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Or pemakTOpa nepesoja

B kuure 2. MennesbcoHa «BBemeHde B MAaTeMaTHYeCKYIO JIOTHKY»
AaeTcad AOCTYMHOE [Jis HaUMHAILIErO YMTATENd W JIOCTATOYHO TOJHOE H3JO-
»EHWe OCHOBHHLIX Pa3fAesoB COBPEMEHHON MaTeMaTHyeCcKoH JOrHKH B MHO-
rux ee npunoxenufi. Hapsiay ¢ TakuMmu pasnesnamy, Kak JIOTHKa BRICKa3bl-
BaHuUH, WCUMCAEHME TpeauKaros, ¢opMaibHas apudMeTHKa B TEOPUs aaro-
pHTMOB, B HEH OCBELIEHH TaKXe Teopus MOAeJed u akcuoMaruveckas Teopus
MHOXecTB, orcyrcraylomue B kuure C. K. Knnnn «Bsenenue B meTamaremaru-
Ky», KOTOPad A0 HaCTOAIIETO BPEMEHH CAYKHIa HanboJee NONHHIM nocobuem
no Maremarauyecko Jjoruke. Ciefyer OJHaKO OTMETHTb, YTO B OTJHYUNE OT
kuurg C. K. Kaunu B 3TOH KHure mo CymecTBy He 3aTParuBaioTCid HHTYH-
IIHOHUCTCKOE ¥ KOHCTPYKTHUBHOE HANpaBJEHUs MaTEMaTHYECKOH JIOMHKH.

Hsnoxenue MaTepuaia B KHUTE SICHOE W JakoHuyHoe. OCHOBHOH TekcCT
nepemexcaerca ¢ GOJbIUMM YMCAOM TPHMEPOB W ynpawxHeHuH. B ynpaxuenus
aBTOP BLIHEC TaKXKE HEKOTOPHIE PEe3yJbTaThl, HCNOJb3YEMHIE 3aTEM B OCHOB-
HOM Tekcre. OTO, Hapsily C JaKOHMYHOCTBIO HBJOXEHHs, Cnoco6CcTBOBAIO
COKPALEHHI0 Pa3MEPOB KHHT'M TPH BEeCbMa OOLIMPDHOM COJEPMKaHHW.

IMepesogunk u pepmakTop nepeBoga no3soJuan cebe 6e3 cneuuaibHHX
OrOBOPOK H TNpPHUMEYaHuiHl uCOpaBuThb PAL HETOUHOCTEH M OINEYaToOK, WMEB-
UIMXCA B OPHIUHAJME, 3 TaKke NPUBECTH TEPMUHOJOIHI0 H O0003HAUEHHS B CO-
OTBETCTBHE C NPUHATHLIME B PycCKoft Jmreparype.

Kuury D. Mengme/ibcoHa MOXKHO PEKOMEHZOBAaTb B KauecTse nocobus He
TOJBKO CTYIEHTaM M aclOUpPaHTaM, CHCHUAJH3UPYIOILMMCS MO MAaTEMATH4ECKOR
JIOTUKE, HO TaKXe BCAKOMY, KTO 3aXO4€T HayaTb CUCTEMATHYECKOE H3yueHue
9TOr0 INPEAMETE.

C. U. Aisnu



Ilpemucaosue

B 3TOH KHHre MBI MOTBITAJUCh NPEICTABUTL CXKATOE BBEIEHWE B HEKOTODbHIE
OCHOBHBIE pazfeapl MateMarnyeckol noruku. YtoObl ath MOJHOE W TOYHOE
U3N0XEHNE OCHOBHBIX W HanboJee BaXKHBHIX BOTPOCOB, Mbl ONYCTHJAM TaKue
JIONIOJIHNTEbHBIE TEMBl, KaK MOJajbHas, KOMOWHATODHAas U HWHTYHLHOHHKCT-
CKasl JIOTMKM, 3 TaKKe HEKOTOphle MHTEepecHsie, HO 6oJee creuuajJbHEE BOT-
pOCHI, KaK, HANPHMED, CTENEHH PEKYPCHMBHOH HEpa3pemnMoCTH.

Ipunepxusasch TOrO MHEHHs, UYTO HAUHMHAOMKM CJAeAyeT npen’arath
HauGosee €CTECTBEHHHE W JErkue [AOKa3aTeNbCTB3, MBI TMPHUMEHAEM CaMbie
HENPUHYXKICHHHE TEOPETHKO-MHOXECTBEBHBIE MeTOAbl. 3HaueHue TpeGoBanns
KOHCTPYKTHBHBIX HOKa3aTe/bCTB MOXET OBITh OHEHEHO TOJBLKO MOCHE U3BECT-
HOTO OnbiTa 3aHATHH MarematuueckoH Joruxkofl. B kowue konuos, ecau yx
HaM npeacTouT OHTh M3THAaHHBIMM H3 <KaHTOPOBa pas» (Kak HasBaa ['miab-
6epT HEKOHCTPYKTHBHYIO TEODHIO MHOXECTB), TO NO Kpahueit Mepe Mbl
JOJDKHB! 3HATh, YEro JHINAeMCo. :

Ilate raaB kuura ynoOHO pacnpeneinTh Ha IBAa CeMeCTPa, a AJS Kypca
B OQMH CEMECTD BNOJHE MNOROHAYT raaBnl ¢ 1 mo 3 (Ipm 3TOM MOXKHO,
ecim 310 mnorpefyercs mas yckopenws, onyctute §§ 5 w 6 rmasm 1 n
§§ 10—12 raasn 2). Mm GyaeM OTMeuaTh BEDPXHUM HHEEKCOM D. ympax-
HEHMsA, KOTOpHE, BEPOSTHO, OYAYT TPYAHH /IS HAYHHAIOUIETO, H BEPXHUM
MHIEKCOM A — ynpaxHEHus, TNPEANnOoJaraloulie SHAKOMCTBO C MaTepHaloM,
HEJOCTaTOYHO OCBEILEHHBIM B TEKCTE.

Hactosmumas kuura mnpeacrasiaser coOo#t paciuMpeHHOE BOCHPOHU3BEAEHHE
3anucell MOJAYrofoBOro Kypca JeKuuéi N0 MaTeMaTHYECKOR JIOruKe, YNTaHHOrO
aBTOPOM ¢ 1958 no 1960 r. 8 KoaymGutickom yumsepcutete, a B 1961 u
1962 rr. 8 Kyunc xoanemxe. ABTOp Haeercs, 4TO 3Ta KHHTa MOxeT OwlTb
npountana 6e3 0cCoGOro Tpyla BCAKHM, KTO MMEET HEKOTOPHE onmT abCr-
PaKTHOTO MAaTEMATHYECKOTO MBIUIVIEHUN; TPH STOM KaKuX-1uGO KOHKPETHBIX
npesBapuTenbHEX 3HaHu# He Tpefyerca. AsTop Xotea On n0Gaaromaputh
Ix. Bapkin Poccepa 3a nomgepkKy H pPYKOBOACTBO BO BpEMs aclu-
PAHTCKUX 3aHATUH JOTHKOH, a TaKwe C TPUSHATEJLHOCTHIO OTMETUTb HECOM-
HEHHOe BJHsAHAE, OKa3aHHOe Ha Hero kuuramn [manbepra m bBep-
matica [1934, 1939), Kaunn [1952], Poccepa [1953] u Y& pua [1956]

Saaom Mendeascon

Queens, New York,
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Beenenue

CornacHoO ORHOMY 43 CaMbhIX DacHpPOCTDaHEHHHX Onpene/eHuH, JAOruKa
ecTb aHaIN3 METOROB paccywaenui, Mayuas sTu Meroamw, aoruka uurepe-
Cyercs B NEPBYIO ouepeab (POPMOH, a HEe CONEpKAHUEM NOBOAOB B TOM WM
WHOM pacCyxieHnd. PaccMOTpuM, Hanpmmep, CJAEAyIOIIME JBa BLIBOAA:

(1) Bce moau cmepTHb. Cokpar—uenosek. Crenosarensno, COKpaT cMepTeH.

(2) Bce xpoauxn moOsr mopkosb. CebacTbsin — kpoauk. ClenoBaresHo,
Cebacrbsan JIOGUT MODKOBb.

O6a 3T BHBOLA MMEIT OHHY M Ty ke dopmy: Bce A cyts B; S ects
A; caenosarenbHo, S ectb B. MCTUHHOCTD MM JIOKHOCTL OTAE/IbHBIX TOCKH-
JOK W4 3aK/ioueHu# He mHTepecyer soruka, OH XenaeT Juulb 3HAaTb, BHITE-
KaeT Jin UCTUHHOCTD 3aK/AIOYEHHS K3 HCTUHHOCTH nochiioK. CucreMartuye-
cKas QOPMa/H3alUNA U KaTaJOrM3auus NPaBUALHBIX CNOCOGOB PACCYMACHUH ——
OIHa U3 OCHOBHHIX 3ala4 JOrMKa. Eciaum npu 5TOM JOrMK NpuMeHdeT mare-
MaTHYECKHH annapar, W €ro UCCAENOBaHHs TOCBAINEHH B NMEPBYIO Ouepeab
H3YUCHUIO MATEMATHYECKMX pacCyxaeHull, TO NpeaMeT €ro 3anaTuil MOwxer
ObiTb Ha3BaH MareMaTuueckoH Jorukod. Mul MOxeM cysuTh 061acTb Mare-
MaTHYECKOH JIOrdKH, €CJAM CKaXeM, YTO. IJaBHad ee Ue/db — AaTh TOUYHOE
W aACKBATHOE ONpEJE/]ECHUE NMOHATHA <MATEMATHYECKOE AOKA3aTEAbCTBO»,

besynpeuHsie onpene/eHus MMEIOT Malyi0 LEHHOCTh B Hauaje W3yueHus
npeamera. Jlyymn#t cnoco® noHATb, YTO TAKOE MaTEMaTHYECKas JOrHKa,
COCTOMT B TOM, 4YTOOH NpUHATHCA 32 ee u3yyenne. Mml pexomenmyeMm CTy-
JeHTy HayaTbh YMTaTh 3Ty KHHUrY, [axe ecau ( B OCOGEHHOCTH €c/au) OH
UMEET COMHEHHsl OTHOCHTEJBHO 3HAaueHWn m ueJeH npeamera.

XoTs JIOTMKA U SBASETCS OCHOBOH BCEX OCTaJbHHIX HAayK, TEM HE MeHee
npucymee e¢i, Hapsay ¢ (QyHIaMEHTaAbHOCTbIO, CBOHCTBO CaMOOUEBHAHOCTH
AEHCTBOBA/NO PACXO/AKMBAUIE HA CTPEMJIEHHE K CKOJbKO-HUOYIb FIyGOKMM
JIOTMYECKUM  HMCCACMOBAHUAM BIVIOTh [0 AEBATHALUATOrO CTOMETHS, KOrHa
MHTEPEC K JIOTMKE OMHBUJICA MO B/USAHUEM OTKPHITHA HEEBKJIUAOBHIX Ieo-
METpul u CTpeMm/eHds o0ecneyuTb CTPOroe OOGOCHOBaHME aHaMW3a. DTOT HO-
Bl MHTEpEC OCTaBAa/ACA BCE €ME HE CTOJMb KIY4yuM [0 Tex Nop, 1oka Ha
MCXONE CTOJETNS MATEMAaTHYECKHH MUD He OHJ MOTPACEH OTKPHITHEM napa-
AOKCOB, T. €. paccyxJienul, npusoasmux k nporueopeunsM. Hanbosee Baxc-
HEIMH U3 3THX NAPIAOKCOB SBAAIOTCHA CJEAYIOLLUE.

Jloauneckue napadorcn

(1) (Pacceua, 1902). MMox MHONKECTBOM Mbl NOHUMAIEM BCAKOE cobp anne
KaKux-iu60 o0bexros. Ilpumepamn MHOKECTB SBJAAIOTCA MHONKECTBO BCEX

o



8 BBEAEHUE

YeTHHX uucesd, MHOXECTBO BCeX cakcodonucToB B Bpykimue n T. R O61-
eKThl, U3 KOTOPHIX COCTOMT MHOXECTBO, HA3HBAIOTCA €ro 3/AeMEHTaMH. MHo-
JKECTBA CAMH MOTYT OBITb 3/IGMEHTaMH MHOXeECTB, TaK, Hampumep, MHOXECTBO
BCEX MHOXECTB IETbIX YHCEJN MMEET CBOUMH 3JEMENTaMu MHO®keCTBAd. Boub-
LIMHCTBO MHOXECTB He SBJAAIOTCA 3JeMeHTamu camux cebs. Hanpumep, mso-
JECTBO BCEX KOTOB He fBNAETCS DAEMEHTOM CaMoro cebs, NOoTOMY YTO OHO
camo He KOT. BOSMOXHB, OJHAKO, U TaKHe MHOXKECTB3, KOTOPHE NpuHaiIe-
sar camuM cefe KaK JEMEHTH, — HalMpUMEP, MHOKECTBO BCEX MHOMECTB.
PaccMOTpUM TeNepb MHOKECTBO A BCEX TaKUX MHOKECTB X, uto X He ecTb
snement X. COracHo onpenefeHuio, eCn A eCTb 3JEeMeHT A, To A Takke
W He ecTh 37MeMeHT A, u ecan A He ecTb 3jeMeHT A, 10 A ecTb saeMeHT A
B noGom ciydae A ecth 2JeMeHT A W A He eCTh 3/1EMeHT A

(2) (Kautop, 1899). DT0T Mapasokc TpeGyer HEKOTOPHIX CBEACHUH 43
TEOPUM KAapAMHAJbHBIX 4HCeJ, U MOKET 6BITh ONyllleH uuTaTes ey, el Od
e 3HaKkoM ¢ 3Toli Teopueh. KapamnaipHoe umcao Y muoxecrsa Y onpene-
NSeTcsi KAK MHOWECTBO BCEX MHOKECTB X, DABHOMOIIHBIX C MHOXECTBOM Y
(1. e. Takux X, AJ% KOTOPHIX CYyWECTBYET B32UMHO ONHO3HAYHOE COOTBETCT-
pue Mexay Y u X, cMm. cTp. 19). Mu onpenensieM Y << Z Kak ycnoene pas-
HOMOILHOCTH Y ¢ HEKOTOPHIM TOIMHOXECTBOM MHOXeCTBA Z, a ¥ < Z—
KaK ;};gf " 7:,&? Kaurop mokasan, 4ro €Cau & (Y) ectb MHOMECTBO

BCeX TOAMHOXeECTB MHOkectBa Y, 10 Y <<& (Y) (cm. ctp. 202). Iycrs C —
YHHBEPCAJIbHOE MHOXECTBO, T. €. MHOXECTBO BCEX MHOMECTB. Tak kak & (C)
eCTh MOJMHOXECTBO MHOMXECTBA | C, 10, oueBuano, & (C) << C. C mpyro#l cro-
poun, no teopeme Kanrtopa C <& (). Teop=ema=)|<e =LIJpég_gpa ‘—__:Bepi
wretina (cMm. c1p. 201) yrBepkmaer, 4ro ecCiu Y<<ZnZ<Y, 10 Y=12
CuenoBatensio, C==& (C), uto Haxomutcs B mpotnsopeunn ¢ C<&F(C).

(3) (Bypaau-dopru, 1897). AToT MapaJoKC aHaJOrHueH Mapajnoxcy
Kantopa. OH BOSHHKaeT B TEOPHH TOPSAKOBHIX 4uCed H O6ymeT AOHATEH
TOJLKO TOMY, KTO Y€ 3HaKOM C TeopHeH MOpAAKOBHIX HUCe]. Has mo6oro
NOPSAKOBOTO UYMCAA CYIIECTBYeT NOPAAKOBOE HUCJO, €70 NPEBOCXOAAIEE.
OAHAKO MOPSAKOBOE YHMC/IO, ONPEAENfeMOe MHOXKECTBOM BCEX NOPALKOBHIX
upces, SBASETCH HAanOGOMBHIMM MOPAILKOBBIM UHC/IOM.

Cemanmuyecxue napaidorcy

(4) Mapanoxc axeuna Hekro rosopur: «1 ary». Ecan on upm
3TOM JOKET, TO CKAa3aHHOE MM eCTb JIOXb, W, CJEIOBATEJbHO, OH HE JDKET.
Fcau ke OH NPH 3TOM HE JKET, TO CK23aHHOE UM eCTb UCTHHE, B, CJeNOo-
BATeNbHO, OH JDKET. B moGOM cayuae OKasbiBAETCH, UTO OH JDKET W HE JIKeT

OJHOBpEMEHHO *).

*) C napafloKCOM JWena uMeeT CXOIACTBO HU3BECTHHIY emie B npesuo;m (cMm.,
nanpumep, «[locaanue x Tury cB. amocrona Masna», 1, 1.2)gax Ha3biBaeMbi (nagi-
IIOKC KPHTAHHHA». Kpurckut ¢uaocod SnumMenul ckaszax «Bce KpUTAHE — JEelnb».,
Ecan 1o, uTO OH CKa3al, BEDHO, TO, IOCKOAbKY JNUMEHMUI CaM KPHTHHIH, CKa3aHHoe

BBE/IEHUE 9

(5) (Puurap, 1905). C nomombio HEKOTOPDHX ()Pas PyCCKOro A3mKa
moryT ObITb OXapaKTEpPU3OBAHK Te WJM MHbIE BellecCTBeHHme uncaa. Hanpa-
mep, (pa3a «OTHOIEHHE IJNHHEI OKDPYXHOCTH K JJIMHE IuameTpa B Kpyre»
xapakTepusyer uucao w. Bce ¢pase pycckoro ssbika MOryT OHTh nepeHy-
MepOBaHBI HEKOTOPHM CTAaHAAPTHHIM CNOCOOOM, a UMEHHO: YNOPsSIOUHM CliepBa
nexcukorpaduueckn (T. €. Kak B €JOBape) Bce (pasbl, COHEPKAIIME B TOY-
woctn k OykB, a 3areM nomecTuM Bce ¢passl u3 k& OykB Bmepemnm Bcex
¢paz ¢ OOabwmm umcnom Oyks. Temeps MOXHO nepeHyMepoBaTb BCe Te
(ppashl PYCCKOrO A3bIK3, KOTOPHIE XapPAKTEPH3YIOT TO KM HHOE BELLECTBEH-
Hoe uucao. Ilis 3TOro MOCTATOYHO B CTAaHAAPTHOH HyMmepaumd BCex (pas
OlyCTHTh BCE OCTaiabHble (pass. Yucso, noayuawouee npu Tako# Hymepanuu
nomep M, HasoBeM n-M uucaoM Pumapa. Paccmorpum rtakyio ¢pasy: «Beme-
CTBEHHOE YUCAO, Y KOTOPOro n-# AeCATHUHHIA 3Hak paBeH 1, ecan y n-ro
yucaa Puwapa n-f gecATHUHBIE 3HAaK He pased 1, m n-# JecATHYHRIR 3HaK
pasex 2, eciw y n-ro uucaa Pumapa n-#i mecstuudbii sHak paseH 1». Dra
(pasa onpenenseT HeKoTopoe uucao Pumapa, monyctuM, k-e; oamaxo,
COT/IACHO ONPEAEJIEHHI0, OHO OTJIN4AeTCd OT A-ro uucia Pumapa B k-m mecs-
TUYHOM 3HaKe. .

(6) (bep pu, 1906). CymecTsyer /uiub KOHEYHOE YACJAO CHOTOB B PYCCKOM
s3bike. CneaoBarenbHo, MMEETCH JIMiUb KOHEYHOE YHCAO TAKMX ¢pas pyc-
CKOTrO #3bIK3, KOTOPHE coAepxkaT He Oosee nsTumecaTd ciaoros. ITostomy
¢ MOMOHILIO TaKHX (Ppa3 MOMHO OXapaKTePU30BaTh TOJBKO KOHEYHOE YHCJIO
HatypasbHbix unucen Ilycts & ects naumensuiee uz namypassnvix uucea,
Komopsie He Xapakmepuzyrwmcs Huxaxoll ¢pa3oli pycckozo A3vika, co-
Oepoicaitell He Goaee namudecamu cao208. Hanevaranuas xypcusom ¢pasa
XapaKTepusyeT YUCJIO 2 M colaepxur He 0oJee NATUAECATH CJIOrOB.

(7) Cpenanur, 1908). Ilpuaarate sHoe HAa3LIBAETCH A6MOAOZUHECKUM,
ecan cBOHCTBO, KOTOpPOe OHO oOo3HayaeT, mpucyme emy camomy. Ilpunara-
TeJILHOE Ha3bIBAETCS 2eMepoao2UYecKUM, €C CBOUCTBO, KOTOPOE OHO 0603-
Hauaer, eMy camoMy He npucywe. Tak, Hanpumep, NPUAAraTebHEE <MHOTO-
CJIO)KHHH», «pyCCKHﬁ» SABJ/AIOTCA aBTOJIOrMUeCKUMY, a npuaararejbHble «0AHO-
CTOXKHBI», «ppanuyscknit», «roayGo#t» — rereposoraueckumn. PaccMoTpum
npunarare/ibHoe «reTeposornyecKuii»>. Ecim 5To npuaaratensHoe rereposio-
THYHO, TO OHO HEreTePOJIOTMYHO, €C/H KE OHO HEereTepoJOrMYHO, TO OHO
rerepoaornyno. Hrak, B mobGom cayuae npuaararenstoe «rereposornueckufi»
SIBJSETCA FeTEPONOTHUECKUM M HEreTepPOJIOFHYECKHM OAHOBDEMEHHO.

Bce 3TM mapamokchl SBASIOTCA MONMMHHBIME B TOM CMBICTE, YTO OHM He
Conepkar ABHBIX JIOTHYECKMX HM3BAHOB. B JIOruyeckux napaaoKcax HCIOJb-
3YIOTCl TOJBKO TOHATUS TEOPUHW MHOXKECTB, B TO BpPeMsi KaK B MapaJoKcax
CEMAHTHYECKHX TIDUMEHSAIOTCH TAKHE NOHATUSA, KAK «XapakTepu3oBaTby,

HM ecTh noXb. CnefoBarensHo, T0, YTO OH CKa3ad, eCTb N0Xb. TOraa KOMKeH GITh
TaKO# KPUTAHUH, KOTOPhIfi He mxeT. [locaennee He SBAAETCA MOrHUECKH HEBO3MOX-
HBIM, M Mbl 31e€h HE HMeeM HacTosulero mapamokca. TeM He MeHee TOT (axT, yro
poH3HEceHne JNHMEHHIOM ITOrO SOKHOIO BHICKA3KIBAHMA MOXKET MOBAEYDL 33 COBOH

)CKymecrnosaHne KPHTAHUHA, KOTOPLIH He mKeT, A0 HEKOTOPOH cTemenu o6ecKypa-
HBaer, .



10 BBEINEHUE

«HCTAHHBIAD, <TpHJIaraTeabHOE», KOTOPOE BOBCE HE 00s3anb TIOSBAATLCA B
OOLIUHOM MATEMaTHUECKOM sighike. BBUIY STOrO JIOrHYeCKHe NapasoKChl npen-
cTapasioT coGofi kyma O66abmIyI0 Yrposy CMIOKOHCTBHIO IyXa MITEMaTHKOB,
yeM MapafiOKCH CEMaHTHYECKHE.

Anaans napaiokcos npmeea K p43/aMYHBIM TIJIAHAM WX YCTpaHEHus. Bce

5TW TIaHsl TNPEANAraloT TeM WM WHHM TyTeM OrpAHWUMBATE «HAMBHAICH
TOHATHS, YUYaCTBYIOlHE B BHIBOAE STUX MApalOKCOB. Paccea oOparua BHH-
MaHME HA TO, YTO BO BCEX STHX TNAPaJOKCaX MMEET MECTO CaMOOTHECEHHE
nonsTaf. OH TPELTOKMIA CHaONMTh KaKAHH OGDBEKT HEKOTOPHM HEOTpHLa-
TEJBHBIM LEAHM YWCJIOM — <THIOM> 3TOT0 OObEKTa. Tocae 3TOrO BHICKa3bl-
BAHME «X €CTb SJAEMEHT MHOXECTBA ¥» IO/KHO CUHTATbCS OCMbICACHHbLM
torga ¥ TOJNbKO TOTAA, KOTHa THN Yy Ha CIUHHIY Gosblue THOA X.
70T NOAXON, CACTEMaTHuecku passuTeit Pacceaom u Yailitxenowm
[1910——1913] B TaK HA3LIBAEMYI0 TEOPHUIO THUMOB, NPUBOIUT K UEIH, Korja
peus uger 06 YCTPaHEHWH W3BECTHHIX NapanoKcos *), ONHAKO OH FPOMOBIOK
B TPaKTAYECKOM NPUMEHEHMH W MMEET TAaKXKe HEKOTOPELIC Ipyrue HelOCTaTKH.
Jlpyroe ocCTpue KPUTHKM JOFHYECKUX MapanoKcoB ObiIO HAlE/EHO Ha COMED-
yaleecs B HAX JOMYIIEHHe, COCTOfIlee B TOM, HTO I mo6oro ceoficTa
P (X) cymecTyeT COOTBETCTBYIOUIEE MHOXECTBO BCEX SJAEMEHTOB X, 00xa-
natomux cBofictBoM P (x). CTOMT JMwb OTBEPTrHYTb 3TO JOMYIMEHWE, U
JIOTHYECKHE TApPajOKCH CTAHOBATCA HEBO3MOXHHIMH **) OgHako TPH 3TOM
HeoGXO0AMMO TPHHATH HEKOTOPbiE HOBHE TOCTYJaThl LI TOrO, 4T0Ob MBI
MOF/IM, OMMPasCh HAa HUX, JOKa3aTh CYUIECTBOBAHUE TAaKUX MHOXECTB, B KOTO-
PHiX TIOBCEJHEBHO HYKLZIOTCH MNPAKTHYECKA paboraomue Marematiku. Ilep-
Bas Takas aKCHOMATMUECKas TEOPHS MHOXECTB OhlIa MOCTPOeHa Llepmeno
[1908]. B rmase 4 MB DPacCMOTPHM OIHY AKCHOMATHYECKYI TEOPHIO MHO-
JKeCTB, KOTOpas BEJET CBOE NMPOUCXOXAECHHE OT CHCTEMbI Liepmeno (c HEKO-
TOPHIMHE V3MEHEHHAMY, TNPUHALIEKAIIMA ¢on Heimany, P. Pobuncony, bep-
naticy w Ténemo). CymecTsyioT Talke pasauuHble CMELIaHHBIE TEOpHH,
coeldHslOmUe B ce6e Te WM WHHE YEPTH TEOpUH THIIOB W aKCHOMATHHE-
cKOH TEOpHM MHOXECTB; NPHMEPOM TEODHH TaKOro PONA MOXET CHAYKHTH
cuctema NF Kyatina (cu. Poccep [1953)).

Bosnee rayGoKoe WCTOJKOBaHWE TapanOKCOB 6n10 npeanpunsTo bpay-
3POM U €r0 HHTYMIHOHHCTCKOH mkonol (cm. Tetitunr [1956]). Hurynu-
OHHCTbI OTKAa3WBAIOTCA MPU3HABATH YHHBEPCAIbHHIA XapaKTep HEKOTOPRIX
OCHOBHHX 32KOHOB JIOTMKH TaKHX, HalpuMep, Kak 3aKoH MCKJIOREHHOTO
TpeThero: P uau He P. DTOT 3aKOH, YTBEPXIAOT OHH, BEPEH IJS KOHEUHBIX

*) Tak, HanpuMmep, NapaioKce Paccela 3aBHCHT OT CYLLECTBOBAHHA MHBOXECTBA
A Bcex MHOWKECTB, KOTOphie He ABISIOTCA IACMEHTAMH CaMuX ce6na. Tak Kak, co-
[NACHO TEODMH THIOB, OECCMBICIEHHO TOBOPHTH O TOM, 4TO KaK0e-TO MHOXECTBO
NPHHANIEXHAT CaMOMY ce6e, TO TaKOTO MHOXeCTBd HE MO¥eT ObiTh.

*##) [lapagokc Paccesa B TaKOM Ciyyae IOKa3hlBaet, HTO HE CYIIECTBYET MHO-
secTBa A BCEX MHOMXECTB, KOTODHE HE MPHHAINEKAT CAMUM cebe B KauecTBe 3Je-
Menta, a mapagokcs Kantopa u Bypamu-®opTi NOXa3nBawof, 10 HE CYILeCTBYeT
YHUBEPCaILHOrO MHOMECTBA M He CYMECTBYET MHOXeCTBa BCEX OPAHHANILHHIX UHCEN.
CemanTHUecKHe Ke TMapaloOKChl Temep, He MoryT 6nTh mawe CQOPMYIAMPOBAHbI,
[IOCKONbKY OHH BKAIOUAIOT B Ce6f NOHATHSA, HE BHIPASHMHC BHYTPH 3TOH CHCTEMBI,
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MHOXKECTB, HO HET HHKaKWX OCHOBaHMH DacrnpoCTPaHATh €ro 6e3 BCAKMX
orpaHuueHuil Ha BCE MHOXECTBA. Touno Tak e, FOBODAT MHTYLUOHHCTHI,
1eoBOCHOBAHHBIM  SIBJSIETCA  32K/IOYEHWE, UYTO YTBEPHIGHHE <«CYUIECTBYET
o6BbEKT X TaKOH, uTO He P(X)» Caeayer u3 yTBEPWIEHAS <HEBEPHO, NTO
pas moboro X P(x)». Tlo nx MHEHM0, M TOJbLKO TOrJa MOXEM COria-
cuThCi € YTBEDIKIEHUEM CyLIECTBOBaHHR 0ObeKra, 06/1ajalolero TeM Wi
LHBIM CBOHACTBOM, KOFJad Mbl BJAIEEM METONOM TOCTPOEHHA (MM OTHICKAHUSA)
rakoro o6vexra. PazyMeercd, ecau Mbl NMOAYMHAMCA CYPOBBIM MHTYLHOHMCT-
cknuM TpeOGOBaHUMSM, TO MAPAaZOKChl CTAHYT HEBHIBOXUMbBIMY (HJIM aXKE JUIIEH-
HLIMM CMBICA3), HO, VBB, B TaKOM € TOJOMXEHMM TOrAa OKAKYTCA M MHO-
rue CTOMb JMIOOMMBIE TEOPEMbl TMOBCEAHEBHOH MaTeMaTuKm, ¥ N0 3TO# npu-
ypHE MHTYUWOHM3M Hawesn ceGe Majno NPHBEPKEHUEB CPEAH MATEMATHKOB.

Kakoli 6B MBI, ojHako, He u3bpaau fOAXON K MpolaeMe NapajoKcos,
cAelyer ChepBa MCC/AeAOoBaTh #3bIK JIOPHKH W MareMaTHKy, 4yTo0bl paszo-
GpatbCa B TOM, Kakue B neli Moryr OuTh ynorpe6aeHsl CUMBOJIb, Kak u3
5THX CHMBOJIOB COCTaBJSIIOTCS TepMEl, (POPMYJIbl, YTBEDPXKIAEHHWA U JOKa-
3aTedAbCTBa, YTO MOXET M UYTO HE MOxeT ObTb JOKAa3aHo, €CMM MCXOOHTb
u3 TexX W4 MHBX AaKCHOM M TpaBUJ BHBOAA. B 3TOM cOCTOMT OAHA U3
33724 MATEMATAUECKOHM JIOTMKM, M TOKa 3TO HE CAENaHo, HeT W Oashl Ist
CONMOCTABACHHS CONEPHAYAIOIEX TOUYEK 3PEHUA HAa OCHOBAHUs JIOTHUKH U Mare-
matukn. Daybokue wu ornycroureabeie pesyabtathi [épens, Tapckoro,
Yepua, Poccepa, Kaunu u MHorux apyrux Oblin Gorarod Harpamo#h 3a BJO-
EHHBIH TPYA W 3aBOEBAAN [/ MaTeMaTW4ECKOH JIOTMKH TOJIOXEHWE Hesa-
BUCUMOH BETBM MaTEMaTHKH.

Ilas Tex, KTO SABJASETCS aOCOMOTHMIM HOBUYKOM, Mbl TeNeph Kparko
N3J0KMM HEKOTOPHE OCHOBHBIE NOHATHA M (PAKTH, HCIOJNb3YEMble B KHUTE.
Brpouem, Mbl peKOMEHIyeM UWTATEMO ONyCTHTh cediuac 3TOoT 0030p W JHHIbL
obpamarthcs K HeMy B JajibHeHlleM MO Mepe HeOOXOAUMOCTH IUIs CTPaBOK.

M~Hoscecmso ecte cobpanne 006bexToB *). OOGLEKTBH 3TOro CcoOpaxus
HA3HIBAIOTCS J4eMERMAMU MHOWECTBa. Mb OyleM nucaTh <X & y» BMECTO
YTBEpWIEHHs, YTO «X ecTb anemeHT y». (B ToM e cmbicie mbi Gynem

- NIOHMMATb BHICKA3BIBAHUA <X TPUHALIEKHT Y» H <y coldepxut x».) Orpu-

LaHUE YTBEDKIACHUS «X € y» Oymer 0603HAYaTbCA uyepes «X & y».

3anuch «X = y» 03HaYaeT, UTO KaX/JblH SJIEMEHT MHOXKECTBA X SBJACTCHA
TAKKE DJJACMEHTOM MHONKECTBA J WIM, IDYTMMH CJAOBaMH, 4TO X €CThb
nodmsoxcecmeo y (W x sxawveno 6 y). Xemas Boipasuth TOT (hakr,
uto £ M § 0603HaYaAT OXMH M TOT ke OODBEeKT, Mb Oylem mucatb «f==$».

. .
)Kecrs)amlbl Ca)llicn) He 6y116eM YTOUHATb, KakHe cOOPaHHs 00BLEKTOB ABMAIOTCA MHO-~
peect MHo;xech:KO Mﬂbl ynem usberatb ynorpe6ieHHA TaKHX CBA3AHHHIX C HOHA-
o Ao ecTna. uieit ¥ Tipouenyp, KOTOPHE MOrYT IpHBecTH K mapagoxcam. Bce
reopnn MHO}{(eCTb Pe3yaAbTaThi MOrYT 6biTb opMalN30BaHBl B aKCHOMATHYECKOMH
P CPIHOHHB' paccmotpento#t B raase 4. Tepmmu «kaace» MHorgza ynotpet-
on 0y e cnn 'nb(; TQ%MHHa «MHOMXECTBO», HO Mbl €ro 3jech H3beraeM, MOCKOIbKY
Ther HBKOTOpOe) MHTOpxe{eg?:;c;;osargpm?omm snavenun. Ecam csofictBo P(x) ompene-
- :V(P(x)}. ' ecTBO 4acTo o6o3navaior yeped {x|P (x)}
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Kax 00sIuHO, «f == $» 03Hayaer OTpHUaHue «f==§». [IA% MHOWKECTB X ¥ Yy MHl
rOBOPUM, UTO X =) B TOM W TOJbKO B TOM CAy4ae, €CIt X S y U Y= X, T. €
B TOM ¥ TOJMbKO B TOM CJy4ae, €C/ld X H ¥ UMEOT OJHH M TE KE 3JEMEHTHL.
Eciw x =y, HO X =5£y, TO MBI TOBOPHUM, YTO X €CThb COOCMEEHHOE TIOI-
MHOXECTBO ¥, W TNHIUEM X CC Y.

Ofsedunenne x|}y MHOKECTB X ¥ J ONPENENTETCH KaK MHOKECTBO
BCEX  OODBEKTOB, SABJSAIOIIUXCS /IEMEHTAMH XOTs Obl OJHOrO H3 MHOXKECTB X
n y. Orcroma cpagy caenyer, uro x{Jx=x, xJy=yUxun(xyy)lyz=
=x(yU=z). Illepecetenue x(y eCTb MHOXKECTBO 3IJEMEHTOB, MPHHAMLJIE-
wamunx 1 x u y. Herpymno mposeputs, uro x | x=x, x(\y=yx,
xUN)= NNz xNYUD=ENNUEN2) 1 xUON2)=
=(xUY)N (x| 2). Omnocumersroinm 0onosneruesm x — ¥ Ha3bIBAETCH MHO-
MECTBO - TEX 3JEMEHTOB X, KOTOPHIE HE ABJAIOTCH dJeMeHTamu y. Mml nmocry-
JUPYeM TaKke CYUECTBOBaHHE MYCTOro MHoxkectBa 0, T. € MHOXKECTBa,
KOTOpPOE BOBCE HEe uMeeT 3JaeMeHTOoB. Jlerko Buaets, uTo X (10=0, ¥ |J 0=
=x, x—0=x, x—x==0. [Ilsa MHOXECTBA X U J HA3KBAITCA Nenepe-
cevarowumucs, ecm x| y=~0.

[Mycrs nanbsl kakue-HUOYAb OOBEKTH by, ..., by, MHOWECTBO, 3JEMEHTaMU
KOTOPOro sBJSIOTCA BCE 5TH OOBEKTH M TOJABKO OHH, 0003Hayaercs uepes
{by, ..., bp}. B uactHoCTH, {X, ¥} €CTb MHOKECTBO C ABYMS 3/IEMEHTaMH X
H y; eClH TPH 3TOM X =), TO {X, ¥} HasbBaeTcH HEynopsadouennoli napoi
(anu npocro napof) obbvextoB x u ). MuoxectBo {x, x} oGo3nauaercsa
TaKKe uepes {X} U Ha3bIBAETCH OONOINCMEHIMHULM MHONCECMBOM C 3ITe-

mentoM x. 3ameruM, uto {x, y}=/{y, x}. Yepes (by, ..., b,) MH 06o-
3HAYAEM YNOPAOOUEHKYI0 N-KYy 008exmos by, ..., b, OcHoBHOe CBOHCTBO
YUOPAIOUEHHBX 7-0K COCTOMT B TOM, ut0 (by, ..., by ={c1, ..., ¢,)
TOTHAa H TOJBKO TOrAa, Korga by—c¢y, ..., by=c, Tak, B uactHOCTH,

(b, ba)=={(by, by) B TOM M TONBKO B TOM CJyuae, eciu b, =by Ymopsao-
ueHHBle [BOHKH HAasHBaOTCA ynopadodernnsimu napamu. Ecan X — MHOXe-
CTBO W £ — 11€JI0€ TOJOXKHTENBHOE YHCHO, TO Yepes X" Mbl 0603HauaeM MHO-
KECTBO BCEX YNOPANOYEHHHX 1-0K (by, ..., b,) 3MeMeHTOB by, ..., b, MHO-
KecTBa X; npu 9TOM M ycaosamcd nox X! nonummars X. X" HasmBaercs
n-kpamuoli oexapmosgsim npousdgederuer X Ha cebs nan n-ii dexapmosol
cmenensto MHoxectsa X. Ecin Y m Z— muoxectBa, 1o Y X Z o3Hauaer
MHOXECTBO BCEX TaKMX VIOPAROUEHHHX mnap (y, 2), uro y= Y u z = Z
Y X Z uaswiBaercs dexapmosuii npoussederuesm MHOKeECTB Y n Z.

lox n-mecmuvin omuowenuesm (Omuouleniem ¢ 1 apymeHmanu) Ha
MuoxecTBe X Mbl INOHHMaeM BCAKOE TMOOMHOXECTBO MHOkecTBa X" T. e.
BCSIKOE MHOXECTBO n-0K 3jementoB X. Hanpumep, 3-mectHoe oTHomeHue
«MeXIy» I8 TOYEK HAa TpPsMOH mnpencTasaser coboit MHOXECTBO BCEX TPOeK
(%, ¥, 2) TaKMX, 4YTO TOUKAa X JEKAT Mex]y TOUKaMH y u 2. JIByMecTHoe
OTHOILEHNEe HA3bhB4dIOT TdKXKe 6uH(lprlM OTHOLUIEHUEM; HamnpuMmep, 6“HapH06
OTHOLIEHHE OTIIOBCTBA HAa MHOXECTBE BCEX JIOIeH eCTh MHOXKECTBO BCEeX
YUOPANOUEHHHX map (X, y¥) TaKMX, YTO X U ¥ — JIOAU U X €CTh OTel .
OanomectHoe OTHoOIIeHHe Ha X eCTh MOAMHOKECTBO X W Ha3ulBAeTCH €B0Ii-
cmgom Ha X
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Tlyctos R — OunapHoe otHolenune Ha MuHowectBe X. Ob6aacmsio onpe-
desenuss R HasHBAaeTCs MHOXECTBO BCEX Y TAaKuX, uro (y, 2) & R xora Owl
npu ONHOM 2; MHOXCECMBOM 3HaweHull R Ha3bIBAETCH MHOXECTBO BCEX Z
rakux, uto (¥, 2) =R xors On npu oHOM y; HakoHeu, obbemnnenue
o6nactTh ONPENENeHNs ¥ MHOXEeCTBa 3HaueHult R HasblBaeTCA noAeM OTHO-
wmenns R. Otnouwenne R, o6pamuoe k R, onpeneinercss Kak MHOXECTBO BCEX
YNOPSIOYEHHBIX Tap (y, 2) Takux, uro (2, y) = R. Tak, wanpumep, obaacts
onpelie/ieHnst OTHOMIEHHSI < HA MHOXECTBE ® BCEX HEOTPHUATEJNbHHIX UEJNHIX
upcen eCTh ®, MHOXECTBOM B8HAYEHHH 3TOro OTHOWEHMs cayxur o — {0},
a 0OpaTHLIM OTHOILIEHWEM ABJSETCH OTHOLICHHE .

3ameuanne HYacro smecro (x, y) =R mmmyr xRy Tak, B npu-
BEIEHHOM TIPHMEpPe Mhl OOLIYHO muumeM X <<y BMeCTO (X, ¥) = <.

Bunapsoe otHomienne R HaswiBaetTcs pedhaexcusuoim, ecam xRx s
moboro x u3 ToJaa OTHoweHns R, cummempuunwism, ecom wd xRy cue-
nyer yRx, w mpan3umusnsim, ecmn w3 xRy w yRz cremyer xRz. Hampu-
Mep, OTHOIIEHWE =< Ha MHOXECTBE UEJNBIX uncead PedICKCUBHO W TPaH3u-
TUBHO, HO He cumMeTpuuHo. OTHOWIEHHE <HUMETb 1O KpakiHe#l mepe oaHoro
ofulero pomuTens» Ha MHOXECTBe oAell pedVIeKCHBHO W CUMMETPHUHO, HO
HE TPaH3UTHBHO.

BunapHoe peJexciaBHOe, CHMMETDHUHOE # TPaH3WTHBHOE OTHOLIEHHE
Ha3BIBAETC OMHOuleHue M 3x8ugarewmuocmu. llpumepn OTHOLIEHHR 3KBH-
BaneHTHOCTH: (1) oTHOLlIeHue moogicdecmea lx Ha NPOHU3BOJIBLHOM MHOXECTBE
X, cocrosunee w3 Bcex nap (y, ¥), rae y € X; (2) OTHOLIERHe NapasLieb-
HOCTH Me Ay NpAMBIMA B MJAOCKOCTH; (3) otHowenne x ==y (modn), o3Ha-
yaluee, 4T0 X M Y UE/IBE W X — y AEAWTCS Ha JaHHOe (PUKCHPOBaHHOE
nesoe NOJOMUTENLHOE wiCA0 7, (4) OTHOLIEHWME MeXIy NPAMOJMHEAHHIMA
HAMPaBACHHBIMM OTPE3KaMH B TPEXMEPHOM MPOCTPAHCTBE, WMEIOULEE MECTO
TOra 1 TOABKO TOrZ3, KOTJa OTPE3KH WMET OJMHAKOBHIE HAaNpaBJEHHE N
Anuny; (5) OTHOLIEHHE KOHTPYSHTHOCTH Ha MHOXECTBE TPEYrOJbHHKOB B II0-
ckocth; (6) oTHOIEHWE nNOROGMA Ha MHOXECTBE TPEYrOJbLHHUKOB B TIJIOCKO-
cta. [lycte mano otHowlenne skBuBajentHoctn R Ha mHOxectBe X M HEKO-
TOpH# 9aemeHT Y wmuowectBa X. OnpeaeanMm [y] Kak MHOXECTBO BCex
TaKHX 2 U3 X, 9 KoTopux yRz. Muoxecrso [y] nassisaercs Kiaacconm
R-srsusasenmnocmu, onpenenseMbiM saeMeHTOM Y. Jlerko BHAETh, uTO
[y]=[z] roraa u To;bko Torma, korma yRz, u ecan [y] = [z], 1o [y]N[2]=
=0, T. e pasanuHble KJacCH R-3KBUBaJEHTHOCTH HE UMEIOT OOMMX SJe-
mentoB. Taknm oO6pasoM, X nosxocteio pasbmBaercs Ha KJaccH R-3KBHBa-
nesTHOCTH. B mpumepe (1) xaaccamm SKBUBaNeHTHOCTH SBMAIOTCA OXHO3JeE-
MeHTHEIE MHOXecTBa {y}, rae y = X. B npumepe (2) xaaccel 3xBuBaieHT-
HOCTW MOTYT paccMaTpuBaTbC KAK HaNpaB/ieHWs B JAHHOH TJIOCKOCTR.
B npumepe (3) umeetca n kaaccos IKBUBANEHTHOCTH, k-l K1ACC SKBMBANGHT-
Hocty, (A=0, 1, ..., n— 1) cocrouT ©3 BCeX TeX umces, KOTOpHE 1pn
JeeHnn Ha n paloT B ocTaTke k. B (4) Kiacce 9KBHBANEHTHOCTH CYTh
TPEXMEPHRIE BEKTOPLI.

Bunapnoe ornowenne f wnasmBaerca gpymwyued, ecin w3 (x, wef
B (x, Def cienyer y==2z. Ias moboro x u3 obGaactu onpeaencuns
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¢dynxuun [ cyumecrTsyer CAUHCTBENHBIA DAEMEHT Y Takoh, uTo (X, y) E f; atot
saeMeHT y 0003nauaerca uepes f(x). Eciu X npUHALIRKAT obaacTu onpe-
peaedns f, TO Trosopsar, 4TO f(x) onpeneneno. Ecan f ectb ¢yHKuun
¢ obnacTbio onpexenenus X U MHOKECTBOM 3HaueHUH Y, TO TOBOPAT, 4TO
f omoGpadcaem X Ha Y. Ecau f otoGpaxaer X Ha ¥ Y = Z, 10 roso-
pat, uto f omoOpadjcaem X 6 Z Hanpumep, ecan f(x)==2x a1 moboro
1eJOro X, TO Mbl MOXeM CKasatb, 4TO f oTobGpamaeT MHOXKECTBO BCeX
LeabiX YMCEN HAa MHOXECTBO BCEX HEeTHHIX HHCed # 4To f orobpaxaer MHO-
JKECTBO BCEX UEJHX UMCEN B MHOXECTBO BCEX LEJbIX HHCEN byHK1US,
06413CTh ONPENE/EHHs KOTOPOH COCTOHT U3 A-OK, HA3bIBAeTCs pyskiueR oT
a aprymedtos. (Bcody onpedeacnnoll) ynxyued om n apzyMmermos Ha
unoxcecmBe X WasblBaercs BCaKas (yHKuna, |y kotopod obaacts oupene-
nesuss  cosnagaer ¢ X7, OOmuHO BMECTO f({xy, ..., Xp)) Mb OHILEM
f(x1, «-, Xn). Hacmuunod ynxuyuei om N ap2YMeRmOos Ha MHONMCECHBE
X HasmBaeTCs BCAKas (QyHKUws, 00JacThio OnpeaeaeHus KOTODOHR CJHyXuUT
KaKoe-uuOyAb TOAMHONKECTBO X" Hanpumep, oOwnuHOE [ejeHue sBASETCA
yacTH4HOH, HO He BCIOLY ONPEAeJEeHHON, (yHKuued OT ABYX apryMeHToB Ha
MHOWECTBE LeAbX uucea (MOCKOJbKY JAeJeHue Ha Hylb HE onpefeneHo).
Ecnu f ects ¢yHkuus ¢ 06/4acTbio ONpEnCaeHus X ¥ MHOXECTBOM 3Haue-
Huih Y, TO ocpanudenuer [z Pyrruuu f Muoxcecmsom Z HA3HIBAETCA
dymawms f N (ZXY). OuesnaHo, fz(@)==v TOrAa ¥ TOJAbKO TOrAa3, KOrid
ueZn fw=v. 0O0pasos MHOXCECHMED Z npu omoGpasicenuu nocpeo-
cmeom (hyHKyuu J HasHIBAETCA MHONKECTBO snaueHuft dynxuun fz. [Ipoos-
pasom mroscecmsa W npu omoGpasicenuut nocpedcmeonm Pynkyun f nassbl-
BaeTCH MHOXKECTBO BCEX TeX 3/ICMEHTOB U H3 obaacTn onpeneneHus (QyHK-
wun f, ana koropux f(me W. Fosopar uro Qyukuus f omobpaocaen
MHOXECTBO X Ha MHOWeECTBO (B MHOWecTBO) Y, ecim X ecTb NOAMHOME-
ct80 06aactu onpeneieHus f, a obGpasom X npu oTOOpaXc€Huy NOCPEACTBOM
f aBaeTcA MHOXKECTBO Y (NOAMHONECTBO smuoxecrsa Y). Iloa n-mecmuol
onepayueii (wm onepayued ¢ 1 apzyMeHmaMit) Ha MHOXMCECMBE X Mbl
nonnMaemM ‘GyHKIMIO, 0TOOPAKAIOLLYIO X" 8 X. Hanpuwmep, oOnudoe cJjoxe-
uue sBasercs Guuapno#t (T. e ABYMeCTHOH) onepaunell Ha MHOXKECTBE HaTy-
paneumx uucea {0, 1, 2, ...}. OObluHOE BHIMNTAHHE HE SBJACTCA GuHapHO#
onepauuel Ha MHOXECTBE HaTyPaabHbX 4uces, OAHAKO apasierca OuHapuo#
onepanuell Ha MHOXECTBE BCEX HEJBIX HUCEL.

Ecau f u g — ¢dyHKuumn, TO KoMrozuuus feg 3TAX (yHkuudA (nHoraa
06o3HauaeMan TaKxe uepes fg) ecTb, N0 ONPEACACHUIO, Takas (QyHxKuas, 4ro
(o) (x)=/ () (f-£)(X) onpeneneHo TOrAa W TOJbKO TOTAZ, Korna
onpenenenn g(x) n f(g(x). Hanpumep, ecan g(x)=x*n f)=x-+1,
10 (fe@(X)=x4 11 (g-H(X)=(x -1 Vam, wanpumep, ecan g(x)=
= — x A% KaXIOrO BEIECTBEHHOrO 4uciaa X, a f (x)=l/x st Kawaoro
HEOTPUILATEALHOTO BEUECTBEHHOTO X, TO (f- 8) (x) onpeneieHo TOAbKO IAMA
x<0 »n (f«g)(x):l/——x. dyukups  f, AaA KOTOPOH w3 f()=1Q)
caenyeT x ==y, Ha3biBacCTCA 83AUMHO oono3naunoll pynxkuned (amn (1-1)-
dynxuueh). ‘ '
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MpuMeps. (1) OrtHolenne TOXIECTBA [x HA MHOKECTBE X ecth
532UMHO ONHO3HAauHas dymkums; (2) 83auMHO OJHO3HAUHON sBAsETCS PYHKUNA
f (x)=2x, rae X — NPOH3BOJLHOE uesnoe uncao; (3) ¢ynxuun f ()=,
e X — TMPOWSBOJNBHOE WENOoe UMCHIO, HE ABISETCA B3aUMHO OHO3HAYHOMH,
nockoabky f(— 1)==/(1). 3amerum, utO ¢ynxunst f GyAeT B3AWMHO ONHO-
anauHof TOTA2 H TOJBKO TOT/a, KOraa 00patHoe OTHOWEHHE 1 ectb GyHK-
uns. Ecom X ecTb 00aactb onpeje/ieHus, a Y — MHOXKECTBO 3HaY€HHH B3aNMHO
onHo3HauHOH GyHKUMK f, TO O QyHKUHM f roBopAT, UTO OHA €CTb 83QUMHO
o0dHO3HAUHOE coomeemcmsue (nin (1-1)-coomeemc maue) MeHCOY MHOKHCECTL-
gamu X u Y, npn 3TOM F! okaspiBaeTcs B3aMMHO OJHO3HAUHBIM COOTBET-
crenem Mexay Y u X, (flef)=Ix n (f-fH=1Iy. Ecan f ecTh B3aumHo
0HO3HAUHOE COOTBETCTBUME Mexay X u Y, a £ €CTb B3aUMHO OJIHOBHAUHOE
cooTseTcTBME MexAy Y u Z, TO g-f eCTb B3aHMHO OJHO3HaUHOE COOTBET-
ctene Mexay X w Z. Muoxectsa X u Y Ha3bIBAOTCR PABHOMOULHBLMU (co- *
xpamesHo X o< ¥), ecan CyIecTByeT B3auMHO OIHO3HAUHOE COOTBETCTBHE
mexay X u Y. Ouesnmio, X2 X, us X ¥ crenyer Y~X wus X=Y
u Y~ Z caenyer X o< Z. MoxHO noKa3aTb (CM. TeopeMy [ip&nepa — bBepn-
wrefina, crp. 201), uto ecin X~ Y=Y u Y Xy =X, 10 X2 Y.
Ecan X~ Y, TO WHOTAa TOBOPAT, 4T0 X U Y umeron OOHYy u my e MOuj-
Hocmb (MW, MHAYe, WMEOMm OOHO U mo e KapounaasHoe HuCcA0), & eCan
X paBHOMOLIHO C HEKOTOPBIM [IOJMHOXKECTBOM Y, HO npu 9TOM Y HE PaBHO-
MOIILHO HA C KaKHM TIOIMHOXECTBOM X, TO rOBOPAT, UTO MOW,HOCME (xapou-
naasHoe 4icao) X Mexvule MouyHocmu (KapOuHaabHO20 yucaa) Y ¥).

MuokecTsO X Ha3bIBaeTCS CHEMHbiM, €C/ OHO PaBHOMOLHO C MHOXECT-
BOM MOJIOXKHTENbHNX LeabX uncen. [OBOPAT TaKXe, UTO CYETHOE MHOKECTBO
HMEeT MOLIHOCTbD o, 3 BCAKOE MHOXECTBO, PABHOMOLIHOE C MHOXKECTBOM
BCEX MOAMHOMXECTB KaKoro-anGylb CYETHOrO MHOXECTBA, WMEET MOWHOCTD

No y
2 (mm UMEET MOUWLHOCHLb rconmzwyy.ua). MHuOXecTBO Ha3bIBAETCA KOHeU-
HbIM, €CJW OHO TIyCTOE HJAN €CaH OHO PaBHOMOUIHO C MHOXECTBOM B(EX

UeJABX TIOJOKHTENbHBIX  UHCes {1, 2, ..., n}, He NPEBOCXONAUINX KAKOTO-

nuGyIb 1EJOTO TMOMONKMTENLHOTO uucaa 7. MHOxecTBO, HE AB/SiOLIEECs
KOHEUHBIM, HA3LIBAETCA OecKOHednbM. MHOKECTBO Ha3HIBAETCA He Ooaee uer
CHemHbLM, €CM OHO KOHEUHO Wian cueTHO. OHEBHAHO, BCAKOE MOAMHOXECTBO
CUETHOrO MHOXECTBa He Gonee uem cueTHo. CuemHol nocae008amenbHOCML 10
Ha3WBaETCA BCAKas (YHKuMs S, 00JacTbio ONpeneneHus KOTOPOH CIyKuT
MHOXKECTBO NE/HIX NOJOKATEMBHHX URCE. OO6buHO BMECTO S (71) MULIYT S,
Koneunoii nocaredosamersHocms10 Ha3bIBACTCA BCAKAA (PYHKIMS, VIR KOTOPOH
CYyWECTBYET TaKOE IEJOE MONOKATENbHOE I, YTO €e 00JaCTh onpene’enns
cosnanaer ¢ muoxecrsom {1, 2, ..., n}.

*
n(ecm) I;l;);légnodgm MHOXecTBa X MOXHO ompeneasith Kak coGpawme [X] Bcex. mHo-
] e, Dansol cumux ¢ X. [lpu 3T0M B ONHMX CHCTEMaxX TEOPMM MHOXECTB TaKoe
002) ncerns ¢ yUleCTBOBATb, B TO BPEMS KaK B IPYTMX CcHcTeMax (cM. ctp. 201—
wncen (X} u [y)iuéecmyer, HO MOMET He ABAATHCA MHOMeCTBOM. Jlas KapAMHaNbHBIX
Toro, ¥ro. X THoulenne [X]=<[Y] moxer ObTb ONpenencHo Kak yTBEpxienue
’ PaBHOMOLIHO € HEKQTOPbIM TOIMHOXECTBOM Y.
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Hycte P(x, y1, ..., Yp) — KaKoe-HUOYAb OTHOLICHME HA MHOXECTBE He-
OTPHLATE/bHBIX Ue/blX unuced. B uactroctn, P moxer comepxars ToabKO
OJHY MEPEMEHHYI0 X, T. €. OHO MOxer ObiTh cBOHcTBOM. EcJn PO, ...
-++» Yr) BHOIHEHO W A1 M06OTO 1 u3 P(n, y, ..., y,) caemyer Pni1,
Yireoos Vi) T0 P (X, Y1, ..., Vs) BHINOJAHEHO AAsi BCEX LEJBIX HEOTPHILATE/Tb-
HBIX X (npungun mamemamuseckoli undyrwyuu). llpy npuMenenun sTOro
NpuHUMna Aas NOKa3aTeNbCTBa TOro, YTo mpu mobom n us P(n, yy, ..., Vi)
caenyer P(n--1, 31, ..., y,), o6nuno gonyckawor P(n, yi, ... Vi) ¢ 3aTeMm
BHBOAAT P (n--1, y4,..., ¥); B Takom BuBOze P(n, yy, ..., V) HasnBaercs
uROYK mugrblM npednoroxcenuer. Eciy otHowmenne P COLEPKUT AEPEMEHHLIE
Yt +++» Vg OTIUYHBIE OT X, TO rOBOPAT, YTO AOKA3ATENbCTBO yTBEPKACHUS
«mpu moGom x P (x)» senercs undyxgueii no x. Tako#i ue NPHHIML KH-
AyKuuu COPABeAJUB  JAJS MHONMECTBA LEJABIX uuces, OOAbLIMX 3aZaHHOFO
ypcaa j.

ITpumep. Y1oOn ¢ NOMOLIbIO MATEMATMYECKON MHIYKUMN NOKA3aTh, YTO
CyMMa MEpBLIX 7 HEYeTHBIX uuces, T. € 143454 ...4 (2n— 1), pasua
1%, ROKa3HIBAOT CHauana, 4To 1==1% (1. e. P (1)), a sateM NOKA3HBAIOT, HTO
u3 1 4-34-54-... 4 (2n— 1)=n® creayer 1345 .+ (2n—1)+
+@n+1)=(@n-1) (1. e uro u3 P(n) caenyer P (n--1)). Us npuu-
L4TIa MATEMATUYECKOH WHAYKHUM MONKHO BHIBECTH CACAYIOILMH npuxygun nos-
HOU UWOyKYuu: ecnn AnR MoBOro HEOTPULATENLHOMO WEJNOr0 X U3 NPEHio-
n0Kenus, 4ro P (u, y1, ..., yp) BEPHO MNP BCEX U, MEHbWIAX X, CAEAyeT
BEPHOCTL P (X, Y1, ..., Y2) TO P(%, ¥y, ..., Vi) BEDHO TPH BCEX HEOTPHLA-
TeMbHBIX LeAX X. (YnpawxueHue C noMounlo NpuHUMNa noJHoH uu-
AyKuuK HOKa3aTb, YTO Ka¥AOE 1eN0e uucao, Gosbliee eAUHULE!, HeAnTCA Ha
HEKOTOpOEe MPOCTOE HUCTO.)

Tpaunsutusnoe GunapHoe oTHowenue R, mis KOTOPOro XRx MOKHO npa
000M X M3 noAs R, HasblBAETCH 4QCMU4HBLM  YNOPAOOUEHUEM. (Ecmm R
€CTb 4aCTU4YHOE YNOpsiAoueHue, TO oTHOWeHue R', npeacrasasiouiee coGoft
o0beluHeHHE R U MHOKECTBA BCEX YNOPALOYEHHBIX Map {x, x), rae x npa-
HAIIEKAT NOJMO R, Ha3LIBAETCA PeAK CUBHbLM YACMULHOLM YROPIOUEHILEM;
TEPMUH  «HaCTHYHOE YNOPAROYEHHE» YNOTPEGASETC B JUTEpPaType Kaxk B
YKa3aHHOM BBIE CMBIC/IE, TaK W B CMHCAE PedJIEKCUBHONO YaCTHUHOTO YIIO-
psimouenus. 3ameTuM, uro (XRy u yRx) HeBO3MONKHO, ectn R — 4acTHUHOE
ynopazodeuune. Ecan R — pedaexcuBHoe 4aCTHUHOE . ynopsaoueHue, TO ua
(¥Ry u yRx) cnenyer x==y.) (Pegpaexcusnoin) noansm ynopsdoweruem
(wam 1pocTo ynopsdouenuenm) HasWBAaeTCA Takoe (Pe(EKCHBHOE) 4acTHYHOE
YNOpsAOUeHHe, TPH KOTOPOM i MoGHX X ¢ y ug moaa R n1ubo x ==y,
au6o xRy, mGo yRx.

IIpumepn. (1) OrHowenue << Ha MHOXKECTBE UEABX YUCE SBASETCH
MO/HBIM YNOPAZQUEHUEM, 4 OTHOIIEHUE <I — PEIEKCHBHBIM . NOJIHBIM yno-
panoueHnen; (2) OTHOLIEHHE C HAa MHOXECTBE BCEX MOAMHONECTB MHONKECTBA
TO/IOKHUTEAbHBIX HEJBIX YHMCEN ABJASETCR YaCTHUHBIM YNOPALOYEHHEM, HO He
TOJHBIM YIOPSIIOYEHNEM, a OTHOMIEHME < HA TOM XE MHOXECTBE SIBJSETCH
peeKCHBHBIM YACTHYHEIM YHOPANOYEHHEM, HO HE peQACKCUBHBIM MOMHAIM
ynopsaouenuem. Ilycts C—none orHoweHus R w B — nogmuoxectso C:
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sneMeHT y M3 B naswiBaerca R-naumenswum (WK HQUMEHbUUM OMHOCU-
meabHo OmHouenuss R) ssemenmon 8 B, ecin ans aboro sreMeHra 2
w3 B, OTAMYHOrO OT y, cnpasenuso yRz. Tloanoe ynopsizouenue HashBaeTCs
gnoane ynopsaoouenuem (Wm 8noaxe YnopaoOHUSAIOUUM OMHOWEHUEM),
e/ BCAKOE HEMNYCTOE MOAMHONKECTBO noJas R umeer R-HauMeHbIIKH 3J1eMeHT.

IIpumeps. (1) OTHoweHne < Ha MHOXECTBE HEOTPMILATE/bHHEIX €NBIX
uricen fBJASETCA BIIOJHE ynopsaouepueM; (2) oTHoluenue < Ha MHOXECTBE
HEOTPUUATENbHBX PALMOHANBHEIX UHMCEJ fBJSETCS MOJHBIM YNOPAXOUEHUEM,
HO He BLIOJHE ynopsigoueHueM; (3) OTHOIIEHHE < Ha MHOXECTBE BCEX HEJBIX
ynpces ABJSETCHA IOJHBIM  YNOPANOUEHHEM, - HO HE BIIOJHE YIOPANOYEHHEM.
Kax/IOMy BIOJHE ynopsjoueHuio R ¢ nojeM X COOTBETCTBYET C/eHylomuh
npuHGUR NOANOE UHOYKYuU: ecnu CBOHCTBO P TaxoBo, uto Basi JoOOro sJe-
MEeHTa i MHOXecTBa X u3 TOro, uro cBOHCTBOM P 00/ajgaeT BCSKuH 3J€MEHT
2 mHoxecTBa X, Aia kotoporo zRu, cneayer, uro u o6iaanaer coficTom P,
1o csoficteoM P obaamaior Bce saemeHTH u3 X. Ecam mHOwecTBO X Oecko-
HEYHO, TO AOKasaTeJhCTBO, HCNOJb3YIOUIEE STOT NPUHUMIM, HA3HBAETCA AO-
Kas3aTeAbCTBOM 10 mpanc@uaumHol undykyuu. 1'OBOPST, YTO MHOJCECHEO
X Moxcem Oblmb BnOAHE YNOPAOO4EHO, €ClV CYHIECTBYET BIOJHE YNOPsIO-
yeHne, [OJE KOTOporo BKmwodaeT X. B cospemeHHOM MaTeMaTuKe NpPHMEHSETCA
ROMNyILEHNE, HOCAULEE HA3BaHNE MPUHLUNG BROAHE YNOPAOOHEHUs, COTIACHO
KOTOPOMY BCAKOE MHOXECTBO MOxer GbiTb BnosHe ynopsaouyeno. Ilo sonpocy
0 33aKOHHOCTH STOr0 NPUHIMIA BO3HHK/A, ONHAKO, CEPbE3Han NOJEMHKA.
[Mpunuun BOOJNHE YHOPSJOUEHHs BKsuBaseHTeH (B OGbIuHOMN aKCHOMaTHKe
TEOPUH MHONKECTB) aKcuome 86.00pa (MYAbMUNIKAMUBHORL QKCUOME).
KakoBO O Hu OBIIO MHOXECTBO X HENyCTHX, [IONapHO HENnepeceKannuxcs
MHONXECTB, CYUIECTBYET MHOMXECTBO Y (Ha3biBaGMOE MHOJCECMBOM B8b.00pa),
KOTOPOE COAEPNKHMT B TOYHOCTH TI0 OJHOMY IJIEMEHTY M3 KaKIOrO MHOMKECTBE,
SBJAMIOILETOCA JeMeHTOM X.

ITycrs B — HenycToe MHOKECTBO, f— QyHKius, 0T06pa>xa30ulaﬁ B 8 B,
W g — ¢yukuus, orobpaxawomas B B B. Ycnosnmes mucats X' BMecTo f(x)
M x (] y BMecTo g(x, y). Hasosem Teneps ynopsaouensywo tpoHky (B, f, &
Oyaegoli aazebpot, ecnn Ajns moOmX X, y ¥ 2 U3 B BuinosueHsl ycnoBus:

N xNy=yNx
MmxNunNa=xn»nz

(iii)x | ¥ =2 (] 2/ Torxa ¥ TONBLKO TOrAa, KOFAa X [ y==X.

Onn (x' N y) eBeenem oBosHauenne x |J y u OyneM nucaTb X <<y BMECTO
x {1 y=x. Jlerko mokasath, 4T0 2z [} 2 =@ (@' ana Mmobuix w, 2 u3 B;
Gynem oGosnauath sHauenne z ()| 2’ uepes 0. (He crenyer cmeiusath BBEneH-
Hele ceityac cumBosel [}, |J, 0 ¢ COOTBEeTCTIByIOIMMA CUMBOJAMH, NpuMe-
HAEMEIMU B Teopuu MHOKecTB.) Bsesem, nakonen, cumBoa 1 ans oGosHaueHus
0. Mo teneps umeem: z |J 2’=1 anaa moboro z u3 B, << sBaserca pe-
$rexcusnbiM wacTnynmm ynopsaouennem u (B, f, ) ects Oynesa aareGpa.
Hoearom n (B, J, & HasbiBaeTCA BCAKOE HENYCTOE TOAMHOMECTBO J mHo-
®ectBa B takoe, uto: (1) ecmn x J u y=J, 10 x JyeJ, v (2) ecn
*&Ju ye B, 10 x (| y e J. Ouesunno, {0} u B— nneanst. Beaxnit naean,
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OTANUHKA OT B, HaswBaercs cobcim8ennbim udearosm. Co6CTBeHHBIH uaean
HE3HBACTCA MAKCUMAABHHM NOEQAOM, €CAM OH HE CONEPHKUTCA HU B KAKOM
ApyroM coOcTBeHHOM mieasne. MOXKHO NOKa3aTh, 4TO COGCTBEHHHIN nmean J
ABJSICTCS MaKCHMAaJbHRIM TOTAa ¥ TOJBKO TOrAd, KOrna jaas moboro u n3 B
mbo u e J, mbo ' e J. U3 npunnuna Bnoane ynopsimouenns (M W3 ak-
CHOMH BHIOOpA) BHITEKZeT, uTO Kaxaas OyieBa anrebpa COOEPKUT MaKCH-
MaJbHHH HIO€aJa UAH, 4TO SKBHBAJICHTHO, BCAKUH cOOCTBEHHRA wuAeas RKJIOYEH
B HEKOTODHIH MaKCHMaJbHBIH uIea..

[Tpumep. Ilycrn B ecTs MHOMXECTBO BCEX NOIMHOXECTBE HEKOTOPOTO
MHOXecTBa X; mis Ye B nycte VY=X—Y, a aaa Y u Z us B nycms
Y 1 Z osnauaeT oOHYHOE TEOPETHKO-MHOXKECTBEHHOE MEPECEUEHHE MHONECTB
Y m Z Torna ynopsmouennas Ttpoitka (B,’, ) okaswBaercs Gyaeso#t
anre6poit. Poas 0 B B urpaer nycroe mHoxectso 0, a 1 ects X. Tlycts
i — TPOU3BOJBHBIR 3JeMEHT MHOXecTBa X W J, — MHOXECTBO BCEX NoOj-
MHOXECTB X, KOTOpHE He coxepxar #. Torma J, ecTh MakcuMaabHul naean.
Bonee neranpHoe u3AOKenue reopuu OyaeBmx aarebp cMm., Hanpumep, y
Cukopckoro [1960]

raasal

N cuncienue BbICKa3bIBaHHM

§ 1. Tpono3uuHOHANbHBIE CBASKH. UcrtunnocTnbie TaGanIbI

3 BbICKA3bIBAHUH (yTEM COEAMHEHUS UX Pa3/JM4HbIMHU criocobaMin MOKHO
COCTaBJIATb HOBBIE, 60NEE CAOKHBIC BHICKA3LIBAHKA. Mu Gynem paccMarpuBath
O/IHM TOJBKO UCHUIHHOCMHO-(BYHK YLOKAALHblE KOMOuHAUMK, B KOTOPBIX
UCTUHHOCTD WJIH JIOHOCTb HOBBIX BHICKaSblBaHUH ONPeneIseTca UCTHHHOCTBIO
Wi JOWKHOCTBIO COCTABJSIOMNX BLICKa3bIBAHNMA.

Ompuganue SBJASETCA OAHOH U3 TNPOCTEALINX onepauui Hajx BBICKa3bl-
padusMy. XOT B Pa3rOBOPHOM $3bIKE TO H/M WHOE BHICKA3BIBAHHE MOMKET
6bITh OTPMLAEMO MHOTMMH Cnoco0amu, Mbl 31eCh OymeM 5TO AeJaThb OJHUM
cnocoBoM, TIOMEILas 3HAK OTPHIAHHA | MEPEN BCEM BLICKA3bIBAHWEM. Taxk,
ecan A eCTh BbICKassiBaHue, TO |A o0o3HauaeT OTpUIaHUE A u uuTaercd
«HE A»>.

UCTMHHOCTHO-(DYHKUMOHA/ILHEIA XapaKTep OTPHILAHUA CTAHOBUTCA ACHHIM
43 PaccMOTpPEHHUst CACLYIOMmEd UCmMUHHOCMHOL mabanyot:

A 1A
W N
J U

Korza A uctunHo, A n0%HO; Koria A n0xHO, ]A ucTuHHO. Byksu U n
JI mel ynorpeGasem ana 0o0OSHau€HUs UCHUHHOCHHbBLX BHAUeHul: <UCTUHA»
U <JIOKb»,

Ipyro#i pacnpocTpaHeHHOM YCTRHHOCTHO-(DYHKLNOHAMBHOH  onepauuei
ABNSICTCA KOWBIOHKUUS: <>, KowbloHkumus Bhickasmpauu#t A n B Oynrer
o6o3Hauatbca yepes A & B, ona umeer CASAYIOULYI0 UCTHHHOCTHYIO Tabanuy:

A B A&B

4] |4 H
J 4] 3|
u J J
J Jl J

Brickasbisaune A & B HCTHHHO TOr4a M TOJALKO TOTAa, KOTA3 HCTHHHH 00a
BbICKasbiBauua A u B. BrickassiBaHus A U B Ha3bIBAIOTCA KOHBIOHK MIBHULMU
HaeHaMu unn waenamu Kowsouxyuy A& B. 3aMeruMm, uTO B UCTHHHOCTHOH
Tabauue gAsS KOHLIOHKUHH MMEIOTCA HeThipe CTPOKHM COOTBETCTBEHHO HHCIY
BOSMOXHHIX pacrpefe/aeHul UCTUHHOCTHBIX 3HadeHudl a1a A n B.
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B pa3roBOpHBIX f3bIKaX CBA3KA «RJIA» ynomeénnercné IOBYX DasinuHBIX
CMBIC/IaX — DA3NIE/IMTENLHOM W COEIHHUTENbHOM. B mepmom cayuae ytBep-
waenne <A wau B> 03HauaeT, YTO YTBEPKIAAETCH OAHO W TOJBKO OAHO H3
BhICKasnBaHu#t A m B, a BO BTOPOM cayuae — XOT Obl OIHO U3 STHX Bbl-
ckassiBanmft, [1As CBA3KM <«WJI¥» B STOM BTOPOM, COEAMHHTEILHOM CMBICHE
MH W BBEIEM CIIElMajbHEE 3Hak: \/. DTa onepauus HMEET CJaEAYOLLYIO
WCTUHHOCTHYIO Tabauiy:

A B AVB
no U 2
b “
M n "
aooa n

Takum .06pasom, A \/ B J0XHO TOrZa H TOABKO TOrja, korma n A u B
noxHbl. BrickasbiBanue <A \/ B» HassiBaeTca 0u3smoxKyued C Ou3sOHKmMUS-
HotMu daeHamu A v B.

YnpaxHeHHe

l'locrpomb UCTHHHOCTHY IO Taénnuy AAA <HIA> B PA3NEANUTECILHOM CMbICHe,

Ilpyro#t ‘BaHOH HUCTHHHOCTHO-(PYHKIIOHANBHON onepanmnell spasercs cae-
dosanue: «ecan A, 10 B». Cwmpicn  0o6wunOro ynorpe6/eHus 3fech HEdCeH.
Pasymeercs, BhICKasbiBaHne «ecan A, 10 B» 70%HO, Korma nocviaxa A
VCTHHHE, 4 3axandenne B noxno. OmHako B APYTHX CaAyuasX, NpH OObLIYHOM
ynotpe6GieHnn STOR CBABKH, MBI He MMEEM BIIOJIHE OMNPENENEHHOTO MCTHHHOCT-
Horo 3Hauenus.. HescHo, Hampumep, YCTHHHBIMHU M JIOXKHBIMH CJCLYET CuH-
TaTh BHICKA3BIBAHUS:

() Ecin 1-}+1=2, to Ilapmx ecth cTo/MLA Ppannun.

(2) Ecan 1-} 1522, 1o Tlapnk ects croanua Ppanunu.

(3) Ecam 1+ 13542, 1o Pum ects croanua dpanunn.
CMBICT HX HESICEH, NOCKO/NBbKY MBI NPHUBHIKJIY K TOMY, 4TO MEXAY NOCHIIKOH
¥ 3aKJIOUCHHEM MMeeTcs onpejenedHas (OOGBIUHO NPHYuMHHAA) CBA3b. Mbl ycio-
BUMCSl CUMTaTh, YTO «ecau A, T0 B» J0XHO TOTAa@ ¥ TOJBKO TOTH3, KOrAd
uctuaHo A u noxuo B. Takum o6pasoM, Brckasmsanun (1)— (3) Oynyr
cuntatbes ucTiHRbIMA. OG6o3HauuMm «ecau A, To B» uepes A D B. Dro no-
cJjelHee BHIpaXEHHE HasmBaercss umnauxayueld. Bort uctuunoctHas Tabnuua
g =

A B ADB

|7 |4 Y
J1 |2/ 4]
" J J
A J 4]
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Takoe YTOYHEHHE CMBIC]A BBHICKA3BIBAHUA <«€CIH A, To B» e nportuso-
peudt 0GHIUHON TIPAaKTHKE, CKOpee Jaxe ee pacmmpset *).

Vi3peCTHEIM OIPaBAaHHEM NPHBEICHHOW HCTHHHOCTHOH tabauupl a9 D
JoieT CAYKUTb HAllle KeJaHHe, YTOOHl BHICKAa3hiBAHHE «eCid A n B, to B»
ouo seerna uctunabiM. Tak, cayual, korna A m B WCTHHHB, ONPaBALBAET
nepsyto CTPOKY B HAWeH WCTUHHOCTHOH tabauue a1 O, MOCKOIBKY <A n
B> u B o6a uctunusl. Ecam A n0%HO M B uCTUHHO, TO <A H B» noxno,
s TO BpeMsi Kak B ucTuHHO. JTO COOTBETCTBYeT BTOPOH CTpOKE TaGauLH.
Hakownern, eciu A goxuo u B s10xHo, TO <A u B» moxHo u B nokuo.
10 MAET HAM YETBEPTYI CTPOKY TaGmuusl. Eme Ooubile yBEPEHHOCTH B
pasyMHOCTH HAIUEro ONpele’eHus MPHIAET HaM CMBICT TaKuX fpeaIoKeHnH,
xak, Hampumep: «[Las moGoro x, e€CiM X eCTh HEUeTHOE LEI0E MOM0KH-
TeAbHOE YACAO, TO X* eCTb HEYETHOE lIe]10e TOJOXKUTEIbHOE UACIO». 3IeCh
YTBEPHIAETCS, YTO IUIA moBOr0 X TpeNJOWeHne <«ecjHH X eCTb HEYeTHoe
e10e TIOJIOKHUTENbHOE YHCIO, TO X* eCTh HEuEeTHOE Ile/0e MOJNOKUTENBHOE
yuciao» uctunuHo. IIpM 3TOM MBI, Pa3yMeeTcs, HE XOTHM DAacCMaTPHBaTh Kax
KOHTPNIPUMEPH K HalieMy oOmeMy yTBEDKAEHHIO Calydad, KOrA2 X HE eCTb
HeueTHOE [eJ10€ TOJONKUTeNbHOE YHca0. DTo obecneynBaeTcss BTOPOH M ueT-
BepTOH CTPOKaMu Haiued TaGJuUBl HUCTHHHOCTH. Hakonen, waxan#l cayuai,
KOTAA X # Xx? CyTh HEUETHble LEeJbie MOJOKUTeNbHbIE UUCI3, MOATBEPHKAIET
name obmee yTBepiAeHne. DT0 COOTBETCTBYET MepPBOR CTPOKe Hauwleh Tab-
JIALLBL.

O603HauuM BHIpaXeHHe «A TOrAa W TOJBKO TOMA3, Koraa B» uepes
«A==B». Takoe BHpaXeHHE HA3HBAETCA JKBUBAAEHMHOCIEI0. OuUeBraHo,
A= B WCTUHHO TOrAa M TOJBKO TOra, Korja A u B uMeT OJHO N TO Xe
WCTHHHOCTHOE 3HaueHue. IIO3TOMY MBI uMeeM CJAEAYUlYlo HCTHHHOCTHYIO
Tabaniy:

A B A=B
|4 |41 %
Ji 1% J
U J1 J
Ji JI 14

*) VHorxa BCTpeYaeTcs HEKOTOPOE He MCTHHHOCTHO-(YHKUHOHANBHOE NMOHNMaHNe
BbICKa3blBanua <ecin A, 10 B», CBA3aHHOE ¢ 3aKOHAMH NPHYMHHOCTH. BrickaamBanie
<eCHM 9TOT KYCOK Hele3a MuidoweH B BOAY B MOMEHT BPEMeHH £, TO Xejeso pac-
TROPUTCA> paccMaTpHBaeTcs Kak JIOXHOe Jaxe B TOM Clyuae, eciad KYCOK Kenesa
HC TIOIO¥eH B BOAY B MOMEHT BPEMEHH f, T. €. Jaye ecIy Mmocklika aomHa. Jipyroe
HE HCTHHHOCTHO-(QVHKIMOHANLHOE YHOTpeGaeHHe CBA3KH «eCnd..., TO...» HMeeT
MECTO B TaK HA3blBaeMbIX KOHTP(AKTHYECKHX YCIOBHHIX TPENIOKEHHAX, TAKHX KaK
CoepxATeNbHO JIOKHOE BbiCKa3nBaHUE <ecan Obl c3p Baabrep CkoTr He Hanucan
HH ONHOrO poMaHa, TO He Gbiio 6b rpawmanckod Boitust B CUIA». Ilpu #erHtno-
CTHO-QYHKUMOHANBHOM TOIXOE 9TO BHICKA3bIBAHHE CIeI0BaR0 6bl MPU3HATh HCTHH-
HBIM BBHAY MOWHOCTH mochblakd. K cuactbio, MaTeMaTHKa W JOTHKAa HE HYXAATCA
B 3aKOHaxX NPHUMHHOCTH H KOHTPAKTHYECKHX YCAOBHbIX Mpexaoxenusx. [oxpobHee
00 ycaoBHHIX npejaoWeHMsxX ¥ Apyrux csaskax cm. Kyairn {1951]
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Cumoan 7, &, \/, D, = Gyne™ HasuBath nPpoOno3NUNOHANBHHMIL CBA3-
Kamu *). BCAkoe BHICKA3HIBaHHE, 1OCTPOGHHOE [PH NOMOULH STAX CBAI30K,
MMEET HEKOTOPOE MCTHHHOCTHOE SHAYEHHE, S3ABUCAINEE OT MCTMHHOCTHBIX 3HA-
YeHu#l COCTaB/IAIOUINX BHICKA3LIBAHUM.

Mst Oynem npumensts Tepmun nmponosuyuonassnas dopma pna suipa-
EHUH, NOCTPOCHHBIX U3 NPONoO3ULUONAAsHbX GyK8 A, B, C U T. 1. C 110MO-
U(bI0 NPOMNOSHIHUOHANLHBIX CBS30K. TOuHes:

(1) Bce nponosunuonaasubie 6yken (3arnraBHbie GYKBBI IATUHCKOTO aiga:
BHTA) U TaKue Ke OGYKBH C YHCJIOBBIMH MHAEKCAMH *%)) CYTb NPONO3HLHOHANb-
HBIE (hOPMBL. ,

(2) Ecin o u B — nponosnumonanbHbie dopmel, 10 (T e#), (of & RB),
(oA \| B), (o DB) 1 (oFf =B) — Toxke NPONOIUUHOHATLHHE ¢opMmbL

(3) Tousko Te BHpaweHHs HBAAOTCA NIPOMOSHULUHKOHANLHEIMA  (POPMaMH,
A7 KOTOpHX 3T0 caeayer us (1) m (2) *#%),

Kaxnomy pacnpenesenuio ncTHHHOCTHBIX 3HaueHn# NPONO3HLIHOHAAbHBIX
OYKB, BXOAUINX B Ty WJH HHYIO TPONO3ULHMOHANBHYIO (POPMY, COOTBETCTBYET,
COrIaCHO  MCTMHHOCTHBIM Tal/MIAM A5 NPONOBHIMOHANBHBX CBA30K, HEKO-
TOPOC UCTHHHOCTHOE 3HAYEHHE 3TOH MPONO3ULHOHAILHOH (GOPMBL

Takum o6pasom, Bcskas nponosuMOHabHAS opma onpeneaser Hexo-
TOpYyIo HCTHHHOCTHYI} (DYHKIHMIO, KOTOPas TPa(puyecks MOMKET OhiTh npex-
CTaB/JCHa WCTUHHOCTHOH TabuuueR [ 5TOH NPONOSUIKMOHAILHOH q:)Oprf;'f

Tax, nanpumep, nponosuunoHanbHas ¢opma (A YV B) D C) umeer cae- -

AYOULYI0 UCTHHHOCTHYIO TaG.uiy:

ABC (T4 1AV B) @V B0
MUH I 4 H
JUU U n H
MK J1 H
JJIHWU U U H
UWKna n H J
U U 4 J
Maa n J H
A0 U 4 Ji

*) Tpu BBENeHHH HOBBIX TEPMUHOB Mbl Oy/eM M36EraTh NPUMEHEHUS KaBblYeK,
€cau 310 He OyLeT BHI3BIBATL HelopasyMeHni. CTPOro roBops, B JdHHOM npej-
AOMCHHA B KABbIYKM CIEJOBANO B3ATbL Ka¥IYI0 cBA3KY (cM. Kya#in [1951},
cTp. 23 —27),

*¥) Hanpumep A,, A4;, A;;, By, Co, ...

*#¥) Muaue 310 onpefeneHHe MOMHO copMyaHpPOBaTL CHERYIOWHUM 06pasom: &
€CTb NPONO3UUMONANLHAS (POPMA TOrAA M TONLKO TOIAA, KOTA CYLIECTBYeT Takas
KOHEUHadA NOCNeNOBATCAbHOCTD o/ 1, 0F 2 .oy ofm YTO o p =% W LI KAKIOr0 i
(1 << i<<n) o ; sBAsCTCA MAHM GYKBOH, MM OTPHUAHHEM, KOHBIOHKIIMEH, TM3BIOHKIHEH,
UMIAUKaNMe# UM IKBHBANEHTHOCTHIO NPEJIIECTBYIOHX B 9TOH NOCAENOBATEALHO-
CTH BHIPaXeHHH. 3aMeTHM, YTO PYKONHCHble NaTHHCKHe 6ykBbl oA, B, & U T. I
YNOTPEOAAWTCH HAMM ANA NPOM3BONLHBIX BLIDAKCHHN, TOIAA KAK MEYaTHbIE NaTHH.
CKkHe OYKBbl NPHMEHAOTCA JNHINL KAK NPOTIO3MLMOHANLHBIE 6YKBbI.

§ 1. MPOTIOBMHUOHAJIBHBIE CBSI3KM. HUCTHHHOCTHBIE TABJMUbBI 23

31ech KaXA3 CTPOKA CONEPKUT HEKOTOPOE pacnupefeNeHHe NCTHHHO-
cTHBIX 3HaueHuf#t 1as O6ykB A, B, C u COOTBETCTBYIONIME HUCTHHHOCTHHIE 3Ha-
yeHusl, IPUHAMAEMHIE DABIUUHKIME TIPOTIOSHLMOHANBHRMY QOPMaMH, KOTOPHIE
BO3HUKAIOT NpH rmoctpoenun Gopmur (((7] 4) \/ B) o C).

Has popmst ((A=B) D ((71 A) & B)) ucrunnoctHas Tabauua Gyaer cae-

Aytoulas: .
AB (A=B) (14 (1A&B) (A=B)>(1A)&B)

U H |4 J J J
JH JI H 4] 4]
2] J1 ) J1 4]
JJ U 4] J J

Ecnn B NPONO3MUHOHANBHOR (hPOPME MMEETCs # PasaMuHBIX OyKB, TO TOrAa
BOSMOXHBl 2" PDasNMUHBIX pacnpeneseHud UCTHHHOCTHBIX 3HAueHMH [ast
Oyks W, CJe1OBATeIbHO, MCTHHHOCTHas Tabinua 118 Tako# GOPMH comep-
wut 2" CTPOK.

YnpaxHenune

[locTpoHTL MCTHHHOCTHBIE TaGAMHH I8 TPOMO3NUMOHAABHBIX GopM ((A > B)
VA u (A= (B2C)D(ADB)D(B>DC))).

CocrapieHue WMCTHHHOCTHOM TaG/HIBl MOXKHO COKDAaTUTh  CEAYIOUIM
o0pasom. Beimuiem ¢opmy, A5 KOTOPOH HAMO COCTAaBUTH HCTHHHOCTHYIO Tal-
anuy. Jlas KaXaoro pacnpenesieHns MCTHHHOCTHHIX 3HaueHu# TNpOno3numMo-
Ha/MbHHIX OyKB, BXONSIMX B JAHHYKO (DOPMY, TIOX BCEMH BXOMXICHHAMH KaX-
Hok ®3 3tHX OYyKB NOANHLIEM COOTBETCTBYIONIEE MCTUHHOCTHOS SHAUEHHMe.
3ateM war 3a HaroM mNox Kaxaol NPONO3HIHOHANBHOR CBA3KOH Oyaem BHmm-
ChIBaTb WCTMHHOCTHBIE 3HAaY€HM TOH COCTAaBASAWIIEH NPONO3HUUOHAALHOMN
bopMEI, 19 KOTOpOH 3Ta CB3Ka — raasHas *). Hanpumep, nan (A= B) >
D ((1A) & B)) mn nonyyaem

A =58 > (14 & B)
MU U JTHU MU
1 W W WU X
Ma 1 1u oW aan
AW o vuaaa

YnpaskHeHus

1. Hanucats coxpamensslec MCTHHHOCTHBIE TaBauibl ana (Ao B)&Au ((AV
V (30))53). '

- 3anmcath  creayouiMe  BBHICKa3WBAHAA B BHAE NPONO3ULHOHANBHBIX
Popw, yNOTpeGasAa NPONO3HUHOHANbHBIE GYKBH II8 0603HaYeHus aTOMapHbIX
\__

*) Caasuo#t ceaskom NPONO3NIHOHAALHON QOPMBI HA3bIBAETCA Ta CBA3KA, KOTO--
Pan upu nocrpoenuu hoDMB NNDHUMEHAETCA NocCaenHest,
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BbICKa3bIBAHMH, T. €. TaKUX BbICKAa3bIBAHMI, KOTOpble Yike He NOCTPOGHBI H3 KaKHX-
A060 APYrHX BHICK23bIBaHHH.

(a) Ecan wmucrep Ilkonc cuactaus, 10 muccuc Jimonc HECYacTauBa, U ecau
mucrep [lkonc necuacrams, 10 muccnc JkoHC cyacTauBa,

(b) Mlan Csm noitzer ua BeYepHHKY, H Makc He noiner ua mee; mam Cam He
TlofineT Ha BeuepuHky, n Makc oTaHYHO TpoBeneT BpeMms.

(c) Heo6xonumoe n mocratounoe ycaosme cuacTba ana mefixa COCTOHT B TOM
YTOGb MMETb BHHO, XEHUHH M ycaawiaTh CBOH CIyX TEeHHeM.

(d) Puopenno XOMHMT B KHHO TONBKO B TOM cayuae, KOrlia TaM NOKa3blBAaIOT
KOMe 1o,

(e) las TOro yt06H X GLIIO HeuyeTHHIM, HOCTaTOYHO, YTOOB X GHIIO NPOCTHIM.

(f) Heobxomumbim ycnoBmem CXOAMMOCTH MOCHeNOBATEAbHOCTH § ABIAALTCA
OTPAaHAYEHHOCTD §.

(g) Baatky naaratr Torza m TOABLKO TOrma, Korma TOBap NOCTaBlEH.

(h) <TCurantbi» Bhimrpaor npus, ecan «Xutpeus>» ceroans He BHIHATPAIOT.

(i) Ecan x mosoxuteasHo, 10 X* MOZOKHTENbHO.

’

§ 2. TasToxnoruu

" Hemunnocmuois oyuryueld or n ApryMEHTOB HA3HIBAETCS BCAKAA (yHK-
Ilud OT % aprymMeHToB, NPUHHMAWOWAs HCTHHHOCTHbie 3Hauends M wan J,
€0/ apryMeHTel ee mnpoleramT Te ke 3Hauenus. Kak Mil BHIEJH, BCSKas
TIPONO3HLMOHAIbHAd opMa onpeseser HEKOTOPYIO HCTHHHOCTHYIO hyHKLmIO *).
~ IlIponosuunonansuas (opMa, KOTOpPas MCTHHHA HE3aBUCHMO OT TOrO,
KaKue S8SHAYEHHUs [PHHMMAIOT BCTPEYAOUIMecs B Hefl NIPONO3KUIHOHA/bHbIe
OYyKBbl, HasLIBACTCAd MABMOAO2UCH. Iponosunmonaisuas ¢opma - ssasercs
TaBTOJOfHE! TOTdA M TOJBKO TOTAA, KOTAa COOTBETCTBYIOIIlaY HCTHHHOCTHAA
<pyﬂm’mﬂ NpHHMMAET TOMBKO 3HaueHue U, uan, uro 10 XKe, ecan B ee Tab-

© *) [aa Goaswmel ToyHOCTH CaenOBaI0 Gbi NEPeCYnTaTh BCE NPONO3UUHOHANbHbIE
OyKkBbl, Hanpumep, B nopaske A, B, ..., Z, Ay By ooty 24, A, ... Ecan Teneph HeKo-

TOpan . HPONMOSKUHOHAILHAR (QOPMA COAEPHKUT i1-10, ..., in-10 TIPOTNO3ULHOHANb bl e
6yxBhl M3 STOrO mMepecyera (rfe i; << ... << i,), T0 COOTBETCTBYIOIAA UCTHHHOC THaA
QYHKUUA JOAKHA UMETh CBOUMH APryMeHTaMH Xj»eer ¥ B TOM Xe HOpPAIKe, npu

. n
9TOM X’i CObTBETCTBYET { -l nponosnuronansHol 6yxse. Hanpumep, (A > B) nopoi-
J2€T UCTHHHOCTHYI0 (YHKILHIO

Xy Xg f(xy, Xa)
14 n- "
J1 17 U
" JI J
Ji J 14

B 10 spems kak (B D A) nopoxgaer HCTHHHOCTHYI0 P YHKUMIO

Xy X f(x,, x5)
14! “n 12!
Ji %1 Jl
17 J1 U
J1 J1 "

§ 2. TABTOJIOTUU 25

Aune WCTHHHOCTH cTonben moj caMOi NpONO3HUMOHaIsHOH (opMolt eocTouT
roapko u3 Oyks W. Ecmn (ef D HB) sBaserca TaBTo/OrMeH, TO rOBOPST,
yto o Ao2udecKu 8aetem B uan uro KB SHRASETCA A0ULECKUM CAedCm-
guer o (B WCUHCIEHWH BeICKasnBanulit). Ecin (ef =B) ecrb TaB-
TOI0THS, TO TOBOPAT, u4T0 e M B io2uuecKu SKBusarenmHus. (B WCUH-
cnenuy  BbICKaswiBanni) *). Ilpumepamn Ttaronoruit ssasotrcs (A \/ (7 4A))
(«3aKOH HCKMOYEHHOTO Tperbero»), (T(A& (74)) u (A= (7(7 A4))). Orme-
THM TaKxke, uT0 (A & B) nornuecku siaeder A, (A& (A o B)) aoruuecku BJe-
yer B, a (AD> B) u (1A)\ B) norudecku 3KBUBaAeHTHH. McTunHOCTHBIE
TaGMHUB AAOT HaM 9(EKTHBHYIO NPOUEAYPY A PEIUeHUs BOINPOCA O TOM,
ABJSETCA JM JNaHHAA NPONO3UUMOHAAbHAA (POPMa TaBTONOTHEN,

YnpamHeHns

1. Onpenenutb, ABIAIICA JH CICAYOULHE NPONO3HLUHOHANLHbIE POPMbI TABTO-
JOTHSAME:
(a) ((A> B) = B) o B);
(b) (A=B)=(A= (B = A))).
2. JlokasaTb WIH ONPOBEPIHYThb:
(a) (A= B) naoruveckn Baeuer (A D B);
(b) ("1 A) V B) noruueckn sxsusanentHo ((7] B) \ A).
3. loxkasath, 4TO o# M B JAOrHYECKH IKBHBAJEHTHH TOTAa W TOIbKO TOrAa,

KOrjpa B COOTBETCTBYIOUIUX HUCTHHHOCTHBIX Tabaunax .cToabusb Hox g{ H noxn
COBHAIaIoT.

IlponosunuonansHas  ¢opMa, KOTODas JO¥HA TPHA BCEX BO3MOMKHBIX
HCTUHHOCTHHIX 3HAUEHUSIX €€ MPONOSAUMOHANBHHKX OYyKB, Ha3HBaeTCA nMpo-
musgopeynen. Vicrnnuoctnas tabiauua mns Takoih opmel umeer B cToJOLE
nox stodl (opmo#t omHu TOMLKO OyKBH JIL

Mpumep. (A=(14).

A 1A A=014)
H Ji J
Jl u J

Hpyram npumepoM mnporusopeuns spasercs (A& (7 A)).

3aveTum, 4T NPONO3UNMOHaIbHAA GOPMA o SBJASETCS TAaBTOJOrMER TOraa
M TOMbKO TOrHma, Koraa (7] e#) ecrb NPOTUBOPEUHE.

BeickasbiBanne (s KaKOM-HUOyIb €CTECTBEHHOM f3bIKE, BPOJE DPYCCKOro,
W B KakoH-an60 dopMaabHOR TEOpuU **)), KOTOPOE NMOAYYAETCH U3 KaAKOH-
60 TaBTOIOrUM NOCPEACTBOM NOJACTAHOBKH BHICKASHIBAHMH BMECTO nporno-
SULHOHAALHHX OYKB, NMPH YCJAOBHH, YTO BXOXIEHHS OJHOH H TOH ke 6yKBBI
—_

*) B naavHeitimeM B 3To#l raaBe Mbl 6yiem ONMycKaTh YYacTBYIOU{HE B OHNpee-
J€HUAX CaoBa «B WCUYHCJIEHUHU BbICKA3bIBaHH».

**) Mon dopmanbHoft TeOpHel MBI NMOHHMAaeM BCHAKMHA HCKYCCTBEHHbIll s3bIK,
B KOTOpOM TOYHO OMHUCBHIBAIOTCA ITOHATHA <OCMBICIEHHOIrO BbIDAXECHHAY, aAKCHOMbI
M upasusa BeiBoma; cM. crp. 36 — 37. )
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SAMEMAIOTCA OAHMM M TEM K€ BbICKA3BIBZHMEM, HASWBACTCA A02UHECKH UC-
MuKKbLM (B UCUMCIEHUM BHICKashiBaHu#). O TAKOM BLICKA3MBAHUW MOXHO
CKasath, UTO OHO MCTUHHO YK€ B CHAY OJHOM TOJBKO CBOEH (hyHKUHOHAMbHO-
WCTHHHOCTHOR CTPYKTYpH. [Ipumepom moxer caykurs npeanowmenne pyc-

CKOro fI3blKa <«€C/AH MIET JOXAb HJIU HACT CHEr, B HE uget CHEr, TO nner“

[OANL», KOTOPOE MOXKHO HOJYYNTh NOACTAHOBKOH B TaBTOJOIMIO AV B &
& (1 B)) o A). Brickasnbanue, KOTOPOE MOMKHO MOJYYATh € TIOMOIILIO MOJ-
CTaHOBKM B TPOTHUBOPEUUE, HASHIBACTCA JL02UMECKI AONCHLIM (8 ucuucae-
HHY BBICKa3bIBaHHH).

Mu Tenepn ycranoBum Heckoabko Gosee o0uuX (hakTOB O TaBTOMOrHAX,

Mpennoxenne 1.1. Ecau of u (e D RB) ~ magmosozun, mo

— magmodaro2usl.

HLoxasareabcrso. Ilycte of u (e# D ) — rasroaorun. Iony-
CTAM, 9T0 NpU HEKOTOPOM DPaCHpefe/NeHUH MCTHHHOCTHBIX 3HaYeHuH s npo-
NOSHUUOHANLHBIX GYKB, BXOASWIUX B of U oB, B NpUHKUMAET 3HaueHue JI.
ITockonbky o ects rTaBTOMIOrHS, TO OpH TOM € pacupeicAeHUd WCTHHHO-
CTHHIX 3HaYeHMR o# npuHuMaer suavenne Y. Torga (e D B) noayuur sua-
uenue JI. Iro nporusopeunt NPEANOJIONKEHUI0 O TOM, 4T0 (o D HB) ects
TaBTOJIOTUS.

Npennoxenne 1.2, Ecau of ecms masmoao2us, codepiucauyasn
npono3uguonassusic OyKen Ay, As, ..., A, w B noaywaemcs u3 o noo-
CMAHOBKOA 8 of RPONOSULUOHAALHBLY dopu oty, oty ..., e, 8mecmo
Ay, As, ..., Ay coomsemcmeenno, mo B ecms masmoao2ust, m. e. noo-
CMaKosKa 6 masmoao2u0 npusodum K masmosoaul,

Hoxasateancrno. Iipeanonoxum, uro of ects TaBTOJIOTHA, U NYCTh
841aHO NMPOMBBOJNLHOE PACHPEAE/NEHHE UCTHHHOCTHHX BSHAueHHH s npormo-

SHUMOHAMBHBIX OYKB, BXOAAMMX B B, dopmun oy, ey ..., o, NpUMYT
TOrla HEKOTOPHIE 3HAYCHHS X, Xy, ..., X, (Kawdoe x; ecth W mum J); ecan
MBl PUNANHM BHAYEHHA Xy, Xg, ..., X, COOTBETCTBEHHO Gykpam A, Aoy ..., A,

TO pe3y/bTAPYIOWEE 3HAYCHHE oF COBNALET C WCTHHHOCTHRIM 3HAueCHUEM o
NP 331aHHOM pacnpenenennd 3HaueHudt Gyks, Bxoagmux B <B. Tak kak of
€CTb TaBTOJIOrHs, T0 <3 NPH STOM PaCHpeneeHUH 3HAYCHIH CBOMX apryMeHros
npumer suauenue W. Taxum oGpasom, oB scerna npumumaer snavenme W.
Ipeanoxenue 1.3. Ecau B, noaywaemcs u3 o, nodcmarnoskoii
B 6.mecmo 00H020 AU 60AbUE20 UliCAQ BXONCOEHUE oA , mo (e =RB) o
D (efy=PBy) ecms maemoanoaus; u, cae008amessHo, ecau o u B
A0UHECKU SKBUBAACHINKSL, MO €y U By MOJNCe A02UECKI IKBUBANCH ML,
Nokasateancrso. Paccmorpum mpoussoashoe pacnpeneiedue uc-
TUHHOCTHBIX 3HAYEHMH N/ NPONO3UUMOHAMLHHX OYKB. Ecin o u oB umeior
fIpH STOM pacnpere/cHU: NPOTHBONOJIOKHHIE 3HAYEHMS, TO (e =oB) npu-
HumaeT sHauenue Jl u rorna (e = B) O (e#y =RB,)) npuHIMaeT 3HAYeHUE
W. Ecan xe of n B NpuHUMAIOT OHO H TO K€ MCTHHHOCTHO® 3HaueHwue,
TO ONMHAKOBLIE HCTUHHOCTHHE 3HAYEHNUS PUMYT TaKKe ofy n By, NOCKO/bKY
1 OTIMYEETCHA OT oFy TEM TOJNLKO, YTO B HEKOTOPHX MECTAX BMECTO off
conepxur . Takum 06pasom, B 3TOM cayuae (o =<B) ectn U, (f=%B,)
ects M, & notomy u (o =MB) D (of ;= By)) ecty H.
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BeeneM HEKOTOPHE coraauenus o 6oJee 3KOHOMHOM yHOTPeSIEHHH CKOGOK
g 3anucax Gopmya IDTu cornaueHus 00JEryaT HaM UTEHUE CJIOKHHX BHPA-
wenn#. Bo-mepsmx, Mb OyaeM oOnyckats B ‘NPONO3MUMOHAAbHOH dopme
pHELIHOW napy ckoOok. (B cayuae mponosuuuoHanbHo Oykenl 3TOH BHeul-
nel mapel CKOGOK HeT no onpeneneHuo.) Bo-sTopeix, ecru opma comepxat
BXOXIAEHUSt TOILKO ONHOH Ommapuo#t cmsskn (T. e. D, =, \/ wm &), 10
A KOKIOTO BXOXICHHS 3TOH CBASKM ONYCKAOTCH BHEWIHHE CKOOKM y Toi
13 IBYX (OPM, COENUHSIEMBIX STHM BXOXKAEHWEM, KOTOPas CTOWT CJEBA.

MMpumepn. ADBDADC numercs BMmecto (((AD B)> A)>D0),
a B\ BV AV (CV A) mamerca smecro (B B)\ 4) V (C V A)).

B-TpeTbux, AOTOBOPUMCA CYMTAThb CBS3KH YNOPSAOYEHHBIMH CAEAYIOMMM
obpasom: =, D, \/, & 7| u 6yaem onyckarh BO BCAKOH NPONO3NIMOHANb-
noit (opme BCe Te napn CKOOOK, 6€3 KOTOPHIX BO3MOKHO BOCCTaHOBEHIE
5ToH (OPMH Ha OCHOBE Cjefyoliero npasuaa. Kaxnoe BXoxaenne anaka |
OTHOCHTC K HauMeHbIIed NponosunuoHaneHO# dopme, caenywouleidl 3a Bum;
N0CNe PAacCTaHOBKK BCEX CKOOOK, OTHOCAUIMXCA KO BCEM BXOXCAEHUSM 3HAKA
7, K@KIOE BXOXAEHHE 3HAKA & CBA3HBAET HauMeHbIHEe (POPMEL, - OKPYKalo-
e 5TO BXOXICHHE, 3aTeM (T. €. MOC/e paccTaHOBKH BCeX CKOGOK, OTHO-
CALIMXCS KO BCEM BXOXIGHHWSIM 3HAaKOB | M &) KaXAOE BXOXKIAEHHE 3HAKa
\/ cBA3BIBaET HauMeHbIHe (OPMBI, OKPYKAIOUIKE HTO BXOXKAEHHE, W NOmo6-
neM ke oOpasoM s D u =. [Ipn npumenenun 3Toro npasmaa Kk omHoM
¥ TOH K€ CBSI3KE Mbl NPOXBHrAEMCH CJ€Ba Hamnpaso.

ITpuveps. B gopve AV T1BDC=A cKkoGKI BOCCTAHABIMBAIOTCH
CJACAYIOINUMA W aramuy:

AV (OB DC=A

(AV(1B)>C=A4
(AV(OB)>O)=4
AV (1B)>CO)=A).

B kauectse ynpawkuesnsi nmpexaaraercs mokasath, uto D=C=A&D &
& B \/ 1D > B o6o03Hauaer

(D=0=((A&D)&B)\ (1 D)) > B)).
Onnako we Besikas Qopma MOmeT OwiTb 3amicana 6e3 ynotpeGaenns

cko6ok. Tak, HanpuMep, HaibHeHIllee UCKJOYEHUE CKOGOK HEBO3MOXKHO AAs
$opr A (B C), J(AV B), A& (B >O).

Ynpaxuenusn
1. Mckmounts Boamoxuo Goabluee WMCAO CKOBOK B dopmax
(B=(C10)V (D&A)=(B>B)
(((A& (1B &C) V D).

_ __‘?‘i Sogcraﬂosmb ckobkn B popmax C>O J(AVC) &A=B uCoADA=
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3. Ecin 10roBOpUTbCA nucath |o#, & o By V o# B, D AR 1 = ghRB
coorperciBenHo BMecTo (o), (e & eRB), (o \ B, (of D RB) B (o = B),
to cKOGKM He G6yAyT myxubl. tHanpumep, popma (((A)>D(BYV (11D))) s3anmwercs
temeps kak D |AV BTD. [llpeanaraem vuuTatemo 3anucare Io sToft cucreme
dopmy (AV (B&(1D)) 2 A)). Ecam xawayo u3 cBa3ok D, & V, = ouLeHHTH
ycaom - 1, KaXIy©o NPONO3UUHOHANbAYIO OYKBY — UHCIOM —1, a cBasky | —
nyaeM, 10 B 970/ Geccko6ouHOH CHCTEME 3aNKCH NPOHU3BOALHOE BRIPAKEHNE o
GyXeT Mpono3ulikoHanbHOM (OPMOH TOrAa M TOABKO TOLAA, KOIAa CyMMa OLCHOK
BCEX BXOXICHHt CHMBOJNOB B o-# paBHa —] M CYMMa OLEHOK BCEX CHMBOJIOB Kaxk-
70T0 COBCTBEHHOrO HauvalbHOrO OTpPe3Ka o HEOTpULATE]bHA.

4, OnpejeanThb, ABIAETCA IM Kawjas u3 caenylouwx popu TasTOJOrHEH, NPO-

THBOpeuYHeM HAM HH TE€EM W HH APYTruMm:

(a) A=AV Ay .

) A>B)>(B>C)>(AD ()X
(©) (A2 B)&B)D A

(d) (JA) > (A& B);

(e) A&(T(AV B))

() A>B)=(14V By

® (Ao B)="1(A&(1B))

5. Jlokasats, uto ecau o & ¢ ecTb TaBTONOrUA, TO TABTONOrUAMU ABIAIOICA
o u B, 1 UTO eCIH o €CTb TaBTOJOTHA, TO ANBu BN oF CYyTb Tas-
TOJOTHH,

6. Ilpumennts npennoxenne 1.2 paa cayyas, Koria o ectb (A& A) D Ay
oy ecto B&D u oy ectb 1B

7. llokasaTh, YTO Kauas U3 [EPEUYHCICHHEIX Nap COCTOMT W3 IOTHUECKN SKBH-
BANCHTHBIX (OPM:

(@ 1@V B n (1A &(1B)
() 1(A&B) u (A V (1B
(c) A&(B YV C)n (A&B)V (A&C)
(d) AVB&C) n (AV B)&(AV C)
(e) AV(A&B)n A
() A>B u (B> |A (bopma T}BD |A HasbiBacrca Konmpano3suyuer
Qopmsl A D B);
(®) (A&B)V (1B) n AV (11B);
(hy A&(AV By u A
(i) A&Bn B&A
) AVBun BV A
(k) (A&B)&C n A&(B&C);
() (AVB)VCu AV (BVC)
(m)A=Bun B=A
M) A=B)=Cu A=(B=C).

8 (Ipuunun ABOMCTBEHHOCTH)

t

(a) TlycTb o# ecTb MPONO3UILKHOHANLHAA POPMa, COAEPNKaAIas TOALKO CBASKH ‘

T & 8V, a bopMa o' moayuaercs u3 o 3aMmeHolt B ueit scony & Ha \/ u V

Ha & NOKA3aTh, UTO o7 ABISETCA TABTOMOLMeHl TOLAA M TOALKO TOrAd, KOrAa TaB-
Tonoruelt ssnsetca |o#Z. Orciona Aatee: ecin of D JB— TAaBTONOMMA, TO H

B D o' — TAaBTONOTHUA, U €CIH oA == JJ3 — TaBToNOrHUA, TO TaBTOJOrYed AB-
neTcA B o =cB. (Y kasauue. Mcenompsosars 7(a) u 7(b).)
{(b) Busectu 7(b) us 7(a) u 7(d) us 7(c).
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(c) Myctb o — NPoONO3KUKOHANbHAA GOPMA, COLEPKAILAN TONBKO CBA3KM |,
& V, a popma o2 * monyuaetca U3 o 3aMeHo#l B o Beoay & Ha \/ m o6paTHO
i K IOH NPONO3ULHOHANLHON OYKBb €€ OTPHUAHHEM; [OKa3aTh, 4TO QOpMe oA¥
jorvucCKl  SKBMBAXCHTHA (opMa Te#. PopMa o#* HaseiBaeTCA 0801cMEEHAOL
popne oF. HaliTy NpONOSHUHOHATLHYIO ¢opmy, nsokicTseHHYI0 (opme

(AV B &A&(IC V (A&C)).

9. [1ponosuiKonatbHas (popMa, Colepxallan T0AbKO CBAKY =, ABIAETCA TaB-
tofOlMYECKOM TOrJa W TOABKO TOrAd, KOrja BCAKAA NPOHNO3NNHOHANbHAA 6ykBa
BXOMUT B HEE UETHOE YHCAO pas.

10. (U e 1 1 o 1 [1938), X o 1 [1960])*). DnexTpuueckas nemb, COREPHALAA TOALKO
By XIO3MUMONHbIE NIEPeKM0YaTenn (APH ONHOM COCTOAHMU TIELEKAI0UATEN] TOK 4epe3
Hero MPOXONMT, NpH IPYroM — He MPOXONMT), MOMET OHTb NpENCTaBAeHa C Mo~
MOLIBI0 AMACPAMMbI, Ha KOTOPOil BO3fe KAaWIOro IepeKaoyarens NUmercs Gyksa,
MCTHHHOCTHOE 3HaueHHe koTtopo#t (VM wumm JI) cooTBercTByeT HPOXOMUEHWIO WA He-
NPOXOKICHNIO TOKA YEPe3 STOT NepeKmiouareb. Hanpumep, ycnosue, IpH KOTOPOM
tOK WHET 4epe3 KOHTYp, n3o6pameHusii Ha puc. 1, MOXeT OblTb BHPAKEHO C MO-
Mowblo  Nponosunmonasshol  popmm (A& B) V (C&TJA). Popva (A&B)V
V ((C V A) & T1B) upencrasaser uerb, H306paXKeHHYI0 Ha pHC. 2

\ \
A g
\ \
A “
Puc. 1.
A\ 6’\
D 6’\ -
. 18N
A
Puc. 2. i

Mpumenus ynpamuenne 7(d), (e), (g), (1), (I); Mbl MOMeM YOEAHTbCA B TOM,
lé(To 9Ta mocmepHsAa (Gopma Joruueck sxksusBanentHa dopmam (A& B) V (CV A)) &
(A&B)V B), ((A&B)V AV O &(A&TB), (AY O &AV B n
Hakonen, dopme A\ (C & 7|B). Takum 06pasoM, ceTb, H30OpAKEHHARA HA PHUC. 2,

A\

\ \
A 14
Puc. 3.

KB '
mTCl;Bagn:Hma 6onee npocroft cern, usobpameHHod Ha puc. 3. ([lse cetw HasbIBa-
BHBANEHTHBIMY, €CAH Yyepe3 OAHY M3 HUX TOK HIET TOrja M TOMbKO TOrNa,

Korjga .
coxe );(()H HIeT uepe3 APYrywo; u3 ABYX ceTeldl Ta cyuraercsa 6onee NpoOCTOH, KOTOpas
PXHUT MeHbLICe YUCIO nepekawyareneh.)

%
) Cw. taxe Wecrakos [194(], Si6aonckuit [1958].
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(a) Das uene#t, nso6paxeHHbx Ha puc. 4, 5, 6, MOCTPOHTL 9KBHBANCHTHM

um Gonee mNpoOCThie LelH.

(b) Ilycte kakabii M3 Tpex YNeHOB KOMHTeTa roJocyeT «3a», HAXHUMan H
xHomky. IocTpouts DO BO3MOKHOCTH Godee NPOCTYIO SNeKTPHYECKYIO LeMb, yepe
KOTOPYI0 TOK MPOXOXMI G TOrNa W TOALKO TOrN3, KOFNZ He MeHee LBYX WieHo

KOMHTETA rojoCyioT «3a»>.

6“ -
NN
\
¢ ~
v
18—
Puc. 4.
S S
N 18— e
70 18\ o>
Puc. 5.

A\
B I o A e
;\\ SN I

Puc. 6.

N

(c) TpeGyercs, uT06Gbl BKIIOUEHHe CBeTa B KOMHATe OCYUWECTBAANOCH € NO--
MOHIbIO TPEX PA3NHUYHBIX BHIKAOUATENeH- TakUM 06Pa3oM, uTOGH HaWaTHe Ha Mo-

6ol M3 HMX DDHBONMIO K BKMNOYEHHIO CBETA, €CIH OH Nepel 9THM Gbin BHIKJIIOYEH,
H K €ro BHIKIIOYEHHIO, €CIM OH OblM BKmoueH. [TOCTPOMTb NPOCTYIO uemb, YHOB-
nersoymomylo TaKOMY 3alaHHUIO.

11, BoiAcHUTh, ABIAWTCA AM CAEAYIOWHE PACCYMICHHS NOTHYECKH NpaBuib-
HBIMH; 111 STOrO NPEACTaBUTb Kaxloe [IpelOXeHHe B BUiEe NPONO3HUHOHAILHOR
(OpMBI U [POBEPHTDL, ABNAETCH JH 3aKNIOYEHHE NOTHYECKHM CHEACTBHEM KOHDBIOHK-
1IMH NOCBLIOK.

(a) Ecan Jdxonc — kommynuer, 1o IikoHe — atencr. Hikonc — atemncr. Cre-
IoBaTenbHo, JIMOHC-— KOMMYHHMCT.

(b) Ecau cTpouth mpOoTHBOATOMHBIE Y6eXHIa, TO ApYrie rocynapctea 6ynyr
YyBCTBOBATh Ce6A B ONACHOCTH, a HALl HAPOL NOAYYHT JOKHOE NPENCTaBIeHHe
0 cBOCH GesonacHoctH. Ecam apyrue cTpadbi 6YAyT uyBCTBOBath ceGst B ONACHOCTH,
TO OHM CMOT'YT HayaTb TNPCBEHTUBHYI0 BOHHY. EcaM Hall Hapon NOAYYMT noxuoe
IpencTaBieHHe o CBOCH 6e30MacHOCTH, TO OH OCAAGHUT CBOM YCHANMA, HaNpaBlIeHHble
Ha coxpanenne wmupa. Ecau xe we cTponts mpoTuBoatoMHBlE y6exuma, TO Mbl
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jcKyeM HMeTb KOIOCCalbHbie NOTEPH B CAYYAe BOHHM. Caenosarennno, au6o apy-

[ie CTPaHBl MOTYT HAUaTh MPEBEHTHBHYIO BOHHY, M Hall Hapo!l OCIa6MT CBOW YCHU-
ausl, HANPABIEHHBIE HA COXPAHeHWe MUPa, 460 MBl PHCKYEM HMEThb KOJOCCaAbHBle
notepu B cayvae BOJHbI.

(c) Ecam JlKOHC He BCTpevan STOH HOUBIO Cwmuta, o au6o0 Cmur 6uia yOuit-
wei, au6o HMxonc mxer. Ecam CMuT He Obin yGuilned, To onug He BCTpeyan
Cwuuta STO HOUBIO, M yGHACTBO uMeao wmecTO mMocae moayxoud. Ecnm y6uicrso
MMedo MECTO TOCHe MONYHOMH, TO au6o Cmutr O6ba y6uinest, aubo LxoHc axer.
CaenosatcasHo, CMuT 6bin yGufineit.

(d) Ecau xanuTajloBiOMEHHA OCTAHYTCA MOCTOAHHBIMH, TO BO3DPACTYT NpaBH-
TenbCTBEHHbIE PACXOAbl WuH BO3HHKHeT OespaGortmia. Ecam npasurenncrBeHHbIE

acXofbl HE BO3PACTYT, TO HAmOrM OyAyT cHmxkeHn. Ecau Hanorm 6yayr cHmxeHbl
i KaNnTaNOBAOKEHHMSA OCTAHYTCA MNOCTOSAHHBIMHM, To ©6e3pabormua He BO3HHKHeT.
Cnef0BaTeAbHO, MPABHTRALCTBEHHbBIE DPAaCXOAbl BO3PACTYT.

12, [IpoBepHTb COBMECTHOCTb KaMJAOI0 M3 MHOXECTB YTBepwIeHHH. [na storo
ipeICTaBHTh NPENIOKEHUA B BHAE NPONO3HUMOHANLHBIX (OPM U 3aTeM NPOBEPHTH,
ABASETCA AM UX KOHDBIOHKUHSA MPOTHBOPEYHEM.

(a) Jlu6o csumercap He 6bin 3anyrad, au6o, ecaum [eHpH NMOKOHUMA KH3HD
camMoyOH¥CTBOM, TO 3anucka Goiaa Hafinena. Ecam ceugerens Gnin samyran, to Ienpn
He MOKOHYMI WH3Hb camMoyOufictBoM. Ecan sammcka Obina nafimena, T10 enpu mo-
KOHYMJA XHU3Hb CaMOyGHHCTBOM.

(b) Ecnn Beuep cxyuen, 71O MaHm AJjHca HaYMHAeT NJIaKaTbh, MM AHaTONb
pacckaspiBaer cmemnbie ucropud. Ecam Cuapbsectp Npuxoaut Ha Beuep, TO MM
peuep ckydeH, HaM Auauca HauMHaer Mnaxkartb. Ecau AHaToab pacckasbiBaer cMem-
Hbie HcTopad, TO AMCa He HauuHaeT nuaxkarb. CHALBECTDP NPHXOIUT HA Beyep
TOrZa U TOAbKO TOrMa, Korfa AHAToIb He PaccKasspiBaeT cMelldble uctopuu. Ecau
Anuca HauMHaeT MAaKatb, T0 AHATOAb PAaCCKa3bIBAET CMEIIHbIe HCTOPHH.

(¢) Ecan xypc nenHsix 6ymar pacTeT HMAH HpOLEHTHAA CTaBKa CHHXAETCH,
To AM6O mamaer Kypc axuMif, aH60 Hajiorn He mosbimaloTcia. Kypc akuuil monu-
HKAETCA TOrAa M TOJbKO TOrJA, KOrZd PACTeT KYyDPC LEeHHHMX GyMar H Hajlord pactyt.
Ecnnt mpouedtHana CTaBKa CHHXaeTCs, To AMG0 KYPC akuMA He [OHMKAeTcdA, MUGO
Kypc uenHnix Gymar He pacrer. JIu6o nosbimaloTcsa Hazor, aAu6o Kype akuué rmo-
HHXAETCA W CHHKAeTCA MPOLEHTHAsa CTaBKa.

§ 3. Moanme cucremn CBA3OK

Beakas nponosuuuonansuas opma, comepxauias n NPONO3UUMOHAAbHHIX
OYKB, NOPOXAAET COOTBETCTBYIOUWYI0 WCTHHHOCTHYIO (YHKIMIO OT 1 apry-
MEHTOB. 3HaueHUSMH STHX APryMEHTOB M (yHKuum ssuasiorcs M («ucruna»)
i JI («<a0ib»). Jlornyeckn SKBUBAJIEHTHHIE (GOPMB NMOPOXKIAOT OAHY U TY
Ke (pyHkumo. EcrecTBEHHO BOSHMKAET BONPOC: BCE M HCTMHHOCTHBIE (DYHK-
IlMYA MOPOMAAIOTCS TaKUM OGPa3oM.

Mlpennoxenune 14. Beaxan ucmunnocmnasn PynKyus noposcoa-
glmwz \;tercomopoti nponosuyuonasbroll  gpopmodl, codepocauseli c8ssxu 7,

u'y.

Hokasareancrro. [lycte (X1, ..., X,)— DaHHas WCTHHHOCTHas
byHkuma. Ouesuino, f mower 6HTb NPEACTas/NeHa HEKOTODOH HCTHHHOCTHOM
Tabauuedt ¢ 2" CTpOKamy, rae Kaxjgad CTPOKAa COZEPWKHT HEKOTOPOe pacrpe-

ACNICHUE MCTHHHOCTHBIX 3HaueHHH 1A TEPEMEHHBIX Xy, ..., X, B COOTBET-
'ﬁTBylomee 3HaueHue f(x;, ..., X,). 3auymepyem CTpoku 5TOR TabJimusl
aTypansHeiMu uncaammn 1, 2, 3, ..., 2% IMycrs gas xaxgoro I mpu 1<

S o k / 1
SUI<2” C; 03HaYaeT KOHBIOHKILHUIO Ui &...& Uy, rae Uj ects A, ecan
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B /- CTpOKE MCTUHHOCTHO# Tabanum X, npuHuMaer 3Hauenue W, n Uj e
1A;, ecm x; npuuumaer 3uavenune JI. OGoanauuMm uepea D an3bionky
Bcex C; takux, yto ¢ynkuus f 8 I-B crpoke ucTMHHOCTHOH TaGauusl 1o
yaet sHaueHne W. (Ecam Takux cTpok Het, To f mcerna TIPUHUMAET 3Haue
Jl, u Torna nawel reopeme ynosnerBopser ¢opma A; & 1 A.) Hcrtunm -
Hast (yHKuws, onpegeasemas QopmoRt D, cosnamaer ¢ f. B camom ne
NyCTh AAHO Kakoe-HHOyIb pacnpegeseHne WCTUHHOCTHHIX SHaYeHm# s n
NO3MUKUOHANBHLIX OYKB Ay, ..., A, W NPEATIOJONAM, UYTO B MCTHHHOCTH
Tabmaue s f 910 pacnpesesenue MCTUHHOCTHHIX 3SHAYEHMH AJN X1, o
npeAcTasieHo B k-# cTpoke. C, HMeeT npu 3TOM pacrupeneeHHn 3Haye
W, Torma kak Bce ocraivusie C; umewoT anauenne JI. Ecau s A-# CTPOK
umeer 3Hauenne W, 10 C, ABASETCS IU3BIOHKTHBHLIM ugeHoM D m, cie
BaTEJbHO, NPH 3TOM pacnpenencHun D Towe nmeer 3Hauenme W. Ecau
k-# ctpoku f npunumaer 3sHauenme JI, To C, He ABJISETCH AM3BIOHKTHBH
uleHoM D w mad paccMaTpUBAaEMOrO pPacipene/eHHst BCE JUABIOHKTUBH
uieHsl [} mOpuHuUMaoT 3Havenwe JI, a caegoBaTensHo, u D NPHHAM
sHauenne JI. Urak, nopowaaemas Qopmo#i D ucTuHHOCTHAR
ects f.

Mpumepn.
(@) X

-

f(x1, Xq)

Sxsx
SS S
=SS

WUckomoit dopmoit D ssasercs (opma

(T4&A) V(A& TA)V (A& A

(®) X Xg Xa g (X1, Xg X3)
H 7] H 4]
g h H J1
n J1 n n
JI J %] 7]
n U J1 J1
J U Ji )|
H J J Ji
Ji J J n

Mckomolt dopmoit D smasercs ¢opma (4, & A& AV (A& T4, &A)
V (TA& A& Ag) \V (A1 & ] Ay & T Ay).

.y

dyuk
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YnpaxHenne

HalTy NPONO3ULHOHAILHYIO (GOPMY, COLEpXailylo TOAbKO cBsasku |, & n V/,
«oTOpasd HMEET CIENYIOUYI0 HCTHHHOCTHYIO Qyukumio f(Xy, Xs Xk

f(xl) Xay Xa)

SEOSSSSS R
SSESSSSSS g
SHEHSSSISI g
R

Canencteue 1.5, [ag awboil u3 caedywuux mpex nap C8130K
&u T,V u T, D a7 udaz aoboll ucmunnocmnuoll gynxyun £ cyue-
cmeyem  NPONO3ULUOHAABHAA (PopMa, coOepicau,as C8s3KU  MOALKO
u3 3adannoli napst u noposcoaiouan i

HNoxasaTenabcTBO. 3ameruM, uto A \/ B n0ruueckn 5KBHBaJEHTHO
7(17A & B). CrnenosareabHo, B cuay BTOpPOH wuactd npednoxenns 1.3,
BCSKAH NPOTOSUIMOHAbHAS (OPMa, COLEPKAILAs TOJBKO CBASKH &, AV
JOrMYECKY SKBMBAJEHTHA HEKOTOPOH nponosuupoHaibHoll Qopme, comepixa-
wel TOMBKO CBA3KE & W ] (MOJyuaeMoli saMeHOH Beex BHpawenuh of \/ B
Ba 7 (e# & 1RB)). OcranpHbie 4acTH AOKA3BIBAEMOrO CJAELCTBUS T10100HBIM
we o6pasoM CJEAYIOT U3 TaBTOJOrHiL:

AXB="T(14V 1B),
AV B=(A>25
A&B="1(A>D B
Mub ToAbKO YTO BHIeaW, UTO CYUIECTBYIOT Naphl CBSISOK, HanpuMep | u &,
uepes KOTOpsle MOTyT OHTb BHpaweHs (B cmbicae caeincrsus 1.5) Bce
UCTUHHOCTHBIE (yHKuME. OKasblBaeTCd, YTO TOrO Ke addexra MOXKHO

HOOMTBCY M C TOMOILBIO OMHOM CBA3KK ¢(KOH’br0HKum oTpuuaHuf), Koropas
8a4aeTC MCTHHHOCTHOH Tabanue

A B A|B
7 2 a
n u 1
U a ]
b J U

A|B uctunno TOrpa u TOMBKO TOFAA, KOrAa HE UCTAHHO A W He HCTHHHO B,
Herpyano sugers, uro dopun 1A=(A|A)n A&B)={A|A)|(B|B)
CYTe TasTONIOrMM, W nOTOMY, B cmay caeiactsas 1.5, 04HOM CBH3KW | mOCTa-
TOUHO LI MOCTPOEHMst BCEX WCTHHHOCTHHIX (YHKLM,

2 3. Menaeabcon
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Ilpyro#t CBA3KOH, TaKme ROCTATOUHOH AAs STOH LeaH, ABAAETCS CRA3
(nusvionkuua orpuuanuit wim wrpux eddepa) ¢ ucTuHHOCTHOH Taban

A B AlB

7 14| Ji
J1 H 4]
H B U
J1 N 7|

A[B MCTAHHO TOTAd M TOJLKO TOMA3, KOMAa HeBepHo, uTo A n B
HCTHHHBL JlOCTATOYHOCTh CBA3KA | CAEAYET U3 TaBTOJOruM _]AE(A"
n (AV B)=((4] A)[(B] B)).
IIpennoxenune 1.6. Eduncmeennsimu Gunapuoimu céssxamu, xa
0olf u3 Komopsx 00Cmamouro OAR NOCMPOEHUST 8CEX UCHUHHOCMA
Pyuryuil, seanomes ceasku | u |. :
Hokasateascrtro. Ilpeanonoxum, uro h(A, B) saserca mocrar
HOH B yKasaHHOM CMeicae CBagkoH. Ecmu 6m h (M, U) 6mao U, 10 a0
TNPONO3UIHOHAIbHAA (OPMA, MOCTPOEHHAS C TNOMOWIBIO TOMBKO JMWb N, np
uuMana Ow 3Havenme M, Korma BCe BXOZAMUME B HEE MPOMOBHLMOHAIL .
Oyksn npusnmaor 3Hauenve M. Caemosatenbo, dopma 1A He Moraa
OoiTh  BRIpaeHa Tonbko uepes h. Mrak, h (M, N)=J1. Anasoruuno no
uaem, uro h (JI, J)=MW. Takum oOGpasoM, Mb umeeM Tabauuy ‘

A B h (4, B)
M U iy

by u

Moo

J Ja “

Ecau BTOpOe u Tpere Mecra B CTos6ue 3sHavenmih h sToR Tabauum 3auaT
COOTBETCTBCHHO 3Hauenusmu W, U uaw JI, JI, To Mu NOJTy4aeM CBSI3KY | #
cBsisky |. Ecin e mna stux mecrax crour JI, U mwam Y, JI, To ¢op
h(4, B)="1B u coorsercrBedto h(A, B)= ] A OKasHBAaOTCA TaBTOM
rusmn. B oGonx cayuasx ¢ysxuus h sripaxena uepes 7. Ommuako cesiska |
HE ABJIACTCA JOCTATOYHOW B PACCMaTPUBAEMOM CMBICAE, TMOCKOJBKY €AHHC |
BEHHBIMIA MCTUHHOCTHBIMH ()YHKUWAMH OT OJHOU NEPEMEHHOH, KOTOpHe MOr
ObiTo BHIPakEHH uyepes |, ABAAIOTCA (DYHKIHSA, TONKIECTBEHHO PaBHAs CamMoO
NePEeMEHHOH, M OTPHUIlAHWE NepPEMEeHHOH, a, HampuMmep, (YHKIMA, TOWIEC |
BeHHO paBHas M, Hepbipasuma uyepes oTpHLAHME. :

YupaxxHeHHs

1. loxasath, 4TO KawcJian M3 map CBA3OK o, \ H 7}, = He aBnaeTca gocraro
HOM Juin BBRIpa¥(eHHA M0G0 HCTHHHOCTHOH (GYHKUHM. ‘

2. IlponosuuuoHansHas GOpMa HA3LIBAETCA OUSHIOHKMUBHON HOPMAAbHOL gop
MOU, ecin OHa sABAAETCA NM3BIOHKIMEH, COCTOAIel H3 OMHOrO WiIM 6olee OU3BIOHK
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HBIX UJEHOB, KaxAblh U3 KOTOPHIX ABAAETCH KOHDBIOHKUHEN OMHON MAH HECKOAbKUX
T”Znosmmouanbuux 6yks uam ux orpuuauuil, Hanpumep: (A& B)V (77 A&C),
Zp& B, (A&B& A V(C&IB)V(A&TC), A, AV (A&B). Popma naswiBaerca
KOHBIORKMUBHOL  HOPMAbHOL POopMOld, ecny OHa ABAAETCA KOHDBIOHKIHEH OIHOIO
jaH Goaee KOHDBIOHKTHBHDIX NACHOB, KAaMUIBIH W3 KOTOPBIX ABAAETCA AN3BIOHKUHEH
o0l MU HECKONbKHX TDORO3HUHOHANLHbIX 6ykB HIM uxX OorpuUnanui. 3ameTnm,
410 NPONO3HIHMOHANLHYI0 OYKBY ¥ €€ OTpUIlaHMe Mbl PACCMATPUBACM KaK (BbIPOK-
JeHHyi0) HM3BIOHKUMIO HAH KOHDIOHKUHIO. JlokazateabctBo npeanoxennn 1.4 ¢ax-
mueCKH ABAAETCA JIOKA3AaTeAbCTBOM TOrO, UTO BCAKAA NPONO3HIHOHANbHas dopma
pOrHuECKHd 3KBHBANEHTHA HEKOTODPOW AM3BIOHKTMBHOU HOpMaabHOR dopme. IMpume-
nssd 9TOT PE3YIbTAT K | o, HOKa3aTh, YTO o /NOTMYECKH IKBHBAJEHTHO TaKKe W
HeKOTOPOH KOHBIOHKTHBHOM HOpMaibHON Qopme.

3. Hality KOHbBIOHKTHBHYI0 U IM3bIOHKTHBHYI0 HOPMAaibHble QOPMEI, NOTHYECKH
gKBUBaNeHTHBIE GOpMaM

A>B)V(1A&C) n A=B&TA).

YxkasaHnue Yacro BMecTo T0ro, uto6b UCMONL3OBATH KOHCTPYKIHIO U3 NOKa-
3aTeabCTBa IIpednoxenus 1.4, ObiBaer ypnoO6Hee TIPHMEHHTb YyrpaxHeHde 7 Ha
crp. 28. B camom nene, 1uycTh, HanpuMep, naHa Gopma ((AD |B)&C)YV
vV (14=0). Yro6bl NONYYHTb KOHBIOHKTHBHYI0O HOPMAALHYI0 (OPMY, HCKIIO UMM
cavana > M =: ((MAV 1B&C)V (AV C)&(T]CV T A)). 3atem, B cuay

npaxuenna 7 (d), Mo oayuaem (JAV 1BV AV O &(TAV 1BV ICV 1A%
&GCVAVC)&(CV TCV T A), 4T0 AOrHYECKH 9KBHBANEHTHO KOHbBIOHKTUBHOI
HopmaabHod dopme (JAV TBY TJCY&(CV A). UYrobn noayunTb NH3bIOHKTHB-
HYI0 HOpMaALHYIO QopMY, Mbl TOXE CHavana uckaounm D n=: ((1A4AV 1B &C)V
vV {(TA&C)V (A& C)), a zatem, B cuay ynpaxHenus 7 (¢), nonyuaem (A& C) V
VB&C)V (1A&C)V (A& 7] C), uTo ROrMYEeCKH IKBUBANCHTHO NUIBIOHKTHBHOK
Hopuanpnoit gopme (JA&C)V ((1B&C)V (A& 7 C).

4, TlponosuunodHanphyo 6ykBy A U ee orpuiauue | A Oylem HasblBaTh .4lme-
pasamu OykBbl A. I3 BIOHKTHBHAA (KOHBIOHKTHBHAs) HOPDMaabHas GopMa HasbiBaeTCs
cO8epuleHHOl, €CHN HUKAKOH ee [IUIBIOHKTUBHLIA YIJeH (KOHBIOHKTHBHHIHR uleH) He
COJEPKUT NBYX BXOXACHHH NHTepanoB ONHON M TON e GYKBHI M ecan Bcsakas GykBa,
BXOJsUlas B OJMH K3 JHM3DLIOHKTHBHBIX UI€HOB (KOHDLIOHKTHBHBLIX YJIEHOB), BXOIMT
v BO Bce ocTanbHule. Hanpumep, 1u3bI0HKTUBHBIE HOPManbHbie GopMbl (A& A& B)
V(A&RB), (A&BYV A (A& 1A&B)\ (A&B) He aBIAOTCS COBEPUICHHbIMH,
a dopunt (A&TIB)V (A&B) u (A&B&1C)V (A&B&C) V(A& 1B&C)
ABJAIOTCA COBEPIIEHHbIMH AM3bIOHKTHBHBIMH HOPManbHbIMM Qopmamu. Haiitu cosep-
LIeHHbIe AM3BIOHKTHBHYI0 W KOHBIOHKTHBHYIO HOPMaibHbie QOPMBI, JOCHYECKH IKBH-
sanentHele popmam A=(B& 1Ay u (A>B)V (1A&C). Hdokasarb, uro BCAKan
HenporysopeyuBas (HeTaBTONOrMYECKas) NPOMO3HUMOHANbLHAA POPMA o NOrHYECKH
S9KBUBANEHTHA HEKOTOPOHM COBEPIICHHON IM3BIOHKTHBHON (KOHBIOHKTHBHOI) HOp-
MarbHolt dopme F B uro ecaum F COREPHHUT B TOYHOCTH 7 OYKB, TO o ABAAETCA
TaBronoruet (npoTuBOpeuyHeM) TOrLa M TOAbBKO TOrAa, KOorja JF COCTOMT H3 27
ANIBIOHKTHBHBIX (KOHDIOHKTHBHBIX) YNEHOB.

5. Hekas crpana wacesema muTeasmn, Kawib u3 KoTopnix au60 BCeraa
POBOPUT npasny, mu6o BCerxa mKeT W KOTOPble OTBEYAIOT Ha BOMPOCH TOALKO
lOCPENCTBOM  ¢fa» HaM <HeT». K pasBMAKE JOPOr, U3 KOTOPHIX OJHA Bejget
B Croanuy, a agpyras Tyla He NPUBOIMT, NPHUXOAMT TYPHUCT. HHUKAKNX B3HAKOB,
YKA3hIBAOWNX, KaKYIO jopory cnenyer- snbparh, IPH pPassBHiKe HeT. 3aTO 3lech
CTour mectnmit wutens, Hexto rocnommn P. Kako# sonpoc, Tpebyownii oTBeTa
“Md» Unu «HeT», NMOMmKeH 3aJaTh MY TYPHCT, 4TOGH BHIGPATH HYXHYIO €My HOPOry?

Kasamue. [lyctb A 0603HayaeT BHICKA3BIBAHHE <rOCMOAWH P BCeraa roBo-
PHT npaenys, a B 0603HauaeT BbiCKa3LIBaHHE <lopora, HWAYyllaa HaaeBb, Bemer
5 cromuny». C nomompio moaxomsmed HCTMHHOCTHOH Ta6mHilbi [OCTPOHTh TaKYIO
“DOHOSHHMOHaanym tbopmy, couepxamyio A u B, yT06bl OTBET MECTHOIO XUTENs
Ha monpoc, ucrnhna au ara NpONO3KIKOHaNbLHas (opma, riaacua <ja» Torjga M
TOaBKO TOrga, korma B mcTHHHO.

O
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§ 4. Cuctema aKCHOM AJsi MCYUCJIEHUS BbICKAa3biBaHUi

2

WcrnaHoCcTHBIE TaOauuel NO3BOIKIOT OTBECTHUTbL Ha MHOTUE BawKHLIE BOHpOCHY;»

KaCAIOLIMECs NCTHHHOCTHO-()YHKIMOHANBHBIX CBSI30K, B TOM UHCJE TdKHE, Kak’
BONMPOC O TOM, ABJAETCA JU NdHHAs NPONO3MUMOHATbHAA (POPMA TABTOJOrHel;
NPOTUBOPEUYMEM WJM HU TEM U HU APYFUM, BJEYET JHU OH4 JOTHYECKH apy<
TYI0 N@HHYI NPOTOSULHUOHANLHYIO (POPMY MM ABJSIOTCA JH JBE€ (GOPMBE a0
TUYECKM 3KBUBANEHTHBIME ADPYT APYTY. f

Bosee c/a0xHBIE BONPOCH JIOTUKH, KOTOPHIMH Mbl B JajibHelileMm 3af
MEMCA, Y€ HE MOryT OBITb pelleHs C TOMOHIbIO MCTMHHOCTHBIX TaGmu
WIM C TIOMOUIBI0 KaKHX-11OO0 APYruX NOZOGHBIX 3(GHEKTUBHEIX TPOHERyp.
ITosTomy mamu Oyzer paccMOTpeH APyroft METOM — METOL, (pOPMANBHEIX TEO<
puhi. XoTs, KaK Mbl BUIEJH, BCE OCHOBHbIE BONPOCH, BO3HHKAILINE B JOCHKE.
BHICKa3biBAHUHA, MOTYT OBITh PEIIEHH METOJIOM HCTHHHOCTHBIX TaO.IMIl, MOYYH~.
TeIBHO GyNeT NPOMITOCTPUPOBATh AKCHOMATHUYECKMH METON W Ha 5TOH Npo-
CTOll BETBU JIOTUKH.

Dopmarsras (aKcuomamuteckas) meopus & CUHTAETCA OUPELENEHHO
€C/H BBINOJHEHB CASYOIULNE YCIOBUS:

(1) 3amano HEKOTOPOE CUETHOE MHOXECTBO CHMBOJIOB — CHMBOJIOB TEQ<:
pun & *). KoHeuHbie MOC/CNOBATENLHOCTH CHMBOJIOB TEOPHU & HABHBAOTCA
BHLPANCEHUAMU TEOPUN &F .

(2) Umeercss nOAMHOXKECTBO BHIP@KEHHH TEOPUH &, HA3BBAEMBIX ghopaty-
aamu teopun &, (OO6mUHO uMeerca s¢peKTrBHAas NPONEAYPa, TO3BOJRIOLLA:
MO NaHHOMY BHIDAXKEHUIO ONPEAEUTb, ABJIAETCA J¥ OHO (HOPMYIOH.) \

(3) Brigeneno nexoropoe MHOXECTBO (DOPMYJ, HA3LIBAEMBIX aAKCUOMAMI'
Teopun . (Yaule BCEro MMEETCA BO3MOXHOCTb 3()EKTHBHO BHISACHATH, SIB-
ASETCA M HaHHas (OPMYyJa Teopun & aKCHOMOH; B TaKOM cayyae & Hagbl-
BaeTCst 3(MPEKTUBHO aAKCUOMAMUIUPOBAKHOL, WA QKCUOMAMULECKOU Teo-'
pmet)

(4) Vmeercs xoHeuHOe MHOWECTBO Ry, ..., R, oTHomeuni Mmexay ¢op-
MYyJ/aMH, Ha3BIBACMBIX MpaBuiamMu BbBOJA. [lasi kawjaoro R; cyniecteyer uenoe
TOJIOKUTENBHOE [ TaKOe, YTO [IIs KAKAOTO MHONECTBA, COCTOSMErO U3 f
dopmys, u mns Kaxao# GopMys o SP(PEKTUBHO PElaeTcs BONPOC O TOM, .
HaXOMATCsA /i1 JaHHbE J dopMyn B oTHomenuu R; ¢ dopmynoi o#, u ecan
13, TO o Ha3BIBACTCH HENOCPedCHBEHHHbIM CACICHBUEM NAHHEIX j dopmya
no npasuay R;. ‘

Beigodon 8 & HasbiBaeTCA BCSIKA MOCJEI0BATENLHOCTh oy, cons g
¢opmys1 Takas, uro Axs Jawboro i ¢opmyna o#; ects aM60 akcuoMma Teo-
pun &, b0 HENOCPENCTBEHHOE C/ACICTBHE KaKMX-JHG0 npensIymux ¢op-
MyJ N0 OAHOMY K3 TPaBuJ BBIBOJA. ;

Popmyna o Teopun -’ naskBaeTca meopenoti Teopun &, ecan Cyiie-
CTBYET BLIBOX B &, B KOTOPOM MNOCJefHEH thopmyno#t aBasercs o#; TakoH
BBIBOJI HA3BIBACTCA 65680004 opmMyas oA .

3

*) B KavecTBe TaKHX CHMBOIOB MOPYyT 6paThCa NpPOHM3BOJbHBIE, A BOBCE He
06:3aTeNbHO IMHIBHCTHYECKHE OGDBEKTHI,
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Tlawe B chaydae 35QEQEKTUBHO AKCHOMATUSUPOBAHHOW Teopun &, 1. e

gorja HMeercs s(dexTHBHAsS Tpolenypa Md ONpeaeteHus, SBJIAETCS JH
pauHas GOPMyJa aKCHOMOH, TIOHATHE TEOPEMBbl HE 00s13aTeIbHO H(PDEKTUBHO,
w60, BOOOUIE FOBOPS, MOXET ¥ HE CYUIECTBOBATh 9(P(HeKTHBHOH NpOUENYPH
(amopmMa), no3BOAAIONLEHl Y3HABATH MO [aHHOH (POPMYJE, CYUIECTBYET JH
ee BHIBOA B &”. Teopus, AN KOTOPOH TakoH ajrODUTM CYULECTBYET, HA3H-
pactcs paspewurolf, B TPOTUBHOM Clyddae TEOPUs Ha3BIBACTCA Hepaspeuli-
yoti. I'py6o roBops, paspeillnMmas TEOpHsS — 3TO TaKas TEOPHUs, 1 KOTOPOHA
MokHO U300PECTH MaiukHy, HCTLITHBAIOUYI (OPMYyJsl Ha CBOHCTBO ONTh
reopemMofi 9TOH TEOpUM, B TO BPEMS KaK /s BHIMOJHEHHA TOH XK€ 3axauu
g HepaspelwuMo#t Teopum TPEOYIOTCA BCE HOBBIE UM HOBHIC HE3ABACHMHIC
akThl U300PETaTEeNhCTBA.
o d)opmyga o wasmBaetcs caedcmsuenm B & muoxecrsa popmya I' Torna
4 TOMBKO TOMN3, KOMAA CYULECTBYET TaKas NOCJENOBATE/bHOCTh thopmya
oAy vvy ey UTO o, eCTh o#, N ana moGoro i o#; ecth b0 aKCHOMa,
aubo aaemeHT I, b0 HEnocpencTBEHHOE CJAeNCTBUE HEKOTOPBIX MPEeNbLAYIIHX
¢opMya 1O OIHOMY U3 NPABMI BHIBOAA. Takas noC/Aen0OBaTEIBHOCT Ha3H-
gaetcs 8u800om o us I. Unenw I' HaswBaoTCA 2unome3amu Win ROCHLA-
wamu 6m8oda. JLas CcOKpaumieHns yTBEPWIAEHH <«o# ecTh caeacteue I'»
me Oymem ynorpebasts 3anuck I' |- oF. UToObl nsOexars MyTaHMIB TaM,
rae OyAyT paccMaTpUBAaThCS HE OfHA, d& HECKOJbKO TEeopuid, MBI Oynem
ynotpebusith 3amuck ' —g o, yKasbiBas HMHIEKCOM Ha TO, O Kaxo#
Teopud uger peus. Ecau wmuowectso I' komeuno: I'={Bj, ..., &B,}, 10
svecto |y, ..., HB,} |- o wn Gyaem nucath By, ..., B, — . Ecan
I' ecrp nycroe muoxecrso 0, 1o I'|— A uMeeT MecTo TOrIa # TOJBKO
Torfa, Korga o sBaserca Teopemoil. Bmecto 0 o npuHATO nucath
npocro | o#. Takum 00pasoM, |— e# CIyxHT COKDAUEHHEM YTBEPKACHUA
<o eCcThb TEOpeMar.

IMpusegem HECKOJBKO TMPOCTHIX CBOHCTB
NOCHLIOK.

(1) BEcm ' A u I'|- o#, T0o A|— oF.

(2) T~ o# rorma u Tompko Toraa, xorga B I' cymecryer KoHeuHoe
NOAMHONECTBO A, st KOTOporo A {— o#.

(3) Ecu AL-o# wm I"I——o% st moboro B H3 MHOkecTsa A, TO

.

fIOHSITUS1 BBIBOJAWUMOCTA U3

Ceoticreo (1) Brpawaer TOT (aKT, YTO €CAHM @# BHIBOJMUMO N3 MHO-
KECTBa noceiaok I, TO OHO OCTAHETCS BHIBOAMMBIM, ecam Mel no6Gasum k I'
HOBbe Tochuikd., YacTb «Torma» yreepskiewus (2) serexaer us (1). Hacts
<TOJLKO TOFZA» ITOTO YTBEPWACHNS CTAHOBHTCA OYEBMIHOH, €C/i MBI BCTIOM-
HHUM, YTO BCAKMA BHBOM o U3 I' NCNOJb3YET /UL KOHEUHOE UYUCJIO MOCHIJIOK
us I'. Becbma npoct u cmbica ytBepkaeHus (3): eciu o BHBOIMMO U3 A u
Kaxcnas comepxamascst 8 A dopmyna susomuma n3 I, 10 o# BeiBoguMO U3 I

Mu BBenem Ttenepn dopManbHyO akCHOMaTHYECKYIO Teopuio L mma ucunc-
JICHAST BRICKA3LIBAHMUH.

(1) Cumponamu L sasiorcs |, O, () u OykBsl A; C UEABIME MOJOKH-
TCILHBIME ydc/aMu B KauecTBe HHAEKCOB: Aj, A As ... CuMBoan 7| v D
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Ha3LIBAIOTCA NPUMUMUBHbLMU CBA3KaMU, a OYKBh A; — nponosugtonans-:
HBLMU CyKsamu. :

(2) (a) Bce nponosnumonanbune Gykssi CyTb (OpMYy.ibl. '

(b) Ecmm of n B — popmyar, 10 (1e”) 0 (e D H)— tox

Gopmyas *). Taxkum o6pasoM, Bcakas d¢opmyaa Teopuu L ects nompocry
NPONO3MNHOHAMBHAS (HOPMA, NOCTPOEHHAS M3 MPONOSMIMOHAIBHBIX 6yks A
C MOMOILBIO CBH30K | B D. ) . i

(3) Kakosnl Gbi un Gotin popmyant o, B u & Teopun L, caeayioma
dopmyan cyTh akcuomml L: '

(A1) (e D (B > A))
(A2) (e D(BDE) D ((f DH) D (e D BY));
(A3) (18 D Ne#) D (18 D of) D BY).

(4) EnuHCTBEHHBIM TDPaBHIOM BHBOAA CAYXMT Tpasuao modus ponens:
B eCTb HENOCPENCTBEHHOE CICACTBHE of U of > B. Dro npaBuiao Gyzem
COKpamenHo o6osHauats uepes MP. k

Mb Gynem npunmepwuBaThCs HALIMX COLMAWEHHH OTHOCHTENbHO HCKIIO-
ueHus CKoOOK. ;

OTmernM, YTO GECKOHEUHOE MHOXECTBO aKCHOM reopun L samano ¢ mo-’
MOULbIO BCEro Mulib Tpex cxem awcuon (Al), (A2), (A3), kawaas us koro--

PHX nOpokaaET OECKOHEUHOE MHOXECTBO aKcHOM. Jlas JmoGoH dopmyan |

ACTKO NPOBEPHUTb, SABJAETCH JIM OHA aKCHOMOH, M, TakuM oOpazom, L ects
5((EKTUBHO AKCHOMATH3HPOBAHHAA Teopus. Mbl CTaBuM CBOEH uesblo 1no-

cTpouth cucremy L Takum o6pasom, utobm kiaacc scex ee TEOPEeM COoBMa- "’
Jan ¢ KJaccoM BCeX TaBTOJOTHH.

Beenem ocranbhble cBA3KM C NOMOMBIO ClEmyIOWEX ONpexeeHHi:
(D1) (# &B) osnavaer (e D B

(D2) (e# ) H) osnauaer (ef) D B,

(D3) (o =B) osnavaer (of D RB) & (B D o).

Cueicn onpenenenus (D1), nanpumep, coctout B TOM, 4TO, KakoBhl Obl Hu

Ounn popuynn o u A, (ef &MB) cayxur 0603HaveHHEM s (e D
> 1F) #¥).

*) Mas Goablueli TOWHOCTH Mbl NOMKHB GbinH Gbi N0GaBHTL €Il€ TAK Ha3bi-
BAEMBbIA BAKMOUMTENLHBIH NYHKT: (¢) Bbipaxewne spagercs tGopmynot Torma u
JONLKO TOrJ3, KOrJa 9T0 MOXeET ObiTh YyCTaHOBICHO C MOMOLLLIO IMYHKTOB (a) u (b).

3Jt1o0 OIlpeieleHHe MOXKHO CHedaTh CTPOrnM, B3sAB 3a 06paseu onpeneneHue U3 npu-

MeuaHns ¥*¥) ga crp. 22. .
**) Korza Mbl rOBOPHM, YTO (o4 &) caymur 0603HaveHHEM A Tk = 7B,
Mbl TIOX STHM TOHHMaeM, 4T0 (o# & o%B) BHOHPAETCA B KaueCTBE HOBOIO HA3BaHMs
B PyCCKOM f3blke (MAn B n1060M APyroM sssike £, Ha KOTOPOM, GbiTh MOXeT, cay-
UATCA TOBOPUTL O TeopuH L) ama Buipamenns 7 (off D | o%3). 3aMeTHM, YTO B Ka- -
YECTBE Ha3BaHHA BHIDAMEHHsA, NOCTPOCHHOTO IOCPENCTBOM HPUNHUCHIBAHUA pAnom
KaKHX-IHG6O NDYIHX BHIPAMEHHH, Mbl YNIOTPeGUseM BhIpaweHHs M3 pPyCcCcKoro savika
(nam asmka L), MOCTPOeHHbie ¢ MOMOMIhIO NPUTIHCHIBAHHA PALOM HA3BaHHH 3THX
APYUHX BbIpaMeHUH; NPH 9TOM Mbl yNOTpeGasem CKOGKH M CBASKH KaKk MX cOGCT-
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Nemuma LT |-Lef De# 042 awboi dopmyas of.
Nokaszatenbctso¥*). Hocrpoun BuBOR PopMyan oZ D e# 8 L.

(1) (& D (f D ef) D o)) D (ef D (f D eo#)) D(ef D ef))
(noacraHoBka B cxemy axkcnoM (A2))
(cxema axcuom (A1))

@3 (1), (2) no MP)
(cxema akcuom (Al))
(n3 (3), (4) no MP)

@) of D (F D ot) D o)

(3) (e D (f D e#)) D (oHf D o#)
(2) of D (ef Do)

(5) of Dt

BeHHbIC HA3BaHM#A, HCKIOYAA, Pa3yMmeercs, Te CAyYaH, KOLa 3T0 MOXET MPHBECTH
k uegopasymennio. Hanpumep, ecanm o# ectb Hasanue Bhipamenns (A; = As) H B
ecTb HasBanue sbipaxenus (] A,;), 10 (o D JB) Mbl NpHMEHAEM KaK Ha3BaHHAe
spipaxennd ((Ay D Ag) D (T} Ay)). ITH coriamennss HPELCTABIHOTCA COBEPIIEHHO
eCTeCTBCHHHIMH UM HE 3aMevaloTcs 6OAbIIMHCTBOM JAIONEH, €CAH SBHO HA HHUX He yKa-
3aH0. 3a JanbHEHIIHUMHU Pa3bACHEHHSAMH 110 3TOMY BONPOCY Mbl OTCHLIAEM YHMTATENS K
o6cymaenuio kBasnoGosHavenntt y Kyatina (Kyaiin [1951]) m aBTOHHMHHX cHM-
poaoB ¥ Kapuama (Kapwuan [1934], §§ 4 n 42); oM. rakxe Poccep [1953],
ra. I; Cannc [1957], rnasa 6; € pu [1956], Beenenne u crp. 69—71.

*) Cnoso «<prool» ynorpebaserca B ABYX PA3THUHLIX CMbICAax. Bo-mepBuix, oHO
ynotpe6iseTcs B HEKOTODOM, ONpENENEHHOM BhILIE, TOUHOM CMBICIE, KAK Ha3BaHHe
A CHeLHATbHOTO BHIA KOHEUHBIX MOCJAef0BaTENbHOCTEH hopMyn Teopuu L («BniBox
8 L»). B Apyrom cmblcie OHO O3HAYaeT MOCAEHOBATEALHOCTb MPENNOXEeHUN aHrTuii-
CKOTO #3bIKA (IOTONHEHHOTO PA3TUYHBIMH TEXHUYCCKHMM TePMHHAMU), O KOTOPON
UpeNONAraeTCs, YTO OHA CIykHT 060CHOBBIBaIOLLCH apryMeHTauHeR B NMOABAY TOro
WIH MHOrO YIBEPWIEHMs O Teopud L (Mam xakoif-uuGyan apyroit dopmanbHOH Teo-
pun). BooBuie a3piK, KOTOPHI MbI H3yyaeM (B HaHHOM cayuae sasblk L), HasbiBaercs
ASLLKOM-00BEKNIOM, & A3BIK, HA KOTOPOM Mbl (DOPMYIHPYEM H IOKa3biBaCM PA3MUYHBIE -
pe3ynbTatet 06 3TOM sA3LIKE-0GBEKTE, HA3LIBAETCA MEMAAILIKOM. JTOT METas3bK
cam mor Oul 6bith GOpManu3oBaH U CTaTh NPEAMETOM HCCAENOBAHHSA, KOTOPOE B CBOIO
Ouepelb NPOBOAMIOCH Gbl B HEKOTOPOM MeTan3bike, M T. X. XOTa AnA CyumiecTBeHHON
YacTH ITOH KHUTM UCTOJb3YeTCs NHINb HeKas MaTeMaTHYeCKM y3KaA 4acTh aHrAHi-
CKOrO A3bIKA, Mbl Te€M He MeHee GyIeM pacCMATPHBATh AHFIMICKUN fA3bIK KaK Haly
{HeopMann3oBaHHBIN) MeTan3bik, PasHuNa MeMIY A3LIKOM-O6bEKTOM M METAA3BIKOM
XOpOIIO BHJHA [P M3Yy4YeHHM MHOCTPAHHBLIX A3BIKOB; HAIPHMED, Ha YPOKe HeMell-
KOTO A3bIKa 3TOT MOCHEAHHH ABAAETCA AHIKOM-06BEKTOM, a fA3bIK, HAa KOTOPOM Be-
AeTCA npemonasaHue, ABAAETCA METAA3BIKOM. PasnMumio Mem1y <BHIBOIOM B A3bIKe-
00LCKTE» M «MOK23aTEABLCTBOM B METas3bIKE? COOTBETCTBYET Pa3nHuHe MEXIY Teo-
PeMOI  A3bika-00beKTa M Memameopemoidl meTasAsbika. Bo uabewaHHe HelopasyMe-
HUH Mbl OOBIHO BMECTO CHOBA «MeTaTeopeMa» YHOTpeGisem CAOBO «TIPeINoXeHne).
CaoB0 «meramarematugar yHoTpeGasieTcs KaK Ha3BaHHE HUCCIeNOBaHAN JIOTHYECKHX
N MATEMAaTHYeCKHX A3BIKOB-0G'beKTOB; MHOIAA YNOTPeSNEHHE 3TOr0 CIOBA OrpaHy-
diBactea 061acThi0 MCCAEACBAHMI, MCMONLIYOMHX TOALKO TaKME MCTOMH, KOTOpbiE
KBaIHOUUUDPYIOTCA MeTaMaTeMaTHKAMH KK KOHCTPYKTHBHbIE (MNH TaK HAa3hiBaeMbie
cﬁuuumuue) METOMdbI.

[Ilepesons 910 npumevanue asropa, Mbl COXpPaHUNH HeNepeBeNeHHbIM CAOBO
Prools & nepsoit dpasze, a Takie He cledadn OOLIYHON 3aMEHB CAOB <aHFMMii-
CKHlt A3bK> CTOBAMH «PYCCKMH s3bIK» (B COOTBETCTBYIOINUX Majewax). Jlexo B Tom,
90 1Ba pasamymsix cMbicaa caoBa <proofs, o KOTOPbIX FOBOPHTCH B 3TOM MPHMC-
HaHuM, B pycCKOM JMTEPATYPE BHIPAKAIOTCH OGBIYHO C MOMOLLLIO ABYX Da3nHuHbIX
TEPMUHOB: <BLIBOZ» M «IOKA3aTeabCTBO>. Takolt TEPMHUHOJOTHEH Mbl M AOAb3yeMCH
Belony 8 nepesome xuurn. (Ipum. nepes.)|
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YnpamHeHHe

Jokazare (OCTPOMB BHIBOA):

=L (Te# D e#) Dot

e D(HB2EC) - B> (ef DF)
L (1B 2 1 ef) 2 (o D TB).

B maTemarnueckux paccykaeHHsx uacTo KaKkoe-HuOyas yTBEpMAcHHE
AOKA3BIBAIOT B MNPELNONOKEHHH BEPHOCTH JPYLOrO YTBEDWAEHUS of, NoCAe,
YEro 3aKJIOUAIOT, YTO BEPHO YTBEPKICHUE «eCau o, T0 H». [lad cucteMb’
L sToT npuem o6ocHoBmBaeTCA caenyiowel Teopemofi. :

>~ W N —
el e\

Hpennoxenne 1.8%). (Teopema memyxuun) Ecan I’ — M)wofcecmBo«f1
gopmya, o u I — ghopmuysn u I, o |- B, mo T — o = 5. B wacm- .

Hocmu, ecau o |~ B, mo |- of DH (Ap6pau [1930]).
Mokasateascrtso. Ilycts By, ..

D (e D Hy) ects akcuoma. [TosTomy B nepbix aByx caydasx I' - of 5B,
no MP. B tpersem cayuae, 1. e. korga <B; COBNAmaer c o#, 10 J1eMMe
L7 mb nmeeM — of DBy u, caenosarensno, I' — o > B, Tem campim:
cryuath i=1 ncuepuan. [lomyctum Trerneps, uto I' |- o# D B, maa moboro:
k<i Ilna &B; umeeM 4YeThipe BOMONHOCTH: <B; €CTb AKCHOMA, AN T =T,

nam HB; ectb of, nam H; caenyer no modus ponens m3 HEKOTOPHIX B
u By, rae j<<i, m<<i n &, uveer BUX ;> HB;. B nepsux rpex !
caysasx I'|— o# DB; nokasmBaercs rtak e, kaKk ai i=1. B nocaen-

HEM C/yyac TIDUMEHHM HHAYKTHBHOE HPEATIOJONEHAE, COTJACHO KOTOPOMY
Piot DB, u I'|-of DBy > HB;). Io cxeme akcuom (A2), (A D!
D (B; D ) D (o DB,) D (ef ©By)). CremoBatessho, no MP,.

(e DRB)D(ef DH) n cnosa no MP, T'— of > B, Takum*
00pasom, Halle [0Ka3aTenbCTBO TO MHAYKIMH 3aBEPLUCHO, W A i==7 MH

nosy4aem TpeGyemoe yrTRepmaeHde. (3aMeTuM, 4TO NPOBENEHHOE AOKA3ATEb-

CTBO TI03BOJSET 110 JAanHOMY BhiBOgy B us I' u o# uocrpouts BBIBOA |

of DB u3 I' u YTO Npu JI0KA3aTEJLCTRE TEOPEMBI JEAYKIUM Mbl UCIOJb-
30Ba/I# TOJBKO cXeMbl akcuoMm (Al) u (A2))
Caencraume 1.9

() ef DB, BoE - ot DE. ,

(i) e D(RBDE), Bl ot DF.
Hokasateabctso (i)

@) o D&
b) FBoF

ranoresa
runoTesa

*) Mo nuwem T, o |- B smecto T U {o#} |- B, n BooGwe T, o7, ...
vy @ nl— 73 Bmecto T {o#), oy o#n} - .

A DR BOE |- A DE.

.y By ects Bowon nz I' | {of);
rne B, =c%. Wnnykuned mo i (1<<i<<n) mokakem, uro I’ o DR,
[pewne Bcero, B, nomxHo ObTh ANGO SAEMEHTOM I', 6o Gutsh. axcuo-
Mot cucremnl L, jubo cosnamate ¢ o#. Ilo cxeme akcuom (A1), By

§ 4. CUCTEMA AKCHOM [1J11 HUCUHCJIEHHUS BbICKA3BIBAHHH 4]

© oF rumoresa
(d) B (@, (o) MP
©% O @ MP

Taxnm 00pasoM, o OB, BDE, of = F. Orciona, no Teopeme neaykK-
unt, oA DR, BoDEC |-k DF.

TlokazatenscTso (ii) mpeanaraeTcs NPOBECTH CAMOCTOATENBHO B KauecThe
ynpanenis (MCNIOB30BATE TEOPEMY AeRyKIMK). .

Nemma 1.10. Jlag awbux opuya of, B caedyiouie Gopmyis
geagiomess meopemamu L:

(&) (e D HB) D (1B D Jef),
() of D (158 D (ef D B)),
(©) (e D By D (1 of D HB) DAB).

() 1B o B,

(b) B > 1715

(©) et > (e D BY,

(d) (1B D Tet) D (o 2 B);
JlokasaTeabCTBO.

@ 1B DA

(1B D T7B) D (18 D 1B) D B)
BB

(BB DB

cxema axcuom (A3)
aemma 1.7 %)

1, 2, caencreue
1.9 (i)

cxema akcuom (Al)
3, 4, caencrsue
1.9 ()

W o

>

LB D (1B D T 71B)
LB o B

w

®) - B > 7B, ,
L. (1B 2 1B) D (17 18 D B) > 7]71F) cxema akcuom (A3)
2. 371 RB DR IYHKT (4), ZOKa3aH-
HBI}l BHILLIE
1, 2, MP
cxema axcuom (Al)
3, 4, caexcrue

3. (11 1B DHB)y> 7B
4, B (1B > hB)
5. o TB

1.9 (i)
©) =Tt 2 (et 2RB).
1. (e# runoTesa
2. of runoTeaa

*) BMecTo TOro ut06H MPUBOJHTL B 3TOM MECTE MOMHbI BEIBOA List |oB > o7,
Mbl 1pocto cchiraeMcs Ha aemmy 1.7. Tloctynas takum o6pasoM, Mbl yKa3biBaem Ha
TO, YTO B 9TOM MeCTe BHIBOA IIsi |78 D | B Mor Obl ObiTb BHIIKCAH, UMeH Myl
Ha T0 Wemanne, BpeMsa M MecTo. PazyMeercs, 310 €CTh He UTO MHOE, Kak oObluHOE
lipuMeHenHe paHee yCTaHOBIEHHBIX TEOPEM,
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3. o D (1P o o#)
4. T D18 D (e#)

cxeMma akcuom (A1)
cxeMa akcuom (Al

5. 1B = off 2, 3, MP
6. 1B o> Yok .1,4: MP
7. (1B D N ef) D (1R D of) D B) cxema akcuom (A3)
8. (1B D ot) > B 6, 7, MP
9. & 5, 8, MP

Wrak, B cury 1—9, o7, e# - &B. Tlostom
e# |- of DB u, cHosa 1o TOH Ke TEOpEME, }ﬁ%(;;eg) ?@Nj; HDGJ:%;.HW’
(@) (1B 2 Nef) D (of D B).
1. 1B > (et
2. of
3.(NFBDTe)D(15 D o) D HB)
4. of DB D o#)
5. (1B D e#) DB

runoresa
ranoresa
cxema axcuom (A3) .
cxeMma axcuom (Al)

6 B 1, 3, MP

ce? DO 4, 5, crencraue
19 (i)

7. B 2, 6, MP

B cuny 1—7, 1B o, of |- B, n :
’ ’ y NMOCJE Yero, ABaAel TIPH ;
TEOpEMY ICAYKLURH, NOJYunM TPeGyeMbilt pesysnrar. puMeHus ]

(©) = (e D B) 5 (1B o e¥).

1. o DR rUnoTesa
g. q q Z? o @;}Z nyHKT (a)

. De 1, 2, cneacteue 1.9 (4) -
4.8 o 1R nyHkt (b) o
5 M 0ef D 711R ’ 3, 4, caencrsue 1.9 (i) :
6. (17e# 2 778) 5 (18 > 7 o?) nynxr (d)

7. (1B > o) 5, 6, MP

B cuny 1—7, o DB - 1B D To”, o
pene ot — Te#, oTkyna (€) noayvaercs no reo-

® et (1B D (et D RB))

Ouesnnno, o, o > P - B Mpumenus apax
, . : ) Ibl TEOPEMY meAyKLuH,
non(gy;aem - o D (e D Qa%)) D &#). Tlo nynkry () nmeem |- ((};;é’ Dy@%’)”:H)
D B) D (1F D (e D B)). Hakowen, npumenns 1.9 (i), nonyuaem

ot D (18 o T (ef D B)).
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(g) - (e D H) D ((1ef D RB) D H).

1. oA DB runoTesa
2, ek DB rANOTESa
3. (e DB)D (B D e#) NyHKT (€)
4. 1T D Neh 1, 3, MP
5. (Ne? DRB)D(1F D ] Jeb) nyHKT (€)
6. 18 > Ne# 2, 5, MP
7. (1B DN Nef)D (1B D Nef)DH) cxema akcnom (A3)
8. (1B > Jof) DB 6, 7, MP
9, B 4, 8, MP

Urak, o DB, ek D B |- . llpnvenns xsa pasa TeopeMmy IeIyKuwum,
noJAyyaeM (g).

YnpaxHeHHs
1. MMokasatb, 410 caeayomue GOPMyIH ABAAOTCA TeopeMamy Teopuu L:

(a) ((e# = B) D o#) 2 oAt
(1) o D (B D (oF &B).

2. {TocTponth fOanHOe NOKa3aTeabCTBO (BbIBOX B L) mns nynkra (c) semmul 1.10.
(Yxazauue [lpuMenuts K TPHBEICHHOMY BbIIle [0Ka3aTenbCTBY TNYHKTa (C)
aemmbl 1.10 nocTpoeHMs ®3 loKa3zaTeabCTBAa Teopembl IeAyKumu.) Yuratesb mpo-
HHKHeTCsi Gonabured mo6OBLIO K Teopeme JEAYKLHH, €CAH OH MHOIlLITaeTCsA IPOBECTA
JokasateanctBo aemMbl 1.10, He npuberasa K MOMOHIM 3TOH TEOPEMHI.

Hama uens — noxasats, uto ¢opmyna Teopun L Torza u ToMbKO TOrAa
ABAACTCS TEOPEMOR STON TeopuW, KOrAa OHa eCTb TaBToJorus. B ogmy
CTOPOHY. 3TO COBCEM TPOCTO.

lipennoxenue 1.11. Beswass meopema meopun L ecms magmo-
02118,

HokasarteabcTBo. B kauecrse ynpawHeHUs MOXKHO yORNUTbCS B TOM,
YTO Kampas akcuoma Teopuu L ects Tasronorus. B cuay npennoxenma 1.1,
upaBuio modus ponens, NPAMEHEHHOE K TaBTOJOrHAM, TPHUBOAMT K TaBTO-
norusm. CenoBaTenbHO, BCsiKas TeopeMa Teopuu L ecTb TaBToJOrus.

Crenyomas semma Oyager TpUMEHeHa NpPM  [OKa3aTeJbCTBE TOrO, YTO
Kaxpjan TasTo/I0rMS sBJASETCA TeopeMoit Teopun L.

Jemma 1.12. [Iycmes of ecmy gopmyaa, a By, ..., B, — nponosu-
UloHarbHble GYK6H, 8x00AWuUe 8 of, U NYcMb 3a0QHO HEKOMOpoe pac-
npedesenue ucmunnocmuex 3xauennit das By, ..., By [ycms moz2da B;

€cms By, ecau B; npunumaem 3navenue W, u T B;, ecan B; npunnsaem
8Hauenne -JI, u nycms, Haxoney, o' ecme of, ecaul npu IMOM pacnpe-
Oenenuy of npunumaem 3navenne W, u T e#, ecau oF npunumaem 3Ha-
tenue J, Toz20q Bl ..., Bi— o#'.
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Ecan, Hanpumep, o#
) oGosnauaeT (7 Ay O As), 10 g
HUCTUHHOCTHOH Tabunum ( ) AR cancaofl crpoi

A Ay TT(14 D Ay

hn Hu J1
J U J
n 1 JI
J 1 |41 :

e
7

nemma 1.12 yreepxnaer ¢akt coorerctsyiomell Bmsomumoctd. Tak. s
HOCTH, TPETLEH CTPOKE COOTBETCTBYET yTBEPKAEHHE Ay, | A }—"i"l("l/i qa/(le-
a 4eTBEPTOH CcTpoKe — T Ag, T As = (7 4e D Ay). ” ’ = 5)’.
HOKaVSaTEJleTBO. JloKa3aTenLCcTBO Bemercs MHAYKUMEH 1o uncay #
BXOXMEHKH B o NDUMATHBHBIX CBA3OK (NPEANONAraeTcs €CTECTBEHHO t?r |
e# sanncano Ges cokpawmenutt). Ecin n=0, 10 o# nf)eﬂcraﬂnﬂeT c’o6og
NMPOCTO  NMPONOSULUOHANBHYI0 OYKBY B, M YTBEDKUEHHE JEMMbI CBOLHTCS

k B B
11[06(1)!1\/[—]'%7;] K 7By} 1B;. Ionyctam TENepb, 4YTO JeMMa BepHa npnﬁ

Canyuati 1. oF umeer Bug orpunanus: 1B, Yncao sxowaeHui npm—"L

¥

MHTUBHBIX CBSI3OK B <, OYEBHHO, MEHbLIE 7, :

Cayuai la Ilycrs .
. IpH 33aJlaHHOM PaCHPENSJIEHAN MCTHHHOCTHBIX 3Ha-.
e IX 3Ha-:
366:;220;73 Q%QanMair%suaii;?e W. Toraa o# npunnmaer suavenne JI. Takum -
, ectb B, a ectb Je#. Ilo uuaykrus : .
- HOMY INpe/noJoie-
N0, NPUMEHEHHOMY K <B, MB umeeM By, ..., Bp |- <B. Cregosaresho, |
110 JéeMMe 1};01(bb) u MP, B, ..., Bi|- 718, Ho 778 u ects @f’,
\ ng’nyqa . Ilycrs % npunumaer suauenme JI; torma <& ects 17, !
: @%)COBI:IH,ZIaeT ¢ . llo unpykrusnoMy npennonosxennio, B, . .. B, ]——,
,—'IC » 4TO # TPeb6OBaIOCH MOAyuUTh, #OO B ecTh o' ’ :
- .;I{yqaﬂ 2. o mmeer ux (B D). Torma uncao Bxomienu#t mpu-
BHBIX CBAI3OK B B U & MeHblue, ueM B o, Ilostomy, B cuny unmyk- u
TUBHOTO npeanonomewus, By, ..., By - B u B; B,;,}—- 123 e
e, :

. Cl/lnyqo};l 2a. B npunnmaer suavenne Jl. Torna o# npunumaer suaue-
}—e_'{g:g u ecTh "|@%’,13 o’ ecth e#. Takum oGpaszom, B, By -
u, mo Jaemme 1.10 1 : 7 - |

ol @/{,’ © By ..., Bb-RB2E, no BSE g

Cayuann 2b. € 1
) puHumaer sHauenue M. Cremosarenbu

. 0, e# NpuHH-

maer snauenue M u &’ ectn &, a o’ ects of. Mmeem B, , B,;Pl)— [
H TOrja, no cxeme akcuom (Al . ;  BSE cos.
h Tors ,c o g (Al), By, oo, B =B DE, rne B>E cop-

TorC ng,aﬁ 2c. B npunamaer snauenne M u % npuummaer suauenue J1
eCTbna z Ei‘/CITb ‘]@%,, n6o e/f npuHnMaer 3Hadedue JI, B ectp B u &7
newwe‘l1 » (fn;eeL:IOﬂBﬁaé..,éS"k }—@%’Bp By, ..., By =%, Otciona, no

. , M

aeune 1 y v BB DE), tae 1(BDE) u
. I;IJp enaoxedune 1.13. (T§opema o nouHore.) Ecau ghopmyaa o# meo-
p feaaemesn maemono2uell, mo ona sganemcs meopemoli meopuu L
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Jloka3aTeldbCTBO (Kanbmap). [Tlpeanonoxum, 4T0 o eCTb TaBToO-

qoris 1 By ooy Bj, — nponosiusoHassupie  OYKBEI, BXOAAUIME B ot. Ilpu
ayIOM  DACTIPENENEHUN HCTUHHOCTHEIX gHauennit 1 Gyks By, ..., B,"
Jpl (MEEM, B CHJY JIEMMbI 112, By, ..., Be = of. (o coBmAlaer C ’

jaKk Kak o BCETNA MPUHUMAET 3HauCHue W) Tostomy B ciyuae, Koria By
ppuHHMaeT 3HaueHHe W, wbl, npumenns aemmy 1.12, noayunm By, ..., By 1,
By i~ e, a KOria B, npunumaer sHaueHue Jl, Mbl 1O TOH XK€ JEMME NoJay-
yum Bp oo B_,, 1Bl e#. Orcioma, no Teopeme NEAyKLH, By, ...
., BioaBr>ef m Bi, ..., Bh_1} 1Br D eo#. llpuvenns Tenepb
gemmy 1.10 (g), moayuum B, ..., Bi—y |- o#. Touno taxum ke 0o0pasom,
paccMOTpeB Ba CJyuas, KOria B, upunumaer snauenus KW w JI, u npn-
wenns JAemmy 1.12, Teopemy HEAyKUAM U JEMMY 1.10 (g), MB HUCKJIIOUHM
B, U TaK 1ajnee; nocie k TaKWX WaroB Mbl TPUIEM K b o#.

Caencteue 1.14. Ecau swipasicerue B codepocum 3naru ], D,
& \/, = Uu Asagemca COKpauseHuer (cm. onpenenenns D1 —D3) dan
nexomopoll gopmyan. o meopuu L, mo B ssasemcs masmorozuel
mozda U moasko mozda, Koz20a o ecme meopema meopuu L.

JlokasaTeabCTBO. BripaxeHuns, BBOAUMBIE B OIPENLICHAAX D1 —
D3 aas CcokpaulesHoro o6osHaueHus (GOPMYJ, NPEACTABIAIOT coboit mpo-
[OBHLHONALHEE (POPMB, JOTHYECKH SKBUBAJNEHTHBIE O00O3HAYAEMBIM  VMH
nponosuiHonanbHpM opmam.  CienoBaresbHo, B CHIY  HPEAJIOMEHN 1.3,
oF 1 B JOrMYECKN SKBUBAJEHTHE, a NortoMmy ¢/ ecTb TaBTOJOrUA TOrAd
W TOJbKO TOTHA, KOTHA o €CTh TaBTOJOrus. Temepb 0CTaeTcd BOCIOJB30-
BaThcg npemiowenuem 1.13. :

Caeacteue 1.15. Cucmema L nenpomusopewusa, m. e. He €)=
wecmeyem opmyss. of maxoll, 4mobs of u e Ovau meope-
mamu 8 L.

NokasaTeabcTso. Coraacho npemoxenwio 1.11, kamaas Teopema
teopun L ssasercs Taproaorued. OTpuiaHue TaBTOJIOTMM HE €CTh TABTOJOMA
Caegonatenbno, Hi Iaa Kako# (OPMYJIhl o HEBOSMOXKHO, uToOH o U | of
Obln Teopemamu teopun L.

Vs menpornBopeunsoctn L caeayer CymecTsoBaHue QopMyiibl, He ABAI0-
wefica tTeopemoil Teopun L (nanpumep, OTpuiuaHae moGofl Teopemur). C apy-
ol CTOPOHH, HENpOTMBOPEYHBOCTh L MOXHO ObIIO 6Ll BBIBECTH HEMOCPEN-
CTBEHHO M3 (paKTa CyulecTBoBanusi (OPMYJbl TEOPHH L, He apadiomelics
Teopemoft. B camom neqe, no jaemme 1.10 (¢) umeeM i—LT@;?:D(@fZ:Jr%’),
4, CJeoBaTeNbHO, eciu On Teopus L Onaa NPOTHBOpEUUBE, T. € €CAH
Obi Hexortopas dopMmyna o# Obia BeBOAUMA B L BMecTe €O CBOMM OTDH-
uaHueM o, 10, B cuny b, Jef D(ef DF) u MP, 8 L Guia Gkl
BHIBONUMa BCsKas (opMyna ¢B. (DKBUBAJIEHTHOCTb HEMPOTABOPEUUBOCTH M
CYIECTBOBAHUS HEBHIBOAMMOH (POPMYALI BEpPHB A5 BCAKOH Teopmu ¢ modus
ponens B kauecTBe NMpaBu/a BHIBOJA, [Jsi KOTODOH AOKasyeMa JeMMa 1.10 (c).)
Teopuio, 8 KoTOpoHl He BCe (OPMYJb ABITIOTC TEOPEMAMH, YaCTO Hashl-
BAOT afcoatomuo Henpomusopequsotl. ITO ONPENEICHUE MNPUMEHUMO W
K Teopusm, He colepKalluM 3HaKa OTPULAHUS.
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Ynpawuewus

1. [poseputs, uto mna m066ix GopMyn o, B n & cne

nywonae Gopmya
ABASIOTCA TABTOAOTUAMY W, :

CNIel0BATeNAbHO, TeOpeMaMd Teopun L
@) (el VB)& (A DEV(BDE) DL
) off DB DE)= (o &B) > E.

2. Oyctps o7 — nponosuunonansuan dopma, He sBamomasca TasTONOrme
Mocrponm Teopuio L+, noGasus k L & KayeCTBe HOBBIX aKCHOM BCe GOPMYIbI, KOTO
pbie MOMHO MOAYYHTb B3 o, MOACTaBAAS HA Mecta NPONO3UIMOHAILHEIX GyKR
B o NPOH3BOMLHBIE (OpPMbI (C_Tem, ommako, ycnosuem, utoGm Ha wmecra BCe

BXOMNEHMH OUHOH H TOH e GyKBbI HOACTABNAMACh omHa ® Ta e dopmya).
Tlokasate, uro Teopua L* NpPOTHBOpEYUBa.

§ 5. Hesasucumocts. Muoroanaunsie JIOTrdKY

Honmuoxecrso X MHOXECTBA BCEX aKCHOM
TCOPUH  HA3bIBACTCA HE3QBUCUMBIM, eCn
HE MOXET OnThL BHIBENEH
Aamux B X,

lMpennoxenne 1.16. Kandas us cxem axcuom (Aly — (A3) nesa~
sucuma.

HokasarteancTno,

Kaxas-uubyas Qopmysa nz X
@ C NOMOIUBIO NPABHJ BEIBOAA U3 AKCHOM, HE BXO-

(8 Hesasucumocrs (A1). Paccmorpum craenywomue Tabanis:

A 74 A B ADB
0 1 0
1 1 1
2 0 2
0
1
2
0
1

NS~~~ =000
CONOSNMNNMNONO

2

Ilpu Bcakom pacnpenenenns suavenutt 0, 1, 2 g O6yKB, BXOAMIUX
B opMyay o, 5T Tabauub MOSBOASIOT HaHTH COOTBETCTBYIOLIEE 3HAUECHUE
tbopmyan o#. Eciu dopmyna o# Bcerma npunuMaer sHavenme 0, 10 ona
HasHBaeTCa sudesennol. Modus ponens COXPAaHAET CBOHCTBO BHLISJECHHOCTH.
YHuraremo npennaraercs ybenutsca B sTOM camoMy, 1OKasas, 4TO ecau op-
Mynbl of DB U o BHACACHHEE, TO 1 ¢dopmyna B Beigenennas. Hetpynno
NIPOBEPUTHL TaKKe, YTO ECAKas aKCHOMa, MOJAyYaouiascs mno cxeme (A2) um
(A3), Tome BhEENCHHA. Crenosatenbro, BuimesenHof ABAACTCS W BCAKag
¢opmyna, BmBOAMMa n3 (A2) — (A3) ¢ nomoumio modus ponens. Ougnako
dpopmyna A, > (4 o A, KOTOpast NpeacTaBAReT co60H YacTHHIE cayuvaki (Al),

ye BHI
yenwe 1 7

HaHHOW aKCHOMAaTHYeCKOH:

47
§ 5. HE3BABUCHMOCTD. MHOTO3HAUHBIE JIOTHKH

eJIEHHasn l/l60 OHa rlpHHnMaeT 3Ha4YceHne 2, Kornua A1 npmmmael' 3Ha-
§i »
Ag anHﬂMaeT 3HAUEHUEC 2

b) HesaBucumocCThb (A2). PaccmoTpuM. ceaytomne TabIuub:
( A 74 A B A>B

0 1
1
2

- O N = O N @
SIS
co~oMNMOo OO

; a 3naue-
acHo 3TuM TabamuaM, Bcern
MyJy, TPUHAMAIOLLYIO, COTJI puase-
BCﬂKglO 2(3;(())11:63 z;)orgecxﬂoti. Modus. ponens coOXpaHsieT rpOTec;xTi(c))cca;w "
hoe ;cl:ﬂue cayuan cxem (A1) u (A3) rpoTecKHH (npOBepr(?A R
1I3]csﬂq 370M, ONHAaKO, uacTHmH cayuadh (A3 D (4e 3”61:\)3)3“;_;])““;& ) 2
’ ) 1 BIM
A2) He fBJAETCA TPOTECKHBIM, Jnase
> (4112 A crewn € o snauedus O, n 1l
T COOTBETCTBEHH
roa Ay, Ae 1 Az mOAYHAIO oul
HMe(cg)’ Eoegam:’cumocu) (A3). Ilycm @%——nponssonbﬂiﬂ ecggg };Haxa
h(c#) — hopMyna, TOMyyeHHas U3 o CTAPAHHEM BCEX BXOM ﬂ(Al) o (A%
: /amzm B Jlia BCAKOTO HACTHOro chiyuas of Cxe o)
ﬁT(I@);M;) ectb Tasrogorus. Ilpasuno modus ponens co;;;ageég) g
uMers B Kkauectse h(e#) Tasrosormo, u6o ecan o e o
TaBTOJIOTUH, TO H h(e%)——TaBTonorm;%) (c.neélyeT b o e oD,
’ J€M0BATE/BHO,
osragaetr ¢ h{e#) D h(H)). bop-
oy jfe%zmsconnmaﬂ 3 (Al)— (A2) c nomouibio modusA ponir\ls),DAl))
MyJia , o
1;y}<aquTBe h(e#) rapronormo. Ho h (1A D] Al)ﬂzjggmlﬂ o
coimazlaeT c (ADA)D(ADA)D Ay, a 9Ti\ o oy
saBasetcs taproaorued. Caeposaremno, (71 A1 D 7] A‘Q = e modie
yacthpl cayuah (A3), Hesmsomuma us (A1) u (
ponens,

¥Ynpaxnenue

d B p L
ﬂ\OK 34aTb He3aBUCHMOCTb CXEMbI aKCHOM (AS) NOCTPOEHHEM NOAXOAAKX 136”"1
AR CBA3OK u .

{ UMOCTH
O60o6wenune uaen, UCNOJAb30BAHHOR s 1101\aaaTenbcminr‘fsi?:gmaHaq_
crefylomemMy noHs
¢ A1) —(A3), npusoauT K -
H)(();Mni)}l(‘ci(l)flM (Haa)oseng q?A’cna 0, 1, ..., n <UCTHHHOCTHBIMH 3Ha‘(l)eH1HﬂMPl> B
e Ja

BhiGepem Kakoe-HUOYIb YACAO 72 C YCAOBHEM 1<<m << n.'t :{?z(;:z ra B

YAEM HaswniBaTh Bbl0CACHHbIMUI UCIIITHHOCMALMIL 3HA
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HEKOTOPOE KOHEUHOE UYHCIAO <UCTUHHOCTHBIX Tabuuu», NpencTaBasoy
(hyHKUKH, OTOGPAKAINHE MHOKECTEO {0, 1, ..., #} B cebs. I Kawao
TabJuUEl BBEAEM BHAK, KOTOpHI OyneMm wHaselBath COOTBETCTBYOUEH 5To
Tabanue cssiskoi. C momompblo 3Tux CBSABOK H  NDOMOBHIAOHALHBIX Oyk
MBI MOXEM CTPOUTL [PONO3ULHOHAAbHBIE ¢opmbl. Kaxaas Ttakas dopm
ONpefesseT HEKOTOPYIo «ACTUHHOCTHYIO (hyHKLHIO>, oTo6paxanilylo Mo
wectso {0, 1, ..., n} B ceba  Tlponosmunonansuag topma, npunmnMaroma
TOJBKO BBIACJCHHBIE 3HAYEHHUS, HAZBIBAETCA 8bl0enennoll, [CoBopsar, uro uuca
T, M ¥ OCHOBHBIE HCTHHHOCTHHIE TaGJULb] ONPERENAUOT HEKOTOPYIO (KO
HEUHYI0) MRO203HAUKHYI0 a02uxy M. Axcuomaruueckas TEOPHS, COmepxKa-

I1as TpOMOSUHUOHANbHbE OYKBH W CBA3KM JIOMHKH M, wuaswiBaetcs n0dxo-!
Oawel nns normku M B TOM u TOMBKO B TOM CJy4ae, KOrJa MHOXECTBO.
TCOPEM 5TOH TEODMM COBNALAET € MHONECTBOM BBLACICHHBIX  NPONIOBHILHO-,
HaIbHBIX opM sorukn M. (OueBuano, Bce 5T HOHATHSL MOTYT OHITH 0606-

EHBI Ha Clyyah GECKOHEUHOIrO MHOMECTBA MCTHHHOCTHBIX SHaueHuit.)

B artofi raase u3yueHa 2-3HauHas JOrHKa, COOTBETCTBYIOMAS  CAyUaID
n=1, m=0 u seencHHbM B § 1 wcruHHOCTHRIM TabauuamM mis CBs3OK T
U DO. Brgeaennne bopmynsl 3TOH Moruxm HasbiBanHCh TaBrojoruamu. Ipeg-
noxenus 1.11 u 1.13 ycranasmsawor. tor ¢akT, uro Teopus L SIBASETCS |
TIONXOMAIUEN U151 STOH JOrMKM aKCHOMATUYECKOH Teopuelt. [lse Tpexsnaunsie |
JOrUKK OBLIM MCMOJIB30BAHB HaMA NpU IOKA3aTE/NbCTBE HE3aBUCHMOCTH CXEM |

akcuom (A1) — (A3).

Ynpaxnenus

1. (MaK-KHch——Tapcxnﬁ.) Pacemotpum AKCHOMATHYECKYI0 cHcTeMy P, B kote-

pOﬁ HMeeTCA eIUHCTBEHHAs 6l/IHapHaH CBA3KA #, ENUHCTBEHHOEe IPAaBUJO BLIBOJA — ‘

modus-ponens (1. e. B CACAYET M3 oFf + B U o#) W aKCHOMAMH cayxar Bce

dopmysn Buma o % o, Joxasars, yro Teopust P ne sBaserca mouxomsmiefl up -

il KaKO# (KOHeYHOM) MHOro3HayHON JIOTHUKH.

2. laa mo6oii (xoHeuHOH) MHOTO3HAYHOM noruku M cywmecrayer noaxonamas
aKcuOMarnuecKas Teopus. :

ﬂanbneﬁmne CBENEHAST O MHOTO3HAYHEIX JOTHKAX MOXKHO [TOYEPTIHY Th

u3 monorpajgun Poccepa u Twopkerra [1952], a rakwe wm3 ynomu-
HaEMBIX B 3TOH Khure pabor.

§ 6. Hpyrue aKcuoMaTu3anuu

Xora cucrema akcuom L u Bechma MPOCTa, CYMIECTBYET MHOTO APYrux
cucreM, paboOTaoIMUX TaKKe Xopouio.

Bmecro 7 n > moxuo wucnompsosats u apyrue HaGopsl NIPUMUTHUBHBIX
CBA30K, JiMib OBl YePes HUX MOWKHO ObLIO BHIPA3NTh BCE OCTAJbHBIE MCTHH-
HOCTHO-(DyHKIHOHANbHBIE CBA3KH.

Hpumepn. L Tlpumurneane ceaakn: V., . e DB CITYXKUT COKpa-
WeHueM mia Tef \/ . UYernpe cxembl akchoM: (1) of \ o > ot
(2) o Dot \/ B, B) e | B DB\ of; (4) (BDC)D(F \/ B>
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§ 6. APYIUE AKCHOMATH3ALUHU

av %). EauHCTBEHHOE NPABUJIO BHBOAA —- modus por;egngsé]c)ra CHCTEMA
= tpesa B xnure nasbepra n AKKgpmaHa [ .@;5&‘1%),
Pac{\l-O IPIpI/IMI/ITI/IBHble cpask: & | o ?e%;jéogl()gagu)iir@;'(.w) 2

k3 ) : ‘
w T 21;8’;[:&0%) g)‘lezéi%.&l\ij(?ﬁs( )po%ens CAYIKUT €UUHCTBEHHBIM
2 (IBOILa Cucrema noapoGHo usyuena Poccepom [195??]. .
npam/lquMm Bbcnﬂéma OueHp NOXOKa Ha L; pasuuua COCTOWUT B rOM,Kt(l)TH_

L% Tlaex cxem axcuom (Al)— (A3) 3zmecs wuMeOTCT .rmmz TpMA o
BMQC?O I;KCI/IOMI)IZ (DA DADA) @) AD(ADA4ND(AD ?)dus
erT,‘dme As)); 3) (T4eD AN D (14D A1) D Ag), 3ar0 Kpome m s
> 3eT’Csx elle OZHO MPAaBUJIO BHIBOAA — IPABUIIO HOI[CTaHOBKI;, paH_
polrixee\r:jm?éenoncraﬂomy moGoii  (OPMyJIB Ha MeCTa BCEX BXOWASHHH I
E(e)ﬁ NPOTO3HIIHOHANLHOH 6yKBa1;1mB g;;;g;o (gopnélzrn{) I —

)

npaziﬁiwfﬁzrﬁzzzBﬁflrnidﬁsﬂggonens. Kaacc axcmom 3amaercs CJASLyONIMMA

cxemMaMn aKCHOM:
1) o D (B D F), |
((2)) (f D (B D E) D ((f DF) D (A DB,
(3) o & D ot
(4) of & B > FB;
(5) ot o (B D (f &MY,
(6) o D (e V@;g%’);
7) B (et \ P, -
28; (At DE)D (B DE)D (e V F) DB
©) (e D B) D (e D 1B) D Tef);
10) 77 ef D oF.
i(ax) 06bIuHO, o == B osnauaer (of D RB)& (B D of). 1y cucremy
MOXKHO HaiiTn, Hanpumep, B kuure Kuanmwuu [1952]

YupaxHenus N
L(Tuap6epr u Axxkepman [1938]) [lokasars crenyiomue TeOpeMy
Teopun L,:

(@) o DB, EV A DE VT -

(1) 1, (oF D B) > (& 2 o) 2(E 2B

© Coofiof 2B, E 2B

(@) t-p, of Dol (1. e -y Tt V f)

© -y, o V | ot

ORI A= —l(%;g

FL, 1B (BDE)
E‘g‘; *‘: ;l% VBV E)D BV (o VB V(_@;.%):
) b1, (BY (A VENV of DRV (f V&
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D L, VBV E)DBY (of V B);

(k) 1, (e DAPBDE)) D (Bo(eA DE));

) 1, (€ 2 o) 2 (o > B) > (€ o B)):;

(M) of 2 (B> E) o D Bi-1, ok > (of > E);

M) ot D(B2E) of DBk DF;

(©) eciu I, o# L, B, 10T 1, e D B (Teopema neiykunm);
(p)%b%,T%D@;{I—-L;@f; ,

ne (I%K}f_l'l@f TOra M TOABKO TOTHA, KOIAA oA €CThb TaBTOMOrHA. (Y K a3 a-
3 Xasath YTBEPHMACHNA, aHANOTHuHbie aemMe 1.12 w mpentoxenuio 1 13.)

2. (Poccep [1953].) Jdokasath Creayomine yTBEPKACHHR O Teopunm L,
@) oA 2By BDE -1, (18 &ot); )
) =, Tl of &t
(©) Fr, 1T of Dot
(@) L, 1 (el &B) 2 (B > | of)

(©) i, of 277 ot

() 1, (oF 2 B) > (1B D 7 of);

® Nt 2 VB 1, B > of;

() oA > B, E & ok > BEE:

() A DB, BDE, CoDD -, ok I,
) ko, of ot

(%), of &B D B& A,

Vet 2B BOE -1,0# DF;

(M) oA 2B, EC DD 1,0 &C > BED;
M) BoC 1 ,e# &B oA &KE;

(©) by (e D(BDE)) > (ofF &B) D B
®) 1, (of &) > 8) > (of > (B > B):
(@) of DBy o > (B> By, of = F;
(1) i, ef 2 (B D ot &RBY;

(s) FL, e D (B D o#);

() Ecan T, o 1= BB, 10 T -1, 0# DB (TeopemMa melyKum);
(W) b1y (oF D of) > o

V) oA DBy Nt DB, B

W
- fa)l——L2 @# TOrla W TOABKO TOFNA, KOrHd o7 eCTb TABTONOIUS, (Yxaaa
€ /Al0Kkasarh aHanoru gemmu 1.12 m mpemnowenus 1.13.)

3. f}(m;a:arb, llil‘é) gmomecma Bcex Teopem Teopu#t L m L, cosnamaiwor
. Hu [1952]) Hokasate crenyiommue NpeliOXKEHHA O TEOPHH L,;

(a) e, o D ot
(b) Ecau T, o# L, B, 10 T 1, o# DB (1eopema menykuuu);

§ 6. IPYTUE AKCHUOMATH3AUHN 51

©) A DB BDE 1,0 2C

(d) -, (e 2B 2 (1B > Tef)

(© B 1B, G

M L, BT

(@) 1, 1B D (B2 L)

M) -, B2 (1E> 1B >BN

(i) *“L4—]@%D(_|%DW(Q%’V )

() =i, (BoeA)2(BoeA ) DA )

(k) Fy, o TOTNA M TONbKO TOLM3, KOrAA oZ ectb Tapronorus. (Jlokasate

aHAJ0TH JNEMMBI 1.12 u npenaoxenus 1.13.)

[ WCUMC/IEHHS BHICKa3biBaHWA MOryT ObITb TIOCTPOEHB AKCHOMATHIALUH
W C OAHOW €NUHCTBEHHOHW CXeMOH aKCHOM. Tak, Hanpu™Mep, ecam 3a TNpUMH-
ruBHBE CBSSKH TPHHATE | ¥ D, TO NPU €IUHCTBEHHOM MpaBuie BHEBOAA—
modus ponens — ZOCTaTOUHOH OKABHIBAETCH CXEMA aKCHOM:

[((@%De%):z(‘l‘g:)“l@)):)&’]:)[(e%’:)@%):)(@:mzf)]

Mepennt [1953]).
Ilpyrum TPHMEPOM TAaKOro poia MOXET CJNYKUTb
[1917], B KOTOpO# ynoTpebaserca EIMHCTBEHHAA  CBASKA | (auapronkuns

orpuLanii), UMEETCs EAMHCTBEHHOE MPABUJO BHIBOAA, MO KOTOPOMY & cae-
nyer u3 o U @;f\(e%’“g), ¥ eIHHCTBEHHAs CXeMa aKCHOM

o | B [EN[(2] (@] 2)1|[E|B)] (= [6)| (=7 [N}

Naabueliluue cBefeHns U3 3TOH 061acTH, B TOM 4YHMCJIE W UCTOPHYECKAN
0630p, MOWHO Hafitu 8 wuure Hé&pua [1956].

cuctema Huxkona

YupaHeHUn

1. dokasath, uto ecam cxeMy axcuom (A3) B cucreme L 3ameHnTb CxeMOf

akcuom (7 g @ 1 B) D (B D o), TO Kiacc Tteopem 01 3TOFO HE H3MeHHTCHA.
2. MumyuyuonucmeKym WCYMCIEHHEM BHICKA3bIBAHHE Ha3bIBACTCA cucrema Ly,

KOTOpas noayyaeTcs M3 CHCTeMBl L, 3aMEHOH B Hell CXembl aKCHOM (10) cxemoit (10)"

Ve D (of D R

(a) PaccmorpuM n - 1-3HaYHYIO JOTMKY C €MMHCTBEHHDLIM BHICICHHBIM UCTHH~
HOCTHLIM aHauenmem O W CBA3KAMH, ONpEHeNseMbIMH CIelyomuM o6pasom: Rer4
ecTh 0, ecanm o7 €CTh 1, U | @# €CTb n B OCTANbHBLIX CAydasX. o & B Bcerna
PaBRO MakcuMyMy 3HAueHHH o# H B, a o\ B — HX MHHHMYMY; o D
€cTh 0, ecnu 3HaUeHHe o7 OOXblIe BHAYEHHA J3, B NMPOTUBHOM Cayuae A DB
ecTh ¢73. INokasatb, YTO BCe Teopembl L ABNAIOTCA BhlIEICHHLIMH.

(b)y A,V TA, 1] A DA, He NPHHALIEKAT K UHCHY TEOPEM L,

(c) das moGoro m dopmyaa

(AA=A)V . .V(A =4V (A =AYV ...V (A=A V ..V (An1=4n)

He ABaserca teopemof.
(d) Ténenn [1933]) Teopua L, He sBAsercs NOLXOAAULH HH Lis KaKOH

KOHEYHO! MHOrO3HaYHON NOTHKH.
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(e) (i) Ecain T, @44—“ B, o T }—ngjf DB (Teopema penykuum);
(i) o o B, %Dgl—LI@ng;
(i) p, o > 77 o
(V) b1, (of 2 B) > (1B > o)
V) e D (] ef 2 dB)
D)=, 770 T o of);
(vil) ] T (e# > B), Tlef -y 1715
(viii) 1, T Te# 27 4.

D(f) '_Lx Tl e# Torza m toabko TOrna, Korga o-# eCTh TaBTOJOTHS.
(g) 1, Ve# rorma m Toabko rorma, xorma ] e# ecTb TaBTOMOIrUSA.

D(h) Ecan o# ne comepwur cBssok, ormmunnix or &wu 7,

H TOIbKO TOrAa, KOrxa o ectb TaBTOMOIHA.
HompoGree 06 wmaTyHUIMOHHCTCKOR

[1945], icbkoBCK M E [1936]. B mocae

UTO HHTYHUMOHHCTCKAS cHCTeMa L, spase

MHOrO3HaYHOW JNOrMKH C NePeUYnCAUMbIM MHOXECTBOM HCTHUHHOCTHHIX 3HAYEHUI.

Ag, Hycte o# u &7 Waxogarca B OTHOLIeHUU R rtorma u 1o
1 e# = %. Jlokasats, uro R ectb ornOmWenye 3KBHUBATEHTHOCT
HbIX KNACCOB  IKBUBANEHTHOCTH [o#] W [B]
le#] N [B] = [oF &B] 1 [0 | =17 o#]. Ilokasats,
IueHHeM R kaacChl 3KBUBANEHTHOCTH 06
paumit U, 1, ~. Ir1a anrebpa nasbisaer
Treopuell L, u o6o3navaercs yepes L¥.
KJacc BCeX NPOTHBOpevnii (T. €. OTpULAHHH TaBronoruit). Ennnuues 1 amreSpor L*
ABAAETCA KIACC SKBHBANEHTHOCTH, COCTOAWMI U3 BCeX TaBTOAOMM
1 e D o TOria U TOALKO TOr1a, Koraa [e#]==[B] B L* u uto L e = B Torna
M TOIBKO TOrHa, Koria [o#]= [c%3]. MoxasaTh, uTo BCakas Gynesa Qyuxuus f
(nocTpoennas ¢ momompw |, ), ~ u3 mepemenunx, 0 u 1) ToxmpuecrBenno papna |
TOrAa U TOAbKO TOrma, KOraa 1 f# the f# nonyvaercs us S sameHoft J, N, -
0, 1 cootmerctsenno ma V/, &, A& TAL ALY AL

?

0 -y o Torma

doruke cMm. Fefitunr [1956], Knuun
IHell U3 HA3BAaHHHIX Pa6oT ZIOKa3sblBaercs,
TCA TeopHel, nmoaxouawelt gas HEKOTOPOH -

JbKO TOrjla, Kormna’
u. ldas npoussonp-
nyete [o#] U (Bl =24 V B, .
YTO MOPOXJIEHHBIE OTHO-
Pa3yoT GyneBy anre6py OTHOCHTENBLHO One- .
ca aazelpoii Jlundenbayma, HOPOXKIAEHHOMN -
HyneBoim snementom 0 anre6per L* apasercs

. 3aMeTnM™, yTo

rﬂaBa 2
Teopuu NEPBOro Mopsiika

§ 1. KeanToph

€ MOTyT
CyILeCTBYIOT TaKHE BUAB JOTHYECKUX paccyxaenud, KOTOI]L;bIe 1;1 o pybI
6 yO6OCHOBaHbI B PaMKax HUCUMC/EHHS BHCKAasbIBaHHH. DOT TP
BHTH
AKUX PacCyXaeHni: T
TdKl/El)me};uﬂ apyr Maptuna ects npyr JlxoHa. ITurep ne Py
Jlaona. CaenoBarebHo, TTurep C}:{e ecTh JAPYT I\/:i{pngl;éﬂosmenbﬂo’ Coxpar
. Coxkpar — 4eJIOBEK.
(2) Bee moan GeccMepTHBI
1EPTEH. "
6ecc(§)ep¥3ce Moy — wupoTHee, CneloBaTesibHO, TOJ0Ba  HETOBEKd €C
10Bd HKMBOTHOTO. A
TO KoppeKTHOCTb 3TUX YMOSAK/IOYEHHH MOKOUTCST HE Ton;;:g o
HOCTHO-(DYHKIIMOHA/IbHbIX OTHOINEHUAX MEHAY onmum?:);e”m apentoke.
npexn )
Hell CTPYKType CaMux
HEAMHW, HO U Ha BHYTDEH e
Ha 110},{I/lMaHI/II/] TaKuX BBIPAKEHHH, KaK <«BCE», «;s;ﬂkz;g)l{l:mx gbm(asbma“m,
a4HOH CTPYKTY
Yrobel cHeaats Oolee mposp asupanitl,
yIoGHO BBECTH Crienuanbipie obosHaueHus Ljs HeKOT%prX qaczgoﬂgTSOM o
a obnamaer y
X) OsHauaer, 4TO X
muxca seipaxenni. Ecam P ( crson B
Tlt) onroggpmmcsl nocpeactsom VP (x) ofosHauath y?;}?:;i? N,
0 P BHINOJHEHO», Wi, ,
BCAKOTO MpeaMera X CBOHCTB osawe,
«BCE X Ogﬂaﬂa}OT csoticrsoM P». 3anuce JxP (x) Oynmer 03Haz eCT,ByeT
«CYIIEeCTBYET npeIMer X, obaapaomnii  CBOACTBOM P», T. €. ;c»y LB A
N0 KpaiiHe#l Mepe OOWH TIPEAMET X, o6napaoninit caoﬁcgzz«ocmiz > b
TCA KBAHMOPOM BCEO ,
wennn VxP (x) wacth V. HasmBae b 4 e
dx s Bblpam(e}?mu AxP (x) Ha3BIBACTCA KBAHMOPOM Cyul,eCmi{oHBN;’lH nOHﬂTgﬁ_
YEHHE KBAaHTOPOB KAaK JIOHUYECKHX onepanuii u csﬂsam{u: ; i mouym
W COCTaBJaseT OCHOBHOH TpeIMeT 3TOH TJaBhl I(YOT;;;)ﬂnepee)
taasnl: «Quantification Theory? B opnrlz}?ane.—; fv{(;.c) o) a9, heo)
Hpumepn. Iycte m, j, p, S (x, ¥) «fImep» Ay
0003HaualoT cooTBeTcTBEHHO <«Mapruny, «JlxoH», cn,’ e
«X €CTh APYF Y», <X €CTh UENOBEK», <X OeCCMepTeH», «X eaTb o
«roaosa x». Torga paccyxpenns (1)—(3) MOxHO 3anuc
00pazom:

(1" Vx(F(x, m)DF(x /)
F(ps )
F(p, m) ’
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@) Vi (M (x) D [ (x))
M) ;
1(s) ’
3)

Vx(M(x) > A(x)

Vi By (e =h()&M) S Ty (x = h () &A )}
3aMeTHM, uTo cnpaBemsMBOCTL 3T
KAKOH KOHKPETHHIH CMBICA UMEIT CHM
Hono6ro Tomy kak NPOTO3HUKOHANBHBIE (POPMBI BBIIN MCTIOML3OB AN I
BBIIBJICHUS JIOTHYECKOH CTPYKTYpH, 3asucsmed Tombko OT IPpONo3NHHOHAN
HBIX CBI3OK, MOXHO M YMO3aKJIOueHHs (takue, kak (1) —(3)), conepiam
KBAHTODLL, MPEICTABJATL B abGCTPAKTHOH dopme, Kak 3TO 6B0 Chena
B (I—(3). [lna s1o#t uesm wmu MCMOJIb3YEeM 3ansaTele, CKOGKM, CHMBO °
HCURCICHNS BBICKa3bBaHUH 7| n >, npedmemmsie (urndnsudnme) nepesmenn

HX BaK/MIOUEHHH HE 3aBHCHT OT TO
BOML m, f, p, s, F, M, I, A u h.

X1 Xoyoooy Xy oo, BPCOMEMHBLE (unousudnse) oncmarnmn ay, ..., Q..
npeduxamnusie Oyxgo Al, by Al m P yrrEygUORasbHbLE Oyksu fi, f3,.
e S Bepxuuit  nnpexc NpeanKatHo# wuan  QynkimonansHok Oyks

» 4 HHXKHUH HHIeKC CAYXKUT nJis pasJanyen

MEHTOB. B npuBesennsx e npum
pax m, J, p, s Obm npenmeTHsiMu KOHCTanTamu, ' n = — npymectupim

M apryMeHTO |

(bYHKLU/IOHaJIbeIe GYKBBI, NPUMEHEHHBIE K npeaAMETHbIM NEPEMEHHBIM

KOHCTaHTaM, mopoxnar mepmst. Tounee:
(2) Beakas npegmerunas NEPEMEHHAA U/ IIDEAMETHAs KOHCTaHTA eCTh TEp
(b) ecan S — (PYHKUMOHAIbHAs Oykpau ty,..., t, — TepMHL, TO f7 (ty,..., ¢ .
€CTh Tepwm;
(¢) BHIpaxenne sBasercs re
Ayer u3 mpasua (a) u (b).
Hpenukarnue OyKaBsl,

PMOM TOJLKO B TOM Clyuae, ecau 310 cJae

NIDUMEHEHHBIE K TEpMaM, NOPOXaaloT dneMenmaps
Hble opmyas, WM TouHee: eciu Af — npennkatHas OykBa, a #,
: TePMH, TO A7 (4,..., t,) — sJ1eMenTapHas dopmyaa.
Dopuyast ucuuc
(a) Bcsikaa saemenrapuas thopmyaa ects (hopwmy.ia, :
(b) ecmm oF u — opMynE ¥ y-— npeamernasn nepemeHHas, T0'
Kawnoe us Brpawennit (Tos), (e DB) u (Vyedt) ecrs tbopmyna, ;
(¢) BBIpawenne sBasercs dopmynolt Tomko B TOM CTyyae, eciu 5T
Crenyer us npasua (a) n (b).
B soipawennu (Vyof) «ot» Ha3bIBACTCA oOaacmsio Odelicmsus kgan-
mopa Ny. 3averuM, uto of moxer M He conepxarh nepemenofl y,

B TaKOM cayvyae Mbl OGBIYHO CuuTaem, uro CONEPHKATENBHBIH CMBICH o u
(Vye#) onmnaxos. Boipawenns o# &%, oA\ B, of =R onpenensiores
TaK K€, Kak B cucreme L wucuncsienus BRICKasslBaHu#l (cM. crp. 38). Her

N

JICHHSA [IPEAMKATOB ONPENeNSIOTCS CaeLyIomuM oBpasom:’
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§ 1. KBAHTOPLI

a
OB 3HaK 3 A9 KBAHTOD
BCJAO OCHOBHBIX CHMBOJI
;0JUMOCTH BKJIOUATh B U CoRpameity
eommOlIOBaHm TaKk Kak MB MOXEM ONpeneiutbh Jxes ](al; . gpxanBMbeo
cyuie s TR ’(Vx( e#)). Takoe onpeneienne, OYEBUIHO, o
Cb
gans aeT COJEpKaTe/bHBIR CMBICA KBaHTOPOB. un o6 onycKaum CKo-
oTpf(‘) ap/igs B CHJIe TIPMHATHIE B rJase 1 corujauied T e
S 4TO KBaHTOPH V 3
HUTEJAbHO C4YUTaTh,
;. JOTOBODMMCS IOfOJ e & 3
oot ﬂi() f3KaMi =, DO U CB s
cuse Mexay CB =, & !
nonarrla TCMﬂ o V., Al (x1) D Aj (x4, Xg)) numiem Vi, 4} (x1) D
sl. Byecto ((Vx1 Ap (X1 H Hagy:
pxﬂ xep ‘ M Vi (Al (xy) V 4] (X1, X)) naweM VX Al (x1
Al (x5, X9), a BMecto (Vxy(Aj( 1) 1 (%1, v
D Ay XD

V A‘i) (xb -xg)'

Y npaHeHne

BocCTaHOBUTL CKOOKH B
V. T A (%)) D A3 (X1, Xs X3) V Vixy Ab (x1)

—‘V.Xx Ai (xl) D 3X2 Aé(x2) oD A% (xlv x2) V A% (xﬁ)'

l e sakmouaercs GopMyna
aKkKe ONMycKaTh CKOOKH, B KOTODH ' o
@?ogozoopp“;;;a; suaa Qi (Qe), rae Q u O,—moéminx;fg:ug)(fpbdyny
o Mpumep. Buecto (Vxy(Fxa(VxAl(x1, X X))
Vxlagingi (xb Xg, x&)'

Y ppayHeHHe

H H B
BoccranoBuTh  CkoBkm B Vx, Vi Vi, Al (x;) D A} (x5) & ] A (x1)
oc ‘
Ax, Vx, 3y AL () V Ty 7 Vg Af (K X)-

OHSITHS CB0600H020 W C83QHHO20 BXOKACHHUS n:;);r;l::ef;(():i
(S)Beievry_anomneHne nepeMeHHoll X B ﬂaHHYl? Q)omeyg)); e o
38}13(1};{13171./% eciu X fBJIsSeTCd nepememlo?l BXOISILETO BeamyB o oy
’ Haxomutca B of6JacTH AeHCTBHS BXOAAHL oy
o VJ; H\J;VJIC' B TPOTHBHOM CJyuae BXOXICHHE NEepEMEHHON X B
KBaHTO :
(bopMyJIIJy HA3BIBACTCH CBOOO0OHBLM.

Opumepn

(D) Af (e, Xoks

(i) A% (xy, x9) D VX1 A (xa);1

(i) Voy (A2 (1, x9) D Voxr 4] ()

oGogno. Tleproe
Ennucrsennoe B dopmyne (i) onmﬂe“”eﬂ"epeM@e(;r:: : 1chlipoe n TPeThe —
BXOX/eHue nepeMenHofl x; B Qopmyay (ii) cBo iif) ABASIOTCA CBA3AHHBIMA,
CBasanupie. Bce Bxoxaenns x; B Qopmyay (i ex ¢opmyaax cBoGOIHO.
Kawnoe BXOXK/JEHKE TNepEeMEHHOH X3 BO BCEX TPeTb 8000 HbIE N CBA3AH-
3amerum, yTo OmHa KM Ta XKe NEPEMEHHAs MOXeT HMaTo uMeer MeCTOo, Hampu-
HbIE Bxocmenus B OHHY M Ty ke (Qopmyay, KaKne eMEHHOR MOXeT OHTb
Mep, B (ii). 3aMmeTuMm TaKxke, uTO BXON/AEHHE TIED
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CBASAHHBIM B TOH niam wuno#t dopmyne o u
B HEKOTOpOH noxdopmyse dopmyist
e X1 B ¢opmyay (ii) cBoGo
(iii), roe 10 KeE BXOXIEHHE X1 OKA3KIBAETCA CBA3AHHBIM.

Ynpaxuenus

yKaBaTb CBOGOﬂHbIe H CBA3aHHbIE BXOXIeHus NepEeMEHHBIX B Cae
L Vo (Vx, Af (%1, x3) D A2 (x5, x1)).

2. Vg A} (x5, x5) DV, A2 (x5, x).

3. (Vx, 3x, Af (x4, Xo, J1(x, x9))) V TV A7 (xg J1(x))

Ilepemennas naswizaercs c8060dnoil (c8s23ann0il) nepemennoti v manu

thopmyse, ecan cymecrBylor cBOGOAHbIC (cBsizanHEIe) ee BXOMKmEHHS B 3
dopmyay. Takum obpasom, me

HOH W CBA3aHHOH B OJHOH u
Had xy B mpumepe (ii).
Ilycrs Xie o vy Xi —— NIEPEMEHHBIE U o — hopmyna. He ofpamas BHuM

HWS HA TO, ABAAIOTCA U 9TH TEPEMEHHBIE CBOGOAHBMU B o 1 CYILECTBY
AU B e apyrue cBoGomHbie

NEPEMEHHBIE, MBI OyleM HHOrZa NpuMens .
3aMUCh @;f(x,-l,...,xik> A1 o6osHaueHus (QopMyan of TEM, 4TOG
BarteM uyepes oA (ty,..., t,) 06O3HayaTh pesy/sbTaT nONCTaHOBKM

TEPMO

t,..., t, COOTBETCTBEHHO BMeCTO CBOOOIHBIX BXOKACHHH B of (eca

TaKOBBIE HUMEWTCA!) mepemMeHHHX X; , o Xi

Tepm t wasmiBaercs c80600mbM Oas nepemennol x; B (popmye

€CIu HUKAKOE CBOOOMHOE BXOWICHHE X; B oF He JeKHT B 06JaCTH ne#ct
BHs HUKaKOro KpamTopa Vix;

j» THO€ X; — MEPEMEHHasl, BXOIALAS B f.

IIpumepn. (a) Tepm X; cBoGomen mns x; B Al(x;), HO He csoboge’
s x; 8 Vx; Al (x;). Tepm f3 (xy, X3) cBoGOMeH M x; B Vg A (%1, x9)
D Aj (1), HO He cBoGomen as Xy B Jies Ve 43 (34, x9) D A} (3).

(b) Beakutt Tepm, He Conepxamull nepemMeHHHX, cBOGOLEH 419 MoGO
NEpeMeHNolt B moGoit popmyue, i

(c) Tepm ¢ cBoGogmen mas moGoi nepeMeHHoO# B dopMmyne of, eca
HUKAKasi nepeMeHHas TepMa f*He sIBJIfeTCs CBA3aHHOM TnepemMedHOH B o#.
(d) x; coboano mas x; B mobok dhop

MYy JIe.
(¢) Besxuit tepm cBoGonen 141 x; B o, ecan of ue COIEPKUT cBOGOM-
HBIX BXOXJIEHUR X;. :

YnpaskHeHnus

1. Cso6onen an TepM f7 (X1, Xo) HaA x, B dopmymax A} (xy, x5) D Vi, Al (x,),

(Vx3AS (X0, @) V Ax,A7 (x;, x5)? ) :
2. llepeBectn crenyouue NPeNNOKEHNA HA A3BIK (BOpPMyN:

(2) Bce pmi6er, kpome akym, no6pel K meTam.

(b) JluGo BcAKMH MOGHTENs BLIMBKU BechMa obwuTeneH, 1160 Hexui pocToB-
MK YECTEH M He MbeT BHHA.

(c) He Bce mruum moryr meratn.

B TO ke Bpemsi cBoGoan
o TaK, Hanpumep, NEPBOE BXOK
[HO, HO (ii) aBusercs nongopmyon dopuy

nywiue gopmy

PeMeHHast MoxeT ObITh OZHOBDEMEHHO CBOGO
Toli we popmysne. Takosa, HanpuMep, nepeme
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§ 2. MHTEPIPETAUUH. BBITIOJIHHMOCTD 1 WCTUHHOCTD

6ut BCex; Aubo
(dy Jlmbo waxubil a06ur Koro-HubGynb, H HH OLUH HE 110
KOro.
4 KTO-TO He MIOOHT HM P
™0 M()éTml iacoe:{emb o6MaHbiBaTh KOE-KOro BCE BpeMs, Thl 1\;(3);«21;1;81“
© TOprE BpeMs, HO Thl HE MOXellh o6MaHbIBaTh BCEX
SKO :
L;; HekoTopsie OCTPOYMHbI, TOMbKO KOTRA MbAHBI
j e YyeCTeH.
Hyp oxud MOJUTHKAH H \ voren,
(%)) Ecnu kT1o-HHGYIb MOXET CHelaTh 3TO, TO H'Bl;m.r(x)omxy
Ei) BC,;KM’ O ol DoC gomi;;ﬁqﬂomo WeHNUHbl ABARIOTCA
! i ocod — g
i BCAKUI pa3yMHBIfl (Pux e e
o 4};:4CJ&)Hunoc0(paME, TO TOTHa, €CAM CYLIEeCTBYIOT PasyMHble i) ,
3yMHbIV
Kgg)pme M3 KEHIIHMH — HHHKH.

HeK

pcex H

am
§ 2 WuTepnpeTauni. BpiMOJTHAMOCTE U HCTUHHOCTD. Mone

MeeTcs Kaxas-HUOyab
0JbKO TOTA4, Korjga H 1
> Jbl MMEIT CMBICA T A
q?lgpgaum pXoaamuxX B Hee cumBoJoB. ITox zmmepnpezgz}:gg;a o H}; e
. NyCTOro MH )
HAMaTh BCAKYIO CHCTEMY, COCTOSHLYIO U3 HEily O oo
o 6/aC b0 MHTEPTIPETALLIM, U KAKOr0-1u00 CO0 , cers
e #i Gykse A" HEKOTOPOE M-MECTHOE OTHOMIEHU ,
K onambtioN 6 ! f* — HEKOTOPYIO /I-MECTHYIO Onepanuio B D
. HKUXOHAJILHON OyKBE 7 — _
ol O oTo0Opaxanuyo Ij)" B D) u Kaxnon TpeaMeTHON TIOCTOsH
‘o npen-
(r. e prHK:Kor’opuﬁ snement n3 D. Ilpu. sanannoft mnepn%emuvéu np%ri:
- UHT -
Holl a; [epeMeHHBIE MBICAATCS npoberaomumy 00/1aCTh D st10 o (};Ianom-
meh oo aM [puaaeTcs MX OObIYHBIA CMBICIL
Ky, a CBsA3KaM |, O ¥ KBAaHTOP e atpmaTaCs KA
’ 4To BCSIKOE f-MecTHOe oTHoIWeHue B D moxer p a_ anpnaten e
e D™ BCeX H-OK 37 .
HKeCTBd
MOJMHOXECTBO MHO n w -
lli;ﬂ{omp: e ecan D ecTb MHOXKECTBO YEJOBEYECKMX CyILECTB, TO rIo Houtenne
UM
M;ii ng;nvm JObMH, COCTOSILEE B TOM, YTO TePBBIH msxﬂnlfopgmqew“x
omo»{ APYroMy, MOXHO OTOXIECTBUTh C MHOMECTBOM BCE y
RoR A}
nap (mopef) (X, y) TAKHX, UTO X SBJACTCH OTIJ.OI;'I ge)g CrOGOMHX EpeNCi-
Jlag nanHofl MHTEpIpETanMd BCakas GopMya e e
HBIX (U7, WHAYe, 3aMKHYMas ghopmyaa) npeﬂci;lgg;?na SR
b
JIOWHO, a BCAKast !
OTOpPOE WCTUHHO HJM , Cpooomm
ﬁgg’EM}éHHblle/I BHIP&XAET HEKOTOPOE omomefzne Ha o)6naiITﬂu 01;1-}1{ ;}12 ;)Haqemp;
0) I
Tb BHIMOJHEHO (MCTHHH
3T0 oTHOIIEHME MOXeT Obl e
nepeMeHHbIx 3 OOJACTH HHIEpUPETalud U HE  BHIOJIHCHO ( )
IpyTux.
Hpumepn
() Af(x, Xah
(i) Vg Af (X1, Xa);
.
i) e Vi, A (9, X1)- ‘ )
) Gepen 1 ge O6GJACTA MHOXECTBO HEJHX TOJOKUTE/IbHb
Ecimm mm 6epem B Kauect s < 7, 70 (i) IPEACTABIAET OTHOLIE-
uncen n marepnpernpyem Aj (¥, 2) KK y==2, 1 e o, by monsin
HHE y =< 7z, KOTOPOE BHIIOJHEHO [JIst BCEX }{)nop(s'l‘/:)(o e aamos ChoHerso
=z, :
yTo a=< i) n
1 e e ot 41y M) ann’ K&XKIO0r0 LeJOro TNOJOWUTE b=
(. e. orHOWEHHE C OZHHUM APTYMEHTO caan Kaoro nenoto mor
HOrO y, y < z», KOTOPOE BBINOJHEHO T
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OKasbIRdeTcs HUCTUHHBIM

YnpaxHenns

(l) A;') (fll (xlr xz)v al);
(2) A? (xh Xg) =) A';' (xg» Xl);
(3) Vx, Vo, Vi, (A} (1, x5) > (A7 (x,

xX3) D A (xy, X3))).
Oaa caenyomux HHTepIpeTaunil u

2 KawIolt M3 gopmya (1), (2), (3) yka3sa
fIpH KaKHX 3HaYeHMAX CBOGOAHBIX [IEPEMEHHBIX 3TH DOPMYAH BLIOIHe D] (ecau o
UMET cBOGOIHbIE [lepeMeHHbIC), HAM BLIACHATD, ABIAIOTCSH AH OHHU JOWHBIMH Y
UCTHHHBIMH BLICKA3bIBAHHAMH (eCIM OHH He ConepxaTr cBOGOMHBIX nepeMeHHbIxX),
(a) B kawectse o
uucesn, Af(y, z), fi(x, 2) u a; uure
KayectBe o6aactu
A2, Fi0h2) 1 oa
«z>» 1 <«[uraep», »
(c) B kavectBe o6nacry GepeTca MHOXecTBO Bce
AIOn2), Ay, 2) u @, HMHTEPHPETHPYIOTCA COOTBETCTRe
(nycroe MHOXEeCTBO).

CTBO BCEX UEABIX MOMOKHTedpH '
PODPETHPYIOTCA COOTBETCTBEHHO Kak y=z,y-z,;

TBO BCex YenoBeveckux cymecr

MHTECPNPETUDYIOTCA COOTBETCTBEHHO Kak <y moGur

X MHOXECTB UedblX Ynce
HHO KaK Yo z, y{Jz n

HOHﬂTl/Iﬂ BBIMOJHUMOCTH # HCTAHHOCT

M UHTYHTHBHO ACHHI, HO JJIA CKEIITHK
OHU MOTyT OBITh yTOYHEHHI

Crenyomnm  obpasom (Tapckut [1936]
Ilycts  nama HEKOTOpas uHTepnpeTaums ¢ o6JacTuio D, u nycrs ¥ ec

MHOXECTBO BCex CUETHBIX OC/IeIOBATEIbHOCTEH 3JEMEHTOB u3 D. My Cceitua

ONPEne/MM, uTO 3HAUMT, yTO bopMyna of BrmoAHeHa Ha NOCAEA0BATE b
HOCTH s==(by, by,...) w3 T npu maunon HHTEpTpeTanny.

Ipensapurensio wmu OTIpelie/ MM OnHOMeCTHYIO OyHKUMIO s* o 3Haue’
HAAMH U3 D u ompenesennyio na MHOXKECTBE BCEX TepMOB. ;
(1) Ecan tepm ¢ ects UPEAMETHAN lEepEMEHHan X, To s* (t)=b;.
(2) Ecm Tepm t ects NpeAMETHAst KOHCTAaHTa, TO §¥ (!) cosnagaer
€ MHTEpnperanuelt sTo#t KOHCTaHTH B D. :
(3) Ecan f;‘ €CTb yHKuMOHanbHAs Gyksa, MHTEpIpeTupyemas onepanuest
AN

g8 D nt,. . ., t,— TepMH, TO §* (f'}(tl,
Takum o6pasom, s* — 510 ynxuus, onpexeasemas NOCIeA0BATENbHOCTHIO
§ # 0TOOpaalouas MHOKECTBO Beex Tepmos B D. Ecam rosopurts necop-
MaJIbHO, TO mns moGoR nocaexoBatensHOCTH s==(by, by,...) u m11 MoGoro
TepMa £ s*(f) ecTs saeMent MHOKECTBA D, xoTophIi loJIyuaercst B pesyn-
TaTe MONCTAHOBKM MPH KawIOM i 3JeMenTa b; Ha wMecta mcex Bxowcaenu
TIEPEMEHHOH X; B TepM f u 3aTeM BhINOMHEHUs BCEX omepaunit uHTepnperanun,
COOTBETCTBYIOMMX (DYHKIIMOHAIbHbIM GyxBaM Tepma f. Hanpumep, ecan ¢.
ecTh f3 (X3, f3 (%, @1)), o6xacTio HHTEPNIPETAUNHE CAYHUT MHOKECTBO Le/bIX
uncen, f5 u f} HUHTEPIPETUPYIOTCS COOTBETCTBEHHO KaK OGBIuHBe YMHOXeHune
1 CI0MEHHS, @ @y — Kak 2; T0 a1 BCAIKOH nocaeosatensHocty s* ==(by, by, .. )

UEJRIX uucen s* (f) npencrabaser coGod UeI0€e uuca0 by X (by - 2).

[Tepetinem Teneps K OCHOBHOMY OMfpeneneHuio, KoTtopoe copmy.upyem,
CACAYS UHAYKTUBHEIM waram’ onpeeens thopwmy sl

o b)) =g (s* (t),..., s* (t,).
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§ 9. HHTEPMPETALIMU. BBINOJHUMOCTE U MCTHHHOCT

7 ecTb COOT-
Ecan e eCTb 3JeMeHTapHas (opmyaa A;.‘ (ty,..., ty) n B,  coor
0 ee eff OTHOLIeHHE B WHTEpOpeTanuyn, To (opmyJa Be;fTOM i
BCTCTB_\v}OIﬁoﬂ Ha TOCJeNOBaTEbHOCTH $* B TOM *n tTOJleOS* o
e s* (t,), T0o ectb ecim n-ka (s¥ (f1),..., n
orja B;.‘(S'(tl),..., n)h
K Bn *)
: THOWeHHIO B7*). + vorm
e Otbopmyna ”]eif BhIIOJIHEH2 Ha § TOrAa W TOJBKO TOrIa,
(i)
(vla o He BHITIOJHEHAa Ha S. R
Oph“')'nadJ Myiaa o DB BHNOJIHEHA HAa $ TOTHA M 'ﬂlc; Ko Tora,
(m)q ;nfyga o/ He BHIOJHEeHa Ha § WM Koraa Qopmy
. JODMY
Koraa
o THd, KOria
neHa Ha fi) myaa Vx; BLINOJIHEHA HA § TOrJa M TOJIbKO ;‘0 %T,quam-
i) SfyBLmOJIHeHa Ha Jo6o# noCAeA0BaTEebHOCTH U3 &,
MyJ1a : o
bop oT s He OoJsee ueM CBoefl i-fi KOMIIOHEHTO T
T ropopsa, (opMyaa o BHIMOJHEHa Ha T naTebHoC:
Htl:aqlf ) Tor’na W TOJLKO TOraa, Koria nonmgnos:li r;go}mewﬁ N
5= g’n' 'e.ncmmlmomero b;, Ha Mecra Bcex cBOGOH mXOKIEn
CUMBOJIA, Bglﬂ’lT K MCTHHHOMY B JaHHOH MHTeprpeTanuu npez;auw) O
s el npnna o HA3BIBAETCH UCMUKHOU (B JaHHOM MHTepnpieanocm a
q)ongrna KOTJa OHa BHIOJHEHZ Ha BCAKOM nocnenonarl e e
TOJ[I;I!){OATA Jia ’WZZ HaswiBaeTcst /ooicHoli (B IOaHHOH I/lHTe[:E) p X
. us X,
OHa Hep Bifmonﬂeua HH Ha OAHOH nocnenoaa:;;;bb;oc;;lﬂ . o wHOECTE
eTcs MO
a TepnpeTalus HaspBa HowectL
Ilam{(i‘g ggnupxgmnan dopuyaa us I' ncrunna B naHHoﬁHI:]t;TOeCp;”p(popMy-
J1
q)OpS?;TaTe’mo NPENOCTAB/ACTCA CaMOMY y6em;r1,c(s(l: ;e;2$§::n9TPl cTi dopuy-
/ npeneesui. |
/ X e CcaeacTBuil u3s O b oomum
trne cpoc H:ome OUEBHANB, €CJAM IOJAb30BAThCs OOBIUHBIMH HHTY
CTBE C(BOEM
MOCTH.)
] WHHOCTH W BHINOJHA N
nOH’q”ﬂ;; I;((:)zxno B AaHHOH WHTEpNpeTranuu TOrAd W Tonm;(())rzz ﬁ ,TO%KO‘
1
"]@;f( )ncmuno B TOH )€ WHTepNnpeTauud, ¥ e HCTHHHO
'or ¢ e NOKHO. o 1 on
101 lt?i) Xfirziix—;ﬂ dopmyna He MOxer OblTh OZHOBPEMEHHO MCTH
Kz
HOH B omHOW u TOH Ke WHTEpHpeTauuni. o of — 4B, 10 ne-
(1) Ecay e nanno#t wmnTepnperauuu HCTHH Y
THHIIO W 8.

HOXECTBO BELeCT~
*) Tak, Haupumep, eciH 06BaCTbIO umepnpeTacL;%lcheJ;ﬁKBneTon ecTno penect
: H 1 TEPIPETHPYIOTCA ) o
7 L S onseHs s= (b 9y +e
;%H}L?Iﬁxamﬁi‘c?}la(x?)l, XE{IB(bIleIIHEHa Ha NIOCIeJ0BaTENbHOCTH Oﬁ(nalc’m ;momecmo
fon orz xorna e’2 << by Ecam Mbt BOBbMeMgB KaquT)BeomomeHne ecTeo
- < b, }
?O:Z:bxono?liélg%n B KauecTBe uHTepnperaunu Af (x, aJl,(‘ chenmolo o,
paBuo HaJ’XEHbl or,z» a f3(x, y) NpOUHTEPNpETHPYEM ;{\3 T el e
nmxemyijcl)ro oTpesKa ¢ KOHIaMM B X B Yy, TO (popM)tr)nab 8 )1 Tolr,,ua A3 Lo )y )
Oyner BminonHeHa Ha MOCHEAOBATENbHOCTH sbz(bhﬂzl’);;“bl T rvon
) 2 Y
OTpPe3KOB € KOHUAMH by, [ T HAXOIILCR 1
K(z)xgl:é cpen}ggﬂ;g:l{%T bI:. Ecnan o6aactblo ABAACTCH gdﬂxoz::((eiT-v:u-y et
2 Al (“;C gacu U) 4 @; HHTEPHpPETHPYIOTCA COOTB&E{)CTBbeHH S o Tomko Tane
Myxa Al ( Ha s = (Dy, bgy...
$opmyna” A! (x,, @, X;, Xg) BblIOIHEHA
korpa bi = 2b,.
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(V) o D F rowro B paunon HHTEPNPETAUMN TOMKA W TOABKO TOrg’
KOraa of B 3T0H uwnrepnperauun HCTHHHO, 3 B 10%kHO. .

(V) (i) of & sunoameno ua NOCACAOBATENBHOCTH § TOrAa # TOJBK
TOrld, KOrld % BHIIOAHEHO HA § B oB BBIMOAHEHO HA 8. of \/ % B
MOMHEHO HA S TOTAA W TONLKO TOTIE, KOraa o BBINIOJIHEHO HAa § HJH
BENIOJHCHO Ha §. of == BRNOAHEHO Ha s Torna u TOJILKO TOT'A3, Korjp

1460 o BHIOIHEHO Ha s 1 B BHINONHEHO Ha S, b0 o ne BBITIO/IHEH /
Ha s 1 B He BHNOAHEHO Ha s ¥), :

(i) Jx;o# wemonneno ua s TOrAd ¥ TOJNBKO TOrAa, KOrgd o BRI
TNOMHEHO XO0TA OBl Ha OAHON MOCAENOBATENBHOCTH §', oramuaomeiics or -
He Gonee ueM OmHOM ToMbKO i-H KOMIIOHEHTOH ),

(V1) e wuctunno B naunon MHTEPNPETALMA TOrAd U TOJBKO TOrAa, Kory
B 3TOH MHTePHpETALNH WCTHHHO Vxiof. Samuranuen AanHo#l opmysnr
HasoBeM  dopmyay, koropas HOJYUACTCS! MPUMUCHIBAHNEM K o cnepen
8HAKOB KBAHTOPOB BCEOBMHOCTH, COIEpMAKX B NOpsAAKe yOBBAHUA HHAEKCO
BCE cBOGOAHBIE IepeMeHHkLe, BXOUAINHE B o#. 3aMbIKaHueM Ghopmy bt o,
HE conepxaumell cBoGoaHBIX NCPEMEHHBIX, OyJIeM Ha3GIBATL CaM
e?. (Hampnmep, ecin o# ecrs Af (Xo, x5) D T3 Al (xy,
MbIKaHHeM o7 Gymer dopmyaa ng,anngVxl@f.)

(VII) Beskutt wactupii cx
UHTEpTNperaunn. (YactHeim ci

TIOBHIHOHAIBHY 1O (popMy BMecTO NIPONO3NINOHANBLHBIX 6
YTOOH BMECTO BCex BXOXMACHUH ORHOH M TOH ke n
NOACTABASKIACE OGAHA U Ta e o
YaCTHBIE CJYYaHn aKCHOM CHCTEMBl L. VI CTHHHEI,
npeanoxenne 1.13))

(V) ITycte crobomuie NEPEMEHHBIE (ECJIH TAKOBHIE HMEIOTCH
e comepxarca cpeau NEPEMEHHBIX X
TEABHOCTER S 1 8" KOMIOHEHTH ¢ HOMepamy i,
o BHIOIHEHa Ha s TOrga u TOJIBKO TOrAa, KOr
(Vkasanwue, Muaykues no AUCIy CBASOK U KBaHTOPOB B o. Crauana
AOKA3aTh, uTO €C/M NepeMeHHble TepMma ¢ BCTPEUAIOTCS cpegy Kip ey X
a4 UJEHB! NOCACIOBATEILHOCTEH § HS ¢ HOMEpaMu I,

n?

=3 (¢) 119 mobux BoOGuIE NOCNENOBATENLHOCTEN 81 B 8,.) (Xotd, B cuay
(VII), Besikas dopmyaa ¢ g CBOCOMHBIME  MepEMEHHIMH BBITIOJIHEHA MK He
BHIOHEHA N0 CYWIECTBY TOABKO Ha 71-Kax, a e Ha OECKOHEUHRIX nocaeno-
BaTEALHOCTA, BCE XKe OOWYI0 TEOPHIO BHINOMHAMOCTH AT BCEX (opmya

€pasy ynoGHee passuBaTs B TEPMUHAX HE KOHEUHBIX, a GECKOHEUHMX rio-
ClenoBaTenLHOCTER.)

*) v

Hanomunm, uro o & B, =B, 3xio#Z aBasiorcs COKpanye-

e N B, ol
HUAMH 1as Tl = 7 RB), 1 e# o B, (@f:)Q%’)&(Q%’:Jgf) L\ S Y 4

COOTBETCTBEHHO,

y Q)OPMY”Y
X3), TO 3a-:

yuait BCAKOH TaBTOIOrMM MCTHHEH BO BCAKOH
y4aeM AaHHOM nponosunHOHaNbHOH $hopMBL MEL
H43bIBAEM BCAKYIO thopmyay, TONYYaeMy1I0 NOACTAHOBKOH thopmyn B a1y Mpo-;

) bopmyan
seees X Torma ecan Y nocuaenosa- ¢
.., Iy coBnagaor, TO ¢$opmyana

Ha OHA BHINOJIHEHZ HA §.

-» I, cosmanarwort, ToO |
¥ ()= (s")* (). B YACTHOCTH, €C/M £ HEe COmepuT NEPEMEHHBIX, TO §§ () ="'
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Onact TAaKUX, 49TO
M o Bcex n-ok (bj,...,Db; ) saeweHToB obOsacru D TaKux, >
HOXECTB X n o
o7 BHINOJHEHAZ HA BCAKOH MOC/IEHOBATEIbHOCTH S, yb wa_
dopuy T, OMIIOHEHTH COBIIANAIOT COOTBETCTBEHHO € bj, ..., D,
' - I UM
S en om OTBETCTBYIOLL
N ’C'i{ ’OTHOIIJEHI/IEM (nmm  cBOHCTBOM) mHTepn]%eTamn)aémc?w HORECTB}; i
el 006/1aCTBIO ey
A ) HampuMe _
LT e it e p, A2 (x, V) WHTEPIPETUDPYIOTCA COOTBETCT
enopeuecknx cymects, Aj(x, y) n Aj(x, ¥y oo o
ye! K «X €cTh Opatr y» U «X €CThb -pOAUTENb Y g Ny
B onie. g D, cooreerctylomee ¢opmye s (Af (%1, X3 mgem«:““a
. : OACTB4, CBY3bIBAIOLLES OAAI0 U .
T coB0l OTHOLIEHHE P , | peNsi
npenCTaBnaﬂfeCTBe 06JlaCTI/l D B39Tb MHOXECTBO LEJbIX HOJIO}{(I/I::{J(I)}KeHHe " 1,
B OOTBETCTBEHHO KaK =, ¥ ,
a A5 fi m a uaTepupernposaTh C

CTO dpopmyne

A (o a1) & Vs (Badt (o, S (6 69) D AL 00) V A5 (5 1)

cJa ObITh TTPOCTHIM.
M CMBIC/IE CBOHCTBO Ui
'BETCTBOBATh B YK43aHHO TpOCTSM
6*118{)(;0;1;;3 dopMyna o 3aMKHYT3, TO B JI000# MHH;;) M(H;ipaga“e,
JH/I6E) MCTHHHO o, nn6o uCTUHHO T} o# (TQ./;.MOJIH({):;H%HTB n‘cmHHog e
IIpu satom, pasymeercs,
aenyet ug (VII).) T o
Emegnpe'raumx U JIOXHO B IPYrux (Haré%lenzg)e, ll'lqelp(e;[)e)ﬂﬂme, popuyna of
epi¢anias CcBoO a et
HesamkHyTas, T. €. €O eNCritie, (opNY? ‘
nax OwTE W HE
OTOPHIX HHTEPMIPETALL howof
Tvers Barflle}:mepp@{ ectb A} (1, Xq). PaccmotpnM wHTepaneZ\Tza(rigno,x) e
nymb’; cg mm’ MHOXECTBO ILI€JbIX YHCea U B KOTOPOH onheﬂg szﬂ(o P
KOTOEO eTcz KaK X <Cy. B aTo#t uHTepmperauuu of BbI)r(I EHO ORI bt
u .
Egg;eﬁgsmenbﬂocmx s==(by, by, .. .)s y,ZlOBJIeTBOp:I]BIOaHeLMaﬂ y(popMlea 1 =b
C/lenoBaTe/bHO, B 9TOH WHTEPHpETalun paccMatp
Y| N

WCTHHHA © HE JIOXKHA. v — mepMbl, S — NOCAEGOBAMENBHOCILE U3 z,

r
mma. [lycms t u . tocms U %
O aae 1 JcmaroBKOl T BMECHIO 8CeX BXONCO i

t' noaywaemcsi u3 t nooc:

& .
-1 V), moz0a
Aydaemcs U3 S 3axMeHoll 8 Hell ee I-U KOMnOHth”iI;L) ;ta s¥ (v);
10 .
’81* ('t)i) =(s)* (). Yxasan I/:p e. HHLLthLU/lﬂ ngMnJCn;ggoﬂHmﬁ I )
o — aa, t— ) Y
— oy o o 10; cBOOOAHBIX
@/I;y:fm) T;:gmyna (n(;)nyqeﬂuaﬂ NIOACTaHOBKOH  BMECTO BC%;() CROGOHX
b
b xcn(ezmﬁ x; B o (x;). YTBEpKIAETCH, UTO (bopmyn?) @fmma punoaHens
. i = U TOJIBK ,
==(by, Dy, ...) TOIAA o
aegosateapHocTn s == (by, e awol 5% (1
::mrcl)?lcnnni Ha NOCJENOBATENBHOCTH §, TMOJAydYEeHHOH U3 sc:g;fo RN
B s MgCTO b;, (Ykasanune VHayxkumsa 1o uuciay
B i

o (X UMEeHEHHEM JIEMMBL.) o
’ C b & Hpue Ecau Ha nociedosamensHoCmu S BulNOARERA OPMY
AenCcTBHE

Myaa
YV x,0# (x;), mo sbinoixera u ghopmyaa v@/f ). Cﬂeaoza:zlmbuo, gopay
Vxl-ezf (x’-),:D@;f (¢) ucmunna 8 KaxcOoi uxmepnpemayun.

x; —Bce cBOGOAHBIE UDepeMEeHHbIE
*) 3jech NMpepnonaraetcsl, UT0 Xiy, ..., Xig

OpMYIBl oA#Z.
b p*¥) JLiuHON 1aHROrO BHIPaXeHHMA Ha3blBaeT

B 9TO BHIpaMeEHHE.

Cs YUCIO BCEX BXOMWIeHU! CHMBOJOB
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(XI) Ecan dopmyna o# me CONCPKHT X; B KauecTBe CBOBOAHOH nep
MEHHOH, TO0 dopmy.a ;

Vi (e DB) D (e D V. 7)

HCTHHHA BO BCSIKOH HHTepupeTauus.

YnpaxHeHue

Jokasate (I)— (XI). B kayecrae npuMepa noxaxem (XI). Honycrum, yto (X1
HeBePHO. ITO 3HAYUT, YTO npH HEKOTODRIX o u B ¢opmyna Vx; (o D B) >
D (e# D Vx;c%) He ucTHHEA B HEKOTOpON untepnperaunn. Coraacho nyHkry (iii
IIOCACQHETO ONpefeNeHns, IONKHA CYILeCTBOBATh TOCHEN0BATENLHOCTD S, HA KOTOPOH

Vxi(oF D RB) BLINOIHECHO, a (o © Vx;%) He BLIIOJHEHO. Torna onats no
TOMy Xe nynktry (ili) Ha 3TOH mOCchezOBaTENBHOCTH s BbIIOJIHEHO o,Z M HE BbINOJ~

HeHo Vx;o%. CuenosatennHo, B cuny nynkrta (iv) toro ke onpejeneHusn, cyuiect-
BYET HOCAENOBATEALHOCTL §', OHITh MOXeT, OTAMYAIOHIAACA OT S OXHOH NHINL i-#

KOMIIOHEHTOW, Ha KOTOPOi1 He BHITONHEHO RB. Mockoabky Xi He ABAAETCA CBOGOHON:

liepeMeHHOA Hu B Vi, (o4 D B), HA B oA, a CaMu 3TH GOopMY bl BHINOMHEHR Ha

S, 10, B cuay (VIUI), oun Brnosnenn w na s Us TOr0, 4T0 VX; (0 o o%B) Bbi-:
NOMHEHO Ha §', cormacHo (iv) BHITEKAET, YTO U o D o BHINONHEHO Ha s'. Takum .
1 o-# BHITIOJHEHH Ha §', OTKyHa, 1o nynkry (iii) onpegpenenns, '
Caelyer, 4To U o737 BHINOJHEHO Ha s. M UPHUIY K TIPOTHBODPEUHIO C TeM, 4TO "

06pa3oM, o7 O B

HE BbiONHEeHO Ha s'. (XI) noxasano.

Popmyna of wasmBaerca sozuwecru oGumesnawumoi (8 ncuncaennn |

NMPENUKATOB), €C/N OHA MCTHHHA B KawAOH UHTEpTpeTanun,

®opmysna o# HasmiBaeTCs BbINOAHUMOL (B WCYUCTICHHR NpeaHKaroB),
€CIH CYWECTBYET WHTEPIPETAUns, B KOTOPOH o7 BHINOJIHAMA Xorsi Om Ha .

OJHON MOCNEA0BATENLHOCTH M3 I

Ouesuano, uto dopmyna o# normueckn 00MIe3HaUNMa TOrIA ¥ TOJBLKO
TOr1a, Korna Gopmyna Te# He SIBJAIETCH BHIOAHUMOH, K dopmyna o4 Bh-
NOJIHUMA TOTAA M TOABKO TOrA3, KOraa (opmyna Je# He spasercs JIOTH-
yeckn oOmesHaunmMod. Kak mmul SHACM, BO BCAKOH WHTEpNIpeTauud BCaKas
3aMKHYTas QopMyna o WIN HCTMHHA WA JIOXKHA, T. €. BHINOJHEMA auGo
Ha . KaX[O0H NOCHeN0BATENbHOCTH, AMGO HA Ha OMHOH. CrenoBarensno, Bcakasn
SaMKHyTas (pOpMyJNa o# BLIONHAMA TOrA3 ¥ TOJBLKO TOra, KOrja OHa
MCTHHHA B Kako#-HnGyae muTepnperaumu.

Byrem wnasesars bopmyny e# npomusopenuen (8 wcuncsrennn npe-
AUKATOB), eCni (GOPMyJNa o ABATETCA JOTUYECKH 00LesHaYnMoN  um,
UTO TO K€ CaMOg, ecan (popMyna o JOKHA BO BCIKOH MHTEpHpeTaluy.

Posopar, uro gopmysa of aoeunecku srenem wopmysy HB (8 ncun-
CIEHUH TPENNKATOB), ecan B JmoGO# uHTepnpeTaunu tGopmyna % Brmosane-
Ha H3 BCAKOH NOC/AEIOBATENLHOCTH, Ha KOTOPOH BHMOMAHEHaA popmyna oA,
(Bonee o6mé rosopsit, uro topmyna B apasercs aoauuecxum credcmenem
(B McuncaeHun npeauxatos) MHO¥ecTBa I (popmMya, ecaH BO BCAKOH HHTEp-
nperauun ¢opmyna <% BhnosHeHa Ha KawaoH NOCIENOBATENLHOCTH, Ha KO-
TOPO# BHINOJIHEHH BCE (DOPMYJH 13 r) .

Qopmyarl  HaswmBalOTCH  s02udeciu IKgusaseHmuoimu (B UCYUCICHUH
NPEANKATOB), €C/IM KAXKAas W3 HMX JOIHYECKH BJEYET opyryio,
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oEep-
Uz aTtux onpeneneunﬁ HENOCPEACTBEHHO BBITEKAIOT cleaymmne 'y P

ue KO TOr42
7Kﬂe(a) dopmyna o Joruuecku Bieuer Gopmyay B Torga u TOJb X

obie3HaqnuMa.
Myda o D B N0rRYECKH \
Kom(ll';l) %Oé)pw?ynm o u B NOTHUECKN SKBUBAJEHTHH TOrAd W TOJNbLKO TOTAZ,
orna Qopmyra of =B NOoruuecKu OOLE3HAUNMA. B n ot nermmo
) (¢) Ecan ¢opmyna o# JOrMUECKH BJIEUET dhopmyay ot ne
\ Ol We MHTEpIpeTauuu UC .
i wHTEpnpeTranud, TO B 3T "
’ nag;loEcnu q)%piyna B aBageTCA JNOTHYECKUM CJAEIACTBUEM Hexa(;gc;p(;“-
Ho(x(ecma I' popMyJs, MCTHHHBIX B NaHHOH HHTEPNpPETALUH, TO B
M .
MyJna
npeTaLun WCTHHHA B (Op crienoro
Tepoc,-,Koe npensoxenne Kakoro-Aubyab (GOpPMajabHOrO UK e;;::m;;) oro
3pIKa HA3HIBAETCH AC2UMECKU UCMUHHbIM (B HCUUCICHUH 6npe11ﬂaqwon, o
) O ABJISETCS YACTHBIM CJAy4aeM HEKOTOPOH Joruyecku o0uies o o
oy ¥ HA3HBACTCA 402U4ECKU AOJNCHOLM (B WCUNCJACHHM TP ,

MY JIbl, #f HeKOTOPOrO TPOTHBOpeuHsi (B KCUHCICHHH

ec/il OHO eCTb 4YAaCTHHH cJay4a
npeankaros) *).
[Ipumeph.

V1.
3Haq;.ME£nn)@/f He comepwuT X CBOOGOIHO,

.
Jorauecky obiesHaunMo (X .
- V?,xﬁ)nu ¢+ csobogen s X B of, 10 Vxof (x) D ef (t) aoruuec
Gueanaunmo  (X). \ I
° ul4 dopmyaa Vxa3x, A7 (%1, x¢) D Ax1 VX243 (X1, Xo) gi 3}; eren Ton-
yeckn oOiesHaunmMol. B KauecTBe KOHTpHpHMEpa pa;gn;y pz e
tepnpetauuio Aj (¥,
COCTOSIIIVIO M3 BCEX LEJBIX 4YuCell, W BHTEp pEI o A0, ) Norpene
y<z Torna Vxedx;Af (X1, x9) uctunno, a Jx1VxeAj (X

1. Beakuti wactHelft ciyualh TaBTOJOTUK JIOHMYECKH obute-

10 Vx(ef DRB)D(ef D

YnpamHeHns -
1. IokasaTs, UTO ClelywuiHe (GopMmynbl He ABIAOTCA AOTHUCCKH obwe3nayn
MbIMH: .
Al (xy) D AL (x))];
Vi, Al (x)) D Vx, AL (x4)] © [(Vx, (A]
(b (Ve AL o ' A e 5 [V A (5) V (V5,3 Gl
9, TlokasaTb, YTO CAEAYIOUIUE (DOPMYIb TOTHYECKH OOLIE3HAUMMEL
(a) o (£) D Axiof (x;), ecan ¢ cBOGOLeH 1A X; B of
(b) Vxiof D Axict; _
(c) inij@;{EVx,;‘\s’;;,{,
(d) Vxiod =1 Ax; ; .
(&) Vi (ot > GB) > (Viof: > Veidh):
(f) (Vxiof &Vx;BB) =Vxi(o# &RB) .
(8) (Vxiof N Vx:B) D Vi (of V B
(h) gxigxigjfEHngxiQ;f;
(i) 'EIx,-in@,{ DVx,EIx,-(yf.

¢ 0B» Mbl Gylem OMyCKaTb.
#) B gaapHefimeM CA0BA «B HCYHCACHHW NpeluKar y
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3. Jlokasats, 4To 3aMKHyTan dopmyna o Aorunecku piever Qopmyay B
TOTla U TOMbKO TOrfa, KOINA 73 HCTHHHA BO BCAKOMN HHTEpNpeTaliy, B KOTOPOH

&

HCTHHHA o7, (JT0, BOOGWE rosops, HEBEPHO, €CU o COREPXKHT CBOGOAHbLIE Tepe-
Menusle. Hanpumep, nycts o-# ects Al (x1) m B ects VAl (x,). Torna, B cuay

(VD), o%B nctunna, ecim HCTHHHA e#. Hpennaraercs nocTpo
IOKA3bIBAONLYI0, YTO o HE BIEYET JOIMUeCKU %)
4. Nokasate, uto dopmyawl

(@) FxVy (A (x, ) & A (3, %) D [AT (6, 0) = A2 (3, )]);

(b) VxV3Vz (A} (x, ¥) & A} (3, 2) D A} (x, 2)) &
&VYx A (x, x) D IxVy 7] A} (x, v
() VxVyVz (43 (x, x) & (A} (x, 2) D Al (x, y) V/ Af (3, 2))) D 3yV24i (y, 2)
He SIBISIIOTCA JOTMYECKH OOGHIe3HAUUMbIMA,

5, Jloxasats, uTO BCakas dopmyna o co CBOGONHBIME NepeMeHHbIMH Yir vy Yn
BLIMOAHUMA TOrAa M TONBKO TOrJa, KOTAA BHIMIOJHUMA dopmyiaa Ay, ... y,oA.
6. Beena moaxonswmue o603HaueHus, 3ammcaTh NPEenroKeHns, yUacTByowue B

BAXKECIENYIOUIUX BbIBOXAX, B BHIEC @OpMyll M BBIACHUTDL, B KaKUX CIy4asaX KOHBIOHK-
WS NOCHIIOK JIOTHYECKH BJeyeT 3aKiAloyeHUe.

(a) Beaxuit, k1o Haxomurcs B BIpaBOM yMe, MOXET [OHMMATh MaTeMaTHKY.
Hu oxmn u3 cumoseit Cerenss He MowxeT NOHEMATD Mmatematuky. Cymacmeninue He
HOMyCKaIOTCs K ronocoBannio. CaenoBaTeibHO, HUKTO H3 chitoBed I'erems He J0-
IIyCKaeTcss K roJoCOBAHUIO.

(b) Jas mo6oro MuomecTBa x CYUIeCTBYET MHOXKECTBO ¥ TAKOE, YTO MOLIHOCTh
y Gounbme momHoctn x. Eciu x Brmoueno s Y, TO MOL{HOCTb X He 6oablie MoLj-
HoctH Y. Beakoe MHOXecTBO BKmOueHo B V, CrnenoBareanno, V He MHO¥eCTBO.

(c) Ecau Besxuit npemok mpenka mammoro UHIMBHAYYMA €CTb TFaKkKe IPeRoK
TOro e MHIMBHIYYMAa M HUKaKOH MHIMBMAYYM He eCTb TPENOK CaMoro cebs, 1O
AOMKEH CYHIECTBOBATL HEKTO, He HMEKWHUH IIPEIKoB.

(d) Beaxuti napukmaxep B JmoHcBHANE Gpeer BCeX TeX M TOMLKO Tex, KTO

He Opeercs cam. CrenoBarenso, B JOKOHCBHNIE HeT HH OLHOLO HapuKmMaxepa.
7. TlpuBecTn npuMep NOruuecKn O6UIe3HAUHMON Gbopmyasl, KOTOpas He sBIsgeTCA
YACTHLIM Cayuaem TaBTOn0rUH. Ilokasath, ofHaKo, 4TO BCSIKAA AOrMYecKH oGie3Ha-

UnMas OTKPBITad opmyna (1. e. gopmyna Ges KBAHTOPOB) ABASETCA YAaCTHLIM cay-
4aeM HEKOTODOU TAaBTONOIHH.

§ 3. Teopuu neproro nopsuxa
AN

B cayyae nponosuumonansroro ncumcaenus METOA HMCTHUHHOCTHHIX Tal.miy
Aa€T HaM 3((EKTUBHBIA CNOCO6 MNPOBEPKH, SIBJISETCH JH TaHHAA IPOIO3H-
luona/bHan  opMa raprosorued. OMHAKO MNPENCTABAAETCH COMHUTENbHBM
CyHIECTROBaHME 3(D(EKTUBHOrO NPOLECC, MO3BOASIOUIEro A48 MoGOH JaHHOH
(PopMy¥ibl peniaTh BOIPOC O TOM, SABJISETCS JU OHA JNOFUYECKH obulesHaunmod,
MOCKOIbKY  TENepb ykKe M1 KauAo# (OpMyJIel NPUXOAUTCS HMETh Aejo
C NPOBEDPKOH €€ MCTMHHOCTH B MHTEPNPETALHsIX C 00JacTAMH, BOOOGIE roBops,
CKOJIb yrofiHO GOJIbIIMMU KOHEUHHIMH, a TaKke U OeckoHeunsimi. M B camom
/€, B MaJbHEHIIEM Mbl YBUINM, YTO, B COOTBETCTBHHU ¢ HEKOTODHIM COBEp-
IICHHO €CTECTBCHHLIM ONPEIEJIEHHEM MOHATHS <«3(PPEKTHBHOCTUHY, ACHCTBU-
TEILHO MOXKET OHTb [0KasaHa HEBO3MOXHOCTb S((PEKTHBHOrO CrocoGa pac-
TIOSHABATL JIOTMYECKYIO OOLLE3HAUMMOCTh. AKCHOMAaTHYECKUH METOx, KOTOpHIit
ObisI, moxanyi, HsAMINHEH POCKOLIBIO MPY M3YYEHHH TPONOBUIMOHANBLHOTO
UCHUCACHNS, NPEACTAB/IACTCH, TakuM 00pasoM, HEoGXOAUMEIM Npyn u3ydeHuu

UTb MHTeplpeTalHio,

§ 3. TEOPUH IEPBOIO MNMOPSIOKA 65

(OpMYN, COMEPKAMX KBAHTOPH *), M noa;‘?my Mbl Tenepp oOpaiiaemca
K PacCMOTPEHHI0 meopuil nepgozo nopsadxa **) (uau, uHaue, A6 MEKMAPHBLYX
meo'[él:dl;)aonamn BCAKOH Teopuu K nepBoro nmopsaika CAyKaT N0 CyHECTBY
1€ K€ CHMMBOJIB, KOTOpbI€ MBI BBEJIW paHee B 3TOH rJaasel nponosu-
JiROHaNbHBIE CBA3KH |, D; B3HakM nyHkryaumm ( , ), , (CTporo rosops,
sanstan He ABASETCA HeoOxoauMo#, HO ynoGua naas o6nerqunﬂ. yTEHHs
(pOPMYJI); CUETHOE MHOXECTBO MPEAMETHHIX MEPEMEHHBIX Xy, Xg, ...; HEMyC-

n . .
TOE, KOHEYHOE WJN CUYETHOE, MHOXECTBO NpeamkaTHHx OykB Aj (n, j=1);
KOHEUHOE (BO3MONHO, U MYCTOE) WM CYETHOE MHONECTBO (PYHKUMOHANBHBIX
OyKB ﬂ‘ (n, j=1); B, HaKOHeU, KOHEUHOE (TOKE, BO3MOKHO, nycToe) WJH
CUETHOE MHOKECTBO [pPEAMETHHX KoHcTauT @; (i==1). Takum oOGpasowm,
s Teopurm K MOTYT OTCYTCTBOBaTh HEKOTODHIE WM JHaXe BCE (YHKIHO-
HanbHele OYKBEI ¥ NpPEIMETHHE KOHCTAaHThl, @ TaKXKe HEKOTOPHIE — HO He
pcel — npenvkarHble OykBo. PasmuuHele TEOpuM MOTYT OTJIMYATHLCS APYr OT
Apyra no COCTaBy CHMBOJIOB. ]
C¢opmynuposanibie B § 1 ompenenenus Tepma, opmysasl H nponosu
UMOHAMBLHHIX CBA30K &, \/, = ocraloTcs B cuae nas moGo# TEOpUM nepsoro
nopsaxa. Pasymeercs, B cayuae Kaxaofl KOHKperHo# Teopun K B nocrpoetnn
TEPMOB M (OPMYA YYaCTBYIOT TOJBKO T€ CHMBOJIH, KOTOpHIE NPHUHALJIERAT
reopun K.
Axcuomn Teopun K pasOuBaiorcss Ha ABa KJacca: JIOTHYECKHE aKCHOMH
u coOcTBeHHbIE (MM HEJIOTMYECKHE) aKCHOMBI.
Joz2uneckue arcuomsi: KakoBH O HRn Oblau Qopmyan of, B u g.
1eopun K, caenyomue Gopmysl SBAAOTCA JOrHYECKHMY akcnoMamu Teopum K:

1) of o (B D #);
§2; (e;i’DD((e%’D: ) o (o = B) D (e DB

*) VimeroTca ewie m Apyrye NOBOJbI B I0Ob3Y aKCHOMAaTHYECKOrO nonxoig}i:’(ﬂo;;
UeNnUMK ¥ TIOCTPOEHHA, BKAKOUaoWiue B ce6A [OAATHE HHTEPIPETAUUH W CB anmbie
C HHM INIOHATHS WCTHHB, MOJEIM M T. T, YaCTO Ha3bIBAIOTCH CEMAHMUHECKUM
B OT/MYME OT TaK Ha3blBAeMbIX CUHMAKCUHYECKUX KOHLENHH, BOCXOMSAMNX K npocn(:)l‘n:
OTHOLIEHHAM MEXAY CHMBONAMH ¥ BHIPAMEHHAMH TOYHBIX (bopmanbm;x nsab:;e.
TlocKONbKY CEMAHTHYECKHE MOHATHA HOCAT TEOPETHKO-MHOXECTBEHHBI i}i(acx;enenpv;
a Teopua MHOXKECTB, IO NPHYHHE NAapajOKCOB, NPEAETABIACTCA B N3BECTHO "
IATKOH OCHOBOM 1Asi MCCIeROBaHWit B 06MacTH MaTeMaTHYeCKOW NOTHKM, TO MHOrH
JOrMKH CYMTAOT GoJee HaleWHLIM CHHTaKCHYeCKHii NONXOM, COCTOAINH B nsyueggl;
(DOpManbHBIX AKCHOMAaTHUYECKNX TEOPHH € TNpPHMEHEHHEM JHIIb noso;b:&;:;wa_
apupmeTnuecknx Mmertonos. [loapo6Hee 06 3TOM CM. B nepBOHaqaanLlix" e,
Huax B o6aactu cemantuku Tapc K{)gg;)] [1936], Kaunn [1952], Uépua [

an bepnatica R

! F::*? Egcfag T(nepaoro pnopmma» gfxasbmalor HAa OTJAHYNE Teopuil, KOTZP::G:“:
6yneM wuayyaTh, OT TAaKHX TeOpH#, B KOTOPHX JAnOGO AONYCKAWTCA 0P elI HATH,
uMelomue B KayeCTBe BO3MOXKHLIX 3HAaYeHHR CBOUX apryMeHTOB Apyrue nplonq] e
B QyHrkuuy, 160 HOMYCKAIOTCA KBAHTOPH TIO NpeNMKaTaM HIH KBaHTopblaTleMaTz“e_
uuaM. Teopuit mepsBoro mopsnka XBataerT AJA BRIPAX(EHUA U3BECTHHIX MKOB aTine-
CKHX Teopuil, ¥, BO BCAKOM ciyuae, 6OAbBHIMHCTBO TEOPHH BHICIUIHX NOPAN O Moer
ObiTh noxXoNAIMM 0GPAa3OM «NePEBENEHO> Ha A3BIK MEPBOro no{px_{nua. p1193};]
TeOpHil BHICIIHX NOPANKOB MOXHO Hallth y Yépua [19f10], 208)1&5” y
Tapckoro [1933], Xasenberepa u Hloabua [1961; §§ —219].

3 3, Menaeascon
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3) (148 2 o) D (15 D of) D B),

(B Vxiof (x)) Def (t), rae of (x;) ects dopmyna Teopun K u
ectb TepM rteopun K, croGomnwi#t ans x; B o (x;). 3ametnm, uto ¢ MOX
COBMALATh C Xj, ¥ TOTHA Mbl MOJy4aeM akcuomy Vxef (x;) D of (x;).

(5) Vx;(oFf DRB) D (of D VxieB), ecan dopmyna oF He CONEPXKH
CBOOOIHBIX BXOWIEHUH X;.

Colcmeernbie aKcuoMb: TaKoBHE He MOTYT GhiTh copMyIupoBaH
B ofweM cayyae, ub0 MEHSIOTCS OT TEOPUM K TEOPHH. Teopus nepsor
NOpsAAKA, He Ccojepxaman COOCTBEHHBIX aKCHOM, HA3LIBAETCH UCHUCACHIE
npeduxamos nepsoz2o nopsadxa.

[Ipasunamu BHBOMA BO BCAKOH TEOpHM TEPBOrO MOPAAKA ABJISMIOTCH

(i) Modus pongns: u3 of u off DB caedyem B. :

(ii) lpasuno oGobuienus (nm CBA3BIBAHUS KBAHTOPOM BCEOOUIHOCTH
uz o caedyem Vxof.

(B nambuefimem npuMeHeHue STHX NpaBun GyAeT COKPAILEHHO OTMEYAThC
coorsercTBeHHo nocpeactsom MP u Gen. (ot aurimiickoro crosa «Genera’
lization»).)

Mozenbio Teopnn nepeoro nopsaka K Haseieaercss BCsiKas MHTEpnperauss,
B KOTOpO# HCTUHHBI BCe akcuombl teopun K. B cury (M) u (V1) ua crp.
59—60, ecan mnpasuna modus ponens u 06GoGuIeHUs PUMEHSAIOTCS K UC~:
THHHBIM B JaHHOH uHTepnperaunn GOpMY/TaM, TO pPESYALTATOM ABJSIOTCH:
Gopmyasl, Takke HCTUHHBIE B TOH e uHTepnperauun. CJemOBaTeNBHO, U
BCsiKasi Teopema teopud K HCTHHHA BO BCSKOH ee mogenu.

Kak mb1 yBuamm nosxe, noruyeckue akcuomsl BHOpans Takum oGpasom,’
UTO MHONECTBO JIOTHYECKHX CJAEACTBHH (B CEMaHTHYECKOM CMBICIE, CM,-
crp. 62) axcwom Teopuu K B TOUHOCTHM COBnamaer ¢ MHOKECTBOM TEOpEM
Teopuu K. B 4acTHOCTH, AR WCYMCACHHS TNPEAVKATOB TEPBOTO MOPALKa
OKAa3BIBAETCA, YTO MHOXECTBO €ro TeOopeM COBMAZAET € MHIKECTBOM JOTFH-
YeCKu OOIIE3HAUUMBIX (POPMYJIL ’ :

Orpanuuenus, comepxaiuecs B (OPMY/INPOBKAX CXEM aKCHOM 4) u (5),
Tpe6yloT HeKOTOpHX nosckenuil. Ecan Gol, B cayuae cxemsl (4), TepM ¢ Mor
He OBITh CBOGONHBIM LA X; B o, TO CTal Obl BO3MOXKHHIM CJELyIOUIAH
HenpustHel  pesyabraT. ITycts of (x1) ectb ] VxoA] (X1, Xo) u £ ecTh X
3dmeTnm, 4TO TOrAa TEpM f He CcBOGOZEH IS X3 B o (xy). Paccmotpum
TaKO# yacTHbIM cayvaéh cxemm akcuom (4):

Vi1 (D VA (21, x9)) D 71 VxeA] (X, Xa), (+) .

W BOSbMEM B KauyeCTBe MHTepmperauns Mmobywo o6aacTe, coaepiautyio He !
MeHee JBYX B3JEMEHTOB, a B KauectBe Af — oTHowenme Toxgectea. Torma
AHTELEACHT B (*) HCTHHEH, 3 KOHCEKBEHT JIOXEH.

Oas cxemmr (5) otkas OT TpeGoBaHus, 4TOOB X; HE BXOAMJO CBOOGOIHO
B of, Takke UDPHUBOMMAT K HenpuatHOCTsM. Ilycts, Hanpumep, of u B
npeacTaBasioT coboit Aj (x;). Takum oOpasom, cetuac x; cBOGOLHO BXOZUT -
B e#. PaccmoTpum uacthbifl cayuatt cxemm (B):

Vx1 (Af (x1) D A (1)) D (A (1) D Vx4 (x1)). (%) |
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AHTELENEHT B (#%), O4eBHAHO, Jjoruvecku oOuiesnaynMm. OmHAKO €C/an MH
BO3bMEM KaKY10-HMOYIAb HMHTEPNPETALMIO, B KOTOPOH Aj BBEINOJAHEHO AN
HEKOTOPHIX, HO HE ISl BCEX 9JEMEeHTOB 006/1aCTH, TO OOHADYXKHM, YTO KOHCEK-
BEHT HE SBJSETCR WCTUHHBIM.

[lpumMepw Teopu# nepBoOro nmopsaiaka

(i) Teopus wactuunoro ynopagovyenusn Ilycrs K cosepwur
¢AMHCTBEHHYIO TIPEAUKaTHYI0 OYKBY Aj W He COMEPHHT QYHKUHOHAALHBIX OYKB
1 NPeIMETHRX KoHCTaHT. Bmecto Af(x;, xo) m 7] Aj (X, X9) GyaAem coorser-
CTBEHHO THCATh Xj << Xa ¥ X; < Xa. Ilycts, Hakowmey, K comepxknr ase co6-
CTBEHHBIC 3KCUOMBII

(@) V1 (0 € xv)

(b) Vx;VixeVxg (361 << xe & Xo << X3 D X1 < X3)
Bcakas Momenb STOH TEOPMM HA3BIBAETCS YaCTUMYHO YIOPAAOUEHHOH CTPYK-
TypO#. : .

(i) Teopus rpynmn [ycrs K umeer oany npeamxarHyio Gyksy A},
onHy (yHKUHMOHanbHYlO OyKBYy fi W OAHYy TNpEAMETHYIO KOHCTaHTY aj.
(B coorserctBan € 06blusbiMn  0003HaueHuamu, Mi OyzeM nucath: f==§
puecro At S), t-4s Bmecto fi(t, ) m O Bmecto a;) CobcrBeHHBIMA
akcuomamu teopuu K spisiorcs GopMyase

(2) VX, VoV x3 (%1 - (%2 + X3) = (01 + x9) +x3)  (acconmarnsHOCTD);

(b) Vi (04 x = x1);

(C) VJC13)C2 (xg + Xy == 0)

(d) Vx1 (x1 == X1)

(&) VX1V (o6 =X D X9 =X1)

(f) VxyVaoVxs (X == X D (X2 == X3 D X3 = X3))

(nppedaeKCUBHOCTD);
(TPaH3UTHBHOCTD).

(cywecTBoBaHHEe OOpaTHOTO 3JEMEHTA);
- (pedIeKCHBHOCTL PaBEHCTBA);
(CMMMETPHYHOCTb PaBEHCTBa);
(TpaH3UTRBHOCTh
paBeHCTBa);

(g) VX1 VxaVxg (e==x3 D (%) + Xa==21 - X3 & X3+ x1=x3+ x1))
(NOACTaHOBOYHOCTb DPABEHCTBA).

Beakas MOJeTb STOR TeOpuUH HA3BIBAaeTCA TPYTIOM.

Ecauw B rpynme ucrunda ¢opmyna Vo Vig (xy - xa==x3 4 x1), TO
rpyNNa HaswWBaeTCs abeseBoH, WM KOMMYTAaTHBHOM.

Teopus YACTHYHOrO YNOPALOUEHNA i TEOPHS rpynn 00e ABASIOTCA 3(PdeKTHB-
HO aKCHOMaTH3NpOBaHHBIMK. BooGwE BCsKas TEOPHs ¢ KOHEUHHIM YNCAOM COG-
CTBEHHMX aKCHOM SIBJSETC S((EKTHBHO aKCHOMATH3MPOBaHHOH, 0O, Kak
HETPY/AHO BUIETH, MMEETCS BOMOKHOCTb 1A Mmobol naHHON dopmyis spdex-
TMBHO pelaTh BONPOC, MPMHALNEKUT AU OHa K UHCAY JIOPMYECKHX aKCHOM:
(cMm. cTp. 65—66).

§ 4. CpoiicTBa Teopuii nepBoro moOpAAKa

Bce pesyabTaTel 9TOr0 naparpaa OTHOCSTCA (€CAM HET CheinalbHOH
OroBOpKH) K NpOH3BOJbHON Teopun nepBoro nopsaxa K. 3ameTnm, uro BCA-
Kas Teopus NEPBOrO NOPsAKA saBJseTCs (OPMaabHOR Teopueh (CM. CTP. 36).

3
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lIpennoxenne 2.1. Ecau gopmysa o# meopu K ecmo wacmnoui:
caywall magmoano2uu, mo of ecms meopema 8 K u moscem Goime 8vige-

Ocha ¢ ynompeGacxuesm OOHUX MOABKO CXeM QKCUOM (1)—@3) u npa-
susa modus ponens. ’

HoxasarenbcrBo. Ilycts o noayuena us HEKOTOPOH TaBTOJMO- '
run. W ¢ nomowmbio noxcraHoBok. COrmacHo mpemoxeHuio 1.13, cywecr- :
syer BeiBox W B L. Cnenaem teneps BClomy B 3TOM BBIBOIE IOACTAHOBKY -
no caenyiomemy npasuay: (i) ecan xakas-HuGyab NponoOsMUMOHAABHAA GyKBa

BXOAUT B W, TO Ha MECTa BCEX €€ BXOMIEHHH B KKAYIO (POPMYJIY BHEBOAA ’
noacrabisieM Ty ‘opmyay teopun K, koTopas mopcTasisaack B W Ha Mecrta ;
BXOXJeHUH TOH e OYKBH NpH NOCTPOEHHM -7, (ii) ecin xanuas NPONMO3ULHO-

HanbHas OykBa He BXoaut B W, TO Ha MEeCTa BCeX ee BXOXnaeHu# B op- |
MY/Ibl BRIBOAA NOACTABJSEM NMPOUSBOJbLHYIO (ONHY W Ty e LA NaHHOH OyK-
Bb) Qopmyay teopun K. ITonyuennas taxum 00pasoM NOC/IeN0BATENLHOCTD
dopmyn u Gyner BhiBomoM dopmyasl o B K, npuuem BHBOXOM, HCTOJb3YIO- -

mUM TONBKO cxeMbl akcuoM (1) —(3) u MP,

Mpennoxenune 22 Besgwoe wucuucrenue
nopsioka K Henpomusopeuso.

HoxasatenbcTBO. Jlas npOU3BOABHOH opmynel o 0603HAYUM
uepes h(e#) BhIpaweHWe, MOJYYAIOUIEECS B pe3yJbTaTe CAEMYIOIEro  mpe-
o0pasoBanust QOPMY/IH o#: B o ONYCKAalOTCA BCE KBAHTOPH H TEPMBbI
(BMecTe € cOOTBETCTBYIOMMMY CKOOKAMEA M 3anSTHIMH). Hanpuwmep, h (VA2 (x4,
Xo) D Aj(x3)) ectn 124, h(IVamdf (X ay, x7) D AL(xe)) ects
TA; D> A; Ilo  cymectsy h(e#) Bceraa smasercs NP ONOSULUOHAb-
HO#l  ¢opmMOH, B  KOTOPOH - POJB  [POMO3ULUOHAABHLIX OykB urpaior
cumoabt A% Ouesnnno, h (T ef)=Th(e#) u h (e# 2 B)=h (e#) D h (B).
Iins Beako#h  akcuoMbl o, mnoayuyaemot mno KaKo#-aubyab u3 cxem
akcuoM (1) —(5), h(e#) saBaserca TaBTOMOrMER. DTO  OYEBHAHO B
(1) —3). Beswmit vactumift cayuatt Vet (x;) D of (f) cxemn (4) mpeob-
pasyerca omepaureft h B Tasroqoruio  susa B DB, a sesikull
uactHbill  cqyuat V(e D B) D (eff D VxeB) cxemn (5) npeobpa-
syercs B rasrosormo Buia (2 O &) D (P 5 &), Haxonen, ecu h(ef)
1 h(e# D HB) — rasronorun, 10, B CuAy npemnowenus 1.1, u h (8) — rae-
ToNorHs; W ecan h(e#) TaBTONOTMA, TO W h (Vx;e#) — rasTon0rus, uGo
pesyabTaTHl npuMeHeHust omepaudd h k e u Vx;ef cosnagawor. Creno-
BAaTeJBHO, €C/iM e ecTb Teopema B K, To h(e#) ects TaBronorus. FEcum
6o cymecreoBana ¢opmyna <B B K Takas, uro Fy# 1 |-, 1%, 10 06a

Bupawenus h(B) u h(7<B) Oblau Gh TABTOMOrMAMH, uTO HEBO3MOKHO.
Taknu o6pasom, K nenporusopeunso. (Onepauus h pasrocuabHa UHTEpIpe-
taupu K B oO6nactw, cocTosmmied u3 ogHOro siementa. Bee reopeMsl K
HCTUHHBl B TaKOH HHTEPIDETAUUy, OJHAKO HA B KAKOH MHTEPNpPETAUMd HUKA-
Kast (hopmyna He MoxeT OblThb WCTHHHOH BMECTe CO CBOUM OTPHLAHHEM.)
Teopema meayxkumu /R NPONOSULMOHAILHOTO HMCYUCACHHS (npennoxe-
nae 1.8) Ges cooTercTBylomieH MOAMDHKALMM HE MOKET OBITH npoBeaeHa
A/ 1POUSBOMLHBIX TeOpuit mepsoro nopsaka K. Hampumep, oA Vx,of

npeduxamos nepsozo
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gas moBOH QopMyan o€, ONHaKO OTHIONb HE BCEria I——K@;i’DVxIM.
B camoM fieJie, PaccMOTPUM 0B/IacTb, CONEPHAWLYl0 MO MeHbllleH Mepe ABa
snementa ¢ u d. Tlycts K ecTh HexkoTOpOe MCUHMC/IEHHE NPEIUKATOB, M MyCTh
o ectb Al (xy). Tlponntepnperupyem Aj KaKlHM-HPle,[[b CBOMCTBOM, KOTO-
y BHIIOJIHEHO Ha BCAKO#
pbiM 00JafaeT TOJBKO SJEMEHT C. Torpa Aj(x1) e o
nocaegoparenbHocTd s ==(by, be, ...), F€ by==¢, oaHaKO VX (xy) He B
noJqHeHO BoOGIIE HH Ha KakoH mocaenosareabHoctd. CaexoBarensHo, ¢op-
myna Al(xy)) D Vxi1Af(x1) He HCTUHHA B STOH WHTEPNpPETALUMM M TOTOMY
ne siBasercd Joruueckn obulesHaunMmol. Jlerxo, oaHako, BRIETH (TpeAJowe-
pue 2.7), 4TO BCAKas TEOPEMA BCAKONO HMCUMC/EHHMs TNPEAUKAaTOB ABJACTCA
61u1e3HaYUMON.
norg{ggﬁzooﬂiompaﬂ ociabieHHas, HO BCe XK€ TOJe3Has (POPMa TEOPEMHl
AEIyKUMU W 84eCh MOXET OHThb JOKa3aHa.

Iycts of — Kakas-HuOyap Gopmysaa, NpUHaJexamas 3alaHHOMY MH?‘-
wectey T' cdopmyn, u mycts By, ..., B, — Kaxoit-im6yae Brsox us I,
cHabxeHHBI 0GOCHOBaHMEM KawJoro B HeM mara. Mol OyZeMm roBOpHTH,

B, 3asucum om o# B STOM BLIBOJIE, €CJH
qTO(i) :7;: ecth o u 00ocHOBaHueM &B; CIyxHT npunaaexHocts <B; k T,
IMM(ii) B; 06OCHOBAHO KaK HENOCPeNCTBEHHOE CICACTBHE nq MP uan Geﬂn
HEKOTOPHX NpEAUECTBYIOIHUX B STOM BHBOZE (POPMYJ, U3 KOTOPHIX IO Kpait-
Hell Mepe OJHa 3aBUCHT OT o#.

Npumep. of, Vxief D& — Vx,8.

(HBy) of runoTesa

By Vxief (%), Gen

(By) Vxief & runoresa

By E (PBa), (Fs), MP
By Vx,.& (By), Gen

3nech (B;) sasucut o1 of, (FBy) saBucur OT o, (Hy) 3aBUCHT OT

Vxief D E, (Fy) 3z%;ucm or of u o1 Vxie# D& u (HBy) 3asucur OT
Db,

Ml%po;n\.:?x@(}izuue 9.3. Ecau B ne 3asucum om o# 6 6b8ode
T, of | B, mo I' - B. 2

Nlokasatreabcreo. llycte By, ..., B,=B— BHBOL u3
T u of, B KoTOpoM J#B He 3aBuCHT OT o#. B KauecTBe HHIAYKTUBHOFO
PENNOJIOKEHH BONYCTUM, YTO [AOKA3HBaeMOE TNpENIOKEeHHe cnpaBe.lmnt
19 BCEX BHBOAOB, AJMHA KOTOPHX MeHblie #. Ecin &8 npuHamiexut
wia ects akcuoMa, 10 I' |- &B. Ecau &7 siBasieTcss HEMOCPEACTBEHHHIM Clel-
CIBHEM KaKuX-TO (OHOK wiM /[BYX) NpelilecTByiomux ¢opmys, T0, no-
CKOMbKY B He B3aBUCHT OT o, HE 3aBUCHT OT of W HH OIHA 11:13 3THX
¢opmyn. ClenosarenbHo, MO0 HMHAYKTUBHOMY MDPEANOJNONKEHHIO, U3 BHBO-
ouMe 3Td (OAHMa Wi fBe) OPMYJB, a BMECTE C HUMH H
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Ilpennoxenne 24. (Teopema Aenykuun.) flyems T, of |- B,
U npu MoK nycme cyuecmsyem maxol eus00 % uz {I', of}, 6 Ko- .
MOpoM HU Npu KAKOM NpUMeHeHuu npasuie o6oOuierus K HOpMYIanM,
SABUCAURM 6 3mMOM 6b600e om of, He CBA3BBAEMCS KBAHMOPOM

HUKaKas c80600nan nepemennas gopmyan o#. Toz20a Nb-o# o B,

Hoxasareabcrro. Ilycrs oBy, ..., B,=cB — ynosaersopsiommii -

ycaosuio teopem BuBog % us {I', o#}. llokaxem no HHIYKLUH, 4TO
Pl off B nan moboro i, i<<n Ecau oB; ectb akcuoma wuin npHHal-

aexcut I, 10 I' |- off B, nockonsky B; o (oF o #B;) — axcuoma. Ecu -
B: cosnanaer ¢ of, 10 ' of DB; 8 CHIY |— ¥ D e# (Ipemnoxe- |
uue 2.1). Ecau cymecrsyior j wu k&, Menbwme i Takue, urto By ecth
e%,: B;, TO, COraacHO WHAYKTHUBHOMY mpeanojoxenno, I' |- o D e%)j "

' e D (#B; > HB,;). Crenosarensho, no cxeme aKcuom (2) u MP,
' o o B, Ipemnonoxum, HaKOHEll, 4TO CywleCTBYET j, j<Z i, Takoe,
uto %B; ects V4B, Ilo npemnonokentto, Pl-o# DB, u mbo B,
HE BABUCUT OT of, an6O X, He ABJIAETCA CBOGONHOH NEpeMeHHOH pop-
Myin of. Ecan B; He sasucutr or of, TO, B culy mnpepioxeHus 2.3,
I'|- &%, u torna, npumenss Gen, noayvaem I'|-Vux,%, 1 e I'|- B,
ITo cxeme axcuom (1), - By > (e D B;). Orciona, 1o npasuay MP,
nonyyaem: I'|— o#f DBy Ecam x, ne sBaserca cso60IHON NepeMeHHoH
dopMyns e, 10, Mo cxeme axcuoM (5), = Vg (ef D #) o (et D
D Vuxpe#)). Tak kak Pl of DB, 10, 1O npasuny Gen, 110AyuaeM
I'- Vxi(ef ©>H;) u, nakowen, ¢ nomompio MP: T b o D Ve,
T. € '~ of >B,. dtum u sasepwaercs uHAyKuus. JlokasbiBaeMmoe upen-
JIOKEHHE MBI TIOJy4aeM Npu i=—un,

Ycnosns mpemsoxenus 2.4 CAMIIKOM IDOMOBIKH, M YaCTO MOAE3HEE
OKasbIBaOTCA €ro 6oJee cnabue caencrsus:

Caencreue 25 Ecau T, of B u cyuecmsyem 8b800, nocm-
pochHblll Oe3 npumerenus npasusa o6obuieHuss K c8060OHbM nepemen-
HoLM_gopuyas o, mo T o D B,

Canencreue 26. Ecau gopmysa of 3amxnyme u I, of |- B,
mo I' |- off ©RB.

Crenyioniee IONOHHTENLHOE —3AKAIOYEHHME MOKHO W3BAEYL U3 JOKa-
8aTeIbCTB npensowenndt 2.3 — 2.6. Ilpu noctpoennn noworo BBIBOAA, T. €,
BuBOJa I'|- of DB ('~ B, B cayuae npeanoxenus 2.3), npumenenne
Gen k xaxo#-uuGyap Gopmyne, sasucawed or HEKOTOpOH Gopmyan & us
I, tpefyerca TOoabKO B TOM Ccayuae, KOTHAa ¥ B JaHHOM BHIBOZE, T. €.
B BuBone ¢ us {I', o#}, umeercs npumenenne Gen (c To#t xe ces3nBae-
MO mepeMeHHOH) K HEKOTOPOH gopmyqe, sapucamed or &. (Herpyawo
BUIETb, 4TO <JB, M3 NOKA3aTEALCTBA npeanomenns 2.4 3asucHT OT TOH Ham
WHOH NOCHIKH & us I' B NEpBOHAYa/ILHOM BHIBOAE TOFAZ H TOMNBLKO TOF 12,
KOrla o = B saBucut oT & B HOBOM BRIBOJE.)

OTO AONOMHUTENBHOE 3aMeyaHue GLIBAET NMOMNE3HO, KOFAd MB XOTHM npu-
MEHUTb TEOPEMY AERYKUHH HECKOJLKO Das NOAPAA B NPOLECCe AOKA3aTelb-
CTBA KaKOro-1u00 YTBEPKAEHWR O BHIBOLUMOCTH, HANPUMEp, HTOGH noJy-
unth =D (e DB) us I, D, of |- B. ITosToMy B manbnétimem

§ 5. TEOPEMBI O TOJIHOTE 71

MBI 6y11€M paccMarpuBaTh 3TO 3aME€yaHHUE KaK 4acCTh 3aKJa0UYeHua npemao-

weHn#i 2.3 — 2.6.
Mpumep. — Vx1Vxeef D ViVt

JdokasateabcTBO.

1. Vx,Vxee# runoresa

2. Vx1Vxaef DVxee# cxema akcuom (4)
3. Vxeof 1, 2, MP

4, Vool Do# cxema akcuoMm (4)
5, of 3, 4, MP

6. Vx,@;% 5, Gen

7. VxaVx10# 6, Gen

Takam o6pasom, B cuny 1—7, mum nmeeM V. Vxeof |- V xoVx124,
pHYEM B TOCTPOGHHOM BHIBOAE HM npu oaHoM mnpumenennn Gen He CBs-
snBaeTca cBoGoanas nepemennas gopmyan VxVxge#. IlosTomy, Ha oCHO-
BAHWM CAEACTBUA 2.5, - Vx;1Vxgef DVxVxief.

YupakHeHHs

1. Tloka3ars, UTO

(a) — Vi, (o 2 B) D (Vx104 D V1B
() - Vx (o 2 B) D (Ixe# > AxRB);
(¢) = Vx(of &B) =Vl &VxT;

(d) - Vy1...Vyno# D o#-

2, Mycts K — Teopus mepsoro nopsaaka, u nycte KZ£—Teopusa co crenyio-

MHM?I)?I{;'CyPliO.h.l?‘h;;.,,@/Z, rie o-# — NPOM3BONbLHAA AKCHOMA TEOPHH K, a y; ...
oy ¥p (n=0) — npou3BonbHbie MNpeJMETHbIE HepeMSHHble,V )

(2) Vy, ... Vyp(of D B) D VY ... Vypaf D Vy ... ny:zmstanble npexser-
rae o W 73 — NPON3BOMbHbIE POPMYABL, A Yiy +vns y,k— gﬂ snonviiie npetet-
nbie nepemenusie. ERMHCTBEHHBIM MPaBUIOM BbIBOLA BK #cos);xanalor
Iloka3satb, 4TO MHOXeCTBa BCex Teopem Teopuit K u K# .

§ 5. Teopemsl O NOJHOTE

Mpenaoxenne 2.7. Bo scaxom ucwucaerun npeduxamos nepsozo
nopadxa 6cAKAA meopemMa SABASLEMCS AOUMECKU OOW4e3HAUMOL. 2 bop-

Nokasateabctno. B cuny csotictsa (VII) nousrus ”{;:T"Hnﬂo(:‘nqec;?u
Myas (cM. ctp. 60), aKCHOMEHI, 33j1aBAEMBIE CXEMaMH (1)—)&), Torasecicu
obuesnaunme. B cuay csoticrs  (X) (cnencmne)B n( ),HI by
BepHb aKCHOMBI, mopoxzaembie cxemamu (4) — (5). cuny (n )06meBHa:
upasuna sueoaa MP u Gen coxpaHsioT CBOACTBO J0THYECKO eara-
uumocty. Takum 06pazoM, BCakas TeopeMa mo0Oro HCYUNC/AEHUA MPENUKaE

aoruyecky oOle3HayuMma.
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YupaxHeHus

1. lan 1060t teopun nepsoro nopanka K, ecom T K o v xaxaas Gopmyna

u3 I uctunHna B nanno#l mogenn M, 10 u Qopmyna o# wucTuHHa B Moaenu M.

2. Ecin gopmyna o He CONEPKHMT KBAaHTOPOB 1 llOKadyeMa B HCYHCIEHHH |

U TNIOTOMY, COMJIacHO -
# BbIBOJ (T. €. BHIBOL, *

NI peNKaToB, TO OHA ABJAAETCA YAaCTHLIM CAYYaeM TaBTOMOIHH
gﬁgﬁg}oicgggg(:)?él, s ;roﬁ Gopmyasl cymecTayer 6echaHT0pr’1
"0 CYTh QOpPMYIIb
CXeMbl aKCHOM (l)y— (3) pﬂ ¥V1P., ?g’clfﬁ?:(:ﬁlz.e Kgiﬁ;()psob?)’ Dopuy1h o He G
TaBTOJOIHEH, TO MOXHO ObIIO Gbl MOCT
uiefl u3 TepMoB, BXONAILMX B
Qopmyna o Gbina 6bl NOXHA.) 3amerum,
PEUHBOCTb HCYHCIEHHA NPEIHKATOB,

aype Anst MpoGaeMbl BLIBOAMMOCTH GeCKBaHTOPHBIX (GOPMYL.

POHTb HHTEPIIPETALHI0 ¢ OGMACTHIO, COCTONA-

llpennoxenue 2.7 npencrasiser coGoH NOJIOBUHY TOH TeopemMBl O moJ- '
HOTE, KOTOpYI0 MBl TeNepb XOTUM JHOKasarth. JIpyras ee noaosuHa Oyner
CAEN0BATh U3 TOPasao Gosee OOMIMX NPENIOKEHHH, YCTAHABIUBAEMEIX HIXKe. -

Hpennapmenbﬂo MBl JOKaXE€M HECKOJbKO JIEMM.

Nycts ; ¢
y NCPEMEHHBIE X; B X; HE COBNAjalT u (opmyna o# (x;) nmoay- -

yaeTcs u3 GopMyanl o (X;) NOACTAHOBKOMH Xj BMECTO BCEX CBOGOAHEIX
BXOXICHUH x;, TOTHMA of (X;) W of (x;) HasHBAOTCA nO0OOHBLMU, ecaw
xanBOGOIl;a s X; B ef (X;) m of (X;) He uMeeT CBOGOAHBIX BXOXie-
Hat x; Ecm of (x;) un of (x;) nomobunl, TO Xx; cBOGONHO IaF X,
B of (X;) 1 o (X;) He uMeeT CBOGOAHBIX BXOXIeHHH ;. Takum o6pa{
30M, MONOOHE OKA3LIBAETCA CHMMETPHUHBIM OTHOIICHMEM. i/IHaqe rosops
et (X%;) U o (X;) NONOOHE TOrMa H TOJALKO TOrA3, Koraa e (x;) uMee;

cBo6oaHbIE B ;
)| XOXICHHA X; B TOYHOCTH B TeX MECTaX, B KOTOPBIX o (x;)

uMeeT cBOOGOAHbIE BXOXIEHUSA X;.

Jlemma 28 Ecan gopuysni of (x) u of (x;

- \lei@f P ij@}g o (x) (x;) nodobus, mo
OkasareabcTBo. [lo cxeme akcuoM (4), - Vxof (x;) D oF
Ilpumenum mpasuno Gen: | Vx; (Vxef (%) D o# (x,) (n,l) no C)Ejecn{:)é
akcuom (5), noayunm |- Vo (x;) © Vixjeff (x;). Touno tak me moka-
>1§en(a:4 q‘gT:q I)T\ij@f (x;) D Vxiof (x;). Tlpumenss Tasrosormo A; O (43 >

u mpen
2 V,lng,;(xj). peanoxenne 2.1, nonyyaem Hakowen |- Vuxef (x;)==

YnpaxHenue
Ecan o (x;) v oF (%;) nomobubl, 10 +- Jx;u# (x;) = Axjo# (x)).

0uMJI eM Iné a 29. Ecmu 3a.uKHymas gopmysa e meopuu K neswso-
a 8 X, mo meopusn K', noaywewnas uz K 0oGasienuesn of 8 xa-
Lecmee aKcuomsl, Henpomugopeyusa,

Hokasateancrso. onyctum, uro Teopus K’ NpoTHBOpeYnBa. 1o
BHAYMT, 4TO HMeercss (opmyaa B, mas koTopoH ~x B u }—K,‘]e%. B cuay
NpeaJOXKEeHNs . :

l_p nowen @{2}_\, ;n;ee;wl. kB D (18 > Je#). Crenopatensno,
K k 1@Z. llockoneky dopmyna o# samknyra, TO, B cuay

dopmyia o# He Gblaa -

o-#, B KOTOPOHi, B NIPOTHBOPeure ¢ Npegoxennem 2.7,
UTO 3TOT Pe3yabTaT BiledyeT HENPOTHBO-
4 TaK¥e NPUBOIUT K Pa3pemianomed mpore-

§ 5. TEOPEMBI O3 iOTE 73

cnenctsus 2.6 teopemsl AENYKUWW, UME
pOHBI, B  CHJIY TPENIONEHHS 2.1,
|-¢ 1ef, YTO NPOTMBOPEUHT YCJOBHK

¢opmyna e Hesmpomuma B K, TO 10
yeCTBE HOBOH aKCUOMbl K TNPOTHBOPEHH

Nemma 210. Mnoowecmso 8cex
go20 nopsadxa ciemrno (c1e008amMeNsH
(mBO BCEX MEPMOB, MHOINCECMBO
3aMEHYMbLX HOpMYA).

HokasateabcTBo. OTHecem K
g (1) no caenyrouiemy npasuiy: g ( ()=
g(@)=11, g(x)=5+8k g(a)§
g(Ah)=11-+48.(2".3%). Tenepp B
Qg("o)?;g("ﬂ...pf(”r), rae p; — i-e TpOCT
OUEeBUIHO, pasHBIE BHIPAKEHNUS TOJYUE
NepecynTaTb BCE BHIPAXKEHHA B MOPS
yncesL.

BoJee TOro, ecau Mbl yMmeem 3¢d
pun K, TO TOrma He TOJBKO MOXe,
HyMepaimus BeIpaXeHu#t 3TOH Teopmny,
mo6GoMy 4uCaAy Y3HABATh, HBJAETCH O
xoro-uubyap Beipaxenns teopun K u
CTH, W JJs TEPMOB, (OPMYJ, BaMKHYT.&
ABJAETCS K TOMY e 3(¢¢eKTUBHO aKCH
appeKTUBHAA NPOLELYPA, MO3BOIAIOMAS
BONPOC O TOM, HABJSETCH /¥ OHA @
06pasoM TepeHyMepoBaTh BCE TEOPEMbLY
IPOM3BEIEHHOR HYMEpPALUU BhIP AXKEHL;
HauHeM ¢ TiepBoil B 3TOM HyMeEpanu
HENOCPEACTBEHHbE CJACACTBUS 1O TIP§
MEHEHHOr0 TOJNbKO K NEPEMEHHOHN Xy; 34
BTODYIO aKcuoMy (eciu ee eme TaM H
Bus (DOPMYJ 3TOrO PacCIIMPEHHOro 323 G
pas ¢ npumeHenuem npasuaa Gen y
Ecan, noctynas nomoGHsiM ke ofpa
K yXe DOJYYEeHHOMY CHHCKYy (opmya
sue Gen nepeMeHHBIMH Xy, ..., Xp, T
cuere Bce Teopems Tteopun K. Ogna
(opmys, TepMOB M T. 1. OKa3bIBAETCS,
AN KOTOPHIX MEL HE MOXEM IO Jio
paHee CKasaTh, BCTPETUTCA JM B KOHJ
TEopeM.

Hasosem teopuic K nepsoro nops;
ToH opmyas of teopun K mbo

@€ D Nef. C npyro# cro-
£ > N ef)>D Je#. TloaTomy
ono6uniM ke oOpasom, ec/u
ve k K ¢opmynn 7| e# B Ka-
TIPUBOMNT.)

nowcenull scaxoll meopuu nep-
MHbL 8 LACMIHOCIMIL MHOJCE-
PopMys, MHONCECMBO 6CEX

Yy CUMBOJAY U HEUYETHOE 4Y1CJIO
( ) ):5’ g(’)=7’ g(—|)='9»

8k, g(fp)=9-8-(2"-39,
10 Uglly...U, OTHECEM YUCJIO
ucno. Ilpuw Takok Hymepauwum,

a3Hble HOMEpa, W MBI MOXEM
BO3pacTaHdd OTHECEHHhIX UM

O pacrnosHaBaTb CHMBOJIBI TEO-
b OCYLIECTBJEHa 3(eKTUBHAA
Ka3LIBAETC BO3MOMHLIM U TI0
3TON HyMepaLuud HOMEPOM Ka-
CkasaHHoe BEpHO, B YaCTHO-
bopmyan u T. A Ecan teopus K
3UPOBaHHON, T. €. €CAl HUMEeeTCH
1060 naHHO# GOPMYJIH PELIATDH
#, TO MB MOXKEM CJAELYIOUHM
nu K: umes COOTBETCTBYIOLLYIO
K Hymepanuio BCEX aKCHOM,
nombl, n06aBuB K Hel BCe ee
MP u no npasuny Gen, npu-
00aBUM K MIO/IYYEHHOMY CIIHCKY
BCE HENMOCPEACTBEHHLIE CJEACT-
Topoﬁ aKCHOMBl CHHUCKa, HA 3TOT
O IBYM TIEDEMEHHBIM X1 H Xg.
anee, Mbl Ha k-M mare 100aBHM
¢ aKcuOMY W OrpaHHyuM JeHCT-
3TOM Ml TOJYYUM B KOHEUHOM
“oT/Myne OT CJayudas BHIPaXeHuH,
cymecrByiotr Takue Teopun K,
anepen 3afaHHOH Qopmyse 3a-
oHllOB 3Ta (OpMyJa B CHHCKE

Anof, ecan 0as moOoit 3aMmkuy-

ambo |- et



74 TJI. 2. TEOPMH TIEPBOTO MTOPSIIKA

Teopus K’ mepsoro nopsaka, uMelomwas te e CUMBOJIL, 4TO W Te
pus K nepsoro mopsaka, naswBaeTcs pacwupenuen Teopuu K, ecam Bcaka
TeopeMa Teopuu K siBaseTcs takxke Teopemo#t Teopun K. (OueBuano, uroOug
AOKasaTh, uto Teopus K’ saBasercs pacwmpenmem rteopun K, AOCTaTOqHQ.
AOKa3aTbh, YTO BCE COOCTBEHHHIE aKCHOMBI Teopud K sBASIOTCS TEopeMamy
teopun K') ;

Jemma 2.11. (Jlemma Jlannenbayma.) Ecau meopus K nepgo2o no-,
PAOKa Henpomusopeuuga, mo cyuecmeyem Henpomugopeuligoe noaxoe
ee pacuupenue.

Hokasareabcrso. Ilycrs By, By, ...— kakoh-nubymp mnepecier
BCEX BaMKHYTHIX Qopmyn teopun K (remma 2.10). Crenywumnm o6pasom’
ONpENe/IuM TMOCJAENOBATEILHOCTh Teopult Jo, Jy, Jo ... [ycrs Jy ects K. .
Ipennoaoxum, yro Teopus J, (n = 0) onpenescna. Ecau nesepro - Jn‘le%’,m,ﬁ
To J,,1 OUpeme/nM Kak Teopuio, noayuawouyocs nobasaenueMm B,y k J,
B KayecTsBe HOBOH axkcmoMmel. Ecim ke ]—Jn‘]@%Ml, TO noaaraeM J,,,=J,.:

Hycts J ects Teopus nepsoro mnopsiaxa, TNI0JIy4aloulasncs, eCan B KauecTse -
dKCHOM B3f1Tb BCE aKCHOMBl Bcex Tteopud J;. OuéBmamo, Ju Caymut pac-
mvpenueM a1 J, a J aBaseTca paciuMpeHueM KawaioH us3 Teopuil J;,

B TOM uucae u teopun Jo=K. [l1a noKasaTeibCIBa HEMPOTHBOPEUMBOCTH

T€0pUM J AOCTAaTOYHO IOKA3aTh HENPOTHBOPEUHBOCTb KAKIOH M3 Teopuht Ji,

TaK KaK BCAKAR BBIBOA MNPOTHBODPEuHs B J HCNOAB3YET JMILb KOHEUHOEe
UMCIO aKCHOM W, CJEAOBATELHO, SIBJSETCA BHIBOLOM NPOTHBOPEUHS yxe
B HEKOTOpOH Teopuu J,. IloKameM HENPOTHBOPEYUBOCTL TEOpHH J; nHayK-
uuedt no Homepy i Ilo ycuaosuio, Teopus Jy=K HempoTneopeynsa. [lony-
CTuM, 410 Teopus J; memporusopeunsa. Torga, eciu Jijg==J;, 10 n Teopus
Ji,1 HemporuBopeuuna. Ecau ke Jig 7 Ji n, caeposateasuo, coraacuo onpe-
nenenno J;.y, dopmyna 1#B;,1 HeBHBOANMA B Ji, TO, 10 Aemme 2.9, reo-
past  J;,3 TOXe HempoTuBopeumBa. Mrak, HEMpOTHBOPEYMBOCTL J; BJjeuer
HENPOTHBOPEYMBOCTh  J; .5, M MEl IOKA3a/1d, YTO BCE TEOpHM J; HENpOTUBO-
PCUUBH; HENDOTUBOPEUHMBA, CJENOBaTeNbHO, W Teopua J. [las rokasarenncrsa
TOMHOTH TedpuKM J pacCMOTPUM MPOHM3BOJILHYIO 3aMKHYTYI0 opmyny o#
Teopun K. OQuesnano, ot =B, npu Hekotopom j(j==0). CornacHo
onpenejenuto Teopult J; smbo }—J]_ 18,1, mbo }—J.“ .1, TaK KaK ecam

He ]—Jj']%Hl, 10 B4 OODBABAETCS aKCHOMOH B J;a. Caenoparebho,

uveem— 1%, um |-, % ’

J4-

Takum o6pasom, teopus J siBasercs HENPOTHBOPEUYUBLIM TIONHHIM Pacilifi-
pendeMm Teopun K.

3ameTuM, YTO ecnH Kaxe MB yMmeeM S(EKTHBHO PacnosHaBaTh AKCHOMEL
Teopun K, MOXET TeM He MeHee He CymecTBOBATh HUKAKOrO 3¢dekTuBHOrO
cnocoba pacnosHaBatbh (WK Haxe NEPeUnCasiTh) aKCHOMBI TeOpuu J, T. e
J wmoxer He Owts 3ddexTuBHO dKCUOMaTU3UPOBAHHOH Teopuel, pawe
ecmn K Takosa. IlpuunHo#t 5TOro MoXer GbITh HEBOBMONHOCTD s(dexrus-

HOro crnoco6a ysHaBath A8 mo6Or0 £ BWBOAUMA WM HET QOPMyXa
N HBo B Jn

i
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§ 5. TEOPEMBI O T1OJTHOTE o

YnpawHeHue

DNokasate, uTO BCAiKas HENPOTHBOPEUMBAA pA3peIllMMas TEOPUA MEPBOCO Mo-
pAlKA MMeeT HeNPOTHBOPEUHBOE Pa3pelInMoe MOJHOE PaCUIHpEeHHE.

Mpennoxenne 2.12%). Beaxana nenpomusopewusas meopus nep-
go20 nopadxa usmeem cuemuyio moOeas (m. e. MoOeab €O CHEMHOU
Omtzlc:)n:’g)saTeJIbCTBo. JloGaBuM K cuMBOJaM Teopuu K cueTHOE MHO-
wectBO  {by, bg, ...} HOBHIX NpeNMETHHIX KoOHCTaut. HoBywo, noJyueHHYyIO
takuM oOpasoM Teopuio HasoBeM Tteopmelt K, Ee axcuomamu gBJISIOTCA BCE
akchHoMBl Teopunm K, a Take BCE YACTHBIE CAYUaH CXEM JIOTHUECKHX AKCHOM,
cofepiKaulie HOBBIE TpenMeTHEe KoHcranthl. Teopws K, nenpoTuBOpeunmsa.
B camom dese, AONYCTAM, 4TO I/ HEKOTOPOH (POPMYJH o# CymecTByerT
suis0A B Ko popMyss o & e#. 3ameHNM BCIOAY B 3TOM BHIBOAE KaXIYIO
BCTPEUAIONLYIOCS B HEM MPEAMETHYI0 KOHCTAaHTy b; Kako#-HuOynb npeamer-
ol TepeMeHHOH, KOTOPas B 9TOM BhBOZE OTCyTCTByeT. IIph Taxo# samene
yuacTBYIOLIME B 3TOM BBIBOJE AKCHOMBI OCTAHYTCS dKCHMOMaMu M COXpa-
HUTCS1 CBOHCTBO (pOPMyJ OHITH HEMOCPEACTBEHHBIM CAEACTBUEM NPENBIYIIHX
¢opMmyn no npasunam BhiBoAa. Taknm 00pasoM, mnocie 3TOR 3aMEHH Mbi
CHOBA TOMY4MM BHIBOA, HO Ternepb yxe 3To OymeT BuBOA B K, NOCKOJIBKY
HM OfHa W3 (POPMyJ HOBOTO BHBONA HE COAEPKHT NPEIMETHHX KOHCTAHT
by, by, ... Tlocaennas ¢opmysa 3TOro BHBOAA TOXKE ABJAETCH npom[fjlope-
yneM, YTO TPOTHBOPEUAT YCAOBMIO HemporusopeunBoctu Teopun K. Mrak,
teopuss Ky Henporueopeunsa.

I;chnuo Fi (xr,-)l), Fa(Xip), --+y Fr(xi) ...— KakoH-uulynp mnepecuer szex
tdopmyn Teopun K,, comepxamux He Goaee omuo# cBoGoaHOMH I;xepemeﬂn;)(g
(remma 2.10). (3mech Xx;, — cBoGoAHas mepemenHas Qopmys Fp, ecan
Ha caMoM Jene F, He cOmePXHMT CBOOOXHOH mepeMeHHOH, TO X;, €CTh X1.)

Bubepem Kakyo-HuOyIb MOCAENOBATNBHOCTh by, bjy ..., by, «eo,

COCTaBNEHHYIO M3 SJEMEHTOB MHOxectBa {by, by, ...}, Takum oOpasoM, uTO-

6w nocrosiuHas by, ne conepxkanack B F, (i) --+» Fr(x;,) m Oblia oT-
nmuna ot by, ..., by, .. Paccmorpum Qopmyiy
(Sw AV, Fr(x,) D TFe (b))

Onpeneaum teoputo K, Kak TEOPHIO MEPBOrQ TMOPAAKA, MOJAYUAIOILYIOCH H3
teopun Ko B pesyapTaTe npucOoeduHEHHs K aKchoMmaMm mnociensed ¢opmya
S), ..., (S,) B KauecTBE HOBHX aKcHOM, a Teopmio Kg— Kak Teopng?,
TIOJIYYaIOULYIOCS aHAMOTHYHBIM 06pasoM mpucoenuHenneM Bcex opmyn (S;)
Kk akcuomam K, Bcakuit suisom B Teopun Ko COAEPKUT Aullib KOHEYHOE

1953] nokasa-
*) Mpl 3mech Tpeanaraem ynpouieHHoe X aseHberepom | .
Tenbc)TBo FeHkun E [1949]. Buepsbie 10T peayabTar Gbin ycraHoBnen [€énenem
{1930]. Pacésa u Cukopcku#t [195], 1952] u Ber [1951] ony6ankoBann
f0Ka3aTenbCcTBa, HCMONb3YIOUIMEe COOTBETCTBEHHO anrebpanyecKue A Tononorsmetc)xne
MeTons. Jlpyrme HmOKasaTenbcTBa MOxHO Halith y Xudtukka [1955a, b} m
Bera [1959]. ,
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MHOXECTBO (GOpPMya (S;) ¥ NMOTOMY SIBJSETCS TaKXKEe BHBOAOM M B HEKOTO-
po# Tteopun K, Caenosatensno, ecan Bce teopun K, HETIPOTHBOPEUHBHI,
TO HenpoTusopeunsa u Teopusi K. Munyknue#t no i mokawem nenportuso-
peunsocts Teopuit K;. Henporusopeumsocts K, yxe mokasana. Honycrum,
YTO Np¥ HEKOTOPOM n (n==1) teopus K, ; HenpoTusopeuusa, a Teopust K,
nporusopeynBa. Torna, Kak Mu sHaeM (B CHIy TaBTOJNOrME A, D(1AID4)
u npenqoxenua 2.1), 8 K, BuBomuma moGas dopmyaa. B wactHocTw,
}—Kn"l(S,,). Moatomy (S,) }—Kn l‘l(S,,). Tak xak dopmyna (S,) samxnyTa,

To, Mo caencTeuo 2.6, |-, (:S‘,,)D‘I(S,,). Teneps, npunumas Bo BHHMa-
n-1 .
Hue TaprodOrH0 (A1 D 1 A4A) D 1Ay u npemnoxenue 2.1, Mt NOJayYaeM

;—Kn . —I(Sn)’ T. €
- }—Kn_! VNV, Fr(x:) D TF, (b i)

HUcnonbsys sarem TaBTOsormm  J(4; D A D (A& T4, (A& Ay D A,
(A& A) DA w TTA DA, M noayuaem I—Kn l’]Vx,-nF,,(x,-n) "
bk, Fal®),). -

Paccmorpum kako#-uuGyap BHIBOL dhopmy s F,,(bj-n) B K, Ilycrs
Xp~— TICDEMEHHAs, HE BCTPEYAloWlasCsi B STOM BHBOME. Toraa ecanm scioxy
B STOM BHBONE B3aMEHHTs b; Ha X, TO TOJYYHM BHIBON Fa(xp) B K, 4,
T. e |-g  Fn(xp). Teneps, no npasuay Gen, nonyuaem Fx prF,,'(x,,)

n-1 n-1

H, HAKOHEL, MO JemMe 2.8, }—-K Vx,-nF (x,-n). (Mu 3necs ucronssyem ToT
n-1

®akT, uro hopMyIH Fp(xi,) n F,(x,) nomo6ue.) Ho, ¢ apyro# CTODOHBHI,

BLIIIE MBI YCTaHOBWJH, 4TO |-, ‘]Vx,-nF,, (%;,). Takum o6pasom, Hammuo
n-1

TNpOTHBODEYHE C TPEANOJOKEHHeM O HempoTusopeunsoctu K, ;. [ostomy n

Teopus K, momxna rakke GbiTo HenpotmsopeunmBa. Mrak, Mml 0K a3anm, yTo

Bce Teopun K;, a ¢ numu BMecte u Teopus K, HempoTusopeumsk. 3ameTnm,

uto Ko ects Hempormsopeunsoe pacumpenne Ko ITo aemme 211, Ky

UMEET HEKOTOPOEe HENPOTHBOPEYMBOE MOJHOE pacuMpeHue J.

Hasosem samwnymeinm mepmom wesxuii tepm, me conepxamuii nepe-
MeHHnX. CueTHas untepnperaums M teopun K, Oyner uMeth cBoeH 06Jaa-
CTbI0 MHOXECTBO 3aMKHYTHX TepmoB Teopun K, (flo nemme 2.10, sto muo-
KECTBO cueTHO.) Ecam ¢ ects mpeamerHas koHcranta B Ko, To oHa cama n

Oyzer cBoe#t wuHTepmperaumelt. PyHKUHOHAIbHAA 6yxBa f;’ Teopun K Oyzer
UHTEPNPETAPOBATLCA  Onepaiuett f;." B M, umeomett ceonMu aprymenramm
BAMKHYTBIE TEPMH %y, ..., f, Teopuu K, a 3HAYEHHEM — 3aMKHYTHIH TepM
f;‘ (ty, ..., t;) TOH e Teopuu. OTHOWeHmE (A;‘)*, UHTEPTIPETUPYIOUIEE Tpe-
IuKaTHylo OykBy A;f teopun K, 6yder cuuTarhCs BHIOJHEHHEM B M 1

ApryMeHTOB %3, ..., f, TOrZA2 M TOJLKO TOrAa, KOrAa — JA;.'(tl, o ).
YroOn moxasats, uto M sBnsercs mozensio Ko, HOCTAaTOYHO NIOKa3aTh, 4TO
NpOMSBO/IbHAA BaMKHYTad ¢opmyna o# teopun Ky uctunHa 8 M Torma n
TONLKO TOrAa, KOraa |-jo#, TaK KaK BCe TeopeMs Teopuu K, sBasiorcs
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rakke n Teopemamu Teopun J. MH HOKaKeM S5TO MHAYKUHMEH 1O 4ucay
(BA30K M KBaHTOPOB B o#. IlycTh cHavana of eCThb 3aMKHyTas 3JEMEHTap-
past opmyaa. B stom ciayuae ¢popmyna o, COrZacHO ONpeng/IeHnio, HCTUHHA
s M Torma w TOJABKO TOrZa, KOrAa |— J@/{. IonycruM Tenepb, YTO BCAKAR

zaMkHyTas (opMyia ¢B ¢ MeHbIUHM, YeM Y o, YMCIOM CBABOK M KBAHTO-
pOB HCTMHHA B M TOrAa W TOJBLKO TOTA3, KOTAA {— 8.

Cayuahh 1. of umeer Ban 8. Ecmm o ucrunna 8 M, 10 e%nox:%a
8 M B, CAe10BaTeNbHO, B CRJAY WHAYKTUBHOrO NPEANOJIONKEHUs, He |- /.

Tak kak Teopws J monwa, a Qopmyna ¢ 3aMKHYyTa, TO l—J"to%‘, T. €

|- @#. C Opyro#t cropows, eciu o He uctuhna B M, 10 &% ucrtunHa B M,
e

n Toraa |- @, a Tak Kak Teopus J HENMpOTHBOpEuUB3, TO HE ;18 1 e

He |- ef.

Cayuath 2. of ectb (B DE). V3 3aMkHYTOCTH of BHITEKAET 3aMK-
HYTOCTh B u €. Ecim oF aokua B M, T0 B ucTuHHA © % nmowHa B M.
B cuny noJHOTH J, }—J‘]?op. Torpa, coraacHo taeroJorud Ay DO (G4 D
D 1(4; D Ag)), nmeeM }——J‘](@%’D?o”), T. € |-, lef ¥, B CRIYy HENpOTH-
sopeunsoctd J, He |- ,o#. C 1pyro#t CTOpoHH, ecnu He - @, 10, B cuay
nomHote J, |-, 1e#. Ilpunumas BO BHUMaHWE TaBTOJOrMH T(A DA A
1 (A1 D Ag) D 1 A;, nosayuaeMm TOrja }—J@% n o J—]%_ Cneuoaarenw;
dopmyaa B ucturHa B M. B cuny xe HenmpoTHBODEYHBOCTH J, uMeeM He |— 6,

u, cremopareabHo, popmyna & noxna B M. Takum 06pasoM, o noxHa B M.
Cayuait 3. o ectb Vx,B. Torma, npu HekoTopom %, 7B ectb Fp (%¢1,)

B 3aMKHYyTa #
n X, ecTh Xj, (3HeChb €cTh eimle BOBMOXHOCTb TOFO, 4TO y

He COmepKMT X, cBobomno. Ho B Takom cayuae of WCTHHHA TOrHa M
TOMBKO TOTrHa, KOraa <8 uctunna (cMm. (VI) Ha c1p. 60), n mosTOMy |- of

5 olLee Hac
TOrga M TOAbKO TOrma, Korma |—,B. Takum obpasoM, mHTEpecyolL

yTBEpX)AeHHe i of CAelyeT M8 COOTBETCTBYIOWIErO YTBEPNKIEHHS O JSj)
lpeanonoxum, ut0 o wucruHHa B M, HO e |- je#. B cuay moawotn J,

nmeeM | lef, T. e | Vx,-kF,, (%i,). OnHaKo, KaK MBI 3HaEM, 5 (Sk).
CnenosarenbHo, |71 Fp(b;,). Tax kak ¢popmyna of = V.?.Cika (%:,) ncrnuna
B M, To ucrunna B M u dopmyna Fp(b;,) (cm. (X), caencrsue, CTp. 61).
[To MHIYKTHBHOMY NpPEANOJIOXKEHNIO, NoaydaeM | Fy (bi,) B NPUXOAUM, TAKUM
06pasoM, K MpOTMBOpEuHio C (aKTOM HempoTHBOpedkBoCTH Teopun J. Jlomy-
ctAM Tenepb, uT0 o nokHa B M, HO |- jef. Ws aoxnocTa QopMynt
inka (x3,) B M u u3 onpenenennss M Kak MHOXECTBA BCEX 3aMKHYTHIX
tepmos Teopun K, BuTekaer (Ha ocnosanmu (IV) u Bropo#t yactn X) }H(a
crp. 60 u 61%)), yuto @R HEKOTOPOro B8aMKHYTOTO TEpMa tTegpvm ?
Fp (t) noxuo. OHAKO, NO NPEANOJIONKEHNIO, UMEEM |— _,Vx,-ka (xi,) Cnenosa

*) 3jech creliyer OOpAaTHTL BHUMaHMe Ha TO, uTO s* (f) =1 Aas 1110201; nocae-
LOBAaTENLHOCTH s saeMeHTOB o6iaactu M u mas mwo6oro 3amkHyTOro tepma f.
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s

TENBHO, TO akcuome (4), | e n, nanee, no WHIYKTHBHOMY MPeATNOI0-:
weHHwo, ¢opmyna F,(¢f) ucrnuna B M. Mu cuoBa NpUILJIY K NMPOTHBOPEYHIO,

Mtak, M sBasercs cueTHOH Momeabio ans J, a caenoBatesibHO, M A%
Ko. Tak kak Bcskas teopema teopun K sBasercs Taxxke TEOpEMO# 1 TeopHn ’;
Ko 10 M n s Teopun K T0e caymut cuerwoi MOJ€ebIo. (3aMeTHM, uTQ
monenr M wHe Bcerma Moxer OmTh 3dexTHBHO nocrpoena. Murepnperauus
NpennKaTHBIX OYKB 3aBUCHT OT MOHATHS BHBOAHMOCTH B J, a aro nocnen-
Hee, Kak OBIIO OTMEUEHO HEeNOCPEACTBEHHO MOC/e [IOKa3aTenbCTBA JIEMME]
2.11 (ctp. 74), MoxeT He GHTb 3(PEKTUBHO paspeInmpim.)

Crencreue 213, Beaxas aveunecxu

]

obuesnawuman  popmuysa

meopuu K nepsozo nopsadxa asasemcs meopemoii meopuu K.

Hoxasateasctro. [locrarouno paccMoTpeTh
MYZBl o, MOCKOMBKY BesiKas (opMyaa o JOrHYecKH O6LesHauHMa TOrga
¥ TOJBKO TOTA3, KOria JOraYecku OOUIe3HAUNMO ee 3aMBIKAHHE, W BHIBOAMMa
B K TOraa u ToqLKO TOrma, Korma B K BhIBOIMMO ee 3aMmulKkaHne. Urak,
NyCcTh o# — norudeckd obmesnaunmas saMKnyras Qopmyna Tteopun K.
IlonyctuM, ut0 o He ecTh Teopema B K. Toraga ecam Mum ngoGasum dop-
MYyny e B KauecTBe HOBOH aKCUOMBI K Teopun K, 1o moayunm noeyio
Teopuio K', nempormopeumsyro B cuay aemmu 2.9, Teopus K’ wumeer,
COr1acHO mnpemjoxenuro 2.12, Momear M. Tax Kak topmyna T e sBaserca
akcuomoit B K', 10 To# uctumna B M, a Tak Kak thopmyna o# aoruue-
Cku oOmesHayuMa, TO W OHa wWcTwhHa B M. Wrak, wbl NPUILAK K TOMY,
UTO (OpMyJNa o ONHOBDEMEHHO WCTHHHa W J0%HAa B M, uTo HEBO3MOXKHO
(cM. (11), cp. 59). Taxkum o6pasowm, dopmyna of pomkua GuiTh Teopemoi
Teopuu K.

Carencrene 2.14. (Teopema [é&nens [1930] o noanore.) Bo scsa-
KoM ucqucaenuu npeduxamos nepsozo nopsadxa meopeMasmu s6AL0MCs
8ce me u moasko me Popmyasl, Komopsie A02UMECKU OOULEIHAUUMbL.

HokasatenabcTso. Caenyer us nipennoxenus 2.7 u caepcrena 2.13.
(TlepBonauanshoe nokasatenncrso camoro Iéxeas caerosano COBCEM 1pY-
TUMH TyTaMu. KOHCTpPyKTHBHOE HOKA3aTe/NbCTBO POACTBEHHOrO pe3yabTara cM.
y OpOpaua [1930], uensit pss ApYrUX NOKa3aredbCTs Teopemm [énens
0 NOJHOTE MOXHO Hahth y IlpeGena [1952]), XuuTtukka [1955 a, b],
Bera [1951), Pacéso#l u Cukopcxoro [1951], [1952])

Cnencreue 215 (a) @opmyra of ucmunna 8 KaMIOE cuemmoi
#Modean meopuu K moz0a u moasko mozda, xozda |—ke#. Caedosa-

L}
measno, of uUcmunHA 8 KaxcOol Modeau meopun K moz2da u moasio
mo20a, koz0a |-, of.

(b) Ecau 8o ecsaxoi modean meopuu K dopmyasa <& sunosnena na
Kaxcooll nocaedosamensrocmu, Ha Komopoli gsinoanenst gce dopuyap
Hexomopozo muodxcecmsa ghopmya I, mo T s

(¢) Ecau gpopmuysa B meopun K seanemcsn rozuseckun caedcmauen
(cm. ctp. 62) Oannozo muoscecmsa T gopmya meopun K, mo T FxP.

(d) Ecau ghopauyra B meopuu K ssamemcs sozugeckun caedcmeuem
Popuyas o moii ace meopun, mo of g 5.

JHIIb 3aMKHYTHE (op-

'
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Jloka3aTenbcTBO. (a) Mn MOXeM CUMTATh, YTO ¢opmyngﬁgi§;r;—l
nyra. Jlonyctam, urto ¢opmyna YA MCTUHHA B ;I;GOﬁenc':)eTTuHBopewBa i
reopuu K. Ecam ve |- o4, TO Teopus K=K} {lef}n (;{ a ')
Caenosateabio, K’ umeer cuetnyio mozea» M. ®opmyra 7] “ l:]a}; cuoma
reopmm K', mctunwa 8 M. Ho M sBaserca raioke Mo,u@e} OﬂHOBpeMe};HO
oTOMY e# ncruHHaMB M. Taxum oy?pssrc:gé’n;p‘sooppngg?o

M J0xHa B M, v MH upuma :
“C”zg;{apaccmorpum reopuio K 4-T. ®opmyna B ucmgﬂyga B ii}:g(?:a::)ﬂe:s
sTolt Teopun. Torga, B cuny YTBEDKACHUSA (a), F-xref, u, X

Al ’@%
' r_—HYHKT (c), oueBuano, caenyer u3 (b), a (d) 9BAAETCA UACTHRIM CAYHACM (c)-

YnpaxHeHne

? T
}lOKa3ﬂlb 410 l“KM UMEeeT MeCTO Torxa ¥ TOJALKO TOrma, Kkornaa CymeCIBye
' ’
(pOpMy.Ia % ABAAON AACA 3aMbIKaHUEM KOHBIOHKIHN HeKOlOprX AKCHOM Ieop“ﬂ l(
] »
1 Takas, 4To q)opM&-Ia ‘g: Q/{ NOrMYeCcKH 06me3Ha‘lﬂMa.

H_
Caepcreus 2.13—2.15 nokaselBaloT, 4TO AAA JIOTMKH npeﬂuKaTo;CKconM
TaKcuyecKHit MeTon Teopuii MEPBOro NopsiKa paaﬂocmeuociﬁz:;g; 06uJ.ey
Jaor -
OHSITNA UHTEPTIPETALNH, MOLEN,
METOLY, HUCNOJb3YIOUIEMY I ) roruieckofl ooue-
UCJAEHUs BBICKa3bIBaHMHA aHa
3HauyuMOCTH # T. m. Jaa ucy s (reapon
TOJNOTU W Ip.) W CHHTaKCHY
JEHTHOCTb CEMaHTUYeCKUX (TaB B (e
BhipaxcaeTca caeiacrsuem 1.14.
cuctembl L u ngp.) nousrufl ) .
BaHUH TeopemMa O TMOJHOTE
YTO AA9 WCYUCJEHHS BBHICKA3Bl creus 1 (iper
1 ewennio npobaeMs  paspe .
jgowenune 1.13) npusoautr K p JaKo
YuTh PaspeLIAIONLY p
iIKa MBI HE MOXEM TIOJy
ana Teopu#t nepsoro nop ARG At i 4
oti 0O01e3HaYNMOCTH HJH, YTO \
o aa mobom e nopaaxka. IDTOT PesyJb-
HUM NPEIUKAaTOB NEPBOrO Mop .
AUMOCTA B J1000M HCUHCAE eaya
yaT, a TaKkKe HEKOTOpHE POACTBEHHHE eMy pesyabratsl OyayT no
)
ke (1. V).
WUz npennoxenus
3yJbTaT: 9
Pe }éﬂencrsne 2.16. (Teopema Cxonema—ﬂéneﬂredﬁgaa ME)lage/Lb,
1915)) Ecau meopus K nepsozo nopadia umeem KaAKy-Hu6yos ,
; oens.
OHA uMeem U CHEMHYI0 MO
moﬂOKa3aTeJIbCTBO. Ecan K umeer monens, 1o K Herép?;uBKopSl;p;i
(cm. (1), crp. 59). CneposarenbHo, B CHIY TPEANOKEHHR 2.1<,
. »
CUETHYIO MOJE/Ib. -
Czpaaezmnso, oaHako, U caenymwomee 0oJjee CHJIbHOE CAEACTBHE NpEn
noxenus 2.12. )
=N
ACnenmcteue 2.17. [ag aw0bo20 KapOUHAAbHO20 HUCAQ Mggz:
écaxas Henpomusopewusas meopus K nepsozo nopsioka umeem
MOULHOC MU 2.

9192 BHTEKaeT €me OJWH BawHBIH KJIACCHUECKAR

A o6o3Ha-
*) Ecou K — Teopus ¥ A — MHOXECTBO (popMé’n [LE};OA de;:(ZiéT—ll}—e ngnoan-
u3 K mo6ashesnem ¢op
yaeTcs TEOpHs, TOAyUawUlAACA
TeIbHbIX AKCHOM.
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HNoxasareabcrso Kak wmm - 8HaeM, COr/IacHoO npeatoxenuio 2.12,:
Teopust K uMeeT CcueTHylo Mones. lostoMy nna wawmnx uesed TENeps

AOCTAaTOYHO JOKasaThb clenymoiuyio JIEMMY,

Jlemma. Ecau o u 8— wapounassnsie wucaia, npudses a<<B, u ecan K

umeem modeas mownocmu a, mo K umeem modess u MouHoCcmIL B,

Ookasatensvcrso. Ilycte M ects momems K ¢ ofuacteio D
MOWHOCTE &, ¥ NycTh D'-— KaKoe-HUGYIb MHOKECTBO MOMHOCTH B8, coxep-

wanlee D. Pacummpum momems M o HEKOTOpPOH wWHTepnperaunn M’
¢ obaacreio D' crenyrommm o6pasom. Ilycrs ¢ — HekoTopHiit dukcuposan-

HEIf a7eMeHT D. VcaoBHMCR CYMTaTh, YTO 3MEMEHTH MHOKECTBA D—D:
BeayT cebs, kak c. Hanpumep, ecom B;f €CTb uHTEpmpeTanus B M npenn- -

KatHOH GyKBH A;?, a (B;.‘)’—HOB&S! uHTEpnperanus B M, T0 naa mo6eix
dy, ..., d, uz D (B;%)' CYUTACTCS BHINOJIHEHHBIM 1as (dy, .... d,) B ToM
TOJIbKO B TOM CJyyae, KOrma B;! BHIMIOJHEHO i (Uy, ..., U,), rae u; =d;,

ecmm d;&D, n yy=c, ecm ;=D —D. AHanoruuHo pacnpocrpansercs
UHTEPNPETaUns QYHKUMOHAMbHEX GYKB, a WHTEpNpeTaudu as TpeaMETHBIX
KOHCTAHT OCTAaIOTCA NpewHuMH, T. e. GepyTcs m3 M. WUnnykumedt no uncay
CBASOK W KBAaHTOPOB B (hOpMyJse o HETPYEHO Tenepb IOKa3aTh, YTO oA
uctniia B M torza u toabko TOrma, Korma of uctunHa 8 M. Cueposa-
TeabHo, M' aBnsercs Momeasio K mommoctn B.

YnpamHeHnun

AL, Ecam mas HEKOTODOH MomHOCTH o= N, QOPMYNa o-Z UCTHHHA B Kaxcaoh
UHTEPNIPETAUMH MOLIHOCTH &, TO o JOTHYECKH OBLIe3HAYNMa.

2. Ecau dopmyna o# MCTHMHHZ BO BCex HHTEPNPETAHUAX MOMHOCTH @, TO oA
UCTHHHA BO BCEX HHTEPNPETAUHAX MOM{HOCTH << a.

3. (a) Hua scakoit (opMyab o7 CYmecTBYeT AUMIb KOHEYHOE MHOMKECTBO
HHTEpIIpeTaunll o Ha NaHHOH 06JacTH, uMeoue KOHEYHYI0 MOLHOCTL .

(b) Hna moGolt dopMyast o7 CYWeECTByeT 3¢dexTUBHbIN CI0CO6 y3HaBaTh,
ABIACTCA JM o MCTHHHOW BO BCeX HHTepnpeTanuax ¢ 001aCTbI0, UMEUEH HeKo-
TOPYI0 (HKCHPOBAHHYIO KOHEYHYI0 MOILHOCTL £, (Yxaszanue. Bsectu HOBHe
IDEAMETHBIC IOCTOAHHbIE KOHCTAHTH by, ..., by U BCAKYIO tbopmyny Buaa V% (x)
sametnts Ha o (by) & ... &R (by).)

4. Mokasats, uTo cregylomas $OpMYNa MCTHHHA BO BCEX KOHEUHMIX obnacrax,
HO B HEKOTOpON GecKOHEYHON 06NACTH MOMKHa:

{YaVIVz [Af (x, %) & (AL (x, 3) & AT (3 2) > Al (x, 2)) &
&(A (x, ) V A} (0 2)]} 2 FYVxdi (y, x).

5. (a) 3amxuyrtas dopmyna Vx,..Vx,3y, ... 3y,,0#, rae m=0, n=1 n
@ He COREPHUT KBAHTODOS, (YHKIMOHAXLHBIX GYKB MIH NPEAMETHHIX [OCTO AH-
HbIX, BOTHYECKH 0GO3HAYMMa TOrfa W TONLKO TOTNA, KOTNA OHA HCTHHHA BO BCAKOM
HHTEpApETauUu ¢ 06aacTbio, cocroamel U3 7 06DbEeKTOB. )

(b) 3amxnyras popmyaa Ay, ... Yo (tne oF YRZOBAETBOPAET YCAOBHIO
NyHKTa (a)) 10rMYecKH OGLIE3HAYAMA TOTAA M TONLKO TOrN3, KOrZa OHa HCTHHHA
B Kax1oi o6nacty, cocrosmed U3 ONHOTO 3geMeHTa.

(c) Cymecrsyer sdpekrusnan npouenypa aas8 pacno3HaBaHMA JOCHYECKOH
BEepHOCTH GopMyn BUAA, ONUCAHHOrO B (a) u (b).
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§ 6. HEKOTOPBIE NOMOJHHTENbHBIE METATEOPEMBI

§ 6. HexoTopbie NONONHHUTENbHbIE METATEOPEMbI

Ilag of6neruenns panbHeHiue# paboTsl ¢ KOHKPETHBIMH TEOPHUAMH ngBO;;)(
HOPAAKa TOJE3HO [0Ka3aTh HECKOJABbKO JOMOJIHATENbHBIX (paicroiI e(éM ;);HO
teopusx. B 3TOM naparpacde Mel Bclony Gynem npeanoJarars, YTo U
¢ HEeKOTOpO# mnpousBoJbHOK Teopue# K nepsoro mnopsaxa. e

Bo MHOTMX cayuyasx OBIBAeT KEIATENbHO, NOKasaB V.Xo# (X), UMETD @T{ o
JIOKa3aHHHIM ¥ o (f), rae f — Kako#-HuGy b TepM, cBOGOAHHIHA Naf X B ( M.
ITO OKa3bIBAETCS BOZMOXKHBIM, IPHHEM OGOCHOBBIBAETCS cnenyiomm; npaegng .

ITpasuuno nnnuannyann;;?tx;u A4, Ecau mepu t cgoboden

), mo Vxef (x) :
a/mﬂxo‘}i a@jsga(fe)a’n bCTHBO. I/Ig Vxe# (x) u u3 uactroro cayuas Vxof (x) D
D e () akcnoMbl (4) MB nonyuaeMm o (f) ¢ momomsio modus E(;);(;r}l:;mﬂ

NMpenaoxeune 218 Ecau @;fvu B — opmyas 1 np wemnar

nepemennas Xx He SBAfemcs C80600HOlH 8 o, mo cacdyousue dopmy

cyms meopems. 8 K:

() o D Vxe# (cienosatensio, no akcuome (4), |- off = Vxof);
(b) Axe# D ef (cenoBaresbHO, TO HUKECHAEAYIOEMY HPaBHIy E4,
i— Axet = #);
(€) Vx(ef D B)y=(cf D VxRB);
(d) Vx (& D @{)E(er%’ D o).
eHus.
Ka3aTeJadbCTBO NPENOCTAaBIAETCS YHTATENIO B KAUECTBE YIPAWKH
?I(())nesno TaKXKe CJeayoiuee NPOMSBOAHOE TPaBUJIO, KOTOPOE SIBJAETCS

KOHTpano3unuedl npasuia A4
Fpi)paanno cymecrsosanns E4. Ecau mepm t csobolen 025 X

; of (t) D Axe# (x) u, credosamensto, o (t) - Axe# (X).
’ Q/lz]i gxrz’a’:z ]}‘:} b C(’l?B o. ITo axcnome (4) umeeM |—VxTe#(x) D “l@f ®.
C nomompio Tasronoran (A D 7] B) o (B D T7A) n MP noayuaem |—of (t) o
S IVx e (x), 1. e |- of (f)D Axe# (x). Caenosarensno, of (f) -

b Axef (%)

YnpaxHeHus

1. BoiBecTd crelylollide NPOU3BOJAHbIE NMpPaBHia:
ITpaBRAO KCHDBIOHKIHE: o, B - off & B BTy D
IpaBuao AMSBIOHKWMM: o D &, B2 Y, o \V T+ A
2. Ecan popmyaa o3 monyuyeHa us o CTHPaHHEM BCeX KBaH_l_‘S)pJ(;B ,
067aCTH NEHCTBHS KOTOPBIX HE COLEPXKAT X CBOGOMHO, TO I off ==
Npennoxenue 2.19. Jag awo6ox gopmys ot u B
- Vx (ot = B) D (Vxet = VxRB).

IloxazaTteabCTBO.

= B ranoTes’a

;' gig(j;g* ) rumnoTesa

3 oAl =B 1, npasusao A4
: = 2, npasuno A4
4. of ’
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5. B 3, 4, TaBTOMOFHA :
(e =B) D (ef DB),,
MP :
. VxB 5, Gen
- Vx (oF =B), Vxof (x) |- Vx7B 1—6

Vx (et =B) |- Vxek > VxR
. Vx(ef =RB) — VxRB > Vxok

© P g

JIOKA3BIBAETCA aHaJOruy-
HO 8
8,9, 1paBNJIO KOHBIOHK LR

10. Vx (e =RB) |- Vit = VxRB
I | Vx (off = B) D (Vxet = VxRB)

Mpennoxenne 2.20. (Teopema 9KBUBAJIEHTHOCTU.) Ecau B ecms
nodgopmyra of u of’ ecmo pesyrbmam 3amenvi 8 oAF KaKux-ru6yos

1—10, npennoxenve 2.4 ;

1—7, npenjoxenne 2.4 :

(Ceems  moocem, makoce u Hu 00H020) 8x0xCOeHul R gopmyroi C u

eca 6caKas c80000HAA nepemenHas dopmyan B ua gopmyan G,
KOmMOopas 00HOBPEMERKO ABAACMCA CBA3AHHOL nepeMeHHOI dopuyast oA,
gcmpedaemes 8 cnucke 3, ..., Vi, MO

V... Ve (B=%)] o (of = o).

Hoxasareanbcrso. IIpumMenuM uHIyKuMIoO 1o YUCJIYy CBA3OK M KBaH-
TOPOB B o . 3aMeTHM CNEPB3, UTO €CAH HU ONHO BXOMKAECHME B HA CaMoM
Aeae He 3AMEHAETCH, TO of COBNAAAT C oF', U (OPMYIa, KOTOPYIO Tpe-
OyeTcst BBIBECTH, SIBASETCS YaCTHBIM CJIy4aeM TaBTOOTHM B D(A=A).
Ecau B cosnamaer ¢ of W 510 eNMHCTBEHHOE BXOMIEHME 3aMeHsieTCs Ha
%, To dopmyaa, KOTOpYI0 TpeOyeTcsi BHIBECTU, BHIBOAMMA M3 AKCHOMMI 4)
(cm. ynpaxnenne 1(d) wua crp. 71). Mtak, B DaipHeHIEM MB MOWKEM Cui-
TaTh, 4TO <% ecTb cOOCTBEHHas noagopmyna e# u uTo MO KpatHei Mepe
OAHO BXOXIEHHEe <% momJjexutr 3amene. IIpeanonoxum, uto TEOPEMa BepHa
A1 BCAKOH (hOPMYJIBl C MEHBIIMM YHCJIOM CBSB0K M KBAHTODOB, YeM Y o,

Cayuait 1. of ects saementapuasn dopmyra. Toraa B ue momer
OBTh COGCTBEHHOH Toadopmyol o, :

Cayuati 2. of ectv 1. Ilyers torma o# ects 12, Ilo
MHIYKTUBHOMY  mpeanonoxenuo, |- Vyi...Vy, (B=7%)> (¥ =)
Orcrond ¢ nomomwso Tasronormy (A=B) > (1A= B) noayuaem

V9. YV (B=7) D (ot =of). 7

Cayuat 3. of ects & o &. Ilycts Torna o#' ecrs D' 5 &' Coranacto
MHIYKTUBHOMY npeanonoxkenuio, — Vy... Vy,(B=8)> (P =9") u
V..V (B=%)>(E=E). Tpumenss rtasronormo ((A=B)&
dC=D)>(A>C)=(B> D)), noayuaem |- Vy,... Vy,(B=%)>.
D (e =)

Cayuan 4 of ecv Vx3. Torza ana Hexotopon dopmyas 2" v;"

of  comamaer ¢ Vx@'. Tlo  auaykTusHOMY TPeNo/0KEHHUIO,
V5. .V (B=7)> (P =D"). lepemennas X He BCTpeuaercs CBO-
6oano B Vyi...Vy, (B =%); B caMmoM 1eue, ecim 66l X BXOAUAA CBOGOIHO

§ 7. MPABWJIO C 83

B 3Ty nocaeaHiolo GopMyay, TO X Bxomuna Om csobomHo B B nm B ),
a NOCKOJNBKYy X CBA3ana B o, X BXoauaa Obl B TepeyeHb ¥i,.... Vg M
Gmaa Obl cBasaHHOM nepemenHo#t B Vy...Vy, (B =%), uro npusomut
pac K TpoTusopeunto. IlpumeHss Temepb aKkcHOMy (5), Mbl- MOJyuaeMm
V... V(B =7) D Vx(Z = 2"). B 10 Xe Bpevs, B CHAY NPeIOKeE-
nust 2.19, umeem Vx (2 D Z') > (VxP = VxZ"). Conocrapss nocienHue
apa yTBEpXIeHus O BHBOAMMOCTH, noayuaeM | Vyi...Vy,(B=7)>
D(@({ie—;lecjil)sne 2.21. (Teopema o 3amene) [lycms e;if, B, oA uEC
ydosaemsopaom yeaosusm npedaoscenus 2.20. Ec'/zu - RB=F, mo
o =ch, a ecru - B=C u | of, mo | oF.

‘ Cnencreue 222 ([lepeuMeHOBaHHE CBS3aHHHIX TepeMeHHbIX.) Ecau
Vx (x) ecms nodghopmyaa gopmyre of, gopuyra o?VS (v) nodobra
dopuyae B (x) u oA ecms pesyasmam 3amenv. no Kpailnel mepe 00H020
sxoocoenusns VxB(x) 8 o na Vy&B(y), mo - of =¥

NokaszaTeabcTso. [lpuvennts aemmy 2.8 m crencrsue 2.21.

YipakHeHus
1. Jokasath, 40  3x J o = 1 Vio#Z 0 = ViXof =" 3Ax | o#-

.- Tyctb Z — QopMyna, comepxamas, GbITb MOXET, KBAHTOPH H cBaskH &,
vV, %, HOy He cogﬂ{pma?;lzgl gBﬂBOK o, =. Bciony B o noMeHseM B3aMMHO KBaHT;);)Tl:;
CYULeCTBOBAHHSA U BCEOOIMHOCTH, 2 TaKWe CBH3KH*& n V. lloayuennas s peaynboma
QOpMYIa oA ¥ HasmBaerca dsolicmsennoli k o *). Jokasats, uto (a) b- T 2
¥ TOIbKO TOrAa, xorpa +— |e#% (b) o D /B TOrna u TeabKo TOFlI*a,_E(:%ﬂ*‘
- oB* D oA* (€) - o#f =B T0rda M TOILKO TOrA3, KOCAA I~ p# :1 ).
(d) npumenan - Vx (o &B) =Vxo# &VYxJB _(cM.  ynpaxHeHune ©),
ctp. 71), nokaszats, uto + Ax (oF V B) = AxoA V AxB.

§ 7. lipasuno C

B wmareMaTMKe BecbMa paCHpPOCTPAaHEHB YMO3aKJIOYEHHs CJAEAYIOMEro
Tuna. JlomycTMM, 4TO MM BhBeau (opMyay Buaa Jxe# (x). 3arem Mbl
ropopum: «ITyctb b -— 06BeKT Tako#t, uto o (b)», U MPOJO/IKaEM Hallie
paccyxJeHue WM JOKas3aTeqbCTBO, TPHXOAS B KOHUE KOHLUOB K (opMyIe,
KOTOpasi He CONEPKHT NPOUSBOJLHO BHIGPAHHOTO 3JeMeHTa b.

ITycTs, CKaxeM, Mbl XOTHM JOKas3aTb, UTO

Ax (B (x) D € (), VxB (x) - IxE (x):

1. Ax (B x) D F (x) runoTesa
2. Vx&B (x) rUIOTERA
3. B(b)>F (b) npn Hexoropom b 1

*) Bot TOUHOE ONpejeneHne onepaunuy *: 1) eciu o — sneMeHTapHas (DSPMY‘“:Z
; & * *\/ B 3) (o V. B)* ectb o#* &PB¥
B e e A A S e S et A 6) (Ban) cctn Vi,

(IIpum. nepes.)
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4. B
®) 2, npasuno A4
5. % (b) 3
6. Ax% (x) & MP
5, npasuso E4

7. Ax (B (x) D C (), VxB(x) - IxF (x) 1—6

Tako#t m,m(;iu NPENCTABASETCS € WHTYMTHBHOM TOYKH 3peHns conepmenaoé
}B{ZK(‘)IHH%M. a CaMOM JKe JeNe MEl MOXEM HOJNYYHTb TOT e pPesy/bTar

. puberas K mpOUsBOJILHOMY BHOODY HEKOTOpOro sJeMeHTa Ha are 3’ !
TO MOXET OHTh CHENaHO caeaywmum o6pazom:

1. Vx (x) runoTesa
:.;2. @‘;)x 7€ (x) rAnoTesa
3 ’ ?;26) 1, npasiao A4 |
: 2,
5 168 (95 8 () a4 rovton,
rus (A&1B) >
A
6. Vx (B (x) D€ (x) 53 (;le(" =Y
7. VB (x), VX 18 (x) - Vx (B (x) © % (x)) 1—6
8. VxB (x) |- Vx 1€ (x) D Vx (B (x) > ¥ (x)) 7, npeanoxe-
Hue 2.4
9. VxB (x) |- 1Vx 1B (x) DE (x)) D TVx 1% (x) 8, raTonorus
. ADB)>
S(1B>74
10. VB (x) |- 3x (PB (x) D & (x)) > IxE (x) coxpamem:e‘z )
9
1L 3w (B (x) D (x), VxB (x) - IxF (x) fg,ﬂ MP

BooGuie Besikan popmysa, koTOpas MOXeT OBITb BLIBEZEHA ¢ MpHU
HH%M NOZOGHBIX MPOM3BOMBHEIX AKTOB BHOOpPA, MOXET GHTb TaKKe BEIB;?:::;
:T %:—; 91}121\(4;1)111;1( ;z;uz;() aé(TOB BrGopa. Ilpasuno, nossoasomee nepexonnts
or Jxet (x) k of Ch,OiC)énEa HaésblBaTb Ilpasuson C (C— nepsas Gykma
B romeams o oenote BhG0p). lan Gosblued TOUHOCTH CAEHOBAJO

«BhiBOAa ¢ mpasuaom C»> B Teopun nepsoro
nop;m(a K. 370 npaBuao MoXHO onpemeuth caemyiowum o0pasom:
5o Fc O%;é’ TOrJa W TOJLKO TOTMA, KOIAA CYLHECTBYET nocneuonare.anocrb
pg;nﬂm 1;1;(;6.(,“?’,; ;1 gf TaKasd, 9TO BLINOJHATCA CAEAYIOWME YCAOBHS:
(i) &%B; ectp akcuoma K, aubo
?1)){3% npuxagaexnt I, mbo
iii i CJedyeT -n
sTOM no.cneno;arenbﬁz’)cm q(:Opl\lIV‘lsll: J;;?filnnﬁng opwy, mpeectsyioux 8
%, eﬂ(;v()g(z)lgph:‘}:elebﬂi }rllgellmecmyer dopmyna Ax¥ (x), a cama thopmy.a
, Bas npeaMerHas nocrosuuas. (ITpasnao C.)

§ 7. TIPABHJIO C 85

(1) B xauecrBe axkcuoMm B () (i) paspemnalOTCs TaKKe BCEBOZMOMCHBIC
JOPMUECKHE AKCHOMBI, BKJIOHAIONIME HOBHE TDPEIMETHBIE IOCTOAHHHIE, YHE

anee peefennme no npasuay C, T. e no (I) (iv).

(111) He monyckaercs NpUMeHEHUE TPaBuad Gen no nepeMeHHbM, cBOOO-
upiM X0Ta Gnl B OIHOH (popMyJe BHAA AxE (x), x koropo#t panee Obvino
fIpUMEHEHO MpPaBuJIo C.

(IV) o He CONEPKUT HOBHX TPEAMETHHX MOCTOAHHHIX, BBEJEHHBIX
¢ nomompio npasuaa C.

Caenyer o6paruTb BHHMAaHue Ha TO, UTO TNYHKT (I1l) onpenenetns nei-
CTBUTEABHO HeoOXonum, W60 Ge3 orpaHuueHnH, HAKAANLIBAEMBIX STHM NyHK-
70M, CTAHOBUTCS BO3MOXHBIM, HalpuMep, TaKOH BHIBOL:

1. Vx3y Ai(x, ») THNOTESa
2. Ay Al(x, ¥) 1, npasuio A4
3. Ai(x, b) 2, npasuao C

4. Vx Ai(x, b) 3, Gen .

5 dy Vx Al(x, ¥) 4, npasuno E4

6. Vx Ay Ai(x, Y Iy Vr Ai(x, y) 15

A Mexay TeM Mbl 3Haem (cM. mpumep 4 Ha CTp. 63), uTO CymecTByeT
WHTEeprperauus, s KOTOpo# ¢opmyJa Vx3y A} (x, y) ncranHa, a dop-
nyna Ay Vx Aj(x, y) noxHa

Mpenaoxenune 2.23. Ecau I‘}—c@f, mo T |- o#. Bonee Toro, uz
HIKECJEAYIOIEro JOKAa3aTebCTBA JIETKO YCMOTPETh, YTO €C/ B HOBOM BHIBOAE
umeercs npuMeHenne npasuaa Gen MO HEKOTOPOH mepeMeHHOH K dopmyie,
sapucsmiell ot Hekoropo#t @opmyas u3 I', To Taxoe ke NMpUMEHEHHE Gen
6L10 ¥ B NEPBOHAYaILHOM BHIBOJE *).

NlokasaTeabcTso. ITycTs gaH Kako#-nuOyap C-BEBOX HOPMYJIbl ot
ws T, u nyerb AnEi(n)..., 39 €r (Vi) — Gopuyast (8 nopaaxe -ux
noseaennsi), K koropuim B 3ToM C-BHBOJAE NPUMEHAETCS NpPABHJIO C a
Cp— BBOAWMBIE 1IDH 5TOM HOBHIE MPEIMETHHE KOHCTAHTHL Torna,

Ciyeney

ouesuano, I, &y(cy),.--, %1, (cy) = o, a B culy OrpaHdueHns Ha NpuMeHe-
nue npasuna Gen B MNEPBOHAYAIbHOM C-BHIBOIE, MBI MOXEM MPUMEHHTH
TeopeMy JHemykuum 2.4 M, CJAEIOBAaTeNBHO, I, €i(ct),..., Gpaler) -

- € (cs) D oFf. 3amenuB BCIOAY B COOTBETCIBYIOLIEM BHBOIE KOHCTaHTY
C, Ha TIEPEMEHHYIO 2, HE BCTDEYAIOMylOCs B STOM BBIBOIE, MBI TNOJYyHUM

v P, gl (Cj), ey (gk—l (Ck—'l) },—- ‘gk (Z) oD o
W, cjaenoBaTespHO, mo npasuay Gen,
P, gl (61), oo gk—l (Ck—l) ‘—‘ VZ (gk (Z) oD @g)»
oTCIon3, Ha OCHOBaHMM mipeanoxenus 2.18 (d), noxyuaem

T, 1 (c)s--.r Enmt(Cr-1) - Ve Er(Vp) D F.

#) Tlo-BuuuMoMY, BhepBbHE NPaBUAO C B cxoxeill Qopme ChoOpMyanpoBam
Poccep [1953].
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Ho rak xkax

o L& (). ., Epy (Cr-1) = Ay, (vp),

Y (2 N A ) S B 4

IIOBT() y XeMy aCC’ )KI[GHH“ Mbl TETEephb HCKJIIOYNM no ouye
( pﬂﬂ) 3T )K(e C ) p ’ p pell :‘
k—1 k-1 -~ . V
% c y 6 2 (Cpr=a n 1 JA. BILIOTH a0 % 1 (Cl), B peSy.’lb rare 4yero noJa '

wuM T' - o,

Mpunep. -Vx(ef (x) 58 () D @xef (x) > T8 (x))
L. Vi (o (x) D B (x))

bepion s

Vi (of (x) D B(x)), Txot () Ax?B (x)

223
9. Vx(of (x) D B (X)) — Axos (%) © gx? (x)
2.4

10. |- Vx (ef (x) D B (x)) D(Fxe”’ (%) D dxB (x)) 9, npennonenue j

2.4
YnpaxkHeHus

((; lomombio npauaa C m npeanosenus 2.23 gokaszaTs:
) B3x (o (%) D B (x)) D (Vaok (x) o 3 .
@) 1= (Ve o (1) V VB () > Vi (ot (5 v A o,

§ 8. Teopuu neproro NOPAAKA C PaBEHCTBOM

N
IMycs K — teo
pHUsS TIEPBOro mnops
Topo# umeerca A Bynem plIJlﬂ coxgaﬁ:::n: g:g;]e ntp ey oyie o~
Wi s w2 o t=3s BmecTo Aj(t, s)
1{¢, 8). Teopust K mnasmBaerca m 7 ,
e eopueli nepgozo no-
P € PaBeRCImEoM, ecn caepylomne GOPMYIH SBJAAOTCA Teop[))emamu K:

(;3)*) Vi1 (%1 ==x;) (pedpaexcusnocts paBeHCTBa);
() (x=3) D (f (%, ) D o# (x, ¥)) (noacranoBounocTs PaBeHCTBa)
TA€ X W y — NpENMETHHIE NepeMeHHble, of (X, X) |
, , X) —— NIPOU3BOJBHAS (HOD?
a o (x, y) noayuaercs u3 o” (x, x) 3amenon Kakux-uubyus (He oﬁﬂ(gafe\jl{ﬁ)’

B
q:g)éLCBOgOHHHX BXOXIAECHUA X BXOMICHHIMH y, C CoBaomeHneMm ycaoBus, -
Y Owto cBoGOmHO n/S TeX BXOWAEHHH X, KOTOpBlE 3aMEHATCH ’

*) Mpr
) 31€Chb MpONOMKAEM HYMEPALMIO NOTHYECKHX aKCHOM Ha crp. 65—66

2. dxet (x) TunoTesa
3. o (b) TUTIOTE3a
; 2, npa C

4. o (b) > B (b) 1 :paB::J(:o A4

6 @3%(%( ) 3, 4, MP

. Xe X . y Iy ;
5, ,

;. Vx (o (x) 2 B (x)), Fxof (O FxB (x) l—répaBnno E4

7, npennowenne ;

8, mpemnoxenne

§ 8. TEOPUH TIEPBOIO [OPSIIKA C PABEHCTBOM 81

TaknM 00pasoM, B OZHMX CIyuasx e (X, y) MOXET HMETb csoboanne
SXOMICHHS X, B APYFHX CJyuasX TAKUX BXOXIEHMH MOxeT yke He OHTb.
[Ipennoxenne 224, Bo 6cakoil meopuu nepsozo nopsdka ¢ pa-

BEHCMEOM
(@) —t=t 0an awboz20 mepmua t,

b) Fx=y>2Dy=x
(© Fx=yD(y=2z>Dx=2)

JNloxaszatTeancTBo. (a) B cuny (6), |- Vx;(xy==2x1), c1e10BaTebHo,
no npasuay A4 —t=t.

(b) TIycts o (x, X) ectb X=X u of (X, y) €CTb y=2X. Toraa, co-
raacko (7), (x=y) D (x=x D y=x). Ho, Kak TOJLKO 4TO HOKa3aHO,

x=ux. Tenepp |-X==y D y==X MH TOJyYNM C TOMOILbIO TABTOIOru#
Bo>(ADB>>C)D(AD0)

(c) Tyets o (3, ¥) ecTb y==2 U o (¥, X) ectb x==2. Toraa, B cuay
(7) ¢ BaauMHOfi 3aMeHOR X u y, F—y=xD(Y=22 x=2). Ho B cuay
(b), -x=y D y=x. CirenoBare/bHo, UCHOIL3Ys TABTOJOrHIO ADB)>
S(B2C) > (ADC)), Mbl uMeEM [—X=Y D Y=z2>Dx=2)

YnpaxHeHHus

Joka3zaTtb:

() V(B X)) =Ty (x=y &RB )
(2) - VX (B (x)=Vy (x=y D RB )
3) +Vx Ay (x=y)

Veaosue (7) A pABEHCTBA MOxeT OBITh CBENEHO K HECKOJMBKHUM 6oaee
NPOCTHIM CJIyYasM.

Mpeaxnoxenne 2.25. Ecau meopemamu meopuu nepgozo nopsadxa
K seamromes gopmuyaa (6) u, 045 410608 526 MEHMAPHOT POPMY AbL o (%, X),
gopuyaa (7), mo K ecmp meopus nepsozo nopsdKa ¢ paserHcmeoM, m. €.
8 K scaxan (popmyaa suda (7) ssisemcs meopenol.

JlokaszaTeabcTso. MTak, Mbl JOJIKHB JI0Ka3aTh, 4TO BCiKas (opMyna
puna (7) seasercs teopemott B K. Jlas a/1eMEHTapHbIX ¢bopmMya 5TO BEpHO
no ycnoBuio. 3aMeTHM, UTO AJs DPAaccMarpuBagMoil Teopun K npemnoxenne
2.24 pepHo, u60 B €ro A0Ka3are/bCTBE HCNOJbL3YCTCH (7) ToBbKO AJAA 3Je-
menTapHbiX dopmy. Cienys HHAYKUMM O YUCIY 2 BCEX CBSI3OK M KBaHTOPOB
B o, DNPEAnoJoKuM, YTO a1 BCeX k<7 Bce QopMyJas Bula (7) sBasoTCH
teopemamut B K.

Cayuait 1. e (x, x) ects B (x, x). o nuxykTuBHOMY NpeAnono-
Wemuio Ml uMeeM |-y =x D (FB(x, y) D F (X, X)), TaKk KaK B (x, x)
noayuaercs u3 <% (X, y) 3aMEHOH HEKOTOPHX BXOMJIEHHH Y HA X. O1coaa,
npumMenss npeajaoxeHue 2.24(b) u  TaBTOJOTHH AD>B)>D(B>4) u
(ADB)D(B>C)>D(AD0), 10Jydyaem Fx=y D (e (x,X) D
D e (x, ¥)
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Cryuah 2. of (x, x) ecv B (x, x) > E (x, x). B cuay unnykrtusrorg
TIPEATIONONCHNA U NPefNoKeHns 2.24(b), -x=y D (B (x, y) DB (x, x)y
W Fx=y>D (@ (x, x)DF(x, y). Orcoma c NOMOMIBI0 TABTONOFUY
ASBSB)S(ADCSC)S(AD(BDC) D (B DCY))  nony.
HaeM |—x =y D (o (X, X) D o# (X, y)). ’

Cayuat 3. of (x, x) ecto V2o (%, x, 2). Tlo unxykTHBHOMY npen-.
NONOKERMIO, [—X =y (HB(x, x, 2) D B(x, y, 2)). Ipumenss npasunio’

Gen u axcuomy (5), nonyuaem |-x==y= Vz (B (% x,2) DB (x, y, 2)).
B cuny ynpakuenns 1(a) Ha ctp. 71 nveem Vz (B(x, x, 2) DB(x, y, 2)D
D [VeB (x, x, 2) D V2B (x, -y, Z)] w Teneps C TOMOWBIO TABTONOrMH '
ADB)D(BoC)D(ADC) noayuaem  okoHuaTEMBHO Fx=y>o"

D (e (%, xX) D oA (x, y)).

Cyxenue knacca popmys o (X, x) B (7) MokeT GbiTh NPOJO/IKEHO elte

najbe, .

Mpennowenne 226 Tycms K — MEOPUSL nepso20 nopaioxa, 6 Komo-
POl K uucay meopenm npunadaescum gopmyaa (6), a maxoce sce gopuyas -
suda (7), 8 Komopeix ¢popmyra oF (x, x) ssemenmapna, ne codepocum
8X0iC0eHIL PYHKYNOHANLHILX OYKE 1 oA (%, ¥) noaynaemes u3 of (x, x)

Bameuienuenm Ha y 6 modnocmu 00HO20 Bx0NCOeHUsT Y. Iycms, kponse

mo20: (x) 045 8CcAKOE PYHKGUOHANBHOH OyKan f'; u 041 6cAK020 Habopa
n

NEPEMEHHBLX 21, ..., 2y BbINOAHEHO —X==3 f]. (21 ovvy 2p) =f;‘ (wy, ...

., W), 20e f;’ (@, ..., @,) noavieno us f';. (21,..., 2,) 3anmenoil Karxozo-
HUOY0s 00HO20 sx00Cdenus x na y. To2da K ecms meopus nepsozo no-
PAOKa ¢ pasencmson.

Hokasareabcrso. Ormerum Cpa3y, uTO CJAy4Yau 3aMeHbl MHOIHX
BXOMCIEHAH X Ha y CBOLATCS, OYEBMAHO, K NOCHEOBATEJbHBIM AKTAM 3aMe-
HICHUS ONHOrO BXOMCAEHHA X Ha y. Jlerko BuueTh, yTo U npensoxenue 2.24
BCE €Il /I0KA3yeMO M B YCJOBHSX Hactosmed teopems. B cuay npefJIoKe-
Hus 2,25, 1OCTaTOYHO JOKa3ath, YTO Teopemamu B K siBasioTcst Bee opmy st
Buga (7) ¢ snementapunivu o, Ilpn 31OM He cocTaBaser TPYJa IOKa3aTh,
uT0 by =2, & ... &yp=2,> (¥ (3, s V) D ez, ..., 2,) AuA
mo6oro HabGopa NEPEMEHHBIX  J1, ooy Yp, 21, ..., 2, W IJA MOOOH 5ieMeH-
TapHO# (POpMYIBl o Ge3 BXOKAEHMH (YHKLHOHAMLHBIX Oyks. IIpumenss
npaBuno A4, MH Temeph MOXEM CBECTH NOKa3aTeabCTBO K YCTaHOBJIEHUIO
hakta |-x=y D t(x, x)=*¢(x, y), rae t(x, X)—TepM u t(x, y) noayuen
43 t(x, X) 3aMeuleHHEM Ha Y HEKOTOPHIX BXoxmenm#t x. Ho sTo Ges Tpynma
MOXeT OHTh JIOK432HO C HCIOJb30BAHHEM ycnosus (x) uHIyKume# no umcay
YHKUHMOHAMbHHIX OYKB, BXOAAWAX B £, U MK NPENOCTABJISEM YHTATeI0 Npo-
J€JaTh 3TO CAMOMY B KaueCTBE YMPaX(HEHMS.

YnpaxkHeHus

L. Ilycts K, — Tteopus nepsoro HOpAlka ¢ eNMHCTBEHHOW NpeNNKaTHOH G6yKBoi
=, 6e3 dynKunoHanbHbIX 6YKB H NPEJIMETHBIX KOHCTAHT U ¢ COOCTBEHHBIMH 4KCHO-
Mamm: Vo, (x; = xy), Vo, Vxg (x, =X D X=Xy} B VY,V VX (X, = X, D (Xy=x,D
D xy=Xx3)). Hokaszats, uTo K, ecTs TEOpUA MEePBOrO INOPSIAKA C PAaBEHCTBOM.
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aenywouiHe GOpMyabi
YkasaHue B cuay npersoxenua 2,26, 10cTaToyHO BHIBECTH CaelyIoul dop

X=yD{(x=xDy=ux) ,
Xx=y>D(x=xDx=Y)
X=y>D(x=y>Dy=y),
X=y>D(y=x>Dy=y)
Xx=y>x=z>Dy=2),
X=y>D(E=xDz=Y)

' fi Teopuell paBeHCTBA.

a K, Ha3biBaeTCca 31eMEHTapHO _
Feop2" ny::Tb K, -— Teopus NEpPBOro HOPsAKA C ABYMH npenﬂxambmnmﬁu}il:lmlm;:o@
n << “6e3 dyHKUMOHANLHLIX OYKB M MPEAMETHBIX KOHCTAHT M €O cledy

]

CTBEHHHIMH AKCHOMAaMIL

(a) Vo, (x; ==x1);

(b) VX,V (X =Xy D xs = Xy); )

(€) VX,V Vg (X = Xs D (Xg== X3 D Xy == X3));

(d) Vo, 3x,3x, (6, < x5 & x3 < Xy )5 '

(e) Y, Vx, Vg (X, << xg & Xp << X3 D Xy << Xa);

() Vx, Vg (xy=x3 D 7| x; < Xs)s )

(2) Y Vxy (x; <Xy V Xy == X5 V Xy << 1)

(h) VX, VX, (xy << X 2 3y (1 <X &g << xg))i( remmoro o

ath, yto K, ectp Teopmusa -

pnm(?m;pz})ﬂacr:)e:caTB]:)IJ)\:M((l)(feH:ceTbQQSzrxeg?;inHaﬂ TEOPHA MNAOTHO YNOPALOYEHHBIX

JeMeHTOB.)
wecTs Ge3 Mepsoro M NOCHeIHero 3 .
Mo 3. Itycms K—I—)HPOHaBOJIbHaﬂ TeopHs NePROrO TNOPsNKa ¢ paseHCTBOM. (a) I

= rie
Kasath, uT0 FyXi=w& &Xp=Yp D t(Xy, ... , Xp)=1 (y"c;;T;(i'é);neH}?o
t (Y1, --- s ¥p) NOBYYCHO U3 TEpPMA [ (X4, oo s xgz) sagiﬂoixx, : z;% oTeTeTie
Ha Yy, «eoy Yo (D) JlOKasatb, 4TO Xy =&... n=2Jn ; Yo s )=
= oA# P1s - » Yn))y The oA (Vi) ---y Yn) NORYUEHO 3a1v1e6ﬂo blo;m@{ o e
;omneﬂun x; Ha ¥y, i=1, 2, ..., n, npuueM ¥y, ..., Yo CBOOOIRH g eees
IAS Xy, .« -y Xy COOTBETCTBEHHO.

Ilpumep .

1. Daementapnas teopus rpynn G: npemuxarHas Oyksa :,B(pyr:jlx:zggfulz
nas Gyksa f;, mpeaMeTHaa KOHCTaHTa ;. [Lia coxpauéeguﬂseﬂﬂge A
Mbl 6yeM BMECTO fi (¢, s) mucatb t+ s n 0 Bmecto a;. CoOcr :

(@) x3 -+ (2 -+ x3) = (%1 + X2) + X3

(b) x3 +‘0=x1§
(©) Vxdxa (x4 x2=0);
(d) x1=xy; .

(e) xX1==Xy D Xg= Xy}
() x1=x2 D (KXo == X3 D X1 = X3);
(g) x1==Xa D (X1 - X3 = Xo | X3 & X3} 21 == x5 -} Xa).
Omupasich na npeptoxenne 2.26, rerko noxasats, uro G ecrb Te9pnﬁ nepBoro
nopsanka ¢ paseHcTsBoM. Ecau MB p00aBuM eme OZHY aKCHOMY:

(h) xi - Xe== X2 -}- X1,



90 [J1. 2. TEOPHH TEPBOTO MNOPSIKA

TO noxyunm Teopmio Gg, Ha3HIBAEMYIO 3JeMEHTapHOH Teo
rpynm.
1 .
2. OnemenTapHas Teopus noJed F: npeaukatHas Oykea ==, ¢
"

HaubHele OyKBHL fi M f3, TpeIMEeTHBIE KOHCTAHTHI a " a

puet abeneBmx’

yHKl_[HO-j
2. Cokpauenusimy

caywar: s nag fi(ts), t-s mas fi(t, s), 0w 1 qm @) U @y COOTBer-"

craerto. CoOCTBEHHBIME aKCHOMAaMM SBASIOTCS aKCHOMEI (a) —(
U3 TIpEABLIAYUIEro npumepa 1, a Takke cJaemymouue dhopmy.bt:

@) x1=xgD(xl-x3=xg-x3&x3-x1=x3-xg);
() (oer- xa) - 5=y - (209 - x3);

(&) X1+ (0 - x3) = (261 - x0) - (01 - Xy

(M) %1 xo=129-x1;

(m) - 1=x;

(M) x3520 > Axa(xy - xp=1).

F aBasercs teopue#t mepsoro nopAnka ¢ paseHCTBOM. AKcnoMbl (a) — (m)

Bn%enenmoTFanemeHTapnyo TeOpuI0 Rc KOMMYTATHBHHIX KOJeL ¢ euHuIeH.
00aBMB K I' HOBy mpenukatuBHywo Oyksy Aj koTopylo Gymem 060aHa-

Hath 3HakoM <, axcuomu (e), (f), (g) m3 npeamaymero ynpaxHeHust 2 u-

. e:5u1§c zf:e<a;c<cu;m: X1 < X9 D X1+ X3<C X9 + x5 <X &0<<x3 D
1 X3 9+ X3, MBI NOJIYYUM 3JCMEHTADHYIO Teo
N pHY puo F. ynopsamouennnx

YnpaxHeHune

IToxasats, ut0 akcHomm
OnTh 3aMeHeHb! Napofi akCcHo
X=y>D(z=y>Dx=2).

pasencrsa (d) — () B aByx mocnemuux npume
» pax moryr
M, U3 KOTODbIX OZiHA €CTb CHOBa (d), a npyraﬂ—q)opmyia

Hacto Berpeuarotcss Teopum nepeoro NOPAAKa, B KOTODHX PaBEHCTBO =—
MOXeT OBITh OmpeseseHo. DTO 3HAYAT, YTO B TAKOH Teopun K mweeT?
dopuyna &€ (x, y), ana xoropod, ecmn & (£ s) 0GosHaunTs uepes If—s:I
“opmyant (6), (7) BuBomnmp B K. ITpu sToM ToaBKO cleayer ycnosn;cn’
- CUUTATb, YTO €C/u f M $— TepMHl, He CBOGOJHHIE COOTBETCTBEHHO A X M
B €(x, ), 10 t==3s CAYKHT COKpauleHHM 0003Hauennem He ana & (¢ s-;,
a Ia9 HeKoTopo# dopmyan &% (¢, s), xoropas momyuena uz & @ s) r’lon:
XOMNUM TIEDEMMEHOBAHNEM CBSI3aHHBIX TIEPEMEHHBIX (CM. cneucra’ne 2.22)
TakuM 00pasoM, uToGbl f ¥ § OKa3aauCh CBOGOIHBIMU COOTBETCTBEHHO .111191
X ny B €%(x,y). ILna rtakux Teopnt K Moryr Gbrte nokasamn npea-
JIOKEHNS, aHaJAOTHuHBE npeanoxerusm 225 u 2.26, B NPEeANOJ0KEHNN, YTO
(7) sBasercs teopemo#t B K s COOTBETCTBYIOWIMX THNOB (hopmyn &* (_;C )
(ITpenocraBisieTcs yuTatemo B KauecTse yHpaXKHeHus1.) e

B teopusx mepsoro mopsmka ¢ pasencreom aua BEIDOXeHUH BHAA <Cy-
HICCTBYET OOVMH M TOJbKO OJMH INpEAMET X TaKoH, UTO...» MOMHO ncnon};-
30BaTh CJaenyooulee

Onpenenenue,

& ot (y) D x=y). Jixef (x) osnavaer xof (x)& ViV (o/f‘(x) .

h) teopun Gg -
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YnpaxKHeHHs

L —VxJy(x=y)

2 b Fxof (x) =XVy (x =y = o (¥))

3. b Vx (o (¥) =B (1) D [Txef (x) = Fix T (x)].

Jlns BCAKOH MOJENW TEOpHM NEPBOrO MOpPsAKa K ¢ PaBeHCTBOM OTHO-
wenne E, cooTBeTCTBYIOIlEE B 9TOfl MOAEANM NpeAuKaTHOH Oykse =, fB-
19eTCS  OTHOWIEHHEM SKBUBAJEHTHOCTH (B cuay npennoxenus 2.24). Ecan
3 06aacTH HEKOTOPOH Mojead 370 OTHouleHue E OKasbiBaercss OTHOLICHHEM
YOMAECTBA, TO 3Ta MOJEJb HA3BIBAETCA HOPMAAbHOL.

Beskas mozenb M teopun K momer ObTh cydcena [0 HEKOTOPOH
nopMaishol Mozean M’ teopun K. Jlas sroro B kauectse obsactu D' Hoso#
molesn M’ BO3bMEM MHOXKECTBO KJIACCOB 3KBUBAJEHTHOCTH, OIpeAeNseMbIX
otHomenuem E B ofaactu D moaesm M. 3areM Ass Kaxuaoll npefrKartHOH
6yKBBI A;! ¢ HHTEpmpeTauued (A;‘)* B M onpezeanM HOBYIO HHTEPNpPETAUUIO
(A;!)’ B M’ ycaosuem: nas AOGBIX KaaccoB sKBuBadeHTHOCTH [by], ..., [bal;
onpeleaseMBX 3/JEMEHTaMA by, ..., b, u3 D, (A;’)’ BBHIOJHEHO TOTA2 M TOJAbKO
torpa, xoraa 8 M nas by, ..., b, BBNOJAHEHO (A;‘)* DTo onpeneaerue He
3aBUCHT OT BHIGOpa npeacrtasurenelt by, ..., b, COOTBETCTBYIOUIUX KJaCCOB
5KBUBAJEHTHOCTH, TaK Kak, Ha ocHoBamun (7), —X1= & ... &X,=y, D
oD (A;.‘ (X1, ..., X)) D A;‘( V15 -+ » Yn)). AHAJIOTHYHO, HOBYIO HHTEPNPETALUIO
(f;f)’ B M 128 QyHKunoHa/ibHOH OYyKBHI f;.‘ ¢ uHTEpnperauuet (f;‘)* B M 3a-
IaxuM YCAOBHEM: (f;.‘)' ([b1], .-, [ba) = [(f;‘)* by ..., b,,)]. HerpyaHo Bupets,
YTO M HTO ONpelefieHne He 3aBUCHT OT BhOopa mnpeAcTaBUTENEH KJACCOB
SKBUBAJEHTHOCTH, TaK Kak, Ha ocHoBaHuu (7), x1=n&...&X,==¥, D

:)f;‘(xl, cee, Xn) =f;‘(y1, ...> ¥n). Hakonel, BcsKkas npeameTHas KOHCTaHTa
a; ¢ untepnperauuedl ¢ B M 6yzer Tenepb uHreprpernposathcs 8 M’ Kaaccom
|c]. Otnowenne E/, coorsercrsyiomee B M' npeaukarnoil Gykse =, ABJSETCA

otHoweHuem ToxaectBa B D't E'([by], [be]) umeer MecTo TOrAa M TOJABLKO
TOraa, Koraa BhinoaHeHo E (by, bg), T. €. xoraa [by] ==[bs]. Caenyiomas aemma
NIerKo MOeT OhTb Tenepb NOKasaHa NO MuAykuum: ecan s==(by, by, ...)—
CUETHas TTOCAeOBaTEALHOCTD 9eMeHTOB 13 D, |b;] — Kaacc 5KBHBAJIEHTHOCTH,
nopoxaaeMsii saeMentoM by, 1 8'=([bs), [ba],...), TO dopmyra e BHNOI-
HeHa B M Ha s TOra ¥ TOABKO TOTAa, KOTAa o BhnoaseHa B M’ Ha s’
OTcioaa caeayer, uro Beskas (GopMmyJda o MCTMHHa B M TOraa u TOJLKO
torga, Korma ona uctuaHa B M, a tak kak M ects mozem K, T0, caeno-
BateabHo, M’ ecTb HOpmaAbHas Mojeab Teopun K.

Mpennoxenne 227, (Ilponomkenne npemnoxenus 2.12; Feéneap
[1930].) Bcsxas Henpomusopedusas meopus nepsozo nopsaoka K ¢ pasen-
CIMBOM UMEEN KOHEHHYI0 WAL CHEMHYIO HOPMAALHYID MOOCAb.

INokaszateabctso. Cornacno npeptoxkenuio 2.12, K nmeer cyerHyo
mozeab M. CaenoBaTelbHO, CyxeHME MOmeaH M ONUCaHHBIM TOJMBLKO UTO
BHILIE CNOCOGOM NMPHUBOAMT K HOPMaJbHOH KOHEYHOH MM CUETHOH MOne.n M,
TaK KaK MHOXECTBO KJacCOB SKBHBaJEHTHOCTH, Ha KOTOphEe pasbusaercs D,
HMEET MOIHOCTL He O0Jbluyio, yeM camo D,
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Caencreue 2.28. (Ilpomomkenne Teopemsr Ckoaema — Jlésenrefima_
Bcearkan meopus nepgozo nopsoxa K ¢ pasencmsonm, umewuan Oecko'
Hewryo Hopmarsryw modeas M, umeem cuemnyro nopmasswyno modens.

Iloxazarteascreo. Jobasum k K HOBHe NpeIMEeTHBIE KOHCTaHT
by, by, ... BMecTe ¢ akcHOMaMu b,-;&bj a7s [ == j. Hosas teopus K’ Henpo-
TBopeunsa. Ecam 6w Teopus K’ Gsisa” nporusopeuna, to CyILeCcTBOBaA Gy
BoiBoa B K’ nexoroporo mporusopeuns & & 1%, npuuem moxHO CYMTATh;
uro & ectb opmysra teopun K. Takoft BEIBOA HCHOJIBL3OBAN Obl, OUEeBHAHO,
JULIb KOHEYHOE YHCJAO HOBBRIX aKCHOM: b,-1 ;Ebjl, ceey b,-n¢b,~n, u Moneab M

Morsa Obl ORITE paCliMpeHa 4O HEKOTOPOH Moaenn TEOpHH, noayuaouekics.
us K noGasnenvem akcuowm b,-ﬁ&bjl, eery bi,5=b; . B camom nene, Tak

Kak M ecrh GeCcKOHEUHas HOPMAJbHAA MOMEb, TO MBI MOKEM TaKk BBIOpaTH,
MHTEPNPETannuy MPEAMETHHIX MOCTOSHHBIX b"1’ b,l, cees by,

MY JIbI b,-l#zbjl, cen, bi";&bjn Obim mcrunnn B8 M. Tlostory BBIBOJAUMOCTS ;

€ &% us srux dopmya u akcmom K mosaexaa 6u 3a coGofi UCTHHHOCTh
T &% B M, 4TO HEBO3MOKHO BBuay (1I) ma crp. 59. Urtak, Teopus K -
no/mkHa OHTh HENpOTHBOpEuHMBOH. B cuy mnpepioxenuns 2.27, K’ umeer ©
KOHEUHYI0O WM CYETHYI0 HOpMaibHylo Mozets N, Popmynn b;%=b; nna -

Iz=j wucruHHM B N, Kak aKCHOMBI Teopun K. Cllen0BaTeIbHO, 3JEMEHTH
obsactu mMozean N, MHTEPNPETHPYIOLINE COOTBETCTBEHHO by, by, ..., NODKHKE

OBITb TONapHO pa3JMyHbl, OTKYyAa crepyer, uro o6.aacte N Geckoneuna u,
CAEA0BaTEe/bHO, CUETHA,

YupaxHeHus

1. Onpeneaum Fpxo# (x) maa n=1 uaaykuveit no n. [lan cayvaas n= 1"~

MCNoAb3yeM onpefeneHne Fyxg# (x) Ha crp. 90. IycTs TeNepb JIA NPOHU3BOIbL-
HOro n dy, (Xo# (x) o6GosHavaer Ay (o # (¥) & Ipx (x # y& o (x))). [Tokasars,
410 JpXo# (X) BopaxaeT coboit YTBEpKIEHHE CYIIeCTBOBAHMA B TOYHOCTH n
00beKTOB, 1l KOTODHIX o BBIIIOAHEHO, B TOM CMBICJIE, YTO BO BCAKOH HOPMalb-
HOM Molemry (GopMynn I,xg#Z (X) MMeeTcs B TOYHOCTH n 06beKTOB, KOTOpbIE
061anal0T CBQHCTBOM, HUHTEPNIPETHPYIOIHM o-#Z (X).

2. Ecau teopua mepsoro nopsmxa K ¢ paBeHCTBOM MMeeT KoHeuHble HOPMaibHbie
MOLeM# CO CKONb YroAHO GONbLINM UYHCIOM 3JMeMEHTOB, TO OHa MMeeT H CYETHYI0
Mozeas. (Y ka3 aHue. JokasaTeabCTBO aHaNOTHYHO JOKa3areabCTBy cneAcTBus 2.28.)

3. Besakoe ucuncacHHe npeIukatoB c PaBEHCTBOM HENPOTHBOPEYHBO. (¥ K a-
sanme. llycts o# — nponssonbras dopmyaa; OIIYCTHTb B Hell BCe 3HaKM KBaH-
TOpOB, 34MEHHTh BCAKYIO SJeMEHTAPHYI0O QopMyny f=35 Ha B \V | B ¢ HekoTo-
poRt QurcupoBanHol Gopmynolt B, cTeperb BCe TepMbl M BCe CBA3AHHbIE C HUMH
ckobkn. [lokasath, uT0 eclH o# — TeopeMa, TO omHCaHHAs npouenypa Hax o
NIPUBOIMT K HAacTHOMY caywaio taBromorud. OmHako npu stoM dopMyra Xy 55 X,
npeoGpasyercsa 8 | (B V 7| B).)

4. lokasaTtb He3aBUCHMOCTb aKCHOM (1) — (7) Bo BecAkoM HMcuncnemun mpenu-
karoB ¢ paBeHcTBOM. (Y kaszamme. JluA NOKA3aTeNHhCTBA HE3ABHCHMOCTH aKCHOM
(1) — (3) samenuts Bce dopMynn £=3s NPONO3HIHOHANBHOM (hopmolt A D A, 3atem
CTEPETb BCE KBAHTOPBL, TePMbl M CBA3aHHble C HHMH 3alThie H CKOGKH, aKCHOMbI
(4) — (6) mepexonat npu sTOM B NIPONO3HLUHOHaNbHEE Gopmbl Buga P D P, a akcu-
oMa (7)—B (P> P)>(Q > Q). Hocae storo aas axcuom (2), (3) ucnoabaopats
TO We JOKAasaTeabCTBO, YTO M JJA HE3aBHCHUMOCTH aKCHOM (A2) — (A3) nponoau-
UMOHANBHOrO ncuucaenus (crp. 47). Uro xacaercs akcuomul (1), To TPeX3HayHas

b;,, uT0GH (op-
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{CTMHHOCTHAs Tabuuila, Ucloap30BaHHasA Ha cTp. 46 aas noxaaarenbcmga;giagl:g:l(; .
moCcTH axcuombl (Al), He Raer 3Hauenua O maa P D P; npelmaraexcnés e
BOCIIONb30BATLCA CHEAYIOMUMI UETHIPEX3HAYHBIMU HCTHHHOCTHBIMKM TaONHUAMH:

A A ABADB ABA>B
0 1 00 0 02 1
1 0 10 0 12 0
2 3 20 0 22 0
3 2 30 0 32 0
01 1 03 1
11 0 13 0
21 1 23 1
31 1 33 0

Jlas HokasaTensCTBa HE3aBUCAMOCTH aKCl/lOEMbl (Ez;l) 3aMeHUTb xzc%;l(ggm(ggmpglclf:gg;
i opanusa Jx. Bompoc ¢ akcum

Hoct VX KBaHTOpPaM#l CYyUieCTB p h (5) peaacten
a BCeX KBAHTOPOB BCEOOMIHOCT 1-

3aMeHOl BCeX TepMoB ¢ Ha Xy, obu Ha Vi
eHo#t Bcex GopMyn BHAA £ =S OTPHIL

akcuombl (6) BOCHONL30BATLCA 3aM puLanken kawoh:

embl. Hakoweu, samenus Bce Qopmy

un6ynp (UKCUPOBaHHOH TEOP bopuyasl bt =9
OpeMoff, MOXHO HONYYUTb Ji

kakoi-unOynp GUKCHPOBAHHOH Te -

Bucumocmy akcuombl (7).) Bo BCAKOM HCUHCAEHHW NMPEXHKATOB C PABCHCTBOM pop

A aKCHOMaMu.
Mymi’l) <?L)nsl: rg))a;:grelgg)anc?;:ml\}\% u Gen HoKasaTbh UX He3aBUCHMOCTb B TOM CMBICIe,
o eAUKATOB
HHX B OIpeleleHHH HCYUCHEHHR Op
YyTO ecau Mbl ONMYCTHM j1060€e H3 beakato
eT NMOTOM IONYYHTb B KauecTBe Ip
ABEHCTBOM, TO ero Hemb3s ywe Oyl
rciolr)o npasnna: (Y kazaHnue Jlga 10Ka3areabCTBa HE3aBHCHMOCTH MP nocraroiﬂg
3aMeTHTh, uto mnpuMeHeHne (Gen yBenMuMBaeT YHCIO KBaHTOPOB, HE Meuxzlega:;b
’
CBA3OK, 3aMeHa BCAKOH qopmyisl Vxo# Ha VX 7| (o D o) MOMOXeT I

sucnumocte Gen.) )
He3a6n Hasoem QopMyay o k-oOuie3HauuMMoH, eciH OHAa MCTHHHA BO BCEX MHTEP

-0611e3HaYNMOl, eclit oHa

x ¢ k snemenTaMd. Ha3osem o B TOYHOCTH R-O : a

z?sgﬂgﬁmma, HO He sBasierca k -+ 1-o6wesHaunMoil. 3aMeTHM, YTO k+ile ggmg-

3HAYMMOCTb BiAeyeT R-00UIe3HAYMMOCTb. IlOoCTPONTH TIpHMED B TO‘lHOCTHﬁ - 13}34

anauumoil gopmynn. ([logpoGHee o6 stom cm. NuabGepr— Bepuatic| 2
§§4—5]; Batic6epr [1933))

§ 9. Beenenue HOBBIX (GYHKUHOHAJLHBIX OVKB
M NPeIMEeTHBIX KOHCTAHT

B MareMaTuKe uacTO MOC/Ae TOFO, KaK YAaeTcs [OKasarb, 4TO I

MoBHX Yy , Yp CYWeECTBYeT U NPUTOM ENMHCTBEHHBIH OCbexT u, o6ia-
y en _

patomt CBOHCTBOM e (U, V1, - - -, V), BBOAAT HOBYIO dyHKUMIO [ (Y1, <. -5 Yr)

Takyo, 410 e (f(Y1, --+» Yah Voo +++s Yn) BBHIIOJHEHO NPH JIOOHX 6\)1, cers Yne
AHAJOTHYHO, €CJM JOKa3aHo CyllecTBOBAaHME €IMHCTBEHHOro OObeKTa u,

YIOBJIETBOPSIONIEr0 yCIOBUIO of (1), rie o (1) umeer u cBoeH e,lIIAHCTBelI-l)-
Ho#t CBOGOJHOH TIEPEMEHHOH, TO BBOJAT HOBYIO NPEIMETHYIO KOHCTAHTY b.
O6uleu3BeCTHO, YTO TaKHe ONpefeseHus XOTd M yAOoOHH, HO HUYero meHcrt-
BUTEMLHO HOBOFO K Teopud He n06aBJsi0T. DTOT (aKT MOXKET OblTb TOUHO
e gopme.
Buplqlx;e : ang")?cng H [:xle 2(?26). Iycms K — meopus nepgozo nopsaoxa }c(’pa-
sencmeonm. [Ipednorosxcun, wmo }—Kalu@i‘ @ y, ..., Vo). Mycms K —
meopus nepgozo NnopAdKe ¢ PABEHCMEOM, NOAYHEHHAA dobasaeruen ¥ K
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Ho80I n-mecmnoll GynKyuonarsrol OyK8s |, coGcmeennoii aKcuoMmut ;
DL o Vo) Voo v Yn) U 8cex codepacamux [ wacmmoix cay4aes :
akcuor (1) — (7). Toz0a cywecmsyem e musnoe omobpascenue,
npeobpasyiouee 8CAKYIO gopuyry B meopun K' 8 nexomopymw g‘)opif
#yay I meopuu K maruu obpa3om, 4mo :

(1) ecau f ne sxodum 8 B, mo B cosnadaem ¢ B

(2 (VB cosnadaem ¢ (), ’

() (B D E) cosnadeem ¢ K > &,

(4) (VxBY cosnadaem ¢ Vx (BY,

(0) P =,

(6) ecau |~y B, mo |- .

Caedosamensno, ecan B ne codepacum f u kB, mo |-, 8.

Nokasarenbcrso. Hasoem upocThm f-repmom  Beskui  Tepm
f(t, ..., t), rme Tepmm ¢, ..., tn ne couepxar f. ITycts naua saemen-

TapHas Qopmyna B teopun K', u nycts B* oGosnauaer peayibrar same- .

HIEHHS CAMOro JIEBOTO BXONMIEHHs KaKOro-am60 npoctoro f-tepma f .., ty)
B % mnepeoll nepeMeHHOH u, He BCTpedaloweitca B <. Hazosem thopmyay
Juef @ ty, ..., t,) &B*) fobpasom B. Ecau Gopmyna <& ne conep-
KUT _f, TO mycts oHa cama GyZeT cBouM f-o6pasom. Ouesugno, urto
Frduef @ b, ..., 1) &B*)=dB. (31ech caenyer MpUHATH BO BHHUMa-
nue ycaosue |- Jwef (u, y, ..., Yn) u axcuomy o (f(n, ..., Yo
Y o5 Yu) Teopun K') Yucao BxoxaeHui (YHKUMOHAMLHOR GyKBHI f B o73*
Ha €QUHANY MeHblue, yeM B <B, u - xeB* =dB, nostomy, ctpos nocieno-
BaTeJbHbE f-00paskl, MB B KOHLE KOHILOB noaysuM ¢opmyay <&, koropas
He COEPXKUT f, M TaKyw, uTO F.x® =<%B. Hazosem <%’ f-cBo6omHbIM
o6pasom <3. PacnpocrpannM Temeps onepausio ' Ha Bce dopmyan Teopun K’
onpenemus (7] <B) kak | (RB'), (B D E) kak B S ' u (VxBY xax Vx (Q%)'f
Jlerko BHAETb, UTO yTBEPIMHKIEHRS (1) —(5) soinosnenn. Uro6n mokasars (6),
J0CTaTOuHO, Hcnoab3ys (1) u (5), nokasaTs, uto ecau <B ne coaepxur f
B =B, 10 |-,B. Tlpu s10M Mb MO)eM CUNTaTh, YTO ¢opmyra B
3aMKHYTa, TaK KaK BCSKas (POPMyJa BLIBOZMMA W3 CBOErO SaMBIKAHHA M
o6paTtHo.

Ilycrs M — npoussoasnas monens Teopun K u M; — cootsercrayiomas
€l HOpManbHas MOZeIb TOH e Teopuu (cM. ctp. 91). Kak mm 3uaem
BCAKas (opMy/sa uCTMHHA B M TOrza m TOALKO TOraa, KOrAa OHAa WCTMHHA
B M;. Tak kak Fxwef (@, 3, ..., y,), TO 1 moGkX by, ..., b,
u3 o6nacti monenm M; CywecTBYeT emMHCTBERHMH 3JeMEHT ¢ B 3TOH
o6JaacTd, IS KOTOPOro off (¢, by, ..., b,) ucrunno B M, Wcxoms uz
Monearun My, MH noayuum Tenmeps Momear M’ teopun K’, ecan Bosnmem
B KAUECTBE MHTEpUpeTauud ¢yHKuuoHaabHOR Oyksw f dynkumio f, onpe--
nenendyo  ycaosnem f'(by, ..., b,)==c. B camom nlesie, JIOrHYecKue aKcu-
OMBI (BKJIOUAs aKCHOMBL PaBencTea aas K') ucTunnm B moGon MHTEPNPETALUH,
a akcnoMa A(fF(, .oy Yah V1o --n, Ya) BepHa B M’ B cuay onpenenenus
¢ynkunu f, Tak Kak co6CTBEHHNE aKCHOMBI teopun K ne comepxar f u

g e
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uctuHnel B My, 10 oHM uctuHHH u B M/, Ilyctb Teneps }——K,o% u & ne
conepxut f. Torna ¢gopmyaa % mcrunna B M/, a cienosatensHo (Tak Kak
ona we comepxur f), oHa wmctMHHa B My w B M, Wrak, dopmyna B
nctuHHa B Jsnobo#t mozesn teopunm K. Ortcioma, B8 cuny caencrsust 2.15 (a)
TEOPEMH O NOJHOTE, crnemyer |-,oB. (B cayuvae, xorma |-,Jsues (u) u
o# (W) He CONEpPXKUT OT/MUYHBIX OT « CBOOOAHHBIX TepeMeHHHX, Teopus K’
cTpoutca n0GaBJeHHEM HOBOH NpeAMeTHOH KOHCTaHTH b u akcuomsl o (b).
ITocre 3TOro cOOTBETCTBYIOUWIMH aHAJOr mpemnoxeHus 2.29 mokasniBaercs
NPAaKTAYECKH TEMH K€ DPACCYKIECHUAMH, KOTODHeE OBLIM TOJNBKO 4TO IpHUBE-
ZIEHBL.)

YnpamxHenue
Hafitn f-ceobonnnie oGpasst hopmyn
Vxdy (AL (x, 3, F (6, 95 s DD (D X, e

AL(f O cos Yn_o Fu oo YV XA (x, F (V1 ---y Yu))-

OTMeTuM, 4TO -mpeanoxenne 2.29 TNpPAMEHHMO B B TOM CJy4ae, KOraa
BBOIMTCS HECKOJBKO PasJW4YHBIX HOBBIX CHMBOJOB, Hanpumep fi, ..., f,.
Mbl MOXeM TOrZa CUMTaTh, YTO KaXABIH CUMBOJ f; nmobGaBagercs K Teopuw,
yXe NMOJydYeHHO# B pesy/sTare N0OaBJeHHs CHMBOJIOB f, ..., f; 4. Takum
obpasoMm, 3aech HeoOXOAUMO A-KPaTHOe npUMEeHeHAe Tpesioxenus 2.29.
dopmyny B’ teopun K B npennomenun 2.29 MOXKHO PaccMaTpuBarh Kak
cBoboanbit 0T f nepeson ¢opmyas % B s3mK Teopun K.

MNpumeps. 1. B snementapnoii teopum rpymnn G (cm. crp. 89) Bhi-
BoIMMO Jyxa (X -+ x9==0). Beeaem HOByw dyHKunoHa bHYI0O GykBy f
C OmHMM aprymeHTOM U, o0o3Haums f(f) uepes —i, FOGaBUM HOBYIO aKCHOMY
X3 -+ (—x1)=0. CornacHo npepnoxenno 2.29, nocie BceX 3TUX HOBO-
BBENCHUH MBI HE CMOXEM, OJIHAKO, BHIBECTH HWKaKylo ¢opmyay teopun G,
xortopas He Ontia Obl BhBOAMMA panee. Takum oOpasom, BeegeHue (— t)
M0 CYHWIECTBY HHMYEM He YCHJMBAET TMEPBOHAYAJIBHYIO TEOPHIO.

2. B ssemenrapHofl Teopun mosedt F (cm. crp. 90) BoiBomuma opmy.ia
g (X155 0 & %y - x9=1) \/ (1 =0 & x,=0)). Beenem HoByI10 OmsoMecT-
Hy10 (PYHKUMOHAIbHYI OYKBY g U, TpHHAB COKpamenue ¢! pna g(f), Hosyio
akcuoMy (X1 =0& x1-x'=1)\/ (xi=0&x;'=0). Hs 310t axcuomu
MOXHO BBIBECTH Xy 7%=0 D x;-x7'=1.

Ipennoxenne 2.29 noKaspiBaeT, 4TO B TEOPHAX MEPBOrO NOPAAKA
CYLIECTBEHHO HEeOOXOAMMBIMM  fIBJSIOTC JALIB MpearkarHele OykBh, 6e3
dyHKunOHAMBHEX e OYKB ¥ MPEAMeTHBIX KOHCTAaHT MOxHO obofitucs. Tax

(yHKUMOHAMBHYI0 OYyKBY f:’ MOXHO 3aMEHHTb HOBOH mnpenukaTtHoH OykBo#

A:"" BMECTE C HOBOH AaKCHOMOH E,uA;‘JF'(y,, ceey Vo ). Tpeamernas
KOHCTaHTa 3aMEHAeTCA HOBOM npexukartHolt Oykso#i A} ¢ akcuomo# FyuAf ().

Hpumep. B snemenrapnoit teopuu rpynn G Mpl MOXEM 3aMEHHUTbH
QYHKHHOHAMBLHBIA 3HAK -} U TpeaMeTHylo KoHcrtauty O npeamkatamu A}
A} ¢ pononuurensHsiMu akcuoMaMn V. VxadxsAf (x1, xo X3) n T Al(x).

y X)==x)
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Ilpu sToM, pasymeercs, HeoGxoaumo npexHue akcuomnl (a), (b). (c), (g)
3aMEHUTb COOTBETCTBEHHO CJECAYIOUMMH AKCHOMAMU:

(@) Aj(xs, x5 y)&AI(%1, y1, V)& Al X Y) & AL (Yy X3 Y1) D
D Ye==ys;

() A1 (¥9) & A} (X1, 31, y9) D ya=xy;

(€) XV V3 (A} (1) & A2 (03, X3, y9) D Yo == yy);

€) =X & Al (0, 3 y)&A(xe x5 V)& Al(xs, x1, m&
& A (3, xo, i)l Dn=n&y=y,

Crenyer sameruTh, uro TIpHBEACHHOE [OK333aTe/NbCTBO NpeaaoxeHus 2.29
HE KOHCTPYKTUBHO, TaK KaK OHO HCHOJb3yeT CEeMaHTHYECKHUE MOHATHS (mMo-
Aeab, UCTHHHOCTb) W, KDOME TOrO, ONMpaeTcs Ha HEKOHCTPYKTHBHO JOKa-
3aHHOe caencteue 2.15(a). UsBectTHnl, onHako, u KOHCTPYKTHBHbIE, CHHTa-
KCHYECKHE NOKasaTebCTBa mpeanokenus 2.29 (cm. Kauwm [1952], § 74),
HO OHH, KaK NDaBHJO, BECbMa CJIOKHHL.

B 0ObiuHOM fi3hIKe, a Takxe B MaTeMaTHKe BechbMa 4acTo yiorpeb.sorca
OMUCATENBHBIE BHIDAXEHHS THUNA <OOBEKT # TaKOH, uTO o @ vy, ..., vy
Takme BHIpaXeRUs HA3HIBAIOTCA TOUHBIME OMECAHUAMA Hycrs wet (u, yy, ...
«+» Va) 00O3HauaeT emMHCTBEHHBIN NpeaMeT u TakoH, uto of (i, y, ...

-» Yn), €CIM TakoH eIMHCTBEHHHIH NPEAMET CYNIECTBYET, €CAM e TaKoro
CIMHCTBCHHOTO TPEJMETa He CYMECTBYET, TO JOrOBOPHMCS CUMTATH BBRIpaKe-
Hue wef (4, 31, ..., y,) NMMUIEHHBIM CMBICAA, MM NOAPA3YMEBATh NOA HUM
KaKOH-HuOYNb (HKCHPOBaHHBIH OGBEKT, cKkamem O. (Tax, nanpnmep, mu
MOXMEM CKa3aTh, YTO ()pashl «HBIHEWHHK KOPOJL PpaHUAM> WM <HANMEHD-
II€E UEJIOE YnC/O» JIMIIEHB CMBICJA, WM TPOU3BOJNBHO HOrOBOPHTBCA CYH-
TaThb HX 06osHaueHusMu aaa 0.) CymecteyoT pasauunble cnoco6m BBeje-
HUS STHX L-TEPMOB B (DOPMA/NN30BAHHHIE TEOPUH, HO TaK Kak B Gosplumu-
CTBE CJIyuaeB JOCTMMAEMBIE NPH 3TOM pE3YJbTaTh MOTYT GHITH N0y YeHs!
BBEAEHHEM HOBHIX (DYHKIMOHAJbHRIX OYKB, KaK 5TO OBIO CHEJAHO Bbiwe
W TaK KaK BCE 5T CnOCOOBH MNPUBONAT K TEOpeMaM, 10A0BHEIM npeanoKe-
Hul 2.29, 10 MK He Oynem smech Ha 5TOM OCT4HABJIMBATHCA. Ho stomy
BOMPOCY Mbl OTCH/MaeM unrateds K FmabGepry u Bepnaiicy [1934]
n x Poccepy [1939a], [1953].

§ 10. Mpeasapennsie HopmaabHbIE ¢dopmni

dopmyna Q, V... Quyuef, roe Q.y; — kBantop BceoGmHOCTH HaN cyuwe- -

CTBOBAHWA, y; M y; DASJHUHBl 18 [~ u of He comepxur KBaHTOPOB,
HA3BIBAETCA opMyJIOlt 8 npedsapennoii Hopmansmols gopue. (Ciona Br.mo-
HaeTca u cayyah n==0, xorza BoOOmE HET HUKAKUX KBaHTOpPOB.) Mnul
HOKAKEM, uTO 417 M0GOH (DOPMYJHl MOXKHO NOCTPOHTH 3KBMUBAJIEHTHYIO eff
topmysy B mpesasapeHHOH HOpMaJbHOH (opMe.

JTemma 2.30. Bo scaroii meopun nepsozo nopsdka

D =V X)) N=Ty@ () > D), ecau Y He 8xodum cso-
6o0no nu 8 G (x), nu @ '

’

S AT At 0

e

b RS £ 5
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) - 3D D =Vy (@ () D D), ecau y ne sxodiom cs06oono
Hu 8 G (x), nu 8 I,

() D SVXE () =V9(D 5F (), ecau y ne sxodum cso-
Ooono nu 8 & (x), nu 8 9,

(V) =P 238 (x)=3y (Z D E (), eca y ne sxodum ce06odno
Hu 8 G (x), nu 8 I

V) F1Vx€=3x"1%;

(V) - 138 =Vx 1%,

Hokasateabcrtro 1(A).

1. VX8 (x) o @ rUnoTesa
2. 1@ ) > D) rAnoTE3a
3. 71IVy 1 (> 2) 2, onpegenetue
KBAaHTOpa Cymiect-
BOBaHuA
3, TaBTOJIOM HP
4. Vy (@& () &12) | Tasa S
— B)=(A& ] B),
» caeacrene 2,21
5. (»n& 1Y 4, npasuno A4
6. € () 5, TaBTONOrMA
(A&B)D A
7. VY& (y) 6, Gen
8. V4% (x) 7, nemma 2.8
9. 9 1, § MP
10. 1o 5, taBTosIOTHA *)
1. &9 9, 10, TaBTOJOTrUA

12 VX () P, 1@ WD) D& 1T 1 —11
B VX))o Z - 1y@ (W D)>2& 1D 12, TIpE L0 KERNE
: 2.4 :
14. V& (x) > Z - Ay @ () D @) 13, TasToA0MNS
15. - (Vx& () D> 2)2 Iy (y) > @) 14, npeanoxenue
2.4

Hokasateabcro [(B).

. Y@ ) > Y) runQresa

2. Vx% (x) rUnoTesa
302 1, npasuao C '
4. B (b) 2, npasnao A4
5 9 3, 4, MP

*) Tlpumenenns oueBuaHbIX TaBTONOruH GyNyT Teneph OTMEUATHCA OAMAM AMINL
CIOBOM <«TaBTONOTHA»,

4 3, Menneascon
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6. Ay (& (v) o D), VX8 (x) - 2 1—5 ‘
7. E WD D), V& (%)@ 6,  npemoxenne
2.23
8 Ay () > D)o (Vx¥ (x) D @) 7,  npenaowenue
2.4 pBaxcam :

Hoxasareancrno I(C).
(VX8 (0) 2 2)=3y @ (y) > 2) (A), (B), Tasroaorus

Ocratomuecs uactu (II) — (V1) noxasmiBatotca Jerko, uurareso npegana-

Facrcd CaeJaTh STO CaMOMY B KaYe€CTBE YNDAKHEHHA. 34ECh MOXKHO TOMBKO
samerdTh, uro (VI) tpusmameno, a (V) comepxkutca B ynpaxHenun 1 nHa |

crp. 83. (ll) u (IV) Jerko C/ACAYIOT COOTBETCTBEHHO U3 an u (0.
Jlemma 2.30 nossosser B KaxaoH topmyse nocrenenHo nepeasuraTh

BCE KBAHTOPEl BJIEBO. CoGcrBeHHo ITOT MPOIECC U ABJSETCA CYUWIECTBEHHOH

YacTbi0 /IOKA3aTe/bCTBA CJACHYIOWEH TEOpeMsl.

Mpexnoxenue 231, Cyuwecmsyem spgbexmusnas npogedypa,
npeoopasyouan scaKyw @Gopmysy oFf K makol gopmyase B & nped-
8apernoll Hopmarsholi ghopme, 1mo |— off =B *),

Hokasateancrso. INocTpoenne Gopmyant B Gyser onucawo, cie-
Ay MBIYKUMA TO uucay K BCEX CBI30K W KBAaHTODOB B popmysie o#.
(B cuny npepnoxenns 2.18 (3) —(b), M MOWeM cumTath, uTO CcBA3aHHbIE
IICPEMEHHEIE B KBAaHTODHOH MpPHUCTAaBKE, KOTOPYIO Mbl XOTHM NOJYYUTH,
nonapno pasmmunsl) Ilpy k=0 B coBnagaer ¢ o#. Honycram, uto mub
YMEEM CTPOUThL COOTBETCTBYIOW(HE (GOPMYIn B npu JmoGoM & < n. Iycrp
GopMyna o uMeeT n CBSSOK U KBAHTOPOB.

Cayua# 1. Ecmu of ects 1%, 10, coraacho MHAYKTUBHOMY npej-
HOJIOIEHMIO, MBI yMEEM NOCTPOUTb (opMyny & B npeasapeHHof HOPMaJIb-
HOH ¢opme Takyw, uto - ¥ =%. Otcioga — =72, re - o =
=Y. lpumenas Teneps (V) u (VD) m3 aemmn 2.30 u cazucrsue 2.21,
MHL JIETKO noctpouMm dopMmyay B B IpeABAPEHHOR HOpMaabHOH hopme
{rakyio, uro |- 1P =B, otkyna_ noayuaem | of =B

Cayuatn 2. Ecmu o ectr & » TO, MO HHAYKTUBHOMY NPEANONC-
KEHUIO, M MOMEM NOCTPOUTH (OPMYJBl &) u &, B 1npeasapeHHod  Hop-
MaabHOH dopme Takue, uro |- E=%; n - E=§,. Mpunumas Bo BHE-
MaHHME COOTBETCTBYIOLLYIO TaBTOJOTHIO, Mbl TOMAA MOJYYHM F@Eo>&=
=@ 2&) 1 e |-of =@ >E&) Npumenns reneps (1) — (IV) us
aemMbl 2.30 u crenctsue 2.21, MB MOXEM BBIHECTH KBaHTOPHBIE MPUCTABKHU
B & u & 3a Buewnme ckobku B (%, > &), B pesyabrate uero u NOAyYUM
TaKylo ¢opmyay <% B npeasapeHHOH HODMAJILHOR (hOpME, UTO |— off =7,

Cayuwaih 3. o ecrs Vx&. Ilo MHAYKTUBHOMY TDEINOJOKEHUIO, ME]
yMeEM CTpOUTL Takyl ¢opmyny &y B mpeasapeHHol HOpMaabHOH opme,

uro |- 8 =%, Caenosaremno,  Vx&=Vx%, 1 e ol =Vx%,.

Ho ¢opuyna V%, seasercs, ouesnmmo, ¢opMyn0i B npensapenuoi

*) Takywo dopmyny 7B 4BTOpP B AdjbHelilleMm. Ha3bIBAET HMHOCAa npeasapesHoi
HOpMaibHOl  popMolt PopMyan o#. (Tpun. nepes.)
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HOopMaJabHOH (opme.
pﬂpumep . 1. Tlycts o# ectb ¢opmyJa

Vx (Al(x) D Vy(4i(x, y) D 1V24: (), 2)).
[TpuBenem ee K npensapenHodt HopmaasHo# (opme. B cuay nyukra (V) JemMMbi
2.30 nmonyuaem 2
Vx (A (%) D Vy (43 (x, ¥) 2 x40, 2)).
B cuay nynakra (1V) To#h xe seMMBl nosyuaem
Vx (A} (x) D Vy3u (Ai(x, v) D 1430, w)).
B I1l) nonyuaem ‘
enay (1) VxVu(A] (%) D Fu(4s(x, v) D 1450 )
B cuay (IV) nosayuaem
VxVvdw (A} (x) D (45 (x, v) D7 A4;5(v, @)
Hakouen, npoussefs nepeuMeHOBaHHE CBA3AHHHIX TIEPEMEHHBIX  (Csencr-
sue 2.22), noayuaem
VxVydz (Al (x) D (A3 (x, ¥) D 1450 D))

2. Ilyctb o# ecTh
1 )2 Iy [4 () 2 (FxAH () D A 0D}
B cuay nyukra (1) aemmur 2.30 nomyuaem
A (%, ¥) D Ay [A[ () D Vu (4] (@) D A 0D}
B cuay (IlI) noayuaem
C Al ¥) 2 3YVo(410) 2 (41 (v) D A 0)
B cuay (IV) noayuaem
Fw (4] (x, ¥) D V(4] (@) D (41 (v) D A4 (@)).
B (I1I) noayuaem
- SwVz (A1 (x, ¥) D (Al (@) D (4] (2) D A (@)

YnpaxuueHue

[locTpouTs NpeiBapeHHbie HOpManbHbie (OPMBL, 3KBUBANEHTHHIE CHENYIOULHM:
Gopmynam:

1. Yx (Al (x) 2 Al (x, )] 2 ([3yA] (0] = [324] (i, 2)))-

2. Ax A% (x, ¥) D (Al (x) D 7] JuA; (x, u)).

Wcuncaenne npenuKaTos N€pPBOro NOPsAKa, B KOTOPOM HET (PYHKLHOHAMb-
HHX 6yKks ¥ DpEIMETHBIX KOHCTAaHT © B KOTOPOM A/ KaXIOr0 UENOTO
NOJIOKUTEALHOIO 7 WMeeTcss OGeCKOHEUHO MHOrO F-MeCTHHIX npemmar(;mx
OyKB, Ha3bIBAETCS HUCMbLM UCHUCACHUEM npeduKamos nepsozo nop,qﬁ;ca.
Jlns  4uCTOrO WCUMC/IEHHs TIPENMKAaTOB MEPBOTO TNOPSAKA MOKET OwiTh

4*
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AOKa3aHa CACAYIOULAR TEOPEMA O NPEABAPEHHON HOPMAALHOH (POPME HEKOTOPOro

BECbMa npocToro suna. Hasosem ¢opmyny e npeasapennoit HOPMaJsibHOH
dopme QopmynoRt 8 nopmaasroit gopme Crosema, ecnin B HeH BCe KBaH-
TOpbHl CYIECTBOBAHUSA TPENIIECTBYIOT BCEM KBaHTODPAM BCEOOIUIHOCTH.

Npennoxenune 232 o scakoii popmyre oF 4ucmozo ucwuc-
AEKUA NpeduUKamos nepgo2o nopadKa MOJCHO aghgpexmugno nocmpoums
maxyio gopmuyry <8 8 nopmassHol gopue Crosema, wmo |— of mo20a
u moasKo moz0a, Ko20a |- <& (wau, 1mo K8usarenmHo, 8 cury meopemos
Tédean 0 nosnome 2.14, o# aczusecxu obwesnatuma moz20a u MoAbKo
mo20a, Ko20a ao2uuecku obuesnavuma B).

Hokasareabctro. Ilpexne Bcero, M MOXEM CUHTaTh, uTO ¢op-
Myna e 3aMKHyTa, HOO BCAKas ()OpPMyJa BHIBOAMMA OHOBPEMEHHO CO
CBOUM 3aMblKaHueM. bDosee Toro, B cmiay unpemnoxenus 2.31, Mb MOXeM
NpeAnosiaraTh, 40 o ywe ecTb (OpPMyJa B NpeaBapEeHHOH HOPMaJILHOR
dopme. Hasosem panzom ¢opmyas o uucno r, nokassBaolee, CKOBKO
KBAaHTOPOB BCEOOLIHOCTH IIpENIUECTBYET B o XOTA Oml OJHOMY KBaHTOpY
cywectsoBanus. I[lpouecc nocrpoewns wopmamsno#t opme Ckonema mis
GopMyasl of OymeT Tenepb ONMCaH C MOMOWBIO HHAYKLUMM 1O r. Ipu
r==0 yTBepxIeHue NOKa3LIBAEMOrO TDEJIONKEHNs! OUEBHHO, TaK Kak TOr A
popmyna e ywe aBATETCS QGopMyJaoH B HopMaibHOH  dopme Ckoaema
- lonycTum, 4To MH yxe ymeem CTPOHUTL HCKOMY10 (DOPMYJY B HOPMaJAbHOH Q)opmé
Ckonema Besikm# pas, xorna paHr WCXOmHOH $OpMYsIBl MEHbLIE 7, ¥ NYCTh
pair ef pasen r. Popmyna of MOKET OMTH 3anUcaHa B BUAE Hyl.’..Ely Vu
BB (Y1, «.s Yn ), TAE CNUHCTEEHHHIMH CBOGOXHBIMU TIEPEMEHHBIMA B e%’(y‘".
oY U) SBASIOTCA Yy, ..., Y, u. Ilycts A;.‘+‘——nep3aﬁ n—{—l-mecr)Ha;;;

npeauxatHas Oyksa, He BCTpeualomasca B o#. Paccmotpum popmyay
(ey) Ay A ((Vu( BOY, vy Vo L € T 1)) | =
o VuA;.'*“ O oooy Yo ).
IokamemM, 4T0 |- o# TOrga m TOJBKO TOrHa, KOraa - oy Tlyerb - offy.
Paccmotpum kakofi-HHOYNL BHBOL of) 3aMEHHM B 5TOM BHBOXE Kaxioe
BXOXCIEHHE (OPMY B e;f}“r'(z,, cevs Zn W) hopMynoht B* (24, ..., 2, w),
rae B* noayuserca us B 3amenoH B B BceX CBASAHHBIX NepeMeHHBIX
UMEUInX CBOGOIIHHe BXOXWAEHHUA rne-uuﬁynb B 3TOM BHIBOJE, Ha nepemeH:
HblE, B HEM He BcTpeuaiowuecs. Ilpu 5TOM, OueBMAHO, MBI mONYuMM BHBOZ
(opmy bk
Ay Ay (Vu(@B* O, vy Yo DB, ..., Y W) D
D VuB* (v, ooy Yo w).

(B samenserca Ha <B* TakuM 06pasOM, UTO NPHMEHEHHS aKCHOMEI )
OCTAlOTCA NpUMEHEHuAMU TOH e akcuomsi) Ipoussens teneps o6pathyio
3aMEHY MNECPEMCHHBIX, MBl, Ha OCHOBAaHHUH CJCACTBHSA 222, 3aKM0uUaeM, 4to
G
Ay |Vu( B W oovy Yo ) DB, -y Yo 1)) D
. - D Vu%(yb coes Yoo 0. -
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Tak kak | Va (B, ooy Yoo W) DBy -ovs Y ), TO, B CURY CAENCT-

pus 2.21, — Fyy... Ay, VueB (), ..., Yp u), 1. € |- o#. OO6patHo, nycth
\— o#. o npasnay C, noayuaem Vuehb (by, ... , by, u). Ho nns moGuix popmy g
u F - Vu¥ o (Vu(D o F) > VYuF) (em. ynpaxuenne 1, crp. 71). Io-
stoMy V(B (b, - .., by ) D AT 1 (by,...., by, 1)) D VuAl (by, ..., by 1)
Tenepp mo npasaay E4 nomywaem Ay, ... Iy, [Va (B (O ...
o Ve ll) - A;‘+‘ (yb s Ins ll))] - VHA?+1 ()’1, s VYo ll)), T. € l_C@/gl-
Ho rorma, B cuay npeanoxenus 2.23, |- of; Popmyna e#y ABIAOMAICH
npeaBapeHHol HOPMaJbHOH QOpMOH AJa o, uMeer Bua Jy; ... Ay,FuQyz;. ..
...Qu2s%, tne & ue comepxut KBaHTOpOB cywecrBoBanud, a Qy2;...Qk2s
ecrb KBaHTOpHaa npuctaBka B oB. (CTpost oFg MBI BHIHOCHM CHauaaa, 110
aemme 2.30 (I), nepemi kBauTOp Vi, KOTOpHH NpPEBpalaeTCs MPH ITOM
B KBAaHTOp Ju, 3aTeM BLIHOCHM 33 SHaK NEPBOH WMILIMKAUKA KBAaHTOPHYIO
npuctasky B B. Ilpu stom, B cuiy aemmn 2.30 (I)— (1), kBantopn cy-
LIECTBOBAHMA TPEBPALAIOTCSA B KBaHTODH BceoOmHocTi u obpatHo. Ho koraa
Mbl 1I0CJE€ DTOFO BHIHOCHM TOJYYHBIUYIOCS KBaHTODHYIO NPHCTaBKY ywe 34
3HAK BTOPOH MMIIMKaLUK, TO BO3BPAlLAEMCA BHOBD K MpexXHe#t KBaHTOPHOH rpu-
craske Qu2y...Qz; n3 JB. Hakonen, npumenus nemmy 2.30 (IlI), BrHOCHM
HapyXy BTOpOH kBaHTOp V1, 3aMeHss OIHOBPEMEHHO TIEPEMEHHYIO U HOBOH
nepeMenHofi v.) Paur ofs OUEBHIHO, Ha €IWHMIY MEHblie paHra of W,
KpOME TOro, Ha OCHOBaHuH mnpexnoxenns 2.31, I— oy =ce#5 C npyro#
CTOPOHH, |- e# TOrjga W TOJbKO TOrAa, Koria | ofy CiexoBarenbHo,
|- o TOrIa W TOABLKO TOTAA, Koraa |- e Ilo MHAYKTHBHOMY mpeano.o-
JKEHMIO Mbl Y€ YMEEM CTDORTb HOpMaabHylo ¢opmy. Ckonema maa oy,
KOTOpas, OYEBMIHO, ABAsETCs HOpMaibHOH dopmo# Ckonema n mas of.
Mpuumep. of: VxVy328(x, y, 2), rae & He CONEPKUT KBaHTOPOB..
oy Vx(Vy3z8 (x, vy, 2) D Aj(x)) D VxAj(x), rae Aj He BCTpeuaercs
B &. TlocTpouM CHauajla NpeNBAPEHHYIO HOPMAMbHYK GOpMY LIS of

B (VyAE (5, 3 2)D A D VxAJx) (2300
Ax @y [F2E (x, v, 2) D AH(X)] D VxAj(x)  (230(D);
Ax@Vz @ (5 y, 2) D A)(x) D VxAj(x)  (230(D)
AxVy (V2 (x, 3, 2) D Aj(x) D VxAj(x)  (2:30(I)
AxVyIe (€ (v, 3 2) D A () D VxAi(x)  (230(D)

AxVyIzVo (B (x, ¥, 2) D Aj(x) D A)(v) (2.30 (111y).

TlorTOpuM STOT NpPOLECC CHOBA, TENEpb YKe TNPUMEHUTENbHO K (opmy.e
(& (x, ¥, 2) D A}(x)) D Aj(v)), koropyw obosHaunm uepes Z. Ilycte A
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ne BcTpeuaerca B . CTpouM noC/ie10BaTebHO (POPMY.JILE

dx(yy[FVo D (x, ¥, 2, 1) D Ak (%, 3)] D VyAi(x )

AxTy (VoD (x, ¥, 2, vV)D Ai(x, ¥)] D Vydi(x, y) (2.30(D))
AxIyAVo(Z (x, y, 2, v) D Ak (x, )] D VyA4i(x, y) (2.30(1), (1))
AxTyIeVoVo (Z (x, 3, 2, v) D Ak(x, )] D Ai(x, w)) (2.30(11)).

Takum 06pasoM, L1 POPMYJIE o HOpMabHOH dopuoit Ckorema Gyner gopm
) yia
FxFyIzVoVw (B (x, 3, 2) D A}(x) D A} (v)) D Ak (%, ¥)] D Ak(x, ©)).

YupamHeHus

1. Haittu nopmanbuyio dopmy Croxema aaa gopmym:
(a) 7 3xAl (x) D VudyVxA] (a, x, ¥); b) YxIyVuIvAl (x, ¥, 4, v).

2. [lokasaTh, uTO MO BCAKOH GOpMYyTe o UHUCTOrO WCYNCICHUA NPEAHKATOB
s()peKTHBHO MOxeT GBITH MOCTPOEHA (POpMyNa 73 TOTO e HCYHCIEHHS, BHLINOIHU-
Mag TOTAa W TOAbKO TOrKAa, KOrKa BHINONHHMa GopMyla o, M HMeoas BHI
Yy, ...Vy,3z,... 32,8, rne n, m =0 u & He copepXHT KBaHTOPOB. (Y Ka3zanwue.
lpumenuts K | o# Hpennoxenue 2.32.)

3. Hattn nopmanbhyo dopmy Cxoaema JB mas ¢popmyadt VxIAyAj(x, y)
nokasaTh, uYT0 He |— 7B = Vx3yA?(x, y). CrenoBateapHo, B OTIHYHE OT NpejBa-
pennoit HopMaabHOfi Qopmbl (npemnoxkenne 2.31) nopmanbras ¢opMa Cxoaema
TIPOM3BOILHON (OPMYIBl g MOMET He GHITh NOTMUYECKH IKBUBANCHTHOH orF.

§ 11. Haomopduam unrepnperaunnii. Kareropuunocts Teopuit

Bynem rosopuTb, 4TO HHTeprnpeTauua M manHO# TEOpuM NEpBOro mo-
panka K usomopgra npyroti nurepuperauun M’ teopuu K, ecan cymecrsyer
TaKOe B3aHMHO OAHO3HauHOe oToOpaxeuue g (Ha3biBaeMoe H30MOD(DU3IMOM)
o6aactd D unrepnperaunn M Ha obaacts D' mutepnperaumn M/, uto

(i) ecan (A})* n (A}) — unrepnperaunn npennkatHolt Gyksbt A} coOTBeT-
ctBenHo B M u M/, 10, kaxoBst On Hu Oblan by,..., b,u3 D, (A}’)*(bb ..., bp)
BLIIIOJHEHO TOTHA U :om:xo TO’FIla, KOra BBIMOJHEHO (Af)’ ), .... gy

(i) ecn (f})* wu (f}) — unrepnperaunn ynkumonansHo#t OyxkBm f7
coomel;cmeﬂﬂo B Mu M, to nas mobux by, ..., b, u3 D (f}')*(bl, ceus D)=
=(f7) (g, ..., g b

(iif) ecam af M a; — VHTEpTIPETALMK TIDEAMETHOH MOCTOAMHOM a; COOT-
serctBenHo B M n M, 10 aj==g (aj).

Ortmernm, uTO ecam unrtepnperaunn M u M’ usomopdur, 10 nx obaacrn
HAMEIOT OZWHAKOBYIO MOIIHOCTD.

Mpennoxenne 2.33. Ecau g-—usomopduss unmepnpemauui M
u MW, mo (1) xaxose. Go. Hu Gv.a opmuysra o# meopuu K u nocaedo-
samensnocmos s==(by, bs, ..) saemenmos obracmu D, opuysa oFf
8bINOAHEHA HA S m020a U mMOoAsKo moz20a, K020Q OHA BbINOAHEHA HA COOM-
semcmsywuel nocaedosamersrocmu g (s)==(g (b1), g(ba), ...) u, caedo-

sameasro, (2) opmysa of ucmunna 8 M moz20a u moavko mozoa,
Ko20a ona ucmunna 8 M.
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JlokasaTenbCTBO. (2) BHITEKACT HENOCPEACTBEHHO N3 (1). Hoxasa-
1eabcTBO (1) JMErKo MOXeT OHTh BHIOJHEHO MHAYKLUUER MO quc/y CBASOK
W KBaHTOPOB B o#; MW OCTaBJfEM €ro YMTaTeM0 B KAUYECTBE YIPAKHEHW

Tpennosxenne 2.33 roBOPHUT O TOM, YTO U3OMOP(HBIE HHTEPNPETALMN UMEIOT
OAMHAKOBYIO «CTPYKTYpPY>», CYILECTBEHHO IpYyr OT Apyra HeE OT/INYAACH.

YapawHeHHsA

1. Ecau M — unrepnperauns ¢ obsacteio D nna nexkoTopo# reopui, a D' —
MHOECTBO TOH e MOIIHOCTH, 4TO M D, TO MOXHO NOCTPOMTb HHTEPIPETALHIO M
¢ obnacteio D’ mas toft xe Teopud TaKY, YTO WHTEpIpeTalud M 6yner usomopdHa
untepanperanuy M'.

2, M n3omoppua M. Ecam M nsomopdHa M, To M’ usomoppsa M. Ecin M
usomopdua M’ u M’ msomopdua M”, To M usomopdna M.

Mycrs m — kapauHanbHoe uynchio. Teopus K nepsoro nopsaka ¢ paBeH-
CTBOM HA3hIBAETCA M-KAaTEropuuHOH, ecan 1) BCAKue ABE HOPMaJbHBIE MOJC/N
teopun K, uMelOllMe MOIIHOCTH M, nsomopdun, u 2) K umeer xora Obl
OHY HOPMaJbHYIO MOJE/b MOILHOCTH M (cm. JTocb {1954c)).

Mpumepn. 1. Tlycrs K® — reopus, mnoJy4aioulascs NPUCOEAMHEHHEM
k Tteopuu K; (9n1emeHTapHas TeOpus PaBEHCTBE, CM. CTD. 88—89) cue-
nyowe#l akcuomn (E2):

EX13)CQ (JC1 # Xg & V.X'3 (x3 = X1 \/ X3 — xg)).

Teopus K® 2-kareropmuna. Boaee Toro, BCikas HOpMa/bHAd MOLS]B arolt
Teopud HMEET B TOUHOCTH [BA SJEMEHTA. Boo6uie, nycrs (En) oBo3nayaer
BHIPAKEHUE

_ Txy...3x.( & x#F%& Ve u(u=x VooV X = X))

1<=i<j<=n

rae &  x; == X;— COKDAlEHHaA BaNUChb [/A KOHDIOHKUHH BCEBOSMOK -
1<i<j=n

uux QopMyN X; 5= Xx; Takux, uro l<<i<{j<n Torpa Teopus K7, noay-

yenHas npucoefuHenneM K K; HOBOH aKCHOMH (En), p-kareropuyHa n BCAKAs

HOpMaJbHas# MOJE]b HMEET B TOUHOCTU 71 DJEMEHTOB.

9 QOmucaudas Ha crp. 89 Teopus Kg MIOTHO YNOPAAOYEHHBIX MHO-
wects Ges [epBOrO K MOC/EIHEro 3/1eMEHTOB N o-KaTeropuiHa (em. Kamke
[1950], cTp. 71: BCakas CYeTHas HOpMalbHas MOACIL Ko wusomopdua
MOJEJW, COCTOSIIEH M3 YNOPSZOUEHHOTO €CTeCTBEHHHIM O0PasOM MHOXECTBA
BceX paumoHaibHmX uwucen). Ilpn 5TOM MOXHO J0KAa3aTb, HIO TEOPUA Ky
He SBJASETCH M-KaTECOPHUHOM HU AAd KAKOro m, oTaAuuHoro or N

YupaxHeHHs

Ay, TlocTpouTh TEOPHIO NMEPBOro MOPAAKA C PABEHCTBOM, KOTOpad He 6bla Gbl
N ,-KaTeropuuHoM, Ho 6blia 66 m-KaTeropHyHOH npH aobom m > N, (Ykaszadne.
Paccmorpum teopno G KOMMYTAaTHBHEIX Tpynn (ctp. 89—90). Iycts Ana modore n

nx oboanauaer TepM (... (x + x) + ... 4 x). Tlpucoenunnm k G HOBbIE AKCUOMBI
n pas
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(Bn): VxAy(ny==x), rae n=2, 3, ... HoBaa Teopua asasercs teopueh 'KOM-
MYT4THBHBIX TPYMN C OAHO3HauHbiM HeneHHeM. Ee HopMaabHbele Momenn ABAs0TCA
MO CYWECTBY BEKTOPHHIMH NIPOCTPAHCTBAMY HAl MOJEM PauHoHadbHbiX yncend. OgHaKo,
KaKk H3BeCTHO, Mo6Obie JBa TaKUX NPOCTPAHCTBA OJHOM H TON e HecYeTHOH MoLl-
HOCTH H30MOP(QHB K B TO Xe BpeMA CYWECTBYIOT CUETHhie He H3oMOpQHBIE 1IpYr

Lpyry BEKTOpPHHE NPOCTPAHCTBA Hal NOJEM PALHOHATbHHIX YHMced (CM. Byp6akwu
[19471).)

2. TloctpouTh TeOpUioc NepBoro MOPAIKA C DPABEHCTBOM, IM-KATEFOPHYHYIO
aas ao6oit GeckoneyHOH MOUHOCTR m. (Y kK a3 aHu e. [IpucoenuHuTh K TeopHH Ge

KOMMYTaTHBHBIX rpynn akcuomy Vx; (2x;=0). HopmaabHbie Mogean nonyueHnoi
TakuM 06pa3oM TEOPHH — 3TO KAk Pa3 BEKTOPHbIE MPOCTPAHCTBA HaJ [10JeM KJIacCOB
BHIYETOB LeAHX yuced Nno monynio 2. Jlo6ble 1Ba TaKHX BEKTOPHBIX POCTPAHCTBA
OJMHAKOBOM MOMHOCTH M3OMOPQHH (cM. By p 6 aku [1947)).)

3. CywecTByer au Teopus NHEPBOro MOPAAKAa C PABEHCTBOM, m-KaTeropHuYHas
s HEKOTOPOHM HeCueTHOH MOI{HOCTH M M He N-KaTerOPHYHAas IIs Kakoh-Hu6yin
Ipyrofl HecyeTHoM MowmHocTH n? Buile B npumepe 2 Mb AMenM 1eao ¢ TeopHelt,
m-KaTeroOpHyHO# TOnbKO Ans m= &, B YIpaXHeHuu |-— ¢ reopued, koropas He
No-KareropuyHa M m-KaTeropuysa 1aa 11060t GeckoHewHOH MOWHOCTH m, GOJdb-
mel Ny, ¥ B yOpaXHeHHU 2 — c TeopHeil, m-kaTeropuyHoit npu moGoM 6eckoneu-
HOM m. Hakoneu, saementaphaa teopua rpynn G He ABIfeTCA m-KaTeropuudoft
HY TpH KakoM OeckoHeyHoM m. Bo3HMKaeT BOMPOC, HE MCYEPNBIBAIOTCA AU STUMH
YeTHIPbMA CHYYasAMH BCe MMeOmHecsa 31eCb Bo3MoxHocTH? (IlokasatesbcTBO TOrO,
Y10 AeN0 OGCTOMT HMEHHO Tak, o6baBua M. L. Mopau B Notices Amer. Math. Soc.
9, No. 3 (1962), p. 218.)

4. Joxasarb, uyto Teopemamu Teopun K" us mpensinywero npumepa | apasiorcs

Te M TOnbKO Te ¢opmyar Teopun K", KOTOpble HCTHHHEI B Kau10H HOPMaabHOH
MOJeIH MOLIHOCTH n.

A§ 12. OGoGmennsie Teopun mepporo mopsanaka. HNoanota
H paspemuMocTh ¥)

Ecau npu onpenenennn noHsTus TEOPUH NEPBOro nopsaka Mel He Gymem
3aMpellaTb HECYETHBIE KOMMYECTBA NPEAUKATHHX MM (QYHKUHOHAIbHHIX GyKs,
a TAaKXKe MNPEIMETHBIX KOHCTAHT, TO MOJYUYHM TOHATHE OOOCuIEHHON Teopun
nepeoro nopsaxa. Takum o06pa3oM, TeOpuH NEPBOTO NOPAAKA NPEACTABJSIOT
co6o#t uactHple cayyan 060OwEHHBIX TeopuH nepeoro nopsaka. Ynratens
Jerko molMer, uTo BCe pe3yJbTaTHl O TEOPUSX MEPBOTO NOPSAKA AC JEMMbI
2.9 BK/MIOUHTENBHO OCTAOTCA B CHJe M JJI OOOOLIEHHBIX TEOpHH NEPBOro
nopsaaxa, npuueM OGes usMeHeHU# MOTYT ObITb COXPaHEHH M AOKa3aTe/lbCTBA.
Jlemma 2.10 samensercs Jemmo#i 2.10: ec/u MHOXECTBO CHMBOJIOB 0606imen-
Holt Teopun nepsoro nopsaaka K moxer ObTb BNOJIHE YNOPALOYEHO U MMeeT
MOIIHOCTb Na, TO MHOXeCTBO BepaxeHnHH Teopuu K Takxke Moxer OuTh
BIIOJIHE YMOPSAOYEHO M HMMEET MOMHOCTh N, (Ynopsaouum cnepsa BHpa-
XKEHHA N0 UX JJAMHE, KOTOpad BCErAa eCTh HEKOTOPOE LEJOe MOJOKHUTENbHOe
Yuca0; NYCTh Teneph €; M ey — [Ba PA3JIHUYHHX BHIPAKEHHA ORMHAKOBOH
IJMHH M j— HOMEP [epBOro, CuYMTas CJEeBa, CHMBOJA, BXOIAIIETO B &,

OTJIMYHOTO OT j-rO CHMBOJA B €y, TOrAa OYyNEeM CYHTAaTb, 4YTO €; NPEAIIECT- |

¥) dror maparpad npexamonaraer y uurarers Godee OeTansHOe 3IHAKOMCTBO
C TMOPAIKOBBIMU M KapAMHAAbHBLIME uHCAaMH (CM. ra. 4, a takxke K a Mk e [1950]
uin Cepuunckuft [1958)).
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BYET g, €C/HM j-R CMUMBOJA M3 € NPENLIECTBYeT j-My CUMBOJY H3 éq B yno-
psinoueHHH Bcex cuMBOJOB Teopun K) Jlemma Jlnngenbayma 2.117 moxer
ObiTh MOKA3aHA B TeX ke MNpPeanoJoxeHuax, uro u Jjemma 2.10, npuuem
TEMH K€ PaCCyXAEHUAMH, KOTOPHIMU [AOKa3blBaJICS NPEXHUA BapUAHT JIEMMH
JlunnenGayma, ¢ TOH TOJbKO pasHuuel, yTo Temepb Bce Hymepauuu (dop-
myn B; u Teopuit J;) nomxHE OBITb TPAHCQPUHMTHBIMU, @ AOKA3aTe/bCTBO
HETIPOTMBOPEUYHBOCTH H NOJHOTH J NO/MKHO ONUPAThCs HA TPaHCOHUHHTHYIO
uHnyKuwo. Axanor teopemnl I'enxuna 2.12 ruacmt: :

Npennoxenne 2.34. Ecau MHONECMBO CUMBOR08 HENpOmMuUBOped-
goli o6o6uwennoll meopuu nepgozo nopadka K mozcem Obvms 8noare
ynopsidoseno u umeem moupocms N., mo K umeem modess mouw-
Hocmu No.

JlokasaTeabcTso. llpexnee mn0Ka3arelbCTBO mpepaoxeHus 2.12
Moandunupyercs tenepb caenyommum obpasom. [loGasum N, HOBHX Tpel-
METHBIX KOHCTAaHT by, be ..., by, ... Kax u upexne, wuoBas teopus K,
uenporusopeynsa. Ilycts Fy(xi), ..., Fk(x,'l), ... A\ <<w,) — nocrenona-
TeNbHOCTs BeeX opMya Teopum K, copepxamux He Gojee omHo# cB0o6OA-
noti nepemennoft. ITycrs (S,) o6osnauaer dpopmyay Vx,-AFx (x"x) SR j)‘),
rie noCIeNOBATENbHOCTE by, ..., bfx pasJMuHBIX TMPEIMETHRX KOHCTaHT
poiOpaHa Tak, uTO b,-A He BXOIHT B FB (xi) npu B<C) Hosaa teopus Ko,
noJyueHHas NPUCOENMWHEHNEM BCEX (opmys (S,) B KauecTBe HOBBIX aKCHOM,
HENPOTUBOPEUNBE, YTO JIOKASHIBAETCA TaK ke, KaK M MPEXAE, TOABKO Teneps
yke mo TpanchuautHoR unaykuun. [locse storo, Ha ocHoBannm anazora 2.11
seMMbl  JluagenGayma, MB JesaeM 3aKJIOYEHME O CYUIECTBOBAHHU TOJHOLO
HenpotuBopeunsoro pacumpenns J teopuu K. Mopeas crpourcs reneps
TaK ke, KaK MNPKH [OKasaTelbCTBe mNpepjioxkeHus 2.12, ee obJsacTb, T. €.
MHOXECTBO BCEX 3aMKHYThIX TepMOB teopun K, umeeT MOMWHOCTH No.

Cnencreue 235 (1). Ecau MHONCECMBO CUMBOAOS HENPOMUBOPEHU-
goli  o6oOwennoli meopuu K nepsoz2o nopadka ¢ pasencmsom Mmoogicem
Goims 6noAHe YnopadodeHo u umeem MouHocms Na., mo meopus K
umMeem HOPMAAbHYIO Modeas mownocmu << N (2) Ecan, kpome moezo,
K unmeem Oeckonednyio nopmanvnyw modeas (uau ecau K umeem croas
V20010 GOAbULLe KOHEUHBIE HOpMarsHbie MoOeau), mo K umeem HOpMans-
Hy1o modeas aw0oii mowrocmu Ne== N. (3) B nacmuocmu, ecat K
ecme OOMYHAA MeEOPUs nepso2o nopadxa ¢ pageHcmeorm (m. e. ecau
No=No) u ecar K umeem OccKOHEYHYIO HOPpMAIbHYIO MOOeas (Ul
ecat K umeem croas y20010 0oAbuue KOHEUHblE HOPMAAbRLIE MOOEALL),
mo K umeem nopmarsnuyio modeas aw6oi mowmnocmu Ng (= 0).

Nokasatreabc1Bo. (1) CywecrBywouias Ha OCHOBAHUH TPENJIOKEHHUS
2.34 Mogea» MOWET OHTh CykeHa 10 HopMaabHo#W (cm. ctp. 91) monenu.
OO6aacTs 3TOH MOZEJM COCTOUT M3 KJaCCOB IKBUBAJIEHTHOCTH B HEKOTOPOM
MHOMECTBE MOILHOCTH No W, CJIEIOBATE/NbHO, HMEET MOIHOCTh = Na.

(2) Nyctb Np== No ¥ nycTb by, by ...— MHOXKECTBO HOBBIX Ipe€nd-
METHHX KOHCTaHT MomHocTd N IlpucoeanHuM akcuoMbl b, 5 b, paa k& p.
IloBTOpss paccyxiennss [QOKasarenbCcTBa cJeacTsus 2.28, MOXKHO NMOKa3aThb,
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YTO TOJyueHHasw TaKkuM 00pasoM HOBas TEOPUs HEMPOTHBOPEUMBA H, CIENOBA-
TENbHO, B CHIy (1), UMEET HOPMAJBHYIO MOZAE/b MOLIHOCTH << N ¢ (TOcKOABKY
3Ta HOBas Teopus umeer ywe Np cumpoJos). Ho sBuay akcuom b, #+b,
9Ta HOPMaJbHas MOJE/]b UMEET B TOUHOCTH N3 3JEMEHTOB.

(3) EcTb uactHeift caywai (2).

M3 nemmb 2.9 m caenctens 2.35(1),(2) aerko cremyer, 4To ecanm
o6o0mennas Teopus K nepsoro nopsiaka ¢ paBeHCTBOM umeer N, CHMBOJOB,
Npg-KareropuuHa mJis HEKOTOPOro B =0 ¥ He WMEeT KOHEeUHbIX MOAeneH,
TO 3Ta TeOpus MOJHA B TOM CMHICJE, YTO a1 MoOOH 3aMKHYTOH (hOpMYyJibi
of mbo |-y eof, mbo |-, e (Bootr [1954]). B camom nere, ecan
He }—K@/{ U He }—K'] o#, 10, B cuny aemmsl 2.9, Teopun K' =K + {7 o)
n K"=K - {o#} nemporusopeunssi, u, 8 cuay caeactsus 2.35 (1), aas
9TUX TEOPUH CYNIECTBYIOT COOTBETCTBEHHO Mozead M; u M, momHocTh
=< N ITockoaeky K He umeer koHeuusx moaene, 1o M;.n My GeckoneuHsr.
Ilostomy, B cuay caencrsus 2.35(2), CymecTByoT HOpMalbHbE MOAENH
Ny u Ng coorserctBeHHo Teopu#i K' u K”, umewuive MOmwHOCTS Ne Tax
kak Tteopus K Ns-kareropuuna, 10 momean Ny n Ny n0mkHB GuiTh HM30-
MOD(HEI, YTO HEBO3MOXHO, OIHAKO, W3-3a TOTO, 4TO B Mojean N, KO/mxHa
ObiTh mCTHHHA opMyna | e#, a B Momean Ny no/mkHa ObITh HCTHHHA ¢op-
Myna of. [lostomy mubo |-, o, mibo |-, 7 ef.

B uacrHocty, ecnu K ecth 0ObiyHas Teopus nepeoro nopsaka ¢ paseH-
CTBOM, HE UMEIOULaA KOHEUHBIX MOAENeH 1 N g-KaTeropuuHas Ajs Kakoro-Hubyus
=0, 10 K— nosnas teopus. Ilpumepom Tako# Teopuu sBasercs Teopus Kg
NIOTHO YNOPAAOUEHHBIX MHOKECTB (€3 NIEPBOTO W MOCAEAHErO 31EMEHTOB (CM.
ctp. 89, ynpakHenne 2): OHZ He uMEeT KOHEUHBIX MOAeJdeH u N g-KaTeropuuna.

Ecin o6biunas Teopus nepsoro nopsaka K aeiasercs sgdekTiBHO akcuo-
MaTH3UPOBAHHOM, T. . eCu CymecTByeT ShdeKTHBHHH crnocod pacrnosnasaHus
dKCHOM 3TOH TEOPHH B MHOXKECTBE BCeX .ee (JOpMyJ, W MOJHOH, TO oHa
paspeurnMa, T. €. CywlecTByeT 3(eKTUBHAS NPOUEAYDPA, NO3BOITIONLAS A
BCAKOW (pOpMYJIbI OTBETHTh HA BOMpPOC, BHIBOAUMA 3Ta (opmysa B K wim
Her. YtoOw yOeauTbcsi B 3TOM, CAENYeT BCMOMHUTh, YTO Teopemnsl 3¢dex-
THBHO aKCHOMAaTU3HPOBAHHOW TEOPMM MOMHO 3((DEKTHBHO NEPEHYMEpPOBATh.
Beskas dopmyna o BHBOAMMA TOrZa W TOMLKO TOTIa, KOTAA BHIBOANMO €6
3ambikanue. 1103TOMy MBI MOXEM OTPaHUUMTBLCA PACCMOTPEHUEM OLHMX TOJBKO
3aMkHyThX opmyn Tak xak teopus K — noawas, 10 onHa us hopmyn o,
Tef aBaserca Teopemoit Teopun K H, CJeI0BAaTENBbHO, BCTPETHTCA B HalueM
nepecyere TeopeM. IDTO W HaET HAaM HCKOMYlo S(b(EKTUBHYIO mpouenypy.
3amerumM, uTOo ecaw teopus K nporusopeunsa, 10 BCAKas (opMysaa BhIBO-
mmma B K u npouenypa, pacnosHaioulas Teopembi, TpuBuaibHa. Ecam xe
Teopnsi K nenportnsopeunsa, 1o 00e (opmyasl of u o nHe MOTYT
NOSBATBCA TP fE€PECYETE TEOPEM, M HAM OTCTAETCH JMillb XKAATh, KOrAa
NOABUTCA KaKasA-HAOYIb OHa M3 HUX.

Ecin o6brunan s¢hdexTBHO akCHOMATHSNPOBAaHHAd TEOPHS NEPBOFO 10-
pfaKa € paBeHCTBOM K He wuMeeT KOHeuHBIX Moneded u N g-KaTeropuuna
npu Hekotopom B==0, To, B CHAYy TOJBKO YTO JOKA3aHHOFO, 3Ta TEOPHS

o g
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paspewsma. Tak, nanpumep, paspeurama teopus Kg NJIOTHO YNOpSIOuEHHBIX
MHOXECTB 0€3 MepBOro H MOCJEJHEr0 3JeMEHTOB.

B HEKOTOpHIX Cayuasx BOSMOXHHE GoJee npamble CMOCOOH MOKa3aTeabCTBA
NOJHOTH M paspemnMocTd. B kauecrse npumepa pacCMOTpHM TOJBKO 4TO
ynomauytyio teopuio Ko Jlenrdopa [1927] npenioxunn crenymomyo
npoueaypy aas Kg Ilycts o — npoussoasnas samxHytas dopmysa. B cuay
npeaowenus 2.31, Mb MOXEM CYHTATh, YTO o# €CTb (JOpMy.ra B NpemBa-
penHo#t HopmaneHoR cdopme Buaa Qy;...Qy,eB, rae HE COHEPKHUT
kesantopos. Eciu Qy, ects Vy,, 10 3amennm Qy,e®B na 3y, <B. Takum
o6pasom, B moOOM CJyyae Mbl MOWEM CIpaBa BHACAUTH Yacth Ay,5, rae &
HE COREPHUT KBAHTOPOB. 3aTeM BCAKOE OTPULAHHE X =4 ) MOKHO 3aMEHUTh
Ha x<y\ y<<x, a orpuuanue x ¢ y—mHa x=y \/ y<<x. Crenosa-
TEAbHO, U3 MOryT OBITh H3THAHBl BCE 3HaKM OTpHLaHuA. M  MOmxeMm
Teneph NPUBECTH & K JUIBIOHKTHBHOH HODMaJAbHOH (hOpME, T. €. K M3 bIOHK-
LM#  KOHDIOHKUMA saemeHTapHEX ¢opmya (cM. crp. 34, ynpawkHenue 2).
Hlanee, kak wmpl 3sHaem, ¢popmyna IAy,(Z;\ ...\/ &) sksusarentna gop-
myae Ay,&y \/ ...\/ 3,8 PaccMorpum oTAEABHO KaX b I3 bIOHKTUBHEIA
unen 3y,8;. ©; e€CTb KOHWBIOHKIMS SMEMEHTapHBIX (OpMYJ BHAA E<C§ N
t==s. Onycrum kBaurop 3y, nepea &;, ecin &; He CONEPKUT Y, 3amerum,
uro ecin & He comepxut Y, 10 Ay,(Z & &) mMoxHO 3ameHuTh Ha
2 &3Ay,E. Takum 06pasoM, Mbl NPUXOAUM K DPACCMOTPEHUIO (OPMYIIH
Buga y,o”, rae of ecTb KOHDIOHKUMA 3JEMEHTApHBIX (DOPMYN, Kaxaas
W3 KOTODHIX CONEPKHUT Y, EC/u npu 3TOM OMMH M3 KOHBIOHKTHBHHIX Y/IEHOB
€CThb Y,==z, Ifle Z— IePEMEHHas, OTJUUHAs OT Y, TO 3aMeHuM B oF BCe
BXOXIEHUA YV, Ha z u onyctuMm dy, Ecan y,=—y, ABA%€1CA €IUHCTBEHHKIM
KOHBIOHKTHBHBIM UJeHOM B of, TO TOowe omyctuM 3y, Ecm xe oF comep-
WHAT Y, ==}, BMECTE C KAKUMHU-HUOYIh KOHBIOHKTUBHBIMH YJIEHAMH, TO ONyCTUM
Yn=2Yyn Bcakoe Bupaxenne y,.F, cOmepKaliee KOHWbIOHKTUBHBIM UYJIEHOM
B o HEPABEHCTBO Y,<CY, SaMeHUM Ha ¥,<< Y, Ecam oF umeer Bux
V& . &y, <<z; wm <y, &... &up <<y, rae 2y, ..., Zj Uy ...

. Uy OTJAMYHBL OT Y, TO 3aMeHuUM Ay, Ha y,==y, Ecan xe oF umeer
BUl Y, <21 &... &y, <z;&um <<y, &...&u,<<y, T0 3amennmM Iy, F
Ha KOWDBIOHKUNIO BCEBOSMOXHBIX (popmyn 1; <2, l<Cis<m, 1<CI<j
Mcuepnias TakuM 06pasOM BCe BO3MOXHBIE CAyYaW, MH 3aMeHUM (OpMyay
dy,& ua HekoTOpylo (OpMY]y o, He COEPXaImylo KBaHTOpa y, T. €.
MCKMouuM KBaHTOp 3y, Mbl npuxoaum k gopmyre Qyi...Qy, 4%, rae &
He COMePXuT KBAHTODOB. IIpumeHUM Ty ‘ke MNPOUEAYPY NOCAEAOBATENBHO
k kBanropam Qy,.1, ..., Qy. B pesyibrate Mm nonyuyum mexoropyio Gec-
KBAHTOPHYIO (POPMYJY, NOCTPOEHHYIO U3 SJEMEHTAPHBIX (DOPMYJ BUAA X == X
u x<Cx. Ecam nakoHen, B 3TOH mnocieqHeR (OpMyJe 3aMEHUTH BCAKYIO
IJEMEHTAPHYIO (QOPMYNy X=X Ha X=X D X==X, a BCAKYI0O 3JEMEeHTap-
HYI0 QOpMyJTy X <X Ha "|(X==xIDX==Xx), TO pesyibTaToM OyIeT HeKo-
TOpas (PoOpMysa, ABAAIOULAACH YACTHBHIM CJAYYaeM TaBTOJOTHH WIH OTPHILAHUA
tasrosorud. ([lokasars!) B cuny npemnoxenns 2.1 /imbo BHIBOmMMa cama
sTa opmyaa, aubo BHBOAMMO ee orpuuanue. Jerko BRAETb, UYTO BCH
onuCaHHas npoueaypa npeincrabaser coOOH 110C/1eX0BATENLHOCTh HNEPEXOA0B
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OT HEKOTOpHX dopMyan & Kk HEKOTOpHM QopmyaaM Z ¢ COXpaHEeHHEM
ycaosus -, & =Z. Orcioga Ha OcHOBaHum cieacTua 2.21 3axmouaeM,

YTO eC/¥ BHBOAMMA (DOPMYJA, SBJAAIOMLAACH OKOHYATE/JbHHIM DPE3Y/ILTATOM
ONUCAHHOH nNpOUENyPH, TO BHBOAMMA (opMyna o, €cam ke BHBOAHMO
OTPHLIAHAE OKOHYATEJbHOrO DPE3y/bTaTa NPOUELYPH, TO BHIBOAWMA (POPMyJa
TJef. Takum oGpasoM, teopust Kq sBasercs nosHoH M paspemruMoit.

Hcnonm3oBanHpit B 9TOM  10KA3aTe/bCTBE METON  MOC/AEAOBATEILHOTO
UCKJIOYEHHs: KBAHTOPOB CYUIECTBOBAaHUS OBl NPUMEHEH TAKKE @ K APYTLUM
TeopusM. C ero nomompr OGbiia nonyvena (Cuan6epr u Bepmabic
[1934], 1. I, § 5) paspemaromas npoueaypa Aas 3JeMEHTapHOH TeopuH
pasenctsa Ky (cm. crp. 89). Tapckuih [1951] nokasan sTuM MeTomoM
I0JIHOTY W Pa3PEUINMOCTh 3JeMEeHTAPHOR aare6phl (T. €. JeMEHTapHOH TEOpHH
BEULECTBEHHO 3aMKHYTHX noaell, c¢cv. Ban mep Bapnen [1930-—1931)),
a Wimenesa [1955] nokasana paspewnMOCTb 3JeMeHTapHOH Teopum abe-
aesbx  rpynn. (OZHO 10J€3HOE NPUMEHEHHE STOr0 METOAA MMEETCs TAaKKe Y
decdepmanan Boora [1959])

D YupaxKHeHHS

L (Fenkuun [1955].) Ecan o6bynas Teopus nepsoro nopaaka ¢ paseHctsom K
KOHEUHO aKCHOMAaTH3HpyeMa W N ,-KaTeropuiuHa Npu KakoM-Hu6yms a, To K -— pas-
pewrman Teopua. (Y kasauue. llycrs (B,) — opmyna, colepkareibHO BHpa-
XawUasA CYLUleCTBOBAHHE He MeHee 7 37IeMEeHTOB; paclinpiM tTeopuio K, npucoemunns
K Hell B KaueCTBE HOBHIX akcuom opmyaw (B,) npn n=1, 2, ... Hosaa teopus
He UMeeT KOHEeYHHX Moleaeil.)

2. lokasaTh_paspellHMOCTb 3MeMeHTapHOH Teopud pasenctsa K, (cm. ctp. 89).
(Yxasanue. Paccmotpers Qopmyas (B,), rae (B,) yTBepkiaeT CyimecTBOBaHHe
Mo Kpadned mepe n 3sneMenToB. [IpH HCKIIOYEHHH KBAHTOPOB CYHIECTBOBAHMA
dopmyan (B,) cyuTaTh SNEMEHTAPHHBIMH.)

Mamemamuuecrkue npuaodcerun

(1) Mycts F — snementapnas teopust noset (cm. ctp. 90) u n caysur
obosnauennem maa 1 -1 ... 4 1. YrBepxaenne o TOM, 4TO TOAE UMeeT
XapaKTEePUCTUKY p,- MOXeT ObiThb BHPaXEHO (OpPMYJIoH ?o’p: p=0. Has
/Mo0oH 3aMKHYTOR (opMyJasl o# Teopuu F, koTOopas wCTuHHA BO BCEX MOJAX
xapaktepucTukn 0, CymiecTByeT MmpOCTOe HACJAO ¢ TaKoe, 4to (opMmyna o#f
UCTHHHA AJA KaxJOTO TOJs XapakTepucTukn ==¢. B camoMm gmeane, nycts
F'— teopns, noimyuyennas npucoepunenmem K F  akcuom 18, 16, ...

. “[?a’p, ... (ama Bcex mpocThx p). HopmaabueiMn Monaensmu Teopun F’
ABJISIIOTCS OIS XapaKTepucCTHKH Hysb. [losTOMy, npuHuMas BO BHMMaHHe,
yTO ecau OopMyJTa e WCTHHHA BO BCEX HOPMAaJbHEIX MONEJAX, TO OHa
HCTHHHZ ¥ BooOne BO BCEX MOIEJAX, Mbl, HA OCHOBaHMm cJjencrsus 2.15 (a),
3aK/I0Y2eM, 4TO |-pef. CrenoBaTesbHO, s HEKOTOPOro KOHeWHOro Habopa

']?a”ql, . ']?a”qn HOBHIX aKCHOM MBIl HMeeM qul, e quu - pef.

Ilycts ¢ — Kakoe-uubynp NpocToe uncao, GOoJbIUEE KaKAOTO W3 4HCe
g1 - -+ ¢p B KaxaoM nosie xapakrepucTuku == ¢ GOpPMYJaH ] ?a”ql, cees | gqn
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HCTUHHBI;  CJIEJIOBATE/NbHO, WCTUHHA W Gopmyna o (A. Pob6Guucon
[1951)).

(2) Beskn#t rpad MOMHO paccMaTpuBaTh Kak MHOXKECTBO, YACTHHHO YHO-
PANOYEHHOE HEKOTOPHM OHHADHBIM CUMMETPHYHBIM OTHOleEHHEM R (1. e
OTHOILUEHHEM, BBITIONIHERHBIM [/l JOOBIX ABYX BEpIUMH TOTAd W TOJABKO
TOTJA, KOTJAa 5TH BEPIMHbI coelmHeHnnl pebpom). Hasosem rpad k-xpomaru-
YECKHM, €CaM OH MOXeT OnhiTh pa3buT Ha &k MOMNApPHO HEMEPECeKanmuxcs
(BO3MOXHO MYCTHIX) MHOXECTB TaK, U4TOOB HUKAaKHE ABa J/IEMEHTa U3 OLHOIO
W TOro e MHOXecTBa He Onsn cBasaHn oTHoilednem R. (Couepwarensno
TAM R MHOXECTBAM MOXHO COMOCTABMTb £ Ppa3/JM4HBLIX LBETOB, B KOTOpHIE
BEPLIMHB Tpada OKPaluBaOTCA TaKUM 06pa3oM, UTOOB BCAKHE [BE BEPLIMHE,
coenuHeHHble peGpoM, OblJIR OKpaleHs B pasHbie 1Beta.) OueBuaHO, 4TO BCAKUM
noarpad k-xpoMaTHuecKoro rpada ectb Takke R-xpomatuuecknit rpad. ILoxa-
WEM, YTO €C/I MHOXECTBO BepluH rpada & MoxkeT OHTDH BIIOJIHE YIOPAZOUYELHO,
a BCSKMI ero KOoHeuHsll noArpad k-xpoMartnueckut, T0 i cam rpad & ssasercs
k-xpomatauecknm. [l 10Ka3aTeAbCTBA MOCTPOMM CJAEAYIOULYI0 0GOGLIEHHYIO
teopuio K nepsoro nopsnka ¢ paseHcrBom (Bet [1953]). B sro#t teopun
OyayT AMeTbCsl ABE ABYMeCTHbie mNpeankarHele OykBn Af (=) n Ay (coor-
BETCTBYIOULa OTHOWEHMIO R Ha ¥), kB OJHOMECTHHX UPENUKATHHX OYKB

b -« AL (COOTBETCTBYIOUIMX TEM A MHOXECTBAM, Ha KOTOPHIE MHl CTpe-
MuMCs pasOnTb ¥) ¥ NpeaMeTHble KOHCTAaHTH a4, MO OKHOH IS Kaxmoro
anementa ¢ rpada S, B kauectBe COGCTBEHHBIX aKCHOM, MOMUMO OGHIUHBIX
akcuom pasenctea (6) — (7) (cm. crp. 86), BO3bMEM Crienylomwue HOpMYIIHE:

N 4 (x x) (uppedrekcusHocts R);

1) Aj(x, ) D Ay, X) _ (cummeTprunocTs R);

(1) Vx@Aix)V ... VA(x) (pasbueHne Ha k Kaaccos);

(V) Vx (A} (x) & Aj(x)) s l<<i<j<k
(kaaccel pa3buenns nonapHo
HE nepeceKanTCs),

(V) VxVy (@i A A D 1Ak, ») e 1 <<i<<k
(HUKaKue B3  3JEMEHTa
OIIHOTO K TOIO e KJaacca
He cBfi3aHbl OTHOIIEHuEM R);

(V1) a, £a, a9 MoOBIX ABYX pasiuu-
‘ HBIX 3JEMEHTOB b, ¢ us
rpada %;

(V) 4; (ap, a) s mobwx b, ¢ us 2, nas

kotopuix R (b, ¢).

PaCCMOTpHM IpOM3BOJIbHOE KOHEYHOE MHOXECTBO 3TUX aKCHOM. Ono
COACPKUT JIMIIb KOHEUYHOE 4UCA0 HPEAMETHBIX KOHCTAHT atl, ceey llcn_

[ostomy coorsercrByomwuit unoarpad {ci, ..., ¢,} TOXEe KOHEUEH H, NO
NPEANONOKEHHIO, R-XpOMATHUECKUH. ITO O3nAUaeT, YTO [AHHOE KOHEYHOE
MHOXXECTBO aKCHOM HMMeeT MOJe/Jb W NMOTOMY Henpotusopeunso. Wa wenpo-
TUBOPEUHBOCTH BCAKOTO KOHEUHOro MHOXeCTBa akcuoM Teopun K caenyer,
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OYEBHU/HO, HENPOTMBOPEUMBOCTL M camoii Teopuu K. Teneps mul Buaum, uto
teopusi K ynosirersopser Bcem ycaousm caexctsus 2.35 (1) n NOTOMY
UMEET HOPMAJIBHYI0 MOJE/b, MOIIHOCTh KOTOPOH MeHbLi€ MM DPaBHA MOLL-
HOCTU rpaga §. DTa MOAeNb ABASETCS k-XPOMATHUECKMM rpadoM W, B CHIY
(V1) — (VII), comepxut rpap & B kayectse moarpaga. [Tostomy u rpag &
k-xpomaruueckut. (IloyunrenbHo CpaBHATHL 3TO AOKA3aTEAbCTBO ¢ OGBIMHEIM
MAaTEMAaTHYECKHM JIOKa3aTe/bCTBOM TOH e Teopembl y sne BpeMua n
Opaéwa [1951) IlposeMOHCTpUPOBAHHEIN TOMBKO YTO METOA YAcTO M3Gan-
J9€T OT BallyTaHHBIX DacCymAeHult ¢ nmpumeHeHneM Teopemsl TuxoHoBa uJm
aemmsl Kénura.)

Y upamHeHus

L (JToco [1954b.) Tpymna B Ha3sbiBaeTcA ynopanoudBaeMoH, eCAH CymIECT-
Byer Takoe ynopagoumnsamonlee rpynny B oruomenne R, maa xotoporo us xRy cie-
ayer (x+z)R(y+4+z2) u (z4x)R(z4y). Merogom, mn0106HbIM NIPUMEHEHHOMY
B npuMepe (2) Bblmle, NMOKa3aTh, uTO rpynna B ynopamoumBaeMa TOrda W TONBKO
TOrJa, KOra ynopagouMBaeMa m06as ee KOHEYHO TopoxieHnas noxrpynna. (Ipu
9TOM, KaK H B TpeIbIXYLWIEM NpUMepe, NpeanonaraeIcs Takxe, 4YTo rpynna B moxer
6biTh BROAHE YHOpPAAOUEHA.)

2. Tloctpouts TeopHio TepBOro MNopaika aareGpaHyecKH 3aMKHYTHIX ToRel
XapakTepHCTUKN p (==0), npucoesunus k Teopuy F moneit nosme akcuomul P, rae
P, yTBEpHKIaeT CYlleCTBOBAHHE KODHA Y BCAKOIO OTIHYHOTO OT KOHCTaHTH TONH-
HOM@ CTENEHH =Z7, a TaKWe aKCHOMbl [inA ONpejeleHUs XapakTepuCTHKM. [loka-
3ath, ut0 Qopmyna teopun F, HCTHHHan B xaKoM-HMGYZb ONHOM aare6pamuecku
3aMKHYTOM M0/1€ XapaKTePHCTUKH HYab, HMCTHHHA BO BCAKOM TakoM noae. (Y K a-
3aHue ITa Teopus Ng-xareropuuna naa B >0, akcHoMaTH3HDyeMa W He HMeeT
koHeuHod mogmenn.) (Cm.’A. Po6unucon [1952])

3. OGbiYHLIMM MATEMaTHUECKHMH PACCYXACHHAAMH pPellHTb KOHEYHYIO 3anayy
Opakocoueranua: mycts M — KOHeYHOE MHOXECTBO, COCTOALIEC W3 /M MYXUHAH, H

— HEKOTOpOe MHOXECTBO MEHU(UH, NPHYeM KaXAbK MYyKUHHA 3HaeT JHOIb KOHEY-
HOe 4HCIO WEHIUHH, a eCad | <<k <Im, TO MYMYHHBl BCAKOLO TIOAMHOXECTBA MOLI~
HOCTH Rk MHOXeCTBa M sHakombl He meHee ueM ¢ k wewmmuHamn uz N (1. e. cyuge-
CTBYeT He MeHee k WeHUuH M3 N, Ka¥Jan U3 KOTODhIX 3HAKOMA N0 kpaliHel Mepe
C OJIHUM M3 JaHHBIX Kk MYXUMH), TOIa HMEeTCA BO3MONHOCTb COYeTaTh OpPaKOM
{MOHOraMHO) BCEX MYKUYMH M3 M c weHmmu#aMu u3 N rakum o6pasom, uTo6b Kaw-
IOblfl MYMYHWHA KEHHACA Ha 3HAKOMON eMy XeHuluHe. (Y Kasauue (Xaamom
v Boor [1950]). [lpn m =1 pewenne TpusMaibHO, 1aA m > | NPUMEHHTL MHAYK-
1w, paccMorpes asa cayyas: (I) npm nobom &, rae | <<k << m, BCAKOE MHOKECTBO
M3 k MYNUHH 3HAaKOMO He MeHee yeM C k-4 | wenuynamn v (ll) ana Hexoroporo k,
vne =Sk <Um, cynlecrByeT MHOXECTBO W3 K MYXUYHH, 3HAKOMbIX B TOYHOCTH ¢ k
MEHLMHaMK.) PacnpocTpanuTs 3TOT peayabTar Ha GeCKOHeuHHlii cayvafi, T. e.
Ha TOT cayuai, KOrAa, NPH NPEXHUX TPEANOIOKEHHAX AId AI060r0 KOHeuHOro k,
€amo MHOXECTBO M OeckOHeuHO (M MOMeT ObiTh BHOJNHE YHOPAXOYEeHO). (VY Kk a-
3anue [locrpours nOAXOAAMYI0 OGOGLICHHYIO TCOPHIO MEPBOro MOPAAKA, aAHANO-
THYHYIO TOH, 4TO Obll1a UCMOAL3OBAHA BHINIE B npuMepe (2) MaTeMaTMYecKUX mpu-
aoxeHul, U npumMeHuTb craexcrsue 2.35 (1))

4. Pemenne 17-# npoGaemnl nan6epra MeTONOM, H3I0KEHHLIM B ITOM napa-
rpade, MoxHo HaiiTh B pabore A. Po6uHcouna [1955].

[lycts o# — xakas-uubyas  dopMysna B npeasapenHofl HOpMaisHOH
(opMe, ABAAIOMLANCA CBOUM 3aMBIKAHHEM, HaTipUMED,

3y1VyaVy33ya3yaVyse%’ (Vs Yo Y3 Yoo Yo Ve
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rae o% He CONEPMHT KBaHTOPOB. ONycruM KBaHTOp Ay, # 3aMenuM ¥, B B
HOBOH nipenMeTHON KoHCTauTOR by: VyoV v,y AysV v (b1, ¥a, V3 Vio Vs Vo)
Tenepn onyctum kantops Viyg, Vy, v noayunm dopmyay Iy 3y, Vy,
Bb1, Yo, Y5 Yo Vs Vo). Oycrum, tajee, KBaHTOp y; U 3aMEHMM TIEPEMEHHYIO

ys B B HOBOH (yHKUMOHAMbHOK GykBo# g (s ¥a): BysVyeB (b1, Vo ¥s,

g(s ¥3) V5 Vo) Omyctum kBautop yy, 3amenun B o nepeMeHHylO yy Ha
HOBYIO (yHKUMOHambHylo OYkBY h(¥e, ¥3): VB (b1, v, Yoo (Ve Y5)
h(y2, y3), ¥s). Haxonen, omyctum wu xBantop Vyg B (b, yo, Vs (V2 Vi)
E(yva ¥3), ¥s). Tlocnennsss ¢opMysia He COHEPKHT KBaHTOPOB. Takum o06-
pa3oM, BBOAsS HOBHIE (DYHKUHOHAJbLHEIE GYKBB, MBI MOXKEM HCKJIOUATb BCE KBaH-
TOpBI U3 TPOU3BOJILHONH 3aMKHYTOH (OPMYJIb o B peaBapeHHol HOPMaJibHOR
¢popume. Obosnauum uepes o * peayapTar Tako# nepepaboTku GopMyas o,

Mpumepwn. 1. Hycts of ecto V3 AveVysVyd e (11, Yo, Vs Vio Vo)
TOrAa B KauecTBe of * umeeM

(¥, £ Y3 Yo B (V1 Yo, W)

2. Ecim o ects I TvaVy,VuidveB (31, Vo V3 Vi V5), TO COOTBET-
crsywouell gopmynot o#* Oymer ¢opmyaa B (b, ¢, Vs, Vi &V Vi)

Orwerum, uTo o#* |- o#, Tak Kak KBaHTOPDH MOXHO BEPHYTb Ha3al
HECKOJBKHUMU TI0CJAEJOBATENbHbIMY TipuMenenusMn npasua Gen u E4. (B ca-
MOM [I€JI€, Bellb, TOBOPS TOYHO, MBI B MPOIECCE MOCTPOEHHS o ¥ OnycKaem
BCE KBAHTOPbl OOCIHOCTH ¥ BCe KB3HTOPH CYIECTBOBAHHS U TNIPU STOM
KaAyl0 CBA3aHHYI0 KBaHTODOM CYIIECTBOBaHHUsI NEPEMEHHYIO ¥; 3aMEHfieM
TepMOM  g(21, ..., 2p), TAE g— HEKOTOpDas HOBas (yHKIUOHaIbHAs GykBa
W 2y, ..., 2Zp— BCE Te TNEPEMeHHHE, KOTOpHIE CBA3aHbl KBAaHTODaMH BCe-
OOUIHOCTH, NpPeIWecTBYOUHMI KBAaHTOPY ;)

[Mpennoxenune 236. (Bropas e-reopema; Pacésa [1956], 'uap-
6ept n bepnaiic [1939]) [Tycme K — meopus nepsozo nopaixa.
Samenum Kaxoyw axcuomy o meopuu K Hogoli awcuomold o#*. ({Tpu
amom npednoarazaemcs, 4mo Npu NOCMPoOeHUt dMUX Hopmyas oF* nosule
ByuKynOHaAbHble OYKBb Il NpeOMemHuble nepemeHHsle, B800UMblE 0AS
KaKoil-HuGy0s OOKOU (HOpMYAbl, OMAUHHBL, OM MAKOBLLX JHCe, B8B800UMBLY
dan Opyeux gpopmya) ITycme K¥ ecms meopus nepsozo nopsoxa c co0-
cmeennbiMu aKcuomanmtt o *. Toz0a (a) ecau & — gopuyaa meopuu K
u }—K*%”, mo |—Kg’, (b) meopus K nenpomusopewusa moz0a u moasxo
mo2da, Koz0a Henpomusopewusa meopus K¥*

IlokasateasvctBo. (1) Hycrms [r—K*Eo”, rae & — ¢popmyaa Teopun K,
n nycts M — cuerHas momens Teopunm K. Mml Bceraa mMowem cuurath, HTO
obaacteio Momenn M sBiasercs MHOXKECTBO P BcexX HarypanbHHIX uncen
(cm. ynpaxunenne 1 wa crp. 103). IlycTh o# — Kakas-HHOyAb akcHOMa Teo-
pun  K; uOpeanosoxum nas  ONpeldeNeHHOCTH, YTO OHA UMEeT BHI
AV 3.V y,3yiB (1, Vo, Vo ¥s), tne HB ne comepxur ksautopop. Toraa
o * Oyner wmerb Bun B (b, Vo, Vs, (Ve ¥3)). [locaexosarenbHBIMI 1LaraMu
pacwiupum Tenepb Mozeas M (He wu3menss, oanako, ee obaactn P) caenyro-
wnm obpazom. Tak kak dopmyna Iy VyeVy,AyieB (y1, e Ve, Vi) uCTuHHA
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8 MoAe/n M, TO CymIECTBYIOT LE/WE NOJIOKHTENbHBIE YHCAA yi, AJdA KOTO-
pex  V3uVy3yB (31, yo, 3, i) uctumno B8 M: wncao b*, asaswouleecs
HAUMEHBUIUM CPEIM TAKHUX y;, CHEJaeM HHIepnperauued npeaMeTHOH KoOH-
Crantel b, B pacumpenHolt Takum oOpasom Momesmi, OYEBUIHO, WCTHHHA
popmyna Iy (b, yo, Y5, ¥o). Iis MOOHIX HENBIX MONOKHTEMBHEIX Yo Y3
unrTeprnperaunelt g(ye, y3) nycrs OyaeT TO HauMeHbiiee Yi» 1pH KOTOPOM
dopmyna B (b, ys, V3, V) HCTHHHA B pacluupensofi momemn. Mrax, ¢op-
myna <& (b, ys, y5 g(Ve YV3)) HCTHHHAa B paclUMpeHHOH Moneu. Hocrynus
AHAJIOTMYHBIM O0pa3OM € KaxIOH aKCHOMOH o Teopun K, MBI nocrpoum
mozenb M* reopum K*. Tak xak .&, 10 dopmyaa & uctunna B M*.
Ho rtorna dopmysa & ucrunua, OUYEeBHUAHO, U B Moze/n M, ubo momenn M*
TEM TOMLKO M OTIMYAETCR OT Mogean M, uro 3akimouaer B ceGe uHTepmpe-
Tauun HOBOBBEACHHBIX (DYHKUMOHANbHHIX OYKB M NpPEAMETHBIX KOHCTaHT,
KoTOphX &, Kak BCAKas (opMyaa teopun K, He comepwmur. Wrak, noka-
3aHO, uYTO QopMyra & HCTHHHA BO BCAKOH cueTHOH Momesau Teopun K.
Orciona, Ha OCHOBaHWH CJeACTBHS 2.15 (a), caepyer }—K%’. (KoHcTpykTushoe
JOKA33TENLCTBO SKBUBAJIEHTHOTO pesy/ibTata cM. y T'man6epra n Bep-
Halhca [1939])

(2) Bouny roro, uro of* |- of, rteopus K* smasercs paciupeHnem
1eopun K. Crenosareasno, ecam teopus K* HENpPOTHBOPEYHBA, TO HEINpO-
Tnsopeunsa u Teopus K. Ilpemnonoxum teneps, uro HETIPOTHBOPEYHBA TEO-
pust K. Ilycre & — npoussonbuas ¢opmyna teopun K. Ecan 6w Teopus K*
Oblia npoTMBOpEUHBA, TO MBI uUMENH Ol & &1%. Torma, B cuay
uacti (1) HacTOsLIErO MOKA3aTeJbCTBA, MbI MMEAH Ob M }—K‘g&‘]g, uTo
HEBO3MOXKHO M3-33 HENPOTUBOPEYUBOCTH Teopunm K.

Hazosem o6o6wennoi meopemoll noAKome. TpENSIOKEHUE, rJaacsuee,
4T0 BCSiKas HENpOTHBOpeuHBas 00OOUIEHHas TEOpHs NEPBOTO MOPSAKA HMEeT
Mosesb. OYeBHIHO, €CIH NPEANONONATb, YTO MONKHO BHOJHE YHIOpSAAOUATD
BCAKOE . MHOXECTBO (W/W, YTO OSKBUBAJCHTHO, NPH NONYWEHAH AKCUOMbI
BHOOpa), 0000CmeNnHas TeOpeMa TNOJHOTH SBASETCH CJELCTBHEM npeanoxe-
Hus 2.34. .

Teopemo#t 0 makcuManbhOM Hueane Ml HasbiBae caenywoee yreepxae-
Hue: Besikan OysneBa aareGpa uMeeT MakcuMaibHMH uaean 1o yTBepHCICHUE
SKBUBAJIEHTHO Teopeme O OyJeBOM NPEACTaBJEHUH, COr/13CHO KOTOpOH BCs-
kas Oynesa anreGpa usomopdmua HEKOTOpOH OyneBol anreGpe MHONECTS.
(Cw. Ctoywu [1936]. O Teopunu GyueBnx anrebp oM. Cukopckus
[1960).) EnmuucTsenHoe usBecTHOE [OKa3aTEbCTBO TEOPEMB O MAaKCHMaJb-
HOM nieane HCNOJb3YET aKCHOMY BbiGopa. JloGOMBITHO, OZHAKO, uyTO 5Ta
TeOopeMa sKBUBaJeHTHa 00OOmEHHOH TeopeMe NOJHOTH W YTO 5Ta SKBUBA-
JEHTHOCTb MOXET ObITh NOKa3aHa 03 NMPUMEHEHHs aKCHOMbI BeIOOpa.

Mpexnoxenue 237 (Jlocs [1954a), Pacépa Cuxopckuit
[1951], [1952]) O6oGwennan meopema o nosnome sweusasenmua meo-
peme 0 MaKcumarsHoMm udeaae.

Nokasareawvcrso. (1) llonycrum, uro BepHa 00o0menHas Teopema
0 noumore. Ilycrs B — Gysiesa aare6pa. Iocrpoum 06o6uenHyw Teopuo K

&
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NEpBOro TNOpPsAKA C PABEHCTBOM, HUMEIOILYI0 NBYMECTHbE (DYHKUMOHAIbHEIE
Gyksol |J # [}, ONHOMECTHYIO (YHKUHOHAIBHYIO 6yksy fi (fi () mw Gynem
0003HauaTh uepes f), npemuKaTHHe OyKBN — U Al M s Kakmoro aje-
menta b asreGpsr B npeamernyio koucramty a, B kavectse akcuoMm Mm
BO3bMEM OOBIYHBIE aKCHOMB OysieBol aareGpol (cM. CukoOpCcKu il [1960]),
akcuomnt  (6) — (7) pasesncTsa, noaHOoe onucanue B (T. e. BCEBO3MOXHBIE
Gopuyan a, £ a., ap U a,=ay ap | a,=a,, dy=a,, rae COOTBETCI-
BeHHO b=%¢, b |Jc=d, b} c=e, b=b; B B) u, Hakouwen, axkcuoms,
BHpaKaiolne TOT (aKT, 4ro A; ONpesenseT MaKCHManbHoiH uaean (T. e.
AN, A@&AWD AUy, AWDA(xNY) AV
V A (X) u TA{(x |y X). Teopus K uenpotusopeunsa. B camom aene,
BEIBOA upoTuBOpeuns B K, ecan Ob TakoH cywecrsosan, coaepkan Ou
ABlib KOHEUHOE UYHCJIO CHMBOJIOB Qp, @, ..., HANpUMEp, v, .- @y, W

TOraa COOTBETCTBYIOLIME 3JeMeHTH by, ..., b, aare6pm B nopowaam 6o
HEKOTOpyio KOHeuHyie mnoaaarebpy B’ aire6pn B. Ho Bcsakas xoneunas
Oyaesa aarebpa, OUEBMIHO, MMEET MaKCHManbHMH uzear. ClenOBATEBHO,
nonaire6pa B’ Ovina 6bl Monenbio ans OpMyN, BCTpeualoOLUXCH B BRHBOXE
NPOTHBOPEUNSA, a CaMO 3TO NpPOTHBOpeune Ob0 On uctunHo B B, yro
HeBo3MOKHO. B cuny cBoe#t wenporusopeuusoctn, Teopus K umeer, coraacho
060Gu1enHO TEOpeMe NOJHOTH, HEKOTOPYI0 MOZeab A, SIBJSIOLLYIOCS, ecTe-
CTBeHHO, OyJneBol aire6poli ¢ HEKOTOPHIM MaKcuMaabHbIM uaeaiom 1. Ho
arrebpa B, ouesuano, ects noaaarebpa aareOpsl A, WU CNEAOBATENBHO, MHO-
#wectro 1 () B sBasercs makcumajapHHIM naeasom B B.

(2) peanosoxum, uT0 BepHa TEOPEMA O MAKCHMAJbHOM Haease. Hycrs
K — nenporusopeunsas o6o6uieHHas Teopus nepsoro nopsxka. [as Kaxaoh
akcnomn of  teopun K nocrpoum ¢opmyany o#*, nupusens cHauana of
K lipeaBapeHHON HOPMaJbHOR (opMe, a 3aTeM HCKJIOUMB KBAHTOPH NyTeM
BBEICHHS HOBBHIX (DYHKUMOHAIBHWX OYKB M TpeAMETHHX KoHcTauT. Ilycts
K’ — 1eopus, uMeomas CBOMWMH aKCHOMaMu NOCTPOEHHBIE TakuM 0OOpasoM
Popmyan £ ¥, a Takke BCe WACTHBIE CJyuad TaBTOJOrMH, M TaKas, B KOTO-
po# BCe (OpMYyJBl HE CONEPKAT KBAHTOPOB, a NPABMIAMH BBHIBOJAA CJIyXar
modus ponens u NpaBuIO TOACTAHOBKH IS NEPEMEHHBIX (T. €. NOLCTAHOBKH
TEPMOB BMeCTO nepeMmenHrx). Teopus K’ Henportusopeuusa, rtax xak Teo-
PEMbl STOH TEOpHM ABJAIOTCH ONLHOBDEMEHHO TEOPEMAMU HENPOTUBOPEYUBOH
reopun  K* u3 mpemnowenus 2.36. Ilycrs B — aare6pa Jlunpenbayma,
nopoxuentas reopueit K'. (Ioscunm, uyro 310 3HAYWT: NycTh AN% TIPOM3-
BOJbHLIX (OpMyn of n B o#Eq osnauaer |- o = oB; orHomwenne Eq
€CTb OTHOIMGHHE IKBHBAJICHTHOCTH; NYCThb [@#]— KJAacC IKBUBAJEHTHOCTH,
onpeneaseMbli GopMynoh of; 3amamum omepauun |J, (), — Hag KiaaccaMmu
SKBUBANEHTHOCTH _pasedcTBaMu [of] | [FB)=[e# \/ B, [o#] () [B]=
= |[e# & H] u [of]=][To#]; oTHOCUTENLHO STUX Onepaumit KAACCH KBH-
BaJEHTHOCTH 00pasyior Oysesy aireGpy, KOTOpas M Ha3WBaeTCsi aareSpoi
Jlunnenbayma, nopoxaenHo# teopuedt K'.) Ilycts, cornacko Teopeme o MakcH-
MaJIbHOM uaeane, 1 ecTp MaxcuMaabHBIH wuAean anrebpsl B, Tloctpoum
mozesb M reopun K’ ¢ obaactbio, coctosmed u3 Tepmos Tteopun K,
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B KOTOpO# NpEAMETHBIE KOHCTAaHTH M (YHKIHMOHa/AbHBIE OYKBH WHTEPHpeTH-
pylor camux cebs, W a9 BCAKOH TNpPEAUKATHOH OyKBHI A} npemmkar
Aj (ty, ..., t,) cunTaeTcs WCTHHHBIM B M TOra W TOJNBKO TOrga, Koraa

[A}‘(tl, ooy t,,)] He npuHagxexar I Jlerko nokasath, uto m0Oas ¢dop-
Myna o Teopuu K' uctumHa B M TOrma m ToabKO Torma, Koraa [e#]
ne npunamnexur 1. Ho nns Besxo# teopemn <% teopun K’ [B]=1 u,
crenosatenbno, [B] me npunagaexur 1. [ostomy M ma camom gene
spasercs Moneabto K'. Ilag moGol axcnombl o teopun K kawuasi# pesyis-
TaT NOACTAHOBKM B QopMyay o#*(yi, ..., ¥,) §BAFETCA TeOpeMoH Teo-
pun K, crenosatenbHo, dopmyaa e€* (y, ..., y,) HCTHHHZ B MOjeau M
npu moCbX ¥y, ..., Y, OOpamas npouecc, B pesyabTaTe KOTOPOrO ¢dop-
Myna e BO3HEMKaeT U3 (OPMYAH o, TENeph Jerko 10KasaTh, 4TO ¥ 3Ta
nocaenuss opmysa uctuada B momean M. Takum oOpasom, M ects Takxe
Mozens u mas Teopun K.

SIBasercs m 00oOmenHas Teopema MOJHOTH CYIECTBEHHO Gosee CaaGol,
ueM akcuomMa BbIOOpa, MM OHa el sKBuBasentHa? HekoTophie wacTuuHbe
PE3YIbTATH, OTHOCAIMMECS K 5TOR mpoGiaeme, MoxHO Ha#itu y Jlocs u
Puanb-Haprsesckoro [1954] u y Tenkuna [1964). O mna-
JeHHOM [IOK33aTEJbCTBE HEIKBUBANEHTHOCTH S5TUX NDPEIJIOKEHUH  3afBuA
Ix. JI. 'ambnepn B Notices Amer. Math. Soc. 9, No. 4 (1962), p. 315.

YnpaxHeHHs

1. Jlokasarts, uto o6obulennas TeopeMa O IONHOTE BreyeT YTBEPXAEHHE O TOM,
UTO BCAKOE MHOMECTBO MOMeT ObiTh YMOPANOYEHO (M, ClelOBaTeabHO, AKCHOMY
BbI6Opa 1A M060r0 MHOWECTBA HENYCTHIX TIONAPHO He nepeceKaouuxcs KoHey-
HBIX MHOXECTB).

2. lNpoanaam3npoBaTh 10Ka3aTesbCTBO nNpelioienna 2.37 (2) wu noxasatm, uto
ecan K ecTh 06blYHas TeopusA [MepBOrO TOpsIKa, 710 aareGpa Jlunnenbayma B
CUeTHd, U BCe pacCymIeHHe MOXKeT 6bITh NIpoOBEXCHO 0e3 HCMoAbL30BaHUA TEOPEMBI
O MaKCHMAajJdbHOM mHJaeane.

AareGpauueckue CTPYKTYPH, €CTECTBEHHBIM OB6pa30M CBA3AHHBIE ¢ HCYHC-
MEHUSMH BRICKA3bIBAHMH, OKasmBatorcs OyseBniMn airebpamm (cMm. cTp. 52,
ynpaxuenue 3, a rtakxe PosenGawom [1950], ra 1—2). B cayuae
TEOpUH MEPBOro MOpSAKA HaAUude KBAHTOPOB NPUBOZUT K 60Jiee CAOKHBIM
anrebpanyeckum ctpyktypam. Tak, manpumep, ecoim K ecth Teopust nepsoro
nopsaaka, TO B cooTBeTCIBYyIowed aareOpe JlungenOGayma B umeer mecrto
[AxA(x)]= Y[ ()], rme ) osnauaeT HaWMeHbIyIO BEDXHIOW rpaHb & B,

] ¢

@ t npoGeraeT MHOXeCTBO BCEX TEPMOB, CBOOOAMMX sl X B o (X). B coe
BpeMst Gblin NpeAJIOKEHb [BAa THNA aare6paudecKnx CTPYKTYp B KauecTBe
anarebpavyeckux aHaJoOroB PAaCCMOTPEHHBIX B STOH TJIABE JOTMYECKHX TEO-
puit. OmuH M3 HHX — LWIMHADHYECKHE aareOpel — Gbla  IeTasIbHO H3yueH
Tapcknm, Tomnconom, I'enxunbim u apyramu (cm. Tenkun u Tapckmi
[1961]). ipyrum moxxomoM sBMIACH TEOPHS NOMHAAMUECKAX anrebp, BBe-
JeHnas u passuras Xaamowem [1962]

ks,

Fnasa 3

dopmanbHan apudmerHra

§ 1. Cacrema axcuom

Hapszy ¢ reomerpuedl apupmeruka siBaAseTca HauOoJee HENOCPEACTBEHHO
MHTYHTUBHOHK 00/1aCTbI0 MAaTeMaTHKW. Bro/He eCTEeCTBEHHO NOSTOMY HMEHHO
¢ apu@METHK¥M HAuarh TONBITKY (opMaiusauma u CTpororo oBOCHOBAHUA
mateMatukd. IlepBoe, noJyakcuoMaTHyecKoe MOCTPOCHME STOH QUCHUAMIKHB
6ns0 npeggoxeno dexexunmow [1901] m cramo u3BecTHO 10J HasBa-
uueM «cucreMu akcuoM IleanHo» *). Ity cucremy momuo cdopmyaupoBaTh
caepywomum obpasom:

(P1) 0 ecTb HaTypaJbHOE HYHCJO. .

(P2) aas moBGOro HaTypaJbHOTO YMC/IA X CYILECTBYET APYFOE HAaTypaib-
Hoe umcao, obosHauaemoe X UM Ha3niBaeMoe: (HenocpeOcmeenHo)  cAe-
dywuee 3a X.

(P3) 054" uaa moGore HATYPaAbHOLO 4YUCHAZ X.

(P4) Ecou X' =Y, T0 x=Y.

(P5) Ecin Q ecTb CBOHCTBO, KOTOpHIM, OBITH MOXET, 006/a0aloT OJHH H
He o6aamaloT APYrMe HATypaJbHble 4UCAd, U eC/H

(1) narypaibHoe uncao 0 obramaer cso#icreoM Q o

(1) nas BCAKOro HATYpasbHOTO 4YHCJIAa X U3 TOro, yTo X 06JagaeT CBOMH-
crBoM Q, CJelyer, YTo u HarypaabHoe uucjo X ofnamaeT csolficreoM Q,
TO cBolictBoM Q o6JajaloT BCe Harypa/bHble UYNMCHA (npuaygun uxoyKyuw).

DTuX aKCHOM, BMECTE C HEKOTODBIM (PparMeHToM TEOPUM MHOXECTS,
NOCTATOYHO [/ TIOCTPOEHHST HE TOJBKO AapU(METHKH, HO ¥ TEOPHU DPaluo-
HaJbHBIX, BEIIECTBEHHBIX W KOMIUIEKCHhX uncen (cM. Jlampay [1930]).
OIHaKO B 3TUX aKCHOMaX COJEpKaTcd WUHTYMTHBHBIE TNOHATHS TaKHE, KaK,
Hanpumep, «CBOHCTBO», UTO Memaer Bced cucteme OBITL CTPOTO# Qopman-
saumei. [losTOMy MBI celivac TNOCTPOMM HEKOTODPYIO TEOPHIO NEPBOrO IO-
panka S, OCHOBaHHyI0 Ha cucreme akcuom IleaHo, KOTOpas OKakercs, mo
BCEl BUAMMOCTH, AOCTaTOUHOM 151 BBHIBOAA BCEX OCHOBHBIX DE3YJbTAaros
3NEMEHTAPHON apupMeTHKY.

D1a Teopus nepsoro nopaaka S OydeT uMeTh EIMHCTBEHHYIO MpEJMKar-
Hyio GykBy Aj], €IMHCTBEHHYIO MPEIMETHYI0 KOHCTAaHTYy a@; M TpH (yHKUHUO-
Haabunie Oykeol fi, f, f; Brpouewm, uroOul He nopeiBaTh € TMPABHIYHBIMH
Ham 1o HedopmaspHO# apudMeTHke 00O03HAuUEHUAMH, B JajAbHEHIUEM MBI

*) WcTopuueckue CcBeleHUs N[O STOMy BONpocy MoxHo Haitth y Bau Xao
[1957a).
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Gynem oGHuHO nucath f=s BMecTo Al (t, ), 0 Bmecro agut, tts t-s

COOTBETCTBEHHO BMECTO f1(f), fi(t, 5), f2(¢, $), rme t u s— repmn. Bor
COOCTBEHHHIE aKCHOMBI Teopnu S:

1) xy=1x9 > (% == X3 D Xg == X3);
(82) xy=x3y > x;=1x;,

($3) 05&(xy);

($4) x1=x3 D x; =iy

(S3) x4+ 0=1x;

(S6) 1+ x5 = (%1 |- xo);

(87) x1-0=0;

(S8) %1+ (9) == (31 x9) -+ x5

(Sg) ot (0) — (Vx (@f (x) oD @f(x’)) D Vx @{(JC)), rue O/{(.’C) — npo-

W3BOJILHAA (POpMyNa Teopuu S.

3ameTuMm, YTO aKCHOMBI (S1)— (S8) asasiores KOHKpeTHHIMU (hopmyiamu,
B T0 BpeMst Kak (S9) npencrasaser coGo CXEMy aKCHOM, NMOPOXAZOULYIO
OECKOHEUHOE MHOXECTBO aKCHOM, IIpu s10M cxema akcuom (59), xotopywo
MBl OyneM HasbBaTh NPURBUNOM MameMamuieck ol UHOYKL4UM, HE COOTBETCT-
BYET nosmocteio axcuome (P5) cucremn axcnom ITeawo, NOCKO/AbKY B 3TOH

nocaeAHe! MHTYHTHBHO npenmnonaraorcs 2Ne cpoficrs HaTYpaabHHIX 4uce.,
a cXeMa akcHoM (S9) moxer uMeTs Ies0 aEmb CoO CUETHEIM MHOMECTBOM
CBOACTB, ONpeienseMbx (hopmyTamu Teopun S,

Akcuomr (S3) u (S4) COOTBETCTBYIOT aKkcuoMaM (P3) u (P4) cucremu
axcuom Ileano. Axcnomm (P1) n (P2) neanoscko#i cucremn obecneunBaior
CYWecTBoBaHue Hyas () W ONepauMM «HENOCPENCTBEHHO CAenyomnit», Korto-
PHIM B TEODHU.S COOTBETCTBYIOT npenMeTHas KOHCTaHTa @y U (pYHKUHIOHANE-
Had OyxBa f]. Hawn akcuomb (S1) —(S2) obecneumpaior HEKOTOphIE HEo6-
XOLUMEIE CBOKHCTBA paBeHcTBa, KoTOpWe IleekuHuoMm u ITeano npeanoana-
Fa/MChb KAK MHTYMUTMBHO OYEBHAHBE. AKCHOMEI (85) — (S8) npencrasasior
coGOH peKypcHBHbIE paBeHCTBA, CAYXaue ONpeneJeHUsIMH onepaunit cJo-
KEHHA U yMHOKeHus. Hukakmx nocrynaros, COOTBETCTBYIOIINX 3TUX AKCHO-
May, Ilenexusn u Ileano ne ¢opmyruposamu, noromy uro omm aonyckaau
WCNOJIL30BAHAE MHTYHTUBHOH TEODHUH MHOXECTB, B PaMKax KoTOpo# cyme-
(TBOBaHUE oOmepauwil < u -, yHOBAETBOpSIOWKMX akcuomam  (S85) — (S8),
suBozuMo. (Cm. Jlanwmay [1930], Teopemn 4 u 28)

C nomompio MP u3 cxemMm axcuom (S9) mMB MO)em NOJY4HTh Cledyio-
mee rnpasuro undyxyuw: w3 o# (0) u V x(ef (x) D o# (x¥')) smBogMTCA
Vx o (x).

Hawa 6maxatas nems cocronr TOM, YTOOBI BBIBECTH OGbiuHBIE CBOM-
CTBA DaBEHCTBA; APYrUMM CJOBAMH, MBI XOTHM NI0Ka3aTb, YTO CBOMHCTBa
(6)— (7) pasencrsa (cm. crp. 86) smBOmMMH B S, u, cleAoBatenbHO, S
ABAAETCA TEOpUEH NepBOro Mopsiaka C PaBEHCTBOM.

Hpexnae Bcero, ormernm HEKOTOPHIE HENOCPENCTBEHHHE M OUYEBHAHBIE
CACACTBUS U3 aKCHOM. DTUMH CACACTBHAMH Mh] Oynem B pambheHimeMm monb-
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30B3aTBCA IAd  COKpameHns ¥ BooGwe aas Gotee ymoSGHOro TpoBeaeHus

JIOKa3aTebCTB. ‘
Jlemma 3.1. s aobox mepmos t, s u r meopuu S caedyue

dopmyast cyms meopemst & S:

S1) t=ro(t=s>r=rgs)
S2) t=roft=r
(S3) 044,

$4) t=r>ot=r
(85) t-+0=t,

(S6) t4r=(t+1);
S7) t-0=0;

(88) t-r'=(t-r)+t

Hokasateabctro. (S1)— (S8') crenyoT cOOTBETCTREHHO M3 S —
(S8): cnepsa caemyer 06pa3oBaTh 3aMbiKaHHA MO npasuay Gen, a sarem
NpUMEHUTh TipaBuJo A4 ¢ NOAXOASAILUMY TePMaMH 1, T, §.

MMpennoxenue 3.2. Jan a106bix mepmos t, S u r caedywuue
gopuyasl sgasiomes meopemanu meopuu S:

(@ t=¢t

b) t=r>r=t
©t=ro(Fr=s>t=r53)
d) r=to(s=tor=s)
(&) t=r>otfs=r-ts

@) t=0-+¢
@ F+r=¢+r;
) t4r=r-+t

(0 t=r>ostt=s-}r;
@) E+nts=t-(r+s)

k) t=r>ot.s=t-r;

mt-r=t-rtr
mtr=r-t

() t=r>os-t=s.r.

IokasarteabcTBoO.

(@ 1. tF0=t : (S5)
2 (t+0=0>D(t-+0=t>t=1f)  (SI)
3.1+ 0=t>t= 1, 2, MP
4 t=t¢ 1,3, MP
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o) 1.

SRR

(¢) Tlpumennm npasuiao
X=yDx-t|z=y+t2)

TJ1. 3. ®OPMAJILHAS APHOMETHUKA

t=ro(=t>r=t) St)
t=tS(E=r>r=t 1, TaBrosorus
l=ror=t 2, (a), MP
=t (r=s>Dt=y) (S1)

t=r >Dr=t (b)

=r:(r~_—.s:\t=.—s) 1, 2, tasTos0rus

cr=toO(t=s>r=y) ©)

l=sD(r=t> r=y) 1, TaBrosorHs
S=t>DOt=s b)

S=tD(r=t>r=y¢)
r=to(s=t>r=ys)

2, 3, TaBrosorus
4, TaBTOJOTHY

() 1. x+0=x (%)
2. y+0=y (S5)
3. x=y runoresa
4 x+0=y 1, 3, (¢)
5 x+0=y 40 2, 4, (d)
6. x:y:x—{—O:y—{—O 1—5, Teopema mexykiuu

T. e — o# (0).

(i) 1. X=yDX4c=y-2z runoresa
2. x=y TUNOTE3a
o x4-2'=(x+|2y (56"
4.y =(y+f 2y (6)
O xf-z=y-}2 1, 2, MP
6. (x+2) = (v 2y 5, (52)
1. x+42'=(y-}2y 3, 6, (¢)
8 ¥t =yt 2 4, 7, (d)
S. (x=yDx+z=y+42)>

Dx=yo(x4-2=y +2) 1—8, TeoOpeMa nenykuuu
T. & |~ o# (2) D o# (2).

Io npaeuny wnayxkuen us () n (i) cremyer |- Vzo# (2), orkyna
fioMowbio npasun Gen u A4 OKoHuaTeabHO MOJyuaem Ft=rotfs=

c
=r—[—s.

(f) OGosnauum uepes o (x) Gopmyny x=0- x,
(i) 0=04-0, B cuay (S5) u (b},

T.

e (—e# (0).

MHIYKUMA K caexywowed dopuy.e e (2):

@) 1.
2.
3.
4
5.
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x=0-1x THTIOTE3a
O+ x)=(0 - xy (S6)
X =0+ x)y 1, (S2)
X =0+ 2,3, (d)

x=04xDx=0}x
T. & |-ef (X) D of (X).

1—4, Teopema nemyxkuun

Vs (i) u (i) noayvaem no mpasmay unmykumn —Vx(x=0 ~+ x), or-
Kyna no npasuny A4 |—t=—=0--1¢. ,
(g) Mycts o# (x) obozuauaer x' - y=(x -+ y).

@ 1

2
3.
4

(i)

Teneps

00N DO W

X +-0=x (§%)
L xF0=ux (S5)
(x4 0y =x' 2, (82)
X 0=(x+}0y 1, 3, (d)
T. & F-o# (0).
X y=(x4yy runoTesa |
XY = ) (56
& +3) = (x4 y)’ L (82)
X4y =+ 2, 3, (9
(V)= (s 3¥ (S6)
Y =k ) 5, (S2)
Xy =ty 4, 6, (d)

X y=x-y >

Dx'—-l—y'=(X+y')'
T. e o () D of (¥).

n3 (i) nu

1—7, Teopema nemyxuun

(if) nomyyaem ¢ TOMOUIbIO npaBmaa UHAYKLIHAR

Vy( +y=(x-+y)) n sarem B cuny Gen u A4 - r=(@-+ry.
- (Jl)l)( H-}J’ZTI: o# (x) obosnauaer x -} y=y--x.

() 1
2
3.
(i) 1
2

3

4,

5

6

7

x+0=x (859
x=O+x (f)
x+0=0+x - 1L,2,(0)
T. e |- e# (0).
Lx+y=ytx TUnOTE3a
c XY =y (S6)
Y b x=(y+xy ®
x+0) =0+ x) 1, (82)
L x =yt xy 2,4,
. x-HY =yt x 3, 5, (d)
cxXty=y+xD

Dxfy=y+x 1—6, Teopema nemykunn

1. e - of(¥) D o (V).
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Orciona, 8 cuny (i) u (ii), no npasuay unpg
, yKkuun umeem | Vy(x =
==y--x) n sarem no npasuaaM Gen u A4 noJjyuaem |—t]:_{—r)_~£ r+)1.f.

@)L t=rot-fs=r-}s (e
2. tfs=s-}t (h)
3. r+ts=s+4r )
4 t=r runoTesa
5. t+s=r-+s I, 4, MP
6. stt=r-4-s 2,5, (S1)
7. s+t=s-+r 3, 6, (0
B t=r>ostt=s+r 1—7, Teopema nensvknun
(j) bepem B KauectBe of (2) popmyay (x —}—y)—{—z:x—}—(_y—i—z).
@ L (x+3)+0=x-y (S5)
2 y4 0=y (S5)
. x+(+0)=x4y 2, ()
4 (x4 )+ 0=x-(y40) 1, 3, (d)

‘ T. €. [~e# (0).

i) 1L (x+y»tz=x-+(yt+2 ranoresa
2. (x++2Z=((x+y-+2r (86
B+t =+t 1, (52)
4 (x+y+2d=x4+2) 2,3, (0
5. y4-2'=(y+ 2y (S6')

6. xF(y+2)=x4(y+2f 5 ()
T x4+ =@+@tay  (S6)
8. x+(y+)=k+@+2) 617
18' E-+y+d=x4(42) 4, 8, (d)

T3
X y 2’:__x 12 l——g’
T. & of (2) D Q;{z_(t,gfy+z) TEOpeMa NenyKuuu

U vCHOBa, Npumensis k(i) wu (i) npasuno  uHmykuum, noJyuaem
FVz((x+y)+2=x—+(y+2), otkyna no npasuram Gen u A4 3a-
Knmﬁaem FE4-n+s=t4(r-ls).
OKasarenrcTBo 1nyHkroB (k) — (0) ocrasiaseM umrate

Jupaean ( JI0 B Kayecrtse

Caencreue 3.3. 7‘eopuﬂ S reasemca meopueli nepsozo nopsaoxa
€ PABENCIMBOM, m. €. 8 SmOl meopun |—xy ==X U |-x =y D (of (x x) D

>

Dot (x, ¥)), 20e of (X3 ¥) noayuaemca u3 of (x, x) 3amenoil odnozo

Wil HECKOANbKUX 6XONCOeHWE X HQ Yy Npu YcaoBull, 4imo nepemennas y
€80000Ka 04t 3mux 8xoxcOenuil x (CM. crp. 86).
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NokaszateabctBo. B caay npemroweHus 2.26 yrsepxnenne 3.3
SBASETCA HENOCPENCTBEHHBIM caeacTBiem npenaoxenns 3.2 (a) — (e), (i), (k),
(o) n (S2').

OTMeTuM, YTO MHTEpOpeTailist Teopun S, B KOTOpOH ,

(2) MHOXeCTBO BCEeX HEOTPUHATEJbHBEIX UENHX YHCEeH CAYKHT o6.21acThio,

(b) uenoe uucno 0 unrepnperupyer cumpoa O, ‘

(c) onepaups Bastas nocienyomero (npuGasienne EIMHALB) HHTEP-

npetupyeT ¢yHkuuio ' (T. €. QYHKUHOHAABHYIO OyKBY f}),

(d) oObluHble CJOKEHME U YMHOXKEHHe WHTepRpeTupyioT - u -,

(e) npeankaTHas OykBa = WHTEPIPETHPYETCSH OTHOLICHHEM TOXAECTBZ,
SBJSETCS HOPMaJbHOM MOZEILI0 TeopHM S. IJTa MOAEIbL Ha3hLIBACTCH CMIQH-
dapmnoii modeasio Teopuu S. Besikas HOpMadbHas Moneab TEOpHM S, HE U30-
MopHas ee CTaHAAPTHOH MOIENH, HA3LIBACTCA HecmaHdapmuol Mo0ensio
teopuu S. ,

Ecau Mb NpU3HAaeM STy CTaHIapPTHYIO HHTEPNPETALMIO MOAEIbIO TeOpuH S,
TO TOrJa Mbl JOMKHH OyxeM npusHath W (PaKT HENPOTWBOPEYMBOCTH 3TOH
teopun. OIHAKO CEMAHTHYECKWE METOAB, BK/Mouaiomue B cebd, Kak Tmpa-
BHJIO, M3BECTHYIO JOJIO TEOPETUKO-MHOXECTBEHHHX PAacCyXIeHNH, N0 MHEHHIO
HEKOTOPBIX MAaTEMATHKOB SBJIAIOTCH CJAMIIKOM HEHaleXHOH OCHOBOMH ns 1o-
Ka3areAbCTBa HENPOTHBOpPeUHBOCTH. BoJsee TOro, MB U HE AOKAa3biBaeM CTPOYO,
YTO aKCHOMBl TEOPUM S UCTHHHB B CTAaHNAPTHOH MHTEPNPETALMM, & TPHHK-
M3aeM 3TO YTBEPXIEHWE BCEro Jillib KaK HHTYMTHBHO ouesuanoe. ITostomy,
a TaKXe 10 PAAy APYrUX MPUUMH MPUHATO BCAKMA pas, KOraa Ha YTBEPHK-
JeHWe O HENPOTHBOPEUMBOCTH TEOPHMM S orupaercs Kakoe-n1ubo HOKa3aTeb-
CTBO, fIBHO CCHLIIAThCA Ha 3TO YTBEPIKIEHHE KaK HAa HEKOTOPYIO HENOKa3aHHYIO
runotesy. (B FlpuioxeHun Mu NpPUBOAMM OXHO <«IOKA3aTEIbCTBO> HENPOTH-
BOPEUHBOCTH Teopun S.)

Psg BaXHBIX CBOHCTB CJIOKEHHS M YMHOXXEHHSt COACPXKUTCS B CJAEAYIOILKX
npeoKeHHAX.

Mpennoxeunne 3.4 [Jasg awbux mepmos t, 1, s ciedywuue gop-
Myap ABALIOMCS meopemaru meopui S:

(@ t-(r+s)=(@-r)4(t-s) (aucTpuOYTUBHOCTL),

®) (r+s)-t=(r-9)-(s-t) (aucTpuGyTHBHOCTL);

(© (t-r)-s=t-(r-9) (accounaTUBHOCTb YMHOXEHHS);

dtts=rtsoOt=r (NpaBuao cokpauleHns aas -~ ).

JloxasaTeabCTBO.

(a) Vinnyxumelt no 2z nokasats |—x-(y -+ 2)=(x-¥)+(x-2).

(b) Cnenyer u3 (a) ¢ momMompio npeanoxenus 3.2 (n).

(c) Vinnyxumeit no z mokasate |- (x-y)-z=x-(y-2).

(d) Unnykumet no 2z, c ucnomssosanuem (S4), moxasats x4 z=
=y+2zDx=)y.

Tepmn 0, 0', 07, 0", ... Mbt B nanbHelimiem OymeM HaswBaTh UMppamn
M 0603HauaTh, Kak o6muHo, 0, 1, 2, 3, ... Y BooGwe, m1a 1060r0 UeAOro
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HEOTPULATENBHOTO N COOTBETCTBYIOWYIO wHdpy 07", 1. e O ¢ n mTpu-
Xamu, OyaeMm oGosHauars yepes n. Llugpps mowHO Onpefe/nuTh PEKYPCUBHO:
0 ects ungpa; ecan 4—uudpa, 10 u 1 — uuppa.

Hpepnnoxenne 3.5,

@ Ht4-1=t;

®) t-1=1

© Ht-2=t4t (@1 n ana 3, 4, ..)

@ Ht+s=0Dt=0&s==0;

@) Ht£=0>D (s t=0>5=0)

O Hts=1D@¢=0&s=1)\/ (t==1&s=0);
@ FHt-s=1D(¢t=1&s=1);

0) Ht=£=0 Ty (t=y);

(i) Fs=0(¢t-s=r-sot=r)

() Ft==0D (=15 Ay@E=y").

Hokasateancreo.

@ L t4-0 =40y (S6")

2. t4 0=t (85"

3. ¢4+0y=¢ 2, (8§29

4. t+9’=f 1, 3, upemnoxenne 3.2(c)

5.t 1=t 4, onpenenenue uugpn 1
Gb) 1. t.0=t.0-t¢ (88)

2.t-0=0 (87)

3. (t-0)+t=0-4¢ 2, npensoxenue 3.2(e)

4. t.0=04¢ 1, 3, npensoxenue 3.2(c)

5 04t= npeaaoxenne 3.2(f),(b)

6. ¢.0'=t¢ 4, 5, npexnoxenne 3.2(c)

7. t. } =t 6, onpenesenue ungppu 1
© 1t U=@¢-i)4¢ (S8)

2 t-1==t (b)

3. (¢ -1) Ht=t}t 2, npennoxenne 3.2(e)

4, t }’:t—{—t 1, 3, upemnoxenue 3.2(c)

9. t-2=t--t 4, onpenenenne uudpu 2

(d) OGosuauum uepes o (y) popmyny x4y =0>x=0 & y=—
Jlerko NOKa3aTh, TO Fe# (0). B cany (Sg’), [——}_(x “+yY 0. Orcxé’zxa H(;
ocHosaHun (S6") noayuaem |-x -}y £ 0. Caenosatensuo, B cuny Tasto-
Aot 1A D(ADB), ef (y) u nanee, B cuay rasrosoran A O (B D A)
00y4aeM |—of () D e (V). [lpumenus TENepb  NPaBuJIo uunyxuun,’
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noayuuM - Vy o# (¥), a sarem ¢ nomompio npasua Gen n A4 u yTBEpKAE-

nue (d).

(e) IokasmBaetcs ananoruudo (d). IlpepocTaBnsieTcst B KaueCTBE ynpam-
HEHHA YMTaTeo.
() HoxasmBaercs uHaykunell mo y 8 dopmyie

x+y=125(x=0&y=1)V (x=1&y=0)).
(g) Vunykuna mo y B x-y=1D(x=1&y=1)

(1) Ilposectu muaykuwmo no x B x == 0 > dw (x =w).
(i) Mycts o (y) ects popmyaa ’

Vx(z#£0>D(x-2=y-2 D x=Y))

@

@)

o

o

11,

12.

s ® N

N

z25%0
xX-z2==0-2
0.2=0
x.-z2=0

x=0

. 257200 (x-2=0.-2Dx=0)

. Vx(z2£0D(x-2=0.2 D2 x=0))

T. €. Fe# (0).

. Vx(@s£0D(x-2=y -2 Dx=Y))

250

x-z2=y -z

Y0

. Y-25£0
. Xx-2=£0

. x=#0

. Jw (x =)

, x=—w

. W z2=y-2

w-z+z2=y.z-}z

W-z2=y-2

runoTe3a
runoresa
npenjaoxenue  3.2(1)
2, 3, npepaoxeHne
3.2(¢0)
1, 4, (e)
1-—5, Teopema ne-
LYKUBK
6, Gen

runotesa (e#(y))
THNOTE3a
rUnoTesa
(83", npeanoxenne
3.2(b)
2, 4, (e), raBTONOrUA
3, 5, (81", TtaBTOMO-
rmv
6, (S87), npeanoxe-
nue 3.2(0), (€), Tas-
TOJIOTHH
7, (h)
8, npasuao C
3, 9, ceoitcrBo (7) pa-
BEHCTBA
10, npennoxenne 3.2
(m), (d)
11, npennoxenne 3.4

(@
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13 20D (w-2=y-2) D(w=2)) 1, mpasnio A4

4 w-z==y.-zDOw==y 2, 13, MP
15. W=y 12, 14, MP
16, w =y 15, (82)
17 x=y 9, 16, npemaoxenue
3.2 (¢)
18. o #(y), 20, X-z=y-zx=y 1—17, npenioxenne
2.23

19. o#(y) F2#£0D(x-2=y.-2Dx=y) 18, Teopema aenyk-
: ouM (IBaXIbl)
20. AW HVx(z£0>D
ODx-z=y-.-z2D2x=y)) 19, Gen
2l et (9) Def (V)

Teneps x (i) u (ii) npumensem npasuio MHIYKUMH, 9YTOOB HOJYYUTh
I Vye# (y), nocie yero a0KasarenscTso 33BEPIUAEM C MOMOLIBIO TPAaBKA
Gen n A4,

JloxasateabcTBO (j) NpesocTaBaseM uMTATEMI0 B KayecTBe yNpa:KHeHus.

ITpennoxenne 3.6. (a) Aan awbox namypassnoix m u n, ecau
m = n, mo |-m==n. Kpome mozo -m—+n=m-|-n u —m-n=—m-n,
(b) Bearas modeas S Gecxoneuna. (c) Karxoso 6o nu Gotso Kapourans-
Hoe 4ucao }:ﬁ, S umeem nopmasvnyw modeas mowyrocmu N..

HoxasateabctBo. (a) Ilomyctum, uto m==n. Torna m<<n um
n<m; HyCTb I ONPEINENEHHOCTH m < n.

20, Teopema e aykuun

l. m=n TUTIOTE3a

m pas n pas
o —

——r—
2. 0(" .”I:()HI__'I
3. INpumensiem m pas (S4'):

1, onpenenenne uudp m, n

n—mpas

0=07-,

N

OO6osnaunm n—m— 1 uepes t. Tak kak m<n 1O nt—m—1>==0.
Ilostomy 0=1¢".
4. 0%t (83)
5 0=t &0 =¥ 3, 4, TaBTOJOrHUH
6. bm=n> 0=t &0£¢) 1—5, rteopema memykuun
7. -m=£n 6, TaBTOMIOTHS

AHa/I0rIYHO® DACCYKAEHUE MOXHO NPOBECTA AMA Ciyuas m << n. Teneps
MHLYKUMEH MO /2 B METan3hike MH MOXeM AOKA3aTh W |—m |-n=m -}z,
Bo-nepshix, m 0 ecrs m. Caenosareasno, mo (S5, Fm+0=m-0.
lpeanosowum, uto |-m-4-n=m--n Torma, B cnay (S2) u (S6),
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_(mFny=m(ny. Ho m - (n--1) ects (mny nn1 ecmn (n),
CeA0BATENBHO, [—m - (n—+- 1) = m —+ n - 1. ITonoGHbIM ke 06pasoM HHAYK-
uied Mo 7 B METasshlke HETPYIHO [OKasaTh W |- m-n==m-n.

(b) B cnay nokasanHoro TOABKO UTO MyHKTAa (3), BO BCAKOM Mozdenu
Teopud S OODBEKTH, COOTBETCTBYIOUIUE DPAa3NUM4HBIM HUBPaM, HOMKHB ObITh
pas3aNdHbl, BCEX Xe Lup MMeeTcs CUETHOE MHOWKECTBO. :

(c) D10 yTBEp)KAEHME caenyeT u3 cleacTsus 2.35(C) u U3 TOro (aKTa,
YTO CTAHAAPTHAs MOJENb fBJIAETCH OECKOHEUHOW HOPMAJbHOH MOIEJbIo.

OrHollleHre TOpAAKaZ B S MOXHO BBECTH C/aeAyromuM ob6pasom.

OnpeneneHns

t<<s osmauaer Jdw(w#0&t-}+w=ys),

t=<Cs osHavaer t<CSs\/ t=s5,

t>s o3HauaeT S <f{,

t>=$§ o3Hauaer §=_{1,

t{ s osnauaer “|(f<S)u T I

UYro6sl nepBoe W3 3TUX onpenejeHull Obl10 KOPPEKTHHIM, MOXHO, Ha-

npuMep, CYUTATh, YTO W — STO TNepBas NpeAMeTHad IEPEeMeHHas, KoTopas
He BXOAWT B TEPMBl [ U S.

NMpennoxeunne 3.7. Kaxosw O xu Oviau mepmol t, r u S, cae-
dyrouue dopmyas. 8vt800unmp. 8 S:

(@ t44 (©) tx£=rot<<r\/r<t)
b) t<<sc(s<rot<r) ©) t=r\t<r\r<g
(© t<soOsdt o t<r\r<t
) t<s=t+r<<s+rn; @Q t+4r=t
(e) t<t r r==0>t4r>¢
() t<<sD(s<rDt<r) (s) r=0>t-r=¢
(@) t<<sDO{-+r=s-+r) ) r#+0=r>0; ’
h) t<<sOE<<rot<r) W r>0o5¢>0>r-t>0)
i o<t W) r=0c(¢>1>t-r>r);
Gy o<t; W) rs0>D(t<<s=t-r<<s-r)
k t<r=t<r, x) r£E0D(E<s=t-r=<<s-r)
O t<r=t<r} (y) t<40;
(m) t<<t (z) t<<r&r<toOt=r.
m O<N&(I<2&
&(2<3d&...;

NlokasaTeab CTBO.
(a) Cnenyer us npegnowenns 3.4(d).

b 1.t<s runoresa
92 s<r ruroresa
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3 Jw(w=£0&t+w=ys) 1, onpenenenue

4 Jv(w£:0&st+v=r) 2, ompeneneHue 1, BOSMOXHO,
NePEUMEHOBAHHE = CBA3aHHBIX
TIePEMEHHBIX
5 ws£0&t-+w=s 3, npasuao C
6. v£0&s+tv=r 4, npasuno C
7. t4+w=s 5, TaBronorns
8 stov=r 6, rtasTONOTMA
9 (t+w)t-v=r 7, 8, upennoxenue 3.2(¢)
10. t+(w@wtv)y=r 9, npeanoxenne 3.2(j)
11. w=£0 5, TasToJsorus
12 v=£0 6, TaBTONOTHSA
13, w-+v=5£0 11, 12, npennoxenne 3.5(d),

TaBTOJOTUS
10, 13, rasTonorms
14, nparnno E4
15, onpenesenne

1—16, Teopema o AeayKuuy,
npenjoxenne 2.23

14 w4 v5£0&t+ (Wt v)=r
15, Ju(u£0&t-+u=r)

16. t<<r

17 Ht<sD(s<<rot<r)

J10Ka3aTe bCTBO BHBOANMOCTH dopmys (C)—(z) OCTaBASETCA UYUTATEMIO
B KayeCcTBE YNpaicHeHus.

Teopemsr (a)—(z) He pacnionoxeHs B KakoM-HUGYIb CIELHAALHOM TO-
psillKe, eC/M HE CUMTaTh TOFO, YTO NPH 3TOM MOPAAKE KAXIAA U3 HUX MOWET
OuiTh  BhIBeZeHa COJee WAN MEHEE HENOCPEACTBEHHO M3 MpeAbAYIIMX.

Ilpennoxenne 3.8 (a) dan wandozo namypassnozo k

Fx=0V...\Vx=k=x<*k
(@) lan waxcdoz0 namyparsnozo k u dan scawoii dbopmyast oF
ot (0 &...&of (k) =Vx(x<k D of (x)).
(b) daa ramcdozo namypassnozo k>0
Fx=0V..Vx=k—l=x<k
) das rancdozo namyparsnozo k>0 u dan 41060i dopmyas oAF
Fef (0)&... &ef (E— 1)=Vx(x< kD of (x)).
© F(Vx(x<yDef () &Vx(x=yDRB(x))>D
D Vx(of (x) V B (x)).
lokasareabcTBo. (3) Mu mokaweMm b x=0\...\/x=Fk=

=x<k HHpykuveR mo k B metassmke. B cayuae 2=0 yrsepmaenné
- Xx=0=x<C0 nerko crenyer n3 onpeneseHuil m npemioxKenns 3.7.

Hpeanonoxnm, uwro | x=0V...\/x=k=x<k Ilycm Teneph

St i
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x=0V..Vx=k\Vx=4k 1

toro, x=0V...\Vx=%> " Dx=ck-I-1. Crenosa-
teabHo, x =0 \/ ... \/ x=4k 4+ 1 D x <<k} 1. llpeanonoxum Teneps, uto
xé—iﬂ———l—; TOr A xzm M x << l. Ecm x=k-+1, 10
x=0V...\Vx=k41 Ecm e x<<k-}1, o, Tak kak £+ 1 ecrb
(_}é)', Mbl uMeeM X << k, no mpeanoaoxenuio 3.7 (1), oTKyxa, B CHAY HHOYK-
THBHOTO npeanoaoxenns, x=0\/...\/ x==% u, Hakoweny, x=0\/...
...V x=kFk-|1. (Mn celuac g0oKasaau MyHKT (a) npeanoxenns 3.8 nedop-
MajibHO. Mbl W B jaibHefineM Oynem uHOrZa Tak moctynats. B nposemeH-
HOM TOJIBKO 4YTO JOKAa3aTeJbCTBE HESIBHO HCIOJAB3YIOTCA TEODEMa HeAYKLEH,
sjauMuHMpYyeMOCTh npaBuaa C, Teopema o 3ameHe (caexctsue 2.21), a Takxke
PAX TaBTOJOTHiA).

Hynkter (a), (b) m (b) nerxko caemyor w3 (a). ITynkr (c) BmTeKaer
NOYTH HENOCPEACTBEHHO M3 mnpeptoxenus 3.7 (0) € NOMOWIBIO OUEBHAHBIX
TaBrodAoruil.

Teneps MBl MOXEM BBHIBECTH HEKOTOpHIe 0oJee CHUaAbHbIE (JOPMBI NPUHLHIA
MHIYKLHH,

Mpenaoxenune 3.9

(@ (Toanas unaykums)

- Ve (Vz (2 << x D of (2) D o#(x) D Vxof (x)

(ITycme csoiicrmso P maroso, wmo 0as 4106020 HAMYPAALHO20 HUCAQ X
u3 mozo, wmMo 3mum csolicmgom obaradamwm 6ce HamMyparvHule qucaa,
Merbuiue x, ssimeraem, 4mo um obGaadaem u Hucao x. To20a csolicm-
sox P obaadawom ece namypassusie wucaa.).

(b)) (TpuHuun HamMeHbIIErO YUCAA)

et (x) D Ay(ef W) &V2 (2 <y 2 Tt (2)

(Ecau csoiicmsonm P obradaem xoms 6o 00HO HAmMYpaAsHOE HUCAO,
mo cpedu 8cex Hamyparsublx wices, obaadawwux cgoicmgon P, cyue-
cmeyem Haumersuee.).

Hoxkasateabcrtpo. (a) OGosuauum dopmuyay Vz (2 << x D o#(2)
uepes B (x).

Dx=Ck-4-1 1, Kpome

~

) 1L Vx(Vz(z<<xDef(2))D”(x) runoTesa
2. Vz2(2 << 0 2 o# (2)) D o4 (0) 1, npasuno A4
3. 240 npepaoxenue 3.7 (y)
4 Vz(z<<0D>o#(2) 3, rasroaorus, Gen
5. o (0) 2, 4, Gen
6. Va(z2<< 0> e#(2) 5, mpemnoKeHue

1. e. B (0) 3.8(a")

7. Vx(Vz(z<<xDef (2)) D

Do (%)) |- B (0) 1—6
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(i) 1. Vx(Vz(z <<x D et (2)) D e#(x)) runoTesa
2. B(x), 1. e Vz(z<<x Do (2) TUIoTE3a
3. Ve(z<X D a#(2) 2, npeanoxeHue
3,7(1)
4. Vz(z <& D o# (2)) D (X) 1, npasuao A4
5. o (x) 3, 4, MP

6. e Dz<<x'\2==X

7. 2<< X De#(2)
8 z=x Dot (2)

9. V(<X Do#(2)) 1 e B(x)

10 Vx(Vz(e<<xDef (2)) D
Do (X)) - Vx (B (x) D b (X))

onpene/eHue, TaBTO-
Jorus

3, npasuio A4

5, akcnoma (7) pasen-
CTBa

6, 7, 8, tasToJq0rus,
Gen

1—9, Teopema nenyk-
unn, Gen

WUs (i), (ii) no npapmay wunmyxumn noayuaem & — Vx<B(x), T e
T - VxVz(z<<xDeof(2)), rae & ectv dopuyra Vx(Vz(z<xD

> @;f (2)) D o# (x)).

JBaxas  npumeHus

npaswiio A4,

NOAyYHM

F-X<<xDef(x); HO TaK KaK |- x<C X, TO & |- of (X), OTKYyAa, NO
HpaBHle Gen u TeopeMe nedyKIlMH, OKOHYATEABHO uMeeM |~ & D Vi of (x).

®) 1. 1Ty A (W& Vz(z <<y D Tef (2)) rAnoTesa
2. V21 (f&Vz(z<<y D £ () 1, TaBTOAOFMA
3. Vy(Vz(z <y > e (2)) D 1€ () 2, TaBTONIOTHSA
4. Vylef(y) 3, (3 ¢ »¥ BMme-
CT10 ¥
5. (e (x) 4, npasnio A4
6. 1Ay (F WM& Vz(z<<y D e (2))D 1—5, Teopema 1eayK-
D N (%) nuu
7. A DAy(EF (Y)DVz(z<yD
D T (2)) 6, TaBTOMIQTHS
Ynpaxnenune

IToxaszatk, utO
FVX(ef (x) D3y (y<x&of () DVx T of (x)
(Memo0d beckOHeHHO20 cnycKa).

CrenywounM BaxXHhIM apHOMETHUECKMM MOHSTHEM, KOTOpPOE MH Temneph
ONpene/auM, SBJASETCA NOHATHE AEIUMOCTH.

Onpenenenune t|s cayxur cokpawmenuem maa Iz (s==t.z), rue
2z — nepBasi nepeMeHHasl, He BXOAMLas B I U 8.
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Mpennoxenne 3.10. Caedyrouue ghopuyant svisodums 6 S:

(a) t|t; (e s£=0&t{sDt<s
® 1% @ tls&s|tDs=t,
(c) t]0; (@) tisot|r-s

(d) tls&sirot|r () tis&tirotls4r.
IloxazateabcrBoO. (a) t;t-f Chenosareabno, |t

(b) t=1-1. CrenosareanHo, 1 |z

(c) 0=1-0, nostomy ¢£|0.

(d) Ecom s=t-2 n r=s-w, 10 r=t. (2. W) :

() Ecoam s%=0 n t|s, 10 s==%-2 119 HEKOTOPOTO &z, TIpH 3TOM,
oueBuMIHO, 250, T. e z==u 1aa uekoroporo u Wrak, s=—t.@W)=
=t.ut+t=t

Ynrareab JErkKo AOKaXeT BHIBOANMOCTb M OCTAIOUINXCS qupmy.n H—(n).

YnpaxHeHue

Joka3ats:

Lit|Iot=1 2 r¢lsDt]s)ot=1.

Ilas aanabHediinx neaeit nonesHo OyZeT AOKa3aTh eIWHCTBEHHOCTh 4acT-
HOFO M OCTATKAa [PH JEJERHH OJHOTO 4ucJAa Ha IPYTroe.

“Mpennoxenne 311, |y=£0>D>Judw(x=y- zz+v&v<y)

Iloxasareanctso. O6osnaurm uepes off (x) q)opmyny o

yq&ODEIu.:_I"U(x—j/ u+v& v<y).

@) . y==0 THROTE3a - -
2. 0=y.040 S5), S7)
L 0<<y 1, npenJoxexne
o 37(H) .
. 0=y.0}-0&0<y 2, 3, TaBToJ0rUa
. AuIvO0=y.-u-t+v&v<y) < 4, ‘npasund E4
#:0:)3u':‘|v(0‘=y-u+*b&v<v) ‘1—5, -Teopema
. meaykumm -
(i) L o (x) Te y:,&O:JElu:—]v(x__y u- .-
+v&v<<y) . ruenoresa .
. y=%=0 C . THNOTE3a
CduFvx=y-. u+v&v<y) 1, 2, MP

x=y-a-}+b&b<<y'

by |
=<y SRR

B 3. Menneascon

3, pasuao, C

’ . JABAXAB] .

A4 Taaronorm,
2o By npemaGkenne
3.7 (k)
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7. b’<y V b”:—__y 6, onpenenenne
8.V <yoDX=y.at+b&b <y 4, (§6")
9. b <Y I =y -uf-v&v<y) 8, mnpasuno E4,
TeopeMa JeNyKuuu
4, (S6'), npenno-
. , o xenne 3.5 (b)
=y W=y (a} )4 0&0<y) 10, npennoxenue
3.4, 2, npemnoxe-
, \ une 3.7 (1), (S8%)
122 V=y>uTv(x'=y -utv&v<y) 11, Tteopema pe-

OyKUMH,  TpaBu-

i ' J0 E4
3. v =y -utv&ov<y) 7, 9, 12, taBTOM0-
ras
14. et (X) D (Y7400 JuTo(W =y -ut 1—13, Tteopema
Fov&v<y)) denyKuuy

T. & of (X) D e (X)

M3 (i) w (i) no npasmny umaykums noayuaem  Vxof (x).

Takum oGpazom, mp gokasamm CYWEeCTBOBAHAE YACTHOrO U U OCTATKA O
Tloxaxem Teneps eQWHCTBEHHOCTs 4YACTHOrO W OCTATKA [ycts y;&O.
Honycrum, uTo X =y -1y - v, & v <yux=y-m-+0&vn<y. BOSMO)KHI:;
cayvan: wy=uy m<uy ¥ ug<<wy. Bcim uy=uy, 710, B CHIy OpemIoxKe-
tus 3.4 (d), vy = v,. Ecam 1ty <TUy, TO IIPH HEKOTOPOM W4 0 uMeeM i, =u+w
imma y-u,—{—m:y-(u,—l—w)—[—vg:y-u,—|—y-w—{—'og, OTKyHA vy =
= i ‘W--v, Ho Tak kak w=£0, o Torma Y- W=y 4, crenoBaTeabHO,
N .__y.w-lr—f_og;y, 4ero He Moxer OmTh H3-3a Uy << y. Taxkum 06paso ’
iy < ug. Ananoruyno nokaswiBaeTcs, uto Uy < uy. Iostomy uy=—u oy
JOBATENLHO, H Ty ==, T e

Iocne BCero cnmemamnoro Her wHukakux NPUHUMIHAMLHBIX DIPENSITCTEUA
K TOMy, 4r00B BCAKYIO Teopemy, JIOKA3BIBAEMYIO B KYDCAX 3JeMEHTapHOH
Teopuu uucen (Hanpumep, B kuure Bumorpamoma [1952]), ne eBpecm
lllda ASKIK TEODHM S M NOCTPOMTL BHIBOA TaKOTO NEpEBONa B sToM I;eo un
’MEIOT)(':H HEKOTOPhIE TEOPETUKO-UACHOBBIE (DYHKUMM Takue, Kak, HaHlel\)/Iep.
X W X7, KOTODHIE MONHO ONPENEMUTb B S, W MH 3TO CAEJ3EM HUKE B 5TOH
rrase. (B Gomuwmnctse cayuaes moxHo, npasma, oGoHTncs Ges sBHOr
ONPEACACHUA STUX (YHKLUMA, HO 3TO OUEHb CKOPO NPUBOMHT K rpomosmcmz
Y 3aMyTARHBIM MOCTpOeHUsM.) C IPYroH CTOPOHSBI, HEKOTOpPHE KAaCCHuecKue
PESYIbTATH TEOpUM UHCeN TaKHe, KAk Teopema Jlupuxie, NOKa3aHb ¢ [o-
MOIWIbI0  TEOPHH (PYHKUMH KOMIUIEKCHOTO fepeMeHHOro, ,npnqu 3a4acryio
HEH3BECTHO [aXe, MOXHO /M MOMYYNTb S/IEMEHTAPHHWE NOKA3ATENbCTBA (n}.’rm
BRBOAM B S) I/ Takux Teopem. Hekotoprie xe teopemn TEOPUH duCea
(Hanpumep, Teopema 0 npOCTHIX YHCJIaX) B CaMHX (POPMY/IMPOBKAX comepxar
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HEe3EMEHTAPHHE TOHATUS, BPOAE MOHATHA JOrapumuueckod ¢yHxuun, o
TaKue TEOpeMb He MOTYT ObThb Adwe C(OPMYIMPOBaHb Ha S3bike Teopum S,
ecli TOABKO AJ8 HUX HE CYILECTBYET HKBMBA/NCHTHOR 31eMEHTapHOH (QopMhL
[Toze BONPOC O CHJE W BHPA3UTEJNbHBIX BO3MONHOCTAX Teopun S Oyner
paccMoTpeH nonpoGuee. Byner, Hanpumep, K0Ka3aHO, YTO CYIECTBYIOT TaKHe
3aMKHYTHE (DOPMYJbI, KOTOPHE HEIOKa3yeMbl ¥ HEONPOBEPKUME B Teophn S,
ec/i TOJBKO OHa HENPOTHBOPEYHBA, CJEI0BATENbHO, CYmeCcTBYeT (opmyaa,
WCTAHHAA B CTAHAADTHON WHTEPTPETAlUn, HO HeBHBOZUMas B S. Mu ysuaum
TaKye, UTO TaKas HEMOJHOTA TeOpHW S He MOMeT OLITh OTHECEHa 3a CueT
HEXBATKHM KAKHX-TO CYWIECTBEHHBIX aKCHOM ¥ YTO B OCHOBE STOTO ABJAEHAA
xpoioTca GoJsee riayGoKHe NpUYMHKL, NEHCTBYIOWME TaKKe M B Cayvae ApY-
rux Teopui.

YnpaxHeHus

1. Mokasarb, yT0 npuHnMN HHEYKHBK (S9) He 3aBHCHMT OT OCTaNbHLIX AKCHOM
teopun S. (Y kasanme PaccwoTpers HHTEPNpeTaunio, o6aacThio KOTOpoOH cay-
HT MHOXECTBO NOJAHOMOB € LEABMH KO3(QHUNEHTaMH H C HEOTPHLATEALHBIM
crapmuM Ko3h(UUMEHTOM H B KOTOPO# ONepaunn — ¥ - NHTEPNPETHPYIOTCA Kak
oObIuHbIE CIOMEHHE M YMHOMeHHe noinHoMoB. IlpoBepuTh HUCTHHHOCTB B TaKoh
pnTepnperauun akcuom (S1) — (S8) m onposepruyTh mpednometne 3.11, moncras-
A8 BMECTO X IIOJMHOM X W BMECTO Y — NOJHHOM 2.)

D9, Cywmectsyer HecTaHgapTHas MoAesb Teopun S a060i MoOWHOCTH N,
(Y kasanue. Tlocrponts HOBYIO Teopuio S', NPHCOENMHME K S HOBYIO PEAMETHYIO

xoHCTaHTy b u akcuomm b=£0, b==1, ..., b= n, .... Mokasats, yto Teopns
HENPOTHBOPEYNBA, W NPUMeHHTL nperaomenne 2.27 u cnenctsue 2.35 (c).) I pen-

botixt [1958] noxkasan, uTo cymecTsyeT N0 MeHblue# mepe oo Hen30MOpPHLIX
mojeneil MOLHOCTH N,

D3, llnn cucremw akcuom [leano narh OGbIUHOE MareMaTHuecKoe, JOKa3a-
TeAbCTBO €€ KaTerOpMyYHOCTH B CMbICKE H30MOP(HOCTH BCAKHX ABYX ee «Mofeneiis.
O6bACHNTB, MNOYEMY TdaKOe NOKA3aTeAbCTBO HE NPHUMEHHMO K TeOpHH "mepsoro
nopsiaka S. _

Dg, (Mpec6yprep [1929]) Ecan ynasuts B3 teopun S QyHKUMOHAABHY®
6yksy f3 nas ywHOxeHus u akcuoMmsl (S7) — (S8), To moayuennas TakMM 06pasom
HOBas Teopusa S, noaua u paspemnma. (¥ k asauvne Mcnoabsosate mpoueaypy
cBeléHHsA, NONOGHYK Toil, YTO npuMeHsimach Has teopun K, ma crp. 107 — ]08.
s mo6oro k onpenenum k-t no uHaykuum: 0-¢ ccto 0, (k4 1)- £ ectv (k- 1) -1,
T. e. E-f €CcTb CyMMa R cnparacMblx, Kaxaoe K3 koTopux ecth f. ITycTh Takwme

= s(mod k) npy KawaoM k C1yMHT cokpaumlecHHeM Iaa dx(f=s-4k-x\ s=

=1t -+ k-x). Ilpn cBenénnn Gynem obpamatbca ¢ Gopmynamu puia £ ==s(mod k) n
t<CS KaKk C 3JIeMEHTAPHBLIMHM (XOTA Ha CaMOM JeJe OHM TAKOBbIMH, pasymeercs,
ne sapagwTca). OTHOCHTENILHO BCAKOH (OPMYyan TeopHH S, Mbi 3apaHee MOXeM
npeanonarats, 4TO OHa Ye NpHBedeHa K MpelBapeHHOH HopManbnoi Qopwme.
Teneps OCTAeTCA ONMCAThL NMPOUEAYDPY, CAeAya KOTOPOH, mo kKaxioh popmyae yF,
rie % He COLEPKHT KBAHTOPOB, CTPOMTCA 3KBHBAAEHTHan eit Qopmyrsa, He couep-
Maulas KBaHTOPOB (He 3aGbiBas MpPH 3TOM O TOM, YTO SAEMEHTapHHIMW Qopmynamu
ceilyac cuuTawTca Qopmynn BHEa f=s(mod k) m ¢ << s). NanbHelimyo nomowb
B JetaaAx vupTatenp mnonyynt y FmabbGeprtra w bepuaiica [1934], ™ |,
crp. 359 — 366.)

5, (a) Bcakas 3aMmKHyTas sneMenTapHasa GOpMyna f=s Teopum S paspeiunMa
B S, 1. e. aH60 |-gt==38, NMBO I—gf = s. ‘

b) BcSm(aﬂ 3aMKHyTas dopmysa teopum S, He colepwamas KBAHTOPOB, paspe-
mpmMa B S.

B
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§ 2. Apudmernueckne dyuknun M oTHOmenHs

ApupmMernueckumn QyHKUNAMU MBI Ha3bIBaEM (byHKIMY, ¥ KOTOPHIX 06.1acTh
ONPENeNCHus ¥ MHOXKECTBO S3HauYeHm#t cocToaT us HarypaJbHBIX uYucen, a
apU(QMETHYECKHM OTHOLIEHHEM SIBJSETCA BCSKOE OTHOUIEHUE, 3aTaHHOE Ha
MHOXECTBE HaTypaibHbIX uncen. Tak, sanpumep, YMHOXEHHE eCTh apudme-
THYECKan (YHKUMA C JBYMst aprymestams, a BuIpaxenue X -y <2z onpe-
ACIACT . HEKGTOPOE aPUPMETHUECKOE OTHOIUEHHE C TPeMs aprymenTtamu. Apudg-
METUUECKHE (YHKUNN U OTHOWIGHUS SIBASIOTCH NMOHATHAMMU UHTYUTUBHBIMU U
HE CBABAHBI HR C Kakol ¢opmaisbHOH cuctemoll,

Apudmernueckoe orHomEeHne R(xy, ..., x,) HasmBaercsa 8bpaA3UMBLM
B TEOpHM S, ecaum CywecTsyer dopmyna o (x1, ..., X,) Teopuu S ¢ n
CBOGOIHBIMU TIEPEMEHHBIMH TaKasn, YTO U5 JHOGHLIX HATYyPaMbHBIX UKHCeN

ki, ..., Ry,

(1) ecm Rk, ..., k,) acrunuo, To o (b, ..., ky),

© ecan Rk, ..., k,) noxuo, TO g1 (B, ..., k).
Tak, ‘nanpumep, oTHomenne paseuctsa MEXNY HaTYPajbHbHIMU UHCAAMH BHIPA-
3uM0 B S dopmyaoll x;=ux, B camom nene, eciau ky=rky, TO TEpMB ky
nﬁg COBMANAOT, U TOrAa, NO NPedJoXeHno 3.2 (a), |—SI€1=EQ. AHanoruuso,
ecim ky 5= ky, 10, B cuay npemnoxenns 3.6 (a), [~ g#1 5= ka. B cBO0O Ouepens
popMynoit xy << xy BHpasumo B S oTHOWeHHE «MeHblue». Ecan &y << k,,
TO CYWECTBYET OT/AMYHOE OT HYJd YACAO M TaKoe, HTO ka==ki}-n, u
TOraa, B cuay npennoxenns 3.6 (a), ]—SEQ—_:E—f—r_L, a B cuy (Sii’) u
n0, |-gns£0. CrenoBateqbno, B S MOXKHO BEIBECTH dopmyy Jw (kg =
= +wdw=£0), 1. e ky < ky. Ecim xe ki L kg, TO by = ke niu ke << k,,
upayeM B 3TOM UOCHENHEM Cly4ae, Tak Ke Kak u [as cayuas k1<k9'_
JIOKAa3bIBACTCH I—Skg</£1. Hg}(oneu, ecnu ky==*ky, TO f~gki = ko Urax,
B 06OuX Cayuasx Fska<Cky n torma, no npemoxwennmo 3.7 (@), (o),

sk < o

[N

YapamHenuns

1. Tokazats, uto orpuuanme,
UIEHHt BbIpasuMbl B S,

2. Hdokasats, uto oTHOWIeHME X-}- y==2 Boipasumo B S.

KOHBIOHKUNA U AU3BIOHKOUA BHIPA3HMbLIX B S OTHO-

Apudmernueckan dyuxuns f(x, ..., X,) Ha3uBaeTCa npedcmasumoii B S,
eCan  cywecrsyer ¢opmyna of (xy, ..., Xn+1) TEOPAH S cO CBOGOOHBIMA
TICPEMEHHBIMA X1, ..., X,4q TaKad, 4TO A48 JIOGHX HaTYPAaJBHBIX unCe
kls L) kn+1 '

(1) ecan f(kl, ...,-k,,)=k_,,‘+1, TO I—*SQ/"f(kl, ey k,,, kn+1)’

(2) '—salxn.pl@/{(klv T km xn+1)~

Ecin B sTOM Onpemenenun ycaoBue (2) saMeHHTh yCaOBUeM
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(2’) "—Salxn—&-l@/g(xb ey Xpy xn+1)’ ) 3 B
TO Mbl TOJYYUM TIOHATUE CUALHO nplebcmamwou BCS (pyHKuun.o agcﬂxa;
yro, B cany npasun Gen u A4, m3 (2) caenyer (2). -'Ie,ZIOBaTeJ;in ,H}(uneﬁ
CH/BHO TpencrasuMas (QyHKIHS SBJASETCS TaK¥e HNPEeACTaBUMO (ﬁgMa " S

Mpumeps. (a) Hymp-dyskuna Z(x)=0 cuibHO rlpellCT;(k)——k
¢ nomoubio GopMyan x;=x; &xe=0. B camom nene, ecin 4) == Rq,
10 ke=0 n %E:kl&OZO, T. € BHIMOJHEH NYHKT (1E)| onpenzle;mg:
CWJIBHO NPEACTaBUMOH (yHKUHM. ,Kpomre TOrO, OYEBUMHO, F dixa (1= x4
& x9==0), T. € BHINOJHEH W NYHKT (2 )‘ 3TOrO onpeﬂenseﬂm. O e

(b) dynkuns N (x)=x- 1 cuapHO fipeAcTaBUMA B (pop3 yk —-/23—_—1_ 11
JLeHCTBUTENBHO, TPU .711060M ky u3 N(k)=ky T e n ‘i_’ 1 ,
ClelyeT, UTO TEPMbl Eg n (kl)’ COBNAJAIOT A TIOTOMY |[— kg-—"-:(k1). Kpome
T0ro, 31X (Xe== X1). ;

(c) TMpoexrupywomas ¢ynkuns U7 (X, ..., X)=X; &CI/IJII)HO_ ;Ic?e%cc'r:l;
puMa B S ¢ nomompn GopMyab x1=x1_&...8£x,,=x,, Xt = X;. :
U (B, «» kn)=Fn+1, TO Ryu==Fk; U knpy=~Fk; CIeLOBaTeABHO, |~ ky==

k o=k, & k, o. Kpome Toro
=k &...& ky—Fk, & ky 1= Fk;, u ycaosue (1) BHOOHEH eH}()) . Cno:
Fayxpu(n=x1& ... &xp=x,& X, (1==X;), T.€ BHIOJH y
Bue (2') onpemeneHHst CHALHO NPEACTaBHMOH B S (yHKuum.

Xm)h M(Xi oo, Xp)

d) TIpennosoxuM, uto QyHKUHA E(X1, ..., Xm)h -

o X,) (’CI/IJIBHO) NPEACTaBAMBl B S COOTBETCTBEHHO (opmy
e e eHmXy, -ov, Xpi)
JaMH @%(xl, vees Xy x,,,+1), @/51()01, ceey x,,+1), ey mh T eves nx)
3anamum uosyo ¢yskuuio § pasencrsom f(xy, ..., X,)=g( 1(x1,h..., ,,h,
eers hyp(Xy, ..., X,). T'oBopar, uro ¢ynknus f noiyuesa wms g, hy, ..., b,

¢ nomoulplo ToactanoBkw, PyHkums f Takke (CH/ibHO) mpeiacrasuMa B S,
HanpuMmep, € TOMOILBIO (DOPMYJIBI

&
...3 G/{ X1y eens xm yl)&,,.&%m(xb-.-, xn, J’m)
3)’1 yYH( 1( 1 &@73 0}1, cees Vo xﬂ+1))’

Th
KoTOpyl o6osHauuM uepes o (X1, Xz ..., J.c,m). 'B camMoM JeJe, ;1y)c
(& k) =rkpauhy(ky, ..., k)=r;rne l<<isZm;rornag(ry,..., h,,, =
cees
——_l;, 1. CorzacHo npeanonoxenuio o (CHAbHOM) mpexcraBumocTd g, hy, ...
n4l- - =

hm ‘——@}fi(kg, ceey km _T,) AJIs1 lélgm n }—@%(_ri,...,_rm,_k,,+1).

CaemoBarenbho, |- e# (b1, ..., kyn )& ... &E;{(kb oo En rm) &
& B(ry, ..., m Fkny) 1o npasuay E4 - of (ky, o ke, 1;,,;(1()), :T (()a:
BuINOJHEHO ycaosue (1) onpepenenns mpencrasumocTtu. llepexon Xo oro.
pOMy NYHKTY 3TOro OnpencCHud, Mbl OCTaHOBHUM(CSl Ha BapHuaHTe

npeacTaBuMOCTH. HOHYCTHM B KauyeCTBE IUNOTE3

&
e Ay (@B (1, oeny X V)& oon & (X1, s Xn Ym)
> e &L, voes Y W) (%)

&
v Ay @i (X, oy X VW& oo KA (X1 oo Xpp Ym)
Eyl s : ;&@%()’1, voes Ym V) (%)
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[lpumennB m pas npasniao C, NoJyyaeM us (x)

1 (X1 weny X )& oL &B (% e, Xy D) &B(y .., Y 1)

R U3 (%)
ey (Xt vvy X, )& ... &l (Xt oony X, )& RB( My vvy Y ).

Tak kax |- Jixp e (xy, ..., Xn Xpya)y TO M3 o#y(Xy, ..., X, b)) u
i (X1, ..., X, ¢) caexyer b;=c; s BBy oeey by ) M b=,

oy b= ¢y, cienyer B (cy, ..., €m u). losTomy us |- 31x,,,+,o% Xt .oy Xy
Xmyg) B B(egy oty Cp ) MHE TnoayYaeM u = . Takum 06pasom,
et (X1 ..., X, W& e# (xy, ..., Xn V) Du=10. Takxke nerko NOKa3aTh,
4TO {—Ex,me;f (%1, ..., Xp,1) (UpemocraBasercs umraremo B KauecTBe
ynpaxuenus). Orciona mnosyuaem F 3ixp e (x, ..., Xp, Xpq), T. €
yreepxkaenue (2') onpeaeneHns CuabHOH NPEenCTaBUMOCTH. BapnaHfL (2) ras
CIy4an NPEICTaBUMOCTM PACCMAaTPUBAETCH aHaJOIMYHO.

YnpawueHue

[Tokasats, uro caeayomue GyHKUUM CHILHO npencTaBumMel B S;

L Zp (%5 ooy %p)=0. (YKkazaume Z,(x Xp) =Z (U?
np[/]MeH"Tb (a)’ (C)' (d)) Il( 1y ) n) (U1 (xlv ey Xn.));

n

2. Ce(xyy ..., %)==k 028 m060ro maHHOIO k. (Yxasanue. Bcuay 1, Co

CHIbHO  [PEACTaBWME; NOMYCTHM, YTO CHALHO mpeictasuMa Pyskuus Ch, Torna
n n

ucnonb3yem paBeHCTBO Ck4-1(Xy, veey Xp) =N (Ck (xy, ..., X,)) ¥

anayen pasel s ooy X (Cr (x4 «.vy X5)) 1 (b), (d).)

4, Y mHoxenue.

Xapaxmepucmuueckoli ghynryueli RaHHOro oTHOWEHHS R(x1, ..., X,
naseiBaeTcs Qyukuus Cp (X, ..., X,), sanaBaemas ycaosusivu:

0, ecrn R(xy, ..., X,) ucrunno,
1, ectu R(xy, ..., Xx,) n0%HO,

N
CR(X1, caey X,,)={
Ilpennoxenue 3.12. Ecau omnowenue Ry ..., Xx,) 8bLPQIUMO
8 S, mo xapaxmepucmuseckan Gynxyusn Cr(xy, ..., X,) 8mo20 omuowe-
HuA  cunbHo npedcmasuma 8 S, a ecau gynxyus Cy (X1, +.-, X,) npedcma-
suma 8 S, mo 8 S 8wpazumo u omuouenue Ry, ..., x,)
HoxkasareabctBo. He cocrasaser TPyZAa NPOBEPHUTh, YTO
1) ecan ornowmenne R(xy, ..., X,) BHpasuMo B S ¢ NOMOIIbIO (POPMYIBI
e (X1, ...y X), 1O (pynkuma Cg(xy, ..., X,) CHJBHO NpENCTaBUMA B S
¢ nomouibio  opMyan (ef (X, ..., X)) & Xpa=0) \/ (et (xy, ..., x) &
&xpa=1), u 2) ecun ¢ynkuns Cp(Xy, ..., X,) npeactasuma B S c
noMomsbio Gopmyas B (xy, ..., X, Xn,1), TO OTHOLIeHHe R (Xy, ..., X,)
BHPAsUMO B S ¢ NOMOWbI GOpMYan B (X1, ..., Xp O).
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YnpaxHeHHA

1. MNokasatb, 4to ecaw ¢yukumsa f(x,, ..., x,) npeacrasuma B S, T0 B S

BbLIPA3UMO ¥ OTHOMIEHHE f (X4, ... , Xp) = Xy, HA3BIBACMOC NPEOCHABASLIOULUN OMHO-

uenuem (Mav epaguxom) pynxund f. i
HokasaTb, YTO 1As BCAKAX IBYX n-apryMeHTHHX oTHolieHHit R, u Ry

CneRl =1— CRl’ C(Rx wau R2)=CR1 "™~Rg? YRy m Rz)ZCRl + CRs_ CR; : CR2'

§ 3. IlpMMHTHBHO peKypCHBHbEe U PEeKYPCHBHBIE (YyHKuUH

Msyuenne npeacTaBuMOCTH (YHKIEH B S TPHUBOAMT K ONHOMY KJaaccy
(GyHKUMH, UIPAOIIUX BECbMA BaXHYI0 POMb B MATEMaTH4YECKOH JIOTHKE.
OnpenencHue
(1) Caenywouine (YHKUHM HASHIBAIOTCA UCXOOHBLMIL (BYHK UM
(1) Hyub-pynkuus: Z (x)==0 npu Kaxiom x.
(1) ITpuGasnenne emmuuns: N (x):xn—[—l TpH KaxXAOM X.
(lII) Hpoextupyiomue ¢pyuxkuma: Ui (x4, ..., ¥,)==X; TPH BCEX
Xpe+er Xa (i=1, ..., n=1, 2 ...)
(2) Caenyromme aBa NpaBUia CAYKAT Aas MOJYYEHHS HOBHIX (PYHKIHH,
UCXOAS M3 YXKE HMEIOIUXCST (PYHKLUH.
(IV) [loO0cmarosra:

fxy, oo )= M Xty vy Xp)y voes N & oovy Xl
ropopat, 4ro Qynxuus { nosyyena ¢ nomomp NOACTAHOBKHM U3 (pyHKUuHA
Yy «vos Ym)h M ooy X oons, N (Xay oy Xp)
(V) Pexypcus:
Fxy ooy X O)==g (X1, ..., Xz),

f(X1, ceey Xpy y-’rl)=h(X1, ces X Y f(xl’ coes Xpy Y))’
NpE STOM WCKJIIOUaeTcs cayyall n=0_, 148 KOTOPOro OTAEJbHO:
f(0)=~# (rne k& — QuKCMPOBAHHOE LE/I0€ HEOTPHLLATEJBHOE HKCJIO),

fy+D=n(, 1O)-
Mp Gyazem rosopurb, uro ¢ynkuua f nonyueHa us dysxumit g u h (um
B cayuae n=0 u3 OXHOH JHIIb (yHKLNA h) C NOMOWbI PEKYPCHH, A Xp,...
., X, Ha30BEM napamempamu DPEKypcun. 3ameTuM, uro Qynkuus f snosse
onpenenena: sHayenue f(xs, ..., X, 0) onpemensercs u3 NepBOro paBeHCTBA,
4 ecnu MBl ye 3HaeM sHauedue f(Xy, ..., X, ¥), TO M3 BIOPOr0O PaBeHCTBa

MBl MOXeM Haittu sHavenme f(Xy, ..., X, Y- 1)
(V1) p-omeparop: nycts dyHkuus g (X, ..., Xz y) TK0OB3, UTO A4
MoBKX Xy, ..., X, CYIIECTBYET IO KpaHHeli Mepe OAHO 3HAUEHHe y, mpw
KOTOPOM g (X1, ..., Xp Y)==0. OGo3nauum uepes By (g (Xy ..., Xn y)=0)
HAUMEHbIIEE SHAYEHHE Yy, NPH KOTOPOM g(Xy, ..., X, y)==0. BooGue,
IJs BCAKOTO otHomenus R (Xy, ..., X, ¥) Oyzem uepes nWyR (X, ..., X, ¥)
0603HayaTh TO HaMMEHbUIEE SHaueHWe Yy, npu kKotopoM R (X, ..., X, y)
HCTHHHO, ecan BooOule Takue SHauenus cymecrByoT. ITycte f(xy, ..., Xz)=
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=uy (€& ..., X, y)=0). Bynem rorua FOBOPHTB, YTO (yHKuua f noay-
ueHa u3 QYHKUMK g C NOMOWBIO -ONEPaTopad, €CAH BHINOJHEHO BHILIENpU-
BE/CHHOE MpPEANOJIONEeH’e O PYHKUMR g 145 JOOKX Xy, ..., X, CYWECTBYET
MO KpauHell Mepe ONHO BHAUEHHME y, AT KOTOPOro g (X, ..., X, y)=20.

(3) Pynkums f HaswiBaerca npumumusno PeKYPCUBHOIl, €Clu CHA MOXET
ObTh NOJMYyYEHAa U3 WCXOAHBIX (YHKUUH C NOMOWBIO KOHEYHOO yncaa
noacranoBok (1V) n pekypeuit (V), 1. e. ecunu CYLIECTBYET TaKas KOHEuHas
NOCAENOBATENABHOCTL  QyHKUMEA fy, ..., f,, uro f,=1f u mas kawnoro i,
0 << i< n, dynrans §; 60 nexonnas, MO0 MOKET GHITDH NOJYYEHa U3 HEKO-
TOPBIX MPEAIIECTBYIOINX €d B 3TOH MOCAEN0BATENbHOCTH GyHKIMA ¢ 10-
MOlibIo npumeneHus npasuia (1V) (moacranosku) niu npasuaa (V) (pexypcun).

(4) Pynxuma f HasmBaeTCs pexypcusHol, ecau oHa MOMET GLITE noJy-
HYCHA M3 HAYaJbHBIX (YHKUMA C NMOMOWLIO KOHEYHOrO UHCJA NPHMEHeHWH
noxcraHosku (IV), pexypcun (V) u p-onepatopa (VI). S1o nocaenee onpe-
AC/CHUE OTIMYACTCA  OT ONpPEASNEHHs MPUMATHBHO DEKYPCHBHOH (yHKILHH
AWllh - OTIOMHATENLHBIM  Da3PEILEHHEM IIDUMEHSTb W-ONIepaTop. Mostomy
BOIKAS NPUMATUBHO DEKYPCHBHAA QYHKUHMA SIBASETCH TAKKE M DEKYPCHBHOH
¢ynkunen. ITosxe Mbl yBHmuM, uTo 06paTHOE HEBEPHO. '
 Mn nokaxem, uto Kaacc pekypcuBHBIX GYHKUMH cOBnagaeT ¢ KJIaccoMm
$ynkuu#, npeacrasumuix B S, (B qwmTeparype BMecto TEPMUHA «PEeKYPCUBHBIH»
HHOT A YnoTpelJisiercss TepMuH «001epeKypCuBHbIti».)

Hokaxem cHauama, uTO BBeNEHHE (UKTHBHBIX NEPEMEHHBIX, & TaKXke
TNICPECTAHOBKA ¥ OTONAECTBJCHHE NEPEMEHHBIX HE BHIBOAAT 3a NPENEJH KJacca
NPUMATUBHO DEKYPCHBHbIX (DYHKUMH ¥ KJacCa peKypCHBHBIX (yHKIuM.

Hpennoxenne 3.13. IMycms g -.., Yr)— npumumusno peryp-
cusnas (uan pexypcusnas) @dyHKuug, u nycms xy,..., X, — pasauynsie
nepemennsie; mozoa, ecut npu Kaxcoon i, l<Ci=<Ck, z; ecms oona u3g
NEPEMEHHBX X4, ..., Xp, MO PYHKGUA (X4, ..., X)) =g(zy, ..., Z) mooxe
NPUMUMUBHO PEKYPCUBHAS (COOMBEMCMBEHHO PeKYPCUBHAsT).

Hoxasarenncrro. Ilycts Zi=X;, rie 1<<j;<<n Torma z;=

=U;f. (X1, .5 Xp) H f(xl,...,x,,)=g(U'j’ (x,,...,x,,),...,U;.l Xy o evy X))
(] . N A

Takum o6pasowm, Gyukuus f Mower GuTh noJayueHa u3 gpysxuuii g, U;, cees U]’.;
3
C TOMOIIbIO NMOACTAHOBKH, T. €. f €CTb NMPUMHTHBHO DeKypCuUBHas (COOTBeT-

CTBEHHO DEKYpCHBHasA) (YHKIHS,

IIpumepn. 1. (Beenenne ¢uktusHbIx nepemeHHbx.) Ecan g (xj, xg) —
NDUMUTHBHO DEKYPCUBHAA (yHKUMs 1 f (X, Xo, Xg) == g (X1, X3), TO F(Xy, Xg, X3)
€CTh TAKXE: NMPUMMTUBHO peKypcuBHas ¢yHkums. i [DOKa3aTeAbCTBA 110-
JOXKHUTb Z3==Xq U Zp=— X3 ¥ NPHMEHUTb Npemioxenue 3.13.

2. (Ilepecranoska nepemennsix.) Ecan g (xq, Xg) — NPUMUTHBHO DEKYpCHB-
Has yHkuus B f(X;, Xo)==g (X, X1), TO f ecTb TaKice NPUMHTHBHO DEKyp-
CUBHAA (PYHKLHS.

HokasartenncTBo. B npeaIokeHnH 3.13 NOJOKHUTL Zy == Xg U Zg=—x%,.

3. (Oroxpectsaenne nepemennnx.) Ecau g (X1, Xo, X3) — NPUMHTUBHO pe-
KypcuBHas QyHkuus u f(xy, X)) =g (X1, Xy, Xi), TO f(x1, X9} eCTh TaKKE
NIDUMHTHBHO DEKYDCHBHAsA (yHKILMS,
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JokasaTeabcTBo. B nmpemnoxeunn 3.13 noaoxurs n=—=2, z; ==Xy,
Zo == X9, Z3—Xj. .

Cnencreue 3.14. (a) Hyav-gpynryusn 7, (x4, ..., X,) = 0 npusmumusro
pexypeusna. (b) IMocmosnnas @GynKyus Cr(xp v, Xp) ==k, eae_k — He-
Komopoe OUKCUPOBAHHOE UeA0E HEOMmPULAMEAbHOE HUCAO, NPUMIIIBHO
perypcusna. (¢) [Ipasuio nodcmanosxu (IV) woowem Cvime pacnpocmpa-
HeHO Ha cayuall, Ko20a xaxcoas PYHKYuA h;, 803M00iCHO, ABASEMCA hynK-
yuell UL OM HEKOMOPHLX U3 NEPEMEHHBLYX Xy, ..., X, TO4HO max dce
u & npasuae pexypcun (V) byHKLUA g MONCEM (PAKMULECKIL He 308UCENb
oM Kaxkux-aufo U3 NepeMerHsX Xi, ..., X, @ (OYHKgus h Mmookem He
3a8UCEMb OM KAKUX-AU00 U3 NEPEMERHBE X1y - .., Xy Y Al £(Xy, ..., X, Y

HNokasateanctso. (a) Ilycts B npenntoxennun 3.13 g ecTb Hydb-
¢yukumst Z. Torma £==1 n ocraercs aumb MOAOKHTb Z3==X;. (b) Ilas
k=0 ucKoMOe yTBepXIEHHE COBMajaeT C JAOKA3aHHHLIM TOJHKO UTO HYZKTOX\;I
(a). Ilpeanonoxnm, 4yro OHO BEPHO HpI/InHeKOTOpOM k, TOI‘I[IZLI st k-
JOCTATOUHO BOCIMOJIb30BATECS PABEHCTBOM Ck+1 &y - X)) =N(C, X1, ..., X))
(¢) B cuay npexnowxenns 3.13, xaxnaan U3 NEPEMEHHHIX Xy, ..., X, MOXeT
GbiTh BBEAEHA KaK (DMKTUBHAS NEpEMEHHas, eciu 3T0 HeoOxoaumo. Hanmpumep,
ecan h (X1, X3) — HaHHAas IPUMHUTHBHO PEKYDPCHBHas ‘}(mm peKypcm;Ha;{) (yHK-
unst, T0 OYHKIES h¥ (Xy, X, X3) ==h (X1, X3)=h (U] (x4, X9, X3), Uj (X1, X, X3))
TOXE ABJAFETC NPUMATUBHO PEKYPCHBHON (MM pEeKypPCHBHOH).

[Ipexnowenue 3.15. Caedywujue BYHKLUL ABASIOMEST NPUMUINUBHO
PEKYPCUBHOLMU:

I X-—1, ecat x>0,
@ x4y () x-y; (9 x5 (d) B(X)Z\ 0
b

ecan x =70

X—7Y, ecau X=Y.
© x-y=) F P M= m\w~ﬂ={ . ;
0, ecau x<y; y—X, ecan X <_Y;
0, ecau x=0, — 1, ecan x=20,
[ mmwz{
(@) sg () { 1, ecau X == 0; ( 0, ecan x=£=0;
(i) x% () min (X, y)==HauMeHrsuieMy U3 4uces X u y;
(k) min (x4, ..., X,); () max(x, y)==Hauborbueny u3 quces X Uy,
(m) max (xy,..., X, (0) rm (X, y)==ocmamry om 0OeacHus y Ha X;

(0) qt(x, y)==uacmromy om Oeicrus y Ha X.

IdokasareabCTBO.
(a) Tlo npasuay pexypcun (V)
x+ 0=x e f(x, 0)=Uj (x)
x--(y+D=N&+y)’ B(x, y+ D=N((x y)
(b) x-0=0 e g(x, 0)=2(x)
x-(y+D=&+y g% y+ D=1(g ey %)
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rae f ects PyHKHMA CaA0kKeHus.

© x'=1 @  30)=0 (o x0=x
W = () - x 3(y-+1=y X-=-(y+ D=3 (x-=y)
(®) [x —y|=(x-—y) -} (y—=x) (noxcranoska)

(g) sg (0)=0
sg(y+1)==1
(h) sg () =1->sg (x)
) Ol=1
G+D=)-G+1
6)] min (x, y) ==x-+(x -=-y)

(k) Hpezmo.nomm, 4TO yHKuMs min(Xy, ..., X,) — NIPHMUTHBHO PEKyp-
cupHast. as min (xq, ..., Xp1) HMEeM

min (xy, ..., Xp,1) ==min (min (x4, ..., X,), Xp41)
M max (x, y)=y -+ (x~=y)
(m) max (Xy, ..., Xpyy) =max (max (xy, ..., X,), Xp,41)
(n) rm (X, 0) ==

m (%, y 4+ 1)=N(m(x y))-sg (x—N(m(x y)|)
(0) qt (x, 0)=0

at® y+D=qt(x, y)+sg(x—N(m(x y)|
Onpenéneﬂuﬂ

0, ecim z=0,
DL ey Xy V)=
vz Fxuon, X O F-1(x4,. ., Xy 2—1), ecan 2>>0;

Zf(xl,...,x,,, y): Z f(Xi,..-,me);

y=z y<<z41
1, ec =,
Hf(xl,...,xn,y)z{ n z=0
<z f(x,..., %, 0)- ... (X0, Xy 2 — 1), ecam 2>0;
I ..o, %, y)= I fGa-.., x5 9).
y<z y<<z-1

IOTH o2panHudennsle CYMMbL U NPOU3BEIEH A ABASIOTCA Gbyukumamn aprymenrtos
Xy, .+ s Xp, 2. CyMMBI W NpOM3BeNEHUS, OrpaHHYEHHBIE C ABYX CTOPOH, MOXKHO
TENEpL ONMpEACINTh  YEPE3 BBEACHHHIE TOJLKO UTO OFPAHWYEHHBIE CYMMH H

§ 3. IPUMHUTUBHO PEKYPCHBHbBLIE U PEKYPCHBHBIE ®YHKIIHU 139

N1pOU3BEACHUS, HANPUMED:

Z FXpy ovns X Y)==F(Xpy o ov, Xpy 0 1) A (X ey Xy Ve )=
u<y<<v
= Z f(X,..., Xps y+u+l)

y<{v=u)-=-1
IMTpeniaoxenne 3.16. Ecau f — npumumusno pexypcusnasn (uau pe-
KYPCUBHAS) (DYHKUGUS, MO 8Ce OnpedeseHHbie BbLINE O2PAHNUEHHHE CYMMbL
u npousgedeHuss 3moil EYHKUML SAGAKIOMCA MAKIHCE NPUMILIMUBHO DERYp-
cusHoLMI (UAW PEKYPCUBHBLMUI) BYHKGUAMU.
NV
NokasarteabctBo. Ilyctb g(Xy, ..., X, 2)= Z,f(xl, coes X V)
y<<z
Torna Ml MMEEM CJEIYIOLLYIO DPEKYpPCHIO:
g(Xyy ooy Xp =05
Xy oo X 2+ 1)=g(Xpy e vv s Xp, Z) £ (X4, .0, Xy, 2)

Ecm we h(Xy, ..., Xp 2)= D, F (Xt ..+, Xp, ¥), TO uMeeM h(Xy, ..., X, 2) =

=z

=g Xy ous Xpp 24+ 1) (nos;ICTaHOBKa). JloKa3aTenbCTBO COOTBETCTBYIOILUAX
YTBEPKICHUR I CYMM M [IPOMSBEACHWH, OrDAaHHYEHHBIX C JABYX CTOPOH, MBI
HPeNOCTaBAsEM YUTATEIIO.

Mpumep. Gynxkuua D(x), pasHas 1 npu x=0 n uucay zneaurenes X,
koraa x>0, NpUMUTUBHO PEKYDPCHBHA, TaK Kax

D)= ) sg(rm(y, ¥)
y=X

Ecan Ham sajaHbl HEKOTOpHIE OTHOIUEHHS B 00GJaCTH HATYDaJbHBIX YHCEM,
TO, TIPUMEHST K HAM JIOTHUECKHE CBSI3KM HCYMC/IeHUS BHICKa3bBaHui, MH
MOMEM TOJYYATh HOBBe OTHOHIeHus. Mpi OymeM noab3oBaThcs Aad ITOro
temu ke cumBodamm: ), & \/, D, = (ecim TOJbKO NpU 3ITOM He Oyner
BOBHUKATh HENOPA3YMEHMH ¥3-3a ONHOBPEMEHHOTO ynoTpeOneHnd 3THX CHM-
BOJIOB B HAlIEM METassbike ¥ B (DOPMAMbHBIX TEOPHAX NEPBOTO TOPAAKA).
Hanpumep, nias mo6six AByx orHowleHu# Ry(Xy, ..., X,) B Ro(Xy, ..., X,)
Ri(Xgy -+ Xn) V Ra(X1, ..., X,) €CTh OTHOIEHHE, KOTOPOE BHINOJHEHO S
Xy, ..., X, TOTAa 4 TOJBKO TOPAa, KOTA3 BHOOJAHEHO R;(Xxy, ..., X,) win
Ry (X4, ..., Xp,).- Boipawenne Vy, <, R(Xy, ..., X, y) Mb Oynem ynorpeGusith
i 3anucH otHowienust: «ITpu Bcakom y, ecimm y <z, to0 R(Xy, ..., X, y)».
B anazormunoM cmbicae Oyayr ynorpebastbes Buipawenust Vyy <, Iyy<,
n Jy, <, Tak, Hanpumep, nox Jyy <R (X4 ..., X4 Y) Mo Gynem nonnmars
yreepxknaenue: «<CymecrByer y Takoe, uto y <<z u R(X;, ..., X, y)». Bupa-
wenud Vy, <z Vyy=z Jdyy<, B Jyy<, MBH Ha30BEM O02PAHUUCHHBIMU
Ksanmopanmu. Hlakonen, ozpanudennsiii w-onepamop onpeienuM Tak:

HanMEHbLIEMY Y TaKOMY, 4TO y <(Z H
Yy« R, oov) Xp ¥)=!{R(X1, ..., X5, ¥), €C/M TaKOe y CyWECTBYeT;
Z B IIPOTHBHOM CJayuae.

(Buec BHOOp z B KAauecTBe SHAUYEHUs OMEPATOpa BO BTOPOM  CJyuae
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TIpOGMKTOBAH TOJMBKO UHTEpECaMM ynoOCTBa B HaJbHEHIUMX NOKA33aTelb-
CTBAX, HUKAKOrO COLEPMKATETbHOTO CMBICAA B 3TO HE BKJIANBIBAETCH.)

Ornomenne R(xy, ..., X,) HasbiBaeTcs NpUMUMUBHO PeKYPCUBHbM (pe-
KYPCUBHBLIM) OMHOUEHIIEM, €CTA TIPHMHTHBHO PEKYPCUBHOH (COOTBETCTBEHHO
PEKYDCUBHO}) SABJIAETCA €ro XapakTepUCTHYecKas ¢dynkuns Cg (Xy, ..., X,).
B vactHocTH, pmanHoe MHOxecTBO A HAaTypa/bHBIX YUCEN ABJSETCS NpUMil-
MUBKO peKypcUusHsli (PEKYPCUBHBLM), €Cld TIPAMHTHBHO pexkypcusHoO#t (pe-
KYPCHBHOM) SIBJISIETCA €r0 XapaKTepuCcTHYECKast ¢dynkung Cy (x).

MMpumepsn. (1) OtHomenne x; = xq NPUMUTHBHO DEKYPCHUBHO, TaK Kak
X3aPAKTEPUCTHYECKAs (YHKUMA €ro CcoBnagaer ¢ QyHkuuel sg (| &1 — Xa|),
KOTOpai NpUMUTHBHO DEKYpCHBHA, B Cnay npemioxenns 3.15 (f), (2)-

(2) Npumutuno pexypcusHas ¢yHKiAsS $g (X2 - X1) (npennoxenne 3.15
(e), () cayxur xapakTepucTuuecKoH (yHKLHER OTHOLIEHNST X; < Xg, KOTODOE,
TaKUM 00DAa3oM, NPHMHTHUBHO pPEKypCHBHO.

(3) Otvomenue x| Xy NPUMHTHBHO PEKYDCUBHO, T2K KaK €ro xapakTe-
PUCTHYECKOH  dyHKuue#  SIB/ISETCH NPUMUTHBHO PeKypCHuBHasg  (QyHKIuS
sg (rm (X4, Xq)).

(4) Ornowmenue Pr(x), 1. e. «xX ecrb npocroe UHCNIO>, NPUMHTHBHO pe-
KypcneHo, tak Kak Cp, (x)==sg((D(x)=-2)+sg(|x— 1 D+sg(x—0)).
(HanomuuM, 4o umca0 X siBASIETCS TMPOCTHIM TOTAA M TONLKO TOT3, KOrjaa
OHO uMeer He GoJee ABYX neautened M OTAHYHO OT O u 1)

Hpennoxenune 3.17. Omnomenus, Komopsie MOXNCHO ROAVHUMS U3
NPUMUIMUBRO PEKYPCUBKbLY (WAL PEKYPCUBHBLX) C NOMOU,BI0 NPONO3ULIO-
HQLBHBLX CE30K 1 O2PAHUMEHHLX KBAHMOPOS, MAKICE NPUMUMUBHO pe-
KYpcusnol  (coomeemcmeenno peKypcusHu), npumeHenie 02PAHUHERHbLY
R-ONEPAMOpos pyy<, UM DYy=<; K NPUMUMUBHO PeKYPCUusHuMm (peryp-
CUBHbLM) OIMHOWEHUSM NPUBOOUM K RPUMUNUBHO pexypcusnbirn (pexypcug-
HolM) PYHKGUSAM.

HoxkasareabcrBo. Iyctb oTHOWEHNS Ri(xy, ..., %) u Ra (X1, ..., X,)
NPUMUTUBHO DEKYPCHBHB (MM DEKYPCHBHBI). DTO 3HAYAT, UYTO WX XapaKTe-
puctinieckue ¢yukuns Cr, u Cg, NPUMHTHBHO pPeKypCUBHBI (coorsercr-

BeHHO pekypcusHal). Ho Cp, (%4, ..., X)) =1 — Cr,(x1, ..., X,), caenosa-
TEIbHO, W OTHOLIEHHE Ry NPUMUIMBHO PEKYDPCHBHO (pexypcnsro). Kpowme
1010, CRryRr,(X1, ..., X)==Cg, (X1 ..., Xn) - Cry (X1, .., X,), a noToMy

u otHomeHne Ry \/ Ry npumutusHO pexypcusmo (pexypcusno). [as npomo-
SHLMOHAMBLHBIX CBA30K JOKA3aTEIbCTBO Ha 3TOM M 3aKAHUMBAETCH, TaK KaK
BCE OCTdTbHEIE NPONOZUUMOHANBHBIC CBS3KM BBHIDAKAIOTCS Yepe3s CBS3KM |
n\.

Hycrs Teneps R(xy, ..., X,, ¥) — IPUMATHBHO PEKYDCHBHOE (PEKYPCHBHOE)
orHowenne. O6osHaunm uepes Q(xy, ..., X, Z) OTHOLIeHue Hyy<zR (xy ...
«++» X ¥). Hetpynno nposepurs, uto Cq (X4, ..., X, z):H Cr(xgy ..., X,),

y<z
OTKYIH3, B cwiy npepnoxenns 3.16, crenyer, yto Cq ABASETCA NPUMHTHBHO
pexypcuBHOl (pexkypcuBHOH) ¢yHKumeH. OrpaHnueHHMH kBautop 3y, <,
P4BHOCWJICH, O4€BUAHO, OTPAHHUEHHOMY KBAHTOPY Yy« ,i1, KOTOPHH B CBOIO
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ouepesb MOXeT OBITH TOJYYEH C NOMOMbIO MOACTAHOBKH W3 Orpanuuenoro
KBAHTOPA Jyy<a

Kpantopn V¥y<, n Vyy<, 5KBABaJZEHTHB COOTBETCTBEHHO NPUCTABKaM
713dyy<.] ® ’]Byysﬂ. OrpaHuyenHbie ¢ ABYX CTOPOH KBAHTOPH TaKue,
KaK dYy<y<v MOFYT OHTb ONpeJe/eHh C TOMOUIbIO TOACTAHOBOK B YXe
PACCMOTPEHHHIE OTPaHUYeHHBIE KBanTopbl. Haxowew, samerum, uro ¢yHKuus

HCR (X1 +-.» X, U) NPUHUMaET SHauenne 1 MpU KaWIOM Y, A8 KOTOPOTO

=y

R(Xy, ..., Xp, U) JOXKHO NpPH BCEX U=IY, U NPUHKHMacT sHauenue 0 BCAKUH
pas, Korja CymecTBYeT Takoe U=y, npu KotopoMm R(Xj, ..., X, u) UCTHHHO.
ITosromy, ecam [Js HAHHOTO Z CYIIECTBYIOT YMCJAa Y MEHbLIHE, UYEM z,. u
takue, 410 R(Xy, ..., X, y) UCTUHHO, TO 3HaueHne PyHKLMN Z l] Cr(xy, -.-
y<zu=xy
., X, U) PaBHO UHMCAY LEJBX HEOTPHLATEJbHBIX UHCEJ,  MEHBIINX YEM
HANMEHBIIEE W3 TAKMX YHCEN Y; B NPOTHBHOM CJY4ae SHAYEHHE (PYHKLIMM
3 TICrGs -.., X u) pasio z. Ho sro smaumr, uro ¥} [[Cr(xy, ...
y<zuxy ‘ y<z'u$y
s Xp W=nuYy<:RX, ..., X, y). Orcriona, na OCHOBaHHUH NPENJIOKENus
3.16, n caenyer, UTO NMPUMEHEHHME OrPaHUYEHHOrO P-ONEPaTOPa K NPUMHTUBHO
PEKYPCUBHOMY (PEKYDCHBHOMY) OTHOLUEHHIO NPUBOJMT K TPUMHTHBHO PEKYD-
cnsHON (peKypcusHO#) (yHKIMA, _

IMMTpumepn (1) Hycrs p(X) — ¢pyskuns, npunuMaomas As Kaxjaoro x
3HAYEHUE, PABHOE NPOCTOMY UMCAY ¢ HOMEPOM X NpPH Nepecyere BCeX mnpoc-
THIX YHCEJA B TOPSAAKE BO3pacTaHus, HaunHas ¢ p (0)==2.

B paaeHehimem Mb OymeM IJA  KPAaTKOCTH BMECTO D (X) THCATb Py
OxassiBaercs, UTO Py €CTb MPUMHTUBHO PEKYPCHBHas (PYHKLUMSI apryMEHTa X.
B camoM pmese, 3amMeTHM NpexAe BCEro, YTo .

() po =2 (i) Prs1="pYy=(p)+1(Px <<y &Pr(y)). , _
3necr cnenyer oOpatMTb BHUMAHHE Ha TO, YTO OTHOmeHHe U<y & Pr(y)
NPUMUTUBHO pexypcuBHoe. CienoBatessHo, B cuay npeinoxenus 3.17, ynk-
UM pyy=y (<< v&Pr(y)) fBasercs NpUMHTUBHO DPEKYPCHBHOH ¢yHKume#
aprymeHTos u u v; ofosnauum ee g (u, v). Iloxcrasus B g (1, V) NPUMUTUBHO
pexypcusHbie ¢ynkunn z u z! - 1 COOTBETCTBEHHO BMECTO W ¥ V, nonyl’l]l:m
NPUMHTHBHO PEKYPCHUBHYIO (PYHKIMIO h(z):pyysz.,:+](z<y&Pr ) Te-
1epb Mbl BHAMM, YTO TpaBas uwacTb pasencrBa (ii) ects h(px) M, TaKuMm
obpasom, p, moayuaercs u3 (i), (ii) nmo npasuay pexypcuu (V). I'panuna
(P! 41 mas caeaylomero sa py H[POCTONO YWCAA B3ATA. M3 €BKJMAOBA
JIoKa3aTenbCTBa OECKOHEYHOCTH MHOXXECTBA NPOCTHIX YnCed (CM., Hanpumep,
Bunorpaagos [1952], crp. 19). o

(2) Begkoe nenoe noJOMHTENbHOE UMCIO X OJHO3HAYHO PasnoKuMO
B NpOM3BEJEHAE CTENeHeH NPOCTHX UYHCEN: x=pgop21...p;k‘. Oﬁosn‘al‘mm
uyepes (Xx); nokasareJb a; B TakoM passoxeHun. Ecam x=’}, T0 A(X),"-:-O
npn mobom I Tlonomnm, Hakomen, (x);==0 mas mobGoro i, ecan X==0.
Pyukups  (X); MPUMHTABHO PEKYDCHBH3, Tak Kak npu aoboM. X (’_()":
=pyy<x (PY|x &7 (pyT|X))- : S : :



142 [JI. 3. ®OPMAJIbHAS APHU®METHKA

(3) OGosHauum wuepes 1h (x) 4uca0 oraMuHmX oT HyJ nokasarteJet
B pAa3/IOMEHUH X Ha MNPOCTHIE MHOMNHTEJH. Hycrs 1h(0)==0. ®ynkuns Ih
IPUMHTHBHO peKkypcuBHa. B camom gere, nycts R(x, y) oGosnauaer npumntusno
PEKypcuBHul npenuKar Pr(y) &y |x & x 50, torga 1h (x) = Z sg (Cr(x, y)).

y=x
(4) Ecan uucno x =2%. 3%, . PL* <IPEACTABANIETS MOCAENOBATENLHOCTS

NOJIOWHTENBHBIX YUCeNL Ay, 2y, ..., 4k 4 YHCIO y=2"0-3b1-...-p'3m «npen- .

CTaBJSCT> MOCJEAOBATENBHOCTD by, by, ..., by, TO uncao x ¥y=2%.3%,

.pap.pbe . nb;y . . .b
<ot Ppe DY, Pplpg - Prtm, <UPEUCTABMAACT> HOCICHOBATENBHOCTE 3y,
4, ..., ap, bg, by, by ..., by, KoTOpas NOJYHAeTCH, eC/n BTOPYIO M3 HaHHDBIX
TOCNCNOBATENLHOCTER  3aNMCATh HEMOCPEACTBEHHO BCaAex 3a nepmso#. 3mecs
Mbl  UMeeM k—{—l-:(l)h(x), m-1l=1h(y) u b;==(y); Iostomy Xky==
=X- H (T R CICAOBATENIBHO, (BYHKIMS * SABASCTCH TIPUMHTHBHO
y<l(y)
pexypcusnod. Ilpn 3ammcn nosropubix [IpUMEHEHUR onepauud = ckoBGiu
MOXXHO ONyCKaTh BBUAY TOrO, uTO Xe(y*z)=(X%y)*z

(5) Tlycrs nama ¢ynuus f(xy ..., X, y). Tosowum
*(xy, ..., X, 0)=1f(xy, ..., X, 0),
Fxy ..., X, Y+ D=y ..., x, V)i, ..., x, y - 1)
Torpa f*(xy, ..., Xpy 2)=1H(xy, ..., X, 0)#f(xy ..., X, D xf(x,, ...

vor Xy Z), M ecau ¢yukuus f — npamurusno PeKypcuBHas (pekypcusnas),
TO TakoBa ke u f*

Ynpawuennn

1. C nomowsio npensoxenua 3.17 nokasatsb, uyTo ecau otHomrenne R (x,, ..,

<+» Xny Y) HPAMUTHBHO DeKypCHBHO (PexypcuBHO), TO npuMHUTHBHO PeKypcHBHbI
(pexypcuBHb) OTHOWeHUA

3yu<y<vR (x4 ...\ Xm Y 3)’“53,5‘,1? g ..., Xn, ¥),

Eyu\sy<vR (Xqp -y Xp, ¥h 3yu<ysz X4y evy Xy, y)
B Qysxunn

BYu<y<zR Xy ooy X y), p'ylL$y$zR (Xpy vovy Xy ),

P‘yusy<zR (Xyy o0y Xy, ) Hyu<y$zR (x4 ..., Xny Y).

2. [loxasats, uTo kaacc Bcex IPUMHUTHBHO PeKYpPCHBHBIX (pekypcusHBIX) MHO-
WECTB 3AMKHYT OTHOCHTENbHO Onepanni 00beIMHeHNs, Mepeceyenns y HOTIOAHEeHHA
W 4T0 BCAKOE KOHEYHOE MHOMECTBO NPHMHTHBHO peKypcusHo.

3. Niyers (a) [V'r] o6osnauaer Haubonbuiee Heaoe YHCIO, KBalpaT KOTOPOro
He npesocxomut n; (b) 1L (n) pasuo wmcay IIPOCTHIX 9uUCe], He NPEBOCXOAAUHK 1.
[okasare, uto dynxunn [Vr]u Il (n) — npumMuTHBHO PeKYpPCHBHbBe.

Ag, Mlyctb e ectb ocHosanme HATYPantbHLX NOrapu@MOB W NPH Kamiom n [ne]
0603Hauaer HaubGomblzee wemoe HHCJI0, He npesocxonsuec ne. Jokasats, yro byHx-
una [ne] npumuTHBHO pexypcuBHa. (Y kaszanume. Paccmorpers dynkunwo S (n),
onpeaenneMyio pexypcueit S(0)=0, S (z 4 D=(@r+1)-S@ + 1)

A5, O6osnaunm uepes RP(y, z) eeickasmBanne <umcna Y M Z B3aUMHO 1POCThI»,
” Oycrs ¢ (n) — QyHKuMA, 3HaAYeHHe KOTOpOH Mpu KawIOM n pasHo YHCAY IedblX
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FIONOXUTEAbHBIX HHCEN, Be NPCBOCXOAAUIMX 71 1 B3aUMHO NPOCThiX ¢ 7. JloKa3aTn,
4to oTHOIeHHe RP (Y, z) n QyHKUMA ¢ (7) NPUMHTHBHO PEKYPCHUBHEL.

Mp Teneph NOKXKEM CIEAYIOULYI0O TeopeMy 00 <«OnpeieleHun C nepe-
GopoM cayuaeB»; Teopema »1a Oyner nonesHa npu IajbHeiilleM H3yueHHH

PEKYPCUBHEIX (pyBKumiL.
[Mpeanoxenne 3.18. IMycme

g1 (X1, ..., Xp), ecmn Ry(xy, ..., X,) HCTHHHO,

g2 (X1, «..s Xp), €Ca Ry(xy, ..., X,) HCTUHHO,

Fu s xa)== " L

g: (X1, ..., Xp) ecam Ry (xy, ..., X,) ucrnuso.
LEecau npu smom ¢ynxuyuu gy, ..., g, u omuowenusn Ry, ..., R, npumu-
MUueKO pEKYpCusHol (WU peKyYpcusHu) u ecan 04 ANOBX X3, ..., X,
HCHUHHO O0HO U MOAbKO O00HO u3 8oicKa3ssanuii R, G ooy X ..
e Re(xy, oo, X)), mo pynrcyus 1 npumumusno pewypcusna (pexypcusna).
Iloxasartenvcrro. f(X, ..., x)=g (X3, ..., X,)- 58 (Cr, (x4, ...

LR Xn))+"'+gk(x1) cuey x,,)--s_g(CRk(x,, ey xn))-

YapaxHenus

1. okasars, yro B npennoxennu 3.18 npemnonoxende o TOM, YTO OTHOLIe-
nie Ry NPUMATHBHO PeKYDCHBHO (MAH DEKYPCHBHO), MOXHO OIYCTHTD.
2. Nycts
X%,  ecam X ueTHo,
£ )={

x -1, ecan x meuetHo.

Doxasath, uTo dynkuus { npumuTHBHO pekypcuBHA.
3. Ilyctb DpM KaxIoM X

h { 2, ecnn Benuian Teopema PepMa HCTHHHA,
(x)=

SBnsetca am h(X) NPUMHUTHBHO peKYpCHBHOM QyHRUMECH?

1, ecan Bennkas teopema Pepma n0xHa.

Becbma yacto GnBaer HEOGXOAMMO YCTaHaBJMBATH NPUMUTHBHO pEKyp-
CHBHOE COOTBETCTBHE MEMAY MHOXECTBOM BCEX YNOP#IOYEHHBIX Nap Haty-
PAJIBHEIX 4HCEN M MHOXECTBOM BCEX HATYypaibHhX uncea. IocTpoum omuo
Takoe coorsercraue. C sTOH LENbIO NEPEHYMEPYEM BCe YNOPSAOYEHHEIE Naph
HaTypaJbHBIX YuCea CJlelylomnM o6pasom:

©,0, © 1,0, D ({2 (20 (1, 2), (2 1), 2 2), ...,

1 BOOO1LE, NEPEHYMEPOBAB BCE MAPH, KOMIIOHEHTH KOTODHIX HE NIPEBOCXONST k,
Mbl CTpOMM HOBYIO (k- 1)-10 rpynmy Bcex Tex, elle He NepeHyMepOBaHHbIX
T1ap, KOMIOHEHTH KOTOPHIX HE NPEBOCXOAAT k- 1, nepeumncass ux B cie-
Ayrowewm nopsaake: (0, k1), (k 1, 0), (1, k1), (k+ 1, 1),..., (&, k+ 1),
(41, k), (K1, £—-1). (TIpn sToM rpynna, coctositas U3 ofHOW TOAbKO
naput (0, 0), cuuraerca nyaesoi.) Ipunuwem nape (0, 0) nomep 0. Bcero
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umeercs (y -+ 1)* nap, komnonentn KOTOpEIX He mnpesocxoast y, Ipuyem
TNOCeHAS U3 HUX, T. e. mnapa (y, y), O/Iy4aeT npu HaweMm nepecuere HOMep
O+ 1) —1=y"42y. Ecm X<y, TO mapa (x, y) menocpeacisenso
npeamecTsyer nape (y, x), u obe oOuu UpHHagiexar omHOH u TOH e
y-# rpynne. Homepom napm (X, y) mpn x<<y Oyzer, ouyeBUIHO, uuCIO
0 =D+ @x+ D=y*42x a npn y < x — unicso (* — 1)+ (2y -} 2)=
=x*4-2y 1. Teneps serxo BHICTH, 4TO yHKums o (x, y), Buuncasiomas
HOMEp mapsl (X, y) B HaweH nymepaums, mmeer Clenyomee npeacTaBacHue;

*(x, Y=g (x =-y)- (* - 2y 4 1) - 5g (x = ) (' + 2x)
W, CICNOBATENLHO, SIBAACTCS NPUMUTUBHO pPeKypcuBHOMR.
Paccmorpum  oBpartnsre yHKuMn, T. e. Takme byHkunn of n ol uyro
AC % M=x, F@(5 y)=y u (s]@), o} () —z Npn xanron s
TdKuM 00pasom, uucra of (z) n o3(2) cytp coortsercrsento nepBaa u Bropas

KOMIOHEHTEI  YNOpAA04eHHON 'dPEl C HOMEpOM z B nocTpoenHoH Hymepauuy,
3ameruM, uto o} (0) =0, 93 (0) =0,

o3(n), ecm o} (n) << 53 (n),
si(n+1)=1 si(n) -+ 1, ecau i (m) > o} (n),

0, ecmd of (n) = o} (n),
u ,
. 1 oi(n),  ecim of (n) o (n),
a3 (n + )= ss(M-+1, ecmn o} (1) = a3 (n).
Crenosarensho,

% (1) ==} (n) - (sg (55 (1) - &} (m))) - .
T @O+ 1) (g (6 ()W) = ¢ (52 (), o2 (),
% (4D =sg(|of () — o} (n)|)- o} (m) I
+sg ([0} (m—=o3(m)|)- (2 () + D=1y (si(n), s}(n)),

rae  QyHkuun ? ¥ ¢ NPUMHTHBHO pekypcuBHbl Takum 00pasom, ¢yukiun
o] M Gy MOTYT GLITh OTIpemesens PEKYPCUBHO, HO OIHOBpeMeHHO 06e. MoxHo
AOKA34Th, OJHAKO, UTO HA CAMOM Je/e Kaknas us yHKuml o} n o} sBasercs
NPUMUTUBHO  PEKYDCHBHOH, Nlokasatenscro, koTopoe Mur 3mech NpuBOANM,
HOCHT  HECKOJBKO HCKYCCTBEHHHIH xapakrep. Tlycrs «(u)==2°W.3°jW
Pynxuus t© npuMuTHBHO pexypcusHa. B camom peae, T(0)==2°10 . 390 __
=20 30=1, at(n - 1) =9 D g7HOFD__ g0 (53 o) g4 (53n) sg(m)
== 20 (= (o, (x ()1) , 3¢ ((x (1)), (T(’l))l);. OTCIO/Ia, BCIIOMHHAs, YTO Dyurnun x)
NPUMUTHBHO  DEKYPCHBHBI  (CM. npumep 2, crp. 141), 33aKJIIOYAEM, yTQ
PyHKIpa .t Moxer GuTh MOMyYeHa u3 NPAMUTHBHO DEKYpCHBHHIX (PyHKUNH
1o, bpasuny - pekypcun (V). Ho of (x) = T(X))o B 05 (x) =(z(x))y, u, crexo-
BATENBHO, (yHKUMM o} U O OPHMUTHBHO PEKYDCUBHBI, Kak pe3yabrarh
NPUMEHEHUS] MPABHJIA NOACTAHOBKH (IV) k upumurnsro PEKYpCHBHBIM pyHK-
unsiv., Teneps, ungykume#t o 7, MOTYT OBITb NOCTPOGHH B3aHMHO OLHO-
SHAUHBIC TIPUMUTHBHO PEKYDCUBHBIE COOTBETCTBHS MEKIY MHONKECTBOM BCEX
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YUOPAOUEHHLIX /1-OK HATYDALHHIX YHCEN M MHOKECTBOM BCEX HATYPadbHBIX
uncen. [lnn =2 Takoe coorBeTCTBUE y3Ke nocrpoeno. Ilpeanonaoxum, uro
LI n==Rk Mbl HMEEM NPUMHTHBHO pexypcusubie yuxunn o (xy, e Xz),
ok (X), ..o ok (x) takme, uro oF (0% (X1, ..., Xp))==x;, rae lillék, u
ck(af‘ ), ..., c’é(x)):x. Torma nas n=Fk-+1 nonownm o (x4,

vy Xpy Xk+1):c(l (Gk (Xl’ AR Xk)) Xk+1)’ °f+1 (X)ch (Gf (X)) (1 <l<k)
" aiii(x):a;’(x). OTH HOBHE (YHKUHH, OUEBHIAHO, TAKKE IPUMUTUBHO
PEKYPCHBHBL, 1 yuTatenb 6e3 TPyAa JOKaXET, uTo SF (@ (xy, ..., Xp)) = X;
s 1<<i<<k—--1 u ok (cF(x), ..., ot (x)) =x.

MHorna yaoGHo GuiBaeT ompemenaTs (GYHKUMA C MOMOMIBIO TaKOH peKyp-
cuy, Tpu KOTOPOH 3sHauenme f(Xy, ..., X, y---1) saucaT He TOABKO
or f(Xs, ..., X, ¥), HO w or HEKOTOPHKIX, WJH Jaxe BCex aHaquHPE
f(x1, ..., Xy 1), rme u<<y. Pekypcusi 5TOro THNA HasmBaeTcH 8038pamnoli

exypcuet.
P yf?onomuM f (X, ..., Xp y)—_-l_[pf,(xl‘ =% ") Jlerko sumers, uTo

u<<y

(X1, ooy X V)= (X1, ..., Xp, y -+ D)y

[Ipennoxenne 3.19. Ecau hynwuyus h (Xt .oy Xy ¥, 2) HPUMUMUBHO
pexypcusna (pexypcusna) u f(xy, ..., X, y)=h Eu ooey X5 Y, T (X, ..

oy Xn Y))h mo dhynryus t npumumugro PEKYPCUBHA (pek ypcusHa).

Norkasartenncreo. Hs onpeseneuns onepaumu II Ha crp. 138

nMeeM
g (X1, oony Xp 0)=1;

KpOME TOT'0, OUYEBHIHO,

f(X,) eee, X,
B (X oony Xp, Y+1)—"—'f#(xb veey Xpy Y)’py(xl Y =
— 4 (Kpr vees X
__.f# 6: (TN Xp y).p;‘(xl. o X Vs fap (R n Y))

Takum oGpasom, coraacHo npasuiy pexypeud (V), ¢ynxuus fy apaserca

NPUMUTUBHO PEKYPCHBHOH (DEKYpCUBHOH), a Tak Kak f(Xy, ..., X, y) =
=X, o..s X Y-+ 1)y, 10 u ¢yukuus f npumuruesno peKkypcusia
(pekypcusna).

ITpumep. Tak mnaswiBaemas mnocremosatesshocts duboHATYM 3ajmaercs
berypcnsHo  pasenctBamm: f(0)=1, f(1)==2, f(k2)=Ff(k) |1 (& +1)
npu k=0. [okaweMm, uto ¢ynkuus f NIPUMUTHUBHO peKypcuBHa. B camom
Ielie, BO-TIEPBBIX,

E(k) =g (£)+2-5g (| & — 1) (Esr (&)1 (s (B))o ) - 5 (& = 1),
BO-BTODBIX, (DYyHKIHS
h(y, 2)=sg() +2-5g(|y — 1 )+ (@y=1 +@y=9) - sg (y =1)

TPUMUTHBHO pEKYpCUBHA M, HaKoHew, f (k) =h (&, fy (k).

Yupaxueuue

Mycte g (0) =2, g (1) =4, g (k 2) =3g (k1) = (2g () + 1). Tokasats, uro
€ ©CTb MPHMUTUBHO PeKYPCHBHAA (hYHKIHA.
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Cnencreue 3.20. Ecau omuowenue H(xy, ..., Xp, ¥, 2) npumumusno
pexypcusro (pexypcusno) u R(xy, ..., X,, Y) 8sinosneno moz20a u moisko
moz0a, Koz0a swnoineno H(xy, ..., x,, Yo CR)g (X1, ..., X5 y)), 20e
Cr— xapaxmepucmuseckan gynwuyus omuowenus R, mo omuowenue R
NpUMUMUEHO PeKypcusno (pexypcusHo).

lokasarteabcrpo. Tak kak XapakTepucruveckas ¢pyskuus Cy otHo-
wenns H npumurusHo pekypcuBua (pexypcuBha) n Cr(xy, ..., X, y)==
=CuXy, ..., X ¥, Cr)g (X1, -+, Xp, ¥)), TO, COracHO mpeanoxeHuio 3.19,
NPUMUTUBHO DEKYPCUBHOH (pekypcnBHO#) sBsercs u dyukums Cg, a C Helo
BMECTE U OTHOluenue R,

B nabuetiiem b wacto Gymem onupatbea Ha npemioxenne 3.19 n na
caencrene 3.20. DTH ABA NPEANONKEHNS OKA3HIBAIOTCH MOJIEIHBIMH TaM, rie
NPUXOIMTCA MMETh [0 C OTHOUIEHHAMW M (PYHKUMAMH, SHAYEHHS KOTOpHIX
A7A - IDOHSBOJLHOTO |y ONPEAEAAIOTCA Yepes MX 3HAYCHHs A8 apryMEHTOB,
MEHBHIMX uyeM y. B cBasm ¢ stum samerum, uyro Ry ..., X, u) skBusa-
7eHTHO paBeHcTBy Cpr(X), ..., X, u)==0, KOTOpOE B CBOIO Ouvepenb npH
u<_y skBusajieHTHO paBeHcTBY ((CR)g (X1, ..., X, y))u==0.

YupaxxHenus

1. lokasaTb, uTO MHOXECTBO BCex o6meperypcHBHHIX OYHKUMH CyeTHo.

2. lokasare, uto ecam f,, i, ... — KaKOH-HUOYAb NepecyeT BCex IPUMUTHBHO
PEKYPCUBHHIX (BCEX DEKYPCHBHBIX) (YHKUHH OT oRHOH TepeMeHHoH, To QyHKuUn
$ (%, y) =1, (y) ne sBagerca npumurusuo PEKYPCUBHON (peKypCHBHON).

Ilpernnoxenne 3.21. (B-dynkuns Cénens.) Ilycms B (%4, Xq X3) ==
=rm(l X4 1) %o, %1). Pyuryus B npumumusro perxypcusua, s cuay
npedaoocenus 3.15 (n). dma Gyuryus, Kpome mozo, cuisHo npedcmasuma
8 S caedywowei @opmuyaoii Bt (xy, x,, X3, Xg)

3'&)(}6'1:(1 “'—(X3—l— 1)-x2)-w—}—xl&x4< 1 +(x3—|— 1)',\’,‘(3).

lokasareanbcrBo M3 npeanoxenms 3.11 cnenyé’r, 4TO
b sxs Bt (x1, X9, X3, x3). Hycts B (ky, kg, k3)==k;. Torna 1pU HEKOTOpOM k
ky=(1-F (ks 1)- ko) -k}, u ki <1+ (kg 1) ks TlosTOMy, B cuay
npennoxenni 3.6 (a), =14 (ky41)-B)-B+ % n onam e
B cury npeanoxenns 3.6 (a), @ TdKKEC HAa OCHOBAHMH BHIPA3UMOCTH B S
OTHOWeHUs <, umeeM |- kg << 1 - (&, +1)-ks. _Cuenosarensno, |- by =
=1 (B+1)-ka) k| &y & ki < T+ (ks+ 1)-ky, otxkyma no npa-

Buny E4 nonyuaem |- Bt (ky, kq, Es, k). CunbHas npexcTaBumMocTsb BesS
popmy.oti Bt pokasaua,

IMpennoxenne 3.22 an a1060it Koneuroii nocaedosameasnocmu

Hamypanrskoix uucea ko, ky, ..., k, cywecmsyiom mawue HamypaarsHble
wucaq b u ¢, amo B(b, ¢, )y=~k; dan O<<i<in
Hokazareanctro. Ilycres J=max(n, ko, k1, ..., k,) u c==l

Pacemotpnm wncna my=1--(i--1)-¢, rne O<<i< . Huxakue nBa us
HHX He umeloT o0wux neanresef, oraunynnix or 1. B camoM nene, ecan 6u
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unc0 p ObLIO NPOCTHM JeAuTe/eM KaKux-HuGYIb ABYX uicest | +(@|1)-c
wi-+(m--1)-¢ rne 0<<i<<ms<Cn, 10 p ObluO Ob JerMTENEM M WX
paguoctd (m—1i)-c. Ho rorma p ne Omao 6w nemtenem c, 14.60 B 1pO-
TUBHOM Cayuae oHO Ob0o Obl oOmum aemaretem uucen ((-F1)-c u
14 (@-+1)-¢ u, crepoBaresbHO, OeAMTENEM HuCAa 1, UTO HEBOZMOXKHO.
(/IeA0BATENIBHO, TAKOE YHUCJAO p JOJKHO 651{10 g3 6§m> JEJUTEJICM 4iCIa
m — I, 4TO TOXE HEBO3MOXHO, 160 m—I<<n<.j, W, CIENOBATEMBHO,
m—1i meaur jl=¢, u ecan 61).1 p neano m—1i, 1O [enuI0 61){ U cC.
Wrak, p HE MOXET NeauTb (m —Ii)-c¢, ¥ TOTOMY udcaa u; mpw 0<<z<'—nj
fonapHo B3auMHO npocthl. Kpome toro, ecan O<Cis<Cn, 710 ki6<j\j.——
=c<l-4 ({4 1)-c=un;. Cornacno kuTalickohi Teopeme 00 oOcCTaTKax
(eM. Aukcon [1929] wim ynpaxnenue 1 Ha CTp. 151), CYWEeCTBYET qqcilg
b < uglty ... U, Takoe, uto rm(y;, b)=—=rk; ecm O<<i=<n Ho 8(b, ¢, )= .
=rm(l 4 ({4 1)-¢, b)=r1m (u;, b)=Fk;, 410 u Tpedosaroch }_lOKaS’aTb. S
TIpepaoxenus 3.21 u 3.22 1no3BOJMAT HaM BHIPAXKATb BHYTPH CHCreMbI’
YTBEPWIAEHNHS O KOHEUHBIX TOC/EIOBATENBHOCTAX HATYPAJbHBIX UHCEN, UTO
CYUIECTBEHHO BAXHO [/ JNOKA3aTedbCTBA CAEAYIOWEH OCHOBHOM Teopegxbx.
Mpennoxeunune 3.23. Beaxkas pexypcusnas Gynxyus npedcma-
suma 6 S. i <
NokasateabcrTro. Mcexomuwe ¢ynkuun Z, N, U; npencrasumsl B 3,
cornacHo npumepam (a) — (c¢) ua crp. 133. B cuny npumepa (d) na crp. 133,
npaBu/o noxcTauoskd (IV) He BHBOAWT 3a npe;nenm KJjacca npencmBuMuﬁ
¢pynkiub. OOpatumcs k npasuay pexypcuu (V). IlonycTum, uto ¢yHKLUHM

g(X1, «.es X,) ® h(Xy, ..., Xp, ¥, Z) TOPEOCTaBUMBL B- S COOTBETCTBEHHO
dopmynami o (X1, ..., Xpr1) 8 FB(Xy, ...y Xpig) ¥ NYCTH

| f(X1 ooy X 0) =g (X1, -+vs Xah

() F(X1 00y X Y+ 1):h(x1’ s X Y E Xy oay Xy Y))

Wpes noxasarenbcrBa 3akiiouaercsi 8 ciexyiouieMm. PasenctBo f(xg, ...
., Xp, Y)=12 CIOpaBeiuBO TOMJAa K TOJBKO TOrJa, KOTAAd CYIECTBYET
KOHEUHasi MOC/AENOBATEALHOCTh uyucen by, ..., by Taxas, uto bo=g (X,
s Xp) bygpr=h(x1, ..., X5 W, by) npu BeakoM w- 1=y u by=1;
HO, COFJIACHO HpemIoKeHHio 3.22, BCAKOE BBICKA3bIBAHHE O KOHEYHBIX MOC/e-
JAOBAaTEJBHOCTSX MOXKET ObITb BHIPAXEHO B TEPMHHAX 3HaueHn# dQyHknuu B,
KoTopas, B cuiay npemtoxenus 3.21, npencrasuma B S. S
Met  pokaxem, uyro ¢QyHkuua f(Xy, ..., Xp Xpe1) TPEACTaBAMA B
¢ nomombio POpMYAN & (X1, ..., Xpia):

FuIv[(Fw Bt v, 0, W) & (X1, ..., X, W&
& Bt (1, U, Xpi1, Xpi2) & V@ (@ << X0 2 AyJ2 (Bt (1, v, w, 1) &
&Bt(u, v, @, 2)&FB (X1, ..., Xn @, ¥, 2)))]
(i) Tpeanoaoxum  cHawana, uro f(ky, ..., k, p)=m. Ilokaxem

—&(ky, ..., k p, M). Eciu p=0, 10 m=g(ky, ..., ka). Paccmorpum
NOCJIEAOBATENBHOCTb, COCTOSILYIO M3 OXHOro uyucaa m. (COrjaacHo npegio-
weHuwo 3.22, cywecrByor takue b, ¢, uto B (b, ¢, 0)=m. CuenoBarembHo,
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B cuiy npepnoxmenas 3.21, - Bt (b, ¢ 0, m) Kpome rtoro, 1ak kak m—

=gk, ..., k), 10 ot (ky ...,k ). Orciona 1o npasuny E4
noJyyaem o B )
- 3wBt(b, ¢, 0, w) &o# (ky, ..., by, ©). (%)
Hepen STUM MbI TOJBKO 4TO JOKasaan, 4ro
F Bt (b, ¢, 0, m). (%)

Ilepexons, nakowen, x Tperhemy KOHbIOHKTHBHOMY  uneny B & (&, ...

cevy Ry 0, rTz), MBI BHAMM, 4TO M3 |- 7] (w << 0), Ha OCHOBAaHMM COOTBETCT-
BYIOIEH TaBTONOTHY, CleayeT

F Vo (w<<0>3y3:8t (b, ¢, », v) &
&Bt(b, ¢, v, 2) & B (ky, ..., kp, w, y, 2)). (xx%)
Ha (%), (#%) m (#*%) no mnpasuny E4 NOJMyYaeM, HakoHeW, |— ‘5(/_%1,

ooy by O, ) s p>0 SRy, ..., kn p) BBIUMCATETCS B3 paBeHCTB )
8a p-41 waros. Ilycrs ri==f(ky ..., ky §) mpm i=0, 1, 2, cees P
Cornacno npennoxenuio 3.22, 145 HOCACIOBATENBHOCTH T Tty oo, Tp CYIIE-

CTBYIOT uucaa b, ¢ rtaxue, uro B (b, ¢, i)==r; npu 0<Ci=<p. Torna,
no npemaoxenno 3.21, |- Bf (5, C, i, f,-). Tak kax, B yactTHOCTR, B, ¢, O)=
=ro=f(ky ..., kp 0)=g (ks ..., k), 10 |- Bt(D, ¢, 0, 7o) & ot (ksy, ...
cens By fo), H, CleNoBaTeabHO, No npasuny E4

(1) =T (Bt(b, ¢, 0, w) &t (R, ..., kp )).

Nanee, tax kaxk r,==f(ky, ..., k, p)=m, 10 B(® ¢, p)=m. Tlosromy
2 |- Bt(b, ¢, p, m).
Eciu xe, nakonen, O<isp—1, 10 B(b ¢ D=ri=1ik, ..., k, i)
u p(b, c, i—]~1)=r,-+1=f(k,, ey kn, i—l—l):h(kl, ...,_kn, i, f(kl,
oy Ry D)==h(ky, ..., k, i, r;). CaenoBateasno, I—-Bt(b, c, I, f,-)&

& Bt (5, c, 7, ?i+1)&@78_(731, cees R Tis f,-+1). Teneps no npasuiy E4 noay-
vaem |- 3IyIz(Bt(b, ¢, 1, y) & Bt b, ¢ 7, 2)&B(kyy ..., &y, i, ¥ 2))
Orciona, Ha OCHOBaHMM TpenioXeHus 3.8 (b"), noayuaem

@) - Veolw<p>3yIe(Bt(b, ¢, 1, y)&Bt(b, ¢, 7, 2)&B (ky, ...

P 15,,, Ly, z)))

Ipumenns nBaman npasuno E4 K KOHDBIOHKuMA tGopmyn, BLIBOIMMOCTH
KOTOpHX o6Go3nauena uepes (1), (2) n (3), TIOJy4aeM OKOHYATENbHO

|—%(1e1, vy By P ITZ) Takum 06pasoM, MBl IOKa3aau, uTO nyskt (1)
onpenejenns npeacraBumMoctn B S (crp. 133) mns ¢yukuun f Benoauen.
(ii) Teneps MBI HOMKHBI A0Ka3aTh, Y10 |— yx, 98 (kl, coes Ry P, x,,H)
npu moOunx Ay, ..., k, p. Jlokamem sT0 HHAYKIMER 1O p B MeTassblKe.
3ameTnMm, uTO, B CHJIY [OKA3aHHOTO BHLE, HAM OCTANOCh NOKA3aTh JIHILL
envHcTBeHHOCTh. Cayualt p==0 JerkmH, W Mbl €r0 OCTABJASEM YUTAaTEMdIO
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p KavectBe ynpaxuenus. MTak, mpesnosnowum, uy10 — = (izl, vers Ry
7, Xnsa). Tyctb a=g(ky, ..., k) B=1(ks, ..., b p) 1 1=1(k1, ..., kn
P'l’ 1)=h(k17 AR B b p) Torna
(1) Bk .o, b 8 7)
2) + o (B coos by a)
B) G (ks ..., ko P, B)
@) 8 (ky ., by p T, 7)
(5) l_ len+2g (kla sy km 17, xn+2)
Hpeanonoxum
(6) g(iﬂ, ey kn, p—l— 1, xn+g>.
Ml MOMKHB [O0KA3aTh, UTO X,pa==7. Y3 (6) no npasuny C noxyuaem
(a) Jw(Bt®, ¢, 0, W&ot (ks ..., ky w)),
(b) Bt (b, ¢, pF 1, Xnsa),
©) Vw(w<pt1>3y3z(Bto, ¢, w, N& ] ]
&Btb, ¢, W, 2)&B(ky, ..., kp @, 3, 2)))-
U3 (c) noayyaem
(@) Vo (w<p>IAyIz(Bt®, ¢, ©, y) & ) i
&Bt(b, ¢, @, 2)&B(ky, ..., kn @, ¥, 2)))-
W3 (c) no npasury C caenyer i )
© Bt ¢, p, )& Bt(b, ¢, p-1, e)&B(ky, ..., kp P, d, €).
Ha (a), (d), (¢) caenyer
@ C(ky ..., by P, d).
Us (f) u (8) crenyer
(g) d==8.
Wz (e) u (g) nonydaem
() Bk, ..., ko Py B €).
Tak kaxk ¢yHkuus h npencrasuma (GopmyJoh B, 10 n3 (1) n (h) caeayer
(i) T=-e.
Ws (e) u (i) caenyer
() Bt(b e pF1 7). '
n, naxkoueu, us (b) u (j), Ha ocHoBanuu mpepnoxenus 3.21, noayuaem
(k) Xpre =T
Wnnykuus 3apepiueHa.
Tlepefinem, Hakomew, K p-oneparopy. Jlomycrum, uyto Juas  JioGbix

Xy, ..., X, CYLLECTBYET Y TaKOe, uTo g (X3, ..., x,,,@y):O, u npennonl(_)lmnm,
YTO (yHKUMS g TpeAcTaBAMa B S @opmyaol Y (xy, ..., Xpe). lycrs
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(Xt o0y Xp)==py (g (X1, ..., X, y)==0). Jokaxem, urto TOraa PpyHkuus f
npeacrasuMa opMyaoh & (xy, ..., Xpp1): '

D (X1, evvs X, VEVY (Y <Xet1 DT D (x4, ... X0 3, O)).
Hpennonoxum cnayana, uro f (ky, ..., k;)==m. Torzaa ghy ..., By m) =
=0un gk ..., kp B) £ 0 npn kb <<m. lostomy = D (ky, ..., ky, M, 0)
w i 1D(ky ..., ky &, 0) npu k<< m. B cury npegnoxenun 3.8 (b),
FVy(<mo 1D (ks ..., ku 3, 0)).

CnenoaaTenmio, |—g§(kl, ceey Ry m) Ocraercs 0KAas3aTh, 4TO
- 3hx,1 8 (R, ..., Ry Xpr1), TpHYeM, BBHIY YKe IOKAa3aHHOTO, JOCTATOUYHO,
OUEBHMIHO, YCTAHOBWTH JUIUb AMHCTBEHHOCTH. Jlonyctay, ut0 X (k&y, ..., ky,
u, 0)&Vy(y<u:3j@'(k1,'..., by 9,0) a0 Dby ..., by v, 0) &
&Vy(y<ov> j@(kl’;’" kn, s 0)). Toraa, ecam v<u, TO Msl noJy-
anm nporusopeune & (ky, ..., ky v, 0)& 1D (ky, ..., ky o, 0), a ecau
u<<v, o noayunm npotnsopeune I (ky, ..., ky u, 0) & REZ
#,0). A TaK KaK | u<<v Vov<<uV\u=w, 10 u=mo.

Takum 06pasom, Mbl [0Ka3a/u, HYTO BCE PEKYPCHBHHE (YHKUUU Tpes-
crasuMel B S. MOXHO Takxke TNOKa3aTh, 4TO BCE MPUMHTHBHO DPEKYpPCHBHEHIE
(yHKUUKR CHABHO mnpeacTasumsl B S, JIas MCXOOHHX (yHKUuH 3TO GELIO
TIOKa3aHO B npumepax (a)-—(c) Ha crp. 133. Kpome toro, Oe0 Takxke
NOK33aHO, 4YTO NPAaBUJO TOACTaHOBKW HE BHIBOAMT 3a MOpEAess KJacca
CUJIBHO MpencTaBuMbiX (ynkuuit (Tam xe, npumep (d)). Hakowen, npusenen-
HOE TOJBKO YTO [OK43aTeJALCTBO TOTO, UTO NPABHIO DEKYPCHM HE BHIBOIMT
3a MpeneJibl KJacca MPeACTaBUMBX B S (ynkuuf, Moxer ObTh ycCOBepIueH-
CTBOBAHO /IS TIOJIYYEHHUs! aHAJIOTMYHOrO YTBEPHACHWS O CHJBHOK mnpexcTa-
BHMOCTH, NOCKOJbKY TNpennoxeHue 3.22 Mower ObITh JOKa3aHO B cucreme S
mpu moboM 7, T. e, I Kaxioro #>==1

b FuTo (Bt (, v, 0, x)&Bt{(n, v, 1, x3) & ... & Bt (u, v, 7, x,)).

Chnenctsue 3.24. Bcaxoe pexypcustoe omuouenue 8upasuso 8 S.

Hokasareabcrso. Ilycre R(xy, ..., X,) — pexypcusnui#t npenu-
Kar *). Xapakrepuctuueckas ¢ynkuug Cgp 5TOro npegukata peKypcHBHa.
B cany npennomenus 3.23, ¢ynxuns Cp npeacraBuma B S u, cienosaresHo,
B cuay npennoxenus 3.12, npeaukar R Beipasum B S,

YnpaxxHeHHs

Al. (a) Mokasats, uTo ecnd a m b — B3aHMHO MPOCThic HaTypalbHblE YHCAA,
TO CYUIeCTBYET HAaTypaibHOE YUCAO ¢ Takoe, uT0 @c =1 (mod b). (x =y (mod z)
03Ha4aeT, YTO X U ¥ UMEIOT ONMH U TOT Xe OCTATOK NPH MeNeHHH HAa Z WIH, UHaye
TOBOpPA, UTO Pa3HOCTb X — Yy NenuTca Ha z 6e3 ocrarka. (Ilo cytu nena, B Hactos-

0
) CrmoBo «npemuxar» ymorpeGiseTcs YACTO KAaK CHHOHUM CHOBA  <€OTHO-
IUEeHHE>,
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meM YNPaXHEHUH peub HIEeT O CYWIeCTBOBaHMM UeIbIX # M U TaKHX, 410 1=
== au -+ bv.) .

(b) JdokasaTh KHTalCKYI0 TeopeMy o6 ocCTatkax: KakoBbl Obl HH ObIIH HaTy-
paibHble YHCaAad Yy, ..., Yp W HaTypaibHbie NONapHO B3aWMHO IIPOCThie 4YHCIA
Xy, ... Xp, CYHIECTBYET HaTypanbHO€ YHCIO Z TaKOe, 4TO Z==Yy, (mod X;), ..., 2=
=yp(mod xp), npuyeM ao6ble ABA TaKUX uKNCAA Z OTAHYAOTCA APYT OT Apyra
Ha 4YHCNO, KPaTHOE NPOU3BEAEHHIO X; ... Xp (Ykasanume. [JlyeThb X=3X; ... Xp
W NYCThb X == W,X; == ... == WX, NpU cooTBeTcTBylommx w; Torma, ecnn 1=Ci=Ch,
TO W; M X; 83aHMHO NPOCTH, H, B CHJIy NpeNbAYLIEro TYyHKTa (a), CYmMeECTBYeT Z;
Taxkoe, 4t0 w;z; =1 (mod x;). INonoxuM Ttemepb z=w,z;y; + ... + WpZpys. Torma
7= Ww,;z;¥;=y; (mod x;). Kpome TOro, pasHoctb MeXxay /OOBIMH [BYMH TaKHMH
pElIeHUAMH JAeAHTCA HA Xy, ..., Xp, 4 CHCJOBATENbHO, U HA X;X; ... Xp.)

2, (a) HazoseMm mpenukar R (x,, ..., X,) apudremuteckum, ecin OH ABAAETCH
uaTepnperanuedl Kakon-aubyin QopMyan oA (Xy, -.., Xp) TEOPHH S OTHOCHTENbHO
craHnaprHoit monemn. [lokaszarb, uTO BCAKWA DPEKYPCHBHLIH MpeRAKAT HABNAETCH
apndmeruveckuM. (Y kazanue Vcnoas3osath clexcTeue 3.24.)

(b) Moxasaty, uTo mAs BCAKOW pexypcHBHOM dyHkuuu f (x,, ..., X,) eenpen-
crapasiowunit npemukar f(Xy, ..., Xp)==y (cM. cTp. 135, ympaxnenune 1) pexypcu-
BeH, (Y xazanue. XapakrepucTuueckoii QyHkuue#l npeacTaBafionlero Nnpepukara
asasercs sg (T (xy, -.. ) Xp)— Y |))

{(c) Ecnu ¢ynkums f(xq, ..., X;) DEKYPCHBHA, TO ee NpeACTaBAAOUNA mpe-
JVKAT ABJAAETCA apHpMeTHUYEeCKHM.

3. Orkpoitas mpo6aeMa: BCAKaA JH DeKYpCHBHas (YHKUMA CHIbHO TIPEACTa-
BMMa B S?

§ 4. ApudpmeTusanus. I'énenesni Homepa

Kaxgomy CHMBOJY U UpPOU3BOJBHOH Teopuu mfepBoro nopsaka K cie-
myomum 00pasoM NOCTaBUM B COOTBETCTBUE MOJOXHTEAbHOE 4uca0 g (u),
HasLIBaeMoe 2£0eAe8blM HOMEPOM CAMBOJA U

g(O=3% g)=5 gO=T g(MN=9 g@)=1];
: g(xp)=5-+8k mma k=1, 2, ...;
glay)=T7-+8k nma k=1, 2, ...;
g(fM=9-48©2"3" ma &, n=1;
g (AR =11-18(2"3%) wm &k nz=1.

Takum 06pasoM, DPasjMYHBIM CHMBOJAM NOCTaBJIEHH B COOTBETCTBHE Das-
JUYHbIE TEIEJEBH HOMEPA, SB/MIOINIHECH TOJOKATEALHBME HEYETHBIMM UKC-
aamu *¥).

Hpumepn. g(x)=21, g(a)=39, g(fi) =105, g(43)==155.

ITycrs nano BhIpaXKeHue ugly. ..U, Fénenes Homep g (igiy...U,) 3TOTO
Bhpawenns onpememm kax 2800 3800 pf (), rme p; ecth i-e MpocToE
uncao u pp=—2. Hanpuwmep,

2
g (A2 (%, xg))zgg(m) 380 gglen) 720 11g( 1380
== 9107 33, 513_77_ 114. 138,

3aMeTuM, 4TO, B CHY EeJUHCTBEHHOCTH PaslOXKEHUs HATYPaNbHBIX HHCEJ

B IIPOH3BEACHUA CTENEHEH NPOCTHX UHCE, Pas/IvuHbIE BHIPANKEHUA NOAYUYAT

#) Dra e caman Hymepauus Opna IpumeHesa B aemme 2.10, crp. 73.
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Ipn 5TOM pasHele réxeneshl HOMepa. Kpome TOro, rége/eBbl HOMEpa BHI-
PaXeHuH 4YeTHHl M NOTOMY OTJAHYHGEL OT TCEZETEeBHIX HOMEPOB  CHMBOJIOB.
(Beakult cuMBOM MOXHO paccMaTpuBath Kax BBIDAXWEHHE, W TOTAa OH CHAG-
HACTCsl TENe/IEBHIM HOMEPOM, OTJIMYHBIM OT TOTO, KOTOPHIH CTaHOBUTCS emy
B COOTBETCTBHE KAK CUMBOJY. DTO HE HOKHO, ONHAKO, NPHBOAMTb K He-
BOpa3yMeHnIo.)

Haxonen, rézenes nomep npoussossuon NOCTEAOBATEABHOCTH €y, ..., €,
BHPAKEHUI ONPeenuM CAeayomuM o6pasom: g (e, ..., e,) =280 . 32 (1)

X ...pf). Kak n mpexre, Pa3/MYHbIE MOCJAENOBATENBHOCTH BHIPaKEHHH
MMEIOT DAas/iuuYHbe réfeneBbl HOMEPA, & TaK KaK 3TH NOCASAHHE YETHE o,
KpOME TOro, MMEIOT UCTHBIA TIOKa3aTesib CTENEHH NPH 2, TO OHH OTAUYHKL
M OT TEé1e/eBHIX HOMEDOB CUMBOJIOB, M OT T&/IE/EBBIX HOMEPOB BHIpAXEHHH.

Takum 06pasom, ¢yHkuMA g B3aUMHO OXHOSHAUHO oTo0paxaer MHo-
KECTBO BCEX CUMBOJIOB, BHIDAXEHUH M KOHEUHHIX MOCIEAOBATENbHOCTEH Bhbi-
DaXCHUH B MHOKECTBO LEJBIX NMONOKHTEBHBIX UiCeL. MHONKECTBO 3nayenui
byHKuMK g He coBUaaeT, OZHAKO, C MHONECTBOM BCEX LEJIBIX MOJ0KUTENb-
HBIX YHCCJ; TaK, YACIO 12 HE SBJAACTCA TEAETERHIM HOMEDOM.

YnpaxHenns

71. Hoctpouts 06beKTH, MMeOUIe CROMME TéfenesbiMH HOMepaMH uucaa 1944
H .

2. Tlokasatb, 4TO ecau n HEUETHO, TO 4n He ABAAETCA rElefeBbIM HOMepOM.
3. Hafttu réneneBb HoMepa BbipajeHHit:

(@) fi(@) (0) (1A (@, xy %)) D (Af (x3)).

Taxas wymepanmust cumsonos, Boipakenuti n NOC/IeIOBATENLHOCTEN BhHIpa-
KeHnH Brepebie Owbiia npeanpunara égxenewm [1931] ¢ uenbio apugme-
musayul. METAMaTEMATHKM ¥), T. €, C UeJbI0 3aMEHb YTBEPKACHUH o ¢dop-
MaJbHOH CUCTEME SKBHBA/IEHTHBIMU BHICKA3HIBAHUAMH O HAaTYPAJbHBIX YHCAAX
¢ NOCKCHYIOMNM BBIDAXEHUEM STMX BHICKAaSHBAHMH B (JOPMaAbHOH cHCTeMe.
WMnes apudmernsannu craza kaouom K PELIEHNI0 MHOTUMX BaMHBIX Npo6Jem
MaTEeMaTHYECKON JIOTHKH.

Paccmorpennsiit spech cnoco6 nocTpoeHus réaeneBbix HOMEpOB, pasy-
MEETCst, HC fBJMETCH eAMHCTBEHHBIM. Jlpyrme cnoco6sl MOXHO HalTu y
Kannn [1952, rn. X] u y lllMyabsiua [1961, r1 1, § 6].

Hpennoxenne 3.25. [Tycms dan dannoii meopuu nepgo2o nopsd-
xa K caedynowue omuowenus npumumusro Perypcusnb  (pexypcusnsl):
(a) 1IC (x), wmo o3nanaem «x ecmso 260ere8 HoMep npedmemuoll Korcmanmel
meopuu K», (b) FL(X), 4mo oswawaem «x ecms 260enes HoMep  ¢hyHKc-
yuonareroll Oyres. meopun K», (c) PL(x), 4mo oswanaem <«x ecms

*) ApudMetnsaumneit 1anno# Teopuu nepsoro nopsika K mbl HasbiBaem BeAKywo
GYHRUMIO g, OTOGPaMAOILYI0 B3aHMHO OHO3HAYHO MHONECTBO BCEX CHUMBOJIOB, Bbi-
paweHull M KOHeUHbIX HOCHEAOBATENLHOCTEH BRIPAKEHHH teopuu K B MHOXkecTBO
LEJBIX HOMOKHTENAbHBIX unced. Ilpm sToM tpebyerca: (i) urobm GyHKUMS ¢ Oblaa
addextuBHO BRIYHCAUMOH, (ii) yTOGH CYLleCTBOBANA 3PPeKTHBHAA Iponenypa, HO3-
BOMAMLIAA AaA KaXAOro m ONpeleldTh, ABJAETCA AW M 3HAYeHHeM GyHKIUK g,
# B Clydae, eCliM sIBASIETCH, TO NOCTPOMTb TOT OGBEKT X, MMs KOTOPOro m =g (x).
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280eae8 Homep npeduxamroil Oykss meopuu K». Toz0a caedywouue omuo-
HeHiS U OYRKYUL ST8ASTI0 MCS APUMUMUBHO percypcusm:t;m (pexypcusnoimr).
B (1)—(4) npeanmosoxenus (a)—(C) He HCNOJB3YIOTCA *).) .
(1) EVbl(x): <X ecTp réieneB HOMED BBHIPAXEHMS, COCTOALULENO _1132;1_19:52
MEHHOMY, UTO MOXET ObITb BHPameHO GopMytod Jz, «x (1 <Kz & x= 17)-
910 OTHOLIEHHE TPUMHTHBHO PEKYPCHBHO Ha OCHOBaHWMM TNpem/oxenus 3.17.
2) Argr(x)=(qt (8, x—9)); ecin x ectb réneaes HoMep (QyHKUHO-
2 kBo f7, 10 Argr(x)==n.
Hdn]zl:);p &%—_—(q{j{s, x—‘—ngl())Z; eCcan X eCThb TéIeseB HOMEp TNpeauKaTHOR
%, 10 Argp (X)==n.
6YK?§; 113&113 (x. Y, gzg:( 2<Bmpa)1<emde ¢ TégesneBbIM HOMEPOM Z HENoCpencT-
BEHHO CJEAYeT M3 BHIDaXEHHH C réiejeBpiMH HOMEpaMu X U Yy 1O npaBufZ
modus ponens». POpMaJbHO 3TO OTHOIIEHHE BHIPAXKAETCd PABEHCTBOM Y=
= 2% 5 x % 21 4 z 5 20 %),
(4) Gen (X, y): «BhHpax€HHE C TENENEBHIM HOMEPOM Y MOJYYaETCA U3 BBI-
paKeHus C TEIENEBHIM HOMEPOM X no mnpasmwiay o6oGmenusi», uau ¢op-

Ma/IbHO: Fvy <y (BVDl (v) &y =28 % 23 % v % 2% % X » 25).

(5) EIC (x): «X ecrb réagejes HOMED BHIPAXEHHUS, COCTOALIETO M3 npe;[-
METHOH KOHCTaHTB», T. € yy<x(C(y)&x==2Y). (llpexnoxenne 3.17.)
EFL (x): «X ecTh rémejeB HOMED BLIPAXKEHUH, COCTOSAINErO W3 (YHKIHO-

Ha/MbHOH OyKBb», T. € Ayy<x (FL (y) & x=2%). (lipensoxenne 3.17.)
EPL (x): «x ecrb répejieB HOMED BHIPaNEHHA, COCTOSILET0 U3 NPERUKAT-

Hot OykBel», T. e. Ayy<x (PL(y) & x=2%). (llpennoxenue 3.817.)

(6) Trm(x): «x ecrb rémeneB HOMEp TepMa Teopuu Ko». )TO BEHICKa3HI-
BaHME MCTHHHO TOrJa W TOJBKO TOrAaa, Koraa Junbo X ecrb TéNeneB HOMEp
BHIPQXKEHNS, COCTOAIIEr0 H3 TPEIMETHOH KOHCTAHTBI WM W3 MPEAMETHOH

N (]
nepeMeHHoH, uGo CymeCcTBYIOT (PYHKUHOHAIbHAS OYyKBa ff M TepMul £y, ..., ¢,

n -
Takde, YTO X €CTh rémeneB Homep Buipaxenus fi(fy, ..., f,). B atoM n03
CeHEM Cyuae MyCTh y — lENENEB HOMEp MOCHENOBATENbHOCTH U3 72—~

supaxenntt: fu faG frlts frls ta; oo fa(ty to..., t,,_l,x; fZ,S(ilé....
o bt b Te(tsy -, t). Herpyano sugers, uro y<< (p,,+2) .<

< (p¥)* = p¥’. Bamerum raixe, urto n=Argp((X)), M60 (X)o ecTh réze-

ner HoMep cuMsoaa fi Cuaenosatenbno, Trm (X) SKBUBAJEHTHO CAELYIOILLEMY

OTHOLIEHHIO:

EVbl (x) V EIC(x) V Ty, (Px)* [x==()y (4 - 1+ KEFL((y)o) &1n (y) =

= Argr (X)) T3 & (i =(¥)- 3’ & Vituciny (> 1 %“é
r éoAng (o) @ vy <x (V== 15V 2"&Trm (v))) &

D= g% 29
& v o=V =s*VETM W) &My -1 =Wy =2*
’l‘a}(m\x:x<();é§)ya):2)m B CHIY IC).;IelICTBI/lH 3.20, npemmkar Trm (X) NPUMUTHBHO

*) Hnwxe aBTOp NepeuHciaAeT NpeAMKaThl U QYHKIUH OﬂHOBp?}weHHO c 06‘?():}{0-
BaHMeM MX NPUMHTHBHOH PEXYDPCHBHOCTH (HAM PEKYPCHBHOCTH). ( pflm. ng[;e Ao
**) Cm. onpeleneHue IpuIucbiBaouiedl GyHKUHH = B mpuMepe 4 Ha CTp. -
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peKypcuseH (PEKYDCHBEH), TaK KaK MOCAEHss topmyna comepxur Trm (v)
TONBKO st V < X ¥),

(7) Atmf (x): «x ecrb rémeses HoMep 3/1eMeHTapHOR GopMy.asl Teopun K.
ITO BHICKA3bIBAHME HCTHHHO TOTAA M TOJIBKO TOLIA, KOMa CYILECTBYIOT TEPMBI

t, ..., t, u npenukarHas GykBa A} Takue, uTo X eCTb rénenes Homep
Ai(ty, ..., t,). Torna CYWECTBYET NMOCAENORATENBHOCTb Bopaxenutt Af; A% (;
Ar(tys Akl tos - ARy fy ..o, tyy; Ay, to oon, toy, by
Aplty, ...\ tyy, t,). Tlycrb y — répenes nomep sToH 110CJIe10BaTENbHOCTH,

cocrosiiuedt us n-+ 3 Bupawennit. Tak we, Kak u B npeawiaymeM nyHxre (6),

Y <<(px)** u n=Argp ((x),). [Mosromy Atmf(x) skemBarentso ClIeIyIOlIEMY
OTHOILEHHIO:

@Gy < o2 =iy ) - KEPL((y)) & I (y) = Arg,, (x)o) -+

3& ()= 3*& Viuciny (0> 1 &u<< Argp (x)g) D
D dvy< y(Mu=)u=1#Vv#*27& Trm (v))) & v, <y (N + 2=
=Wy s*VvETm (V) &Py = 17== g = 2 * 25
Orcwoga, Ha OCHOBaHUH npeanoxenus 3.17, 3aKkai0yaeM, 4TO OTHOLLEHHE
Atmf (x) npumartusHO PeKypcuBHO (PEKYPCHBHO).
(8) Fml (y): «y ects rémenes muomep 'HEKOTOPOH ¢opmyns Teopun K».
Atmf(y) V Jz, <y [(Fmi (2) &y == 2% % 2% 5 2 % 2%) \/
V (Fml ((z)o) & Fml ((2)r) & y == 2% & (2)q * 21 % (z)y % 2%) \/
V (Fmi ((z),) & EVbI ((z)y) &y=2%%2%4% (2); + 2% % (2)p % 29)].
3necs npumenumo caepcrsue 3.20 (BosBpaTHas pekypcmsl) (ynpakueHue).
(9) (@) Subst;(y, u, v «(T)o €CTb rémeseB HOMEp pe3yJbTaTa IOACTA-

HOBKM B BBIDAXEHHE C rENE/EBLIM HOMEPOM ({); TepMa C régedeBbiM HOMe-

POM U BMECTO BCEX CBOGOIHBIX BXOXUEHHH NEPEMEHHOH C FEHeNeBBIM HO-
MEPOM V>,

Trm (W) & EVDL (v) & (D= v & (Y =1)  (Fwy <y, (==
=2"EMAVEDe={)) V @Wy <, (1 <W & (1) =
=25 25 v 2x w& (Di=(10) V (1 Iwy < (1, 1 < W& (Y=
=20 20 v 200 W) & Fta < (1), Fp < (0 F20 < 1, (1 <2 & (=
= ((1)o * 2 & (7)o =1 * B & Subst; (2*- 31, u, v) & Subst, (2%-37, u, V).
B cuay crencreus 3.20 (mposeputs ero NPHUMCHUMOCTD), npeankat Subst,
TIPUMUTHBHO DEKypCHBEH (PeKypCuBEH).

(b) Subst(x, y, u, v): «x ecrb ré&genes HOMED pesy.abTata MOACTA-
HOBKHM TepMa C réie/eBbIM HOMEPOM U BMECTO BCEX CBOGOHBIX BXONCIEHHH

*) Ecan Mpt 3amenum o6a pxowaenun Trm (v) B BhiuenpuseneHnyo gopmyay
Ha (z), =0, 10 HOBas Qopmyna onpegenut Ham HEKOTOPbIA IPUMHTHBHO PEKYPCHB-
HBl#t (pexypcusubii) npenukar H (x, z) tako#, yro Trm (x) = H (x, (CTrm)# x))
NO3TOMY 3/€Cb U NPHUMEHUMO clelcTBHe 3.20.
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nepeMeHHoﬂ C TéaeJeBHIM HOMEPOM V B Bblpameﬂy'le C réneJsieBhIM - HOMEPOM
y». D10 YIBEPKIEHHE SKBUBaNeHTHO Subst, (2%-3%, u, v).

(c) Mycte Sub(y, u, v)-—— rémener HoMep peSYJAbTATa HOACTAHOBKMH
TepMa € réiejeBbIM HOMEPOM U BMECTO BCeX CBOOOAHBIX BXOXIEHHR nepe-
MEHHOR C r&Je/IeBHIM HOMEDOM V B BBIPaXKEHME C I'EIENEBHIM HOMEPOM Y.
Tak kak Sub(y, u, v)=px y Subst (x, y, u, v), To dyuxuns Sub npumn-

y
THBHO PEKYpCHBHA (PEKYPCHBHA), B CHJIy mnpenjoxenus 3.17.

(10) (@) Fr(u, x): «u ecrs régenes HoMep (OPMYJs (MM TepMa) TEO-
pur K, comepxamett (comepxaiiero) cBoGOAHO NEPEMEHHYIO C FEle/eBEIM
HOMEPOM X».

(Fm1 (1) \/ Trm (1)) & EVbI (x) & 7} Subst (1, u, 25+84, x)

x<pE

(1. € TOACTaHOBKAa B (POpMYJAy C TENENEBHIM HOMECPOM U NEPEMEHHOH, or-
JNUHOH OT TepeMeHHOH C réne/ieBHIM HOMEPOM X, BMECTO BCeX CBOOOJHBIX
BXOXIEHUH NEpEeMEeHHOH ¢ réfefeBbIM HOMEPOM X TMPUBOAUT K HOBOMY Bbl-

paxKeHuIo).
(b) Fri(u, v, w) «u ecTh réiejes Homep TepMa, cBoOOAHOrO aas me-
peMEHHOH ¢ Tr&ae/eBLIM HOMEPOM V, B (opMyJae C TEAE/NEBHM HOMEDOM W».

Trm (u) & EVb] (v) & Fml (w) & [Atiml (W) / Byy<cw (W=2% %3y x 2° &
EFri(, v, Y) V Ayy<w Fz; <« 5w (W =22y 42M 22 5 2° &
&Fri(u, v, )&Fri(, v, 2) V yycw ocw (W=22 P52+ P sy +2&
& EVbl (z) & (z==Vv D Fri (u, v, ¥))

J1m noxkasaTe/bCTBAa NMPHMEHHTh BO3BPATHYIO pekypcuio (ciencraue 3.20).
(11) (a) Axy(X): «X ecrb réuejleB HOMED YAaCTHOrO CJyuas CXeMbl aK-
cuom (1)».
Ty x vy cxFml () &Fml (V) & x==2% % 1% 2" & 2 % v & 2 5 11 5 28 5 29),

(b) Axa(X): «X eCTb TréaeneB HOMED UYaCTHOro CJayyas CXeMBl aK-
cuom (2)».
Fuy, « vy < x AWy < x (Fml (1) & Fml (v) & Fml (w) & x =22 #
228 5 us2M e B uva2Wlews P22 Py 2Muva
% 2% 5 21 4 234 g 5 21 e w e 2% 4 28 5 25),
(¢) Ax3(X):«x ecTb TégeneB HOMEp UYaCcTHOIO CJyuas  CXEMbl
akcnom (3)».
Ay Bvycy Fml) & Fml(v) & x=2% % 23 % 235 20 s v 2552115 235 2% %
Ve a2 21y 235235034 2%5va B 22852 va28 s 29
(d) Axg(x): <«x ecrb régesieB HOMED YaCTHOTO CJayyas CXEMB
akcnom (4)».
Fuy o vy <x IWy <x (Fml () & Trm (v) & EVDI (W) & Fry (v, W, 1) & x =
=285 2% % 2% w22% 5 1w 284 2" % Sub (u, v, w) =25,
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(6) Axs(x): <«X ecTb Tr&Ne/eB HOMED WYaCTHOTO CJAyYas CXeMsl
aKciom (9)».

Fuy < Ivy < IWy <« (Fml (u) & Fml (v) & EVDl (w) & 7 Fr(u, w)& x=—
=2 B Barwr Ve B aun2Meve2 s 0px
‘ #2123 2% g wow 28 5 v s 28 4 29 5 29),
(f) LAX(y): <y ectb réaenes HOMep JOTHUECKOH aKCHOMBI».

Axe () V Axe (¥) V Axa (y) V Axe (v) V Axy ().
(11") Gd(X): «X ecTb rémeneB HOMEp BHIpAWEHHS Teopun Ks.
EVDbI(x) V/ EIC(x) \ EFL (x) / EPL (x) \/ x==2¢ \/ x=2% \/ x =27 \/
Vx=2"\x=2"\ Juy <, vy, (x=u+ v &Gd (u) & Gd (v))

{caencrerue 3.20).

Sameuanne B npemnoxensn 3.25 ycaosua (a) — (C) BHINOJHEHH
nag Beako# Teopur K ¢ KOHEYHBIM WYHC/IOM NpEIMETHHIX KOHCTAHT, a TakiKe
YHKUMOHANLHBIX W NpeaukaTHeiX OykB, nG0 A1s Takod Teopud npend-
karel IC(x), FL(x) u PL(x) npumutuBHO pexypcusHsl Tax, HarnpuMep,
eC/ MPEAMETHRIMU  KOHCTaHTaMu Teopun K caywar cumBoam aj, aj, ...

-» @7, 10 IC(X) MCTHHHO TOrAa ¥ TOJBKO TOrA3, KOrAa x=T7-+8j \/
Vx=T7+38j V...V x=7-+8j, B uactnocrn, ycaosus (a)— (c) Bh-
TIOJIHeHB asa S.

IIpennoxenune 326, Ecau meopus K Yoosaemeopsiem ycao8UAM
(2) — (¢) npedaosicenun 3.25 u ecan, xpome mozo, (d) npeduxam PrAx(y):
«y ecms 260eres HoMep cobcméennoli axcuoms, meopuu K>, npumu-
IMUBHO pexypcuser (PeKypcuser), mo caedyiouue OMmHOWERUS NPUMUNUBHO
PeKypcusHo. (pexypcusrst).

(12) Ax(y): «y ectb rémeneB HOMep akcHOMBI Teopun Ko».

LAx (y) \V PrAx(y).

(13) (a) Pri(y): «y ects rénenes Homep BhiBoma B K». B cuay cuencr-

Busa 3.20, npeankar
Awycy (V=2 & Ax(W)) V TuycyAwy<yIvecy Pri) &
&y=u=(pmw)’ &Gen (v, (w))) V Iz, <yAww <y cyAvecy Pri (W) &
&y=usx(p, )" &MP (), (w),, V)
9KBUBANEHTHBIH Prf(y), aBaseTcst NpUMATUBHO pEKypCHMBHEIM (pexypcuBHbim),

(b) Pf(y, X): <y ecTh rénesneB HOMEp BHEBOAA (OPMYJH C TEAEIEBHIM
HomepoMm x». Pf(y, x) aksuBasentno Prf (Y)&X=(Y)m(y);r

(3amerum, uyro S ynosuiersopser ycaosuwo (d). B camom gese, nyCThb
a, ay ..., d— régenesbl nomepa axkcuoM (S1)—(S8), u nycrs u ects
TE[e/IeB HOMED YaCcTHOro caydasd cxembl akcuoM (S9), 4To BO3MOXHO Toraa
M TOJBKO TOrH3, KOria
Avy<uTyy<u (EVDI(v) & Fml (y) & u=23 % Sub (y, 2%, v)«
#2 e P4 2 B uve 2wy« 24 Sub(y, 27« B sva2 v)s
#2725 2w 205 v 25y 254 25)
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O6o3HauuM 3Ty nocieanwio ¢opmyny depes Ag(u). Toraa x ecth rémesnes
HoMep COOCTBEHHOH aKCHOMBl Teopud S B TOM W TOJNBKO B TOM CAy4ae,
korna Xx=a V x=a /... V x=23 \/ Ay(x))

[Ipennoxeunne 327. [an meopun S, napsdy ¢ omuowenusmu
u oynrguam (a) — (d) n (1) — (13), npumumusno pexypcusnoiu A8 MCH
maroce cAe0yIoule OMHOWEeHUST U BYHKLIL.

(14) (a) Nu(y): «y ecrtb réaeJeB HOMEDP HEKOTODOH uudpsl Teopun S».
y=2"\/ xyc y(Nu(x) & y==2%7 % 2% & x % 25). [Ipumenuts caencreue 3.20.

(b) Num (y) ==réneneBy HoMepy y.
Num (0)=2%,  Num (y | 1) = 2%"+2%xNum (y) = 2"

(15) Bw(u, v, X, y): «u ecTb réaeseB HOMED HEKOTOPOH (opMmyasl o,

v €CTb réfesieB HOMED TepeMeHHOH, CBOGOIHOH B o#, U Y eCTh rénenes

HOMED BBIBOAZ B S (hOPMYJbl, MOJYUEHHOH U3 oF NOACTAHOBKOH wudpHl X

BMECTO CBOGOAMBIX BXOXICHUH B of NEPEMEHHOH C TENETCBHIM HOMEPOM V.
Fml (u) & EVbl (v) & Fr (u, v)&Pf(y, Subst(u, Num (x), v)).

(16) Ilycte o# (%1, ..., X,)— HekoTOpas ¢uxcuposaunas Gopmyaa
TEOpUH S, €AUHCTBEHHBIMH CBOGOINHBIME NEPEMEHHHIMEA KOTOPOH SABJSIOTCA

X1, ...y Xp B NYCTb m €CThb rémenes HoMep of (X1, ..., X,). O6GosHaumMm
yepes Bw (U, ..., Uy ¥) BHICKA3HIBAHUE: <y €CTb TENEJNEB HOMEp BHIBOAA
B S dopmyas @/f(ﬂl, cees ﬁn)». Torga Bw, (1, ..., U, Y) SKBUBAJAEHTHO

Pi(y, Subst...(Subst (Subst (72, Num (uy), 2%%), Num (uy), 25*1%))..)).

(17) (8 Wi(y, y): «u ecrb rémenes HoMep opMymn o (xy), couep-
naweh CBOOOAHYI0 NEPEMEHHYIO X1, M y €CThb r&Ae/eB HOMED BHBOAA B S
hopMy Bl o ()». DTO yTBEPKIEHHE SKBHUBAJIEHTHO

Fmi(u) & Fr(u, 2¥) &Pi(y, Sub(u, Num (u), 213)).

(®) Wa(u, y) «u ects régenes Homep (opmyasi o (x;), coaepkauteit
CBOGOIHYIO TEPEMEHHYI0 X3, U Y €CTh FENe/eB HOMEP BHIBOJAA B S popMyJn
e (W)». ITO yTBEPKIAECHHE SKBUBAICHTHO

Fml (1) & Br (u, 2%) & Pf(y, Sub (2% % 2°  u = 2% Num (u), 2'%)).

(18) Onpenennm, nakonen, dynxuuio D (u) Takum oGpazoM, ytoOm s
Ka¥0ro U, SB/SIONErOCa réAeNeBblM HOMEpOM (opMyin o (X;) €O CBO-
Goano#i mepemenno#t D(u) GOm0 pasBHO ré&neneBy HOMepy dopmyast
o# (u). las sroro nonowum D (u)==Sub (1, Num (1), 2%).

B nanbHeitmem cumBoab, caykamue A48 OB603HAYEHHS OTHOCSAMMXCA
K cucreme S mnpeawkaros ¥ ¢yHxkumit u3 nupeanowenudt 3.25 — 3.27, mul
Oymem cHabwarh MHACKCOM «S», 4TOOHI yKas3aTb Ha 3aBUCUMOCTb 5THX mpe-
IvkaroB u ¢yskuni or S. Jleso B TOM, 4TO, paccMarpHBas Kakyw-HuGymb
Apyryto Teopuio nepsoro mopsaka S’ € TeMM dke CHUMBOJAMH, YTO H Y S,
ML MOXEM MOMyuuTh B npeanowenusx 3.25 — 3.27 npeaukarsl u QyHKu#H,
OT/YUHBIE OT MPEAUKATOB U (PYHKILMH, COOTBETCTBYIOILUX B 3THX NPENNONe-
HusX Teopum S,



158 IrJl. 3. YOPMAJIbHASS APUOPMETUKA

Mpennoxenne 3.28. Beaxan dynryun f(xy, ..., X,), npedcmasumasn
8 S, pexypcusHa.

NoxasateabcTBo. Ilycts dopmyna e#(xy, ..., X, 2) npex-
crasaser f B S. Paccmorpum HaTYpaJbHble 4HCAA &y, ..., k, Ilycte f(ky,...
cooy ky)y=m. Torna g, (ky, ..., ky m) Ilycte j ecTh rénenes HOMep
BHIBOJA @%(k,, ey B m) 8 S. Torna Bw (B, ..., ky m, J) (cm. mpenno-
wenne 3.27 (16)). Urak, nas moBHX Xy, ..., X, CYWECTBYeT TaKoe Yy, uTO
BW'ﬂ (Xl, ey Xpy (Y)O: (Y)l) HOSTOMY f.(xl’ R Xn)=(P‘yBW‘,4 (Xl’ cees Xpy

(e (W) Coraacno npeanoxenuto 3.27 (16), npemmkar Bw ¢ TIDUMHTHBHO
pekypcusen. Ortciofia, TNpUHAMas BO BHMMaHHE mnpasuao p-oneparopa (VI)
B ONpeXCJNCHNH DEKYPCHUBHBIX  (YHKURH, 3aKmouaeM, 410  (pyHKuus
pyBw (xy, ..., X, (Yo (¥)1) PEKypcHBHa; C/I€dOBATENbHO, W (YHK-
uus f pekypcusHa.

Ilpennoxenne 3.28 Bmecte ¢ mnpensnoxeddeM 3.23 TOKasHIBaer, 4TO
KJacC PEKYPCHBHBIX (pyHKUMH cOBnamaer ¢ KJaccoM (QyHKumd, mnpencra-
BAMHX B S,

B rnase 5 Mn npusegeM OBOAH B NOJB3Y NPaBAONOAOGHOCTH TOrO,
YTO MOHSATHE DPEKYPCUBHOR (PYHKIMN €CTb TOYHBIH MaTEeMaTHYECKHH S5KBU-
B3JICHT MHTYUTHBHOH ujer 3¢p@PexTUBHO BhHIUMCANMOR (PyHKuMA.

Caencreue 3.29. Beaxuil 3a0annbiii Ha MHOXCecmee Hamypais-

Hbix wucea npeouxam R(X,, ..., X,) pexypcusen mozda u moasxo moazda,
Koz20a oxn gwpasusm 8 meopuu S,
INoxasateanctno. CoraacHo onpexeneHunio, npesukar R(xy, ..., X,)

PEKypCHBEH TOTJa W TOJBKO TOTA4, KOrAa pekypcubHa dynkuna Cp. C mpy-

rodl CTOpoHH, mnpemukar ‘R Bhipasum B S TOrAa ¥ TOABKO TOrA3, Korna
¢ynkuus Cp npencrasama B S (npennoxenue 3.12).

§ 5. Teopema I'énens pam Teopun S

Ilycth K —Teopust nepBoro mnopsiaka ¢ TeMH K CAMBIMH CHMBOJIAMH,
uyto u S. Teapus K HasbiBaercs w-wempomusopewusoi, ecam a8 BCIKOH
$opMyaH o (X) 9TOH. TEOpHM M3 TOro, YTO Npu MoBOM 7 }—Kezf(n),
C/IENYeT HEBOSMONHOCTb |-, Jx T e#(x). Ecam Mb NpusHaeMm CTaHapTHYIO
MHTEPOPETAINI0 TEODUA S B KauecTse MOJEAN 39TOH Teopum, TO TOria
Teopuio S CiefyeT NpuU3Hath w-HenpoTuBopeunsod. Ho, Tak wim unHave, mu
Gynem sBHO (OPMYJMDOBAaTH [NPENNONOKEHHE O W-HENPOTHBOPEYHBOCTH S
BCAKMH Das, KOrAa 3Ta »-HENPOTHBOPEUMBOCTh OyIeT HCNOJb3OBAHA B NOKa-
3aTe/IbCTBE (CM. 3aMEYaHUA O HENPOTHBOPEUMBOCTH Ha crp. 121).

Ipennoxenne 3.30. Ecau meopus K w-nenpomusopewusa, mo
OHa Henpomusopeuusa.

HNokasateabcrro. Ilycrs teopus K w-nenporusopeunBa. Paccmor-
puM Kakywo-urOyap BriBogumyio B K dopmyny o# (x) co ceoGomHo#i nepe-
MeHHOH, HanpuMep x=x D x==x. Ilpn mobGom #n umeeMm, o0uYeBHIHO,
b-xn=n>n=n [ostomy dopmyaa Ax 7 (x==X D X == x) HEBHBOLUMA
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s K. Caenosatenpho, teopus K nenporusopeunsa (uGo, B cuay TaBTO/IOrUHM
1A D (A > B), u3 nporusopeunusoctu K cirexosano 6u, uto B K BHBO-
guMa Jmobas Qopmy.ia).

CornacHo npemnoxenmo 3.27 (17a), otnowenue Wi (i, y) NPUMHTUBHO
peKypCHUBHO M MOTOMY, B CHJAYy CjeAcTBUA 3.24, BHPasuMO B S HEKOTOpo#
¢popmyoh W, (1, x9) ¢ aByms cBoGogHBIMU NEPEMEHHBIME X, X3 OTO

auaunt, uto ecnu Wy (ky, ko) ucranno, 1o |- U (&, ke), u ecin Wi(ky, ke)
nowHo, 10 |- 1%y (s, ke). Pacecmotpum Teneps dopmyay
Vi 13 (1, x9). (%)

Iycts m  ecs rénen‘eﬂ Homep copmyas (). Iloncrasus B (%) m
BMECTO Xy, MBIl IOJYUMM 3AMKHYTYIO (HOpMYJITy

VJCg —l wl (ﬁ, .X'g). (**)

Benomuum, yro yrepwmenne W, (u, y) HCTHHHO TOrAa W TOJBKO TOrAa,
KOTJA U eCTb F&Ae/eB HOMED HEKOTOpOH (GopMyasl of (X)), comepxamei
cBOGOAHO MEPEMEHHYI0 X1, a y €CTb réfeseB HOMeD BHIBOLA B S opmyn
o# (1). CnexoBarennno,

() Wi(m, y) ncrunuo TOrma m TOABKO TOMJa, KOTNA Y €CTh réielies
HOMED BHIBOJA B S (hOpMyanl (#x).

IMpennoxenue 3.3l (Teopema ['&nens pmaa teopun S [1931])

(1) Ecau meopusn S nenpomusopewusa, mo gopmysra (#%) Hessgo-
duma 8 S.

(2) Ecau meopus S w-nenpomusopeuusa, mo gopmyaa 7| (xx) Hesblgo-
duma 8 S. ‘

(Taxum oOpasom, B cuay mpemnoxenns 3.30, ecau Teopus S w-HENpOTH-
BODEYHBA, TO 3aMKHYyTas (OPMyJa (%#) HEBHIBOJAMMA M HEONPOBEPKHMA B S.
3amxuyTeie QOpMyinl, Oo6jajalomive TaKuM CBOHCTBOM, HASHIBAIOTCS Kepaspe-
wuMbLMu npedaoscenusmu Teopun S.)

Hoxasarteancreo. (1) Ipeanonoxum, uro teopus S HEenpoTuBOpe-
yuBa H F-stg‘lwi (ﬁ, .ng). Ilycts Ttorma k-—répenes HOMep Kakoro-
HuOynp BoBOAAa B S 3TOH mociemueir dopmyas. B caay (1), cnpaseniuso
Wy(m, k). Tak xak U, supakaer W; B S, ToO }—swl (ﬁ, k). Ua
ngjwl (m, xg) no npasuiy A4 M MOXeM BHBECTH ”le(t;t, k) Ta-
KiM 06pasoM, B S OKasbBaOTCA BHIBOAUMBIME  (POPMYJIbI wl(m, lé) u
nkZ/A (m, k), YTO TPOTMBOPEUHT NPEANOJAOKEHUIO O HEMPOTHBOPEUABOCTH S,

(2) Mpeanonoxnm, yro Teopus S w-Henpotusopeuusa u |- 7| Vxg 120, (m,
Xg), T. e kg7 (*%). Ha ocHoBanmu npemmoxenus 3.30, saxsmouaem,
NTO TEOpHA S HENpOTHBOPEUMBA M, CJENOBATENbHO, HE g (¥%). TTosromy,
KaKoBo Obl HE OBIIO HATYPAJbHOE YHCAO 1, N HE eCTb réaenes HOMED BHI-
Boma B S opmyan (x#), . e W,(m, n) noxuo mas mwboro n. A s1o
3HAYUT, YTO I—-S"I l(ﬁ, Fz) aas  awoboro p. B3se B KauecTBe dopmyn

e% (xg) Qopmyay jw,(m, xg), MBl, Ha OCHOBAHUK TPENIOJIONKEHAS O ®-
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HENPOTUBOPEYNBOCTH TEOPHUH S, 3aK/IOYAEM, YTO He }—-SEng‘l‘lw1 (;z, xg) :
W, CJIeAOBATEJbHO, HE |—S':'|xgw1 (m, xg). Mbl npuman, takum oGpasow,

K INPOTHBOPEYHIO C TMNPEANOJACKEHHEM, YTO }—Sﬂxﬂlfl (m, x3).

Becbma so0ONBTHA CTaHAAPTHAs HMHTEPNPETAlUs HEPa3PeilHMOro Npel- .

noxenns (x5). Vo 12y (7, x5). Tak kax
Wi, 10, B COOTBETCTBUH CO CTaHAAPTHOH WHTEPNpEeTalueH, (##) YTBEPKIAET,

1 BHIpaxaer B S oTHOUIeHHWE °

uro Wy (m, Xs) A0XKHO U8 KawIOTO HAaTYpaJbHOIO YHCAd X COrIacHO 0,

9TO O3HAYAET, YTO HE CYHECTBYeT BHBOAa opmyan (#x) B S. Ilpyrumu
C/I0BaMH, (opMy/d (#%) YTBEpHKAAET CBOW COGCTBEHHYIO HEBLIBOAUMOCTE
B §*). Ilo teopeme we [@'&xens, ecim TOJAbKO TeOpHA S HENPOTHBOPEUMBA,
3Ta (OpMyZa B B CAMOM J€JE HEBHIBOAUMA B S U NMOTOMY HCTHHHA NpH
CTanfapTHOH uHTeprperanud. VTak, AN HaTypasbHBIX 4yHCes, COOTBETCTBYIO-
wHX OOKuUHOH wHTepnperauny, QOpMyaa (#+) BEpPHa, HO B S HEBHBOINMA,

ODTO MOXET HAaBECTH HAC Ha MBICAb, YTO TeopeMa I'&nenn moromy cmpase- -
JUBA [ TEOPHH S, YTO NEPBOHAYaMbLHO BHOPaHHas [Jis 3TOH  Teopuu :
CACTEMa aKCHOM OKa3aJach CAMMIKOM cJaabo#i u uTO, ecin Gbi ME YCRAWIM
Teopuio S, 100aBMB K He#l HOBHE AaKCHOMEI, TO HOBas TEOpUA MOTJa OH
oxkasarbcs noaHOM. Tak, wanpumep, uyToOH 1OJYyYHTb HEKOTOpylo Godaee |
CHJBLHYIO TEOPHIO Sj, Ml MOrau O M006aBHTh K S MCTHHHYIO (QOPMYTY (%) *

OxnHako BcAKas pexypcuBHas (yHkuns, OyAyun npeacTaBuMod B S, mpes-

CTaBMMa Takxke U B TakoH Teopun S;. TouHO TaK e u nPEATOKEHNS |

3.26 — 3.27 oCTalOTCs, OYEBUIHO, B CHJIE, €CAH MHX nepeopMyIHpOBaTh |
nag Sy Ho Benb ato m ectb Bce, yto Tpefyerca mas T0ro, 4To6hH noJay- -

unTh pesyabTar ['€nens; u nmotomy, ecan Teopus S; w-HENPOTUBOPEUHBA, TO

# OHa WMeET HEKOTOpOE HepaspelnMoe npemiokeHne . (9B umeer Ty *e
dopmy ‘\7’.:cgﬂ(?(7,)sl (7@, X3), HO, pasyMmeercs, Oy@er OTIMYAThCs OT (#%),
NOCKOJAbKY oTHowmenne W; mna S; oramuno or otnomenus Wy gas S, g,
ClIEI0BATEIbHO, (POopMYyJIa ((Z(/'l)s1 ® BXoAswas B B uudpa £ OTIAUHE OT
dpopuyan Uy u wuppy m B (w).)

N

YupawHeHus

1. Mycrb Sg—pacmnpeﬂue Teopuu S, nonyyeHnoe noGasnennem K nociefHed

Qopmyabt | (¥#) B KayecTBe HOBOM akcHOMbl. [lokasatb, WTO ecud Teopus S He-
NPOTHBOPEUHBA, TO Teopus S, HEMPOTHBOPEYHBA W w-NPOTHBOPEUHBA.

2, Teopus K, comepxainas Te Xe CHMBOAB, YTO M TeOpHA S, Ha3bIBAETCA w-

HenoAHOW, eCIN CYLLeCTBYET Takas QopMyaa o# (x), uTo i—KQ,{(;‘z) A KaxJIoro
HEOTPHLATEILHOTO 17, HO He FyVxo# (x). [lokasarb, uTo ecanm teopus S menpo-'

TUBOPEUMBA, TO OHa w-Hemonna. (Y kasanue Paccmorpers popmyay 19, (m, :

X;) U NPHUMEHHTb npejgnoxenue 3.31.)

*) Takum "06pasoM, (#%) ABIAETCA AHANOFOM PA3IUYHBIX CeMAHTHYECKHX napa-
IOKCOB, B YaCTHOCTH, TaKHX, Kak napajokch Puwapa, Beppu n napamokc mxena -

(cm. Ban X ao [1955]).
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3. ﬂoxaaan, YTO I/ HENPOTHUBOPEUYHBOH TEOPHH w-NIPOTUBOPEYHBOCTh BAE-
yeT «w-HEIOJHOTY.

B rteopeme TI'€mens comepkurcs npEANONONEHWE O ®-HENPOTHBO-
peunsoct Teopuu S. Ommako, kak nokazan Poccep [1936 b], uenon
HEKOTOPOro  yCJOXHEHN [OKa3aTe]bCTBA MOXKHO C TEM e YCNEXOM orpa-
HPIYNTBLCA TPEANIONOKEHHEM 00 OOLIYHON HENpOTHBOPEYMBOCTM Teopuu S.

Kak Gwino noxasano, ortnomenne Wy (11, y) us npemnoxenns 3.27 (17 b)
ABJAAETC TPUMUTUBHO pexypcuBsuiM. Crenosatensno, Wy Brpasumo B S
¢ TIOMOULBI0 HEKOTOPOH (HOpMYJIHI 2 (X1, X9). PaccMorpum Torma gopmyay

qu (201 (JC1, xg) ) HJC3 (.X'3 < x5 & wcz (x,, X3))) (***)

[Tycte n—rénenes nomep a1o# opmyan. Ioncrasus B Hee BMECTO X
unpy 7, NOJIYYMM 3aMKHYTYIO (opMyry

Vo (W1 (n, x5) D Ty (303 << 33 & Wy (n, x3))).

Benomuum, uro Wy(u, y) (coorsercrtBenno Wy(u, y)) HCTHHHO TOrma u
TOJIbKO  TOTA3, KOTHA U €CTb rEAe/eB HOMED KaKoOH-HHOyAb (OpPMYJIH
o# (%1) co cBoGOnHOH TnEpeMeHHOH Xy, a Y €eCTb réaeseB HOMEP BHIROIA
B S ¢opmynn o (u) (coorserctsenno | o (1)). Tak kak n ects réme-
JEB HOMED (POpMYJIHl (#%%), TO

(I) Wy(n, y) ucTMHHO TOrAa ® TOJBKO TOTA3, KOTZA Y eCTh TéxejeB
HOMED BHIBOAA B S DOPMYIBl (#x%%);

() We(n, y) uctuHHO TOrZa M TONBKO TOrH3, KOTNA y €CTh ré&jesieB
HOMED BHBOAA B S QODMYJIB | (s#x%).

IIpennoxenne 332 (Teopema Témens B ¢opme Poccepa
(1936 b]) Ecau meopus S nenpomusopewusa, mo & neli negboi8odums. oGe
popmyast (sx%+) w 7| (xxi%) u, cAe008amessHO, Cywecmeyem Hepaspe-
uwunmoe npedioscenue 3moll meopil.

Hoxasareancrso. Ilpemnonoxum, uto Teopus S HenpoTweOpeuusa
¥ uto B S BHBOANMA (DOpMYaa (#x#%), T. €.

]——vacz (wj (;1, xg) oD 3.?6'3 (X3<xg&wg (n, JC3))).
Ilycrs  rtorma £ — rénenes Homep KaKkoro-uubynb BHBOXA (##%%) B S,
B cuny (11), cnpasenmuso Wi (n, k). Tak xak &/, Bhipaxaer Wy B S, TO
stl (n, k). Ho us (****) no npasuay A4 MOXHO MOJyYMThb }—Swl (A,
E) > iy (03 < R & W (n, x3)) u satem no MP u |- e (<t &
&, (n, x3)). Tak kax, coraacko NpearoNoXeHnio, Teopuss S HenpoTa-
BOpeunBa, T0 B S He cyuiecTByer BmBoZa (opMyam | (+s#x%). Ilosromy,
B cuary (), Wo(n, y) noXHO 441 BCAKOTO HaTypaJbHOro y. A Tak Kak

2 Beipaxaer Wy 8 S, To I—s’]%% (;t, ]) aaa moboro HatypaabHOro j u,
B YaCTHOCTH, }—STWQ (;z, (_))&...&ng (;1, I?c). Mosromy, B cuay npea-
nouennsn 3.8(a"), - Vs (x5 <<k > 125 (n, x3)), u, nakouen, no Teopeme
0 savewe (caexcrsue 2.21), |—¢ 13x, (xggk&wg (n, xa)). Ho ‘tem

6 3. Menneabcon

(%)
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CaMblM Mbl JOKA3aJW BHBOAUMOCTb B S (GOPMYyJnl, suasiowelcs OTpHuaHueMm
patiec BHBEICHHOH yke B S (OPMYJb, YTO NPOTHBOPEUT HENPOTUBOPE-
ugBoCcTH S. _

(2) Honyctam |—g {##*%), T. € =g 1 Vxq (w, (n, xg) > dx; (xag
< x& Wy (7, x3))). Tlycts r—rénenes HoMep Kakoro-uuGyib BHBOZA
a1 S _ -

7 (###%). B cuay (W), ncrmawo Wa(n, r), u notomy |- W, (n,r). B caay
NPEANO/OKEHN O HENPOTHBOPEUMBOCTH TeOpUK S, HE CYUIECTBYeT BLBOAA B S
dopmyasl (xx%xx), T. e. coraacio (1), Wi(n, y) a0XHO 419 KammOro

watypamshoro y. Ilostomy |-¢ 120, (n, j) mms xawmoro watypanbHOro
upcaa j. B uactHocTy, _.
1%, (n, 0)& W (0, D& ... &TWi(n 1),
Orcrona, 8 cuiy npentoxenus 3.8 (a), noayuyaem
() gxa=<r 2 1W, (1, x).
PaccmoTpuM TeEneph CAeayownid BBIBOL
(1) F<< xe rUnoTesa
@ Waln r)
B) r=x&W(n 1)
@) A (< x&Wi(n x3)) (3), npasuro E4

BBIBOAUMOCTb JOKa3aHa BhILLE

(1), (2), rasTosOTHA

Us (1) —(4) ¢ momoub TEOPeMbl AEAYKUHKH TONYudeEM
- o/ (-

(i) Fgr<xeDdx (x3 < x& W (n, xg)).
Coraacao npeanoaoxenuno 3.7(p),

(iil) frgra<? V F<< X
M3 (i) — (iii) ¢ nomowsio OAXOASIUEH TABTOJNOTHH MOJAYuYICM

\Ir——s _l w, (;’l, xg) \/ Elxa’(xa = X3 & wq (ﬂ, xg)),

a 3areM CHOBA C momoulblo TaBrosoruu # npasua MP u Gen:

‘— vag (w1 (Il, .X,'g) D 3)6'3 (x:; = Xq & wg (;l, .)Cg)))

NUtak }—S (e %), Ho 3TO npOoTHBOPEYHUT NPEANOJIOKEHHAM O HENPOTHBO-
»

PEUYMBOCTH S U O TOM, UTO |—¢ ] (##x%).

PoccepoBo HepaspeliuMOe TPeIONeHUe (x*#+#) TOKE MMEeT UHTepec-
Hyio cranaaptiyio untepnperaunio. Coraacwo (1) u (i), Wy(n, xs) osna-
4aeT, 4TO Xp €CTh T&AejeB HOMEpP HEKOTOPOTO BHIBOMA B S (hopMYJIbl (****)S,
a Wg(n, x;) 03Hauaer, YTO Xz €CTb réneJieB HOMEpP HEKOTOPOro BHBOAA B
dopmyab ] (xxw#). Taxum 0Opasom, (%) yTBEPHIAAET, YTO €CAU Cyule-
crByer BHBOA B S (QoOpMyJan (###%), TO CYUleCTBYeT, H Jdie C MEHbIUUM
réIeseBbpiM HOMEpPOM, BHIBOA B S dopmyanl | (x##x). CorsacHo e mpen-

aokeHuo 3.32, ecau Teopus S HENPOTHBOPEUMBA, TO OPMYNIa (x##%) -
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B NEd HEBHIBOAMME; 103TOMY, eCan Teopus S senporusopeunsa, 10 (op-
MyJa (##%+%) BEDHAa B CTaHZAPTHOH HHTEpUPETaNHN.

Teopema 'énens B dopme Poccepa npumennma He TOMbKO K reopun S.
Iycts K — mobas Teopus nepsoro NMOpsAaKa € TEMH XK€ CUMBOJAMH, YTO U
Teopust S. AHaiu3 NPOBEACHHOTO TOMBKO YTO HOKA3aTEAbCTBA MOIBOARET
ChOpMyIUPOBATL CJENYIOMNE HOCTATOUHBIE YCJAOBHS NPUMEHUMOCTH TeOpeMhl
Iénens s dopme Poccepa x teopun K: :

(@ Ortnowenns W; u Wy (cM. npeanoxenne 3.27(17), B KoTopom
BCIOAY B ONpEREJNEHUAX caeayer 3ameHuTs S Ha K) soipasumsr B K.

(b) Mmeercs dopmyna u=< v rakas, uto

(i) nns Bcaxo opMyanl of (X) W AJA BCAKOTO HaTYpa/bHOrO k:
Fref @ &e? (1)&...&ot (k) > Vx (x <k D of (1)), |
(ii) ana scskoro HarypannHOro umcaa k:

Fyr<<k \V E<x

3ametum, yto ecim K ecth Teopus nepsoro NOps/iKa ¢ PABEHCTBOM, TO
ycaosue (i) MOXET OuiTh 33MEHEHO YCJIOBHEM

() Fyx<<koD(x=0Vx=1V ... \/ x=Fk).

Ycnosue (a), roBopsuee o BuipazumocT B K oTHOweHn# Win W,
BHIIOJHEHO, €C/IM 5TH  OTHOLUEHHMsl PEKYPCHBHH M ecin B K BHpasumo
BCAKOE pekypcnsHOe orHolueHne. M3 nokasarenncts npemaoxeHn# 3.25 —
— 3.27 nerxko Buuers, uto W; u W, PEKYPCHBHH, ecin a1 Teopun K
BLINOJHEHO ycaosue (d) m3 npennoxenns 3.26, 1. e. ecau CBOHCTBO PrAxK
«OHTb TéfeneBHM HOMEPOM COGCTBEHHOH akcuoMul_Tteopan K» pekypcusno
(WM, WHBIMH CJOBAaMH, €CJH MHOXECTBO T&Je/ieBhiX HOMEPOB COOCTBEHHBIX
akcnom Teopuu K pekypcushp). Taxum 06pasom, Mb npuxoanm' k caeny-
IOINEMY De3YJbTATy.

Ilpennoxenue 333. Iycms K ecms meopus nepgoz2o nopsidka
¢ meMu e cumgoramu, 4mo u meopus S, u nycms, Kposme mozo, K
Yyiosaemsopsaem caedyOUUM YCAOBUSM:

(1) scaxoe perypcusnoe omuouterue suipasumo 6 K, _

(2) muoxcecmeo 2é0ercsbix Homepos cobcmeennsx awcuonm meopuu K
PeKypcusHo,

(3) sunoanenst yrwasaunsie ewute ycaosus (b), @iy — ().

Toz20a 042 meopuu K cnpasedausa meopema I'édeast 8 dopme Poccepa,
m. e. ecau meopust K nenpomusopewusa, mo cywecmsyem nepaspewmunoe
8 smoll meopun npedaoscenue. (3aMeTUM, 4TO, COFIACHO npeasoxenuio 3.12,
ycrosue (1) Buimosmsercs, ecim 8 K mpexncraBuma - Kawaas peKypcHBHas
$yuxuns; kpome Toro, ecam K ects Teopus nepsoro HOpAAKa C PaBEHCTBOM,
To ycnoene (3) (b) (i) Moxer 6uTb 3ameneno Ha (i').)

Hasceem teopmio K pexypcusno aKcuomamusupyemol, €cau Cymwecr-
Byer Takas teopus K’ C TeM ke, 4TO H ¥y K, mHOXecTBOM Téopewm, urto
MHONECTBO PrAxy, réaeneBbix HOMEPOB cOOCTBEHHMX aKcnoM K’ PEKYP CHBHO.

6t
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CnenctBue 3.34. Teopema [édean 8 ¢hopme Poccepa cnpasediusa
04  KadC0020 HERPOMUBOPELUBO20 PEKYPCUBHO  AKCUOMAMUIUPYEMO20
pacuiuperus meopuir S, m. e. 08 Kaxu£0020 maKo20 pacuupenus cyuecn-

eHue, Hepa3peuiumoe 8 HeM.
Bye’ﬁ onﬁez? : Oagfe b b’C TBpo. pTaK KaK BCE PEKYPCHBHLIE OTHOILEHHS BBIDABUMbI
B S, TO OHM BHDAa3uUMBl ¥ BO BCskOM pacuwiupenur S, Touno Tak xe u
ycnosust (i) — (if), Oymyuu BHIMOJHEHH B S, BHINOJHEHH ¥ BO BCﬂKOIN‘IépHC-
wupenun S. ITostoMmy, Ha OcHOBaHuM npennoxeHus 3.33, Teopema I'énens
B ¢opme Poccepa npumennma K Jo0omy genpomsopequsomy PEKYPCUBHO

MOMY paciliupeHuio Teopuu S.
amr?gafxgimﬁm IYJlapBbl 5pqmaTem, CMOXeT OLEHHTh BCE mpasaononobue
IHNOTESH, COTJACHO KOTOPOH TOWHOE NOHATHE PEKYPCHBHOTO MHOXECTBA
COOTBETCTBYET HMHTYWTUBHOMY TOHSTHIO aq:cpexmsno* paspeluMoro MHO-
wecTBa. 'mmotesa 3Ta HocuT HasBanue Tesuca Yépua *). Ilas scAkoro, K10
NpUHEMAeT STOT Te3uc, caencTsue 3.34 yTBEPKHAET, UTO TEOPHs S cyz’uecm-
8eHHo Henoixa, T. €. uTo mMo06oe HENpOTUBOPEYMBOE I(PPEKTUBHO AKCHO-
MAaTU3MPOBAHHOE PAaCLIMPEHHe Teopud S MMeeT Hepaspellumbie npennomeﬂu;.
(HanomuuM, 4TO TEOpUs Ha3bIBaeTCsi SPQPEKTHBHO axcuomamauposaﬂﬂoé
ecau  cymectsyer 5S¢QexTHBHas NpPOUeAypa, NO3BOJSIOILad 11;.'m KaW /0
(OpMyJIEl STOH TEODUM Y3HABATb, ABJSETCA JA OHA €€ AKCHOMO 2

YnpamHeHus

1. Jokasats, uT0 MHOXecTBO Tr réieaeBnXx HOMEPOB BCeX Q)opMB)/fn Teog)nl_lu"i,
WUCTHHHBIX B CTaHEAapTHOH MoJlend, He ABAAETCA PEKYPCHBHLIM. ( xaT:zo “"S.
PaccMoTpeTh - TEOPHK TEPBOro MOpsAAKa K, ﬂanﬂmmymcaﬂﬁiimcﬁ%i%ngxe 333)

CHOM, U NpUMe 1 .34.
uMeomyio Tr B KauecTBe MHOWECTBa aK ,
! 2 Slgupaan Ha caeactsHe 3.34, moKasaTb, YTO HE CYWECTBYET pen_gypcns;o
akcnomaTH3upyeMmoit TeopHH, umeiomefi Tr B KauecTBe MHOWECTBA TICREACBBIX

HOMEPOB CBOMX TEOpEM. «

Tlycre Neg (x) == 2%x2%+x»2%. Torma, ecmu x ectb ré,aenelib Homepﬁ ql\)lzp-
myast o, ToNeg(x) ects réfenes HOMED $opmy bt ‘198/5. ym(ug Og_,
OUEBMIHO, PEKYPCHMBHA U, C/EAGBATENbHO, TIPEACTaBUMA Bpfnexoropo q:l [fx)ﬁ
mynolt Neg(x; Xxeo). Panee namu Obli BBEACH NpeauKar ‘ (y, Xx), ucTaH -
TOra M TOAbKO TOTHA, KOTAA X €CTb TEIeIeB HOMED HEKOTOPO# q)ogmyém
TEODPUN S, a y eCTb réaeses HOMED HEeKOTOPOro BLIBOAA @Jf B O. CMJ:*Z
npemnoxenas 3.26, npeguxar Pf npuMuTUBHO pEKypCuBEH, u i;Ioromy,
OCHOBAHUH CJCHCTBUA 3.24, BHIP2sMM B S € MOMOWBK HEKOTOPOH (opMmy.bt
Pf(ggo::zqum uepes Cong Qopmyay Vi VeV Vs 1(Pf (2, x) &
& Pf (xs, xi) & Neg(xs, xg). ConepxarenbHo, T. €. B coomercn;m:l Bc%
CTAHAAPTHOW MHTEepnperauuet, ConS BRIPAXAET HEBO3MOXHOCTh BHIBOJ,

*) Tloswe Ha cTp. 249 tesuc Uépua Oyuer cmop(i\)nq);nnposag sc:g%:?;lw?;l (T)g?;;
: Kuus ABAAETCA IPPEeKTHBH
3oM: BCAKaa apudmerndeckas QyH o chanofl Torna
cuHan QyHkuusa. Mo ocrasn T
TOALKO TOCHA, KOrja OHa €CTb PeKyp
g Kavecrse ynpz'mmeﬂun AOKA3aTb SKBUBAJEHTHOCTb 3TUX ABYX (popm Tesuca Uépua.
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KaKoH-m60 (OPMYAL BMECTE C € OTPUUAHHEM M SBJSETCS MCTHHHOH B TOM
W TOJbKO B TOM C/y4ae, KOraa Teopud S HempoTuBoOpeunsa. HMumiMu Ca0BamH,
Gopumyny Cong MOKHO HMHTEDNIPETAPOBATH KAK YTBEPKAEHHE HEMPOTHUBOPE-
unBocTd Teopun S. BendmHum Tenepb, uTO, B COOTBETCTBHH CO CTaHaapT-
HOH MHTEpNpeTauned, régenesa Hepaspemnmas (opmyna (xx) (CM. crp. 159)
CONEPKATE/ILHO  BLHIPAKAET CBOIO COOCTBEHHYIO HEBHIBOZMMOCTh. Toraa ¢op-
myta Coftg O (%%) cOnepxaTe/IbHO YTBEPKAIET, HTO ecJu Teopus S Henpo-
TUBOPEYMBA, TO (POpMyna (x%) B Hei neBmBOguMa, Ho B 5TOM W cOCTOUT
nepeas 4acTh Teopembl I'émens. Maremarnueckue paccysueHus, nokaspipa-
omune rteopemy I'€mesns, MoryT GbTb BbIpaXEHH M NPOBEEHH cpeacTBamu
TEOPUR S, TaK UTO B DE3YAbTATE OKA3bIBAETCH BOIMONKHBIM TIOJIYYATh BBIBOJ
Gopmyast  Cong D (x#) B Teopunm S. (JLOKa3aTEJAbCIBO 3TOrO YTBEDKIESHUs
M.y F'manGepra u Bepuatica [1939], crp. 285—328; dedep-
maHa [1960]) Urak, t~g Cong o (xx). Coraacno Teopeme I'ézens, ommaxo,
ecu Teopus S HenpoTBOpeuuBa, TO (DOPMyJa (%) B HeHl HEBHIBOLUMA.
Orciona crexyer, uTo ecam Teopus S HENPOTHBODEUMBA, TO B HEH HEBLIBO-
mama u ¢popmyna Cong; MHEIME CJIOBAMH, €CIH TEOPHS HENPOTUBOPEUNBA, TO
B HEll HEBHIBOAUMA HEKOTOPas (POPMYJA, COAEPIKATENLHO YTBEPKAAIOWAT He-
NPOTHBOPEUNBOCTL TEOPUMH S. DTOT Pe3yJbTAaT HOCHT Ha3BaHUE BTOPOH Teo-
pembi M'énens (em. Ténean [1931]). I'py6o FCBODS, T2 TEOpPEMa yrBEp-
HIACT, UTO €CAM TeOPUA S HENPOTUBOPEUMBA, TO NOKA3ATENHCTBO HENPOTH-
BOPEYMBOCTH TEOPUH HE MOXET GHITh NPOBENEHO CPEACTBAMH CaMOM Teopuu S,
T. € BCAKOE TaKOe JHOK33aTEAbCTBO OO0A33aTENLHO MOJDKHO HCIOJB3OBATH
HEBLIDASHMBIC B TeOpMH S uged uam Merons.. Ilpumepamm TOMY MOTYT
CTYXHUTh  NOKA34TEJAbCTBA  HENPOTHBODEYHBOCTH TEODHU S, TpEm/IONEH-
Hoe T'enunenom [1936], [1938b] u [HwoTTe [1951] (cm. Honoanenue),
B KOTOPHX NDHUMEHSIOTCA TOHATHS KW METONb (HALPHMEP, OMUH (ParMeHT
TCOpun  CUCTHLIX MOPAAKOBHIX UHCEN), OYEBMAHO, HE (OpMaiusyeMmbie cpen-
CTBaMH Teopud S

Paccmotpum caenyiomee yTtBepsienne Tuna BTOpOM Teopemn [épens:
nycrte Cony €CTb apuMeTH3auus yTBEPKACHAS O TOM, YTO HaHHas Teopus
1epBoro mnopsaka K HENpoTuBOpeuuBa (IPM 3TOM MpEANONAraeTcsi, uTO
Teopus K comepxuT BCe npeaMeTHele KOHCTaHTHI Teopun S); Torga ecau
Teopust K nocrarouno cmibHa u HenpoTusopeumBa, 1O ¢opmyna Con, nesoi-

Bonuma B K. ODTa TeopeMa B JeHCTBHTENBHOCTM NPUMEHAMA M K MHOMHM
Gonee oOmuM TeopusM (He 06513aTEABHO nepsoro nopsaka). Opxaxo
B COpMY/MDOBaHHOH Takum o0O6pasom BTOpOH teopeme [émens momumo
HEONPENENCHHOCTH, 3aKNIOYEHHOH B CJI0BAX «IOCTaTOYHO CUALHA» (KOTODDIM,
BNPOYEM, HETPYNHO NPMAATL TOUHHIH CMBICT), HEACEH TaKXKe CNoco6 mocTpo-
enus - Com,. B stom mnocaegmem obcrositensctse Tamtcs onacHocts, u6o,

Kak nokasan Pegepman [1960] (creacrsue 5.10), CYHIECTBYET HEKOTODHIH
npuemieMsll cnoco® nocrpoeHuns Cons, OPH KOTOPOM }—SConS. Hrak, cie-
Ayer yTOuHMTb (OpMyNHPOBKY Teopembl. DTo Ghmo caenano dedepma-
HoM [1960] npuGmusurenpHo caemyomum oGpasom. B xone nokasatenscrna
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npensaoxenns 3.23 OblJIO 10KAa33aHO, KaK Vs BCAKOH MPUMHTUBHO PEKYPCHB-
Hol QyHkuun f(Xy, ..., X,) crpourcs Qopmyna e# (¥xy, ..., X, V), npencra-
sasiontas f B S Tlonyuenusie takum o6pasom ¢opMyan o (X, ..., Xy 0)
HasoseM PR-ghopmuyramu. ®opmyay B, umeomywo sun Iy ... Jyief,
rie k=0 u o# ecrb Kakaa-aubyap PR-dopmy.sa, nasosem RE-ghopayaoi.
B uacrtaoctu, Bcakas PR-¢opmyna ssaserca RE-gopmyaoit. [Ipeanonoxum
TETepb, YTO HeKOoTOpas ¢opMmyaa o (x) npencrasiser teopuio K, T. e
YTO COBOKYIHOCTb aKCHOM Teopmu K coBnamaeT ¢ MHOXeCTBOM TeX (hopMyJ,
ubd régeneBhl HOMEPA YAOBAETBOPAIOT o#. Torma crepyomwmnm 006pasom
MOXHO TIOCTPOUTh nNpenukar Beisomumoctd Prf (X, y) ana rteopuu K. Pac-

CMOTPUM BHIPAXKECHUEC

£=(Nipey et &y>1&V:z (z<1h (»>o
> (Fml ((3),) & LAX(),) V o ((5),) V
V ToTw (v <z & © < 2 & (MP (), Oy (1)) V Gen (35D 0))))))

u obosnaunm uepes Prf ,(x, y) dopMmyay, KOTOpas ROJYUHTCH, €CIH B STOM
BBIPAKEHNUHW TMPUMUTUBHO PEKYPCUBHBIE (YHKUMH B NPEANKaTH 3aMEHHTh
COOTBETCTBEHHO TPENCTARJSICIUMU WM BBIDANAOMUMH HX (popmysamn
(nanpumep, ecam & (u, v) npeacrasaser lh(y), 1o z < 1h(y) 3amensem Ha
Fu (@ (), v)&z<<v)). Popmyna Prf,(x, y) Bupaxaer B S mnpeaukar,
MCTUHHHA 17 napet (X, y) HaTypajbHBIX udCceJ TOrAAd M TOJbKO TOraa,
KOrjaa y ect» régesieB Homep BHBOAa B teopun K dopmyan ¢ répesesbim
nomepom x. (Onpenenenus ortnomenn# w ¢ynxund Fml, 1h, (y),, Gen, MP
cM. Ha crp. 141, 142, 1583, 154.) Tenepp MB MOXEM NOCTPOHTL U (POp-
myany Pr_,(x), COOTBEICTBYWOILYI0 [OHATHIO TeopeMbl Teopuu K: rtaxo#

dopmyno#t 6yner dopmyna DyPrf ,(x, y). Hakoneu, uepes Con , o6osnaunm

creayouiylo (Gopmysy, BHPAXAIOULYIO HENPOTHBOPEUUBOCTh reopun K:-

Vx (Fml(x)>7Pr 4(x) \V Ay (Neg(x, y) & 1Pr , (3))). Omumm us cren-
ctButl pabotn Pedepmana [1960] ssasercs crenytomud TOUHHM Ba-
puaHt BTOpoOH Teopemnl ['émens.

IMycrs K — HenporuBopeunsoe pacwupenne teopun S, K; — mobas
Teopus, AAs KOTOpo# K aBJseTCH paclidpeHHeM M KOTOpas C€aMa 'CaAYKUT
pacuinpenneM cucremnl Q PobGuncona®) (B uactHoctd, K, Moxer coBmaaarh
¢ S umu K), TK—MHO)KCCTBO rémeneBslX HOMEPOB TeopeM Tteopun K, nu

nyctb Hekotopas RE-dopmyna o# (x) seipaxaer T, B Ky Toraa ue
gCon . (Ycnosue, tpebytowee, uToOn Qopmyna of (x) Gnaa RE-¢op-
MYJIOH, SBJASETCR 3JeChb HeoOXOOMMHIM; 35TO CJeAyeT M3 CYLIECTBOBaHHS
Tako# opMmyan B (x), koropas Bepakaer Tg B S n i xoropo#

-sCon, (Pedpepman [1960), crencrsue 5.10).).

*) Cm. umxe, cvp. 169. ([llpus. nepes.)
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§ 6. Pexypcusuan uepaspewumocts. Teopema Tapckoro.
Cuctema PoGuncona

[lycrs K — kakas-uubyap  Teopms mepsoro nopsaka ¢ PaBEHCTBOM ¢
C TeMU Ke€ CHMBOJIaMM, uTG uw Teopus S. B npensoxenun 3.27(18) Gmuaa
onpenesesa ¢yukuus D (1), xotopas mns BCAKOrO u, ABASIOWIErocd réne-
JEBLIM  HOMEDOM  KaKOH-HHOYnb dopmyas of (xg) cO cBOGOMHOH nepemeH-

HOM Xy, NPUHHMAET 3HAaueHue, PaBHOE r&ieieBy HOMEPY (OpMY.si @/2’(1_1)

Tax kak D(u)=Sub(u, Num(u), 2¥), 10 ¢yuxums D, oueBnmHO, npmmu-
THBHO PEKYDCHBHA.

Hepes T, o6osnauum MHOWeCTBO réme/eBhix HOMEpOB TeopeM Teopuu K.

[Ipeanoxenue 3.35. Ecau meopus K Henpomusopewusa, a @yHr-
yus D npedcmasuma 8 K, mo T nesupasumo s K.

Hokasareabcrso. Ipeanosoxum, 4ro ¢yukuua D npeacrasuMa u
muowectBo Ty Beipasumo B rteopun K. Torma cyilectByioT TaKue (hopmy bl

D (%1, x9) 1 & (x9), utO
(1) ecin D(k)==/, 10 |-, D (k, );
(2) |— leq@ (k, .?Cq);
(3) ecm k=Tk, 10 |- & (k)
(4) ecmn kT, 10 -7 (k).

Paccmorpum  dopmyny  of (xy): V(2 (%1, X)) DT (xy). Ilycrs
p —réneies Homep sToR ¢opmyan. Paccmorpum gopmyny o (p):

Vs (D (P, x2) D 1T ().

[lycte g —rénenes nomep popmynnt of (p). Torma D(p)==gq. Mostomy,
B ocury (1), . Z(p, §). Omvo us aByx: au6o |-, o# (P), aubo He
F-x @€ (p). Ecnu ne |-, o (p), 10 g Ty u, cornacho (4), |-, 1 (9).
C xpyro#t cropout, ecin |, of (p), T0 Fx Vo (D (P, x9) D 1T (x9)).
Orciona no mnpasuny A4 noayuvaem Fe(Z (@ §)>1 (g). Omuako
=k Z (P, §). CaenosatensHo, k19 (9. Wrak, B 0Goux cayuasx A
s -, D (P, ) n (2) crenyer FxZ (b, %)) D xa==q. Ho mak kak
1< (@), 1o Pk X2=q§ D 1 (xg). CnenosarensHo, FxZ (P, x9) D
DN (x3) u no npasuay Gen Fe VX (D (p, x9) D1 (1), T. e
ke (P). Toatomy g T, u, corracuo (3), Fx& (@). Ho tax kak,
Kpome Toro, nokasawo, uto |-, & (7), To Teopus K npornsopeuusa.

Carencremne 3.36. Ecau meopus K Henpomusope+usa u 8cAKas
pexypcusnas gynxyus npeocmasuma 8 K, mo Tk Hesbipasumo 8 K un,
caedosamensrno, Tk Hepexypcusko.

Nokasareabctso. ®yukuus D npuamurusno PEKYpPCHBHa, caeqosa-
TeasHo, mnpeacrasuma B K. B cuay nupemiowenus 3.35, MHOmecTso Tk
HeBbipasumo B K. Tak ke, kak upm nokasareancise npepnaoxenas 3.12,
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MOXKHO TOKa3aTh, YTO XapakTepucruueckas ¢yuxkuma Cr, muoxecrsa Ty
nenpencrasuma B K. Cnenosarensno, gynkuma Cry HepekypcusHa, a BMecTe

C Hell HepeKypCMBHO M MHOXecTso Tk.

Mui Gymem rosopurs, uto Teopus K pewypcuswo nepa3peutuma, ecin
muoxectso Tx nepexkypcusHo. Teopuio K Hasosem cywecmsenno pexyp-
CUBHO Hepa3pewimMoli, eCln OHAa CaMa ¥ BCAKOE ee HeMpPOTHBOPEYMBOE
paciupenne peKypcusHo Hepaspemmmsl. (Ecau Mbi npannMaem Tesnc Hepua,
TO pEKypCUBHAs HEPaspelliMOCTh SKBUBAJEHTHA S(QEKTHBHON Hepaspewm-
MOCTH, T. € HEBO3MOXHOCTM KakoH O TO HE OHLIO MexaHwyeckol paspe-
watomel npoueayps aas cso#crsa GuiTe Teopemoil. HesosmowHocTh Takok
MeXaHHUEeCKOH TpOoHexyphl O03HauyaeT, 4To M KAKAOH NaHHOR QopmyIibl
TPeBYIOTCS CMeHHaNbHEIE YCAMAs W300PETaTeNbHOCTH LI TOrO, YTOOH pewnTh
BOIPOC, SIBJASTCS /M 3Ta (POPMYyJa TeopeMoh.)

Cnexncrsue 3.37. Ecau meopus S Henpomusopediusa, mo OHQ
CYULECMBEHHO DEKYPCUBHO Hepaspeuima.

ILoxkasarenbcTBo. IlycTh K -— npousBO/bHOE HENMPOTHBOpPEUMBOE
pacwmpenne Teopun S (B TOM umcae, OBITH MOXET, U Cama Teopus S).
Beskas pexypcusHas (GyHKOuA NpecTaBuMa B S, a CIeNOBATeNbHO, M B K.
Tlostomy, B cuny caexcrBust 3.36, Tx HepexypCHBHO.

Cnencreue 338 (Teopema Tapckoro [1936]) Muoocecneo Tr
280ene8blx HOMEpo8 (hopmys meopun S, UCHUHHGIX 6 cmanoapmrot
unmepnpemayuy, He SBASEMCA APUPMEMULECKUM MHOJNCECMBOM, M. €.
He cyuwecmgyem maKoil gopuyas o (X) meopuu S, umo6s Tr cosnadaio
¢ MHoJcecmBom wucea k, 0as Komopox o (k) ucmunto 8 cmandapmroi
uKmepnpemanuu.

Nlokasateabcrso. Ilycts K- pacumpenue teopud S, akcuoMmamu
KOTOPOTO SBJSIOTCS BCE Te (OPMYJb, KOTODHE HCTHHHE B CTaHIApTHOH
unrepnperaund. Torza Tg =Tr. TMockoabky teopust K mmeer crannaptuyio
MOKEMb, Mbl MOXKEM CUHTaTh 3Ty Teopuio Hemportmsopeunsoir. Coraacno
caexcteuo 3.36, Tr nesmpasumo B K, TaK KaK BCSKasd DEKYPCHBHas (yHK-
uns npencrasima B K. Ho Beskoe ortHomenne Bhipasumo B K TOrma u
TOABKO TOTZd, KOMAA OHO SABJSETCS CTaHIapTHOR uHTEpmperauned Heko-
topoit ¢opmyan Teopur S. Crenoparenbno, Tr — MHOXECTBO He apugme-
tueckoe. (Ipy6o rosops, STOT Pe3y/bTAaT O3HAYAET, UTO NOHATUE apudmern-
yeckOH HCTHHB! apUMETHUECKH HEONmpeaenmo.)

YnpaxHeHHs

1. (a) Jnsa BCAKOro n, ABIAKUIEroca réieneBslM HOMEpoM Kakoi-HuOy1b ¢op-
MYaBl o, ONpelelum Cl(n) xax réneaes HOMEP 3aMblKaHHA oZ, B IPOTUBHOM
cayyae nogomum Cl(n) =n. C nomomsio npelioxesns 3.25 noxasatb, 4T0 QyHK-
uusn Cl NpUMHTHBHO DPeKYyPCHUBHA. :

(b) TNokasatb, 4TO BCAKaA PEKYPCHBHO aKCHOMATH3MpyeMas W MOJIHAA TEOpHA
epsoro nopanka K pekypcuBHO paspeuinMa, T. €., MHBIMH CAOBaMH, 4TO JJIA TaKoH
Teopun MHOMECTBO Ty PeKYPCHBHO. (JKBHBANEHTHOE YTBEPHICHHE: €CIM TCOPHHA
nepsoro nopaika K pexypcHBHO aKCHOMATH3UPyeMa H PEKYPCHBHO HEDa3pEIUMa,
10 oHa HemoaHa) [Yxasamue Ecau n ectb rémenes Homep Gopmyasl o#, To
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CyLlecTBYeT BHIBOA JNOO 3aMbIKaHUA o, AHG0 OTPHIAHUA 3aAMbIKAHHA , T. €
Jy (Pi(y, Cl(n) V Pi(y, 2%:2°Cl(n)=2%) V 7 le?n)). OGozHauns no%;inmom
¢dopmyay uepes HyB (y, r), samevaeM, yTo, B COOTBETCTBUH ¢ mpasumoM (VI) mas
p-oneparopa, QyHxkuua py (B (y, n)) aBaserca pexypcusHoi. [losTomy pekypcusen
n npemukat Pi(uy (B (y, n)), Cl(n)). Ho 31oT nmpenmkaTr skBuMBajeHTeH NMpEIHKATY
Cl(n) & T, XOTOpBII B CBOIO OYepeib SKBHBANCHTEH NpPeAUKATY ne Ty, 310

paccyxieHre IOKa3blBAeT TaKXKe, UTO BCAKas TMOAHaA 5QQeKTHBHO aKCHOMAaTH3NPO-
BaHHan Teopus 3QQEeKTHBHO pa3pelIHMa, T. €. YTO IS BCAKOH TaKO! TeOopHM

cymecTsyer S@deKTHBHbIA CNOCOG oONpenensTs, ABAAETCA JM JaHHas (QopMydAa
TEOPEMOIl MIH HeT.) il

(c) Ecam rteopms K HenpoTMBOpeuuBa M PEKYPCHMBHO aKCHOMATH3Upyema H
ecid B HeWl UpencTaBMMa Kaxlas DekypcHBHas ¢QyHkuus, 1o B K cymecrsyioor
NpeNNOXeH!s, HepaspeliuMbie B Hell. '

2. lokasaty, uto ecan teopus K He sBAAETCA PERYPCHUBHO aKCMOMAaTU3UPYEMOH,
TO OHA PEKYDPCHBHO Hepa3pelnuma.

Cucrtema Po6uncoua PaccmMoTpum TeOpHIo NepBOro NOpAAKa, UMEo-
LLYIO T€ € CHMBOJIBI, YTO U TEOpHUA S, W CAEAYIOUIEE KOHEUHOE YUCIO aKCHOM:

1) x1=x3;

(2) xy=x9 D Xa=xy;

3) xX1=x3 D (Xa==X3 D X1 = X3);

(4) xy=xs D x| = x3;

(B) x1=x3 D (%1 X3 =x3 -} X3 & X3 } X1 = x3 -+ xq);

(0) x1=xa D (X1 X3==Xq3+ X3 & X3+ X1 == X3 - Xa);

(7) X1 == X3 D x1=xg;

®) 0 (x0)5

9) x15£0 D e (0 = x3);

(10) x4+ 0=uxy;

(11) %1+ (x0) = (21 4 Xa)s

(12) x%,-0=0;

(13) x1- (xa) = x1- X9+ X33

(14) (a==x1- x5 T X & X5 < X1 & KXo = Xy + X - X5 & X5 <T X9) D X=X
(EQMHCTBEHHOCTb OCTATKa).

Mp Gynem HaswmiBath 3Ty Teopuio teopueit RR. (Cucrema Q axcuom (1)—
(13) npennoxena Padassem Pobunconowm [1950]. Axcnoma (14) Onita
nobasneHa C 1e/bi0  YIPOILEHHS ONHOrO K3 HIDKECJAEAYIOUIMX BHIBOIOB.)
Ouesnano, rveopuss RR sBasercs noareopued Teopunm S, MOCKOJIBKY BCe
akcaomsl Teopun RR sBasiorcs teopemamu teopum S. Kpome toro, us mpen-
noweHus 2.26 u nHaanuyus akcuom (1)—(6) B Teopuu RR caenyer, uro
Teopuss RR sBisiercs Teopuelt ¢ paBeHCTBOM.

Mpennoxenne 3.39. Caedyrouwue opmyast sSBALIOMCT MeopeMam
meopuu RR:

(@ A M=n-+m dan a00ux HaMYPaASHHX N U 7T,
(b) A-fAi==n-m 018 AOCHX HAMYPAAGHBLX 1 U M,
(€) Az 048 A100bLX HAMYPAALHUIX 1 U M, €CAl N == m,
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d x<<ioDx=0Vx=1V...\/x=70 048 awboz0 namypairs-
Ho20 m; ,
(€) x<<7Ai\/ A< x 047 4100020 HAMYPAAbHO20 n.

HNokasateabcTBo. YieepwaeHus (a)—(C) HOKa3HBAIOTCA TaK e,
KaK COOTBETCTBYIOIIME YTBEDXKAEHHA B mpenioxennn 3.6 (a). YTBepicaeHus
(d) u (e) DOKA3HIBAIOTCH MHAYKIMEH MO 7 B METasi3blKe C TPUMEHEHHEM
akcuomsl (9). (HanomumM, uro BhipaxeHnme x<Zy, no onpene/esnio, O3Ha-
yaer opmyny  °

YnpamHeHHA

1. Moxkasats, uto Teopun RR saBaserca co6crBenHoil moxteopueit teopun S.
(Yxkasanue Paccmorpers B KavectTBe HOPMaibHOH Moiean Teopuu RR (Ho ne
TeopHH S *)) MHOXECTBO BCeX NOJHHOMOB C LEIbIMH KOI(PQHHIHEHTAMH B HEOTpH-
uaTeabHBIM CTapmiuM xosdduunentom. Popmyra dy(x=y-+yV x=y+y-41)
n0X¥Ha B 3TOH MOJenH, HO BHIBOAMMA B TeopHu S.) 3aMeTum, uto Teopus S He
TONbKO He coBnagaer c teopueii RR, HO M BooGmie He ABAsETCA KOHEYHO aKCHO-
MaTH3UPYeMOR (T. €. He CyUlecTBYeT HHKAKOfl TEOPDHH C KOHEYHBLIM YHCAOM COBCI-
BEHHbHIX dKCHOM H C TeM e, YTO Yy S, MHOXECTBOM TeopeM). D10 yTBepMIeHHe
6bino nokazano Peaap-Hapnsesckum [1953] u Pa6unom [1961].

2. MNoka3sartk, yro akcuoma (14) HeBbiBoxUMa H3 akchoMm (1)—(13). (Y ka3 aHwue.
Mlycts co — HekoTOpHIt 06BeKT, He SABAAOIMMACA HaTYPaTbHBIM YHCIOM, H IIYCTb
' =00, cotx=x-40co 13 Bcex x, ©-0=0.c0=0 U CO-xX=X-00=00
paa Bcex x = 0.)

Illpennoxenne 3.40. Beaxasn pexypcusnas @ynryus npedcmasuma
8 meopuu RR.

IlokasareabcrTso. Jlas WCXORHHIX (yHKUUH, a TAKKE KA NPaBUJI
NOJCTAHOBKM M {L-OMEPATOPa OCTAIOTCH MOJHOCTHIO B CUJIE COOTBETCTBYIONIHE
pacCy:JeHusi M3 J0Ka3aTeJAbTTBAd NpemoxeHus 3.23, NOPOBENEHHHE Tam
npuMenuteabHo K S, YTo kacaercsa npasmaa pekypcuu, TO, fOBTOPHB BHH-
MaTEJbHO COOTBETCTBYWOILIEE DAacCyXXeHHE B [NOKA3aTeAbCTBE NPENIOXEHHs
3.23, mm yGemumcs, 4TO ¥ OHO OCTaercs B cwie aas teopuu RR, Tax kak
17l BBENEHHOH B UPEIJIOKEHHN 3.21 dopmyast Bt uz B(ky, ke ky)=m
crenyer |—pp Bt (Ry, ke, ks, ) n, B cuny akcuombl (14), |- . Bt (u, v, x, ) &
&Bt(u, v, x, 2)Dy==z.

YupaxHeHHe
[poeecTn Bo Bcex AeTaiasix IOKa3aTednCTBO NpeRioxcHua 3.40.

B To#f Mepe, B KakOH Mbl COr/JaCHH CUNTaTh CTaHIAPTHYIO MHTEpIHpe-
TALMI0 MOZENbI0 At Teopud RR, ciaeayer npusHaTte N HENpOTHBOPEYMBOCTH
teopun RR. Brpouem, cremys umeam nokasatenscts Bera [1959, § 84]
mwim Kaunn [1952, § 79], moxno noctpouts OGosee KOHCTPYKTUBHEIE
NOKa3aTesbCTBA HEMpoTHBOpeunsocTH 3Toh Teopuu RR.

*) Cm. ynpaxsende 1 Ha ¢tp. 131, ([lpum. nepes.)

§ 6. PEKYPCHBHAS HEPA3PEILMMOCTb. TEOPEMA TAPCKOIO 17t

[Tpenaoxeuune 3.41.

(s) Teopus RR cywecmsenno pexypcusno nepaspewuna.

(b) Teopus RR cywecmsenno perypcugno menosna *).

HokazaTenbCTso YTBepKAcHue (a) CASAyeT 3 npemnoxenus 3.40
nocaencrsus 3.36. Yrepwaenue (b) caeayer us npemaoxennd 3.33 u 3.40
(ivm u3 (a) m ynpaxuenus 1(b) mna crp. 168).

OTn pesyibraThl OHAM yke HaMu paHee NOJYYeHB as Teopun S
Oanako Bocnpomssectd ux m1s Teopun RR npencrasaser uurtepec B cBasn
c 1em, uro Teopua RR koneuHo axcnomarusupyema, MOXHO aame H0Ka3aTh,
uro mpeaoxenune 3.40, a caenosarensHo, U npeaaoxenne 3.41 cnpaBeanBbl
raKkie u aas cucremsl Q PoGuncona (akcuomnt (1)—(13)), oanaxo goxasa-
1e4bCTBO 9T0r0 (hakta (cM. Tapcku#, Moctoscknuit u PobGuncon
[1933], crp. 56—59) Gosee caowmno, yem naa teopun RR.

Ilycte Ky u Ky — Kkakue-uubyap a8e TeOpUn nepeoro NOPAAKA C OQHUMH
u Temu ke cumosamu. Teopus K, uaseiBaercn womeunsm pacuupennen
Teopuu Ky, ecam cymecrsyior MmHoxecTBO A (DOPMYN U KOHEUHOE MHO-
wecT80 B ¢opmyn Takne, uro (1) mHowxectso Teopem Teopun K, cosnamaer
C MHOXECTBOM (DOPMYJ, BHBOAMMBIX U3 A, (2) MHOWecTBO TeopeM Teopun K
COBTIAHAET ¢ MHOMECTBOM (OPMYJN, BHIBONUMBIX M3 A | B.

Hse teopun K, u Ko HaswiBalorca cosmecmumpimu, ecin HEeNnpoTHBO-
peuuBa - reopust Ky {JKg, T. € Teopus, MHOMECTBO aKCHOM KOTOPOH sBJsE€TCH
00beAMHEHHEM MHOXKECTB akcuoM Tteopndt Ky n K.

IIpeanoxenune 342, [Iyems K, u Ky — xaxue-nubyds dse meopuu
nepsozo nOpsAdKa ¢ meMu e cumsoaamu, wmo u meopus S; mozda
ecau meopusi Ky sisasnemess woneunsm pacuuperuem meopuu Ky u pexyp-
CuBHO Hepa3pewima, mo u meopusi K, pexypcusno Hepaspewuna.

Horxasareancrso. Ilyctb A -— mHOoxectBO akcmom teopun K; n
A U {efy, ..., oy} — muoxectso axcuom Teopun Ky Mbl MoXeM npen-
nosarate, 4to Gopmyast o#y, ..., e#,— 3aMKHyThe. Toraa, B cuay Teo-
peMbl mexyKumu, BCaKas (opmyaa B BeBoauMa B Ky TOrZa # TOJBKO
Toraa; xoraa B Ky suiBoguma dopwyaa (o &...&e#,) DB, Ilycts ¢ —
réneneB Homep opmyanl oy &...& o, Yucao b ssasercs régeneBsM
HOMEPOM HEKOTOPOH Teopembl Teopuu Ko TOrga m TOAbKO TOFAA, KOrAa
w0 2%%cx2Msbx2"  sBasieTcA réneneBHM HOMEPOM KAKOM-TO TEOPeMBI
eopun Ky, T. . npenukar b e Ty, sxsusanenten npeankary 2sc#21xbx28e
& Tk,. ChenosarensHo, ecan OB MHOKECTBO Tk, OBLIO peKypcuBHO, TO
pexypcusibiM Obio On 1w MHOMecTBO Tk, 4TO NPOTMBOpEUHT PEKypCHBHOM
HepaspewnmMoct reopun Ky,

[Ipennoxeunue 3.43. Beaxwas meopus nepsozo nopsiva K, umero-
Wast me oce cumgoas,, wmo u meopus S, u cogmecmumas ¢ meopueii RR,
pexypcusro nepaspeuura.

ODokasateabcrBo, Tak kak teopum K u RR coBmecTumsl, TO Teo-
pust K U RR siBaserca nenporusopeanssiv pacumpenuem teopun RR. [Tostomy,

¥) 3meck aBTOp, NO-BHAMMOMY, uMeeT B Buny, uyto RR hne wumeer wuenpo-
THBOPEYUBLIX, PEKYPCHBHO AKCHOMAaTU3MPYeMbIX HONHBIX paciuupeHuil.
(UIpum. ped.)
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Ha ocHOBaHnu mpeoxeHns 3.41, teopus K |JRR pexypcusHo Hepaspewruma,
Ho a1a Teopus sBaseTca KOHEUHHIM paciunpenneM Teopuu K; clenoBaTesbHO,
B cualy npemaoxenns 3.42, reopus K pekypcuno nepaspemmma.

Caencrsue 3.44. Beawan meopus nepsozo nopadxa K pexypcusno
Hepaspemusa, ecal OHA uMeem me e CUMBOAbL, 4mo U meopus S, u
ecal ee aKCuOMbL UCHUHHb 8 CMAHOAPMHOE Modeau.

HoxasarenncTBo. CraHgapTHAA UHTEPNPETALNA SBJAACTCA MOLENBIO
ans teopun K |J RR, nostomy srta Teopus menpoTuBOpeumBa, a cJIefoBa-
TenbHo, Teopun K u RR cosmectumb. Tenmeps ocraercsa mpumenuts mpen-
Joxenue 3.43.

Caencreue 3.45. Hcuucaenue npeduxamos Ps, umewuwee me oe
CUMBOABL, HIMO U MeOpUusi S, PeKyPCUHO HEpa3Peutimo.

Ilokasarenscrso. Pg|) RR=RR. Cuaenmosatemsno, Pgs u RR
COBMECTHMBl U TOTOMY, B cuiy npennoxenns 3.43, Ps pexypcusno Hepas-
PelLMO.

Wcuncnenne npeankaTos nepBoro mopsaka,  coaepiKaiee BCe NMPENNKaT-

neie Oyksbl A}, BCe (GyHKUMOHaJbHEE GYKBEHI f7 u Bce npeavernsle KoOH-
CTaHTHl @;, HAa30BEM HACHLIUEHHBLM UCHUCAeHueM npeduxamos (NEPBOrO MO-
psanka) uan ucuucaenuem PF. HcuucireHme npemwkatos mnepsoro mopsaka,
cozepxailee BCe NpeavKaTHe OYKBH, HO He CofepKaiuee QYHKIMOHAMbHBIX
OYKB ¥ NPEIMETHEIX KOHCTAHT, HA30BEM HYUCMbLM UCHUCACHUEM NPeduKamos
(nepBoro mnopsika) uiu ucuucaenuem PP,

Jlemma 3.46. Cywecmsyem pexypcusnas yuxuyus h maxas, wmo
ecau 1 ecms 280eae8 Homep Hexomopoll hopmyas o ucuucaenus PF,
mo h(u) ecme 2é0enes womep nexomopoii dopuyas o’ ucqucaenusn PP,
npusesm gopmyra o' susoduma 8 PP mo20a u moasxo moz0a, rxoz0a
gopmyra o# suisoduma 8 PF.

INoxaszareabcrBo. Ilycts o# — dopmyna wucuucnenns PF. Como-
CTaBAM Kax[0H (yHKuuoHambHOH OykBe f7 M3 o Kakylo-HuGyIb mpenu-
Katuyio G6yksy Aft!, ue BXOASILYIO B o, TaK, 4TOOB DasIUUHBIM (YHK-
LHOHAJIBHBIM  OYKBAaM  COOTBETCTBOBAIM Pas/HUHBIE NPEIMKATHHE OYKBH,
a KawkIOH npenMeTHOH KOHCTaHTe @; u3 o conocraBuM (coG/monast aHato-
FHYHOE YCJIOBHE) HE BXOAAulyio B o npenukarHyio Oyksy A} Ilycte a;—
nepBas BXOAAWIAA B o NpEAMETHad KOHCTAHTA M 2 — TepBas He BXOAsAlLas
B o nepemendas. OnpeneauM o#* Kak pesyabTar 3aMeHBl KauIOTO BXOXK-
menus a; B of Ha =z ITocrpoum  dopmyny eo#y  FzAh(2) D
D J2(Ak(2) &o£*), rne A} ectb mnpemukaTHas OyKBa, CONOCTaBJEHHas
NpEeAMETHOR KOHCTaHte a; HeTpymso mposepuTs (CM. IOKa3aTeabCTBO Tpen-
aoxenna 2.29), uro ¢opMyra o Jornueckn oDIIE3HAUMMA TOTAA U TOJBKO
TOT/d, KOTAa Jorudecku oOmesnaunMa dopmyia o#y. Ilpogomxum anao-
THUHbIE NPEOOPa3OBaHUs 10 TeX MOp, TMOKa He Noaydum dopmyay B Ges
NpeIMETHHX KOHCTAHT, JOrHYeCKH OONIe3HAYNMYI0 OOHOBDEMEHHO € of.
Iycrs Teneps f7 (ty, ..., t,)— cambiti JeBbifl B hopmyae oB TEPM TaKoH,
YTO TEPMHl fy, ..., f, HE comepkaT (QYHKUMOHAIBHHKX OYKB, m NyCrth @ —
nepBas nepemenHas, He pxonsmas B 8. OGosnaunm uepes B* opmyay,
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‘TIoyYalolLyrocs u3 (opMysl B 3aMeHOH B HEll KaMIOro BXOWIEHUS TEPMa

¥ty ---» ta) nepemennott @, u nocrpoum dopmyay <Ry
TwAr T @, ty, ..., t) D Aw (AT @, t, ..., t.) &FB*),

rae A"T' — npemwkatnas Gyksa, NOCTaBJeHHAad B COOTBETCTBHE (YHKUUO-

nanpHolt Oyxse f7. U B atoM ciyuae nerko yGemurbcst B TOM, uTo op-
myna By Joruuecku o0mesHaynMa TOrAa M TOJBKO TOrHd, KOTAA JIOTHYECKH
obmeaHaunma gopmyna 3. Ilpumennm Teneps aHanoruuHoe npeobpasoBanue
k B, u T. 1, MOKa He TPUAEM K HEKOTOpOH ¢opmyne o#', KOTOpas yxe
{e COAEPXUT HU MPEIMETHHX KOHCTAHT, HM (PYHKUUOHANBHBIX 6?71(3 H, cle-
nOBaTeNbHO, sBAAeTCA (opMysoil ucuucaenus PP, dopmyna oF’ aoruueckn
o6leaHaynMa TOTAA U TOJbKO TOTH3, KOrja Jjoruvecku oOmesHayuMa ¢op-
myna o#. Ha ocuopasun teopemn [émens o moixote (CaAeACTBUE 2.14),
dopmyna oF mormyecku oOmesHauMMa TOrAA M TOJNLKO TOTHE, KOTAA

l_-pF@;f, a (opmyna o’ Jsoruueckn oOmIe3HauMMa TOrjga W TOJbKO TOrA3,
i

KOraa i—ppcy{’. CrnegoarefbHo, }-—pF@;f TOrga W TOJABKO TOrjAa, KOrjia
- ppe®’. Tloctponm Temepb ¢ynkmmio h: ecam u He SBIAETCA ré/eJIeBbIM
HoMepoM Hukako#t Qopmyin ncuucienus PF, 1o nonoxmm h(u) =0, ecan
e U eCTb TréIeJeB HOMED HEKOTOpOH ¢opmyas o# ucuucaenus PF, 1o
nycrs h(u) Gyzer rémeneBhiM HoMepoM dopmynsl of'. @yHkuus h, oue-
BUIHO, 3(PEKTHBHO BHYUCINMA; [IOKAa3aTEAbCTBO TOrO, 4YTO OHAa PEKYp-
cdBHA, MBl OCTAaBASEM B KaueCTBE YNPAaXHEHHs Ha HOJMI0 YCEPHAHOTrO 4d-
TaTeNA.

Mpennoxeune 3.47 (Teopema Yé&pua [1936a)) Hcuucaenus PF
u PP pexypcusno nepaspeuitiiot.

HoxasareabcTtno. (1) Ilo teopeme I'énens o noanore Bcsakas dop-
Mmyna o# ncuncnenua Pg BHBOIUMA B Ps rorma ¥ TOJNBKO TOrjga, KOrna
OHa JOrMuecKkd oOmiesHaunMa, W 3Ta Ke ¢opMmyna o# BusoguMa B PF
Torza M TOMbKO TOFAa, KOrga ona Jormdeckn obmesHaunma. Otcrona
}—pS@f'Torna ¥ TOMBKO TOrJQ, KOrja |—ppof. 3aMeTuM, uTO MHOXECTBO

leps

Tpg © Tpp 0003HAualOT COOTBETCTBEHHO MHOXECTBA TEXETEBHIX HOMEpOB
TeopeM ucuncieHnii Ps n PF. Torna TpS=TpF (1 Fmlpg, u n3 pekypcus-

HOCTH MHOWecTBa Tpp ciaemoBajia OH, B NPOTHBOPEYHE CO CJIEACTBHEM 3.45,
pexypcusHocTh MHoxectBa Tpg. Taxkum oOpasom, wucuuciaenue PF pekyp-

CHBHO HEPa3pEeLInMO.

(2) Cornacio nemme 3.46, ue Tpp TOrZ@ M TOMBKO TOTA3, KOrAa
h(u) & Tpp, roe h— HexoTOpas PEKYPCHBHAA (QYyHKIMA. ITosromy, ecin
MHOXECTBO Tpp PEKYPCHMBHO, TO DEKYPCHBHO M MHOXECTBO Tpp, uTO TMpO-
Thopeuut npemsiayuiemy nyskty (1). Takum o6pasom, MHOXECTBO Tpp
HEPEKYPCUBHO, T. €. Hcuucaenue PP pexypcuBHO Hepaspemumo.

Eciu mel npusHaéM Tesuc UEpua, TO CJIOBa «PEKyDPCHBHAA HEPA3peLln-
MOCTb> MOXHO BCIOLY SaMEHHTb Ha «3(pEKTUBHAT HEPASPELIMMOCTDb>.

- TémeNeBHX HOMepoB (opmyn ucuuciaenus Pg pexypcusno. Ilycrs
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B gactnoctu, npeanoxenne 3.47 yTBepKLAET, 4TO HE CyUIECTBYET HMKaKOH
s(exTUBHON paspellialonlell NpOUeaYPbl HH /S YMCTOTO WUCYACAEHHA TIpe-
aukaroB PP, Hu [ HACHLILIEHHOTO HCUUC/ACHUs npeaukaros PF. Orcrona
CJAENYET W HEBO3MOXKHOCTb KaKOro-anbo adexrusHoro cmocoba y3HaBath,
IBJSCTC M AauHas GOpMyaa JNOTHUECKH 0O0Ee3HaduuMOoH.

YupamHeHnue

fokasats, uto B NpoTMBoBec Teopeme Uépya umcrtoe MCUMCAEHHE 0AHOMECTHBIX
npeauKatoB 3@dekTHBHO paspemnmo. [Tof YHCTHIM HCUNCAEHMEM OJHOMECTHHIX Npe-
AMKATOB Mbl 3]leChb MOHMMAaeM YHUCTOe HUCUHMCIHEeHHE NPeIMKATOB, COAepMHaiu(ee TOAbKO
OHOMECTHbie mnpemukatHble Oyksel. [Ykasawue [lycrs By, ..., By — Bce, 1
npuToM Ge3 NOBTODCHHH, NpeinkaTHbie 6YKBbI, BXOIAUINE B NAHHYI QOPMYAY oF.
Torna gopmyaa o# obulesnaunMa B TOM M TOABKO B TOM CaAyuae, KOria oua
MCTHHHA B KaxXAOH MHTeplperauuu, colepxauieff He Goaee 2% agemenros. B camom
Aene, NPENNONOKNM, UTO PopMyaa o# HCTHHHA B KaWAOH UHTEPNpeTaulu C He
Gonee yem 2% agementamu, W nycts ‘M — npoussoabias uHTepnperauus. Beakme
nBa sneMenta b m ¢ u3 obmactn D uHTepnperaumu M Ha3zoBeM SKBHBaAEHTHbIMH,
€CtH MCTUHHOCTHbIE 3HaueHua B, (b), By (b), ..., By (b) B M COOTBETCTBEHHO Te Xe
cambie, uto u Y B;(c), By (c), ..., Bp(c). Beenennoe rakum 06pa3oMm OTHOUIeHHE
SKBUBAAEHTHOCTH pa3busaer D Ha kaaccH SKBHBAZEHTHOCTH, YACAO KOTOPHX He Npe-
Boitnaer 2%, PaccMoTpuUM HOBYIO uHTepnperauuic M’ gopmyasl o# ¢ obaacThio,
MMEIOIICH CBOMMH 9MEMCHTAMU 3TH KJACChl SKBUBATEHTHOCTH, Ha KOTOPBHIX OYEBMI-
HbIM 06pasoM ONpenensioTca 3HAYCHHA Aast By, ..., B, Wuaykuumedt no nocrpoenuio
(Gopmyasl o Aerko HoKasaTh, uTo GOPMYNa o/ HCTHHHa B M TOrZa # TOIbKO
TOrTA3, KOrxa OHa uctuHHa B M'. Tak kak QopMmyna o# wuctunaa B M, To oHa
HctHHa u B M. Mtak, Gopmyla UCTHHHZ BO BCAKOH MHTEPOPETAlMM U, CIegoBa-
TENbHO, B cuay caexcrsus 2.14, smisomuma. K 3tomy ocraetca n06aBHTL, uTO

HCTHHI;OCT[) Gopmyas o B NPOH3BOALHOH HHTEPNpeTauuH, uMelowel se Goaee
yem 2% azemenTtoB, nposepsietca 3ddexTusHO.]

Conepwxamuiics B 3TOM [NOCAEAHEM YNP@KHEHHH DE3YAbTAT ABIAETCA
B HEKOTOPOM CMBICJC HawIyuluuM U3 BO3MOXHHX. B camom gene, no reo-
peme Kasnbmapa [1936], cymecrByer sddextusnas mnpouexypa, nospo-
Jdiomas 1o KakAOH opMyse o UHCTOFO  UCHUC/IEHHT TPEANKATOR
NOCTPOUTH APYTYIO (GOPMYAY o * UYUCTOrO MCUMCJAEHAS NPEAUKATOB, KOTO-
pad COAEPXKHUT €NUHCTBEHHYI0 W NDUTOM MIBYMECTHYI MpEeNuKaTHYi Oyksy
u Kotopas O0lie3HauumMa TOrAa ¥ TOJABKO TOrAa, Koraa obumiesHaunma Gop-
Myaa of. ([lpyroe nokasaTenbcIso sToro yrsepwaenua cM. Ué&pu [1956,
§ 47]) Orciona, Ha ocHoBaunu Teopembr Y8pua, C/lEAYET, YTO HEe Cyiue-
crayer s(peKkTusHON paspewarouleft npouenypst oA cBoHcTBa obulesHaun-
MOCTH (WM BBIBOAMMOCTH) (DOPMYJ, COACPKAIMX JHUIIb ABYMECTHHIE Mpeau-
KaTHele OYKBEL

D.anaumeﬂun

(Tapckuit, Mocrosckuit u Pobunacon [1953], 1)

L. Iyctb K¥ — HenporusopeunBas Teopua nepBoro nopaaxa, K; — CymecTscHuo
PEKYPCUBHO HEpA3pellnMas TEOPHs, BCAKAs TeOpeMa KOTOPOH ABAAETCA TaKwe W
Teopemoit Teopun K*, u nycrs nouarue Fmlyg, (x) pekypcusho. [lokasars, uro

Toraa reopua K* cyiiecTBeHHO peKypcUBHO HepaspemiuMa,
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2. Tlyctr K — Teopus nepsoro mnopsaka ¢ paseHcrBom. Ecan npennxarHas
6yxksa A7, dyHkunonanbHas Gyksa f;.‘ ¥ TpeIMeTHaA KOHCTAHTA @, He HBAAKTICA

- cnMBoaamu teopun K, 1o non donycmumuimu onpedeseHusmu A;?, f}‘ u a; 8 K

7
Mbl 6y11eM TIOHUMAaThb COOTBETCTBCHHO BbIPAaXEHHUA BUIA

(a) Vx, ... Vx, (A;‘(xl, ey X )= oA (K e xn));
{b) Vx, ... Vx,Vy (f;' Fp s X)=Y=B(Xy - » X V)
(c) Vy(aj=y=7 (y)),

rie of, B, B — dopmynn Teopun K, npuuem nocregHue ae GOPMynb Takosbl,
uto f—gVxy oo Voo, 3 yB (xy -y X, ¥) v g E (9). Lokasars, uto ecan
teopusi K Henporusopeunsa, To nobaBieHne Kk K B xayecTse HOBLIX akCHOM MIOOHX -
RONYCPUMHIX ONpefeleHud NPHBOIAKWT K HenpoTusopeunsoi Teopun K’, koropas
peKYPCHBHO HepaspelinMa TOTAa M TOAbKO TOIA3, KOCLa PeKYPCHBHO Hepa3pelnMa
reopuna K. (TlpuMenuts mpennoxenne 2.29.)

3. HasoBeM renozuveckoli koHcmanmod BCAKYIO 0PeIHKAaTHYI0 WA (QyHKHHO-
HalbHYI0 OYKBY MaM upeiaMernyio koHcranty. [ycts K, — Teopus nepsoro nopanka
C PaBEHCTBOM M C KOHEYHHIM YHMCIOM HEJOrHYeCKNX KOHCTaHT. Bynem roBoputh,
uto Teopun K, ummepnpemupyema B Teopun mnepsoro mnopagka K ¢ paBeHCTBOM,
ccay BCAKOH Hejqornveckoll koncrante teopuu K,, KoTopas He aBafercs Helaoru-
yeCKOH KOHCTaHTOW reopuu K, MOXHO CONOCTAaBHTL ONYCTHMOE onpejeneHue
s teopun K rakum o6pasom, uTO6b BCAKAA aKCcHOMa (M, ClelOBaTelbHO, BCAKAR
reopema) Teopun K, oxkasasaco BbiBOZMMOM B Teopun K¥*, nomyuaiomehcs us reo-
puu K no6aBienneM K Hell BCeX 3THX HOIYCTHMBIX ONpellelicHHH B KauecTse HOBBIX
akcuoM. 3amertuM, uto ecam Teopus K, untepmperupyema B Teopun K, T0 OHa
unTeprnperupyeMa Bo Bcskom pacmuapennn teopun K. Ecam teopus K, uutepupe-
Tupyema B HenporuBopeunso#t rteopun K u ecan K, cyumecTBgHHO peKypcHBHO
nepaspelnMa, To Takesa we n teopua K. (Y kaszawue B cuay ynpasHcHus 2,
teopua K* HenpoTHBOpeuuBa, CaeloBateabHo, B cuay ynpawxHedna [, K¥ cyuge-
CTBEHHO PEKYPCHBHO Hepaspewnma. Takum o6pasom, Teopust K pekypcUBHO Hepas-
peltuMa Ha OCHOBAHWM YNPaxHeHus 2.)

4. Nycrs K — Teopus nepsoro nopaaka ¢ paBeHcTBOM, A} — o1HOMeCTHan npe-
auKaTHan Oykea, He npuHannexamas Teopun K, u o — 3amxuyraa dopmyaa,
3aMeHuM KaXAY10, HAYMHAA C HAUMEHbINNX, NOndOpMYNY B o BuAa VX7 (x) Ha

ey
Vx (A} ) = B (x)). Tloayuennyo B peayabtate opmyny @/{( ) Ha3oBeM pefsi-

Al
tuen3auueil GopmMyan o NOCPeACTBOM OYKBH A;-. Mycts K'7/ — teopus, akcwo-
MaMP KOTOPOR ClyXar pensTHBU3anHM MOCPeACTBOM A;. 3aMblkaHull Bcex co6CTBEH-

Al
noix akcuom teopun K. (a) Teopus K'/ uutepnperupyema B K. (Y wazaune.
Baats dopmyny Vx (A; (x) = x=x) B KaueCcTBe IONYCTUMOI'O OlIpeleNeHNs 1is A})

al
(b) Teopua K’/ ucnporusopeumBa TOrAa M TOALKO TOrHa, KOFAA HENPOTHBODE-
1

Al
uynpa teopus K. (¢) Teopus K/ cyumiecTBeHHO PeKypCHBHO Hepas3peilnma OLHO-
spemento ¢ Teopuchh K (Tapckwuit, Moctoscku#t u Pobuuncon [1953],
cTp. 28).
5. Teopua K wHaseiBaetrca omuocumeabro unmepnpemupyemoti 8 t1eopun K,
eCcaM CymecTBYeT Takas npenukarHas GYkpa Ajl., He npuHannexauias teopun K, yto

45 ,

teopua K’/ uurepnperupyema B teopuu K'. Ecaun reopua K otHocmreabHo mHTep-
ipeTHpyeMa B TeOPHH K' n CYIIECTBEHHO PeXYPCHBHO HepaspelnmMa, To U Teopua K’
CYIIeCTBEHHO PeKYPCHBHO Hepaspemuma. (ITpuMenute ynpaxksennn 3 u 4.)
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6. Bcakyw teopuo nmepsoro mopsanka K, s KOTOPO#t OTHOCHTENHHO HHTEpNpe-
THpyeMa teopus RR, Hasosem docmamo4no cuasnoii. loxasate, uto BCAKasn nocra-
TOUHO CHABHAA HENPOTHBOpEunsas Teopus K cyumectsenHo pexypcusno Hepaspe-
luMa, a ecnd, kpoMme Toro, teopus K pekypcumno axcuomarusupyema, 10 oHa
Hemoaua. (Ilpumenuts npenaoxenne 3.41(a) ~ ua ctp. 170 u ynpaxHuenue 1(b)
Ha ctp. 168.) Tpy6o rosops, teopus K sBasgerca A0cTaToyso CHIbHOH, ecau Tonsn-
THA HATypanbHOro uuciaa, 0, 1, cromeHus U yMHOXeHHs <onpeseauMer»y B K
TaKMM 06pa3oM, uTo6bl akcHOMsl Teopud RR (pelaTHBH30BaHHbIE NOCPEeACTBOM MO-
HATHA <HATYDALHOE YACHO> B K) OKa3bBaiiCh BHIBOXUMHIMM. QUeBUIHO, BCAKAR
TEOpHA, aneKBaTHad COBPEMEHHOW MaTeMaTHKe, NOMKHA GbiTb JOCTATOUHO CHILHO#,
TOSTOMY €C.IN TaKan TEOPHs HENPOTHBOPEUMBA, TO OHA PEKYDPCHUBHO HepaspelinMa,
4 €ciM OHA PEKYPCHBHO aKCHOMATH3MPYyeMa, TO Hemoana. [laa Toro, Kro NPUHHMMAET
Te3uc Y€pua, 970 o3mavaer, uto Bcakaa HENPOTHBOPEYMBAA TOCTATOYHO CHAbHAN
MaTeMarnueckas Teopust 3PPeKTUBHO HepasdpelinMa, a eCAM oHa 3pdeKTHBHO aKCHO-
MATUHDYEMa, TO OHa OyleT Henosna. (AHalOrMuHble Pe3yabTaTsl BEPHBI TaKike
ANA Teopu#l BBLICUINX NMOPANKOB, CM., HanpuMep, & qe Ib [1931), Xasenberep
u Wonaeu [1961], §§ 237—238). Bce sto, NO-BUAMMOMY, JHIIAeT HaC BCAKOM
HANCKAB HA MONHYIO H HENPOTHBOPEYMBYIO AKCHOMATH3ALMIO MATEMATUKL.

I'nasa 4

AkcuomMaTHyeckas TEOpUA MHOXKECTB

§ 1. Cucrema akcuom

3HaueHue MareMaTHYecKOH JIOTWKH B HAWEM CTOJETHH CUJIBHO BO3DOCIO.
I'1aBHOM MPUYMHOH STOTO ABHJOCH OTKPHITHE NAPAKOKCOB TEOPUH MHOKECTS
W HEOOXOIMMOCTb NepecMoTpa NPOTMBOPEUNBOH HMHTYHTHBHOH TEODUHN MHO-
KECTB. BBUIIO MPENNOMEHO MHOTO DPA3NMUHEIX AKCHOMATHYECKHX Teopult mas
000CHOBaHMA TEOPUH MHOKECTB, HO KaK OB OHH HE OTJIHYAJHCH Ipyr ot
Apyra CBOUMA BHELIHUMH uepTamu, oOmiee HJs BCEX HUX COAEPKAHHE COCTAB-
JFI0T Te (QYHAAMEHTaAbHBIE TEOpPEMbl, Ha KOTODHE B CBOEH IIOBCEIHEBHOH
paGote onmparorcs MareMarukd, BHGOp TQH M MHOH M3 MMEIOMIMXCH TEo-
pufl SIBJSETCH B OCHOBHOM JE/NOM BKYC2; Mbl )KE HE NPEIBSBISEM K CHCTEME,
KOTOpO# Gyaem NoJb30BaThCS, HUKAKUX TPeGOBaHHH, KpOME TOro, yTo6hl OHa
CAYHUIA AOCTATOYHOH OCHOBOH /1S MOCTPOEHHS COBPEMEHHOH MaTeMaTHKH.
Mbi onuwem Teopuo nepsoro nopsaka NBG, KOTOpasi B OCHOBHOM
ABJIAETCA CHCTEMOM TOFO iKe TAN3, YTO M CHMCTEMd, NMPENNONKEHHAA NEPBO-
HauanbHo don Hedimawowm [1925), [1928], a szarem TmareasHo nepe-
cvorpenHas W ympouienHas P. PoGunconom [1937), Bepuaiicom
[1937—1954] u I'tnenem [1940]. (Mm OymeM B OCHOBHOM C/EZOBATH
Monorpaguu [€aens, XOT8 M C HEKOTODHMHU BAKHEIMH OTKJIOHEHHSMI.)
Teopus NBG umeer enuncreennyio npepukarHyro OykBy Al u He umeer
HU ONHOH QYyHKUMOHaJAbHOH OYKBBL WM TPEAMETHOH KOHCTaHTHl YToGHI
Onth Gmuke K oGosHauennsm BepHaiica [1937—1954] u Tlénens
[1940], mur Gynem ynorpeGaste B KauecTBe TEPEMEHHEIX BMECTO X1, X ...
nponucHele JaTMHCKUE Oykeel X, X,, ... (Kak o6buHO, MbI UCIHOAb3yeM
Oykew X, Y, Z, ... gas o6o3naueHus [POU3BOJIbHLIX NepeMeHHbIX.) Mul BBe-
ACM TAaKKE COKpauleHHbe obosHavenns X & Y win AX(X, Y) u X & Y mas
TA(X, Y). ComepkaTeibHO 3HAK € TNOHMMACTCH Kak CUMBOJI OTHOHIEHUS
NIPUHAITeXKHOCTH,
Caenyromum o6pasoM onpeneaum pasercmso:
Onpenenenne. X=Y CJAYXHT COKPaueHHeM s
ViZeX=ZsY)
Takum 06pasom, mBa 06beKTa PaBHE TOMMA M TOIBKO TOrJa, KOria OHu
COCTOAT U3 OAHMX W TEX KE DJIEMEHTOB.
Onpenenenue. X<V caywur
VZ(Ze XD Ze Y) (skawuenue).
Onpenenenne XV CHYWUT COKpameHuem 11 X = Y& X =~ Y
(coGemeennoe srawuenue).

dopmyant

COKpaieHueM a4 GOpMYyJbt
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M3 stux onpeaesenut serko caepyer
Mpennoxenune 4.1,
@ FX=Y=X=sY&YEX)
b) X=X,
©O FX=YD¥Y=X
d FX=YD(Y=ZDX=2)
@ HFX=YoZeXD2Ze )
Mpbi Tenepr mpucTYmEM K nepeuncienuto coGctBeHHHX akcuom Teopun NBG,
nepemexas (POPMYJHPOBKH CaMUX AKCHOM P2a3JIHUHBIMM CJASACTBUAMH U3 HUX
¥ HEKOTOPBIMHU- JIONIOJNHATENbHEIMA Onpelenennsmu. [lpeasapurensto, OmHAKO,

OTMETHM, HYTO B TOM «UHTEPNPETaUnu», KOTOpas 34eCb I0JPa3yMeBacTcs,
SHaYEHUAMN TICPCMCHHBLIX BJAIOTCH KAQCCHL. Kaaccw — 310 COBOKYIIHOCTH,

COOTBETCTBYIOLIME HEKOTODHIM, OJHAKO OTHIOAb He BCeM, cBOHCTBaM *). (dTa :

«HHTEPNpeTallnd» CTOJb e HETOUHA,
«CBOWCTBO» U T. 1)

HasoBeM kaacc muoocecmsoMm, ecam OH ABISETCA 3AEMEHTOM KAaKOro-
HnOynp kJacca. Kaace, He SBJSIOIIRACHT MHOXKECTBOM, HA30BEM COOCMBEHHHM
KAQCCOM.

Onpenenenne
(X ecTb MHOXECTBO).

Onpenenenue Pr(X) caykur cokpawenueM mns M (X) (X ects
CcOOCTBEHHBI! KJaCC). .

B nanphefmem Myl yBHAMM, 4TO OOBiuHBle CMOCOOH BHLIBOJA TAPaJOKCOB
NPUBOAAT TENEPb YKe HE K NPOTHBOPEUUIO, a BCErO JAMIb K PesyJbrary,
COCTOSAIEMY B TOM, HYTO HEKOTOPbIE KJAcChi HE SIBJSIOTCS MHOMXECTBAMU.
MHoxectBa npenHasnaueHbl OBITh TEMH HAREXKHBIMEM, YIOOHBIMH KJaccaMH,
KOTODHIMH MaTEMAaTHKH HOJb3YIOTCS B CBOel TOBCEAHEBHOH NEATEABLHOCTH;

M(X) cayxar cokpauleHuem s

IJyxe v

B TO BpEMA KaK COOCTBEHHBIE KJACChl MBICAATCS Kak YYDOBHIILHO HEoObAT- -

Hble cOOpaHus, KOTOpHE, €CAM NO3BOJMNTL UM ObiTh MHOXeECTBaMu (T. €. OwiTh
9JIEMEHTaMH ADYTMX KJacCoB), NOPOKAAIOT NPOTUBODEUHSL.

.

YnpaxHenue
- YeXo M)

Cucrema NBG 3any™ana kak Teopus, TPaKIyiOmas O KJAaccax, a He O
npeaMerax. MOTMBOM B TMOJB3Y 3TOr0 NOCAYNHIO TO OOCTOATENLCTBO, YTO
MaTeMaTHKa HE HyXJaercd B OODBEKTaX, He ABJAAMIMXCA KJAacCamy, BPOJE
KOpOB nau MoJekya. Bce marematnueckne OOBEKTH ¥ OTHOLUEHMA MOLYT
ObiTh BbIpa¥eHb B TEPMMHAX OJHUX TOJLKO KJaaccoB. Ecam ke panm npu-

KdaK 1 TIOHATUs ((COBOKyl'lHOCTb»,‘

¥) Te cBOWCTBA, KOTOPble (AKTUYECKH ONPENelsOT KAacCH, OyNYT 4aCTHYHO

YyKa3aHbl B aKCHOMaXx. J1u aKCHOMB 06ecreynBaOT HaM cyumecTBoBaHue Heo6X0aM-
MbIX B MAdTEMATHKE KJNacCoOB M ABAAIOICHA, KAaK Mbl HaJAeeMCsA, HOCTATOYHO CKPOM-
HbIMH, YTOOGb U3 HHX Heldb3s GBIIO BHIBECTH NpoTUBOpEeUHe.
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aoxenuil B APYrMX HAYKaX BO3HHKAeT HEOOXOAUMOCTb TPUBJIEUEHUS <HE-
KJAaCCOB», TO HesHauuTeabHas Mmoaudukauus cucrembt NBG nossoaser npu-
MEHNTb €€ paBHbhiM 00pasoM Kak K KaAaccaM, TaK M K <«HEKJAacCaMm»
(Moctorckut [1939])

Mpi BBEZEM CTPOUHBIE JMATHHCKAE OYKBBL X, Xg, ... B KAUECTBE CHEHHAAND-
HBIX, OPPAHUYEHHBIX MHOXKECTBAMHU, nepeMennsix. Vnnmu caosamn, Vx; o (xy)
GyaeT CIYRuTh cokpamennem 1as VX (M (X) D o# (X)), uto comepxarenbHo
nMeeT CASAYIOUIMA CMBICK «a# MCTHHHO U BCEX MHOKECTB», M xy of (X1)
Gyner caywutb cokpamennem mas X (M (X) & o (X)), uTo COdCPIKATENBHO
uMeeT CMBICH «o# WNCTHHHO IS HEKOTOPOrO MHOXKECTBa». 3aMETUM, YTO
ynorpeGaennas B 5TOM OmNpelneteHUn nepemeHHas X ao/mkHa OBITh OT/AMY-
HOM OT MepeMeHHnX, BXOMAWHNX B 7 (x;). (Kak v oOpluno, 6YKBH X, ¥, 2, ...
OynyT ynorpebastbcst jiis 0003HAuEHUs NPOM3BOJBLHBIX NEPEMEHHBIX M/
MHOMWECTB.) ’

ITprnmep. Bupaxenne VXVxIAydZ#(X, x, y, Z) caywur cokpa-

WeHHeM 1naa

VXVX,(M(X) DAY M(&TAZet (X, X, Y, Z)).

YnpaxHeHue.

- X= Y=Vz(zeX=z&Y).

Axcuoma T. (Arxcuoma ob6semnocmu) X=Y>D(Xel=Yc2).

Mpennowxenne 4.2. Cucmema NBG ssasemcs meopueil nepgozo
nopsidKa ¢ pasencmeoM.

IlokazarensctBo. Ilpemnoxenne 4.1, akcuoma T u sameuanue
na crp. 90 o Teopusx, B KOTOPHIX PaBEHCTBO MOXET OHITh Ofpeae/eHO.

YnpaxHenue
= M((Z)&Z=Y D M(Y)

Axcuoma P. (Axcuona naper \VxVyJAeVu(n e s =u=x \/ u==2),
T. e 11 MmoOBIX MHOKECTB X 4 ¥ CYIECTBYET MHOMXECTBO 2 TAaKOE, UTO X
U Y ABASIOTCA €JMHCTBEHHBIMH €TO 3JIEMEHTaMH.

YnparHeHnsn

L —VxVy3zVu(usZ=u=x\/ u=y), 1. ¢ Ina 100bIX [BYX MHOXECTR
X My CYmeCTBYeT eIHHCTBCHHOE MHOXECTBO Z, HA3biBaeMOE HeynopsoodeHnol na-
PO 3NEMEHTOB X H ¥, YIEMCHTAMH KOTOPOro ABJAAIOTCA X U ¥ H TONbKO OHH.

2. VX (M(X)=3y (X = y)).

Axcuoma N. (Axcuoma nycmozo muoscecmsa) Ax Vy(y & x), 1. e.
CYHMIECTBYET MHOXECTBO, HE COJAEPHKAILEe HUKAKUX DJIEMEHTOR.

U3z akcuomsr N n akcuoMsl 0OBEMHOCTH C/IEIYeT, 4TO CYUIECTBYET JIHIiIb
€AUHCTBEHHOE MHOXECTBO, HE COIepkallee HUKAKUX SJEMEHTOB, T. e.
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— 3yx Vy (v €t x). TlostoMy MBl MOXEM BBECTH NMPEIMETHYIO KOHCTAaHTY O,

NOJUYNHIB €€ CJCAYIONIEMY YCHOBHIO.

Onpenenenne. Vy(ye0).

Tak kak BHIIOJIHEHO YC/ICBHE ENMHCTBEHHOCTH [IJs HEYNOPSAOYEHHOH
napsl, TO, Mbl MOXEM BBeCTM HOBYI0 (yHKuuOHaibuyio Oyksy g(x, )
Js1 0603HaueHNs] HEYMOpsnoueHHo# napw x u y. Brnpouem Bmecto g(x, ¥)
mb Gymem mucath {x, y}. 3aMeTuM, YTO MOXHO OIHO3HA4YHO ONPEE/UTH
napy {X, Y} nna moObx 1Byx kaaccoB X u Y, a He TOABKO /s MHO-
wects x u y. [omoxum {X, Y}==0, ecin oaun us kiaaccos X, Y He aB-
AseTCsi MHOXKECTBOM. MOXHO IOKaszars, 4TO

Fapg WZM X &M (N &Vupe Z=u=X u=Y))V
V(M) V TM(N) & Z=0)).

DtuM onpasgaHo BBefenue naps {X, Y}

Onpenenenne. (MX)&M(N&Vu@mesiX, Y=

=u=XVu=")V((OAMEX)V IMI)&{X, Y}=0).

MoxHo mokasath, 4T0 |- VX VyVu@@e {x, yl=u=x\u=y) u
s V2 Vy (M ({x, yH).

B cBA3M ¢ 3THM ONpeNENeHHEM UHTATENO CAEAYET BEPHYThcx K § 9
T 2 ¥, B YaCTHOCTH, K TpemjaoxeHuio 2.29, KOTOpPOE TrapaHTHPYET HaM,
4TO BBEJEHWE HOBHX MPEJAMETHHX KOHCTaHT U (PYHKUHOHambHHX OYykB, Ta-
kux kak 0 n {X, Y}, Huuero cymectsenHo HoBoro x rteopuu NBG ue no-
OaBaseT.

YnpaKxHeHHA

L —{X, Y}=1{Y, X}. (B nanpneiilueM Ha TNPOTAKCHUM HACTOsLLlEH CAABHI
nHaexc NBG B sanucu |-ypg Olyckaercs.)

2. Onpeneanm {X} xkaxk {X, X}. Torma +— VxVy ({x}={y} Dx=y).

Onpenenenne (X, V)={{X}, {X, Y}}. (X, Y) naspBacrca yno-
padouennol ‘napoti xnaccop X u Y.

Hukakoro BHYTPEHHErO HHTYHTHBHOTO CMbIC/IA 3TO OJIPElie/IeHHe HE HMEET.
OHO sBJETCA JHMIIL HEKOTOPHM YHOOHBIM crocobom (ero npemaoxun Ky-
PAaTOBCKUH) ONpenenuTh YIOPsAOUEHHHE Naphl TakuM 00pasoM, Y4TOOHB MOXHO
6HI0 OKa3aTh CACLYIOLIEE IPENJIONKEHNE, BHPAKAIOLIEE XaPaKTePUCTHYECKOe
CBOMCTBO YNOPAJOUEHHHIX map.

IMpennoxenne 4.3.

VxVyVaVo((x, )= v)Dx=u&y=0).

IokasateasctBo. Ilyets (¥, yy==(u, v). D10 3HayWr, uTO
fixh 4, 1= {ud, {n, o)}, Tax kax {2} & {{x), 1% y}) 10 (¢} & {{a),
u, v}}. Tostomy {x}=={u} wm {x}=={u, v}. B oboux cryuasx x=u.
C nmpyro#t cropoun, {1, v} = {{u}, {u, v}} u, crenosatemno, {u, v}
e {{x}, {x, y}}. Orcioma {u, v} ={x} nm {u, v} ={x, y}. [lonoGuum xe
obpasom, {x, y}={u} wm {x, y}=1{u, v}. Ecau {u, v} ={x} n %x, Y=
={u}, 10 x=u==y==7v; B nporusHom cayuae {u, v}={x, y}; u, cie-

\
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posateabHo, {u, v}=={u, y}. Ecan npu 310M v=%u, TO y=7, ecau Ke
v=u, 10 Toxe y==v. HUrak, B moGom cayuae y=w.

Mp Teneps 0000muM NMOHATUE YHOPSNOYEHHOW NapH A0 NOHATHA YNO-
PSIOUEHHOR 7-KH.

Onpenenenune

(Xy=X,

<X;, ey X,l+1>=<<X1, ceny Xn>» Xn+1>-

Tax, Haupumep,
(X, ¥, Zy={X, V), Z) u (X, ¥, Z, Uy={({{X, V), Z), U).
HerpyaHo noxasars caeaywomee o6obuienne npesnoxenns 4.3:

}——- Vxl... Vanyl...Vy,,«xb S x,,>‘——<y1, ey _yn>:3
Dxy=n& ... &x,=y,.

AKCHOMB CYmeCTBOBAaHUA KJAacCOB. OTH 4aKCHOMH YyTBED-
XKAAOT, YTO JJI HEKOTOPHIX CBOMCTB, BHIPAKEHHHX (OPMYJIaMH, CYMIECTBYIOT
COOTBETCTBYIONINE KJACCH BCEX MHOXeCTB, 0O0Janalomux STUMA CBOWCT-
BaAMH.

Axcunoma Bl AXVuVo((n,v) e X=ues) (=-omuowenue).

Axcuoma B2 VXVYAZVu@ueZ=uces X&uesY)

: (nepeceuwenue).
Axkcuoma B3, VXAZVu(ueZ=us X) (Oonoanenue).
Axcuoma B4 VXIAZVu(ues Z=Fv({u, v) = X)) (o6aacms onpe-

Oeaenus).
Axcuoma B5. VXIAZVuVo((n, vy =Z=ue X).
Axcnoma B6. VXIZVuVoVu((u, v, w)esZ=(v, » u)eX)
Axcunoma B7. VX3IAZVuVoVu({(u, v, wieZz(u, w, vgeX).

C momoisio akcuom B2—B4, a Takke aKCUOMB OGBEMHOCTH MOKHO
0Kas3aTh, UTO

FVXVYAZVure Z=ues X&ue ),
FVX3ZViue Z=u & X),
FVX31ZVu@ue Z=3v({y, v) = X))
ATH  pe3yJabTarh
6yks ), ~, Z.
Onpenenenus

Viue X Y=ueX&ue )
Viue X=ue X)

Viue Z(X)=3v({u, v) = X))
XUr=&nnmn

V=0

X—VY=X(QVY

ONpPaBJAbIBAIOT BBECICHHUE HOBBIX (IJYHK[IHOHZIJXLHHX

(nepeceuenue kaaccos X u Y).
(Oonoanenue & Kaaccy X).
(o6aacms onpedeaenun Kaacca X)
(o6sedunernue waaccos X u Y).
(yuusepcarvubiii Kaacc).
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YupaxHeHus

L +Ve(ueXUY=usXV usy),
- VYu (usV).

2. -XNY=VYnX
FXNYNZ=Xnrnz

FXUY=YUX
FXUNUZ=XU(Yuz

EXNX=X FXUX=X
FXN0=0 FXU0=X
EXNV=X ~XUV=Vv

FXNYUZ) =(XNNyxn2z)
EXUY=Xn7Y
FX—X=0 EFV—X=X
3. (a) FVX3IZVuVo ((u, vveZ=1(0, u)e= X). (Y xa-
TMOCNEN0BATENLHO AKCUOMB! B3, B7,/ B6, Bi,), WEX). Vkasanue.

MeHmib)Bg_nvgﬁ)Z YuVoVw ((u, v, w)=Z=(u, w)=X). (Yxazanue.

() mVX3ZVoVx, ... Vi, ({xy...
MeHUTL B3.)

FXU(YNZ2) =(XU V) N(XUZ)
RXNY=XUV

[Mpumennts
fpn-

v X VEZ =(Xq e, X0eX). (Mipu-

(d} = VX3AZVo, ... Vo, Vx,...Vx, ((x; ..., x . =/
axpyeX) Vias la HH e,ml/helpaunﬂ 'fc()<.) ' P T O SL =
(e) = VX3ZVu,...Vu,Vx, ... Vx, Xy ooy Xy 0y ooy vy, XpyeZ ==

=(Xp-, XppeX). Ykasauue. Ilpu m =1 un3 (b) nonscranoskoit (xyy --
BMECTO 4 M X, BMCCTO w, a 3aTeM OO6LLHN cayvyai — urepaunueii.)
() - VXIZVAV0,... Yo, ((v), ..., © = :
Ucnoassosats B5 u nyHlm (a).)m(\ ' m KL= xSX).
() FVXAZVX ..V, ((xyy oo, xppaZ =Ty ((xrr oo x = ¢
s3auue. Caenyer ms B4 nogcraHoskoi ()'é!, sy x,,{ (émé'cro P H \%))B\l\-/l‘é(c)l?;) (X‘)k T
(h) = VX3IZVuVoVw ((v, g, w)eZ = (u, wyeX). (Ykazanue. [logcra-
BUTb (U, W) BMECTO i B akcHomy B5 NpHMEHHTL axcroMmy B6.)
() = VXIAZVo, ... Vo YuVw ((vy, ..., v, 4, 0 = —= /
sanue. [Moncrasute (v, ..., v,) Bl\<wIC'ro v Bk(h).y) ' = ek, (e

sy Xpy)

(Ykasanue.

Mnbl Tenepnb \mMoweM n0kKazath HEKOTOPYI0 OBILYI0 TeopeMy O Cyuwiectso-
BaHAU KJACCOB.

Mpennox P

penJsoxenne 4.4.vflycmb (X oen, Xy Yool Y) — gop-

MYAQ, NepeMernble Komopol Oepymces mus u3 wucia Xy, ..., Xo N
«vv» Yy Hasosen mawnymwo opMysy UpPpeAMKATHBHOH, ecat 8 weil
CBILIAHHBIMU SIBASIIOMCS MOALKO NEPEMEHHBLE OAST MHONCEC 1B (m. e. ecan
OHQ MONCem Obliny npusedena K maxormy sudy ¢ nomou,sio RpuUKRSMbLX

g/oxparuef;zti)). Lars scaroli npedurwamusnoi popmyre o (X, ..., Xp
1, .y m.
=32V .. Vo, ((xy, ..., X)) EZ=9(X1 cvvy Xpy Yy onn, Y)).

Lokazareancrpo. Mu mMomenm OTPaHNUATBCSl PACCMOTPEHHEM TOJIBKO
TaKUX (OPMY. ¢, KOTOPHIE He. COmEpKAT noagopmyn Buaa Y; = W, rtak
KaK BCAKas Takas noagopMyna MoweT ObTh 3aMeHeHa na g (x=Y,&x = W)
4TO B CBOIO ouepeab skBuBanentio copmyae Jx(Vz FeEx=ze Y 8;

3
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& x = W). MoxHo Taxxe npeanosarats, yr0 B ¢ HE conepxarca moadop-
myapl Bula X & X, KOTOpHe MOryT ObiTh 3aMeHeHn HA Ju (=X & u e X),
nocaennee ke okBusateHTHo Ju(Vz(zeu=:z2< X)&u < X). loxasa-
T€JBCTBO TPOBEAEM TENEPh UHAYKUHEH No uncay % JOrMYecKUX CBSI3OK H
KBAHTOPOB, BXOIAIKX B (OPMYJAYy ¢ (3aNHCAHHYIO C OrPaHHYEHHHIMH mnepe-
MEHHBIMU /I MHOXECTB).

1. Ilycte k=0. dopmyna o uMmeeT BHL X; & X; WM X; E X; W
x; e Y, rae 1sCi<Cj=<n B nepsom cayuae, no axcuome B, cymiecr-
ByeT HEKOTOpHH Kaacc W, Tako#t, uro

Vi Vx,; (%, x;) & W=x; < x)).

Bo sropoM ciayuae, mo TOH ke aKkcuoMme, cyuwiectsyer kiacc Wp Takoi, uto
Vi Vx;((x;, x) s W=x; = x),

u Toraa, B cuay ynpaxuenns 3 (a) Ha crp. 182, cywectByer kjaacc Wy

TaKkofl, 4To
ViV, (xn x;) & Wa==x; & xy).

Mtak, B moboM 43 NepBHIX NBYX CiAyuaeB cyuiectsyer kjaacc W Ttakol, yto
» Ym)).

Torpa, 3amenus B ynpaxsenun 3 (i) na crp. 182 X wna W, mnoayumm, uto
CYILECTBYET HEKOTOpHIA KJacc Z; TaxkoH, 4ro

Vx, e Vx,-_;Vx,-ij ((x,, .

Vi Vx; (%, x5y = Ws?(xl, vy Xy Y1, Ll

vy Xi-1, Xi x]'> = Zl_:_

=Xty vy Xy Y1 oeesr Y

Ilanee, Ha ocHoBaHMM yrpaxHeHus 3 (e) TaMm ke npu Z; =— X, 3aK/i0Yaem,
YTO CYIIeCTBYeT KJaacc Z; TakoM, yto .

Vx, e Vx,-inH . .VXj (<x1, e s Ym))

Hakoneu, npumensst ynpaxuenue 3 (d) tam ke npu Z,—=—UX, noaydaem, yro
cynlecTsyer xJiacc Z Takofl, uto

V...V, ({1, oo X)) EZ=0 (X1, ey Xy Y1y ooes Vi)

Ilas ocraomerocs cayuas x; € Y, Teopema ciemyer u3 ynpaxuenudt 3 (f)
n 3 (d).

2. Tlpeanonoxum, uro TeopeMa pokaszaHa nJaa Jaoboro k<IS u uto ¢
COIEPKUT § JIOTHYECKUX CBS30K M KBAHTODOB.

(@) 9 ectb 1¢. [To UHAYKTHBHOMY NPEIONCKCHHUIO, CYIIECTBYeT KJaacc W
Tako#, yro

R x]'>EZQECP(x1, caey Xy Y1, N

V... Ve, ({2, oo, )& W=0(X1, oovs Xy Vi, cony V)
Teneph ocTaeTcs MOJOKNTh Z= W.
(b) ¢ ects ¢ o6 llo wWHIYKTHBHOMY TNpPEINOJONKEHUIO, CYUECTBYIOT
Kaaccwl Zy, u Zy TaKue, 4TO
Vi o .V, (oo, X)) EZi=9(xt «vvs X Yio ooy Y))
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Vg . Vo (X1 ooy Xy € Za==0(x1, «ry Xy Y1 oony Vo))

HckombiM kaaccom Z B 3ToM cayuae Oymer kaace (Zy (] Zs).

(©) ¢ ectv Vxd. Ilo MHAYKTUBHOMY TIPEANOJIONKEHUIO, CYIIECTByeT
kJjgacc W Takoil, uro

Vi1 . .V, Ve (X, oo, X XX W=0(0 oo, X X, Vi oee, Y.

IpnMenum cnepsa ynpawxuenue 3(g) npy X=—W n HOJy4uM KJaacc Z
TaKoH, uro

V.. Vx,((x1, oo, X0 €EZi=3x 79X, vy Xp X Vi .o, Y.

Tenepb MOJOKHM —OKOHYaTedbHO Z==Z;, 3aMeuas, uto Vx ) 3KBUBa-
JeHtHO ] 3x ¢

Ilpumepn. 1. Tlycts ¢(X, Yy, Y) ecrb ¢opmyra FuTo(X =
=(u, v)&ues Y1 &ve Yy). 3mech KBaHTOPH CBA3BIBAIOT TOJIBKO nepeMeH-
Heie s MHoxecTs. ITosTomy, B cuity Teopembl O CyuiecTBOBaHMM KJIacCOB,
F3ZVx(x = Z=FuIv(x= (4, v) &u< Y& v < Yy)), a ua ocHoBanuu
akcuompl obbemnoctn, —FZVi(xeZ=quTvx={1, v)&une V&
& v e Yy)). HloaTomy BO3MONMHO clenyiwiiee oupefeeHHe, BBOISALIEE HOBYIO
(pyHKIHOHAIBHYIO OYKBY X:

Onpenenenne Vx(xe VY, X i=TuIo(x=(y, v)&ne ¥ &
&v e Yy (dexapmogo nponssedenue xnaccos Yy n Yy)

OnpeneneHus.

2
X* obosHauaer X X X (B wactHocru, V? o6o03Hauaer Kaacc BCex ymo-
PAOOYEHHBIX TAp).
X" obosnauaer X" ' X X (B wactHoctd, V" o6o03Hauaer KaacC BCex
YNOPANOYEHHBIX N-OK).

Rel(X) cnyxur coxpamennem mis X < V? (X ectb oTHomeHue).

2. llyets ¢ (X, Y) oGosnauaer X = Y. Ilo Teopeme o cymecTBoBanmu
KJI3CCOB M HAa OGHOBAHUM aKCHOMHM ofbeMHoCTH, - A ZVx(x = Z=x <= V).
Takum 06pasoM, CymecrByeT KJacC Z, 5/eMEHTaMn KOTOPOrO SIBJSIOTCA BCE
TIOJMHOXKECTBA KJacca Y.

Onpenenenne. Vx(xe&F(V=x<= 7). (F(Y): kvaacc scex nood-
MHOJCECME Kaacca Y.)

3. Paccmorpum B xavectse ¢ (X, V) dopmyay v(X v &ve Y).
Ilo TeopemMe O CymecTBOBaHMM KJIACCOB ¥ Ha OCHOBAaHUH AKCHOMBI OGBHEM-
nocy, iZVx(xeZ=Tv(x=v&veY)), T e cymecrsyer eauH-
CTBEHHBIH KJacC Z, 3JEeMEHTaMH KOTOPOTO SIB/IAIOTCA BCE SJEMEHTH 9JeMeH-
TOB KJacca Y W TOJBKO OHH.

Onpeneaenne. VxxeUM=Iv(xsv&kve V). U
o0bedunenue 8cex saemenmos kaacca Y.)

4. Iycrs ¢ (X) ects Ju(X={(u, u)). Ilo Treopeme o cymecTsoBaHuH
KAaCcCOB M HA OCHOBAHMM AKCHOMB OOLEMHOCTH, CYIUIECTBYET €IWHCTBEHHBIA
knace Z tako#t, uro Vx (v & Z=Ju(x=(u, u))).
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Onpeneaenne. Vx(xel=3u(c={u, u)). (Omuowenne moyic-
decmsa.)
Caencrsue 4.5. [as scawvol npeduxamusnol Hopmyast ¢ (Xy, ...

vees Xy Yo oeis Y
FAW(WeE VP&V . VX, (x5, ..., xp e W=
= (Xt vens Xy Y1 coes Y
NokasaTteancTBO. B cuay npemnoxenns 4.4, cymecrsyer kaacc Z,
aast kotoporo Vxy... .V, ({x1, ..o, X)) EZ=9 (X1 --os Xp Y1 vy Yi))

OueBHAHO, NCKOMBIM KJaccom W sBasiercss kmacc W==2Z [} V™ ero epun-
CTBEHHOCTh BLITEKAET W3 aKCHOME OOBEMHOCTH. '

Onpenenenne [as scaxolt npeaukatusHoit dopmyast ¢ (Xy, ..., Xp
Yi, «ovs Vi) U€PES Xi... . Xp® (X1, -<vs Xp Y1, ..v, Yp) OOO3HAUAETCA KAACC
BceX n-oKk (X1, ..., Xp), yaosaersopsiomux Qopmyne ¢ (X, ..., Xp Vi ...
ey Y 16 Vu@geE X X0 oees Xn Yo .oy YR)=3x...
Ak @={x1, .., X)) &O (X1, oy Xpp Y1 ..oy V). Caencrsue 4.5
onpaBibBaeT Takoe onpexeiesue. B uactwoctw, mpu n=1 noayuuv
FVYa@exex Yy ..., Y=o Y1 ..., Yu)) ).

Mpumepn. L Ilycrs ¢ ecrb Xy x;) & Y. OGo3HauuM X1% (0 xpE
e Y) cokpawenno uepes Y, torma |- Y= VE& Vi Vxa({x, )= Y=
E<x‘z, xl) e Y). Hasosem Y obpamubim OmHOUeHIeM KIAcCa Y.

2. Hycts ¢ ects Jv({v, x) & Y). Obo3nauum uepes %2 (V) Bpanenne
x@v(o, x)e V). Toraa - Vu@@e R (N)=Tv(v u) <Y). Knacc
&% (Y) naswBaetca obaacmew. 3nadenuii kaacca Y. Ouesnano, —e% (¥)=
=7 (7).

3ameTuM, 4TO aKcuoMn B1-—B7 sB/IA0OTCA 4YaCTHBHIMHM CHY4asiMH TCOPEMBI
O CyUIeCTBOBAHMHM KJAccoB, T. €. npennoxenus 4.4. MHpMn ciosBamu, BMECTO
TOro, uToOGH BHIABHraTh Tpediokenue 4.4 B KauecTBE CXEMBl aKCHOM, MOKHO
C TeM Xe DE3yJIbTATOM OrPAHMYNTHCA JIMIIb HEKOTODPHIM KOHEYHBIM UHCJIOM
ero uacTHbIX CJayuyaeB. Bmecre ¢ TeM, X0oTa mpensioxenne 4.4 u nossoaser
NOKA3BIBATH CYUIECTBOBaHME OOJBIIOrO YMCIa CaMBIX DasHOOODAsHBIX KJac-
COB, HaM, OJHAKO, HHYETO €lle He U3BECTHO O CYWECTBOBAHMM KaKHX-1u6o
MHOXECTB, KPOME CaMHiX NpOCTHIX MHOXeCTB Takux, kak 0, {0}, {0, {0}},
{{0}} u 1. x UroGm oecrieunts CYUIECTBOBAHHE MHOMKECTB Oojiee CIOKHOH
CTPYKTYpH, Mbl BBEJEM AajabHEHIlNE AKCHOMBL

Axcunoma U. (Arcuoma obsedurenus.)

ViyWWuuey=Avusv&ve X))

D1a akchoMa yTepkiaer, uto obbeausenne U (x) BCeX 3JeMEHTOB MHO-
xectea x (cM. mpumep 3 Ha cTp. 184) saB/idercs TaKikKe MHOXECTBOM, T. €.
— Vx (MU (x))). Muoxectso U (x) o6osuauaior Taioxe uepes U w.

vEX

- ~
*) MHoraa BMECTO Xy...Xp® (X1, vvvy Xpo Y1y ooy Vi) TNPUMEHANT 32HHCH
Wy ceos X o (X0 vovs X Yiy oovs Vi
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Ynpawuenus

L. TlokasaTn, 410 =x [%
VY O ). yh Uy )
2. (a) — VU (0)y=0. (b) — U ({0})=0. (c)

(d) = VxVy (U ((x, ) ={x y}).

. Onpenenum Mo MHAYKUHH {xn ooy X5} KAk {xy, ..
B Vo . Va,Vu (v e {x, ..., Xny=u=x,\ ...\ u=x,). Takum o6pasom, mas
MOGHIX JAHHBIX MHOXKECTB Xy, ..., Ap, CYWLECTBYET MHOMECTBO, 3JIEMEHTAMH KOTOPOI'O
ABIAIOTCA MHOXECTBA Xy, ..., X, U TOIbKO OHH.

= VxVy (U ({x, Cl1eN0BaTenbHO,

- Vx (U (x}) = x).

<y Xp_1}U{xp}. Tornma

Hpyrum cpenctBoM nopowaeHns HOBBIX MHOXECTB u3 YKe UMEIOWnXCA
ABAAETCA 0OPasoBaHue - MHOKECTBA BCEX NOAMHOXECTB NaHHONO MHOXKECTBA.
Axcuoma W. (Awcuoma muoscecmsa scex ROOMHOICECNB.)

VixIyVu(ue y=u=< x)

9Ta aKCMOMA YTBEDKIAET, YTO KJAACC BCeX TIOAMHOXECTB MHOXECTBA X
(cm. mpumep 2 Ha cTp. 184) ecrb Takie MHOKECTBO; MBl ero Oyaem Hasbl:
BaTb MHOJCECMBOM BCeX NOOMHONCECmS mHOMecmsa x. B cany aToH

aKkcuoMnl, —V.x (M (& (x))).
[Mpumepn.
- & @ ={o}.
=& ({0h=1{0, {0}}.
=& ({0, {0th={0, {0}, {0, {0}, {{O}}}.

3uauatensHo Gonee o6uium CpPEACTBOM [OCTPOEHNS HOBHIX MHOKECTB
ABJIETCA CHCAYIOIAA aKcuoMa B8bloeseHls.

Akcnoma S VaVYeVu(ne r=n=sx&ue V).

Takum oGpaszom, nas moe6oro MHOXKECTBa X ¥ aJd moboro Kaacca Y cy-
WECTBYET MHOXECTBO, COCTOAINEE M3 3JEMEHTOB, OOUMX 1 x u Y, Chreno-
Bateabto, - VxVY(M(xN V), 1 e NEPECEYEHNE MHOKECTBA € KJACCOM
€CTh MHOXECTBO.

IIpexnoxenne 46, |- ViVY(YSxD M) (1. e nomkaace
MHOXECTB4 €CTh MHOXECTBO).

Hokasareabcrso. - Vx(Ys=x- YNx=Y)n - VxM(Ynx)

Tax xak Bcakas npeaukatuBHas $opmyna o# (y) nopoxnaer coorser-
CrByowud Kaacc (npemnoxenune 4.4), To uz akcuoMbl S CAEAYET, 4YTO MJist
MOOOr0 MHOXECTBA X K/AaCC BCEX €rO 3IEMEHTOB, YHAOBJIETBODSIOMMX AaH-
HOH npeankaTuBHOH opMmyae o (V), ecTb MHONKECTBO.

OnHako m1s nOAHOrO pasBuTHS TEOpHM MHOXECTB HaM norpeGyercs
akcuoma, Gosiee cuabHas, ueM akcuoMa S. Beegem NPEABAPUTENBHO HECKOABKO
onpenesieHuit.

Onpenenenns

Un(X) osnavaer
(X o0no3nauen.)

Fnc (X) osnavaer X < V& Un(X). (X ecms gynryusn.)
¥Y1X osuauaer X (Y X V). (Ozpanuuenne X obaacmero Y)

VxVyVz ((x v) = X &, HeEXDy=2).

$

®
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Uny (X) osnavaer Un(X) & Un (X’) (X 83aumno odno3nauen.)

v 2, ecm YVu (Y, yye X=u=2),
XY=

0 B npoTtuUBHOM CJIyuae.

Ecan cymectyer emuncrtsennoe z takoe, uro (¥, z) e X, T0
z==X'y; B nporusiom cayuae X'y=0. Ecau X ecib Qynxuns,
a y— MHOXECTBO u3 oOaactu onpesaeneHus X, 1o Xy ecth 3Haue-
uue 3TOH (PyHKURM, npuMmeHeHHOH K y ¥).

XY=eZ(Y1X). (Ecom X ecrtb ¢yukuus, 10 XY ectp 06-
JAacTh 3HayeHnH kaacca X, orpaHnueHHoro odaacreo Y) '
Axcnoma R (Axcuoma 3ameusenus.)

Vx(Un(X) D yVuwey=Fv(v, 1) € X&v e x)).

AKcuOMa 3aMEHIEHUs YTBEPKIAET, YTO €CHIM KJAaeC X OAHO3HAYeH, TO KJacc
BTOPHX KOMIOHEHT TeX 11ap U3 X, NepBsie KOMNOHEHTH KOTOPHIX MPUHAINEKAT X,
SBJAETCH MHOXECTBOM (3KBUBaJeHTHOoe yrBepuaenue: M (% (x1X))). Us
3TOH aKCHOMBI cjenyeT, uto ecad X ectb (yHKUMs, TO 00JacTb 3HaYeHMH
pesy/bTaTa orpaHnyesus X NOCPEACTBOM BCAKOH 06JacTH, aBaAsIOmENCs
MHOMECTBOM, T4KXKe eCThb MHOXKECTBO.

YnpaxHeHHs

1. lNlokasaTs, 410 akcHOMa 3aMeuteHns (R) BieveT aKCHOMY  BHIIENEHHA
(S). (Yrazaune. Ilycm XA €CTh - KNACC BCEX ynopsaoueHHslx nap {u, u)
TaKknx, ytoze Y, 1. e X=y,v,(y, =y &y, & V). Ouesunno, Un (X) n (v ({v,
meX&vex)=ues ¥YNx)

2 VX M(D () &M (R (). (Ykasauue. [lokasars, yto & (x) =
= U (U (x)) 1 &7 (x) = U (U (x)); npumennTs npexnoxende 4.6 u akcuomy U.)

3. - VaVy M(x X ). Yxazanne. ITokasate, uto x X y = P (F (x U )
IPHMEHRHTb TIpeniokeHne 4.6 n akcuomy W.)

4. (a) =MD (X)) &M (I (X)) &Rel (X) D M(X).
S D (X) X % (X))

(0) - Vy (Fre(X) D M(y1X)). Yxasanne Fne(3 1 X)& & (y1 X) =y,

UTKyRa, B culy akcuoMmbl R u yreepxiuenns (a), caenyer M (X“y).)

(Ykasanue Xc=

Crenywowas axkcuoma obecrieyuBaer CyilectBoBaHue GECKOHEUHBIX MHO-
KECTB.
Axcunoma L (Axcuoma Gecronewrocmu.)
dx(ex&Vu@me x> ul{u} e x)).

AxcuoMa GECKOHEUHOCTH YTBEPKIAET, YTO CYUWIECTBYET TaKOE MHOMKECTBO .X,
yro 0 x, ¥ ecan n e X, 10 uU{u} TaKxKe npuHamaexut x. Jas takoro
MHoxkecTBa X, ouesuaHo, {0} =x, {0, {0}} = x, {0, {0}, {0, {0} e«

*} B nanbueiturem Mul 6ylem TO Mepe Heo6XOIMMOCTH BBOIWTL HOBbE (YyHK-
MoHanbhble 6YKBbl M NPCAMETHbIE KOHCTAHTH, KaK TOAbKO OYleT ACHO, YTO COOT-
BeTCTBYIOIEE ONpeleleHne MOXKET ObIThb 0GOCHOBAHO TEOPEMON O eXUHCTBEHHOCTH.
B nacroswem cayuyae NpoMCXOANT BBeAEHHE HEKOTOPOH HOBOH (YHKWMOHAALHOM
OykBol A ¢ cokpauieHHbIM oGo3HaueHHeM X'Y Bumecto % (X, V).
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U T. A Ecan MB Teneph nosomum 1=1{0}, 2=10, 1, ..., n={0, 1, ...
.y n—1}, 10 s moboro ueaoro n=0 6yner BBLINOJHEHO 71 €= X, M
upa sToM O=£1, 02, 15£2, 05£3, 1£3, 23, ...

YnpamHenue

Hokasarb, uyto akchoma | Baeuer akcuomy N *). flokasars Takxe, 4To ecau

HekoTopas gopmyna sirever 3X (M (X)), To BMeCTe ¢ axkcuoMo@ S ta e (opmyra
BJeueT akcuomy N.

Cnucok akcmoMm teopun NBG 3asepwen. Mur puaum, uro NBG umeer
JALE KOHEYHOE YUCJIO aKCHOM, a UMEHHO: akcnomy T (o6bemHoCTH), akcu-
omy P (mapwt), akcuomy N (mycroro MHOXECTBA), aKCHOMY S (BHLAETEHHS),
akcuomy U (o6veaunenns), akcnomy W (MHOXeCTBa Bcex TOAMHOXECTB),
akcuomy R (3amemennus), akcuomy I (6ECKOHEUHOCTH) M CeMb aKCUOM cyute-
CcTBOBaHus Kaaccos Bl —B7. Mu sugemn TaKxe, 4Yro akcuomol N u S
BBIBOJIMMEL N3 OCTA/IbHBIX aKCHOM, ONHAKO OHM BKJ/IOYEHB B OGN CIHHCOK
dKCHOM, T4K KaK MNPEACTABJAIOT MHTEPEC NMPH M3YYEHHW HEKOTOPHIX GoJee
cnabuix moxpreopuit Teopun NBG.

YOenumcst Tenmepr B TOM, uTO napanokc Paccena wesmBomnm 8 NBG.
Ilycts Y==x(xetx), 1. e Vx(x = Y=ux ¢ x). (Tako#t kaacc ¥ cymwe-
CIBYET, B CWIy TEOPEMB O CYILECTBOBAHHM KJAaCCOB (IIPEI/IOKEHHe 4.4),
TaK Kak Qopmyna x € x npeaukartusHa.) B nepsomauanshof, T. e. He COKpa-
LIEHHOHN, CUMBOJIMKE 3Ta NOCAeHss (POPMyJIa 3anmuchiBaerca Tak: V.X M(X)>o
D(XeY=Xe&X)). Honycrum M(Y). Torma Ye= V= Y& Y, uro,
B cuay raBroniorvd (A="T1A) > A& 4, saever Y= Y & Y& Y. Orcona
O TeOpeMe neaykuuu noayuaem |- M(V)D(Ye Y& Ve Y), a sarewm,
B cuay ragronorun (B> (A& JA)) > 1B, noaysaem u T M(Y). Takam
o0pa3omM, paccyxuenus, ¢ NOMOLIbI0 KOTOPBIX OOBIYHO BBIBOAUTCS MapagoKC
Paccena, 8 teopun NBG npusoast Bcero ammb K TOMY DESYJbTATY, YTO
Y ects coOcTBeHHBIH Kadcc, T. € HE MHOKECTBO. 31ech Mb UMEEM IeJI0
€ TAnM4HBIM 1as Teopud NBG cnocoGom wu36asieHms oOT OGBIUHKIX napa-
ROKCOB (Harpumep, napamokcos Kantopa m Bypamu-®opTn).

YnpaxHeHnune
= WM (V). (YuuBepcanbHbifi Knace He ecTh MHOXeCTBO.) (Y Kaszaume V=

=X (X==X); L1 PACCENOBCKOrO Kiacca Y= x (x¢tx) yxe noxasaHo, yTo MY,
OCTaeTCA NPHMEHHTL NpeinoxeHue 4.6, MPUHUMan BO BHMMaHHe, yTo Y = V.)

§ 2. Nopankoseie yucaa

OnpenennM CHAa4aJ/a HEKOTOophHIE [IDUBBIYHBIE MOHATHUA, CBA3AHHHIE C OTHO-
{LIEHUAMH.

*} Urobn B caMoix QpopmyanpoBke akcnoMsl | He npemmonsaraTh akCHOMA N,
Hauexut B akcuome 1 «0 = x> samenuts Ha Ay (y = x & Vu (u & y))s.
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OnpeneneHuns

Vy(re ¥ o (3 3) & N &ReL(X)
XIrr Y osuauaer Vy(y o emf"l’l ppe> faencusnoe otvomene na Y.)

XTrY osiavaer Rel(X)&VuVoVw@ue Yé&rveV&weY&
&(u, vye X&({v, w) = X D (u, w)e X).
(X ectb mpan3umusxoe OTHOWIEHUME Ha Y.)
XIrr VY&(X TrY).
X Party osmazer (XIrr V)& (X wacmuuno ‘ynopsdowusaem Y.)
&VuVo(ue Y&ve Y&u+tvo (4, v)e
X Con Y osnauaer Rel(X) uVvo ( iy
(X ectb c8si3Hoe Ha Y OTHOLUEHHE.)
: VN&XTrY)&(XConY).
XTot Y osnauaer (XIrr Y)&( ) X Tropmaouusam ¥
ZZ=Y&
X We Y caywut obosHauenuem aas Rel (X)& (X Irr V)&V
&}éq&ODEy(ye Z&Vov(ve Z&vLy D () 1)y = X&
& {v, X))
(X< anﬁiif ynopadoyusaem Y, T. e, oTnHowenue X upped-
JIEKCMBHO Ha Y, n BCAKHH Henycrod nojax/JIacc KJacca Y
MMeeT HauMeHbIRH B CMBbICAE OTHOMIEHNs X BSJEMEHT.)

YapaswHeHus

LI—(XWeY)D(XTotY). (Ykaszaumne UYrobb RoKasarh )gCo;}Y,m;:gg;
y Y, ye ¥V u x5y ouesunHo, {x,
CMOTpUM Takue X H y, uro x &V, o ) e
anpumep x, Torma (x, y ;
HauMeHbIIMH 9MEMEHT, NYCTh 910 Oyner, H y X, oG
nm xotopex x= ¥, ye Y,
3ath, uro X Tr Y, pacCMOTpUM X, ¥ U 2, I
gox(z.xx y; e X&(y, z5 < X, mHoxectBo {x, y, 2} HMeeT HaHMeHbUIMA SAEMEHT,
1
KOTOPHM 06A32H B NaHHOM clyyae OblTb x.)

2. i— (X We Y)&(Z< ¥V)D (X We Z).

Hpumepsn (u3 HaupHOH# TEOPUHM maoxects). 1. OrHoleHuMe < 1;);1
MHONKecTBe P BCEX LENBX NOJOXMTENbHHX UYUCEJ BHOJHE YNOPANOYMBAET b.
9. OTHOILEHHE <~ Ha MHOXECTBE BCEX LENBIX YHMCEJH YNOPSANOUMBAET,
AAOUNBAET ITO MHOWKECTBO.
" l;e Sgggﬂmeeﬂ};[éopcﬂ Ha MmHOWecTBe W BCEX MOAMHOXECTB MHOXECTBA Bc\e;/x
LE/BIX uUMcea YACTHYHO ynopﬂ{ll(;‘{)l/lBaeT W, HO He ynopsuouuBaer .
Hanpuwmep, {1 2} n {2} & {1}.
( Opn D g’ﬂ i n}(fl 1{4 e}. fS‘tEn (Z, Wy, W) cayxur —_coxpamegluﬁ;lc (Zlgﬂé’;
3.’613.969 3"13"2 (Rel (rl) & Rel (fg) & W1 e (r,, x1> & Wq —&— <rg, JC2>D <u v) =
&UN(Z)& D (Z2)=x&F (Z)=x & VuVv(u e %, & v E(frlo6 am’a[omee
e ry=(Zu, Zv) & ry)). (Z ecrb nodobroe omobpagicerue, p e
OTHOLLIEHNE ry, ONPENCICHHOE HA X), HA OTHOLUEHHUE Iy, ONPENENCHHO g;m
Onpenenenne. Sim(W, W)  cayxur coxpameuuelv:cm ,abt)
Az Sim (z, Wi, W) (W u Wy — nodo6ro ynop;z@otte:uﬂbﬁ cmpy o (_)v]p H.‘
Mpumep. lycry ry— orHOINEHHE < Ha MHOXKECTBE NI BFBX i (;:)ex
UATeNLHBIX LEeAbIX UYMCed, a Fy— OTHOWEHHE < Ha MHOMECTBE B
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NOJIOXKHUTEJbHBX lieJIle unceds; 1mycrh, najnee, 2 eCTb MHOXKECTBO BCEX ynops-

IoueHHblX nap (x, x--1), rae x npoGeraer Nn. Torma z ectb nomoSuoe
otob6paxenue (r;, Nn) na (ry, P).

YopakHenus

L |-Sim(Z, X, YYD Sim(Z, X, Y).
2.|-Sim(Z, X, V)DOM(Z) &M (X)&M(Y).
Onpeneneunus
Fld (X) osnavaer & (X) U %2 (X). .
TOR (X) osnauaer Rel(X)& (X Tot (Fld (X))).
, (X ectb ommuowenue nopsaoxa.)
WOR (X) osnauaer Rel(X)& (X We (Fld (X))).
(X ectb 8noane ynopadouusawuee omHoutenue.)

(IToae xnacca X))

YnpamHeHus

L |\~ (Sim (X, Y)D Sim (¥, X)) & (Sim (X, ¥) & Sim (¥, U)> Sim (X, U)).

2, |- Sim ((X, Fld (X)), (Y, Fld (¥))) D (TOR (X)= TOR(Y)) & (WOR (X) =
= WOR (Y)).

Ecin x ecTh OTHOIIEHWE TIOPAAKA, TO KJAaCC BCEX OTHOLIEHMH NOPSAKa,
NOAOGHHIX X, Ha3KIBAETCS NOPAOKOBBLM MUNOM OTHOILEHHS X. B aanbHelimem
Hac OyayT CrneuuaqbHO WHTEPECOBaTh MOPSAKCBBIE THMB! BIOJMHE YHOPAAOUH-
Bafoux oTHowenui. OkaswiBaeTcs, ofHako, yTo B Teopun NBG Bce nopsaa-
KOBHE TUTH (KpoMe nopsiikosoro tuna {0} otHowenns 0) ssasiorcs co6cT-
BEHHBIMH KJaccamu. B cBs3n ¢ 9TUM npenctaBiasercs yaoOHuM HaHTh Kaacc W
BIIOJIHE YHOPSHOUSHHBIX CTPYKTYP TaKoMH, 4TOOB BCAKOE BIIOJHE YNOPSEOUM-
Bawuee OTHOHIERHE OblJI0 NOAOOGHO HEKOTOPOMY W NPHTOM €AWHCTBEHHOMY
anementy us W. Taxum o0pasoM, MBH NOAXOIMM K H3YUCHHIO NOPAKOBbIX
yuces.

Onpeaea eHus

E osnauaer .;Cj} xey. (Omnowmenue npuuaa/lewcuoc mu.)
Trans(X) ospavaer Yu(ue X D u<= X). (Knace X mpansumusen.)
Secty (X, Z) osnauazer Z< X & VuVo (u EX&v=Z&0, Ve
eYoueZ)
(Kaacc Z asaserca Y-cewenuem raacca X))

Segy (X, U)=x(x = X & (x, U) e Y)
(Y-ceamenm knacca X, onpeseneHHnB kaaccom U)

Ynpamuenns

L Trans (X)=U(X)= X.
2. \ Trans (X) & Trans(Y)D Trans (X J V)& Trans (Xﬂ Y).
3. |~ Segp (X, u)~x(xeX&xeu)&SegE(Y u)y= Y[ a&M(Segg (Y, u)).
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4. - Trans (X)=Vu(ue XD Segp (X, u)=u),
5 — (EWe X) & Sectp (X, Z)&Z#+ XD Au(ues X&Z=_Segy (X, w). (Y xa-
s3anune. B3arb B KavecTBe U =-HanMeHubIIH sgemeHT kmacca X — Z.)

Onpegenenus

Ord (X) osnauaer (E We X)& Trans(X). (X saBasiercsi nopsoxogum
KaaccoMm TOraa “ TOJbBKO TOraga, KOrga €-OTHOUIEHHE BIIOJIHE ynopano-
yuaeT X © BCAKMM 3ieMeHT X AB/AETCH TaKKe M TNOAMHOXecTBOM X.)

On osnauaer x(Ord (x)) (r. e. -Vx(x & On=Ord (x))). Tlopsaxosni
KAaCC, ABJISIOIMUCS MHOXKECTBOM, HA3BIBAETCA NOPSOKOBLLM qucioM. On ecTh
KJ4CC BCEX MOPAAKOBHIX uuce]. 3ameruM, uto ¢Qopmyisa x & On 3KBuBa-
JIEHTHA HEKOTOPOH TpeaukatTuBHON GopMyse, a NMEHHO KOHbIOHKUUH (HPOPMYN

@) Vu(ue x D u &t u),

) Vipgsx&u#t0odvveu&Vowesudwtrorvew&
&w et v)));

©) Vi xDu=x)

(ITepsas w3 sTux ¢opmyn sksusasentHa (E Irrx), Bropas — (E Wex) u
rperbst — Trans (x).) Ilostomy Bcskas ¢opmyJia, NpeluKaruBHas, eciad He
obpaiaTe BHAMAaHWS Ha BXOxAeHHs On, SKBMBAJEHTHA HEKOTODOH NpenuKa-
TUBHOH QopMyJie H, CAEIOBaTE/NbHO, MOWET PACCMAaTPUBATLCA B Kayecrse @
B TEOpEME CYIWeCTBOBaHUA KJaaccoB (npemiaoxenue 4.4). 3aecs caepyer noba-
BUTb, 4TO BCaKan ¢opmysaa On e Y mower OuntTb 3aMeHeda Ha Jy (VY= Y &
&Vz(z =ey=z2< 0n)))

Npumepn. 1. -0 On

2. O6o3nauum {0} uepes 1, Torna | 1 & On.

Mm  Oynem ynorpebusth Manble rpeueckne Oyksol a, B, 71, 3§,
B KAauyecTBe TEPEMEHHLIX, OrPAHUYEHHBIX MOPAAKOBBIMHA UUCAAMU; Haupumep,
Vao# (2) osuauzer V. (x & On D of (x)) u Jeod (1) osuavaer Jdx (x
= On & o# (x)).

ITpennoxenue 4.7.

D) Ord(X)D(X&E X&Vu(ue X D uct ),

@ FOrd(X)& Y X&Trans(V) D Y= X;

@) FOrd(X)&Ord (V) D(Yc X=Y = X), ]

@ FHOdX)&0rd(V)D(XeYV X=Y\ Yes X)&‘I(XE Y&
&YeX)&N1Xe Y&X=Y)

@) FOrd(X)& Y= XD Ye=On

6) — E WeOn,;

(7) b Ord (On);

(8) + 1M (On);

Q) Ord(X)DX=0n\/ X<=On

NokasatreascrBo. (1) Ecim Ord (X), T0 otHowenue E uppediek-

cuBo Ha X, 1. e. Yu(ue X Duetu), caegosareanto, ecaim X & X, 10
X & X. Tosromy X & X.
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2) Hycem Ord(X) & Y < X & Trans (Y). Jlerko Bunetsb, 410 Y ABaAsercs
co6crteennnM  E-cevennem kaacca X. ITostomy, B cuny ynpawuennit 4—5
(ctp. 191), Y= X.

3) Hycrs Ord(X)&Ord(Y). Ecrn Ye X, 10 Y= X, 1ak Kak X
TPaH3uTUBHO; HO, B cuay (1), Y=£X; caenosareavno, Y — X. O6patHo,
ecaw Y < X, 1o, B cuay (2), uMmeeM Y & X, Tak Kak Y TPaH3UTUBHO.

(4) Ilpennonoxum Ord (X)& Ord (Y) & X = Y. CnpaseiuBsl BK/IOYEHHS
XNY=sXuX} Y=Y Tak kak X u Y TpaHsuTHBHH, TO TPAH3UTHBEH
nkmacc X | YVEomX N YcXuXN Y V,oecuay (2, XN YesX
u X\ YeY, vwnotomy X[} Y= X[ Y, uro nporusopeunt upped.iex-
cuoctn E nHa X. CnemoBaresapno, wm X () Y=X nmu X[ Y=Y,
T.e wm X< Y, wm Y= X Ho X=£Y. Tlostomy, coraacio (3), X& Y
wm Y e X. Ha ocuoBannn Toro e nyukra (3), Xe Y u Y e X uepos-
MOXHO, 160 310 Baeuer X < ¥V u Y < X. OueBunno, 8 cuay (1), HEBOZMOKHO
n XestY&X=Y.

(6) Hycts Ord (X)& Y = X. Mu momxun nokazats E We Y u Trans ().
Tak xak Y= X u Trans(X), to Y X Tlosromy u3 E We X crenyer
E WeY. Jlanee, ecm n< Y u veu, 10, no Trans(X), ve X. Tak xax
EConX n YeX&veX, rove Y, wm Yo wm v=7Y. Eciu 6n
npU 3TOM OKaszanoch, 4ro v=Y wm Ye&wv 10, TaKk Kak ETr X u
e Y&veun, va noayunan Ow ueun, yro nporuBopeudt nyskry (1).
CrenoBatensHo, ve Y. Hrak, ecmnm ue Y, 1o u = ¥, 1. e cnpaseniuBo
Trans (Y).

(6) Ha ocuosaunu (1), E Irr On. Ilycts kaacc X takos, uro X = On &
& X =0, n nyctb o & X. Ec/m o — naumensm#t 8 X sjemeHT, TO nyHKT (6)
nokasan. (Ilon wmaumensvwursm saemenmons Kiacca X TOHMMAETCA TaKoH 3.e-
Ment ve X, uto Vu(u e X &u==v > ve u)) B nporusnom cayuae pac-
cyxmaeM caegyomuM oOpasom: Tak kak E Wea n X(Ja=£0, T0 mo/mken
CyIECTBOBATh 3JjeMeHT [, HamMessmnti B X()a B cuny (4), scHo, urto @
€CTb HauMeHbIIMH 3JeMeHT B X.

(7) TpeGyercs nokasatek £ WeOn u Trans(On). Ho E We On ects (6)
H, crano Obith, yiokasano. Ilycts reneps u & On n v u. Toraa, B cuny (5),
v e On. WUrak, Trans(On) moxasaHo.

(8) U3 M(On), cornacho (7), cnenyer On e On, uro upoTusope-
yut (1)

((9) Mycts Ord(X). Torna X< On Ecaa X=£0n, 710, B cuay (3),
XeOn )

Ha npeasnoxenns 4.7 (9) caepyer, uro kjaacc On— 3T0 eOMHCTBEHHbIR
NOPSAAKOBLIR KJACC, HE ABJAAOMMUHCA MOPAAKOBBLIM HUCJOM.

Onpenenenne x<(oy osHauaer x = On&ye=On&kx < y;
X<,y o3HauaeT y= On&(x =y \/ x < y).
Takum o06pazoM, a5t NOPSUKOBBIX YHCEJ OTHOLUEHHS < U & COBHAJAIOT,
u <y BuOJHe Yynopsaouusaer On. B uactHocrtu, us npeanoxenus 4.7 (3)

Mbl BUJNM, U4TO BCIKOE€ NOPAAKOBOE YNCJO X paBHO MHOXECTBY BCEX mopad- -
KOBBIX 4HCEJ, MEHBIINX X.
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lIpennoxenne 4.8. (Tpancgunumnasn HHOYKUNA.)
FYE(VaeeEpoee X)D8eX)o0na X

(T. € ecam ans BesKOro B M3 T0ro, uTO BCE NOPAKOBHE HYHCAA << P
npuHanaexar X, caenyer, uro u B npusamnexnt X, 10 B X HaxXonsTcs
BCE NOPSIKOBHIE YMCJa).
Hdoxasareancrso. Ilpexnonoxnm, uro VE(Vapepoas X)D
D B & X). Ipeanonoxum Tarxe, uro CYWECTBYET MOPHAKOBOE 4YHCJO, MPU-
nanaexamee On— X. Torpa rak kak On BnosHe ynopsaouyen otHoluennem E,
10 B On— X cymecrsyer ¥ HEKOTOPHH HanMeHbIMH 3/JEMEHT B. Hrak,
BCE MOPSAKOBHIE uncna <o npunamiexar X. CornacHo npeanoNOXeHuo,
OTCIONA CJenyer, yTo # § npunagaexur X, n MB NPUIIIM K TIPOTHBOPEUMIO.
[pennoxenne 4.8 npumensiercs mis LOKasaTenbCTBA yTBEPXKAECHHH, roBo-
PAIUX O TOM, YTO BCE NOPAAKOBHIE UYMCAa 06GMafalOT TeM WM WHBIM CHOM-
crnom P (a). Tlpu a10M 0GhiuHO nonaraior X==x (P (x)& x & On) n noka-
apBatoT, uto VB (Va(a e B> P (a)) o P (B)). '
Onpenenenne x' cayknr coxpauiesuem aas x |J {x}.
I[Tpenaoxenne 4.9

(1) - Vx(x=0n=x < On),
(2) - Ve 3B (< B <o o);
B) - VaVB (@' =p D a=0f).

INoxasareavcrro. (1) OueBngno, x e x. Mostomy, ecan x' & On,
10, Ha OCHOBanuu mpemnoxenus 4.7(5), u x & On. O6patno, nycts x & On.
Cnenyer noxasate E We(x |J {x}) n Trans(x J {x}). Tak xax E We x'n
x&x, 10 Elrr(x U {x}). Kpome Toro, ecmn y=£0&yc=x |) {x}, To
6o y={x} u TOrma X ecTb HaUMeHbWHH 3NEMEHT Y, mbo y ) x=£.0
i TOrla HaUMEHbIUMM SJIEMEHTOM J SBJSETCA HauMEHbIUMil SaeMeHT y (] X.
Faxny obpasom, E We(x | {x}). Hakonen, ecm ye=x | {x} muey, o,
OUEBHIHO, U & X, OTKyna noayuaem Trans(x |J {x}). '

(2) Hpennonoxuym o <<y B <<y’ Torma a = BuBed Uz aesB, B cuay
upeanoxenus 4.7(4), cienyer B £ a n §=~a, uTo, coraacHo onpeneseHuio X,
upoTusopeunt B e o,

(3) Hycts o'==§". Torma B<<ya, u, no npexsiaymemMy nyHkry (2),
B <<pa. Amanormuno, a<<, B. Caenosate.sHo, a=4f.

Onpemeanenne. Suc(X) caywur oGosnavenneM mis X e On &
& da(X=1/). (X ectv nenocpedcmeenno caedyruee nopsiOKosoe 4ucao.)

Onpenenenne K, cayxur obosnauennem s x (x==0 \ Suc (x)).
(K1 ecTb Kaace Bcex nopsoxosmx wuucea nepgozo pooda.)

Onpenenenne o cayxur obosHauennem s

x(xeKié&Vuuex>us K)).
© €CTh KJ2CC BCEX MOPAZKOBHIX YHCE] 4 NEPBOTO PONA # TAKMX, 4TO BCE
1TOPSAAKOBLIE YUCAa <& TOXKE CyTb NMOPAAKOBBIE 4YHCJIA nepsoro poaa.
llpumepu. 0o, 1 ={0} s o.

7 3. Menzenscon



194 [/l 4 AKCMOMATUYECKAS TEOPHSI MHO)KECTB

Mpennoxenue 4.10.

(1) M(w),

@) Vapssvw=0do  ow)
B)leXxX&VipueXsx>reX) D= X;
@ Veeeso&i<gaDdfeo).

JNoxkaszateascrso. (1) Ilo axcuome Oeckomneunocru 1, cymecrsyer
Takoe MHOKecTBO X, ut0o 0= x n Yu(ue x D & x). B cnay npewno-
wenus 4.6, mOCTaTouHo mnokasate © = x. Jlouycrum, uro o <= x. [lycrs
TOrNa & — HauMeHbllee B © — X nOpagkoBoe uuciao. Ouesumuo, o =4 0, uto
0 e x. Caeposatemno, Suc(a), 1. e 3P (a=7p"). Ilycrs 3 — nopsaxosoe
uncao taxoe, uro a==29. Torma d <, u noromy 3 < .x. Ho torma u
¥Yex, 1. e aex, yro npuBoaMT K nporusopeunw. Hrak, w = x o,
caenosarensio, M (w). )

(2) lyers o =o. Torma « & K,, ubo sasenomo Suc (a,). Kpome roro,
ecaa ped, 10 B =a wm =0, u notomy P & K;. Urak, «' = w. O6parno,
ecit o S o, T0 o ciaeayer us a=a u ViBesadBed).

IMynxkr (3) gokassiBaeTca PaccywaeHusMH, 1OIOOHBIMU TEM, KOTOPbIE NPH-
MEHRJINCh NPU A0KasaTeqncTBe NyHkra (1), a a0KasaTeabCTBO NyHkTa (4) Msl
npenocCras/sgeM 4YUTATEJI0 B KaueCTBE JIETKOro ynpaxHeHus.

DaeMeHTB MHOWKECTBA ® HA3bIBAOTCA KOHEYHbLIMI HOPAOKOBHIMUI Hilc-
aamu. Ml Gyaem npumeHaTb 00bluHyl0 (opmy nas ux obosHauenus: 1 gan O,
2 gaa V', 3 gnn 2’ n 1. 8, Takum obpasom, 0 =, 1 =0, 2w, 35(»,’...

Hop;uucosble YuCaa, OTAUYHBIC OT HYJId M HE ABJAKIHKCCA NOPAAKOBBIMHU
4UC/IAMY TICPBOrO DOJA, HA0BEM ApedensHbiMU NOPSIOKOBbIMU YUCAAMU BN
NOpPAOKOBLLMU 4UCAAMU 8MOPO20 POdaQ.

- Onpepgeanenne Lim(x) osnawaer x = On&x & K.

YupawuHexHne
- Lim (o).
NMpeanoxenne 4.11.
(1) FVx(xsOnoUweon&Vojrexda< UW)&
&VB(Va(re x Da<ef) D U ()<, B)))
(KakoBo Gbl HE OBIIO MHOXECTBO X MOPAAKOBHIX uucesd, MHOxectBo U (x)
ABASETCA TOPSAKOBBIM UACJIOM U NPHTOM HauMeHbled Bepxue#l rpaHbio
i X.)
@ FVx(x=0On&x£0&VarexDPWBR e x&a<yf) D
D Lim (U (x))).

(Ecna x ecrp HEMyCcro€ MHOXECTBO TNOPSAAKOBBIX uucen Oe3 uanGoabluero

snementa, 10 U (x) ecrb npemenbHoe NOPAAKOBOE YUCIO.)
HokasateasctBo. (1) Ilycrs x = On U(x), 6yayun muoxecrsom

NOPAAKOBBIX quces, BMOJHe ynopsgoueHo otHouieHuem E. Kpome toro, ecau
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seUx) &Bea o cymecrsyer | rakoe, uro 1€ x&aey, uto BMecTe
¢ 3 Ea paer, no CBOHCTBY TPaH3HTHMBHOCTH NOPAAKOBBLIX 4Hucel, By u,
caenosarensho, 8 & U(x). Takam o6pasom, U (x) tpanswtusno, u NOTOMY
U(x) = On. Ecan tenepy a = x, 10 a = U(x) n, no npeanoxenno 4.7(3),
a<<o U (x). Ipeanonoxum, nakonen, uro Va(a = x o a=<o f). Has moGoro 8§,
ecn 3 & U(x), 1o cymectsyer 7 Takoe, uto Se=v&y=x. Tlpu stom
1=%$, n notomy 8<CyfB. TakmMm oGpasom, Ux)=PB n no npemroxe-
nio 4.7(3), U (x) <5, 8.

(2) Hycts X#0&x=On&Ve(eex DB B e x&a<yp). Ecm
Ux)=0, 10 13 ae=x crenyer a=0. Toraa x=0 wm xX==1, uero
ne MOXeT Obith, B cuwiy wawmx ycaosui. Wrak, U (x)=%0. Honyctnm
Sue (U (x)). Torna U (x)==1v npn nekoropom 7. Tax Kax, B cuny nepeok
4acTH JokasbiBaeMoro mnpeanoxenns, U(x) saBaserca nanvenbwend sepxuei
TPAHBIO AJIA X, TO | HE ABJSETCH BEPXHEH IpaHbio LIS X, CJACAOBATENLHO,
CYUIECTBYeT 8 & X Takoe, YTO 1<<d Ho roraa 8=U(x), nockoabxy
U(x) ecro sepxnss rpamp aas x. Takum oGpaszom, s NPOTUBOPEYNE C YCI0-
sueM, U (x) oxaswiBaercs Han6oJbLiuM B X SJEMEHTOM. Crenosarenbno,
T 8uc (U(x)), n ocraercs npunste Lim (x).

Y npaxuenue

= Va ((Suc (a) D (U (a)) = a) & (Lim (2) DU (a) = a)).

Teneps M MOKeM cpOpMyMpOBaTL ¥ 4OKa3aTh NPARUNTT  TPaHCPUHHT
HOW MHIOYKLMD B Apyro#i ¢opme.

Ipennowenne 4.12. (Tpanciunumnan uHOyKyus, BTopas ¢opma.)

D FleX&Vipe XDod e X)& Va(Lim (@) & VBB <pa o

SfeX)DaeX) D 0ns X,

(2) (Mupykums o 3) 0 X&Va(@ < d&aesXDa e X)&

&Va(a<g8&Lim(@)&VBB<aDBeX)Dae X)Ddc X.

Rokxaszareanctso. (1) Ilyew Y=X(x=0n&Va(a<gx>
Da e X)) B npeanonoxennn, 4T0 BepHa NOCHAKA 1OKA3biBaEMOH thopmy.sl,
Jerko  nokasath, 4t0 Va(a<y7Dee Y)>ye V. CaenosateasHo, no
npennoxenuio 4.8, On<= Y. A tak kak Y= X, 10 n On= X.

(2) Tlpenocrasasercs B Kayecrse YOPaHEHH YUTATEMIO.

B rteopun mHOmecTs cyuiectsennyo poab urpaior onpejeeHus no TPaHc-
bunntHOH Muayxuun. DT onpemesenns MOryT GhiTh ONPaBAaHbl € IOMOULLIO-
CAERYIOMIUX TEOPEM.

MMpeaanoxenne 4.13.

() VX3 Y(Fre(N&D (Y)=0n&Va(Ya=X'@l y)).

(ILaa moboro X cymecTsyer eauncTBeHHas (hyHKuus Y, onpenejennas na pcex
NOPANKOBHIX YMCAAX U TaKas, 4TO 3HayeHHe Y Ha o PaBHO 3naueHnmio X,
NPUMEHEHHOrO K OTrPaHUYEHHIO Y MHOXECTBOM MOPAMKOBHIX WNHCEa <o .)

@ - VXVX VX3 Y (Fre(N&D (V) =0n& V0= '

=x&Va (Y @)=X; (Y @) & Va(Lim(@) D Y o=Xy (a1 V).
7*
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(3) (Muayxums no 8) —VxVX,\VX3 Y (Fre (N& D (V)=8& Y0 =
=x&Va(@ < 3D YV (@)=X,(Ya)&
&Va(Lim(@ &a <33 > Yia=Xy(@] V).

Hokaszateabcrso. (1) Hyes YVi=aFnc@)&Z u)s0On&
Ve(ee T W) Du‘a= X‘(a1 u))). IoxawxeM cHauana, uro ecau Iy & Y
MY, 10 wy Uy Wi ug=uw. B camoM aene, myctb 11:@ () u
o= (uy), Toraa nmbo Y3 <oYe, MO0 Yoo IlycTb, Hanpumep, 71=<o Yo
¥ NyCTh W €CTh MHOXECTBO BCEX TaKHX TNOPSAKOBBIX uuces & <loTi, UTO
‘o= ‘o, Jlonycrum, uro w £ 0, W nmycTh 7 — HaNMEHbIIKH IJIEMEHT
8 w. Tornaus B<<yn caemyer uy ‘B=uy‘f. CienosareasHo, vﬂ ul—_—vﬂ iy
Ho u,‘n=X‘(n1 w) v llg"ﬂ«-""—-X‘('ﬂ" i), W, TAKUM O0PasoM, u; ‘M=1ug‘",
4TO TIPOTHBOPEYUT HOMYUIEHHIO O TOM, UTO HEMYCTO MHOXECTBO W, B .KOTO-
pom 7 ecTh HauMeHbiunit sjement. [lostomy w=0, T. € m‘a=us‘a 1
Bcex o<y Orciona noayuaem u,::*n“ ul:'n'l Uy = up. Taxum oGpazom,
moGbie aBe (yHKuun u3 Yy cosnanaioT Ha oOwed uyacta nx obiacteft omnpe-
aeneaus. [Hoaownm Y==1(V;). Yuraremo npesoCTaBAseTcst CaMOMy HOKa-
3ath, yro Y ecTh ¢yHKuuda, 06JACTH ONpejeseHns KOTOPOH ecthb Jmbo
nopsaKkosoe uucio, aubo On, u uto Va(Y‘a—_-X‘(a1 Y)). Tlocre storo
yie HeTpyaHo nokasats, uro & (Y)=On. Ecmu Om 6o & (Y)=3, To,
nonoxus W=7 |J {(3, X*Y)}, msl umean Ot W& Y; u, CI€A0BATEIBHO,
W<=Y, orkygza B cBoW ouepeas & & (Y)==39, uero ne moxker ObiTb
u3-3a 8 ¢£ 8. EAMHCTBEHHOCTb Y JETKO MOKa3hIBAETCH C MOMOMIBIO TPaHChu-
unTHOH mHayKuun (npemioxenue 4.12). JlokasarenbcTso (2) aHa/NOrUuHO
npokaszatenbcrsy (1), a (3) Jzerko caepyer u3 (2).

C nomompio npeanoxeHns 4.13 MOXHO BBOANTb HOBBIE (PYHKIHOHA/b-
Hple OyKBBI MO TPAHCHUHATHOH HHIYKLHMK.

HOpumepn. L. Caodcenue nopadxogoix wuces. B npennowennun 4.13(2)
noaoxnM x =0, Xy =0 (v=1), Xa=17 (v=U (% (w)). [lonyuaem, uro
AAS BCAKOPO MOPSAKOBOCO uMcaa 3 CymecTBYeT eNMHCTBEHHas ¢yHkuus Y,
Takast, Y10 YB‘O=@& Va(Yﬁ‘(a’)=(Yﬁ‘a)’)& Va(Lim (z) D Ygto=
=U( Yﬁ “q)). CnegoBate/pHo, CYLLECTBYST W TPUTOM EAMHCTBEHHAR (PyHK-
unsi -}, oOnacTbio ompenenesus KOTOPo# caywut On® u TaKas, 410 U
moOBX aByX mopsakoBux uucea B ou 7 4o (B, N=7Y, ‘Y. Bopouewm, - mu

ToTuac Xe nepetigeM K npusslunoft sanucu § -7 BMECTO -} (B, )
OTmeTuM, 4To
B+o0=8

Bto()=0+o7’
Lim (0-) oD B +0G=Tg u(p —{—o't).

B wacruoctu, B-bol1 == +4(0)=(@ 40 =¢"

2. Yamnoowenue nopadxossx wuces. B npemrnoxenun 4.13(2) nonowxum
x=0, X,=a0 (w=u-+¢B), Xa=109 (v=U (% (). Toraa tax xe, KaK
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1 B [PCHBIAYILEM npumepe 1, 3ak/ouyaeM, 4To CyHiecTByeT (yHKIUS on'[
CO cBo#icTBaAMB

BX00=0,

BXo()=0 oD +08B
Lim (@) DB Xea= E B Xo7).

YnpawueHue

O6ocHoBaTh Ollepann BO3BeINEHUR B CTENEHbL IJaA NOPAIKOBBIX YHCeT:
B =1,

B =61 X, 8,
Lim(a) of*= U ).
T<lp2

Ias mpoussospHOro MHOxectBa X oGosHauum uepes Fy OTHOLIeHne
NPHHANIEKHOCTH, OTDAHUYEHHOE MHOXeCTBOM X: Exy=Xj(rs=y&x <=
eX&ye X).

llpennowenne 414%*). [lycme R — snoane ynopsdowusawuee
omHouerue Ha MHoycecmee x, m. e. R We x. [Tycmes, Oasee, f-— gpyur-
yus, omobpaxcarnu,as X 8 X, maras, umo 0A8 400X U, U 8 X U3
(n, v) =R caedyem {f‘u, f*vy = R Toz20a dag awbo20 u 6 x: u==f‘n
uan {u, f‘uys R

Hokasareabctro. [lyere X=4a ({f‘u, u) & R). Mu xoTum n0Ka-
3ate, uro X=0. [onycrum, uro X=£0. Tak xax X< x u R snoaue
YHOPAIOUHBAET X, TO B X CYWIECTBYET HAUMEHbLINIA OTHOCHTEABLHO MOpsAKa R
anement . Ouesnano, (f‘uy, up) & R. Orcrona (f(f uo), fu) =R 1. e
feupye X. Torma coornomenne {(f‘u, uy) & R npotusopeunt onpenese-
HUIO 1.

Canencreue 415, Ecan o8 u y=oa, m. e. ecau ¥ ecms noo-
MHOXCECMBO HEKOMOpo20 ceamenma nopsdxogozo wucaa 8, mo {(E, B)
u (Ey, y) He nodoGueL.

HoxasateapctBo. Ilpenmonoxum, uyTo CcymecTByer Taxkas yHk-
uus f, orobpawaomas B ua y, uto Beskmit pa3 w3 nef, veEBuueso
crenyer f‘wef‘v. Tak kak obaactb 3Hauenwit f cosnagaer ¢ y, TO
ffaey. Ilo ycaosuo xe y <=a Ilostomy f‘aea Ho mb naxomumcs
B yCJAOBMAX Tpeasoxenus 4.14, B cuay KOTOpOro, c/eA0BATENbHO (nOJaras

==x), umeeM fa=—a wm a & f‘a, 4TO HECOBMECTUMO C f'ad = a.

Caencrsue 416.(1) Ecan a£8, mo (E, a) u (E, B) ne nodobuu.

(2) Kaxoso 6b. Hu Obao nopadxogoe wucao o, 8caxoe omobpascenue f

*) Haunnas ¢ storo mecra, mHorue rteopemsl Teopum NBG 6yayr dopmymn-
PoBarbCA Ha PYCCKOM #i3blKe KaK Pe3ylbTaThl COOTBEICTBYIOULEro MepeBoia ¢ ¢op-
MaabHOrO A3bIKA 3TOH TeOPHH. JTO HdeNaeTcsi C HeAbl0 H30eXaTb BHINHUCHIBAHUA
HENOMepHO NIMHHBIX ()OpMYN, BBHAY TPYAHOCTH MX paciuudposku. Bnpouem, mor
OylleM Tak mocTymaTh TOMBKO B TeX CAyYasx, Korma umraredb 6e3 ocoboro Tpyana
CMOr Gpr caM MOCTPOHTH COOTBeTCTBYMOUY0 (opmyay reopun NBG no Hedopmain-
HOH <pYyCCKON» BepCHH TEOPEMBL
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nodo6us (E, o) na (E, o) A8iAemcsa moyciecmeennsn 0molpaxcentie,
m. e fB==08 npu awboxr B<yo.

¥

Hoxasareabcrso. (1) Caenyer ns cueacrsus 4.15. (2) B cuay
npepnoxcennst 4.14, B<<of‘B n B<Iyf ‘a npu moGom B <<pa. ITostomy
p<ofB<e(f)(f'H=§ omyma fB=8.

ITpennoxenne 4.17. Kaxosv 6bl Hu Obiau Henycmoe MHONCECMBO U
1 snoane ynopsoodlsanuee Imo Mroxcecmso omuouenue R (m. e. ecan
R We u&u=Fld(R)&us£0), cywecmsyem eduncmsennoe nopsdKosoe
aieao | u eduncmeennas @yuxyus [ maxue, wmo [ ecms omobpasicenue
nododust (E, y) na (R, u). (To ecms 8caKoe 8noixe ynopsoouexHoe
MHOMCECMBO NO00OGHO HEKOMOPOMY Il NPpUMOM €OUHCMBEHHOMY NOPAOKO-
somy 4ucay.)

Noxkasareanctso. Ilyere Z=td(wesu—v&Vzesu—vo
D {2, w) & R)). OueBugno, Z ectb (GyHKUMS ¥ TPUTOM TaKas, 4YTO €C/H
veunu—uv5£0, 10 Z°v ecTh HauMeHbIUMH OTHOCUTENBHO R 3ajeMeHT
B u—uv Ilycre X=93®((R(v), w)= Z). Ilycre 3arem Y — dyuxuus,
onpegensemMas 0o TpaHcHUHUTHOH wuHaykumu (npemioxeHue 4.13), obaacrs
onpexenenns KoTOpoH ects On m takas, uro Va(Y‘a=X‘(a1¥)). Hako-
nen, nycte W=a(Y“acu&u— Y“a=£0). fcuo, uto ect a e W u
Bea, 1o u Be= W. Cregonarensno, anb6o W==0n, mubo W ecib HeKo-
Topoe nopsagkosoe uucao 7. (Ecam W=£On, TO 3TUM MOPSAKOBBIM HHCIOM Y
ABJAETCS HauMEHbILEe nopaaxosoe unuciao B kaacce On — W) Ecm a = W,
10 Y a=X*@] Y) ects HanMeHpiIn# OTHOCHTEIHHO R 3/1eMeHT B 1 — Y “q,
nosromy Y'aeu, u ecim Be<a, to YViazE VB Takum obpasom, Y ecrs
B3aUMHO OJHO3HAuHas ¢QyHkuua Ha W, m oOaacre 3HaueHuH QyHkiMu Y,

Ol‘paHl/l‘{eHHoﬁ Kaaccom W, 4BJa4eTca MNOAMHOXKECTBOM Il TTonoxum Teneph
Se—"

f=(W1 Y), 1. e. onpeneanm f Kak QyHkumo, oOpatnyio K ¢yHKumn Y,
orpanuuenHodt kaaccom W. ®Pyukuusa f dBAseTcs B3AUMHO OIHO3HAYHOH
¢yukuuedt, o0jacTh ornpeneaeHAs KOTOPOH COBNAZAeT ¢ HEKOTOPHIM MOI-
MHOXECTBOM MHOWECTBa u, a oOnacTeio 3HaueHu#t cayxur W. Ilosrtomy,
Ha OCHOBaHWM akcuombl 3amewenust R (ctp. 187), W ectb MHOWeCTBO H,
¢/1e[OBAaTe/IbHO, PABHO HEKOTOPOMY MOPAIKOBOMY uucay Y. Ilycrts g_—_ﬂ Y.
QOueBHAHO, UTO g €CThb B3aUMHO OMHO3HAuHasg (QyHKUus ¢ 00/acThblO ounpeme-
Jeunst, PasHol ¥, 1 00JaCTbIO 3HAUYEHHH, PABHOH HEKOTOPOMY MOAMHOXKECTRY Iy
MHOXECTBA 4. MBI AO/MKHB TOKA3aTb, YTO Hy==U W YTO €C/1 & U (3 B3ATH
w3y n Bea, 10 (gB g2y =R Hrak, nonycrum, yro o1, B,
Bea Tak kak g‘f 4BIAETCA HAWMEHBLIMM OTHOCHTENBHO R 31eMEHTOM
MHOXeCTBa 1 — g“f, B a u (ynkums g B3aMMHO OJHO3HAUHA, TO g‘o &
eu— g“B8. Caenosaresbno, (g°B, g‘ay =R Ocraercs poxasars, 41O
iy =u. QuesuaHo, my== Y *“7. Honycrum, ut0 u-—u;=0. Torma 1= W.
Ho W==1y, uro mpusoaut x nporusopeumio. Wrak, nw=u; Enuncrsen-
HOCTb Y caenyeT W3 yreepxaesns 4.16.

NDpeandxenune 4.18. [lycms omuowenue R snoasne ynopsdodu-
saem coOcmeeHnbill Kaace X maxum obpasonm, wmo 04 awbozo y = X
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KAQCC 8CEX NPEOULECMBEHHUKOB IACMEHMA Y ONHOCUMENBHO OMHOULEHILT R
8 X (m. e. R-ceemenm g X, ONPEOCAEHHBIE 3NEMERMOM V) SBASTEMCSA
MHoycecmsom. To20a R nodobuo Eg,, m. e. cywecmsyem 63aumno odxo-
3HQuHOE nodobroe omobpancenue h On na X mawoe, 4mo u3 e B cae-
oyem (h‘a, h‘B) = R.

Hoxasateancrso. Paccyxpas Tak xe, Kak n NpH A0KazaTesbCTBE
npepnoxkenns 4.17, npuxomum, OIHako, K Tomy, uro W Tenepb COBNAmaer
¢ On. Kpome toro, 3 yciosus, 4t0 BCAKMH R-cerMent X sBASCTCS MHO-
xecTBoM, caenyer % (Y)=X. (Ecin O 6p10 X — &% (¥Y) == 0, 10 B n1po-
THBOPEUME C AKCHOMOH 3aMmeuleHust MBI nOJyunid Obl, yto On ecth 067acTh

snavenuit naa QyHkuum Y, o0aacTeio onpeneneHus KOTOpo# caywur R-cer-
MEHT X, ONpeneJIeHHsIH HAaUMEHbIUUM OTHOCHTEARHO R S5/JEMEHTOM W@

B X — o (Y))

§ 3. PasHomomuocTs. KOHeuHble U cueTHHle MHOMXeCTEA

Mu Gynem rosoputh, uTO ABa Knacca X u Y pasHOMOWHbL, ecan Cymie-
CTBYET B33aUMHO OJHO3HAYHas (yHKuUMs, 00JACTbIO ONpexeaeHHs KOTOpoH
apaserca X, a obaactbio sHaueHu#t Y. ChemywouwuMmu OnpeneneHdsiMH BBO-
aures o6osHauenue X o ¥ s COKPAILEHHOH 3aMMCU YTBEDPIKIEHUS O PABHO-
MOWHOCTH KaaccoB X u Y.

Onpepnenenus

XY osnawaer (Fne(F)& Un(F)& T (F)=X&F% (F)=17Y),
X=>~Y osnavaer IF (X >~ Y>.
OrueruM, uto | VxVy <x ~y=3z (x =~ y)) . TTosromy ¢opmyna x <y

NpenuKaTHBHa (T. €. SKBUBAJEHTHA HEKOTOPOH (hopMyJe, codepxaumell Ksau-
TOPBH TOJbKO MO NEPEMEHHBIM AJ% MHOXeCTB). OueBupHo, uTo ecau X % Y,

TO X:\; Y, u uro ecau X:;_/ Y u Y%: Z, 10 X% Z, rne H ectb romno-

suyua @yskunit Fu G (570 sHauut, wto H=X%jy @z ((x, 2) e F& {2, y) =
& Q). Mrak, Mbl uMeeM CeayIolyl TeopeMmy.

ITpennoxenne 419, (1) X~X, (2) XY >D V=X, 3) X~
~Y&Y=ZD X~

Ilpennoxenne 420, (1) (XxN&Xi~=V)&ANX1=0)&
(YN Y1=0)>DXYUX =~ Y| Y

Q) (X=2N&X 1Y) DX X Xy==Y X Yy

3) X x {y}=~X

(4) XX Y~V x X

B) (XX VNXZ~=XX(Y X2

Ilokasateascrso. (1) Ilycms X% Y n Xl%i Y1 T'orna

XUXy = YU
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(2) Tycts X:} Y ou Xi= 1y Noaowum W=u0 Axdy(x= X &
&ye X1 &u={_x, y)&v=(F‘x, G'y))). Torna X X X,AWJ Y X Y,
(3) Mycrs F=ud (ues X &v={(u, y)). Torna X%X x {y}

4) Mycrs F=a9 (AxAy(x = X&y e Y&u=/{x, y)&v=(y. x))).
Torma X X Y:Fz Y X X

(5) Monowum F=nd (AxIyFz(x e X&yes Y&z Z&u=
= (%, ¥), 2)&v={_x, (¥, 2)))). Torma (X X V) x Z=X X(Y X 2)

YupaxHeHHe

Doxasarb - VXVYIAX AV, (X=X, & VY=V, & X1 V1 =0).

Onpenencnues X =i(Fre@)& P W)=Y &% ()= X). Takum
o6pasom, X' ectb KiacC BCEX MHOXECTB, ABJSIOWHXCS (DYHKUAAMH, OTOOpa-
waomnmMe Y B X, Hanomuum, uro 2=={0, 1}. Ortcioga nonyuyaem, uto
& (x) =~ 2" s moGoro muowecTBa x. ([l BCAKOrO u = X XapaKTepuCTH-
uecko#l yskuve#t C, HazoseM Takyw ¢QyHKnuwo ¢ obJactbio onpeneieHus
x, uto ecm y=u, 70 C*y=0, a ecin yetu, 10 C*y=1 Ilycrs F —
¢yHKUHA, onpesesexHas Ha & (x) uw CraBAwias B COOTBETCTBUE KamAOMY
n< x ¢yuxunio C,. Toraa & (x) = 2".)

YnpawHenus

.I—_IM(Y):XY=0.

VXYM (1Y), (Ykazanne gsxyYDucsy X x.)

|—X0={O}=l .

FY=0>0"=0. )

X~ Y& Z==Z, D XP = VAL

FXNY=02z¥UY~ 7% x 2.

— (XY)% =~ XYXZ, (Yrkasanne. [lonoxuts F=4ad (Fne(u)& & (u) =
=Z8F W =X &Fne ()8 D (0)=V X Z& P (v) = X &

&YWz (yeY&zeZ v (y, 2) =(u‘z2)'2)).)

Ne g s N~

Moxno BBECTH TaKOE OTHOMIEHHE YaCTHYHOTO YIOPALOUEHAS —< A8
KJaccos, uto X — Y Torla W TOJBKO TOrma, Koraa X COJEPKHT TAKOE Ke,
KaKk B Y, wiaM MeHbiuee, YeM B Y, KOJHUYECTBO 3JIEMEHTOB.

Onpeneaenne X—=< Y cayxur cokpamenneM 1 3Z(Z = Y & X< 2Z)
(. . X PaBHOMOLIHO HEKOTOPOMY moakaaccy Y).

Onpeneaenune. X—=Y osHavaer X< Y& |(X==Y) Ouesuano,

FX<XY=X=33YVY XV

YnpawHenue
FXSY&TMX) D TMY).
Mpennoxenne 4.21

) - X=<X&TX3X)
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@ XS YDX=<Y,

B FX=XY&Y<ZDXX1Z

(4) (Upénep—bepnmredn) P X=XVY&Y=<XDDX~V

JlokazaTeabcrBO. (3)nyCTbX% Y,& ner& Y%Zl&Z,_C—tZ,u
wyctb H ectb xomnosuums F m G Toraa e%’(H)gZ&X%e@(H).

(4) VisBecTHO MHOrO HOKa3aTeabCTB 3TOH HETPUBUAABHOH TeopeMb. Mmu
IpUBEAEM 31eCb OJHO HOBOE JOKa3aTedbCTBO, NprHamjexauiee XeaJa-
many [1961]

Jlemma, Ecau XONY=XNZ=YNZ=0 u X%X UrYuZzZ mo

cywecmeyem marxas gyuxygus G, wmo X ;;.X U Y. (las nokasarennCcrsa

37Ol JEMMBl HOCTPOMM CHauada Hekortopylo QyHkuuio H ¢ obaactbio ompe-
neaenns, pasnoft X X o: {{u, k), v) e H TOTIa ¥ TOIBKO TOrAa, KOrAa
e X, ke o v cymectsyer Takaa ¢yHkuus f ¢ obaacteio onpenenenns,
pasuoit K, uro fO=Fan f'jeX&f()=F«(f ' )&fk=v anm
kawgoro je k. Takum obpasom, H((u, O))=F‘u; H‘({(n, 1))=
=F(Fu,ecmi Fues X;H (u,2)=F«(F*(F‘u)),ecmm Fun F(F‘u)
npunagaexatr X, u 1. 1. Ilycrs Tteneps X* — Kaacc Bcex Takux o, 4TO
seX w sy, e TH)E&H (u, v)sZ), v Y* —knacc
BCeX TaKuX &, yro u = X n Vy(y = 0 &{u, y) € D (H) > H((u, ¥)) £ 2).
Torpa X = X*|J Y*. Onpeneaum tenepp G caepytomum obpasom: Z (Q) = X,
n oecmm ueX¥ 1o noaowxum Gfu=—u, ecau Ke ue Y*¥ TO nOJOKAM
G¢u=F ‘u. Yurareab caM IOKa¥eT, 4TO X% XUY)

Tenepp nas nokasarenbcrsa teopembl Llpénepa—bBepuuirelina npeanoJo-
KUM, UTO X% n&vVi=r& Y’_a: X1&Xi=eX llycre A=G0“Vy= X1 = X

Ouesupno, AN (X1 —A)=0, AN (X —X1)=0n (X — X)N (X1 — A)=0.

Kpome Toro, X=(X— X)) (X1 — A)U A, n komnosduuuns H pyukuul F u

G siBasercst B3aUMHO OJHO3HauyHOH (yHKIMeH ¢ 00/aCTbi0 OmpesneseHns, pas-

Ho# X, n obaactbio 3Hauennit, pasHo#t A. CaeposarensHo, A >~ X. Cornacho
A

JEMME, CYUleCTBYET B3aUMHO OjHO3HAauHas ¢ynkuns D Taxas, uto A_"DXXl

wmbo (X3 — A)UJ A==X)). Ilycrb, HakoHeu, 7 ecTb xomnosuuus GyHKUuH
H, D, G, 1. e TaKas (yHKIHS, YTO T‘u-——(G)‘(D‘(H‘u)). Toraa

XY, rak kak X~ A, A>~X; v X; 2 V.
T H D G

YnpaxkHenne

TlposecTn Bo BCex JeTannx caelyloulee, IpHHAICKaImee Y HTTEKePY, 10Ka3aTeNb-
creo Teopembl Ulpénepa — Beprmrtelina ana cayvas, koria X u Y cyTb MHOMECTBa.
Hrak, nycts X= V&YV, = V& V=X, &X, = X. [as pokasareabctBa Xo==V

F a

NOCTAaTOYHO HAaHTH MHOXKeCTBO Z < X Takoe, uToObl pe3yiabTar OrpaHuyeHHs QyHK-
unn G MHOXecTBoM Y — F ¢ Z 6bla B3aHMHO ONHO3HAayHOR (QYyHKHHeH, oToOpaxa-
oumef Y —F“Z Ha X— Z. (B caMoM Jene, uMes Takoe MHOXECTBO, Mbl Aalee
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MOA0MHM H=(Z1 F) U ((X-— Z)1 é), yto O3Havaetr, 4yt0 H'x=F‘x, ecau
xeZ u Hx=0G'x, cctu xe= X—Z. Ho torma, ouesuaHo, X? Y.) Hcko-

MBIM MHOXECTBOM Z ABJACTCA MHONECTBO X Feu=sX&xsud G (Y—FYu) =
= X —u)). 3ametuyM, UTO 93TO [OKA3aTeIbCTBO He HCNOAb3yeT ONPENeNeHHT o U
BoOGIe He 3aBHCHT OT TEOPHH TOPMAKOBHIX uyuceld. Elie oXHO J0KA3aTEJIbCTBO HMe-
erca y Kaunu (1952, § 4].

Mpenanoxenne 422 Ecau X=<Y u A=<B, mo

1) YNB=0D>XUA=XVYUHB

2 XX A<XY X B;

@) X' =vy"

Hokazarteanbcrso. (1) Honycrum, uyro X% isYu A%BlgB.

dynkunto H ¢ obnacreio onpenedieHns, pasHod X |J A, ompenesinM TaKum
oOpasoM, uToObl BRNOMHSIOC H x=F‘'x pmax X n H'x=G‘x g
xeA—X Torma XA 02 H«(X{ 4)= Y B. Yuraremo npeaocrass-

eTcid CaMoMy /10Ka3aTb NyHKTel (2) u (3).

YnpawHeHusa

L —-X=XUY.

2 XY (Y=X.

3. - XIY&Y=S7DX32Z

TMpennowxenue 423. (Teopema Kauropa) —Ve(x=3F(x) u,
caedogameasno, — Yx (x =3 2%

Hoxasarteabcrso. (1) Ilycre ofaacte onpesenexuss dyukumn F
pasHa x u Fu=={u} mns moboro u e x. Torna, ouesumro, F“x = & (x)
n ¢Qyakius F BsaumHo oxdosuauna. Taxum obpasom, x —< & (x).

(2) Tenepnp caemyer pokaszatre, uto |(x¥ ==& (x)). Ilomyctum, uTo
X2 & (x) npu uexoropom G. Mycrs y=un(ues x&u & Gu). fdcno, uro

ye & (x). CiremoBarenbHO, CYUIECTBYET # NPHTOM EIMHCTBEHHOE 2 B X
takoe, uto (G°2z:==y. Tak kak Vu(uesy=u=sx&uct G u), 10 Viu(u =
el z=ue x&uet Gn). Orciona no npasuiay A4 crenyer z =Gz =
=zex&ze G2 Tak kak 2 = X, To MB noayuaeM z = G‘z=2¢ G 2
¥ MPUXOINM, TakuM 00pasoM, K MPOTHBOPEUHIO.

3ameru™, 4TO MBl He goKasam - VxVy(x <y \/ ¥ —=<x). Ha camowm
ke [eae 5T0 INPENJIOKEHHE W He MoxKeT OblTb BBIBEACHO, HOO, KK OKashl-
BAETCH, OHO 3KBUBAJIEHTHO aKkcuoMme BedoOpa.

YnpamHeHue

Ecan rteopnsn NBG Henpormsopeumura, To, MO mpelnoxeHuro 2.12, oHa umeer
cueTHyi0 Modeab. O6BbACHATD, TOUeMY 3TOT akT He MpotTuBOpcuUT Teopeme KaHtopa,
M3 KOTODPOil crelyer, YTO CYH[ECTBYIOT HeCUeTHble 6eCKOHeulble MHOMECTBA (HAIlPH-
Mep, 2%)? IJTO Kaxyuleecsd — HO He HacTosilee! — NPOTHBOPEUHE Ha3bIBAIOT HHOIIA
napagokcom Ckoaema.

OTHoweHdne pPAaBHOMOWHOCTH 00JagaeT BCEMH CBOHCTBAMU OTHOLUEHHUS
SKBHBAJICHTHOCTH. ITO CKJIOHAET HAC K TOMY, uToOBl pasburb Kjacc Bcex

§ 3. PABHOMOIIHOCTb. KOHEYHDBIE U CUETHBIE MHOMECTBA 203

MHOXKECTB Ha KJ4acCul 3KBABAJEHTHOCTM 10 3TOMY oTHowenuo, Kiaaccom
SKBUBAJEHTHOCTH JIAHHCTD MHOXECTBA X ABJAETCA KJACC BCEX MHOKECTB,
PABHOMOIUHBIX MHOXECTBY X. OTH KJAACCH HKBUBAJNEHTHOCTM HA3bIBAIOTC
KapounaabhbiMu  qucsamu (MIm  mougnocmamy). Ecan, wanpumep, u ecrsb
MHOKECTBO H X ==1{u}, TO KAaCCOM 3KBUBAJEHTHOCTH MHOXECTBA X SBJS-
€T(s KJACC BCEX OAHOINEMEHTHEIX MHOXeCTz {v}, OH HashlBa€TCA Kapmu-
HalbHBIM  wdcaoM 1. Ananornume, ecam u==v n y=1{u, v}, TO KJaccou
HKBUBAJIEHTHOCTH aja y Oymer KJacC BCEX IBYXIJIEMEHTHHIX, T. €. COjAep-
HAMX B TOUYHOCTH TO JBd SJICMEHTA, MHOXECTB. DTOT KJACC Ha3HIBAETCS
KapAMHAaJbHBIM YHUCJAOM 2, HHaue TroBOpY, 25—_—2(3;513)/, #£E=n&e—
={x3, n}). Cuenyér orMeTuTh, UTO BCE KaPAMHAJAbHBIE YHCIA, KPOME
KapauHaabHOrO uynucaa kjaacca 0 (koropoe pasno {0}), asasiorcs cobcTBEH-
HeiMM - Kaaccamu. Tak, sanpumep, Vo~1, rae V ecTb YHuBEpPCaJbHbIH
knacc. B camom pese, mycts Fx==x a9 kaxknoro x = V. Torna, oue-
BUJIHO, V% 1, Ho rak kak 7| M (V), 10, no akcuome 3ameuteHus, n 7] M (1,).

YnpamHeHHe
= T M(2).

INockoMbKy KapAauMaibHBle 4YMCJAA SBARIOTCA COOCTBEHHBIMH KJACCaMH,
MBI HE HMEEM BO3MOKHOCTH pacCMaTpuBath KJAACCh KapAMHAJALHBIX UHCE/L
910 0OCTOATELCTBO JA€NAT TPYIHBIM HJAH JAXKE HEBOZMONKHBIM (DOPMYJH-
pUBaHME ¥ J0Ka3aTeJbCTBO MHOTMX HHTEPECHBIX (DAKTOB O KapAMHAJbHBIX
unpcaax. ITo sroli npuunHe panbHelmiee o6CyXmeHHe KapIMHAMBHHX YACe
Ha 3TOM YPOBHE Mbl NMpeKpamaeM. DOJbIHHCTBO yTBEpMKAEHHH, KOTOpHE
MOKHO OblIO OB Cles1aTh O KApAMHAJBHBIX YMCAAX, MOryT OwTh nepedpa-
8pDOBaHbHl B TepMHHAX < M —<. KpoMe Toro, B maibHeHLIEM MEl YBUIUM,
YTO €CJd BOCMOJb30BATbCSt HEKOTODBIMH JOTIOJNHUTENBHEIMY, COAEPHKATEALHO
NpaBIOTIONOOHBIMY, GKCHOMAMH, TO OTKPHIBAIOTCA HHBIE NyTA A8 ONpens-
JeHUs MOHSTHA, KOTOPOE MONKET C YCIEeXOM 3aMEHUTh MOHATHE KapAnHaIb-
HOI'QC YHCJIa.

YnpaxHeHne

Hokasate | VixVR (R We x > Ja(x==a)). (Bcakoe Bmoane ynopazoueHHoe
MHOMECTBO' PAaBHOMOIIHO HEKOTOPOMY TOPAIKOBOMY uncay. ¥ kasauue. [lpume-
HUTb Rnpefnokenne 4.17.)

Kouneunee mMmuHoxecTsa Hanomanum (crp. 193), yro ® €cth MHO-
’KECTBO BCEX NOPAIKOBHIX UHCEJN & TaKHX, YTO & U BCE NOPAAKOBLIE YHCJA,
MEHBLINE @, ABJIAOTCH MOPSOKOBHIMU UUCJIAaMH NEPBOro poxaa (T. e. sBJATIOTCH
HENOCPeACTBEHHO CaeaylowuMn uan 0). D/eMEHTH @ HA3HBAIOTCA KOHELHbIMU
nopsidxogolmu wucaami. MHOXECTBO HA3BIBAETCH KOMWEYHbLM, €CAN OHO DPaB-
HOMOWHO KaKOMY-HUOyab KOHEUHOMY NOPAAKOBOMY UHCIY.

Onpenenenune. Fin(X)=da(esw& X=~0). B cuay axcuoms
samemenns R, ouesumHo, | Fin(X) D> M (X). SlcHo, uTo BCe Koneudsie
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NOPAAKOBbIE YHC/]A ABJAIOTCA KOHEUHBIMH MHOXecTBaMmu, U |—Fin(X) & X ~
>~ YD Fin(Y)

IMpennoxenne 4.24

(1) FVa(ee=0n—o Do)

2 HVaVBe=so&a£p D Tanxp).
(Huraroe roweunoe nopadKogoe 4ucAO He PABHOMOUHO HOPSIOKOBOMY
yucay, emy He pasnomy. Omcioda caedyem, 4mo BCAKOE KOHEUHOE MHO-
JHCECMBO PABHOMOULHO OOHOMY U HIOABKO OOHOMY KOHEHHOMY NopsdKo-
8OMY Hucay, U AO0e OecKOHeHHOe nopsaokogoe wucao (m. e. BCAKUL
anemenm On— ©) He PABHOMOWHO HUKAKOMY KOHEYHOMY ROPAOKOBOMY
qucay.)

@) - VeVx(a= 0&x < aD Jaxx). (Huxaroe Koneunoe nopsaoro-
8oe qucao He moxcem Oblmb PABHOMOULHO CEOEMY COOCHIBEHHOMY NOO-
MHOJICECILE)Y.)

Hokasareancrtro. (1) IIpeanénoxam, uro a &= On— o Onpeneium
dyskumo f caenyiownm obpasom: Z (f)=do; ecm S0, 10 f 3=V,
ecim St o u S£0, 10 f¢0==8; Hakowen, f‘a==0. Toraa a’_?a.

(2) llpeanonoxum NPOTUBHOE, ¥ MYCTh O — HAUMEHbIUEE NMOPSIAKOBOE
UHCAO W3 ®, A9 KOTOpOro cyuiecTsyer [ Takoe, uro 8sfa n a~x<f.
Torna a <, f. (B npoTuBHOM cayuae He o, a § OblI0 Obl HAUMEHBLIMM NOPSI-
KOBBHIM HHC/IOM U3 ®, DaBHOMOLUIHBIM C .fIOPSAKOBEIM UHCJIOM, €My HE paB-
uetv) Ilycrs af_vf.@. Ecm a==0, o f=0 u §=0, yro nporusopeunt

npeanonoxenuo o= 3. Takum obpasom, a%=0. Tak xak ae§, 0o a=¥
npu HeKoTOpoM & & . Mpl MOXeM Takke npeanoJarath, uro §==17 npu
HekoTOpoM 7. (HeitcrBureanHo, eciim B & o, 10 Tak kak B ==0, cymecrsyer
Takoe 7, uro f==7; ecmn we Be£o, 10, B cuay nyskra (1), Bo~f n
BMecto $ Mbol Morau Ol paccmarpusath ) Wrak, 8'=acy. Tak kak

a=z=B, 1o 3347 Paccmorpum asa cayuas. 1) f<d=1. Torma, ouesuano,
3 T 2) f*3=~1. B sTOM cayuae cyumlectByer Takoe p € 8, uto fip=r.

nyCTb h——-((81f)— (o DU F4B)). Nmeem hn=f‘z, ecmn 1t

8, pk hep=f3. Ilostomy 8_’\_/1 B ofoux cayuasx 3 ectb KOHeuHOe

nopaAKoOBO€ 4uCJ0, MEHbLICE, 4YEM ¢, 1 PABHOMOULHOC OTJAUYHOMY OT HEro
NOPSAKOBOMY YHCJAY, YTO UDOTHBOPEYHT ONPEIC/CHHIO O.

(3) Monycrum, uto cyuiectByior Takue B e o, uro Ax(x < B &P =< x).
[Iycts o — Haumenbuwiee u3 Takux B. Ouesugmo, az=0. Cremosareasio,
a==7 npu Hexoropom 7. Tenepp Tak e, Kak ¥ NPH [OKa3ATEJbCTBE Mpe-
RbIAYUIETO NYHKTd, MOXHO IMOKa3ath, YTO | PABHOMOWILIHO HEKOTOPOH csoel
cOOCTBEHHOH u4acTH, uero, pasyMmeercs, He MOXeT OBITb WH3-33 MHHHMaJb-
HOCTH Q.

IIpennoxenue 4.25
(1) FFin(X)& Y= X D Fin(Y).
(2) FFin(X)&Fin(Y) D Fin(X{ Y).

¥
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(3) HasoBeM MHOXeCTBO Koneunbin no [edexurndy, eciu OHO He PaBHO-
MOIUHO HHKaKOMY COOCTBEHHOMY CBOEMY MOAMHOXECTBY. Bcaxoe Koweunoe
MHOJICECMB0 KOHetHo no [edexundy. (OOpaTHOE yTBEDKIECHHE HEBHIBOJNMO
(€3 NpUMEHEeHUsl JOMOJHUTEJNBLHON AKCHOMBI — aKCHOMEl BhIGOpa.)

HokasareascrtBo. (1) Ilpennonoxum Fin(X)& Y= X. Torna

cymiecTBYIOT f ® 0 Takue, ut0o 4 E ® W Xf_7_a. Monoxum g==Y1f n
W==g«Y. CnpasegmuBo W =a. Tak xak W 2BJI€TCS MHOXECTBOM HOPSI-
KOBBIX 4MCEN, TO OTHOmenne E,, snoaue ynopsaouusaer W. B cuay npen-
noxenns 417, (Ey,, W) mnonobno (E; §) mnpu nexoropom f. Caenosa-
temsHo, Wo~~B. Kpome Ttoro, Bgoa. (60 B nporusHOoM cJayuae nojolune
(Eyn W) u (Eﬁ, B) nporusopewuno 6m caeactsuo 4.15) Tak kak a o,
TO R BE w; a TaK KaK W’: Y, 10 moJyyaeM OKOHYaTesNsHO, uto Fin(Y).

(2) Paccmorpum MHO)KGCTBO I=n@uso& VxVny(xN u&Fin(y) D
> Fin(xJy))). L1 n0oKasaTe/bCTBa 3TOrO IyHKTA, Oqesmmo, JMOCTAaTOYHO
1iokasatb, 4o Z=—w. [Ipexne scero, 0 & Z, ubo eciu x =<0, o x=0
u x|Jy=y. Paccmorpum Teneph npoussoJbHOS 6 ¥ AONYCTHM, uTO & & Z.
[TpenrnoJoXnuM Tak#kKe, uTO xf_}ia’ u Fin(y). Hycmw a=f‘w u x;=
==x—{w}. Torma x;~~a Tak xak, o npeanoaoxenuio, a & Z, TO
Fin(x;Uy). Ho x U y=(a Uy U {w}. Tostomy Fin(x|)y) (ubo
I Vo Vo (Fin(v) D Fin(v|) {w}))). Takum obpasom, o = Z. Orcioga, na
ocuoBaund npemioxenns 4.10(3), Z=o.

(3) dtor nyskr caeayer us npemnoxenns 4.24(3).

Onpenenenus

Inf (X) osnauaer 7| Fin(X). (Knacc X Oeckoneuen.)

Den (X) osHauaer X =~ w, (Kmacc X cueren.)

Herpyano Bapeth, uto — Inf(X)& X =~ Y D Inf(¥Y) u |- Den(X) & X ==
~ Y > Den(Y). Tak Kak ® eCTb MHOXE€CTBO, TO, Ha OCHOBAHHH aKCHOMbI
3amenlenus R, noayuaem |— Den(X) D M (X).

NMpennoxenne 4.26.

) Inf(X)&X = YD Inf(Y)

@ | Inf(X)=If (XU ().

(3) Kaacc nasmiBaercss Gecxomeinvim no [edexundy, eCli OH PABHOMO-

1LleH HEKOTOPOMY CBOeMy COGCTBEHHOMY, T. €. OTJIHYHOMY OT HEro CaMoro,
noaAMHOXKECTBY. Beaxull Geckorneunviii no Iedexurndy xaacc OecKonewen.

(4) = Inf (o).

lIbKasaTenbcrso IMyuxr (1) caemyer wu3 npemjoxenns 4.25(1).
B cnay (1), +Inf(X)>DInf(XU {¥}), a Ha ocuOBanun nNpeRIONKEHNS
4.252),  Inf(XU {y}) D Inf(X), uro u pokasmBaer nyuxkT (2). Ilynxr
(3) caenyer wus npenjoxenns 4.25(3), a nynxt (4) caenyet u3 - o & w.

lpeanoxenune 4.27. | Den(v) &z = v > (Den(2) \ Fin(2)).



206 V1. 4. AKCHOMATHUYECKASI TEOPHUS MHOXECTB

Nokasareasbcrso. [locratouno nokasats, uro z = o D (Den(2) \/
V Fin(z)). Lonycram, uro z <= o & Fin(z). WUs T Fin(z) creayer, uro
s aoboro o e z cywectsyer BeSz takoe, uto a<03 (B 1pPOTUBHOM
cryuae Mol umean Obl 2 <o, a Tak Kak cnpasenmso Fin (o), 10 u Fin (2)).
Iycts X — dynxnua rtakas, uto X ‘@ s mo6oro o« € o ecTb HauMeHbIlIee
NOPsAAKOBOE 4uca0 B B 2, 49 KOTOPOro o< B. Torma, cornacuo npensio-
wennto 4.13(3) (npn 8==w), cyuecrsyer cyukuus Y, o6aacts onpejee-
HUA KOTOpOH coBmagaeT ¢ o u Taxaa, 4ro Y ‘0 ectb HauMeHblIee nopsx-
KOBO€ unca0 B 2, u Y(Y) ana moGOro | W3 © ecrb HanMeHbIee
nopsiAKOBOe uwucao 3 B 2 ¢ yciaoBuem (Y <, B Pynkuus Y s3aumuo
onHo3Hauna, P (Y)=o0 n V<o = 2. IMpennonoxkum, oxHako, YTo 2 —
— Y“050 n 3 — nanmenbunit saement 8 2 — ¥ “o. [ycrs © — Haumens-
piee MOPAAKOBOE 4YUCAO B YV “w, 41 KOTOPOrO BHITOJIHEHO 8 <, Toraa

t=1Y"‘c npm wHekoropom o u3 ®. Tak Kak 8<01, T0 650 u, caeno-

BaT€JbHO, CYUIECTBYET TaKOe P& w, uro o=y [losromy t wmm, uro rto
Ke, Y‘c eCTe HauMeHbII#H 3/IEMEHT B 2 U3 Tex, KoTtopnie GoJibine Y p.
Ho Y<p <, 8, u6o < ecrr HauMmeHbUHH JEMEHT B Y “w u3 TexX, KOTophie

Goxbuwie 3. CnegoBarenbno, t==3, W Msl npumm K nportusopeunio. Ilos-
TOMy ponymeHnue 2z — Y“wz£0 HesepHO, M, caenosaresbHo, Y “w=—z,
1. e. Den(2).

Y npaxHeHH:

L Fin{x) D Fin(&P (x)). (Yrasaunme. Huayxumelr mno
Vx (x==a&acw > Fin (& (x))).) y @ XoKasath

2, - Fin(x)& Yy (yex > Fin(y)) D Fin(U(x)). (Ykasanme. Munyknus
Nno a TaKuM, UTO X == a),

3. - xSy &Fin(y) D Fin(x).
.+ Fin (& (x)) o Fin (x).
. b= Fin (U (x)) D (Fin (x) &Vy (y=x D Fin(y)).
. = Fin(x) D (£ 3y V y = x).
. = Fin(x)&Inf(Y)y>x3VY.
.= Fin(x)&vaoxoy-2.ax.

9. - Fin (x) & Fin(y) D Fin(x X y).

10. — Fin(x) & Fin (y) D Fin (xY).

1, |~ Fin (x) & ye£x o x 3 (x U {y})-

12, HasoseM x Munumassuoim (COOTBETCTBEHHO MAKCUMAROHBLM) 306 MEHIMOM
Kaacca Y, ecin x&Y u Vy(y=Y o Ty < x) (cootsercTsenno Vy(z e ¥ o Jxc
< ¥)). Hokasatb, uT0 KAacC Z KOHEUEH TOINA M TOABKO TOIHA, KON BCAKOE He-

TYCTOe MHOWECTBO MOIAMHOMECTB KNacCa Z MMeeT MHHUMANbHbH (COOTBETCTBEHHO
MmaikcnmanbHbiii) snement (T a pcku it [1925)).

13. (a) - Fin(x)& Den(y) D Den{x U y). (Ykasanue. Uuaykuua no o,
rae oo= x.)
(b) += Fin(x) & Den (y) & x =0 > Den (x X y).
(c) Bcakoe MHOXECTBO y CONCPIKMT CUETHOE MOIMHONECTBO TOTZA H TOALKO
TOCNa, Korja y Geckoneuno no Mdemeknnay. (Y kazanne. (i) [pennonoxum, uro
x =y u Den (x). llycts £ 2 o. Onpegesny QyHKUAIO g HA ¥ CAelyOUM o6pasom:

1

5
6.
7
8
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glu=u, ecan usy—x, u gu=(f) (f'u)) aaa acsx. (i) Lonyctum, uro y
6eckoHeuyHo mo JeXeKHHIY, T. €. YTO CYLIECTBYET TaKOe X, 4TO X C Y U yf_]jzx.
Mlyere vey — x. Onpeneany Qynkumio A Ha o TakuM 06paszom, uTO6H BhIOAHA-
auch paBenctBa hA‘O=v n h'(a')=f*(h'a) naa m060ro eew, Pynkuus h B3a-
uUMHO OflHO3HauHa. B pesyabrare umeem Den(h“w)u h“ o < y.)

§ 4. Teopema Xaprorca. Hauaabubie nopsikoBble uucia.
ApudMeTHKa NMOPANKOBBHIX uuceNd

Mpl Tenepp npucTynaeM K H3JI0XKEHHIO TeopeMbl XapTorca, KOTOopol He-
3aCJYKEHHO MpeHebperaloT ¥ KOTOpas, ONHAKO, HeceT B cefe BO3MOKHOCTH
MHOTOUHCJAEHHHBIX NDUMEHEHNH B TEOPUM MHOMECTB.

Mpennoxenne 428 (Xaprorc [1915)) Has awbozo mroocecmsa
X cyutecmsyem HOPAOKO0B0E HUCAO, KOMOPOE HE PASHOMOULHO HUKAKOMY
nodmuoscecmsy x (cyuecmsyem, cAe008ameAsHO, W HQUMEHbUuee cpedll
maKux nopaoKossxX Hucen).

Hokxasarensctso. Ilpennonoxum, yTo BCAKOE NOPSAKOBOE UHCAO o
PaBHOMOLILHO HEKOTOPOMY ﬂOllMHO)KeCTBy Y MHOXeCTBa X. 3t0 3HAUYMT, YTO
yow o npu Hekotopom f. Ha mHowecrBe y onpemenum otHowenue R takum

o6pasom, urobn (1, v) & R BLNOJHANOCH TOrRd U TOJBKO TOrJ3, KOrAa
(f*u) = (f*v). Torna R Bnoane ynopsagouusaer y, npuuem (R, y) nomobuo
(E,, a). Onpenemum Teneps ¢ynkumio F ¢ obnaacteio onpenetenus On u 1a-
Kyio, uto mis moGoro a F‘a ectb MHOXeCTBO @ Beex nap (z, y), yhoe-
JCTBOPAOIIAX YCJAOBUAM: Y & X, 2 BUOJHe ynopsmouusaer y u (E, a) mo-
no6Ho {2, ¥). (w 9Basercs MHOKecTBOM, 60 W = & (x X x) X & (x).)
Ilis takoft ¢ynkunu F BeIMOJNHEHO cooTHowenne F “(0On) = & (F (x X x) X
X & (x)), B, crenoBarenso, F“(0On) ectb MHOXeCTBO. F, Kpome TOro, —

dynKuus s3auMHO opHosnausas. Ilostomy On=F « (F “(On)), n, crenona-
TeNBHO, N0 akcuoMe 3amemenus R, On momxHo OBITH MHOMECTBOM, YTO
NPOTUBOPEYNT npemaoxkennio 4.7(8). :

Mycts &% — yHkuus, KOTOPas KawaAOMy MHOKECTBY X CONOCTaBJaseT
NOPSAAKOBOE UUCIO o, ABJIOMIEECHS HAUMEHBIIUM B KJJacCe MOPAAKOBHIX UnCes,
HE DPABHOMOLIHBIX HUKAIKOMY HOAMHOXXECTBY MHOXECTBA X.

Hazosem nauassneim nopadxosuim 4icaons BCIKOE NOPSAKOBOE YUCIO a,
KOTOPOE HE DABHOMOLIHO HHKAKOMY TNOPSAKOBOMY 4HCJIY, MEHbIIEMY .
B cuny npennoxenns 4.24 (2), BCAKOE KOHEYHOE MOPAAKOBOE UUCHO SBJSETCH
HaYya/JbHEIM, @ ® €CTh HauMeHbillee W3 OECKOHEYHBIX HauadbHbIX uucel [las
BCAKOTO MHOXECTBA X o ‘X €CTh TAKKE HAYAJIbHOE TOPAMAKOBOE HUCHO.

B cuny npuBumna TpaHcMHATHOW mHAyKuun (npemiowenne 4.13 (2)),
cymectsyer Takas Qyskuus G, y koropoil 06/1aCTblo OTNpPENe/eHHs CAYHKUT
On n KoTOpas yIOBJIETBOPAET YCJIOBUAM:

G 0=uw;
G@)=%"(G*a),
G A=U(@“}), ecin A — npeneasHoe
NOPAAKOBOE HHCJIO.
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Gynkuus G sospacraer, 1. e u3 a =B caeayer G a e G*B; nosromy, ecan
A ectb mpesenbHOE MOPAAKOBOE YMCAO WM BCAKOe sHaueHue G<a s o <g A
AIBJAETCA HaYAABHBIM MOPSAKOBBIM YHUCIOM, TO TakoBo ke u U (G“L). (B ca-
MOM nene, mopaakosoe uncao 3=U(G“)) ssasercs naumensuiedi Bepxued
rpaubio s G<X Jlonycram, uro 3oy npu KakoMm-uubyms y<<od. Toraa
cywiectByer a, meHbiiee ) u TaKoe, uro 7<<oG‘a. Ho G(a') <<, 3. Takum
o0pasom, umeem G o <G ‘@) u G (@) <8< 1= G*(2), oTKyHaa, 0O TEOpEME
Wip&aepa—bepureina (npeanonenne 4.21 (4)), monyuaem Gia=G ()=
= (G*a), uro mpoTuBOpeunt oupenenenuio Qyukuun o) Hrak, no-
Kasano, uro Ga ana moGoro o ects HayadbHOE MOpamKoBoe uucio. C apy-
TOH CTODOHBI, BEPHO U TO, YTO BCAKOE GECKOHEUHOE HAYaMLHOE MOPSAKOBOE
ancio ectb Ga npu Hekortopom «. ([Ipemnonoxum, uto 3TO He TaK. Mycts
TOTAd ¢ — HauMeHbIlee OGECKOHEYHOE HayadbHOE MOPIAKOBOE UHC/IO, HE HpPH-
wagaexamee G “On. IMo akcuome samewenns R, G“On ue ectb MHOXECTBO,
crefoparenbto, 8 G “On umelorcs nopsukosme uncaa, 66abume o. Ilycrs
p. — HauMeHblee u3 HuX, u nycrsb p.=G*‘B. Ouesnmno, B~ 0. Ecm =1
ns Hexoroporo Y, 10 Gy <ao <G “(Y)=<H# (G‘y), yto npornBopeunt
onpenenennio <. Eciu we § — npenenstoe, 1o CYWEeCTBYeT o <y 8 TaKoe,
uto 6 <y G‘a <y G*B, uro MpoTUBOpPEUNT ONpeseIeHUIo B.) Takum oBpasom,
( 7BAAETCA  COXDAHTOIIUM OTHOMIGHHE & <U30OMOPQPUIMOM» mexwxny On n
KJAacCOM BCeX OECKOHEUHRX HAYaMbHBIX TODPAAKOBBIX UYHCEL.
~ Ob6osHauum G ‘o uepes o,. Torma o)==, w, €CTb HauMEHbICE M3 HA-
YaMbHEX NOPSAKOBBIX 4MCEJ, NPEBOCXOAAMUX ®, M ®, A NPEIebHOro
NOPSAAKOBOTO uMC/HA A €CTh HAYaJALHOE IOPHAKOBOE WHCJIO, SBJASIOUIEECH
HaUMeHbUIEH BEpXHEH IPaHbIO MHOKECTBA BCEX ®, NpH o <yA. M3 npenio-
wenust 4.14 cremyer, uro a<Syw, aas seex o. Ilpu srom moGoe mopsimko-
BO€ YHCAD @ DAaBHOMOUIHO C €AMHCTBEHHBIM HAYAJIBHLIM MOPSAKOBHIM YAC/IOM
iu@ =<0% da WMEHHO, C HauMEeHbIUMM M3 NOPIAKOBBX UHCENA, PABHOMOLL-
HBIX C a.

‘OO0parumca  Teneps K apudMeTMKe NOPSAKOBHIX  uuced. Boiwe
(ctp. 196—197) Obin yme onpene/eHb CHOKEHHE, YMHONKEHHE M BO3BEAE-

HHE B CTeNeHb: |

0] B400=8,
Btov=0B+01),
Lim@>p ‘|“0°‘=Tga(@ o)
a , ‘ B Xo0=0,
BXo()=( Xo7) 48,
Lim(x) > 8 XoazTgu(@ Xo )

{1 p":: 1,
BT' =(B" %o 3»
Lim@ > = U @
T<g

e
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IIpenanoxenue 4.29. Cacoywowue popmysss seiswmes meope-
Mamu:

(1) B4 1=}

(2) 0+ B=8;

B 0<ifDa<or - B&B<patoB;
@ B<oroe+toB<oator

B atof=a-4¢d DB=13;

(6) & <yB > 348 (2 43 =B

) xEOn:a-]l-gﬁéJx B= alejx(a—h’p);

() 0<a&l <BDda<ha Xof;
©) 0<oa&0<yB DB<oa XoB:
(10) Y<oB&0 <D a Xy <pa XofB;
(1) x=On>ou«a XOBLeprz BlEJx(ot X o B).

HDoxasareabctso. (1) B4yl =0+ (0)=( 100 =(0).

(2) Bocnossayemcs rtpaHcUHATHOR uHAYKHHEH (IPELJIONKEHHE 4.12).

A

Mycte X=8(0-oB8=00). Hpexne Bcero 0 = X, Tak kax 0-40=0.

Ecan we 0-oy==1, 10 0+ (y)==(0+o7) =17. Haxonen, ecmu Lim (@)

u0—+gt=r1 a1 mo6Oro t <2, 100 +qa== U (049t)= U t==0, no-
T<lpa T<lp2

TOMY 4TO U T €CTb HaUMEHbIIAs BepPXHAsA FpaHb 'MHOXECTBa BCEX T, MEHbLIUX 0.
T<lp

3) Ilycte X=0(0<p Da<iya -0 B). Hokaxkem X==0n ¢ nomoupio
tpadchunurHoi uHgykuuu. Quesugno, 0 = X. Ecan TEX, 10 a<a 7
OTCIONIa TOMYHAeM 0 <2 0 —{~¢ T < (& +-07) ==& 4 (7). Ecam, nakowen, Lim (A)
nte X I BCEX T<0)\, TO a<0a':a+01<0 U (1+0'C)=U.+0)\.

A

<o
HoxasaTeabCTBO BTOPOA 4actd 3TOro NMYHKTa OCTAaBJ/IsIEM YHUTATENI0 B Ka-

YeCTBE YIPDAXKHEHUA.

(4) Cnosa npumensiem Tpascunutryo unnykuuio. Iycrs X =1(VaVA(B <<
<0122 +0B <oa-to7) Ouebnmio, 0= X. Tlyers 1&X u B<<y7.
Torga B <3y wm B=17. Ecm B <57y, 10, B cuay 7= X, a =g <p &
Fo 1 <o(@ o) =047 Ecm =1, 10 a4 B=a-4y 1< (@toy) =
=oa+¢Y. CaenoBaresvno, Y & X. Ilyers Lim(\) u c= X npn moGom
v<yA. Ilpemmosowum B<yh Torma B<Zyt TpPH HEKOTOPOM T <yhA, B
cuay Lim(2). Cnemoareasno, Tak KaKk 1= X, 10 o B <<y o T,
<o U @-yv)=a-4,A Orcona umeen A = X.

T<lpA

(5) Nonycrum a+-,B=a-,8 Cnpaseqmso omio us Tpex: §<7,3,
8<f wm B==3. Ecm B<,3, 10 0 B<ot—-4d, a ecma d<B, TO
a—4o¢8<ga-toB-—n TO M Apyroe creayer ua NpeapAyIero nyHkra (4)
W APOTMBOPEUMT MNPEANONOKEHHIO, COMIACHO KOTOPOMY & ¢ f=ua 3.
Ocraercs npunsts, uto B =3,
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(6) Enuncreennocts 8 caemyer us (5). [okaxem cyuiecrBosanue. Ilo-
nowim X =0 (2<<oB D 3B (24 3=0)). Scuo, uto 0 = X. lyctp Y = X,
n nycts a<<py. Torma o <Zgyum a=7. Ecm a<<yy, 10 A4 (2440 =7),
W NyCTh 6 — Kakoe-HuOy/Ib MOPSAKOBOE UHC/IO TAKOE, 4TO o — o ==17. Toraa
(@o0)=(24-09) =7. Taxum o6paszom, I3 (e +,d=7), n, caegosa-
teapHo, ¥ < X. Ilpeanonoxum, HakoHew, uto Lim (M) u = X npu Bcakom
t<loh Ilyctb o <ok Paccmorpum ¢yukumo f Takyio, yro aas awodoro p,
YIOBJETBODSIOMErO HEPAaBeHCTBaM o <ot <oA, f‘w €CTh (EOMHCTBEHHOE)
HNOPSAKOBOE YUCJAO O, aas KOTOPOro o8 =p. 3amernm, uyro A==
= U uw= U )(a+of‘u), uoecmt a<lop<oh 10 fip<lof(n)

o<lop<gh o <lop <ok

Orcioma, monoxus p= U (f‘p), noayuaem
a<lgp<lgph
b= U (@ fw= U @ta=atyp
a<lop<{pA s<lp

(7) Hycrs x = On. B cuay npepbiaymero nyukrta (6), Cymectsyer Takoe

8, uro a48= U (a—-oB). Mol momxus noxasats, uto d== U B. Ecim
Bex pex

Pex, 10 a4B<ga-}3. Crenosarenpno, B<<¢d, B cmay nyukra (4).

Takum ofpasom, & ectb Bepxmas rpaHb MHOxecTBa Bcex B e x. Ortciona

U 8<3. C apyro#t croponsl, ecmn 8 & x, 10 @ +oB<<oa -y U B. Cre-

pex gex

noBaresbHo, a-f-8= U (219 B)<<ga -ty U B u, rtakmm o6pasom, B cuay
x BeEx

nynkta (4), 8<5p U 8. Orcrona okonuaresbHo mnoayusaem 8= U B.
x pex
Mynkrer (8)—(11) 0OCTaBAAIOTCA YNTATEMO B KauyeCTBE YHPaXHEHHH.

IIpennoxenue 4.30. Caedyouue gopmyav S84T0MCE Mmeopemamu:

(1) BXol=B&1 X¢8=8;

(2) 0 X4B=0;

@) @+od)For=a-+o(B-Fo1s

(1) (@ XoB) Xo1==0 X0 (8 Xo1);

(B a XoB-top)=(2 XoB)+o(@ Xo7)
6) p'=p&1’=1;

(7) @) =prXo

(8) Bro® =87 x5

9) 1 <<pa&B<, 72 <0l

Hoxazareascrso. (1) B cuny npemnoxenus 4.29(2), B x,1==
=0 X0 =@ X¢0)+9B=0-B=0p. Pasencrso xe 1 X,B=0 serxo
JIOKa3bIBAETCA TPAHCUHUTHOW uHAyKuueh no f.

(2) PaBencrBo 0 X B ==0 TaKKe Jerko AOKa3bIBAETCS C NOMOLIBIO TPaHC-
¢UHUTHOH HHIYKUHU,
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(3) Tycre  X==§(Va VB (@40 B) foy=a-+o(B o). Kax aerko
BUAETH, (&~ B) -0 =a}B=u +o(B400) 1. e 0= X. Hycrs 7= X.
Toraa @+ B) o7 =@+ ) +o 1) =@+ G+ ) =24 (B +o7) =
=a—+o@B+07) 1 e 7 & X Haxoneu, nycrs Lim (V) n~=sX upu mo-
6om t<yh Torma, npumenus npemnowenue 4.29 (7), noaydaem (z -4 8) -+

tor=U @ Fop 9= U @t =at U G-+od=12

<p A T <y A
F o (@ o).
Ilokasatenbctsa nyukros (4)—(9) ocraBiaseM uMTaTeNo B KauecTBe
ynpaxHeHad.
Mbl xoTeqn 6ol Tenmepp 0CO60 OCTaHOBHTBCA Ha CROHCTBAX Omepauwi
CAOKEHNS M YMHOXKEHHA TOPSIKOBHIX 4KCEJ, OFPaHUYEHHBX 00JacThIO ©.
lIpennoxenue 431. [lycmo o, B, | cyms saemenmer ». Toz20a

(1) e fsw
(D) e XoB s o
3) f = o

@ ato0f=8+v
(B) a XoB=P Xuu

(6) (@B Xov=(2 Xo)+0(B Xo7)
(7) (@ XoB)T =0 X, 8"

Doxkasateabcrso. (1) Mumykuus mo B. Iycts X=8(Va(z =0 >
Da-+yB & w). Ouebunno, 0e X. Ilpexmosownm, uro feX nacsuw
TOr4a, CoryacHo onpeneeduo X, o 4B & o. Orciond, Ha OCHOBAHMU TIpex-
aowenust 4.10(2), nonyuaem o - (§')=(2 4 8) & w. CaegosareasHo, no
npeanoxenno 4.10(3), o = X.

Hutatenb caM ZOKaxeT HyHKTH (2) u (3).

(4) lemma Lo ov&fesod 1 B=a1,5.

Mycs Y=fB=ov&Vaas oo “Gof=2-+4PB)). Jlerko sumets,
yto 0 = Y. Ilpeanoaoxum, uyto B & ¥ n o = w. Coraacuo onpenenaeHuo Y,
@ fgB=0-of. Torma o' 4¢f = 1By =(= 40 8Y =a-+,@). Cne-
nosarteasto, U B’ < Y. .

Teneps nna  mokasaresbctBa nynkta (4)  NOA0KHM X:é(@ sw&
&Voe(esowoatoB= B —+4pa). OueBumo, 0 = X, a C TOMOWBIO JEMMEI
JerKo noxasare, urto u3 f = X crenyer § = X.

Hokazareabcrsa nynkTos (5)—(7) OCTaBASIOTCH B KAUECTBE YNpamHeHuH,

Yurarenb, BEPOSITHO, ywe 0OpPATU BHHMaHME Ha TO, YTO HeZOKA3aAHHBIMHU
OCTa/INCh HEKOTOPBIE OCHOBHLIE 3AKOHBI apU(pMETHYECKMX OnepaunH, oOLYH0
CopapenJ/iBbie B APYIHX, XOPOIIO H3BECTHBIX YHUCJIOBHIX CHCTEMAxX; TaKOBHI,
Hanpumep, 3aKOH KOMMYTATHUBHOCTH CJIOXKEHHS H 33KOH KOMMYTATHBHOCTH
ymuoxenus. Cremyomie NPUMEPH [OKA3biBAIOT, YTO 3TH H HEKOTOpHIE
Apyriue 3aKOHB OOBIYHOH apUdMETUKU HE NEPEHOCHTCS HAa 00JacTb NOpsia-
KOBBIX u4uCelL
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Mpumepn. 1. Fa3B(a-toB B -+toa). B camom nene, umeeM, ¢ 01HOH
croponn, 1 +qw= U (1 44a0)==0 n BmecTe ¢ TeM 0 <40’ = 4o L.

2. e3P (axopip X ¢ @). JeficrBuTENBHO, 2 X g0 = g (2 Xpu)==0<

a<gw
<o -Foo=(0 Xo1)-Fo(0 Xo1)==0 Xo(I Fo)=0 X, 2.

3. Aye3B (@ 0 B) Xo77~ @ Xo7) o (B Xo7). Deticraurensto, (1 -
F01) Xgo=2 Xgo=0 u 0 <go-te0=(1 Xo0) 4o (1 Xo0).

4. FoIRIy((x XoB)' == a’ Xof7). Tlpp a=P=2 u {=w nvuecH
@2 Xe2)°=4"= U £"=0, °=U 2"=0 n o<o Xq0=2 X9 2%

a<lgw a<gw

Besikolt dopMysie e (opMaasHOM apucdMeTuyeckol Teopun S (CM. L 3)
MOXHO CJAEAYIOUlMM 0Gpa3oM CONOCTaBUTh HEKOTOPYIO (opmyry of™* Teo-
pun NBG: 3amenuM cHauana B o BCE 3HaKM «—|-» M «-» COOTBETCTBEHHO
Ha <«}¢» 0 «Xg», 3aTeM, ecau o €CTb HBoE nwm 1B u ecmn HF n
©* yxe TNOCTPOEHH, TO ONpeIeuM o * COOTBETCTBEHHO KaK B o E*
umi |B*, ecu ke of ecth VxB(x) m JB*(x) nocrpoeno, To ompe-
nemuM of ¥ kak VX (X & o D B* (x)), ueM ¥ 3aBepLIAeTCA OnpesieneHne o .
Onpenenum Tenepb GOpMyny ef# Kak xys0&.. . &x,E0D ¥, rne
X1, ..., X,— Bce cBoGomube nepeMenHsie Gopmyas o#. Takum o0pazowm,
MH  OTDaHHYMJIM BCE NepeMeHHble 001acThlo ® W MPOUHTEPNPETHPOBaJM
CAOKEHHE, YMHOXEHME M (DYHKIMIO <«HENOCPEACTBEHHO CJENYIOlHnH> COOoT-
BETCTBYIOUIMMU OTNIEPaLMsMM Haj TOPAAKOBHIME uuciaami. B pesyabrare
BCSKAS aKCMOM3a o TeopuM S Mpeodpasyercs B HEKOTOPYIO TeOpeMy o #-
teopun NBG. (Has axcuom (S1) —(S3) 5TO OYEBHAHO, (S4) # sapaserca
Teopemo#t B NBG, B cunty npennoxenus 4.9(3), a (S5) # — (S8) #£ supaxaior
CBOMCTBA CJOKEHHS H YMHOXEHUs MOPANKOBHIX uncen (cm. crp. 196—197).
Ilns BeakoH (opMyan o Teopuu S GopMyna e#7£ ecTh NPEAUKATHBHAA
dopmyna teopuu NBG. TlosTomy Bce uacthme ciayuan (S9) 7~ BHBOLUMBI
¢ noMoutblo TpaucuHUTHOM mHAYKUMA. JleHCTBUTEJbHO, MyCTh AAH#(0) &
& Vi (x & 0 D (e # (x) D of# (x)); nonokiu X =3 (y & 0 &l H (M)
torga, no mnpegaoxenuo 4.10(3), o = X. CaenosaresbHo, Vi(xso0>D
D ef#-(x)).) PaccmoTpum Temeph NpaBuaa BbBOAA. Jlerko nokasarb, uTO
ect f—yggofH# 1 o ef DEYF 10 |-y B Bepro tae,
4TO €CM fw g @€ H (X)) TO g (Vxe# (X)) 7. B camom nene, popmyna
oAH(X) umeeT BuI X E0&NE0&... &y, E 0 Def*(X), nosromy
ecan aTa ¢opmyna susoauma B NBG, To BEBOAMMAE, QUEBMAHO, U (hOopMYyna
heEo&. . &y 0D V(xS o Def™ (X)), HO 3Ta NOCKEIHI U €CTh
(Vx of (x)) # Ortcioma umnpykume#i no pmuxe shsoga GopMyas o B S
yxe HeTPYNHO NOKasaTb, YTO ecai (GopMyna o SBJSETCs TeopeMo# B S,
10 opMyna ofF# seasercs Teopemod B NBG; n Mbl Moxem nepesecru
B NBG Bce TeopeMm Teopuu S, BhiBeIeHHHE B rjase 3.

PaccmoTpuM  apudMeTHYecKyro (yHKHuIO h Takylo, 4TO eClu X €eCTh
régenes HoMmep GopMyan o# Teopun S, TO h(X) ecTb réneses HoOMep
dopmynsl e Teopun NBG, u h(x)=0, ecim X He ABIRETCA TEACJACBHIM
HOMEpPOM HUKako# opmyas Teopus S. MoxXHO j0Kasath, uT0 QyHKuuA h
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peKypcusHa (n aawe npUMHTHBHO pekypcusHa). Ilycrs K — npousseasnoe
HENPOTHBOpeunBoe paciunpenne Teopun NBG. Ecim x ectb rémenes nomep
HEKOTOPOH TEOPEeMBl Teopuu S, TO, KaK Mbl Telepp 3HaeM, h(X) ecth réze-
Jes HOMep HEKOTOpo# Teopemn Teopun NBG, a cienosatenbHO, U répgesen
HoMep Hexkortopo#t Teopemsr teopuu K. Ilycrs §'— pacumupenne Teopun S,
NOJYHYaIOILEECs], €C/IM B KaueCTBe aKCHOM B3aTh BCE Te OPMYJH o Teopuu S,
ISt KOTOPHIX COOTBETCTBYIONINE (POPMYIB oF 7~ BAAIOTCA TEOPEMaMu Teo-
pun K. Tockoabky Tteopust K, corsacHo npearnoJiokeHno, HENPOTUBOPEUBA,
TO HENpoTuBOpevMBa u Teopus S, a Tak Kak TeOpHs S CymIeCTBEHHO
pekypcuBHO HepaspewmaMa (caeactsue 3.37), To Teopus S’ pexypcusno
HepaspellyMa, T. €. He PEKYDCUBHO MHOXeCTBO Ts réae/eBhlX HOMEDPOB
teopem teopun S Jlonyctum terneps, uro teopus K pexypcuBHO paspeuruma,
T. € YTO DEKYPCHBHO MHOXeCTBO Tg réae/eBblX HOMEPOB TeopeM Teopuu K.
Ho xapaktepucruueckue (yHKuuu CTS, u CTK mHOxKecTB Tsr u Tk cBsazannr

cooTHomenneM Crg, (x) = Cry (b (x)). CrrenoBarensHo, Toraa u MHOXeCTBO Tgr

0Ka3anoch OB PEKYDCHBHBIM, UTO POTHBOPEUNT PEKYPCUBHOH HEPA3PELINMOCTH
teopuu S, Taxkum o6pazom, reopus K pexkypcuBHO Hepaspelnma, u, cienosa-
TEbHO, ecau Teopus NBG HenpoTuBOpeunBa, TO OHA CYMIECTBEHHO PEKYPCUBHO
nepaspeiinma. PekypcuBHan HepaspeluMMOCTb BCSAKOH PEKYPCHBHO aKCHOMaA-
TU3UPYEMOH TEODPHH BJAEYET, KAK HU3BECTHO, HEMOJHOTY TaKo# Teopuu (CM.
ympaxuenue 1(b), crp. 168). Takum oOpasoM, Mb wuMeem caeayouat
pesyibrar: ecau meopuss NBG menpomugopewusa, mo ona cyuwecmsenno
PEKYPCUBHO HEPA3PeUiMG U CYUECNBEHHO HENOARA. (DTOT PE3YJbTaT MOKET
ObITb MOJIyYeH H HEMOCPEACTBEHHO, T. €. TEM e CnocoOoM, KOTOPHIM B Faase 3
HaMu OB MOJyYeH COOTBETCTBYIOWMH peayabrar nas Teopuu S. Cm. Takike
yopawHenus #a crp. 175) Ilo-sumumomy, reopus NBG moxer caywuth
6agofl A9 NOCTPOEHUs BCeH COBPEMEHHOH MaTeMaTHKM (MBI XOTHM 3THM
CKa3aTb TOJIBKO, YTO /i BCSKOIO MAarTeMarvka sicHa NpuHUUIMaAbHas BO3-
MOKHOCTB NepeBoza Jio0oH MaTeMaTuyecko# TeopeMsl Ha s3nK Teopuu NBG,
a 3areM u joKasateabcTBa ee B NBG miu B KakoM-HMOYAb TOAXOISILEM
pacuwupennn NBG, nosyuaemoM 100aB/eHHEM Da3iMUHBIX «IKCTPA-aKCUOM>,
spoze akcuoMel BuiOopa). [losromy cyirectsennas wenommorta teopua NBG
YKa3bBaeT, KaK HaM KaXKEeTCs, HAa M3BECTHYIO HEZOCTATOYHOCTb «AKCHOMATH-
YECKOTO MNOAXOJa K MareMaruke». DTO 3aKJ/HOYSHUE HE 3aBUCHT OT CHELH-
¢uueckux ocobenHocreti teopun NBG. Ms nposegennoro Ttoabko 4to mis
STOH TEOopUM DPacCyXIeHHs BHIHC, UTO CYLUIECTBEHHO DEKYPCUBHO HEpaspe-
UIMMOH W CYIECTBEHHO HENoJHOM mno/kHa OBITb TAaKKe U BCAKas apyras
HeNMpoTUBOpEeUuBas Teopusi (BKJIOYast CIOJ3, HAPALY C TEOPUSIMH NEPBOTO
HOPSIAKA, ¥ <TEOPHM BHICIIAX TOPSAKOB»), €CAA TOJBKO MNpPEACcTaBaeHHas
B HeH apuMeTuKa HaTypajJbHBHIX uUMCes AOCTATOYHO CHJIbHA MJs MOJyuYeHHs
BCex TeopeM Teopud S (wm xora Obl reopum RR). (B camom mese, nocra-
TOYHO /ML AOK43aTh, YTO B NAHHON TEOPHH NPEACTaBUMBI BCE PEKYPCHUBHBIE
Gynkuun (e caexcrsue 3.36). TanbHeHmive MCCaeJ0BaHUS MO BONMPOCAM
HepaspemwnMocTh u HenoaHoTel ¢M. y Hlmyabana [1961Jw Tapckoro,
Mocrosckoro u PoGuncona [1953])
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YnpaxHenune

Y6eautecs B TOM, UTO onpejencHHas Bbille GyHkuus h pekypcusHa. (3amerum,
YTO, NMOCKOAbKY g X, M 0 ABAAOTCA ROMOAHMTENbHO BBemeHHbiMH B NBG dynk-
UHOHAILHEIMH OyKBaMH H NpeIMETHOH KOHCTAaHTOH, 3HeCh CaelyeT IOKasaTrh, HTO
COOTBEICTBYIOILee OTOGpaNeHHe, O KOTOPOM FOBOPHTCA B npemnowenuu 2.29, pe-
KYPCHBIIO.)

Mmeercsa HeckoabKo (akToB n3 «apudMETUKU MOMIHOCTEH» MOPALKOBHIX
uyces, KOTOpele Mbl XoTeJu Obl Terepb paccmorpers. K «apudmeruke moiu-
HOCTEH» MBI OTHOCHM CBOHCTBA, CBA3aHHBIE C ONEpalHAM# 0O0beanHEeHUs U,
Jexaprosa npoussenenus X U XY, NPOTUBONOCTABISIEMBIX Onepaunsm o,
X ¢ W BO3BEJEHMS| B CTENEHb [OPAIKOBBIX yuces. Hamomuum, yto X u X y—
9TO [Be pasauuHble onepaund u yro omepaunn XY (kaacc Bcex oTobpawe-
nutt Y B X) u of (Bossesenue B crenenb A/ NMOPAAKOBBLIX UMCEJN), HECMOTDS
Ha Cxo0aCcTBO 0003HaueHu#l, He wuMeT Mexay cobofl nuuero obuiero. (M3
npuMepa 4 Ha cT1p. 212 Mpl 3HaeM, 4TO 2°=—w B CMbIC/IE BO3BEJECHUS
B CTerneHb MOPAAKOBBIX YMCEJ, B TO BDeMst KaK, B cumay teopeMmsl KaHtopa,
0 = 2%, ecan NMOX 2 NMOHUMATh MHOXECTBO BCEX (PYHKHHH, 0TOOpaXawolHX @
B 2=1{0, {0}}.) B nanbreitmewm, eciu s1o Oyzer HeoOxomuMmo ais usbexa-
Husd HegopasyMmennti, Mpl GyzeM of B CMBIC/Ie BO3BEAEHHS B CTeNeHb MOPS-
KOBBIX yuces 0603HauaTh uepes exp (o, £).

ITpennoxenne 4.32.

(@ FoX oo

(b) Ecau rasxconid u3 wxaaccos X u Y codepocum He menee 08YX
anemernmos, mo X\ V<X X Y.

(¢) Den(x)& Den(y) > Den(x|)y)

INokasateabctBo. (a) Ilycts f ects dynkuus ¢ obracreio onpene-
nenus o u rtakas, uro fa==(a, 0) ama moGoro o e w. Taxkas yHKuus
ABJSETCH B3AUMHO OJHO3HAUYHOH M OTOOpPaxkaeT ®w B HEKOTOPOE MOAMHONKECTHO
mMuoxkecTBa ® X o. Ilostomy ®—<w X o. OO6patHo, nycrb g-— QyHKUMA
¢ obnacteio ompemeneHus © X ® n rakas, uro g¢(a, §)==2° X3 mun
mo6oit mape (a, B) & o X w. UnraTesp MOMET CaM J0Ka3aTb B KAuecTBe
yOpawHeHus, 4YTO 3Ta (YHKHUA B3aUMHO oxHo3HayHa, (CJeOBaTeJbHO,
X w—=<w Ilo teopeme Ulp&nepa—Dbepumireitna, o X w o= wo.

) lycty a1 =X, s X, a15=as, bh & Y, b= Y u by 5= by. Onpe-
JeauM ¢yskumio f caenyiomum o6pasom: '

{x, by), ecmn x = X
fex=1{{(a, x), ecmu x&Y—X n xz=by;
(ag, b)), ecmt x=b nx=V—X
Dynxumns [ ABJISETCS B3aMMHO OJHO3HauHOH, ¢ oGnacrbio onpenenenns X |J Y
n 00/1acThi0 3HaueHMH B BuAe HEKOTOPOro moaMHoxectsa X X Y. Caeposa-
TeapHo, Xy Y <X X Y.

(c) Ilyctb Den(A) u Den(B). Torza mHOoxectBa A u B copmepxar
Kana0e He MeHee ABYX 3J/emeHToB. [Tosromy, B cuay npeapiaymiero nyHkra (b),
L 4
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AYUB=AX B Ho A>~w u B~~w Caenosatreasio, A X B~ X o,
u noroMy Al B <o X w=<w. B cuny npennoxenus 4.27, 6o Den (A B),
mbo Fin(AUB). Ho tak kak A= A|YB u Den(A), to ] Fin(A| B)

Ias paibHERIErO M3YUEHHs C/IOMEHHS ¥ YMHOXEHMS NMOPSIKOBBIX YUCE.
BECbMA TOJIE3HO TMOJYYUTh KOHKPETHYI HHTEpTPETaluio 3THX Onepauni.

Iipenanoxenne 433 (cnoxenne). [Tycms (R, A) nodo6uo (E, a),
(S, B) nodobro <Eﬁ, B) u ANB=0. 3adadun omuowenne T na A B
yeaosuen: {x, wel=xcA&yeB\ (resA&yes A&{x, »ne
RV (x=B&y=B&{(x, y) = S). (Takum obpasom, T cosnagaer ¢ R
Ha A 1 ¢ § BHa B, n Beskuit saement us A T-IpeaIECTBYET BCAKOMY
sneMeHTy us B.) Toz0a T snoane ynopsdowusaem A\JB u (T, A|)B)
7000610 (Eq 5 &+ B).

HNoxasateascrso. Ilpexne scero, serko yGemuthcst B TOM, uto T
BIIOJHE ymopsmouusaeT A|) B, nockossky R n S BrnoaHe ymnopsaouusaior
coorsercTeHH0 A n B. YroOun nokasate nonobue (7, AUB) u (E.qp
a - B), npumennM tpaHchuuutHyo uHgykumo no B. Ecom B==0, To u
B=0, u torpa T=R, AUB=A u a—}(B=u0, a notomy, ouesuiHo,
(T, AU B) n{Eqy4p 2—of) nonobust. ITpennonoknm, 4To yTBepKACHUE BEPHO
sy, u-noaokum B=7v. Tak kak (S, B) u (Ep, 8) nonobuel, TO umeercs
¢yuxuns f ¢ obaacteio onpexesenas B u obaacrbio sHaveHunH 3 wu rakas,
uto aaa moOwx X u y u3 B (x, y) &8 TOraa U TOABKO TOrAa, KOrA&
fxe 'y Hycts b=(f)‘y, v nonoxum By=B — {b} n $;=SN(B; X By).
W3 toro, uto b BATETCS MaKCHMaJbHBIM OTHOCHTE/NbHO OTHOLIEHH S 3ie-
MEeHTOM B B, cuexyer, uro S, Bunosse ynopsgouusaer B,. Kpome Ttoro,
oueBnaHo, By 1f ssaserca nomoGumiM oToOpamenvem B, Ha 1. Iycre
Ti=TN(AUBy) X (AUBy). Ilo uupyktusnomy mnpeanonoxeunno, (T4,
A By) m0106HO (Eyp,y, &-F9T) C HEKOTOPHIM MOAOGHBIM OTOSpaXeHHeM g,
umetouuM  obaacteio  onpegesenus Al) By u obnactbio 3HaueHn# o -}-o 7.
Hpogomxkum g 10 gi=g | {{b, a-}yy)}. D1a nocaegusn dynkums u ocy-
wecTsaser nonoGHoe orobpawenne Al B Ha (o +-7) =a -7 =2 -} B.
Ilycte, Hakoden, umeeM Lim (8), 1 npeanosioxuM, 4ro yTBEPKAEHHE CIpa-
semuBo npu moboM <<y B. Ilycts cHoBa f— nomoGuoe oroGpawmenune B
na B. Jlag kawporo t<<Zof noaoxum B,=(f)“r, §;=8N(B, X B,) u
T.=TN{(AUB,) X (AUB,). CorsacHo HHAYKTUBHOMY MPENONOKEHUIO:
v B cuay caencrtsust 4.16(2), ang kaxmoro t<Z,B cymiecrsyer. emuHCTBEH-
nas gyuxkuus g, ocymecrsasiomas noxobue nap (7., AUB.) n (E.yy+
a4 1>. OueBnaHO TaKKe, YTO eC/i Ty <o Ta<pf, T0 T:, 1g:, OCyuHIECTBISET
nogobue map (7=, AU B:,) 0 (Eaiyry, @ty T1), U, CIEROBATE/IbHO, B CHJY
€1MHCTBEHHOCTH T, T+, 1'g:,==g-,, a NOTOMY g:, BJAETCA NPOLODKEHUEM g: .
Taxnm obpasom, pynkuus g= U g, ocyuecrsaser nonobue (T, U(A| B,))

T<lof T<p
H(E y @tsp U (@+07). Ho U (AUBY)=AUB n U (@ +) =
T<<oP t<<oP T <oP t<of
=a -8, yeM u 3aBepiuaeTcs TPAHCHUHUTHAS MHAYKuMS.

Mpeapnoxenune 434 (ympoxeuue). ITycme (R, A) nodobro (E, a),

(S, B) nodo6ro (E, B) u omuowenne W wna A X B 3adano yciosuesr
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Lo yh o)) e W=xsAdusA&kyesBa&ve B)&((rnyeSV |
V(y=uv&(x,uy=R)). Tozda W snosne ynopsdouusaem A X B u .
(W, A X B) nodo6uo (Eq.x,s ¢ XoB).

JokasaTeAbCTBO. AHAIOrMYHO AOKA3ATEAbCTBY NPEABIAYULErO NPEL-
Joxenus 4.33. IlpeqocTas/isercd UYMTATEN0 B KaUeCTBE YNPAXKHEHHS.

Mpumepn. 1. 2Xeo=0. Iy (R A)=(Ey,2) u (S B)=
=(E,, o). Torna napsi 43 2 X ® MOTyT ObITb BIOJHE YNOPAZOYEHH CJe-
ayommm obpasom: (0, 0), (1, 0), (0, 1), (1, 1), {0, 2), (1,2}, ..., {0, n),
a,n), 0,n41), (I, n41), ...

2. B cuny npemnoxerus 4.30 (5), @ Xo¢2=0-4p0. Ilycrs (R, A)=
=(E,, o) u (S, By==(Fy, 2). Torma ® X 2 wmoxer OHTb BNOJHE YNOPS-

noueHo caexytouluM o6pasom (cu. npeaaoxenue 4.34): (0, 0), (1, 0), (2, 0), ... :

s {0, 1), (1, 1), (2, 1), ...

Mpenanoxenune 435 [Jag awboz20 o o, X0, 2,

IHokasareabctBo (Cepuunckut [1958]) [Tlonycrum, uro
YTBEDHKIEHUE HEBEDHO, W NYCThb @& — HAUMEHbILEE MOPAAKOBOE UACJIO, AJs
xotoporo J(w, X w,~~,). Toraa as sesxoro § <o, BHIIOHEHO ©F X
X wyo o, B cuny npensioxenns 432 (1), 0 <<po. Monomwum P=wv, X o,
# s moboro B <o, Py= 10 (1 +o8=0). Mokaxem, uto P= U P,

B <<g @
Ecam {403 =B <<po, 10 1< B <<y, u 8=y 8 <, ¥, CaenoBaTenbHo,
{1, 8) = w, X 0,=P. Vrax, U P,<P. Tl moKasaresibCTBa 0OPATHOrO
B, @,
skmoyennas P= U PB JOCTATOYHO TOKAa3aTh, YTO €C/U | <To ®, U B <oy,
<o,
10 708 <<, Hrak, nycrb {<o®, u 3 <p®, | M 8 DPaBHOMOILHb COOT-
BETCTBEHHO HEKOTOPHIM HAYAMBHBIM MOPANKOBBIM UYHCIAM ®, <Y U ®,<I¢d.
O6oznauuM uepes { Haubosbllice U3 TOPSIKOBHIX 4ucead o W p. Tak Kak
T<oo, u d<yo, T0 0 <y, I[losTomy, B culy MUHUMAILHOCTA 4,
o, X o, oz, Iyce A=7x {0} u B=3 x {1}. B cuay npemroxe- °
nnst 4.33, AJBoey—+9d. Tak Kak yo<o, 1 82<w, 10 Ac=ze, X {0} u-
B~~w, X {1}. Orciona, npunuvas Bo sHuManne, uro A} B=0, nosyuaem
AUB (0, X {0 U (v, X {1})- Onnako, B cnay npennowenus 4.32(2),
(0, X {0PDU (0, X {1} =< (05 X {0]) X (0, X {1}) >0, X 0, <0, X 0, >0,
# moroMy -8 <, <ew, Tak Kak ®, eCTp HauanAbLHOS MOPIAKOBOE
quca0, TO Y -Fod <o, (Moo B nporussom cayuae, T. e ecan Om Owlio
o, <oy ~Fod MB mMemn Ob o, =< ®, ¥ ®, < ®, OXHOBPEMEHHO, YTO, 1O TEO-
peme lillpénepa — bepuireitna, Bireuer o, = »,, B NpoTuBOpeune ¢ o, <y w,.)
Takum o6pasom, P:ﬁ U P Pacemotpum Py npu § <7, @,. Ha ocHoBanuu
<<
v N

npemioxenus 4.29 (6), man moBoro =58 cyulecTsyer M NPUTOM €XMHCT-
BEHHOE MOPAAKOBOE 4MCAG O Takoe, uto 7 -+,38==3. Orciona crexyer, 4TO
cyutecTByer Qytkuus, noaobuo orobpaxaiomas 3’ Ha MHOKECTBO P, ymo-
PAOOUEHHOE [0 BEJAUUMHE MEPBLIX KOMIOHEHT | BXOAAIIAX B HEro map
(7 3). Oupenesnm caenyomee oruowende R na P. g moGbIx 7 <o 0,
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8 <o, p<ow, B ¥<Tow, nosoxum ({7, 3), (p, v)) & R Toraa m TOJBKO
Toraa, Koraa au6o 7-ho8 <o -fgv, AM60 |43 =pt4v&7<op. Torna
ecmm By <<oBa<To®,, TO mape u3 Pp, NpemIlecTBYIOT OTHOCHTEJbHO R
napaM us Pg, a B npejefax Kaxaoro Ppgnapbl YNOPHAOUEHB OTHOCHTENBHO
R no senmunHe CBOHX MNEPBHX KoMNoHeHT. Jlerko sumers, 410 R BnoJHe
ynopaxounsaer P. Tak xak P==w, X ®, TO TeNepb [IOCTATOYHO NOKa3arb,
uto (R, P) monoGuo (E, , o). B cuny npensonenns 4.17, (R, P) nogoGxo

wekoTopoi nape (E, &), rne §— nopsiakosoe uncio. OTciona CIenyer, 4To

P o=k JlonycruMm, 4to o, <& Ilycte f ecTs ¢yHKUHMSA, OCYIIECTBASHOMAS

nono6uoe orobpawenne (E, &) wa (R, P), n nycre b=f‘w, Torma b

ecTb ynopsaoueHHas napa (Y, 8), rae y<<ow, H 8 <40, a mﬂf, OUEBUHO,

sBafeTcs MoyoOHEIM otoOpaxenuem (E,, ®,) Ha R-cerment Y= Segp(P,
o

{1, 3)) muoxectsa P, onpenenenHsit mapo# (7, 8). OuesumHo, Yo~ o,.
IHycte f=7-+44¢3 u (o,p) &Y, Torma o-4p=<<yy-4o0d=0; crenosa-
TeIbHO, o= u p=<oB. Tlostomy Y <P X §. Ho B’ <w, Caenosa-
TeabHO, B o= w,, rae p<pe Ha ocHosamun onpeaencnnd v, o, X o, =~ o,
WUrak, wmb moayvaem o, ~ Y -—< ®,, 4YTO HAXOAUTCY B MPOTHBOPEYUN
c o, <o, Crenosaressno, §<\yw, Ilostomy P <w, Ilycte Tenep»
ecTb (PyHKUMS, ONpenesieHHas Ha o, u Taxas, uro h‘8=(f, 0) nns moGoro
B <<y w, OueBnano, h sBJISETCS B3aUMHO OJHO3HAUHBIM COOTBETCTBUEM MEHKIY
f u nommHowecrsom o, X {0} MHOxecTBa ©, X ®w, u noromy »,<P. Ho
Toraa, B cuay teopemnl l[llpénepa — bepnmre#tna, w, == P, uyT0 0OPOTUBO-
PEYUT ONPENE/EHUI0 NOPAAKOBOrO uucaa o. CJaenoBarTeNbHO, ®, X 0,220,
npa mobom B. ‘

Caencreue 436, Ecau A=~w, Bzm(}, a Y — Hauboabuwee u3
nopadrogux utucea a, B, mo AX Bo=w, u A B==w,. B wacmuocmu,
@, X 0,220y .

Joxasareabcrso. Ha ocuosanun npemnoxennti 4.35 n 4.32(2),
o, XAUYB=XAX B0, X o, <0, X 0,~0, Orcopa, 10 Teopeme
llipenepa — Bepuwrehina, caenyer A X B~ o, u AJBox o,

Mul  81eCh UBJOXKH/AM JIMIIL CAMBI€ HadyaJa apuMeTHKH MOPAAKOBBIX
yncen. JaipHeliine CcBeIeHUs NO STOR TeMe MOKHO HalTh Yy CepnuH-
ckoro [1988] my Baxmana [1955].

§ 5. Akcroma BhIGOpa. AKcnomMa oOrpaHuYeHHS

Akcuoma BHOOpa 4BJASETCS O[HHM M3 CaMBIX 3HAMEHHTHX M HanGoJee
OCMapHBaeMHIX yTBEPWIeHnH Teopunm MHO¥ecTB. Miel chopmympyem 3Ty
aKCHOMY B CJeiywoiHlel TeopeMe, FOBOpsiliell O ee SKBHBAJEHTHOCTH pALy
IOPYTUX Ba¥HBIX YTBED¥ACHUH.

INNpennoxenne 4.37. Caedyrouue opmyasl 3K8UBANCHIMHbL

(1) Axcnuoma sub6opa (AC): [Jas awboz0 mHoxucecmsa X cyulecm-
syem yurxgus f marxas, 4mo 048 8CSIKO20 HERYCHO20 HOOMHONCECHBa
Y muoocecmsa x f'y Sy (maxas @yukyun Kasveaemcs B OB aio-
mel pyakumued oaq x).
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(2) MyaepTunaukatusnas akcunoma (Multy. las 4106020 MHO-
JHCECMBA X HEMYCHLBLX U NONAPHO HENEPECEKAIOUUXCS MHONEC S, CYULEC-
8yem MHooCecmgo y (HasblBaEMOE BH OMPAIIULEM MHOXECTBOM
LI X), Komopoe .COOepacum 8 MOYHOCMU N0 OOHOMY AJAEMEHMY U3
Kaxc0020 MHONMECMEA, TBALIOUE20CH IAEMEHMOM X.

ViuexDu#0&Vrvwe x&vzu D v u=0)>
D AyVuw e x o Jiw (w = uy)).

(@) Mlpusuun Bnoane ynopanouenua (W. Q) Bcaxoe mHo- -

acecmeo mooacem Ooime snoane ynopadodero. VxAy (y We x).

(4) Tpuxoromnsa (Trichy: VxVy(x =<y \ y=<x).

(®) Jlemma Hopua (Zorn): Ecau 8 4acmuino ynopsaoouerHOM MHO-
acecmee X 8CAKASL Yens (m. e. BCAKOC YNOPAOOUEHHOE NOOMHOICEC MBO)
HMeen BEPXHION 2paHs, MO 8 X CYWEeCmByem MAKCUMAALHOLE 348 MEHM.

VxVy((yPart )& Vu(u=x&yTotu D Ivwex&Vo@esu>w=
=v\(w,v)eyy)DIvwex&Vo(we x> (v w) &)

Hoxasareancrso. (1) I (W. 0) > Trich. Ilycts nann MHOMKECTBA
x uy. Cormacho (W. 0.), X u y MOryT ObTb BIOJHE YNOPAAOYEHDL
Tlostomy, B cmny npemnoxenus 4.17, CyuwlecTsyloT Takue HOPALKOBbIE
uucaa @ u B, uro x~~a u yo~fB. Ho 1K kak a <P wmm B—<a, 10 Mmbo
x =<y, mbo y < x.

(2) = Trich o> (W. 0.). Ilycte nano mHoxectBo x. Cor/nacHo Teopeme
Xaprorca, CymeCTBYeT Takoe HOPSAKOBOE YHC/IO @, KOTOPOE HE PABHOMOULHO
HUK3KOMY MOAMHOXECTBY MHOXectsBa x. Torma, B cuny Trich, x pasHo-
MOIWHO HEKOTOPOMY MOAMHOXECTBY ¥ MOPSIKOBOrO YHUC/A o, U BLOJHE YTIO-
panodenve £, MHOXECTBA Y TOPOXIAET HEKOTOPOE BIOJHE YNOPSAOUEHHE
MHOXECTBA X.

(@) = (W. 0.) o Mult. Tlyctb X ecTb HEKOTOPOE MHOXECTBO HENYCTBIX,
1ONApHO  Henepecekaouuxcs muoxecrs. Coraacuo (W. Q.), cyuecrsyer
otrowWweHne R, BROJMHE ynopsgounBaouiee Muoxectso U (x). Caenopatensho,
CYLIECTBYeT Takas onpejaeneHHas Ha X ¢yukums f, uro f‘w aaa moboro

4 & X ecTb HauMeHbluu#i OTHOCHTENBHO R ajemenr u. (3amerum, uto

n=U ()

(4) - Mult 5 AC. lna moboro MHOXECTBAa X CYLIECTBYET (yHKUMA g
TdKas, 4TO eC/Ad U €CThb HEMyCToe NOAMHOKECTBO X, TO g'u==u X {u}.
Ilycre xy — oOnacth 3nauenuit dyukunn g Jlerko Buaerb, yTo Xy fBAAETCA
MHOXECTBOM HENYCTHIX MONAapHO Hemepecexaromuxca MHoxects, Ha ocnosa-
uan Mult, nna x, cymwecrsyer soiGupaoumee MHOXxecTBo y. OTclona, ecam
Osuwvmuswx 100X {U} € x ¥y CONCPKUT M NMPUTOM ETMHCTBEHHHIH
anement (v, u) w3 u X {u}. Pyukums fu=7v ABIAETCA UCKOMOH BHIOUpaIO-
uled pyuxuued paa x.

() |- AC> Zorn. Tlycts y 4acTMYHO YMOPSAOUMBAET HEMYCTOE MHO-
XKECTBO X TakuM OOpa3oM, UTO BCsiKas y-UEMb B X HUMEET B X BEPXHIOW
rpanb. Ha ocuosammu AC, mma x cywecrsyer smbupaowmas ¢yuxkuus f.
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PaccMoTpuM NpOU3BOJLHEIA 3JEMEHT b MHOKECTBA X, W NO TPaHCHUHUTHOH
uHAYKLEM (npeatoxenne 4.13) onpeaenum hynxuuio F Takyio, yToOsl BHINO-
naaoch F<0=b u Fao=f‘u mgaa mobGoro a, rae u4 ecrb MHOXKECTBO BCEX
TAKWX BEPXHUX TPaHEH U MHOMkECTBa [ “a OTHOCHTEJIBbHO YNOpAAOUEHHS J,
yto veEx u veE Fea Ilycrs B ecth HanMmeHblliee TMOPAKOBOE UUCIIO,
KOTOPOMY COOTBETCTBYET TIYCTOE MHOXECTBO BEPXHUX TrpaHel v MHO-
wectBa F “B oTHOCHTENbHO ynopsaoueHus y, NPUHAAJAEKAMUMX X U HE MpH-
nagnexamnx F“B. (Tlopsgkosee uncia, o6Jagaiomue TakuM CBORCTBOM,
CYIMECTBYIOT; B NPOTUBHOM cJayuae (yukuusd F Oblra 651 B3aMMHO OHO3HAU-
Ho#t ¢ obaactbio onpemenedus On U € HEKOTOPHIM TOIMHOMXKECTBOM MHO-
KECTBA X B KauecTse 00JacTn 3HAYEHNH, OTKY/A MO aKCcMOMe 3aMmewienusi R

caeposano Owl, uto On ecrts Mmuoxecrso.) Ilycrs g::p“’. Herpyano
BUIETE, 4YTO (PYHKUMA £ B3aWMBO OJHOBHAYHA U YTO eCad o <lp§ <y B, TO
(g‘a, g7) & y. losromy mHoxecrso g“B asasercs y-uempio 8 x. Cormacio
YCJIOBHIO, B X CYWECTBYET BepXHs# rpanb w Muoxecrsa g“B. Tak xax
MHOXECTBO BEepPXHUX rpaHe#l mHoxectBa F “f (=g“B), He comepmammxcs
B g« B, nycTo, To w e g« B, Y, CJEeOOBaTeJbHO, W SBASETCS €AUHCTBEHHOH
BepXHe# rpanpio MpoxecTBa g“f (n6o BCAKOE MHOXECTBO MOXET comep-
xarb B cefe He Gosnee omHoH cBoel Bepxmed rpaun). Orcoma caeayer, uto
W eCTb M3KCUMaJbHBIH OTHOCHTE/BHO YIOPANOUEHNS ¥ SJEMEHT MHOMKECTBA X.
(IleficTBuTenBHO, ecu (W, 2) EY U 2 € X, T0 2 10MKHO ObTh BepxHel
rpaHpl0 g“f, 4TO, OYEBMIHO, HEBO3MOXHO.)

6) |— Zorn o (W. 0.). Ilycts 2z ectb MuOKeCTBO, a X eCTb KJaacc
BCEX B3aMMHO OJHO3HAyHBIX pynkuntt f rakux, uto ¥ ()= Onn FZ(f) < 2.
Mz rteopemmr XapTorca caenyer, uro X ecth muoxecTBo. OueBMIHO TaKike,
yro 0 & X. OrtnoweHne < 4acTuyHo ynopsimouneaer X. Kakosb Gb Hu Obian
IBe (DYHKLHH, MDUHAL/IENKANME OZHOH N TOH e uenu B X, OAHA M3 HUX
asaserTca nponomkennem apyro#. [Tostomy mas mobGod nenu 8 X oObenu-
HEHHE BCEX MNpPMHAAJMEeNAUX el (PyHKUuH ecTb CHOBAa B3aUMHO OJHO3HAYHas
(byHKuua, npuHamiexanias ToH e uenu. ClenoBaTeNbHO, HA OCHOBAHUM
Zorn, B X UMETCS MaKCAMaJbHHH BDJEMEHT g TpeacTaBasioumit cobott
B3aUMHO OJHO3HAUHYIO (DYHKLHIO, ONPENES/ICHHYIO HA HEKOTOPOM MOPAAKOBOM
UHCIe 0 M TIPHHEMAKOLYI0 3HadyeHuda w3 2. Jlonyctum, uto 2z -—g“a=£0.
Hycte b & 2 -—g“a, n nonoxum f==g|J{{a, b)}. Torna, ouesnmio, fe= X
W g f, uro MpOTUBOpEYNT MaxkcuMaibHocTh g CaepomaTensho, g“a =2z,
T. e a%z. IMocpencreom ¢yukunn g orHowenwe E, BHOJHE YHODAAOUH-

BAIOUIEE MHOXECTBO a, npeofpasyercs B HEKOTOPOE OTHOLIEHHE, BIOJHE
ynopsaouuBamee 2.

YnpaHeHus

1. JokasaTk, 4TO CHeLyiOLIHe YTBepXAeHHS JKBHBAJEHTHH axKcHoMe BhiGopa:
(a). BcAKoe MHOWECTBO PaBHOMOIHO HEKOTODPOMY MOPSAAKOBOMY UHCHY.

(b) (Cneunanphwmit cayyait nemmnr Llopua.) Ecau o6bemnHenne Bcex anemen-
TOB BCSKOW HENYCTOH C-UeNlH B HENYCTOM MHOXECTBE X ABAAETCS CHOBA 9J€MeH-
TOM X, TO B X HMeeTCA MAaKCHMalbHbli OTHOCHTEALHO OTHOIIEGHMH C 3IEMEHT.
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(¢) (ITpungun marxcumasvrocmu Xaycnopoa.) Ecan x — mHowmecTBO, TO BCAKAA
C-uelb B X ABASETCS MOAMHOMXECTBOM HEKOTODOH MaKCHMalbHOH C-Uenu B X.

(d) (Jlemma Taiixmwoanrepa — ToiokH.) Beakoe MHOWECTBO KOHEUHOIO Xapak-
Tepa UMeeT MAKCHMaXbHBI OTHOCHTENbHO OTHOLleHus < 9sneMenT. (Henycroe mHo-
ECTBO X Ha3biBAETCSt MHOXECTBOM KOHEYHOrO Xapakrepa, ecau (i) BCAKoe KoHey-
HO€ MOAMHOXECTBO BCAKOrO 3JMEMEHTa X eCTh TaKXe 3jJeMeHT x, u (ii) sanemeHTOM X
ABASETCA BCAKOE MHOXKECTBO Y, BCe KOHeUHble NOXMHOXECTBA KOTOPOrO CYTb 3Je-
MEHTHl X.)

() Vx (Rel (x) D Fy (Fne (3) & T (x) = D (3) &y  x)).

2. Mokasate, uto B NBG BHBOmMMa caexyiomas <KOHeYHas» akcHoMa BhiOopa:
sl BCAKOTO KOHEYHOr0 MHOMECTBa X HEMYCThIX NOMapHO HenepeceKalomHUXCs MHO-
KECTB CYHIECTBYET BhIOUpaioliee MHOwectrBOo y. (Y kasanmue. Ilycts x==a, rae
o & o; nanee — HHAYKIHA [0 a.)

lMpennoxenune 4.38. Caedyrouue ymeepocoeHus s6AA10mMcA caed-
CMBUAMU aAKCUOMBL BblOopa:

() Beswoe Oeckonetnoe MHONCECHE0 UMECH CHEHIHOE NOOMHONCECMBO,

(1) Besiwoe OGeckoneunoe Muodcecnmso Oeckoneuno no Jledexunoy.

(1) Ecau x ecmov cuemHoe MHONECHBO, SACMEHMAMU KOMOPO20
ABARIOMCS cuemnble MHoxcecmsa, mo muosxcecmso U (x) cuemno.

Doxasareanctso. (I) Ilpumem AC. Ilyctp x — OGeckoHeuHoe MHO-
wectso. Corsacho ynpaxsenuo 1(a) Ha c1p. 219, X paBHOMOWHO HEKO-
TOPOMY TODPAIKOBOMY unciy a. Tak Kak x OeCKOHEeuHO, TO GEeCKOHEYHO H .
ClenoBaTensio, ® <g@, 9 I[OTOMY ® D3BHOMOILHO HEKOTOPOMY IOAMHO-
HKECTRY X.

(1) Caenyer us (I) » ynpaxuenuas 13(c) Ha crp. 206.

(II}) Tlycrs x — cueTHOE NHOMECTBO CUETHBIX MHOXecTB. PaccMmorpum
GOYHKIRIO f, KOTOPAas KaXAOMY U & X CONOCT4BJSAET MHOXKECTBO BCEX B3aHMHO
OIHO3HAUHBIX oToOpamennti u Ha o. [lycts 2 =U (2% (f)). B cuay akcnomm
BHOOpa (MpUMEHEHHOH X 2), CyutecTByeT (YHKWMA g TaKas, 4T0 g UeS v
IS KaXaOoro Hemnycroro v < 2. B uacrnocr, ecmd uex, 10 g4(fu)

npeacras/aser co00# HEKOTOpPOE B3aMMHO OJHO3HAYHOE COOTBETCTBUE MEWAY
u u o, Ilycrs tenepp i -— xaxkoe-uuOyah B3aUMHO OJHO3HAYHOE COOTBETCTBHE |

mexay o B x. Onpepenmm ¢yskumo F na U(x) ciaemyomum oBpasom.
Iyctp y & U (x) u n ecrb HanMeHbIIuit 3/1eMEHT o, 115 KOTOPOro y e h .
OueBugno, h‘nes x, u, chaenosarenvHo, g(f(h‘n)) fBaseTcs B3aUMHO
O/IHO3HAUHBIM COOTBETCTBMEM Mexny h‘n u o. Tlomoxum Temepp F¢y=

=={n, (g(f*(h*m))‘y). Herpynno sumer, uto F eCTb B3aUMHO OMIHO- ;
3Haunan QyHkuus ¢ obaacteio onpenesenus U(x) u obaacrbio 3Hauenuh, :
SIBASHOIIEHCA MOIMHOXKECTEOM MHOXeCTBa ® X o. Takum obpasom, U(x)=<

—~wX o Ho Tak kak o X w=~0, 10 UXx)=<o. Ecum xe ve x, 10

v=U(x) n vo=xw;, caegosateasro, o< U(x). llo reopeme Llpézepa— °

Bepumiteiina, sak/aiouaeM, uro U (x) o= .

YupaxHeHus .

1. lns kaXgoro MHOXeCcTBa X onpejenyMm IeKapToBO lpou3dseleHHe ]:[ o Kak

uesx
MHOXECTBO BCeX (PYHKuMl f ¢ 06aacTbio ONpeledeHNn X U TakMx, 410 f*u = u opn

A000M # & x. JJoKasaTb, YTO aKCHOMA BbIGOPa SKBUBANAECHTHA YTBEPXKICHHIO O TOM, -
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YTO IS KaXIOTO MHOMXECTBA X HENYCTHIX MHOWECTB NeKapTOBO NPOH3BefeHHe H u
. ueEx
HEmyCTo.

2, Onupasack Ha akcHOMY BblGopa, MOKAa3aTh, YTO BCAKOE YACTHYHOE YNOPAXO-
ueHHe MPOHM3BOJBLHOIO MHOXECTBA X HOrPy:KaeTcA B HEKOTOPOe NMOJHOE yNOopsgoye-
HHE TOI0 e MHOXeCTBa .

3. Jokasath, 4YTO Cclelyoilee MnpelloXeHHe CAeLyeT N3 aKCHOMbI BbIGOpa:
KaKoBbl OBl HH OblIM MOPAAKOBOE YHCIO @ H MHOXECTBO X, €CIH X S0, H Vu(u =
esx>ou—=w,), 1 U(x)=w, (Ykasanne [LokasareibCTBO aHATOIHYHO IOKa-
satcanctBy npemnoxenus 4.38 (Ili).)

[To-sumumomy, Gosee cuabHOH GOPMOH aKCHOMH BHIOOpA ABAACTCH CAEAYI0-
waa popmyaa (UCF): X (Fre (X) & Vu(u=£0 > X‘uesu). (UCF yrsep-
WIAET CYULECTBOBAHME YHUBEPCANbHOU soLOUpaIowel OyrKyuL, T. €. TAKON PYHK-
UM, KOTOPas KaXAOMy MHOXECTBY COIMOCTABJSET HEKOTOPHIH €ro 3/eMeHT.)

UCF ouesunnbiM oOpasom Biever AC, 0O1HaKO HEHM3BECTHO, BEPHO JIA
o6parnoe, 1. e. caexyer an UCF us AC.

Ecau mbl mpumeM axkcuoMy Bnibopa AC, TO Teopust KapAMHaJbHBIX YnUCE]
ynpoctarcs, Tak kak AC Bjeder, 4TO BCAKOE MHOXECTBO X DPABHOMOILHO
HEKOTODOMY HOPSIIKOBOMY UKCJHY M, CJAEIOBAaTENbHO, HEKOTOPOMY Ha4da/JbHOMY
MOPAAKOBOMY HHCAY ®,. DTHM HauajbHbIM MOPAIKOBBIM UHCJOM ®, Mb Oydem
o0o3HauaTh Kapounaasroe 4ucao (WM MOWHOCMS) MHOXECTBA X. Taxkum
00pa3oM, MBI OTOXHECTB/IIEM KapAMHAJABHBIE UHCAR C HAYaJbHBIME NOPSAKO-
BeIMM uyncaamu. B cooTsercTBMEM ¢ OOWENPUHATOH CHCTEMOH 0003HAUEHNH, Mbl
Oyaem BMecTo o, mucats N ,. [Ipennoxenus 4.35——4.36 ycranasmBaiT HeKO-
TOpLIE W3 OCHOBHBIX CBOMCTB CJOXEHHT M YMHOXEHHS KapAWHAaAbHBIX YHCEL.

[Monouenne aKcHOMBbl BHIOOpA CTa/lO 32 NOCJEZHUE TOLB MEHEE CTOPHBIM.
BoJILLIMHCTBY MaTEMAaTHKOB OHA MPEJCTABJAAETCH YTBEPHAEHHEM, COBEPIIEHHO
npasaononodusiM. Kpome TOro, axcuoma BeOOpa MMEET CTOJb MHOTOQUUCJECH-
HBle W BaXKHble NPUMEHEHHS TPAKTHYECKH BO BCEX OTPAc/iX MaTEMaTHKH,
4To OTKa3 OT Hee BHIFJAZen Ol KaK mpenHamepeHHas nojHoxka paboTaio-
memy Mmartemaruky. Hinke B 3ToM ke mnaparpade mbe oOcynuM BONpOC
O COBMECTUMOCTH 4KCHOMBl BHIOOpa C OCTa/JIbHBIMKW aKCHOMAaMH TEOPHHM MHO-
YeCTB M €e He3aBUCHMOCTH OT HHX.

JIpyraM npesIokKeHHeM, KOTOPOe OBJIO BHABAHYTO B KaueCTBE OJHOIO
U3 OCHOBHBIX IPHHLMIOB TEOPHH MHOWECTB, BJASETCA CJEAYIOLLAs, TaK Ha3bl-
Baemas axcuoma o2panudenus (akcuoma D) VX (X#0oDdy(yreX&
&y | X==0)) (1. e. Bcakui Henycro#t kaacC X COAEPKUT BJIEMEHT, HE
umeromud ¢ X obmMX 3JEMEHTOB).

Mpennowxenune 439. AkcuomMol GyHIUDOBaAHUA Ha3b8ACHCSA
gopmysa 13x (Fnc ()& P (x)=o0&Vu@@es=o D> x (W)e xu) (m. e
He cyuecmeyem OecKoHeuHol YObeawuell e-nocae0o8amesbHOCIU X1 =
DX D .. )

(1) Axcuoma ozpanutienus 8aewem aKcuomy (byHOUpOBaHUS.

(2) Ecau npunnme axcuomy 8siopa, mo u3 arxcuomv yHouposanus
caedyem awcuoOMa O2PAHHYCHUSL. :

(3) M3 axcuomvl ozparunexus caedyem, 4mo He cywecmeyem Hi-
KaK020 KOHe4HO20 E-yuKaa, m. e. 4mo He8o3modcHa dyuryus f,
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ONpe0eseHHasl HA KAKOM-HUOYOb OMAUMHOM O HYASE KOHELHOM NOpsd-
Kogox wucae o u marasn, umo f‘0efle...ef'e=sf0; 8 vacm-
HOCmu, omcioda caedyem, 4mo He CYwecmsyem mMarKo20 MHONECmBa Y,
ymobe y & y.

Loxkasareabcrtno. (1) Jonyctum Frc(x)& Y (x)=w& Vu(ues
eoDx () x‘u) Tlyere z2=x“o. Ilo akcuome orpanuuenns, B z
CyILLECTBYET TakoH siemeHT y, uto y(12=0. Tak kak yez, 10 y=f‘a
4711 HEKOTOPOro KOHEYHOrO nopsakosoro uncaa o Torma f (@) e y() 2,
Yero, OAHAKO, He MoxeT OblTh H3-3a y[)2=0.

(2) Onpenesum cHavasa /1R NPOM3BOJABHOIO MHOXECTBA U MLPAHUMIBHOE
3amvikanue u. Ilycrs g— dynkuus, coenyounm o0GpasoM onpegefieHHas
no wmnayknnn Ha o g'0={u}, g (@)=U(g‘a) nm moboro o« o.
Taxum obpaszom, g‘l==u, g‘2=U(u) u 1. n Hazosem TpaHsuTHUBHHIM
3aMbIKanueM MHOxecTB2 @ MHO¥ecTRO TC(w)=U (g “w). Ilaa moboré u
TC(uw) rtpansutusho, 1. e. Vo(ve I'C(m) D v=7C (). INpumem teneps
aKcuoMy BHOOpa M aKCHOMY (DYHAMPOBAHHMS W JOMYCTHM, YTO CYIECTBYer
TaKOH Kaace X =<0, uTO HH OAMH €ro 9SJEMEHT J HE YAOBJIETBOPAET
yeaosuw Yy X==10. llyctb b ecrp nexotopmit snement kaacca X. Torna
b X=0. Ilycte, nanee, ¢=TC((®B)N X n, cornacho axcuome BribOpa,
/i — HexkoTOpas BmOupaomas QyHkung a8 ¢ 3agauM Ha o Gyokuwpio f
yeaosuam fO0=b u /*(@)=h (f*®)N X) ann moboro « & o. Teneps
JEFKO BUAETH, 410 f(a)=f‘a npn moGOM ¢ & ©, U MH NPRWJN K NPOTH-
BOpeunio ¢ axkcuomoli ¢yHauposannst. (Ilppeenensoe mOKaszaTeJbCTBO no
CYWIECTBY CBOAMTCA K CJeayiouleMy: BeOupaeM cHauajsa Kakol-uuGyap ane-
MentT b u3 X, 3aTeM ¢ NOMOWBIO (pyHKUKK K BHIGUPEEM HEKOTODPbIH 2JEMEHT
f<1 w3 b X, 3arem, Oaaromaps ToMy, 4TO OOmas uactb f°‘1 m bnxX
Henycra, BeOupaeM HeKOTOpHH saement f*2 3 f*11X v 1. 1)

(3) IlomyctmM, UuTO HMEETC HEKOTOPHIH KOHeunbld <=-umka [0
ef'le...efnef0. Iycrs X ects obaacts 3Hauenuht dynxnun f,
. e X={f0, f1, ..., fen}. V3 akcuoMmbl orpaHnuenus CJAexyer, uto
f¢i1X =0 npu HEXOTOPOM i, yero He MO¥eT ObiTh, u60 BCAKHH I/EMEHT
n3 X cogepkut ‘B cebe HEeKOTOPHIH IJIEMEHT, SBJIOHIMHCS OAHOBPEMEHHO W
3jeMeHTOM X, :

3ameuanue. Ilpumenenne axkcuomsl BoIGOpa NPH BHIBOAE dKCHOMEI
OFPaHHYEHHS W3 AKCHOMBl (yHAMPOBaHMA sBJIseTca HeoOXoaumbiM. MOxHO
nokasarb (cM. Mengeascoun [1958]), uto ecam Teopus NBG wenportuso-
peunsa, To, 004BMB K He# B KauecTBE eAMHCTBEHHOH HOBOH aKCHOMBbI
akcuoMy GYHIMPOBAHMA, MBI MOJYYHM Takoe pacmupenne teopus NBG,
B KOTOPOM aKCHOMAa OTpaHHYEHUA HEBRIBOAUMA.

Caenyouas ¢yuxkuus W, onpeaenseMan MO TPaHCPUHHUTHOH HHAYKILMH,
6bliia Briepsele paccmorpeHa ¢ou Helimauom:

<0 =0,
¥ (@) =P (T ‘a),
LimQ) DT k= U ¥ B).
B<<o?
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ITycts H=U (¥“On), HB=U(W“B) ¥4 p eCTh Taxkas GyHKUMA, Ofpeie-
JeHHas Ha H, uro p‘x naa moGoro x € H ecrb HauMeupuiee TNOPIAKOBOE
YUCIO O, IS KOTOpOro x & H‘a. Hazosem p‘x paweom x. 3amerum, uto
p‘X BCErjga ABJAETCA TOPAAKOBBIM UKC/JAOM NEPBOrO poaa.

YrnpawHeHus

L|-On=H (Yrkasanue [puMeHnTs TPRHCQHHHTHYIO HHIYKIHIO.)

2 |-Va(p‘a=a'). (Yxkazanune IlpuMeHHTb TPaHCHUHHUTHYI0 MHIYKIHIO.)
3 |-Trans(H), 1. e. us Hou= H.

4 —usH&veH&usvopu<gp'o.

S.lmusH>oDuesH (Yxasaune. [lyctb ) - HauMeHbliee NOPHAKOBOE

uncao, Godbuiee ueM paHr mo6oro smementa Muoxectsa u. Torna u< WA u,
cienoBatenbHo, u € & (T A) =W (1').)

Hpennoxeune 4.40. Axcuoma ozpanutcnus 3weuBareHMHA Ym-
sepoicoenuio, wmo V—=—H, m. e. umo 8csaxoe MHONCECMBO SBATCMCS
asemenmon H.

Loxasateancrso. (1) Honycrum, uto V==H. Ilycrs X=£0, a —
HaUMEHbLINY W3 PaHroB p X, rae x & X, n b — Kako#-uubyap U3 Jemen-
108 X, paur koropsix pasen a. Torma b} X =0, uGo B NPOTUBHOM CJ/Iyuae
us ue b\ X crenosano Obl, Ha OCHOBAHWM MPENBIAYHIErO ynpawHenus 4,
uTO p ‘Ut <Cop ‘b ==0, uero ne Moxer ObITh, COTIACHO ONPEIEICHHUIO o.

(2) llpumem axcuomy orpaHuueHus u ponyctam, yro V— H ==0. Co-
IJIGaCHO aKCHMOME OrPdHHYEHHUs, CYUIECTBYET TaKOe MHOXECTBO ¥, 4TO y &
e X— H&y(V— H)=0. Jlerko Buzers, yro y = H. Otcioga no mpe-
ABLAYIEMY ynpaxuenuo B, saxmouaeM, uro y & H. Mu npumsm x nporu-
Bopeuwno ¢ ye= V—H.

YapakHenus
1. Tlokasats, 4TO aKCHOMa OrpaHMYCHHA SKBHBAIEHTHAZ CJAENYIOLEMY CBOEMY
qacTHOMY cayyaio:

x#0o03dy(ysx&yNx=0).

2. [lpenuonoxMB aKCHOMY OFpaHMYEeHHs, NOKas3aTh, YT0 X & On 93KBUBa-
aedTHO yTBepXkIeHu© Trans (x) & EConx, 1. e. dopmyre Veu(uexduc=x)&

&VuVv(uex&vex&us#v>ousv&ve u). Takum 06pasoM, ¢ TOMOLBIO

dKCHOMbBl OI'pAHHYEHHA OnpeleseHUe NOHATUA NOPAAKOBOro yYHCAa MOXeT 6biTh
3HAUNMTEABHO YINIPOLUEHO.

[lpennowenne 4.40 penaer BechbMa 3aMaHUMBOM HIEI0 NPUCOEAUHEHUS
akcnoMbl orpannuenus K NBG B kauectBe HOBOH axkcuombl. B camom geie,
Beb paBeHCTBO V==FH yTBEpXKJaeT, YTO BCIKOE MHOMXECTBO MOXET ObITh
noayuexo, ucxoms us 0, nocpeacTBOM npuUMeHeHus oniepanuit oOpasoBanus
MHOXECTB2 BCEX MNOAMHOXECTB W OODEAHHEHUS BCEX 3JEMEHTOB [JAHHOrO
MHOKECTBA HEKOTOPOE TPaHCHUHUTHOe uucio pas. IToHsTHO nosToMy, uTo,
[101y4uB B CBOE PAaCHOPSIKEHHE TAKOE YTBEPKACHUE, MBI CMOT /A 08 TPOSICHUTE
Halln  NOBOJILHO CMYTHBIE MNPEACTAaBJCHUS O MHOXecTBax. Kpome toro, kak
MBl TOJABKO YTO BUIAE/M B YNDAXKHEHUM 2, aKCMOMAa OrPAHUYEHIs [TO3BOJIsET
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yIpOCTUTL ONpene/eHHe MNOHATHS nopsakosoro uncaa. Hakouen, u Teopuio
KapAMHAJbHBIX YHCEJT MOXKHO CTPOUTb C NOMOIIBIO 3KCHOMBI OTpaHUYEHHs,
onpeaeassds KapAMHAJbHOE UKUCJIO BCAKOIO MHOXECTBA X KAaK MHOXECTBO
BCEX TEX ¥, KOTOPHIE MMEIOT HAMMEHbILUR PaHr B KJIacCe BCEBOSMOXHBIX U,
YAOBJETBOPSIOMHUX YC/I0BUIO X ~~ 4. (B OCHOBY T€OpUM KapIMHAJIbHHX 4HCEN
KaageTcs npu 3ToM TpebGoBaHMe CyllecTBOBaHust Tako# (yukumu Card,
obaacTbio onpeaencHus KoTopo#i Opr Om kaacc V m KorTopas yAOBJAETBO-
para 6u ycaosuw Card‘x=Card‘y= x~=y.) Matematukn, 0aHaKo, He

€IAHONYIIHE B BOMNPOCE O TOM, HUMEIOTCH JM NOCTATOYHBLIE OCHOBaHusd oaa .y

TOr¢, 4roOBl NONYCTUTH 2KCHOMY OTDAHHUEHHMS B KayeCTBE HOBOH aKCHOMBL
Jleao B TOM, 4TO XOTH aKCcHOMa orpaHudueHus ¥ oOmanaer Goabumio#t ynpo- :
manmel CHAOH, OIHAKO MO CBOEMY HENOCPEACTBEHHOMY MpaBaononobuio
OHa YCTYHaeT jaxe akcuoMe BHIOOpa, HE rOBOPA YXKE O TOM, YTO OHA 1O &
CHX NOp eme He Hauuia cefe MaTeMarHyeCKHX MNPUMEHEHHH. i

Beenennnit soimie xaacc F1 B caedyiowleM CMBIC/IE ONpeeNseT 8HYm-
pennioto modeas teopun NBG. [Las Bcako# (opmynsl o# (3amucanHoi Ges ?
COKpalleHHHX o0osHauenndl) co CcBOOOAHBIMA TepeMEHHBIMH Yy, ..., Y,
o6o03naunM uepes Rely (o) GopMydy, NOJYUYEHHYIO U3 GOPMYJnl oF 3aMEHOH - -
B Heli Bcako# moadopmyast VX% (X) (HauuHas ¢ CaMBIX BHYTDEHHUX) Ha
VX (X = Hc (X)) u nobasieHnem K pe3yabTaTy TakuX 3aMeH HOCHIIKH
(YicH&...& Y, = H)>D. Uunmu ciosamu, o6pasys Rely (X), Mpt uHTED-
NPETHPYEM <«KJAcC» KaK «mnoakJaacc khaacca FH». Torma okaseisaercs, 4To
g moboi teopemnl o Teopun NBG dopmyna Rely(e#) TOXE ABAIETCH
teopemoti Teopun NBG. :

YnpaxreHue

DIokasate, yTO A BCAKOH axcHOMM o Teopun NBG dopmyna Rely (o)
ectb teopema B NBG.

Otmerum, uto Rely (Vx B) sksusasentno Vx (x & H D B#), rae B*
ectb Rely (B). B uactuoctn, Rely(M (X)) ecte Y (Y=H&XeY),
yro skBuBajgefitHo X & H. TakuMm 006pa3oM, <«MHOXKECTBaAMH» BHYTPEHHEH
vmomean aBasioTca saementsl H. Tlpu cemMaHTHYECKOM NOJXOXE MBI JAOJIKHB
3aMETHTh JIAILB, YTO, KakoBa Obl Hu Gnina Mogeab N reopnu NBG (B o6biuHOM |
CMBIC/IE CJIOBA <«MOAE/b»), 0O6bekTst X Mmonean N, KOTODHE YAOBIETBOPAIOT !
ycaosuto X < H, Takwe o6pasyior Momens teopun NBG. Moxmno, kpome
TOro, MOKa3aTh, YTO BO BHYTPEHHell MOJENM COPaBelIMBa U 4KCHUOMA Orpa-
npueHus. ViMenHo B 3TOM M COCTOMT TepBas uacTe mnpeatoxenus 4.40.
HenocpeacTBeHHBIM — CJIEACTBHEM 3TOrO  (paKkta SBJISETCSH COBMECTAMOCTD
AKCUOMBI Orpanmyends, T. €. ecau teopus NBG nenporusopeuusa, TO Henpo-
THBOPEYMBO W PpaclUMPeHHe 9TOH Teopud, moayyaemoe 3a cuer A0GasieHus
aKCHOMbl OFPaHMYEHHs B KaueCTBE €JWHCTBEHHOH HOBOW akcuoMmbl. C nomouibio
COOTBETCTBYIOIIEH} MONENH MOXHO Q0Ka3aTh TAKKE U HE3ABUCHMOCTh axcnomu.
orpaiuuenns or akcuom teopun NBG (cm. Bepuaic |1954], yacte VII);
npaBia, MOJETb 312 OK4SHIBAETCA yxke GoJee CJOKHOH, yeMm Ta, C NOMOULBIO
KOTOpOH T0/MBKO 4TO OBIJIa JOKa3aHa coBMeCTUMOCTh. Takmm 0Gpasom, no
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otHowenmto k Teopun NBG akcuoma orpanuueHus OKasriBaercs OqHOBPEMEHHO
COBMECTHMOH W HE33BUCHMOM: KAK OHa, TaK W €e OTPHUAHHE MOrYT GhiTb
Ges npoTusopeuntt npucoenunenn x teopun NBG, ecam, pasymeercs, nocaen-
Hid CaMa HeNpoTHBOpeunBa. (B CymHocTn TeMH Ke NOKa3aTenbCTBAME MOMHO
BOCROJL30BATLCA 1M AJS YCTaHOBJEHUS (DAKTOB HE3ABHCHMOCTH M COBMECTH-
MOCTH aKCHOMEI OFpanHyeHus no otHowenunio K Teopun NBG --(AC))
AkcaoMa BHOODa TaKxe HE3aBHCHMA U COBMECTHMA 110 OTHOLIEHHIO
k teopun NBG. Cuavana I'¢ neann [1940) nokasan, uto ecam Teopus NBG
HENMPOTUBOPEYHBA, -TO Henporusopeunsa u Teopus NBG -}~ (AC) -} (akcnoma
orpannuenns) - (GCH), rne (GCH) o6oaunauaer rax Ha3LIBAEMYIO 0 000U eH~
HY10  KOoHmunyym-aunome3y: VxVy 1(Inf(x)& x 3 y&y = P (x). (Ha
CaMOM  f1€Jig, S3TO YTBEPHAEHWE CTPAN4ET HEKOTOPHIM H3JIUIIECTBOM, HGO
Cepnuncku# [1947) n Ulnexxep [1954] nokasam, uto F (GCH) o
D (AC)) C npyro# cropons, Menneascon [1958] nokasan, uto ecan
reopus NBG. nemporupopeunBa, 1o akcuoma BHGOpa HEBHIBOIUMA Haxe
B paClIMpDEHNU STOH TEOpUN, NOJAYYAIOUIEMCS B PeayabTate aoGasieHna K Heh
4KCHOMBl (YHIMDOBaHMA B KauecTse HOBOH axchombl. Takum oGpasom, ecan
reopus NBG wuemporusopeumsa, 10 K nell Ges NPOTUBOPEUMS MOXHO npH-
COCAMHUTL KaK CaMy akcuoMy BHIOOpa, Tak u ee orpuuanue. (Oanako ponpoc

O HE3aBUCHMOCTH akchnombl BHOGOpa 0T axcuom teopun NBG -|- (akcuoma
OTPaHMYEHHsA) OCTAETCS NOKA OTKPHTHM ¥).)

YupaxeeHun

L. Mokasats, uto B Monean H,, <kaaccamm> KOTOPOR ABAANTCA MOMKAACCH H,,
Bce akcuoMmbl Teopun NBG (kpome, 6bITh MOXeET, aKCHOMBI 6ECKOHEUHOCTH 1 AKCHOMb
3aMeWLEHUA) BHNOJHEHH TOMAA M TOABKO TOLKA, KOMAA2 a €CThb NOPAAKOBOE YUCHO
BTOPOro posa (T. €. KOTNa mMmeeT MecTo Lim (a)). [loka3aTb Takke, 4TO H, ynros-
A€TBODAET AKCHOME GECKOHEYHOCTH TOrJa H TONbKO TOINA, KOTAA ® <<, a.

2. lokagath, 4TO aKCHOMA GECKOHEYHOCTH HEBHIBONIMMA W3 OCTAAbHHLIX AKCHOM
reopuu NBG, ecan mocaensne o6paayior HEMIPOTHBOPEYHBYIO CHCTEMY aKCHOM.
(Ykasanne Paccmorpers Molteab H,, <KaaccaMH» KOTOPOiH ABIAIOTCA TOIMHO-

wecrBa FH,, W 1OKa3aTh, YTO AKCHOMA 6ECKOHEUHOCTH B STOH MONEHH He BLIIO-
HeHa, a ocraabHpe akcnombl NBG Bhinoaneus:.)

*) Mo cymecTBy STOT BOHPOC BMECTE C TAKHM ke BonpocoM aas o6obuieHnol
ROHTMHYYM-THTIOTE3H NlepecTan ObiTb OTKPHLITHM YiKe BCKOpe NocAe TOro, Kak Gmna .
Hanucaha STa KuWra, Tak Kak na teopuio NBG - (akcuoma orpanuuenns) moxer
Outh nepenecen peayabtar [ Ix. Kooswna [1963—1964] 0 He3aBHCUMOCTH aKCHOMB
BLIGOPA M 060GICHHON KOHTHHYYM-THIOTE3bl NS CHCTEMb aKCHOM TEOPHH MHOXeCTB
Llepmeno—®penkenn ZF. Teopun ZF noayuaercs us onucsipaemoil Hmie Ha crp. 227
Teopun ZSF noGamnennem k Hell akcnoMb orpanmveHus. KosH 1okasan, 4To ecan
Te0pus ZF HenpoTHBOpeuHBa, To B Helt HEBLIBONMMa aKCHOMA sei6opa, a 0606uieHnas
KOHTHHYYM-THIIOTE3a HEBBIBOJAWMA B Teopun ZF - (akchoma BmiGopa). Vanomeune
STUX pe3yabTaTOB, a 3a0AHO M NPeXHUX pe3yabTaToB [Elens O COBMECTHMOCTH
aKCHOMbl BbIGOpa ¥ 0GO6ILEHHON KOHTHHYYM-FPHNOTESb (npumenntenbHo k ZF)
MONHO HalTh Takxke B knure Kosua [1966], nepesenennoli HemaBno ma pyccxuit
H3bIK. 3HeCh HeOGXCHMMO TaKk¥e YKasaTh Ha wUKa ctatell BomeHkn [1965}),
[1966], B KOTOPLIX OTAHYHBIMM OT KOSHOBCKMX METONAMH JIOKa3biBAETCH, MEHIY
IpoOuUNM, ¥ HE3aBHCUMOCTL 06O6UIEHHONR KOHTHHY YM-TRIIOTE3bI (A8 CUCTeMbl " Enenn—
Bepratica ¢ akcunomoii swGopa). (llpum. nepes.)

8 3. Mennenncon
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3. IToka3arb, uTO akcuoma 3ameuieHus R uesmBoauma u3 axcuom T, P, N,
- B1—B7, U, W, S, ecan stu nocaensune cosmectumb. (Y k a3 aHue. Ioxazarh, uro
Hw+0w agagcTCca Momeablo naa axcuom T, P, N, Bi1--B7, U, W, S, Ho He naa

akcuombl R.)

4, [lopaaxoBoe UWHCAO o Ha3blBAETCA Hedocmuscumvm, ecan H, sasnsercs
momensio  teopun NBG. Ilockoasky NBG umeer nulie KOHEUHOE MHOMECTBO
COOGCTBEHHBIX aKCHOM, YTBEpXIeHHe, YTO a eCTb HeROCTHXMMOEe MOPAAKOBOE YuCHo,
MOMET ObiTb BHIPAMEHO KaK KOHDBIOHKUHA PEAATHBU3NDPOBaHHhIX nocpeacrsom H,
cobersennnix akciom NBQG. Onnako yTBepxienue CyuieCTBOBAaHHA HeXOCTHXUMBIX
NOPAAKOBBIX yHCel Helokasyemo B teopun NBQG, ecau mocnefHsas HeNpOTUBOPeUNBa,
To e camoe BepHO AAA PACHIMPCHUA STOH TEOpUM C NOMOILLIG AKCHOMBI BbhIfOpa
u 06061eHHON KOHTHHYYM-rHnOTe3sl. (Cu. Hlenepncon [1951-—1933]), MonTermw
u Boort [1959], a takxke, B stofi cBasy, bepuaiic [1961] u Jlenu [1960].)
B cpoe Bpemsa Obl1a yCTAHOBIAEHA CBA3L HEJOCTIMUMbLIX NODPAAKOBLIX UHMCEN C HEKO-
TOPLIMU NPoGAEMaMU TeopHH Mepbl U aare6pwl (cM. ¥ aam [1930], 3uman [1955],
Dpanéw nw Tapckuin [1961]). Bonpoc o HenpoTUBOPEYUBOCTH PACIIWPCHUA Teo-
puu NBG po6asienreMm akCHOMbBI, YTBePXAAOWEH CYUIECTBOBAHHE HEAOCTHMHMbIX
LNOPALKOBBIX YHCE], OCTAeTCH NOKA OTKPBITHIM.

5. PyHKuMs W Ha3bIBACTCH a-nOCLe008AMEAbHOCTLIO, €CIH ee 00AacTh ompele-
AeHUA cosMafaer ¢ a. Ecan K ToMy ke o6nacts 3HaueHUM QYHKUMH W COCTOMT U3
NOPAAKOBLIX uMCEld, TO Ha30BeM TaKyl QYHKUMIO a-n0cAe008amesbHOCIbGI0 NOPAD-
xo8ux ducen. Haxonen, ecay u3 § <, 7 <<, @ Bcerja caexyer @ (§) <<, w (Y), T0 6ynem
rOBOPHTb, YTO W eCTb B803PACMAIOUAS a-NOCALO08UMENLHOCHL NOPAOKOBHLY HUCEA.
B cuay npemmowenus 4.11, ecam w ecTp BO3pacTamman o-nociAel0BaTelbHOCTh
nopagkossix uuced, to U{w “ a) ecTp HauMeHbLIash BEPXHAA rpaHb 0OMACTH 3Haue-
unil w. [lopagkoBoe wuciao d Ha3bIBAETCA pezyAsipHoiM, €CIN IIA TI0O60ro a <<y
BCHKa# BO3PACTauias o-NOCAELOBATEALHOCTb MOPAIKOBBIX uYHCENd W, 3HAYCHHUA
KOTOpPO#l MeHble d, yaoBaersopser HepaseHCTBy U (w ¢ o) 4, 1 <y 3. [lopankosoe
YUCIO, He ABNAOINEECA DeryNAPHbIM, Ha3bIBACTCA CUHZYASLPHOLM.

(i) Kaxue xoHeuHbie MOPANKOBbIE UKCAA ABAATCA PeryaapHbiMu?
(ii) [lokasaTb, YTO w, PEryasapHO H ®, CHHIYJIAPHO.
(iii) loxasaTb, 4TO BCAKOE PEryAApHOE HOPAZKOBOE YHC/AO ABIACTCA HAYAAbHBIM.

(iv) C nomowbio akcHoMbl Bbifopa JOKa3aTh, YTO BCAKOE HOPANIKOBOE YHCAO
BMIA @, , DEryiApHO.

(v) [okasarb, 4to ecan Lim (z) U NOPAAKOBOE WYHUCAO «, PEryAAPHO, TO.

w, ==a. (Ecau Lim (¢), 10 perynapHoe MOPAAKOBOE YMCIO w, HA3BIBAKT
CAa00 HEOOCIMUINCUMBLM.)

(vi) [lokasath, 4TO eClt JaA w, U3 | < ®, ClAeAyer & (1) 3@, 10 Lim (a).

O6paTHo€ yTBep¥AeHne CiaelyeT U3 0606UWEeHHON KOHTHHYYM-THIOTE3bl. ~

Ecan 0 < o, T0 peryanpHoe MOPAIKOBOE YHCAO w,, 1A KOTOPOrO 1< @,
Biaever & (Y) < o,, HA3LIBAETCH CULBHO HedOcmudcumuim. Beskoe cnabuo
HEAOCTHKHMOE [OPALKOBOE UYHCAO HBAHETCA CNaB0 HEAOCTHMUMBIM,
a B APEANOA0KEHHH 0606UIeHHOM KOHTHHY yM-IHII0Te36l BEPHO U 06paTHOE
yTBEDXIAEHHE,
(vii) (Wenepacon [1951—~1953], Monrerwo u Boort [1959].)

: (a) Ecam nopsiaxoBoe 4uca0 § HeLOCTAXHUMO (T. €. ecad fi, aBaserca

mogeapio ais NBG), 10 oHO cnabo HemocTHRHMO.

D(b) B teopun NBG 4 (AC) BeaKoe NOPHIKOBOE YHCIO HELOCTUNHMM
TOCAa U TOAbKO TOrAa, KOrja OHO CHABHO HEAOCTHKUMO.
(¢) Ecan teopua NBG Henporusopeuusa, 1o 8 teopun NBG 4 (AC) 4

-+ (GCH) HeBo3mOXHO [NOKa3alb CyLLeCTBOBaHUE CAa00 HELOCTUMUMbIX
NOPALKOBBIX YHCEd.

§ 5. AKCHOMA BBIBOPA. AKCHOMA OTPAHHMUEHMS 227
>

Mb BHOpaan na3  aKCHMOMaTHYECKOTO NMOCTPOEHMA TEOPHA MHOMECTR
teopuioc NBG nortomy, uro oma sBasercss, BO3MOXHO, camoit npocToit u
HanGonee ynoOHo# nas paGorawomero mareMmatika. KOHeuHO, MMeeTCs MHOIO
IPYrUX BAaPHUAaHTOB ZKCMOMATHYECKOH TEOPHH MHOXECTB.

(1) 3amenny (ycnwins tem campim Teopmo NBG) akcnomm B1—B7 omoi
cxemolt  akchom:  AXVy, ... Yy, ((, ..., VY EX=0o(n, ceos V),

‘[A€ ¢ -— NpousBOJbHas, He 00533aTeJbHO TNpPENUKaTHBHAs, (GOpPMyna Teopun

NBG. ITonyvennas takum oOpasom nosas teopus NBG* seasercs pacip-
penvem Teopnn NBG. Moctosckuit [1951a] noxasan uro NBG* spjs-
ercsl COOCTBEeHHBIM pacumpenuem reopun NBG, ecaum sTa nocaemnsis Henpo-
tusopeunBa. Teopus NBG* npome u cumpnee teopun NBG; HO nmeHHO
Cuna 5TOH Teopun nenaer Gosee PUCKOBAHHBIMU HAmEXIH Ha € HeNpOTHBO-
pequzocn. Kpome Toro, mpencrasasercs npaBaononoGHbiM, YTO Ha TEOPHIO
NBG" ywxe ue pacmpocrpansercs poxasateasctso [épens [1940] o6
OTHOCHTE/IbHOH HENpOTUBOPEYMUBOCTH aKCHOMBI BHIGODa.

(2) Cucrema ZSF llepmeno— Ckonema— dpenkes spaseTcs no CYIECTBY
uacteio reopun NBG, TpakryoueH ToasKG O MHOXeCTBax. B KkauecTse
nepeMeHHHX B ZSF MBl ucnoab3yeM Xy, X, ... ENUHCTBEHHHIM npeauKa-
TOM B 3TOH TEOPRH sBJAIETCR - ABYMECTHHIH NpeanmkaT & . Axkcuomamm ZSF
cayxar akcuomu T (o6vemuoctu), P (naper), N (mycroro MHOxecTRa), U
(o6benunenns)), W (MHOXKECTBA BCEX NOAMHOKECTR), I (6ecxoneurocru) n,
Kpome TOro, uMeeIcs e€me CXeMa aKCHOM, COOTBETCTBYIOLLAS aKCHOMe
samemennss R: nas Beakodt QopMynl ¢ (i, U) aKCHOMOH sBASETCS dopmyana

(VoVuVu(e (v, 0) &9 (v, w) Du=w)) >
DPVauuey=Ivwvwes x&e (v )

Beakas  opmyna Teopun ZSF  MOXET paccMaTpuBaThCs Kak HEROTOPas
¢opmyna teopur NBG, B kotopo#i nepemenurie teopun ZSF urpaior poss
OrpaHUYEHHBIX MHOXECTBaMH nepeMmennnix Teopur NBG. Nokasano (Ho v a k-
Pan [1951}, Poccep n Bau Xao [1950], Wéunduasa [1954]), aro
s moGol samkHyTOH (opMynn o# Tteopum ZSF, ecan Fxnpg s TO
{—,sp @5 a notomy Teopus ZSF HeNpoTMBOPEUMBA B TOM M TOABKO B TOM
ciyyae, Korja nenportusopeunsa teopus NBG. TMompoGiee o noCTpoeHmn
teopun ZSF cm. Cannc [1960) A
O030p pa3/MuHBIX aKCMOMATMYECKMX CHCTEM TEODHA MHOXECTB MOXKHO
naittu 'y ®penxkens m bap-Xnaaena [1958] u y Bana Xao n
Mak Hotona [1953]. Mm orchsiaem Takxe uHTATEJS TO BonpOcaM, Kaca-
townMcst - 6osee  uiau  Memee NOAPOGHOrO  M3NOKEHMS TEOPHH. THIOB,
k Hépuy [1940] u Kyanny [1938]; cucremn New Foundations. (NF)
Kyaiua—x Poccepy [1953Julllnekkepy [1953] (rae LOK33aHO, uTO

CH/IbHast akChHoMa BbiGopa onposepkuma B NF) u cucremnt ML Kyatina —
k Kyaitny [1951] ‘ o - '

2
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dddexTHBHAR BBIYHCIUMOCTD

§ 1. Hopmamsnbie asropudmet Maprosa

O6biuno  ¢ynkumus f(Xy, ..., X,) MBICAATCS HAMH KaK Igpgper mugHo
spiMuCAUMar, ©CAY UMEeTCs Kakas-HUOyab MeXaHuuecKas npoueaypa, caeays
KOTOpO#l, MOWHO Hafitu 3nauenwe (kg ..., k,) sTofi yHkuun BCAKUH pas,
KaK TOJABLKO JaHBl 3HAaueHus Ky, ..., R, apryMeHToB. BeIpaXKEHUE «MEXaHu-

yeckas npolenypar», pasyMeercs, KpalHe HETOYHO, HO BO BCSKOM Chyuae
Mbl TIOA - DTUM TOHMMaeM HeKHH npouecc, He Tpebylowui s CBOEro ocy-
mecTBJeHuA HMKaKoil u3o6peraresbHOCTH. JLOCTaTOUHO MPOSPAYHBIM TOMY
NpUMEPOM MOXET CJYXKHTb Ollepalus CJHOKEHMs ABYX USABIX UHUCE], 3aru-
CaHHHX B Aecartuuno#t cucreme. MOXHO Takwe yKasaTbh Ha XOpOWIO H3BECT-
Hoift aaropum Epkiupa nas HaxoxaeHus HauGoabluero oOWEro ae/uTen
ABYX ieJHX vunces. B sTux asyx npuMepax NpPEACTaBAETCS HHTYUTUBHO
ACHBIM, 4TO JaHHble (YHKUMR S(pGEKTHBHO BbluMcauMbl. M TaK obcrout
neao Besxud pas, Korma ageKkTHBHAA Tpouenypa yme HalIeHa. Ouxrako
BCe valle ¥ yaimle Mbl CTaJKMBaeMCH B MAaTeMaTHKE € 3ajauefl, cocrosuled
8 TOM, uroOh JOKa3aTh, 4TO HE CYyWecTBYeT 3((eKTUBHO BBIYHCAUMOH
(pyHKUMA TOrO WJAM HUHOIO DOAd KJM 4YTO HE CYWECTBYET HUKAaKOH 3(dek-
THBHOH HNpPOUERYPH AJIs PellieHus Kakoro-auGyAb LWHPOKOro Kaacca npobJiem.
INoscHuM CKA33HHOE elle TaKUM NPUMEPOM. XOPOILO M3BECTEH 3PHEKTuB-
Hbil croco® y3HABAaTh, HMEET JiM LEJbIC KODHU JaHHBIA TPON3BOJbHLIA
MHOPOU/AEH C LeAbiMu Ko3(duuueHTamu, 3aBHCAMMA OT OAHOU nepeMeHHOM.
C npyroH CTOpOHBI, [0 CHX TOp €lie OCTAeTCA HEePEeHIeHHOH TaK HasbiBa-
eman Nlecatas IlpoGaema ['wapbepra, T. € HE pelied BOTMPOC O CYUIECTBO-
BaHuM 3QQexTuBHOH npoueaypsl, CAeLyR KOTOPOH, MOXKHO Obisio OBl AJIA
mo00ro MHOrou/JeHa ¢ LeabiMy  Kod(pduuueHtTamu, 3aBHCAIICro  OT Apous-
BOJBHOTO WYHCJA TEPEMEHHMX, OTBETUTbL HAa BONPOC, MMEET /W 3TOT MHOrO-
yaeH uensie Kopuu ¥). Ecay mm OGepemcn AOKaswiBaTb, 4YTO Ta WM UHas
¢yukuus He ABASETCH SPQPEKTUBHO BHIYUCAUMOH, TO MBI NPEWAE HOMKHH
chopMyANPOBaTL TOYHOE MATEMAaTMUECKOE ONPEAC/EHHE NOHATUA apdexk-
tustoft  BeuMcaumoctd. COBEPINEHHO aHAJOFNYHAd CHTyauus CAOXKHUIACh
B CBOG BpEMs B MaTeMaTHKe, KOrfla Haspela HEOOXOAUMOCTb yTOuHE-
HUR TAKAX MOHATHH, KaK HElIpephBHOCTb, KpUBAA, HOBEPXHOCTb, MJOLLALb
uTon

*) Dra npobaema Ouna pewiena smepsuie [O0. B. Matuacesunuem 11970)
u Heckoavko nodxe I, B, Uyaunosckum [1970] ([Tpum. ped.)
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Beskas uactHas npoGaema us Kakoro-suOyab oOuiero kJaacca nmpoGaem
MOXeT ObTbh CPOPMYJIMPOBAHA B BHAE HEKOTOPOTO BHPAX EHUS NOAXOAALIErO
A3bKa.. BeAKkoe BRIpameHue TOro maW MHOrO #3hlKa B CBOIO OYEPELb MOXHO
paccmarpuBaTh KaK TNOCJENOBAaTeNbHOCTh CHMBOJIOB 3TOrO #3biKa MpH YCJO-
BUHM, UTO IYCTOE MECTO, OCTaBjseMoe OOBIYHO AJs pasfeleHus CJI0B, BOC-
IPHHUMAETCd KaK PABHONPABHBIH CHMBOJ TOro e s3blka. Mbl OyzeT Hasbl-
BATb QAQHa6UMOM BCAKOE HENYCTOE KOHEUHOe MHOXECTBO CHMBOJIOB, a CaMi
cUMBOJAB  andaBuTa Oynem HasHBaTh OyKBamu. B ecTecTBEHHHX 93bIKAX
HCIOJB3YETCs Juilb KOHEYHOE 4uca0 Oyks. PasueiM oOpasoM u gas Hamux
nesed AOCTaToOYHO GYeT OrpaHUYNThCH PACCMOTPEHHEM TOJLKO TaKuX ajda-
BuTOB. (BmpoueMm, BCce, ur0 MOXHO 3anucaTb B OeCKOHeUHOM andaBuTe

ay, ay, ..., MOXHO BOCNPOM3BeCTH M B andasute {b, ¢}, comepwaileM Juilb
aBe Oyksel. [lJs 9TOr0 [JOCTATOMHO YCJHOBUTBCS CUMTATh, UTO FOCAENOBE-
TeAbHOCTh bec ... cch usobpaxaer OykBY a,) [as emunooOpasus Mol
n pa
pas

OyaeM, Kak npaBujo, UpeAnoJaratb, uro OykBsl Bcex aadasuroB OepyTca
B3 ONHOH M TOH Ke CueTHO# TNOCAeAOBAaTENLHOCTH OYKB Se, S, ..., x0TH
VHOTJa B Ledsx yno6ctBa OyaeM MCIONb30BaTb M Apyrue OyKBHL.

Caogom B ajdasnre A Ha3BIBAETCA BCAKAs KOHeYHas [OCJEIOBATE/b-
Hocth Oyks angasura A. Ilyctas nocjenoBaTesbHOCTh  OyKB HasHIBaeTCA
nycmolx caogom v obosHauaercs uepes A. Eciu P o6GosHayaer /08B0
ij ka n Q o6osHayaer CJOBO S,l, ceey S,m, 10 nyctb PQ o6osHauaer
coedurnenue S,-1 kaS’1 S,m 3TUX ABYX ca0B. B uwacruocrn, PA=
= AP=P. Kpome 1010, (plpg)pg,:pl (ngg)

Andasur A nasmiBaercs pacuwupenuex andasuta B, ecom B = A Ecm
andasuT A ecTb paciumpenue aipasura B, To Besikoe caoBo B andasute B
ecTh TAaKKe CJA0BO M B andasute A. Aszopugpmon 8 asgpasume A nasu-
Baercsd 3Q(PEKTHBHO BhYuCAMMas ¢yHkuusa, obJacTbio onpeneaeHus KOoTopoH
CAYKHT Kaxoe-HuGynb MOAMHOKECTBO MHOMKECTBA BCEX CJIOB B axdasure A
M 3HaUEHWAMH KOTOpOH sBJsOTCS Takxke ciaosa B andasure A. Ilycte P
eCcTh C0BO B anadasure A; roBopat, uto aazopugpm N npumenur K caosy P,
ecan P comepxurcs B oGnacta onpexenenns . Ecou andasur B apas-
eTca pacmupennem aagasura A, TO BeaxkuB aaropudM B andasute B Hasu-
BaeTcs aszopugmom Had aagpasumom A. Pasymeerca, B TaKOM BUAE
NOHSATHE AJArOopudMa CTOJb Ke TYMaHHO, KaK U NOHATHE 3(DPEKTUBHO BHIUKC-
aumMoft. (pyHKuMM,

BONBIUMHCTBO HM3BECTHHIX aArOPUPMOB MOXHO pPa3OMTh Ha HEKOTODBIE
npocrefime warn, Mcxons us storo Habmopmenus u caenys A. A, Map-
kosy [1954], B KauecTBe siemenrapHO# onepauuu, Ha Gasze KOTOPOH
6yayT -CTPOMTLCH aqropudMel, MBl BHCAMM TOACTaHOBKY OLHOrO CJOBa
sMecto gpyroro. Ecan P u Q—caosa B andasure A, TO BHpameHue
P->»Q n P—.Q Oymem Ha3bBaTh ¢hopmysamu nodcmaxosxu B aiga-
pute A, [lpu 5TOM mnpexanoJsaraercs, 4TO CTpeJKa — M TOUKA - He ABJIA-
orca Oyksamu andasuta A. 3aMmeTuM, 4TO 31€Ch Kawaoe M3 caoB P u Q
MOXeT OsiTb nycThM cjoBoM. Popmyna NOACTAaHOBKHM P —» Q HasulBaeTcs
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npocmol. ®opmyna noAacTaHOBKM P —> . Q Ha3LIBACTCA 3AKALI0HUMEABHOL.
Ilycte P —(-)Q o6osHauaer moGyo us dopMya noacraHoBku P — Q
i P — - Q. Koneunnlft cnncok ¢opmyn noactaHosku B angasute A

Pi>()Q
P‘z—>(’)Q3

br'_)(‘).Qr

Ha3bIBAeTCA  cXeMOU aazopughma W TOPOKIAAET CAECNYOUIHH anropugpm
B angasure A. YC/JIOBUMCA MPEABAapHUTENBHO FOBOPHTH, UTO CI0BO T 8x00um
B C10BO (), €C/AM CYUIECTBYIOT TaKue (BO3MOXHO nycreie) caosa U, V,
uro Q==UTV. Ilycte Teneps naHo HEKOTOpPoe ca0BO P B andasure A.
ITpencrasisiorcs ABE BO3MOMNHOCTH: (1) Hu onHo u3 caos Py, ..., P, ue
BXOIAT B €A0BO P. ITOT ¢hakT Mbl GYAEM KOPOTKO 3anuchiBaTh Tak: ¥ :P—.
(2) Cpemu cnos Py, ..., P, CYWeCTBYIOT TaKue, KOTOpHE BXOAT B P.
Hycts m — naumenbliee uenoe uncao Taxoe, uto l<<m<<r n P,, BXO-
T B P, » R— c10BO, KOTOPOE MOJYY4€TCH, €CIM CAMOE JIEBOE BXOMKIE-
Hue c1oBa P, B ciaoBo” P 3amenuts caoBoMm Q. Tor ¢axt, uto P u R
HAXOAATCS B OMHMCAHHOM OTHOIUEHHH, KOPOTKO 3alMILIEM B BHIE

@ A:P | R,

eci (popMysaa NOACTAHOBKM P, — (-) Q, — npocTas (4 Toraa Msl CKamew,
yro aaropugm A mpocro nepesoadr ¢10Bo P B ¢10B0 R), UM B BHAe

(b) A:P - . R,

ecm ¢opMmysa nNOACTaHOBKH P, — () Q,, — 3akmountebHas (v Torma wul
cKaxeM, uTo airopudm ¥ 3aKMOUNTENLHO NMEPEBOIMT CAOBO P B caoBo R).
Iycrs, nanee, A:P =R o03HauaeT, uTO CYWIECTBYET TaKas MOC/IENOBATED-
nocte Ry, Ry, ..., R, caos B andasute A, uto P=R,, R=R,,
ARy Ry nma j=0, 1,..., k—2 u jmbo A:Rp—s - Ry, anbo
A :Ryp_y |- - Ry (8 570M nocaensem cayuae sMecto A: P = R mul 6ynem nucats
A: P =-R). Mn nonaraem teneps A (P)=R TOrza u TOJLKO TOTrAa, KOraa
m6o A:PE=-R, mbo A:PE=R n A:R—. Asropudm, onpesenensmh
TaKuM 00PA3OM, HA3BIBAETCA HOPMAABHBLM QA20PUPMOM (WIU QA20PUDMOM
Maprosa) 8 aagasume A.

PaGora anropudma U moxer ObTh onucaHa caeaywomuMm o6pasoM.
Ilycrs nano cioBo P B andasure A. Haxonum mepsyio B cxeme auro-
pudpma A dopmyny noxacranosku P, — (-) Q, Takywo, uto P, BXOAuT B P.
CosepuwiaeM noxcraHoBky ciaoBa Q, BMECTO CaMOTO JIEBOTO BXOXIEHHS
cnosa P, B caoso P. Ilycte Ry — pesyabrar rtaxoh nopcraHosku. Ecom
Py~ () Qpn— sakmouutenbHan (POpMyJa NOACTAHOBKH, TO paboTa amro-
pu¢Ma 3aKaHYMBAETCR W €r0 3HauenueM ssJiseTcs Ry. Ecom dopmyrna noa-
CTaHOBKH P, — (-) Q,, npoOCTasn, TO NPUMEHNM K Ry TOT ke TOHCK, KOTO-
poiffi OB TOABKO YTO NPHUMEHEH K P, W Tak nmajee. Fcam MM B KOHue
KOHIIOB TOJYYHM Takoe caoBo R;, urto U:R;m, T. €, HA 0AHO M3 CJAOB
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Py ..., P, we BxoauT B R; 1o pabora aaropudma 3akandyuBaetca m Ky
Oyner ero snauenueMm. Ilpu sTOM B03MOXKHO, UTO onmcauunléh npouecc
HUKOTAA HE 3aKkoHuuTca. B Takom cayuae Mu rosopmM, uto aaropugm U
HENPUMEHUM K CaoBy P.

B nawieM u3/NOXEHUHM TEOPHM HOPMAJbHBIX AJLODH(MOB Mbl  CAELyeM
A. A, Mapxosy [1954]

IMpumepn. 1. Iycts A ects aagasur {b, c¢}. Paccmorpum cxemy

b—-A
C—>C

OnpeneasieMpifi 210 cxeMoH HopMaibHbili anaropugm U nepepabarniBaer
BCAKOE cnoso P B aadasure A, comepxawee XoTs Obl OJHO BXOM(IEHHE
OykBH b, B CJ0BO, KOTODOE NOJYYAETC BHUEPKUBAHMEM B P CaMOro JIeBOro
Bxoxaenns Oyksbl b. Ilyctoe caoBo U nepepabarniBaer B caMoro cebs.
Hakonen ¥ HenpuMeHuM K HENYCTBIM CJOBaM, HE COAEPMHALIUM BXOKICHUH
Oyksnl b.

2. Ilycre A ectb aadasur {ag ay, ..., a,}. PaccMoTpum cxemy

a0—>A
a1—+A

Qp > A

Ycaosumcs COKPAlLCHHO 14306pa)i(aTI> 9Ty CXEMY Tak!:
{§—>A EeA)

(Ilpn pacluppoBKEe TakoH COKpAIIEHHONH 8aluCH COOTBETCTIBYIOULHE (QOp-
MyJbl NOACTaHOBKH MOXCHO BHIIINCHIBATH B NPOUSBOJILHOM MOpsAKe.) JTa cxema
onpeienseT HopMaabhbeil  aaropugm ¥, nepepabaThiBaromiui BCAKOE CJAOBO
(8 andasure A) B mycroe caoso. Hampumep, U:ajasa1a300 - aia9a;a; -
- awaias |- asas |- a3 |- A u, mHakowen, U:A . ChenosateinsHo,
A (asagaiasas) = A.

3. Hycrs A — aadasur, conepxauninit 6ykBy S;, KOTOPYIO MBl COKPAWEHHO
oboaHaunm uepes 1. Jlas BCIKOro HaTypaibHOTO 4YUC/AA N ONpPENE]dM Mo
unaykupd O=1 u n—{-l‘:nl. Taknm obpazom, 1=11, 2=111 n 1. 1,
CnoBa n HasbBaoTCa gughpasu. OnpenenaM Tenepb HopManbusi aaropupy %,
cxeMmoti

{A—>-1

Ins moGoro caosa P B andasure A umeem 9 (P)=1P *). B uacrnocru

Y (m)=n--1 npu mo6OM HaTypagbHOM 7.
4. Ilycre A — npoussoabHbifi  andasut {ay, a1, ..., @} Has Beaxoro

cioBa P==a; a; ... a;, c10BO P= @8, -+ Q;Q; HA30BEM oOpaujeruem

#) D10 OYEBHIHO, €CI¥ 3aAMETHTb, UTO BCAKOE CAOBO P HauMHAETCA C BXOMJe-~
HUA NyCToro caora A, u6o P= AP,
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cioa P. Tloctpoum HopmaibHBY airopugm A Tako#, ytoOn mas mo6oro

crosa P B andasute A BHMOJAHANOCH pasenctBo ¥ (P)==P. Paccmorpum
cAeLYIOULYI0 (COKDALEHHO 3anuCcaHHylo) cxeMy aaropudmMa B aiadasute B =
=AU | B:

ga — B
Bt (e A)
fo—0

p - A
ant — Eam mEtesA) ©
A—>a ®

Ita cxeMma onpeae/ser HEKOTOPHH HOpMaJibHEH aaropudm A B andasute B.
Paccuortpum npoussosbnoe caoso P=a, a; ... a; B anpasute A. B cuny
16%y T

tbopmy.an noacranosku (f), A: P |- aP. 3areM, npuMeHsis 10CAET0BaTENLHO (HOpP-
MYJIbl TIOACTAHOBKH (€), NoJydaem 9!\: P |~ a;0a;ay ...a; |-a;a;00;a; ...
@y, = -4 ... a5 00 Takum obpasom, A:Pl=aja; ... a;00;,
9 - .
C nomommio (f) mnoayuaem satem A: Pl= aa; a; ...a;00; Ipumenss,
Kak u Bbiwe, GOpMyan mojcTaHoBkh (e), noayuaem A: P = ajay, ...
... aj0a;aa; Tlosropsa sTOT mpouecc, npuxoauM K A:P=oaj o0, ...
... 0a;0a;. Tenepy, cvosa na ochosanun (f), A: Pl=axa; 0a;  ...0a;0a;
u ¢ novousio (a) A: Pk Bajea;  ...aa;0a;. Tenepp oCTaeTcs npume-
nuth (b), (c) u B 3akmouenne (d), nocae uero n nosnyyaem A: P = P. Wrax,

MBI MOCTPOUJIM HEKOTODBIH HOpMabHEH anmropudm A Hax aadasurom A, obpa-
maloutnil Bcakoe caosBo B andasurte A ¥),

YnpamHeHHs
1. Mycts 3anann andasut A # Npow3BoIbHOE CI0BO Q B 9TOM andasute. Onu-
caTh NEHACTBHE HOPMANbHLIX aAropudMoB, 3a/laBaeMbIX CIeNYOIHMHA CXEMaMM:
(a) A—-0Q
(b) Cxema B andasure B=A'{J {a}, rae o npunamnexur A:,
[aE T (e A)
) a_..Q
lA —a

*) Pazanume MexJIy MOHATHeM HOpPManbHOro anroputma B andasute A M nous-
THEM HOPMAaabHOro aaropudma Hax aadasutoM A aABIAeTCS BechbMa BaXHbIM. Bes-
Kuil HOpMajibHbIfl anropngm B A ncnonbayer T0AbKO 6yKBH A, TOTNa KaK HOPMasb-
Hpifl anropudm Hax A MOXeT HCHO/Ab30BaTh W HEKOTOPble JONOJMHUTENbHble OYKBBI,
He sxojduue B A. Besknit HopManbHb anropudm B A sBASETCA TaKiKe HOPMATbHEIM
anropudMoM Hax A, HO cymectByoT, BooGule roBops, aaropudmsl B A, KOTOpHIE
ONpeNeaAsioTCs HOPMaAbHBIMH aIropHMaMu Hax A, HO CaMH He SBJAITCA HOPMalb-
HbBIMH anropudmamu B A (cM. ynpaxuaenue 2 (d), ctp. 251).
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(© { tE—=A  (Ge=4)
A—.Q

(d) Cxema B andasure B=A {1}
=1 (EGea-{1}H

2. Myctb andasur A He comepxutr GyKB @,
=AU {s B 1} "
(a) [ocTpouTth HOpMaabHbiit axropudy % B B raxoit, uto A (A) = A u A EP)=P
naa mo6oit 6ykee £ U3 A u masa mo6oro caosa P B A (1. e. HOpMaabHB aaropudm,
«cTHpaoWuil> MEePBYI0 6YKBY BO BCAKOM HelycTOM cnoBe B ardasute A).
(b) Moctpouts HopMaabuuiil anropudm B B aadasnre C rTakoi, yrobe Aaa
mo6oro ciosa P B andaBute A 6nin0 BHROXHEHO paBeHcTBO B (P)=PP.
3. Nycts 6ykBa « He Bxomut B andaeutht A u B, u nycte ay, ..., ap — QuKCH-
poBanHbte GyxBm u3 andasuta A, a Qy, ..., Qp — QUKCHpOBaHHbE CA0Ba B aafa-
sute B. TMokasatb, yto HOpManbHH# amropudm B ardasute A ) B U {a}, sanasac-

MBI Cxemoi
[ ag; — Qiu i=1..., B

3, punyete B=AYy {o} n C=

h

af — §a GCe=A—{ay ..., ap})
a - A
! A—a '
Qiv voes O
nepepabarbiBaeT BCAkoe croBo P B angasure A B caoso Sub Ql é?k(P), T. €.
e
B pe3yibTal OINHOBPEMEHHON IIOJCTAHOBKHM Ci0B Q,, ..., Qp B c10BO P cootBer-

CTBEHHO BMECTO OYKB @y, ..., @p.
4, Iycre H= {1} u M={1, %}. Bcsxoe HaTypaibHOE YMCIO 1 MOMKET ObITb

npelcTaBleH0 COOTBETCTBYlOHle#t HUPpPOH n, KOTOpas mpeacrasager co6oH cl0BO

B andasure H. TlocraBuMm temepb B COOTBETCTBME BCAKOMY BeKTODY (M, ..., fp),
IA€ My, ..., Ny~ HaTypaibHsle YHCA3, CIOBO g% ... xnp B andasure M, kortopoe
ob6o3znauum uepes (ny, ..., np). Tak, Hampumep, (3, 1, 2) obosnauvaer cuaoBO
H1L=11%111. )
(a) Tlokasatb, YTO cxeMma
& — %
all — al
al — .1
Il A—a

onpelenseT HOpManbHbifi aaropadm A, Han andapaToM M, npumeHHMBbIA TOMLKO

K TeM ciaoBaM B aadasute M, KOTOpHIE ABAAIOTCA UHPpPaMu, # Tako#, yto Ay (my=0
nas mo6oro n.
(b). Mokazats, uto HOpMambHuif aaropudm ¥, Han ardasutoMm M, onpere-

AAeMblll CXeMOi
L ]
al — 11
A—a

NIPUMEHUM TOABKO K TeMm caoBaM B ardasure M, KoTOphie CyTh UHQPH, npHueM
Up (r)=n+1 gas mwoboro n.
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(c) Tlycts @y, ..., agp — GYKBBHI, He BXORAWHE B andasut M, u nycts 1 << j << k.
O6oznaunm uepes ¢7°; (npu 1=5i<C k) crimcok GopMYT MOACTAHOBKH
Ogf 1% — Agj 1%
ag; g1 — ay;l
ag;l — gy
Qg% — Qaj 1y

Paccmotpum HopmanbHbit aaropudm %lj.', 3a1aBaeMbIil ONHON W3 CAERYIOIHX
Tpex cxem:

ecan 1 << j<<h, ecmn j=1, ectn j==4k,
TO cXeMOH TO CXemoil TO cxeMof
Q?l A% — ok (-yl
a;l — ol
&ﬂf_1 agl — lay, @Sﬂk-l
Qoj_ 1% > Agj 4% Qg — Qg Qop 1% —> dgp 1%
agj_ 11— ay;l s gyl — agpl
agjl — lag; : agpl — lagy
Qo — Oajyy Fp-1 Qg —> Agp¥
@5ﬂi+1 Oafp g% =~ Ogp_ 4% agp—+ A
: aﬂk-xl""aEkl A—ay
k-1 agpl — agp
Aop 1 — Oop ¥ Ogptt — Ogpk
G‘2lz_11—"“2kl agp— - A
agpl — agp A—ay

Gopt — Qgp*
Ugpp — A

A ay

[loxasath, 4TO 9!’; NpUMEHMM K TeM H TOMbKO TeM croBaM B anpasute M,

KOTOpble MUMEIOT BUI (My, ..., ng), NpHUEM 9(’;. ((nl, ceesy nk))=71, nas mo6oro Habopa
(4, -oey 1p).

(d) MocTpoHTh CXeMy HOopmaibHoro aaropuma B aadasute M, nmepepaGathi-
Baiowero (n;, ng) B | ny — ng |-

(e) Moctponuts HOpManbHble aaropudmpl Hax andasurom M xas apudmeTn
YeCKUX ONepauuil CHOKEHHs M YMHOMXEHHA.

[Tycte A n B — aaropudmel, a P — caoBo. Mu OyzeM npuMmeHsTth 3anuch
A (P) =~ B (P) nna supaxenus Toro ¢axra, uro anbo anropudms A u B o6a
HENpUMEHAMBl K CIOBY P, imGo 06a OHM K HeMy NpDUMEHHMH W TPH 3TOM
A (P)=B (P). Boobme, ecm C n D — xakne-unbynp suipaxenns, 1o C =< D
OynmeT B maabHeHlueM O3Hauarh, yro GO 06a 3TH BHIPAKEHUA HE ONPENENEHH,
au6o 06a onn onpereneHs n 0603HauawT oAuH M TOT ke 0Obext. Hazosem
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nsa aaropudma A u B nan arasutoMm A 6104HE IKBUBANCHMHbIMI OTHO-
curenapHo A, ecan aaa moboro caoa P B andasure A A (P)=~=B (P). Te ke
anropudMbl  Ha30BEM IKBUBAAEHIMMLIMI OTHOCHTEAbHO andasura A, eciu
A (P)=~=B (P) seakutt pas, xorsa P ecrb ¢10B0 B A, U x0Td On 0OfHO U3
ciaor A (P) nau B (P) onpeneneHo u Toxe ABIIETC CIOBOM B A.

Iyctb, Kak u nmpexne (ynpawuenue 4 Ha crp. 233), M ofosnauaer aada-
putT {1, %}, IyCTb TaKNE ® — MHOXKECTBO BCEX HATYDPAJbHBIX UCEN U ¢ €CTh
yacTuyHas 3(PPEKTUBHO BEIUUCANMAd apudMeTHIecKas PYHKIUSA OT 11 apTYMEHTOB,
1. €. (pyHKuus, oTodpakaronias HEKOTOPOE MOAMHOKECTBO MHOXECTBA " B o,
Yepes ‘B? 0003HaUNM COOTBETCTBYIOWMA ajaropudm B M, 1. €. Tako# auropudm,

4yTo %ao ((kl, cees k,,)) == (ky,..., k,) BCAKHH pa3, korxa XxoTs Obi 0HA K3 yacrel
9TOro paseHcTsa onpejenexa. [lpeanoaaraercs Takike, uro B, HEmpuMeHum
K C/0BaM, OTJHYHBIM OT cJ0B BuAA (&, ..., B,). MH HazoBeM QyHKUMO ¢
wacmuino gviucaumoll no Mapxogy QyHxkuuell, ecnm CymecTsyeT HOpMalb-
uoifi aaropudm A nag M, sronne sksBusanenTHRA B, orTHOCHTeAbHO M ¥),
Eciu ¢yHxkuus ¢ onpeneieHa BCiOAy, T. €. A1 MoOOH n-Ku HaTypaibHBIX
uyces, W ABJAETCH YaCTMYHO BBIUHCAMMOH 1o MapKoBy, TO MBI ee Ha30BEM
suiqucaumoll no Maprxosy.

Mu  remepe 0000muM moHATHE pekypcusHoR (yHkumm (cM. crp. 136).
YacTruHy1o PYHKUMIO ¢ OT £ aDIYMEHTOB Ha30BEM 4aC MUHYHO PEeKYPCUusHol, ecln
oHa MOXeT OBITh [0JIy4EHa, HCXOAA U3 HayadbHHX QYHKUUH Z (Hyab-PYHKINS),
U;.' (npoextupytomue dyHxuun) u N (npubdas/ieHe eIuHHUB), C TIOMOLLBIO NOJ-
CTaHOBKYH, PEKYDPCHH H HEOrpaHHueHHOro p-onepatopa. (Mbl rosopum, urto
¢GyHKUEs ¢ TOMy4YeHa M3 (DYHKUHH T C NOMOULLIO HEOrpaHHYEHHOrO p-olepa-
TOpa, eC/U P (X, ..oy Xp) =Y (t (Xp, ..., X Y)=0), rie 0y (* (X . - -, Xp, ¥) ==
=—0) ectp HauMEHbHIEE YUCAO % (€C/AU TAKOE CYLIECTBYET), A/ KOTOPOro
<Xy ...s Xy R)==0, a ecam 1=Ci<Tk 10 T(Xy,..., Xp, i) OIpEHENEHO
u oraauHo ot 0. Takum oOpasom, $(Xy, ..., X,) MOXeT OHTb HE ONpPEAE/IEHO
I/ HEKOTOPHIX M-OK (X1, ..., X,). B uactHoctu § (x4, ..., X,) He onpene’aeHo
IJ151 RaHHBIX Xy, . . ., X,, €CJIM HE CYIIECTBYET TAKOTO Y, 4TO T (Xy, ..., X ¥)=0.)
OvueBugHO, BCHKAas PEKYPCHBHAA (DYHKUMS SBASETCS YaCTUYHO PEKYPCHBHOR.
YTBepxaeHue O TOM, YTO BCAKas BCIOAY ONpEAe/IeHHAadA YaCTHUHO PEKYpCHBHas
(yHKIMA ABJIAETCA PEKYPCHBHOH, BEPHO, HO OTHIOAb HE OUYEBUAHO, U MHL €ro
nosxe JOKaxweM. MBl 1OKaXeM, Y4TO COBMAJAIOT MOHATHS YACTHYHO BHIYMCIIH-
mo#l o MapkoBy yHKUUM B 4aCTUMHO PEKYPCHBHOH (PYHKUUM, a TAKKe NMOHS-
THS BBIYMCTUMON 110 MapkoBy (YHKIMA B PEKYpPCHBHOH (yHKLUM.

Bynem roBoputb 0 HOPMaJbHOM aJaropudme, UTO OH 3AMKHYHL, €CAU €rO
cxeMa COAEPWKUT QopMyay noacraHoBku suga A — . Q. B pabore raxoro

*) B 9T0M M BO BCex Npyrux ONpejfeleHMAX HACTOAWEN raaBbl KBAHTOP cyule-
CTBOBAHHMA «CYHIECTBYET» NMOHMMAETCH B OGLIMHOM <«KJacCHUYeCKOM» cMbicae. Korga
Mbl YTBEDMIAEM, UTO cyulecTByer OODBEKT TOI'0 WJM HHOIO POR3, TO Mbl OTHIONb
He XOTHM 9THM CKa3aTb, UTO KTO-TO (aKTHUCCKM yie Halllel WiH Korxa-anGo Hai-
ner takoit o6bexT. Tak, B HalieMm cayuae QYHKUUA ¢ MOXKeT ObITb YACTHYHO BHIYHC-
aumMoit mo MapkoBy M npu 910M Heo6sA3aTelbHO, YTOGH Mbl KOTXA-HUGYIL B 9TON
dakTuyecku yOeAMIHCD.
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aaropuMa BO3MOXEH JIMILIb 33aKMIOUHTENbHBIE OGpHB, T. €. 0ODHIB B pPE3yb-
TaTe NpUMeHeHus 3aK/II0UATebHON hopMy s noxcranosku; [Tycrs ¥ — npouns-
BOJbHBIN anropudM. OO6o3naunm uepes A HOPManbHBIA adropudM, cxema
KOTOporo mnoJjyuaercs u3 cxemsl ¥ noOasjeHueM HosBoH (OpMYJH ROACTa-
noBku A — . A x He#i B Konue. Hopmanbusiit anropudm ' samxayT u BnoaHe
skBuBasieHTeH anropudmy A oTHocurensHO asidasura aaropudma I
[TokaxeM Tenepb, YTO KOMIO3HUIMA IBYX HOPMAJIBHHIX ajaropudMoB ecTb
cHosa HopMmaipHeft anropudM. [lycrs A v B —HOpmansHeie anropudMsl
B andasure A. ComocTtaBuMm Kawkxol Gykse b storo aindasura HOBYIO OyKBY b,

KOTOpYI0 HazoBeM Ogoiinurwonm Oyksbl b. ITycts A — andasut, cocTosmuH w3
BceX ABoHHukoB Oykm aindasura A. Brifepem emie Kakue-#nOyab npe OYKBH
o u B, ve npuHagsewamue A {J A, OGosHauum uepes 7y CXeMY, NOJAYHEHHYIO
W3 CXeMB HOpMaabHOTO ajiropudma A° samenolt B HeH TOUKM B Kawaoh
3aKJIOUNTENBHOR (hopMyse noicTaHOBKK OykBo# a, n 0603naunM uepes &g
CXeMy, KOTOpas MOJyyaeTCd NyTeM 3aMmeHn B cxeme ajiropudma B scex
Oykp ancasuTa A uX ABOMHHKaMm, BCEX TOYeK — OykBaMu B C mocaexyomeh
3aMeHoi BCex OpMYyJa noxacraHosku Buaa A — Q w A — - Q COOTBETCTBEHHO

¢hopMyJ/IaMH TIONCTAHOBKU o —-aQ u a > aBQ. Paccmorpum cxemy (B COKpa-
LIEHHOM 3aMHCH):

an > aa (a= A)
aq — oa (as A)
ab—>ab (a, besA)
ap — Ba (as A)
Ba —Ba (aes A)
ab—>ab (a, be A)
af —- A
\ T
@Ep‘)(

Hopmaapumit aaropupm @ Hag andasutom A, onpeaenseMbit sToit cxe-
Mo, Takos, uTo aaa Jawboro caosa P B8 A € (P)==B (A(P)) (noxazatb
B KauecTse  yNpakHeHus). TOT HODMaJbHBHIH ajaropudm HaswBaercs
rwomnozuyueti anropudgmos A n B wu 0003HAYAETCA TAKKE CHMBOJIOM
B-A B obmem caysae nox A,e ...-Ay Mu  Oynem nOHUMATh
NpolorroNao (W Ay)) .. )

Iycte © — HeKOTOpHIA HOpMa/bHEH ~amropudm B anpasute A n B —
nexotopoe pacwupenue A. K cxeme anropupma D noGapuM CBepxy Bce-
BO3MOXHSBIE (POPMYJIbl NOICTAHOBKY BAaa b — b, rae b — npoussoabnas Oyksa
3 B — A. IMonyyennas TakuM o8pasoM CXeMa Ofpee/IsieT HEKOTOPHI# HOp-
MaasHb# aaropudm Dp B andasute B, KOTODHHE HENPUMEHUM HU K KAKOMY
caosy, comepxaumiemy Oyksn u3 B-— A, u Tako#, 4ro Dp (P) =D (P) nan
moboro ciosa P B A. Anropudm Dp BROJHE 9KBHBAJEHTEH aaropudmy D
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OTHOCHTENbHO a4(haBuTa A # Ha3BIBAETCA (DOPMAALHBLM PACRPOCHIPAHEHILE ¥
aaropudpma © na andasut B.

[lycth naHBl HOPMAJbHHE aArOPUPpMb N u B  cooTBETCTBEHHO B anda-
sutax A; u Aq Paccmorpum angasut A ==A,U Ay u (opmaibHEIE pacnpo-
crpanenns Aa u Bp aaropudmos A n B na aadasur A. Komnosuuus ¢
anropndmos Ax n B HaswBaeTcst HopmaasHol Kounosuyuel anropudmos
9 u B u obosnausaerca cumponom B-A. (Hemopasymennd B CBA3M € STUM
BTOPHUHBIM BBeneHHeM camBoia B ne BOBHMKAT, TAK KaK B CAyuae,
xorza Aj==Ag HOpMaibHas komnosuuus amropupvos A n B cosmagaer
¢ ux kommosuuned) € sBaAgeTCs HOPMATBHBIM aAropudMoM Haj A, npuuem
6 (P)~BA(P)) nns moboro crosa P B Ay U KpOME TOTO, @ npumennu
TOABKO K TakuM cjaosam P B aagasure A, KOTOPHE YIOBJICTBOPSAIOT yCJ10-
pusv: (i) P ects caoso B Ay, (i) A npumenum K P, (iii) B npumeHnm
k A(P). v

Ipeanonoxum, uto aadasut B ssasercs pacwnpennev anpasuta A, u
nycTh P — NpOU3BOJbHOE CJOBO B andasure B. [llpoexyueit P* caosa P
Ha aagbasum A HA3BHIBAETCA CJIOBO, MOJYUAIONIEEC H3 P, ecau B P crepern
sce pxoxaeHns Oyks u3 B — A. CokpamieHHO 3anicaHHas CXeMa

{t>A GeB—A)

3agaeT HopMambHei anropupM Pp,  TaKoH, uTO Ps, a (P):_—P“ nas moboro
cnosa P B B. Aaropudm Bp, A Ha3HIBAETCH NPOCK MUPY 0 U4TLM QA20PUPHOI.

Mycrs A u C— andasure Ges obuwmx Oyks. Tonoxum B=AYC.
Torga COKpAUIEHHO 3aMUCAaHHAs CXeMa

{ca—>ac (@A c=()

sagaeT HOpMaJbublih anropudm €4 ¢ B andasute B Tako#t, uto €a c(P)=
— P*P® pas moGoro cnosa P 8 B.

Ecor 9 ectb HopMaibHbl aaropudm B andasure A u B ectn pacum-
penne A, TO HOpMaJbHHH aaropudm B B andasure B, sagasaembil cxemoh
anropudma A, HA3OBEM eCMECMBERHBM PACNPOCMPAHEHIEM aaropugpma A
na arpasur B. Ouesumno, uto B (P)=~<UA(P) aus moBoro caosa P B A
u, kpome Toro, B(PQ)~A(P)Q nns moboro crosa P s A u pas moboro
cnosa Q B B— A 3aMerum, uTO €CTECTBEHHOE PpacrpocTpanexne airo-
pupma A Ha B, BoOOmE TOBOPSH, OTAMYAETCA OT (hopMaIbHOrO PacnpocTpa-
menus A wua B, TtaK Kak nocneaHee HEMPUMEHMMO HU K KaKOMy CJOBY,
copepxamemy Gyksn u3 B — A .

TMpeanoxenne B.1. [lycms Ay ..., NAp — HOpMasbHbIE aAA0-
pugmbl u A — ob6sedurenue ux aagpagumos. Toz20a cyuecmgyem HoOp-
manbubili anzopugpu B Had A, Ha3visaemuil cOenuHEHnEM aqzo-
pugmos My, ..., A, mawod, umo B(P) == wrPYATP) ... AL P)
das awbo20 caosa P 8 aasgasume A, 20e A ecms ecmecmsennoe pac-
npocmpanerue %; Ha A.

JloxazareabcTBO. Mb JOKaxeM 5T0 TpenIoxeHne A4a k=2,
[OChe YEro UHAYKIHEH 10 R JErKO MOXKeT 6biTh TOJYuEH U 0Omm# cayuai.
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Boegem andasur A 1BoiHuKOB Oyxs andasura A. Tlosowum B=A (JA.
Mycts A, — HopMambHEA anropudM, cXema KOTOPOro NOJy4aeTcs 3ameHol
Kawao# Oyxssl cxembl aaropuma Uy ee aBoHuukoM, u nycrs A, AT —
€CTECTBEHHBIE PAacUPOCTPAHEHUs COOTBETCTBEHHO aaropupmos A, u Uy
va B. Ilycre A={a,, ..., a,}. B cuny ynpaxuenms 3 (ctp. 233),

CYyWECTBYIOT HOpMaabHele aaropupmbl I = Sub®_ -+ n_on Wy=
e a,..., a,a
_ ~ 1% n%n
a, ..., a _
= Subal ot Han B Takue, uro W, nomcrasaser OZHOBPEMEHHO @ d)
e

BMECTO a3, @y@y BMECTO @y M T. A, a Wy NOACTABISET ONHOBPEMEHHO a4
BMECTO a1, a; BMeCTO @y u T. x CymecTsyioTr, KpoMe TOro, HOpMasbHbE
anropucmul €, m ¢, . rakue, uro ¢, R(p)szpA n ¢y A(P).:PAPA.
Torna, xak aerko nposeputs, HOpMaibHas komnosuuus B — I8 o;fl-#oi?—A o
. g)j;‘*a{?A‘ AO%I 06/1aj4eT UCKOMBIM CBOHCTBOM: %(P)z’l[l# (P)%[;ée P) s
moboro ciosa P B andasure A.

Cnencrsue 52. IHycms W, ..., A, — Hopmassnbie areopughme
coomsemcmeenno 8 asfpasumax Ay, ..., A, u nycmes A=A ... YA,
To2da cymecmsyem Hopsaivrbiil arzopugpm B Had A |){x} marod, wmo
BP) =~ AT (P) = A Pys ...« AF (P) dasm awbo20 caoga P 8 A, zde
A — ecmecmsennoe pacnpocmpanenue W; na A*). (B uwacmwuocmu,
BP)== W (P)+ A (P) = ... =N, (P) 041 a06o20 crosa P 8 aagpasume
AN ... NAL

Hoxaszarenncrso. Cymecrsyer Tako# HOpMaibHbif amropupm D

8 AlJ{s}, uto D(P)==# man moboro crosa P B A.
Anropudm D sagmagum cxemof

{ a-—>A (ass A)

Ao x
Iycts, Ha ocHosannu npegsoxenus 5.1, B ecTh coexuHeHue anropudmos
0 D, Uy DN, D, A Torma, xax HEeTPyAHO Bupeth, B(P)~~
o~ QII# (P) = %[f (P)=...% A (P) s moGoro ciosa P B A u, B uacTHOCTH,

BP)=AUy (P)« A (P)# ... = A, (P) nas moboro caosa P B nepecevyeHnu
anpasutos Ay, ..., A,

Jdemma 53. (1) Nycms © — nopmuansusii arzopudbm 8 asgasume A
it o.— npoussoasras Gyiea. Toz0a cywecmayem HopmarbHbLll aseopugm D
nad A {a} maxod, wmo dan awGoz0 caosa P 8 A

© (P) aP, ecau G (P)=A,
P)= P, ecau GP)=£A

u anzopupm D npuMeHuM MOABKO K meM CA08aM, K Komopuiit npu-
menun G,

*) Mas nanpneillunx NPHIOMEHHH CICACTBHA 5.2 NOAE3HO 3aMETHTb, YTO asTop
31eCb HONyCKaeT BO3MOKHOCTL x & A. ([Ipun. ped.)
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(2) Ecou N u B— nopuarsroe anrzopudms 8 a/uﬁastfme Au ag
6yKea, He npunadiexcau,as A, mo cywecmsyem HOpMarbHbLL aa/zeopugfjgc >
nad A\{e} maxod, umo GPy~<AP) u G (@@P)==2B(P) 011 awboz

P s A
C/LOBI([lOKaB3aTeJIbCTBO. (1) CyuiectsyeT HOPMaJbHHA airopudm £y Han
A\ {a}, nepepabarniBatomnit A B o u BCSIKOE HEMyCTOE CJIOBO B an(panme-
AU{e} —8 A. Taxo#t amropupm Moxer OHTb 3aNaH, HaNPUMEp, CJAERYIO

med cxemoti: a—B @=sAy{ed)

pp—>p
Q—>-A

A—s-.a

— 6ykBa, He npuHaaaexxamas andasuty A {a}.

e r%yCTSy®Q=@1°%. Ias moGoro caosa P B A, ecin G (P)=A, Tg
Ha(P)=10, n ecmu E(P)=~= A, 1o Hu(P)=A. Tlycrs 3—-T0)KHC‘CTB6HHI>I_
HcOpMallebIﬂ aaropudm B A (co cxemoit { A —-A), u nycts D ecTs coemn
nenne aropudmos He u J. Toraa ecmn G(P)=A, 10 D(P)=0P, n
ecin G (P)== A, 10 D(P)=P.

(2) Beenem anpasut A neoiuuxos Oyks andasuta A, Tlycs B=
— Al {a BY, rme AUAyU{a)l. Ecaim Mp 3ameHuM B CXEME ajro-
pnq})\Mlz;l A%U t{acm{g}o 6yK§y¢an¢gBma iA}ee IBORHUKOM, BCE TOUKH — Oyxso# B,
a B NOJAyuMBLIEHCH B DESYJbTAaTE STOTO CXEME 3aMEHUM BCSKYIO (OpMyy
nogcranoskn Buaa A — Q u A — - Q cOOTBETCTBEHHO Ha 0. —> aQ 1 a—;g{i, TO
TIOJIyYlM HEKOTOPYIO CXeMy, KOTOpyio 0003HauMM yepes & & Hycts &7y —

cxema asropupma U. Tloctpoum Ttenepp cxemy

oq — ad (a=sA)
ab — ab (e, b A)
ap - Ba (ass A)
Ba > Ba (@ = A)
Y ab— ab (a, b= A)

af—-A

ot

Sy

Onpenenensit sTo#t cxemolt HopManbhmii amropndm & wan A {e} ecm
nckomui amropudm, T. 6. BP)=AP) u G (@P)==B(P) naa scakoro
cnosa P B A

Mpennoxenne 54. [Tycms N, B, € — nopuarsnsie arzopugmol u
A — ofisedunenue ux aaghasumos. Toz0a cyuecmgyem HOPpMAAbHbLU
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anzopugpm € nad A mawoi, wmo

B(P), ecau P ecms caoso 8 A u C(P)=A,

@(P)z{ s
A(P), ecau P ecms caoso 8 A u C(P)y=£ A,

U RPUMEHUMMI K meM u moasko K mém ciaosam 8 A, x Komopum npu-
senum §. Aseopugpm € nazwsaemcs PasBerBaAeHuEeM aszopughios
A u B, ynpaganessn arzopugpmon G.

HoxasateabcTso. Ifycts 9y, B, n @, — dopmasbune pacnpo-
CTpAHEHUs  COOTBETCTBeHHO anropupmos A, B u € Ha A, wu nycrb o —
Oyxsa, we xomsmas B A. o aemme 5.3 (1) cywecrByer rtako#t Hopmaib-
Hotit anaropudm D wan A () {a}, uro

aP, ecam P ects caoso B A u G (P)= A,

D) { P, ecan P ectb cnoso 8 A u G (P)< A.

Kpowme Toro, no semme 5.3(2), CyumecTsyeT HopMmauibHbift aaropugm & Han
AU {a} TaKof, uro ecan P ects caoo B A, TO G P) = (P)u G @P) ~
2 B, (P). Teneps ocraercs nosoxnts &= @.D.

Hycts naubt anropupmn Y u G s andasuate A 1 NpOU3BOILHOE C/I0BO P,
8 A Ylpumenum A x P,. Ecau B pesyJ/bTate noJyunrca HEKOTOPOE CIOBO P,
T0 nipumennm @ x Py, Ecaw okaxercs, yto G (PY)=A, 10 npouecc saxau-
unBaerca. Ecam ke okakercs, urto C(P) == A, 10 npumenum U x P
Ecan B PE3y/bTATE MOJYUYHTCS HEKOTOPOE CJAOBO Py, TO npumenum € K Py,
W CcHOBa, ecan okaxercs, 4to € (Pg)==A, 10 npouecc OCTaHaB/IHBAEM, eC/u
we okaxercs, uto € (Pg)s= A, 10 npumensiem A k Py u 1. 1. Onpenesnen-
Holfl Takum oGpasom aropudm B HaswiBaercs nogmopenuem airopugma 9,
ynpasaseMmeim anropugmom @. Ouesugno, uto B(P)=Q toraa v ToABKO
TOrAa, KOrAd@ CYUMIECTBYET MOC/E10BAaTENbHOCTL CJIOB Py Py, ..., Py(n>0)
Takas, ut0 Ppo=Q, G (P)=A, Py=U(P;) npn 0<<issnu@P)s£A
upn 0 <<i<<n.

Hpennoxenune 55 [lycms A u G — nopmasvupe arzopugbmet,
A — o6vedunentie ux arpasumos u Ny u Gy — ghopmassnsie pacnpocmpa-
nenug coomsemcmeerno A u € na A. To20a cywecmsyem HOPMANbHbLLE
anzopughn B nad A, asasiowuiics nosmopenuesn aszopugma Ay, ynpas-
asemuin arzopugpmon ;.

Hoxasareanbcrso. Ipentoxenne, OYEBUAHO, NOCTATOYHO AOKA34AThb
A8 cayvas, koraa andasuthi aaropudmos A u 6 cosmagaor u Korua,
caenosarenbho, =N u G, =E. Itycte Gyksa @ we Bxomut B A. Ilo
nemme 5.3 (1) cyuleciByer Tako# HOpMa/bHBIH anmropupm D nan B=A| {a},
410
oP, ecin P ectb ciaoBo B A u C(P)=A,

:D(P):{ P, ecin P ectb cnoso B A u G (P)=£ A,

Iycts §=D-A. § ecrb nopmambumi aaropudm B HEKOTOpPOM pac-
wupenun F  angasura B. Ilycrs Oyksa § He Bxoaur B F. Paccmorpum
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CJCAYIOLLYIO CXEMY:

8B — & ¢tek)

Ba— -«
B—>A

Fxs.

rae QV%B-—cxema, NOJIy4eHHast W3 CXEMbl A9 § TNYyTEM 3aMeHH B Hel Bcex

Touek OykBoi B. Ora cxema onpemenser HEKOTOpHIA HOpMaJAbHBIA aaro-
pudm &, npuuem B (P)=Q torna u TOABLKO TOrmA, KOrAa CyulecTByeT
TaKas MOCACAOBATEILHOCTb CAOB Py, ..., P, ut0 P=P, Q=P,, P; =
=& Pi-) O<<i<<n) u P,—emuHcrseHnoe B 3ToH HOC/IEA0BATENbHOCTH
C/10BO, Haumuaioweecs ¢ Oykes a. [lycte P — aaropudm, npoextupyomui
dnpasur F Ha andasur F— {a} (1. e crupaowmuét sce xomaeHns OyKBH a;
cm. crp. 237). Tenepb aerko yGeauthcs B TOM, 4TO HOpMaJibHBIl aaropugm
B="1P @ — ucxommf.

Cnencreue 56. Iycms A u G — nopmassnsie aqzopugbmo. u A —
o0seourenne ux aaghasumos. Toz0a cywecmeyem HOpMaAbHbE aazo-
pugm ) wad A, rwomopwii ecsikoe caoso P 8 aapasume A nepepaGa-
moigaem 8 cao80 Q mo20a u moasko moz2da, Koz20a cywecmsyem
marasa nocaedogamersnocms cao8 Py, ..., P, (n=0), amo Py=2~,
Pr=Q CP)=A, Piu=9AP) u CP)%=A o i=0,1, ...
vey, B—1.

’ﬂoxasarenbcrno. Ilycts I — ToXmeCTBEHHbE HOpMa/bHBIA aaro-
pupm u B — nosTopenue U, ynpasasemoe aaropudmom 6. VckombiM airo-
pugpmom & asaisercsa Torna passersiende B u J, ynpasasemoe @ (cM. npen-
Joxenue 5.4). 10T airopudM & Ha3LIBAETCA NOANBLM nogmoperuem airo-
pugpma ¥, ynpasiasembim @.

Hpennoxenne 57. Kaxos Gbow nu Goin nopmastoil anrzopughmu A

6 aagpasume A, cywecmsyem marxoil HopMaibHbLi anzopugpn A wad
angasumon B=A|C (rae C=={%, 1}), wmo dan awbo20 carosa P 8 A
1 045 4106020 HAMYPAALHOZO HlUCAQ N %I[(n*P)zQ mozda u moasko
mozda, K020a cywecmsyem nocaedo8AMEbHOCHS CA08 Py Py, ..., P,
(n=0), yoosaemsopsiowan ycaosusm: Py==P, P,==Q u Pi=UP;q
oan i=1, 2, ..., n

Hokasareasncrso. Ilycrs o — kaKas-HuOyap OyKBa, He BXOAAULaRA
8 B, u nosoxum D=B (] {a}. Paccmorpum HOpMaabHHE amropugmn 8 D,
33/1aBaEMbIe CIENYIOIIUMHE CXEMAMU:

all » .1
alx — ox
i okf —> ax
oax —> A
A—a

t=B)
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Jlerko Bmpeth, uTO Aaa JmobGoro caosa P B angpasure B noayuaem
H1(0+P)=A u Hi(AxP)== A, ecn n>0.

L
D { % - A ¢t =B)
Ecan P ne comepxutr OykBy #, 10 a(P + Q)=2P.

ol > a
Ha: oax —> - A

A—>a

Kak werpyano nposepurs, 3 (7 +P)=P nm moboro P B B.
J;);: { 1 - A
H: {1+—>-A

Ouesnano, (A *P)=n—1%P, ecm n>>0, n H;(0 * P)==xP. Kpowe
Toro, Hy(0=P)=P~
IMycts tenepp € ectp Takoh HopManbHu# anropudm, uro & (P)=

= (e H) (P) = (A= H3) (P) o moboro caosa P v andasute D (cMm. crep-
creue 5.2). Torpa mas moGoro cnosa P B andasute A nosmyuaem

@ (%P n—1=UAP), ecim n>0,

(7 P)y= * ) (P), ecn n=0.
OGosHaunm uepes E andasur aaropudpma € B cuay caencrsna 5.6, naiigercs
tako#t HopManbHbi anropudm F wam E, uro F(P)=Q Toraa m TOMLKO
TOTJ3, KOFIa CYMECTBYET [IOCJIEN0BATENbHOCT CIOB Pg, ..., P, (k=0),
ynoBaersopsoomas ycaosuam: Po=2P, P,=Q, @1(Pk)=A, P,__Gf(P,_,)
O<<i<E)yn H(P;) 5= A (0=<<i<k). Hararemo npesocTasisieTcs B KayecTse
ynpaxHeHus [OKasaTe Temeps, uto aaropupM A'=Hy-F ecrp ucxkommiit
HOPMaJbHBI} ajropudm.

Ilpennox'enne 5.8 BeAkas 4acmuuno pexypcusHan @OYHKQuA
geasgemca  4acmudro guducaumoil no Maprosy yuxyueli, u scaxas
peKypcusnas PYHKuus ssagemcess guuucaumol no Maprosy dyuryueil.

INokasateabcteo. (1) Havanpnwe dynkuuun Z, N, Uf (I<<j<< k)
solupcauMbl 0 Mapxosy (cM. ynpaxHeune 4, ctp. 233—234).

(2) Toncranoska. Ilpennonoxum, uto Qynkuus ¢ moayuaercs u3 (yHk-
unh T, 91, ..., P C MOMOMIBIO MOZCTAHOBKH: P (Xy; ...y Xp) =T (91 (X1, + .., Xp)s . ..
cees P (X1, - oty X)), THE T, Py, ..., Pp — YACTUUHO peKypPcuBHEL [Tpeanonoxum
TAK}Ke, HUTO CYHIECTBYIOT HOpMaibnie anropupmer A, Ay, ..., A wan
M={1, #}, KOTOpHE 4YacTUYHO BBHIYUC]AOT COOTBETCTBEHHO (YHKIRA T,
@1, «.., ¢ Cormacno caenctmio 5.2, cyuecTByeT HOpPMaubHBA asropudm B
Han M rako#t, uro BP)== A, (P)= A, (P)*...*%,k (P) mna mobora
caoBa P B angasure M. B uvactHocrn,

SB((le ey Xn))chl(xl: ceey Xn)*'--*q’k(xl’ cees Xp)
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Aas JMOGBIX HATYPAIbHBIX Xy, ..., X, Ilosowum G =9 .B. Torma aus
JMOGHIX HATYPAJbHHIX Xj, ..., X, UMEeM

C((xn «or %)) 2 U (21 (K1 - ons Xy -evs B0 (K oo X,)) o
(@1 (X o ovy Xy ovny P Xy .ae, X))

(3) Pexypcus. Ilonycrum, uto dyHkius $ moJydyeHa u3 QyHKUuHE T U @
C NMOMOILBIO PEKYPCHH:

4)(X1, vy Xpy 0)=T(X1, ey Xk),
q)(xl’ Cess Xk’ Y"{_l):‘P(Xl, cevy Xk) y: q)(xly ey Xk! Y)),

unycrs A, u A, — nopManbubie aaropudMsl Hay M, 4aCTHUHO BBIUMCIAIONLHE
coorBeTCTBEHHO (yukud t u ¢. Ilycrs, nakonen, Az, Ay u A — nop-
MaJjibHBIE ANrOPUPMEL, quncnmomue COOTBETCTBeHHO (yHkuuu Z, N u Uk

C nomouipto aaropumos 52(, MOXeET ObIThb MOCTPOEH, B CUIY CAEACTBHA 5.2,
TaKo# HopmaibHbii aaropudm By nag M, uto By (Xy ... % Xp % §) o2 Xy *
.#Xp Ilycte 8 =U_-2B,. CHoBa Ha ocHOBanum ciaeacrBus 5.2 U UCXOAA

u3 aaropupmos ‘QIﬁﬁ, ?lkH cn AR A, . CTDOMM HOPMAJbHBIA aiaro-
pudbm By vag M Tako#t, uro Q‘Sg(xl B EXpEY) LY # Ky k... kKp w0 #
#%T(Xy, ..., Xg). Hopmamsubit aaropudm By==Ay- %[ﬁf paboTaer TaKuM
00pasoM, 4T0 By (Xp#...#Xp#y #X)==y 1. [lpumenus caencrsume 5.2
x amropudmam A*? llkm By u A, nonyuum HOpManbusi arropudm By
nag M 1ako#, uro

By(xys...xXpsy sX)2Xgw...xXpny-Flao®X, ..., Xp y, X).

B cuny mnpemnoxenns 5.7, cymecrsyer Takoil HOPMaibHEH ajaropudm B,
yto npu mobom n==0 pasencrso B! (7 = P) == Q BrnoJHEHO 10r113 ! TOJIBKO
TOr/a, KOrja CyWecTBYET MOCJEIOBATEJNBHOCTh CIOB Py, ..., P, yiaosier-
BOpaionlas ycnosuaM: Py=P, P,=Q n P;=B,(P;_y), rue 0 <"i<In.
Torpa amropupm B=2Ar2:B;-By n ectb TOT HOpPMaTBHHH aaropugm
Hag M, xoropmii Bhuncaser . B camom nesne, npexme scero,

Ba(Xyw.. . 5Xpsy) 2y s Xy s, #X,50%7(Xy ..., Xp)
Tlpumenenue 3aTeM K CIOBY Y # Xy #...% Xz # 0 %% (Xy, ..., Xp) aAropudma B!
PaBHOCUJIbHO, OYEBUIHO, Y-KPATHOMY NDHMEHeHHIo aaropudma By, HauuHas
CO CIOBa Xjp#%...% Xy % 0% Xy, ..., Xp). Jlerko BumeTs, YTO OpHU 3TOM
B peaymﬂ‘aTe TOJIYUHTCH CAOBO Xy #...%Xp 4y * O (Xy, ..., Xg, y). [Ipumenns
3aTeM zlkﬂ, MONYYUM OKOGHYATENbHO q) Ep oeor X Y)

(4) p-oneparop. Ilycts § (X1, ..., X)=py (e (X1, ..., Xp ¥Y)=0) u

TNPEANONOKHUM, HTO HEKOTOPHH HOpMaMbHbH aaropudm A, nax M wactuuuo
+1 1

shiuncaser 9. Mexons us aaropupmos A7, ..., An u An-Ari B coor-

BEeTCTBHM €O CJAEACTBUEM 5.2 HOCTpoum Hopmanbﬂuﬂ aaropudpm W rakoh,
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uyto W(Xy #...# X, % Y)==X; *...X, *y— L. PaccmoTpum HOpManbAK# asro-
pudm D nam M, 3amasaemsiit cxemoi

11—>-11
{ 1> A

Eom n=0, o D(A)==A, ecan xe n>0, 10 D (@A) £ A. Ilycts § =
=D A, Torna
@(xl*...*fn*y){

= A, ecqm 9(Xy, ..., X,)==0,

# A, ecmt @ (xy, ..., X,)550.

ITycry, nanee, & — HopMaabHbif asropudm nam M TakoH, uto
SEy#.. . #X)==Xy#...%%,%0.

Tpumenns Kk aaropudmam W u € caexcrsue 5.6, 3akmoyaeM, YTO CYIECTBYET
HopManbHbli  anropudM & Ham M, ana xoroporo paseHcTBO &) (P)=Q
BHITOJAHEHO TOTAA W TOJBKO TOFJ3, KOFJa MMEETCS MOCJCAOBATEILHOCTh C08
Py, ..., P, (n=0), ynosxersopsiomas ycaosusm: Py=>P, P,=Q, € (P,) ==
=A, Piy=BWP;) n EP)=~A, roe i=0, 1, ..., n— 1. Onpenesnm
Tenepb HOpMaibHBIA ancopudm B Kak kommosmmuio Aniie H - K. Herpyano
BHIETh, YTO

BEr*...#X) =Y (P Xp ooos X Y)=0)=2 (X1, ..., Xp).

W3 nyukros (1)-—(4) caepyer, 410 e€cad § e€CTb YACTMYHO PEKYPCHBHas
(yHKUMS & apryMeHToB, TO CYHIECTBYET TakOH HOpManbHbIA aaropupm U,
nan M, uro

9%()?1*...*3(,2)2&{)()(1,»..., Xk).

Yurateab 6e3 TPyAa MOCTPOHT CXEMY, 3a[a0ULyl0 HOpMajbHuH aaropudm R

Hag M, KOTOpBI TPHUMEHHM TOJBKO K CJIOBAM BHIA Xy %...% X, TA€ Xy, ...
..., X,— HaTypalbHble YHCJHa, M KOTOpHH paGortaer Takum 0Opasom, uro
R(Xy#...#Xp) ==X %...%Xp 3a0aUM HOPMANbHBIH anropudM §, paBeHCTBOM

5§¢:>2[¢o5)i. Torna &P(im...*ik)gq)(x,, .vv, Xp), TIpUYEM &v TIPUMEHUM
K caoBy P Torma ¥ TOJBKO TOraa, Xoraa P ecTh cA0BO B ajigasure M
Buga Xp#...%Xp B (X3, ..., Xp) onpemeneHo. ClenoBaTenbHo, BCAKas

YaCTHUHO PEKyPCHBHAA GYHKUMS €CTh TAKXKE YacTHYHAas BHUUCAMMAA TIO
Mapxopy @ynxumsa. OTCi0a, B YaCTHOCTH, CAEMYET, YTO BCAKAS PEKYPCHBHAs
¢ynxumst ecth (QyHKuud, BeuncauMas no Mapkosy.

Mol Temeps ompenesuM réaeneBl HoMepa mas scex Oyxs Sy, Sy, ...,
M3 KOTOPHX COCTOAT Hamm andasurs: g(S)=2i--3. Ilazree, xaxmomy

cioy P=3S; ...S;, npunuuiem réenes HoMep

g(P)=2t (Sjo) 38(Si) . 'pi(sjk) —gtfet3geiits p:fkﬂ’
rae p, ectb k-e mpoctoe uucao. [Monoxum, kpome Toro, g (A)==1. Hakonen,

réjeses HOMEp TOCJAENOBaTeJIbHOCTH C€M0B Py, ..., P, onpeaeamMm Kak
o8 (Po) 32(P1) DE(P")-

o nem
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Yenopamcs oGosnauath OykBe S; u S coorBercrBeHHO OykBamm 1 u #.
Torna, paccmarpusas ungpn kax ciosa B anasute {S;}, noayyaem g (0)==25,
n )

g (1)==2%-3% u BooGme g@=]] rt

Hasa Bcakoro andgasura A C;’[]J.OECTBYIOT TaKHE HOPMAaJbHBIE aAropugmst
Ty u Ty wax AU {1, %}, uro 1 (P)=g @) n (g (P))=P nm moboro
cmosa P B A, Paccmorpum BONpoc O CymecTBoBaHuu aiaropudpMma L.
Bo-mepsuX, cymecrsyer takoll HopMmasbHbE airopudm By vag M |JA, rae
M={1, %}, uro m1s moGoro HemycToro cjioBa P:amoaml...amr B anga-
saTE A -

Bi(P)=g(@m) *g(@nm) %...%g(@n) n Bi(am,) =g (@m,) *. .

B camoM jaene, ecau A={Sj0, cees ka}’ TO Takoit airopupm B, samaercs
cxemoit ¥)

“Sjo—’m*“
a8y, = 2j1 -3 %a

aSj, = 2jp+3*a
a—>-A
A—>a

Bo-BTOpHIX, CymecTsyeT Taxo#i HopMaabHEIR aaropugu By, uto By (i Q) =
=0#2" Q. (JlokazarenpCTBO 3TOr0 (PaKTa MPEAOCTABJAETCA YUTATETIO
B KauectBe ynpaxkHenus. IIpy 9TOM TONE3HO 3aMETHTb, YTO TaK Kak
Gyskuus 2% PEKypCuBHa, TO, B CHIYy MPENOKeHHs 5.8, CymlecTByeT BBIYHC-
Aol ee nopMmanbueift  anaropudm.) Ionowum By=1B,-B;. Toraa nas
BCAKOTO Henycroro cnoBa P=3S, ...Sy,

r
By (P)==0%2°Cm0) w g (Sp)#... % g (Sm)
Ilycte A ecth TakoH HOPMaMBHBIM aaropudgM, 4To
A@AER+u =V Q=n—-1 *u-le*Q.
([Loka3aTeJabCTBO CyWIeCTBOBaHHA Takoro ¥ Me TOXe OCTaBASEeM Ha JOJIO
upTatens. 3ameruM Jnlb, yTOo ¢yHKuma f (X, , n)=x-p,Y”rl pexypcHuBHA #,
CIE0BATEABHO, BHYHCIAMA C TIOMOUIBI0 HEKOTOPOrO0 HODMaJbHOIO aJro-
pudma) Ilycrs, manee, (G — HOopMaabHBIE anropudM, yIOBAETBOPSIOULAH
ycaosuio: § (P)==A rtorma m TOJBKO TOrAa, Korma P COmEpMHuT B TOUHOCTH
asa BxowaeHus Oykeol = B cuay caenctsms 5.6, cyutecTsyer HOpMa/bHBIA
aaropudy &), sBasonAica noaHeM nosropennem ¥, ynpasntemsiv @ Obo-
3HaumM, HakoHen, uepes & HOpPMaJbHEE aaropudmM, nepepabaTHBAIOMUA
BCAKOE CJIOBO BHAA X #Y # B C/I0BO ¥, ¥ nosoxuM §=E-§B;. Herpyano

*) 3nech caenyer norpeboBarb, uTo6n 6ykBa a He BXoAMAA B aadasut AUM.
(Ipum. nepes.)
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ybenuthcs B TOM, utOo § (P)==g(P) a1 moboro nenycroro ciora P B A.
Teneps yxe cymecTsoBanue RopMajibHOrO antropupua L, nax A M takoro,

uro €4 (P)=g(P) 1 moGoro, B TOM 4MCJS M MyCTOrO, CJA0OBA B A, JerKo
cleayer us TPEeAbAYulero ¢ moMoilbio npesaoxenus 5.4. (Hanomuuw, uto
gh)y=1)

YnpawHeHHe

Noka3zatb, YTO CymiecTByer Takoit HOpManbHBIl aaropudm T, Hax AUM, uto

%, (g (P)) =P naa aw6oro caosa P B A.
Ykaszanue. Tlocrpourh HopMmaabHblil aaropudpm D, ompeneseHHHH TOAbKO

Ha cnoBax BuAa 2i- 5, AaA kotopux S; e A, m takolt, uro D(AF 3) =S,

[Tocrpouth HopMaavHbI# anropudm K, onpeseseHHbI TOAbLKO Ha CJIOBAX BHAA U,
rfie U— HONOXHTENbHOE HaTypaabHoe uMcao, W Takol, uro ® (u) ==0 % u = 3arem

NOCTPOUTb HOPMaibHbilt anropudm & Takolh, uTo A1A MOBHX HAaTYPATbHHIX 1 M U
¥ paa mwoboro cirosa P

%(r_z*l—l*P):n—J;——l*qt(p;“)n, u)*PﬁD((uT).

Ilycrs @ — HopManbHbi#t anropupm Takod, uto G (A%l % P)=A naa moboro P n
#11060r0 1ENOro HEeOTPHUATENLHOrO 1, OMNPEJeNEHHBIH TaKKe M JAA CAOB BHIA,
OTIMYHOro OT n# 1 % P, HO cO 3HayeHHeM, OTIHYHBIM OT A. B cuny npennoxenusn 5.5,
cyuiecTByeT HopMaabHelit aaropupm R, ocywectBaswoiiuii nosropedue F, ynpas-
asemoe @. Ilycto & -— HopManbHbIll anropudM, nepepabaTbiBaOIUI BCAKOE CIOBO
suga A% 1% P B caoso P. Ilonowuts ¢ =@ R . K. TNokasars, uro ¢ (g(Q))=0Q
nasa ao6oro Henycroro ciosa Q B A. B 3akaoueHne ¢ NOMOILGIO HNpefnoxeHusn 5.4
yuecTb cayya#t nycroro Q.

ycte A — npoussosbHbIl  aaropudm (He o0653aT€NIbHO HOPMAJbHBIMA)
Hag andasutom A. Ilocrasum B coorBercrsne airopugmy ¥ uactuuHyio
dyuxuuo $g, yIOBJIETBOPAOLIYO CASAYIOIIEMY YCAOBMIO: Ajsi JOOBX Hary-
panbHBIX YACEA 7 U M PABEHCTBO (g (1) == /7 BHINO/HEHO TOTLA U TOJBKO
Torma, Korza Jubo 7 He eCTh régejes HOMED HHKAKOro CJOBa B aiadarute A
v m=0, /m60 n U m CyTb réieJeBH HOMEPa HEKOTOPHIX CI0B P u Q B A,
npnaem A (P)="0Q. Tlpeanonoxnm, 4to QyHKNU $g YACTUYHO DPEKYPCHBHA
(8 stoM cayuae wmei HazoBeM U perypcusneim aszopugbmon). B cuay
npemjoxenns 5.8, Torga cymecrsyer Takod HopMaasHHIE aaropudm B Hax
anpasutom M={1, x}, uro B () =< g (#) s 1060ro HarypajibHOrO A,
npuueM B onpeneneH TOALKO Aas T€X A, AAs KOTOPHIX OnpeneteHo Yy (n).
Mycte AW =T, B-Ty. Herpynso sugers, uro A’ ecTtb HOPMaNbHBIA aaro-
pucm Ham angasuToM A, BNOJHE 2KBUBAJEHTHHH amropupmy U ornocu-
tesbHO A. Takum o6pasom, BepHO cienyoulee

Hpennoxenue 59. Ecau azeopugpn U nao asgasumon A maros,
4mo OYHKYUA Qg 4ACMUMHO PEKYPCUBHA, MO CYU,eCHBYEN HOPMAAbHbLE
anrezopum Had aspasumosn A, snoane sxsusasenmusii arzopugpmy A
omuocumensHo A,

IIpennoxenne 510. Ecanu N ecmbv nopmassnei asecopugpm rad
anpasumonm A, mo Yy ecms wacmuiHo PeKYpcuBHasL PYHKYUST, ecald,
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Kpome mozo0, N npumenurn Ko scaKomy caosy 8 arasume A, no HyHK-
yus by pexypcusua.

HoxkasatenbcTso, Hasosem nHmekcoM npocto#i ¢opmyas noxcra-
HOBKH P —Q uncno 2'.38(P).5¢(Q p uHpexcoM sak/mouuteabHoH QopMyIs
noacTaHoBrM — uucao 22. 32(P), 52(Q). HazoseM, nasiee, MHAEKCOM CXEMBl aATO-
pupma Po—(-)Qu ..., P,— () Q, uucno 2%03%1 . pk. rpe k; — nnmexc
thopmyasl moacTanoskn P; — (-) Q.

BeeneM crenyoune pekypcuBHbE NPERMKATHL

(1) Word(u): u=1\/Vz(z<<lh(u) D 3y (y<<u&(u),=2y-3)) («u
€CcTh éJeneB HOMEp HEKOTOPOro CJ10Ba»).

(2) S[(u):1h (u)=3 & (u)y=1 & Word ((u);) & Word ((u)s) («u ecrb ungekc
npocToil (GOPMYJE MOLCTAHOBKH>).

(3) TI(u): 1h(u)=3 & (1) =2 & Word ((u)1) & Word ((u)y) (<it ecTb ungexc
3aKJIIOYHTEABHOH (OPMYJIBI TOACTAHOBKU>).

(4) Ind(u): u>1&Vz(z<<lh() D SI{w)VTI{(w),) (<u ects unmexc
CXeMH ajaropngmas).

OGosnaunm uepe3 X []y DEKYPCHBHYIO (BYHKIHIO, KOTOPYO B raase 3

n
ctp. 142 (4)) mer o6osHauanun uepez X *y. Torma ecam x::Hp?i, rue
i=0

m n m
2,>0 (i==0, 1, ..., n), u ecm y=Hp§i, TO x[]y:Hpg‘i-prinH.

i=9 i=0 i==9
Kpome T1oro, x {1 1==1[] x==x. Ornepauus |] COOTBETCTBYET ONEPaNHn
COEIHMHEHNUS CJIOB.

(8) Lsub(x, y, €): <«e ecTb HHIZEKC HEKOTOPOH (hOPMyJBl 1IGACTAHOBKR
P—(-)Q a x uy cyrp rénejaessl HoMepa HEKOTOPHX cioB U u V Takux,
uto P BXomut B U u V ectb pesy/bTaT NOACTAHOBKH () Ha MECTO Camoro
sesoro Bxoxaenus P B U», 1. e. Word(x) & Word (y) & (SI(e)\/ T (e)) &
& Juy=xAvy<x(x=u D Ov&y=ud (e Ov& Awy< Iz, <x (x=
=w (e dz&w<u)

(6) Occ(x, y): <X u Y CyTb rémeieBn HOMEpAa COOTBETCTBEHHO HEKOTO-
puix ca08 U u V u cnoso V sxomur 8 croso U», 1.e. Word (x) &
& Word (v) & Bvy=<x 3z, <y (x=v O y [J 2).

(7) End(e, z) «z ectb rémener HOMEpP HEKOTOpOro c/oBa P, e ecTb
MHAEKC HEKOTOPDOH CXeMbl, W onpenenseMbil 3ToH cxeMmo#t anaropudm Henpu-
MeHuM K caoBy Ps, T. e Ind(e) & Word (2) & VWy < 1ne) (1 0cc (z, ((€)wh)).

(8) SCons (e, y, X): «e ecTh MHIEKC HEKOTOPOH CXeMbl &, a y R X CyTh
réneneBbl HOMepa HekoTopeix caoB V m U rakmx, uto V moxer GmTh
noJyyeHo npumeHenneM kK U HekoTOpO# npocTod (hOPMY.Jbl NOACTAHOBKH
cxemp &>, T.e. Ind (e) & Word (x) & Word (¥) & vy <une) (St ((€)y) &
&Lsub (x, ¥, (€\) & Vzy<y (71 Occ (%, ((e)1)))-

(9) TCons(e, y, x): amanoruuno SCons(e, y, X) ¢ 3amenoir SI{(e),)
ua TI((e}) (1. & cnoB <npocrofi GopMyabl NOACTAHOBKH» CAOBAMH «3aK/I0-
UATEABHOH (POPMYJIBI TOACTAHOBKH>),
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(10) Der(e, X, y): «& €Cib HHAEKC HEKOTODOH CXEMbl &, X ecth rége-
nes HoMep HeKoToporo caosa U, u y €CTb réaedeB HOMep MOCAEN0BE-
teaproctu caos U, Ui ..., Up (B==0) rtaxo#t, uto ecan 0<Ci<Thk—1,
1o 3amasaempit cxemo#t & amropupm U nepesomur U; B Uy, u mbo
A: Upoq b=+ Up mmbo A: Upoy —Up v A: Up= (qubo eciw k==0, 10
A: Up=), 7 e Ind(e) & Word (x) & Vz, <1y (Word ((y)2) & (Y) = x&
&V 2, — ey - 2(3CONS (& (¥ 11, (1)) & (I (y) = 1 & End (¢, (7)) V (1 () >
> 1&(TCons (& Mty - Wy =2 V (SCons (& Mhnp =1, Mhny =2) &
& End (e, (Vhn(y) = D)) :

(11) W, (u): «u ectp régenes HOMEpP CI0BA B [JAHHOM andasure A=

.:—_—{Sjo, ey Sjm}», T. €

u=1YV Vz,<mw ((u)z=2j0+3 V...V W) =2jm+3).

Iycrs Tenepb ¥ — NMPOUIBOJMBHBIA HOPMAJbHEA 2AropudM HaA anga-
sUTOM A M e — MHIEKC CXeMbl, KOTOPO# oH samaercd. Paccmorpum yacTuuno
pexypeusnyo  dynkumo ¢ (x)=py (W, (x) & Der (e, x, VIV, ).
Kak HETpymHO BMACTb {o (x)=(9 (x))lh (9 (1)) = 1’ OTKy/Ja CJIEAYET, YTO (P‘)I

ecTh 4acTUYHO pexypcusHas Qynxumd. Eciaun ke mpu 3TOM amropudm U
TIPUMEHHM K KaXIOMy CJI0BYy B A, TO (pyHKuUui ¢, a BMECTE C Hell u QyHK-
st q»% PEKyPCUBHBL

Ynpawnenne

Mycts 3anan andasut A. [Tokasath, YT0 CyWECTBYET HOPMAaIbHBI anropudgm B
wag, AUM rakoil, uTo Ana 11060r0 HOPMAABLHOTO anropuppma % B A, 3amaBaeMoro
CXeMOff ¢ MHIEKCOM e, H Naf moboro cioBa P B A BHIOIHEHO YCIOBHOE DPaBeH-

<180 B (es P)==U (P). Anropupm B Ha3bIBACTCA YHUBEPCAALHBLM aaropupmMom

naa aapasura A,
N

Caencrene 5.11. Ecau dannas wacmuinas QYHKUUL ¢ A8ARemcs
qacmudno wucaumoii no Maprkosy, mo OHa ecmb PYHKUUL HACMUYHO
peKypcusnasi, ecal e ¢ ecms PYHKUUS, 8bl4UCALMASL 1O Maprosy, mo

Hyuxyun ¢ percypczwﬂa.l

" NlokasaTteabctBo. Ilycts U — HOpManbHBIA aaropudm  Han M
rako#t, uro ¢(m, ..., M)==m TOrAa ¥ TOIBKO TOrA3, KOrga
Ay .- ny)) =m. ®ynxuns (g UACTHUHO PEKYPCHBHA. Honosxum

t(n)==g (n). PyHKuma < peKypcUBHA, TAK KaK g (n)=g@™H=T] @) *-

i=0

‘%) 3gecp AaBTOPOM  BBOAMICH  0003HaueHHE ¥  naa

JIpum. nepes.)

caosa 1l ... 1.~
[
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n
®yukuns | (x)==1h(x) = 1 Taxxe pexypcusna. Ecim x=1—] (p;)%, 10 n=
i=0
== (x). PexypcuBHa, oueBuano, u (pyHxuusd

E(my, ..., nk)=g((n1, cees nk)):g(1"1+‘*1”2+‘*

ny | ng -1
:[ 11 (?i)5]'(pn1+2)7'|:1—] (Pi+n1+a)5]'(Pn1+n2 I LU

*1"k+‘)=

i=0 i=0
"k_H
L]
-(p(n1+_._+nk_l+2k43)v- H(pi+nl+...+nk_l+2k—‘~2) 1
i=0 .

Torma dyHkuns @:104)9[05 ABASETCA  4acTMYHO pekypcusHod. Ecan

(yHKuEsS ¢ BHYHCAUMA TO MapKOBy, TO MOXHO NPEANOJararb, YTo aaro-
pupm A npumenmm k moGomy ciaosy B M (cxemy airopupma A MONHO
U3MEHUTh TakuM oOpasoM, uto6b OH BCsikoe coBO B M, He umeloniee

BULA My* ... =My nepepabatmisaa B A). Torma, B cnay npemnoxenus 5.10,
(pyHKLUR q»m peKypcuBHa, a BMecTe ¢ HeH pexypcuBHa W (yHKUuS ¢ =

=‘To(‘])g[ng‘

YnapaxHeHue

MokasaTh, 4TO BCIONY ONpefeNeHHAas YaCTHYHO PeKypCHBHaA QYHKLNA PeKyp-
CHBHa.

Wrak, caencreue 5.11 u npensioxenne 5.8 yCTaHABJIMBAIOT SKBUBAJICHT-
HOCTb TIOHSITHAHM YACTUYHON BRIYMCAMMOCTH 1O MapkoBy u uyacTHuHOH pekyp-
CHMBHOCTH (a TdKKe BBIYHCAUMOCTH No Mapkomy u pexypcussocrn). Tesnc
Yspua yTBepkmaeT B CBOK Ouepelb, YTO NOHATHE BHIYMCIUMOCTH HKBUBA-
JIEHTHO MOHSTHIO PEKYPCHBHOCTH (a B pacwipeHHOH (OPMYJAHPOBKE — UYTO
TIOHSTHE YaCTHYHOH 5PQEKTUBHON BHUYHCAAMOCTH SKBHBAJIEHTHO TMOHATHIO
yactuuHOM pekypcuBHOCTH). A. A..Mapkos B TepMuHax aaropudmos cgop-
MyJ/IMPOBaJ COOTBETCTBYIOLIIMH TNPHHUVI, HASBAHHLIH UM MPUHGUNOM HOpMA-
Auzaguit: BCSKUR anropudM B A BIOJHE SKBHBAJEHTEH OTHOCHTEJILHO A HEKo-
TOpOMY HOpMaiabHoMy anropugmy Ham A. OkasmbBaercs, uto Tesuc “épua
¥ TPHHOUO HOPMAalu3alMH SKBUBAJEHTHH. B camOM jeJse, MPUMEM CHayala
tesuc Yepua. Tlyers A ects aaropudm B andasure A. CoorBercTBymomas
(pyHKuMA «.pg[ SIBJISETCS YacTHUYHOH 3(PQeKTusHO BHYKMCIUMOH (yHKuMel.

Torma, B cuiy Tesuca UYépua, q)m €CThb Y4aCTUYHO PEKypCHMBHag (PyHKHMS U,

cnenosaTenbho, aiaropugpm A, Ha ocHOBaHuM mpemJoxeHus 5.9, Broane
SKBUBAJICHTEH OTHOCHTEALHO A HEKOTOPOMY HOPMAaJbHOMY ajaropugpmy Han A.
Takum oO6pa3oM, ecju BepeH Teanc Y&pua, TO BepeH M MPUHLIUIL HOPMAJIM-

ganun, OOGpaTHO, TNyCTh BEpPEH NPHHLUMI HOPMAaJAM3alMUM, U MyCTh ¢ —
NpOMSBOJbHAS  HacTWyHas 3¢gexTHBHO BhuncAnmas  Gynxuunsa.  [lycrs,
nazee, B, — coorsercrByomudt aaropudm B M. CoranacHo npuHuuny
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HOPMAJH3aLHY, ., BIOJHE SKBHBAJEHTEH OTHOCUTENbHO M HEKOTOPOMY HOp-
magspHoMy agropudmy Han M. ChenoBartesibHO, QyHKNMS ¢ €CTb 4aCTHUHas
Bouncinmas no Mapkopy dyskums. Ho rtorna, B cumay caeacrsus 5.11,
¢ sBJSETCs (YHKIMEH 4acTHYHO PEKYDCHBHOH, M MH BbiBEaH, TakuM oOpa-
30M, U3 MPUHIMIIA HOpMaiuzauud tesuc Yeépua,

Pasymeercs, BBHIYy HETOUHOCTH HHTYUTHBHBIX IOHATHH aaropupmMa u
9 PEKTUBHO BBHIYUCAMMON (PYHKUMH HEBO3MOXKHO JoKa3ams BEPHOCTb NPUH-
Huna Hopmanusaiuun Mapkosa uan tesuca Hépua. He pacnonaraem mn u
KakuMH-1u00 alipHOPHBIME JOBOJAMH B MOJb3y 3THX runores. Her Hukakux
0ecCrOpHEIX OCHOBAaHHH CUUTATb, YTO [PUMEHEHUE ONHHX JHLUb (GOPMYI
MOJACTAHORKH MOMXET 3aMeHHUTh Jao0bie 3¢pPeKTUBHBE Onepannn. 3HZECh MOXKHO
PAacCYUTBIBATH TOJALKO HA HENOJHOE TIOATBEPKJIEHHE, a HE Ha CTPOTrOe JOKa-
sareabcrBO. OUuEBUAHO, YTO BCAKAsg YACTHYHO PEKYPCHBHasA (yHKuus sB.js-
ercs 4acTuyHoH adpexktTnBHO BHUnCAUMOM (ynkume# ¥). ObpartHoe yTBEp-
WEHWE, 3 MMEHHO, UYTO BCfiKas 4YacTHYHAs 3(PQEKTUBHO BLIUUCAUMAN (YHK-
LMsl #BJASETCS YaCTUYHO PEKYPCHBHOH (WM uTO BCsKME anropugm B anada-
Bute A BROJHE SKBUBAJEHTEH OTHOCHUTEJbHO A HEKOTOPOMY HOPMAajJbHOMY
anropumy), NOATBEPHKAACTCA A/ BCEX MBBECTHHIX YACTHUHBIX 3(QPEKTHBHO
BRIUUCAUMBIX (yHKIME. ECTh HEKOTOpPOE MONOJHHUTENbHOE OOCTOATE/]bCTBO,
ropopsiuee B TMO0/Mb3Y TE3UCA Yépua, a UMEHHO, TOT YAUBUTEAbHBR (PaKT,
YTO CAMblE PAasHOPOAHBIE TOAXOAbl K YTOYHEHHIO NOHSTHS YacTUUHOH adex-
THBHO BBHIYMCAUMOH (YHKUMM TIpHBEJIM K DHKBHBAJICHTHBIM OlpEAECHUsIM,
Mbl 2TO yme BHAEIN B OTHOLIGHMH YaCTMYHO DPEKYPCHBHBIX U HaCTHYHBIX
BHYMCHIMBIX 10 MapkoBy ¢yHknuii. Hmxe Oyner nokasado, 4To K TOMY
KE CAMOMY pesyJbTaTy NPHBOAAT U Apyrue nogxoast — Teiopuara, Dpbpana
u I'gpensn. Teopust A-gawucaumocmu Yépua [1941] u teopus HOPMaibHBIX
cuctem [TocTta [1943] Takxke BeayT K MOHATWAM, SKBUBAJEHTHBIM MOHATHAM
YaCTHYHO PEKYPCHBHOH (YHKIMKW MM HOpMaJbHoro aaropudma. (Josoamp
B no/ie3y Ttesnca Yépua noppobuee paccmorpednl 'y Kuaunn [1952],
§§ 62, 70. Cm. Taoxke 'epmec [1961])

YupamHeHus

1. Joxasatb, 410 HPHHUMI HOPMAIN3ALUH 9KBUBAJEHTEH YTBEPXAECHHIO, YTO BCH-
Kuil aaropupM B andasuTe A SKBUBaNEHTEH OTHOCHTENbHO A HEKOTOPOMY HOp-
MaabHOMY aaropupmy Hag A.

2, Mycts B u A=/{ay, ..., ap} —aadasutel Ge3 oOmux Oyks u b, ¢ — pas-
anunbte OykBbi, He npuHangmexamue B A. as BcakoA OykBb @ ompereinm at
KaK COKpauleHHYI0 3anuch cioBa aa ... a. [lepesodom T (a;) 6ykBbl @; HasoBem

| R —

i pas

*) YUuratenio caenyer HMeTb B BHIY, 4TO 3(Q(EKTHBHAA BHLIYUCIKMOCTb BOBCE
He TMoApasymeBaeT GakTHUECKYIO BHYUCINMOCT, DPPeKTUBHAA BLIYUCIUMOCTL (YHK-
LMW O3HayaeT NHIDb, YTO KAWAOe ee 3HayeHMe MOMXeET ObiTh BBIYUCAEHO B HEKOTO-
poe KOHEYHoe YHCIO WIAros, COMAaCHO HeKOTOPOMY (PUKCHPOBAHHOMY IPEANHCAHHUIO.
[Tpu sTOM BHIUMCAEHNS, HEOOXOAUMbIE 1A NOJYYEHHA 3HAYeHHil, HAIpUMEDP YaCTHUYHO
PEKYPCHUBHBLIX (GYHKUUH, MOIyT 3aKjaoyats B cefe TaKoe OrpoMHOE UYHUCIO LIAros,
4TO HAS HX BBIIOJHEHMA He XBaTHJIO Obl BCero BPEMEHM CYLIeCTBOBAHMA YenoBe-
qecTBa,
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caoBo cbic, a mepesonom T (1) BcAKoM Gyksm u H3 B 6ydeM CYUMTATh CaMy 3Ty
6yxsy. Hepeson T (P) Bcakoro Hemycroro caosa P=d; ... d, 8 BU A onpefenn
kak caoso T(d;) ... T(dyn), a ecim P=A, 10 monowum T (P)=A. OrmeTny, uto
T(P)=P nna moboro ciosa P B B. .

(a) Tlokasarb, uTO CXeMa

af—T (& a t=BUA)
a —>. A
A —a

rae a He npuHamnexdtr BU AU {b, c}, onpenerser Hopmaasubit arropudm 3 Taxoit,
yto ¥ (P)=T (P) nas mo6oro caosa P B BUA.

(b) TMoctpouts cxemy nas HOpMasporo anropudma B wan BUAU {b, c}
Takoro, 4to B (T (P)) =P nana mo6oro cmosa P 8 BUA.

(¢) Hycrs € — nopmanbubiit anropudm B BUA. Jlas Beaxoit dopmynn mox-
€TaHOBKY P — (-) ) u3 cxemnl anropudma € ompenenum ee nmepeBox Kak (opmyny
noacranoBkn T (P)— (-) T (Q). Cxema, nonyvaomasncsa u3 cxemsl jaas € mnyTtem
3aMEHBl B 3TOM MOCAeAHEH BCAKOH QOPMYAbL NONCTAHOBKH €€ TMePEeBONOM, oNpenc-
aser HekoTopwuifi HopMambHpifi  anropupm T (6) B BU{d, c¢}. Tlokasars, uro
(T (X)) (R(P)) =T (& (P)), rae T— HopmaasHulit asropudm us (a). :

(d) Hokasath, uTo BCAKHMHA HOpMaabHbIH anropudm Hal B BOgHe sKBHBaneH-
TCH OTHOCHTENbHO B HexoTopoMmy HOpManbyoMy aaropudmy B BU {5, ¢}. (Ha camon
IJene BMECTO ABYX MOXHO Bceraa OGONWTHCbH M BCero Juilib OXHOH NOMOJHUTENbHOM
6ykpoit. 1o goxasaa H. M, Haropnu #t [1953]. Tam e M OKa3aHO, 470 cymect-
BYeT HODManbHbI anropudM Han B, a umenno, ydsausarowui arzopugdm (ynpax-
nenne 2(b), crp. 233), KOTOPHII He S3KBHBATEHTEH OTHOCHTEAbHO B HHKAKOMY
HOpManbHOMY aaropugmy B B. JlokasaTeabCTBO 3TOrO MOCHEAHEr0 YTBEPHACHHA

) MBI OCTABIACM UHTATENIO B KaueCTBE JErKoro pra}KHeHHﬂ.)

§ 2. Auropudmsr Teiopunra

Crpemsch Halitu TOUHOe onpeneieHue NOHATHS PPEKTHBHON BHIUHCAH-
mocth, Triopuur [1936] Brean: HeKOTOpPHH KAacC aGCTPAKTHHIX MauiuH,
O KOTOPHIX BHICKA3aJd MPENONOKEHHE, YTO OHH TPHULOAHBL A OCYWIECT-
BJIEHUs OG0! «MEXaHUYEeCKOH» BBIUUCAUTENBHOR TPOUERYPH. DTH MAIUAHBI
Ha3BIBAIOT TEMEph B 4eCTb UX m3oOperarens wauunamu Tesopurnza. Mp nipu-
CTYMaeM K UX OMHUCAHHUIO,

Ilycrs nmeercs sewma, notennmansHo GeckOHeuHas B 06e CTOPOHH
pasaenenHas Ha xBagpartel. [loTeHumanbHas GeCKOHEUHOCTb JEHTH HOHMMa-
eTCH B TOM CMBIC/AE, UYTO B KawIWH NAHHBIE MOMEHT BpeMeHH OHa MMEet

KOHEYHYIO [VIMHY, ¥ BMECTe C TeM K Hell BCerja Kak CJesa, Tak d Clipapa
MoryT ObiTb 100aBreHBl HOBblE KBampaThl. lMeercs HeKOTOpoe KOHeuHoe
MHOXECTBO CUMB0A08 AcHmbL Sy, ..., S, Ha3HIBAEMOE AAQHABIUMOM MAILINHEL,
B kauIblil MOMEHT BpeMEHH KaIBH KBagpaT MOXeT OHTb 3aHAT He Oouee
yeM OJOHHMM CHMBOJIOM. Mamnua 06/2a1a€T HEKOTOPHIM KOHEUHEIM MHOXECT-
BOM BRYMPEHHUX cocmosnl {qo, qy, ..., Gm}. B Kaxnabli gaHHHIA MoMeHT
BPEMEHM MaUIMHA HAXOAUTCS B TOYHOCTH TOJBKO B OJHOM H3 3THX COCTO-
sHn#. Haxoweu, umeercs wumanuas 20408KQ, KOTODAss B KaXAbli maHHBIN

S| S| S S3

T T Ts
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MOMEHT BpEMEHM HaXOMTCH Ha OJHOM U3 KBagpatoB JenTbl. Maimna ned-
CTBYeT HE HEeNpepeBHO, a JMWb B JACKPETHHIE MOMEHTbHI BDEMCHH. Ecan
B KakoO#-TO MOMEHT { YNTAoLIas OJOBKa BOCNPUHMMAET KBaipar (T.e. CTOWT
Ha KBagpaTe), coiepxauiu#h cuMBoA S; ¥ MAIUKHA HAXOAUTCA BO BHYTPEH-
HEM COCTOSIHMA ¢;, TO JeHCTBAE MAalIMHBl ONpPEIEeJeHO, U OHA COBEPIIAT
OooMH "3 CIEIyIOmHMX uYeTbipex aKkTos: (1) roJoBka CTMUpaeT CHMBOJ Sim
3anNMCHBACT HA TOM ke KBajpaTe HOBbH cnMBOX Sp, (2) rosoBka mepeme-
[aeTcs B COCENHHH c/aeBa kpaiapar, (3) ronoBKa HepeMemdercs B COCeaHUH
cnpasa Ksaapar, (4) MaluiuHa OCTaHaBJIMBAETCA. B cayuanx (1) — (3) malunHa
ePeXOAUT B HOBOE BHYTPEHHEE COCTOSHME ¢, W I'OTOBA CHOBA K AEHCTBHIO
8 caegyomuiit Momenwr t-}-1. Byrem npeanoJjarars, 4TO CHUMBOJ S npen-
CTaBJSET NMYCTOH KBAaJpaT, W 4TO, CJIEI0OBATE]bHO, YHTAIOMLas rOJI0BKA BCEra
BOCIPUHAMAET KakoH-HuGyiap cumBoJ. IlepBhie TpH M3 BO3MOXNHBIX aKTOB
OEACTBUA MALIMHBI MOryT ObITh OMHCAHBI COOTBETCTBEHHO CJCAYIODLUMA YTIO-
PSAOYECHHBHIMH YETBEPKAMH, KOTOPbE MH B JaJbHEHIIEM OyzeM Ha3hHBATH
womandamw: (1) ¢;8:Seqr (2) 9;SiLgn (3) q;S;Rq, 3nech nepshie 1Ba
CHMBOJIa — 5TO. COOTBETCTBEHHO BHYTDEHHEE COCTOfHHME MALIMHB 1 BOCOpU-
HUMaeMBl#l CHMBOJ, TPETHH CUMBOJ MPEICTaBAfeT NEACTBHE MaulMHbl (Hanu-
cauie roaoBKOK cuMBOJaa S, WM MEpPEMElleHHe TOJIOBKM Ha OJMH KBaApar
BJEBO, WAH TEPEMEliCHHEe T[OJOBKH Ha OJMH KBafpaT BIPABO), UETBEPTHIA
CHUMBOJI — HOBOE BHYTDEHHEE COCTOAHHME MAUIMHBI, B KOTODOM OHA4 HAaXOAMTCH
f10Cc/e JAHHOrO aKTa AeHCTBUS.

Ecau JneHTa BJIOKEHa B MaliuHy TblOpHHIa, UMTAiOULas roJAOBKA MallUHH
fOMElleHa Ha OJUH M3 KBAaAPaTOB JIEHTH ¥ MAllMHA TpHBEACHAa B OJHO M3
CBOMX BHYTDEHHMX COCTOSIHMH, TO MalIMHA HAYUHAET ONEPUPOBATE HA JICHTE:
ee roJoBKa NUIIET ¥ CTMPAET CHMBOJB M NEpPeMellaeTcd M3 OMHOr0 Ksal-
pata B apyro#t — cocemnnil. Ecnu mnpu 3TOM MaminHa Korjaa-oubyup ocCTa-
HaBJAUBAETCH, TO HaXOUsulasics B HeH B MOMEHT OCTAaHOBKHM JIEHTa Ha3blBa-
eTCA Pesy/bTaTOM NPUMEHEHHS MaliMHbl K NAHHOH JIEHTE.

Mbt MOWeM Tenepb ¢ KaxpoH mammuHo# Twropuura T cBA3aTh HEKOTOPHIA
arropugm B B andasute A mammnn T. BosbMem npoussoabHOE C/0BO p
B andasure A'W 3anulieM €ro C/1eBa Hanpaso B KBAaLpaTax YUCTOH JEHTH.
[TomecTdM 5Ty JEHTYy B MAlUMHY TakKuM 0OOpasoM, YTOOH 4MTAIOLLAs rOJIOBKA
BOCMPUHHMAJa CaMBlil JIeBMH KBajapar, W NPUBENEM MalIMHY BO BHYTpPEHHEE
coctosuue ¢, Mammua naumnaer paborarb. Ecam ona xoraa-HuOyae ocra-
HOBUTICSA, TO T[OSBMBlIEECS B pE3yJbTaTe Ha Jeurte C10BO B A sBaserca
snauenuem aiaropudma B. Takoi  aaropudm B Ha3HIBAETCH @A20PUPDMOM
Tswopurza. (CnoBo, oObSBISEMOE SHAueHWeM aropupma B, onpenensercs
KaK [NOCJAENOBATENbHOCTh CHMBOJIOB, OKA43ABLUAXCH, CYMTAd B NMOPAAKE CJeBa
HANPABO, HA JIEHTE B MOMEHT NPEKPAUleHds PaGOTH MALIMHEL Hanomunm,
4TO MyCTHIE KBAZpParThl JEHTH, KOTODHE MOTYT IDH 3TOM BCTPETHTBCH, C4H-
TAIOTCA 3anoJHeHHbiMM cuMBOJoM S;) Mul eme noxa He YTOUHRAM TOrO,
KaK MailliHa y3HaeT, KOrja e# CienyeT OCTAHOBHTLCH. Huxe ato Oyzer cae-
JaHo.

Ilagum Teneph TouHoe onpenesesne. Mawunotl - Tsopunza HasHBaeTCH
BCAKOE KOHeuHoe Muowectso T ynopaaoyeHHHX YEeTBEPOK CHMBOJIOB, YAOB-
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AeTsopsiouiee ycaosuam: (i) xawpas Bxoasuias B T uerBepka NpPUHAMACKAT
k omiomy u3 vpex tunos: (1) ¢;8;:8:q, (2) ¢;S:Lq, (3) q;8iRq,, (ii) Huka-
ke gpe uersepkd u3 T He uMeloT COBNAjalONIMMKM MEPBHEE ABA CHUMBOJA.
YnopsaoueHHsle YETBEPKM YKAasaHHBIX THIIOB Ha3BIBAOTCA Kosmardamu. Muo-
KECTBO BCEX CHMBOJOB TuNa S, BXOAAWMX B KoMaHmsl u3 T, HaswBaeTC
aspasumon mammusl T. Bxoasuive B 3TH KOMaHZB CUMBOJBL g5 Ha3bIBa-
otcs snympennumi cocmonnuamu mawuunl T. ITorpeGyem monoanuresibto,
4ToOH ¢y OBLIO BHYTPEHHUM COCTOSHHEM KawIOH Mawunb TeiopuHra.

Haszosem rougpuzypayueii mammun T Bcskoe caoBo suma PgsQ, rae
P — cnoBo (BO3MOXHO nycroe) B aidasute Mawuhm T, gg— Kaxkoe-HuOynp
uyTpennee cocrosuue T m Q -—Henycroe 0o B andapure Mawmusl T ).
Ckaxem, uto mawuna T nepesodum xorguzypayuw o 8 Korguzypayuo [
(coxkpauenno: a - f), ecan ambo a) o uMeer BUX Pq;S5Q, B wumeer Bun
Pg,S:Q u ¢;S:Skq, ects omna uz xomaun T; imGo b) o umeer Bug PS8 ;8:iQ,
B umeer Bun Pq,S:S;Q w ¢;S;Lg, ectb omHa us komana T; aubo c) o umeer
Bun ¢;S5;Q B umeer sun ¢,8,S;Q v komanna g;S;Lg, upunagaexur T; an6o
d) « umeer sun Pg;S5;:S,Q, B umeer sun PS;q,5,Q u xomauia q;SiRq,
npunagaewutr T; 6o e) o umeer sun Pg;S; B nmeer sug PS;q,S n
¢;S;Rg, BXOAUT B 4HCIO KOMaHZ T **). Mot OyneM rosopHTh, YTO MalluHA
ocmaxasauBaemcs npu Koxguzypayun 9, eCId HE CYiUleCTBYET TAaKOH KOH-
arypauuu 8, 4o @ - B. (DTO MPOMCXOAMT B TOM CJyuae, KOrAa q;S; BX0O-
AT B o, a cpemu Komaua, onpepenstiomwux T, HeT TakoH, .KOTOpas HadyMHa-
aace Ol C ¢;8;) )

Bouiwucaenue wmamuabi T ecTh BCAKas KOHEWHas IMOCAEA0BATEIbHOCTb
KoHUrypauuti &, ..., %, (m==0) Takas, 4TO BXOAdulee B & BHyTpeHHee
COCTOSIHME €CTh oy O > Oye1  IJA i=0,1, ..., m—1 u T ocranasiau-
BaeTcA Hpu o, DyaeM rosopuTk, YTO JaHHOE BBHIYUCIAEHHE &g, ..., O, HauH-
H4ETCA C g N 3aKaHUMBAETCHA O, Ilycte C — aacdasur, coaepxwawmuit B cebe
aapasur A mawwns T. Onpepenum anropudm Br, ¢ 8 C crenyomum o6pa-
30M: asa a6eix c1os P u Q 8 C pasenctso B, ¢ (P)= Q umeer MecTo TOrsa
¥ TOMLKO TOT/a, KOTAa CyuiecTsyeT BuuncaeHue Mawusbi T, HaunHaouwieecs
¢ koHpurypauuu qoP U 3aKaHuuBaiomieecs KoHpurypauue# suma Ryg;Rs,
roe RiRe=Q. Amropupm ¥ B andasure D Ha3LIBAETCA BHIUKCAUMBIM TI0

¥) C nomouibic KOHQUrypauuu ONHCHIBAETCH COCTOAHHE MalIMHLI H JAEHTHI
B AaHHbLIt MOMEHT BpeMmeHH: OyKBbl KOHQHUIypauMH, OTIAMYHbIE OT g5 CYTb CHM-
BOJL, 3aNOAHAIINE B TaHHbII MOMEHT B TOM )€ NOpPANKe, YTO H B KOHQHUrypauuy,
KBaapaTsl ACHTb:; §s — BHYTPCHHEE COCTOAHHE MAIUMHbL B JaHHbIfl MOMEHT; Iiepsas,
cneaywouan B KOHQUrypaunn 3a gg O6yksa ecTb CHMBOJ, CTOAIMA B TOM KBaipare,
KOTOPHIt B TOT € MOMEHT BOCIPHHMMAET YHTAKILaA [ON0BKA MamIHMHBL. "

**%) B COOTBETCTBMH C cofepxarenbHoli kapruHo#t nmeaa, «T nepesomut o B P»
03HAYaeT, YTO €CIM o ONUCHIBAET COCTOAHHE HeHTH M MallHHel T B momeHT Bpe-
Menu ¢, To § Nenaer TO ke HaAA MoMeHTa £ 1. 3aMeTum TaKwke, UYTO B COOTBET-
CTBHMH C CONEPKATENbHBIM CMBICIOM CAYYafa C), €CAM IONOBKA NMOIXORHUT K JIEBOMY
Kpaw NeHTH M NONYYaeT NpPHKA3 [BUIraTbCA Rajblie BJAEBO, TO MallHHA NPHCOEIH-
HACT K AeHTe ClAeBa HOBbift «nycToif» KBajgpar. (AHaJoIHYHO B Ciyuae e) mycroit
KBajpPAT HPHCOCAMHACTCH K JCHTE Cnpasa.)
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Teiopunry, ecau cymectsyior wmamuua Toiopunra T ¢ andasuToM A #
angasut C, comepxamuit AUD, raxue, uto amropudmn Br, ¢ n A sroane
SKBHBAJEHTHH OTHOCHTEAbHO D,

ByzeM, kak u npexnae, nucate | BMecto S). Bcnomumm takke, uto i
nas mo6oro HatypanbHoro m oGosnauaer y mac caoso 1™ Tlycts, kpome
TO0ro, * 06oaHauaer S, Mu Oyjgem rosoputs, uro Mammna Thiopuura T
(c andasutoM A, BKMOUAWMM | U %) BHYUCAAEM UYACTHUHYIO apupMETH-
Yeckyw ¢yHkuuo f(x), ..., X,), ecim nas MOOGBHX HATYpPANbHBIX Ay, ..., R,
u pas moboro cjaosa  paBeHCTBO %T,c(kx* *k,,):Q CNpaBen/iuBo
TOTAd W TOJbKO TOTJd, KOTJAd CYUIECTBYIOT Takue croBa Ry w Ry 8 anda-
sate {Sp}, uto Q=R (4, ..., k)R (tbopma Rif(ky, ..., )Ry nma Q
OONYCKAeTCs B CBASW C TeM, 4To &, WHTeprnperupyercs Kak wnsoOpaxe-
HHEe  NyCTOrO KBaapaTa JIeHTH.) @OYHKUMS  HA3BLIBAETCA  BHHUCAUMOIL
no Telopun2y, ecam CyulecTByer MammHa ThiOpUHTa, BHIUHCAAIONIAT 3Ty
dynxuumio.

[Tpumepn. 1. Paccmorpum mammny Teiopunra T, onpemensemyio cie-
ILYIOUNMA KOMaHIaMu:

% 1 L ¢

a S 1 ¢

Ancasur mamuust T coctont w3 1 u & T seuncaser ¢yukumo N (npu-
OaBJjeHne enuHuusl). B camom nene, HeTpyaHo BuUAETH, 4TO ¢ok = 1Sk =

- ok -} 1. BooGuie, mamuna T nepesomur moGyio koudurypanmio suja
qo1P B KoHQurypawmio ¢ellP, a Bcakoe caoBo P, He HaunHawomeecs
¢ Gyksn 1, oHa nepesoaut B P.

2. Mauuna, onpenejeHHas KOMaHIamu

9% 1 L ¢
@1 S 1 qo
. X
HauaB paboTy co ciaosa Buaa 1P, TPHIHCHIBAET K HEMY CJA€Ba WO OmHOH
O6ykBe 1 Ha KaxooM LIare, HUKOTJA NPHU 3TOM HE OCTAHABJIMBAACD.
3. Ywurarowas ronoska Mawnnsl Thopunra, sagapaeMoi KOoManaamu

g So R o
g0 S R} [
90 St R qo ' o
g 1 1 ¢

IOBUTAETCA NO JEHTE BHPABO, INCKa . HE BCTPETUT BXOXKJEHHE (ecam Takoe
BOOOlLE HUMEETCs) cumBoJ/a 1, MOCAE YerQ MamidHa OCTaHABJAMBAGTCA.

O RNy R
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4. Tlocrpoum mawwmny ThiopuHra, BHUUCAAIOULYIO PYHKIHIO x4y Hycs
T ecrs mammnna TelopuHra, 3agansas cucTeMORf KoMaHp,

g0 1 S q
g S R ¢
@1 R ¢
/PO R S
ga 1 R 7L}
9 S L g3
g 1 S q

Torna
Qo % L= qo1™" & 1" e g Sy1™ % 174 o Sy 17 5 1711 T
m =1 1 1
T’Sglqll ' ® 1n+ T e ‘,IT'Solmql * ln+l*fr* S()lch)‘lln-'_ e
T Sl Mgal ™ o ST Gel™ o L SIS, e Sy 1™ g 1S, o

- So 1M nq;;SoSo = S() 1 m+n+1q38050 = Som —l— nqu(.So.
YupamHeHHs

L. llokasatb, uTO QyHKUHA m = n BbiYMCAMMA 0[O Teiopunry.
2. Tlokasatb, 4TO MCXOAHbIC NPHUMUTHBHO PEKypPCUBHbIE DYHKLHH U (X e s %)
soryncaumel no Teopuury. (lasbuefime npumepst cm. desuc [1958], ra. L)

Npennoxenne 512 [llyeme T - mawmuna Tswopunza ¢ aagasu-
mom A u C— pacuupenue A. To20a cymecmsyem HOPpMAAbHBL aA20-
pugpm U nad C, snoane sxsusasenmuoii ommuocumesvno C as2opugmy
Terwpuneza By, c.

Ilokasareabcro. Ilycms D:CU{qk, s G, }, THE G) 5 en

. 0 m 0

. qkm——BHyTpEHHHe cocrosiius T n qko.-;;qo, [Mocrpoum cxemy nasa

uckomoro aaropupma A caepywouum obpasom. Benuiem cHauaaa mis seex
KoMaun ¢;8;8pq, mMawuun Teiopusra T QopMy/sl 1104CTAHOBKM q7Si — 4,;Sp.
3arem AAs Kauaol KOMasibl 9;SiLg, BHINHIIEM BCEBO3IMOXHBIE ¢dopmy.int
noACTaHOBKN BHAA S;9;8; — ¢,S,S;, rae S, C, n ¢opmyay noacraHosku
q;Si = ¢,8S;. Ianee nam xawao#h KoMmanasl q,SiRq, BbinnueM BCeBOZMOX-
Hele popMyabl noacraHoskn ¢;8:8; — 8§;q,S, rae S, C, u gopmyay noa-
cranoske ¢,S; — §;q,S,. Harouel, sunumem BceBoaMOKHBIE ¢dopmyJst noa-
CTaHOBKY qki—>A, rae qkie D, u ¢opmyay noncranosku A — g, Iloay-

ueHHas TakuM 00pasom cxema onpenenser Hekotopwifi aaropapm U wap C,
W JIErKO NoKasats, 4r0 By, ¢ (P) =< A(P) pan moboro ciosa P B C, T e
Y ectb UCKOMBIA aaropudm.

Cnenctsue 5.13. Bcskana swuucaumas no Tewpuney ynxyus f
ABARemCeR  dacmuinol  goqucaumod no Maprosy @yurxgued, caedosa-
measHo, 6 cury caedcmsus S.11, f ecme wacmuuno pexypcusnas GyrK-
Yus, u ecau npu smon { onpedeaena 6ciw0dy, mo ona pexypcusna.
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HNoxasatenbctro. llycth dyukuus f(Xy, ..., X,) BHUYHCIAMA 1O
Toiopunry u ee suuucaser mawuna Toiopusra T c aagpasutom A 2 {1, x}.
2T0 o03Havaer, YTO AJ NOOBIX HATYPaJbHBIX umcen Ay, ..., B, nakayrcs

takue caoga Ry w Ry (BO3MOXHO, mnycTHE) B

angpasnte {Sp}, wro
Br, A (7‘3, % ...% k,,) o Rif (ky, ..., k) Re. B cuny npepnoxenna 5.12, cyme-

CTBYeT HOpMaabHbiit aaropucdM A wam A, BNOAHE SKBUBAJEHTHHH OTHOCH-
TeneHo A aaropudmy U a. Tlyets 6 — wopMadbnmit  aaropndm  Ham
{1, %, &)}, cruparomwui Bce BXOXneRus S, nepen NepsBeM BXOMAEHHEM |
W * BO BCakoM caose B aadasure {1, %, S,}. Tako# aaropudm moxHO
3a1aTh CXEMOH

[0Sy —>a

| al -1
[+ BE RS ]
a—>-A
A->a
ITycts Ttakke @q— nopmansumit anropudm wan {1, %, S,}, xotopmui# cru-

paer BCE BXOXJAEHHA S, MOCJAE TOCAECAHErO BXOXIAEHHUS | WX %= BO BCAKOM
caoe B andasure {1, %, S}. €Gg MOXKHO 3amaTb CxeMOH

Ak —> %A
al — la
oSy —> a
a—-A
‘b A>sa
Monoxum Teneps G =0y, Mas
uMeem

mo6LIX HATYpaasHHWX Ry, ..., R,

U(kyw ... wk) By a (Brw ... ¥ k) R Ry, ..., ka) Ry
ree Ry n Ry— nexotoprie cnosa B {S,}. Tloatomy

Gy (Rif (ks ..., k) Ra) oeB(ky, ..., ko) Ry

Col(f (A1 .. B RY) =f(ky, ..., Ep).

Orciona Buamo, uro f ecth uacTwyHas Boluncmas no Mapkoay dvukuns;
ee BHYUC/ASET HOpMaabHui anropudm @

[Ipennowxenne 5.14. Iycms N — nopmansuuii areopugpm 8 aaga-
sume A, He codepocamenm Sy u 3. Toz20a cywecmsyem marxas Mauwura
Tsiopunza T, wmo anzopugn Tswpunza B=Br, ay {So. 3}) 8 aagasume
AU{Se, 8} o6aadaem caedyowun csolicmeom: Oan ecaxozo crosa W
8 A aszopugpm B npumenunm x W mo20a n moasko mozda, Koz2da
K W npumenum arzopugpm U, u npu smon B(W) umeem sud S™A (W) Ss,

ke 2 g

§ 2. AITOPHOMDBI THIOPHHIA 257

20e m u n— geavle HeoMpuyQamMeAbHble HUCAA. (3nauenns aaropngpmos B
n A (opmasbHO PpazMMuHB, TaK Kak na Aente MammHn Thiopunra S, ects
N0 CyWECTBY CHMBOJ NYCTOTO KBajAparta, a B HODMAaJbHOM anropudme S,
ecth Gyksa, paBHonpasHas ¢ moGol apyro#i GyKkBoi.)
NloxasareabcTBo. Orpannummcs PpacCMOTPEHHEM CJyuas, Koraa
A={S, & ..., Sg}. (Beaxmu#i mpyro#t cayuaht csommtes K 5TOMY 10AXO-
AAWMM u3MeHeHnem uHaekcos.) Ilycrs P — (-) Q — npoussoabnas ¢popmyaa
noncranoki. Iloctponm cucremy kowanm maumnm Toiopunra, peficTpue
KOTOPOH COCTOMT B 3aMeuieHMd CaMOrO JEBOTO BXOMIEHMA caoBa P B npo-
¥3BOJLHOE CI0BO W (ecam Takne BXOXIEHHS BOOGUIE mMEwTCH) caopom Q.

Ecm P==A, 10 nycts P==by... b, Paccmorpmm Toraa caenyomyio
CUCTEMY KOMAaHnA:

% S R g S A, Si#by)

9 be 8 q

G 3 R qa

e by R 93

92 S S g SeAU{SY) Si=£b)
¢ b R ¢

@ S S g (SieAU{S) Sis=by)
q, by R g

9, Si Y SiesAy {So}, Si=%=b.y)
Grn br R 9r+s ‘

92 S S Gnae SesAU{S), Si=b)
grva Si L qua (Si = AU4{S))

949 9 by  qpa

9+ b R q

9 Se L g

Gris S L g (NX=F.V]

Gris O by qruy
s S R ¢y

FI€ MHIEKC Y — HEKOTOpOoe uenoe uucao, Goasuree moboro u3 WHIEKCOB,
KOTOpHIE B pgaibHeRiem OyayT euie ynorpebaeHb. T2 CUCTEMa KOMaHg
crepyiommnm 06pasoM meficTByer Ha caoso W. (3amernm, 4TO MW [0 CHX
0P He YNOTPeGWIM CHMBOJN BHYTPEHHETO COCTOSHMS ¢;, OH Oyner ewe
NpUMEHEeH B NaapHEHIleM O cneunaibHod nedbio) Ecom W ne comepxut
BXOXIEHUH cioBa P, To pefictBne 3TOH CHCTEMBI KOMaHA 3aKAHUNMBAETCH
konpurypaunelt gyW. Ecan xe W comepxur Bxowaenus caosa P ou
W= W)PWs roe W) n W, onpemneasiorca CcaMmbiM JIEBHM BXOMIEHREM
croBa P B W, 10 paGoTa CHCTEMB KOMAHA 3aKOHUNTCR KOH(Urypauneh
WiPg,.s W YunTbiBan 3Ty BOBMOXHOCTb, Hally CHCTEMY KOMAaHZ caenyer
9 3. Menaenbcon
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pPaCHIMPUTh JONOJHUTENBHBIMA KOMaHIAMK, C [OMOIbIO KOTODBIX BBLAEJEH-
HOe BXOxieHue cioBa P Obto Obn 3ameneno Ha Q. Ilyctb Q=¢; ... ¢s
BoaMoxHH Tpu ciyuas.

(1) s=r, 1. e. P u Q— ciaoBa ogHOH anuHbl. B 3TOM cayuae pobasum
KOMaHbl:

9 S L qrn SieAy {SO})

] b r Cr dres
rts  Cr L qr+o .
Grea b 6 Granp
Grit0 Cra L gr+11
@1 be G0 Garsg

Gsrvs S L Q3r+8 Sieh)

Girvs So R 9u
rae

{O, ecau Qopmyaa noacraHoBku P —- (-) Q mpocras,
u=

—

, ecan ¢QopMyJa MoACTaHOBKH P — (-) Q 3ax/mouuTe/pHas.

[pumenas sty komanasl K WyPgq,. Ws, MH noJayuum ¢, W, QWo.
(2) s<<r. Q xopoue P.
JHo6aBuM KOMAaH[bi:

Grit N L g S AU{SYH
9ren b, Cs  Qris
. qr+s Cs L g
G r142s br—s Co G ri49541
9rimest1 Co L Qriviasea
Grimvasta Dr-sm1 S0 @riniacra
Grimizsta o L Griviesna
Grimsoses Drogea So Qrevrases
Griri2srs S0 L grimasus
G3r+st8 by S Garrsrs

[Tpumenenne sTux koMmana k W Pg¢,., Wy npusoant x koudurypanuu
—S$
Wigar+srsSy— QWo.

Teneps ciaenyeT NPeAyCMOTPETb KOMaHIbl, € TMOMOLIbIO KOTOPBIX MOXHO
6ma0 66 cnoso W) NOABUHYTb HA JEHTE HAa I — S KBAaApaToB BNPABO,
4TeObl moaAyunth caoBo Wi QWy (KoTopoMy NpEILIeCTBYeT HEKOTOPOE C/IOBO
s aadasure {Sp}). llycte M — nenoe yucao, Goabluee BCEX BCTPEYAOINUXCA
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BHIE WHAEKCOB Tpm ¢; ® §;, Hanpumep, nyctb M =3r -} 9. loGaasem
KOMAHBI

Qorvsts S0 L gnm :
dm S, % gmy S,eh
qM+}' 3 R q Mty

Imei S R qmsy

gme; St L Gy (YE=Y)
Qopi+j S S i Joamry

Gome; S; L Gamsy

Pame; So L Gamey

Pmr; B S Gumeg
G=1,2, ... k)

g
h

Gam+j Ism+y

Tsm+j S R Fom+y

Gemry So R Gemey

Gomr; St S Ga (Si=A)

rue ’

u—{ 0, ecan dopmyna noacranoskn P — () Q npocras,

1, ecnu dopmysa mOACTaHOBKE P — (-) Q 3akJio-
YATENbHAS,

gsme; St St qm (S A)

Haunnas ¢ xoudurypannn Wige,+s+5S;~"Q We, MBI ¢ TOMOWWBIO 3THX nOCTED~
HUX KOMaHJ TNpuaeM T0pU HEKOTODOM MOJOKHTEILHOM p K KOHQurypauuw:
(S’ q, W1 Q W

() s>r, T e cioso Q mamHHee caoBa P. DT10OT cayyalh paccmaTpn-
BaeTCd aHAJOTHUHO MPEIBIAYUIEMY, W MBI €0 OCTaBJ/IsieM Ha JOJIO YdTaTe.s
B KauecTRe YNPaXHEHUd, PAaBHO KaK # Te MOAM(UKAUKN KOHCTPYKLMH, KOTO--
prie HeoOXoaumbl, Koraa Kaxoe-uuOyab u3 c1oB P mm Q— mycroe.

ITycTe Temepb 3amaH MPOU3BOJALHBIA HOPMa/bHHHA aaropudm U B andasnte:
A={S ..., S}, ve comepwamem Sy u 8, n mycrb cxemoit amropudpma .
6yaer Py—(-)Qy, ..., Pp—>(+)Qp Onpeneanm mauminny Toiopuara T cre-
nyiomwnM o6pasom. Bocrmponssesem BCIO HpeblAYULYI0 KOHCTPYKIAI s
nepeo# Gopmyan noxpcraHoBkn Py —(-) Qp (C yuetoM majbHeltniero xopa
paccy®iaeHHH B KayecTBE 3MAYEHHUS MHAEKCA Y DOCTATOYHO B3ATh, HATIPUMED,
yucto, 8 100 pas npesniuiaomee cyMmMy 2 u uncaa BCEX BXOXAEHuH GykB
B cxemy ). Mpl nonyunm cucTeMy KoMaHm, npUMEHEHHe KOoTOpO# K g W
NPUBOAXT K MPEKpalleHuio ee AeACTBud Ha KoHdurypauun qyW, ecau W
HE COLEPXHUT BXO¥AeHu# caosa P, a ecim W= W, P, W,, rae BolaejeHo
nepeoe cnaesa BXoxuenue Py B W, TO Ha kondurypaunn suna (S,)°q, W, Q; W,
(rne v=0 n =0 win u==1, cMOTPA 1O TOMY, NPOCTOH MU 3AKNIOUH~

9.
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TeJAbHOH sBASETCA QOPMyJaa NOACTaHOBKM Py — () Q). OO6parumca Teneps
K caeaywoumel Gopmyne noacraHosku Pe—-(-) Qq u 1/ Hee NOCTPOUM CHa-
yana CHUCTEMY KOMaHji, CJACAys H3NOKEHHOMY Bhline 06pasuy Ias ofLiero
cayuan P — (-)Q, a sareM WHEEKCH BCEX BCTPEYAWOIUXCH B 9TOH CuCTeME
BHYTPEHHUX COCTOsiHuM# ¢;, KpoMe ¢, ysesnuium Ha Y. [lonyueHnas Takum
oOpasom cucremMa komaung u Oyner TOH CUCTEMOH KOMaHa, KOTOPOH B KOH-
CIpyupyeMoll MalluHe cooTsercisyer ¢opMyJa mnoacranosku Py — (+) Qe
OueBugHO, 4TO [JGHCTBHE KOMaHI [BYX YXE€ MOCTDOEHHBIX CHCTEM KOMAaHp
He HakjaansiBaercs. Hosele, T. e. coorsercrsymomue GopMyJe NoACTaHOBKHU
Pa —(-) (s, KOMAaHAB MOTYT HauaTth JEHCTBUE TOJBKO TOC/AE TOrO, Kax
CJIOBO, TOCJAEXOBATEJBHO [MOJYYaIOILeECs OT NPUMEHeHMs KOMaHk, COOTBer-
croylouux Py —(-) @), OKaxerca JuWeHHBM BXoxwaeHudd ciaosa Py Torpa
C [OMOLIBLIO ITUX HOBBIX KOMaHJ HaXOMsieecs Ha JEeHTe CJ0BO OyHeT UCIbi-
THIBATHCA HA HAJUYUC B HEM BXOwaedu# caosa Py Ilpu sTom mmewrcs gse
posmoxHocTr. 1) Takue Bxoxmumenus umerorcs. Camoe Jesoe M3 Hux Oyner
3ametleHo Ha (g, M MalMHa nepeliger B COCTOsIHUE ¢y, ecat Po—(-) Qp —
3aKJOunTeNbHas  (QOpPMYJad MOACTAHOBKM, Ju0O B COCTOSHHE @p, €C/]H
Py — () Qa — nipocras popmy.ia noacranosku. B s1om ocaeasenm ciyyae BHOBD
HauuHawT AeHCTBOBATD KOMAaHIbl, COOTBEICTBYIOLLIUE P1—>‘(-)Q1. 2) Bxox-
nenuil Py wer. Mammna, paboTas no KOMaHIaM, COOTBETCTBYOUIUM Pg —> (- ) Qq,
B KOHEYHOM HUTOrC OCTapjscT 0e3 M3MEHEHUst HAXOMUBLIEECS HA JICHTE CJIOBO
# NEePEeXOAMT B COCTOsIHUE ¢oy. Tenepsp N0/KHBL HAYATh AEHCTBOBATH KOMAaHMIbI,
coorsercrayomue Pz — (-) (s, KOTOPHE MBl MOCTPOMM TaK K€, KAK U AJs
Py —(-) Qy c TOH pasHunefi, YUTO HHAEKCH BHYTPEHHHUX COCTOfHMI yBeau-
uuM He Ha Y, a Ha 2Y. Paccywxpas anajoruuHeiM 00pasoM, Mbl JHOCTPOUM
scio cucremy xomanig mawmubl T, kotopas umurupyer paboty aaropugma A
B TOM CMBICJE, 4TO A joboro caosa W B A anropudm B =V, s, 4
npumeniim k W Torga u 1oJbko TOTAa, Korma K W npumenim A u B (W)
mveer sua (So)™W (W) (Sp)?, rae m W n—ueible HEOTPMUATE/bHBIE YuCAa,
(CxoaHoe pnokasarenbCTBO MOXHO Hallth y Accepa [1959] Kocsennoe
HOKA3aTENLCTBO  MOXKHO Ob110 OBl MOJIYYHTb C TIOMOMWbIO chxexctTsust 5.11,
1OKa3aB, YTO BCAKasd 4aCTHYHO pexypcuBHas (YHKUMUS BBIUKCHUMA 110 'lblo-
punry. Yurtaresio craHer sicHee HaMeU€HHas 34eCh [POLEeAypa, ec/Id OH H03Ha-
KoMuUTCH ¢ usaokeHHsiMm y I'epmeca [1961] (I, § 7) meronom coepuse-
Hua Mawu Teoputra u ux nporpamm.)

Craencrsue 5.15. Beaxasn wacmuunasn souucaumas no Maprosy
oynryun surucauma no Teswpunzy. (W c1eA0BATENbHO, BCAKAS YACTHUHO
pexypcusHas ¢ynkuus Beiyncauma no Teopuury. Jpyroe jokasaTeascrso
eMm. y Kauun [1952], § 68)

HoxasarteansctBo. Crenyer uz npensnoxenus 5.14 u onpenenenus
soiuncaumoit no TeiopuHry QyHKuuM.

HUrak, mbl BuauM, 4uro TpH cnocoba YTOYHEHHR MOHATHS 3PheKTUBHOH
BHIYMC/AUMOCTH — B TEPMHUHAX MaluuH ThIOPUHTa, HOPMAJLHBIX anropudmMos
4 pexypcuBHHX QyHKUuH — 110 CymecTsy SksuBaaeH THel. MamuHs Toiopuura
MOXHO paccMarpuBaTh KaK HeKyo abCTpakTHyi0 (GOpMy UUPPOBHIX BHIYUC-
JIUTE/NBHBIX MAlUMH (€CAd He NMPUHUMATh BO BHUMaHUE BOIIPOCH CKOPOCTH
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u ynoGcera souucaeHuit). Cosnajnenne KJIacCoB (QyHKUUM, YaCTUYHO DPEKyp-
CHUBHBIX H BBIYUC/IUMBIX IO TblOpPlH[‘y, UHTYUTUBHO BOCNPDHHUMAECTCH KAK €uLe
OJuH (pakt, roBopswuid B moasdy Tesuca Yepua. 'K sromy Moxno takxe
n00aBuTb, YTO KJAACC BHIYUCAUMBIX N0 ThIOPHUHTY (YHKUNR HE H3MEHHTCS,
€CJU Mbl YC/JIOKHAM ONpEfeneHHe Malindel ThIOPUHra, IOMYCKas, HANpUMEp,
HE OJHY, @ HECKOJBKO JIEHT M YHTAKINUX TOJOBOK HJH UCIIOAb3YS ABYMEP-
nyio genty. (IlogpoGuee 06 stom cm. y Kawmuu [1952], ra XIII, § 70.)

§ 3. Boiuncaumocts no dpépany — lénemo.
PekypcuBHO nepeunciudMble MHOMXKECTBA

Wnes onpenesenns MOHATHA BHYHCAMMOH (PYHKUAM B TEPMHHAX KOBOJBHO
NPOCTHIX CHCTEM ypaBHeHu# Oni/1a BBIABHHYTA 3p6paH0M U 3aTEM pas3BuTa
[énxenem [1934]

Mb  nocrpoum Teopuio BbuHCAMMOCTH MO Dpbpany — ['énento, caeays
B OCHOBHOM nsaoxennto Kaunn [1952), ra XL

CHavana onpeneauMm mepmoL.

(a) IlepemenHnle CcyTb TEpMbl

(b) O ectp Tepm.

- (¢} Ecau t ectb TepM, 10 (f) ecTh TEpM.

(d) Ecin by, ..., t, — TepMnl u f;—qJYHKuMOHaJIbHaﬂ O6ykBa, TO f;! (TN
«v.s ty) €CTH TEpM. N

Kaxmomy HaTypajibHOMY 4uMC/Iy 7 MBI CTaBHM B COOTBETCTBUE 4ugpy n
no caenyowemy npasuay: (1) 0 ects 0, (2) 21 ects (7). Takum o6pa-
30M, BCfIKan uudpa €CTb TEpM.

Pasgencmeom HaspiBaeTca BCAKas (GopMmyna r =S, FOe I U § — TEPMHL.
Cucmenoli pasencms Ha3bIBAETCA BCAKAZ KOHEUHAA MOCJEIOBATEIbHOCTh E
PaBEHCTB ry =S8y, ..., ', ==, TAaKUX, 4YTO I, UMEET BUI f (ty, ..., t,). D1a
(pyHKuMOHaIbHAs OykBa f Ha3LIBAETCS 24A8HOU géymcquHa/Lbuozi oyxsoi
cucremnl E. Te @yuxunonanbuue OykBn cuctemnl E, xotopbie BCTpewarorcs
TOJIbKO B IPABBIX YACTAX PABEHCTB, HA3LIBAIOTCH HAYAAbHbLMI (B YHK BUORAA-
noimu Oyksamu E. OynkuuoHaibHas OyKBa, OT/IMYHARA OT TJaBHOH, Hashi-
BAETCH BcnoMozamensnoll yHKyuonaasnoll Gykgoil E, ecm ona sctpe-
YaeTcd KdK B JEBBX, TaK W B NPaBbIX YaCTSX paBeHCTB u3 E.

WUmMeroTca nBa npaBnna BHBOAA:

Ry: paBeHcTso ey fiBiseTcs CJAENCTBUEM DPAaBEHCTBA e, NO npasuay R,
TOrAa ¥ TOJbKO TOrJAa, KOrAa ey NOJydaeTcil W3 €; NOACTAHOBKOH B ¢
Kakoi-Hubynb UM(PE BMECTO BCEX BXOXIEHMH HEKOTOPOH lepeMenHOH.

"Ry: paBeHcTBO e ec1b caenctue no npasuay Ry pasencts f3 (ny, ..., fy) =
==p ¥ I'==§ TOrAa ¥ TOAbKO TOr[3, KOrJAa & ==5 He COAEPKUT NEPEMeH-
HBIX B € TNOJYUdeTCs U3 r == $ 3aMEHOH OJHOrO W/id ONHOBPEMEHHO HECKOJbKUX
BXOXIEHUH B S TepMa fg (M, ..., Ny) TEPMOM p.

Boigo0om DaBEHCTBA e M3 NAHHOIO MHOXECTBd B paBeHcTB HasmiBaercs
BCSKas 1OCACNOBATEAbHOCTb €y, ..., €, DAaBEHCTB Takas, 4TO e, €CTb e,
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u ecn 0=<i=<<gq, 10 qmbo (1) ¢; npuHamnexur B, auGo (2) e; ecrs caex-
crBue 1o mpasuay R; Kakoro-unGyab NUpeabLAyIIEro pasencTsa e; (j<<i),
mbo (3) e; ectb CaeAcTBHe TO npaBuay Ry Kakux-uubyms, ABYX npemuie-
CTBYIOIUNX DPAaBEHCTB €; U en (J<CTi, m<Ci). Yisepwaenue <«Cymecrayer
BHBOL ¢ u3 By Oyger B gaibHeillieM n300pamarbcsl CHMBOJMYECKH 3ATACHIO
B |- ¢, koTopyo Mbl OynzeMm uutaTh Kak <«e BHIBOZHMO u3 By».

Hpumep. Hycte E ects cucrema paseuncrts

JHENEEN S
fi(xn ) =17 (2, %9, f1(x1).
[nasHoit ynxuumonansuolt Gyksoit E ssasercs f. PynkuuoHambheie Gykes
/1 u f} asasmores 8 E cooTBeTcrBenno HauaibHOH M Beromorateasnof. ITocue-
JOBATENBHOCTh PABEHCTB

fi(on 2=/} (2, xa [} (o2),
fi@ =@ @)
@ D=AE 1, fi@)

fi (o) = (1),
AR)=@ (e A@=3)

i@ D=AET,3)

aBasercs suisomoM fi(2, )=/3(2, 1, 3) us E.
Hacruunas apudpmernueckast QYHKIAS @ (Xy, ..., X,) HASHIBAETCA BHLUIUC-

AUMOl ¢ nomowsl0 cucmems. pasencms E, ecan raaBHO# (yHKUMOHAIL-
Ho#t OyxBoil E smasercs n-mectHas (yHkumonaabnas OykBa, Hampumep, 1z,
W 1 00X HATYDa/IbHBIX uncen Ky, ..., k, u p umeer mecto E — ﬂ'(kl,
-» R))==p TOrna u TomLKO Torma, Koraa @(ky, ..., k) ==p. Oyuxuns ©
HA3BIBACTCA B6HUCAUMONU nO DpOpany — [édento (kOPOTKO — I -BBIunCAUMO),
€C/M CyLIECTBYeT CUCTeMa paBeHCTB E, C noMowpbio KOTOpOl OHa BeMuC/IHMA.
IIpamepn. 1. Ilycrs cucrema E cocront M3 emmHCTBEHHOro pasen-
ctBa fi(x1)==0.-Toraa ¢ nomowsio E Buuucauma uyus-¢yuxums Z. Taxuwm
obpasom, ¢yuxuua Z II-puunciauma.
2. ycrs cucrema pasencts E cocrout u3 omguoro pasenctsa /f (xy) = (xy).
C nomompio E phunciuma Ttorza ¢yHkums N «caepyiomu# 3a». Takum
oOpasoM, ¢yuxuus N I -euncauma.

3. Ilpoextnpyromas dynxuns U7 BHUMCIAMA, OUEBUIHO, € MOMOLLBIO
cucteMbl E, cocrosuled u3 equHCTBEHHOTO PABENCTBA fl.”(xl, ceey Xp) =X,
#l, caemoBareabno, I -BeIUMCAUMA.

4. Ilycte E ects cucrema paBeHCTB

f]g (x17 0)=x1y

fi(x1, (x2))= (2 (21, x9)).-

C nomombio E Briuncauma onepauusa CJA0KEHHUA.
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Ipenanoxenne 5.16. Beawas uacmuuno pexypcusnas PYHKUYuR
Al-sbuuncaumna.

ILoxasareancrso. (1) Kak nokasmsamor npeasiayniie npuMeps 1 — 3,
navaabHele @ynkuun Z, N u U;’ O -BBIYUCHUMEL

(2) Hycrs ysxuns ¢ nonyuaercs us GyHKumA 4, i, ..., §, C NOMOMWBIO
NOACTAHOBKU: @ (X1, ..., X)) =1 (P (X1, ..+, Xp)y -« s Yy Xy -+, X)) (UPaBUIO
IV onpenenenns uacrnuno pexypcusnoft ¢ynxunn). Ilpeanonoxum, uro %,
O, -5 Y DU -Bouncaumbt. Ilyctb Toraa E; — cucteMa paBeHcTs, ¢ nmoMoibio
KOTOpO# BHUMCIMMA (yHKuus ¢; u ]‘;" —raasHas (YHKUHOHaAbHas OykBa
B B, (i=1,...,m), n nyb'rb E, 1 — cucreMa paBeHcTB, € NOMONLbIO KOTO-
po#i BbiuncIUMa HYHKIUS T, @ f:+1 — rJ4BHasg (GynKuuoHanbHas Oyksa B B, 4y
Wsmenus (ecim 310 norpebyerca) MHAEKCH, MBI MOXeM 1OGHTBCS TOTO, YTOGH
HUKaKue ase u3 cucreM Ey, ..., E,, E, .y He comepxamu OfMHAKOBHX (DyHK-
uHoHaIbHEIX Oyks. Ilokamem, uTo cucTemMO# PABEHCTB, C NOMOUILIO KOTOPOH
BHIYNCANMA (YHKLUHMS ¢, MOMET CAykuTh cucrema E, noayuawomascs, ecau
BRIDNCATE B OJHY IOC/IELOBATEAbHOCTb pasencrsa cucrem Ey, ..., E,, Ep, .

o '3 —__fm
U B KOHUE np:mmarb elle pPaBeHCTBO fm+2 %y ..., xn)—_nfm_H 2 (x ...
.y X, ...,fm (x1, ..., Xp)), roe dyHKuHOHabHAn Gyksa fm+2 OTJIMYHA OT
BCEX (PYHKUMOHANbHHIX OYyKB, BXOmsimux B Ey, ..., E,.i. B camom gese,
€ OLHOH CTOPOHBI, $CHO, uTO ecan ¢ (ky, ..., k)=p, 10 E |- f,;‘,_,_g(kl, cee

= e i > J = S
-oos kp)=p. O6parno, ecin E} frnio(ky, ..., kB))=p, 10 E |~ fi(ky, ...

£ s J Y il /1 =
e R)=py, . E— k..., ky)=py n E |~ fmi1(py ceos Pm) = p.
Ho sro sHaumt ma camom pexe, uto E, —fi Gy k) =Dpy, ..., Ep =

it - ) o N b n
SRy -y ) =pn w Emyi b fom 1 (P - pm) =p. Cinenosatesno,
B cuay OF-BhlyucaumMoctn (yHkumi ¢, ..., ¢ U 7 C TNOMOWBI CHCTEM
E1, ey Em n Em+1, nMeeM q)l(kb...,kn):p],..., q)m(kj,..., kn)zpm
U NP, ..., pp)==p. llostomy u ¢ (ky, ..., k,)=p. (Ilposenenne stOFO
JOKa3aTeNbCTBA BO BCEX JETANAX MB OCTABJAEM MMIATE/IO B KAUECTBE yIPaK-
Henus. 3a ykasaHusiMn MOXHO oOparutbess K Kanuu [1952], ra. X1, § 54.)
Hrak, dynkuma o I -seryucauma.

(3) Hycrs ¢dynkuua ¢ noayuaercs us pynkunii ¢ u 6 ¢ nomomsio pekyp-
cun (npaBui0 V M3 ONpeseseHns 4acCTHUHO DEKY)CUBHBIX ¢yHKnui), T. €

O(Xpyeeer Xp 0) =0 Xy, ..., Xp),

¢ (Xb ceos Xpy, Xy _i_ 1): 0 (XI: c-es Xpt1, P (Xl; Lo xn+1))1
rae v 0 OI'-potuncaumsl. Jlonycrum, yro (yHKuMS ¢ BBIYHCAMMA C TIOMO-
HIbIO CUCTeMBl paBeHCTB E; ¢ raasnolt ¢yHKuumoHaasHOH GYKBOH ff, a QyHK-
uust O BRuUACAHMA ¢ nomouwbio cuctembr pasedcts Ep ¢ raasHoH  dyHKumo-
HaJbHOU OYKBOH f+2. Torpa cucremy pasencrs E, ¢ nomMompio KoTopoi
BHIYNCAUME (PYHKIMA ¢, NOCTpOuM Kax oObeamnenue cucreM Ey u By ¢ no6as-
JIEHUEM PaBEHCTB

1
lf:hL 1 ..., Xp 0)=ff(.?g1,...,xn), |
- -
f,n+ (xl: vevy Xy (xn+1),) =f:l-l (xh voey Xptly f; 1 (xl’ ey xn‘H))-
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(Mbl 3peck npeanoJsaraem cHoBa, uto E; n Eg He umeior olwwnx dyHKuUIO-
HajbHbix Oyks.) Ouesunno, uto ecan ¢ (Ry, ..., k,, K)=p, 10 E }—f"+l (B, . ..
s B, k)__ p. Vlnnykuneﬂ no k 7nerko nokasatb u o0paTHOE, T. €. 4TO
1
ecin E- 1 (B, k,,, k)=p, 10 ¢ (ky, ..., kn, k)==p. Orcioma noay-
uaem II'-oruncaumocts . (Paccmorpers camocTosiTesbho caydadl n=0.)
(4) Tycte dyukuns cp NOJIy4aeTcss U8 (PYyHKNMM ¢ C NOMOUIbIO p-Onepa-
T0pa, T. € ¢(Xy ..., X)) =10y (Y (X1, ..., Xn, Y)=0) (mpasunao VI onpesgenre-
HUSL HaCTHUHO DekypcusHOH ¢yukuum). IIpexnonoxnm, uto dynxkuus ¢ IT-
BLIYMC/IMMA C NOMOLLBIO CHCTeMbl paBeHCTB E; ¢ ruaBHOH dyHKIMOHAIBHON
1 .
6ykBo# f:‘+ . Ha ocHosanun npenpinymnx nyHkToB (1)~ (3) MOXHO yTBep-
#JATb, WYTO BCSIKAd MPUMHTHBHO peKypcuBHas ¢yHKuna Il -Bhuncianma.
B uactuoctu, II'-suuuciauma onepauus ymaoxeuus. Clries0BaTeNbHO, Cyie-
CTByeT Takas cucrema paseHCTB Eg ¢ ruasHo#i dynkumonaibHo# Oyksoi f3,
ne comepxkamas obuwx ¢ E, 6yks, uto Ey — f3 (k1 kg)==p TOrHA K TONBKO
TOrJa, Korja Ry- kg==p. OGpasyeM cucremy paBeHCTB E;, oﬁmem»mua CUCTEeMbI
E;{ u E¢ v nobGaBuB K HHM paBeHCTBA

1
f:+ (xb cees Xy 0)= 1,
1 3 1 1
f:+ (xly .oy xm (xn+1)’)=f.§(.f:+ (xl’ DY xm xn+1)a _fl”+ (xb ey xns xn+1))-

Mo wmaykumm Jerko noKasate, YTO C TOMOUIbIO Eg BRUMCAMMA yHKIHSA

TI9Go .. % y), 1. e Es - f;"“ (B «.., ky, k)= pTOrsa n T0bKO TOT 13,
x<{2

korma || ¢ (ks ..., kn y)==p. Tlyctb tenepp E ecTb cucrema pasencts,
y<#k
noayuaoimascss nyteMm no6aeieHus Kk E; paseHcrs

f‘: ((xl)’, 07 x3)=x3)
f’;(xl: ey xn)——f‘z( et (.JC1, ooy Xy x,,H), f;‘+l (JC:, veny Xpy (x,,H)'), x,,+1).

Torna dynkuns @ (Xy, ..., X)) =0y (¢ (X1, ..., Xz ¥)=0) BrIUMCIUMA C TOMO-
WbIO E B camom nene, ecim py(b(ky, ..., By y)=0)=g, 10 E4 -
|—f" (ki,...,k,,,q)__p, rae p-—{—l:]_—l G(Ryy, . oen By y), W Egb-
_ y<q . — o
f"“(k,, - q)::O Chnenosatensio, E |- fy (ki ..., k) =fs (7,
0,q). Ho E ~7 ', 0, q) =4gq, 4, TaKkuMm 06pasoM, OKOHUATEJbHO HMeeM
E |—f"(k1, o Rp)= g. O6parHo, nyctb - E }—f"(/q, e ,,)__ ¢; Toraa
E | fi(m', 0, q)—— q npu HekoTOPOM m, rAe Eq }—f" (Br, ..., Ry, q)-(m)’
v By i Ry ..., By ¢)=0. CnenoeaTeano H YRy ones By y) =
y<g
=m-+1£0n ] 9¢y..., ks y)_O Hnave rosops, ¢(ky, ..., &,
y<g-+l

V)F#0, ecim y<lq, v G(ky, ..., by, @)==0. IostoMy py (b (ky, ..., & Y) =
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== 0)=g¢q. ®Pynxuus 9, Takum o6pazom, toxe I-Buluucauma. ITuM u 3asep-
11aercs J0KJ3aTeJbCTBO Npemioxedus 5.16.

Msl rtenepr nocrasiM ceGe ueabl0 OKa3arb, UTO BCAKAs BHIYUCAUMAfA
no Jpbpany — ['éaemo QyHKiMa 4acTHYHO pekypcusHa. [Lad atoro Mul npu-
MeHuM apudmerusanunio annapara IIN-sbluncanMocTu. Bocno.ssyeMca rotosoi
yxe apudmerusannedl u3 § 4 ri. 3. (CumBoa’ cayxur cokpamennem nas fi.
HanoMHuM Taxxke, YTO r =5 ecTb COKpAllEHHas 3aMUCh 3JIEMEHTAPHOH (op-
MyJel  A3(r, §) ¥ eOUHCTBEHHOR [pPEAMETHON KOHCTauTol sBasercs 0.)
B uactHocTH (cM. § 4 ra 3), caeayouue OTHOUIEHMsi U (PYHKUUU ABJASIOTCA
NPUMUTUBHO DPEKYDPCHBHLIMH.

FL(x): «x ectb rézeneB HoMep QYHKUHOHaAbHOR OyKsbl» uan ¢op-

MaJIbHO

Tyy<x Tz, < (x=9 1 8(2-32) &y >0 &z >0),

EVbI (x): «X ecTb rémejes HOMEp BBIDAXEHUs, COCTOALLErO ©3 IEPEMEHHOU>,

EFL (x): «x ectb répenes HOMED BHPAXEHUS, COCTORLLEro U3 (PYHKUHOHA/Ib-
HO#t OyKBHI»,

Nu (x): «X ectb rémejes HOMep LQPH>»,

Trm (x): «X ecTb TéneneB HOMEP TepMa»,

Atfml (x): «x ecTp rége/qes HOMED SJEMEHTapHOH (hOpMYJBIy,

Num (x) =rénenesy HoMepy LudpH X,

Arg.. (X)==uucny aprymMentos (yHKuMoHaAbHOH Oykebi f, ecam X ectb rége-
Jaes Homep f,

X % y==réfeneBy HoOMepy BHpaxeHus AB, ecan X ecTb réaetes HoMep
BhIpaxceHus A, a y —réxelneB HOMep BblpaweHus B,

Subst (a, b, u, v): «V ecTb réaejies HOMED HEKOTOPOH NEpPEMEHHOH X; U eCTb
réaeses HOMEp HEKOTOporo TepMa t, b ecrtb rénejeB HOMED HEKOTO-
poro BeIpaweHus e W a eCTb TréIeJeB HOMED pe3yabTaTa momcra-
HOBKM TepMa ! BMECTO BCEX BXOXAEHHUH X; B o#».

IIpumutusHO pe}(prVlBHb]Ml/l SIBJASIOTC, KpPOME TOrO, CJaelyloilue mupe-

JAKATHI.

Eqt (X): <X ecTb Iéie/neB HOMED pPABEHCTBA», YTO MOXKHO BHpPasuTb Gop-
maabto Kak Atfml(x) & (x)y=107. (Hanomuusm, uro Aj ecrb npepukar
paseHcTBa W €ro réaenes Homep pased 107.)

Syst (x): «X ecTb rége/eB HOMED CHCTEMBI PEBEHCTB» HAH (POPMAAbLHO
VyY < Eqt (®)y) & FL ((Xin 1) = )

Occ(u, V): <t ectb régejes HOMED HEKOTOPOro TepMa f{ WM HEKOTOpOro
paseHcTBa B, a v ecrb régeJeB HOMEpP TepMa, BXOAAllero B ¢ wan

B B!
(Trm (u) \/ Eqt (u)) & Trm (v) & Ixy < Iy < u (U=
=xxvey\u=xxv\/u=vsy\/ u=v)
Cons; (i, V): «CYmECTBYIOT TaKHe€ paBEHCTBA €; W €, YTO U eCTb réuenes
HOMEp e;, V eCTb TénejeB HOMED ey M €3 €CTh CJACACTBUE € [0
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npasuay Ry», uto Bhipawaercs Gpopmyaoi
Eqt (u) & Eqt (v) & Ixc <o Fyy < (Nu (y) & Subst (v, 1, y, x) & Occ (u, x)).

Consy (u, z, V). «cymecTByiOT paBeHCTBA ey, €g, €3 TaKue, 4TO U, Z, V fB-
JSIOTCA COOTBETCTBEHHO WX TEIENEBHIMH HOMEDAMU H €3 €CTh CJel-
CTBUE €1 W ¢ MO npasuiy Re» wm dopmanbho (s cayuae, koraa
3aMeHSIeTCA UQPOH JULIL OHO BXOMIEHHE Tepma):

Eqt (u) & Eqt (z) & Eqt (v) & 7 Fxx <, (EVbI (x) & Occ (z, x)) & FL (z)2) &
&VX2 <x<1h (z)‘! FL ((Z)x)& 355 = zaww = zaxx = ua}’ys uatt = uarrsu(z———
=pg" pixsx 2w w2 & Trm(s) & Nu (w) & Trm (x) &
Su=ys+x= P& x=tsssr&ve=ystewasrs2%)
(Hariomunu, uto g(()==3, g())=5, g()=17)

Ded (1, z): «u ecrs régenes HOMEpP HEKOTOPOH CHCTEMBI paseHcte E u z
€CTb FEfeJIeB HOMED HEKOTOPOrOo BHBOAAZ M3 E» nan dopMaibHo

Syst (u) & Vxx < 1 () (Fww <1ih w (Wy =) V

V 3y$*<x Cons, @)y, @0 V 3Yy< xAVy < x Consy @)y, (@ (7))

Sa (W, X1, ..., Xp, 2): «Ul €CTh TENE/EB HOMEP HEKOTOPOH CHCTEMBI paBeHCTs E
¢ raasHoit GykBo# f] u z ecTh rénenen nomep HEKOTOPOTO BHIBOJA
u3 E pasencrsa f7(Xy, ..., X,)=p». Dror fnpeauKar Moxer ObTh
BRIpaXEH (HOPMYIOH

Ded (u, 2) & Arg (W - )o) =1 & 3xx523yysz (=W - ) &2 =

107 ; Num (x,) 7 Num (x,)
=po Pi-PaPI P Y Ph s Phai - Pane™ X
B T 5 .
X Pan-ty Ponay # Y *2° &Nu (y))

IpumutusHo pexypcusHORt sBaseTca u dyHKIAs
UE)=pnyy<x(Num (y) =((X)in 0 - Din v - 2)- (Ecm X ects rémesres HOMep
BHIBOJA paseHctsa r=p, to U(x)=p)
MMpennoxewne 517 (Kawnwn [1936a]). Ecau  gynxyus
?(X ..., Xo) Ol-8uuucauma u e-—oédeses  Homep cucmems pa-
sencms E, ¢ nomowso womopol ona swiducauma, mo

2 (X, -ovy X)) =U(yS, (e, X1, ..., X5 V)

u, caedogamensro, scaxang IU-suuucaumas Gywxuyns o sg8agemcs vwac-
MULRO  peKypcusroll ynryued, ecan jice, Kpome moz2o, o onpedenexa
8CI00Y, Mo © pexypcusHa.

Hoxasartenpcrso. llycte ¢yHKI#A ¢ BHUUCANMA C  MOMOMIBIO

cucremsl pasencts E, umeomett £ csoelt raasHO ¢yHKuuOHaTbHON GyKBo#

W e csouM réjesiessiM HoMepoM. [Lag moOeix kg, ..., &, U p mmeer MecTo
o(Ry, ..., kRy)==p TOrma u TOABKO TOrAa, Korma E [——f}‘(kl, . kn):p,
Kpome Ttoro, o(ky, ..., k,) ONpeneseHO TOCOd W TONBKO TOrHa, Koraa

AySa(e, &1, ..., Ry y). Ecn @ (ky, ..., k,) onpemenero, To 2yS, (e &y, ...
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«voy Ry, y)  ®BARETCA  rEfEJEBBHIM  HOMEPOM BHBOAa u3 E  paseHcra
7 (By, ..., ky)=p. Caenoparenno, UpyS.(e, ki, ..., ky Y)=p=
=¢(ky, ..., ky). Tak Kak npepukar S, NPUMUTHBHO DPEKYpCHBEH, TO (yHK-
wist U(pyS,(e, Xy, ..., X, Y)) — uacTuuso pexypcusnas. Ecam e dynkuus
¢(Xy, ..., X;) onpegerena scioay, 10 VX ... Vx,3yS, (e, X5, ..., X, ¥)
D710 o3nauaet, yTo0 GyHKuUa pyS, (e, Xy, ..., X,) pekypcusnHa. Torpa pexyp-
cusHa n Qynxuns U (uyS, (e, X1, ..., Xn ¥))

WUrak, kaacc ¢yuxumi, spraucanmbix no Jp6pany — [énemo, cosnagaet
C KJ3CCOM YdCTHYHO PEKYPCHBHBIX (PYHKLUH. DTOT (PAKT CJOYHUT elle OAHIM
LOBOIOM B NOJsb3y Tesuca Yeépua.

Wuorpa Bmecro S, ymobHee  OHBAET NOJB3OBATHCH  NPEAUKATOM

Tz, X1, «ovs X ¥), onpejessemsiM  GopmMyIoH S.(z, %3, ..., X, V)&
& Vuu<y18,(2z, Xy ..., Xy w). OueBnmno, ecan T,(Z, Xy, ..., Xy y), TO
S,(z, X1, ..., X, ¥)- 3aro B orimume ot S, npeamkar T, obnagaer Tem
csoficTBoM, 4TO ecmu T,(2, Xy, o.o, X, W 8 T, (2, X4, ..., Xy V), TO U==Y.

OueBnaHO Takxke, uToO
AyS,(z, X1, vvs X Y=FyT,(2, x4, ..., X V)

U@ySe(z X1 «ovs X YN=U@yT,(z X1 ..., X ¥)),

eca# TOALKO XOTs Obl OfHA W3 4YacTeil TOrO paBeHCcTBa onpenedeHa. Ms
npegaoxenuit 5.16 wu 5.17 caeayer, 4TO BCAKas Y4ACTUUHO DEKypPCUBHas
¢Gynxuns npeacrasuma B dopme U (nyT, (e, x4, ..., X,, ¥)), Fae e — rénenes
HOMED CHCTEMBI DABEHCTB, C NOMOINBLIO KOTOPOH 9Ta (YHKUHY BHIUNCAEMA.
W obparHo, nasa aoboro natypaasHoro uuciaa e ¢yuxuns U (pyT, (e, Xy, ...
.++» Xp ¥)) ABJISETCA uacTHuHO pexypcuHO. Taknum 06pasoM, IOCKOABKY Z
npoGeraer Bech Harypausumi#t  pag, U(pyT,(z, Xy, ..., X, y)) n#aer nam
HEKOTOPYIO Hy.epayuio (¢ TIOBTOPEHMAMH) BCEX HQACHUMHO PEKYPCUBHBLX
gynicyul om n apeymenmos. Uncao e rtakoe, 4TO (X4, ..., X,)=
=U(pyTp(e, X1, ..., X, y)), HaswiBaeTCR undexcom Ppynxyuu ¢. 1'énenes
HOMEp JI00OH CHCTEMBl PABEHCTB, C TIOMOMIBIO KOTOPOH BHIYNCIUMA (YHK-
uus ¢, ABJISETCS UHAEKCOM . Kam/aas YacTMuHO pPeKypCuBHAA (pyHKUUs
umeer Oeckoneuno MHoro unpgexcos. (Ilycte umTatens pokamer 510 cam
B KayeCTBE YIIPaxKHeHus.)

Hniexcon pexypcugnozo npeduwama R Mp Gynem HasbBaTbh HHIEKC €ro
xapakTepuctuyeckoil (ynxuuu. Torma, oueBnpHo,

R(Xl, ceey Xn)an(Tn(e, Xty ooy Xps y)&U(Y):O)»

rae € €CTb UHIEKC npepuxara R

Jlemma 5.18. (1) Ilyems n>0 u R(xy, ..., Xp, y) — pexypcusnoui
npeduram. To20a cywecmsyom makxue HAmMypaibHble YUCAG € U €y, 4O

AyR(x1, ...y Xy Y= AyT,ler, Xt .. X V)
u

VyR (XI: oo Xy Y)E Vy _l Tn (eib X1y oves Xy Y)-
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(2) Ecan n >0, mo dan awbozo pexypcusnozo npeduxama R (xy, ...
cos Xpy Z, Y) CYWECTBYION MQKUE HAMYPAAbHBIE HUCAQ €3, €5, LHO

Vz3yR (X4, - oo X 2, V)= V2AyTons (e X4y ovny X 2, Y)
u

AzVYyR(Xy, vy Xy 2, Y=TF2VY T Trri (€ Xy - vv s X 20 Y

u max dasce, 041 mpex u OOAbULE20 HUCAQR KBAHMOPOS.

Hoxaszarenvcrno. (1) Iycts ¢ (Xy, ..., X, Y)— Xapaxkrepucrave-
ckaa ¢ynkuus npegukara R, PyHkums ¢ pekypcuBHa, u, CJAexOBaTe/bHO,
vy (2{X1, ..., Xp ¥)==0) ectb dyHKuMA uacTHuHO pekypcusHas. [TycTb e, —
rémenes HOMEp KAKOH-HMOyIb CHCTEMB DaBEHCTB, C [OMOUWIBbIO KOTOpPOH
BHIUNCAUMA  QYHKUMA Y (9 (X1, ...y Xy Y)=0). Torza JyR(xy, ..., X,, V)
B TOM U TOJIBKO B TOM C/yuae, KOT[a onpeneneHo py (9 (xy, ..., X, y)==0).
Craenosarenpno, IyR(xy, ..., X, Y)=3AyT,(es, X1, ..., X, ¥). [Ipumenss
5TOT pesy/bTaT K | R, 3ak/aiouaeMm, 4YTO CYUIECTBYeT UHCIO €3 TaKOe, uYTO
3y TRy, ooy Xy Y)=TAyT, (€2, X1, ---, Xy Y), OTKYH2 CJELYET, OUEBHIHO,
VYR (g oovy X V)= VY TT (60 Xty eons X y)

(2) Ora uacte semmb caenyer us (1), ecam B (1) n 3amenuts Ha n - 1.

Ilpnnasas  u  BCeBOIMOKHBIE HATypadbHble 3HAYeHMs, MB, B CHJIy

aemmbl 5,18, noaydaem ¢ nomouiblo npeamkatoB AyT,(u, Xy, ..., X, v),
Vy 1T, Xy, ..., Xp ¥) ¥ T. I. HYMEPalMIO BCEX MPEANKATOB, WMEIOLINX
cootsercTBeHHO opMy JyR(Xy ..., X, ¥ VYR(X4, .oo, X ) v T 1

APy PEeKypPCHBHHX R,

Mpennoxenne 519 (Kanuu [1943]; [1952), § 57; Mocros-
ckuit [1947a)) (1) lan awbozo pexypcusnozo npedurwama R (X, y) cyuwe-
CmeYiIom. HamypassHbie HUCAQ € U ey maxue, 4mo

T@yR (e, V)= Vy T Ti(e1, &1, ¥))
T(VyR (ee, Y)=TyTi(es, &5 y))

(2) Ecan R(X) — pexypcusnnii npeduxam, mo cyuecmeyiom Hamy-
passHble HUCAQ € U ey maKue, 4mo

TREe)=Vy 1 Ti(er &1, ¥))
T(R (e9) = TyT1 (ea, €9, ¥)).

3) IIpeduramer Vy ITi(% %, y) u JyTy(x % y) He ssigiomes
PEKYPCUBHBLMIL
(4) Paccmompunm caedywouue dopms. npeduxamos:
3}’1R(X1, cony Xpy y;) 3y;V}’gR (Xq, cees Xpy Y1, y2)
VyiR(Xy, oov) Xp ¥1) Vyi3yaR (X4, «evs X Y1, Vo)
3y1vy?3y3R (Xt vevs Xp Y1b Yoo YQ) e
VYIHY‘ZVY’sR (le ceey Xy, yl) y‘Z) Y3) ..

u

u

Ry, ..., Xp)
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20e R -— npoussoasnuiii pexypcusunii npeduxam. OGosnaunn 4epes Iy u
00HOBpeNEHHO Hepe3 X, KAACC 8CeX N-MECHIHBLX PEKYPCUBHBLX Npeduxa-

mos. [las awbozo k>0 obo3navum uepes Sk -KAQCC 8CCX N-MECHHbIX
npeduxamos, swipa3umbx & <«npedsapennoi gopue> Iy, Vye . QyR(xy,...

vy Xp V1, Yo ---5 Yr) 20€ NpOu3BOALHOMY PpEKYPCUBHOMY npeduramy
npeduiecmgyem K8AHMOPHAS npucmasxka u3 k K8anumopos, 8 Komo-
POl KgaHmopb. CYULECMmBOBAHUST U OOWHOCMI 4epedyIOmcs, nepsvuim
geasiemest Keanmop cyuwecmsosanus, a Qy, ecmy Ksanmop cyusecngo-

sanns um gceobunocmu. Kaace Il onpedesusr max e, xax u Sh
¢ moti auws pasnuygeli, wmo nompeOyem, 4moOv 8 KE8aHMOpPHOI npl-
cmagre nepguM Cmosr Ksanmop 8ceobumocmu. Hmaw, umeem nocaedo-
8aAMENBHOCIE KAACCOB:

DD T
oo ...

(@) Ecau npeduxam ewpasin 8 Kaxol-aubo u3 sviuenpugedennsx
opm, mo ox 8upa3urm U 80 BCAKOIL popme u3 awbo20 cmoabya, pac-
nososcennozo 8npaso om nee, m. e. Ly= XN} u HZ;E'}HH'}
dan awbo20 j >k

(b) das awbozo k>0 umeens Xp— 150 u M;— 250, m. e
cymecmsyiom npeduxamesl, svipasumse 8 gopue Ay,Vys ... QyR,
Ho Hesupasumbie 8 opme Vy,3ys ... QyyR u naobopon, meaosameﬂbuo,
1 me u Opyeue Hesupa3uMb HU 8 KaKoil opme ¢ 0oaee KOpomrol
K8aHmMOpHOI npucmasKoil.

(¢) Besixul apugpmemuneckuii npeduxam (cM. crp. 151, ynpakuenne 2)
swpasum no gpatineii mepe 8 00HOI u3 3mux ¢opn.

(d) (@. Iocr.) Omrouwenue Q(Xy, ..., X,) PeKYPCUBHO MO20Q U MOALKO
mo2da, Kozda Q u | Q sapazumst 8 dopme AyR(Xy, ..., Xu V1) € pexyp-
cusus Ry unsimu caosamu, 3y NII] = Zg.

() Ecou Qe u Q@2 mo Vel ut Q&Q e I

ecan el u Qell;, mo Vel 1 Q&Q ek
() B omaunue om (d), ecau k>0, mo

(ZR NI ) — (SRUTIR) 0.
Noxaszarteanctro. (1) Ilycrs R(x, y)— pekypcusnnit npenukar.
Mo nemme 5.18 cymectByloT uncaa e; n ey Takme, uro AyR(x, y)=
=3dyTi(e1, %, ¥) u VYR(x, Y)=Vy 1T (ex X, Y).
(2) Ilycte R(x) — pexkypcusnmit npeaukar. Torma npeaukar R(x) &
—y-—Toke pekypcusnpit. Ouesngno, Ay R(X)&y=y)=Rx) n

=1II;

&y=
‘Vy (R (x) &y=y)=R(x). Teneps ocraercst npuvenuts (1).

(3) Ionycrum, uro mnpemuxat Vy 1T, (X, X, y) pexypcusen. Toraa,
B cuay (2), CymecTtsyer YHCIO €, Takoe, uTO Ty ITi(er, €1, Y) =
=Vy 1 Ti(ey, &, y)), uto aBasercs nporusopeuneM. Ananornuno, eca Owl
npemukar 3yTi(X, X, y) 66 pexypcuBHbiM, TO, B cnay (2), n0/xHO Owuio
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Obi CYmIECTBOBATb YMCAO ey Takoe, uto | (AyTy (g, ey, y)= 3yT (cq, €0 ),
# MBl ONATb MMead OBl IPOTHBOPEUHE.

@ (@ FzVyi3zVys ... Tz, VYR Ko oy Xn, 20, Vi oves 21 Vi) =
=Vudz,\Vyr ... VY, RX1 ooy X 21 Y1y oo e s 2, ¥p) & 1= 1) =
=3z Vy, ... Bz, Vy, Ju R (x4, ..., X, 2, Y «v ey 2Zp Yi) &u=1u).

Orciona caepyer, 4T0 BCAKOE OTHOIIEHWE, BHIPAa3UMOE B OAHOH M3 DPaccMat-
pPUBAEMBIX B JIOKAd3BIBAEMOM MpPEIJNOWEHHH (DOPM, BBHIPAa3uMO u B J0GO#
npyro#i gopme ¢ Gonee LIMHHOE KBaHTOPHOH NPUCTABKOH.

(b) 3zecb MBI TPOCTO pPacCMOTPUM  HEKOTODBHIE THOMUHBIE  Cayuali.
Hpexanonowum, uro npepukar IvVzIyT, e (X1, X1, Xa, ..., X V, 2, y) BBIpa-
sim B dopme VvIzZVYR(xy, ..., X, V, 2, y), rze npeaukar R PEKYpCHBEH,
Ho nemme 5.18, 570 OTHOLIEHHE SKBMBANEHTHO TPU HEKOTOPOM e OTHOLIE-
unio VvAzVy 1 T,a(e, X4y oo\ Xp V, 2, y). Tenepb npu x,=—e noJayyaem
DOTHBOPEYHE,

(c) Beskas gopmyna rteopum uepeoro mnopsmka S Mowker OHTb npu-
BCACHA K 1IpenBapenHoli nopmaibHo# dopme. llocae sroro mocraTouno
sameruTp, ut0 JuIVR (1, v) sxBusanentno IzR (s} (2), o5 (2)), rae o} u o —
peKypcuBHble (yHKUUY, OOpaTHbIE B3aUMHO OJHO3HAUHOMY OTOOpANKEHWIO o
MHOXECTBA BCEX Nap HATYDAJIbHBIX YMCE] Ha HarypaJabHblii psip (cm. ctp. 144).
Touno tak we VuVvR(u, v) oxsusarentno VzR (s} (z), oi(z)). Caenona-
TCAbHO, PALOM CTOSLIHE KBAHTOPHI OJHONO THNA (T. €. CYWECTBOBaHHA WJH
8ceo0WHOCTA) MOrYT OBITH CBEPHYTHl B OAUH KBaHTOD TOrO e THUIIA.

(d) Ecan npeauxar Q pekypcuBeH, TO pekypcueH u npeaukar | Q.
Hlanee, ecam mpemuxar P (xy, ..., X,) peKypcusen, 10 DeKyPCHBEH u mpe-
aukar P(xy, ..., X,)&y==y; npum sTOM, ouesumso, P(x, ..., X)) =

=3dyP Xy, ..., X,)&y=y). OO6partHO, NPEANOIOKHM, YTO npeaunkar Q
BbipasiM B Qopme AyRy (Xy, ..., X, ¥) W npemukar 1Q—s opme
JyRo(xy, ..., X, ¥), rie npeaukarkl R; u R pexypcuBHb.  Tak Kak

Vg o VX Iy R s X W) VR ol X, y)) TO (ysKuus
QX ooos X)) =y (Ri(Xp, ooy X5 ¥) V Ra(Xy, ..., X, y))  pexypcusHa,
Torna Q(xy, ..., X)=Ri (X1, «+v, Xp 9 (Xpy +..,» X)), 1, CJEAOBATENBHO,

upenukar Q peKypCHUBHBIL

() Ynrareab nerko MOKaMET STOT NYHKT, UCNO/Ab3YS CJAEAYIOMMe (haKTbL:
ecmn  x  we Bxoaut_ csoGoamo B U, 10 |- oA\ B)=(A \/ IxV),
Fdx@&B)=A&AxB, - VxA VB =AV VaB)u - Vx (&B)=
= (A & VxB)

(f) Mst paccmotpum s npoctoTh cayuail n==1; ocTa/ibHble cjyuan
u3 Hero Jerko caenyior. Iyers Q(x) e 3, — 11l Onpenemuw P (x) xak
Fz2(x=22&Q(2)) V (x=22+1&1Q(2)). Jlerko nokasar, uro P &
& Zk U H,!, n Pe Z;lwr]. Herpynno raxwe smaers, uto P = H}hu, ecau
8ameTuTb, 4T0 P (X) MCTHHHO TOrAa M TOABKO TOria, KOria

F(x=22&Q(2) V Pz, cx(x =2z - 1) & Vz(x =22} 1 © 1Q(2))
(Pomxepc [1959]).
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YnpamHenue

B atom YIPAXKHEHUN CTABHTCA 1eab JOKa3aTh, UTO CYHMCCTBYIOT PEKYPCUBHLIE,
HO HC NPHMHTHBHO PEKYDCHBHbLIE (I)yHKIlI/m. : _
1. Tlycte [Vn] O3HauaeT HambojblIEE LETOE YUCIO, HC MPEBOCXONsIee Vn.
[lokasaTb, uT0 (QYHKUUA [Vn] onpenensercs pekypcueit
. 2]
x4 D) ==(n)+sgl(n+1)—0(n)+1)*]
W, CIeIOBATCIbHO, ABIAETCS MPUMHUTHBHO DEKYPCHBHOML.

2. dynkuua Quadrem (n)—_—n;[]/n ]2, namoias NPH KaXAOM 71 Pa3HOCTh
MeWAY n ¥ HauGoJbIINM KBAaAPaTOM, HE MPEBOCXOAALIUM 722, ABILETCA NPUMHUTHBHO
peKypPCHBHOM. :

3. Myets p(x, V) ={(x+yP+y)+x) pi(n)=Quadrem(n) n p,(n)=
= Quadrem ([} 1 ]). 3tn dbyHKkuuM Taxme NPHMHTHBHO pexypcuBHbe. Jloka3aTb, YTO

(@ pe(p(x =xup(p(x, Y) =Y

(b) o (p1(n), po(n))=mn;
(c) p B3aMMHO OJHO3HAYHO OTOGpaNaer ®

(d) pe 0)=1p:(0)=0,
Hecau p, (n 4+ 1)5=0, 10

? Ha o)

pr(nd-D=p(n)+1,
ps (n+ 1) =p,5 (n).

“(e) Ons xaxmoro n==3 NONOWHM p" (X4 ...y X)) ==p (" ' (Xyy +ovy Xp_1)y Xn)s
rne p?=—p. Kawmas u3 ¢Qyukuni p" NpUMHTHBHO pexypcusHas. [lonoxum nanee

of ()= p;’_] (pr (B)) man 1<=i=s=n— 1 u pl(k)=1pg (k). Pynxunn p]' (1 < i< n)—
IPUMHTHBHO PCKYpCUBHBIE, npudem pf (p7 (X4, ..., X)) =1x; u " (o} (B), o5 (R), ...
ooy P2 (k) ==k. ®ynxuua p”, TakuM 06PA3OM, B3AUMHO OJHO3HAUHO OTOGpakaeT wf
HA © N QYHKIWH p} ABIAIOTCA COOTBETCTBYIOUIMMH <OGDATHBIMH> OTOGPamEHUAMH.
Pyukuun p” U pf MOCTPOEHBI M3 p, Py, Py C TIOMOHILIO NMOACTAHOBKM,

4. Cxema pexypcnu (ctp. 133, (V) Moxer OviTh orpannyena caejyouieil dopmoii:

b (Xyy vovs Xpon, 0) =Xppy (n=0),
Xy ooy Xpar YHF D=0 ooy Xnpty Y5 € Xy ooy Xpypy ¥))
B camoM jene, MYCTh AaHA PCKYDPCUS:
B (Xpyoeos X 0) =7 (Xpy -+ y Xp),
0 (Xgy ooy Xo Y D=3 (X4 ooy Xy ¥y 0 (Xygy oovy Xy Y))-

TMonarast @ (X, .ovy Xpogy ¥y 2) ==3 (Xyy +.., Xp, ¥, Z), ONpeReauM & TpeGyemoim obpa-
som. Torma 0 (Xgy vees Xy y)=‘-l‘ (xlv veey Xpy T(Xu ceey Xn)v y)'

5. donyctus p, py, py B KaUYECTBE JIOMNOJHUTEILHBIX HCXONHBIX QOYHKUHH, Mbl MO-
WeM OrPaBMUATHLCA MPUMEHEHHEM IMIIA TNPaBuia pekypcuu (V) B oXHOMapamerpu-
yeckolt opme:

qj (X, 0) =a (X)v
. b y+ D=8y &y

[Ykasanue [ycts n =2 Ecan nmano

0(Xpy oevy Xy 0) =7 (Xq, -+, Xp),

e(xn cevy Xpy )’+ 1)=B(x“ e Xy Y 0 (le ceey Xp,y Y))'
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10 noaoxuts 4 (u, y) =10 (p}’ (u), ..
napameTpuyecKolt pexypcud.]

6. Jonyctus p, py, p; B KauecTBe JAOMNOJIHUTCABHLIX UCXOAHLIX QYHKOHH, MOWHO
8 (5) smecto B (X, ¥, ¢ (X, ¥)) ucnoab3osars Gpynxuno suma d(y, ¢ (x, y)). |[Y ka3 a-
uue. flycrs

§ (%, 0y =1a(x),
Y y+ = Bl Y, ¢ (% ¥)

fonoxum ¢, (x, ¥) = (X, § (%, ¥)). Torna x=p, (41 (%, ¥)) 0 ¢ (X, y) = ps (1 (X, Y))-
dyukuuo ¢, onpemesHTs € nomownbio pekypcun THna (5), rme smecto B(x, Y,
$(x, y)) npumenena @ynxuus suaa d(y, ¢ (% ¥))] ’

7. llonyctus p, py, pa B Kauecrse JOHOJHMTEAbHBIX HUCXOAHBIX (YHKUME, MOXHO
OrpaHHUATL NpuMeHeHue npasuia pexypcun (V) cxemamu BHAA .

(*){ b 0)=x
Y y+H=080dxY)

{Ykasauue. [Ipumennrs nynxr (6). [lycts Torma

{ ¢ (% 0) =a(x)
(++)
ey +D=BexY)
Ecau Tenepn ¢ 3amate cXemofi (%) C B M3 CXeMbl (%), TO MOXHO JIOKa3aTh, 4TO
e(® =y (@(x)y)]
8. Ecan B kauectBe HONOXHUTEAbHBIX MCXOAHLIX @YHKUMH NPUHATH QYHKLHU

® P Par -+, SZ TO IpuMesenwe npasuaa pekypcun (V) MOXHO OCpaHHyHTH
cxemMamu BuIa
£(0)=0

f(y +D=h( 1))
Yxkasauue. [lycrs, cornacuo (7),
q)(xr 0):)(1
b(x y+ D=8 ¥ xy)
Honoxum f(rn) = ¢ (p, (n), pe (n)). Toraa
£0) = (¢, (0), p2 (0) =4 (0,0) =0,
frt+-D)=¢ @ (n+1)p(n+1) =
_:{ ps{n+ 1), ecaut py (n41)=0
Bl (n+ D)=L ¢ (n+1)==1p:(n4 1)), ecau o, (n+1)+0
{ pe (n 4 1), ecan o, (n41)=0
B (pr () ¢ (pr (1)s s (m))), ecam py (n+ 1) 5= 0
___{ pz (n 1), ecan p, (n 4 1) =0
T LB (pu () £ (), ecm py (24 1)~ 0

=ps(n4 1) sg (o (n 4+ 1) +B(pu (m), T(m)-sg(ps (n+ 1)) =
=h{(n, I (n)). :

-y p: (u), y) H ONpelcauTs 7 € NOMOLLIO OXHO-

(3amerum, uTO QyHKIHA Sg MOMeT ObiTb NOCTPOEHA C UOMOUILIO PeKypcHH pac-
cvarpusaemoro Thna). Tenepb aerko xokasartb, 4o ¢ (X, ¥) =1 (p (x, ¥))-
9. Bce upuMdTUBHO PEKYpCHBHbE (YHKUUH MOKHO [I0AYUHTb, HCXOZA U3

oyukunit Z, N, UY, 5, py por .y S8 C TOMOLLLIO [IONCTAHOBKH ¥ PECKypCHU

"
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(npasuno (V)) suia
f(0)=0,

f(y+D=h(y 1O

(Caenyer u3 (8).)
10. B nyuxte (9) dyuxuus h(y, f (y)) Moxer 66iTh 3amenena (yuxuuel BuAa
h((y). Ykazanue. Ilyctp

f(0)=0,
f(y-+1)=h(y 1Y)
Tonoxnm g (u)=p (u, f (1)) 1 ¢ (W) =1p (ps (W) + 1, B ps (W), px (W))). Torna
g(0)=0,
gy +1)=9(@g)
f(u) = p; (g (v))-
11. loka3aTb, YTO PaBEHCTBA

¢(n,0)=n+1,
¢, m+1)=¢(, m),
Yt L,m+ D=4 mt1),m

onpeNesdloT PEKYPCUBHYIO (YHKUMIO. (Yxasanue. Ilogasars, yro ¢ BbIYMCIHMA
1o Jpbpany—I'éxeno ¢ NOMOMmBI0 3ITHX PABEHCTB, W 3aTeM NMPHMEHUTH MPELI0MKE-
uue 5.17.) Hoxasarp, KpoMme TOrO:
M Yy, m>n
(1) ¢ MOHOTOHHA MO K&XJON U3 MEPEMEHHBIX, T. €. €CAM X <[ Z, TO (%, y) <<
<¢(zy) nd(y, ) <d(y, 2).
Ay ¢, m4+1=¢@r41, m)
(IV) Laa BcAkofi DPMMHTHBHO peKypcusHO# GyHkuuu f(xy, ..., X,) Ccyumect-
BYeT Takoe 4HCAo m, uto [(Xy ..., Xp) <$(max (X, ..., Xp), M) LAA
AOBBIX Xgy ..., Xp (Y ka3 anue. [lokasaTe CHayala 310 yTBepMIeHHE

st WCXoOMblx, dyukuuit Z, N, U;‘: Py P1s Pos =+, SE, @ BATEM [10KA3ATh,

YTO HCTHHHOCTb CI'O COXPaHAECTCs MPH NPAMEHEHNH NOACTAHOBKH MU CXEMBbl
pekypcHH BHMAA, KoTophilt paccmorper 8 (10).) B wactHoctd, Aas BCAKOM
IPUMEHTHBHO PeKYPCHUBHOH ¢yhxumuu I (X) OT OXHOTO aprymMeHTa Cyumect-
BYET wMcao mn Takoe, uro i (x) < ¢ (X, m) mas moboro Xx.

(V) Hokasars, ucnoabsys (IV), uro @yskuus ¢ (x, Xx) + 1 pexypcusHa, HO
He ABAAETCH NPHMHTHBHO DEKYPCHBHOM.

Jipyrue 10Ka3aTe/jbCTBAa CYUIECTBOBAHMS PEKYPCUBHBIX, HO HE TpUMA-
TUBHO PEKypPCHMBHBIX (DYHKUMA cM.y AKKepMaHa [1928]), Terep [1935],
[1951], P. Po6uncona [1948]

QueHb BAKHBIM METAMATEMATHYECKUM TIOHATHEM HBASETCA NOHATME PEKYP-
CHBHO NEPEYuCANMOro MHOXKeCTBa. MHOMXKECTBO HATyPa/ibHBIX 4MCE] HA3bl-
BaeTC PeKypcusno nepewucaumvii (p. 1), ecau oHO w60 ecTb myCToe
MHOKECTBO="JIMG0 €CTh 00/1aCTh 3HaueHUH KakOH-HUOYdb PEKYPCHBHOHR QyHK-
wuy. Ecau Mbl npuxumaem tesuc Yépua, 1O, rOBOPS He(OPMANLHO, MOMCHO
CUMTATh, UTO PEKYPCUBHO TEPEUMC/HHMBIM SBASETCA BCSKOE MHOXECTBO HATY-
PAaJBHBIX YACEN, TOPOKMAEMOE KAKUM-AMOO MEXAHHYECKUM VIPOUCTCOM.
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[MMpennowenne 5.20. (1) Muoowecmso B pexypcusno nepewucaumo
moz0a u moasko mozda, Ko20a omuowenne X & B supasumo 8 gopae
AyR(x, y), 20e R pexypcusno. (Ymeepsicdenne ocmaemcs 8 cune, ecau
caosa <R pexypcusno» 3amenums na <R npumumusno perxypcusno».)

(2) Muooscecmso B pexypcusno nepeducaumo mozda u moasko moz0a,
Ko20a ono aubo nycmo, aubo cosnadaem ¢ 00racmBO 3HAYCHUN Ka-
Koll-Hu0y0s wacmuyno pexypcusHoli gyurgun. (Caosa <wacmuuno pexyp-
CUBHOIL> MOJCHO 3AMEHUINb HA <NPUMIMUBHO PEKYPCUBHOI».)

(3) Muoorecmso B pexypcusno nepewncaumo mozda u moasko mozda,
Ko20a ono cosnadaem ¢ obaacmeio onpedeseHlsl KaKoU-AuGo 4acmiuiro
pexypcusHoll gyHKyIL.

(4) Muoocecmeo B perxypcusno moz0a u moasvko mozada, Ko20a oHo

camo u e2o donoanenue B F) perxypcusno nepewucauel. ,

(5) Mmuoocecmso {x|AyTi(x, x, y)} **) pexypcusno nepewucaunso, Ho
HepexypcusHo. '

Hoxazarennctro. (1) Ilycte MHOxectBo B pexkypcusHo nepeumnc-
mmo. Ecam B mycro, 1o x&eB=3y(x£x & y=£y). Eczim B menycro, 1o
OHO ecTb o0uacTb 3HAaueHH{i HekoTopofi pekypcusHo# ¢yHkimun ¢. Torna
x & B=3y (¢ (y)==x). Obparno, uycrs x & B=3AyR(x, y), rae R pexyp-
cusno. Ecou MHOxectBo B nycro, TO OHO M PEKYPCHUBHO MEPEUnCINMO.
[Mpeanoaoxum teneps, uTo B Henycto, n nycth k& — KakoH-HuOyas dukcu-
posauHbli saement B. Ompenenum dyukumwo 0(z) ycaoBusmu:

6 _{ k, ecam IR (2, (2)),
@)= R(@0 (@)

OueBngHo, uto yHKIUsA 0 (z) — pekypcuBHas, u B aBaserca ee obaactsio
3nayennit. (Kpome toro, B cuay aemMn 5.8, ecium R pekypcusHO, TO
IyR (%, y)=AyTi (e, x, y) npu HekoropoM e, rae Ty — NpUMUTHBHO pekyp-
CHBHBI [IpeINKAT.)

(2) Tpeanonoxum, uto B ecTs oOnacTs 3HAUECHAN YACTHYHO DPEKYPCHB-
HOH dyukuun ¢. Ecom B mycrto, To oHO m pekypcusHO mepeuucaumo. Ecan
xe B wHenycro, To nycth k& —- Kako#-iu60 (PUKCUDOBAHHEIM €r0 3/EMEHT.
Cyuecteyer T1akoe uncio e, uto 2 (x)=U (uyTi(e, X, ¥)). TTonomum

0(p) — U((2)), ecn Ty (e, (2)o, (z)1),
()= k, ecm T (e, (2 (20)

Quesunno, 0 ects npumuTHBHO peKypcusHas ¢yHkuus 1 B —ee obaacts
anauennit. Ilostomy wMmuOwecTBo B pexkypcuBHO mepeuncaumo. DTo e pac-
CyKIEHHE OJHOBPEMEHHO TIOKA3bIBAET, YTO BCAKOE PEKYDPCHUBHO TEPEuncJn-
MOE MHOXECTBO fBasiercsd 00/1acTplo 3HaueHu#l NPUMHTHBHO PEKYPCHBHOH
(yHKunu.

(z), ecan

*) To ectb «© — B, rae o — MHOXKECTBO BCEX HCOTPHILATEIbHLIX LEIBX UHCE.
**) Hanomuum, uto {x|P (x)} O3HavaeT MHOMECTBO BCCX TEX X, MIA KOTOPHIX
P (x) uctuHHO.

o .
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(3) Tlycts B pexypcusHo mnepeuucaumo. Ecan B=0, 10 B sBasercs
00/1aCThIO ONpPEE/IEHNst YaCTUYHO PeKypcuBHON dyHKkunu py (x +y -} 1==0).
ITycts B nenycro. CywmiecTsyer uacTuHo pekypeusHas ¢yukuus f, oba-
CTbIO 3HAueHuR KoTOpOH cayxur B. Torma wnerpynso Buzers, uro B
ABJISETCA  00AaCThIO  ONPeme/enus A48 YaCTHYHO DPEKYPCHBHOH  yHKLMM
g (y)=upx (f(x)=y). Obpatno, nycts B ects obaacTe onpemeasenus uac-
TUYHO PEKYPCHBHOH (ynkumun ¢. CywecTByeT uHCIO e Takoe, 4YTO ¢ (X)==
=U(@pyTi(e, X, y)). Orciona ¢ (x)=z=3y(Ti(e, x, Y)&U(y)=12).
Ho, ¢ mpyro#t croponn, xeB=3z(p(x)==2z). Ilostomy x=B=
=323y (Ty (e, %, y) & U (v)==2), orkyna, naxouet, x =B=Tu (T} (e, x, ();) &
& U ((u}y) == (u)y). Ilpenuxar, crosuiuii B 2T0# nocaennelt popmyJe noj 3Ha-
KoM KBauTopa Ju, pekypcusen. [lostomy, B cuay (1), Muoxectso B pekyp-
CHBHO TIEPEUNC/HMO.

4) Caemyer uz (1) un npeanonoxenns 5.19(4)(d). (ComepixarensHeli
CMBICA (4) COCTOMT B TOM, YTO €CJIH HMEIOTCS MEeXaHHYECKHE TPOueayph

s nopoxaenuss B u B, 10 fas TOro, uto6nl yswaTh, NPHHALAEKUT JU
IaHHOE YRC/IO ## MHOXECTBY B, HYXWHO JIIb N0KA4ThCA TOTO MOMEHTa, KOrja
5T0 4uca0 7 OyIET NOPOXKIEHO OJNHOW U3 STUX MIIMH, U TPU STOM 3aMe-
TUTb, KaKoH UMeHHO.)

(8) Caenyer u3 (1) u npemiowenus 5.19 (3).

YnpaxHeHun

1. Ipoo6pas pekypCUBHO NEPEUHCIMMOIO MHOXCCTBA NPY OTOGPaXCHUN Nocpen-
CTBOM PEKYPCHEHOH (YHKUHMNW PeKYPCHBHO HepcuucauM (1. e. ecan QyHkuus |
PCKYPCHBHA U MHOXeCTBO B pekypcuBHO mepcuncanmo, 1o MHOXecTBO {x | i (x) & B}
peKypcuBHO nepeurcaumo). llpoo6pas pekypCHBHOIO MHOXECTBA TPH 0TOOpPaNCHHM
HOCPEACTBOM  PeKypcuBHOil @yHkuuu pekypcuseH. IIpw oTobpaxenun nocpen-
CTBOM PeKYPCUBHOH (QyHKunu 00pa3 pPEKYPCHBHO TNEPEYHCANMOrO MHOMXCCTBZ
PEKYPCHBHO NepeunciInM, OAHAKO 006pa3 PEeKyPCHBHOIO MHOXECTBA He 0653aTeabHO
pPeKYPCHBEH.

2. beckoHeyHOC MHOMECTBO PEKYPCHBHO TOrJld M TOJbKO TOrAa, KOILXa OHO
ecth 0061acTh 3HAYEHHH CTPOrO BO3PACTAOIEH PEKYPCUBHOW (PYHKIHUH.

3. beckoneyHoe MHOXECTBO PEKYPCUBHO NEPEYMCANMO TOrZa M TOJbKO
TOIrJ4, KOrla OHO ecTb 06JacTb 3HAYCHHIl B3aHMHO OIHO3HAYHOI PpeKYpPCHBHOI
G yBKuUH.

4. Beskoe 6eCKOHEYHOE PEKYPCHBHO MEPEYHCINMOE MHOMKECTBO COLEPHHT Oec-
KOHEUHOe PEeKYDPCUBHOC IOAMHOXECTBO.

5. Ecaim mHOXectBa A M B pexypcuBHO HepcudciHMBl, TO PEKYPCHBHO Hepc-
uygcauMb B Mpoxectsa AJB nm A}B. Cymectsyer, 0aHaKo, TaKoe PEKYPCHBHO
NEPCUHCIANMOE MHUXKECTBO A, UTO w — A He SIBISICTCA PCKVPCHBHO TEPCYHCIUMbIM.

B cany npemnowenus 5.20(3), BCAKOE MHOXECTBO HaTypaJibHHIX YHCEN
PEKYPCUBHO TMMEPEUUCAMMO TOFAA ¥ TOJbKO TOrgd, KOrja Mpu HEKOTOPOM 7
OHO fABAISETC O0JACTBLIO ONpeAeseHHst {, YACTHYHO PEKYPCHMBHON (DyHKIMM
U@y Ti(n, %, y)), Coraacio onpemenennio {, X, TOraa # TOJALKO
rorga, koraa dy Ty(n, x, y). Hazosem uucno n umdexcon muooscecmsa
{n Takum oOpasoM, MBI IOJyYaeM Hy.mepayuio (C NOBIOPEHUSMU) Gy, Lo ...
8cex PEKYPCUBHO NEPEeulCAUMbLY MHONCECINS.
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Kak wmp ywe Bupesmu (npeanoxcenne 5.20(5)), npuMepoM pPeKypPCHBHO
NEPEUHCANMOr0, HO HEPEKYPCHBHOTO MHOXECTBA MOXET CJAYIKUTD MHOXKECTBO
Bcex Tex X, mid korepux Ay Ty(x, %, y). B cuny npenjaowenus 5.20(4),
DOTIOJIHEHWE K 3TOMY MHOXecTBy, T. e. mHoxecrso {x|VylT(x, x, y)},
HE fBJSETCS PEKYDCHBHO TMEPEUHCAUMBIM.

YnpamueHus

1. Muoxectso B Ha3eiBaeTCs xpeamusubii, eCIM OHO PEKYPCHBHO NePeYHCIUMO
W eCHA CYHIECTBYET TaKasd YaCTHUYHO PEKYDPCHBHAA (GYHKUMA 9, 4TO A 1106010 n,

ecin {, =B, 10 o(n) onperemeno n o (n) =B—1L, HdoxasaTh, 4T0 MHOXECTBO
{x|3y T (x, %, y)} xpeatusno. (¥ xazanue. Ilycts ¢(n)=n npn mwobom n.)
IoxasaTh Tak®e, UTO BCAKOC KPEATHBHOE MHOXECTBO HEDPEKyPCHBHO.

2. YacTHYHO PeKyPCHBHAsi (PYHKUHA ¢ HA3LIBAECTCH NOMEHGUALLHO PeKYPCUBHOL,
€Cny CYUECTBYET TaKas PeKYPCHBHAA QPYHKUHA ¢, 4TO @ (Xy, ..., Xp) =¥ (Xy, oo\ Xp)
BCAKWH pa3, Korna ¢ (Xy, ..., X,) onpeneiaero. IToxasars, uro dbyuxuns pyT, (%, X, V)
He ABAAETCA MOTEHNHanbHO pekypcuBHOH. (Y kazanwme. Ecan 6n cymecrsoBano
pexypcusHoe npomomkenne ¢ (x) dynkumm py T, (x, X, y), T0 okaszanoch 6w, utO
npenukar Jy T, (X, X, y) sKBHBaneHTeH pexypcuBHoMmy npemukaty T, (X, %, ¢ (x)).)

D3, Muowecrso B naswiBaercs npocmpiM, €CIH OHO PEKYPCHBHO HEPEeYHCINMO,

a ero uononnchvie B GeckoHeyHO W He COXEPMUT HUKAKOro GECKOHEYHOI'O peKyp-
CHBHO TMEPEUNCTUMOro NOIMHOXeCTBA. Besikoe NpocToe MHOXECTBO HePeKYPCHMBHO.
Hokasats, uTO TIpOCTHIEC MHOXECTBa CymecTByioT. (Y xasanme. Paccmorpers
MHOXECTBO B, saBumomleecs o6nacThio 3HaueHuit QyHkuumu o (z) = (uy (T, (z,
ai (¥), o5 (y)) &sf (y) > 22)).)

4. B3anMHO O0IHO3HAUYYI0 PCKYPCHUBHYID (YHKNHIO, OTOGPANANMWYI0 © HA ©,
HA30BEM peKypcusrol nepecmanosioii. Muoxectea HatypambHnix uncer X n Y
HA3bLIBAOTCA U3OMOPPHBIMU, €CAN CYUICCTBYET PEKYPCHBHAA NepectaHOBKa, 0ToGpa-
waomas X Ha Y. YTBepwlenue «Mmuoxectsa X u Y n3oMopdnre» Gyner CoXpauienHo
o6o3Havarbcs uepe3d X == Y.

(a) okasaTb, YTO peKyDPCHBHbIE MEPECTAaHOBKH 06GPasywT rpynny oTHocH-
TeJIbHO ONEpaliHy KOMIIO3HUHMN TCPecTaHOBOK.

(b) OTHomeHHe 2 ABIAETCH OTHONEHWEM 3KBMBAaNE€HTHOCTH.

(c) Ecin muoxectBo X peKkYPCHBHO (DPEKYPCHBHO NePevHCIHMO, KPEaTHBHO
iy 1pocto) 1 X 22 Y, T0 ¥ MHOXKCCTBO Y PEKYPCHBHO (PEKYPCHBHO NepeuUCInMO,
KpeaTuBHO HIM NPOCTO).

Madixuan [1955] nokaza’, yto moGble JjBa KPEaTHBHbLIE MHOXECTBA H30-
vopdunl. (CM. Takke Bepnuaitc [1957).)

5. Bynem roBoputb, uTO

(i) muoxkectBo X 00xo3na4HO c800umo K MHOXecTBY Y (coxpauenno: XR,,Y),
€CAM CYUIeCTBYET TakasA pekypcuBHaa dyukuua f, uto x = X Torna m ToabKo Torna,
korna f(x) e Y;

(ii) mnowecrsa X u Y 00no3Hauno sxsugasenmuv. (coxpamenno: X =, Y),
ectn XR,,Y u YR, X;

(ii1) muoxectBo X 63auMHO 00HO3HGYHO c800uUMO K MHOMECTBY Y (COKpa-
menno: XR,Y), ecau cyumlecTByeT B3aHMHO OIHO3HaYHaA peKypCHBHaA Qynkuns f
Takas, uto X & X TOoria 1 ToabKo Torna, koria f (x) eV,

(iv) muoxectea X u Y 83aumHO OOHO3HGUHO K8uSaseHmHbL (COKDPAUEHHO:
X=Y), ecau XR,Y n YR, X.

(a) OTHOUIEHNA =, M =; CYTb OTHOIIEHHS 3KBHBAJEHTHOCTH.

(b) Ecau X kpearuBHo, Y pekypcuBHo mepeuncammo u X =,Y, 10 Y Kkpca-
THBHO. MoHO mNokasars takme (Matixwuna [1955]), uro ecam X kpearnsHo, a Y
peKypcHBHO nepeuncanMo, 1o YR, X.

(¢) (Matixunna [1955].) Ecam XR,Y, 10 XR,,Y, n ecou X=,Y, 10 X=, V.
Onnako oXHO3HaUHAaA CBOAMMOCTb He BAeYEeT B3aMMHO OJHO3HaUHYI0 CBOAMMOCTD, PAB-

ey ! g
A

o i
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HO KaK ¥ OJHO3HAUHAA SKBUBANEHTHOCTb He BJIEUYET B3aHMHO ONHO3HAYHYIO IKBHBA-
aenTHOCTL. (Y ka3 anue. [lyers X— npocToe MHOXeCTBO, Z — 6eCKOHEUHOE PEKYp-
cusHoe noamuoxecTBo X U Y= X—Z. Torma XR,Y, YR, X, no ne YR,X.) Moxno
TaKXe 10Ka3aTh, YTO0 X =, Y TOrIa W TOJbKO TOrja, xorma X ==Y.

6. (Llexxep [1955].) MuoxecrBo X Ha3biBaeTCA npOoOyKMUuBHbLM, €CIU Cylle-
CTBYET YaCTHYHO PEKYPCHBHas QyHKuus § Takas, 4To HIA BCAKOTO MHOXECTBA &g,
apagomeroca noiMHoxectsom X, i(n)e X —&,.

(a) Ecan mHOXecTBO X —— NPOAYKTHBHOE, TO OHO He MOXeT OHhTb PeKYPCHBHO
NepeylCAnMbIM; CHeOBAaTeNbHO, OHO M ero jonoiHenue X GeCKOHeUHBI.

D(b) Besikoe NPOAYKTHBHOE MHOXeCTBO X CONEPKHT GeCKOHEUHOE PeKVPCHBHO

NepeurcanMoe TNOIMHOWECTBO, W, CAENOBATENLHO, €r0 JIONONHeHHe X He ABIfeTCS
IPOCTBIM.

(c) Pexkypcusno nepeuncauMoe MHOXecTBO X KPEAaTHBHO TOMRA U TONLKO
TOTHa, KOTHAa ero ponoiHeHne X sIBASETCA NPOXYKTHBHBIM.

(d) Cymectsyer oNo NPONYKTHBHBIX MHOXECTB.

7. (lexkep u Mataxuax [1960].) l'osopat, yuto muoxectrso X pexypcugHo
axsusasenmuo MuowectBy Y (cokpaieHHo X~ Y), eciM CYIeCTBYeT B3aHMHO
OJHO3HAYHAS YAaCTHYHO peKypcHBHas (GYHKuHs, oToGpawmaioutas X Ha Y.

(a) OtHOUIeHNe ~ eCTh OTHOIIEHHE IKBMBANEHTHOCTH.

D(b) MuomecTBO Ha3HIBACTCA UMMYHHbLM, ecad OHO GeCKOHEYHO M He
COHEPXHT HHKAKOro OeCKOHEUHOro PEeKYPCHBHO TePeuHCcIuMOro MOJNMHOXECTBa.
MuoxecTBo X Ha3bBaeTcs U30AUPNBAHHBLM, €CIH OHO He SBIAETCA DPEKYPCHBHO
IKBHBANEHTHRIM HHUKakoMy cobctBenHomy noamuoxectsy X. (MsorumpoBanubsie muo-
WeCTBAa MOMHO PacCMAaTPHBATh KaK HeKHH PeKyPCHBHBII aHanor KOHeuHnlx no Hexe-
Kkuuny mHowecte.) [loxas3arb, UTO GecKOHEUHOE MHOXECTBO SIBISETCS M30IHPOBAHHHM
TOra W TOJBKO TOTNd, KOTNa OHO WMMYHHOE.

D(c) Cyuiectnyer 2Ro HMMYHHBIX MHOXECTB.

Ilas toro, KTO mpyHEMaeT Ttesuc UYEpua, pPEKYPCHBHO MepeuHCAnMBIE
MHOXECTBA BAKHBl €le W HOTOMY, YTO JJIS BCAKOH 3((HEKTUBHO aKcmoMa-
TU3UPOBAHHOW Teopud 1epBoro mnopsaaka K pekypcuBHO TNepeunc/aiMbiM
OKaswBaeTcs MHOXecTBO Ty rénejeBpix Homepos TeopeMm Teopun K (uro,
BOpOYEM, CNpaBensuBo U BooOwe nas BCAKOH ¢opManpHOol 3ddexTusno -
aKCUOMAaTH3MPOBAHHOH Teopun). B camom pene, ecau MHOXECTBO réaeneBhix
HomepoB akcuom Teopun K pexkypcuBHO (a 3TO Tak, ecam Hawa teopus K
3(pdeKTHBHO AKCHOMAaTH3MPOBAHA ¥ €C/M MBl NpuHuEMaem Tesuc Yépua), to
PEKYPCHBHO, OueBMAHO, W oTHomeHne Pi(y, x) («y ectb rémenes Homep
seBona B K dQopmyas ¢ régeneBslM HOMEPOM X»). A Tak kak x = Ty =
==dy Pi(y, x), To Tk pexypcusno nepeuncianmo. Ilpunse Tesuc Yépua, mbi
MOXEM Takxe yTBepxaath, uto Teopmsi K addexTuBHo paspelnma Torna
¥ TOJbKO TOrAa, Korja mMHowectso Tk pexypcusHo. B npemioxennu 3.41 mur
oKasaji, UTO BCsikoe HempoTuBopeumBoe pacwmnpenne K teopuu RR pekyp-
CVBHO HEpaspelinMo, T.€. UTO COOTBETCTBYIOIIME MHOMXECTBA HEPeKYDCHUBHBL

B stom HanpapiaeHwmd MOryT ObITb 1OKa3aHpl ¥ HEKOTOpHIE ropazno 0o.ee
obmue pesyabtatel (cM. Imyaban [1961]), Pedpepman [1957], My
nawm [1957], Dpendotixt n Pedepman [1960], Maitxnan [1955)).
Tak, nanpumep, (1) ecin REIKOE PEKYPCHBHOE MHOXECTBO BHIPA3NMO B T€O-
pru K, TO 3Ta Teopma CYWECTBEHHO DEKYDCHBHO HepaspemuMa, T. €. aja
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BCAKOro  HempoTuBopeuusoro pacumpenus K’ teopun K mHoxectso Ty
HEpEKRYpCnBHO (CM. ynpaxsenne 3, Huke); (2) ecam K ecTs HenpoTuBopeunsas
TEOpHs TMEpBOro MOPSIAKA C PaBEHCTBOM, B KOTOPOH MPEACTABMMBL BCE DEKyp-
CHBHBIE (DYHKIMM M KOTOpas YNOBJETBODPSIET YCJIOBHSM (i) » (ii) Ha cTp. 163,
TO coorsercTayiomee 310 Teopun MHOXeCTBO Tk Kpeartusno. (3nech npeano-
JIaraeTcs TaKxke, 4yro K umeer cpeau cBomx TepMOB Bce uudppn 0, 1, 2, ...)
Huratens, uurepecytomerocs 60aee 0GCTOATEbHBIM U3YYEHUEM DEKYPCHUBHO

NEPEUNCAUMBIX MHOXKECTB, Mbl OTChIaeM K [TocTy [1944] u k Ponxepec y
{1956].

YnpaxHenus

I. BeakoMy MHOMECTBY A HATYpaibHbIX YHCEA MOCTaBHM B COOTBETCTBHE
MHOXeCTBO A¥, KOTOpOe OIpejeluM CIEIYIOMMM o6pasom: 1 < A* Toria u TOIbKO
TOCA3, KOTAR 4 eCTb réfencs HOMED HeKOTOPOH (Qopmyam ¥ (x,) u rézesen HOMeEp
‘Gopmynnt U (#) npunamaexnt A. Ecam A pexypcusHo, To PEKYPCHBHO u A*,

2. Ilycts Ty — MHOXeCTBO rémeneBsix HOMEPOB BCEX TEOpEeM HEeNPOTHBOpE-

yuBON Teopuu nepeoro nopaaka K. Torxa (TK)* HeBbipasuMo B K. [Ykaszanne.
Honyctnm, uto (Tg)* Bupasmio B K ¢ nomowsio HekoTopoii dbopumyan B (x,).
Torna |~y B (7) a1 2060ro n B TOM U TOABLKO B TOM clyuae, KOrja n e (’_FK)*,

(310 nocreanee yTeepxieHue crabee (akta BHIPAa3UMOCTH (‘TK)* 8 K nocpencrsom
B (x1).) [lycts rénenes Homep Qopmymnsi B (x;) pasen p. Torna +y B (p) sksusa-
JeHTHO p & (TK)*. CaenoBarennHo, =k B (p) Toraa u TOALKO TOrNa, KOrna réjencs

uoMep dopmyan B (p) npuHasdeEHT Ty, 1. e =g B (p) toraa u Toabko TOT A3,
Koraa we |—y B (p).]
3. Ecan Becskoe peKypCHBHOE MHOXECTRO BbIpasumMo B Teopuu K, To sTa

TCOPHUs CYUICCTBCHHO PEKYPCHBHO HepaspelinMma. (,U,OCTZ(TO‘IHO NOKa3aTh, UYTO Hepe-
KVPCHMBHO MHOXe€CTBO TK’ TaK KaK BCAKOE DPeKYPCUBHOE MHOXECTBO BbIpa3umo,

‘04CBUAHO, W BO BCAkoM pacwmperud teopun K. domycrum, uro Ty pexypcuso.
Toraa pekypcusno Ty, a B cuay Opexblynlero ynpaxsenua 1, pPeKypCHBHO u

(Tg)*. Caenosareasho, (T)™ swipasumo B K, uTo npotusopeunt npesbaylemMy
YNpaxHeHno 2.)

-§ 4. Hepaspemumnie npo6iemot

Maccosas npo6aema (1. e. GECKOHEUHBIH KAACC OZHOTHMHBIX npob.aem)
HA3bIBACTCA HEPA3PELUMMON, eC/M He CYECTByeT enuHol sdhdeKTuBROH (nin
MEXaHHYECKOH) npoueaypsl, ¢ IOMOMbIO KOTOPOH MOr Ob ObITh pelen
MOGON wacTHHIH caywali STOH npobaembl (1. e. JioGas npo6aemMa QaHHOro
kaacca). Tax, nanpumep, umeer cmpica CTaBHTBL BONPOC O HEPa3peINMOCTH
MaccoBOi Npobsemel, cocTosmiei B TOM, uTOGH 110 33aHHOMY MHOTOUJEHY
¢ UEJBIMA KOB((UIMEHTAMU Y3HABATL, CYIIECTBYIOT JU LEJAHE 3HAYEHHS nepe-
MEHHbIX, KOTOphl¢ OOpAMdIOT 3TOT MHOTOYAEH B Hyab. XOTS MBI ymeem
PEaTL  5TOT BONPOC AM HEKOTOPHX MHOFOWJICHOB CIEHUAJILHOIO BUIE,
OLHAKO 0 CUX TOP HEU3BECTHO, CYLIECTBYET JM VIS PELieHHs 3TOH npo6-
JeMbl 00mas s(dexTuBHas Npouenypa, naOmas OTBET B JOGOM €€ YacTHOM
€ayyae (CM. npuMEuUaHue pegakrTopa Ha cTp. 228).

§ 4. HEPA3PEIIVMBIE TTPOBJEMBI 279

Ecan mp ymeem apudmernsuposars (opMyamposKy MaccoBoH npoGiaems,
T. € ecau MBl MOXEM OTHECTH KawIOMY YaCTHOMY CJyyai MacCoBOH mpol-
JEMBl CBOC HATYPaNbHOE YHCJAO B KauyecTBe €ee HOMEpa, TO 3Ta MaccoBasd
npobJaemMa HepaspewuMa TOraa M TOJIBKO TOT/, KOIAA He CyllecTByeT s(pdek-
TUBHO BBHYHCAUMOH (yHKuuM h Takol, uTO €ciM 7 eCTh HOMEpP KaKoro-
HuGyab 4ACTHOTO CAY4as MaccoBol npoGiemel, To h (1) ecThb pelleHde 5TOrO.
vactroro cayuan. B cuny resuca Uepua (koTophlii MBI NMpUHAMaeM Ha mpoOTH-
KEHUN HACTOAUErO naparpada), sTa (QyHKHNa ZOMKHA OBITh YaCTHYHO PEKYP-
CUBHOH, M TOrAa MBI NPUXOHUM K HEKOTOPOH TOUHOH MaTeMaTWyecKoil 3amaue.
[Ipumepamu BaxHbIX MaTeMaTHyeCKMX TPOGJAEM paspelieHus, KOTOPHE Gblan
peuieHr  (OTPUHATENBHO), SBJAIOTCS NPOGJEMA TOXAECTBA JUIA MOAYTPYHN
(Toct[1947] #*), Kanun [1952], § 71) u mecbMma TpyaHas npobiaema
Towaecrsa st rpymn (Hosukos [1955), Byu {1959), Bpurron [1958],
Xnrmen [1961]). Kpome toro, mis uenoro psaa Teopufi NepBOro MopsiKa
NOJIYUCHO OTPHIATEABHOE PEWICHNE MPOOIEMB pasperienns 151 BHIBOAUMOCTH,
T. €. [OKa3aHO, YTO HM I/ KaKoH u3 3TUX TEeOpHUd He CyumiecTByer e'L[I/IHOﬁV
3 peKTHBHO! NpONETYPH, NO3IBOJIOMEH, KOJIb CKOPO 3agaHa dopmyaa of
TaKko# TeopuW, OTBETHTh HAa BONDPOC, BHIBOJAMMA WJIM HET B 3TOH Teopun
dopmyna o# (cM. caexcrsue 3.36, cneactsme 3.37, npennowenne 3.41,
caencrue 3.45, nemmy 3.46). Mbl mpuBeaeM 31€Ch emle HECKOABKO TIPHMEDOB.
HEPaspemMplX MacCoBHIX NpoGJem.

Hocnenosaremsrocts GyHKunit $, (x) =U (py Ty (n, X, y)) AaeT, Kak M
3HAaEM, HYMEPAlMIO BCEX OAHOMECTHHIX YaCTHYHO PEKYPCHBHBIX (PYHKIIMH.
Cymecrsyer au s(peKTUBHAsS [OPOUENypa, NO3BOJAIOMAT A JHOOOr0 7
y8HaBaTh, AB/AAETCA (YHKIMA PEKYPCUBHOH (T. €. BCIOAY ONPeASJEHHOH) niau
Her? Ilos10)uTebHbIH OTBET HA 9TOT BONPOC OBl OB PABHOCHNEH YTBEP-
HEHHI0, UTO PEKYPCHBHO MHOXECTBO A TexX -3HaueHHMR 7, s KOTOPHX
¢ynxuust ¢, pexkypcusBHa. Mpl ceHluac NOKaxeM, 4TO MHOXKECTBO A He
SIBJISIETCSt  1aX€ PEKYPCHUBHO NepeyncanMbiM. JlomycTum, 410 A pPEKypPCHBHO-
nepeuncaumo. Ilycte Torma h--— pexypcusHast QyHKuwms, 06JacTh 3HAYEHHH
Kotopoit coenamaer ¢ A. Paccmorpum  dymxnmo  f(x) = {p X) -1 =
=[U@yTi(h(x), x, y))]--1.. Dra PyHKuus, OYEBUAHO, PEKYPCHBHA, H
TNOTOMY CYIIECTBYET T2aKOE HATYPaJbHOE uYMCAO m, uTo f==¢, u m < A.
Torna, caenosarensHo, , (X)=tnw (x)+ 1. Tak xak m < A, T0o m=h (k)
npun HekoropoM k. Otciopd mpu X ==~ noayuaem (k) =1, (k) 1, uto
nesoamoxHo. Takum oOpasoM, He cymecTyer s(QeKTHBHOH TPOUEAYDHI,
cenys KOTopo#, MOXHO ObI0 OB A8 JI0OOH CHCIEMBl PaBEHCTB Y3HABaTh,
onpejesseT Ju OHa PeKYPCHBHYIO (DYHKUHIO.

MoOXHO 10Ka3aThb TaKkme M HEKOTOPYI <«JIOKaAbHYI» (QOPMY 3TOro.
pesysbrara. IlocTaBum Takoit BONMPOC: CymeCTBYeT /M €XUHBIN 5(peKTHBHBIA
METO[, MO3BOJSIOMMA M MOOKIX 72 U 1 Y3HABaTh, ONPENEIEHO J1 3HAYEHHE
d,(m)? OTBET U 3/1eCb OKa3pIBAETCH OTPULATEABHBIM. B camoM Inele,

*) Hesasucumo or Tlodra n OAHOBPEMEHHO C HHM Hepaapemvﬁagﬁ‘]b»
mpoGieMbl TOXIECTBA CIOB Iis moayrpynn nokasan A. A. Mapkos -
(ITpun. nepes.}
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JIONYCTUM, UTO PEKYPCUBHOM aABJIsETCA ¢yHkuus 0(x, y), onpene/ieHuas
caenywomum obpasom:

‘ 0, ecom §y (y) onpexneneno,

0(x, y)=
(%) \ 1, ecau ¢, (y) He onpeneneHo.

Ilononum 2(z)=py (O (z, z)=1 &y=y). Kak zerko sunern,

a(2) = { 0, ecam ¢, (z) He onpenesneno,
He onpeaeneno, ecau ¢, (z) onpepeneuo.

Tak KaK o ecTh YaCTUYHO PEKYPCHBHAA (DYHKUMA, TO 0.=={, NpH HEKOTO-
pom k. Torma

. __ {0, ecim ¢, (k) He onpeneneHo,
Px (R) _a(k)_._{ He oupexeneHo, eciu (k) onpenesneto,

UTO SBJASETCA NPOTUBOpEuHeM. ([ipyrue npuMepsl HEpaspellMMBIX MacCOBHIX
npoGiem MoxHO Halhitn y Poagxepca [1956])

YnpaxHeHus

1. Ilycts nama mammHa Towopuara T. Cywectsyer au sddiekTHsHAaA npore-
1ypa, nospoastomas nis no6oil kOHQUrypauny a peumlaTh BONPOC O CYILECTBOBAHMH
BhiuMCcaeHnst MawMHel T, Hauudawigeroca c o? ([Ipobaema ocmanosxu aaa T.)
lloxkasath, 470 cCymecTBYOT MaumuHel ThiopHHra ¢ HepaspemlUMoli npoGaemof
octaHoBku. (Ykasanwe. Ilycte T-—wammsa Teiopunra, Bouucasomas ¢yHKndo
#yTy(x, %, y); npumenuts npemioxendne 5.19(3).) ITa ¥ HeKOTOphie CXOIHLE
npobaeMbl paccmatpuBaorea y desuca ([19538], ra. 5).

2. He cymectsyer HopMaibHOro aaropudMa uam aidasurom M= {l, %}, koro-
pulit Obla Gbl NPUMEHMM K ¢A0BY n B M TOria M TOAbKO TOrha, KOrLd 7 ecTb réje-
J€B HOMEp HOPMaabHOIO anropudma Hax M, HEIIPHMEHHMOLO K 7.

Psjg Xpyrux npaMepos HepaspeuIHMbIX MACCOBbIX HPOGJIEM B TEODHH aaropud-
MOB MOXHO HaliTh y Mapkosa [1954], ra. V. B cuay 3KBHBAIEHTHOCTH PasiHYHBIX
€1oco60B YTOYHEHHA NOHATHA 3QPEeK THBHOH BBIYUCIMMOCTH, KOTOPbie Mbl HaXOIHM
«COOTBETCTBCHHO B TEOPHAX HOPMaibHbIX anropupmoB, mainH TelopuHra u cucrem
PpaBencTs JpbGpana—I€nens, BCAKAA TeopeMa 0 HePA3PELIMMOCTH B TepMHHAX OIHOM
U3 3THX TeOPHHl MOXeT ObiTh Nepe@opMyTHPOBaHA B HEKOTOPYIO TeOpeMy O Hepas-
PelIMMOCTH B TepMHHAX JIIOG0H H3 JBYX OCTANbHBIX TEOPHH.

3. Oyukuus i, onpesesieHnas ycaOBUSAMH

0, ecan ¢, (x) onpeneaeno,

f(X)={ 1, ecan ¢, (x) He onpeneneHo,
HepekypensHa. (3aech U HUKE Yp, (x) = U(ny(T,(n, x, y)).)

4. Hoxasatb cyulecTBOBaHHE TakOH PCKYPCHBHON (IYHKUMH v (X), 4TO Aan
J000r0 X 7 (X) ecTb HMHAEKC YAaCTHYHO peKypcHBHO# QyHKuuu v (y), rie

v (y)={
D5 (p n i
- (Poaxepc) [lokasate, uTo caeayoiuue OTHOUICHHA HEPEKYPCHBHbBI
(1 notomy, B cuay Teauca 4€puya, Hepaspewnmbl).
(a) y npuHagaexut obaacTu 3HaueHuil ¢

©) ¢x=¢y. (Y kasanwue. [lpumenuts npefsiayuie ynpawueHun 4 a 3.)

0, ecan ¢, (x) onpeneneHo,
He OonpejeneHo, ecau ¢, (X) He OlpeRencHo.

§ 4. HEPA3SPEUIMMBIE TIPOBJIEMBI 28t

V umrateas He [OO/DKHO CO3JAThCA BIEUAT/IEHHS, YTO BCe NPOOJeMsr
paspelueHus pelarTcs oTpuuaresbHo. B camoM nese, BCIOMHHM, Hanmpumep,
yto B rae 1 MBl BHIEIM, K3K C TOMOUIbIO TaGJMi HCTHHHOCTH MOXHO
ot o000 NPONO3UIMOHaNbHOH (OPMBI  YCTAHOBHTH, SIBJASIETC JM OHA
tasTosoruef. Janee, wHa crp. 174 ObJIO TMOKAa3aHO, 4YTO DAa3pelinMo
YUCTOE WCUKCIEHWe ONHOMECTHHX mnpenukaroB (Y Akkepmana [1954] u
IWlypanbu [1959] MOXHO HaliTu MHOrO APYruX IIOJOXKHTEIbHBIX PE3YJib-
taToB Takoro poma.) [Ipec6Gyprep [1929] noxasan 4yto paspemuma
TEOpHsA TEPBOro NOpPsAKa, KOTOpas TNOJAY4aeTCs U3 Teopuu S, ecam w3 uucha
€e 3JEMEHTAaPHHX CHMBOJOB YIaJHTh 3HAK YMHOXEHHS, a B CIHCKE aKCHOM
ONYCTHTh OTHOCALLMECH K YMHOMEHHIO akcuomel (cMm. cTp. 131, ympax-
nenue 4). [Umenesa [1955] noxasana pas3peliuMOCTh TEOpUM  TEp-
Boro mopsaaka aias abesepbix rpynnm. Hakownen, ykaxem eme Ha mpuHamie-
wamee Tapckomy [1951] noxasaTesbCTBO Pa3pellMOCTH TEOPHH NEPBOTO
NOpaaKa 175 BEIeCTBEHHO 33aMKHYTHIX [OJell, KoTopas npexcrasiaser coboil
9JIEMEHTAPHBIH (PParMEHT TEOPHH BELIECTBEHHBIX UMCEJ.



Hononaneunne

JloKasaTesbCTBO HENPOTHBOPEUMBOCTH
dopManbHOil apudmMeTuKu

IepBoe nokasateabcTBO HENPOTHBOPEUUBOCTH TEOpHUH nepBoro nopsaxa S
apudmetukn Onsio nano Fennenom [1936], [1938b]. Cxomusie noxa-
3areibCTBa  OBLIE  BHOCJEACTBHM  NPENJIOKEHB Axxepmanom [1940],
Jlopenunenom [1951], lwoTTe [1951], [1960] u XaonoBcKuM
[1959] *). Bo Bcex sTux nOKasaTenbcTBAX UCTIONIb3YIOTCA METO/Ibl, KOTOPEIE,
OYEBUIHO, B Cuway BTOPOH 7Teopembl [éneas, e Moryr OmTbH BEIpameHHl
B paMKax camo#i teopu#m S. MBI 31eCh UBA0KHM NOKA3ATENLCTBO HENDOTH-
BOpeumwBocTi (opMmanbHOR apudmernrn, caeays LUlwTTe [1951].

Bynem nokaseiBath HeNpOTHBOPEMBOCTL HEKOTOPOH CHCTEMEI S., KOTO-
pas 3HAUNTEIbHO cuibHee Teopuu S. Cucrema S, nMmeer Ty e, 410 WM
Teopus S, npeamernyo KoHcranty 0, Te ke (PyHKUHOHAIbHBIE OykBb -,
-,/ u 1y e npemukatHyio 6yksy = . Takum o0pasom, Teopus S n cucrema Sy
MMCIOT OIHH M TE K€ TEPMbl U SJEMEHTAPHBe (OPMYJBl (T. €. (hOPMyJIbl
BUAd 1=35, rae t u $— 1epMmbl). OJHAKO 3.JEMEHTaPHBIMH NPOIHO3ULNOHAb -
HbIMH CBSI3KaMM B Sg, Oynyr B OT/iMuMe oT S He D n 7, a \/ u 7. dop-
MYy B Se Mbl ONPENEJUM K3aK BCAKOE BhIPAKEHHE, NOCTPOEHHOE U3 3Je-
MEHTapHLIX GOPMYJ € [OMOMbIC KOHEUHOIO YUCJa NPUMEHEHHH CBS3OK V., 7
u ksantopos Vx; (i=1, 2, ..). Bmecro (]e#) \/ &% mb Gygem mucath
e = B; takum 06pasom, BCAKas topmysa Teopun S Gymer caywuTbh 060-
BHAYCHHEM HEKOTOPOH OPMYabl CUCTEMBl Se,. 3aMKHYTYIO SJEMEHTapHYIo
opmyny s==f (1. e sJemeHTapHYIO QoOpMYJy Ge3 NIEPEMEHHBIX) HA30BEM
Kopperxmrol, eC/n, BHYUCIAS C MOMOMIBIO OGBIUHBIX DEKYDPEHTHHIX PABEHCTR
aas U - 3HAYEHHUA § W I, MBI OOHADYXMBAEM, YTO 5TH 3HAYCHUS DpaBHBbI;
B TPOTHBHOM Caydae 5Ty (JODMYJy HasoBeM Hexoppexmruod. QueBHIHO, 10
moBo#l  HaHHOH 8samMKHyTOH S/JIEMEHTAPHONH  (pOpPMYJIE MOKHO 3(PdeKTUBHO
ONPEesiTh, ABJAKCTCA JH OHA KOPPEKTHOH MM HET.

B kavectse akcuom S, Mm 6Gepem: (a) Bce KODPEKTHBIE 3aMKHYTEHlE
SJeMeHTapHble  popmyssl, (D) OTpuuaHns BCex HEKOPPEKTHHIX 3aMKHYTHIX
SJEMEHTApHBIX popmy.. Tax, Hanpumep, dopmyasi (07) - (0”) 40" = (0"")- 0"
1 04 0"5£07.0" aBasoTcd aKCHOMamu S,

Seo MMEET CJEAYIIHUE NPABHAA BHBOAA:

. Chabue npasuna
CN AN BNYD
N BN AN D'

N ANGD
AN YL ’

*) Cm. takme I1. C. HoBukos [1943]. ([Tpum. ped.)

(a) Tepecmanosia:

(b) Coxpawenue:
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I. Cunabuble MpaBuAa

(a) Ocaabaenue: ﬁg_@j (rme o# — npoussoOAbHAS 3amMKHYTad ¢oOp-

MYJ1a).

A NBNVY -

(b) Ipasuao de Mopzaana:

AN Y
—I—] C—’/{ \/ @'
(TJ i’j {(t()x\)/) _\;g o (rme t — nocrosHHKA TEpM).
e# (n) V & nas mo6oro HaTypajabHOTO 1
Vxo# (X)) VY :

(¢) Ompuyanue:

(d) Keanmugpuicagusa:

(e) Beckonednas undyruyus:

ENok NAND

1. Ceuenne: AV .

Bo Bcex stux npaBuaax opmysan, crosuipe max uepToH, HasHIBAIOTCH
nocotakam, a GOPMybl, CTOSILUE MO YEPTOH, — 3aKAI0UeHUSI ML, Popmysl,
o6osHaueHHble OykBamn & u ZJ, Ha3bIBIOTCH OOKOBbHL MU ¢opMynamMn mpa-
Buna. Brpouem, omma wim o6e Gokosre (OpMyan MOryT OTCYTCTBOBATH
BO BCAKOM mnpaBuje, 3a WCK/IIOYeHHeM npasuia ocaabuends (11(a)), rae
o6a3atenpHo  npucyrcTsue GopMmyas &, u TpaBuaIa  CeueHHs (1), rre
A0/MKHA HPUCYTCTBOBAThL MO KpaiHeit wmepe ogHa w3 ¢opmya &, .

@

Tak, nanpumep, ot ngvg a l—w

Tt VB
ager coSo#t wacTHmit cayuaih npasuna ge Moprana II(b). B xaxmom wus
npasu1 OPMYyJbl, He sBASIOMMECT COKOBBHIMH, HA3HIBAIOTCA 24QBHLMU (OP-
MyJaMH JAHHOTO MpaBmiaa; OHU oGo3Hauenbl Oyksamm o# u &B. Iiasuas
dopmy/la of ceueHus Ha3LIBAETCH cexyujell OPMYJIOH, a UHCIO Nponosu-
UMOHAJMBHBIX  CBA3OK M KBAaHTOPDOB B |o# HA3bIBAETCA CMENCHBLIO Ce-
yeHus.

Ocraercs onpenenuTs NOHATHE BHIBOAA B Sy, M3-3a npasuia Geckoweu-
HOM HMHAYKUHMH 3TO TIOHATHE TroOPasf0 CHOXKHEe, uYeM TOHSTHe BBHIBOAA
mas S. Onpenenum cnauana nonsrtue I'-nepesa. I-depesos naswiBaetcst rpad,
BEPIUUHBE KOTOPOro chaenyiouuMm 00pa3oM pacupefiessiorcs no Helepeceka-
IOIMMCA «YPOBHAM»: HYJEBOH YDOBEHb COCTOHT W3 E€AMHCTBEHHOM BEPIIUHDI,
Ha3kIBaEMOU 3arawtumensnoll gepuunod; Kamxnas BeplIUHA i—|—- I-ro yposHs
COCNMHEHA OTPE3KOM B TOYHOCTH C OXHOH BEPUWIMHON i-TO YDPOBHS; Kaxaas
BepinHa P i-ro yposnst in6o He coeamHeHa Hu ¢ KakoH BepHIMHOM i+ t-ro
ypoBHs, 100 COEMMHEHa OTPE3KAMH C OJHOM, ABYMS WM CYETHBIM MHOKECTBOM
BepiunH i - 1-ro0 yposus (314 BeplIHHGI i-}- 1-ro ypoBHsl HasBIBAWTCH Aped-
ulecmgerHuKamu sepluunsl P); BCAKas BepmnHa i-TO yPOBHA MOXeT OBITH.
COEIMHEHA TOJIBKO ¢ BepwuHaMu [-— l-ro u {-} I-ro ypoBHeil; BepinHa
{-r0 ypOBHfl, HE COEIMHEHHAad HH C KaKOH y.BEePWHHOH - 1-ro ypoBHs,
HaBbIBACTCHA HQAUAASHOL BePULlIHOL.

€CTb CeveHue, npeacras-
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IMpumepn I'-pepesnen

(v C 8y Ypabens 4
A 4 Yoobers3

/4 Spobens 2

Yoobers?

f3 Ypobens §

A, B, C, D — navanvubie Bepuinnbl, E —3aknouuteabuan BepLIHHA,

@) 4

[ 4
&

A, B, C;, Gy, C; ... —navanbubie sepuunsl, E—3saknmounrteasnan sepiifna,

3) ]

£

A — enuHCTBEHHAA HavanabHaA BEpIIHHa, E — saknmwouunrennnas BE€pPIIHHA.

Ilo1 Oepesom sms00a MBI NOHHMAaEM TaKoe pacnpene’eHue hopmya
cucteMsl Sy, mo BepliuHam I'-gepesa, npu koropom

(1) dopmyabl, OFfnecesmble K HayajAbHBIM  BEPIIHHAM I-pepesa, cymn
AKCUOMBI;

IIOKA3SATEJILCTBO HEIMPOTHBOPEUMBOCTU ®OPMAJIbHOM APUOMETUKU 285

(2) ¢opmyanl, OTHECEHHBIE K HE Hauya/ibHOH Bepiuuse P u ee npenpwect-
BEHHHMKAM, ABJISIOTCS COOTBETCTBEHHO 3aKJIOYEHHEeM M MOCLLIKAMHU KaKoro-
HuOyap npasn/ia BBLIBOAZ,

(3) cymecrsyer MakcuMa/lbHad CTeleHb CPenH CTeneHeH ceueHud, BCTpe-
yaloUKUXCA B JAEPEBE BHIBOJA, 3Ta CTENEHb HA3BIBACTCS CMeneHsio O0epesa
sv600a (ecau B JECPEBE BHBOAA HeT ceueHuil, T0 creneHs ero pasua 0);

(4) xaxpo#t Qopmyse, BcTpevaromeca B IEPEBE BHIBOIA, OTHECEHO HEKO-
TOPOE TMOPSAAKOBOE UYKCJIO TakuM OOPa3oM, 4YTO (@) TMOCHIKE H 3aKJIIOYEHUIO
c1aboro mpasusa BHIBOZA OTHECEHO OIHO W TO K€ MOPAAKOBOE YUCHIO,
(b) nopsaKOBOE 4UCIO, OTHECEHHOE SaKJIOYEHHI0 HoGOro CUILHOrO Mpasusa
Wid fpasBusa ceueHus, GO0JbIIC TMOPSIKOBBIX HHUCE/, OTHECEHHBIX COOTBETCT-
BYIOIMM TIOCBIKAM. i

dopmyna, noMeuieHHass B SAKJIOUHTENbHOH BeplIMHE [AepeBa BHIBOJA,
HasbIBAETCS 3araodumensoli hopmyroll nepesa soiBoaa. Iopsaakosoe uucio,
OTHECEHHOE 3aKJIOUUTE/IbHOH (POPMYJIe, HaseIBACTCH nNOpsO0KO.M Oepesa Bbi800a.
JepeBo BBLIBOAA HA3LIBACTCA 6660004 CBOEH 3aKMOUMTEABHOH (DOPMYJIBL
dopMmyia o Ha3blBaeTCs meopemoll cucmems. Sy, €CAM  CYUECTBYET
BHIBOX o, T. €. €CHHM CYIEeCIBYeT [ePeBO BHIBOA3, B KOTODOM o# eCTb
gakmouuTenbHas Qopmysaa. Tak kak BCe aKCHOMBI S, CyTh 3aMKHYTBblE
$opMyB W TaK KAk NPUMEHCHHE TIPaBWJ BHIBOAA K 3aMKHYTBIM (OPMYJaM
NPUBOJAUT CHOBA K 3aMKHYTHIM (POPMYJIaM, TO BCAKas TEOPEMa CHUCTEMBl Sy
ecTb 3aMKHyTas ¢opmy.a.

Koneusast u/n cuerHas noc/esoBareJbHOCT GOpMYN e#y, e, ... Hadh-
BaE€TCd HUMBI0 [AHHOTO JAePeBa BHIBOA3, €CJAH oy €CThb 3aKJUHTE/NbHAs
(opMy/1a 3TOrO Jepesa BHBOJA U BCAKAR (GOPMyaa o#;,, €CTb NPeaIecT-
BeHHUK o#;. ClegoBaTenbtio, NOCAEIOBATENBHOCTD ODAMHAIBHBIX UHCEa a4,
g, ..., COOTBETCTBYIOWUX (OPMYJ/IaM HEKOTOPOH HUTH, HE BO3PACTAET, U 3TH
uncaa yObIBAIOT C KaXAbiM NPHMEHEeHUEM CTPOTOro npasuja uju ceveHns. Tak
KaK HEBOBMOXHa OeCKOHEeYHasi CTPOro yOsIBaoLas noc/aen0BaTe/bHOCTh MO~
KOBBIX 4YHCEJ, TO BCSiKas HUTb BCAKOrO JEPeBa BBHIBOAE COJAEPKUT JHIIB
KOHEYHOe YHC/O C/IyuaeB NPUMEHEHHs CUJABHOTO NPAaBHJA BHIBOJA WJIA Ceye-
nuil. Kpome 1oro, miast nobGoi maHHO# (OpMYJiB BCEraa BO3MOKHO OOOHTHCDH
Julllb KOHEYHBIM UMC/JOM TOCJAEJOBATENbHBIX MPHMEHEHHH K HeH omHux
TOJABKO CJa0blX npasus. Beuay sroro Mbl fo0dBUM B KayecTBe NONOJHHUTEJb-
HOTO YCJIOBHS B ONpPEAENCHMH JepeBa BbiBoja TpebosaHue, uTOOB B KamIOH
HUTH BCAKOTO JCpeBa BBHIBOKA YYACTKH MOCJAEIOBATEJIbHBIX MPUMEHEHuH
cnabelx mpasus BEIBOJAA Obliu KoHeudsl. Torma Bo BCAKOM JepeBe BHIBOAA
jo6as HUTL OyJeT KOHEeYHa.

Ecan MBl OrpaHnyuM KakuM-1u60 yCAOBHEM KJACC TMOPSAIKOBBIX yHCe,
KOTOPHE B COOTBETCTBUH C yCJAOBHEM (4) NOJ/DKHBI IPUMACBIBATECA BEPIUMHAM
aepesa BHIBOJA3, TO TeM caMbiM OyIET OrpaHHYeHO W IOHATHE AEPEBA BHIBOAA,
#, OBITh MOXET, Mbl Jaxe MoJayuuMm OoJsiee yskoe MHOXecTBO TeopeM. Iloay-
yeHHBIE [PH 3TOM CHCTEMBl M HCNOJIb3YEMble HIKE METOIB AOKA3aTebCTBa
HENpOTUBOPEUNBOCTH OyayT B Goablued WiM MeHbLieH CTeleHH <KOHCTPYK-
TUBHBIMH» B BaBHCHMOCTH OT TOFO, KaKue <«OHCTPYKTHBHBIE» OTPESKH
TIOPAAKOBBLIX uucen OyAyT HCIO/Mb30BaHAbI
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YnpaxHeHue

(GNAWNRB BV (oA VD)
EVietVB) " VP VI i

NPOH3BOMHLIMK OT IPABHIA NepecTaHoOBKH, Npealojaras, Yyto B MOCACAHEM Oyl eHbl
CK()6KH, coyerawimue BJICBO, CJIel[OBaTe.TIbHO, B IM3bIOHKIHA CKOOKH MOXHO onycKath.

nOKa3ﬂTb, UYTO [MpaBHIa COYETAHUA

Jlemma Al [lycms obujee uucao sxodsmux g 3aMEnymyw gop-
MYAY oA NPONOSNGUOHAALHHX CBA30K U KBAHMOPOB pasro n. Toz20a cyue-
cmeyem (ne codepxcauyuil cewenud) 65800 nopaoxka << 2n-i- 1 dop-
Myav. o\ oA,

Hoxazateascrno. HMuaykums mo n (1) n=0, 1. e o# ecrs
s7aemMenTapHas saMkHyTas (opmyiaa. OnHa uz dopmya 1o wam oF asiaaercs
AKCHOMOH, TaK KaK o eCTb Ju60 KOpPeKTHas, 1ub0 HeKOppeKTHas topmyua.
Toraa, 8 cumy npasusa ocnabaenns (I1(a)), omHo us CJIenymnX NoCTpoeHni
iBJISETCS JIEePeBOM BBIBOXA:

et
Y ocaabaeHne
ocnabaenne e\ e#
Ne#\ nepecTaHoBKa
AV

Ilpu sTOM, OueBmaHO, BepUIMHAM fepeBa BLHIBOAA MOXKIO NPUIHCATb NOPSA-
KOBBIE unC/Aa  TakuM 00pagoM, 4TOOB MOPAMOK BHIBOAA ORI pasen 1.
(2) TipeanosoxuM, uro geMMa BepHa A Jo6GOro k<n

(i) Tlycts o# ectb o#1\/e#y COrnacHo WHAYKTHBHOMY NpPEeANOJioke-
HUIO, CYIIECTBYIOT BHBOAB GopMysn |e#\/e#y 1 Jefy\/ o#a nopagKos
=<2(n— 1)~ 1=2n—1. Torga c NOMOMmBI NpaBuJ OCAAGTEHUR U nEpe-
CTaHOBKM MBI MOXEM MOCTDOHTHL BBHIBOABI NOPAmKa 21 aaa dopmyn Teo#,\/
Vet 1\Ve#s 1 Je#s\/o#1\/efs a c noMousio npasmaa ae Moprana u
BHIBOL Topsiaka 271 -1 mas dopmyast 7| (e#1\/ e#a)\/ e#)\ e

(i) Hycre o# ectb 7%, To MHOYKTUBHOMY NPEANONONKEHMIO, Cylle-
CTBYET BhBOA MOPAAKA 21— 1 pOpmyn B \/ B, C nomouibio 5TOr0 BHBOA
W NpaBUia TEPeCTAHOBKM MOCTPOUM BHBOX MOpAmka 27— 1 ¢opmysl
3\ | %. Tenepb ¢ NOMOWBIO NPaBuAa OTPULAHMS IOCTPAUBAEM STOT BHBOX
no susoma dopmymst 1B\ B, 1. e dopmyan el \/o”. Topanox
5TOTO NOCJEAHEFO BHIBOAA pased 2n << 2n-{- 1.

(iii) Tlycte o ects VxeB (x). B cuily MHAYKTHBHOrO MPEANONOWKEHNS,
ans moGOro HaTypanbHOTO R CymeCTBYeT BuBOX (opmynl |8 (k) \/ < (k),
uMeonl nopsasok =< 27— 1. Torza ¢ noMOHIbIO NPAaBW/IA KBAHTHQHKALHH
nojayynaM BHIBOA Topaaka == 2n dQopmyas 1 VX (x) \/ B (k). Tpumenss
3aTeM [MOC/EAOBATE/ABHO TPABU/IA TIEPECTAHOBKY, OGECKOHEYHOH HHAYKIHHN
¥ CHOBA MEPECTAHOBKM, TMOCTPOMM BHIBOAK TMOPSNKOB COOTBETCTBEHHO < 27,
< 2n-41 wn cuoBa << 2n 1 nna opmyn <72 (k) \/ 71 VB (x), VBB (x) \/
V 1Vx®B (%) u 1V (x) \/ V xB(x).

JTemma A2 Jlag aw0vx nocmosiHuox mepmog s u t u 048 410608

gopmyas. o# (X) ¢ eduncmennol c80000HOU nepemenHol X gpopmyaa

it TR T
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s\ et (8) Vet (1) asagemes meopemois u ss8odusa 0e3 ynompeo-
ACHUS NPABUAQ Cederus. .

HoxasateabcTso. 3aMernM chauaaa, 4To ecau 3aMKHyTas QopmyJa
¢ (t) BmBONUMA B Sg, W S UMEET 3HaueHue, paBHoe 3HaueHuio f, 1o op-
Myna % (S) TOXE BHBOAUMA B S, (UTOOH yOemuTbes B 3TOM, ZOCTATOUHO
B BBIBONE B (f) BCE BXOMMEHUA f, «IEAYKTUBHO CBSSAHHBIE» C BXOJKUEHUEM f
B 33KMIOUUTEJbHYIO popmyay &% (f), samenuth Ha s.) Ecam TepMer § u t
MMEIT OHO ¥ TO K€ 3HAYeHHe f, TO. B CWJIY IPENBAYLIEro 3aMeyaHHus n
BRIBOANMOCTH popmyan | e# (A)\/e# (1), BHBOaMMa Qopmyaa e (s)\/
Ve# (t). Caenobaresbno, B 3TOM Ccayuae BHBOAMMAa W (opMyna s ==t \/
V1 e# (s)Ve# (t) (upaBuno ocaabaenust). Ecim ke sHauenus TepMoB s u £
He paBHbBl MexAy CoOOH, To S==f eCThb HeKOppeKkTHBHas (OPMyJa, u TOrga
S==1t apaserca akcuomod. OTCI0na € MMOMOLLBIO NpaBua 0C1abAeHUs U Tepe-
CTaHOBKU TOJNyYaeM, 410 opmysta s==t\/ e (S)\/ o# (f) BHBOAUMA.

Jtemma A3. Besaxas swgodunmas 8 S 3auxnymas opmuyia ecms
meopema cucmemv. S,

Hoxasareancrro. Ilycts samkuyrtas ¢opmyna o aBAsgercs Teope-
Mot Teopun S. OuepunHo, BCAKHH BBBOZ B S MOMET OBITh NpEACTaBAEH
B ()OpPME KOHEUHOrO [epeBa BBIBOJA, TIe HAYaJIbHBIMU (DOPMYJaMi Cayxar
aKcuoMsl S, a npasmaamu BhBoAa sBisiorcs modus ponens u Gen. Ilycts
11— MOPAJIO0K TaKkoro AepeBa BHIBOAA I oF.

Ecmm n=0, 10 o# ectb akcuoma S (cm. crp. 65— 66, 116). 3pecw
BO3MOXHBl CJEIYIOIUE Cayuan.

(1) o ectb BD(@E &), 1. e. 1R\ (1FVHB). Tak kak u3 3am-
KHYTOCTH o# clelyer, 4to Qopmyna & Takme 3aMkHyTda, 10, 10 JemMe A.l,
dopmyna 1B\ BuiBoauMa B S,. CrenoBateabHO, HA OCHOBAHMM MPABUI
ocnabjenuss ¥ HEPECTaHOBKH, BHIBOAMNMA B S, W opmyaa _}e%’\/*]%”\/c%.

(2) o# ectb (B D(E D D) D (B DE)D (B> D)), 1e. 1(1H Y
VATV 2)V 1R\ E)\ (1B Z). Tlo zemme A1, B S, BHBO-
navsl popmyusl 1 (1B B) V 1B\ G u (1B 1€\ D)V (18
\V 18\ &). Tenepp BHBOAMMOCTL o# B Se Je€rKo YCTaHaB/IUBAETCA
C [OMOWBIO NPABWJ NEPECTaHOBKH, ceueHns (¢ cexyweir Qopmyaoi &)
M COKpauleHus. .

@) o ecn (IBDIE)D(1BDE)DA), 1 e T(1TRY
V)V 11718\ G)\/ B. Tlpewae scero, no aemme A.l, umeem
}—SOO 1B \/ B, sateM C MOMOIIbLIO NPABUAA OTPULLAHUS }—SOO TR B

¥ 110 npaBunaM 0caabJeHds U NepecTAHOBKH
@) s 111H VI8 Y E) V 5.
AHaOrHYHO [OKA3bIBAETCH Fs, 177 HBN BN I1E n |- Soy | 2V
\/#\/ 171, orkyna no npasuay ne Moprana caenyer s, 1017 AV SRV
V B\ 171€. Ipumenus Teneps npasuao NEepPecTaHOBKH, NOJyddeM

®) s 11V ITBY BV B -
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W3 (a) u (b) cnosa no npasuny e Moprana, nosayuaeM, HaKOHEL,
s, 17BNV AV 1ATRY B) 5.
4) of ectb VxB(x) DAB(), 1. e TVxRB(x)\ B (t). Popmyaa

& () 3aMkHyTa, TaK KaK 1O YCJOBHIO 3aMKHyTa (opmyaa o#. CHauara no

nemve Al monyuaem |- 1B () \/ B (), 3atem no npasmay KBaHTuw-
xauun ¢ 1VxeB (x) \ & (1)

(5) e ectb Vx (B D) D (B > Vx&) (rme x ne smasercs cBobox-
HOH mepemennot B Qopmyre &), T. e TVx (B E)\ 1B\ Vx&E.
B cuny snemmn A.l, ans mo6Oro HaTypaabHOTO YHCAA 71 CYIIECTBYET BBIBOM
B Sp mas 11BN G ) \/ 1B\ € (n), T2k Kak n3 3aMxHyTOCTH oF
CremyeT 3aMKHYTOCT 1B \/ & (n). 3aMmeTuM, 4TO NMOPAAKK 3THX BHIBONOB
orpannuensl uncaoMm 2k-1 1, rae k& ecip ofiuee 4NCIO NPOMNOSALUOHAIBHKIX
crs30K M KBaHTOpoB B | \/ & (x). CaenoeatensHo, Ha OCHOBaHUM Mpa-
BUJIA KBaHTU(MKauuy, Ajs JoOOro n CyumecrTsyeT BHIBOA B S, II4

IVx(1BYE () V 1B E(n) (c nopsakom << 2k -+ 2).

OTciofa C TOMOIIBIO NPABAA TEPECTAHOBKA W GECKOHEUHOH HHAYKIUA
noJyuaeM HaKoHem |—g 7] Vx(1B N E(x) V 1B VxE (x) (c nopsx-
KOM BHBOJA << 2k - 3).

S1) of et Hh==t, D(h==t; Dta==ty), T. & bt \/ st/
\/ ta==1t; VI3 saMxHyTOCTH o/ CHEdyeT, uTO fy, fy ¥ £y — NMOCTOAHHLIE TEPMBL
TIpumensiem nemmy A.2, Geps B KauecTne o (X), S ¥ f COOTBETCTBEHHO X == f,,
ty n iy v

(82) of ectb ti=t3 D (L) =(ta), T. e ty =t \/ (t,) = (t3). Ecau sna-
ueHnst ¢y U f3 PaBHB, TO PAaBHBI W 3HaueHus f; n t; n dopmyaa (&) = (tao)
ABASETC KODPEKTHOH mu, CienoBaTebHO, akcMoMol S, C momowsio npa-
Buaa ocaab/ieHnd MmoayyaeM TOrAa |—Sm L=t \/ () =(t). Ecim xe sna-

yeHns fy N fg He PaBHBL, TO aKCHOMOR aBaseTca (Qopmyna f, 5=ty Ilpume-
HAs TIpaBua OCAabJeHns M MEPECTaHOBKH, NOJMyuaeM CHOBA |—¢ fy=s-1t3\/
V () =(t). . °°

(S3) o# ectvb O=£1#. Tak kak O u ¢ Bcerxa uMeIOT pasJiMuHbie 3Have-
aud, To 0=£ ¢ sBasercd akcuoMmoll S,

(S4) o ecth (t)) ==(ts) D ti=1ty, T. €. (tr) == (tsf \/ ti=1s. (Hokaza-
TENBCTBO (PENOCTABJSETCS YHTATENO B KaueCcTBe YNpPaXcHEHHs.)

(S5} o ects t-} 0=t Tak kak t-} 0 u ¢ uMeIOT ONNHAKOBHIE 3Ha-
uenns, 10 £ | 0=1% ectb axkcuoma.

(S6) — (S8) npoBepsOTCA aHAIOrMYHO € OMOILBIO PEKYPPEHTHHIX PaBEHCTB
. AJS BBHIYACJIEHVS 3HAUEHHH TIOCTOSHHBIX TEPMOB.

(S9) o# ecth B (0) D (Vx (B (x) D B (x)) D VxR (x)) mm B (0) \/
VAV B(x) V HB() V VxB(x). -

(1) B cuay snemmu A.1 v ¢ noMOWBIO NpPaBW/A TNEPECTaHOBKH n ocaab-

nAeHus nosyuaeM |- RBO)V 1V (1B (%) V F(x) \ B (0).
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(2) Wanykuued 1o k=0 nokaxem, uro
s, 1ROV 1ARBO VRBD) V...
LV QB (R RBE) N B ().

(a) £==0. B cuay semmMsr A. | u no npasuaam ocaabaeHus v nepe-

cranoskn |—¢ 1718 (0) \/ 18 (0) VV B (1). Ananornuuo, |- 18 (1) V
V 18 (0) \/o:%’ (1). Oxcrona 1o npasuny ne Moprana b, 'T(‘] 7 (0)
V B(1) V 1B(0) \ B(1) u nanee ¢ HOMOWBIO 1PABUAA NEPECTAHOBKL
s, 198.0) V 116 (0) V B (1) V B (1),
(b) Donycrum, uro '
s, 1E OV TARO VRV ... .
V1B (R B(R)  B(E).
Torza no npasu/aM NEPECTAHOBKM, OTPUILAHEA M OCAA0JCHUs T10/y4aeM
Fsp, 11BEVILOVIQBO V L1V ...
NV IABE) Y BE) VB E).

[pumenum Jgemmy A.1 Kk ¢opmyJe B (k") w satem npasuia ocaab.aenus
M 1€pecTaHOBKH:

s 1B EVV AL OV 1AL O VROV ...
VA CAIORE I CORVEZI Y]
Orcioga no upasuay ae MopraHa
s, 1B E) Y BEDV TR OV TABOVHBD) V...
V1B (R) VB () B (k)
1 HaKOHell ¢ NOMOILbLI0 NpaBu/a NEPECTaHOBKU
s, 18OV IABO V BAYYV ...
NV TIQBER Y BED N 1B E) TR FB (R,

yeM ¢ 3aBEPIHacTCA WHAYKLHOHHBIA HIAr. . A

[MpumenuM 7Teneph, npasuia NEPECTAHOBKM W  KBauTWduKanan k£ pas
K (QopMyJe, BHBOABMOCTE KOTOPOH B S, JM0KagaHa TOALKO uTO B (2).
B pesyJibTate noayumm, 4ro npu Jmobom k=0

s, 1ROV Ve QB ) V BEPY YV ... -
v VIV QB (2) Y B () V B (%),

10 3. Meunjenabcon
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M M0CJHe MPUMEHEHMA NpaBuNa COKPAaLEHHUs
Fso 18OV IVX (1B (%) \ B (x)) \/ B (F).
Takum o6Gpasom, BmecTe (1) noayuaem, 4to npu moGowm k=0
s, 18 (0) V IV (1B (x) \ B(x) \/ B (k).

Ipumenus teneps npasuao Geckoneuwof HHAYKIHY, OKOHYaTeJ bHO 3aKJIO-
YaeM, uTO

Fs. 1B 0) V7 Ve (15 (x) V B (K) \/ VB (x).

Takam o6pasom, Mmu JIOK a3aJji,
BBIBOAUMH B S,

Ilpeanonoxum Teneps,

(i) Popmyna o# noss

u3 popuyn B n B o o,

4YTO BCE 8aMKHYThIE aKCUOMBl CHCTEMBI S

4TO n>>0. 31ech uUMEIOTCA [BE BOZMONHOCTH,
JMETCA npu BHBOAE no npasway modus ponens
34HYMEDOBAHHBIX B JEPEBE BLIBOAA MOPSIIK

uucnamu < n. Ilo ycaosumo popmy.a 3AMKHYyTa. I\g\)omno, oqlelzannu[c)),ﬂn;:;llg?
narath, uT0 n & He COAEPKUT CBOGOAHDBIX NEPEMEHHBIX, TaK KaK B MpO-
THBHOM CJ/lyuae BMECTO BCAKOH BXoasiiel B o7 cBobonHOMH MEPEMEHHONR MOKHO
6610 Gu moxctasuth 0 Kax B opmyay B, Tak m B ee MOCASAOBATELHbE
NPCAWIECTBEHHNKY B AepeBe BuBoga cuctembl S. Torma, B CHAY HHAYKTUB-

HOro upeanosnoxenus, (g B u |-, Bk, T e g 1B oF
C nomowsw npasuaa c Oo o e |
€YCHUs OTCIO,

114 1IO/Iyudem I—cha;f

(i) of ectb VxeB(x) u nonyuaerca us % (x) no mpasuay Gen.
BUrasach oOpaTHO OT e%(x) N0 NEepeBy BHIBOAA CUCTEMBl S # 3aMeHfAn
NoxxoAdUHE CBOOOAHBIE BXOXKAEHHA X Ha %, MOXHO nonyunts sason B (k)
TOro K€ lOpAAKd, YTO W NepBOHavanbHMH BhBOX o5 (x). Tak Kak 570 BEPHO
s moGoro j;g’ TO, B CRIy MHAYKTHBHOrO MNpEANoJfoXenus A moGoro k,
BEpH )
pHo {—-sm (k). Torma, Ha ocnopauuu npasuaa GeckoHeuo# UHAYKLMH,
nonyuaem |- VB (x), T. e. g of.
C 0
Cunencreue A4 Fem
musopewusa u meopus S.

Hoxasarteanctso. Ecm teo
Torga, no nemme A.3, s
o0

Ilpog

cucmema Sy Henpomusopeuusa, mo Kenpo-

pus S nporusopeynsa, T0 g0 £ 0.
0£0. Ho, ¢ apyroi cropousl, |-4 0=0,
o0

TaK Kak Qopmyna 0==0 koppekrHa. [Tosromy nas moGo# popmyan o#
no npasuay ocaabnexus noayyaem =5 0550\ o#, a Bmecre ¢ =g 0=0
[ee]

no Npasui - o
p y CeyeHus — u l——sooezil. Hrak, us nporusopeyusoctu Teopau S

CICAYET, 4T0 B S, BHBOAMMA M0Gas Gopmyaa
T. e caegyer no -
YHBOCTH S, e v potuope

B cuay caencreus A4, nas Toro uTo6H A0Ka3aTh Hen
AOCTATOYHO JOKA3aTh HENPOTUBOPEUMBOCTH S,

llemma A5. [Tpaguaa de Mopzana, ompuyanus u Gecxonewnod und ) yic-
yuu o0pamume, m. e. no 6CAKOMY 661800y popmyab oF, Komopasn cae-

poTHUBOpEYUBOCTSD S,

e
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dyem u3 HeKomopblX NOCHLAOK 6 CUAY 00HO20 U3 JIMUX NPasus, MONCHO
nocmpoums 86600 CAMUX NOCHLAOK (NOPSIOOK U CMENers maxozo 88000
He Goasule NOPAOKG I CMeneNu nepsoRa<anbiozo 85e00a 04s of ).
Nloxasateabctso. (1) Mpasuro ne Moprana. dopumyna of umeer
Bug (B YV €)V Z. Paccnorpum BhiBon o . IIpocaenum BCe Te BXOwae-
Hus noacdopMya _](@%VE’) B (OpMYJBl 3TOTO JiepeBa BEIBOAA, KOTOpHE
COOTBETCTBYIOT BBIJECHHOMY BXOXICHHIO V(B \/ €) B 3akmountenbHyO
popmyy e#. Ipurascw, Takum oOpasom, B 0OpaTHOM HanpasJjeHud OT of,
Mhl TupoljeM uepes BCaKuH cayuall npUMEHEHUs cnafzoro npasujaa u yepes 1e
Cy4ay [PUMEHEHUs CUJBHOTO MNPaBHJA, KOrHa 1B\ &) ssasercs nox-

¢dopmynoii  GokoBol  (OpMYIBL QOcTaHOBKa NPON3OHAET TOJNBKO TOrAa,
KOrjJa MBI CTOJAKHeMCd ¢ [NpUMEHEHHEM  TpaBuJa ocnabaeHns BUAa
TQ%TVG%T?" uan npasuaa je Moprada suma jﬁ@% {;)%\:?J Coso-

KYMHOCTh NPOCAEKMUBAEMBIX TaknM 0Gpasom BXOmAeHUH GOPMYJIEI RICZAY: &)
B I€PEBO BHIBOJA HA30BeM lcmopueli gopuyas 7| (B \/ ). Ecan Bce BXOXIE-
Hust GOPMYJIHI “!(@73\/8) B ee HNCTOpUHM 3aMEHuTh Ha 1B, 10 (nocae
yOaneHHs HEHyXHbX (POPMYJN) B PE3yabTaTe NOJNYYUFCH HOBOE NEPEBO BHIBO-
na ¢ gopmyaot 1B\ & B KauecTBe 3aKMOuMTeabHOH pOpMYBL Ana-
normunan samena (B \/ &) wa 1& mact nam smsox dopuyis 18V 2.

(2) TMpauio orpunanus. o €CTh 1B\ &. Onpeneaum MCTOPUIO
771<% ananorauHO TOMY, Kak 3TO ObuIO CAENaHO BBILE [ 1B Y 6)
8 (1). 3amenuB BCE BXOMNCIEHUS Wje% B WcTOpUM 5TOM (popmMyan Ha B,
nonyunm eeiBog, B \/ .

(3) BeckoneuHas uHAyKLuS. e €CTh VxB (x) \/ . Crosa, kak u 8 (1),
onpeneany ucropuio Ve (x) u 3amennM BCloay B Held VxB (x) na B (k)
(etam mpp 5TOM KaKoe-HuGYIb K3 HAYaILHHIX B 3TOH ucropuu BXOXIEHAH
Vx%B (x) @BAseTcss CJAEACTBUEM 0O Npasuay OECKOHEUHOH WHAYKUMA H3
HEKOTOPHX MOCHIOK, TO YNanuM [E€PEeBbd HaJ BCEMH 3THUMA TOCHIKaMH,
KpOMe MOCHIJIKK B (k). Takum 06pasoM, 115 BCSKOrO & Mbl TMOJAYYBM BHBOA
R\ Y.

Nemma A. 6 (Ilwotte [1951]: Reduktionssatz) Ecau 045 ¢hopmuyavt
of 8 S CyHecmgyem 8v800 NOAONHCUMEALHOU crmenenu m u nopsdka o,
mo 045 amoii sice ghopmyas. oF cyuecmeyenm 8b.600 8 S CO CMENEHBIO
Mensuiell, 4em m, u nopadxom, pasubim 2% (cm. ctp. 197)

JlokasateabcTno. JlokaxeMm JeMMy TpaHCHUHATHON HHAyKuMEN
N0 MOPAAKOBOMY UMCAY ¢, SIBJAAIOWEMYCS [OPSAKOM [aHHOro BHIBOIA .
Ecan a=0, TO BHBOI HE MOXET COAEPIKaTh CeueHuit u ero cTenenb pasHa 0.
[IpeanonoxnM, YTO JeMMa BepHAa AJd BCEX BHIBOAOB MOPAAKOB, MEHbLIUX O.
Vicxoagd ©3 Bak/JOUETENBHOR (OPMYJH o# [aHHOrO HaM REPEBa BHIBONA
nopsaaka a, OyaeM NPOABMraTbCA MO HEMY, MOKa HE BCTPETMM nepsoe npa-
MeHeHue CHAbHOrO NpaBHIa MaM Tpasuia ceveHus. PaccMoTpum cayuan cnib-
HOro npaeuaa. Ero nochlIKM SaHyMEPOBAHBI MOPSAKOBBHIMU UNCAAMU % < 0.
CorniacHO MHIYKTHBHOMY MPEANOJIOKEHNIO, IS KaKIOH U3 3THX NOCHIIOK F

a
CyLIECTBYET [EPEBO BHBOAA CO CTENEHbIO <7 M NOPAIAKOM 2%, 3amenum
10*
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TAKHM NIEPEBOM CO CTENEHBIO < M TO MOANEPEBO NAHHOFO Iepesa BHIBOAA
s o, 3aKIIOUMTENLHONR DopmyaoH KOTOPOrO CAYXHT PaccMaTpHBaeMoe
BXOXIeH!E o/ . TlocTynmuR Tak €O BCEMM MOCHIAKaMMy paccMaTpuBaeMoro npu-
MEHEHNA CHABLHOrO NPABUJIA, Mbi IONYYNM HOBOE JEPEBO I o, CAN 3aKO-
UNTEILHOH (opMyne of oTHeceM nopsakoroe uucao 2, KOTOPOE 3aBEXOMO
Gonbuie Beex uncen 2% (cum. npenioxenve 4.30(9)).

OGpatumcs Teneps K cayuao npasuna cewenns. Tycrs nepsuifi BeTpe-
THBIIKACA HAM CAyuall NpUMEHeHus He C1aboro Npasmaa BHBOXA UMEeT BUI

EVB 1BV D
A

W MYyCTh 0y, 0g— NOPALKOBHIE UHCA3, KOTOPHIMH SaHYMEPOBAHH COOTBET-
creenno 6 \/ B n 1B\ &. Coraacno MHAYKTUBHOMY NPEANOIONKEHUIO
s G\ B w 1B\ D CymecTBYoT BHBOIM CTeneHeH  MeHsi uem
M, ¥ NOPAAKOB COOTBETCTBEHHO 2™ W 2% "PaccmoTpum TEneph Bosmo,mnue
Ciayyanm cTpoenns raasHo#t dopmyam B sroro ceueHms.

(a) & ectv snrementapmas Qopmyra. Omsa n3 dopuyn B u 1B
ABAAETCA akcuomoh. Ilycrn /" ects Ta w3 sTMX thopmya, KoTOpas He ecTs
acnoma. CornacHo MHAYKTHBHOMY TMPEANONOKeHHIo, NOANEPEBO OCHOBHOI'O
Aepesa BBIBONA A9 o, 3aKJIOUMTEBHOH dopmysofi KOTOpOro sBAfETCH
PaCcCMaTpMBAEMOE BXOXJIEHME TOCHIIKH, comepxamed e, MOoxeT ObiTh 3aMe-
HEHO HEKOTODHM JNEPEBOM BHIBOAA TOH e NOCHBUIKM CTENEHH, MeHbIuefi m,
u nopamka 2% (i=1 wum i{=2). B stoM noBOM xepese BHBOAa and
MOCHI/IKH, B KOTOPYIO BXOANT o, PaCCMOTPUM HCTOPHIO & (onpenensemyro,
KaK B nOKazaTenbCrBe Jemmnl A.5). Havambhsie ¢opmynn B stof UCTOPHHU
MOTYT BOSHUKHYTbL TOJMLKO 110 npasuay ocaabaenus. INostomy ynmanenne us
ucropun o#  Bcex BXOxneHuH o NPUBOAUT K NOCTPOEHUIO JepeBa BLIBOAA
ms & nan ans P onopaaka 2% Orcioga ¢ NOMOIIBIO NpaBuaa ocaabie-
WU TONyvaeM nepeso BwBOma s & \/ & nopamka 2% Crenemb sToro
HOBOTO J€PEBA BHIBOAd MEHbIUE 72

(b) #B ectn 6, 1. e paccMaTpmBaeMu#t  cayualh npuMeHeHust nmpasuua

ceueHnsa uMeer BHa
V1€ 11EVD
EVY :

CyusectByeT nepeso BmBOa A EREK:) V & crenenu < m n nopsimka 2%2

B cnay nemmu A5, cymectsyer nmepeso BuBoma mis & V & crenenn < m
o

u nopsizka 2°%. CymiecTsyer, KpOMe TOrO, IEPEBO BHIBOZA CTENEHH <<mn

o Y
-mopsaxa 27 gaa §\/ 18 Us srux ABYX TIOCJAEIHUX JepeBbes BHIBOMAA
NOCTPOYM HOBOE NePeBO BHIBOLA N0 CXEME:

gV TV &

nepecTaHoBKa —s——— e
-@] v 8 .‘8 V Z nepecraHoBKa

ceuenne
DNE
VY

nepecTaHoBKa

S

e
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CTeﬂeHb BBIACJIEHHOTO 31€Cb CE4YeHua Ha €IWHUILY MEHbIUE obulero uncaa
NPONOSMIKOHANBHEIX CBA30K W KBaHTOpPoB B || &, KOoTOpOE CaMoO He mpe-
Bocxomut m. Popmyne & \/ &, oueBMEHO, MOXHO OTHECTH B KauyecTBe
HoMepa nopaakosoe uucao 2% Mrak, MBl UMEEM HOBOE IEPEBO BHIBOAA IJIf
& \/ & crenenn, veubmie#d m, u nopsaaka 2%

(c) B ects & \/ &, u paccMatpuBaeMoe CEYEHHE WMEET BUI

CNEVSF NENANTD
TV Y

Cyuwecrsyet nepeso snnona naa (€ \/ F) \/ & crenenn << m u nopsaxa 2%,
Tlo nemme A.5, cymectsvior nepesbsi BbIBOOA CTeneHel < m u mopsiaka 2%
ws 1€ D u 1F \| D. Cymectsyer Takke epeso BuBona mis & \/
vV & V o CTeneHW, MeHbIIEH m, © nopaaka 2. W3 nocaemHux tpex
JEPEBBEB NOCTPOUM HOBOE IEPEBO BHROAA MO CXeMe:

CVENVF ICAEA4
ceyeHue

T\ EYD

nepecraHoBkKa

AVECAVE

neEv o
cevyeHne
AVEAVE
nepecTaHoBKa
U COKpalleHue

. EVD

BrizeneHnrie 374eCh CEUEHWS WMEIOT CTeneHW < m72; CJAENOBaTEIbHO, M BCE
HOBOE HEPeBO BHIBONA MMeeT creneHb << m. ®opmyne & \/ & \/ & wmoxHo
B 3TOM JAepeBe BHIBOJA OTHECTH MOPSAKOBOE YUCAQ 2ma% (21, 02) L .1 a ¢op-
Mynam EV 'V Y n YV & —nopaakosoe uucao 2%

(d) B ectb Vx&. Torma paccmaTpusaeMoe cedeHVe HMeeT Bul

CVVxE (VO N D
VY )

CornacHo MHAYKTMBHOMY NDEANONOKEHWI0 aepeso BuBoma maa & \/ Vx&,
SIBJSIOILEECS TOJNEPEBOM OCHOBHOI'O HepeBa BBIBOMA 114 o#, MOXET OblTh
3aMEHeHO IpyruMm nepesoM BmBoaa I 6 \/ Vx& crenenn, menbwe#t m,
n nopamka 2°t. B cuay semmn A5 u 3aMevaHus B HauaJe [NOKA3aTENbCTBA
aeMMBI ‘A2, 1as moGoro MOCTOSHHOrO TepMa f CYIeCTBYET BbIBOA CTENEHH
< m u nopsmka 2% mas dopmyan Z\/ & (f).

Cogepxamuiichi B OCHOBHOM [epeBe BHBONA IV o BHBOL (DOPMY.IH
(IVx&) \/ & moxer GbTh, COr/IACHO MHAYKTUBHOMY NPENIOJOKEHHMIO, 3aMe-
HEH HEKOTODbIM HOBHIM BHIBOJIOM CTENEHH, MeHblueH m, u nopsgxa 2%,
Ucropuss 1Vx& B 3TOoM HOBOM BHIBOZE BOCXOZMT aMGO K NIPUMEHEHHIO
npasuna ociabaenus, /b0 K INpAMEHEHUSM nOpaBujaa KBaHTHQHMKaIUY
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¢ TVx& B kavectBe raasmo#t opmyass:
-] g(tl) V }it

rae t; — HEKOTOPhie TOCTOSHHBE TEPMBL.

3aMeHuM KaKIOE TAKOE NPUMEHEHWe MPABMAA KBAHTH(AKAIUN CEUCHHEM
TVE® QLICHAVRZ

EV &
UCnoab3yd 474 JEBOR [OCHJIKM YKasaHHbil Belllie BLIBOA. Bce ocrannHmie
sxoxaeHusi | Vx& (x) B ucropuio 5T0H (HOPMYJH TaKwke 3aMeHuM Ha %,
B pesysbrate Mbl CHOBA 10/yYMM HEKOTOpOE NEPEBO BHIBOAA, SAKIIOUHUTENb-
HO# (opmynoil koToporo ssasercs & \/ . Ctenenb 3TOro epeBa MeHblue m,
NIOCKOJIbKY OOIiee UKCJA0 MPONO3UIHOHAABHEIX CBA30K N KBaHTOPOB B | g(ti)
menbme, ueM B | V& (x). Hymepauuio storo mepesa nocrpoum caenryto-

uum  obpasom. Homepa ¢opmya B BHBOZAX J€BBHIX MOCHIIOK z\V E(t)
ocrasum Oe3 W3MEHEHHs, a mpexHue womepa § Beex OCTabHHIX opMya

MO/yYEHHOro nepesa BoiBoAa 3amennm Ha 2°' -1, 8. Eciu B 6ma0 HOMepoOM

NOCHIJIKY ‘[é’(ti)\/ ¥, sameHeHHOro npuMeHeHus npaBuNa KBaHTH(UKALIKY,

a 7 — Homep ero sakmouenus (7 Vx&) \/ %, TO B HOBOBBEJCHHOM CeueHuu

noceikn & \/ E(t;) w 1E(t;) \/ & HymepyoTca COOTBETCTBEHHO NOPSIKO-

BBIMA YHCAaMu 271 1 2%t - B, a sakiouenne & \/ §; — NOPAOKOBHIM YHCJIOM

2% oy > max (271, 2% 44 B). Tak Kak u3 3 <<y p. caenyer 2" g 2m

~o, TO W BCIOLY B STOM HOBOM JEPEBE BCAKOE BaK/IOUEHHE UMEET HOMED,

Go/blunit ueM COOTBETCTBYWOWME eMy nochiakn. Hakoweu, mpasas nocobiaka

(1 ng) \/ &, vmeBwas woMep oy, NPEeBPaNlaeTcsd TENepb B 3aKJIIOUNTE/b-

Hylo dopmyay & \/ & nopaaka 2%t ¢ 2% < 2mas (ai. 0z) o 2(max ay, ag)

== 2Max (a1, 22) 3§ 2 = 2Max (21, %2} b0 < 2% Ecsm NPH STOM OKasBIBAETCH, UTO

211 -4 2% <y 2% TO HOMep & \/ & Bcerma MOKHO yBeIMuMTH 4O 2%
Caencreue A7. Beawul 861800 8 So, npoussoasnoii popmyis off

Mogcem Obimp 3aMeHer Bbi800oM molk e dopuyas. oF, He codepica~

wum cevenuii, m. e. gogodonm cmenenu 0. Ecau npu smon o — nopsidok

NepBOHA1ANbHO0 8bi800Q, MO NOPAOGOK HOBO20 8b6l800Q MONCHO Bb.0pams

9%

DaBHBLM HEKOMOPOMY nopsadKosomy Hucay suda 22
IIpeannoxenne A8 Cucmema S, Henpomusopeuusa.
HokasateabctBo. PaccmoTpum mpoussosibHYi (GopMyay o# Buaa

00\ 0%0V...\/040. Ecan Own Takas (opMyna o# Onaa BhBO-

nuMa 8 S, TO OHa Oblia Ob BhiBOAWMA B S, u Ge3 npumeHeHus rpaBuJIa

cevenus. [Ipocmarpusas ocTajbHbie npaBraa  BLIBOAA, MBI BHIAM, YTO

B TaKOM C/Iy4ae o MOXET OBbITb C/ICUCTBUEM TOJNBKO (POPMYTH TOTO Ke

THNA, YTO M OHa cama. OTcona caeayer, uto oaHa us gopmya suma 0 =0 \/

V...V 00 nomkna Obi1a 6ol GbITb aKCHOMOH, uero, OgHako, B aecT-

suTenbHOCTH Het. [lostomy dopmyna o# wesbnBOaMMa B Sy U, C/IEAO-

BaTEJbHO, 9Ta CHCTEMA HENPOTUROPEYMBA,
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¥YnpamHeHnne

Ecnau nuueMm He orpaHuuuBath KaacC NOPAAKOBMX YHCENd, MCNOAb3YEMBbIX R
Hy™mepauuy BepPUIHH JlepeBbeB BHIBOJA, TO MOXHO JOKa3aThb TaKXe claelyloinue
asa yrsepwaeHus. 1) Cucrema S o-senmporusopeunsa. (Y kasaunue. Crexn-

cteue A.7, npeanoxenue A8 u mpasuno GeckoHeuHoM HHAYKUMH.) 2) Beakas samk-
HyTas (opMyna CHCTeMBl S, UCTHHHas B CTaHJaPTHOH MOLeuy, BhBOIMMA B S

H, CA€I0BATE€AbHO, CHCTEMA Soo NoaHa.

Y1066 HECKOMLKO 0CaabuTh HECKOHCTPYKTHUBHOCTb  BBIIUEH3JIOKEHHOTO
JOKA3aTe/bCTBA HENPOTUBOPEYUBOCTH, MOKHO CJACAYIOHIUM 06pa30M Oorpanu-
YATb KJAACC TIOPAAKOBBIX 4YHKCeJ, HUCNOJAb3YEMBIX B HYMEpAUuu Cl)OpMy.’I
OEPEBHLEB BhIBOAA. PaCCMOTpHM MHOXKECTBO NOPAIKOBBIX 4UCEN {(.0, [

«w
®®, ...} (Ero MOXHO 3aJaTh HHIYKTUBHO DABEHCTBAMH Yp=0 M Tp4; ==

=w'7). [lycTb e¢— HauMeHblIas BepXHSs FPaHb STOTO MHOXecTBa. Ecan MHl
GyneM npUMEHATh B YINOMSAHYTOM CMBICAE TOJIbKO NMODPHAAKOBBIE YMCJA, MEHb-
IIKE &), TO BCE NMPHBEACHHBIE BBIIIE [0KAa3arelbCTBZ OCTAHYTCA B cuie (uGo
us 3 <pey caenyer 28 g0). Kpome TOro, mopaaxoshe yucaa <<y e Jaonyc-
KaloT MpPeiCcTaB/JeHNe B HEKOTOPOH CTaHAapPTHOH <I10JMHOMHAJIbHOH> opme:
(i) nopsaxoBeE uMCIa, MEHblUME ®”, ONYCKAalT MPEACTaBjieHUE B (hOpPME

("1 % g 1) o (@2 Xg 119) 4o . on 4o (0% X o1y),

rae ky, ks, ..., kj-— yObiBaollas 1OCJAEIOBATENBHOCTE KOHEYHBIX [MOPSAKO-
BbIX YUCEJN H My, Hy, ..., 1y — KOHEUHHIE MOPAAKOBHE yucha; (i) Mopauko-

{03
Bble YMC/I3, BAKJAIOYEHHBIE MEXAY ©” B ©®, [ONYCKalOT NPeACTaB/IeHHe
B q;opme

((!)aLl X 0 ﬂl) +0 ((l)m2 X o ng) +0 e —‘1"0 ((l)al X onl),

rae o, %, ..., & — yObBalONlas MNOC/AENOBATENLHOCTh HOPAAKOBHX uKCel,
MEeHBIIUX W®, W My, Mg, ..., M; — KOHEUHBIE TOPAAKOBEIE UMCAd, W T. 4. (CM.
Baxman [1955], 1ll; Tenuen [1938b]).

OCHOBHbBIM HEKOHCTDYKTHBHBIM MOMEHTOM DPaCCMOTPEHHOrO 31eCh AOKa-
3aTeJAbCTBA  HENPOTHBODEUMBOCTY  AIBJSETCA MpPHAMEHEHWEe TPaHCUHUTHOH
MHIYKUMM B JOKasaTebCTBe aemmbl A.6. TIpnHUMI TPaHCPURATHOH uHAyKUMR
10 8alaHHOrO MOPSAKOBOro umcaa Owbll GopMannsoBas u usyyeH [ en-
nuenom [1943] u 0 wrre [1951] [1960}; kak u chemosa’so oOxUAaTH,
NIPUHILKN  TPAaHCQUHUTHOR wuHAyKUMH 100 &, HeBoiBoguM B S. Uro ke kaca-
€TCst BOHNPOCA O TOM, MOXNHO JIM CUNTAThb TE€ W/IM HHBIE MOHATUA M MPUHIKIIA
(Takme, KaK MOHATUE CYETHOTO TMOPSAKOBOrO YHCAd U (PUHUMIL TpaHcdhH-
HUTHOH MHAYKUHE [0 &) NeACTBHTENbHO KOHCTPYKTUBHBIMA, TO 3IeCh, KaK
HaM KaMeTCd, Ml UMEeM Je/J0, B KOHEUHOM Cyere, ¢ npoGaemoil cyGbex-
TUBHOH TIPHDOAHL.

Naneueftine  gmetaan u  oOCyx/aeHHE SaTPOHYTHIX SIECh BOIPOCOB,
B [ONOJHEHHE K YK€ UWTUPOBAHHHIM paboraMm, MOXHO HallTH TaKme
yl'nabbepra u Bepuattca [1939), Poccepa |1937), Miwoaaepa
[1961] u Weénduabmga [1959]
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Tannep (Galler B. A.) 298

lFanwnepn (Halpern J. D.) 114

Tépenr (Gidel K.) 10, 11, 51, 65, 75,
78, 91, 146, 152, 159—161, 163—166,
173, 176, 177, 225, 227, 250, 261,
262, 265, 267, 273, 280, 282, 298

I'éneneB Homep 151

— — BbIpaxenus 151

— —5 T10/1eI0BATE/IHOCTH  BEIPAKeHHH
15

— — cumBoaa 151

Teiitunr (Heyting A.) 10, 52, 298

I‘e;gun (Henkin L.) 75, 105, 108, 114,

8

I'enuer (Gentzen G.) 165, 282, 295, 298

Tepmec (Hermes H.) 250, 260, 299

TeTeposIOrHuecKoe NpHJaratesapHoe 9

I'xeropunk (Grzegorczyk A.) 299

FuanGepr (Hilbert D.) 49, 65, 93, 108,
110—112, 131, 165, 228, 295, 299

'unoresa 37

I'pad 109

Ipadux dynkuuu 135

Ipennnur (Grelling K.) 9

JBoliHuk G6ykBhl 236

JHesuc (Davis M.) 255, 299

Hepexunn (Dedekind R.) 115, 116, 204,
206, 207, 277, 299

HekaptoBa creneds 12, 184

HexaproBo mpousBeseHue 12, 184, 220

— — KJaccoB 184

[[elxsapToso TIPOH3BeJeHHe N-KpaTHOe 12,
4

Hexkep (Dekker J.) 277, 299
Jenumocts 128

Hepeso BuiBOna 284

Hecsitas npoGaema Tuanbepra 228
Hernose B. K. 299

LuspioHKTHBHAS HOpMadbHas dopMa 34
— -—— — coBepuweHHast 35
Ju3bloHKTHBHBIH 4aen 20

Husvionknus 20

— orpunanni (alternative denial) 34, 51
Huxcon (Dixon L. E.) 299

Hupuxne (Dirichlet P, G. L.) 130
Janna Boipamenus 61

Hononnenne 181

Honycriamoe onpenenenne 174

HpeGen (Dreben B.) 78, 299

Esxang 228
EcrectBennoe pacmpocrpanenne asro-
pupma 237

3aBucHMOCTL B BbiBoge 69
3akawouenue 20, 283
3axJioyuTenbHas BepmnHa 283
— ¢opmyna 285

3aKOH HCKJIIOYEHHOTo Tperhero 10
3amblkaHue GopMyn 60
3eiinenbepr (Seidenberg A.) 299
3uman (Zeeman E. G.) 226, 299

Hrean 17

— MakcHManabHbIE 18

— co6cTBeHHbIH 18

HsomopoHbie HHTepuperanun 102

— MHOXecTBa 276

WMvnaukanua 20

Vnpexc pexypcHBHOro npenukata 267

— PEKYPCHBHO NepeyHCIHMOrO MHOMe-
ctBa 275

— YACTHYHO PEKYPCHBHOR dyHkuun 267

HMuaykTusroe npegnosoxenne 16

Hunykuus mo x 16

— TpancunurHas 17, 193, 195

Hurepnperanua 57

HMuaryununonusm 10, 11

HIHTYHIHOHHCTCKOE HCYUMC/IEHHE BRICK 23bI—
BaHU# 51

HcrurnocTHas Ta6nuua 19

— — coKpalueHHas 23

— ¢ynkuua 22, 24

HctnnrocTHoe 3Hauenue 19

- — BHiJIeJIERHOEe 47

Hcropus dopmyas 291

Hcxoauble ¢yHKuuu 135
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Vcuucnenne Buicka3wiBauuit 19
— HNpeqMKaToB mepsoro nopsixa 66
— — — — nacoinennoe (PF) 172
— — — — uyucroe (PP) 172

Kanemap (Kalmar L.) 45, 174, 299

Kamke (Kamke E.) 103, 104, 299

Kaurop (Cantor G.) 8, 188, 202

Kanmma.anoe ypcno 8, 15, 203, 221,
24

Kapuan (Carnap R.) 39, 300

Kappu (Curry H. B.) 300

Ksantndukanusn 283

Ksaurtop BceoGugnoct 53

— orpaHuueHHsH 139

— cytuectBoBaHusa 53, 55, 235

Kemenu (Kemeny J.) 300

Kéuur (Konig J.) 110

Kurailickas Teopema 06 ocratkax 151

Kaace 178

— GeckoneuHbiit 204

— — 1no Heneknuny 204

— B3aMMHO OAHO3HauHGI 187

— Bcex moaMHOXecTB 184

— onHo3HauHbll 186

— cuerusii 204

— TtpansuTuBHbIi 190

— R-3kBUBajeHTHOCTH 13

Knuuu (Kleene S. C.) 11, 49, 50, 52,
65, 96, 152, 170, 202, 250, 260, 261,
263, 266, 268, 279, 300, 308

Komanaa 252, 253

Kowmrniozuuus anropudmor 236

— ¢yuxkuui 14, 199

«Koneunag» akcuoma BhiGopa 220

KoHeunoe paciunpenne Teopuu 171

Kourpanoaunus 28

KoHTpdhaKTHyecKoe YC/I0BHOE IpejJioxKe-
Hie 21

Koundurypanus 253

KonbtonkTuBHast HopmaapHasa dopMa 35

— — — cosepiieHHas 35

KoubloHKTHBHBIA YjeH 19

Kousionkuus 19

— otpunanuit (joint denial) 33

Kosu (Cohen P. J.) 225, 300

Kpeiir (Craig W.) 300

Kpeiigep (Kreider D. L.) 300

Kpeiicen (Kreisel G.) 301, 307

Kyaitu (Quine W. V.) 10, 21, 22, 39,
227, 301, 308

Kyparoscxkuit (Kuratowski K.) 180

Jlagpuep (Ladriére L.) 301

Jlaugay (Landau E.) 115, 116, 301
Jiés (Lob M. H.) 301

Jiépenreitm (Lowenheim L.) 79, 92, 301

Jleeu (Levy A.) 226, 301

Jlemma Jluugen6ayma 74, 105

- Taiixmiosnepa — Toiokn 220

— Hopua 218

Jlenrdopx (Langford C. H.) 107, 301

Jlenrta 251

Jlunpen6aym (Lindenbaum A.) 52, 74,
105, 113, 114

Jlaunon (Lyndon R. C.) 301

Jlutepan 33

Jloruka 7

— JBy3HauHaa 48

— MaTeMaTHuyeckaa 7, 11

— MHOro3HauHaa 48

JlornueckKn HWCTHHHOE BhICKa3biBaHue 26

— — mnpeanoxeHue 63

— JIOXHOE BblcKa3wiBaHHe 26

-— — mnpepnoxeHue 63

— ofwesHauuMas dopmyna 62

— 3KBHBAJIEHTHHIE [TPONO3UIHOHAJIbHEE
¢dopMbr 25

— — ¢opmyast 62

Jlornueckoe caeacrsue 25, 62

Jlofixan (Lauchli H.) 301

Jlopenuen (Lorenzen P.) 282, 301
Jlocs (Los J.) 103, 110, 112, 114, 301, 302
Jliokcem6ypr (Luxemburg W. A. J.) 302

Maiixuan (Myhill J.) 276, 277, 299, 302

Makaoysan (Macdowell R.) 302

Maxk-Knucn (McKinsey J. C. C.) 48, 302

Maknadava (Maclaughlin T.) 302

Max-Horou (McNaughton R.) 227, 297

Maxkcumanbuptil aneMedT Kaacca 206

Mansues A. M. 302

Mapxkos A. A. 229, 230, 235, 242, 244,
248—250, 255, 256, 260, 279, 280,
302

Maccosas npoGaema 278

— — HepaspemnMas 278

Matusicesnu 10. B. 228, 302

MawsuHa Telopunra 251—253

— —, BBIYHCJIEHWe 4YacCTHUHON apudme-
tHueckoil ¢yHKuHH 254

— —, OCTaHOBKA NMpPH KOHMHTypaluu o
253 '

— —, TepeBoj, KOH}HUIypauH# ¢ B KOH-
durypanuio § 253

Mengesnscon (Mendelson E.) 222, 225,
302

Mepenur (Meredith C. A.) 51, 302

Meramarematnka 39

Merateopema 39

Mertasn3blk 39

Mertoy Geckoneunoro cnycka 128

— T0C/eI0BATEILHOTO HCKJIOYEH I 5T
KBaHTOpOB cyulectBoBanusa 107, 108

AJIGABUTHDLIA

MunumanbHbIfl 37eMeHT KJaacca 206

Muoxectso 7, 11, 178

— GeckoHeutoe 15

B3aHMHO OJHO3HAa4YHO CBOAMMOe 276

BIIOJIHE yTOpsiioueHHoe 17

BCeX noiMHomxecTB 186

BhiGHpatomee 218

BoiGopa 17 .

— 3HaueHMH GHHapHOro oOTHOweHHs 13

H30JHpOBaHHOe 277

HMMyHHoe 277

KoHeunoe 15, 203

— — no epekunay 206

KpeaThBHoe 276

He GoJsiee ueM cueThHoe 15

OJHO3HAYHO cBOgUMOoe 276

OJIHO3/IEMEHTHOe 12

NPUMRTHBHO peKypcuBHoe 140

NPOAYKTHBHOe 277

npocroe 276

nycroe 12, 179, 180

peKkypcusHoe 140

PeKYPCHBHO nepeuncumoe 273

— cueTHOe 15

Mogens 59 .

— Hecraugaprtias 121, 131

— HopMaabHas 91

— cranpaprHas 121

— cyerHast 75

Monrerio (Montague R.) 226, 302, 307

Mopaun (Morley M. D.) 104

Mocrosckuit (Mostowski A.) 171, 174,
175, 179, 213, 227, 268, 299, 302,
306, 309

Momnocrs 15, 203, 221

— KOHTHHYyMa 15

Myunuk A. A. 303

Mioanep (Miiller G.) 295, 303

L

P

Frrtrrend

Haropuwit H. M. 251, 303

Hauboasmee u3 AByX uucen 137

Haumenbliuee M3 1ByX uncea 137

Hauaabnas BepuinHa 283

HesaBucumoe TOAMHOMXKECTBO aKCHOM 46

Heaasucumocts 46, 92, 93

— axcuoMmbl BhiGopa 225

— 060611eHHOl KOHTHHYYM-THNIOTE3H 225

Hefiman, don (Neumann J., von) 10,
177, 222, 303

Henornueckas xoHcranra 175

Henepecekaromuecs: Muoxecrsa 12

HenocpencTpenHoe caeacrshe 36

HenocpencrsenHo caegyionlee NOPSIRKO-
poe uucao 193

— — gucao 115

HenporusopeunBocth 45

— HCYHCJEHMA npepukaros 68, 92

VKA3ATEJb 313

HenpotusopeuupocTs (opMaLHOH apng-
MeTHKH 282 .

Hepaspeumnmoe npejasoxenue 161

Hukox (Nicod J.) 51, 303

Hurb aepeBa BhiBoga 285

Hosak (Novak J. L. (G&! L. N.)) 227, 303

Hosukos Il. C. 279, 282, 303

HonMaJleaﬂ KOMIO3HUHA aJropHMoB
37

— ¢opma Crkosema 100

Hopmanbhsiit anropugm 230

— — 3aMKHyTHIH 235

-— — naj andasutom 232

— — npoeKkTHpyoWHH 237

-— -—— YHHBepCcaJbHblil 248

Hyanbs-byrknus 133, 135

HyMepanus peKypCHBHO IE€PEYHCIMMBIX
MHOKeCTB 275

— YACTHYHO PeKypCHBHbIX (yHKUnH 267

O6aactb aelicTBHA KBaHTOpa H4

— 3HaueHuit 185

— HHTeprnpeTannu 57

— onpenenenus 13, 181

O6061eHHas KOHTHHYYM-THIIOTe3a 225

— Teopema o nogHore 112

Oéooémeﬂﬂble TEOpPHU INEPBOr0 NOPAAKa
104

Q6pa3z 14

O6pamenue caosa 231

O6beguHenne 12, 181

— BCeX 3JeMeHTOB KJaacca 184

Orpanuyenne obaactoio 186

— ¢yHxkuun 14

OrpannveHHbie npouaBefenua 138

— cyMmMbl 138

OnHO3HAaYHO 3KBHBAJEHTHbIE MHOMKECTBA
276

Onepanus 14

Opu (Orey S.) 303, 307

Ucnabnesse (IPABHJIO BbIBOJA CHCTEMbl
S,) 283

Ocratok oT jenenus 137

OrHocuTeAbHOE JonoJiHeHue 12

Orxowenne 12, 184

— OuHaphoe 12

BroHe ynopsjaouusatoulee 17, 190

uppecdaekcuproe 189

obparHoe 13, 185

nopsigka 190

— B cucreme S 125

NPUMHTHBHO peKypcnehoe 139

npunagaexHocts. 190

pekypcushnoe 139

pedpaexkcusHoe 13

cBasHoe 189

cummeTpuiHOe- 13

T T O O O
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‘OtHoutenne Toxkaecrsa 13, 184

— TpaH3uTHBHOe 13, 189

-— 5KBHBaJeHTHoCcTH 13

— n-MecTHOoe 12

— «X BIOJHe ynopsgouupaer Y» 189
— «X ynopsigounBaer Y» 189

— «X yYacTHyHO ynopsgouusaer Y» 189
Orobpaxenue B 14

— Hna 14

— nojgo6Hoe 189

OroxpectBieHue nepemenHuix 136
Orpuianue 19

— (MpaBHJIO BBIBOZA cucTeMbl S ) 283

Iapes, amocroa 8

ITapa 12

— HeynopsigoueHHas 12, 179

— ynopsafgouenuas 12, 180, 184

Hapanoke 7—10

Beppu 9

bypaau-®optu 8

— [Ipesaunra 9

— Kanropa 8

— KpHTSHHHA 8, 9

— JiKena 8

— Joruueckuil 7, 8

— Paccena 7, 8, 188

— Pumapa 9

— ceManTHyeckuii 8—10

— Cxkoanema 202

IMapamerpsl pekypcuu 135

Ileano (Peano G.) 115, 116, 131, 303

IlepeBon 250

TlepenmenoBanne CBs3aHHBIX NepeMeH-
HbiX 83

Tlepeceuenne 12, 18!

IlepecraHoBka (NpaBUJIO BLIBOAA CHCTe-
Mel S_) 282

— mnepeMeHHbix 136

Tlerep (Péter R.) 273, 303
ITosropenue aJsropudma 240
TNoamuoxectso 11

— co6cTBeHHOE 12

Tlogo6uo ynopsinouenHas crpykrypa 189
Tloxgo6Hble (opmyJasl 72
INopcranoska 133, 135

ITone xaacca 190

— OTHOWeHHs 13

TMosnasa unpykums 127

— cucTeMa cBs30K 31

IToanoe nosropenue anropugma 241
MNopsiaxosoe uncio 191

— — BTOpOro poxpa 194

— — KoneuHoe 194, 203

— nayaJsbHoe 207

— HEeJOCTHXKHMOe 226

— npegesbHoe 194

P

Topsiakosoe yucso peryiaspuoe 226
— — CHJBHO HeJOCTHXKHMOE 226
— — CHHryJasipHoe 226

— — cnabo HepocTHKUMOE 226
INopsiakosbifi kaace 191

Hopsanok aepeea BhBoga 285
INocaenoBatenbHocTs koneynas 15
— cuernas 15

— ®ubonauun 145

Tloct (Post E.) 250, 278, 279, 303
ITocwiika 20, 37, 283

[lpaBuno BoiBOga 36

— — 1Js paBeHcts 261

— — cucremsl S 282, 283

— — — cuJabHoe 283

— — — caaboe 282

— TEOpHH nepporo nopsiaxa 66

e Moprana 283

IM3BIOHKUHH 81

HHJHBHAYanu3auuy (npasuiao A4) 81

uHaykuuu 116

KOHBIOHKI HK 81

NOACTAaHOBKH 135

pekypcuy 135

cyuiecTBoBaHus (npasuso E4) 81

C 84, 8

Gen 66

Ilpenpapennas HopmadbHas ¢opma 96

Tpexukar apudpmernueckuit 151

— pexkypcuBHBIE 150

Ipennoxenne 39

Ilpenmernan koHcranra 54

— nepeMenHasn 54

IpeacraBuman B Teopuu S apudmernue-
ckaa ¢yskuusa 132, 133

Ipencrasasomee orHowenue 135

IpenmecTBeHHuK BepuinHbl 283

Ilpec6yprep (Presburger M.) 131, 28I,
304

rrrrrrredirerd

Ilpubabaenune eguunus (N (x)) 133, 135

IlpumutusHag cesska 38, 48, 49

Mpunuun snosne ynopsinouenus (W.O0.)
17, 218

— IBOHicTBEHHOCTH 28

uHRyKuuu 115, 127

MaKcHManbHOCTH Xaycgopda 220

MaTeMaTHyeckoR mHAyKuun 16, 116

HauMeHbUIero yucaa 127

HOPMaJHu3auun 249

noJiHOH uHAyKunuH 16, 17, 127

TpaHCHUHHUTHOH UHAYKLHH 195

[lpo6.ieMa ocTanoBKH MawiMHbl TbIOpHH-
ra 280

— paspeirenus 279

Ipoextupyromas ¢yuknus 133, 135

Ipoekuns cnoBa Ha andaBur 237

Ilpoo6pas 14

P

AJIGABUTHBINT VKA3ATEJD 315

INMponosunuonansuas Gykea 22, 38
— cBfI3Ka 22

— — OuHapHaa 27

— — rJyasHas 23

— ¢opma 22

— — BbllleJieHHas 48
ITporuBopeune 25, 62

Iycroe caoso 229

ITyruam (Putnam H.) 277, 299, 304

Pa6un (Rabin M.) 170, 304

Pasencteo 261

— B TeOpHU MHOKecTB 177

PasroMouiHbe Kaacen 199

— MHOXecTBa 15

PaspertBienue airopugmos 240

Paiic (Rice H. G.) 304

Panr 223

Pacépa (Rasiowa H.) 75, 78, 111, 112,
304

Paccen (Russell B.) 7, 10, 188, 304

Paciuupenne angaeuta 229

— Teopuu 74

PexkypcnBnas Hepaspemumocts 173

— nepecraHoBKa 276

PekypcHBHO 3KBHBAJIEHTHblE MHOMKECTBA
277

Pexkypcus 135

Pumap (Richard J.) 9, 160

Po6uncon A. (Robinson A.) 109, 110,
304

Po6uncon Ox. (Robinson J.) 299, 304

PoGurcorn P. (Robinsen R.) 10, 166,
169, 171, 174, 175, 177, 213, 273,
305, 306

Pomxepc (Rogers H., Jr.) 270, 278, 280,
300, 303, 305, 307

Poszen6mom (Rosenbloom P.) 114, 305

Poccep (Rosser J. B.) 10, 11, 39, 49,
50, 85, 96, 161, 163, 164, 227, 295,
305

Poinis-Hapasesckuit (Ryll-Nardzew-
ski C.) 114, 170, 299, 302, 305

Cannc (Suppes P.) 39, 227, 305

CeoGosHas nepemenHas 56

CaoiictBo 12

Cesi3aHHas1 nepeMeHHas 56

CBs3Ka <ecsi ..., 10 ...» 20

— «H>» 19

— «uau» 20

— —— B PasJeJUTENLHOM U COETHHHTE b-
HOM cMblcae 20

—, COOTBETCTBYIOILASl [JaHHOH TabJHue
HCTHHHOCTH 48

Cerment 190

CeMaHTHYeCKHE KOHIEMUHH M MOCTPOe-
aus 65

Cemuanuarasi npo6aema T'manbepra 110

Cepnunckuit (Sierpinski W.) 104, 216,
217, 225, 305

CeueHne (IpaBUJIO BLIBOZA CHCTEMBI Seo)
283

— KdJacca 190

Cuxopckuit (Sikorski R.) 18, 75, 78, 112,
113, 304, 305

CunbHo npespcraBuMasi B S pyuxnus 133

Cumsos sieHTH 251

— Teopun 36

CuHTaKCHUeCKHe KOHIENUHHM M IOCTpoe-
aus 65

Cucrema akcuom [Teano 115

— paBeHcTB 261

— P. Po6uncona 169

— New Foundations (NF) 10, 227

Cro6KH, 5KOHOMHOe ynorpebaenue 27, 55

Ckonem (Skolem T.) 79, 92, 100, 202,
227, 305

Ckorr (Scott D.) 306

Cnepgosanue 20

Crnencreue 37

CnoBo 229

—, BXOXJAeHWe B cj0Bo 230

Cioxenne 116

— TOPSAKOBBIX yHcea 196

Co6crBenHoe BRJOueHHE 177

CoGcTBeHHBbIH Kaace 178

CoBMECTHMOCTb aKCHOMH BhiGopa 225

— 060CHIEHHONi KOHTHHYYM-THIOTe3b 225

CosmecrtriMble Teopuu 171

Coenunnenne anropupmos 237

— cjaoB 229

CokpalleHHe (NIPaBHJIO BHIBOAA CHCTEMb

)

QO

Crnekrtop (Spector C.) 306

Crenens JepeBa BbiBoxa 285

— ceueHns 283

Croyn (Stone M.) 112, 306

Cyxenne mogenu 91

CxeMa akcdom 38

— aJaropupma 230

Tastosorusi 24

Tatixmoaep (Teichmiiller O.) 220

Tapckuii (Tarski A.) 11, 48, 58, 65, 108,
114, 171, 174, 175, 206, 213, 226, 281,
298, 302, 306, 309

Teauc Uépua 164, 249, 250

Teopema [énensi Bropas 165

— — B ¢opme Poccepa 161

— — nns TeopHu S 159

— — o noJsHore 78, 91
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Teopema nepyxiuuu 40, 70

— Kanropa 8, 202

— 0 OyJeBOM npencraBsieHHd 112

— — 3amene 83

— -— MakCHuMaJbpHOM ujeane 112

— — mnoJsHote (aas L) 44

— — CYIIeCTBOBaHMH KJaccoB [82
— cucremsr S 285

— Ckostema — Jlépenrefima 79, 92

— Tapcxoro 168

~— opmanesroit Teopuu 36

— Xaprorca 207

— Yépua 173

— Ilipénepa — Bepumreiina 8, 15, 201

— 3KBHBaJIeHTHOCTH 82

Teopun BHICHIHX NMOPSAKOB 65

Teopus abcoaiotno HempoTHBOpeunBas 45

— aKcHOMaTnueckas 36

. — aJjre6paMyecKd 3aMKHYTHIX nojiefl xa-

paktepucTukn p 110

— rpynn 67

— JIOCTaTOYHO CHJbHas 175

-—— HHTepnperupyemas (B apyroi Teo-
pun) 175

— KOMMYT2THMBHLIX TpYyIN € OJHO3HAu-
HbM gesienneMm 103, 104

— HenpoTuBopeunsas 45

— Hepaspemnmas 37

— OTHOCHTE/ILHO MHTEPHNpETHPYeMan (B
apyroii teopun) 175

— MepBoro nopsaika 65

-— — — noJsHasg 73

— — — c paBeHcTBOM 86

— — — m-KareropuuHas 103 i

—, HOAXOAsIUlas AJS NAHHOH NOruku 48

— paspewnmas 37

—— PeKypCHBHO akcHoMmaTH3upyemasi 163

— — HepaspewnMas 168

— CYIeCTBEHHO HenoJaHas 164

— — peKypcHBHO HemoJsHas 170

— — — Hepaspewnmas 168

— Ttunos 10, 227

— topmaabuas 25, 36

— YAaCTHYHOTO ynopspuodenusi 67

— 3(eKTHBHO aKCHOMATH3HPOBaHHAas 36

— o-HenoaHas 160

— @-Henporusopeunsas 158

Tepm 54, 261

— 3aMKHYTHIH 76

—, CBOOOAHBI /s TmepeMeHHOR B (hop-
MyJse 56

Tuxonos A. H. 110 :

Tomncon (Thompson F. B.) 114

Tounoe onucanne (definite description)
96

TpansuTHBHOE 3aMbiKanue 222

Tpuxoromusn (Trich) 218

Treroku (Tukey J. W.) 220

Teropunr (Turing A. M.) 251257, 260,
261, 280, 306

Troprerr (Turquette A. R.) 48, 305

Yaiitxen (Whitehead A. N.) 10, 304

Yurexep (Whitaker J.) 201

Yaam (Ulam S.) 226, 306

Ymuoxenue 116

— NOPAAKOBHIX uucea 196, 197

YHHBepcaibHas BHICHpaomas GyHKOUsA
221

YruBepcasbHb Kiaace 181

Ynopsgouenune 16

— mnoJHoe 16

— pecduiekcusroe 16

— vyactuyhoe 16, 67

— — peduekcuHoe 16 ‘

Yuopsgouennast crpykrypa 189

— n-xka 12, 181, 184

Ynopsnounsaemas rpynna 110

Peiic (Feys R.) 300

@epma (Fermat P.) 143

Dedepman (Feferman S.) 108, 165, 166,
277, 306, 307, 309

®ubonayuy (Fibonacci, Leonardo Pisa-
no) 145

GuHHTHBIE MeToAb 39

dopManbHOE  pacloJiokeHWe asdropugma
237
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