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[TonsiTiie MOmeM BO3HHK/O B MaTeMaTHKe elle B IeBSIT-
HajuaToM seke. BnioTtHyio K Hemy nogomen H. M. Jlo6a-
YEBCKHH, HO B TOJHOH Mepe OHO MOSIBWJIOCh B paborax
. Beabrpamu u . KsnefiHa, NOCBAIIEHHBIX HENIPOTHBOPEUH-
BOCTH TEOMETpHH.

B nanbHefilleM NOHfITUE MOJEe/IM Pas3BHBAETCS] W yTOU-
HAETCH B CBfI3H C pa3BUTHeM (GoOpMaJbHBIX TEOPHH U CTaHO-
BUTCSl OJHHM K3 OCHOBHBIX TMOHSITHH CeMaHTHKH CHMBOJHYe-
CKHX $SI3bIKOB.

CoBpemennasi GOpMyJHPOBKA NOHATHS MOJENH H IPYTHX
MOHATUH CeMAHTHKH (HampuMep, IOHSTHS MCTHHHOCTH dop-
MyJabl  Y3KOTrO HCUUCJEHUS MpPEeAUKATOB, MOHATHS Tedpnn
KJaccoB ajre0paudecKux CHCTEM H JP.) CAOXKWJIACh B KOHLE
ABajuaTHlX UM B HadaJe TPHALATBLIX TOJI0B B paboTax
J1. TunsGepra u A. Tapckoro.

K ToMy e BpeMeHH Ha OCHOBe (hYHZAMEHTAJLHEIX pa-
6ot . Fuavbepra U pa3BHUTHS €ro WIed B MaTeMAaTHUYECKOH
JOTHKe OBIIM MOJY4eHbl H OCHOBHblE TEOPeMbl: TeopeMa
I'énens o NOJMHOTE Y3KOTO MCUUCJEHHS IPEIHKATOB, JOKAJb-
Hasa teopema MaubleBa, Teopema Jlesenreiima — Ckonema,
TeopeMa O PacClIHPeHHH Mojened u ap.

EcrecTBeHHO BO3HHMKJA HAes NPUMEHEHUS 3TUX NOCTH-
XKeHHH B MaTemartHke. ®opMaJsibHBEIE CHCTEMBI, H3ydaeMble
B MaTeMaTHYeCKO#l JOruke, ABRIAIOTCA NIPUMepaMH anrep
¢ YaCTHUHBIMH OfNepalUsiMH, W OCHOBHble TeOpeMBl O ¢op-
MaJbHBIX CHCTEMaX, OCHOBHBlE MeETOJAbl MaTeMaTHYECKOH

TMPEAUCTOBUE PEIAKTOPA 9

JIOTMKH ABJASIIOTCH ajireOpauuecKuMHi. Buammo, mo 3Toi mpH-
ypHe ajre6pa u apupMerHka ABUJIUCH NEPBLIMH MaTeMaTH-
yeCKUMU OOBbEKTaMH, rje NPUMEHANHMCh METOJbl MaTeMaTH-
YeCKOH JIOTHKH.

[TuonepamMu B stoM HanpasjeHun Geim A. M. Maus-
ues u T. Cxosem. Mx nepsble paboThl NOKa3aan MJI0A0TBOP-
HOCTb HOBOro HanpabJeHus. B paGore Ckojema DOCTPOEH
npuMep HecTaHHapTHOH Mojenu apudMeTHKH, B pabote
MausblieBa jJaH HOBLIH METOJ MOJYYEHHs! JIOKAJbHBIX T€OpeM
B TEOPHH [PYNI, KOTOPbIl NMO3BOJIH/I HE TONbKO OGOOLIMTH
WU3BECTHLlE, HO ¥ [OJYYHTb HOBble JOKaJIbHbIE TEOPEMEL
B stux xe paGorax BBeJeHbl HOBble I[IOHfATH#A, OKa3sas-
[mpecsi O4YeHb IJIOJOTBOPHBIMH (HampuMep, MNOHsTHE oOIe-
pauuu yJbTPACTENeHH MOJeJH, MOHATHE ONHCAHHA MO-
neau). XoTs aBTOpbl SIBHO He CHOpPMYJIHPOBAJH BBEICHHDIE
UMM [ICHSITHS, OHHM HrpalpT B paborax CyHIeCTBEHHYIO
pOb.

Tak Ha CTbIKE ABYX Hayk, aire6pbl H MaTeMaTHuecKoH
JIOTHKH, BO3HMK/JA HOBAs TEODHs, U3ydalollasi CBs3b ajreo-
pbl 1 apuGMETHKH ¢ MaTeMaTWUYeCKOH JIOTHKOH, KOTOPYIO B
nepBble TOABI CYHTAIM ajre6paudeckod W Ha3bIBAIM MeTa-
MaTeMaTukoli anareGpbl. JlaabHefilliee pas3BuTHe [0Ka3aJgo,
4YTO TEOPUS HMeeT CBOIO CHCTEMY NOHSTHH, CBOM METOAb H,
yTO BaskKHee BCEro, cBol npoGsemaTHKy. B nocsiennue roasl
ee Ha3LIBAIOT TeOpHell MOJeJel.

B CcOpOKOBHIX rojax HauyanoCb HHTEHCHBHOE pa3BUTHE
TeopuH, B KOTOPOH JeATeNbHOE yuacTHe NPHHSJIN ee co3la-
teqau. Teopusi Mojenefl pasBuBajach B PasHbX Hampasiie-
HUAX: H3yYaJuChb MOJENH Y3KOrO HCUHC/ACHHS MPEeNHKaTos,
MCUMC/IEHUS] BTOPOH CTYNEHH, MOJENH MHOTO3HAWHOHl JIO-
I'MKH, MOJEJH JOTHKH C GECKOHEUHO AJMHHBIMH (OpMYyJaMu
T I

Pa3BuTHe TeopuH MOZeJeH y3KOro HCUHC/EHHs npelnka-
TOB 1O IJIaBHBIM 06Pa3oM B ABYX HanpaBJieHHsX: C OAHOH
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CTOPOHBI, NOJ BJAHAHHEM NEPEUHCICHHBIX Bbillle paboT BO3-
HHKJIa TEOPHS KJaccoB MoOAeJsel, uaydallunas o6ILiHe CBOM-
CTBa KJaccoB aJre6paHyeckux cucrteM. TeopeMHl TeOpHH
KJ1acCoB MOJeJeH BO3HHKAIOT U3 O0beNuHeHHsd U 0000LIeHHA
OJIHOTHIHBIX TeopeM, AOKAa3bIBAEMBIX B pAa3HHIX OTAeaax
ajare6pbl U NepBoHadaJbHO KaKYILHXCSH TEOPEMAMH Da3HOi
NpUpoAbl. Pe3yjbTaThl 3TOro HalpaBJCHHs CHCTEMATH3UPO-
BaHBl B 0030pHLIX cTaThx Boora [5], Jlunnona [2),
Maapruesal26], Tapckoro [3] u B Tpex MoHOrpadusx
A.Po6uuncomna [1],[3], [9]

C npyroit cTOpoHBI, NOJA BJIHSIHHEM TeopeMbl A. Uépua
BO3HHKJIO HallpaBJieHHe, 3aHUMAloIeecs] aJlrOpUTMHUECKHMHU
BOTIPOCAMH.

[ocnennue oTHOCATCSA, TIABHBIM 06pPa30M, K pa3perinMo-
CTH WM HEPa3PeIHMOCTH TEOPHH KJacCcoB ajrebpandecKux
cucTeM. B nepBrix pa0oTax, NOCBSILIEHHBIX aJTOPUTMHYCCKHM
BONpOCAM, JaHbl MeTOJlbl Jl0Ka3aTeJbCTBA Hepaspemin-
MOCTH TEODHH KJaccoB Mojesell W JoKazaHa Hepaspeluu-
MOCTb TEOPHH psla KJAaccoB anrefpanueckux cucreM. Haun-
6o/ee HEOXHMAAHHBIM De3y/bTaTOM, MOJYUEHHLIM B TEPBbIX
paborax, siBagerca TeopemMa A. TapcKoro o paspemumocTH
TEOPHH anre6panueckd 3aMKHYTHIX M BeIeCTBEHHO 3aMKHY-
ToIX nosiell u TeopeMa K). PoGHHCOH 0 HEpa3peliMMOCTH Teo-
PHHU [10/is1 PALLHOHAJbBHBIX UHCE.

BoraTbli maTepuaJs, 10JyYeHHbIi B 3TOM HampaBJeHuH,
cucTeMaTu3upoBaHd B MoHorpapuu A. Tapckoro, A. Mo -
ctosckoro, 0. Pofurcon [l] n B o630opHoll cratbe
10.JI. Epmosa, M. A. JTaspoBa, M. A. Taltiuaus a,
A.J1. TatimanosBa [l], rae U3J0XeHb JOCTHKEHUS Teo-
pun 10 1963 r.

B nocnennne roael (1962—1966) pasButie Teopuu mo-
Jejeil TIPOROJXKAAOCh, H B Hell MOJyYeHB! BasKHblE PE3YJb-
taThl. B Teopum KjaccOoB u3YYeHL MOIETH HOJHOH Teo-
PHH; IOK43aHO CyIIeCTBOBaHHE YHHBEPCAJbHBIX Moleqell j

MPENVCAOBUE PEAAKTOPA 1

MOJMHBIX TEOpHAX, peuleHa NpoGJeMa KaTeropuyHoOCTH (ec-
JIM TeopHsl HMeeT eJHHCTBEHHYIO MOJe/lb B HEKOTOPOH He-
CUETHOH MOILHOCTH, TO OHa MMeeT eAMHCTBEHHYI0 MOJEJNb BO
BceX HeCUETHHIX MOHIHOCTSIX). B ajJropuTMHUeCKHX BONPOCax
J10oKa3aHa HepaspelIMMOCTh TEODHUH PaBJHYHBIX KJIacCOB KO-
HEYHBbIX TPYIN, KOJEL, CTPYKTYDP H HaHjeHbl HOBbIE METOIbI
Jl0Ka3aTeJbCTBA HEpa3pelldMOCTH TeOpHH KaaccoB. Heoxu-
naHEbIME GBu paboTel M. Akca, C. Kouena u 10. JI. Ep-
1I0Ba, TAe ¢ NOMOLIbI0 TEXHUKH Y/bTPanpOH3BEACHUI U Me-
T0/la MOJEJBHOH MOJHOTH J0Ka3aHa Da3peiliMOCTh TEOPHH
noseil p-aguueckux uucesa. B stux paborax, BBIMOJHEHHBIX
He3aBHCHMO U OJIHOBPEMEHHO, 10Ka3aHa Pa3pelmuMoCTh elle
psila TEOPHH HOPMHPOBAHHBIX [0JEeH, a Takke YKa3aHsbl
HEKOTOpble CJAEJCTBHSI, OTHOCALLMECA K TEOPHH UHCeN M Teo-
pUH HOPMHUPOBAHHBIX [OJIeH, HanpuMep, K runorese AprtuHa
i K rumotese Jlenmra. 3aMeTHM, UTO B TEOPHUU p-aJHYECKHX
ygces He ObLIO HalJeHO aAropuTMa AJS pEHIeHHs ypaBHe-
HHii JaXKe YeTBEPTOH CTEleHH.

MeTonoM mnepekMAbIBAHUA *) [OKa3aHa pa3pemHMOCTb
reopun ynopsiioueHHbIX abesesbix rpynn (Iypeswuu [1]),
MEeTOJOM MOJEJbHOH TMOJMHOTH JOKa3aHa pa3pelMocTb
TEOPUH KOHEYHO ONpe/eJeHHOH KOMMYTaTHBHOH (oayrpyn-
nol (Tadinwaun [8) urt A

[1lupokoe NMpUMeHEeHHe MOJYyUHIa TeXHHKA yJAbTpPanpous
pefenunii. HectaHnapTubléi aHanu3, co3faHbd A. Pobun-
COHOM, 3a TOCJeJAHHEe TOIbl BHIPOC B CAMOCTOSITEJBHYIO Teo-
pMIO, KOTOPOH aBTOP MOCBATHJ HOBYIO MOHOrpaduio [23], rie
W3J0KeHbl OCHOBBI KJAaCCHYECKOTO aHa/ln3a TeOoPHUH JHHel-
HbIX MPOCTPAHCTB C HOBOHM TOuKM 3peHus. MeTonbl HecTaH-
NapPTHOTO aHa/M3a OKa3aJuCb IOJEe3HbIMU HE TOJNBKO B yJyd-
{IeHHH U3J0XKEeHHs H3BEeCTHbIX pe3yabTaToOB, HO TaKxke
0Ka3aJuchb TO/JE3HBIMH M B pelleHWH TPYAHBIX npobJjeMm.

*) Meroa nepexuamiBanus (Meron Ppecce) uznoxken B paborax
dpecce [Il. dpendoiixta [2, Takimauosa [3], [6]
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Tak, B nocnennee Bpemss BepHwTeifinomMm u A Po6uun-
coHoM [I] mano pewnenne npo6aembl IMuara u Xaamowa
H3 TEOPHM ONEePATOPOB B I'MJbOEPTOBLIX MPOCTPAHCTBAX.

Pacumnpenue o61acTu npuMeHeHHs METOJI0B TEOPHH MO-
Heneil (aHa/u3, TeOMeTpHs, TONOJOTHSI) W OOH/HE pe3yJb-
TaTOB, MOJIYYEHHBIX B CAMOH TeOPHH, BHI3BA/IO HHTEPEC K Te-
opHu MOJeJeH Ccpein MaTeMaTHKOB pPasHbIX CHeNHaJbHO-
cTell.

B nocieanne rogbl CHAbHO OLLYWAeTCH OTCYTCTBHE B
COBETCKOl JINTepaType KHHUT, COJepxKalldX OCHOBHLIE METO-
Ibl ¥ TEeOpeMbl TEOPUH Mojeded ¥ npelHa3HAUYEHHBIX /15
NnepBOHAYaJbHOrO H3YYeHHs. IDTOT npoden 6yAeT B HEKOTO-
poii cTemeHd 3anoJiHeH MNpefJaracMbiM COBETCKOMY YHTa-
Teso nepeBojoM KHUru A. Po6uHcoHa, H3BeCTHOrO MaTeMa-
THKa, BHECLIEro CYIIECTBEHHBI!l BKJaj B TEOPHIO Mojefell.
A. PoOUHCOHY NpHHALNEKHT TEOPHS HAEAJNOB, HECTAHAAPT-
Hbifl aHa/u3, MeTOA MOJAEJBHOH NMoAHOTH U Ap. A. PoGuncon
SIBJIACTCS TaKXKe CTPACTHBIM NPOMaraHIUCTOM TEOPHH MOje-
Jgefl u raasoii Mepycanumckoil mkoawl. Kuura A. Po6un-
COHa, BO3HHKIIAA W3 nepepaGOTKM TPEX €r0 CTapblX MOHO-
rpaduin ([1], [3], [9]), fAiBNseTca mOKa Aydiiell KHUTOH B MH-
pPOBOl JuTepaType JAMAs MNepBOHAYAJbHOTO O3HAKOMJICHHS ¢
Teopuell Mojaeneil U COLEPIKUT OCHOBHBIE JOCTMXKEHHS Teo-
puH Moje/ed y3KOTO HCUUCJAEHHS NPeJHKAaTOB, MOJYyUYeHHbIE
1o 1963 r. B Hell moApo6GHO M3JI0KEeHbl OCHOBHLIE TEODEMBbl
o6leli TeOpUM KaaccoB MoOJesell U OCHOBHblE METOAB JO-
Ka3aTeJbCTBA pas3pelllnMoCcTH Teopud. M3 meronoB nokasza-
TEJbCTBA PA3PELIMMOCTH TEOPUH, MTPUMEHSIBUIMXCH B TOCAE]-
HHE TOAbI /151 pelieHUs KOHKPETHBIX 3a1au H He H3J0XKeH-
HbIX B KHHre A. PoOGMHCOHA, MOXKHO OTMETHTb MeTOA mepe-
KU/IbIBAHHA.

Ot uurareseii TpeGyercst 3HAKOMCTBO C MaTeMaTHUECKOH
NOTUKOH U aAre6poil B o6'beMe HAIIUX YHHBEPCHTETCKHX Kyp-
cos. [locae uayuenus nepsbix YeThipex H MOC/IEAHEH I/aBbl
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yHTatesb MONKET OPHEHTHPOBATbCS B XKyPHAJbLHOH JuTepa-
TYype.

Ina ymo6cTBa uMTaTe s CAeJaHB NpHMedaHus 6ub-
Juorpaduueckoro xapakrepa n 6ubauorpaduyeckne 1000J-
HeHUs. Bce mpuMeuaHHs M JIONOJIHEHHS DEAAKTOpa OTMe-

yeHb! 3Be3J10UKOM.

[MepeBoquuk A. B. Boabinckuit u perakTop nepesoAa
nonpapuau GOJIBLIOE KOJMYECTBO ONEYaTOK H HETOUHOCTEH,
BKPABLIMXCsSl B OpuTHHAJ. VcnpaBieHusi COBePIICHHO oOue-
BHUAHBIX ONEYATOK B TEKCTE HE OTMeYeHbl.

A. 1. Taiimarnos



Souvientte vous de celuy 4 qui,
comme on demanda a quoi faire il se
peinoit si fort en un art qui ne pou-
voit venir a la cognoissance de gueres
de gents: «J'en ay assez de peu, re-
pondit-il, jen ay assez d'un, jen ay
assez de pas un».

MONTAIGNE, DE LA SOLITUDE *)

NPEOUCIIOBHE

[Ipouinio yxe K0BOJMBHO 3HAUUTE/ILHOE BPeMs C MOMEHTA
BbI)fOJla B cBeT «MeramareMaTUKH ajrepbl» — npeablay-
Ied MoHOrpaguum aBTOpa, H3NAHHOH B 3TOH Ke CepHH B
1951 r. OcHoBHOe BHMMaHHe B 3TOH pafoTe GBLIO YieJeHO
JIOTHYECKOMY aHaJ/n3y MeTONOB abCTPaKTHOH anareGpnl H
NPUMEHEHHIO DPe3y/bTaTOB CHMBOJIMYECKOH JIOTHKH K COOT-
BETCTBYIOHIUM anreGpanieckum sanadam. [Janbheiiwee pas-
BUTHE 3TOIl TEOPHH {IPHBEJIO K NOSIBJIEHHIO HOBHIX pasjesoB
MaTeMaTHKH, H3BECTHBIX B HACTOSILEe BpPeMs [0 OOGLIHM
HasBaHHeM «Teopusi Momgeeii».

Co Bpemeru ony6ankoBanusi <MeTaMaTeMaTHKU aareGpbi»
3Ta 06/1acTh 3HAUMTEJNbHO Pa3pocaach, BBHAY HYero GObliIo
NPU3HAHO Le1eco00pa3HbIM 3aMEHUTh YKa3aHHYI0 pabory
COBEepHIeHHO HOBOH.

IIpumepHO NOJIOBUHY 0OGbeMa HACTOAULEH KHHUIM 3aHH-
MaeT Marepuas Npejiblayliell paboThl, H3NOXKEHHe ero cy-

*)} IlycTb BaM NPUNOMHWTCS TOT, KTO HA BONPOC, K YeMy oH 3a-
TPAYHBAET CTOJbKO YCHAHM, NOCTHras HCKYCCTBO, ¢ KOTOPBIM BCE PABHO
He CMOXKeT O3HAKOMHTh Jiodel, oreeTun: «C MeHS JOBOJLHO OUYeHb He-
MHOTHX, ¢ MeHSl JOBOJBHO M OJHOTO, C MeHst [OBOJBHO, €C/JH faxe He
6yneT HU OMHOIO»,

Mosnresb «O6 yennnenun»

(Mumwens Montens, «OubITHI», KHUra 1€ E
h , R pBas, raaBa XXXIX,
CCCP, 1958 r.). Hon eo AH
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liecTBeHHO fepepa0oOTaHO M BHECEHO MHOrO yOpouerua.
33 OJHMM MM ABYMs HCKJIOUCHHSMH OCTaJbHas 4acTh 3TOH
KHUCH 10CBsileHa 6osee COBpeMEHHBIM HCC/IeA0BaAHUAM. 06-
K xapakTep paboTbl 0 HEKOTOPOH CTENeHH H3MEHHJICH,
TakK 4TO Terepb KHMra MOXKeT ObiTb HCNO/Ib30BAaHA B Kade-
cTBe yueOHUKa A/ BbICLIHX yueGHBIX 3aBeJE€HHH Ha NMEPBOM
rojy M3ydyeHHS AAHHOTO MpeaMeTa.

BOablias 4acTh TeM, BKJIOUEHHBIX B «MeramaTeMaThKy

_anareGpbi», Takue, KaK TEOPUS HECUETHOrO f3bIKa, cBolicTBa

KJAaCcCOB CTPYKTYD, 3aMKHYTBIX OTHOCHTE@JbHO pacUIHPEHH:A
@M TepecedeHHsi, METOJ AMarpamMM, NOJHOTa TEOpUH alre-
GpauuecKy 3aMKHYTOrO MoJs JAaHHOH XapaKTepHUCTHKH, HEKO-
TOpble NPHJOKEHHT K aareOpe, — B HacToslllee BpeMs XO-
pOLIO M3BECTHBI, TaK UTO HET HaAOOHOCTH OMNpaBAbiBaTh
BKJIIOUeHME MX B AaHHYIO KHuHry. C Apyrod CTOpPOHBI, mpei-
70KeHIle 0BOOMINTb MHOTME BakKHble BONPOCHI a/ireGpsi B
paMKax TeOpHH MOjeJIeil BCTPETU/IO MeHee JKHBOU OTKJIHK.
HecMoTpst Ha 3TO, aBTOP A0 CHX IIOP CUMTAET, YTO MCCAENO-
BaHMsl B 3TOM HalpaBJeHHM NPeACTaBAAIOT 60AbLLION HHTE-
pec ¥ NPAKTHYECKYIO LEHHOCTb. Taxk, Hampumep, TeOpHs
ajrefGpauyeckux HAeasoB H MHOroo6pasuii, BIJIOTb 10 cyule-
CTBOBaHMS O6IIEll TOUKH HeNpUBOLUMOr0 MHOT000pa3usd, mo-
HsiTMe aJre6pauuecKd 3aMKHYTOTO paclIMpeHHs, MOHATHE
CHCTEMBbI pe3yJabTaHTOB JJIsi JAAHHOFO MHOXKeCTBa YypaBHe-
HHil, — BCe 3TO MOXeT ObiTb JOBOJBLHO YCNEWHO paccMo-
TPEHO CPeACTBAMH MeTaMaTeMAaTHKH. [ToMUMO eJIHHON TOUKH
3peHusi, 9TOT MOJAXOJ WHOTJA TaKxke JAaeT HOBbIE aJjre-
GpauuecKue pe3yabTaThl, Hampumep, B Clydae nuddeper-
LMaJbHO 3aMKHYTOTO MO, ' ;

B nocjaefHUX Tpex pasfejax KHUTH Mbl [aeM BBeAcHHE
B HECTaHJApTHBIH aHaau3. DTO HOBOE NPUMeHEeHHe TEOPHH
momednefi, Kotopoe faaeT 3pdeKTHBHbIE METOAB B UCUHCAEHHH
GecKOHeuHo MaJbiX H 00Jajaer, 1o BCeH BHAUMOCTH, 3Ha-
YUTENbHLIMH HOTEHUHAJbHBIMH BO3MOKHOCTAMH.
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Kak pa6ouas smeprus aBTOpa, TaK U TepreHrue, KOTOPOro
MOXHO OXHAaTb OT OYAYLIEro YHTaTeNs, HaJOKHAH HEKO-
TOPBIE OTpaHHueHusT Ha 06'beM 3TOH KHHTIH. Takum obpasom,
He GBUIO BO3MOXKHOCTH BKJIOUHTH CIOfa psill BOINPOCOB,
HMEIOIIHX NpsIMOe OTHOLUeHHe K Halllel TeMaTHKe, TaKHuX,
Kak TCODHs HEPASPEIMMbIX aAre6pauyecKHX CHCTEM M Ipo-
6aem (Tapckuit, MocroBckuii, P. M., Po6uncon, 0. Po6uncon,
Hosukos, byn, Mapkos, Pa6un), teopus Boluncaumbix an-
rebpanyeckux cucrem (®dpemux — [Hedepacon, Pabun, Xur-
MaH), MCCJe[0BaHHE MO TEOPHH LOKA3aTelbCTBA B apudme-
THKe u anre6pe (Kpeficen), cBofictBa npsiMbix npoH3Bee-
HHI 3ajaHHBIX CTPYKTYD (MocToBCKuil, Maxk-Kuncn, Xops,
®edepman, Boor, Bunr, Osepmenn), pelienne npoGyeMpl
romoMopduama (JIMHIOH), TEOPETHKO-MOENbHb NOAXO0M K
Teopun MHoxects (['énenn, Iedepacon, Boor, Mourerio,
Menpenbcon, . JleBu), aare6pauzauus TEOPHH KBaHTOPOB
(Tapcknit, Xenkun, Xanmom) u pas/iHuYHble ADYTHE TEMBHI,
YIOMHHAIOWHKeCs B TeKCTe. ABTOP 1I0/Ib3yeTCs C/aydaeM, uTo-
Gbl I04EPKHYTh BaXKHOCTb ITHX BOMPOCOB, 10 [IOBOAY KOTO-
PbIX 4MTATE/b MOXKET 0GPaTUTHCSA K OPUTHHAJBHBIM paGoTaM.

B sakmouenue s eute pas NpHHOWIY CBOIO 61arogapHOCTh
penakropam «Studies in Logic» u Cesepo-Iomianackoii
usnareibckon xomnanua (the North-Holland Publishing
Company), npeaoXuBIIEM H3AaTh MOIO KHHIY B 3TOl ce-
pun. B 4acTHOCTH, s HAXOXKYCh B HEONJIATHOM HOJITY nepe
A. TeHATHHTOM, KOTOPBIHi PEryJaspHO MPOYHTHIBAJ MOH KHHTH
H CTaTbH — B HEKOTOPHIX CJydyasx Aaxe A0 NyOGJIMKALHU.
1 Takxe 6aarogapio . Jlysuwa 3a ero momollb B BbIu-
ThIBAHHH T'PAHOK,.

Espefickuil ywusepcuter
Hepycanum,
nexaGpp, 1961
Aspaam Pobuncon

rTABA I

Y3KOE UCYHUCJIEHHE NPEAUKATOB

1.1. OGuwee BBepeHHe. MeramaTemMaTuka aare6pbl U3y-
YyaeT METOJaMH MaTeMaTH4yecKOol JIOTHKU CTpOeHHe M Pa3BH-
THe aJnrebpbl. Teopus Mojenell paccMaTpUBAE€T OTHOLIEHHS
MeXX/Iy CBOMCTBAMH BbICKA3bIBAHUH HJH MHOXECTB ONpeje-
JIEHHBIX BBICKA3blBaHUH B (OpMa/u30BAHHOM SsI3blKe, ¢ OJ-
HOH CTOpPOHBI, 1 MATeMAaTHUECKHMH CTPYKTyDaMH HJIH MHO-
JKEeCTBaMU CTPYKTYP, YAOBJETBOPSIOLIHX 3TUM BbICKa3biBa-
HHusM, ¢ Apyro#. Tak Kax MeToabl, HCIIOJb3yeMble B TEOPHH
MoJeseH, yacTo sBJASAOTCS, ecjid He 1o OYyKBe, TO HO AYXY,
ajrebpauuecKUMH H TaK Kak ajrefpandyeckue TeOpHM INO-
Jel, KoJell, TPYNMm U T. I. BBHAY NPO3PAYHOCTH HUX CTPYK-
TYypbl XOpOUIO MOAAAIOTCSA JETAaJbHOMY JOTHUECKOMY aHa-
JAU3y, TO TEOpHusi MomeJeff M MeTaMaTeMaTHKa ajaredphl
B3aMMHO . JOTOJHSIOT APYT ApPYyra CaMbiM eCTeCTBeHHBIM 00-
pasoM, TaK YTO BO MHOTHX caydyasix OblBaeT HeJIerko pe-
IIWTh, K KaKOH H3 JBYX TeOpPUH OTHOCHUTCS JaHHOE CBOHCTBO.

Asre6pauveckuii MOAXOA TNPOHHW3LIBAET B HacTosllee
BpeMsi caMble pa3HoOOpasHble OTpac/aH MaTeMaTHKH; TaKUM
06pa3oM, COBEpIIEHHO €CTEeCTBEHHO OXKHAATh, UYTO Pa3BUTHE
MeTaMaTeMaTHKH ajre0pbl mofijeT mo Tomy Xe nytd. Kpo-
Me TOTO, MOCKOJBKY TOMOJOTHYECKHH $SI3bIK OKasplBaeTcsl B
PABHOH CTeneHW ynoTpeOUTENbHBIM, OH TaKKe MOXKeT OBbITh
HCMOMb30BAH B CBfI3H C MaTepHasdoM, u3jlaraeMblM B 3TOii
kHure. Ha camom gese, npoBejieHHe TOYHBIX TPAHUL, BHYTPH
MaTeMaTHKH — 3ajlaua 3aBeJOMO OUeHb CJOXKHasl, a mpHBe-
JleHHble BbIlIe ONpejeseHHs JHLlb NMpecefoBaJH Lejlb AaTh
ofuiee onvcanue HaWMX noHsTuf. ONHAKO AJsd TOTO, YTOOLI
BBIAEPXKATh 3Ty KHHTY B pa3yMHBLIX nNpejenax, O64/buias
yacTbh HALUWX NpPHMepoB OyjeT U3 o6JsacTu anareGpbl, U MbI,
[0 BO3MOXKHOCTH, OyJeM OOGXOAHTbCs 63 TONOJOTHUECKOTO
S3bIKa.

Ilnan stoii kHMrH cieayoomui. B HacTosuel rinase Mbl
H3JI0KHM (POPMaNH30BaHHLIH I3BIK Y3KOFO HCYHCJEHUS IIpe-
IMKAaToOB, SBASIOMUACH OCHOBOM Aaa janbHedulero. Mel

2 A PoGuncor
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Oy/leM M3yuyaTh COOTHOLUEHHH MEXKAY BbICKa3bIBAHHSMH Ha-
wero OPMaiH30BAHHOTO A3blKa H MaTeMaTHUYECKUMH CTPYK-
TypaM#, B KOTOPBLIX OHM HMEIOT MecTo. B 3akmiouenne Mbl
yCTaHOBHM TEOPEMY O [MOJHOTE B WIHPOKOM CMbIC/]e s
Y3KOTO HMCUYMCJEHHs NPEAMKATOB H BbIBEJEM HEKOTOpble He-
fOCPe/ACTBEHKbIE ¢ C/AeACTBHUSA.

Bropast r1aBa HauMHaeTcss ¢ OOCYKJAEHHMS pPAAa OCHOB-
HbIX [OHSATUI, OTHOCHAILHXCS K aarebpawdyeckKuM CHCTEMaM,
TAKHUX, KaK [OHSITHE PABEHCTBA, pacCIIHPeHus, H3oMopPpu3mMa
g romoMopduama. 3a 3THM MOCJACAYeT BblAeJeHHe aKCHOMa-
THYECKHX CHCTeM HEKOTOpBIX OOUIUX anrebpauyecKnx IMOHs-
tuil. TJlaBa 3aKaHYUBAETCs PSJAOM HENOCPEJCTBEHHBIX MpPH-
MEHEHHH YMOMSHYTOH Bblllie TEOPeMbl O MMOJIHOTE, BKJINOUAA
Tak)Ke TeopHio MasbiieBa 0 HOpMaJbHBIX PsAAaXx.

B Tperbeii riiaBe Mbl HCC/edyeM PSJl THIHUYHBIX podsaem
teopun mojenell. Clofa OTHOCATCA TEOPETHKO-MHOMKECTBEH-
Hple XapaKTePHUCTUKH CHCTEeM CTPYKTYDP, 3aJaHHbIX aKCHO-
MaMH B [IpeABapeHHOH HOpPMasbHOH (opmMe C HEKOTOPBLIMH
crelHadbHBIMH TUIAMM KBAHTOPHBIX NPUCTABOK (HampuMep,
JIMIIL ¢ KBaHTOpaMmH cyulecrpopanusi). CHCTeMBl CTPYKTYP,
3aMKHYTblE OTHOCHTEJNbHO NepecedyeHuil, OYAyT Takke pac-
CMOTPEHBl HaMH.

B uerBepTo#l rjaBe UHTATeNb NIO3HAKOMHUTCA C pasjuy-
HBIMH TOHSTHAMH IIOJIHOTHI, BKJIOUasl TakmKe MOIECJbHYIO
[IOJHOTY M OTHOCHTEJbHYIO MOJe/bHYI0 nosHory. Hekoro-
pbie HauboJee Ba)KHble TIPUMEpPHl 3TUX MOHATHH OyAyT u3y-
4yaTbCsl OUeHb [E€Ta/bHO.

B nepBbiX ABYX pasjesax NATOU TJaBbl pasbupaiorcs
teopeMa Bera 00 onpeaeJUMOCTH B Y3KOM HCUHC/IEHUH Tipe-
AMKATOB M CBS3aHHLE C Hell pe3ysabTarbl. 3a 3THM CJeayeT
paccMOTpeHHe APYroro poja npoGJ/eMbl OnpeaenMOCTH, BO3-
HHUKaloLlell B aarebpe, U MeTaMaTeMaTHUYeCKHIl aHalH3
MOHATHA anredpauyecKd 3aMKHYTOrO PACIIMPEHHSI U CBA3AH-
HBIX ¢ HUM BONpPocoB. ['J1aBa 3aKaHUMBAETCs NPUJIOKEHUAMA
K IuddepenuuaipHoil anreépe u K Teopeme I'mabGepra o
nyaax noaunomoB (Nullstellensatz). I'maBa ecras conep-
SKUT JIOTHUECKMHA aHaiu3 M 0o00OLIeHHs PasJHYHbIX CTaH-
JapTHHIX aJreGpaniecKHX TMOHATHH, TaKUX, KakK TMOJHHO-
MHaAbHOE paciuvpeHue H cenapabefbHOCTh.

CespbMasi rJ1apa NOCBAIEHA MeTaMareMaTHUeCKoil Teo-
puIl HeasoB, B TO BPeMsl KaK B BOCbMOH rjaBe paccmar-
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pUBAIOTC MHOroo0pasust MeTaMaTeMaTHYeCKHX I/1eanoB.
AsreOGpadueckue MHOro0o6pasus, TakuMm oO6pPasoM, BKIIO-
yaloTCs ClIOJla Kak YacTHBIH cayyail. DTH xKe MeTOHbl TIpH-
MEHSIOTCA B TCOPHHM AHG(pepeHUUANbHbIX WACAJ0B H MPH
0006IIeHHH TeopeMbl ApTHHAZ O ceMHAaALaTOil mnpobJeMe
['mabbepra OTHOCHTENBHO TNpeJiCTABJEHHst OmNpefeseHHbIX
(DYHKUMI B BHJE CyMMbl KBaJpPAaTOB.

Hcnonb3oBaHne (QYHKIMOHAJbHBIX CHMBOJOB M HX MpH-
MeHeHWe K HCKJIOUeHHIO KBAaHTOPOB pacCMaTpUBAlOTCH B
nocaenHeH, AeBSATON IiaBe. 3a ITUM CJaelyeT KpaTKoe OmNU-
CaHUHe KOHCTPYKUMH yJAbTPAnpou3BedeHHs U ero ¢pyHraMeH-
TaJbHBIX CBOHCTB. IJlaBa 3akaHuuBaeTcsl BBejeHHEM B He-
crandaprroli anaaud. Byaer nokasaHo, UTo MeramMaTeMaTH-
YCCKUI MOAXOJ SIBASICTCS XOPOUIUM OpyAKeM AJsi PAa3BHTHA
reopud QYHKUHI B onpele/eHHBIX HeAPXHMeIOBBIX TIOJNAX H
YTO TOJYUYEHHbIE METOJbl MOTYT GbiTh HCNOJAb30BAHBI I1PH
Jl0Ka3aTeJbCTBE TeopeM KJAaCcCHUeCKOro aHa/lu3a.

[Ipennosnaraercs 3HAKOMCTBO uYuTaTtel]sl ¢ 3JeMeHTaMH
Y3KOTO HCUUCJEHHSI NPEAUKATOB BIJIOTh O NMPHUBEAEHUS BbI-
pakKeHull K npeasapeHHol HopMaabHol ¢popme. UTo Kacaer-
Cs1 MaTeMaTHUYecKOH CTOPOHBI, TO MBI HCIOJb3yeM JHIIb He-
KOTOpble CTaHAapTHBEIE pe3y/abTaThl M3 TEOPUH TPYIII, KoJell
U noJem.

Mbl  npuMeM CJAEAVIOUIVIO TEOPETHKO-MHOMKECTBEHHYIO
CHMBOJIMKY: a€ A o3HauaeT OTHOLIEHHE BKJIOYEHHS, T. €.
a — saeMedT H3 A; A=B u A-B o3HauaeT, uTO MHOXKe-
crea A U B paBHB (paBHOOOBEMHBI, T. €. COAEPIKAT OJHH H
Te Ke 3JEeMEeHTH) HJH He paBHbl cooTseTcTBeHHO; AcB
u BoA sBuipaxaior Tor dakr, uto A — noAMHOXKeCTBO B,
BRJMOYasl Takxe cayuait A=DB. O6bennHeHe, nepeceyeHue
¥ PasHOCTE JABYX MHoxecTB A u B Oyayr oGo3Hauatbes
AUB, ANB u A— B cooTBeTcTBEHHO, a 00beJHHEHHE H Te-
peceueHne cemefictBa MHoxecTB {A,} —nocpeacteom U{A,}

v

u N{4,}. Kapaunasabaoe uncio mHoxkectBa A Gyaer o6o-
v

3HauaTbest |A|. 3Hak paBeHCTBa OyJeT TaKkKe HCHOAB3O-
BaThCSl IPH ONpeJesieHHH OJHOTO CHMBOJA 4epe3 APYIoH uilk
yepe3 rpynmny cumBosop, HanpuMep, X =[[A]>[B]].

1.2. MpaBuna o6pazosannst. B 3TOM MYHKTE MBI CTPOMM
dbopMau30BaHHbIA A3blk L Mo caeAylolMM fnpaBuiam,

oF
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HMexoaubiMu ciMBoJaMu L sBasiorcs:

Cumsoabl 06veKkT08 (Mnn npedmeTHsie cumgoint), 000-
3HayaeMble 06bIUHO @, b, ¢ ... (MaJbIMH KypCUBHBIMH OYK-
BaMM M3 HauaJjia JIJaTUHCKOro aJjdaBuTa, ¢ HHAEKCAMH HJH
6e3 HUX), a HHOTAA, cooOpa3ysAch € OOLIEOPUHATHIM YIIO-
TpebaenueM, APYTHMH CHMBOJaMH, TaKUMH, HaopHMep, Kak
HaTypaJabHbie uucaa 0, 1, 2 ... CumBoan 06bekTOB 06pa-
3ylI0T BIOJHE ONpefiefieHHOe MHOMECTBO [IPOM3BOJbHON
TpaHC()UHUTHON MOIIHOCTH.

Cunmsonbl nepemennoix (May npocro nepemerxoie) [dum-
my symbols] ofosHauaemble MOCPEICTBOM 4, U, @, X, ...
MHOX€ECTBO HX NPEANO0JaraeTcsi CUeTHbIM.

Cumsoabt OTHOWeHUr! pacnafaloTcss Ha Hemnepecekaio-

wuecs khaceo Ry, n=0, 1, 2, ... (CHMBOAB OTHOUIEHUH NO-
psaika n). CUMBOJb OTHOWICHHs nopsinka n2>1 6yayT o6o-
3HauaTbes nocpeactsoM A(, , ...)B(,) (3ariaBHBIMR Kyp-

CHBHBIMH OYKBaM¥ C A NMYCTBIMH MecCTaMH, Pa3JeSeHHbIMH
3ansThiMU, B KpyrJblx cko6kax). CHMBOJL OTHOLIEHHA NO-
paaka 0 6ynyr oGosnauarbcst npocto A, B, C,...Kuaaccw
R, AIBASIIOTCsI BIOJIHE ONpeleseHHBIMU MHOXECTBAMHU [IPOU3-
BOJIbHO{ (HKCUPOBAHHOH MOILIHOCTH. :

ITponosuyuornaasrote cesa3ku (connectives) cocrost u3
NATH CUMBOJIOB: ~ WJad | (orpuunanune), \V (M3 BIOHKIHS),
A uan & (KOHBIOHKUHA), D (MMIAMKAUMA) U = (9KBUBA-
JIEHTHOCTD) .

Keantopor. Ksautop o6uiHoctd, oGo3Hauaemblil V, u
KBaHTOp CylllecTBOBaHuUs, ofo3HavaeMblil .

Pasdeaurensroie cumgorst: [ — jeBasi KBajpaTHast CKoO-
Ka, U ] — mpaBasa KBajapaTHas cxob6ka. Ha 3ToM nepeueHb
MCXOJHBIX CHMBOJIOB 3aKaHYMBaeTcs.

Atomaproie gopmyas NOAYUAOTCS 3aMellleHUeM NyCThIX
MeCT B CHMBOJIaX OTHOHIEHMH nopaaka n, n=1, 2, ..., cum-
BoJiaMu 06bEKTOB MM mepemeHHblX. Tak, ecan A(,,) — cum-
BOJI TpexMecTHoro otHotuenus, to A(a, b, a) uA(b,a, 2) —
atoMapHble GopMyabl. CuMBOaL 0-MEeCTHBIX OTHOMIEHHH caMu
M0 ONpelesieHUIO SiBASIOTCA 371eMeHTapHbIMH  (HOpMYyJdaMH.

IIpasurbrHo noctpoenusie gopmysol, KpaTko und, uin
npocro ¢opMyasl, GyAyT ompeneasTbess HHAYKTHBHO. O60-
3HAYATbCS OHH OYAYT 3ar1aBHBIMH KYPCHBHLIMU OyKBaMH U3
KOHLlAa JaTUHCKOro andaBuTa. 3aMeTHM, UTO 5TH CHMBOJLI
He NpUHaAIexkaT GopMaJH3OBAHHOMY 53bIKy L.
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1.2.1. AtomapHble GOpMYyJbl, 3aK/1I04eHHBIE B KBajapar-
Hbie CKOOKH, 9BASAIOTCS nnd.

1.2.2. Ecim X — nnd, 1o [~ X] takxke nnd. Ecan X u
Y —and, o v [X\V/Y], [XAY], [X2Y] u [X=Y]— Bce nnd.

1.2.3. Ecoim X — nnd, 1o [VyX] u [yX] — obe nnd, npu
ycaoBuu, uto X He cosepxut mu Vy, Hn dy*¥).

[Mostomy, nanpumep, [Fy[A (a, x)1] n [FY[A (y)]] apaator-
ca nnd, B To Bpems kak [Vy[2y[A (y)]]] He aBagercs nnd.

Mbl He cTaHeM BJaBaThcsl B ITOJAPOOGHOCTH OTHOCHTENBHO
TOro, 4TO MOHHMaTh ToA ¢paszoit «X coaepxkut Vy» u T. 1.
Mpl 6yneM Takie roBoputh, yto nnd X cogepxut nnd Y,
ecad X CKOHCTpyuposaHa u3 Y M Kakoii-To eme nnd mno-
CPEACTBOM [paBUN (BO3MOXHO, HECKOJBKO pas MOBTOPEH-
wbix) 1.2.2 u 1.2.3.

Bceioay 6yaeT npeanoJsarathCs, YTO si3blK, C KOTOPBIM Mbl
pa6oTaeM, COLEPXKHT 11O KpaliHe#d Mepe ojaHy Qopmyuy.

Cpenn nn¢ Mbl OyJeM pasiudaTb noAHblE HOPMYAbL*F),
WIW BbICKA3LIBAHUA, U HENOAKbLE (POPMYNbL, UK NPeOUKarsl,
caenyomuM  obopasoM. Ilnd X HasbiBaeTcss NOJMHOH, €CJH
pcAKkad BXoasiwasi B X TepeMeHHas, CKaXkeM Y, BXOLHT B
nnd Z tak, uto Z couxepxurcsi B X B OJHOMA U3 CJAEAYIOUIHX
dopm: [Vy Z] wau [y Z]. Ecau y sxomur B X Gosee, uem
OJMH pa3, 3a HCKJIOYEHUEM TOro cJaydas, Korja Y colep-
JKHTCS MOCJe KBAHTOPA, TO JaHHOE Bhillle ONpeJe/eHUe Ipel-
noslaraeTcs BLITOJHEHHDIM IS BCAKOrO BXOXKAeHus y. Ha-
npumep, [VyI[A (y)INB (») N u][VyIA (y)=[3Y(C (y, a)ll] —
nonuble nng, B To Bpems Kak [Vy[A (y)IA[B (y)]] — nenoa-
Hasg. Mbl MOXeM JaTh 3TO OnpejejgcHue /Jpyrum o6Gpasom,
BBeAS INOHsATHEe obgactH AefcTBHS (IpeiMeTHBIX BXOXIe-
Hui1) KBautopa, Hampumep, Iy, B nnd. Ilox sTumM MBI 6Yy-
1eM TNOHHMATh Ond, cojep:kallyiocs B X, KOTopas HadH-
HaeTcsl ¢ JeBOH CKOGKH, HEMOCPEACTBEHHO c/aefywoulell 3a
Jy, v KOHYaeTCsl COOTBETCTBYIOMIe!l eil npaBoi CKOOKOH ***).
[Ind HasbiBaeTcs TOTJa MOJNHOMH, eciu Jiobas nepeMeHHas,

*) Heo6xomuMo [06aBHTh, 4To Bce (OpMyJnl A3bixa L, kpome
CHelHaabHO OTOBOPEHHBIX C/1yYaeB, MOTYT, 1O ONPeeJeHHIO, MMO1yYaTbes
ronbko nocpeactsoM npasua L.2.1, 1.2.2 u 1.2.3. ({Ipum. nepee.}

**) B Hawe# JuTepaType OHHM TakKKe HAasbIBAIOTCA 3AMKHYTHIMU
popmysamu. (I1pum. nepes.)

*#%) J[oKa3aTeALCTBO TOTO, YTO 3TO JeACTBHTeNbBO (OpMyaa, Jerko
cnenyer u3 upasuaa 1.2.3. ([lpum. nepes.)
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BXOAsillasl B X, coAePKHTCSt B 06/1aCTH AeHiCTBUS KBaHTOpa

no To# ke nepeMeHHoH. [lepeMennas B X, He oGaajgamoulas.

3THM CBOHCTBOM, Ha3blBaeTcsi c80600HOH (uau, GoJjee TOU-
HO, B 3TOM CJIyyae FOBOPSAT O CBOOOJHOM BXOXKJGHHH I1epe-
MEHHO) .

Mer onpeneanm nopsaaok nnd Kak YKHCAO map KBajapart-
HbIX CKOOOK, cojepxaluuxca B Heit. Tak, Halpumep, Tops-
X0k [A(b)] pasen eammuue, a mopagox [[Vx[B(x)]]V
VIC(a)]] — uerbipem. Takum 06paszom, HOpA0K GOPMYibi,
CKOHCTPYHUPOBAHHON ¢ NOMOLIbIO OTPUIlAHUSA MM HaBelllMBa-
HHst KBaHTOpoB (cMm. 1.2.2 m 1.2.3), yBennunuBaercss Ha ei-
HHIY 1O CpaBHeHHIO ¢ GOpPMYJIOH, U3 KOTOPOH OHa 6bl1a no-
ayucHa. Ilopsigok dopmyabl, cKOHCTpYHpOBaHHOH mocpen-
CTBOM JIM3BIOHKUHH, KOHBIOHKIUH, HMIIKKAIIHH WM SKBHBA-
JICHTHOCTH, Ha €AUHMIY MPEeBBbIIACT CYMMY NOPSIAKOB Tex
ABYX (OpPMYJl, U3 KOTOPLIX OHa Oblaa MOJydeHa.

[locrpoennsiii Bhille SI3BLIK Y3KOrO HCUMCTCHHS MpPeLMKa-
TOB XapaKTepeH CBOeil NPAMOJIMHEHHOCTBIO 32 CUET OTKasa
OT 3KOHOMHMH. Tak, Hampumep, H3BECTHO, YTO TPH HPOTIO3H-
[MOHAJbHbIe CBASKHM (KOHBIOHKIWS, WMMJAHKALMS, SKBMBA-
JIEHTHOCTb) M OJHMH M3 ABYX KBaHTOPOB MOIYT ObITb BhIpa-
KEHbl 4Yepes OCTaJjibHble CHUMBOJB., Kpome Toro, B Hamux
popMyJiax Mcnonb3yeTcst oueHb GOJBIIOE YHCAO CKOBOK, Aa-
K€ JIIs1 OTHOCHTE/IBHO NPOCTHIX BhIpaxKeHui. [Tpeumymecrso
3THX O0O3HAYEHHH COCTOHT B TOM, YTO OHH MO3BOJSIIOT Gbi-
CTPO M JIETKO onpejesiaTh nocTpoeHue Gopmyas. Tem He me-
Hee, HUJKe€ Mbl YNpOCTHM HawWu oGO3HAYeHHs, BBeAs cCJe-
Aylollde NpaBuJIa.

I[Ipu nanbHelimeM KOHCTPYHMPOBaHHH NN U3 aTOMapHDLIX
dpopmyn 6yayr onyckaTbest cleAyOLIME KBAAPATHBIE CKOGKHU:

KeanparHele CKOGKH, 3aK/JIOUaON[He atroMapuyw ¢op-
MyJay.

KBsaxparnbie ckoGku, ciegyomue 3a oTpHIlaHHeM, B ToM
c/lyyae, KOTa OHH CaMH 3akJoualoT otpunanne. Hanpumep,
~ [~ X]] Mmoxer 6bITb 3aMeHeHO HA [~ ~ X].

KBajpaTHble CKOOKH, OpeAIIeCTBYIOIHe HIH CIeayIo-
mue *) 3a CHMBOJIOM KOHBIOHKIHH, TIPH YCJIOBUH, UTO OHH

*) Tlox npenlmecTBOBAHHEM WIH CJAENOBAHKHEM CJEAyeT MOHHMATD
MOPSAOK, B KOTOPOM KOHCTPYHpOBajace AaHHad (GOPMyJaa ¢ NOMOLLBIO
npasua 1.2.1. 1.2.2 w 1.2.3. ({Tpum. nepes.)
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3aKJ0Yal0T OTPULlAaHKe; KBaJApaTHbIe CKOOKH, npeilliecTByio-
U[Me WIH CJAeAYIOIIUE 32 CHMBOJIOM JAM3BIOHKLHKHM, B TOM Ciy-
yae, KOTJla OHH 3aKJI0YAIOT KOHBIOHKLHMIO HJIH OTpUIlAHHE.
Tak, nanpumep, [XAY]V[~Z]] moxer ObiTb 3aMeHEHO Ha
XAYV ~Z].

KBajspaTHble CKOOKH, Npe/ALIeCcTBYIOlIHEe WK clelylolline
33 3HAKOM MMILIMKALUHH WM SKBHBaJEHTHOCTH, IPH YCJO-
BUH, UTO OHU 3aKJIOYAIOT AUIBIOHKINIO, KOHBIOHKUHIO HJIH
oTpHUIaHHeE.

B cayuae moc/el0oBaTeNbHOTO HaBellMBaHWS KBAHTOPOB,
KOTJa KBAHTOPblI CJeBa W CKOOKHM ClpaBa HENOCPEACTBEHHO
CelyloT APYT 3a APYrOM, BCe KBaipaTHble CKO@KI/IU MOTYT
GBITH ONYUIEHBI, 32 HCK/IOUEHHEM, CAMOH BHYTPeHHeH M ca-
MOH BHeIIHel nmap CKOGOK (KOTOpble, BIPOYEM, TOXKe MOTyT
GBITH yCTPaHEHB! TOCPEACTBOM NPHMEHEHHsI HEKOTOPOro Jpy-
roro npasuaa). Tak, Hanpumep, [Vx[Iy[V 2 ~ X]J]] npespa-
maeres B [Vx 3y Yz ~ X]].

U, HakoHell, caMble BHeIIHHE CKOOKH NI Taxme MOTyT
6biTh yopaHul. Hanpumep, nid

VAV YLV IIA (5, ) IAA(y, 2) ][4 (x, 2) 11T
MOJKeT GbITh MPOCTO 3aMHCana
VxVy VA (x, y) NA(y, 2)DA(x, 2)]

JlanHble Bbille MpaBuJa MOCTPOEHbI ¢ TAKUM PacyeToM, uTo-
6bl Jt06as Gopmy.a, YIPOUleHHas OJHUM HJIH HECKOJIbKMMH
X NpPUMEHEHUSIMH, JIerko Moryia OblTb BOCCTAHOBJIEHAZ J0
NOJHON CKOGOUHON (OopMbl, He onacasicb Kakux-AuGo .BY-
cMblcaeHHocTel. B cayuae caenyolux Apyr 3a ApPYroM 3Ha-
KOB KOWBIOHKIHH WU AH3BIOHKIHMH COOTBETCTBYIOLIEro mnpa-
BHJa LIS OMyCKaHHsi KBaAPaTHBIX CKOGOK HE BBOJUTCA, TaK
KaK 3TO aBTOMAaTHUeCKHM BJIeK/J0 OBl 3a COOOH 3aKOH acco-
[MATHBHOCTH AJs1 3THX onepauuil. OMHAKO MO3Ke Mbl BBC-
IeM fadbpHeliliee ynpolleHue, o603HauYas KOHBIOHKLIHIO HJH
U3 BICHKLUIO JI060T0 uucaa QOopMyJ, acCoOUMMpyeMbIX B
npousBoAbHOM mnopsiake, udepes [XiAXoA 0 AX,]
X, VX,V ... VX,;] coorserctBedHo. [lpefnosaraercs, 4ro
11060e yTBEpIKAEHHe HIH pacCykJeHHe, UCNoJab3yioliee no-
N0GHBIC BHIpaKeHHs, OyleT NPUMEHUMO HE3aBUCHMO OT TOTO,
KAKHM 00PAa30M IOC/Ie/IHHe 3aMeHsIIOTCS COOTBeTCTBYIOIIHMH
MOJHBIMA CKOGOUHBIMH Bblpaxenuam. Tax, [XiV XV Xs]
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6yner samenaTbcst Ha [Xi\/[XoV X3]] vam [[X;V X,]V X;] Tam,
rAe BLIBOp MOJHOrO CKOOOUHOTO BblpayKeHUs HE HIPaer po-
au. Beuay s1oro, mas oaHO# M ToH ke ynpolueHHOH ¢op-
MYyJbl MOTYT ObITb BLIGpaHbl pPa3iuYHble NIOJHBIE CKOGOYHBIE
BLHIpaXKEHHUs], ecau 3Ta (opMmyJaa BCTpeuaercss OoJiee 4YeM
OJIHH pas3.

Haxkonen, ynoMsiHeM o ToM, 4TO nociaeayiomasi paGorta
yHpOoILaeTcsl, ecAn Mbl HCKJAIOUYHM N, B KOTOPbIX OAMHAKO-
Bble IIepeMEeHHbie, BCTPeYaloLdecs ocjle KBaHTOPOB (Hanpu-
Mep, ¥ B dx), BXoAsAT Gojee yeM OHH pa3. ITO MOKET ObITh
cAenaHo 6e3 CyLIeCTBEHHBIX OTPaHHYEHHH Ha Hall sI3biK,
OJIHaKO 3Jechb Mbl He OyleM NPHAEPXKHBATbCS 3TOH Mpak-
THKH,

1.3. MpaBunaa seisoga. M3 muoxKecTBa BCeX BLICKa3biBa-
HUH A3blKa L BBIZEIYMM C DOMOILBIO YucTO $HOpMaabHOl npo-
LeAypbl HEKOTOpOe ero MoJAMHOXKeCTBO, 2JeMeHThl KOTOPOro
nazoBem reopemamu L. Ilyets X, Y, Z — npousposibHbie BbI-
CKa3blBaHUA B L; Toraa cieayouue nng cyTb TeOpeMHL.

1.3.1. [Xo[Y>2X]]

[Xo[XoY]]o[X Y]
[XoY]o[YoZ]la[X 2]
[XAY]oX]
[[XAY]Y]
[Xo Y]l XoZIo[Xo[YAZ]]
[Xo[XVTY]]
[Yo[XV Y]]
[XoZ]o[[Y o Z]o[[X VY] Z]]
[X=Y]o[X Y]]
[[X=Y]>]Y o X]]
[XoY]o[[Y o X]o[X=Y]l}
[XoY]o[~ Y]=[~ AT
[Xo[~[~XT]
[~[~XNI=4X]

B ynpoileHHbIX 0GO3HAUeHUSIX, HampUMep, WIECTas H3 Ha-

NHCaHHBIX BBILE (GOPMYJ GyHeT BHIIIALETh TaK:

AoV X Z]Io[ XY AZ]L
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Muorpa npu paccmorpennu nnd X ™Mbl GyjaeM oco6o Bbije-
JISITb HEKOTOPbI NPeAMETHbI CHMBOJ HJH C80600HYIO TEpe-
MEHHYI0, ynorpebasia aas 3toro 3anuch X{(a) wau X(y)
BMecTO X. AHA/JIOTHYHO MOJKHO BBIZE/SATh HECKOJABLKO Mpes-
METHBIX CHMBOJIOB HJH [€PEeMEHHBbIX, NMPH 3TOM He ofs3a-
TEJTbHO yKa3biBasl BCe CHMBOJBI, Bxoasue B X. Ecau nauna
nng X(a), To noa X(b) Gyner moHuMaTbhesl pesysabTaT OIHO-
BpPeMEeHHOW 3aMeHbl KakKJOro BXOxJIeHus a B X (@) Ha BXo-
KAeHHe b; mojoGHble 0603HaYeHMst OyAyT TaKkKe HCHOAb-
30BAThCA NPH MOACTAHOBKE NEPEeMEHHbIX. YUHUTbIBasi 3TH CO-
MJlalieHusi, CJaeyIolllie BHIPaXKEHHS SIBJASIIOTCA TeopeMamu
aas 1woeix X, a, y:

1.3.2. [[VYX (y)I=X(a)]
[LX (@) ]=2T 34X (9) 1

MPH YCJAOBHH, YTO OHM NOCTPOEHLI B COOTBETCTBUH C NpPAaBH-
JaMi 00pa3oBaHHusL.

[Tomumo komerpykumuit 1.3.1 u 1.32, teopembl noay-
YaloTCA Takxke TpPHMEHEHHEM CJAelYIONHX Tpex NpPaBHiI:

1.3.3. Ecim X u [XDoY]— reopemb, to Y — Teopema
(modyc nowuenc).

Ecau [XoY(a)] — reopema, rae X He comepxut a, To
[Xo[VzY(2)]] — TeopeMa, npm YCIOBHH, UYTO 3TO BBHICKA-
3bIBaHHUe.

Ecau [Y(a) >X] — teopema, rae X me comepxur a, 1o
[[32Y (2)]>X]— reopema, npu yc/a0BHH, UTO 3TO BLICKA3bl-
BaHue.

Caenyer Xopollo NMOHHMAaTb, UTO CHMBOJbLI @ M 2, yKa-
3aHHbIE B 3TUX NpaBHJaX, 0603HaYalOT COOTBETCTBEHHO NPO-
M3BOJIbHbIE TPEAMETHble CHMBOJLI M nepeMeHHble. [IpuHAB
BO BHMMaHHE 3TO 3aMeuyaHHe, MOXHO NOKa3aTh, UTO BCE W3-
BECTHbIE B WCYHC/ACHHH TIPEJAMKATOB MpaBuja MOACTaHOBKH
BLIBOASATCS, C/€/JOBATEIbHO, HET HYXK/LI BBOJAHTbL MX B Kade-
CTBe NMOCTyNaToB. BoT nBa M3 Hux, HanGoJjee YacTO HCIOJb-
3yeMble.

1.3.4. N3 n060ii Teopemnt X, cofepikaiiell KBaHTOD ¢ me-
PeMEHHOH Yy, MOXKHO IOJYUHTb JAPYIYIO TEOPEMY, 3aMeHss
4 Ha mobylo APYryio NepeMeHHYI0 2 OJHOBPEMEHHO Moc/e
KBaHTOPA M B ero 00JacTH AeHCTBHS, PH YCJAOBHH, YTO MO-
CJCMHAST He sIBJASIeTCS yacTblo 00JMAacTH JAeHCTBHA JAPYroro
KBAHTOPaA C NEpPeMEHHOH 2.
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1.3.5. Ecan B HEKOTOpYIO TeopeMy [0ACTaBUTb MPOU3-
BOJIbHOE BbICKa3blBaHHE HA MeCTO cojiepakatleiicst B Hefl Gop-
MyJIBI, HOJIYUEHHO! 3aKJlOUeHHeM B KBajpaTHble CKOOKH
ciMBosia O-MeCTHOrO OTHOIHEHHS, TO MOJYUeHHOEe BhIpaxe-
HHe CHOBa €CTb TeopeMa, MpH YCJAOBHHU, 4TO OHO mnd.

Caenyiolue aBa CTAaHAAPTHHIX pesyJdbTaTta OyAyT UacTo
HCNOJB30BATbCA B JaJbHEHIHEM:

1.3.6. Ecaim nnd  [[.. [[XiAXJAXGA ... AX ]2Vl
m=1,2, ..., k u [[.[ViAYIAYIA.. . AYy]>Z]— Teo-
pembt, To nnd [[. . J[XiAXIA XA . AXp]DZ] Takxe sB-
JsIeTCqd TeopeMOi.

1.3.7. ns Kkaxaoro BbicKasbiBaHHA X  CyLLeCTBYeT
Takoe BbickasbiBaHue X', cojepkallee Te Ke CHMBOJbI
06beKTOB M OTHoweHuH, uro X=X’ —Tcopema, u X’
3aJaH0 B8 NpedsapeHHol  HOPMAAbHOU  Gopme, T. e.
X' =[qlqolgs...[9.Y]. .. ]ll, rne ¢, o6o3HauaOT KBAHTOPHl, B
TO BpeMs Kak Y, MaTpulla BbICKa3blBaHHsi, AB/ISETCS MNpa-
BUJIBHO MOCTPOEHHOH GecKBaHTOpHO# (hopMyJoi. Mul BKJIIO-
yaeM Takke W cayuai n=0, mpu KOTOpOoM X’ HE COLEPXKHT
HY KBAHTOPOB, HU NEPEMEHHDLIX.

fTyets K — HeKOTOpPOe MHOMKECTBO BbicKasslBaHHi L.
MBl ckaxeM, uTo BbicKasbiBaHue Y BhiBoauTcsl U3 K, sanu-
cbiasg 3to KHY, ecau cyulecTByer KoHeuHast MoOcC/en0Ba-
TeJAbHOCTb BbicKasuiBaHui Xi, ..., X, u3 K Takux, uTo dop-
myaa L. JIXINXINXIN ... AX]DY]—1eopema B L.
B cnyuae, Koria BbicKa3biBaHHe Y yxe caMO eCTb Teopema,
n nojiaraeTcs paBHBIM HYJ0, T. €. Y CUHTaeTCs BBIBOLUMBIM
n3 ap6oro (B TOM YHCJIe W MYCTOrO) MHOXKECTBa BLICKA3bI-
Banuil, MHOXKeCcTBO BbICKa3biBaHWM, BbIBOAHUMBIX H3 K, Oy-
ner o6osuauarbest S(K). S(K) coaepxut K BmecTe co Bee-
mu teopemamu L. Hcnoabayst 1.3.6, serko BuJeTb, uto Ajs
moboro K umeer mecto S(S(K))=S(K). K’ cuuraercs BHI-
poaumbiM H3 K, umn K=K/, ecan K'cS(K).

MHOXKeCTBO BbICKa3blBanuii K HasblBaeTCs nporusopedu-
sum, ecan S(K) coepuT Bce BbiCKasbiBaHUA L, B IPOTHB-
HoM cayuae K Henportusopeyquso. K npoTHBOPEUMBO TOTIa H
TOJLKO Torja, Korfaa S(K) coaep»KHT BbICKa3bIBaHUs BHUAA
[XA[~ X]L

[Tomumo rteopem, noJsydeHHbIX BbIIIE B KauecTse HEKO-
TOpPOro MNojKJacca BbiCKazmiBanu#l L, Mbl Gynem ynoTrpe6-
JATb [OHATHE TeopeMbl B OOLIUHOM CMbicie 3TOrO CJ0Ba,
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BbiXOJsillee 3a paMKu A3bika L. JKesast pasivuath 3Td cJ0-
BOynorpeGJeHnsl, NOC/Ie[HHE WHOTJA HA3bIBAIOT MeTareope-
MaMu. Mbl, oaHako, He OyaeM NOJb30BATbC 3THM TepMH-
HOM, TdK KaK U3 KOHTeKCTa Bcerja Oy/IeT JOCTATOYHO sCHO,
0 4YeM HIET peyp.

1.4. Cemantuyeckas wHtepnperauus. Mul nepeiinem Te-
llepb K CCMAHTHYECKOH, WJM HarJIsAHOH (AeCKPUNTHBHOH)
UHTEpIpeTallii BbICKa3blBAHUH B JAaHHOM s3blke. Hawmu
Oyner cefluac paccMoTpeHa MaTeMaTHuecKas cTpykrypa M,
ONMUCaHHasA NMOCPE/CTBOM NpPemaoXKeHui u3 L.

M coctout u3 MHOMKecTBa 00BeKT08 (UHOUBUAOB), KOTO-
pole, M0J06HO NpeAMeTHbIM CHMBOJAM, Mbl 6yneMm o6o3Ha-
YaTbh MaJ/JbiMH KYpCUBHbIMH OYKBaMu @, b, ¢, ..., U U3 MHO-
JKECTBA N-MECTHBIX OTHOmeHHH (Hanpumep, A(,), B{(,)), tak
YTO JJis KaXKAOro A-MEeCTHOTO OTHoweHuss u3 M u ajas Ka-
XKIUOH n-Ku (@4, ..., Gn) pasiuuHbiX HJIH OJUHAKOBBIX HH-
auBujoB u3 M A(ay, ..., a,) au6o uMeer mecto B M, au6o
He uMeer. Mbl GyfeM TakKe pasnuuyarh Takve CHTyallMH, ro-
BOpA, 4TO A HCTHHHO WJHM JIOXKHO AJ5 (a1, ..., an). M He
OTOXKJAECTBJISIEM OTHOWICHHUS] C MHOXECTBAMH M-UJeHHbIX [O-
caejoBareJbHOCTe 00BEKTOB M3 M, Tak uTO BHOJHE nomy-
CKaeTcs CJydyall HCTUHHOCTH ABYX OTHOIIEHHWI AJSI OLHUX H
TeX Ke MN-OK KOHCTaHT. Mbl Takxke BKJ/IOUaeM TOT chydaf,
xorna B M cogepxurcsa O-mecrHoe oTHoweHnue. Takue oT-
HOUIEHHS BEPHbl HJAN HeBepHbl B M BHE 3aBHCHMOCTH OT HH-
anBuaoB M. OrHowenus mopsaka 0 He MOSBASIOTCS B H3-
BECTHBIX MAaTeMaTHYECKHX CTPYKTypax, KOTopble OyAyT pac-
CMOTPCHBI  HECKOJBbKO To03xKe. OIHAKO OHU eCcTeCTBEHHO
BO3HHKAIOT KaK 3JE€MEHTH CTPYKTYP, ONPEACIEHHbIX B CBA3U
¢ HCYHCJEHHEM BBICKA3bIBAHMI, TaKHe CTPYKTYPH, KaK mpa-
BHJIO, HE cOJep:kaT OO'beKTOB M OTHOLIEHHI 100X HUTEABHORO
nopstJKa.

ITycte € — B3aMMHO O/IHO3HAUHOE COOTBETCTBHE, OTO-
Opaxalolee HHAUBYA U3 M Ha NOAMHOXECTBO NPeAMEeTHbIX
CHMBOJIOB L, comocraBasis B TO e BPeMsi KaxkIOMY OTHO-
leHuo U3 M CHMBOJ OTHOINEHHS M3 L TOro ke NOpsaKa.
[Tycrs K — MuokecTBO nnd U3 L, CUMBOABI 06'LEKTOB M OT-
HOLUEHWH KOTOPHIX sIBAAOTCS obpasamu C. Mul cKaxeM Tor-
714, 4TO 3TH NPABHJIBHO NOCTPOEHHblE (HOPMYJIbI ONpe/eseHbl
B M nocpejcrsom C.
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Kaxnoit aromapuoit dopmyse X us K, He comep:kamiel
nepeMeHHbIX, COOTBETCTBYeT Bbipa)KeHHe X' — OTHOUICHHE
MexIy OnpefeeHHbIMM MHAMBUAaMHM H3 M, Koropoe au6o
uMeer mecto B M, aubo Her.

[Mocaenytwortue npasuia G6YAyT yKa3biBaTh, MO Onpejaee-
HHIO, KaKHe BbhiCKa3biBaHUA U3 K HCcTHHHBI B M, a Kakue HeT
(npu coorBerctBun C).

1.4.1. Tlyctb Y — BbicKasbiBaune mopsaka | B K, 1. e.
Y=[X], rne X — aromapHaa ¢opmyna. Toraa Y uctunro B
M Torga u TONBKO TOTAA, KOTJa BhipaKeHue X', COOTBeT-
creyoumee X npu oro6paxenun C, ucrtunHO B M.

1.4.2. Tlycts JjaHbl f1Ba BbicKasbiBaHus Y W Z u3 K.
[Y\/Z] ucTinHo B M toraa ¥ TOMBKO TOrAa, KOrjla mo Kpak-
Heil Mepe OJIHO W3 ABYX BBICKa3biBaHUN Y WIH Z HCTHHHO B
M; [YAZ] uctunno B M TOoria ¥ TONbKO TOTAa, Koraa u Y u
Z o6a uctuHHb B M; [Y>Z] uctuaao 8 M toraa M TOABKO
Toraa, koraa Z uctuHHo B M, a Takxe Korga M Y u Z JIOK-
el B M; [Y==Z] uctunno B M Toraa u TOJbKO TOrja, Koriaa
Y u Z nubo onHOBpeMeHHO HCTHHHEI B M, M0G0 oJHOBpeMEH-
HO JIOXKHBI; U, HakoHell, [ ~ Y] veTurHO B M Toria M TONBKO
Toria, Korga Y JoxHO B M.

1.4.3. ITyctb nana nng V=Y (z), B xoTopo# z He colep-
JKUTCA NoC/]e KBaHTOpa H B KOTOPOH HeT APYFHX CBOOOAHLIX
[IePEMEHHBIX.

BrickaspiBanue [VzY(2)] uctuudo 8 M rtoraa u TOJNLKO
torna, koraa Y (a) vctuaHO B M Aast BCeX NPeAMETHBLIX CHM-
BOJIOB a M3 L, KoTopbie COOTBETCTBYIOT oObekTaM u3 M;
[32Y (2)] ncTuHHO TOTJA W TOJMBKO TOTAA, KOLJA CYLIECTBYET
XOTb OAHH @ U3 L, cooTBercTBylOWK# 00BEKTY U3 M, Takoi,
yro Y(a) ncruHHo B M.

Tak Kak KaxkIoe W3 npuBeIeHHbIX Bbllie npasua 1.4.2 u
1.4.3 cBOIUT BOMpOC OO0 WMCTHHHOCTH BHICKasmBanuil B M K
BHICKa3bIBAHUSIM HM3LIEro nopsiika, a npasuiao 1.4.1 pe-
laer, HCTMHHO WJM HET BbICKa3biBaHHe mopsiika 1, To or-
Cl0Ja SICHO, UTO TeM caMbiM st JGOro BhiCKa3biBanus Y
u3 L ONHO3HAYHO BLISICHAETCST €r0 UCTHHHOCTbD HJIH J10XK-
noctb (mpu coorserctBuu C). [lpasuao 1.4.3, oanaxo, He-
3Q(hEKTUBHO B KOHCTPYKTHBHOM CMBIC/AE, TakK KaK CBOAUT
BONMPOC 06 HCTHHHOCTH Wau joxHocTH Y B M K cooTBeT-
CTBYIOLIEMY BOMpPOCY AJS MHOXKECTBA BbICKa3biBaHWH, KOTO-
poe MoxKeT ObITh GECKOHEUHO.
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[Tycte Temepn K — HEKOTOpPOe MHOXKECTBO BbICKa3biBa-
wuit 13 L, n nyctb C — B3aUMHO OJHO3HAYHOE COOTBETCTBHE,
oTob6parkaolllee CHUMBOJBI OOBEKTOB BLICKA3biBaHHH H3 K
(ecau OoHM TaM BOOSIIE €CTb) Ha MHOMKECTBO OOBEKTOB U3
M u orofpaxarwliee CUMBOJB OTHomIeHHA u3 K Ha MHO-
WEeCTBO OTHOHIEHMH U3 M cooTBeTcTByIONIEro MOpPsiAKa.
[Tyctb C HekoTOpBIM €IOCOGOM MPOLOJIKEHO N0 OTOGpaKe-
Hust C’, Mo 0GHOTO PAacCMOTPEHHOMY BHILIE, T. €. TaK, UYTO
C’ B3aUMHO OJHO3HaYHO OTOOpaxKaer 8ce OOBLEKTHl H OTHO-
weHuss M Ha cuUMBOJB 00BeKTOB W OTHoweHu#d u3 L. He-
TPYAHO BUJETb, YTO MCTHHHOCTb WJIH JIOXKHOCTb BbICKA3bIBA-
uust u3 K B L (npu orobpaxenun C’) 3aBucHT Tosibko OT C
u He 3aBHCUT OT BeIGopa ero mpogos:kenus C’. OnHako Tak
KaK KapAHHa/JbHOE YHCJAO MHOXECTBa NpPeIMETHBIX CHMBO-
JOB W3 L orpaHuuyeHo, TO MPH AOCTATOYHO OOMBIHOM YHCAE
06bekToB B M TpeGyeMoro mpoLOJIXKEHHs1 HE CYLIECTBYeT.
DTOro MOXKHO u3bexaTh, AUOO paccMaTpUBasi B CBA3HU C IaH-
HOM CTPYKTYpoll M TOJIbKO Takue $3blKH, B KOTOPHIX C ca-
MOro Hauaja 3aflaHa JOCTaTOYHO GoJiblliasi COBOKYIHOCTb
OpeIMeTHHX CHMBOJIOB, JUGO BKJIAaAbIBasg NaHHbIE sI3blK L
B Gojee LWIHMPOKUN s3bIK L', Tak Kak Bbi6op L’ cHOBa He HT-
paeT poJi.

Ecau Bce BbICKa3biBaHHust K HCTHHHBI B CTpyKType M npu
coorBercTBuH C, To MBI cKaxeM, uTo M ectb modeas K or-
HocutesbHO C. Ecau K cocTOWT TOJBKO H3 OJHOrO BBICKA-
3bIBaHUA Y, TO MBI Tak:xe OyJeM TOBOpPHUTb, uto M — mo-
aenb Y.

Jlo cux mop Mbl Jiena/lu CTPOroe pasHueHHe MEKAY CHM-
BOJlaMH OOBEKTOB U OTHOIIEHHH, C OJHOH CTOPOHDI, H HH/H-
BUAAMH ¥ OTHOIIEGHHSIMH, C APYroil cTopoHbl. OJHAKO YacTo
JleJI0 3HAYUTEJBHO VYIPOLIAETCA, €CAH TPEeANON0KUTb, UTO
06BeKTH (MHAWBHIB) W OTHOILIEHHUs] CTPYKTypnl M cosmna-
JaI0T COOTBETCTBEHHO C CUMBOJAaMH OOBEKTOB W OTHOLIEHUH
aswika L, B xotopom M onucana; C B 3TOM cjydae CTaHo-
BATCSA HE YeM HHbIM, K4K TOXKIECTBEHHBIM OTOODaXKEHUEM.

B onpeneneHHbIX CUTyalusiX NOJe3HO ObIBaeT paccMma-
TPUBaTb fA3bIK, 00PAa30BAaHHbBII U3 MCXOJHBIX CHMBOJIOB TOTO
’Ke THINA, YTO ¥ B f3blKe, PACCMOTPEHHOM BBIIIE, HO MHOXe-
CTBO NIl KOTOPOrO pACIIMNPEHO NMyTeM BBEJEHHS CHeUHalb-
HbIX 6eCKOHEeUHBIX mpaBua o6GpasoBanus. CyllecTByer 3Ha-
YUTeNbHBIH 00beM HHPOPMAlMU O TAKHX SI3bIKAX, HO Mbl HX



30 Y3KOE HCUHCJIEHHE TIPENUKATOB [IJ1. 1

OyleM MCHONb30BATb TOMBKO B 0COObIX cayuasx. Takum 06-
pasoM, ecau Xy, Xp, Xs, ...— CUeTHAsA NOCJ/EL0BAaTEJbHOCTD
nnd, To Mbl MOXKEM TaK:Ke paccMaTpHBarTh B KauecTBe NId
beckoneunyo ouswsronkyuro [XN XV X3V .0 ] u beckoney-
ayro Kowwvtonkyur [XyANXeAXs/A\. o] Ecan cumBogabl Bcex
0O'BEKTOB M OTHOUIeHHH nnd X; cBA3aHbl ¢ 0ObEKTaMH H OT-
HOIIEHHSAMEU CTPyKTYpsl M coorserctBueM C Tak ke, KaK H
paubile, TO Mbl TOBOPUM, YTO BBeJEHHAasl Bbllle OCCKOHeU-
Has AU3BIOHKLHS HCTHHHA B M, eciy cyllecTByeT XOTb OJHa
nng X; ucTHHHas B M; n OeckKoHeuHass KOHDBIOHKIHS HC-
THHHa B M, ecau Bce X; HCTMHHH B M.

1.5. CBsi3b MeAy AEAYKTUBHBIMH H CEMAHTHYECKHMH 10-
HatHaAMH. [lyctb K — HeKOTOpOe MHOXECTBO BbiCKa3biBaHHKH,
onpeneneHHbix Ha crpykrype M npu coorBerctBuu C. Torna

1.5.1. Kaxnan teopema uz L, comepxamascs B K, uc-
TUHHa B M.

Mn1 onmyckaem J10Ka3aTeJbCTBO I9TOTO YTBEPXKIEHHUA, KO-
TOpOE CBOAHTCA K NMPOCTOR NpOBepKe npasua BbiBoAa 1.3.
TpeByercs, 0fHAKO, HEKOTOPAsl OCTOPOXKHOCTb B OOpallleHHH
¢ npaBuiaMu BeIBoga 1.3.3.

1.5.2. Kaxnoe BblckazwiBaHue Y u3 K, BHIBOAMMOE HU3
MHOXXECTBA BLICKA3blBaHWUH, HCTHHHbIX B M, caMo HCTHH-
Ho B M.

B camom nese, myctb Y BBIBOAMMO M3 BbICKa3biBaHMII
Xi, Xy, ..., X, UCTHHHBIX B M, T. e. BbICKa3blBaHHe

L. X AXJAXIA. . AX, DY

siBasieTcst Teopemoli U notomy ucruHo B M. Ho torma co-
raacuo 1.4.2 Y ucrunno B M.

ITpotusopeunBoe mMHOoxecTBo K He umeer mojenu. B ca-
MOM JeJie, 0 MpPeAnoJoKeHuo, Mbl paccMaTpuBaeM TOJbKO
S3bIKH, COlepKalllMe M0 MeHblelt Mepe OJIHY GopMyday.
A pas Tax, To K Henycro, nockKoJbKy OHO IPOTHBOPEUHBO ™).

*) JlelictBuTenbHo, ecau, Haobopor, K nycro, To .11060€ BbICKAa3bl-
patine B L ecTb TeopeMa (Tak KakK TeOpeMbl M TOJIbKO OHH BbIBOJHMH
M3 TIYCTOTO MHOMXECTBA BHICKA3blBaHufl, a B CHAy NpoTHBOpeuHsoctn K
H3 Hero BLIBOJAHMMO Ji06oe BhickasbiBaune). CienoBarenbHo, Jo6oe MHO-
’KEeCTBO BLICKA3blBauMH U3 L, onpejesieHHOe B HEKOTOPOH CTPyKType M,
pcerna uctuaHo B M (cm. 1.5.1). Jlerko, ojaHaKo, NOCTPOUTL NpHMep,
KOTna 3TO He Tak: JOCTATOUHO B3ATb M, B KOTOPOH OJHO U3 OTHOLICHUH
ToXAECTBEHUO aoxuo. ([Tpum. nepes. )
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ITyctb Y — anement us K u nycts Z={YA[~Y]. Ecan K
onpejlesieH0 W HCTHHHO B HEKOTOpOH cTpyKrype M npu co-
orgerctBun C, 10 Z uctHHHO B M (Kak u awoboe apyroe
BblCKa3biBaHue, onpeneqaentoe 8 M), Ho B Takom cayuae Y
O/ITHOBPEMEHHO MCTHHHO U JIOXKHO B M, uTo, pasymeercs, He-
BO3MOXKHO.

Hauunas ¢ 3Toro mMoMeHTa, Mbl, Kak NpaBujo, He ByjeM
YyNOMHHATh O coOTBeTCTBUH C, yCTAHABAMBAIOILEM CBS3b
Me¥XKJy MHOMKEeCTBOM BbickaseiBaHHi K W crpykrypolt M. Ta-
KHM 06pa3oM, roBopss O TOM, YTO BhICKaswiBaHus 3 K on-
penesienn B M, Mbl 3apaHee 6y/eM npeanodaraTh CylecTBo-
BaHHEe TAaKOro COOTBETCTBHSI.

1.5.3. Teopema. Boiwckasvisanue X uz L, uctunuoe 8
kaxcdotl CTpYKTYpe, 8 KOTOPOL OHO OnpedeseHO, ABAALTCS
reopemot.

[To cymecTtBy, ato teopema [énens o mosHOTE y3KOro
HCUHCJCHUS NPENUKATOB.

1.54. Teopema. ([Torrora yskoro HCUHC/IeHHs MpPEIU-
KaToOB B IUHPOKOM cMblcie.) Kasxcdoe HenpoTusopeuusoe
MmHOdcecT80  ebickasvisanuil K 8 saseke L obaadaer mo-
deasro.

1.5.5. Teopewma Ecau mroonecrso svickasvisanuti K u
svickasvigarnue Y taxosol, 4T0 Y onpedeseno u UCTUHHO 8
Kaoedod crpyxtype M, asasioweiicns modeaero K, to Y sot-
sodumo u3 K. (Orciona, B 4aCTHOCTH, caenyer, 4to Y Bbl-
BOJMMO H3 KOHEUHOTro MoAMHOXKecTBa K.)

Teopemer 1.5.5 u 1.5.3 obe cBoasitca Kk teopeme 1.5.4.
B camom nese, nyctb BeIcKasbiBanue X, ykaszaHHoe B 1.5.3,
He sBageTrcs teopeMoél B L. B 3Tom cayuae BrICKasbiBaHHe
[ ~ X], unu, TouHee, OAHO3JIEMEHTHOE MHOKECTBO, COCTOsLEe
a3 [~ X], uHenpoTuBopeunBo. [leficTBUTENbHO, €CJAH 3TO He
rak, T. e. [~ X] mporusopeunso, To [[~ X]>Y] — Teopema
A moboro  BuickasbiBaHust Y, a toraa [[~ X]>X],
[~[~ XV X], [XVX] v, nakonen, X G6yayr TeopeMami, co-
IVIACHO [IpaBWJaM UCUNUCJEHUs] BLICKAa3bIBaHUH, DTO, OAHAKO,
NPOTHBOPEUUT HAIUEMY MPEANONOXKEHHIO, COTJIACHO KOTOpPO-
My X He sipasietca teopemoii. Caenosarenbno, [ ~ X} nenpo-
THBOPe4HBO ¥ BBUAY 1.5.4 obnanaer mogeanto M. Ho B Ta-
KOM cayuae X onpeieseHo H J0XHO B M, BONPeKH YC/IOBHIO
teopembl. [lonyuyeHHoe mpoTHBOpPeuHe M AOKA3bIBAET TEO-
pemy 1.5.3.
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[lpucrynas k 1.5.5, npeanonoxum, uto Y He BbIBOJAMMO
us K. Torna Ada J06Or0 KOHEUHOTO UMC/a BbICKa3biBaHWH
X4, ..., Xp u3 K KOHBIOHKUHSI

L. [XiAXIAXIA. . AL~ Y]]

HemporuBopeuuBa (Tak Kak unaue [[.. TXNAXAINAXIA ..
...AX,]>Y] 6bio 6ul Teopemodt, T. €. Y Obl10o Obl BbiBO-
muMo u3 K *). Ho 370 o3nauaer, 4YTO MHOXKECTBO {X4,
Xs, ..., Xn, ~ Y} HENPOTHBOPEUUBO s JIHOGBIX Xy, ..., Xn
us K, a caegosarensho, u mHoxectBo K U{~ Y} nenporngo-
peunBo. A ecau 310 TaK, TO cornacHo 1.5.4 cymlecTByeT Mo-
neab M ana KU{~Y}. M ects moneap aas K, B xoropoit
[ ~ Y] ucTuHHO, BONpPEKH YCJOBHIO TEOPEMDI.

Jias pokasatesabcTBa 1.5.4 MmpeimoJioKUM cHaudala, 4TO
BbicKasbiBanust U3 K He colep:KaT KBAHTOPOB H MpeAMETHbIX
cuMBOJIOB. Jlpyrumu cioBaMH, K COCTOMT M3 BhICKa3blBa-
HUH, TOCTPOEHHBLIX M3 CHMBO/IOB 0-MECTHHIX OTHOLICHHH C MO-
MOILBIO TPOMNO3HLUHOHANBHbIX CBA30OK ¥ 3aKJIOUeHus CooT-
BETCTBYIOLLHX BLIPAXKEHHH B KagpaTHble ckoOku. Monesb M
muoxectBa K torja npejacrasiser co60i MHOXKECTBO OTHO-
weHuil nopaaka 0, HAXOAAIMXCA BO B3aHMHO OHO3HAYHOM
OTHOIIEGHHH ¢ CUMBOJaMH OTHOmeHull u3 K, Takoe, 4To Jio-
Goe OTHOIIGHHE W3 9TOTO MHOMKECTBa MO0 TOHOEeCTBEHHO
UCTUHHO, NUGO ToocdecTeenHo A0%HO B M, 1 Taxoe, 4TO M3
npasua 1.4.2 Torja c/ieayer UCTHHHOCTb BCEX BbICKasbiBa-
uuit K 8 M. Jlas ynpolleHHsl HAWIMX PacCyXIAeHHH OTHO-
IIeHHst GYAYT OTOXKAECTBJAATBCS C COOTBETCTBYIOULHMH HM
CHMBOJIaM¥ OTHOLLIEHHH.

[lyctb S — MHOXKECTBO CHMBOJIOB OTHOLICHHH H3 K. To-
rla VCTHHHOCT MJH JIOXKHOCTb [POU3BOJBHOTO A€ES B
cTpykType M moxeT ObIThb BbipaxeHa oyenrod (valuation
function) @(A), onpenenenHoil Ha M u NpHHHMAOLICH 3Ha-
yenust 0 (B cayuae ucruHHoctd A) u 1 (B caydae JOXKHO-
ctu). Ceblnka Ha npasuna 1.4.2 nokasblBaeT, 4TO BOINpOC
O TOM, HCTMHHO HJIM HET BbICKasblBaHHe, MOJYUCHHOE U3 3JIe-
MEHTOB S, MoO:KeT ObiTb PellieH ¢ MOMOUIbI0 CTaHAAPTHBIX
HCTMHHOCTHBIX TaGJul, oHuMas noa 0 «HCTHHY», a nox 1 —
«ioxkb». Takum obpasom, ecin K COCTOUT TOJNBKO H3 OX-

#) TlockOMBKY B MCHUCAEHHH BbICKasbiBauuii ~[ZAl~ Y]l u [ZDY])
sxkensasnentan. (/1pum. nepes.)

%
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HOrO BbICKa3biBaHMsi X, TO BO3MOXKHOCTb TakKoro nojibopa
snavenuit ¢(4)=0 uau =1 aa% cUMBOJOB OTHOWEHHH U3 X,
KOTOpbii ofecreunBai Gbl HCTHHHOCTb X (M TeM caMbiM Cy-
llecTBOBaHHe Mojeau AAs X), caedyeT H3 M3BECTHOH Teo-
peMbi HCUMC/JEHUs] BBICKA3bIBaHHUH ¥). Cayuait, korna K
TOJIBKO KOHEUHO, CBOJAMTCS K CJydalo, pasoOpaHHOMY BBIIIE,
B3ATHEM KOHDBIOHKLMH BCeX BbiCKas3blBaHHH K B NMPOM3BOJb-
HoM mopsake. Ecau K nMeeT NpoM3BOJbHYIO GECKOHEUHYIO
MOLLHOCTb (CUETHYHO HJ/IM HECUETHYIO), TO AJA J10Ka3aTe/b-
cTBa TeopeMbl HEOOXOAMMO Cjefyiollee KOINOJIHUTEIbHOE
paccMOTpeHHe,

He wmeHss Hamux o003HAYCHUH, BPEMEHHO PACCMOTPUM
S kak aBCTpaKTHOE MHOKECTBO, CBOHCTBA 3/1€MEHTOB A, B,
C, ... koToporo HaM moka Gespasauusbl. [lof wactuunol
oyenxol S mnomumaercss (QYHKUMA OT OJHOH repeMeHHOMH,
onpejefeHHas Ha noAmHoxectBe VS u npuHUMalowlas
sHadeHns B MHoxecTBe us AByX sjdemenros {0, 1}. Hacruu-
Hast OllEHKa (¢ Ha3bBAETCst TOTAAbHOL, €CIH ee 06JacTb Oll-
pelleienns ecTb Bce MHOxkectso S. Dg Gyner 06o3HauaTh
06/1aCTb ONpefeJaeHUst YacTHUHOH ollenkH. Kpome toro, eciiu
U — mo6oe noamuoxectso S, To ¢|U Oyaer o6o3HayaTb
orpanuuenne ¢ Ha DoNU. Mwmest B BULY 3TH o6o3Haue-
HUSI, NPHCTYNHUM K JOKa3aTeJNbCTBY CJelyloHlero npeuio-
JKEHHA.

156. CnenuanbHaa JdeMmMa 00 OLeHKaX
Mycre ®={gp,} — MHOMECTEO HACTUHHBLX OYEHOK € MHONCE-
creon undexcos [=1{v}, Taxoe, 470 048 Ka#HO020 KOHEUHO2O
nodmmoncectsa UcS cyugecreyer oyenka ¢ € @, 064acTo
onpedenenus xotopol codepycur U. Toeda cyuectsyer To-
TaabHan oyenka  Ha S Takas, 410 0Aaf Kan0020 KOHed-
nozo noomnoncectsa Uc=S cywecrayer ¢, € @, obaacts on-
pedenenus xoropoii codepacut U u koTopas cosnadaer ¢ P
na mrowcecrse U, 1. e. p|U=q,|U.

HazoBeM uacTHUHYIO OLEHKY 1 Ha S donycrumoti, eciu
ISt 060ro KoHeuHoro noiMHoxecTBa UcS cymectsyer
¢, € @ takas, uro UcDg, u P|U=g,|DyNU, 1. e ¢ cos-
nanaer ¢ ¢ Ha nepecevennu U n Dy. Ilycte nambl nse

*) Wimeercs B BUAY Teopema O pPaspelldMOCTH, yTBepXK Aanulas,
4To NIl BCAKOTO BbUIOANUMO20 BHICKA3BIBAHMS X 8 HCUHC/ACHHM BHI-
CKA3LIBAHHH MOKHO NOCTPOUTH Mogens. ([Tpum. nepes.)

3 A, PoOnHcoH
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qacTUYHble OUCHKH ¢ H {; Oylaem HasbiBaTh ¢ npodoadce-
Huem ¢, obo3Hauast 310 Q<¢, ecan Doc=Dy u §|Dyp=¢
[lyctb W — MHOXKECTBO BCeX AOMYyCTHMBIX 4ACTHYHBIX
oueHOK S. W — HenycTo, Tak Kak COIVIACHO YCJAOBHIO JieMMbl
W colepKHT NYCTYI0 YACTHUHYIO OLEHKY, T. €. YACTHUHYIO
OLIeHKY, 006/1aCTb ONpeJe/NeHHs] KOTOPOil eCTh IyCTOe MHOMKe-
ctBo. Kpome Toro, W uacTuuno ynopsjoueHo OTHOWIEHHEM
NpOROJIKeHHs!, <, OnpejeseHHbIM Bhitne. JlioGoe Henycroe
JMHEHHO YTIOpsiloueHHOe noamHoxkectBo W/'—W obnanaer
BepXHeH rpaupio . B camom gneae, nycte W ={y,}; troraa
B35iB B KauecTse 00.1aCTH Orpejesenus )’ 061>e11141l;e,}me 06«,
JacTedl onpefeneHus P, U MOJOXKUB 3HaueHHe ¢ AAA JiO-
6oro apryMeHTa paBHBIM 3HAYEHUIO IPOU3BOJILHON ) € W’
ONMpeJe/IeHHON /I 3TOrO apryMeHTa, MOJYy4YHM Mclliomyro’
OLICHKY. CJIQUIIOBaTeJIbHO, corsacHo siemme Llopua W cojaep-
KHAT [0 KpaiHel Mepe OAHH MAaKCHMAJbHBIH 3JEMEHT, cKa-
xeM, Po. [TokakeM, uTo P — ToTaJbHasA OLEHKA B S.
IIyers, maoGopor, S — Dy nenycto, u nycts 4 — sie-
MEHT 3TOro MHoxecTBa. Onpejenum Toria YacTHUHYIO OLEH-
Ky ¥y Ha S c¢ o6nacTbio onpenetenns D U{A}, nonaras
Y=o Ha Dyy u P;(4)=0. Tak kax qao-Mach’maﬂbelﬂ
JJEMEHT, TO Y1 He MOKeT OBITb [ONMYCTHMOH OLEHKOH
HApyrumMu C/lI0BAMH, CYlUECTBYET KOHEYHOE MOAMHOXKECTBO
VeS rakoe, uro yenosua VeDg, u Yi| V=0, Dy,NV He
BLINOJHSIIOTCA HU NPH Kakoit ¢, € ®. Onpenesum yactuunyio
OUEHKY Yy Ha S c obuaacTbio onpenedenns Dy, U{A}, noaa-
ras Yp=1 Ha Do n ¢,(A) =1. AHanoruuno, 1, He Mozer
OBITh JIOMyCTHMOH OLEHKOH, a MOTOMY CYLIECTBYeT KOHey-
Hoe noamHoxecTBo WS Takoe, uto ycaoBug WaeDeg, u
V2| W=q,| D2 N W He BbINOAHSAIOTCS HH MPH KaKoil cEVCD
3ameruM, uto V 06si3aTenbHO cogepxkut A, Tax KaK(PI:’m‘aqe'
CYLIECTBOBAHHE ¢,, HEOOXOAMMOro mJsi nc;nycmmocm P
crefyeT M3 JNONYCTHMOCTH . [lo TeM ke cooépameﬂnm\ia’
nonydaeM, uto ¥ W comepxut A. PaccMOTpHM Tenepb MHO-
}KegTBO U=V UW. Tak kak {, gonycruma, 1o CYILECTBYET
¢u € @ rakas, yr0o Doy >U u ol U=¢,| Do N U. A npunaz-
JIEXKUT 00sacTy onpejleieHusi ¢,, Tak Kak A€ U u caeno-
BaTenbHO, MH60 ¢, (A) =0, au6o ¢, (4)=1. Ho B T BOM
gJTl(})ﬂ{ze 6y11‘c};/1 umetb Yy | V=0, |DP:NV u VcDg,, g BO
THBS M 2| W=qu| Dy, NW u WcDg,. 1o, oanako, npo-
PeUNT paHee CleqaHHOMY MPEANOJIONKEHHIO O TOM, UTO
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sneMenta U3 @ ¢ noJo6GHBLIMH CBONHCTBAMM He CYILECTBYeT.
OKOHUATEJNBbHO ToayuaeM, 4To S — Dy mycrto, Po — TOTab-
Has OleHKa, ¥ BBHAY JONYCTHMOCTH o YCJOBHA 1.5.6 BHI-
nonusiotest. Ha  3TOM  J0Ka3aTeabCTBO JieMMbl 3aKaHuH-
BaeTcs.

BosBpaTuMCs CHOBa K JoKa3aTenbcTBy 1.5.4 B caydae,
korna K 6eCcKOHEUHO ¥ HE COJAEePHUT HU KBAHTOPOB, HU CHM-
BosoB 0GBeKToB. TakuM 06pasoM, B BhicKasbipaHue K BXo-
AST TOJAbBKO CHMBOJBI O-MECTHBIX OTHOmeHn#. OG03HAUMM
yepes S MHOXKECTBO BCEX CHMBOJIOB OTHOIEHH, TIPHCYTCT-
pyomux B K nycrb S’ — KoHeuHoe TOAMHOXKECTBO S, H
nycTh K’ — MHOMKECTBO BbICKa3blBaHHH U3 K, cuMBOJBI OT-
HOIIEHUI KoToporo Bce mputamiexar S’. XoTs K’ wmoxet
GbITh M GECKOHEUHBbIM, HO, MOCKOJBKY S’ KOHEUHO, BCE Bbl-
cKaspipanusi w3 K’ A0/xHB ObITb 3KBHBAJEHTHDBI, B CMBIC/IC
HCUMC/ICHHS BbICKA3bIBaHMH, BbICKA3bIBAHHAM U3 KOHEYHOTO
noaMuoxecrsa K’ *). Orciojla 3ak/io04aeM, YTO CyLECTBYET
ToTa/bHasl OLEHKa ¢, Ha S’ (T. e. yaCTHYHAs OUEHKa Ha S)
Takas, 4To ¢, npuHuMaer 3Hauenue 0 («vcTHHA») A BCEX
snemeHToB K’, COMVIaCHO M3BECTHOH OLleHKe Mo Tabaule He-
runHocTH. Jas anementos S’, He coaepXKaulUxcs HU B OX-
HOM W3 BhIcKaspiBaHuit K’, 3HaueHHe ¢, MOXerT OBbITb Bbl-
6paHO NpPOM3BOJIbHO, HAlNpHMeEp, ¢,=0.

[Iycts @={p,} — MHOXKECTBO BCEX YaCTHUHBIX OLCHOK
S, MOJyYeHHBIX TAKMM CMocO6OM, W MyCTb Yo — TOTabHasA
oleHka S, yAOBJeTBOpsiOllas cBORCTBaM, cHOpMyTHPOBAH-
upiM B AeMme 1.5.6. [Tycrs X — nro0oe BblCKa3blBaHHE U3 K.
VTBepiKaaeTCs, UTO 3HAUEHHsS, KOTOPbIE MPHHUMAET o HA
ciMBoOJiax oTHomeHu#l X, paioT aas X 3HaueHne 0 («ucru-
Hy»). JlefiCTBUTE/IBHO, eC/lH V — MHOXKECTBO BCEX CHMBOJOB
ornomtennit w3 X, To VeDg,=S ans Hekotoporo ¢, €@ u
Po=¢, Ha V. OTclofa cjaenyer, 4to X comepXKHUTCS B MHO-
wectBe K’, onpeleJieHHOM Bpille LISl KOHEYHOTO MHOXKe-
ctBa S’. A nockoabKy @, aaet 0 mas X, TO xKe caMoe BEPHO
W 1151 OLEHKH o, COBNafamoulei ¢ ¢, Ha V. Takum o6pa3oM,
nosyuaeM, 4To o Aaet O («WcTHHY») st BCEX BDICKa3bl-
pamnnfi w3 K. D10 # jgokasmpaer Teopemy 1.5.4 B cayuae,

*) D10 0ueBHAHO, €CAH BCOOMHHTD, IO mo6oe BbiCKa3blBaHue B
HCUMC/IEHUH BHICKA3BIBAHHH 1MMeeT SKBHBAJEHTHOE BbICKa3biBaHHE B KOHL-
IOHKTHBHOH HOpMasbHol dopme. (ITpun. nepes.)

3%
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Korta K mocTpoeHO TOJbKO W3 CHMBOJIOB OTHOLICHHI MO-
psazaka 0.

Tenepyr npeanonoxum, uto K yxe Moxer comeparb
CHUMBOJbI OTHOIICHUH NPOU3BOJBHOTO NOPSIAKA, HO HE COAep-
XKUT €lle HM KBaHTOPOB, HM NepeMeHHbIX. Kak M mpes e,
Oyaem paccmaTpuBaTh CHMBOJIB OGBEKTOB ¥ OTHOIICHUH W3
K Kak 06beKTbl M OTHOLIEHHs CTPYKTYpH M, Ha KoTopoft K
onpejeneHo U ucTUHHO. Ilyete S oGosHauaeT MHOMXKeCTBO
aTOMapHbIX (GOpPMYJ, COAepIKAlUUXCs B BLICKa3biBaHuAX K.
Bosbmem MHOXecTBO S’ cnMBO/IOB 0-MECTHBIX OTHOLICHHIL,
HaxXoAALIUXCA BO B3aMMHO OJHO3HAYHOM cooTBercteun C ¢
sieMeHTaMu S. JlBe atomapHble (GOPMyJIBI CUHTAIOTCH pas-
JIMYHBIMH, €CJH OHH COJAePXKAT PasJuyuHble CHMBOJB OTHO-
UWIEHUH WM ec/AHM OHM COAEPXKAaT OAHHAKOBHIE CHMBOJIbI
OTHOIICHHH, HO OTJHYAIOTCH XOTS Gbl OJQHHUM [PeIMETHBIM
CHMBOJIOM Ha COOTBeTCTBYIOIUX MecTax. CormacHo ompeje-
JIEHHIO Hallero sisbika L a priori He sicHo, 4To B Hamem pac-
NOPSA’KEHHH HaMIeTCs1 JOCTAaTOUHO CHMBOJOB (-MECTHBIX OT-
HOUICHHH JUIsl [I0CTpOeHHs MHOxecTBa S’. B sToM cayuae
MBI IPOCTO 3aMeHUM L Ha Gosee WMPOKHH A3BIK. YCA0BUMCS
bas wu HaBcerfa, 4to IOAOOHLIC pPAaCUIHPEHHST MOJYATHBO
TPEANONaraioTcs BbIIOJHCHHBIMKM BCSIKMH pas, KOUa BO3HH-
KaloT TaKoro poja npodeMol.

ITyers teneps K’ — MHOXKeCTBO BBICKasbiBaHMl X', ro-
JIy4eHHBIX M3 BBICKa3bIBaHWH X, npunainexamux K, myrem
3aMEHBl BCEX aTOMapHBIX GOpMya u3 S COOTBETCTBYIOMIHMHU
CUMBOJaMH OTHOweHHd u3 S’. VYreepxkaaercss, uto K’ He-
NPOTHBOPEYHBO. JTO oueBHAHO, Korga K u K’ nycrsl. B 06-
mem caydae, nyctb A — snement S, u nycrtb A” — coorser-
crytomuit anement S’. Ecau K’ npoTuBopeunso, 1o oHO co-
HEPKUT KOHEUHOE MHOXKECTBO BBICKasblBaHWA X1, ..., X .
COOTBETCTBYIOIUMX BBICKasbiBaHuaM Xi, ..., X, B K, Takux,
YTO BBICKA3bIBaHHE

[[... [[XIAXJAXIA... A X2 oY]
sABJserca reopemoi, rae Y =[[ATA[ ~[A’]]l. CregosarensHo,
COrJIaCHO mMpaBu/iaM TMOACTAHOBKH 1.3.5 BhICKa3bIBaHHe

[ [XAXINAXIN. . AXW]DY]

Apasercs teopeMoi, rae Y=[[AJA[~[A]]], npuuem A — ato-
MapHas ¢opmyaa, coorsercrByowas A’. DTo, oAHAKO, Ho-
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kaspiBaeT, uTo K mpoTUBOPEYMBO, BOMPEKH HAIIHM Npearno-
qtoxenusiv.  Takam ob6pasom, K’ TaKKe HENpOTHBOPEUUBO.
113 10Ka3aHHOTO paHee CJENYET, UTo K’ o6najaer MOAeNbio
M’, T. . cyliecTByer OleHKa Ha S, KOTOpas KaxJoMmy >7e-
verty U3 K’ conocrasaser «ucruny». s JawoGok atomap-
noit gopmyanl R(a, ..., @z) U3 S CKaxeM, YTO OTHOUIEHHE
R(aiy, ..., Gn) UCTHHHO B M rtorga u TOJILKO TOTJA, KOl}\z/}fi
COOTBETCTBYIOIIMH CHMBOJI OTHOMmeHH S’ HCTUHEH B .
Ecsiu cuMBOA oTHOuleHHst R(...) He BXOZMT B S M TeM ca-

-wbiM B K, To 3HaueHue R(ai, ..., @p) MOXKHO B35iTb NPOU3-

BoJibHBIM. [lycT, Hanpumep, R(ai, ..., an) I/ICTI/IHHB)( B 7\}1<
Tak xaK Bonmpoc 06 MCTHHHOCTH B M BbICKa3biBaHUA A W3 hy
3aBUCHUT TOJBLKO OT HCTHHHOCTH aTOMapHBIX (bopn;[yn KB

M TAaK KaK IPONo3ulMoHalbHble cBssku B M u M’ onnn H;/Ie
e, TO TIoJy4aeM, uTo BCe BbicKasbiBawua K uCTHHHB B M,
1. e. M — Mogneap K.

Tenepb MepexoiuM K ¢1yuato, KOTAa BCe OrpaHdYeHHs Hﬁ
dopmy Boickasbisanus u3 K cuarsl. Bnpouem, 3apaHe§ LIOTO
OpacblBas OYeBHJHBIC CJlyYau, Mbl ?yﬂeM npejnosaarars, ro
K Hemycro W COJAepIKUT N0 KpaiHeil Mepe OJHO BLICKA3bib

jouaollee KBaHTop. -

HneéaBl\IleeIHHM I?Ell)Klloe BbICpKa3bIBaHI/Ie X uz K BbiCKasbiBa-
Huem X’ B mpeiBapeHHON HOPMaJbHOH q)opMeT OHl/IcaUHH)(gfI
B 1.3.7, u nyctb K’ — MHOXeCcTBO BCEX BbI’CKa%bIBaHI/II/I 1,
MOJy4eHHbiX TakuM crmocoGoM. Tak Kak X=X —Teopeni
s Bcex X € K, To oTciofa ciaefyer, UTo Ka)K;Llaﬁ MOZe
K’ sisasiercs Mofeabio 1 K. A nockonbky XoX' — Teopelx;{a/
s Bcex X€ K m K HenpoTHBOPEUHBO, MOJdydYaeM, 4TO
Takke HemporusopeunBo (cp. ¢ 5.3.6). Bsuay srtoro Ml})é
OTpaHMuMMCs JIHIIb CJyYyaeM, Korja BCe BbICKA3blBaHUsA A
¢ caMoro Hayaja 3ajJaHbl B NpeABAapeHHON HOPMAaJbHOH
¢dopme. KBaHTOPH B TAKHX BLICKA3bIBAHHUAX 6yneM OTCHUTHI-
BATb B HX €CTECTBEHHOM MOpSJKe, cieBa nHanpaso. [lis Toro
yToGbl Ha TpUMepax MOSCHHTb AaJbHEHUYIO TPOLENYpY,
npeanosnoxuM, uto B K HMeercst BblCKasblBaHHE BHIA

1.5.7. [Ax[Vy[32[Fo[TwQ (x. y, 2, v, @)]IIIL

rie Q yxe He coJepKUT HHKaKHX KBAHTOPOB.

CumBoanl oTHOWEHUI U3 K OyAyT MCNONB30BaThCA B Ka-
yecTBe OTHoIenuil Mozead M. Uro e Kacaercss MHOXKeECTBa
00bekToB M, TO oHO OyJIeT BBEJEHO B XOJ€ N0Ka3aTeJbCTBa.
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Onpesenum  Temepb N0 WMHAYKIHHM [OCJAEA0BATENbHOCTD
MHOXKecTB BbicKasbiBauull {Ko, Ky, Ky, .. } u nocaenobarenn-
HOCTb MHOXKECTB NPEeAMETHBIX CHMBOJIOB {Py, Py, Py, .. } Tak:
Ko=K, a Py — MHOXeCTBO BCeX NpeIMETHbIX CUMBOJIOB, BXO-
Aalnx B BbickaswiBanust K. Ecau, oxnako, K He comepkur
MPEAMETHBIX CHMBOJIOB, TO moJsoxuM Po={a}, rae a — npo-
U3BOJIBHO BBIOPAHHBIN CHMBOJ OGBEKTA.

Ky comepxut pce BoicKaspiBanus us K, Kpome Toro, ec-
Jau X — BhicKasbiBaune u3 Ky, HauuHamouieecs c KBAHTOP A
CyllecTBOBaHHs, TO Ky COMepKHT BRICKasbiBaHue X*, moay-
YeHHOe U3 X BbIYEPKUBAHHEM 3TOTO KBaHTOpa (a Takke
BHCIIHHX KBaJpaTHBIX CKOOOK) M 3aME@HO!l COOTBETCTBYIO-
UeH NepeMEeHHON BO BCEX €e BXOXKJIEHHSIX HOBBIM npejamer-
HbIM cuMBo/IoM, Takum o6pasom, ecnu X umeer Bux 1.5.7,
TO B KayecTBe X™ MOXKHO BHOpaTh BBLICKAa3biBaHUe

1.5.8. [Vy[Iz[To[TwQ (b, y, 2, v, w)]]]

0P YCJAOBUH, YTO b QE Py. TlonpasymeBaercd, 4To BBOZUMBLE
NpeJMeTHblE CHUMBOJIbI PA3MHUYHB [JI51 PA3JHUHBIX BBICKAZBI-
BaHuit Ko dtH ycnosus u onpepeasior K. P, noJayyaercst
Kak o0beluHeHHe Py ¥ HOBBIX TOJbKO YTO BBEIEHHDIX npen-
METHBIX CHMBOJIOB. K, CONepKHT Bce BbicKasbiBaHus Kj.
Kpowme Toro, ecin X — Bbickasbianue u3 Kj, HaunHamolee-
csl ¢ KBaHTOPA OOUIHOCTH, TO K, CONEPIKHT BCe BBICKA3bI-
BaH{dA, KOTOpble moJyyalorcs u3 X BbIUEPKHBAHHEM KBaH-
TOPA U 3aMEHOH COOTBETCTBYIOLLEH TepeMeHHOH BO BCeX ee

BXOXIeHUAX ajeMeHtamu Py Takum o6pasom, uz 1.5.8 mbr
TTOJIYUUM BBICKa3bIBaHHS

[F2[20[FwQ (b, a, 2, v, w)]]],

Tlie @ npoGeraer Bce 3MeMeHTH Pi. JTH yC/0BHS MOMHOCTBIO
onpefensmor Ky, Uro kacaerca P,, To HPOCTO IOJOKHM
P1=P2.

IMogo6uBIM 0Gpasom Mbl noayyuM K, u P, uz K, u
P, A5 HEYeTHOro n TeM Ke crnoco6oM, KakuMm K u P
noay4danrcb U3 Ko u Py, a K, u P,, 1IJisi 4eTHOro 1 u3 Ka.
U Pn_4 Tem xe cnoco6om, kakum K, u P, moaydanuch us
Ki uw Py Tyers K= UKo} =Ko UK UK:U. ... u P'=

n

= U{Pn}=PyUP;UP,U ... Muoxectso P’ u Gyner cay-

KHTb MHOXECTBOM OGBEKTOB HCKOMO! CTPYKTyphl M.
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Mbl HaMepeHBl nokasatb, uro K’ nenportnsopeuuso. [lo-
cKo/lbKy K’ MOXeT GhiTb NPOTHBOPEUYHBBLIM TOMBKO B TOM
caydae, KOrja MPOTHBOPEUMBO YKe €ro KOHEUHOE MOAMHO-
JKECTBO, H NOCKOAbKYy K’ siBisercd oObejMHeHHEM [ENOYKH
BO3PACTAIOIMX MHOXKeCTB Kn, TO AOCTATOYHO JI0Ka3aTb He-
npotusopeunBocts Beex K. Ecanm 370 He Tak, To Cylue-
CTBYET MEpBBIi HOMep f, CKaXeM, n=m, Ha‘{l/;laﬂ ¢ KOTo-
poro sce K, nporuBopeuussi. IlonsaTHo, uto m>1, rax KaK,
no ycaosuio, Ko=K HenpoTHBopeuuso.

[Ipeanonoxum cHauana, uto m uerHo. Toraa cyulect-
BYIOT ~BbICKasbiBaHuA Yi, ..., Y€Ky v Zy, Z Z,
€ Ky — Ky Taxue, uto muoxectso {Yy, ..., Yu, Zy, ...
..., Zj} nporuBopeuuBo, npuyem [ 06s3aTeJbHO MOJOKH-
TenbHO BBHAY HenporuBopeunBoctd K,y [lo onpenesnenuio
K, CYIIeCTBYIOT BBICKa3bIBaHHUS Vi, ..., Vi€ Ky, Bauu-
HAIONIMECs KBAHTOPAMH OCLIHOCTH!

1.5.9. V,=[VxS;(x)], i=1, ..., L,

rak uto Z;=3S;(a;), TAE a; — HEKOTOPbIA NMpeAMEeTHbIH CHM-
BOJ U3 P,,. Torzna corsacuo 1.3.2 BHICKa3blBaHUS [VinZ]—
TeopeMbl. Kpome TOro, BBHAY NPOTHBOPEUHBOCTH MHOXKe-
crBa {Yy, ..., Y, Zy, ., Z)} u3 Hero BBIBOJMMO BbICKa3bl-
panue W=[[AIA[~I[A]l], rae A —cumson 0-mMecTHOTO
OTHOIIEHHS. DTO SKBMBAJEHTHO TOMY, YTO

BLIBOAHMO H3 {Zi, ..., Zj} (uau, ecau £=0, to W camo
BLIBOAMMO U3 {Zi, ..., Zi}). Ho mocko/bKy BbICKa3biBaHHA
[V;>Z;] cyTb Teopemsl, Bbickasbipatue 1.5.10 BLIBOAMMO M3
{Vi, ..., Vi}, u, cienoBaregabHo, W BBIBOLHMMO U3 MHOXKe-
erea {Yy, ..., Vi Vi, V}=H. Takum  obpasowm,
H oxasblBaeTcsi TPOTHBOPEUHBHIM, XOTs H — MOJAMHOXKECTBO
K1, a nocJeaHee HenpOTHBOPEUHBO.

[peanosoxuM Tenepb, 4TO /1 HEUETHO. Torna cyéuz-
CTBYIOT BbiCKasbiBaHust Yi, ..., Ya€ Kna, Z1, ..., lZ
€K, — K, (>0, takue, uto {Y1, ..., Yu, Z1, ..., Z}}
nporusopeunso. [lo ompenenenuio Kp CyuwlecTByIOT BbICKa-
suiBanuga Vi, ..., Vi, € Kjn—y, HaUUHAIOLIHECA KBAHTODAMHU CYy-
ulecTBOBaHUS;
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1.5.11. V,;=[3yS: ()], i=1, ..., [

takue, uto Z;=S;(a;), TAe a;-- HEeKOTOpbli MpeaMeTHbIA
cuMBoJa, Jexawnil B Pp,— Pn_y. Kpome Toro, mbl moxem
NpPeANoJIOkKUTE, YTO Z; Pa3JHYHBl, & NMOTOMY pasiudun V;
M a; BBuAy npoTHBOpeUHBOCTM MHOkecTBa {Yy, ..., Yy,
t, «-+, Z;} W3 HEro BbIBOJMMO BbicKasbiBanue W=
=[AJA[~A]ll. orkyna corsacHo mOpaBuUJaM HCUHCJAEHHS
BhICKa3bIBAHUH.

1.5.12. [AIY2A . AV AIZA .. AZD.. . T2 W]=U

BpiBOAUMO U3 Z,. Taxum o6pasom, [Z;DU]— teopema, o,
cJe0BaTebHO, N0 Tperbemy npasuay 1.3.3 [VyoU] — teo-

pema, a noromy {¥i, ..., Yx, Zy, ..., Z;} NpOTHBOpEUUBO.
TlpumeHsisi Moc/aeA0BATENBHO TE K€ PACCYXKIEHHS K Zs,
..., Z;, 3akawouaem, uro [Yy, ..., Yy, Vi, ..., V}} nporuso-

peurBo. Ho 310 MHO)KecTBO BxOAuT B Ky, UTO CBHJETEND-
CTBYeT 00 OIKMOGOUHOCTH HAlero npejrnoJoKeHHs, T. €, O He-
IIPOTHBOPEUHBOCTH Ky DTHM J0KA3aTe/IbCTBO HEMPOTHBOpPE-
yuBocTd K’ MOJHOCTbLIO 3aKOHYEHO.

[Tycts K* — MHOXKeCTBO BCeX BblcKasblBaHuil us K’, He
co/lepKallliX HUKAKHX KBaHTOpoB. K* HenpoTHBOpEUHBO,
Tak Kak K* — noamuoxecreo K. MHOXKeCTBO CUMBOJIOB OT-
Hourenu#t K* 1o xe, uro y K’ u K, a MHOXKECTBOM mpeaMer-
HbIXx cuMBoJoB K* apasiercst P’/. CaejgoBaTesbHO, N0 A0Ka-
sanHoMy pasee K* o06aagaer mojenbio M, oTHoweHus
KOTOPOH HPeACTaBJSIOT COB0H TONLKO UTO yKa3aHHble CHMBO-
Jbl OTHOILUGHMH, a MHO» ¢cTBOM 00bekToB aBasierca P’. [lo-
KaxkeMm, uto M — Moueas K, u jgaxke, Tounee, uto M — mo-
geab K'o>K. Teopema 1.5.4 Gymer Toria ycTaHOBJ€Ha BO
Bcell CBOEH OGLIHOCTH.

Jlns nokasatebCTBA HCTHHHOCTH BCEX BBICKA3bIBAHHMIY
K’ B M Bocnoab3yeMcsi HHAYKUHEH 110 4HCJAY KBAHTOPOB B
npuctaske. OTHOCUTC/IBHO BHICKa3blBaHN{ €3 KBAHTOPOB Ha-
we yTBepK/AeHHE OUEBHAHO, TAK KaK OHU Bxoist B K*, a
M — mojaenb K*. [1ycTb 3TO BepHO JJIS BCEX BBICKA3bLIBAHUH
uz K’ ¢ uncaom KeaHutopo k<n, nz>l, n nyctb X — Bpi-
ckasbiBaHHe n3 K’. cofeprkailee TOUHO n KBaHTOpoB. Pac-
CMOTpUM CHauasja clyual, Korna X HauHHAETCS KBAHTOPOM
cymectsopanud, X=[3y S(y)]. Tak kak X¢ K, 10 X€ K,
HaunHas ¢ HeKoroporo /M. B yacTHOCTH, X MPUHAMNENKHT He-
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koTopoMy K, C UeTHBIM HHJIEKCOM /n. A pa3 Tak, To Ko+t
COMEPIKHUT BbicKasbiBanne S(a), ucTunHOe B M, MOCKONBKY
OHO HMeeT ToAbKo 1 — | kBanTopos. OTciolla o npaBUiam
14.3 cemadTHueckofi wuHTepnperauun X cjeayer, uTo
[Fy S(y)] Taxxke nctunHo B M.

[TpeAnosioxuUM Tenepb, 4To X COAEPIKHT TOUHO f KBaH-
TOPOB, 1IepBbifi H3 KOTOPbIX — KBaHTOP ob1IHOCTH, X =
=[Vy S(y)]. Ham nazo TOAbKO noxasathb, uto S(a) MCTHH-
Ho B M aas1 ao6oro a € P’. Ho us koncrpykunn K’ u P’ cne-
[yeT CYILeCTBOBaHHE TAKOTO HEUeTHOro HHJIeKCa 1, UTo
X¢ Ky, ua€ Py (To ke, pagyMeeTcs, BEPHO H 14 J1000TO
uagekca, Goabuero m). CiefoBaTeNbHO, 110 ONPE/EJEHHIO
Kt S(a) JeXHT B 3TOM MHOXKECTBE HU, CA€10BATEIbHO, B
K’. Ho S(a) comepKut ToJabKOo 1 — | KBaHTOPOB, a.MOTOMY
S(a) wctunno B M, uto u yTBepxpasock. Ha stom nokasa-
TeNbCTBO TeopeMbi 1.5.4 3aKOHUYEHO.

[Moctrapaemcsi Tenepb OLEHUTH KapAHHAJIbHOE YUCIO 00b-
eKTOB, HEOOXOAUMbIX JJisi MOjeau M MHOXKeCTBa K, B 3aBu-
CHMOCTH OT uuc/a BbickasbiBauuil B K. Ecau K — xoneuHoe
MHO¥ecTBo, To Bce K, u P, TakXe KOHEUHBbl, M, C/AeAOBa-
TesbHO, P/, camoe GoJbliee, cueTHo. B tom cayuae, KorAa
K GeCKOHEUHO M MMeeT KapAuHa/ibHoe 4ucio K, Bee Ky u Py
HMEIOT caMoe GoJbluee k 3JeMeHTOB, BBUAY udero P’ umeer
He Goablie N 2=F ajeMenToB. Takum ob6pasoM, ecau ompe-
NeJuTh KapAuHa/ibHOE UHCI0 MOJe]H KaK KapJuWHalbHOE
yycJ0 MHOXKECTBa ee 00DBEKTOB, TO NOJydaeTcs

1.5.13. Teopema. Ecau nenpoTugopeiusoe MHOMeCT80
K Komeuno, TO OHO 064a0QeT KOHEeYHOU uAu CHeTHOU MO-
deavto M. Ecau K 6eckonedro ¢ KapOuUHAAbHbIM 4UCAOM R,
70 OHO oBaadaeT HOOeAbtD, KapOUHAAbHOe HUCA0 KOTOPOU
He npesocxoout k.

Jlis KoHeuHoro uau cyetsoro K sto teopema JleBenreii-
Ma — CkoJsema.

[MousiTHe CTPYKTYPbl MOXKHO OTNpeJeJUTb H APYTHM CIIO-
coB6OM, KOTOPbIH KaKeTcs A0BOJBLHO €CTeCTBEHHBIM C Teo-
PETHKO-MHOKeCTBEeHHOH TOUKH 3peHus. B HOBOM omnpenese-
HUHM 1n-MECTHbIE OTHOUICHHSI OTOXKJACCTBJSAIOTCS ¢ HEKOTOPhIM
NOAMHOMECTBOM MHOMKECTBA 71-YICHHbIX yMOpAAOYEHHBIX MO-
caea0BaTeNbHOCTEll OGBLEKTOB CTPYKTypnl. B 3tom caydae
y>Ke HeBO3MOKHA UCTHHHOCTb ABYX Da3JHUNLIX OTHOMICHUH
IS OAHMX H TEX K€ A1-0K MHIMBHA0B M3 M, TaK Kak 3TH
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OTHOUIEHHSI He pPas3JUYaIoTCd B TEOPETHKO-MHOMXKECTBEHHOM
cmblesie. C Apyrofl CTOPOHBI, MOXKET CJAYUYMTbCH, YTO COOT-
BETCTBHE MeEXKJAY CHMBOJaMH OTHOLUEHHH M OTHOILNEHHSMH
CTaHeT MHOrO3HauHbiM, H, B TO BPeMsl KaK CHMBOJbl 00beK-
TOB MBbl €llle MOXKeM HCIOJb30BaTh B KauecTBe OOBEKTOB
CTPYKTYpPbl, TO e caMoe yXKe HEBO3MOXKHO c/Je1dTb C CHM-
BOJIAMH OTHOILLEHHH H OTHOLUIEHHSIMH.

g Toro yto6n 060CHOBATH Hall NMOAXOMA C TEOPeTHKO-
MHOXKECTBEHHBIX TO3MLKH, MOJ OOBEKTaMH ¥ OTHOIULIEHHSAMH
pPa3JuyHBLIX TOPALKOB Mbl JAOJKHBl MOHHMAaTh 3J€MEHThI
pas{uHbIX MHOXKECTB HHIHBHAOB B HeKoTOpo# (abcosior-
HOMl WJIM aKCHOMAaTHUeCKOH) TeOpUH MHOXKeCTB. YTBepXK/IeHue

o ToM, uto R(ay, ..., an) HCTHHHO B cTpykType M, Oyner
TOorjla 03HauaTh, 4To (n+1)-uwieHHas NoOCAeA0BATENBHOCTD
R, ay, ..., a, TpUHALJEXKHUT ONpeleJeHHOMY Halepeja 3a-

JaHHOMY MHOXKECTBY.

1.6. MHOXXecTBa BBICKA3bIBAKMA W UX MHOrooOpasus. Ha-
YHHAsl ¢ 3TOTO MOMEHTA, eC/¥ He OTOBOPEHO MPOTHBHOE, OY-
JleM TpeAnoJaratb COBMajeHHEe NPeIMETHLIX CHMBOJIOB H
CHMBOJIOB OTHOIIEHUH € COOTBETCTBYIOIIMMH OOBEKTAMH U
OTHolleHUsiMH. [l/isi JaHHOrO HEMPOTUBOPEUHBOTO MHOKE-
CTBa BhicKaswBaHuil K u3 sispika L cymiecTByer, Kak Mbl BH-
Aeau Bbllle, Mojenb M, olHaKO Heab3s (e3 CyNIeCTBEHHBIX

HPEB,HOJIO)KGHHI:I OTHOCHTEJIbHO L yTBEpAKIath, YTO BCE HH-.

nuBuaAsl M comepxkatcs B L. §flcHO, Bpouem, UTO ec/u MbI
BoiOepeM  «00JaCTb» HMHAMBHAOB D gocTaTOuHO 60MbUIOH
(nanpumep, nosaarad, uto D comepkuT, KpoMe 06beKTOB L,
ellle CTOJILKO K€ 3JE€MEHTOB, CKOJIbKO BHICKasbiBaHuil B L),
TO AJA JOGOTO HEMpPOTHBOPEUHBOTO MHOXKECTBa BBICKA3bl-
Banu#i K us L wahigercs takas monenb M, uTo BCe €€ 0Ob-
exTol JexaT B D. Takum ofpasom obecneunBaercs cyides
CTBOBAHHME MOJe/]eH AJs NPOH3BOJNLHBIX HENPOTHBOPEUHBLIX
MHOXKECTB B OAHON o0uleld 06/acTH MHAHBHAOB. DTO 3aMe-
yaHHe GBIBAaeT OYeHb MOJE3HBIM, TaK Kak 4acTo H3baBjseT
Hac OT pa3/JHYHBIX Heompe/eseHHOCTe .

MHOKecTBO BhicKa3biBanuit K B JaHHOM s3biKe L Gyner
HaspiBaTbhest T-cucteMoft (mo uMmeHn Tapckoro), ecam OHO
COACPXHUT BCe BBLIBOAUMbBIC H3 HEro BbICKa3biBaHUA, T. €.
S(K)=K. Tax, HanpuMep, MHOXECTBO BceX TeopeM B L
ectb T-cHcreMa.
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MHoxecTBo cTpyKTyp V (DOCTPOEHHBIX B ONpefe/ieHHOH
06aCTH MHAMBUAOB, KaK 00BsICHAJOCH Bhbillle) GyIeT Ha3bl-
BaTbCs MHO2006pasuem (CTPYKTYp), ecau V cOCTOUT U3 Bcex
CTPYKTYp, SIBJISIONIUXCS MOJEJISMH HEKOTOPOFO MHOXKECTBa
poicka3piBauuil K u3 L *). B sroM caydae OyjaeM TakkKe ro-
BOPUTb, uTo V — MHoroo6pasue K, samucwiBas 3to K— V.
Teopusi cucTeM BBICK23bIBAHUI M MHOr0OOpasHil CTPYKTYP
Oyder pasBuTa HaMH HeMHoro moaxe (raasel VII u VIII),
npu Gojiee pa3paboraHHO# Teopuu. B Hacrosiiem pas-
sejie Mbl YCTAHOBAM HEKOTOpBle 4YacTHblE pPe3y/bTaThl OT-
HoCHUTEeNbHO MHOrooGpasdii, TECHO CBsi3aHHBIE C Teope-
moit 1.5.4.

16.1. TeopeMa 0 KOMNAaKTHOCTH MHOrooo0-
pasuit ctpykryp. [Tycro {V,} — mnoxcecrso mnozoobpa-
3uil cTpYKTYp, TaKoe, 4TO nepecederue At00020 KOHEUHO20
qucaa arementos us {V.} nenycro. Toada nepeceuwerue scex
V,, N{V.}, raroce nenycro.

v

Tak kak V,— MHoroo6pasus, TO CYLIECTBYIOT MHOXe-
crBa BhicKasbBauuit K,, Takue, uto K,— V, ans kaxiaoro
v, T. e. V,— muoroo6pasue K,. I[Tyecrp K= N{K,}. JloGas

v

Mogeab K siBasieTca B TO XKe BpeMsl MOAEJBIO /I KaXK[IOTo
K, u, ciiefioBate/ibHO, npuHaniexut seem V. [Tostomy nais
noxasareabctBa 1.6.1 HaM JoCTaTOuHO MoKa3atb, uTo K 06-
Aajfaer mojeanto. Has sTtoro corsacHo 1.5.4 Heobxoauma
JIMILb HENpOTHBOPEUHBOCTb K, UTO 3KBHBA/ICHTHO HENMpPOTH-
BOPEUMBOCTH BCSIKOTO KOHEYHOro mnojJmHoxectBa K. [Iycts
{Xi, ..., X,}—npousposbHoe KOHeuHOe MoAMHOMKecTBO K.
Cywectpyior MHoxectBa K, nanpumep, Ki, ..., Ky, Takue,
yro X;€ K;, i=1,...,n. Tycre M —oaaement uz V0 ...
...NV,, roe K;—V;, i=1,...,n (rakas ctpykrypa M cy-
mecTByeT no npeanoJoxennto 1.6.1). Torna Bce BbicKasbipa-
Hua X; uctuHHbl B M, a 3To M J0Ka3blBaeT HEMPOTUBOPEUH-
Bocth {Xi,..., X,}. Takum o6pasom, K HenpoOTHBOPEUHBO,
U TeopeMma JOKa3aHa.

*)} B nameil 1uTEpaType NPUHST TaKKe TEDMUH «aKCHOMAaTH3MPYeMbId
KaAace CTPYKTyp». Pa3juuHpiMM aBTOpamMH 3TOT TEpMHH BapbupyeT-
el To-cBOeMy: «aputMeruyeckuit kaacc» (TapckHit), «3/eMeHTapHbI
KAACC» WAH «37eMeHTapHo ompefeieHHbldl kaace» (Keficaep). ({/pus.
nepea.)
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HenocpeacrBenno ¢ 1.6.1 cBAsan c/ieaylolIui

1.6.2. [Ipunuun AokKaau3zaunuu MroxecTso 8ol-
ckasoieanutt K obaadaer modeavro, ecau obaadaer mo-
Oeavto Kaxdoe e20 KOHeYHOe NOOMHOMECTE0.

B camom zene, Ji060oe KoHeuHOe NOAMHOKecTBO K He-
NPOTHBOPEUUBO, HOCKOIbKY OHO obnafaer moaeqbto. Cie-
JoBaTebHO, K HenpoTHBOpeYnBO U coraacHo 1.5.4 umeer
MOZeJab, 4TO H JoKasbiBaeT 1.6.2.

VmeeTcsa cyluecTBeHHasi pasHHIla Mexjy Teopemoii 1.5.4
u teopemamu 1.6.1 u 1.6.2. B To Bpema kak 1.5.4 ycraHas:au-
BaeT CBsI3b MeXAY JAeAyKTHBHBIMH HJH CHHTAKCHUECKHUMHU
CBOHICTBAMM MHOJKECTBA BBICKA3LIBAHHUN, C OAHOH CTOPOHDI,
¥ CeMaHTHYECKHMH HJH TEOPETHKO-MOLEJNbHBIMH €ro CBOW-
cTBamH, ¢ apyrod, 1.6.1 u 1.6.2 Kacaworca TOIbKO €ro Mo-
IesJell MHOMeCTBa W HE COJEpPXKAT HHKAKHX YIIOMHHAaHUR O
ero JlelyKTUBHbIX cBoiicTBax. OKasbiBaeTcs, UTO BO MHOTMX
npunoxkenusix 1.6.2 Moxer OBITH HCMOJNB30BAHA BMECTO
1.5.4. Beraer Bonpoc, Heb34 JH A0KasaTb Npeablaylliue Teo-
peMbl HeNmoCpeACTBEHHO, HE HCNOJb3ys INpaBuia BLIBOAA.
D70 AeHCTBUTENBHO MOXKHO cJenaTb, OCHOBbIBAfCk, HalpH-
mep, Ha gemme 1.5.6. Onnako faxe B TOM cjaydyae, Korja
NpUMEHeHHe MPaBU/ BHIBOJA He BBI3HIBAETCA NPAMOH Heol-
XOJHUMOCTBIO, UCITOJAb30BAHHE HX MOKeT OblTb BecbMa [OYy4YH-
TeabHo. Tak Kak caMa CYIIHOCTb ACJYKTHBHOTO HCUHCJIEHHS
[OKa3bBaeT 3aBUCUMOCTb JioO6oro (opMajbHOTO BbIBOJA
JUIIb OT KOHEYHOTO UHMCJIa BBICKA3BIBAHHWH, HENpOTHBOPEYHU-
BOCTD JIIOGOTO MHOMKECTBA MOKET OBITh ONpejiesieHa KaK He-
POTHBOPEYHBOCTD JIOGOI0 €ro KOHEYHOrO MOAMHOMKECTBA.
Takum 06pa3oM, 3KBUBaJEHTHOCTb HEMPOTHBOPEUHBOCTH H
CYLIECTBOBAHHUST MONE/IH JaeT JAOBOJDbHO €CTeCTBEHHOe 00b-
sicHenute Teopemam 1.6.2 u 1.6.1.

1.7. 3apaun

1.7.1. TMoxkazaTth, Kak H3MEHSIETCSI TEOPHUS 3TOH TJI4ABHL, €CJAH BBECTH
B paccMmoTpedve QYHKIEA ((DYHKUHOHAIbHBIE CHMBOJIBI), Hampumep,
¢(x,y) ans x+y (cp. ¢ m 9.1).

1.7.2. Tlokasarb, Kak MeHSIeTCsi TEOpHsi 3TOH TJaBbl, €CJAH HCKII0-
4HTb HpEeJAMETHbIE CHMBOJIbL.

1.7.3. Buisectn 162 n 1.6.1 (MMEHHO B 3TOM MNOpPsIKE), He HC-
noae3ya AeAYKTHBHOTO HUCUNCJIEHRS.

1.7.4. BujonsMeHuTh TEOPHIO CEMAHTHUECKOH uuTepnperaunyu (m. 1.4)
TaK, Y4TOOLl OHa COOTBETCTBOBA/da TEOPETHKO-MHOXKECTBEHHOMY omnpeje-
JEHHIO CTPYKTYPH (kouer u. 1.5).
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Bub auoepaguueckas cnpagka. Hcudenenue, BBejexHoe B pasjpeqaax
1.2 u 1.3, ecTb aulIb BHIOH3MEHEeHHbl BapuaHnT Teopud [mabpGepTa
#w Bepumaiica [I]. Teopema 153 nokasaHa B cTaThe Fénenasn [l
Teopemnl 154, 1.6.1 u 1.6.2 5KBHBaJEHTHsI, €CJH CYHTATH NOKA3AHHHIM
yreepmkaenne 1.5.3. Bnauane Manbuesbim Oblsia YCTaHOBJEHA TeopeMa
162 (cv. Maasnes [1]). Hokasateascrsa 1.5.4 mpusespensl y X eH-
knna [I]] u A, Po6uncouna [I] (cMm. Takke Pacésa u Cuxop-
ckuit [1] w Bet [1]). Teopema 1.6.1 noxasana B paGore Tapckoro
[2]. OrHoCHTEABHO TEOPEMB Jlégenreitma — CkoneMa cM. crate JIé-
penrefima [1] u Cxoanema [1]. Teopernxo-MHOXKECTBEHHOE Ompe-
jeJeHHe CTPYKTypbl paso B paGote Tapckoro [2] (cTpykTypa 'y
TapeKOro HA3BIBAETCH PEARYUORHOL  CUCTEMOL (relational system)).
TMemma 1.5.6 — uacTubift cayuail Teopemnt 9.3.2 (cM. HHXKe), nociesns
e ecThb HENOCPeLCTBeHHOe vieAcTsue JemMmpi P a o [1]. HeaykTHpHO-
3aMKHYyTble cHcTeMbl (T-cHCTeMBI) paccMOTpeHbi B CTaThiX Tapcko-
ro [11%).

*) Tapckuli [6] npeatoxun HOBblE 3HAUUTENBHO OPOCTBIE CNOCO-
6bt opMaTH3aLMK Y3KOTO MCUHCIEHHS MPEAHKATOB C PABEHCTBOM. Nanb-
Heflline yCOBCPUIEHCTBOBAHHS STHX CIOCOGOB AaHbl B pabore Kannima
v Mourerw [1]. Jloco [I], Pacéra #u Cuxkopckuit [I] no-
Ka3a7d SKBHBAJEHTHOCTE OGOOGIIEHHOH TeopeMbl MOJMHOTH M TEOPEMbl O
MaKCHMAaabHELX Hieasnax B Gyaesoi anrebpe. Jloco 1 PHaMb- Hapa-
sesckuil [1], Xcukuu [2] uccnenosanu CBfA3b TEOPeMbl MOJHOTH €
akcnoMoil BhwGopa, a [aanepd [1] Aokasan WX HEIKBUBAJIEHTHOCTH.
Jpyrue aokasaTeabcTsa Teopemul .62 faHbl B monorpadun I1ao1-
kuna [1]. Yeunenua 1.6.2 nannl 8 paGotax Koranosckoro [11],
Maabnesall?l, Tatmanosa (6. ([Tpun. ped.)
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AJNTEBPAHYECKHE MOHATHS

2.1. PaBencrso. Exsa su cyuwecrsyer maremartHdeckas
Teopus, B KOTOPOil MOKHO 0GOHTHCH 6€3 IOHATHA PaBeHCTBA.
Yacro 3TO mOHsATHE paccMaTpHBaercss 0co00 BHe OObIUHOH
TEOPHH Y3KOrO HCYHCJEHHS NpeJAHKaTOB TaK, KaK Mbi 3TO
Jenanu B npeawlayuiedl raabe. OJAHAKO B J@JbHellIeM Mbl
He 6yjeM MpHAEp:KUBATbCS 3TOH TOYKM 3DeHHs H Ompeje-
JIUM PaBEHCTBO KaK GuHapHoe orHoweHwe E(x, y), yAoB-
JIETBOPSIOLILEE CAEAYIOILHM YEJIOBUAM:

2.1.1. VxE(x, x) (pedaeKCHBHOCTS),
ViVYlE (x, y) DE(y, x)] (cummerpus),
VxVyVE(x,y) AE(y,2) DE(x,2)] (TpaH3UTUBHOCTS).
2.1.2, Jlns nwoboro OTHOIUIEHHS,, NMpUHAMJIEXKAILero, Ha-

npumep, 3aZaHHON CTPyKType, E Yy.JioB1eTBOpSeT YCAOBHIO
NOOCTAHOBOYHOCTU. A IMEHHO, €CJIH 1aHO OTHOIUIEHHE NOpPAL-

Ka n, ckaxeM, A(xy,...,X,), TO HMeeT MeCTo
V)C1 e Vxn V}h PN Vyn[E(xla yl)/\E(XZ» yZ) /\ ..
o NE (X, Yu) NA(xy, oy X)) DAYy, <.y Yn))

(3ameruM, uto aas A=E 2.1.2 caepyer us 2.1.1.)

B naapHeiimieM ™Mbl OyAeM 4aCToO TOJAb30BATbCH YIPO-
HICHHOH CKOOOYHOH CHMBOJIHKOH, MOAPOOHO ONMCAHHOHN BHI-
me B pasgene 1.2. OTHbIHe TaKXe, MMes [0 € OTHOILe-
HUSIMH, Mbl OyJeM Ju0O 3aMOJHATH BC€ HUX NyCThBIe MeCTa
nepeMeHHbIMH, JU0O0 ONycKaTb CKOOKH, 3aNsAThie U BCe MeXK-
CKOOOUHOE TPOCTPAHCTRO.

Jlio6oe oTHolleHWe, yIOBJeTBOpAIOUlee ycaosuwo 2.1.1,
Ha3bIBAeTCs SKBUBAJEHTHOCTbIO. BroJHe MOryT cymiecTso-
BaTb [Ba OTHOLIEHHUSI 3KBUBAJEHTHOCTH, KOTOpblE He §B-
NSIOTCS  KOIKCTeHcugHuimu, BooGumie, JABa  OTHOLUEGHHSA

A()éci, cevs Xn) ¥ B(xy, ..., X,) KO3KCTEHCUBHBL, €CIU ]IS
_Xo BIX @y, ...,Qn W3 paccMaTpHBaeMOH CTPYKTYPBI BEPHO
(a1, ..., ax)=B(ay, ..., a,).

2.1 PABEHCTBO, 47

JlBa OTHOLUEHHsST PABEHCTBA 00SI3aTENbHO JOJIKHBI OBITb
xoskcTencusHbiMA. Ilyers E((x, y) u Ex(x, y)— ABa TaKux
OTHOLIEHMS; HAL0 NOKas3aTh, uto Ei(a, b)=E:(a, b) ncTHH-
HO U8 JIOOLIX OOBEKTOR @, b U3 CTPYKTYDPBL

B camom jaeae, corsacHo 2.1.2, monaras E=E, A=E;
1 ucnoabsya 1.3.2, noayunM

Ei(a,a) NE.(a, b) NEz(a, a) DE;(a, b).

Ho Ei(a,a) u E;(a,a) nCTMHHBI 10 NEPBOMY YC/IOBHIO
9.1.1, orciona wucrunso Ei(a, b)>Es(a,b); aHanoruuno
umeeM Es(a, b)>E,(a, b), a cnefoBaTeNbHO, Ei(a, b)=
==Fy(a, b), KaK ¥ yTBep}kJajsocb. 3aMeTuM, 4TO HapaBHe C
HCTIONb30BAHMEM IpaBUa BHIBOAa 1.3 s TOrO, 4TOGH NpH-
[aTh CIPOTOCTh JOKa3aTeNbCTBY THNA, Hamnpumep, TOJBKO
4TO MPHUBEIEHHOTO, BIOJHE MOMKHO TaKXe Ha OCHOBaHUH
1.5.3 paccyxJarth YMCTO UHTYUTHBHO.

BooGuie rosopsi, B AajibHeiimem Oyner yAoGHO Npearno-
JaraTh, UTO HMMeeTCs JHIIb OJHO OTHOIIGHHE paBEHCTBA.
MoHO Takxe npeanosaratb, uto E(a, b) J0XKHO BCAKHHA
pas, KOrja @ u b pasauuHbl. B stoMm cayuae Oyldem Hasbl-
BaThb CTPYKTYPY HOpmasbHod. JIo6as HeHOpMasibHash CTPyK-
Typa M Moker ObITb CBeJeHa K HOpManbHO#H cTpyKType M’
3aMeHOoll ee OG'beKTOB KJaaccaMHU 3KBUBAJEHTHOCTH, COOTBET-
CTBYIOLWIAMHA OTHOLICHUIO PABEHCTBA, T. €. TAK, UTO S/JCMEHTLL
a n b mpuHaznexar OJHOMY KJjaccy IKBUBAJNEHTHOCTH d,
ecan E(a, b) uctuaso B M. Takum oGpasom, moboe oT-
nourerne A(xy, ..., Xp) CUMTACTCH HCTHHHBIM /U151 06 BEKTOB
o, ..., Oy U3 M’ (T.€. a8 KN3CCOB 3KBUBAJEHTHOCTH My,
ecM A8 HEKOTOPBIX, H, CJ€IOBATeJbHO, AJS BCEX 3Je-
MEHTOB @y, ..., (n, TPHHALMERKAUIUX  COOTBETCTBEHHO
o, ..., On Afai, ..., @n) HCTHHHO B M. HerpyaHo mnpo-
BEPUTH, YTO J1000€ BbICKA3blBAHKE X, uctunnee B M, ucrun-
Ho Takxe u B M.

JlBe CTPYKTypbl Ha30BeM MOJOOHLIMH, €C/ld OHH COLep-
#aT OfHM H Te e oTHoweHus. [TycTtb M u M — nogobubie
cTpyKTyphl. M HasbiBaeTcs nodCcTpYKTYpol M’,a M’ — pac-
mupenuem M, ecan Bce 0GbekThl M Jsexat B M’ u ecau aas
MoGoro  oTHoueHus A (Xy, . . ., Xn) 1 OOBEKTOB &y, . . , Ay U3 M
A(ay,...,a,) wctuHHo B M’ Toraa u TOJNbKO TOTAA, Koria
oHO ycTuHHO B M. OG03HAUATh 3TO OOCTOATENBCTBO OyaeM
nocpeacrsom McM’, xak u B cayuae OOGLIYHOTO BKJIOUEHHUS,
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[Ipeanosioxum Temepb, 4TO RaHO OTHOLIEHHE PaBEHCTBA
E(x,y) B M u M, u McM’. TlpuBefiennoe BulIle onpeiee-
HHE HE HCKJIIOYaeT BO3MOXKHOCTH CYUIECTBOBAHHUS O0OBEKTA 4,
npuHajanexauiero M’ u He npuHaanexamero M, Takoro, 4to
E(a, b) uctunno B M’ nas nekoroporo b uz M. Ecau 3to He
NPOUCXOUT, TO Mbl HA3bIBaeM OTHOIIEHHE BKJIUCHUS Me-
KLY M u M’ nopmarbHoiM.

ITycte M — mo6asa crpykrypa. OGosnaunm uepes D+ (M)

MHOXKECTBO BCEX aTOMapHHIX BbiCKasblBaHui A (ay, ..., a,),
UCTHHHLIX B M, rne A — oTHOIleHue H ai, ..., an — UHIH-
BUJIR 3TOH CTPYKTYPBI. AHAJOIHYHO, MHOXECTBO BCEX BbI-
ckasbiBanuii Buga ~A(ay, ..., a,), uctuHEbIX B M, 0603Ha-

yum yepes D-(M). D* (M) u D~ (M) HasoBeM coOTBeTCTBEH-
HO IOA0MUTEAbHOU U oTpuyateasvroli duaepammoi M. Ha-
KOHell, MHoxkecTBo D (M)=D*(M)UD-(M) 6yzem Ha3bl-
BaTh npocto dJuaepanmot M. Umeercst npocrast, HO BaKHas

2.1.3. Teopewma. Illycto Mu M’ — dse nodobnoie cTpyx-
Typol. M’ asaserca pacuupenuem M T02da u Toabko To20a,
koeda M’ aeaserca modeasro D (M)— duaepammer M.

B dopmyauposke Teopembl moapasymMeBaeTcs, YTO COOT-
BeTcTBUEe C, KOTOPOE MOSIBJISIETCS TIPH ABHOM OMUCAHHH OT-
HoweHuss Mexay M’ u D (M), cBoAHTCS TPOCTO K TOXKje-
CTBEHHOMY Ha WHAMBMAAX W3 D(M). MHbiMu cioBamu, 00b-
ekTol u3 D{(M) obGosnauaior camu cebs. JlokazareJbcTBo
TEOPeMbl BBHJY €r0 OUEeBHIHOCTH OMyCKaeTCs.

BsaumHo onHo3HauHoe cooTBercTBHe C, OTHOCAILee Ka-
XKJAOMY HHIHBHAY U KaXK/0My OTHOLICHHIO M3 CTPYKTyphl M
WHJMBHI U OTHOLIEHHe (TOTO K€ NOPSiAKA) M3 CTPYKTYphI
M’, naspiBaetcsi usoMOp@u3MOM, ecAM BCAKMI. pa3, Koraa
OTHOLICHHE MCTHHHO B M 111 HEKOTOPHIX HHAMBHAOB H3 M,
COOTBETCTBYIOLEE OTHOUICHHE® JJS COOTBETCTBYIOIIUX HHIH-
BHIOB uctuHHo B M’, u HaoGopor. Eciu M u M’ nono6us,
TO GyNIeT npeanoaararbesi, 4to C oTo6paXKaeT Kaxaoe OTHO-
LieHHe B Hero camoro. B Tom cayuae, Korga M=M’, uzo-
MOP(HU3M HasbIBaeTcst aBTOMOp(pH3aMoM. OTHOCHTEIbHO ABYX
CTPYKTYP FOBODSAT, YTO OHH USOMOPEHbL, eCi MEXAY HHMH
MOXXHO YCTaHOBHTb H30MOP (UM,

Coorserctlie C MeXAy OTHOIIEHHSAMH CTPYKTYp M M,
a Takxke Mex1y O0ObeKTaMH CTPYKTYpul M u mexoropoimu
00BbeKTaMH CcTPYKTYypel M’ HasbiBaeTcss eomomopusmon,
ecin C B3aMMHO O/JHO3HAYHO Ha OTHOWIEHHAX M KaxAblil
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o6bekt u3 M orofpaxaerca B M’ takum o6pasoM, 4To 1%
J1000ro OTHOLIEHUSI, HCTHHHOTO A9 o0bekToB uiz M, coor-
BETCTBYIOLIlee OTHOIIEHHWE [J/51 COOTBETCTBYIOIIUX OOBEKTOB
uctuHHo B M’. M’ HaspiBaercsa eomomopgroim obpaszom M,
ecnd JaHHbl roMomopdusm ectb otoOpaxenue M na M,
T. €. BCAKOMY 0Gbekty uz M’ coorBetcTByer 00bekT u3 M.
[lycts K — mMHOXKecTBO BblcKasbiBaHui, M — monenr K
u M’ — crpykrypa, nofoGHas n usomopbuas M rtakum o6-
pasoM, UTO BCeM MHAWBHIAM u3 M, Kotopble BCTpeualoTcs B
K, cootBercTByIOT npu 3ToM H3oMopdusme onn camu. Torza,
KaK HeTpyAHO BujAerb, M’ Takxe sBiaseTcs Mojenasio K.

2.2, PaccMoTpeHHe aKcuOMaTHYECKHX CHCTeM. 3afimeM-
csl Temnepb MNOAPOGHBIM pacCMOTPEHHEM aKCHOMAaTHYECKHX
CHCTEM JJisi HEKOTOPLIX XOPOLIO M3BECTHBIX NMOHATHH anare6-
pul. Heo6x0auMo 3apaHee OrOBOPUTBLCS, UTO B TEPMHHOJO-
FHH, KOTOPOIt MBI 3JeCh NpHUAEPKHUBaEMCs, AKCUOMA U 6bi-
CKO3bi8aKUe SIBJASIIOTCSI CHHOHUMAMM, TaK UTO TepMHH
«aKCUOMQ» UCTOJb3yeTCsl TONBKO JHIUb B LeJsiXx yA00CTBa.
Bo MHorux cayuasx noapofHOe onucaHHe aKCHOM OblBaeT
W3JIKLIHe, OCHOBHOH BOINPOC 3aKJI04AeTCsl B BO3MOXKHOCTH
HJIH HEBO3MOXHOCTH J1aTh HeOGX0AUMYI0 (OPMYJIUPOBKY
cpeacTBaMu f3blka L. B CBsI3U ¢ 3THM OUCHb BaXKHO, 4TOOHI
uypTate b Hayuuiaca 6e3 3aTPyAHEHHH BBIACHATb, (opmasu-
3yercs /M JaHHOe HedopMaJ/JbHOE YTBEpIKACHUE MJH BLICKA-
3biBaHME B SI3BIKE Y3KOrO HCUHMCJEHHS TpenukaTtoB. DuiBaer,
OHAKO, YTO YTBEpPXKIeHHI0 (UJNH CBOKCTBY), KOTOpoe 3apa-
Hee He 3a/laHO0 HYXHBIM 00pa3oM, MOXHO JaTh 3KBHBAaJEHT-
Hyilo (OpMYyJAHPOBKY TpebyeMbIMH CPeNCTBaMU.

Bce MHOMecTBa aKCHOM, KOTOpble B AaJjbHeiweM OyayT
HaMM DacCMOTpeHBl, COJepKaT OTHOLICHHE paBeHCTBA
E(x y). Tlon Bbipa)keHueM «aKCUOMbI PABEHCTBA» Mbl Oy-
neMm nonumath 2.1.1 n axkcuomy mnojacTanoso4HocTH -2.1.2,
NPUMEHEeHHYIO K OCTa/bHLIM OTHOIIEHHAM M3 paccMaTpHBae-
Moro MHoxecrsBa. IlpH onmHMcaHuM aKCHOM MBI OCTaBJsieM B
CTOpPOHE BCe BOMPOCH], CBI3aHHbIE C MX HE3aBHCHMOCTHIO.

Vcnonb3yss AByXxMecTHOe OTHouleHHe paBeHcTBa E (X, Y)
(unTaercss «X PaBHO Y») W TPEXMECTHOE OTHOLIEHHe
S(x,y,2) (udtaercsi «Z— NPOM3BEACHHE X Ha §»), AKCHO-
MaTH3HpYeM BHauaJe moHaTtue rpynnsl. IIpu stoit akcnoMa-
TH3alHH OOBEKTb HaM He MOHajnob6sTcs,

4 A. PoGuucon
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2.2.1. Axcuomb paseHcTBa (cM. Boime 2.1.1 u 2.1.2),

2.2.2. VxV¥y3zS(x,y, 2)
ViVyVzVw[S(x, y, 2) AS(x, y, w)DE(z, w)]
VaVyVzViVuVo[S(x, y, 2) AS (2, £, u) /\
AS(y, t, v)2S(x, v, u)]
FxVy32S(x, ¥, Y) NS (2, y, x)].
AxcruoMbr 2.2.2 1al0T COOTBETCTBEHHO CYUIECTBOBAHHUE
IPOU3BE/ICHHS, eT0 €JIMHCTBEHHOCTh, ACCOLUMATHBHOCTD H CY-
LeCTBOBAHME JeBOH €AMHHIbI TaK, YTO AJMs KaXJOro 3Jje-

MeHTa uMeercs ofOpaTHBI (cjaeBa). MHOXKECTBO aKCHOM
2.2.1 u 2.2.2 o6o3nauaerca Kg. B oranuue ot Kg, Mbl 6ylem

4
TaKXe paccMaTpuBaTh MHOKecTBO Kg» noayuaemoe BBefe-
HYeM [MpeaMeTHOH [OCTOSIHHON e U 3aMeHOH nocjaejHed
aKcHOMBl 2.2.2 BbICKa3bIBaHHEM

2.2.3. Yy3ZS(e, y, y) NS(z,y,e)].
JI1s1 TOro uTOOBI MOJYYHTb MHOXKECTBO aKCHOM, XapakKre-

pusynuyx abeseBy (KOMMYTaTHBHYIO) -Tpynny, A00aBUM K
K¢ u Kg akcuomy

2.24. VxVyVz[S(x y,2) oSy, x, 2)}

0603Hauas MOJIyyeHHble MHOXECTBA COOTBETCTBEHHO Ku¢
H Kflm

Jas akcHOMaTHYeCcKOro ONMHCaHUs NMOHATHA YyNOpsiJoveH-
HOH alesieBOH IpyNIbl BBEJAEM HOBOoe OMHADHOE OTHOLIEHHe
Q(x,y) (4utaeTcs «x MeHblUE WJIH PABHO y»), M00aBJsAd K
Kag 1 Kac CAeNyIolHe aKCHOMBIL:

2.2.5. VxVyVzVwlE (x, y) AE(2,w) ANQ(x,2) 2Q(y, w)],

2.2.6. VxVyV2Q (x, y) ANQ(y,2)2Q (x, 2)]
VaVylQ (x, y) V Q(y, x)]
VaVyllQ(x, y) AQ(y, X)1=E (x, )]
VxVyVzVw[S(x, y, 2) AS(x, v, w) A\
AQ(y, v)2Q(z, w)]
2.2.5 ecTh MPOCTO aKCHOMA MOJACTAHOBOYHOCTH [/t OTHO-

menus Q(x, y). Uurarenio He MPEJACTAaBHT HUKAKOro Tpyla
aHaJOTHUHBIM 00pasoM I[POUHTEPNPETHPOBATD  aKCHOMBI
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2.2.6. IosiyueHHbIe MHOMKECTBA aKCHOM OyAyT 0603Ha4aTbCs
coorBercTBeHHO Koag U Koag. XoTsi B HacTosimeM ciaydae
¥ MOXKHO MCKJKYHTh OTHOIIEHME PaBeHCTBA KaK OCHOBHOE
OTHOLIEHHE, ompefessisi ero uepes Q(x,y), Mbl, OJHAKO, HE
HaxoJuM 3TO HeaecoobpasHbIM.

BsegeM Temepb MHOMKeCTBO akcHOM Kpr, XapaKTepusyio-
I¥X NoHATHe Kosbila. Ham morpefyercs Nnpud 3TOM OJHO
JByXMeCTHOe OTHOIlEHHe — OTHOLIeHHe paBencTsa E (X, y) #
JBa TpPeXMecTHbIX oTHowenua S(x,y,z) u P(x y,2z) (nep-
BOE HHTEPIPETHPYETCs KaK «X-y=2», BTOPOe — KaK «Xy=
=2z») (MHAMBHAB He Hcnosb3yloTed). Kg N0 onpenesentio
COCTOHT M3 aKCHOM paBeHCTBA AJsl OTHolleHMH Kpg, BbicKa-
seiBaHuil 2.2.2 v 2.2.4 u cjefyIOHIHX aKCHOM:

2.2.7. VxVy3zP(x,4,2)
VxVyVzVw[P(x, y, ) NP(x, y, w) DE(z, w)]
VxVyVaViVuVo[P(x, y, 2)A\P(z, {, u) \
AP(y, t, v)DP(x, v, u)]
VxVyVzViVuVoVw[S(x, y, 2) AP(z, t, u)\
AP(x, t, v)AP(y, {, w)>S(v, w, u)]
VxVyVzViVuVoVol[S(x, y, 2) A\ .
AP(t, z, Wy NP(t, x, v) AP(t, y, w) S (v, w, u)l.
[lepBble TPH aKCHOMbI BLIPAXKalOT COOTBETCTBEHHO CyIlle-
CTBOBaHHE, eJMHCTBEHHOCTh M ACCOLUATHBHOCTb NPOHU3BELe-
HHSI, a TOCJAefHUe ABe — 3aKOH ANCTPHGYTHBHOCTH. MHOXe-
CTBO BLICKA3bIBaHMil, OMHCHLIBAIOILKUX MOHATHE KOMMYTAaTHUB-

HOTO KoOJblla, TMNoJydaeTrcss H3 KR nofapjieHueM 3aKoHA
KOMMYTaTUBHOCTH YMHOXKE€HUS,

2.28. VxVyVz[P(x,y,2)DP(y, x,2)].

MHoOKeCcTBO akcHOM, XapaKTepH3YIOLLHUX NOHATHE Teja, SAB-
asetrcsa ob'beguHenvem Kg n
2.2.9. Ax3Fy[~E(x, y)]
VxVy3S (x, x, x)VP(x, 2, y)]
VxVy3z[S (x, x, x) VP(z, x, y)]
[lepas n3 3THX akcuom Tpedyer, uToOH Halla CTPYKTypa

cozeprKalia 10 KpaiflHeii Mepe JABa pPas3/iHUHbIX WHHAWBU]A.
Bropas akcHOMa AaeT paspelIMMOCTb YPABHEHUs xZ2=y 11

4%
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moboro y wu Jgwboro x0. OTMetuM, UTO NpEIHKAT
S(x, x,x) ObUI HCIOJIb30BAH HAMH B KauyecTBe XapaKTepHu-
ctuyeckoro cpoiictBa 0. MoXHO, KOHe4YHO, M36eKaTb 3TOH
HECKOJIBKO MCKYCCTBEHHOH (DOPMYJIUDPOBKH, BBOAS CIELHU-
anpHbiil cumBoa aas O us L. Tperbs akcuoma 2.2.9 paer
paspemiuMocTh 2x=y AJs Jwoboro y u Jjwboro x=+=0. O6b-
enuHas Kp u 2.2.8, nmo.1yuuM MHOXKECTBO aKCHOM, OIUCEI-
BaloOUIUX (KOMMYTaTHBHOE) ToJe, 4

®opmanusyeM Tenepb MOHATHE XapaKTePUCTHKH MO,
Jlns aTolt menn BBejeM BHaualje PEKYPCHBHOE Onpeje/eHHe
npeauxkaros S, (x,y), n=0, 1, 2,...

2.2.10. So(x, ) =S(y,y, y)
Sn(x,y) =F[Sua(x, 2) NS (2, x,9)], n=1,2, ...

B nepso#i crpoxe atoro onpesnenenust S(y,y,y) cHoBa Hc-
Mo/1b30BaJICl HaMHM [/t TOrO, 4ToObl XapakTepusoBath 0,
HelTpaJ/bHBIH 3JeMeHT AAf CJOKEHHs. 3aMeTHM, 4To B 3a-
nucH Sp(X y) Mbl ynoTpeGUJIM TEPEMEHHYIO X, XOTS OHa H
He PHCYTCTBOBAJa B NPaBoii CTOPOHE paBeHcTBA. Bnpouew,
NpH JKeJaHUM, X MOXKHO BBECTH H B SIBHOM BHJE, B34B
kounioHkIMH ¢ E(x, x). Ilpeaukar S,(x, y) uaTepuperu-
pyeTrcs Kak y=nx (T. €. y eCTb Pe3yJAbTaT N-KpaTHOIrO CJO-
JKeHHS x ¢ camum co6oil). CaegoBarenbHo, TOT (hakT, uTto
nx=0 mas 11060ro X, MOXKET OBITh BbipdXKeH BbICKa3biBa-
HHEeM

2211 X, =VxVylS,.(x, ¥} 2S(y, y,y)], n=123, ...

Taxum 06pa3oM, MHOXKECTBO aKCHOM MOJISI XapaKTePHCTUKH p

(p — npocroe uucno), obosHauaemoe KF, mnoayuaercs npu-
coenvnHenneM X, kK Kgp. C apyro#i cToponbl, akcHOMaTHKa
K?P. noas xapakrepuctuku 0, ectb oObeUHEHHE MHOXKECTBA
Kcr ¥ MHOXKECTBa BLICKA3bIBAHUE

2.2.12. {~X2v~X3vNX51 e NX]Jv .- '}v

rae p npoberaer BCe IPOCTHIE YHCJA. Kp— nepeoe U3 Bcex
PACCMOTPEHHBIX HAMH MHOXKECTB aKCHOM, KOTOPOE COAEPIKHUT
fecKOHeUHOe YMCJ/IO BLICKA3biBaHHH. BosHMKaeT ecrectsen-
HBIH BONPOC: MOXKHO JIM HalTH 3KBHBaJIeHTHOE eMy MHOXe-
CTBO, KOTOpOe, ofHaKo, KoHeuHo. OTBeT Ha 310 GyJer BIO-
C/leICTBUH AaH TeopeMmol 2.4.5.
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AKcHOMBI 101 (J1aHHOH XapaKTePUCTHKH) MOKHO BUIO-
U3MEeHHTb, BBeAsA [ABe npeaMeTHble moctosiHHble 0 m 1 (xak
npaBui0, 0603HaYaIOlIHe COOTBETCTBEHHO HEHTpaJbHbIE de-
MEHTBl JJIsl CJOXKEHHs M yMHOxeHHs). lIpuMensia atu cuM-
BOJIbI, MBI 3aMEHUM MOCJEIHION aKCHOMY 2.2.2 aKCHOMOH

2.2.13. Vy32S(0,y, y) AS(z,4,0)]
i BbICKa3biBaHus 2.2.9 — BRICKa3BIBAHUAMU
2.2.14. ~E(0,1)
Vx3JylE (x, )N P(x, y, ],
NPUHHMAas BO BHMMaHMe, uTo 2.2.8 TaKiKe BXOANT B HalM

akcuompi, Onpenenenue So(x,y) us 2.2.10 MoxHO Temepb
3anUcaTh CAENYIOUIUM 00pa3soM:

2.2.15. Sy(x,y)=E(y,0).

[MonyueHHble MHOXeCTBA BbLICKA3bIBAHMH, B OTJIHYHE OT
4 (p
Ker, KB p=0, 2, 3, 5,..., obosnaunm Kcr, K. B nanp-
HefimeMm Mbl peiko Gynem noabsopatbes Kep v KF. npen-
4 (p

nountas um Ker u K.

Muoxectso akcuoM Kop YNMOPANOYEHHOTO NOJS MOXKHO

4

MOCTPOUTH, HampuMep, AoGaBisis K Kcr HEKOTOpOe uMC/IOo
AKCHOM, MCHOJIb3YIONIHX OTHoleHHe Q(x,y) (4uTaercd, Kak
M npexje, «X MeHblle WJIH PABHO y»), a MUMeHHo 2.2.5,
226 u

2.2.16. VxVyV2P(x,y,2) AQ(0, x) ANQ(0, y) >Q (0, 2)].

[Tocrapaemcst Temepb (opMaan3OBaTh MNOHSATHE apXH-
MegoBa (YnopsioueHHoro) moqs. Akcuoma Apxumena yTBep-
W JL4€eT, UTO J/I8 JI060r0 MOJOKHUTEIBHOTO UdCia X U J1060ro
y Haiigercs Lesoe uucao n>>1 Takoe, 4to nx>y (nx o6osHa-
yaer cyMMy x+x+...+x (n pas)). HMcnoaesys 2.2.10,
MOJKHO 3alMcaTh HEPABEHCTBO NX>y B BHAE NpPeIHKaTa

2.2.17. Qn (X, L/) = HZ[Sn (xa Z)AQ(yv 2)]
C nomowpio GeCKOHeUHOH [M3BIOHKLHH, YINOMAHYTOH B
KoHLe pasjena 1.4, akcuoma Apxumena 3anuCbiBaeTCs cie-
aAyomuM obpasom:
2.2.18. VxVY[E(0, %)V ~Q(0, x) VQi(x,y) V
VQ2(x>y)\/ e \/Qﬂ(xvy)\/ < ']'
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Kor BMecTe ¢ 2.2.18 u jgaer MHOXecTBO Kap akcHOM apxu-
meaoBa nodst. OpHako 2.2.18 He sIBAsieTCS BbICKa3bIBaHHEM
Y3KOro HCUHCJEHHs] MPeJUKaToB B CMBbICJAe ONpeaeseHHH
ra. I, u notromy Bcraer Bompoc o 3aMeHe K,p MHOXKECTBOM
AKCHOM, 3aJaHHbIX HEJIHKOM B TepMUHAX sisbika L. OTBer Ha
910 Oyaer NaH TeopeMoit 2.4.22.

ITpHcTynuM Tenepb K akKCHOMATH3AUMH MOHATHS ajrel-
panyeckd 3aMKHYTOro noss. Bravase Mbl onpenenum mpe-
pukatol Py(x, y), n=0,1, 2, ... tak:

2.2.19. Po(x,y)=E(y, 1)
Po(x,y) =3P, (x,2) \P(2,x, )], n=1,2,...

Kak aerko sumerb, Py (X, y) cooTBeTcTByer onepaiuu
BO3BeJIeHHUST B 1-10 CTENEHb: Y=X",

CooTHOWmEHKHE

2.2.20. xo+x9+ ... Fxuyn=2
BBIDAXKAETCSl NMpeauKkaTtoM Ty, OT MepeMeHHBIX Xy, Xi, ..., Xn
H 2z

2221, To(xo, ..., Xn, Yy, 2) =FueJuy. . . Ju,Jv,Tvy . . .

...EUnEZQ)1...3wn_1[P0(y, uo)/\Pi(y, iti)/\Pz(y, ué)“/l,_.
e /\Pn (y’ un) /\P(Xo, u()v U())‘/\P(Xj, ui, Ul) /\ A
.o /\P(xn» Un, Un) /\S(UO, Uy, wi) /\S(wi, U, w2)/\ .

.. '/\S(wn—Qy Un—1, wn—l) /\S(wn—iy Unp, Z)]

2.2.21 MoxeT paccMaTpUBaThcs Kak KOppekTHas (opMaJiu-
sauus 2.2.20, 3a HCKJAIOUEHHEM HEKOTODPBLIX OUEBHAHBIX MOJAHU-
¢ukaunit npu n<2. OKOHUATENbHO, AISA NONYUEHUS MHOMKE-
CTBA aKCHOM ajre6panyeckd 3aMKHYTOTO NoJst Kcp NpHCO-
eAMHUM K Kcp MOCAEeI0BATENbHOCTE aKCHOM

2.2.22. VxoVxy.. . Vxuy3yTnlxo, X1, ..., Xnoa, 1, y, 0),
n=2 3,...

2.2.22, TaKUM 06pa3oM, yTBEPKAAeT, YTO NPOU3BOJBHBIN
YHUTApHBII MHOTOUJIEH *) CTeneHu 7 HMeeT HO KpaiHel
Mepe OJHH KopeHb. JL/isi mosyueHHss MHOXKeCTBa akchom K &,
XapaKTepU3YIOUHX IOHATHE anre6panuecky 3aMKHYTOTO

*
) YHuTapHBIM MHOrOYJIEHOM HAa3blBalOT MHOPOWIEH, CTapuinil Kosd-
($uUHEHT KOTODOro paBeH enuuuue, ([1pum. nepes.)
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noJs XapakKTepHCTHKH p, NPHCOEJHHHUM K K, p>0, akcuo-
My 2.2.22.

dopmanbHO BEIECTBEHHOE M0Jie ONpeelsieTcst Kak noue,
B KOTOPOM CyMMa KBaJpaToB OTJIHYHbIX OT 0 3JeMeHTOB He
pabHa 0*). DTO yCJOBHe MOXHO 3amHcaTh B BUJE CJelylo-
Hiefl mocJaea0BaTeNbHOCTH aKCHOM:

2293, Vx,Vxo...Vx,ViuVys.. . VyVzo...
o V2P (2, y) APa(xa, ) AN oo APo(xn, g\
AS (Y1, Y2, 22) NS (25, Y3, 2) A ... AS (202, Yn—ts Zn—t) N
AS (Zn-t, Yu, 0) DE (X1, 0) AE (xa, )N ... '/AE (¥, 0)],
n=2,3,...

O6benuusis 2.2.23 # Kcr. noayuuM TpefyeMoe MHOMKECTBO
akcuom Kgr, onuchBaoUHX (opMajibHO BelleCTBEHHOE
nosie.  YrnopsjoueHHoe mnoJe HeoGxonumo spisercs ¢op-
MaJbHO BellecTBeHHbIM. [losie Ha3biBaeTCs BELIECTBEHHO
3aMKHYTBIM, €CJIH CaMO OHO (pOpMajibHO BELECTBEHHO, OAHA-
KO HHK4KOe €ro aireépanueckoe pacliupeHue yxe He §op-
MaJbHO BeLleCTBeHHO. HemocpeJcTBeHHO 3TO onpeleseHHe
HeJIb3s BHIPA3UTh CPeACTBaMH Y3KOTO MCUHCICHHS NpeIuKa-
toB. OJHAKO H3BECTHO, UTO YNOpsiAOUeHHOe noJe [ Bellle-
CTBEHHO 3aMKHYTO, €C/IH KaXXAbili yHMTapHbiH MHOrou/eH ¢
Koshduunentamu B F HeueTHO cTefeHu o0Jajaer KOpHEM,
M M3 KaXkKJOrO MOJIOKHTEJbHOTO 3/JeMeHTa u3BaeKaeTcs B F
KBajpaTHbIl KopeHb **). B TakoM Buae 3T0 MOHATHE (OP-
MaJlu3yeTcsi MHOKECTBOM aKCHOM Kop, KOTOPOE MOJydaercs
npucoenutenieM K Ko, n=3,5, 7, ..., akcuom 2.2.21 u

2.2.24. Vx3y[Q (0, x) oP(y, y, x)].

B BeliecTBeHHO 3aMKHYTOM YIODAJAOYEHHOM II0J€ 3Jie-
MEeHT HEeOTpHIaTeJeH TOoraa H TOJBKO TOTra, Korjga M3 Hero
H3BJEKAECTCS KBaIlpaTHblﬁ KOpEHb. B cBsI3H ¢ 3THUM HCTHHHO

*) Huorga (opMaljibHO BelleCTBEHHOe MOJe ONpejenfAloT KakK MnoJje,
B KOTOpoM —| He mpeacTaBuMo B BHae cymMMul kBajpatoB. OGa ompe-
JleJlennst, pasyMmeercs, 3kBHBaneHTHbl. ([Tpum. nepes.)

#*) TpeGopaHne YNOPAAOUEHHOCTH HE HAK/IAJBIBAET CYILECTBEHHBIX
OTpaHMYeHHH Ha BELECTBEHHO 3AMKHYTOE MOJe, TaK KaK HM3BECTHO, 4TO
JMi060€e BEIeCTBEHHO 3aMKHyTOe [10Jie MOXKHO YyHNOPSJ0UHTE H HPHTOM
eJHHCTBEHHBIM criocoGoM. (/1pum. nepes.)
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clellylolllee BLICKasbiBaHue (B J06oi Moaenu Kor):
2.2.25. VxVy[Q (x, y)=[323w[S(x, 2, y) AP (w, w, 2)]]].

[TosTomy npu ’xeaHuHM MOXKHO 3aMeHUTb Q(X,Yy) B aKCHO-
Max Kor npepukatom Jz3w[S(x, 2, y) AP(w, w, 2)]. B pe-
3yJIbTATE 10JYYaeTCss MHOXKECTBO aKCHOM K pp BeIleCTBEHHO
3aMKHYTOTO 10JISl, He COjepikalllee OTHOLIEHUe NOpsAjKa B
KauecTBe OCHOBHOTO MOHSITHS.

B Oyaywem Mbl He Bcerja GyaeM jAaBaTh NOAPOGHBIE
ONIHCAHHS aKCHOM paccMaTpuUBaeMblx TOHATHH. Yutartenio
He COCTaBHT 0COOOT0 TPyJAa BOCIOJNHHTbH BCE HEOOXOAUMbBIE
npobeJbl.

Bmecro Toro, uTo6b UMeTb B BHAY KaKOe-TO OmpejeseH-
HOC MHOXKECTBO aKCHOM HEKOTOPOTO NOHSTHA (MJH HEKOTO-
po#t TeopuH), HaM uHOrAa OyleT ynoOHee paGoTaTh € «npo-
H3BOJIbHBIM MHOXeCTBOM akcuom». Tax kak nocaeanss ¢pa-
3a BBITVIAJUT HECKONbKO HeompeleseHHOH, UHTATeJb MOKeT
OHHMAaThb €e KaK «HEKOTOPOe MHOXKECTBO aKCHOM, yKa3aH-
HOe paHee /sl [aHHOrO MOHATUSA (MM [aHHOH TeopuH)>».
Mgl GyneM Toraa roBOpHTh, UTO MOHSATHE (MJH TCOPHS) KaK
TaKoBoe 06/1afaerT OnpefeJeHHbIMH CBOHCTBAaMH, Hanpumep
«paccMarpuBaeMoe TOHSATHe (MM TeOpHs) HENPOTHBOPEUH-
Bo». [Ipu TakoM moaxome CMBLICJ HAIUMX DPE3yJbTaToB (Ha-
npumep, 4.2.14 u 4.2.25; cM. HHXKe), CTAHOBUTCS HHTYHTUB-
Ho Gosee sicHbIM. Kpome TOro, HHOria B COOTBETCTBHH C 06-
wuM ynorpebjenveM Mbl OyieM ofpaluathes ¢ 06beKTaMi
CTPYKTYpPBl HPOCTO KaK C ee 3JeMeHTaMH.

2.3. Ces3aHHble MHOMKECTBA BbICKa3biBaHWil. B mnpejni-
AylleM pasjefe B OTJAe/]bHBIX CAYYasiX HAMH OBLIIY BBEJEHH
pa3/HyHble MHOXKECTBA aKCHOM, COOTBETCTBYIOLIHE HHTYH-
THBHO OJHHAKOBbIM MOHATHAM. Takne MHOXKeCTBa, CJeI0Ba-
TeJBHO, B3aHMO3aMeHseMbl B HEKOTOPOM HMHTYHTHBHOM, HO
onpenesentom cumbicae. [Tocienyrouue nocTpoenus npecie-
IYIOT LeJb 1aTh 0oJee TOUHOE BbIpArKEHHE 3THM CBSI3SM.

[lon caosapem mnoxecrsa BhickasbiBanuil K mbl Gynem
MOHMMATh BCIO COBOKYMHOCTb 00BEKTOB H OTHOLIEHUII, BCTpe-
gatowuxcst B K; nmonobHoe onpesneseHde NMPUHUMAeTCs TaK-
XKe aaa MHoxectBa nnd (uaum omHol nnd). Mel ckaxem
yro nnd X onpedesena B MHOXecTBe K, ecim coBaps X
copepxurca B ciaopape K. [lpa MHOXKeCTBA BbICKasbiBaHUN K
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u K’ MBbl Ha30BeM 3K6UBAAEHTHLIMU, €CJAU BbICKA3blBaHHS B
K’ BriBogHMBl H3 K ¥ HaoBopOT, T. €. HCNIOJb3Ysl BBEAEHHYIC
panee cumpoauky (paszgen 1.3), K=K u K'—K. B uacr-
HoctH, ecain y K u K’ OMH U TOT e CJI0Baph, TO OHH 3KBH-
BaJIeHTHB B TOM H TOJbKO B TOM cjyuae, Korja mMHorootpa-
3UsT UX BBICKA3bIBAHWII COBMANAIOT.

Jlsa MHOxKecTBa BbickasbiBanuit K u K’ OyayT Hasbl-
BATHCS CEA3SAHHLIMU, €C/M CYLIEeCTByeT B3aUMHO OJIHO3HAU-
HOe COOTBETCTBHE MexKiay oObekraMi a u3 K u oObekraMH
a’ uz K'; a<>a’, Mmexay otHoueHusimu A u3 K u HEKOTOpBI~
mu npeankatamu R’, onpegenenunivu B K@ A<>R’, u, na-
KOHel|, Mexay oTHomeHnstMH A’ u3 K’ u HeKOTOpBIMH rnpe-
nukatamu R, onpeaenesuoiMn B K’: A’«>R, Taxk, uTO OTHO-
LIeHHs TOpAAKa 7 COOTBETCTBYIOT MPEAHKaTaM TOUHO C 7
CBOGOJHLIMU TEPEMEHHBIMH H  BBITNOJHSIOTCS  CJAeyrome
yeaosus 2.3.1 w 2.3.2:

23.1. Fcan B J060M BhickasbiBaHuu X € K 3aMeHHTD
06BEKTH COOTBETCTBYIOIMMU OObeKTaMu u3 K’, a orTHolue-
HUA — COOTBETCTBYIOMMMH npeankaramu u3 K’ (uniu, Tou-
Hee, onpeaesnennbivu B K’), To nmosyueHHOe BBRICKa3biBaHWe
X’/ BoiBoauMo u3 K’. AHajoruuso, ecau B JIOOGOM BBICKa3bi-
pauun X’ € K/ 3ameHuTb OOBEKTH M OTHOLLEHUSI COOTBET-
CTBYIOUIUMH OGBEKTAMH M NPeAHKaTaMu U3 K, To noJgyueH-
Hoe BpickasbiBahuwe X BuiBogMMO u3 K.

2.3.2. [lyctb A(x1, ..., Xn) — NPOM3BOJBHOE OTHOLIEHHE
3 caosapst K u myctb R’ (Xi, ..., Xn) — COOTBETCTBYIOUIHH
npenukar u3 K’. Ilycte R(Xi, ..., Xn) €CTb pe3y.ibTaT 3a-

MeHbl OGBEKTOB M OTHOIIeHu#, Bxoasmux B K’, coorser-
CTBYIOUIUMH OTHOUICHUSAMA ¥ NPeIHKaTaMA U3 K. Torpa

K}_‘in Ca e Vxn[A (Xi, ey xn)ER(xi, ey Xn)].

AnaJioTHUHOE yCJAOBHe BLIMOMHSIETCSH JJ4 otHoweHuit uz K’.

PaccMOTpUM B KauecTBe NpHMepa MHOXKECTBO Koaa ax-
CHOM YTIOPSIIOUeHHON abesieBo#l TpyINbl, 3aMHCAHHBIX C M0~
MOILbI0 oTHOWeRHH E (paBeHCTBO), S (CI0XKeHHe HIH yMHO-
wenue), Q (MOpAAOK) ¥ TMpeiAMEeTHOH NOCTOSIHHONG € (He#-
TpaJbHbI  3JEeMEHT rpymnnoBoft onepauuu). O6o3iavum
yepes K* MHOXeCTBO BbICKa3blBaHUM, TOJYYeHHOe Bbluep-

’
xupannem us Koac akcuoM, cojepxanmx Q (2.2.5, 2.2.6),
1 BBefeHHeM OAHOMECTHOTO OTHOMIEHHS P(x) (uuraercs
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«X HeOTpH]_IaTe.IIbHO»), YAOBJIETBOPAIOLIETO CJAE€AYOLUIHM aK-
cCHOMAaM:

2.3.3. VxVy[E(x,y) AP (x)DP(y)]
VxVy[S(x,y,e) 2P (x)VP(y)]
VxVylS(x, y,e) NP (x) AP (y) oE(x, e)]
VxVyVaS(x, y, 2) NP (x) AP (y) 2P (2)].

Takum o6pasom, MHOxkectBo K* ectb oGbeauHenue 2.3.3 n

14 /
Kag- Jlerko mposeputb, uto K* cBsizano ¢ Koag uepes co-
OTBeTCTBHE, orobpaxatouiee E, S, e B Hux camux, Q(x,y)

us Koac — B npeankar
32[S(x, 2, y) AP (2)],

onpenencunbil B K*, a P(x) — B npenukar Q (e, x). Ycao-
Bua 2.3.1 u 2.3.2, KaK HeTPyIHO [POBEpPUTH, NPHU 3TOM BHI-
nosHsitoTes. Tak, Hanpumep, 2.3.2 npu A=Q npespauiaercs
B BBICKa3blBaHHe

VxVylQ(x, y)=[32S (x, 2, ) N Q (e, 2)]I],

KOTOpOe [efCTBHTE/bHO BbIBOAHMO 13 Koac-

IMyers X — n060e BhicKa3biBaHue, onpejneneHuoe B K,
u nyctb K ceasano ¢ K. 3amenum B X 06beKThl M OTHOLIe-
HHSl COOTBETCTBYIOIIUMH OGbEKTAMH H OTHOIIEHHAMH u3 K.
B pesysnbrate Mbl NOJYYHM BbicKasmiBanue X', onpepesici-
nHoe B K’. AHanoruusasi npouenypa, npuMmenenyas x X’, naer
sbickasbiBanue X7, onpenesnennoe B K. Xorst X7, Boo61ue ro-
BOps, He coBnajaaerT ¢ X, HETPYAHO 3aMeTuTb, uto X=X"
BoiBoMO U3 K. Kpome toro, K—=X B TOM H TOJIBKO B TOM
cayuae, korga K'—X’. Dto nokaseiBaer, 4TO ABa CBs3aH-
HBIX MHOXKECTBA MOTYT ObIThb MPOTHBOPEUHBHI TOJIbKO OLHO-
BPEMEHHO.

BBefieHHOE HaMH MOHSITHE OKa3blBAeTCs ellle HeJ0CTaTou-
HBIM JIJIS1 [(@J0TO psifia BOSHHKAIOUIMX BOMpOcoB. Tak, mpu-
mep Ko u Kg mokaspiBaer, uto ABa MHOXeCTBA MOTYT
OTUCHIBATh OJIHO U TO e MOHSITHE B TO BPeMs, KakK OAHO W3
HUX CONEpXKHUT HHAMBU/IB, a Apyroe — HeT. BBuay ckasan-
HOTO MBI BBOJMM CJ/IeAyIoliee oTnpeesenne.

[Mycts K n K” — nBa MHOXecTBa BbICKA3bIBaHU, BKJIO-
yallde OTHolIeHHe paBeHcrBa E(X,y), Takwe, YTO CJO-
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Bapb K conepxurcs B caoBape K’, a Bce otHomeHuss us K’
npuHaanexar Ttakxke u K. K Oynem Toraa HasmBaTh CO-
kpaweruen K', ecnn K'=K u ecan 1711 KaxA0TO HHANBUAA
a, Kotopblil Bctpevaercs B K u He Berpevaercs B K, cyute-
CTByeT MpeauKar Qq(x), onpenenendniét B K, Takoil, uto
Q. (2) BbiBoauMO u3 K’, a BbiCKasbiBaHHE

2.3.4. [AxQ, (x)INIVxVy[Q. (x) AQu(y) DE (x, Y]]

BoiBouMO 3 K. Kpome Ttoro, ecin B X=X (a, b,...,c) € K’
umeroTess 00BEKTH @, b, ..., ¢, He BXoAsilue B caoBapb K,
TO BBICKa3blBaAHHUC

2.3.5. y3Jz...Fw[X(y, 2, ..., W) N\Qu(y) AQu(2) /...
W AQe(w)]

soiBoauMO u3 K. (Ecanm Takux 0o6beKToB B X HeT, TO Hpeibl-
Jylliee BHICKa3blBaHHe CBOAMTCSI MPocTo K X.)

MokHO nokasath, uto Jwb6ass Mojgens K’ siBasercs Tak-
xe mogenbio K. OGpaTtHo, Mojenp M muoxectBa K Gyzer
mMozenbio K’, eciu Mbl yCTAaHOBHM o6Illee COOTBETCTBHE Me-
KAy obbekramu M u npenMeTHhIMM cuMBodamu K’, T. e,
eCJIM Mbl BO3BpalllaeMcst K HallleMy NEPBOHAYaJbHOMY Npe-
NOJI0XKEHHIO O TOM, UTO IpeAMeTHble CHMBOJB U3 K’ u cooT-
BeTCTBYIOIIHE OOGBEKTHl M3 M He 006f3aTeNbHO OTOXIECT-
BJSAIOTCA.

MHoxecTBo Kg aKCHOM TpyNNbl sBJASETCA, TaKUM obpa-

4
30M, cokpamienneM MHoXectBa Kg. [lpenukar Q.(x), coort-

BETCTBYIOILUI OGBEKTY e B K& MOXKHO onpenenTh, HallPH-
mep, Kak S(x, x, x).

Mb ckaxem, uyTo MHOXKecTBa K U K’ nOTeHyuasbHo 3K-
BUBAAEGHTHbL, €CAH OHM 00JaflaloT CBA3aHHBIMH COKpalle-
HusaMu, XOTSl 3TH OnpejeleHdsT U He HCUepIBLIBAIOT Beel Mo-
CTaBJeHHOH npoOJeMbl, OHY AalT ¢GOopMaJ/bHBIA anmapar,
KOTODPBIA MoxeT ObITb NMpHMeHeH B 6oJiee OOLIMX CHTyalUHsX,
NOJOOHBIX TEM, YTO Mbl PacCMATPHBAaJH B 3TOM pasjiele.

2.4. TeopeMH BJIOXEHHS H NPUHUHN nepedHoca. Teopema
0 MOJHOTE B LIMPOKOM CMbICJe /151 Y3KOTO HCUUCJIEHUS TIpe-
aukatoB (cM. 1.5.4) u 3KBUBaJeHTHbIE el TeopeMbl Jalo1
MOIIHble CPeACTBa AJs pellieHUs] HeKOTOPbIX KJaccoB aJre-
Opanueckux npobJeM.
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IMycts M — crpykrypa u K — TakKoe MHOMECTBO BbICKa-
3bIBaHMH, YyTO cJoBapb K W cjaoBapb (T. e. MHoXKecTBa OT-
HolIeHH# U 00beKTOoB) M MOryr nepecekarbcs, HO He ofsiza-
TEJIbHO COBMafaioT. Mbl CTaBUM BOIPOC: MOXKHO JH 8.10-
oure M B HekoTopyl Mozeab M’ wmuoxectBa K. [loa
THM IOHHMaeTcsd, uTo M’ — Monenb K, eciu UTHOPHPOBATH
oTHoleHuss M’, ne sexamue B K, 1 M’ ecTb pacluupenue
M, ecam urHopupoBaTb OTHolleHuss M’, He mpuHaAJIexa-
wre M. Mmeer mecto npocrtolt, HO dyHLAaMEHTaJAbHbLI pe-
3yJbTar.

24.1. Teopewma. Crpykrypa M moocer 6viTo 8A0MEHA
8 modeas mnodsicectéa K 8 Tom u 1046K0 8 TOM cay4ae, Koe-
da rkawcOas KoHeunHas NOOCTPYKTYpa cTpykTypor M sxaadot-
saercs 8 modears K.

JI106yI0 KOHEUHYIO MOACTPYKTYPY B M MOMKHO MOJYYUTH,
feps HEKOTOpPOE KOHEUHOe INOAMHOXKecTBo M’ MHOMKecCTBa
o6beKkTOB M ¥ cuMTasi, 10 ONpEeAeNeHHI0, YTO IIPOH3BOJb-
HOe OTHoIlleHHe W3 M UCTHHHO AJs aJeMeHTOB 3 M’ Toraa
U TOJBKO TOTJAA, KOFJa OHO HCTHHHO AJfl HUX B CTPYKType
M (cp. ¢ paspmesaom 2.1). Kpatko 6yjaeM roBOpHTb, UTO TakK
noJyueHHas CTPYKTypa ecThb ozparuuenue M na M’. Jlas
TOro 4TOObl NPOU3BOJBHAsI CTPYKTypa Oblia paclidpeHHeM
M, HeoOXOAHMO M JOCTATOYHO, UTOOBI OHA HABJAAJACH MO-
jgeabvio D (M) — nuarpammbl M. CaegoBaTesbHO, COIVIACHO
1.5.4 uckomasi CTPyKTypa CylleCcTBYeT INPH YCJAOBHH HEIpo-
tusopeunsocty KU D (M). Ilpeanonoxum, uro KUD (M)
NPOTHBOPEYHBO, TOTJa NMPOTHBOPEUHBO HEKOTOPOE KOHEUHOE
noamHoxectBo KUD(M). Orciofa cieayer HNpoTHBOpeuu-
Boctb MHoxectBa KUD* rae D* — HekoTopoe KOHeuHoe
noamuoxkectso D (M). Hucao anementoB M, corepxauuxcs
B D*, KOHe4YHO, a NOTOMY OHU 06pa3yloT KOHEUHYIO MOJ-
CTpYyKTYpy M*<M B TOM CMbIC/IE, KaK 3TO Pa3bsICHAIOCH
poime. D* comepxutcst B D(M*) — nuarpamme M* u no-
stomy KUD(M*) nporuBopeuuBo. DT0, OAHAKO, HE COrJa-
cyeTcsl ¢ HAIIUM INpeANoJoXeHHeM O TOM, UTO KaxKjas Ko-
HeyHast MOACTPYKTypa 3 M mnMmeer HeKoTopylo Moaeap K
cBoum paciuvpennem. Crenosareanno, KUD (M) Henporu-
BOpEUYHBO M TeopeMa J0OKa3aHa.

[Tpumensis 2.4.1, nogydaemM, HanpuMep, cieaylollee yr-
BepIKAeHUE,
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24.2. Teopema. Ilycro R-—koavyo. Ecau xasxdoe
€20 KOHEeYHO NOPONOEHHOE NOJKOAbYO 8Kaadbléaercs 8 Te-
10, T0 R taxoce mosicer GviTo 8A0MEHO 8 TEAO.

HoxkasarteabcrBo. Ilycre R* — KoHeuHoe MHOXe-
CTBO 3JEMEHTOB R; paccMorpum orpanuuenve R Ha R* B
onpejAeJeHHOM paHee cMbicie. [ToayueHHYIO CTPYKTYpy, He
omacasich HeJOpa3yMeHuH, Mbl cHOBa o6o3Hauum R*. R* He
06513aTE€/BHO BJSIETCS KOJIBIIOM, HO MEpeceueHue BCeX MOoJ-
KoJeln Koablla R, cojgepxamux R*, ectb Koabluo R, sB-
JISIOlIleecst KOHEYHO MOPOKAEHHBIM, TaK KaK OHO [OPOXAEHO
snementamu R*. [lo ycaoBuio TeopeMbl Ry MOXeT GBHITh BJO-
EHO B TeJO H TO K€ CaMoe, OYeBHJHO, CIPaBEIJUBO /151
R*, xotopoe mnexur B R,. IloHartne tena ¢opmanusyercs B
Y3KOM HCUHCJEHHH NPEAHKATOB (HAUpuMep, MOCPEACTBOM
MHOKeCTBa BbICKa3biBaHWH Kr). MICTHHHOCTH TeopeMbl ecThb
Tenepb npsiMoe ciaefcTeue 2.4.1,

C HeKOTOPBIMH BHIOH3MEHEHUSIMU MOJYUYaeTCs TaKxKe

2.4.3. Teopewma. Ecau Kanoaa xoHeurno noposcoenHas
nodepynna epynnor G MOMCET 66iT6 AUHEIHO YNOPAOOUEHA,
10 u cana epynna G moscer 6viTo AUHEUHO ynopaooueHa.

JlorxaszateabcrtBo. BHauale MBI onpeaenruM MHO-
JKECTBO aKCHOM JI/IS1 MOHSITHS JHHEHHO ynopsaoueHHo# rpym-
net  (He o6s3arenabHo abeqeBoit). TpebyeMoe MHOXKECTBO
Kog nmonyuaercst ypanenseM 2.2.4 uz Kopag U 3aMeHOH ueT-
BepTOH axkcHoMbl U3 2.2.6 BbICKa3blBaHHEM

VxVyVaVuVoVo[S(x, y, 2) AS(u, v, ) \Q (x, u) A\
AQ(y,v) 2Q(z w)]

PaccyieHHe, HCIIONb30BAHHOE NPH LOKA3aTebCTBe MPEeJb-
nyuiefl TeopeMbl, NOKa3biBaeT, YTo G MOXKeT OblTh BJAOKEHA
B Monenab Kog, T. €. B JUHEHHO YyNnopsijoueHHyio rpynny G’
Ho suneiiuni#t mopsaaor B G’ unayuupyer nopsajok B G, Ko-
TOPBLIA TakXKe SBJAAETCS JIMHEHHBIM, UYTO H J0OKa3biBaeT
2.4.3.

OcHOBO# BCeX HaUIUX MOCAeLYIOUINX pe3yJbTaToB sB-
Jasietcss TO 0OCTOSITENbCTBO, UTO HCIOJAb30BaHHe GopMalb-
HOro f3blKa JaeT BO3MOXHOCTb Je/7aTb HeKOTOphle yTBep-
JKJEHUST O LIeJBIX KJaccax TEOPEM TaM, TJie MareMaTudecKkue
«yCJOBHOCTH» 103BOJKIOT padoTaTh JHUINb C MHAMBUYAJb-
HBIMH TeopeMaMu. B uacTHocTH, HHOrAa yaaeTcsl MOKas3arth,
YTO BCAKas TEOPEMA U3 HEKOTOPOro KJaacca, HCTHHHAas AJIs
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OJIHOTO THIlIA MaTeMaTHYeCKUX CTPYKTYD, HCTHHHA TaKXKe H
Aas apyroro Tuna. PesyibTat moioGHOro pojaa Mbl OyaeM
Ha3blBaTb npunyunom neperoca. Hanpumep, Kaaccuyeckui
TIPUHLKI JABOUCTBEHHOCTH B NPOEKTHBHO} reOMETPUH MOXKET
paccMaTpuBaTbes Kak Merateopema Takoro tuna. OnHako
JIOTHUECKUI XapaKTep 3TOTO NPHHIHKIA HACTONBKO NPOCT, UTO
He HYXK/aeTcs B AeTaJbHON (HOpMaH3alHH.

Mul 6yaeM roBoputh, 4To OeCKOHeuHas I0c/]ae0BaTesNb-
HOCTB. BBICKasbiBauuil Y,, n=1, 2, 3, ..., chopMy/upoBaH-
HBIX B f3bKe L (y3KOro HMCYUHC/JEHHS NPEIMKATOB, Kak
06bIUHO), 00pa3syeT B03paACTAOWY yenb, 0003HAYAsT ITO

. Yn+1D YnD ‘e :)YzDY1,

ecin Y,>oY,, ecTb TeopeMa Aasi Bcex nz>m. 3aMeTHM, OJ-
HAKoO, UTO BBEJEHHOE HAMH Bbipaxenue ...Y,> ... DY, He
IPUHELJIEKHUT A3BIKY L.

Boapacrawoiasi Uenb GyAeT Ha3blBaTbhCs CTPOTO BO3pa-
crapomeit, ecii Yo DY, ecTb TeopeMa TOJNbKO sl 12>M.

2.44. Teopema. [Tycre K — muoxecrso evickasviea-
ruti Yy, Yo, ..., 06pasyrouiux cTpo2o 803pacTaiOuyo yens.
Toeda He cyuecTeyer gvicKasvisanus Y, aksusarenthozo K,
1. e. Takozo, «To K—Y u Y—K.

NoxkaszaTteabcTBo. [lycrb, HaoOopoT, A1 HEKOTO-
poro Y umeer mecro K=Y u Y—K. B srom cayuae Y Bbi-
BOIMMO W3 KoHeunoro mnoamHoxkectsa K'cK, K'={Y;
Y;, ..., Y}, rne uHAeKcH i, j, ..., [ 3anucaHbl B HX ecre-
creeHHoM mnopsake. Tak kak Y;oY, —Teopema ansi Bcex
m<1, To, B uacTHocTu, umeeMY;oY;, ¥,=Y; u 1. 1. Caeno-
BaTes1bHO, Y BHIBOJAMMO H3 O@HOTO Y;, T. e. ¥;DY — Teopema.
(Ecain K’ mycto, To Y — Teopema, ¥ Mbl 151 ONpelesieHHO-
ctu nosoxuM [=1.) C gpyroit croponst, Y—K u noromy, B
yactHoetd, Y—VYy, T. e. YY1y — teopema B L. Orciona
caenyer, uto Y;> Y4 TakxKe sIBISETCS TEOPEMOH, BONPEKH
NpeArnoJoKeHHio 0 ToM, 4To Y, 06pasyioT crporo Bo3pa-
CTAIOULYIO LIeTb.

24.5. Teopema. [Tonarue noas Hyiesol xapakTepu-
CTUKU He MoXceT BolTo (POPMAAUIOBAHO KOHEHUHOIM UUCAOM
akcuom cpedcTeamu y3Koeo uciucienus npeduxaros. Tou-
Hee, He CYU,ecT8YeT KOHeYHO20 MHONMECTEA, IKBUBAAEHTHOZ0

) {0
Kér unn K&
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JdokasateabcTro. Ecan paccMaTpuBaemoe MOHATHE
dopMain3yeTcss KOHEUYHBLIM UHCJIOM aKCHOM, TO, B3fIB HX
KOHBIOHKIIMIO, MOXHO 3aMEHUTb HX eJJHHCTBeHHO# aKCHOMOH
Y. Hcnoabsys oGozHaueHua 2.2.11, mbl onpeaenuM BHICKa+
3biBaHMe Yy KaK KOHBIOHKHWIO BbICKa3blBaHHH u3 Kcp Ham
K¢r. a 3ateM nonokium Yo=Y A ~Xs Yo=Y, A~Xs, ...,
Yo=YnaA~Xp, . TI€ pn—n-e NMPOCTOE HHCIO: pr1=2,
p2=3, ps=5 u T. A. Y, YyTBepkJaer, u4TO paccMaTpHu-
BaeMasl CTPYKTypa SBJSETCS IOJieM C XapaKTePUCTHKOM
p>p, win pasnoii 0. [ocaepoBateabHocte Yy, Yy, ... sB-
JseTcss Bo3pacTaloliell Ienblo, Tak kak Y,>Y,_4 niu, uTo
10 )e camoe, |V, ;A ~X, |2 Y, ABasercs TeopeMoH
g n=2, 3, ... BoJsee Toro, 3Ta mocje0BaTEIbHOCTL CTPO-
ro Bospacrawilasi, TaK Kak Als Jwboro n>>1 nons xapax-
TePUCTHKH Py YAOBJETBOPSOT Y, U He yIOBAETBOPSIOT Ym
npu m>n. Orcona cienyer, uro Y, >Y, He MoxeT OHThb
reopemoit aasi m>n. [yers K={Y}, Y,, .. }. Torana Bce mo-
geau K — 3T0 B TOYHOCTH MMOJIST HYJNEBOH XapaKTepHCTHKH,
JIPYTHMHE cloBaMy, K 9KBHBaJEHTHO Kér uma K& Orciona
cJelyeT, uTo Kor u K& He MOryT GbiTh SKBHBANEHTHBI O]-
HOMY BBICKA3bIBAHUIO, TAK KaK HHAUe TO XKe camoe 6bl10 Obl
cnpaBeliuBo U 15 K, a 310 BBHAY 2.4.4 IPHUBOAUT K MpO-
THBOPEUHIO.

Yyrhb Gojee NpPOCTBlE PACCYKACHUS NalOT CAeNyOHTHH
NPUHLIMN NepeHoca:

2.4.6. Teopema. [Iycre svickasvisanue X, cpopmyiu-
POBAHHOE 8 TEPMUHAX PABCHCTBA, CAONCEHUS U YMHONEHUA,
uctunno & aobom noae xapaxrepuctuky 0, Toeda X uctun-
HO Taxoce 8 A060M noae XApaKTepucTuku p>>po, 20e Py —
yesoe NOAOWUTEABHOE HuCAO0, 3asucsujee oT X.

JoxkasarteabcTBO. Tak Kak X BLIBOAUMO H3 Kgﬁ ==
=KerU{~Xs, ~X3 ~X; ...}, TO OHO JO/KHO GbITh BbHI-
BoguMo H3 Kcp W HEKOTOPOI'O KOHEUHOTO MOAMHOXECTBA
Kc{~X;, ~X3, ~X; ..} Ilycts py — HauGonbiunfi M3
HHAEKCOB BbICKasbiBaHuil, npuHamitexamux K (ecau K’ ny-
CTO, TO NOJNOKUM po=1). Torna Bce nosas XapakTepPHCTHKH
p>po yaoBierBopsiwotT Kecp UK’ ¥ TeM caMbiM yZOBJETBO-
psiioT X.

Mponemonctpupyem yucro anrefpanueckoe NpHMEHEHHE
TeopeMnl 2.4.6.
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Has  awboro MHOTOWIE€HA §(Xy, ..., Xn) C UEJIBIMH
paunoHasbHBIMH  Ko3dduuuentamu  o003HAUUM  uepes
g® (x4, ..., X,) COOTBETCTBYIOUHI MHOrOwleH ¢ Ko3ddu-
[yedTaMu B NPOCTOM [OJ€ XapaKTePHCTHKH p, T. €. MHOTO-
YJIeH, MoJyYalouluiics u3 ¢ (Xy, ..., Xn) PeAyKUHeH ko3 u-
LHEHTOB 110 MOAYJIO p.

2.4.7. Teopema. Ecau cucrema noAuHOMUQAbHOLY Ypa-
BHEHUIL C YeablMU KOIDPUYUEHTAMU

2.4.8. (%1, ..., Xa) =0, go(Xy, .., X2)=0, ...,

gn (X1, -y X2) =0

He umeeT peweHus 68 A1000M PACUUPERUL NOASL PAYUORAAD-

HOLX qlicen, TO CYWELCT8YeT yeaoe NOAONCUTEAbHOE YUCAD [,

3asucauiee oT OAHHOU CucTembl, TaKoe, 4TO COBOKYMHOCTb
ypasrenutl

2.4.9. g (x, o X)=0, gP(x, oy x)=0, oy

gP (e, oo x,)=0

He umeeT peuienus 8 A0GOM nNOAe XAPAKTEPUCTUKL P> Po.
Ilns toro uytoBnl cBectu 2.4.7 ¥ 2.4.6, nocTpouM BHauaJje

1Uist J1I060r0 MHOFOUJIEHA § (X4, ..., Xn) C LEJBIMH ko3dbdu-
uueHTaMu npeaukat Qq(Xy, ..., Xn, 4), KOTOPBIl COMEPIKHT
otHowernus E, S, P, He COfepKUT HUKAKHX OODEKTOB W BbI-
paxaer TOT daxrT, 4To Y=g (X1, ..., Xn) B JuOBOM IOJE Xa-

pakrepuctikd 0. Takoli npeivKaT Jerko KOHCTPYHPYeTCs H
faxe He eJMHCTBEHHBIM crnoco6oM. MoxHO, OAHAKO, Tak
€CTECTBEHHO BbIGpaTh Qg, UTO 3TOT Ke CaMbiii NpeJUKaT Bbl-
pa)kaeT paBeHCTBO y=q@P (xy, ..., Xp) B AIOOOM nose Xa-
PaKTEPUCTHKH p, TJle p — [POU3BOJBHOR NPOCTOE YHCIO. Ha-
npumep, y=3x> MoxKeT OblTb BRPaXKEHO B BHAE Qqlx, y)=
=3[P (x, x, 2) ASs(2, y)]. D10 XKe BBIpaKeHHe Qg MOKeT
GBITh MHTEPIPETHPOBAHO, HANDHMep, B JIOOOM IMole Xapak-
TEPUCTHKH 2 KaK YTBEpK/IEHHE O TOM, 4TO y=3x% unu, 4TO
To )e caMoe, y=x2 Ycaosue teopembl 2.4.7 o3Hayaer, Ta-
KuM 00pasoM, U4TO AJ1f MHOTOWIEHOB ¢i, ..., §kr BbICKa3bl-
BaHHe

X=Vxi... Vxn[N[QCh(xia sy Xn, 0)/\ o
o AQy, (1, L X O]

HCTUHHO B MPOW3BOJbLHOM MOJ€ XapaKkTepUCTUKH 0. OTC}O}la
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corsacHo 2.4.6 BbITekaeT, uro X HCTUHHO B JO60OM moJje
XapaKTepPUCTUKH p>>po, TAEe Py €CTb, CJIEJ0BATE/BHO, LeI0e
OJIOXKUTENbHOE dncao, 3asucamiee oT X. Ho B Takom no.e
HCTHHHOCTb X KaK pas ¥ BhHIpa)kaeT TOT (aKT, YTo cucreMa
2.4.9 He uMeeT pelleHHs. :

MaremaTtuueckoe fokasaTenbcTBo 2.4.7 MPOBOAMTCS Clle-
aywium o6pasom. Ecau 2.4.8 He uMeeT penleHHs B MPOU3-
BOJILHOM pacClIMpeHuy noJis palMOHaJbHBIX YHKCes, TO Cylle-
CTBYIOT MHOTOWIEHBl [1(X1, ..., Xn)s -+, fr(x1, ..., %a)
C pauHOHAJbHBIMH Ko3(duuUUeHTaMH, TaKHe, UTO

fgi+foge+t ... +frgr=1.

YmHOXaa 3TO paBeHCTBO Ha IMoAXOonsAlIee ieJsioe 4yucaAo a,
NoJy4YM COOTHOUICHHE BHJIA

g1q1+goq2+ ... T+ 8ugr=a,

rae gi, ..., @n — MHOTOWIEHB! C HeJbIMH K3 PHIHCHTAMH.
[lycTs po — HauGOJBLIKA TPOCTON AeJNHTENDb 4. Torma npw
p>po uMeeM

g1q1+gegat - .. +8uqn £0 (mod p),

YTO M JOKa3blBaeT HepaspewmIMMocTb 2.4.9 B rnoje Xapaxrte-
puctuku p. TakuM oGpa3oM, XOTs MaTeMaTHYeCcKoe joKasa-
TesbeTBO 2.4.7 OBIJIO HECJOKHBIM, OHO HCIOJB30BANO HEKO-
Topble a/ire6panHyeckye pesyqabTaThl, KOTOpbE HE notpe6o-
Ba/JHMCb [pH MeTaMaTeMaTHYeCKOM J0Ka3aTe/bCTBe *).
Brpouem, HeTpyaHo 3ameHuTb 2.4.7 Gosee OGIIWM pe3y.ib-
TATOM, UYMCTO MaTeMaTHYeCKoe JOKa3aTeJbCTBO KOTOPOro,
[O-BHANMOMY, He CTOJb MPOCTO, CENYIOUUM 00pasoMm.

Mpi GyieM HasblBaTh fIBa DELIEHHS CHCTEMBb 2.4.8 pas-
HBIMH, €c/d OHH OTJIHYAIOTCs MO MEHbIei Mepe OAHHM Xi,
i=1, ..., n. Umeer mecrto ciaeayiouias

2.4.10. Teopema. Ecau cucrema NOAUHOMUGLbHOIX
ypasnenuti 2.4.8 umeer nHe 6osee m pasAUHbLX peuieruti 8
A1060M noae HYAe8Ol XapaKTepucTuku, TO 3Ta cucTema Mo-
JeT umeTo He 6oaee m pasAutHblx peuienul 6 ao6om noae
XAPaKTepucTuKy p>>po, 20e po 3aBUCUT OT OQHHO20 MHOXNCE-
CT80 MHO204AEHOB.

*) A uMeHHO, HCMOJB30Banach Teopema ['Hipfepra O HyJAAX HOJA-
nomos. (ITpum. nepes.)

5 A. PoGHucon
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JlokasarTe/IbCTBO TeOpeMbl TaKoe ke, Kak aaa 2.4.7, u
CBOAHMTCS, B CYIIHOCTH, X (opMasH3aluu YTBEpIKIAeHHs
«2.4.8 umeer He Gosee M PA3UUHBIX PEIICHHUII».

Teopemy 2.4.6 MOXXHO BapbHUPOBATH HECKOJbKHMH CIIO-
co6aMH, HaOpUMep, 3aMEHAs <«IOoJe» Ha «TeJo» WJAH Ha
«anrebpanueckH 3aMKHyToe mnojae». [Ipu wunHTepnperaunn
3TOTO pesyabTata JJIs Tela Mbl MOXKEM paccMaTpHUBATBL I10-
JIMHOMbI, IEPEMEHHBIE KOTODBIX He 00s53aTeNbHO NepecTaHo-
BOYHBI,

PaccmorpuM Tenmepp o6aacTb uejsoctHoctd R ¢ eavHHu-
nel, KaXKAblii (HeHyJeBOH) 3/7eMeHT KOTOPOH colepkKHTCH B
KOHEYHOM YucJe MPoCcThlX uiaeastoB u3 R. [lpumepn Takux
KOJIell OCTaBJSIOTCS! KOJbIAMU LIEJbiX ajqre6pavyeckux uH-
cesl M3 J11060r0 KOHEUHOTO pacUIUPeHHs [0S palyoHasb-
Hbix ynced. [1ycts X — npousBosbHOe BHICKa3biBaHue, chop-
MyJ/JMpPOBAaHHOE B TCPMUHAX PABEHCTBA, CJIOXKEHHS, YMHOMKe-
H¥A K saeMeHTOB R. Mmeer mecro

24.11. Teopewma. llycre swvickasvisanue X, onucan-
HOEe @blule, UCTUHHO 8 A1060M noae, KOTOpoe A8ALETCA pac-
wupenuem R. Toeda 0asn scex npoctoix udearos J us R, 3a
UCKAIOYEHUEM KOHEUHO20 uucaa, X UCTUMHO 8 Aob6om nose,
asasouemcs pacwupentem gaxkrop-koavya RfJ.

HoxaszarteabctBo. O6o3naunm uepes D(R) aua-
rpamMmy R. YciaoBHe TeopeMbl O3HauyaeT, YTo X HCTHHHO B
MPOU3BONBHON MOJEH KéFUD(R) H, caejoBareabHo, 4To X
BBIBOJMMO H3 3TOro MHoxkectBa. IIo3TOMy cyulecTByer ko-
HeYyHOe I[IOJAMHOXKECTBO 3jMeMeHTOB u3 D(R), ckaxem,
Yy, ..., Yg, rakoe, uto Y4/ ... AY,>X BBIBOZUMO M3 K.
BoickaspiBanusi Y, Kak JIerKO BHJETb, HMEIOT OJIHY M3 cJje-
LyIolux mectu dopm:

E(a,b), S(a,b,¢c), P(a,b,¢), ~E(a', b), ~S(a.b,c),
~P(a, b, 0).

Mbl MOXeM HCKJIOUMTb BbiCKaswiBaHuS BHIa ~S(a,b,c),
BBOJSI 3JeMeHT d, yaosaeTBopsioliuit S(a, b,d) B R, u3ame-
uas ~S(a,b,c) na S(a,b,d) u ~E(c,d). Bhckaspgauua
thna ~ P(a, b, ¢) UCKJIIOYAIOTCS TAKUM XKe CNocoboM. Ana-
JIOTHYHO NMo6oe pbicKasbiBanue Buaa ~ E(a, b) MoxHO 3a-
MeHUTe Ha ~E(c,0) uS(q, ¢,b),rne c=b-—a B R. Yyurnl-
Bas 3TH PeAyKLHH, Mbl MOXKEM mpeanosaaratb, 410 Y; umeror
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ONHY U3 CJIEAYIOMHUX YeThipex PopM:
E(a,b), S(a,b,c), P(a,b,c), ~E(c,0).

Tak Kak Bcex Y; KOHEUHOe YHCJIO, TO UMeercsa JHUIb KOoHed-
HbIl HAGOp MHJAMBHIOB Ci, ..., Cm, TAKHX, UTO BBICKA3blBa-
nus ~ E(c;, 0) comepxarcs cpemu Y;. ITo mpeanosoxenuto
2.4.11, MHOXKECTBO MPOCTHIX HJeasoB, COMEPKAUUX XOTs 66l
OJMH W3 3/JEMEeHTOB C;, KOHeUHO. Mpl XOTHM IOKa3aTb, 4T0
A BCSIKOrO TpocToro uieana J, He cojepxaulerocs B
5TOM MHOMecTBe, X HCTHHHO B JioGom noae F, xotopoe
apasiercst pacumpenueM R/J. Tlockonpky VVANIWAN 5=7. 4
BLIBOAUMO 13 K¢y, MbBl JIOJIKHBl JIHIIb [0OK&34Tbh, YTO
Yi, ..., Yy ucTHHHB B F, a TdK KaK 3TH BbICKa3blBaHHA
He COZep’KaT KBAHTOPOB M IEPEMEHHBIX, TO OHU HCTHHHBI B
F Torja W TOJbKO TOTJAa, KOrAa OHHM UCTHHHB YyXKe B R/J.
Ho R/J — romomopdHbiit 0o6pa3s R ¥ moromy BCe Y; Buna
E(a,b), S(a,b,c), P(a, b, c) wucruuHbl B R/J, Tak Kak OHH
weTHEHb B R. C Apyrodi cToponbl, aioboe Y; BuAa ~E(c;, 0)
TakKe HMeeT Mecto B R/J, mockoapky HcTHHHOCTH E(ci, 0)
B R/J osnauaer, uto ¢; €J, a Taxue HjeaJbl J mbi 3apaHee
uckatouuaun. Teopema 2.4.11, Takum o06pa3oMm, MNOJHOCTBHIO
OOKa3aHa.

BaHbBIM TNpUMEeHEHHEM TOJYUeHHOTO pesysprara fib-
Jsercs

24.12. Teopema. [Tycte R — 06aacTb 4eAOCTHOCTU,
TaKas, 4TO Kaoooll diemenT u3 R codepicurcs TOAbKO 8
KoHeuHoM qucae npocTolx udearos R. lycto p(xy, . .. ,Xp)—
abcoaroTHo Henpugodumviti Had R noaunom ¢ K03 -
puyuentamu u3 R; Opyeumu caosami, p{xi, ..., xn) He-
npusodum HaO A0GbIM NOAEM, KOTOpOE ABAAETCA pacuiu-
peruem R. Toeda p(x1, ..., Xn) HenpusoOum Taxkme u 8
nPOU3BOALHOM PACULUPEHUU paxrop-roavya R/l 20e 8 ka-
wecree J moayr 6biTo 83ATbL A106LIE NPOCTbLIE udeaanot R, 3a
uckatouerueM, ObiTe  MOXeT, HEeKOTOpOo20 uX KOHEUH020
qucaq.

HJdokasaTeJbCTBO. [Myets ay, ..., ar — ko3P odu-
uuenth p (X1, ..., Xn), PacmoJOXKeHHbIE B HEKOTOPOM MPO-
M3BONILHOM, HO QuKcupoBaHHOM mopsike. Ecau pxy, ...

., Xp) TIPMBOIUM, TO CTeNeHb KaXXJIOr0 MHOMKHTEJs 0651~
saTeJbHO MeHbule cremedu p. [lostomy yTBepXaeHue
«p(Xy,...,%Xn) TPUBOAUM>»  ABJACTCS nepedpa3upoBKoit

5*
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YTBEPXKAEHHS «CYLIECTBYIOT MHOTOWIEHBl ¢(X1,...,X,) H
r{%y, ..., Xp) crenenu He Bolle d — | *) Takue, uToO
Gy, ooy X)) 1 (X1, ool Xn)=p(xy, .., X))o

Jlerko BHJeTb, YTO 3TO yTBep)KJAeHHE SKBHBAJNEHTHO Cyllle-
CTBOBAHMIO DeIIEHHs HEKOTOPOH CHCTeMbl ypPaBHEHHH OTHO-
CUTEJBHO KO?(DCI)PIILHQHTOB g v r. Tak, HanpuMep, NpHBOIY-
MOCTb ax1 +a2x1x2+a3x%+a4x1+05x2+as 3KBHBAaJIEHTHA
NPEIJIOXKEHHIO O TOM, YTO 3TOT MHOTOY/EH paBeH IPOH3Be-
HeHHIO  (YiXi+YoXa+Ys) « (YaXi+YsXoa+Ye), a 3TO paBHO-
3HAYHO PA3PEIIMMOCTH CJAeAyIollell CHCTEMBbl ypaBHEHUI:

2.4.13. y1yu=ay, Y1yYs+YoYs=0as, YolYs=0s, Y1Ys+Ysys=a,
YoYet YsYs=0as, YaYs=0s.

[Tocnennas QoOpMyJHpOBKAa HENPUBOAMMOCTH MOXKET
OblTb 0€3 Tpylda BblpaxkeHa B TepmuHax E, S, D u o6bek-
TOB @i, ..., Qy BbICKa3blBaHHEM Y, KOTOpOe BbIpaKaeT pas-
peutumocts 2.4.13 He ToNbKO B JI060OM pacuupenuu R, a
TakXe U B JI0O60M noJe, KOTopoe ABJAAETCA TOMOMOPGHBIM
obpasom R. Tlonaras B 2.4.11 X=~Y, Mbpl cBOguM 2.4.12
K 24.11.

st unca0BbIX noselt 06bIYHO BMECTO Bpasbl «p (Xy, ..., Xn,)
HEeNPUBOAXM B J10O0M paclIMpeHHH NaHHOH o6JaacTu uejso-
CTHOCTH» TOBOPAT, UTO «p(Xy, ..., Xn) aBCOMIOTHO HenpH-
BoauM>». [Ipeanonoxum, 4to R — KOJIBLO LEJNLX aarebpau-
YECKHX YHCel HEeKOTODOrO0 KOHEYHOrO paCUIHPeHHsl MoJis
pauuMoHanbHbIX 4ucesN. Mpl MoxeM Toraa copmy/anpoBaTh
2.4.12 caeayoium obpasom:

2.4.14. Ecau mnozouren p(Xy, ..., X») ¢ KO3ppuyuen-
Tamu u3 Koaeya R yeavtx arcebpauteckux wucea HeKoro-
pPO20 KOHEe4HO020 pAaCWUPEHUSl NOAS PAYUOHAALHLIX qUcen
abcoatoTHO Henpusooum, To p(Xi, ..., Xn) OCTAETCS Henpu-
godumbim  Had pakrop-korvyom R[] 0asn ecex npocreix
udeanros Koasya R, 3a uckaiodenuem, 6biTo MOXeET, KOHed-
HOeO 4UCAQ.

HMmeerca (M He 0JHO) 4uCTO anreGpadyeckoe A0Kasa-
TeJbCTBO TeopeMbl 2.4.14. Hurateato Syxer nosesHo cpas-
HHTb KJaCCHYECKHEe J[l0Ka3aTeJbCTBa, KOTOPLiE OTHIONb He

*) Hmeerca B Buay, 4To d — 9TO CTeneHb p(Xy, ..., Xa). (pum.
nepes.)
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SBJISI0TCS. TPUBHAJIbHBLIMH, C [IPHBCECHHBIM BbIILIE PACCyxK/e-
HueM. Ec/Iu R — KOJIBIIO [eJibiX palHOHaMbHBIX UHCed, TO
2.4.11 ectb mpocTo YacTHbIA caydaft 2.4.6, Tak kKak R/ —
5TO MpOCTHle NOJsI HeHyJeBol XapakTepuctuku. Herpyauno
nepedhopmyauposatb 2.4.14 pjst 3TOro UYACTHOrO ciaydas B
TepMHHAX MOJel ¢ MPOCTOH XapaKTepUCTHKOM. v

PaccmoTpum Temepb BKpaTile HEKOTOpbie cBolictBa Gec-
KOHEUHBIX KOHLIOHKIMI W JH3IBIOHKIMH, BBEJEHHBIX B KOHLE
pasaena 1.4. [lycth Y — OeckoHeuHast KOHBIOHKINS B paHee
OTpesie/IeHHOM  CMBIC/Ie: Y=XAX:AXsA ..., roe X;—
06bIUHblEe BLICKA3WIBAHUA fA3blKa [ y3KOTO HCUHC/ICHHS Hpe-
AMKATOB, B TO BpeMs KaK Y — BbICKa3biBaHHe HEKOTOPOro
paclIMpeHHoro sisbika. Mbl HasoBeM Y «3hpexTusHo KOHeu-
HbiM», €CAM 145 OJHOH W3 €T0 YACTUHYHLIX KOMBIOHKUUL
Yo =[Xi A[XoAL . .AXp). . ]} Bolpaxenne Y, DY ucTiHHO B
ka0l MOJAenH, B KOTOpo# onpefedaeHo Y. B kauecrse
caenctpus 2.4.4 nosayuaercs

2.4.15. Teopema. beckoneunas xonvtoHkyus Y IK6u-
gasenTHa 8bickasvieanuro Z us L (8 Tom cmoicae, uro Y=2
UCTUHHO 8 At060ii modeau, ede oHO onpedeneHo) To20a U
roabKk0 To20a, Ko2da Y agdheKTusno KoHeuHa.

B camom nene, YOV, HCTHHHO BO BCSIKOH MOJAENM, B KO-
TOpO# OHO ONpEEJEHO, k=1, 2, ... . Ecau K ToMy xe AJs
HeKoToporo m Y, >Y HCTHHHO B J1100OH CTPYKType, Tie on-
pejlefieHO 5TO BbiCKasbiBaHHe, TO Yp==Y, 4TO ¥ mOKa3pBaer
LOCTATOUHOCTb YCa0BUSl TeopeMbl. JLjisi loKasarenbCTBa He-
06XOAMMOCTH PACCMOTPUM  MocJeoBaTe bHOCTh Yy, Yo,
Ys, ..., KoTOpas o6pasyeT BO3pACTAIOULYIO LeNb, TAK Kak
Y,.oY,, aBagercsg TeopeMoH, yipu nzm. [1peAnonoxuM Te-
nepb, YTO st JIIOGOTO 11e/M0T0 MOJOXKHTENbHOTO uucia 1
CyLIeCTBYeT n>>m TaKoe, UTO YoV, He asasiercs Teope-
Moii. B 3ToM ciyuae u3 nociefoBartenboctu Yy, Yo, Ys, ...
MOKHO BLIGPATh CTPOrO BO3PACTAIOLIYIO Lelb

...Ykn:) DY’%DY’*?DY’H'

MuosxectBo K, 371eMeHTaMK KOTOPOTO ABJASAIOTCA Y/1EHB! 3TOM
NOC/AEA0BATENbHOCTH, UCTHHHO B TOM M TOJbKO B TOM CJY-
yae, Koraa ucrundo Y. Ho roraa cornacio 2.4.4 He cyule-
cTByeT BhicKasbiBaHusi Z u3 L. obaanatoulero tpeGyembiMu
cpoiictBaMu. Ilostomy, eciad Takoe Z CyLLeCTBYeT, TO HPU
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HeKoTopoMm m Y, oY, s Bcex n>m, a cienoBaTebHO
H a5 Beex n=1, 2, ... TeopeMa foka3ana. ,
Ilycte  temepp Y — GeckoHeuHast aW3bIOHKIUSA, Y=
=[X; VX,V X5V.. ], rne X, — BEICKa3biBauue u3 L ,aY,—
COOTBETCTBYIOILAS YaCTHYHAA JUIBIOHKIHS:

Vin=[Xi VXV . VX)L

YIMDY MCTHHHO B Ka)KIOH Moje/u, rie omnpejeneHo Y, u
YD Y, sBIgeTCS TeOpeMoll npu m< n. Mbl Hazoem Y agh-
$eKkTusHO KoHedrol, ecan Aas HeKoToporo m Y=Y, HeTuH-
HO B J1060j MOJeJH, Tlie onpefeneHo Y: B 3TOM cayuae
YooY, ucTuHHO BO BCex Takhx MOeasX npu n>m. Orcioaa
BBITeKaer, uro Y.V, ucrunHO aaa Bcex k2 u n>m. [Tpu-
BeIEHHOC DacCyXJeHHe ABJSeTC Ha caMOM jeje J0Ka3a-
TeIbCTBOM HEOOXOAMMOCTH B CJEAYIOLIEH TeopeMe.

2.4.16. Teopewma. Beckoneunas Ousvionkyus Y ag-
(eKTusno Koneuna Toeda u TOAbKO TO20a, Ko2da cyugecr-
8YeT yenoe nOAOKCUTEAbHOC wuca0 m Takoe, 4To Y,o>Y,
Asaserca reopemod npu scex n (n=1,2, 3, ...).

1 10Kas3aTelbCTBa AOCTATOYHOCTH 3TOTO YCJOBHA TO-
KaxeM, 4TO €eCJH OHO BBLIMOJHEHO, TO Y>Y,, MCTHHHO BO
BCeX MoJeJssX, TAe onpeleneHo Y. B camom gese, ecan 6ol
3TO OBLIO HE TaK, TO Hallach Gbl CTPyKTypa M, B KOTOPOH
Y ucrunHo, a Y,, J0%KHO. D10 03HAYATO OBI, YTO BBHICKA3bI-
BaHust Xy, ..., X, MOXHB B M, B TO BpeMs Kak X; HCTUHHO
B M npu HeKOTOpOM [>m, a TeM caMbiM HCTHHHO H Y. D10
OHaKO, HEBO3MOXKHO, TaK KaK BBHAY JOKHOCTH Y, BEICKa-
3biBaHue Y;oY,, He MOrJ0 Gbl GbITh TeopeMoil.

PaccMorpum BeIpakeHue

24.17. Z=VuVoVw ... V2[Z,(4, v, w, ..., 2V
VZy(u,v,w, ..., 2)V ... NVZ, (w0, @, ..., 2V .. ]

rae Z,, KOMIIOHEHTH GeCKOHEUHOMN JH3BIOHKIHH, ABJSIOTCH
yxe Mg B 06LIYHOM CMbICJIE 3TOTO CJ10Ba. Beenem 4acTuY-

wyro duswronkyuo W (u, v, w, ..., 2), noaaras
Wn(u,0,w, ..., 2)=[Z(u,v,w, ..., )V
NZo(u, v, w, ..., 2)V]... VZn(u, v, w, ..., 2)] . ]l

Mycte Zyn=VuVoVw.. VzW,, (4, 0,0, ..., 2); m=1,2
* o y LA
[TonsiTHo, uto Z}, ©Z uMeer MecTo B J0G0H MOJEJIH, TAe Oll-
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peneseno Z. HazoseM Z 2 (PeKTHBHO KOHCUHBIM, €CAH Haf-
JeTcsl lleoe MOJOXKMTEJNbHOE UHCIO M Takoe, uro Z>Zp,
HCTHHHO BO BCEX MOJensx, rie onpejenedo Z. HerpyaHo
nokasartb, uTo Zy>DZ;, ecTb TeopeMa s m<n, U MOTOMY,
ecan Z>5Zy UCTHHHO B JIIOGOH Mojenu, rje onpeneieHo Z,
TO WCTHHHO TaKke W Z>Z, IJsi n>m.

24.18. Teopewma. Beuckazvisanue Z (noHumas 3TOT
TepMUH B 6oJee IHUPOKOM CMBIC/AE, KaK ONpeaeseHo B
24.17) agpeKTusHO KOHEHHO 8 TOM U TOAbKO 8 TOM CAY-
dae, Kozda cyuiecrsyer muoxecteo K svickazviganud us L,
cA06apb KOTOPO20 Ccodepxcurcs 8 caosape Z, Taxk 410 Z uc-
TUHHO 8 cTpykType M Toeda u toavko T020a, Koeda M —
modeasr K. ‘

HoxrxasaTtenbcTBO. YcjaoBue TeopeMbl Heo0XOAMMO,
Tak Kak, ecad Z 3¢ ¢heKTHBHO KOHeuHO, a Zy, — BbiCKa3biBa-
HHe, HCIOJb30BaHHOE Bbilie JJsl OnpejeseHHsl 3TOTO INOHM-
tusi, To MHOXKecTBo K={Z;} obmanaer TpeGyeMbIMH CBOH-
creamu, O6patHo, nycTb K ¢ TakHMH CBOHCTBaMH cylle-
CTByeT; TOrJa Mbl JOJKHB MoKasaTh, 4T0 Z 3((deKTUBHO
KOHeuHOo. B caMoM gefie, eciu 3TO He Tak, TO M1 Ja1060T0
LeJIOTO MOJOKHUTeJbHOTO YHeda M Haijgercss cTpykrypa M,
B KOTOpO#l Z ompejeseHo, Ho Z>Z,, He UMeeT B Hell MecTa.
B rtakoit ctpykrype Z;, JOXKHO M Z MCTHHHO, a IIOTOMY HC-
TUHHH M BCe BbicKasbiBaHus u3 K. Takum o6pasoM, noay-
yaem, uto KU{~Z} HenporuBopeunBo aas Bcex m. Ilycthb

tenepb @, b, ¢, ..., d — MHOXeCTBO HHJMBHIOB, Haxols-
LIMXCSl BO B3aHMHO OJHO3HAUHOM COOTBETCTBHH C NEpEMeH-
HBIMH U, U, ©, ..., 2 U3 Z U He cojepxaniuxcs B Z. YTBep-

KAaeTcs TOrAa, YTO MHOXKeCTBO

2.4.19. KU{~Z(a,b,c,...,d), ~Zs(ab,c,...d),...
R Zala, b, Cy .., d),. )

()

HENIPOTHBOPEUMBO. Ecnun 3T0 He TakK, TO AJs HEKOTOPOro Le-
JIOTO MOJIOXKHUTEJbHOI'0 4ucsaa n

KU{~Zi(a, b,c,...,d),..., ~Zn(a, b, ¢c, ..., d)}

okakercs TNpoTuBOpeuuBbiM H Zi(a, b, ¢, ..., d) V ...V
VZ,(a,b,c, ..., d) 6yser BeiBogUMO U3 K, @ C/1€40BaTENbHO
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(TaKk xKax a,b,c, ..., d He BXOAAT B K), BbickasbiBaHHe
VuVoVw.. VZ,(u,v,w, ..., 2) ViZs(u,0,w, ..., 2)V
VI..VZ,(u,v,w,...,2)]..]

Takxe Oyner soiBoauMo u3 K. Ho nociennee BhickasbiBaHue
€CThb He YTO MHOE, KaK Z,, H MB UMEEM, C OJHOH CTOPOHbI
venporusopeunBocts KU{~Z;} maa Bcex m u, ¢ upyroﬁ
cTopoubl, Ki—Z;. IlojyueHHOE NPOTHBOpEUHE [OKA3bIBAET,
uTO MHOX)ecTBO 2.4.19 HemporuBopeuwnso. ’

ITyets M* — mogens 2.4.19. Torma M* yIOBJETBOPSIET
K, Ho He ynoBnerBopsieT Z, Tak Kak HHaue no KpaflHei Mepe
OaHa M3 popmya Z,(a, b, ¢c, ..., d) okasanach 65l HCTHHHOR
B M* ponpeku onpenenennio M*. OfHAKO COracHo ycao-
Buto 2.4.18 Z uctunHo B Kaxaoi momean K. Takum obpa-
30M, Mbl CHOBa MNpPHMXOAHUM K NPOTHBOPEUHIO H 3aKJAI04aeM
orciola, uto Z adekTHBHO KoHeuHo. Teopema 2.4.18 noJ-
HOCTBIO JlOKasaHa.

Ilyete K — mHOXecTBO (KoHeYHoe WM GecKOHeuHOe)
BbicKaspiBaHui W3 L u nycts K’ noayuaerca us K j106as-
JICHHEeM BBICKa3blBaHust ~Z, rie Z zanauo B 2.4.17. u Ta-
KO?O,Q‘{TO BLICKA3bIBAHU ~ Z,y, BBIBOAMUMB M3 K LIJ;H m=

, 2, .

2.4.20. Teopewma. Ecau soickasosanue X us L uctun-
HO 6 060l cTpykType, ede umeer mecro K’ ro K—X.

B camom neste, no yeaosuio K/ U{~ X} noxHo B M1060i1
mMoaean K’. CiiefoBaTesbHO, MHOMXKECTBO

KU{~X, ~Zi(a, b, ¢, ..., d), ...
 ~Zala, byc, ., d), L)

MPOTUBOPEUHBO (rae o0bekTH a, b, ¢, ..., d BHGpaHb Tak
YTO OHM He cojepxarcss HU B K, uu B X). Mbl no.nyt{aelv;
TOTAA, UTO [JIST HEKOTOPOro LeJIOTO MOJOXKHTENBHOrO YHesa
M OPOTHBOPEYHBO MHOXKECTBO

KU{~X, ~[Zi(a, b, ¢, ..., d)\V
VI...VZy(a, b, ¢, ..., d)l..].

Kax u npu nokasareancrse 2.4.18, sakaiouaem orciona, uto
muoxecrBo  KU{~X, ~Z}} nporusopeuuno, 1. e. X\VZ},
BeIBOAUMO H3 K. Ho Tak Kax, 1o npeanogoxenuio, ~ 2= ppi-
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goauMo u3 K, TO Mbl 10JyuaeM B pe3yJabTarte, 4To H X BbI-
poauMo u3 K. Teopema JokaszaHna.

Mycrs K, Z w Z, — paHee onpeje/ieHHble BbICKa3biBa-
HUS, TpuueM ~ Z;, BHIBOAMMO u3 K jnis BCex m.

24.21. Teopewma. Ecau K nenpotusopeduso, 10 ~Z7
ucTUHHO 8 Hexkotopot modeau M mroscecrea K.

NNokaszarteabcTBo. [Tonoxum B 2.4.20 X=AN~A,
rie A — nponsBOJIbHOE OTHOLIIEHHE HyJIeBOTo nopsjka. Ecin
KU{~2Z) ne umeer mogesn, T0 X HMCTHHHO B JIOGOH MO-
pean KU{~Z) u, caeposateqbHo, Ha ocHOBaHEM 2.4.20
BLIBOLMTCA M3 OfHOro MHOXkectBa K. DTO, 0JIHAKO, NPABOJHT
K aGCypay, Tak Kak, IO npearnojoxennio, K Hemporusope-
yupo. TeopeMa JOKa3saHa.

[TpuMeHuM nOCJAeJHHE De3yabTaThl JISl MOJIy4YeHUs He-
KOTOPON HHPOPMAlMH O MOHATHAX, CBA3AHHBIX C aKcuoMo#
Apxumena.

2.4.22. Teopema. Muoxecrso axcuom Kap apxume-
dosa ynopaO0OUEHHO20 NOASL HeAb3S BAMEHUTL HUKAKUM MHO-
scecTom soickasvieanuii K us L (KoHeunvim uau GeckoHed-
HouM), KOTOpoe onpedeasiaock 6o 6 Tepmunax crosaps Kap.

HoxkasaTenbcTBO. 3aMeHUM BHauaje Kair OAHUM
BpIcKasbiBaHueM Bupa 2.4.17. Tlyctb V — KCHBIOHKIHS BCEX
poickaspiBaiuil Kop (4Hcio ux KoHeuno). Ilpunumasi BO
punManue 2.2.18, BBegeM ciejylollee BbiCKasblBaHUE U3
pacCIIMpeHHOTO s13bIKa:

2.4.23. Z=VxVy[[VAE (0, x)IVIVA ~Q(0, x)]V
VIVA ~Qu(x, NIVIVA ~ Qa2 (x, 1) IV .. 1

Z, KaK Jerko BH[IeTb, ¥ ecTb Tpedyemasi aKCHOMa, OMHCHI-
pajollas MOHATHE apXhuMenosa ynopsiaodernoro noas. Cy-
necTBoBaHue MHOKecTBa K, onucanHoro B 2.4.22, Bjeuer Co-
raacuo 2.4.18 3bdexTuBHyl0 KOHeuHOCTb 2.4.23, T. €. HaJH-
yg@e TAKOTO M, UTO BbicKasbiBanue Z>Zy; HCTHHHO IS JIO-
6oil CTPYKTYpBl, B KOTOPO#l ompeneneno Z, rie

Zh=VxVy[VAE O, 0\)IVIVA~Q (0, x)]V ...
o VIVA ~ Qi (x, )]

10, 0/HAKO, 03HauaJ0 Obl, 4TO B JIOOOM apXHMeI0BOM IIO-
Jle 1pu X, paBHoM 1, ucno m — 1= (m — 1) - 1 Goabuie Jo-
foro adeMeHTa 3toro noJds. [losyueHHoe npoTUBOpeuHe H
JOKasbiBaeT Halle yTBep:KJeHHUE,



74 ANTEBPAMYECKHUE TIOHSTUS [TJ1. 11

2.4.24. Teopewma. Ecau sovickasvieanue X, copmyau-
POBARHOE Ha A3bIKE Y3KO20 UCHUCAEHUA NPeduKkaros 6 Tep-
MUHOX OTHOWEHUL PABEHCTEA, CAONEHUA, YMHONEHUL U NO-
padka (a raxse 0 u 1), ucTunno das scex Heapxumedossix
Ynopaoouennbix noAed, TO OHO UCTUMHO U 8 4106oM ynops-
douerHoMm noae,

Ml MoOxeM caerka nepedopMyIHPOBaTh Halue yTBep-
XKAEHHE TAaKHM 00pasoM: eCiu BLICKA3blBaHHE ~ X COB-
MecTHO ¢ Kor, TO ~ X Takke coBMectHO ¢ Kop H oTpuua-
HueM 2.2.18.

B Takom Buze rteopema cpasy cJjenyer us 2.4.21
¢ Z, paBubiM 2.2.18, nocKoMbKY Kop U{~ X} nenporusope-
YHBO.

B Hacrosuleit paGore Mbl GyzeM uMeTb g0 uaBHBIM
06pa3oM C Y3KHM HCUHCJIEHHEM NpeiHKaToB, a NOTOMY He
CTaHEM OCTaHABJAHBATLCS Ha (ojee NOAPOOHOM W3YYeHHH
PACLIMPEHHbIX 53bIKOB, YIOMSTHYTHIX BbIlIE, HJIM JIOGHIX APY-
rux. Heo6xonumo, oanako, saMetuts, uto npeaMer 3TOT Jo-
NyCKaeT GoJlee CHCTEMATHYECKOE H3JIOKEHHe M JaeT HEeKO-
TOpble Ba’KHBIE Pe3YJIbTATHI.

2.5. Teopusi HOpMaJabHBIX psigoB MaJblera. Mub 3aii-
MEMCsl Teneph HEKOTOPLIMU pasjiesaMH o6LIel TeopHH rpymI,
KOTOpbI€  NMOAJMAIOTCST  H3YYCHHIO MeTaMaTeMaTHYecKHMH
cpeacTsamMu. O3sHaKOMJIEHHEe ¢ BONPOCAMH 3TOf TEOPHH TI0-
KasblBaeT, UTO HanboJsiee HHTEPECHBIE 3aMaud JeKAT BHe
fI3blKA y3KOro HCUMC/AeHHSI npennkartoB. OdueHb uacto, Ha-
IpHMED, B HUX HJET peub O CYILECTBOBAHHM HJH COOTHOLIE-
HHSAX B MHOXKECTBE BCEX MOATPYNN (HJIH HOPMaJbHbIX Je/H-
TeJlel) NAHHOM IPYIILI, a 3TH MOHSTHS, €CTeCTBEHHO, NpH-
HalJiekatr ssbikaM GoJlee BBICOKOTo mopsinka. OXHAKO, Kak
BNepsble GblIo MOKasaHo MaJsbueBbiM, B HEKOTOPBIX CJTy-
HafgxX 3TH TPYAHOCTH MOT'YT GBITH OGOHEHHI.

B kauecTBe craHZapTHOrO MHOXKECTBAa aKCHOM HOHATHSI
rpynnbl 6yleM Hcnonb3oBath Kg, OmpejiefieHHOe B TepMH-
Hax E, S u e. Mbl mocrapaemcst BBIDA3HTb TOT (hakKT, uTO
rpynna G comepxur noarpynnst J/ u H, npusem H sipisercs
TaKUM HOpMasbHBIM penuteneM J, uro dakrop-rpymna J/H
YAOBJICTBOPACT NaHHOMY BEHICKa3blBaHHIO X U3 siabika L ya-
KOrO HCYUC/TCHHs MpeaukaToB. [lJsi TOro 4To6H 5T0 cie-
J1aTb, BBEAEM BHaua/je JABa HOBLIX OJHOMECTHBIX OTHOLLE-
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ausi, R(x) u T(x), KOTopble BBEIPaXalT COOTBETCTBEHHO
npuHaanexHocts K J u H. BoickasbiBanus

2.5.1. VXVy[E (x, y)’/AR (x) DR (y)]
VXVYIE (x, y) AT (x) 2T (y)]

osHauatwr, uto E(x,y) obaagaer CBOHCTBOM NOJCTaHOBOY-
HocTH 1o oTHoweHHo K R u T. CorsacHo TepMHHOJOTHH,
BBEICHHOH B HauaJje pasjena 2.1, 370 o3Hayaer, YTO OTHO-
menust BkAlouenus Mexay G u J, a takxke mexay G u H
HOpMaJIbHBHL.

Caeaywiliue BbICKA3bIBAHHSI BbLIPAXKAIOT TO 06CTOATE/b-
CTBO, uTO 3JeMeHTH (G, yloBaeTBOpsOLIHe R, 06pa3yior noj-
rpynny B G:

2.5.2. VxVyV2z[R(x) AR (y) AS(x,y,2) DR(2)]

R{(e)
VxVy[R (x) AS(x, y, e) DR (y)}

Mbl 0603HaYUM 3TO MHOKeCTBO uepe3 Kgg, a COOTBETCTBYIO-
uee MHOXKecTBO As T yeped Kgr. Caelyiouiue aBa BbiCKa-
3bIBaHHs YTBEPKAAIOT, 4TO [T (T. €. MHOKECTBO anemeHTm;
G, ynoaerBopsiioutux T') ecTb HOpMaJbHb ﬂ.eJ[lel/lTeJIb B
(MHOXecTBO 3aeMeHTOB G, yaosaeTsopsiomux R).

2.5.3. V[T (x) >R (x)]
VxVyVaVivu[S(x, y, e) ANS(x, 2, ))AS(t, y, u) \
AR(XYNT (2) 2T (u)].

[ycts Temepb X — Npou3Bo/bHOE BbICKasbiBaHHe, cHopMy-
nupoBaHHoe B TepMuHax E, S v e. Mbi JOTHM BEIDA3HTb TOT
¢akt, uto X ucrunHo B J/H. [lycts E* (X, y) — orHOLIEHHE
pasesctea B J/H, a S*(x,y, z) — oTHOLIEHHE, NpelCTaB-
Asiiolllee TPYNTOBYl0 omepaluioo. Bmecto Toro, uro0ni pac-
cmarpuBath J/H Kak MHOXECTBO KJ/acCOB 3KBHBaJeHTHOCTH
J, Mbl 6yjJeM npeAnosaraTb, 4TO OHO COCTABJIEHO H3 TeX XKe
CaMbIX 3JIEMEHTOB, UTO M J, HO OnpeJe/eHUs PaBeHCTBA 13
rpyNNoBO# ONepalld H3MeHeHbl TakK, YTO paBeHcTso B J/
O3HauaeT 9SKBHUBAJEHTHOCTb B J OTHOCHTEJbLHO H;—Hop-
MaJbHOro geautens rpynnsl J. Beuay cxazannoro E*(x, y)
onpenedsiercsi clelyiOIUM o6pasoM:

2.54. E*(x,y)=32T(2) AS(x, 2, y)].
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I[lo TeMm xe cooGpaxenusim S*(x, y, z) CBOAUTCSA K Bb-
ckaswiBanuio Jw[S(x, y, w) AE*(w, 2)] rak, uto Tpebyemoe
onpefaenenne S*(x, y, z) ecTob

2.5.5. JwI[S(x, y, w) AS(w, t,2) AT(1)].

Bpenem B paccMoTpenne BhickashiBaHHe X*, fnoJyuaeMoe
u3 X caeaywomuM npeobpasopaHueM. Buauase mbl BCIOAY B
X savensieM E u S va E* u S* COOTBETCTBEHHO, 3 3aTeM
BMecto £* u S* nmoacrasasiem BhicKasbiBamusi 2.54 u 2.5.5.
Herpyano Bunern, yto X* nerunno B G Torma u ToabKO TOT-
Ra, Korja X ucrtunHo B J/H. D10 ecTh 0/MH U3 IPHMEpPOB pe-
LYKUHH yTBePKACHHUS, HENOCPEACTBEHHO He 3a1aHHOro B y3-
KOM HCUYHCJEHHH NIPeAMKATOB, K BHICKA3bIBAHHIO W3 3TOTO
HCUUCJeHHs,

Ksasusaemenraproe cBoOHCTBO TPYNIbl €CTb CBOKCTBO,
3aJlaBaeMoe MHOXKECTBOM BbICKashiBanuit P, cdopmyanpo-
BAaHHBIX B Y3KOM MCUHC/EHHH TIpelUKaToB B Tepmunax E, S u
e, U TaKoe, 4TO, €CIH AJas rpynnbl G BbinoaHeHo P, 1o P
TaKXe BEpPHO M 1/ KaxJoi noarpymnel B G. Mbl 6yaem
OTOXKECTBJATL P ¢ TeM CBONCTBOM, KOTOPOE OHO OMUCHLIBAET.

[Ton Hopmarbnoim padom rpymnel G TIOHHMAETCS, Kak

O6BIYHO, KOHEUHasi MOC/eJOBATEJbHOCTb MOArPYNNn B G
{Go, Gy, G, ..., Gy} Takux, uTo

25.6. G=GiDG;0G,> ... oGy= (e),

rie G; ecTb HOPMAJBHBIH AeJUTESb B G, j=1,2, ..., k:
uuca0 k HaswiBaercsi 0Aunod psiga. [1yCTb faHa KoHeunas
MOC/IeA0BATENbHOCTb  KBAa3HJEMEHTAPHBIX CBOHCTB [I=
={Py, ..., Pp}. Mbl ckaxkeMm Toria,uytorpyana G oTHOCHTCS
K tuny Il, ecnu G ob6snagaer HOPMaJbHBIM PAJOM AJIHHBE A
(nonoGHbIM 2.5.6), Takum, uto ¢akrop-rpymna G;4/G; yio-
BJIETBOpPSIET CBOHCTBY Py, j=1, ..., '
Ecau rpynna G oTHOCHTCS K JLaHHOMY THIlY M={Py, ...
..., Py}, T0 m Kaxnas noarpynna A u3 G Takxe OTHoCHTCs
x tuny II. B camom nese, st G, o ycJoBHIO, CyliecTByer
TpeGyembiit HopManbHbiil psin {Go, Gy, . .., Gr}. Paccmorpum
- nocsieioBaTenbHOCTh uoArpynn B H: {Ho, Hy, ..., H,}, rae
H;=G;NH. 910 ecTb HOpMaabHBIH pan aas H, tax. kak
Ho=H, H,=(e) n H;=G;NH — HOopMaJbHHIil AelHTeJb B
H;y=G;4«NH, j=1,..., k Kpome toro, H; i/H; wuszo-
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MopdHa Hekoropoii moarpynme rpynnsl G;4/Gj, a motomy
COrJIacHO OMNpe/eNeHHI0 KBa3H3JEeMEHTapHOro CBOHCTBA
H;_4/H;, nono6uo G;_4/G;, ynosaersopser P;. Caenosare/ib-
Ho, H takxe ornocutcs k tuny IL

Iaa pausoro I MBI MOCTPOHMM ciefyloliee MHOXECTBO
BoicKasbiBanui Kp. BBeleM OQHOMECTHble OTHOLIeHHS R,
j=1, ..., k, u yciouMcs, uto B Km. 10 omnpeeeHHIo,

BXOAAT: (i) MHOXeCTBO K¢ (il) BbicKa3mBaHWA, yTBEp-
JKJaloliMe, UTO OTHOMIEHUE PaBEHCTBA MOJACTAHOBOUHO OTHO-
cuteqabHo Beex R; {cp. 2.5.1); (iii) BblcKasbiBaHus, KOTOpbIE
yTBEPIK/AIOT, UTO AJIsl KaXJIOTo j MHOXecTBO U 3/1eMeHTOB,
YI0BJETBOPAIOIMX R;, sIBAAETCS MOATPYNNOA AaHHOHM rpyul-
mel (cM. 2.5.2); (iv) BbiCKasblBaHHsi, yTBepPXKJalOUIHE, UTO
G; — nopManbhbiii aeaureas 8 Gy, j=1,...,k (cp.2.5.3);
(V) BHICKa3blBaHHe, yTBepxKAatollee, uto G, COAEPHKHT TOJIb-
KO e W 3JeMeHThl, paBHble &, T. €. BbICKa3blBaHHUA
Vx[Ry(x) DE(x,e)]; (vi) BbicKasblBaHusi, yTBepKaaiollue,

yto (hakTOp-rpymna G =G ;_1/G ynoBneTeopser CBOACTBY
P;, j=1, ..., k. s toro yToGBl BHIPA3HUTh 3TOT (PaKT, Mbl
3aMeHHM KaXgoe BBICKasbiBaHue X, NpHHaitexaulee P,
BbICKa3biBaHHEM X*, KoTopoe moJdyuaercst U3 X nocpeicTBoM
otHomeHu# R;j_y u Rj, Tak Xe, Kak B NPUBEJCHHOM Bhillie
npuMepe (cM.2.5.4 12.5.5) Mt mosyuann X* u3 X, ucnonb-
ays otHoulenns R u T. Bce nosyueHHble BbICKa3bIBaHUA, 110
onpeeneHnio, coctanasoT Ku. Tem caMbIM nocTpoenue Kn
3aKoHueHo. M3 HaHHOTO NMOCTpPOEHHS HENOCPeJCTBEHHO CJle-
AyeT, uTo Kaxnas Mojeab K ecTb rpynmna, oTHOCAMLasiCs
x tuny I (noarpynnbl G; onpeelsioTcs MpelnKaTamu R;).
Jlannas rpynna G, orHocsimiasicss K tany I, He siBAsieTCs
B OGBLIUHOM cMblcje Mojenbio Ky, Tak Kak OTHOIeHUS Ry,
KOTOpble BO3HHKIW B cjoBape K, He mpHHajIexart G.
OaHaxko UMeeT MecTo ciaelylolas

257 Teopema. [Haa Oannozo II epynna G OTHO-
curca & Tuny Il T02da u TOAbKO TO20Q, KO20Q_MHOXCe-
creo D(G) UKn uenporusopesuso, 2de D(G) — duazpan-
ma G.

lokasateanctso. Ecan rpynna G OTHOCHTCS K TH-
ny II, 7o aast G cyllecTByeT HOpMaJsbHBIH PAA {Go, ..., Gy},
oGaanaioluil TpeGyeMbiMi cBoiictBamu. Ha crpykrype G
MBl BBeAeM OTHOLIeHHS R; noJjaras, N0 ONpele/eHHUIO,
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uto Rj(a) wuctuHO Ans Ja6oro asneMmenta a n3 G B
TOM M TOJBKO B TOM Clyyae, KOTAa & npuHapiexutr G,
ji=1,...,k C 3TuM J0ONO/JHUTENbHEIM onpejeaeHieM G cra-
HOBHTCS Mojenbo D(G) w K, 4To M J0KasbiBaeT HeNpOTH-
BopeuuBocth D(G) U K11

, O6parno, ecmn D(G) UKn HenpoTHBOpPEYHBO, TO MycThb
G’ 6ymer Mojesblo 3TOro MHoxectsa. Torma G’ siBasercs
pacwupennem G u otHocuTes K tuny II, a notomy coraacso
CIeNIaHHOMY paHee 3aMeuaHdio ( TakxKe OTHOCHTCR K
tiny 1. Teopema nokasana.

Mbl mepexoauM Temepb K OCHOBHOH TeOpeMe 3TOro pas-
Jleqia.

2.5.8. Teopewma. lIpednoroncum, 410 Kamdas KOHEUHO
nopoxdennas nodepynna epynnet G otrocurca x tuny I1
Toeoa G raxsce otHocutca x Tuny 1. .

HoxasatenbctBo. Bosbmem K, noctpoeHHoe BhI-
mwe, W paccMoTpuM MHoxecTBo D (G) UKp. Coraacho
2.5.7 MBI HOMKHBI JHUIb NOKAa3aTh, YTO 5TO MHOMKECTBO He-
npoTHeopeunBo. C MOMOIIBIO OGBIYHOTO pPacCyKAeHHs 3TO
JIETKO CJeJyeT M3 HENPOTHBOPEUMUBOCTH JIOGOTO KOHEUHOrO
noamuoxecrsa B D(G) UK, uro 6yaer 3aBeioMo Tak
ecau IS KaXKAOTO KOHEUHOTO MOAMHOMKECTBA 3/eMEHTOB
us /G ckaxem G’, D(G')UKu HemporuBopeuuso, rie
D(G’)— nnarpamma orpanuuenus otHouennii us G na G’
Ho ecan G”— rpynna, nopoxiecHHas sdaementamu G’, 1o,
¢ oano# croponnl, D(G") UK HenportuBopeunsu COI‘JI’aCH(;
257, a c npyroit cropous, D(G’)Y=D(G”). Caenosa-
;egléﬂo, D(G") NKy HeNpOTHBOPEUHBO, YTO M JOKasbiBaer

Vs Bcex MHTepecHBIX MHOTOUHCJEHHBIX MPUMEHEHHH, 10-
Jy4eHHbIX ManbueBbiM 13 ero teopembl (2.5.8), Mbl yKa’meM
JIMILb CJeAYIoliHe IBa.

Ipynna G maswiBaercsi paspemnmoil paHra k, ecam oua
ob/aflaeT TakdM HOPMAaJbHbIM PSAAOM MJIHHB K, 4TO Bce
dakrop-rpynns G;4/G; aBasgorcs abeneBblMU. To xe ca-
MOe MOXKHO BbIPasHTb, CKa3aB, uTo G OTHocuTes K THmy II
rae I={Py,...,Ps}, Py= ... =P, u P; cCOCTONT u3 O,U.HOI‘O,
BbhicKasbiBauus VxVyVe[S(x, y, 2) 2S(y, x, 2)], o3nauatoie-
ro KOMMYTaTHBHOCTb paccMaTpuBaeMbiX Tpynn. Kpasusge-

MEHTapHOCTb P; oueBHIHA, a NOTOMY NpuMeHnMa 2.5.8. Cue-
JOBaTeNbHO, UMEET MeCTo
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2.5.9. Teopema. Ecau kandas KOHE4HO NOPOMOEHHAS
nodepynna epynno. G aeaseTcsa paspewiumoil panea k, 10
G rakxce asaserca pazpewumoti panea k.

[Mycts teneps H={P;, Py}, rae P, — n1060e BbICKa3blBa-

HUe, BbIBOJUMOE H3 Ka, a P, o3navaer JJsl JaHHOFO LEJOT0
n>0, uTo B paccMaTpHBaeMylo TIPYINY BXOJUT He 6oaee,
yeM n pas3JuuHbiX (T. €. HepaBHbBIX) 3/1E€MEHTOB *). Jlerko
NpoBepsieTcsl, UTO 3TO CBOHCTBO TaKKe KBA3H3JEMEHTAaPHO.
Otciona, corsacHo 2.5.8, sameuas;, uto Gy/Gy=Gy/(e) u3o-

MophHa Gy, mosyuaeM C/IENYIOILYI0 TeOpeMy.
92.5.10. Teopema. Ecau raxdas KOHedHO noposOen-

nas nodepynna epynnol. G coO0epiHUT HOPpMAAbHOIL OesuTenb
undexca <L n, 1o G Takye cOOEPHUT HOPMALbHbLL DeAUTeNb
undexca <n.

BBuay BaxKHOCTH TOH POJIH, KOTOPYIO MTpaioT B MpHBeE-
JIeHHO!l BbIlIE TEOPUM KBa3H3/JIeMeHTapHble CBOHCTBA, ecre-
CTBEHHO CIIPOCHTD, UTO OTJIHYAET MHOMKECTBO BLICKA3bIBAHHH,
KOTOpPOe WMCTHHHO B KaxJO#l MOATPyMne CPyNmbl G Beakuil
pas, KOrja OHO MCTHHHO B CaMOif rpyfmmne G. Dro THOUUHAA
3ajlaya TEOpPUU MoOjeseH, MOJAHOE pelieHue KoTopoil 6ymer
AaHO B caefywouel raase (m. 3.3).

2.6. 3apaun
2.6.1, Tlyets S={Ay}— MHOXKECTBO HEMyCTLIX HENEepeceKalomuXCs

aBCTPaKTHBIX MHOMKECTB. AKcnoMa BbIGOpa yCTAaHaBJMBAET CYLIECTBOBA-
HHe MHOMKECTBA, HMEIOUEro [0 OJHOMY OOIIEMY 3JEeMEHTY € KaXibiM
MHoxecTBoM Ay u3 S. Vcnosbsys Teopemy 1.5.4 o MoJHOTE B LWIHPOKOM
eMbICJIE, [0Ka3aTb aKCcHOMy BeIGOpa AJsi TOTO cayd¥as, KOrja Bee Ay
KoHeuHsl. (Y KazanHe Bpectu oTHOWeHHe PABEHCTBA H OTHOWIEHM:
R, (x) Takue, uto Ry (@) HCTHHHO TOU@ M TOJBKO TOTAd, KOTAd agc A,
I8 ponoMHKTESBHOTO OTHOMeHHs1 P(x) ofecneuuTh C MOMOLLbIO Bbl-
cKasbiBaHH#l (opMaibHOro sisbika L cyluecTBoBaiive LJsl Kaxaoro Ry(x
eIMHCTBEHHOTO 5JIeMeHTa, YAOBJCTBOPAIOUIErO Ry(x) u P(x).) Hano-
JKEHHLIL BHIIle METOA He roautes aas Oeckoneunnx Ay. ITouwemy?

2.6.2. Jokaxurte c nomolubo 1.5.4 TeopeMy O MaKCHMaJbHbIX Hea-
nax Gynaepofi anreGpul (He HCIO/B3Ys, KOHEUHO, aKCHOMy BbIOOpA).

2.6.3. I'pad G HasbiBaeTcs K-XPOMATUHECKUM, €CIH k — HauMeHb-
Mee [e/10e MOJOKHTENbHOE YHCJI0, AA KOTOPOTro CYINECTBYET pas6ueHue
pepuud rpada G Ha k wmuoxecrs Gy, TakHX, YTO HMKAKHE ABa SJe-
MEeHTa M3 Kaxkaoro G; He COeJHHeHb pebpoM rpadpa G. Hoxasatsb
reopemy ge Bpefina n dpaéwa [1], yrsepxaawuyo, 410 Kax bl
k-xpoMatnyecknil rpad COMepKHT KOHEUHOE HHCJIO noarpadoB, KOTO-
phie Takxke SABJAAIOTCH k-XpoMaTHUECKHMHU.

*) B opurunaje aBTOP OMMOOUHO [OJAran P, cBOHCTBOM KOMMY-
tatusHoctH. (I[Ipum. nepes.)
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2.6.4. Ilycts Ky — MHOXecTBO BEICK@3bIBAHHHA, OMpeje/neHHOE B Tep-
MHHAX OTHOLICHHH C/IOKEHHS, YMHOXKEHHS H paseHctBa, S, P, E, a Ttak-
Ke TNpeAMETHhIX nocTosinubix 0, 1, 2, ... (B ux oGbuHON HHTEpHpel1a-
UKH), H OYCThb KaXI0e BblcKa3niBaHue u3 K, HCTHHHO Ha MHOXKeCTBe
HatypasbHbIx uncen Mo Ilokasats, uto CyuiecTsyet mMoaenb M MHoxe-
ctea Ko, sBasomascs Co6CTEEHHbIM paciiupennem M,. Takas crpyk-
Typa M HaseiBaeTca (cuabHOd) HECTAHAAPTHOH Mone/blo apHpMeTHKH
(cp. pasgen 9.3 unxe). (Ykasauue. Onpenennts H Kak MHOMKeCTBO
BLICKa3biBaHui ~ E(a, n), rae a — [ONOJHATE bHBIH 06BeKT, a n=0, |
2, ... lokasaTs, uto K, J H HEHNPOTHBOPEUHBO. )

2.6.5. IMToxasath, uTO He MIOGOH 3/eMenT Monenn M, oupejeneHHo#
B 2.6.4, ABIACTCA NPOM3BE/ICHHEM KOHEYHOIO YUCNA IPOCTBIX 3JIEMEHTOB.
Kak sTo cornacyercs ¢ Tem ¢axrtom, uto M ects mMozenb Ko?

’

bubauoepaguueckan cnpaska. Hpunuunsl Bnoxenus ¢ maTematn-
UecKod TOUKH 3pEHHs pAacCMaTpPHBAOTCH B padorax Jlocsa [1] u A. Po-
6uncona [3] (cM. Takke craThio Hefimana {1]). Teopema 2.4.6
npusegeHa 'y Pob6uncoma [l], a 2412—y Xeukuna [2 u
A Po6urcona [3]. Ykcro maTemaTuuecKue JoKasaTtesbcTBa 2.4.14
ObIH faHbl B CTaThax OCTPOBCKOT O [l » Dfixnepa [1). Asanua
aKCHOMBl ApxMMesa mpoBeieH B KHure A. Po6uHCOHa [1]. Bouee
COBPEMCHHEIC  HCCICAOBAHMSA 110 GECKOHEUHBIM SI3LIKAM [PHHALIEXKAT
Ckorry u Tapckomy [l], Tapckomy [4] u Sdurenepy [l]
Pa6ota Masibnesa 0 HOPMATbHBIX pAA2x, BKAIOYAS TAKKe OCHOBHYIO
Teopemy 2.5.8, npuBejeHa B ctaTbe MaabileBa [1].

FrTABA 111

HEKOTOPDBIE METOAbl H NMOHATUA TEOPHHU
MOJLEJIEHA

3.1. ®ynkuun Ckonema; peasTuBu3auusa. Paccmorpum
IPpOM3BOJIbHOE BBICKA3biBaHUe U3 L, 3ajlaHHOe B mpejBapeH-
HO#l HOpMaJabHOH QopMe, HaNpUMep,

3.1.1. Vx3yVeVudoVw3iQ(x,y, 2, u,v,w,t),
rjae Q yxe He comepxuT kBaHTOpOB. [losaras
R(x, y) =VzVuIoVw3iQ(x, y, 2, u, v, w, t),
poayuum u3 3.1.1
3.1.2. Vx3dyR(x,y).

[lyere M — mo6aa mojenb BoickasbiBaHust 3.1.2. CornacHo
CEMaHTUUeCKOH HHTepnpeTauuu BbicKa3blBaHusi 3.1.2 TOT
(bakT, 4To JaHHOe BBICKA3blBaHHE HCTUHHO B M, o3Hauaer,
uro aj8 Awboro a€ M cyuwecrsyeT Takod asement bEM,
uro R(a, b) ucrunso B M. JIpyrumMu cjoBaMH, CyIleCTBYyeT
dyuruus @{x) ¢ obuacTbio onpejenenuss M, npuHumMaronas
3HaueHus U3 M, Takasl, uTo Aaf Kakaoro a € M BoicKa3niBa-
e R(a, p(a)) ucrundo B M. 3amerum, uto BBIpaX<eHHE
R(a, p(a)), KaK OHO HalKCcaHO 31eCb, He fBJASETCH BHICKa-
abIBaHHEM si3blka L; oHO nuiib 0603Ha%aer BbICKAa3blBaHHE
R(a, b), xoropoe npuHaiaexuT L.

Ocrasiunecs B 3.1.1 KBaHTOpHl CYLIECTBOBAHUS MOXKHO
HHTEPNPETUPOBATh aHAJOTHYHBIM crnoco6oM, Takum obpa-
30M, HCTHMHHOCTb BhickasbiBaHust 3.1.1 B M paBHOcu/bHA Cy-
uectsoBannio QyHKuui ¢(x), ¢(x, 2, u), x(x, 2, 4, w),
onpejeieHHbIX Ha M W NpuHEMalolMX 3HaueHus us M, ta-
KUX, YTO BBHICKA3bIBAHHE

3.1.3. Q{a,q(a), b,c, $(a,b,c),d, x(a, b, c,d))

/s TIo0bIX 3qeMeHTOB a, b, ¢, d u3 M uertunno 8 M. O6piu-
HO NpPHUHATO 3aMEHfATb B 5TOM BBIpa)KeHHH OOBEKTH a4, b,
¢, d nepBoHaYaJbHbIMK NEPEMEHHBIMH W TOBOPUTH, YTO

6 A. Po6uucon
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3.14. Q(x, @(x),2,u, P(x,2,u), w, x{x, 2, u,w))

wctuHHO B M. 3.1.4 HasbBawoT oTkpuitold (3pbpanosoil)
dopmoii BbickasbiBanusi 3.1.1. Yacrto xacaercsa dyHkumo-
HaJbHbIX CHMBOJIOB @, P, ¥, TO OHH H3BECTHBI Kak (PYHKTOPHI
CkosneMa (uu 3p6paHa). BnepBble oHUM Obliid BBEJECHSI
Cxosemom H ['uiabbeproM, cHCTEMAaTHUECKOE HX [IpUMeEHe-
HHEe TpUHAaLIeXUT DpbpaHy.

Takum o6pasom, oTKpbITaa Gopma BbicKasbiBaHuA X, 3a-
JAHHOTO B NpeJBApPEHHON HOPMaJbHOl (opMe, moJyuaercd
BLIUEDKHBAHHEM KBAHTOPHON mnpucTaBkH X (mpedukca) H
3aMeHOl NepeMeHHBIX W3 MaTpHUIBl X, OTHOCSLINXCS K KBaH-
TOpaM CylIecTBOBAaHHUA, OTAMYHBIMU JAPYT OT APyra CHMBO-
JdaMH, 0603HauaOWUMU (GYHKIMH OT BCeX TeX MEPEeMEHHBIX,
KOTOPble OTHOCATCSA K KBaHTOpaM OOIIHOCTH, MPEAILIECTBYIO-
UM JaHHOMY KBaHTOPY CylllecTBOBaHHs., B Ttom cayuae,
KOrjla BbICKa3biBaHWe X HadMHaeTcsl ¢ KBaHTOpa CYIIECTBO-
BaHHA, NPENoiaraercs, 4To ero yHkrop o6o3nadaer QyHK-
1o 6e3 MepeMeHHBIX, T. €. (PUKCHPOBAHHBLIA 3JeMeHT U3 M.
@®yHKUMH, COOTBETCTBYIOIIHE (YHKTOpPaM, ONpejesieHbl 5
BCeX 3/71eMeHTOB M ¥ 3HAUEHHS] CBOH TaKXKe MPUHUMAIOT H3
M; onu HaspiBalotca ¢yHkuuamu Ckonema *). Kak npasuio,
Mbl He OyjJeM pas/iuuaTb CHMBOJb /15 0603HavueHHs (GYHK-
topoB CkoJsieMa U CHMBOJBl JJis 0003HaueHUs (GYHKIHH
Ckosnema. YKasaHHble GYHKIHM 20T KOHKDETHYIO HHTEp-
MpeTauuio TOro, YTO MOHHUMAETCs N0J KBAHTOPAMH CYIIECT-
BOBaHHS, H OLIBAIOT OYEHb NOJE3Hbl B Pa3JHYHBIX CHTYa-
LHAX.

Ilyets X — npoussosibHOe BBICKa3biBaHHE B s3biKe L y3-
KOro HCUHC/JeHHs IpeAuKaToBHu nycte M — Mozpens X. [pu
paccMOTPeHUH BbICKa3bIBaHUSI X, HMes Jel0 ¢ HEKOTOPHIM
(PUKCHPOBAHHBIM 2JIEMEHTOM H3 M HJIH ¢ BOIPOCOM O cylie-
CTBOBAHWH 3JeMeHTa U3 M, Mbl, KakK OpaBU/IO, He yKashl-
BaeM TPH 3TOM SIBHO HA [NPHHAAJEXKHOCTb JAHHOTO JIeMeH-
Ta K M, TaK Kak II0 caMOMYy OIpeAe/eHHIO MOJENH 1060
VIOMSIHY ThIl 00BeKT ecTb 06bexkT u3 M. Ilpeamoaoxum te-
nepb, uTo M comep:KuTCS B KauecTBe NOACTPYKTYPbl B He-
KoTopoil Goabiuell cTpykrype M’. B 3ToM ciyuae ToT dakr,

*) B mamell nuTepaType OHH TaKIKe Ha3biBAIOTCA pPA3PeMlaomumn
dyuxuuamu. ({1pun. nepes.)
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yto X MCTHHHO B M, He MOXKeT ObITb BblPaXXeH B TePMUHAX
ceMaHTHueckol untepnperawun X wa M’ Jas toro uto6nl
3T0 C/leJ1aTh, NPUXOAUTCS BBOAUTH OJHOMECTHOE OTHOLIEHHE
R (x), He npuHanaexaiiee M (a cienosateabno, u M' u X),
tTakoe, uTo R(a) TorJa M TOJIBKO TOrjJa WCTHHHO JJsi 3Je-
MenTa a u3 M, korna a npuHamiexkut M. Iloayuennyio

CTpYKTYpy Oyjem o6o3HauyaTh Mp. Tenepb MB B COCTOSHUH
aJs Jo6oro BbicKasbiBaHus Y, onpefesnednoro B M, 1o-
CTPOUTH BhiCKasbiBaHHe Yg, HCTHHHOE B M/ B TOM M TOJBKO
B TOM c/lydae, Koria Y HCTHHHO B M.

Mul B efICTBUTEBHOCTH onpefesnuM Yr coBeplIeHHO 00-
UM cnocobom Mg Jawb6oil nnd Y uz L. Takum obGpasow,
comocTaBads Y Kaxaomy Y, Mbl IPHXOJAUM K 0TOGP a’KeHHIO
Ha ce6s MHOXecTtBa nud w3 L. Yr HasblBaerca cuuTakcuie-
ckoti Tpancopmayuerd Y. CyTb 3TOTO Ha3BaHUs COCTOHUT B
TOM, 4TO Y5 MOMKHO TOJYUYUTh M3 Y C NOMOILBIO YHCTO CHH-
TAKCUY4ECKOTO MpaBu/ia, He BJaBasgCb B CEMaHTHUYECKUH
cMblea nng. B HauieM yacTHOM ciydae TOBOPSIT MPOCTO, YTO
Yr nonyuaercsa us Y pedsitHBH3alMell OTHOCHTENBHO R, KpaT-
Ko 3anuchiBasa 370 B BujJe Yr=p(Y). Orobpaxenue p onpe-
JeasieTcsl COMJlacHO mpaBusiaM obGpasoBanus nnd (1.2.1—
1.2.3). INocaenywiue BhipakeHUs1 3aNUCBIBAIOTCs B NOJMHOM
ckobouHON dopme.

3.1.5. Ecin X — aromapuas ¢opmyda, to p([X]) =[X].

3.1.6. p([~X]) =[~0(X)]
o (IXVY]) =[p(X)Vp(Y)]
p ([XAY]) =[p(X) Ap(V)]
p([X2Y]) =[p(X) 2p(¥)]
p((X=Y)I=[p(X)=p(Y)]

ans awobbix mng X u Y.

3.1.7. p([VyX]) =VylIR (9)]2p (X)),
p ([3xX]) = FAR (N INp (X)],

rae X — ond, He colepiKallasi KBaHTODOB 10 Y.

Bea cyTh 3akmouena B AByx ¢opmyaax 3.1.7. Onu no-
Ka3biBaloOT, BO-NEPBLIX, YTO €CJAH B NepBOHAyajbHOH nnd
KBAaHTOp OOUIHOCTH MPHUMEHSJICsT YHMBEPCaJbHO, TO B Hpe-
06pa3oBaHHON NN( OH NMPUMEHSIETCs] TOJBKO K 3JeMeHTaM,

6*
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YAOBAETBOPSIOWMM R; M, BO-BTOPbHIX, UTO, TOMHMO CYILECT-
BOBaHHs 3/eMeHTa, YI0BJeTBOpsioLiero X, tenepb Tpebyer-
csl, 4ToObl OTHOWeHHe R GbLIO [JA HEro HCTHHHBIM.

Ilycte M u M’ — nopo6ubie cTpykTypH, npuuem M/ —
pacwupenue M. Ilyers X onpeneseno B M, T. e. oTHOWeHHd
n 06bekTH U3 X BX0AaT B M, u nyctb R — oTHOmIeHHe, He
npuHajnexamee M, a M;Q—OHPGILGJIEHHEIH BHIIIE CTPYK-
typa. Umeet mecto

3.1.8. Teopema. X ucrunno 6 M 1020a u toaeko0 To2dq,
koeda Xgp ucTuHHO 8 M,’e.

JlokaszaTenbCTBO NPOBOANTCA HHAYKUHEH OTHOCHTENbHO
Nopsifika BbICKasbiBaHusa X (ompejesieHue nopsiika mnd cu.
B n. 1.2). Ilycte nopsnok X pasen I, 1. e. X — aTomapHnas
¢popmy.ia, sakJaoHeHHas B KBaJpaTHble CKOOKH, TOrja co-
raacHo 3.1.5 p(X)=Xg=X. B stoM cayuae yTBepkieHue
TEOPEMBI OUEBHIHO.

[Tycte tenepp X =[Y/\Z] — KOHDBIOHKIHST BHICKA3BIBAHHUI

MEHbIIIer0 NOPAAKa, [/ KOTOPHIX TeopeMa mpeino/araercs
BepHOH; B 3TOM ciayuae Xp=p(X)=[p(Y)Ap(Z)]. Ecau X
HCcTHHHO B M, T0 Y ¥ Z Takske ucTHHHLI B M, a cjejoBaTedb-
HO, 110 MHAYKTHBHOMY npeanosoxenuio, p(Y) n p(Z) ucrun-
Hl B Mg, uTO U BJeueT UCTHHHOCT Xp=p(X) B Mg. O6-
paTHo, nycth X JIOXKHO B M, TOrJa OAHO M3 BBHICKA3HIBAHMUI
Y unu Z, HanpHuMmep, Y, noxHo B M, OTKyZa BBITEKaeT, 4yTo
p(,Y) 7103HO B Mg, a motomy u Xzp=p(X) Takxe JOXKHO B
Mpg. AHanoruuHOoe paccyXIeHue IPOBOAMTCH JIs  BCex
OCTaJIbHBIX TPOMO3HIIHOHANbHBIX CBS30K.

ITpeanonoxum Tenepb, 4To X MOJYYEHO M3 BHICKA3HIBA-
HHSL MEHBILIEro MNOpsi/ka HaBelIMBAHWEM KBaHTOpa. [lycTb,
Hanpumep, X=[VyZ(y)], Teopema Torma npeamosaraercs
BbINOJIHEHHON 1715 BceX Z(a), Tle @ -— NPOU3BOJbHBI 3Je-
medT u3 M. Ecou X uctunno 8 M, 10 Z(a) uctunHo B M mas
MoGbIX @ uz M u, caenosarennro, p(Z(a)) ucthuuo B Mpg.
Orciona, Kak JerkoBuaets, [R(a) op(Z(a))] uctunno B M;e
4751 JOGHIX 3JeMeHToB a u3 M, Tak Kak npu a € M ucrunen
KOHCEKBEHT HMIJMKALHUH, a TpH aG_—' M JnoXeH aHTeneseHT.

Taxum o6pasom (npuHUMas BO BHHMaHHe TOT (aKT, uTO,
ecin p(Z(a))=2"(a), 1o u p(Z(y))=Z"(y)), VYR (y)]>
>p(Z(y))]=p(X) ucrunio B Mg.
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C npyrofi cTOpoHHl, ecan X n0xKHO B M, TO /s HEKOTO-
poro snementa @ us M Z(a) noxuo B M, a notomy BBICKa-
anipanusl p(Z(a)) u [R(a)>p(Z(a))] noxusl B Mg, or-
kyaa VY[R (y)12p(Z(y))]=p(X) Takxke JOXKHO B Mp.

IMycrs, HakoHen, X=[Jy Z(y)], n npeanonoxum, yro X
ucruHHo B M. Torpa Z(a) wctuHHO B M 1pH HEKOTOpPOM
a €M, otkyaa [R(a) Ap(Z(a))] uctunno B Mpg. u, ciefoBa-
teasHo, Y[R (y)INp(Z(y))]=p(X) uctuHHO B Mz, Kak W
yrBepraanoch. O6parno, ecan Y[R (y)IAp(Z(y))] nerun-
no B Mgz, 1o [[R(a)]\p(Z(a))] ucrurHo B My 1asi HEKOTO-
pOro 3jeMeHTa a, KOTOpHifi NpuHalIexRuT M, mOCKOJbKY OH
ynosierBopsier R. Takum o6pasoM, 110 HHAYKTHBHOMY Mpej-
mosioxKeHmo, BbickasbiBanusa Z(e) u X=[3yZ(y)] ucrun-
ol B M. YrBepxkaenue 3.1.8 nokazaHo.

PaccMOTpUM Temepb NPOH3BOJLHOE MHOMKECTBO BBICKA-
suisanuil K, He cofepxalee R, u o6o3Hauum yepe3s K’ MHO-
KECTBO BceX BbicKasbiBaHu#l Bupa p(X)=Xg X € K. Ilyctb
M’ — mo6ast Moaeab K. Mbl He MOXKeM TOTJa yTBepKAath,
yTO MHOXecTBO 3JemeHToB M’, yroBiersopsiomux R, o6pa-
ayer Mojenb K, Tak KaK 3TO MHOXKECTBO BIOJHE MOXET OKa-
3arbea nycTiM. Hanpusmep, ecain K COCTOHT H3 OXHOTO BbI-
ckaspiBanus VxT(x), TO elMHCTBeHHBIM 3JeMeHTOM K’ sB-
asietess Vx[R(x)>T(x)], a 370 BbICKa3biBaHHe UCTHHHO B
n060i cTpyktype M’, XoTopasi coaepkut R u T u B KOTO-
poli R JOXKHO IJsl BCeX ee 3JeMEeHTOB. B cooTBercTBuH ¢
3THM Mbl onpeleauM R-TpaHCHOPMALHIO MHOXKECTBA BBICKA-
spiBannil K, p(K)=Kg, KaK MHOXECTBO, 3eMeHTaMi KOTO-
poro siBAsiOTCA BbicKasbiBaHua Xp=p(X), X € K, u Bce BbI-
CKa3biBaHWUA BUAa R(a), rae a-— UHAUBHUA, BCTpeuarolluics
B K; ecsiu B K HeT 0OBEKTOB, TO MBI IIPUCOEJHHSEM BBICKA-
spiBande JxR(x). Ecin M’ — mopnenr Kg, TO Tenepb MHO-
KECTBO 3JeMeHTOB M’, yHOBJAeTBOpSIOMIMX R, He mycro.
Bssip orpaHuueHne OTHoUleHHH M’ Ha 3TO MHOXECTBO, MbI
MOJy4HM MOACTPYKTYPY M ctpykrypni M’, B koTOpOIli onpe-
AeJeHbl BCe BbICKasbiBanua K u Koropas coraacHo 3.1.8
sipaserca Mojaeasio K. -

3.2. Pacunpende moneneit. MHOXKecTBO BBICKA3LIBAHHI
K 6ymeM Ha3biBaTb HOAHbIM, €CJAM ISl KaXIOro BbICKa:
abiBaHug X, KoTopoe onpefeneHo B K (r. e. OTHOLIeHHS
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1 o6bexThl X coaepzxarest B coBape K), BEIIONHSAETCS OLHO
u3 1ByX: KX uiu K ~ X. TloHSITHE MOJIHOTHI SIBJSIETCS
OJHHM H3 OCHOBHBIX NOHATHH TEOPHH MOjeseill; ero He cJe-
Ayer MyTaTh C MOHSTHEM IOJHOTHl Y3KOTO MCUMC/IEHHS TIpe-
JUKATOB, KOTOpOe GblIO BBEAEHO B TJI. I.

[lycrb M u M’ — niBe nojoGHbIe CTPYKTYPbI, H A — moj-
MHOKECTBO MHOXKeCTBa 0OIMX 3jaeMentoB M u M’. A Mmo-
)KeT ObITb MyCTHIM W B TOM CJyuae, KOTAa nepeceuenne M
u M’ nenycro. M Ha3bIBAETCH 94€MEHTAPHO SKBUBAAEHTHHIM
M’ ortHocuTenbHO A, ecau J1060€ BbICKA3bIBAHIE X, orHo-
IIEHHST KOTOPOTO BXOAAT B caoBapb M u M’ u uHAUBUAH
KOTOporo npunaanexar A, au6o 0JHOBPeMEHHO HCTHHHO B
M u M’, 1160 opHOBpeMeHHO JOXKHO B HuX. To e camoe
OTlIpeJie/ieHHe MOXKHO JaTh W JAPYrdM CIIOCO6OM, BBEIS /A
HEKOTOporo MHoxecTBa A« M, Kotopoe MoxkeT GbITh U ny-
CTBIM, MHOXecTBO S(M, A) Bcex BbicKasbiBauHil X, UCTHH-
HBIX B M W Takux, 4to Bce MX oOBeKTH Jexar B A. JIpe
nojoGHble cTpyKTYphl M U M’ maswbiBaloTCs TOTAa 3JeMeH-
TapHO SKBUBAJEHTHBIMH OTHOCHTe/bHO A, ecin S(M, A) =
=S(M’, A). Ecu A nycro, T0 Mbl 6yeM NPOCTO FOBOPHTD,
uto M u M’ snemeHTapHO 3SKBHBaJeHTHH. MHOKeCTBO
S(M, A), Kak HeTPyJHO 3aMeTHTb, MOJIHO, NOCKOMbKY JJis
J1060ro BbiCKa3biBanus X, onpeseienHoro B S(M, A), au6o
X, an6o ~ X pxoaut B S(M, A). Ecau A copepxur Bce 06b-
eKTbl M, T0 Mbl yacto 6yneM nucatb S(M) Bmecto S (M, A).

Ilycte Teneps M u M’ — n1Be monaoGHbBIE CTPYKTYpHI, Ta-
kue, uyto M’ — pacuipenve M, W nyctb A — MHOXeCTBO
BCeX OO0DBEKTOB, cojep:kaiuiuxcsa B M. Mbl ckakeMm TOTAA,
yto M’ ectb saemenraproe pacuiupenue M, o6osnauasi 310
M ee M’, eciu M u M’ sjieMeHTapHO 3KBHBAJSEHTHBI OTHO-
cuteabHO A. TToHsTHE 3/€MEHTAapHOrO pacuIMpenust MPHHAL-
aexur Tapckomy u Booty ¥).

Brionne moxer cayuntbes Tak, uto cTpyktypa M’ 6yaer
pacimpenuem M u naxe sjeMeHTapHO 5KBUBAJEHTHOH M,
He AIBJSISICh B TO K€ BPeMs 3J1€MEHTAPHLIM pacuiupeHHeM M.

. *) 3aMeTHM OJHO NMPOCTOe OGCTOATENBCTBO, KOTOPHIM aBTOP B Aalb-
HelflleM 4aCTO MOJIb3YeTCs.

Hnas snementaprofi skeusanentHocts M u M’ (B wacThocTn, ans
TOro, 4ro6mt M’ Obuio sneMeHTapHBIM pacuinperdeM M) 10CTaToUHO
y#Ke OHOro u3 BKmouenuit S(M, A)=S(M’, A) uan S(M, A)DS (M, A).
(ITpum. nepes.) :
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[Tycrb, HanpuMmep, M’ — cTpyKrypa, cOCTOSIAs U3 MHOXKe-
cTBa 00DBEKTOB {do, A1, A2, ...} ¥ €IHHCTBEHHOTO OTHOUIEHHS
Q{x,y) raxoro, uro Q(an,am) HCTHHHO TOTAa M TOJbKO
toraa, korga n<m. OGosHauum uepes M orpannuenune M’
Ha MHOXeCTBO {ay, @y, @3, ...}. Crpykrypa M’ sjaeMmeHTapHO
s5KkBUBaJeHTHa M (1. €. 3JeMeHTapHO SKBHBa/JEHTHA OTHO-
CHTeJIbHO NyCTOTO MHOXKecTBa), Tak kKak M’ usomoppna M
NPH COOTBETCTBUH Op<>Ont, =0, 1, 2, ... C apyro# cro-
pOHEl, M’ He sBJfeTCH 3JeMeHTapHbIM pacuiupeHuem M,
MOCKOJbKY BbICKasbiBaHue VxQ(as;, x) uctuano 8 M, HO
J0%HO B M.

3.2.1. Teopewma. Ilycroe M’ — pacwupernue M u nycre
A — muoncecrso obwvexros M. Has tozo urober M’ 6siao
anemenTaprbin paciiuperues M, neobxodumo u docTarou-
HO, uT0ObL 045 Kavcdozo gbickasbisanus X suda X=3yZ(y),
onpedesennoeo 8 M u ucrunnoeo 8 M’, cyuectsosanr aae-
ment a € A takod, uro Z(a) ucrunno 8 M’.

JlokasaTeabCcTBO. YCcaoBUe HeoOXOAMMO, TaK Kak,
ecan M’ — snemenrapHoe pacmupenne M, ro X uctuHHO B
M, nockoJbKy OHO HCTHHHO B M’. A 3TO 03HAYaer He uTo
uHOe, Kak cyllecTBoBanue a€ A Takoro, 4To Z(a) HCTHHHO
B M, a crefosartebHo, # B M.

JloKakeM JOCTAaTO4HOCTHL 3TOro yeaosusa. [lyers X —
NMpOM3BOJIbHOE BBICKa3biBaHHe, orpefenenHoe B M W ncTH-
noe B M’; MBbl ROJKHBI 10Ka3aTh TOrAa, 4To X HCTHHHO Tak-
ke n B M. Beuay Toro, uto Kax/oe BbICKasbiBaHHEe 0bJa-
naeT SKBHBAJIGHTHBIM BBICKA3biBAHHEM B IpejBapeHHOM
HOpMa/bHOH (OpMe C TeM ke CIOBapeM, Mbl MOXKeM cpasy
npeanosaaratb, 4To X 3al1aHO B NPeJBapeHHOH HOPMaJ/bHOMH
¢opme. JloKazaTenbCTBO HallleTo yTBepKAeHUus OyaeM mpo-
BOJAUTb MHIYKLIHeH 1O UUCAYy KBAHTOPOB B X. Ecau X wme
COJEPKHUT KBAHTOPOB, TO, TOCKOJbKY BCE 3JeMeHTapHble
dopmyJbl, comepxkatrecs B X, OTHOBPEMEHHO HCTHHHBI HIH
J03KHB B M 1 M’ v nocKoJIbKY BONPOC 00 HCTHHHOCTH X pe-
[IaeTcsl ¢ MOMOIIbI0 HCTHHHOCTHBIX TAGJHL HCUHCAEHHS BHI-
CKa3bIBaHU, OTCIONa caelyet, 4To ucTuHHoctTh X B M’ pas-
HozHauHa uctuHHocTd X B M. IlpenmosoxkuMm Tenepb, UTO
CYUIeCTBYeT BBICKA3BIBaHMe B MpEABAPEHHON HOPMAaJbHOM
dopme, uctuaHoe B M’, Ho nioxkHoe B M. M3 BCcex Takux Bbi-
CKasbIBaHH BhIGEpEM OJHO ¢ HAMMEHbLIMM YHCJIOM KBaHTO-
POB; 3TO UYMCJO COMVIACHO CKa3aHHOMY BbilE JOJIXKHO ObITh
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NOJ0XKUTENbHBIM. PaccMOTpuM BHauaje TOT cayuail, Korga
X HauMHaeTcsi ¢ KBaHTOpa OGLIHOCTH: X=¥yZ(y). Ecan X
J0kHO B M, T0 npu Hekotopom @ € A BhickasbiBanue Z(a)
J0xHO B M, npuuem Z(a) He MOXKeT GLITb HCTHHHBIM B M,
TaK KaK YHCJI0 KBAHTOPOB B Z(a) menbuie, uem B X. Takum
oGpasom, VyZ(y) n0:KHO B M’ BOIpEKH NPeAnonoKeHHIO.

[Ipennonoxum tenepb, yTo X HauuHaeTcs ¢ KBaHTOpa
cyutectBoBahus: X =3yZ(y). Mockonbky X wucturHO B M,
TO COMACHO YC/IOBHIO Z(a) HCTHEHO B M’ a/1a HekoTOporo
a€A. W cuosa Z(a), a ciienosatensto, JyZ(y), HCTHHHO B
M, Tak Kak B Z(a) KBaHTOPOB MeHbIlie, 4eM B X.

[Tycte M’ — snementaproe pacivpenne M u A, kax u
panblre, — MHOKecTBO uHAMBHAOB M. Ilycts X — npowus-
BO/IbHOE BbICKa3biBaHUE B NpeABapeHHON HOPMaJbHOH ¢op-
Me, onpejiesieHHoe M HCTHHHOe B M, Hanpumep,

3.2.2, X=Vx3IyVzVvIwQ(x, y, 2, v, w),

rjle Matpuua Q yXKe He CONePXKHT KBaHTOPOB. PaccMorpum
OTKPBITYIO (opmy X; B HalleM npumepe 310 GyneT BhIpaKe-
HHE

Qx, 9(x), 2, v, ¥(x, 2, v)),

rie @(x), Y(x, 2, v)— Ppynkropel CKojseMa BBLICKA3BIBAHHS
X. Mmeer mecro cienywouias

3.2.3. Teopema. Paccmorpum onpedesennvie at066in
cnocobon Gynxyuu Cxorema Oaa svickasviganus X Ha mHo-
mecree A ob6vektos M (nanpunmep, ¢(x), P(x,2)). Toeda
aTu pynKYuu Mmoeyr 66iT6 NPOCOANCEHBL HA MHOMCECTBO 06%-
extos M', Tak 4T0 6 pesyavrare noayuarcs pynxyuu Cko-
aema 0aa X na M.

B camom nene, kBaHTOpH 06mHOCTH X pachosoXKeHbl B
HEKOTOPOM TOpsiaKe, Hanpumep, Vxi...Vx, a kBanTOpSHI
CYUIECTBOBAHHA DaCIOJIOXKEeHbl MEeXJY OTAeJNbHHIMH V.
Kak Jierko BHEeTb, yTBep:KJeHHWe TeopeMbl 03Hayaer, uTO
€C/IH TePeMEeHHbIe Xy, ...,X; 3aMEHUTb HHAWBHAAMH uz M
(npu stoM Bee pyHkunu Ckosema, He colepikaluve APYTHX
llepeMEHHbIX, TPHOGPETYT HeKOTOphle 3HaueHnss u3 M), To
ocTaBlIMecst GYHKUHH, B KOTOPBIX HMEIOTCH ellle CBOGOHbIE
mepeMeHHbie, MOTYT ObITh MOAXOAALUMM 00pa3oM poonpese-
JeHbl Ha M’ co 3HaveHusimu B M. B Hawewm ciyuae s1o Bee-
rjla BO3MOXKHO, TaK KaK MOJACTAHOBKOH B X MHAMBHIOB W3 M
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BMECTO Xy, ..., Xj M 3HAUeHHH QyHKUHNA CkoJgema, onpeje-
JeHHBIX AJIsI 9TMX NePeMeHHBbIX, Mbl H3 BbiCKa3biBanusi X 10-
JAVUHM BbiCcKa3biBaHue X', KoTOpoe HCTHHHO B M, a ciaenosa-
TeabHO, H B M.

Ho 3To Kak pas W O3HauaeT, YTO OCTaBWIKeCs (GYHKIHH
MOJKHO TPOJOJIKMTE TpebyeMbiM crniocoGoM. Tak, Hanpumep,
ecad B 3.2.2 Mbl BO3bMEM j=2 U 3aMEHUM X, Z 3JIeMEHTAMHU
a, b us M, 1o enuncrBeHHol ¢ynxkuneii Ckosema, onpene-
JeHHON ans a ¥ b, 6yaer ¢(x). B COOTBETCTBHH CO CKa3aH-
upiM Buime, X =Vo3wQ (a, ¢(a), b, v, w). Toraa X’ uctuH-
Ho B M’, a noromy y(a,b,v) MOXKHO AOCHpEAENHTb 14
npou3BosbHbIX 3Havenuit v ua M’. Teopema joKasaHa.

Slcno, uto ecau M’ — snemenTapHoe paciiupenue M u
M” — snementaphoe pacuupenne M’, 10 M”—aneivlemap-
Hoe pacuupenne M. BepHo takxe H To, 4to ecan M — pac-
mupenue M, a M” — saeMeHTapHOE paclIHpeHHe M M,
to M’ — sieMentapHoe pacmupenne M. [leficTBuTe/BHO,
ecJid, HAMpUMep, NPeANooKHTb, 4To X WCTHHHO B M, HO
gokHO B M’, 1. e. ~X wucrunno B M, 10 X nu ~X
JONKHBI GBITh OJHOBPEMEHHO HCTHHHH B M/, 4TO HeBO3-
MOJKHO.

Mycte ®={M,} — THHEAHO YNOPSIOYEHHO® MHOXKECTBO
MOOGHBIX CTPYKTYD, UHBIMH CJOBAMH, JJs JIOOBIX 3JeMeH-
toB My, M, us © nwin MycM,, uan M,cM,. Onpesenum
obbeiuHeHUE cTPYKTYp M, M= LVJ{MV}. MHuOoXecTBO 00beK-

ToB M, KaK OBbLIUHO, €cTb MHOXKECTBO BCeX OOBEKTOB M,

orHouienue R{xy,...,Xn), MO ONpeaejJeHH0, HCTHHHO AJs
a, ..., — 3JeMeHTOB H3 M — torna H TOJBKO TOT/A, KO-
rna R(ai,...,@,) UCTHHHO B HEKOTOPOH, a c/1€10BaTe/bHO,
H BO Bcex M,, KOTOpble colepXkaT i, ..., dn.

3.2.4. Teopewma. MTycre {M,}=® — nroxrecrso nodob-
Holx CTPYKTYp Takux, 4o 0as at0boix M, /V{V uz O uau
M, ee M, uiu M, ee My (TaK 470 © — AuUHEUHO ynopsdo-
wennoe Mmuoxcectso). Toeda ob6vedunerue M= lﬂ{MV} ecTo

saemenTaproe pacuiupenue Kancdoeo M, us @.
NoxasateabcTso. [Jokaxem cHadajla, 4To cylle-
CTBYET HeKoTopas cTpykTypa M’, KOTOpast ABJISACTCA 3/eMeH-
tapHbIM pacuinpenuem scex M, us @. Ilycrs S(M,) — muo-
JKECTBO BCEX BBICKA3DIBAHMH, ONpe/e/eHHbIX U HCTHHHBLIX B
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M,; CcOTIaCHO NPUHATLIM Bbllle OGO3HAUCHHSIM S(M,) =

=S(M,, A,), rae A, — MHOXKECTBO 0GbEKTOB M, Paccmo-

TpuM obbeannenne S=U{S(M,)}. {S(M,)} ectb, ouesnHo,
v

JHHeHHOe yNopal0YeHHOe MHOXKECTBO BBICKA3LIBAHHE, a MO-
TOMY Kax1oe KOHeuHOoe NOAMHOXKECTBO S'cS comepxures
yxe B Hekotopom S(M,). Crenosatesnbho, S HEeNpOTHBOpE-
YHBO M oGsajaer monenbio M’. Ho mas scsikoro M, S(M,)
COLEPIKHUT Auarpammy M,, crenoBarenbHo, S Takxke cogep-
KUT auarpaMmy M, u M’ ectb pacwupenne M,. Bosee Toro,
M’ ynoBiieTBOpsieT BceM BHICKA3LIBAHHAM S(M,) u aBasercs
MOSTOMY 3J€MEHTapHBIM paciunpendeM M.,

[lycte reneps M= U{M,}. Mbl xotum nokasatb, uto M’

v

€cThb 3JeMeHTapHoe pacuiupenue M. Torpa corsnacuo cpe-
JIaHHbIM paHee 3aMeYaHHsIM OTCIOfa OyAeT CJAef0BAaTh, UTO
M — snemenraproe pacuupenne M,. [Ias nokasaTeqbcTsa
roro, uro M’ — sseMeHTapHoe paclumpenne M, HCIIOJIb3yeM
3.2.1. Nlycere X=3y Z(y) onpesenero 8 M u ucTuuno 5 M’
Tax xak uneno 06bekToB B X KoHeuHo, To X NpHHA/IEKHT
Hexotopomy S(M,). Orciona AAs HEKOTOPOTO a€A, Z(a)
uctunno B M,, a caenosatenbHo, u B M. [Mockoseky A,
coleputcst B M, ycaoBue Teopembl 3.2.1 BeImosHeHo, 1 M’
eCTb 3JeMeHTapHoe pacuiupeHde M.

3.25. Teopewma. [Tycto M u M’ — dse nodobuwie CTPYK-
TYpoL, U nycre A — muoocecT0 ux o6ujux 06veKTOS. Hony-
ctum, 4o M u M’ saemenrapro skeusarenTnol OTHOCUTEAD-
wo A: S(M,A)y=S(M’,A). Toeda cywecrsyer CTPYKTYpa
M*, Kkoropas sasisercs siemenTaApHOIM pacuiuperuem M
u 4

Hoxaszateabcrso. [Mycts S(M) u S(M’y— mHOXe-
CTBA BCEX BBICKA3bIBAHHH, HCTHHHBIX COOTBETCTBEHHO B M n
B M’. Tlokasxem, uro MHOMKecTBO S (M) US(M’)=T wuenpo-
THBOpeuuBo. Ec/ii 5T0 He Tak, TO MPOTHBOPEYHBO HEKOTOPOE
KoHeuHoe noaMHoxecTso T"cT. T’ 06a3aTelbHO COmepIKHT
anementol S(M) w S(M’), Tak kak unave T 6bl10 6H moOA-
MHOXKECTBOM OJHOTO H3 3THX MHOMKECTB H TE€M CaMbiM He-
NPOTHBOpEYUBBIM. 3ameTuM, uto S(M) BMecTe ¢ J106bIMH
ABYM# BBICKA3bIBAHHUSAMH COAEDPKUT HX KOWBIOHKUHIO: TO Ke
camoe, pagymeercs, BepHo U ajaa S(M’). B cooreerctBun ¢
STHM Mbl MOXKEM MDEANON0KUTb, YTO T COMepKUT TOABKO
ABa BbicKasbiBaHus: X€S(M) n X'€S(M’) Ttakue, uto
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XAX’ nporusopeuuBo. Ilyctb ay, ..., @y -— 0OBeKTH u; X,
He cojepxKauiuecss B M’, u by, ..., bj— oO6bekTH H3 X', He
coaepxaiecs B M. Mpl Moxem Toriga samicartbh, uTO

X=Y(ay, ..., a) u X’'=Y'(by, ..., b;), k>0, j>0.

Ecau Tenepb Y(aiy, ..., ap) AY' (by, ..., b;) npoTuBOpeun-
BO, TO COTJIACHO MpPaBHJAaM Y3KOTO HCYHCJIEHHS NPEAMKATOR

3.2.6. Jx;...dx, 3y1 . Hyj[Y()Q, ey xk) A
/\Y/(yi’ R y?)]

TaKKe JOMXKHO GbiTb NPOTHBOPEUMBBIM, TJE X;, Y, BBEIEH-
Hble HaMHM, B NIPEJbIAYLIHX BEICKA3bIBAHUSAX He COAEPIKAJIHUCD.

IMockoabky by, ...,b0; He Bxomar B Y(ai,...,an) ¥ y; He
BXOJIUT B Y (Xy, ..., Xz), 3.2.6 MOXKHO 3aMEHHTb IKBHBAJIEHT-
HBIM MY BbICKa3bIBaHUEM.
3.2.7. [3)61 - .:—.Ixh Y()C1, ey Xh)]/\
AlJyi... gV (g, -, Y1)

O6e uacTu 3TOH KOHBIOHKIMU onpenenaensl B M u M’ u
npunaanexar S(M,A) u S(M’,A) COOTBETCTBEHHO. /\Ijls)
S(M, A)y=S(M’, A) u nosromy 3.2.7 ucrunno B M u B 1.
dTuM J0KasaHa HenpoTHBopeunBocTb 3.2.7. Otciona BbITe-
KaeT, yTo T HempoTHBOPeuYHBO H obJajaer yoaenb}o*M .
A rtak kak M* ynosaersopsier S(M) u S(M 2 To M* sB-
JsieTcsi 3/JAeMeHTapHbIM pacwupeHneM M u M’ uto u Tpe-
60BaJOCh Jl0Ka3aTh.

3afimeMcsl Telepb BONMPOCOM O TOM, HaCKOJbKO TMPOU3-
BOJBbHOH MOXeT ObITh MOLIHOCTb pPAacCMaTpHBAEMOIO pac-
mupenus. Kap/AuHalbHOe UHCAO CTPYKTYPbl Mbl ONpPEAENHM,
He ccblasich 10Ka Ha OTHOLIEHHe DaBEHCTBA, KAk KapiH-
Ha/JbHOE UMCJIO MHOXKecTBa ee wuHuuBHACB. [lycth nana
cTpykTypa M ¢ KapAMHA/JbHBIM YHC/IOM o) HETPYJHO HAHTH
3JeMeHTapHoe paciiipenue M ¢ Hamepen 3alaHHBIM KapH-
HaJbHbIM YHCJIOM o >0 CAeNYIOIMM HPOCTHIM CIOCOGOM.
BoabMeM MHOXECTBO OGBEKTOB B, 3JeMeHThl KOTOPOTO He
npUHaMiexaT MHoxecTBy A Oﬁ”beK/TOB M, Tak 4TO Kapau-
HaJbHoe uuciao B paBHO o’ uan o — o B 3aBUCHMOCTH OT
TOr0, 6ECKOHEUHO Uau KoHeuHo o', Beibepem # 3a¢chnp§ll~3M
TakXKe TpOM3BOABHEIEA saemedt a€ A. Crpykrypy M’ ¢
MHOZKECTBOM HHJuBMI0B A UB Mbl ONPEAE/NUM CAEAYIOLIHM
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o6pasom. s npousBONbHOTO OTHOIIEHHS R (x4, .., x,) ua M

MBI IOJOXUM, 4To R(aj, ..., a;) wucrunso 8 M’, a], ...
s

-, € AU B, ecoin R(ay, ..., a,) ucruuno B M, rie a,==

— ' ’
=a; Koraa a;€ A, n a;=qa, korxa a,€B. [loayuennas

crpykrypa M’ siBasercs pacuupennem M. Bosee Toro, mbi
HaMepeHbi NMoKas3arb, 4T0 M’ ecTb 3JeMeHTapHOe paculHpe-
Hue M, 1. e. Bce anementl S(M) uctunnn B M’, uim, apy-
THMH CJIOBaMM, J1060e BbICKa3biBaHHeE, onpejesaenHoe B M u
ucrunHoe B M’, ucTHHHO Takxe B M. ONnsiTh MOXKHO AOKa-
3bIBaTb 3TO YTBePXKACHHE /s BbiCKas3biBaHUHA B TNpejBa-
PeHHOH HOpMaJibHOH (opMe, TaKk KaK BCe MpPOuMe BLICKA3bI-
BaHHA UM 3KBHUBaseHTHH. Kampomy X' € S(M’) B npexsa-
PeHHOM HOpMaJIbHOH (OpME Mbl CONOCTABHM BBICKA3bIBAHHE
X€ S(M), samensis Bce saementnl b€ B us X dukcuposan-
HbIM sJeMeHTOM a€ A. B uwactHocTH, eciu X’ He comepiKut
3J1eMeHTOB u3 B, to X' — X=X’, T. e. BoicKasbiBaHuw X’
conocrasasercs OHO camo. Jlf JoKasaTesnbCTBa TEOpPEMb
LOCTAaTOYHO NOKa3aTb, uTo X HCTHHHO B M, ecau ToabkKo X’
ucrunno B M’. Ecu X nopsiaka 1, To no onpesenennio M’
X’ uctunHo B M’ Torga u TOIbKO TOrna, Korxa X HCTHHHO B
M. Ecan B X’ Her KBauTopoB, To X’ Moay4aercsi U3 BhiCKa-
3bIBAHHIA NOpsiika | ¢ MOMOWbIO TeX Ke MPONO3HLHOHAb-
HBIX CBfI30K, ¢ MOMOILbI0 KOTOPHX X Mojydyaercs H3 cOOT-
BETCTBYIOLIUX BBICKA3bIBaHUH 1opsinika | (ompejeseHHBIX B
M). CnenoBaTelbHO, U B 3TOM c/ayuyae UCTHHHOCTb X' B M’
3KBHBaJ/ieHTHa ucTHHHOCTH X B M. B Gosee ofwedi curya-
UMK, KOTJa BbICKAa3biBAHHE 3aJaHO B NpPeJBApeHHON HOp-
MaJ/JbHOA opMe, MBI IIOKaXKeM TOJBKO, UTO ecAu X’/ HCTHH-
HO B M’, To X ucTunHO B M. J{oKa3aTe/bCTBO OpoBeeM HH-
AyKHue# mo uucay keanTopoB B X’. Kak Gbio mokasaso,
YTBep2K/JeHHe BEePHO, KOrJa YMCJIO KBAHTOPOB PABHO HYJIIO.
Ecan X'=[3yZ’(y)] ucrunno 8 M’ u X' — X=[AyZ(y)], 10
Z'(b’) ucrunno B M" ans wekoroporo b’ € AUB. Ho Z/ (b)) —»
—Z(b), rne b€ A, u noromy Z(b) ucrunno B M. Caenopa-
TeabHo, [yZ(y)] ucrunno B M, Kak u yTBepxaasoch. Ha-
KoHen, ecau X'=[VyZ'(y)] wetmano B M’ u X' —X=
=[VyZ(y)], ro Z’'(b’) uctuuno B M’ nns scex ¥’ € AUB, u
notoMy Z(b) wuctuuno B M paas Bcex b€ A. Caenoa-
TenbHo, [VyZ (y)]=X ucrunno B M, 4T0 u TpeGoBasoch jo-
Ka3aTb,
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HecmoTps Ha J[JIHHY UpPHBEAEHHOTO [OK&3aTeJbCTBA,
pe3yabTaT coBeplieHHO oueBuAeH. OnaHako GoJiee MHTepec-
Has 3ajaya BO3HHMKAeT MPU pPacCMOTPEHHH KapAHHAJAbHOIO
ypcaa paciiupeHuil CTPYKTYp, COAepKallluX OTHOHMICHHE pa-
BEHCTBA.

Hrak, nyctb M — CTpyKTypa, colep:Kamas OTHOLIEHHE
paBeHCTBa. [Ipy M3yueHUH BOIPOCOB, CBA3AHHBIX C KapIu-
HaJbHBIM uncaoM M, o6bluHO mpennosarawtT M HopMaJabHOR;
MHBIMM CJIOBaMH, [Ba Pa3/JUUHBLIX HHAMBUAA a U b u3 M Hu-
KOrja He paBHbl B cMbicae oTHowenuss E(x,y), T e
~E(a,b) ucrunno 8 M (cM. m. 2.1). B Tom cayuae, Korjia
M He HOpMaJbHa, HesBHO [OJaraloT, YTO KapIHHAJbHOE
ydc/io M paBHO KapAHHAJbHOMY 4YHCJY COOTBETCTBYIOLIEH
HOPMaJIbHOH CTPYKTYpPBbl HJ/IH, UTO TO K€ CaMoe, KapAuHaJb-
HOMY YMCJy MHOXKECTBA KJAaCCOB 35KBHBA/JEHTHOCTH WHIHU-
BUAOB U3 M orHocuTenbHo oTHOuleHuda E(x,y).

ITycte M — cTpyKTypa C OTHOIICHHEM DaBEHCTBa TaKad,
YTO o — KapAHHa/ibHOe uucao M — KOHeuHo (B TOJIBKO 4TO
onpefeseHHOM CMbicae). B 3ToM cayuae, Kak HETpyIHO 3a-
MeTUTb, HE CYIIEeCTByeT 3JeMeHTapHOro pacwupenus M ¢
6OMBIINM KapIMHaJbHBIM yuc/ioM. B camom nene, He cylie-
CTBYeT HUKAKOTO COGCTBEHHOTO HOPMaJIbHOTO paclIMpeHHs
M, kotopoe 6bl10 Obl 3/1€MEHTApHO 3KBHBaJeHTHO M, no-
CKOJIbKY BbICKa3blBaHHE

Ay ... Ax,VYE (X, y) V... VE (x4, )]

WCTHHHO B M, HO JI0XKHO B JA1060M COGCTBEHHOM HOpPMa/b-
Hom pacuwuperun M’ cTpyktypel M, KapaMHa/JbHOE YHCJIO
KoToporo GoJblie o.

Cutyanus s KopHe MeHsieTcsi, ecau o GeckoHeuro. [lomy-
CTMM BHauaje, YTO YHCJIO OTHOLIEHHH, onpeneseHHBIX B M,
He mpeBbilIaeT o. B 3TOM cayyae, Kak Mbl cefiuac MOKaxem,
KapJAHHAJbHOE YHC]O BbicKasbiBaHuli S(M) pasno a. Pas-
6uBas BCEe BbICKA3bIBAHWS Ha HenepeceKamwllHecs IPyNmbl [0
yheay COMEPXKAUUXCS B HUX 3JE€MEHTaPHbIX CHMBOJOB, TIO-
JAYUUM, YTO KapJAHHAJbHOE UYHC/IO MHOMKECTBA BbICKA3biBa-
Huét S(M) He npesbllaeT

atal+ad+ ... +art+ ... .=atatat...+a+...=a.

C apyro#l CTOpOHBI, pacCMaTPHUBass MHOXKECTBO BCEX BHICKA-
apiBanuil Buga ~E(a, b,), TAe a— OpOU3BOJBHbBIH, HO
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¢duxcupoBaHHbIA UHAWBUA H3 M, a b, npoGeraer Bce MHOXKe-
¢TBO 00beKTOB U3 M, He PaBHBIX @, MBI BHIMM, UTO KaplIH-
"HagabHoe yucao S(M) He MeHbile, ueM o.

3.28. Teopewma. [lycre dana crpykrypa M ¢ oTHOwe-
Huem pagenctsa E(x,y). Ilpednoroscum, uto uucao ee or-
HOULCHULI He NpeB8ocXO0UT o — KAPOUHAABHO20 HUCAQ pa3-
AUYHBLX UHOUBUO08, KOTOpOEe A8aneTCA Oeckoneunbim. Toeda
cywecTsyer anemenTapHoe pacuiupernue M’ crpyxkrypor M,
KapOUHAABHOE 4UCAO KOTOPO20 PABHO o, U KOTOpoe codep-
HUT 1O MeHbuleldl mepe OOUH 3AEMENT, He PasHbil Hu 00-
Homy aaementy uz M. Kpome toeo, 0asn 1106020 Kapourais-
HO2O qucaa o’ >0 CYWecTsyer IAeMEHTapHOe paculuperue
M’ crpykrypor M ¢ xapounarenoin wuciom o,

Jnst nokasaresbCTBa NMEPBON YacTH TEOPEMbl Mbl BhLie-
JUM MHIUBHJ ¢, He BXOAAIIMA B M, U BO3bMeM MHOMKECTBO
K Bcex BblcKaseiBaHu#l Buga ~ E(c, b,), rne b, npoGeraer
Bce aqeMentnl M. [lycte H=S(M) UK. Mpn yrBepxkaaem,
utro H HenpotusopeunBo. B camowm jgene, ecau 6u1 H 6buio
NPOTUBOPEUHUBLIM, TO 6bLIO 6Bl MPOTHBOPEUMBHIM M HEKOTO-
poe ero KOHEUHOEe NOAMHOMKECTBO, T. €. JJIST HEKOTOPhIX KO-
HeuHbIX noamMHOXKecTB K'cK u S'<S(M) wMHOXecTBO
S’U K’=H’ okasanocb 6bl npoTHBOpeyHBbIM. K/, Kak Jerko
BULETb, HE MOXKeT OBITb MYCTHIM, NOCKOJAbKY camo S(M) He-
nporusopeunso. Ilycrb

K/:{NE(C, b1), ey NE(C,b/e)}, k}l,

u nyctb X 0003HAauaeT KOHDBIOHKIMIO BCEX 3JeMeHTOB S’
(X rakxke npunagnexutr S(M)). Ecain H’ nporusopeunso,
TO TO K€ CaMoe BepHO H A/

Y=X/\~E(C,b1)/\ .. ./\NE(C,bk)

-— KOHBIOHKUUM 3/emeHTOB H’. Takum oGpasom, aas mpo-
M3BOJIbHOTO BbiCKasbiBauus Z u3s L, Hanpumep, Z=[AN ~ A],
rie A — otHomenue nopsaka 0, BbicKasbiBaHHe Y>oZ gB-
asiercst Teopemoil. OTcrofa no TpetbeMy npasuay 1.3.3 cae-
ayer, uro Y/ DZ Takke ecTb Teopema, Tje

Y'=2dXA ~E(2,b) A\ ...N~E(z, by)]

v nepeMenHas z He Bxogut B X. Ho ecau 310 Tak, to Y’
TOWE MNPOTHBOPEUHBO, a CJ€10BaTe/AbHO, HPOTHBOPEUUBO H
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2KBUBaJE€HTHOE eMy BbICKa3biBaHue
Y’ =XA[@d~E(z b)A ... A ~E(z b))l

Onnako Y” uctunno B M, tak Kak X vcTHHHO B M W uCTHH-
Ha TaK)e BTOpas 4acTb KOHBIOHKIUU:

A ~E(z, b))\ ... N~E(2, )],

KOTOpasi BbipaxkaeT Ha/Juude B M 3/eMeHnta, He PaBHOIO
by, ..., by, uTO 1O YyCAOBHIO BHIMOJHEHO, Takum oGpasom,
npeanosiaras NPOTHBOPEYUBOCTh M, Mbl NPUILIN K NPOTHBO-
peunto. CnenoBartesibHO, H HENPOTHBOPEUHBO U HMEET MO-
neab M’. Bonee Toro, corsiacHo teopeme 1.5.13 Mbl MOXeM
NpeAnoaaraTh, YTO KapJIuHaJbHOe uucio M’ He mpeBocxo-
JUT yYucaa BbicKasbiBanué /. Ho, Kak MBbl yxKe BuUJesH,
S (M) conepHUT B TOYHOCTH o BbLICKA3LIBAHUH, H, KpoMe
TOTO, OYEBHJHO, YTO K TaKKe COCTOUT U3 & 3jaeMeHTOB. Cie-
IOBaTeNbHO, H COAEPKUT o BBHICKA3BIBAHHH, W MBI MOXeEM
NPEANONOKUTh, UTo M’ comepxut He Gosee yeM o Pas/IHd-
HblXx (HepaBHbiX) HuauBuaoB. C apyrofi cropousi, M’ 3zaBe-
JIOMO COMEPKUT o pPas/JvuHbIX HHAUBHIOB, a HMEHHO b,
WMrag, nosyuzaeM, uto KapauHa/lbHoe yucao M’ paBHO Kap-
AMHagbHOMY uucay M, 1. e. a. B 1o xe Bpema M’ comep-
JKUT 3JEMEHT ¢, He PaBHbIH HU OJHOMY 3JeMeHTy u3 M, uto
3aBepIIaeT JOKAa3aTeJbCTBO NEpBOH 4acTH TEOPEMBI.

B nanbHeiiliem, BBOJAsI KBAHTOP N[O NMEPEMEHHOH MO BTO-
pOMY MJHW TpeTheMy mnpaBuay 1.3.3, mbl Bcerga 6yaeM MoJ-
YyaJuBO MpejrnosaraTb, UT0 3Ta NEpeMeHHas B pacCMaTpH-
BAEMOM BbICKA3biBaHUH paHee HE BCTpevaach.

Has moxkasaTesnbCcTBa BTOPOR YacTH TEOPEMbI BO3bMEM
MHOXKecTBO HHAMBHAOB C={c,}, KapAHHAJBHOE YHCIO KOTO-
poro paBsHO o’ W KOTOpoe He HMMeeT OOLIUX 3JeMeHTOB ¢
MHOXKeCTBOM uHauBHA0B M. BBenem MHoxkecTBo Kj=
={~E(cy b,)} (rae b, npoberaer Bce pa3auyHble 3JeMeH-
™ M, a c¢y— Bce 3geMmentnt C) M MHOXecTBO Kp=
={~E(cy,, c,)} (rne ¢, ¥ ¢, HezaBHCHUMO npoleraior sJe-
menthl C). Kapanuaabhoe uucao Ky paBHo o’ -a=a’, a Kap-
AuHanbHOe unucao Ky paBHo o’ - a’=a’. PaccMorpum MHOXe-
CTBO

H=S8(M) UK;UK,.
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Kapnunansuoe uncno H ectb a+a’+o’=a’. Mbl X0TUM 1O-
KasaTh, uTo H HenpoTuBopeuuBo. Ecau 310 He Tak, To TOria
(cM. mepByIO YacTh J0Ka3aTebCTBA) CYILECTBYET OJMH 3Jle-
medT X us S(M) ¥ KOoHeuHble TMOIMHOMKECTBa KicK u

7 4 4 7
K3 = Kz rakue, uto {X} UK1UK2 nporusopeunso. Ki co-
CTOHT M3 KOHEYHOro 4uc/a BbicKa3blBaHuil Buga ~ E(c,, b,),
a Ks— W3 KOHEUHOro  Yuc/Jaa  BHICKA3biBaHUM  BHAA
~E(cy, ¢,). O6Go3nauum uepes 1/’([71,/. L by e, o, €)
KonbioHKIHIO Beex snaementoB KiUK: (B sanucn Y yka-
3aHbl BCe BXOJSIME B Hero MHAMBMAL). B Takom cayuae
Z=XNY(by, ..., bj, ¢1, ..., ¢;) IPOTHBOPEUHBO, a 3TO, KakK
" paHblie, BJedeT  npoTduBopeunBocts  XA[Jz ...
L.3zY by, ..., by o2, ..., 2)] Tlockoasky X €S(M), X
ctuiHo B M. [3z,...3zY (by, ..., bj, 21, ..., 2)] Takke
HMeHHO B M, Tak Kak HCTHMHHOCTb 3TOTO BBICKA3LIBAHHS B
"
M 3KBuUBajieHTHa CYUIECTBOBaHMIO 0OBEKTOB by, .. ., b7 u3

M, nast kotopeix B M nmeer MecTo Y(bl, oo bp b?, ey b?)

Ho nocnennee BbiCKa3blBaHHE HCTHHHO TIpH J1I006BIX

* *®

b1, ..., b;, KOTOpBIe MONApPHO Pa3JHUHBl H OTAHUHBI OT 3Je-
MeHTOB by, ..., b;; Takoll BpiGOp Bcerga BO3MOMKEH BBHIY
6eckorneunoctu M. Taxum obpasom, Mbl 3akjwdaeMm, uto H
HENPOTHBOPEUHBO U HMEET MoJleb M’. KapauHa/jbHOE YHCIO
M"Za’, Tak xaxk sjementTnl C noOmapHO pasjUyHbl (Hepas-
b)) B M’. C npyroli CTOpOHBI, MOCKOJBKY &’ ecTh Kapau-
HaJbHOEe 4YucJa0 1, Mbl MOXKEM MpearnosaaraTb, Kak U BHILIE,
yTo KapjauHasibHoe uucao M’ He Goubue, uyem a’. Mrak
KapauHasibHoe uucao M’ paBHo o', u, kpome Toro, M’ eCTI;
sjJeMeHTapHoe paciudpeHde M, Tak kKak M’ — mozenn
S(M). Teopema NOAHOCTBIO AOKa3aHa.

Kak npasujo, B alrefpauuyeckux CTPYKTypax HMeercs
OTHOILEHYE PABEHCTBA W YHCJO OTHOLIEHUH KOHEYHO, TaK UTo
Takde OGecKOHeuHble (oTHOCHTeNbHO E(X,Yy)) CTpPYyKTypbl
yHOBJIETBOPSIOT YCJOBHSIM TEOPEMbl 3.2.8. Hecmorpa =a
3TO, TOT cayuail, KOrja YHC/IO OTHOIICHHH NPEeBOCXOJIUT YHC-
JIO MHAHBHIOB, IPEeACTaB/sieT 3HAUUTEJbHBIN HHTepec. Mc-
MoJb3ysi paccyXKAeHHs, MOAOOHbIE TEM, YTO NPOBOJUIHCH B
AoKaszarebcTBe 3.2.8, HETPYAHO MOKa3aTh, UTO €CJH CTPYK-
typa M c otHoweHuem paBeHctBa E(x, y) Geckoneuna (or1-
HocuTeabHo E) u o — Mwoboe KapAUHAABHOE 4YHCA0, KOTO-
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poe He MeHblle CyMMbl KapMHAJbHBIX YHCE] OTHOLICHUI U
o6bekToB (T. €. He MeHbllle KapJAMHAJAbHOIO YHMC/a OTHOLIE-
HI#, €CJH MOUIIHOCTb NOCJAEJHUX BoJibllle, YeM MOUIHOCTb MH-
AMBUJIOB), TO CyIIECTBYeT JeMcHTapHoe pacuuperue M c
KapAuHaJAbHBIM uxcaoM o, BO3HHKaeT, OfHAaKO, BOMPOC,
MOKHO JH B CJydae, KOTJa 4uc/i0 OTHomenuit M Goiblie
yucsaa MHAMBHAOB, HalTH CTPYKTYpy M, KapAuHa/JbHOE YHC-
710 KOTOpOil 6biio OBl Takoe e, kak u y M, n kotopas sB-
Jsinach Obl HeTPUBMAJbHBIM 3J€MEHTAPHBIM pacIlHpeHHEM
M B TOM CMbIC/ie, UTO B 3TOH CTPYKType Obl1 Obl XOTb OJAUH
WHAMBMA, OTMHYHEIR OT BCeXx saeMeHToB M. B HeKoTOpBIX
caydasx OTBeT OyJeT OTPULATENbHBIM, KaK MOKa3biBaCT T€O-
pema 3.2.9, npuHaanexauias PaGuny.

[Tyctb A — GecKoHEUHOE CUETHOE MHOKECTBO M MyCTb Ha
A onpepeseHO OTHOLIEHHE PaBEHCTBA E(x, y), sBasiouleecs
TOK/IECTBEHHbIM, HWHuIMM ciaoBaMu, E(a,a) ucTHHHO Aas
Beex a € A u E(a, b) soxHO 445 MOOBIX Pas/IHUHBIX 3JeMeH-
ToB @, b us A. Pacrionoxum s/ieMenTnl A B Buje GecKoHeu-
Ho#i mocsenopatenbrocty, A={ao, ai, @, ...}, U onpejesuM
orhnoutenue P tag, uto P(a;, ap) MCTHHHO TOTAa ¥ TOJBKO
toraa, korga i<k. Takum oGpasom, P ecTb OTHOIIEHHE TO-
psifiKa, Onpeiefsionlee YNopsioueHHoe MHOMECTBO THNA O.
[TpenmosoxuM, HAKOHEL, YTO KaxKJOMy NOAMHOKECTBY B u3
A cOOTBETCTBYET OJHOMECTHOE OTHOLIEHHE Qs(x) Takoe, uTO
Q5 (a) MCTHHHO B TOM H TOJBKO B TOM Ciyuae, KOrla a € B.
Bce 5Ti OTHOUIEHHWs ONpElesioT CTPYKTypy M, ans Koro-
poit A ecTb MHOXKECTBO OGBEKTOB, 3aMETHM, UTO THCIO STHX
OTHOLIEHHH paBHO 2%.

B panbhefimem HaM noTpebyercs OMMH pedy/bTar Cep-
[HHCKOTO O CYIIECTBOBAHHHM COBOKYMHOCTH R CUETHBIX MOA-
VHOKeCTB MHOmecTBa A, Takoil, 4To nepeceuenye JoGbiX
JBYX 3JEMeHTOB H3 R KOHEUHO W KapIMHAJbHOE HHCIO R
pasuo 2%. ITycte By n By — /B2 9J€MEHTA U3 R, toraa aas
HUX uMeeTcsl BhICKasbiBaHue Xpp, YTBepXKAamwliee, 4TO ne-
peceuerne By u By COMIEPKHUT B TOUHOCTH 71 S/EMEHTOB, TAC
7 HeOTpHIATeJbHO W 3aBHCUT OT By M B,. Tpe6yemoe X 5z,
ecTb BLICKasblBaHHe

Ax, ... I VYIE (21, YAE (xo, YA .. NE (X0, )=
EQi(U)/\Qz(!/)L

7 A. PoGuucon
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FBﬂeHQ}BH gg-‘- OJHOMECTHbIC OTHOLUEHHS, COOTBETCTBYIOLIHE
'{éHHe é.i Hogyzggfgaxa CJerKa H3MEHseTCsl, ec/lu nepece-
) 3.29. Teopewa. Jwboe sremenraproe pacwupenue
%zﬁCToprygzye%ﬂ M, cc;\(/ilepwcau;ee XOTb OOUH 3/4eMeHT, OTAUY-
EHTO8
e . ., umeer Kapdurnaasvroe wucao, 6016-
uI[OKaSaTeJIbCTBO. Ilycte @ — snement M’, me pas-
Hbl HH OZHOMY 3/eMeHTy M. Herpyauo OﬁHapy)KI/I’Tb TOrAa
uro P(a;,a) uctuHHO Aas Beex a; € A. B camowm neJe ecau
P(a, a;) ucrunno nas HEKOTODOTO a;, TJe (>0, To a ILO’JI}KHO
ObITb PaBHO HEKOTOPOMY @ € A, k<i, TaK Kax TOT (akr, uto
HMEeTCs TOJIBKO [ — | 3jeMeHTOB u3 4, npenmeCTBy}c;me
@; (OTHOCHTeNbHO TNOpsiaka B A), BHIPAKaeTCA BLICKA3bIBA-
HHeM, npunapnexaigum S(M). B 10 ke Bpems BEHICKashbi-
ga(%x)e VO;CI[{P(ai, )V P(x,a;) VE (x,a;)] Takx)e npuHamiexur
, yAa ¥ BRITEKAeT UCTHHHOCTb P{a;, a) B M’. Auano-
THYHO, TIpH i =0 a; He paBHO a, TaK Kak E (a;, a) J0XHO, a }10-
TOMY P (a;, @) uctiHHo B M/, Kak H paHblue. ﬁyCTb Teneph B —
Ja1060e GecKoHeuHOe NMOAMHOMXKecTBO A K Qr(x) —-C(I))OTBET-
CTBYIOLI€E eMy OJHOMECTHOe OTHolieHHe. Torga cieaymollee
BbICKa3bIBaHHE NpHHAIexuT S(M): Y

VX 3YP (%, ) AQs () NIVAQs (2) D P (2, ) VE (2, x)
VP(y,2) VE(y, 2)]].
9’\[’0 BLICKA3bIBAHHE YTBEDIKAAET, UTO ISl KAXKAOTO X Cylie-
CTBYeT y, OOJbLINH, YeM X, KOTOPHIIl JeXHT B B n KOTOPBIH
ABJIACTCA MEPBLIM 3JeMEHTOM M3 B, 66abwum x. Ipyrumu
CJOBaMH, j €CTb NEPBLIH 3/J€MEHT IOC/Ie X, ColepKalluiics

11? B. Tax kak 3to BEICKA3bIBaHHE BXOAUT B S (M), 10 oOHO
*
aKxe HCTHHHO B M’, M, B YacTHOCTH, BBICKA3bIBaHHe

2ylP(a, y) AQyp(y) N\[V2Qx (2)2P(z,a)VE(z,a)V
VP(y,2) VE(y, )1

U 4
cTuHHO B M’. CnesoatenbHo, cymecTyer u NPHTOM

€IMHCTBeHHHH (B CMbic/e OTH
A OLICHUSA DABEHCTBA
ap u3 M’ takofi, uro P ) s

[P (a, as) \Q5(ap) AIVAQxs (2) oP (2, a) VE(z,a) V
V' P(ag, 2)VE (ag 2)]]).
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[lycts Temepb By u By — ABa pasnMuHBIX 3/€MEHTa M3
R u nycts by=ap ansa B=B, u bo=ap nnin B=DB, ¥YrBep-
saaetcs, uto by u by pasinunnt B M/, T. e. ~E(by, by) nc-
tHHHO B M’. JleiicTBUTeNbHO, TAK KakK X p,p, HCTHHHO B M,
1O cyliecrsyer a, € A Tako#, 4To

VylP(ax, y) 2 ~Qi(y)V ~Q:(y)]

WeTHHHO B M, a noromy uctunuHo u B M’. Ho P(ay, a),
P(a,b)) w P(a,by) BCe HCTHHHH B M’, cnenosartensHO,
P(ax, b)) u P(ap, by) TakxKe UCTHHHBI B M’ u corsacHo Ha-
MHCAHHMM Bbille BLICKAasbIBaHUAM by U by He MOryT ObiTb
paBubl. OGo3Haunm uyepes A’ MHOXKECTBO BCeX bj, cooTBeT-
crylomnx MuoxecrsaM B; € R. Tak Kak Kap/luHa/IbHOE YHC-
10 R paBHO 2% u oro6paxenne R Ha A’ sBisercs, KaKk Mbl
TOJBKO UTO BHAEIH, B3AHMHO OJHO3HAUYHBIM, TO KapAUHAJ/b-
Hoe uncao A’ Takxke pasHo 2%. OTciofia MBI 3aKja0UaeM, 4to
KapAHHAaJbHOe unca0 M’ He menblie 2%, 4TO H Tpe6oBaioCh
JIOKAa3aTh.

Jloka3aHHOE BhIlle YTBEPIKIEHHE eCTb BaXKHbIl MPHMEp
OfHOH W3 BO3MOXKHOCTEH, KOTOPbie MOTYT NpPEACTaBUTHCH,
ec/ly He BHIOJHEHH! yCJI0BHs TeopeMbl 3.2.8.

3.3. Mpo6aema npucTaBKH. PaccMoTpuM Kjacce N Bcex
nnd X B npeaBapeHHOH HOpMaJibHOH dopMe U3 s3blKa L ysa-
KOro MCUMCIEHHMSi MpPeAuKaToB. Mbl OyleM pasneisiTh Mo
X Ha [1Be 4acTH: MOCJIEI0BATEJbHOCTh €e KBaHTOPOB, HJIH
apuctaska (npeguxc)y, w mnd, HemocpeicTBeHHO cJelyro-
ast 3a NPHCTaBKOi, HasbiBaeMmasi marpuyei X. Brickasbl-
pannsi u3 N Mbl 6yaeM Kaaccu(puUupoBaTh MO CTPOCHHIO HX
MPHCTABOK CJIeJyIOMM 00pa3oM.

BA0OKOM KBaHTODOB CyLIECTBOBaHUS (COOTBETCTBEHHO
oBuiHocty) B mnd X u3 N Gylaem HasbplBaTb NOC/Ie10BaTENb-
HOCTb CJEAYIOUHX JAPYT 3a JPYroM KBaHTOPOB CYyMICCTBO-
BaHusi (OOLIHOCTH), KOTOpas He MOXeT OBThb pacliupeHa HH
BNpaBoO, HY BJeBO (JMH0O M3-3a TOTO, 4TO caelyonnil KBaH-
TOp ApYyroro THia, A¥GO0 M3-3a TOTO, YTO NPUCTABKA BbICKA-
3bIBAHAS] HAUMHAETCS WJM KOHUaeTcsi AaHHbIM 6Jokom). Ha-
npuMep, Bce GJOKM KBAHTOPOB B BBICKAa3biBAHUH

VuTIoVeVxIyIzQ (4, v, w, X, Y, 2)
c marpuueit Q Oymer Vu, 3o, VwVx, 3dy3z. byiem

’7*
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TOBOPHTD, 4TO N u3 N NpuHaLIeKHuT Kiaccy B,, n=0, 1,
2, ..., ecJaH oHa CONEPKHUT He OoJsee n GJ0KOB KBaHTOPOB.
Tak, Hanpumep, yKazaHHOE BEILIE BBICKA3bIBAHHE npuRanmie-
KT B, npu n>4. Kpome toro, B, MOXKHO pa3butb Ha JBa
nojaksacca caeayownM crnocoboM. CKa)KeM, 4TO 37eMeHT
X ns B, n=0,1,2 ..., npHHaaaexur A,, ecau X cojiep-
AT MeHee n 610KoB (1. e. X € B, ;) uin COAEPKHUT TOUHO
7 6JI0KOB, MePBBIH U3 KOTOPHIX COCTOUT H3 KBaHTOPOB 06I1[-
HOCTH. AHaJIOTHYHO CKaxeM, uTo X€E, ecau X€B,,_, uan
COePXKHT TOUHO 7 GJIOKOB, HAUHHAIOIUXCS 6JI0KOM M3 KBaH-
TOpoB cymecTBoBaHus. TakuMm oGpasom, By=Ay=FE, u Bo-
obwe B,=A,UE,. Ind us N moxuo KJacCHOhHIHPOBATh
W JAPYTHMH CNOCOGAaMH, Hampumep, MO UHCAY KBAHTODOB B
Kaxaom 6JoKe.

[on npobaemoii npucrasku nonumaercs packpeiTie
TEOPETHKO-MHOKECTBEHHBIX  (HJAH  TEOPETHKO-MOJAE/bHEIX)
CBOHCTB, KOTOPLIMH XapaKTepH3yIoTCsl MHOT000pasys CTPyK-
TYp, 3alaHHbIX BEICKA3LIBAHHAMHU C NPUCTABKAMH H3 HEKOTO-
poro knacca. Mbl He 6yieM NHITATBC BHISICHUTH TOUHOE
3HAYEHHE 5THX CBONCTB B TOM CMbIC/Ie, YTOGB ONpEieUTh
X [OCPEACTBOM KaKOro-HHGYAb GOpMasibHOTO MpaBH.IA: OI-
"HAKO B JfajibHedmieM OyAeT NMOKas3aHo, YTO s HEKOTOPbIX
KJI4CcCOB CTPYKTYyp mpobJjemMa NPUCTABKH HMEeT MpOCThie H
3aMeuaTenbHble peIleHH.

BrickasbiBane X 6yneM HasbiBaTh ycroduusein npu
pacuipenuu, eci BCAKHIE pas, korna X HCTHHHO B CTPyK-
Type M, ono mcTHHHO B sM0GoM pacmupenun M. Bbickasbi-
Banne X OyieM HasbiBaTb YCTOU4UBLIM Npu ozpanuuenuL,
ec/In BCAKHE pas, xorga X ucTHHHO B M, X HCTHHHO W B J10-
Goit noactpyktype M, B koTOpoit X onpemeneno. Ecam X
YCTOHUUBO IIPH PACIIHPEHHH W MPH OTPAHHUCHUH, TO 6ynem
HasbiBaTb X unBapuantHoin. ToBOps o ToM, yto X YycToti-
4u60 (Ges mosicHenuit), OyieM MOApPasyMeBaThb, uTo X ye-
TOWYHMBO NPH PACIIHPEHHH.

B KOHKpeTHBIX CHTyauusx, kKak npasuso, 6oJiee HHTe-
PECHO paccMaTpHBaTb He BCE CTPYKTYpHl, a TOJBKO TakHe,
KOTOpbIE SIBAAIOTCA MONENSMH HEKOTOPOTO Harmepen 3ajian-
HOTO MHOXECTBa aKCHOM (HampuMep, BCe IPYNNbI, Bee moJst
W T. 1m.). TlycTs nano muoxecrso axkciom K, Tornd X O6ynem
Ha3bIBATb YCTOUUUBLIM (NpU PACWUPERUL) OTHOCUTEABHO K,
ecad BCAKHA pas, Korna X HCTHHHO B Mofedan M MHOKe-
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crea K, X uctunHo u B Jaw6o#i monmenun K, kortopasi sB-
aserca pactupenueM M. CoorBercTBeHHo X OyjleM Ha3bl-
BaTb YCTOU4UBLIM NpU O2panuderul oTHocuteavro K, ecan
BCSIKMIL pas, Korja X HCTHHHO B Mojenn M MHo»kecTBa KJ
X Tak:kKe MCTHHHO W B J1060#l nmoacrpyxkrype M, B KoTopoil
X ompeneneno u koropas sisasiercs moaennio K. Ecaum X
yCTONYHBO NMPU pacCHIMPEHHH M OTPAHMYEHHH OTHOCHTE/BHO
K, To X 6yaem Ha3blBaThb UHBAPUAHTHOLM OTHOCHTeNbHO K.
[TonoGuble onpejeneHus] IPUMEHAKTCS TAaKkKe H B TOM Cly-
gae, KOTjJa BMecTo X paccMaTpPHBAeTCss MHOXKECTBO BBICKA-
sbiBaHui .

B nasbHefiiemM HaM NOHaZ00ATCSt aHAJNOTHYHBIE HOHATUS
OTHOCHTEJIbHO [IPeNKaTOB, U BBEJICHHE HX B HACTOSLIMIT MO-
MEHT TpeICTaBisieTcss Haubo/ee LeJqecoo6pasHbiM. HyCI}“VI;
Q(x1, ..., X,) — NpeAUKAT, ONpeAeJeHHBIA B CTPYKTYype
(1. e. OTHOWIEHHST U MHAMBHAN Q npuHamiexar M). n-mep-
HOe AeKapTOBO mpocTpaHcteo M® Han M, n>]u, onpenetHM
KaK MHOYKECTBO /1-4/JeHHbIX ocaej oBaTespHocTedt (ay,. . . ,an),
Ha3BIBAEMBIX TOukaMu Mn, ¢ xoopdunaramu a; U3
M, i=1, ..., n Tlpu xenanud M MOXHO OTOXAECTBJATh C
M!. Byaem roBOpuTb, UTO NpeAHKAaT ( HCTHHEH B TOYKE
PEMr, P=(ai...,as), ecan Q(ay,...,an) HUCTUHHO B
M. Q HaszoBeM ycTolduBbIM (ApU pacuwiupenuu) B TOUKe
P€ M, ecan Q(ay, ..., a,) uctunHOo B M M BO BCEX paciuu-
peruax M. Q ycroduus 6 M, ecan Q ycTOAYMB BO BCEX TOU-
xax M, B KoTopbix oH ncTuHeH. M naxonen, Q HaspiBaercs
ycroliyussim, ecad @ ycToHUMB BO BCeX TOUKAxX, [€ OH HC-
THHEH, HaJ JI0OBIMH CTPYKTYpaMHu, B KOTOPbIX Q onpenenelz.
Anagnoruuso, Q ycrofiuus npu oepanuderuu B Touke P € Mn,
ecan Q(ay, ..., a,) ucTHHHO B M H BO BCeX MOACTPYKTYpax
M, B KOTOpHIX ompeje/eHo Bbickasbisauue Q(a, S an).
Q ycrtoiuuB npu orpaHuyenun B M, ecau oH yCTOI/E{HB npu
OTpaHHUEHMH BO BCeX Toukax M7", rae Q wctuHed. Ecau 318
BEPHO A5 BCeX CTPYKTYP, B KOTOpbix Q onpeseieH, To (
Ha3bIBAETCS YCTOHUMBBLIM NpH orpanuuenun. Eciu Q ycroii-
YUB MPH PACIIMPEHHH W NPH OrpanuveHHy Aas Jo6oro U3
TPeX TOJAbKO YTO ONpeleJeHHBIX BH/IOB YCTOHUMBOCTH, TO Q
Gy/leM HasbiBaTb UHBAPUAHTHBIM, COOTBETCTBEHHO HHBA-
pHaHTHBIM B TOUYKe, B JA4HHON CTPYKType WJH NPOCTO HH-
BADUAHTHBIM. Mbl MOXKeM peJATHBH3UPOBATb ITH MNOHATHSA,
OIDAaHHYMBIUINCH, KaK 5TO [JeJanoch paHee, MOACIAMH
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A@HHOTO MHOXecTBa akcuoM K. B stom cayuae M rtakixe
npeanosaraercst modeabio K. Hanpumep, Q yerofiuus B touke
PEM» van M, eciu B rouke P Q uctunen 8 M u B JI06BIX
pacumpenusax M, spisiomuxcs Moseasmun K. Q ycroiuus,
ecnd Q ycroiiuM Bo Bcex Mogenax K. Mbl moxkeM paccma-
TPUBATL IAHHBIE pPaHee OIpe/ie/leHAs] Pa3IHYHBIX THIOB yC-
TOMYHBOCTH H HHBAPHAHTHOCTH KaK YacTHble CJyYau ycro#i-
YHBOCTH W UHBAPHAHTHOCTH NpeAlKaTa (OTHOCHTEJBHO NaH-
HOTO MHOXKECTBA akcHoM). Kak HeTpyIHO BHjeTb, ycToiuu-
BOCTb B JIIOGOM CMbIC/Ie COXDAHSIETCS NPH B3ATHH KOHDBIOHK-
UMW HIH AU3BIOHKUHMH. TakuM 00pasoM, eclH NBa BBHICKA3HI-
BaHHs X u Y yCTOWYMBBHI TP OrpaHHUYEHHH OTHOCHTE/BEO
AaHHOTO MHOXecTBa akcuom K, 1o XAY u XVY ycrog-
UHBBI IIPH OTDaHUYEHHUH OTHOCHTeJbHO K U T. 1.

Eciu BrickaswiBanne X neycrofiunso (npu paciupenuu)
OTHOCHTE/JBHO MHOXKeCTBa BbicKasblBauuil K, To ~ X, xak
JCTKO YCMOTpeTb, HEYCTOHYHUBO TNpPH OrPAHHUYEHHH OTHOCH-
TeqbHO K. JleficTBUTENBHO, COMVIACHO NpeaNoNoKeHHIO cy-

wecTByIoT ABe Moxeaun K: My u M,, takue, uto M, ects pac-

mpende M; u X uctunso B M, HO JIOKHO B My, 1.e. ~X
JIOXKHO B My ¥ ucTHHHO B M., O6paTHo, ecan BHICKA3bIBa-
une X HeyCTOHUHBO NPH OTpaHUYCHHH OTHOCHTENbHO MHO-
KeCTBA BhICKasbiBanui K, 1o cyumecrsyor momesnu K: M,
u M,, takue, uto M, — pacuupenne M u X ofnpeneneHo u
JIOXHO B M), HO HMCTHHHO B M,. CaenoBarenvHo, ~X wue-
TUHHO B My, HO J0%HO B My, Mu noJjyyaem, TakuMm obpa-
30M, 4T0 X YCTOMYMBO NPH PAaCHIMPEHHH OTHOCHTENbHO MHO-
’KeCTBa BbICKa3biBaHU# K TOrJa M TO/BKO Torja, Koraa ~ X
YCTOHYMBO NpU OTPaHHYEHHH OTHOCUTENbHO K. OTciofa Bbi-
TeKaer, 4To X HHBAPHAHTHO OTHOCHTENbHO K B TOM M TOJb-
KO B TOM ciyyae, Korjia ~ X MHBaDHAHTHO OTHOCHTeNbHO K.
CootBercTByOWN pe3ybTar BEPEH, pasyMeeTcs, H AJIs pe-
AAKAaTOB.

MHokecTBo  BhICKasbiBanuii H Hazoeem KOHBIOHKTUE-
KoM, ecau ana awbeix Xy u X, uz H cyuectsyer X;€ H
Takoe, uto Xy AXy==X, apasercs Teopemolt. H KonwroukTus-
MO OTHOCUTEAbHO JAaHHOTO MHOMKECTBA BHICKa3bIBaHMi K,
ecau ans aobeix Xy, X, € H cymectsyer X,€ H Takoe, 4TQ
K—=X/AX:=X, Auajsoruunvie ONpeleeHUsA TPHBOASAT K NO-
HSITHIO JU3BIOHKTHBHOTO MHOMKECTBA W MHOMKECTBA, IH3b-
IOHKTHBHOIO OTHOCHTEJNBHO JAHHOTO MHOXKECTBA AKCHOM.
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[1pu paccMoOTpeHHM COOTBETCTBYIOIIUX OINpeje/eHull /s
IIPOH3BOJBHBIX NN HeoO0XoouMa HEKOTOPas OCTOPOMKHOCTE.
Mbl 6yaeM TOBOPHTb, YTO MHOKeCTBO NN H KOHBIOHKTHB-
Ho, ecau s ao6uix Xy, Xo€ H cymecrByer X3€ H rtakoe,
4TO

Vy1 . Vyn[X1/\X2§X3]

AABJSIETCS TEOPEMOM, I'e KBAHTOPLI OGIIHOCTH MPOCTaBJeHbl
AJs BCeX CBOGOAHBIX nepeMeHHBIX B dopmyde Xj/AXo=Xs.
3aMeTHM, YTO COIVIACHO 3TOMY OMNpEJEeEHHIO BIIOJHE MOXKET
OKa3aTbCsl Tak, YTO MHOXeCTBO H, cocrosiilee U3 JIBYX Mipe-
mikatoB Q(x) ¥ R(x), KOHBIOHKTHBHO, B TO BpeMs Kak
muoxectBo J={Q (x), R(y)} TakoBuiM He siBisiercss. Ilyctb,
HanpuMep, A4 u B — nBa 0JHOMECTHBIX OTHOIUEHHS W IIYCTb

Q(x)=A(x), R(x)=A(x)\B(x).

Torna Vi[Q(x) AQ(x)=Q(x)], Vx[R(x) AR(x)=R(x)] u
Vx[Q (x)AR(x)=R (x)] Bce 6yayT TeopeMaMi, H noromy H
koHbOHKTHBHO. Ho Hu VxVy[Q(x) AR(y)=Q(x)], Hnu
VxVylQ(x) AR (y)=R (y)] He ABASIIOTCS TeopeMaMH, cJeo-
BATeNbHO, J HE KOHBIOHKTHBHO.

KOHBIOHKTHBHOCTh ~OTHOCHTEJBHO JIAaHHOTO MHOXKECTBa
BLICKA3BIBAHHN M JM3BIOHKTUBHOCTb ONpPEAESIOTCS COOTBET-
CTBYIOILIUM 00pasom.

V3 caeniaHHOrO paHee 3amMedYaHHs BEITEKAET, UTO MHOMKe-
cTBO H BCex BBICKA3bIBAaHWH, YCTOHUMBBIX (MJIH YCTONUMBBIX
npu OrpaHUUEHHH) OTHOCHTENbHO MHOXKECTBAa BbICKAa3bIBa-
nuii K, siBasiercsi KOHBIOHKTHBHBIM H JHU3BIOHKTHBHBIM OT-
HOCHTE/IbHO 3TOI0 MHOXKecTBa., AHaloruueo, eciau H ects
MHOXECTBO BCEX NpeNHKAaTOB (co CBOOOJHBIMH NepeMeHHBI-
MH X1, ..., Xn), KOTOPBiE€ YCTOHYHBBI OTHOCHTEJIbHO MHOXe-
ctBa K, To H KOHBIOHKTUBHO M AU3IBIOHKTUBHO. Takue xe
paccyxaeHus MPUMEHHMbI, ecJu OrpaHH4YUTb H KaKMM-HH-
Oyab crenuaJbHbIM CA0BapeM.

MuoxecerBo By=A,=E,, onpelejedHoe B Hayaje 3TOTO
pasznena, ABASETCH KOHBIOHKTHBHBIM H JU3BIOHKTHBHBIM; TO
XKe camoe BepHO W s A, u E,. MHoxecTBo B, He KOHbD-
IOHKTHBHO, KaK OyJeT MoKas3aHo B 3TOM pasjeje HeMHOro
nosxe. IIpu 1mOKazaTenbeTBE KOHBIOHKTHBHOCTM A, U Ep
paccMoOTpHM, s onpeleneHHocTH, Kjaace Az Tumuunbimu
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9JIEMEeHTaMH KJacca Ag ABJSIIOTCS YIH(I) BHOa
X1=VUJ1 .. .ng3x1 . .E!thy1 . VyiQ(wi, PPN

vy Wey Xty ooy Xy Yty ooy Yoy Z1 o ee, 25)
1 nnd Buaa
Xo=Vw,... VwrIxy... x,Vz . .. Vz,Q:(w,, ...

., Wp, Xy, ceey X 24, ooy Zm, !/1; Ceey yp)7

rae g20, h>0, i20, j>0, k20, [0, m>0, p>0. 3ame-
THM, UTO B HauleM npHMepe nepemeHHbie U3 Xy u X, mepe-
KpbiBatoresi. Jlais Toro utoOnl Ha#iTu moaxoisiiee Xz 3ame-
HUM CHayajla nepeMeHHble Wy, Xg, 2, B X, Ha S, t;, Ug U
liepeMenHble y, B X; Ha U, COOTBETCTBeHHO. B pesyﬂngTe
NOJy4HM BbickasbiBaHus Xi M X5 Takue, 9To

FVa. . VzXi=X{] FVy...Vy[Xo=X,].

B o6oux BbICKA3bIBAHHAX MBI MEHSJIH TOJLKO CBSI3aHHLIE IIe-
peMEeHHbIE 1Js1 TOTO, 4TOOHI CBOGOHbBIE nepeMeHHble OOHOro
BbICKAQ3biBAHHA He IIEePpEKPLIBAJUCbL CO CBA3AHHBIMH nepe-
MEHHBIMH ApPYTroro. OHpe,[leJII/IM Tenepb BbICKa3blBaHUeE:

X3=Vw1 . VZQ/'gVSi e VSkElxl . Exhgt] e
oo 3nVo L VoV Vg [Q(wy, ...
vy Wg, Xty ooy Xn, Uty ony Uy 21, . ee, 25) AQa(Sy, ...
voy Sk, ti, ey fl, Uy, ooy Umy Y1, ooy yp]
Torna, Kak Jerko BujieTb, BHICKa3biBaHHe

Vzi...Vz;Vy, .. Vy[X A X = X}

€CThb TeopeMa Y3KOTO HCUHC/IeHHs NPeIHKaToB (NepecTaHoB-
Ka KBaHTOPOB BO3MOXKHA, TaK Kak HexejaTeJbHbie mnepe-
KpbiTust nepeMeHHbIX B Xy u Xy yerpauenst). Ecau cayuaii-
HO OJlHa W Ta e CBOOOAHAR MepeMeHHass BeTpevaeTcs B X
H Xo, TO MBl €€ OCTAaBHMM 0(e3 H3MeHEeHHs. DTOT NpHMep HJ-
JIOCTPUPYET TO paccy/JeHue, KOTOPOe COBEPUIEHHO aHa-
JIOTHYHO MPOBOAHMTCA B OOLIEM Cayyae.

OueBuaHo, 4To ecau B Kaaccax A, u E, OTpaHUUYHUTbCS
TOJIbKO COACPKALIUMHUCS B HHX GbICKA3bIBAHUAMU, TO TOJY-
YCHHbIE MHOKecTBa OyAyT MO-NpPeKHEMY KOHDBIOHKTHBHBI U
AU3BIOHKTHBHBL, To ke camoe BepHO M5 NN MM BbICKa-

3bIBaHUH, CPOPMYJIMPOBAHHBIX B TEPMHHAX HEKOTOPOTO Che-
LHaJbHOTO CJAOBapS,
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O BHICKA3bIBAHUAX, cofepKaluxcsi B Kiaacce Ag=E,, Mbl
6yseM TOBOPHTL, YTO OHH GeCK8aHTOPHbLE. Jlerko mnpose-
psieTcss  (OCPEACTBOM DACCYyXKAeHH:, INPOBENEHHOrO paHee
JJIsg 4aCTHOTO TUNA CBOGOAHBIX BBICKa3biBaHMi), uto Gec-
KBAHTOPHO® BHICKa3blBaHHE HHBADUAHTHO. BrlcKasbiBaHHe
X, npunamiexamee Knaccy A;, OyleM Has3HBath YHUBED-
CQAbHbIM BHICKA3bIBAHUEM,

X:Vy1Vth(y1, ey !/h)»

rie Marpuia Q He COAepXKHMT HAKAKUX KBAHTOPOB. [Tpenno-
J03KHM, uTo X HCTHHHO B CTPyKType M H olpelejeHo B ee
noAcTpykType M’, HHBIMH cJ0BaM#, OOBEKTHI, BXOAAIIWE B
X, comeprkarca B M’. flcHo, uro X ucrunso B M’. [elicTBU-
TeNBHO, MyCTh a1y, . .., @y — MPOU3BOJIBHbIC MHAMBHUIbI A3 M,
Torga BoickasbiBanue Q(ay, ..., @) HCTHHHO B M u, 6y-
Jlyud GeCKBAHTOPHBIM, UCTHHHO TaKXe B M’. Takum obpa-
3oM, X UCTHHHO B M’, 4TO O3HauaeT yCTOHYMBOCTD X npu
orpaHUYeHHH.

BoO3HHKaeT eCTECTBEHHBIH BONpPOC: BEPHO JH obpaTHoe,
T. e. BCSKOe JIM BbiCKasbiBaHue X, yCTOHYHMBOE IpH OrpaHH-
JeHuu, HeO6X0ANMO ByjeT yHuBepcanbHbiM? OTBeT, Kak Jier-
KO BU/IETh, OTPHIATEJbHBIH, MOCKOIbKY BCe TeopeMbl yCTOoU-
yuBbl TIPH OTpaHuuyeHHH. JIOTHYHO, OJHAKO, OXHIaTb, 4TO
nanHoe X GyNeT SKBHBAJEHTHO YHMBEDCAJBHOMY BbICKa3bl-
BaHMIO, U 3TO, Kak Oyjer MoKa3aHo, Ha caMOM JeJie BepHO.
Jlis foKasaTenbCcTBa TOTO pe3ysabrata HaM IPUAETCS pac-
CMOTPETh HECKObKO Gosee OOLLYI0 CATYaUHIO.

I[ycth K — MHOMKeCTBO BbICKA3BIBAHUH (ono Gymer uK-
CHPOBAHO BO BCEX AaJbHEHIINX pacCMOTPEHHsX) H nycTb X
u Y — 1Ba BhiCKasbiBaHUsi, onpelesennble B K, a crefosa-
TeqbHO, ¥ BO Beex moxeasx K. Mel xornm HaliTH YCJOBHSA,
npu KOTOPBIX BCAKHil pas, KOrjaa X wctuHHO B Mojeau M
vHomecrsa K, Y wcrumHO B qi06oit mogcrpykrype M'cM,
siBasiorelicss Mojeaplo K. Kak HeTpy/lHO 3aMeTHTb, 3TO 3a-
BeJOMO GyJeT TaK, eC/lH CYLIeCTBYET YHHBepCa/bHOE BbICKA-
3piBaHue Z, onpejeJgeHHoe B K, taxoe, uto KHX>Z u
K—Z>Y. B camom jede, Tak Kak X H X>Z ucTuHHL B M,
To Z TaKKe HCTMHHO B M, H, cienoBaTes]bHO, KaK YHUBED-
cajbHOe BbICKasbiBaHuwe, Z HcTuHHO B M’, a TOCKOJIBKY
Z=Y toxe ucTHHHO B M’, orciona u BEITEKaer, 4to Y
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uctunHo B M’. Caenyromas Teopema yCTaHaB/JAUBaeT capa-
BEJIMBOCTL 06PaTHOTO YTBEPXKAEHHSL, P
3.3.1. Teopewma. llycro Oanvt swickazvieanus X uy Y
onpedeaennvie 8 K u takue, 4ro scakut pas, koeda X uc:
TUHHO 8 modesu M muoxecrsa K, Y ucrunno ’3 210601 noo-
cTpykrype M’ cTpyxryper M, aeasowelcs modeasro K
Toeda cywecreyer ynusepcarvuoe svickasvisarue 7. on e
deaennoe 6 K, raxoe, uto K-XoZ u K-Z>Y » onpe
HokasarteabcTno. [Tycte  H — MHOXecTBO Beex
YHHBEDPCa/bHbIX BhIcKasbiBanuil W, onpenenenubix B K, Ta-
Kux, 4yto Ki=-X>W. Kak serko yeMotpeTh, H KOHBIOHKTHB-
HO M AHSBIOHKTHBHO. PaccMorpum mHoxectBo J=KUH U
U{~Y}. Honyctum, uro J HEIIPOTHBOPEUHBO H MycTh M/ —
mojgear J. Orciona cormacHo yeaosuio TEOPEMBI CJAEYET, 4TO
He CYUIECTBYeT HHKAKOro pacuiupenuss M CprKTypr,M/
KOTOpOe 6blIo 6Bl MOJeAbI0 K U B KOTOPOM HMedo 6bl Me-
cro X (B mpoTUBHOM cayyae Y GbIO Gbl HCTHHHBIM B M)
Takum  obpasom, KUD—~ ~ X, rre D’ — muarpamma M.
gix OCBIUHO, 3aK/II0YaeM OTCIOfa, YTO KUD*~~X rﬂé
— HEKOTOpOe  KOHEYHOe NOAMHOXecTBo [, ﬁycrb
Qay, ..., ay) — KOH'BIOHKIIHSI BCeX 3JeMeHToB D* e siB-
HO BHINHCAHDI JIMIIb MHAHBH/H, HE [PHHATEKALLIHE K (ec-
Ju OHH BooOIle ecTh). Mbl MOXeM Bceria npeanoJsararh
uro D* nemycto, BBOAS, €C/iM 9TO HEOGXOLHMO HpOPI3BO.Hb-,
Hbin aemMentT us D’. UmeeMm Torua K—Q(ay, apyo~X
v, crenposatenpio, KXo ~Q(ay, ..., ax). ’ Tak xak

@i, ..., ay He comepxarcsa B K u, C/1e[I0BaTe/bHO, He colep-
Karest B X, TO MBI noJydaem, 4To

K—X>o[Vz ... Va[~Q(z, ..., 211,

A€ NECPEMCHHbIE 2y, ..., 2, He BXOAWIHN paHee B Q. Takum
o6pa3om, BbicKasbiBanne W=Vz, ... Vau[ ~Q (2 ' 2)]
ABJIACTCA 3neMeHTOM H M, clefoBaresbHo, I/ICTI/I;{HO.;} Aél’
Ho ~W SKBUBaJIeHTHO 37y ... 32,Q(zy, . . ., 21), a 3710 BbI-
CKasbiBaHHe HCTHHHO B M’, Tak Kak Q(ay, .’ ap) ecTb
KOHBIOHKUMSA 3/EMEHTOB 1uarpaMmel M’ u HOTOM,y UCTHHHO
B M. flcHo, onnako, uto W u ~ W ue MOTYT OBITh OJHOBpe
MEHHO MCTHHHBI B M’ u, cienoBaTenbHo, npeﬂnonomeﬂug(;
HCMPOTHBOPEYUBOCTH J OKa3biBAeTCS HEBEPHBIM Orcrona
CJelyeT CYLIeCTBOBAHHE KOHEYHOrO no,aMHomecrﬁa H¥*cH
Takoro, uro KUH*U{~Y} nporusopeunso. Ml Momem
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ppeanonaratb H* nemycToim. [leHCTBUTE/NBHO, A5 MPOU3-

BOJBHOTO oTHOwWeHMs A (xy, ..., ¥,), NPUHAJJIEKALLEro CJI0-
papio K, n>>0, sbickasbiBanue V... Via[A(xy, ..., x0)V,
V ~A(xy, ..., X)) npuHagnexut H, u npu KejaHuu Mbl

MOXEM BBEeCTH 3TO BhicKasbiBanue B H*. Ilyctb Z — yHH-
BepcajbHOe BbICKA3blBAHHE, 3KBHBAJEHTHOE KOHBIOHKIHH
snementoB H*, torga Z€H u K—~[ZA\ ~Y]. 910 03Ha-
yaer, yto K—Z>Y, 1. e. Z ynosaersopsier Tpe6yeMoMy yc-
Jgosuwo. Teopema fokasaHa.

TIpeanonoKuM, B 4aCTHOCTH, 4To X coBmanaer ¢ Y. Tor-
na K—=X=7 u Mbl nojyuaeM CAelVIOLWIMH pe3yJabTar.

3.3.2. Teopewma. llycto X — sbicKasbisanue, onpede-
LeHHoe 8 MHOxcecTee 8bicKasvisanuli K, raxkoe, uro scakui
pas, ko20a X uctunno 8 modeau M muoxcecrsa K, oHo uc-
TUHHO Takdce u 80 8cex nodcTpykrypax M, Kortopbie 8-
astorca modeaamu K (Opyeumu caosamu, X ycTodiyuso npu
oeparuuenuu orhocutesvro K). Toeda cywecteyer ynusep-
carbHoe avickasvieanue Z, onpedeaennoe 8 K, Takoe, 410
K—X=2Z.

B TOM BHJe, KaK OHM HamUCaHBl, OCAEJHHE TeOpEeMbl He
NPUAOKUMBL K TOMY cjyuaio, korga K mycro, mockoJbKy
OMMCaHHBIX BbicKasbiBauuih X u Y npocTo He CyIIeCTByer.
Tem He MeHee, IPMMEHHB HECJOXKHDBIH IpuUeM, Mbl MOJYUHM
CJEYIOLIYI0 TeOpeMY:

3.3.3. Teopewma. [Tycte X u Y — dsa sbickasvleanus,
Takue, 4T0 8cAKuil pas, koeda X ucTurro 8 cTpyKType M u
Y onpedeseno 8 nodcrpykrype MM, Y uctunno 6 M'. To-
2da cywecTeyeT yHUBepCaAbHOe BblCKA3bl8anue Z, OTHOUiE-
Hus U uHdusudsl KoTopoeo codepscarcs 8 X uau 6 Y, Taxoe,
auro X\-Z u ZF-Y.

Jlasi Toro utoObl cBectd 3.3.3 k 3.3.1, BBOAMM MHOXe-
CTBO BbiCKasblBaHWB K, cocrosilliee M3 KOHEYHOrO UHC/IA
Teopem, BCe OTHOUIEHMS M WHJMBHABI KOTOPHIX COAEpKATCHA
B X uau Y ¥ tonbko B HHX. Takum 0oOpasoM, ecJd OTHOIe-
ne A (X1, ..., Xn) Bxoant B X uau Y, n>>0, To no onpese-
nenuto BKalouaeM B K Boickaspianne V... Vx,[A(x), ...
oy X))V ~A(xy, ..., Xn)]. AHasoruusO, ANS JI10GOTO 06D~
exra, BXoasilero B X uau B Y, BK/IOUaeM B K xakoe-HH-
Gyab BoickaseiBanne Buga A(b, ..., by ~A(b, ..., b),
rie A — OfHO U3 oTHoLIeHHl, cofepxkawuxcsi B X wau B Y.
Taxk onpeaenennoe K ygosnerBopsier TpeGOBaHUAM TeOPEMBbI
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3.3.1. B camom sese, npoussosibHas cTpykTypa M ectb Mo-
Aeadb K npu TOM JHIUb yCAOBHH, Y4TO Bee OTHOIIEHHS H UH-
AMBHIbL, BXoAsuHe B X Wiu B Y, coaepxkatrcss B M, Orciona
ecid X HCTHHHO B Mofeiu M MHOMXecTBa K, 1o Y I/ICTI/IHH(;
?(o Ecex NOACTPYKTYpax M, KOTOpBIE ABJASIOTCH MOAE/SIMH
x ! BI/I/l}f 3.3.1 cymeCTgyeT YHHBEPCAJbHOE BLICKa3bIBAHHE
,aé HI;IEQJ_ICJIEH;OG B K (1. e. oTHOWeNHS U MHAMBUABLI Z cO-
pe%\)m. TC B A Wan B Y), takoe, uto XoZ u Z5X — teo-
B wacrHocth,

npu3fe'4.a Teopema. Ecau soickazvisanue X yerotuuso
PAHUYERUU, TO CYU4ECTEYET TAKOE YHUBEPCANbHOE Bbi-
cKasviBanue Z, oTHOWERUA 1 UHOUBLObL KOTOpo2o npunad
aexcar X, uto Z 3KsusaientHo X. punac:
Brickasbianue X, comepxatueecs B E, OyAeM HasbBaThb
OKBUCTEHUYUAAbHOILM BbICKA3LIBAHLEM. 9K3[/I’CTEHL[HaJIbHO€ BHI-
CKasbiBaHWe, Kak JIeTKO BHJeTb, ycroitunso. M3 Teopem
3.3.1—3.3.4 15 3TUX BHICKA3LIBAHUE BBLITEKAIOT COOTBET-
CTBYIOILHE PE3yJbTaThl, ABA U3 KOTOPLIX Mbl NPUBEAEM
3.35. Teopewma. Mycro sowckasosanus X u Y dzpe-
de/zet-tbvt 6 MROdMecTse svickasvisanull K rakum obpasom, uro
scakuil pas, koeda X ucrunno 8 modeiu M mroscectsq K
Y uctunno eo acex pacwupenusx M, ssasowuxcs Mode-
gzgu Ig Tozda cywectsyer sxaucrenyuaioroe 8bicKazbL-
}_ZL;,’Y., onpedenenroe 6 K u takoe, uro K—X=7 u Ki—
Hefictutensro, yeaosus Teopemb 3.3.1 O6yyT BBINOJ-
HeHbl, ec/iH X 1 Y M3 3T0li TeopeMbl 3aMEHUTD COOTBETCTRON-
HO HallUMH ~Y U ~X. B COOTBETCTBUH C 5TUM CYLIECTBYeET
yHusepcasbHoe  BhickaseiBanune Z'=Vy;...Vy,Q(y Y
cee, ka), onpenenentoe B K u Takoe, uTo K}—&Y:hZ’ W
K—Z ,3~X. Orcona cregyer, uto K—~2'5Y u K—X>
:~Zj] Ho Z’ sxBupanentno Z=3y,... Ay~ Q (y,
-, Yr)], xoropoe :
CKa3gIBaHHe. poe u ecTb TpebyeMoe 9K3UCTEHUHANbHOE Bhi-
3.3.6. Teopewma. Ecau svickasoisanue X onpedeneno
8 MHOXcecTse sblckadvieanul K u ycroduuso oTHOCuTesbHO
He2o, TO CYWeCT8YeT IKIUCTeHYUAAbHOE BbICKA3bI8aHue 7
onpedesennoe 8 K u raxoe, uro Kl—-X=1. ’

Jl p =
IICKa3aIE bCTBO It CBC’HHI: CB ‘LE iHeM K Iecp
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Hekotopbie ¥3 COOTHOMEHHH, HaJHYHE KOTOPBIX NPeano-
farajJoch B NPHBEJEHHHX Bblle TeopeMax (Hanpumep, Y
MCTHHHO BO BCeX pacCIIMpeHUsix CTPYKTYpbi M, B KOTOPBIX
OHO ONpejiesieno, ecau Tojabko X uctunHo B M), moryT pac-
CMaTPUBATbCS KAK HEKOTOPHE YacTHble CaydYau OTHOLICHWH
cnencTeus. ECTecTBeHHO CIPOCUTH, OyAeT JIM 3TO OTHOILEHHE
cJIeJICTBHS TOAYRHATBCA IPUHIHNY JOKAJU3AUHY UIH KAKOMY-
HUOYb APYTOMY IPHHUHIY Takoro poia. OTBeT Ha 3TO 1aeT

3.37. Teopewma. Iycte H— mHONECTBO BbICKABLIBA-
Huil 1 X — 8bicKa3bIBAHLe, UCTUHHOE 60 8Cex CTPYKTYpax,
8 KOTOpPbLX OHO OnpedeseHo u KOTOpble A8AANTC paculupe-
nuamu modeaei H. Toeda cywecreyer Konewnoe MOOMHO-
awecreo H' mrnomecrsa H, Takoe, uto Oaa aw06o020 pacuiu-
penus M’ modeau M mroocecrsa H’ X uctunno 8 M’, ecau
Toa0K0 X onpedeseno 6 M.

JlokasaTeabcTBO. PensTuBusupyeM MHOXecTBO H
¢ TOMOIIBIO OJHOMECTHOTO OTHOLIEHHs R, KOTopoe He BCTpe-
yaercs ud B K, vu B X (cp. m. 3.1). [lonyueHnoe MHOXKeCTBO
o603naunm Hy. X McTHHHO B Mw060¥ moaenn Hpg, B KOTOpOH
ono onpegedeno. Orcioja caeayer, 4To X BBIBOAMUMO H3 KO-
HeuHoTo noAMHOXecTBa H; muoxectBa Hp. IlycTb Hy, —
MHOKECTBO TAKHX JeMeHTOB u3 [, peasaTHBH3aUUsi KOTO-
pbix npuHaanexutr Hy (Hp, pasymeercs, KoHeuHo). Jlas Bes-
KOrO HHAMBHAA @, Takoro, uto R(a) € H,, mpucoeiuHuM K
H, BbicKa3biBalue n3 H, Bkiaouatoumee a. [ToaydenHoe MHO-
JKeeTBo o6osnaunm M. Kak Jserko BUJZETb, BbiCKasbiBaHue
X MCTHHHO B JIIOGBIX pacuiupenusx mojenein H’, B KOTOPBIX
OHO ONpejieieHo, 4YT0 U TpeGoBasoCh J0Ka3aTh.

Ananoruuso sepHa

3.38. Teopewma. [Ipednorodcum, 4TO BbICKA3bBIBAHUE
X UCTUHHO 8O BCEX CTPYKTYPax, 8 KOTOPbLX OHO onpedeieHo
U KOTOpble ABAAKOTCA NOOCTPYKTYpaAMU moleneli damnrHo20
mHoxcecTsa svickasvieanutt H. Toeda cywecrsyer KOHedHoe
nodmnoxcecteo H' muosxcecrea H, Takoe, 410 X uCTUHHO 80
scex nodcrpykTypax modeeii H', 8 xoropeix X onpedesero.

Il JoKazaTenbCTBA peasTuBH3npyeM X ¢ nomousio R,
0603HAUNB MONYUeHHoe BhicKaspiBanue Xgr. B aToM caydae
muoxectso H U{[IxR (x)]AXg} npoTHBOpEuUHBO, TaK KaK
vHaue ~ Xg 6bl10 ObI MCTUHHBIM B HekoTopofl mMozeaun M
MHoxecTBa H, KoTopas cojep:ana Gbl N0 MeHbIIeld mepe
OJIMH 3JeMEeHT &, YJ0BJeTBOPAIILKH R(x) (r. e. Tako#, 4to
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R(a) ncrusno B M). Ho toraa ~ X 6b10 66 MCTHHHO B
noAcTpykrype M’ cTpykTypsl M, Kotopas noayuaercs orpa-
HHYCHHEM OTHOWeHHH M Ha 3/1eMEHTHI, yOBJeTBOPAIOLIHE
R. TlocKoabKy 3TO IPOTHBOPEUHT NIPEANONIOKEHHIO TEOPEMBI
MBI 3akaiouaem, uto H U {{IxR (x)]N\ ~ Xz} npomsopethoj
OTC!OJIE} BBITEKAET CYLECTBOBAHKE KOHEUHOTO MOAMHOMKE-
crBa /I’ muoxecrsa H, takoro, uro H’F[3xR (x)]>Xg: H’
KaK JteTKQ BHAETD, sIBJAETCS] HCKOMBIM. S

PesyabraTel, nogo6ubie 3.3.7 u 3.3.8, MoxHO chopmy.u-
pPoBaTb OTHOCHTE/NBHO JAHHOTO MHOXKECTBA BBICKA3BIBAHHH
K. Hanpumep, mas 3.3.8 mbl moayuaem, npejanoJsarasi aas
mpocToThl, uto X onpefeneno B K, ciaeywoumyio teopemy:

3.3.9. Teopewma. ITycro svickasvisanue X uctunno 8o
scex modeasx mnoxcectsa svickasoisanuti K, koropvie ss-
Aa10TCA  nodcrpysktypanu mooereis KUH. Toeda cyuie-
cT8yer KoHeuuoe nodmnomcectso H’' muoscecrsa H, Taxoe
40 X uctunno 8o ecex modeasx K, koropote A6.4510TCH
nodcrpysrypamu modereti KU H’.

BBH1Yy u310KeHHOTO, IOCTATOYHO JMHIIL YKa3aTh OGLIMil
XOJ AOKasaTe/bCTBA. Kak M paHblile, JIerko ycTaHaB/MBaer-
csi nporiBopeuusocTs KU U{~ Xg}, otkyna caexyer npo-
tuBopeurBocTe K UH'U{~ Xp} npu mexkoropoMm Koweunom
noaMHoxecte fI” Muoxecrsa H. U, Hakouel, npoBepsiercs
uto H’ M ecTb HCKOMOE MHOXKECTBO. , ’

Tenepb MBI B COCTOSIHMM 10Ka3aTb Pe3yabTaThl, aHAJIO-
THYHBlE TeOpeMaM 3.3.2 u 3.3.6, 119 MHOXKeCTBa B’bICKaSbI-
BaHUH.

3.3.10. Teopema. [Tycro H — mnosecrso svickasvisa-
Hull, onpedeiennbix 6 OQHHOM MHOJCECTBE. BbICKA3LIBARUL
K, ycrotiuusoe npu oeparusenuu ornocuresvno K. Huoimu
caosamu, scakud pas, Koeda modeav M mwuoscectsa K
AsAAeTCA, Kpome T020, modeasvto H, arobas nodcrpyxrypa
M, asaarowancs modersto K, ecrs taksce modess H. Toz0a
CYWecTeyer MHoxecT80 svickasvisanull J, onpedesennoce a
K u npunadaexawee A, taxoe, uro I sxsusarentno H or-
Hocureavro K, . e. KUHHJ u KUJ—H.

JloxasatenabcrBo. [lyets J — MHOMKeCTBO Beex YHH-
BepcasJbHBIX BBICKa3biBaHUH Y, onpefeneHHBIXx B K, Takux
uro KUH=Y. Torna KUHJ. Mbl f0MKHB JHWb TOKA.
3ath, uro KUJHX mnsa mo6oro X€ H. Tak kak X € H, To
X HMCTHHHO BO BCeX MoACTpyKTYpax mogenu K U H, KOTOi)bIe
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caMu npu 3ToM sBasiioTes Mojensamu K. Orciopa coriacHo
3.3.9 BHITEKaeT CyLIeCTBOBaHHE KOHEYHOTrO IOJMHOXKeCTBA
H’'cH, taxkoro, uto X HCTHHHO B JI0OBIX Mojensax K, KoTo-
pHle B TO )Ke BpeMs fBJSITCS MOACTPYKTYpaMH Mojesel
KUH’. O6o3HauuM uepe3 Z KOHDIOHKIHIO BCeX JIEMEHTOB
H’. Torma us 3.3.1 ciaeayer HajvyMe yHUBEpPCaJbHOTO Bbl-
ckaspiBanus W, onpenenennoro B K, Takoro, uro K—Z>W
u KEW>oX. Ho Z ecTb KOHbBIOHKUHMS 3aeMeHTOB H’, M mo-
romy KUHFW, 1. e. WEJ. CaenoBarenbno, MOCKOJBKY
K—W>X Bneuer KUJHX, Hama TeopemMa joKasaHa.

CoOTBETCTBYIOILLUIl Pe3y/AbTaT TAKKE HMeeT MecTo s
YCTOMUMBOCTH TIPH paciiupenun. B stom cayuae J ecTb MHO-
JKECTBO IK3UCTEHIHAJIbHBIX BbICKa3blBaHUH.

HekoTopbie M3 NpHBEJCHHLIX BbIlIE YTBEPKJEHHI OTHO-
CHTEJIbHO BHICKA3LIBAHMH OCTAIOTCS] BEPHBIMH W [UJIst Npeju-
karos. Hanpumep,

3.3.11. Teopema. Mycro Q(xy, ..., X»), n=>1,— npe-
dukar, onpedesennsili 8 mroscecTse svickasvsaruld K u yc-
roijuusslii. oTHocuTeavHo Hezo. Taxkum obpazom, Q ycrod-
4UBO B0 8Cex To4Kax npocTparcrsa M™ HAO npoussosbHOL
modeavto M mnomectea K. Toeda cywecrsyer 3K3UCTeH-
yuassuoli npeduxar P(xy, ..., xn) (7. e npeduxkar, npu-
nadaescawui E\) taxod, uwro P(xi,...,xn) onpedeiero 8

K’-—ij. .. Vxn[Q(X1, ey Xn)EP(xi, ceey xn)]

JlokasaTeabcTBo. MCK/IOUHB TPHBUHA/IBHbIC CAYUaH,
Mbi MOMKeM fpearnosiaratb, 4To K conepXHT MO KpaiiHel
Mepe OJ(HO OTHOIIEHHE MOJIOXKHTEeNBHOTO MOpsAKa Alxy, ...

., xx). Ilycts @y, ..., @n — MHOXKECTBO Da3/HYHBIX HH-
nuBuoB, He mosBasiomuxcs B K. [Npucoennnnm k K reo-
pemy Y, cozepxaluyio di, ..., @n,

Y=[A(as, ..., a)V ~A(ay, ..., a)IN[A(as, ..., a)V
NVo~Alay oy @A AA(, eV
V~A(an, ..., )l

[Tyers K'=KU{Y}; Torna BbicKasbiBaHue X=Q(a, ...
., @) onpexeieso B K’ u ycToiYuBO OTHOCHTEJBHO K,
Tak Kak X ycroiuupo orHocutenbno K. Orcioaa corsacho
3.3.6 BbITEKaeT CyLIECTBOBaHHE SK3UCTEHIHAJbHOTO BBICKA-
spipanus Z, onpenesiennoro B K, Z=P(ay, ..., an) (BHO
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BDLIMHCAHB JIMLIL Te 06BEKTH, KOTOphie He BXOAAT B K), Ta-
(4
xoro, uto K'=Q(ay, ..., an)=P(ay, ..., a,) wiu

K—=Yo[Q(ay, ..., ay)=P(ay, ... , an)l:
HO Y — Teopema, M notomy
K—Q(ay, ..., an)=P(ay, ..., an).

[Tockonbky @y, ..., a, He MOABASIOTCS B K, okoHuaTeqnb-
HO moJsiyuaem

K=V VanlQ(xy, ooy %) =P (x4, ..., x2)]

Tem camblM Hawe yTBep:kKAeHHe HOKa3aHO. 3amernm, uto
peaykuust 3.3.11 x 3.3.6 ecTb, HO CyLIECTBY, JHIIbL TeXHHYE-
CKO€ CpeJICTBO.

Ha sT0M MBI 3akaHUMBaeM paccMOTpeHHe BBHICKA3bIBaHUE
W NpeJHKaTOB, NpUHHAJJe)Kauux kiaaccaM A, u E,. PaBHbM
06pa3oM MOXKHO HafiTH yJOBAETBOPHTENBHOE ONMHCAHHME Xa-
PaKkTepHBIX CBOHCTB BBICKasblBaHM{ Kaacca Ay dToMy Bo-
npocy OyHeT MOCBSLIEH CJCAYIOIME pasjed.

3.4. IlpenarcTBusi K afieMeHTAPHOMY PaCLIHPEHHIO. [Tycrs
M — npousBosibHas cTpykTypa 1 M/ — pacurdpenve M. Mul
Gynem roBoputb, uto M’ npenarcreyer M, ecau He cylie-
CTBYeT HHMKAaKOro pacuiupeHHs M’, Kotopoe siBJsIOCH 6bl
3JI€EMEHTapHBIM paciukupeHdem M.

34.1. Teopewma. lTycto cTpyxtypa M’ — pacuupenue
cTpykrypor M. laa 1020 urobor M’ npenarcreosara M. ne-
00x00umo 1 GoCTaTouHO, 4TO6bL CYUECTBOBANO BOLICKABbL-
sanue X € Ay, raxoe, uro X ucrunno 8 M, no aoxmno 8 M.

HlokaszatenbcTBo. JloKaxkeM BHayale HeoGXOLH-
MOCTb yCJioBHA TeopeMbl. [lyets H=S(M)UD(M’), rge
D(M’) — nuarpamma M’, a S(M) — MHOXKECTBO BCEX Bbi-
CKa3blBaHWH, ONpeleJeNHbiX M HCTHHHBIX B M. Jlomyctum,
yTo / HenpOTHBOPEUUBO M, CJIeJ0BATENBHO, OOAANACT MO-
neavto M*. CTpykrypa M* — paciuupenue M/, IOCKOJBKY
ona moneab D(M’), u M* — sjiementaproe pacmupenne M,
nockoibKy M* — monean S(M). Onsako BBHAY TOro, 4To
TAKOH CTPYKTYDPHI MO TPEANOJIONKEHHIO HEe CYLIECTBYET, Mbl
sakaioyaeM, uto  mporusopeunso. Takum o6pasoM, cyue-
CTBYeT KOHeuHOe NojAMHOXecTBo J MHOoxkectBa D(M’), ra-
Koe, uro S(M) UJ nporusopeunso. Iycrs Y(ay, ..., a,)—
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KOH'BIOHKIIUSI BceX 3JeMeHToB J, n >0, rjie gBHO BHINHCAHH
JUlIb Te 06BeKTHl, KOTOPblE BCTpeualoTcss B Y W He npuHaj-

aexar M. Torma S(M)—~Y(ay,...,a,), a Tak xak
Qi ..., 0, He BXogAaT B M, 10 S(M)=Vx1 .. . Vx,[~Y (x4,...
..., X)) BoickazwiBauue X=Vux;...Vx,[~Y(x,...,%n)]

onpejeNeHo W MCTHHHO B M, MOCKOJBKY OHO BLIBOJAMMO H3
S(M), u, cnenosarensvHo, npuHagaexutr S(M). C apyroi

CTOPOHBI, TaK Kak Y(dy,...,Qn) €CTb KOHDBIOHKIHS 3JEMEH-
TOB M3 JHarpaMmbl M’, TO 3TO BbICKa3blBaHHE UCTHHHO B M’,
a MOTOMY BbICKa3biBaHHe IX;... AxpY(Xy,...,Xp,) HCTHHHO

B M’. Ho mocieiHee BbICKa3bIBaHUE SKBHBAJIEHTHO ~ X, UTO
¥ JIOKa3blBAeT TEPBYIO 4acTb TEOPEMBI.

Jas pokasarenbcrBa JOCTATOUHOCTH MPEANOJOKUM CY-
IECTBOBAHHE BbiCKasblBaHus X, ONMCAHHOTO B YCJOBUY

34.1; X=Vx;...Vx,Y(x1,...,%,), tme Y He comepxkur
KBaHTOpPOB. B 3rtom cayuae ~X u, cilenoBaTenbHo, Z=
=3y ... Axu[~Y(xs, ..., x,)], DO mpeAMONOKEHHIO, HCTHH-

uol B M’. Ho torga Z, Kak 3K3UCTEHIMAJbHOE BbICKa3bIBa-
HHe, HCTHHHO B J06bix pacupenusix M’. C apyro#t cropo-
HbI, Z onpejeseHo u JOXHO B M, Tak kak X HCTMHHO B 3TOH
crpykrype. Orciona, TakuM o6pa3oM, c/lelyeT, YTO He CyIe-
crByer paciiupenus M’, xoropoe sBaAsAoch GBI 3/1eMeHTap-
HBIM paciupeHueM M,

[ycts M —crpykrypa U K’ — MHOXecTBO BBICKasblBa-
. K MoMKer coJepxaTh OTHOUIEHHs, He BXoasiiue B M.
B nasabHeiineM, ToBopsi 0 TOM, uTo MoJAeab M’ MHokecTBa
K’ ectb pacmupenue M, Mbl OyfeM HIHODHPOBATb TakKHe
OTHOIIEHHUSI. YUHTBIBAA 3TO COTJIALIEHHE, MBI CKa)KeM, 4TO
K’ npenarcrsyer M, eciu Kaxpasi moneab M’ MHOxecTBa
K’, apasawowasica paciunpeduem M, npensarcreyer M.

342 Teopewma. [aa roeo urobbL MHOKECTBO 8bICKAZbL-
sanuil K' npenarcreosaso crpyxktype M, neobxodumo u Go-
cTarouro, 4Tobbl cyulecT8o8aao svickasvisanue X € Ay, ta-
Koe, uto X onpedeseno u uctunHo 8 M u ~ X goigo0umo
us K.

Jdorkasarteabcrpo. [lycth X — BhicKasbiBaHHe, OIH-
cannoe B ycuaouu 3.4.2, u myctb M’ — pacupenne M u
moaeab K’. Torna ~ X onpeneneno B M’, Tak Kak OHO ompe-
pesneHo B M, u ~ X uctuHHO B M/, TaK KaK OHO BBIBOIMUMO U3
K’. Ho, ¢ apyroit cropousl, X ucrunHo B M. CiaeaoBarenbHo,
cornacHo 3.4.1 ne cymecrByer pacuwmpenuss M’, Kotopoe

8 A. Po6uncon
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ABJAANOCH Obl 3JeMeHTapHHIM pacinupenuem M. JlocraTou-
HOCTb YCJOBHSI TeOpeMBbl, TaKUM o6pasom, fokasaHna. [dasa no-
Ka3aTenbCTBa HeOOXOAHMOCTH NpPedNoJ0XKHM, UTO MOA0GHOTO
BoickaspiBauusi X He cymectsyeT. [lyets H — MHOXKecTBO
BCEX BBICKa3blBaHMH Kaacca Ay, OnpejeseHHbIX H HCTHHHBIX
B M. Ecnu K’ mporuBopeuuBo, To TeopeMa 3.4.2 BepHa oue-
BUAHBIM o6pa3oM. Homyctum, uro K’ HempoOTHBOPEUHBO; no-
KaxeM Ttoria, uro K'UH Takke HenmpoTuopeuuBo. [lycTs,
HaoGopor, K’UH nuporuBopeunBo, Toraa Y=~[X;A ...
...A\Xy] BoiBoguMO u3 K’ J1Ja8 HEKOTOPHIX 3JEMEHTOB
Xy, ..., X, us H, n2»1. Onnako Ay — KOHBIOHKTHBHOE MHO-
JKECTBO, M HOTOMY s HeKoToporo X € H BuickasbiBanue
Z= ~ X BbiBoguMo u3 K’, 4TO NPOTHBOPEUUT HallleMy Mpeji-
nosnoxeruw, Otciona caeayer, uro KU H HenpoTHBOpeunBo
i oGsnanaer moxennio M. M’ sisasiercs paciliupeHnem M,
Tak Kak M’ — Monens H, a H conepxut nuarpammy M. Jo-
nyctuM, uto M’ mpensarcrsyetr M. Torga corsacHo Teopeme
3.4.1 cyumecrByer BhicKaspiBaHue X € Ay, uctuuxoe B M, HO
aoxHoe B M’. OpHako, nockonbky X HCTHHHO B M, OHO co-
nepxurcst B H u, cienoBarenbHo, eturHO B M. Tlosyuen-
HOE NPOTHBOPEUHE M JIOKA3bIBaeT Hallle YTBEPIKICHUE,

Bynem roBopuTh, YTO MHOXKECTBO BBICKasbiBaHHi K’ npe-
NATCT8YeT MHOXKECTBY BbICKasbiBaHHH K, eciu cyulecTByer
takass molenb M mHoxkectBa K, utro K’ mpensiterByer M.

3.4.3. Teopema. [lua 1020 41006 MHOMCECTBO BbLICKA-
soianull K’ npenarcreosaro muoscectsy svickasviganull K,
Heobxo0uMo u G0CTATGUHO, 4TOBbL CYUECTBOBAAD BHICKAZHL-
sanue Y € A, takoe, uto Y onpedeseno 8 K’ u sbi80dumo us
Hezo, 8 To gpema Kak ~Y cosmectumo ¢ K (1. e. KU{~Y}
HEnpoTUBOPEUUBO ).

Hoxaszateabcrtso. [Ipeanonoxum, uto ycjaosue Teo-

peMbl BEITONHEHO, U nyctb M — monennp KU {~ Y}. ITockonb-
Ky Y€ A,,

Y=V, ... Vxp,3y... ym Z (X, ... Xpy Yty v oy Ym),

k>0, m=>0,
rae Z He COJEPKHT KBAHTOPOB, ~ Y HCTHHHO B M, a notomy
CYLIECTBYIOT TaKHe OOBeKTH dy, ..., ax U3 M, 4TO BHICKA3HI-

paHue
X=Vy,... Vyml~Z(ay,...,a Yi,...,Ym)]
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pwctuaHO B M. Ho Y BmBoaumo us K’ u, cilegoBaTenbHO, U3
K’ BbIBOAMMBl BbICKasbiBaHus Yy ... dymZ{(ay,...,an,
Yty oo Ym) B~V . Vynl~Z(ay, ..., an 41, ...,ym)]l=
= ~ X, TakuM 06pa3om, yci10Bus TeopeMbl 3.4.2 BHINOJHEHHI
i K’ npensitctByet M, 4TO J0Ka3blBaeT JOCTATOYHOCTb yCJIO-
BUs1 TeopeMbl 3.4.3.

Jlas JoKasaTeJbcTBa HEOOXOAUMOCTH AomyctuM, uro K’
npensaTcTByeT Mojaeaun M MHoxecTBa BblckasbiBanuii K. To-
ria CyWecTByeT BbicKasbiBaHue X € Ay,

X=Vy, ... VymZ{ay, ..., qn Yty Um),

rie Z He COAepXKHMT KBAHTOPOB, Takoe, 4To X HCTHHHO B M
u ~ X BeiBoguMo u3 K’. B ¢BsI3u ¢ 35THM Mbl BBHIINCAJH ABHO
JVILIb Te 00BEKTH dy, . . ., a4y, KOTOpble BcTpeyalorest B X, HO
He BeTpeualotes: B K/, ecan takue Boob6iule ectb. [Ipumensis
BTOpOe npasuao 1.3.3, noayyaem, 4To BhiCKasbiBaHHeE

Y=Vxi... V., 3yr... Jyml~Z (X1, «oy Xn, Yty «vs Ym)]
ueiBoAMMO M3 K’. C apyro#l CTOPOHBI, BbICKa3biBaHue
3)(1 e Elkayl . Vym[z (X1, ooy Xky Y1y oo ey ym)]

uctuHHO B M (1ak kak X ucrunno B M). Ilociennee BricKa-
3bIBAHHE KBHBaJeHTHO ~ Y, KOTOpoe, C/l1el0BaTe]bHO, TakK-
ke umeer mecto B M. Orciona caenyer, uro KU{~ Y} ne-
IPOTMBOPEUYHBO, TAK KaK BCE 3JEMEHTbl 3TOr0 MHOXKECTBA
uctunnbl B M. Teopema 3.4.3 noxasana.

[yctb X — MpOU3BOJbHOE BbiCKa3biBaHHe Kaacca Ap u
nyctb {M,} — nHHeAHO ymopaAnoueHHOe (IO BKJIOYEHHUIO)
MHokecTBO Mogenaeit X. Torma, Kak Jerko yo6eautbes, X
ucturHo B, U{M }=M. B camom pese, npeAmlosOKHM, UTO

v

3.4.4. XZVX1 . .Vxnayi- . -HyrnZ(xi) ey x’na !/1: vy ym)’

rae Z ne COJEPIKHUT KBAHTOPOB. COOTBeTCTBy}OHLaH OTKPbI-
Tast (l)OpMa 5TOr'0 BbICKa3blBaHUA €CTb

3.4.5. Z(x1, ..., Xn, @1(X1, ooy Xn)s e ooy QX1 .y, X)),

¥ Mbl JOJ¥KHBI [OKA3aTh CYUIECTBOBaHKWE (PYHKLHH OT 7 me-
peMeHHbIX, peanu3yIoUluXx GYHKTOPbl @; (X, ..., Xn), TaK
UTO BBICKA3bBIBaHHE

Z(ay, ..., an, Qi(@t,...,Qn), .., Qm(Q1,...,03))

8*
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UCTHHHO B M npu qaw6bix ay,...,a, u3 M. JIasg kawxjgol
MOC/e0BaTeNbHOCTH (ay, ..., Qn) U3 M naltnem M,, comep-
Kallylo BCe 3J€MEHThl 3TOH MOCJaefoBaTelbHOCTH. B Kaue-
CcTBe 3HauyeHu# GyHKUUR @; B M nas x;=a; i=1, ..., n,
Mbl BO3bMeM JIOObIe MOAXOAsIIME 3HaueHus ¢; B M,. Ta-
KHe 3HaueHWs 3aBeJlOMO CYIULECTBYIOT, Tak Kak M, yunos-
JerBopser X, W Halle yTBepXKJeHHE, TAKHM 00pasoM, J0-
KasaHo.

BrickasbiBanne X Ha3oBeM o-yCTOHUYMBLIM, €C/AH BCAKHH
pas, xoraa X MCTHHHO B KaXJOH CTPYKType H3 BO3pacTalo-
el MO0CAe10BATEeNbHOCTH CTPYKTYp (M}, n=1, 2, ...,
X uctunno Takke u B U{M,). ({M,} ectb Bospacrawmas

n

HOCJIe/I0OBATE/BHOCTD, ecad My, M, nipu n < k) U3 cka-
3aHHOTO paHee OUYEBHIHBIM 06pa30M CJeyeT

3.4.6. Teopema. JIroboe soickasvisanue X € A, ssasner-
CA G-YCTOUUUBLIM.

O6parHoe yTBepKAeHHE, KaK ObLIO NOKa3aHo JIOCeM H
Cywko, Toxe BepHO (cM. Teopemy 3.4.9 Huxe). Mbl Gyem
paccMaTpuBaTbh HECKOJBKO GoJsiee OOLIYI0 CHTYAalHMIo.

BrickasbiBague X OyJeM Ha3blBaTh 0-yCTOUHUBbIM OTHO-
CHTE/JbHO AAHHOTO MHOXECTBAa BbiCKasbiBaHWH Ky, ecau BbI-
HOJIHEHB! caeaymoliue yeaoBus. Ilyers (M}, n=1, 2,...,—
Jiofasi BO3pacTaiollasl I0CJel0BaTeJ]bHOCTb CTPYKTYp, H
nycts M= U{M,}. Toraa, ecanu My, My, ...— monean K, u

n

X, a M—mopenb Ky to M ectb Momeabp X. AHajornyhoe
onpejesieHHe Mbl IPUMEM TaKxKe I/ MHOMKECTBa BLICKA3bI-
BaHHH [ BMecTO OZHOrO BHICKA3bIBaHHA X.

3.4.7. Teopewma. Ecau muomecrso svickazvisanuti H
O-YCTOUHUBO OTHOCUTEALHO MHONCECT8A 6BbicKasoiearuli K,
10 cyujectayer muoxcectso H' evickasviganuii kaacca A, Ta-
Koe, uto H asxksusarentrno H’ ornocureasro K.

HokaszarteabctBo. [lyerb H' — MHOXECTBO BbiCKa-
3bIBaHH# Kaacca As, onpeneseHHbIX U BHBOAMMBIX U3 H U K.
Teopema Hala OylIer JoKasaHa, eCad Mbl NMoKaxeM, yro H
BoiBoAuMO U3 H' U K.

[Mycrs, nraobopor, cymwecrsyer X € H, Takoe, uto X He
BuiBoanMo U3 H’ UK, B stom cayuae muoxectso K=H'U
UKoU{~ X} HenporuBopeunBo H obGJafaeT Mogeabio M;.
Honyctum, uro H UK, ne npensitcrByer K. Torma cyue-
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cTByeT pacwupenne M, crpykrypm My, Takoe, uto M, ecTthb
mojeab H UK, u HekoTopoe pacmupenne Mz cTpykrypn M,
sIBJISIETCS 2JeMEeHTapHbIM pacliupenneM My M; — cHoBa Mo-
Jeab K u nmotoMy cyuiectByloT pacuiupenus M,o>M; u M;>
>M,, takue, uto My — momear HUK; u M;— anemenrap-
doe pacwupenve M;. IIpononkas Halle paccy:KAeHHe JaJb-
ule, Mbl [OJYYHM BO3PACTAIOUIYI0 TOCJAEA0BATEIbHOCTD
cTpykTyp {M,}, obnaparomyio Tem cBoicTBOM, uto My, —
monenb HUK, u Mgy — 3J€eMeHTapHOE  pacluupeHHe
Mop—y, k=1, 2,... Torga, Kak 6b10 MOKasaHo B 1. 3.2,

CTPYKTypa
M=U {Mn} == lkJ {MQk} = 9 {M2k+1}

€CTh 3JEMEHTAPHOE paculMpeHue Kaxaoh CTpYKTYpbl Mapyy,
n M, caefosaTe/ibHO, yaoBJjeTBopsieT ~X u Ko Ho M sas-
Jjsercd Takxe ¥ Mojenbto H, nockosabKy 1 ycToiiuuBo OTHO-
cureibHo Ko, a Mgy yaosaersopser H u Ko, B TOo Bpemsi Kak
M ynosaersopsier K, Beugy storo M ynposaersopsier X,
YTO, pasyMeeTcsi, HeBO3MOXKHO. TakuM o6pa3oM, 3akaiouaey,
uto HU K, npensitcteyer K. Orcioga cornacho 3.4.4 Boite-
KaeT CyLleCcTBOBaHMe BBICKa3biBaHusi Y kaacca A,, onpeje-
JegHoro u BuiBoguMoro u3s H UK, takoro, uto ~ Y coBme-
crumo ¢ K. Ho no onpenenenunio H” umeem Y€ H', a H' K.
B coortBeTcTBHH ¢ 3T¥M Y € K, UTO OmnsiTb HPUBOJAMT HAac K
nporusopeunio. [Tonyuaem, cienosarenapso, uro H' U KX
nas Beex X € H, XKak # yTBepK/1aJ0ch.

[Ipeanonoxum Tenepb, uTo MHOXkectBo H B 3.4.7 co-
CTOUT W3 OJHOro BhicKaswiBanus X. Torma teopeMa nokasel-
BaeT, UYTO CYLIECTBYeT MHOXECTBO BBICKasbiBaHUl H' <A,
rakoe, 4to {X} U Ko=H’ u H U Kok=X. CymectByer nosromy
KoHeuHoe noaMHoxkecTBo H* wmmomecrsa H’ Takoe, urto
{(X}UKo—H* u H*UKoX. Ilycte X* — BbickaswviBaHue
kiaacca A,, 5KBUBAJEHTHOE KOHDBIOHKIUH saeMeHToB H*. Ta-
KOe BHICKa3blBaHUE CYILLECTBYET, Tak KakK Ap KOHBIOHKTUBHO,
Torna {X}UKo—X* u {X*}UKo—X n noromy Kol X=X*.
Takum o06pa3oM, HMeeT MeCTO

348. Teopema. Ecau swickazvisanue X o-ycroiduso
OTHOCUTEAbHO MHOXcecTaa BoicKadbieanutl Ky, To cyujectsyer
sbickasvisanue X* € A, takoe, uto Ko—X=X*.

B uacrHocty, ecad Ky nycro, nogayuaercs
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349. Teopema. Ecau svickasvisanue X o-ycroiuuso,
TO cyujecTayer sovickasvisanue X* € A, rakoe, uro X axksu-
sarentHo X*,

3.5. Buinykabie cHcTembl. Mbi paccmoTpuM Tenepb Bax-
HbIH K/1aCC MHOXKECTB aKCHOM, XapaKTepU3yEMBIX TEOPETHKO-
MHOKECTBEHHbIMU CBOWCTBAMH COOTBETCTBYIOIIUX HM MHOTO-
obpasust crtpykryp. Ha mnpoTskeHuM Bcero pasjena Mhl
OyleM mpeanoJaraTb HaJHuHe OTHOMIEHHS paBeHCTBa B
MHOKeCTBaX AaKCHOM U paccMaTpHBaeMbIX CTPYKTypax,
Kpome TOro, ecau He OroBOpeHO NPOTHBHOe, Mbl GyneM
TaKxKe MPeANnoaaratb, UTO OTHOUIEHHE BKJIOUEHUS MeXAY
JIBYMst CTPYKTypaMH Bcerja HopMaabHO (cp. m. 2.1). MubiMu
ciaoBaMu, ecain McM’ u a u b — aBa o6bekra us M’ taxue,
yto E(a, b) ucrnuso B M’ 1 a npuHaniexur M, to b takxke
npuHaaaexur M.

OcHoBHOE CBOACTBO NHpHCYllee BCeM H3IBECTHBHIM ajire-
OpauyecKuM MOHATHAM, COCTOUT, I'py6O rOBOPS,, B TOM, UYTO
nepeceueHue ABYX Mojesell MM jaxKe JOGOre 4yucia Moje-
Jeil eCTb CHOBa MOfeJb. B COOTBETCTBYH C 3THUM Mbl BBOAUM
cjenywoollee omnpefeseHue.

MHoxecTBO BbicKasbiBaHui K, BKJA0OYamwllee OTHOLIEHHE
paBeHcTBa E, HazoBeM BHIMYKJABIM, €CaAu AJs JIOGLIX ABYX
mojneneit M; u M, mHoxectBa K, npHHAaAIeXallHX HEKOTO-
poli ero momeaun M, mepeceuenne M;1 M, cHoBa ecTp Mo-
Jeab K npu ycioeuy, uto oHO Henycto. My N Mg MBI pacema-
TPHBaeM KaK CTPYKTYpPY, NMOHHUMAs TMOJ 3TUM OrpaHU4yeHHe
M na nepeceuenne My u M, (onATH OpHU YCAOBHH, UTO 3TO
MHOKECTBO HemycTo). JIerko mposepsieTcsi, YTO BBeIeHHbIE
paHee MHOKECTBA, OTMUCHIBAIOLIHE NOHATHS TPYIIbI, KOJbLA 1
Tena, Bce BINYK/B. OueHb Ba)KHO HMeThb B BHIAY TO YCJOBHE,
yto M saBaserca Momenbilo K W HOpMa/bHBIM pacliupe-
wvem M; u M, Tak, nanpumep, eciu B3sith K=Kz -— MHO-
3KEeCTBO aKCHOM TPYNIbl — M OTKHHYTb 3TO YCJIOBHE, TO mepe-
ceuende M;N M, BnonHe MoxeT ObITb HEMYCTHIM, He o6Gpa-
3ys B TO e Bpems rpynny. IIpocrofi npuMep HeBbINyKJoro
MHOXKECTBA JLaeT IOHATHE IJIOTHOTO YNOPSIJOYEHHOTO MHO-
JKeCTBA C Pa3HLIMM HAYAJIBHBIM M KOHEUHBIM 3J€MEHTaMHU.

3.5.1. Teopema. ITycre {M,} — auneiino ynopsadouen-
Hoe ceMmelicT80 Modesell 8bINYKA020 MHOXCecT8a akcuom K.
Toz0a M= U{M,} roxce ecto modeav K.

v
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HoxasarteabcrtBo. [lycts D — guarpamma M. Torna
adarpammbl D, cTpyKTypel M, SIBJASIIOTCS NOJMHOKECTBa-
mu D. PaccMoTpuM MHOXKecTBO BbickasbiBanuit K UD. O6biu-
HOE pacCyXKJieHHe MOKAa3bIBAeT HENPOTHBOPEYHBOCTh 3TOrO
MHOXkecTBa. [lefictButenpHo, ecam D’— nio6oe KoHeuHoe
noamHoxectso D, 1o cymecrsyer. M, rtakoe, uto D’cD,,.
Ho M, ynosnersopser K u noromy KUD, nenporusope-
YHBO, YTO TeM GoJsee BepHO M ans K UD’ — noamuoXecTBa
KUD,. HUrak, KUD HenpoTHBOPEUHBO 1 06JajaeT MOACIbIO
M*. M asnsercsa noacTpykrypoir M*, Ho, BooGiie rosops, He
o0s3aTenbHO -HopMaabHOH. OHAKO CUTYallHI0 MOXHO JIETKO
UCIDABHTb, 3aMEHHB KaKABIH 06BeKT a u3s M* jexaniuil
BHe M, HO paBHbIHl 06beKTy b W3 M, npocro 3TUM XKe 3je-
MeHTOM b

[Tycre Tenepp R(x)— 0lHOMECTHOE OTHOLICHHMe, HE CO-
nepxaiteecs B M. [lo onpenenenuto, moaoxum, uto R(a)
AJ1s1 J106oro a € M* HCTHHHO TOrda M TOJBKO TOTAA, KOrjia a
copepxutcss B M. CTPYKTypy, NOJyUYEeHHYIO TakKMM 06pa3oM
w3 M*, o6o3naunm Mp. Mbl 10JKHB noKa3aTh, uto M ecThb
monens K. Ilycts D* — nuarpamma M* u Kp— pensiTubu-
sauua K ornocurenbHo R (cm. Bhiwie m. 3.1), Paccmorpum
MHOXECTBO

H=D*UKUKrU{R(a3), ~R(by), VXVYIE(x, y) A
AR(x)2R(y)},

riae a npoGeraer Bce 3ajeMmeHTHl M, a by, — Bce 3/eMeHTH
M* — M. Y6enumcs B HenpotuBopeuusoctd H. B camowm
neJse, B MPOTHBHOM cJyuae HAHUAYTCS JEeMEHTHl dy, . . ., Q; U3
My by, ..., b, u3 M* Takue, 4TO MHOMXKECTBO

H’=D*UKUKRU{R(01), . Ra), NR(bi),
o ~R(bm), VVYE(x, y) AR (x) DR (y)]}

nporusopeunso. CyimlecTsyer cTpykrypa M,, comepmkamas
Bce OGBEKTH ay, ..., a. CoryacHo onpenenenuio, R(ay), ...
..., R(@;) uctunnb B Mg, B To BpeMmst Kak R (by), ..., R(bn)
B Hel JoxHB. KpoMe Toro, M* siBastercst momeanio D* u K
1 HOpMaJbHbIM paciuuperueM M, OTcioma mociaenoBatenb-
HO BbITeKAeT, 4To H’ nctHHHO B Mg, uto H’ HenmpoTuBOpeun-
BO, a cJeJoBaTebHO, HenportuBopeunso u H. Ilyets M —
mogeap H. Torpa M ectb Mojenb K u pacuiMpenne M*,



120 HEKOTOPBIE METOAbLI U TIOHSTHUSI TEOPUHM MOIEJIEWN [IJI. 111

[MoaxoasiuM o6pa3oM BHIGPaB 06BeKTH U3 M, MBI MOXKEM,
KaK M paHbille, CUMTaTh, UTO M — HOPMaJbHOE pacliupeHne
M*, C npyroéi croponel, M — HOpMaJbHOE pacliupeHue
CTPYKTYPH Mp, KOTOpas eCTb orpaHuueHHe M Ha MHOXKe-
CTBO €€ 3JeMeHTOB, YIOBAeTBopsromux R. Vcrawouup us
paccMOTpeHHs OTHOUIeHHe R B Mg, MBI [IOJy4HM CTPYKTYPY
My — mogens K, siBasiiounrytocst pactupenvem M. Ho torna
nepeceuenue M* 1 M, Takke JNOMKHO ObITh MOAedbio K u
pacuiperneM M. OjHako 3To mepecedeHne Ha caMoM Jese
npocto cosnajaaer ¢ M, Tak Kak Bce aneMeHTH U3 M* He
Nexauiue B M, yJI0BJAeTBOPSIOT ~R(X) B M u moTOMy He
MOrYT npuHaanexatb Mg u M, Takum o6pasoMm, M* N My=
=M ectb Moseap K, uto u Tpe6oBasOCh /10Ka3aTh.

Teopema 3.5.1 nokxaspiBaeT, 4TO BLIMYKJIOE MHOMKECTBO
aKCHOM ©-yCTOHUMBO. ITO BJjeveT coryacHo 3.4.9 3KBuBa-
JEHTHOCTb 3TOTO MHOXKECTBA MHOXKECTBY BBICKA3BIBaHUH
knacca A,. Opnaxo, ofpaTtHoe, BOOOLIe TOBOPS, HEBEPHO.
Tak, HampuMep, ecld K akcuoMam nonast K¢p 106aBUTH ak-
CHOMY, YTBEPKAAIOULYI0, UTO MHOTOUJNEH x3—2 uMeeT KO-
peHb, TO NOJyUYeHHOE MHOXKeCTBO OyJAeT O-YCTOHUHMBHIM, HO
He BBIMYKJBIM.

3.5.2. Teopema. [Tycre {M,}— cosoxynnocrs moderet
gbinyKa020 MHooecTsa axcuom K rarkas, uro ece M, codep-
awarcs 8 o0nom obwem pacwupenuu M, koTopoe ssasercs
nodeasto K. Ipednoroscun, wro N{M,}=M" nenycro. Toeda

v

M’ — modeas K.
[Mepeceuenne N{M,}, paccmaTpuBaemMoe Kak CTPYKTypa,
v

ecTb orpadnyenve M nHa muoxectso N{M.}.
v

JokasareasctBo. Ilyerb D — auarpamma M u
D, — muarpamma M,, npu stom D,c=D. BuiBemeM HoBoe
OJIHOMECTHOE oOTHoLleHHe KR({X) u paccMOTPHM cJaeaylolliee
MHOYKECTBO BBICKA3bIBAHHUI:

H=DUKUKrU{R(ar), ~R(bn), VxVy[E(x, y) AR (x) D
SR,

rie aj npoberaer Bce aiementsl M’, a by— Bce 3j1eMeHTH
M —M’. B tom caydae, Koraa H npotusopeuuBo, cyile-
CTBYIOT 3JE€MEHTBl @y, ..., €M n by, ..., b€ M— M’

3.5 BBITIVKJIBIE CUCTEMBI {21

TaKue, YTO MHOMKECTBO
H'=DUKUKgU{R(a1),..., R(a), ~R(b1),..., ~R(bn),
VxVYlE (x, y) AR(x) DR (y)]}

nporuopeunso. Ho M’ = n {M,} u, ciemoBarenpno, cylue-
v
cTByeT Hekotopoe M, coaepxauiee ay, ..., Q, HO HE CONep-
xamee by, ..., by *). Otciona caenyer, uro ecan B M BBe-
CTH OTHOLIeHHEe R, MCTHHHOE Jiisi 3JeMeHTOB My, ¥ TOJbKO
LISt HUX, TO TOJyYeHHas CTPyKTypa Oyner mofennio H'. Mul
3aKJauaeM, TakaM o6pasoM, uro H HenpoTHBOPEUHBO Y
uMeeT Mojeab M*. Paccmorpum rtenepb nepecedenue M N
NMs;, roe M) — NpoOU3BOJLHBIA 3/7eMeHT MHOxecTBa {M,},
a Mgy nonyduena orpaHuueHneM M* Ha MHOXKECTBO 3J€MEH-
TOB, yAoBJAeTBOPSIOMWHKX R(x), ¥ orGpacbiBaHueM OTHOLIe-
Hua R. M* mMoxHO, KaK W paHblle, NpeAnojaratb HOp-
MaJbHBIM paciiMpeHHeM CTPYKTypbl M, a TeM cambiM H
cTpykTypsl M;. Kpome toro, M* — HopMaJsibHOe paciuupe-
Hue Mg, nockoabky M* yaoBieTBODAET BBICKA3bIBAHHIO
VxVy[E (x, y) AR(x)c=R(y)]. Caenosarensno, My N My—
Mogmeab K. Mbl yTBepykjaem, 4TO 3Ta CTPYKTypa COBIajaer
¢ M’. JleiicrButensho, mo onpeienenuto H M <My N Ms.

C npyroit cropouni, ecan ad M, n ad¢ M'=0{M} ro
v

~R(a) ucrunno B M* u a ¢ Mg Urag, M'=M, N My — Mo-
neab K, u teopema 3.5.2 NOJHOCTBIO J0KasaHa.

Muo:xecTBo K Ha30BeM CTP020 8bINYKAbIM, €CJU OHO BbI-
MYKJAO M ecau mepeceueHde J1106of COBOKYMHOCTH Mofedeil
K, npuHamjiexallMx HeKOTOpoil obmel Mojenn K, wenmycro.
B kauecrsBe NpocToro NpHMepa BBIIYKJIOrO, HO He CTPOro
BLITYKJIOTO MHOXKECTBAa paccMOTpHM MHOxkecTBOo K, cocros-

*) Aprop gonyckaeT HetoumocTb. Ma rtoro, uto M’ =1 {M,} u
y v

b, ..., by ¢ M’,BoBce nHe cneiyer CylleCTBOBAHHE TaKOH CTPYKTypbl

My, € {My}, ut0 by, ..., by ¢ M. Moxso JmIb yTBEPKAATb, 4TO

IJ8  KaXjoro sJjemenra b; Haljgercs Mu~ ¢ { V} Takas, 4TO
L

m
b; ¢ M Toabsysach BoifykaocThio K, MBl 3aKJlouaeM, uto nM, —
i i=1 13
mozeab K, n panpuefiiuee paccy:jeHHe aBTOpa TOJHOCTHIO [POXOJHT
m
cnNM

O My smecto My,. ({Tpum. nepes.)
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tree 43 OOLIUHBIX AKCHOM OTHOIUCHHR 3KBHUBAJIEHTHOCTH (CM.
2.1.1). flcuo, uto moGas moacTpykTypa momean K Toxe
yAOBJIeTBOpsieT K, OJHAaKO NepecedyeHHe ABYX MOACTPYKTYp
BIIOJIHE MOXKET OKa3aTbCsi IyCThIM.

C npyro#t croponsl, eciu K cOAGPIKUT XOTSI Gbl OIHH
OGDEKT @ 1 SIBASETCS BBUTYKJBIM, TO OHO M CTPOTO BBHIMTYKJIO,
Tak Kak Jabas monens K comepxur a.

[lyers K crporo Bbinykio. Beskyio mogeab M, MHOMe-
ctBa K, He COZlepIKalLyI0 COBCTBEHHBIX MOACTPYKTYP, SBJSIO-
muxcst Mofeasmu K, 6yaem HasbBath modeavuvin 30pom K.
[lyete M — npoussosibuas momenb K. M comep:kur enun-
CTBEHHO® MOJe/bHOe sApOo Mo — nepeceueHHe BCeX IMOJ-
CTPYKTYp M, koTophle sBasitorca Mmogedsmu K. M, Hazo-
BeM aapoM M. [lycte K=Kgp — MHOXKECTBO aKCHOM noJas;
TOT/la, KaK JIerKO BBISICHHTb, MOjeabHbE siipa K — 310 B
TOYHOCTH NPOCTBIE NOJMNOJSI NPOU3BOJNBHONH XapaKTepPHCTHKH
p=0,2 3,5, ...

Ilycts K Boinykiao, M — mogens K u S — HenycToe MHoO-
XKecTBO 00beKTOB U3 M. B 3TOM ciiyuae nepeceuenne Beex
MOACTPYKTYP M, cojepkauux S U ABASIOWIUXCA MOACTSIMH

, CHOBa ecTb Mojelb K, o xoropoit GyjeM rOBOPHTb, 4TO
OHa noposcdena S. Bapbupysi 3Ty cHTyauHio, paccMoTpuMm
noacTpykrypy M’ ctpykrypst M, Kotopas ectb Mogens K,
H IyCTb S — HEKOTOPOE MHOKECTBO 06BEKTOB U3 M, He npu-
Haanexawux M. Ckaxem Toraa, uto nepeceyenue (0603Ha-
yaemoe M’(S)) Bcex moacrpyktyp M, KOTOPEIE COfep:KaT
M u S u asasoTes Momeasmu K, moayueHo npucoedute-
Huem S K M. Ecau S colep:XHT TOJBKO OfHH 3JICMEHT,
S={a}, o Mbl Gyaem nucatb M’(a) sMecTo M’ (S) u naso-
BeM M’(a) npoctoum pacuuperuem. B anre6panueckoii teo-
pHM OJIeH ¥ UX paclUMpeHHH, a TaKyKe B CBSI3aHHBIX C HUMH
TEOPHSIX, NLITASACH MOHATH CTPYKTYPY BCEBO3MOXKHBIX PaCLUIH-
PeHUH, BCerja HAUHHAKOT C MU3YUYeHHs] MPOCTHIX PaCUIMpPeHHH.
Bce ocrasnbhble MOJeNH NONYYAIOTCS U3 OCHOBHBIX MOCJeN0-
BaTeJbHBIMH OJHOZ/IEMEHTHBIMH INIPUCOCMHEHHSIMH. Kak
NMOXasblBaeT caefyiollas TeopeMa, NOAOGHYI mpoueaypy
MOXXHO TIPHMEHSITb K IPOU3BOJBHBIM BBIIYKJBIM CHCTEMAaM

3.5.3. Teopema. Ilycto M — moleau svinyxroco mmo-
ascecrea akcuom K u nycre M’ — nodcrpyxrypa M, ssasio-
wasca modeavto K, M M. Tozda cywecreyer snoane yno-
padouennoe muoxcectso {M.} modereii K taxoe, uro M=
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=M’; ecau v — U30AUPOBAHHOE NOPAOKO80E 4UCAO (He npe-
deavroe), To M, — npoctoe pacuiuperue M, _i; ecau v —
npedeasroe uucao, 10 M, — npocroe pacwuperue My, ede

M;—o6"bedu/~teuue scex My, daa u<v; u, Haxouney, M ecto
o6vedunernue scex M,.

s nokaszatesbCTBA CYLIECTBOBAHHS HCKOMOTO MHOXe-
crBa {M,)} BBenem B paccmorpenre dynxuuio seiGopa [(M*),
COMOCTaBJSIIONYI0 KaxX ol noactpykrype M* ctpykrypnt M
(mpu stoMm M* ornmusa or M u gBasercs Mmojenbo K)
sjeMedT U3 M, He nexaumuit B M*. Brnoaue ynopsnoueHHoe
MHOXKecTBO {M,} MBI onpelesiuM Tenepb MOCPEJACTBOM TpaHC-
(PUHUTHON HHAYKLHH.

[Monoxum Me=M’. Jonyctum, uto M, yxe onpeneneHbt
1751 BCEX NOPAAKOBbIX uHces v<p. Ecam p — usoiuposas-
HOe uHcao, TO Mbl moJosxkum  M,=M, (f(M,,)), ecan
M,y — cobcTBeHHas noacTpykrypa M (1. e. M, 4#M), u
My=M, ecin My_ =M. ECJlH W — npejlebHOR UMCJO, TO
Mbl nosoxkum M, =M} (f(My)) (rae MMZVE{MV})’ ecin

w
M;, — co6cTBenHas noactpykrypa M, u My=M, ecan M=
=M. CorsacHo 3TOMy OMNpeneJeHHI0 BCe CTPYKTYpul M, u
M} (M onpene/eHa TOJAbKO AJs NPeEJbHOrO Uucia p) sB-
asiorca MozeassMmu K. HaduHas ¢ HEKOTOPOTo MOpsiAKOBOTO
yhcaa A, Bce M, craHoBsiTcs paBHbIMM M, p>>A, mpuuem
KapAHHaJbHOE YHCJO A He NpeBbIlaeT KapAMHAJAbHONO uMc-
jga M *). UupiMu c/IOB4MH, Hallla NPOLeLypa 3aBepluiaercs B
TOT MOMeHT, Korna M;,=M. Takum o0pasoM, Bce pacluHpe-
uua cTPYKTYpbl M’ sBasionivecs mojensimu K, mMoryTt Obith
MoJyYeHbl TMOCJAEJOBATEJbHBIMH OJAHO3JIEMEHTHBIMH TIPHCO-
eJTMHEHHAMH.
C moHATHEM BBINYKJIOCTH HaM NPHJETCA CTOJIKHYThCH B
ri1. VI npu OCBelleHHH HEKOTOPBIX CTAHAAPTHHIX TNOHATHH
aqare6pol.

3.6. MojieabHasi HEMPOTHBOPEYHBOCTh. [IycTs K — Henpo-
THBOPEUHUBOE MHOXKECTBO BBICKa3biBaHMi. Buickasbisanue X
GyneM HasbiBaTb MOOEAbHO HerpoTUBOpe4aUyUM K, ecau
KUD (M) U{X} uenporuBopeunBo AJas Kaxiok monean M

*) Tosopsi TOuHee, KapIWHAJbHOE UHCJIO MHOXKECTBa THNa A He
npeBHlLAeT KapAuHAnbHOTO yucaa M. (f1pum. nepes.)
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mHoxkecTBa K, rae D (M), kak o6bluHO, ecTh anarpamma M.
HMnaue rosops, X MonenbHo He mnporusopeuut K Torma u
TOMbKO TOrJa, KOTAA L5 KaxKAoh MoJead M MHOx»ectBa K
CYILECTBYeT cTpykTypa M’, KoTopas siBJsieTcsi pacluupeHHeM
M wn Mozenvo K n takosa, uto X nmctuuao B M’. AHanornu-
HO, MHOXECTBO BbICKa3wlBaHufi /{ Ha30BeM MOIeJbHO He
nporuopeyamum K, ecan KUD (M) UH wuenporusopeunso
1asa J110nx Moaene#t M mpoxectBa K.

3.6.1. Teopema. ITycto K— nenporusopeuusoe muo-
HeCTB8O BbLCKABbIBAHUI, npuradiexcauux Kiaccy A, a X —
8bICKA3bIBANUE U3 9TO20 KAACCA:

X=Vy,...Vya Z(ys, ..., yn), n=>0,
ede Z — sKk3ucTenyuasvroll npedukar. [Ias toeo utober X

modeavno ne nporusopesuro K, neobxodumno u docrarouro,
4T00bL 028 Kancooi modeau M muosncecrea K u 04 1106020

Habopa ay, . .., a, saementos uaz M cywecreéosaro pacuupe-
nue M” crpykrypor M taxoe, ato M’ ecto modesvs K u aoi-
ckasmganue Z(ay, ..., Qp) ucTuno 8 M.

HoxasareabctBo. [lepsas uacTb TeopeMbl OUEBHJ-
Ha, Tak Kak ecau moleab M muoxectBa K COAepKHT 3ae-
MEHTBl @y,...,Q, B X MOJeJbHO He mpotusopedut K, TO
cywecTsyeT pacuiupenue M’ cTpykrypsl M Takoe, uto M’ —
moneab K u X ucrunvo 8 M’. Ho

XDZ((Zi,...,an)

ABjsercss TeopeMofl u noromy Z(ay, ..., a,) HCTHHHO B M.
IlokaxkeM Tenepb JI0CTAaTOUHOCTb YCJAOBUS TEODEMEL.

[Myete § — mMHOKecTBO Beex BbICKa3biBanuil Buxa Z(ay, ...
.»Qp), TO€ Qy, ..., Qn — NPOU3BOJBHLIA HaBOp 1 HMHAHBH-

nos u3 M, u nmycte D — guarpaMma M. Mb yTBep:kjaem,

yto KUDUS’ uenporusopeunso misi JM1060ro KOHEUHOIO

nogMmuoxecrsa S’'<S. B camom pese, myers S'={Z,,...
oy Zm}, THE

Z,:Z(a{,...,a,{). j==1, ..., m,
u a/ — obvektsl U3 M. KUDU({Z}} uenporuBopeunso co-

raacHo ycaosHio Teopembl. [lycrs MY — mogear KUDU
U{Z} w DO — nunarpamma M. Onsith coriiacko ycaoBHio
Teopembr K UDMU{Z,} wenporusopeunso n o6jagger mo-
aeabto M®, nnarpammy kortopoit o6osnauum D@, M yrg-
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BJETBOPAET TaKxke W Zj, NOCKOAbKY Z; 3K3UCTEHUMAJBHO.
[Tono6ubim xe o6pasom KUD® U{Z3} nenpotusopeunso u
obnanaer moaenvio M®, ynopnerBopsiomes Z;, Z, u Zs
[Tpofoskas 3TO NOCTPOCHWE, MBI MPUAEM B KOHIE KOHLOB
K Mozean M mHoxecTBa K, KOTOpast sBJAsieTCst pacIumpe-
nueM M u ynosnersopser S'={Z,, ..., Z,}. CiaenoBaTeasHo,
KUDUS’ menpoTHBOpeuHBO, a MOCKOJIBKY 3TO BEpPHO A
JM1000ro KoOHeYHoro moaMuoxectsa S’'cS, to KUDUS rTak-
’Ke HEeNpOTHBOPEUHBO.

[Tycte My—wmomeas KUDUS, D;— nnarpamma M, u
Si~— MHOXKeCTBO BCeX BBICKa3blBaHuWil Buaa Z(ay, ..., d),
rae ai,...,0, € M;. Tak e, Kak u pasblle, ycTaHABIUBAET-
cs1, uro mHoxkectso KUD;US, Henporusopeuuso u o6.a-
naet moxenanio M. Ilycre Dy — nunarpamma M, u Sy — MHO-
JKECTBO BCeX BbICKasbiBaHHUH BHAa Z(ay,...,Qy), TAe dj, ...
..., an € My; Torga KUD,US, uenporusopeunso M of.a-
naet mojlenbto Ms. Tlpojoakas Halle paccyXAeHHE, Mbl MO-
JAYUHM MOCAeN0BaTeqbHOCTh Mojenell K:

T={Mli M2’ cen Mky .. '}1
tak uto My M, npu k<. Tlycts M*= E{Mk}' M* ectb pac-
wHupeHne M, yAoBAeTBOpSAIOIIEE BCeM BBICKa3biBaHHAM K,
nockobky K=A, (cm. 3.4.6). Ilyctb Teneps ay, ..., a, —

IPOM3BOJbHOE MHOMKECTBO o0bekToB M3 M*, Torma a, ...
.o, Qn € My 21 HEKOTOPOTO 11eJI0TO moJokuTeabHoro k. [o

NOCTPOEHUIO BLICKa3biBaHWe Z(ay, ..., d,) HCTUHHO B Myiy,
a motoMy W B M, nas Bcex [>k U, CJeL0BaTeJBHO,
Z(ay, ..., an) HCTHHHO TaKXe B M*,

Tarum obpasom, X=Vy,...Vy,Z(ys, ..., Yn) HCTHHHO

B CTPYKType M* Kotopas siBasieTcss Mofenbio K u pacuiupe-
uuem M. Teopema 3.6.1 noxasana.

B TOuHOCTH TaKHe ke pacCyXKAeHHS NPHBOJNAT K CJAEAYIO-
temy Hebonbliomy o6obiienuto 3.6.1.

3.6.2. Teopema. llycre K — nenporusopeuusoe mHo-
wecteo svickasvisanull kiacca A, u nyere H={X,} — mno-
HeCcTB0 8bICKABLIBAHUI TO2O Kce KAacca,

Xo=Vyr.. . Vyn,Z(41, ..., Ynh n, >0,
Z,, akaucTeryuarono. [Jas roeo urobot H modesvno me npo-

rugopeuuso K, neobxodumo u Gocrarouro, 4tobor 018 Ka-
wdoti modeau M muosecrea K, O0an Kawdoeo Z, u 943
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k0020 HABOPA IAEMEHTO8 ay, ..., 0y, U3 M cyuecrsosaro

pacwupenue M’ ctpykTypor M Taxoe, uto M’ ecto modeas K
4

uZz,(a, ..., anv) ucrunno 8 M’.

3aMeTuM, UTO eJMHCTBEHHOE OT/IMUHMe OT MMeBLue#cs pa-
Hee CHTYallHu COCTOMT B TOM, UTO TeMepb Mbl HMEeM Jeso ¢
KOHEUHBIMH MHOXKeCTBaMM BbICKAa3blBaHUH S’, 3J€MEHTHI KO-
TOPBIX MOJAYYAIOTCS 3aMEHOH MepeMeHHBIX B PasJHUYHBIX Z,
Ha O0OBeKTH. B 0CTalbHOM [0Ka3aTeJbCTBO MPOBOAUTICS
TOYHO TaK e, Kak U B Teopeme 3.6.1.

Teopema 3.6.2 MoXKeT ObITb HCIOJNb30BAHA BMECTO JIEM-
Mbl LlopHa uaH TeopeMbl O TOM, 4TO JHOG0E MHOMKECTBO MO-
¥eT OBbITb BHOJHE YMOPSJNOYEHO, JJs1 JH0Ka3aTealbCcTBa TOrO
dakra, 4To KaxKJoe Noje MOKeT ObiTh BJIOXKEHO B anrebpau-

7
yeckH 3aMKHyToe mojde. B camom gene, myctb K== Kcr—
MHOKECTBO 4KCHOM HOJSi, BBeJeHHoe B pasnene 2.2, Bricka-
3piBanust K, KaK JIerKo yCMOTpeTb, NpHHaAIexRat Kaacey As.
[ycte H={Yn}, n=2,3,...,— NoC/IeJOBATEbHOCTD BBICKA-
3bIBaHHM{l, YTBEPKAAIONINX, YTO KaXK/bli YHHTApHLIH MHOTO-
ujeH cTeleHd 7 UMeeT KopeHb. OTHOCHTENLHO 3THX BBICKA-
3bIBAHMI TaKKe MOXHO Tpeanoaratb, UTO OHH NpHHaAJIe-
wxat kaaccy Ay Yeaosue Teopembl 3.6.2 COCTOUT B TOM, UTO
JJisi Ka)KAOTO YHHTapHOrO MHOrousneHa ¢ Kos@duuueHtamu
B naHHOM mnoje M wmaiimercs pacuupenue M, B KOTOPOM
5TOT MHOTOUJIEH WMeeT KopeHb. ECaAH NPHHATH 3TO yrBep-
AKJeHHe Ha Bepy (OHO J0Ka3blBAeTCsl C MOMOILBIO U3BECTHOH
KoHCTpyKuMn Kponekepa — Illtefinuua), To orciona Ha ocHo-
BaHHN 3.6.2 MBI 3aKjJ4aeM, uTo Jw6oe Moje MoxeT ObTb
BJIOJKEHO B anre6panueckd 3aMKHyToe noJse. M3 storo pac-
CYKJeHHsl, OJHAKO, YXKe He/lb3sl H3BJeub J0Ka3aTe/bCTBO
TOTO, 4TO J1060€e Tose ofaaaaerT aare6pauyecku 3aMKHYTHIM
aneebpauueckum paclIHpeHHeM.

3.7. 3apauu

3.7.1. JlokasaTb caeayouiyo teopemy. s Toro 4tofur jobble aBe
Mofean MHOMKecTBa akcuoM K, ofuine OObeKThH KOTOPBIX BCe MPHHAA-
newar K, o6naganu o6muM paciIBpeHHeM, HEOOXOIUMO M [0CTaTO4HO,
4To6bI MHOMKECTBO BLICKa3biBaHHil, ompeneteHHbx B K u coBMecTHMBbIX

KOHBIOHKTHBHBIM.

¢ K’Bﬁ:cﬂx?asbmaﬂne X wnaswiBaerca cosmectumoin ¢ K, ecin K X} ue-
NpPOTHBOPEUHBO.

3.7.2. JlokasaTb, 4To TMOHATHE KOJblla Heab3d CHOPMY/IHPOBATH
TOLKO JHMIIb B TeDMHHAX BhICKA3biBAHHH Kijacca By (1. e. 3K3HCTeH-
[HAJAbHBIX H YHHBEPCAJILHBIX BBHICKA3bIBAHII).
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3.7.3. dokasath cieayoulylo TeopeMy. JIis TOro 4TOGH BBICKA3LL-
Bauue X OLIIO HCTHHHBIM B FOMOMOpP(HBLIX 06pa3ax Beex pacumlupeHuil
NPOU3BOIBHON CTPYKTYpbl M BeAKHMA pas, korna X ucTHHHO B M, He-
00XOAMMO M AOCTATOYHO, YTOOB X GbIIO SKBHBAJEHTHO SK3HCTEHIMAJb-
HOMY BbICKa3bIBAHHIO, MAaTpHIla KOTOPOTO eCTb KOHBIOHKUUSI aTOMap-
HBIX ANd.

3.74. Ha#itu gapyrofi mnpuMep HeNPOTHBOPEUHBOTO MHOMKECTBA
4KCHOM, KOTOpOE Oblio Obl O-YCTOHYHBBIM, HO He BhINYK/IBIM.

3.7.5. JloxasaTh CAeAYyIOWYIO Teopemy. BuicKasbiBauue X MOJeqbHO
He NPOTHBOPEUUT MHOMECTBY BbICKa3biBaHuii K TOTAa M TOIBKO TOTAA,
Koraa Aanas JoBoro SK3MCTEHUMAJBHOTO BLICKA3LIBAHMS Y, OlpexeeH-

noro B K u cosmectumoro ¢ K, BhicKasbiBaHue XAY Takke coBMe-
ctumo ¢ K.

Bubauoczpaguueckas cnpaska. Pasziwdnbie npumeneHus (yHKTOPOB
Cxonema Obiin namet dp6paunom [I] u Tunnb6eprom u DBep-
Hailicom [l]. Onepamust peaiTHBM3allMM paccMaTpHBanach B paboTax
dpb6pauna [l] u Tapckoro, MocTtoBckoro u PoGuuncona
[1]. TTonatre snemeHTapHOro pacmupeHHsi Gui0 BBegeHO TapPCKHUM H
Boorowm [1]. Jpyro#t sapuant Teopemn 3.2.5 GbLT QOKa3aH HACTOS-
mum MetogoM A. Po6uHcoHowM [9] (¢ Gonee cnabbiM 3ak/ioueHHEM
0 TOM, 4YTO CyLleCTByeT ofuiee pacuiupeHne M*  sjeMeHTapHO 3KBU-
Basentuoe M u M'); wacroswuil BapuaHT npunaaaexut Keiiciaepy., OT-
HOCUTEJIbHO nocaerHei yacty m. 3.2 ¢M. A, Po6uucou [1J u Pabun
[1]. Teopema CepnuuCKOro, HCNOIB3OBaHHAA NPH NOKasaTeibcTee 3.2.9,
conepmutcss B padote Cepnuuckoro [1]. Ilousatae ycroiiuuBocTH
BBeleHO B KHHre A. Po6uncouna [1]. [lokasatenbetBo Teopemnl 3.2.9
oo10 gano Jlocem [2] 1 A. Po6uucounowm [10]. 1o ectb 06obue-
nue Teopembl 3.2.4, npuHamnexaueii Tapckowmy [3]. Paccyxaenue,
nposefienHoe B pasgene 3.3, uweauxkoMm cieayer A. Po6uncouny [18]
Teopemy 3.4.9 moxno wafitn B crathsix Jloca n Cywko [1] u Uan-
ra [1]. OTHOCHTENbHO METOAOB ¥ OCTAJbBHLIX DPe3yJAbTaToB M. 3.4 CM.
A Po6uucoun [14]. [onoaxntenbnbie wuccienoBarHs no mpobieme
NPHCTAaBKH u3JoKeHnl Jiumugounowm [1]. Teopema 3.5.1 paokasana
A, PobGunconom [I] ¢ HCIONb30BaHHEM HECKONbKO 6OJee CHib-
HOTO Ofpe/ie/IeHHs  BLIMYKJOCTH. YJyuilleHHss OGwuth  BHecenol U a H-
rom [l] u PaGuuom, npemnjoxusuium Teopemy 3.52. Pabumom He-

A3aBHO TONyueHa NOJHAs CHHTAKCHYECKAs XapaKTEPHCTHKA BHINYKJbIX
MHOJKeCTB *),

*) Tpocroe jgokasatennctBo Teopembi 3.2.8 na1 Uxawu [4]. O6-
ofwenne TeopeMnl 3.4.9 cM. B pabore Taftmanosa [3]. Bunyknne
Kaaccol usyvenst Boorowm [6]. ([Ipum. ped.)



FJABA IV

NMOJIHOTA

4.1. Mpusuak noaHote. HanomHuMm (cM. 1. 3.2), uTO
MHOKeCTBO BbICKasbiBaHW# K HasbiBaerTcs MOJHBIM, €CIH A4
11060r0 BBicKasbiBaHusa X, onpenenensoro B K (1. e. BCe
OTHOLIEHHS ¥ 06beKTH X BCTPEUalTCHa B BHICKA3bIBAHUAX M3
K), nu6o KX, mu6o K=~ X. Mmeercst jBa TPUBHA/IBHDBIX
IpUMepa TOJHONO MHOXKECTBA: NMPOTHBOPEUMBOE M IYCTOE.

CJaeaymolyii OCHOBHOH pe3yJ/bTar O IIOJHOTE npuHallje-
KUt Jlunaenbaymy.

4.1.1. Teopewma. [lycre K — Henycroe u HenpoTusope-
yusoe MHONCecT80 8vickasvieanuti. Toeda Haidercs MHOCe-
creo K'oK, ne codepacauee no cpasrenuto ¢ K nosoix oT-
wouleHuli u obwexkros, Takoe, uto K’ Henporusopeuuso u
HOAHO.

JlokaszaTteabcTso. [lycrb H — MHOXECTBO BCEX BbI-
ckaspiBanuit, onpenenennbix B K, u nycrs J={K.} — mHOXe-
CTBO BCeX HEeNPOTHBOPEUHBBIX MOJIMHOXKECTB MHOXKECTBA H,
coxepxamux K; oueBnano, uro K€/J. J wacruuno ynopsino-
YeHO MO BKJIOUEHHMIO, M KaxJaoe JHHeHHO YNOpsAOYEHHOE
noaMuoxectso J'cJ uMeer B J BepxHIOK Tpalb, KOTOpas
npejcTaBJaseT coG6OH npocTo ofbeAuHeHHe BCEX S/EMEeHTOB
J’ (o6osnauum ero uepes Kp). [leicTBUTENLHO, MOCKONBKY J
JIHHEHO YNOPsiA0YeHO, BCAKOE KOHEYHO® NOIMHONKECTBO Ko
OpHHALIEKHT HEKOTOPOMY 3J€eMEHTY W3 J/. CaenoBaTenbHO,
ecsiu 661 Ky 6blJ10 IPOTHBOPEYHBO, TO, BONPEKH NPEAION0xKe-
HUIO, GblJ0 OB MPOTHBOPEUHBO M HEKOTOPO® MHOXKECTBO M3
J’. Takum o6pasom, Jdemma lLlopHa npuMeHnma, W Mbl 3a-
KJjtouaeM, uTo J colepXUT Mo Kpa#Heil Mepe OIMH MaKCH-
MaJibHBI saeMenT, ckaxeM, K*. K* HenmpoTHBOpEYHBO H CO-
nepxut K. [Tokaxewm, uto K* K ToMy X€ A NOJHO.

J1eHCTBUTEABHO, YCTh X — rtakoi saemenrt uz H, uro X
ge soBoauMo u3 K*. Mbl yTBepxaaeM Toria, uto ~ X BbI-
soqumo u3 K*. Paccmorpum MHOxectso K* U{X}=K..
Beudy MakcuMajpHOCTH K* uMMeIOTCd /Be BO3MOMHOCTH:
1160 X € K*, an6o Ky nporusopeunso. [TockobKy X He BbI-
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BoauMo u3 K* oHO TeM Gojee He MOXET eMy TpUHALJIe-
xatb. Cnenosarenbuo, K* U{X} npotuBopeunso. 310 paBHO-
CH/JBHO CYUIECTBOBAHUIO TAKOTO KOHEUHOTO TMOJMHOXKECTBA
mHOkecTBa K*, crawxem, {Yi, ..., Y}, uto {Yy,..., Yy, X}
npotuBopeunBo. TakuM 06pa3oM, BeicKasbBaHUA ~[Yi/A ...
o ANAYu AXl n VIA LAY D ~ X gaBasgioTcs TeopeMami,
npuYeM IMoc/ejHee W3 HHX KakK pa3 M o3Hauaer, 4to ~ X
BhiBoAUMO 3 K*. 3amerum, uto ecau m=0, To MB Bceraa
MOXEM BBECTH NPOH3BOJIbHBIE 3/1eMeHTH W3 K* ¢ TeM, 4TOOH
aHtenenedT ummiaukamun YA ... AYyp>X He Obla NyCcTHIM.
Teopema 4.1.1 nokasana.

3a WCKJAIOYEeHHeM TOro TPUBHAJBHOTO cayuas, Korga K
camMo noJiHo, y K, Kak NpaBu/io, UMeercss JOBOJIbHO MHOLO
He 3KBUBAJEHTHBIX Mexjiy cOGOH [OMHBIX pacCUIHpeHni.
[Mycte K HemycTo M HENMPOTHBOPEUHBO, W MYCTh BbICKA3bIBA-
ave X us H Ttakoso, uto HU X, HU ~ X He BoBoAMMBI U3 K.
B stom cayuae mmoxkectBa Ki=KU{X} u K;=KU{~X}
06a HempOTHBOPeYHBLL. B camom fese, MOBTOpPSS NPHBEIEH-
HOe paFee paccyskjeHHWe, MBI NOJydaeM, HalpuMmep, uTo,
eciu KU{~ X} mnporuBopeurnBo, TO INPOTHBOPEYHBO H
XN .. NXp/N~X pns wekotopbix Xy, ...,Xw €K, u mo-
ToMy BBhIcKaabiBauue XjA ... AX, DX saBiasercs TeopeMoH,
T. e. X BbiBoauMO H3 K. (B Tom BbIpOXKJeHHOM ciayuae, KO-
raa K nycro, X Oyjer TeopeMoil ¥ B CHJIy NPHHATOrO CO-
raawenuss GyAeT BHIBOJMMO H3 INyCTOro MHOXKectBa.) K
HEINPOTHBOPEYHBO B TOUHOCTH TO TEM Xe CcOOOpaxKeHUsM.
CnenoBarenbHo, Ha ocuoBauuu 4.1.1 K, u K, obaanaior co-

OTBETCTBEHHO MOJHBIMH PaCIIHPeHHAMH Kiu K KOoTOopble
npeacTaBasioT co0oll JBa CYHIeCTBEHHO PAa3JIHUHBIX IOJHBIX
pacwuperns K.

Ba)KHOCTb MOHSTHA MOJHOTHI IJ51 MaTeMaTHUECKHX MpPH-
JIOJKEHHH B 3HAUUTENbHOJ CTeneHH oObacHsAercss Tem (ak-
TOM, 4TO €CJH JIBeé HEH30MOp(HBIE CTPYKTYPhLl SABJIAIOTCH
MOJEJSIMH OJHOCO U TOTO K€ IMOJIHOTO MHOXKecTBa BBICKa3bl-
BaHuli K, TO Ka)kJoe MHOXECTBO BBICKAa3LIBaHHH, ompeje-
JeHHoe B K M HCTHHHOE B OJHOH U3 CTPYKTYpP, HCTHHHO TaK-
’Ke U B JApyroil. B cBs3u ¢ 3TUM IpeicTaB/sercss JOBOJILHO
MHTEPECHbIM YCTAHOBHTbH, KaKHe M3 H3BECTHBIX aiareGpaunde-
CKHX MOHSITHA 3ajal0TCs TOJHBIM MHOXKECTBOM aKCHOM.

[IpocteiM, HO 3G @deKTUBHBIM IPH3HAKOM MOJHOTHEl fB<
Jsietcs caelylollas Teopema.

9 A. PoGuncon
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4.1.2. Teopema (npusaHak Boora). ITycre K — Henpo-
TUBOPEUUBOE MHONCECTBO QKCUOM C OTHOWIEHUEM PABEHCTSA
E(x,y) u nycto o— (koHeunoe uiu GecKouneuroe) Kapou-
Haabroe wucao muosxcecrea K. Ilpednoroxcum, 410 sce mo-
deau K Oeckoneurovt u 470 04 HEKOTOPO20 BECKOHEUHO20
Kapounarbrozo qucia o' Za sce modeau K mowroctu o
U3OMOpGHLL (8 TOM cMbicae, KAK 3TO onpedersfiioct 0af
MHOXMCECT8 ¢ OTHOWweHuem pagencrsa). Ipu 3Tux ycrosusx
K noawno. :

Ecnin K coaepxut Kakue-To oOBEKTH, TO 3apaHee Npej-
nosaraercs, uto oTobpakeHHe, yCTaHaB/IMBAIOLlee H30MOP-
$usM Mexny AByMS Mojeasimu K, sBJisieTcs Ha HHUX TOXKJe-
CTBEHHBIM OTOGpaXKeHHEM.

HokasareabcTBo. [omyctuMm, 4ro yciaosds 4.1.2
BBHITIOJIHEHE], H ITyCcTb X — BBICKa3biBaHUe, onpejiejeHnoe B K.
Mbl 0/1KHB MOKasaTh, uTo JHG60 X, Ju60 ~ X BHIBOAMMO
u3 K. [Tycte, HaoGopor, HU X, HH ~ X He BHIBOOUMBL M3 K
TOTJa COTJIaCHO OGBIUHOMY pPAacCyKAEHWIO MHOMKecTBa Ky=
=KU{~X} n K;=KU{X} o6a nenporusopeunsn. HUx xap-
IMHAJIBHOE YHCIO PABHO a1 u, nockoabKy a’ GecKoHeuHo
a’Za+1. Orcioga Ha OcHOBaHMM TeopeMbl 1.5.13 cneﬂyeT,
cylllecTBOBaHHe Takux momeneit M; u M, muoxects Ky u K,
COOTBETCTBEHHO, YTO KapJHMHa/bHble UHCIIa My n M, paBubl
o’. Ho rtorpa, mo yciosuioo Teopembl, My u M, usomopd-
HBl H, cJepoBarenbHo, Ju6o X, au60 ~ X HCTHHHO B HHX
06enx OJHOBPEMEHHO, ITO, OAHAKO, NPOTHBOPEUHT OINpeje-
JeHuio M; u M, u Hama TeopeMma, TakuM 06pa3oM, J0Ka-
3aHa.

B kauecTBe NmepBOro NpHUMepa MOJHOTO MHOXKECTBA, ecTe-
CTBeHHO BO3HHMKAIOUIETO B MaTeMaTHKe, Mbl pPacCMOTPHM
MHOXKECTBO akKcuoM K MNOHSITHA NJOTHO YHOPSAOYEHHOTO
MHOXecTBa 0e3 HayalbHOTO M KOHEYHOro 3JemeHTOB. K Mo-
XeT ObITb 3aMUCAHO NMOCPELCTBOM KOHEUHOTO YHC/JAa BHICKA-
3bIBaHUA, cPOPMYIHPOBAHHBIX B TePMHHAX OTHOIIEHHS pa-
BenctBa E(x, y), oTHowenus mopsaka Q(x,y) (X MeHbie
WK PaBHO y) M 0e3 (DHUKCUPOBAHHBIX 0GBEKTOB. Toraa Jio-
6as Mozieab K GeckoHeuHa W Bce cueTHble Monean K u3o-
MOp(pHH COrMIacHO U3BeCTHOMY pesyabTaty Kanropa *).

*) Cm. ®. Xaycmopd, «Teopus MHOXKecT OHTHU
ra. 111, § 11, ([Tpun. nepes.)p ¢ P B>, , 1937,
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CunejoBaTesbHO, 0 npusuaky Boora K mnoano. Chopmyau-
pyeM 3TOT pesy./bTaT, BIepBble AOKa3aHHbI JleHr¢oprom,
B BHJE OTIEJbHOH TEOpeMbl.

4.1.3. Teopema. Teopus naoTHO ynopaO0O4eHHO20 MHO-
aecTea 6e3 nepso20 U NOCAe0He20 3AeMEHTQ ABAALTCA
nOAHOL.

3aMeTHM, UTO COOTBETCTBYIOLLHUH PE3yabTAT CIpaBeAduB
TakKe AJsl TeOpHH GECKOHEYHOro IJIOTHO YMOPsiJlOYeHHOTO
MHOKECTBA C NEPBLIM U NOCJAEJHHM 3JeMeHTaMH ¥ AJd Teo-
pHH TJIOTHO YIIOPSI0YEHHOr0 MHOXECTBA C NePBBIM 3JEMEH-
TOM, HO 63 NOCJeHEro, Wik ¢ NOC/efHUM, HO 6e3 nepBoro.

PaccMoTpuM Temepb MHOXKECTBO BbICKa3bIBaHH £#
(n. 2.2) AJs MOHATUA anre6panyecKu 3aMKHYTOTO MoJsi AaH-
Holf xapaktepuctuku p (p=0, 2, 3,...). Cyuecrsyer
teopema lllTefiHula, YTBEPKAAIOLLAs, UTO JHOObIe 1Ba a/re-
Gpauueckd 3aMKHYTbIX TOJSl OJHO! M TOH e XapakTepu-
CTHKH M OJMHAKOBOH HecueTHOH MOIIHOCTH >N, H30-
mopdubl. OTciona no npusHaky Boora BbiTeKaer

4.14. Teopewma. Teopua areebpaudecKu 3amKHYTOZO
noas OQHHOL XapPaKTepUCTUKU ABAAETCA NOAHOU.

DTOT pesy bTaT MOKa3blBaeT, YTO €CJAH HEKOTOPOE yTBEp-
xaenve X, chopMy/sHPOBAaHHOE Ha s3bIKe Y3KOTO HCUHCIe-
HHUS NPeJMKATOB B TEPMUHAX PABEHCTBA, CJIOKEHUS M YMHO-
JKeHUs, NOKAa3aHO KaKUM-HHOYAb CIOCOOOM st MOJs KOM-
IJIEKCHBIX uMCeJ, TO OHO TaKxKe BepHO H Aaa Ji06oro
Apyroro anrefGpaunyecKH 3aMKHYTOTO M0Js HyJeBOH Xapak-
TEPUCTHKU. DTO €CTh OJlHA M3 TEOPeM IMepeHoca, KOoTophble
Mbl 06Cyxaanu B cBoe BpeMa B 1. 2.4. Ona mpunaer orpa-
HHUEHHDbIH, HO 3aTO BIOJHE YeTKH# CMBbICA H3BECTHOMY
9BPUCTHUECKOMY apTyMeHTy — IPHHIATY Jledurena. Oxnako
BIOJIHE BEPOATHO, UTO MpuHuUMN Jlegurena uMeeT Takke He-
KOTOpOe 3BPUCTHUECKO® 3HAueHHe W B C/yyasiX, BHIXOASUIHX
3a paMKH Y3KOTO HCUHMC/EHHs NpeluKaToB *).

KomGuuupya 4.1.4 ¢ MeTofamu 1. 2.4, Mbl nosyyaem cjie-
RYIOIIHHA Pe3y/bTaT.

*) [punuun Jiediuena ucnoJb3yercs B anre6panyeckoli reoMeTpHH.
C ero NOMOLLBIO MOXKHO MEPEHOCHTb ONpejeJieHHble DPEe3yJbTAaThl, MOJY-
yeHHBIE KOMIOJEKCHO-aHAJHUTHYECKHMH MeTOJaMH, Ha MPOHM3BOJBHbIE alf-
reGpanuecku 3aMKHYyThe [10JA HYJ€BOH XapakTepUCTHKH (cm. Weil A
«Foundations of algebraic geometry», Colloquium Publ, New York,
1946. (I1pum. nepes.)

g*
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4.1.5. Teopewma. Ilycro X — svickasoisanue, chop.my-
AUPOBAHHOE Ha A3bIKE Y3K020 UCHUCACHUS NpeduKaros 8
TePMUHAX OTHOWERULl PABEHCTBA, CAOMCEHUA, YMHONCHUS
u npedmernoix nocToarkolx 0 u 1 (uau 6e3 npedmernsix no-
CTOAHHbIX — pasnuya Hecyuwecteennasn). Toeda, ecau X uc-
TUHHO 8 NOAE KOMRACKCHOHIX YUCEA, TO OHO UCTUHHO TAKXMCe U
8 at0bom areebpautecky 3aMKHYTOM NOAe XAPAKTepPUCTUKU
p>po, 20e py— HEKOTOPAs KOHCTAHTA, 3asucauwas or X.

4.2. Mopeabnan noanora. HecmoTpst Ha 3amerHyio 3d-
(eKTHBHOCTL NpH3HAaKa Boora, cyliecTByer MHOro BajKHBIX
NPUMEPOB MOJHBIX MHOXKECTB aKCHOM, MOJHOTA KOTOPHIX MO-
KeT OBITb YCTAaHOBJEHA COBEPUIEHHO WHBIMH METOJLaMH.
B Hacrosmem pasjese MBl ONHLIEM O/IMH M3 TAKHX METOIOB,
KOTOPBIH MOXKET ObITh AOBOJLHO yCNELIHO MPUMEHEH AJIS Le-
JIOTO PSAJa NOJAOGHBIX BOMPOCOB.

Beenem BHauasne nousTHe M0OesbHOl noanoTel Ilycrhb
K — nemycToe U HenpoTHBOPEYHBOE MHOXKECTBO BbICKA3bIBA-
Hu#. Beskufi pas, xorjga Mbl GyieM roBopHThb, 4To M ecTb
mMoaear K, 6ylner moapasyMmeBaTbesd, 4TO BCe OTHOHIeHHs M
BeTpedaloTest B K. K HazoBeM M00eAbHO ROAHBIM, ecad AJs
Jio6oit mojgenn M muoxkectBa K Muoxectso KUD mouHo,
rie D — nnarpaMma M. DKBUBaJIEHTHO 9TOMY ONpeAeeHHIO
caenymwollee: K nodesvHo noaHo, eciu IJIA KaskA0H MOILENH
M wmuoxecrsa K s06oe ee pacmupenue M’, KoTopoe Tak-
XKe ABIAeTCT MOAeabio K, ABASCTC 24EMEHTAPHOLM PaCLIU-
peadem M. B camom jene, myctb K MOAENbHO TMOJHO
COrJIacHO NepBoMy onpepetenuo, a M u M’ — mogenn K
Takue, uto M’ — pacmnpenne M. OGosznauum uepes D nua-
rpammy M. Torna M’ ynosaersopsier K u D, u, kpome Toro,
K UD noano. I[Tycte Tenepb X — npou3BOJAbHOE BbICKA3bIBA-
HHUe, onpejeJeHHOe U HCTHHHOe B M. B sToM cayuae X on-
peseneHo B KUD u, caenosaTenbho, seiBoauMo uz K UD.
Orciona cieayer, yro X uctuHHO Takxke B M/, u M’, takum
06pa3oM, ecTb 3JeMeHTapHOe pacluupenne M.

O6paTHO, npeamosoxuM, uto K MOJEJbHO MOJHO CO-
T1aCHO BTOPOMY ONpe/IesienHIo, ¥ mycTh D — puarpamma mo-
neaw M muoxkectBa K. Mbl JIO/KHBI NOKasaTtk, uto KU D
noiHo. Ecau KUD He nosno, To HaflfeTcsi BbICKAa3bIBaHHE
X, onpenenennoe B KUD, tTakoe, 4To HA X, HH ~ X He BbI-
BoguMel u3 KUD. OaHo M3 3THUX BHICKAa3blBAHUE JOJKHO
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6bITh UCTHHHO B M — MBI MOXKeM NPEeLNOJNOKUTL 6e3 orpa-
nHuuenust obuiHocTd, yto X uctunHo B M. Ecau X ne BbIBO-
aumo us KUD, to KUD U{~ X} Henporusopeuuso n umeer
mojear M/, Ho M” — pacuinpenne M u mojens K. Orciona
BeITeKaeT, uto M’ n0J13KHO ObITH 3/€MEHTapHBIM pacuiupe-
HHEM, a CJAeJ0BaTeNbHO, NOJMKHO ya0BIeTBOPsiTh X. [loay-
YyeHHOEe NPOTHBOpeuHe NoKaswBaer, uro KU D noano, u, Ta-
KUM 00pa3oM, /Ba ONPeAeJCHUS] MOJEAbHOH TOJHOTH AcH-
CTBHTE/JbHO 3KBHUBA/JIEHTHLI.

[TousTHe MOJHOTHI M MOJAEAbHON MOJHOTH YACTHYHO Me-
PEeKpBIBAIOT APYr APYra, HO HU OJIHO M3 HHX HE CONEPIKUT
npyroe. B camom gese, nyctb K — MHOXECTBO BCeX BbICKa-
3bIBaHui, cHOPMYJUPOBAHHBIX C [MOMOIIBI OTHOIIECHHS IO-
panka Q(x,y) (r. e. ¥<y) 6e3 UHAUBUAOB; TH BbHICKA3bIBA-
HHA BLIOJHSIOTCS B JIOOO YOPSLOUEHHON MOCTeL0BATEb-
noctu M={ay, as, as,...}, HanpuMep, B NOCAEL0BATEIBHOCTH
LeJBIX TOJOXHUTEJbHBIX UHCeJA. 3aMeTHM, UYTO OTHOmie-
HYe PABEHCTBA B 3TOM CJydae MOKeT ObITb 3aMEHEHO IpejH-
katoM Q(x, y) AQ(y, x). Huarpammoit D crpyxryper M sB-
JsieTcsl MHOXKECTBO BCeX BhICKasbiBaHuH Buaa Q(a;, a;) mpu
i<ju ~Q(a;a;) mpu i>j, i, j=1, 2, ... BoickaspiBanue
VxQ(ay,, x) onpeneaseno B KUD u wucrunno B M, oxnako
OHO JIOXKHO B CTPyKType M’, KoTopas 3ajgaerca OCCKOHeUHOi
noCJAeJ0BaTeABHOCTIO  {Qg, a1, Ay, . ..} (@ — JONOJNHHTENb-
Hplfl uEAUBUA), xota M’ nzomopdHo M u sBAsieTca B OJHO
¥ TO Xke BpeMs Moneabto K u pacnpenuem M *).

C npyro#l CTOPOHBI, KaK MBI BCKOpE MOKaxeM, MOHSATHE
aare6panyecky 3aMKHYTOTO noJst, chOpMyJUPOBAHHOE B TEP-
MHHaX Oo6blUHBIX oTHomeHuit E, S, P, mogenasno moauo. On-
HaK0 3TO MNOHATHe, 0e3yCJOBHO, He TOJHO, TaK KakK BBHAY
HEONPEIC/ACHHOCTH XapaKTePHCTHKH TMOJIsi BbICKa3blBaHHe

X=VxVylS(x, x, y) 2S(y, y, y)]

He MOXKeT OLITb HH JOKa3aHO, HH ONPOBeprHyto (T. e. HH X,
Hn ~ X He BBLIBOJHMBL).

3aliMeMcsl Temepb BHISICHEHMEM HeOoOXOAHMOro W  Jo-
CTATOUHOTO YCJOBHS MOJAENbHOM NOJHOTHL IlpaBuibHO 1O~
crpoennyio Qopmyay (nnd), safaHHY0 B NpEABAPEHHOM
HOpMaJbHOH ¢opMe, OyAeM Ha3LIBATb NPUMUTUBHOL, eClH

*) OcTaeTcst 3aMeTHTb, YTo MHoxecTBo K noano. ({Tpum, nepes,)
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OHa 3K3MCTeHIMaabHa (T. e. MpHHalIexuT Kaaccy Ey) u ee
MaTpHla SB/ISeTCsl KOHBIOHKUHEeH GopMyJ NepBoro nopsiaka
(T. €. 3aKJIOUCHHBIX B CKOOKH aTOMapHbIX (GOpMYyJ) U OTPH-
Hapuid Takux ¢GopmyJd. BBHAY CKasaHHOrO MBI MOJYUMM
MPUMHUTHBHOE BbLICKA3bIBAHHE, €CJH BO3bMEM KOHBLIOHKUHIO
HEKOTOPOro uYHcJa 3MEeMEHTOB [uHarpaMMBl, 3aMeHHM OT-
JeNbHble  371eMeHTHl 3TOl KOHBIOHKUHUH TepeMeHHBIMU |
BIEpPEe/H NOCTABUM COOTBETCTBYIOLUME KBAHTOPLI CYILECTRO-
BaHUs.

4.2.1. Teopema. (IlpusHak MojeabHOH HOJHOTHL)
Ilycre K — Henycroe u Henporugopequsoe MHOMECTEO Bbl-
cKkasogarut. Jaqa 1020 4To66r K 6bi10 mMoOesbHO noaHbiM,
Heobxo0umo u 00cTaTO4HO, 4T0ObL OAs A06bLX O8Yx moOe-
aeii M u M’ muomecrsa K, rtarux, uwro McM’, awboe
NpUMUTUSHOE BbicKa3bisanue, onpedeiennoe 8 M, 6Gvino
ucrunno 8 M’ r1oeda u TOABKO TO20A, KOeda OHO UCTUH-
HO 8 M.

JokaszaTeabCcTBO. YCI0BUE TeOpeMbl HeOGXOAHMO.
IMycts M u M’ — monenun senycroro mMuoxecrsa K u M/ —
pacurMperne M Takoe, UTO HEKOTOpPOe NMPUMHUTHBHOE BBLICKA-
abiBaHue X, onpepnesnenHoe B M, ucrunno 8 M’, HO JI0XKHO B
M. Ho rtoraga corsiacHO BTOPOMY ONpEJeJEHHI0 MOJeJbHOH
nosHOTH K He MOMKeT OBITb MOJEAbHO IIOJHBIM.

. Hokaxem Tenepb J0CTaTOYHOCTb YCJAOBUSI TEOPEMBI.
[Tycre S={(M, X)} — MHOXKeCTBO Bcex TaKux map, uTo M—
mogeab K (c auarpammoii D), X — BbicKasbiBaHue, onpe-
nenenHoe B M (u, caenoBateabso, B KU D), Takoe, uto HU
X, un ~ X wue BoiBoguMH u3 KUD. Ecau K He gBasiercs
MOJeJbHO NOJAHLIM, TO S Hemycrto. Bosee toro, B atom cay-
yae S COHEpXKHT Nlapy, BTOPOHl 3JeMEHT KOTOPOH 3ajaH B
npeABapeHHOR HopManabHOH ¢opMe. [lelicTBUTENBHO, €CaH
(M, X) — mo6oit anemenT U3 S u X’ — skBuBajenTHOe X
BLICKa3blBaHUE B IpeJBapeHHOll HOpMaJbHOIl dopme ¢ Temu
JKe OTHOLEHWSAMU U HHAMBUAAMM, 4To U y X (Takoe X'/, Kak
M3BecTHo, cyliectsyer), To (M, X’) TakxKe npuHajgiexur S.
Kpome Toro, B qo6om 3seMeHTe M3 S BTOPOH WieH napbl
Jo/xed 00653aTeJbHO COAEPKAaTb MO MeHbIIeH Mepe OJMH
KBaHTOD. B camoM gese, eciu X He COACPXKHUT KBAHTOPOB U
UCTHHHO B M, TO OHO TakXe MCTHHHO B JI000M paCLUMPEHUH
M u, coeioBaTeNIbHO, BHIBOAUMO U3 OAHOTO D) ecay ke ~ X
MCTHHHO B M, 10 Torga ~ X BwiBoaumo u3 D. Takum o6pa-
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zom, (M, X) ue Moxer npunaanexatb S. Hakoneu, eciu S
He MycTo, To B S Halijercs nmapa, BTOPOH 4ieH KOTOpoH 3a-
JaH B TIpe/lBApEHHOH HOpMaJbHOH (opMe M HauHHaeTcs
KBaHTOPOM cylllecTBoBanus. JleficTBuTebHO, ecan (M, X) €
€S, 10 (M, ~X)€S; ecin X HauuHaeTcsi KBAHTOPOM 0OLI-
HOCTH, TO OObiuHasi peayKuusi ~X K mnpeiBapeHHOH HOD-
ManbHo# dopme (nanpumep, o1 ~[VxZ(x)] ¥ Ax[~Z(x)])
MPUBOJUT K BHICKA3bIBAHHMIO, HAUHHAWOLIEMYyCA C KBaHTOpa
cymectBoBanus. TakuM o6paszoM, mycte S’'={(M, X)} —
MHOKECTBO BCeX TakKux map, uro M — momeab K (¢ aua-
rpammo#i D), X — BeickasbiBaHUe B [peJBapeHHOM HOp-
MaJbHO# ¢opme, Koropoe ompenejgeso B M u nauuHaercs
KBaHTOPOM CyHIECTBOBaHHs, U HH X, HU ~ X He BLIBOJMMBI
uz K. Torpa mbi yxe mokKasaju, 4To S’ He MOXKeT ObITb My-
CThIM, ecau K He gBisieTcs MOJeJbHO NOJHBIM.
[IpeanonoxuM, yto K He SIBJsIETCS MOAEJILHO [OJHBIM, H
ayctb (M, Xo) — sneMeHT U3 S/, y KOTOPOTO BbiCKa3biBaHue
X, MMeeT MHHHMaJbHOE YHCJI0 KBaHTOpOB. IlycThb, ckakem,
Xo=32Q(2), rme uucjgo KBaHTOPOB B Q Ha eQMHHIY MCHb-
we, yem B Xo. [lo npeanosoxenuto, muoxecrso KU D U{Xo}
HENIPOTHBOPEUNBO U o6Jagaer Mojeabio M. M’ gapisiercs
Torpa mMojaenabio K u pacmiupedieMm M TakuM, 4TO NPH HEKO-
topoM a €M’ Q(a) uctuHHO B 3T0ft cTpyKType. ITockoabKy
Q(a) comepKUT MeHbIe KBaHTOPOB, 4eM KXo, mapa (M,
Q(a)) Q_:S’. Ho, ¢ apyroit croponsl, Q(a) onpeneneno B M’
¥ notoMmy Jau6o Q(a), aubo ~Q(a) AOMKHO OBITb BHIBO-
aumo w3 KUD’, rae D’ — puarpamma M’ *). Ho ~Q(a)
He MoxeT ObiTh BHIBoguMO M3 KUD', tak kak Q(a) Hc-
THHHO B CTpyKType M’, KoTopas siBasieTcst Mogenbio KUD’.
CaenoBarenbHo, Q{(a) swiBogumo u3 KUD’ u, mockoJbKy
Q(a) o[32Q(2)], 7. e. Q(a)>X, aABaseTCS TeopeMoO# y3-
KOTO HCYHCJAEHUs1 npeawkatos, X, TakKe BLIBOJAHMO H3
KUD’. Orciona cilefyer, uto Haiijetcss BbicKasbiBaHHe Y,

*) Jlonymena HeGonbuias HeTOYHOCTb, HIa Toro, uto (M/, Q(a)) ¢ S’
BOBCe Me caefyeT, uTo an6o Q{a), mmbo ~ Q(a) smBomumo uaK{y D’
Tak Kak (M’, Q(a)) moxer npuHamiexarb S. OfHAKO XapaxTep Mpo-
BOAHMBIX peaykuuii or S k S’ mnokaswmiBaer, uTo ecau napa (M, Xo)
MMeeT MHHMMaJIbHOE YHCIO KBAHTOPOB B S’, TO 3Ta mapa MO-TpexHeMy
ocTaeTcsi MHHHMajdbHOW B MHOXecTBe S” Beex map (M, X) € S, rze
X 3apano B mpeasapeHHoll HopmasbHO# Qopme. OTClOna yXKe caenyert,
yro (M’,Q(a)) €S, tak kak unaue (M’,Q(a))€S". (IIpum. nepes.)
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KOTOpOe TpeacTaB/sieT cOOOH KOHDBIOHKIHUIO 3JEeMEHTOB H3
D’ v Tem caMbIM He COREPIKHUT KBAHTOPOB, TaKoe, uTo Yo X,
sBoiBoauMo u3 K. Ilyers Y=Y (ay, ..., an), The ABHO BLIIH-
caHbl JHIIb HHAHBUADBI, BCTpeuaroliuecas B Y, HO He Coaep-
xawuecst B M, m>0. Tak gak X, onpenmeseno B M u Bce
UHAUBUAL K TmpuHapdaexat M, TO UHAWUBHAB di, ..., Gy HE
Bx0a4T B Xy u K. KpoMe Toro, m A0/KHO 6bITh 06si3aTedb-
HO MOJOXKHTEJbHBIM, TaK KaK B MPOTHBHOM caydae Y GbL10
Obl KOHBIOHKILHEH 3JeMeHToB u3 D U, cjejoBaTes]bHO, BbI-
Boaumo u3 D. Ho Yo X, suisonumo uz K, a noromy X, Bbi-
soaumMo ua KUD, Bompeku npeamnosoxenuto. Tenepb u3
K—=Y>oX, cnenyer, uto ZAY>X, saBasiercs TeopeMoil ys-
KOro HCYMCJAEHHUS TNIPEAHKATOB, TAe Z -— HEeKOTOpasi KOHb-
IOHKIIMSI KOHEYHOro uncaa aneMeHtoB uz K. Orciona noday-
qaeM, 4to Y(ay, ..., am) D[£>Xo] — Teopema, u Ha ocHoBa-
HUU OJHOIO W3 TMpPaBWJ BBIBOJA B HCUHCAEHHH TPeIH-
KaToB

[Hyl---aym)/(yiv sy ym)]D[ZDXO]

ABJSETCS TeopeMOl MpH NOAXOAsAIleM BHOOpe MepeMeHHBIX
Y; (T. e. y; He JOJIKHBI BBIXOAHTb B Y(ay, ..., an)). [lona-
ras  Xi=3yi...dymY (Y1, ..., Ym), MB TOAYyUAEM, UTO
Z>[Xi>X¢] — teopema, u noromy KH[X,>Xo. VrBep-
xpaercs, 4to (M, Xy) €S’. B camom zene, X; onpejencHo
B M, 3amano B mpenBapeHHOR HOpMaJsibHON (popme u Haqu-
HaeTcsl KBaHTOPOM cyluecTBoBaHHA. B To ke Bpema X; nme
BoiBoAuMO u3 KUD, Tak kaxk uHade BBuAy KH[X;DX(]
Xo6bl10 6Bl BHiBoAMMBIM M3 KU D, Bonmpeku Hallemy mpej-
noaoxennio. C Apyroil cropoHbl, ~ X, TAK¥Ke He BHIBOJUMO H3
KUD, nockoabky Xy uctuHHO B M’, KoTOpas siBjasieTcs Mo-
aeasto KUD., Urax, (M, X;) € S’. Ho X, npumuTuBHO B no-
TOMY, €CJH YC/I0BHE TeopeMbl BHIMOJHEHO, Xy HCTHHHO B M’
TOJLKO B TOM c/aydae, Korga Xy uctuHHo B M. JTocKoabKy
Xy 9K3HCTEHIIMAJbHO, OHO MOJIKHO HMETb MECTO B JIOGOM
pacwuperun M u, cjejoBaTeibHO, OBITH BBIBOAUMBIM M3 D.
3710, 0OHAKO, TPOTUBOPENUT ClleJJaHHOMY paHee 3aK/JIIYeHHIO
0 ToM, yTo X; He BhiBoANMO U3 K UD. Mpl nonyuaem, Takum
o6pasoM, uto ecaH ycaoBua 4.2.1 BbmoaHeHe, T0 S” H S
nycThl, T. €. K MOJeAbHO NMOJHO.

Kak 6yner BHAHO B JAaJbHEHIIEM, MOHsSTHE MOJEJIbHOH
[OJHOTH JIOCTATOYHO BaxKHO caMo no cebe. OjHaKo BO MHO-
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rdx caydasix OHO MOMKeT ObiTb TaKXe HCNOJb30BaHO sl
YCTaHOBJIEHUS] OOBIYHOH NOJHOTH CJAEAYIOUIUM CIOCOOOM.

[Iyctp K — HemyCToe W HENPOTHBOPEYHBOE MHOKECTBO
BpicKasbiBalnit. Mojneab My mMHoxectBa K Gylaem Ha3blBaTh
npoctoil modeasro K, ecnu xaxjgas mMopeab M MHOXKecTBa
K ob6nagaer moacrpykrypoli, usomopduoii My Tak, Hanpu-
Mep, ecau K — MHOXKECTBO aKCHOM IJIOTHO YIOpPSJA0YEHHOTO
MHOZKECTBa, TO mpocToil Mojenbio K apiasercs Jaoboe cuer-
HOE IJIOTHO YNOpsi/IOY€HHOEe MHOXKECTBO 0e3 MepBOro M Io-
caeqHero aJeMedToB *). JleHCTBUTENBHO, H3BECTHO (M JIETKO
npoBepsieTcsi), YTO Kaxkjaoe IJIOTHO YNOpsaAodYeHHoe OecKo-
HeuHoe MHOXKECTBO COMEPIKUT MJOTHO YHOPSAAOYCHHOE CUeT-
HOE [OJMHOXEeCTBO 6e3 MepBoro U 6e3 NOCJAECAHEro 3/JAeMeH-
toB. Kax mokasblBaeT 3TOT npuMep, JaHHas Mmonenb K mo-
KeT COZepaKaTh pasjnyHble POCTble MOJEAH. B caMoMm zede,
B HalleM TpuMepe YHOpsiAOYeHHOe MHOXKECTBO THHa o *¥)
TakKKe SIBJASETCS NPOCTOH Mojenbio K, Tax uTO AB€ MPOCTbiE
MOJeny NaHHOTO MHoxKecTBa K, BOOOLIE TOBOpA, HE H30-
MopdHE. C ApYyrofl CTOPOHHL, AOMycTUM, yTo K — MHOXKeE-
CTBO  aKcHoM 0oJis1  (GUKCHPOBAHHOH XapaKTePHCTHKH
p (p=0,2, 3, ...). B atoM ciyuae BCe NpOCTbIC MOARJH
H30MOpP(MHBI IPOCTOMY TOJIO, T. €. MO0 PANHOHANBHBIX UH-
cest npu p=0 W TOJIO BHUETOB N0 MOAyJio p Ipu p=0.
KpoMme Toro, xaxjas Mojaeab K cOfepKHT OIHY-eJAHHCTBEH-
HYI0 TIPOCTYIO MOJEJE.

4.2.2. Teopewma. [Tycre My— npoctas moderb MHO-
scectsa evickasvisanuti K u nycte Dy — duaepamma M.
Toeda atoboe evickasvisanue X, onpedesenrnoe 8 K u 66i80-
Jumoe uz KUDy, svigodumo taxzxce uz oonozo K.

NokasatenbcTBo. CoraacHo NIPeANOJOXKEHHI, CY-
wecTsytor Takue Yy, ..., Y €D (rae m Bcerma ans mpo-
CTOTBl  MOMHO IpeAnoJararh NOJOKHTENbHLHIM), uTo Ki—
YA AY DX nmm K-YoX, rae Y=Y/A ... AY...
[ycte Y=Y (ay, ..., @), TAe SIBHO BbIIHCAHDI JHIIbL T€ HH-
JWBHABI, KOTOpble BXOAAT B Y, HO He BcTpedamorca B K
Torjga, nOpuMeHsss paccyxKJAeHHe, HCHOOJb30BAHHOE IIPH

*) Muoxecrso K 00s13aTebHO [OJKHO COJAPXKaTb AKCHOMY, ra-
PAHTHPYIOULYID GecKoHeunocTn mModok mopenn K. ([Tpum. nepes.)

*%) 3necp ® 0603HAayaeT THII MHOXKeCTBA HEOTPHUATENLHDBIX paluo-
HaabHBIX uncen. (IIpum. nepes.)



138 (IOJIHOTA [T, IV

JokazatenbcTse 4.2.1, Mbl oayyaem, uTo
K—3yy ... 3y.Y(y1, ..., yn) DX.

Ok3ucreHnaibioe BhbickasmBanue Z=3y,... 3y, Y (y,,
..., Yn) HCTHHHO B My ¥ NOTOMY MCTHHHO Takxke B JI0GOH
CTpyKType, naomopduoit My, u B J11060M pacmIHpeHUH TaKoi
CTPYKTYphl. Ho, no HalleMy NpennoJioxeHuio, 8ce MOLEqH
K siBig10TCSl pacHIMpeHHsiMH CTPYKTYP, H30MOpdHBIX M,, a
cJ1eloBaTebHO, Z UCTHHHO B J1060# Mogenn K. Otciona Bbi-
TeKaeT, 4T0 X TakxKe HCTHHHO B J1060i mMoxean K u, cieno-
BaTenbHo, K—X. Teopema nokasana.

4.23. Teopewma (mpusHak npocroi momeaun). Eciu
K — modeabno noanoe mHoxcecTso svlckasviganuti, o0b6.aa-
darwuwee npocroi modeasio, to K noano.

HokaszarteabctBo. Ilyctb My — mpocras mogeap K
u X — mo6oe BbicKasbiBaHue, onpefetesroe B K. Mbl moa-
KHbI J0Ka3aTb, 410 a0 KI-X, nubo Ki— ~ X. ITockosbky
X onpepeneno B M,, 6o X, nu6o ~ X wucrunHo B M,, u
Mbl OyjeM Inpejnosarath 0e3 OrpaHUUYeHHMS OOGIIHOCTH, UTO
X uctuano B Mo, M3 mogmesbHo#t nosHorel K caenyer, uro
X BoBogumo us K ULy, tne Do— nuarpamma M, Ho rak
Kak My — npocras mopenb K, 1o B cuay 4.2.2 X BbIBOZHMO
u3 K. Teopema gokasaHa.

Hpyrofi npH3HaK, IOCPEACTBOM KOTOPOrO YyCTaHABJH-
BaeTcst oOblYHAsl NOJHOTA C NMOMOLIBIO MOJAEJBHON MOMHOTHI,
HENOCPECTBEHHO 3aBUCHT OT CYILIeCTBOBaHHs OOIIMX pac-
HpeHuil. B HEKOTOPHIX CJAYYasiXx OH OKa3bIBACTCS JOBOJLHO
NoJe3HbIM, XOTd U pexe, ueM 4.2.3.

4.24. Teopewma. [Ipednoroscum, 4ro a0boe Modeu
My u My modeabro noanoeo muosxcectsa svickasvisanul K,
obwue undusudol KoTopoix ecrpewarorca 8 K, moeyr Goirs
obe 8a00CeHbl KAK NOOCTPYKTYpbL 8 00HY 06wyto moders
muoxectea K. ¥tsepmcoaerca, 4ro npu stux ycaocsuax K
ROAHO.

HoxaszateanbcTBo. [Ipeanonoxum, uto K He noJHo.
Torga naiinercs Takoe BbicKasbiBaHue X, onpejenennoe B K,
uto HU X, HU ~ X He BoiBoAuMO U3 K. Takum o6pasoM, MHO-
xectBa KU{~ X} u KU{X} HenpoTrusopeuussl U 06aanaor
COOTBETCTBEHHO Mofdeassmu My u M. Ilpu arom M, u M, Mbl
BCerjga MoxKeM BbIOpaTb TaKUM CNOCOGOM, UTO UX OOUIHMU
HHAMBUAAMH OyayT ToabKO MuAuBHABI u3 K. Tlo ycaosuio
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TeopeMbl K obaamaer mMonenbio M, Kotopas sBAsieTcs pac-
wuperuem obeux cTpyktyp My u M. Ho mockoabky K Mo-
I€JbHO [OJHO, H3 UCTHHHOCTH ~ X B M; cleayeT WCTHUH-
HocTb ~ X B M. AHajoruyHo, HOCKOABbKY X HUCTUHHO B Mp,
X ToXe UCTHHHO H B M, ¥ MBI IPUXOJIUM K MPOTUBOPEUHIO,
KOTOpPOEe M J0Ka3biBaeT NoaHOTY K.

B kauecrBe mepBoro npuioxenusi teopem 4.2.1 u 4.2.3
CHOBa PaccMOTPUM MHOMKecTBO K aKcHOM IJIOTHO YHOPSALO-
YEeHHOTO0 MHOXKecTBa 6e3 MepBOTO H MOC/EJHEro 3/1eMEeHTOB
B TepMHHAX OTHOWeHHWH paeenctBa E(x, y) u nopsaka
Q(x, y) 1. e. x<y). Mbl HamepeHb NOKa3aTh, HYTO
MOJEJIBHO TOJIHO.

[ycts M u M’ — nBa NJAOTHO YHOPAMOYEHHBIX MHOXe-
cTBa 6e3 [epBOTO U IOCJAEJHEr0 3JE€MEHTOB TaKHe, 4TO
M’ — pacurapenne M. Ilyctb X — NpMMHTHBHOE BBLICKa3Hi-
panue, cOpPMYJHPOBAHHOE B TepMHHAX oTHoweHu#l E u Q
H HEKOTOPOrO yuc/ja WHAMBHAOB U3 M, Takoe, 4uTo X HCTHH-
Ho B M’. Mel JO/:KHBI MOKasaTh, 4TO X HCTHHHO yxKe B M.
[Myctp

4.2.5. X=3y,...3yZ(y1, ..., Yn),
rae MaTpulla Z He COAepIKHT HUKaKux kBaHtopoB. [To mpes-
10JI0KEeHUI0, npeankat Z(yy, ..., Yn) UCTHHEH IS HEKOTO-
pOro MHOXKecTBa O6BbeKToB by, ..., by € M’ (T. e. ucTHHeH
8 touke (by, ..., b,) mpoctpancTBa M’®), U MBI AOJKHBL
NOKa3aTh HCTHHHOCTh 3TOr0 MpeAHKaTa [ HEKOTOPOro
MHOXECTBA Cy, ..., Cn € M. Unrepnpetupys 4.2.5 B 06bIU-

HOM MaTeMaTHYeCKOM si3blKe, MBI BHJAHMM, 4TO X O3HauaeT
CYLIECTBOBAHHE PelICHHs] KOHeUHOH CUCTeMbl PaBeHCTB ¥ He-
paBeHCTB BHJa

4.2.6. a=p, a#p, a<p, a>P.

B sTol 3anuch a u B oGo3nauator auGo saemerthi M, nu6o
y, i=1,2, ..., n

[To ycnoBuio, paccMaTpuBaemasi cCHUCTeMa HMeeT pelle-
aue y;=b;, i=1,2, ..., n, 8 M, 1 Mbl JO/JKHBl [OKa3aThb,
4TO 3Ta CHCTeMa paspeiiuMma yxe B M. 3alimemcss BHauaJje
TEM, UTO COKpAaTHM YMCJIO0 ycaoBHil B 4.2.6 ciaeaylollluM cno-
coBom. CooTHomeHHe Buaa o=, conepxaiueecs B 4.2.6, Mbl
3aMeHHM Ha a<ff nin fp<a, B COOTBETCTBUH C Te€M, KaKoe
OTHOLIeHHe McTHHHO B M’ mas y;=b;, i=1, ..., n. Auano-
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THYHO, COOTHOWIENNE BHAA o< f 3aMeHUM Ha a<f U1 a=p
B 3aBUCHMOCTH OT TOrO, KaKoe W3 HHUX HUCTUHHO B M’ aas
yi=b;, i=1, ..., n. Y, HaKoHel, Mbl MOKeM HCKJIIOUHTb CO-
OTHOLUCHUS BUAA a=0f, IOJCTABUB BO BCE OCTaJbHbIE OTHO-
menus o BMecTo . TakuM o6paszom, Mbl BUAMM, YTO NPH J0-
Ka3aTeJbCTBe MOAENbHOHR MOJHOTH K MOXHO OrpaHHYHTHLCS
KOHEUHOH CHCTeMOH HepaBeHCTB

4.2.7. a;<pBj j=1, ..., m,

rae oy, B; obosnmavaror aubo ajseMeHTH a; € M, nubo Heus-
BeCTHbIC Y;, IPHYEM BCE HEPABEHCTBA 3TON CHCTEMbI BBINOJ-
HsoTess B M’ mpu y;=0b;. Ecaiu B MHOXecTBe 3JIeMEHTOB a;
n b; Hafizercss mapa paBHBIX 3JEMEHTOB (B CMBICJE OTHO-
LreHus papeHctsa B M u B M’), 1o OJUH U3 3J1eMEHTOB 3T0il
napel ONATh MOXKHO HCK/IIOYHTb. B KOHIE KOHIOB Mbl MpH-
JIeM K TakoH CUTyaUHH, KOTAa BCE @; OTJMUYHBI APYT OT ApY-
ra, b; OTIHUHB OT @; U Pa3JAYHBI MEXKAY cOBOIl.

[Tycts BCe a;, BeTpeuarouldecss B TOJYUEHHON CHCTEME,
KOTOpYl0 CHOBa obOosHauum 4.2.7, pacrnosokeHwl B onpeje-
JEHHOM Mopsiake: ay<as<<...<an, k->0. OTH 3JeMeHTHI
nonpasnensior M’ Ha k+1 wnrepsanos /g, /7, ..., [}, 3a-

JlaBaeMbIX COOTBETCTBEHHO HepaBeHcTBaMu y<Lay, a<y<
<a,, ..., ap<y. Ecan k=0, 10 [{ coepx)uT BCe 3€MeHTHI

, :
M’. Koucrantsi b; naxoasres enyrpu wnteppanos /', tax
Kak b;#a;. Ilyctb wuHTepBaa I, comepxuT 37eMeHTHI

(/) (/) f
by < by < ... < bEJ’.)m MHOXKECTBA 3JIEMeHTOB b;, TAK 4TO
a, ,<b, ecamn B I ectb seswiit Komen, ubi) < a, ecan
j
, . : .
B /; ectb mpaswiit Koren. [lyers (¢f), ..., c(l;))— Joboe
MHO)KECTBO U3 [; 3/71€eMCHTOB, NpuHAaJIexalux M U naxo-
ASIMXCA BHYTpY MHTepBana /), Tak 4T0 o) <)< ... <
(/) / :
<01j- Oro6pasuM MHOXKecTBO S/ == {a, 6%, i=1, ..., &
J=0, ..., & m=1, ..., [; Ha MHOXKecTBO S={a, i
C TeMH XKe i, j, M, CONoCTaBasAs @, <>a; b)) <«>cl)) u 3a-
meuas, uro MHomectso (60}, m=1, ..., 5 j=0, ..., k,

COBNANACT ¢  MHOKECTBOM (by,...,b,). CooTBercrBue
S<>S’ coxpauser nopsaok. OTciofa caeiyer, YTO Mbl
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CHOBa NOJIyuuM pelueHue cucTembl 4.2.7, 3aMeHHB BCe b;
COOTBETCTBYIOIIUMH ¢;. Ho Bce oOBEKTHl ¢; TpHHAAJIENKAT
M u Hamu, cJae0BaTeJbHO, J0Ka3ana

4.28. Teopewm a. Teopus naoTHO Ynopado4eRHO20 MHO-
secraa 6e3 nepsoeo u 6e3 nocaedHezo INeMEHTO8 MOOeNbHO
noaxa.

3ameTus, 4To Ji1000€ CUETHOE IJIOTHO YHOPSACUEHHOE
MHOKEeCTBO (€3 MEPBOTO U NOCACJHEr0 3JEeMEHTOB SABJSETCS
IPOCTOH MOJENbio A/s paccMaTpPUBAeMOR TEOPHH, MBI Ha
ocHoBaHuH 4.2.3 3akJ/iouaeMm, 4TO TEOPHA IJOTHO YIOpPALO-
YeHHOr0 MHOXKeCTBa 0e3 NMepBOoro U MOCJeJAHEro 3JeMeHTOB
nosHa. Takum oGpasom, 4.1.3 nosyyeHa HaMu elile pas, HO
yxe JPYTUM CHOCOBOM.

Caefyrouuii pesy/ibTaT UMeeT HeCKObKo Gosee TiyGo-
KUl Xapakrtep.

[Tycte K — MHOXeECTBO aKCHOM TIOHSITHSI JQHCKDETHO
YIOPSMOYEHHOTO MHOXKECTBA C IePBHIM 3/eMeHTOM, Ho Ge3
nocjaesHero, cOpMyJUPOBAHHOE B TEPMHHAX OTHOIIEHHH
E(x,y) n Q(x,y) (1. e. ¥<y, KaK u panbire). K cOnepxur
aKCHOMBI 3KBHBaJCHTHOCTH 11 E W akcHOMy NOACTaHOBOY-
HocTH oTHocuTedbHo Q (cm. 2.1 Bwimie). B nononnesue K
3TUM akcuoMaM K cofepKuT caelyloliHe BbICKA3bIBAHHA!

4.2.9. VxVyVZQ (x, )) AQ(y, 2) oQ(x, 2)]

VxVylQ(x, y) AQ(y, x) DE(x, y)]
VaVYIQ(x, ) VQ(y, x)]
AxVylQ (x, y) DE(x, y)]
Vx3yVAQ (x, y) A ~E(x, Y NQ(x, 2) A
AQ(2,y) 2E(x, 2) VE(z, 1)]]
Vx3yVzVo[lQ (v, x) DE(x, )IVIQ, 9N
A~E(x y) AlQ (2 x) AQ(y, 2)DE(x, 2) VE(z, y)I.
[TepBble [Ba M3 ITHX BLICKAa3biBaHWH He TPeOYIOT HHKAKHX
KoMMeHTapues. UeTBepToe yTBepXKjaeT HaJWYHe MEPBOro
3JeMeHTa, a JBa [NOC/JAeJHHX BbLICKa3blBaHHS YTBepPXKJaoorT,
4TO /51 KaXKJAOTO 3JeMeHTa CyLLecTBYeT HEMOCpPe/JCTBEHHO
CleyIOMMil 33 HAM M HEMOCPEJCTBEHHO MpeALIeCTBYIOMINH
eMy (ec/H, KOHEUHO, 5TOT 3JeMeHT He TepBbid).

42.10. Teopewma. Muoocectso K noaro.

Mbl XOTUM JAOKasaTb 3Ty TeopeMy, HCIOJIb3ysl MOJe/b-
HYIO [OJIHOTY, OJHAKO, KaK JIETKO yCMOTPeTb, MHOXKECTBO K
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He fBJAETCS MOAEJbHO MOJNHBIM. B camom sese, BbicKasw-
Banue Vy[Q(y,a)oE(a, y)], yrBepxuawiiee, uTo O6BEKT
Q —— MEePBBIH 3/JEMEHT, BIOJHE MOXET OKa3aTbCsl HCTHHHBIM
B Mojenn M mHoxkecTBa K U JIOXKHBIM B HEKOTOPOM pacCIlHu-
perun M’ cTpyktypsl M, KoTopoe Takxke ecThb Moieab K.
Takasi crpykrypa M’ nmoayuaercs uz M no6GasieHueM Ho-
BOrQ 3JeMEHTa, [pellUeCTBYIOIIErO MePBOMY 3JeMEHTy a B
M. B cootreTcTBHM ¢ 5TUM jonoasnM K cieayomuM obpa-
30M. BBeseM WHIAMBHUA a U GuHapHbIN npeaukat S(x, y) (uu-
TAETCA <Y HENOCPEeACTBEHHO CJENYeT 32 X» WIH «X — Tpej-
IIECTBEHHUK y») H 0603HAUUM uYepe3 K’ MHOMXeCTBO, MOJY-
uennoe u3 K 3aMeHOll ABYX MOCJEeIHHX BHICKa3LIBAHHH B
4.2.9 akcuomMamu

4.2.11. Vy[Q(y, a) DE(a, y)]
VxVyV[S(x, y) AS(x,2) DQ(x, y) A ~E(x, y) A
NE(y, 2)INIS (%, ) AQ (x, 2) AQ (2, y) DE(x, 2)VE (2,y)]]
Vx3dy3zVu[S(x, y) N[Q(v, x) DE(x, v)IVS(z, x)]]*).

Kak serko Buzets, K’ K. Mbl HaMepeHbl [0Ka3aTh MOJEJb-
Hyo nonnory K’. [eficrsurenbho, nycte M — mogmenb K’ u
M’ — pacmupenue M, Kotopoe Takke ectb moaeab K. Mo-
JdenabHbld npu3Hak 4.2.1 B 3TOM cJyuae o3Hadaer chaenyio-
mee. I[TycTe zaHa cHcTeMa OTHOIIEHHE TuTa

4.2.12. a=8, a#p, a<p, a>p, S(a, ), ~S(a, B),

rae o, p o003Ha4alT SaeMeHTbl M WM HeH3BecTHbIE f;,
i=1, 2, ..., n. JonycTtuM, 4To 3Ta cHcteMa HMeeT B M’
pelienue y;=>b;; MBI JO/KHBI TOTAA HOKA3aTb, YTO CHCTEMA
paspemiuMa takke nu B M. PaccMoTrpuM n1060e BbICKa3biBa-
Hue Buga ~ S(a, B), KOTOpOe, MO YCJAOBHIO, HMEET MECTO
B M’. 9To MoxeT TPOM30HTH B Tex cayuasix, koria B<a,
B=ca uan Korga cyllecTByeT 3JeMeHT b Takoi, uto a<b u
b<pB, 0lHAKO B KaXK/JOM KOHKPETHOM CJIyuae BBbINOJIHSETCS
JUIIb OJHA U3 THX BO3MOXKHoCTel. Mckiaounm oTHouedue
~ S (o, B) u BMecTO Hero no6aBHM B Haly cucteMy B<<o
B NepBOM cJaydae u a=[ — Bo BropoM. B TpetbeM cayuae

*) Dra axkcHoMa, Tak JKe Kak W mlecTas akcHoma 4.2.9, nponyimena
aBTopoM. Be3 Hux, Kak JeTKo BHAETh, He BEPHHl Bce CHOPMYJIHPOBAH-
HbI® 37€Ch TeOpeMbl O MOHSITHH JAHCKPETHO YNOPSIAOYEHHOTO MHOXKe-
ctBa. (/Ipum. nepes.)
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BBe/lEM HOBYIO HEM3BeCTHYIO ¥’ n ~S(a, B) 3aMeHuM OTHO-
menusamMy o<y u y <PB. [IpuMeHAss 3TOT METOJ KO BCEM BbI-
cKasplBaHHAM Buga ~S (o, f), Mbl NOJYYHM JPYIyio CH-
CTeMy, COCTOSILLLYIO W3 BbIPaXKEHHil THla MePBBIX NATH, yKa-
sanubix B 4.2.12. C momoliblo peAyKIUHH, HCINOJb30BAHHOH
npu JoKasaTesnbcrBe 4.2.8, Mbl MOXKEM Telepb NPUBECTH NaH-
HYIO CHCTEMY K BHAY
d 4 a<p, S(a«, B).

[ycte @y, ..., @ — HHJMBUABL U3 M (pacnonox&eoﬂﬂbxe
MMEHHO B 3TOM MOpsi[Ke), BCTpeualolldecs B Hallel CcH-
creme. [lycth Takike B CHCTEMY BXOJST HEH3BECTHBIC i,
i=1,...,m uy;=b; i=1,...,m, eCTb peLICHHE CHCTEMDI,
rae by, ..., by € M. Tlpu 3TOM MBI ONSITH MOXKEM NOJAAraTh,
4TO BCE 3JeMEHTH MHOXKecTBa (@i, ..., Ak, b1, ..., bm) 1O-
napHo pasanuHbl. Kak U paHblle, a; M0JPasAe/sIoT MuM
ua £+ 1 untepnanos [, /i cOOTBETCTBEHHO, [=0,1,2,...,k,
3ajaBaeMblX YCJIOBHAMH y<ay, a<y<Lay, ..., <y. ITH-
MU HHTepPBaJaMH MHOXECTBO 3JIeMeHTOB b; pasjiensercs Ha
k+1 muoxects, b\ <P < ... < b‘l;), JieXKalluX BHYTpPH

MHTEpBaJa ;. Ham Temepb I0CTATOUHO noglsaTb, 4TO 3JIe-
' LY
venTh b9 MoKHO 3aMeHHTB sieMentamu ¢ €M c coxpa-
f (. pih)
HeHMeM TOpsiKa TaK, uto ecan S(a;_y, b)), S8, b))
umn S (6, @) MCTHHHO B M’, TO COOTBETCTBYIOIlge OTHO-
/ f j ()
wenne S(@;_;» ), S (e, ¢N)) nan S("zj’ @)  HMCTHHHO
g M. 3aMeruM, 4TO ecau 3JjeMeHT ¢ € M Haxoautcs Ha n-M
MecTe TlocJe 3jeMeHTa b, IJile n — Hesioe TI0J0KHTEeNbHOe
gmeJI0, TO TpH mepexoge or M Kk M’ B nHTepsaje or b noc
He TIOSIBUTCS HMKaKMX HOBBIX 3J1€eMeHTOB. B cBsizu ¢ 3THM
6yjem pasnuyarh [j, COCTOAUINE H3 KOHEUHOro qnc(a)a WHH-
7
BHIOB, ¥ OGeckoHeunbie /; B mepBoM ciydae Bce by yxe ¢
caMoro Hauasa Jexkanau B M, Bo Bropom cayyae Te 3Je-
menthl 6, KoTOpBIe HaXOAATCS HA A-M MecTe mocle a; (n —
0606 Ie0e TOJ0KUTeNbHOe UHCJI0), TaKXKe HeoGX0AuMO
npunajiexar M; To ke camoe, pasymeerc;g,_) BEepHO U s
()
n-X «IpejulecTBeHHUKOB» a;. Ocrasuinecs b;" pasbusatorca
Ha KOHCUHOE UHCJIO Ce2MEHTO8, TNe TOA CESMEHTOM Mbl IT0-
HUMaeM MHOMKECTBO C/IELYIOMHUX APYT 33 APYToM 3/EMEHTOR
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us M’. Tlocko/bky, 0/1HaKO, Halla CHCTEMA CONEPIKUT BbIpa-
XeHns suia S(a, B) U He CONEPIKUT BHIpamenuis ~ S(a, p),
AJIsL IOMYYEHHsT HCKOMOTO COOTBETCTBHUSI AOCTAaTOUHO OTOGpPA-

auth Bee st b Ha mMHOMecTRO CJAeNYIoIuX Apyr 3a Apy-
rom aneMentos us /;. Takoe mMHOXKecTBo B M 0653aTesbHO
CYLUECTBYET, TaK KaK YHC/IO 3JEeMeHTOB B HHTEDBaAJe MEXIy
@j—y ¥ @; GECKOHEYHO 1O MPEANOJOKEeHHIO. B 3ak/amoueHHe
OTMETHM, UTO TO K€ caMOe PaCCyKACHHE C OUeBUHBIMH MO-
AUGUKAUMAMYE TPOXOMUT /I NEPBOTO H MOC/ELHEr0 MHTEp-
Basob. TakuMm o6pasoM, HaMH JOKasaHa

4.2.13. Teopewma. Muowecrso K’ modersno noano.

Bonee toro, K’ o6aagaer npocToit mMoaennto My u 3ra
NpocTast MOjie/lb e IMHCTBEHHA C TOYHOCTBIO 10 H30MOpQH3-
Ma. B kauectBe M, mMoxHO B3sTBH J10G0e YIOPSALOUEHHOe
MHOXKECTBO NOPSJKOBOTO THIIA , HAUaJbHBIM 3JCMEHTOM
Kotoporo apjsercs a. CileloBaTeqbHO, HMEET MECTO

4.2.14. Teopewma. K'— noanoe mroxecrso evickasoi-
sanuil.

Ocranoce nokasaTb, uto noaunora K’ piaeuer noanory K.
ITycte X — m06oe BoickasbiBanue, onpenetentoe s K. X orn-
peneseno rakxe B K’, u, nockoneky K’ mosmo, auo X,
60 ~ X BeiBoaumo u3 K’. JlonycTum, A/s onpejeseHHo-
ctu, uto K'X, u nokaxeMm toria, uto K—X. O6030aunm
uyepe3 Zi, Zy, Z3 COOTBETCTBEHHO aKCHOMBI 4211, a uepes
W — xonbloHKIHIO ocraBylocst B K’ BbicKasbiBaHmil. Tak
KaK 3TH BbICKaspiBaHusi mnpuHagiexar K, to K—W. Ilo
NPeJNOJOXKEHUIO, BLICKA3bIBAHUE

ZINZNZ AW X
UJIH, YTO TO K€ CaMoe€, BbLICKa3blBaHUe
ZiD[ZQ/\Zg/\WDX]

ABasgerTcst TeopeMod. Ilockonbky B BhIpamenuu [ZyAZzA
AW>oX] uanvBua @ He BeTpeuaeTcsl, Z; MOMKHO 3aMEHUTDH
BLICKa3bIBaHHEM

Zi=3xVy[Q(x, y) 2E(x, y)].

tak uto Z1D[ZoAZ;AWX] u tem campm Z,AZ;o[ZIA
AW=X] asasgiores TeopeMamy. Honyctum tenepn, uTo cy-
wectsyer M — mozenbr K, B xoropoit X noxuo. Beenem B
M nononnutesbHO GHHapHOe oTHOWeHWe S(X,y), moaaras
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[0 onpefesaenuio, uto S(b, ¢) ucrurHo M b, c€M B TOM
¥ TOJBKO B TOM cJydae, Korja

[Q(b, e) N ~E(b, c) AIVZQ(b,2) AQ(z,¢) DE (b, 2)\V
VE(z, c)ll]

HCTHHHO B M. OG603HAa4YUM NOJYUYEHHYIO CTPYKTYpy uepes
M. Jlerxo mposepsiercsi, uTo Z, U Z; uctunnel B M’. Kpome
Toro, Z; 1 W Takxe HCTUHHBI B M’, IOCKOJLKY OHH HCTHH-
Hel B M. Takum 06pasoM, Mbl NPHXOAMM K NPOTHBODPEUHIO,
KOTOpOE€ NOKAa3biBaeT, YTO X Ha caMOM JieJie BBbIBOAHMO H3
K. Uraxk, K nosso.

[IpuBencHHBIN BbIllie MPUMEpP MOKA3LIBAET, KaK MOMKHO
pacIMpsATL TPAHHUBI NMPHMEHHMOCTH MPU3HAKA MOIEAbHOM
TIOJIHOTHl YTe€M BBCJEHHS BCNOMOrATEeJbHHIX OTHOIIEHHH H
MHIMBHJOB. Pas/uuHble Jpyrde npHMeHEHUA IOHSITUS MO-
JeJIbHOW NOJHOTLI MOXKHO HalTH B paGore A, Po6umn-
couna [7]. B panbHeiiiieM Mbl yCTaHOBHM B JOINOJHEHHE K
paso0paHHOMY Bblillle MOJENBHYIO MOJHOTY TOJNBKO /5 ABYX
HauboJee BAXKHBIX CAYYaes.

Ilycte K=FKcr (cMm. 1. 2.2) — MHOXKECTBO aKCHOM aJre-
OpaHyecKn 3aMKHYTOro noJs. Mel HaMepeHbl MOKa3aTh, 4TO
K monenbHo moaHo. Cpeau BceX BO3MOXKHBIX J0KA3aTeNbCTB
3TOro (hakTa Mbl BbIODAJM TO, KOTOPOE, Ha Hall B3IV,
TpeOyeT OTHOCHTE/IBHO MaJjo aareGpanyecKux pe3yabTaToB.

Wrax, myctb M — anre6panyecku 3aMKHYTOE MNoJe Mpo-
M3BOJIbHON XapaKTeDUCTHKH U nycTb M’ — npyrast Mmogens K,
ABJAIOLlasgca coOCTBeHHBIM pacwnpendem M. Ilpeamnodo-
KHUM, UTO HEKOTOPOe NPUMHMTHBHOE BblCKasbiBaHWe X ompe-
neneHo B M u ucrurno B M’. Ham HyXHO mokasartb, yto X
MCTHHHO Takxe u B M. B mamewm cayuae X Beipaxkaer pas-
PeIMMOCTb KOHEYHOH cucTeMbl ' ypaBHEeHHHl M HepaBeHCTB
CJlleAYIOLEeTO THIIA:

4.215. a=p, a#p, a+p=vy, a+pFy, ap=y, ap+y.

B 3THX COOTHOIIEHHSIX, 3aIMCAHHHIX C MOMOLIbI OGLIUHBIX
ajare6panyeckux o603Ha4YeHUH, rpeyeckHe GYKBBI O3HAUAIOT
au6o MHAMBUAM 4y, (=1, ..., k, npunaatexaiue M, au6o
«HEH3BeCTHBIE» y;, i=1, ..., m. Ilo npeanosoxeHuio, cucre-
me T yIOBJETBODSAIOT 3JeMeHThl y;=b; us M’. Pacemorpum
aare6pauveckoe 3aMblkanue M* noas M(by, ..., bun).

10 A. PoGuncon
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CremneHb TpaHClUeHAeHTHOCTH M* Han M He GoJblie m, u cu-
crema T paspewnma B M*.Ecau by, . . ., by, Bce npuHaanexar
M, To M*=M u pokaspiBaTh Heuero. [lycTb, cnenoBare/bHo,
He Bce b; BxonsatT B M. B 3TOM cayuae cymecrByer Ienouka
u3 [+ 1 anre6panueckun 3aMKHYTBIX MOJEM:

M=MOCM1C e CMZ=M*, lém,

TAaKHX, UTO KaKJ0o€e NMoJe HMEET CTeleHb TPAaHCUEHIeHTHOCTH
| Hax mpeallecTBYIOUIUM, €Cl1H TaKoBoe umeercs. Ecau rte-
nepb T umeer peutenue B My, TO J0Ka3aTeJbCTBO OKOHUEHO;
ecJId Ke HeT, TO HauayTed ABa Takux nonss M;cM;,y, uto T
paspemnma B M;y, HO He B M; (1. e. X uctunHHo B M; 4 n
aoxHo B M;). ITockoapky X onpeneneno B M;, Mb MoKeM
3amenutb M u M’ Ha M; u M;y, coorBercTBeHHO. MBI BHU-
UM, TaKHM 0o0pasoM, 4TO J0Ka3aTesJbCTBO HAILETo MepBo-
HAvya/JbHOTO YTBEPK/JEHHA XOCTATOYHO NPOBECTH B TOM 4acT-
HOM cJydae, KOrjla CTeNneHb TpaHcUeHAeHTHoctd M’ nag M
pasHa 1. [Tonarso, 4to X ncTHHHO B /M060M anreGpanyecky
3aMKHyTOM noJse M”, KoTopoe sIBJfeTCS COOGCTBEHHBIM pac-
wHpeHHeM M, MOCKOJBKY CYIIECTBYET H30MOpPQHOE BJONKE-
Hue M’ B M”, cocraBasioliee Ha MecTe BCe 3JeMeHTH M.

IMycts ¢ — wHAUBHA, He Bxoasmuilt B M. Jlas Jwo6oro
nosuHOMa p(x) c koadduiuentamu B M uepes Q,(x) o6o-
3HAUMM [peauKaT, BbIPa)Kawl(MH paBeHCTBO p(X) HYJIIO.
[Tycte H — MHOXKeCTBO BCeX BLICKasbIBaHHH ~ Qp(c) nas
BCEBO3MOXHBIX p(X), He paBHBIX TOXKIECTBEHHO HyJw0. H
yTBepKAaeT, uTo ¢ TpaHcueHAeHTHO Hajg M. Ilycrp K=
=KUHUD, rae D — puarpamma M. Tax xax kaxias Mo-
neap K’ umeer mo MeHblefl Mepe CTENEeHb TPaHCUEHAEHTHO-
cru 1 Hapg M, To BBHIY CKa3aHHOrO paHee X HCTHHHO B HeH,
Otciona BeiTekaet, uTo X BbIBoguMO U3 K’ M, ciaegoBaTesb-
HO, U3 oObeanuHeHuss K UD ¢ HEKOTOPHIM KOHEUHBIM MHOMKE-
CTBOM BbICKasplBaHui: ~Q, (¢), ..., ~ij(c). IDTH Bbl-
CKa3blBaHUs MOXKHO 3aMEHHUTH OJHHM-EIUHCTBEHHLIM BHICKA-
sbiBanueM ~ Qp (¢), rae

po(x) =pi(x) ...p;(x).
KUDI-~Q,,(c) oX

(M IIOTOMY Ha OCHOBAHMH CTAHAAPTHOIO paCCyXKACHHHA

Hrak, -
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4.2.16. KUDF[3x[~Qp (0)]I2X.

K u D uctunanl 8 M. To ke camoe 6yleT crnpaBeluBo U
aas BbickasbiBaus Ix[ ~ Qyp (x)], ecan B M nHaiinercs sie-

MEHT, OTIHYHBI OT BCeX KOpHeil moauHoMa po(x) (T. e. OT
3J1eMeHTOB KOHeuHoro MHoxectBa). Ho Jro06oe anre6pande-
CKM 3aMKHyTOe [o/e GecKOHeuHO, a KOJb CKOpO 3TO Tak,
cyllecTByeT Takoi WHAHBHA d, 4TO ~ Qp (d) HCTHHHO B M.

1o noxaswiBaer, uto Ix[~ Qp (X)] HCTHHHO B M, u Ha oc-

woBanuy 4.2.16 Mbt 3akiarouaem, uto X Takxke UCTHHHO B M.
Takum o6pa3oM, yCTaHOBJEHA

4.2.17. Teopema. Teopusa aircebpaudecki 3aMKHYTOZO0
noASt ABAKETCA MOOEALHO NOAHOL.

Beuay T0r0, ut0 K(fp HE NOJHO, MBI MOJYyYaeM OO€llaH-
HbIli paHee TpPHMEDP MOJEJIbHO MOJHOrO, HO He TOJHOrOo
MHOKeCTBA BbICKasbiBaHHi. OfHako ecnu 406aButh K K (p
akcuoMmy (mpu p=0) wam MHOXKEcTBO akcuom (mpu p=0),
QHUKCUPYIOIIMX XaPaKTePHCTHKY MO/, TO MOJy4eHHOe MHO-
XeCcTBO K\ MMeeT HPOCTYH MOJenb, T. €. alreGpandeckoe
3aMblKaHWe M[POCTOTO MOJsi JaHHOM XapaxrtepucTuku. Ot-
ciofla cleflyer, 4To MHOXKecTBa K, KOTOpbie MO-MpeKHeMy
MOLEJbHO TOJHB, ABJAAITCS TaKxKe (KaK MOKa3biBaloch
paHblie APYIHM CHOCOOOM) MOJIHBIMA.

B kauecTBe focJeJHEr0 NMPUMEHEHHs NMPU3HaKa MOJeqb-
HOlI MOMHOTHI JAOKa)KeM TOJHOTy MHOkecTBa K=Kor
AKCHOM BEIleCTBEHHG 3aMKHYTOTO YTODSAOYEHHOrO MoJf,
cOpMyNUPOBAHHBIX B TEPMHUHAX OTHOLICHHH PaBeHCTBA,
cioXkeHusi, yMHOxeHuss u nopsinka: E, S, P, Q. Hawma
GamKkaiiasi eJb — 10Ka3aTb, 4T0 Korp MOJEABHO MOJHO.
B pasnbHefiineM Ham moTpebyeTcs CAeAyIOUIHA BCroMora-
TeNbHBIN Pe3yabTart.

4.2.18. Teopewma. [lycte M — seujecT8enHo 3aMKHY-
Toe noae, u nycro M(b) — npocroe TpancyendenTHoe yno-
padouennoe pacuupenue M. Toeda nopadox M(b) odo-
3HQAUHO ONpPedesieTCs MHOXCECTEOM OTHOWEHU

4.2.19. b <L a, uru a,<b,

ucrunnoix 8 M(b), 2de a, npobeeator sce 3rementol M.
NokaszaTteabcTBo. JlocTaTodHO TMOKa3aTth, YTO Ha
ocHoBaHMH 4.2.19 onHO3HAuHO BblsicHAETCa A8 Ja060ro

10*
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sneMenta f€ M(b), t5~0, nosoRuTeAbHLIE OH WIH oTpuila-
TenabHbill. Mtak, nycts £ € M(b) u
4.2.20.

f g Gt abtab 4 b
agt-ab+ap+ ... 4"

riea, a, a;, a, ..., a; a,, &, ... npudaasexar M. Ecau
t€ M u t=£0, To [ noaoxuTe e HAU OTpHIlaTe/EH, B 3aBHU-
CHMOCTH OT TOTO, PAB€H OH KBaApATy HEKOTOPOTO 3/JeMeHTa
u3 M unu HeT. B obmem cayyae uucauTen b M 3HAMEHATEJb
4.2.20 moryT GbITb Pa3/oXKEHBl Ha JIKHEHHblE H KBaJApaTHY-
Hble MHOMKUTEJMU:

4.2.91. £ — aH (b— bi) II ( (b— bf)f+c.2f)
Me—ep(e—2ep*+¢)
rae b, ¢;€M (B pasAMYHBIX CHMBOJAX NPOM3BEICHHS |
npoGeraeT pasiHuHbIC MHOXKECTBA MHACKCOB). 3Hak a ompe-
Jenen, Tak Kak a € M. Ksagparuunnie mHOKHUTeu B 4.2.21
MOJIOXKUTE/IbHBL, B TO BPEMSA KaK 3HaK JUHCHHBIX MHOMKHTE-
Jgeit  onpegeasercs 4.2.19. Bce BMecTe OJZHO3HAUHO BBHIAC-
HSeT 3HaK f, 4To ¥ TpeGOBaNOCh J0KA3aTh.
Jlasi noKaszaTenbeTBa MOJAMBHON NMOMHOTH Kor pPaccMo-
TPUM cHcTeMy T OTHOINEHWH THOa

4.2.22. a=8, a#p, a<B, a>B, a+p=vy,
a+iBFy, af=y, ap+y,

e rpeveckie GyKBEI 0003HAYalOT JAHGO JIEMEHTH @, NpH-
Hajjexalue mofenn M MHoxectBa Kop, i=1, ..., k, 06O
HEM3BECTHBIC y;, i=1, ..., m. Mbl JOJIKHBEI TOKa3aTh, uTO
ecan T nMmeer peulenue y;=b; B HEKOTODOM pacIUMpPeHHH
M’ crpyktyphl M, KoTopoe Takke siBasieTcsi Monenbio K, To
T paspemuma yxe B M. Jleqo B TOM, UTO CyNIeCTBOBaHHe
pewenusi T Bbipa)kaercsl NPHUMHTHBHBIM yTBEDIKIACHHUEM, OIl-
peleneHHBIM B M:

X=3y1... Hme(yiy Peey yﬂ’l)a

KOTOPOE Npeanosaraercs UCTUHHBIM B M’ u ucTuHHOCTD KO-
Toporo B M MBl XOoTHM jA0KasaTth. Paccyxierue, momoGHoe
TOMY, KOTOpOe NpOBOAUJOCH NIPH AoKazarenabceTrse 4.2.17, no-
KasblBaeT, YTO CTeNeHb TpaHcUeHAeHTHOCTH M’ Bag M mMoxk-

) k>0, m>0,
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HO npeanoaarath paBuo#l 1. [Iycte b — nponsBoabHbIH PUK-
CHpOBaHHBIN 3jeMeHT U3 M’, He comepxawmuiics 8 M, Torna
M’ ecth Bemtectsentoe 3aMmbikauue M(b). [Tycte H — coBo-
KYNMHOCTb BCeX BbicKasblBauuit ~ E (b, a,), rae a, npobe-
raior M, u BcexX BblCKa3blBaHHH

4.2.23. Q(b,a,) u Q(a,, b),

uctnHabix B M’. TTonoxum K'=KorUDUH, rne D — nua-
rpamma M. Ilyere M” — mio6as mozeap K u M* — Beue-
cTBeHOe 3aMbikanne M(b) B M”. Coraacuo 4.2.18 M* uso-
mMopbua M’ u, crenoBatenbHO, X MCTHHHO B M™, a TeM caMbiM
u B M”.Orciona Buano,uto X BeIBORMMO M3 K’, a noromy
BBIBOAMNMO U3 KopU D H M3 HEKOTOPOrO KOHEUHOTO HOJIMHO-
)kectBa 17 mHoxecrBa H, ckaxem, H'={Yy ..., Ya}
[Tycte  Y=Y(b)=Y AN ...AYy, ~rHe sBHO BBIIUCAH
Julb UHEAMBHA . b, BecTpeualoliMiics B Y, NOCKOJbKY BCe
OCTaJIbHBle WHIHBH/bI U3 Y, KAK JIETKO 3aMETHTh, COJepKar-
ca B M. Bo usbexanue TPUBHAJBHBIX 3aTPYAHEHUH MBI MO-
XKeM 3apaHee 1no3aGoTUThbCS O TOM, uTOOB H’ He 6blio ny-
cTeiM. Mmeem Torpa

KorUDFY ()X
H, CJeJ0BaTeNbHO, KaK OGBIUHO,
Kor UDH[3AyY ()] X.

Taxum o6pasom, AJast TOro, 4TOOBI MOKa3aTh HCTUHHOCTL X
B M, Mbl NOJIXHBI JUIIb YCTAHOBUTb HCTHHHOCTH B M BBHI-
ckaswiBauus Z=3yY (y). Z — IPUMHTUBHOE BbICKa3blBaHHe,
M MOTOMY MBI BHOBb CTaJKHBaeMcs C CyIUECTBOBaHHEM pe-
IIeHHUS] HEKOTOPO(] cHcTeMbl oTHollenud 17, Onnako T’ umeer
crenagbHbie cBoiicTBa: B T/ BXOJWT OJHA-e JHHCTBEHHAS He-
u3BecTHast ¥ U T’ COLEPKHUT TOJBKO OTHOMIEHHs OJHOrO M3
JIBYX THITOB:

4.2.24. a < B, a¥p, ‘

rjle rpeueckyve OYKBbI 03HA4alT Jaubo y, Jub0 sjaeMmeHTHl M.
Mu 3HaeM, uto y=>0 sBasiercs peutenuem 17 B M’, npuuem
b oryidueH OT BcexX 371eMeHTOB M, a MOTOMY Mbl MOKeM 3a-
MeHuTb cHcTeMy 4.2.24 apyrofi, cocrositiedl TOJAbBKO H3 OTHO-
wenuft tuna o<p. OKOHUaTe/bHAst cHCTeMa 3alHIIeTCs B
BH]E
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4.2.25. a;<y, i=1, ..., ],
y<a;, i=j+1, ..., |

NPHYEM OJHO M3 3THX MHOMKECTB MOXKET OKa3aTbCsl MyCThIM.
Mel 6yneM Takke NpeaNoJaraTh, YTO BCe @; Pas3JHUHDI H HX
Hymepallusl corsacoBana ¢ nopsiikoM B M. Ecau o6a MmHO-
KECTBA HENyCTH (T. e. j21 n [2*j+1), To, noCKO/IbKY cu-
crema B M’ paspemuma, @;<a;y. B 3TOM cayuae cuctema
umeer pemenne B M npu y= (a;+a;+1)/2. Ecan sropoe muo-
JKECTBO MyCTO, TO pellleHneM fABJIseTca y=a;+ 1, a ecau ny-
cro nepsoe (T. e. j=0 W aju=ay), T0 y=a; — 1. Hamu, ra-
KM 00pasoMm, JoKasaHa Cjaeayiolas

4.2.26. Teopewma. Teopus sewecrsenHo 3aMKHYTO20
noAs ABAALTCA MOOEALHO NOAHOL.

Ocraercss 3aMeTHTb, UTO MOJe BELLECTBEHHBIX aArefpau-
UeCKHX 4YHCes sIBJsieTcsi (eJMHCTBEHHOI) MpPOCTON MOIeabIo
Kor. CnenoBaTesbio, Ha ocHOBaHMH 4.92.3 nmeer MecCTO

4227. Teopewma (Tapcknit). Teopus sewecreeno
BAMKHYTO20 YnopadouenHo2o noAsl A68A1ETCS NOAHOL.

OTOT BaKHBIl pe3y/abTaT COBCEM IPYIHM METOLOM Ghij
BIiepBbHIe A0Ka3aH TapcKkum.

4.3. OTHocuTenbHast MoneabHast moanora. Ha mporsixke-
HHUH 3TOTO pa3jesna Mbl Oy/leM NIpeaNnoaraTb MHOMKECTBA BbI-
ckasbiBanui K u K* HenmycToIMu M HenpoTHBOpeunBbiMu. Ha-
TIOMHHM, UTO MHOXeCTBO K* HasbiBaercst mModeasHo Henpo-
TUBOPEUUBbIM OTHOCHTEJNBHO MHOWKecTBa K, ecam kamias
Mosenb M MHOxecTBa K MOKeT GbITb BJOXKEHa B MOedb
M* mHoxectBa K*. (IIpyrumu ciosamu, M* ectb moneap D
nnarpammel M.) Taknm o6pasom, K* mojenbHO HenpoTHBO-
peuuBO OTHOCHTENBHO K, ecad masi Kaxaoil Mojean M
MHO)kectBa K ¢ amarpammoit D mHoxecTBo K* UD Henporu-
Bopeunso *). K* Gynem HasbBaThb MOOEALHO NOAHbIM OTHO-
cureasro K, ecnaum aas gnwo6oit momean M MHoxectBa K
¢ auarpamMmoit D muoxectso K*UD nogno.

*) 3ameTuM, 4TO MOJe/bHAsi HeNpPOTHBOPEUHBOCTb K* OTHOCHTENL-
Ho K He coBNanaeT ¢ MO/e/NbHONH HeNpOTHBOPCYHBOCTbIO K* MHOXeCTBY
K (cm. n. 3.6). Onnako B paibhedimeMm nac GyayT HHTEpPECOBaTh JIHIIb

re cayvad, koraa K* D K, mpu koTophix 06a onpejeneHHs COBNAnaloT.
({1pun. nepes.)
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43.1. Teopew a. [lycre muoxcecrea svickasviganuil K
u K* tarosoi, wto Kc K*, K* ne codepicur Ho8bix OTHOULe-
Hull u undusudos no cpasrenuto ¢ K u K* modenvro He-
nporusope4uso ornocuresvro K. Has roeo urobor K* Goiao
MOOeAbHO NoAHbBIM OTHOCUTeAsHo K, neobxodumo u docta-
TO4H0, 4T0Gbl OAs A060i modeau M mnoocecrea K u aro-
6020 NPUMUTUBHO20 BbICKA3bISaHUA X, onpedeiennozo 6 M,
X 6wvia0 uctunno aubo so scex pacuwupenuax M, kortopore
seaarorcs modeaamu K¥, aubo He OblA0 UCTUHHO HU 8 00-
HOM U3 HUX.

JloKa3aTeabCTBO 3TOH TEOpeMH siBJISIETCS, 110 CYLLeCTBY,
HeGoabluoy Mogubukanuell jpoxkasatenbctsa 4.2.1. Heobxo-
JMMOE  YCJOBHE TEOPEMbl 3KBUBAJEHTHO YTBEPKIEHHIO O
toM, yto uau X uau ~ X puieopumo uz K*UD. Beuny roro,
yTo naast J6oro K*, MoAenbHO MOJHOTO OTHOCHTEJIbHO K,
3TO CBOHCTBO BBINOJIHSETCS JJsl @Cex BbickasplBaHui X (a
He TOJBKO JJisi TMPUMUTHBHBIX), HEOOXOJMMOCTb OUEBH/HA.

Jlas noKasaTeJbCTBa JOCTATOYHOCTH MPENOJIOXKHUM, YTO
K* He MojeabHO moJHo otHocutessHo K. Torma cyuiect-
ByloT Mofeab M mHoxecrBa K u BbickasbiBanue X, onpeje-
jJennoe B M, takue, 4to Hu X, HH ~ X He BBIBOAHMBI H3
K*UD, rane D — nuarpamma Moaean M. Mol MOZKeM mpej-
nosnarath X 3alaHHBIM B NpEBAapEHHOI HOPMaJbHOH (oOp-
Me, BLIOpaAB NPH 9TOM M3 BCeX TakuX Mojeded M u coorset-
CTBYIOIIMX WM BbicKasbiBanuit X napy (M, X) ¢ MiHHUMAaub-
HBIM UHCJOM KBaHTOPoB Y X. DTOT MHHHMYM 00a3aTelbHO
J0JKeH ObIThb MOJIOKHUTEJNbHBIM, TAaK KaK B IIPOTHBHOM CJY-
yae X uau ~ X 6buio 6bt BBIBOAUMO yiKe u3 oanoro D. Kpo-
Me TOrO, Mbl MOXKEM MpeanoaaraTb, 470 X HauHHaeTCs KBaH-
TOPOM CYLIeCTBOBAHMS, Gepsi, eciu HyXHO, ~X n cBOAS
O6LIUHBIM  CTIOCOOBOM 3TO BHICKA3biBaHHE K IIpeJBapeHHON
nopManbHOl dopme. Hrak, HyCTqu=32Q(Z), rae Q(z) —
nn¢ B mpeiBapeHHOH HOpMaJbHOH (hopMme. X ompeneneHo B
momean M mHoxectBa K, HO HU X, HE ~ X He BBLIBOJMMBI H3
K*UD, rage D — nnarpamma M. Orciofia BbiTeKaer cyiue-
cTBOBaHHe Takoli Mmojenun M* muowkectBa K¥*, uro M* —
pacmuperne M n X uctunno B M*, 1. e. Ci(a) HCTHHHO B
M* pns Hexkoroporo muameuaa a. Ilycts D — Juarpamma
M*. Tlockoabky M* — momeap K u Q(a) HCTHHHO B M#*,
Q(a) swiBosuMO H3 K* U D* BBAJy MHHUMAJIBHOTO CBOHCTBA
X. Takum ofpasom, K*UD*-X, tax kak Q(a)>X—
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TefpeMa. Mul xoTHM mokasate, uto K* U D—X. MHOXKecTBO
K*UD* conpepxut no cpasHenuio ¢ K* UD TONbKO BbicKa-
3bIBAHUS NOPSIAKA | HJW OTPHUAHHA TAKUX BBICKA3bIBaHUI
O6osnauum uepes D’ mHoxectBo D* — D. D’ me nycro H
NOTOMY HalJeTCs BbiCKasbiBaHUe Y(ay, ..., @) (KOHBIOHK-
ILMs1 KOHEYHOTrO Yyucaa 37eMenToB u3 D’), Takoe, uto

K*UD-Y(ay, ..., an) oX.

B Y ykasaubl Julb Te MHAMBHABI, KOTODbIE He cojllep:Karcs
B M, u, ciefoBaTesbHO, He BeTpeualoTest HU B X, Hu B K* U
UD. Orcrona noayyaem

K*UDH[3z...32,Y (21, ..., zn)]2X.

Ho 3z,...32,Y (2, ..., 2») — OPUMHTHBHOEC BHICKA3bIBA-
HUe, onpeaenenHoe B M u ucruunoe B M*. CaenoBaTenbHo
B culy yeaosus 4.3.1 Jzy.. . J2,Y (21, ..., 2w) BbIBOILI/IMOy
I/IS* K*UD, a xoab ckopo 310 Tak, X TakK:Ke BHIBOAUMO M3
K*UD. Tlociennee, onuako, NpoTHBOpeunT BLIGopy X, urto
H 3aBepliaeTr J0Ka3aTeJbCTBO TEOPEMBI.

B HeKOTOpBIX C/1yuasix OTHOCHTEJBHYIO MOACJBLHYIO MMOJ-
HOTy ObIBAeT Jierye BbIBECTH W3 OOLIYHON MOJHOTHL, YeM He-
IIOCPEACTBEHHO NPUMEHsITh YKa3aHHBIH Bbinle npusHak. Onun
U3 TaKMX cnoco0oB AaeT cieayiollas

4.32. Teopewma. [Tycre mnoxecrsa sovickasvieanud K
u K* raxoso, uto KcK*, K* ne codepwur nosoix ornouse-
Hul u undusudos no cpasnenuro ¢ K u K* modeavro nenpo-
Tugope4uso othocuresvso K. Ecau K*¥ modeasno noawno s
06biuHoM cambicae w ecan 0as Kasclotd modeiu M mroxce-
créa K ¢ duaepammoii D muosxcecrso K* UD o6iadaer fipO-
crotl modeavto, To K* modeasrno noano ornocuressmo K.

HoxasateabctBo. Ilyetb M — npoussosbHas wmo-
neab K u D — nuarpamma M. Mbl JOJIKHBI [IOKa3aTh, uTO
K*U D noaso. ’

UHySTb My — mo6as npocraa mMogear K* UD ¢ anarpam-
moit Dy u X — moGoe BeIcKasbiBaHue, onpeneaeHHoe B K* U

UD, a tem cambim u B D. Tak kak K* mMozeabHo TI0/IHO, TO

aubo X, mubo ~ X seiBogumo uz K*UDg; npumem aas on-
peaenennocty, 4to K* UDg—X. B sTom cayuae X BoiBoaumo
u3 K* UD n HeKoTOpOro KOHEUHOr0 MHOMKECTBA BBICKA3LIBA-
Huil ScDj—D. Ecau S nyCTO, TO JOKAa3bIBATH Heuero,
[Tyctp S He nycro ¥ Y=Y(ay, ..., @y) — KOHDBIOHKI[HS 3.1€-
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MeHTOB S, IJie ABHO yKa3aHbl JHIib Te HHIHBHIbI, KOTOpbIE
ge BxoastT B M, n>1. Utak,

K*UDFY(ay,...,a,) X

H, CJeA0BaTeNbHO,
K*UDH[3ys ... 3y Y(yy, .. -, Yn) 12X,

Taxum 06pazoM, 415 A0KasaTelbCTBa TOro, UTO K*UDFX,
JOCTaTOUHO ycraHOBUTH, uto K*UDHZ, rie Z=[3y:...
... 3y Y (Y, -.., Yn)], HHBIMHU CAOBAMH, HYXKHO ITPOBEPHTD,
yTo Z WCTHHHO BO Bcex mofensx K* UD. Ilycrs My — nio6asn
MOJIelb 3TOTO MHOXKECTBA; COIVIACHO ONpPeNeJNeHHI0 IIPOCTOl
MOJeJH CyHmecTByeT usoMopdusm M Ha MNOACTPYKTYPY Mi
CTPYKTYpBl M;, OCTaBASIIOIIMA Ha MecTe HHAMBHIBI H3
OTCrofa HeNOCPeACTBEHHO CJEAyeT, 4TO Z UCTHHHO B Mi, a
BBMY SK3UCTEHIHANTLHOCTH Z OHO HCTHHHO TaKXe U B M,
(pacwupennn M7). Joxa3aTenbCcTBO TeOPeMbl 3aKOHUEHO.

PaccMOTPUM Ternepb HEKOTOpbie NPHMephb! OTHOCHTEIbHOH
MOLeNbHOH HoJHOTHL. SlcHo, 4TO OObUHas MOJeJbHad IoJ-
HOTa eCTb YACTHBI CAydyall OTHOCHTEABHOH MOJEJbHOH 10J-
"ot npu K=K*.

IMycte K=K/ — MHOXKeCTBO aKCHOM MO0/, ONMUCaHHOE
ppimte B 0. 2.2, u K* — muoxectBo K[ akcuom anreGpauye-

ckH 3aMkHyTOoro moJgs. K< K¥, m Jierko HpoBepsieTesi, 4To
K* no cpaBHeHHio ¢ K He coiepur JONOJHHUTENbHBIX OTHO-
menunil 1 naauBUA0B. KpoMe Toro, K* Moae/ bHO HENPOTHBO-
peunso oFHocuTeabHO K, T. e. Kamjoe noje Moxer GuiTb
BIOYKEeHO B ajreGpanuecku 3saMmkHyrtoe mogje. CorsacHo
4.9.17 K* MOAeJbHO MOJHO, 0 A5 J060i Mogenn M MHOXKe-
crea K ¢ muarpammoit D K*UD umeer mpocTyio MOANb —
agrebpanyeckoe samblkanue M. Takum oGpasoM, npume-
HuMa TeopeMa 4.3.2 u nosyuaercs

4.33. Teopema. Teopua areebpauyecKi 3aMKHYTO20
oA MOO0eAbHO HOAHQ OTHOCUTEAbHO Teopuu ROAA.

Tlycrh remeph K*=K{) — MHoMecTBO aKcuoM anaret-
pauuecku 3aMKHYTOTO TMOJs [aHHON XapaKTEePUCTHRH p,
p=0, 2, 3, ... Kax BBIICHAJOCh paHblIe, K* MoaenbHO
MOJHO ¥ MOJACALHO HENPOTHBOPEUHBO OTHOCHTEIbHO MHO-
xectBa K=K@, akcuoMm moas TOi »Ke XapaKTePHCTHKH.
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JIerko npoBeputb, 4TO yc/10BHS TeopeMmbl 4.3.2 BLITOJHEHHI,
M UMeeT MeCTO Cleayiollas

4.34. Teopema. Teopus arcebpauuecku 3amMKHYTOLO
nOAS OQHHOU XAPAKTePUCTUKH MOOCAOHO NOAHA OTHOCUTEAb-
HO Teopuu noAs TOU Je XQAPaKTepucTuKu.

[lyetb  K*=Kop— MHOKECTBO aKCHOM  BELIECTBEHHO
3dMKHYTOr0 ynopsiiodeHHoro noss. K* corsaacuo 4.2.26 mo-
neapHo nonHo. [lyets K= Kop — MHOMXECTBO aKCHOM ynopsi-
AOYeHHOTo mods. Tak Kak KamAoe yNOpSAOUEHHOE MoJie
MOXeT ObiTb BJOKEHO B BELIECTBEHHO 3aMKHyTOe mode (B
Y4aCTHOCTH, B €r0 BeLeCTBEHHOE 3aMblKaHHe), TO ONATh Ha
ocHOoBaHMK 4.3.2 noJsyyaerca

4.3.5. Teopema. Teopus sewecrtseqno 3AMKHYTO20
nOAR MOOEAbHO NOARA OTHOCUTEALHO Teopull ynopaooHerHo-
20 noa.

[lyete K u K* — MHOXKecTBa akcHoM hoOpMaibHO Belile-
CTBEHHOTO M BEUICCTBEHHO 3aMKHYTOrO MOJIsl, CHOPMYAUPO-
BaHHble B TepMHHaX oTHowenud E, S, P v npeaMeTHbx no-
crostHEbix 0 u 1 (em. m. 2.2). B stom caywvae K< K*, cao-
Bapb K u K* oxun u 1ot e, u K* MOLeqbHO HenmpoTHBOpe-
ulBO OoTHOcHTesbHO K. Kak HeTpyaHo 3amerutbh u3 4.2.26,
K* mopnenbHo moano. TeMm He MeHee, Kak Mbl cefiuac [oKa-
xeM, K* He MojenbHO monHo otHocuTeabHo K. B camowm
Aene, nyctb M — mose, moJyueHHOE NPHCOEAUHEHHEM & -—
KBaApAaTHOTO KOPHSI M3 ABYX — K HOJMIO PAIMOHAJBbHBIX UH-
cen. M ecte monens K. PaccMoTpuM BblcKasbiBaHHe

X=3yP(y, y,8).

Mub yrBepixaeM, uto HH X, HH ~X He BLIBOAHMBI H3
K*UD, rpe D — anarpamma M. HeficTBuTennHo, cyule-
CTBYIOT JIBA BCIUECTBEHHO 3aMKHYTHIX pacuiupenus M, cka-
xeM, My u M; takve, uto & mosoxutesbHo B M) oTpHIAa-
TeabHo B M3. X rtoraa uctunno B M}, a ~ X McTHMHHO B M;.
Ho nockoabky obe crpykrypel M} n M; — monean K*UD,
Haule YTBepIKAeHHEe A0Ka3aHo.

Brionne Bo3MeikHa cutyauusa, korjaa K* MoaeabHO mosHo
OTHOCHT@/NBHO JIBYX HE3KBHUBAJEHTHBIX MHOxecTB. Tak, Ha-
npuMep, ecan K* — MHOKeCTBO aKCHOM aareGpandeckn 3a-
MKHYTOTO moJist (cm. 4.3.3), To K* Moae/IbHO MOMHO He ToJb-
KO OTHOCHUTEJNBHO TOHSITHS [O0JSI, HO TaKe OTHOCHTeIbHO
MOHATHS NOJST LAHHOM XapakTepHCTHKH (npu stom K* mo-
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JIeJIbHO TOJHO OTHOCHTCAbHO camoro ceds). C apyroii cropo-
Hbl, Kak OyJeT NoKasaHo, eci K aBJIsAETCS NOAMHOXKECTBOM
K* ¢ TeM e caMblM cJOBapeM TakiM, uTo K* MOJe/JbHO
HeMPOTHBOPEUHBO W MOJLEABHO MOJHO OTHOCMTeabHO K, TO
K* cynIecTBEHHO €IMHCTBeHHO. B 3TOM c/lyuyae MHOXKECTBO
K* 6ynem HasbiBaTh MOOeAbHOLM RONOAHERUEM K.

4.3.6. Teopewma. ITycro K, Kj, KQ—Tpf{ HenyCToLx U He-
APOTUBOPEHUBLLY MHONCECTBA BbLICKASbIBAHUL, K*cKl, Kc K3,
TaKux, 4T0 8ce oTHouleHus u undusudol Ky u Ki codepocarca
6 K u 06a mnoxecrsa K u K5 modersHo HenpoTusopeuussl
u moleavto noaub. orHocureasHo K. [pu atux ycaosusx
K} u K3 sxeusanenthol, T. e. Kasooe 8bl600UMO U3 dpyeoeo
u, caedosatervto, oba umeroT 00HU U Te e modeau.

Noxkasateabctso. IlycTb X€KI, u MH JLOJIKHBI
nokasatb, uto K5—X. TlpeanonoxuM NPOTHBHOE: XEI}],
K5 U{~ X} nenporusopeunso. [Tycrs M — mogeab Ky U{~ X}
¢ xuarpammont D Tak kak K3 _MOJEJTbHO TONTHO OTHOCI)/I(TeJlb-
Ho K, to ~ X BeiBonuMo u3 KaUD u B 10 K€ BpeMsl A oue-
BUAHBIM 06pasom BuiBoAuMO u3 KijUD. Orclofa BUAHO, UTO
L5 JI0KA3aTelbCTBA TEOPEMBbl JIOCTATOYHO YCTAaHOBHTD CTIpa-
BEJUTHBOCTD CJIeJYIOUIero yTBEPKACHUA: Al KaxX IO MoJe-
g1 M mupoxectBa K ¢ guarpaMmoil D um AJg KaxI0ro Bb‘IX-'
cKaspBanuss X, ompejfenennoro B M, auGo X, aubo ~
ppBosuMo 3 KiUD u KiUD, npuueM BO3MOXKHBI TOJbBKO

3TH cayuad.
ﬂBaHyCTb, }}Ilao6op0T, cymectByeT Mofeab M muoxectsa K
u BHICKasbinaHue X, onpefesenHoe B K, Takue, u4To X BHIBO-
mumo u3 KiUD u ~X oiBogumo us K UD, rae D—lea-
rpamma M. Kak oGblyHO, MOXKHO IpejnoJararb, 4to A 3a-
JaHO B NpeJBapeHHOll HOpPMaJbHOH (GopMe W COACPKHUT MO
MeHbIIell Mepe oAuH kBaHTOp. Mpbl 6yreM paccmaTpuBaTh
Takyio Mojenb M u Takoe BHICKa3biBaHue X, ylOBJIETBOPAIO-
[Ue STHM YCJOBUSIM, YTO UMCJIO KBAHTOPOB B X MUHHMAlb-
Ho. Bosiee ‘Toro, Mbl MOMeM mpejnosaraTb, uto X Haud-
HaeTcsl KBAHTOPOM CyLIeCTBOBaHMS, TaK Kak B [POTHBHOM
c/yuae Mbl paccMOTpuM ~ X, IpHBEJEHHOE K NDeABApEHHON
HOpMaJbHON (hopMe, TOMEHSIB MECTaMH K1 u Ks. [lyctb, Ta-
kaM o6pasoM, X=3y Z(y), rae Z eme MOKeT COACPKATb
Bl .
KBaI}'Ill;/Ocpr M] — mopeab KiUD ¢ anarpamMmol Di. X ucrun-
no B M}, mockoapky X upomumo us KiUD. CaenosareibHo,
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M'i CONEPXHT MHAMBUA @ TaKo#, yTo Z(a) HCTHHHO B
Mi. Ho M)—woneas K, a notomy AjUD] noano wu
KiUDiZ(a). Kpome Toro, Z(a) cOmepuT Ha OAHH KBAaH-
Top Menble, yeM X, u K3 UDi—Z(a), a orciona n KsU D
HX. C npyroit cropousl, no npeanosaoxenuio, KsUD— ~ X
u tem cambiM K5 UDi— ~X. Utak, Ml npuuiu K saki/ioue-
HUIO 0 mporuBopeunsoctH K3;UD;, uto He corsiacyercs ¢
MOJIe/IbHOH HENpOTHBOPEUHBOCTbIO K3 oTHOCHTenbHO K, mo-
ckonbKy M]— mogean K. Takum 00pa3oM, MBl BUILUM, UTO
cutyauusi, npu Koropoit KiUD—X u KyUD— ~X ansa mo-
Ooft monenu M MHOxKecTBa K, HeBO3MOKHA.

Teopema 4.3.6 mnokasbiBaer, YTO JaHHOe MHOMKECTBO
akcHoM K Moxer, Mo cyuiecrBy, HMeTb He GoJee OIHOIO
pacivipenuss K*>K, ynosaersopswomero ycaosusm 4.3.6.
B uvacrHoctu, MHOroo6pasue BceX ajqreGpavuecku 3aMKHY-
ThIX MOJIEH 3aHUMaeT BIIOJHE ONpPEJeJeHHOC MeCTO OTHO-
CHTEJIbHO (BoJlee IIMPOKOro) MHOTOOGpasHs BceX TNoJeH
TOH Ke XapaKTepPHCTHKH. B aHa/OTHYHOM mMoJsoxKeHuH Haxo-
JUTCS MHOrooGpasue BCeX BELleCTBEHHO 3aMKHYTHIX YIOps-
JIOYEHHBIX TIO/ICH OTHOCUTEJBHO MHOTOOGpasHsi BCEX YIops-
NoueHHbIX nmoJel. Kak Mbl yBHIUM nosxke (1. 5.4), cooTser-
CTBYIOLLEE TIOHSITHE MOXKHO Takxke cHOpPMyJaupoBaTh IS
nousitust nuddepenuransuoro noasi. OHako, ¢ Apyrofi cTo-
POHBI, MOXKHO HalTh Takue K, MJIS KOTOPBIX OMHCAHHBIE
MHO)kecTBa K* He cymlecTByIoT BOBCe (cM. zafauy 5.6.4).

4.4. 3apauun

4.4.1. YcTaHOBMTH NOJHOTY Teopun GecKOHeYHOH aGeneBoll rpymmsl,
KaX/bll 9JEMEHT KOTODPOH HMeEeT NOPSAOK, DPaBHbIE (HKCHPOBAHHOMY
HPOCTOMY UHCIY P.

4.4.2, Tlyctp K — Hemycroe H HEMPOTHBOPEUHBOE MHOMKECTBO Bbi-
ckasbiBanu#. Ilpeanonoxum, 4To Aas JMOGHIX ABYyX Mogzeaeir M u M’
mHoxecTBa K, Takux, uro M C M’, Bcskoe NPUMHTHBHOE BLICKA3bIBA-
HHe, onpenesnenroe B M, ncturHO B M’ TOMBKO B TOM cJayuae, korga
oHo HcTHHHO B M. TlokasaTe, UTO NpH 3TUX YCJAOBHSX JI0G0H SK3MCTEH-

UMaNbHLI Npenukat Q(Xy, ..., Xn), onpejejeduolil B K, 3KBUBajeHTeH
OTHOCHTEbHO K HEKOTOPOMY YHHBEPCANBLHOMY MPeAHKATY R (X, ..., X,)
(. e Ki=wvxi .. vxa[Q(x1, ..., Xu) =R(%1, ..., %4)]); HHDIMU

C/IOBaMHM, JaTh [Apyroe J[OKa3aTelbCTBO NPH3HAKA MOJEJbHON [MOJHO-
ol 4.2.1.

4.4.3. AGesesa rpynna G nasbiBaercss noAxod (aam epynnoib ¢ Oe-
AeHueM), ecnd Jas mo6oro uenoro n H Joboro a &G cyllecTsyer Ta-
Kol snement b C G, uro nb=a. Jlokasarts, 4T0 TEOpHs MOJHOH YNOPSILO-
YeHHOH aleieBoll TpyMNmel, cojepxailell [0 MeHbluefl Mepe [1Ba pas-
JIHYHBIX 3JICMENTA, IBJSIETCH TOJHOM,
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4.4.4. YcTaHOBHTb MOJAEJbHYIO INOJHOTY TEOPHH JHCKPETHO YIOpsi-
JIOUEHHOTO MHOMKecTBa 0e3 NepBOro U MOC/eJHEro 3J1eMeHTOB, ChopMy-
JMPOBAHHOTO B TepMHHax oTHoweHu# E, Q u S(x, y) («x — npeame-
cTBeRHHK y»). [lokas3aTb, 4TO 3Ta TeOpHsS MOLEJNLHO NOJHA OTHOCHTEJNbHO
MHO)ecTBa K, cOCTOSILIETO M3 aKCHOM YMOPAZOYEHHOTO MHOKECTBa (CM.
4.2.9), akCHOMBI MOJCTAHOBOUHOCTH st S(X, ¥) M BHICK23LIBAHHSA

VXYY Vz[S(x 2)AS (2 ) D~ E(x yAQ(x A
A~[E(x 2)NE (2 9] ]

Bubauoepagpuueckas cnpaska. OTHocHTenbHO TeopeMbl JIMHaeHGay-
ma cMm. Tapckuit [1]. Tlpusnak Boora moxHo Ha#itn B ctathe Boo-
ta [1]. Teopema 4.1.3 poxkasaHa pa3jnyHEIMH crnoco6amMum B paboTe
Jlenrdopaa [1]. Jaa nonefi Hyneso xapaxTepucTuku 4.1.4 ecTh
crepcTBue teopembl Tapckoro 4.2.27, s HNPOH3BOJBHOR XapakTepHCTH-
KH 3TO yTBepMKJeHHe ObLIO BHepBble ycTaHoBMAeHo A. Po6uuHcoHOM
[1]. Teopema Ilteilunua, Hcnonb3OBAaHHAst NPH JoKasaTenbcTse 4.14,
npusegena y ltefinuua [1]. Teopusa MOAeJbHOA MOJHOTH AETANBHO
pasoGpasa B craThe A. Pobuncona [9]. 42.10 Ges nokasarennCrsa
Beickasana Tapcxuwm [1] U moxazana HaCTOSIIEM MeTOAOM B paboTe
Po6uuncona u 3ekona [I]. ITo mopony Teopembl Tapckoro 4.2.28
em, Tapcrku#t u Mak-Kuncu [I]. Teopun mozaenbHOH NOJHOTEH
noceaueda cratest A. Po6uucouna [11]%).

*) B pa6ote BooTa [5] man 0630p cTaTedl, NOCBALIECHHBIX H3y4Ye-
HHIO Teopuil U MX Mojenelt. MeTon MOZEJbHOH NOJHOTHI TIPUMEHAJCS B
pa6orax Epwosa [6]—{l10], Kapranoaosa [I], [3], Tadiuau-
Ha [8].

PaspeuinMocTb 37eMeHTApPHOX TeOpHU YNOPsAOYeHHBIX abejeBblx
rpynn  nokasaia [ypesuuem [1l. DnementapHas kruaccudpurauus
yIOpsiAOUYeHHHX Tpynn fgaHa TtaMm xe. Ilpu stom Typesuu mosbsyercs
MeTOJ0M pAacIpoCTpaHeHHsi OTOGpaXKeHHH, BHepBble pa3pabOTAHHBIX
®pecce [I], cM. Takke Dpeuncofixt [2], Tatimanos [6]. dror
Metos mpuMmensiica B paGotax Anmaramobertona [2], Taiuauna
[6]. ({1pum. ped.)



FTABAYV

ONPEJAE/IHMOCTD

5.1. JlemMa o HenpoTHBOpPeYHMBOCTH. B Hacrosiuell riase
Mbl 3afiMeMCsl M3yYeHHEM CBfi3ell MexKJAy BBICKa3bIBAHUAMH
(AN MHOXKECTBAMHU BBICKA3BIBaHHM) C Pa3/HUYHBLIMH CIOBa-
pAMu. Mbl npumeM ciefyiomue obosHavenus. [l faHHOrO
MHO)ecTBa BbickasbiBauui K uepes W;(K) u W, (K) obo-
3HAUMM COOTBETCTBEHHO MHOMECTBO HH/JAUBHAOB U MHOXe-
CTBO OTHOLICHHH, COMEpKallMXCcsi B BbiCKasbiBaHHAX M3 K.
Takum o6pasom, ecaun W (K) —caosape K, 1o W(K)=
=W,;(K) UW,(K). B ToM cayuae, xorga K cocTouT U3 oi-
Horo BbickasbiBanusi, K={X}, mb 6ynem nucare W;(X) u
W.(X) smecto W;({X}) u W, ({X}).

51.1. Teopewma. l[Tycre K-— nenycroe noinoe mrosce-
c180 swickasoisanuti u nycts K, K, — 0sa HenpoTusopedu-
BbIX MHOMECTSA BLLCKA3LIBAHUL, TAKUX, 4TO

KoDK, KiDK, Wl(Ko)CW1(K), WT(KOCWT(K)

Ipu arux ycaosuax KoUK, Henporusopewuso.

NoxkasaTeabcTtso. [1ycT, HaoGoport, Ko U K; npoTuso-
peunso. Toraa HaliayTcsi Takue BbicKasbiBanus Xi, ..., X; €
€EKo— KiuVYy ..., Y €K,, uTO BHICKa3bIBaHHE

XA AGAYA LAY
HpOTI/IBOpeqHBO, T. €.
5.1.2. YA ... AYmo ~[XA ... AX]

Hu {Yy, ..., Yn), vu {Xy,..., X;} He MOryT GbITb MyCTHIMH,
tak Kak Ko 1 K; 06a HempoOTHBOPEUHBHL.
Mycts YA .. .'AYm=Y(ay,...,as), Tie ABHO BbIHCa-

Hbl JIHIIb Te€ WHAMBHALI, KOTOpHIE BCTpedaroTcs B 3TOH
KOHBIOHKIMH M He NpHHaajexar caosapio K (a teM caMbiM
u caosapio Xy, ..., X;). U3 5.1.2 nonyuaem torna

5.1.3, —Zo ~[XiN .. /AKX,
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rne Z=3e ...32,Y(2,...,2,), n»0. Kpome TOrO, BbBI-
ckasbiBaHue Y(ai, ..., Qn)DZ ABIACTCA TEOPEMOH, H MO-
tomy Ki—Z. TMockonery W(Z)cW(K) n K noiso, nmeem
mu6o Ki—Z, nu6o Ki— ~Z. Ecan npeanosioxkuTb, YTO BepHO
nocaenuee, 10 Ki— ~Z, tax kak K< K;. Oanako, Kak ToJb-
KO uTo Oblo 3amedeHo, Kib~Z u, ceJ0BaTe/]bHO, B CHJIY He-
nporusopeursoctd K Halle npenosioxenne HepepHo. Hrak,
MBI 3akaiouaeM, uto K—Z. Ho Toraa u nogasno Ko—Z, TaKk
kak K,oK. Caenosatenbso, B cuay 5.1.3 Ko— ~[Xi/\ ...
... AXj], 4ToO HEBO3MOXKHO, TaK KakK X; €Ky i=1,...,j. Mo-
JyueHHOE MPOTHBOPEUHEe NO0KAa3biBaeT TeopeMy.

5.14. Teopewma. IIycto K — noanoe Henycroe MHod€e-
CTBO 8bLCKA3bIBAHUL U NYCTo X — HEKOTOpOe 8blCKA3blBAHUE,
cosmectumoe ¢ K (1. e. KU{X} nenporusope4wuso), rakoe,
aro W; (X)W (K). Ecau M — aobas modeso K u Ky—
MHOMNCECTBO 8CeX 6bLCKA3bIBARUL, OnpedeseHHbly U UCTUH-
noix 8 M, To Ky U{X} nenporusope4uso.

Noxaszareabctso. [losoxkum Ko=KU{X}. Muoxe-
ctBa K, Ko, Ky, KaK Jierko MpOBEPHTH, YAOBAETBOPAIOT yCJIO-
BHsIM TeopeMbl 5.1.1, © MBI IPHXOJMM K 3aKJIOUEHHIO O He-
nporusopeunsoctn KoU K=K, U{X}.

3ameruM, uto ecau W, (X)W, (K), To Teopema craHo-
BUTCS] OYEeBU/HOW.

5.1.5. Teopewma. Mycte My— npousgoronas CTPYKTY-
pa, a M) noayuaercs uz My evibpacoiaaHuen HeKOTOpPbLX
(Ho ne scex) oTHowenui My. ITycte M5 — awboe saemen-
rapuoe pacuiupenue Mi. Tozda cywecTsyer 3aemenTaproe
pacwupenue M, KoTopoe asifeTcs (8 To xe 8pems) die-
MeHTapHbLM pacuiuperuem M3, ecau ueHopuposars OTHOULE-
nus, He s8xodauue 6 Ms.

JlokaszaTeabcTnBo. O6o3naunm uepes Ky u K5 MHO-
JECTBa BCeX BBICKa3bLIBaHHil, onpejeseHHBIX H HCTHHHBIX B
M, u B M5 coorsercrBeHHo. JlioGas Monedb MHOXKECTBa
H=K; UK} siBasieTca 3neMeHTapHbIM paclinpenneM Kak M,
tak u M3 Tlostomy ais nokasatedabcTBa 5.1.5 nocTaTouHO
ycraHosuth HenporuBopeunsoctb H. Ecaun H nporusope-
YMBO. TO HalJeTCs KOHeuHoe MoAMHOxecTBO {Xi, ..., Xp}c
K3, k>1, rakce, uro nporusopeurBo KiU{Xi, ..., Xi}
Mycre XA ... AXy=Y(ay,...,an), TAe £BHO YyKa3aHHI
AMmb Te HMHAMBHABL, KOTOphie He cojepxartcs B M.

Torpa Ki—~Y(ay, ..., an) W, TaK Kak a,...,an & Ki, 10
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KiF-Vxy .. Vx,[~Y(xi,...,%,)]. BoickaspiBanne Z—
=Vxi...Vx[~Y(xy, ..., x,] ompeneneno B M,, u Bce
€r0 OTHOILUEHHS MpUHaAaexkat M3 a TeM caMbiM HMT Hraxk
Z omnpesie/ieHO M MCTHHHO B M} (Tak Kak Z UCTHHHO B M, —
MonesH Ki). Orciona BoiTekaer, uTo Z HCTHHHO TaKyKe 11/! B
M3. Ho, ¢ mpyroit croponsl, Y (ay, ..., Qy) WCTHHHO B M} u
CleloBaTeNbHO, BbICKasbiBanue Z'= Jxy...3x, Y (x ic )
uctuHo B M3 OjnHako BBHAY SKBI/IBaJleHTHOgTH Zh’ i/l.,~nZ
MBI MPUXOAHM K IPOTHBOPEUHIO, YTO JOKA3HIBAET HENPOTH-
BOPEUYHBOCTb [ 1 Hally Teopemy.
I 5.1.6. Teopema (1eMMa o HenpoTHBOPEUHBOCTH).
[lycre K — Henycroe noanoe MHONECTEO 6blCKA3bIBAHUL 0
nycre Hy, Hy — dsa nenporusopedusoix muoxecrsa, codep-
owamux K, HiNH,o>K. Ecau W (H,) N W (H;) cW(K) o
H{UH, nenporusopeuuso. ’ ’
JloKasaTenbCTBY TEOpeMbl Mpeanouiem CeAYIOLLYIO pe-
aykumio. Ecmu H(U H, npotuBopeunBo, To naiayTest Takue
KoHeuHble moaMHoxecTBa {Xy, ..., X} Hy, {Vy Yy
cHy, uro XAY nporusopeunso, rie X‘=X1"/\,..,.../’\Xk 15§
Y=Y/ ... /\Y, 3amerum, utro A1 u k>1. X u Y oéha B
oraeqabHocTH coBMecTHMbl ¢ K (1. e. {X}UK u {Y}UK He-
nporuBopeurssl), Tak kak K U{X} BuiBoaumo uz Hy, a KU
U{Y} —u3 H,. Takum o6pasom, aas nOKazaTedbersa 5.1.6
AOCTATOYHO JOKa3aTh CJAEYIOILYIO TeOpeMy: a
5.1.7; Teopewma. [Tycre K — noanoe muoxnecrso evicka-
soieanul, a Xy u X,—0sa 8bICKA3LIBARUL, TAKUX, YTO
W (X)) NW(X,) cW(K). Ecau X, u X, 06a no ordessiocr
cosmecrumot ¢ K, 10 xonwronkyus X,N\X, nenporusopewusa
Ilpu jnoxaszaTenbcTBe TeopeMbl MOKHO npeanonaraTb'
uro Wi(X;)cK n W;(X;)=K. B camom nene, IIOHyCTHM:

;I_’IFO ISl 3TOTO YaCTHOro cJayuast TeopeMad ViKe J0Ka3aHa
yCTh ) '

X1:Y1(Q1, Ceey am) 41 X2:Y2(b1, ey bn),
rje fBHO BBIHCAHBI JIHIIb Te HHAMBUIEL, KOTOPHIE He coep-
xares B K. Muoxecta ai,...,am u by,..., b, He nepe-

cekatorcs. [Tosaoxum
Zl'_—"[a)Q . e HXm Yi(xiv e ,Xm)],
223[3!/1 . Hyn YQ(yl» cay yn)]

(FIIE NepeMeHHbIe X;, ¢; He BXOASAT HU B OJHO U3 npeabray-
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mux Bhpakenuit). Zi 1 Zy TaKxKe NO OTAENBHOCTH COBME-
cTHMbI ¢ K, 1, c/1e/10BaTeqbHO, 10 HALIeMy NPEANo/I0xKeHHIO,
Z,A\Zyuenpotusopeunso. Ecan ke XiAXe=Y(ay, ..., an) A

AY,y(by, ..., by) MPOTHBOPEUYUBO, TO HA OCHOBAHUH 06BIYHO-
TO pacCyXJeHHA BBICKa3blBaHUE
Z=3X1 . -axrn 3y1 . Hyn[yl (xi, LIENE | Xm)/\Yz(yu ceey yn)]

TaKKe AOMKHO ObITh mporuBopeunsbiM. Ho t=Z=Z1/\Zs,
a Zi/\Z;, KaK TOJbKO 4TO 6BLJIO LOKa3aHo, HeIpOoTHBOpPe-
4HBO.

Wtax, Ha OCHOBAaHWM CKa3aHHOTO Bbillle MbI Mpeano/ad-
raeM, 4To

Wi(X) cW(K), Wi(X)=W(K).

Myers My — mogens KU{Xi}, M7 — cTpyKTypa, NOJIY-
gennasi ©3 M, BlOpachiBaHHEM OTHOIIEHHH, HE BXOJSIIHX
g K. O6o3naunm uepe3 K] MHOKeCTBO BCeX BbICKa3bIBaHWH,
onpefeleHHBIX M HCTHHHBIX B M}, TTockoabKy X, COBMeCTH-
Mo ¢ K, a M} — mozeab K, yciosus Teopembl 5.1.4 BbINOJI-
HeHbl, M, CJeJ0BaTeNbHO, MHOXKECTBO KiU{Xs} uenporuso-
peunBo. Ilycte M;— MOJenb 3TOTO MHOXKECTBA M M;—
CTpYKTypa, mojyuennas us M, BeiGpacbiBaHHeM OTHOIIeHHUH,
e mxomsmux B K. M3, 6yayun mofenbio Ki, sBasercs ae-
MentapueiM pacummpenneM Mi. Taxkum 06pa3oM, CTPYKTYphl
M,, M}, M3 ya0BJIeTBOPSIOT yCJIOBHAM 5.1.5. Orciona Bbite-
KaeT CYLIeCTBOBAHHE 3JEMEHTapHOro  pacliMpeHus M;
CTPYKTYpbl Mj, KOTOPOE TaKiKe sABJISETCS SJEMEHTapHBIM
pacwupennem M3, ecly WTHOPHPOBATH HE BXOAALIME B Ms
oTHOWeHUs. TakuM o6pasoM, ecan M; nomydena ns Ms Bhi-
GpacbiBaHHeM He BXOASIMX B M3 orHowenuil, To M3 ecTb
sJeMeHTapHoe paculipenne M. Orcioga B cuay 5.1.5 onsTh
BHITEKAeT CYIeCTBOBAaHHE CTPYKTYPbI M,, xotopas siBafeTCA
9JeMCHTAPHBIM pacilvpeHueM M., Tako#, 4To M — sjemeH-
rapHoe pacuupenne M3, rae Mi nonyuena us M, BBIDpAcCh-
BamMeM He BXOAsiux B M; ornomenuit. Ilpojosxas 3TO
MOCTpOeHHe, MBI MOJyYaeM MOC/HeJ0BaTeJIbHOCTb CTPYKTYD
My, My, Ms, ..., My, ... 1 COOTBETCTBYIOLLYIO nocJexoBa-
reapnocts M1, M3, M3, ..., Mz, ..., IpHUEM BLITIOJHAIOTCA
caenyowpe yeaous. CTPYKTYpBI My, Ms, Ms, ... cojxepxar
ONIMHAKOBble OTHOLIEHHS, H MeeMgeeMsee ... (1. e. Mz—
saemenTapHoe.pacuiupenue My, Ms— sneMeHTapHOe paculn-

11 A. PoGuucon
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penue Mz u T. 1.). AHaJOTHUHO, CTPYKTYpHl My, My, M, . ..
COJePXaT OJHH M TE JKe OTHOLUEHHS U MzeeM4eeMeeé...
Haxkonen, MieeMieeMiee ..., npuuem M’; NOJNYYaeTCs M3
M;, ecni orpaHHUMTLCS TOJBLKO OTHOLIeHHsAMH K, mpuHame-
XKaUUMH B COBOKYITHOCTH CTPYKTyPaM C YeTHHIMH M Heuer-
HbIMH HHAEKCAMH.

[lyere M* = E{M;}, M = 9{M2k+1} uM'= L}g{Mzk}- Mto-

JKecTBa HHAHWBHAOB TpexX CTPyKTyp, M*, M/, M”’, cosnanaior
H, Kpome toro, M* noayuaercsas us M’ u uz M” BblﬁpaCbIBa:
HHeM He cojepxkamuxca B K orHowenuit. Onpenenrm Te-
nepb cTpykrypy M, nmpucoenunss Kk M* odnoepemenno ort-
HouweHuss M’ u M’ Tak, Kak OHM HaHBl B 3THX CTPyKTypax
IockonbKy obmumu orHomenusmu M’ u M’ swasiores
TOJbKO OTHoWleHusa M*, Hawe onpenesnenne xoppektno. Ox-
Hako M; ynosnerBopsier X;, a notomy Mz, Ms, ... u, Hako-
veu, M’ ynosaersopsiior X;. AHnajoruuno, M, ymoBiaerso-
psiet X, u, caenoBareabno, M, Mg, ... v, HakoHel, M”’ yIo-
BaeTBopsloT X, Taxkum ob6pasoMm, M ynosiaersopsier Xi u
X,, a TeM caMblM U KOHBIOHKIHA X; A Xs.

3ameTnM, uTO Halle Npeino/oxKeHHe o noaHore K cymie-
CTBEHHO JJIs 10Ka3aTelbCTBa, TaK KakK B IPOTHBHOM CJydae
ecad K Hemycro, Hafijercs Takoe BbicKasbiBaHHe X, onpe:
nenennoe B K, uto Hu X, HHU ~ X He BoBoaumbl u3 K. To-
raa muoxectBa KU{~ X} n KU{X} o6a nemnporusopeuunmi
a ~XAX TakoBniM He SIBJAsETCS. ,

Caenyioulasi TeopeMa, 0O CYLIECTBY, S5KBHBAJEHTHA JeM-
Me 0 HEeNpOTHBOPEYHMBOCTH, HO, B OTJHYHE OT Hee, HOCHT
YHCTO CHHTAKCHYECKHil XapakTep.

5.1.8. Teopema (nemma Kpeiira). Tycre XY — reo-
pena yakoeo ucuucsenusn npeduxaros. Ecau W.(X) N W,(Y)
HENYCTo, TO CYuw,ecTsyer 8uicKaA3visanue Z,, Takoe, 410
W(Z) cW(X)NW(Y), mX>2Zy u ~ZyoY. Ecau W, (X) N
NW.(Y) nycro u X nenporusopeuuso, to Y.

HoxaszareabctBo. Jlonycrum cHauana, 4To W.(X)n
NW.(Y) nenycro. O6o3nauum 4yepes S (Henycroe) MHOXe-
CTBO BbICKasbiBaHHi Z Takux, utro W(Z)cW(X)NW(Y).
Mpl MoxeM cyuTaTbh X HempOTHBOPEUMBLIM, TaK Kak B Mpo-
THBHOM cJyuyae J060} NpPOTHBOPEUMBBLIH 3JeMeHT U3 S, Ha-
IpuMep, BLHICKa3biBanue Zy suja ZN\ ~Z, rne Z€ S, y,[l(;BJIe-
TBOPSIET YCJOBHIO TeopeMbl. [/ HenporusopeunBoro X ue-
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pes S’ 0603HAUMM MHOXKECTBO 3JIeMEHTOB Z€ S rakux, 410
F-X>Z. Mpl J0JXHb MOKa3aTb, 4To —Z>DY N HEKOTO-
poro Z€ S'. Ecau rakoro Z ue cyumecrsyer, To S'U{~71}
HeNpOTHBOPEUHBO, TaK Kak unaye Y Oblo Gbl BEIBOAMMO H3
KOHEeuHoro noaMHOXecTBa S’ S’, a TeM caMbiM M3 KOHB-
IOHKLMH 3JeMeHToB S/, KoTopas cama TaKxkKe NpUHAIJICKUT
S’. Urak, npeanonoxuM, uto S’ U{~Y} Henpornsopeuuso;
nyctb M — Mojielb 3TOrO MHOXecTBa H K — MHOXKECTBO
BCex BblCKasbiBaHuil #3 S, MCTHHHBIX B M. K OuYeBHAHBIM
o6pasom mnosHo. IloHsATHO, UTO ~Y cosmectuMo ¢ K, Tak
Kak ~ Y uctuHHO B M. Mbl yTBepkjaaeM, uto X Takke cO-
mectumo ¢ K. JleficTBHTeNbHO, eciu Obl 3T0 ObLIO He Tak,
To [/ HEKOTOPOro Komeunoro moamuoxecrsa K'cK, K'=
={X,, ..., Xn}, n>>1, maoxecrso K’ U{X} Gbl10 GbI IPOTHBO-
pEYuBEIM, H IIOTOMY X ~[XiA .o AXL] wam X—~X,
rie X’=X/\...AX,. Ho Ttorma, mno onpejejpeHHio S/,
~ X’ €8’ u, cnegosatenpio, ~ X’ € K. 910, 0AHAKO, HEBO3-
MOHO, mockoabKy K HenporuBopeunBo, a X' Toxe mpunal-
aexur S. Takum o6pasom, X He nporuBopeunt K, 1 B Kaue-
CTBE 44CTHOrO cJydas JeMMbl O HEempOTHBOPEUHBOCTH Mbl
nosyuaeM HenpoTuopeunBocTb X/\ ~Y BONpEKH YCIOBHIO:
I—-XoY. Orctona BBHITEKaeT, UYTO /I HEKOTOPOro Z, €S
6yaer Zy>Y, B TO BpeMs Kak F-X>Z; no onpejeseHuio
S’. Iepsas yacTh TeopeMbl Jl0KasaHa.

Jlonyctum Temepsb, uro W, (X) N W, (Y) mnycro, HO Y He
sBasercst TeopeMoii. Torna aas ~ Y Hafijerca MOzne/b M,
Takafi, 4to Bce HEamBuAsl Y npucyrcreyior B M. Kpowme
TOrO, Mbl MOKeM TPEANONOKUTb, YTO KapAHHAJIbHOE UHCIIO
M paBHO B TOUHOCTH %o, Tle KapAHHANbHOE HHCIIO M onpe-
fensieTcsi 6e3 BCAKOM CCBUIKM Ha OTHOLICHHE DaBEHCTBA.
Mbl MOMKEM Takike Mpeanonaratb, 4T0 HHAMBHAB X, He
Berpevatomuecst B Y, Bxoaat B M, u onpeaeauTb OTHOWEHUA
us X B M rakum o6pasom, yto M npeBpaTutcs B MOAE/Ib X.
Takum o6pasom, X/\ ~Y HenpoTMBOpeUHBO, BONPeKH Ha-
jlIeMy TPenoJOXEeHHUIO.

HerpynHo BBIBECTH M 00paTHO TeOpeMy 5.1.7 u, cienoBa-
TenbHO, 5.1.6 u3 Teopemn 5.1.8. Iycrs Xy u X, o6a mo oT-
JEeNbHOCTH COBMECTHMbI C MHOMKECTBOM BbICKa3biBaHHH K.
Ml JIOJKHBL II0K43aTh, YTO KOHbBIOHKIHS XA\ X, HenpoTH-
Bopeunsa. Ilycts, nHanpotus, X;/\X, NpoTHBOpEYHBO, TaK

11*
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uto X1 > ~ X, Ilockoabky X, COBMecTHMO ¢ K, ~X, ne
SIBJISIETCA TEOPEMOH, M, ClefoBaTelbHo, B cuay 1.5.8 mepe-
ceuenne W, (X,) N W, (X.) HemycTo. B COOTBETCTBHU C 3THM
And Hekotoporo Z, rae W(Z)cW (X)) NW(X,), umeen
FXinZ u —Zo ~X,. o npeanosnoxkenuio 5.1.7, W(K) o
SW(X) NW(X,), u, cleoBaTe/blo, Z onpegeneHo B K.
Orcroga BeITekaer, uto Z uan ~ Z BHIBOAUMO 13 K. Onnaxko,
ecmu K—Z, 1o K=~ X,, tak Kak —Zo ~X, u KU{X,} ne
MOXKeT ObITb HENPOTHBOPEYHBHLIM. AHAJOTHUHO, eciy ~ Z
BBIBOAMMO H3 K, 10 K ~X,, Tak Kax ~Zo~X, u
K U{X,} okasbiBaeTcsa npoTHBOpEUNBHIM.

5.2. Teopema Bera. B stom paspene bl 6yaeM noJb3o-
BaTbca obo3HauenueM X (F, Gy, G, ..., Gm), BIPAXKAIONIAM
TOT (aKT, 4TO BhICKa3biBaHHe X Y3KOrO HCUUC/ICHHSA npeau-
KatoB cOpMyIHPOBAHO B TEDPMMHAX OTHOUIHHA F(xi, ...
.., X)), k20, u otHowenuit Gy, . .., G, m>1. Kpowme Toro,
X MOXKeT comepKaTh WHAUBHIB, He yKa3aHHble B IIpUBe-
JICHHOM BBlllle 0003HAYCHNH. [lycts Y=Vx,... VxulF (x4, ...

o X)=F"(xy, ..., xp)], roe F/ — nonognutenpHoe k-MecT-
HOe OTHOLIeHHe (B ciyyae k=0 KBaHTODHI OTCYTCTBYIOT), H
yCcTh

LZ=X(F, G\, ..., G)NX(F, Gy, ..., Gyp),

TJle BTOPOHl Y/1eH KOHBIOHKIUU TOJYUYeH U3 MePBOrO 3aMeHOd
F na F/. Ml 6yznem rosoputh, uto X nesgno onpenessier F
B TepMuHax Gy, ..., G, ecau Z>Y apasercs TeopeMoi. Mol
CKaxeM Takxe, uto X a6ro ompepeaser F B TepmuHax
Gy,..., Gm, ecan cymwectsyer nnd Q(x, ..., Xr), oupee-
Jdennasi B repmunax Gy, ..., G, ¥ UHAMBHAOB BbICKAa3biBa-
una X(F, Gy, ..., G,), takas, uto

Vs VlF (xn, oo, x0)=Q(xy, ..., x)]

BLIBOAMMO 3 X(F, Gy, ..., G,). Teopemy Bera 06 onpeje-
JIUMOCTH MOJKHO Tenepb CHOPMYJHPOBATh CAEAYIOMHM 00-
pasom:

5.2.1. Teopema (Ber). Ecau ornouterue F(xy, ..., Xz)
HeAGHO onpedeneno 6 Tepmunax otHowenul Gy, . .., G,, 6bi-
ckasviganuen X(F, Gy, ..., Gp), 10 F moscer 6oite Taxxce

onpedeserno u sgHo 6 Tepmunax G, . .. , Gm u undusudos
goickasvigarua X.
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HoxaszarteanctBo. Ilyets ay, ..., Gp — WHAMBHUIH,
He coaepxaigiecs B X. CorlacHO yCJIOBHIO TEOPeMbl
522  —X(F, Gy, ...,G)AX(F', Gy,...,Gp) D
o[F(ay,...,a)=F(ay, ..., a)l.
CaenoBaTenbHo,
l_X(F, Gi, e ey Gm)/\F(ai, ey ah)D
SIX(F, Gy ..oy Gu)DF (g, ..., ap)l
Mo aemme Kpefira 5.1.8 cymecrsyer BhcKkasbiBanne W=

=Q(ay,...,a), chopMyJUpPOBaHHOE B TEPMHHAX CJa0Baps#
X (3a uckawoueHueM oTHowenus F), Takoe, 4TO

52.3. FX(F, Gy, ..., Gu)A\F(ay,...,a,)2Q(ay, ..., )
5.24. FQ(ay,. ..,as) DX (F, Gy,...,Gn) DF (ay,...,a)l

Cuerka nmpeoGpasys 5.2.3, noay4yum
5.2.5.—X(F, Gy, ..., Gp)o[F (a, ..., a)>Q(ay, ..., &)l

AnaJsiornuto, moactasassi F Bmecto F' B 5.2.4 ¥ HCNOMb3YS
NpOCTOe NPaBUAO NPeobpasoBaHUs B HCUHC/ICHHH BBICKA3bi-
BaHUH, uUMeeM

5.2.6. —X(F, Gy, ...,Gn)2[Q(ay,...,an) 2F (ay,...,an)]

Kom6unupys 5.2.5 ¢ 5.2.6 u npumMensisi OJHO U3 NPaBUJ BbI-
BoJa, NPUXOAUM K 3aKJIIOUEHHIO

52.7. FX(F, Gy, ..., Gpu)DVxi. . . V[F (x4, .., X0) =
EQ (xl’ ey Xh)],

KOTOpOE M COCTaBJsieT cojep:KaHue TeopeMbl Bera.

[ToHATHO, YTO NpPUBEJEHHOE N0Ka3aTeNbCTBO HYXKAAETCH
B HEKOTOPBIX TPHBHAJIbHBIX MOAMGMHKALMAX s cayyas
E=0. Ecau £>>1 u 1o menbuieil Mepe o4HO (; NOJIOXKHUTE/Nb-
Horo nopsiika, ckaxem, Gi=G(xi, ..., X;), TO MBI BCerja
MOXKEM CUHTaTh, 4T0o Bce a; Bxousar B W, Geps, eciau Hy-
JKHO, KOHBIOHKLHID W ¢ BhICKa3biBaHHEM

1y oo =G (ay, -.., 1]/\.../\[G(a,...,ah)E
ot - “ “ EhG(ah,...,ak)].

Ecnn Bce G; umeror nopsiftok 0, To W He COAEPKHT HU OA-
HOIl nmepeMeHHOH.
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5.3. OTtHocuTeabHble onpeneneHus. I[Tyuktol 5.2 u 5.3
HAMEIOT HEKOTOpble OOILHEe TOUKH CONPHUKOCHOBEHMsSI, OLHAKO
B HaCTOfLIeM paajesie OCHOBHOE BHHMaHHe OyJer cocpeno-
TOUEHO Ha Pa3JMYHBIX CHTYalMAX, BO3HHKAILIUX B anare6pe.

[Tycts K 1 K¥ — iBa MHOXeCTBa BHICKa3biBaHUI. Bricka-
abiBanHe X', onpeneseHHoe B K, 6yleM HasbiBaTh uUHBApU-
aHTHbIM OoTHOCHTeabHO K* man K, ecau mis Jawo6o0i1 Momenau
M mHoxectsa K X ynoBiersopsier 60 BceM MogeasiMm K*,
KOTOpbIe SIBJSIOTCA pacliuperusaMu M, 1u6o He yJOBIETBO-
psieT HH OJHOM.

53.1. Teopema. Mycro K u K*—3dsa Henycroix He-
NPOTUBOPEHUBLLY MHONCECTBA BbICKA3bIBAHUL, TAKUX, 4TO 8Ce
oTHowenus u undusuder K* codepaarca ¢ K u K* modeso-
HO HenpoTusopeuuso oTHocutessno K. Ilycre X* — abicka-
soi8anue, onpederennoe 8 K* (a caedosareavrno, u 8 K) u
unsapuantHoe otHocuressrno K* nad K. Toeda cyuwjecrsyer
svickasoieanue X, onpedeaenrnoe 8 K, taxoe, wto X uctuuuo
8 aroboi modeau M muoxecrsa K toeda u toasko T020a,
Koeda X* uctunno 60 ecex modeasx K*, KoTopeie 28.48107CH
pacuwiuperuamu M.

HokxasatenbcrtBo. OBosnauum uepes Kp MHOXKe-
CTBO, NOJIy4eHHOe pessiTHBM3alueil K ¢ moMOIUbI0 OTHOIIe-
Hust R (x), Kotopoe He comepxutrcss B K, a cieloBaTelbHO,
He cojepxurca B K* u B X*. HanomHum (cm. n. 3.1), uto
Kp noayuaercs mnpHucOeJIMHEHHEM K MHOXKeCTBY R-TpaHc-
¢dopmauui BblcKasbiBaHuit u3 K Bcex BhicKasbiBaHuil R (a)
(rme a npoberaer HHAUBHUAB H3 K) WIM BBICKa3biBAHUA
JxR(x), eciu B K HeT UHIWBHJOB.

Cefiyac Mbl 3aliMeMCsl 1OKa3aTeJbCTBOM CYIIECTBOBAHUSA
BHICKasbiBaHua X, ompeneneHHoro B K, Takoro, 4to

5.3.2. KrUK*—X*=Xp.

C noMowbl0 3TOrO pesyJbTaTa YK€ HETPYAHO IOJYUHTD
5.3.1. B camom nese, momycTHM, 4To mogo6Hoe X cymect-
ByeT, H nyctb M u M* — monenn K u K* coorBeTcTBeHHO,
npuuem M* — pacmupenue M. Beenem Ha M* orHomeHue
R(x), nonaras R(a) vuctuHHbBIM B M* B TOM M TOJBKO B TOM
cnyyae, koraa a€ M. TloaydyeHHYIO CTPYKTYpy 0GO3HAauuM
uepe3 Mr. Mg siBasiercs mogensio Kg u K* u, ciaegoBaresn-
HO, cormacHo 5.3.2 X*=Xp uctunHo B Mg, Jlomyctum, uto
X* ucrunHo B M*, a Tem camMbM B B My, Tak kak X*=Xg
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Herunio B Mp, 1o Xp ucTuHHO B Mp, a 3TO 03HadaeT, YTo
X uctunHo B M. C apyrofi cropoHwl, eciu ~ X* HCTHHHO
B M*, TO aHaJOrHYHOE pacCyKJeHUE TOKasbiBaer, uto ~ X
uctuHHO B M. Takum ofpasom, ans aokasartenabcrsa 5.3.1
JIOCTaTOUHO HalTH BhicKaseiBanue X Takoe, uto Xp yHaOBJe-
TBOpseT 5.3.2.

ITyctb S — MHOXeCTBO BbICKa3blBaHUH X, OnpejeseHHbIX
B K u takux, uto X*>Xp BoiBogumMo u3 Ky UK*. S meny-
CTO, MOCKOJBKY OHO BKJIIOUAET BCE TEOPEMBl (Y3KOrO HCUUC-
JeHusl npeaMkaToB), onpenesnenusle B K. Kpome toro, S
KOHBIOHKTUBHO, TakK KakK ecau X*>Xp u X*>Yx BoBOAUMB
3 KpUK*, 10 X*>[XpAYg] Tak:ke BLIBOJHMO M3 3TOTO
muoxecrBa. Ho [XR/AYR] coBnamaer ¢ [XAY]g, a moromy
XNYES.

ITycts T — MHOKeCTBO Bcex BhicKasbiBaHull Xg, Tae X €
€ S. Toaoxum

"H=KrUK*UTU{~ X*}.

Ecid 3TO MHOMKECTBO HENPOTHBOPEUHBO, TO OHO OO0JalaeT
HeKOTopo#i Mogeabio Mp. HMeanBuas Mg, ypoBieTBopsio-
wue R(x), obpasywor mMoaenr Mp MHoxectBa Kg. Eciu B
Mg or6pocutb oTHOUIEHHEe R(X), TO MBl mogayuuM moaenbs M
mHOkecTBa K. O6o03Haunum uepes D u Dy nauarpammbel M u
Mp cootBercTBeHHO. SIcHO, uto Dy moayuaercs us D npuco-
eJMHeHHEM BCeX BbIcKasbiBaHUH Buaa R(a), rae a npobe-
raer M. MuoxecrBo H'=DrUKzrUK* HenpoTHBopeuuno,
TaK Kak Mp— Mojeab 3Toro MHoKecTBa. Iloka)KeM, 4TO
H'—=~ X*

JefictBuTenbHo, ecan MmHoxectBo H U{X*}=DrUKrU
U K* U{X*} HenpoTuBOpE4HBO, TO AJH HEro HaWgeTcsl HEKOo-
Topast Moaeab Ng. MuauBuael Ng, yrosrersopsioiine R (x),
obpasyioT Moledb Np MHoxecTBa Kg, KOTopas B TO Xe
BpeMsi ecTh paciuupenue Mg, Takum o6pasoM, N u Mp—
monean K* u pacumpenus Mg, Ngp ynosierBopsier X*, a
My ynosierBopsier ~ X*. Otcroona cieayer, 4To CTPYKTYpHI
N* u M*, noayuenusie u3 Np u Mpi orGpacniBanuem R (x),
TakXKe YAOBAETBOPSAOT X* u ~ X* COOTBETCTBEHHO, AOTHA
o6e OHHN ABJASIOTCA paciunpeHusmu M. DTo, 0AHAKO, NPOTH-
BOPEUHT Npeanonoxennio 5.3.1, u Mbl 3akawuaeM, uro H'|—
X*,

~
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Htak, cyluiecTByeT KOHBIOHKLUMUA Y KOHEYHOTO UHCJa 3Je-
mentoB Dg, Y=Y./\.../AY,, Ttaxas, uro BBICKa3blBaHHE
Yo ~X* artem cambiM u X*2 ~Y, BriBogumo us KpUK*.
Kaxzpoe Y; auBo umeer sug R(a), nubo sipasiercs dopmy-
Jol mopsiaka 1, iuGo oTpuLaHHEM Takoi Qopmydant. B co-
OTBETCTBHU ¢ 3TUM ~ Y MoxKeT OBITH NPUBENEHO K BHAY

R(@)A ... AR(an)oZ,

tne Z — Iu3blOHKIKS oTpuilaHuil saementoB D. Jlo6asass,
ec/M HYXKHO, MOAXOJIIME 3/eMEHTH K [epBOHAaYaJbHOMY

muoxectBy {Yi,...,Ys}, MBI MOKeM Bcerja CUMTaTh, 4TO
Z HemyCTO W BCE €ro HHAMBH/BI — 3TO B TOUHOCTH 4y, . . ., dn-
Hrax, :

KpUK*=X*[R(a) A .. . AR (ay) Z).

Konwonkunw R(a)) /N ...NR(a,) MOXKHO COKPaTHTh, Bbl-
6pachiBas uienbl R(a;), rie a; cofepxurca B K, MOCKO/IbKY
BCe Takue uJeHn BXOAaT B Kg. Taxkum o0pasom, eciu a;
npunaanexar K misg j=m+1,...,1, 10

5.3.3. Kp UK*I=X*[R(a) N ... AR (ay) DZ].
B cayuae m=0 3TO BblCKa3blBaHHE YHTaeTCsl MNPOCTO Xak
X*oZ.

VHAMBUABL @4, . . ., Gy He cogepxkaTest B Kp, K* nan X¥,
u moroMy 43 5.3.3 BBEITEKaeT, UTO BHICKa3blRaHue

X*¥o[Vxy... ViR (x) A ... AR (%) D
DZ (X1, .y Xy Qe -+ -5 Qn) ]
soiBouMo u3 Kp U K*. Otcioga ciaenyer, 4TO BHICKa3biBa-
pue X*=> Wy, suBoaumo us Kp U K*, rie
Wer=V xR (x1) D{Vx[R (x2) 2...D[VXu[R (xn) D
:Z(xi, ey Xme Qmdt, - - an)]] .- ]]]

Onmaxko Wx ecTb He uTO HHOE, Kak R-tpaHcdopmauus Bbl-
CKa3sblBaHus

We=Vxi.. . VxnZ(Xy, - ooy Xme Gty «o oy Qn),

a Koab ckopo 310 Tak, KpUK*=X*>Wg Baever WES u
Wr€T.

HanomunuM Tenepb, uto My ects mogens H=KrUK*U
UT U{~ X*} u, caenoBareqabno, Mg yaosaersopser Wg. OT-

5.3} OTHOCHUTEJIbHBIE OTPEAEJIEHHA 169

cloja BblTeKaeT, uTo Mp yA0OBJETBOpAET TaKKe BBLICKA3BI-
BAHUIO

R(a)A ... AR(am)DZ(a1, ..., Qm, Ay, - .., Qn).

Ho R(a) A ... AR(ay) uctunno B Mg, tak kak Mg — Mo-
nedb Dg, a mostomy Z(ai, ..., @y) TaKxKe HCTHHHO B Mkg.
Z(ay, ..., Gn) 3KBHBAJEHTHO OTPHUAHUIO KOHBIOHKLHH Z’
5JeMeHTOB AnarpaMmbl D ctpyrtypol M, tak uto Z’ uCTUH-
goBM u BMj. Takum obpasom, ~Z(ay, ..., Gn) HUCTHHHO
B Mj M MBl MPHXOJUM K NPOTHBOPEUHIO, KOTOPOE MOKa3bl-
paer, uTo MHoxkecTBo H nporusopeunBo. Ilockonbky T
KOHBIOHKTHBHO, 3TO BJeUeT CyIlecTBOBaHHe: 3j1eMeHTa Xg€

€ T, Taxoro, 4To
KR U K*I—XRDX*

KprUK¥-X*2Xp
cornacHo omnpeaetenuio T H, cle0BaTe/NbHO,
Kr U K*=X*= Xp,

4To M TPeGOBaIOCh J0Ka3aThb. 3aMETHM, UTO BBICKA3LIBaHHE
X, cyuiecTBoBaHHE KOTOPOrO YTBEPKNal10Ch Teopemoi 5.3.1,
10 CyLeCTBY, ONpeie/]eHo OJHO3HAUHO, T. €., ecnn Xy i Xo
06a VIOBJETBOPAIOT YCJaOBHIO TeopeMbl, TO X=X, BbIBO-
numo u3 K.

COOTBETCTBYIOUIHH pe3yabTaT MMeeT MeCTO Jsl Npel-
karoB. Ilyctb K m K¥ — Ba MHOKeCTBa BbICKa3blBaHHIL.
[pemuratr Q* (X, ..., Xa), n>1, onpenenenuniii B K, Ha-
30BeM UHBAPUAHTHbLM OTHOCHTeqbHO K* Hal K, eciaum ajs
M060ft GukcuposanHoil Mogenn M mHoxecTBa K u 15t J110-
Goli COBOKYIHOCTH 3/JeMEHTOB 4y, ..., Qn H3 M aubo
Q*(ay, ..., @,) MCTHHHO BO Bcex paciuupenusx M, koro-
pole ABAATCA MojeaaMu K¥, in6o He UCTHHHO HU B OJHOM.

5.3.4. Teopewma. [Iycro K u K*—0dsa Henycrolx He-
APOTUBOPEUUBLIX MHONCECTEA BbHICKA3bIBARUL TAKUX, 4TO OT-
nowenus u undusudol K* codepocarcs 8 K u K* modeavro
nenporusopeduso otnocutessio K. [Mycto Q*(x1, ..., Xa),
n>>1, — npedukar, onpedeaenroii 6 K* u unsapuaHrHolll
ornocureasno K* nad K. Toeda cywecrsyer npeduxar

Ho B T0 ke BpeMs

Q(xs, ..., Xz), onpedesennvii 6 K, Taxkod, 4ro ecau M —
Ao6as modeas K u (ay, ..., a,) — 4060 nHabop dremen-
T06 us M, 10 8vickasvisanue Q(ai, ..., an) UCTuHHO 8 M
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roeda u T0AbKO T020a, Koeda Q*(ay, ..., a,) UCTUHHO & AtO-
6ou modeau K*, koropas seasercs pacuwuperuem M.
Hokasareabcrso. Ilyerts by, ..., b, — HeKoTOpOE

MHOXECTBO HHAMBUIOB, He BCTpedalomuxcs B K. Pacumpum
K n K*, He BBOAA HOBBIX OTHOLUEHMH, a MPHCOENHHSS BCe-
BO3MOKHbIE T€OPEMbI (y3KOTO HCUHC/IEHHS MPEeJUKaTOB), UH-
JUBHIB KOTOPHIX HcdepmuiBawotes by, ..., b,. O6osHauum
noaydyeHHble MHOXKecTBa Ky u Kj.

Paccmorpum  BeickasbiBarme X*=Q*(by, ..., b,). X*
onpeneneso B Kg u B Ko. IIposepum, uro X* muBapuanTHO
orHocutenbHo Ko nan Ko. B camom gede, ecau My — nw6as

* o
moaenp Ko, a M{ u M3 *) — mogenun Kg, 1o by, ..., b, co-
ne*pmaTCH BO BCeX 3THX TpeX CTpyKTypax. Tak Kak
Q*(%4, ..., Xn) HHBAPHAHTHO OTHOCHTeAbHO K* Han K uTak

Kak My — monenp K, a M}, M5 — mozean K*, To orciona
BbiITeKaeT, uTo X* 1uGo wcTHHHO B o6eux M} u M5 nubo B
o0enXx J103KHO. AHAJIOTHYHO yCTaHAaBJAUBaeTCs MOAe/bHas He-
npoTuBopeunBocTh Ky oTHocuTe bHO Ko, JleHCTBHTE/bHO, OT-
HOWeHNs M UHAMBHUAM K§ comepxatca B K, u ecam My —
MOzeNb Ko, a Tem campim u K, T0 M, umeer pacumpenue
My, koropoe siBnsietcst Mmogeabio K* Ho by, ..., b, cozep-
xares B Mo Mg 1, kKpome toro, Ki mo cpasrenuio ¢ K* co-
IEPXKHUT TOJIbKO TeopeMbl Y3KOrO HCYHCJIEHHS MpejHKaTOB.
Orcrona Boitekaer, uto My — Mozeas Ki, T. e. K§ MOIEJbHO
HeNMPOTHBOPeYHBO oTHocHTeabHO Ko. Takum oGpasom, ycio-
BHst TeopeMbl 5.3.1 BBINOJIHeHDI, CJIeI0BATENbHO, CyIIECTBYeT
BbICKa3biBanMe X, onpenesneHHoe B Ko, Takoe, uTo X HCTHH-
HO B mo6oi GhukcHpoBaHHOH Momenad M, MHoxectBa K, Tor-
Iia ¥ TOJIbKO TOTHA, KOrfa X* MCTHHHO BO BceX Mogeasx K,
KOTOpble fABJSIOTCS pacliupeHusMu Mo, Mbl MoxeM npea-
noJjaratb, 4to X COAEPXKHUT HHAMBHIM by, ..., b, Tak Kak
B NPOTHBHOM cJyyae Mbl POCTO BO3bMeM BMecTO X KOHD-
IOHKIHIO X ¢ TeopeMoil (y3KOro MCUHCJIEHHS NpPeAMKATOB)

’

conepxaiuefi by, ..., b,. B COOTBETCTBHH C 3THUM MBI 6y-
neMm mnucatb X=Q(by, ..., by). Tlokaxem tenepn, uro
Q (X1, ..., Xp) U €CThb HCKOMBI# NpPEAHKAT.

Iyere M — mo6as monens K, u ay, ..., a, — npous-

BOJIbHOE MHOXKeCTBO 3semeHToB M. IlycTe M* — pacumpe-

*) Tloppasymesaercs, uTo M; " M;—pacmupeﬂuﬂ M,. (H1pun.
nepes.)
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uue M, sasiowmeecs mopeablo K*. OueBuaHo, 4To ompene-
nerve Q(Xy, ..., Xn) He 3aBHUCHT OT BbIGOpa by, ..., b, npH
YCJIOBHH, YTO 3TH HHAMBHABI He cojepxkarca B K, u Mbl Mo-
KeM MO03ToMy MpeanosaraTb, uto by, ..., b, Jexar BHe
M*. Pacuupum M, noGasissi by, ..., bp K MHOXecTBy ee
MHIMBUIOB U HoJarad, fo onpejeseHHio, UTo Jw06Oe OTHO-
menue A(Xy, ..., Xz) MCTHHHO IJIS HEKOTOPOTO MHOMKECTBa
06beKTOB (BO3MOXKHO coiepikaiiero b;), ecan A(xy, ..., Xx)
HCTHHHO B M ans1 MHOXKecTBa OODBEKTOB, NOJYYEHHOTO H3
nepBOHAYAJbHOIO 3aMeHOH KaXJAoro b; Ha a; C TEeMH Xe HH-
Jekcamu. [losyueHHylo CTPYKTypy ofo3HauuM uepes M,.
Pacunpss Tem xe cnoco6oM M* ¢ nOMOWIbIO TeX XKe
by, ..., bp, Mbl TOJYUEM CTPYKTYpY Mo, Koropas siBjseTcs
pacuupenuem Mo My 1 My — vonenu Ko u Kp coorser-
CTBEHHO.

Ionyctum, uto Q*(ay, ..., @) ucTurHO B M*; Torpa
X*=Q*(by, ..., by) uctuHHO B Mj 0 TOCTPOEHHIO Mg, 1
notomy X=Q (by, ..., bp) ucrundo 8 M, B cuay 5.3.1. Cae-
nosareabHo, Q(ay, ..., @,) UCTHHHO B M 1O MOCTPOEHHIO.
Anasornuno, ecam ~Q*(a;, ..., ap) HCTHHHO B M¥,
o ~Q(ay, ..., a,) ucruno B M. Teopema 5.3.4 noxa-
3aHa.

BrickasbiBande X, CyILeCTBOBaHHE KOTOPOTO YCTaHOB-
neHo teopemoit 5.3.1, ycroid4uso orTHocutenbHo K (cM.
n. 3.3). OAns Toro uto0bl y6eauThCs B 3TOM, PacCMOTPHM
aw6uie nBe Monean M u M’ muoxecrBa K, takue, uto M —
pacupenne M u X ucrnnno B M. [lomnyctum, 4T0 X JMOKHO
B M’, Tak uTo ~ X ucTuHHO B 3T10i crpykrype. Ilyctb M* —
awboe paciunpenne M’, Koropoe ecThb B TO K€ BpeMs MO-
menb K*. Takoe M* cywecrByeT, MOCKOJbKY K* mojpenbHO
HempoTuBopeunso orHocutenbho K. Torma ~ X* uctnHHO B
M#* corsiacHo ocHosHomy cmofictey X. Ho, ¢ apyro# cro-
poHbl, M* Takxe €cTb paclUMpeHHe CTPYKTypbl M, Kortopas
ynosnersopsier X. CiefoBarenbno, M* ynoenersopser X* u
Mbl TIPMXOMMM K NPOTHBODPEYHIO, KOTOpOE O3Hauaer, uto X
MCTHHHO B M’, T. e. ycTOiuHBO oTHOcHTesbHO K. AHajoruu-
HBle paccyXJeHHs] TOKa3BBaloT, YT0 ~ X Takxke yCTOMYHBO
oTHocHurtesqbHo K # TeM caMblM X HHBapMaHTHO OTHOCHTEJD-
no K. Orciona Ha ocHoBanuu TeopeM 3.3.2 u 3.3.3 moay-
yaeMm
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5.3.5. CaenctBue. Bocrazveanue X, ydosrersopsro-
wee yeaosuam teopemol 5.3.1, moocer GoiTo 86L6paAHO U3 K-
BUCTEHYUAAbHBIX UAL U3 YHUBEPCAAbHBLY BbICKABLIBANILL.

[lo anamormunbiM coobpakeHusimM Tnpegukar Q(x,

., Xa), BO3HUKAWOWUA B TeopeMe 5.3.4, HHBapuaHTeH OT-
HocuTesabHO K.

5.3.6. Cnencrsue. [Ipedukar Q(xy, ..., X,), ydosse-
rgoparowuil ycaosuim teopemol 5.3.4, moxer 6ot uibpan
cpedu 3K3UCTeHYUAAbHOIX UAL YHUBEPCAAbHLIX NPeduKaTos.

JIag npaKkTHUYECKHX liesell MOJEe3HO CBA3ATh MOJydYeHHbIE
BBIIE pe3yJbTaThl ¢ MNOHSTHEM OTHOCHTEJNBHOH MOJENbHOM
OJIHOTHI.

5.3.7. Teopewma. Ilycto K u K* — dsa Henycroix u He-
RPOTUBOPECUUBHIX MHOJNCECTBA BbICKA3bIBARILL, TAKUX, 4TO OT-
Houwenus u undusudot K* codepacarca 6 K u K* modeasro
HenpoTUBOPeus8o U MOOEAbHO NOAHO OTHOcuTessHo K.
Ilycre X* — awboe soickasvisanue, onpedesennoe 8 K*.
Tozda cywectsyer svickazvisanue X, onpederennoe 8 K, ta-
Koe, uT0 ecau M — npoussoasvnas modesv K u M* — mo-
deav K*, agasowjasnca pacuwupenuem M, To X ucrunno e M
10200 ‘U TOAbKO T020a, Koeda X* uctunno ¢ M*. Kpome ro-
20, X moxcer 6oiTo 8bIOPAHO cpedu IKIUCTEHYUAAbHbIX UAU
yHuBepcasvrbix 8bicKasvisanull. Anaroeuuno, das awboeo

npeduxata Q¥ (xy, ..., xn), onpedesennoco 8 K*, n>1, cy-
wecrgyer npeduxar Q(xi, ..., xp), onpedeiennvii 8 K, ta-
KO, 4TO ecau Qy, ..., Qn — dAeMeHTul 4601 moleiu M
muoncecrea K u M* — modens K*, asasowancs pacwupe-
Huem M, 10 Q(ay, ..., an) uctunto 8 M 10200 u TOABKO
T0e0a, koeda Q*(ai, ..., a,) ucruurno 8 M*. [Ipeduxar Q

uHeapuanter orHocuteavHo K u, caedosaresvro, modxcet
6oiTo 8bIOpaH cpedu IKIUCTEHYUAABHbIX UAU YHUBEDCAAb-
HbLX npedukaTos.

HokaszareabctBo. /lis foxasatesberBa nepBoil ya-
CTH TEOpPEMBbl Mbl AOJKHB JUIIb NMOKa3aTh B cuiay 5.3.1, uro
Jo60e BhickasbiBaHue X*, onpejesenHoe B K*, HHBapHaHTHO
orHocuteabHo K* nHan K. [lycre M — mwob6as moneanr K ¢
avarpammoit  D. MuoxecrBo K*UD noaHo, mocko/bKy
K* wmogeabHo nosno orHocurenabHo K. Orciona cienyer,
UTO OJHO M3 BBICKa3bIBAHUH X* HaAH ~ X* BLIBOAHMO M3
K*UD n noromy umeeT MecTo BO BCex Mojeasx K*, koro-
pble SBJSIOTCA paclupenusmu M.
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Bropasi uactb TeopeMbl J0KAa3bLIBAETCH COBEPLIEHHO aHa-
JIOTHYHO.

B kauectBe npusoxeHust 5.3.7 pacCMOTPHM CJIEAYIOLIYIO
curyanuwo. Ilycte K — MHOXKECTBO aKCUOM YNOPSIOYEHHOrO
noast (cMm. m. 2.2), K=Kor u K* — MHOXECTBO aKCHOM Be-
HIECTBEHHO 3aMKHyTOoro nojs, K¥=Kor. [lpennonoxenus
reopembl 5.3.7 ortHocutenbHo K u K* Benosnrenst. Ilyctb
Tenepb p{u) — A1060H YHUTApPHBIA MHOTOUWIEH 3aJaHHOMN
creneHd m>0 ¢ koapPUUMeHTaMU B YIOPAIOYEHHOM I0Je
M u I — zamkuyteifi uarepBaa B M. Ecau k — npounsBodasb-
HOoe (PUKCHPOBAaHHOE HATYpasJbHOE UMCJ0, TO CBOHCTBO MHO-
rounena p(#) ¥WMeTb TOUHO R pa3juuUHBIX KopHell B [ Mo-
XKeT OBITh BbIPaXEHO TNpPeiHKAaTOM OT K03(h(HIHEHTOB
X0, + ., ¥m—1 3TOTO MHOTOWIeHa (CTaplIui KO3PULHEHT N0
YCJAOBHIO paBeH 1) M OT KOHUEeBHX Touek /[ : y u 2. OnHako B
anre6pe, B OTIHYHE OT apH(YMETHKH, HHTEPECYIOTCH TJIaBHbIM
06pasoM He YHCJAOM KOpHell B JaHHOM noje M, a «ofmum»
yucaoM KopHeii'B [ (TouHee, UHCJIOM KOpHeH B /, mpuHaj/Ie-
JKallHX BellecTBeHHOMY 3ambikanuio M). Takum obpasowm,
ecaid M — moJsie panMoOHaNbHBIX YHCed, TO JKeJaTeJbHO Onpe-
LEeJHTh YMCJ0 BELIEeCTBEHHBIX KOpHeH B HHTepBaje [ HJIH,
YTO TO XK€ CaMoe, YHUCJIO BeLIeCTBEHHBIX a/lre6panyeckKux
xopHe#. B cooTBercTBHE ¢ 3TUM NpeAukat Q¥ (Xo, ..., Xm—1,
Y,2), BbIpaxamwuil TOT GakT, uTo p(u)=xo+xu-+ ...
v FXpo™ 4 u™ uMeeT B TOUHOCTH R KOpHEH B 3aMKHY-
ToM uHTepBane y<u<z, paccmarpuBaerca B M* *). Teo-
pema 5.3.7 B 3TOM cJayuae yTBep:KjaeT CyLIeCTBOBaHHE Tpe-
aukarta Q(Xo, ..., Xm—1, Y, Z), MCTHHHOTO B M, T. e. B mepso-
HauaJbHOM MOJIe, TOTAa U TOJbKO TOTAa, Korjaa p(u) umeer
TOuHO B KOpHEH B MHTepBaJe BEleCTBEHHO 3aMKHYTOFO pac-
mupenust M, onpegenennom y u 2. Takum o6pasom, Mbl pas-
fesaqich ¢ JA0BOJBHO BaxkKHOH 3ajaueil, KOTopas B BbICLIEH
aare6pe peliraercss ¢ NOMOLILIO MeTO1a HITypma.uAHanomq-
HO, 33j/aua O Pas3PelIUMOCTH CHCTEMbI ypaBHeHHIl Haj AaH-
HBIM TOJIeM B €ro a/ire0padyeckoM 3aMbIKaHHH WJIH B JIO-
6oM adarebpaHueckd 3aMKHYTOM pacll¥peHdn#l 3TOTO oM
cHoBa nonajaer B cdepy nefictust 5.3.7. B riciuedt anredpe
3Ta npolGaeMa pelaercsi ¢ NOMOIIBK TEOPHH Pe3y/bTAHTOB.

*) Mmeerca B BuLy, uTo M* — BeulecTsennoe 3aMbiKande M.
(M pum. nepes.)
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B caenywomem pasjede Mb JaauM OpHaoxkenue 5.3.7, ne-
MOHCTpHpYoLlee 3(PPEKTHBHOCTb HAIMX METOLOB TPH 0-
Ka3aTesNbCTBE CYIIeCTBOBAHHS HEKOTOPBIX YHCJOBBIX I'paHHUIL
B pasJHuUHBIX adre0paudyecKUX 3ajauax,

5.4. Mpunoxkenne x reopeme I'manGepra o Hyaax. Teo-
peMa ['mabGepra o HyJ AX CHCTEMBl MHOrousjeHa (KOpoOT-
Ko Nullstellensatz) o6bYHO GOPMYJHpPYETCS CJAEAYIOLIUM
obpasom:

5.4.1. «[ycro flxg, oony Xa), Fi(Xty «ovy Xn)y «-n

o Fr(x, ..., Xn) —ROAUHOMBL U3 KOABUA MHOZOYAEHOB

[xi, ..., x,] HaO Oanneim nosem M, raxue, uro | obpa-
waerca 8 O 8o scex obwyux Hyaax fy, ..., f.. Toeda cyuje-
CT8YeT yeaoe NOAONCUTEAbHOE HUCAO P, TAkoe, 4TO [° npu-
nadaexcur udeary (fi, ..., fr)».

3aMeruM, 4TO IIPUBEIEHHOE BBHILIE YTBEPKIEHUE CTAHO-
BUTCA KODPEKTHBIM, €CJad 110jJ (pa3oil «Bce oOLIMe HYAU»
NOHHMaTb «Bce OOLIHe HYJAH B JIOOLIX NOJAX, SBASOUIMXCS
pacliupeHussMu M>», uan «Bce ofllde HYJH B JIOOBIX aJjre-
OpanyecKH 3aMKHYTBIX pacllupeHHAX Ms, wau Jaxe «Bce
ofllye HYJH B ajre6pandeckoM 3aMbikanuu M». YTBepxle-
HHe Gyner, BOOOILe rOBOPS, HEBEPHBIM, €CJIH N0J, «BCEMH 00-
LMY HyJSIMU» [OHAMAaTh «Bce obmue Hyaun B M». [lepsas
M3 YKa3aHHBIX paHee MHTEepHpPeTALMH HEABHO NPUHHUMAaETCH
B KayecTBe OCHOBHOM, a BTOpPas H TPeTbsl, MO CYILHECTBY, K-
BUBaJICHTHbl MOJEJBHON IOJHOTE MNOHSATHA aJreGpanyecKw
3aMKHYTOTO MOJS,

Bonee Touno, mycts

5.4.2. Q*:VX1 . Vxn[fi(xi, ey xn) =0A ...
AN (X e, X2)=0Df(xy, ..., x,) =0];
3amMch clejaHa 6e3 M3JMHUIHUX JleTajlell CPeCTBAMU Y3KOro
WCUHC/IEHUs] NPEIHKAaTOB B TEPMUHAX OTHOLUIEHHH PaBEHCTBa,

cnoxenuss U ymHoxenusi: £, S u P. Q* mMoxHO paccmarpu-
BaTh Kak nOpeiukaT oOT Ko3(Q(OHUKHEHTOB MHOTOUJIEHOB

f1, ..., [r, [, B3ATHIX B NPOWU3BOJBHOM, HO (HKCHPOBAHHOM
nopsiike, CKaxeM, Yy, ..., Yr. TakuMm obpaszom, Q*=
=Q*(Ys, ..., yr) hopMyaupyercs B TepMuHax E, S u P Ges

unausuios. Orciofa BhiTeKaer, 4To i K=Kc¢p (MHOXKe-
cTBa akcHoM noasi) M Mg K*=Kcrp (MHOMXKeCTBa aKCHOM
anreGpavyeckKd 3daMKHYTOrOo NoJf) Yyc/JA0BUS TeopeMbl 5.3.7
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BbINIOJIHEHbl. B COOTBETCTBMM €O CKa3aHHBIM CYLIECTBYET
npeaukat Q(yi, ..., Yr), cHPOPMYJIUPOBAHHBLIA B TepMHHAX
E, S u P Ge3 uHAMBMAOB, Tako#, 4To AJs Jw6oro moas M
M 3JeMeHTOB ai, ..., ap U3 M upenuxar Q(ay, ..., @) Hc-
THHeH B M B TOM H TOJIBKO B TOM cayuae, Koraa [ ofpa-
1 aeTcsi B HyJb BO BCeX OOMUX HyasX fi, ..., fr B anreGpau-
yeckOM 3aMblKauun M (1au B J06oM Apyrom anarebpaude-
ckH 3aMkHyTOM pacwuperud M). JloGonbiTHO 3aMeTHTh,
410 onpejeneHHe @ He 3aBHCHT OT XapaKTePUCTHKH pac-
CMAaTpUBaeMoro noJs. :
3akaoueHne TeopeMbl H5.4.1 yTBepaK/JaeT CyIIeCTBOBaHHe
LEJOro IMOJIOXKHUTEJBHOTO YHCAa @ H TAKHX MHOIOYJIEHOB

g1(Xt, .oy Xn), ooy (%1, ..., Xn), UTO
54.3. (f(x1, ..., x0))P=g1(x1, ..o, Xn) F1(Xg, ..., X0) +
B 1] G TR I N G 7A S
HpeﬂnonaraeTcn: 4T0 KO3POPHUUEHTH g1, ..., gr NMpHHAA-

gexkat noaw M. TocsaenHee cy:kaeHHe B TOM BHJe, KaK OHO
BHICKA3aHO, HeJb3sl cHopMyJaHpoOBaTh CPEICTBAMH Y3KOTO
dcuncsaenus npeaukatoB. OAHako Ajs Jaw060# QUKCHpOBaH-
HOl maphl IeJibiX HEOTPUUATEIBbHBIX UHCET P U W, KaK JIErKo
IpOBepsieTCs], yTBEpKAeHHE

«Cyl11ecTBYIOT MHOTOUJ/IEHB g1, ..., gr CTENEHH He BhIllIe
1, JJ1s KOTOPbIX BBIIOJNHSAETCS TOXKACCTBO 5.4.3»

MOXKeT ObiTb COPMYJNHPOBAHO Ha sA3bIKE Y3KOTO HCHMHC-
JeHHs1 TPeJAKaToB MOCPeJCTBOM IpeAukaTa OT Ko3pdH-
LHEHTOB Y, . .., Y» MHOTOWIEHOB fi, ..., f u [. Jas nansbix
0 M W COOTBETCTBYIOIIMH mpeaukat o060o3HauuM depes
Qou(Ys, -, Yr). Qpu HE CONEPKHT UHIHBUIOB.

[lycts ay, ..., ap — NPOU3BOJBHBIA Habop WHIHBHJIOB H
nyctb H — MHOMKeCTBO BBICKasblBaHHH ~ Qpu(ai, ..., ax),

. pu=1,2, 3, ... O6osnauum uepes H’ muoxecrso KcpU
UHU{Q(ay, ..., ax)}. Ecin H’ HenpoTuBOpEYHBO, TO Cylle-
cTByeT nojae M u NOJAMHOMEL fi, .. ., fr, [ ¢ Ko3dduuuentamu
a, ..., ap 13 M takue, uto [ obpaiaercs B HyJb BO BCex
o6WHX HYAsX fi, ..., [, B J060M anre6pandyeckd 3aMKHY-
TOM pacluMpeHuu M, HO, TeM He MeHee, TOXIECTBO 5.4.3 He
BBIMOJIHAGTCA HH NPH Kakux p H gi(¥1, ..., Xa). ITO, Ol-
nako, nporuBopeuut Nullstellensatz, ¥ MBI 3akJio4aeM, 4To
mHO)kecTBO H npotusopeurBo. OTciojja BhITEKaeT CyIIeCTBO-
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BaHHe WeJBbIX TOMOXKHTEABHBIX P, «.., 05 Wi, .., W, LIS
KOTOPBIX BbICKA3LIBaHHE
5-4-4- Q(ai, c s ey ah) DQDIMI (ai, vy ah)\/ .
) N \/Qﬂlul(al, L) ak)
BoiBoauMO 43 Kep. Toxaectso
fe=3gif:
BJeYeT
for*r=3Gif;
&Js1 a06oro HaTtypasabHOro uumcaa A, rae G;=f*g; Caeno-
Batenbio, Qo (@, ..., ar) >Qpu(as, ..., ;) BHBOJAUMO U3
¢ i ,
Kcr npu p’<p. C apyro#i croponbl, Qe (@, ..., ap)D
>Qou(as, ..., @Qr) TaKKe MO OUEBUAHBIM COOGPaKeHUAM

BoiBoaMTCA U3 Kep st Becex w/'<p. B cuiy ckasaHHOTO Bbl-
1re, nosaras

Po=mmax p;, Wo=Max [y,
1<iI I€igi

nosyyuM BBUIY 5.4.4, uTO

Kerl=Q(ay, «.., ar) 2Qop, (a1, ..., ar)

W, CJef0oBaTeNbHO,
5.4.5. Ker-Vy... . Vy[Qy1, - - .. yp) Don“o Yy, ..., yn)].

HenocpeacTeennoll untepnperanueil 5.4.5 spaserca cie-
LYIOIMH pesyJ/bTar:

54.6. Teopewma. [asn OJdanxol epanuys cTenexei
f, ..., In [ 8 Gpopmyauposke Nullstellensatz cyujecrayror
Po, Mo — epaHuybl nokaszateis crenenu npu [ u crenewell
NOAUHOMO8 g; COOTBETCTBEHHO, (ueypupyroujux 8 3aKato4e-
Huu Teopemol (cM. 5.4.3).

ATH rpaHuLLl He 3aBHCAT oT BhHIGOpa nosis- M u ero xa-
PAKTepHCTHKH.

3aMeTHM, UTO B NMPHUBEJAEHHOM BLIIIE PACCYyKAEHHH Teo-
pema [uabGepTa NpHHEManach HaMH KaK HEKHH CTaHAapT-
Hblii anreGpanueckuil pesysbraTr. Kak ™Mbl yBHAMM B AaJb-
pefimeM, 3ToT (aKT UMeeT M UMCTO MeramaTeMaTHUecKylo
unteprnperaiuo. C npyro#l CTOPOHH, CYIICCTBOBAHHE TPAHHLL
Po M [o MOXKeT ObITb TaKXKe YCTAHOBJEHO TPaJHLHOHHBIMH
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anreGpaHuecKUMi METOJaMH, XOTA W BeCbMa YTOMMTE/bHOH
IpoLeaypOii.

B pasauuHbiX NOJA0GHBIX CHTyalUHsX NPUBEIEHHbIH 3/1€Ch
MeTOJi OKasblBaeTCsi AOBOJBHO 3(G(eKTHBHLIM; APYTHe ero
npUMeHeHHst OYAyT PacCMOTPEHBl B 1. 8.5 B CBA3U ¢ TeopHel
onpeseseHEmX (QyHkuuit. Vgest MeTola HaXomuTCs B TECHOH
CBSI3U ¢ KOMIIJIEKCOM MOHATHH M TeOpeM, NMOJYyUEHHbIX BbILLIC
115 6eCKOHEeYHOH AM3BIOHKIUU B 1. 2.4.

5.5. Mopeabnoe nonosHeHne. Kax Obulo B cBOE BpeM#A
nmokazano B m. 4.3 (reopema 4.3.6), naHHOe MHOKecTBO K
MOXKET MMeTb ¢ TOUHOCTBIO 0 KBHBAJEHTHOCTH He OoJsee
oxHoro pacmupenus K* ¢ tem ke ciosapem, uto u K, Mo-
JeNbHO HEeNpOTHBOPEUHBOTO H MOJIEJbHO TOJHOTO OTHOCH-
tenpHo K. Takoe MmMHoxKecTBo K* MbI Ha3Baiu MOIEJIbHBIM
nonoanennem K. Torma ke Mbl o6paTu/in BHUMAaHHE Ha TO,
4YTO He Ka)XKjoe HENpPOTHBOPEUHBOE MHOXKECTBO aKCHOM
AMeeT MoJesbHOe nomoJdHeHne. CyulecTByeT, OJRAKO, Bax-
HBIfl KJacc MHOecTB K, IJg KOTOPBIX BOMPOC O CYIIECTBO-
BAHWM MOJIEJBbHOTO [ONOJHEHHUS BHISICHSIETCS NPUMEHEHHEM
KOHKPeTHOro mpusHaka. lias Toro uroGbl OLEHHTb BO3MOK-
HOCTH 3TOTO pe3yJbTaTa, KOTophli Oyler AaH HiXe, [10/1€3H0
BCIIOMHUTh (CM. TeopeMy 3.4.7), 4TO BCIKO€ HENMPOTUBOPeUH-
BOe MHOXKECTBO akchoM K 3KBHBaJeHTHO MHOxecTBY K’
BblcKa3bIBaHMH Kaacca As (T. €. MHOXKECTBY BLICKa3LIBaHUH,
3a/aHHBIX B IpeIBApEHHON HOPMaJbHOH ¢opMe, B KOTODPHIX
KBAHTOPbl CYUIECTBOBAHUA He MNpPEJIECTBYIOT KBaHTOpaM
OGIIHOCTH) B TOM M TOJBKO B TOM cayuae, koraa K o-yc-
TOMYMBO (T. €. TOrJa Y TOJBKO TOTAA, KOrjia oO0beauHeHHe
A10601 JuHEHo BO3pacTalollel 10C/JeL0BaTeNbHOCTH MO/e-
neit K cHoBa sBasercs mogenpo K). Kpome roro, ecin K
o-ycroitunBo, To K’ MoxHO copMyJaupoBaTh B TepMHHAX
cnoBapst K.

5.5.1. Teopewma. [Ipednoaoxcum, 470 MHO¥ECT80 6bi-
ckazoieanutl K Henycro, HEApoTUBOpPexuso U o-YyCTod1uso.
Jirs Toeo urobor K 064a0a40 mMOO€AbHOLIM HONOAHEHUEM
K*, Heobxo0umo u 0ocTaro4Ho, 4robol 0Af Kancdol npumu-
TusHoid nng Q% (xy, ..., xn), onpedesennot 6 K, nauwirace
akaucrenyuarbnas nug Q(xy, ..., Xn), TO%e onpedeseHHas
6 K, rtakas, u4ro 0as aw0boi modeau M muoocectéa K
U At060i COBOKYRHOCTU @y, ..., An uHOUBUOOS u3 M

12 A. PoGuucon
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Q(ay, Qn) UCTUHHO 8 M 8 TOM U TOALKO 8 TOM CAy4ae,
koeda Q*(aq, ..., Gn) UCTUHHO 8 HEKOTOpOM pacuiupe-

Huu M, asasroujemcs modeasvro K.

HJokaszaTenbcTBO. Yc/J0BHE TEOpPeMB HEOOXOAHMO.
B camom pese, gonyctuM, uto K o6jajgaer MoJeNbHBIM [10-
nojsHenneM K* u myctb Q*(xy, ..., xp) — m06Gag npuMu-
TuHas nnd, onpefesenHas B K. Takum o6pasom, Q% — 3k-
3UCTEHUMANbHASA NN, MAaTPULLA KOTOPOH COCTOUT U3 PopMya
nopsaxa 1 u orpunanuft rtaxkux Qopmya. Ilycts Q —Ta
nng, cyulecTBOBaHHE KOTOpPOH His AaHHOH QF ofecmeun-
Baercs Teopemamu 5.3.1 u 5.3.4. Corsacso 5.3.5 u 5.3.6 nnd
Q MOXXHO CUMTATh 3K3HCTEHUHAJbHOH. MB HaMepeHHl NO-
Kasatk, 4to Q siBasiercs Hckomo#. [lvers M — mogear K u
ai, ..., an€ M. Ipeanonoxum, uto Q*(ay, ..., a,) Hc-
THHHO B pacmupenuu M’ cTpykrypsl M, KoTopoe sBagercs
mogneabio K. Ilycte M* — npoussodbHoe paciuupenune M/,
Kotopoe fBJaserca MoAeanio K*. Taras ctpykrypa M* cy-
IIECTBYET IO ONpeJeNeHHI0 MOJeJbHOH HEeNnpOTHBODEYHBO-
crd. B atom cayuae Q*(ay, ..., @) HCTHHHO TakXKe B M*
B CHJYy 5K3HCTEHUUAJbHOCTH QF, a 3TO BJIE€YET UCTHHHOCTb
Qay, ..., an) B M.

O6patHo, nonycrum, uto Q*(ay, ..., a,) JOXKHO B JIO-
6oM pacwupesnu M, KoTtopoe siBasercs mojenanto K. [lyctb
M* — npousBoJsibHOe paciuupende M, sBasiiolieecss MOIENbIO
K*. Q*(a4, ..., an) He MOxKer OHITb HCTHHHBIM B M* u no-
ToMy Q(ay, ..., @y) He MoxeT ObITb UCTHHHEIM B M. Ta-
KuM obpasoM, Q ynoB/leTBOpsieT TpeGYeMOMY YCJIOBHIO B OT-
goureHuy Q*, uTO M HOKa3pIBaeT HeOOXOJHUMOCTb YCJIOBHS
TEOpEeMBI.

IOns noxasaTesnbeTBa AOCTATOUYHOCTH MPEANONOXKHM, UTO
HaM JaHO HENyCTOe, HEMPOTHBOPEUHBOE U G-YCTOHYMBOE MHO-
wectBo K, ob/ajaoluee HYKHBIMU cBoficTBamu. MojesbHoe
nonoiHenne K* mHoxectBa K Mbl 6yJleM CTPOMTb C/eldylo-
UM CIocoGoM.

Mycrs J*={Q.(%y, ..., %ry)}, £,2>0, — MHOXKeECTBO BCex
NpUMHUTHBHEIX nnd, onpemeneHHblx B K u J={Q,(xy, ...

. Xp )} — MHOXKECTBO COOTBETCTBYIOUINX IK3UCTEHUUAAb-

Hoix nnd Q. Besxkas Q,€J moxer OHTb 3amHcaHa B BHIE
5.5.2. Q, (X1, ..., Xpy) =
=3y1 .o aykR(xl, ey xh\” !/11 ey !/h):
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rae R He comepxur kBantopos. [as kaxmoh Q) €J* Mol
onpejesiiM BbiCKa3bIBaHUE

5.5.3.
X,=Vx ... kav[QV(xl, ceny xkv) DQu(xp o xkv)].

O603HaunM Yepe3 H MHOXKECTBO BCeX TaKHX BBICKa3bIBaHHH
X,. Yreepxmaercs, uro MHOXecTBo K*=KUH ssagerca
MCKOMBIM MOJe/bHBIM nonoaHennem K.

[TousiTHo, uTo K* ecTb pacuiupente K ¢ TeM ke caMbiM
cropapem. [Tokaxem, uto K* MOJAeNBHO HENPOTHBOPEUHBO
otHocutenbHo K. Ilyctb M — mo6asi mojenb K. Mel pod-
JHB YCTAHOBHTBH CylLecTBOBaHHe pacuiupenus M* cTpyx-
Typbl M, KoTopoe SB/IAJIOCH Obl MOJEJbIO K*, Tloaoxum
m=2m, rjie

my=max (‘KL \M\’ z0)

(IK| n |M| — kapanHa/ibHbie YHCJA MHOMKECTBA BbICKa3bi-
panuil K U MHOXeCTBa MHAMBHAOB M cOOTBETCTBEHHO). flc-
HO, 9TO KapiuHanibHoe uucio J He mpesuimaer m. ObosHa-
ypM uepes S; MHOXKECTBO BCeX BBICKa3blBAHMH BHAZ
Qy(ay - akv), THE Qs « s akvEM u Qay - akv)
pernaHo B M. [lyctb S—MHOXeCTBO BCeX MOJeJeH K, xoro-
phle ABASIOTCA pacluupenusMu M u KapluHAJbHOE HHCIO
KOTOpBIX He TpeBocxoaut m. Onpenennm A KaK MHOXecTBO
BceX yNOPS/OUEHHbIX map  ay=(0op, My) TaKux, 41O
Oy — TOJAMHOXKECTBO So n Mup€2, u Takux, 4To Kaxabl#

snement X ==Q} (@, ..., @, ) H3 Op UCTHHEH B M. Mio-
v

sectBo A Hemycto, Tak Kak A COLEPKHT mapy (D, M), roe
& — mycTOoe MHOMKECTBO.

BeneM orHouweHHe < MexAy (He BCEMH) dJeMEHTaMH
A, noniarasi o onpefeneHuo ay, <oy AS nap o= (0, M,
u oy= (0 M), eCclii 0,C0Op U M;,cM,. B Tom ciydae, Koraa
Gp=0y, Mbl JIOTOJHHTEJIbHO NOTpebyeM My=Mp, T.e. o) =0lp.
TaknMm 06pa3oM, OTHOIIEHHe < HE OMpPeJeJeHo VIS TeX map
oy, Gy, AJIS KOTOPBIX 03 =0y, M,cM,, Mr+M,. Msl yrBep-
JaeM, uTo o, < oty onpeicaser B A UaCTHUHYIO ynopsijio-
ueHHOCTD. JleHCTBUTENIbHO, o) <& OYEBMIHO, a €C/H le<%
u ooy <o, TO =0y Kpome Toro, ecau o <oy 1 ay,<dy,
10 00, U My M,. [JonycTuM, 4TO G =0y, TOT1a 03 =0,=
=g,, a caefoBareabHo, My=M,=M,, 1. e 0y, =Q,y. T aKHM

12%
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06pa3oM, TPAH3UTHBHOCTb TaKxkKe HMeeT MecTo, H < B ca-
MOM paene onpefedsier B A YaCTUYHYIO YOOPSIIOYEHHOCTD.
[ycts temepbs A’ ={oy} — JquHEAHO ynOpsiAOUEHHOE He-
nycroe noamuoxkectso A. [lokaxem, uTo o= (0, M) =
=(E{Gu}, U{M,}) sBnsercs BepxHeH rpaHblo (M Aaxe TOU-
n

HOl BepxHeit rpanblo) MHOxectBa A’. JleficTBHTeNBHO,
nycers X € o= U{o,}, Toraa X € o, nss HekoToporo v. B atom
n

caydae X HCTHHHO B M, H, OyAy4H 3K3MCTEHUHAJAbHBIM BbI-
CKa3bIBAHHEM, HCTHHHO TaKxKe B KaxJoM paciuupennu M,
u, B yacTHocTH, B M. Boaee toro, M — pacuupenne M u

mozenb K, rak Kak K o-ycroiuuso. Takum o6pasom, a€ A.
flcHo  Takxke, _UTO 1A Kaw ol ap= (o My) €A Gyner
opcou Myc M. Jlas nokasartenbcTBa TOTro, 4TO ay < O,
0CTaJIOCh MO0KAa3aTh, YTO PaBEHCTBO O,=0 BaeueT My=M.
OaHako ecad op=0, TO OTHOWeHHe oy < dy, TAe o,=
= (o,, M,) €A’, Bre4eT Gy=0,, H NOTOMY, COTJIACHO ompe-
JeJeHHI0 Hallefl 4YacTHUHOW ymopsimoueHHocTH, M, =M,,.
Cnegosartensto, M= U{M,}=M,, 1. e. ap=a. W, naxonern,
T

M <Lm. ,

Wrak, npumenuma saemMa Llopua, u A cojaepxur no
KpafiHeil Mepe OJHY MaKCHMaJbHYIO mapy ay= (o, My). Mul
XOTHM TI0Ka3aTb, 4T0 0= Sy.

*
Iyctb, HaoGopot, QF (@ «--» akv) He MPUHA/JIENKHUT Oy,

x0T U comepkutcs B S Qy (al, e akv) UcTHHHO B M 1o

onpeaeseHHio So, H B CHJIY 3K3HCTEHUHMAJIbHOCTH Q, 3TO Bbl-
CcKasblBaHHe McTHHHO TakXe B M;. Orcioga cornacHo ycmo-
*
BHIO TEOpPeMbl BBITEKAeT, 4TO Qv(al, co @, ) HCTHHHO B
v

HexoTopoM pacupeHun M’ cTpykTypnl M, KOTOpoe TakKxke
apasiercss Mofeablo K. B cuay o6bIUHOTO pacCyXKAeHHsT Mbl
MOKeM Ipeimonarath, uro |M’|<m u, ciejpoBaTesabHo,
M’ € 3. KpoMe TOro, BCe BBICKA3bIBaHUsI 01 HCTHHHBI B M,
OCKOJIbKY BCe OHM 3K3HCTeHUHanbHbl. Takum obpasom,
a/:(cl U {Q*\‘Z (al’ AR | akv)}, MI)EA H a] <a’a al#a«/, BO-
MpeKd MaKCHMAJbHOCTH @i, 4TO H JAOKa3blBaeT PaBEHCTBO
01=So.

[Ipumenss Tenmepb aHANOTHUHYIO Npoueaypy K M, Bme-
cto M, noayunm pacwpenue My cTpyxTypbhl My, siBJsiio-
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ueecst Mogenbio K u Taxoe, uto ana scex Qy(@yn ..., ar,)

HCTHUHHBIX B M,, COOTBETCTBYIOLIHE Qt (av R ) HCTHH-
v

HbI B Mg. HpOlIOJ'I}KaH 3TO MOCTPOEHHe, Mbl IPHIAEM K nocJe-
J0BaTeJIbHOCTH MOﬂeHeﬁ K ¢ KapAHHAJbHBIM YHCJ/IOM, HE
NpeBOCXOAAINM m,

McMicMc...cM,c ...
Mycry M*=U {M,}. M* aBasercsa MOAIbIO K BBuay o-yc-

n
tofiuusocti K. Boaee Toro, Mbl yrBepxaaem, uto M* ymno-
BJETBOPSIET BCeM BbickasbiBanuAM u3 H. B camom nede,
nyctb X, € H; Mbl JOJIKHBI I0Ka3aTh, UTO X, victunHo B M*
HJIM, UTO TO K€ CaMoe, .

554. [Q.(ap -+ akv)D Qy(ay - a,e\:)]
HeTHHHO B M* 1as Bcex @y, .. -, akvEM"‘. Nrak,
Qv(@ -+ akv):'-_'-lgl s YRy (@ s Qe Yo )

rae Rv HE COJAEPXKHUT KBAaHTOPOB, MO3TOMY, €CJH 3TO BbICKA-
3blBaAHHE HCTHHHO B M*, TO HaflllyTCH Takue HHIAUBUIBI

by, ..., by, uto Z,=R, (al, ces @ /7 bl) HCTUHHO

s M*. Ho kosipb ckopo M*= U {M,}, cyuiecrByer cTpyKTypa
n

M, TaKasi, 4TO @y, - -+ Qg Oy, ooy b, € M, u, cienoBaresib-

no, Z,, a TeM caMbiM H Q, (al, ey akv) uctuHHEE B M. Ho

*
Torla no noctpoeHuio, Qv HCTHHHO B M;.,. BHOBD HCNOJIb-
*
3yl SK3UCTEHLHANBHOCTD QY. ™Mbl 3akJawuaem, 4TO

Q:(al, ..., Qg,) TaKxKe HCTHHHO B M*. Orciofla caenyer,
yto 55.4 neTuHHO B M*, kak u yrBepxkAanoch. Tak Kak
K*=KUH, To Mbl 10Kaszaju, uTo M* — mogeab K* u, cie-
JoBaTeNbHO, K* MOJeNbHO HEINpPOTHBOPEUMBO OTHOCHTEb-
Ho K.

Jlast toro uro6bl yCTaHOBHUTb MOMAEMBHYIO MOJHOTY K*
orHOCHTeabHO K, MBI MOXKEM HCIIOJAb30BaTh MOJAYYEHHBIH pa-
Hee MPU3HAK OTHOCHTE/IbHOMH MojenbHOM moJHOTH (4.3.1).
[IpuMeHsiss TOT NMPU3HAK K HalleMy Ciydalo, Mbl JOJKHLI
lokazaTh, 4o ecau M—mogenb K X — NPUMHTHBHOE
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BbICKa3blBaHue, onpejenednoe B M, to au60 X HCTHHHO BO
BCeX pacuiupeHusix M, Kotopeie sBas0TCs ModeaamMu K, au-
60 He MCTHHHO HU B OJIHOM H3 HMX.

Hrak, nyctb M — mogens K u X — npuMHTHBHOE BBI-
CKasblBaHHe, omnpefeneHHoe B M. 3anumem X B BuIe
Q*(ay, ..., ar), yKasniBasg SBHO JMIUb Te€ WHAMUBHUIBI, KOTO-
poie npucyterByor B M, Ho He B K. [lo npeamosioxenuro,
Haigerca nnd Q(xiy, ..., xz), onpenenenHas B K, rtakas,
YTO BBICKA3LIBaHHE

5.5.5. Vxi.. . VxplQ(xy, ..., xx)DQ*(xy, ..., x1)]

npudaaaexur K* u takas, uro Q(ay, ..., ax) HcTHHHOB M
TOrJla ¥ TOJILKO TOrja, korfa Q*(ay, ..., @x) UCTHHHO B He-
KOTODOM pacuiHpeHu# M, xoropoe siBasiercss Mojenpio K*,
Honycrum, uto Q*(ay, ..., @y) HCTHHHO B TAKOM pacuiupe-
Huy, toraa Q(ay, ..., ag) ucTHHHO B M, W noromy
Q*(ay, ..., ap) UCTHHHO BO BCeX pacuUIMPeHHsX M, KoTopble
ABJSIIOTCA MojensMu K*. 910 NoKasblBaeT MOJENbHYIO MOJ-
Hoty K* oTHocurenpHo K, a ciegoBaTesbHO, W Hallly Teo-
pemy.

OrmeTuM, uTo mocrpoeHHoe K*, KpoMe BCero mpouero,
MOJeJqbHO TNOJHO. JleficTBUTeNbHO, ecan M* — jgwbasg Mo-
Jeab K* ¢ guarpammodl D*, T0 MBI AOJMXHBI JHIIb MOKAa-
3ath, uto K*UD* noano, a 310 caeayer us Toro, uro K*
NOJIHO OTHOcUTenbHO K u M* — mogeap K.

[Mpusenennoe Beie nocrpoentie K* us K sipisiercst B He-
KOTOPOM CMbIC/Ie KaHOHMYeCcKHM. BcesikM#i pas, Korma MHo-
xectBo K Boo6lie o6aafaer MOJeNbHBIM TOMOJHEHHeM K*,
370 K* (c TOUHOCTBIO [0 3KBHBAJEHTHOCTH) MOXKET OLITh
nosyyeHo u3 K TONBKO 4YTO OmMHCaHHBIM cnocoGom. s He-
KOTODHIX HauboJee BaXKHBbIX C/AyuYaeB, Kak, HANpUMep, LIS
[0JIS1 WM /1A YIOPSJIOYeHHOTO NoJs, COOTBETCTBYIOIIHE MO-
NleJIbHBIE TIOTIOJIHeHHs (POPMYJIHPYIOTCS JOBOJBHO HPOCTHIM
obpasom. OnHaKO Temepb Mbi GyJeM paccMaTpPHBaTh TaKue
CHTyalUMH, B KoTopux K* nosyuaercss OOBIYHBIM CIOCOGOM
C NOMOILBIO YKA3aHHOH BEIIE MPOLEAYpPH.

[Tycte K=Kpr — MHOXECTBO aKcHOM Jugeperyuans-
Ho2o noaa xapaxtepuctuxu 0. JuddepeHUnasbHBIM T10JeM
Ha3bIBaeTCA MoJie, B KOTOPOM onpelesed AubdepeHurab-
HBIE onepatop, o6o3HavaeMbifi A(x), Takol, 4To
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5.5.6. A(a+b)=A(a)+A(b),
Alab)=A(a) ib+a-A(b)

s J100bIX @ ¥ b 13 Hauero moJs.

Jlas 03HaKOMJEHHS C HEKOTOPbIMH HPOCTEfIHMH MOHS-
THSIMM M pe3yJbTaTaMU OTHOCHTEIbHO INH(depeHIHaNbHbIX
noJeli, KoTopble OyAyT 34eCh KHCIOJb30BaHLl, Mbl OTCHIIAEM
uptaress K paGore Purra {l].

Kpr HeTpymHO c(HOPMYJNHPOBATH CPEACTBAMH Y3KOTO HC-
YHUCJIEHUs] MPEAUKAaTOB B TEPMHHAX MPEAMETHBIX MOCTOSH-
Hpix O 1 1 ¥ B TepMuHax oTHowenuit E, S, P U [ONOJHH-
TesibHOTO OTHOIneHust A (x, y) (uutaercs y=A(x)). Tax, una-
npuMep, ABe aKCHOMBI 5.5.6 MOryr OblTb BHIpaKE€HBI BBICKA-
3bIBAHUSAMU:

5.5.7. VxVyVzVuVoVwlA(x, y) NA(z, u) A
AS(x, z, ) AS(y, u, w)2A (v, )],
VxVyVaVsViVuVoVwlA (x, y)NA(z, s)A

AP (x, 2, Y APy, 2, u) AP(x, s, v) AS(u,v, w) DA (¢, w)]

Huppepenyuaronoui muozouren p{xy, ..., X,} OT mepe-
MEHHbBIX Xy, ..., X, C KO3(ppHUNeHTaMH B auddepeHLUab-
HoM nosie M, no ompenesieHHI0, NpeAcTaBasieT co00# OObIK-
HOBEHHbI MHOTOUJIEH ¢ KoadduuuenraMu B M oT nepemes-
Hoix X, i=1, ..., n,k=0,1, 2, ... (rae x{®), k> 1, un-
TEPNPETHPYIOTCH KaK npoussopHbie or X{)=x). Muoro-
uieny p{x(, ..., Xn} B TOUKe (@i, ..., @n) C KOOpAHHATAMH
B pacwupednn M’ noas M MBI npUIHCHIBaeM 3HauyeHHE
0ObIYHBIM 06pasoM, T. €. MOACTaBAAd &; &j, ..., @), ...
Bmecto xP, x(, ..., xtB, ...

[ycts n>1, m>0, r>0, s20, d>0 — purcupoBanHoe
MHOECTBO LIeJbiX UHCea W MyCThb

5'5'8‘ pl {yl’ A ] !/,1}) se ey Pm{yl, veay y”],
GiilYrs « s Ynls vvvs @r ity s Y,

— MHOXKecTBo o0wux auddepeHUHaNbHBIX MHOTOUYJEHOB OT
n nepeMeHHBIX MOPSAJAKA § W cTeneHU d C HeompeJeNeHHbIMU
Ko3bPHUUHEHTAMH, DPA3AUYHBIMH A pasJHYHbIX MHOTO4YJe-
HoB M3 3Toro MHoxkecrBa. Crenenb d auddepeHUHasbHOTO
MHOro4/IeHa eCTb COBMecTHasi CTeneHb no sceM Y. Muoro-
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y/eH Ha3biBaeTca oOwyuM, eCiy BCe OAHOYJIEHH JAaHHOTO Io-
pSJKA M AaHHON CTeneHH AeHCTBHTENbHO COACPKATCS B HEM.
BoimuuleM Bce HeolipejesleRHble Ko3QQUUHEHThl NOJIHHOMOB
5.5.8, 3aHYMepOBaB MX B HEKOTOPOM NPOU3BONBHOM (PUKCH-

DOBAHHOM MOpSIAKE 2i, ..., 2p. JJIst JI000ro MHOXeCTBa
a=(ay, ..., ay) obosHaunm uepes plal{ys, ..., Ynh
glal{ys, ..., Yy} MHOTOUIEHBI, TOJyyaeMbie NOICTAaHOBKOH
a; BMecTO 25, j=1, ..., k.

Kax 6bl10 nokasano 3efiieH6eproM, CyIlecTByeT MHOXKe-
cTBO AudhepennnanbublX MHOTOUIEHOB OT 2y, ..., Zn C LE-
JBIMH KO3 duIHeHTaMH

5.5.9. palz -0 Zels oo P {20 oo AR

Qi {21 -+ s 2 i==1, ..., A,

TAaKMX, YTO A5 Kaxmoro Auddeperumanbuoro moias M u
KaK[0TO HaGopa 371eMEHTOB ai, ..., ar U3 M MHOKecTBO
MONMHOMHANBHBIX yPaBHEHHII W HepaBeHcTB (T. €. OTpHIla-
HUH PaBEHCTB)

5.5.10.
plal gy <o ga) =0, -0y Pulal vy - Y2} =0,
gilal{yy oo v #=Q s gelal gy o Ya) # 0

ob6JajfaerT pelleHHeM B HEKOTOpoM AubQepeHunalbHOM M0-
Jde M’, koropoe fABJsieTCS pacllipeHHeM M, B TOM U TOJBKO
B TOM cCJyuae, KOTja J1sl HEKOTOporo i, 1<i<s, 8 M
HMEEeT MeCTO

5.5.11. p“{ab ey ak}=0, N pili {a1, e, ak}=0,
Qi{aiv LI ] ak}#o.
HeTpyaHO BbIBECTH, YTO YTBEPKAEHNE 3TO OCTAETCSl BEPHBIM,
ecay Ko3(pQUUHeHTH py, §; NPEACTABIAAIT co0Ol He caMu

HEeH3BEeCTHLIE &4, ..., Z;, @ HEKOTOpbie MHOTOUJ/IEHB! OT STHX
HEeM3BECTHHIX C UeJbIMH KO3(p@hHUHEHTAMH.

Myers Q* (24, ..., 2x), k2> 0,— 0628 NpUMUTHBHASA
nnd, onpenesnernas B K:
Q*(2y, ..., ze)=3ys... JYaR* WY1, .-, ny 20 .-, Z0),

re R* yxe He CONEPKHT KBaHTOPOB. R™ MOXKHO mHTEpnpe-
THpOBATh KaK CUCTEMY DPaBEHCTB H HepaBeHCTB, KO3hQu-
IMCHTHl KOTOPOil fBASIIOTCS (OYEHb TPOCTHIMH) MHOTOUJE:

5.5 MOJEJBHOE TTOINOJHEHUE i85
HaM# OT 2y, ..., 2 CJegoBaTe/bHO, HA OCHOBAHWH MPHBE-
JleHHOTO BbilIE pe3y/bTaTa CyIIECTBYET 3K3HCTEHUHA/IbHAA
nng ot i, ..., 2 Q(21, ..., ), TAKa, UTO Q(ay, ..., ar)
MCTHHHO B NPOM3BOJABHOA MOJenH M wmHuoxectBa K, comep-
Jkame# ai, ..., Qp, TOTAA W TOJABKO TOrAa, Korna Q*(ay, ...

..., @) HCTUHHO B HEKOTOPOM pacClIHpeHUH M, koropoe fB-
nsietcs Moneapio K. Q monyuaercst HelmocpeacTBEHHOH (op-
Manusaudeii 5.5.11 B rtepmunax ciosapa K. Kak Jjerko
ycMOTpeTb, ye/ioBua 5.5.1 BHIOMHAIOTCA, U Mbl 32KJIOUACM,
uyro K obJajaeT MOJEJNbHBIM TONOJHCHUEM K*=Kpp, KOTO-

‘poe MOXKET ObITb CKOHCTPYHPOBAHO ONUCAHHBIM BbIIIE CIO-

coboM. Monean K* 6yayT HasbiBaThes OuphepenyuarbHo
SAMKHYTOIMU NOAAMU.

3aMeTHM YiKe ceHyac, UYTO MHOXKECTBO K*, nony4eHHoe
9THM CIIOCOB0M, MOJAEJNbHO TMOAHO HE TOJBKO OTHOCHTENBHO
K, HO 1 MPOCTO MOAE/IBHO MoJHO. Bosee TOro, Kak HETPYAHO

“ugers, K* noato. [Tockoabky jo6as Moaeab K* copepxut

foJie panvoHaJIbHLIX HHCEJ Moy, My Tak¥Ke CTaHOBHTCS MO-

pesbio K, ecan nonoxkute A(a) =0 TOXKIECTBEHHO A4 BCEX

a € My. Tlycrb Do — nuarpamMma CTPYKTYPEI Mo, MonuduIu-

-poBaHHOM J06aB/ieHHEM OTHOUICHHS A (X, y), COOTBETCTBYIO-
‘mero y=A(x). Muoxecrso K* U Dy B cusly MOJEJ/IbHOR MOJ-
‘HOTBI NOJIHO, M TOTOMY J000€ BBICKa3bIBAHHEC X, onpene-

nensoe B K*, 1M60 HCTHHHO BO BCEX MOJIAX K*, 1160 BO

Bcex JoxkHo*). Wrak, cnpasenanBa

5.5.12. Teopema. Teopus JugheperyuarbHo 3AMKHY-
7020 nOAS ABAAETCS NOAHOU U MOOEAbHO NOAHOL.

OvyeHb Ba)KHO UMETh B BUAY TO OOCTOSATE/IBCTBO, UTO MHO-
KecTBO akcoM K* naer He elMHCTBEHHOE pacCIIMPEHHE NaH-
goro auddepenunaibHoro noas. Hanpotus, Moieb K wmo-
JKeT, BOOOLIe TOBOPSl, HMEThb MHOTO paciuupesnii, KoTopeie
apiisiiorcst moaeasmu K*. EcrecTBEHHO CNPOCHTD, OyaeT JH
ao6oe panHoe AuddepeHnnasbHOe MOJME M of6aanath Hau-
MCHbUIAM AU (epeHIHanlbHO 3aMKHYThIM PaCIIHPEHIEM M*,
10A06HO TOMY, Kak ajre6panyeckoe 3aMblKaHHE JaHHOTO

_[oisi ecThb HauMeHbllee ajreGpavueckKd 3aMKHYTOE pacild-
-penne. K coxaneHuio, B STOM CJIyHag, no-BUAUMOMY,

* UnpiMu caoBaMu, Mo — mpocras mofedb K B BBALY MOJAE/MbHO
HeIPOTUBOPETMBOCTH €r0 MOJAHOTA CJELYyeT H3 npusnaka 4.2.3. ({Tpun.
nepes.)
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HEBO3MOXKHO OMNpPEAe/INTb NOHATHE 3AMbIKAKUA (B OTJHYHE OT
3aMKHYTOTO pAaclIMpeHud) Aas AuddepeHUUanbHblx nodae.

¥Yxe U3 0JHOro (akTa CylecTBOBaHHS AU(depeHIHaNb-
HO 3aMKHYTOrO HOJsl [10BOJIBHO OLICTPO BHITEKAET CJeAyIo-
uiag teopema:

5.5.13. Teopewma. ITycte My u M, — dsa pacuupe-
nus Oupgepenyuarvrozo noas M,, ece obujue 3daemenTbl
KoTopeLx codepacarcs 8 Mo Ipu atux ycaosusx My u M,
Mmoeytr OviTe saodcerbl 8 06wee pacuiuperue Ms.

Hekotopas ocropoxHocTs B (hOpMYJIHPOBKE TeopeMbl
NMPOAMKTOBAHA HaMepeHHeM u36exaTb pPas/jHYHbIX TPHBH-
aJbHbIX aHoMasui. Ecan He Tpe6GoBath TOro, 4TOGH OBHIME
sneMenThl My u M, conepxkanncs B My, TO BIIOJHE BO3MOXK-
Ha TaKas CUTyallus, Korja ABa WHAMBHAA, @ U b, BXOZAT B
M u M,, npuuem a+b=0 B8 M, no a+b=1 g M,

HokasateabctBo. [lyects MT u M; — nBa nudde-
peHUHaNbHO 3aMKHYThIX pacwupenus M; u M, coorser-
CTBEHHO, HEe WMeEIollMe JAPYrHX OOIIMX 3JEMEHTOB, KpoMe
9JI€MEI-‘I‘TOB*M0. O6osnauum uepes Do, Di, Dj JUarpaMMbi
My, Mi, M;, chopmyanpoBaHHble, KakK OGLIYHO, B TepMHHAX
HHIMBHAOB COOTBETCTBYIOIIUX CTPYKTYpP. Tak uto Dyc=D} u
DycD;. Mui yreepxpaaem, uto K*UD]UD; senporusope-
yuBo. B camom nese, ecim 3TO He Tak, TO NPOTHBOPEUYHUBO
yxe wmHoxectBO K*U{Yi AYy}, rae Yy u Y, — nekoropuie
KOHBIOHKIUH 3JeMeHTOB M3 D] U D3 cOOTBeTCTBEHHO. 3amu-
wem YVi=Q(ay, ..., am), Yo=Qa(by, ..., by), ABHO yKa3bI-
Bas JHUWb Te MHAHBHAM M) u M3, KoTOoppie He npunamie-
xar Mo. MHOXecTBO

H=K* UDoU{Hxi e meQi(xiy sy xm)’
Jyi... FyaQa(yr, ..., Yn)}

Takxke nporusopeuuBo. Ho BuickaswiBanue Z;j=3x,...
.y FxmQi(¥y. ..., xn) onpenenenc B K*UDy ¥ UCTHHHO B
Mi. Orciona sBuny nomsorsl K* U D, Boitekaer, uto K* U
UDy—Z,. Anamornuno, K*UD¢—Z,, rtme Z,=3y,...
o AynQa(ys, ..., yn). Iockoabky K*UD, uenporusope-
uuBo, H=K*UD,U{Z,, Z,} Takxke sBIeTcs HempoTuBope-
YMBBIM, BONpeKH cKazaHHOMy paHee. Takum o6pasowm,
K*U DU D] wenporuBopeunBo, u Ji06ast Mogeab Ms 3T0rO0
MHOXeCTBa YJOBJETBOpsSeT yciaoBuio 5.5.13.

)

|
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MoHO noKasaThk, uto Teopema 5.5.13 yxKe He BepHa Aas
aubdepenunanbHbX noJjell xapakrepuctuku p>0. C npyroit
CTOPOHBI, HETPYAHO BHJAETb, YTO METOJbI, HMCMOJIb30OBaHHbIE
npu JokasaTenbcTBe 5.5.13, B HeHCTBHTENBHOCTH TNpHMe-
HUMBl KO BCEM CJy4asiM, KOTOpble ONUCHIBAIOTCA B paMKax
o6niell TeOpHH 3TOTO pasiena. TakuM o6pasoM, 3Ta TeOpus
YK€ HENpHJIOXKHMa K AU depeHunalbHbIM NOJAM XapakTe-
puctuka >0.

B KkauecTse Apyroro MPHUMEHCHHsI HAUIMX DPe3y/bTaToB
JOKa)keM TeopeMy O ClelHaln3alud napametpoB Audde-
PEHIHAJIBHOTO TOJS.

5.5.14. Teopewma. [ITycte Mo — Ougpgpepenyuaroroe
nose u Q(Ys, ..., Yn), n>1, — npeduxar, onpedesennoiii 8
Mo. IMycte M* — Oupdpeperyuarvro samxuyroe pacuiupe-
Hue Mo u ay, ..., G, — TAKAS COBOKYNHOCT6 3AEMEHTO8 U3
M*, 4r0 0as 4106020 Henyaeso2o Ougpdeperyuaibrozo
muozousena gy, ..., Yoy ¢ Koappuyuenramu u3z M,
glay, ..., an} orauuno or nyasa. (Takue sjemeHTH ay, ...

., Qn HasbBaercs Ougeperyuarbno He3asucUMmbiMy HaL
M) Honyctum, uro Q(ai, ..., an) ucrunno 8 M*. Tozda
cyujecTeyer Henyaesol OugepenyuarbHoll MHOLOYAEH
glys, ..., ya} ¢ Kosppuyuenramu u3 My, Takod, 410 Oas
npoussorbHsix by, ..., b, u3 w6020 Juppeperyuarvho
samrnyTozo pacuuperus M noas My Q(by, ..., by) ucrus-
Ho 8 M npu ycarosuu g{by, ..., br}=0.

JlokasarteabctBo. PaccMoTpuM mose M;, mogaydeH-
HOe npHcoefnHeHueM n auddepeHIMasbHbIX HEH3BECTHBIX
Ct, +.., Cn K My, 1 mose My, mosyueHHOE TIPUCOCIHHEHHEM
a, ..., an K My B M*. Mo M™ u, KpoMe TOTO, CyLLeCTBYeT
auddepenunanpblfl usomopdusm M, na My, ocraBisIOWKHA
Ha MecTe 3JeMeHTH M, u mepeBonsIUl a; B ¢;, i=1, ..., 1.
Mycrs Mi — nuddepernnalbio 3aMKHyTOe pacmupenue M.
Torpa cyulectByer audbepeHlHasbHO 3aMKHYTOE PAaCLIH-
penne M5 nonsi M,, usomopdHoe Mi Takum o6pa3oM, UTo Ha
M, stoT HM30Mop(hU3M cOBHAAAeT C NOCTPOEHHBIM paHbIIE.
BrickaspiBanue Q(ay, ..., @), onpejejeHHoe B My, HCTHH-
HO B M* — Mojienu K*, npuueMm K* MoJenbHO TOJHO OTHOCH-
teapHo K. Orciona caenyer, uto Q(ay, ..., @n) HCTHHHO
B M3, u BBHAY u3oMopbuaMa Mexay M u Ms Q(cy, ..., Cn)
ucTHHHO B M]. CHoBa noJab3ysicb MojejbHON noaHotol K*
otHocuTtesibHO K, Mbl 3akirouaeM,uto Q(cy, ..., Cn) HCTHHHO
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B JawoboM  guddepeHUHANbHO 3aMKHYTOM  pacliupe-
Hun M.

[lycrs dy, ..., dn — n106asa COBOKYNHOCTb AHDdepen-

NMaJbHO HEe3aBHCHMBIX 3JEMEHTOB U3 AuddepeHNHaNbHO
3aMKHyTOro paciuupenuss Mz nmons Mo Q(dy, ..., dn) wuc-
THHHO B M3, Tak Kak ecaum Obl M3 ya0BJIeTBOPAJIO
~Q(d,, ..., dy), TO, IOBTOPUB NpeAbIAYIIHE PacCyKACHUS,
MBI IPUIIIK Gbl K 3aKAOUeHHI0, 4TO ~ Q (¢4, ..., Cn) HCTHH-
HO B J060M Aup@epeHIHnaNbHO 3aMKHYTOM DPacllHpeHUH
Mj, 4T0 HEBO3MOXKHO.

Hass  npousBo/bHOTO HeHyJeBoTo AU((PepeHINHaNbHOrO
MHorouseHa p{yy, ..., Yny ¢ Ko3dbdunuenramu B My o6o3Ha-
uum uepes Qp (Y, ..., Yn) onpeneneHHslil B My npenukar,
Boipaxkatomuii  totr Gaxt, uro plyi, ..., Ynp=0. Iycrs
ey, ..., €, — HEKOTOPOe MHOXKECTBO HHAMBUAOB, HE COIep-
kamuxes B My, W R — MHOXKECTBO  BBICKAa3bIBAHHH
~Qyulel, ..., en), Tie Qp mpoberaer Bce TONBKO UTO ONpe-
JleJleHHble TIpeaukarhl. Jlerko sugers, uto Q(ey, ..., €,) BH-
poaumo u3 H=K*UDyUR, rne Dy — nuarpamma My B ca-
MoM pese, Mogean H — 310 nuddepeHUHaIbHO 3aMKHYTHIE
pacmuperuss My, B KOTOPHIX &y, ..., €, Lu(depeHurnasbHo
He3aBucHMBl Han Mo, a HaMu yKe OBIJIO YCTAaHOBJIEHO, UTO
Q(ey, ..., e,) HCTHHHO BO BCEX TAaKHX CTPyKTypaX. Takum
obpasom, Q(ey, ..., €,) BoBoAUMO U3 KUDoUR’, rne R" —
HEKOTOPOe KOHEUHOe MOJMHOXKeCTBO R.

[lyctb R’={~Qpl (e1, ..y €n)yonns ~ij(e1, oo, en)}
U, CJeJ0BaTEIbHO,
5.5.15. K* UD(}}_ NQPI (31, ey en)/\ e
.../\Nij(ei, .y e’n) DQ(eiv .y e’ﬂ)'
TMonoxum
plys, -y Yny=pdys, -y Yalpe{ys . Ya} ..
e iYL oy Ya)
5.5.15 Baeuer TOrAA
K*UDOI——NQP(eb oy e’/l):)Q(ela L) en)
H, TEM CaMbIM,
5516, K*UDJ—Vy,... Vyl~Qp(ys, ..., ya)>D
DQ(ylv DR y”n)]a

YTO SKBHBAJIEHTHO YTBEPXK/EHHIO TeopeMbl 5.5.14.
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5.6. 3anauu

5.6.1. Brisectu Teopemy Dera 5.2.1 HenocpencTBeHHO H3 JE€MMH O
nenporusopeunsoctn 5.1.6 (A. Po6uncou [8]).

5.6.2. Nokasatb caenywoouee obobuiente Teopembl Dera.

ITycte sbickaseiBanune X(Fy, ..., F, Gy, ..., Gyn) popmyaupyercs
B TepMHHax OTHoweHuit Fi, ..., F, Gy, ..., G, H, BO3MOXHO, B Tep-
MHHAX HEKOTOPOTO YHC/a HHAHBHAOB, HEe YKa3aHHHIX SIBHO B 3TOM 080-

3HaueHud. YUepes X(F{. F;, Gy, ..., Gn) 0603HAYHM BLICKA3HIBA-
HHe, TMOJYUYEHHOE U3 NEPBOHAYANBHOrO 3aMeHOH oTHowmeHu#t Fy, ..., F;
COOTBETCTBEHHO HOBLIMH OTHOLIEHHAMHU F{, F; C TeM Ke YHCIOM
nepemennbix. JonycruM, urto = Z DY, rae

Y=Vx; ... Vx, [Fl (xl, ..
Z=X(F1, .

. xk) EF{ (xl, ..

o Gy) AX(FL ..

o X))

.o Fp, Gy, .. o Gy, ..

. Gy

, Xr), BCE HHAHUBHABI M OTHOLIEHHS
., F;, conepxarca 8 X, Tak uTO

oo Vxp[F(xy, ..., xp)D

2Q .. xp)]]

Torpa cyuwecrsyer nud Q(xi, ...
KOTOPO#l, 3a HCKJIOueHHeM Fi, ..

—X(EL . Py Gl,_.... Gy) D [Vx

(Kpeir [2]).
5.6.3. TlycTb p(2) =Xo+x12+ %322+ ... 4 x;27,

g(2) =Xjp1+ X402+ ... +xp27 I

rge j 4 n— GHKCHpOBaHHbIE HaTypasapHble uncaa. CdopMmyamnposats B
tepmunax ortuowenuit E, S, P npeaukat Q* (X1, ..., X»), BrIpaKalowui
CYLIECTBOBaHNE TaKOro 2, uto p(2)=0 u g(2) 3= 0. Ilyetp K — MHOXKe-
CTBO aKCHOM YIOPSAOUYEHHOTO MoJsi U K¥ — MHOXEeCTBO aKCHOM BeHIeCT-
BEHHO 3aMKHyToro mous. Ycmosnb3dysl cranpapTHeie anreGpauueckue pe-
3yJAbTATHl OTHOCHTENHHO BelLIeCTBEHHBIX MO0JeH, MTOCTPOMTb IpejuKar
Q(xy, ..., Xn), YAOBAETBOPSIIOUINE YCJAOBHSIM TeopeMbr 5.3.4.

5.6.4. loka3aTb, YTO TeopuUs BeNIECTBEHHOro MNOJAsi He HMeeT Mo-
NeJbHOTO TOTOJHEHHUS.

Bubauoepaguueckan cnpaska. JleMmMa 0O HEIPOTHBOPEYHBOCTU MPH-
pepeHa v A. Po6uHcona [7] n nenonp3opatach JIIs c€MAaHTHYECKOTO
goKasaTenscTBa Teopemnl Deta 5.2.1. Teopema Dera Bmepsee Oblia
copmyanposana Berom [2] (em. Takxke Ber [3]). Colo semmy
Kpe#ir nokasan cunrakcuueckum merogom (Kpeidir [1], [2]) u B cBow
ouepenb MNPHMEHSJT ee K JoKasaTeJbcTBY TeopeMbl bera. Ha 1o 06-
cTOsITENBCTBO, YTO 5.1.6 Bieuer 5.1.8, aBTOopy OBIJIO YKAa32HO HECKOJb-
KUMU JjiorukaMH u3 Bapiasu W Bepkuu. Teopusi oTHOCHTEJBHBIX ONpe-
JeneHdil B3ATa u3 pabotul A. Po6uucowua [l1], Briuowaomel Tak-
ke ananmud Nullstellensatz (paspmen 5.4). JlokazaTtenbcTso 5.4.6 nMeercs
B cratbe A. Po6uncowua [3] Teopema 5.4.6 mokasniBaer, uTo pg, Mo
MOryT GBITL BbIOpAaHbl KaKk OOLePeKyPCHBHble (DYHKIUHH OT A M JaHHbLIX
rpanuy Ha fy, ..., fv f. DTtor pesyabrar Ob1 yayumwen Kpeiicenonm,
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KOTOpHIl TMOKa3aJ, UTO yKasaHHble GyHKUMH MOTYT GHITb C/leaHbt OpH-
muatHBHO pekypcrBHbiME (Kpe#icen [2]). Teopus MOIENbHOH MONHOTH
¥ ee NpUIOKeHHA K juddepeHlinasbHbiM NOAIM AdHEl B CTATHE A Po-
Guncona [13]. OcHopras pabota no auddepeHnnalbtoi anreGpe nmpH-
napnexkuT Putty [1] (om. Takke Kanmsaauckuil [1]). OTHOCUHTEND-
HO HEKOTODBIX JPYFHX anre(paHueCKHX Pesy/bTaTos, HCTIOJb3OBAHLIX B
aTOM pasjede, cM. padorsl Sefinenbepra [1] n [3]%).

#) Jlemma Kpeiira ycunena Jiuunponowm [2]. Teopema Kpeirra —
Jiungona o6obmena Xenkuubm [9]. F3 noxasatenbcTBa XeHKHHA
JIErX0 cjiegyeT 0606meHHas TeopeMa MOJHOTDL.

Teopema bBera ycuieHa u 00oO0lleHa PasHbIMH aBTOPaMA. CM. pa-
Goter Kouena [1, Maxkkasn [3, Talimanosa [7], Uxana [3]
(ITpunm. pead.)

SR

FTABA VI

OBOBILEHHE AJITEBPAUYECKHX MOHATUH

6.1. MHorouneHbl B 06IIMX aKCHOMATHYECKHX CHCTEMAX.
VmeroTes pasanuHble anreGpandyeckue MOHsATHS, OCHOBAHHbIE
Ha onpejeseHHbIX (QYHIaMEHTa/JbHBIX HAesiX, chepa aeii-
CTBHH KOTOPBIX (XOTH M JOBOJBHO TYMaHHAs) MPOCTHPAETCS
ropa3fo jpajbiie HENOCPEACTBEHHOTO ompepedenus. B kaue-
CTBE NpUMEPa TAKHX KOHLENLUHUH MOMKHO yKa3aTb NOHATHE
KO/blla MHOT'OYWIEHOB OT # NepPeMEHHBIX HaJ AaHHBIM KOM-
MYTaTHBHBIM KOJIBLOM; MOHSTHE CBOOOJHOH TPYMINH; IIOHS-
THe aareGpauyecKkoro YMmcja; MOHsTHe Haeana. Kpome Toro,
JOBOJIBHO 4acTo OBIBa€T M TaK, 4TO OJHO KOHKPETHOE IMOHS-
TUE BOIJIOUIAeT HECKOJbKO OCHOBHBIX Hiell. B Gonee oBwux
CUTYalUsX TAKOe NOHSTHE MOXKET PaclleNUTbCAd Ha HECKOJb-
KO IOHSTHH, WM XKe MOXeT ObIThb [0-Pa3HOMYy IPOMHTEpIpe-
THPOBAHO B pas/MUHBIX TeopHsax. B Hacrosuied raase Mol
paccMOTpHM OT/Je/bHblEe H3 YKAa3aHHBIX Bbillle KOHIENLHH,
TaK K€ KaK U HEKOTOpHe jpyrue, H cHOpPMyJHPYEM COOT-
BETCTBYIOLLHE OmNpefeseHdsl A5 OGIHHX MHOMKECTB aKCHOM
Y3KOro HcuucieHusa npeiukatoB. HauGosee Bakuoe moHs-
THe Hjeasia OyJeT H3yueHO B OTJeNbHOH IJaBbe.

Cylectsyer u apyras Teopusi, a MMEHHO, T€OpHS YHH-
BepcaJbHbIX ajrefp, HasbiBaeMbIX TakKxe anre6pamu Bupk-
roa, KOTOpas e€CTeCTBEHHO 0606LIaeT HEKOTOpbIe adre6pan-
yeckue MOHATHSA. JlefCTBUTENBHO, U4CTHBLIM CJyuaeM MOHS-
TUS YHHBePCAJbHON anreGpbi aBJAfeTcs, HANIDUHMED, TIOHATHE
IpyMIbl, a IOHsSATHE CBOOOLHON anre6pbl ecTh HauboJee ecTe-
cTBeHHOe o6oOulenue MoHsATHS cBoGoaHO# rpynnbl. Ho, ¢
JAPYTOH CTOPOHB!, MOMKHO MOKa3aTh, UTO NOHATHE NOJAS Hesb-
351 BKJIOUYHTh B TEOPHUIO YHHBepcaJbHBIX anre6p *). B coor-
BETCTBUH C 3THM pa3jHMYHble [OHSATHS TEOPHM MoJed,

*) Tlo cymectBy, neo cOCTOMT B TOM, 4TO B NOJe ONEPAlHs B3si-
TH 00pAaTHOTO 3/1eMeHTA ONpejie/eHa He AAs Beex siementos. (/Tpum.
nepes.)
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0606111eHHsl KOTOPbiX OYIAyT pacCMOTpeHbl B HacToswel pa-
GoTe, He MMEIOT CBOEro M0j00Us B TeOpHH YHHBEPCAJBLHLIX
anre6p. OgHako Aaxe B Tex CAyuasx, KOTAa ofa MeTojia
A410T pasyMHble 0600IIeHHS, crienMUUeCKUH Xapakrep Me-
TaMaTeMaTHYeCKOTO NOAX0/Aa NPOABISETCsS B IBHOM HCIIO/b-
30BAaHHM TOHSTHS BHIBOAMMOCTH. DTO BEPHO HE3aBUCHMO OT
Toro ¢akTa, 4TO EbIBOAUMOCTb MOZKET BLITh MepeonpeencHa
B TEOPETUKO-MOJ/bHBIX TepMUHAX.

[MepBonaua/ipHas KOHLENIHMsA, KOTOPYIO MbI chopmynu-
pyeM Jast OOILeTO MHOMKEeCTBAa aKCHOM y3KOTO HCUUCJICHHSA
TIpeJMKaTOB, — 3TO KOHUENUIA MHOTOUNEHA.

Belony Ha NpOTsXKEHWH 3TOro pasjeda GyzaeT npeanosia-
raTbhesl HaJMuMe OTHOIIGHHs paseHCTBa. Brpouem, 3TO OTHO-
leHHe MOZKHO A06aBHTb K JaHHOMY MHOXKECTBY aKCHOM,
eCcJM €ro TaM He Obio BHAYaJle.

[lousiTie MHOrouJeHa B ajreGpe, Hanpumep, MHOroW/IeHA
OT OJHOH MepeMenHoil p(X) B KOMMYTAaTHBHOM KOJIBLE R, cy-
[ECTBEHHO OTAMHAETCH OT COOTBETCTBYIOUIETO MNOHATHI B
aHa/in3e. ECTECTBCHHBIM OTIPABHBIM NYHKTOM aHajusa sB-
JseTcs obllee NOHsTHE (QYHKLUHMH Kak COOTBETCTBHSA MEXIY
HE3aBUCHMBIMM M 3aBHCHMBIMH Ti€pEMEHHBIMA. [loctenenno
cy)as KJaacC paccMaTpUBAeMBIX GyHKUHHA, MBI IPHXOLHM K
XapaKTepusalyd MHOTQUICHOB KaK 3JCMEHTOB Kjaacca ue-
1bIX aHAJATHUECKUX (DYHKIMH, MMEIOMUX B GECKOHEUHO y/a-
JCHHOI TOUKEe NOJIOC (KOHEeYHOTO nopsiaka). Ha camom neqae
faKe B aHaAW3e TAKOMY OIMCAHWIO MHOTOU/ICHOB, KK npa-
BUJI0, IPeAIIECTByeT OObIYHOE OlpEee/eHIe 9epE3 paBeHCTBO

.BHJa
6.1.1. y=p(x) =ao+aix+ax®+ ... +anx"

TeMm He MeHee OCHOBHBIM TMOHATHEM SBJACTCA dyuxuus (Kax
‘coorBeTcTBHE), a ypasHenue 6.1.1 HOCAT JHIUb BCHOMOTA-
Te/ibHBII XapaKTep M MOMKeT paccMaTpUBaTbCsi KaK HEKOE
PABHIO A/ HAXOXKJIEHUS COOTBETCTBYIOLIETO 3HaueHua 3a-
BHCHMMON IepeMeHHOH 10 JaHHOMY 3HAUEHHIO apryMeHTa.

C zpyroii CTOPOHbI, B ajlredpe MHOTOWICH onpejensercs
KaK BbipaXkeHHe, NofoOHOe npapoit yacty 6.1.1. 3aech yxe
BLIpa)KeHHe KaKk TaKoBoe npuoGpeTaeT IOMHHHpYoiLee 3Ha-
yeHue, B TO BpeMs Kak (QyHKUMOHAJbHAsl 3aBUCUMOCTD OTXO-
JAMT Ha 3aaHnil maaH. HanpuMep, MHOTOUJICHbI p(x)=1+x?
u g(x)=1-—x paccmMaTpuBaloTCA Kak pasHbIE, X0Td Kak
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(GyHKLMH, apryMeHT KOTOpbIX nmpoGeraer mpocroe mone xa-
PaKTePUCTHKH 2, OHU TOXKJECTBEHHBL.

Cpaay ke BC/lel 3a 9THM BCTaeT BOMPOC: KaK eCTECTBEH-
HO BKJIIOUUTb MHOTOUJIEHBI B INPUHATHIE MaTeMaTHYeCKHe
koHCTpyKUMH, OJUH U3 TaKHX MOAXOJO0B COCTOUT B TOM, YTO
MHOTOUJICHbl PAacCMaTPHBAKTCS KaK BEKTOpbl (T. €. ynops-
JOYEHHble MHOMXKECTBA) MPOM3BOJIbLHON KOHEUHOH IJHHBL C
KOOpAMHATAMM W3 TepBOHauaJlbHOrO KoJbla. Takum odpa-
soM, p{(x) npeicraBasieTcsi BEKTOPOM (do, Gy, ..., @n), @
Heussectnan x — sekropom (0, 1). Kpome ToTO, COOTBET-
CTBYIOLIUM 06pa3soM ONpeJesioTcss MpaBuia jeficrsua ¢
5THMH BeKTOpaMH. KOHEUYHO, TaM, Ije TaKoil MOAXOA IpuMe-
HUM, OH He sIBJseTCs YeM-TO [pefocyauTesnbHbiM. Tem ne
MeHee, T0XO0XKe, UTO 3TO ABJSETCA OTK/JIOHEHHEM OT NepBo-
HauaJbHOTO aJrefpanyeckoro MOHUMaHWs MHOrod/ieHa Kak
npasu/aa AeHCTBHSA. Takoe npaBusao, COOCTBEHHO TOBOD,
npHHAAIEXUT (OpMaJbHOMY s3bIKy, B paMKax KOTOpPOrC
paccMaTpUBaioCh KOJbIO. B COOTBETCTBHH CO CKa3aHHBIM,
MBI GyAeM NpeicTaBasiTh MHOFOY/IEHB KaK HEKOTOpbIe mpe-
nuKatel R (x, y), Takve, 4TO BBICKA3bLIBAHHA Vx3AyR(x,y) w
VxVyVzR (x, y) AR (x, 2) DE(y, 2)] BbIBOLUMEL U3 IAHHOTO
MHOK€ECTBa aKCHOM.

HUrax, nyctb K — HenpoTHBOpPEUHBOE MHOKECTBO aKCHOM
y3KOFO HCUMCAEHHS MPEJMKaToB, BKJIOUAIOLIEe OTHOIICHUE
pasencTBa. Mbi GylemM paccMaTpUBaTh MpefHKaThl R{xi, ...
ve., Xn, i) OT (n+1) nepeMeHHBIX Xi, ..., Xn, Y, TAE nz1.
[Topsiziok mepeMeHHbIX B HACTOsALIEM KOHTEKCTE CYLIeCTBCH:
Tak, Hanpumep, R (X, Xo, ) Hesp3s 3aMEHsITb Ha R (X2, %1, Y)-

R{(xy,...,%p) OyleM Ha3blBATb npedMHO2OHACHOM B K,
eC/iH BbICKa3blBaHUA

6.1.2. Vx1 [ VxnayR(xiy vy Xn, y)’
V.. Vi, VyV2R(xs ...\ Xn, YN
/\R(xiv LI ) x’nv Z) DE(y¥ Z)]

gpiBoaumMbl u3 K. Ilpu n=0 KBaHTOpbHI, NpeallecTByioLlne
Vy, OTCYTCTBYIOT.

W3 Bceil COBOKYMHOCTH npeamHorounenos B K BbiaeanM
3J1eMEHTb! BHJa

6.1.3. 3z,...32, Q(zy, ..

13 A. PoGuHIoR

vy Zms Xy e -vxn.:y)y
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rie Matpuula @ yxke He COMEPKUT KBAHTOPOB U SIBJAETCS
KOHbIOHKLMel nng nopsiaka 1 (T. e. atomapubix nud). Ta-
KHe peJIMHOTOU/NEeHbl MBI Ha30BEM MHO204AeHaMu. [IoHATHO,
4TO 2i,...,&2m — [POHU3BOJLHBIE [epeMEeHHble, TOTAA KakK
X1,...,%n, ¥ 3adUKCUPOBAHBI C caMoro Hauaja. Has n>>1
MHOZKECTBO MHOTOWJIEHOB (a CJeloBaTeNbHO, H MHOXKECTBO
NpeAMHOTOWICHOB) HEMYCTO, TaK KaK COJEPIKHUT 3JEeMEHTHI
BH]A

6.1.4. R(xy, ..., xn, y)=[E(x1, x)NE(x2, x2) N\ ...
o NE (x5, YN L NE (x4, x0)), i=1,2,...,n.

B caMom gese, M TaKuX NPENUKATOB BbICKA3bIBAHHUS
6.1.2 BuiBOAMMBI H3 akcuoM 2.1.1, a ciedoBaTeabHO, H3 JIO-
60ro MHOMKECTBA AKCHOM, COJAEPKALIEro OTHOLIEHUE paBeH-
ctBa. Jass n=0 wmHoxecTBO mnpeaMHorouwieHoB R(xy, ...
...Xn, Y) MOXKET 0OKa3aTbCs MNYyCTbIM, HO MbI OyaeM Ipef-
noJjarath, YTOo B pacCMaTpHBAEMBIX CJydasix 3Ta BO3MOXK-
HOCTb HCKJIIOUeHaA.

s pnaunoro n2>0 o6osHauum uepes C, MHOXKeCTBO HH-
JMBUJAOB, HaXOAAIIUXCS BO B3aHMHO OJHO3HAYUHOM COOTBET-
CTBHH C TpeAMHOrouseHamMu R(xy ..., X, y) B K, R<—>cp.
Ha mHoxkecTBe MuauBuA0B U3 C, MBI CAeIYIOLUM 06pasom
onpeaeaum crpykrypy M,. Has o6oro ortHOEHHS

A(yr, ..., 4p), k220, Bxoaamero B K, u 115 J1060r0 MHO-

xectBa Ry, ..., Ry npeaMuorouneHoB B K, COOTBETCTBYIO-

LWIHX HHAUBUIAM (i, ..., Cx U3 C,, MOJOXKUM, 1O onpejaese-

HHi0, uto A{cy, ..., Cx) MCTHHHO B M, TOorja H TOJBKO TOT/AA,

KOT/a BbICKA3bIBaHue

6.1.5. Vxi...Vx, Yy, ... Vyi IR (xy, ..., Xy y)A
AR (X, oo Xy Yo) AN o AR (Xay o X, ) D

SA Y, -, yn)]

BuIBOAMMO H3 K. M, 6yneM HaswBaTb npeonoAuHOMUAALHOL
cTpyKTypo#l nopaaka n raj K. OrpaHHuuBasi OTHOLUEHUS W3
M,, Ha MHOXKeCTBO HHANBHIO0B Cp, COOTBETCTBYIOLINX MHOTO-
unenam Haj K, MLl TIOJYUHM TOACTPYKTYPY M, = M,, koto-
pyto GyjJeM HasbiBaTh NOAUHOMUAALHOL CTPYKTYPOL TOPSIL-
Ka n Hajg K. MOXHO Taxxe BBECTH MPeANOJHHOMHAABHYIO
CTPYyKTYypy M, mosmaras C, == U C,, rae mHoxectBa C,
n
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npeanodaraloTcs HemepecexaroliuMuca. Mbl ckaxeM Toria,
uyto A(cy, ..., Cp) HCTUHHO B My, rae ¢; € Co COOTBETCTBYIOT
Ri(xl, cees Xpps y,;), ecJi BbICKa3blBaHHUE

6.1.6.
Voo Ve Vg oo VY[R (o X 0 A -
coe ANR(X - Xy Y) 2 AWy o yk)]

pBogMMO 3 K, n=max(ay, ..., f). M, noayuaercs,
KaK ¥ paHblie, orpaHuvyeHueM M. Ha MHOXECTBO HHIHMBH-
J0B, COOTBETCTBYIOIMX MHOTouleHaMm B K. [logoOnbim o6pa-
30M HETPYAHO ONpeleJqHTh NPeANOJUHOMHANBHYIO W IOJH-
HOMHAJBHYIO CTPYKTYPY AJSl MHOXKECTBA NepeMeHHBbIX ¢ fpo-
H3BOJIDHBIM KapJAUHAJABHBIM YHCJIOM,

Ilpu n>m My cONCPKHT MOACTPYKTYPY M. usomopd-
uyto M, Uaansuasl c* us M, onpegessiorest cliefyolinm
obpasom. [lycte c¢€ M, coOTBETCTBYeT IPEAMHOTOUIEHY
R(xy,...,Xm, y); TOTAA Mbl CONOCTABJISEM ¢ HWHIUBHI
c* € C,, KOTOPHIH COOTBETCTBYET MPEAMHOrOUNeHY E(Xni4,
i) N oo NE (X, ) AR (%4, . . . X, y) . Ananoruuno, M,
CONEPIKHUT TMOACTPYKTYPY, u3omopduyio My.

OueBupgHo, uto eciau K u K’ — 5KBHBaJeHTHbBlE MHOXKe-
CTBa aKCHOM, COJAepIKalliie OJHHAKOBbIe OTHOLUCHHS W HHJHM-
BHABI, TO COOTBETCTBYIOIIHE MM MOJHHOMHA/IbHbIE H Tpea-
MOJHHOMHAJIbHBIE CTPYKTYPBHl COBIAJAIOT.

Jlasi LaHHOTO n Bece oTHolueHuss w3 K mpunanpiexar M.
C/eayIolIuM pacCy’KJACHHEM MOXHO Takxke yOeduTbCs B
TOM, 4TO BC€ MHAMBUAb U3 K, ec1u OHM TaM BOOOLIE €CTb,
cogepxarca B M,. Has ni06oro HHAMBUAA Q@ U3 K paccwmo-
TpUM NpPEAUKar

Ro(x1, ... Xn, Y) =E(x, x)N ... NE(xn, xn)NE(a, y).

Jlerko mposepsiercsi, 4to R, — MHorousen B K. Mp Gynem
mpeanoJaraTh, YTO COOTBETCTBYHOUIHI eMy WHAMBHA H3 Cj
ecTb UMeHHO . [1pH 9TOM NpelnosoXKeHUH BCe BhICKA3bIBa-
uua K onpenenennt B M,. Cpasy ke BO3HHKaeT Bompoc, 0y-
ner au M, moneavto K. Ecau 370 Tak ans Bcex n, To K Ha-
3BIBAETCA NPedTPAH3UTUSHbIM. AHANOTHUYHO, BCE BBICKA3LI-
Banua K ompejeneHnbt B M., u K HasbiBaetcss TPaH3UTUB-

4
HbLM, €CJH BCe OHU MCTHHHH B Mu, n=0, 1, 2, ... Herpyano

13*
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MOCTPOUTb NPUMED, 0Ka3bIBAIOUIHH, UTO He Kaxaoe K Tpan-
3UTHBHO WJIU mpeatpansutuBHO. Tak, Hanpumep, K=Kcp-~
MHOXEeCTBO aKCHOM II0J5l — HE SBJIAETCS HU TPaH3UTHBHBIM.
HU NpeATpaH3UTHBHBIM (cM. 3ajauy 6.6.1). MoxHo, oanako,
BBIJIENINTb BaXKHBIE KJAacCChl BLHICKA3biBAHWH, HCTHHHBIX B M,
win B My [Py YCJOBHH, UTO OHH BHIBOAHME H3 K.

6.1.7. Teopewm a. Bowckasvisanue X, onpedesennoe 8 K,
sotgodumoe uz K u npunadaesxcauiee o0HOMY U3 nepeducien-
HbLX HUJCe KAACCO8 8bICKA3bIBAHUL, UCTUHHO 8 M,.

6.1.8. X ectp BbicKasblBaHue mopsiika 1 (T. e. B3ATasa B
CKOOKH aToMapHas Mng), WIu OTPUIaHHE BBHICKA3biBAHMS
mopsiaka |, WIM KOHBIOHKIHMS (HECKOJNBbKHX) BbICKa3blBaHUU
nopsizka 1.

6.1.9. X=q1G2...9mQ (21, ..., 2m), m=01,2,...,

rie ¢; — KBaHTOp, cojepKamui z;, (=0, 1,...,m, u rae
Marpuiia @ He COJEpPXKHT HHKAKMX KBAHTODOB M sBJAETCA
au6o Gopmyaoit nopsika 1, MO0 KOHBIOHKIHEH TaKUX (op-
MyJ, JAu00 HMIIHKallMel, aHTeUeleHT H KOHCEKBEHT KOTo-
poi mpencrasasaoT coboil Gopmyan nopsiaka l, 1M60 KOHDb-
IOHKIMEH (HECKONbKUX ) TaKux HUMIJMKauui. Kpome Toro,
aas Jio6oro ¢;, KOTOPBIH ABJSETCA KBAaHTOPOM CYLIECTBOBA-
HUSl, BBICKA3bIBaHHE

6.1.10.
X ==VzVz,...Vz,_\V2¥2iq, ... q,JQ(p .- -» 2,y
25 2o B AQR oo By T 2 s ) D
S E(z, zi’)]
puiBoqumo u3 K, i=1, ..., m—1.

3aMeruM, yTo KJaaccol 6.1.8 1 6.1.9, Boobuie rosops, me-
pecekaloTcsl.

JokasatesabctBo 6.1.7 144 HEKOTOPBIX M3 YKa3aHHBIX
cJydyaeB J0BOJbHO YTOMHUTE/IBHO, H Mbl JaJHM €0 TOJABLKO
IJs IePBHIX JBYX, OTMeUeHHbIX B 6.1.8.

Hrtak, npeanosoxuM, 4TO

X=A(ay,....,an),
rie A — OTHOWIeHME MOPAAKA M W Qy, ..., Gy — HHAHBUAH,
conepxamuecs B K. ay, ..., @m COOTBETCTBYIOT ONpE/EJeH-
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HbBIM  Bbille NpeaMHOrouwieHaM Rq (X1, - .. Xp Y)y - -
o Ra (X1, -0 X y). das Toro uro6bl nokasaTb, 4To X

HCTHHHO B M,,, Mbl JO/ZKHBl NPOBEPHTh, UTO BHICKa3blBaHHE
Vir. . Vxa VY. . Vym [Ra (X4, oo Xa, )7\ L
o N Ra (%1, ooy Xny Ym) DA(Ys s Y]

BoiBoaMMO u3 K. PacnucaB 3To BbicKasbiBaHue OoJee I10-
JpOOHO:

6.1.11. V)C1 C e Vxn Vy1 P Vym[[E(Xi, X1) /\ Ce
o NE (i, x ) NE (ag y)INE (e x) AL NE (%, x2) N\
AE (az, Y2)IAL .. AE(@m, ym)12A (Y1, -, ym))

Mbl BUJAMUM, YTO OHO BBIBOAHMO U3 K, NMOCKOJbKY OHO BhIBO-
JAuMO 13 X H aKCHOM MoAcTaHoBouHOCTH 2.1.2.

C mpyro# croponsi, ecau Ki— ~Afay, ..., am), 10 6.1.11
He MoOXeT 6biTh BhiBoAMMO u3 K, mockosibky K mpeamona-
raercs HenporusopednsbiM. OTCIOfa cielyeT, fo onpejiene-
Huio, uto ~A(ay, ..., ay) UCTHHHO B M.

6.1.12. Teopema. Ecau svickasvieanue X, onpedeien-
Hoe u sulsodumoe u3d K, npunadaexcur Kaiaccy 8blCKA3blEA-
Huii 6.1.8, o X uctunHo 8 Mi. X Takdce UCTUHHO 8 TOM
cayuae, Koeda X npedcrasiseTcsa 6 sude

6.1.13. X=Vz ... VZmQ(Z1, ey Z"l)v

ede nng Q runa, onucannozo 8 6.1.9, usu & TOM Cayuae,
Koeda

6.1.14. X=Vz1.. VzmIznQ (25, ..., 2m), m=1, 2,...,

npu ycaosuu, uto Q — nng nopadka 1 (uau KOHBIOKKYUA
nng nopaodka 1) u evickazvisarue :

6.1.15.
Vz, ... Vz,_ V2, V2 [Q(Zp -5 24 p z,) N\

A Q(zl, ceer 21 z;’n)DE(z:n, z:;z)]
gbigodumo u3 K.

Kak MOKHO 3aMeTHTb, 3TOT pe3yJbTaT HECKOJIbKO cJ/a-
Gee, 4eM COOTBETCTBYIOUIMH pe3yabTar MAid NpPEAMHOro-
YJIeHOB.

Joka3areqbCTBO CHOBA OflyCcKaeTcs.
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XoTsi KJacchl BbICKA3bIBAHUIL, ONHUCAHHbIE TeopeMaMu
6.1.7 n 6.1.12, HocAT sMOBOMBHO cmemudHUeCKHii XapaKTep,
npocrasi NpoBepKa [0Ka3blBaeT, YTO OHHU YCTAHABJAMBAIOT
TPAH3UTHBHOCTb M TIPEATPaH3UTHBHOCTb [/ MHOMKECTBa
aKCHOM TIpynnbi, adejeBOd IPYMNIbI, KOJbIA H KOMMYTaTHB-
Horo Kosbua. Bosee Toro, eciu K — 0flHO H3 TOJBKO uTO
YKa3aHHBIX MHOXeCTB akcuoM u M — monensb K ¢ guarpam-
Moit D, to KUD TpaH3WTHBHO W mpeATpaH3uTHBHO. Jlefict-
BHTEJIbHO, 3seMeHTHl D Bce npuHHajjexar kiaaccy 6.1.8 u

’
noromy M, u M, apisiorcss Ha caMoM MeJe paclIHpeHHS-
MH M ans Bcex n.

*
Bosee touno, nyctb K = Kcp — MHOXKECTBO aKCHOM KOM-
o *®
MYyTaTHBHOTO KOJbIlA ¢ eauHuuedl, u myctb M — mozens Kcr

. *

¢ muarpammoii D. Kcg noayuaercs us Kcp (MHOXKecTBa
aKCHOM KOMMYT4aTHBHOTO KOJblLa, ONPEJeJeHHOT0 B pasje-
Jde 2.2) no6GaBjeHHeM BHICKA3LIBAHUS

VxP(l,x, x).
Mbl xoTHM nNOKaszaTh, 4TO 0pH A > 1 NOAMHOMHANbHAS

cTpyktypa M, wmax KUD HU30MOp(HA KOAbUY HOAUHOMOB

[x1, ..., x»] OT n mepeMeHHBIX Haj KoJbLOM M.

[yers  g(xy, ..., X,) — IPOU3BOJIBLHBIA  3JE€MEHT U3
MTxy, ..., xz], T. e. MHOrOuneH ¢ Kosdduuuentamu us M
(B anre6pamueckoM cmbicsie). Herpyaro Haiitu onpenenen-
et B K mpemukar Rg(xy, ..., X,, y), dopmanusyiouuit
OTHOIeHue y=q(xi, ..., X). s Toro 4to6n NOHATH, Kak
3TO JlefaeTcs, 10CTaTOYHO PacCMOTPETh MpUMep

Yy=q(X\)=a,+ax +axl, rae a, a, a,€EM.
B sroM caydae TpeGyemblil IpeANKAT €CThb
6.1.16.
R, (x1, y)=32,32,32332, [P (x1, X1, 2)) A P(as, 21, 29) A\
A P(ay, x5, 29 A S (21 23 2) A S (24 ag, Y]

R,(x1, y)— npeamuorouses B KUD 4 jaxe MHOTOYJIEH B

KUD (B MeTaMaTeMaTHYeCKOM CMBIC/IE), COOTBETCTBYIOMIHI
4

anemedt B M, 0603HaunM ¢,. AHAJIOTHUHAS MpoUeRYpa NpPH-

MeHseTcsl Ko BceM aaeMmeHtam M [xy, ..., x,]. MoxHo cuu-

TaTh, YTO KOHCTaHTH u3 M[xy, ..., X»], KOTOpble MBI OTOX-
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JecTBasieM ¢ aneMeHTaMud M¥), COOTBETCTBYIOT B M;, caMH
ceGe. ,

O6paTHO, MOKa)KeM, UTO KaxAbH sj1eMeHT ¢ u3 M, pa-
Ben B M, HEKOTOPOMY ¢q, q € M[xy, ..., X,]. B camom nene,
€  COOTBETCTBYeT  MeTaMaTEMaTHUYeCKOMY  MHOTOYJeHy
R(xi,...,%n,4y) B K. [lycTb

Rixy, ..., X0, Y)=321... 32,021, ..., Zm, X1, -« Xn, Y),

rje
6.1.17. Q=A; (24, ..., Xn, Y)NAs(21 ..., X0, YN ...
.../\As(21,~--;xn7 y)

(A, —nnd nopsaka 1, npuHuem mepeMeHHBIE 2y, ..., Xn, Y
BOBce He 06si3aresbHO BXOAAT BO Bee A;). [Tockorbky R —
MeTaMaTeMaTuueckuit mHorousen B KUD, BblckasbiBaHHe
V... Vx, Ay R(Xy, ..., X0, Y), T. €.

6.1.18. Vx(.. Vx, Ay 3z...32,Q(z1,...,2m, X1,...

ey Xny YY)
soBogumMo u3s KUD, Ilyers M'=Mld,, ..., d,] — KoabLo,
MoJIyyeHHOe NPUCOEHHEHHEM HEU3BECTHBIX dy, ..., dn K M.
Torpa M’, Gyayun usomopduo Mxy, ..., X,], sBAsIETCA MO-

npeabio KUD u, ciefgosatenbho, ynosaersopsier 6.1.18. Ot-
ciojla, B YACTHOCTH, BBbITEKAET, UTO

Jy3z ... BzmQ(zl, sy Cmy di, ..., dn, y)

ucTHHHO B M/, VHbiMu c/ioBaMu, CyLIECTBYIOT 3/71eMeHTs M/,
T. e. MHOroWwIeHbl y=go(dy,...,dn), 2i=q;(dy,...,dn) oOT
di, ..., d, c xo3pduuuenramu 8 M, Takue, 4To
Q(%(dh e e ,d'll)’ e ey Clm(di, . -7d7’1)» dla e

v dn, qo(dy, ..., dR))

ucetuHdo B M. Coraacuo 6.1.17 3To BJeueT HCTHHHOCTB

6.1.19. Ai(‘]l(di, ey dn), ey qm(dj, ...,d»n), di, e
...,dn, L]o(di,...,dn))
B Mldy, ..., dolmpu i=1, 2, ..., s. A; eCTb OJHO M3 OTHO-

weunit E, S, P u, BooGule roBopsi, COAEPKHT He Bce di, go

*) Baarogaps Hanuuuio B M eaunuusl. ([Ipum. nepes.)
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u q;. Kpome toro, A; MOXeT colepKaThb OAWH WA GosbLie
371eMeHTOB U3 M.

[Ipuctynum rtenmepb K AOKasaTebCTBY TOrO, 4TO € paB-
HO ¢4 COTMIacHO OTHOLIEHHIO paBeHcTBa B M’. [lo onpeaene-
HHAMO, 3TO O3HAYaeT, 4To

KUDI'_VX1 o VanyVZ[R(x1, e ,Xnyy)/\
/\ R(]o (xl’ LR 7x‘n1 2) DE(!/! Z)]

Tak kak R u R, ofa siBAsiioTcsl (MeTaMateMaTHYeCKUMH)
MHOTOUJIEHAMH, TO BMECTO 3TOTO JOCTATOYHO II0KA3aTh, UTO

6.1.20. Vxi. . Vxp,Ay[R(xy, ..., Xn )N Ry (%4, ..., X0, )]

HCTHHHO BO Bcex Mmoaeasx KUD. Boickasbvipanue 6.1.19
VCTHHHO JJ1si HEU3BECTHBIX di, ..., dyn, a NOTOMY, 0 MpPHH-
My NOACTAHOBKH B KOJble, OHO OyAeT TaKXKe HCTHHHO,
ecau dy,...,d, 3aMeHHTb MPOU3BOJLHBIMH 3J4eMEHTAMH H3
JI060r0 KOMbIla, KOTopoe fBasercss paciuiupenuem M, Takum
ob6pasom, ecan M —momear KUD wu by,...,,€M" to
Ai(Q1(b1, ey bn), . ,C]m(bl, s ey bn), b1, .. .,bn, qO(b1,...
..., by)) ucrurdo B M” npu i=1,2, ..., s, a TeM caMbIM H
R(by, ..., bs, qgo(by, ... b,)) uctunso B M”. B 1o e Bpems
Ry (by, ..., bu, qo(by, ..., b,)) uctundio B M” mo onpeje-
nenno R,. CaenosarenbHo, :

By[R(bi’ ey bn' y)/\‘[\)%(blv e »bﬂvy)]

uctuHHo B M”. Ho by, ..., by, — npousBo/ibHbIE 3/71€MEHTHl B
M” u, snauwr, 6.1.20, kak ¥ yTBep:K1aJ0Ch, HCTHHHO B M”.
Wrak, nokasano, uto £ (¢, ¢4) HCTHHHO B M.

[Tyerb tenepb gy (%, ..., Xp) H g2(xy, ..., Xn)—JABa pas-
HbIX MHOTOUJIEHA M3 MOJHHOMUAJBHOTO Koabia Mxy, ..., x,].
BrickasbiBanue

Vi, ..., VX, YYyV2R, (x4, ..., X0, YA

A Ry, (X1, ..., X0, 2) DE(y, 2)]
He BbIBOAUMO u3 KUD, 00CKOAbKY OHO JIOXKHO B KOJblE
Mixy, ..., x,], KoTOpoe sBaserca moxeabio KUD. Otciona
cnenyer, uto E (¢g, ¢g,) A0kHO B M), TaK uTO Cq, U Cq, pas-
anuan B M, U HaKOHell, HeTPYJHO MOKa3aTh, YTO €CJH ¢4 H

gy —notuie aBa iementa us Mlx,, ..., x,], Ry, Ry, Ryign
R, — MeTamMareMaTHYeCKHE MHOTOUMCHBI H Cqy Cqp  Cqitgn
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4
Cq4, — COOTBETCTBYIOIIME 3JeMeHTH M, To oTHoweHus
4
S(cq, €g» cqltzh) u P(cy, Cq, Cqq,) 062 ucTuHHB B M, Takum
ob6paszom, M, usomopdbuo Mlxy, ..., x,)
14

B orauune or M, M, He cOOTBETCTBYET HemocpeaACTBEH-
HO KaKON-HHOYAb CTaHAapTHOH MaTeMaTH4ecKOH KOHCTPVK-
uuy. TeMm He MeHee, uccaenoBaHue CTPYKTypol M, mpencta-
BJISIET HEKOTOPBIH HHTEpeC.

Honyctum Tenepn, 4ro K — MHOXKECTBO aKCHOM (HEKOM-
MyTaTHBHOTO) KoJbla ¢ eluHuneét B M — monenp K ¢ pua-

rpammoii D. Crpykrypsl M, u M, onpeneieHHbie s
KUD, sBasgooTcss KoIbUaMH ¢ €JUHHLEH U pacCIIUpPEeHUAMHU
M. Opnnako, ecii Mbl ONpeneluM, Kak 3TO HHOTAA Jesaer-
csl, KOAbLUO moauHoMoB Ml[xy, ..., x,] Hag M Kak MHOXe-
CTBO BbipaKeHHH

kR k
2 a,x1X,7 L X,

npeanosiaras, Yro nepeMeHHble X; KOMMYTHPYIOT C 3JeMeH-
Tamu M W JpYT ¢ ApyroM, To crpykrypa M, okameTcs He-
uzoMopdHoit Mxy, ..., x,]. B 3Tol cutyanun yxe JOBOJBHO
TpYAHO oxapakTepusoBath M, anreGpauuccky. Tak, Hamph-
Mep, NPEANONOXKeHHe O TOM, YTO Cy, ..., Cn, NPHHAAIENKAT
LeHTpPY KOAbLa, TAE Ci,...,Cn — eMentst My, coorset-
CTBYIOIIHE MeTaMaTeMaTHYeCKUM MHOTOWIEHaM

E(xy, xi )N ... NE(x5, 9) /N ... ANE(%n, x3), i=1,...,n,
3aB€/OMO He BLINOJHSIETCS BO BCexX cyuasix. Bompoc o pa-
BEHCTBE MJH HEepaBEHCTBE JBYX 37eMeHTOB by u b, u3

!

M, COOTBETCTBYIOIUMX MeTaMaTeMaTH4eCKHM MOJUHOMAM
P(a, x1, y) u P(x1, a, y) Ansg a€ M, 3aBHCHT JHLIb OT TOTO,
BEPHO HJIH HeT, 4TO
6.1.21. KUDVx,VyVz[P(a, x1, ) NP(x1,a,2) D
oE(y, 2)].

D10 BOBCE He 3KBUBAJEHTHO YTBEPXK/IEHHIO O TOM, UTO
axy=Xxia@ TOXKACCTBEHHO AN A00bX xy; U3 M, u B 37eMeH-
TapHOM CMBIC/I€ BECbMa CJIOXKHO PeLIMTb, HCTHHHO Ju 6.1.21.
!

by u b, paBHBI COOTBeTCTBEHHO ac; u ¢;a B My tax uro
acy=<C;a TOrJAa W TOJBKO TOrJa, Korja BeIModHsercs 6.1.21.

r
XoTs, Kak BHIHO OTCIOAa, OGOCHOBAHHOCThL aci=e0a B M
CBsidaHa ¢ JOBOJIbHO 3alyTaHHBIMH pacCMOTPEHHSIMH,
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CTPYKTYypa M {u1y, Goaee o6LIO, M)  sBASIETCS OueHb
€CTeCTBEHHOH peasH3aluell NOHATHA HEKOMMYTATHBHOIO [O-
JITHOMHAJ/bHOTO KOJbLA.

Jpyrofl uHTepecHHH cJayyal moJydaercs paccMoTpe-
uneM MHOXxecTBa K=Kcp aKCHOM KOMMYTATHBHOTO KOJblla
C €lUHHIEH, He ONUPAACh NIPU 3TOM Ha K/aKI/Ie-HI/I6y}lb ¢dukcu-
poBaHHBle MoJeaH. B 3Tom cayuae My u30MOPGHO KOJb-
Iy Lefbix uHcen. B caMoM Jene, B kauecTBe MeTaMareMaru-
YeCKOro MHOroujeHa, cooTBeTcTByolero 0, Mbl MOXKeM
B35ITb S (Y, Y, y), a ISt LEeJOro MOJOXKUTEJNbHOrO 1 — Npe/iH-
kat Sp(l,y), onpenenennsiit 8 2.2.10 ¥ npuBefcHHbLI HaA-
JexamuM o6pa3oM K HopManbHOU dopme. [aa nrw6oro ie-
JOro oTpuunareasHoro (—n), 1>0, MOXHO B3fTb NpEJHKAT

Fw3Sn (1, 2) AS(y, 2, w) NS (w, w, w)],

TaKaKe HpHBeILEHHbIﬁ MOAXOASIIUM CIIOCOOOM K HOpMaJ'IbHOﬁ

¢dopme. HerpyaHo Tenepb nokasarb, UTO 3JE€MEHTH My, co-
OTBETCTBYIOIIME YKa3aHHbIM Bbllle MeTaMaTeMaTHYeCKHM
MHOrouJeHam, oGpa3yioT KoJbI0, H30MOp(dHOE KOJABbLOY ILe-
JIBIX 4KCes, ¥, KpOMe TOro, Jiio0ol sJeMeHT U3 My paBeH He-
KOTOPOMY 3JIEMEHTY H3 3TOro KoJabla. Takum o6pasoM, B
CBfI3H CO CKA3aHHBLIM BbIHIE Mbl MOXEM 0npedeiuTs KOJbIO

’
neJabiX YuceJ Kak KOJbIO M0~

I4
Ananoruuno, cTpyktypsi My, n 2> 1, mocTpoenubvle aas
Toro e MHoxectBa K, H30MOp(HB TOJHHOMHAJLHOMY
KOJIBIlY OT 7 MepeMeHHBIX Haj KOJbLOM LeJBbIX Yhce/l.

Bepuemcs omsath K obuiemy ciayyaw. [Tyers M, u My —
NpeAnoJMHOMHaJbHbIE W TOJHHOMHAJNbHBIE CTPYKTYPHl Hal
MHO)ecTBoM K u M — Monmeapr K. Mb Moxkem Torja Bbije-
JIUTh HEKOTOpHle TOACTPYKTYph B M, romomopdHbe M, Hin
M, caenyomumM o6pasoM. s JLaHHOrO n 3auKCHpyeM
IPOM3BOJbHBIE JIEMEHTH ai, . .., a, U3 M. Tlyetb R(xy, ..
..., Xn, Yy)— npeamuorouen B K, TOrZa BHICKa3bIBaHHS
JyR(ay, ..., 00, Y) |

Vsz[R(a1, ey QAn, y)/\R(ah coey Qy, Z) :’E(ya Z)]

06a uctuHHbl B M. Takum 06pa3oM, ¢ TOUHOCTBLIO A0 PaBHBIX
00bEKTOB, HMEeTCs] € AUHCTBEHHbIN 3jeMeHT b u3 M, ynosne-
TBOPAWHMH R (q),...,as, b). WTak, Kaxabil 3JeMeHT ¢ U3
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My, cooTBeTCTBYET NpPEIMHOTOUNEHY, U KaXKAbi{i MpeIMHOro-
YJIeH COOTBEeTCTBYeT 3JeMeHTy b u3 M (kak TOJABKO 4TO
Obl10 omnpejeseHo): ¢—>R-—b, Bepa KoOMHNO3HLHIO 3TUX
oTo6paxkenuii (T. e. omycKas R), moayuum oTo6pakeHHe
My, —M, ¢—b. Ilycte M* — orpanuyenne M Ha MHOXKe-
CTBO 3/IEMEHTOB b, NOyYEHHBIX IIPH 3TOM COOTBETCTBHH. MBI
yTBepXKAaeM Torja, uto M* ectb roMomopdubiit 06paz M,.

B camom gene, nonyerum, uto A(cy, ..., ¢m) MCTHHHO B My,
AJIst HeKoToporo otHowenuss A, u oGo3HaunM uepes Ry, ...
..., Ry npeiMHOrou/eHE], COOTBETCTBYIOWIHE Cy,...,Cm, a
uepes by, ..., by, —oGpaswl ¢y, ..., cm B M*. U3 onpenene-
Hust M, mosayduM, 4TO
V)Cj . Vany1 ce Vt/m[Rl(xi, cewy Xny yl)/\ .

ARy (X1, cisy Xy Ym) DAY ey Ym)]

BHIBOANMO K3 K, a moTomy
Ri(ay, ...,an, b)) N ... AR (ay, ..., 00, bu)DA(by, ..., by)

uctuHHO B M. Ho Ha ocnHoBauuu BhGopa b; anTeuejeHT
3TOfl UMIVINKaL KK HCTHHEH H, caenoBareibHo, A (by, ..., by)
uctuHHo B M. [locnennee oanayaer, uro M* ecTb romo-
MopdHblil 06pas M,. Orciofia yKe BBITEKAeT, 4TO HEKOTOpas

4
noacTpykrypa M’ M* saBiasiercsa romomopdubiM o6pasom M.

[Ipu n=0npenBapurenbHbli BLIOOP @, ..., Qn HE HYXeH.
[Ipennosoxum Ttenepb, uro K TpaH3UTHBHO, TaK UTO
M, — moneab K. OGo3naunm uyepes ka(xl, cees Xp Y)

(MeTamaTeMaTHUYeCKHe) MHOTOUJIEHI
E(x1, x)) NE(x9, x) N .. . NE (x1, ) /N ... NE (%, %2),

. k=1,2, ..., n
D10 060o3HaUeHHe He TIPOTHBOPEYHT BBEJCHHOMY paHee ompe-
JEHHI0O MeTaMaTeMaTHUYeCKoro MHoroudeHa R, (xi, ..., Xn, ¥)

4 o
(cp. 6.1.16). Tlyctb cr — 2aement us My, cooTBeTcTBYOIMAHA
Ry,. Mockonbky M; — moneas K u ¢y, ..., ¢, € M), Mbl Ha-

XOAUMCsT B ONHCAHHON BHIIIIE CHTYalWH, [O3TOMY, B3SB
14
M=M, u a,=cp, moayuum roMomopoHoe OTOGpaKeHUe

s
M, B M,. Bosee Toro, Jerkasi npoBepKa MOKa3blBaeT, UTO
9TO ecThb OTOOparKeHHe HA, U OHO OCTaBJ/seT Ha MeCTe Bce

4
saeMenTh My
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6.2. Orpanuyennoie npeankarbl. OOpalieHde B HYJAb
MHOTOUJIEHA, B YACTHOCTH, MHOrOUJieHa OT OJHOH mepe-
MEHHOH, HaJjiaraeT HEKOTOpOe YCJOBHe Ha €ro apryMeHT.
HMmMenHo, ecau sjgeMeHT @ ofpallaer B HyJb MHOTOWJIEH OT
OJIHO¥ MepeMeHHOH ¢ KoabduuueHTaMH B noje M, He pas-
HbIA TOXJAECTBEHHO HYJIO, TO @ ajre6pauued Hax M. B no-
cAeyIOMNX pasjesnax Mbl OyaeM aHaJM3HPOBATh HEKOTOPbie
MeTaMaTeMaTHUYeCKe acleKThl 3TOr0 YCJAOBUS.

[Tycte K — HempoTHBOpPEUHBOE  MHOXKECTBO  aKCHOM,
BKJlOUaollee oTHomeHne pasenctBa E(x, y). [lpeaukar
Q(x), onpenpenenubiii 8 K, HasoBem oepanuuennbinm B K,
€CJIi /I8 HEKOTOPOTO LeJOro MOJONKHTEJNbHOIO M1 BBICKA3bI-
BaHue

6.2.1. Xp=Vx;.. . Vx[Q(x} N\ ... AQ(Xms1) D
SE(x, X)) VE (v, x3)V .. . VE(x1, X)) V
VE((xs, x5) V ... VE (Xm, Xm+1)]
BoiBoAuMO U3 K. Haumenniuee m, aisi koroporo Ki—X,,, Ha-
3biBaeTcd creneHblo npejpnkara, m=deg Q(x). Ecan, onna-
ko, KHVx[~Q(x)], To Mb monoxum deg Q=0.
MBI MOXKeM TaKKe ONpeAejHTh MOHSATHE OrPpaHHYEeHHOCTH
ISl NPeAMKaToB OT 71 nepeMeHHbx, n>1. Ilpeaukar

Q{xy. ..., Xn), onpelenennblil B K, Ha30BeM OTPaHHUUYCHHBIM
B K, ecaiM mJisi HEKOTOPOTO LENOT0 MOJOKHTEJbHOTO M1

6.2.2.
Ki- X, =Vxl ... VxIVx? ... Vx2. . Vxpil.o..
co VXIEHQ (X ooy XA - A Qxpt, ..
:E(xi, x?)/\E(x;, xg)/\ /\E(x}l, xfl)\/
VE(XL )N oo NE(x, )V

. X,T’*'I)D

oo VE(XP XA N E(xp, xpT).
HaumMenbiiee m, naa xoroporo K—X,,, CHOBa Ha30BeM cTe-
neubio Q. Ecau ke Vxy ... Vxp[~Q (x4, ..., x,)] BHBOAMMO

u3 K, o mbl nosioxxum deg Q=0; B 3TOM cJydyae Mbl TaKxKe
Gyaem cuutath Q OrpaHHYEHHBIM.

HeTpyaHo npoBepuTb, YTO KOHDBIOHKLHS W JH3BIOHKIHA
ABYX OrpaHHUYEHHBbIX NpeJMKaTOB Had MAaHHbIM K cHoBa
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orpaHuyeHa, u

6.2.3. deg[Qi(x1, ..., %) AQa(xy, ..., x,)]L
<Lmin[deg Q;(xy, ..., X5), deg Qo(xy, . . ., xn)],

6.2.4, deg[Qi(xy, ..., %)V Qo(xy, ..., %)L
Ldeg Qi (xy, ..., xn) +deg Qu(xy, .. ., Xp).

Kpome TOro, KOHBIOHKIMS OrpaHUYeHHOro npeankara Q; u
HEOTrpaHUYEHHOrO npejarkara (; ¢ TEMH XKe NepeMeHHbIMH
CHOBA €CTb OTPAHWYEHHbIH MpepHKAaT, CTeNeHb KOTOPOTrO He
Boiie deg Q.

PaccmoTpum Temepb caefyioliee TEOPETHKO-MOJeNbHOR
CBOWCTBO npearKaToB Q(X) OoT ofHOH mepeMeHHOH, onpeje-
deHHblx B K. Mpl ckaxeM, 4to npeaukat Q(x) sBasercs
Hacoiernoin B K, eciu aas noboi nenouky mogedeis K:

6.2.5. M\icMycMz= ... c M, ...

H N1060# Mmoc/ae0BaTeNbHOCTH UHAUBKAOB {a,}, rae a, € M,
u Q(ay) vctHHHO B M, npu Bcex k<n, cymecTByer rny Ta-
KO€, YTO /I BCeX N >y A, PABHO HEKOTOPOMY W, M1 <K Ny,
JAPYTUMH CJOBaMH, YHCAO Pa3JHYHBIX 3JEMEHTOB B MOCJAEL0-
BaTeabHOCTH {Gn} KOHEUHO.

6.2.6. IIpeduxar Q(x) wuacouyen 6 K 10200 u TOAGKO
roeda, koeda Q(x) oeparuuen 8 K.

HokxasareabcTBo. Kak serko Buaers, Q HacbllleH B
K, ecin Q orpanuyen. B camowm gese, ec/im 3TO He TakK, TO
HafijeTcs nenouka 6.2.5 takas, 4to AJs Ji060r0 JOCTAaTOUHO
GOJILILIOTO 71 MHOXECTBO {ay, . .., @n} CONEPKUT MO MeHbILeH
mepe deg Q+1 pasnuunblX MHAMBHAOB. B pesysabrate mo-
JYUUM, YTO BbICKa3biBaHHs Q(a;) HUCTUHHBI B M, npu i=
=1, ..., n, uTo, pazymeercs,, HEBO3MOXKHO.,

O6patHo, jponyctuM, uto Q ue orpanuuer B K. [loka-
JKeM Torja, uTo ( He MoXKeT ObTb HachileH B K. Muoxe-
CTBO

6.7.2. H=KU{~X1, ~Xo, ..., ~Xp ...},

rae X, onpegeneno B 6.2.1, HeMpPOTHBOPEUHBO, TaK KaK B
nporuBHoM cayuyae KU{~X;, ..., ~X,} okaszasoch 6bl
IIPOTHBOPEUHBLIM [/ HekoToporo m. Ho K—X,2X,, nas
I<m, u noromy K ~ X,,o ~ X;; orciofa BbITEKAN0 Gbl, YTO
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KU{~X,} npotuBopeuuBo u, ciegosareibHo, KX, Bo-
IpeKH HeorpaHuuyeHHOCTH Q.

[Tycto My — mogens H. B M; cymectsyer GeckoHeuHnast
nocaAe0BaTebHOCTb WHAMBUOOB {a;}, (=1, 2, ..., Takux,
uTO BCe OHH paanauunnt B My u Q(a;) ucruuno B M;. Ilycrs
Ki— MHOXeCTBO BCeX BbICKa3bIBaHHi, ONpefie/eHHBIX W
HCTHHHBIX B My, by — MHAHBUA, He coaepxauuiica B My, u
H; — mHOxecTBO BhickaswiBanuil {~ E(by, a;)}, i=1, 2, ...

Pacemorpum  mHoxectBo Hy=K;UH,UQ (by); amwboe

ero KOHEUYHOEe I10JMHOKECTBO H, COJNEPIKUT TOJABKO KOHEU-
HOE YHCJI0 @; W He COJNEPXKUT @; AJf {>], rjie | 3aBUCHT OT
Hs. [TockonbKy Bce a; pasauunsl B My, to ~ E(ap, a;) uc-
THHHO B M, anas Hekoroporo ap (R>j), i=1, ..., j. B 10
JKe BpeMs ap yaoBJaeTBopsieT Q(x) mo olpeieseHHIO Mociae-
JoBatenbHocTH {@;}. OTclona cienyer, 4TO ecJd B Hj 3ame-
HUTB BClOAy by Ha ap, To My Gyaer yIOBJAETBOPSAThL MOJYUEH-
HOMY MHOJKECTBY, KOTOpOE, CJE€0BAaTEe/]bHO, HENpOTHBOpe-
upBo. Takum obpasom, camo H; HEeNpoTHUBOPEYUBO, a TeM
caMbIM HeENpOTHBOpeuuBO u Ho.

[Mycts My — Mogenb Ho. My copepuT HHANBHIB a4, by,
as, as, ..., ylosijersopsiomide Q(x) B M, Bosee toro,
M, — snemeHTapHOe paciiupenue M; u, caenoBaTebHO, MO-
neas K. Paccyxpaas aHaloruyabiM o06pas3oM, MOXHO NO-
cTpouTh Moaedb M; MHoxectBa K, KoTOpasi sIBJasieTcs
3JeMEHTAPHLIM paciiupedueM M, U KOTOpast COREPKUT
HHAMBHA b;, ynomierBopsiiownét Q(x) B M; M OTJIWUHBIN
oT a4, bs, az, @i, ... llponosxas 3TOT Npouecc, Mbl MOJY-
yuM uenouky moaenedl K, MicM.cM;c ..., takyio, uro
meEM, b; €EM;, i=2, 3, ...; Q(a,) ucturno B M; ans Bcex
i Qb)) wmctumno B M; pas 2<i<j u MUHAMBUAB @i, by,
bs, ... BCe pasjuuHbl. DTO NokasbiBaeT, 4To Q(x) He Hachl-
IleH, ¥ Hama teopema, TakKuM 06pasoM, JoKka3aHa.

[Tousitne HachieHHoro npeaukata Q(xy, ..., X,) B K
JIJIsT MPOH3BOJIBHOTO 71 MOXeT ObIThb 0606IIEHO C/eAYIoLUM
o6pasoM. [lycrb MM, ... — GecKoHeuHas Leroyka Mo-
peneii K. O6osnauum uepes M;' n-MepHOe IeKapTOBO MPo-
cTpaHcTBo HaaM;, adepes V; — mHoroo6pasue Q(xy, ..., X))

B M; T. e. MHOXecTBO TOuek (a;, ..., ay,) ¢ Ko-
opaunatamMu B M;, Takux, urto Q(ay, ..., a,) uCTHHHO B M.
[Tyere W;=V;N VNV N ... Toraa Q(xy, ..., Xa) Ha-
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coiyer B K, ecau ans mo6o# Takod LENOYKH Monened
W,=W, 1 =W;.=... aaa apocratounoro 6oJsbworo i. [lpu
n=1 »3T0 ompejejerEne CBOJUTCA K MepPBOHAYAJbHOMY.
C apyroit cTopoHsl, TOT (akr, uTo Q fBJSETCs OrpaHHYeH-
HbIM TpeJHKaTOM CTeNeHd MM, O03HauaeT, 4yTo Js Jboro
npoctpaHcra M™ Hax mozenpto M mHoxkectsa K MHOTo06-
pasue Q cofep:kut He (oJee 4eM m DPAa3JHYHBIX TOYEK U B
TO e BpeMsi cyliecrByer Moneab M, nas koropoit V coaep-
JKUT B TOUHOCTH M Touek. Kak ¥ paHblie, HMEET MEeCTO

6.2.8. Teopewma. [Ipeduxar Q(xy, ..., Xn) O2PAHU4CH
170200 U TOABKO To20a, K020Q OH HACHIULEH.

Caeaywowyil, 6ojee OpoOCTOil pe3y/abTaT AOBOJBLHO JIETKO
MOJy4aeTcss ¢ MOMOLIbIO OJIHOrO H3 HCIOJb30BAaHHBIX paHee
paccyXJeHHi NpH A0KasaTenbcTe 6.2.6.

6.2.9. Teopema. Ecau npedukar Q(xy, ...,%yn), onpe-
Oeaennnlii 8 K, o6aadaetr rtem ceolictgom, uto 0asn Aw0004
smodeau M mnoxcecrea K mrozoobpasue V npeduxara Q 6
Mn koneurno, To Q oeparuuen.

[TokaxeM Tenepb, UTO NPH HEKOTOPBHIX YCJAOBUAX Orpa-
HUYEHHBIE TIPeAHKATHl MOLYT OBITbh PasJioXKeHbl MOJOGHO
MHOTOUJIEHaM B Teopud noJdsd. B mocjaenyiomiux paccMoTpe-
HUSX TIpeanosaraercs, 4To BCe IPEeJUKaThl NPUHAIJIeKAT
MHOKeCTBY Jo TIPeAUKATOB OT 1 nepeMeHHLX (n2>1), onpe-
nenendbix B K, rae K — HENpOTHBOPEUHBOE MHOXKECTBO
BHICKA3LIBAHUNA € OTHOuUIeHWeM paBeHcTBa. [lpeamkar
Qi (xy, ..., Xn) NEJNUT IpearKaT Qao(%y, ..., Xn), COKpallleH-
Ho Qq|Qs, ecan

6.2.10. K}—in .. V)Cn[Q1 (X1, ey xn) DQQ(Xi, [P xn)]-

JlBa nmpenukata, Qi u Qs Ha30BeM aCCOYUUPOBAHMHBIMU, CO-
KpaueHHo Qy=Q,, ecau Q11Q; n Q21Q.. Ecanm QqQ,, TtO
deg Qi<deg Q, a ecin Q= Qy, 10 deg Qi=deg Q». .
OrpaHWueHHbIl NpeIuKaT MONOKHUTEJIbHOl CTENeHH Ha-
3BIBAETCH NpPOCTbIM, €CAM OH acCOHMHMPOBAH CO BCEMU
CBOHMH TPOCTBIMH JEJHTEJSIMH TOJIOKHTEIbHOM cTenenn. Ta-
KMM 06Da3oM, CTENEeHb jeJqHuTeNs NPOCTOTO NMpeAnKara pas-
wa aubo Hysaw, anbo cremenn Q. Ilociennee ycmosue, on-
HAaKO, HeJOCTATOYHO AJs1 TOro, UToObl TpepuKkar OBl TIPO-
cTBIM. Bce TpeaHKaThl HyJeBOH CTeNeHH acCCOUMHPOBAHLL
TlonyctuM, uto Jo KOHBIOHKTHBHO (OTHOCHTeAbHO K), M
nycts Q1 u Q mpocthl B MHOXKecTBe [q. Toraa, ecin aas
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HEKOTOpo#t mMolenn M mHoxecTBa K nepeceueHne MHOroo6-
pasuit Vi u V, npeaukaros Q u Qp ne mycro, 1o Q u Q,
accouunpoBanbl. Bepenm naxe Gosee obwuii ¢akt. Ecau
Q, — npocTon npenuKaT, MHoroo6pasue koroporo Vic Mn
Hal HEKOTOpoil MojJenblo M mHuoxectBa K umeer obluyio
TOUYKYy ¢ MHOrooGpasueM V, mpeaukata Qs To Q| Q;. B ca-
MOM JeJ/e, DaccMOTpUM npeaukat Q;€.Jq, a1s Kotoporo

K=Vxr . Vx[Qs (X1, ..o, %0)=Qy(xs, ..., x)A
/\Qz(xi, ey Xn)].

Takoit npeaukar Q3 CyLIecTBYeT BBHAY KOHBIOHKTHBHOCTH
Jq otHOCHTesbHO K. Crenenb Q3 mosoxurenpHa, MOCKOJIBKY
Qs uctunen Bo Beex Toukax ViNV,. ScHo, uto Q) Q, U, TakK
KakK Qi NpocToi, To 3T0 03HayaeT, uTo Qs=~Q; U TeM caMbIM
Q11Qs. C apyroit cropousl, Q3| Q, u, cjenoBaTeabHoO, Q11Q,,
uTo H TpeboBasoch n0Kazath. Ecan Qq u Q, o6a mpocthie,
TO Mbl, €CTECTBEHHO, 3aKJuaeM, yTo Q= Q.

Honyctum Teneps, uto Jo Takxke M AN3BIOHKTHBHO. [Ipe-
AMKAaT Q Ha30BeM pa3A0JCUMbLM, €CJH CYIIeCTBYIOT TaKHe
npeaukatsl @y u Q,, 4TO

0<deg Q1<deg Q, 0<deg Q:<deg Q

n Q=QiVQy B NpOTHBHOM ciydae OyAeM Ha3blBaThb (pe-
nuKar Hepasaonumsir. TIpocTol mpemukar, Kak HeTpyaHO
BHIETh, HepasJjoxuM. MHIyKI#ed no cTenenu JierKo MoKa-
3bIBAETCA, UTO KaXKAblH NpelnKaT MOJOXMHUTEAbHOH CTelcHH
acCOUMUPOBAH € JHU3DBIOHKIHEH KOHEYHOTO YMCJa Hepasio-
KHMBIX NPeJAUKATOB:

6.2.11. Q=Q1VQ:V ... VQ.

Takoe mpejcraBieHue Ha3OBeM HECOKPATUMbLM, €CJH MPH
BBIYEDKHUBAHHH OJHOTO M3 4YJEHOB JM3BIOHKLHH CIpaBej-
JUBOCTb (popMyJbl Hapywaercs. [lpencraB/ieHne mnpennka-
T4 B BUJE HECOKPATHMOH [H3BIOHKIIMH He 06S3aTeNbHO
equHcTBeHHO. OJMHAKO €IMHCTBEHHOCTh HEOBXOAUMO HMeeT
MECTO NpH BBIIOJHEHHH CJIEYIOUIEro AONOJHHTENBHOTO yC-
JIOBUS:

6.2.12. Eciu @Q4|Q; u deg Qi=deg Q;>0, 10 Q,;~Q,.
[ycts npu aTOM Npeanonoxexuy
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6.2.13.
Q=Q,VQ,V VQ,=QIVQV ... vQl.
rie Q NnoJOKHUTEJIbHOH CTeneHH U Q- Q. Q- - jn
Hepasnoxumbl. Torma ans i=1, 2, ..., m

Q=UAQR=QAQIVQYV ... VQ,]=
~[QAQIVIQUA[GY -V QL)

deg [Q, A Q)] < dez C,
deg[Q, A[QV ... VQ]]<degQ,

B CHJy HEpasJIOXXKHMOCIH Qi HUMEKTCA 4YeTbipe BO3MOXKHO-

T deg[Q, A Q) =0, deg[Q, A Q) =deg Q.
deg[Q; A [Q;V ... V QL ]]=0,
deg[Q A [Q4V -.. V Q)] =deg Q.
llpy 3TOM Ha OCHOBAaHHH BHITHCAHHBIX paHee Hepa-
BeHCTB W 6.2.4 mepBas BO3MOKHOCTH BJEYET 4ETBEPTYIO,

a TPETbsl — BTOPYIO, TaK 4YTO BEPHO OJAHO M3 ABYX: MJH
deg [Q; A Q]]=deg Q, namn
deg[Q, A [Q;V ... V Q,’n,] | =degQ,.

Ho Q; A Q{[Qi u notomy, ecan deg[Q; A Q]==degQ,,
10 Q, A\ Q =~ Q; cornacio 6.2.12. Ho B 3TOM cayuae
Q;]Q; A\ Q{ n, cienosarenso, Q;| Q- Ananornuno, ecau
deg[Q,/\[Q;\/ \/Q;n']]::‘dengv TO Q,lQ;\/
...V Q.. Takum o06pa3oM, BO BCEX C/aydYasx HMeer
MECTO XOTs OBl OHO COOTHOILIEHHE: QilQ; wi Q,| Qs V...
<.. VvV Q.. Ecay nepBoe M3 HUX HEBEPHO, TO

QU=QAN[QV ... VQ,]=
~[QAQIVIQAIQGY - V QL]

U MB, K4aK H paHblIE, 3axJI0YaeM, 4T0 HMEEeT MEecTo
XOTs Obl OLHO COOTHOUIEHHE Qzl Q;um QJQ;V ...V Q..

TaK 4TO

14 A. Po6uncog
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[Tpomosxas paJblie Haple DACCYXKACHHE, MBl IOJYYUM
B KOHL€ KOHLOB, 4TO Q; 1eJuT 1o Kpaiinelt mepe oauu Q,,
1<{kCm'. Ananoruuno, kamabi#t Q, I€JIUT XOTa Ol
omn Q;. Takum 06pasom, Aas JMOGOro i Qi|Q;, Q;]Qj
u, caenosareapHo, Q;|Q; Ho xoae ckopo 3To Tak,
Qv Q;=~Q;, anpu i+ j 370 03Hauaer, uro Q; cokpa-
TEMO B npeAcrasienun Q. CiemoaTenbHo, i=ju Q,~ Q.
Orciofa BHITEKAeT, UTO KaXAbH Q; acCONUHPOBAH C HEKO-
TopuiM Q. u HaoGopor. Ho Tak kak aBa npencrasienus Q
HECOKpPATHMEI, TO HHKAKHe /IBa uJleHa OMHOMN H TOH 3Ke JH3BIOH-
KUHMH He MOTYT ObITh 4CCOLMHDPOBAHBL Apyr ¢ ApyroM. Hrak,

6.2.14. Teopema. Haa awboix 08yx npedcrasienut

00HO20 U T020 ste npeduKaTra nocpedcT8oM HEeCOKPATUMOL
OUBDIOHKYUL HEPA3AONUMBLY NPedUKaTos

Q=Q,V ... vQ,=QV ... vQ.,
umeem m=m’ u, nocie COOTBETCTBYIOWEL neperymepayu,
Q;~ Qi

6.3. AareGpanueckne npeaukatel. XoOTs INOHATHE Orpa-
HUUEHHOTO NpeAHKaTta OT OAHOH MepeMeHHOH MOBOJBHO HO-
X0XK€ Ha MOHATHE MOJMHOMHAJbHOIO ypaBHeHusi ¢(x)=0,
nepBoe elle CJAMLIKOM UIMPOKO JJs TOro, YToObhl ObITh I1O-
JJMHHBbIM 060061eHneM nocaeanero. Ilpounatocrpupyem 3to
anst MHoxecTBa Kep akcuom moas. Ilycrs M — node, moay-
UYeHHOe NpHCOeAHHeHUeM BelllcCTBEHHOI'0 KOPHSI MHOroYJeHa

6.3.1. x* —2x2— 1

K MOJII0 PallHOHAJNbHBIX 4ucets. & Vl +I/§ — BEUIeCTBEeH-

Hble Kopau 6.3.1, a £ Vi V2 — munmble. Takum o6pa-
3oM, M comepxur o0a BelleCTBEHHBIX KOPHS MHOTOYJICHA
6.3.1 u He coaepkuT MHHMBIX. [lycTtb

6.3.2. g(x)=x2—2x— 1

i=1, 2, ..., m.

H Qg (x) — mpeaukar, yTBepXKAalOWIUK, YTO X €CTb KOpPEeHb
q(x).uHeprﬂHo chopMyaupoBath Q4 (X) B TepMHHAX OTHO-
wenuit E, S, P 6e3 unauBuaoB. OmnpejesuM Tenepb npe-
JIUKaT

6.3] AJITEBPAMUECKUE TIPEAVKATH on

6.3.3. Q(x)=Qq(x) N[AyP (y, y, ) N[V2[Qq(2) N\
A[TwP (v, w, 2)]2E (x, 2)]]

(untaeTcs «X — KOpeHb ¢(X) M KBaApaT HEKOTOPOTO 3Je-
MeHTa, ¥ Jw6o# apyroil 3sjemeHT, o0/JafaloUUil STHMH
cBoiicTBaMH, paBeH Xx»). Jlerko nposepsiercs, uto Q(X) —
orpaHuueHHbid mpenukat crenedu 1 B Kep. Kpome Toro,

npua=1-4V)2 Q(a) ucrunno B M, X0Ta cTemeHb ajre-
6panyHocTH @ Hal M pasHa 2%).
Q(a) aoxuo B nose M’, KoTopoe nosaydaercss 3 M npu-

COeMHEHHEM V1 — V2. Mubl BUAMM, TaKUM 0Gpas3oM, 4TO
Q(x) — cayuaiiHoe cBoiicTBO a. OpHaKo Mbl XoTean Obl
OrpaHMUYUTBCS TaKUMH NPEAMKATaMH, KOTOpBie BbIparkaJu
6b1 HanboJsiee XapaKTepHble CBOHCTBA YAOBJIETBOPANIINX HM
HHANBUA0B. Henb3s, KOHEYHO, CKa3aTb, UTO HHAHBH[, CaM IO
cebGe obsajlaeT KaKUM-TO CBOWUCTBOM NPH BCEBO3MOXKHBIX
BKJIOUEHHSIX €r0 B HEKOTCpPOe MHOXKECTBO, He CCBLIafACh NPy
3TOM Ha CTPYKTYpy HJIM MHOMKECTBO AKCHOM, B KOTOPBIX OH
cofiepHuTCsl. B cooTBeTcTBUH € 3THM, 4TOOB JaTh TOYHOE
ONHCaH#e MOHATHA XapaKTepPHOro CBOMCTBA MY NPeAHKarTa,
Mbl BHOBb BO3BpalllaeMCsi K I[IOHATHIO YCTOMYMBOCTH, BBe-
JeHHoMY B paspaene 3.3, u JaeM cjelylollee OnpejelieHue.

[lpemukat Q(xi, ..., X,) HasbiBaercsa aiszebpaudecKum
B K, ecstu oH orpanuueH B K W yCTOHYMB TpH pacCIiHpeHUH
orHocuTensHo K, Q(xiy, .... X,) HasoBeM cTpoeo arzebpati-
weckum B K, ecim Q anrebpanyen B K u yCTOHUHB mpHu
orpaHH4YeHHH OTHOCHTeNbHO K. KoMOMHMpYsi H3BECTHbIE
CBONCTBA OTFPAaHMUYEHHOCTH M YCTONYMBOCTH, JETKO YCMO-
TpeTb, YTO KOHBIOHKLHS H JAH3BIOHKIHUS ajrebpanvecKux
NpeAMKaTOB aare6panyia M YTO KOHBIOHKLHSI U JU3BIOHK-
IUSl CTPOTO anreGpanuecKHX MpPeJMKATOB TaKXKe CTPOro aJ-
rebpavuyHa.

[Tyctb Js — MHOXKECTBO CTPOTO aireGpavyeckux npeiu-
KaTOB OT A mepeMeHHbiXx mis ganHoro K. Homycrtuwm, 4To
3J1eMeHTHl Jg YJIOBIeTBOPSIOT CACAYIOLIEMY YCIOBHIO:!

6.3.4. Ecau crenenb Q(Xy, ..., Xp) paBHa m H MHOTO-
o6pasue V npeauxara Q B n-MepHoM npoctpanctse M" Han

*) WupMu caoBamu, cremens pacwupenns M M(a) pasua 2.
({Tpum. nepes.)

14*
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Mozneabto M muoxectBa K comepxut B TouHocTH A<Km pas-
JIMYHBIX TOYEK, TO CyHIeCTBYeT Takoe paciuupenune M'>M,
uto M’ — moaenr K u mHorooGpasume V' npemukata Q B
M’™ Hag M’ comepuUT M DPa3NHUHBIX TOYEK.

Mel nokaxewm cefiyac, 4To ycaosue 62.12 creayer us
6.3.4 nns Jo=1Js. [lyetb Qq u Qy — nBa 3aementa Jg Takue,
uto Qi|Qq u deg Q,=deg Q:=m. Ham nyxno YCTaHOBHTD,
yTo Q accomuuposan ¢ Q, (r. e. Qy} Q). UHBIMH ci0Bamu,
Mbl JOJIXKHBI TIOKa3aTh, UTO ecau Q, HCTHHEH B ToyKe P € Mn
(Han Mopenblo M wmuoxectBa K), To Q, Takxke wHcTH-
Hen B P.

Hrak, nyctb M — sio6as mofesnv K, ¥ npeamosoxkum,
yTo MHOrooOpasue V npeaukara Qi B8 M™ cogepXHuT B TOU-
HOCTH Kk Das/IMuHBIX TOYeK, a MHOroo6pasue V, mpeaukara
Qs comepXUT B TOYHOCTH [ pasjuuHbIX Touek, [<Km. [lo-
ckobKY Q1]|Qe, umeem Vi<V, u, caenoparenbho, k<.
YTBepKaeHue, KOoTopoe Mbl JOJKHB J0KasaTb, 10 Cyllie-
CTBY. O3Hauaer, yto k=/ Ilycte, Hanporus, k<! < m. Co-
raacHo 6.3.4 cyuecrsyer pacuwmupedue M’DM Ttakoe, uro
M’ — mognens K, u MHOrOOGpasue Vi npeaukara @, 8 M’»
Hag M’ cojep:KHT B TOUHOCTH /M pa3JHUHBIX 3J€MEHTOB.
Beuny ycroituusoctn Qq npu pacimpennuV, < Viu, caeno-

4
BaTeqbHO, V1 — V1 comepxuT poBHO M — k pasauuHBIX TO-

uex. Ho Q|Q, u motomy V1< Vs, rae V;——MHoroo6pasne
Qs B M. C ppyro#i cTOpOHbI, Qi YCTONYMB NPH OrpaHHYe-
HHH, W, 3HauuT, Toukn Vi— V) He MOTYT TpHHAjAJexaTh
Vo — V.. Takum o6pasom, V3 COJEpPIKHT HemepeceKaro-

muecsi MuoxectBa Vi, Vi—Vy, Vo— V1, obwmee uncio
3JE€MEHTOB KOTOPBIX paBHO m+! — k>m. Tlocaennee, on-
HaKo, HeBO3MOXXHO, TaK Kak creneHb (, paBHa m. Cjenosa-
TeabHo, k=1[, Q1|Q, u TeM caMbiM Q= Q;, uTO U Tpe6oBa-
JIOCh J10Ka3aTh.

6.3.5. Teopema. Ilyetp Qi(x), Q2(x), ..., Qu(x) —
MHOXMECTBO aneebpaudeckux npedukaros oT o00HOI nepe-
Mmennot u R(xy, ..., Xm, y) — meTamaremarudecKull mMHozo0-
yren 8 K (cm. pasaen 6.1). Toeda npeduxar

Q(x)=3x13xy ... Ax[ Q1 (x) AN Qa(x2) /\ ...
o AQu (X)) AR (X4, oL X, X))
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aacebpauver 8 K u deg Q(x)<deg Qi(x) deg Q,(x) ...
...deg Qu(x).

HokaszateabctBo. [lycth jpara npousBo/ibHas Mo-
aeab M muoxectBa K u ponycruMm, 9to Q;(x) HCTHHEH Aad
ji pasauyHbIX MHAWBHAOB M3 M, Tak uto j; < deg Q;. R—
mHorousied B K, nosromy Q(x) uctuHeH He GoJjee uem Jist
jje .. jm<deg Qy deg Q; ... deg Q,, pa3IMUHBIX WHAWBHAOB
8 M. CnenoBartesbHo, Q(x) orpaHdu4yeH U CTeneHb ero He
npesbitiaer deg Q deg Q, ... deg Q. Ilng HoKaszaTesbcTBa
T0r0, uTo Q(X) yCTONYMB (IPH pacIIHpeHHH), BCIOMHUM,
4YTO [0 ONpeAeJeHHI0 MeTaMaTeMaTHUYeCKOro MHOroYJeHa
R — 3K3UCTeHUHAJbHBEIN MPEeAHKaT M noroMy ycrohuus. Jlo-
MyCTUM Telepb, UTo Q(a) UCTHHeH B Mojeju M MHOMXKeCTBa
K nnss a € M. Torpa cyulecTByioT 3jeMeHTHl by, ..., bpC M
takue, 40 Qi(be) AQa(b2) A .. AQu(bm) AR(by,..,bm, a)
uetuano B M. Orciofa BHAHO, YTO 3TO BbiCKasblBaHHE HC-
THHHO TakKxe B JiofoMm pacuimpenun M DM, Kotopoe sB-
asietres Mojeabio K. Dt1o mokaseiBaer, 4ro Q(a) HCTUHHO
B M’, u, cienoBarenbHo, Q{x) ycroiluus. [Tockoabky Q(x)
K TOMY XK€ W OTpaHHueH, TO 3TOT Opejaukar airebpauueH, U
teopeMa 6.3.5 AokasaHa.

[Mycts M — n106Gasi Moaenbp K. Daement a u3 M Hasbl-
BaeTcss (cTporo) anreGpaduHblM, €CAH @ YIOBJAETBOpSET
(cTporo) ajnre6paumyeckoMy npeauxary B K. HaumeHburyio
BO3MOXKHYK) CTeleHb ajreGpanvyeckoro npeankara, KoTo-
poMy YIOBJeTBOpsieT @, Ha3oBeM CTemeHbio a. Mojesab, Bce
3JIeMeHTHl KOTOpO# aJdre6panyHbl, OyAeM HasblBaTb aJjre-
6pauueckoli. Moneab M mHoxkectBa K HasoBem azzebpau-
qecKu NOAHOU, eCMU KaXIbii ajarebpauyeckui mpegudkar
Q(x) or opHo# nepemeHHOfi B K yJoBJeTBopsieTcss HEKOTO-
pDHIM MHAHBHAOM M3 M nNpu ycJ0BHHM, 4TO OH YJOBJETBO-
psieTcst B HekoTtopoll Mojean K, KoTopas siBaseTcsl paclld-
penneMm M. Mogear M muoxectBa K ¢ auarpammoit D
HasbiBaeTcs aseebpauyecky 3aMKHYTOU, eClIH KaXKJbli ajre-
OpauuecKuil TpeaHKaT I0JO0XKHTeNbHOH cTenmeHd B KUD
YIOBJETBOPSETCST HEKOTOpPhIM 3jemeHToM M. Ausre6Gpanue-
CKH 3aMKHyTasi Moflenb K sBJAsieTcsi TaKxke anreGpauuecku
noanoii. Ecan K moano (B cMmbicie raaesl 1V) 1 M — Mo-
aeab K, to M aareGpandecky nosua (oTHocutesbHo K).
Jle#cTBuTenbHo, nycTb Q (x) — awboft aaredpanueckuil npe-
nukat. Torga BblickasbiBanpe JxQ(x) U060 BBLIBOAHUMO H3
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K, tak uro Q(x) HCTHHeH IJi HEKOTOPOTO SJaeMeHTa u3 M,
M160 nporusopeunt K, tak uto Q(x) J0KeH AA  Bcex HH-
AUBUIOB 13 JI060# Momenu K.

6.3.6. Teopema. Iycro M — anrze6pauyecku 3aMKHY-
ras modeav K ¢ uaepammoii D u nycte M’ — pacuuperue
M, roropoe raxme seaserca modeavio K. Toeda At000i
anement a€ M’, yoosaersopsrouuii areebpauyeckomy npe-
Oukary 8 H=KUD, doaxen 6oi16 pasen 8 M’ HEeKOTOPOMY
anemenTy us M,

Hokasateabcrso. [lyets Q(x) — Tor anreGpanue-
CKHH npemukar B H, nns koroporo Q(a) wucrunuo B M.
B cuny anreGpanueckoit samkuyrocrn M cymecrsyer by € M
TakoH, uro Q(by) wuctuHHo B M. B cuiy orpamueHHO-
¢t Q(x) HalijeTcss KOHeuHbfi Habop 3JeMeHTOB u3 M, cka-
xKeM, by, ..., by, Takoi, uTo

V[Q(x)DE(x, b)) VE(x,bs)V ... VE(x, by)]
ucTuHHO B M. Paccmorpum mpepukar
Q(x)=QIN~E(x, bi) A~E(x, b))\ ... ~E(x, by).

Q(x) anre6pauuen B H, HO He yJOBJETBOPSETCS HH OLHHM
si1emMeHTOM U3 M. B cooTBerctBuM ¢ aTHM Q’(X) He yloBJe-
TBOpSETCS Takxke W B Jo6odl momenu H. CienosarenbHo,

H-VA[Q(x) DE(x, b))V ... VE(x, by)]

U OTOMY
HHE(a, b))\ ...VE(a, by).

6.3.7. Teopewma. Kawdas modeav M mnosecrsa K
obaadaer takum pacuuperuem M’, KoTopoe agisercs mo-
deasto K u areebpauuecku noanbim *),

Hokasateabcrso. [lyers J4 — MHOXecTBO BCex aJl-
re6pavyeckux B K npeiuxaToB OT OAHON mMepeMenHo#. [las
Kaxjaoro Q(x) € J,4 BBeaeM OTICbHBIA MHAMBUA, HE OpH-

*) Ha camom pgese aBTop GyjeT J[OKasbiBaTh ciejyiollee Gosiee
CHJIbHOE YTBEpIKIeHHe.

s npouseoivro2o HenpoTUBOPEHUBO20 MHONECTBA BbLCKABLIBAHUL
K umeerca raxoe nenporusopeuusoe muoxcecrso K' DK, awbas modeas
KoTopozo as2ebpaudecku noana. Hama Teopema moayuaeTcss OTCHOAA
npu K, pasiom K U D. ({Tpun. nepes.)
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Hajgaexauwuil K. Paccmotrpum muoxectBo Q(ag)=FH. He-
TPYIAHO 3aMETHTb, UTO s J060f JHHeHHO ynopsiJoueHHOH
cucTeMbl noaMHoxects H, coBmecTHBIX ¢ K, oObeauHeHue
THX NOAMHOXKECTB Takke coBmectHo ¢ K. CaenoBatenbHo,
no saemme [lopHa cyulecTByeT MakcuMa/bHOE COBMECTHOE
¢ K nogmuoxectso H' < H. Tlycts M — monens KU f1’. Ml
yrBepxkjaaeM Torja, uro M aareGpaudecku noana. Homy-
cTHM, uTo 3TO He Tak. Toraa cymecrsyer Q' (x) € J 4, TaKoi,
yto FxQ’(x) MoKHO B M, HO HCTHHHO B HEKOTOPOM paclly-
perun M’ oM, xotopoe siBasercs mojaeabio K. Corsacuo
nocrpoernto M BbickaspiBanue Q’(a,) NpHHALIEKHUT

H — H’. Orciona, no onpepeqenuto [/, naiinercs Takoi Ko-
HeuHbl{i Habop ajeMeHTOB u3 H”:

Qi(ag)s ---» Qulag ), ut0 K= ~[Qu(ag )N . ..
A\ Qmlag YAQ (ag)]

K}”Qi(an)/\ LR /\Qm (an) = NQI(aQ/)v
a ¢JegoBaTelibHo,

KX =[3x:Qs (x) 1N . .. A[Fx0 Qo (xm) IDIVY[ ~ Q (1) 11

Ho npeaukatrn Q;(x) anreOGpaHdyHbl M, TeM CaMbIM, yCTOH-
U¥BH NPH pacuiMpeHud oTHOcHTe1bHO K. OTclofa BbITEKAeT,
yro aHTenedeHT X MCTHUHEH BO BCeX pacluupenuax M, xoro-
phie sBJasiioTes Modeasimu K, u moromy JxQ(X) J10XKHO B
JN1060f TAKOH CTPYKType.

Ipu paccMoTpenuu crenuanbHoro caydas K= K¢rp (MHO-
JKeCTBAa aKCHOM 1oJisl) Halle ymorpefJeHde c/10Ba «aJre-
Gpanueckuil» GyjJeT B HEKOTOPOM cMbicje onpasaaHo. Ilpe-
ke BCero (s 3TOTO MHOKECTBa) Mbl YCTAHOBHM cIipa-
BeJJIHBOCTb CJAeYIOlleH TeopeMbl:

6.3.8. Teopewma. Ecau npeduxar Q{x) arcebpauuen
8 mromecrse KU D, ede D — Juaepammna nexkoropoeo noas
M, u a—raxoli ssement u3 pacuwuperus M o>M (M —
modesv K), uro a rpancyerndentrno nad M, to Q(a) soxHO
8 M. ‘ :
Hoxasartensctno. Jlomyetum, yTo Q(a) HCTHHHO B
M’ pna sneMcurta @, TpaHcuengentHoro Hai M. Beuay ye-
tollunBocTH Q(x) Q(a) MCTHHHO TakK:Ke B ajrebpanyecKoM
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3ambikanun M* nons M’. Ilyctb b — npousBoabHBIH 3Jae-
MeHT U3 M*, rpancuengentaniii wag M. Toraa cyliecTByer
aBToMOop®u3M M*, nepeBoAsSIlUUE @ B b 1 oCTaBASIOWMH e-
MeHTHl M Ha mecre. Orcioga cienver, 4to Q(b) HCTHHHO B
M*. Oanako uMc/l0 Pas/MUHBIX 3JeMeHToB M*, TpaHclel-
JeHTHBIX Hajx M, GeckoneuHo, Tak uTo Q(xX) HMCTHHeR IIf
OeCKOHEYHOTO UHCJAa pasjHuHbBIX 3jaemMeHToB M*. 3ro, on-
HaKO, NIPOTUBOPEUHUT orpanudeHnoctd Q(x) 8 KUD u nmama
TeopeMa JoKa3aHa.

6.3.9. Teopewma. [Hycro g(x) — Henyresoll mHo2ouAeH
¢ koapuyuenranu & nexoropom nore M. Toeda cyue-
creyer npeduxar Q(x), crpoco aszebpauunoii 8 KepUD
(D — duaepamma M) u takod, 4o O0as kaxcdoeo 3iemew-
Ta a usd at06o2o noas M'2M Q(a) ucrurno 6 M’ Toeda
1w ToAbKO Toeda, Koeda g(a)=0. O6parno, din Kkaxdoeo
cTpozo areebpauveckozo npeduxara 8 KUD cywecrsyer
HeHYAeBOLL MHO2OuAeH ¢ Koapduyuentaruy 8 M, rtaxod,
4T0  0AA BCAKOZO IAEMEHTQA a U3 NPOUSEOALHO20 NOAf
M’ oM Q(a) ucrunno 8 M’ 10200 u TOAbKO TO2OA, KO20Q
g(a)=0.

HokasateabcTso. [l N0Ka3aTenbCTBa NepBoil 4a-
CTH TeOpeMbl HaM JOCTaTOYHO HAaHTH (opMalbHOE BhHIpaXKe-
Hue ypasHenus ¢(x)=0 B tepmunax E, S, P u ko3popu-
LHEHTOB ¢ (X), a 3TO BCerja BO3MOIKHO.

O6parHo, A/1A 1aHHOTO CTPOTO 2JredpandecKoro npeau-
kata Q(x) B KU D Mbl JOMKHBEI OTBICKATb COOTBETCTBYIOLLHIT
muorousnen ¢q(x). Ilycrs M* — anre6pauueckoe 3aMblxa-
uue M. Jlas mo6blX ABYX 3/71eMeHTOB u3 M*, conpsikeH-
HblX Hag M (T. e. @ U @’ — KOpPHH OJIHOFO U TOTO K€ He-
npuBOANMOro Haj M mHorounena ¢ Kosdodunuentamu 8 M),
cywecTsyer aBroMopdusm M*, mepesoaswuil a B a’ u oc-
TaBaAwWHA Ha MecTe aaemenTel M. Otciona cnenyer, yro
Q(a) nctunHo B M* Torma m To/IBKO TOTrAa, Koraa Q(a’)
uctHHHO B M*. Takum o6pasoM, aas n060ro MHOTOUJIeHa
p(x) ¢ xosdpdunuenramu B M, HenpuBOoAUMOro Hanm M,
Q(x) ubo uctuHHO B M* 1715 BCeX KOpHel p(x), aubo ne
MCTHHHO HH s oAHoro u3 Hux. Ilyers pi(x), pa(x),

., pj(X) — MHOXeCTBO YHHTADPHBIX MHOIOU/JEHOB MOJOMKH-
TeJILHOH CcTenenn ¢ KosdbHUHEHTaMH B M, HenpHBOAUMbIX
Hag M u Taknx, uto Q(x) MCTHHEH AJs BCeX KOpHeH p;(x),
i=1, ..., j. Uncio Takux MHOTOUY/IEHOB KOHEUHO, MOCKOJIbKY
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Q(x) orpanuueHn. [lonoxum ¢(x)=pi(x)...p;(x). Torna
nas aéoro at M* 6ymer g(a)=0 Toria M ToJBKO TOT/a,
koraa Q(a) uctunno B M. To xe camoe OyjpeT cnpaBesl-
JIHBO, ecld Mbi 3aMeHuM noje M* nwofblM ero paciupe-
HHeM, BBUAY cTporofl anreSpauynoctd Q(x) u 6.3.8. Haxo-
neu, ecin M” — moboe pacmupersne M u ae€ M’, 1o g(a) =0
TOorga W TOJAbLKO TOraa, koria Q(a) wucruHdo B M, mno-
CKOIbKY M’ MoxeT ObITb BJIOXKEHO B pacuiupenue M* u
Q(x) ycrollunBo NpH OrpaHUYEHHH U PACUIMPEHHH,
3aMeTuM, u4TO BTOpas 4acThb TEOpPEMbl y:xKe He 006si3a-
TeJbHO BepHa st aare6padyeckoro, Ho He CTPOro ajre-
fpauueckoro npeaukara. PaccMoTpuM npeurar

6.3.10. Q(x)=P(x, x, 2)N\[3yP(y, y, x)]

-— YHTAeTCHA «X — KBaJpaTHBIl KOpeHb M3 2 U KBaapaT He-
KoToporo 3jdeMenrta». [1yctb M — nosie palMOHANIbHBIX UH-
N

4 _ i _
cen u M = M(VQ) (3mech V2 — BelecTBeHHbI KOpEHbB).
Q(x) ynosaerBopsieTcss B M’ TOIbKO IIpu x=-V2, xorsa

— V2 conpsiken ¢ + V2 u'comepxurca 8 M’. Takum 06-
pasoMm, A1 Q(x) He cyllecTByeT MHOrouJeHa ¢(x), Omu-
caHHoro Bo BTopo# vactu 6.3.9. HecsoxHast npoBepka Io-
KasbiBaeT, uto Q(x) aareGpauueH, HO He CTporo aJjrebpau-
yeH. B cOOTBETCTBHH CO CKa3aHHBIM BbIIUE, Mbl BHIHM, UTO
NOHsITHE CTPOro aarefpaudyeckoro npegMkKara MOXKeT pac-
CMaTpHUBaTbCsi KaK ecTeCTBeHHoe o6oOlleHHe aareOpauye-
CKON 3aBHcuMOCTH (T. €. YCJAOBUH, HajJaraeMblX MNOJHHO-
MHAJbHLIM ypaBHEHUEM).

B paccmarpuBaeMoM uactHom cayuae (K=Kc¢p) jaBa
crporo agare6panyecKux TNpejuKaTa acCOUMMPOBAHBI TOT[A
H TOJAbKO TOrja, KOrja COOTBETCTBYIOIIME MHOTOUJEHBI
MMEIOT OJHHAKOBblE HempuBoAuMBle (Hal M) MHoXuTenu.
Yenosue 6.3.4 u, caenoBaresbHo, 6.2.12 BBINOMHEHBl A5
ctporo aare6panueckux npeankatos B KcepUD; 310 yxe
GyZer He TaK AJs COOTBETCTBYIOLIEH COBOKYIHOCTH aJre-
Gpanueckux npeaukaroB. Tak, nanpumep, aire6panueckui
npeaukar 6.3.10 geaut anre6panueckuil npenuKat P(x, x,2),
HO He AaCCOIMMPOBAaH ¢ HUM, Xorsg oba NpeiuKaTa HMeIoT
crenenb 2. Hepasmoxumbie crtporo aJjre6panyeckue mnpe-
IHKATbl COOTBETCTBYIOT CTelMeHsAM HEeNPHBOAMMBIX MHOrO-
YJIeHOB.
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Ecniu  pas paHHoro M mocTpoHTE ero anrefpalueckd
nojHoe paciunperue M, 3ameHuB B 6.3.7 MHOKecTBO K MHO-
KecTBOM KcpUD, TO Bce MHOrOUJIEHBI TIOJNIOKHTEJABHOH CTe-
neHd ¢ kospduuuventramu B M Gyayr uMerb KopHu B M.
3amensas M Ha M, u cTposi anrefpanueckd HOJNHOE paclliu-
penue M, nonss M, orHocHTesnbHO MHOKecTBa KopU D, Tae
Dy — puarpamva M;, MBI NOJYyYHM, YTO BCE MHOTOYJIEHBI
¢ ko3dduuenramu B M, umerwr xkopHu B My [Iponomxkas
Hallie TIOCTPOEHHe, Mbl NpuzieM K lernouxke noieit McM,c
cMyc ..., obObeivHeHHe KOTOpHIX Oyjaer anareOpanyecKH
3aMKHYTO B OOBIUHOM aJre0padyeckKoM CMBICAE M, CJIeL0Ba-
TeJbHO, TaKXe B MeTaMaTeMaTHYecKOM CMbIC/Ie, Onpele-
JIEHHOM paHee B 3ToM pasfene. Takum o6paszoM, HaMU TO-
JyueHa JApyras MeramaTeMaTuueckas npouegypa NocTpoe-
HUS ajrebpandecKd 3aMKHYTOTO pAacliMpeHUs AJs AAHHOTO
nOJSL.

Ecan Bmecro mHoxecrBa KcerpUD paccMoTpeTb MHOXKe-

ctBo akcuom K&r mons xapaxrepucTkd p>>0, To B 3TOoM
caydae CTporo anarebpandeckie NpeAuKaThl COOTBETCTBYIOT
MHOTOUWJIeHaM ¢ KO3((pHIMEHTAaMH B NPOCTOM IMoOJe Xapak-
repucTHKE p. Bo Bcex 3THX cayuaax anarebpandecKue mpe-
JHKAThl OT 0oJee ueM OJHOH TepeMeHHOH COOTBETCTBYIOT
MHOK€CTBAM MHOTOUJIEHOB, MOCKOJbKY, BOOOILE TOBOPS, OT-
JeJIbHbIe MHOTOUJIEHBl OT HECKOJbKHX [lepeMeHHBIX AaloT He-
OrpaHuveHHble MPeJHKATHL.

6.4. AareGpanueckue NMPeIHKaTbl U BBIMYKJAblE CHCTEMBI.
Kak ¥ B npeabiyllieM pasiede, nycTb K -— HEMPOTHBOpEUH-
BOE MHOXKECTBO AKCHOM C OTHONIEHWeM paseHCTBa E (X, y).
[Ipeanonoxum gononaHutebHo, 4t0 K CTpoeo 8binyxao (cMm.
n. 3.5) u M — mopennhoe sigpo K.

6.4.1. Teopewma. Kaxovui saement M yodosaersopser
areebpauneckomy npeduxary 8 K.

NoxaszarteabcrtBo. Ilyctb a — snement u3 M, pas-
HBIH HEKOTOPOMY 3JeMEHTY ¢, BCTpedarouleMycs B K. Has
takoro a Q(x)=FE(x,c¢) ecTb HCKOMBIl ajaredGpandeckuil
npeaukar. Takum o0pas3oM, TeopeMy ocTafloch A0Ka3aTb Al
saeMednToB M, ne pasHbix unausugam usz K. Ilyers D —
awarpamma M u M’ — mozens K, uzomopdHas M u Takasg,
uto o6WHMMY 3jaeMeHTaMu M u M’ SBASIOTCS TOJBKO WHIH-
Buabl 13 K (ecau omu tam Boobute ecrs). Ilycts D —
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nuarpamMma M’. Mnl yTBepxkjaaeM, uTo MHOKecTBo H =
=KUD UD’ HenpoTuBopeunso.

B camom gene, ecan H nporuBopeuuBo, To 444 HEKOTO-
POl KOHDBIOHKHMH Y 3/71eMeHTOB u3 D ¥ HEKOTOPOH KOHB-
KUY Y’ SJEMEHTOB U3 D’ 6ynem umerb Ki— ~[YAY]

Hycts Y'=Y'(a], ..., @), Tme sBHO yKasaHbl JULb Te
HHAMBUABL, KOTOpble He conepikarcs B K. OBosHaunm ue-
pes ay, ..., G, 37eMeHTH M, cooTBeTCTByWOWINE &), ..., @)

Ipu HEKOTOPOM (DHKCHPOBAaHHOM u3oMopdusMme mMexay M u
M’. 3ameTnm, 4TO B HalleMm ciyyae WHAUBHAB u3 K MOXHO
CUNTATb HMHBAPHAHTHLIMH MpH 3TOM H3oMopgusme. ITo-

CKOJIBKY @y, ..., @, He cojepxarcs nu B K, ru B Y, To MBI
3aKJaI0UYaeM, 4To (an NOAXOJSAHUX 21y ..., Zm)

6.42. KU{Y}=Vz.. Ve [~Y (21, ..., zn)]
Omnako K, Y u J2...32,Y (21, ..., 2m) BCe UCTUHHbLI B
M (B yacTHOCTH, mJisi MOCJACAHErO BbICKA3bIBAHHS 3TO Bep-
HO, noromy uto Y'(ai, ..., a,) ucruuno B M). Takum 06-

pasomM, 6.4.2 HeBO3MOXKHO U /1 HenpoTHBOpEUUBO.

Ilycts Temepb a — MpoOu3BOJbHBIA 3jeMeHT H3 M n
nyctb J— MHOXeCTBO BbICKas3niBauudl ~ E(a, b,), rae b,
npoGeraer Bce ajeMenThl M’. Mbl HamepeHH nokasaTh, 4TO
MHoxectBo H*=H UJ nporusopeuuso. Ilpeanonoxkum mpo-
THBHOe, M INycTe M™* — HekoTopasi momenn H*, M* — mo-
geap K n pacwupenne M u M’ Tlepeceuenue Bcex HOp-
MaJbHBIX NOACTPYKTYp M*, siBastiouiuxes momessamu K, mo
IPEANOJOKEHUIO, HENYCTO U B COOTBETCTEHH C 3THM fIB-
JisieTcsl HOpMaJsbHOH noAcTpyKtrypoit N crpykryp M u M’.
M — mopeabHOe sjgpo W notomy N= Ho rtoraa moay-
yaercs, uto M’ comep:kUT 3JeMeHT b, PaBHBII 3/JeMEHTY @
B M* ponpeku nocrpoenuio M*,

Otciona BBUAY NPOTHBOPEYUBOCTH J BBITEKAET CYIILECTBO-
BaHWe KOHEUHOTO yucsa sJeMeHToB M/, ckaxewm, by, ..., by,
[>>1, takux, uto H—E(a,b,)V ... VE(a, b;). 2To B cBOW0
ouepeib O3HAUAET, YTO KI—Z/\Z’:E(a b))V ...VE(a,b),
rne ZuZ — KOHBIOHKIUH 3/ICMCHTOB D u D’ coorBercTBeH-

Ho. Ilyetb ¢y, ... ¢, M ¢], ..., Cj—HHﬂHBH[LbI BbICKA3bIBA-
HUll Z 1 Z’, He coBnajalollle HY ¢ KaKUM-JIU60 MHAUBHUI0M
u3 K, uu ¢ by, ..., b, a. YuuTbiBas 3TO, 3anuilem

Z::Z(cl, Ci 0 Z’:.:Z’(c{, e, c’i),

)
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U TOJOKHUM
W=3w, ... 3ws(w, ..., @),
W' = 3w ... El'w;Z’ (w{, e fw’])
Torpa
6.43. KEFWAWSE(a, b))V ...VE(a,b).
[Tockosbky a u by, ..., b, npunaanexxar M u M’, mbl Mo-

XKeM Inpejinosararb, 106aB/ss, eCJlH HYXKHO, COOTBETCTBYIO-
mue sjeMeHTH U3 D u D', uTo 3TH MHAMBHABI cOAeprKaTCs
BZu Z, a ciegosareasno, B W u W’ coorBercrBeHHo. Kak
BBISICHSIJIOCH BBIIIE, MBI MOXeM CUYHTaTh, 4TO 4 OTJHUYEH B
M or Bcex unausugos u3s K. Boaee toro, Mbl MoKeM Takxe
CYMTATh, YTO W by, ..., b, oryivunabl B M’ oT BCex WHAMBH-
JoB u3 K. B camoMm peJe, npednonoxuM, uto b;, Hanpumep,
paBHsiercs B M’ unpuBuay ¢ us K. Torma ~ E(a,c) Bxo-
aut B D, a E(by,c) —B D’. Tak Kak E — oTHOLIEHHE pa-
BEHCTBA,

K= ~E(a,c) NE(by,c) > ~E(a,b)).
CJenoBatenbHo, IpHHUMasa BO BHUMaHue 6.4.3,
KHIWAN ~E(a, ) INIW NE(by, ¢)]DE(a, by) V. ..
...VE(a,b).

Pacmupus ofjacTh AeHCTBHS KBaHTOpa CYUIECTBOBAHMsS B
W ¢ TeM, uto6hl oHa BRaouana ~ E(a,¢) (c aHamoruuHoft
mogudukamueid past W AE(by, ¢)), Mbl IIOJIYYUM BBHICKa3bi-
BaHUsl, KOTOPHIME MOKHO 3aMenuTs Wu W', onyckasa B KoH-
cekBeHTe arolt umnankauuu E(a, by). Ipononxkas sty npo-
nexypy, Mbl OJAYYNM B HTOre Takoll KOHCEKBEHT, 4TO (HUTy-
pupyiome B Hem by OTIMYHBL OT BCEX WHIMBHAOB H3 K.
IIpu 3ToM HCKJAIOYEHA BO3MOXHOCTB TOT'O, YTO B KOHEUHOM
CUETE HE OCTAHETCs HU OJHOTO- b;. JleHCcTBHUTE/IBHO, B 3TOM
cayuae E(a, b))V ... VE(a, b)) o3Hauano Obl, 4TO @ paBHO
B M*), a cienosaTeqbHo, H B M, HEKOTOPDOMY UHAMBHIY H3
K, a 310 mpoTuBOpeuHT HalleMy Opelnosoxenuto. [lepemnu-
uiem 6.4.3, ykasniasi sisno @ B W u by, ..., b, B W'

6.4.4. K—W (@) AW (by, ..., b)>E(a, b))V ...
Ce \/E(a, bl)

*) Umeercs B BHAy, uro M* — Hekotopasi Mogeav H. ({flpum,
nepes.)
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Orciona caenyer, uro

6.4.5. K=VxVy, ... VylW() AW (yy, ..., y)D
SE(x,y) V... VE(x, y)]
3aMeHsis n0CAeJOBATENbHO X NEPEMEHHBIMH Xy, ..., X;, He-

TPVAHO BbIBECTH, UTO

6.4.6. K}‘Vxl ce VxNxVyi Ce Vy,[W(x1) VAN .
AW () AW () AW (g, ., g0 SIE (51 gV ..
o NVE (X, y)IN .. AE(x, y1) V...
. VE(x, y)IAE(x, y)V ... VE(x, yl

310 HeoHX0IUMO BJIeUeT, 4To

6.4.7. KF—in e VxNxVyi .. Vyl[W(xl) AV
AW AW ()W (g, ..., y) DE (x4, x2) V
VE(x1,x3)V .. .VE(x,x)V ... VE(x_, ) V
VE(x,x)V ... VE(x, x)].
CunegoBaresibHO, JJISi TMPOM3BOJbHBIX KOHCTaHT ¢y, ..., C
He colepxaumuxca B K,
K=Wi(cy, ..., c)DVx .. . VYOVAW (A ... AW () A
AW (x)DE (x1, x2)) VE (x4, x3) V ... VE(x, x)]

H TI0TOMY )
K—[3y:...3uW (ys, ..., g)]2Vx.. Ve Vx [W(x)A .
N W) AW (x) DE (%1, x9) VE (x1, x3) V...
... VE(x, x)]
Takum 06pa3oM, eciy MOJOXKHUTD
Q) =[W)A[Fys... 3uW (s, ..., gl

TO

K=Vxg VX V[Qx) A ... AQ(x) AQ(x) D
SE(x, %)V .. VE (%, x)VE(x, x)) V...V E(x, x))].

Orcrona BuaHO, uto Q(x) fABJASETCS OrpaHdueHHbIM B K cTe-
neHd He Boime [. Kpome TOro, MeHsiss MeCTaMu KBaHTODBI,
HEeTPYAHO 3aMeHHTb Q(X) 3K3HCTEHUHMANbHBLIM NPEAMKATOM,
3KBHBaJIeHTHBIM @ (oTHocuTesbHo K). Urak, Q(x) ycroii-
YMB NIPU pacIIMpeHHH OTHOCHTENbHO K H, cJefloBaTenbHO,
anrebpauyed. Tak kak Q(a) uctuHHO B M, T0O Teopema Jo-
KasaHa.
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Crenyolmuii MpUMep NOKa3blBaeT, 4YTO OIpaHHYEHHBIH
npeaukat Q(x), cyLlecTBOBaHHe KOTOPOTO yTBEPXKAaeTcs B
6.4.1, He ob6s3aTeabHo rMeeT crenedb 1. lonycerum, uro K
CO/lePIKUT OTHOUIeHHe paseHcTBa E (X, y) n apyroe GuHap-
Hoe oTHoweHnue F{x,y), tak uro E ynoBjaeTBOpser akcHo-
MaM 3KBHBAJEHTHOCTH W IOJACTAHOBOYHOCTH OTHOCHTEJIBHO
F (cm. 2.2.2). B pomosHeHHWe K 3TOMY NPeANOaaraercs, uto
K cofepxuT ciaefyiomiie aKCHOMBL:

6.4.8. VyllF (as, y) DE (as, y)INIV2IE (a0, 2)V
VI[3oF(z, ) A ~E(z, 0],

VxVy[F (x, y) N ~ E(x, y) 2[32[F (x, 2) A
N~E(x,2) N ~E(y, 2)]ll,

VxVyVaVo[F (x, y) ANF(x,2) AF(x,v) DE(x,y)V
VE(x,2)VE(x,0) VE(y, 23V E{y, v)NV E{(z,v)]
u
6.4.9. VxF(x, x)

VxVylF (x, y) F(y, x)]
VxVyVz[F(x, y) AF(y,2) DF(x,2)}

Akcuombl 6.4.9 yteepxkaaior, urto F, mojo6Ho E, apasgercs
OTHOIIeHHEM SKBHBAJEHTHOCTH (HO HE OTHOLUIEHHEM paBeH-
crBa). [lepBas akcuoma 6.4.8 mocTyaupyeT CyllecTBOBaHHE
eMHCTBEHHOIO 3JEMEHTa dp (eAHHCTBEHHOTO — B CMBIC/E
OTHOILIEHWS pPaBEHCTBA), Takoro, 4ro F(ay, y) NOXKHO AJd
JI060ro Y, OTJAMYHOTO OT @p. BTopas akcucMa TJiacHT, 4TO
ecau F(x,y) MCTUHHO JJIS IBYX PasjJHYHBIX X H Y, TO OHO
TaKkKe HCTHHHO ST X U HEeKOTOPOTo 2, He PABHOrO HU X, HH
y. Y, maxoHeu, noc/jeaHsss akCHOMa BbIpaxaeT TOT QakT,
YTO YHCJO DAas3jHYHBIX KJI4aCCOB 3KBHBAJEHTHOCTH OTHOCH-
TeabHO F He GoJbile TpexX.

JlioGas momenb K MoxKeT OBbITh ONHCaHa CJCAYIOLUIMM
o6pasoM. M cocTouT U3 HEKOTOPOFO YKCJA K/JIaCCOB IKBMBA-
aentaoctu {N,} orHocurensso F. OmuH U3 HUX, cKaxeM, Ny,
COMEPXKUT €JMHCTBEHHBIl 37eMeHT ao. Bee npyrue kmaccwl,
ecJiM OHM BOOGILE eCTh, cOJepKatr (110 BTOPOH W TpeTbell ak-
cuomam 6.4.8) poBHO Tpu 3/aeMeHTa. JlioBass HOpMaJsbHas
nojacTpykrypa M’'cM, takxke sBasioulasics Mojeablo K,
Jo/KHA BKAwuaTh Ny, Kpome toro, ecin M’ cofiepKuT XoTsa
Obl OAMH 3JeMeHT M3 apyroro N,, 1o M’ comepxur u Bce
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371eMeHThl 3Toro N,. M3 cKasaHHOTO HEMOCpeACTBEHHO BbI-
TeKaeT CTporast BHIYKAOCTb K. K HeNpOTHBOpEUHBO, Tak
Kak cjefymolnas cTpykrypa M* ectb mMogean K.

M* coaep:KUT ueTbipe MHIMBHAA Qg, Qi, Ao, 5. OTHOIIE-
nuss £ u F ucTuHHBl B M* TOJIbKO B NEPEUHCJEHHBIX HHIKE
cayyasnx:

64.10. E(ai, a;), =0, 1,2, 3,
F(aOa aO)
F(a;, a;), L, j=1 2, 3.

M* conep:KUT IBa KJacca 3KBUBAJEHTHOCTH OTHOCHTEJNbLHO
F: No={as} u Ni={ai, ay, as}. dnpom M* sisasiercs cTpyk-
Typa My, colepxallas eIHHCTBEHHbII 3JEMEHT gy, TaK UTO
n E(ay, ap) v F(ao, ag) nctunHb B Mo,

[Tyerp rtenepp K'=KU{~E(ay a1)}. K’ no-npexnemy
CTPOTO BLIIYKJO, H €ro Mojaean (aKTHUECKH SBJSIOTCH MO-
gedasMu K, colep:KallMMH, NOMHMO Qp, JEMEHT @, OT/IM4-
Hbill oT ao. [lpuBenennas Boilie cTpykrypa M* sapasiercs Mo-
jgeabto K’ 1 naxe mopenpubiMm sapoMm K/, Tak Kax oHa He
COJEPIKHT HH OQHOH COOCTBEHHOH (HOPMAaJbHOMN) MOACTPYK-
Typhl, KoTopasi Obla 6bl Monenswo K’. Ins Kaxjaoro ade-
MeHTa M* HeTpyJAHO ykasaTb YJIOBJAETBOPAIOIIUIA eMy mpe-
AWKarT, onpefeneHHbl U anrebpaudeckuit B K. Tak, apyno-
BaeTBOpsieT E(ag, x), ai ynosaersopsier E(ay, x), @y v az06a
yaosaersopsitor F(ay, x) A ~ E(ay, x). Ilepebie nBa npeau-
KaTa MMeIOT CTeneHb |, a mocJeNHUH — CTeneHb 2. qq U dq
He MOTYT YJOBJETBOPSTL HHKaKoMy anrefpaudeckomy mpe-
LUKaTy creneHu 1, Tax kak aBromopdusm M*, nepepoasiuiui
Ag<>Qo, A1<>ay, Ar<>03, A3<>0y, IPEOOGPA3yeT APYT B ADPY-
ra @; U s, Tak UTO Az K Q3 OJHOBPEMEHHO YAOBJETBOPSIOT
JoboMy onpesnenleHHoMy B K’ mpenukary,

BosspatuMcs x obmemy caydaw. [lycts M (S) M no-
JIyYeHa TIPUCOEAMHEHHEM MOJMHOXKeCTBA S Moneu M BHITYK-
JIOTO MHO2KeCcTBa akKcHoM K K moactpykrype M’ M, xoropas
apyaserca mojeabio K (m. 3.5). Ilyere K'=KU{E(a,, a,)},
rie a, npoGeraer Bce saeMenTbl M’ u S. K’ cTporo BBIIYKJIO,
IIOCKOJIbKY B HeM COAep:KUTCA 1o KpaiiHell Mepe OJMH MH-
auBuj. (BoickaswiBanus E(a,, a,) mbi go6aBuau kK K ToJb-
KO J/51 TOro, 4To6bl BBECTH MHAMBHIbBl @, B MHOMECTBO 4K-
CHOM; OHHM, OYEBHJHO, He MEHSIOT COBOKYMHOCTH BbICKA3bi-
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BaHUH, BLIBOAHMBIX U3 3TOTO MHOXecTBa.) M’(S) ectb aapo
M ordocurennHo K’ u notomy Kaxawlii saement M’ (S)
yaoBJAeTBOpseT anreGpanyeckoMy mpeankaty B K’. Hamom-
HEM, 4yto M’(S) — nepeceueHue BCEX HOPMAAbHLIX TION-
cTpyKTYp M, Kotopule conep:xkat M’ u S u aBaAsiOTCA MOJe-
JAAMU

Ecnn npu panusix K u M kaxasti anement M’ (S) yno-
BJETBOpAET aJredpaudeckoMy NpeAHKaTy nepsol crenexu
B K’ nas nwob6oi mogenu M’ M muoxecrsa K u aas Jio-
6oro noamMHoxectBa ScM, 10 M HashiBaeTcs OepuHUTHOL
(onpedeasennod) orHocutenbHo K. Brimykiaoe MHOxKecTBO K
Ha3oBeM [edHHUTHBIM (OMpe/lesieHHBIM), eCAH BCe MOJeH
K otHocuTeabHO Hero NehUHHTHHL,

ITon aBTOMOpOH3MOM g CTpyKTYypHl M, conepixalieit or-
HOlleHHe paBeHcTBa E, Mbl TOHHMaeM B3aMMHO OJHO3HAYHOE
oTro6paskeHHe MHOXKECTBa KJacCOB 3KBHBAJEHTHOCTH, OIpe-
IesNeHHbIX OTHolieHHeM E, Ha cebsi, TaK UTO COOTBETCTBYIO-
IIHe 3JeMEeHThl YZOBJETBOPSIIOT OJHHM H TeM Xe OTHOIle-
Husam. OnHako ecsin @ — aneMeHT M, TO Mbi 6yieM HCIIOJb30-
BaThb 3alUCh ga Ajsi 0603HaueHUus MPOM3BOJBHOIO 3JMeMeHTa
M3 TOTO KJlacca SKBUBAJEHTHOCTH, B KOTOPHIH g oTo6pakaer
KJacec, CoAepKalui a.

[Tycte M — mMozesab cTporo BBIIYKJAOro MHOKecTBa K,
neduHuTHAS oTHOCUTeNBHO K, M nyctb My, — MozenbHoe s4-
po M. Besxuit aBromopduaM M, ocTaBadOIIME Ha MecTe
afieMeHThl M, (TOuHee, KJacchl 3KBHBAJEeHTHOCTH), HA30-
BeM donycrumoim. HonycruMmbie aBroMopduambet M obpa-
sytor rpynny G.

6.4.11. Teopewma. [lycre g— donycTumoili asTomop-
pusm; T020a MHONMECTBO IAeMeHTO8 M, UHBAPUAHTHLIX NP
Oeidcreuu g, obpasyer nodcrtpyxrypy M, Koropas seasercs
modeasio K.

HJokaszateabcTBoO. [lycth Sy-— MHOXKeCTBO 3j1eMeH-
TOB M, HHBApHAHTHBIX OTHOCUTEIBHO g, H NycTb Mg —
CTPYKTypa, NoJyueHHasi OrpaHHueHHeM oOTHomeHui M Ha
Sy Mg M. .

IMycts K'=KU{E(a,, a,)}, Tie a, npoGeraer Bce 3Je-
MeHTel Mg (1. e. Sg), n nyctb a — Jo0o# nement M, ra-
Ko#, uTo Q(a@) ucTUHHO B M A4 HEKOTOpOro ajaredpande-
ckoro npeavkara Q cremenu | B K'. [Tockosnbky Q(x) ompe-
feqen B K’, To Bce MHAMBHABI TpeiHKaTa ( HHBApHAHTHLI

FESTI -

Toawms
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OTHOCHTEJIbHO g. B cOOTBETCTBHHU C 3THUM TO 0GCTOSATENBCTBO,
yro Q(a) uctuHHO B M, BJieder ucTHHHOCTL Q(ga) B M, rae
ga o603HauYaeT 3JeMeHT (C TOUHOCTbIO /IO PaBEHCTBA), B KO-
Topblit g orofpaxaer a. Ho Q(x) numeeT cTenenp 1, ¥ mo-
TOMY g@ P3BHO @, T. €, @ HHBAPHAHTHO NpH AeHCTBUH g.

Bosbmem B KauectBe M’ mogenbHoe saapo My, a B Ka-
yecTBe S — MHO)ecTBO Sz Torna us onpenejeHust Ledu-
HUTHOH MOJEMH OTHOCHTEJbHO K MBI NOJY4YHM, 4TO BCE 3Je-
MeHTH Mo(S,) MHBApHAHTHLI OTHOCUTEJIBHO g U TeM CaMbiM
npuHaanexar S, CaemoBarenpHo, Mo(Sy)=Mg; u Mg —
Mozeab K.

6.4.12. Teopema. [Tpu tex oce ycaosuax Ha K u M,
4TO U paHsuie, NPeonoL0XCUM OONOAHUTENBHO CYULecT808a-
Hue Takoeo aneebpauueckoeo npeduxara Q(Xx) creneru
n(n>1) 8 K, uro M nopoxdaerca n paziuurovimu 3ieme-
Tamu ai, ..., an, yoosaersoparowunu Q(x). (Mueimu cio-
Bamu M=M,(S), rae S={ay, as, ..., an} 0 My— Moneab-
Hoe siapo B M.) [Ipu stux ycaosusax G xKoneuna u ee nopsa-
dox m <L nl.

HoxaszareabctBo. ng ao6oro Ao0ycTUMOro g mo-
cJel0BaTe/bHOCTh 3aemeHTOB {ga;}, i=1, ..., n, HOJKHA
6bITh nepecTaHoBKod {ay, ..., an}. B camMoM jeJse, mockosb-
Ky BCE WH/IVMBHIBI, KOTOpPHIE coiepxkarcs B Q(x) (ecaum oHM
TaM BOOOIIe eCcTb), WHHBAPYAHTHBl OTHOCHTEJbHO g, TO
Q(ga;) ncrunno B M, i=1, ..., n. Tak gax ga; Bce pas-
JUUHBI M CTeleHb @ paBHa 7, TO NOCJAENOBATEIbHOCTb
{ga;}, Kak H YyTBepXKAa/n0Ch, IONyuaeTcsas MepPecTaHOBKOH

{ai, ey an}. .

Honyctum teneps, uro E(gias, gea;), i=1, 2, ..., n, uc-
THHHO B M /15 ABYX AONYCTHMbBIX aBTOMOP(H3MOB g1 U ga.
Toraa E(gilgjai, a;) werunno B M npu i=1, 2, ..., n.

[lycts @ — npousBodbHblil 371eMeHT M u nyctb Q' (x) — aa-
re6panueckuil npeaukar crenedn 1 B KU{E(ai, ai), ...

., E(an, a,))}, ynosnersopsiomuit a. Takoil npeankat Q'
CYIECTBYET J/Isi JAHHOTO @ B CHJIY OJHOTO H3 YCJOBHH
6.4.12. Beuny Toro, 4To BCe HHAMBHABI, BXoaswue B Q'(x),
WHBADHAHTHB OTHOCHTeNbHO g5'g), Q'(g7'¢,@) ucTHHHO B

M, a notoMy g5'g,a paBHO a M gi;a pPaBHO goa. DTO MOKa-
3bIBA€T, YTO €CJIM JBa JONYCTHMBIX H30MOpdu3Ma coBma-
paior Ha {ay, ..., ap}, TO OHM COBNAJAIOT U Ha BceH

15 A. Po6uucon
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cTpykType M. Tak Kak 4Hc/J0 NepecTaHOBOK W3 1 3JIEMEHTOB
paBHO 1!, To oTcloa BbITeKaer, uto G conep:kKUT He OoJjee
yeM 71! 3JCMEHTOB.

Ecan K — MHOXKeCTBO aKCHOM ToOJs HYJeBOH Xapakre-
puctuky, a Q(x) o6o3HayaeT TO CBOHCTBO, YTO X — KOPEHb
HEKOTOPOT0 MHOTOUJeHA ¢ (X) IOJOXKUTEIbHOR CTEeNeHu n ¢
palHOHaJbHbIMH KO3(Q(HLHEHTAMH, TO KOpPHH g(X) Nopo-
XKJAaT noae M, KoTopoe MOKeT CJAYKHTb WIOCTpaUUen K
Teopemam 6.4.11 u 6.4.12. B stom cayuae G ecrtb rpymnna
Fanya nona M *).

6.5. CenapaGeabHocTb. [lycth K — MHOKECTBO aKCHOM
C OTHOLIeHHEM paBeHCTBa, W nyctb M —wMmoxeap K ¢
auarpamMoi D. EcrtecTBeHHO crpocHTb, GyHeT Jid KaKiblh
(cTporo) aareGpauveckKuil MpelHKAT MNEPBOH CTeNeHd B
KUD ynoBneTBOpATbCS HEKOTOPBIM WHAMBHUAOM H3 M?
MoxHO caerka M3MeHHTb MOCTAHOBKY Bompoca: Oyier Jid
Kaxblll cTporo anreGpanueckuil npeauxat repBoil cTeneHu
B KUD ucTHHHBIM A/51 HEKOTOpPOTO HHAWUBHAA u3 M. 3Dtu
BONPOCH! MOOYKAAI0T BBECTH CJEAYIOUIHE ONpeesaeHH s .

Monens M mHOXecTBa akcnoM K (¢ OTHOUIEHHEM paBeH-
cTBa) HasoBeM cenapabeabroi (oTHocuTesbHO K), ecau aas
Kaxao#l momean MM wmuoxkecrsa K ¢ amarpammoin D’
so00l anrefpanueckuil npeaukaT nepeoil crenedu B8 KU D’
WcTHHeH B M’ ans Hekotoporo uHauvsuaa u3z M’ torma u
TOJBKO TOTAa, KOTAa OH HCTHHEH B M 1/a HEKOTOpPOro HH-
quBuaa W3 M. MHuoxecTBo akcuoMm K (c OTHOuLIeHUeM pa-
BEHCTBA) HA30BEM COBEPULIeHHbIM, ecald BCe Moneau K cena-
‘pabenbHBl OTHOCHTENBHO HETO.

Jlerko BHIETh, UTO eCJH MHOXKeCTBO akcHoM K (¢ OTHO-
lIeHHeM paBeHCTBa) 06J1afaeT TeM CBOHCTBOM, UTO [/ Ka-
xkaoft Mmoneau M’ muoxecrBa K ¢ auarpammoit D’ gi060#
ajgreGpanueckuil npeadkat neppoi crenedn B KUD’ ucru-
HeH IJis HeKOToporo MHauBuza uz M’, to K coBepiueHHO.
DTo ycioBHe TakxKe M HeoOxoaumo. [leficTBuTesNbHO, momy-
CTHM, YTO cymiectsver mMoaeab M’ ¢ muarpammoit D’ u ana-
reGpanueckuil npeaukat Q(x) nepeofi crenenn B KUD’,
Takol, yto Q(x) He y/JOBJAETBOPSIETCS HH OJHHM WHAMBMIOM

*) Tounee, G ectb rpynna Tlanya pacmupedns M D Mg, rae My —
noJje pauHoHaabHbx uncen. (Tpum. nepes.)
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u3 M’. Tak kak Q(x) — anare6paudecKuil mpeauKar nepBoil
CTEIIeHH, TO CyllecTByeT mMojeb M MHoxectBa KUD’ (T.e.
pacwmupenue M), takas, uro Q(a) ucTuHHO B M g/ HeKo-
Toporo uuAuBHAa a€ M., CaepoBateqabHo, ecau K cosep-
wenHo, To Q{(a’) ucrtunuo B M’ j/1s1 HEeKOTOPOro HHAMBUAA
a’€ M’, Bonpekn HallleMy MpeANOJOXKEeHHUIO.

3aiiMeMcsi Tenepb TeM, YTO YCTAHOBHM CBSI3b MEXKAY Ha-
UIMMH ONIpee€HUsAMU U COOTBETCTBYIOIIHMH MOHSATHAMH aJl-
re6pol. [lyctb M — none u M* — paciunpenne M. M*
6ylem HasbiBaTh cenapabenbHbiM paciuspeHveM M B anre6-
pauyeckoM CMblc/e, €CH Kaxablil aseMeHT M* ynosiaerso-
psIeT HeHyJeBOMY MHOroudeHy ¢ Kosdduunertamu B M Ges
KpaTHBIX MHOKHTeJefl. B coOTBETCTBMH € 3TUM oOnpeje-
genuem M* posmxkHO OBITH anre6paudeckKuM paclumpe-
HueM M.

6.5.1. Teopewma. [Tycte M — nose ¢ Ouazpammoti D
i M* — aareebpauneckoe pacwupenue M. Toeda, daa T020
410661 M* 6vi00 cenapabeasvroim pacuupenuem M 6 asze-
6pauueckom  cmovicae, Heobxodumo u OOCTATOUHO, 4T00ObL
M#* 66110 cenapabeavrowm othocurersro K=KgpUD.

NokasaTteabctso. [Ipeanonoxum, uto M* — cemna-
pabGenbHoe paciunpenne M B anre6pauuyeckoM CMbicae, H
nyctb M’ — npousBoabHas NOACTPYKTypa M¥, koropas sB-
agercst mogmearro KUD. Ilyets Q(x) — anre6pauueckud
npeankat nepsoit crenedn B K/, rie K'=KUD’, a D" —
nuarpamma M’. Jonyctum, uro Q(a) ucrusno B M’ aas
HeKoToporo 3aJjementa a € M*, a anre6panven Haa M u, cie-
poBaTenbHo, Haa M’. DTo o3HauyaeT CyUleCTBOBaHHE HeNpH-
BoauMOro (Ham M’) MHorouseHa p(Xx) cTemeHu n2>1 ¢ Ko-
spduunentamu B M’, Takoro, uto p(a) =0. O6osnaunm ue-
pes M aareGpauueckoe 3amblkanue M*. M couepxur n
pasauyHbIX KOpHefl p(x), BkIlouas a, Q(a) ucTuHHO B M,
Tak Kak Q(x) ycroiiun orHocutenbHo K. JlomycTum, 4TO
n>1. Torna Q(x) ucTuHeH B M TaKxe W A5 BCEX OCTalb-
HBIX KOpPHEH p(x), MOCKG/JbKY UMeeTcsi aBToMopdusm M, ne-
peBOAsiLHi a B JI060# 3a1aHHBIA KOPeHb p(X) M OCTaBJIO-
mui Ha MecTe sqaemeHThl M. OgHako, mo npeanoJ/oXKeHHIo,
Q(x) umeer cTeneHb |, U Mbl 3aKalwyaem, UTO n=1, 1. e
p(x) — JuHeAHBI MHOrouteH u a € M’

O6patHo, NpeanoaoXkum, uro M* colepKuT 3/eMEHT a,
He cenapabeapnbiit Hag M. Takum o6pasom, a — KOpeHb

15
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HEHYJEBOTO HENPUBOJUMOTO MHOTOU/IEHA [ (X) CTeIeHH 7 ¢ Ko-
spduuuentamu B M Buia f(x)=¢g(xP), roe p — xapaxre-
pucTHKa paccmarpusaeMblx novsefl, p=0. [Tycts M =M (a*),
rae a*=aP, Tak 4TO CTeleHb paciuupenus M’ nax M pasHa
n/p. OTcl0Aa BBITEKAET, UTO 3JeMEHT @ He mpuHaiexut M/,
Tak KakK cTeneHb pacmiupenus M(a) rHag M pasHa n. Pac-
CMOTpUM Tenepb npenukat Q(x), dopmanusyiouluii yreep-
XKJAeHUE: «a* ecTb p-s1 CTelleHb X», T. €. xP=qa*. [lousarHo,
uyTo Q(X) MOXHO C(pOPMYJHPOBATH B TEPMHHAX CJOBaps
KUD’, rpe D’ — puarpamma M’. Q(x) 6ynaer ycTroHuYuBHIM
(1 naxe uHBapuaHTHBIM) oTHocuTenibHo KU D', npuuem
Q(a) ucrunHo B M. Kpome Toro, ypasHeHue xP=a* ymeer
He OoJiee OJHOrO KOPHA B JI00OM pacmiupenun M/, Tak kak
XP —a*=x? — aP=(x — a)?. Takum obpasom, Q(x) aB-
JsieTcs OTpaHUUCHHBIM NPEeJHKATOM CTEMeHH |, H TeM caMBIM
Q(x) — anre6panueckufl npeaukat nepeoll cremenu. Hrak,
a ynosaeTsopsieT B M* ajre0paudyeckoMy mpejiuKary mep-
Boii crenenu B K U D’, HecMoTpst Ha 10, uTo Q(X) JIOXKeH AJs
Jwo6oro uHAMBHAA u3 M’. dto o3Hauaer, uro M* He cenmapa-
0eJqbHO B MeTaMaTeMaTHYeCKOM cMbicsie, H TeopeMa 6.5.1
JloKa3aHa.

Hyery nan npenukar R(xy, ..., Xa, y), n2>1. Pacemo-
TPHM BCEBO3MOXKHBIE NpeLHKAThl, HoJydatouivecs: us R me-
PeCTaHOBKOH HHJEKCOB y NEePEMEHHBIX Xi, Xg, ..., Xn (BK/IO-
yas caM R). ITycts

<1 2 3 ...n\
n=
By ky ky ... k)

—o6asg noxacTaHoBKa mnopsaaka n. Ilpenwkatr R (x, ...
<.y Xp, Y) ONpeles UM CAEIYIOUUM PaBEHCTBOM:

Rn(xl, .oy x”, y):R(xkl, xkz, ey xk”’ y)-

Hanpumep, ecan
R(xi, Xa, y) = HZ[S (xi, Y, 2) /\P(xg, X1, 2')]

H == (;?), TO
Rﬂ(xia X2, y) =32[S(XQ, y, 2)/\P(X1, Xo, 2)]

fcHo, uto R, =R, rjie & — TOXK/JECTBeHHAst NO/CTAHOBKA.
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[penurat R(xy, ..., Xa, y), n>1, HA30BEM cumMmeTpiLY-
HblM, ecau
6.5.2. Vxi... VX, VylR(x(, ..., Xn, y) D
DRﬂ(xly ey xny y)]

419 110608 nofcTaHoBKkM m mopsiaka n. CooTBeTCTBeHHO R
GyleM Ha3biBaTb CHMMETPHYHBIM OTHOCUTEJNbHO JaHHOTO
MHOXecTBa BblcKaabiBaHHi K, ecau 6.5.2 BoiBoaumo u3z K.

[Iyctb M — cenapabenbHast MOAeJb CTPOTO BbIIYKJAOTO
MHOJXKeCTBa BbiCKasblBaHuil K (C OTHOIIEHHEM paBeHCTBA),
¥ nyctb Q(x) — anre6pavyecKuil npeiukart n-fi CTeneH: B
K, yIOBIeTBODSIOIUHA A  pa3AUdHbIM  JIEMEHTAM aj, ...

., an € M. O6osnauum uepez M, moaenbHoe aipo K B M.
ITyctb R(Xy, ..., Xn, Y) — YCTOHUMBBIA W CHMMETPUYHBIH
oTHOocuTeabHO K mpeaukat. Jonycrum, uTo R (%1, ..., Xn, Y)
ONpeJesseT § KaK HEKOTOPYI «4acTuuiyto (QYHKUHIO OT
X1y ooy Xn, T. €.

6.5.3. K=Vuxi... VX, VYV2R (X1, ..., Xn, Y)N
AR(xy, ..., xn,2) DE(y, 2)]
[Ipy 3THX YCAOBHSX UMEET MeCcTO
6.54. Teopewma. Ecau R(ay, ..., Qn, a) UCTUHHO 8

M npu nexoropon a€ M, ro a € M,.
HdokasareabcTBo. PaccmoTpuM npegukar

Q*()=73Tx, ... Ax,[~E(x, X)) AN~E(xp, x) A - ..
v AN~Ex,m1 X)) A Q) A QXA -
e ANQU)NAR(y, vy X, )]s

HeTpyano sameTutb, uto Q*(y) ycTofiunp oTHOCHTE]BHO K.
[TomMuMo 3Toro, Q*(y) — orpaHuvyeHHBIH NpeJHKAT CTENEeHH
| B K. JlefictBuTenbHO, ecain M* — nw6as mozeas K, rta-
Kas, uto Q* (a*) wecrunno B M* 1ja HEKOTOPOro 3JeMeHTa

a* € M* 1o Q*(a?) uctuaHo B M* past n pasJdYHBLIX 3J€-
L

MeHTOB @ € M*, onpejenentbix B M* euHCTBEHHBIM 0Gpa3oM

(¢ TouHocTbio 7o nopsaka). Ipu stom R(al, ..., aj, a’)
ucTHHHO B M¥, m a* B cany cuUMMeTpHuHOCTH R ompe-
[leJIEHO MHOXKECTBOM {aj, ..., @} eIHHCTBEHHBIM 0Gpa3oM,

Aaxe HeCMOTps Ha NOpaioK. Taxum 06p830M, CTeIICHb
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Q*(y) ne sbime nepsoit. Ho toraa us ycaosus teopemsr cie-
ayet, uro crenenb Q¥ pasHa 1. Hrak, Q*(y) — anre6pau-
YeCKHH npexukar nepsoii crenenu B K. JIerko ycMoTpers,
uto Q¥ (y) sABAsAETCA TaKkKe ajreGpanyecKHM NpPeanKaToM
nepsoit crenenn B KU Dy, rae Dy — nuarpamMma Moae bHOTO
aapa M, Bsugy cenapaGenbnoctn M orHocuTenbHo K
Q¥ (y) ucTHHEH 1JIst HEKOTOPOTO 3jeMenTa a; € My, KOTOpHIi,
TakuMm o6pasom, paseH a B M. OaHako, mo onpejeseHHo
MOJeNbHOrO siApa, My HopMaabHo B M u nostoMy a€ M,.

Mycre K=K¥rUD, rae D — JuarpaMMa HEKOTOPOro Mo-
Jsl HyJeBOi XapakTepucturu. Ilyctb Q(x) yTBepxaaer, uto
X — KOPEHb HEKOTOPOr'0 HEHYJEBOTO HENMPUBOAHMOLO MHOTO-
unexa, M R{(xy, ..., Xn, y) BBIPaskaer ToT Gakt, uto y — pa-
UHOHA/bHasl CHMMeTpyueckas GyHKUHS OT Xi, ..., X,. Jler-
KO BHJAETb, UTO B 3TOM cJayudae 6.5.4 gpasiercss OCHOBHOU
TEOPEMOIl O CHUMMeTPHYeCKUX (YHKIMAX. Aare6pauueckie
pecypchbl, HCIIO/Ib30BaHHble NIPH J0Ka3aTe/1bCTBE ITOH Teope-
MBI, cofepxkatess B 6.5.1. OHH BBIpaKaoT TOT (GakT, 4TO

o o ()
anre6paunveckuil npegukatr Q(y) nepsoli crenmenu B Kl
UD, rae D — nmarpamma mnoas M HyneBoii XapakTepu-
CTHKH, JOJ2KeH YAOBJETBOPSATBCST HEKOTOPHM 3JEMEeHTOM
us M.

3ameTuM noj Kowel, 4To MuO)ecTBO K&F He coBepen-
Ho npu p+0, TaK xak HalijeTcs noie M XapakTepHCTHKH p,
B KOTOPOM HEKOTOPbIif MHOTOU/EH XP — @ HenpuBoguM. Jlio-
6oMy MHOrOWIECHY TaKOro THIA COOTBETCTBYeT adreGpanye-
ckuit mpeauxat Q(y) n-it crenenu B KErUD (roe D — nua-
rpamma M) Tako#, uto Q(y) He ynOBIeTBOpsiETCA HH OJHUM
saeMeHTOM M. D710 n o3uauvaer, uto KXGr He comepuieHHO.
C Zpyrofi CTOPOHBI, MHOXXECTBO aKCHOM MOJS HyJeBOH Xa-

0

pakrepuctukn Kcr COBEpLIEHHO, Tak Kak Bce MOJs HyJle-
BOH XapaKTepuCTHKM cenapaGesbHbl B aare6paHyeckoMm
CMBICJ/I€, a4 CNeOBATENbHO, U B METaMaTeMaTHYeCKOM.

6.6. 3anaun
6.6.1. Tlpoepnts, uto npemukatel E(x,y) u E(xy,x) A S(y,y,y)
o 4

NPHHA/IEXKAT [OJHHOMHAJBHON cTpykType M| oTHocuTesnto K¢p. Ilo-
Ka3aTh, 4T0 K¢p He TPAH3UTHBHO H He NPEATPAH3HTHBHO.

6.6.2. [TokasaTb, 4TO NOHsTHe CBOGOAHOR anreGpHl (HanmpuMep, cBo-
GonHOH rpynmul) BK/MIOUAETCH B Halle ONpefesieHHe [OJIHHOMHAJIBLHON
CTPYKTYPHL
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6.6.3. HccnepoBath cBOHCTBA NpeANOIHHOMHAMBHLIX U IOJMHOMH-
4 4 *
anbHBIX CTPYKTYp My n M) oTHOCHTebHO MHOXeCTBa K akcHom kom-
MYTATHBHOIO YHHTAaDHOTO KOJIblia.

6.6.4. Coopmynuposats 0600CuleHHe TOHATHSA ajreSpanueckoil 3a-
BHCHMOCTH.

bubauoepaguueckan cnpaska. Tnasa VI uefukom B3siTa U3 KHHIH
A Po6uncona [I] ¢ He3sHaYHTENLHLIMH H3MEHEHHSIMH H /ONOJIHE-
HusiMH.  OTHOCHTETLHO  TEODHH  VHUBEPCANBHBIX  aiare6p cM. paboThi
Bupkroda[lju Manbuesa [2]%).

*) Cm. takxke A. I, Kypom {1} u Kon [1].
OrHocHTe bHO 0606IIEeH)s aarebpanueckux MOHATHE cM. Floucon
[2]. (ITpum. ped.)



FJTABA VIl

METAMATEMATHYECKAS TEOPHUSI HIEAJIOB

7.1. Beepenue. Eciu B3rJISIHYTH Ha Te cBolicTBa Hjeana
J KOMMyTaTHBHOTO KoJbla M, KOTOpple MOXHO ONPEIE/HTD
6e3 CChIKHM Ha KOJbUEBblE OMEpalyu, To, NoXKa/dyH, Hanbo-
Jiee XapakTepHbIM M3 HHX SIBJASETCA COMOCTaBJ/eHHe HAeany
J tarrop-koapna M/J=M’. M’ cocTouT M3 MHOXKECTB 3Je-
MeHTOB M, Tak uTO KaXXAB{ 37eMeHT M npuHaileRKuT JUIb
oaHoMy sJjeMenty M’. Bosee Toro, cyiiecTByer eCTECTBEH-
Hplil roMmomopdusm M Ha M’, KOTOpBIl KaxAblll 31eMeHT M
nepeBoAuT B cogepxamuil ero snemedt M’. Ilpn stom
uneana J coBnamaer ¢ HyJjem M’. AHaJOrH4HYyIO0 POJIb UTPAIOT
B HEKOMMYTATHBHOM KOJIblle ABYCTODOHHUI MJeaJ, a BTPyI-
e — HOpMaJbHBIl AenuTeNb,

B COOTBETCTBUM ¢ 3ITHM, TLITAsCh OTAEIUTH [IOHATHE
gaeana ot cneuuduIecKUX KOJbLEeBbIX ONepalui, MOXKHO
OBIIO -Obl OTOXKJECTBUTh €r0 € YKA3aHHBIM Bblile TOMOMOp-
¢usmom. Taxofi moaxoa oueHb npocT u He Tpebyer 00Jib-
IIOr0 HWCIoJb3oBaHusl ¢GopMmadbHoro sAspika. C  apyro#t
CTOPOHBI, UMEIOTCS Pa3JIHUHbIe NMOHSATHS, CBA3AaHHbIE C Hlea-
JaMH, KOTOopble He MOryT ObIThb HENMOCPeACTBEHHO BhipaiKe-
Hbl B TEPMHHAX COOTBETCTBYIOLIMX romomopduamos. Takoso,
HanpuMep, OUeHb BaXKHOE B TEOPHM MJeasoB MOHATHe Oa-
3yca Hjaeana.

K ymoMstHyTOMY BbllI€ FOMOMOPGH3MY MOXKHO, OJHAKO,
nojpokitn caenywiumM obpazom. Ilycts D* — nosoxurenn-
Has auarpaMMa KOMMyTaTHBHOro Koabla M, J — upean B
M u M — daxrep-koabio M/J. Kak oObiuHO, npeanoJa-
raercst noJHasi MAEHTHUHOCTb OOBEKTOB f3biKa U COOTBeET-
cTByOWNX HHAMBHIOB 3 M. OGosnauum uepes D* mHoxe-
CTBO BbICKAa3biBaHHil, MOJyyeHHOE NpHCOeAHHEeHHeM K Dt
Bcex BbicKasbiBaHui Buaa E(a, b), rae a u b cooTBeTCTBYIOT
B M’ ofHOMY M TOMYy ’Ke 3jeMeHTy. MHbIMH c/JlOBaMH, Mbi
upubasiasieM K D* MHOMXKECTBO BBICKa3bIBAHHH, KOTOpOE
DTOXKAECTBJsIET (aesaeT paBHbIMH) Jwobble JIBa 3JeMeHTa,
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pa3HOCTb KOTOPBIX Jexut B uneasne J. Quesnano, uro M" —
mogeabr D*, Takum o6pa3oM, Haeas acCOUHHUPYETCs C Ofpe-
JeJIeHHBIM MHOMKECTBOM BhicKasbiBauuii (Buua E(a, b)), xo-
Topoe nobaBiasieTcs K JaHHOMY MHOXKeCTBY (B Hamem cJy-
yae K oObeauHenuio DT M MHOXKecTBa aKCHOM KOMMYyTa-
TUBHOIO KOJibla). B nagpHefimeM MBI yIJIYOHM 3Ty HIACK d
MOKAXeM, KaK MOXKHO Da3BHTb B COOTBETCTBYIOILHX TEPMH-
HAaX HEKOTOpbie pasjie/bl TEOPHH HAEaJsIOB.

7.2, MeramatemaTtuyeckue wugeanast. Ilycte K u Jo—
JBa MHOYKeCTBa BbICKa3biBaHUH A3blKa L y3KOTO HCUHCJCHHUS
npeaukaros. [loamHoxectBo JcJ, HazoBeM udeaiom B Jo
Hag K, ecin S(KUJ) NJoJ (1. e. Bce BhicKasbiBanua Jo,
BEIBOAMMBIE u3 obbenuHenus J u K, comepxarcst B J). Mbt
Gymem paccMarpuBaTh K KaK aKCHOMATHYECKYHO CHCTeMY
teopuu, a Jo— Kak ee obaacTb. JlaHHOe NOHsITHE HjleaJa
COBIAAeT C TOHSITHEM OTHOocuTeabHol cuctemsr (relative
system), onpenenesnoil Tapckum B ero Teopuu CUCTeM, B
TOM uacTHOM cayuae, koria K — moamuoxectso Jo, pac-
cMaTpHBaeMoe KaK MHOXKECTBO «JOTHUeCKUX» /U TaBTOJO-
MUYECKHX BBLICKAa3bIBAHHHA TEODPHH.

Ha nporsizkeHuH Bcero pasjesa Mbl Gylem mnpennosaararb
muoxkectBa K ¥ Jo QUKCHPOBAHHBIMU, TAK UTO TOJ, LOear0M
Bcerga 6yner nonuMarecs upean B Jo Hax K. O6osnaunm ue-
pes C MHOXKECTBO TaKHX HieasoB; B wactHocty, Jo€ C.

Bes ocoboro Tpyjpa NpoBepsieTcs, YTO nepeceyeHue Jo-
Goro umc/ja HAeasoB cHoBa ecthb uaeas. Ilepeceuenue Ko-
HeuHoro uuciaa upeaaos Jy, ..., J, Oyzem oGo3nayarb
[/1, ..., Jm), He onacasch NMyTaHUUbl B CBSI3U C JPYTHM YIO-
Tpe6/eHneM KBaAPaTHBIX CKOGOK B sA3blke L.

CymMma q1000T0 UHuc/aIa HAeanoB ONpefensercs Kak nepe-
ceueHHe BcexX HeasoB, colepkaluux ux otbeaunenne. Cym-
My KOHEUHOro uMcja uieajoB Gyaem obosnauath (/4

., Im). Boaee o6wd, ecin Ay, ..., Ap-— NpousBo/ibHbIE
nogMHoxkectBa Jo, To mocpepctBom (Ay, ..., An) Oylem
0603HayaTh nepeceueHHe BCeX MAeasloB, COAEpKALIUX
AU ... UA,, u 6yaeMm rosoputb, uto (A, ..., An) mopo-
waeno Ay, ..., A, HemHOro usMeHsdsi Hallly CHMBOJIHKY,
s wieana J, mopoxpaenHoro muoxectBoMm {Xi, ..., X},
npuMeM ofosHaueHne (Xi, ..., Xm) u {Xy, ..., X} Haso-

BeM 6asucoM J. Amnajoruuso, B Gosiee OOLIEH CHTyalluH
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NOAMHOKeCcTBO B wujeana J GyaeM HasbiBaTb ero GasucoM,
ecan J ecTb nepeceyeHHe BCeX MA€aJOB, COAEpXKalUX B.

Takum obpasom, B Gyner Gasucom / B TOM H TOJIBKO B
TOM cayuae, ecan JS(KUB).

Ecau J w J’—ﬂBa uieala takux, uro J'oJ, t0 Gynem
rOBOPHUTB, uTo J' deaur J, waw uto J/ — deautens J; ecan K
Tomy ke J's=J, To /' HazoBeM coOcTBenHbiM NenuTenem J.
Wpean J menpuBojum, ecaun Aas J00bX ABYX Haeaqnos Ji u
Jo u3 pasencrBa [/y, Jo]=J caeayer qndo Jy=J, mu6o Jy=/.
CooTBeTCTBeHHO J Hepasaomcum *), ecan ATs JOGHIX JABYX
naeanoB Jq v J, coorHowenue (Jy,Jo) =J Baeuer Jy=J wau
Jo=J. B naJjbueliieM HaMm NpUAETCH UMETb /0 IV1aBHBIM
06pa3oM C HeNpuBOIUMOCTBIO.

Mbl ckaxem, uTo uzieansnl C yIOBJAETBOPSIOT YCAOBUIO
MAKCUMAALHOCTY, eCcd  Jo6oe HENnycroe MOAMHOMXKECTBO
upeasop C'cC uMeeT No MeHbIeH Mepe OAWH MaKCHMaJb-
HBIA 3JE€MeHT (T. €. MjeaJ, IJsi KOTOPOTO HH OJHH HIeaj H3
C’ He siBJsIeTCSt ero COBGCTBEHHbIM JAeauTeseM). DKBUBAJEHT-
HOe yCJOBHE COCTOUT B TOM, uTo JrGas Bo3pacrarollas le-
no4ka HIeajoB

Jiclhclhic...cl,c...,

HauyMHasi ¢ HEKOTOPOTO MecTa, cTabunusupyercss (T. e., Ha-
YHHasl C HEKOTOPOTO Le/JOT0 HOJOXKHTEJNbHOrO 1, OyAeT J
=Jnp1=Jnie=...). Jlpyroe skBHUBaJeHTHOE YCJOBHE CO-
CTOHT B TOM, UTO Ka)KJbih uaean u3 C MMeer KOHeUHBI Ha-
suc. JlokaszaTeabcTBO PaBHOCHIBHOCTH TPeX YCJOBHI NpOBO-
JUTCA TOUHO TaK Xe, KaK H B OOGBIUHOH TEOpPHM HIeaJsloB.
Ilas kJaaccoB naeasoB, yAOBJETBOPSIOUIMX 3THM YCJAOBUSAM,
UMeeTCs CAeRYIOWIUH npuUryun uHoyKyuL.

Ecau Hekotopoe cBo#icTBO BepHO 1Js1 Jy U ecau H3 TOTO
(¢akTa, 4TO OHO BEPHO /151 BCeX COOGCTBEHHBIX AeJguTe/el
uaeana J, caepyer ero cnpaBelHBOCTB aasi J, TO 3TOoMy
CBOHCTBY yIOBJAETBOPSIOT Bce uiaeaan (B Jo Han K),

Mbl mokakeM, UTO BLINOJHEHO YCAOBUE MUHUMAALHOCTU,
€CJIM KaXJoe HelmycToe MnoAMHOXKecTBo Hjieanos C’'<C co-
IEep:KHUT Mo KpaliHe# Mepe onun uaean J € C’ takon, uto J

*) ABTOop noab3yercs TepmuHoM «indecomposable» — «HepasmoKH-
molit». B oObluHol Teopuwu kosienl maean J HasbiBaeTcs HEPA3AOMKHMBIM,
gcaM OB He npeactaBum B Buae J=J; ® Jo. ([Tpum. nepes.)
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He fABJsteTCs COOGCTBEHHLIM JAeJHTe/leM HUKAKOro ujaeasa H3
C’. DKBHBAJICHTHOE YCJ/IOBHE COCTOMT B TOM, 4TO AJf JIO-
6oJi yOBRIBaIOIIEH NOCaeJ0BATEIbHOCTH H/IEAJ0B

Jinlholio.. .ol ...

CyLIECTByeT 1LieJoe MNOoJ0XKHTeJAbHOE #, Takoe, uto J,=
=Jnu=Jnte= ...

Hns knacca C, yAOBIETBOPSIOUIEr0 YCAOBHIO MaKCH-
MaJibHOCTH, UMEET MeCTO CJelylolllasd OCHOBHAA

7.2.1. Teopewma. Kawooidi udear pasrazaercs s ne-
pecevenie KOHEUHO20 YUCAQ HEnpusodumbix udeanos.

JlokasaTenbcTBO OCHOBBIBAaeTCSi Ha NPUHIUNE HHAYKLHHU
H TOYTH LEJHKOM [OBTOPAET COOTBETCTBYyIOILee ajrebpau-
4ecKoe J0Ka3aTeabCTBO.

Teopema oueBHAHBIM 06pa3oM BepHa ST BCeX HENpH-
BOJAMMBIX HAEaJ0B, B YacTHOCTH aas Jy. JlonmycTum, UTO OHa
BepHa JJs BCeX COOCTBeHHLIX Aesutenci uaeana J. Ecau J
HEMpHBOAUM, TO IOKa3bIBaTb Heuero; ecau Her, to J=[J', J”],
rae J/, J” — co6ersennnle peautead J. Tak kagk gaa J n J”7
TeopeMa BepHa, TO, [0 NPEANOJIOKEHHIO, UMeeM

=Ly Jp m=>1
=/ Jy o Jy) >,
rae J;, JO Bece Herl/IBOﬂ,HMbI. Orciosa
=[] Iy - v S I T

'ecTb UCKOMOE npeacrapJjienue J B BHJIE NEepeceuyeHUst HeNnpu-

BOAUMBIX HJA€aAJA0B.

7.3. CBA3p MeXAYy MJeanaMu B PasjuUuHbIX 06Jacrax.
[lyers K, K* u Jo — Tpu MHOXKecTBa BBICKa3blBaHMH TaKHX,
yto KcK*. Bce ungeann B Jo Hax K* Moryr paccmarpu-
BaTbcsl Kak uieadbl B Jo Hajy K, B TO Bpemsi Kak o6GparHoe,
BOOGIIE TOBOPS,. HEBEPHO.

HyCTb Teneph K, Jynu Jo — TaKHe MHOXKeCTBa BBICKAa3hl-
Bauuil, uto Jo= /i Hawa 6aukaiiuas uenb — M3yYHTb CO-
OTHOIIEHUA Mexay kaaccom C upeanos B Jo Hag K ¥ Kiac-
com C* upeaqos B Jy Hang K.

[Tycte / — 1060t nnean B Jo. O6o3naunm uepes J* MHO-
MECTBO TeX BBICKa3biBaHW#l u3 Jy, KOTOpLIE BHIBOAMMbBL W3
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KUJ, 1. e. J*=8(KU/J) NJo. J* HasoBeM 3aMmbikanneMm J B
Jo. O6parno, ecan J' — ugean B C*, to J=J' NJ;, — ugean

14 4 ®
8 Jo. Eciu J1 w0 Jy— 1Ba pasiuuHbix uieata B Jo» TO COOT-
BETCTBYIOIIMe UM HOeadnl J; u Jp TakoBbIMH GbiTh He 00s-

14
3aHbl, T. €. BIOJHE MOXET CJAyuuThbes Ttak, utoJi o=

=JsnJo C APYToil CTOPOHBI, ecan J* — gambikanue J € C
B Jo, To J=J*NJo.

Ecan gns C* BBHINOJHEHO YCJO0BHE MAaKCHMaJbHOCTH, TO
OHO TakKe Buimosneno u s C. [ledcTBUTENBHO, U3 CyIie-
CTBOBaHHA OECKOHEUHOH CTPOTO BO3pacTaloliedl Nemu ujea-
goB B Jo: JicJ,=J3cc ... BBITEKaeT, UTO Uenb 3aMbiKaHU#
5THX MIeaNoB B Jo TakkKe CTPOro Bosdpacraer. AHajoruuHoe
yTBEp:KACHHE CNPaBeAMBO TaKXKE W B TOM cJayuyae, Korja
C* vynoBjeTBOpsieT ycJAoBHIO MuHHMadbHocTH, OGpaTHOe,
BoOOIIe TOBOPS, HEBEDHO: M3 BBIIOJHEHHS YCJIOBHA MaKCH-
maapHocTt B C He creiayer ero BuimosHuMmocts B C*. On-
HAaKO B HEKOTODPBIX YACTHBIX CJAydYasix 3TO 3aKJIOUeHHe OKa-
3bIBA€TCsl BEPHBIM; JIBE TaKHe CHTyalliM MBI cefiuac W pac-
CMOTPHUM.

Hasi pannoro J, uepes J§ 0603HaYUUM MHOXKECTBO BHI-
CKa3biBaHUH, COCTOfALlee U3 BCEBO3MOXKHBIX KOHBIOHKIUH
sjeMeHTOB Jo (BKJIIOuUast aneMeHTH Jo). Hanpumep, ecan X,
Y, Z€ J,, To BrickazmBanua X, XAY, XA[YAZ], [XA\YINZ
BCe SIBASIOTCS dJeMeHTaMu J§'. AHamoruuno, uepes Jo o6o-
3HAYMM MHOXECTBO BBLICKA3HIBAHMIH, COCTOSIIEE M3 BCEBO3-
MOXKHBIX  IU3BIOHKIHI 37eMeHTOB Jo (BKJIwouast camo Jo).
Kaacew ugeanos B Jo, J& u Jo nan (PUKCUPOBAHHBIM MHO-
ECTBOM aKCHOM Mbl O0GO3HAUHM COOTBETCTBeHHO uepes C,
C"u CV.

Mwmeetcsi coscem npoctasi ¢sazb Mexay C u C. Tlyers
J" — no6oit ugean 8 C"n J — nepecesenne Jo u J®. Mul
XOTUM moxasatb, uto J” ectb 3amuikanue J B J§'. B camom
gene, ecan J* — 3ampikanue J B JO, To J* comepkuT BCe
BLICKA3bIBAHUSA, MOJyYeHHBle U3 BBHICKasblBaHU# J BasgTHEM
KOHDBIOHKLNH, MOCKONBKY Bce OHM BBIBOAMMBL u3 J. [Ipeano-
JIOKUM Tenepsb, uTo B J* uMeeTcsl BblCKa3blBaHHe, KOTOpoOe
He fIBJsieTCsl KOH'bIOHKUMelH 3jgeMeHToB J (x0T no onmpene-
JIeHHIO BCE BLICKA3bIBaHMS J§' MOTYT GbITh MOJyYEHBI TAKHM
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crniocobom). JlonmycTuM, B YaCTHOCTH, YTO YIOMSIHYTOE BbiLIe
BbICKa3biBaHue X MOJYUYEHO M3 371eMEHTOB Jy C NOMOULBIO MH-
HUMAaJbHOTO UYHCJIa KOHBIOHKTHBHbIX onepauuil, Camo X ne
MOXKeT cofepkartbesi B Jy, TaK Kak TOrAa, 1O ONpeleseHulo,
X copepxanock 6bi B J. B coorBercTBHH ¢ 3THM, X MOxKer
6biTh 3anucaHo B Buae X43/A\Xy, rae Xy u X, nonyyens us Jo
IOCPEJICTBOM MeHbIIETO 4YHCJIa KOHBIOHKTHBHBIX ONEpalHi
no cpaBuenuto ¢ X. Ho X; u X, o6a BbiBoguMBI H3 X U TeM
caMbiM npuHaanexat J*. CiefoBaTe/bHO, B CHJAY MHHH-
maapHoro croiictea X, Xy, u X, 4BAAIOTCH KOHBIOHKIUSMH
snementos u3 Jo. To ke camoe BepHo u aiast X (Tak Kak
X=Xi/A\X;), Bonpekn Hauwemy npeanoaoxenuio. Otcrona
BbITeKaeT, uTo J*, Kak H yTBepKAaoch, coBnanaer ¢ J .
Urak, kaxabiii ugean J"€ C" ectb saMblKaHHe 7" N,
TakuM o06pa3oM, yCTaHaBJIHBAETCH B3aHMHO OJHO3HAUHOE

N A
cooTBeTcTBHe Mexay uieansamu C u ugeanamu C,J<«>J",
TaK 4To BKJAKuenHe JycJy ms JO6HIX IByX HAeasnoB u3 C

PABHOCWJBHO BKJIOYeHHIO Ji' < J§' 1Al COOTBETCTBYIOLINX

upeanos uz C”. Orciona cienyer, uto C” ymosmersopser
YCJAOBHIO MAKCHMAaJbHOCTH (MHHHMAaJbHOCTH) B TOM H
TOJBKO B TOM cJyudae, Koraa C yaoB/JeTBOpseT 3TOMYy XKe
YCJOBHIO.

Cesizb Mexay C u C” onuckiBaercss menee mpocto. Of-
HaKo Hamu OyJeT JOKa3aHa CJeAyHolias
731. Teopewma. Ecau 8 C sovnosnserca yciosue
4
MAKCUMAABHOCTU, TO OHO 8binoAHAeTCs Takwe u 8 C.

JlokazaTeabctso. Jlonycrum, uto C’ He yaoBe-
TBOPSIET YCJIOBHIO MaKCHMaJbHOCTH. Mbl XOTHM MOKasaThb,
4yto B NOAOGHOM ciayuae C Takxe He MOXKeT yIOBJeTBOPATh
9TOMY YCJOBHIO.

Ilockoabky B C¥ He BHIMOJHAETCS YCAOBUE MaKCHMalb-

nocty, cymecrsyer uaean J” € CY, He uMerOmuii KOHEYHOTO

Gasuca. B JY MOXKHO BBIAEJHUTb IOCIELOBATENbHOCTh 3Je-
meHTOB {Y4, Ys, Y, ...} Takylo, 4To B BO3pacraoLleil nocie-

joBatesbHocTH upeanos JY = (¥, ..., Y) B J§ Geckoneu-
HOE YMCJIO ee UJeHOB MONapHO PasJHyYHbI.

Tak Kak Bce Y; npeacTasisiior co60i AUSBIOHKIHMH BHI-
CcKasbiBaHUM M3 Jo M MNOPANOK 3TUX BbICKA3biBaHHHA He
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CYIECTBEH (Hanpumep, BbicKasbiBanus suaa XV[YVZ] u
[X\VVY]VZ BzaumosamensieMbl), TO MBI MOKEM 32IHCATh

Vi=XPvxPyv ... VXa =1, 2,3,

(f) i
rae Xy €Js. TlokaxeM, Kak U3 MHOMKECTBA {X(kl)}, i, k=1,

. .
2, ..., BHIGpaTh GECKOHEYHOE MOAMHOXKECTBO Y(I):XS‘),
P x{, Ly X '
Yo = X3 ¥, ... == Xp" TaKoe, YTO BO3pacTamwias
uenoyka HﬂeaJIOB 11 c Jz ...cJyc... uMeer Gecko-
Heque(l;mcno OTJIHUHBIX JAPYr OT JApyra 4jieHoB (rae
Jn=", V) — upean, nopoxmenuni VY, ..., ¥i®

B J, Han K).
Ecan m,()—l T. e. Y| camo npunamaexur J,, To Mb
nosoxuM Y=V, Ecau my > 1, TO, Kak MBl NOKaxkeM,

Y| MOXHO 3aMEeHHTL BEICKa3nBanueM Y1, KOTOpoe fABJsercs
AUBBIOHKIHECH, COCTABJEHHOR U3 HEKOTODHIX (HO HE BCex)

(1 1
BoicKa3pBanui X, . X(m’, TaK 4YTO NMOCJAEI0BATEAbHOCTDL

Vi, Yo, Y5, ..., Y,,, ...} no-npexwuemy naer Bospacraio-
MYl 1eNOYKY HAEa0B ¢ GECKOHEUHBIM YHCJAOM Da3Juu-

HHX WIeHOB*®). B camom g1eae, mnoaokum Z; = X,
Zi=XPv ... v XY, torna [Vi=2Z]v 7] — reopema.
PaCCMOTpHM B Jo ABE TOCJAENOBATENLHOCTH WACAJOB {Jx)
{-/k} rjne ./k-—(Zl, YQ,...,Yk)PIJk (Z],YQ,...,Yk)
/ Jlerko BuzeTh, uTO J}i{_ [/5, % JefictBure.sHo,
Zy\/ Zi BHBOAMTCS KaK M3 Zj, Tak u u3 Zi, a noToMy

14
npunagaexut [Ji, Jr]. Caeposareasno, JY c [, Jx
C 1pyro#t CTOpOHBI, COTIACHO U3BECTHBLIM NPABUAAM HCYUH-
CJIEHHST BHICKA3LIBAHHH J1I060€ BHICKA3LIBAHUE, BHLIBOAWMOE

KaK U3 KU{Z{, Yo, Vs, } TaK H I/IBKU{ZI’, Yo, Vs, ]
BHBOAUMO Takxke us KU{ZI\/ Zi, Vs, Vs, .. .}. Cnenora-
Teawno, [Jr, Je]c J¥, B Tem caMmM, kak H yTmepkaa-
nock, Jy ==[Ju, Ji]

*) B nambueiiiuem aBTop HasbiBaeT TaKyl0 [oc/ae/0BATeNbHOCTD
HieanoB 3(pekTHBHO GeckOHeuHo#. (/I1pum. nepes.)
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Ortclo/la BhITEKAET, UTO MO MEeHbLIEN Mepe QAHa U3 ABYX
nenoyek
’ ’ /
-IICJQCJ?,C

" ” " .
Sicloclsc ...

s¢pdexTuBHO GecKoHeuHa. B npoTHBHOM ciyyae Mbl HMeJH Obl

4 ’ 4 ” "
A HEKOTOPBIX R U { Jy == Jpi1=Jrio= ... B J =Ji1=
"
=Jie= ... H, CJAEN0OBATENbHO, MAJAA M == max(k {)
S " 7 ” 7 ”
[jrm J ] - [Jm+h Jm+1] = [-/m+2y -]m+2,] T= ey T. €.
Jy=Ju==Jy o= ..., BONPEKH HauleMy NpeLNoJoxKe-

Huio. Taxum o6pa30M, OJlHA H3 HOCJIGIIOBaTEJIbHOCTGfI

4 "
(Z1, Yo, Vs, LA w{ZL Yy Vs, ) (nam paxe o6e) nawor
3 deKkTUBHO GeCKOHEuHyIo Ienouky ujaeanos. Ecin nmeet
MECTO BTOPasi BO3MOXKHOCTb U /12,>>2, TO Mbl NIOBTOPSIEM Ty

Ke Mpoueaypy Aaf 21 U T. 1. B KOHlle KOHIIOB, Mbl npHieM

K BbiCKasbiBanHio X% (OAHOMY M3 AHIBIOHKTHBHBIX uje-
HOB BBICKa3blBaHUs Yi) TAKOMY, UYTO TOCAEJ0BATENBbHOCTD

{X(kll), Yo, Vs, } AaeT 90 HeKTHBHO BECKOHeUHYI0 NEeNO4KY
1

uneaaos BJo :Juc e .. Lrae Jip= (XY, Vo, ..., Vi)

1 .

M3 nocaenosateabnoctn { X% Y2, Vs, ...} BBHIGpPOCHM Bce

Jn=(X}%)
BbICKa3blBaHUsl, CO,U,ep}KaLIlPIGCSI B 11 == k,)» HCRJIOUaf,
pasymeercsd, caMo Xkl HonyquHaﬂ [10C/1€/10BaATE€JAbHOCTD

{Yl) Y, ...}  no-npexsemy 6yser naBaTh 3)(EKTHBHO

1) 1 1
GECKOREUHYI0 LEeTMOYKy HJeaJsoB: WNeclc ...
cJi <

BhickasmBauue VS umeer Bun
r@= X v Xy X,

Eciu m, ==1, 1. e. Y{PgJ, TO Mb NPOCTO TMOJOKHM
Y(2)——Y(1) [lyers m; > 1, oGosnaunm

Zy=X", Zi=X{Pv ... VXD,

rak uro [V} ’—Zz \/ Z3, Gynet Teopemoit. Kak u panbme,
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paccMOTpuM JBe nocaeosarenbnoctd {Jif u {3}, rae
n="0 =(r®),

o=, Z3) =P, Z3)

unpu k>3

247 1 / 1

Je=(Y, Zo, YE, ..., YY),

2 ”

Je=¥Y, Zo, Y9, ..., 7Y
(HaHOMI/IHaEM, 9TO BCE HIeass PacCMaTPUBAIOTCH B Jy ).
Cuosa J% =[J%. 2Jk] U Mbl, KAK H TPeXIe, 3aKJI0YaeM,

YTO MO MEHbUIEH Mepe OAHa M3 HOCJAEI0BaTeJbHOCTEN
AR {*/%) adbdexTuBno Geckoneuna. [ToBTOpHB HYXHOE
YUCJIO Pas 3Ty npoueaypy, MBI BBIIEJHM B HTOr€ TaKoe
BHICKa3biBaHHe X%, uTo mocsiefosateasnoctu {X§, X2,

1 1)
Y9, ¥, ...} cootserctByer sbdextisno Geckoneunas
IeNouKa HeasoB

el ciPc ...,

SO=(XD). P =(xP. x)
v npu k>3
IO = (x5, X8, vP, v, L),

rae

JP — co6erBennoe moamuoxectso JP , Ta}{ kak YY) Buso-
i 2
AHMO U3 X( )y, ecan XY e JP, ro Y NPUHANJEKAN0 OH
1
JP =JP, qTo NPOTHBOPEYUT HAWEH KOHCTPYKIHMHU.

OHﬂTb, BuGpackBas Bce Yy, k>3, comepxamuecs
B JY, Mbl MOJYUHM NOCJELOBATELHOCT

(r®, ve, v®, ),

rae VP =v{"= X Y(QQ)=X(i:), TAKY10, UYTO COOTBET-
CTBYIOLIAsi LENoYKa HlleaJIOB Sl ... a(pdexTUBHO
6eckoneuna u JO £ JP, JP + JP

[Tponomxkas nadbme TeMm xe CIOcOGOM, MBl MOJY4YHM,
HaKOHEel, NOCJEeACBATENbHOCTh

vy, ¥, ro, )
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B KOTOpO# Kawabii Y1 ecThb IH3BIOHKTUBHBI UleH 0AHOTO
U3 BbICKA3blBaHUM HepBOHa‘{aJ'IbHOI/I MOC/e40BaTebHOCTH
{Yy, Yy, Y, . } uY¥ i==9 3,4,..., #e BLIBOJUTCA M3
KU {Yl1 .. Yl_l } Orclona caefyer, uto Lenouka Hiea-
JI0B J]C.]ngaC oo By tme Jr=rd, v —
ugeas, nopoxzennoii Y1, ..., Y& B Jo. asaserca CTPOro
Bospacratomeii. [lockospky C, MO MpeanoJoXeHHI0, y10-
BJIETBOPSIeT YCJOBHIO MAKCHMaJbHOCTH, MBI NPHILIH K TPO-
THBOPEUHIO, KOTOPOE M J0Ka3biBAaeT Hallly TEOpEMY.

7.4. HNusbloHkTuBHbe Haeaan. O6maacte Jo HaszoBeM
OU3DIOHKTUBHOU OTHOCUTeabHO K, ecau aasa J06bX X,
Xy€Jy waBimerca BbickasbiBanue X € Jy takoe, uto [X;V
VXol=X sniBoaumo us K. Hanpumep, aas Jawéoro Jo 006-
jactb Ji IM3BIOHKTHBHA.

HManaraeMas HUXKe TeOpHS HI€4J0B B JUIBIOHKTHBHBIX
o6sacTAX HOCHT uYpe3BblYallHO Npo3pauHblil xapakrep. Pac-
cMaTpuBaeMble Hjeasbl OyaeM sl KPaTKOCTH HAa3biBaTh
OUBBIOHKTUBHBIMU uOeaiami.

s npOH3BOJIBHBIX JAM3BIOHKTHBHHIX Hpeanos J, Jy, Jy
UMEIOT MEeCTO CJeJyIolIHe JBa 3aKOHa AUCTPUGYTHBHOCTH:

74.1. [((J, 1), (J,1)]=W, U1, 12D,
7.4.2. (I, 1], [7, 1) =, (Jy, T2)].

HokasarteanctBo 7.4.1. IIycte X — n1060# s1eMeHT
uaeana, crosulero B Jepofl yactd 7.4.1. X BBHIBOAMM OJHO-
BpeMeHHO U3 MHOxkectB KUJUJy u KUJUJ, Oto o3Hauaer
CYUIeCTBOBAHHE TAKHX 3JIeMeHTOB Yy, ..., Y;€Jy u Zy, ...

, Zm€Js, uro KUJEYIA LAY X u KUJFZA

.NZ,>X. B cuny o6GbIYHBIX NPAaBUJ HCUHCJIEHUST BBICKA-
3bIBAHUH BBICKa3biBaHHE

H T€éM CaMblM BbICKa3bliBaHHE

74.3. [Y,\VZIA[Y,VZIA ... AIY.VZIA ...
AYN ZnoX

16 A. PoGuucoy
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BeiBoAuMb W3 K UJ. BBuay ausbioHxkTHBHOCTH [y OTHOCH-
teabHo K cymiecTByer BbicKasbisanue X, €J, Takoe, uto
K—Xu.=[Y;\VZ;]. Onuako Bce BbicKasbiBanusi Y;\VVZ, BHI-
BOAUMBI KakK u3 Jq, Tak u u3 J,. CaenosarenbHo, X;x BbIBO-
auMo u3 KUJy u mpunaaiexut Ji; aHasoruuHo, X;; BbIBO-
aumo u3s KUJ; n npunannexur Jo. Takum obpasom, X €
€[/y, 5] u BBUAY 7.4.3 X BuBoaumo us KUJU[Jy, Jo], 1. e
X mpuHaj/exuT upeany B npasol vactu 7.4.1.

O6parno, gonycrtum, uto X € (/,[J1, J2]). Torna X BuiBo-
aumo uz KUJU[Jy, Jo] 1 notomy TeM GoJiee BHIBOAHMO M3
KUJU/J,. Orcrona suano, uro X € (J,J¢). Ilo ananoruunsim
coobpaxennsim X € (J,J;) u, caepoBareanno, X €[(/, /1),

I, 19)].

( Hoxasarteabcrpo 7.42. Honyctum, uro X€[J, (/4
J3)] Torna X€J w KUJLUJo-X. Hafinyres Takue Yy, ...
.Y €linZ, ..., Zn€J, uTo BbiCKa3biBAHME

H, CJIeIoBaTebHO, BEICKAa3blBaAHHE
744. [XNVY A L AIXVYIANIXNV ZNA L.
: L ANXVZR]oX

BuiBoAMMBl 13 K. [lockoabKy Jo AU3DBIOHKTHBHA, CYlIecT-
s 4 4 4

BYIOT BbicKasuiBauusi Y1, ..., Yi. Zi, ..., Zn€Jo Taxue,

YTO BCe€ BbLICKA3BIBAHHUS Y;E[X \V4 Yl.] " Z;:[X vV Z

poiBoAuMbBl U3 K. ChaenoBaTenbHO, Y;E[J, Jl], i=1, ...,

ZelJ, J), i=1,..., my, n 1NOTOMy Ha OCHOBaHHH

744 X€ (I, 14, U, 12)).

O603HayuM JeBylo uyacTb 7.4.2 uepes J'. [loCKOJBKY
[, et u [/, Jled, o I'=J. Kpome toro, /' (Jy, J2), Tak
xak [/, ity u [J, Jole s Takum obpasom, J' <[/, (J1, J2)]
H Hallle YTBEPK/IEHHUE I0Ka3aHO.

Bclofly Ha NpOTSXKeHHH OCTaBlIelicst 4acTH pasjena Mbl
Gylem npeinojaratb (ecjad TOJNbKO 3TO He MPHBOAMT K sB-
HOM GeccMbliciMIEe), UYTO BCe pacCMaTpUBaeMble HAeaJ bl
JH3BIOHKTUBHBI, )

7.4.5. Teopewma. [Tycre By u By — 6asucet dsyx udea-
a08 I, u Jy coorsercreenno.. Ecau O0an awboix Y;€ By u
Zy€ B, onpedeaseno sbickasvisanue X €Jy Taxkoe, uro

]
L
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[YiVZy]=X swoi800umo uz K*), o muoxectso {Xin}=8B
aganerca 6asucom [Jy, Jy).

Hoxasateabctso. [lockoabky {YVioXu] u [Zy> Xl
BLIBOAMMBL u3 K, umeer mecto BraMouenne Be[ly, Jol. Tyers
X — mo6oit saemenrt [Jy, Jo). Toraa cyliecTByloT Takue Bbi-

ckaspBanusl Yy, ..., Y€ By u Zy, ..., Zn€ By, uto BbicKa-
3bIBAHUS

Yi/\ P /\Y[Z)X
7

ZIN ... NZpoX
H, CJ€J0BaTEJbHO,

YAVZAINIYINVZN ANV ZIN . AIYNVZ, ] X
BbIBOJAMMEl U3 K. Takum o6pasowm,
K}_Xii/\X12/\ - /\Xﬂ;’/\ . /\leDX,

a 9T0 KakK pas W O3Hauaer, yTo B — Gazuc [Jy, Jo].

74.6. Teopewma. [Aaa nenpusodumocru udeara I we-
06x00umo u docrtarouro, 4tobel dan atoboix X, Xy, X € J,,
rakux, 410 K—=X,VXy=X, X€ ] saexar0o no xpaiineii mepe
00HO u3 dsyx sxarouenutt X € J uau X, € J.

HoxkaszateanbcrBo. Jlag g0Ka3aTeNbCTBA HEOGXOMHU-
MOCTH MPEINOJOXKHM cyllecTBoBaHMe Takux X, X,, X,€ J,,
uro K=X:VXo=X u X€/J, no uu X, uu X, He npuHamje-
xat J. Mpl fo/KHB Mokasathk, uro J npusoaum. [osoxum
1=, (X1)), Jo=(J, (X2)). Torna J1==J u Jo=J. C gpyroi
CTOPOHELI, Ha OCHOBaHuM 7.4.1 u 7.4.5 ‘

Vs, L1=[(1, (X1)), (1, (X2))]= (T, [(X1), (Xo)]) =
=, (X))=J,

OTKyJa BHJHO, YTO / U B CaMOM Jie/lé MPUBOJHM.

Haa nokasatenbcTBa JAOCTATOYHOCTH JONYCTHM, dto J
npusonnm, 1. e. J=[Jy, Jy], rae J15=J u Jo+J. lyers X, €
€Ji—J, Xo€Jy—J. Tak Kak Jy AHU3BIOHKTHBHA OTHOCH-
teabHo K, 1o cymecrsyer X € Jy takoe, uto K—X=X,V X,.
[Tockonpky X1DX u XyoX o6a BuBoaumbl u3 K, to X€ J;

*) Boo6uie rosopsi, 310 ycjoBHe H3JMIIHEe, TaK KaK, MO CJOBaM
aBpTOpa, BCe HJeaabl (a cJe/0BaTeNbHO, H 00JacThb Jo) CUMTAIOTCH AM3b-
©OHKTUBHLIMH. OZHaKo Teopema, Kak JIerko BHETh, BepHa H B TOM CJy-
yge, ecjH He NpeanoJaraTh 06/acTb AUSBIOHKTHBHON. ([Tpum. nepes.)

16*
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u X€J,, a noromy X €J. Takum o6pa3oM, ycJoBHe TeOpEMb
He BBINOJHSIETCS A/ npUBOAUMOro J.

74.7. Teopema. ITycto J —udear 8 Jo u Y€ Jo—J.
Tozda cyuwectsyer udeaa J', Jeaswuii J u ne codepoacawyuil
Y, koTopuiii ssaseTcs MaKcumasbHoM cpedu scex uoeairos,
obaadarwoujux aTum ne ceolicreom (T. e. codepacawux I u
ne codepacaujux Y.

Boo6uie rosopsi, noa ¢ppasoit «/ makcuMaJeH. cpeJu BCex
uaeasios, 06JafaliliX HEKOTOPHIM CBOHCTBOM» Mbl [OHH-
MaeM JIMIIb TO, YTO HU AJsS OJHOT'O HAeasa C 3THM CBOM-
crBoM J He siBJsieTcsi COGCTBEHHBIM MOAMHOXKeCTBOM. AHa-
Joruuno, J MHUHHMaJEeH OTHOCHTEJNBHO JaHHOTO CBOHCTBA,
ecau J He CONEPXKUT HU OJHOrO HjJeaja C 3THM CBOHCTBOM
B KauecTBe COOCTBEHHOIO MOAMHOXECTBA.

HoxrkasareabctBo. [Ilyerb T — MHOXeCTBO BCeX
uJeaJoB, KOTOpble BKAUaoT J U He BkJIooualoT Y. T He my-
¢T0, Tak Kak J € T.. T yacTHUYHO YHNOPAAOHEHO MO BKJAYEHHIO.
[Tyers  {J,} — quHefiHO ynopsiloueHHoe nNoaMHoXKecTBo T
(t. e. anst Beex J, u J, M3 3TOrO MHOXKecTBa subo J,=/y,
au6o JycJ,). Torna {/,} umeer B T BepxHIO0 IpaHb, TaK
Kak o6wenunenue U{/,} Takxe siBnseTcss maeaJjoM, cojep-

v

skamuM J u He cojepxamum Y. Hame yTBepkaeHue B-
JsieTcsl Telmepb HEMOCPeJCTBEHHBIM CJAEACTBHEM JIeMMBb
opHa.

748. Teopema. ITycre J — udear 8 Jo u YE€Jo— 1.
Ecau J — maxcumarsuoii cpedu ecex uleanos, B8KAOHAIO-
wux I u ne exarowarowux Y, To I Henpusodunm.

Hoxaszarteabctbo. JlonyctuM, yro J npusoaum. Co-
riacHo 7.4.6 cyulectByior BoickasbiBanus X, Xy, X, €Jo ra-
kue, uto K—X=X,VX,, X€/J, Ho X1$J H Xgé]. B cuay
MakcuMmaJgabHoro cpodcrsa J wnaean (J, (Xi)) comepxur Y,
a noromy KUJHX;oY u ananornuno KUJ—X,oY. Cie-
nosatenbHo, KUJ—X,VX;oY u KUJH—XoY. Ho X€J, un
nosromy KUJHY, 1. e. Y€ J, BONpeKkH NpPeAnoJOKeHHIo.

KomGuuupysa 7.4.7 n 7.4.8, noayyaeMm Teopemy:

749. Teopewma. [lycre J —udean u Y €Jo—J. Toe-
da cyuwectayer Henpusoldumolli udeaas, codepocawuii J u He
codepoicaujutl Y. .

JefictBuTenbHo, uaean J’, CyIIeCTBYIOUHUA MO Teopeme
7.4.7, aBasiercl MAaKCHMaJbHbIM B MHOXKECTBE BCeX Hjeca-
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10B, KOTOpbIM npunamiexur J u He npuHamitexut Y. Cue-
JloBaTeNbHO, corjacHo 7.4.8 J/ HenpuBoIMM,

7.4.10. Teopewma. Jwboi udear asaserca nepeceue-
Huem B8cex COOepiHauyux e2o HenpusoouMblx u0eanos.

Sro oueBupHo a5 J=Jy ¥ Jgerko caeayer u3 7.4.8 aas
J£J,.

74.11, Teopewma. Mycre ] — awboii udear, a I’ —
HenpusoQumuviti udean, codeprcawuti ezo. Toeda cyujectsyer
udear J"<], munumansuoli cpedu 6cex HenpusoOUMbLY
udeanos, npunadrencawux ' u codeprcawux J.

Horkasateabctro. [lycte T — MHOXeCTBO BCeX He-
NPUBOAMMBIX HMJ€ajoB, KOTOpble mpHHajexar J' u couep-
xat J. T He nycro, Tak kKak J'€ T. Kpome toro, T wacTuyHoO
ynopsiioueHo 1o BkJaoueHuwo. Ilyers {J,} — nuneiino ymo-
psifoueHHoe moAMHOXKecTBO T. VTBepxjaercs, uro J¥=
= N {J,} npunanaexur T. B camom pnene, J*— umean, co-

v

gepxarnuit’J n npunaniexauuit J/. Tpeanonoxum, uro J*
npuBoauM. Torga HafilyTcsa BbICKa3blBaHHA X, Xy, Xo€J,

rakue, urto KHX=X,VX, X€J* Ho X, 6{!* u X é J*.
Huabimyu caosamu, X € J, ajsa BceX v, HO CYILECTBYIOT W H 0,
ISl KOTOpbIXx Xi %Ju u Xy ¢Jo. Iycts, Hanpumep, JycJy.

Torna Xy €7, n X, ¢ 7., Bonpexu Tomy, uto J, HEIPHBOHM
v X€J, Taxkum ofpasom, J* sABaseTcs HENPUBOAUMBIM H
7.4.11 BuiTekaer Temepb U3 Jemmel Llopna.

7.4.12, Teopewm a. Jwboii udear I asrsercs nepece-
YeHUEeM MUHUMAALHLLY HenpusodumeLc udeanros, colepica-
wux J.

HNoxazateabctso. CoraacHo 749 u 7.4.11 mHOXKe-
CTBO MHHHMaJbHbIX HENPYUBOAKMBIX HJ€aJO0B, COLEPKALIKX
J, ue nycro. Bonee toro, ecin Y€J,—J, to B cuny 7.4.9
CylIecTBYyeT HENmpUBOAMMBEIH uiean J' rakofi, uTo YQJ’ "
J=J’. Ha ocuopanuu 7.4.11 cyuectByeT HempHBOAMMBIN
unean J”, ans koroporo Y QS J7, J<I”<J’ v KoTopblii MUHU-
MasleH B cMbicae 7.4.11 (u, caegosarenvHo, 7.4.12). Ilpu-
BeleHHOe pAacCy’KjaeHHe paeT jgokasaTebCTBO 7.4.12 ans
cayuast J#Jo. Ecam J=J, To TeopeMa CTaHOBHTCSl TpPH-
BHAJILHOH.



946 METAMATEMATHUUYECKAY TEOPUY WOEAJNOB (ra. vit

Hpeanonoxum renepp, uto o6aactb Jo, NOMUMO AH3D-
IOHKTHBHOCTH, o6JajaerT CBOHCTBOM  MAaKCHMaJbHOCTH.
B stoM cayuae umeer mecto

74.13. Teopewma. Jwoboi udear npedcrasum, u npu-
TOM eQuncrsennbim cnocobom (¢ TouHOCTo10 0o nopadka),
8 B8uU0e HEeCOKPATUMO20 NEPeceqeHUs KOHeUHO20 HUCAQ He-
npusodumvix udearos,

[lepeceuenne ugeanos J=[J;, ..., Jx] Mbl Ha3biBaeM He-
CoKpatuMbiM, ecan [Jy, ..., Jiy, Jiwa, ..., J)=d nas amo-
6oro J;.

HNoxaszareabctro. JonyctuM, 4To

J=[y s L =[] s 1),

rie o06a NPEACTABJCHHUS HECOKPATHMH M BCE HAEaJb
J,, J, HenpusoauMb. PaccMoTpuM wHaeasw (i J7) w
o 5 - Jn]) i=1, 2, ..., k. Cornacuso 7.4.1

o I Vo MU T - I2])] =
= Vo Voo TR =00 i oo Sul) =0 D)=,

Onnaxo J; wenpusoaum, u nostomy auGo (J,, J])=1J, u,
caenosareavno, J,oJy, smbo (J. [/ ..., Jo])=J; n,
ciepoBateabno, J, o [Jy ..., J . Ecan umeer mecro
BTOPO# Cjy4yald, TO MBI PACCMOTPHUM BhipaKeHue

4 4 4
(U0 L Ui g oo Jal)=
. ’ 7 7 . 7 ’ o
=i Vi Vo Tl D)= Vi oo Ji])= 1,
Onsitb BBHAY HenpusoauMOCTH J; Mbl mojyuaeM, uto J, o J}
win J; o[/, ..., J) ] Tlponomxkus Haile paccykaenue, Mbl
YBH/HM, B KOHIle KOHLOB, 4TO J; JeNHUT MO MeHblIeH Mepe
onnn J;, 1 </ < m. Ananoruuno 0KasblBaeTcs, 4To J060M
J| nenut mo kpaiitned Mepe oamu J;. Takum obpasom, ajs
moboro J; naiiayres rakue J; u J,,, utro J, < J; < J,. Tlo-
CKOJIbKY ~TpejcTaBieHne Hecokparumo, Ji & J; npu i’ =i
(Tax Kak WHaue J; MOXKHO OblIO Obl ONYCTUTL B Mepeceye-
= 7 __ /
HHH J=[Jy, ..., Jnl). CremoBarenbho, i’ =i u Jy=J]. Or-
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clofla BHJHO, 4TO BCe HJeaJsibl, QUIypHPYIOILHE B MNepBOM
npeacTaBJeHHH, NOABAAIOTCS BO BTOPOM, U HaoGopoT. Mubl-
MM cJ10BaMH, o6a NPeACTaBJAeHHSA (C TOYHOCTBIO A0 MOpPAA-

Ka) COBMAajaloT.

Iasi Toro 4toGbl YCTAHOBHTH CYIIECTBOBAHHE XOTS Obl
OJIHOT'O TIpejCTaBJeHMs MOJOOGHOTO POAa, PACCMOTPUM JiO-
6oe npejcrasiaeHue J B BuJe NepecedeHUs KOHEUHOrO YHCJa
uneanos: J=[Jy, ..., J,]. Takoe npexacrasiene no Teopeme
7.2.1 Bcerga cyumecrsyer. M3 Bcex mocnenoBaTesbHOCTEH
[<iy<ir< ... <ij<n, j<n, A1 KOTOPHX IepecedyeHue
Vi Jepr - Ji].] Bce eille paBHO J, BbiGepeM nocJenoBa-
reJbHOCTh HauMeHbuIel N/IUHBL. JIerko BHAEThb, UTO COOTBET-
CTBYIOLlEE 3TOH MOC/TEeA0BaTEJBHOCTH npeacrapsenne J Gy-
JIeT HECOKPATHMBIM.

3aMeTHM, 4TO HENPHBOIMMbIE Hieasbl J;, ydacTBYIOHIME
B HecokpatuMmom npefcrasiennu J =/, ..., J,], asasior-

¢l MHHHMAJIbHBIMU B MHOXECTBe BCEeX HENPUBOJUMBIX HAea-
708, coaepxaurux J. JdefictBurensho, J;oJ u, caegoBaTeb-
HO, mo TeopeMe 7.4.11 Haihisercss HenpuBOAMMBIR uiean Jj,

aist Koroporo J ©J; ©J, H KOTOpBIA B 3TOM CMBIC/Ie MUHH-
maJsied. Toraa

J=[ =y s Ty eoos T T =
::[‘/l?"'V Ji—l’ Ji’ Ji-i—]"""/n]'
Heprﬂ,HO BHAETDb, 4UTO nocnem{eé npeacTaBJ/ieHUe ] noa-

JKHO OBITH HECOKpaTHMBIM, a nostomy J;==J, u J, cam ss-

JsieTcss MHHUMaJbHbBIM.
[Mycte Temepp Jo — so6asg oGaacTb (He 06si3aTe/ibHO
JH3BIOHKTUBHAS), a Jy — 00/MacTb BbICKa3biBaHHH, COCTaB-

. v
JIEHHAsl U3 BCEBO3MOXHBIX AUIBIOHKIME 3jeMeHTOB Jo. Jo »
OYeBUIHO, NU3BIOHKTHBHA.

7.4.14. Teopewma. [aa awboco Henpusodumozo ude-

4
ara J¥ 6 J) JV seaserca samvikanuem udeara J=—=JoN

nJs e Jo.
HNokasareabcrso. [lycre X=[Y,V ... VY,] —npo-
H3BOJIbHBIE 3aeMeHT u3 JV,re Y, €J,, i=1, ..., n. [Tpume-

usisi (BO3MOXXHO, HECKOJIbKO pa3) Teopemy 7.4.6, Mbl noay-
YHM, 4TO [0 MeHbllel Mepe OAMH Y; NPUHAMIEKUT IV, a
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tem camblM Y;€ J. T[Tockoabky [Y; > X] — teopeMa, X sexur
B 3ampikanuu J BJy . Takum o6pasom, JV BXoguT B 3aMbI-
kanue J B Jg . O6parHo, 11060€e BBICKa3bIBAHHE, BLIBOAHMOE
us K UJ, BuiBosumo takxke n3 KUJY,a 310 Kak pas u o3Ha-
yaer, uro J ' cofepxurcst B 3ambikanun J B Jo .

WUraK, Kax bl HempuBoAUMbIE Haead B Jo ecTb 3aMbl-
KaHue ujaeanaa B J,.

74.15. Teopewma. Honycrum, uro Jy ydosiersopser
ycaosuro maxcumarsvrocty. Hycre J — udean 8 Jo, a JV —
samvikanue J 8 Jo . Henpusodumocre I eaewer Tozda He-
npusodumocte IV,

HNokaszarteabctso. Ecau JV IPUBOAUM, TO €T0 MOXK-
HO TpPEJCTaBUTh B BUJE NepecedeHHs KOHEUHOrO YHUCJa He-
npuBOMMMBIX naeanos B Joi JY ==[JY, ..., J¥]. Kaxawit
upean J{, KaK HENPUBONMMHH, SIBJAETCS 3aMbIKAHUEM
uneana J;==JonJ; B Jy. Ecv x0Ts 66l 1151 OZHOTO i J; =
=J, 10 J/ =JY u JY unenpuBomum. Ilyctb J,+J, i=
=1,..., n n>1 Torna

JonJV =donlJy, ..., J]=
=[JonJY, ..., JonJY]=1/1, ..., Jd.
Ho ./Onjvzj, TakK Kak Jio0oe BbicKa3biBaHue B Jy, BBHIBO-

anmoe u3 K UJY, BoiBomumo Takxke us KUJ. Clemosatedn-
Ho, J=[Jy, ..., Ju], Tak uTo J OKaswiBaeTcA NPHBOLUMBIM
W]1€aJOM, BONIPEKH HallleMy MPeANoJaoKeHHIO.

7.5. Hneans u romomopdusmol. Ilycte H — HenpoTuso-
peurBOe MHOMKECTBO BBLICKA3bIBAHHH, COJAepiKalliee OTHOLIe-
Hue paBeHcTBa E(X,y), u nyctb M — monear H. O6osua-
yum yepe3 D* nosoxureabnyio auarpammy M. Ias mpocro-
Thl OydeM MNoJaraTh, YTO OTHOLU€HHs H HHIUBHAb B D* u
H (nocTosbKy, MOCKOABKY OHH BcTpeualorcss B H) o6osHa-
yaloT camu cebs B crpykrype M. Ilyete K=HUD* u Jo —
MHOKECTBO BCEX aTOMAapHBIX BbICKa3bIBaHUH, 06Pa30BaHHbIX
M3 OTHOLUEHW! W MHAMBUAOB M. MBI HaMepeHbl YCTaHOBHTh
CBA3b MexXJy romMomopdHBIMH o6pasamMu M, KoTophle siB-
JAsI0TCA MoJenssMH H, 1 HekoTophiMyu HAeadaMu B Jy Hax K,
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HUrak, nycte M’ ectb moaeab H u romomopdHbiit 06pas
M (cm. m 2.1), TaK 4YTO OTHOIUGHHS M HHIOMBHJbBI, BCTpeE-
yaromuecss B H, ofosHayawor camu cebs Takke u B M’
Mycrs J—upean B Jo, MOpOXKIEHHBI BBHICKa3bIBAHUSIMH
E(a, b) €Jy, Takumu, uro romomopdusm M na M’ nmepeso-
OHT @ ¥ b B paBHble 3JeMeHTs. Mbl yTBepK/JIaeM, YTO BEPHO
M o6paTHoe: BbicKasmiBanue Buaa E(a,b) npunamiexur J
TOAbKO B TOM CJyuyae, €clii a B b COOTBETCTBYIOT pPaBHBIM B
M’ vHIMBHOAM. ,

Has toro uTo0Bl yGenuTbcs B ITOM, MOCTPOUM CTPYK-
Typy M* ¢ Takumu Ke, Kak y M, HHAMBHAAGMH U OTHOLIC-
HUAMH, TNoJarasl, 10 OnpeaejeHdio, J100e OTHOLIEHHE HC-
THHHBIM B M, eCiA¥ OHO WCTHHHO JIJSI CCOTBETCTBYIOIIHX
MHANBUIOB B M’. YuuthiBasi ToT ¢akr, uto M — romomopd-
Hbili 06pas M, Jierko yCMOTpeTh, 4TO BCAKHI pas, Koria or-
HOUIEHHE HCTHHHO B M, OHO HCTHHHO Takxke # B M* naa
Tex yKe caMbiXx WHAMBHAOB. TakuMm obpasoMm, M* romomopd-
Ha M’ u, nockoabky M’ — mogeab H, a M — mogenp D,
to M* — mogeap H u D*. Utak, M* gpasietcs mojenanio K.
[lycts teneps E(c,d) mpunamaexut J. [las nokasartedb-
CTBa HaIlero yTBEP:KAEHHS O TOM, UTO ¢ M d COOTBETCTBYIOT
OJMHAKOBble MHAHBUAH B M’, J0CTaTOUHO JIHUIB 1OKA3aTh,
uro E(c,d) ucrunno B M*. Oxnako M* — Mojiens K wu mo-
Jenb Bcex BbickasbiBamuil E(a, b), obpasyomnx 6Gasuc J.
Hcruunocts E(c, d) B M* craHoBuTCcs Tenepb OUYEBHIHOM,
ecau ydects, uto KUJ—E (¢, d).

Takum 06pa3oMm, KaxaoMy romomopdusmy M conocras-
JsieTcsl B YKA3aHHOM Bbille CMbIc/e uiean J B Jy. Jlerko Bu-
JeTb, YTO €CJH ABa roMoMopdHBIX obpasa M TpUBOAAT K
OIHOMY M TOMY e Hjealy B Jo, TO COOTBETCTBYIOIIHE HOP-
MaJIbHBIE CTPYKTYPHl H30MOPQHbIL.

B uacTHOCTH, ecid =Kz, rie Kg — MHOXECTBO AKCHOM
kosbua (cMm. 1. 2.2), TO MBI yXe MOXKeM He TOJbKO HaWTH
wiean J no JwoBomy romomopdusmy xoabua M, HO H, 00-
paTHO, A1 Besikoro upeata J B Jo yKasaTh CTPYKTYpY M:‘
KOTOpas sABAsieTCs roMoMopHbiM ob6pasom M u Kotopoi
(yKasauHBIM Bbllle 006pasoM) cootsercTByer Haeasn J. 1o
BHITEKAeT W3 B3aHMHO OJHO3HAYHOIO COOTBETCTBHS, KOTOpOE
GyieT ycTaHoBAeHO Mexay uieanamu J B Jo ¥ <OOLIUHBIMHY
IBYCTOPDOHHHMH nieanamu B M. Ilocaennue, B oTMuKe OT
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HallliX MeTaMaTeMaTHYeCKHX M/eaJoB, Mbi GyleM AJs KpaT-
KOCTH Ha3blBaTb apughmeTudeckumy naeasamu.

Iannomy uaeany J B Jo conoctaBum MHOMxecTBO J, BCex
uHAMBUI0B a € M, Ttakux, uro E(a,0) €/, roe 0 — meit-
TPaJIbHBIH TI0 C/I0XKEHHIO 3JeMeHT Koabla M. (Ecau crpyk-
rypa M He HOpMaJ/bHA, TO B M MOXeT ObiTb U He OJMH Heil-
TPaJbHBII 3/JE€MEHT; OHAKO BCE TaKHe 3JeMEeHThl PaBHbB Me-
Xy cOGOH, Tak 4To Mpou3Boa B BbiGope O He MUrpaeT podu.)

Js — apudmernyeckuii  ugean B M. JleHcTBHTENbHO,
nycrb E(a,0) €/, E(b,0)€J u S(a,b,c) uctunuo 8 M (a
ciaenosareabho, S(a, b,c) € D*cK). Torna E(c,0) €J, no-
ckobky KpU{E(a,0), E(b,0), S(a, b, c)}—E(c,0) u, rem
Goaee, KUJ—E(c,0), rae K=KzUD*. Ananoruuso, eciu
E(a,0), E(c,0)€J u S(a, b, ¢) uctuuno B M (1. e. S(a, b,
c) € D*), o E(b, 0) € J. iHbIMH C10BaMH, MBI TIOKA3aJiH, UTO
BMecTe C JI0ObIMU ABYMS 3JeMeHTaMH J, CONEpKHT TaKxkKe
X CyMMy u pasuHocTb. Kpome Toro, eciu E(A,0)€J n
P(h,a,f), P(a, h,g) wetunam B M (1. e. aexar B DY), 10
E(f,0) v E(g,0) npunangexar J. Mtak, Bmecte ¢ J106bIM
3JeMeHTOM A J, colepKHT Bce aaeMeHTH Aa W ah, rae q —
MpON3BOJIbHBIA 3sieMedt M. M, nakonen, J. He nycro, Tak
kak E(0,0) €J n 0€J. Takum ob6pasom, J. B camom nee
aBJsgeTcss apu(pMeTHYeCKHUM HujaeaoM B M.

O6patHo, nyctb J, — npou3BOJIbHBIE apupMeTHIeCKHl
apean 8 M u M’ — cdakrop-koabuo M/J .. Ilycts J — mera-
MaTeMaTHYeCKHi uhean B Jo, COOTBETCTBYIOLINII B pa3so6paH-
HOM Bblle cMmbic/e Koably M’ Torga BeicKasbiBanue BHA
E(a,0) npunrapnexxur J B TOM M TOABKO B TOM cayuae, KOr-
la a cojepxkurcs B Ji, T. e. coorBerctBHe J<—>J. mexny
J n J, B3auMHO omHo3HauHo. Bosee Toro, ecau J‘1)<—>Ji”,
J(Q)f—-)jf) u JY <P, 1o Ji”c.lff), 1 o6paTHo.

[ycts J <> J,.. Muoxectso{a;, ..., an, ...} aBasercs
6a3ncoM J. TOTZa W TOJNBKO TOrJa, KOTla BBLICKa3blBAHHS
E(a1,0), E(a,,0), ..., E(an,0), ... obpasyior 6Gazuc J.
lefictBuTenbHo, ecan J, — apHpMeTHYecKuil ujeasn, mopo-

JKJEHHBIA OJHUM 3JIEMEHTOM a1, J:=(a1), TO COOTBETCTBYIO-
WHUA MeTamMaTeMaTHUecKUH naean J' ColepKUT BbICKa3blBa-
nue E(a;,0). Ilyers J” — metamaTemaTuuecknii  upgead,
nopoxaenuniit E(ay,0). Torna J”<J’, u nortomy coorser-

CTBYIOUMH apudMeTHUeCKHl ulean J! sBasgercs NOAMHO-
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7 ” ” 7 "
xectBoM J,. Ho a1 €J,, a cnenosarenvho, J+ =J_ u J =

=J'. O6parHo, ecJM MeTaMaTeMaTHYecKH#l wuipean nopo-
xkaen E{a;,0), 10 coOTBeTCTBYWOWUH apHPMeTHUECKHI
HieaJs NopoXnieH a,. Hakonel, ecau MHOXKecTBO {ay, a»,

., Qn, ...} OOpasyer Gasuc Jy, To J, ABAsIeTCS nepecede-
HUEM BCEX apH(pMEeTHUeCKHX HIealioB, COAEpKAIUUX HAeaTH
(a1), (a2), ..., (@), ... Orciona BuITEKaeT, UYTo ugean J,
coorBercTBYlONME J, mnpencrasiaser coGofi mepeceueHue
BCeX wuaeadoB B Jy, comepxamux uapeann (E(ay, 0)),

(E(as, 0)), ..., (E(an, 0)), ... Takum oGpasoMm, uieana J,
KaK ¥ yTBEP2KAaJoCh, NOpoxaaercs MuoxectBoM {E (ai, 0),
E(ay 0), ..., E(a,,0), ...}. B aromM cMBIcae Hacrosllee 06-

oblleHWe MOHATHA HAeaja coXpanser upeo Hasuca. Anano-
THYHO, YCJOBHIO MaKCHMAaJbHOCTH B Jo COOTBETCTBYET yCJ/JI0BHE
MaKCHMaJbHOCTH B MHOXeCTBe apuU(pMeTHUYeCKHX Hlea-
JIOB; HEIPUBOAUMBLIM H/€aJaM COOTBETCTBYIOT HENpPUBOAH-
Mble apupMeTHUECKHe HjIeajbl, U TpPEACTaBJIEHUS B BHIE
repeceyeHHsi TAKUX UJEAJOB TOXe COOTBETCTBYIOT APYr HApY-
ry. Bce Hamy BBIBOABI MPUMEHUMBl TakXKe H B CJydyae KOM-
MyTaTHBHOTO KOJIblia, T. e. 41s1 H=Kcp.

[Mycte H=Kcg. 3ailimeMcs H3ydeHHEM HIeaNoB B AH3bB-
IOHKTHBHOH 06JacTH J<<\)/, noaydaemoii usobaacru Jy onucan-

Vv
HBIM panee crnioco6om. Takum o6pasom, anemMeHTaMu Jo cay-
KaT BBICKA3bliBaHUA

X=XVX,V ... VX, n=1,2 ...,

rae X, k=1, 2, ..., n, npeAcTaBisd0T cCOOOH BHICKa3bIBAHUS
suna E(a,b), S(a,b,¢) wm P(a,b,c). He crecHsas cebs
CYUIECTBEHHO, OOJOXKHM sl IPOCTOTHL CTPYKTYpY M HOp-
MajsbHOH. Mbl  MoOKeM Temepb 0G03HAUUTH NOCPEICTBOM
a+b, a— b, ab uuaNBU/ILI, PABHbIE COOTBETCTBEHHO CyMMEe,
pPA3sHOCTH ¥ TPOMU3BEACHUIO JIIOGLIX IBYX 3JE€MEHTOB a # b
nz M.

Hama oOamxalmasi ueab — oXapakTepu3oBaTb MHOXKe-
cTBAa [M3BIOHKUWi, o6pasyiomux ugeats J' B Jo, uncro
apupMeTHUECKUMH ycaoBusiMu. Hauatbh ¢ TOro, 4Tto BbICKa-
sviBanne X=XV ...VX,, B koropoM X; uMeer BHI
E(a, b), MpUHANJIEIKUT IM3BIOHKTHBHOMY Hieany J' Torza v
TOJbBKO TOrAa, KOTAa BbicKasbiBaHHe X', moayueHHoe u3 X
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samenoit E(a,b) na E(a — b,0), taxxe npunasiexur JV.
Ananoruuno, ecau Xp —Buna S(a,b,¢) (COOTBETCTBEHHO
P(a,b,c)), To X comepxurcss B /" TOria m ToAbKO TOria,
Korjga BbicKasbiBanue X', rosyyeHHoe U3 X 3aMmeHoit X, Ha
E(a+b—c,0) (coorserctsenno Ha E(ab — ¢, 0)), Taxxe
comepxurcst B /Y. B COOTBeTCTBHH € 3THM MBI MOXKEM Orpa-
HUYHUTbCS PaCCMOTPEHHEM BBICKA3blBaHUH BHA

7.5.1. X=E (a1, 0)VE(as, 0)V ... VE(an, 0)

(cko6xu, Kak 00bluUHO, UTHOpUpYIOTCA). Takum oGpasom,
ecau 0003HaunTh uepe3 (G MHOXKECTBO BLICKAa3bIBAHHEH BH/a
7.5.1, To UMeercs B3aUMHO OJHO3HAaYHOE COOTBETCTBUE Me-
xay ugeanamu G B Gy Hag K u ux samblkanusmu J B J¢
Haj K.

7.5.2. Teopema. Haa 1020 4TOOBL Henycroe MHOMe-
cr8o G sovickasviganuti 7.5.1 cocrasasnio udear 8 Gy, HeoO-
X00uUMO 1 00CTATOUHO, 4TOObL BLINOAHAAUCL CAedyroujue YC-
208U

7.5.3. Ecau 8 nHexoropom evickasviganuu u3 G usMeHurs
210061 cnocobom nopadoK ATOMAPHLIX 8bICKA3LIBAHUL, TO
noayuexnnoe goickasviganue 6yoder cHosa npunadaescars G,

7.54. Ecau X€ G uau YEG, o XNVYE G;

7.5.5. Ecau X € G colepxcur HeKkoTOpoe aTomapHoe 8bi-
ckasvisanue 6oiee wem OOUH pas, TO, BbluepKusas 6Ce Ta-
Kue 8biCKa3bl8aHus, Kpome 00HO20, mbl He ebiidem 3a npe-
deaot G (nanpumep, ecnu E(a,0) VE (b,0)VE(a,0) € G, To
n E(a,0)\VE(b,0) € G);

7.5.6. Haxoney, ecau

X=E(ay, 0)VE(az 0)V...\VE(an, 0)€G, n>1,
u
Y=E (b, 0)VE(by,0)V ... \VE (b, 0) €G,  m>1

’

To Z€ G, ede Z ectv Qusvionkyun (8 ar0bom nopadke) mn
QTOMAPHBLY BbICKABLIBAHUL

E(cina; £pma;i+dinbr+q:xby, 0),
i=1,2 ...,n k=12 ..., 5
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B 3TOM Bbipa)KeHHU C;; H djp — NMPOM3BOJbHLIE 3JEMEHTHI
M, a p;, 4 i — LeJble HEOTPHLATe/bHble YHCaa (Tak 4To
0-a=0, l-a=a, 2-a=a+a, 1 T. A.).

B uacrhocTtH, corsnacHo 7.5.5 u 7.5.6 E(0,0) € G. Ipy-
FHMH 4aCTHBIMH cjydasiMu 7.5.6 sIBISIOTCH CjAeAylolide yT-
BEpIKAEHHUS:

7.5.7. Ecan E(ay, 0)VE(ay, 0)V ... VE(as, 0) € G,

TO ‘
E (cia1, 0) VE (caas, 0)V ... VE(cnan, 0) €G,

rle cp — NPOU3BOJBHBIA 3/71eMeH1 M MM Lesoe HeoTpHLa-
TeJbHOE UHCJO, KOTOPOEe MOXKHO paccMaTpuBaTh Kak onepa-
TOP.
p7.5.8. Ecan E(ay, 0)VE(as, )V ... VE(a, 0)€ G, 10
BhickasbiBanus E(xai, 0) VE (*az, 0) V. .VE(*a,0)€G
npu Ja60M pacupeleseHHd + U —.

JlokasateabcTBo 7.5.2. YcaoBus 7.5.3—7.5.6 He-
o6xonumbl. JleficTBUTeabHO, 7.5.3 oueBHaHO, a 7.5.4 u 7.5.8
HeMe/JIeHHO CeayloT u3 Toro dakra, uro XoXVY u XV
VX>X — teopeMbl y3KOTO MCUHC/JEHHsA MpPEAUKATOB MpH
npousBoabHbix X u Y. Jlaa nokasaTenbcTBa HEOOXOIHMOCTH
7.5.6 Mbl JOJIKHB YCTaHOBHTb, 4TO Z MOXHO BbIBECTH M3
Ker UDHU{XYU{Y}, rie X u Y TakoBbl, Kak yKa3aHo B 7.5.6.
JIpyruMu cJOBaMH, HaM HYXXHO 110Ka3aTb, 4TO ecad X H Y
MCTHHHB B KOMMYTaTHBHOM KoJblle M’ xoTopoe siBasercs
Monesbio D*, 1o Z Takxke ucturHo B M’. Ucrunsoctb X H
Y B M’ osnauaer, uto npu Hekotopuix i u k (1<i<n, IS
<Lk<Ln) E(a;,0) u E (b, 0) ucruuuer 8 M’. Ho rorna sbi-
CKasblBaHHE

E (cin@i £ pina; +dinby %= qinby, 0)

MCTHHHO B M’, a c/JeJ0BaTeNbHO, HCTHHHO U Z.

JlokaxkeM JOCTaTOYHOCTb ycjoBuil 7.5.3—7.5.6. [lony+
CTHM, uTO HemycToe MHOXKecTBO G Uy ylOBIETBOPAET 3TUM
ycnoBUsiM. Mpl JIOJI)KHE yCTAHOBHTH, UTO J11060€ BBICKA3bl-
panue X € Go, BoiBoaumoe u3 KcpUD™ UG, conepxurcasG.
Mycts X=E(b;,0)V ... VE(b,,0). Ilo npeanonoxenuo,
cywectBytoT Yy, ..., Y; € G Takue, 4TO BHICKAa3blBaHHE

Z=YiA ... NY;2X
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soiBoaumMo U3  KepUD+*=K. Ilycrs Yi:E(a(li), 0) v
VE@Y, )V ... VE@YO0), i=1, ..., ). Orciona sux-
HO, uT0 K=Z B TOM W TOJBKO B TOM CJy4ae, KOrfa BBICKa-
3bIBAHHE

[E(@k: ONE@ O N -]V
VWW%QAEM?QAHJVH.:X

BbIBOAHMMO H3 K, rle aHTeledeHT UMIIHKAUWH COAEPXKHT
BCE BO3MOMKHBIE KOMOWHAIMKM UHAEKCOB. B 3TOM cJayvae Bbl-
CKa3bIBaHHE

759.  E@P, OANE@@, O)A ... 2 X

TakKxke BBIBOLUMO M3 K mpu J1060f1 KOMOHMHAIIMY HHAEKCOB

ki, ks, ... . Orciona BHAHO, YTO 51 (UKCHPOBAHHOTO Ha-
6opa ki, ks, ... X npunagnexur ugeaay G* B Gy, mnopo-
JKIEHHOMY MHOXECTBOM {E(a(k}l), O), E(agj, 0), } Ho

Toraa teM GoJgee X mpuHamjaexur J* — sambikanuo G* B J,.
C Apyro#l CTOPOHH, NMycTb J — Hjeald, NOPOXKJAEHHBIA MHO-
xectsom {E(ay), 0), E(a, 0) ...} B To. Kax YKasblBa/10Ch
B HauaJle 3TOro pasjesa, ¢ J acCoOLHUpYeTCs HEKOTOPHH ro-
MoMopdu3m M. B uactHOCTH, MOXKHO BHIGPATh Tako# ToMO-
mopdHb# o6pas M* crpykrypsl M, coorBerctBywomuil J,
41O 3JeMeHTHl M* coBmagpaior ¢ snementamu M u M* —
mogeanr D+*UJ. Orcioga BeITekaer, uto X=FE(b;, 0)V
VE (bs, 0) V... uctuuno 8 M*, 1. e. E(b;, 0) uctunHo B M*
TIpU HEKOTOPOM I. DTO O3Hauaer, UTo b; NPHHANIEKUT apHp-
METHYECKOMY HJ€eaJty, IOPOXKAEHHOMY a(1 a, ...; uHBIMH

ca10BaMu, b; ecTb 3JeMEHT BH/a Z(cla(” * pa(’)), rae ¢; —
seMenTH M H p; — LleJble HeoTpHLATebHEIe uncaa. Takum

o6pa3oM, X —5T0 [IU3IBIOHKUHA, UYJIEHAMH KOTOPOH sB-
JISTIOTCA BBICKA3BIBAHUSA

7.5.10. E(; (clag; + plag;), 0),

rae ay), a, ... npoGeralnT BCe BO3MOXHbIE COYETaHHs,

KOTOpblE MOFYT BCTPeTHTbCs B 7.5.9, U, BO3MOXKHO, HEKOTO-
pole BbIcKasbiBaHHs E (b, 0), He npeacraBuMble B BuIe
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7.5.10. Bnionne Bo3MOkKHO Takke, uro 7.5.10 orseuaer oz-
nomy u Ttomy xe E(b;,0) npu pasanunmx uabopax a@),

a@, ... ua, ap, O6osnauyum uepes X’ H3BIOHK-

WHIO Beex BbICKasbiBaHMil 7.5.10, COOTBETCTBYIOLIUX Pas3J/Iny-
HBIM KoMGuHauuam ay). af, ... Hcrnoapsys (Moer ObITh,

HECKOJIbKO pa3) YyCcJaoBHE 7.5.6, HETPYJHO YCMOTpPETb, 4TO
X’ € G. Ocraercs 3ameTuthb, uto X’ nonayuaercst u3 X Boiuep-
KHBaHHEM HEKOTODHIX u/JeHoB u BBUAY 7.5.4 X€ G, uto u
Tpe60oBaJoCh A0Ka3aTh.

Iasa toro uto6sl Teopema 7.5.2 ocrasach crpaBe]1HBOR
B cJydYae [MPOU3BOJBHOrO (HEKOMMYTaTHBHOIO) KOJbLA
H=Kg, Heo6XoauMo cJerka MOAUPHIHPOBATL YCJIOBHE
7.5.6, 3aMeHUB ero CJeAYIOUIUM:

7.5.11. Ecau

E(a;,0)VE(a:,0)V ...VE(a,0)€G
E(by,0)VE(by,0)V ... VE (b, 0) € G,
10 Z € G, 20e Z — Ou3sroHKyUs nm B8blCKA3bIBARUL
E(ca,+ac;, = pga,+d, b, +b,d, *q,0,0)

TAK 4TO C,p, Cppy Oy, A, — 106616 32ementor M, a pi* u
Gin, KAK U PaHbULE, — Yeable HeOTPUUATeAbHbIe YUCAQ.

[TonsTHe AMIBIOHKTHBHOTO HJeaja MOXHO BBECTH, CO-
BEpILEHO He Kacadchb MeraMmaremMatuku. Hajgo jump Kax-
J0e BbickasbiBaHue Buaa E(ay, 0) VE (ay, 0) V... VE(ag, 0)
3aMEeHUTb KOHEUHBIM MHOMcecT8OM (@4, ..., ak). TakuMm
0o6pasoM, JAU3BIOHKTHBHBIE HJA€afbl [1PEeBPalLlaloTCd B MHO-
KECTBO KOHEUHBIX MHOXKECTB 3J€MEHTOB [QaHHOTO KOJblla,
TaKHX, YTO BBINOJHSIIOTCS YycjaoBud 7.5.4—7.5.6 B cayuae
KOMMYTaTHBHOTO KoJblla Wian 7.5.4, 7.5.5, 7.5.11 B cayuae
IPOU3BOJIBHOTC KOJIbIA.

7.6. 3apaun

7.6.1. CBsA3aThb HOpMaJibHble JEAHTEJNH AAHHOH rPyNMBl ¢ HEKOTO-
pPbIMH MeTaMaTeMaTHYeCKHMH HAeaNaMH.

7.6.2. YCTaHOBUTDL CBf3b MEXAY JEBHIMH HMJeajaMH JaHHOrO KOJbla
H HEeKOTOPBLIMH MeTaMmaTeMaTHYecKMMH Hpaeatamu. (Yka3auwne He-
10/1b30BaTh MOAH(HUHPOBAHHOE MHOMKECTBO 4KCHOM TOJACTaHOBOUHOCTH
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OTHOCHTEJIbHO YMHOXEHHS, Tpe6Gys JHLIb

VAVYVUVY® [E(y, VYAE (2, w)D[P(x, ¥y, 2)="(x, v, @)]])

7.6.3. Tlyctb K=Kcrp UD, the Ker, Kaxk 06BIYHO, — MHOKECTBO
akcuoM modsi, a D — amarpamma wmozeam M wmHoxectBa Keop. as
Ka)Jaoro MHorousdena ¢(x) ¢ xosdduimeHraMu B M HOCTPOUTHL BHICKA-
aniBaHue X4, yTBepxkjaawoliee, uto ¢(x) oOnanaer xoTs Obl OJHHM
kopHeM. [lyeTh Jg— MHOXKECTBO BceX TaKWX BbickasblBanui. Pacemor-
peTh TEOPHIO MeTaMaTeMaTHYeCKHX HJeasoB B Jo Hax K.

7.6.4. Kakasi ua rteopem 7.4 (i) ocraercs cmpaseaiuso#; (ii) co-
BCeM HeBepHa; (iil) BepHa B u3MeHeHHOH ¢opme, ecau OTOPOCHTL Npea-
MOJIOKEHHE O JUIBIOHKTUBHOCTH Jo oTHOCHTENbHO K.

Bubauoepaduueckan cnpaska. Tnasa VII uenukom B3fita C HEKO-
TOopbIMH yhpolieHusimu u3 paGor A, Po6uncona [1] u [3]. Teopus
cucTeM, yNOMsiHyTas B Hadaje n. 7.2, u3joxeda 8 pabore Tap-
ckoro [1].

TJABA VI

METAMATEMATHUYECKAS TEOPHS
MHOTOOBPA3HUH

8.1. Muoroo6pa3usi cTpykTyp. B Tom uyacTHOM ciyuae,
korga K mycro, a Jo comep:KUT Bce BLICKa3biBaHUSI f13bIKa
L, ugeannt B Jo nag K cosnagator ¢ T-cucremamu (cM.
n. 1.6). Ilpu 3tom obnactb Jy, OUEBHAHO, AUIBIOHKTUBHA.
Mbl 6ygeM CTPOUTb TEOPHIO MIOXKECTB MOJeJeid, COOTBET-
cTByolIuX uieansaM Jo, B ofueM caydae, Korga Jo Au3b-
IOHKTHBHA Hajl JaHHBIM MHOXecTBOM K.

[Tpeanosoxum, uto noMumo K u Jy 3aiaHO MHOXKECTBO
Vo mozenel muoxectsa K, oGianawouiee ciefiyiOlHMH CBO#M-
cTtBamu. Bce BbickasaBanusi u3 Jo onpelenenni B M€ Vy;
15 A1060ro MHOXKecTBa H, 3JeMeHTaMH KOTOPOro SIBASIOTCA
(He o0si3aTe/bHO BCe) BBHICKasbiBaHUfA Jo HAM OTpULAHHSA
(yKe npyrux) BbicKasbiBaHuil Jo 0 Kotopoe coBMecTHo ¢ K
(1. e. KUH uenpornsopeuuBo), cpean cTpyktyp Vo cyute-
ctByet Moaedb H. Taxkoe MHOxkecTBo Vo OylleM HasbiBaThb
noanoti cucremoil crpykryp 041 Jy nad K.

[ycts A — npoussBosbHOe noaMHOKecTBO Jo. COBOKYyI-
HOCTb TeX CTPYKTyp u3 Vo, KOTODBLIC SIBJISAIOTCS MOAENsMHU
KUA, HasoBeM MHOroo6pasueM CTPYKTYyp MHOXecTBa A,
V=V(A). To o6crosireancrso, uto V(A) — mHOoroobpasue
A, Mpl 6yleM B COOTBETCTBUH ¢ obGo3Hauenusmu n. 1.6 3a-
nuckBath Takxke B Buge A — V(A4). Ecau J= (A) — uneas,
nopoxaeHubit A B J, To, KaK nerko suaets, V(J)=V(A).
B COOTBETCTBHU C ITHM, H3ydas KJaacc BCceX MHOroobpasuil
CTPYKTYp, Mbl MOKEM IpeanoJjaraTb, YTO MHOroo6pasus
onpeneasiores Haeanamu B Jo.

8.1.1. Teopewma. Ecau udeaa Iy npunadaexcut udeary
Jo, o V{J1) DV ({J2).

HokasateabcTso. OueBHaHO.

8.1.2. Teopewma. Ecau Jy u J; — d8a Hepasrox udea-
aa, o V{I) ==V (Js).

HNokasatTedabcTBo. [lo npeano/oKeHUO, OJWH H3
ujeanos, cKaxeM, Jy, CONepIKHT BBICKa3biBaHHe X, KOTOpoe

17 A. Po6uncon
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He MpUHAMIeKHT J;. DTo o3nauaer, uto KUJyU{~ X} ne-
IPOTHBOPEUHBO H, CJELOBATENbHO, HMeeT Mojeab ME V.
Taxum obpasom, M€ V(Jy), no ME V (/).

B uacrrocTu, ecan Jy, — coBerennoe noamuoxectso Ji,
10 Ha ocHoBanuHu 8.1.1 V(J|) — cob6cTBeHNOEe MOAMHOKECTRO
V(Js).

[lockombKy Kaskjgoe MHOrOO6pasme ecTb MHOTOOGpasue
HEKOTOporo ujaeana, 1o 8.1.2 nMOKa3bIBAET, YTO COOTBETCTBHE
MeXIYy HAeaTaMH U MHOrooOpasHusIMM B3aUMHO OJHO3HAUHO.

813. Teopewma. Ecau V — mnoz006pasue udeara J o
Ty, 0 I cocrour us scex ssickasvisanuil 8 Iy, uctTunnbix 6
Kaowdort modeau us V.

Hoxasateabctso. [lycTh J; — MHOKECTBO BCEX Bbi-
CKasbIBAHUE W3 Jo, HCTHHHBIX B Kax10# cTpykType ns V. M3
onpeesenns MHOroo6pasus BuaHo, uto Ji>J. onycTum,
uro Jy5#J, u nyers X€J; —J. Torna muomectso KUJU
U{~ X} menporusopeunso, u nyctb M — MoJe/b 5TOTO MHO-
x)ecrBa. flcHo, uto M€V, Bonpeknu tTomy, uto M yioB/IeTBO-
pPSAET He BCeM BLICKA3LIBAHHAM J,. .

Henocpencrsennsim caenctaueM 8.1.3 sapasercs

8.14. Teopewma. Jas awboix Osyx udearos I u J, 8
Jo exaronenue V(J,) 2V (1,) saeuer Ji=J,.

8.1.5. Teopema V((Jy, [o))=V{I)NV({J) u

V(I ) =V () UV (/)
048 npoussoabHbLX udeanros Iy, I, 8 Jg.

Hokxaszarteabcrtso. Jlio6as Momeanb (f1, J2) sB-
asiercst Mofeanto Jy u Jo. CaegoBarennno,

V(L J))ysV ) NV (,).
O6paruo, eciu MEV(J) N V({J3) (1. e. M — mogennr KUJ,
u KUJs), To M yroBaeTBOpPSIeT BceM BLICKA3bIBAHUSIM, onpe-

henennsiM B M u BeiBogumeiM u3 KUJ, UJ,. Caenosarelin-
Ho, M€ V((Ji,J2)) u Tem caMbim

V) NV eV (U, ).

Taxum o6pasom, nepsoe paBeHctso 8.1.5 nokasano. as 1o-
KasaresqbCcTBa BTOporo 3amertum, urto V(J)) <V ([Jy, Jo]) u
V{I) <V (I7,, L)), u nostouy DA

V() UV (o) cV([Jy, La]).
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Tonyctum tenepsb, uto crpykrypa M € V([J4, /o)), HO He aB-
JsieTcsi MOAeabto HH Jy, HH Jo. Toraa cymiécrByioT BbICKa3sbl-
Banua X, €J, u Xo€ Js, noxuwe B M. IlocKonbKy 3TH BbI-
ckasbiBaHusi onpejenesst B M, M ynosaerBopaer ~ X;A
A ~Xs. B cuny AU3BIOHKTHBHOCTH Jo HalieTcs Takoe Bbl-
ckasnBanue X € Jo, uto KHX=X,VVX,. B cootBercrBun ¢
stuM, M ynosaersopsier ~ X. OzxHako X € [Jy, Jol, Tak Kak
K—X,oX v K—XyoX. Orciona sBuano, uro M He MOXKeT
OBITH MOJenbio [Jq, /o], BONPEKH HaleMy IpearnooKeHHIO.

Takum o6pazom, coorBercTBue J— V ycraHaBauBaer
CTPYKTYPHYIO  JIBOMCTBEHHOCTb MEXKJy MHOXKECTBOM Hjea-
JIOB M MHOXKeCTBOM MHOrooGpasuil, T. e. cymMMe IByX Hjea-
JIOB COOTBETCTBYET TMepeceyeHie COOTBETCTBYIOIMX MHOIO-
o6pasuii, a TepecedeHHI0 [BYX HAeanos — oObelHHeHHE
MHOroo6pa3uil.

8.1.6. Teopema. [Tycro {V,}— npoussorsras coso-
KYnHoCcTe muo2000pasutl u {J,}— coorsercrsyroujas €o80-
kynrocts udearos. Toeda U{J} — N{V.}.

v v

HoxasatenabctBo. C OIHON CTOPOHBI, BCE CTPYK-
typel 13 N{V,} yrOBIeTBOPAIOT KaXIOMy BbICKa3bIBAHHIO
v

I, u, caeposarensno, V(U{/}) > N{V,}. C zpyroit cTopons,
v v

ecan CTPYKTypa siBJsieTcs MOJeJbi0 Bcex J,, TO oHa mpu-
Haanexut scem V,, tak uro V(U{/,}) = N{V,}. 3amerum,
v v

uto U{/,}, BooOiie rosopsi, He ABJSAETCH KAEAJIOM.
v

Muoroo6pasne V HasbiBaeTcs npusooumbii, eclu cyuie-
cTtBytoT MHOroo6pasus Vi u V, Takue, 4to

81.7 V=V1UV2, V#Vi, V?EV%

B NPOTHUBHOM cjiyuae V HasblBaeTcs Henpusooumbim. ycra-
HOBJICHHOE BBILIE B3aHMHO OJHO3HAYHOE COOTBETCTBHE Me-
KAy HAeajJaMH ¥ MHOroo6pasusMH OKAa3blBAeT, YTO MHOTO-
ofpasue HENpHBOAMMO TOrJa H TOJBKO TOTAA, Korja
HeNpPHUBOANUM COOTBETCTBYIOLIMI Hieall.

Crpykrypy M€V, HasoseM obwjeid cTpyKTypol MHOTO-
obpasus V'V, ecan nwo6oe BhicKasbiBanue u3 Jo HCTHHHO
B M B TOM H TOJBKO B TOM cJyuae, ecIH OHO HCTHHHO BO
BceX CTPYKTypax MHoroo6pasust V. Takum obpasom, ecau
V=V(J), rae J—unean B Jo, TO BricKasbiBaHHe u3 Jo

17*
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NpuHaAaeXKHuT J TOTAA M TOJNBKO TOrAa, KOr4a OHO HCTMHHO
B M. M3 storo ompenenenus cpasy ke BbTeKaeT, uTo M € V.
M Gysem TakxKe HasblBaTb 06LLel cTpyKTypo# J.

8.18. Teopewma. Jaa toco 4robut Henycroe mHo2006-
pasue V 6oi10 HenpusoOumbim, Heobxo0umo u JoCcTATO4YHO,
4r00bt V 004a0daro obujeli cTpyxkTypol.

HoxkasateabctBo. Ilycts J— V. [lpeanonoxum,
yto V u, caeposatenbro, J HenpuBoaumbl. Ecan J=Jy u V
Henycro, To Jiobas cTpykrypa M€V Oyner obuieil crpyk-
Typoii V. lonycruM, uro J#J, u nyctb H — o6beauHenue
I u oTpuuaHH# BCex BbICKasbiBaHuit u3z Jo— J. Ml yrBep-
xpaeM, yto KU H HenporupopeuuBo. B camom gene, KU/
HEMPOTHBOPEUHBO, TaK KakK B NPOTUBHOM cayuae J=Jy, Bo-
IpeKH. HalleMy [peanoJoxkeHuto. Takum oOpas3om, ecd
KUH pnporuBopeunBo, TO HaWAyTCs TaKue BHICKA3bIBAHHMA
Yy, ..., Y€l —1J, 1, uto KUJU{~Y,, ~Yy, ..., ~7}
nporuBopeudnso. Orcoza KUJ-Y, VY,V ... VY, u tem ca-
mMpim YiVYeV .. VY, €J. Onnako J HenpUBOAUM U MOTOMY
Y;€ J npu uexoropoMm j, 1< j</, 4TO NPOTUBODPEUUT HauIEMY
npeanoaoxenuto. Mrak, KUH nenporuBopeuuso u oGaa-
Jaer mojeapto M€ Vo M u ectb uckomasi ofiast CTPyK-
Typa V.

O6paTHo, npeanosioxuM, uto V obaanaer obuiell cTpyk-
Typoii M. Mpl HOJIXKHBI /0Ka3aThb HEOPUBOAMMOCTb V uJwm,
4TO TO Xe camoe, Henpumogumocrb J. Ilyere X, Xy, X, —
TPH BbICKa3blBaHUs U3 Jo, Takue, uto K-X=X,\VX, u X€J.
X toraa HCTHHHO B M, u, cjaefoBaTe/bHO, XOTS Obl GJHO U3
JABYX BblcKasbiBaHu#l X; uau X, 6yjger uctudno B M u mo-
sTomy npunamiaexut J. CorvacHo reopeme 7.4.6 HenpuBoau-
mocth J J0oKa3aHa.

819. Teopema. flycte V=U{V}, ede V u V,—

v

mHozo006pasus  rtakue, uto V,F u V.=V Oan scex v
(4ucno v moxer OoiTo u beckoneunwim). Toeda V o6sa3a-
TeAbHO NpUsoOUMO.

Takum o00pasom, HENPUBOAMMOE MHOTOOOpasHe HeJb3s
NpeiCTaBUTb HETPUBHAABHBIM 00pa3oM Jake MOCPeACTBOM
0eCKOHEYHOH CYyMMBLI MHOrooOpasui.

Hoxaszateabcrtso. [lonyctum, 4ro, BONpekd yTBep-
xAenuio teopembl, V nenpusoaumo. Ilo yenosuio, V Heny-
CTO H, C/ef0oBarenbHo, obaasaer obuiell cTpykrypoit M€ V.
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Tak kak V= U{V,}, To M€V, npu nekoropom p. Ilyctn J u

J . — Wjlealibl, OTBEUAIOUIHE COOTBETCTBEHHO MHOrooOpasHiM
V u Vy. Tockoapky VoV, 10 J=/u M ynosrersopser
BceM BbicKasblBanusim J,, Tak kak M€V, u He ynosaerso-
psieT HH OJHOMY BbicKasbiBamuio us J, —J, Tak kak M —
obuiast crpykrypa V. Caenosatenbso, J=J, u V=V, uro,
OJHAKO, IPOTUBOPEUHT YCIOBHUIO.

[Tycrs M — qi06asi cTPyKTypa, npuHamiexamas Vo, o
nyeth Ju — MHOMKECTBO BCeX BBICKa3blBaHWi u3 Jo, HCTHH-
upix B M. Jlerko mposepsiercsi, yTo Jy — HJ€aJ U COOTBET-
crBylomee MHoroo6pasue Vy=V (Jy) copepxkur M. Bosee
toro, M ectb obmas ctpykrypa Var, Tak uto Vi — Henpu-
BOJMMOE MHOTooOpasHe.

8.1.10. Teopewma. Kawdoe mrozoobpasue V npedcra-
gaser coboi 06vedurerue HenpusoOumblx MHO2006pasud.

Teopema TpuBHa/dbHa, eciu V mycToe, TaK Kak TOTAa
yxe camo V menpusogumo. Jlas memycroro V. Mbl uMeeM
V=U{V,}, tne V,=Vy u M, npobGeraer Bce cTpyKTypht V.

v

8.1.11. Teopema. [Mycte V=U{V}= U{V,} — dsa
npedcrasaenus mHoeoo0pasus 6 eude 00BeOUHEHUS Henpu-
go0umbLx mroeoobpasuti. Toeda kasdoe muoeoobpasue V,
U3 nepsoeo npedcTasienus cOOepiCUTCs 8 HeKOTOpOM MHO-
ecobpasuu V. u3 8Topozo npedcrasaenus, u Haobopor.

JlokasaTeabcTBo. Ecin nandoe V, mycro, TO Halie
yTBepXKAeHHe oueBuAHO. [lomycTum, 4o V,#J, Torna V,
umeer obuyio ctpykrypy M. M € V, u notomy M npuuamie-
KT V), — OJHOMY H3 HENPHBOLAMMBIX MHOTOOOpa3uil BTO-

4 o
poro mpeacTasiaennus. [lyctb Ju — Hiean, COOTBETCTBYIOLIHH

V:L. Tak Kak Bce BhicKasbiBanusi Jy ynosiaersopsiior M, To
J,i NPHHALICXKHUT HJeany Mﬂoroo6p§13m{ V,, a caenoBa-
TeqbHO, KaK M yTBepskiaioch, V., < V.

Iycrs V, V/ — aBa muorooGpasusi, V'<V n V’ nenpuso- -
aumo. Torga V/ HasbiBaeTcs MaxkCHMaJjbHBIM B V, ecau qio-
6oe HEMpHUBOAHMOE MHOroobpasue V’’, rakoe, uto V'V’
<V, paBno V.

8.1.12. Teopewma. MMycro V, V' — dsa MHO2000pa3US,
VeV u V/ nenpusodumo. Toeda cyuectgyer MaxKcumanb-
noe muoeoobpasue V' e V, taxoe, wro V'V’ V.
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Hoxkasareabcrso. [yers J u J" — uaeannl, coot-
sercreytoine Vo u V. J<J’ u J' nenpusomum. Corsacuo
Teopeme 7.4.11 cymecrByer unean J’cJ’/, MUHHMAaJbHBI B
MHOXKECTBE BCeX HeNPUBOAHMBIX WI€aN0B, COep:Kamux J.
[Tyers V7 — muorooGpasue, cooterctByiomee J”. V7, kax
JIeTKO BH/ETh, YAOBJAETBOPSAET YCJIOBHIO TeOpPeMB.

8.1.13. Teopewma. Kamdoe mnozoo6pasue V ssasercsa
ob6vedunenuem 6cex HenpusoduMbLX MHO2006pABUL, MAKCHU-
manenoix 8 V.

Hokasarenbcrso. Iyers {V,} — coBokymHocTb He-
[IPUBOJHMBIX MHOTOOGpa3uf, MaKCHMadbHEIX B V. Mbl n0J-
AHBl I0Ka3ath, 4to Jiobas cTpykrypa M € V comepskurcs B
HeKoTopom V.. M comep:KuTCs B HENPUBOLMMOM MHOTO0G-
pasin VycV. B cuay 8.1.12 cywecrsyer HenpuBogumMoe
MHOrooGpasue, MakcuMaspHoe B V M cogepxaiiee Vy (a
cienosarteabHo, H M).

8.1.14. Teopewm a. Jlio6vie dsa npedcrasaenus mHozo-
obpasus V 6 sude obsedunenus HenpusoOumoix MHO2006-
pasud, makcumasvhotx ¢ 'V, cosnadaror.

Heftcrsureasno, nycts V= U{V,}= U{V\} —aBa rtakux
v v

npeacrasaenus. ITo reopeme 8.1.11 kaxkzmoe V, cosepxurcs

B HeKkoTopoM V. Ho V, makcumanen B V u noromy VV=VL,
YTO M JIOKa3blBaeT Hallle YTBEP:KIeHHE,

Teopema 8.1.14 noxasblBaeT eIWHCTBEHHOCTDL npejacTan-
JIEHNs, CYLleCTBOBaHHe KOTOPOTo yTBepxkiaercs 8.1.13.

Ml Oylem roBOpPHTE, YTO KiIacc MHOroOGpasuii yaAOBJE-
TBOPSIET YCAOBUIO MUHUMAAGHOCTH, eciu JioBas wemycras
COBOKYNHOCTb MHOr00OGPa3ui 3TOTO KJAacca UMeeT XOTH 6bl
OHO MHOroOGpasHe, He COJepKallee HHKaKOrO APYroro
MHOrooGpasust 310l coBOKymHOCTH. M3 cTpyKTypHOrO cOOT-
BETCTBHA MeXx Iy HleallaMH H MHOroOGpasHsMH JIETKO cJle-
IyeT, 4T0 yC.10BMe MHHHMaJIbHOCTH /ISl MHOTOOOpa3uil pas-
HO3HAYHO YCJIOBHIO MaKCHMAJBHOCTH A5 Haeanos (cM.7.1).
ODKBHUBAIEHTHBIM ITOMY yCJOBUIO ABASCTCH YCA08Ue obpeiga
yboisarowux yeneii 0as MHO2006pasudl, KOTOPOE COCTOHT B
TOM, UTO AJisl JIIOGOH yOLIBAIOeH MOCIeN0BATENbHOCTH MHO-
roobpasufi

VioV,oVso ...

Haigercsa rakoe 11, uto Vo=Vopy=Vap=...
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[paMbiM cneacteueM Teopembl 7.4.13, yuurniBas cooT-
BETCTBUHE MeXJy MHOroobpasusMu M UAeaTaMH, $BJSETCH

8.1.15. Teopewma. Honycrum, 4To 048 MHO2000pasull
BbINOAHEHO YyCAa0BUe MuHUMAAbHOCTU. Toeda Kaxcdoe mHo-
2oobpasue V moocer 6viTe npedcTagaenHo 00Hum (¢ TOU-
HOCTb10 00 nOpAdKa) U TOALKO OOHUM cnocobom 8 sude He-
COKPaTumozo 06se0UHeHUSl KOHeHHO20 HUCAQ Henpusoou-
MbIX MHO2000pasuii:

V:V1UV2U P UVn.

[Mpeacrasaenue V=V, UV,U ... UV, nasuBaerca Heco-
KPaTHMBIM, €CJIH NPH BLIUEPKHBAHMH K3 NPaBOH YaCTH JIO-
6oro MHoroo6pasus V; paBeHcTBO Hapyuaerca. Mcmosbsya
3aMeyaHue, clejaHHoe B 1. 7.4, HETPYJHO 3aMETHTh, UTO BCE
MHOToO6pa3us, GUrypHUPYIOLIME B TpEACTABJEHHH, MaKCH-
manbabl B V. Teopemsl 8.1.13 u 8.1.14 mokaseiBaiorT Toraa,
uro {Vi, Vs, ..., Vo} — COBOKYNHOCTb BCexX HAeanoB, Mak-:
CUMaJbHBIX B V.

B KadecTBe WJJIOCTPallMM TEOPHH 3TOH TJaBbl PaccMo-
TpuM Krp — MHOXECTBO aKCHOM (KOMMYTATHBHON) 006J1aCTH
uesoctHocTd. Ilox 06aacTblo LEJOCTHOCTH MBI IIOHUMaeM
KOMMYTaTHBHOE KOJBLO ¢ eanHMIel (orauuyHoll or 0) Ges
ngenutenell Hyad. B kavecTBe K;p MOXKHO B3ATb 0ObeHHe-
aue Kcp — MHOMXKECTBa aKCHOM KOMMYTaTHBHOTO KOJbIA —
M BBICKa3blBaHHUH

8.1.16. VxP(1, x, x), ~S(1,1,1),
VaxVyVeP(x,y,2) NS (2,2,2) 2S(x,x, x) V
VS(y, 4, y)l,

cojep:Kallux MNpeAMeTHylo nocrosgHHylo |. Kak oOvluno,
npeanosaraercd, 4to 1 o6osnauaer camy cedsa B a1060H Mo-
neaun Kip.

[Tycte My — HekoTopast 06/acTb HeJOCTHOCTH (T. €. MO-
peab Kip) wu D§ — nojoxureabHas auarpamMmma M,, oTHO-
IIEHHS H WHAMBHABLI KOTOPO#l ofosnayalor camn cebsas B M.
OGo3zHaunm depes K MHOXECTBO K;pUDg u uyepes Jo—
MHO}KecTBO BblckasbiBauui E(a,0), rae O — HeH#Tpa/abHblii
9/e€MeH1 Mo cjaoxKeHHio B My u a npoberaeT Bce HHAMBU/IB
M,. Mbl yrBepkaaeM, uro Jo JAMIBIOHKTUBHO OTHOCH-
teabHo K.
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B camom gene, nycts Xy=E(a,0) u Xo=FE (b,0) — nBa
NPOU3BONBHBLIX 3JeMeHTa Jo. BosbMeM HHAMBHA ¢ Takoil,
uto P(a, b, c) € Dy ,u nonoxum X=E(c,0). Jlerko nousts,
uro KH-X=X,VVX,. lelictButensHo, nwbast mogeab K aB-
JsieTc 06J1acThi0 1EJOCTHOCTH, KOTOpasi NPeACTaBJsieT co-
0oii pacmupenue romomopdHoro obpasza M, B raxkol mo-
nean P(a, b, c}) HCTHHHO U BBHAY OTCYTCTBHSI AejuTelieli Hy-
Jsi MCTHHHO B Hel TOFJla W TOJBKO TOTHAa, KOrja HCTHHHO
OAHO W3 BbicKaspiBanuil E(a,0) uiu E(b,0). Takum o6pa-
30M, AU3BIOHKTHBHOCTB Jo Hag K poxkasana.

Jlio6oit romomopdublil o6pas My MOXKHO peasin3oOBaTh
CTPYKTypoil M *), Bce OTHOLICHUS M MHIMBH/Ib KOTOPOH
COBINAJAOT C OTHOWICHHSIMH M MHAUBHAaMu M, Tak uro
D¢ — nopMHOMXeCcTBO NOMOKHUTENBHON aunarpammel M. Ilyers
Vo — MHOXKeCTBO BCEX CTPYKTYp, KOTOpHie fIBASIOTCA 06na-
CTAMU LeJOocTHOCTH *¥). Vi He comepxuT HH OJHOH Mojenu
K UJ,, MOCKOJNBKY B 3TO MHOXKECTBO BXOJAHT KaK BLICKAa3bl-
Banue ~S(1, 1, 1), Tak u BuickaswiBauus S(0, 0, 0y u
E(0, 1). KU/, comepKur TakikKe akCHOMY MOJACTAHOBOYHO-
cti u noaromy KUJo—S(1, 1, 1), Tak uto KUJ, OKasbl-
BA€TCS MPOTHBOPEUHBLIM.

[Tycts  Tenepns H — n1060e HenpoTHBOPEUHBOE MHOMKE-
CTBO BbICKa3bIBaHMH, cocTosmee 13 K, HEKOTOPOTO MOAMHO-
xecTBa Jo M MHOXKECTBa, 3J€MEHTHl KOTOPOTO mnpejcTas-
AT co00fl OTPHULAHHS DBbICKa3biBaHUH (He 06S3aTeNbHO
Bcex) M3 Jo. Mbl HamepeHbl MoKa3aTh, UTO CPeIH CTPYKTYp
Vo uMeerca momean H.

B camom jgese, Tak Kak [ HenpoTHBOPEYHBO, TO OHO OG-
Jdafaer mosnenvio M. M, 6yayun moneanio Kip u Dy, sis-
JSIETCs1 06/1aCThbIO 1LEJOCTHOCTH W PaCIINPeHHEM TOMOMOpPd-
Horo o6paza M, Bosee Toro, Mol MOKeM CUMTATbh, YTO BCe
HHIMBUABL, KOTOpble NonafarmTcs B 1, GUTYPHPYIOT Takxke
B KauecTBe 3/7eMeHTOoB M M KaK Takosble 0603HAYAIT caMU
cebs. [lo nocrpoenuio Bce 3TH HHAUBHABI MpPHHALIEIKAT
Takke crpyxkrype Mo OrpannuuBas M Ha 3TH MHAHBHAH,

*) B Tom cmMblcsie, 4TO 5TOT roMOMOpQHLIL 06pa3 ecTeCTBEHHO H30-
mopden ctpykrype M. (I1pum. nepes.)

**) Kpome Ttoro, Tpefyercs, 4rtobnl Bee CTPYKTYpul u3 Vo Gbiin
roMoMoppHbIMH 00pasaMu Mg ¢ TeMH Ke HHAMBHIAMU M OTHOLICHUSMH.
({lpum. nepes.)

8.1 MHOTOOBPA3USI CTPYKTYP 265

MBI noJydaem o6aacTb uenaoctHoctw M’ € V. JlioGoe aTo-
MapHOe BBICKasbiBaHMe, onpejfesennoe B M’ u ucrunHoe B
M, vctuaHo Takxke U B M’. Takum o6pasom, M" — moaenn
D, tak uto BCce BhicKasbiBaHua u3 Jo onpejenenst B M’ u
JA1060e BbicKasmiBanue u3 Jo vucTuHHO B M’ Toraa u TOJIbKO
TOrfa, Korja oHo uctuHuo B M. Beuay ckaszansoro M’ —
mojeap H, uto u TpeboBanoch nokasatb. Mrak, Vo — moa-
Has cucreMa CTpyktyp Aas Jo Hag K (cM. Hauajo 3Toro
pasgena). Takum o00pasom, BCs pasBuTasg Bblllle TEOPHUA
MHoroo6pa3uil IpUMCHHMa H B HauleM cJyuae.

Tak kak K colep:uT MHOXKECTBO aKCHOM KOMMYTaTHB-
HOTO KOJblla, To HAeasbl B Jo Hanx K 06pas3yioT NoAMHOXKe-
CTBO MHOXKECTBa HA€anoB, MOJYUYeHHBIX M3 TOH ke objacTn
B npeibayuieM paspete. Taxum o6pasoM, Aas Jaw060ro
npeana J={E(a,,0)} B Jo Han K uBAMBHAH a,, BCTpeyaio-
muecst B J, cocraBasior apudmerudeckuii nuean J. s M.
OnHako He KaxkAblji apudmerudecknil upean J,.={a,} co-
OTBETCTBYeT MeTaMaTeMathHueckomy upeany B Jo Haa K.
CyTb JieJa [OJHOCTBIO BCKDPBIBAETCS CJICAYIOLIUMH ABYMS
TeopeMaMH.

8.1.17. Teopema. Muoxecrso J={E(a,, 0)} asanercsa
nenpusoOumoin udearon 8 Jo vad K 8 Tom u 1026K0 8 TOM
cayuae, Kozda cooreercreyiouee muoxectso Ji={a,} —
npoctot udeas 8 M. _

NokaszaTeabctso. [Ipeanogoxum, uroJ ={E (a,, 0)} -
HCNPHBOAMMBIZ Hiean B Jo Han K. MuoxectBo Jy =
={a,} saBasiercs wujeanom. Ilycrs npousselenue bcEJ:.,
rorga E(be,0) €J. TTockoapky B K MMeTCs aKCHOMBI 00-
JaCTH UEeJOCTHOCTH, BbICKa3biBaHHe

E (be, 0)=E (b, 0) VE (c, 0)

BeiBoAuMo u3 K. J HenpuBoaum, u no teopeme 7.4.6 subo
E(b,0), qu6o E(c,0) npunamnexur J. Orcioga au6o b,
Au60 ¢ npHHAATeXRHT Jg, U4TO H AOKa3biBAET MPOCTOTY J s

O6parHo, AONYCTHM, 4TO Js — MPOCTOH Haeal. Ecau /1,
cofepKHUT BCe 371eMeHThl Mo, TO J coBnapaet ¢ Jy H, claeno-
Bare]bHO, HenpuBoauM. Ecau J. He ucueprbiBaeT BCeX 3Je-
mentoB Mo, To dakTop-koabuo Mg/J.. sBAsiercs 06aacTbIO
meqocTHocTH. Kaxk W padblle, MB MOXEM CUWTaTbh, 4TO
Mo/J . peannsoBaHO Ha MHO)KeCTBE HHJMBUJOB CTPYKTYDHI

;
My n uro Mp/l. daBAsileTc MOAENBIO Dy OTHOCHTEJBbHO
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COOTBETCTBHS, IPH KOTOPOM HHAMBHIALI U3 M 0603Haua0T ca-
mu ce6s. Torna E(a,, 0) ucturno B Mo/J.. B TOM U TOJBKO
B TOM cayuae, ecau a,€ J.. Takum o6pasom, My/J . — obmas
crpykrypa, /={E(a,, 0)}, u noromy J, KaK u yTBepxKaanock,
SIBJISIETCS HENPHBOAMMEIM HJ1€ajoM.

8.1.18. Teopewma. Mnoxecrso J={E (a,,0)} ssanerca
udeasronm 8 Iy nad K 102da u toavko T02da, kKoeda coorger-
creyrouee mnogcecrso Jw={a,} npedcrasaser coboii apudg-
MeTudeckull udeaa, cosnadmowut co ceoum padukaiom.

Paaukan J/ apudmernueckoro maeana J — 310 MHOKe-
CTBO BCEX 3/EMEHTOB b TaKHX, UTO HEKOTOPAs MOJIOKUTEb-
Hast crenenb b npunamiexut J. Jlerko Bugerts, uto J/ —
apudmeruueckuit umeast, comepxauiuit J. J'=J B ToM W
TOJIBKO B TOM cJydae, KOTAa BKIoueHHue b» € J paeuer b€ J
IJA BCceX 3JeMeHTOB b u3 3Toro kosbua. Mpueaswl, cobna-
Aaollye co CBOUM pPajMKaJoM, HOCAT Ha3BaHHE paduUKalb-
Hbix udearos.

HoxasarenbcrBo 8.1.18. JlomycTum cHauana, 4to
J={E(a,,0)} — unean B J, Hax K. B 310M cayuae J Mox-
HO npeiCTaBuTh cornacHo 7.4.10 B BH/le nepeceueHus Henpu-
BoaUMbIX uieanos: J= N{/}. [yctb {J;,} — MHOXeCTBO co-

v

OTBETCTBYIOUIWX apH(METHUYCCKHX WIeastoB; Torga J,=—
= N{/x}. Ha ochosaunu 8.1.17 3to ecThb npencrabaenue Iy
B KauecrBe IepecevyeHus NMpPOCTHIX HAeados, Ilyers bn€ J,
AAst_Hexoroporo b€ M, last Bcex v bn€J,, a NOTOMY H
b€/, BBUAY npocToThl J,,. Takum obpasom, b€ J, u, cie-
NOBaTeNbHO, J.. COBNAlaeT CO CBOUM PaJHKa/IOM.

O6parho, nonyctum, uto J. — paauKaJbHBEIN uaeaJs. Las
RoKasaresbcTBa Toro, uto J={E(a,, 0)} sasasercs merama-
TeMaTHUCCKHM HA€aJoM, Mbl JOJKHBI NOKA3aTh, UTO J1060e

BoickaseiBanue E(b,0), rae b ¢ J.., uesmBogumo usz KUJ.
B cuny pamuraavhocTH J. ToOT thaxr, yro b$!.;.:., 03Hayaer,
uto MHOxectBo B={b, b2, b3 ..} ue nepecekaercs ¢ J,.
C nmoMowbI0 06HIYHOTO pacCysKAeHHS, UCTIONb3YIOLIET0 JeM-
My Llopna, nerko noxaswipaetcs cyiiectTsoBanme paxnKa/b-

HOTO HjeaJsa J:,. KOTOpBIi conepkuT J., He nepecekaercs
C B v MaKcHMaJsieH B MHOMKECTBEe BCeX TaKHX HIeaton. Je
NOMUMO Impouero, npoct. [deficTBUTeqNbHO, ecan cd EJ; A
HekoTopbix ¢, d € Mo u Hu ¢, Hu d He npuHamexar J,. TO
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’
o MaKCHMaJbHOMY  CBOHCTBY J* CYLIECTBYIOT TaKue

r, ro€ My, ji Jo E./; U TaKue I[eJsble MOJOXKUTEJNbHbIe YHC-
Ja m #u n, 4To

I’1C+j1=bm, I’zd-l—njz:bn.
Orciona

b =" 0" = (rie+ ) (rod - Jo) = /
=riry¢ & —++ricjy—+rodji + j1j € J»

4
Ogmnaxo J, coBmajaer co CBOUM paJHKajoM, U MOTOMY

4
bEJ*/, BOTIPEKH HameMy IpeanoJoxernuio. Urak, J, — npo-
CTOll nieas, u COOTBETCTBYIOIlee eMy moAMHOKecTBO J'<=Jo
SIB/SIETCA HENPHBOAUMBIM HaeanaoMm B Jo B cuay 8.1.17. Kpo-
me rtoro, J'oJ, wo E(b,0) %]’. [TocnenHee o3Hauaer, 4TO
E (b, 0) nesniBogumo u3 KUJ” u a fortiori us KU{.
UuraTesb, BO3MOXHO, 3aMeTW], 4YTO BO BTOPOH YacTH
TeOPEeMB! UCIOJb30BAJOCh NIPOCTOE, HO pellawllee paccy-
KIEeHHe, XOpOlIO HU3BECTHOe B OOBIUHOH TEOPHM KOMMYyTa-
THBHBIX KoJell *). B Hacrosilleli cutyauun 3To paccyxjeHue
NOHAaA0O6MAOCH HaM He AJsSi TOrO, YTOOBl Pa3BUTh HAIIy Teo-
pHIO HAeajoB, a s TOTO, UTOOBl YCTAHOBHTbL CBSI3b MEXKIY
HallUMH MeTaMaTeMaTHUYeCKUMH HjeajJaMu W HujealaMi B
KOMMYTaTHBHON TEOPHH.

8.2. Mpea-uneannt n ux MHoroo6pasus. I[lycrs W={x} —
(PMKCHPOBAHHOE HENYCTOE MHOXECTBO Pa3JMUYHBIX TMepeMeH-
HBIX ¢ MHOXecTBOM MHAeKcoB N={v}, npuuem W u N wmo-
ryT ObITb KaK KOHEUHBIMM, TaK H GecKoHeuHbiMu. Mbi Oy1em
paccMaTpUBAaTh MPaBUJAbHO TOCTPOEHHBIE (HOPMYJIBL, CBOGO-
Hble TepeMEHHble KOTODHIX (ecau OHM TaM BOOOGIe eCTh)
npuHamiexkar W, a cBsA3aHHble TIepeMeHHbIe He COAepIKaTCsl
B W. MuoxectBo Takux nng o6oznaunm uepes Hy. [lycThb
H — nexortopoe noaMuoxectBo Hy u Q € Hy. Mbl ckaxem
Torpa, uro Q BmiBojmmo u3 H, cumpogauuecku HEQ, ecan
CyLIeCTBYIOT Takue @i, ..., Qm€ H, urc

8.2.1. }—Vx1 e Vxn[Qf/\ e /\QmDQ].

rae Xy, ..., X, — Bce aeMeHThl W, KOTOpHIE XOT 6Bl OJQUH
pas BcTpeuaoTes B @y, Q2, ..., Qm, Q.

*) Tlox sasBanvem Teopemn Kpyans. ({Ipum. nepes.)
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[Tycte K u Jy — noamuoxectsa Hy; Mbl npeano/noxum,
yto B KUJy comep:xutcs no kpaiiuefi mMepe 0AHO OTHOIue-
HHE MOJOKHUTeNbHOIo nopsiika. HazoBem Torga MHOXKeCTBO
J<Jo npeduxarneim udeasom (Kopotko, nped-udearom) &
Jo nad K, ecin KUJI—Q Baeuer QEJ aas moGoii mng
Q¢ Jo.

Hast Toro 4TOGB! CBECTH TEOPHUIO TPEA-UAEANOB K TEOPHH
OOBLIYHBIX HACANOB, PACCMOTPEHHBIX B nmn. 7.2—7.4, BeeieM
MHOXKeCTBO P*={a;} pasiuuHbiX HHAMBHIOB C NPEKHHM

MHOKECTBOM HHJIEKCOB N, Tak UTO Bce 5J€MEHThl He BCTpe-
daworesi HU B oaHoit w3 nnd K nau Jo. Hdaag awoboli nnd
Q€ KUJy o6o3aunm yepes Q¥ BbiCKa3biBaHUE, NOMYUCHHOE
13 Q 3aMeUICHHEM BCeX CBOGOAHBIX MEPEeMEHHBIX X, COOT-
BEeTCTBYIOIMMHU a,. TakuM 06pasoM yCTaHaBJIHBaeTcs B3a-

HMHO OJIHO3HAYHOE COOTBETCTBHE MEXIY NI @Q M3 MHONKe-
ctBa KUJyp U HEKOTOPEIMH BBICKasblBaHMsaMH. [lycTh K* n

*
Jo — MHOXKecTBa BBICKA3bIBAHUEH, OTBEUAIOIIHX COOTBET-
crBeHno MuoxkecrsaM nng K u Jo. Torna 8.2.1 umeer Mecto
B TOM H TOJBKO B TOM CJyuae, ecjiu

FQIA ... AQLDQ*.

910 03Hayaer, 4to noAMHokecTBo J=J, OyaeT npea-ugeanom
TOTJa M TOJIbKO TOrAa, KOTAa COOTBETCTBYIOUIee MOJAMHONKE-
ctBo J*<Jg Gyner uieanom B Jo Ham K*. Taxkum 06pasoMm,
TEOpHs Tpef-uleasoB UEeJHKOM CBOAHTCS K TEOPHH HI€a/0B
(nn. 7.2—7.4). Bce onpejeneHus u pe3yJbTaTbl 3THX pas-
JIeJIOB OCTAlOTCH B CHJIE, eCM BMECTO HJeasoB paccMaTpH-
BaTh npex-uieanbl. OJHAKO TeOpHIO MHOTO0OOpa3uil mpes-
HJea/t OB NPHMXOTHTCA Pa3BUBATb OTAEJbHO.

[lycts  H — n1060e  NOAMHOXKECTBO BBEIEHHOTO paHee
muoxectBa Hy. Cnerka ofofuias Hally nepBOHaYajbHYIO
TEPMHHOJIOTHIO, Mbl Ha30BeM CTpYKTypy M modeasio H, ec-
JU Bce OOBEKTLl H CHMBOJBl OTHOWIeHH#H B H HaxomfaTcs BO
B3aMMHO OJHO3HAYHOM COOTBETCTBUH C HMHAWBHJAAMH H OTHO-
meHusiMu M, Tak uto Bce sbickassvieanus H vicrunuot B M.
B uacTHOCTH, KaK M paHblue, JAOMNYCKAETCsl, YTO MHAMBHABI U
CHMBOJIB OTHOMmIEHHH 0Go3HauaT B M camu ce6s.

Hast paHHOro MHoxkectBa HHAeKCOB N W 1as Jw060#
CTPYKTYpel M 06G03HaunM uepes MY mpocTpaHCTBO BCex Ha-
oopos P={a.}, a,C M,, ¢ maoxkectsom ungexcos N. B uacr-
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HOCTH, ecid N KOHEUHO U COJEepPIKHT POBHO A 3JEMEHTOB, TO
MY ecTb He YTO HHOE, KaK n-MEpHOe JeKapTOBO NpOCTpaH-
ctBo Mn, onpenesnenHoe pasee B n. 3.3. HaGop P — Touka
storo npocrpascrea. Ecam M — ctpyktypa ¥ P — TCuKa
8 MY, To Mbl Ha30BeM COCTA8HOL TOHKOU YNOPSLOYEHHYIO
napy (M, P).

[Tycte M — mopens HoHyy, Tae ang npocToTst mpen-
[10JI03KEHO, UTO CHMBOJbI OOBEKTOB M OTHOWeHHH u3 H o6o-
sHaualoT B M camu cebst. [lycrs Q — npousBosbHas nnd,
npuHaaiexawas H, u mycrb P — touka MN. 3aMeHuM BCe
cBoGonHbie nepemennbie x,€ W, ¢durypupyomune B Q, co-
OTBETCTBYIOILMMH 3JeMeHTaMu u3 P (1. e. KOHCTaHTaMHu @,
¢ teMu xe uHAekcamu). [losyueHHOe BBICKa3blBaHHE (Mbl
ero 0603HauuM Qp) ONpeneseHo, ecaU HPUHATL (eCTeCTBeH-
HOe) corjiallleHde O TOM, UTO 3JeMeHThl P 0003HauarT caMi
ce6s. Eciu Qp vicTuHHO B M, To Mbl cKaxeM, uto nng Q
ycTHHHA B Touke P € MY uau uro Touka P ynosierBopsier
Q B MY, unu, HagkoHel, 4To Q MCTHHHA B COCTaBHOH TOUKe
(M, P). B uactHOCTH, eciu Q — BbICKa3biBaHue, TO OHO Oy-
JeT UCTHHHO BO Bcex Toukax P € MY, Tak Kak MO yCJOBHIO
Q ucruHHO B M.

[Tyctb Vo — MHOXeCTBO COCTABHBIX TOYEK, YNOBJIETBO-
paomee caeayomum yeaosuam. Ecan (M, P) €V, nas He-
KoTopoit cTpykTypet M n Hekoropoil Touku P € MY, To (M,
P’y € V, take u aas Jioboit apyrofi Touku P’ € MV, Eciu
(M, P) € Vo, toBce nndp u3 KUJ, onpenenenst 8 M *). Ecan
noamHuoxectso Hc Hy, cocrositiee u3 K, HEKOTOPOro noj-
MHO2KecTBa Jo B OTpPUIlAHUE 3JeMEeHTOB APYrOro TMOAMHOXKe-
ctBa Jo, TaKoBo, uTo H* HENpPOTHBOPEUHBO, TO CYUIECTBYET
cocraBHas Touka (M, P) €V,, yposaerBopawoumlasg BCeM Nng
u3 H **),

HeTpyano — ycTaHOBHTB — CyLleCTBOBAaHME MHOXKeCTBa,
YIOBJETBOPSIIOIIEr0  3THM  ycJaoBuAM. B camom gede,

*) YVuuToiBas NOCAeAYIOIYIO TEOPHIO, HEOGXOIUMO ellle NoTpefoBaTh
HCTUHHOCTH KakAo% tno u3 K Bo Beex cocraBHbIX Toukax (M, P) & Ve
(/1pum. nepes.)

#*) BBULy NpelbIAYLLEro 3aMeuaHus, 3lech (a Takxe H JaJjblle OPH
L0Ka3aTeanCcTBe CyllecTBoBauust Vo) mox H* HyXHO MOHUMaTb MHOXKe-
ctBo H'*, rpe H' nonyuaerca uz H samenofi Bcex nnd Q(xy, ..., Xn)
us K Ha VX1 ...V Xn Q(x| ... x»). B naneseiimem sro Oyxer He-
CYyIeCTBEHHO, TOCKoJbKY K, xak npaBuno, OyJeT COCTOATb H3 OAHHX
BoickasbiBauuil. ([Tpum. nepes.)
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paccMOTpUM COBOKYNHOCTb {1} BCeX MHOMKECTB, MONOGHLIX
*
onucannomy Bhiwwe f1. Tak kak H, HenpornHeopeunso, 10 y

* *
Hero umeerca moaeab My. Hob6asasia Kk H,, eciu HYKHO,
OTAEJbHBIE TEOpeMbl Y3KOTO HCUHC/AEHHA NPEAHKATOB, CO-
L

.
AepiKallie dy, Mbl MOXKEeM CUMTaTh, UTO BCe ay € M, H, cie-
N )
ZoBarenbHo, P* € My" *). Bee nnd us H, 6yayt npu stom
. N ®
ueTuHHBl B P* € My~ . Tlyers Vo — MuoxectBo {M,, Pa} Beex

COCTaBHBIX TOYeK, Tae P, mpoberaior Bce Toukn My. Jlerko
NpOBepAETCA, YTO MOCTPOEHHOE MHOXKeCTBO Vy yaoBaeTBO-
PACT BCEM IIEPEUHCHEHHBIM BHIIIE YCAOBUSAM.

Takoe muO)kecTBo Vo Mbl 6yjAeM HasblBaTb MOJHOH CH-
CTeMOH cocTaBHBIX Touek st Jo Hax K.

[Tycte A — n1pousBobHOE NOAMHOKECTBO Jo. Haszosem
(reomeTpuuecKHM) MHorooGpasueM A, 0603Hayas ero V(A),
MHOZKECTBO TakKHX 3jeMeHToB (M, P) € V,, uro Bce nnd u3
A uctunnl B Touke PEMN. To 06CTOATENBCTBO, UTO
V(A) — muorooGpasue A, Mbl 6yleM Takke yKasbiBaTb MO-
cpeacteom A —V(A). Ecin J=(A) —npen-unean, nopo-
KIeHHbI A B Jo, T Jerko ycmotpers, uto V(J) =V (4).

B nasbHefimem Gyaer Takike MpeAnonarathCsi AU3BIOHK-
THBHOCTb Jo Han K, T. e., 10 onpeleneHuo, MU3LIOHKTUB-
HocTh Jo Hanm K*. :

Samensis B 8.1.1 ca0Bo «umean» Ha <IPea-HAEAN>, Mbl
NOJyyaeM COOTBETCTBYIOULYIO TEODEMY [ Mpei-HAEaJoB,
J0Ka3aTe/IbCTBO KOTOPOH TaK:Ke TPHBHANbHO. AHAJOrHUHO,
pasHbIM Ipej-HaeataM OTBEUalT Pa3Hble MHOroo6pasnsi, Tak
4TO COOTBETCTBHE MeXIYy Npej-ujealaMi H HX MHOrooGpa-
3USAIMH B3aHMHO OJHO3HAQ4YHO. :

8.1.3 samensiercs caeaywouel reopeMoi:

8.2.2. Teopema. Ecau V — muoeoobpasue nped-udea-
aa J 6 Iy, to ] cocrour us scex nng Jo, ucrunnsix 8 ka-
acdoi cocrasrol touke (M, P)€V.

JlokasaTeabcTBsoO. [ycrb /i — MHOXKeCTBO Beex nndg
u3 Jy, HCTHHHBIX B KaXKAOH cocTaBHOH Touke V. Slcno, uto
IioJ. Honyerum Jy5J. Torga cymectsyer nud Q€ J,—J
Takas, uro K*UJ*U{~Q*} nenporusopeunso. Ilycrs

*) Kpome toro, poGaBass Hagiexatife TEOPeMbl, MLl MOXKEM CuH-
Tarh, YTo Bee mng u3 K |J Jy onpeneneHs B M,,. (Ipun. nepes.)
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(M, P) — coctaBHas Touka V,, yA0BJAeTBOPSAIOMLIAs BCEM NI
us KUJU{~Q}. Takas Touka CyLIeCTBYeT COTJIACHO YCJO-
BUSIM, HajoxKeHHBIM.Ha Vo Hrak, (M, P) €V, Q J0x%HO B
(M, P) u Q€ Jy, HecMOTPs1 HA TO, uTO Bee nng wu3 J, uc-
THHHBI B TOYKax u3 V.

Ocrawores B cuie u Teopembr 8.1.4—8.1.6, ecan «upgea-
JBI» BCIOAY 3aMeHUTh «mpej-ujeasaMu». Kak u npexje, Mbl
NPUXOAUM K 3aKJIOUEHHIO O TOM, UTO B3aUMHO OJHO3HAYHOE
cootBercTBUE J — V TepEBOAUT CyMMYy JABYX Mpei-HAEa/IOB B
nepeceyeHHe COOTBETCTBYIOUIHX MHOT0OOpa3uil, a mepece-
uyeHHe JBYX Ilpel-ujieasoB — B o0befHHeHHe MHOroo6pasui.

OnpejeneHie HEPUBOJUMOTO MOAMHOIO06pa3Hs] OCTAELT-
csl mpexHUM. MHoroo6pasue OyleT HENMPHUBOAHMO B TOM M
TOJIBKO B TOM Cjydae, KOrja COOTBETCTBYIOIIMH mpel-uaeal
HENpPHUBOJIHM,

Cocrasuas Ttouxka (M, P)€ V, nasniBaercss obues Tou-

-koti mHoroo6pasust V, ecan Kaxkpas nnd Q€ J, ucTuHHA B

(M, P) Torna u TOJBKO TOLZa, Korga @ mpUHAIJIEKUT Npen-
uaeany J muoroo6pasus V. B sTom cayuae (M, P) uasw-
BaeTcs Takxe oOOUIeli TOYKOH npep-ugeana J. Mul Bckope
yBHAKM, 4TO 00lasl ToUuKa B aareGpanueckoll reOMeTpHH MO-
JKET paccMaTpUBaTbCs KakK YacTHBIH cjydall Hamed obue
TOUKH.

823. Teopema. [aa 1020 41006l HEnYycTOE MHO2006-
pasue V Golro Henpugodumeim, Heobx00umo u G0CTATOUHO,
yTo6ot V o06aadaro obweil Toukoi.

HokasaTenbCTBO NPUBOAUTCS MapaJjJenbHO JHOKa-
sateancty 8.1.8. Ilyers J — V, u pomycrtum, uro V, a cre-
JoBaTenbHo, u J HenpuBOoAUMEL. [IpeAnosokuM cHavyaaa, uTo
J#J,. O6osnauum uepe3 H ob6venuHenue J u OTpPULAHHE
Bcex BbiCKasbiBauWit Uz Jo—J. Kak u B j0KazaTenbcTBe
8.1.8, K* UH* HempoTHBOPEUHWBO U NOTOMY HUMEET MOeb
M*, oTHOCHTE/ABbHO KOTOPO¥W Mbl MOXKeM TNpeanosnafath, 4TO
Bce KoopauHaTtel P* npuuannexar M*. Torma (M*, P*) €
€ Vo u Bce mugp us KU H ucruunaw 8 (M*, P¥), Takum o6-
pasoMm, (M* P*) n ectb uckomas obmas Touka V. Ecau
J=J, u V Henycro, To aw6ofi s3nement uz V asasgercs o6-
e TOYKORN. ,

O6patHo, gonyctum, uto y V umeercs obilas Touka. Io-
Kaxxem Henpusogumocts J. Ilyets Q, Qi Q.€J, Taxoswl,

yro KH-Q=Q,VQ, u Q€& /J. IInd Q ucrunna B (M, P}, 1. e.
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BoickadbiBande Qp uctnno B M. Ortciona BBITEKAET, UTO
AH60 Qip, 1160 Qup MCTHHO B M, T. €. 0HA U3 o Qy uau
Q, uctunHa B (M, P) ¥ TeM caMbiM npuHaaaexut J. Takum
00pa3oM, COIJIACHO TeopeMe, aHaJOTHUHOH 7.4.6, J wenpu-
BOJWM.

Teopembr 8.1.9 u 8.1.10 ocraioTes crnpaBefianBbIME 63
Kakux Obl TO HHM Obuio mepedopMmyauposok. [Iast nokasa-
T€JbCTBA MNOCJEHeH TeopeMbl ONpeie/sieTcss NpeA-uaeads
Jou, p, coctosmumit us Beex nnd Jo, MCTHHHBIX B JaHHOM
Touke (M, P).

Haxkonen, Teopembt 8.1.11—8.1.15 Takxe ocratorcs B cH-
JIg, KaK M BCe CBsI3aHHbIE C 3TMMH TeOpEeMaMH MOHATHS (Ha-
MpHMep, HECOKPATHMOE MPeACTABJEHHUE). ‘

3ameTum, 4To B OCIIEH TEOPHH NPEN-HAEAN0B U HX MHO-
roo6pasuil B MHOXecTBe Vo cocTaBHbIX TOuek (M, P) yuact-
ByeT, BOOOILE roBopsi, He oaHa cTpyktypa M. Oanako BnoJ-
He BO3MOXKHO, YTO HEKOTOPOE MHOMKECTBO COCTABHBIX TOUEK
(M, P) c cukcupoBanHoll crpykrypoii M YAOBJIeTBOPSIET
BCEM YCJOBHAM, Ha/loKeHHbIM Ha V. MIMeHHO Takasi cuTya-
M5l U BO3HHKAeT B KJIACCHYECKOM CJyvae, pacCMOTPeHHEM
KOTOPOTO MBI 3aifiMeMCsl B CJeAyIONieM pasjese.

8.3. Meramarematuueckue u anare6pamyecKkue MHOr006-
4
pasus. Ilyctb Kcr— MHOXKECTBO aKCHOM [OJIS, BBEAEHHOE

’
B M. 2.2. Kcr comepxuT KoHcTaHTh O u 1, 0603Hayamomue
COOTBETCTBEHHO HEHTpaJ/ibHbie 32JeMEHTHl [0 CJOMKEHHIO H

/
ymuoxenuto. llycte My — mogmens Kcr ¥ Do — puarpamma
Mo. Ilpu 310M, KaK OGLIYHO, BCE OTHOLIEHHS] U HHAHBHUBI U3

KérU Do 0603mauaior camu cebss B Mg, tak uto O u 1 B M,
AeHCTBUTENBHO SABJAIOTCH HEHTDAJbHBIMH 3JeMeHTaMH, K
noa10KuM pasubiM K¢r U Do.

[Tycte Mp=Mg[xy, ..., Xp] — NOAMHOMHAJBHOE KOJbLO
OT 1 mepemMeHHBIX ¢ Koypduuuentamu B My, n21. las ka-
XKJIOTO MHOTOU/IEHA (X1, ..., Xn) € M, BBIZENHM mpegmxar
Qq(x1, ..., Xn), cHOPMYIUPOBAHHBI B TePMHHAX HHAHBHU-
OB W OTHOWIEHMH u3 K u yTBepxKiawiiuil, yro ¢ (x,
..., Xy) pasno 0. O6o3naunm uepes Jo MHOXKECTBO BCEX Ta-
KHX TpeankaroB. Mbl OyseM paccMaTpHBaTbh TEOPUIO Mpej-
uneanos B Jy Hag K. Jo, Kak JIErKo BHAETh, AM3BIOHKTHRHO,
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MOCKOAbKY aasi J06bX Qg (X1, ..., X)), Qg (xy,
L xn) E JO
8.3.1.
K= Q. (%15 « . -, X)=Qq (X1, .., )V Qg (%1, ..., Xq)e

B kauectse V, BosbMeM MHOXeCTBO, yKaszaHHOE B npe-
AbinyleM pasiene. 3amerum, uro K~ UJo = K U Jonpotuso-
peunBo, nockoabky Jo CogepiKHT BhICKasbiBaHe Q(af,

., Gy), yTBepKAAOIIee, YTO OCTOSIHHBIN MHOTOUICH g=1
paBel ( mpn HEKOTOPbLIX 3HAUEHHSIX apPryMEHTOB .aj, ..., a;.

ITo mwo6oMy npex-uneanay j:{Q'iu (xp, -0y X)) B Jo
Han K onpememum MHOXecTBO Juw={q, (X1, ..., xn)} Bcex
MHOTPOUJIEHOB qy (Xy,. . ., Xn) € My, HrpaAIOUIMX POJIb HHAEKCOB
ans npeaukaros J. Kak 6yner cefiluac mokasano, J, siBasier-
csl uaeaaoM B M, B o6biuHOM cmblcae. Takofl upean MbL Mo-
npexKHemy OyjAeM Ha3blBaTb apuDMETHUECKHM HIEAJOM.

B- camom jnene, mycrtb Qg (X1, ..., xu), Qg (x4, ...
.» ¥n) € J. IMockonbky K CONEPKHT aKCHOMBI MOJS,
Ki=Qq (X1 -y X)) A Qu(xys + vy X,) D Qauag, (X1, vy X,)
H
Ki—' Qq(xl’ MRS ] xn):) qu(xl’ RS xn)?
rae r(xy, ..., X,) — NPOU3BOJbHBIN 3JdeMeHT uz M,,.
832. Teopewma. IHoomrnomncecrso  J={Q, (x4,

., Xn)}=Jo T020a U TOALKO TO20Q Gyder HenpusoduMbLM
nped-udearom 6 Iy nad K, kozda coorsercrayrouee nodmmo-
ocecto Jy={qu(x1, ..., xn)}=M, 6yder npocroim udearon
8 M.

HokasareabctBo. [Iycre J — HenpusoanMbiii mpei-
unean B Jonan K. Kak 6bl10 yxke nokasaHo, Ji — unean B

M,. Tlpepmonoxkum, uTo npousBefeHHe (X1, ..., X,)=
=r(xy, ..., Xp)eS(X, ..., Xxp)€Jls THE 1, SEM,.
Qq(xy, ..., xn) npuHaggexur J. Mogeas K He MOXeT UMeTh

penuTedieil HyJIs1 U MOTOMY
K}_——Qq('xiv ceey xn) :)QT(xl, ) xn)st(xb L] xn)'

Ho kosb ckopo J HempuBoauM, oasa u3 nnd Q, umam Q,
npuHamiexut J u, cjenoBaTenbHO, OAMH U3 MHOTOYJIEHOB
r(%1, ..., Xn) WAN S(Xy, ..., X) NPHHALIEKHUT Jy, 4TO H
10Ka3blBaeT npocToTy J,.

18 A. PoGuticon
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O6patHo, JonmyctuM, uto Ji — mpocroiéi umean. Ecan
Jo.=M,, to J=J, u, B uactHoct, J HenpuBomum. Ecan

I.#M,, To M, /], ectb 061acTh LEeNOCTHOCTH, H30OMOPpGhHAA -

pacwmpennio M,. lna yno6erea 3amMeHuM M, #30MOp(HBIM
eMy KoabuoMm My, MOJCTaB/sAsl BMECTO CUMBOJIOB Xy, ..., X,
MrparolluX B HalleM si3blKe TOJBKO POJb MEPEeMEHHBIX, HH-
HMBHAM 4}, ..., a;. DTa NOACTAaHOBKa mnpeobpaayer J. B
ugean J, B M} tak, uro dakrop-koasuo M)/J. usomopdHO
M/l Tournee, Mbl MOKeM npeanonarats, 4to My/lY sB-
Jasercss pacuimpennem My, comepiKalluM HHAMBMABI ai, ...
cevs an. Qq(al, ..., ay) ucturHO B M,/JS TOTAa M TOJBKO
Torna, Korma g(aj, ..., an)€J', T. e. TOrAa M TOJABKG
Toraa, Koraa q(xi, ..., X,) €Ju u Qu(xy, ..., x,) €Jy

t 3 £
Mn/./*, BOOOIIEe rOBOPS, He fBJASETCH MOgeablo K, Tak Kak

Mz/J, me Bceraa mosme. OfnaKo 3TO KOJABIO MOMKHO BJO-
XHUTb B €ro noJe oTHomeHuit M’. Toraa cocTaBHyI TOUYKy
(M, P*)=(M’, (a}, ..., an)) MOXKHO paccMaTpHBaTb Kak
snemenT V, 1 ofmyto Touky J. leficTBUTeNbHO, Kaxaas nnd
3 Jo uctunna B (M’, P*) B TOM W TOJBKO B TOM cJay4ae,
korza oHa npuHainexut J. CrenosarenabHo, J — npea-uaealn
B Jo Haa K u, rak xax nnd Q, wiau Qg ucruaub B (M, P¥)
TOrZla W TOMBKO TOTAa, Korjga Q,s uctuHHa B (M’, P*) 10
J — HenpuBOANMBLI pe-Haeas.

8.3.3. Teopewa. [Todmuosecrso J={Qqu(x1, ceey X))
aganerca nped-udearom 8 Jo Had K ro2da u toabko T0eda,
Koada cooTgercreyrowee  noomuoxecrso J.={q,(x1, ...

., Xn)} f845eTCa paduxaseHbim udeasom g Mn.

Hdokaszarteabctso. J[lonyctuMm cHavanda, yro J —
npen-unean B Jo nag K. Torga J — nepeceyenue HeNpUBOAH-
MbIX Tipen-uaeanon:J == Q {/,}. Otciona J, = Q ), re

{J <3} — MHOXKeCTBO COOTBETCTBYIOHIMX MPOCTBIX apHUbMeTH-
yeckux wuaeasos, Ilycts db™€J, mast Hekotoporo b€ M,
mz>1. Torna b™€ J.» n1a Bcex A, M, CIeI0BATEJbHO, YUuH-
TBIBas MPOCTOTY Jiy, uMeeM b € Jyy. Taxkum o6pasom, b€ J.,
W paJuKaJbHOCTb J, JOKasaHa.

O6patHo, JaomycTHM, UuT0 Jy — pamguKafbHBIH ugeal.
Has nokasaTesbecTBa TOTO, UTO COOTBETCTBYIOIIEE MHOMKe-
ctBo J npeacrasaser coColl npen-uaean B Jo Hag K, Mbl
MOJIAHB MOKa3aTh, YTO AJA J000ro MHOTOUJMEHA ¢ (X, ...

A
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cev, Xn) €M, — T npemurat Qg (x4, ...
us KU/J.

Tak kax J, — palukaabHblll ugean B M,, To MHOME-
ctBo B={q, g% ¢° ...} He UMeeT 3J1eMeHTOB, O6IWHX ¢ J.
CuenosatenbHo  (cp. ¢ jgokasateabcrsoM 8.1.18), cyure-

, Xn) HE BBIBOJHM

cTByeT npoctoit naean . B M, cojepxamui J,. U He mepe-
cekamomuiica ¢ B. CoorBeTcTByloliee noAMHoxkecTBo J' cJy
coryiacHo 8.3.2 ABJsieTCS HENMPUBOAUMEIM Npea-HaeaqoM B Jg
Hap K. Ilpn stoM J'DJ u Qq(x4, ..., ¥x)¢ J, oTKyRA BUA-
HO, 4T0 Qg(xy, ..., X,) He BhBoaumo u3 KUJ. Teopema
MOJHOCTBIO JOKa3aHa.

ITo Teopeme I'mibGepra o Gasuce apupMeTHUECKHE HAe-
anel B M, yJIOBJETBODPSIOT YCJAOBHIO MaKCHUMaAbHOCTH, TO-
3TOMY TO K€ yCJOBHE BBINOJNHEHO JJsl palHKaJbHBIX HAea-
108 B M, M, cienoBaresbHO, MJs npea-uneanos B Jo Hag K.
Teopembl 8.3.2 u 8.3.3 HUKAK He CBSI3aHBI C 3TUM YCJOBHEM
H paBHBLIM 00pasoM MOIyT OblTb JOKasaHbl [Jst NPOU3BOJb-
HOrO MHOXeCTBa HHJEeKCcoB N, T. e. IJs1 KOJblla MHOToUJe-
HOB OT O€CKOHeYHOro MHoxKecTBa nepemenuuix W. OpHaxo
MBI OyJeM MO-NPeKHEMY MPUIEPHKUBATHCS KJAZCCHUECKOro
cayuasi: W= (xq, ..., x).

[TepBywo uyacTe Teopembt 8.3.3, Kak MBI cefiuac yBHAMM,
MOXKHO paccMaTpHBaTh KakK IepedopMyJaHpPOBKY caaboro
papuanta Nullstellensatz (cm. n. 5.4), raacauero cie-
ayouree: .

8.34. Teopema. [Mycro q(x1, ..., Xn), q:i(xy, ...

oy Xn), oo, (X1, ..., Xp) — MHO204AEHBL U3 NOAUHO-
MuaabHoeo koavya My[xy, ..., x,] Had nosem M,, Taxue,
uto 8 aobom pacuwupenuu Mo, g obpawaercs 8 Hyas 80
gcex Obu{uX HYAAX MHO204ACHOB ¢, ..., ¢, To2da cyuje-
CTBYeT TAKOe yeaoe NOAONCUTeNbHOe HUCAO p, 4TO g npu-
nHadaexcur udeary (qi, ..., g») 8 Molxy, ..., x,]

Hokasarteancrtso. Ilo ycioBuio Teopembnl Bo Beex
mMoaensix K umeer mecto

V.. V[ Qe (xy, oo, x)A L AQe, (2, ..., xn) D

DQq(xy, ..., x2)]

D10 o3Hauaer, uto Q,(Xy, ..., Xp) MPUHANIEKHT Npe-
uneany J, nopoxaennomy Qq, ..., Qg B Jo Han K.

18*
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Hycrub ]+ — cooTBercTByIOMUA paaHKaJbHbIE apude-
THYECKHH wuaeas. Jlerko nousitb, utro J, — pagukan wuje-

ana (g1, ..., qr) B Molxs, ..., xp]*) n, rak kak Q, (xy, ...
. Xn) €Jo, TO q(%1, ..., Xn) €, T. . HeKoTOpas cTe-
NeHb ¢ COLEPKHUTCH B (G1, ..., Gr).

OueBuano, uto B GopMyaupoBke TeopeMbl 8.3.4 «T06ble
pacuupenusi My» MOXKHO 3aMeHUTh «JIIOOBIMH aJjre6panue-
CKUMH 3aMKHYTbIMK paciiupeHusiMu Mp». DT0 BbITEKaeT H3
TOrO INpOCTOTO aKra, 4TO ecau B pacinupenuu M mouas
My gi(by, ..., 0,)=0,i=1,...,r,uq(by ..., by,)=+0 pas
HEKOTOPHIX by, ..., b, € M, To 3TO OcTaeTcss BEpHBIM M B JIIO-
Gom aare6panHueckn 3aMKHyTOM pacimupenun noas M. Bo-
Jlee TOTO, MeTaMaTeMaTHYeCKUX CPelCTB OKAa3bIBAETCS BIIOJI-
He J0CTaToYHO, 4YTOOBI elle 6OJblle OCJAa0HTh YCAOBUE
TeopeMbl (cM. 1. 5.4). A HMEHHO, HCIIONB3Yst MOJIENBHYIO [10J1-
HOTY, NIPeANnoJIokKeHe 0 TOM, YTo g obpaluaercss B HYJb BO
BCeX OOWIMX HYAAX §1, ..., ¢, B JIOOOM ajire6paudecky
3aMKHYTOM paclUMPeHUH noJast My, MOKHO 3aMeHHTb GoJee
crabblM  NpeAnosoxeHHeM, KOTOpoe TpeGyeT BHIMOJIHEHHS
9TOI'0 YCJIOBHA JIHUWb B aare0panueckoM 3aMBIKaHUU M.

B 10 Bpems kak B o0LIefl TeOpUH MHOrOO6pasuil B MHO-
xkectBe Vy cocraBHbix Touek (M, P) ¢urypupoBasa, BooG-
Lle rOBOps, He OJHa CTPYKTypa M, B HalleM YacTHOM CJay-
yae MOXKHO Haiith V, ¢ ¢duxcupoBaHHol Momenabio M. as
TOTO, 4TOOGBI YOeNHTBCS B 3TOM, PACCMOTPHM MHOXKECTBO
{(Ay, B,)} Bcex nap moaMHoxKecTB Jo Takux, qToKUA: UE;
HENPOTHBOPEYHBO, TAe By — MHOXECTBO OTpUIlaHuil 3Je-
MeHTOB By, a 3Be3g0YKa IO-TipexXHeMYy O3HayaeT 3aMeHy me-
PEMEHHBIX X, COOTBETCTBYIOIIMMH HHAWBHAAMH Ay, v=1, ...

., n. (3aMerum, uto Hacrosule# cutyauun K*=K.). 3a-
MEHHM TeTleph @) B Pa3THUHbIX MHOXKECTBAX A\ B, pas-

JHYHBIMA WHAMBHAaMM a¥. [loaydenHble MHOXecTBa 060-
aHauuM depe3s AU Bl.  YTBepkKaaercs, 4To MHOMKeCTBO

© ’
*) IedicTBUTENBHO, TIYCTDH J*—paxuxan uneana (g, ... g.). To-

CKOIBKY g1, ..., ¢:€J, u J, — papuxanbubii ugean, o J oJ . J —
o * Ed *
PaaMKAJbHBIN Hiean M, CAeNOBATeNbHO, €My COOTBETCTBYeT HEKOTOPLL
npen-unean J' B Jy nag K. Tax kak Qqp -+ 1Qq,€J', 10 J'DJ. Orciona
’ 4
J D7 u notomy J_=J. (IIpun. nepes.)
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H =Ky U AU B,) nenporusopeunso. [las fokasateancTsa
0

9TOr0 JAOCTAaTOYHO MOKa3aTb HENPOTHBOPEUYUBOCTDH J060ro
KOHEYHOIo MOJMHOZKECTBA H. Unpimu CJA0B&MH, Mbl AOJXKHDI

noKasaTb, YT0 MHoxectBo KU U {A{iu[?ii}. p=1, ..., I,

HEIIPOTHBOPEUNBO A4 KOHe‘{HbIXu Ay u §it €CJH HEMpOoTH-
BOPEUHBO Kaxkjaoe MHOXecTBO KU AU By

[Tyers Yy — nng, nonyueHHas U3 KOHBIOHKUHMH 3/1€MEH-
toB Aj U Bl 3amemiennem koHcTaHT @y pas/HuHLIMA Tepe-
MeHHbIMH X%. COOTBeTCTBEHHO NyCTh Z, — BbICKa3blBaHHE,

nojyyeHHoe w3 Y, HaBewsnBaHueMm KBaHTopos dxY. Cran-

dapTHOE pacCyX/eHHE HCYUC/IEeHUs NPEAMKATOB MOKa3bl-
BaeT, YTO, yCTaHOBUB HempoTuBopeuusocts KU{Zy, ..., Z}},
MBI TeM  caMbIM  YCTA4HOBHM  HENPOTHBOPEUHBOCTb

KU U {AlU BY). Tlockonbky K U{Z,} nenpoTBOpeunso, oHo
n

obaanaer monennio M, Kotopasi siBasieTcsi pacminpentem M.
Z,, Bbipa)aeT Pa3peiIMMOCTb HEKOTOPOH CHCTEMbl ypaBHEHHUH
v HepaBeHCTB (BuzZa ¢+0). [losToMy naHHas cucreMa HMeer
Tak¥Ke peilleHde B JI0GOM paciinpeRuad My, B 4acTHOCTH, B
M06oM anrebpanuecku 3aMKHYTOM paciuupenuun My, B cu-
Jy MOJeJbHON MOJHOTHI TEOPHH a/reOpaudyeckd 3aMKHYTOrO
nons Z, WCTHHHO yXKe B ajre6pauyeckoM 3aMblKanuu M,
noanss My. Tlockoawky K, Zy, ..., Z; UCTHHHBI B M,, MHOXe-
crBo  KU{Z,, ..., Z} nenporusopeunBo. Takum oGpasom,
MHOXeCTBO H TakXe HeNpoTHBOpeuHMBO M obJagaer Mo-
jgenbio M. Bee cocrasuble Toukn (M, P), rne P€ M», obpa-
3yIOT TMOJHYI0O CHCTEMY COCTaBHBIX Touek Aas Jo Hax K.
B camoM gede, mo NOCTPOEHHIO JK60e HENPOTHBOPEUUBOE
mHoxecTBO A, U By, HCTHHHO B Hekoropoil Touke P € Mn
Kpome Toro, B V, HeT TOUKH, yAOBJAETBOPAIONIEH BCeM nid
u3 Jo, Tak Kak KUJg IpOTHBOPEUHBO.

Boijio 661 B KOpHe OLIMGOUHBIM CUHTATh, UTO B KauecTBe
M  MoxHO B3siTh My — anreGpaunueckoe 3amblkanue M.
HeficTBUTENbHO, NTYCTh A=1 n B* — MHOMXecTBO Bcex 3Je-
MeHTOB Q,(al) € Jy, 3a HckJIoueHHeM BbickasbiBaHust Qq(al),
COOTBETCTBYIOIETO HyJAeBOMy MHorouseHy. Ilycts B* —
MHOKeCTBO OTpHIilaHuii 3jemento B*. KUB* Henporuso-
pedHBo, Tak Kak B* TOJbKO yTBep)KIaeT, UTO MHIAMBHJ a)
He aareGpauden Hajg M, Takum oGpasoM, B* uMeer mecro
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B TeX M TOJBKO TeX paciinpenusx My, KoTopble He ABAAIOTCS
uuCTO anrebpauueckumMu Hax Mo u, B uactHocTH, M, He yAO-
BJAeTBOpsieT B*.

Hecnoxkuble Boluncaenus c TPAaHCHUHUTHBIMU 4HCIAMHE
NO3BOJISIIOT HaHTH OLEHKY KapIAHHANBLHOrO uucia M, 3api-
CALYIO, KOHe4HO, —oT Momuoctn M. Ecan m=max(N,,
|[Mol), rme |Mo| — xapanmaipHoe wicdao Mo, To |K| u
\Jo| He mpeBocxoxAT m. [TosToMy kapaunasbHOE yHca0 nap
(Ay, By) noamuoxkects J, He npesbiaer 27, Otcioga cJje-
AYET, 9TO MOXHO HaiiTd TpeGyemyio CTpykTypy M, Kapau-
Ha/JlbHO® YHCJI0 KOTOPOH OrpaHHUEHO YHCJAOM 27,

Bosee Tounyio ouenky kapamHasbnoro wmena M Moo
NMOJTy4UTb, NPUBJACKas anreGpauyeckne cpeictsa. A HMeHHo,
Mbl IOKaXxKeM ceiuac, 4To B KauecTBe M MOXKHO B35ITh ai-
re0panueckl 3aMKHyTOe I[10Je, HUMelollee CYETHYIO CTEleHb
TpaHCHEHAeHTHOCTH Hal M, Taxoe nose B anreGpanueckoil
TCOMETPUH HOCHT Ha3BaHHE yHusepcanvHol obiactu *). Ta-
KUM o6pasoM, ecin M, KoHeuHo, To M CUeTHO, a ecau M,
6eckoHeuHo, To M n M, PaBHOMOIILHHI,

[ycre H=KUAL,UB,, rre A, u B, — noxmuoxecTBa

* * *
Jo.  Honycrum, uwro H =Ky AU By HenpoTuBopeunso
(3Be3louka MO-NPeXKHEMY yKasbiBaer, YToO NepeMeHHble X;
3aMeHeHbl KoHcranTamu a;). Torna H* o6nanaer Momedsio
M, koropast siBisiercs pacinpennem M, Beps, ecaun nyxwuo,
anre6pauveckoe sambikanue M/, Mbl MOKEM CUMTATh, UTO
nose M’ anreGpaudecku 3aMKHYTO, Bce 37eMeHTH MHOMKE-

ctBa H wuctnnHbl B Touke P*=(a}, ..., ap) € M’ a cae-

AOBATC/NLHO, UCTHHHBI M B P* € M*?, rne M* — anre6pan-
*

Jeckoe sambikauue Mo(ay, ..., ag). ScHo, uTo cTemeHs

TpaHCUEHAEGHTHOCTH M* wan M, He Goabue n. [Tockonbky
none M anre6panyeckn 3aMKHYTO M HMeeT Haa M, cTemenb
TPaHCIEHACHTHOCTH Mo, TO CyIIECTBYeT H30MOpP(HOE OTO-
Opaxenne M* na Hekotopoe nommose M”cM, NPH KOTOPOM
M, ocraercsi uHBapWaHTHBIM u 4], ..., a! MepexousT B
by, ..., by. Beuay sroro usomopdusMa Touka P= (b,

-+, bn) ynosaersopser H B noae M”, a Ce0BaTe/NbHO, 1

*) B anre6pauveckofi TEOMETDHH B  ONpe/lesieHHH YHHBepCaabHOIl
oGaactn npexnosaraercs, uto M HMeer GECKOHEUHYIO CTENeHb TPaHCUEH-
ACHTHOCTH HAJ BCeMH MPOMEMYTOUHLIMH MOAAMH Mexay Mo u M, ko-
TOphic BO3HHKAIOT B npouecce paccMorpenusi. (/1pum. nepes.)
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B noje M, Takum o0pasom, MBI J0Ka3aJad, YTO MHOMKECTBO
cocrasubix Touek (M, P), rae P umeer Kkcopaunathl B M,
SIBJIACTCS NOJHOH CHCTEMON COCTaBHBIX Touek aasa J, Han K.

ITokaxeMm remepb, 4TO TeOpHA MeTaMaTeMaTHUECKHUX
MHOT00Opasuil, paccMOTpPeHHas B 1. 8.2, coBmajaeT ¢ KJac-
CHUECKOH Teopuell ajre6pandecknx MHOrooGpasuii B mpo-
crpaHcTBe M™ Haa yHuBepcasbHOH o6aacTbio M. B kaue-
cTBe Vo MBI MOXKEM B3SIThb MHOXKECTBO BCEX COCTABHBIX TOUEK
(M, P), rthe P&M” Torna MHOrooGpasuio J11060ro Me-
TaMaTeMaTHYecKoro ujeana J<Jj orBevaer ajre6panueckoe
MHorooGpasue V apudmerunueckoro upeana J.cM, [y,

., Xn}, coorBerctByIOIero J. Tak kak J. — pajnKa/bHblii
uieasn, TO BCe MHOTOY/EHH, obpallaloliyecs B HyJb Ha V),
npudaaiexar J (1. e. uneaa J ACCOUMHPOBAH C ME{OFOO6-
pasueM V). O6paTHo, TaK KaK KaXKAblii paAuKaJbHBIH Hjead
B Mo[xy, ..., X5] cooTBeTCTBYET HEKOTOpOMY Haeany JcJ,,
Bce ajreGpauyeckde MHOTO0OODA3Hs MOAYYAIOTCS yKa3aHHLIM
Bbillle crocoboM. Bosee toro, HempuBoauMble MeTamareMa-
THYeCKHe MHOroo0pa3us MepexoidaT B HENPHBOAUMBIC aJjre-
fpanyeckie MHOrooGpasusi, H COOTBETCTBEHHO obIias TOYKA
METaMaTeMaTHUYECKOIO0 MHOToo6pasus CTAaHOBHTCH OBLeH
TOUKOH aJjrefpandeckoro MHoroo6pasus. B stoM cwmblcae
TEOPHSl MeTaMaTeMaTH4YeCKHX MHoroGpasui, passurast B
3TOH ryaBe, sIBJAsIeTCA OOOOLIEHHEM KJAaCCHUECKOH TEopuu
anre6panyecKux MHOrooGpasuil.

8.4, NuddepeHunanbhple Haeaaul. EcTecTBEHHO OXKH-
Lath, 4TOo Teopust AHbdepeHIHaNbHBIX HJea 0B, Pa3BUTas
PuTToM M ero yueHuKaMH, TOXKe B KaKOM-TO CMbICJe BK/a-
IblRaeTcs B MeTaMaTeMaTHYeCKYI TeOPHI0 Hjieasos. B Ha-
crosileM pasiaete Mbl OyaeM H3yuaTb KOJIbLO auddepen-
IIHAJbHBIX MHOTOUJIEHOB, :

[Mycts Kpr — MHOXECTBO axcuoM auddepeHLHalbHOTO
noJisl HY/JeBOA XxapakTepucTHKH (cM. . 5.5). Kpp compepxur
oraoutenns: 4, E, S, P, a Takxe npeiMeTHBE M0cTOSHHbIE O
n 1. [lyero My — Monens Kpr u Dy — ee puarpamma. K no-
J0XUM paBHHM KppU Dy,

MMycte Mp=Mo{ys, ..., yn} — KOMBUO AHDDEPEHIHAND-
HBIX MHOTOUJIeHOB ¢ Koddduinentamu B My, n=>1. Quas ka-
xKaoro MHorouneHa q{ys, ..., y,} € M, BBHIENHM cllequanb-

Hplft  npeauxat Qg (yi, ..., Yn), ONpedeseHHHH B K u
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yTBepK AWM, 4TO g{y1, ..., y.}=0. OGo3nauum uepes J,
MHOXECTBO BCEX TaKHX NpeiukatoB. Ml noctapaemcs cpsi-
3ath npeja-nneansl BJonan K ¢ HekOTOpHIME HaeanaMmu B M,
Teopus npen-nneanos B Jo Hay K, Kak J1erko BUAETb, 1H3D-
IOHKTHBHA.

Ecau BBecTH MHOXKeCTBO BbICKasbiBaHHI J§, Kak 3To ze-
JlaJsiock B .. 8.2, to mHoxkectBo K UJG okaxeres NpoTHBOpE-
uuBbIM. [lycTb Vo — nmosiHast cucrema cocTaBHBIX Touek AJs
Jo nan K, onpenenennas B n. 8.2. Jlas no6oro uneasa J B
Jo Han K o6osHauum uepes J. MHOXECTBO auddeperualib-
HBIX MHOTOWIEHOB G{y1, ..., Yn}, QUIypUPYIOIHX B Kaye-
CTBE HMHACKCOB mnpennkatos u3 J. Kak u B 1. 8.3, nokasbi-
Baercs, uTo J, — o6biugbIf unean s M,

84.1. Teopewma. [lodmnoxcecrso I={Qq, (4, ...

-, Yn)}=Jo 6yder nenpusodumoin npedudearom 6 J, nad
K t020a u toasko roeda, kozda coorsercrsyiouee nodmHo-
owecrso Jo={qu(x, ..., x,)}=My 6yder npocroim Aupgpe-
peryuareHoin udearom 8 M,,.

Unean B M, nasbiBaercsi dupgpepenyuarsroim, ecau on
3aMKHYT OTHOCHTE/IbHO onepaunn AnddepeHuuposanus.

E[ okasarteabcTBo. Honyctum, uro J — HenpuBOaU-
MbIf Tipef-unean B Jo naa K. JJokasartenabcTBo npoctoth J.
NPOBOJUTCS TOYHO Tak e, Kak U B Teopeme 8.3.2. Ocrasoch
nokasartb, 4TO ecau q{yi, ..., Y.} npuHagiexur J, u
r{ys, ..., yn} —npoussoanas g, 1o r{y, ..., Yn} TaKKe
npuHaaaexkut Ji. HubiMu cioBamu, Mbl HO/KEE ycTaHo-
BHTH, UYTO

84.2. KUJ- vyi . -vyn[Qq (Y, ..., yn)DQr(yh sy yn)]
YrBepKnaercs gaxe GoJbliee, a HMEHHO, 4TO

843. Kl_vyl .. Vyn[Qq(!/lv ceny !/n)DQr(yiy ceey yn)]

IleficTBUTENBHO, NPEANIONOKUM, U4TO by, ..., b, — 37eMEeHTH
KaKoro-1o Au¢pepenunanbuoro nons M’ — pacwuupennss M,
Takne, uT0 g{bs. ..., bp}=0 8 M. Juddepenuupys ato pa-
BeHCTBO, Mbl moayuuMm r{b,, ..., b,}=0, uto u o3navaer
UCTHHHOCTE Q,(by, ..., b,) B M’. Tarum o6pasomM, nepsas
4acTh TeOpeMbl A0KasaHa. ToT (aKT, 4TO M3 MPOCTOTH Hie-
ana Js ciepyer HempHBOAMMOCTb J, ycTaHaBAHBaeTcs ¢ Mo-
MOILbI0 (aKTOP-KOIbIa TaK, KaK 3TO Aeaajoch npu JoKa-
3aTe/IbCTBe TeopeMbl 8.3.2. '
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Jas nanpHeiiiero u3joxkKeHHs HaM MOoHaao6sTcst ABa
MPOCTBIX BCIOMOrarTeJbHbIX pedydbrata (cM. Purtt [1]).

8.44. TeopewMma. Tycro F—oupgepernyuaionoe xoa1b:
Yo, codepxcaujee noie PayUOHAAbHOIX uucea, u Jy,— udear
8 F*). Honyctum, 4T0 HEKOTOpAs NMOAOCKHUTEAbHAA CTenetb
anremenra b npunadasemur li. Toeda nexoTopas n0A0%CU-
TeAbHOs cTeners npouszsodnol b taxuce codepwurca 8 Iy,
Tem camvin 370 8epHO U 041 BCex npoudsodnvix b.

84.5. Teopewma. [lycrs F — Oupgeperyuarvroe kors-
yo, codepxcauyee nose payuoHarvHolx uucea, u J., — udeaa
g F. Honycrum, uro npoussedenue bc€ J,, ede b, c€ F. Toe-
0a 0aa 10601l napsi Yeablx HEOTPUUATEALHbIX qucen i U |
HekoTopas crenens aWb\) npunadasexcur [, (a® u b9 obo-
BHA4AOT COOTBETCTBEHHO i-H0 U j-10 Npou3sodrbie a u b).

Wcnonbsya 8.4.4 u 84.5, Mbl nojyuuM caelywomuii pe-
3yJbTAaT:

8.4.6. Teopema. TlloOmnoxnecrso J={Qqu (g1, ...

., Yn) =ty s8aserca nped-udearom 8 1y T0200 U TOALKO
r02da, Koeda cooTeercTayiowee noomHoxwectso  Ji=
={gu{ys, - .., yn}} — cosepuiennoii udear 6 My.

Unean B M, HasbiBaeTcs coBepuleHHbIM, ecAu OH Aud-
(QepeHLMaNbHBIH U COBNA/JaeT CO CBOMM paJHKaJOM.

Noxkazateabctno. Ecau J — upen-unean B Jo, TO OH
npefcTaBasierTcsl B BHJE flepeceyeHHsl HeNPHBOJAHMBIX [DCA-
njieanor: J=9{J;v}. CooTpeTcTBYIOUINE MHOMXKeCTBa Jyy B

M, — mpocthle nupdepeHLnanbHbBIE HACAAB], U NOTOMY UX
nepeceuenue J, — pajuKadbHBIf Kaeas (cM. J0Kasarenb-
cTBO Teopemul 8.3.3). Boaee Toro, J. — AnddepeHuranbHbIA
Haeas, Tak Kak J, ABJSETCH rnepecedeHHeM H/ALaJsioB, 3aMK-
JyThiX OTHOCHTEIbHO Anddepenunponanus. Takum o6pasom,
J & — coBepHIeHHbLIH Hieas.

O6patHo, A0NyCTUM, YTO J, — coBepuieHHBIH Haeana. [las
AOKa3aTeabeTBa Toro, uro J — npejpujean B Jo, MBI JOJIKHBI
fl0Ka3aTh, uTo Jw06ol npeaukat Q,(yy, ..., ya) € Jo—J BE
sbiBoauTcst w3 KUJ.

[To npeanocaoxenuo, ¢lys, ..., Yn} §E J:. Obo3HauuM ye-

pes T MHOXKECTBO BCeX COBEPIUCHHBIX HIeasoB B M,,

*) 3pech, KaK U B CAeAyloilell TeopeMe, nof HeadaoM B [ 1oipasy-
MmeBaeTcs Anddepenunanpuniii naean. ([1pum. nepes.)
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coflepxKamux J. u He cofepxamux g. T He NycTo, TakK Kak
J+€ T, 1 4aCTHYHO yHIOPSIIOYEHO MO BK/IOUEHUIO, O6beaune-
HHE 3JICMEHTOB J1000r0 YHOPSIJAOUEHHOTO [O0AMHOMKECTBA T
C/Ty’KUT BePXHeH rPaHbio 3TOro MHOxecTBa. Caei0BaTebHO,
o semme Llopra T comepuT MaKCHMMadbHBIH 3JeMeHT J:
J, — nubdeperunanbuoiil Hiean, cOBNalaloOUIHiA €O CBOHM
paauxanom. lokaxewm, 4to J , moMumMo npouero, — fnpoctofi
naear. HyCTb,/ Hao6op/0T, A HEKOTOpHIX r, s€ M, Gyaer
rseJ,ar %J* U s éf*- Mockonbky J' COBEpUIEHHBIH, TO B
cuay 8.4.4 u 84.5 Bce npousBenenus suga riist) ApHUHAL-
Jexar J:

OGosHauuM uepes Ji MHOMKECTBO BCEX 3/EMEHTOB M,
BH]Ja

b=b0r+b1r'+ ‘e +bkr(")+j1,

rae k20, bo, by, ..., by€ M, u j € J.. Mycrb J1 — paauKad
Ji. Tlo Teopeme 8.4.4 J — LubdepeHunaibbi uaean w,
caefoBatenbno, Ji — cosepenuni,. Ho J| — cOGCTBeHHOE
pacumpenne J., rak Kak r € J| —J. [Tostomy B cuny mak-

o 4 7
CHMAaJIbHOTO CBOUCTBA ./* q NPpUHAOJAEXKUT jl H HeKoTOonag
CTeNICHb ¢ NPUHAAJECKHT ]1, CKazzKeM,

m=b0f"l‘b1r/+ . .. +b1{r(k)+]'1.
Ananoruuno,
G'=CoS+cis"+ ... F iSO+,

tae I>0, i>0, ¢y, ..., ;€ M, u j€J.. otkyna
g™t =3 berMsY A e €J.

Onnako, Kak yxe yKasblBaioCh, BCe npoussenedus rMsw
s

, B UaCTHOCTH, rs coaepxarca B J,. Orcioga BeITekaer, yto

m+1 ! ’

97" €J,, u, cienoBatesqbHo, BBHAY PagHKaJbHOCTH J, 6y-

4
ner g€ J,. IloayuenHoe nporuBopeune o3Hauaer, yto J;-
npocroit Hiean. Ha ocnoBanuu teopembi 8.4.1 Ml 3akiio-

’
4aeM, 4TO COOTBETCTBYlOLiee MHOXKeCTBY J, MHOxecTBO J/
NpeanKaroB B Jo ABAsETCH HENPUBOLMMBIM [PEA-HALANOM.
Ho pas /'oJ w Qu(yn ..., yn)¢ V', 10 Tem Goaee
Qu(Y1, ..., yn) Heb3s BbiBecTH uz KUJ.
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84.7. Teopema (Purr). Hycre qfy, ..., yuh
g{ys, ..., Yyab oo, @Ayr, ..., yny—Takue ugpepenyuais-
Hole mroeounenvl uz koavya Molyy, ..., yn} Had Ougpepen-
yuaavnoim noaem My, uTo q obpawaerca s Hyiv 80 8cex
o0uuUx HYASX Gy, ..., gy 8 41000M OUPPeperyuasbHoM RO-
1€ — pacuupenuuy My Toeda Hexoropas nosoxcuTeavras
cTenens g° muoeousenHa ¢ npunadasexcur Oupgeperyuairs-
Homy udeaay lqy, ..., q,], nopowcdennomy qi, ..., g, 8 M.

Hoxasartenbctno. O6o3Hauum uepes J; MHOKECTBO
Bcex  JudepeHLHATbHBIX ~ MHOTOWIEHOB H3  KOJblA
Mo{ys, ..., Yyn}, HEKOTOpAS CTENEHb KOTOPHIX COAEPIKHTCA
B [g1, ..., ¢]. C nomouibto 8.4.4 JlerKo 3aMeTHTb, UTO Js —
COBEpIUCHHbIA uleas. Mpl JROMIKHBI [10Ka3aTb, YTO ¢ TOpH-
naanexur Ji. Ilo yci1oBHIo Teopembl, BHICKA3biBaHHE

8.4.8. Vuyi...VyulQq (41, ..., yn)/N ...
. -/\Qq,(yh coes Yu) DQq (Y -y Ya)l

UCTHHHO BO Bcex mMoaensax K. MHbIMH cioBaMu BLICKasblBa-
Hue 8.4.8 BoiBoaumo u3 K. Takum o6pasoM, Qu(ys, ..., Yn)

NPUHALIEKHUT NPeA-uaeay J, NOPoxACHHOMY Qq, ..., Qq,

B Jo van K. Ilyctb Ji — MHOXKeCTEO HH(depeHUHaqbHBIX
mMHorousenoB u3 Mo{ys, ..., yn}, coorserctByiomee J. [To-
CKOJIBKY J; COAEPKHT ¢4, ..., ¢, U SABJACTCS NEepecedeHHueM
cofepIKallyX ero COBEPLIEHHBIX WIeastoB, To J  cosmanaer
¢ Jy. YuureBas, 4to Qg€ J, Mbl moayyaem, yTo qEJ;=J*.

Anagoruuno Nullstellensatz nas o6biunbix MHOTOUMIEHOB,
NPEeANOJOKEHHe O TOM, UTO ¢ o0pallaercss B HyJb BO BCeX
OOIIUX HYJASAX G4, . .., §r B JI000M AHbdepeHIualbHOM noae
(pacmupenun Mo), MOXKHO 3aMeHHUThb Gojiee caabuM Tpe6o-
BaHHeM. B camom fene, Tak Kak Kaxuoe auddepeHuualb-
HOE 1oJie (HyJIeBOM XapaKTeDMCTHKH) BKJAJBIBAETCST B AH(-
(hepeHUMaNbHO 3aMKHyTOE ToJe, TO B GOPMY/JIHPOBKE TeO-
peMbl BMeCTO (pasbl «B d1060M anddepeHninanbHoM noae —

pacuupeHuu Mo»  MoxkHO ynoTpeduTh «B J1060M andpde-
peHuMaNbHO 3aMKHYTOM pacumupenun Mo». Boaee Toro, B
CHJIY MOJEJBHON NOJHOTH Teopuu AuDPepeHUuanbHo 3aM-
kKHyTOro moss 84.8 Oymer uCTHHHO BO 6&cex auddepe-
UKaJbHO 3aMKHYTBIX paclupeHusix My, eciu OHO HCTHHHO
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xors 6ol 6 00OHOM nuddpepeHIHalbHO 3aMKHYTOM pacuupe-
uun My, B coorBerctBUu ¢ 3THUM, B Teopeme 8.4.7 dpasy
«p JmioboM nuddepeHuHalbHOM T[0Je — paciiuperud Mo»
MOJKHO 3aMeHUTb (Ppas3ofl «B HEKOTOPOM AupdepeHIrasbHO
3aMKHYTOM pacuuperun Mo».

3akJjiouenue teopembl PHTTa, ecau pacnucatb ero fogaee
N0ApOGHO, COCTOUT B C/eAYIOLEM:

Cyuecrsyior yenoe uucao p>0 u yeavie uucaa 1;20,
i=1, ..., r, Takue, 4TO

8.4.9.
T -3
gy - yﬂ})p=i§1 j%pij{yl, co g @M gy y"},

B Takom BuJe 3TO yTBepXkjJeHHe He (opMmanusyercd B Ka-
yecTBe KAKOTO-HHOYAb mpeiukara oT Ko3(p(dUUHEHTOB MHO-
TOYJIEHOB ¢y, ..., §r, §. OOHAKO HECJOXKHOE pacCyXIeHHE,
mapaJJjesbHOe J10Ka3aTeabCTBY TeopeMbl 5.4.6, mpHBOAMT K
cleaymollell Teopeme:

8.4.10. Teopewma. llpu dannoix epanuyax 0as n, 0aa
nopaodkos u cteneuet qi, ..., Gr, G 8 YCAOBUAX TEOpeMbl
8.4.7 cyuiecTeyioT epanuybl o, ho, Wo 048 nOKA3QTEAS CTe-
newnu ¢, 041 nopaokos npoussodnsix ') u Oaa nopsadkos

U cTeneuerl MHO20YAEHOB pi;j COOTBETCTEEHHO. ¥KA3AHHbIE
2panuybl He 3a8UCAT OT 4acTHO20 svlbopa Oupgepenyuans-
Ho20 noas M. .

Uutarento He coCTaBUT 0coBOro Tpyja IOJHOCTBIO BOC-
NPON3BECTH 3TO J0Ka3aTeJbCTBO.

BruiGpaB moaxoasuiuM 06pasoM MOJHYIO CUCTEMY COCTaB-
HBIX ToYeK jaast Jo Had K, Mbi MOXKeM NPHMEHHTb K HacTof-
HmleMy caydaio OOILYI0 TEOpHIO MHOT0OOpasuit, pasBUTYIO B
n. 8.2. HerpyaHo npoBepHTh, UTO TEOPHS MOJYUEHHLIX TAKUM
criocofoM MHOrooGpasuii MOJHOCTBIO COBIajaeT C Teopued
Purta ans nuddepeniivaibHulXx MHOroo6pasuil. JIio6onuITHO
OTMETHTb, UTO B Tcopudl Purra B ToM Bule, Kak oHa Oblia
UM [epBOHAYA/JIbHO TIPeACTaBJEHa, €@ aBTOPY NPHIIIOCH
paccMaTpUBATh TOUKHM HECKOJBKHX IIOJIeHi, T. e., IO Halleh
TEDMWHOJNOTHH, BBECTH COCTaBHbe TOYKH. KOHCTpyKuHs
Konunua [1] noxkasbiBaer, 4To Ha CcaMOM JeJjie MOXXHO
OrpaHHYUTBCST MHOKECTBOM TOYEK OJHOTO AHpdEepeHIHanDb-
nHoro pacuiupenus M, CooTBeTcTBymlollas 3ajadya Aas aj-
re6panueckux MHOroo6pasuil Obwia pelieHa HaMH B KOHLE
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n. 8.3. [lockoabky ans aAuddepeHHaNbHBIX [IOJMeH Mbl He
pacrmoJsiaraeM MNOHsITHEM, NOJOOHBIM aJjreGpauyeckomy 3a-
MBIKAHHIO (B OT/JIMYME OT MOHATHS anreCpauyecku 3aMKHY-
TOrO pacUIHpeHHs), paccykKAeHue, HCIOJIb30BAHHOE B TOH
CHTYalluH, Cl0Ja HeNoCpe/CTBEHHO He nepeHocurcs. B 3a-
KJTIOUeHHE 3TOTO pasjiejla Mbl YCTAHOBUM €llle OJIMH DPe3yilb-
TaT, KOTODbIl B pAjfe CJAyuyaeB OKa3biBAeTCsl JOBOJBHO I10-
JIe3HBIM. '

8.4.11. Teopema. Ilycre My— dupeperyuarvroe
nore u P={(A,, By)}— mHoucecTso scex ynopadouennvix
nap nodmuoscecrs koaoya My {41, ..., ya), Takux, uro cu-
CTemQ YpasHeruli u HepaseHcTs

8.4.12. g{ys, ..., ya}=0 Oasn scex g€A,,
r{ys, ..., Yyn}=0 Oan scex r€B,

umeer pewerue 8 Hekoropom pacuuperuu My Tozda cy-
wecreyer pacuupernue M’ noas M raxoe, uto 045 410606
napet (Ay, By) € P cucrema 8.4.12 paspewuma 8 M.
HNoxasarteabcTBo. Ilycrs D)y — nuarpamma M, u
nycts Q, (Y1, - -+, Y,)—CHOPMY IUPOBAHHLIA B TEDMHHAX CJIO-
Baps [, npenuxar, yTBepKAA0MWUN, 9T0 ¢ {¢y, ..., ¥,} =0.
s kaxaol nape (A, B,) € P BBe1eM pasauuHbIe HHIU-
Bl ak, v=1,..., n. OGo3Hauum uepe3 Al MHOKECTBO
BCex BhICKaswBanuit Q (af, ..., ak), rae g€A, u uepes
B; — MHOXECTBO BCeX BhICKasmBanui ~Q, (at, ..., ak).
rae r€B,. INouarno, uto /mo6as moxear M’ MHOXKECTBA
* ~F
H=KprUDoU U {A,U By} YIOBAETBOPSET YCJOBHIO TE€O-
n

peMbl. B COOTBETCTBUHU € 3THUM, MBI JOJIKHBI JIHIIbL JOKA3aTh
HerporuBopeunsoctb . Ho 3to cnenyer u3 toro ¢akra, uto
Jiobas KOHeuHasl CUCTeMa ypaBHEHHH H HepaBeHCTB 8.4.12,
obsananollasg pelleHHeM B HEKOTOPOM pacCLIUpeHHd HoJs
M,, paspemwinMa B KaxcOom AuddepeHHUANbHO 3aMKHYTOM
pacmupenuy noas M.

8.5. Cemnanuarasa npobaema IuanGepra. Teopus dop-
MaJIbHO BEILeCTBEHHBIX M BEUIECTBEHHO 3aMKHYTHIX MoJjel
Obljia niepBoHAuanbHO pasBura AprunoMm u lllpefiepoMm mas
peleHusi ceMHaguaTol npobaemol ['uabbepra OTHOCHTENIBLHO
NpeACTaBIEHUs DALHOHAJBHBIX (YHKUME B BHAE CYMMBI
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KBajapatoB. XoTs ompeje/eHne BeLIECTBEHHO 3aMKHYTOIO
noJs, NPUBeAeHHOe B M. 8.2, He 3aBHCHUT OT NMOHATHUS (op-
Ma/bHO BEUIECTBEHHOTO MOJA, METOABl TeOPHH (hOpMaibHO
BCUIECTBEHHBIX [0J1eH YaCTO OKa3bIBAIOTCS MOJE3HBIMH TMpU
BBIBOJIE HEKOTOPHIX (YHIAMEeHTaJbHBIX pE3YyJbTATOB O Be-
LIeCTBEHHO 3aMKHYTHIX Nonsx. B HacTosiieM pasjaene Mol
IOJYYUM OCHOBHbBIE De3yJAbTaThi ApTHHA, OCHOBLIBAfiCh Ha
TOM (aKkTe, UTO TEODHs BEIIECTBEHHO 3aMKHYTOTO YHOPSIO0-
YEHHOTO IO ABASETCA MOJEJbHBIM MOINOJHEHHEM TEOPHU
YIOPSIOYEHHOro moJisl. Mpl f10KayKeM TakKe CyIecTBOBa-
Hue HEKOTOPBIX TPaHUI B MPeACTABJEHHH MOJOXKHUTEIbHEIX
GyHKkUMA, MOROGHO TOMY, KaK 3TO [elajock B TeopeMax
I'nab6epra u Putra o Hyasx (auddepeHunaibHLIX) MHOTO-
wieHoB (cM. 5.4.6 u 8.4.10).

IIpexxne Bcero (xoTsl mia 10KasarTenbCTBAa TeOpeMbl Ap-
THHA 3TO M He NOHAJOOMTCS HaM) Mbl 3afiMEMCA TeM, UTO
AajuM OmHcaHue mpo6ieMbl yNopsiaoueHus A (KOMMYyTa-
THBHBIX) TOJIEHl CPEJCTBAMH MeTaMaTEMaTHYeCKOH TEOPHH
UJeanoB.

0 u
Tlyctb K& — MHOXecTBO aKcHOM moss HYJIEBOH Xapak-
TEPUCTHKH, CHOPMYNHPOBAHHOE B TEPMuHAX OTHOUIeHuH E,
S, P u npeamernuix noctosuublx 0 u 1 (em. m. 2.2). ITyers

M — mozeas K& ¢ nuarpammoit D. O6osHauum uepes H
o0beuHenHe MHOXKecTB akcuoMm 2.2.5, 2.2.6 u 2.2.16, B xo-
TOPBIX BBEJEHO OTHOUIeHWe nopsaka Q(x, y) (uHTepnpern-

pyemoe Kakx < y). Kor=K& U H— 310 He urto HHOE, Kak
MHOXKECTBO aKCHOM YIOPSA0YEHHOro HoJIs.

ycrs  Jo— MHOXKECTBO  BCeX  BLICKA3bIBAHHH  BuHIa
Q(0, a), rne a €M u as<0. Mp Gyjgem u3yuaThb TEOPHIO

naeanos B Jo nag MuoxectsoM K= KorU D.

Kaxpomy noamuoxectsy J={Q(0, a,)}<=/y coorser-
CTByeT noamHoxectBo Ji={a,} MHOmecTBa Mo=M — {0}.
Eciu J—munean B Jo (nan K), 1o MBI HaszoseMm J, nopso-
kosoum udearom 6 M. TlombiTaemcsi Temepb OXapaKTepH3o-
BaTh NOJAMHOKeCTBa Jo, KOTOpBIE SABISIOTCS HACaJaMH, WU,
4TO TO Ke caMmoe, nmopaakosmie nieansl B M. Ilyers J —
ugean B Jo u Jy— COOTBETCTBYIOLUIMI €My MOPAAKOBBI
unean 8 M. ITockoabky Bce momenn K siBASOTCS ynopsiio-
YEHHBIMH TIOJsIMH, HEOOXOAHMMO BBLIMOJHSIOTCS CJedyIoliie
YCJAOBUSI;
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8.5.1. /. alAHTMBHO N MYJAbTHIVINKATUBHO 3aMKHYT, T. €.
a, b&d, Brever a+b€J,nab€ s Iy COAEPHHUT KBaJPaThl
BCex 37eMeHTOB My, B uactHocth, | € J,.

Kpouse Toro, umMeer MecTo

8.5.2. Teopema. Ecau nopadkosuvii udear [, codep-
MUT daement as=0 gmecre ¢ obparHuim K Hemy (—a), TO
J =M.

Hokasateabcrso. [Tonoxkum a’=—a. [lo yeaosuio,
D copepxur BhickassiBanue S(a, a/, 0), a J COAEPKUT BBHI-
ckasbiBalusg ~E£(0, a), Q(0, a) u Q(0, a’). OTciona BhITE-
Kaet, uto MHOXKecTBO K UJ npoTHBOpeunBo, TaK Kak COOTHO-
iwenust a+a’=0, 0<a, 0<a’ B ynopsa 0ueHHOM noJe BO3-
MOXHBI TOJMBKO Npu a=0. B cBasu ¢ stum KUJ—X nas
Bcex X € Jy, rak uro J=Jy 1 J.=M,.

C npyroft ctopoHbt, J: NeHCTBUTENBHO TPeACTABISET CO-
Goil NMOPSIAKOBBIA HIeas, TaK Kak COOTBETCTBYIOLLee eMy
MHOXecTBO J aBaserca ugeasom B Jo nag K. J.=M, Mmbl
OyzaeMm Ha3biBaTb HeCOGCTBEHHbIM TOPSAKOBBLIM HIEANOM, a
BCE€ OCTaJIbHbIe OPSAKOBLIE HAEAJbl — COBCTEEHHbIML.

O6Gosnauum yepes (D MHOKECTBO BCEX MOAMHOMKECTB
Jx<M,, ynosrersopsiiomux 8.5.1 H CJCAYIOWEMY YCIOBHIO:

8.5.3. [l1a Bcakoro a €My a u (—a) ue moryr OLHOBpe-
MEHHO CO/IepXKaThesl B Jy.

Bee siementor @ cosepxkaT 1106yI0 CyMMY KBaapartos
snementoB u3 Mo. O6partHo, MHOKeCTBO Jg BCeX CyMM KBa-
apatos ai—+ ... 4a?, n>1, a, €M, i=1,..., n, ya0-

Brersopsier 8.5.1. Ecan 0 mnpeicraBuM B TakoM BuJe:
O=al+ ... 4+ a2 ron>1, tax Kak a;50. Ho Toraa s.e-
MEHT @ == a} W 06paTHBIA K HeMy —a=ai+ ... -+ a2 o6a

npunaniexar Jg. 1o nporuBopeunt 8.5.3 U, caenoBaTesb-
1o, B 3roM ciaydae @ mycro. C apyro#t ctoponsl, ecau 0 He
MpeJCTaBAAeTCs B BUAe CYMMbl KBaapaToB, To @ Hemycro,
nockonbky Js€®. Takum obpasom, @ mHemycto TOraa u
TOJILKO TOrfa, Koraga M ¢opmanbHo BeluecTBeHHO. SIcHO,
410 Mo He conepxurcs B .

85.4. Teopema. llycto I'€D u a€My—J'. Toeda
cywecrsyer aaement J”€ @ rakod, uro I o1 u (—a) € J”.

Hoxasarteabctso. OGozuauum uepes J” muoxe-
CTBO BCEX JIEMEHTOB BHAa p(—a), rae p(x)=bo+bx+ ...
oot baxn, b,#0, n220, — MHOrOUJIeH, HeHyJeBble K03¢pdu-
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LHEHThl KOTOPOro npuHaaiexat J’. beps mMHorousneHo BHAA
p(x)=by u p(x)=x, Mbl Bugum, yto J” comepxur J' u
(—a). Kpome Ttoro, oueBufHO, uto J” ynosaersopsier 8.5.1
u BKJAKOUaer B cebs Bce KBaapaThl jeMeHTOB u3 M,. lomy-
CTHM TeNeph, uTo AJsi Hekotoporo b€ My b u —b npunaf-
nexat /7. Torpa b+ (—b) =0 TaxkXke NpeicTaBUMO B BHIE
p(—a), rie p(x) —OAMH U3 ONHCAHHBIX Bbille MHOTOUJE-
HoB. Paspensis B p(x) dveTHble U HEYETHbIE CTENEHH X, Mbl
MOXKEM HanucaTh

8.5.5. p(x) =q(x?) +xr(x?),

Ijge g U r — MHOrOUJIEHBI, HEHYJeBble KO3(hUIHEHTH KOTO-
phix mo-npexHeMmy npuHaanexar J'. Ilo npexnosnoxkenuio,

8.5.6. p(—a)=qg(a?) — ar(a?) =0.

Ecau r(y) —dynesoit MHorouseH (0T y), TO BBHAY
8.5.6 ¢ (a®) =0. Homyctum, 4To

q(y) =cigi+cy'+ ... +omy™,
j<l<...<m, ¢;%0, 0, ..., cn70.

Torna paseHerBo ¢(a@?)=c;a% + @+ ... +ca*m=0
03Hauaer, UTO HEHYAEBOH 3JaeMeHT c¢;a?) u ero obpaTHBIl
—c;a% o6a npuHaaiexar J'. OTciofna BITeKaeT, uTo g (y) —
TakXe HYJeBOH MHOroujeH. 1o, OHAKO, HEBO3MOKHO, N0~
CKOJIbKY p(x), IO YCJHOBHIO, HeHy/aeBoH MHorousneH. Takum
o6pasoM, r(y) — HeHy/eBol MHorouneH ot y u r(a®) €1, u,
cnegoBatenbuo, r(a?)s~0. AHasnoruuHo, ¢(y) He MOXKeT
GBLITb HYJEBLIM MHOTOUWIEHOM, u noToMy g(a?) € /' n g(a?) +
=0. 8.5.6 nepenucuBaercs caelyomuM 06pasom:

a=q(@) @ (75 -

[Mockoabky muoxuTenu g(a?y, r(a?y u (r(a?)~')? B npaboil
yacTu Bce cojepxKarcs B J/, To G TakxKe npuHamiexur J/,
BOTIPEKH ycaoBHIO TeopeMbl. Takum o6pasoM, J” € @ u nawe
yTBEpKAEHHE 0KA3aHO.

Ecan @ Henycto, TO OHO HAaCTHYHO YNOPAAOUYEHO MO
BKJOueHio. Bosnee Toro, o6belMHEHHE 3J€MEHTOB J1060r0
JUHEAHO YNOpsioueHHoro noamMHoxecrsa (O cHOBa nmpuHaj-
aexut ©. HMenoabsys semmy LlopHa, MBl 3akjiouaeM, 4To
KaXaAbld 3n1eMeHT O CONEPIKUTCA B HEKOTOPOM MAKCHMaJlb-
HOM 3JIEMEHTe.
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85.7. Teopewma. Ecau J'— maxcumarbuoil s1eMeHT
® u a — awboli arement My, 10 I’ codepacur aubo a, aubo
(—a). O6parno, ecau J' € ® u Oaa kaxdoeo a€ My aubo
a€l’, aubo (—a) €l 10 J” makcumaren & @.

HoxkasarteabctBo. [lyctb J° Makcumaned B @ u
a € My— I'. Tlo Teopeme 85.4 cywecrsyer asnement J”€®
takoit, uto J">J u (—a) €J”. Ho B cu1y MakcuMaJ/bHO-
ctu J/ umeem J”=J" u (—a) €J’, 4T0o H TPe6OBANOCH JOKa-
3atb. O6paTHOC OUYEBHIHO.

+ Orcrofa BHITEKAET, YTO KaXKAbH MaKCHMaJ/bHbIH 3J1€MeHT
J’ MOXHO paccMaTpHBaTh KaK MHOMKECTBO MOJ10XKHTEJbHbIX
5JeMeHTOB TpH HekoTopoM ynopsinouenuun M. Cnpasepnus
Jaxe OoJiee OOIIMHA pe3yJbTar.

8.5.8. Teopema. ycro J. — cobcTsennoe nodmmoce-
ct8o My, I, asaserca nopadkoseim udeasom 1o20a u TOAb-
ko Toeda, Koz2da J, ydosrersopser 8.5.1 u 8.5.3.

Jloka3zaTeJabCTBO. YTBepKACHHE TeOPEMbl COCTOHT B
TOM, UTO J fIBJAfIETCSA TOPSIAKOBLIM KA€aJOM (OTIMYHBIM OT
M,) Toraa u ToJbKO Toria, korga J, npunramnexut @. Kax
Mbl yiKe BHIeaH, ycaoBus 8.5.1 u 853 (B cuny 8.5.2) me-
o6xoauMbl, Ham ocraercsi Jumb J0KasaTh MX JOCTaTOY-
Hocth. Jlonyetum, uto Jo€ @ u myctb J — cOOTBETCTBYIO-
mee noAMHOKecTBO Jo. MBI JOJIKHBI NOKazaTh, 4To J —
unean B Jo. DTO 3KBHBAJIEHTHO TOMY, UTO BBICKa3blBaHHE
Q(0,a) ans awboro a € My— Ji ne BmBoautca uz KUJ.
CorsiacHo TeopeMe 8.5.4 cymecryer saement J' € @ Takoi,
uro J'oJs u (—a) €J’. Tlo nemme Llopua, J* B cBolO Oue-
pelb COAEPIKHTCS B HEKOTOPOM MAaKCHMaJbHOM 3JIEMEHTE
J” € ®. ]” onpenensier nopsiiok B M, mpu KOTOpOM a OTpH-
naTenbHO, a BCe 3JeMeHThl J” U, B YaCTHOCTH, BCe JEMEeHThI
I nonoxurensubl. Otciofa caeayer, uro Q(0, a) He MOXKeT
6biTh BRIBeAeHO 3 K UJ, u Hama TeopeMa JOKasaHa.

TakuM o6pasoM, Teopemoii 8.5.8 ycranosiaeo, urto @
ecTh He UTO HHOE, KAK MHOXKECTBO NMOPSAAKOBLIX HAeasnoB (He
paBHbiX M,), B TO BpeMms Kak Teopemoil 8.5.7 BCKpbITa
CTPYKTYypa MaKCHMAaJbHBIX MOPSAAKOBBEIX HJeanoB.

859. Teopewma. J0b6oi cobereennoii nopsadKosoLil
udean ecro nepeceuerue 8Cex COOEPHCAUUX €20 MAKCUMAALD-
HolX nopsdKosuix udeaaos. Huoimu caosamu, KaxcOoviii co6-
creennvili udean 8 Iy nad K ecto nepeceuerue scex codep-
HQULUX €20 MAKCUMANbHbLX 1U0eanns.

19 A. PoGuHcon
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OTo HeMeAJeHHO clefyeT u3 NAOKa3aHHOTO paHee yTBep-
XKAEHUS O TOM, YTO JJAs Jw6oro sjieMedTta a € My — J, Hai-
IeTest COOCTBEHHbIH MaKCHMaJbHBIHA MOPS/AKOBBIH Haean Ji
Takoit, uto J,oJ, u ad J..

8.5.10. Teopewma. llycte C — aw0boe nodmHoxrecrso
M ¢ Tem auwie ycrosuem, 4To 0$ Cul€C. HAas 1020 uTO-
6oL snement a € M 6vin noaoocutesvHoimn npu A06om yno-
padouenuu noas M, npu koropom ece siemenrs C noao-

HUTEAbHBL, HeobX00uMO u QOCcTAaTOHO, 4Tobbl a npedcras-
A8ACA 8 8ude

8.5.11. a=cai-+cai+ ... +c,a,
n>l, q,€M, a,+0, i=1, ..., n,

2de ¢; — npoussedenus ssemenros us C.

HokxasateabcTBo. JlocTaTouHoCTh oueBHAHA. [aia
JLOKa3aTeJbCcTBa HeoOXoAUMOCTH 0603HauuM uepes J, MHO-
KECTBO 3JIEMEHTOB, IpeiAcTaBUMbIX B BUIe 8.5.11. Bo Bes-
KoM cayuae, J, yposaersopsier 8.5.1. Jomycrum, uro 0 €/,
DT0 03HAYaeT CyuiecTBOBaHHE TOXK/ECTBa

8.5.12. O=cal+-cal+ ... +c,a?

Takoro, Kax onucaHo B 8.5.11. [TonsiTHO, UTO B 3TOM CAy-
yae M yxXe HeJb3sl YNOPSIAOUHTH TaK, YTO Bce 3jaeMeHTH C
H, CIeJIOBaTeJbHO, 3/1eMeHThl J,. OYAyT NMOJOXKHTebHb. [lo-
Ka)keM TOrJla, UTO BCe 3JeMeHTbl MOT'YT OBIThb NpeCcTaBJeHbl
B Buje 8.5.11. B 8.5.12 n>1, tak kak ¢,a? + 0. [lns npous-

BOJIbHOTO a €M

€ic, (—-—-—a‘ (1—a) )2—{— e -{—c,,ﬁlc,,(a"“1 d—a )2+(1é—a)2:

2c,a, 2¢pa,
I4a? 2 2 2
= 4 2 (Cla1+ cr +cn-la’n—l—*ﬂcnan)+
Cﬂal‘l
a 2 2 2\ .
—l— 9 2 (0 ay— o — cn—la’n—l + cnan) -
cﬂaﬂ

:1+a20_|_ a_‘anaZ:

p) p)
Ac,a;, 2c,a,
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Hrak,
8.5.13.

a; (1—a)
2¢,a,

Ft o
e Cn—lc,,(a”—'(1-11))2_{_(142—“)2.

2cqan

a=a0c, (

310 U ecTb TpebyeMoe NpeACTaBJIeHHe a.

JlonycTum Ternepe,  uTO 0@!.:{.. Torpa Je.cMy, u
J+ ynosaersopsier 8.5.3 (rax Kak a €/, u (—a) €J, Bieuer
0=a+(—a) &€J;). Takum ob6pasoM, J;— NOPSANKOBLIH
ujeasn, 4, cJaeloBaTeNbHO, MJIS JI0OOro aéf].;@ CYILECTBYET
ynopsiiouenue M, npu KOTOPOM @ OTPULATENBHO, a BCE 3Je-
MeHTb! J; (M TeM caMbiM 3jeMeHTH C) NOJOMKHTENbHBL.

OrMeTum, uto obaacTtb Jy, BoOOIle TOBOPS, HE AH3BIOHK-
TUBHa. JTO MOACKa3bIBAETC TeM, UTO JJIs AH3BIOHKIIHMH
ABYX BbicKasbiahuil Tuna 0<<a u 0<b HenocpeACTBEHHO He
BUAHO KAaKOTO-HHOYAb MNPOCTOTO 3KBHBAJEHTHOIO BLICKA3bI-
Banus Tuna 0<c. [Tyctb M=R () — nosie QpyHKUUH OT OX-
HOH mepeMeHHON HajJ moJieM paluoHa/abHbIX uucea R. IToxa-
K€M, UTO COOTBeTCTByWOINasi ofjactb Jo He AU3DBIOHK:
THBHa *).

[Tomoxum [(f) =1 —2 u [o(f)=¢ u DOKaxeM OTCYT-
CTBHE TaKoro sjemenra f(f) € M, 4To

K—=Q(0, 71 (1)) VQ(0, [2(£))=Q (0, f(?))

(scho, uto f(f) MOXHO cuHTaTh MHOTOUJeHoM). PasoGbem
YUCJOBYIO OChb Ha TPH umepBana:/l:(—m, —V2 ). [y=
=(—V2, 0). I3=(0, +00). Eciu x€I1,Uls, T0 omHO u3
AByX uuced, fi(x) uau fa(x), crporo Gospuwe nyas. ITycrs,
nanpumep, fi(x) >0, Toraa mafigercst rakas okpecrHoctb U
Toukn X, uto fi(y) >0 aas awboro y € U. Tlosromy cyme-
CTBYeT TMOCJA€/I0BaTe/IbHOCTb TPAHCHUEHOCHTHOLY YUCe] Xnp,
uMerolllas MPeaeIoM X, Tak 4To fi(x,)>0. Jna kaxnoro n
B R({) MOXHO BBEeCTH TOPSAAOK, mosaras ¢(¢)>0 torga u
TOJILKO TOr/a, Korga ¢(x,) >0. Tak kak fy(x,) >0, T0, yuu-
ThiBasi yCJIOBHeE, KOTOPOMY yA0BAeTBOpsieT f(Z), Mbl TPUXOAUM

*) Jloka3aTeNbCTBO 3TOrO (DaKTa, NPHBEJeHHOe B OPUIHHAMe, OUIH-
6ouno. ([Tpum. nepes.)

10*
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K BbIBOLY, uTO [(X,)>>0. 3ameuas, uro x, — x, noJay-
uaem [(x)>0. Amranoruuso nokasbiBaercs, uto f(x)<0,

eciu x €1, Takum o6pasom, f(f) B Toukax 0 u — V' 2 Me-
nsieT 3Hak. Cjenosarenbso, f(0)=f(— V2)=0 g, KpoMme
toro, 0 U — V2 asasiorcs KODHSIMH He4eTHOU KPaTHOCTH.
[Tocmorpum, Kakue KopHHM, oTauuHble OoT O u —V§, MOTYT

6biTh Yy [(£). ITyctb f(x0) =0, HO X050 u X+ — V' 2" %o Jie-
’KUT BHYTPH OJIHOTO M3 MHTepBastoB [, Tak urto [({) He Mme-
HACT 3HAK IIPU mepexolie Yepe3 TOUKY Xo. CJief0BaTe/bHO,
Xo — KOpeHb 4eTHoUd KpatHocTH. HMTak, Kopusmu f(f) He-

YeTHOH KPaTHOCTH MOTYT ObiTh Toabko 0 u — V' 2. Onnako
Koapduuuentsl [(f) nexkar B NoJe PaUMOHANbHBIX HHCEJ,

a noromy uucio V2, conpskennoe max R uneay — V' 2,
Takxe JOJKHO GBITb KOpHeM [(f) w mpUTOM TO# Xe Kpat-
HOCTH. BBHJly cKa3aHHOTO Bbille Mbl IPUIIJIK K NPOTHBOPE-
YHMIO, KOTOPOE U JI0Ka3blBaeT TpefyeMoe yTBEpKIEHHe.

Hcnonbayem nosnyuyeHHble HaMH pe3yJ/bTaThl, B 4acTHO-
cri, 8.5.10, naa JoKasaresqbcTBa HEKOTOPHIX 0GOGLICHHI
TeopeMbl ApTHHA 06 onpejeieHHBIX (QYHKIHSX.

[Tyetb My — ynopsiiouennoe mojie, M — ero BeluecTBex-
HOe 3aMbiKaHHe, M™ — n-MepHOe NeKapTOBO MPOCTPAHCTBO
¢ xoopauHataMu B M u My=Mo[xy, ..., x,). Ilycts Takxe
J* — mpocroit unean B My u V — cooTBeTcTByioIliee MHOroO-
o6pasue B M". (Takum oGpasoM, V HenpuBoammo Haj no-
JeM Mo, Ho, Boo61ue roBopst, He Haj noJeM M.) Umesa B Buny
5Ti_0603HAYeHus, CHOPMyYIHPYeM CIEAYIOWYI0 TeopeMy:

8.5.14. Teopewma. [Tycrs

85.15. f(x1, ..., Xn), G1(X1, ..., Xa), ...
‘s gr(xiy vy xn): r> 1»
—— TAKOE MHONECTBO MHO204AEHO8 u3 My, uTo g; (X1, ..., X,) Q’_—'
gJ* i=1, ..., r, u daa awboi Touku (a, ..., a,) €V

COBOKYNHOCTL HEPABEHCTE
gi(ay, ..., ay)>0, i=1,...,r
saeuer
f(ay, ..., a,)>0.
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Toeda cyujectsyor mHoeousersl ho(xy, ..., Xp), Hi(xy, ...
e Xn)s ooy B (xy, ..., X)), npunadaencawue M., das Ko-
TOPBLIX GOINOAHAETCA CPABHEHUE
8.5.16.

(/lo(xl, ey x”))Qf(xl, ey xﬂ)E

m

= 2 ky(Xy, + ooy X)) (R (X0, -y x,) )P (mod J7).

i=1
2de ho(xy, ..., Xn) Q:'J*, a ki(xy, ..., xn) — npoussedenue
8CeX UAU HEKOTOPbLIX MHOZ0YAEHO8 g;i(Xy, ..., Xp) U NOAO-

HUTEAbHBIX dAeMeHTO8 noas M.

Mpbl  Bcerma MoKeM npeanosaratbh, YTO MPOH3BEACHHE
Bi(Xy,...,%Xn) CONEPIKHUT KAMKIBI MHOXKHTENb g;(Xy, ..., Xn)
He GoJiee, yeM B MepBOH CTeNeHH, TaK Kak BCE UETHLIE CTe-
[leHH - MHOrOYJEHOB gj(Xy, ..., Xp) MOXHO OTHPaBHTb B
COOTBETCTBYIOUIHA MHOTOWIEH A;(Xy, ..., Xu).

HokasarteabctBo 85.14. [lyerts pi(xy, ..., Xn),...

., ps(xy, ..., xp) — o060l Gasuc upeana J*. HonycTum,
UTO He cyllecTByer cpaBHeHUsl tuna 8.5.16. OBo3Hauyum ue-
pes My paktop-koablo Mlxy, ..., xn}/J*. CumBoanl f, g1, ...

., & Mbl GyZeM HMCHoJb30BaTh 151 0003HAUCHHA HE TOJb-
Ko MuorouseHoB 8.5.15, HO W AJs COOTBETCTBYIOHIMX HM
KJAacCOB SKBHBAJEHTHOCTH B M, (3TO He TDO3HT HaM Cepb-
eanol nyranuueil). [To npeAnosoxeHuo, He CyLIeCTBYET pa-
BEHCTBA BHUZA i

8.5.17. haf == 21 kihl,

=
rxe ho, A1, ..., hm€ Ms, he=0 u k; sBJsilOTCA NpOHM3Bele-
HUSIMH g; U TIOJIOXKHTEJbHBIX 3JeMeHTOB noas My, Kotopoe
paccMaTpHBaeTrcsl Kak moamnode Kosbia M.

[Tycte M3 — nose yactHeix My, Tak 4TO M3 ectb pac-
wupeHne M, u, crel0BaTeNbHO, WMEET HYJEBYIO Xapakre-
pricruky. TakuM o0pa3oM, Hallle MPEATNOJOkKeHHe 03Havaer,
YTO paBEHCTBO BHIA

8.5.18. fom 121 kb

HEeBO3MOXKHO B Ms, roe k; — npousBeJeHHs g; U INOJOXKH-
TeJibHbIX 37eMeHToB M, a Ay — anementnt M, O0603HaunM
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depes C moamHoXKecTBO Ms, cocrosimiee us gy, ..., gr n
BCEX TOJIOXKHUTENBHBIX 3JeMeHTOB Mo MoOKXHO BHMAeTh, uTO
BCe yc0BHA Teopembl 8.5.10 seinosHsiorest. Tlostomy or-
CyTCTBHe TOXIecTB Tuna 8.5.18 mnokasbiBaer, BO-mepBhiX,
4TO0 f(X1, ..., Xn) He NPHHANENKHT J* (Tak Kak B IPOTHB-
HoM caydae paseHcTBO 8.5.18 ynoBaersopsisioch Gbl mpu
hi=0), u, BO-BTOpHIX, UTO CYHIECTBYET YIODSAOUEHHE OIS
Ms, npu xotopom [ orpunartencH, a Bee siemeHTH C 0O
xKuTeabHbl [lycts Ms — nose M, pacemarpuBaemoe BMecTe
C STUM ynopsiiouennem. Mz comepkur M, Kak yrnopsiaoue-
Hoe moanoJsie (T. e. ynopsinoueHus B My u M, ‘COTJIACOBAHHI),
NOCKOJIbKY ~ BC@ MOJIOKHTE/bHBIEC 3JeMeHTh M, npuHapie-
xart C.

[lycts &y, ..., &, — 3J€MeHTH MOJIS M;, cooTBercTByIO-
1€ HEU3BECTHBIM X1, ..., Xn B My=M, [xy, ..., x,] Torxaa
f, g1 ..., g MOXHO MHTepPNIPETHPOBATb KaK HEKOTOpble 3Ha-
YEHHs, TPHHHMAEMbIE LEJNBIMH DalHOHAJNbHBIME PYHKYUAMU
Ha M; npu 3navenusx aprymenTa Xy3=E§;, Xo=Ey, ..., Xp=
=&,. B cooTBeTCTBUM O cKazaHHBIM B M; HMeeT MecTo cie-
Iyloulee yTBepKIEHUE:

8.5.19. CylecTBYIOT MHAMBHAM yi, ..., Yyn TaKHe, 4TO
by, ., y,) =0, i=1, ..., s,
u
W o s y)) >0, i==1,..., r,
HO
[y -y y,) <O.

YrBepxkaenne 8.5.19 werpymuo chopmyauposate B Ka-
YECTBE (IK3HCTEHLUAJIBHOrO) BBICKA3bIBAHWS, BCE MHAUBH I
KoTtoporo conepxarcst B My. X no-npexkuemy HCTHHHO B
(YIOPSAZIOUEHHOM) BellleCTBEHHOM 3aMBIKAHMH MOJIS M3, xo-
TOpoe Mbl 0603HauMM uepes My OHAKO TEOPUS BellecTBeH-
HO 3aMKHYTOTO YNOPSIAOUEHHOTO MOJsI MOJENbHO NMOJHA OT-
HOCHT@JILHO TEODPUM ynopsifoueHHoro noast. [loatomy, ecaim
X HCTHHHO B OJHOM BeLIECTBEHHO 3aMKHYTOM paclllipeHHH
noass Mo, TO OHO HCTHHHO H B APYrOM, 4TO IIPOTHBOPEUHT
YC/JOBHIO,

HacTHHIM c/lyuaeM 3TOf TeopeMbl s J*=0, r=1
gi(xy, ..., xy) =1 sBaAseTCH ’

8.5.20. Teopewma. Mycre M, — ynopadouenroe noie u
M — ezo sewecreennoe samvikanue. Honycrum, uro muoeo-
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unen f(xy, ..., Xn) ¢ KO3PPuyuentamu 8 My (noroxcurens-
HO) onpedeaeH, T. e. HepasEHCT80

flay, ..., an) >0

BLINOARACTCA OAR BCeX Qu, ..., an€ M. To2da cyujecrsyior
NOAONCUTEAbHbIe FAEMEHTbL Cy, ..., Cm €My U payuorairs-
note pyukyuy f1(xy, ..., Xn), oo, fm (X1, ..., Xp) € KO3Gh-
¢uyuenramu 8 M,, Taxkue, 410

fla, oo xn):iglci(fi(xlv ceey X))

OcHoBHO# peaynbTat ApTHHA TOJyuYyaercss U3 3TOH Teo-
peMbl, ecii B KauyecTBe M, B3ATb MoJe pallHOHANbHBIX YH-
ceJl, HJIM TOJe BelleCTBEHHBIX anrefpanyecKux UHCeN, WH/IH
nosie JIEHCTBUTENBHBIX 4Hces. B nepeoM cayuae Kaxjoe 1o-
JOKUTEJNbHOEe YHCIO NMpPelCcTaB/IsAeTCs B BHAE CYMMBI YeThbl-
pex KBaApaToB*), a BO BTOPOM H B TpeTbeM CAydas#x Ka-
A J10€ OJ0XKHUTENbHOEe YHCJIO caMo ecTb KBaapar. Takum o0-
pasoM, BO BCex Tpex caydasx [(Xi, ..., Xp) NpeAcTaBaseT-
¢l B BUJE CYMMB! KBaJpaToOB:

flxy, ..., x")=z= (Fi(xy, ...y x0))2

3

—

BoJsee TOro, BO BTOPOM U B TPeTbeM cayuasix M cosna-
npaer ¢ M, XoTs B nepBOM cJyuae 3TO YK€ HE TakK, TeM He

MeHee YTBEpXKAeHHe O TOM, uTo f(ai, ..., an)>0 m1s Bcex
a, ..., an€ My, 3KBHBAJEHTHO YTBEPXKIEHHIO O TOM, 4YTO
f(ay, ..., a,)>0 qas Becex ay, ..., a, € M. HUrak,

8.5.21. Teopewma. [Ilycre My oboarausaer arwboe us
Tpex noaell: noie PayUOHAAbHOIX YUCEA, NOAe BeULeCT8eH-
HbIX QA2e0pauveckux quces u noase O0eliCTBUTENbHbIX HUCeA.
Honycrum, 410 049 8cex i, ..., A, € My

]C(Ch, ey an)>0

*) Hmeercsa B BUAY TeopeMa Jlarpamka, yTBep:KJaiomas, u4To Ka-
JKJ10€ MOJOXKHTEIbHOE palHOHANbHOE UYHCJIO eCTh CyMMa ueThlpeXx KBal-
paTOB, OHa SIB/ISETCS, HANpHMep, YACTHBIM C/ydaeM CJeylolledl H3BecT-
HOil TeopeMbl:

Kawdasn keadparuunas (popma ¢ payuoHaibHbIMU KOIPPuyuenTany
oT uerbipex u Goaee nepemerHblx NPedCTABASET PAUYUOHAAbHOE HUCAO
a0 8 nose payuoHaieteix wucea To2da u TOAbKO Toeda, Kozda OHa
npedcraganer a 8 noae senjecteennsix wucea (cM., Haupumep 3. M. Bo-
pesuu u U. P. lladapesuu. «Teopus uncen», «Hayka», 1964).
(1pum. nepes.)
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Toeda cywecreyror payuorasvrole Gynkyuu fi(x, ...

B xn), ---,fm(x1,
Kue, 410

, Xn) € KO3(Puyuenramu 8 M, Ta-

PO o )= (i s ) P

Ilpyrue uacTHble cay4yan Teopembl 8.5.14 Gbuiu 10Ka3aHbI
AprusoM u Jlenrom.

Ilpeanonoxum reneps, uro mHoroo6pasue V wugeasa
J* aBasercs runepnosepxHocThio B M7, 1, e, V — {(n—1)-
MEpHOE HeNnpHBOJAWMOe MHOroo6pasue. B srtom cayuae J*
IOPOKaeTCsi OHUM MHOTLOU/ICHOM, CKaxeM, p (X, ..., X,),
U MMEeT MecTO CJaeayloLLas

85.22. Teopewma. [Ipednoroscum, uro ece yecaosus
Teopemor  8.5.14 < 8bINOAHEHbI U CTENEHU MHO204AEHO8
Txs ooy xa), i(xyy oo, X0), p(Xe ..., xn) He npegbt-
WaT HekoTopoeo (ukcuposannoeo wucaa v. Toeda pasen-
creo 8.5.16 gotnoanserca 0aa m+1 muo2ousenos ho(xy, ...
ces Xa), o oo, hm(xy, ., Xp) U 048 M MHO2044€HO8
ki(X1, ..., Xn) Takux, 4ro uucio m u crenenu k; u h; oepanu-
“eHbL COOTBETCTBEHHO UUCAAMU i U Ao, BABUCAUUMU TOALKO
OT N U v, HO He 3QBUCAUJUMU OT 4ACTHOR0 8bl6Opa KOdpu-
YUEHTOB 8 MHO2OUAEHAX [, g;, P u Oadxce ot sbibopa noas M.

HokaszatenbcrBo. ChopMmyaupyeM B BHie npenu-
kara Q*(z, ..., 2;) npeanonoxenus TeopeMsl 8.5.14 pas
0GOOLLEHHBIX MHOTOUWJIEHOB f, g1, ..., @, H P CTENEHH v C He-
ONpeJe/IeHHBIMU KO3 PHULUUEHTAMH 2y, . . . , Zm. COOTBETCTBEH-
HO St JIOGOH Napbl HeabiX TOMOXKHTEJbHBIX UHCEN | H A
chopmysnpyem npeankar Qua(zy, ..., 2;), yTBEPK ALK
CyLLECTBOBaHME MHOTOUYJIEHOB /g, Ay, ..., Ay CTeNeHH He BHI-
ule A, JJIsT KOTOPHIX

(/’lg()ﬂ, ey xn))2f(x1’ =1

o Xn) (halxy, ooy x0))2=g (%1, ., )P (X1, ..., Xn),

rae  fg(xy, ..., Xz) He jenures Ha p(xy, ..., Xn), a
Ri(xy, ..., xn) aBAsAIOTCH NPOU3BEJCHUSIMH  PABAUYHBIX
gi(%1, ..., X,) U NOJOXKUTENBLHBIX 3JE€MEHTOB (moast My).
Ilpeaunxarsr Q* (2, e zj), Qur(z1, ..., 2;) BEIpaxalorcs
B TepMHHax orTHoleHud E, S, P, Q ¥ npeAMeTHBIX MOCTOSH-

4
HpIX O 1 1, 7. e. B TepmuHax caosapa Kor .

n
© xn) —Zki(xia
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Teopema 8.5.14 raacut, uro ecau Q*(ay, ..., @;) UCTHH-
gwo B M mas ay, ..., @; €My 1o Qua(ar, ..., a;) MCTHHHO
B M, xoTs1 Obl ANst OfHON mapwl p, A. B cuay Teopembl 5.3.7
cyumecrByer npenukar Q(2i, ..., 2;) TaKoH, 4yTo Qay, ...

., @;) Aas MoOBX ay, ..., a; € My uctuHO B M, Toraa
i TONbKO TOrna, Korka Q*(ay, ..., a;) ucrunno B M. Ta-
KUM 00pasoM, I NPOM3BOMbHBIX @i, ..., a,-EMOL ecau
Q(ay, ..., a;) ucrunHo B M,, TO Qm(ai, ..., @j) UCTHHHO
B Mo 1o Kpaiineli Mepe A5 OAHOM mapbi W, L. B cootset-
CTBHH ¢ 3TUM obbeaunenne Kor M MHOXKeCTBa

8.5.23. {Q ((11, ey a,-), ~Qu;\(a1, ey aj)}
npOTHBopeqHBO, rpe u H A He3aBUCHMO HpO6eraIOT BCe TI0-
JIOKHTeJbHBIE Iieable 4yucgaa M ay, ..., 43— HPOI/I3BOJ1beIe

vHAMBUAbL, oTandnble ot O 1 1. OTcrola Mbt 3akjaoUaeM, uTo
CYLeCTBYeT HEKOTOpPOe KOHEUHOe MOAMHOMKECTBO MHOXKECTBa

8.5.23:

8.5.24. {Q(ay, ..., a;), ~Qup, (ay, ..., a5, ...

-y T Ourxr(ai, o« ey aJ)}

4
Takoe, 4To o6beaunenne ero ¢ Kor nporupopeunso. Caeno-
BaTeJbHO,
8.5.25.
K6F|— Qay ..., ap> Qum (@, ..., apV ...

AV Qu,k,(al’ Cees @p

0603HauUM My== max W; hy== max A, [lockoibKy

1Ligr 1<igr
Kor— Qup, (@ - a;) 2 Qua, (@, -y ay), i=1,...,r
TO Mbl NOJIydaeM, uTo
Kor- Q(ay, - -1 ;)2 Quay (@, -+ @)
M TeM CaMbiM

8.5.26.
ce VX X [Q(Xy s X)) 2 Quu (K - X))

[MocjeaHee eCTh He UTO MHOE, KaK (OpMa/ii30BaHHOE YTBED«
KaeHue TeopeMmbt 8.5.22.
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8.6. 3amaun
8.6.1. PasrocTHbIM nOsem Ha3LIBAaeTCA MoMe ¢ 3a1aHHBIM Ha HeM
oneparopom cdsuea T (x). Onepatop T(x) YAOBJIETBOPSIET TOXKJAECTBAM:

T(a+b)=T(a)+T(b), T(ab)=T(a)T (b)

oast Bcex @ v b w3 atoro noas u T(1)=1. Passuts MeTaMaTeMaTHUeCKYIo
TEOPHIO DPaSHOCTHBIX HM1€ANOB M MHOTOOGpasuil MO aHANOTHH ¢ 1. 8.4
(eM. Putr u PoaenSym [l1]).

8.6.2. PaccmotpeTs TeopHio Hzeanos B CTPYKTYpPax H MNOJYCTPyK-
Typax *) ¢ MeTaMaTeMaTHYeCKOH TOYKH 3peHus.

8.6.3. OGosnaunum uepes K oObesuHEHHE MHOKECTBA AKCHOM 06-
JIACTH UEJOCTHOCTH C efMHHUeH W aHarpaMMbl M, tie M — mojeds 3To-
ro MHoxXecTBa. IlycTe Jo — MHOKECTBO BHICKA3LIBAHHE BHAA dzP(q, 2, b)
(T. e. «a genur b»), rne a u b npoGeraioT Bce 3jeMeHTH M. Hccneno-
BaTb TEOPHIC HAeanoB B Jo Haxl K u B Ja/ Hapx K.

8.6.4. ITyecrb K 1 M Te xe, uto u B 8.6.3. Jlas Ka)kaoro MHOro-

unmeHa p(x;, ..., Xn) ¢ Koadomumentamp B M ONpEeJCNHM Mpeju-
KaT Rp(Xi, ..., Xn, ¥), yTBEpXKJAOUIMA, uTO Yy=px, ..., x»). Hasa
M060H mapel MHOrowJeHoB p(xy, ..., Xn) H g(xi, ..., Xa) ¢ KO3PH-
uueHTamMu B M 0603HauuM uepes Qpq(x1, ..., xn) mpeankar
AyAz3w [R, (x1. ..., x,) A Ry(x, oo xp) APy, w, 2]

Taxum o6pazoM, Qpq(xi, ..., %n) BBIDAXKAET TOT (hakT, YT0 (ByHKIUHO-
Ha/bHO® 3HaueHWe p(Xi,... X,) JesuT (YHKUHOHAJABHO® 3HAauYeHHe
G(x1,..., xn). Ilycts Jy— MHOMECTBO BCex pq IAs  (QHKCHpOBaH-

HOro 7. Pa3suth Teopuio npen-uneanos B Jo Hag K U HX MHOroo6pasuit,
8.6.5. UccaenoBare MHOroo6pasus CTPYKTYP MeTaMaTeMaTHYeCKHX
H/easoB, BBeJEHHBIX B II. 7.6.3.
8.6.6. Paspute Teopuo uneasos u MHOrooGpasuit AJsl CHCTEM MOJH-
HOMHANIBHLIX HEpaBeHCTB THHA p(Xy, ..., Xn) 20 u p(xy, ..., Xq) > 0.

Bubauoepapuneckas cnpaska. Wsnomenne pasuaenos 8.1—8.4 cue-
ayer A, Po6Guncouy [I] u [3] CranpapTHoe 10Ka3aTenbCTBO Teo-
pembl Purtra 8.3.7 nmpuBeneso B Kuure PurtTa [1]. Tleponavasabusie
Pe3yabTaThl 0 (POPMANbHO BEIIECTBEHHBIX MOJSX M CeMHAALATON npobe-
Me T'mabGepra cozepxarcs B crTathsix Apruna u LI peiiepa [l u
Apruna [1] (om. Takxke paGory Jlenra [l]). OTHOCHTeNbHO H3JIO-
JKEeHHOH 31ech Teopunm cmotpH A. Po6uucon [3], [7], [11]. Hanbueq-
WiHe MCCAeNOBAHHA 3THX BOIPOCOB UYHTATENb CMOXKET HAaATH B paboTax
Xenknua(7] n Kpeitcena [2].

*) 31ech HMeOTCS B BUMAY CTPYKTYPH B CMBICTe Bupxroda. Toay-
CTPYKTYpOl HasbIBAETCA yHHMBepcatbHas anre6pa ¢ OLHOH KOMMYTAaTHB-
HOW, aCCOLMATHBHOMH, WIEMIOTEHTHOMN OnHapHO omepaumeir x [}y (un-
TEPIPETHPYETCH KaK Mepeceuenwe x M y). B moaycTpyxtype ecrecrsen-

HBIM  OGDA3OM BBOAMTCS YacTHUHA YIOPALOYEHHOCTB: X < Y, ecan
X N y=x. (lIpun. nepes.)

TJTABAIX

PA3JIMYHBIE BONMPOCHI

9.1. Beemenne QYHKHHOHAAbHBIX cuMmBoJoB. B m. 3.1
B CBfI3M C HHTeprnperaliell KBaHTOPOB CYIIEeCTBOBaHHSA Mb{
BBEJIH A5 yA06CTBA (YHKIHOHANbHBIE CHMBOJIDE (nay, if;:im
ye, gynkropst Crosema). Takue (QYHKTOPHI €CTECTBEH n
06pa3oM BO3HUKAIOT B GOJMBLUIMHCTBE alredpanuecKux c(r);c)y )
Typ, HanpuMmep, QYHKTOPHl CyMMbl H nupousseﬂegnﬂ qu;ngd
u m(x, y) B KoJble uin B none. (Taxko# cruib o6o3Ha e
Mbl 6yaeM OpelouuTaTh OOBIUHOMY: X+y HIH x-yﬁo 1o
pblil y10OEeH TOMBKO AJsl JABYMECTHBIX (YHKTOpPOB.) o cu
nop Mbl u3beranu BBejeHUst (PYHKUHOHANBHBIX CHMB 108 B
Hall (opMasbHbIl A3BIK L, 3aMeHssl UX CHMBOJaMH o
mieHn§, crneuuduUUecKi XapakTep KOTOPHIX %nuc:bma ;
MHOMKECTBOM aKCHOM (HanmpuMmep, OTHouleHHs S(X, Y, Z)Be-
P(x,y,z) oGo3Hauyanu COOTBETCTBCHHO CyMMy H nggggxo-
nenue). OMHAKO A5 HEKOTOPBIX LieJell CTaHOBHTCA | obxo-
JUMBIM  paccMOTpeHHe (QYHKTOpOB KaK COCTaBHOH acra
dopmasibHOrO si3bika. Mpl yKaxeM Ternepb, Kakue HBMeHTOﬁbl
HY)XKHO cJleJaTh B MaTepuaje T/iaBbl II gaa toro, 4

MBICJTb.

Oq)olgllc\:ﬂp?c)rjinf:l\?lln CUMBOJIaMH $§I3BIKA SIBJSIIOTCS, BO-TIEPBBIX,
CHMBOJIBI, BBEJIEHHBIE B Hauaje Ii. 1;2 (CUMBOJIBI oésemo?é
nepeMeHHble, CHMBOJIbBI OTHOLICHHH, nponosuuuox&an;;;b;
CBSI3KY, KBAHTOPH U CKOOKH), H, BO-BTODBIX, PyHKyuO f]o-
Hble CUMB0AbL (CUMBOALL (PYHKYUL) WIH qbymcmgm. °
cJeHME pacnajaloTesl Ha CYeTHOE YMCIO Henepe(c}ek.’cl}()xnﬂrfxm)l
cs kaaccoB Fn, n=1, 2, 3, ... (pyHKTOPH nopsa cfga n, "
n-mectroie (PYHKTOPbL, WIH N-GPHbLE PYHKTOPOL). yﬂmo(p)
Mbpl  6yaeM o©0003Hauatb [OCPEACTBOM x( ), cp(MZ:,CT«:[;WI
(cTpOUHBIMH TpeuecKnMy OyKBaMu C I’lul'IyCTbIMIrIH < 'FJIbI-’
OT/Ie/IEHHBIMH 3aNsATBIMU NpH 1> 1 I/IOKaHMJIeHHbIMeJI gilblMH
mu ckob6kamu). Knacewt F, siBJSIIOTCS BNOJMHE ONpeaese
MHOKECTBAMH NPOH3BONBHON (PUKCHPOBAHHOH MOIIHOCTH. N

C noMOIIbK BBEeJEHHLIX CUMBOJIOB ONpEJeIUM 110 HHAY ‘
uun  Tepmol. TepMamy, BO-NEPBBIX, ABJIANTCH CHMBOJDI
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OOBEKTOB H MEPeMeHHble H, BO-BTOPBIX, BbIDaXKeHHs, [0Jy-
HEHHbIe 3aMEeLUeHHeM MyCThiX MeCT GyHKTOpa Tepmamu. Tepm
HaSLIBACTCsl NOAHLLM, €C/H OH He CONEPXKHUT HH OLHOH mepe-
MeHHOH. AtomapHble GOpMyJHl SIBIsIOTCS pesy/abTaToM 3a-
MEHbI NYCTBIX MECT CHMBOJIa OTHOLIEHHH TepMaMH.

Hpasuasro nocrpoennoie popmyasvr (mnd) onpepesior-
€ TOUHO TaK ke, KaK B N. 1.2, HaunHasA ¢ aToMapHBIX ¢op-
MyJ. Mbl, ecrecTBeHHO, GyneM roBOpHTh, UTO mnd X conep-
AT NEPEMEHHYIO Yy, He TOJNbKO TOTAA, KOTJAA Yy 3aMellaer
OMHO M3 MyCTHIX MECT OTHOWIeHHMS B X, HO M TOTAa, Korjia
Y GUrypupyer BHyTpPH TepMa, KOTODHIH B CBOIO ouepenb 3a-
MEILAeT MyCTOE MECTO HEKOTOPOro OTHoweHHs! B X (Hampu-
mep, A (Y (x, y), b)). lenenue nnd Ha BEICKA3bLIBAHUS 1 npe-
AUKATbl OCTAeTCs MNPEeXHUM, H, KPOME TOTrO, COXPaHSITCS
BCC Hallln COIJALIEHHs] OTHOCHTENBHO CKOGOYHOH CHMBO-
JTUKH.

AKCHOMBI f3biKa M €ro mpaBH/a BBHIBOJA OCTAIOTCH Ta-
KUMH Xe, KaK B 1. 1.3, ¢ oaHUM n06aB/JeHHEeM: B KauecTBe
a B 1.3.2 moxHO GpaTh M1060H NOJHBI TepM. B npasusax
1.3.3 cumBoa a HNo-npeXXHeMy o6o3HauyaeT CHMBOJ o0BeKTa,
KOTODbIH, OIHAKO, MOMKET CONEePKaThC BHYTPH byHKTOpAa,
BXojsulero B tepM. Kak u mpexje, npasu/ia noacTaHOBKHU
1.3.4—1.3.7 siBasoTes caepcteuaMu NpaBuJl BbIBOJA.

CTpyKTYyphI, KOTOphIe GYAYT 31ech paccMoTpensl, coaep-
Kar, TIOMUMO OTHOLICHHH, Psii QYHKUHH OT N NepeMeHHbIX.
Fosopsar, uro dyskuusa ¢(,...,)" sagana B CTPYKType M,
€C/IM KaXAOH n-ke (ai, ..., a,) o6beKkroB H3 M comoctas-
JSETCst onpeleseHHoe QyHKIHOHAABHOe 3HaueHHe B M. Tak
K€ KaK U B caydyae oTHoweHHH (n. 1.4), Mbl He UCKJIAOUaeM
. BO3MOXXHOCTH TOrO, YTO [BE pa3JuuHble (QYHKUUM COBNa-
Nal0T B TEOPETHKO-MHOXKECTBEHHOM CMBICJIE.

Hycrs € — B3anMHO 0nHO3HAUHOE cOOTBETCTBHE, OTO-
6paxaiolee COOTBETCTBEHHO OGBEKTHI, OTHOUICHHS H dyHK-
UHH CTPYKTYPBl M Ha HEeKOTOpble MHOXKECTBA CHMBOJOB OG-
€KTOB, CMMBOJIOB OTHOUIEHMH M (YHKTOPOB, TaK YTO [oO-
PALOK OTHOINEHHH M QYHKUMEA coXpaHsieTcss *). Ml cKaxemM,

*) B aTom pa3sjene asrop yxe ne aesaer CTPOrO Pa3NHUHS MeXIy
OTHOIIEHHAMH M CHMBOJNIAMH OTHOIUEHHH, a Takmxe MexAay o6beKkTaMu
W CHUMBOJIaMH OOBeKTOB. B kax/oM KOHKpeTHOM cAaydyae U3 KOHTEKCTa
GYJET SICHO, O ueM umer peun. ({1pum. nepes.)
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4To CHMBOJA 0003HauaeT OTHouleHwe, (QYHKUMIO HWIH O0b-
eKT, eCJHM 3TOT CHMBOJ M TO, UTO OH oHO3Hayaer, CBsA3aHHI

b
coorserctBueM C.

JlauHoe coorBeTcTBue C eCTeCTBEHHHIM 06pa3oM MPOI0J-
»KaeTcs U Ha Te MOJHbE TepMbl, PYHKTOPBI ¥ CHMBOJBI 00Bb-
EKTOB KOTOpHIX ABJsIOTC o6pasamu C. A HMEHHO, ec/H
a, , Qn — CHMBOJABl O0DBeKTOB M @(,...,) — QYHKTOP

. 1 /
nopsinka n, tak uro C:a;—>a;, ¢—>¢', T0 Mbl HO./IIO)KI/IM,

4 4 r e

[0 ONpEJeseHHIO, (p(al, s an)—>(p (al, Ce an), hit
7

(p'(a{, R a;)__ (YHKLHOHA/JIbHOE 3HauyeHHe ¢ B M npna

n-K1u 0OBEKTOB (a{, R a;). VKaszannasi npouefypa Jaerko

OpOAOJIKAETCHA ¢ NOMOIIBIO HHAYKTUBHOTO ONpeAeJeHus TEP-
Ma. HMHBIMU cJoBaMH, €CJIU Mbl yxKe 0T06p33mm TepMbl

ty, ..., tm B OOBEKTH b1, ..., bp€EM u ecau (pyH,KTOp
'l]J’( ) nopsiaka m otoGpaxkaercs B (PyHKLIMIO P, TO

o ¥ 14 ’
P(ty, ..., tm) MBIl OTOOPA3UM B OODBEKT P (b1, ..., b)E M.

[Tycte K — MHOXECTBO NpPaBWJBHO MOCTPOCHHBIX (bgi:
Mys f3biKa, onpeieneHHbx B M oTHocuTenbHo C (T. €. 0 :
exThbl, OTHOWIeHHS U (YHKUHOHAJbHBIC CHMBOJbI STHUX dop
Mya sBasiorest o6pazamu C). Kaxnoit aToMapHOH (pOpMyJI:
X us K nocpencrsoMm C ¥ MOCTPOEHHOTO BbIlie TPOAOJIXK
nust C coorBeTcTByeT X' — OTHOLIEHME MeXAy MHAMBHAAMH
M, koTopoe nu60 UCTHHHO, JHGO N0XKHO B M. OTILp:;lBJmi%}f
oT artoMapHbX ¢opmy.s, onpenenenus 1.4.1— K ()il o
3HAYHO BBISICHAIOT JJif JIEO6OI‘(;MBbICK33bIBaHI/IH us K, ucrn

HeT B CTpYKType M. .
" %%?)le{%?ueﬂuﬂ Megxzayy&eﬂyxmsﬂoﬁ M JeCKPHUNTHBHOM
KOHUENIMSMH OCTalOTCs TeMH Ke, 4TO M B cjyvae sA3blKa
6es dyukTopoB (n. 1.5). D10 OUEBHAHO AJIA BbICKaSMB?Hng:
KOTOpble He COAePKAT HHKAKMX CHMBOJIOB OTHOIIEHHH N
JOYKUTENBHOTO mopsifka. s BHICKa3biBaHHH, COAePKAILHMX
CHMBOJIbI OTHOLIEHHH MOJIOKUTEJBHOTO MOPS/iKa, HO He co:
JlepKallMX KBAaHTOPOB, HAlO JHUIb CJlerKa H3MEHHTD ;Eg_
uenypy, onucanuyio B n. 1.5. A umeHHo, st naHHOF(;\/I o-
’KecTBa BbICKasbiBaHHi K Mbl ompeiesuM CTPYKTYpY ! K
HOIIEHHSIMH  KOTOpOM CJ1yXKaT CHMBOJIbBL OTHOIIEHHH U
06 BEKTAMH KOTOPOH siBJsiloTCsl Tepmol K, a HE TOJBKO CHM-
Boabl 06HekToB. JloGoi ¢ynkrop @, ...,) u3 K nopsaka
m paccmaTpuBaercs Kak dynkuusi Ha M, byHKUMOHA/bHBIE
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3HAYCHHST  KOTOPOH OmpeiesiorTes caenyomuM o6pasom,
[lyets 4, ..., t,, — nponssosibHbe OOBEKTHl CTPYKTYpHl M,
Tak 4to &, ..., t,, 0o ONIpeAeJICHUIO, SBJSIOTCS TepMaMu
K. Torma ¢ynkumonasbnoe 3xavenme ¢ VI apryMeHTOB
t, ..., ty monaraercs PABHBIM TepMy @(y, ..., t,), pac-
CMaTpUBAEMOMY Kak o0bekT M. Bo Bcex ocTaibumix OTHO-
WERAAX mpoueAypa ocTaercs 6e3 H3MeHeHIs, H, Kak npe-
AAE, MBI IPUXOAMM K 3aKMIOYeHHI0, 4To M — Mogenn K.

Hpennonoxnm, wakomen, uro mno KpanHe#l Mepe 0fHO u3
BbICKasbiBaHu# K comepxur KBaHTOp. Kax ¥ B raage I, xa-
KJ0€ BBICKa3biBaHue X 3KBHBaJeHTHO BbICKa3blBaHuio X’
B TPEABApEHHOH HOPMa/JbHOH (opwme, T. e, BBICK23bIBaHHe
[X=X'] — reopema Hamero HcUHcaeHusA. B coorBercrsuy
C 5THM MBI MOXKEM OrPAHHUYHTLCS JHLIbL TEM cIy4yaeM, Korua
BCE€ BhicKasbiBanust K 3ajiaHbl B npeaBapeHHoi HOpMaJIbHOH
dopme. Tlocrynas tak xe, kak B 1, 1.5, Mbl monyunm us K
MHOXKeCTBO K*, cBOGOmHOE OT KBaHTOpoB. Jlajiee Tem ke
CnocofoM mnokaseiBaercs, yro K* HEIIPOTHBOPEYHBO H, CJle-
AOBATEJbHO,  06JajaeT MOIEJbIO, KOTOPass SIBJsieTcs MO-
Aeabo K. AnanmoruuseiM o6paszom yCTaHaBNUBAETCH Teo-
P€Ma TOJHOTHl U ee OGOOLIEHHS U CJeACTBUS (1.5.3—1.5.5)
A5l OPMaJIbHOTO SI3BIKa, COAEPIKALIEro (GYHKTOPDI.

Hurarens Ges ocobbix 3aTPYNHEHHA CMOXET yGemHTbes
B TOM, 4TO Bce ofLIMe oNpeae/eHus U pe3yabTaTel, ycTaHOB-
JIEHHbIE paHee 14 sisbika 6e3 (PyHKTOPOB, 0CTAIOTCH B CHJIe
H B HacToAlleM ciayd4ae ¢ HeGOAbIUHUMH H3MEeHEeHUSIMH.
B uvacrrocry, No-IpexkHeMy OYAYT CpaBeANHBBI MOHSTHH M
Pe€3yJIbTAThI, CBSI3aHHbBIE C NPO6JIeMOi NIPUCTAaBKH U TeopHel
MOJICIbHO} TIOMHOTBI; HEKOTOPble M3 HUX. GyayT Bnocsaes-
CTBHH HCMIOJNB30BATLCSL 6€3 JONONHUTENbHbIX KOMMEHTapHeB.
Tak, manpumep, amarpamma CTPYKTYDBI MO-NpeKHEMY CO-
CTOUT H3 aTOMapHBIX (QOPMY] H MX OTPHUARAI, OIHAKO TE
HI€PL aTOMapHble GOpMyJnl cofepKaT TepMbl, a He TOJIBKO
CHMBOJIBl H TIEPEMEHHBIe,

Kak mbl yBuguwm BIOCACACTBUH, DYHKTODEI MOryT 6biTh
HCIOIb30BAHbL JIISl HCKJIIOYEHHs! KBAHTOPOB CYIIECTBOBAHHS
B JI0GOM BBEICKA3bIBAHUH B NIpEIBAPEHHOIT HOpMaJIBHOI (op-
Me. B omHuX cayyasx stu $yHKTOPH onpenensiores onmo-
SHAUHO, @ B IPYTHX — C HEKOTOPHIM I1POH3BOJIOM. 3aiimemcs
TenepL TeM, uto nepedbopmyaupyeM HauGosiee BaXHble CH-
CTEMbl aKCHOM B TePMHHAX ()YHKTOPOB.

(

opl B Te[)MI/IHaX CHMBOJIA O(SbeKIa e !

MeHl) OTHOIUIECHYSA (paBeHCIBa) E(x,y), (byHKIOpOle(x,y)
)
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OHATHE TPYM-
Ma aKCHOM OIKCHIBaeT I ;
AR HEHTpa/bHBIH 3Jie-

(ymHOXKeHHe X-y) U p(x) (OOpaTHBIH 3/JEMEHT x1). 3ame-

e}l-
TUM, UTO IIYCTble MeCTa (yHKTOPOB Mbl 3aI10JHH/IN HEPEM
Y

HBIMH TOJIbKO JIHIIb 151 yA0OCTBa YTeHHS. .
Tpe6yeMbiMU aKCHOMAMH SIBJISIIOTCS, BO-NEPBbIX,

Mbl 5kBUBajeHTHOCTH (2.1.1) H, BO-BTOpBIX,

Vwl[E(x,2) NE(y, w)D
9.1.1. VxVyVzVwlE( ) e (e )]
VxVylE (x, y) 2E(p(x), p ()],
VxVyVE (n(n(x, y), 2), n(x, 7 (y, 2)))),
VxE (n(e, x), x), VxE(n(p(x),x),e).
Ge
7ABe aKCUOMBbl B 2.2.2 He UMeWOT ce
OTMoeg:sf); t;T%.?ﬁI?BTb; KakK caMO HUCIIOJb30BaHUE (byHKTop:
;‘I[(Zi y) TmpearojaraeT OJHO3HAUHOCTD H IMOJIHYIO C(?[‘rl;%efflbl
JIeH;JOCTb rpynnosoil onepaimu. [loayueHHoe MHOXKE

BOH
o6o3nauuM depes Hg. MHOXKeCTBO Hag aKCHOMM?\feTﬂaeTHB-
rpynnsl  ecTb oObennHenue fg M aKCHOMbI KOMMY

HOCTH:
9.1.2. VxVylE (n(x, y), nu(y, x))].

b-
Mmuoxectso Hg akcuoM, xapamepusyrou;gx Onéc:g:{?;e OKOJ(;T-
HUMBO )
OpMYJHpPYeTCsi C TOMOLIBIO C
E(a);ng)ﬁupﬂ 31;"()6%) # GyHKTOPOB 0 (X, y) (Ans g—i—ggﬁn (x,9)
(nas x-y) ¥ p(x) (agas —x) caenyomum oOpasom:

9.1.3. VxVyVzVwlE (x, 2) NE(y, w) D
E(n(x, y), n(z, w)) A\
SE(o(x, y),0(z,@w)) NE(n(x, y e e

VxVyVzE (o(a(x,y),2),0(x,0(y,2))),
VxVyVzE (n(n(x, y), 2), nlx, n(y, 2))),
VxE(o(0, x), x), VxE(o(n(x),x),0),
VxVYyE (o (x, y), o(y, X)),

VxVyVZ[E (n(o(x, y),2), o(n(x, z),n(y, 2)))}
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MHuoxkecTBo akcuowm (KOMMyTaTHBHOTO) noJas Hep mony-
Haercsl BBEleHHEM CHMBOJIA 06beKTa |, dynkTOpa p(x) (06-

PAaTHbIA 31EMEHT Ms X=+0) n nprcoeaunenuem k 9.1.3 cre-
OYIOUIHX aKCHOM:

9.1.4. VXVY[E (x, y) DE(p(x), p(y))],
VxVyE(n(x,y),n(y,x)), VxE (n(l, x), x),
V[~ E(x, 0)<E(n(p(x),x), 1]

Ilpu xenanuu mp moxem mis ONpENIeJIEHHOCTH N06aBUTh
dKCHOMY, KOTOpas Onpefeaser 3HaueHHe p(x) s x=0
nanpumep, E(p(0),0). Oanaro B panbHeiimem Ham 3TO npo-,
CTO He MOHANOGHTCH.

O630p 9.1.1—9.1.4 [TOKA3bIBAET, UTO BCE MHOMKECTBO aK-
CHOM DaCCMOTPEHHLIX BHIIIE NOHSTHH COCTOAT M3 BbICKA3Di-
BaHUH B NIDELBApeHHOH HOPMajbHOI hopwme, BKJIIOYAIOIINX
TOJIbKO  KBAaHTOPBl o6wHOCTH, Cilenyiouuii pesyabTar sB-
JIIETCSI OCHOBHBIM B TECOPHH CHCTEM: ’

9.1.5. Teopema (Beprnaiic). Mycre dano sksucren-
yuarvHoe otcKasbiBaHuye

9.1.6. X=3y,...3y.Q(y,, ..., Ym), mz>1

ede marpuya Q ywce ne codepxrur Keantopos. IIpednoao-
gcum, 4ro X 601800umo uz mHOMecTeq YHUBEPCANbHOIX Bbi-
crasoisanud {Xy, ..., X)), 8 KOTOpbLX umeercs no kpaiwued
mepe 00un cumsoa obwvexra. O6o3nauun vepes T muooce-
CTB0 GCeX NOAHDIX TepMOs, PYHKTOPLL U CUMBOAbL obvexros

’

KOTOpOLX 8x00aT 8 X4, ..., X\ To2da CcylecT8yror ase-

Mentor tJET, i=1, ... m, J=1...,1, l}ly, TaKue

YTO BbLLEKA3bIBAHIE )
9.1.7.

Y::Q(t}, B t}n)\/ Q(t‘;’, - t,?n)\/ eV Q(t’l, - tfn)

661800umo us {Xy, ..., X).

Ormetum, uto Teopema, o6patHas K Teopeme 9.1.5, za-
BEAOMO BepHa, Tak Kak Y>X — Teopema mamero HCYHC-
JICHHS. '

ﬂo%asareanTBo 9.1.5. Tonyctum, uro TeopeMa He
BepHa. OGosnauum uepes H MHOXeCTBO Beex BBICKa3bIBa-
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it Buna ~Q (4, ..., tw), tae by, ..., £, € T. MHOKECTBO
H' ={Xy, ..., X;3}UH HOMKHO ObiTb HENPOTHBOPEUHBHIM.
IleficTBUTENEHO, €CIH  OHO NPOTHBOPEUHBO, TO MPOTHBODe-
unso yxe {X;, ..., Xp}UH”, rne H” — HeKOTOpoe KOHEUHOe
MOAMHOXKeCTBO F, KOTOpoe B HallleM PACCYyKIEHHMH MOXKHO
npejanosaaratb HenycTbiM. [lyctb

H' ==~ Qo 1), o ~Q(H, .., ).

Ho xoas ckopo {Xl, o X ~[Q(t}, t}n)\/
SV QE, £)]) nporuBopeunBo,  BbICKasblBaHHe

XN ... Xy Y seasercs Teopemoit. OTCIOfA BHIHO, UTO €CJIH
TeopeMa He BepHa, To H’ 06d3aTenbHO HENMPOTHBOPEUUBO.

[Tycts remepsr K’ — MHOXKeCTBO BbICKAa3biBaHHH, TOJY-
ueHHoe M3 Xy, ..., X; BblUepKHBaHHeM KBaHTOPOB ¥ 3aMe-
HOJl TmepeMeHHBIX TepMaM¥ u3 T BCEMH BO3MOXKHEIMH CIIOCO-
Gamu. Ecmu snemenr Z € K/ nonyuaercsi nogo6HbIM 06pasom
13 Hekotoporo X;, to X;>Z — teopema. OTcioa BbITEKaer,
yto K'UH He moxer ObiTh NPOTHBOPEUHBLIM, TaK KaK B
npotuBHoM caydae {Xy, ..., X} UH=H" takxe oxasajgoch
Obl IPOTUBOPEUHBLIM,

O6o3Hauum uepe3 K” MHOXKECTBO BbICKa3blBaHHH, MoJy-
yennoe u3 K’U H 3aMeHoi BCex aToOMapHBIX BBLICKA3bIBAHUH,
BCTpeyalollluxcs B aJjeMeHTax MHoxectBa K ' UH, cuMmBo-
JIaMH OTHOUIEHUHl HYJeBOro MNOpSiAKa, TPHYEM pasjHuHble
aTOMaPHbIe BbICKA3bIBAHUSI 3aMeHSIIOTCA PAa3/AHUHBIMH CHM-
BOJAaMH OTHOWeHHH. K”, OueBHJHO, HENPOTHBOPEUHBO H,
clen0BaTe/IbHO, HMeeT Moxenbr M7,

Onpenenum Tenepb cTpyKTYpy M caeaymonium o6pasom.
OoObekTamu M 6yayT cay:KUTb BCce 3jemenTnl T. B Kauectse
oTHowleHH# W (yHKUUIT Ha M MBl BO3bMEM COOTBETCTBEHHO
CHMBOJbl OTHOIIEHHH M  (QYHKTOpPH, Codepxatiecs B
X, ..., Xp. Eeau @(,...,) — rakoit GyHKTOp mopsiaka p H
ty, ..., tp €T, To B KayecTBe (YHKIIMOHAJIbHOTO 3HAUCHUS @
s (4, ..., tp) MBI BosbMmeM TepM ¢{fi, ..., f;). Hakoueu
ecau R(,...,) — oTHouleHue nopsiaika ¢ B M v ty, ..., t, €
€T, To ucTuHROCTHOE 3Havenue R(#, ..., t;) B M aibl on-
penesum mo caeayowemy npasuay. Ecam R(f, ..., f,)
BCTpEYaeTCs CPEAH aTOMapHbIX BbickasbiBaHuil K UM,
To R(fy, ..., t;) HWCTHHHO B M TOraa W TOJNBKO TOTAA,
Korja (0-apHbli CHMBOJI OTHOILEHHS, COOTBETCTBYIOLLHUI

20 A. Poduncon
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R(t, ..., t;) B K”, ucrunen B M”. Ecau R(ty, ..., ty) He
BCTPEYaeTcst Cpejld aToMapHbX BbicKasbiBanuii K UH, To
€ro MCTHHHOCTHOE 3HAYeHHe MOXKHO B3fTh NPOH3BOJIbLHLIM

(mycre, Hanpumep, R(f, ..., ¢;) B 3TOM caydae UCTHHHO).
CorsiacHO  3TUM onpefeNeHHssM M CTaHOBHTCS MOLEJbIO
K'UH u H={X,, ..., Xx}UH. Ho Bbickazbianue X (cMm.

9.1.6) He MoxeTr OBITb MCTHHHO B M, Tak Kak ~Q(ty, ...

., tm) MCTHHHO B M ans Bcex o6bekToB M. Dro, OJIHaKO,
IPOTUBOPEUUT TOMY, UYTO BBICKasblBaHHe X BHIBOAMMO M3
{Xi, ..., X}, u Hawe yTBep>KJeHHe, TaKum o6pasom, Jo-
Ka3aHo.

9.2. Ynaneuwe ksauropos. [Tycts K — nenporuBopeyn-
BO@ MHOXKECTBO YHHBEPCAJbHBIX BbICKA3bIBAHHH, ONpe/esieH-
HbIX B paCIIMpeHHOM  ((QYHKTOpHOM) si3biKe. [IlycTb
Q(xy, ..., %a), n20, — nnd, onpenenennas 8B K (1. e. nce
OGBEKTDLI, OTHOLIEHHS!. U (YHKUHOHAJIbHBIE CHMBOJDI op-
Myasl Q npucyrcersyior B K). Kpome toro, ecian n=0, 10
MBI IPEANOJOKHM, UTO B K CONEPIKUTCSH XOTH Gbl ONHH CHM-
BOJ1 06beKTa.

OueBunHas ajnanrtanust pesy/abTaToB M. 3.3 NOKasbiBaer,
uro ecan Q(Xy, ..., Xn) yCTOHYHBO OTHOCHTenbHO K mpw
paCHIHPEHUH, TO CYULECTBYET 3K3UCTEHIHAIbHOE BBICKA3BIBA-
e Qi(xy, ..., x,), onpenenennoe B K, takoe, uTo

9.2.1. Kf—in...Vxn[Q(xl, ey xn)EQi()ﬂ, ce, xn)]

CoorsercrBenno, eciu Q(xy, ..., X,) YCTOHYHBO OTHOCH-
TeJbHO K NpM OTpaHHYeHHH, TO CYLLECTBYeT YHUBepCanbHOE
BbICKasbiBaHue Q:(Xy, ..., X,), onpenesnennoe B K, Takoe,
uTo

9.2.2. K=V, .. VxalQ (s, ..., x2)=Q2(xy, ..., xn)].

[Ipeanonoxum Ttenepe, 40 Q yCTOHUMBO OTHOCHTENbHO K
KaK NPU pacCIIMPEHHH, TaK U NPH OTPAHHYEHHHU, T. €. B Tep-
MHHOJOTHH 1. 3.3 Q HHBAPHAHTHO OTHOCHTEAbHO K. [lpu
5TUX YC/JAOBHUSIX MMEeT MEeCTO

923. Teopema. Cywecrsyer nngp Q' (xi, ..., Xn),
onpedesennas 6 K u ne codeprawas ksautopos, taxas,
4T0

924, K=V Vxa[Q(xy, ..., %2)=Q (%1, ..., xn)]
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HokasartenbcTBo. [Tockoabky Q ycToiuuBO OTHO-
cutenbHo K M npu OrpaHudYeHHM W MPH pACIIMPEHHH, Hal-
AyTcs npefdkathl Qi u Q,, yKasanuble B 9.2.1 u 9.2.2. [Tyctp

Ql(xlv e ey xn)=3y1~--3ym81(xl, e ey x’ﬂ’ _1/1, ey yl'l‘l)a
mz0,
QQ(X1, ey Xn) =VZ1 P VZISQ()Q, ooy Xny 21y 00y Zl), 120

BBona He BcTpeuaBmIHecsi paHee CHMBOJB OGBEKTOB 4, ..
., Qn, MBIl 3aKJ0OYaeM Ha ocHoBauuu 9.2.1 u 9.2.2, uro

KH-[Vai ... V2Ss(ay, ..., an, 21, ..., 2)]D
:[3!/1 “ e By?’nsi (ah ey aﬂv yl: ey ym)]
Takum o06pasom, CYIIECTByeT KOHEUHOe MOAMHOKECTBO

{Xy, ..., Xi}=K, k> 1, Takoe, uto BbicKasbiBaHue Iy ..,
oo AymSi(as, ..., @n, Y1, ..., Ym) BHIBOAMMO U3

9.25. {Xy, ..., Xp, [V21...VaSe(ay, ..., an, 21, ...,2)].

Orcrona B cuay 9.1.5 BbITeKaeT cyljecTBOBaHHWe TEPMOB £i,
copMy/IMPOBAHHBIX MOCPEACTBOM HEKOTOPLIX (MM BCex)
OOBEKTOB U (YHKIUOHAABHBIX CHMBOJIOB BbICKa3BIBAHMI
X17 LIRS Xh»

Vzi...VaSq(ay, ..., an, 21, ..., 2),
TaKHX, YTO BBICKa3biBaHHe
Si(ay ..., an, 1, ..., YV . ..V S(ay, ..., an, ... 10
peiBoauTcs U3 9.2.5. [Moaoxum
Q' (xy, vy Xn)=81(x1, ..., xn, 7}, ..., V...
VS, e, X, T, L, )
rie v monyueHsl M3 f] 3aMeHOH ay, ..., @, NepeMeHHBIMH
Xy, ..., Xn. COr/iacHO ONMHOMY M3 NpaBHJI BBHIBOAA
9.2.6. K|_VX1 e Vxn[[Vzi A VZ[SQ (X1, ey Xn,
2, ..., 2)]2Q (2, ..., x0)]
C Apyro#l CTOPOHBI, BLICKA3biBAHUE
Q(ai, ..., an)>D3ys ... JynSi(ay, ..., an, yi1, ..., Ym)

ABJACTCH TeopeMoﬁ Hallero HCYHUC/JEHHS, U [IOTOMY

20*
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9.2.7. KF=Vxy .. Vi [Q'(xy, ..., %) D2Q(xy, ..., x0)]
INepenucas 9.2.6 B Buze

9.28. K=Vxi... Vau[Qo(xy, ..., x2) DQ (x4, ..., xa)],
MBI moiydaemM corsiacHo 9.2.1 u 9.2.7

9.2.9. KEVxy .. . Vaa[Q (x4, ..., x2)DQ (X1, ..., xn)]
AHasnoruuno, kKomGuuupyst 9.2.2 u 9.2.8, moayuaem

9.2.10. K=Vxy... Vxu[Q(xy, ..., x2) DQ (%, ..., x0)])

W, nakomen, nABa NOC/AeIHMX YTBEPXKIEHHS BMeCTe al0T
9.24.

[Tyere K u Q(xy, ..., Xn) NO-NIPERHEMY YIOBACTBOPSIOT
BCeM CBOMCTBAM, NEPEUUC/ICHHBIM B Hauyale 3TOTO NYHKTA.
Ilpenanonoxum pononuurenbho, uro K Moie/sbHO MOAHO (CM.
n. 42). B stoM cayyae Jerko moKa3aTth CHNpaBeldHBOCTE
TeopeMbl 9.2.3 6e3 KakuX-THOO NPEANOJOKEHUH O Xapak-
tepe Q. /s 3TOr0 XOCTAaTOYHO YCTAHOBHTb, YTO KaXk/1as
nng Q ONMHCAHHOrO THNA YCTOHYMBA NpH pacwiupeHuu (u,
C/Ie10BaTeNIbHO, KaX/as1 Takasi NIQ HHBapHaHTHA *)) OTHO-
curenbHO K. Ho 310 HemocpenctBeHHO caenyeT M3 onpege-
JICHHS] MOJEJbHOH NMOJHOTHI, KOTOPOE YTBEPXAAeT, UTO eCu
Q(ay, ..., a,) HMCTHHHO B Mozxeiu M MHOMKecTBa K, 10
Q(ay, ..., a,) TakKe UCTHHHO M B JI060M pacmnpenuu M,
KOTOpOe dABJsieTcss MoJenablo K. DTo Kak pa3 M IOKa3blBAET,
yTo @ ycTOHUMBO OTHOCHTeNbHO K mpH pacmupeHu.

Bripouewm, naxe v 6e3 npeanosoxeHus o MOAENbHON 10J-
Hore K yrBepxaenue 9.2.3 cnpaseaauBo aas scex Q, ecuw
OHO  BBINOJIHAETCA  TOJBKO ISl JK3UCTEHUUAAbHLIX TN
Q(x1, ..., x»). B camom geue, cnpaBeJIMBOCTh 9.2.3 114
BCeX 3K3HCTEHUHAJbHbIX NN BJAEUET BO BCAKOM cCaydae ero
CIIpaBelJ/IMBOCTb AJsl BCeX YHHBepcaJbHHIX nnd. leficTBu-

TEJbHO, ecau mnd Q(xy, ..., x,) yHHUBepcaabHa, TO
Vg . V[ ~Qxy, ..., x2)=Qu(xy, ..., x,)]
Oyner reopemoil, roe Q;(Xy, ..., X,) — 3K3UCTEHIIHAJAbHAS

nrg, mojayuensas M3 Q 3aMeHOH BCeX KBAHTOPOB OGIHOCTH

*) Iockombky B 3ToM cayuge ~Q(x; ..., Xn) Takke oyser
YCTOAYHBO npH pacwiupeHuH. ([Tpum. nepes.)
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KBaHTOPaMHU CYLIECTBOBaHHsl H BBeJeHHEM 3HakKa OTpPUUAHUSA
Mex Ay NpUCTaBKOH M MaTpuueit. Ho Toraa cymecrsyer 6ec-

4
KBaHTOpHas nnd Qi Takas, 4To

K=Yy . Vxn[Qi(xe, .+, %2)=Q1 (x1, ..., %n)]
H, TeM CaMbIM, .
K-V VxaQ(xy, - .., x2)z=~Q1 (x4, ..., %))

’
Takum obpaszom, ~ Q1 u ecTp ucKomas nmnd.
B ofmem caydae MBI DPOHJAJIOCTPUpYeM Hally mnpoine-
Aypy Ha npuMepe nndg

9.2.11. Vx3yVz3wQ(x,y, z, w, u),

rae Q He cCONEepXKHUT KBAHTOPOB.
[To ycnoBuio, cyimtectByer GeckBaHTopHas nnd Qi(x,y,
2, 1) Takasd, 4To

K=VuVxVyVe[TwQ (x, y, 2, w, u)1=Q1(x, y, 2, u)}.
CunegoBaTelbHO,

9.2.12. K-Vu[[Vx3yVz3wQ(x, y, 2z, w, u) =
E[vxayszi (x, Y, 2. u)]]’

CorsacHo J0Ka3aHHOMY Bblllie cymiectByeT nng Qa(x, y, u),
He COJeprKalllasi KBAaHTOPOB, U TaKas, YTO

K=VuVxVyliVzQ(x, y, z, u)|=Qa(x, y, u)].

CuaeloBaTeJNbHO,

9.2.13. K-Vul[Vx3yVzQi(x, v, 2, u)]=
=[Vx3yQ:(x, y, u)]]

Ananornuno, cymectsyior nnd Qs(x, u) u Qq(x) Takue, 4ro

9.2.14. K-VYu[[Vx3yQ:(x, y, u)l=[VxQs(x, u)]]

9.2.15. K=V ul[VxQs(x, u)]=Q4 (1) ]
Kom6unupys 9.2.12—9.2.15, Mpl noayuaewm
9.2.16. K—Vu[Vx3IyVz3wQ(x, y, 2z, ©, u)}=Qu(u)],

tak uto Q4(#) M ecTb HCKOMBIH NMpPEeJHKAT.

u
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9.2.17. Teopewma. llycre K — nenporusopeyusoe muo-
HecTs0 8bICKA3bIBAHUL, onpedeserHbix 8 (QYHKTOPHOM)
gopmarsrom azvike. Ecau O0asn kamcdold 3K3UCTeHUYUAAbHOL
nng Q(xy, ..., xn), n=>0, onpedeaennoti 8 K, cyuecrseyer
nng Q' (xy, ..., xn), onpedesennas 8 K u He coleprcawas
K8AHTOPOB, TAKAA, 4TO

9.2.18. K=-Vxy .. . VX [Q(xy, ..., x,)=Q (x4, ..., Xn)],

10 K modeasHo noaxo.

Hoxasarteabcto. [Tyctb M u M’ — mogeau K ra-
kue, yro M’ — pacumpenyie M. (IToHsiTie pacmupenus, oue-
BUAHO, cOracoBaHo ¢ QyHRuusMH Ha M u M) Mwbi poa-
A#HBI [0KA3aTb, UTO JI060E BbiCKasbiBaHue X, OIpeJcseHHOe
¥ McTHHHOe B M, ucTHHHO Takxke U B M’ Ilycte ay,

., Qn — BCE CHMBOJbB OGBEKTOB BbICKasbiBaHHus X, He
npucyrerBytomne B K, n220. TakuM o6pazoM, X=Q (ay,

.v.,s Qy), oae nnd Q(xy, ..., x,) onpenenena B K. Coraac-
HO YCJOBHIO TEOPEMBl U CHeJAaHHOMY BHINE 3aMeUaHHIO Cy-
mecrByer mnd Q' (xy, ..., X»), HE cOAepKalasi KBAHTOPOB

1 onpepenenHas B K, 115 Kotopo#t

9.2.19. K’_Q(ab ey an)EQl(ai, ey an)-

Orciona, nockonbky M — mozear K, Q'(ai, ..., ap) wuc-
THHHO B M. A Tak Kak BBcKashiBaHHne Q'(ai, ..., @,) He
COJEepIKUT KBAHTOPOB, TO OHO HUCTHHHO Takxke u B M’. Cuo-
Ba ucnonbays 9.2.19, Mpl BuauM, uro X=Q (a4, ..., a,) Hc-

THHHO B M’, KaK ¥ yTBepXKIaJoChb TECPEMOH.

Teopema 9.2.17 moxasbiBaeT, UTO €CJaH A1 KaxXIOH 3K-
sucTenUnuanbHoil nnd Q Hafiaercss SKBUBaJeHTHAsi GecKBai-
topHas nnd Q’, To 3T0 0643aTeNBHO BJEUET MOJENBHYIO
nojnory K. A eciau, KpomMe TOro, NPHUMEHHM MOJEJbHBbI
npusHak 4.2.3, TO H3J0KeHHas BblLle NMpoilelypa [A0Ka3bi-
BaeT noJHoTy K B OGBIYHOM cMbIc/e. DTO U eCTb MeToA yoa-
senus Keantopos. Eciv yjaneHne KBaHTOPOB BO3MOXKHO, TO
OTCIOJIa HENOCPEACTBEHHO BhITEKaeT NPHMEHHMOCTb IIpH3HA-
Ka MOIeJbHOH noJHOoTH 4.2.1, 0JJHAKO MBI I0Jb30BaJUCh
5TuM (akTOM MNpH JAoKazareabcTBe 9.2.17. 3aMetum, uto
NpU3HAK MOJAEJBHOH TMOJHOTH HHOTAA NPHMEHHM B TaKux
¢Jydasix, KOrja JoKasaTb BO3MOMKHOCTb yAaJdeHusl Ju6O He
OYeHb JIerKo, JHO0 HeBO3MOXKHO.
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C npyro#t cropoHbl, TeopeMa 9.2.3 NOKasbiBaeT, UTO MO-
NeJbHYIO MOJHOTY MOXKHO HCIOJIb30BaTh B HEKOTOPHIX CJy-
yasix AJs1 TOro, 4ToGbl YCTAHOBHTH BO3MOZKHOCTb YAaJieHHS
KkBaHTOpoB. OHAKO MOJy4YeHHbIH TakuM 00pa3om Aas JaH-
Ho#l mnd Q OGeckBaHTOPHHIN mpeauxkar Q' MoxKer Bce XKe
0Ka3aTbCsi HEYJOBJETBODUTEJNbHBIM. PaccMoTpum, Hamnpu-
Mep, IOHATHE BeleCTBEHHO 3aMKHYTOro YyMOPsSAOYEHHOTO
nossi. MHOXKecTBO akcuoM Kop, ONUCHLIBAIOIIUX 3TO TOHS-
THe, OBLIO OmpejeseHo B I. 2.2 ¢ MNOMOLIbIO OTHOLICHUH
E(x,y), S(x,y,2), P(x,y,2), Q(x,y) (paBeHcTBo, cymma,
npousBefieHHe M TMOPSAAOK). s Toro 4roGpl HCNOJAb30BATH
9.2.3, Mbl JO/KHB 3aMeHHTb Kop MHOMKECTBOM aKCHOM, CO-
JepaKallkx TOJbKO YHHBepcajbHble BbicKaspiBaHusa. Ecte-
CTBEHHO INONHITAThCS c¢jenaTh 3To, BBOAS ¢yHKTOpH CKO-
Jema. C caMoro HauajJa HYXKHO BBECTH CHMBOJbI OODBEKTOB
s 0 u 1, a Takxke GYHKTOPHI A9 CYMMBl, HPOH3BeJEHHSA
U A5 OOpaTHBIX 2J€MEHTOB MO CJOXKEHHIO H YMHOXKEHHIO
(¢ KakuM-HUGYAp CHeLHaJbHBIM COIlJIallieHHeM OTHOCHTeJb-
HO 3HA4CHHSI COOTBETCTBYIOUelr (yHKIUMM B Hysae). Kpowme
TOr0, HEOOXOZMMO BBECTH (QYHKTOPBI, COOTBETCTBYIOLIHE
KOpHSIM ypPaBHEHHH HEUeTHOH CTEMeHH, ¥ (QYHKTOPHI s
KBaJpaTHbIX KODHeHl (C KaKUM-HHOYAb CIEUHaJbHBIM CO-
rJalleHneM OTHOCHTeJNbHO 3HAUeHHH  COOTBETCTBYIOIIEH
GyHKUMH JAA8 OoTpulaTeabHoro aprymenra). Tospko 4to
yKasaHHbie QYHKTODPbl ONpefensioT GpyHKUHH HE €JAHHCTBCH-
HBIM 06pa3oM, U B CBS3H C 3THM NOJyUeHHOE MHOXKECTBO
akcuoMm Oyjer HenosHbiM. [losHoTa B 3TOM C/yyae JOCTH-
raercss BBeJEHHEM JOMOJHHTENbHBIX aKCHOM, OJHO3HAuHO
onpeneasioux 314 GyHkuun. Tak, nias GyHkTopa KBaapar-
HOTO KOpHSI MBI MOXKeM 3apaHee YCJIOBUTbCS, YTO 3HA4YEHHE
3TOTO KOpHsl HeoTpuliaTesnbHo. [/ MHOTOU/IEHOB HEUYETHOH
CTEMeHH Mbl MOXEM TOTPeGOBAaTh, YTOOB paccMaTpHBaCMbI
¢yHKTOp 0GO3Hauan HauMeHbuMH KopeHb. Hosble QyHK-
TOpHI, BOOGIEe FOBOPS, BOHAYyT B mnd @', KoTopas, TakKuM
06pa3oM, MOXeT COAep¥KaTb KBajApaTHble KOPHH K KOPHH
ypaBHEHUil BBICIIMX CTeneHe#l M B KOTOPONl IiepeMeHHble
X1, ..., Xn HTPAIOT poJb mapameTpos. Ha camom jele BBe-
JEHHS] TaKUX MppauMoHaJbHbIX (QYHKIHMH MOXKHO H30exarsb,
KoMOuuupys 9.2.3 ¢ 5.3.7.

9.2.20. Teopewa. Ilycte K — Henycroe u Henporuso-
peuusoe MHONCECTBO YHUBEPCAAbHbLY BbICKA3bIBARUL, cdop-
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MyAuposannslx 8 f3vike L, codeprcawem pynkyuonarbrsie
cumgoasvt. Iycre K* — modeavroe nonoanenue K u nycrs
Q*(xy, ..., Xn), n=20,— nn¢, onpedesenraas 8 K* u K.
Ecau n=0, o mor npednoaoxcum, uro 8 K npucyrcrsyer
xors 661 00un cumsoa obwvexta. Toeda cywecrsyer nng
Q' (x1, ..., X5), onpedeaennas 8 K, He codepacauias Keaw-
TOpO8 U TaKad, 4to Q' (ay, ..., an) ucTunHo 8 M 0an aw-
ObLX 9AEMEHTO8 ay, ..., Uy MOOeau M mroxmecrsa K To2da
u T0AbKO TO20a, Koeda Q*(ay, ..., An) UCTUHHO 80 6CeX
pacwupenusx M, koropeie ssasworcs modeaamu K* (dop-
MYJHPOBKa 3aKJIOUeHHs TeopeMbl /st n=0 moaucuuupyer-
cd oueBUAHBIM 06pasoM.)

HokasarenbctBo. [lo teopeme 5.3.7 cymecrByer
nnd Q(xs, ..., Xn), onpenencHHas B K, Takasl, 4To €CJIH
ai, ..., G, — 3JeMeHTht Mojgeau M wmHoxkecTBa K, TO
Q(ay, ..., @) HCTHHHO B M B TOM M TOJBKO B TOM ciyyae,
korga Q*(ay, ..., a@,) HCTHHHO BO BCeX paclupeHusx M,
KoTopble siBjasitoresi MogeaamMu K*. Q(xy, ..., X,) HHBa-
puauTHO oTHocuTesnbHo K. Otciona B cuiy 9.2.3 Q MoxHO
samenutb nnd Q' (xy, ..., X¥,), KOTOpast HE COAEPKUT KBaH-
TOPDOB M TEM CAMBIM VJIOBJETBODPSET YCJAOBHIO TEOPEMBI,

B xauectBe npumenenus 9.2.20 paccMOTDUM MHOXKECTBO
K yHuBepcaJbHbIX aKCHOM, XapaKTepU3YIOILKX MOHSTHE yIIOo-
PSANOYEHHOTO MoJis, cPOPMYAUPOBAHHBIX C HOMOIIBIO OTHO-
LIeHnil paBeHCTBA, NOPSAKA U NpPeJMETHBIX NOCTOSIHHBIX O H
1, a Takke ¢ MOMOIIBIO (QYHKTOPOB CJOKEHUSI, YMHOXKEHUS
M 0oOpaTHBIX 2JIeMeHTOB AJaf 3TuxX onepauuit, Ilyerp K* —
MHOKECTBO aKCHOM BeLIeCTBEHHO 3aMKHYTOI'O YMOpPSiJ0YeH-
HOTO noJs, ToJydaeMoe poOaBiaeHHeM K K akcuom, mocry-
JUDPYIOIIUX CYLIECTBOBAHUE KBaJApaTHbIX KODHeH H3 I0J0o-
JKUTEJbHBIX 3JIEMEHTOB ¥ KODHEN YHUTAPHBIX MHOrOUYJIEHOB
HeueTHOW cTeneHu. DTH AKCHOMBI MOFYT ObiTh ONpEAeIeHbl
B TepMHHax cjaoBapsa K, HO B HUX 00si3aTeNbHO JOJKHBI
IPUCYTCTBOBATD, HAPAAY C KBAHTOPAaMH OOLIHOCTH, U KBaH-
TOpBl cylectsoBaHHa. K n K* y/l0BJeTBOPAIOT yC/HAOBHSIM
reopemMnl  9.2.20. Tak, Hanpumep, eciM B KayecTse

Q*(xq, ..., Xn) B3ATb NpPeAUKAT, YTBEPKAAWOLIHIH, UTO MHO-
rowieH y"+xy™ '+ ... +x, UMeEeT KOpeHb, TO COOTBET-
cTByroLME mpenukat Q' (X, ..., Xn) MOXKHO chopmyaupo-

BaTh LIeJMKOM B TepMHMHaxX paBeHCTBa, nopsiaxa, 0, | u ye-
TeIpeX (DYHKTOPOB, MCIMOJB30OBAHHBIX ITpH omnpeiesaeHun K.

9.9] YIIAJEHUE KBAHTOPOB 313

Mbi MOXKeM yJYYIIUTb 3TOT pe3yJbrar, B3fAB B KauecTse K
MHOKECTBO yHUBepCaJIbHbIX aKCHOM yMOpPsiOvYeHHOH obna-
ctu uesoctHocT ¢ 1. Jlerko mnpesepsietcs, uto K jgomy-
ckaer (GOPMYJHPOBKY B TePMHHAX YKA3aHHBIX BbIIIE OTHO-
[IeHHH ¥ MHAKBHUIOB, a TakXe B TePMHHAX CJIOXKEHUS, YMHO-
JKeHUsi ¥ OOpaTHOro 3JeMeHTa No ClOKeHHw. B KkauecTse
K* no-npexHeMy OepeTcs MHOXKECTBO aKCHOM BEIIECTBEHHO
3aMKHYTOTO YIOpPSIJOYEHHOTO noJjsi, GopMyaupyemMoe B Tep-
MHHAX TexX K€ CaMbiX KOHCTAHT, OTHOIICHHA H (QYHKTOPOB,
yto u K. Yenosusa teopemnl 9.2.20 cHOBa 0Ka3bIBAIOTCS BbI-
nodHenspiMu. TakuM o6pasoM, [4js NaHHOH nng Q* (x4, ...
..., Xn) cootBercTByiOWas nnd Q' Moxer ObITh CHOPMY.IH-
poBaHa B TEPMHHAX CJOXKEHHS, YMHOXKEHUs, o6paTHOro 3J1€-
MEHTa M0 CJI0XKEHHIO (WM BbIUMTAHMA), a TaKXKe B TEpMH-
Hax OTHOIIEHHI paBeHCTBA M MOPAAKA H NPEAMETHBHIX MO-
crossHEbiXx O u 1. HeGoabuwas MoAu(pHUKaLHs MOKa3bIBAET,
y1o Q' SKBMBAJEHTHA JAM3BIOHKIMH CHCTEM TOJHHOMUAJD-
HbIX YpPABHEHUH M HEPaBEeHCTB C HeJblMY Ko3(pdunreHTaMu
BH/A

pilxy, ..o, xa) =0, i=1,..., k  qi(x, ..., %) >0,
i=1,...,1

Ecau x4, ..., Xn — K03hHHUMEHTH yNIOMAHYTOrO Bbillle MHO-
rowieHa OT Y, TO TakKas JAU3BIOHKLHA HENoCPeiCTBEHHO
naerca Teopemoil Lltypma. B ofuem ciyuae CyIIeCTBOBA-
aue nnd Q' TpeGyemoro Buja b0 ycraHosieno TapckuM,
KOTOpHIfi J0Ka3aJ TAaKHM CNOCOOOM MOJMHOTY (W paspewn-
MOCTb) TEODHH BeleCTBEHHO 3aMKHYTOTO MOJ.

PaccMOTpHM APYTOil KaaccuuecKuil mpumep, koraa K —
MHOKECTBO YHMUBEPCAJbHBIX aKCHOM 006J1acTH LIeJOCTHOCTH €
I, a K* — MHOXeCTBO aKCHOM a/re6paHiyeckd 3aMKHYTOTO
nosisi. Mcnonbayemblil cloBapb TakOB XK€, Kak H B Mpeablly-
uleM [puMepe, 3a HCKKUEHHeM OTHOLIeHHs MOpSAKa.
B stom caydae npuMeHuma Teopema 9.2.20. [lomyctum, Ha-
npuMep, 4To npeaumkar Q*(xi, ..., Xn) BbIpaxaer paspe-
IIUMOCTb HEKOTOPO#l CHCTEMBbl NMOJHHOMHAJIbLHBIX YpaBHEHHH
1 HEPABEHCTB C HEM3BECTHBIMH Ui, ..., Ym!

p'l:(xlv"’)xﬂa yl?"'v ym)zov i=l1“'vk;
Gi(Xt, s Xn, Yty ooy Ym) F0, i=1, ..., L
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KosdduuuenTamu 3TOH cUCTeMbl CAYXAT MHOTOUWIEHbI OT
Xy, ..., Xn C LeablMH Kod(duuueHtamu. B atol cuTyauuu
tTeopema 9.2.20 ycraHaB/IMBaeT CYILECTBOBAHHE JHM3bBIOHK-
UMM CHCTEM yDaBHEHHH M HEPABEHCTB C LeJbIMH Ko3ddu-
LUMeHTaMH BHJa

ri(xi, ...,xn)=0, L—_—l, ...,j, si(xi, ...,xn)r,éO,
i=1,...,m,
TaKoM, 4TO JJst JIOOLIX 3JeMeHTOB a4, ..., (n U3 LAHHOTO
noas (uau obaactu uenocrtHoctu) M cucrema p;(ai, ...
s Qg Y1y o ooy Ym) =0, qilay, ..., @n, Y1, ..., Ym)F0

HMeeT pellleHUe B adarebGpanyeckoM 3aMbIKaHWH M Toraa u
TOJIBKO TOTA4, KOI'a XOTsi OBl AJs1 OAHON M3 CUCTEM, BXOXS-
W¥X B AU3BIOHKUMIO, Oymer r;(a; ..., Gn) =0, $;(ay

., an)#+0 B M. CyiiecTBOBaHUe TaKOTO MPH3HAKA BHITE-
KaeT U3 aHa/JHu3a TEOPHUU Pe3yJbTaHTOB B KJacCCHYECKOH aJ-
re6pe, NoL06GHOr0 TOMY, KOTOPHIH OblJ1 NMPOBELEH B CBOE Bpe-
mst 3efinenbGeproM. PaGora 3elinenGepra B 3T0Oi ob6aactH
TeCHO CBSI3aHa C ero pesyabTataMu B AuddepeHuuna bHOH
ajare6pe, KOTOpble HCIOJb30BaJHMCh B 1. 5.5 Npu AoKasa-
TeJbCTBe CYUIECTBOBAHHUSI MOJEJbHOTO TONOJHEHUs] AJs Mo-
HATHS AH(pdepeHInanbHOro MnoJs.

9.3. lpsaMble mnpou3BenecHUS H YJAbTPANPOHU3BENEHUS.
B onpeneneHHblx pasfenax ajare6pbl JOBOJBHO BaxKHYIO
poJb MrpaloT HEKOTOpble CTAHAAPTHEIE KOHCTPYKIIMH, € TO-
MOUIbIO KOTOPBIX W3 JAHHBIX CTPYKTYP KaKOro-To THIA MO-
Jy4aloTcsd HOBBHE CTPYKTYpH. B KauecTBe npuMepa MoKHO
yKa3aTh KOHCTPYKUHMH (QaKTOP-TPYNNBEl HUAH (AKTOP-KOJbILA,
MeTaMaTeMaTHYeCKoe 3HaueHue KOTOPBIX O0O0CY»K/1ajoch B
rnase VII

Ilpyras KOHCTPYKLMS MOJOGHOTO THIA NMPUBOAUT K nps-
MOMY npou3sedeHur0 NTaHHOTO MHOXKECTBA TPYII WM KOJell.
OGo6lLIeHue 3TOrO MNOHATHS Ha NPOW3BOJBHBIC CTPYKTYPHI
(c ¢yHRUNAMU HIH Oe3 HHX) NPOM3BOJHUTCS HENOCPENCTBEH-
vo. Ilycrs T={M,} — MHOXKeCTBO NOJOGHLIX CTPYKTYp C He-
MyCTBIM MHOXKECTBOM HIAeKcoB /={v}, KOTOpoe MOKeT GhiTh
KaK KOHEUYHBIM, TaK W GeckoHeuHbIM. IlpsiMbiM mpoussene-
nuem IIM, naseiBaercss cTpykrypa M*, onpenenennas cie-

v

AyomUM o6pa3oM. MHOKeCTBO MHAHBHAOB M* COCTOHUT W3
Bcex ¢yuxkuuit f=j(v), onpeneneHsbx Ha M, H TaKux, uTO
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f(v) € M, nnsi Bcex v €1. B Takux cuTyauusix oueHb BaXHO
[OHUMATh pas/iuyve MexAy QYHKHUAMH (T. €. «omepauus-
MH») CTPYKTYPH, TaKMMM KakK CJOXKEHHEe HJIH YMHOXEHHe,
KOTOpble SIBJASIIOTCS COCTABHOM 4acThIO CTPYKTYPHI, M JIO-
6uiMM ApyrMMH (GYHKLHAMHU, KOTOpbie MOTYT GBHIThb ompeje-
JIeHBl B paccMaTpHBaeMoH 00J1acTH.

[1pou3BOIBHYI0 QYHKIHKIO @ (X1, ..., Xa), COAEPIKAILYIO-
cs1 B cTpykrypax T, mbl onpefenum B M*, mosaras

9.3.1. (P(fi, [N fn) Z(P(fi(V), ey fn(V))

B M, ans Bcex v€/. Jlpyrumu caoBamu, AIs JIOGHIX
fi, ..., fnBM* sHauenneM aaa n-ku (fy, ..., [n) sBASETCA
dynkuus f(v), sagaBaemas npasoit dactbio 9.3.1. Kpome
TOro, ecau MHAMBHI @ COAEpKUTCS BO Beex M,, TO MBI MoO-
JKeM OTOXKIEeCTBHTb NOCTOAHHYW OyHKIHIO f(v)=a ¢ a.

[lycte R(xy, ..., Xn) — NPOU3BOJbHOE OTHONIEHHE, CO-
nepxauteecst B crpykrypax T. Jlisi 1106070 MHOXKECTBA WH-
IAHUBUIOB [1, ..., [n € M* MBI IIOJOXKHM, O ONpeeNeHHIO,
uto R(fs, ..., [») WcTHHHO B M™* TOra M TOJDBKO TOTAQ,
korga R(fi(v), ..., fn(v)) mcTuHHO B M, AnM3 BCEX vel

Jlerko mpoepsieTcs, YTO eciM Bce cTpykrypsl M, sB-
JAAI0TCH KOJbllaMM, ONpefe/eHHbIMM, HamnpuMmep, Kak Mo-
nenv Kg B TepMuHax oTHowenu#t E, S, P 6e3 HHAMBHIOB
u pyHKIHi, To M* Takke aApasercs Mofeabio Kp v npaMbiM
npousBejicHdeM Kojerl M, B OObLIYHOM CMBICTE. Ecan M, —
(KOoMMyTaTHBHblE) moJs, TO M* — KOMMyTaTHBHOE KOJ/bLO,
Ho npu |/1>1 yxe He moae, Tak Kak M* copepKut neJu-
Teln Hyada. Mbl BUAHM, TakKuM 06pasoM, 4TO BbICKa3blBaHHE
X MoxerT ObiThb MCTHHHBIM BO Bcex M, u B TO ke BpeMd
JOXHLIM B M*. Bompocy o TOM, KakKHe CBOICTBA OCTAlOTCA
HHBApPHAHTHBLIMU OTHOCHTE/IBHO NPAMBIX NPOH3BEJCHHI, TO-
CBAILLLEH UeJbIi psij cTared.

Terepb Mbl ONHIIEM KOHCTPYKIIMIO, NPHHALJICKALLYIO B
ocHOBHOM Jlocio, XOTsl HEKoTopble OJM3KHE HIEW MOXKHO
HaiTH B Gosee pamHux paGorax Ckosema. [lis 3roit neau
HaM noTpeSyercst 06o6lIeHHe JeMMbl 00 OlleHKaxX 1.5.6. Oas
GOpMyIUPOBKY 3TOFO pe3yJbTata Mbl BOCIOJIB3YEMCS MpHU-
usTbiMa B 1.5.6 oGosmauenuamu. Hemycroe MHOXecTBO A
HeNyCTHIX TIO/MHOMKECTB MHOXecTBa [ HasbIBaercs ceTkou
na I, ecnu pas moowix Jy, J, € A cyuiectsyer J3 € A Takoe,
yto J1NJ /s
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93.2. Jlemma 06 ounenxkax. [lycre I={v}— mno-
scecTe0  undekcos 0an muoxcectea ®O={q,} — wacTuunbix
oyenok mHoxcectea S. Iycte A — cerka na I, takas, 4ro
Oas Kaxcdoeo koxeyroeo nodmuoxcecrea U muomcecrea S
u 0aa Kaxcdozo arementa J muoocecrsa A cywecrsyer vE€ J,
dan koropoeo U Dg,. Toeda cyujectsyer totasbran oyer-
Ka ) MHO%cecT8a S Taxas, 410 OAA Ka#O020 KOHeYHO20
noomnoscecrsa UcS u 0Oas xamcdozo J €A cywecrsyer
v €J rakoe, 4wto Uc Do, u p|U=q,|U.

Mu pokaxem 9.3.2, o6o6masa gokasarteancrso 1.5.6. Ua-
CTUUHYIO OLleHKY Ha S HasoBeM OORYycTUMOL, €ClAd IAs JIO-
6oro noamuoxectsa UcS u ans awboro J € A cyulectsyer
v€ J rakoe, uto Uc Do, u p|U=0q, | Dy N U.

MnuoxecrBo W 10NyCTHMBIX YaCTHUHBIX OHEHOK HEIyCTO,
TaK Kak OHO COAEPXKHT NYCTYIO YacTHUHYIO oueHKy. W ua-
CTHYHO YHOPSAJOUEHO OTHOIIEHHEM IMPOAOJKEHHUS TaK, Kak
310 6BIJIO OMpenesieHo npH AokasareabcTBe 1.5.6. Jlio6oe ne-
nycroe JHHEHHO yTopsiiodeHHoe moamMHoxkectso W ={{ )=
c¥ o6aanaer B W BepxHell rpaHptio ¥’. B camom nene,
ec/in B KauecTBe 06/1aCTH "onpeneseHus: |’ B3sth D' =Dy’ =
= U{Dy,} u momoxkuth 3HaueHuwe P’ g moGOTO apry-

MeHTa A €D’ paBHEIM 3HAYEHHIO NPOM3BOJABHOH P, € ¥,
onpeneneHHoit nas A, to mia Bcex P, € ¥ GymseM nmerb
$,<y’. Boaee roro, ¢’ ponycruma. leficTBUTENBHO, MyCTh
U — xoHeynoe noamHoxectBo MuoxectBa S um J €A, Ilo-
ckoabky U'=UND’ koneuno, cyuectsyer )€ ¥’ Takas,
uto UcDy,. Tak kax ¢, nomyctuma, To cyuwecrByeT v€J
takoe, uro U'cDg, u U =q¢,|U. Ho Dy=D’ u
P | U =¢"{U’, a caenosareabHo, ¢ |U'=¢,|U’, uro w
03HayaeT AONYCTUMOCTD ¥’

[To nemme Lopua W comepHT MaKCHMaJlbHBIA 3JeMeHT
Po. Mbl yTBepxkmaem, 4TO o — TOTasNbHAs OlleHKa Ha S.
[Tpeanonoxum nporusHoe: nyctb S — Do Henycto u A€
€ S — Dipo. Onpenennm 4acTHUHYIO OLEHKY Py Ha S ¢ 06-
nactbio onpenenenus Do U{A}, nomaras =1, Ha D u
Y1 (A) =0. Tak Kak o — MaKCHUMaJbHLIA 3JeMEeHT, TO J; He
MoeT ObITh foTmycTHMOH ouleHKoH. MHBIMU cioBamu, cyuie-
CTByeT KOHeUHOe noAMHoXkectBo VS Takoe, 4To 1Sl Heko-
toporo saeMenta Ji€A yeaosua VicDe, u | V=
=¢,|DYs NV, npu no6om v€Jy He BhMOAHAITCS. Vi co-
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pepxur A, Tak Kak B NPOTHBHOM cayuae Dy NVi=
=1o|DPpoNVy. Ho mnockonbky o HONYCTHMA, HaiJeTcs
vE€J, rakoe, uto VicDpo=DPs v @y | DY NVi=q,| D1 N
NVi=v9;|V;, a 3T0 NPOTHBOPEUHT HaIUeMy M[pPEeANoJIoKe-
muo o0 Vy. OnpeenuM Tenepb YacTHUHYIO OUEHKY Y, Ha S
¢ o6aactbio ompenenenus D U{A}, nonaras ps=1yo Ha
Dyo u yo(A)=1. Ananorndso B Cculy MaKCUMaJbHOrO
cBOMCTBA Py MBI 3aK/IKOUaeM, UTO CyLlecTByeT TaKoe KOHed-
Hoe mnonMHOXecTBO VoS wu Takoi aiement J, €A, yTO
A€V, u yeaosust Vo Do, 1 be| Vo=, | D2 N Vs npu ato-
Gom v €J, He BbimoansioTcs. Ho Koab ckopo A — cerka,
Habimetca agement Js€ A takoi, uro JiNJy>Js o nomy-
cTuMa, a notoMy cymectsyet v € Ja, mast kotoporo ViUV,
cDg, u Yol ViUVe=q, Do N (ViUVs). Nonycrum cHa-
yana, uto ¢,(A)=0. B stom cayuae ;| Vi=g,|Dp:NVy,
T. e. {; coBnajaer ¢ ¢, Ha nepeceuenud V; ¢ 06IacTbio
ompeje/eHus Py, U, CJeJOBATENbHO, Y1 JOMYCTHMA, UTO, OA-
HAKO, [POTHBOPEUHT Halllei KOHCTPYKUHMH. AHAJIOTHYHO, M3
ycaoBusi ¢,(A) =1 BbiBOAMTCA AONYCTHMOCTD s Hrak, no-
ycKasi, UTo MHOX)ecTBO S — D Herycro, MBl BO BCEX CJIy-
qasx npuUxoauM K abeypay. Taxum oGpasom, olleHKa o TO-
TaJbpHAS, U Hallle YTBepXKIeHUe J0Ka3aHo.

3amernm, uTo JemMa 1.5.6 ectb wacTHbl cayuali 9.3.2
npu A={f}.

[IpeanonoxuM Tenepb, YTO A — yabTpaduastp (wi,
MHAue, MAaKCHMaJbHBEIl Ayanbubifi iean) B (Oymnesoit) an-
re6pe moAMHOKeCTB MHOXKecTBa [. MubiMu cioBamy, A yJ10-
BJETBOPACT CJAEAVIOUIHM YCIOBHAM:

9.3.3. A — Herycrasi COBOKYIHOCTb HEMYCTbLX TOAMHO-
weetp MuHOxkectBa I: ecau Ji. Jo €A, o J,NJ2 €A, u ecan
Jcl, o mi6o JEA, mubo [ —J €A, ’

M3 ycaosuii  9.3.3 HeMeJNEHHO BbITEKaeT, YTO €C/1d
Jl Il u JEA, To I’ €A, JefictBUTeJbHO, OJHO M3 IBYX
muoxectB J/ wiu [ — J' npuHangexaT A cOTJIaCHO TOCaen-
nemy npasuay 9.3.3. Ho ecan [ —J’ npuHajIeRUT A, To
mycToe MHOXKeCTBO, paBHoe nepeceuenuio J u I —J’, Takxe
nprHanaexutT A. DT0 HEBO3MOXHO, H, CJEJI0BATENbHO, JEA.

9.34. Teopewma. [Mycro ®={g,} — mHoxKeCTE80 TO-
TasbHblx OYeHoK Ha S ¢ mHoxcecTéom undexcos I={v} u
nycre A — yasTpaguastp Ha I Toeda cyuwjecreyer eOuH-
cTEeHNas TOTAAbHAA Oyenka Y Ha S Taxkas, 410 0Oast
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Kasdoeo koneunoeo noomuoxcectea UcS u 0aa Kamdoezo
J €A raiiderca takoe v €J, uto |U=¢,|U.
HokazateasbctBo. JIerko npoBepsiercs, uTo TOTa/b-
Hast OLeHKa P =1py, CYIULECTBOBaHHE KOTOPOH obecneyuBaer-
cs1 reopeMoil 9.3.2, y/OB/IETBOPSIET TAKXKe 3aKIIOUYEHHIO Teo-
pembt 9.3.4. Jla1s AokasaTenbcTBAa €IHHCTBEHHOCTH YKa3aH-
HOH oueHku 3ametud, 4to P(A)=0 (coorBercTBeHHO
P(A)=1) npu awbom A€S TOrna U TOJBKO TOrAa, KOTAa
MHOXKECTBO TeX v, AJas KOTOpHX ¢, (A4)=0, npunajiexut
(cooTBeTcTBeHHO He mpuHamiexut) A. B camom gene, o6o-
3HauuM uyepes J MHOXecTBO Beex v € [ Takux, uro ¢,(4) =0,
u pomyctum, uto J € A. Tomoxum U={A}, Torna, no npesa-
noJ0xeHHIo, aasi Hekoroporo vE€J $|U=¢,|U, 1.e.y(4) =
=¢,(A) =0. C apyroit croponsl, ecan J ¢ A, To [ —J €A,
MOCKOABKY A — yabTpaduabrp Ha S, u, cjienoBareabHo,
Y(A)=¢,(A)=1 nas uekoroporo v€/—J Takum o6pa-
30M, 1 onpeensieTcs OAHO3HAUHO ¢ momoulbio @ u A.
‘Ilyere T={M,} — Henmycroe MHOXECTBO IOAOOHMIX
CTPYKTYD C MHOKECTBOM MHAeKCOB / M myctb A — yJbTpa-
¢uaeTp Ha [. Onpepenum Tenepb crpykrypy M= (IIM,),.
v

B kauectBe unauBuaoB M’ Bo3bMeM GYHKLHH [, onpeje/neH-
Hble Ha [, Takue, uto f(v) € M, npu Bcex v €7T. JIio60H uH-
JUBHUJ @, cojepKaliuiics Bo Bcex M,, MBI OTOXKAECTBJAEM
C MOCTOSHHOH OYHKUIHeH f(v)==a, KaK W B ONpereNeHHH
npsmoro npouspefenus. Kaxayio QyHKIHIO @(Xy, ... , X,),
3alaHHYI0 B CTPYKTypax M, Ml onpeneauM na M’, nosaras

O o Ty =@ (iv), ..., fa(v))

(kak B onpejejgeHHd OOLIYHOTO NPSIMOTO MPOM3BEJIEHHHA).
Haa mo6oro oTHowenus R(Xy, ..., X,), coxepxKailerocs
B cTpykTypax M., u aas mob6o# n-kua (f1, ..., f,) ueAUBH-
noB M’ o603HauuM uyepes N MHOMKECTBO BCEX TaKHX v, 4TO
R([1(v), ..., fa(v)) ucturno B M,. IlosoxumM, no omnpese-
aenuio, R(fy, ..., fn) ucTuHHbIM B M’ TOT/Za U TOJBKO TOTAA,
koraa N € A. Crpyktypa M’, nosyyaemasi TakuM CIOCOGOM,
Ha3blBaeTCA  yAbTpanpoussederuem WJH, TOUHee, yJAbTpa-
npouseenennem {M,} oTHocutenbHO A,

9.3.5. Teopewma. [Tycto X — svickasvisanue, Koropoe
onpedeseHo U UCTUHHO B0 BCEX IAEMEHTAX MHOMECT8a Ro-
dobrowx  crpystyp {M.}, u nycre A — yavTpagurerp Ha
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mrooicectee undexcos I={v} mnomecrsa {M.}. Tozda X uc-
TUHHO TaKxce 8 yavTpanpousdsederuu M’ = ([1M,) s .
v

JokaszarteabcTBO. SICHO, 4TO TeopeMy JIOCTaTOUHO
IOKasarh [Jas caydasi, kKorga X 3ajJaHO B IpeABapeHHOH
HopMaJabHOH ¢opme. [IpouanocrpupyeM Hamy npoueaypy
Ha TIpUMepe: MyCTh

9.3.6. X=3xVyIzVuVoIwQ(x, y, 2, 4,0, w,qa,b,c),

rae matpuna (§ He COACPKHUT HA KBAHTOPOB, HU KOHCTaHT,
OTJUYHEIX OT a, b, ¢. [lycte X’ — otkphitas ¢opma Ckonema
BbICKasbiBaHus X, T. e. 1as 9.3.6

9.3.7. X'= (g, 4, $(y), u,v,%(y, u,v),a,b,c).

Insg pokasarteabcTBa TOro, uto X HCTHHHO B M’, Mbl moJ-
JKHbl HalTH HOCTOAHRYI0 (YHKIMIO ¢, a Takxke (QYHKIHH
Y(y) v x(y, u,v), onpenenedusie B M’, Takue, 4To AJs IO~
M3BOJIbHBIX g, I, REM’

9.3.8. Q(¢, &, v(g), Ak x(g,h. k), a,b,¢)

uctuaHO B M’. 3amerum, uto a, b, ¢ B 9.3.8 o6o3Hauaior
COOTBETCTBEHHO IOCTOSIHHble GyHKUMH f(v)=a, [(v)=b,
f(v)=c.

Mbl 3HaeM, 4TO BbicKasbiBaHue X WUCTHHHO B M, npH JI0-
6om v €I Takum o6pasom, AJsi Kaxjaoro ve€/ nHahgercs
HRAMBHA @y € M, n QynKumH ¥, (y) # (4 4, 0), onpese-
JeHHbie B M,, Takue, uTO

9.3.9. Q(gy, p, ¥y (p), g, 1, %u(p, g, 1), 0,0, ¢)

veTHHHO B M, B cooTBETCTBHHU ¢ 3THM MBI onmpelesiuM PpyHK-
uuu CroseMma Ha M’, nonaras

9.3.10.
=0y,
P () =1v,(g(™), aas Bcex vE 1.
1(8s b B)=1y (g (v), £ (V), (V)
TakuM 00pa3oM, INpaBas 4YacThb THX PaBEHCTB AEHCTBH-

TeJABHO ONpejessieT 3HaueHUs QYHKUMHA ¢, ¢, ¥ 418 Ji0-
6BIX 3HaueHH# aprymeHTa. [lokaxem, YTO C 3THMH oIpele-
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JICHHSIMM BbicKasbiBaHue 9.3.8 ucrunHo B M’ ana npous:
BOJIbHBIX g, h, RE€ M’.

Jas naHHbIX g, A, £ MCTUHHOCTHOE 3HAYEeHHE BbLICKA3bl-
BaHusa 9.3.8 moAHOCTBIO ONpejeasercsi HCTUHHOCTHLIMK 3Ha-
YEHHSAMH BCTPEUalOLIMXCs B HeM aTOMapHBIX BHICKa3bIBaHWIl.
[Mostomy aJis nokasaTenbcTBa HeTHHHOCTH 9.3.8 B M’ Ham
JIOCTATOUHO YCTAHOBMTH CyLleCTBOBaHHE Takoro v €/, urto
MCTUHHOCTHbIC 3HAUYEHHS aTOMapHbIX BbiCKasbiBaHuit B 9.3.8
cOBMajaloT ¢ HCTMHHOCTHBIMHM 3HAYEHHUSAMH COQTEETCTBYIO-
wux BbicKasbiBaruil B 9.3.9. ATOMapHBIM BBICKa3bIBaHMEM,
COOT8ETCTBYIOWUM  AaTOMApHOMY  BBICKa3blBaHHIO Y=

=R(f1, ..., [o) B 9.3.8, siBasieTcs 110 ONpejeeHHI0 nng,
nosiyyaeMasi u3 Y 3aMeHO# fi, ..., [» UX QYHKIHOHANBHBIMH
3HaueHussMH B M,, a;=[;(v), i=1, ..., n. Ilycetb Yy, ...

., Y, — Bce durypupyoniue B 9.3.8 aToMapHbie BbICKa3bl-

BaHUS, BLIIMCAHHLIE B HEKOTOPOM (PUKCHPOBAHHOM HOPsIIKE.
v

O6o3uaunm uepes Y1 , ..., Ym COOTBETCTBYIOILHE aToMap-
upie ¢opmyasl B 9.3.9. Tlo onpexeneHuio HCTHHHOCTHOTO
snauenus Y; B M/, MHOxecTtBO J; BCceX v, M KOTOPBIX HC-
THHHOCTHOE 3HaueHue Y; B M, coBnamaer ¢ MCTHHHOCTHBIM
sgauenneM Y; B M’, npunamiexur A:J;€A. Tlyers J=
=I/NJsN ... Ny, Torga J€A u J nenycro. Has mwo6oro

v € ] UCTHHHOCTHble 3HaueHusi Yi, i=1, ..., m, COBNAfaIOT
¢ HWCTHHHOCTHBIMU 3HAUeHHsAMH Y;, i=1, ... m, uTO H Tpe-
6oBaJJoCh J10Ka3aThb.
B uactHOCTH, ecau Bce M, coBnapator, T. e. M,=M nas
Bcex v, To (IIM,), HasbiBaeTcs yasTpacrenensio M u oGo-
v

amauaercs ML . Ha ocnoBanmnu teopemsl 9.3.5 MBI 3aK/I0-
yaeM, yTo J106Goe BhHICKasbiBaHHe X, onmpefeleHHOe W MCTHH-
noe B M, ucrunno takxe u B M/ . Takum obpasom, M} sB-
JsieTcsi 3JeMeHTapHbIM paciiupenuem M (M ecrectBenHo
BKJajbiBaeTca B M) mocpeacTBOM OTOXKAECTB/ICHMS MHJIH-

BHIOB C MOCTOSIHHbIMHM (GyHKHUAMH Ha [).

TpeAnosoXuM, B 4YacTHOCTH, UTO M — cucrema Hary-
panbHBIX YKces ¢ oTHomenusmu E, S u P (paBeHcTBo, cio-
xKeHue n yMHoxenue). lomycruM, uto / —— Takke COBOKYI-
HOCTb HATYpaJbHBIX uuces], a A COAEPKUT [ONOJHEHUs
pcex KoHeuHHIX moamHoxecrs /. [lokaxem, 4To B 3TOM Cay-
yae M/, aBaserca COOCTBEHHBIM pacLIMpPEeHHEM M.
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Snemente M npexcraBasiores B M/ nocTosHHBIMME
byuruuamu [, (v)=n, n=0, 1, 2, ... Paccmorpum pyHKUHIIO

[(v) =v, KoTopaa Takxke npuHamiaexur M. . YTeepxaaercs,

yro fp,<f B M, nns Bcex Harypanbmbix n ¥). B camom neue,

AJs 11060T0 HaTypaJbHOrO f MHOXKeCTBO N Bcex v Takux,
uT0 [, (V) 2>V, T. e. n2>v, KOHEUHO, a TNOTOMY JONOJHEHHE
I — N€A. 3ro u osmauaer, uro [,<f ans xaxporo n H,
cienopatenbHo, M — coGerBennoe pacmupenne M.

Co6crBedtHoe 3JeMeHTapHOe paclinpeHue CUCTeMbl Ha-
TypanbHbIX YUCE] Ha3bIBAETCS CUAbHOL HECTAROAPTHOU MO-
Jeavio apugmeruxu. Bonee pannue meroan CkoJgema, O KO-
TOPBIX Mbl YIIOMUHAJH BbIIE, AAlOT APYIYIO, HO CBSI3aHHYIO
C Hawe# KOHCTPYKLHIO TaKMX Mojened. B Tom caydae, Kor-
na M — moJie BellleCTBEHHBIX YHceJ, Npolenypa yJbTpacre-
MeHH COBNAJaeT ¢ KOHCTPYKIHeH, urpatoiled BaxkKHYIO POJIb
B TEOPHH KOJIEI[ HeNpepLIBHBIX (YHKIIHM,

Ha nepBbiil B3IVIAA MOXeT CO3JaThCsl BledaT/IeHHe, UTO
KOHCTPYKIIMsl YJAbTPACTeNeHH MOXKeT JaTh HEMHOIO HOBOW
¥HGOPMAlUKH B KaKOH-TO oNpeje/eHHOH TEOpHUH, chopmy-
JIHDOBAHHOM B sI3blKe Y3KOIO MCUHMC/EHUS NPeARKaToB, IO-
CKOJIbKY CaM XapakTep 3TOH omepaluu MMeeT Te XKe 3JeMeH-
TapHble CBOfICTBA, UTO M IepBOHauajbHass cTpykrypa. On-
HAKO, OKasbIBaeTcsi, YTo KOMOWHHDYys pPasyMHBIM 00pazoM
3T CBOHCTBA ¢ JPYTMMH CBOHCTBAMH CTPYKTYDbl, ONUCaHHE
KOTOPHIX HEBO3MOMKHO [aTb CPeicTBaMH s3bika L, MOXKHO
NONYUNTH AajeKo MAyliMe peayJbrathl. Hanpumep, Teopus
yAbLTPANPOU3BEJIeHHIl JlaeT BO3MOXKHOCTL [i0-HOBOMY JOKa-
3aTh yiKe TOJyueHHble HaMH Pe3yabTaTbl. Y/bTpanpousse-
JleHUs] HaXOJAAT TaK»Ke HeKoTOpoe MpUMEHEHHe B CBA3H C
TeopHeji HECTAH[APTHOTO aHaJH3a, PACCMOTPEHHIO KOTOPOH
MOCBAIIEH BeCh CAeNyIOILHH pasjed.

9.4. Hecrangaptusiéi ananus. [Iycts Ro— noJie 1eACTBH-
TeJbHBIX uYHces W K — MHOMXKeCTBO BCeX BBLICKa3biBaHWH,
chopMyAHPOBAHHBIX B f3blKe L y3KOTO MCUHC/ICHHS NPEIH-
KaTOB B TePMHHAX (CHMBOJOB OOBLEKTOB I/s) BCEX 3/€MeH-
ToB R, # B TepMuHAaX (CMMBOJIOB OTHOIIEHHH JJIsi) BCEX

*) B ToM cMuicae, uto BuickasniBamue I AS(x, fa, [) A~ E(x, 0)]
HCTHHHO B Mi\. (I1pum. nepes.)
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OTHOIIEHUH MOJIOXKHTEJNbHOTO TMOPSAAKA, OMNpEIeNeHHBIX B
Ry *). O6o3Hauum uepe3 Ky MHOXKECTBO BCEX BHLICKA3BIBAHWM
K, uctuHHBIX B Rp. XOTS1 MBl ¥ He BKJAOYaeM QPyHKIMOHAAD-
Hble CHMBOJbI B CA0Bapb Ko, TeM He MeHee HEKOTOpBIE U3
BLICKA3bIBAHHH MOXKHO HHTEPIPETHPOBATb KaK YTBepIKACHHS
0 ¢yRKIHAX Ha Ky TOYHO TaK, KaK 3TO AeJNajoCh B Npelbl-
AymHux raasax. [Ipexpae Bcero, nna Jr6GOH BellecTBEHHOMH
¢yukuun f(x) c obmacteio onpenenenuss AcR, B ciaoBape
Ko cymecrsyer Guuaphoe otHolueHue F(x,y) Taxoe, 4To
F(a, b) verunno B Ry Torja u ToMbKO Torjaa, Korja @ €A u
b=f(a). Ecan E(x,y) — oTHOuUIeHHe paBeHctBa B Ry H
T(x) — onHOMeCTHOe OTHOIIeHHe, ompejaeasiomee A (T, e.
T (@) vcTMHHO TorJa M TOJBKO TOTja, Korga a €A), T0 ToT
taxkr, yTo oTHOUIeHHe F (X, y) coOTBETCTBYeT (GDYHKIUY C 06-
JaacThio onpeaenenuss A, Bbpaxaercs BbICKAa3biBAHHEM

VxVylF(x, y) T ()INIVAT (x) o[IyV F (x, y) N\
NF(x; 2) 2E(y, 2) [l
ATo BHICKa3biBaHHe npuHamiaexar Ko, Ormernm, uto F(x, y)
cootBeTcTBYeT dyukuEu f(X) 8mecre ¢ ee obaacrero on-
pedesenus. Ananoruuuo, ecau S(x,y,2) u P(x,y, 2} — or-
HOIIEHHS CJOXKEHUSI U YMHOXKeHusl B Ry, a H (a, b) uctunno
B TOM M TOJbKO B TOM cJyuae, Korja b=e® (rme e* — 3xc-
MOHEHUHaJbHAsT (DYHKLHA), TO CJeIYIOLlee BLICKA3bIBaHHUE:

9.4.1. VxVyVzVuVoVwlH (x, u) NH(y,v) A

ANH(z,w)N\S(x, y,2) oP(u, v, w)]

cHoBa mpuHaadexur K mnockoabky 9.4.1 npexacrasaser
co60l (PyHKIHMOHaJIbHOE ypaBHEeHHE  3KCIOHEeHNIHAJbHOH
QO VHKLLHH.

JpyruM Ba)kKHbIM OTHOILEHHEM, ONpeleNeHHbIM B Ry H,
c/1e0BaTebHO, OpUHAMJIeXKalluM caoBapio Ko, siBasercs
yHapHOoe oTHolieHHe N (x), HCTHHHOe IJs Kaxgoro a€ Ry
TOrJa Y TONBKO TOTAA, KOTAa @ — HATypajlbHOE YHCJO:
a=0,1, 2, ...

Jlio6as monens mHoxecTBa Ko SIBJASETCA 3JEMEHTADHBIM
pacwiipenieM Ry Co6GctBeHHOe pacluupeHue £, KoTOpoe

*) 3mech yxe noapasyMmeBaercs, UTO J[Ba OTHOIIEHHS COBNAaNaloT,
€C/Ii OHHM COBMAJAlOT B TEOPETUKO-MHOXKECTBEHHOM CMbICJe, TaK Kak B
NpoTUBHOM ciydae K MOXKeT M He ObiTb MHoxKecTBOM ([Ipum. nepes.)
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qBasieTcss Mojeabio Ko, HOCHT Ha3BaHUe HeCTaHoapTHOU MO-
Jeau anaausa.

Hecrannaprabie MOZeaM aHaiu3a cyuectyioT. [las
TOro uTOGH yO6eAuTbCsl B 3TOM, PaCCMOTPHM HHIAMBHIA @, HE
cogepxaluiics B Ry, © MHOXeCTBO G Bcex BbICKa3bIBaHHI
~E(a,b,), tme b, npoGeraer pce sieMeHts Ro. Ilperno-
noxuM, uto MHOoxkecTBo K UG nporusopeunso. Toraa mpo-
TuBopeuuBo yxke Muoxecrso KUG’, rae G’ — Heroropoe
KoHeuHoe moaMHoxkectBo G. G’ He MoXeT ObITh IyCTO, TaK
kak K, o6jianaer Mojeabio Ry M, ClelOBaTeNbHO, HENPOTH-
BopeunBo. IlycTs

G/Z{NE(av bi)a NE(ay‘bZ), PPN NE(a, bn)}, n>1

Ho «xoap ckopo KoU{~E(a, by)/\~E(a, ba) /\ ...
...\ ~E(a, b,)} 1pPOTHBOPEUUBO, TO

Ko E(a, b)) VE(a, b))V ... VE(a, by)
a OTClJa BBITEKAaeT, uTo
9.4.2. KJ—VAE(x, b)) VE(x, b))V ... VE(x, bn)l.

949 o3Hadaer, UTO BCE 3JEMEHTH paccMaTPUBaEMOH
CTPYKTYpHl PaBHBl OAHOMY U3 by, ..., b,, HO 5TO, pasy-
MeeTcsi, HeBepHO Hu B ojHON Monean Ko. TaKI/IM* obpasom,
KU G nenpotuBopeuuso u 06/ajaeT MOLEJbIO R*, xoropas
ABJISIETCS] COBCTBEHHBIM paciuupeHneM Ry, Tak Kak cojep-
JKHT 3JeMeHT @, OTJauuHHi (B R*) OT Bcex 3JeMeHTOB Ro.
VHbiMH clioBaMHu, R* — HecTaHfapTHasi MOAe/]b aHa/u3a.

HecTanaapTHyl0 MOJeNb aHa/JH3a MOXKHO TaKkKe TNOJy-
4NTh, UCNOJB3YS yAbTpanpoussesenve. B kauecTse MHOKe-
¢TBa MHAEKCOB | BO3bMEM MHOJKECTBO HATypaslbHBLIX YHCE],
a B KauecrBe A YAbTPaQHIALTP, COAEPIKAUINH NOMOTHEHHS
Koneunbix MHoxect B [. B cuny 9.3.5 Ry, sBasercs aJe-

MeHTapHBIM paciuupenneM Ro. [lisi 0Kas3aTeabCcTBa TOTO,
yto R!, ~— cOBCTBEHHO® paclIMpeHHe Ry, BO3bMEM 3JeMEHT
fE€R!,, samaBaeMblii PaBeHCTBOM f(n) =n. Takum obpa-
30M, | NPUHAMAaeT 3HAYEHHE fl, KOTOPOE pacCMaTpHBALTCs
KaK 5JEeMeHT Ry mpy 3HaueHHH apryMeHTta, paBHOM n, THe
310 1 — yxe anemMent /. N(f) HCTMHHO B 5TOH CTPYKType 10
onpenenenmio Rf,. Kax u B m. 9.3, MOXKHO MOKAa3aTh, HTO

[ He paBeH HHKaKOMY HaTypaJbHOMY YHCAY 0,12 3, ...

21*
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C napyro#i cTOpOHEL, f He MOXKeT PaBHATbCH B R, uu on-
HOMY 3JeMeHTy a € Ry, KOTODBIil He SIBASETCA HATYpaJbHBIM
YHCIOM B Ry, Tak Kak B 3TOM cilydae ~ N(a) HCTHHHO B
Ry, a tem campim u B RS,. Takum o6pasom, [ ominued B
R{s oT Beex anementoB Ry M, cieopareabHo, R!, — coG-
CTBEHHOE 3JEMEHTapHOe paciiupenue Ry, T. e. R), — Hecran-
RapTHag MOJAeNb AaHajKu3a. 3aMeTHM, UTO Kap/MHAJbHOE
uneno R, pasmo ¢"°=c, rxe ¢ — mommuocts KOHTHHYyMaA.
CylllecTBOBaHHE HECTAHAAPTHOH MOJAENH aHAJH3a He cJe-
AyeT 43 NepBOHAYaNbHOH KOHCTPYKIMH C UCHOJIb30BAHHEM
PaClINPEHHOA TEOPEMbl MOMHOTHI, TaK KaK KapAHHAJbHOE
ancao Ko pasno 2¢. Mogear KR!, paccMaTpuBaemasi Kak mo-
Jle, BCTpeUaeTcs TakKe B TEOPHU KOJIEN HEMPEPHIBHBIX (BYHK-
UMK, THe 3Ta CTPYKTypa MpUHALJIEKUT KIaccy eunepeeuye-
CTBEHHDbLX NnoAell.

[Tyetb  R* — mo6asi HecTaHZapTHas MoJeNb aHa/Nu3a.
Tak xax R* — ynopsigoueHHoe moJde W coGCTBeHHOE paciuy-
penue Ry, T0 R* no/mkHO GbITh HeapxuMedoBeM *). Otciona
BBITEKAET, YTO MJISl ABYX NOJAMHOXKects My, u M, MuoxecTBa
R* onucanHele Hyxe MHOKectBa R* — My u My — {0} me-
MyCTHI.

9.4.3. M, — muoxectBo Bcex a€ R*, raxux, uto la|<r
Al HeKoToporo r € Ry; M;— MHOXecTBo Bcex a € R*, ra-
KUX, 4TO |a|<r jIst BCEX MOJOMKHUTEAbHBIX r€R,.

OneMeHTEl M, Ha3HIBAIOTCA KOHEUHLIMU, a 3JeMEHTH)
My — Geckoreuno manbimu. DiemenTl R, HA30BeM CTQH-
O0apTHoLMU, OHY 06DPA3yIOT NOJAMHOXKECTBO B M, Kpowme To-
o, 37eMeHThl R* — M, 6yneM HasbiBaThb 6eCcKOHeuHbiMU, a
97eMeHThl R* — Ry — HecTandapTroimu.

My — xoabuo, a My — unean 8 M,. Bosnee Toro, Herpy-
HO NPOBEPUThH, YTO M;~— MaKCUMAaNbHBIE TPOCTOfl Haeal B
M,. CuaeyoBateanHo, thakrtop-koabo My/M; — moste u co-
AEpHUT B KauecTBe NOANOJS noje Ry, TaK KaK pasHyHble
SJIeMeHTH 11041 Ry pa3auusbl H o Moaymawo M. C JIpYro#

*) TlockoapKy cyliecTyeT Teopema O TOM, 4To M0Goe apXHMELOBO
KO/bIo Ges aenuTesielil Hyns H3OMOP(HO HEKOTOPOMY MNOIKOMbBLY IO
IEHCTBUTE/IbHBIX YHCeJ C €T0 eCTECTBEHHO!H YHOpPALOYEHHOCTBIO (CM., Ha-
npumep, A. I Kypom «Jlekuus mno o6weii amre6pes, dusmarrus,
1962, ra. VI, § 3). (IIpunm. nepes.)
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CTOPOHBI, KaXIblH 37eMeHT U3 M, 3afaer B Ry AeeKHHI0BO
CedeHHe, W [0 MOAYAI M; 3TOT 3/MeMeHT cpaBHUM ¢ Ael-
CTBUTEJbHBIM YHCJAOM, ONpeleAOUIUM NaHHOe cedeHMe. Ta-
KHM o6pasoM, Mo/M,; usomopduo R,.

Beoille MBI BBeJIW ONHOMECTHOE OTHoulenwe N (x), onpe-
Jdeagiolllee MHOXKecTBO N, HaTypadbHbIX uuces B Ry IT0
K€ OTHOWIeHHe ompefeaser B R* wmHoxectBo N* N* —
CHJIbHAs HeCTaHAapTHas Mojenab apudmeTuxku. B camom Je-
ne, N* — coGerBenHoe pacunpenne N,, Tak Kak No-— KOH»
¢unanbHas uacTb Ry *), W 3T0 cBOiicTBO, Qopmyupyemoe
B TepMHHAxX caosapsa K, coxpaHsercs Takxke u aasi N*¥c
< R*. Kpome Toro, Bce cBoiicTBa Ny OTHOCHTENBHO CJIOMKE-
HHsl, YMHOXKEHHS ¥ PaBEHCTBA, KOTOpPBIE MOTYT ObITb Bhipa-
JKEeHbl CpecTBaMHU f3blKa L, mpunaanexat Ko, 1 B COOTBET-
CTBHH ¢ 3THM JOJIKHBI OBIThb BBITIOJNHEHBl aas N¥,

Mbl cobupaeMmcsl nokasarh, YTO B HACTOSIIIUX paMmKax
MOXHO Da3BUTb HCUHCAEHHE GeCKOHEYHO MaJsbiX W 0ecKo-
HeyHO OO0JBbIIHX BEeJWYHH. DTO AaeT HaM BO3MOXKHOCTb 3a-
HOBO c(POPMYJIHPOBAaTh MHOTHE HU3BECTHbIE Pe3y/JbTaThl TEO-
pHu GYHKUUH Ha si3blKe OECKOHEYHO MaJibiX Tak, KaK 3To
Obl10 NpeAcKa3aHo B HeomnpefeseHHOH ¢GopMe ellle JledGHU-
nieM. Kaacenueckuil aHa/iu3 CTPOro BKJaAbIBAaeTcst B Hauly
KOHCTPYKIHIO. Tak, o6bluHbIe CBOHCTBA cHeUUaJbHBIX (YHK-
uuil (Hanpumep, 3KCNOHEHUHANbHBIX WU GecceseBBIX (PyHK-
H#l) B moJe BeHIeCTBEHHBIX UHCeJ OCTAIOTCSl B CHJIe M ANd
HecTaHAapTHOro ananusa. OgHaxko Tenepb MH MOKeM 0060-
TaTUThb 3Ty TEOPUIO HOBHIMU CBOWCTBAMH (TaKHMMY, HalpH-
Mep, KAK CBOHCTBO mpHHAaAAex)aTb Mi), KOTOpLle HE MMEIoT
cebe MOJ0OHLIX B OOBIUHOM aHaJu3e.

Haunnas ¢ sToro MomMenTa u BNpejb, Bce GYyHKIHH, MHO-
K€CTBa, OTHOIIEHUS M T. A., ONpejAeJeHHble yKe B Ry, Mbl
GyaeM Ha3biBaTh cTawnoapTHoimu (HYyHKUUSMH, MHOXECTBa-
My u 1. A.). Hanpumep, unrepsan a<x<bh cranpaprubi,
€CJIi @ ¥ b — crangapTHble ynchaa (T. e. jeMeHTH Ry), B TO
BpeMst Kak uHTepBaJ e<x<b, rue b cramgaptHo, a & Gec-
KOHEUHO MaJjo, He $BJsSeTCH CTAHZAPTHBEIM (32 HCKJ/IOYe-
uueM &=0). O@ynruug Inx — crannaprHas QyHKIuA,

*¥) Ilycte AC B — ABa ynopsiloueHHBIX MHOXecTBa. A Ha3blBaercs
KOHpurarbHOL wacTbio B, ecam ans Beskoro x € B cywecrsyer Ta-
koe y € A, uto x < y. ([Ipum. nepes.)
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onpejeNeHHasl B cTaHLapTHOM uHTepBajte O0<x<+ oo, 1. €.
JJIST BCEX TMOJOXKHTeNbHbIX X € R¥.

s Toro 4to6n 2()eKTHBHO HCHOJIb30BATH HAWHN Cpej-
CTBa, Mbl JOJXKHB B Ka)XJIOM KOHKPETHOM cJiyuae YMeThb
BBISICHAITB, (popMau3yeTcsl JU JaHHOE YTBEPXKIEeHUE B Tep-
MHHaX f3blKa L; B TO )Xe BpeMsi Mbl AOJIKHBI IbITATHCH [0
BO3MOXKHOCTH YMEHBUIUTb KOJHYECTBO HaNUCaHHBIX ¢op-
MyJ, YTO HEOOXOAMMO, ec/ii Mbl XOTHM BBHIPpAa3HTb BCE YTBep-
KJACHUSA, JUISI KOTOPbIX 3TO MOXXHO cJenaTh (H KOTOpbIe
yuacTBYIOT B pacCyXJeHuH), B SIBHOM BHJe CpeACTBaMH
s3blKa L. B coOTBETCTBMM ¢ 3TUM Mbl 6yleM TaKXKe MOJb-
30BAaThCS TAKUMH NPUHATHIMH BbIpaXKeHUsIMH, Kak |f(x) —
—a{<e, paccMaTpHBasi WX KaK 4YaCTb HalIHX BbICKa3blBa-
HUH, [IpPeoCTaBJsIsl YHTATENIO NPOBEPKY TOrO, YTO HCHOJb-
30BaHHOC HaMH BbIpaXeHHe B CaMOM jejle MOXHO [epeBe-
€TH Ha #A3bIK L.

[TepBoii TeMoii, KOTOPYIO MBI PacCMOTPHM C TOYKH 3pe-
HHS HECTaHAApTHOTO aHaJu3a, OyleT Teopus OGeCKOHEUHBIX
nocaegoBateqbHoCTe. A HMeHHO, {S,} ecTb (QYHKIUA OT n,
onpele/eHHas BHauaje [AJs BCEX CTAHAAPTHBIX HAaTypaJb-
Hplx yncesa N u npuHuMamowasi 3HadeHus B Ry [lepexon k
R* aBTOMAaTH4eCKH pacllidpser onpenenenue {s,} Ang Bcex
n€N* T e rTakke U AAs BCEX HECTAHAAPTHBIX HATypaJb-
HBIX uMces. HecraHnapTHbie HATypaJibHBIE YMCia Mbl GyLeM
TaKXe Ha3blBaTb OECKOHEeYHbiMU HATyPaJbHBIMH YHCJAAMU
(uin  O6ecKOHEeYHO OOJBUIMMH LeNbIMH [10JOKUTEJIbHBIMU
YyHCJIaMH).

944. Teopema. CrandapTHas nocAe008aTEAbHOCTS
{sn} oepanuuena 10200 u TOABKO TO20AQ, KO2OQ UUCAO S KO-
He4Ho 048 106020 GECKOHEYHO2O HATYPAALHORO HUCAA .

HoxkaszarteanctrBo. Ecan {s,} orpaunnuena, to cyuge-
CTBYeT TOJIOXKHTEJNbHOE CTaHAApPTHOE YHCJAO W T4AKoe, UTO

9.4.5. Vx[N(x)o[|s.] < nll,

rae ornomeHde N(x), Kak W paHblie, onpefessieT MHOMXKe-
CTBO HaTypaJbHbIX uHced. 9.4.5 moxeT GbITh cHopMyaupo-
BaHO KaK BbICKa3blBaHHe MHOXecTBa Ky M NOTOMY J0AKHO
ObiTh ucTHHHO B R*. Otciopa caeiyer, 4to |S,|<u m1s
BCeX OGECKOHEUHBIX LeJbIX MOJOKHTeAbHBIX . O6parHo,
€C/M S, KOHEUHO J/Isl BCeX OCCKOHEUHBIX HATypa/bHBIX UH-
~Cel ®, TO S, KOHEUHO OJs BCEX HATYPaJbHBIX HHCEN @,
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B cooTBeTCTBUH ¢ 3THM, €CJH | — OECKOHEUHOE MOJOXKH-
TeJbHOE YMCJAO (T. €. YHCJIO, NpUHajdexamee R* — M), 1o
Vx[N(x) 2[|s«| < p]l uctutno 8 R* u noromy

9.4.6. yVx [N (x)o[s«| <yl

vcTHHHO B R*. OpHako 9.4.6 MOXHO 3amucaTb B BUJAE Bbi-
cKasbiBaHHs K #, CJIeJOBATEIbHO, OHO J0JKHO 6GbITh HCTHHHO
Takxke H B R, (Tak kak R* — ajeMeHTapHOe paclikpe-
Hue Rp). HMrak, cyniectByer XeHCTBHUTENbHOE UUCAO g Ta-
koe, uto VX[N (x) D[|s.| <uol]l uctunuo B Ry, 1. €. {s,} orpa-
HUYEHA.

94.7. Teopewma. CrandaprHoe 4ucao s A8AAETC npe-

fQeaom crandapTHoid nocaedosareavroctu {S,), lim s, ==s

>
T020a u TOAbKO TO20A, KO20a S — S, OECKOHeuHo Maro Oas
8cex GeCKOHEUHbLX NOAONCUTENbHBIX YeAblX .

HokasareanbcrBo. Jlonyctum, wuro lim s,==s.
n->co

[Tycte € — no6oe cTaHAapTHOE MOJOXKHTeEHOe Yucao. Tor-
Jla CyllecTByeT CTaHAapTHOe NOJOXKHTeJbHOe Henoe YHCAO
v Takoe, 4TO YTBEpKACHUE

9.4.8. Vx[N(x) N[x>v]o[]|s — s.| <ell

HCTHHHO B Ry. 9.4.8 MOXHO npeJcTaBUTh KAk BbicKa3blBaHUE
K, v notoMy oHO UCTHHHO Takxke B R*. Jlio6oe GecKoHeuHoe
HaTypa/ibHOe Yuca0 o Gosblle v, C/ielOBaTeNbHO, HA OCHO-
BaHuH 9.4.8 |s — s, <<e. [TockoabKy 3TO BepHO 15 BCEX
CTAHAAPTHBIX MOJOXKUTEJNbHBIX yHces, |s — s, | GeCKOHeuHO
MaJo, a moToMy GeckoHeuHo Majo M § — S, . O6parHo, za0-
MyCTHM, YTO S, W S CTAHAAPTHH H § — S, GECKOHEUHO Ma/ad
a5t BceX GEeCKOHEUHBIX HaTypasbHbIX uMced o. [lyerb & —
Ao6oe cTaHAapTHOE TOJOXKHUTENLHOE YHCJAO M v — HEKOTO-
poe GeCcKOHeyHoe LieJ1oe MNoJoxkHuTelbHOe uucao. Tak kax
s — 8, OecKOHeUHO MaJnd AJs1 BceX OECKOHEeUHbIX LeJIblX fo-
JIOKHTEJIBHBIX YHCEJ, TO yTBEpPKACHUE

9.4.9. Vx[N(x) AN[x>v]o[ls — sl <e]]

UCTHHHO B R*. DTo yTBep:KAeHHe He dopMaJju3yerca cpel-
ctBaMu caosapsi K, Tak Kak oHO coaepuT HHAWBHA v. O-
HaKo, corjacHo 9.4.9, BbicKasblBaHHE

9.4.10. Jy [N (y) AVxN (x) AN[x>y]1o{|s — s.| <ell]
20%
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HCTHHHO B R* 1 MOXeT ObiTb cHOpMyJIUPOBAHO CPEACTBAMH
K. Orciona Mb, Kak ¥ paHblie, 3akaiouaeM, uyto 9.4.10 uc-
THHHO B Ko, T. e. cyllecTByeT (CTaHAapTHOE) lejoe MOJO-
JKHTeJBHOE UHCJO0 Vo TAaKOe, UTO

V[N (x) Alx>wo]o[| s — sx| <el]

UCTUHHO B Ry. IDTO H 03Hauaer, uro lim s,==§ B coorser-
n->»co

CTBUH C OOLIMM OnpeJeseHueM,

Has mobbix @ u b w3 R* sanuch a=~ b Gyner osnauars,
uyto @ — b GecKoHeuHO Mand, U Mbi 6yJAeM TOBODUTL B 3TOM
cayuae, uTo b GecKoHeuHo 6sH3Ko K @. CorsacHo 3Tofl Tep-

MuHONorMH 9.4.7 yTBepxaaer, uro lim s,==$ aaa cras-
n->oo

LapTHBIX {$,} ¥ § TOrZa U TOJBKO TOrAa, Korja S, 0€cKo-
HEYHO OJIM3KO K § Js BCceX OCCKOHEUHbIX HAaTYpa/ibHbIX 4H-
ceql ®. OTHOWeHWEe =< eCTh OTHOIIEHUE YKBHBAJEHTHOCTH.

94.11. Teopewma. CrawdaprHoe 4ucio s H8a8eTCH
npedeavHol TO4KOU CTAHOAPTHOL nocae008aTeabHOCTU {S,}
8 TOM U TOALKO 8 TOM caydae, Ko2da S, OeCKOHeUHO 6au3-
KO K § 048 HEKOTOpo2o GeCKOHeUH020 HATYPAAbHO20 HuC-
aa o.

HokaszateabctBo. JlomycTum, uTOo CTaHmapTHOe
UYUCJO0 S ecTb NpejedbHas TOUKa CTaHAApPTHOH noc/jeaoBa-
TenabHOCTH {S,}. [Ipu sTOM creapyioliee yTBEpIKIEHHE HUCTHH-
Ho B Ry:

9.4.12. VxVy[[x>0]AN (y) 232N (z2) N[z>yIN
Alls — s, | <]}

ITO yTBepiKJeHHE MOXKHO nepedOpMy/JUPOBaTh B TEPMUHAX
crnosapsa Ko v noromy oo ucTHHHO Takke u B R*. Ilycte
£ — NOJNOXUTeJAbHasA OEeCKOHeuHO MaJsaas H 1 — OecKoHey-
HOe HaTypaJbHoe uncao. Toraa B cuay 9.4.12 yreepxaenue

32N (2) Alz>n]A[|s — 5. [ <e]]

uctuHHO B R*. OTclona BhITeKaeT CyLI€CTBOBaHME 3J€MEHTa
o € R*, rtakoro, uto N(w) uctunHo B R* (1. e. ® — HaTy-
pansnoe uucao), [w>n] uctuuuo B R* (1. e. @ — Geckoueu-
HOEe HaTypaJIbHOE UHCJ10) H |8 — §, | <& TaKxKe HCTHHHO B
R*. Taxum o6pasoMm, s ==S§,, W NepBasi 4acTb TeOpEeMbl
94.11 pokasaHa. :
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O6patHo, fonmycTuM, 4TO AJst CTAHAAPTHHIX {S,} U s U
HEKOTOpPOro 6eCKOHEUHOro HaTypaJbHOro 4ucia o S, Oec-
KoHeyHo 6.43K0o K S. IlycTb € — npousBoJsbHOe craHpaprt-
HOE MOJIOXKHUTEJAbHOE YHCJI0 U MycTh 1 — Jwboe cTaHmapT-
HOe HaTypaJbHoe uyncao. Torpa ciaeaymolllee npefoXKeHHE
UCTHHHO B R*:

9.4.13. [e>0]AN(n) o3Iz [N (2) N[z>nIN
N[ls — s, [ <e]l.
JleHCcTBUTENbHO, KOHCEKBEHT HMIIHKAIMH
Az [N (2) Alz>nlA[|s — s | <e]]

uctuHeH B R*, mockonibky [N (o) Alo>nlAlls — se | <el]
uctuHHo B R*. Taxum obpasom, 9.4.13 ucrunao B R* n,
cjleloBaTeNbHO, COTJIACHO OGBIYHOMY PACCYXKAEHUIO, ITO Bbl-
CcKa3biBaHWEe HUCTHHHO TaKxke U B Ky, T. e. S — MpejenbHas
TouKa {Sn).

[Tpusuaky cxogumocTu Kowmn cooTBeTcTByer

94.14. Teopema. CrandaprrHas nocaed08aTeA6HOCTb
cxolurcsa (wWMeeT mpefesa) To2da u TOAbKO Toeda, Koeoda
§3 =<8, 045 8cex GECKOHEUHbIX YEALIX NOAONUTEAbHBIX 4U-
cea h U . .

9.4.14 moXHO A0Ka3aThb TeM ke crnocobom, uto u 9.4.7,
OCHOBbIBasich Ha npusHake Koluu, yTBepiKaalolieM, 4TO
CTaHJapTHAsl M0C/eA0BaTeNbHOCTh {S,} CXOAMTCSE B TOM H
TOABKO B TOM cJydae, Korja

lim (Sll - Sm) == (.
n-»c0
m-»co

OjHako MBI MOXKeM [PHMEHHTb JAPYIYIO U B HEKOTOPOM
cMmplciie GoJiee MHTEPECHYIO npoueaypy. JpyrdMmu cloBamH,
MBI MOKEM [ONBITAaThCsl HCIO/b30BaThb K™ 175 TOro, 4Toobl
HCKJIOUHTb, HACKOJbKO 3TO BO3MOXKHO, TPaJHLUHOHHYIO
e-TexHUKY. KOHEUHO, 3Ta MBICJAb — TOJIBKO OCHOBHOH IIyTe-
BOAHBIA TPHHINUMN, TAaK KaK BCe TPaJAHLHOHHbIE METOABI MO-
(pexHeMy IPUMEHUMBI, 10 KpafiHell Mepe KO BCeM CTaH-
NApPTHLIM [OHATHAM.

Takum oGpasom, Mbl Gyaem jgoKasbiBaTk 9.4.14, ucnoan-
3yl B KauecTse onpedeqeHus npejena yCJIOBHE S ¢==S 111
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BceX 6ecKOHeuyHbIX . OTCIOfa HEMeNEeHHO CaeayeT HeobXo-
auMocTh ycaosus 9.4.14. B camom gmede, nycTh A M u — ABa
0eCKOHEUHBIX [eJbIX MOMOXKHTEJNbHbIX YHcda. Toraa, no
NPEANONOKEHHIO, S, ==S H §,7%S U, CcJAeJA0BaTeJbHO,
§; =2 Sy, TaK KaK =< — OTHOIIEHHE 3KBHBAJEHTHOCTH.

Honyctum tenepb, uto yciaoBue 9.4.14 BHINOJIHEHO AMs
nociefoBateNbHOCTH {S,}. Ilpexae Bcero, yTeBepxpaercs,
UTO Sj KOHEYHO [Jil HEKOTOPOro OeCKOHEYHOro HaTypasb-
HOTo 4ucaa A. B camoMm fene, eciiu 3ToO He Tak, TO MOCJHAE10-
BaTeNbHOCTb {S,} cordacHo 9.4.4 weorpaHuuena. B coorset-
CTBHH € 3TUM B R, (a cjenoBarenbHo, H B R*) aaa moboro
MOJIOXKUTENbHOTO v CYUIECTBYIOT & M B, OOJblIME v, TaKHe,
4to {S, — Sp|>1. Bepst v GCCKOHEUHBIM, MBI MOJYYHM, 4TO
Sq He OeCKOHeUHO OJH3KO K Sg Aas GeCKOHEUHbIX o U B, a
3TO NPOTHBOPEUHT YycJAOBHIO TeopeMbl. OTCIONa BHITEKaeT,
YTO §) KOHEYHO 1J1s1 HEKOTOPOro 6eCKOHeYHOTO HATYPaJ/bHOTO
ypeaa A, T. e, S € My, Kak nokaseiBanoch Bbilile, KaxK/0€e KO-
HeuHoe 4uC/10 a € My GecKOHeuHO GJM3KO K €J1HHCTBEHHOMY
sneMenty b€ R, Mbl OyneM HaswiBath b crandaprHod
4acToio a, sanuchiBas 310 b=st a. Urak, mycte s=st (s,).
Mul yTBep:kaaeM, uTo S ectb npegen {s,}. B camom gede,
S§== S, TaK Kak s=st (s;), u, M0 YCJIOBHIO, S5 ==S, MJs BCeX
OCTa/bHBIX OECKOHEeUHbIX HaTypaJbHbiX uuces p. Caenosa-
TEJIbHO, S5, NJisl BceX GeCKOHEYHBIX HATypPaJbHbIX YHCeJ U
1oTOMYy, corjacHo 9.4.14, s ectb npenen {s,}.

HokaxeM Tenepb CyLIECTBEHHO HECTAHOGPTHOLIM CROCO-
6om Teopemy Bousbuano — Befiepmrpacca.

9.4.15. Teopewma. Jiwbas oepanuuennas 6eckoneunas
nocaedosarensrocTo  umeer (CTaHAApTHYIO) npedesbAyio
TOUKY.

HokasareabctBo. [as orpaHuueHHOl mnocieno-
BaTeJbHOCTH {S,} H J11060T0 GECKOHEUHOrO0 HAaTypadbHOroO
S, KOHeUHO B cuiy 9.4.4 W uMeeT CTaHLAPTHYW HacTb §.
[To Teopeme 9.4.11 s ecTb npefenbHas ToUKa {S,}.

PaccMOTpuM Apyroe noyuuTesbHOE LOKa3aTedbCTBO 3TO-
ro ¢akra. BniGepem cTaHZapTHOE UYHCJIO a TaKoe, YTO
—a<$,<a A BCEX CTAHAAPTHHIX LEJbIX MOJ0KHTEIbHbIX
n (a cieJoBaTeJbHO, TAKXe M JUIS BCeX OECKOHEUHBIX Ie-
JBIX TOOJOXKHTENbHBIX uHcen). [lycts m — npoussosbHoe
cTanaapTHoe HartypaibHoe uncao. Iloapasmenum uHTep-
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Bajg —a<x <a Ha 2n MHTEpBAJOB A, AJHHBI afm:
Ak:(%— 1)a<x<(—f—l—— l)a, k=1, 2, ..., 2m.

[TockosbKy YMC/IO MHTEPBaJSOB Ax KOHEUHO, HaHJeTCsl Takoe
k, 4TO Ap COJEPNKUT S, AMA OECKOHEYHOTO YHCJ/Ia HUHJAEKCOB
n. TakuM o06pasom, B Ry HCTHHHO CJeAylomee YTBepX-
LeHue:

9.4.16. 1 kamdo20 1eaio2o0 NOAONKUTEALHO20 HUCLQ
W CYwecTsyeT yeioe NOAONCUTEALHO? YUucAO X, X < w, 06aa-
daroujee Tem cB80LUCTBOM, 4TO OA KAHWO020 er020 NOAOKCU-
TeAbHO20 HUCAQ Y HAUOeTca yesoe NOAOHUTEAbHOE HUCAO
z, 2>y, TaKoe, 4To

(x;w—l _ 1)a.< Sz<(%~— l)’a.

Herpyano npoBeputs, 4to 9.4.16 MoxkeT ObITh cHOPMYIHPO-
BAHO KaK BbicKaabiBanue Kj, a cje[0BaTesibHO, OHO HCTHH-
no Takxe u B R*. [losToMy eciu B KauecTBe @ B3fiTb Gec-
KOHEeUHOe [eJ0e NOJIOKHUTEJIbHOe 4HCJI0 M1, TO TOTAA Hau-
JeTcs LeJoe MOJ0KHTeNbHOe YHC10 k< m Takoe, YTO €CIH
y=v —aoboe OeckoHeUHOe I[OJOXKUTENBHOE 4YHCIO, TO
CYIIECTBYET MOJIOKHTENbHOR IeJ0e UHCaA0 2=, Oojbliee v
(4, caenoBaTeNbHO, TOXKE OECKOHeuHOe), HJIsi KOTOPOro
(k;1 —1)a<s“\<(£—— l)a.

m s

O603HauuM uepes § CTaHAApTHYIO YacTb YHCIa
k
(£ 1)a.
m

k k—1 1) __a
(_m_ o 1) a— ( m T m
GeCKOHEUHO Madd, TO S TaKwKe $BJAsIeTCst CTaHAapTHOH

4acTblo
(k—~1 . 1)0,
N\ m

Tak kKak

n s,. Takumo6pasom, s, = s H S — NpeesbHasd TOUKa {sn}.
ToKazaTeabCTBO npH3Haka Koun o6BIYHO NMPOH3BOAHTCA
¢ nomowpo 9.4.15. OaHako B HECTaHAAPTHOM aHaJjuse
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teopeMy 9.4.15 MoxkHO 0GoiTH, n0Ka3aB cHauasa 9.4.14 u
nokasas 3aTeM, 4T0 9.4.14 5KBHBaA/NeHTHO OOlUEMy IPH3HAKY
CXOAMMOCTH, KaK YKa3blBaJoCb Bhillle,

Teopema o Tom, 4TO Mpejes CyMMbl ABYX CTaHAapPTHBIX
NOC/e0BaTe/IbHOCTEH PaBeH CyMME MPEAEJOB 3THX MOC/e-
AoBaTe/bHOCTEH, HEMEIJIeHHO cJelyeT W3 Toro (akra, uTo
My — apnutuBHas  rpynna.  [Ipeanosoxum  Temepb, 4TO

lims,==s u lim ¢, =¢, rue {sn}, s, {ta} u ¢ crannaprHbL
n->o n—>co

Torpa s,=~s, f{,~1 npun A0OGLIX GECKOHEUHbIX HaTypaJb-

HBIX @ H NO3TOMY S, £, =~ St, Tak Kak My — upnean B M,. 310

o3Hauaer, uro lim s,7, =st.
n=>co

9.5. Hecranpnaprtnast Teopus ¢yHKunii BeuleCTBEHHO
nepemenHoil. [lycte @ — cranaapTHoe JeficTBHTENbHOE
YHCJIO M NMyCTh f(x) — craHAapTHast GyHKIUSA, ONpeaeleHHas
B uHTepBase b<x<a, rae b cramgaprtao. PaccMoTpum
noBejieHHe [(Xx), KOTAa X CTPEMHUTCH K @ CJieBa.

9.5.1. Teopewma. Crandaprroe wucao | seasercs npe-
deaom [(x) npu x, crpemawemcs K a ciesa (. e.

vlin:_];(x) =1%)), 102da u Toavko TO2da, Ko20a f(a—v) =~

0a5 8Cex OeCKOHEYHO MAABIX NOAONUTEALHBIX .

Hokasareabcrso. [onycrum, uro lim [(x)==/.
x->a-0
Toraa mist KaXAOTO MOJNOMKHTENBHOTO YHCHAA € CYLIECTBYET
IOJIOKHUTEABHOE UHCI0 & Takoe, 4To

Vyllo<y<dl=[|f(a—y) — | <e])

ST0 yTBEpIKJIEHHE MOKHO BBIDA3UTb B TepMHHAX caoBaps
Ko n B COOTBETCTBHH C 5THM OHO HCTHHHO TaKXe H B R*.
Orciona BoiTekaer, uto |f(a—m) —I|<e ans Beex Gec-
KOHEYHO MaJblX MOJOKHTEJNBHBIX 1. Tak Kak & MOxKer
ObITb MIOGBIM CTaH1aPTHBIM TOJOKHTEIbHBIM YHCJAOM, TO 3TO
03HauaeT, 410 f(a — 1) — [ GeckoHeUHO Masd, H HeoBXOIH-
MOCTb yCJIOBHS TEOpeMbl, TaKUM 06pasoM, j0Ka3aHa.

*) AsTop noabsyercs oGosHauendeM lim [(x). Mu npeanousy GoJee
xAa

NpHBBIUHYIO CHMBOJIHKY, NPHHATYIO B Hamei qutepatype. (I1pum. nepes.)
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O6patHO, NpeAnoaoKuM, 4to f(a — n)==/ ansa scex Gec-
KOHEYHO MaJblX OOJOXKHTEAbHBIX 1. Toraa aas Jmoboro
CTaHJapTHOTO & HaHZeTCs TaKoe MHOJIOXKHTEJbHOE UHC/I0 O
(nanpumep, J1060e MOJOKHTENbHOE 0ECKOHEYHO MaJoe YHc-
n0), uro |f(a—y) — ! <e pia J1060r0 NOJOKHTEJNBHOrO
y, Menbliero 8. Ecau He ofpauiaTb BHHMaHHS Ha B3ATYIO B
CKOOKH (pasy — «Hanmpumep, n0O0e M0J0KHTeIbHOEe Oec-
KOHEYHO MaJjioe 4YMCAO», TO MOCJeJHee VTBEp:KACHUE, cHpa-
BeJJMUBOE B R*, MoxeT ObiThb CPOPMYJAUPOBAHO B TEPMHHAX
cnosapst K. ITosromy 310 yTBepKIAeHHe HCTHHHO B Ry, 4TO
U JI0Ka3blBaeT NOCTATOYHOCTb YCAOBUS TEOPEMBI.

CoOTBeTCTBYIOULMH pe3yJabTaT BepeH TakxKe AAf Hpejena
cnpasa.

[Tyery f(x) — cranpgaprHas BellecTBeHHas (QYHKUHSA OF
BEIIECTBEHHOH NepeMeHHOH, olpejleicHHAS B CTaHAApPTHOM
uHTepBase I, KOTOpBIl MOXKET ObITh OTKPLITHIM, 3aMKHYTHIM
U/ MOMYOTKPBITHIM.

9.5.2. Teopewma. DPynxkyun f(x) Henpepvisna 8 cTaH-
dapTHol Touke Xy, npurHaciexmcaujeri BHYTPEHHOCTU UHTep-
sara I, Toeda u Torsko roeda, kozda f(xo+m)=f(x) 0an
gcex GECKOHEUHO MAAbIX W)

Teopema HemocpeACTBeHHO BbiTeKaeT 3 9.5.1.

9.53. Teopewma. Crandapruas pynkyus [(x) Henpe-
puleHa 6 CTandaprTHOM OTKpbiTom uurepsase | toeda u
T046K0 To20a, Ko2da [(xp-+m) =<[(xe) Oaa scex crandapr-
Hotx Xo €1 1 scex 6ecKkoHeuyHo MaAbLX 1).

[TousatHe cTaHAapTHOrO OTKPBITOTO UHTepBaJa obJafaer
caefiyouleii OueHb INPOCTOl HECTAHAAPTHON XapakTepH-
CTHKOM.

9.54. Teopewma Crandaprroii usntepsar I ssanercs
OTKpbITO LM TO20Q u TOAbKO To20a, Koeda X+y npuradie-
acur [ daa a0bozo x €1 u 1106020 6ECKOHEHHO MAA020 Y.

HokasateabctBo. Ecin [ OTKpHT U X —— cTaHAapr-
HOe 4HCJO, NpuHaadexallee [, TO NPH HEKOTOPOM CTaH-
naprtHoM £>0 6yaer x+y €/ aaa Bcex y Takux, uto |y|<e.
B uacthocru, x+y €/ npu JgwoGoM OecKOHEUHO MaJoM .
O6paTHO, eclu YCJIOBHE TeOpeMbl BHIIOJNHEHO, TO s Jio-
60oro GECKOHEUHO MaJjoro € cAeAyiollee YTBepXKKICHHEe HC-
THHHO B R*:

9.5.5. Vyllly| <eIA\J(x)2J(x+y)],
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rae J(x) — oHOMECTHOe OTHOILEHHE, ONpeaensiolee HH-
tepBaa /. J(x), no npeanosoKeHHIo, COAEPKHUTCS B CJAOBape
K. U3 9.5.5 BoiTekaer

9.5.6. Fz[[z>0N[Vyllly| <2]AJ (x) 2J (x+ ) ]Il

Jt0 yTBepKJeHHe (opMmanusyercs cpeictBaMu cioBaps K,
a cJeJoBaTeNbHO, TpHHALIeKRUT Ko ¥ uUCTHHHO B Ry Ito,
no onpejie/eHHIo, 03HayuaeT, YTo / OTKPLIT, U Hallla TeopeMa
NOKa3aHa. ‘

BBeass cooTBETCTBYIOIYI0O MOAM(DUKAUMIO MOHATHS He-
[IPepbIBHOCTH B KOHEUHBIX TOYKAX [NaHHOTO HHTEpBajia, Mbl
BMecto 9.5.3 nosydaeM CJACAYIOUIYIO TeOpeMy s [IPOH3-
BOJIBHOTO HHTEpBaJa:

9.5.7. Teopewma. Crandaprras ¢yuxyus [(x) uenpe-
poigrHa 8 crandaptHom unrtepaase 1 toeda u Toavko Toeda,
koeda [(xg+m) ==f(x0) Oas scex crandapruoix xo €1 u scex
OECKOHEUHO MAALIX T, TAKUX, 4TO Xo+m npuradiencur |,

Hdas toro uto6bnl OT OOGBLIYHON HENPEPBIBHOCTH nepeiitu
K DPaBHOMEPHOH HENpPepbIBHOCTH, ycaoBue Teopembt 9.5.7 He-
06XOAHUMO YCHJ/IUTD CJAEAYIOIMHM 06pasom:

9.58. Teopewma. Crandaprran ¢ynkyus [(x) pasro-
MmepHO HenpepolsHa 8 crandapTHom uwnTepsase | Tozda u
ToAbKO TO20a, K020a - [(xo+m) ~=f(x) Oasn scex x, €I u
8cex OeCKOHEHHO MAABIX Y|, TAKUX, 4TO Xo+n €[

Hoxasarteabcrtso. [lycts J(x), Kak u paHbile, OT-
HOLlEHHe, onpejensiomlee uHTepBana [. [peanosoxum, uTo
[(x) paBHOMepHO HenpepbiBHa B [ W NyCTb & — JM1060€ CTAH-
LapTHOE MOJIOXKHTeIbHOEe uHca0. Torma Ads HEKOTOPOro
cTaHaapTioro >0 ciaenyollee yTBepKAeHHE HCTHHHO B Ry:

9.5.9. VxVyll|ly| <SINT ()N (x+y) D

[ (x+y) —Fx) | <ol
D10 yTBepkIeHHe UCTHHHO Takke U B R*. Orcopga Bbite-
KaeT, 4To I/ BceX X €/ W 1Jjisi BceX GECKOHEUHO MaJblix &
\f(x+y) —f(x)|<e mpu ycaoBuu, uro x+y €I, Takum

06pasoM, eciu X H x+y€l, 1o f(x+y) — f(x) Geckoneuno
maJo.

O6patHo, ecau ycaoBHe TeopeMbl 9.5.8 BbinoJHEHO, TO
9.5.9 ucrunno B R*. Ho Torna yrBepxkuenue

F[z>0INIVAV Y[ y] <ANT () AT (x+y) D
SUf(x+y) —[(x) | <l
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dopMyanpyeMoe B TepMunax caoBaps K, ucthnHO B R¥, a
TeM cambiM U B Ry [lociaeaHee Kak pas W oO3Hauaer, 4YTO
f(x) paBHOMepHO HempepbiBHA B I.

Ecau ycaoBusi Teopem 9.5.4, 9.5.7, 9.5.8, 9.4.24 paccma-
TPUBATh KaK ONpPeIeNeHHs COOTBETCTBYIOIIMUX NOHATUH W
ec/u OnpelesuTh 3aMKHYTbI HHTepBaJ KakK HHTepBatd, JO-
OJHEHHE KOTOPOro npejactaBaser cob6of oO0belHHEHHE OT-
KPHITHIX MHTEPBAJOB, TO [0Ka3aTe/bCTBO CJEAYWIIEH XO-
POLIO M3BECTHOH TEOPEMbl CTAHOBHUTCS TMOYTH OYEBHIHBIM.

9.5.10. Teopewma. CrandaprHas pynkyus [(x), Henpe-
PbIBHAS 6 3AMKHYTOM 02PAHUUEHHOM CTAHOQPTHOM UHTEp-
gaae I, paBHOMEPHO HENnpepuleHa 8 STOM UHTepsale.

NoxazaTeabcTso. JlonycTuM, 4uTo f(X) Hempephis-
Ha B [, HO He paBHOMepHO HempepblBHa. Toria Haligercs
takoe a €/ u Takoe GeckoHeuHO Masoe T, 4To a+n €/ m
f(a+n) — [(a) ue saBasieTcsi GeckoHeyHO MaJjbiM. Tak Kak
no ycaosuto unrepsas I 3aMKHYT u OTpaHHYeH, TO YUCJIO 4
KOHEUYHO W MMeeT cTaHAapTHYIO d4acTb o [lo Teopeme 9.5.4
ay mpuHamiexur [, Tak Kak JonoJHenve [ npeacrapiser
cofoil (Ba) OTKPHLITHIX MHTEpBaga M YHUCIO @, GECKOHEYHO
BJH3KOe K dp, npuHaaaexuT /. B cuny oObidHOH Hempepbls-
woetn [(a)~f(ar) u f(a+n)~(as), a notomy f(a+n)=
~ [(a). ChaenoBaresbHO, BONPEKH  INPEANOJOXKEHHIO,
f(a+n) —[(a) 6eckoneqno maJo.

JokaxeM Tenepb HecTaHAapTHBIM CNOCOOOM TeOpeMy
Befiepintpacca o HyJsIX HepepLIBHBIX (PYyHKUUM.

9.5.11. Teopewma. [Iycte a u b— dsa crandapruoix
yucaa a<b, u nycre [(x) — crandaprnas Qyukyus, onpe-
OeNeHHAs U HenpepyiGHAs 8 3AMKHYTOM UHTepsase a<x<b.
[Ipednoaoocum, uro [(a) <0 u f(b)>0. Toeda cyujectsyer
crandapTHoe wucAio ¢, Takoe, 4To [(c) =0, ede a<c<b.

HoxasarteabcrBo. [lyctb m — yoboe cTaHAapTHOE
nesoe MoJoKuTeNbHOe uucao. [Toaoxum

G=matt—a, k=01 ... m

Toraa ae=a ¥ am="b, [(ay) <0 u [{am)>0. Orciona cie-
JyeT, 4TO [LJsi HEKOTODOro CTaHJapTHOro uyucaa j 6Gyner
fla;) <0 u [(a;4)>0. Takum o6pasom, B Ry HMEeT MeCTO
caefywollee yTBepPKAeHIe:
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9.5.12, [lis KaxkI0TO LeJOro MOJOKHUTEJbHOTO YHCIA Ml
CYIECTBYeT LeJ0e HEeOTPHIlaTeJbHOE YHCJAO f TaKoe, 4TG

f(a+%(b—a))<0

a+IELo—a))>0.

9.5.12 MOXMHO NpeACTaBHTb Kak BbicKasbiBaHHe u3 Kj,
4TO BJI€YeT ero UCTHHHOCTD B R*. [lycth o — at060e Gecko-
HEYHOe HaTypa/iLHOe YHC/O, TOTAA IS HEKOTOPOTO LeJOoro
OJIOXKHUTEJNBHOTO A

9.5.13.
f(a+%(b—a)) <0 u fla2H] (b—a))>0.

[0}

A
O6a wuucaa a+-(0b—a) n a—k»}”TJ'-l(b—a) HMeIoT

OZHY U Ty K€ CTAHAapTHYIO YacCTb, KOTOPYIO Mbl 0603HAUUM
uepes ¢. [(¢) — cTaHLApTHOE YHCJO H
9.5.14.
A

Hatgb—a)=f@. fle+2E6-—a)=f@.
KomGunupys 9.5.13 ¢ 9.5.14, Mbl noayuaem, ¢ ogHoli cTo-
pount, [(¢)<0 u [(c)>0,—c apyroil. CuaegoBaTesbHo,
[(c)=0, rae a<<c<b, npn 3TOM ¢ He Moxer pPaBHSATBCS
HU a, Hu b, Tax kak [(a) <0 u [(b)>0.

9.5.15. Teopema. llycro [(x) — crandaprnas ¢yuk-
Yus, Henpepul8Has 6 BAMKHYTOM CTAHOAPTHOM UHTepsaie
a<Lx<b. Cywecrsyer crandaprran rouka ¢, a<lc<b, 8 Kko-
ropod f(x) docrueaer maxcumyma (1. e. f(c)>f(x) masn
BCEX X M3 3TOTO HHTepBaJa).

HokasateabcTso. [Tof0KUM, Kak U B J0KazaTeb-
ctee 9.5.11,

ap=a+-(b—a),

rjae m — IpOU3BOJIbHOE CTAHAAPTHOE LIeJ0e NOMOKHTeNbHOe
uucao, k=0, 1, ..., m. Toraa npu HEKOTOPOM 3HAYCHHUHU A,
paBHoM £, 6yper [(an)>f(an) ana k=0, 1, 2, ..., m, no-
CKOJIBKY YHCJO TOYEK @ KOHEYHO. ITOT (haKT MOXKHO Bbi-
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pasuTh cpeicTBaMd K W B COOTBETCTBHH C 3THM OH BepeH
Takxke U B R* BosbMmeMm B KauecTBe m OGeCKOHeuHoe HaTy-
panbHOe 4YHCJIO, ¥ IYCTb ¢ — CTaHAapTHAs yacTb COOTBET-
CTBYIOLLErO YHCJIa @, Mbl yTBep:KJ1aeM, 4TO ¢ U €CTb HCKO-
Mas Touka MakcuMmyMma. [lycte, naoGopor, f(c)<f(c¢') ans
HekoToporo craugaptioro ¢’. Tak Kak m GecKOHe4yHO, TO
HEKOTOpoe a, GeckoHeyHo Gausko k ¢’. CaepoBaTesbHO, B
cuny menpepsiBaoctd f(c¢’) = f(ar). Ho nockoibKy B TO Xe
BpeMs [(c) <f(¢’) n f(c)=f(an), T0 [(an) menbue f(ap).
[Nocnennee, oqHaKo, IPOTHBOPEUHUT BHIGOPY A, Tak YTO Halla
TeopeMa JoKaszaHa AJsl BCEX CTAHAapTHLIX X M3 3aJaHHOrO
vHTepBana. OQHAKO, TAaK KaK 3aKJIIOUEHHE TeopeMbi MOMKHO
chopMyaupoBath B TepMHHax K, OHO ocTaeTcsa B CHJe H
a5 R*, 1. e. 119 BCeX X U3 ITOrO HHTepBaJga.

[Tycrs rtemeps {f,} — nocsenoBaTeIbHOCTL BeILECTBEH-
HbIX (DYHKIHH, onpefeleHHbX B HHTepBasde /<R, B coor-
BETCTBUM C HAILKHM ONpeJeJeHHEM CTaHAapTHBIX NOHATHI
{f»(x)} moxer paccMaTpuBaTbCfl Kak CcTaHjaptHas (yHk-
UMS OT JBYX [epeMeHHBIX X U #, ONpejeseHHas A]sl BCeX x
M3 CTaHJapTHOrO WHTepBada [ w mjad BceX (CTaHAapTHBIX
WM HecTaHJapTHLIX) HaTypaJbHbBIX 4ducesa n. Mbl Gyzaem
roBOPHTb B 3TOM cayuae, uto {f,(x)} ecTb crandaprras no-
caedosareasvrocts Gyukyuib. [lo teopeme 9.4.7 mocJenoBa-
TenbHoCTh {f, (x)} cxomurca (B oGBIYHOM cMbIcJe) K CTaH-
naptHo#l ¢yHKuuu f(x) B I/, ecan Ans mo6oro cTaHAapTHOTO
xo €1 6ynmer [, (x0) =[(x) 1 Bcex OecKOHeUHHIX HaTy-
paJBHBIX YHCe] .

9.5.16, Teopema. Has To20 4robbl cTaudapTHaa no-
caedosareavrocts pyuryuii {f,(x)}) pasrnomepro cxoduarace
K crandaptHoid pyurkyuu f(x) e crandaprrom untepsane I,
Heobxodumo u docrarouno, urobol (X} = [(xo) 0aa ecex
x0 €1 u O0an Bcex GeCKOHEUHLIX HATYPAABHLIX HUCENA .

Hoxasatenbcrtso. Heo6xomumocts. lonycTuMm, uTo
fn(x) = f(x) paBromepHo B /. IlycTb &— npoussoJbHOE

n->oo

CTaHAapTHOe MNOJOXKHUTeJdbHOe uHcgao. Torga Hakgetces
CTaHAapTHOe HaTypaJbHOE UMCJI0 Vv Takoe, 4To |fn(x) —
— f(x) | <e ans Bcex HaTypajJbHBIX YHCe] 72>V U AJNA BCEX
x €/. 10T dakt dopMmyaupyerca B tepMuHax K u moromy
uetuden B R*. Orciona caenyer, uto |f, (x) — [(x) | <e ans
BceX GeCKOHEUHBIX HAaTypa/bHbIX YHce]d © W AAs scex x €1
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(a He TOMBKO Ansl cTaHAapTHBIX). [lOCKO/IBKY 3TO BepHO
OJf  BCeX CTaHAapTHHIX &>>0, TO MBI 3akjJ0UaeM, 4TO
fo(X0) = f(x0) npu mobom xq€ 1. 7
Hoctatounoctb. IlycTh & — npouM3BOJbBHOE CTaH-
LapTHOE MOJOXKHTEJbHOE YHCJAO H MYCTh v — GECKOHEYHOE
HaTypajbHoe uucao. Ilo ycJoBHIO TeopeMbl Jf KaxIoro

HaTypaJbHOIO Yy, GOJBILEro v, U AAS1 Kaxkjaoro x €/ umeer

mecto |fy(x) —[(x)|<e (B R*). Otciofa BbITeKaer, uro
YTBepXKAeHUHe

9.5.17. «CymecTByer Harypa/dbHOe YMCJIO 2 Takoe, 4TO
Anst KaXAOT0 HaTypanbHOrO 4YHC/a i, OOJbLIEro 2, BHINOJ-
HsleTCs

Ty (%) — [ (x) | <e»,

popmyaupyerca B TepmuHax K u uctunHo B R*. Cuejnosa-
TeJBbHO, OHO HMCTHHHO H B Ry M, HOCKOJbKY 9.5.17 ucrunno
aJqst jgo6oro cranpaptioro ¢>0, To [,(x) cxomures k f(x)
paBHOMepHO B /.

3ameruM, uto ecau {f,(x)} — cranaaprHas nocsuenona-
TEJIBHOCTb HENPEPLIBHBIX (DYHKUKH, ONpeaeJeHHbIX B CTaH-
napTHoM uHTepBaJse [, o [, (x) (rme o — GeckoHeuHoe Ha-
TypaJibHOe YMC/I0), BOOOLLE TOBOPS, He SIBIETCS CTaHAapT-
HOll. OnHako [, (x) — no-npexkHeMy HenpepbiBHasi QYHKIHS
B COOTBETCTBHU C OGLIYHBIM (BEHepITPaccCOBLIM) onpejele-
HHEM HENPePHIBHOCTH. IJTO OOBACHSAETCS TeM, YTO YTBep-
K IEHHE

«Jlast Kaaoro HaTypasbHOTO YHCHA N [, (X) Hempephis-
Ha (B OGBIYHOM cMbIC/e)» MOXKeT GbiTh (OPMANH30BAHO B
KauecTBe BbICKAa3biBaHWST Ky M TeM caMbiM HCTHHHO Tak-
Ke u 1A HeCcTaHAapTHeIX n. OAHAKO 1S TakKuX n QyHK-
UMK [, BOBCe HEOG53aTeNbHO YIOBJIETBOPSAIOT HECTaHAAPT-
HoMy ycnouio 9.5.2. Hanmpumep, 3to ycioBHe He BBIIOJ-
HsieTea Ans o (x) = (x24n%)~2 B Touke xo=0 npH GeckoHeu-
HOM A,

KoMGuHupys cTanpapTHBIC H HeCTaHAapTHble paccyskie-
HHSI, JIOKaxXeM CJedylOLMH M3BECTHBIN pe3yJbrar:

9.5.18. Teopewma. Ecau crandaprnas ¢ynxyus fix)
ABAAETCA Npedesom pPABHOMEPHO cxodaweiica nocaedosa-
reasHoctu  {f, (x)} Henpepvisnovix crandaprrbix GyrKkyud,
onpedle/zeuubtx 8 untepsaie 1, 1o [(x) Taxwe Henpepois-
Ha 8 1.
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NoxasateabcTBo. [lycTh xo— J106ad cTaHfapTHas
touka B /. [Ipeanosoxum 1Js1 MPOCTOTHI, YTO Xo — BHYTPEH-
Has Touka. Jlis s060ro AaHHOTO craHfapTHoro &>0 Mbl
JOJIKHBL J0Ka3aTb, YTO YTBEepPXKIeHHE

9.5.19. I2[[z>0IAIVull|y| <2ol|f (xo+y) —
— f(x0) | <ellll

ucTHHHO B Ry Tak kak 9.5.19 moxker 6biTh (opManuso-
BaHO B TepMuHax K, HaM [0OCTAaTOYHO JAOKA3aTb €ro HCTHH-
nocts B R*. [lyctb @ — n1060e HECTaHAapTHOE HATypaJb-
Hoe umcio. [lockoabkry [, (x) HenpepbiBHa B [ (B OOLIUHOM
CMbICJIe), yTBepXK/AeHHE

9.5.20. Jz[[z>0INIVyll|y| <zlo[lf, (Xot+y) —
— fo (x0) | <ellll

ucTHHHO B R* (4ncao z=34, cyuiecTByiomee coraacHo 9.5.20,
MOXeT GBbITb KaK cTaHAapTHBIM, TaK ¥ HecTaHAapTHEIM). Ho
fo(¥0) =[(x0) u [, (xo+y) =[(x0+y), a noTOMY HepaBeH-
ctBo |[(Xo+y) — f (x0) | <e Baewer |[(xo+y) — f(xo)|<
<e. Takum o6pasom, 9.5.19 uctunno B R*, uto u TpeboBa-
JIOCh J0Ka3aThb.

[lycre [(x) — cranpapTHas ¢YHKUMs, OnpejiesieHHas B
CTanAapTHOM MHTepBaJje [, H MycTh Xo — CTaHAapTHas BHY-
TPeHHsisi TOuKa 3Toro HHTepBana. Cielywluas TeopeMa siB-
JsieTCsl  HENOCPEeACTBEHHBIM CJeACTBHEeM HeCTaHAapTHOTO
onpeneneHns npegena 9.5.1.

9.521. Teopewma. CrandaprHoe 4UCAO Q ABAAETCA
npoussodnol pynkyuu f(x) 8 TouKe X=X, T020a U TOALKO
r020a, koeda Oas @cex beckoreunHo maavtx m=+0 umeer
MeCTO

9.5.22. Lot 210 g,

9.5.23. Teopema Poauasa [Ilycte dana crandapr-
Has gynkyus [(x), onpederennas u ouppepenyupyenas »
crandapTHoM 3amKHyTOom unTepsare a<x<b. [Ipednoro-
acum, uro [(a)=[(b)=0. Toeda cyujecréyer BHYTPEHHAS
TOUKa ¢ 3To20 uMTepsaia, Takas, 4ro ['(c) =0.
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HokasarteabctBo. Ecau f(x) =0 tommecrBenHo Ha
BCEM HHTepBaJse, TO s JOGOH CTaHAapTHOH BHYTpeHHell
TOUKH ¢ U /g J11060ro GecKOHeYHo MaJjoro =0 Gyaer

fletm—i© g
1
n notomy ['(c) =0 cornaceo 9.5.22. lomycTum Tenepb, 4TO
[(x)#0 B HeKkoTOpO#l TOUKe MHTepBasa — Ge3 OrpaHHuUEHHs
OGLIHOCTH MBI MOXKEM INpPeANoa0KHThb, yTo f(x)>0. B cuay
9.5.15 f(x) nocTHraer MakcuMyMa B HEKOTOPO} BHYTpeH-
Hel Touke ¢ HHTepBasa. [lycTb 7 GeckoHeuHo MaJad; TOrAa

fletm) <fle) u flc—m) <f(c).
[Tycrs [/(¢) =a; orciona Ha ocHoBaHuU 9.5.22

0% [etn=10 .,

O<f(0-n)—f(0) ~a.
M
Ho koab cKOpO cTaHAapTHOE YHCI0 & GECKOHEYHO 6JH3KO
KaK K [0JOXHTEJNbHbIM, TaK W K OTPHIlATEIbHbIM YHCAAM,
OHO 00513aTeJbHO PaBHO HYJIO.

Teopema o cpeaHeM 3HAYEHWH MOXKET GbiTh BbIBEJEHA H3
9.5.23 o6bluHBIM CcOCOGOM.

Ye OJHOTO NPHBEJEHHOrO BhILle NpPHUMEpa AOCTATOUHO,
yToObl yOeauThCsl B TOM, YTO HecTaHiaptHoe auddepes-
LHa/JbHOE HCUUCJEHHE MOXKeT KOHKYPHpPOBAaTb B [POCTOTE
C CaMBIM ODTOAOKCAJbHBIM HOJAXOA0M.

3aifimeMcs Tenepb Onpe/eJeHHbBIM UHTEIPHPOBAHUEM, AJS
Hayasa, HenpepuiBHbLIX QyHkuuil. [das yro6ctBa MBI orpa-
HUUHMCA pa3OueHMEM HHTepBa/ja HMHTErPUPOBAHHA Ha HH-
TepPBaJbl OAMHaKOBOH AuuHbL. [lycte f(x) — cTamaapTtHas
u HenpepbiBHasg QyHKUUA B 3aMKHYTOM HHTepBaje a<x<b.

[Tyerp

ak=a+—:1—(b~-a), 0<hbm,

rle M — CTaHAapTHOE MOJOXKUTeNAbHOe YHcao. Torpa Aads
OoJABLINX M

Sn= N @) =222 V(@)

k=1 k=1
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b

alNpOKCHMUDPYET 3HaUeHHe WHTerpaJa f f(x)dx. [Ipunumasn
a

BO BHMMaHHe, YTO CyMMa S, ONpelesieHa Takke W Aia Gec-

KOHEUHBIX 3HauYeHWH, MOJAyuyaeM, YTO BEpHa

b
9.5.24. Teopewma. smsz(x)dx

O0A5 8Cex DGECKOHeUHbIX YeAblX NOLONCUTEAbHBLX 4UCEs M.
ITO yTBepXKJACHHE HENOCPEACTBEHHO BbITeKaeT U3 9.4.7
1 U3 JXaHHOTO B YCJOBUHM MPeJCJbHOrO PaBeHCTBa

b
lim s, == [ }(x)dx.
n—>»co a

Onnako Halle OrpaHduyeHHe pa3GHEHUSIMH Ha WHTEPBaJbl
OJMHAKOBOH JJIMHBI CJAUIIKOM HcKyccTBenHo. Cefiyac MBI HO-
CTPOWM amnmnapaT, KOTOPbifi TMO3BOIMT HaM pacCMaTpuBaThb
6osee obide pas3buveHHs.

[lycts / — (uKCHPOBAaHHBIA CTaHAAPTHBLIH 3aMKHYTHIN
uHTepBan [a, b]. Ilycts p — d06as nocienoBaTeNbHOCT W3
k+1 cTaHAapTHBIX BEIUECTBEHHBIX WHCEJ

a=q<a; << ... <ap=Vb,

rfie B MOXeT OBITh JIOGBIM LEbIM NOJOKHUTEJAbHBIM YHCJAOM.
[locienoBaTenbHOCTL p MBI GyleM HasbiBaTb pasbueruen
vHTepBaJa / U MHOXECTBO BCeX pas3bueHHd 0603HAUMM de-
pe3 Py, HeTpyano nposeputb, 4To MHOXKeCTBO Pg, HMeer

MOLIHOCTb KOHTUHYYMa: | P,,|==2%. Briepem u 3aduKcH-
pyeM Kakoe-HHOYAb B3aHMHO OJHO3HAUHOE COOTBETCTBHE
MeXAy Pup 1 Ry; uepes rp 6yneM 0603HauaTh AeHCTBHTEb-
HOE UMCJI0, COOTBETCTBYIOILee pa3bueHHio p € Py, npH 3TOM
COOTBETCTBUM: p<«>ryp. Toraa ciefymollde OTHOWIEHHS TPH-
HajjlexaTr cjaosapio K:

F(x,y) — OGuHapHOe OTHOLIEHHE, HCTHHHOE TOTAd M TOJb-
KO TOTJa, KOrja X — BeLIeCTBEHHOe UUC/I0, a Y — OAUHA
pa36HieHus, COOTBETCTBYIOIEro X (T. €. y — Llesoe MOJOXKMU-
TeJIbHOE UHCAO R);

G (x, y) — OTHOWIEHHe, HCTHHHOE TOrAAa M TOJBKO TOIAA,
KOrJla X — BeLIeCTBEHHOE YHCA0, a Y -— MAaKCUMYyM JJIHH
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uaTepBanoB (a; ai11), KOTOpHle (QUIYPHPYIOT B COOTBETCT-
BylollleM pa3OHeHuHd (TaKUM 006pasoM, Y — IOJIOXKHTENbHOE
BellleCTBEHHOE YHCIIO0);

N(x,y, 2) — TepHapHOe OTHOILIEHHE, HCTHHHOE TOTJa H
TOJBKO TOTJa, KOTJa ¥ — BellecTBeHHOe YHCJO, Y — HaTy-
paJbHOE YHMCJIO0, a 2 eCTb Y- 3JeMeHT pa3CueHHs, COOTBET-
CTByWOILEro X (HAayMHAs C HYJEBOTO 3JIEMEHTa), T. €. Z=4ay.

Oruomennsa F(x,y) u G(x,y) 3anaioT GyHKUHH §= ¢ (X)
u y=vy(x), onpefeneHHble N5 BCeX NEHCTBATENbHBIX UHCE.
Ananoruyso, N{(x,y,2z) omnpegmensier ¢yHKIMIO 2Z=v(X,Y),
ONpefieNIeHHYI0 1Js BCEeX NCHCTBUTENbHBIX YHCEJ X M BCEX
HATYpaJbHBIX YHCEJ Y, TaKuX, 4T0 y<¢(X).

[Tyers y=f(x) — ¢ukrcupoBanHas cTaBaapTHas QYHK-
LU, ONpeleseHHast M orpaHnuenHas Ha [. Jlis mo6bix OBYX
qucea X; U Xo u3 I, x;<x;, Mbl ompelesuM ABe (GYHKIHH
z=m(x, X3) B Z=p(x1, X2), O3HAYAIOUHE COOTBETCTBEHHO
TOUHYIO BEPXHIOK M TOUHYIO HUKHIOIO IrpaHy 3Hauenul f(x) B
3aMKHYTOM WHTepBaJe [X1, xo]. Jlas moboro r € Ry NONOXKAM

k
9.5.25. ./(r) = t-Zl(ai—al_l)m(al_l, al)

u

k
9.5.26. jin= gl (@i —a;_)n(a;1, al

rae p(ao, @i, ..., ar) — pa3bUeHHE, COOTBETCTBYIOLIEE JeH-
CTBUTEJIbHOMY UHCJY 7.

Beenennble HaMH (QYHKUMH H OTHOWIEHHS CYLIECTBYIOT
Takke U B R*. Mbl Ha3oBeM HeCTaHJapTHOE BelieCTBEHHOE
qicno r donycTumsim (pasyMmeercs, TOJNbKO B HACTOSILEM KOH-
TEeKCTe), eclM MaKCHMyM JUIMH HHTePBAJIOB pasOHeHHs p,
COOTBETCTBYIOLIETO 7, T. €. y(r), ecTb GECKOHEUHO MaJsas Be-
JUMUUHA., 3aMeTHM, 4TO B 3TOM cJjyvae ¢(r) — UHCJIO HH-
TepBaJoB pa3bHeHHs — 06S3aTeNbHO SIBJSAETCS GECKOHEUHO
60JbUIOH BEJVUHHOMN.

b b

O6o3HaulM uepes I f(x)dx n ff(x) dXx COOTBEeTCTBEH-
e 4
HO BepXHMH M HWKHMA uHTerpann JapOy nJs f(x) Ha un-
tepasie /. C MOMOIIBIO YK€ H3BECTHOH UHTATE]I0 TEXHHKH
JileTKo JOKas3biBaeTcs ciaelyrouias
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b b
9.527. Teopena J (= f(x)dx u j(r)= [ 1o ax
a a
O0as Kamdozo donycTumozo r u3z R*.
CJyegoBaTesibHO, BEPHA

b
9.5.28. Teopema. Hureepasr (no Pumany) ‘[ f(x)dx

a

OT cTandapTHOl u ozparu4enHoil Ha oTpeske [a, b] pynkyuu
f(x) cywecreyer 1020a u TOAbKO TO20a, Ko2da J(r)==j(r)
048 HeKOTOpo20 (a CJefloBaTeNbHO, /s KaMJA0ro) 0onycru-
MO2O0 T. .

Kak Mbl Buaesas, BHIOOp BelleCTBEHHBIX 4HCesa f, COOT-
BETCTBYIOLIHX pa36GueHUusM p, OCYLIECTBJSAJCS C OYeHb 60Mb-
wuM TnpousBojom. Bosee Toro, Mpl MOTVIH Obl M3MEHHTb
HaIly NpoLeaypy, pACCMATpHBast OJHOBPEMEHHO 8ce pa3bue-
HYMs KOHEUHBIX HHTEpPBaJOB, HJIH Ke paccMaTpuBas ORHO-
BpEMEHHO MHTerpajbl OT cemelictéa GyHkuuii. Beupy srtoh
HEONpeJeJeHHOCTH MOXKHO ObL10 6Bl MOAyMaThb, YTO MPH Ile-
pexoje K HeCcTaHAapTHHIM r BennuuHbl J(r) u j(r), ompeze-
JIeHHble [EePBOHAYaJbHO KaK CyMMBl NPOH3BEIEHHH, Tepsiol
GOJBIIYIO YacTb CBOHACTB, KOTOpble HHTYHTHBHO CBSI3BIBAIOT-
¢ ¢ Humu. K cuacTbio, 3TOr0 He TPOHCXOJHUT, NOCKOJBKY
GOJILIIHHCTBO BaKHEHLIMX CBOMCTB 3THX BhIpaXKeHHH ¢op-
mManusyercs cpeacrBamMu Ko. Mpl Moram Obl, Kak OOBIYHO,
HCIIOJIb30BaTh 3TO OOCTOSITENBCTBO, YTOObBI AaThb APYyrue JO-
Ka3aTeNbCcTBa H3BECTHBHIX TeopeM 06 HHTerpase Pumana.
[pusenem aniub OAKH mpocTolt npumep. [Ipeanonoxum, 4ro
CTaHJapTHbIE H OrpaHuyeHHbie QYHKUME [(X) B g(X) HHTe-
rpupyeMu 1o Pumany Ha orpeske [a, b]. Tlyes Ji(r), ji(r),
To(r), jg(r), Jr1g(r), jrg(r) — GyHKIAW, onpesienenmbie pa-
percrBamu 9.5.25 u 9.5.26 maa f(x), g(x) v f(x)+g(x)
coorpercTBenno. Ha .o6oM oTpeske, colepxKaileMmMcs B
[, b], min f(x) 4+min g (x) <min (f (x) +g (x)) <max (f(x) +
+g(x))<max f(x) + max g(x). Orciona ans J0OGBIX CTaH-
JNapTHHIX

Je(r) i (r) <jrag (r) K g (r) K (r) +1g ().
Ho ana KaXxAoro JAONYyCTUMOrO 7, MO MPEANOJOXKeHHIO,
js(r) = I;(r) W jg(r) =Ig(r), a motomy
is(r) +ig(r) =jree(r) =Jpg(r) == 1,(r) +1g(r).
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Drto nokaswbBaer, uro [(x)+g(x) uHTerpupyema mno PH-
MaHy H

b b b
[ +e@ndn=[[()dx+t [g(dx.

9.6. Hecraumaprublii aHanu3 (yHKUMH HECKOJbKHX Tne-

pemennbix. [lycTb R§ — n-MepHoe eBKJHA0BO MPOCTPAHCTBO
Ha/l [oJieM BellleCTBeHHMIX umcen Ry. Paccroswue PP’ me-
oy AByMsi TouKaMu P= (X1, ..., Xp) H P’———-(x{, Ceey X))
npocTpaHcTBa onpeneasieTcs no Gopmyne

PP’:\/(xlmx{)Q—i— .. —{—(xn——x;)?.

[Iyerb R*" — cooTBETCTBYIOIMICe NPOCTPAHCTB0 Haa R* ¢

n
TeM ke OompejieJeHdeM paccTosHus, R*">Ro. Touka P €
€ R*" paspiBaercsl ¢TAHOQPTHOL, €CJN BCe €€ KOOPAHHATH

CTaHAApTHH (T. €. eCan PERD).

Tlycrs S — HeKoTopoe MOAMHOXKecTBo B RG. S 3aaercs -

n
ompejie/leHHbIM OTHOLICHHEM Q(Xy, ..., X,) H3 Ro B TOM
n
cMplcJe, 4TO Touka (a1, ..., @) 43 Ko mnpuHamiexur S
TOrZla ¥ TOJABKO TOTAa, Koraa Q(ay, ..., @,) HCTHHHO B R,.

D70 Ke OTHOIIEHHE ONpelessieT HeKOTOpoe MHOXKecTBO S*
B R*n *), Takue NOAMHOXKECTBa& COTJACHO NPHHATOH BbLIE
TEPMUHOJIOTHH Mbl OyJeM Ha3blBaTb CTAHOQPTHOLLMU, B TO
BpeMsl KaK BCe OCTa/ibHbie MOJAMHOXKeCTBAa B R*™ — HeCTaw-
dapTHuIMU.

Beckoreuno maaas oxkpecTHOCTy Touku P € R*" onpege-
JSIeTCsl Kak MHOMKECTBO Bcex Touek P/, nnas koropeix PP’
OECKOHEUYHO MaJfo.

9.6.1. Teopewma. CrandapTHoe nodmroxecreo S n-
MEPHO20 e6KAU008a NPOCTPAHCTBA OTKPLITO T020Q U TOABKO
10200, K020a GECKOHEHHO MAAAS OKPEeCTHOCTs CTAHOAPTHOU
rouku P €S yeaukom codepacurca g S.

HNoxaszateabcTso. [JomyctuM, 4to S OTKpHTO, M
nyctb P — cranpaptHas Touka u3 S. Hailigercs craupapr-
moe 8>0 rakoe, uto Bce ToukM P/, mas rortopmx PP’<§,

*) B paabueiimem S 0 S* aBTop o003HauyaeT OJHOM u TOi ke Oyk-
soit. ({7Tpum. nepes.)
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npuHaaiexar S. Orciofa caeayer, 4TO W BCe TOUKH GeCcKo-
HEYHO MaJjI0fi OKPeCTHOCTH TOXe MpHHaIexkaT S.

OGpatno, a0mycTHM, 4T0 GECKOHEUHO Madas OKPeCTHOCTD
craujaptaoli touku P uz S mpunamnexur S. Torma aas
J1000r0 GeCKOHeUHO MaJsIoTO MOJOXKHTEJbHOTO & MHOKECTBO
Touek P’ rakux, uro PP’<§, uenvkom cojepxutcs B S.
B coorBeTcTBHH ¢ THM yTBepIKAcHUE

9.6.2. «Cymecrsyer >0 Takoe, uTo M06asg Touka P’
Jst kotopolt PP/<9, npunaanexur S»

HCTHHHO B R*. Ho 9.6.2 MOXHO npejcTaBHTb KaK BHICKA3bl-
Banue K, a NOTOMY OHO HCTHHHO TakiKe # B Rg. DTO 03Ha-
yaeT, uTo P -—BHYTPeHHssi TouKa S B OOLIUHOM CMHIC/E.
Taxum o6pasom, mockoabKy P — npousBodibHasi cTaHAapT-
Hasi Touka u3 S, S ABJAETCS OTKPLITBIM MHOXKECTBOM.

963. Teopema. Ecau crandaprioe muoszcectso S
SBAMKHYTO U 02PAHUYEHO 8 0DbIMHOM CMbICAE U eCAU TO4KA
PE€S, 10 Toura st(P), koopdunater KOTOpOl [68AS10TCA
CTAHOAPTHOIMU 4ACTAMU KOOPOUHQT TOuKu P, Takwme npu-
Hadaemur S.

HoxaszarteabcrBo. Tak kak S orpanHueso, To Bce
KOODAMHATH P KoHeuHBl U motoMmy cymiectByet st (P). O6o-
3HauuM uepes S’ pononHenue S B R*7. Ecau S’ comepikui
st (P), To 8’ mojxkHO cojep:xkarb U TOUKy P, KoTopas .Je-
KHT B OeckoHeuHo MaJqoil oxpectHoctu st (P). CiaenoBas
reabHo, st (P) €S, u TeopemMa JokaszaHa.

B pasepnefinemM wHOrAa BMecto [(ai, ..., @,) Mbl Gylem

?

nvcate npocto f(P), rme P=(ay, ..., )

96.4. Teopewma. [ycrs j(xy, ..., Xy) — cTandapTHas
pyuryua, onpedeseHHas Ha CcTAHOapTHOM mHONcecTée S.
Hasn 1020 urobor [(xi, ..., x,) Gvira HenpepoisHoil 6 S,
Heobx00umo u docrarodno, 4Tobor 0aa atobolx Touex P u
P’ us S raxkux, uro P crandaprra, a PP’ beckoneuno maio,
F(PYy=[(P"). Haa 1020 uT0bbL [(X1, ..., X8) ObLAQ paABHO-
MePHO HenpepovigHoil 8 S, Heobxodumo u 0OCTATOYHO, 4TO-
Obt f(P) =~=[(P’) dan scex Tovex P u P’ uz S rakxux, 470
PP’ 6eckorneuno maqo.

9.6.4 sBiasieTcs HeNOCPeACTBEHHHIM o0oGuieHueM 9.5.7 1
9.5.8, 1 uuTaTeNI0 He COCTAaBUT 0COGOTO TPYJAa /0Ka3aTh 3Ty
TeopeMy. MBI TakXe npefocraB/IsieM 4HTATe/I0 A0Kas3aTellb:
cTBO caeayiollero o6obienus 9.5.16:

23 A. PotGuucon
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9.6.5. Teopewma. Hasn T020 4r0bovl cTandaprras no-
caedogareavhocte pynkyui {fy (%1, ..., x,)} pasnomepro
cxo0urace 6 S k crandaprrol Pyukyuu f(x), Heobxodumo
u docratouno, 4tobol f,(P) ~[(P) dan 6cex 6eckoHednoLx
HATYPALLHLIX duces o u 0in scex PES.

Hanum B KauecTBe pPYMepa HECTaHIaPTHOE JOKA3aTeb-
CTBO TeopeMbl JIMEH A9 PYHKLUHI HECKOJbKMX MepeMeHHBIX.

9.6.6. Teopewma. MTycro {fu(xs, ..., Xn)} — crandapr-
Has NoCAed08ATEAbHOCTb Henpepuierblx Gynkyut, onpede-
ACHHbIX 8 CTAHOAPTHOM 3AMKHYTOM U O2PAHUHEHHOM MHO-
scecrse S, KOTOPAs CXOOUTCA HA ATOM MHONCECTEE K CTOH-
dapruotl  pynkyuu  f(x, .y Xn). IHpednoaroxcum, wuro
{fn(xi, ..., %)} He so3pacTaer Oas scex Touek S, T. e.
[n(PYZ[m(P) npu k<m. Tozda cxodumocte {f,} « [ sas-
AAETCsL PagHOMepHOL 8 S,

HorkasarteabcTBo. Mbl MOXEM MpeANONOXKUTb, UTO
f(x1, ..., x,)=0 ToxkpmecTBenHo Ha S, paccMOTpeB, eciu
HYXKHO, mnocaenoBatenbHocts {f, — [} Bmecto {f,}. Ilycts
P — mo6aa touka S (He o6sizatesbHO cramaapthasn). Co-
riacHo  TeopeMe 9.6.5 Mbl JO/xHBI NMOKa3aTh, uto [, (P)
OEeCKOHEUHO MaJsl g BceX GECKOHEUHBIX LEJIBIX MOJ0MKH-
TEJBHBIX YHCEN .

Bo Beakom cayuae [, (P)2>0, nockoabky [,2>0 114 Beex
cranpaptuux n, u f, (P)>f(P), tak kak [, — Hepo3pa-
craloias mocjenopatenbHoctb. [lyers, naotopor, f,(P) e
aBasgerca 6eckoHeuno MaJgoi. Toraa [, (P)>e naa Hekoro-
poro CTaHILApTHOTO MOJIOXKUTENBHOTO & H, CJAeLOBATENbHO,
[»(P)>¢ masa Beex cranaaprubix n. I[lyete Py=st (P), Tor-
na Po€ S cornacuo 9.6.3. Kpome toro, PoP GeckoHeuno ma«
A6 u mnoroMy fn(Po) ~fn(P) najasi Bcex CTaHAAapPTHLIX 1.
CaepoBarenpHo, [n(Po)>€, a 3TO NPOTUBOPEUHT HaIIEMY

NpeAnoaoKeHHio o ToM, uto lim f, (Pg)=0.
n-»oco

3aMeTuM, UTO, B OTJIHUHE OT KJACCHUECKOTO A0Ka3aTellb-
cTBa TeopeMbl [MHU, B NpHBeJeHHOM BBILIE PacCyyKIAeHHH
He norpebosanach TeopeMa bogbunano — Befieputpacca.

s yacTHBIX NPOUBBOAHBIX OCTAIOTCS B CHJIE BCE OCHUB-
Hble DPe3yJbTaTbi, AOKa3aHHble I OOLIKHOBEHHBHIX [POHU3-
BO/HBIX.

B jajbHefimeM HaM NOTPeSYIOTCS CJAEAYIOUIHE CHMBOJDI.
Has sno6oro (KOHEYHOro WM GeCKOHEUHOro) MHOXKECTBA
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{n.} anementop R* o6osHaunm uepes O{n,} mHOXKecTBO Beex
KOHEUHBIX CYMM @My, TA€ a, KOHeuHo, H uepes o{n,} —
MHOKECTBO BCEX KOHEUHBIX CYMM Xy byhy, rie b, GeckoHeu-
Ho Maad. Ecau muoxecrso {n,} Koneuno: {n,t={n4, ..., nz}
10 MBI GyaeM Takxke mucatb O(ny, ..., Me) M o(Ny, ...\ M)
mecto O{ny u ofn,}. Tak, vanpumep, My=0(1) u M=
=o0(1). MuoxectBa O{n,} ¥ o{n,} ABAAIOTCA MOLYJIAMH Hal
KoablioM M,. B cooTBeTcTBHM C 3ITHM Mbl OylJeM M[HCATh
a=>b (mod O{n,}), ecau (a—b) € Of{n,} ua=b (modofn.}),
ecan (@ — b) € ofn,}.

9.6.7. Teopewma. [Tycto Py= (o1, ., Xon) — CTQH-
dapTHas Touka n-mepHo2o esxaudosa npocrparcrea. I1ycro
F(Xy, ..., Xn) — CTAHOAPTHAS (PYHKYUA, ONpeOeseHHas Ha
nnoocectee Towek P, takux, uro PyP<r (r — crandaptroe
noaoxcuresvHoe Haneped 3adaHHOE qucao), — obradaer
nepebiMiL NPOUSBOOHBLMY, HENPepoleHbIMU 6 KaxcOOoU Touke
sroeo MHoscectsa. Ilycto (dxy, ..., dxn) — npoussosvtoe
MHOMCECTB0 GECKOHEUHO MAAbLX BEAUHUH, U

df=f(xe+dxy, ..., Xon+dxn) —[(Xo1, ..., Xon)
Tozoa
9.6.8.
df——_—(o—"xfT)odxmL —l—(oa—)il)odx,,(modo(dxl, co.,dx)),
of of

20e (——) 00603HA40eT 4ACTHYIO NPOUBBOOHYID — —~ 6 TO4-
0x; Jo i
ke Po.

LfoxasaTeJIbCTBo. MoaoxuMm g (f) =f(xo1+tdxy, ...
..., Xon+tdx,), tae t—mnapamerp. Torma df=g(l)—
— g(0). Kpome toro, npn 0<tL1 :

: 0 of
g’(t)z(—f)dxl—l— (5 dxa,

0x,

rge Of/Ox; Gepercss IpH ONPeNeNeHHOM 3HA4YeHHH f, yKa-
3agHOM B JeBoli yacty. OTCloNa N0 TeopeMe O CpelHeM 3Ha-

qezl,j:- g(l)—~~g(0):(%l—>t=edxl+ +(%;)t=edxn,

rae 0<0<1. Bce ot paBercrBa, 0€3yCHOBHO, BEpHHl AJS
KOHEYHBIX dXy, ..., dXn, HO TOCKOJBLKY OHHM MOTYT OBITh

3%
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3aNUCatbl KaK BblCKa3blBaHHUA K, BCE OCTaeTcsd B CUJe U a4

6€CKOHEUHO MadbiX dxy, ..., dx,.
Besnuuna
(i) _(i) — b,
0)6,‘ t=0 axi 0 ¢
G6EeCKOHEUHO Maaa, {=1, ..., 1, Tak Kak nepBasi MpoU3BOJ-
Has HEIpPepbiBHA B paccMarpuBaeMoit obaactu. UM, Hakoner,
of of
df~(—0xl )del_ —(dxn)odx,,—

=( (@)= (5) )+ -

(), (L) ) dxe==tidn g - by,

a bl, dxi, ey bn, dan ]‘41

Hecmotps na 10, ut0 9.6.8 He jaeT 06bIUHOrO paBeHCTBa
MexJly 0GCUMH YacTSIMH 3TOrO CPaBHEHHsl, €T0 MOXHO C yc-
IEXOM HCIOJIb30BAThb B psilie C/ydyaeB, HanpuMep, NPHU Bbl-
YHCTCHHUH NPOHU3BOJHOM OT HEeABHO 3afaHHOH dyHkmuu. Cre-
JIaB COOTBETCTBYIOLIHE HM3MEHEHHSI, Mbl MOMKEeM TaKHM e
00pa3oM OnpaBAaTh HCHOJb30BaHME OCKOHEYHO MaJbiX B
KJaCCHYeCKo# JH(dpepeHIHANbHOR reOMeTPHH U aHaJHTHYE-
CKOH MexaHHKe. ‘

Hauas paccmorpenne co crangapTHbix (QYHKUHE, Mbl
€CTEeCTBEHHHIM 06pa30M NPHLIAN K GYHKUHAM Godee o6lero
tuna. Tak, nanpumep, ecin {f;(x)} — cranmapraas nocue-
IOBaTeJBHOCT, TO GYHKUUA [,(X) (rie ® GeckoHeuno),
CCTECTBEHHO BO3HMKAIOUIAsl NIPH PACCMOTPEHHH 3TOH MocJe-
LOBAaTeILHOCTH, BOOOLLE TOBOPS, He SIBJISETCS CTaHAapTHOH
¢yHkuneidi. YrtobGwl mnpeicTaBHTh Takue (YHKIMH B Gosee
3aKOHYCHHOM BHJe, BBeleM G (X, f) — craniapTHyo (yHK-
UMIO OT JBYX InepeMeHHbIX. [lycTb tT-— st060# 3jeMeHT U3
R*; torna

9.6.9. g (X)=G(x,1)

HasblBaeTCs KBa3ucTanHoapTHol Gynkyyuei or x. D10 onpe-
JeJsenue MOXKHO, pasymeercsi, 0600LIMTB Ha cayyail He-
CKOJbKHX TMNEPeMEeHHBIX Xi, ..., X, M HECKOJIbKHY napa-
METPOB 1y, ..., Ix
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CranpapTHble QYHKUHM B TO Ke BpPeMs M KBa3HCTaH-
naptHbl. ®yHKUHS [, (X), yNIOMsHyTasi BbILIE, ABJSETCS KBa-
3UCTaHAapTHOH.

Bee (yHKUHOHAJABI W ONEpPATOPHl, NPUMEHHMbIE K (QYHK-
uusam g;(x) =G (x, t) nast Mo6bHX CTaHAapTHLIX § W3 HEKO-
TOPOro CTAHAAPTHOIO MHOXKecCTBa I, MOTYT OBITH €CTeCTBEH-
HO ¥ OJHO3HAYHO NMpPOACJKeHB Ha (QYHKUHH g.(X), ompele-
JasteMble paBeHCTBOM 9.6.9 A/ HEKOTOPBIX HECTAHAAPTHBIX T,
npuHaasekawux 7. Mpl He OyJleM ONKMCHIBATE 3Ty CHTYalHUIO
B O0LIeM cjlyyae, a pacCMOTPHM JHMIIb OJHH NMpUMEpP, KOTO-
puiii BIIOCJENCTBHH HaM mnpuroautces. [Ipeinonoxum, uTo
QyHKIUHE g(X) HHTeTpHPYeMbl B HEKOTOPOM ONpeJe/eHHOM
cMblcae (Hanpumep, mo Pumany) Ha CTaHAapTHOM OTpe3ke
[a, b] nns Bcex craHaapTHHIX ¢ u3 T:

b b

9.6.10. [ g/(x)duc= [G e tydx=J ()

a
a b

Mmb ompenejum TOTAa HHTErpasn fg, (x)dx pas HectaH-
a
IapTHBIX T, [oJarasi MpocTo
b

9.6.11. [ ge(X) dx=J (1).

a

Dro ompejesieHHe COXPaHseT BCe CBOMCTBA HHTerpasa, Ko-
TOpBEIC MOTYT GbITh ONpeje]eHbl B y3KOM HCUHCJACHHH NMPEIH-
KatoB. Hanpumep, eciu g(x) OeCKOHEUHO Mana B 3aMKHY-
toM uHTepBasne [a, b], To oHa AOCTHTACT B 3TOM UHTEPBAJE
CBOMX 3KCTpeMa/bHBIX 3HaueHWH, KOTOpbie, OYeBUAHO, JAOJ-
JKHBI GbITb GeckoHeuHo MaJbiMu. [1oCKOJNBKY JUIsi BCeX CTaH-

JapTHHIX /(x) ,
(b —a) min k(%)< [ A(x)dx<(b— a) max h(x),
a
TO 9TO Ke BEPHO W JUIs KBA3UCTAHAAapPTHOH (YHKIUH g(x).

Orciofla C/eyeT, uTo ecau g(X) GecKOHEYHO MaJja Ha BCeM
b

etpeske [a, b], To fg(x) dx Takxe GECKOHEYHO MaJso.
a
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[TpuBesenuble Bbillle ONpPENCICHHS CTAHOBATCH GoJee
KOHKDETHBIMY, €CJAM B KaudeCTBe HaIUeH HecTaHAapTHON Mo-
JIeld aHaJjlu3a B3SAThb OJHY H3 YJAbTpacTeneHesd R{)A, BBe-

JeHHbiX B HavaJge n. 9.4. Hanomuum, uro I oGo3Hauaer snech
MHOXEeCTBO HATYpaJbHbIX uucel, a A — yabTpaduabTp B
MHOZKeCTBE BCeX MOAMHOXKeCTB /. Daemenramu Kf, sisasior-

¢ QyHKunA f(v), onpenenenubie Ha / co 3HaYeHMsAMU B R,
Moxer cayunTbesi M Tak, uTO ABE pasHble (GYHKIHH MOLYT
0Ka3aTbCs pPABHBIMM B CMEBIC/€ OTHOIIEHHS PaBeHCTBA B

oa- Te saeMeHTHl R),, KOTOpHIe SBJSIIOTCS MOCTOSHHBIMMU

QYHKLIUSIME (MM TOCTOSHHBIME (YHKIHSIMH Ha HEKOTOPOM
noaMHOXKecTBe /, nmpuHafiexaueM A), o6pasyioT HoanoIe,
H3oMOpHOe Ry. SJeMeHT T=f(v) NpHHAaIIEeKUT CTaHAApPT-
HOMY MHO)KecTBY T, ec/iM MHOXKECTBO BCEX HATypaJbHBIX UH-
cea v, aas Koropuix f(v) €T, ectb siement ns A. Ilyers
AaHa cranpaptHas QyHKuus F(f), onpejfesedHass Ha 3.e-
mentax T. Torpa ass moGoro T=[(v) €T HafigeTcss Takoh
3yeMeHT A€ A, uto dyukuus F(t), paccmaTpuBaeMast Kak
¢GyHKuMA oT v, paBHa F(f(v)) aas Bcex v us A. B wacrHo-
crH, ecan F(f) conapaer ¢ uurerpajgom J(f) (cm. 9.6.10),
TO JJd BCeX v U3 MHOoxkKectBa A€ A F(t), Kak QYHKIHA OT
b

v, IPUHUMaeT 3HAUEHUSsI f G(x, f(v))dx.
a

KBasuctangapTHble KOHCTPYKLMH MOTYT ObITb Takke C
YCIEXOM HCHOJb30BAHBl /sl NPEACTABJACHHST O6GOOIIEHHBIX
¢QyHKUKH, TakuxX, Hanpumep, Kak Aejabra-GpyHkuus Jlupaxa.
Mpi, onnako, He cTaHeM YrayGasiThbest B 9Ty 06J1acTb, a aa-
IUM elle OJMH TOC/JeJHHH NpPHMepP HECTAHAAPTHOTO A0Ka-
34Te/1bCTBA CYIIECTBOBAHMS pellleHHa NuddepeHNHadbHOro
ypaBHeHHsI [E€PBOrO TOPAAKA C 3aJaHHBIM HayaJdbHBIM
3HaueHueM. POpPMYyJMHPOBKA TEOPEMBI OTHOCHTCS LEJIHKOM K
T0JII0 JIefICTBHTEIbHBIX YHcea Ry.

9.6.12. Teopewma. [Ipednoaoscun, uto ¢pyrryus f(x, y)
HeNnpepulsHa 6 3AMKHYTOM npAmoyeorbHuke {|x — x| <
<a, |y —yo| <b} u |[(x, y) | <M. Tozda cywecrsyer pyux-
yus @(x) ¢ Henpepovl8HOU nepsoil npoussodnol, 3a0aHHas
Ha oTpeske [xo— ¢, xg+c], ede c=min (a, bBM-Y), Tax uro
@ (Xo0) =Yo u

9.6.13. ¢"(x) =[(x, @(x))

o Ll

9.6] HECTAHAAPTHDBIVI AHANNW3 QYHKIHI 351

oars
~xo — cLxLxy+c.

Hoxasateabcrtso. OTMeTuM, pex/ae BCEro, Uto 10-
CTATOUHO J0Ka3aTh CyLLecTBOBaHue (YHKUHH ¢(x), merpe-
PHIBHON AJs1 BCeX x € [Xg, Xo-+c] u yAoBaeTBOpAlouien ypa-
BHEHHUIO

9.6.14. ® (%) = Yo+ f F (¢, @(f))dt.

B stom cayuae, muddepenuupys 9.6.14 na orpeske [xo,
Xo-+¢] U MPOBOAA AHANOTHUHOE PACCMOTPEHHe JUisl [Xo — ¢,
X, ™Mbl noayunm 9.6.13 pgas Bcero orpeska [xo—¢,
xo+c]. Kpome Toro, mast x=xo 9.6.14 naer Tpebyemoe pa-
BEHCTBO ¢ (Xo) = Yo.

Jlast TOro yto6bl NOAYYHTh (QYHKIHIO @(X), YIOBJIETBO-
PAIOILYI0 HOBOMY YCJIOBUIO, MOAPA3AEIHM OTPe30K [0, X0+
+¢] Ha m OTpPe3KOB PaBHOA AJIHHBI TOUKAMHU xp=xo+ke/m,
£=0, 1,2, ..., m, tie m—J/woboe IeJg0e TOJOKHTCJIbHOE
qucao (B Ry). OnperenuMm QyHKUMIO @i (X), nmosaaras

9.6.15. @m (X0) = Yo,
P (X) == @ (X)) + [ (X1 P (1)) (x — X2,
rre xi<xLxiq, i=0, 1, ..., m—1.9.6.15, Kak HeTPYAHO

BUIETh, 3ajaeT HenpepblBHYIO  (YyHKUHUIO Ha OTpe3ke
[xo, Xo+c], Taxkyw, uTO @’ (X) T1OCTOSHHA B KaXJOM

[x;, Xis1] (7. €. rpa@uKOM @i (X) CAYKHT JOMaHas JINHUA).
Ilna mobuix ¥ U x' U3 ITOTO OTpe3Ka
9.6.16. | @m(x) — @ (x) | <M (x — X',

B UACTHOCTH, |@m(X) — yo| <Mix — Xo|, W, CJEOBaTENbHO,
Lpm (%) | <Mc+ yo| <lyo| +0b. SlcHo raKxke, 41O AIH JIO-
goro naunoro >0 cyLlecTBYyeT 1leJ0e [OJOKHTEeNbHOE YHC~
JO [, Takoe, YTo AJs BCEX m>u

‘(P;n(x)-f(x’ (pnz(x))l <

80 BCex TouKax [Xo, Xo+-c], Te @/, cymecrpyer. Kpome rtoro,
u3 9.6.17 Mbl moaydyaem

9.6.17.
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9.6.18,

(Pm(x)"— (y0+ f f(t’ (pm(t))dt) < e(x“xo) '<8€9

. X

XoLxLe, m>.

Ilo 3TOrO MOMEHTa Mbl NOJHOCTbIO CJ€10BaNH CTAHAAPTHOL
npouenype (B Mo6oM cMmbiciae 3toro caosa). OnHako 34ech
Mbl J€JlaeM Liar B CTOPOHY W noJaraeM M paBHLIM 0eCcKO-
HEYHOMY 1eJ0MY IOJOXKHTeAbHOMY 4YHcay . Torga 9.6.18
MCTHHHO /I BCeX CTAHJapPTHBIX [OJOKUTEJbHBLIX & H [0-
TOMY

96.19. 9, ()=y+ [ [(t o,(0))at.

Xo

3ameTnm, uto @, (¥) — KBasHcTaHaapTHas GYHKUUA, a
notomy f(x, ¢, (X)) u npasas yacte pasenctsa 9.6.19 onpe-
JeJqeHbl B TOM CMblcJe, KaK yKasbiBajdoch Bbime, Ho mo-
CKOJIbKY HepaBeHcTBa 9.6.16 BBIMOMHSIOTCS A/ BCeX KOHeu-
HBIX #1, OHH BEpHbI TaK¥XKe H A M=@.

OyHKUMA @, (¥) HenpepblBHA, TaK Kak HenpepbiBHHI
GyHKUUH @ (X) Aas xoneunblx m. Hepasencrso |, (x) —
— @ (¥)|<M|x —x’| mnoKasbiBaer, uTo @, (X) =@, (X’)
npu x ~x’ aast Jobeix x, x" € [xg, xo+ cl.

Corsnacho  9.6.16 dyHKuust @, (¥) orpanuueHa B [x,,
Xo-+¢] HEKOTOPHIM CTAHAAPTHHIM UHMCJIOM. B cooTBercTBHMU
C STHM Mbl MOXEM ONPeNeNHTb CTAaHAAPTHYIO GYHKIHIO,
nosarag ¢(x)=st (¢,(x)) mIs Bcex cTaHAapTHHIX X € [xo,
Xo+c]. 3amernm, uto x0T st (¢, (x)) onpeneneHa rTakxe
AJIsl HeCTAHAAPTHBIX X, B 3THX Toukax st(g, (¥)), Boobuie
roBODs, HE cOoBNajaer ¢ ¢(x) *).

[To onpenenennio ¢(x), umeeM @(x) ~@¢,(x) 19 Bcex
CTaHAAPTHHIX X € [xo, Xo+c]. CiiefloBaTenbHO, Ha OCHOBAHUH
nepsoro HepasenctBa 9.6.16 mosiyuaem

9.6.20. |@(x) — @(x) | <M|x — x| +1
/I TIPOM3BOJIbHBLIX CTAHAAPTHBIX ¥ U X" U3 [Xy, Xo-+c], Tae

n OeckoHeuHo Mand. Tak kKak |[@(x) —e(x)| u M|x —
— x'| — craHnapTHble uucaa, 1o 9.6.20 naeT HaM cTaH-

*) Iockoneky ToT ¢akt, uTo ae=st(a), He BhIpaxaeTcss B TepMHu-
uax cnosapsa K. ([Tpum. nepes.)
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HapTHOe HepaBeHcTBO |@(x) — q(x') [<M|x — x|, u3 Ko-
TOPOro, B 44aCTHOCTH, CJeyeT HEMPepbIBHOCTb ¢ (X).

Mbl yTBepKIAEM, UTO @, (X) =~ @(X) AT 6cex ¥ u3 OT-
peska [xo, Xo+c]. Tlo onpenenenuto @(x), 3T0 BepHO MJIA
BCex CTaHAapTHeIX X. Jlag Jw60ro JAPyroro X IMOJOXKHM
¥’ =st (x). Torma ¢, (x') ~2@(x’) u, Kpome TOro, Kak yka-
3BIBAJOCh BHILIE, @ (X') =@, (Xx). B cuiy HenpepbBHOCTH
@(x) (cM. 95.7) ¢(x')==@(x). Coennnsis BMecTe BCE TPH
yKasaHHble COOTHOIUEHHS, Mbl MOJyYaeM J[OKa3aTe/]bCTBO
HaIlero yTBEPKAEHUs @y(X) =~ @(x) aas Bcex x. B cuay
CKa3aHHOTO pacCTOsiHAe MEXK/Iy ABYMS TOUKaMH (X, @, (¥))
u  (x,p(x)) npamoyroabHuka {|x — Xo|<a, |y — yo| <b}
OeckoHeuHo Mano. Takum o6pa3oM, B CHJAY HeNpepbIBHOCTH
f(x,y) (a 3HauuT, © paBHOMEPHOH HenpeprBHocw{) B 3aM-
KHYTOM [pAMOYTOJdbHUKE |X¥ — Xo|<a, |y — yol<b nas
Bcex X € [xg, xo+c] umeem

T(x, 96 (X)) =~ J(x, p(x)).

X

Orciona caenyer, 4To UHTErpad f[f (£, 9, (1)) —[ (£, @ (£))) dt
Xo
GecKOHEYHO MaJa AJs BCEX CTaHAaPTHHIX X H3 OTpe3Ka
[x0, Xo+¢) (a Tak:ke M AJS1 HECTaHAAPTHBIX X, XOTsi Mbl U He
GyseM monb3oBaThes 3THM (aktom). Hrak, @, (%) =0 (x)
X

IJ51 BCeX CTAHAapTHBIX X U B TO XK€ BpeMmsd jf(t,cpm (t)) dt =~
Xo

X
~ Jf(t, @ (¢)) dt. Kom6unupysi stu coornomenns ¢ 9.6.19,
Xo
MBI fOJ1yYaem

9.6.21. 0() ~yo+ [ F(t 0(8)at.

OpHako yucaa B of6edux yactsax 9.6.21 crampapTubl, U 110-
TOMY ~~ MOXKHO 3aMeHHTb Ha 3HAK DABCHCTBA, YTO W lael
HaMm Tpebyemoe cooTHouieHue 9.6.14.

Teopema 9.6.12 ¢ oanum Juilb TPeGOBAHHEM HENPEPHIB-
HocTd npuHaptexkut Ileano. HekoTopbli HCTOpHYECKHH
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HHTEpEC NpejicTaBageT OAHA U3 ero paboT, MOCBSALLEHHAs
stomy Bonpocy (ITeamno [l]), B xoropoil [leano ucnonp3so-
BaJ OJYH H3 PAHHMX BApHAaHTOB CHMBOJHYECKON JdOorvuku. OH
onpaBibiBaJg ynoTpebJeHHe CBOMX O0O3HAUEHHI TeM, UTo
JI0Ka3aTeJIbCTBO, MOJHOCTBIO MU3JOXKEHHOE Ha OOBLIYHOM si3bI-
Ke, Obl10 Obl YPEe3MEPHO TPOMO3JAKHM.

B nposenenHbix BbIlIe paccyXAeHHsIX HaM He Tpe6o-
BajiCs TPHHIMN KOMNAKTHOCTH (a HMMEHHO, TeopeMa Acko-
a4 — Apuena), KOTOpbfl Mbl 3aMeHWJIH HEKOTOPLIMH He-
CTAHIADPTHLIMH paccMOTpeHUsiMH, HanmoMmuum, uto anamo-
IHYHAas CHTyallMs uMeJa MeCcTo H B clydae teopeMbl JuHU
9.6.6. Heuabssa, xoHewyHO, cKaszaTh, 4YTO HAIlH METOABl BO-
ofllle HCKJII0YAIOT TaKMe TMPHHIMIE H B JaHHOM CJyyae
HCTIO/Ib30BaHHe aKCHOMBI Bbiopa. OfHAKO MCTHHHAA HYKJa
B TaKHX CPeJICTBAX BO3HMKAaeT Temepb B JAPYrOM MecTe —
NpH IIOCTPOCHHH HECTAHAAPTHON MOJAETU aHaJu3a.

9.7. 3anaun

9.7.1. Ilyctb

X=Vx,.. .V, 3y, . 3ypQ (X1, ooy Xy Y10 oon ¥2)
— BLICKa3biBaHue, chopMy.dpoBaHHoe B Tepmunax E, S u P (pasen-
CTBa, CIOKEHHT H yMHOMEHHs) Ge3 WHIMBUIOB, Ile nnd Q yxe He co-
JEpAKHT KBaHTOPOB. ﬂOHyCTI/lM, yro X HCTHHHO B NoJsie KOMNOJEKCHBIX

uncen F. JlokaszaTe, 4TO cyliecTByeT Takoe pagGuenue neKapTosa npo-
CcTpaHCTBa F™ Ha KOHEYHOe 4YHCJO NOAMHOMECTB Dy, ..., D, u Takue

anrebpanvieckne QyHRWaM fij (X1, ..., Xa), i=1, ..., m, j=1, ..., k
uro Q@ .., @n, fi @, <y @n), e T (@ e, @2)) HCTHHHO B
F pas Beex (ay, ..., an) u3 F* (1 19 Hagsexalue nogoGpanubix sHa-
uernil fi;(ay, ..., @n)). (IT0 yTBEPKACHHE €CTh YACTHBIY CAyuail Teo-

pemsl, JokasaHuoil B pabote Jlafitctoyma n Po6uncona [2])

9.7.2. JlokazaTb, uTO eCaH CTPyKTypa M; s/JeMeHTapHO 3KBUBa-
JeHTHa CTpyKType M; (OTHOCHTeNbHO RaHHONO cJaoBaps), To M, wmo-
KeT OBITh BOXKela B yJbTpacreneHb cTpykTypel M, (P peiin).

9.7.3. Tlokazatb, YTO HECTAHAAPTHAS MOJe]b aHAJH3d HE MOMKeT
OuTh komnakTHOH. Ilouemy, Tem He MeHee, HaM yJaJoCh A0Ka3aTh Teo-
pemy bosbuano-—Befiepmrpacca 94.15 ¢ nomoulblo HecTa®aapTHOTO
aHa/u3ar

9.7.4. IlycTh £ — MHOXECTBO BCEX OTPaHMYEHHBIX [OCACIOBATEb-
HOCTEH KOMIVIEKCHBIX UYHCe[d, PacCMaTpHBaeMoe Kax JHHefiHoe mpo-
cTpaHcTBO. JlOKasaTh H3BECTHYIO TEOPEMY O CYIUECTBOBAHHH KOMILIEKC-
HOrO JHHeHHOro (YHKUHOHA/IA, ONpeIeJeHHOTO BO BCEX TOUKAX 3 U
COBMAAAloNEro ¢ MPeleJsoM NOCNeN0BaTeNbHOCTH {S,} ANA BCex cxons-
WHXCsi mocsieoBartesbrocTelh. (Ykasaunune. HMckombilt  ¢ynxumnonan
3ajaercss CTaHAAPTHOM YaCTbIO YHCAA S, TJe O — PUKCHPOBaHHOE Gec-
KOHEUHOe HaTypadbhoe 4ucac.) (YkasawHulii npHMep NpUHALIEKHT
1. Cxotry.)

9.7.5. JlokasaTs Teopemy Ackoan—Apiena,

e s R
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Bubauoepauueckas cnpassa. Teopema 9 1.5 npusenena y Tuaep-
Gepra u bepuafica [I] B KauecTBe [ONOJHEHHs K OAHOH 13
e-teopem. Teopusn n. 9.2 uaioxena B paGote A, PobuuncoHna [12].
Mpoueaypy (npuHagaexamyio TapckoMy) ylasiedHs KBaHTOpa B ciydae
BelecTBEHHO 3aMKHYTOLO [OAs uuTaTelb CMOXeT HaiTH B Kkuure T ap-
ckoro u Max-Kuncn [I] (eMm. raxkxke cratbio  3efjpe-
Gepra [1]). PaGora 3eiinenepra o pesy/ipTaHTax H3JIOMeHa B €ro
cratee (3efigenbepr [2]), a xoucrpykuua Ckosnema — B paGore
Cxomema [2] (cp. Ckoaem [3]). PopmynupoBka HOHATHA YJAbTPa-
npoussesenus 6uina aana Jlocewn [l]. Dosee mosanne paboTel B 9TOM
oGnacru npunanie:xkar Ppefiny, Ckorty u Tapcxomy [l
YUxauy nu Mopeniwo [I] 8, B uactocty, Koueny [I] n Kei-
cnepy [12]. McnoswaosanHblil sgech moaxod B3aT u3 ctaten A. Po-
GuncoHna [16]. OTHOCHTENBLHO KOJEN HENPepbiBHBIX (YHKUHA CM.
Spaém [I, Tuaman u Xenpuxcen [I], Tuaman n Ixepu-
coun [1]. O6 wuccrenopanusix NO HeCTAHLAPTHLIM MOJEJAM apudme-
THkH, noMumo pabor Ckoaewma [2], [3], em. Xeuxun [1], Tuamop
u Po6uuncon [l}, Kemenn [1], Meugennbcon [3, Maxk-
noysa u WMnoexep [1}, Cxorr [1}, A. PoSuncoun [I5], Pn
rep [1], Pa6uun [2]. BoamomuocTu u pe3y/bTarhl HECTAHAAPTHOTO
amaJn3a onucasbl B ctaTbe A, PoGuucona [17], conepxalueit ccbli-
KH Ha [OMNOJHHUTeJbHble paGoTsl B HCUHCACHHH OECKOHEYHO MAaJbIX.
B cBf3u ¢ 9THM NPHCTAJLHOTO BHUMaHMs 3aciyxusaior paborel HIM u-
genandlayrsuna[ljnJlayraunma 1] [2]%).

#) TlpupefeHHble ¥ YyJbTPANpPOU3BEJEHHs WIPAKT OUEHb BAXKHYIO
poabL B TeopHd Mofeneil. OHM OKa3ajuch OUEHb yMOOHBIMH B DelleHHH
KOHKpeTHBIX MpoGaeM s paGotax Axca u Kouena [I].

OTHOCHTEIbHO O6LLHX CBOHCTB yJbTPAlpOH3BEedeHHH cM. paboThl
Anmaramb6erona [1], Epmona [4], Kona [I], Keficaepa [3],
5], [71—9}, [13], [15), Korasnosckoro [l0], Taftmaunosa [61,
dedpepmana u Booral[l], Uxana u Keficnepa {11

Hecrangaptuble Mofean apudMeTHKM wu3yuannch s pabotax A -
anura [Il, Mioaaepa [1, A, Po6uncona [I15], PadGuna (4].
HecranpapTHoMy ananudy nocesuesbl pabdorst A. PoGuucona {171,
[22]. (I1pum. ped.)
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