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MPEAMCNIOBME

Teopus cpaBHeHH#H — HayKa O HeNLIX YHCJIAX, PacCMATpH-
BaeMbIX B HX CBAI3H C OCTATKaMy. OT Je/NeHHf Ha (PUKCHpOBaH-
HOe HATypa/JbHOE uHCJIO, HasniBaemoe MonyteM. CosnanHas
Tpyiamun (Pepwma, Sﬁnepa, Jlexanspa, Jlarpauxa, K. laycca
H JlupHXxJe TeopHs cpaBHeHHH oforaTH/ia MaTeMaTHKY MHO-
rEMH HOBLIMH TIOHSITHSIMH; €€ HIEH H METORH JaBHO BHILLIH 3a
npefieH TEOPHH YHCE H NMPOHHKJH B anre6py, anareGpauve-
CKYIO T'€OMETPHIO, TEODHIO KOJHDOBAHMS, KHOEDHETHKY, BhI-
YUCJIHTEABHYIO TEXHHKY.

BosHMKHOBeHHE TEOPHH CPaBHEHHH CBA3AHO C HIYueHHeM
MHohaHTOBHIX ypaBHeHu#. SIcHO, 4TO AN  PaspelIHMOCTH
AuodaHTOB2 ypaBHEHHs HeOGXOAMMA PaspeIHMOCTb COOTBET-
CTBYIOILETO CpaBHEHHA No JioGoMy MOAyJio. Bo mMHOrMx ciy-
4afix OKashlBaercs, 4TO JOKa/lbHas PaspeniuMoctb, T. €. pas-
PeIKMOCTh COOTBETCTBYIOIETO CPaBHEHHS NO BCEM MOAYJIAM,
ABJIACTCA TAKKE W JIOCTATOUHBIM YC/OBHEM VISl Pa3peliHMOCTH

AuodanroBa ypasuerus. Hanpumep, cnpasennnsa criepyiomas

TeopeMa, JoKasaHHas JlexxaHjapom. A

Teopewma. Ecau a, b, c— nonapro 63aumHo npocmoie
‘yeavie wucsa, -c60600HbIe 0m Keadpamos u He 6ce 00HO020 3HAKA,
mo ypaswenue - : _ :
o ax? 4+ by® -+ c2* =0
PABPEIUMO 6 LeAbX HUCAGX mozda u moAbko moeda, Koeda pas-
pewiums CpasHerus -
Jc2 = — bc (mod a)
y® = — ca (mod b)
22 = — ab (mod ¢)

Pa3pemuMocTb YKasaHHEIX B TEOpeMe CpaBHEHHH 11 KaXKJOTo
KOHKpPETHOro HaGopa uuces a, b, ¢ MOXHO YCTaHOBHTL XOTH
61 npocThiM nepebopom. CllefioBaTesbHO, Teopema Jlexadapa

I* . .3

JaeT npocToit u 3depexTHBHBIA Kpmepnn paapeummocm IHO-
¢antoBa ypasHeHHs ax® + by® 4 c2® = 0.

IpyruM npHUMEPOM MOMKET CJYXHT TaKoe y’rBepmneHHe'
yenoe wucro euda 4k 4 3 Heawv3n npedcmagums cymmori deyx
K6a0pamos yeabtx Hucen. JleficTBUTE/IBHO, ecau Gl 3TO GO
BO3MOXHO, TO OBLIO 6bl pa3speiiuMO CpaBHEHHe

’ x2 4+ y* = 3 (mod 4).

Ho npocrast mpoBepKa MOKasbiBaeT, 4T MocaefHee cpaBHeHHe
HEe UMeeT pelleHHH, W Mbl IPHXOAUM. K MPOTHBOPEYHIO.

PaccmorpeHue sagau noiofHOro poja B AanbHefmlemM npu-
Beso ['eHsesss X BBEJEHHIO HOBOTO THUMA YMCe/, HA3BAHHLIX UM
p-ajuuecKuMH uucJaMH. B Hacrosinee Bpemsi p-ajHuecKHe
Y§CAa  ABJSIOTCA OJHHM H3 OCHOBHBIX MHCTPYMEHTOB TEOpHH
uhHceNl M CMEXHBIX C Heft pasjenoB MareMaTHKH. .

JIpYruM BaXHBLIM TOHSTHEM, [OfBAEHHEM KOTOPOTO Mbl
06s13aHBl TEOPHH CPaBHEHHH, SBIAIOTCA KOHEYHBIE NoJs (noJs
l'anya). Cdepa ux npuMeHeHHs ¢ KasKIblM JAHEM PACIIHPRETCA
B OXBaTHIBAeT HE TOJNbKO MaTEMATHKY, HO W (QH3HKY, KHOep-
HETHKY, PajMO H BHIYHCAHTENBHYIO TEXHHKY.

Kak camocrosTe/lbHasi Hayka TEOpHs CPABHEHHH ¥MeeT
CBOH COGCTBEHHHIE TPYAHBIE ¥ HHTepecHble npob/ieMbl. K Takum
npoGieMaM OTHOCHTCH, Hanpumep, 3HaMEHHTasd T[HIOTe3a
H. M. BuHorpazoBa o pacnpejie/leHUH KBajpaTHYHbIX BhIYETOB
H HEBLINETOB B HATYPaJbHOM psaje, runoresa ApTHHA o nep-
BOOGPasHhIX KODHAX H Ip.

B Hacrogmed Gpounope nomynasipHO W JOCTaTOYHO MNOJHO
H3JI0XKEHB BCE OCHOBHBIC BOMPOCH TEOPHH CpaBHEHHH, HauM-
Hasi ¢ NPOCTEHIIMX MOHATHH M ONpEeNesIeHHH K KOHYasA CaMbIMH
TNOC/TENHUMH JOCTHXKEHHsiMH. JIOCTYNMHOe IUMPOKOMY KpYy-
Iy uuTaTesneid H3JIOXKeHHe COBPEMEHHOIO COCTOSIHHA TEODHH
CPaBHEHW}' CTajio BO3MOXKHO GNarojaps TPyAaM aBTopa
C. A. CrenanoBa, CO31aBIIEro HOBHIH apH(METHYECKHI METOX,
C TIOMOMIBIO KOTOPOTO S/MEMEHTApHO JOKAa3aHHl BCE Pe3YJ/ILTATH,
KOTOpHIE paHee ObIM MOA CHJY JHIUb CJIOXKHOMY annapary
ajrefpanyecKoil reOMEeTpHH. '

KuHura Gyner WHTepecHa BCeM, KTO JIOGHT Ma'rema'mxy,
NbITAETCH y3HABaTh HOBOE H PasMBILVIATH Haj HepelleHHbIMH

3ajlayaMu,
ITpod. A. A. Kapayy6a.



Flnasal

OCHOBHBIE MOHATUSA

I. Mbl GyzeM paccMaTpuBarh LEJble YHC/A B CBH3H C MX

OCTATKAMH OT Je/IeHUs Ha JaHHOE TOJIOXKHTE/bHOE YMCio 1,
KOTOpOe HasoBeM moOysem. KaxpoMmy uenomy 4HCAy @ OTBe-
yaeT ONpefieJieHHH ocTatok r=a—mqg, 0 <<r<<m— 1
OT JleNeHHs ero Ha m; ecli¥ ABYM UEJbIM YHCIaM a U b OTBEuaeT
OJIHH M TOT € OCTaTOK r, TO OHY HA3LIBAIOTCS - PABHOOCMAMOY-
HbLMU N0 MOOYArO m, WM CPASRuMbIMU no modyao m. s oGo-
3HayeHHsl CPaBHHMOCTH UYHCEN @ H b  ynorpeGisercss CHMBOJ
a == b (mod m). Slcho, uto @ = b \mod m) TOTNA M TOJIBKO
TOrZa, Korja pasHoctb a— b nemurca Ha m. Ecim a— b
He JeJMUTCHA HA M, TO Mbl FOBOPHMM, UTO a W b HecpasHuMe: 1O
MOAYJIO. M, ¥ 3aNHCHBaEM 3TO CJERYIOILMM  obGpa3soM:
a == b (mod m). :
OrHowenue cpaBHumocm Mo MOAYJIO m ABASETCH OTHOLE-
HHEM  SKBHMBAJIEHTHOCTH; OHO peQUIEKCHBHO, TaK Kak
a = a (mod m) cuMMeTpHYHQ, NOCKOJBLKY H3 a == b (mod m)
caeayer b = a (mod m), TpaH3UTHBHO, TaK KaK 3 a== b (mod m)

U b=c(mod m) cnenyer a= ¢ (mod m). Tem campiM OTHO-"

wenHe «= (mod m)» pa3buBaeT MHOXKECTBO BCEX LEJHIX YH-

ceJl Ha ‘Henepecexakoumecsl KJIacChl  3KBUBAJICHTHOCTH A, )

B, C, ..., npuueM [Ba Le/BIX YHC/IA CPABHUMBI MEXAY coGoii
N0 MOAYJIIO M TOTAA U TOJIBKO TOTJa, KOTZa OHH JiekaT B QNHOM
W TOM € Kjlacce. DTH KJaCChl Ha3HIBAIOTCS KAGCCAMIL BbIMEMOB
no Modyao m.

OueBunHO, 4To Heawe unena 0, 1,..., m— 1 gexar
B pasHbIX KJiacCaX BbIUETOB, M TaK KaK KaKIOe LeJoe YHCAQ
CPaBHHMO IO MOAYJIIO /7L C ONHHM M3 STHX YHCEJ, TO HMeeTcs
“TOYHO M KJaCCOB BBIYETOB MO MOAYJIO 1. ‘

[Toso6HO OGLIYHEIM PABEHCTBAM CPABHEHHA MOXHO CKJja-
[bIBaTh, BLIYATATL W nNepeMHoxaThb. Ecan a = b (mod m)
H c=d(modm), T atxc=b+td(modm) nu ac=
= bd (mod m). [lefictBHTenbHO, €CIK. a— b = mq, ¢—
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— d = mi, 10 (@a— b) = (¢~ d) = (g & t)ym. Hanee,
{@— b)ec = mqgc, TaK uto ac='bc (modm) u (c— d)b =
= mth, TaKk yro bc= bd (mod m), OTKYia 1o CBOHCTBY
TpaH3UTHBHOCTH ac == bd (mod m).

B ofwem ciyyae pesuThb . cpaBHEHHS HeAB3s, Mb HMeeM'
36 = 16'(mod 10),- 12 = 2 (inod 10), so 3 == 8 (mod 10).
Onnako o6e yacTH CpPaBHEHHS MOXKHO COKDaTHTh Ha MHO}KH-‘
TeJlb, B32HMHO TPOCTOM C MOAY/EM.

Onepanuy C10XeHNs, BHIUUTAHHA K YMHO)KEHHH CpaBHEHUH
MHLYUUPYIOT aHAJIOTHUHLIE OflepallUi Ha MHOXKECTBE KJaccoB
BegeroB, Ilycte A w B — fpa Kiacca BBHYETOB MO MOAYIIO M.
Kaxobyl 6bi Bu OblIH uncia a€A W bEB (sannce a€A osnas
4aeT, YTO @ FBJISIETCA 3JEMEHTOM MHOXecTBa A), UX CymMma

- @+ b Bcerga JexuT B OAHOM U TOM e KJacce BHuYeToB. C,

KOTOpbIH Mbl HasoBeM cymmoid C = A + B knaccos A u B.
AnanornynnM ofpasom onpefensiorca paswocms A — B u
npoussedenue AB IBYX KNaccoB BHUETOB 1o Mmoxydio m. Jas
HajlbHEAIIero Ham norpedylorrca HEKOTOpble aireGpanyecKue
TMOHSITHSA, :
Muoxectso G ¢ sajanHofl Ha HeM 6unapHoi onepanyed
XYy, CTaBslle#i B COOTBETCTBHE Kak[Of mape SJEMEHTOB X; Y

- 9TOTO MHOKECTBa HEKOTOpPHIt BHOJHE onpezxe.neﬂﬂuﬁ 'rpe'mﬁ‘

SJIEMEHT 2 = xy u3 @, Ha3HBaeTCs 2pynnol, ecau:

1) onepauua accouuarupHa, T. e. (ab)c = a(bc) ans nio-
6bix a, b, ¢c€G; .

2) B G cyilecTByet _Taxoﬁ SJEMEHT e, HasbiBaeMblit edu-
Huyel, 94T0 ‘ae = ea = a AJA 1o6oro aEG

3) s moboro snemeHtTa a€G CyMIECTBYET Takoi SJMEMEHT
x€G, HaswiBaeMbifi ofpammbim K a, 410 ax = xa = e.

Hapaay ¢ ykasaHHO@ BHE My/MBTHIIMKATHBHOH . 3a-
MHChI0 gb TPYRNOBONA onepauuH, Ha3LIBaeMO# YMHOXEHHEM,
ynorpebaserca Takxe ajjuTHBHasA 3anuch a - b, Koropas
HasblBaeTrcs.  CJOXKeHHeM. B oToM ciayuae ponb eAMHHYHOTO
aNieMEeHTa Hrpaer Hy.nenoﬁ snement 0 rpynnu G. :

prnna G HasmBaércs aﬁe/zeeou, €CTH MMEET MecTO xou—"
MYTaTHBHHI 3aK0H ab = ba aAf moGLIX snementoB a, b€G.:

Tpoussesienne n 5IEMEHTOB, PaBHLIX 4, HasmiBaercs 7-§
CTENEHBIO 3/1eMeHTa o M ofo3Hauaerca an, -HauMenbuee Ha
TYPaJibHOE YHCJO 1 TaKoe, UTO a” = € Ha3blBaeTCH nopﬂatcox
areMenma a.

I'pynna G naswisaercs uuxmqecxou, ec/TM OHa COCTOHT W3
crenene#t a%, n = 0, 1, &2, . . . OIHOroO M TOTO XKe 3/IEMEH-
Ta a. . .
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I‘pynna G Ha3HBAETCH . KOHEYHOU, eC/TH OHA COCTOMT H3
KOHEYHOTO WYHC/IA 3JIeMeHTOB. Yucilo 3/eMeHToB Koneumu
' rpYnNH Ha3bBaeTCA  nopafdkom 3ITOH- TPYRMBL

Mpuwmép 1. MHoxmecTBo uenbIX UHCEN 06pasyeT rpyn-
ny OTHOCHTENIBHO CJIOXKEHHS.

[Tpumep 2. MHoXKecTBO paxmouanbnblx quces obpa-
3yeT IPYNNy OTHOCHTEJIbHO CJIOMEHHS, 2 MHOJKECTBO OT/HYHBIX
OT HY/IA pallOHA/ILHBIX YHCE] 00pa3yeT rPyNMNy OTHOCHTEJIBHO
YMHOMEHHA. AHANOTHYHBIE YTBEPXK/IEHHSA CNIpaBeHBEL 1St
BELUECTBEHHBIX Y KOMIJIEKCHBIX YHCEJ.

"MuoxectBO R ¢ 3ajaHHBIMM Ha HeM JBYyMs OWHAPHBIMH
'onepauuﬁmn C/IOKEHHS H YMHOMCHHS HA3BIBAETCA  KOAbLOM,
ecau;

1) R aBnsierca aGesieBoi rpynnon OTHOCHTEJ/IbHO CJIOXKe-
| HUSA;

2) yMHox(eHue acCOUMATHBHO H HMeeT eJMHHYHBIH  37e-
MeHT e}

" 3) onepauuu CIOXKEHHs H yMHOMEHHS CBA3aHHI NHCTPHOY-
THBHBEIM 3aKOHOM (X + y)2 = xz+ yz, zx +y) = 2x + 2y
ana mobex x, Y, 2€R. :

Kousblio R HasbiBaeTCs KOMMYMAMUBHLIM, €CIH XY = yx
II.JIH BceX X, 4, €R.

KommyTaTHBHOE KOJBLO, B KOTOpOM e sk 0 i B KOTOpOM
HeHYJIeBble 3JIeMeHTH O0pasyloT TPYNiy MO YMHOXEHHIO, Ha-
sbiBaeTcsl noaem. [losie HAsHIBAGTCA KOHEUHLIM, €CNH OHO CO-
CTOHT H3 KOHEUHOI'O HHC/a 3JEMEHTOB. : '

TIpumep 3. MHOXECTBO LENbIX WHCEN O6PasyeT KOM-.

MYTaTHBHOE = KOJbLO. MHOKeECTBO palHOHATILHEIX uHceN sB-
NfeTCH NOJEM.

Jlerko npoBepHTB, YTO KJACCH - BHYETOB 1O MOAYJIO i
06pasyioT OTHOCHTEJIbHO ClIoxeHHs abeaesy rpynny. Hyne-
BBIM 3/JIEMEHTOM 3TOH rPyNmbl $IBJISIETCS KJAACC BHYETOB, 'CO-
 CTOALIMH M3 BCeX LeJLIX YHCe] KPaTHBIX 711, 2 OOpaTHBIM K
kaaccy A sBasercs Kiaacc — A, cocrosimHil H3 BCeX 3/eMeH-
TOB KJacca A, B3fTBHIX O 3HaKOM MuHyc. Bosiee Toro, Kaaccel
BEIYETOB N0 MOAY/MO m 00pa3ylorT - KOMMYTaTHBHOE KOJIBLO.
EXMHHYHBIM 3/71€MEHTOM CIYIKHAT Kaacc E, conepxauuii uenoe
uucno- 1, a auctpubytusnmii sakon A (B + C) = AB + AC
HEIIOCDE/ICTBEHHO C/IEAYeT K3 AHCTPUOYTHBHOIO 3aKoHa A
IeJILIX YHCEJ. .

Jlio6oe UHCIIO KJiacca BHINETOB N0 MOLYJIO /1 HA3IBaeTcs
ebiiemom 1o MoayJio m. Bewer 7, 0 <{r<<m— 1, paBuufi
OCTATKY OT €ro jieJieHHs Ha MOAYJb 1, Ha3biBAa€TCH HAUMEHb-
uum Heompuuame/wftbm BbIHEMOM, BwreT p. HaUMeHbIIMH TIo
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a6Cco/lIOTHOA BeVIMYMHE, HAa3BIBAETCH ‘aécomomﬂo HAUuMeHb-
m

: m
- wum ebitemos. YIpn r<<-g~ umeem p=r; mpu r>5

HMEEM p <7 — m; HaKOHel, €CNY M YETHOE H r = -"ng-,
N m ‘m

TO 32 p MOXHO B3ATb J000€ M3 ABYX 4HCEl 5 H — 5 .

B3siB M3 KaXKIOro KJacca BHINETOB [0 OJHOMY MNpELCTaBH-
TeJI0, MONYUUM NOARYI CUCmemy eomemos no modyaw m. Ta-
KHM 06pasoM, MHOMECTBO H3 m HEMbIX YHCe] 06pasyer noJHyio
CHCTEMY BBIYETOB MO MOAYJIO m TOTAA M TOJBKO TOrZa, KOr/a
€ro 3/eMEHTH HECPaBHHMBI JAPYr C APYroM N0 MOAYJIO M.
Uame BCEro B KayecTBe MOJIHOH CHCTEMbl BLIYETOB YMOTpe-
JISIOTCS HauMeHblHe HeoTpHuare/bHble BhlueTnl 0, 1, ...,
m— 1 WK a6CNIOTHO HAHMEHBbIIHE BHIYETH, COCTOSILHE U3

m—1
yueen 0,1, . . ., =~ BCIyuae HEYeTHOro m ¥ uucen
' m—2 m m—2
oxtl, ..., x5 5uwwm0,xl,...,+"735,
m . .
—~g~ B ClyyasX UYETHOro m. .

Kutacchl BHIMETOB 1O MOAYJIIO M1, 3/IEMEHTH KOTOPHIX B3aum-
HO NPOCTHEI C 71, HAa30BeM MNPUBCOCHHOIMU KAOGCCAMU BbI4EMO8.
B3siB M3 KaxJI0TO TaKOro KJacca Mo OXHOMY BHIUETY, MOJYUYHM
NPUBLOCHHYIO CUCTIEMY BbIMEIMO8 NhO MOOYri0 M. Hpuseneﬂuyfo
CHCTEMY BLIYETOB MOXKHO COCTABHTb H3 YHCEJ MOJHOH CHCTEMbI
Begeros 0, 1, ..., m— |, B3aUMHO DPOCTBIX C MOAYJEM 11,
Cnenonare.nbno, IIpHUBEJeHHAs CHCTEMA BLIYETOB O MOAYJIO /M
COCTOHT H3 @ (1) 9NEMEHTOB, The @ (M) — Pynryus Iinrepa,
paBHAass KOJIMYECTBY HEOTPHLATEAbHBIX HEJbIX UHCEJ, MEHb-
IUMX M W B3aHMHO NPOCTHIX C M. -

Ilycrs f () =ax" + a4 ...+ a, — MHOTO-
uteH ¢ uenpiMu  KoabdunmenTamu.  Perwieruem cpaBHeHHS
fx)=0 (mod m) Has30BeM BCSAKHH KJ/acC BBIYETOB X = X,
(mod m) Takoii, uTo f (x,) == 0 (mod m) s nesioro uxcsa xy.

OGossaunm uepes (a, b) Haubonbumit ofumii senuTens
au b. Ecmu (a, m) = 1 u x npoGeraer npuBeIeHHYIO CHCTEMY
BBIYETOB N0 MOLYJIO 1M, TO @x TaKe npoferaer NpHBEIEHHYIO
CHCTEMY BLIYETOB IO MOAYJIO m. JleACTBHTE/IBHO, YHCEJ ax .
CTONBLKO K€, CKOJIBKO M uucesa x, T.e. ¢ (m). [anee, yucna
ax HeCpaBHMMbI MEXAY co00il [0 MOAYJIIO /M U B3aUMHO NpPOCTHE
¢ m. CrnexoBaTennno, cpapHenive ax = l(mod m) umeer enun-
CTBEHHOE pelieHue x == x; (mod m) TaKoe, uTo (x,, m) = 1.
Hpyrumu crnoBamu, ecau A, X — npHBeJeHHBIE KJacChl Bbl-
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yetoB ¥ E — Kaacc BeyeroB, coaepxawui yueao 1, To ypas-
Henne AX = E paspelmlumo U TEM CaMbiM NpPHBEAEHHBIE
KJ1acChl BHIYETOB 110 MOAYJO /m 06pa3yIoT M0 YMHOXEHHIO abe-
JeBy TPYINYy NOPsiKa @ (M), CAHHHYHLIM 3JEMEHTOM KOTOpOH
ABjseTca Kaacc E. ‘

' Hanee, ecnu (@, m) =1 u x npoﬁerae'r NpHBEJIEHHYIO CH-
€TEMY BLIYETOB, COCTOﬂmle M3 HaHMEHBLIHX HEOTpHUATeNb-
"HBIX BBIUETOB 74, gy . . ., Fg(m) TO HAaHMEHbIIMEe HeOTpHILa-
_TeJIbHBIE BBIYETHI (X COCTOAT U3 TEX XK€ YHCeN 7y, a3 o . .,
Totm (JIENOBATeNLHO,

rifg . FoemE= Ay . o . GFy(my(mod m)
RN ’ »
o (@™— Driry L Fgm= 0 (mod m).

Ho ry 79y o oy ry(y B33HMHO MPOCTH C MOAYJIEM M, TOTAA
a®M =1 (mod m). Tem cambiM HaMu yCTaHOBJEH C/eNYIOUWME
pesyJibTar.

Teopemadianepa. EczluaeaauMnonpocmocm,
9™ = | (mod m).

PaccMOTpHM Tenepb KOJMbUO K/ACCOB BHYETOB M0 MPOCTOMY

MonyJaio p. B 3TOM cayuae Bce KJacChl BRIYETOB, 33 HCKJOYe-
HUEM HyJIeBOro, 6y1yT NpHUBENEHHBIMH H, CJICJOBATEJbLHO, O6pa-
3yIOT Mo yMHOxeHHIO abeaesy rpynny. Takum o6pasom,
KAQCCbL 8bi4emMOo8 1o npocmomy Moz?y/uo p obpasyrom KoHewroe
noae us p ssemenmos. B panbrefinieM mel 6yaeM oGo3Hayarth
- 3TO mojie 4epe3 F, u €ro -eiMHHYHBIA 3/jeMeHT gepes 1.

B cnydae npocToro Moayasa p HMeeT MECTO CAENYIoLee yi-
BEpIKJIEHHE, SBASIONEECH YACTHBIM CyyaeM TeopeMbl DiJepa.

Maanaa teopema ®epma. Ecau a He deaumca

Ha npocmoe wucao p, To a?~'== 1 (mod p).
H3. sTofi TeopeMsl caenyer, yto @ = q (mod p) Aias JKOGOTO
Lesoto a. [lpyrumu croBamy, KaxkAbiH /7eMEHT M0JS KAaccoB
BLIYETOB MO NPOCTOMY MOAYJIO p leOBJIeTBopﬂeT . ypaBHeHuIo
¥ —x =0,

Jins panbHefimero BHISCHEHMS CprKTypbl noAsi KJaccoB
BLIYETOB MO NPOCTOMY MOAYJMiO p HaMm noTpebyeTcs MOHNTHE
nepBooGpasHoro KopHa. [lepsoofpasnbim KoprHem no moOyaw
m Ha3bIBAETCA TaKoe ue/oe HHCAO g, uTo g9 ==1 (mod m)

H g%l (mod m) npH 1 <86 << (m)—1. CymecTBosaHne
NepEoOOPasHEIX KOpHEH A/1a BCeX TIPOCTHIX MOAyJe#t p ycra-
HaBAWBaeT CJEAyiolWas TeopeMma, IMpuHainexamas [aycey.

Teopema, Hmeemcs ¢ (p— 1) nepeoobpasnsix Kop-
"Hetl no npocmomy Mooy p.

JIOKa3aTeNLCTBO TOH TEOPEMb Mbl IIPHBEIEM B CJELYIOWEM
naparpage 111 Gonee obmero crysas nponsao.nbnmx KoHeY-
HEIX moJef.

M3 Teopembi Faycca cienyer, 4TO  mysbmuniuxamusnas
epynna noAs.KAGCCO8 B6MeMOo8 1o NPOCmomy Madyaro p ABAREMER
yurauveckoll epynnoi nopadka p — 1 .

2. B 3aKkJI04eHHE IVIAaBH OCTAHOBHMCA Ha BOIPOCE O KO-
JHYECTBE  pelleHUA  anreCpanueckux cpaBHeHHA [ (x) ==
= 0 (mod p) no mpocroMy moaymo p, rae f(x) = ax® +
+ ax*=1 + ... 4+ @, — MHOTOU/EH - ¢ UENHIMH xoadxpu-
HUEHTaMK U a4 3= 0 (mod p).

JlBa wesoYHC/ACHHHX MHOrouséHa [ (x) .u g (x) HasoBeM

. CPABHHMBIMH 1O MOAYJMO p (TOuHee, UX CJAeloBano 6bl Hashl-

BaTh TOXJECTBEHHO CPaBHHMBbIMH), €CJH BCe KOMPDHIMEHTH
HX pasHOCTH [ (x) — g (x) zeastcs Ha p. [lns oGo3HaueHUs
CPABHHMOCTH MHOTOWIEHOB [ (x) u g (x) MHl Gyaem ucnosib-
80BaTh TOT e cHMBOA [ (x) =g (x) (mod p), 4710 H Ajia oGo3-
HayeHHs CPaBHHMOCTH YHCen.

Mul ckaxeM, 9TO XJacc BhIUeTOB X ==X, (mod p) aBnsiefcs
S-KpaTHWM peilelHeM cpaBHeHHs [ (x) == 0 (mod p), ecan
MMeeT MecTo pasiomenue . f (x) = (x — x,)° g (x) (mod p),
rae s=1 u g (x) — MHOrowIeH C He/hIMH KoanpnuneHTaMn,,
Takoi#t, uro g (x,) =0 (mod p).

B xauecrse o&mero pesyanTara O KOJMYECTBE pelleHui
cpaBHeRHs | (x) == 0 (mod p) yKaxeM C/eAYIOUIYIO TeopeMy.

Teopema Jlarpauy xa. Koauvecmeo peweruii cpas-
renus [ (x) = @ (mod p) no npocmomy modyao p, 633mbix
C UX KPQIMKOCMAMU, He npesocxodum. Cmenenu .n MHO0RALHA
f() =axr +ax*=t+ ... + a5 a,5= 0 (mod p).

Teopemy JIETKO JIOKa3aTh unnyxunen IO CTENeHH 71 MHO-
rountesa f(x). Jinan =1 yTBepxIeHHe TEOpPEMEl OYEBUIHO,
NOCKONbKY (2q, p) = 1.  Eciu cpaBhenue f (x) = 0 (mod p)
crenedt 1> 1 HMeeT §-KpaTHoe penieHue x == x,(mod p),
10 f (X) = (¥ — %,)%¢ (x) (mod p), TIEe g (X) — MHOroWIeH
crenend n — s. ClefioBaTebHO, Ka)aoe peleHye CpaBHeH:s
[ (x) = 0 (mod p) yaOBIETBOpSET W/IH CPABHEHHIO X — X ==

== 0 (mod p), KOTOpPOE pRaeT HCXOLHOE  pEIlEHHE X =
== x, (mod p), wiH cpaBHemmio g (x) = 0 (mod p), Koropoe

N0 WHAYKTHBHOMY NpEANIOJIOKEHHI0 Hmeer ue Gojiee n-— §

pemenufi. Tem camuM cpaBrenue [ (x) = 0 (mod p) ‘HMeeT
camoe Goabllee n pelbeHHI.

3amernM, uro cpapHenue [ (x) =0 (mod p) MHE MOXeM
TPaKTOBaTh KaK ypaBHenue f(x) =0 Han noaem XJaccos
BLIYETOB 110 MPOCTOMY MOAYJO p. IlpH Taxko# uHTepnperauuu

.10



_TeopeMa Jlarpanxa BeIpamaeT IMIHPOKO H3BECTHHIA daxt, uto
" YHCJI0 KOPHEH He paBHOTO HYJIIO MHOTOulIeHa f (X) ¢ Ko3dhdu-
" UMEHTaMH U3 NPOU3BOJILHOTO MOJS HE NPEBOCXOMUT CTENeHH n
MHorowieHa [ (x). - L

- Hanee, us teopem Jlarpanxka u ®epma chexyer, vuyto
X—x=x(x—1)...x—p- 1) (modp). ehcrBUTENL

Ho,” cpaBmeHHe ¥ —x—x(x—1)... (x—p+ l)=

sm0 (mod p) umeer no reopeme Qepma p pemenuit, 8 T0 Bpe--

. Mf KaK CTeleHb MHOrowIeHa X —x—x(x—1)...
{(x— p -+ 1) He Bume p— 1. 3HauuT, Bce KOIPPHIHEHTE!
3TOF0 MHOTOWIEHa JOJ/UKHBHI JAEJAHThCS Ha p. B uacTHoctH,
CpaBHHBasi KO3pQHIMEHTH NPH NEPBOA CTENEHH X, -Mbl TI0JY-
waeM meopesy Buascona: (p — 1)l = — 1 (mod p).

PaccMoTpuM Teneps 0syuiennbie cpasrerus x™ = a (mod p),
rae a %= 0 (mod p). Ilyets g — mepBooGpasHE KOpeHb MO
MoayMo p u nycte x == g¥(mod p), a==g' (mod p). Toraa
cpaBHeHUe " x" == q (mod p) 3KBHBAJEHTHO JIHHEHHOMY CpaB-
Henuw ny == [ (mod p — 1).

. Tlokaxewm, uro JjuHeiliHoe cpaBHeHue dax == b (mod m) ue
#MeeT pewuenHit, ecnu b He neawrcs Ha d = (a, m), ¥ Hmeer
d peuennti, ecan b penurca Ha d. [lpexnosioxkuM cHauana,
4qro d = 1. B-s10M cityuae, Korza x mpoferaer NONHYIO CH-

CTeMy BBHIYECTOB TIO MOAYJIO m, HpOH3BeACHUE aX TaKKXe Ipo-

Geraet MOJIHYIO CHCTEMY BHIMETOB H, CJIEROBATENBLHO, CpaBHE-
Hue ax == b (mod m) wumeer eguHCTBeHHOe pemenue. [TycTe
d > 1. Hs paeenctBa ax — b = mgq chenyer, 410 CpaBHEHHe
ax=s b (mod m) paspemwnMo JNHIL TOrA4, Korda b neawrcs

o Ca b
Had. [Ipy BEINOAHEHHH ITOrO YC/IOBUA Mbl UMeeM 7~ ¥ — g~

i

a m a
. ~npuqu(—d', T)=.1- 3nauHT, cpaBHeHHE —F X

li

q
b . m
=-7|mod ) uMeeT eXHHCTBEHHOE  pemleHHe X

(mod -%'-), Kotopoe jpaer d pemennii x == xy (mod m),
H m : . A de—1)ym . )

x=%x+—F(modm), . . ., xEx,-,{—L—;;—)——(mod m)-

Orclofia CelyeT CIpAaReLTHBOCTD CELYIOUIETO yTBEPKICHHS,
Kpurepuf Ditnepa. [Tyemv p— npocmoe uucao

u g=(n,p—1). Cpasuenue x"= a(mod p) paspeuiuno

- - p=1

moz0a u moavko moz2da; koeda a 9 =1(modp) u & cayuae

PasSPELLUMOCII.  UMEEM §  PASIUMHLIX DetieHutl.

| o n

.

u,

Ecan cpasHenue x”= a (mod p), rae az£ 0 (mod p),
PaspelnMO, TO @ HASHLIBALHICA 6bIMEMOM CiTenest n o MOAYJIO
p. B nporuBHOM C/yuae @ Ha3LIBAGTCS HeBLMEMOM CRenerl n
no MonyJo p. B 4acTHOCTH, npu n == 2 BHIYETH H HEBbIYETH
Ha3pIBAIOTC  Keadpamuunbimu, TpH n = 3 — KybuuecKumu,
npu  n = 4 — Guxkeadpamuunbimy.

3aMeTHM, 4TO €c/lH a — KBaJpaTHuUHbIF BLIYET, TO CpaBHe-
Hue x?==a (mod p) uMeer xBa pewenyus: x== x,(mod p)
H x = ~— x, (mod p), ecau ke q IeJWTCS Ha D, TO CPABHEHHE
x? = a (mod p) nMeer exuHcTBeHHOe pelnenye: x = 0 (mod p).
Beenem, HakoHen, B paccmotpeHue cuméon Jleawandpa
a
(—p—). KOTOpLI# onpeje/sercs AMA BCEX LEJbX a CACAYIOUHM
ofpasoM: . _ :
l, ec/im a aBaserTcst KBaLpATHYHLIM BLIYETOM HO
a MOayJO p;
(T)= —I1, ecnu a sBaseTcs KBaAPATHUKEIM HEBLIYETOM
0 MOAYJIO p;
0, ecan g AeqHTCs Ha p.

Ecnn p — HeuerHoe mnpocToe uMeio, TO AMA  KAXZOrO
a # 0 (mod p) mbl umeeMm no Teopeme Depma g — 1 —1 =

=t [ 21 : p—1
- 2 2 T2
—_—(a —1 )(a +1 )s()(modp), npuuem @ * —1 y

p—1
a 2 41 se fensitca OHOBPEMEHHO HAa p (HHaye HX PasHOCTb
2 penudiach 6bl Ha p). JTO 3ameuaHHe  MO3BOAAET, B ciyyae
n = 2, caenywouuM ofpasoMm nepedopMmy/IHpOBATh Kputepui
Ditnepa: o
p—1

a? E(%)(modp). : -

ab a b -
Orciona Mel 1erKo BbIBOJHM, 4TO (T) = (7) (7) A8 MoGhIX
a b
ABYX UeJHX a, b u uto (—p—)———,(—p-) npr a= b (mod p).
Kpowme Toro, us kputepus iinepa cienyer, uto eciu. g — nep-

B0OOOpasHbill KOPEHb MO MOAYJIO p, TO (%‘) = — 1 u, cnenoBa-

TeNBHO, g” = g*(mod p) TOrxa ¥ TOILKO TOrAa, KOTIa Y
ABJISIETCH YeTHBIM uyHc/IoM. Orclofa clenyer, 4To Cpend 4HCen

. P
x=1,2,...,p— 1 nMeeTca B TO4HOCTH ~—5— KBajpa-
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p—1.

THYHHIX BEIYETOB H —5— KBAaADATUYHHIX  HEBBIYETOB - MO

IpOCTOMy MOAyJ0 p > 2.

Bosee nosHoe M3MOXEHHE OCHOBHBIX NOHATHHA TEOPHH CPaB-
HeHM uuTaTeN b MOXeT Hafitu B kuure . M. Bunorpano-
Ba [1]. :

lNasa 2

CPABHEHMS MO IBOHHOMY MOLYIO
1 KOHEYHBIE MO

1. [lyctb F, — moJe KAaccoB BHIYETOB MO MPOCTOMY MO-
ayiao p. Pacemorpum koabuo F, [x] MHorouneHos or mnepe-
MEHHOTO-X ¢ KoabduilneHTamn u3 nods F,. DiaeMentsl noJs
F, nHasoBeM KoHcTaHtamu Koabua F, [x] u ennHHunbld - 316
meHT F, ob6osHaunm uepes 1.

Mub cxaxkeM, 4TO MHOTOWIEH g (X) HEJUTCH Ha MHOrOUJIEH
f (x) B xonbue F, [x], ecnu cymecrsyer muorounen h (x) ¢
Kodppuurenramu us F,, taxo#t, yro g (x) ='f (x) h (x). Ecan
MHOrousneH [ (x) He WMeeT APYrux nenutenefi, kpoMe af (x) #
a, The A EF,, T0 f (x) Ha3bIBAETCR HENPLEOOUMBIM MHOZOURCHOM
B F, Ix]. Hanee, maubosvuium obujum Jdeaumerem’  ABYX
MHOTOWIEHOB f (x) u g (x) masuiBaeTca TakKol muorouwse d (x),
KOTODHIA fABJISETCS HX OOUIUM NelnTeNeM H BMECTe C TeM Jie-
JUTCH Ha Nio6oft Apyroi ofuwimil feAuTe b 3THX MHOTOUJIEHOB.
3aMeTuM, YTO HaHOOAbLIMH OBIMHME [enuTeab ONpene]eH ¢
TOYHOCTLIO [0 MOCTOsiHHOrO MHOXHTEeAs o €F, o =0. Ecan
MHOTOUNEHB [ (x) B g (x) He umelT o6MX, AenuTened, oTany-
HBIX OT KOHCTaHT, TO OHH HAa3bIBAIOTCH B3QUMHO NPOCMbIMU.

‘C noMoulpio ajfropHtMa IBKJHIA JErKO M0Kas3aTh, 4YTO
ecid d (x) ectb. HauGoJbBWINE OOWIKE JETHTENH MHOIOYJIEHOB
f(x)u g (x), ToB Konbue F, [x] MOxkHO HafiTH Takne MHOrO-
unensl u (x) B v (x), uro [ (X)u (x) + g (¥)v (v} = d (x), opu-
yeM €C/IH CTeNeHH MHOrou/ieHoB [ (x) u g (x) Coabiue Hyas,
MHOI'ou/IeHH & (x¥) ¥ v (¥) MOXXHO BLI6paTh TAaKHMM, UYTO CTe-
nesb u (x) MeHblie cTeneHd g (x) , a cTeneHb U (x) MeHbile
crenenn [ (x). Otciona cnexyer, B 4aCTHOCTH, YTO €CNH MPO-
usBeneHHe g (x)h (x¥) MHOrOWEHOB g (x¥) # h {x) nesautcs B

Koasue F, [x] Ha menpuBoammwifi Muorounen f (x), To au6o.

g(x), nu6o h (x) penurcs Ha f (x). HeficrBHTENbHO, €CJH, Ha-
Hanpumep, f (x) re peaut g (x); To f (¥)u(x) + g _(x)p (%) = 1.
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B Takom cayuae h (0) f (0 u () + k(g (1) v () = h (¥),
torda f (x) nemur h (x). Kak cnegcrBue MBI mosyyaeM orciona
CAENYIOUHI PESYILTAT: 048 Kaxcd020 MNOZ0UAEHA a (X) KoAbya.

| 'F, Ix] umeem mecmo pasaoxcenue a (x) = f, (X)% ... f, ()%

HO Henpusodumsie comnoxcumesu [y (%), . . , f, (%), npusen
maxoe  pasAONCeHue C MOUHOCMbIO 00 KOHCMAHmM Kosbya
Fy Ix) u nopadka credosanusn comnoscumenesi eduncmeenno.

Hasosem nea muorounesa a (x) u b (x) u3 kosbua F, (x]
CPaBHHMBIMH TIO MOAYMO f () = x* 4o x"~ 14 ... + a,,
o; €Fp, ecnu WX pasHoeTh a (x) — b (x) zeaurca Ha f (x)
B Koibue F, [x]. CpaBHeHus Takoro pona 6ynem HasuHBars,
caenys JenekuHny, cpasHenusmu no O80UHOMY - MoGYal0 W
Ijsi 0603HaYEHHs CpaBHHMOCTH a (x) u b (x) mo momysmo f (x)
HCNOJB30BaTh CHMBON: & (¥) == b (x) (mod f (x)). ‘

OrTHOLEHHe CDaBHUMOCTH 110 ABOHHOMY MOAYJIO pediek-
CHBHO, CHMMETPHUYHO, TPaH3HTHBHO H TO3TOMY pasGuBaer
MHOXECTBO BCEX MHOTOMMEHOB ¢ Kosbhduuuentamu u3 F, Ha
Henepecekajoumuecss knaces A, B, C, ..., HaskBaeMue
KJaccaMH BHIYETOB 1o MoayMmo [ (x). IlockoabKy Kamnniil
MHOrOu/JIeH a (x) cpaBHHM 1O MOAYJNO f (x) C OfHHM H TOJIBKO
OAHHM MHOTouJeHOM r (¥) BHAa r (x) = Byx—1 4 foxn—2 4
+...4+Bn rie By Po ..., P HesaBucumo Apyr ot
Apyra npo0eraior 3/7eMeHTH nojs F,, TO UMeeTcs B TOYHOCTH -
g = p* KJaccoB BHIYETOB 1O MOAYMIO [ (x). _

CpaBHeHHAi TO IBOMHOMY MOLY/IO MOXHO CKJIaAHBaTh,
BHYHTaTh U NEPEMHOXATb NOJOGHO OGHUHHIM CPABHEHHSM.
Dy onepauyy WHAYNIHPYIOT AaHAJOTHYHBIE ONEpANMH HA KJjac-
cax BbIfeTOB nO Moaynio f (x), TpEBpamias MHOXKECTBO KJjac-
COB BHIYETOB 110 JBOHHOMY MOZAYJ/IIO B KOMMYTaTHBHOE KOJbilO,
HYJEBHIM 3JIEMEHTOM KOTOPOIO CHAYXKHT KJacC, COCTOAMf W3
BCeX KPaTHBIX MHorouwseHa [ (x), a eauHuuedr — Ksnacc Bhlge-

ToB E, conepxamufi exHHHYHHEA saemeHt 1 noas F,.

ITycrs tenepdb [ (x) = x* + o x"—! + ...+ a, — Henpy-
BOZMMEIA MHorowleH M3 kKoaeha F, [x]. Ecan muorounen
g (x) He nemurcst Ha f (x), 7o f(X) M g (x) B3aHMHO mpocTH
Y, caenoBarenbHo, B Kosbue F, [x] hafinyrca Takue muoro-
ufieHH U4 (x) ¥ v'(x), mpuaeM cTeneHb U (X) MeHbIUe 7, YUTO
Fu(x) +gx)v(x) = 1. B .tarkom ciyuae g (x)v(x) =
== ] (mod f (x)) u, crano Gerrs, ypasHenne AX = E, rae A —
KJlacc BBIYETOB 1O MOZY/O f (X), cocTosmuil 3 MHOrOYJIEHOB,
He genfmuxcs Ha [ (x), a E — eIMHHUHBIA SJIEMEHT KOJblA

. BHIYETOB N0 MOAYJIO [ (¥) WMeeT €IMHCTBEHHOE pelleHHe

X = A-!, CnegoBate/bHO, B CJyuae HENPHBOAHMOTO MHOTO-
uneHa f (x) Kjgaccel BHIYETOB MO MORYMIO f (x), OTAIHUHLE OT
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fiyaesoro, oépasyxo'r no yMHO}ermo a6eJ1eBy rpynmy nopa;t-
Ka q— 1.

“Tarum oGpasoM, maccu 8KMEMO8 N0 MOOYAIO f(x), 20e
f(x) — _HENPUBOOUMBLE MHOZOMACH cmenenu n ¢ Kos(uyuer-
maxu us F,, obpasyom Konednoe nose Fq, ‘cocmosuee u3
g = p" ' areMeHmos,

Bl Aanbnel’xmem e;mauu.y nonsa F, Gynem oﬁoauaqm‘b ye-
pes

Ilycrs cHoBa MHOrouneH g (x) B3anMHo mpocT ¢ f(x). Ecau
r (x) npoGeraer MHOXecTBO R, cocrosiuee 3 ¢ — 1 OT/IHU-

- HBIX OT HYy/A MHOIOWIEHOB BHAa @, x*~1 4 -2 4 .. .+
+ B, TO OCTaTKM OT jeneHus g (x)r (x) Ha f () npoéeralo'r
TO Xe ,camoe MHOXECTBO, C.nenosare.nbno,

mn gWr@= [lr () (mod f (x».

r(x)6R - _ r(x)ER
HJIH TO € caMoe - -
e@—1 Mr= = 0 (mod f ().
r(x)ER

Orciona, MOCKOJBKY Bee 7 (x) He JensiTea Ha f (x), MBI To-

. JlyuaeM cnenyiowul ananor wManofi Teopemnl ®depMma: ecau.

[ (x) — HenpusoOumbii mHO20ureH cmenenu  n € Kosgpduyuer-
mamu u3 noas Fyu g = p", mo (g (1)) = g (x) (mod f (x))
" 0an molpeo .uuoaou/zena g (x) us xoavya F,lx], JIpyramu co-
BaMH, KaXIbifl SJE€MEHT MOMA KJAaccoB BIYETOB Koabua F,lx]
no moaymo f (x), rae f(x) — HENPHBOJHMBI MHOTOWIEH ¢
Kosq)qmunem'amu us F, ynposaerBopsieT ypanneﬁmo 2 —
—z=0.

Janee, HMeer mecto cenyioiee oGofuekne TeOPEMH Jlar-
PaHKa:  KOAUMECMEO pewenutl, 63AMbiX € UX KPAmMHOCMAMU,
YpasHenusn F (2)'= 0 6 ssemenmax noan Fg, 20e F (2) — ne
pasHewi HYyato MHORowAeH ¢ KoagPuyuenmamu us Fy, ne npesoc-
xo0um cmenesu m mHozousena F (2). :

M3 3THX TeopeM cilenyer, B YacTHOCTH, UTO

2— 7= [1(z2— r (x))(mod  (x)),
r(x)GR

H TEM CAMBIM HMEET MECTO CJIeIIYlOlILHH aHaJjor TEOPEMH Buis-
COHa:

FI r{x) =~—1 (mod f (x))
r(x)€R
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2. TlokaxeM Tenepb, 410 A/ KaXAOTo uejoro n=1 u
MoGoro MPOCTOro YHC/a p CyIECTBYIOT KOHEYHbIE MOJs, Co-
crofile M3 ¢ = p" oneMentoB. [lo ckasaHnoMy Bbie 114
5TOrO JOCTATOYHO YCTAHOBHTD CYUIECTBOBAHHE B KOJIblle F,lx}
HeTPUBOJHMBIX MHOIOY/IEHOB IPOH3BOJIbHOH CTENeHH n>1 ,

ITyctb g(x) — OTAMUHBIA OT HY/AS HOPMUPOBAHHMLIW (co
crapuiuM KoapdbuuueHTom 1) MHOTOUNEH CTENIEHH 1 U3 KOJbLA
F,lx]l. Tlomoxum N (g) = p» (N (0) = — o0) u Ha3oBeM

3Ty B&JIHYHHY HOpMOMN MHOTrouseHa g (x). [TonsiTue HOpMbl MHO-

rouseHa g (x) xoiptia F, [x] ananornuno nounsrthio aGeoior-
uon BEJMUHHEL |a | ue.noro YHC/A @; B HAaCTHOCTH, Mbl MMeeM
N (&)=N () N (g) nna mo6Geix aBYX MHOTOWIEHOB f (x) u
g (x) xomeua F, [x]. -
Pacémorpum dgema-gyuryuro

Lo (5) = rf](l-W(lﬁs')_l

goapua F, [x], rae s= o + it — koMniexkcHoe mnepemMeH-
Hoe, 6=>1, W NMpPOM3BENEHHE PACIPOCTPAHEHO HA BCE HOPMHPO-
BaHHBIE HENpHUBOAMMEIE MHOrouJeHsl f (x) Kombua F, [x] cre-
[eHH == 1.

o Teopeme 00 0JiHO3HAUHOCTH Pas3J0KEHHMA Ha HENpHUBOAUMBIC .

COMHOXHTeNH B Kosibue F, [x] mel nmeem

' X 1 . 1
G (5) = ﬂ(1+ > W)=1+~Ewg>—sn
\ m==] . g

f

FJe MOCJE HSA CyMMa 0epeTcs I0 BceM HOPMUPOBAHHLIM MHO-
rouseHaM Koabua F, [x] mojoxurencHoRt creneHn.
[NockonbKy HMEETCS TOYHO p" HOPMHPOBAHHHLIX MHOTI'OY/IEHOB
CTeMeHH 71, TO M3 MOC/eIHEro paBeHCTBa cnezxye'r, 970

h,,(s) L+ 2 pﬁ—;(l_ ,,s)".

n—l

Ofo3Hauum uepes (1) KOJHMYECTBO HOPMHPOBAHH&IX - HENPHBO-
AMMEIX MHOTOWIEHOB CTenmeHH n. Toraa, Hcxofsa H3 onpeje-
JeHUS {p (S), MBI HMeeM:

- B B 73 -1
i 1= ) == 2

16



Orcioza, .nofapmhmnpyﬁ,. ﬁonyqaem

N 1 » P
2 (n) log(l-— ps)r- log(l—' ",Ts),
n=1

HJIH ' .

2 m 2 —kZ' el
n= =

m== |

CpaBumnBas Tenepb KObGHIMEHTH Npu p~*s,- BHIBOLHM, YTO

3d (d) = p*,
d|x ’
OTKyZa No ¢opmysie ofpamenns Mebuyca
L3

- l —
(n)=7% pd)p ¢ | \

n
Bupaxenne Zp (d) p? npencranser cofofi cymmy pasjny-
din

HBIX CTeNeHell MPOCTOrO YHC/A p, B3ATHIX CO 3HAKaMH [JIOC
M MHHYC, a C/le0BaTe/lbHO, HE MOMKeT OhITb PAaBHHIM HYJIO.
B TakoM cilyyae NOCKOJNBKY (n) — HEOTpHIATeJbHOE LeJioe
gHCJI0, MBI HMeeM (7)) == |, u, cTano ObiTh, NJia BCAKOTO n = |
CYIIECTBYIOT ‘HempuBoaHMbe B Koabile F, [x] mHorowieHs
CTeNeHH 1, '

3. BoifcHuM Tenepb cTpykTypy nojed F,. [lopsaskom or-
JIMYHOTO OT HYJIA 3JeMeHTa @ nosiss F; Ha30BeM HauMeHbilee Ha-
TypaJjibHOe uuco / Takoe, uto af = 1. 3ameruM, uro ecan a —
3J€MEHT nopsanka I, T0 af = &’ Torjaa W TOJNbLKO TOrAa, KOria
k= r (mod ). .

INokaxem, yto B KaxaoM moje F,, cocrosiuem us g = p*
3JIEMEHTOB, HMeeTcs XOTsl Obl OAMH JEMEHT g mopsaika ¢ — 1.
Stum OyneT YCTaHOBJEHO, YTO MYyJbLTUNJHMKAaTUBHAs Tpynina
nonss F, aBAseTcs WHMKAHYeCKOH Tpynnoi mopsaika ¢ — l.
Ilycte @ 0 b — 3nemeHTH! nosis Fy NOPSANKOB [ # m COOTBET-

CTBEHHO, e [ ¥ m — B32a/MHO MPOCTbie HaTypa/ibHBIE UHCJA. -

IokaxeM, -uTO B 3TOM CJyyae UX NpoU3BeleHUE ab HMeeT To-
psnok Im. defictBuTenbHo, ecin (ab)? = 1, To @™* = b~m* =
= ] u b¥* = g% = |, orkyna seugy yciaopus (l,m) =1
caenyet, 4To k KpaTHo [ H m, a cTajo 6biTh, U HX MPOU3BEJE-
ruio Im. Haiinem Tenepb mopsjiok anementa a®, rue a — 3ie-

2 'Cepnu «MaTemarukas Ne |} 17

Mment nopanxa I. Tlonoxum (I, k) = d; Torna (a*)i/‘: (@)=
= | ¥ TeM CaMbiM TIOPSANIOK BJIEMEHTA af IeHT YHCTIO 7 C Apy-

roii CTopoHH, ecad a* = |, To ks kparso [ =7 d, TaK KaK

3 ‘
9HCNIO T4 B3aHMHO npocTo ¢ k, TO OHO JOJIXKHO ObiTh Aein-

: _ 1
TeneM s. CrefioBaTe/ILHO, IOPAAOK 3J€MEHTa a* paBeH 7.

JlokaxeMm Temepb CyliecTBOBaHHe B .noje F, sjiemenTa g
nopsapka g -~ 1. Ilyerb m — Mmakcuma/bHbI NOpALOK HeHy-
JIEBLIX 3/IEMEHTOB nofisi Fy ¥ nycTb g — 3JeMeHT NMOpAIKa m.
Tak xak m pasIHYHLIX CTeneHeH MEMEHTa g OTJHYHE OT HYJ4,

T0 m<q— 1. Ilycts, nanee, a — vekoTopri#t npyro# sie-
.MeHT noaa Fy u | — eronopsinok. Ecau [ we neaut m, 10 o+

L "
UMEET NIOPALIOK {7 7y, B32HMHO npocroft ¢ m, Torja.ga™ ectb

. 4
SJIEMEHT MOPAIKA M [T 773+ TIPEBOCXOAALIETO m. DTO NPOTHBO-
peure NOKa3LIBaeT, 4To ! AENHT m M, CNELOBATeNbHO, KaXIbli

' OTAHYHBIA OT HYJIS 3AEMEHT noia F, ABJSETCH KOPHEM MHOIO-

uneHa x™— 1. Tlo Teopeme JlarpaH:ka uucjo kKOpHefi MHOrO-
yreya x™— 1 B none F, He HPEBOCXOAMT €ro CTeneHu m.
Crano 6ulTh, ¢ — | <Cm #, clesoBaTENbHO, M = ¢ — 1.
Takuu o6pasoM, crpaBeiuBa Clefylouias Teopema: € Aio-
6om nose Fg, cocmoawem us q = p* ssemertnos, ede p — npo-
cmoe wucao u nz= 1 — yeaoe, cyulecmeyem Maxoid IAeMeRm
g, 4mo ecau x npobézaen NOARYI0 CUCTEMY BWMEMO8 NO MOOYAD

' q— 1, mo g* npobezaem no 0OHOMY Pa3Y Be HENYAEBbIE SAEMEH-

mot noas Fg. :

STOT pe3y/bTaT MOMHO -yCHAWTh M 10Kas3arTk, YTO noJe
F, conepxur posHo ¢ (g —'1) snemenToB mopsiaka ¢ — 1,
rae @ (m) — dyskums Diinepa.. 3aMerHM, YTO  NpuBE-
JeHHOEe JOKa3aTesbCTBO CYLNECTBOBAHHA B nojie F, 3siemenTa

- @ mopAnKa ¢ — 1, no cyluecTBy, NOBTOPSAET [OKAa3aTesbCTBO.

laycca cymecrsoBanus nepBoo6pasHOro KOPHS MO0 MOAYJIO p.
BcrioMHuM Teneph onucaHHLIA HaMH BHILE NPOLECC NOCT-
poeHus nons F,. DneMeHTaMH 3TOTO NOJf ABJSIOTC KAACCH
BhiueToB Koasla Fj, [x] mo mMonymo f (x), rae f (x) — Henpuso-
JyMBIA MHOrousied ¢ kosddunventamu M3 F, crenenn n. O6os-
HaukM uepe3 O KJacc BLHIYETOB, COJEpKauiid MHOIOWIeH
a(x)=x. Torma f(0) =0 u, crexoBarenbHO, MHOrQUJIeH
f (x) ABAsieTCA MMHHMAJbHBIM MHOTOYJIEHOM 3JemeHTa 0 € F.
Hanee, u3 anroputma JeneHns ¢ octatkom g (x) = f (x)h (x) +
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+ 7 (x), tHe r (x) = "+ a x""2+ v a,, — MHoro-
YJeH ¢ Koamuunemamu u3 F,, enenyer, 4To Kaxabli SJEMEHT
© noas- npeAcTaBisfiercas B Buge o = 7 (6) = 4,071 4
+ ag 072 1— . + a,. Orciona BuaHo, uro- nose F, sBagercs
anredpauqecxnm pacuiupernem noas F, creneHu n.

Xapamepucmxon noJsis F H430BEM HAHMEHbILIEE. HaTY-

panbnoe gucno k, TaKoe, 4TO 21 = (, rae 1 — eauHHLH NOAR
[oalf

F,. MblHMeeM )31 1-p=0n2llq‘=0npu1<k<p.
(== -

iwal

CrenosarenbHo, none F,, rae ¢-= p” HMeET XapaKTepUCTH-
Ky p-

[Toxaxewm, uTo B IO XapaKTePHCTHKH p HMEeT MeCTo pa-
BeHCTBO (@ + )P = a? 4 7 14 06biX  9JIEMEHTOB o
n B sroro nona. [lefictButeNizHo, 1o -dopmysae GHHO-

) P .
Ma HbioToHa MB HMeeM (g B)P = Z(Z)Gkﬁp—k’ rae

i=0

(z)= b (”k‘\fk”_ . p —2";'" D , M yTBepXKJEHHE C/eNyeT H3

- TOTO, HTO (g)EO(modp) JJs Bcex k= 1', 2,., p— L

ITycts cHoBa f (x) — HENpUBOAUMEL MHOrOWIEH CTENEHH 1
¢ Kosdduunentamu us nois F,. B none Fg, rae ¢ = p* ypas-
‘nenne f (x) = 0 ameer Kopel-lb 0. Torna f (6) = 0, u, BO3BH-
was MoC/IeHee PABEHCTBO B CTENEHb P, Mbl nonyqaeM, HCTOJIb-

3yl CBOMCTBO moJeft xapakrepHcTukH p, uro f (6#)= 0. ITosro-
psisi STOT mpouecc, MH y6exnaemcs, 4To Hapsmy co KOPHAMH

ypaBHeHHsa [ (x) = 0 Gynyr 6, 07, ..., 0" . 3aMeTHM, 4TO
JanbHefinee BO3BeNeHHE B CTENEHb p He Hveer cMbiCTa, 160
07 = 6. net

Hoxaxem, uto sneMedTn 8, 67, ..., 67 = pasIMuHbl MEXKAY

coboit. ITycts g — anement noas F, nopsaka ¢ — 1 u nycry

g-—ae"‘1+a0"* +...+an, rne a, € F,. Ecmn
g mpp I<i<j<n—1, TO gp'z-go’ "

b

cTano 6uith, go/—p' — .. Ho | << pl— pi<< g— 1, uMBIIpPH-
g . .

XOLMM B NPOTHBOPEYHE C OTpefie/icHNeM SJEMEHTa g.
‘Teaxum o6pasoM, CrpaBelHBO Pa3/OXKeHHe

n—1 !
[ () =TI (x— 0°'),
. ' =0
rne'OP' €F, aaa Beex (= 0,1, ..., n— 1,
DA ' 19

Janee, HasoBeM noKa3aMeNeH HUCAa a no Moay/tm m Ha- -
WIMEHbLIEE NOJOXKUTENbHOE YHCHO K, TaKoe, 4To a* = 1 (modm),
H JIOKaMeM CJEAYIOIHH pesyJbTar.

Teopewma. Mycmv o — aremenm nopﬂaxa m noan F,,
20e g = p~, k—noxaaame/tb wucra p no modymo m. Toezda

k=
MHozonnen f(x) = l'I (x— o?* ) umeem Koaghuyuenmst U3 noass
» {=0

F, u [ (x) nenpusodun 6 xoavye F, [x].

IMokameM CHauada, 410 " =a M 4YTO'  S/EMEHTH
@, 0P, . . . ,oP" ! asIHUHLI MKy cOG0H. PaBeHCTBO gp —
=o? BHNOMHSAETCS TOrAA H TO/ILKO TOFAA, KOT/a & -0 1,
4YTO CApaBefJMBO JUIIb B c.nyqae ecnu pl— p/ = 0 (modm).
Ho nocnennee CpaBHEHHE DABHOCH/IBHO CPaBHEHHIO pi-l =

= 1 (modm), otkyma i=j (mod k).
Hanee, M Meem:

k=1 k—1
= M (—aw) = 1 (—ar™)
{=0 i=0 ‘
& c R—1 '
= n (x”——w") = n (xﬂ_._aﬂl)
i==1 {=0

M, CIEIOBaTENBHO, f(x)l’ [ (x?).

[ycrs i (x) = Zasx"—‘ Torza

$=0

f P = 3 gk,

§=0

R
f ()= 2 agpth-sw,
§=0Q .
H, cpaBHHBas Ko3(xpHILHEHTH MHOrouIeHOB [ (x)? u f (xP), Mbl
noJiyyaeM, 4YT0 @f = a, npu-Bcex 's=0, 1, ..., k. Ho pa-
BEHCTBO a== g HMMeET MeCTO JIHIUb TOrja, Koraa a€F, (uHave
YHC/I0 KODHEfi MHOrowieHa xP — X mpeBhIlLaNo 6bl €ro cre-
neHb), H B TakoM cayuae f (x)€F, [x]. Tlpeanonoxum Teneps,
uto | (x) = g (x)h(x). Tak kak f (@) = 0, To 6o g (a) = 0
aH6o h (oc) = (, Ecmn g(@) =0, 10 g@’) = ...
-1
=g (al’ ) = 0 u Torna creneHp MHOrou/ieHa g (x) paBHa k,
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otkyza g (x) = f(x). Auajoruuso, ecaun h () =0, 10
h(x) = [ (x). -
OTHM TeopeMa AOKa3aHa.

Cneacreue. [lycmo o — 37emenm nopadka m noas
k—-l
Fq, q=ptu nycmb ) =11 x—a? ), e0e  k—nokasa-
=

meab wucaa p no modyawo m. Eczzu g (@) = 0 dan wuexomopozo

mroeounena g (x)€F, [x] mo @ xoaeye F, [x) - umeem mecmo

PasroxHcenue;
gm=thm

JleficTBHTeNLHO, N0 aiTOpPHTMY IEJEHHA C OCTATKOM MHl
umeeM g (x) = f ()h(x) + r (x), rne CTeneHE MHOrouyjieHa
r (x) Memame k. Ho ecmg (@) =0, Tog@?). = .=

=g (aﬂ ) = (, Torna no reopeMe Jlarpamuxa r (x) =0.
CrnepcTBHE JI0Ka3aHO.

Bonee NoApOGHOE H3/I0XKEeHHe TeOpHH KOHEUHBIX mnonef
uNTaTeNb MOXET Haity B kuure D. Bepauxsmna «Aarebpan-
yecKas Teopua Koguposauuspy (M., 1971). 3amerum auis,
9TO BCE PACCMOTPeHHbe HaMM noxfl F, ¢ OIHHM H TeM Xe @
H3omMopdHbl Mexay coboli. Bosee TOI‘O, BCE KOHEYHLIE TOJifl,
COCTOSIIME H3-JIOG0TO UHCJa 3JEMEHTOB, MO CYMIECTBY, HCuep-
NLIBAIOTCA 5THMH NOJAMH. MMeHHO, cnpaBelIHBO ChelyioLlee
YTBEDXKIEHHE: 11060€ KOHEUHOe NoAe USOMOPHHO OOHOMY U3
noned Fq Oaa nexomopoeo q = p=.

4. PaccmmpnM B 3aKJIOYEHHE [J1aBbl BaXKHHIA A/ TEOPHH
yHCeJl, TEOPUH KOAMPOBAHHSA U- APYTUX pa3leoB MaTeMaTHKH
BONPOC O PasfiOXEHHWHM NaHHOrO MHorouwjexa [ (x) Koabua
F, [x] Ha HenpuBoAUMbIE cOMHOXUTENN. [{1s H3yueHHS 3TOrO
BONpOCa HaM NOTPeGYOTCA HEKOTOPLIE HOBbLIE NOHATHS.

n
Auckpumunanmom muorounena t (x) =ao [ x—ay)
) ) i=1
_Has30BEeM BHIpaXeHue

D {fy = a2*=" [} (@, — a2

12i<j<n

'

Slcno, wto zmcxpnMHHaHT D (f) meorounena f (x) paBer Hyn€0
TOTAa W TOJNBKO TOrJa, KOTZa MHOroujes f(x) umeer x0T OH
ONMH KpaTHHI KOpEHb.

Hanee, pesyavmanmom IBYX MHOTOUYJIEHOB

<21

f(x)=ao|"| (x — ) ng(x) = b, I'I x—By -

=1 j==1

Mbi HA30BEM BEIPaXEHHUE:

R (f, g = w31 @ —B).

ialfml/

Us ONpEfieNIeHAsA  pesyJbTaTa R ¢ 9 MHOTOU/IEHOB f)m
g(x) Henocpencmeuno c.nenye'r uto

R (.0 = Mz @) = el 6y, -

ol . fa=1 -

uto R (f, 2) = 0 Torzna M TONBLKO TOTAA, KOMNd MHOTOY/IECHE!
[ (x) u g (x) nmetor xora 68l oauH OOWHE KOpPEHb.

IMox npouseodnoi f'(x) wmuorounena f (x)€F, [x] Gyzem
MOHHMAaTh (OpMa/bHYIO NPOM3BOHYIO, PaBHYIO Kodpduiuen-
Ty TIPH Y B PasNOKEHUH [ (x + y) no crenenam nepemeﬂﬂou 78
Mer umeem: . :

) of (Y =af () rgpu @€Fp -
%(f(x)d: W) = [ (x) =g ();
¢ g @) =" (ekx) + T x)g' ().

TNoxaxewM, 4To MJIs. Aucxpnuuuaura D (f) HopMHpOBaHHOTO
MHOTOUY/EeHa f (¥) cTeneHU 71 HMEET MeCTO PaBeHCTBO:
- n{n—1) :
2
D(f)—(—-l) R, 1. .

~ Heitcrsurentuo, ecmd [ (x) = n (x——a,), T0

i=1 .

fr(x) = 2 I'l (¥ —a), TOrAA

‘]=li=1
ivf

N (ak5=n (0 —0ty).
i
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- Orciona

R, f’)=-l'| f’(ak)==|'l I'I(akeow

E=1{ml
ik,
) n(n-l)
= M @—a) M @—e)=(=l T DA

1€k <ign 1<i<k €n

H TéeM CaMbiM yTBepmneHne JOKasaHo. .

Hna nanphefimero Ham notpeCyercs Takxe cnenylomee

YTBEPKCHHE,
Jdemma, Ecau f(x) u g (x) — HOpMUPOSAHKBIE MHO20-

4AeHbl, MO _
D (fe) = D (hD (@R {f, @) I*.

OGosnauum yepes n U mcTeneHH MHOTOUIEHOB fX)ug (x)
cocrme*rcmexzno Torza no nokasaHHOMY BHIUE Ml HMMeeM:
(mn)ms-n~1)
(—1) T D(fg)=Rg (ey)=R(e l'e+ig),

u nockonsky R (fg, W =R, WR (g WR(f, h+jr)=
= R(f9 h)v -TO .
(m+nnm+‘n—l)

(=1 * T D(g)=R(.Fg+ig R fg+fg) =

=R(f,/'g)R(g.[¢g"=R(.[)RI, @R, NR(g &)=

n{n=—1) mm—1) .
== * D=1 * DE(=O"IRG "
- YTBepKJeHHE JeMMbl CJelyeT TeNeph W3 PaBeHCTBa

) -1 Aln=1)  om(m—1)
(m+n(m+n ) _n(n2 = mn 4 .

Hs atofl leMMEL MBI JIETKO TIOJyYaeM, 4TO AJ1A Jo0kX s HODMH-
pOBaHHHIX MHOTOUNEHOB f, (x), ..., fs (x) CrpaBelIvBO pa-
BEHCTBO .

: D(I'Ifi) = tﬂlu (fo‘ ”, [R(f,, )12
= Sl

3amerum nanee, uro R (f, g) €F, n1a Mmobslx MHOroOY/IeHOB
f (x) u g(x) xonbua Fp[x]. Tak kak ﬁ (fh, =R (f, 9R(h, g),
TO yTBEpKIEHHE nocraroqﬂo IOKasaTh N8 caydas, KOria
f(x)=x"4+ ax" !+ ... ta, saABIfercs HeNpPUBOIHMEIM

23

MHOTOWIeHoM B Koabue Fp [x1. B stom cayuae f(x) =
n—l

= n (x-— @Pi), rie ©¢cF,, ¢=p" n, cnenona're.nbﬂb,
=0 "

R, gpF = ﬂg(ep‘)p Flg(ev ) =R (f, @)

(=1

Torpa - R (f, g) EF,,, H 9THM yTBepXK/JeHHe JOKasaHo.
HokaxeM Tenepp ciepyiowuii o6WKHA pe3ynabTar. _
Teopema IIrukeabbeprepa: ITycmeo

p>2— npocmoe qucao, [ (x) — HOPMUPOBAHHLIL MHOZ0UNCH

KoAbYQ [x] cmenenu n ¢ omaunnoin om nyas duckpumu-

Hanmom ﬁ D(f) u s— uucao nenpueodu.umx deaumeneti

muozousena f (x) 6 xosvye F,lx).  Toed0a umeem mecmo pa-

GEHCIMSBO
(D(f))__(__l)n )

Ilycrb cuawana s =1, T. e. MHOrowieH f (x) HempHBOAUM
’ n—1 .

B8 xonbue F, [x]. B stoM cnyyae [ (x) = r| (x—'-—ocl" ), rae
{=0

a€Fy, g = p*, torna D's = n (aP — oo ) — 3NIeMeHT noJs

0<l<]<n-—l
Fq. Hanee,
oy = @' —ao) =[N @' —o') [T’ —e")=
I<i<<i<n I<i<<jgn—1 Ngkgn—1 .

— (___ 1 n~ lrl (mpt__ap]) = (__ ])n—lD%
0<l<l<n—1 :
H, cnenoaa'renbno (D¥s)P = D', ecan n HeueTHO, (D‘/z)Pqé
== D'/s, ecnu n yetHo. Ho paBeHcTBO @ = a nMeeT MecTo Toria
. TOJIBKO TOria, Koraa a€F,. Crano Ouith, D = 0? (mod p)
TOTJAa H TONBKO TOI'Nla, KOrAa £ HeyeTHo. StuM JAid § = |
TeopeMa JOKa3aHa.
$

IMycte Teneps f (x) = nf,(x), rie fi(x) — HeanBOJlHMble

. E=1
MHOTOWIEHH Koablla Fj [x], cTeneHH KOTOpHIX paBHHl Beslu-
yuHaM n COOTBETCTBEHHO, M myctb D; = D (f)). Toraa D =

= R” rlD,, e R=[1R (fos 1)) u, CAefioBaTENbHO D=

i=1 Ii<i<s
24 '



RnD/’ (D3P = R”n(D/’)p Ho REF,, ", CTano GHTh,

=1 l._l

(Ds)p = Rn (Dy9?. Tlo AoKasaHHOMY Bl D"y =
=1

= (~1)n~D/*.

B takom cayuae

(D“’)p — er(__ 1) 1/,

i=1

H NOCKOJIBKY

Ry = N,
i=1

MBI HMEEM

(D' = (— 1yr=s R[IDY% = (— 1yn=s D,

{==1

CnenosarenbHo, D'/:€F, Torza u TONbKO TOrja, KOrja n=s

= s (mod 2). Teopema nokasaHa. -

Teopema lliTukensGeprepa nO3BOJNAET CYAUTH O. YETHOCTH
WM HEUeTHOCTH YMC/Ia Pa3JMYHEIX NPOCTHIX NenuTesned MHO-
rowieHa no ero auckpumusauty D (f). Ilpu stom Beanunna

| pf) = (—=1)" ( (f)), [ie 7 — CTeMeHb MHOTOWNeHa | (x),

ABNIfeTCA aHanorom apudmernyeckodt ¢ynkunu p (m), Ko-
TOpasi ONpEIENAeTCA A BCeX HATYPasibHBIX uqucesl m paBeH-
CTBaMHS

1, ectt m=1;
w(m)= 0, eciu m JesnMTCs Ha KBalpaT MPOCTOTO YHCA;
(—1), ecmu m=pp, . .ps

Jeiicteurencho, ecmn @ €F, n a0, 1o D (oc) 1 n,
clenoBatenbHo, p () = 1 (3a1v1emM, yro B Koable F, [x]
HEHyJeBHie snemenm nons F, Wrpaior poib, aHaJIOI‘Yl‘lHy}O
TOH, KOTOPYIO B KOJIblle LIEJBIX YHCEs HrpaloT /eMeHTH -1
u —1). Janee, ecau muHorounen f (x) NeJUTCS HAa KBaApaT

HeNpPHBOJUMOr0 MHorousena, To D (f) = 0, u torza p (f) = 0.
Hakoneu, ecin f (x) = f; () . . . f, {x), To no Teopeme IlTu-

xensbeprepa g (f) = (— 1)%, TeM cambiM B 3TOM cjyuae 3Ha-
26

uenue i (f) ONpeensieT HeTHOCTL YHC/A PasVIHUHBIX ﬂeanBo~

" IMMBIX COMHOMHTeNed MHorousjeHa f(x).

B kauecTBe CJIGICTBUS TOJYYEHHHX HAMH BHILIE pe3yJib-
TaToOB HOKaMeM cJelylolmlee YTBEpIKACHHE, NpHHAAJEXaIee

- Tayeey:

KBajgpaTHuHeli 3aKOH . B3aHMHOUTH:
Ecau p u | — pasaudnbie Hedemubie NPOCMoie 4UcAQ, mo

p—1 l=—t
LAY TR
(F))= 777
JokasaréscTBo, KOTOpOE Mbl MpHBEJEM, NPHHALIENHT
Cyony.
PaceMotpuM Hajx nosem Fp muorounen x! — 1. Ecan B

HeKOTopOM none Fg conepx(mcsl 5/]eMEHT o TIopanKa [ (rakoe -
noJjie, KOREYHO, cymeCTBye'r), TO B STOM MI0/Ie HMEET MECTO as-
‘ -

- Aokenne xf—1 = (x— 1) I'I (x —af), rie Bce cTeneHw

o i=12...,1—1 ﬂBJlmOTCH :-memen'rauu neJs F

OJIHOrO H TOFO XK€ MOpAfKa I. [onoxum g (x) —-«I'I (x —al).

Kammﬁ HENPHUBOAHMBIR HENHTEND MHOTOUJIeHa g (x) B KOJb-
'ne F,[x] umeer crenenr K, rie k— noxasarenb YHCIA p
no MOleJI!O [. CrntenoBare/nbHO, YHC/O PA3/IHUHBIX HENPHBOAU-

MBIX JleJmTe.neﬁ MHoroujena x' — 1 B koabue F, [x] pasuo

s=1+4 --lla.nee, no onpejesienuio cuMBoia Jlexanapa

GHCIO k JIENMT “Tg TOrAA M TONBKO TOrAR, Korfia (—f—) =],
11

{ = _(L P .

B rakom caydae (—1) T OTKyJJ.a = -—(——1)‘ (1

‘Bocnosip3yemcs Tenepb 'reopemoﬁ H.I'mxenbdeprepa Ilyets

D — nucxkpumuHauT MHorouneta x'— 1. Tor,ua MBl HMeeM
D 1(I—1)

(F)==rm == Ho D= (=g

tiU-1 =1
I=Y=(—1) 2 l'=(—1) 2, u B TakoM chyuae

' : = = =
- (=2 ¥ m(:__’ 2 (_.’_‘,:'(::l 2 (_1_
(—,1)"=( r ) P p)=\p N
‘ . : -1
[lo Kpnjepgto Dfinepa MH MMeeM flIpy p> 2 (—;—)s

~.
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p—1 o  pe1.

: -1 .
a(-—-l)T‘(mod—p), OTKyla (—;,—')==(-—l')%—- Cnenona-"

’ p=1l=1 1 ‘
TeNbHO, —(—1F= (—1) 2 '2 (-;). (2) u cpasruBas (1),
y ' ‘ Coe=ti=l ,
(2), Mu momyyaeM, uro (’f—)-'(-l) L (-7,—) Ho
p—1 1=t

('-:7)2== I, Torxa (—?") (—g-)-;(_l)_—’—"—’-.
YrBepxnenne IOKa3aKo, o .

fnasa 3

CPABHEHMA C ABYMA MEPEMEHHbBIMM,
PACIMPEOENEHUE CTEFIEHHle Bbl‘-IETOB
W HEBLIYETOB

1. I]ycrb F Xy o ooy Xn)— MHOTOUZEH  OT. nepeMeHHbIX
Xyy o o o 3 %, C USNBIMH  KO3pduunentamu. OCHOBHLIM BONpO-
coM, KoTophifi Hac 6yler B Ja/ibHéHIieM WHTEpecOBaTb, fB-
JISeTca BONPOC O KOJHYECTBE pemeﬂuﬂ ajire6Gpaudeckux cpas-
HeHui

fx, ..., %)= 0 (mod n_z).

- Moa pewenuen cpaswerus [ (xy, .. .\ X,) == 0 (mod m) Mbi

MOHMMaeM BCAKUE  Habop Xp=x (modm), ..., %X, ="
_..x,, (mod m) KJIacCOB BHIYETOB MO MOAYMIO M, TaKo#, 4To
Pty oy == 0 (mod m) LIA UEBIX X1, + » « ) K

OGosnaunM uepes N (m) KOMHUECTRO peuieyuil cpasHeHusn ‘
Fxiy + .., x,) == 0 (mod m) u nokaxem, uro N (m) spas-

ercA  MyspbmunauxkamueHod  ¢ywnrxyued, T. e.
N (mymy) = N (moN (m;) mpr (my, mg) = 1.

[leficTBUTEAbHO, €CH  X;== % + myt; M %=y +

+ mguy, i=1,2,..., n ABISIOTCA PEIICHHAMH CDAaBHEHUA

FXyoens xn)so (mod my) ¥ f %y, ..., %,)==0(mod m,)
COOTBeTCTBEHHO, Tne (my, my) = 1, TO TpH KamIoM i =
=1,2,...,n M uMeeM myl, — Myl = X — yi. Hanee,
NOCKOJNBKY KaMJoe  [EJOYUCNCHHOe ~ pelieHHe YpaBHeHHSH
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mltg— Moty = % — Yi HpEEllCTaBJ]ﬂe’[‘Cﬂ B BHIE =

=t +my2z, u;=uw +mz, Tl tn g — HEKOTOpOe
YACTHOE peIleHHe 3TOrO ypaBHEHHSl, a Z; — HpoGeraoT MHo-
KeCTBO LeNBIX YHces, TO Habop x; = X + mlt + mymyz, =
= yi + m, u,—l— myme2,, i=1, 2. .., n fAB/IAETCA pelIeHHeM

‘cpaBHEHHSI [ (X4, .. ., x,,) =0 (mod m, m,). Crenosaren-

HO, KaxXJOH mape x;== X (mod m), x;= y; (mod m,),

i=1,2,..., n, pemeHufi cpaBHeHuH ffx1 y o ey Xp) ==
=0 (mod m,) u f (x4, . .., %) = 0 (mod m,) cooTBercTByer
€IHHCTBEHHOE  pelleHHe CpaBHeHHA [ (Xy, ..., X,) =
=0 (mod mum,) u, c.nenosarenbno N (mym,) =

= N (myN (mz) npu (m,, my) =

B cuay csoficta Mynbmnnnxamsuocm 3ajaya 0 KOJH-
yectBe pelueHu# cpasHenua f (x4, ..., x,) =0 (mod m) no
IIPOM3BOJIBHOMY MOAYJIO 11 CBOAUTCH K Gosiee y3KOfi 3anaue .
O KOJMHMYeCcTBe peilleHHH  cpaBHeHHs f (xy, ..., X,) =
=0 (mod p%) no MoayaI0 p%, PaBHOMY CTEIEHH NPOCTOTO YMC/IaA
p. Jna paspelmMOCTH cpaBHeHHS [ (Xy, ..., X,) =
= 0 (mod p*), a > 1 Heob6XoxauMO, 4YTOOEI GHUIO pa3pelIHMO
cpaBuenve f(xy,..., x,) =0 (mod p). B HeBHpOXIeH-
HbIX CJy4asX  paspelluMOCTb NOCJEJHEro CpPAaBHEHHA fB-
ASleTCA  TaKMe. M JOCTaTOYHLIM  YCJOBHeM 1A pas-

pemMMocTH  cpaBHeHHA [ (¥y, . . ., x,)=0 (modp%).

VimenHo, nycte s> 1 — tenoe u x,= £7 (mod p), ... . x,=

= «{ (niod p*) — pemenre cpaBHeHHA [ (X, ..., X,) =
9,

= 0 (mod p*) Takoe, u4TO 'af S, . L2 £0 (mod p)

XOTsl OBl A5 ofHOro Homepa i = 1,2, ..., n (©mOA wacTHOM
r” . -

f . ‘
TIPOH3BORHOM 57— (X,, . . . ,Xn) MHOPOUWIEHA [ (X1, ..., X»)

MBI IOHHMaeM QOpMaJIbHYI0 IIPOU3BO/HYI0, PABHYIO KOS(QHILHeH-
Ty DpH MepBofl cTemeHn y; MHorowneHa F(y) = f(xy,. .., .

Ximps X3 F Yy Xyey o0 Xp), TIPH DA3JNOXKEHHH €rO 1O
crenensM nepemenHol . y,). Torma x, = x7 + pt,, i=
=1,2 ., ..,0 f&9 ..., ) =pt 1 o gopuyre
Teﬁnopa CpaBHEHHE f(xl, « ooy Xp) =0 (mod p*?) MoxHO
~mepenucars B BHJlE
' (
P, . L) 20::. ,_O(modps+1)
i=I|
Orciona ANA OnpesieneRusa &y, . . ., I, [o/Ty4aeM CpaBHEHHE
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“,
A
.

£ «FE anhi= O\mod‘p), 'KOTOpoe Hmeer p"71 'pasnnquux
=1
pewennii. TeM cambiM CIPaBeJIMBO C/IEAYIOWEE YTBEDPKAEHUE:

Teopewma. Kawdoe pewenue %, = x\ (mod p), ...,

x, = x (rngd p) cpasnerun [ (xy ..., x,) =0 (mod p) -
maxoe, 4mo aﬁt (x5, . . ., 4") %0 (mod p) xomsa 661041 00-
Hoeo i = 1,2, ..., n nopoxcdaem p'e—b—=N paziyyneix pe-
wenutt x,=«'? (mod p*), ..., %= x'P (mod p% cpae-
wenua f(xy, ..., x,) =0 (mod p@). '

CnenoBatelbHO, BONPOC O KOJHUECTBE pelleHnH anreGpau-

YeCKHX 'cpaBHeHHH [ (xy, ..., x,) == 0 (mod m) no cocras-

HOMY MOJy/iO M CBONMTCA K aHAJIOTHYHOMY BOMPOCY AJs
cpaBHeHHl [ (xy, ..., %;) =0 (mod p) no npocromy mo-
aymo p. Tem caMbiM CpaBHEHH$ 1O MPOCTOMY MOAYJIIO P COCTaB-
JSI0T QYHAAMEHT TeOpHH aireSpaHuyecKUX CpaBHEHHH.

2. llepBbie pesyabTathl B 334auaX O KOJKYECTBE peileHui
cpaBHeHul [ (x, y) = 0 (mod p) no npocroMy Moaydo p >2
6bLTH NOJ1yueHb! JIarpamxeM, JloKasaBLIMM B 1770 rony paspe-
mumMocTh cpaphenus x® + 42 + 1 = 0 (mod p). B nanbueit-
weM A8 KOaAHuecTBa N 3TOro CpaBHeHHs Gblia MOJydeHa

p—-l
TOYHas q’opmy.na N,=p—(—1) . Boxee TpyubM OKa-
3a/ca BOTpoC O Ko.nnqecme pelieHH#l cpaBHeHHs [ (X, y) =
= 0 (mod p) B cnyuae, Koraa f (x, y) SBASETCA MHOTOUJIEHOM
- cTenmeHR Gospiled 2. Hekorophie uyacThHbie c/ydaH CpaBHEHHS
y? = f (x) (mod p) ¢ mHorounenoM f (x) TpeTbefi cTenenu Guuin
uceenosanbl fIkoGeraneM (cm. [71).

B 1924 rony 2. ApTHH [91 npeanosoxuja, YTo ANSA KOAH-
uectBa N, pewenuéi cpasnenna y° = f(x)(mod p), rae f(x)—
MHOrouJieH cTeneHu n>> 3, He cpaBHUMBI O MOAYJIO p
c kBagpartom g? (¥) aApyroro MHoroujeHa g (x), crnpaBeinuBa
OlEHKa : ‘ '

|Np—pl<2 25 o B

rze cuMBoa [o ] oanauaer [eayo 4acTb 4HCIa oc, T. €. HauboMb-
[ee neJsioe, He MNpeBOCXonfAlee o. QOuenka moxker ObITb BhI-
paxeHa B BHIC

p—1

5%

x=0

-
{5
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Iins onenok cymm cumBoioB JlemaHaps”

Xondowm [13], Jlaaenuop'rom [11] u Mopaensom [14] npu-
MEHANCH MeTON KpaTHRX cymM. B stoM merose oueHuBaeMas.
CyMMa NpPEACTaBJIACTCA KaK CPELHEE MO HEKOTOPOMY KoJuve-
CTBY TakMX e CyMM, HO C IpPYTHMH napaMeTpamH, moc/ie uero:
ocpeHeHWe PDACTIPOCTPAHSETCA HA -BCE MHOTOWNENH! JIaHHOH
crenenn. OAHAKO METOAOM KPAaTHHIX CyMM ruporesa ApTHHa
He TOIBKO He GHU1a OKa3aHa, HO Jaxe He OhL1 MOJyueH HCTHH-
HHH NOPSANOK OLIeHKH o p. :
B 1933 rony Xacce [12] nokasan rumoresy Apmua it}
cpapHennft Buna y*=x%-+ax-+b (modp). B nansueitmem Befink
[15] pacnpoctpanns meron Xacce Ha ofutuiéi caywaii u ais
KoauuecrBa N, pemenufi ypasHenus f (¢, y)=0 B sagMentax
noas F,, raze f(x, y) — a6COMOTHO HEMpPHBOJHMMEIf MHOTO-
wiIeH, noayuna ouenky | Ng—gq| <c (f) g'/s. Merton Xacce —
Befins TpeGyer npuBaeueHHA COBpeMeHHOro annapara a6erpak-

THOH anreGpandeckoil reoMeTpu¥ U O4YEHb CJONKEH.

‘B 1969 roxy asropom [51, [6] 6w npennoxen wHoBm,
YHCTO apu(METHUECKHHA -METOX MOJYUEHHS OLEHOK Xacce—;
Befinn, nosposuBmiHE B XajbHefinieM 10KasaTh TaKke PAR
Go/iee CHIILHBIX Pe3YyJILTaToB.

TpousmocTpapyeM 9TOT METOA Ha mpHMepe cpaanetmﬁ,

y*=ax3+bx+c (mod p), @

rie @ u b He IeNATCA ORHOBpeMeHHO Ha p. OG603HAYHM He-
pes N, KonuuecTBO pelleHHi STOro cpamHeHus. Mul umeem:

;g_(H_ (af:c;«_ﬂ)) 3 [CIE

-

Ecam a=0 (mod p), T0

g (bx +c)

H nocxo.nbxy bx-+-¢ npoGeraer BMmecTe ¢ x no:mylo cucremy

BHIYETOB, TO B 3TOM cayuae Np=p.
30



N

[Tpeanosoxum Aa\tiegrro a==0 (mod p) u o6o3HauUM ue-

pe3 d==b%—4 ac AuCKpWMHMHAHT MHOrowleHa ax®+4bx+c. Ec-
au p>2 u d==0 (mod p), TO Mbl HMeeM:

s 3 (HE)-

b7

()3 (8-t

H, cnenoaa're.nbuo, B 3TOM CchAydae

. o 2p—1, ecqn (%): 1;
“Np= . .
1, ecam (—g—)= —L

i'IyCTb teneps a==0 (mod p), d=%0 (mod p) u p>3. Tlo-
'KaJKeM, uTO B 3TOM cJyuae And uncna N pemeHnii cpaBHeHus
(2). nmeer mecto dopMysa ' :

a
N=p—():

Hawm ynoGhee 6yler TpakToBaTh cpasHerue (2) Kak ypaBHeHMHe
' yP=ax®*+bx+c

HaA nojeM Fp, COCTOAIIMM H3 p 3JEMEHTOB, 4 BEIHUHHY N ,—

KaK YHCJIO SJEMEHTOB noas F,, yIOBJETBOPFIOWMX STOMY

ypaBHEHHIO. ' ,

HanomunwM, uTo aneMeHT aEF, ABNSETCA S-KPATHHIM KOp-
HeM MHorouseHa f (x) ¢ kosbdunuenramu u3 F,, ecin [ (x)==
=(¥—a)'g (x) u g (@)5~0 B none F,. [Non npoussomuoh f'(x)
MHOroweHa f (x) Ml CHOBa mnoHHMaeM (ODMANbHYIO MNPOU3-
BO/IH YiO. ' o .

JdTemma. Ecau [ (@)=f'()=0, mo o asanemca no merv-
wel mepe 2-kpamnoim KopHem mHoeouaera [ (x).

. YTBepxkIeHHue JIeMMBHI HENOCPEACTBEHHO. CJELyeT H3 pas-

nowenns f (x)=f (@+x—o)=f @)+ (@) (x—a)+g ()x—a)’=

=(r—a)’g (x). -
[Monoxum r (x)=ax®+bx-4-c n pasoGheM SAEMeHTHl MONA
Fp, na tpu knacca: A, B u C. B gnacc A orseceM e a.€Fp,

3l

p—1

ans Kotophix l—r(a) ° =0, B /uné: B — Te anemenTH
_ p—1 ,

——

G EF,, ans kotopux | +r (@) ? /%0, u B knacc C — Te e
MeHTbl A €F ,, 1S KOTpHIX 7 (orfz-O. OGosnaunm uepes |A|,
Bl m |C| koanuectso sfiementoB B KJaaccax A, B u C
COOTBETCTBEHHO. Mbl uMmeeM: ‘

| 4+ 1B + Ic =p
# o KpuTepHio Jiljiepa
N, =2 |A| + [C].

Paccmotpum MHorousien
-1

. o
R(x) =2 (x) (147 (%) % YA (%) (xP—).

Tak Kak ¥P—x=0 A5 KOKIOro x€F,, 10 R (x) HMeeT KOpHfi-
MH Bce 3jemeHTH KaaccoB B u C. Bosee Ttoro, nocko/bky
p—1 p—1

R’ (x)’=2r’/(,c)'( l+r(x)_"’_)—r(x) 2o+

p—1
1 (%) (P —xy—r" (x) =1 (x)(l +rx)° ) + 17 (%) (xP —x)
(yuurhiBas, yro B noje F, cnpasesanBo pasenctso p=0),
Mbl TIOJTyuaeM MO JieMMe, YTO BCE 3JieMEeHTH KJacca B sasas- -
I0TCS1 N0 MeHbiuel Mepe 2-KpaTHBIMM KOPHSIMH MHOrousieHa -

R (x). N

~Danee nerko yGeauTbcs, uTO

p—1i
2

p—1
)ﬂ"——a X

R(x)=2a(l+a 2 )xﬂ“—l-b(l—i--a 2

p=1

chomsam-nlis ($)ersfis (3)o-

-(5)m e e,

roe Q (x) — MHOrou/leH cTeneHH He BhllE p—2, U TaK Kak
a%0 (mod p), d=0 (mod p), T0 R (x)5%0. Torna no Teopeme
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Jlarpanxa, cpaBHlea}r. KOJMMYECTBO KOpHEH MHorousesa R (x),
B3ATEIX C HX KPAaTHOCTAMU, CO CTENeHbIO MHOroudexa R (x),
Mbl TOJTy4aeM: h '

~ ‘» - a
p+ 1, ecan (7)=l;
2|Bl+|C|< 2y
. p—l,ec.nu(—,;-)=—l.
Orciona B
a
2p—{Al—tch+Icl<p+ (F)
H, cTrano OBbiTh,
. . | a
No=2|Al+(Cl=p—(F):

[lpoBons aHaNOTHYHEIE PacCyXKIEHHA IJf MHOrouJieHa

) "l"r’(x) (x.ﬂ_x)’

p—1
S(x)=2r(x)(l—r(x) z
MBI TIOJTyuaeM '

No=2|A|+1C1<p—(F):

TeM camuiM HaMH YCTaHOBJEH C/IEAYIOWHA pE3ynbTaT.

Teopewma: [Tycms d=b*—4 ac — Guckpumuranm mHo-
2ounena ax®+bx4-c u a, b He deasmca oOHo8pemenno na npo-
cmoe uucao p>3. Toeda

- ‘ a . .
"i‘(ax2+bx+c)_ _ (T) (p—1}, ecnn dsO(mod p);
— =
x=0 - (»—Z—),- ecin d = 0(mod p).

3. PaccmoTpum Teneps CpaBHeHuE o
y*=[ (x) (mod p),

rie f (x) — MHOrowJeH cTemeHH n==3, H JOKaXKeM TaKHM e
METOJIOM CJIENYIOUYIO TEOpeMY.

Teopewma. [Tycme n=3 — newemnoe 4ucro u p>9n®-— -
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npocmoe uucso. Toeda dan xorusecrmed’ N, pewenuds cpagne-

Kun . ,
Y=t ()(mod'P), ®

. ) N
ede [ (M=x"+an 4 ... 4, — MAOUIEH C© yersimu Ko-

shpuyuenmanmu, cnpasediuet oyeHKa -
N —p <c(n) p*s

Paju ppocToTH H3JI0XKEHHA MBI He OyAEM BLIUAC/AATL KOHCTaH-
Ty ¢ (n). 3aMeTHM NI, YTO MSJIOKEHHBI HHKE METON MO3-
BO/IfI€T TIONYUYHTH OLEHKY )

' : (n-3)(n—4) 1,
llNg—plg(n-l)(p- R ) '

KoTOpas npu GONBMIMX SHAYEHHAX £ OKasblBaeTCA CHJbHee
oueikH Xacce — Beiiig, :
Bynem TpakroBarb cpaBHenue (3) Kak ypaBHEeHHE

y=f&x) - : o

Hal 70JieM K/accoB BuuYeToB F, mo mpocromy .Moaymo p, ¢o-
CTOSUHM H3 p SMEMEHTOB. Pasjennm siementst nons F, Ha
TpH Kknacca: A, B n C.. B xnacc A otnecem e snementH a €F,,
p—1
2 .

ans xoropuix 1—f(a) ©° =0, B knacc B — Té aneMeHTH
: . p=1

a€Fp, nia gotopuix 1+4+f(@) > =0 u B Knacc C— 1
a€Fp, ans xotopuiX f (@)=0. OGosnauum uepes |A|, |B
M | C| uneno snementoB B Knaccax A, B u C cootBercrses-
HO. Mbi mmeem: : . :

[+ Bl + [O=p n N=2 |4 + [CL

. - ¢
~ OGosnauum, nanee, yepes D=2 onepatop Autpepernupo-

BaHKA B kosibiie Fplx] MHOrouieHoB of nepemeHnoro x ¢

‘ : d
kosbduunentamun us Fp. Ilon npoussonnofi 7p g(x) =g’ (x)

MEl CHOBA OyfieM LOHHMaTh (OPMAlNbHYIO NMPOHSBOAHYIO MHO-
rounena g (x)€F [x1.
Paccmotpum MuOrOU/IEH

3



- Ro(x)=(l+f\\‘l)2 1% (%) (x” — x4

b_, j=1

0y, ., '
+Z £y —r, .

i=1 v
rle m << g —HaTypaneHoe UHCA0 H rD (x), KY (x) —ne-
KoTOphle MHorouneHst H3 kosbia Fp{x]. $cmo, uro Bce aze-
MEHTH Kjiacca B AIBIAIOTCA KODHAMH 3TOro MHoroudena. Ilo-
JIOXKHM Rt(x)—-DzR ol%) n

" p— | A
R; (x) (+f(x) .) ”’(x)(xn-xy—x.l.

. 2m o
+2 By (e —x), i=1,2, . .

=1

rae ’5" (x), t}“ (¥) ‘3anaoTcs PEKYpPEHTHHMH COOTHOLICHUSMH

e D02yl i,
-pgagen g+ @

C HayanbHBIMH SHAYCHHAMH r(i‘” (), t“” ), j=1, 2,,‘ . Ta-
kuMe, wto {0 =H#0 =0 npu j>2m. I'chrb VIS HEKOTOPOTO
i BbIHOJIHeHO paBeHcmo R,(x)=R; (x) u nycrp F{ (x) onpe-
JeJeHH PEKYPPEHTHLIMH COOTHOLIEHHAMH '

fl

F‘” F . 6)

fl

FiP = DFY=) 42 (k— 1) FZ+ FF{™Y, k=1,2,0j—1,

f

FP =2(j—1) Fi5+ 2 Ul
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\ s
JoxaxeM HHIAyKUMEH NO S, 4TO €CJIH Y

21t = ZFI s ]—1 2 . 8 s<p—I,
=1

10 Rip1 (=R, (x) npu Beex =1, 2, ..., 5. Msl umeem:

Rus, () = DRy (1) = DR} (1) = —/ | -’;—Erﬁ-"’(xp——x)f.-'+
' =1

+('1+ip_)22m( rf?) (o — 2=t — (1+f%)x

f=1

2m

2m
X ¥ 2(j—1)r" r— x)i—=+2 (Dt") (p —xy —
j=1
e .
- 2 2jti" (%P — xy 1,
i=1 ~
ChenoBatesbHO,
p—1 2.’”:1 I
Ri+1(x)=(1+f ? ) z (Dr,(”—2]r,+ 17 Fh ”) X
j=1
—1

X (kP —x)I =14 (1+f£_2—>(Dr‘2€,L— _ff'_rg; )(xp__x)zm_l )

2m—1

+ DL —xpm g Y, (D‘(”‘Q(’*”tﬁ‘““fT”“ )x
=1

¢ (P— ) + -ff— AD o
u no dopmyaam (4)

m(m R,+,(x)+ PO 240,

Orciofa clenyer, 4TO YTBEpHKIEHNE CApaBeANUBO Ana s=1.

: Hpelmo.nox(nm Tenepb, 4YTO Hamle YTBePKACHUE CIPaBelJINBO
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zas s==1, H IoKaxeM erd cripaBeiuBoCTb Lis s+ 1. Mul umeem;

i -
24j1 #=3F, r, j=1, 2 .. s+l (6)

k=1

¥, clefoBarenbHo, R, (x) Riyi (x). Hdanee, mo dopmynam
(6) mbl HmeeM npu j=2, 3, ..., s+1°

i—1 i—1
2t = 3, (DEY=") A0+ 2 3 kFE=1 A 4
k=1

k=1
Rt

] -1 _1'
+"!f' 2 Fi=beh p o1 (j—1)l —-'r”’
k=1 :
Orcioaa _ _
j__'l N . ' ,—-‘ s
it = D(z Fi=h r‘,;’) — PRI x
k=1 k=1
X (Drﬁ,‘)-—-2kr}f.)].; -—-’[T rﬁf’) 21"'1 (]—l)!‘“— )

4 no gopmyJaam (4) 1 (6)

. j—1 )
QIj!f;,i) =2]—1('j__1)1Dt(’_Q_l__ 2 FU=D A+
' k=] .

+2J—1(]—l)l U)

Cl1e10BaTeAbHO, -
21— =D FE" AT, =2, 8, ..., s+1
k=1

¥ TI0 WHAYKTHBHOMY MPEANOJOKEeHHI0 Ry (x)= Riyi (x) npm
[=2, 3, ..., s+1. Tem caMbiM yTBEpXKIEHHE CHPABENIHBO 1A
BCex s<p—l

JleMma. Ilycme g (X) — He pagHbilli HYMO MHO204AEH C
koagppuyuenmamuy -us noan F, u s<<p-+1-— namypasvroe
4UCA, Emu g (e)=¢' (oc)—g”(a)— —gs"l @)=0, mo o
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RBAREMCA NO MEHbLUE Mepe s-xpamnfm KODHEM . MHO204ACRA

g (x). .
y‘rnepmeuue JIEMMBb! Henocpehcmenno clenyer u3 pas-
JIG)KEHHﬂ .

g(x)= g(a+x—a) ga)+ (x—-oa)+

2 () gsh (@) .
+45~ (=t . . .+—(s—..—nr<x—a)'-1+h<x)(x—a)

BriGepem Teneph Kosqkbrunentst r” (x), £ (x) MHOrowne-
Ha R (x) TakuM oGpasoM, uToGH 'ﬁmo.ﬂuﬂnucn paBeHCcTBa

. .
DIt =YFPr, i=1, 2, v 2. @
D=t
Torna R, (x)=Rj(x) npy i=1,2, . mel', H nocxo.nbky
r{?, tf°, onpenenenmnie coorHowennamMu (4), sBAAOTCA pa-
R(':) T“)
HOHAMLHBIMA (DYHKIMAMH BHAa ri) = ; . t,(-“-—-'T[-. MBI

HMéeM 1O JIeMMe, YTO BCE 3JIeMEHTH Kjacca B aBagiorca 1o
MeHbilel Mepe 2m-xpa'rabmn KOpHSIMH MHOTOWMeHa R ((x).
Bynem Tenepp noﬁnsa'rbc;l, YTOGEL MHOTOUNEH R ,(x) uMes .He

. CIMIUKOM BHICOKYIO CTENEHB W, KPOME TOro, 4ToOH R 4(x)7%0.

Tlonoxum aas storo rf> (K)=4" (x)=0 npu j=m+1, ...,
2m—1. Toma CHCTEMa (7) nepenuiuercss B BHJE: :

2fm ZF"’rﬁ”, =12 om @
k== ’ f

0—21:‘” O j=mtl, .., 2m=l. (9

‘el : )

Vinnykuwedt 1o | nerko fokasats, 9to FY (x) ecTh parnmonans-
() _

Py
Hble dbyHKuuH Buga FY' = FEris TpHYEM CTENEHH MHOTO-
uJIeHOB P,, (x) He npesocxonm penugun (n—1)(j—k-+1) co-

oTBeTcTBeHHO. [losioMuM rSP =fm=#+1p,  Torna cucreMa (9)
nepeder B 3KBHBANIEHTHYIO CHCTEMY ,
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EPf’r =0, 1a=m+1 ey 2m—1

Bexi

C NOJNHHOMHAJbHBIMH KO3(dHLHEHTaMHA PP (), Kotopasi He-
TPHBHAJILHEIM 00pasoM paspeninMa B MHOTOW/IEHAxX rk(x), CcTe-
TIEHH KOTOPHIX HE MPEBOCXOAAT BEJHUUHBI (n—l) m?®. Onpe-

JenuM Tenepb MHOTousenn £ (x), j=1, 2, ..., m paseHcTBa-

mu (8). SIcro, uTo creneny §;, w, MHOrowneHos rf (x), £ (x)
He IMpEBOCXOAAT BeaWuHHbl nm (m-+1), # ecan MH BO3bMEM

P
(m+1)2<ﬁ, TO
84+ 5 <n(m+1P <5 Ho,+5 <n(m+l)’< £-(10)

(cTernenb HyJIeBOrO MHOTOU/IEHA YCJIOBHMCS CYMTATh PABHOMA —
o). OGosHauum uepes Ay u Q, crenenu MHOTOU/ICHOB

p—~1
(l-l-f )(0) (x"-w-x)f-"' u t (xp-*x)” Mbi  umeem

Aj= 2 pP—7 2 +6,+p(1—1) H. Q,=o,+pk - Tak Kak
n Heuerro, To H3 (10) cnenyer, uro A=Q, npu Beex j, k=
=1, 2, ..., m, A1a Kotopsix ri¥ (x)5=0, tw’fx):,éO H uto A;>
>A,, Q,>9h npH Beex j=>k, zum KOTOPHIX r“”(x)qh() t(°’ (x)==
=0, Ilanee, NOCKOJNbKY HeE BCe r}°’ (x} ‘paBrnl Hy.mo,, oTcIola
clefyer, 9YTO WieHbl

=1 ' ‘ .
(1+f 2 )r§°’ (4P —x) 1, tﬁ” r—x*, |, k=12 ., m

He CMOTYT YHHUTOXKMTBCH H, C/ef0BaTelbHO, R o(x)5=0. Kpo-
Me TOTO, CTeNneHb MHOTOWIEHA R o(x) He NPEBOCXONHT BEJHYHHBL

mp+ 2= +nm(m+1)

CpaBHuBas YKCNO KopHel MHOrowIeHa R (x) ¢ €ro creneHsio,
MH TIOJIy4aeM Mo 'reopeme JIarpamxa

=

2m|B|e§mp+ +nm(m+1).
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ChnenoBaresibHO,

2m (p—|A|—|C) < mp+ &

+nm(m+-1),

M TOCKOMBKY ICl<n, 10

: -1
mi,=m (2| A|+]C) > mp— 2L — num (m +-2),

p \Y
B3siB Teneps m =[(—2,,—) ]—1, Mbl TIOJIyYaeM

Ny = p—c (n) p¥2.
AHaJ’lOl‘H'lHHe paccyx(ilenuﬂ, [MPOBEACHHLIC 1JI! MHOTOUJIena

2m

' ' p=1
Se(¥) = (1 —Fx) ® ) DA () (p —xy 1 4

=

+ 2 10 (x) xP—mx)f

Aaior

»

N, < p—c (n) p2,
CaeoBaTe/bHO,

|N—m<cwwm

H TeM caMbiM TeopeMa LOKa3aHa.
3ameTHM, YTO MOJIyYeHHASt HAMH OIEHKa ANs BeHYHHEL N,
MOXeT OHITh- BLIpaxkeHa B BHIE:

e

x=0

< c(n)p'’

4, Bocronb3yemcs Tenepn NOJyYEHHLIMH HamH pe3ynbTaTa-

MM 151 H3YYEHHUA 3aKOHOB paclpeleseHHs CTENEHHBIX BhHIYETOB
H HEBLIYETOB NO mpocToMy MoayJio p. B raase 1 Met nokasany,
o b .

YTO MpH p>>2 uMeeTC! "B TOYHOCTH —5— KBajpaTHYHBIX Bbiue-

p—1 .
TOB ¥ 5 KBaJpaTHYHEIX HEBHIUETOB No Mmoxymo p. Onnaxo
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MBI HHYEro He TOBOPUJIM O TOM, KaKHM O0pasoM OHH pacrno-
JoxeHw! cpeav yucen 1, 2, ..., p—1.

O6o3nauum yepe3 d (p) MakcHMaJbHOE pPacCTOsiHHE MexX-

Ay COCeaHMMM HEBEHIUEeTaMH, yepe3 n (p) — HauMeHbIUHH KBaj-
paTHUHLIH HeBBIYET M uepe3 7 (p) — HaWMeHbWHHA npocToft
BLIYET MO MOAyJMo p cpenu uucen 1, 2, ..., p—1.
[lepBLie pesysnTaThl B BOMpOCE O paclipele/eHHH KBaipaTHy-
HbiX BLIYETOB H HeBhIYeToB Oblin noayueHn WM. M. Bunorpa-
nosbiM [2]. B gacTHoCTH, ANS HaMMEHBIUETO KBaApaTHYHOrO
HeBbiuera B 1914 rony um Obna n0KasaHa OneHKa

i

n(p)<<cp 7 (Inp¥,

Ille e — HeNepoBO UMCAO (OCHOBaHHE HAaTypaJdbHOrO JIOTa-
pubma, e=2.718281 ...).
K. M. BuHorpanoB BbiCKasal Takie pax [UNOTe3 O Mo-

BeleHUH BequunH d (p), n(p) u r (.D), a UMeHHO: 048 4106020

purcuposanrozo 0

d
LY o 2y 2o
p p° p
npu_p —oo,

- B nacTosiliee BpeMsi Mbl JAJ€KH OT JOKA3aTelbCTBa 3THX
runotes. OcoGeHHO TpyAHO! MpeicTaBasieTcst runoresa I, ko-
Topas B otauune ot runores 11 u I11 ne caenyer naxe us pac-
HpeHHo# runotesnl Pumana paas L-psnos [lupuxie.

HauGonee CHJLHBIN pe3ysbTaT O TIOBeJeHUH BeJHUUH d (p)
u n (p) naer crejylomasn Teopema, NprHAIENALIAn . Bepn-
xecey [10].

Teopewm a. ZI/m nrobozo €0 cyu;ecmaﬂom 8=0 (e)>

+
>0 u poy=p,le), makue, umo npuH >pt P p>p, u a00oM
N cnpasedauea oyenra

N+H ( . )
Z p
x=N—+1

Canencrtsue. [Haa awbozo §>0 cyuwecmsyem  Kow-
cmanwma p,=p,(0), makas, umo npu p>p, UMeerm Mecmo He-
paserHcmso

< Hp=o.
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R S
. —1——;4—6
n,(p)<p“'

OcHoBofi 117  JOKasaTeqLCTB3 TeopeMbI Bepmxecca #B-
JseTca I'lOJIy‘-IEHHaﬂ HaMH# BHiDE OHCHKa -

E (f(lx))

x==(

<c(mph, - (11)

Buisox TeopeMnl Bepnx(ecca 3 3TOH OHEHKH, KOTOpHIA MH
snech npuBeneM, npEHaznexur A, A Kapauyﬁe 4).

Jloxamem TpeiBapHTEJBHO TPH JEMMH. -

flemma 1 (nepasencrso I'émniepa). [Tycme a,, by,
i=1, 2 .., N n o, p— ueompuqanwnbuue &ﬁcmsurnenbnble‘

wucaa, npuqm L, =t —;3— = ], Toaaa

N N\l N 1/8
Zaib,<(z_ ag) (Z}a?) .

ByneM npeanosiarath, 9T0 @, - b, He Bce paBHH HyJI0 (B
NPOTHBHOM CJlyyae Heuero GhiJo Yy noxaausa'rb) Paccmotpum

npu x>0 ¢yﬂxunu f(X)=xu g(x) = - + _6" . Mui umeem f (1)=

=g (D=1 u F(l)=g'(I)=1. Cnenonarenbxo, npaMas y=x

SIBJISETCS KacaTeJbHOA K KpHBOH y = —€—+ +H TIOCKONBKY
nporseonnan g'(x)=x*~1 (e>>1) dbyuxuur g (¥) MOHOTOHHO
. &
BO3PACTaeT C POCTOM X, TO rpagur  QyHKUBH Y= i—+-—;—
npu x>0 pacrionoxen BHiLe rpadrka GYHKUMH y=X (CM. PACY-

HOK.) Orciona MBI ToJy4aeM:

1

xa
x~',.<,~-a’—+-6—,

U ecau MBl NMoJoXEM x=uov*~® | rine u, v>0, 10

u® v(l-—-ﬁ)a i

1B LI
WIS .G +B



- ‘ o . o+—ap
uo = (uv'—F) vb L

Uﬁ

CnenoBarenbHo,

i W3 paBeHCTBa

Tonoxkum

' b
u‘= a U

™ (2»6)"“

{=xl

Torza us NMOCJICAHErO Hepaaeﬂcwa c.nenye'r:

Fems (o) E -

{==

-y (S )"
fmm] L ’

H TeM CaMuiM Jiemma [ JoKasasa.

1

JewMm Ma 2. Hycmv N — koauuecmgo pewenuti cpaexe- -
nus xy==x"y'(mod p), 20e 1<<x, x'<<H, 1<y, y'<H,, I'<HH ,<
<p. Toeda npu arobom ©=>0 cnpaaeafzuaa oyenka N-<c(HH )""m
ede ¢>0 — rnexomopas KoHcmauwma.

ﬂocxonbxy HH,<p, 10 N paBHO uncay pellenui B [ie-
abix x, y, X, Y, 1<<x, X'<<H, I<<y, y'<<H, YypaBHeRHs xy-—-
~x’y' O6o3Haumm yepes d(n) KOJIHUECTBO pelleHuH B x,
Y’ ypaBHEHHA X'y’=n W 3aMETHM, YTO €M n = p%1 ...ps%,
10 d (M)=(a,+1) ... (e, —l-l) Orciona caenyer, uro d (rnn)r"
<d (m) d (n), u Torama

N=Z 2 d (xy)<(2 d (x) (Z d ().

x_ly= x==1 Y=

Ilanee, Msl uMeeM:

Etd(n)— Z 1—2[ ] cotlogt
n=1 l<xy<t B

H, CJeJI0BaTe/IbHO,
Ngc (HH )+o,

~ JleMma nokasana. '
Crenyioman neMma npuHaanexut [aseHmopTy u Ipaemy:
Jlemma 3. Hycmo r — samypasvroe 4ucso, p — npo-
cmoe qucno u lsCh<<p—1 — yenoe 4ucno. Toeda

x=0

A=1

rre ¢ {r) — Hekotopas KOHC’l‘aHTa SaBUCHINAA JIHUIL OT .
Mu nMeeM:

”2‘ (2 (x + x)) i: Mé | :g; ((x +7§1). .[.,(x n ;W))..

=0 ‘=1

Paso6bem Habophl (A, ..., Ay,) H2 OBa Knacca: A u B. B kaace
A otneceM Te (Aq, ..., Ag,), B KOTOPHIX A; HMEIOT He Gojee 7
pa3/INYHBIX 3HAYeHHH, M KaXKNoe Takoe 3HAYEHHe BCTpeva-
€TCSl YeTHOe YMCJIO pas; ocTalbHble HaGopwl (Aq, ..., A,) OT-
HeceM B KJacc B. Uucno naGopoB mnepBoro kKJjacca He npeso-
CXOAHT BeJHUMHH (2r)" A', U Tak Kak
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-1 -
"2 («x + M- .ﬁ.(x-r Azﬂ) <p,

x=0

Agr
((Jr + M) (x+, ) ))g

p

< (2n)'ph”,

- ((x ). x +Azr)) '
p

x={

[ ¢ fw € A

Yucsnio HabopoB: KAacca B He MPEBOCXOAMT BeJIHYHHBL A%,
u 1n8 Kaxzgoro HaGopa (Ay, ..., Ay ) EB MBI MMeem:

N (G )| QT et )
2 R B - Z p ’

x={ x=0

rae s<<2r, Ty, ..., Ty NONAPHO HECPABHHMH MexXJy coboii no
MOLYJIO p H €y, ..., €, He Bce uerHole. BHIGpOCHM Tenepp B
nocAefHeH cymMMe Te MHOXHTENH (x-+t;)%i, B KOTOPHIX e
yerHo. TOrZa oHa 3anwilercs B BHAE :

: p—1
N (o). )
,S_ZO( : )

rue ls n<2r ] au ..ey O, TIOMAPHO HECPABHHUMBLI 110 MOAYJIO p
Ecau n HequHo, TO Mbi HMeeM ho (ll)

S <cin) p' A
Ecan ke n 4yeTHoe u4uC/IO, TO, MOJIGKHB x+a1—y » MBI TIO-
nyqnm

-1 " p—1 .
L (o). (xte) (4 B1y)..-(1—Br_14)
S‘E ( P ) = 2 ( P _ )

x=0 y=1

N TOra CHOBa MO (ll)

1S) < c*(n) pt

(Cne.nosa'renbuq, .

El (i (:5_4_;;_2&))2 < @pH +c () piok”
=0 \A=1" S

M STHM JeMMa 3 J0KasaHa. ‘
Tlepefinem Tenepb K IOKa3aTeNbCTBY TCOpEMbI Bepmxecca
Jokaxem cHawasa OLEHKY

5
P

$=N4-1.

nonyuernylo M. M. BusorpazoBem B 1914 rony. Has npo-

croTel GyZem cuutarsh, uto N=0. BBefeM B paccmorpenne
cymmy Tayeca. 1
p—

: o 32()2’“%,

y=1

<cp'rlnp,

rie e — HENepoBo yucno, i=(—1)"s, n=3,14..., u Bocnosp-
3yeMcs = paBeHCTBOM |S| =p '/s, KOTOpOE MHl JIOKameM B
c.nenylomeﬁ rnase. [lpw xs£0 (mod _p) MBE HMeeM:

x x-1 _ L x 1y 23'!1'-— L 2:rr£-—
(5)s=(5)s- 3 (5 ) =2( )¢
H, cnenosa're.nbﬂo,

s3(2)-3 ) g5

x=al tm] x=1
Orciona ) - : i
- ' - H p— H Xt
X | 258 =
M EEPE
x=I . t=1 |r=1 =

H no dopmyse A19 CYMMEl TEOMETPHUECKOH NpOrpeccHH

o s (H4D ¢
H p—1 2nip . 2m——-———-p )
X < 1 e - —¢ -
2 T ~= 1/, 2 ; 7 <
X==1 P {==] 1 — 22’( ?
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o~! 1 I p=! |

Y .
‘ g_‘_z S A ___2 .
/2 i Y L
p po l-l_ezntp-l ’p s Lm T, ! >
' ¢ -
i~ -—ﬂl-.-
Ho ¢ P _g P9 sm%t-, TOrza
o p—1
H p—1 2 - N
x L | 1 - 2 1
Yy SR g S T
x=1" " t=1 sm-;— t=1 slnT .

Vi3 rpacdmka byHKIHH y = sin ”Ttnerxo' BHJETb, UTO sin 3;—’- > 3;-

H, C/AeR0BaTENILHO,

1

-]
{

H

3 ()<

x=1 ) l==

+<cphlnp.

Mw|

—

Bsiuty stofl OUEHKH M MOXeM MpeXNoJOHUTh, WUTO
i, 1. ‘
.04 "H<p® 5, e 0<e<0,0l.

TTonoxum _ 1
. ; -1 —5 =
r=[~l—]+l’ 5=-}(r+_2~)' , Hy=Hp Y y

—

L

H =p2r

H BBeaeM B paccMoTpende cumBoa O (...). l'IyCTb (YHRUHH
f(x) n g (x)>0 onpenenennl A1s BCEX AOCTATOMHO OGOJILIIMX
3Hauennii mepemennoro x. Toraa sanuck [ (x)=0 (g (x)) Gy-

Jer osHavath, uTo |f (¥)] <CAg (x) mpH Bcex JNOCTaTOUYHO -

Go/sblIMX 3HaueHUAX x, rae A>>0 — HexkoTopasi KOHCTaHTa.
Ipr 1<y<H,, 1<z<<H, MH HuMeeM -

H
>
x=1

()= xz_l (5 -”Z) +0 (Hp"")
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H, CyMMUpYSR o6e uacTH 3T0rO PaBEHCTBA, O BCEM TaKUM Y
W 2, mosyuaeM
H

2 (—;‘,—)'= W +0 (Hp~Y),

x=1

= (H,Hy™ 2 2 2 ("*‘y‘)

x==1 y==1 z=1

rae

OuennM cymmy W. Mb umeem:
| < A2
Wi HHm INw Y (),
Y =1

rie- N (\) — uncsio pelmekuii cpaBHenns xy~'==A (mod p).
’ r—l

[Monoxus, nanee, o= — B=r, a=N®) ",

r—-1?
1 H
- 7N Atz
- v $P49
z==]

WY << (H,H,)™ (Z N (A'))r—l (E Ny lz‘i’(
Yy A z=]
B Ttakom cayuae |

|W|2r<(H Hz) —2 (2 N‘M)z(r——l)(

MBI noﬁyqaem no nemme 1
A+ 2\
)

14

Ik

H Tak Kak (CHOBa no Jiemme 1 ¢ a=ﬁ:—2)

(ro ey v SET

2er | —92r 2 (r—1: § 2 ad Atz
W< ™ (3 N(h)) TVary X (%)

A =]

2r

Ilanee, nockosjbKy
2 N M)=HH, u 2 N (A=



Mbl HMEEM MO JieMMe -2

—1  H

', — 2 (r— Y (A4 2

W e U, (B () > (37
’ gﬂ Z%l

¥ Ha OCHOBaHHH JIEMMbI 3

W] <Hp~?

CrenoBatesbHo,

3 (&)<,

x=1

H 3THM Teopema Bepmxecca noxasaua.

[lepefinem Tenmepp K NOKasaTe/bCTBY caeicTBHUA. BosbmeM:
1

—_—te
£=>0 u nofioxum H = [p" ?]. Ecau n (p):<<H ', 10 n (p) <<
i T e .

e
<p® T <p*" ?, u BatoM ciyuae caenCTBHE OKa3aHo.
[lyctb Tenepp n (p)>H'+ u (LZ.) = — 1, npum<<H. [Tockons-

Ky MJf  JI000r0 HEOTPHIATe/NIbHOO KBAAPATHYHOrO HEBHI-
yeTa r Mbl HMEEM 7 == n (p), TO cpeny NPOCTHIX ACTUTENIEH Y-

. ¢Jla m MoXeT ObLITh JINIUL OAWH KBaJpaTH4YHbIH HEBBIUET, HHAUe

HepaBeHCTBO 7 (p)>H": Cbio 6b NPOTHBOpPEUHBO.  TakuM

obpasoM, m=gt, rle ¢—npoctoe qucno, ( g )-— —Lun@p<
<g=<H. Ila.nee NOCKOJAbKY S
H
I I1=H,

i(%)= Toi— Y isH-2 > 1=

me==} m==2 m=1
m m m==qt
(;,“ =+ (;’ =—! n o) <q<h
~H—2 Y [%{-]>H(i——2 q“‘),
n{p) <g<H n(p) <g<H
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- cThix umeen (em. (7

[e NOCHENHAS CyMMa Gepe'rcn no BceM npocmm g, n (p)<
<4<H ITo’ Teopeme Bepmxecca MBl TONyuaeM OTCIOAa, ¥TO

—2 3 gl<p?, 60,
n{p) €9<H

- TaK 4To -

1 r
p 1 —(1—p%),
n(p)<q<Hq e 2( 4 ) -

Bocno.rxbsyen)lcn Tenegb creaylomey $akToM U3 TEOPHH Npo-
ra. VII, § 5):

— ==loglogH+C+O
10 <H q (log H)

Torna .o
: ]og H . 1
lo glogn(p)> —o ()

rae @ (p) =0 npr p-—co, B, CACAOBATE/BHO,

Orciona
n<HT =g,

H TEM CaMmblM CJEICTBHE JAQKAa3aHO., -

’

l'naaa 4

CPABHEHMSA OT HECKOﬂbKVlX MEPEMEHHBIX

Ilepefizem K usyuenuio Bonpoca o Konuqec'rae N, pewenufi
CpaBHEHHA

[(x, o xn)EO (mod p), ‘ | '(l)

S rhe f(xy ., Xp) - MHOTOUJIEH C LE/ILIMH xbs@@uuuen'ramu‘
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orn=3 HEDEMEHHHX X4y 00y Xy, H-B KAYECTBE- TIRPBOro Iuara

JoKaxeM crenyomui obumit pesysbrar.

Jlemma [Mesanae Ecau cmenens r mHoz0ureHa
f(x,, ..., X,) N0 COBOKYNHOCMU NEPEMERHBIX Xy, ..., X, CMPO2O
menotue n, mo qucao N, pewenuil cpasnerus (1) deaumcs na p.

ﬂeﬂCTBHTeJlBHO, no Manof Teopeme Cbepma Ml umeeM

-1

Ny=%..3 (l—f””(xn very n))=z Z ¢ (iy «or ln) 3.

x,—.O x e=( TI lﬂu

o op=—l ‘ 3
o DAY .y ¥ (mod z{),

xn=0
THE G4y veny p=r nempuuarenbuue uesnble YUC/IA, TAKHe, UTO
i1+ ... +i,<r (p—1). Ecan i,=0 xoTa OBl WIF ONHOMO 5=
—l, 2, ..., n, 0 -

. S op=t el iy
2..2x}..x n==0 (mod p).

x;==(_) xn=0
Ecau xe Bee iy, ..., i, OTJIRUHB OT HYJS, TO MH HMeEM

Pl BTl e
Z...Xx ...x,,-E...E b xm

%y =0 X, —.0 . xy=l xn=l
H NOJIOXHB xlﬁgry (mod P), veey Xy=ig¥n (mod p), Tae gnnepso-
o0pa3Hbli KOpeHb TIo MOZyJio p, nioxyuaem

—1 -1 oY
g pE X' .. x " E-E 2 g‘x!h . @a¥n (mod p).

x,=0 x =90 ) Yy=1 y”=l

Hanee, nockoabky iy-+ig+ ... +i,<<n (p—1), T0 xoTa O6H
pas opmoro s=1, 2, ..., n sunoausiiorcs sepasencrsa 0<li;<

<p—1, ¥ 1o (popmyne st CyMMbI reome'rpnqecxoﬁ nporpec-
CHH Mhl HMeeM

p—1

g'de = -.E-—————— O(modp)

y8=l ’ l—g

CiienoBarenbio, N,=s0 (mod p), W JeMMa JoKasaHa.
2. Teopus cpaBHEHHH OT MHOTHX TNEPEMEHHBIX K HacTOfl-

~ | o _ 51

iLieMy BPeMEHH Pa3BHTa JOBOJBHO cJafo, Mo3TOMy Mbl Orpa-
_HWYHMCS H3YHeHHMEM JIHIUb HEKOTOPbIX BBIPOKIEHHBIX Cayva-
eB. PaccmMoTpHM cpaBHeHMe

ah + ... +a,x p=0 (mod p) @)

H JIOKaXeM CJeNyIOUHiA pesyabTar.

Teopema.  [Ilycmes 61—(11, p—1), i=1, 2, ..., n. Toeda
dan konusecmea N, pewenuti cpasrenus (2) umeem MECTNO
Hepasencmeo .

INp—p" | < Oy—1) ... (6,—1)p"".

Ina nokasarenncTBa 3TOR TEOpEME! BBEJEM B PaccMoTpe-
Hue cymmmr [aycca

p—1

!
ax
2! ——
Sd= E [ 4 . -

x=0

Newwma L. fyems p>2 — npocﬁzoe wiicao u

- Toeda npu a==0(mod p) umeem mecmo pasencmso ~

. 1Sol=p"
Mul uMeem: ¢
o S bod Y Ll P X ¢ il s §
|Sa12=sa'sa=2 Ee P
] x=0y=0

(S, — xoMmnyeKCHO cnpsikeHHas ¢ S, BenvuuHa), Crenaem
8aMEHY TNEePeMEHHOro x=y--1{ u 3amemm, UYTO KOrjla x U y
NPoGEraiT NOJHYIO CHCTEMY BHIYETOB MO MOLYJIO p,'TO y H
! TaKKe npo6eralT HesaBHCHMO APYT OT Jpyra NOJHLIE CHCTe-
MBl BBIYETOB N0 MOAY/IO p. B TakoM cayuae

— _1 2 — ———
p—1p o i + 2aty p—1 [at’ p—1 £2at.ll

- 200 f 2Rl
1SaP= 2 De P =N ”.zen”.

t=0 y=0 . =0 y==0
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H TIOCKOJIbKY

| p, ecan 2at50‘(mod D),
“ 10, ecan 2af 20 (mod p),

™0
1Sof?=p.

Jlemma joxasaua. v
3ameTuM, uto npu a7=0 (mod p)

p—1 ax* p—1

N 2 2nt-‘%”—
. Z = Z n(y)e »

x=0 u=0

rae n (y) paBHO Ko.)mqecrsy pellleHH i cpaBHeHHil x2 =y (mod p)
Orciona no KPHTEpHIO ditnepa

p—14 - —

S - ()

y=0

Jlemma 2. [Tyeme §={l, p—]) Toeda npu a==0 (med p)
UMeem MeCcmo OyeHKa

%(é-l)p

3

Ecan 6=1, 1o x BMecre ¢ x npoCeraer HOJHYIO CHCTEMy
BLIUETOB MO MOAYJIO p, TOTAA - _

p—1 axl p—1 ay

O Zni— 2ai—>
e 7=Ye ° =0

x=0 y=0 .
[pennonoxum Tenepb, uto §>1. Mir uMeeMm;

p—1 P =1 ay

2 2:u— 2 n(y) e2:uT’ ‘

x=0 y=0

rie n (y) pasﬂo KOJIMUECTBY pelleHHi cpaBHEHNA x'==y (mod p).
O6o3nauum Hepes g HeKoTOpHIfl (DMKCHPOBAHHHIN nepBoos-
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pasnuﬁ KOpeHb IO Mymo p H NOMOXHM y=ag® (mod p) Tor- -
Aa no Kpmepmo Smlepa

' 0 ecnu r$0(mod d)
n )= {6 ecqH ¢ ==0(mod §)

6-‘
H, cne.uoaarenbno, n (y}=2 %e(8), rie

23‘“—6—. -
%o W) =e *
OTcrona
2,"__ p—18—1 ag 8~—1 p=l oni%
Ee =14 Y Zx.(y)e 2 Ex,(y)e .
xu=0 q--l s—o s=] y===

o
TMonoxum ansa s=1, ..., 6—1

p=—1 ' . ag

T= Snwe *

“p T )
y=1
H nokaxeM, uto T J=p'/s, Mbl HmeeM:

p—1 p—I a(y—1f)

' ‘Tl Ia 2 ZXs Xs(t)eimt A

y=lt=1

Cnenaem samery nepeMeHHoro y=tz u samemm, yTo x,(tz)-
=%s(?) %s(2). Torna

p~—1 at (2~ 1)

ITs P 2 1.5 (z) 2 M_ P 1

z2==1

H nNOCKoNbKy npH s=£0 (mod 6) -

,p_l

z Yo (2) = 2 € m_ ’ 2 ezni =’>0o

z==1 T ozma] =0



MBL HMEEM:

p—1i p—1 at(z-—l) -

ITp= Zne Je -

2==1 :

p—1 at(z—n

=rt 27(3(2)28 7 =p

=2 t==0

Orciona no (3)

< 2ni— - - ’ 2.1:‘—9—. , :
2 e 21 Exs(y)e P |=@=1)p",
im0 =1 =

M TeM CaMeIM JeMMa 2 JOKa3aHa.
TepeiineM K 1oKa3zatenbcTBY Teopembl. Mul HMeem:

‘ 2 - 1
p=lp=1p=—1 (“‘”a +"'+“n”nn)

PR

s=0 x.=0x =0

Orciona

p—1 n —1

INg—pr-t 5 11 2 e,

s=1 jm]|zy=0

H 1o aeMme 2

(N g1 25 (8, 1).v. (Ba— 1) P2 (8, —1Jore (84— )2,

TeopeMa JOKasaHa.
" AHaJIOTHYHBIM oﬁpaaom MOXKHO JI0KasaTb, YTO AJA KOJIH-
vectBa N, pewmeHHH CpaBHEHHS .

1 )
) alxi‘+ v Fapxnne==a,(mod p),

npu a0 (mod p) cnpaseanuBa ouexKa

n.—l

[ Np—‘l’"—'1 | <4p *

rJe KoncTauta A aa‘Bucm AUt OT [y, ...y Uy
B obieM cayyae HMeeT MECTO crefyioniee YTBEPIKACHHE.
Teopema. Iycme muozounen f (xy, ..., X,) Henpuso-
Oum 6 mobom Koreunom pacuupenuu noas F,. Toeda dan ko-
aunecmsa N, pewenuil cpasnenusn

I3

f (x4 -.., x,)=0 (mod 9)
HMeeT MECTO OleHKa
| Ny—pr=t | e () o=t

Jina n=2 TeopeMy MOXHO AOKa3aTh TeM ke METOAOM, Ka-
KHM Mbl B rJiaBe 2 noayunan ouerky | Ny—p | <c ()p*+ aaa
uncna N, pewenuft cpapHenus y’=f (x) (mod p). [lepexoxn
OT n=2 K C/1y4aio NPOW3BOJIbHOTO YHC/Ia NEepeMEeHHBIX COBep-
(IAETCH COBCEM MPOCTO.

3. B 3akMioyeHHe PacCMOTPHM HEKOTOpHIE NpHJIOKEHHS
TEOPHH CpaBHeHMH K AHOdaHTOBLIM - ypaBHeHuAM. [lpexne
BCEro 3aMeTHM, 4TO H3 MOCJAeNHEH TeoOpeMbl CPABHHTE/NLHO NPO-
CTO BBIBOAMTCA CJEAYIOWME pesyJisTar.

Caencreue. Ecau f(xy, ..., x,) — abcomomuo we-
NPUBOOUMBLEL MHOZ0AEH C UEAbIMU tcosqbqbuquenmamu, mo cpas-
Kenue

/ (xl, s Xn)==0 (mod p*) 4)

paspeuiumo 0as 6cex k=1 u aécex npocmuewx wucen p, 6oabuiux
HEKOMOPOYL 2panuyel, 308UCAUMEll AuUib Om - MHo2oMACHa f.

3aMeTHM JaJee, YTO pa3peilHMOCTb CpaBHEHHA (4) 1A Beex
NPOCTHIX YHCEa p H BCEX HATYPaibHBIX R AB/seTCA HEOOXOMNM-
MbIM yC/IOBHEM AJISI Pa3PElIHMOCTH COOTBETCTBYIOWETO JHO-
¢anToBa ypaBHeHnﬂ )

f(x].’ reey xn)=0'

BaxnocTh YKa3daHHOro BblllIe ‘CJIGACTBHSA 3aKJIOYAETCA B TOM,
4YTO OHO CBOAMT IIPOBEPKY 3TOro YycjoBksi TOJIBKO K XOHeH-
HOMY HYHCNY NPOCTHIX YHCER p.

£6



1 gokasaTesibCTBA CAEACTBHS AOCTATOYHO MOKA3aTh, YTO
9HCNO pemeHHd cpasHenus [ (xy, ..., %,)=0 (mod p) npu
20CTAaTOYHO GOMBILMX p GoJiblle, YEM YHCIO peme}mﬁ CHCTEMB!
CpaBHeHUH

f (x4, ..., %,)=0 (mod p),
Frm (g oees #a)=0 (mod p).

B TaKOM cnyuae Hafifetcs HaGOp KJAaccOB BHIYETOB X=

=xi"(mod p), ..., x,=x{’(mod p) taxodi, uro f (", ..,

’)_._0 (mod p), fx (", ..., =20 (mod p), Torma, kax
6bmo NOKa3aHo B Hauaje 5JaBbl 3, cpaBHenue [ (x,, ..., X p )=
=0-(mod p*) Gyner paspeltnMo npa MOGOM LEJIOM k> i

Hokaxem cHauana, 4to ecan He Bce Koaq;cbuuuem'bl MHO-
rounesa g (xq, ..., X,) AeIATCA Ha p, TO A/1a yuena N, peieHusi
cpaBHeHus g (xj, ..., Xx,)==0 (mod p) cnpaBeanuBL OUEHKH

N P<Cpn-l1

rre C — HeKOTOpas MOCTOsIHHAf, 3aBHCAINAA JAHLIbL OT MHOrO-
wieHa .g. JlokasareJbCTBO 3TOr0 yTBEPKAEHMA NPOBENEM HH-
AyKuue#d no penuuuHe f. s a=1 yTeepxjieHHe clepyer H3
teopembl Jlarpanxka. [Ipu n>>1 paccmorpum MuoOrounen g (x,,
evey X) KaK MHOTOYMIEH OT Xy, ooy Xy 1o KOS(bCpHIlHEHTbI KO-
TOPOrO CyTh MHOTOW/IEHH OT nepeMeHHod x,. OGosHauuM
gepe3 d (x,) HauGoabwnii oOWMEA AeAUTENb STHX KO3DGDULH-
eHTOB no Mmozayaio p. Toraa

f(xl’.---’ xn)Ed (xn)h (xl! seey xn)(mOd P)'

npuyeMm MHOrouneH (ry, .-y X;) HM TPH KaKOM 3Ha4YEHHH
X, HECPABHHM TOMJIECTBEHHO C HyJjeM mno moaymo p. Ecau
‘ d( 2)=0 (mod p), T0 g (X;, ..., %,)=0 (mod p) InA Jo6bIX

Xiv -eey Xp_,. CllelOBaTeNIbHO, UHMCJAO pelieHHH CPaBHEHHA
g (xy, ..., %,)=0(mod p), N3 KOTOpHIX d (x,)=0 (mod p)
He npeBocxoaut Ap*~!. PaccMoTpuM Tenépsb Te pelueHHs Cpas-
Henuss g (x4, ..., X,)==0(mod p), ans koropux d (r;)5=0
(mod p). B 310M ciydae Ajisi Kaxaoro Takoro x,=a,(mod p)
MHOTOUJIeH g (X4, ..., X4 1, @) HECDABHHM TOX]ECTBEHHO C HY-
JeM O MORYJIO p, TOTA2 MO HHAYKTHBHOMY MPEINOJOKEHHIO

yueao N p(a,) peweHHii cpaBHeHHs g (X;, ..., X,_y, Op)==

=0 (mod p) ynopnerpopser nepabencTBy Np(a,)-<Bp"~*. Tax
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(5)

KaK a, NMPHHHMAET TpH 3TOM He GoJsee p snaqennﬁ TO oﬁmee

yHCHO pememm cpaanenns{ g (xi, ey Xp)=0 (mod p} He npe-
Bocxognr Cpn—?

Pacemorpum f(xl; ..y X,) KaK MHOTOUNEH OT X, € KO- -
bHIHEHTaMH, ABJIAIOUIHMHCH MHOTOUIEHAMH OT Xy, ..., Xp.q.
H3 a6comiorroi nerxpusozmmoc'm f cnenyer, 4TO €ro AUCKPHMHU-
HaHT D (¥, ..., X,.,) HE paBeH TOXIECTBEHHO HYJIO MO MO-
LYo p, WHave 6wl f nesujicst Ha xnanpa'r HEKOTOPOIro Jpyroro
Mmuoroygesa. IlycTb npocroe 4ne/IO p He ZeaHT Bee Ko3dduun- -
eHTsl MHOrounena D (x4, ..., x,;). Torna ecin x,=a,(mod p},
vy X=a,(mod p) — pelsenne cucremsl (5), To x,==a,(mod p) -
AB/IAETCA OGIHMM KODHEM MO MOLYJIO p MHOTOUMEHOB f(ay,

vy Oy, ,,) H f,,. {ay, ..., Gyq, X,), NOITOMY-

D (al, a,.-l)—-O (mod p)-

Ho ducio cucrem (ay, ..., Q- 1), YAOBJIETBOPSIOUIMX MOCE]-
HEMY CDaBHEHHIO TIO NOKa3aHHOMY BHIlE, HE MPEBOCXONUT

- pesinuMHbl Cp®~%. Jliisi 3ajaHHBIX XK€ @, ..., O,—, 3HAYEHHSH

a, OBpeNeNAOICs U3 CpaBHEHUR f (@y, ..., G-y, X,)==0 (mod p),
TOSTOMY HX WYHCJIO HE MNPEBOCXOAWT. CTENEHH MHOrowlena f

no nepemeHHo# x,. Takum o6pasoM, KOJIHYECTBO N,, pemenuf
cucteMHl (5) He npeBocXonuT Benunyel Cpn 2. [las Koiuvecrsa
we N, pelueHuit cpaBHEHUS f (%1, ~euy Xq)==0 (mod p) MuI HMe-

1
eMouerky N,>p"'—c(f)p"~'~ 7 - Orciona N,,——Np>

>p*%p—c (f)p*»—C), suaunr N,>N, TIpH Beex JIOCTATOYHO
6oabiuux p. Crencreue JNOKasaHo,
Kak Mbl.yxe oTMeuaH, paspelliMOCTb CepHH CpaBHEHMH

F g veey Xa)=0 (mod i)

NS BCEX NPOCTHIX p M BCEX LedHX k> 1 sBnsiercss Heo6xo-

AHMBIM YCJIOBHEM IJIfl DAaspeliHMOCTH YpaBHEHHS

s Gty s 2)=0 ©

B HeNBX Xy, ..., X,. [I0 IOKA3aHHOMY BHILLE, Ha CaMOM jene,
JOCTATOYHO OTPaHMUWTLCA NPOBEPKON 3TOTO YCJIOBMS IS He-

' KOTOPOI‘O KOHEYHOr0 MHOXKECTBA MPOCTHIX YHCeN p. Hanpnmep,

ypaBHenus
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X242y +528=0
BAHIB=0 -

He paspelllMMBl B OTJIMUHHX OT HYJA LENHX YHC/IAX, MOCKOMb-
Ky COOTBETCTBYIOLME CPABHEHHS

xz+2ys+532 0 (mod 5%)
#8422+ 72°=0 (mod 7¥),

k=1, 2, ... uMeIOT MHLIb TPHBHANBHOE PEllieHHe X=y=2=(,

OnHaKo YacTo CAyuaercs, uTo paspeiiiMoCTb CpaBHeHu (4)
OKa3blBaeTCs TaKike M JOCTATOUHBIM YCJIOBHEM AJA paspein-
'MOCTH AHO(paHTOBa ypaBHeHuA (6) B LeNHX WH pauHOHalb:
HHX YHCHaX, T. €. JOKajbHas pPaspemuMocTb BEleT K TJo-
GajibHOH paspelnMmocTd. B KauecTBe npHMepa TaKoi CH-
TyalHil MPHBEJIEM CIeLyIOYyIo Teopemy Munxkosckoro — Xac-
ce;

Teopewma, Ypasuenue

@m“,%hm -

20e ®(x1,...., X)= Za,,xx, neaﬂpamu-cﬁa.n gopmua c

yeAbiMLL rcoaqbzpuuuenmamu ay, HEMPUBLAALHO POBPEUIUNHO 6
yeawx qucaax (m. e. ko20a He 6ce X, PABHbL KYAI0) Moeoa U moab-
ko mozda, kozda gopra @ ssasemca Heonpederennod (m.-e.
HEeMpPUBLANGHO npedcmagasem HyYsb 6 noxze BEUYECTIBEHNbIX
uucen) u Ko20a O/m /uoéoeo Mo0yrs euda p* cpasHenue

@ (tg, ooos xn)=—.0 (mod p*) _ (7)

umeem pewienue, 8 rcomopom snauenue xoms 6bl 0OHOUL nepemen-

HOU He Oeaumcs Ha p.

B uactHocTH, ucnoss3ysa nemmy [leBane, Jerko nokasars,
gro npu n>= 5 cpaBHenue (7) Bceraa paspelllMO, H TeM Ca-
MBIM - CIIPABEAJIHBO CJEAyIolmlee yTBEpaIeHue (B JaibHefmeM
noAl npeacTasieHueM GopMofi HyssA Mbl Beerqa GYAeM NOHUMATh
HETPHUBUAJIBHOE NpPENCTABJIEHHE).

Canenctaue. Ji1a mozo 4moBoe yerOUUCACHRAA HEOCO-
Gennas keadpamudnas opsa om n>==5 nepemerHbix npeo-
CMABASAG HYAb 8 KOABLE YEAbLX HUCER, HEOGX0BUMO 1 docmamos-
o, 4molbl OHa Obiaa neonpeae/zeunou. ,
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Takum 06pazoM, BCSIKasi heonpeaciieHHan KBaJapaTHdHasfl
dopmMa OT 1OCTaTOYHO COMBIIOTO YHCJAA HEPEMEHHBIX LeJo-
YUCNEHHO TNPENCTaBJsieT HyJb, a TEM CaMbM H BCSIKOE lie-
noe yncyio, CymecTByer rurnoresa ApTHHA, YTQ BCAKOE ypaB-
HEHHe

@ (x4, ..., %,)=0,

tae O (xq, ..., X,) — UeNOUHCIEHHAn GOpMa HEUETHOM CTene-

HA d, HETPHBHANbHHM OGPa30M Pa3pEHMO B LENbIX YHC/AX,

. ecakt Tonbko n>d®. Bepu B 19567 ropy ZoKasan, yTo BCAKAas

¢dopma HeueTHOH cTeneHW MpPEACTaB/feT HY/b B KOJbLE Le-
JIBIX - YHCEJN, €CIH YHCJIO ee NepPEeMEHHBIX NOCTATOYHO BeJIHKO
No CpaBHEeHMIO cO creneHblo. Cama ke runoresa ApTHHA Jl0-

- Ka3aHa K HaCTOfLleMy BPEMEHH JIMIUb AA caydas d=2,

B 3akaiouenye 3aMeTuM, 4To B OGLIEH CHTYallnu paccMor-
PEHHBIi HaMH NPUHIUHKI [Epexoia OT JIOKaNbHBEIX pELIeHKH K
rJ06anbHBIM HenpuMenuM. Hanpnmep, Kak nokasasn Penxapﬂ:r,
ypaBHeRnLe .
x¢—17=2y%

HE MMeeT pelleHHil B LesbiX UHCNAaX X, ¥ M B TO XKe Bpems co-
OTBETCTBYIOILlEE CpaBHEHHE

x f17_=_2y2(mod P

paspeinMo NpH BceX k=1 u 1aa Bcex NPOCTHIX, YHCEN p.
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