.
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[psmeiM epe6opoM BapmaHTOB MOXKHO HPOBEPUTH, UTO Tpad, HU30-
GpaKEHHEBIN Ha pHC. 12B) yIOBIETBOPAET CleyIOMEMY CBORCTBY: €CIH Kpa-
CUTH BEPIINHBI, OTMeYeHHBIE AuTepagaMn, B iBeTa 0 wan 1, a BepIIUHEBL, OT-
Me'ueHHble OTPUIAHUSME JUTEPAJIOB, — B MPOTHBONOJOKHEIE IIBeTa | min
0, To mpaBmJIbHAsA PacKpacka OCTATBHBIX BEPIIUH 3>TOro T'pada B 3 mBeTa
cymiecTByeT (M equHCTBeHHA!) TOTJa I TOJBKO TOTa, KOTJa XOTA OBl OTHO
U3 3HAYEHNH JUTEePaToB OTANIHO oT 0.

[MosToMy mpaBuabHBIE 3-packpacKi IOCTPOEHHOT O Ipada, s KOTOPBIX
Bepmmnbl 0, 1, 2 moxparmiensl B BeTa 0, 1, 2 COOTBETCTBEHHO, HAXOAATCA
BO B3aHMHO OJHOZHAYHOM COOTBETCTBUHU C BHIMOJHAOIMMI HabopaMu 3Ha-
“eHnl mepeMeHHbIX ncxoaaon 3-KIID.

2.7. Naumnas 3afgada COJEpPKUT OTPAHUYEHUA PA3HOTO BHIA, GOPOTHCA
¢ KOTopbIMH yao6Hee 1o oTaeabHocTH. [losToMy MBI chopMyaupyem mpo-
MeXYTOUHYIO 3aa9y U MOCTPONM MEMOYKY MOJITHOMUATBLHBIX CBOJAMOCTEN
3ajad.

Nrak, HazoBéMm jganHyto 3ajgady RP (“restricted puzzle”). 3agaga UP
(“unrestricted puzzle”) momydaercs, ecinm OTKazaThCA OT OTPAHWYEHNA HA
YHCAO TUIOB KBaJPATUKOB U TPeGOBATH CJAOKHUTH MPAMOYTOJIBHUK 32 aH-
HBIX PA3MEPOB, IPUYEM He U3 BCEro Habopa KBaJPATUKOB, a U3 HEKOTOPOTO
€ro MoJMHOXKeCTBA.

Omnuriem HepOPMATBHO MEMOYKY CBOUMOCTER

3-KII® « UP «x RP,

KoTopas fokasbiBaeT NP-MomHOTY HCXOTHON 3amMatdn.

3-KII® o« UP. [asg onmcanms >TOW CBOANMOCTH 6yjJeM CINTATH KBa-
ApaTuKu poboTaMu, KOTOPhIe MOTYT MOAYYaTh U IepefaBaTh COOOIIECHIS
depes cTOpoHHL. [lapa 6YKB gomycTuUMa, eCil OfHA N3 HUX O3HAYAET Tepe-
nadqy coobIleHs, a BTOpas — IMPHEM TOT'O XKe COOOIIeHs.

Urak, nyctes ecth 3-KIIP, MHOKECTBO MEpeMEHHBIX KOTOPOUW 0GO3HA-
quM depes X, a MHOXKECTBO Au3bIoHKINI — depes D. Uepes D’ o6o3nadnm
MHOXECTBO BBIMOJHUMBIX AU3BIOHKINH, MOIyIaeMbiXx n3 D mogcTaHOBKOM
3HAYEHNN HEKOTOPHIX TEPEMEHHBIX.

[Ty nem Temephb oMUCHBATH MHOXKECTBO KBAJAPATHKOB U WX THITHL, U3 KO-
TOPBIX HYKHO Gy1eT CKJIAIBIBATEL NPAMOYIoabHHUK pazMepa | X | x |P|. Onxuna
CTOPOHA TOTO NPAMOYTOJIBHUKA (/1 ONPEIEIEHHOCTH — JIeBast) COOTBET-
ctByeT nepeMeHHBIM KIID, a apyras (HnxHAA) — nu3bloHKIHAM. [To60TH-
KBaPaTHKN MOAYYaloT cleBa coobmenna «x; = Iy mam «x; = Oy, x; € X
MepPealT BIPABO TO XKe caMOe COOBIIEHNe; TTOAYYaloT CHI3Y M3 BIOHKITNIO
u3 D' moACTaBIAIOT B He€, eC/IH BO3MOKHO, IePEMEHHYIO &; I MePeJaloT Io-
JIy9eHHYIO JU3BIOHKINIO BBEPX, €CIN He TONYyYeHO HyJeBoe 3HadeHne (Apy-
TUMH CJAOBAMH, OTCYTCTBYIOT THIBI, MOMYYAOIINe CIeBA COOOIIEHNA B /Ia
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«r; = @, a CHH3Y — «a P ;). Bce 5Tn THIH He cogepkaT IDaHHTHEIX
6yKkB. A ecTh emmé 4 yrJoBLIX THIA, ABYM CTOPOHAM KOTOPHIX Pa3PeNIeHo BhI-
XOMUTE Ha TpaHuny, u 2| X |+2|D| rpaHu9HBIX THIOB (0HA CTOPOHA MOXKET
BHIXOJUTE Ha IPAHMUILY), KOTOPHIE HYMEPYIOTCA TTEPEMEHHBIMI 1 JH3BIOHK-
OUAME COOTBETCTBEHHO. IlyKBEI, HAMMCAHHEIE Ha CTOPOHAX KBaPATHKOB
IPaHUYIHBEIX TUIOB, 06eCTIEINBAIOT ONHO3HAIHYIO C60PKY KOHTYpa MpAMO-
yroapanka. KaapaTuk kaxgoro Tuna ogut. A scero tunos O(| X |- |D|).

Takum o6pazom, BumoaauMocTh KITP skBuBaieHTHA BO3MOKHOCTH CJIO-
KUTE OpAMOyToabHIK pasMepa (| X |+ 2) x (|P| 4 2) n3 onncanroro Beiiie
Habopa TUIIOB KBaTPaTHKOB.

UP o« RP. IlycTh ecTh MHOXKeCTBO KBaApPaTHKOB, MPHUHAIIEXKAIINX
MHOKecTBY THoB 1) Kaxporo tuma t mo n(t) mryx (3 ,.pn(t) = N), m3
KOTOPBIX HYKHO CIOKUTE MPAMOYTOIbHUK m X k. Iles orpanmaenna o6mi-
HOCTH MOXKHO CUUTATh, 9To N > 5. [lo6aBuM KBagpaTUKOB: MO 2 MITYKH
u3 M+ k JOMOIHNTEIBHEIX TUIOB ¢; U Fj, ITOGH BHUIOKUTL BHEITHHN KOH-
TYp npaMoyroabHuKa m X k, 4(N — mk) KBagpaTHKOB €l OJHOTO THIIA
U, 9TOOLI MOXKHO OBIIO MCIOMb30BATh KBaAPATHKH, HE BOIIE/IINE B IMPAMO-
yroabuux, u (5N + 3)?2 — 5N — 2(m + k) + 4mk xBagpaTukos THNA U i
noaydenns kajapata. [lockoabky BN +3 > |T|+2(m-+k)+2, orpanntenue
qKcIa TUIIOB IJUHON CTOPOHHI KBajgpaTa OyAeT BBIIOJHEHO.

CdopMyanpoBaHHbLIE YCAOBUA NMPAMO NMEPEBOAATCA Ha ABBIK OyKB W WX
coderannn. Ila cTopoHax KBaApaTHKOB THNa v HAIWCaHa OAHA W Ta XKe
6yKBa v, KOTOpad MOXET COCEJCTBOBATH TOJALKO caMa ¢ cOOOM; Ha OXHON
CTOpOHe KBajpaThkKa THIA U Halncana OyKBa U, KOTOpad MOXKeT COCeACTBO-
BaTh CO BceMu GYKBaMM, a Ha OCTaJbHLIX — v; HAKOHEIl, Ha OHOW CTOPOHE
KBaJpaTHKOB THIOB ¢; U r; HalucaHa OYKBa ¥, a Ha OCTAIbHLIX CTODPO-
Hax HalMCaHbl 6yKBEI, 0OeCIIeanBarome COOPKY KOHTYpa MPAMOYT OJBHIKA
mx k.

Taxum 06pazoM, 9To6b cobpaTh kBaapaT (5N +3) x (5N +3) us rHoBoro
Habopa KBajJpaTUKoB 1 X 1, HEOGXOMMMO M JOCTATOYIHO YMETH COOGUPATH
NpAMOYTOJBHEUK M X k M3 HEKOTOPOrO MOAMHOXKECTBa MCXOJHOIO Habopa.

2.8. IlockoabKy yMHOXKeHIE THACET MOKHO MTPOM3IBECTH 32 TOINHOMUATH-
HOe Bpemsi, Mepama MoxkeT coobImTh ApTypy A060e pa3jokKeHne Tucaa n
Ha IBa MHOXHTEJA.

2.9. JokaxeM mpHHA IJIEKHOCTD 3a a9 TIPOCTOTA YNCJA kaaccy NP,
MTOCTPOWB IS PEIEHUA 3TON 3a a9l HeJle TEPMIUHIUPOBAHHY O MalnHy Thio-
putra N, KoTopas peKypPCHBHO BHI3BIBaeT camy cebs.

IMa Bxox mammbe N moAaeTcsa ABOWYHAS 3allMCh YHCJIA P, TPOCTOTY
KOTOPOT'O HYXKHO MPOBEPUTH. MallinmHa HegqeTepMUHUPOBAHHO [MONHUCHIBA-
eT TepBOOGPA3HBEIN KOPEHB ¢ MO MONYJII0 p W Pa3jJoXKeHne Ha MPOCTHIe
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MHOXUTEeNN 9uciaa p — 1, T.e. Takme 9UCAd P1, ..., Ps, 1, ..., Qg, 9TO

p—1= Hp;éj. (%)
j=1

[Mocae aTOro MammHa NpoBepseT PaBeHCTBO (*) (Ha DTO XBATHUT BpeMeHH
O(n®), rne n = log p, makKe ecan yMHOKATH GONbITE THCTA (B CTOIABHK) ),
nposepsaeT pasencTBo ¢g° "1 =1 (mod p) u Bce HepaBencTBa

g P~V £ 1 (mod p).
[as oTux nposepok norpebyerca Bpema O(n?), Tak kax s = O(n), a Boape-
Jerne B crenenb ¢ Tpebyer O(log ¢) ymuaoxeHnii. [Jatee MallnHa mpoBepaeT
IIPOCTOTY BCEX Pj, PEKYPCHBHO BbI3bIBasA caMy CeOd.

Onucannele BEINIE TPOBEPKH TapaHTHPYIOT, YTO MOPAAOK 4HCIa § B
rpynne (7 /pZ)* paBeH p — 1, 9T0 5KBUBAJIEHTHO TTPOCTOTE P.

Ouennm Tenepnb Bpema paboThl Takonl [IMT ma Bxoge mamnabl n. OHo
CKJIaJbIBACTCA 3 BPEeMEHH, 3aTPadnBacMoro Ha NeTepMUHIPOBAaHHbBIE Jeli-
CTBHUA, U BPeMEHH, 3aTPadlBacMOro Ha HeJeTepMHHHPOBAHHLIC NEHCTBHA.
Kak ciaefyeT n3 OpUBeJeHHBIX BHIIIE OEHOK, KOAMYeCTBO JeTepMUHIPOBAH-
HEIX JelICTBUII OrpaHM9eHO MOJIMHOMOM OT [JIIHBI 3allcell BCeX 9Hced, Ipo-
BepAEMEIX Ha MIPOCTOTY 3a BpeMA paboThl. [anHa 3ammucell NepBoo6pasHBIX
KOPHEH M KPaTHOCTeHl TaKike OrpaHHTeHa MOJMHOMOM (M jaxe JMHENHO)
OT JIUHBI 3allIcell BCeX 9IHCEN, TPOBEPAEMBIX Ha MPOCTOTY.

Takum 06pazoM, OCTAIOCh OUEHUTH NIMHY 3allUCell 9Hcel, IpoBepsde-
MBIX Ha IPOCTOTY. EcIn B3ATH NPOM3BeeHIe BCeX THCel, TPOBEPAEMbIX Ha
OPOCTOTY Ha k-M YpPOBHE PEKYPCHH, TO OHO 3aBeJOMO MEHBIIE HCXOTHOIO
quciaa p. [losToMy cyMMapHad IJIMHA 3alicell >THX 9HCea He Gojee TeM
BABOE NMPEBBINIACT MJIHHY 3aMUCH p (IIUHA 3alHCH TPOU3BEJCHUA JBYX TH-
ceal pasBe UTO Ha | MEHbIe CyMMBI JIMH COMHOXKHUTeMel ). MakcnManbHoe
U3 9HCe], NPoBepAeMEIX Ha IIPOCTOTY Ha k-M YpPOBHe PeKYpCHH, IO Kpaii-
Hell Mepe BJBOE MeHbIe, 9eM MaKCHMaJdbHOE M3 9HCe], MPOBEepACMEIX Ha
(k—1)-m yposne. [TosToMy MaKCHMAJIBHBIN yPOBEHD PEKYPCUH HE IPEBOCXO-
mat log p. CaegoBaTeabHo, o6IIad AIUHA 3alUcedl BCEX TUCENT, TPOBEPAEMBIX
Ha pocToTy mpu Bxoge p, paua O(log? p).

W3 pazgena 4

4.1. 3aMeTHnM MpeXje BCETO, 9TO S 3aBeJOMO He MEHBINE MINHBI BXOTA

B CIUTY HCIOMB3YeMBIX onpegenenmit.!”)

1) [IyBator u apyrue onpegeieHud. Tak, HapuMep, KJIacc log-SPACE onpegeaserca

C MOMOINIBIO OBYXJCHTOYHBIX MalllUH, ¥ KOTOPHIX Ha 0,[[H01>i JEHTE 3allucaH BXOT U C Heé
MOXKHO TOJBKO YUTaTh, a Ha BTOpOﬂ JEHTE UCIOAb3YETCA ITaMATh O(log n)
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[peanogoKuM, 4To JoKasaHa BepxHaf oleHka Bua 2P (5) ma Bpems
paboTH HeJleTEPMUHUPOBAHHON MAIWHEL. Tora MOXHO [JOCIOBHO MOBTO-
PHUTH JOKa3aTelbCTBO TeoPeMbl 4.2, TocTponTh Urpy AauHbl poly(S), i BBI-
YUCANTH €€ Pe3yabTaT NeTepMHHHPOBAHHON MalliHON Ha mamaTn poly(S).

[ycte ects [IMT, paboratomas wva namstn S. B nporecce paboTer oHa
MOKeT HaxXoAuThcA He Gotee weM B N = |A|° - |Q| - S cocTosmmnax, Tae
Q, A — MHOXeCTBO COCTOAHUN YIPABAAOIIErO YCTPOUCTBA U BHEITHUH aJ-
daBuT, coorBeTcTBeHHO. XoTA y [IMT MoXkeT 6BLITH HECKOJBKO BaApUAHTOB
mepexojia W3 JaHHOTO COCTOSHIS, W3 MOCAeJOBATEMILHOCTH MEPEXOI0B BCE-
r/1a MOXKHO BHIGDOCHTH HHKJBI (HH K 9eMy delaTh BHadaje HENPaBIILHBIN
mepexo/l, a 3aTeM, BEDHYBIINCH B TO XKe COCTOSHINe, — TNPaBUIBHBI). Tax
410 BpeMs paGorsl [IMT orpanmueno 2°(%) | kax u nua gerepMuHUpOBAH-
mon MT.

4.2. Jlerko coo6pasuTh, KaK MIMATHPOBATHL Opakya F u3 X, nMesa Bos-
MOKHOCTB 3aKaszkiBaTh opakys u3 Iy . [lyxHo zakazaTs opakya —F, a qaib-
e 6paTh OTPUIIAHKE OT KaXkKIOT'0 Pe3yabTaTa ero paGoTHL.

Krace P¥* kax u P, 3aMKHYT OTHOCHTENIbHO B3ATHA gomoaneHnil. Tak
9TO OCcTatOCh JoKasaTh BKIodenne PY* C Y. [ITo y1o6H0 merarTn, mc-
NOJIBb3yA UT'POBOE ONpejeJeHne KAacCoB Ly .

Hycrs ects npeguxkar ' € P a BLMHCIAIOMNNA €0 MOJMHOMUAIb-
HBIH alTOPHTM HCHoab3yeT opakyld G € Xy, Urpy, koropas 3agaér G(z),
o6ozHaunM G(z). Omnuiem Tenepb urpy F (&), BEIUTPHIII GeMBIX B KOTOPOH
(TovHee, HAMWYHE BHIMTPHIIHON CTpaTerun) skKBnBajieHTer F(x).

IlepBoIll X0 6€IbIX B 5TON UT'PE COCTONT B OOBABIEHNN MTOCTIEA0BATENb-
nocrn map (fj, x;)j—;. Ileabie yTBepx faioT, 9TO HTA MOCIE[OBATETLHOCTD
eCTh MPOTOKOJ O6pallleHnil K OpaKy/ady B IIpollecce paboOTHl alrOpUTMa C
opakyioMm G, Beraucastoriero F'(z). Tlosee To9HO 5To 03HAYAET, UTO AIlroO-
pUTM obpalllaeTca K Opaky.ly ¢ pas, j-H 3aIpoc JelaeTcA O CIOBe Zj, Opa-
Kyl OTBedaeT Ha 5TO 3alpoc fj, I OKOHYATelIbHHH pesyabTar F(z) = 1.
CregytomuM xogoM U€pHble 0OBABIAIT HHAEKC j U, ecan f; = 0, To go-
HOJHUTEILHO MEPBHIH Xof Geatix B urpe G(z;). Hamee, ecam f; = 1, To
pasBIrpeiBaeTca Urpa G(z;), a ecin f; = 0, To paswrpeiBaeTesa urpa G(z;)
co caABUTOM «Ha TeMmy: (i + 1)-it xox Geabix B F(x) B 9TOM ciydae cOOT-
BETCTBYeT I-y XOLy IépHHX B G(z;), a (i + 1)-11 xox wépueix — (1 4 1)-y
xoay Gearix B G(x;), (k4 1)-11 X0 9EpHEIX Ha pe3yIbTaT BINAHHA He OKa-
3LIBAET.

[eabie BEIMTPBIBAIOT B 3TOW UI'DE, €CIH (a:j);]»:l — IpaBUJIbHaA MOCie-
MOBATEIBHOCTD apI'YMEHTOB IpH OOpalleHNAX K OpaKkydy, pe3yJabTaT UrPhl
G(z;) coBmagaet ¢ f;, a pesyapTaT paGoTH allOPHTMA /1A BEITHCICHHAA F

Ha BXO[le & C OTBETAMU OpaKyJa (fj);]':1 paBeH 1.
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Hocrarouno scHo, 4To ecan F(x) = 1, To y GeablX eCTh BBIUTPHILIHAS
crparerua B F(x): HePBBIM XOJOM CKa3aTh TNpaBly, a Jalblle HIPATh B
G(x;) mo crpaTeruaM, CyLUIECTBOBaHHE KOTOPHIX BHITEKaeT U3 PaBEHCTBA
i = G(z;). Ecam xe F(x) = 0, To B KakoM-TO WieHe (fp,, &) HOCTETO-
BaTelbHOCTH (fj, a:j)?:l 6eable JOMKHEL OTKJIOHATHLCA OT HCTHHLL “IépHBIE
CBOUM XO[IOM [OJKHBEI OOBABATE M (U, JOTOJHHTENLHO, TIEPBBIA X011 3a Ge-
AbIX B urpe G (4,,) Npu HeOOXOAMMOCTH ), TaJbHENIAL UX CTPATErUA COCTO-
OT B TOM, YTOGH TOKa3HBaTL f; # ((2;), DOIB3YACH COOTBETCTBYIOMMMHI
cTpaTeruaMu 11a G(xz;).

W3 pazgerna 6

6.1. TlockoabKy KOHBIOHKIUA W OTPHUIaHWE 06pa3yloT MOJHBIN 6a3ic
I OOBITHLIX cXeM, n3 JeMM 6.1, 6.2 caeqyeT, 9TO AOCTATOYHO PeaTU3O-
BaTh QYHKUN —g: (2,y) — (2,2 By d 1) nu @. 3amernm, aro —g[l,2] =
= —[2] @1, 2], nosromy gocrarodno peaausoarh @. s sToro 3aBegém
BCIIOMOTATeAbHBIH GUT 4, CofAepKalmil KoHCTaHTy | (444 5Toro B caMoMm
Hadajde N B caMoM KoHIle nmpuMenseM —[u]). Torga @ [1, 2] = Aglu, 1, 2].

W3 pazgema 7

7.1. N3 npokazaTeidbcTBa TeopeMbl 7.1 ciaemyeT, 9TO AOCTATOYHO Ha-
YUUTBCA Peali30BLBaTE Bee onepatophl Buja A(X), X € U(2) (ynpasasa-
eMBIN AByMA q-6nTaMu (pazoBBEIN CABAT Ha —i ABJAAETCA GaCTHBIM CIyTaeM:
A?(—i) = A(K™1)). laa arropurma mocTpoeHus cxeMbl TpeGyeTcs TaKxke
KOHCTPYKTHBHOE NOKA3aTelbCTBO JeMMBI 7.1.

CrepBa peaquzyeM ympaBiseMbIll (pa3OBBI CABUT:

AP =B e o= () ). B = () L)

TMockoapky A(XY) = A(X)A(Y), To ocTaéres peaanzoBaTh onepaTophl Y
w3 U(2)/U(1), rre U(1) — noarpynmna ¢asoBbix cABUroB. MOXHO CIHTATS,
gro Y € SU(2). IIta peanmsanna nzobpaxena Ha puc. 13. Hcnoarsyembre
B Hell omepaTopbl A n B MOJXKHBI YIOBIETBOPATE YPaBHEHIIO
Ac"A71Bs*B~t =Y. (%)
TeoMeTputveckn ypaBHeHHe (%) SKBHBAJEHTHO TAKOMY YTBEDXKICHHIO: JTHO-
60€ BpallleHIe TPEXMEPHOT'O MPOCTPAHCTBA €CThH KOMIO3UIINA [BYX TOBOPO-
ToB Ha yroa 180°. /lokazaTeabCTBO 3TOTO YTBEPXK IEHNA MOXHO YCMOTPETH
u3 puc. 14.
Ocragock mokazaTh demmy 7.1 KoHcTpykTuBHO. [l Havama 3amMeTHM,
9TO [ MOOBIX HYHCEN €1, Co CYIUIECTBYET YVHUTAapHasd MaTpuia V' pazmepa
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N 5/2
(HHH D)

Puc. 13. Puc. 14.

2 x 2 (apekTHBHO BEIMHICAUMAdA ¢ JOGOH 3aJaHHON TOYHOCTHIO §), Takasd

(-

C2 0

qTOo

CaefoBaTenbto, ad moboro eamamaroro BekTopa |€) € CM cymecTsy-
eT mocaegoBaTenbrocTh yanTapaex Marpun VL VM1 Cpakag wro
v vy = 1), rae V) peiierByer Ha mommpocTpancTBe
C(|5>, |s + 1>) (Kak MaTPHIBI B YCIOBHW JAeMMBI 7.1) W OCTaBIfeT Hem3-
MEHHBIME OCTAJbHbIE 6a3WCHEIE BEKTOPHI.

IIycTh Teneps 3a1ana yanTapuas maTpuna U pazmepa M x M. YMuoxas
U~! creBa na mogxogamme matpunst U LD UM =1) yoxno mepese-
cTH nepBhIi cToaben B BekTop |1). IIpnm 5ToM cTOAGIBL OCTAIOTCA OPTO-
POHAMBLHBIMH, O3TOMY TepBas cTpoka nepexonuT B (1]. [TeficTBysa Taknm
e 06pazoM ¢ OCTATBHBIME CTOIGIAMH, ToxydaeM Hadop Marpun U0s)
(1<j<s<M=1) (rage UV peficreyer ua |s) u |s + 1)), yaopie-
TBOPAOIIAN yCIOBHIO
ML M-1) (M=2,M=2);;(M=2,M=1) (1), OM=1)-1_

[Tor na6op cTpoutes aaropurmom ciaoxnoctu O(M?3) - poly(log(1/4)).

7.2. TlepaBeHcTBO (7.6) caefyeT U3 UeMOYKN HEPABEHCTB, CIPABEINBBIX
A aoboro |€):
[xYI] < 1T - [V < X1 - 1116

st nokazaTebcTBa paBeHCTBA (7.7) 3aMeTHM, 9TO cOGCTBEHHBIE YHCIA
omeparopoB XX u XTX cosmagaor.
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W, nakoHer, paBeHCTBO (7.8) cllefyeT U3 TOTO, 9T0 COGCTBEHHBIE YHCIA
omepatopa (X @ Y)H (X @ Y) = XTX ® YTY umetor Bug Ajp, rae A; u
py — coberpennnle uncaa X1 X u YTY | coorsercrsenHo.

7.3. [locTaTo4YHo MpOBEpUTDL MIA ABYX COMHOXKHTeNel. Mmeem
U0 (1€) @ [0V77)) = Ts (U11€) @ [0¥=7) + ) =
= UsU11€) @ [0N7") + [n2) + Usm),
rie |||77]>|| <d; (j=1,2). Iosromy
1050, (1€) @ [0V =) = Ut ]¢) @ [0V =) || < 61 + s

7.4. O6ozradum M = B®”~® |0N_”>. [Ty nem mckaTh omepaTop B BH/IE
W = (U@ Iypqa,. . 8)Hm + W — Ha), Tae yuuTaphsii oneparop W
coxpanger M*. l1a Takoro W, 04eBIAHO, BHINOIHACTCA PABEHCTBO

W (l&) @ [0M7") = (Ulg) @ [0V,

a||W—U|| < O(§) sxBuBazeHTHO TOMY, 9TO 14 Beex |17) € M T BrimonaaeT-

cs || (W—[j) [7) || = O(9). Hpencrapuss W = XU, norydaem 5KBHBaJICHTHbIC
YCJAOBHA Ha YHHTapPHEIN onepaTop X :

|IX —1||=0(), XL"=M",
rge L=UM.

Tenepb HaMm moTpebyeTca caeylomas JeMMa.

Jemma. Iycmo £ u M — nodnpocmpancmea KOHEUHOMEPHO20 NPO-
empancmea N, marue wmo ||l —TI || < 6,0 < 1/2. Toeda natidémea yru-
maprud onepamop X, maxot umo || X —I|| = O(§) u XL = M. (3nauum,
u XLt = ML)

MoxasareabcTBo. Bosbmém onepatop YV = TaqIlz + (7 —TIaq) (1 —T1z).
Cpasy BugHO, 970 OH TepesouT L B M u L1 B ML, laa sopmmut ||V — ||
nMeeM OIeHKY

Y = 1| = |[Hamlle — Tlag — g + TaadI || <
< = T )M || =+ [T (Hag — T )| € 26 < 1.

Omnepatop Y #e yuurapuseii. [lo u3 npuBeneHHON OUEHKN CIEAYeT, 9TO OH
HEBLIPOXK JeHHBINA. [laccMoTpuM yHUTapHBIH omepaTop X = Y(YTY)_l/Z.
Omneparop YTY coxpanser mognpocrpancrso £, mostomy X mepesoaut L
B M. [las otenkn HOPMBI X DPa3IOKUM (YTY)_l/2 B pazx Temaopa

WYV =k 242 e Z =YY

Mosromy ||(YIV)=H2 —I|| < (1 = ||Z|))~"? = 1 = O(4), orcioga nosyaaem
I|X — I|| = O(9). O
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HTo6E TpIMeHn TS MeMMy , Heo6xo 1Mo oneHnTh Beaudnmy |11z — L[
Nneem ||[(U = U @ NI am|| £ 6§ (U npubamkaer U B pacmpeHHOM CMBICIe
¢ TouHOCTRIO §). Oboznadas V = U ® I, noaygaem

[Tz = Tl = [[UTIam U = VI V|| < 26

Nrak, ycaoBue JeMMBI BHIIOMHEHO (1 3a1ava pelileHa) npn § < 1/4.

7.5. Cxemy gas omepatopa A(U) MOXHO MOCTPOUTH, HCTIOMB3YH Jde-
menm Ppedruna F = A(+>) — ynpasagembrii o6Men Guramu. IlremenT
Ppeakuna 3amaeTCH COOTHOIIEHMAMMI
[0,b,¢) ecam a =0,

[1,¢,b) ecama=1.

F:lab,c) .-){

Ero moxmo peannzoBaTh cleIyOMAM 06pa3oM:
FI1,2,3]= A@)[1, 2,3l A@)[1,3,2] A@)[1, 2, 3]

(zameTum, uro A(@) = A%(c;) — o710 naement Toddoan).

« F

EXZ@}%Z — 19

—10)

Puc. 15.

ITa puc. 15 mokazaHo, KaK W3 cXeMbl 17 onepaTopa [/, cOXpaHAIONIET O
|0}, mocTpouTs cxemy maa A(U). B npaMoyroabHHKAaX MPOHCXOANT ylpa-
BAAEMBIH 06MeH (-6HTaMW (TapalelbHO TeHCTBYeT HYKHOE KOIMIECTBO
snemenToB Ppenknna). Ecan ynpasastonmii ¢-6ut paseH |1), To Ha BXon
cXeMBI, BEIMuc/siomell U, 6yaeT mogan |£), B mpoTuBHOM caydae — |0).

7.6. Kax b m3 paccMaTpuBaeMbIX TOBOPOTOB MOPOK TAET BCIOIY TLIOT-
HO€ TIOIMHOKE€CTBO B OATPYIITIE TIOBOPOTOB OTHOCUTENBHO (PUKCHPOBAHHON
npsmoii. [loaToMy ocTasochk 10Ka3aTh, 9TO TOBOPOTH OTHOCUTEABHO ABYX
PasIMYHBIX TPAMEIX TOpoX taoT SO(3). i 53Toro 10cTaToqHo JOKa3aTh,
9TO MOATPYIIA, MOPOXK TEHHAS BCEMHE MTOBOPOTAMI OTHOCHTENBHO MBYX Pa3-
JAMYHBIX TPAMBIX, MefCTBYyeT TPaH3NTHBHO Ha chepe (WM Ha TPOEKTHBHOR
IOCKOCTH — MHOXKECTBE OJJTHOMEPHEIX TOATpocTpancTB). CrpapeTHBOCTE
5TOro (paKTa oUeBNIHA U3 PHC. 16 (ecam MOXKHO IepEMEIATECA 1O IBYM Ce-
MeNCTBaM MapaJjuiiejel, TO u3 a0ol TOYKH Ha cdhepe MOXKHO MONAcTh B
o6y apyryo). CTporoe JoKa3aTelbCTBO MOAYIaeTCA AHATOTHTHO Pellle-
HUTO 3a1a9u 7.7.
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3ameuanme. [IT0 pemreHne HEKOHCTPYKTHBHO: HEMB3S [aTh HUKAKOW
BepxXHell OIEHKH Ha KojamdecTso nooporo X, X 1Y, Y~! kommnosmmma
KOTODHIX TPHOANKAeT 3aqaHHEl saeMeHT U € SO(3) ¢ 3a1aHHON TOYHO-
cThio 4. [lpuyanta HEKOHCTPYKTHBHOCTH COCTOUT B cienyiomiem. [ToBopoT
Ha yroJa 27wq, Ijle & — HPPAIUOHAIBHOE, TOPOXKAAET BCIOAY MJIOTHOE IO/l
MHOXECTBO B I'DYIIIIe MOBOPOTOB OTHOCUTENBHO (PUKCHPOBAHHON MPAMON
(sTa rpynna, odeBugHO, H30oMOpdHA R /7). OnHAKO YHCIO (v MOKET OYeHb
XOPOIIO TPHOINKATHECA PAMOHAIBHBIMI YHCIAME (9TO WMEET MeCTO, KO-
rja Koa(GuuneHTH MeMHON Apo6u, MPeCTABIAIONIEN «, O¥MeHb OBICTPO pa-
ctyT). Torga awoboe r € R /7 npubamkaercd sieMeHTaMu Buja no (n € 7,)
¢ 0601 TOIHOCTHIO § > (), HO 9UCIO N MOXKET GbIThH CKOMb YT'OHO BEINKO:
6oabiie, YeM dobas Hamepén 3aanuas QyHKIud J.

KoHCTpyKTHBHOE JOKa3aTeNbCTBO W 3Pp)eKTHBHBIN (TP HUKCHPOBAH-
HBIX X 1Y) aJTOpHTM OCTPOEHNS APOKCHMAINI JOBOJIBHO CIOKHEI [4].

7.7. O6oznaunm |¢') = V7L¢), Torna H' = V-'HV — crabumuza-
Top C(|¢")). Tak 9o yTBepXKAcHHE 3aa4n NPHOGPETAET BT 0OBENHE-
HIIe CTa0HIN3aTOPOB MBYX HECOBIIA MAFOMINX OJHOMEPHEIX IIOAIPOCTPAHCTE
nopoxaaet U(M).

llocTaTouno mokazaTh, 9To rpynna (¢, mopoxaennas H UH', geiicTrByeT
TPaH3UTHBHO Ha MHOXKECTBE eNHHIIHLIX BeKTOpoB. /[elcTBUTEILHO, TyCTh
1A Kaxgoro |¢) € M mafinéres omepatop Uy € G, Takon aTo Uy [£) = |4).
Torga

umM)= |J vyH.
ly)em

JlokazeIBaeM TPaH3WTUBHOCTH AEHCTBUA Ipynmbl (G. 3aMeTnM, 9TO

def

H]y) = Q) = {[n) - [(n] )| = cos I},

H'|$) = Q'(0") L {In) : |(n]€')| = cos '},
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rae 9,9 obosnadarT yrasl Mexay |¢) u [€), |€) cooTBeTcTBEHHO: cos ¥ =
= (£ ]&)], cosd = [{¢ €], 0 <V, ¥ < 7/2. B nocaeaytommx dopmyrax
HCTIONB3YETCA TaKkKe yroal o Mexkay BekTopamn |€) n |€): cosa = |{&] &),
0<ag /2

MoxHo npoBepuTh, uTo npu dimM > 3

HQ'(V') = U Q).
loao—d!| <Y <min(a+d! 7/2)

H'Q(0) = U Q).
|oo—¢| <P/ <min(a+9,7/2)

IToaTomy

H'[6) = Q' (),

HE'l = () Q)
0P <min(2a,7/2)

H'HH'|¢) = UJ Q'(v),

0K <min(3a,7/2)
u T. 1. Takum o6pasoM, JeHCTBYA Ha BEKTOD |€) MOTEPEMERHO BeMEHTAMMI

uz H' nu H nocTaToIHOE KOAMIECTBO pa3, MOKHO HOJYIUTh OG0 eIMHTY-
HBIH BEKTOD |¢).

7.8. Hockonbky ¢ = HK?H, To cTaHAAPTHEI 6a31C COMEPKUT MOM-
HBIH Gasmc A KAACCHYeCKHX OOpaTHMBIX BHIMUCACHHE (cM. 3agady 6.1).
Mo, 6narogaps 3agade 7.5, HO3BOMAET pealnzoBaTh omepaTopsl A(U) aus
BCeX 2JIeMeHTOB Gasnca, Kpome H.

Tenept paccmorpum omepatop X = A(HKH) = HA(K)H, KoTopsIi,
B CHIIYy CKa3aHHOTO, Dealn3yeTcs B cTaHgapTHOM Gasmuce (omepaTop K co-
xpanser [0)). HogefictByem um ma B®? 1ByMs BO3ZMOKHBIME CIOCOGAMME:
X1 = X[1,2], Xo = X[2,1]. Oneparopn Y1 = X1 X571 Vo = X1 X makxe
peaqnzyooTcs B CTaHIapTHOM Gasmce.

3ameTn™m, 9T0 onepaTopkl X1, Xa (caegoparenbro, n Y1, Ya2) coxpaHAOT
BekTOphl |00) u |n) = |01) + |10) + |11). Kpome Toro, BEIMHCIEHNAME MPO-
BepsAeTcs, ITO Y7, Yo He KOMMYTHDPYIOT U HMEOT, TOMUMO 1, co6cTBEeHHBIE
ameaa Ay 2 = (14 /—15)/4 = e¥¥/2. B SO(3) = U(2)/U(1) oneparo-
Py ¢ TakuMu cO6CTBEHHBIME YHCIAME COOTBETCTBYET MOBOPOT HA YTOJ (.
IMockoabKy A1 2 He ABIAIOTCA KOPHAME u3 1 (M Jaxe IeIBIMH anreGpan-
YeCKUMN 9HCAAMH, TaK KaK HX cilef paBeH 1/2), yroa ¢ HeCOM3MEPHM ¢
. A MOCKOABKY 5TH ONepaTOPHl He KOMMYTHPYIOT, M COOTBETCTBYIOT MO-
BOPOTHI BOKPYT Pa3JuvHBIX OpAMBIX. [losTomy Y7, Yy mopoxaaT BCiOgy
maoTHOe moamuoKecTBo B U(L)/U(1), rge £ = C(|00), [p))L (em. zama-
qy 7.6).



172 IIEIMEHNSA 3ATAY

Jlasi 3aBepieHNsT TOKA3aTeJAbCTBA [BAXK/Hl MIPUMEHUM DPE3YIBTAT 3a-
padn 7.7. OnepaTopwl Y7, Yo HMOpOXKJAOT BCIOAY ILUIOTHOE MHOXKECTBO B
U(L)/U(1), oneparop V = A(K) coxpanser C(]00)) u He coxpanseT C(|n)).
Tax aTo Y1, Yo, VY1V, V1Y,V mopox gaioT Bciofy IIOTHOE MHOKECT-
Bo B U(L&C(|n))) /U(1). Oneparop H[1] re coxpanser C(]00)); mpumensa
pesyabTaT 3ajadn 7.7 ee pas, MoJydaeM BCIOAY TJOTHOE MHOXKECTBO B

U(B9%)/0(1).

7.9. U3 npedplaymell 3anaqn caefyeT, 9TO MOKHO pealu3oBaTh oIlepa-
Top A(c) ¢ TouroCTRIO 70 hasoBoro muEOKHTeNd, Ac) = €/?U. OnepaTtop
0¥ peaiamzyeTcs TOYHO. BO3bMEM JONOMHNTENBHBIH q-6UT B cocToaunu |0)
u npumennm o Uo"U~1: |0) — ¢|0). TleusBecTHbIll hazoBbIii MHOKUTEND
COKpaIIaeTCA.

7.10. B Gasnuce [¢) = %(m 1), |n) = %(m — 1)) omeparop o

[AMATOHAAU3YETCH, TaK 9TO B HTOM Gazuce R umeeT Bu
T
€ 0
. N
R = —iexp(miac”) = —i ( 0 e‘”o‘) .

A pasz a — wmppalmoOHAJbHOE YHCJAO, CTENEHAMEH K MOXKHO TpPUOINKEHHO
peannzoBaTh M06OI onepaTop Bujga ¢° exp(ipc”), KOTOPHI B yKazaHHOM

BEIIE 6aslce HMeeT MaTpHIy 7° (8 291), rone s = 0,1,2,3 |z] = 1. B

reoMeTPUIECKON MHTEPIPETAINA >TH OllepaTOPhl COOTBETCTBYIOT TOBOPO-
TaM BOKpYT ocu x. llpm s = 3 mw 2z = ¢ moay4daem saemenT Toddoan:
(AZ(R))k ~ A*(0”) (npm momxoasmem k), Tak WTO yike WMeeM TOJHBLIT
kaaccudeckuii Gazuc. lpu s = 1 u 2 = 1 noaygaem A?(i) = A(K) (na Tpe-
THI -GHT HTOT OMePaTOp AeHCTBYET TOXK TeCTBEHHBIM o6pasoM). U3 A(K)
MOXKHO cllefaThk K, TogaBas Ha YIPaBIAIING q-60T KoHCTaHTY |1) = ¢”|0).
C TourOCTBIO M0 dazoBoro MHOXKUTERd K — 5To moBopoT Ha 90° Bokpyr
OCH z, & KOMIIO3UIIAME MOBOPOTOB BOKPYT £ W OJHOTO MOBOPOTA BOKPYT 2
pefcTaBaAioTces Bee areMeHTH SO(3) (aHazornwro 3axade 7.7).

WTak, MBI TOAyHYHMIH peajusannio Bcex omeparopos mz U(2) ¢ Towno-
cThio 10 (dazosoro MHOKHTeNd. OcTamroch MCNONMb30BAaThL 3anady 7.9 maida
TOro, YTOOH pealn3oBaTh H.

7.11. JlwoGoe BpalieHIe TPEXMEPHOTO MPOCTPAHCTBA TPENCTABIAETCH
KaK KOMIIO3UIINSA TPEX MOBOPOTOB: HA YIOJ ( BOKPYT OCH 2, 3aTEM Ha yTr o
[ BOKDYT ocu &, 3aTeM Ha yroJ ¥ BoKpyT ocu z. [losTomy ato6oi omepaTop,
NeACTBYIONINN Ha OJHOM (-OWTe, MPENCTABAAETCA B BH/IE

U= eiwei(’Y/z)gz ei(ﬁ/z)grei(a/2)01~ (*)
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Kax b1l 13 ollepaTopoB B MPaBoil YacTh (#) BhIpaxkaeTcs depes H n ympa-
BJIAeMBle (ha30Bble CABUTHA:

€'Y = Ae")o"A(e'?) o, €7 = AleT")o"A(e'¥) "
= HA(¢™)H, (97" = [T
Takum o6pazoM, Jd pelleHnd 3ajadn N0CTaTOYHO TOCTPONTEL CXEMY,
IpeCTaBIAIONIYIO yIpabaseMbit pazopwiii casur A(e?) ¢ ToamocTnio O(S).
Bri6epem Takoe ¢ = 27 uro 1/5 < ¢ < 2/4. pennosoxum, 4To y Hac
B PaCHOPAKEHNN €CTh N-OMTOBLI PETUCTP B COCTOAHUN

g—1

[t (g \;EZexp 271'2— |_]>

7=0
3ameTn™m, 9T0 |1y (g, k)) — COGCTBEHHBIN BEKTOP KAACCHIECKOTO OTEPATO-
pa V:|j)—|(—1) mod ¢):
VI [ (g, k) = "™ VD [y (g, k).

Hpumensas k |, (q, k)) omepatop V', ympasasembiii JOTOTHUTETBHBIM (-
6UTOM, TTOJLYyIaeM HCKOMBII (Da3oBHII CABUT Ha 5TOM g-GHTe:

AV (1E) @ [9n(a, k) = A HD) €)@ [4n g, k).

(Kaaccmaeckmuit) omepatop A (V') MoxHO 3a1aTh cxeMot THHEIHOTO pas-
Mepa B cTaHZapTHOM 6azuce. Ecan k — He9éTHO, TO BLIGOPOM 110 X0 AAIIle-
ro | MoxHo TipefcTaBuTh omepatop A(e!?) ¢ TounocThIo 27/q = O(4).

BMecTo TOro, 9TOGH CTPOHTE CXEMY, MOpOXJalIylo |¢,(q,k)), Oy-
JAeM 6paTh cMech |, (q, k)) mpu pasHBIX k, W3MepATH 3HadYeHHEe k U BHI-
6upaTh [, COOTBETCTBYIOIIEE S TOMY M3MepEeHHOMY 3Hadennio. Onmmmem Tpe-
GyeMble TelCTBHA.

1. Coznaém BekTOD
1 1 i
*[JH[]|0") = |n) = —=10) = —=la/2) = —== D |tn(q, 25+ 1).
\/5 \/5 q/2 s=0
Bamernm, uto 0° = A(i)? = K? peaausyerca TOYHO B CTaHJapTHOM

Hasuce.

2. Tpomsseaém mamepenne k ¢ BepoATHOCTLIO ommbKn € < §%; oHO MOKeT
OBITH TPEACTABICHO ONlepPaTOPOM

rae Wil0) = V1 —clk)® |Mycop(k)> +/2[¢(k)), a BekTOpHI |Mycop(k))
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u |((k)) — eMHUYHON JAMHBL. 3aMeTHM, 9TO TOYHOCTh — KBaJPaTHBIH
KOpPEHb U3 BEpOATHOCTH OMIMGKI:

[Wil0) — k) & Jyeop(®)) | = v/ (1 = VI=2) + v~ = 0(6).
Mafiném raxoe [(k), aro |ki(k)/q —0/(27)| < 1/q.

4. Tlpumenmm A(Vl) K pabodeMy n-6UTOBOMY pPerucTpy, UCHONb3yA OUT, B
KOTOPOM HYKHO CJIeJaTh (Pa30BBIA CABUT, B KA9eCTBE YIPABIAIOIIETO.

5. O6paTum BLIYHCIEHASA, CAeMaHHbBIe HA Imarax 1-3.

Y06l BepOATHOCTE olmbKE 6blaa Menbiie 62, nyxubl O(log(1/8)) sae-
MeHTApHEIX H3MepeHMi M Kaxkjoro us omepatopos V, V2, ... V2" .
Mockoabky n = O(log(1/d)), obumii pasmep cxembr — O(log®(1/6)).

W3 pazgerna 8

2
F(2), 2| Uz, 0N =1 -6, me, <e<1/2 nasa
Beex 2. [laM HyJKHO OLEHUTH BEANYHHY
2
P@) =30 [(fismise o fozi, F(@), 0 MU [(, 087 074
Jioofe

Z21,.-%k

rae M — onepaTop, peaansytommi npuMenenne gpynknun MAJ k cooTseT-
CTBEHHLIM 6UTaM k PerHCTpPOB OTBeTa HCXOAHON CXeMBI M 3allHCHLIBAIOIINIL
3HAYEHWE STON PYHKINN B PEIrMCTP OKOHIATEIbHOr 0 oTBeTa. ([lamHa oTse-
Ta paBHa M, a § JONOJHATEILHBEIX GHTOB HCIOAb3YIOTCA MPH BLIMHCACHUN
MAJ).

Eciu 6o/ee MOMOBHHBI PErHCTPOB OTBETA HCXOAHON CXEMBI COMEp:KaT
F(z), To peayapraTom npuMeHerns M obazarenbro 6ygeT F'(x). TlosTomy,
anajornmdHo (3.1) Ha c. 38, nmMeem

1—p(x) <

Z Z Z ‘ fl,Zl,...,fk,zk|U®k|(l‘,0N_n)k>‘2:

|<|<k/2 Jj=F(z) & j€S

= Z (1 =) =ISh e XE e A = 20/(1 — ¢)e.

ISI<k/2
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8.2. Tlockoabky H? = I, mMeeM 1ENOYKY PaBEeHCTB:

DO

Omneparop A(c?) ymuaoxaet |1,1) Ha —1, a ocTanbHBle GasNCHBIE BEKTOPHI
He MeHAeT.

Ecmm crenaTh s3aMeny 6aznca TOABKO B yIPABIAOIIEM (-O1Te, KaK TToKa-
3aHO Ha PUCYHKE HHZKE, TO MOy IUTCA OIepaTop, KOTOPHIU ABAAETCA TPOU3-
Be/leHHeM OTPHIAHIH B 060X -6uTax n «oneparopa anddysum (Ha c. 70
MBI 0Go3Hadann ero V). JlelcTBHTENBHO,

H[1JA(e")[1, 2] H[1]]a, b) = H[1]A(c%)[1,2] J_Z 1)%|e, by
= H[1) 2 () le b e) = 5 S (=) beare) =
c,d

:_Z a+d (b+b") |db>

c,b’

IIa PHUCYHKE C/IeBa IIOKa3aHa CXeMa BBIYHCJACHNA TaKOI'O oIlepaTopa, a Clipa-
Ba — €ro MaTpuia B CTaHIapTHOM Haznce:

() (1) Lol

1 1 1 -1 1

@ T2 1 -1 1 1

11 1 1
8.3. BPP C BQP. Kuaccuueckoe BepOsSSTHOCTHOE BBIMUC/IEHHE MOKHO
npeAcTaBuTh o6paTuMol cxemoit (Uy, ..., UL ), KoTopas, HAPALY CO BXOIOM
Z, UCTIOAB3YeT CAYYAHHYIO MOCAeIOBATENBHOCTD HyJdell u equHun r € B .
(KpoMe mosie3HOTO 0OTBeTA, CXeMa MOXKeT CO3MaBaTh MyCcOp — 5TO HEBaXk-
HO). 3aMeHHM IepecTaHOBKH U/; Ha COOTBETCTBYIOIINE YHHTAPHLIE OLepa-

TopEl Uj, a BMECTO CIy9ailHOT O CJIOBa T TPUTOTOBUM COCTOAHNE
) = 10|07y =275 ) )
rebs

BQP C PP. Tycts cxema (U, ...,Ur) BevmcaseT npegukat F(z) ¢
BepOATHOCTBIO omunbku < 1/3, obiee wmciao 6utoB B cxeme paBHo N, a

|z] = n. BepoaTHocTh momydenua oTeeTa | BLIpakaeTca depe3 MPOEKTOP
M) = |1)(1], npuMenérnbIT K TepBOMY (-6HTY:
ple) = (e, 0N 0UTUY .Ut IO UL ULy - Uy, 0N =

(%)
=27 0N TPV VL - Ve Ve, 0N T,



176 IIEIMEHNSA 3ATAY

3meck Vi,...,V_p — TepeHyMepOBaHHBIE OMEPATOPHI UlT, .. .,H(l)[l], -
..., Uy ¢ ogunm nckmodennem: ecan Uy = H[m] (mam U,I = H[m]), To
cOOTBeTCTBYOMIIT omepaTop V; pasert v/2H [m]; kormaecTso saemenTos H
B cxeMe 0603HavYeHo depes h.

Matpuanbie saemenTHl omepatopos V; € {V2H, K, KT A(o®), A*(s7),
I} npuragrexkaT MHOKECTBY

M = {0, +1, =1, +i, —i}.

IlepemuoXKad MaTPHUUIBI, MBI MOJYYaeM CyMMY dHcel W3 MHOXecTBa M.
TlockoabKy HHTepecyollas HaC BeJUYHHA (&) BelleCTBEHHAA, MBI MOXKEM
OTpaHMINTLCA cymMmupoBanmeM +1. KpaTHocTn caaraembix 6yayT BHIpa-
JKaThCA B BUE

#a(r) = {w: Ca(w,w) =1}, a €{£1},
re mpeaukaThl Cy (2, w) € P onpenenentr Huke. [lomyaaem npeacrabieHe
plx) = 27" (F#a(2) — #-1(2)).
JanrpHelilliee TpUBeJeHNe YCJIOBUA (%) K BUAY U3 ONpejeienns Kiaacca PP

y&Ke He OyIeT HCHOJb30BATH HUKAKOW KBAHTOBOW CIENN(DUKH.
Teneps onmiem npeankaTel Cy (2, w) PpopManbHo. MaTpuYHBIE 3/1eMeH-

THI mpousBefeHud Vi - ...  V_p MOXKHO BeIpasuTh mo dopmyae (5.1)

A N > (Ui)erses - (U=L)o_py-

TL—1,--,T—L41
Tlo onpenenennto, Cy(u_r,...,ur) PaBHO 1, eCIH U TOABKO €CIH
L
N—
u_p =up = (2,077, H Viuju,or = a.
j=—L+1

Jlerko BugeTh, aTo C; € P: HyXHO TIpeJCTABIATL MAaTPUIHBLIE HAEMEHTHI
KaK CTEIleHH 1 B CYMMHPOBATh IIOKa3aTeINl CTeHeHel 110 MOIYIIo 4.

Ecan F(x) = 0, To p(x) < 1/3; ecim F(z) = 1, mo p(x) > 2/3. Uraxk,
F(z) = 1 Torga u TOJIBKO TOT /A, KOT 14

plx) = 27" (G () — #-1(2) >
[ITo sKkBUBAJEHTHO YCIOBIIO

#_1(1‘) + 2h_1 < #1(1‘)

3anmucaHHoOe HEPABEHCTBO MOYTH COOTBETCTBYET ONPEJENEHUIO KJIACCA
PP: ocraéTca Wb NPOBEPHTL, 9TO JeBad 9acThb NpeAcTaBUMa B BIJeE
flx) = Hy : R(z,y) = 1}|, R(-,-) € P (a4 mpaBoil 9acTh 3T0 ykKe [10-
Kazano). PyHKuUH f TaKoro Buja 06pa3yloT TaK Ha3bIBAeMBIN Kaacc #P.

B | =
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TTokaxeM, 9TO HTOT KIACC 3aAMKHYT OTHOCHTENBHO caoxeHus. [Iycts g(x) =
= |{y : Q(l’,y) = 1}|a Q(a ) € Pa Toraa
@) +g(@) =y T(x, zy) = 1},
rae T'(x,0y) = R(x,y), T(z,1y) = Q(x,y).
[JlokazaTeabCcTBO 3aKOHIEHO.
PP C PSPACE. IlIrto oueBujHo. 3aBeéM nBa CUETYIMKA: OAUH A1 Ry,
npyroi — aas Rp. [lepebupaeM Bce BO3ZMOXHBIE 3HAYEHUA Y U YBEJAUYTH-

BaeM 3HadYeHHA CUETUHKOB JaA Ry, ecim Ry(x,y) = 1. TloToMm cpaBHuBaeM
3HAYEHUA CIETIUKOB.

8.4. TlyukT a) caenyer mz nyHKTa 6). [Jasa 6) mpuBeqéM cxeMmy, KOTO-
pad naéT NpuOIIKEHHOe pellleHne. IIpek e Bcero, 3aluiieM peKyppeHTHYO
bopmyry

[0 (q)) = cos¥10) @ [¢n—1(g")) +sind|1) @ [¥n-1(¢")), ()

rae

¢ =2""1 ¢"=q—2""1 ¥ =arccos\/q'/q, ecmmq>2""1
g =q, g =1, ¥ =0, ecmm ¢ < 2771
OprannzyeM peKyPCHBHOE BBIUNCIEHNE, HCTOAb3YA GopMyTy (*).

1. Beramcasiem ¢’ ¢”, 9/m, nocaenuee npejgcrapiseM NpUOAMKEHHO | 1BO-
WIHBIME MU paMi. 3aloMUHAEM Pe3yIbTaThl BEIMUCICHUA B JOTOJIHNA-
TENLHBIX (-6MTax.

2. TlpuMmeHsieM K mepBoMy ¢-6uTy peructpa |07), B KOTOPOM HYKHO CO-
31aTk [1n(g)), omepaTop

R(9) = (cosﬂ —sinﬂ).

sint  cos¥

3. B ocranpabIX 7 — 1 6uTax cozgaéM COCTOAHEE, 3aBUCAIIEe OT 3HATCHUA
mepporo 6mra: eciam oH pabeH 0, To cosznaém coctosrme |Y,_1(¢')), B
OPOTHBHOM clIydae co3naéM |¢,_1(¢")).

4. TlposoanMm BLYMHUCAeHWEe, o6paTHOE K mary 1, 9To6B OIUCTATH AOMOJ-
HUTEIbHYIO NaMATh.

Omneparop R(¥) peaausyercs npubamkéento. [Iycrs ¥ /1 = 22:1 ag2™*.
Torga R(V) ~ R(m/2)% - ... - R(x/2)" ¢ Tounocteio O(27'). Urak, npu-
6amKERHO omepaTop R(Y) NpeicTaBiseTcs TPOU3BEIEHNEM ONEPATOPOB
A(R(m/2%)), Tne k-it paspan umcaa ¥/ ympapaseT TpEMeHeHHeM OTiepa-
Topa R(m/2%).

O6mmas To9HOCTEL TaKol cxeMbl paHa § = O(n27!); pasmep, BEIpasKen-
HBIH 9epes JIHHY BXoga W TOYHOCTH, — poly(n + log(1/6)).

MyuxT B). [IpuBegéM peannsaiuio npeobpasopanns Pypbe, HAllIEHHY O
Konnepemurom u, nesapucumo, [lotidem, B uzaoxenun I1. Mopa [39].
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3anymMepyeMm q-OuThl B y6bIBatoiieM nopsake oT n— 1 go 0. O6ozradnm
o ; -3 . .
Hy=H[jl,  Sju=A ()50 (<),
Toraa onepaTop

Vie=HoS0,150,2 ... Son—25n-1H1512-...-Sine1 ...
Hn—BSn—S,n—ZSn—S,n—1Hn—25n—2,n—1Hn—1

JaéT ToUTH TO, 4To HykHO: Uy = RV}, rie R — (KIaccHuecKnil) omepaTop,
MEPENNCHIBAOIINET TBONYHOE CJI0BO B oOpaTHOM mopsaake. Ilazmep Takon
cxembl O(n?).

Jlerko BHIETH, YTO MOAYJAH MATPUYHBIX BJIEMEHTOB Vi OMpPENeIdTCs
KOJIMYIeCTBOM ONEPaTOPOB [1;, TaK ITO OHN PaBHEBI 1/\/%, KakK u TpebyeTcs.
Ocragock mpoBepuTh pa3oBele MHOKHUTeAn. [lycTh

1 .
(Vk)(xn_l...xg,yn_l...yg) = ﬁexp(l 2mp(Tn_1y o %0, Yno1s - -+, Y0))-

3aMeTHM, 9TO KaX B MAaTPUIHBIA 3JIeMeHT Vi €CTh MpPOm3BejleHHe Ma-
TPUYHLIX 3JIeMEHTOB cOMHOXMTeneH. llpnMenenne H; MendeT dazy Ha T
TOTJa N TOJBKO TOTMa, KOTJa &; = y; = 1; IpuMeHeHHUe S;; Ho6aBideT K
daze 7/2!77 TompKo B TOM cIydae, Kora x; =y = 1. Uamenenue ¢asnl Ha
27 HU Ha YTO He BAUAET, TOXTOMY BBIYUCAUM (¢ MO MOIYIO 1.

n—1
TiYj Tyl
_ 4Yi iy
Sp(xn—la""xoayn—la"'ayo)—Z + Z lj-l—l_
j=0 0gj<i<n
_ Z iy Z TiYn—1-m __
- 21—j+1 - 2n—j—m -
0<i<i<n 0<j+m<n
(3/1eCh PABEHCTBO IO MOAYJIO 1)
n—1
Ty, 1 m
— ZyIn—lmm n J
-5 e S S
7,m=0

[Mocae Toro, Kak MBI IEpENHIIEM CJIOBO ¥ B 06pATHOM MOPSAIKE, MOCTETHEE
BbIpaKeHue mpeBpaiaeTcs B y/2".

W3 pazgera 9

9.1. Tlycte p =), prlék)(&k|- MpoBepum ycrosus 1)-3) mud p.
Yenosue 1): odeBHIHO.
Yeaosne 2): (n] p|n) = S, pr(nlé)(Exln) = Sy pr |(nlée)]* > 0
Yenosue 3): Trp =3, pru(&lér) = > ox = 1.
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N nao6opot, ecan p ygoBaeTsopseT 1)-3), 1o p = >, Aklék){€x|, Tae
Ai — cob6eTBeHHBIE Yncaa, a {|€x)} — OopTOHOPMHUPOBaHHBI 6a3nc w3 cob-
CTBEHHHLIX BEKTOPOB.

9.2. BekTopy |¢) € N @ F MOXKHO eCTeCTBEHHBIM 00Da3OM COMOCTA-
BuTH oneparop W: F* — N. IlycTb p; — HeHyleBble COGCTBEHHBIE YHCIA
omepaTopa

p = WU = Trx(|6)(4]) € L)

(Kax o€ COGCTBEHHOE YHCIO YINTHIBAETCA CTOABKO Pa3, KAKOBa €ro KpaT-
HocTh). Ilockoabky p ABasgeTcsa MaTpuuel naotroctH, 0 < p; < 1. Homoxnm
Aj = \/Pj, @ B KadecTBe MHOKecTBa {[¢;)} BO3bMEM M06y10 OPTOHOPMIPO-
BaHHYIO CHCTEMY COGCTBEHHBIX BEKTOPOB, COOTBETCTBYIOIINX COGCTBEHHBIM
9qHCaaM pj .

OmnepaTop ¥ MOXKHO MPENCTABUTEL B BH,Ie

v = Z/\j|5j><’/j|,

J
rie |v;) = /\j_l\I!T|€j> € F*. CoormercrBenno, (v;| € F** = F. Ilepeo6o-
suaduB (v;| depes |1;), HodydaeM HcKkoMoe pasioxenue IlIMuaTa.

9.3. Ycaosue Trr(|¢1){(¢1]) = Trr(|¢2)(12]), xkak cregyeT u3 pereHns
NpebIAyIel 3a 1391, HO3BOJAAeT BHIOpaTh pasaoxenns mMuara nas |¢) u
[¢2) ¢ onuHAKOBLIME A; 1 [€;). 3annieM 5TH PasIoKeHII

) =Dl @ ), k=12

[MockoasKy {|n§k)>} — OpPTOHOPMHUPOBAHHLIE CeMEIICTBA, CYIIECTBYeT yHIH-

TapHBIN omepaTop U, TaKoH 9TO U|n§1)> = |n§2)> s Beex j. Torpa

(In @ U) 1) = ZA &) @ UlniYy = SN le) @ [18) = ).
J

W3 pazgena 10

10.1. YTBepxjgeHme 3anatn BEITEKAET M3 CJAeAYIOUIEH JEMMBI, KOTODAs
6y IeT MoMe3Ha U B JaJbHENIIEM.
Jemma. Duzuuecku peaausdyembvie npeobpazo6aHus MAMPUYy NAOMHO-

emu umewm 6ud

s

p— Z AmpA;rn, ZA;rnAm =1, (%)
m=1 m

Komopuvili 6ydem HA3LI6aMb PAZAOHCEHUEM 6 ONEPAMOPRYI cymmy. A 6ca-

KOE Pa3A0NCEHUE 6 ONEPAMOPHYIO CYMMY MONCHO NPEACMABUMDb 6 6UJE p

= Tre(VpVT), 2de V. — usomempuueckoe 6aoxcenue.
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JokazarexscTBo. [lian gokazaTeabCcTBa CaeAyIONTHN:
a) JMOKaXeM, UTO H30METPHYECKOE BIOKEHHE N B3ATHE YaCTHIHOTO ClIEla
UMEIOT PA3JokKeHNe B OMePATOPHYIO CYMMY;
6) moKaxKeM, 9TO OMePATOPHBIE CYMMBI 3aMKHYTHl OTHOCHTEIBHO KOMITO3M-
s
B) HAMEM TIpefCTaBlIeHNe TTPON3BOILHON OMePATOPHON CYMME! B BH/IE p —

— TI'}'(VpVT).

a) YcaoBHe M30METPHYHOCTH BJOXKEHWs 3alNCHIBAETCA Kak Vv = I
[ITo ozHagdaeT, 9TO WBOMETPUIECKOE BIOKEHWE TIPEJCTABIMO B BHIe OIe-
PaTOPHON CYyMMBI I3 OJHOTO CIAraeMOro.

Jlag 1acTUIHOT O cllefla MMeeTCA CAeyIolIee Pa3aokKeHne B OTIEPATOPHYIO
CYMMY:

Trr(p Zme rie Wy, = Iy @{(m|: N@F = N. (*%)

3aMeTHM, 9To Wm<|j, k>) =dmii), a W7L<|J>) =|j,m).

6) Myers S_ A, pAL S kaB; — pasoXkeHHA ABYX IpeobpasoBaHM
m k

B ollepaTopHBle cyMMBI. Toraa WX KOMIIO3UIINA TaKXkKe pas3iaraeTcd B OTle-
PATOPHYIO CYMMY:

S B (3 Al ) BL = S (Bedn)plBe )

k,m

S (BiAn) (BiAn) ZAT (ZBTB) A =3 ALA, =

k,m

B) IlycTh nmpeotpasoBaHme Pa3iokeHO B ONMEPATOPHYIO CyMMY (), a F —
$-MepHOe MPOCTPAHCTBO, Ga3NCHBIE BEKTOPH B KOTOPOM OGO3HAYHM |m).
OTobpaxenne

V= E Am @ |m): HEA|€®|m>
ABAACTCH U3OMETPUICCKAM BJIOKEHHUEM, OCKOILKY

VIV = 3 (AT 0 1) (A, @ fm)= D7 AT A k) - (Ulm) = 1.

l,m

OcTanoch 3aMeTHTh, YTO ONePATOPHAA CYMMa NPEJACTABIACTCA B BUIAE p
— Tre(VpVT). HleiicTBuTemsho,

Trr(VpV1) = ZTr}-( mpAJr ® |m){ l|) Z:AmpAJr O
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10.2. Hycrs p € LN @ F), Ulj) =1&5), Y|k) = |nx). Torga
Trr (U0 Y)p(U 0 Y)!) =

=Ter (oY) X i G0 @ y)) =
FELEY A

ZTFF( D pikiw &) © i) m«) > pikiwlé) il =
J.k.g' k! 3i'k
=U(Trrp)UT.

10.3. Ilycts Zm AmpA;rn — pa3jiokeHWe B OMepAaTOPHYIO CYMMY TIpe-
obpazoannsa T' (cum. sanaqdy 10.1). Torga

Tgegyey = T TS KR TR =5 A 15) - (KIAL K.

m

Takoe mpeacTaBleHHEE MO3BOJAACT JEMKO IPOBEPUTH ChOPMYJIHPOBAHHEIE B
YCJOBIH 3a/a9i CBONCTBA a)—B).

CaoiicTBo a): ZT(k’j)(k’k) = Z(k/|Am|]> (k| ALK =

k' k'm

—Z (KIALIKYE | A, L) = > (kAL A, L5) = (K|5).

CgoiicTBo 6): T(?,j)(klk) = Z (<]/|Am|1><k|Ak|k/>)*

= D ALK A1) = T oy
CgoiicTBo B): Z Gy 135 )R k| = Z |[m ) (¥,

3k

r e | m) = > (71 Amli) 17, 5)-

3

W #a060pOT, BCAKII HEOTPHUIATEIBHBIN OTIEPATOP MOXKHO MPENCTABATE

BBuge T'= 3" | )(¥m|, vae |y, ) — moaxoadmum o6pa3oM HOPMEPOBAH-
HbIe COBCTBEHHBIE BEKTOPHI 1, 0OTBeTafoNne MoJ0KATEALHBIM COOCTBEHHBIM
qncaam. O6ozHadnM

) = Y amjli’s 3)s At 7Y =3 amgrili'),
jl

m,j'.j

Torga Ty ki) = Zam] ' ar - U3 ycnosusa %;Tk/ Y(kik) = Ojk CTEIyeT
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k|(ZA m) l7) = k|(Z Uk Gt ) l7) = ZT(k’j)(k’k) = Jjk.
o

m,k’

Ocranock nposeputs, ato T(|j)(k]) = > Am|j)(k|Al,:

D Al KIAL =30 e i YK=Y Ty om0k =

§ kT m 3K
= T(15)(k]).

10.4. CpoiicTBa a) u 6) >KBHBaJeHTHBI CBOHCTBAM a) U 6) 3 MpeIbLIy-
el 3a,Ja<m.

IIycTh ecTh puanveckn pealmsyeMoe MpeobpasoBaHie MaTPHI] MIOTHO-
cn T p = Tre(VpVT). Torga T' @ Iyg): p = Trr((V @ Ig)p(V @ Ig)T)
TaKkKe ABIACTCA PU3NIECKH PeATH3yeMBEIM MpeoOpa3oBaHNeM U TIO3TOMY
ofraaeT pasoKeHneM B ollepaTopHyto cymmy. CretosaTensno, 1'® I g)
NepeBOANT HEOTPHUIATENbHEIE OMePATOPLI B HEOTPUIATENLHEIE.

[lia nokazaTeqbCcTBa YTBEPKAEHHA B JAPYTYIO CTOPOHY BEIBEJEM W3
CBOWMCTBA B) JaHHON 3ajadi CBONCTBO B) NMPeJbIAYIIEH 32 Tat.

HTo6k loKa3aTh HEOTPHITATETLHOCTE MATPHIILT T{(j15) (k%) TIO TIAPAM HH-
MEKCOB, B3ATEIX B CKOOKH, TIOKa)KeM, 9TO OHa ABIACTCA MATPHIEH olepa-
Topa Buga (I @ T)|¥){¢|, rae |¢) € N®N mmeet BuA [¥) = 3. [7) © [7).

JlericTBUTEIBHO,

(TD) W)Wl = > Tumwmlid kYK =D Tyiywmli'i) Kkl

Jhakk Jhakk

10.5. Bocroawayemcsa pesyabTaToMm 3aga4n 10.1. [Ipeactasum T'p B Bu e
Trz (VpVT). Bosemém [¢0) € V. Tlockoabky cocTosmme

Trrer ([VENVE]) = Trr (Tre (VIK)(@IVT) = Tre(T)9)(]) = [)(¢|

wqucroe, |Vib) = [4,£(¢)) (310 caenyer u3 3aMedaHus, cAeTaHHOTO TOCIe
dopmyaupoekn sagaan 9.2, cm. c. 80). Mz aunentnocTn V' crenyer, 4To
|€()) = |€) ne 3aBucuT ot |[¢). TosTomy TX = X ®~, rae vy = Trz (|€){E]).

10.6. Ilygem cumTaThb, 9TO cpasy ke MOCAe W3MEPEHHA H3MepAeMBIe
q-6UTH BLIOPACHLIBAIOTCA B ¢MyCOPHYIO KOpauHY». I[ITO coOTBETCTBYET mpe-
06pazoBaHMIO [BYX KBAHTOBLIX OHTOB B KJIACCHIECKHE:

T:pes Y (Eaplpléan)(a,b).
a,b
Yrobwl peanmzoBaTh npeobpasoBanne 1', HYXKHO CHadaJda IOJEHCTBOBATH
VHUTApPHLIM OIepaTOPOM

HJA(e")[1,2]: |€an) = |b,a),
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a 3aTeM Npom3BecTH m3Mepenme B Gasmnce {|0),|1)}; mocae sToro q-6uTel
BLIGPACHIBAIOTCA.

Ile3 orpanmvenna o6ITHOCTH, IEPBEII (-6UT HAXOJHTCA B 9HCTOM COCTO-
auun ) = zg|0) 4+ 21|1). (Ecam MBI TOCTpONM BOCCTAHABIHBAIOIIYO TTPOIIe-
OYPY [MJIA IHCTHIX COCTOAHHI, TO OHa MO JHHEHHOCTH 6YIeT IPOJOIKATHCA
Ha cMemannbie). [la TpeTnil g-6uT m3Mepenne He NEMCTBYET, MOXTOMY MOXK-
HO 3allcaThb

(T @ Insy) (|1/)><1/)| ® |€00><500|) = Z(a, b, [ab)(Yasl),

a,b

rae g = (<€ab| ® IB)(|1/)> ® |€00>). 3neck (€4 paccMaTpuBaeTCes Kak
onepatop B%? — C, mosromy (£46] @ I5: B9 — B. 3amernm, 4To KBapaT
HOPMEI BEKTODPA |1)4p) PABEH BEPOATHOCTH MOMyUeHNs Taphl (a, b).

Teneph 3aluIieM ABHOE BHIDaXKeHNe NIA |t)qp):

[Vab) = \/—Z (€| @ I5) (l¥) @ |d, d)) \/—Z Eap|, d) |d) =

= ﬁ Z; zelEasle, d) |d) = 3 2 (1) azeld) = % > (=D)zlas c).

c,d c

N3 >Toro BEIpakKEeHNUA Cpa3y cleyeT, ITO
b 1
(0)" (6°)° [has) = 115,

Tak 9TO COCTOSHIEE 1)) B TpeTheM (-GHTe TOTYyYHTCA TPUMEHEHTEM OTlepa-
TOpOB ¢” M 0% ¢ KIaCCHIeCKNM YTIpaBAeHNEM: YIIPABIAIONINME TapaMeTpa-
MU SBAAIOTCS M3MePEeHHBIE 3HAYEHNA @ U b.

* |€00)

Puc. 17. CxeMa KBAHTOBOH TeJIENOP TAITHI

CxeMa KBaHTOBOW TejfenopTaiun msobpakeHa Ha puc. 17. SHATKOM
Q o6osnaten nepBuIl 6UT, @ — Bropoi (q-6uT Anmnckr), @ — TpeTun
(q-6ut Tlo6a). Korga Annca xoder mepegarh q-6ut O Tloby, oHa coepiaeT
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H3MepeHNs Ha HIM U CBOUM (-GHTOM (Jlagblile 3TH (-ONTHL He HCIOb3Y0T-
cd, M OHa BHIOPACHIBAET WX B MYCOPHYIO KOp3uHY). [leayabTaThl n3MepeHuin
oHa coobmraer o6y mo kraccmdeckoMy KaHaay cBssm (Tenedony). To6,
HCTIOAB3Ys coobinenne AJNNCH, TpeBpallaeT cBol q-6ut B q-6ut 9.

W3 pazgena 11

11.1. Ilo ompegenennio KBAHTOBOW BEPOATHOCTH MMeEM

P (W (j0)0]© )W, (k) © V) =
=Tr (H(C(|k))®NW<|O><O| @) WT) -

= 3 e (kD R (1000 B} © e plle, ) =
::jijﬁk(<u»<k0f@<u»<oofﬂ)'If<ﬂnjprh%> =
—Z|k|R 0)]°P(p, £; ZP (Kl5)P(p, L;).

1_
11.2. Ecom W = Zk e, @V, o W Zk 1N ®Vk . HHoaromy
ICKoMadA KBaHToBad cxeMa nMeeT Bug W'Y W, rae onmepaTop Y KommpyeT
B [JOTOMHUTENBHBIN PETUCTP (IOJE3HBIN PE3YIBTATY:

Yily,z,v) = |y, z2,v @ y).

Onenka TOYHOCTH fAemaeTcs TakK XKe, Kak B 3amgade 7.11.

W3 pazgena 12

12.1. UnTepecyoliyto HAC BEPOATHOCTE oGo3HaunM depe3 p(X, (). Ecan
hi, ..., h; He TOPOXKAAIOT BCIO Tpynny X, TO OHH CONEPKATCA B HEKOTOPOH
MaKCHMAaJIbHON cobcTBenHon moarpynme Y C X. Jaa kaxgoro Y Bepo-
ATHOCTH TaKOT'o COBHLITHA He mpepocxommnT 27!, mockompky |Y| < |X|/2.
Takum 06pazoM, MBI IMeEM OIEHKY

p(X.0) 31— K(X)-27,

rae K(X) — 4ucio MaKCHMalbHBIX COOCTBEHHBIX MOATPYNN B rpymme X.

Hoarpynner abeneBonn rpynmbl X HAXOAATCA BO B3aHMHOOTHO3HATHOM
COOTBETCTBHH C TMOATPYIIAMH TPYIIIH XapakTepoB X, Mpn 5TOM MaKCH-
MaJbHBIM COOCTBEHHBIM TOATPYIINAM OTBEYAI0T MUHUMAJbLHEIE HEHYJIEBRIE
moATpynnbl. Kaxgas Takas MOATPYNNA MOPOXKAAETCA OMHUM DIEMEHTOM,
nosromy K (X) < | X*| = |X].
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12.2. TlocTponm kaaccmueckuii onepatop V, € L(B @ B®™) (6asucubie

BekTophl B B9" zanymeposanbl or 0 10 2" — 1), Taxoli 4To

V510,0) =10, 1), Vol1,0) = |1,b).
Toraa cxema V1[0, BlU[B, A] V[0, B] pearuzyer onepatop A(U)[0, A] B
PacCIIMPEHHOM CMBICJE.

12.3. OGoznaunM o6paz BekTOpa |2) npu npeobpasopanun Pypee depes
|tn (K, 2)). B 3agade 8.4 MBI HAy 9IITHCE CTPOUTH BEKTOD |4, (K, 0)). Kak yxe
oTMedaloch B pemmennn sagaqu 7.11, [, (k, #)) — coGcTBeHHBIN BEKTOD
Kaaccudeckoro omepatopa V: |7) — [(j — 1) mod k), co6cTBenHOe [ncao
KOTOpOTo paBHO exp(2miz/k).

Ncnonbays atu coobpaxenus u pesyabTaT 3agadn 11.2, mocTpoum cie-
OYIOIIYIO CXeMy s KBaHTOBOro mpeobpazoBanud Pyphe.

1. B gonmoaHuTeNbHOM, M3HAYAILHO HYJEBOM, PETUCTPE MOCTPOUM BEKTOD

[tn (K, 0)). Obmmee cocTosHme MOXYdaeTCA

1
—E |z, y).
vk~

2. Cpuenaem aszobbiil caBur Ha exp(2mizy/k). Temepsb noaydaeM cocTOAHIE
) @ [¢n(k, 2)).

3. Uamepsas obpaTuMeiM o6pazoM (cM. zagady 11.2) coGcTBeHHOE HYHCIO
omepaTopa V| IeHCTBYIOWUIET O HA BTOPOU PETHUCTD, MPUOABIIEM PE3YIb-
TAT W3MePEHHA ¥ K IePBOMY peructpy. (31ech uMeeTcsa B BUAY MOGH-
TOBOE ClI0XKeHHe MO Moy o 2). B mepBoM peructpe moaydaercs |0), a
BO BTOPOM — TpeGyeMblil pe3yabTat |y, (k, x)).

W3 pazgera 14

14.1. OmnepaTop A MOXHO TPEICTABUTH B BH/IE

A= NN m N >0, (&&= (gl = O
J

31ech /\? — HeHyJeBHIe COGCTBeHHBIE umcia omeparopa AAT, |€;) — ero
coGCTBeHHEIE BEKTODEL, a |1;) = /\j_lAT|€j>. Toraa ||Alle: = Zj Aj.
Has mroboro onepatopa X

| T AX] <Y ATl (n X <Y Ml = DAl X
i i

C Apyrol CTOpPOHBI, eciau B3AThH X = Zj [7;)(&;], To || X|| € 1, a Tr AX =
= 1Al

W3 nokasaHHOTO NpeJCcTaBIeHns Jd || - ||¢r AeTKO CllefyeT HEpaBEHCTBO
TPEyTOMbHIKA, a MOJOKHTEIBHOCTE N OJHOPONHOCTS || - ||t O4eBUAHBL.
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14.2. CsoiicTBO a):
| Tr ABX| l|A] e || BX]]
< su
X1 = xz0 11X

||AB||¢x = sup < 1A BY]-
X£0

AnanornvHo moKasBIBAETCA W CBOUCTBO 6) (BOCHMOMB3YHTECH PABEHCTBOM
Tr ABC = Tr CAB).

CgoiicTBo B):

Tr(Al
1o(a)) = LG <Al
CoticTso 1): gas awboro A € L(N @ M)
Tr((Traqg A)X)]| |Tr(A(X @ Tam))]
Traq Allee = su [Tl O] _ A @ L) "
R T B o ey I

CsoticTBo 1):

14 @ Bl = Try/(A® B)l (A B) = Tr (\/ATA ® \/BTB) = 1|Allex]|Bller.

14.3. Ilycts F — mpocTpaHCTBO cocToAHW q-6uros m3 A, a N —
MPOCTPAHCTBO COCTOSIHUN OCTAJBHHIX (-6uToB. OG0o3HaAINM

D=IyQF": NOF = N.

Ecmm XY € D, 1o Y1X € Iy @ L(F) = £(A). CaenosaTeabo, kog M
uctpapasgeT ommbkn uz D.

[Ipeo6pazoBanue T': p — Trr p MoxeT OBHITH PA3IOKEHO B ONEPATOP-
HYIO cyMMy (*%*), cM. pernerue 3anaqu 10.1. Oneparoper W, u3 sToro pas-
JOKeHIA NpUHAJIe:KaT npocTpancTBy D, mosromy 7' € D - Dt Ocramnocs
BOCIIOJIB30BATRLCA TeopeMon 14.2.

14.4. TlpoctpancTBo F', COOTBETCTBYIONIEEe MCKOMOMY KOTY, MOPOXK Ma-
eTcdA cTpoKaMu Tadanibl

10 10 0 1 0 1 0 0
10 0 1 10 0 0 0 1
0 1 0 0 0 1 10 0 1
0 1 0 1 0 0 0 1 10

MoxHO IpoBepHTS, 9TO w(f;, fr) = 0 411 MOGHX IBYX CTPOK fj, fi. SaMe-
TUM, 9TO CTOJOHKI B TabJuIe pasbuThl Ha maphl. Kciu B3aTh J106BIE 1Be Ta-
pBI, TO cOOTBeTCTBYIOMME 4 cTOMGIA AUHENHO HezaBUCHMEBL. ClefoBaTelb-
HO, W3 CTPOK BCerja MOXHO COCTABUTE JUHEHHYIO KOMOUHAITHIO, KOTOPas B
IBYX 3aJaHHBIX apax HO3UIUH COAEPKUT 3anaHHble dncia. [losTomy yeiao-
Bua w(f;,9) =0 (j = 1,2,3,4) upu |g| < 2 MOIYT BLIIOIHATHCSI TOIBKO
aasa g = 0.

14.5. (Cwm. [22, 33].) Jomyctum, ato M — kon Tuna (4, 1), ncnpasasio-
i oauy omubky. Torga on goaxken obHAPYKUBATH 10 KpalHeH Mepe jBe

U3 PA3JEJA 14 187

OLIMOKH, B 9aCTHOCTH, oMOKH B g-6urax [1,2], a Takke B g-6urax [3,4].
TITo o3HakaeT, 9TO MPOU3BOALHOE cocTofHue p € L(M) MOXKHO BoccTaHO-
BUTB KaK 10 TIEPBBIM, TaK H IO TMOCAETHIM ABYM ¢-6uTaM (cM. 3agady 14.3).
[Mokaxem, 9TO 5TO HEBO3MOKHO.

Ilycte A7 — mpocTpancTso cocTosuuit q-6utos [1,2], a Ny — mpoct-
paHcTBO cocTosuuil q-6uTos [3,4], Torga M — 5TO MOANPOCTPAHCTBO B
N1 ® N3, Baoxenme M — Nj ® Ny o6osnadum depes V (5To mzomeTpu-
vgeckmnil omeparop). Ilycts Takxke Ti: p — Tra,p u To:p = Tra, p —
npeo6pazoBanua omm6ok, a P Ny — M u Py: Ny — M — cooTset-
CTBYyIOIIHE UCIpaBiAoliye npeobpaszoBanusa. Torjga npeobpasosanne P =
(PL@ P)(V-V1): M - M ® M obaagaeT ciemyionmm CBOHCTBOM: [
aboro p € M

Tra, Pp = Trn, (PL @ Po)(VpVT) = PITL(VpVT) = p,
Try, Pp= Ty, (PL @ P2)(VpVT)) = PTo(VpVT) = p.

Coraacno zajgade 10.5 mepBoe TOXAeCTBO 0o3HAYaeT, 9TO0 Pp = p ® 72, e
~2 He 3aBuUCHT OT p. U3 BTOpOTO TOXIecTBa caeayeT, ¥To Pp = v ® p.
Hoayunaum npoTuBopetne: v1 ® p = p & ~a, ve p —awboe.

14.6. OmmimeM KpaTKo U0 PEIEHN >TON 3a atqH.

[MocTaTouno paccMOTPeTh OMHO U3 ABYX NPSAMBIX CIaraeMBIX TOpHHe-
ckoro koga. KommnonenTa cuaipoMa paBHa | Mg TaKoro y3Jja PEMeTKH, B
3Be3y KOTOPOTO BXOAUT HEYETHOE HMCAO PEGED ¢ HEHYJIEBHLIMU BECAME B
l-uenn, cooTBeTCTRyOMER BekTOpPY ommokn gl*).

[MosToMy moaydaem Takyioo 3amgady. 3aaHO HEKOTOPOE MHOXKeCTBO D)
yaaoB pemeTku. M3 Bcex l-temenn O, rpaHnina KOTOPHIX coBmamaeT ¢ D,
HYXHO BBIODATH TY, B KOTOPOU HANMEHBIIIEe 9HNCI0 PEGED HEHYIEBOT'O BECA.
IleTpyaro coobpasnTh, 9To Takad 1-1leNb pacnagaeTca B ob6beTuHEHNE Y-
Tell, COeMHAMINX Y376l U3 MHOXKecTBa D (Mfo6ble [Ba PA3INIHBIX Y TH He
HMEOT OGMINX PEGEp), TPHIEM HTH MYTH MOXKHO CINTATH KPATIAHIINMI.
Tax 9To 3ajga9a onpegeleHns OMUOKHA MO CHHAPOMY CBOAUTCA K 3adaue o
836€WEHHOM napocouemanuy: 1aH rpad G (B HallleM caydae TOMHBI), Ka-
KJIOMY €ro peGpy HpHNHCAH BeC (B HAIlEM ClIydae — PACCTOAHHE MEXK Y
Y3IaMH TI0 PEUIETKe), HYKHO HARTH MapocodeTaHne, Ha KOTOPOM JOCTHIa-
eTCcsi MUHIMYM CYMMBI BECOB IO peébpaM, BXOJAIINM B TAPOCOYeTAHHE.

[ 3ama9m 0 B3BEMIEHHOM MapOCOYeTaHNN W3BECTHHI TTOJNHOMUATbHEBIE
aArOpUTMBL (cM., HampuMep, [11, ra. 11], rge ommcaH aaropuT™, OCHOBaH-
HBIH Ha H1eAX JMHEHHOT O MPOT PAMMHPOBAHNA).
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