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�à¥¤¨á«®¢¨¥
ª ¯¥à¢®¬ã ¨§¤ ¨î

� ª á«¥¤ã¥â ¨§  §¢ ¨ï, íâ  ª¨£  ¯®á¢ïé¥  äãªæ¨® «ì-
®¬ã   «¨§ã. �¥à¬¨ ýäãªæ¨® «ìë©   «¨§þ ¡ë« ¨§®¡à¥â¥
¢ á ¬®¬  ç «¥ â¥ªãé¥£® ¢¥ª  �. �¤ ¬ à®¬, ¨§¢¥áâë¬ ¢á¥¬ ¬ -
â¥¬ â¨ª ¬ ¯® ä®à¬ã«¥ ¤«ï ¢ëç¨á«¥¨ï à ¤¨ãá  áå®¤¨¬®áâ¨ áâ¥¯¥-
®£® àï¤ . �ãªæ¨® «ìë¬   «¨§®¬ áâ «¨  §ë¢ âì ®¢ãî ¢¥â¢ì
¢ à¨ æ¨®®£® ¨áç¨á«¥¨ï, ª®â®àãî ¨â¥á¨¢® à §à ¡ âë¢ «¨ ¢ â®
¢à¥¬ï �. �®«ìâ¥àà , �. �àæ¥« , �. �¥¢¨, �. �¨ª¥à«¥ ¨ àï¤ ¤àã£¨å
¯à¥¤áâ ¢¨â¥«¥© äà æã§áª®© ¨ ¨â «ìïáª®© ¬ â¥¬ â¨ç¥áª¨å èª®«.

�ª« ¤ �. �¤ ¬ à  ¢ á®§¤ ¨¥ ®¢®© ¤¨áæ¨¯«¨ë ¥ á¢®¤¨â-
áï, à §ã¬¥¥âáï, ª ¨§®¡à¥â¥¨î á«®¢  äãªæ¨® « (â®ç¥¥, ª ¯à¥¢à -
é¥¨î á®®â¢¥âáâ¢ãîé¥£® ¯à¨« £ â¥«ì®£® ¢ ¨¬ï áãé¥áâ¢¨â¥«ì®¥).
�. �¤ ¬ à å®à®è® ¯®¨¬ « à®«ì § à®¦¤ îé¥£®áï  ¯à ¢«¥¨ï, ¨-
â¥á¨¢® à ¡®â «, ¯®áâ®ï® ¯à®¯ £ ¤¨à®¢ « ¢®¢ì ¢®§¨ª îé¨¥
¯à®¡«¥¬ë, ¨¤¥¨ ¨ ¬¥â®¤ë. � ç áâ®áâ¨, ® ¯®áâ ¢¨« ¯¥à¥¤ á¢®¨¬
ãç¥¨ª®¬ �. �à¥è¥ § ¤ çã ¯®áâà®¥¨ï â®£®, çâ® ¢á¥ â¥¯¥àì  §ë¢ -
îâ â¥®à¨¥© ¬¥âà¨ç¥áª¨å ¯à®áâà áâ¢. � íâ®© ¦¥ á¢ï§¨ ã¬¥áâ® ®â-
¬¥â¨âì, çâ® ®ªà¥áâ®áâ¨, ¯à¨¬¥ï¥¬ë¥ ¢ äãªæ¨® «ì®¬   «¨§¥
¢ á¬ëá«¥ �¤ ¬ à  | �®«ìâ¥àà , ¯®á«ã¦¨«¨ ¯à¥¤â¥ç¥© ¨§¢¥áâëå
à ¡®â �. � ãá¤®àä , ®§ ¬¥®¢ ¢è¨å ®ä®à¬«¥¨¥ ®¡é¥© â®¯®«®-
£¨¨. �«ï ¤ «ì¥©è¥£® ¢ ¦® ¯®¤ç¥àªãâì, çâ® ®¤® ¨§  ¨¡®«¥¥
¨â¥à¥áëå, âàã¤ëå ¨ ¢ ¦ëå  ¯à ¢«¥¨© ª« áá¨ç¥áª®£®   «¨§ 
| ¢ à¨ æ¨®®¥ ¨áç¨á«¥¨¥ | áâ «® ¯¥à¢ë¬ ¨áâ®ç¨ª®¬ äãªæ¨®-
 «ì®£®   «¨§ .

�â®àë¬ ¨áâ®ç¨ª®¬ äãªæ¨® «ì®£®   «¨§  ¡ë«¨ ¨áá«¥¤®-
¢ ¨ï,  ¯à ¢«¥ë¥   á®§¤ ¨¥  «£¥¡à ¨ç¥áª®© â¥®à¨¨ äãªæ¨®-
 «ìëå ãà ¢¥¨©, â®ç¥¥ £®¢®àï,   ã¯à®é¥¨¥ ¨ ä®à¬ «¨§ æ¨î



�à¥¤¨á«®¢¨¥ ix

¬ ¨¯ã«¨à®¢ ¨ï ýãà ¢¥¨ï¬¨ ¢ äãªæ¨ïåþ ¨, ¢ ç áâ®áâ¨, «¨¥©-
ë¬¨ ¨â¥£à «ìë¬¨ ãà ¢¥¨ï¬¨. �¥®à¨ï â ª¨å ãà ¢¥¨©, ¢®áå®-
¤ïé ï ª �. �¡¥«î ¨ �. �¨ã¢¨««î, ¯®«ãç¨«  áãé¥áâ¢¥®¥ à §¢¨-
â¨¥ ¢ à ¡®â å �. �à¥¤£®«ì¬ , �. �¥©¬  , �. ��¥â¥à , �. �ã ª à¥
¨ ¤à. �àã¤ë íâ¨å ¬ â¥¬ â¨ª®¢ ¯®¤£®â®¢¨«¨ ¯®ç¢ã § ¬¥¨âë¬ ¨á-
á«¥¤®¢ ¨ï¬ �. �¨«ì¡¥àâ  ¯® â¥®à¨¨ ª¢ ¤à â¨çëå ä®à¬ ®â ¡¥áª®-
¥ç®£® ç¨á«  ¯¥à¥¬¥ëå. �¤¥¨ �. �¨«ì¡¥àâ , à §¢¨âë¥ �. �¨á-
á®¬, �. �¬¨¤â®¬ ¨ ¤à., ¥¯®áà¥¤áâ¢¥® ¯à¥¤è¥áâ¢®¢ «¨  ªá¨®¬ -
â¨ç¥áª®¬ã ¯®áâà®¥¨î â¥®à¨¨ £¨«ì¡¥àâ®¢ëå ¯à®áâà áâ¢, ¤ ®¬ã
�¦. ä® �¥©¬ ®¬ ¨ �. �â®ã®¬. �®§¨ªè¨© à §¤¥« ¬ â¥¬ â¨ª¨
®ª § « ¨ ¯à®¤®«¦ ¥â ®ª §ë¢ âì á¨«ì¥©è¥¥ ¢®§¤¥©áâ¢¨¥   â¥®à¥â¨-
ç¥áªãî ä¨§¨ªã ¨ ¯à¥¦¤¥ ¢á¥£®   ª¢ â®¢ãî ¬¥å ¨ªã. �¥¡¥§ë-
â¥à¥á® ¨ ¯®ãç¨â¥«ì® ¢ íâ®© á¢ï§¨ ®â¬¥â¨âì, çâ® â¥à¬¨ ýª¢ âþ
¢®§¨ª ¢ â®¬ ¦¥ 1900 £., çâ® ¨ â¥à¬¨ ýäãªæ¨® «þ.

�à¥âì¨¬ ¢ ¦¥©è¨¬ ¨áâ®ç¨ª®¬ äãªæ¨® «ì®£®   «¨§  ¯®-
á«ã¦¨«¨ £¥®¬¥âà¨ç¥áª¨¥ ¨¤¥¨ �. �¨ª®¢áª®£®. � §¢¨âë© ¨¬  ¯¯ -
à â ª®¥ç®¬¥à®© £¥®¬¥âà¨¨ ¢ë¯ãª«ëå â¥« ¯®¤£®â®¢¨« â®â ªàã£
¯à®áâà áâ¢¥ëå ¯à¥¤áâ ¢«¥¨©, ¢ ª®â®à®¬ ®áãé¥áâ¢«ï¥âáï á®¢à¥-
¬¥®¥ à §¢¨â¨¥   «¨§ . �¤¥ï ¢ë¯ãª«®áâ¨, à §à ¡®â  ï �. �¥«-
«¨, �. � ®¬, �. � à â¥®¤®à¨, �. � ¤®®¬ ¨ ¤à., «¥£«  ¢¯®á«¥¤-
áâ¢¨¨ ¢ ®á®¢ã â¥®à¨¨ «®ª «ì® ¢ë¯ãª«ëå ¯à®áâà áâ¢. � á¢®î
®ç¥à¥¤ì, íâ  â¥®à¨ï á¯®á®¡áâ¢®¢ «  à á¯à®áâà ¥¨î ¬¥â®¤  ®¡®¡-
é¥ëå ¯à®¨§¢®¤ëå, ®âªàëâ®£® �. �. �®¡®«¥¢ë¬ ¨ ª®à¥ë¬ ®¡-
à §®¬ ¨§¬¥¨¢è¥£®  ¯¯ à â ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨. � ¯®á«¥¢®¥-
ë¥ £®¤ë £¥®¬¥âà¨ç¥áª ï ª®æ¥¯æ¨ï ¢ë¯ãª«®áâ¨ § ¢®¥¢ «  ¤«ï ¬ -
â¥¬ â¨ª¨ ®¢ãî áä¥àã ¯à¨«®¦¥¨© | á®æ¨ «ìë¥  ãª¨ ¨ ®á®¡¥®
íª®®¬¨ªã. �áª«îç¨â¥«ìãî à®«ì ¯à¨ íâ®¬ áë£à «® «¨¥©®¥ ¯à®-
£à ¬¬¨à®¢ ¨¥, ®âªàëâ®¥ �. �. � â®à®¢¨ç¥¬.

�à¨¢¥¤¥ë© ¯¥à¥ç¥ì «¨¨© áâ ®¢«¥¨ï äãªæ¨® «ì®£®
  «¨§  áå¥¬ â¨ç¥, ¥¯®«® ¨ ¯à¨¡«¨§¨â¥«¥ (â ª, ®áâ «¨áì ¥®â¬¥-
ç¥ë¬¨ «¨¨ï ¯à¨æ¨¯  áã¯¥à¯®§¨æ¨¨ �. �¥àã««¨, «¨¨ï äãª-
æ¨© ¬®¦¥áâ¢ ¨ â¥®à¨¨ ¨â¥£à « , «¨¨ï ®¯¥à æ¨®®£® ¨áç¨á«¥¨ï,
«¨¨ï ¨áç¨á«¥¨ï ª®¥çëå à §®áâ¥© ¨ ¤à®¡®£® ¤¨ää¥à¥æ¨à®-
¢ ¨ï, «¨¨ï ý®¡é¥£®   «¨§ þ ¨ ¬®£®¥ ¤àã£®¥). �¥á¬®âàï   íâ®,
¯¥à¥ç¨á«¥ë¥ âà¨ ¨áâ®ç¨ª  ®âà ¦ îâ ®á®¢ãî,  ¨¡®«¥¥ áãé¥-
áâ¢¥ãî § ª®®¬¥à®áâì | ¢ äãªæ¨® «ì®¬   «¨§¥ ®áãé¥áâ¢«¥-
ë á¨â¥§ ¨ à §¢¨â¨¥ ¨¤¥©, ¯à¥¤áâ ¢«¥¨© ¨ ¬¥â®¤®¢ ª« áá¨ç¥áª¨å
à §¤¥«®¢ ¬ â¥¬ â¨ª¨: £¥®¬¥âà¨¨,  «£¥¡àë ¨   «¨§ . � ª¨¬ ®¡-
à §®¬, å®âï ¢ ¡ãª¢ «ì®¬ á¬ëá«¥ á«®¢ äãªæ¨® «ìë©   «¨§ |
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íâ®   «¨§ äãªæ¨© ¨ äãªæ¨® «®¢, ¤ ¦¥ ¯®¢¥àå®áâë© ¢§£«ï¤
  ¥£® ¨áâ®à¨î ¤ ¥â ®á®¢ ¨ï áª § âì, çâ® äãªæ¨® «ìë©   -
«¨§ | íâ®  «£¥¡à , £¥®¬¥âà¨ï ¨   «¨§ äãªæ¨© ¨ äãªæ¨® «®¢.
�®«¥¥ £«ã¡®ª®¥ ¨ à §¢¥àãâ®¥ à §êïá¥¨¥ ¯®ïâ¨ï ýäãªæ¨® «ì-
ë©   «¨§þ ¤ ¥â �®¢¥âáª¨© �æ¨ª«®¯¥¤¨ç¥áª¨© �«®¢ àì: ý�ãª-
æ¨® «ìë©   «¨§, ®¤¨ ¨§ ®á®¢ëå à §¤¥«®¢ á®¢à¥¬¥®© ¬ â¥-
¬ â¨ª¨. �®§¨ª ¢ à¥§ã«ìâ â¥ ¢§ ¨¬®£® ¢«¨ï¨ï, ®¡ê¥¤¨¥¨ï ¨
®¡®¡é¥¨ï ¨¤¥© ¨ ¬¥â®¤®¢ ¬®£¨å à §¤¥«®¢ ª« áá¨ç¥áª®£® ¬ â¥¬ -
â¨ç¥áª®£®   «¨§ . � à ªâ¥à¨§ã¥âáï ¨á¯®«ì§®¢ ¨¥¬ ¯®ïâ¨©, á¢ï-
§ ëå á à §«¨çë¬¨  ¡áâà ªâë¬¨ ¯à®áâà áâ¢ ¬¨, â ª¨¬¨, ª ª
¢¥ªâ®à®¥ ¯à®áâà áâ¢® ¨ ¤à. � å®¤¨â à §®®¡à §ë¥ ¯à¨¬¥¥¨ï
¢ á®¢à¥¬¥®© ä¨§¨ª¥, ®á®¡¥® ¢ ª¢ â®¢®© ¬¥å ¨ª¥þ (á. 1449).

�ä®à¬«¥¨¥ äãªæ¨® «ì®£®   «¨§  ª ª á ¬®áâ®ïâ¥«ì®£®
à §¤¥«  ¬ â¥¬ â¨ª¨ á¢ï§ ® á ª¨£®© �. �  å  ý�¥®à¨ï «¨¥©ëå
®¯¥à æ¨©þ, ¢ëè¥¤è¥© ¢ á¢¥â ¯®«¢¥ª   § ¤. �«¨ï¨¥ íâ®© ª¨£¨  
à §¢¨â¨¥ ¬ â¥¬ â¨ª¨ ®£à®¬® | ¯à¥¤áâ ¢«¥ë¥ ¢ ¥© ª®æ¥¯æ¨¨
�. �  å  ¯à®¨§ë¢ îâ ¢áî ¬ â¥¬ â¨ªã.

�ë¤ îé¨©áï ¢ª« ¤ ¢ à §¢¨â¨¥ äãªæ¨® «ì®£®   «¨§  ¢¥-
á«¨ á®¢¥âáª¨¥ ãç¥ë¥ �. �. �¥«ìä ¤, �. �. � â®à®¢¨ç, �. �. �¥«-
¤ëè, �. �. �®«¬®£®à®¢, �. �. �à¥©, �. �. �îáâ¥à¨ª, �. �. �®¡®-
«¥¢. �«ï ®â¥ç¥áâ¢¥®© èª®«ë å à ªâ¥à® à §¢¨â¨¥ ¨áá«¥¤®¢ ¨©
¢ ®¡« áâ¨ äãªæ¨® «ì®£®   «¨§  ¢ á¢ï§¨ á ªàã¯ë¬¨ ¯à¨ª« ¤ë-
¬¨ ¯à®¡«¥¬ ¬¨. �â¨ ¨áá«¥¤®¢ ¨ï à áè¨à¨«¨ à®«ì äãªæ¨® «ì-
®£®   «¨§  | ® áâ « ®á®¢ë¬ ï§ëª®¬ ¯à¨«®¦¥¨© ¬ â¥¬ â¨ª¨.
�®ª § â¥«¥ á«¥¤ãîé¨© ä ªâ. �®âï ¢ 1948 £. á ¬®  §¢ ¨¥ è¨à®-
ª® ¨§¢¥áâ®© áâ âì¨ �. �. � â®à®¢¨ç  ý�ãªæ¨® «ìë©   «¨§ ¨
¯à¨ª« ¤ ï ¬ â¥¬ â¨ª þ, § «®¦¨¢è¥© ®á®¢ë á®¢à¥¬¥®© â¥®à¨¨
¯à¨¡«¨¦¥ëå ¬¥â®¤®¢, ¢®á¯à¨¨¬ «®áì ª ª ¯ à ¤®ªá «ì®¥, ã¦¥
¢ 1974 £., ¯® á«®¢ ¬ �. �. �®¡®«¥¢ , â¥®à¨î ¢ëç¨á«¥¨© áâ «® ýâ ª
¦¥ ¥¢®§¬®¦® á¥¡¥ ¯à¥¤áâ ¢¨âì ¡¥§ ¡  å®¢ëå ¯à®áâà áâ¢, ª ª ¨
¡¥§ í«¥ªâà®ëå ¢ëç¨á«¨â¥«ìëå ¬ è¨þ.

� àï¤ã á ¯®áâ®ïë¬ à®áâ®¬ ¯®âà¥¡®áâ¥© ¢ ¬¥â®¤ å ¨ ¯à¥¤-
áâ ¢«¥¨ïå äãªæ¨® «ì®£®   «¨§  ¢ ¯®á«¥¤¥¥ ¢à¥¬ï  ¡«î¤ ¥â-
áï íªá¯®¥æ¨ «ì®¥  ª®¯«¥¨¥ ä ªâ¨ç¥áª®£® ¬ â¥à¨ «  ¢ à ¬ª å
á ¬®© íâ®© ¤¨áæ¨¯«¨ë. � ª¨¬ ®¡à §®¬, à §àë¢ ¬¥¦¤ã á®¢à¥¬¥-
ë¬ ãà®¢¥¬   «¨§  ¨ ãà®¢¥¬, § ä¨ªá¨à®¢ ë¬ ¢ ¤®áâã¯®© è¨-
à®ª®¬ã ç¨â â¥«î «¨â¥à âãà¥, ¯®áâ®ï® ã¢¥«¨ç¨¢ ¥âáï. � áâ®ïé ï
ª¨£  ¯à¥á«¥¤ã¥â æ¥«ì ¯à¥®¤®«¥¨ï íâ®© ¥£ â¨¢®© â¥¤¥æ¨¨.
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ª® ¢â®à®¬ã ¨§¤ ¨î

� â¥ç¥¨¥ ¡®«¥¥ ¤¥áïâª  «¥â íâ  ª¨£  ¨á¯®«ì§ã¥âáï ¢ ª ç¥áâ¢¥
®á®¢ë ®¡ï§ â¥«ì®£® ªãàá  «¥ªæ¨© ¯® äãªæ¨® «ì®¬ã   «¨§ã
¢ �®¢®á¨¡¨àáª®¬ £®áã¤ àáâ¢¥®¬ ã¨¢¥àá¨â¥â¥. �à¥¬ï ¯®¤â¢¥à¤¨-
«® ®¡®á®¢ ®áâì ¯à¨æ¨¯®¢ á®áâ ¢«¥¨ï ¬®®£à ä¨¨. �  áâ®ï-
é¥¥ ¨§¤ ¨¥ ¢¥á¥ë à §¤¥«ë, âà ªâãîé¨¥ ®á®¢ë â¥®à¨¨ à á¯à¥-
¤¥«¥¨©, ¤®¡ ¢«¥ë ã¯à ¦¥¨ï â¥®à¥â¨ç¥áª®£® å à ªâ¥à  ¨ áãé¥-
áâ¢¥® ®¡®¢«¥ á¯¨á®ª «¨â¥à âãàë. �áâà ¥ë â ª¦¥ ¥â®ç®áâ¨,
ãª § ë¥ ¬¥ ª®««¥£ ¬¨.

�®«ì§ãîáì á«ãç ¥¬ ¯®¡« £®¤ à¨âì ¢á¥å, ªâ® ¯®¬®£ ¬¥ ¢ ¯®¤-
£®â®¢ª¥ íâ®© ª¨£¨. �®© ¯à¨ïâë© ¤®«£ ®á®¡® ®â¬¥â¨âì ä¨ á®-
¢ãî ¯®¤¤¥à¦ªã ¢® ¢à¥¬ï ¯®¤£®â®¢ª¨ ¨§¤ ¨ï á® áâ®à®ë �áâ¨âãâ 
¬ â¥¬ â¨ª¨ ¨¬. �. �. �®¡®«¥¢  �¨¡¨àáª®£® ®â¤¥«¥¨ï �®áá¨©áª®©
 ª ¤¥¬¨¨  ãª, �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,
�¥¦¤ã à®¤®£®  ãç®£® ä®¤  ¨ �¬¥à¨ª áª®£® ¬ â¥¬ â¨ç¥áª®-
£® ®¡é¥áâ¢ .
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� áâ®ïé¥¥ âà¥âì¥ ¨§¤ ¨¥ á®¤¥à¦¨â ãª § â¥«ì ®á®¢ëå ®¡®-
§ ç¥¨©. � ¥¬ ¨á¯à ¢«¥ë ¥ª®â®àë¥ ¬¥«ª¨¥ ¥â®ç®áâ¨, ¢ë¦¨¢-
è¨¥ ¢ ¤¢ãå ¯à¥¤ë¤ãé¨å àãááª¨å ¢ à¨ â å ¨  £«¨©áª®¬ ¯¥à¥¢®¤¥,
®áãé¥áâ¢«¥®¬ ¨§¤ â¥«ìáâ¢®¬ Kluwer Academic Publishers ¢ 1996 £.
� ¤¥îáì, çâ® ç¨á«® ¤¥ä¥ªâ®¢, ¢®§¨ªè¨å ¯à¨ ¯®¤£®â®¢ª¥ ®¢®£® ¨§-
¤ ¨ï, ¥¢¥«¨ª®.

C. �ãâ â¥« ¤§¥



�« ¢  1
�ªáªãàá ¢ â¥®à¨î ¬®¦¥áâ¢

1.1. �®®â¢¥âáâ¢¨ï
1.1.1. �¯à¥¤¥«¥¨¥. �ãáâì A ¨ B | ¬®¦¥áâ¢  ¨ F | ¯®¤-

¬®¦¥áâ¢® ¯à®¨§¢¥¤¥¨ï A×B. �®£¤  F  §ë¢ îâ á®®â¢¥âáâ¢¨¥¬
á ®¡« áâìî ®â¯à ¢«¥¨ï A ¨ ®¡« áâìî ¯à¨¡ëâ¨ï B ¨«¨, ª®à®ç¥,
á®®â¢¥âáâ¢¨¥¬ ¨§ A ¢ B.

1.1.2. �¯à¥¤¥«¥¨¥. �«ï á®®â¢¥âáâ¢¨ï F ⊂ A×B ¬®¦¥áâ¢®

dom F := D(F ) := {a ∈ A : (∃ b ∈ B) (a, b) ∈ F}

 §ë¢ îâ ®¡« áâìî ®¯à¥¤¥«¥¨ï F ,   ¬®¦¥áâ¢®

im F := R(F ) := {b ∈ B : (∃ a ∈ A) (a, b) ∈ F}

| ®¡« áâìî § ç¥¨© ¨«¨ ®¡à §®¬ F .
1.1.3. �à¨¬¥àë.

(1) �á«¨ F | á®®â¢¥âáâ¢¨¥ ¨§ A ¢ B, â®

F−1 := {(b, a) ∈ B ×A : (a, b) ∈ F}

| á®®â¢¥âáâ¢¨¥ ¨§ B ¢ A,  §ë¢ ¥¬®¥ ®¡à âë¬ ª F . �á®, çâ® F
®¡à â® ª á®®â¢¥âáâ¢¨î F−1.

(2) �â®è¥¨¥ F ¢ A | íâ® á®®â¢¥âáâ¢¨¥ F ⊂ A×A.
(3) �ãáâì F ⊂ A × B. �®£¤  F  §ë¢ îâ ®¤®§ çë¬

á®®â¢¥âáâ¢¨¥¬, ¥á«¨ ¤«ï ª ¦¤®£® a ∈ A ¨§ ãá«®¢¨© (a, b1) ∈ F ¨
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(a, b2) ∈ F ¢ëâ¥ª ¥â, çâ® b1 = b2. � ç áâ®áâ¨, ¥á«¨ U ⊂ A ¨
IU := {(a, a) ∈ A2 : a ∈ U}, â® IU | ®¤®§ ç®¥ á®®â¢¥âáâ¢¨¥ ¨§
A ¢ B, ® ª®â®à®¬ £®¢®àïâ ¨ ª ª ® â®¦¤¥áâ¢¥®¬ ®â®è¥¨¨ ¨«¨
â®¦¤¥áâ¢¥   U . �®®â¢¥âáâ¢¨¥ F ⊂ A×B  §ë¢ îâ ®â®¡à ¦¥¨-
¥¬ ¬®¦¥áâ¢  A ¢ ¬®¦¥áâ¢® B, ¥á«¨ F ®¤®§ ç® ¨ dom F = A.
�®®â¢¥âáâ¢¨¥ IU ï¢«ï¥âáï ®â®¡à ¦¥¨¥¬ â®«ìª® ¯à¨ A = U . � íâ®¬
á«ãç ¥ IU  §ë¢ îâ â®¦¤¥áâ¢¥ë¬ ®â®¡à ¦¥¨¥¬. �â®¡à ¦¥¨¥
F ⊂ A × B ®¡®§ ç îâ á¨¬¢®«®¬ F : A → B. �â®¨â ¯®¤ç¥àªãâì,
çâ® ¯à¨ íâ®¬ ¥¯à¥¬¥® dom F = A ¨ ¢ â® ¦¥ ¢à¥¬ï ®¡à § im F
¬®¦¥â ®â«¨ç âìáï ®â B. � ¢¥áâ¢® im F = B ¢ë¤¥«ïîâ á«®¢ ¬¨: ýF
| ®â®¡à ¦¥¨¥ A   Bþ.

� ª®¥æ, ¥á«¨ á®®â¢¥âáâ¢¨¥ F−1 ⊂ B×A ®ª §ë¢ ¥âáï ®¤®§ ç-
ë¬, â® ¨áå®¤®¥ ®â®¡à ¦¥¨¥ F : A → B  §ë¢ îâ ¢§ ¨¬® ®¤®-
§ çë¬.

(4) �¬¥áâ® ®â®¡à ¦¥¨© ¨®£¤  £®¢®àïâ ® á¥¬¥©áâ¢ å.
�®ç¥¥, ®â®¡à ¦¥¨¥ F : A → B ¯à¨ ¦¥« ¨¨  §ë¢ îâ á¥¬¥©áâ¢®¬
í«¥¬¥â®¢ B ¨ ®¡®§ ç îâ ¯à®áâ® (ba)a∈A, ¨«¨ a 7→ ba (a ∈ A), ¨«¨
¤ ¦¥ (ba). �¬¥¥âáï ¢ ¢¨¤ã, çâ® (a, b) ∈ F ¢ â®¬ ¨ â®«ìª® ¢ â®¬
á«ãç ¥, ¥á«¨ b = ba. �®¯ãáª ï ¢®«ì®áâì, ¥ à §«¨ç îâ á¥¬¥©áâ¢® ¨
¥£® ®¡« áâì § ç¥¨©.

(5) �ãáâì F ⊂ A×B | á®®â¢¥âáâ¢¨¥ ¨ U ⊂ A. �®®â¢¥â-
áâ¢¨¥ F ∩ (U ×B) ⊂ U ×B  §ë¢ îâ áã¦¥¨¥¬ F   U ¨«¨ á«¥¤®¬
F   U ¨ ®¡®§ ç îâ F |U . �®¦¥áâ¢® F (U) := im F |U  §ë¢ îâ ®¡-
à §®¬ ¬®¦¥áâ¢  U ¯à¨ á®®â¢¥âáâ¢¨¨ F . �à¨¬¥ïîâ ¥áâ¥áâ¢¥ë¥
á®ªà é¥¨ï. � ª, ¥á«¨ F | ®â®¡à ¦¥¨¥, â® ¤«ï í«¥¬¥â  a ¯¨èãâ
F (a) = b, ¯®¤à §ã¬¥¢ ï F ({a}) = {b}. �ª®¡ª¨ ¢ á¨¬¢®«¥ F (a) ç áâ®
®¯ãáª îâ ¨«¨ ¨§®¡à ¦ îâ ¢ ¨®¬  ç¥àâ ¨¨. �â¬¥âìâ¥,  ª®¥æ,
çâ® ®¡à § ¯à¨ ®¡à â®¬ ®â®¡à ¦¥¨¨  §ë¢ îâ ¯à®®¡à §®¬. �®ç-
¥¥ £®¢®àï, ®¡à § F−1(U) ¬®¦¥áâ¢  U ¢ B ¯à¨ á®®â¢¥âáâ¢¨¨ F−1

 §ë¢ îâ ¯à®®¡à §®¬ ¬®¦¥áâ¢  U ¯à¨ á®®â¢¥âáâ¢¨¨ F .
1.1.4. �¯à¥¤¥«¥¨¥. �«ï F ⊂ A×B ¨ G ⊂ C ×D ¬®¦¥áâ¢®

G ◦ F := {(a, d) ∈ A×D : (∃ b) (a, b) ∈ F & (b, d) ∈ G}
 §ë¢ îâ ª®¬¯®§¨æ¨¥© ¨«¨ áã¯¥à¯®§¨æ¨¥© á®®â¢¥âáâ¢¨© F ¨ G. �à¨
íâ®¬ G ◦ F à áá¬ âà¨¢ îâ ª ª á®®â¢¥âáâ¢¨¥ ¨§ A ¢ D.

1.1.5. � ¬¥ç ¨¥. �¡ê¥¬ ¯®ïâ¨ï áã¯¥à¯®§¨æ¨¨, ¯® áãé¥áâ¢ã,
¥ ã¬¥ìè¨âáï, ¥á«¨ ¢ 1.1.4 § à ¥¥ áç¨â âì, çâ® B = C.
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1.1.6. �ãáâì F | á®®â¢¥âáâ¢¨¥. �®£¤  F ◦ F−1 ⊃ I imF . �®«¥¥
â®£®, F ◦ F−1 = I imF ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ F |dom F |
íâ® ®â®¡à ¦¥¨¥. CB

1.1.7. �ãáâì F ⊂ A × B, G ⊂ B × C ¨ U ⊂ A. �®£¤  ¤«ï
á®®â¢¥âáâ¢¨ï G ◦ F ⊂ A× C ¡ã¤¥â G ◦ F (U) = G(F (U)). CB

1.1.8. �ãáâì F ⊂ A × B, G ⊂ B × C, H ⊂ C ×D. �®£¤  á®®â-
¢¥âáâ¢¨ï H ◦ (G ◦ F ) ⊂ A×D ¨ (H ◦G) ◦ F ⊂ A×D á®¢¯ ¤ îâ. CB

1.1.9. � ¬¥ç ¨¥. � á¨«ã 1.1.8 à §ã¬® ®¯à¥¤¥«¥ á¨¬¢®« H ◦
G ◦ F ¨ ¥¬ã ¯®¤®¡ë¥ ¢ëà ¦¥¨ï.

1.1.10. �ãáâì F, G, H | âà¨ á®®â¢¥âáâ¢¨ï. �®£¤ 

H ◦G ◦ F =
⋃

(b,c)∈G

F−1(b)×H(c).

C (a, d) ∈ H ◦G ◦ F ⇔ (∃ (b, c) ∈ G) (c, d) ∈ H & (a, b) ∈ F ⇔
(∃ (b, c) ∈ G) a ∈ F−1(b) & d ∈ H(c) B

1.1.11. � ¬¥ç ¨¥. �à¥¤«®¦¥¨¥ 1.1.10 ¨ ¢ëª« ¤ª , ¯à¨¢¥-
¤¥ ï ¢ ª ç¥áâ¢¥ ¥£® ¤®ª § â¥«ìáâ¢ , á ä®à¬ «ì®© â®çª¨ §à¥¨ï
¢®¯¨îé¥ ¥ª®àà¥ªâë, ¯®áª®«ìªã ®á®¢ë¢ îâáï   ¥®£®¢®à¥®©
ï¢® ¨«¨   ¤¢ãá¬ëá«¥®© ¨ä®à¬ æ¨¨ (¢ ç áâ®áâ¨,   ®¯à¥¤¥«¥-
¨¨ 1.1.1). �¯ëâ ¯®§¢®«ï¥â áç¨â âì ãª § ãî ªà¨â¨ªã ¯®¢¥àå®áâ-
®©. �®íâ®¬ã ¢ ¤ «ì¥©è¥¬   «®£¨ç®£® à®¤  ã¤®¡ë¥ (    á ¬®¬
¤¥«¥ ¨ ¥¨§¡¥¦ë¥) ¥ª®àà¥ªâ®áâ¨ ¡ã¤ãâ, ª ª ¯à ¢¨«®, ¨á¯®«ì§®-
¢ âìáï ¡¥§ á¯¥æ¨ «ìëå ®£®¢®à®ª ¨ á®¦ «¥¨©.

1.1.12. �«ï á®®â¢¥âáâ¢¨© G ¨ F ¢ë¯®«¥®

G ◦ F =
⋃

b∈ imF

F−1(b)×G(b).

C � 1.1.10 ¯®« £ ¥¬: H := G, G := I imF ¨ F := F . B

1.2. �¯®àï¤®ç¥ë¥ ¬®¦¥áâ¢ 
1.2.1. �¯à¥¤¥«¥¨¥. �ãáâì σ | ®â®è¥¨¥ ¢ ¬®¦¥áâ¢¥ X,

â. ¥. σ ⊂ X2. �¥ä«¥ªá¨¢®áâì σ ®§ ç ¥â ¢ª«îç¥¨¥ σ ⊃ IX ,
âà §¨â¨¢®áâì | ¢ª«îç¥¨¥ σ ◦ σ ⊂ σ,  â¨á¨¬¬¥âà¨ç®áâì
| ¢ª«îç¥¨¥ σ ∩ σ−1 ⊂ IX ¨,  ª®¥æ, á¨¬¬¥âà¨ç®áâì σ ®§ ç ¥â
à ¢¥áâ¢® σ = σ−1.
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1.2.2. �¯à¥¤¥«¥¨¥. �¥ä«¥ªá¨¢®¥ ¨ âà §¨â¨¢®¥ ®â®è¥¨¥
 §ë¢ îâ ®â®è¥¨¥¬ ¯à¥¤¯®àï¤ª . �¨¬¬¥âà¨çë© ¯à¥¤¯®àï¤®ª
 §ë¢ îâ íª¢¨¢ «¥â®áâìî. �â¨á¨¬¬¥âà¨çë© ¯à¥¤¯®àï¤®ª  -
§ë¢ îâ ¯®àï¤ª®¬. �á«¨ X | ¬®¦¥áâ¢®,   σ | ¯®àï¤®ª ¢ X, â®
¯ àã (X, σ)  §ë¢ îâ ã¯®àï¤®ç¥ë¬ ¬®¦¥áâ¢®¬ ¨ ¯¨èãâ x ≤σ y
¢¬¥áâ® y ∈ σ(x). �®¯ãáª îâ ®¡ëçë¥ ¢®«ì®áâ¨ á«®¢®ã¯®âà¥¡«¥¨ï
¨  ¯¨á ¨ï: á ¬® X  §ë¢ îâ ã¯®àï¤®ç¥ë¬ ¬®¦¥áâ¢®¬, ¯¨èãâ
x ≤ y ¨ £®¢®àïâ ýx ¬¥ìè¥ yþ ¨«¨ ýy ¡®«ìè¥ xþ ¨ â. ¯. � «®£¨çë¥
á®£« è¥¨ï ¤¥©áâ¢ãîâ ¨ ¤«ï ¯à¥¤ã¯®àï¤®ç¥ëå ¬®¦¥áâ¢, â. ¥.
¬®¦¥áâ¢ á ®â®è¥¨ï¬¨ ¯à¥¤¯®àï¤ª . �à¨ íâ®¬ ¢ á«ãç ¥ ®â®è¥-
¨ï íª¢¨¢ «¥â®áâ¨ ¨á¯®«ì§ãîâ § ª¨ â¨¯  ∼σ ¨«¨ ¯à®áâ® ∼.

1.2.3. �à¨¬¥àë.
(1) �®¦¤¥áâ¢¥®¥ ®â®è¥¨¥; ¯®¤¬®¦¥áâ¢® X0 ¢ X á

®â®è¥¨¥¬ σ0 := σ ∩X0 ×X0.
(2) �á«¨ σ | (¯à¥¤)¯®àï¤®ª   X, â® σ−1 â ª¦¥ (¯à¥¤)¯®-

àï¤®ª   X. �à¨ íâ®¬ ®â®è¥¨¥ σ−1  §ë¢ îâ ¯à®â¨¢®¯®«®¦ë¬
ª σ (¯à¥¤)¯®àï¤ª®¬.

(3) �ãáâì f : X → Y ¨ τ | ®â®è¥¨¥ ¢ Y . � áá¬®âà¨¬
¢ X á«¥¤ãîé¥¥ ®â®è¥¨¥: f−1 ◦ τ ◦ f . � á¨«ã 1.1.10

f−1 ◦ τ ◦ f =
⋃

(y1,y2)∈τ

f−1(y1)× f−1(y2).

� ç¨â, ¢ë¯®«¥®

(x1, x2) ∈ f−1 ◦ τ ◦ f ⇔ (f(x1), f(x2)) ∈ τ.

� ª¨¬ ®¡à §®¬, ¥á«¨ τ | íâ® ¯à¥¤¯®àï¤®ª, â® f−1◦τ ◦f â®¦¥ ¯à¥¤¯®-
àï¤®ª,  §ë¢ ¥¬ë© ¯à®®¡à §®¬ τ ¯à¨ ®â®¡à ¦¥¨¨ f . �á®, çâ® ¯à®-
®¡à § íª¢¨¢ «¥â®áâ¨ ï¢«ï¥âáï íª¢¨¢ «¥â®áâìî. � â® ¦¥ ¢à¥¬ï
¯à®®¡à § ¯®àï¤ª  ¥ ®¡ï§  ¡ëâì  â¨á¨¬¬¥âà¨çë¬ ®â®è¥¨¥¬.
� ç áâ®áâ¨, â ª, ª ª ¯à ¢¨«®, ¡ë¢ ¥â ¤«ï á«¥¤ãîé¥£® ®â®è¥¨ï
íª¢¨¢ «¥â®áâ¨: f−1 ◦ f = f−1 ◦ IY ◦ f .

(4) �ãáâì X | ¯à®¨§¢®«ì®¥ ¬®¦¥áâ¢® ¨ ω | íª¢¨¢ -
«¥â®áâì ¢ X. �¯à¥¤¥«¨¬ ®â®¡à ¦¥¨¥ ϕ : X → 2X ¯à ¢¨«®¬
ϕ(x) := ω(x) (§¤¥áì 2X | íâ® ¬®¦¥áâ¢® ¯®¤¬®¦¥áâ¢ X, ®¡®§ ç ¥-
¬®¥ â ª¦¥ ¨ P(X)). �ãáâì X := X/ω := im ϕ | ä ªâ®à-¬®¦¥áâ¢®.
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�â®¡à ¦¥¨¥ ϕ, ª ª ¨§¢¥áâ®,  §ë¢ îâ ª ®¨ç¥áª¨¬ (ª ®¨ç¥-
áª®© ¯à®¥ªæ¨¥©, ä ªâ®àë¬ ®â®¡à ¦¥¨¥¬ ¨ â. ¯.). � ¬¥â¨¬, çâ®
ϕ áç¨â îâ ¤¥©áâ¢ãîé¨¬   X. �®¦¥áâ¢® ϕ(x)  §ë¢ îâ ª« áá®¬
íª¢¨¢ «¥â®áâ¨ ¨«¨ ª®¬®¦¥áâ¢®¬ í«¥¬¥â  x. �â¬¥â¨¬ ¥é¥,
çâ®

ω = ϕ−1 ◦ ϕ =
⋃

x∈X

ϕ−1(x)× ϕ−1(x).

�ãáâì â¥¯¥àì f : X → Y | ®â®¡à ¦¥¨¥. �®£¤  f ¤®¯ãáª ¥â á¨-
¦¥¨¥ f   X, â. ¥. áãé¥áâ¢ã¥â ®â®¡à ¦¥¨¥ f : X → Y â ª®¥, çâ®
f ◦ ϕ = f ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ω ⊂ f−1 ◦ f . CB

(5) �ãáâì (X, σ) ¨ (Y, τ) | ¤¢  ¯à¥¤ã¯®àï¤®ç¥ëå ¬®-
¦¥áâ¢ . �â®¡à ¦¥¨¥ f : X → Y ¢®§à áâ ¥â (â. ¥. x ≤σ y ⇒
f(x) ≤τ f(y)) ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ σ ⊂ f−1 ◦ τ ◦ f . CB

1.2.4. �¯à¥¤¥«¥¨¥. �ãáâì (X, σ) | ã¯®àï¤®ç¥®¥ ¬®¦¥-
áâ¢® ¨ U | ¯®¤¬®¦¥áâ¢® ¢ X. �«¥¬¥â x ∈ X  §ë¢ îâ ¢¥àå¥©
£à ¨æ¥© U , ¥á«¨ U ⊂ σ−1(x). �®à®âª® ¯¨èãâ: x ≥ U . � ç áâ®áâ¨,
x ≥ ∅. �«¥¬¥â x ∈ X  §ë¢ îâ ¨¦¥© £à ¨æ¥© U , ¥á«¨ x ï¢«ï-
¥âáï ¢¥àå¥© £à ¨æ¥© U ¢ ¯à®â¨¢®¯®«®¦®¬ ¯®àï¤ª¥ σ−1. �®à®âª®
¯¨èãâ: x ≤ U . � ç áâ®áâ¨, x ≤ ∅.

1.2.5. � ¬¥ç ¨¥. � ¤ «ì¥©è¥¬ ¬ë ¡ã¤¥¬ ¤®¯ãáª âì ¢®«ì®-
áâ¨ ¯à¨ ¢¢¥¤¥¨¨ ¯®ïâ¨©, ¯®«ãç îé¨åáï ¨§ ¤ ëå ¯ãâ¥¬ ¯¥à¥å®¤ 
ª ¯à®â¨¢®¯®«®¦®¬ã (¯à¥¤)¯®àï¤ªã. �â¬¥â¨¬ â ª¦¥, çâ® ®¯à¥¤¥«¥-
¨¥ ¢¥àå¥© ¨ ¨¦¥© £à ¨æ ®á¬ëá«¥® ¨ ¢ ¯à¥¤ã¯®àï¤®ç¥ëå
¬®¦¥áâ¢ å.

1.2.6. �¯à¥¤¥«¥¨¥. �«¥¬¥â x  §ë¢ îâ  ¨¡®«ìè¨¬ ¢ ¬®-
¦¥áâ¢¥ U , ¥á«¨ x ≥ U ¨ x ∈ U . � «®£¨ç® ®¯à¥¤¥«ïîâ  ¨¬¥ìè¨©
í«¥¬¥â U .

1.2.7. �ãáâì πσ(U) | á®¢®ªã¯®áâì ¢á¥å ¢¥àå¨å £à ¨æ ¯®¤-
¬®¦¥áâ¢  U ¢ ã¯®àï¤®ç¥®¬ ¬®¦¥áâ¢¥ (X, σ). �ãáâì, ¤ «¥¥,
x ∈ X |  ¨¡®«ìè¨© í«¥¬¥â U . �®£¤ , ¢®-¯¥à¢ëå, x |  ¨¬¥ì-
è¨© í«¥¬¥â πσ(U),   ¢®-¢â®àëå, σ(x) ∩ U = {x}. CB

1.2.8. � ¬¥ç ¨¥. �à¥¤«®¦¥¨¥ 1.2.7 ï¢«ï¥âáï ®á®¢®© ¤¢ãå
®¡®¡é¥¨© ¯®ïâ¨ï  ¨¡®«ìè¥£® í«¥¬¥â .
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1.2.9. �¯à¥¤¥«¥¨¥. �«¥¬¥â x ¨§ X  §ë¢ îâ â®ç®© ¢¥àå-
¥© £à ¨æ¥© ¬®¦¥áâ¢  U ¢ X, ¥á«¨ x |  ¨¬¥ìè¨© í«¥¬¥â ¬®-
¦¥áâ¢  ¢á¥å ¢¥àå¨å £à ¨æ U . �à¨ íâ®¬ ¯¨èãâ x = supX U ¨«¨,
ª®à®ç¥, x = sup U . � «®£¨ç® (¯à¨ ¯¥à¥å®¤¥ ª ¯à®â¨¢®¯®«®¦®-
¬ã ¯®àï¤ªã) ®¯à¥¤¥«ïîâ â®çãî ¨¦îî £à ¨æã ¬®¦¥áâ¢  U |
í«¥¬¥â inf U ¨«¨, ¡®«¥¥ ¯®«®, infX U .

1.2.10. �¯à¥¤¥«¥¨¥. �«¥¬¥â x ã¯®àï¤®ç¥®£® ¬®¦¥áâ¢ 
(X, σ)  §ë¢ îâ ¬ ªá¨¬ «ìë¬ ¢ ¯®¤¬®¦¥áâ¢¥ U ¬®¦¥áâ¢  X,
¥á«¨ σ(x)∩U = {x}. � «®£¨ç® ®¯à¥¤¥«ïîâ ¬¨¨¬ «ìë© í«¥¬¥â
¬®¦¥áâ¢  U .

1.2.11. � ¬¥ç ¨¥. �¥®¡å®¤¨¬® ®âç¥â«¨¢® ¯à¥¤áâ ¢«ïâì á¥¡¥
à §«¨ç¨ï ¨ ®¡é¨¥ ç¥àâë ¯®ïâ¨©  ¨¡®«ìè¥£® ¨ ¬ ªá¨¬ «ì®£® í«¥-
¬¥â®¢ ¨ â®ç®© ¢¥àå¥© £à ¨æë ¬®¦¥áâ¢ . � ç áâ®áâ¨, áâ®¨â
ýíªá¯¥à¨¬¥â «ì®þ ã¤®áâ®¢¥à¨âìáï, çâ® ã ýâ¨¯¨ç®£®þ ¬®¦¥áâ¢ 
¥â  ¨¡®«ìè¥£® í«¥¬¥â , ®¤ ª® ¬ ªá¨¬ «ìë¥ í«¥¬¥âë ¢áâà¥ç -
îâáï.

1.2.12. �¯à¥¤¥«¥¨¥. �¯®àï¤®ç¥®¥ ¬®¦¥áâ¢® X  §ë¢ îâ
à¥è¥âª®©, ¥á«¨ ¤«ï «î¡ëå ¤¢ãå í«¥¬¥â®¢ x1, x2 ¨§ X áãé¥áâ¢ãîâ
¨å â®ç ï ¢¥àåïï £à ¨æ  x1 ∨ x2 := sup{x1, x2} ¨ â®ç ï ¨¦ïï
£à ¨æ  x1 ∧ x2 := inf{x1, x2}.

1.2.13. �¯à¥¤¥«¥¨¥. �¯®àï¤®ç¥®¥ ¬®¦¥áâ¢® X  §ë¢ îâ
¯®«®© à¥è¥âª®©, ¥á«¨ «î¡®¥ ¯®¤¬®¦¥áâ¢® X ¨¬¥¥â â®çãî ¢¥àå-
îî ¨ â®çãî ¨¦îî £à ¨æë.

1.2.14. �¯®àï¤®ç¥®¥ ¬®¦¥áâ¢® ï¢«ï¥âáï ¯®«®© à¥è¥âª®© ¢
â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ «î¡®¥ ¥£® ¯®¤¬®¦¥áâ¢® ¨¬¥¥â â®ç-
ãî ¢¥àåîî £à ¨æã. CB

1.2.15. �¯à¥¤¥«¥¨¥. �¯®àï¤®ç¥®¥ ¬®¦¥áâ¢® (X, σ) â ª®¥,
çâ® X2 = σ−1 ◦ σ,  §ë¢ îâ ä¨«ìâà®¢ ë¬ ¯® ¢®§à áâ ¨î. � -
«®£¨ç® ®¯à¥¤¥«ïîâ ä¨«ìâà®¢ ®¥ ¯® ã¡ë¢ ¨î ¬®¦¥áâ¢®. �¥¯ã-
áâ®¥ ä¨«ìâà®¢ ®¥ ¯® ¢®§à áâ ¨î ¬®¦¥áâ¢®  §ë¢ îâ  ¯à ¢-
«¥ë¬ ¨«¨, ª®à®ç¥,  ¯à ¢«¥¨¥¬.

1.2.16. �¯à¥¤¥«¥¨¥. �â®¡à ¦¥¨¥  ¯à ¢«¥®£® ¬®¦¥áâ¢ 
¢ ¤ ®¥ ¬®¦¥áâ¢® X  §ë¢ îâ (®¡®¡é¥®©) ¯®á«¥¤®¢ â¥«ì®-
áâìî ¨«¨ á¥âìî ¢ X. �â®¡à ¦¥¨ï (¥áâ¥áâ¢¥ë¬ ®¡à §®¬)  -
¯à ¢«¥®£® ¬®¦¥áâ¢   âãà «ìëå ç¨á¥« N ¢ X  §ë¢ îâ (áç¥â-
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ë¬¨) ¯®á«¥¤®¢ â¥«ì®áâï¬¨. (�«¥¤ãï ®¤®© ¨§ âà ¤¨æ¨©, ¯®« £ -
îâ N := {1, 2, 3 . . . }.)

1.2.17. �¥è¥âª  ï¢«ï¥âáï ¯®«®© ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥,
¥á«¨ «î¡®¥ ä¨«ìâà®¢ ®¥ ¯® ¢®§à áâ ¨î ¬®¦¥áâ¢® ¢ ¥© ¨¬¥¥â
â®çãî ¢¥àåîî £à ¨æã. CB

1.2.18. � ¬¥ç ¨¥. �¬ëá« 1.2.17 á®áâ®¨â ¢ â®¬, çâ® ¤«ï  å®-
¦¤¥¨ï â®ç®© ¢¥àå¥© £à ¨æë «î¡®£® ¯®¤¬®¦¥áâ¢  ¢ X á«¥¤ã-
¥â  ãç¨âìáï  å®¤¨âì â ª¨¥ £à ¨æë ¤«ï ¤¢ãåí«¥¬¥âëå ¯®¤¬®-
¦¥áâ¢ ¢ X ¨ ¤«ï ¢®§à áâ îé¨å á¥â¥© í«¥¬¥â®¢ X.

1.2.19. �¯à¥¤¥«¥¨¥. �ãáâì (X, σ) | ã¯®àï¤®ç¥®¥ ¬®¦¥-
áâ¢® ¨ X2 = σ ∪ σ−1. �®£¤  X  §ë¢ îâ «¨¥©® ã¯®àï¤®ç¥ë¬
¬®¦¥áâ¢®¬. �á«¨ X0 | ¥¯ãáâ®¥ «¨¥©® ã¯®àï¤®ç¥®¥ ¯®¤¬®-
¦¥áâ¢® X, â® X0  §ë¢ îâ æ¥¯ìî ¢ X. �¥¯ãáâ®¥ ã¯®àï¤®ç¥®¥
¬®¦¥áâ¢®  §ë¢ îâ ¨¤ãªâ¨¢ë¬, ¥á«¨ «î¡ ï æ¥¯ì ¢ ¥¬ ®£à ¨-
ç¥  á¢¥àåã (â. ¥. ¨¬¥¥â ¢¥àåîî £à ¨æã).

1.2.20. �¥¬¬  �ãà â®¢áª®£® | �®à . �¤ãªâ¨¢®¥ ¬®-
¦¥áâ¢® ¨¬¥¥â ¬ ªá¨¬ «ìë© í«¥¬¥â.

1.2.21. � ¬¥ç ¨¥. �¥¬¬  �ãà â®¢áª®£® | �®à  á«ã¦¨â íª-
¢¨¢ «¥â®¬  ªá¨®¬ë ¢ë¡®à , ¯à¨¨¬ ¥¬®© ¢ â¥®à¨¨ ¬®¦¥áâ¢.

1.3. �¨«ìâàë
1.3.1. �¯à¥¤¥«¥¨¥. �ãáâì X | ¬®¦¥áâ¢® ¨ B | ¥¯ãáâ®¥

¯®¤¬®¦¥áâ¢® ¥¯ãáâëå í«¥¬¥â®¢ 2X . �®¦¥áâ¢® B  §ë¢ îâ ¡ -
§¨á®¬ ä¨«ìâà  (¢ X), ¥á«¨ B ä¨«ìâà®¢ ® ¯® ã¡ë¢ ¨î ¯à¨ ¢¢¥¤¥-
¨¨ ¢ ¬®¦¥áâ¢® 2X ¯®¤¬®¦¥áâ¢ X ®â®è¥¨ï ¯®àï¤ª  ¯® ¢ª«îç¥-
¨î.

1.3.2. �®¤¬®¦¥áâ¢® B ¢ 2X ï¢«ï¥âáï ¡ §¨á®¬ ä¨«ìâà  ¢ â®¬ ¨
â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨

(1) B 6= ∅, ∅ 6∈ B;
(2) B1, B2 ∈ B ⇒ (∃B ∈ B) B ⊂ B1 ∩B2.

1.3.3. �¯à¥¤¥«¥¨¥. �®¤¬®¦¥áâ¢® F ¢ 2X  §ë¢ îâ ä¨«ì-
âà®¬ (¢ X), ¥á«¨ F ¯à¥¤áâ ¢«ï¥â á®¡®© á®¢®ªã¯®áâì  ¤¬®¦¥áâ¢
¥ª®â®à®£® ¡ §¨á  ä¨«ìâà  B (¢ X), â. ¥.

F = �l B := {C ∈ 2X : (∃B ∈ B) B ⊂ C}.



8 �«. 1. �ªáªãàá ¢ â¥®à¨î ¬®¦¥áâ¢

�à¨ íâ®¬ £®¢®àïâ, çâ® B | ¡ §¨á F ¨«¨ çâ® F ¨¬¥¥â B á¢®¨¬
¡ §¨á®¬ ¨ â. ¯.

1.3.4. �®¤¬®¦¥áâ¢® F ¢ 2X ï¢«ï¥âáï ä¨«ìâà®¬ ¢ â®¬ ¨ â®«ìª®
¢ â®¬ á«ãç ¥, ¥á«¨

(1) F 6= ∅, ∅ 6∈ F ;
(2) A ∈ F , A ⊂ B ⊂ X ⇒ B ∈ F ;
(3) A1, A2 ∈ F ⇒ A1 ∩A2 ∈ F . CB

1.3.5. �à¨¬¥àë.
(1) �ãáâì F ⊂ X × Y | á®®â¢¥âáâ¢¨¥ ¨ B | ä¨«ìâà®-

¢ ®¥ ¯® ã¡ë¢ ¨î ¯®¤¬®¦¥áâ¢® 2X . �®«®¦¨¬ F (B) := {F (B) :
B ∈ B}. �¨¤®, çâ® F (B) ä¨«ìâà®¢ ® ¯® ã¡ë¢ ¨î. �®¯ãáª îâ
¥ª®â®àãî ¢®«ì®áâì ¢ ®¡®§ ç¥¨ïå, áç¨â ï F (B) := �l F (B). �á«¨
F | ä¨«ìâà ¢ X ¨ B ∩ dom F 6= ∅ ¤«ï ¢áïª®£® B ∈ F , â® F (F )
| ä¨«ìâà ¢ Y . �â®â ä¨«ìâà  §ë¢ îâ ®¡à §®¬ ä¨«ìâà  F ¯à¨
á®®â¢¥âáâ¢¨¨ F . � ç áâ®áâ¨, ¥á«¨ F : X → Y | ®â®¡à ¦¥¨¥ ¨ B
| ¡ §¨á ä¨«ìâà  ¢ X, â® F (F ) | ä¨«ìâà ¢ Y .

(2) �ãáâì (X, σ) |  ¯à ¢«¥¨¥. �¥á®¬¥®, çâ® B :=
{σ(x) : x ∈ X} | íâ® ¡ §¨á ä¨«ìâà . �á«¨ F : X → Y | ¥ª®â®-
à ï ®¡®¡é¥ ï ¯®á«¥¤®¢ â¥«ì®áâì, â® ä¨«ìâà �l F (B)  §ë¢ îâ
ä¨«ìâà®¬ å¢®áâ®¢ F .

�ãáâì (X, σ) ¨ F : X → Y | ¤àã£¨¥  ¯à ¢«¥¨¥ ¨ á¥âì í«¥-
¬¥â®¢ Y . �á«¨ ä¨«ìâà å¢®áâ®¢ F á®¤¥à¦¨â ä¨«ìâà å¢®áâ®¢ F , â®
F  §ë¢ îâ ¯®¤á¥âìî (¢ è¨à®ª®¬ á¬ëá«¥) á¥â¨ F . �á«¨ ¦¥ áã-
é¥áâ¢ã¥â ¯®¤á¥âì (¢ è¨à®ª®¬ á¬ëá«¥) G : X → X â®¦¤¥áâ¢¥®©
á¥â¨ (x)x∈X í«¥¬¥â®¢  ¯à ¢«¥¨ï (X, σ) â ª ï, çâ® F = F ◦G, â®
F  §ë¢ îâ ¯®¤á¥âìî F (¨®£¤  £®¢®àïâ: F | ¯®¤á¥âì �ãà  ¨«¨
áâà®£ ï ¯®¤á¥âì F ). � ¦¤ ï ¯®¤á¥âì á«ã¦¨â ¯®¤á¥âìî ¢ è¨à®ª®¬
á¬ëá«¥. CB

1.3.6. �¯à¥¤¥«¥¨¥. �ãáâì F (X) | á®¢®ªã¯®áâì ¢á¥å ä¨«ì-
âà®¢ ¢ ¬®¦¥áâ¢¥ X. �á«¨ F1, F2 ∈ F (X) ¨ F1 ⊃ F2, â® £®¢®àïâ,
çâ® F1 â®ìè¥ F2 ¨«¨ F1 ¬ ¦®à¨àã¥â F2 (á®®â¢¥âáâ¢¥® F2 £àã-
¡¥¥ F1 ¨«¨ F2 ¬¨®à¨àã¥â F1).

1.3.7. �®¦¥áâ¢® F (X) á ®â®è¥¨¥¬ ýâ®ìè¥þ ï¢«ï¥âáï ã¯®-
àï¤®ç¥ë¬. CB
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1.3.8. �ãáâì N |  ¯à ¢«¥¨¥ ¢ F (X). �®£¤  ã N ¥áâì â®ç-
 ï ¢¥àåïï £à ¨æ  F0 := sup N . �à¨ íâ®¬

F0 = ∪{F : F ∈ N }.

C �ã¦® ã¡¥¤¨âìáï â®«ìª®, çâ® F0 | íâ® ä¨«ìâà. �á®, çâ®
∅ /∈ F0 ¨, ¢ á¨«ã ¥¯ãáâ®âë N , F0 6= ∅. �á«¨ A ∈ F0 ¨ B ⊃ A,
â®, ¯®¤¡¨à ï F ¨§ N , ¤«ï ª®â®à®£® A ∈ F , § ª«îç ¥¬: B ∈ F ⊂
F0. �á«¨ ¦¥ A1, A2 ∈ F0, â® ¬®¦®  ©â¨ í«¥¬¥â F ¢ N â ª®©,
çâ® A1, A2 ∈ F , ¨¡® N | íâ®  ¯à ¢«¥¨¥. �  ®á®¢ ¨¨ 1.3.4,
A1 ∩A2 ∈ F ⊂ F0. B

1.3.9. �¯à¥¤¥«¥¨¥. � ªá¨¬ «ìë¥ í«¥¬¥âë ¢ ã¯®àï¤®ç¥-
®¬ ¬®¦¥áâ¢¥ F (X) ¢á¥å ä¨«ìâà®¢ ¢ X  §ë¢ îâ ã«ìâà ä¨«ìâà -
¬¨.

1.3.10. � ¦¤ë© ä¨«ìâà £àã¡¥¥ ¥ª®â®à®£® ã«ìâà ä¨«ìâà .
C �¢¨¤ã 1.3.8 ¬®¦¥áâ¢® ä¨«ìâà®¢, á®¤¥à¦ é¨å ¤ ë©, ï¢«ï-

¥âáï ¨¤ãªâ¨¢ë¬. �áâ ¥âáï á®á« âìáï   «¥¬¬ã �ãà â®¢áª®£® |
�®à  1.2.20. B

1.3.11. �¨«ìâà F ï¢«ï¥âáï ã«ìâà ä¨«ìâà®¬ ¢ â®¬ ¨ â®«ìª®
¢ â®¬ á«ãç ¥, ¥á«¨ ¤«ï ª ¦¤®£® A ⊂ X «¨¡® A ∈ F , «¨¡® X \A ∈ F .

C ⇒: �ãáâì A 6∈ F ¨ B := X \ A 6∈ F . �â¬¥â¨¬, çâ® A 6= ∅ ¨
B 6= ∅. �®«®¦¨¬ F1 := {C ∈ 2X : A ∪ C ∈ F}. �®£¤  A 6∈ F ⇒
∅ 6∈ F1 ¨ B ∈ F1 ⇒ F1 6= ∅. �â®«ì ¦¥ ¯à®áâ® ¯à®¢¥à¨âì 1.3.4 (2)
¨ 1.3.4 (3). �â ª, F1 | ä¨«ìâà. �® ¯®áâà®¥¨î F1 ⊃ F . � § F
| ã«ìâà ä¨«ìâà, â® F1 = F . �®«ãç¨«®áì ¯à®â¨¢®à¥ç¨¥: B 6∈ F ¨
B ∈ F .

⇐: �ãáâì F1 ∈ F (X) ¨ F1 ⊃ F . �á«¨ A ∈ F1 ¨ A 6∈ F , â®
X\A ∈ F ¯® ãá«®¢¨î. �âáî¤  X\A ∈ F1, â. ¥. ∅ = A∩(X\A) ∈ F1,
ç¥£® ¡ëâì ¥ ¬®¦¥â. B

1.3.12. �á«¨ f | ®â®¡à ¦¥¨¥ ¨§ X ¢ Y ¨ F | ã«ìâà ä¨«ìâà
¢ X, â® f(F ) | ã«ìâà ä¨«ìâà ¢ Y . CB

1.3.13. �ãáâì X := XF0 := {F ∈ F (X) : F ⊂ F0} ¤«ï ¥ª®-
â®à®£® F0 ∈ F (X). �®£¤  X | ¯®« ï à¥è¥âª .

C �®ïâ®, çâ® F0 |  ¨¡®«ìè¨©,   {X} |  ¨¬¥ìè¨© í«¥-
¬¥âë ¢ X . �â «® ¡ëâì, ¯ãáâ®¥ ¬®¦¥áâ¢® ¢ X ¨¬¥¥â â®çãî
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¢¥àåîî ¨ â®çãî ¨¦îî £à ¨æë: sup∅ = inf X = {X} ¨
inf ∅ = sup X = F0. � á¨«ã 1.2.17 ¨ 1.3.8 ¤®áâ â®ç® ãáâ ®¢¨âì
áãé¥áâ¢®¢ ¨¥ F1 ∨ F2 ¤«ï «î¡ëå F1, F2 ∈ X . � áá¬®âà¨¬
F := {A1 ∩ A2 : A1 ∈ F1, A2 ∈ F2}. �¥â á®¬¥¨©, çâ® F ⊂ F0 ¨
F ⊃ F1, F ⊃ F2. �®íâ®¬ã ¤«ï ¯à®¢¥àª¨ à ¢¥áâ¢  F = F1 ∨F2
ã¦® ¤®ª § âì, çâ® F | ä¨«ìâà.

�®®â®è¥¨ï F 6= ∅ ¨ ∅ 6∈ F ®ç¥¢¨¤ë. �á® â ª¦¥, çâ® (B1,
B2 ∈ F ⇒ B1 ∩ B2 ∈ F ). �®¬¨¬® íâ®£®, ¥á«¨ C ⊃ A1 ∩ A2, £¤¥
A1 ∈ F1 ¨ A2 ∈ F2, â® C = {A1 ∩ A2} ∪ C = (A1 ∪ C) ∩ (A2 ∪ C).
�®áª®«ìªã A1∪C ∈ F1,   A2∪C ∈ F2, ¢ë¢®¤¨¬: C ∈ F . �¯¥««ïæ¨ï
ª 1.3.4 ¤ ¥â âà¥¡ã¥¬®¥. B

�¯à ¦¥¨ï
1.1. �à¨¢¥áâ¨ ¯à¨¬¥àë ¬®¦¥áâ¢ ¨ ¥ ¬®¦¥áâ¢, â¥®à¥â¨ª®-¬®¦¥áâ¢¥-

ëå á¢®©áâ¢ ¨ ¥ â¥®à¥â¨ª®-¬®¦¥áâ¢¥ëå á¢®©áâ¢.

1.2. �®¦¥â «¨ ®âà¥§®ª [0, 1] ¡ëâì í«¥¬¥â®¬ ®âà¥§ª  [0, 1]? � ®âà¥§®ª
[0, 2]?

1.3. � ©â¨ ª®¬¯®§¨æ¨¨ ¯à®áâ¥©è¨å á®®â¢¥âáâ¢¨© ¨ ®â®è¥¨©: ª¢ ¤à â®¢,
ªàã£®¢ ¨ ®ªàã¦®áâ¥© á ®¡é¨¬¨ ¨ á ¥á®¢¯ ¤ îé¨¬¨ æ¥âà ¬¨, è à®¢ ¢ RM ×
RN ¯à¨ à §«¨çëå ¤®¯ãáâ¨¬ëå  ¡®à å M, N .

1.4. �«ï á®®â¢¥âáâ¢¨© R, S, T ãáâ ®¢¨âì á®®â®è¥¨ï:

(R ∪ S)−1 = R−1 ∪ S−1; (R ∩ S)−1 = R−1 ∩ S−1;

(R ∪ S) ◦ T = (R ◦ T ) ∪ (S ◦ T ); R ◦ (S ∪ T ) = (R ◦ S) ∪ (R ◦ T );

(R ∩ S) ◦ T ⊂ (R ◦ T ) ∩ (S ◦ T ); R ◦ (S ∩ T ) ⊂ (R ◦ S) ∩ (R ◦ T ).

1.5. �ãáâì X ⊂ X ×X. �®ª § âì, çâ® X = ∅.

1.6. �ëïá¨âì ãá«®¢¨ï à §à¥è¨¬®áâ¨ ãà ¢¥¨© XA = B ¨ AX = B ®â-
®á¨â¥«ì® X ¢ á®®â¢¥âáâ¢¨ïå, ¢ äãªæ¨ïå.

1.7. � ©â¨ ç¨á«® ®â®è¥¨© íª¢¨¢ «¥â®áâ¨   ª®¥ç®¬ ¬®¦¥áâ¢¥.

1.8. �ã¤¥â «¨ íª¢¨¢ «¥â®áâìî ¯¥à¥á¥ç¥¨¥ íª¢¨¢ «¥â®áâ¥©? �¡ê¥¤¨-
¥¨¥ íª¢¨¢ «¥â®áâ¥©?

1.9. � ©â¨ ãá«®¢¨¥ ª®¬¬ãâ â¨¢®áâ¨ íª¢¨¢ «¥â®áâ¥© (®â®á¨â¥«ì® ª®¬-
¯®§¨æ¨¨).

1.10. �ª®«ìª® ¯®àï¤ª®¢ ¨ ¯à¥¤¯®àï¤ª®¢   ¤¢ãå- ¨ âà¥åí«¥¬¥â®¬ ¬®¦¥-
áâ¢ å? �à¥¤êï¢¨âì ¨å. �â® ¬®¦® áª § âì ® ç¨á«¥ ¯à¥¤¯®àï¤ª®¢   ª®¥ç®¬
¬®¦¥áâ¢¥?
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1.11. �ãáâì F | ¢®§à áâ îé¥¥, ¨¤¥¬¯®â¥â®¥ ®â®¡à ¦¥¨¥ ã¯®àï¤®ç¥-
®£® ¬®¦¥áâ¢  X ¢ á¥¡ï. �®¯ãáâ¨¬, çâ® F ¬ ¦®à¨àã¥â â®¦¤¥áâ¢¥®¥ ®â®¡-
à ¦¥¨¥: F ≥ IX . � ª¨¥ F  §ë¢ îâ ®¯¥à â®à ¬¨ ( ¡áâà ªâ®£®) § ¬ëª ¨ï
¨«¨, ª®à®ç¥, ®¡®«®çª ¬¨. �áá«¥¤®¢ âì á¢®©áâ¢  ¥¯®¤¢¨¦ëå â®ç¥ª ®¯¥à â®à 
§ ¬ëª ¨ï.

1.12. �ãáâì X, Y | ã¯®àï¤®ç¥ë¥ ¬®¦¥áâ¢  ¨ M(X, Y ) | ¬®¦¥áâ¢®
¢®§à áâ îé¨å ®â®¡à ¦¥¨© X ¢ Y á ¥áâ¥áâ¢¥ë¬ ã¯®àï¤®ç¥¨¥¬ (ª ª¨¬?). �®-
ª § âì, çâ®

(1) (M(X, Y ) | à¥è¥âª ) ⇔ (Y | à¥è¥âª );
(2) (M(X, Y ) | ¯®« ï à¥è¥âª ) ⇔ (Y | ¯®« ï à¥è¥âª ).

1.13. �áâ ®¢¨âì, çâ® ¤«ï ã¯®àï¤®ç¥ëå ¬®¦¥áâ¢ X, Y, Z á¯à ¢¥¤«¨¢ë
á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï:

(1) M(X, Y × Z) ¨§®¬®àä® M(X, Y )×M(Y, Z);
(2) M(X × Y, Z) ¨§®¬®àä® M(X, M(Y, Z)).

1.14. �ª®«ìª® ä¨«ìâà®¢   ª®¥ç®¬ ¬®¦¥áâ¢¥?

1.15. � ª ãáâà®¥ë â®çë¥ £à ¨æë ¬®¦¥áâ¢  ä¨«ìâà®¢?

1.16. �ãáâì f ®â®¡à ¦ ¥â X   Y . �®ª § âì, çâ® ª ¦¤ë© ã«ìâà ä¨«ìâà ¢
Y ¥áâì ®¡à § ®â®á¨â¥«ì® f ¥ª®â®à®£® ã«ìâà ä¨«ìâà  ¢ X.

1.17. �®ª § âì, çâ® ª ¦¤ë© ã«ìâà ä¨«ìâà, ¬ ¦®à¨àãîé¨© ¯¥à¥á¥ç¥¨¥
¤¢ãå ä¨«ìâà®¢, â®ìè¥ å®âï ¡ë ®¤®£® ¨§ ¨å.

1.18. �®ª § âì, çâ® ª ¦¤ë© ä¨«ìâà ¯à¥¤áâ ¢«ï¥â á®¡®î ¯¥à¥á¥ç¥¨¥ á®-
¤¥à¦ é¨å ¥£® ã«ìâà ä¨«ìâà®¢.

1.19. �ãáâì A | ã«ìâà ä¨«ìâà ¢ N, á®¤¥à¦ é¨© ¤®¯®«¥¨ï ª®¥çëå
¯®¤¬®¦¥áâ¢. �«ï x, y ∈ s := RN ¯®«®¦¨¬ x ∼A y := (∃A ∈ A ) x|A = y|A.
�¡®§ ç¨¬ ∗R := RN/∼A. �«ï t ∈ R § ª ∗t á¨¬¢®«¨§¨àã¥â ª« áá, á®¤¥à¦ é¨©
¯®áâ®ïãî ¯®á«¥¤®¢ â¥«ì®áâì t(n) := t (n ∈ N). �®ª § âì, çâ® ∗R \ {∗t : t ∈
R} 6= ∅. �¢¥áâ¨ ¢ ∗R  «£¥¡à ¨ç¥áª¨¥ ¨ ¯®àï¤ª®¢ãî áâàãªâãàë. � ª á¢ï§ ë
á¢®©áâ¢  R ¨ ∗R?
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�¥ªâ®àë¥ ¯à®áâà áâ¢ 

2.1. �à®áâà áâ¢  ¨ ¯®¤¯à®áâà áâ¢ 
2.1.1. � ¬¥ç ¨¥. �  «£¥¡à¥, ¢ ç áâ®áâ¨, ¨§ãç îâ ¬®¤ã«¨  ¤

ª®«ìæ ¬¨. �®¤ã«ì X  ¤ ª®«ìæ®¬ A ®¯à¥¤¥«ïîâ ãª § ¨¥¬  ¡¥«¥-
¢®© £àã¯¯ë (X, +) ¨ ¯à¥¤áâ ¢«¥¨ï A ¢ ª®«ìæ¥ í¤®¬®àä¨§¬®¢ X,
§ ¤ ®£® ®â®¡à ¦¥¨¥¬ «¥¢®£® ã¬®¦¥¨ï · : A×X → X. �à¨ íâ®¬
§ à ¥¥ ®¡¥á¯¥ç¨¢ îâ ¥áâ¥áâ¢¥®¥ á®£« á®¢ ¨¥ ®¯¥à æ¨© á«®¦¥¨ï
¨ ã¬®¦¥¨ï. � ãç¥â®¬ áª § ®£® âà ªâãîâ äà §ã: ý¬®¤ã«ì X  ¤
ª®«ìæ®¬ A ®¯¨áë¢ ¥âáï ç¥â¢¥àª®© (X, A, +, ·)þ.

2.1.2. �¯à¥¤¥«¥¨¥. �®«¥ ¢¥é¥áâ¢¥ëå ç¨á¥« R ¨ ¯®«¥ ª®¬-
¯«¥ªáëå ç¨á¥« C  §ë¢ îâ ®á®¢ë¬¨ ¯®«ï¬¨. �«ï ®¡®§ ç¥¨ï
®á®¢®£® ¯®«ï ¨á¯®«ì§ãîâ â ª¦¥ á¨¬¢®« F. �ç¨â îâ, çâ® ¯®«¥ R
áâ ¤ àâë¬ (¨ ®¡é¥¨§¢¥áâë¬) á¯®á®¡®¬ ¢«®¦¥® ¢ C.

2.1.3. �¯à¥¤¥«¥¨¥. �ãáâì F | ®á®¢®¥ ¯®«¥. �®¤ã«ì X  ¤
¯®«¥¬ F  §ë¢ îâ ¢¥ªâ®àë¬ ¯à®áâà áâ¢®¬ ( ¤ F). �«¥¬¥âë
F  §ë¢ îâ áª «ïà ¬¨,   í«¥¬¥âë X | ¢¥ªâ®à ¬¨. �¥ªâ®à®¥
¯à®áâà áâ¢®  ¤ R  §ë¢ îâ ¢¥é¥áâ¢¥ë¬ ¢¥ªâ®àë¬ ¯à®áâà -
áâ¢®¬,   ¢¥ªâ®à®¥ ¯à®áâà áâ¢®  ¤ ¯®«¥¬ C | ª®¬¯«¥ªáë¬ ¢¥ª-
â®àë¬ ¯à®áâà áâ¢®¬. �¯®âà¥¡«ïîâ á®®â¢¥âáâ¢ãîé¨¥ à §¢¥àã-
âë¥ § ¯¨á¨: (X, F, +, ·), (X, R, +, ·) ¨ (X, C, +, ·). �á¥ ¦¥, ª ª
¯à ¢¨«®, ¤®¯ãáª îâ ¡�®«ìèãî ¢®«ì®áâì, ®â®¦¤¥áâ¢«ïï ¬®¦¥áâ¢®
¢¥ªâ®à®¢ X á ®â¢¥ç îé¨¬ ¥¬ã ¢¥ªâ®àë¬ ¯à®áâà áâ¢®¬.

2.1.4. �à¨¬¥àë.
(1) �á®¢®¥ ¯®«¥ F | ¢¥ªâ®à®¥ ¯à®áâà áâ¢®  ¤ F.
(2) �ãáâì (X, F, +, ·) | ¢¥ªâ®à®¥ ¯à®áâà áâ¢®. � á-
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á¬®âà¨¬  ¡®à (X, F, +, ·∗), £¤¥ ·∗ : (λ, x) 7→ λ∗x ¤«ï λ ∈ F ¨ x ∈ X,
  λ∗ | ª®¬¯«¥ªá® á®¯àï¦¥®¥ ª λ ç¨á«®. �®«ãç¥®¥ ¢¥ªâ®à®¥
¯à®áâà áâ¢®  §ë¢ îâ ¤ã «ìë¬ ª X ¨ ®¡®§ ç îâ X∗. �à¨ F := R
¯à®áâà áâ¢® X∗ á®¢¯ ¤ ¥â á X.

(3) �¥ªâ®à®¥ ¯à®áâà áâ¢® (X0, F, +, ·)  §ë¢ îâ ¯®¤-
¯à®áâà áâ¢®¬ ¢¥ªâ®à®£® ¯à®áâà áâ¢  (X, F, +, ·), ¥á«¨ X0 |
íâ® ¯®¤£àã¯¯  ¢ X ¨ ã¬®¦¥¨¥   áª «ïà ¢ X0 | íâ® áã¦¥¨¥  
F ×X0 ã¬®¦¥¨ï   áª «ïà ¢ X. �®¦¥áâ¢® X0  §ë¢ îâ «¨¥©-
ë¬ ¬®¦¥áâ¢®¬ ¢ X. �ç¥ì ã¤®¡®, å®âï ¨ ¥ ¢¯®«¥ ª®àà¥ªâ®,
à áá¬ âà¨¢ âì «¨¥©®¥ ¬®¦¥áâ¢® X0 ª ª ¢¥ªâ®à®¥ ¯®¤¯à®áâà -
áâ¢® ¢ X. �®«¥¥ â®£®, ¥©âà «ìë© í«¥¬¥â | ã«ì £àã¯¯ë X |
áç¨â îâ ¯®¤¯à®áâà áâ¢®¬ X ¨ ®¡®§ ç îâ á¨¬¢®«®¬ 0. �®áª®«ì-
ªã á¢ï§ì ã«ï á X ï¢® ¥ ®âà ¦¥ , ¢á¥ ¢¥ªâ®àë¥ ¯à®áâà áâ¢ ,
¢ª«îç ï ¨ ®á®¢ë¥ ¯®«ï, ¬®¦® ¢®á¯à¨ïâì ª ª § æ¥¯«¥ë¥ § 
®¤¨ ®¡é¨© ã«ì.

(4) �ãáâì (Xξ)ξ∈� | á¥¬¥©áâ¢® ¢¥ªâ®àëå ¯à®áâà áâ¢
 ¤ ¯®«¥¬ F. �ãáâì, ¤ «¥¥, X :=

∏
ξ∈� Xξ | ¯à®¨§¢¥¤¥¨¥ á®®â-

¢¥âáâ¢ãîé¨å ¬®¦¥áâ¢, â. ¥. á®¢®ªã¯®áâì ®â®¡à ¦¥¨© x : � →
∪ξ∈�Xξ, ¤«ï ª®â®àëå xξ := x(ξ) ∈ Xξ ¯à¨ ª ¦¤®¬ ξ ∈ � (¢ ¯®¤®¡ëå
á¨âã æ¨ïå ¢á¥£¤  ¬®«ç «¨¢® ¯®¤à §ã¬¥¢ îâ, çâ® � 6= ∅). � ¤¥«¨¬
X ¯®ª®®à¤¨ âë¬¨ ®¯¥à æ¨ï¬¨ á«®¦¥¨ï ¨ ã¬®¦¥¨ï   áª «ïà:

(x1 + x2)(ξ) := x1(ξ) + x2(ξ) (x1, x2 ∈ X , ξ ∈ �);

(λ · x)(ξ) := λ · x(ξ) (x ∈ X , λ ∈ F, ξ ∈ �)

(¨¦¥, ª ª ¯à ¢¨«®, ¢¬¥áâ® ¢ëà ¦¥¨© â¨¯  λ · x ¡ã¤¥¬ ¯¨á âì á®-
ªà é¥®: λx ¨ ¨§à¥¤ª  xλ). �®«ãç¥®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢® X
 ¤ F  §ë¢ îâ ¯à®¨§¢¥¤¥¨¥¬ á¥¬¥©áâ¢  ¢¥ªâ®àëå ¯à®áâà áâ¢
(Xξ)ξ∈�. �à¨ � := {1, 2, . . . , N} ¯¨èãâ X1 ×X2 × . . . ×XN := X . �
á«ãç ¥, ª®£¤  Xξ = X ¤«ï «î¡®£® ξ ∈ �, ¨á¯®«ì§ãîâ ®¡®§ ç¥¨¥
X� := X . �á«¨ ª â®¬ã ¦¥ �:= {1, 2, . . . , N}, ¯®« £ îâ XN := X .

(5) �ãáâì (Xξ)ξ∈� | á¥¬¥©áâ¢® ¢¥ªâ®àëå ¯à®áâà áâ¢
 ¤ ¯®«¥¬ F. � áá¬®âà¨¬ ¯àï¬ãî áã¬¬ã ¬®¦¥áâ¢ X0 :=

∑
ξ∈� Xξ,

â. ¥. ¯®¤¬®¦¥áâ¢® ¢ ¯à®¨§¢¥¤¥¨¨ X :=
∏

ξ∈� Xξ, á®áâ®ïé¥¥ ¨§ â -
ª¨å í«¥¬¥â®¢ x0, çâ®  ©¤¥âáï (¢®®¡é¥ £®¢®àï, á¢®¥ ¤«ï ª ¦¤®£®
x0) ª®¥ç®¥ ¯®¤¬®¦¥áâ¢® �0 ¢ � â ª®¥, çâ® x0(� \ �0) ⊂ 0. �¨¤®,
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çâ® X0 | «¨¥©®¥ ¬®¦¥áâ¢® ¢ ¯à®¨§¢¥¤¥¨¨ X . �®®â¢¥âáâ¢ãî-
é¥¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢® | ¯®¤¯à®áâà áâ¢® ¯à®¨§¢¥¤¥¨ï ¢¥ª-
â®àëå ¯à®áâà áâ¢ (Xξ)ξ∈� |  §ë¢ îâ ¯àï¬®© áã¬¬®© á¥¬¥©áâ¢ 
¢¥ªâ®àëå ¯à®áâà áâ¢ (Xξ)ξ∈�.

(6) �ãáâì (X, F, +, ·) | ¢¥ªâ®à®¥ ¯à®áâà áâ¢® ¨ § -
¤ ® ¯®¤¯à®áâà áâ¢® (X0, F, +, ·) ¢ X. �®«®¦¨¬

∼X0 := {(x1, x2) ∈ X2 : x1 − x2 ∈ X0}.

�®£¤  ∼X0 | íª¢¨¢ «¥â®áâì ¢ X. �ãáâì X := X/∼X0 ¨ ϕ : X → X
| ª ®¨ç¥áª®¥ ®â®¡à ¦¥¨¥. �¯à¥¤¥«¨¬ ¢ X ®¯¥à æ¨¨

x1 + x2 := ϕ(ϕ−1(x1) + ϕ−1(x2)) (x1, x2 ∈ X );

λx := ϕ(λϕ−1(x)) (x ∈ X , λ ∈ F).

�¤¥áì, ª ª ®¡ëç®, ¤«ï ¬®¦¥áâ¢ S1, S2 ¢ X, ¬®¦¥áâ¢  � ¢ F ¨
í«¥¬¥â  λ ∈ F áç¨â ¥âáï, çâ®

S1 + S2 := +{S1 × S2};

�S1 := · (�× S1); λS1 := {λ}S1.

� ª¨¬ ®¡à §®¬ ¢ X ¢¢¥¤¥  áâàãªâãà  ¢¥ªâ®à®£® ¯à®áâà áâ¢   ¤
F. �â® ¯à®áâà áâ¢®  §ë¢ îâ ä ªâ®à-¯à®áâà áâ¢®¬ ¯à®áâà -
áâ¢  X ¯® ¯®¤¯à®áâà áâ¢ã X0 ¨ ®¡®§ ç îâ X/X0.

2.1.5. �ãáâì X | ¢¥ªâ®à®¥ ¯à®áâà áâ¢® ¨ Lat(X) | á®¢®ªã¯-
®áâì ¢á¥å ¯®¤¯à®áâà áâ¢ ¢ X á ®â®è¥¨¥¬ ¯®àï¤ª  ¯® ¢ª«îç¥¨î.
�®£¤  ã¯®àï¤®ç¥®¥ ¬®¦¥áâ¢® Lat(X) ï¢«ï¥âáï ¯®«®© à¥è¥âª®©.

C �á®, çâ® inf Lat(X) = 0 ¨ sup Lat(X) = X. �®¬¨¬® íâ®-
£®, ¯¥à¥á¥ç¥¨¥ ¥¯ãáâ®£® ¬®¦¥áâ¢  ¯®¤¯à®áâà áâ¢ â ª¦¥ ¯®¤¯à®-
áâà áâ¢®. �à¨¢«¥ª ï 1.2.17, ¯®«ãç ¥¬ âà¥¡ã¥¬®¥. B

2.1.6. � ¬¥ç ¨¥. �«ï X1, X2 ∈ Lat(X) á¯à ¢¥¤«¨¢® á®®â®-
è¥¨¥ X1 ∨X2 = X1 + X2. �â®«ì ¦¥ ¥á®¬¥®, çâ® ¤«ï ¥¯ãáâ®£®
¬®¦¥áâ¢  E ¢ Lat(X) ¢ë¯®«¥® inf E = ∩{X0 : X0 ∈ E }. �á«¨
ª â®¬ã ¦¥ E ä¨«ìâà®¢ ® ¯® ¢®§à áâ ¨î, â® sup E = ∪{X0 : X0 ∈
E }. CB
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2.1.7. �¯à¥¤¥«¥¨¥. �®¤¯à®áâà áâ¢  X1 ¨ X2 ¤ ®£® ¢¥ª-
â®à®£® ¯à®áâà áâ¢  X à §« £ îâ X ¢ ( «£¥¡à ¨ç¥áªãî) ¯àï¬ãî
áã¬¬ã (á¨¬¢®«¨ç¥áª ï § ¯¨áì: X = X1⊕X2), ¥á«¨ X1∧X2 = 0 ¨ X1∨
X2 = X. �à¨ íâ®¬ X2  §ë¢ îâ ( «£¥¡à ¨ç¥áª¨¬) ¤®¯®«¥¨¥¬ X1,
  X1 | ( «£¥¡à ¨ç¥áª¨¬) ¤®¯®«¥¨¥¬ X2.

2.1.8. �î¡®¥ ¯®¤¯à®áâà áâ¢® ¢¥ªâ®à®£® ¯à®áâà áâ¢  ¨¬¥¥â
 «£¥¡à ¨ç¥áª®¥ ¤®¯®«¥¨¥.

C �ãáâì X1 | ¯®¤¯à®áâà áâ¢® X. �®«®¦¨¬

E := {X0 ∈ Lat(X) : X0 ∧X1 = 0}.

�ç¥¢¨¤®, 0 ∈ E ¨ ¤«ï ª ¦¤®© æ¥¯¨ E0 ¢ E , ¢ á¨«ã 2.1.6, X1∧sup E0 =
0, â. ¥. sup E0 ∈ E . � ª¨¬ ®¡à §®¬, E | ¨¤ãªâ¨¢®, ¨   ®á®¢ ¨¨
1.2.20 ¢ E ¥áâì ¬ ªá¨¬ «ìë© í«¥¬¥â X2. �á«¨ x ∈ X \ (X1 + X2),
â®

(X2 + {λx : λ ∈ F}) ∧X1 = 0.

� á ¬®¬ ¤¥«¥, ¥á«¨ ¤«ï ¥ª®â®àëå λ ∈ F ¨ x1 ∈ X1, x2 ∈ X2 ¢ë¯®«-
¥® x2 + λx = x1, â® λx ∈ X1 + X2 ¨, áâ «® ¡ëâì, λ = 0. �âáî¤ 
x1 = x2 = 0, ¨¡® X1∧X2 = 0. �«¥¤®¢ â¥«ì®, X2+{λx : λ ∈ F} = X2
¢ á¨«ã ¬ ªá¨¬ «ì®áâ¨ X2. �®á«¥¤¥¥ ®§ ç ¥â, çâ® x = 0. � â® ¦¥
¢à¥¬ï ï¢® x 6= 0. �ª®ç â¥«ì® X1 ∨X2 = X1 + X2 = X. B

2.2. �¨¥©ë¥ ®¯¥à â®àë
2.2.1. �¯à¥¤¥«¥¨¥. �ãáâì X, Y | ¢¥ªâ®àë¥ ¯à®áâà áâ¢ 

 ¤ F. �®®â¢¥âáâ¢¨¥ T ⊂ X × Y  §ë¢ îâ «¨¥©ë¬, ¥á«¨ T |
«¨¥©®¥ ¬®¦¥áâ¢® ¢ ¯à®¨§¢¥¤¥¨¨ ¢¥ªâ®àëå ¯à®áâà áâ¢ X × Y .
�â®¡à ¦¥¨¥ T : X → Y , ï¢«ïîé¥¥áï «¨¥©ë¬ á®®â¢¥âáâ¢¨¥¬,
 §ë¢ îâ «¨¥©ë¬ ®¯¥à â®à®¬ (¨«¨ ¯à®áâ® ®¯¥à â®à®¬, ¥á«¨ «¨-
¥©®áâì ïá  ¨§ ª®â¥ªáâ ). �¥« ï ®â«¨ç¨âì â ª®© T ®â «¨¥©-
ëå ®¤®§ çëå á®®â¢¥âáâ¢¨© S ⊂ X × Y á ®¡« áâìî ®¯à¥¤¥«¥¨ï
dom S 6= X, £®¢®àïâ: T | ¢áî¤ã ®¯à¥¤¥«¥ë© «¨¥©ë© ®¯¥à â®à
(¨§ X ¢ Y ) ¨ S | «¨¥©ë© ®¯¥à â®à ¨§ X ¢ Y , ¨«¨ ¤ ¦¥ S | ¥
¢áî¤ã ®¯à¥¤¥«¥ë© «¨¥©ë© ®¯¥à â®à.

2.2.2. �â®¡à ¦¥¨¥ T : X → Y ï¢«ï¥âáï «¨¥©ë¬ ®¯¥à â®à®¬
¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ¢ë¯®«¥®

T (λ1x1 + λ2x2) = λ1Tx1 + λ2Tx2 (λ1, λ2 ∈ F; x1, x2 ∈ X). CB
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2.2.3. �®¦¥áâ¢® L (X, Y ) ¢á¥å «¨¥©ëå ®¯¥à â®à®¢ ¨§ X ¢
Y ¯à¥¤áâ ¢«ï¥â á®¡®© ¢¥ªâ®à®¥ ¯à®áâà áâ¢® | ¯®¤¯à®áâà áâ¢®
Y X . CB

2.2.4. �¯à¥¤¥«¥¨¥. �¯¥à â®àë ¨§ L (X, F)  §ë¢ îâ «¨-
¥©ë¬¨ äãªæ¨® « ¬¨   X,   ¯à®áâà áâ¢® X# := L (X, F) |
( «£¥¡à ¨ç¥áª¨) á®¯àï¦¥ë¬ ¯à®áâà áâ¢®¬. �¨¥©ë¥ äãªæ¨-
® «ë   X∗  §ë¢ îâ ∗-«¨¥©ë¬¨ äãªæ¨® « ¬¨   X. �á«¨
å®âïâ ¯®¤ç¥àªãâì ¯à¨à®¤ã ®á®¢®£® ¯®«ï F, â® £®¢®àïâ ® ¢¥é¥-
áâ¢¥® «¨¥©ëå äãªæ¨® « å, ® ª®¬¯«¥ªá® á®¯àï¦¥®¬ ¯à®-
áâà áâ¢¥ ¨ â. ¯. �®ïâ®, çâ® ¯à¨ F = R â¥à¬¨ ý∗-«¨¥©ë©
äãªæ¨® «þ, ª ª ¯à ¢¨«®, ¥ ã¯®âà¥¡«ïîâ.

2.2.5. �¯à¥¤¥«¥¨¥. �¨¥©ë© ®¯¥à â®à T ∈ L (X, Y )  §ë-
¢ îâ ( «£¥¡à ¨ç¥áª¨¬) ¨§®¬®àä¨§¬®¬, ¥á«¨ á®®â¢¥âáâ¢¨¥ T−1 ï¢«ï-
¥âáï «¨¥©ë¬ ®¯¥à â®à®¬ ¨§ L (Y, X).

2.2.6. �¯à¥¤¥«¥¨¥. �¥ªâ®àë¥ ¯à®áâà áâ¢  X ¨ Y  §ë¢ -
îâ ( «£¥¡à ¨ç¥áª¨) ¨§®¬®àäë¬¨ ¨ ¯¨èãâ X ' Y , ¥á«¨ áãé¥áâ¢ã¥â
¨§®¬®àä¨§¬ ¬¥¦¤ã X ¨ Y .

2.2.7. �à®áâà áâ¢  X ¨ Y ï¢«ïîâáï ¨§®¬®àäë¬¨ ¢ â®¬ ¨
â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨  ©¤ãâáï ®¯¥à â®àë T ∈ L (X,Y ) ¨ S ∈
L (Y, X) â ª¨¥, çâ® S ◦ T = IX ¨ T ◦ S = IY . �à¨ íâ®¬ ¢ë¯®«¥®
S = T−1 ¨ T = S−1. CB

2.2.8. � ¬¥ç ¨¥. �ãáâì X, Y, Z | ¢¥ªâ®àë¥ ¯à®áâà áâ¢ ,
¯à¨ç¥¬ § ¤ ë T ∈ L (X, Y ) ¨ S ∈ L (Y, Z). �¥áá¯®à®, çâ® á®®â-
¢¥âáâ¢¨¥ S ◦ T | íâ® í«¥¬¥â L (X, Z). �¯¥à â®à S ◦ T ¢ ¤ «ì¥©-
è¥¬ ¤«ï ¯à®áâ®âë ¡ã¤¥â ®¡®§ ç¥ á¨¬¢®«®¬ ST . �â¬¥â¨¬ §¤¥áì
¦¥, çâ® ª®¬¯®§¨æ¨î (S, T ) 7→ ST , ª ª ¯à ¢¨«®, áç¨â îâ ®â®¡à -
¦¥¨¥¬ ◦ : L (Y, Z) × L (X, Y ) → L (X, Z). � ç áâ®áâ¨, ¥á«¨
E ⊂ L (Y, Z),   T ∈ L (X, Y ), â® ¯®« £ îâ E ◦ T := ◦(E × {T}).

2.2.9. �à¨¬¥àë.
(1) �á«¨ T | «¨¥©®¥ á®®â¢¥âáâ¢¨¥, â® T−1 â ª¦¥ «¨-

¥©®¥ á®®â¢¥âáâ¢¨¥.
(2) �á«¨ X1 | ¯®¤¯à®áâà áâ¢® ¢¥ªâ®à®£® ¯à®áâà -

áâ¢  X ¨ X2 | ¥£®  «£¥¡à ¨ç¥áª®¥ ¤®¯®«¥¨¥, â® X2 ¨§®¬®àä®
X/X1. �¥©áâ¢¨â¥«ì®, ¥á«¨ ϕ : X → X/X1 | ª ®¨ç¥áª®¥ ®â®¡à -
¦¥¨¥, â® ¥£® áã¦¥¨¥   X2, â. ¥. ®¯¥à â®à x2 7→ ϕ(x2), £¤¥ x2 ∈ X2,
®áãé¥áâ¢«ï¥â âà¥¡ã¥¬ë© ¨§®¬®àä¨§¬. CB
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(3) �ãáâì X :=
∏

ξ∈� Xξ | ¯à®¨§¢¥¤¥¨¥ á¥¬¥©áâ¢  ¢¥ª-
â®àëå ¯à®áâà áâ¢ (Xξ)ξ∈�. �â®¡à ¦¥¨¥ Prξ : X → Xξ, ®¯à¥¤¥-
«ï¥¬®¥ á®®â®è¥¨¥¬ Prξ x := xξ,  §ë¢ îâ ª®®à¤¨ âë¬ ¯à®¥ª-
â®à®¬ (= ¯à®¥ªæ¨¥©). �á®, çâ® Prξ | «¨¥©ë© ®¯¥à â®à: Prξ ∈
L (X , Xξ). �â¬¥â¨¬, çâ® ç áâ® íâ®â ®¯¥à â®à à áá¬ âà¨¢ îâ ª ª
í«¥¬¥â ¯à®áâà áâ¢  L (X ) := L (X , X ), ¨¬¥ï ¢ ¢¨¤ã ¥áâ¥áâ¢¥-
ë© ¨§®¬®àä¨§¬ Xξ ¨ Xξ, £¤¥ Xξ :=

∏
η∈� Xη,   Xη := 0 ¯à¨ η 6= ξ

¨ Xξ := Xξ.
(4) �ãáâì X := X1 ⊕ X2. �®áª®«ìªã ®â®¡à ¦¥¨¥ +−1

®áãé¥áâ¢«ï¥â ¨§®¬®àä¨§¬ X ¨ X1 × X2, â® ®¯à¥¤¥«¥ë «¨¥©ë¥
®¯¥à â®àë PX1 := PX1||X2 := Pr1 ◦(+−1), PX2 := PX2||X1 := Pr2 ◦(+−1),
¤¥©áâ¢ãîé¨¥ ¨§ X ¢ X. �¯¥à â®à PX1  §ë¢ îâ ¯à®¥ªâ®à®¬ X
  X1 ¯ à ««¥«ì® X2,   PX2 | ¤®¯®«¨â¥«ìë¬ ¯à®¥ªâ®à®¬ ª
PX1 . � á¢®î ®ç¥à¥¤ì, PX1 ¤®¯®«¨â¥«¥ ª PX2 ,   PX2 ®áãé¥áâ¢«ï-
¥â ¯à®¥ªâ¨à®¢ ¨¥ X   X2 ¯ à ««¥«ì® X1. �â¬¥â¨¬ â ª¦¥, çâ®
PX1 +PX2 = IX . �à®¬¥ â®£®, P 2

X1 := PX1PX1 = PX1 , â. ¥. ¯à®¥ªâ®à |
¨¤¥¬¯®â¥âë© ®¯¥à â®à. � ®¡®à®â, «î¡®© ¨¤¥¬¯®â¥âë© ®¯¥à -
â®à P ∈ L (X) ï¢«ï¥âáï ¯à®¥ªâ®à®¬   P (X) ¯ à ««¥«ì® P−1(0).

�á«¨ T ∈ L (X), â® PX1TPX1 = TPX1 ¢ â®¬ ¨ â®«ìª® ¢ â®¬
á«ãç ¥, ¥á«¨ T (X1) ⊂ X1, â. ¥. X1 ¨¢ à¨ â® ®â®á¨â¥«ì® T . CB

� ¢¥áâ¢® TPX1 = PX1T á¯à ¢¥¤«¨¢® ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ã-
ç ¥, ¥á«¨ ª ª X1, â ª ¨ ¤®¯®«¥¨¥ X2 ¨¢ à¨ âë ®â®á¨â¥«ì® T .
� ¯®á«¥¤¥¬ á«ãç ¥ £®¢®àïâ, çâ® à §«®¦¥¨¥ X = X1⊕X2 ¯à¨¢®¤¨â
®¯¥à â®à T .

�® á«¥¤®¬ T   X1 à ¡®â îâ ª ª á í«¥¬¥â®¬ T1 ¯à®áâà áâ¢ 
L (X1). �à¨ íâ®¬ T1  §ë¢ îâ ç áâìî T ¢ X1. �á«¨ T2 ∈ L (X2) |
ç áâì T ¢ X2, â® ®¯¥à â®à T ¬ëá«ïâ ª ª ¬ âà¨æã

T ∼
(

T1 0
0 T2

)
.

�¬¥®, í«¥¬¥â x ¨§ X1⊕X2 à áá¬ âà¨¢ îâ ª ª ý¢¥ªâ®à-áâ®«¡¥æþ
á ª®¬¯®¥â ¬¨ x1 ∈ X1, x2 ∈ X2, £¤¥ x1 = PrX1 x, x2 = PrX2 x.
�¬®¦¥¨¥ ¬ âà¨æ ¯à®¢®¤ïâ ®¡ëçë¬ á¯®á®¡®¬ ¯® § ª®ã ýáâà®ª 
  áâ®«¡¥æþ,   à¥§ã«ìâ â ã¬®¦¥¨ï ãª § ®© ¬ âà¨æë   ¢¥ªâ®à-
áâ®«¡¥æ x, â. ¥. ¢¥ªâ®à-áâ®«¡¥æ á ª®¬¯®¥â ¬¨ T1x1, T2x2 (¨«¨, çâ®
¢ ¤ ®¬ á«ãç ¥ â® ¦¥ á ¬®¥, Tx1, Tx2), ¥áâ¥áâ¢¥® âà ªâãîâ ª ª
í«¥¬¥â Tx.
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�ë¬¨ á«®¢ ¬¨, T ®â®¦¤¥áâ¢«ïîâ á ®â®¡à ¦¥¨¥¬ X1 × X2 ¢
X1 ×X2, ¤¥©áâ¢ãîé¨¬ ¯® ¯à ¢¨«ã

(
x1
x2

)
7→

(
T1 0
0 T2

)(
x1
x2

)
.

� «®£¨çë¬ ®¡à §®¬ ¢¢®¤ïâ ¬ âà¨çë¥ ¯à¥¤áâ ¢«¥¨ï ®¡é¨å ®¯¥-
à â®à®¢ T ∈ L (X1 ⊕X2, Y1 ⊕ Y2). CB

(5) �®¥ç®¥ ¬®¦¥áâ¢® E ¢ X  §ë¢ îâ «¨¥©® ¥§ -
¢¨á¨¬ë¬, ¥á«¨ ¨§ ãá«®¢¨ï

∑
e∈E λee = 0, £¤¥ λe ∈ F (e ∈ E ), ¢ëâ¥ª ¥â,

çâ® λe = 0 ¤«ï ¢á¥å e ∈ E . �®¦¥áâ¢® E  §ë¢ îâ «¨¥©® ¥§ ¢¨-
á¨¬ë¬, ¥á«¨ «î¡®¥ ª®¥ç®¥ ¯®¤¬®¦¥áâ¢® E «¨¥©® ¥§ ¢¨á¨¬®.

� ªá¨¬ «ì®¥ ¯® ¢ª«îç¥¨î «¨¥©® ¥§ ¢¨á¨¬®¥ ¬®¦¥áâ¢®
¢ X  §ë¢ îâ ¡ §¨á®¬ � ¬¥«ï (¨«¨  «£¥¡à ¨ç¥áª¨¬ ¡ §¨á®¬) ¢ X.
�î¡®¥ «¨¥©® ¥§ ¢¨á¨¬®¥ ¬®¦¥áâ¢® á®¤¥à¦¨âáï ¢ ¥ª®â®à®¬ ¡ -
§¨á¥ � ¬¥«ï.

� ¢á¥å ¡ §¨á®¢ � ¬¥«ï ¢ X ®¤¨ ª®¢ ï ¬®é®áâì,  §ë¢ ¥¬ ï
à §¬¥à®áâìî X. � §¬¥à®áâì X ®¡®§ ç îâ dim X.

� ¦¤®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢® X ¨§®¬®àä® ¯àï¬®© áã¬¬¥
á¥¬¥©áâ¢  (F)ξ∈�, £¤¥ � ¨¬¥¥â ¬®é®áâì dim X.

�á«¨ X1 | ¯®¤¯à®áâà áâ¢® X, â® à §¬¥à®áâì X/X1  §ë¢ îâ
ª®à §¬¥à®áâìî X1 ¨ ®¡®§ ç îâ codim X1. �á«¨ X = X1 ⊕X2, â®
codim X1 = dim X2 ¨ dim X = dim X1 + codim X1.

2.3. �à ¢¥¨ï ¢ ®¯¥à â®à å

2.3.1. �¯à¥¤¥«¥¨¥. �«ï ®¯¥à â®à  T ∈ L (X, Y ) ®¯à¥¤¥«ï-
îâ: ker T := T−1(0) | ï¤à®, coker T := Y/ im T | ª®ï¤à®, coim T :=
X/ ker T | ª®®¡à § T .

�¯¥à â®à T  §ë¢ îâ ¬®®¬®àä¨§¬®¬, ¥á«¨ ker T = 0. �¯¥à -
â®à T  §ë¢ îâ í¯¨¬®àä¨§¬®¬, ¥á«¨ im T = Y .

2.3.2. �¯¥à â®à ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ ¢ â®¬ ¨ â®«ìª® ¢ â®¬
á«ãç ¥, ¥á«¨ ® ¬®®¬®àä¨§¬ ¨ í¯¨¬®àä¨§¬ ®¤®¢à¥¬¥®. CB

2.3.3. � ¬¥ç ¨¥. � ¤ «ì¥©è¥¬ ¨®£¤  ã¤®¡® ¯®«ì§®¢ âì-
áï ï§ëª®¬ ª®¬¬ãâ â¨¢ëå ¤¨ £à ¬¬. � ãç¨âìáï ¨¬ ¯®«ì§®¢ âìáï
¬®¦®, à §®¡à ¢ ¯®¤å®¤ïé¨© ¯à¨¬¥à.

� ª, äà §  ýá«¥¤ãîé ï ¤¨ £à ¬¬ 
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ª®¬¬ãâ â¨¢ þ ®§ ç ¥â, çâ® α1 ∈ L (X, Y ), α2 ∈ L (Y, W ), α3 ∈
L (X, W ), α4 ∈ L (V, Y ) ¨ α5 ∈ L (V, W ), ¯à¨ç¥¬ α2α1 = α3
¨ α5 = α2α4.

2.3.4. �¯à¥¤¥«¥¨¥. �¨ £à ¬¬ã X
T→ Y

S→ Z  §ë¢ îâ â®ç-
®© (¢ ç«¥¥ Y ) ¯®á«¥¤®¢ â¥«ì®áâìî, ¥á«¨ ker S = im T . �®á«¥-
¤®¢ â¥«ì®áâì . . . → Xk−1 → Xk → Xk+1 → . . .  §ë¢ îâ â®ç®©
¢ ç«¥¥ Xk, ¥á«¨ â®ç  ¯®á«¥¤®¢ â¥«ì®áâì Xk−1 → Xk → Xk+1
( ¨¬¥®¢ ¨ï ®¯¥à â®à®¢ ®¯ãé¥ë). � áá¬ âà¨¢ ¥¬ãî ¯®á«¥¤®¢ -
â¥«ì®áâì  §ë¢ îâ â®ç®©, ¥á«¨ ®  â®ç  ¢ ª ¦¤®¬ ç«¥¥ (ªà®¬¥
¯¥à¢®£® ¨ ¯®á«¥¤¥£®, ¥á«¨ â ª®¢ë¥, à §ã¬¥¥âáï, ¥áâì).

2.3.5. �à¨¬¥àë.
(1) �®ç ï ¯®á«¥¤®¢ â¥«ì®áâì X

T→ Y
S→ Z ¯®«ãâ®ç ,

â. ¥. ST = 0. �¡à â®¥ ãâ¢¥à¦¤¥¨¥ ¥¢¥à®.
(2) �®á«¥¤®¢ â¥«ì®áâì 0 → X

T→ Y â®ç  ¢ â®¬ ¨ â®«ì-
ª® ¢ â®¬ á«ãç ¥, ¥á«¨ T | ¬®®¬®àä¨§¬. (�¤¥áì ¨ ¢ ¤ «ì¥©è¥¬
§ ¯¨áì 0 → X | íâ®, ª®¥ç® ¦¥, ¥é¥ ®¤® ®¡®§ ç¥¨¥ ã«ï |
¥¤¨áâ¢¥®£® í«¥¬¥â  ¯à®áâà áâ¢  L (0, X) (á¬. 2.1.4 (3)).)

(3) �®á«¥¤®¢ â¥«ì®áâì X
T→ Y → 0 â®ç  ¢ â®¬ ¨ â®«ì-

ª® ¢ â®¬ á«ãç ¥, ¥á«¨ T | í¯¨¬®àä¨§¬. (�®ïâ®, çâ® ¯®¤ á¨¬-
¢®«®¬ Y → 0 âãâ á®¢  áªàë¢ ¥âáï ã«ì | ¥¤¨áâ¢¥ë© í«¥¬¥â
¯à®áâà áâ¢  L (Y, 0).)

(4) �¯¥à â®à T ∈ L (X, Y ) ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ ¢
â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ 0 → X

T→ Y → 0 | íâ® â®ç ï
¯®á«¥¤®¢ â¥«ì®áâì.

(5) �ãáâì X0 | ¯®¤¯à®áâà áâ¢® ¢ X. �¨¬¢®«®¬ ι :
X0 → X ®¡®§ ç¨¬ ®¯¥à â®à (â®¦¤¥áâ¢¥®£®) ¢«®¦¥¨ï: ιx0 :=
x0 ¤«ï ¢á¥å x0 ∈ X0. �ãáâì â¥¯¥àì X/X0 | ä ªâ®à-¯à®áâà áâ¢®
¨ ϕ : X → X/X0 | á®®â¢¥âáâ¢ãîé¥¥ ª ®¨ç¥áª®¥ ®â®¡à ¦¥¨¥.
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�®£¤  ¯®á«¥¤®¢ â¥«ì®áâì

0 → X0
ι→ X

ϕ→ X/X0 → 0

ï¢«ï¥âáï â®ç®©. (� ª¨ ι ¨ ϕ ¨¦¥ ¢ ¯®¤®¡ëå á«ãç ïå, ª ª ¯à -
¢¨«®, ®¯ãé¥ë.) �ª §  ï ¯®á«¥¤®¢ â¥«ì®áâì ¢ ¨§¢¥áâ®¬ á¬ëá«¥
ã¨ª «ì . �¬¥®, à áá¬®âà¨¬ ¯à®¨§¢®«ìãî, ª ª £®¢®àïâ, úª®-
à®âªãîû ¯®á«¥¤®¢ â¥«ì®áâì

0 → X
T→ Y

S→ Z → 0

¨ ¤®¯ãáâ¨¬, çâ® ®  â®ç . �®« £ ï Y0 := im T , «¥£ª® ¯®áâà®¨âì ¨§®-
¬®àä¨§¬ë α, β, γ â ª, çâ® ¯®«ãç ¥âáï á«¥¤ãîé ï ª®¬¬ãâ â¨¢ ï
¤¨ £à ¬¬ :

0

0

Y0

X

Y

Y

Y/Y0

Z

0

0
α

T

β

S

γ

-

-

-

-

-

-

-

-

? ? ?

�ë¬¨ á«®¢ ¬¨, ª®à®âª ï â®ç ï ¯®á«¥¤®¢ â¥«ì®áâì | íâ®, ¯® áãâ¨
¤¥« , â® ¦¥, çâ® ¯®¤¯à®áâà áâ¢® ¨ ä ªâ®à-¯à®áâà áâ¢® ¯® ¥¬ã. CB

(6) �ãáâì T ∈ L (X, Y ) | ®¯¥à â®à. � ¨¬ á¢ï§  
â®ç ï ¯®á«¥¤®¢ â¥«ì®áâì

0 → ker T → X
T→ Y → coker T → 0,

 §ë¢ ¥¬ ï ª ®¨ç¥áª®© â®ç®© ¯®á«¥¤®¢ â¥«ì®áâìî ¤«ï T .

2.3.6. �¯à¥¤¥«¥¨¥. �¯¥à â®à T  §ë¢ îâ ¯à®¤®«¦¥¨¥¬ T0
(¯¨èãâ T ⊃ T0), ¥á«¨ ª®¬¬ãâ â¨¢  ¤¨ £à ¬¬ 

Y

X0 X

T
T0

-

?

@
@@R

â. ¥. T0 = Tι, £¤¥ ι : X0 → X | ¢«®¦¥¨¥.
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2.3.7. �ãáâì X, Y | ¢¥ªâ®àë¥ ¯à®áâà áâ¢  ¨ X0 | ¯®¤¯à®-
áâà áâ¢® ¢ X. �«ï «î¡®£® T0 ∈ L (X0, Y ) áãé¥áâ¢ã¥â ¯à®¤®«¦¥¨¥
T ∈ L (X, Y ).

C �à¥¤êï¢¨¬ T := T0PX0 , £¤¥ PX0 | ®¯¥à â®à ¯à®¥ªâ¨à®¢ ¨ï
  X0. B

2.3.8. �¥®à¥¬  ® à §à¥è¨¬®áâ¨ ãà ¢¥¨ï XA = B.
�ãáâì X, Y, Z | ¢¥ªâ®àë¥ ¯à®áâà áâ¢ ; A ∈ L (X, Y ), B ∈
L (X, Z). �¨ £à ¬¬ 

Z

X Y
A

X
B

-

?

@
@@R

ª®¬¬ãâ â¨¢  ¤«ï ¥ª®â®à®£® X ∈ L (Y, Z) ¢ â®¬ ¨ â®«ìª® ¢ â®¬
á«ãç ¥, ¥á«¨ ker A ⊂ ker B.

C ⇒: �®, çâ® ¯à¨ B = X A ¢ë¯®«¥® ker A ⊂ ker B, ®ç¥¢¨¤®.
⇐: �®«®¦¨¬ X := B ◦ A−1. �á®, çâ® ¤«ï x ∈ X ¡ã¤¥â X ◦

A(x) = B ◦ (A−1 ◦ A)x = B(x + ker A) = Bx. �à®¢¥à¨¬, çâ® X0 :=
X |im A | «¨¥©ë© ®¯¥à â®à. �«¥¤ã¥â ¯à®¢¥à¨âì â®«ìª® ®¤®§ ç-
®áâì X . �ãáâì y ∈ im A ¨ z1, z2 ∈ X (y). �®£¤  z1 = Bx1, z2 =
Bx2,   Ax1 = Ax2 = y. �® ãá«®¢¨î B(x1 − x2) = 0. � ç¨â, z1 = z2.
�à¨¬¥ïï 2.3.7, ¢®§ì¬¥¬ ª ª®¥-«¨¡® ¯à®¤®«¦¥¨¥ X ®¯¥à â®à  X0
  ¯à®áâà áâ¢® Y . B

2.3.9. � ¬¥ç ¨¥. �á«¨ ¢ ãá«®¢¨ïå 2.3.8 ®¯¥à â®à A | í¯¨-
¬®àä¨§¬, â® ®¯¥à â®à X ¥¤¨áâ¢¥. CB

2.3.10. �¨¥©ë© ®¯¥à â®à ¤®¯ãáª ¥â ¥¤¨áâ¢¥®¥ á¨¦¥¨¥
  á¢®© ª®®¡à §.

C �â® á«¥¤áâ¢¨¥ 2.3.8 ¨ 2.3.9. B

2.3.11. �¨¥©ë© ®¯¥à â®à T ¤®¯ãáª ¥â (ª ®¨ç¥áª®¥) à §«®-
¦¥¨¥ ¢ ª®¬¯®§¨æ¨î í¯¨¬®àä¨§¬  ϕ, ¨§®¬®àä¨§¬  T ¨ ¬®®¬®àä¨§¬ 
ι, â. ¥. ª®¬¬ãâ â¨¢  á«¥¤ãîé ï ¤¨ £à ¬¬ :
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coim T

X

im T

Y

ϕ

T

T
ι6

-

-

?

¤«ï ¥¤¨áâ¢¥®£® ®¯¥à â®à  T . CB

2.3.12. �ãáâì X | ¥ª®â®à®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢® ¨ § ¤ ë
f0, f1, . . . , fN ∈ X#. �ãªæ¨® « f0 ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥©
f1, . . . , fN ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ker f0 ⊃ ∩N

j=1 ker fj .
C �ãáâì (f1, . . . , fN ) : X → FN | «¨¥©ë© ®¯¥à â®à, § ¤ ë©

á®®â®è¥¨¥¬

(f1, . . . , fN )x := (f1(x), . . . , fN (x)).

�¨¤®, çâ® ker(f1, . . . , fN ) = ∩N
j=1 ker fj . �á¯®«ì§ãï â¥®à¥¬ã 2.3.8 ¤«ï

§ ¤ ç¨

F

X FN
(f1,...,fN )

f0

-

?

@
@

@
@

@R

¨ ãç¨âë¢ ï áâà®¥¨¥ ¯à®áâà áâ¢  FN#, ¯®«ãç ¥¬ âà¥¡ã¥¬®¥. B

2.3.13. �¥®à¥¬  ® à §à¥è¨¬®áâ¨ ãà ¢¥¨ï AX = B.
�ãáâì X, Y, Z | ¢¥ªâ®àë¥ ¯à®áâà áâ¢ ; A ∈ L (Y, X), B ∈
L (Z, X). �¨ £à ¬¬ 

Z

X Y
A

X
B

¾

6

@
@@I

ª®¬¬ãâ â¨¢  ¤«ï ¥ª®â®à®£® X ∈ L (Z, Y ) ¢ â®¬ ¨ â®«ìª® ¢ â®¬
á«ãç ¥, ¥á«¨ im A ⊃ im B.
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C ⇒: im B = B(Z) = A(X (Z)) ⊂ A(Y ) = im A.
⇐: �ãáâì Y0 |  «£¥¡à ¨ç¥áª®¥ ¤®¯®«¥¨¥ ker A ¢ Y ¨ A0 :=

A|Y0 . �®£¤  A0 ¢§ ¨¬® ®¤®§ ç® ®â®¡à ¦ ¥â Y0   im A. �¯¥à -
â®à X := A−1

0 B, ®ç¥¢¨¤®, ¨áª®¬ë©. B
2.3.14. � ¬¥ç ¨¥. �á«¨ ¢ ãá«®¢¨ïå 2.3.13 ®¯¥à â®à A | ¬®-

®¬®àä¨§¬, â® ®¯¥à â®à X ¥¤¨áâ¢¥. CB
2.3.15. � ¬¥ç ¨¥. �¥®à¥¬ë 2.3.8 ¨ 2.3.13 á¢ï§ ë ýä®à¬ «ì-

®© ¤¢®©áâ¢¥®áâìîþ. � ¦¤ ï ¨§ ¨å ¯®«ãç ¥âáï ¨§ ¤àã£®© ý®¡à -
é¥¨¥¬ áâà¥«®ªþ, ý¯¥à¥áâ ®¢ª®© ï¤¥à ¨ ®¡à §®¢þ ¨ ý¯¥à¥å®¤®¬ ª
¯à®â¨¢®¯®«®¦®¬ã ¢ª«îç¥¨îþ.

2.3.16. �¥¬¬  ® á¥¦¨ª¥. �ãáâì § ¤ ë S ∈ L (Y, Z) ¨
T ∈ L (X, Y ). �ãé¥áâ¢ãîâ, ¨ ¯à¨â®¬ ¥¤¨áâ¢¥ë¥, ®¯¥à â®àë
α1, . . . , α6, ¤«ï ª®â®àëå ª®¬¬ãâ â¨¢  ¤¨ £à ¬¬ :

0 0

ker ST ker S

0 ker T X Y coker T 0

Z

coker S coker ST

0 0

α2

α1 α3

T

ST S

α6 α4

α5

-

¶
¶

¶/

S
S
Sw

¶
¶

¶/
-

S
S
Sw

¶
¶

¶/

-

S
S
Sw

S
S

S
S

S
S
Sw

Sw ¶/

-

Sw

-

S
S
Sw

�
�
�
�
�
�
�/

�

�
�
�7

�/

-

�à¨ íâ®¬ (¢ë¤¥«¥ ï) ¯®á«¥¤®¢ â¥«ì®áâì

0 → ker T
α1−→ ker ST

α2−→ ker S
α3−→

α3−→ coker T
α4−→ coker ST

α5−→ coker S → 0

ï¢«ï¥âáï â®ç®©. CB
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�¯à ¦¥¨ï
2.1. �à¨¢¥áâ¨ ¯à¨¬¥àë ¢¥ªâ®àëå ¯à®áâà áâ¢,   â ª¦¥ ¨ ¥ ¢¥ªâ®àëå

¯à®áâà áâ¢. � ª¨¥ ª®áâàãªæ¨¨ ¯à¨¢®¤ïâ ª ¢¥ªâ®àë¬ ¯à®áâà áâ¢ ¬?

2.2. �§ãç¨âì ¢¥ªâ®àë¥ ¯à®áâà áâ¢   ¤ ¤¢ãåí«¥¬¥âë¬ ¯®«¥¬ Z2.

2.3. �¯¨á âì ¢¥ªâ®à®¥ ¯à®áâà áâ¢® á® áç¥âë¬ ¡ §¨á®¬ � ¬¥«ï.

2.4. �®ª § âì áãé¥áâ¢®¢ ¨¥ à §àë¢ëå à¥è¥¨© f : R→ R äãªæ¨® «ì-
®£® ãà ¢¥¨ï

f(x + y) = f(x) + f(y) (x, y ∈ R).

� ª ¯à¥¤áâ ¢¨âì â ª¨¥ f £à ä¨ç¥áª¨?

2.5. �®ª § âì, çâ® ¯à®áâà áâ¢®,  «£¥¡à ¨ç¥áª¨ á®¯àï¦¥®¥ ª ¯àï¬®©
áã¬¬¥, à¥ «¨§ã¥âáï ª ª ¯àï¬®¥ ¯à®¨§¢¥¤¥¨¥.

2.6. �ãáâì X ⊃ X0 ⊃ X00. �®ª § âì, çâ® X/X00 ¨ (X/X0)/(X00/X0) |
¨§®¬®àäë¥ ¯à®áâà áâ¢ .

2.7. �ãáâì ®â®¡à ¦¥¨¥ ý¤¢®©®© ¤¨¥§þ ®¯à¥¤¥«¥® ¯à ¢¨«®¬:

x## : x# 7→ 〈x |x#〉 (x ∈ X, x# ∈ X#).

�áâ ®¢¨âì, çâ® íâ® ®â®¡à ¦¥¨¥ ®áãé¥áâ¢«ï¥â ¢«®¦¥¨¥ ¢¥ªâ®à®£® ¯à®áâà -
áâ¢  X ¢® ¢â®à®¥ á®¯àï¦¥®¥ ¯à®áâà áâ¢® X##.

2.8. �®ª § âì, çâ®  «£¥¡à ¨ç¥áª¨ à¥ä«¥ªá¨¢ë¬¨ ï¢«ïîâáï ª®¥ç®¬¥à-
ë¥ ¯à®áâà áâ¢  ¨ â®«ìª® ®¨, â. ¥.

##(X) = X## ⇔ dim X < +∞.

2.9. �áâì «¨   «®£¨ ¡ §¨á®¢ � ¬¥«ï ¢ ®¡é¨å ¬®¤ã«ïå?

2.10. �à¨ ª ª¨å ãá«®¢¨ïå áã¬¬  ¯à®¥ªâ®à®¢ ¡ã¤¥â ¯à®¥ªâ®à®¬?

2.11. �ãáâì T | í¤®¬®àä¨§¬ ¥ª®â®à®£® ¢¥ªâ®à®£® ¯à®áâà áâ¢ , ¯à¨-
ç¥¬ T n−1 6= 0 ¨ T n = 0 ¤«ï ª ª®£®-â®  âãà «ì®£® n. �®ª § âì, çâ® ®¯¥à â®àë
T 0, T, . . . , T n−1 «¨¥©® ¥§ ¢¨á¨¬ë.

2.12. �¯¨á âì áâà®¥¨¥ «¨¥©ëå ®¯¥à â®à®¢, ®¯à¥¤¥«¥ëå   ¯àï¬®©
áã¬¬¥ ¯à®áâà áâ¢ ¨ ¤¥©áâ¢ãîé¨å ¢ ¯à®¨§¢¥¤¥¨¥ ¯à®áâà áâ¢.

2.13. � ©â¨ ãá«®¢¨ï ¥¤¨áâ¢¥®áâ¨ à¥è¥¨© á«¥¤ãîé¨å ãà ¢¥¨© ¢ ®¯¥-
à â®à å XA = B ¨ AX = B (§¤¥áì ¥¨§¢¥áâë¬ ï¢«ï¥âáï ®¯¥à â®à X ).

2.14. � ª ãáâà®¥® ¯à®áâà áâ¢® ¡¨«¨¥©ëå ®¯¥à â®à®¢?

2.15. �å à ªâ¥à¨§®¢ âì ¢¥ªâ®àë¥ ¯à®áâà áâ¢ , ¢®§¨ª îé¨¥ ¢ à¥§ã«ì-
â â¥ ®¢¥é¥áâ¢«¥¨ï ª®¬¯«¥ªáëå ¢¥ªâ®àëå ¯à®áâà áâ¢.
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2.16. �«ï á¥¬¥©áâ¢  «¨¥©® ¥§ ¢¨á¨¬ëå ¢¥ªâ®à®¢ (xe)e∈E ¯®¤ëáª âì â -
ª®¥ á¥¬¥©áâ¢® äãªæ¨® «®¢ (x#

e )e∈E, çâ®¡ë ¢ë¯®«ï«¨áì á®®â®è¥¨ï:

〈xe |x#
e 〉 = 1 (e ∈ E );

〈xe |x#
e 〉 = 0 (e, e′ ∈ E, e 6= e′).

2.17. �«ï á¥¬¥©áâ¢  «¨¥©® ¥§ ¢¨á¨¬ëå äãªæ¨® «®¢ (x#
e )e∈E ¯®¤ëá-

ª âì â ª®¥ á¥¬¥©áâ¢® ¢¥ªâ®à®¢ (xe)e∈E, çâ®¡ë ¢ë¯®«ï«¨áì á®®â®è¥¨ï:

〈xe |x#
e 〉 = 1 (e ∈ E );

〈xe |x#
e 〉 = 0 (e, e′ ∈ E, e 6= e′).

2.18. � ©â¨ ãá«®¢¨ï á®¢¬¥áâ®áâ¨ á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨© ¨ «¨¥©-
ëå ¥à ¢¥áâ¢ ¢ ¢¥é¥áâ¢¥ëå ¢¥ªâ®àëå ¯à®áâà áâ¢ å.

2.19. �ãáâì ¤   ª®¬¬ãâ â¨¢ ï ¤¨ £à ¬¬ 

W−→ X
T−→ Y−→ Z

α ↓ β ↓ γ ↓ δ ↓
W−→ X

T−→ Y−→ Z

á â®çë¬¨ áâ®à® ¬¨, ¯à¨ç¥¬ α | í¯¨¬®àä¨§¬,   δ | ¬®®¬®àä¨§¬. �®ª § âì,
çâ® ker γ = T (ker β) ¨ T−1(im γ) = im β.
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3.1. �®¦¥áâ¢  ¢ ¢¥ªâ®àëå ¯à®áâà áâ¢ å
3.1.1. �¯à¥¤¥«¥¨¥. �ãáâì � | ¯®¤¬®¦¥áâ¢® F 2,   U | ¯®¤-

¬®¦¥áâ¢® ¢¥ªâ®à®£® ¯à®áâà áâ¢ . �®¦¥áâ¢® U  §ë¢ îâ �-
¬®¦¥áâ¢®¬ (¨ ¯¨èãâ U ∈ (�)), ¥á«¨ ¢ë¯®«¥®

(λ1, λ2) ∈ � ⇒ λ1U + λ2U ⊂ U.

3.1.2. �à¨¬¥àë.
(1) �î¡®¥ ¬®¦¥áâ¢® ¢å®¤¨â ¢ (∅). (� ª¨¬ ®¡à §®¬, (∅)

¥ ï¢«ï¥âáï ¬®¦¥áâ¢®¬.)
(2) �à¨ � := F 2 ¥¯ãáâë¥ �-¬®¦¥áâ¢  íâ® ¢ â®ç®áâ¨

«¨¥©ë¥ ¯®¤¬®¦¥áâ¢  ¢¥ªâ®àëå ¯à®áâà áâ¢.
(3) �á«¨ � := R2, â® ¥¯ãáâë¥ �-¬®¦¥áâ¢  ¢ ¢¥ªâ®à-

®¬ ¯à®áâà áâ¢¥ X  §ë¢ îâ ¢¥é¥áâ¢¥ë¬¨ ¯®¤¯à®áâà áâ¢ ¬¨
¢ X.

(4) �á«¨ �:= R2
+, â® ¥¯ãáâë¥ �-¬®¦¥áâ¢   §ë¢ îâ ª®-

ãá ¬¨. �ë¬¨ á«®¢ ¬¨, ¥¯ãáâ®¥ ¬®¦¥áâ¢® K ï¢«ï¥âáï ª®ãá®¬
¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ K + K ⊂ K ¨ αK ⊂ K ¯à¨ ¢á¥å
α ∈ R+. �¥¯ãáâë¥ R2

+ \0-¬®¦¥áâ¢  (¨®£¤ )  §ë¢ îâ ¥§ ®áâà¥-
ë¬¨ ª®ãá ¬¨,   ¥¯ãáâë¥ R+ × 0-¬®¦¥áâ¢  | ¥¢ë¯ãª«ë¬¨ ª®-
ãá ¬¨. (�¤¥áì ¨ ¢ ¤ «ì¥©è¥¬ ¨á¯®«ì§®¢ ® ®¡ëç®¥ ®¡®§ ç¥¨¥
R+ := {t ∈ R : t ≥ 0}.)

(5) �ãáâì � := {(λ1, λ2) ∈ F 2 : λ1 + λ2 = 1}. �¥¯ã-
áâë¥ �-¬®¦¥áâ¢   §ë¢ îâ  ää¨ë¬¨ ¬®£®®¡à §¨ï¬¨. �á«¨ X0
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| ¯®¤¯à®áâà áâ¢® ¢ X ¨ x ∈ X, â® x+X0 := {x}+X0 |  ää¨®¥
¬®£®®¡à §¨¥ ¢ X. � ®¡®à®â, ¥á«¨ L |  ää¨®¥ ¬®£®®¡à §¨¥ ¢ X
¨ x ∈ L, â® L− x := L + {−x} | «¨¥©®¥ ¬®¦¥áâ¢® ¢ X. CB

(6) �ãáâì � := {(λ1, λ2) ∈ F 2 : |λ1| + |λ2| ≤ 1}. �®£¤ 
¥¯ãáâë¥ �-¬®¦¥áâ¢   §ë¢ îâ  ¡á®«îâ® ¢ë¯ãª«ë¬¨.

(7) �ãáâì �:= {(λ, 0) ∈ F 2 : |λ| ≤ 1}. �®£¤  �-¬®¦¥áâ¢ 
 §ë¢ îâ ãà ¢®¢¥è¥ë¬¨ (¯à¨ F := R £®¢®àïâ â ª¦¥ ® §¢¥§¤ëå
¬®¦¥áâ¢ å; ¨á¯®«ì§ãîâ ¨ â¥à¬¨ ýá¨¬¬¥âà¨ç®¥ ¬®¦¥áâ¢®þ, çâ®
¥ ¢¯®«¥ ®¯à ¢¤ ®).

(8) �ãáâì �:= {(λ1, λ2) ∈ R2 : λ1 ≥ 0, λ2 ≥ 0, λ1 + λ2 =
1}. �®£¤  �-¬®¦¥áâ¢   §ë¢ îâ ¢ë¯ãª«ë¬¨.

(9) �á«¨ �:= {(λ1, λ2) ∈ R2
+ : λ1 + λ2 ≤ 1}, â® ¥¯ãáâë¥

�-¬®¦¥áâ¢   §ë¢ îâ ª®¨ç¥áª¨¬¨ ®âà¥§ª ¬¨. �®¦¥áâ¢® ï¢«ï-
¥âáï ª®¨ç¥áª¨¬ ®âà¥§ª®¬ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ®®
¢ë¯ãª«® ¨ á®¤¥à¦¨â ã«ì. CB

(10) �«ï «î¡®£® � ⊂ F 2 ¨ ¯à®¨§¢®«ì®£® ¢¥ªâ®à®£®
¯à®áâà áâ¢  X  ¤ F ¢ë¯®«¥® X ∈ (�). �â¬¥â¨¬ ¥é¥, çâ® ¢ 3.1.2
(1){3.1.2 (9) ¬®¦¥áâ¢® � ï¢«ï¥âáï �-¬®¦¥áâ¢®¬.

3.1.3. �ãáâì X | ¢¥ªâ®à®¥ ¯à®áâà áâ¢® ¨ E | ¥ª®â®à®¥
á¥¬¥©áâ¢® �-¬®¦¥áâ¢ ¢ íâ®¬ ¯à®áâà áâ¢¥ X. �®£¤  ∩{U : U ∈
im E } ∈ (�). �á«¨, ªà®¬¥ â®£®, im E ä¨«ìâà®¢ ® ¯® ¢®§à áâ ¨î
(®â®á¨â¥«ì® ¢ª«îç¥¨ï ¬®¦¥áâ¢), â® ∪{U : U ∈ im E } ∈ (�). CB

3.1.4. � ¬¥ç ¨¥. �à¥¤«®¦¥¨¥ 3.1.3, ¢ ç áâ®áâ¨, ®§ ç ¥â,
çâ® á®¢®ªã¯®áâì �-¬®¦¥áâ¢ ¤ ®£® ¢¥ªâ®à®£® ¯à®áâà áâ¢ , ¡ã-
¤ãç¨ ã¯®àï¤®ç¥  ¯® ¢ª«îç¥¨î, áâ ®¢¨âáï ¯®«®© à¥è¥âª®©.

3.1.5. �ãáâì X ¨ Y | ¢¥ªâ®àë¥ ¯à®áâà áâ¢ ,   U ⊂ X ¨ V ⊂
Y | ¥ª®â®àë¥ �-¬®¦¥áâ¢ . �®£¤  U × V ∈ (�).

C �á«¨ ®¤® ¨§ ¬®¦¥áâ¢ U ¨«¨ V ¯ãáâ®, â® U × V = ∅ ¨
¤®ª §ë¢ âì ¥ç¥£®. �ãáâì â¥¯¥àì u1, u2 ∈ U ¨ v1, v2 ∈ V ,   (λ1, λ2) ∈
�. �®£¤  λ1u1 + λ2u2 ∈ U ,   λ1v2 + λ2v1 ∈ V . � ç¨â, (λ1u1 +
λ2u2, λ1v1 + λ2v2) ∈ U × V . B

3.1.6. �¯à¥¤¥«¥¨¥. �ãáâì X, Y | ¢¥ªâ®àë¥ ¯à®áâà áâ¢ 
¨ T ⊂ X × Y | á®®â¢¥âáâ¢¨¥. �ãáâì � ⊂ F 2. �á«¨ T ∈ (�), â® T
 §ë¢ îâ �-á®®â¢¥âáâ¢¨¥¬.
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3.1.7. � ¬¥ç ¨¥. �á«¨ �-¬®¦¥áâ¢  (¯à¨ ä¨ªá¨à®¢ ®¬ �)
®áïâ á¯¥æ¨ «ì®¥  §¢ ¨¥, â® íâ®  §¢ ¨¥ á®åà ïîâ ¨ ¤«ï �-
á®®â¢¥âáâ¢¨©. � íâ®¬ á¬ëá«¥ £®¢®àïâ ® «¨¥©ëå ¨ ¢ë¯ãª«ëå á®®â-
¢¥âáâ¢¨ïå,  ää¨ëå ®â®¡à ¦¥¨ïå ¨ â. ¯. �¬¥áâ® ¯®¤ç¥àªãâì
®á®¡¥®áâì â¥à¬¨®«®£¨¨: ¢ë¯ãª« ï äãªæ¨ï ®¤®© ¯¥à¥¬¥®©
¥ ï¢«ï¥âáï ¢ë¯ãª«ë¬ á®®â¢¥âáâ¢¨¥¬, §  ¨áª«îç¥¨¥¬ âà¨¢¨ «ìëå
á«ãç ¥¢ (á¬. 3.4.2).

3.1.8. �ãáâì T ⊂ X×Y | ¥ª®â®à®¥ �1-á®®â¢¥âáâ¢¨¥,   U ⊂ X
| ¥ª®â®à®¥ �2-¬®¦¥áâ¢®. �á«¨ �2 ⊂ �1, â® T (U) ∈ (�2).

C �á«¨ y1, y2 ∈ T (U), â® ¤«ï ¥ª®â®àëå x1, x2 ∈ U ¡ã¤¥â
(x1, y1) ∈ T ¨ (x2, y2) ∈ T . �«ï (λ1, λ2) ∈ �2 ¨¬¥¥¬ (λ1, λ2) ∈ �1 ¨,
§ ç¨â, λ1(x1, y1)+λ2(x2, y2) ∈ T . �âáî¤  á«¥¤ã¥â, çâ® λ1y1+λ2y2 ∈
T (U). B

3.1.9. �ã¯¥à¯®§¨æ¨ï �-á®®â¢¥âáâ¢¨© | �-á®®â¢¥âáâ¢¨¥.
C �ãáâì F ⊂ X × V ¨ G ⊂ W × Y ¨ F, G ∈ (�). �¬¥¥¬

(x1, y1) ∈ G ◦ F ⇔ (∃ v1) (x1, v1) ∈ F & (v1, y1) ∈ G;

(x2, y2) ∈ G ◦ F ⇔ (∃ v2) (x2, v2) ∈ F & (v2, y2) ∈ G.

ý�¬®¦ ï ¯¥à¢ãî áâà®çªã   λ1, ¢â®àãî |   λ2, £¤¥ (λ1, λ2) ∈ �,
¨ áª« ¤ë¢ ï à¥§ã«ìâ âëþ, ¯®á«¥¤®¢ â¥«ì® ¯®«ãç ¥¬ âà¥¡ã¥¬®¥. B

3.1.10. �á«¨ U , V | ¯®¤¬®¦¥áâ¢  X ¨ U , V ∈ (�) ¤«ï � ⊂ F 2,
â® ¤«ï «î¡ëå α, β ∈ F ¢ë¯®«¥® αU + βV ∈ (�).

C �«¥¤ã¥â á®á« âìáï   3.1.5, 3.1.8 ¨ 3.1.9. B
3.1.11. �¯à¥¤¥«¥¨¥. �ãáâì X | ¢¥ªâ®à®¥ ¯à®áâà áâ¢®, �

| ¯®¤¬®¦¥áâ¢® F 2 ¨ U | ¯®¤¬®¦¥áâ¢® X. �®¦¥áâ¢®

H�(U) := ∩{V ⊂ X : V ∈ (�), V ⊃ U}
 §ë¢ îâ �-®¡®«®çª®© U .

3.1.12. �¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥¨ï:
(1) H�(U) ∈ (�);
(2) H�(U) |  ¨¬¥ìè¥¥ �-¬®¦¥áâ¢®, á®¤¥à¦ é¥¥ U ;
(3) U1 ⊂ U2 ⇒ H�(U1) ⊂ H�(U2);
(4) U ∈ (�) ⇔ U = H�(U);
(5) H�(H�(U)) = H�(U). CB
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3.1.13. �¬¥¥â ¬¥áâ® ä®à¬ã«  �®æª¨ :

H�(U) = ∪{H�(U0) : U0 ⊂ U, U0| ª®¥ç®¥ ¯®¤¬®¦¥áâ¢®}.
C �¡®§ ç¨¬ ç¥à¥§ V ¬®¦¥áâ¢®, áâ®ïé¥¥ ¢ ¯à ¢®© ç áâ¨ ä®à-

¬ã«ë �®æª¨ . � ª ª ª U0 ⊂ U , â®, ¯® 3.1.12 (3), H�(U0) ⊂ H�(U),
  ¯®â®¬ã H�(U) ⊃ V . � á¨«ã 3.1.12 (2) ¥®¡å®¤¨¬® (¨, à §ã¬¥¥âáï,
¤®áâ â®ç®) ¯à®¢¥à¨âì, çâ® V ∈ (�). �® ¯®á«¥¤¥¥ á«¥¤ã¥â ¨§ 3.1.3
¨ â®£® ä ªâ , çâ® H�(U0) ∪H�(U1) ⊂ H�(U0 ∪ U1). B

3.1.14. � ¬¥ç ¨¥. �®à¬ã«  �®æª¨  ¯®ª §ë¢ ¥â, çâ® ¤«ï
®¯¨á ¨ï ¯à®¨§¢®«ìëå �-®¡®«®ç¥ª á«¥¤ã¥â  ©â¨ «¨èì �-®¡®«®çª¨
ª®¥çëå ¬®¦¥áâ¢. �®¤ç¥àª¥¬, çâ® ¯à¨ ª®ªà¥âëå � ¨á¯®«ì§ã-
îâ á¯¥æ¨ «ìë¥ (® ¥áâ¥áâ¢¥ë¥)  §¢ ¨ï ¤«ï �-®¡®«®ç¥ª. � ª,
¯à¨ � := {(λ1, λ2) ∈ R2

+ : λ1 + λ2 = 1} £®¢®àïâ ® ¢ë¯ãª«ëå ®¡®«®ç-
ª å ¨ ¢¬¥áâ® H�(U) ¯¨èãâ co(U). �¬¥áâ® HF 2(U) ¯¨èãâ L (U) ¨«¨
lin(U), ¥á«¨ U 6= ∅, ªà®¬¥ â®£®, ¯®« £ îâ ¤«ï ã¤®¡áâ¢  L (∅) := 0.
�®¦¥áâ¢® L (U)  §ë¢ îâ «¨¥©®© ®¡®«®çª®© U (¨ ¯® ¢®§¬®¦®-
áâ¨ ¥ ¯ãâ îâ á ¯à®áâà áâ¢®¬ í¤®¬®àä¨§¬®¢ L (X) ¢¥ªâ®à®£®
¯à®áâà áâ¢  X). � «®£¨ç® ¢¢®¤ïâ ¯®ïâ¨ï  ää¨®© ®¡®«®ç-
ª¨, ª®¨ç¥áª®© ®¡®«®çª¨ ¨ â. ¯. �â¬¥â¨¬ §¤¥áì ¦¥, çâ® ¢ë¯ãª« ï
®¡®«®çª  ª®¥ç®£® ¬®¦¥áâ¢  â®ç¥ª á®áâ ¢«¥  ¨§ ¨å ¦¥ ¢ë¯ãª«ëå
ª®¬¡¨ æ¨©, â. ¥.

co({x1, . . . , xN}) =
{

N∑

k=1
λkxk : λk ≥ 0, λ1 + . . . + λN = 1

}
. CB

3.2. �¯®àï¤®ç¥ë¥ ¢¥ªâ®àë¥ ¯à®áâà áâ¢ 
3.2.1. �¯à¥¤¥«¥¨¥. �ãáâì (X, R, +, · ) | ¢¥ªâ®à®¥ ¯à®-

áâà áâ¢®. �ãáâì, ¤ «¥¥, σ | ¯à¥¤¯®àï¤®ª ¢ X. �®¢®àïâ, çâ® σ
á®£« á®¢  á ¢¥ªâ®à®© áâàãªâãà®©, ¥á«¨ σ | ª®ãá ¢ X2. � íâ®¬
á«ãç ¥ ¯à®áâà áâ¢® X  §ë¢ îâ ã¯®àï¤®ç¥ë¬ ¢¥ªâ®àë¬ ¯à®-
áâà áâ¢®¬. (�®ç¥¥ £®¢®à¨âì ® ¯à¥¤ã¯®àï¤®ç¥®¬ ¢¥ªâ®à®¬
¯à®áâà áâ¢¥ (X, R, +, ·, σ), á®åà ïï â¥à¬¨ ýã¯®àï¤®ç¥®¥
¢¥ªâ®à®¥ ¯à®áâà áâ¢®þ ¤«ï â¥å á¨âã æ¨©, ª®£¤  σ | íâ® ®â®è¥-
¨¥ ¯®àï¤ª .)

3.2.2. �ãáâì X | ã¯®àï¤®ç¥®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢® ¨ σ
| á®®â¢¥âáâ¢ãîé¨© ¯à¥¤¯®àï¤®ª. �®£¤  σ(0) | ª®ãá. �à¨ íâ®¬
σ(x) = x + σ(0) ¤«ï ¢áïª®£® x ∈ X.
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C �®¦¥áâ¢® σ(0) | ª®ãá ¢ á¨«ã 3.1.3. �®¬¨¬® â®£®, ¨§ â®¦¤¥-
áâ¢  (x, y) = (x, x) + (0, y−x) ¢ë¢®¤¨¬ (x, y) ∈ σ ⇔ y−x ∈ σ(0). B

3.2.3. �ãáâì K | ª®ãá ¢ ¢¥ªâ®à®¬ ¯à®áâà áâ¢¥ X. �®«®¦¨¬

σ := {(x, y) ∈ X2 : y − x ∈ K}.
�®£¤  σ | ¯à¥¤¯®àï¤®ª, á®£« á®¢ ë© á ¢¥ªâ®à®© áâàãªâãà®©,
¯à¨ç¥¬ K á®¢¯ ¤ ¥â á ª®ãá®¬ ¯®«®¦¨â¥«ìëå í«¥¬¥â®¢ σ(0). �®-
«¥¥ â®£®, σ ï¢«ï¥âáï ¯®àï¤ª®¬ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨
K ∩ (−K) = 0.

C �á®, çâ® 0 ∈ K ⇒ IX ⊂ σ ¨ K + K ⊂ K ⇒ σ ◦ σ ⊂ σ. �¬¥¥¬
â ª¦¥ ¯à¥¤áâ ¢«¥¨¥ σ−1 = {(x, y) ∈ X2 : x − y ∈ K}. � ç¨â,
σ ∩ σ−1 ⊂ IX ⇔ K ∩ (−K) = 0. �áâ «®áì ¯à®¢¥à¨âì, çâ® σ | ª®ãá.
� íâ®© æ¥«ìî ¢®§ì¬¥¬ (x1, y1), (x2, y2) ∈ σ ¨ α1, α2 ∈ R+. �®£¤ 
α1y1 +α2y2−(α1x1 +α2x2) = α1(y1−x1)+α2(y2−x2) ∈ α1K +α2K ⊂
K. B

3.2.4. �¯à¥¤¥«¥¨¥. � ¤ ë© ª®ãá K  §ë¢ îâ ã¯®àï¤®ç¨-
¢ îé¨¬ ¨«¨ ®áâàë¬, ¥á«¨ K ∩ (−K) = 0.

3.2.5. � ¬¥ç ¨¥. �  ®á®¢ ¨¨ 3.2.2 ¨ 3.2.3 § ¤ ¨¥ ¢ ¢¥ªâ®à-
®¬ ¯à®áâà áâ¢¥ áâàãªâãàë ¯à¥¤ã¯®àï¤®ç¥®£® ¢¥ªâ®à®£® ¯à®-
áâà áâ¢  à ¢®á¨«ì® ¢ë¤¥«¥¨î ¢ ¥¬ ª®ãá  ¯®«®¦¨â¥«ìëå í«¥-
¬¥â®¢. �âàãªâãàã ã¯®àï¤®ç¥®£® ¢¥ªâ®à®£® ¯à®áâà áâ¢  á®§¤ -
îâ ¢ë¤¥«¥¨¥¬ ®áâà®£® ª®ãá . � íâ®© á¢ï§¨ ® (¯à¥¤)ã¯®àï¤®ç¥®¬
¢¥ªâ®à®¬ ¯à®áâà áâ¢¥ X ç áâ® £®¢®àïâ ª ª ® ¯ à¥ (X, X+), £¤¥
X+ | ª®ãá ¯®«®¦¨â¥«ìëå í«¥¬¥â®¢.

3.2.6. �à¨¬¥àë.
(1) �à®áâà áâ¢® äãªæ¨© R� á ª®ãá®¬ R�

+ := (R+)�

äãªæ¨©, ¯à¨¨¬ îé¨å ¯®«®¦¨â¥«ìë¥ § ç¥¨ï.
(2) �ãáâì X | ã¯®àï¤®ç¥®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢®

á ª®ãá®¬ ¯®«®¦¨â¥«ìëå í«¥¬¥â®¢ X+. �á«¨ X0 | ¯®¤¯à®áâà -
áâ¢® X, â® ¯®àï¤®ª, ¨¤ãæ¨àã¥¬ë© ¢ X0 ¨§ X, § ¤  ª®ãá®¬ X0 ∩
X+. � íâ®¬ á¬ëá«¥ X0 à áá¬ âà¨¢ îâ ª ª ã¯®àï¤®ç¥®¥ ¢¥ªâ®à®¥
¯à®áâà áâ¢®.

(3) �ãáâì X ¨ Y | (¯à¥¤)ã¯®àï¤®ç¥ë¥ ¢¥ªâ®àë¥ ¯à®-
áâà áâ¢ . �¯¥à â®à T ∈ L (X, Y )  §ë¢ îâ ¯®«®¦¨â¥«ìë¬ (¯¨-
èãâ T ≥ 0), ¥á«¨ ¢ë¯®«¥® T (X+) ⊂ Y+. �®¦¥áâ¢® ¢á¥å ¯®«®¦¨-
â¥«ìëå ®¯¥à â®à®¢ ®¡à §ã¥â ª®ãá L+(X, Y ). �¨¥©ãî ®¡®«®çªã
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L+(X, Y ) ®¡®§ ç îâ á¨¬¢®«®¬ Lr(X, Y ). �¯¥à â®àë ¨§ Lr(X, Y )
 §ë¢ îâ à¥£ã«ïàë¬¨.

3.2.7. �¯à¥¤¥«¥¨¥. �¯®àï¤®ç¥®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢®
 §ë¢ îâ ¢¥ªâ®à®© à¥è¥âª®©, ¥á«¨ à¥è¥âª®© ï¢«ï¥âáï ã¯®àï¤®-
ç¥®¥ ¬®¦¥áâ¢® ¢¥ªâ®à®¢ à áá¬ âà¨¢ ¥¬®£® ¯à®áâà áâ¢ .

3.2.8. �¯à¥¤¥«¥¨¥. �¥ªâ®àãî à¥è¥âªã  §ë¢ îâ ¯à®áâà -
áâ¢®¬ � â®à®¢¨ç  ¨«¨, ª®à®ç¥, K-¯à®áâà áâ¢®¬, ¥á«¨ «î¡®¥
¥¯ãáâ®¥ ®£à ¨ç¥®¥ á¢¥àåã ¬®¦¥áâ¢® ¢ ¥© ¨¬¥¥â â®çãî ¢¥àå-
îî £à ¨æã.

3.2.9. � K-¯à®áâà áâ¢¥ ª ¦¤®¥ ¥¯ãáâ®¥ ®£à ¨ç¥®¥ á¨§ã
¬®¦¥áâ¢® ¨¬¥¥â â®çãî ¨¦îî £à ¨æã.

C �ãáâì x ≤ U . �®£¤  −x ≥ −U . � ç¨â, ¯® 3.2.8 áãé¥áâ¢ã¥â
sup(−U). �à¨ íâ®¬ −x ≥ sup(−U). �âáî¤  ®ç¥¢¨¤® á«¥¤ã¥â, çâ®
− sup(−U) = inf U . B

3.2.10. � K-¯à®áâà áâ¢¥ ¤«ï ¥¯ãáâëå ®£à ¨ç¥ëå á¢¥àåã
¬®¦¥áâ¢ U ¨ V ¢ë¯®«¥®

sup(U + V ) = sup U + sup V.

C � á«ãç ¥, ª®£¤  ¬®¦¥áâ¢® U ¨«¨ ¬®¦¥áâ¢® V á®áâ®¨â ¨§
®¤®£® í«¥¬¥â , âà¥¡ã¥¬®¥ à ¢¥áâ¢® ïá®. �¡é¨© á«ãç © ¯®«ãç ¥¬
â¥¯¥àì ¢ á¨«ã ý áá®æ¨ â¨¢®áâ¨ â®çëå ¢¥àå¨å £à ¨æþ. �¬¥®,

sup(U + V ) = sup{sup(u + V ) : u ∈ U} =

= sup{u + sup V : u ∈ U} = sup V + sup{u : u ∈ U} =

= sup V + sup U. B

3.2.11. � ¬¥ç ¨¥. �ë¢®¤ ¯à¥¤«®¦¥¨ï 3.2.10 ¬®¦® áç¨â âì
á¯à ¢¥¤«¨¢ë¬ ¢ ¯à®¨§¢®«ì®¬ ã¯®àï¤®ç¥®¬ ¢¥ªâ®à®¬ ¯à®áâà -
áâ¢¥ ¯à¨ ãá«®¢¨¨, çâ® ã ¨áå®¤ëå ¬®¦¥áâ¢ ¨¬¥îâáï â®çë¥ ¢¥àå¨¥
£à ¨æë. � «®£¨ç® âà ªâãîâ á®®â®è¥¨¥: sup λU = λ sup U ¤«ï
λ ∈ R+.

3.2.12. �¯à¥¤¥«¥¨¥. �«ï í«¥¬¥â  x ¢¥ªâ®à®© à¥è¥âª¨ ¢¥ª-
â®à x+ := x ∨ 0  §ë¢ îâ ¯®«®¦¨â¥«ì®© ç áâìî x, í«¥¬¥â x− :=
(−x)+ | ®âà¨æ â¥«ì®© ç áâìî,   |x| := x ∨ (−x) | ¬®¤ã«¥¬ x.
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3.2.13. � ¢¥ªâ®à®© à¥è¥âª¥ ¤«ï «î¡ëå í«¥¬¥â®¢ x ¨ y ¨¬¥¥â
¬¥áâ® â®¦¤¥áâ¢®

x + y = x ∨ y + x ∧ y.

C x + y − x ∧ y = x + y + (−x) ∨ (−y) = y ∨ x B
3.2.14. x = x+ − x−; |x| = x+ + x−.
C �¥à¢®¥ à ¢¥áâ¢® ¯®«ãç ¥âáï ¨§ 3.2.13 ¯à¨ y := 0. �®¬¨¬®

íâ®£®, |x| = x∨ (−x) = −x + (2x)∨ 0 = −x + 2x+ = (x+−x−) + 2x+ =
x+ + x−. B

3.2.15. �¥¬¬  ® áã¬¬¥ ¯à®¬¥¦ãâª®¢. �«ï ¯®«®¦¨â¥«ìëå
í«¥¬¥â®¢ x, y ¢ ¢¥ªâ®à®© à¥è¥âª¥ X ¡ã¤¥â

[0, x + y] = [0, x] + [0, y].

(� ª ®¡ëç®, [u, v] := σ(u) ∩ σ−1(v).)
C �ª«îç¥¨¥ [0, x] + [0, y] ⊂ [0, x + y] ¥á®¬¥®. �á«¨ ¦¥

0 ≤ z ≤ x + y, â® ¯®«®¦¨¬ z1 := z ∧ x. �¨¤®, çâ® z1 ∈ [0, x].
�ãáâì â¥¯¥àì z2 := z − z1. �®£¤  z2 ≥ 0. �à¨ íâ®¬ z2 = z − z ∧ x =
z + (−z) ∨ (−x) = 0 ∨ (z − x) ≤ 0 ∨ (x + y − x) = 0 ∨ y = y. B

3.2.16. �¥®à¥¬  �¨áá  | � â®à®¢¨ç . �ãáâì X | ¢¥ª-
â®à ï à¥è¥âª ,   Y | ¥ª®â®à®¥ K-¯à®áâà áâ¢®. �à®áâà áâ¢®
à¥£ã«ïàëå ®¯¥à â®à®¢ Lr(X, Y ) á ª®ãá®¬ L+(X, Y ) ¯®«®¦¨â¥«ì-
ëå ®¯¥à â®à®¢ ï¢«ï¥âáï K-¯à®áâà áâ¢®¬. CB

3.3. �à®¤®«¦¥¨¥ ¯®«®¦¨â¥«ìëå äãªæ¨® «®¢ ¨
®¯¥à â®à®¢

3.3.1. �®âà¯à¨¬¥àë.
(1) �ãáâì X | ¯à®áâà áâ¢® B([0, 1], R) ®£à ¨ç¥ëå

¢¥é¥áâ¢¥ëå äãªæ¨©   [0, 1],   X0 := C([0, 1], R) | ¯®¤¯à®áâà -
áâ¢® X, á®áâ ¢«¥®¥ ¨§ ¥¯à¥àë¢ëå äãªæ¨©. �®«®¦¨¬ Y := X0
¨  ¤¥«¨¬ X0, X ¨ Y ¥áâ¥áâ¢¥ë¬¨ ®â®è¥¨ï¬¨ ¯®àï¤ª  (áà. 3.2.6
(1) ¨ 3.2.6 (2)). � áá¬®âà¨¬ § ¤ çã ® ¯à®¤®«¦¥¨¨ â®¦¤¥áâ¢¥®£®
®¯¥à â®à  T0 : X0 → Y ¤® ¯®«®¦¨â¥«ì®£® ®¯¥à â®à  T ∈ L+(X, Y ).
�á«¨ ¡ë íâ  § ¤ ç  ¨¬¥«  à¥è¥¨¥ T , â® ã ª ¦¤®£® ¥¯ãáâ®£® ®£à -
¨ç¥®£® ¬®¦¥áâ¢  E ¢ X0  è« áì ¡ë â®ç ï ¢¥àåïï £à ¨æ 
supX0 E , ¢ëç¨á«¥ ï ¢ X0. �¬¥®, supX0 E = T supX E , £¤¥ supX E
| â®ç ï ¢¥àåïï £à ¨æ  E ¢ X. � â® ¦¥ ¢à¥¬ï ¥â á®¬¥¨©, çâ®
Y ¥ ï¢«ï¥âáï K-¯à®áâà áâ¢®¬.
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(2) �ãáâì s := RN | ¯à®áâà áâ¢® ¯®á«¥¤®¢ â¥«ì®áâ¥©,
 ¤¥«¥®¥ ¥áâ¥áâ¢¥ë¬ ¯®àï¤ª®¬. �ãáâì, ¤ «¥¥, c | ¯®¤¯à®áâà -
áâ¢® ¢ s, á®áâ ¢«¥®¥ ¨§ áå®¤ïé¨åáï ¯®á«¥¤®¢ â¥«ì®áâ¥©. �áâ ®-
¢¨¬, çâ® ¯®«®¦¨â¥«ìë© äãªæ¨® « f0 : c → R, ®¯à¥¤¥«¥ë©
á®®â®è¥¨¥¬ f0(x) := lim x(n), ¥ ¤®¯ãáª ¥â ¯®«®¦¨â¥«ì®£® ¯à®-
¤®«¦¥¨ï   s. � á ¬®¬ ¤¥«¥, ¯ãáâì f ∈ s#, f ≥ 0 ¨ f ⊃ f0. �®«®-
¦¨¬ x0(n) := n ¨ xk(n) := k ∧ n ¤«ï k, n ∈ N. �á®, çâ® f0(xk) = k.
�®¬¨¬® íâ®£®, f(x0) ≥ f(xk) ≥ 0, â ª ª ª x0 ≥ xk ≥ 0. �®«ãç¨«¨
¯à®â¨¢®à¥ç¨¥.

3.3.2. �¯à¥¤¥«¥¨¥. �®¤¯à®áâà áâ¢® X0 ã¯®àï¤®ç¥®£® ¢¥ª-
â®à®£® ¯à®áâà áâ¢  X á ª®ãá®¬ ¯®«®¦¨â¥«ìëå í«¥¬¥â®¢ X+
 §ë¢ îâ ¬ áá¨¢ë¬ (¢ X), ¥á«¨ X0 + X+ = X.

3.3.3. �®¤¯à®áâà áâ¢® X0 ¬ áá¨¢® ¢ X ¢ â®¬ ¨ â®«ìª® ¢ â®¬
á«ãç ¥, ¥á«¨ ¤«ï ¢áïª®£® x ∈ X  ©¤ãâáï í«¥¬¥âë x0, x0 ∈ X0
â ª¨¥, çâ® ¢ë¯®«¥® x0 ≤ x ≤ x0. CB

3.3.4. �¥®à¥¬  � â®à®¢¨ç . �ãáâì X | ã¯®àï¤®ç¥®¥ ¢¥ª-
â®à®¥ ¯à®áâà áâ¢®, X0 | ¬ áá¨¢®¥ ¯®¤¯à®áâà áâ¢® ¢ X ¨ Y |
¥ª®â®à®¥ K-¯à®áâà áâ¢®. �î¡®© ¯®«®¦¨â¥«ìë© ®¯¥à â®à T0 ∈
L+(X0, Y ) ¤®¯ãáª ¥â ¯®«®¦¨â¥«ì®¥ ¯à®¤®«¦¥¨¥ T ∈ L+(X, Y ).

C �â ¯ I. �ãáâì á ç «  X := X0 ⊕ X1, £¤¥ X1 | ®¤®¬¥à®¥
¯®¤¯à®áâà áâ¢®, X1 := {αx : α ∈ R}. � ª ª ª ¯®¤¯à®áâà áâ¢®
X0 ¬ áá¨¢® ¨ ®¯¥à â®à T0 ¯®«®¦¨â¥«¥, â® ¬®¦¥áâ¢® U := {T0x0 :
x0 ∈ X0, x0 ≥ x} ®£à ¨ç¥® á¨§ã ¨, § ç¨â, ®¯à¥¤¥«¥ í«¥¬¥â
y := inf U . �®«®¦¨¬

Tx := {T0x0 + αy : x = x0 + αx, x0 ∈ X0, α ∈ R}.

�ç¥¢¨¤®, T | ®¤®§ ç®¥ «¨¥©®¥ á®®â¢¥âáâ¢¨¥, ¯à¨ç¥¬ T ⊃ T0
¨ dom T = X. �áâ «®áì ã¡¥¤¨âìáï ¢ ¯®«®¦¨â¥«ì®áâ¨ T .

�á«¨ x = x0 + αx ¨ x ≥ 0, â® ¯à¨ α = 0 ¤®ª §ë¢ âì ¥ç¥£®. �á«¨
¦¥ α > 0, â® x ≥ −x0/α. �âáî¤  á«¥¤ã¥â, çâ® −T0x0/α ≤ y, â. ¥.
Tx ∈ Y+. � «®£¨ç® ¯à¨ α < 0 ¨¬¥¥¬ x ≤ −x0/α. �â «® ¡ëâì,
y ≤ −T0x0/α ¨ ¢®¢ì Tx = T0x0 + αy ∈ Y+.

�â ¯ II. �ãáâì â¥¯¥àì E | á®¢®ªã¯®áâì â ª¨å ®¤®§ çëå
«¨¥©ëå á®®â¢¥âáâ¢¨© S ⊂ X × Y , çâ® S ⊃ T0 ¨ S(X+) ⊂ Y+.
� á¨«ã 3.1.3 ¯à¨ ã¯®àï¤®ç¥¨¨ ¯® ¢ª«îç¥¨î E ¨¤ãªâ¨¢®, ¨ ¯®
«¥¬¬¥ �ãà â®¢áª®£® | �®à  ¢ E ¥áâì ¬ ªá¨¬ «ìë© í«¥¬¥â T .
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�á«¨ x ∈ X \ dom T , â® ¬®¦® ¯à¨¬¥¨âì ¤®ª § ®¥   íâ ¯¥ I ª
á«ãç î X := dom T ⊕X1, X0 := dom T, T0 := T ¨ X1 := {αx : α ∈ R}.
�®§¨ª ¥â ¯à®â¨¢®à¥ç¨¥ á ¬ ªá¨¬ «ì®áâìî T . �â ª, T | ¨áª®¬®¥
¯à®¤®«¦¥¨¥. B

3.3.5. � ¬¥ç ¨¥. �à¨ Y := R ® 3.3.4 ¨®£¤  £®¢®àïâ ª ª ® â¥-
®à¥¬¥ �à¥©  | �ãâ¬  .

3.3.6. �¯à¥¤¥«¥¨¥. �«¥¬¥â x ¨§ ª®ãá  ¯®«®¦¨â¥«ìëå í«¥-
¬¥â®¢  §ë¢ îâ ¤¨áªà¥âë¬, ¥á«¨ [0, x] = [0, 1]x.

3.3.7. �á«¨   ¯à®áâà áâ¢¥ (X, X+) ¨¬¥¥âáï ¤¨áªà¥âë© äãª-
æ¨® «, â® X = X+ −X+.

C �ãáâì T | â ª®© äãªæ¨® « ¨ X := X+ − X+. �®§ì¬¥¬
f ∈ X#. �®áâ â®ç® ¯®ª § âì, çâ® ker f ⊃ X ⇒ f = 0. �® ãá«®¢¨î
T +f ∈ [0, T ], â. ¥. ¤«ï ¥ª®â®à®£® α ∈ [0, 1] ¡ã¤¥â T +f = αT . �á«¨
T |X = 0, â® 2T ∈ [0, T ]. �âáî¤  T = 0 ¨ f = 0. �á«¨ ¦¥ T (x0) 6= 0
¤«ï ª ª®£®-«¨¡® x0 ∈ X , â® α = 1 ¨ ¢®¢ì f = 0. B

3.3.8. �¥®à¥¬  �à¥©  { �ãâ¬   ¤«ï ¤¨áªà¥â®£® äãª-
æ¨® « . �ãáâì X | ã¯®àï¤®ç¥®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢®, X |
¬ áá¨¢®¥ ¯®¤¯à®áâà áâ¢® ¢ X ¨ T0 | ¤¨áªà¥âë© äãªæ¨® «  
X0. �®£¤  áãé¥áâ¢ã¥â ¤¨áªà¥âë© äãªæ¨® « T   X, ¯à®¤®«¦ -
îé¨© T0.

C ý�®¤¯à ¢¨¬þ ¤®ª § â¥«ìáâ¢® 3.3.4.
�â ¯ I. �à¥¤êï¢«¥ë© äãªæ¨® « T ¤¨áªà¥â¥. � á ¬®¬

¤¥«¥, ¯à¨ T ′ ∈ [0, T ] ¤«ï ¯®¤å®¤ïé¥£® α ∈ [0, 1] ¯à¨ ¢á¥å x0 ∈ X0
¡ã¤¥â T ′(x0) = αT (x0) ¨ (T − T ′)(x0) = (1− α)T (x0). �æ¥¨¢ ¥¬:

T ′(x) ≤ inf{T ′(x0) : x0 ≥ x, x0 ∈ X0} = αT (x);

(T − T ′)(x) ≤ inf{(T − T ′)(x0) : x0 ≥ x, x0 ∈ X0} = (1− α)T (x).

� ª¨¬ ®¡à §®¬, T ′ = αT ¨ [0, T ] ⊂ [0, 1]T . �à®â¨¢®¯®«®¦®¥ ¢ª«î-
ç¥¨¥ á¯à ¢¥¤«¨¢® ¢á¥£¤ . �â ª, äãªæ¨® « T ¤¨áªà¥â¥.

�â ¯ II. �ãáâì E | ¬®¦¥áâ¢®, ¢¢¥¤¥®¥ ¯à¨ ¤®ª § â¥«ìáâ¢¥
3.3.4. � áá¬®âà¨¬ ¬®¦¥áâ¢® Ed, á®áâ®ïé¥¥ ¨§ â ª¨å í«¥¬¥â®¢ S ∈
E , çâ® á«¥¤ S|dom S ¯à¥¤áâ ¢«ï¥â á®¡®© ¤¨áªà¥âë© äãªæ¨® «  
¯à®áâà áâ¢¥ dom S. �«¥¤ã¥â ãáâ ®¢¨âì ¨¤ãªâ¨¢®áâì Ed. � á®-
®â¢¥âáâ¢¨¨ á 1.2.19 ¢®§ì¬¥¬ æ¥¯ì E0 ¢ Ed. �®«®¦¨¬ S := ∪{S0 :
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S0 ∈ E0}. �ç¥¢¨¤®, çâ® S ∈ E . �¡¥¤¨¬áï ¢ ¤¨áªà¥â®áâ¨ S, çâ®
¨ § ¢¥àè¨â ¤®ª § â¥«ìáâ¢®.

�ãáâì S′ ∈ (dom S)# â ª®¢, çâ® 0 ≤ S′(x0) ≤ S(x0) ¤«ï ¢á¥å
x0 ∈ (dom S)+. �á«¨ S(x0) = 0 ¤«ï «î¡®£® â ª®£® x0, â® S′ = 0S, çâ®
¨ ã¦®. �á«¨ ¦¥ S(x0) 6= 0 ¤«ï ¥ª®â®à®£® x0 ∈ (dom S)+, â® ¢ë¡¥-
à¥¬ S0 ∈ E0 ¨§ ãá«®¢¨ï S0(x0) = S(x0). �®£¤  ¢ á¨«ã ¤¨áªà¥â®áâ¨
S0 ¬®¦® § ¯¨á âì: S′(x′) = αS(x′) ¤«ï ¢á¥å x′ ∈ dom S0. �à¨ íâ®¬
α = S′(x0)/S(x0), â. ¥. α ¥ § ¢¨á¨â ®â ¢ë¡®à  S0. �®áª®«ìªã E0 |
æ¥¯ì, § ª«îç ¥¬: S′ = αS. B

3.4. �ë¯ãª«ë¥ äãªæ¨¨ ¨ áã¡«¨¥©ë¥
äãªæ¨® «ë

3.4.1. �¯à¥¤¥«¥¨¥. �®«ãà áè¨à¥®© ç¨á«®¢®© ¯àï¬®© R·  -
§ë¢ îâ ¬®¦¥áâ¢® R· á ¯à¨á®¥¤¨¥ë¬  ¨¡®«ìè¨¬ í«¥¬¥â®¬ +∞.
�à¨ íâ®¬ ¯®« £ îâ α(+∞) := +∞ (α ∈ R+), +∞+ x := x + (+∞) :=
+∞ (x ∈ R·).

3.4.2. �¯à¥¤¥«¥¨¥. �ãáâì f : X → R· | ¥ª®â®à®¥ ®â®¡à -
¦¥¨¥. �®¦¥áâ¢®

epi f := {(x, t) ∈ X × R : t ≥ f(x)}

 §ë¢ îâ  ¤£à ä¨ª®¬ f ,   ¬®¦¥áâ¢®

dom f := {x ∈ X : f(x) < +∞}

| íää¥ªâ¨¢®© ®¡« áâìî ®¯à¥¤¥«¥¨ï äãªæ¨¨ f .

3.4.3. � ¬¥ç ¨¥. �¥¯®á«¥¤®¢ â¥«ì®áâì ¢ ¯à¨¬¥¥¨¨ á¨¬-
¢®«  dom f ª ¦ãé ïáï. �¬¥®, íää¥ªâ¨¢ ï ®¡« áâì ®¯à¥¤¥«¥¨ï
äãªæ¨¨ f : X → R· á®¢¯ ¤ ¥â á ®¡« áâìî ®¯à¥¤¥«¥¨ï ®¤®§ ç®-
£® á®®â¢¥âáâ¢¨ï f ∩ X × R ¨§ X ¢ R. � íâ®© á¢ï§¨ ¯à¨ dom f = X
¡ã¤¥¬, ª ª ¨ ¯à¥¦¤¥, ¯¨á âì f : X → R, ®¯ãáª ï â®çªã ¢ R·.

3.4.4. �¯à¥¤¥«¥¨¥. �ãáâì X | ¢¥é¥áâ¢¥®¥ ¢¥ªâ®à®¥ ¯à®-
áâà áâ¢®. �â®¡à ¦¥¨¥ f : X → R·  §ë¢ îâ ¢ë¯ãª«®© äãªæ¨¥©,
¥á«¨  ¤£à ä¨ª epi f | íâ® ¢ë¯ãª«®¥ ¬®¦¥áâ¢®.
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3.4.5. �â®¡à ¦¥¨¥ f : X → R· ï¢«ï¥âáï ¢ë¯ãª«®© äãªæ¨¥©
¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢® �¥á¥ ,
â. ¥.

f(α1x1 + α2x2) ≤ α1f(x1) + α2f(x2),
ª ª â®«ìª® α1, α2 ≥ 0, α1 + α2 = 1 ¨ x1, x2 ∈ X.

C ⇒: �á«¨ ¢ë¡à ë ç¨á«  α1, α2 ≥ 0, α1 +α2 = 1 ¨ ®¤¨ ¨§ ¢¥ª-
â®à®¢ x1, x2 ¥ ¢å®¤¨â ¢ dom f , â® ¤®ª §ë¢ âì ¥ç¥£® | ¥à ¢¥áâ¢®
�¥á¥  ®ç¥¢¨¤®. �ãáâì x1, x2 ∈ dom f . �®£¤  (x1, f(x1)) ∈ epi f
¨ (x2, f(x2)) ∈ epi f . �â «® ¡ëâì, á ãç¥â®¬ 3.1.2 (8), α1(x1, f(x1)) +
α2(x2, f(x2)) ∈ epi f .

⇐: �ãáâì f : X → R· | äãªæ¨ï ¨ (x1, t1) ∈ epi f, (x2, t2) ∈
epi f , â. ¥. t1 ≥ f(x1) ¨ t2 ≥ f(x2) (¢ á«ãç ¥ dom f = ∅ ¡ã¤¥â f(x) =
+∞ (x ∈ X) ¨ epi f = ∅). �à¨¢«¥ª ï ¥à ¢¥áâ¢® �¥á¥ , ¢¨¤¨¬,
çâ® ¤«ï α1, α2 ≥ 0, α1 + α2 = 1 á¯à ¢¥¤«¨¢® (α1x1 + α2x2, α1t1 +
α2t2) ∈ epi f . B

3.4.6. �¯à¥¤¥«¥¨¥. �â®¡à ¦¥¨¥ p : X → R·  §ë¢ îâ áã¡-
«¨¥©ë¬ äãªæ¨® «®¬, ¥á«¨  ¤£à ä¨ª epi p | íâ® ª®ãá.

3.4.7. �à¨ dom p 6= 0 íª¢¨¢ «¥âë ãâ¢¥à¦¤¥¨ï:
(1) p ï¢«ï¥âáï áã¡«¨¥©ë¬ äãªæ¨® «®¬;
(2) p | ¢ë¯ãª« ï äãªæ¨ï, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î

¯®«®¦¨â¥«ì®© ®¤®à®¤®áâ¨: p(αx) = αp(x) ¯à¨ ¢á¥å
α ≥ 0 ¨ x ∈ dom p;

(3) ¤«ï «î¡ëå α1, α2 ∈ R+ ¨ x1, x2 ∈ X ¢ë¯®«¥®
p(α1x1 + α2x2) ≤ α1p(x1) + α2p(x2);

(4) p | ¯®«®¦¨â¥«ì® ®¤®à®¤ë© äãªæ¨® «, ã¤®¢«¥-
â¢®àïîé¨© ãá«®¢¨î áã¡ ¤¤¨â¨¢®áâ¨: p(x1 + x2) ≤
p(x1) + p(x2) ¤«ï ¢á¥å x1, x2 ∈ X. CB

3.4.8. �à¨¬¥àë.
(1) �¨¥©ë© äãªæ¨® « áã¡«¨¥¥, ¢ â® ¢à¥¬ï ª ª  ä-

ä¨ë© äãªæ¨® « | ¢ë¯ãª« ï äãªæ¨ï.
(2) �ãáâì U | ¢ë¯ãª«®¥ ¬®¦¥áâ¢® ¢ X. �®«®¦¨¬

δ(U)(x) :=
{ 0, ¥á«¨ x ∈ U,

+∞, ¥á«¨ x 6∈ U.

�â®¡à ¦¥¨¥ δ(U) : X → R·  §ë¢ îâ ¨¤¨ª â®à®© äãªæ¨¥© ¬®-
¦¥áâ¢  U . �á®, çâ® δ(U) | ¢ë¯ãª« ï äãªæ¨ï. �á«¨ U | ª®ãá, â®
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δ(U) | áã¡«¨¥©ë© äãªæ¨® «. �á«¨ U |  ää¨®¥ ¬®¦¥áâ¢®,
â® δ(U) |  ää¨ë© äãªæ¨® «.

(3) �ã¬¬  ª®¥ç®£® ç¨á«  ¢ë¯ãª«ëå äãªæ¨© ¨ â®ç-
 ï ¢¥àåïï £à ¨æ  (¨«¨ ¢¥àåïï ®£¨¡ îé ï) á¥¬¥©áâ¢  ¢ë¯ãª«ëå
äãªæ¨© (¢ëç¨á«ï¥¬ ï ¯®â®ç¥ç®, â. ¥. ¢ (R·)X) áãâì ¢ë¯ãª«ë¥
äãªæ¨¨. � «®£¨çë¥ á¢®©áâ¢   ¡«î¤ îâ ã áã¡«¨¥©ëå äãª-
æ¨® «®¢.

(4) �ã¯¥à¯®§¨æ¨ï ¢ë¯ãª«®© äãªæ¨¨ á  ää¨ë¬ ®¯¥-
à â®à®¬ (â. ¥. á® ¢áî¤ã ®¯à¥¤¥«¥ë¬ ®¤®§ çë¬  ää¨ë¬
á®®â¢¥âáâ¢¨¥¬) ï¢«ï¥âáï ¢ë¯ãª«®© äãªæ¨¥©. �ã¯¥à¯®§¨æ¨ï áã¡-
«¨¥©®£® äãªæ¨® «  á «¨¥©ë¬ ®¯¥à â®à®¬ | áã¡«¨¥©ë©
äãªæ¨® «.

3.4.9. �¯à¥¤¥«¥¨¥. �ãáâì X | ¢¥ªâ®à®¥ ¯à®áâà áâ¢®,   U
¨ V | ¤¢  ¯®¤¬®¦¥áâ¢  ¢ X. �®¢®àïâ, çâ® U ¯®£«®é ¥â V , ¥á«¨
 ©¤¥âáï n ∈ N, ¤«ï ª®â®à®£® V ⊂ nU . �®¦¥áâ¢® U  §ë¢ îâ
¯®£«®é îé¨¬ (¢ X), ¥á«¨ U ¯®£«®é ¥â ª ¦¤ãî â®çªã ¢ X, â. ¥.
X = ∪n∈N nU .

3.4.10. �ãáâì T ⊂ X × Y | «¨¥©®¥ á®®â¢¥âáâ¢¨¥, ¯à¨ç¥¬
im T = Y . �á«¨ U ¯®£«®é îé¥¥ (¢ X), â® T (U) ¯®£«®é îé¥¥ (¢ Y ).

C Y = T (X) = T (∪n∈N nU) = ∪n∈NT (nU) = ∪n∈N nT (U) B
3.4.11. �¯à¥¤¥«¥¨¥. �ãáâì U | ¯®¤¬®¦¥áâ¢® ¢¥ªâ®à®£®

¯à®áâà áâ¢  X. �®çª  x ¨§ U ¯à¨ ¤«¥¦¨â ï¤àã core U ¬®¦¥-
áâ¢  U (¨«¨  «£¥¡à ¨ç¥áª¨ ¢ãâà¥ïï ¢ U), ¥á«¨ ¬®¦¥áâ¢® U − x
| ¯®£«®é îé¥¥ ¢ X.

3.4.12. �ãáâì f : X → R· | ¢ë¯ãª« ï äãªæ¨ï ¨ x ∈ core dom f .
�«ï ¢áïª®£® h ∈ X áãé¥áâ¢ã¥â

f ′(x)(h) := lim
α↓0

f(x + αh)− f(x)
α

= inf
α>0

f(x + αh)− f(x)
α

.

�à¨ íâ®¬ ®â®¡à ¦¥¨¥ f ′(x) : h 7→ f ′(x)h ï¢«ï¥âáï áã¡«¨¥©ë¬
äãªæ¨® «®¬ f ′(x) : X → R.

C �ãáâì ϕ(α) := f(x+αh). � á¨«ã 3.4.8 (4) ®â®¡à ¦¥¨¥ ϕ : R→
R· | íâ® ¢ë¯ãª« ï äãªæ¨ï. �à¨ íâ®¬ 0 ∈ core dom ϕ. �â®¡à ¦¥¨¥
α 7→ (ϕ(α) − ϕ(0))/α (α > 0) ¢®§à áâ ¥â ¨ ®£à ¨ç¥® á¨§ã, â. ¥.
¨¬¥¥âáï ϕ′(0)(1). �® ®¯à¥¤¥«¥¨î f ′(x)(h) = ϕ′(0)(1).
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�«ï β > 0 ¨ h ∈ H ¯®á«¥¤®¢ â¥«ì® ¯®«ãç ¥¬

f ′(x)(βh) = inf f(x + αβh)− f(x)
α

=

= β inf f(x + αβh)− f(x)
αβ

= βf ′(x)(h).

�à®¬¥ â®£®, ¤«ï h1, h2 ∈ X ¢ á¨«ã ã¦¥ ãáâ ®¢«¥®£®

f ′(x)(h1 + h2) = 2 lim
α↓0

f
(
x + 1

2α(h1 + h2)
)− f(x)

α
=

= 2 lim
α↓0

f
( 1

2 (x + αh1) + 1
2 (x + αh2)

)− f(x)
α

≤

≤ lim
α↓0

f(x + αh1)− f(x)
α

+ lim
α↓0

f(x + αh2)− f(x)
α

=

= f ′(x)(h1) + f ′(x)(h2).

�áë«ª    3.4.7 § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®. B

3.5. �¥®à¥¬  �   | �  å 
3.5.1. �¯à¥¤¥«¥¨¥. �ãáâì X | ¢¥é¥áâ¢¥®¥ ¢¥ªâ®à®¥ ¯à®-

áâà áâ¢®, f : X → R· | ¢ë¯ãª« ï äãªæ¨ï ¨ x ∈ dom f . �®¦¥-
áâ¢®

∂x(f) := {l ∈ X# : (∀ y ∈ X) l(y)− l(x) ≤ f(y)− f(x)}

 §ë¢ îâ áã¡¤¨ää¥à¥æ¨ «®¬ äãªæ¨¨ f ¢ â®çª¥ x.

3.5.2. �à¨¬¥àë.
(1) �ãáâì p : X → R· | áã¡«¨¥©ë© äãªæ¨® «. �®-

«®¦¨¬ ∂(p) := ∂0(p). �®£¤ 

∂(p) = {l ∈ X# : (∀x ∈ X) l(x) ≤ p(x)};

∂x(p) = {l ∈ ∂(p) : l(x) = p(x)}.
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(2) �ãáâì l ∈ X#. �®£¤  ∂(l) = ∂x(l) = {l}.
(3) �ãáâì X0 | ¯®¤¯à®áâà áâ¢® X. �®£¤ 

∂(δ(X0)) = {l ∈ X# : ker l ⊃ X0}.

(4) �ãáâì f : X → R· | ¢ë¯ãª« ï äãªæ¨ï ¨ ¯à¨ íâ®¬
¢ë¯®«¥® x ∈ core dom f . �®£¤ 

∂x(f) = ∂(f ′(x)). CB

3.5.3. �¥®à¥¬  �   | �  å . �ãáâì T ∈ L (X, Y ) |
«¨¥©ë© ®¯¥à â®à, f : Y → R· | ¢ë¯ãª« ï äãªæ¨ï,   â®çª  x ∈ X
â ª®¢ , çâ® Tx ∈ core dom f . �®£¤ 

∂x(f ◦ T ) = ∂Tx(f) ◦ T.

C �  ®á®¢ ¨¨ 3.4.10 § ª«îç ¥¬, çâ® x ∈ core dom f . �à¨¬¥ïï
3.5.2 (4), ¨¬¥¥¬ ∂x(f ◦ T ) = ∂((f ◦ T )′(x)). �®¬¨¬® íâ®£®, ¤«ï h ∈ X
¢ë¯®«¥®

(f ◦ T )′(x)(h) = lim
α↓0

(f ◦ T )(x + αh)− (f ◦ T )(x)
α

=

= lim
α↓0

f(Tx + αTh)− f(Tx)
α

= f ′(Tx)(Th).

�®«®¦¨¬ p := f ′(Tx). �®¢ì  ¯¥««¨àãï ª 3.5.2 (4) ¨ ãç¨âë¢ ï, çâ®,
¢ á¨«ã 3.4.12, p | íâ® áã¡«¨¥©ë© äãªæ¨® «, ¢ë¢®¤¨¬:

∂(p) = ∂(f ′(Tx)) = ∂Tx(f);

∂(p ◦ T ) = ∂((f ◦ T )′(x)) = ∂x(f ◦ T ).

� ª¨¬ ®¡à §®¬, ®áâ «®áì ¤®ª § âì à ¢¥áâ¢®

∂(p ◦ T ) = ∂(p) ◦ T.

�á«¨ l ∈ ∂(p) ◦ T , â. ¥. l = l1 ◦ T , £¤¥ l1 ∈ ∂(p), â® l1(y) ≤ p(y)
¤«ï «î¡®£® y ∈ Y . � ç áâ®áâ¨, l(x) ∈ l1(Tx) ≤ p(Tx) = p ◦T (x) ¯à¨
¢á¥å x ∈ X, â. ¥. l ∈ ∂(p ◦ T ). �â ª, ∂(p) ◦ T ⊂ ∂(p ◦ T ).
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�ãáâì â¥¯¥àì l ∈ ∂(p ◦ T ). �á«¨ Tx = 0, â® l(x) ≤ p(Tx) =
p(0) = 0, â. ¥. l(x) ≤ 0. �® ¦¥ ¢¥à® ¤«ï í«¥¬¥â  −x. �ª®ç â¥«ì®
l(x) = 0. �àã£¨¬¨ á«®¢ ¬¨, ker l ⊃ ker T . � ç¨â, ¯® â¥®à¥¬¥ 2.3.8,
l = l1 ◦ T ¤«ï ¥ª®â®à®£® l1 ∈ Y #. �®« £ ï Y0 := T (X) ¨ ®¡®§ ç ï
á¨¬¢®«®¬ ι ¢«®¦¥¨¥ Y0 ¢ Y , ¢¨¤¨¬, çâ® äãªæ¨® « l1 ◦ ι ¢å®¤¨â ¢
∂(p◦ ι). �á«¨ ¬ë ¯®ª ¦¥¬, çâ® ∂(p◦ ι) ⊂ ∂(p)◦ ι, â® ¤«ï ¯®¤å®¤ïé¥£®
l2 ∈ ∂(p) ¡ã¤¥â l1◦ι = l2◦ι. �âáî¤  l = l1◦T = l1◦ι◦T = l2◦ι◦T = l2◦T ,
â. ¥. l ∈ ∂(p) ◦ T .

� ª¨¬ ®¡à §®¬, ¤«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë �  
| �  å  á«¥¤ã¥â ãáâ ®¢¨âì â®«ìª®, çâ® ∂(p ◦ ι) ⊂ ∂(p) ◦ ι.

�®§ì¬¥¬ í«¥¬¥â l0 ¨§ ∂(p ◦ ι) ¨ ¢ ¯®¤¯à®áâà áâ¢¥ Y0 := Y0 ×R
¯à®áâà áâ¢  Y := Y × R à áá¬®âà¨¬ äãªæ¨® « T0 : (y0, t) 7→
t − l0(y0). �¯®àï¤®ç¨¬ Y á ¯®¬®éìî ª®ãá  Y+ := epi p. � ¬¥â¨¬,
¢®-¯¥à¢ëå, çâ® ¯®¤¯à®áâà áâ¢® Y0 ï¢«ï¥âáï ¬ áá¨¢ë¬ ¢ á¨«ã â®¦-
¤¥áâ¢ 

(y, t) = (0, t− p(y)) + (y, p(y)) (y ∈ Y, t ∈ R).

�®-¢â®àëå, ¯à¨ (y0, t) ∈ Y0 ∩ Y+,   ®á®¢ ¨¨ 3.4.2, t ≥ p(y0)
¨, áâ «® ¡ëâì, T0(y0, t) = t − l0(y0) ≥ 0, â. ¥. T0 | ¯®«®¦¨â¥«ì-
ë© äãªæ¨® «   Y0. �® â¥®à¥¬¥ 3.3.4  ©¤¥âáï ¯®«®¦¨â¥«ìë©
äãªæ¨® « T   Y, ¯à®¤®«¦ îé¨© T0. �®«®¦¨¬ l(y) := T (−y, 0)
¤«ï y ∈ Y . �á®, çâ® l ◦ ι = l0. �®¬¨¬® íâ®£®, T (0, t) = T0(0, t) = t.
�«¥¤®¢ â¥«ì®, 0 ≤ T (y, p(y)) = p(y)− l(y), â. ¥. l ∈ ∂(p). B

3.5.4. � ¬¥ç ¨¥. �â¢¥à¦¤¥¨¥ â¥®à¥¬ë 3.5.3 ¨¬¥ãîâ â ª-
¦¥ ä®à¬ã«®© «¨¥©®© § ¬¥ë ¯¥à¥¬¥®© ¯®¤ § ª®¬ áã¡¤¨ää¥-
à¥æ¨ « , ¯®¤à §ã¬¥¢ ï ¡à®á îéãîáï ¢ £« §  á¢ï§ì á® áâ ¤ àâë¬
æ¥¯ë¬ ¯à ¢¨«®¬ ¤¨ää¥à¥æ¨ «ì®£® ¨áç¨á«¥¨ï. �â¬¥â¨¬ §¤¥áì
¦¥, çâ® ¢ª«îç¥¨¥ ∂(p ◦ ι) ⊂ ∂(p) ◦ ι ç áâ®  §ë¢ îâ ýâ¥®à¥¬®©
�   | �  å  ¢   «¨â¨ç¥áª®© ä®à¬¥þ ¨ ¢ëà ¦ îâ á«®¢ ¬¨: ý«¨-
¥©ë© äãªæ¨® «, § ¤ ë©   ¯®¤¯à®áâà áâ¢¥ ¢¥ªâ®à®£® ¯à®-
áâà áâ¢  ¨ ¬ ¦®à¨àã¥¬ë© â ¬ áã¡«¨¥©ë¬ äãªæ¨® «®¬, ¤®¯ãá-
ª ¥â ¯à®¤®«¦¥¨¥   ¢á¥ ¯à®áâà áâ¢® ¤® «¨¥©®£® äãªæ¨® « ,
¬ ¦®à¨àã¥¬®£® ¨áå®¤ë¬ áã¡«¨¥©ë¬ äãªæ¨® «®¬þ.

3.5.5. �«¥¤áâ¢¨¥. �ãáâì X | ¢¥ªâ®à®¥ ¯à®áâà áâ¢®, X0 |
¯®¤¯à®áâà áâ¢® ¢ X ¨ p : X → R | áã¡«¨¥©ë© äãªæ¨® «.
�¬¥¥â ¬¥áâ® (¥á¨¬¬¥âà¨ç ï) ä®à¬ã«  �   | �  å :

∂(p + δ(X0)) = ∂(p) + ∂(δ(X0)).
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C �ª«îç¥¨¥ ¯à ¢®© ç áâ¨ ¨áª®¬®© ä®à¬ã«ë ¢ ¥¥ «¥¢ãî ç áâì
®ç¥¢¨¤®. �«ï ¤®ª § â¥«ìáâ¢  ¯à®â¨¢®¯®«®¦®£® ¢ª«îç¥¨ï ¢®§ì-
¬¥¬ l ∈ ∂(p + δ(X0)). �®£¤  l ◦ ι ∈ ∂(p ◦ ι), £¤¥ ι | ¢«®¦¥¨¥ X0
¢ X. �® 3.5.3, l ◦ ι ∈ ∂(p) ◦ ι, â. ¥. ¤«ï ¯®¤å®¤ïé¥£® l1 ∈ ∂(p) ¢ë¯®«-
¥® l ◦ ι = l1 ◦ ι. �®«®¦¨¬ l2 := l − l1. �§ ®¯à¥¤¥«¥¨ï ¯®«ãç ¥¬
l2 ◦ ι = (l − l1) ◦ ι = l ◦ ι − l1 ◦ ι = 0, â. ¥. ker l2 ⊃ X0. � ª ®â¬¥ç¥®
¢ 3.5.2 (3), íâ® ®§ ç ¥â, çâ® l2 ∈ ∂(δ(X0)). B

3.5.6. �«¥¤áâ¢¨¥. �ãáâì f : X → R· | ¥ª®â®à ï ¢ë¯ãª« ï
äãªæ¨ï ¨ x ∈ core dom f . �®£¤  ∂x(f) 6= ∅.

C �ãáâì p := f ′(x),   ι : 0 → X | ¢«®¦¥¨¥. �á®, çâ® 0 ∈
∂(p ◦ ι), â. ¥. ∂(p ◦ ι) 6= ∅. �® 3.5.3, ∂(p) 6= ∅ (¨ ç¥ ¡ë«® ¡ë
∅ = ∂(p) ◦ ι = ∂(p ◦ ι)). �áâ «®áì ¯à¨¢«¥çì 3.5.2 (4). B

3.5.7. �«¥¤áâ¢¨¥. �ãáâì f1, f2 : X → R· | ¢ë¯ãª«ë¥ äãªæ¨¨
¨ x ∈ core dom f1 ∩ core dom f2. �®£¤ 

∂x(f1 + f2) = ∂x(f1) + ∂x(f2).

C �ãáâì p1 := f ′1(x) ¨ p2 := f ′2(x). �«ï x1, x2 ∈ X ¯®«®¦¨¬
p(x1, x2) := p1(x1) + p2(x2) ¨ ι(x1) := (x1, x1). �á¯®«ì§ãï 3.5.2 (4)
¨ 3.5.3, ¯®á«¥¤®¢ â¥«ì® ¢ë¢®¤¨¬:

∂x(f1 + f2) = ∂(p1 + p2) = ∂(p ◦ ι) =

= ∂(p) ◦ ι = ∂(p1) + ∂(p2) = ∂x(f1) + ∂x(f2). B

3.5.8. � ¬¥ç ¨¥. �«¥¤áâ¢¨¥ 3.5.6 ¨®£¤   §ë¢ îâ â¥®à¥¬®©
® ¥¯ãáâ®â¥ áã¡¤¨ää¥à¥æ¨ « . � ®¤®© áâ®à®ë, ¥¥ ¬®¦® ãáâ ®-
¢¨âì ¥¯®áà¥¤áâ¢¥ë¬ ¯à¨¬¥¥¨¥¬ «¥¬¬ë �ãà â®¢áª®£® | �®à-
 . � ¤àã£®© áâ®à®ë, ¨¬¥ï á«¥¤áâ¢¨¥ 3.5.6, ¬®¦® ¤®ª § âì, çâ®
∂(p ◦ T ) = ∂(p) ◦ T , á«¥¤ãîé¨¬ ®¡à §®¬. �®«®¦¨¬

pT (y) := inf{p(y + Tx)− l(x) : x ∈ X},

£¤¥ l ∈ ∂(p) ¨ ¯à¨ïâë ®¡®§ ç¥¨ï ¨§ 3.5.3. �á®, çâ® äãªæ¨® «
pT áã¡«¨¥¥ ¨ «î¡®© í«¥¬¥â l1 ¨§ ∂(pT ) ã¤®¢«¥â¢®àï¥â á®®â®è¥-
¨î l = l1 ◦ T . �â ª, ¥¯ãáâ®â  áã¡¤¨ää¥à¥æ¨ «  ¨ â¥®à¥¬  �  
| �  å  ¢ áã¡¤¨ää¥à¥æ¨ «ì®© ä®à¬¥ ®¡à §ãîâ ã¤®¡ë© (¨ ¥
¯®à®çë©) ªàã£.
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3.6. �¥®à¥¬  �à¥©  | �¨«ì¬   ¤«ï
áã¡¤¨ää¥à¥æ¨ «®¢

3.6.1. �¯à¥¤¥«¥¨¥. �ãáâì X | ¢¥é¥áâ¢¥®¥ ¢¥ªâ®à®¥ ¯à®-
áâà áâ¢® ¨ seg ⊂ X2 ×X | á®®â¢¥âáâ¢¨¥, ¤¥©áâ¢ãîé¥¥ ¯® § ª®ã

seg(x1, x2) := {α1x1 + α2x2 : α1, α2 > 0, α1 + α2 = 1}.

�ãáâì, ¤ «¥¥, V | ¢ë¯ãª«®¥ ¬®¦¥áâ¢® ¢ X ¨ segV | áã¦¥¨¥ seg
  V 2. �ë¯ãª«®¥ ¬®¦¥áâ¢® U , «¥¦ é¥¥ ¢ V ,  §ë¢ îâ ªà ©¨¬
¢ V , ¥á«¨ seg−1

V (U) ⊂ U2. �à ©¨¥ ¬®¦¥áâ¢  ¨®£¤   §ë¢ îâ
£à ï¬¨. �®çªã x ¨§ V  §ë¢ îâ ªà ©¥© â®çª®© V , ¥á«¨ {x} |
ªà ©¥¥ ¯®¤¬®¦¥áâ¢® V . �®¦¥áâ¢® ªà ©¨å â®ç¥ª V ®¡®§ ç îâ
á¨¬¢®«®¬ ext(V ).

3.6.2. �®¦¥áâ¢® U ï¢«ï¥âáï ªà ©¨¬ ¢ V ¢ â®¬ ¨ â®«ìª® ¢ â®¬
á«ãç ¥, ¥á«¨ ¨§ ãá«®¢¨© v1, v2 ∈ V, α1, α2 > 0, α1 + α2 = 1 ¨
α1v1 + α2v2 ∈ V ¢ëâ¥ª ¥â, çâ® v1 ∈ U ¨ v2 ∈ U . CB

3.6.3. �à¨¬¥àë.
(1) �ãáâì p : X → R· | áã¡«¨¥©ë© äãªæ¨® « ¨ â®ç-

ª  x ¨§ X ¢å®¤¨â ¢ dom p. �®£¤  ∂x(p) | ªà ©¥¥ ¯®¤¬®¦¥áâ¢®
∂(p).

C �¥©áâ¢¨â¥«ì®, ¥á«¨ ¤«ï α1, α2 > 0 ¨ α1+α2 = 1 ¨§¢¥áâ®, çâ®
α1l1 + α2l2 ∈ ∂x(p) ¨ l1, l2 ∈ ∂(p), â® 0 = p(x)− (α1l1(x) + α2l2(x)) =
α1(p(x)− l1(x)) + α2(p(x)− l2(x)) ≥ 0. �®¬¨¬® íâ®£®, p(x)− l1(x) ≥ 0
¨ p(x)− l2(x) ≥ 0. �«¥¤®¢ â¥«ì®, l1 ∈ ∂x(p) ¨ l2 ∈ ∂x(p). B

(2) �ãáâì U | ªà ©¥¥ ¬®¦¥áâ¢® ¢ V ¨, ¢ á¢®î ®ç¥-
à¥¤ì, V | ªà ©¥¥ ¬®¦¥áâ¢® ¢ W . �®£¤  U | ªà ©¥¥ ¬®¦¥áâ¢®
¢ W . CB

(3) �ãáâì X | ã¯®àï¤®ç¥®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢®.
�«¥¬¥â x ∈ X+ ï¢«ï¥âáï ¤¨áªà¥âë¬ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥,
¥á«¨ «ãç {αx : α ∈ R+} ¯à¥¤áâ ¢«ï¥â á®¡®© ªà ©¥¥ ¬®¦¥áâ¢®
¢ ª®ãá¥ X+.

C ⇐: �ãáâì 0 ≤ y ≤ x. �®£¤  x = 1/2 (2y) + 1/2 (2(x − y)).
� á¨«ã 3.6.2, 2y = αx ¨ 2(x − y) = βx ¤«ï ¥ª®â®àëå α, β ∈ R+.
�â ª, 2x = (α + β)x. �á«¨ x = 0, â® ¤®ª §ë¢ âì ¥ç¥£®. �á«¨ ¦¥
x 6= 0, â® α/2 ∈ [0, 1] ¨, áâ «® ¡ëâì, [0, x] ⊂ [0, 1]x. �¡à â®¥
¢ª«îç¥¨¥ ®ç¥¢¨¤®.
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⇒: �ãáâì [0, x] = [0, 1]x ¨ ¤«ï ç¨á¥« α ≥ 0; α1, α2 > 0, α1 +
α2 = 1 ¨ í«¥¬¥â®¢ y1, y2 ∈ X+ ¢ë¯®«¥® αx = α1y1 + α2y2. �á«¨
α = 0, â® α1y1 ∈ [0, x] ¨ α2y2 ∈ [0, x] ¨, áâ «® ¡ëâì, y1 ¨ y2 «¥¦ â
  à áá¬ âà¨¢ ¥¬®¬ «ãç¥. �á«¨ ¦¥ α > 0, â® (α1/α)y1 = tx ¯à¨
¯®¤å®¤ïé¥¬ t ∈ [0, 1]. � ª®¥æ, (α2/α)y2 = (1− t)x. B

(4) �ãáâì U | ¢ë¯ãª«®¥ ¬®¦¥áâ¢®. �ë¯ãª«®¥ ¯®¤¬®-
¦¥áâ¢® V ¬®¦¥áâ¢  U  §ë¢ îâ è ¯ª®© U , ¥á«¨ U \V | ¢ë¯ãª«®¥
¬®¦¥áâ¢®.

�®çª  x ¢ U ï¢«ï¥âáï ªà ©¥© ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨
{x} | è ¯ª  ¬®¦¥áâ¢  U. CB

3.6.4. �¥¬¬  ® ªà ©¥© â®çª¥ áã¡¤¨ää¥à¥æ¨ « . �ãáâì
p : X → R | áã¡«¨¥©ë© äãªæ¨® « ¨ l ∈ ∂(p). �ãáâì, ¤ «¥¥,
X := X × R, X+ := epi p ¨ Tl : (x, t) 7→ t − l(x) (x ∈ X, t ∈ R).
�®£¤  l | ªà ©ïï â®çª  ∂(p) ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ Tl

| ¤¨áªà¥âë© äãªæ¨® «.
C ⇒: �®§ì¬¥¬ äãªæ¨® « T ′ ∈ X # â ª®©, çâ® T ′ ∈ [0, Tl].

�®«®¦¨¬
t1 := T ′(0, 1), l1(x) := T ′(−x, 0);

t2 := (Tl − T ′)(0, 1), l2(x) := (Tl − T ′)(−x, 0).

�á®, çâ® t1 ≥ 0, t2 ≥ 0, t1+t2 = 1; l1 ∈ ∂(t1p), l2 ∈ ∂(t2p) ¨ l1+l2 = l.
�á«¨ t1 = 0, â® l1 = 0, â. ¥. T ′ = 0 ¨ T ′ ∈ [0, 1]Tl. �á«¨ ¦¥ t2 = 0,
â® t1 = 1, â. ¥. T ′ = Tl ¨ ¢®¢ì T ′ ∈ [0, 1]Tl. �ãáâì â¥¯¥àì t1, t2 > 0.
�®£¤  1/t1 l1 ∈ ∂(p) ¨ 1/t2 l2 ∈ ∂(p), ¯à¨ç¥¬ l = t1 (1/t1 l1)+t2 (1/t2 l2).
�®áª®«ìªã ¯® ãá«®¢¨î l ∈ ext(∂(p)), ¨§ 3.6.2 ¢ë¢®¤¨¬ l1 = t1l, â. ¥.
T ′ = t1Tl.

⇐: �ãáâì l = α1l1+α2l2, £¤¥ l1, l2 ∈ ∂(p) ¨ α1, α2 > 0, α1 + α2 = 1.
�ãªæ¨® «ë T ′ := α1Tl1 ¨ T ′′ := α2Tl2 ¯®«®¦¨â¥«ìë, ¯à¨ç¥¬
T ′ ∈ [0, Tl], ¨¡® T ′ + T ′′ = Tl. � ç¨â,  ©¤¥âáï β ∈ [0, 1], ¤«ï
ª®â®à®£® T ′ = βTl. � áá¬ âà¨¢ ï â®çªã (0, 1), ¯®«ãç ¥¬ α1 = β.
�«¥¤®¢ â¥«ì®, l1 = l. � «®£¨ç® l2 = l. B

3.6.5. �¥®à¥¬  �à¥©  | �¨«ì¬   ¤«ï áã¡¤¨ää¥à¥-
æ¨ «®¢. �ãáâì p : X → R | áã¡«¨¥©ë© äãªæ¨® «. �«ï ¢áï-
ª®£® x ∈ X  ©¤¥âáï ªà ©¨© äãªæ¨® « l ∈ ext(∂(p)) â ª®©, çâ®
l(x) = p(x).
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C �áâ ®¢¨¬ á ç «  â¥®à¥¬ã �à¥©  | �¨«ì¬   ý¢ ã§ª®¬
á¬ëá«¥þ, â. ¥. ¤®ª ¦¥¬, çâ® ¢ áã¡¤¨ää¥à¥æ¨ «¥ «î¡®£® áã¡«¨¥©-
®£® äãªæ¨® «  p ¥áâì ªà ©¨¥ â®çª¨: ext(∂(p)) 6= ∅.

�¢¥¤¥¬ ¢ ¯à®áâà áâ¢® X := X×R ª®ãá X+ := epi p ¨ ¢ë¤¥«¨¬
¯®¤¯à®áâà áâ¢® X0 := 0×R. � ¬¥â¨¬, çâ® X+∩X0 = 0×R+ = epi 0.
�à¨¬¥ïï 3.6.4 ¤«ï á«ãç ï X := 0, l := 0 ¨ p := 0, ¢¨¤¨¬, çâ® T0
| íâ® ¤¨áªà¥âë© äãªæ¨® «   X0. �®¤¯à®áâà áâ¢® X0 ¢ X
¬ áá¨¢®¥ (áà. ¤®ª § â¥«ìáâ¢® 3.5.3). �¯¥««¨àãï ª 3.3.8, ¯®¤ëé¥¬
¤¨áªà¥â®¥ ¯à®¤®«¦¥¨¥ T ∈ X # äãªæ¨® «  T0. �®ïâ®, çâ®
T = Tl, £¤¥ l(x) := T (−x, 0) ¯à¨ x ∈ X. �®¢ì ¯à¨¢«¥ª ï 3.6.4,
¯à¨å®¤¨¬ ª á®®â®è¥¨î l ∈ ext(∂(p)).

�áâ ®¢¨¬ â¥¯¥àì â¥®à¥¬ã ¢ ¯®«®¬ ®¡ê¥¬¥. �  ®á®¢ ¨¨ 3.4.12
¨ ã¦¥ ¤®ª § ®£® ¢ë¡¥à¥¬ í«¥¬¥â l ¨§ ext(∂x(p′(x))). �§ 3.5.2 (2)
¨ 3.5.2 (4) ¢ëâ¥ª ¥â: l ∈ ext(∂x(p)). �® 3.6.3 (1), ∂x(p) | ªà ©¥¥
¬®¦¥áâ¢® ¢ ∂(p). � ª¨¬ ®¡à §®¬, ¢ á¨«ã 3.6.3 (2) äãªæ¨® « l
ï¢«ï¥âáï ªà ©¥© â®çª®© áã¡¤¨ää¥à¥æ¨ «  ∂(p). B

3.6.6. �«¥¤áâ¢¨¥. �ãáâì p1, p2 : X → R | áã¡«¨¥©ë¥ äãª-
æ¨® «ë. �¥à ¢¥áâ¢® p1 ≥ p2 (¢ RX) á¯à ¢¥¤«¨¢® ¢ â®¬ ¨ â®«ìª®
¢ â®¬ á«ãç ¥, ¥á«¨ ∂(p1) ⊃ ext(∂(p2)).

C �¥áá¯®à®, çâ® p1 ≥ p2 ⇔ ∂(p1) ⊃ ∂(p2). �à®¬¥ â®£®, ¯® 3.6.5,
p2(x) = sup{l(x) : l ∈ ext(∂(p2))}. B

3.7. �¥®à¥¬  �   | �  å  ¤«ï ¯®«ã®à¬ë

3.7.1. �¯à¥¤¥«¥¨¥. �ãáâì (X, F, +, · ) | ¢¥ªâ®à®¥ ¯à®-
áâà áâ¢®  ¤ F. �¥ªâ®à®¥ ¯à®áâà áâ¢® (X, R, +, · |R×X)  §ë¢ -
îâ ¢¥é¥áâ¢¥®© ®á®¢®© ¯à®áâà áâ¢  (X, F, +, · ) ¨ ®¡®§ ç îâ
ª®à®âª® á¨¬¢®«®¬ XR.

3.7.2. �¯à¥¤¥«¥¨¥. �ãáâì X | ¢¥ªâ®à®¥ ¯à®áâà áâ¢® ¨ f ∈
X# | «¨¥©ë© äãªæ¨® «. �®«®¦¨¬ Re f : x 7→ Re f(x) (x ∈ X).
�®§¨ª îé¥¥ ®â®¡à ¦¥¨¥ Re : (X#)R → (XR)#  §ë¢ îâ ®¢¥é¥-
áâ¢«¥¨¥¬.

3.7.3. �¢¥é¥áâ¢«¥¨¥ Re | íâ® ¨§®¬®àä¨§¬ ¢¥é¥áâ¢¥ëå ¢¥ª-
â®àëå ¯à®áâà áâ¢ (X#)R ¨ (XR)#.

C �«¥¤ã¥â à §®¡à âì â®«ìª® á«ãç © F := C, ¨¡® ¯à¨ F := R
®¯¥à â®à Re | â®¦¤¥áâ¢¥®¥ ®â®¡à ¦¥¨¥.
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�¨¥©®áâì ®¯¥à â®à  Re ¥ ¢ë§ë¢ ¥â á®¬¥¨©. �¡¥¤¨¬áï
¢ â®¬, çâ® Re | ¬®®¬®àä¨§¬ ¨ í¯¨¬®àä¨§¬ ®¤®¢à¥¬¥® (áà.
2.3.2).

�á«¨ Re f = 0, â®

0 = Re f(ix) = Re(if(x)) =

= Re(i(Re f(x) + i Im f(x))) = − Im f(x).

�âáî¤  f = 0 ¨ Re | ¬®®¬®àä¨§¬.
�á«¨ â¥¯¥àì g ∈ (XR)#, â® ¯®«®¦¨¬ f(x) := g(x) − ig(ix). �ç¥-

¢¨¤®, çâ® f ∈ L (XR, CR) ¨ Re f(x) = g(x) ¯à¨ x ∈ X. �áâ «®áì
¯à®¢¥à¨âì, çâ® f(ix) = if(x), ¨¡® â®£¤  f ∈ X#. �àï¬®¥ ¢ëç¨á«¥¨¥
f(ix) = g(ix) + ig(x) = i(g(x)− ig(ix)) = if(x) ¯®§¢®«ï¥â § ª«îç¨âì,
çâ® Re | í¯¨¬®àä¨§¬. B

3.7.4. �¯à¥¤¥«¥¨¥. �¯¥à â®à Re−1 : (XR)# → (X#)R  §ë-
¢ îâ ª®¬¯«¥ªá¨ä¨ª â®à®¬.

3.7.5. � ¬¥ç ¨¥. � á¨«ã 3.7.3 ¤«ï ª®¬¯«¥ªá®£® ¯®«ï áª «ï-
à®¢

Re−1g : x 7→ g(x)− ig(ix) (g ∈ (XR)#, x ∈ X).

� á«ãç ¥ F := R ª®¬¯«¥ªá¨ä¨ª â®à Re−1 | â®¦¤¥áâ¢¥ë© ®¯¥à -
â®à.

3.7.6. �¯à¥¤¥«¥¨¥. �ãáâì (X, F, +, · ) | ¢¥ªâ®à®¥ ¯à®-
áâà áâ¢®  ¤ F. �ãªæ¨î p : X → R·  §ë¢ îâ ¯®«ã®à¬®©, ¥á«¨
dom p 6= ∅ ¨ ¤«ï x1, x2 ∈ X ¨ λ1, λ2 ∈ F ¢ë¯®«¥®

p(λ1x1 + λ2x2) ≤ |λ1|p(x1) + |λ2|p(x2).

3.7.7. � ¬¥ç ¨¥. � ¦¤ ï ¯®«ã®à¬  ï¢«ï¥âáï áã¡«¨¥©ë¬
äãªæ¨® «®¬ (  ¢¥é¥áâ¢¥®© ®á®¢¥ à áá¬ âà¨¢ ¥¬®£® ¯à®áâà -
áâ¢ ).

3.7.8. �¯à¥¤¥«¥¨¥. �ãáâì p : X → R· | ¯®«ã®à¬ . �®¦¥-
áâ¢®

|∂|(p) := {l ∈ X# : |l(x)| ≤ p(x) ¯à¨ ¢á¥å x ∈ X}
 §ë¢ îâ áã¡¤¨ää¥à¥æ¨ «®¬ ¯®«ã®à¬ë p.
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3.7.9. �¥¬¬  ® áã¡¤¨ää¥à¥æ¨ «¥ ¯®«ã®à¬ë. �«ï «î¡®©
¯®«ã®à¬ë p : X → R· áã¡¤¨ää¥à¥æ¨ «ë |∂|(p) ¨ ∂(p) á¢ï§ ë
á®®â®è¥¨ï¬¨

|∂|(p) = Re−1(∂(p)); Re (|∂|(p)) = ∂(p).
C �à¨ F := R ®ç¥¢¨¤® à ¢¥áâ¢® |∂|(p) = ∂(p). �áâ «®áì ¢á¯®-

¬¨âì, çâ® ¢ íâ®¬ á«ãç ¥ ®â®¡à ¦¥¨¥ Re | â®¦¤¥áâ¢¥®¥.
�ãáâì F := C. �á«¨ l ∈ |∂|(p), â® (Re l)(x) = Re l(x) ≤ |l(x)| ≤

p(x) ¤«ï ¢á¥å x ∈ X, â. ¥. Re (|∂|(p)) ⊂ ∂(p). �ãáâì â¥¯¥àì g ∈ ∂(p)
¨ f := Re−1g. �á«¨ f(x) = 0, â® |f(x)| ≤ p(x). �á«¨ ¦¥ f(x) 6= 0, â®
¯®«®¦¨¬ θ := |f(x)|/f(x). �®£¤  |f(x)| = θf(x) = f(θx) = Re f(θx) =
g(θx) ≤ p(θx) = |θ|p(x) = p(x), ¨¡® |θ| = 1. �â ª, f ∈ |∂|(p). B

3.7.10. �ãáâì X | ¢¥ªâ®à®¥ ¯à®áâà áâ¢®, p : X → R| ¯®«ã-
®à¬  ¨ X0 | ¯®¤¯à®áâà áâ¢® ¢ X. �¬¥¥â ¬¥áâ® (¥á¨¬¬¥âà¨ç ï)
ä®à¬ã«  �   | �  å  ¤«ï ¯®«ã®à¬ë

|∂|(p + δ(X0)) = |∂|(p) + |∂|(δ(X0)).
C � ¯®¬®éìî 3.7.9 ¨ 3.5.5, ¢ë¢®¤¨¬:

|∂|(p + δ(X0)) = Re−1(∂(p + δ(X0))) = Re−1(∂(p) + ∂(δ(X0))) =
= Re−1(∂(p)) + Re−1(∂(δ(X0))) = |∂|(p) + |∂|(δ(X0)). B

3.7.11. �ãáâì X, Y | ¢¥ªâ®àë¥ ¯à®áâà áâ¢ , T ∈ L (X, Y )
| «¨¥©ë© ®¯¥à â®à ¨ p : Y → R | ¯®«ã®à¬ . �®£¤  p ◦ T |
¯®«ã®à¬ , ¯à¨ç¥¬

|∂|(p ◦ T ) = |∂|(p) ◦ T.

C �à¨¢«¥ª ï 2.3.8 ¨ 3.7.10, ¯®á«¥¤®¢ â¥«ì® ¨¬¥¥¬
|∂|(p ◦ T ) = |∂|(p + δ(im T )) ◦ T = (|∂|(p) + |∂|(δ(im T ))) ◦ T =

= |∂|(p) ◦ T + |∂|(δ(im T )) ◦ T = |∂|(p) ◦ T. B
3.7.12. � ¬¥ç ¨¥. � á«ãç ¥ ®¯¥à â®à  ¢«®¦¥¨ï ¨ ª®¬¯«¥ªá-

®£® ¯®«ï áª «ïà®¢ 3.7.11  §ë¢ îâ â¥®à¥¬®© �ãå®¬«¨®¢  | �®-
¥¡«îáâ  | �®¡ç¨ª .

3.7.13. �¥®à¥¬  �   | �  å  ¤«ï ¯®«ã®à¬ë. �ãáâì
X | ¢¥ªâ®à®¥ ¯à®áâà áâ¢®, p : X → R | ¯®«ã®à¬  ¨ X0 |
¯®¤¯à®áâà áâ¢® ¢ X. �ãáâì, ¤ «¥¥, l0 | «¨¥©ë© äãªæ¨® «  
X0, ¤«ï ª®â®à®£® |l0(x0)| ≤ p(x0) ¯à¨ x0 ∈ X0. �®£¤  áãé¥áâ¢ã¥â
â ª®© «¨¥©ë© äãªæ¨® « l   X, çâ® |l(x)| ≤ p(x) ¤«ï ¢áïª®£®
x ∈ X ¨, ªà®¬¥ â®£®, l(x0) = l0(x0), ª ª â®«ìª® x0 ∈ X0. CB
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3.8. �ãªæ¨® « �¨ª®¢áª®£® ¨ ®â¤¥«¨¬®áâì
3.8.1. �¯à¥¤¥«¥¨¥. �ãáâì R | à áè¨à¥ ï ç¨á«®¢ ï ¯àï-

¬ ï (â. ¥. R· á ¯à¨á®¥¤¨¥ë¬  ¨¬¥ìè¨¬ í«¥¬¥â®¬ −∞). �á«¨
X | ¯à®¨§¢®«ì®¥ ¬®¦¥áâ¢® ¨ f : X → R | ¥ª®â®à®¥ ®â®¡à ¦¥-
¨¥, â® ¤«ï t ∈ R ¯®« £ îâ

{f ≤ t} := {x ∈ X : f(x) ≤ t};

{f = t} := f−1(t);

{f < t} := {f ≤ t} \ {f = t}.
�®¦¥áâ¢  {f ≤ t}, {f = t}, {f < t}  §ë¢ îâ «¥¡¥£®¢ë¬¨ ¬®¦¥-
áâ¢ ¬¨ f . �®¬¨¬® íâ®£®, ¬®¦¥áâ¢  {f = t}  §ë¢ îâ ¬®¦¥áâ¢ -
¬¨ ãà®¢ï.

3.8.2. �¥¬¬  ® § ¤ ¨¨ äãªæ¨¨ «¥¡¥£®¢ë¬¨ ¬®¦¥-
áâ¢ ¬¨. � ë T ⊂ R ¨ t 7→ Ut (t ∈ T ) | á¥¬¥©áâ¢® ¯®¤¬®¦¥áâ¢ X.
�ãé¥áâ¢ã¥â äãªæ¨ï f : X → R â ª ï, çâ®

{f < t} ⊂ Ut ⊂ {f ≤ t} (t ∈ T )

¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ®â®¡à ¦¥¨¥ t 7→ Ut ¢®§à áâ ¥â.
C ⇒: �ãáâì T á®¤¥à¦¨â ¥ ¬¥¥¥ ¤¢ãå í«¥¬¥â®¢ s ¨ t (¢ ¯à®-

â¨¢®¬ á«ãç ¥ ¥ç¥£® ¤®ª §ë¢ âì). �á«¨ s < t, â®

Us ⊂ {f ≤ s} ⊂ {f < t} ⊂ Ut.

⇐: �®«®¦¨¬ f(x) := inf{t ∈ T : x ∈ Ut}. �¥¬ á ¬ë¬ § ¤ ®
®â®¡à ¦¥¨¥ f : X → R. �á«¨ ¤«ï ¥ª®â®à®£® t ∈ T ¬®¦¥áâ¢®
{f < t} ¯ãáâ®, â® {f < t} ⊂ Ut. �á«¨ ¦¥ x ∈ {f < t}, â® f(x) < +∞,
  ¯®â®¬ã  ©¤¥âáï í«¥¬¥â s ∈ T , ã¤®¢«¥â¢®àïîé¨© á®®â®è¥¨ï¬
x ∈ Us ¨ s < t. �â ª, {f < t} ⊂ Us ⊂ Ut. �®¬¨¬® íâ®£®, ¥á«¨ x ∈ Ut,
â® ¯® ®¯à¥¤¥«¥¨î f ¡ã¤¥â f(x) ≤ t, â. ¥. ¢ë¯®«¥® Ut ⊂ {f ≤ t}. B

3.8.3. �¥¬¬  ® áà ¢¥¨¨ äãªæ¨©, § ¤ ëå «¥¡¥£®¢ë-
¬¨ ¬®¦¥áâ¢ ¬¨. �ãáâì äãªæ¨¨ f, g : X → R ®¯à¥¤¥«¥ë á¥¬¥©-
áâ¢ ¬¨ (Ut)t∈T ¨ (Vt)t∈T á®®â¢¥âáâ¢¥®:

{f < t} ⊂ Ut ⊂ {f ≤ t};
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{g < t} ⊂ Vt ⊂ {g ≤ t} (t ∈ T ).

�ãáâì, ¤ «¥¥, T ¯«®â® ¢ R (â. ¥. (∀ r, t ∈ R, r < t) (∃ s ∈ T ) (r <

s < t)). �¥à ¢¥áâ¢® f ≤ g (¢ RX , â. ¥. f(x) ≤ g(x) ¤«ï x ∈ X) ¨¬¥¥â
¬¥áâ® ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨

t1, t2 ∈ T, t1 < t2 ⇒ Vt1 ⊂ Ut2 .

C ⇒: �«¥¤ã¥â ¨§ ¢ª«îç¥¨©

Vt1 ⊂ {g ≤ t1} ⊂ {f ≤ t1} ⊂ {f < t2} ⊂ Ut2 .

⇐: �ãáâì g(x) 6= +∞ (¨ ç¥ § ¢¥¤®¬® f(x) ≤ g(x)). �«ï t ∈ R
â ª®£®, çâ® g(x) < t < +∞, ¢ë¡¥à¥¬ t1, t2 ∈ T ¨§ ãá«®¢¨© g(x) <
t1 < t2 < t. �¬¥¥¬

x ∈ {g < t1} ⊂ Vt1 ⊂ Ut2 ⊂ {f ≤ t2} ⊂ {f < t}.

�â ª, f(x) < t. �§-§  ¯à®¨§¢®«ì®áâ¨ t ¯®«ãç ¥¬: f(x) ≤ g(x). B

3.8.4. �«¥¤áâ¢¨¥. �ãáâì T ¯«®â® ¢ R ¨ á¥¬¥©áâ¢® t 7→ Ut

(t ∈ T ) ¢®§à áâ ¥â. �ãé¥áâ¢ã¥â, ¨ ¯à¨â®¬ ¥¤¨áâ¢¥ ï, äãªæ¨ï
f : X → R, ¤«ï ª®â®à®©

{f < t} ⊂ Ut ⊂ {f ≤ t} (t ∈ T ).

�«ï «¥¡¥£®¢ëå ¬®¦¥áâ¢ f ¢ë¯®«¥ë á®®â®è¥¨ï

{f < t} = ∪ {Us : s < t, s ∈ T};

{f ≤ t} = ∩{Ur : t < r, r ∈ T} (t ∈ R).

C �ãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥®áâì f ®¡¥á¯¥ç¥ë 3.8.2 ¨ 3.8.3.
�á«¨ s < t, s ∈ T , â® Us ⊂ {f ≤ s} ⊂ {f < t}. �á«¨ ¦¥ f(x) < t, â®
¢ á¨«ã ¯«®â®áâ¨ T  ©¤¥âáï s ∈ T â ª, çâ® f(x) < s < t. � ç¨â,
f ∈ {f < s} ⊂ Us, çâ® ¤®ª §ë¢ ¥â ä®à¬ã«ã ¤«ï {f < t}. �ãáâì
â¥¯¥àì r > t, r ∈ T . �®£¤  {f ≤ t} ⊂ {f < r} ⊂ Ur. � á¢®î ®ç¥à¥¤ì,
¥á«¨ x ∈ Ur ¤«ï r ∈ T, r > t, â® ¡ã¤¥â ¢ë¯®«¥® f(x) ≤ r ¤«ï ¢á¥å
r > t, ®âªã¤  f(x) ≤ t. B
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3.8.5. �ãáâì X | ¢¥ªâ®à®¥ ¯à®áâà áâ¢® ¨ S | ¥ª®â®àë©
ª®¨ç¥áª¨© ®âà¥§®ª ¢ ¥¬. �«ï t ∈ R ¯®«®¦¨¬ Ut := ∅, ¥á«¨ t < 0, ¨
Ut := tS ¯à¨ t ≥ 0. �â®¡à ¦¥¨¥ t 7→ Ut (t ∈ R) ¢®§à áâ îé¥¥.

C �á«¨ 0 ≤ t1 < t2 ¨ x ∈ t1S, â® x ∈ (t1/t2) t2S. � ç¨â,
x ∈ t2S. B

3.8.6. �¯à¥¤¥«¥¨¥. �ãªæ¨® « pS : X → R â ª®©, çâ®

{pS < t} ⊂ tS ⊂ {pS ≤ t} (t ∈ R+)

¨ {p < 0} = ∅,  §ë¢ îâ äãªæ¨® «®¬ �¨ª®¢áª®£® ª®¨ç¥áª®£®
®âà¥§ª  S. (�ãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥®áâì íâ®£® äãªæ¨® « 
®¡¥á¯¥ç¨¢ îâ 3.8.2, 3.8.4 ¨ 3.8.5.) �ë¬¨ á«®¢ ¬¨,

pS(x) = inf{t > 0 : x ∈ tS} (x ∈ X).

3.8.7. �¥®à¥¬  ® äãªæ¨® «¥ �¨ª®¢áª®£®. �ãªæ¨® «
�¨ª®¢áª®£® ª®¨ç¥áª®£® ®âà¥§ª  áã¡«¨¥¥ ¨ ¯à¨¨¬ ¥â ¯®«®¦¨-
â¥«ìë¥ § ç¥¨ï. �á«¨, ¢ á¢®î ®ç¥à¥¤ì, p | ¥ª®â®àë© áã¡«¨-
¥©ë© äãªæ¨® « á ¯®«®¦¨â¥«ìë¬¨ § ç¥¨ï¬¨, â® ¬®¦¥áâ¢ 
{p < 1} ¨ {p ≤ 1} áãâì ª®¨ç¥áª¨¥ ®âà¥§ª¨. �à¨ íâ®¬ p ï¢«ï¥âáï
äãªæ¨® «®¬ �¨ª®¢áª®£® «î¡®£® ª®¨ç¥áª®£® ®âà¥§ª  S â ª®£®,
çâ® {p < 1} ⊂ S ⊂ {p ≤ 1}.

C �ãáâì S | ¥ª®â®àë© ª®¨ç¥áª¨© ®âà¥§®ª ¨ pS | ¥£® äãªæ¨-
® « �¨ª®¢áª®£®. �ãáâì x ∈ X. �¥à ¢¥áâ¢® pS(x) ≥ 0 ®ç¥¢¨¤®.
�®§ì¬¥¬ α > 0. �®£¤ 

pS(αx) = inf{t > 0 : αx ∈ tS} = inf
{

t > 0 : x ∈ t

α
S

}
=

= inf{αβ > 0 : x ∈ βS, β > 0} =
= α inf{β > 0 : x ∈ βS} = αpS(x).

�«ï ¯à®¢¥àª¨ áã¡ ¤¤¨â¨¢®áâ¨ pS ¢®§ì¬¥¬ x1, x2 ∈ X ¨, § ¬¥â¨¢,
çâ® ¤«ï t1, t2 > 0 ¢ë¯®«¥® t1S + t2S ⊂ (t1 + t2)S (¨¡® ¨¬¥¥â ¬¥áâ®
â®¦¤¥áâ¢®

t1x1 + t2x2 = (t1 + t2)
(

t1
t1 + t2

x1 + t2
t1 + t2

x2

))
,
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¯®á«¥¤®¢ â¥«ì® ¯®«ãç ¥¬

pS(x1 + x2) = inf{t > 0 : x1 + x2 ∈ tS} ≤
≤ inf{t : t = t1 + t2; t1, t2 > 0, x1 ∈ t1S, x2 ∈ t2S} =

= inf{t1 > 0 : x1 ∈ t1S}+ inf{t2 > 0 : x2 ∈ t2S} = pS(x1) + pS(x2).

�ãáâì â¥¯¥àì p : X → R· | ¯à®¨§¢®«ìë© áã¡«¨¥©ë© äãªæ¨® «
á ¯®«®¦¨â¥«ìë¬¨ § ç¥¨ï¬¨. �ãáâì {p < 1} ⊂ S ⊂ {p ≤ 1}.
�®«®¦¨¬ Vt := {p < t}, Ut := tS ¤«ï t ∈ R+ ¨ Vt := Ut := ∅ ¯à¨ t < 0.
�á®, çâ®

{pS < t} ⊂ Ut ⊂ {pS ≤ t}; {p < t} ⊂ Vt ⊂ {p ≤ t}

¤«ï t ∈ R. �á«¨ 0 ≤ t1 < t2, â® Vt1 = {p < t1} = t1{p < 1} ⊂ t1S =
Ut1 ⊂ Ut2 . �à®¬¥ â®£®, Ut1 ⊂ t1{p ≤ 1} ⊂ {p ≤ t1} ⊂ {p < t2} ⊂ Vt2 .
� ç¨â, ¢ á¨«ã 3.8.3 ¨ 3.8.4, p = pS . B

3.8.8. � ¬¥ç ¨¥. �®¨ç¥áª¨© ®âà¥§®ª S ¢ X ï¢«ï¥âáï ¯®£«®-
é îé¨¬ ¬®¦¥áâ¢®¬ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ dom pS = X.
�á«¨ ¦¥ ¨§¢¥áâ®, çâ® S  ¡á®«îâ® ¢ë¯ãª«®, â® pS | ¯®«ã®à¬ .
�à¨ íâ®¬ ¤«ï «î¡®© ¯®«ã®à¬ë p ¬®¦¥áâ¢  {p < 1} ¨ {p ≤ 1}
ï¢«ïîâáï  ¡á®«îâ® ¢ë¯ãª«ë¬¨. CB

3.8.9. �¯à¥¤¥«¥¨¥. �®¤¯à®áâà áâ¢® H ¤ ®£® ¢¥ªâ®à®£®
¯à®áâà áâ¢  X  §ë¢ îâ £¨¯¥à¯®¤¯à®áâà áâ¢®¬, ¥á«¨ X/H ¨§®-
¬®àä® ®á®¢®¬ã ¯®«î. �«¥¬¥âë X/H  §ë¢ îâ £¨¯¥à¯«®áª®-
áâï¬¨ ¢ X (¯ à ««¥«ìë¬¨ H). �®¤ £¨¯¥à¯«®áª®áâìî ¢ X ¯®¨-
¬ îâ  ää¨®¥ ¬®£®®¡à §¨¥, ¯ à ««¥«ì®¥ ª ª®¬ã-«¨¡® £¨¯¥à¯®¤-
¯à®áâà áâ¢ã X. �à¨ ¥®¡å®¤¨¬®áâ¨ £¨¯¥à¯«®áª®áâ¨ ¢ ¢¥é¥áâ¢¥-
®© ®á®¢¥ XR ¯à®áâà áâ¢  X ¨¬¥ãîâ ¢¥é¥áâ¢¥ë¬¨ £¨¯¥à¯«®á-
ª®áâï¬¨ ¢ X.

3.8.10. �¨¯¥à¯«®áª®áâ¨ ¢ X áãâì ¢ â®ç®áâ¨ ¬®¦¥áâ¢  ãà®¢ï
¥ã«¥¢ëå í«¥¬¥â®¢ ¨§ X#. CB

3.8.11. �¥®à¥¬  ®â¤¥«¨¬®áâ¨. �ãáâì X | ¢¥ªâ®à®¥ ¯à®-
áâà áâ¢®, U | ¥¯ãáâ®¥ ¢ë¯ãª«®¥ ¬®¦¥áâ¢® ¢ X ¨ L |  ää¨®¥
¬®£®®¡à §¨¥ ¢ X. �á«¨ L ∩ U = ∅, â®  ©¤¥âáï £¨¯¥à¯«®áª®áâì H
¢ X â ª ï, çâ® H ⊃ L ¨ H ∩ core U = ∅.
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C �¥  àãè ï ®¡é®áâ¨, ¬®¦® áç¨â âì, çâ® core U 6= ∅ (¨ ç¥
¥ç¥£® ¤®ª §ë¢ âì) ¨, ¡®«¥¥ â®£®, çâ® 0 ∈ core U . �®§ì¬¥¬ â®çªã
x ∈ L ¨ ¯®«®¦¨¬ X0 := L − x. � áá¬®âà¨¬ ¢¥ªâ®à-¯à®áâà áâ¢®
X/X0 ¨ á®®â¢¥âáâ¢ãîé¥¥ ª ®¨ç¥áª®¥ ®â®¡à ¦¥¨¥ ϕ : X → X/X0.
�à¨¢«¥ª ï 3.1.8 ¨ 3.4.10, ¢¨¤¨¬, çâ® ϕ(U) ï¢«ï¥âáï ¯®£«®é îé¨¬
ª®¨ç¥áª¨¬ ®âà¥§ª®¬. � ç¨â, ¢ á¨«ã 3.8.7 ¨ 3.8.8 äãªæ¨® « �¨-
ª®¢áª®£® p := pϕ(U) â ª®¢, çâ® dom p = X/X0 ¨, ªà®¬¥ â®£®,

ϕ(core U) ⊂ core ϕ(U) ⊂ {p < 1} ⊂ ϕ(U).

�âáî¤ , ¢ ç áâ®áâ¨, á«¥¤ã¥â, çâ® p(ϕ(x)) ≥ 1 «¨¡® ϕ(x) 6∈ ϕ(U).
�  ®á®¢ ¨¨ 3.5.6 ¨¬¥¥âáï äãªæ¨® « f ¨§ áã¡¤¨ää¥à¥æ¨ « 

∂x(p ◦ ϕ). �ç¨âë¢ ï â¥®à¥¬ã �   | �  å  3.5.3, ¢ë¢®¤¨¬

f ∈ ∂x(p ◦ ϕ) = ∂ϕ(x)(p) ◦ ϕ.

�®«®¦¨¬ H := {f = p ◦ ϕ(x)}. �á®, çâ® H | íâ® ¢¥é¥áâ¢¥ ï
£¨¯¥à¯«®áª®áâì ¢ X. �®, çâ® H ⊃ L, ¥á®¬¥®. �áâ «®áì á®á« âìáï
  3.5.2 (1), çâ®¡ë § ª«îç¨âì: H ∩ core U = ∅. �ãáâì â¥¯¥àì f :=
Re−1f ¨ H := {f = f(x)}. �¥â á®¬¥¨©, çâ® L ⊂ H ⊂ H. � ª¨¬
®¡à §®¬, £¨¯¥à¯«®áª®áâì H | ¨áª®¬ ï. B

3.8.12. � ¬¥ç ¨¥. � ãá«®¢¨ïå â¥®à¥¬ë ®â¤¥«¨¬®áâ¨ 3.8.11
¬®¦® áç¨â âì, çâ® core U ∩ L = ∅. �â¬¥â¨¬ §¤¥áì ¦¥, çâ® â¥®à¥¬ã
3.8.11 ç áâ®  §ë¢ îâ â¥®à¥¬®© �   | �  å  ¢ £¥®¬¥âà¨ç¥áª®©
ä®à¬¥ ¨«¨ ¦¥ â¥®à¥¬®© �¨ª®¢áª®£® | �áª®«¨ | � §ãà .

3.8.13. �¯à¥¤¥«¥¨¥. �ãáâì U , V | ¬®¦¥áâ¢  ¢ X ¨ H |
¢¥é¥áâ¢¥ ï £¨¯¥à¯«®áª®áâì ¢ X. �®¢®àïâ, çâ® H à §¤¥«ï¥â U ¨
V , ¥á«¨ íâ¨ ¬®¦¥áâ¢  «¥¦ â ¢ à §ëå ¯®«ã¯à®áâà áâ¢ å, ®¯à¥¤¥-
«ï¥¬ëå H, â. ¥. ¥á«¨ áãé¥áâ¢ã¥â ¯à¥¤áâ ¢«¥¨¥ H = {f ≤ t}, £¤¥
f ∈ (XR)# ¨ t ∈ R, ¤«ï ª®â®à®£® V ⊂ {f ≤ t} ¨ U ⊂ {f ≥ t} := {−f ≤
−t}.

3.8.14. �¥®à¥¬  ®â¤¥«¨¬®áâ¨ �©¤¥«ì£ ©â . �ãáâì U ¨ V
| ¥¯ãáâë¥ ¢ë¯ãª«ë¥ ¬®¦¥áâ¢ , ¯à¨ç¥¬ ï¤à® V ¥ ¯ãáâ® ¨ ¥ ¯¥-
à¥á¥ª ¥âáï á U . �®£¤   ©¤¥âáï ¢¥é¥áâ¢¥ ï £¨¯¥à¯«®áª®áâì, à §-
¤¥«ïîé ï U ¨ V ¨ ¥ á®¤¥à¦ é ï â®ç¥ª ï¤à  V . CB
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�¯à ¦¥¨ï
3.1. �áâ ®¢¨âì, çâ® £¨¯¥à¯«®áª®áâï¬¨ á«ã¦ â ¢ â®ç®áâ¨ ¬ ªá¨¬ «ìë¥

¯® ¢ª«îç¥¨î  ää¨ë¥ ¬®¦¥áâ¢ , ¥ á®¢¯ ¤ îé¨¥ á® ¢á¥¬ ¯à®áâà áâ¢®¬.
3.2. �®ª § âì, çâ® ª ¦¤®¥  ää¨®¥ ¬®¦¥áâ¢® ¯à¥¤áâ ¢«ï¥â á®¡®© ¯¥à¥-

á¥ç¥¨¥ £¨¯¥à¯«®áª®áâ¥©.
3.3. �®ª § âì, çâ® ¢ ¢¥é¥áâ¢¥®¬ ¢¥ªâ®à®¬ ¯à®áâà áâ¢¥ ¤®¯®«¥¨¥ £¨-

¯¥à¯«®áª®áâ¨ á®áâ®¨â ¨§ ¤¢ãå ¢ë¯ãª«ëå ¬®¦¥áâ¢, ª ¦¤®¥ ¨§ ª®â®àëå á®¢¯ ¤ -
¥â á® á¢®¨¬ ï¤à®¬. � ª¨¥ ¬®¦¥áâ¢  ¨¬¥ãîâ ®âªàëâë¬¨ ¯®«ã¯à®áâà áâ¢ ¬¨.
�¡ê¥¤¨¥¨¥ ®âªàëâ®£® ¯®«ã¯à®áâà áâ¢  á ¨áå®¤®© £¨¯¥à¯«®áª®áâìî  §ë¢ -
îâ § ¬ªãâë¬ ¯®«ã¯à®áâà áâ¢®¬. � ©â¨ á¯®á®¡ë § ¤ ¨ï ¯®«ã¯à®áâà áâ¢.

3.4. � ©â¨ ¢®§¬®¦ë¥ ¯à¥¤áâ ¢«¥¨ï í«¥¬¥â®¢ ¢ë¯ãª«®© ®¡®«®çª¨ ª®-
¥ç®£® ç¨á«  â®ç¥ª. � ª ãç¥áâì ª®¥ç®¬¥à®áâì ¯à®áâà áâ¢ , ¢ ª®â®à®¬ ¢¥-
¤¥âáï à áá¬®âà¥¨¥?

3.5. �«ï ¬®¦¥áâ¢ S1 ¨ S2 ¯®« £ îâ S =
⋃

0≤λ≤1 λS1∩(1−λ)S2. �®ª § âì,
çâ® S ¢ë¯ãª«® ¯à¨ ãá«®¢¨¨ ¢ë¯ãª«®áâ¨ S1 ¨ S2.

3.6. �ëç¨á«¨âì äãªæ¨® «ë �¨ª®¢áª®£® ¯®«ã¯à®áâà áâ¢ , ª®ãá , ¢ë-
¯ãª«®© ®¡®«®çª¨ ®¡ê¥¤¨¥¨ï ¨ ¯¥à¥á¥ç¥¨ï ª®¨ç¥áª¨å ®âà¥§ª®¢.

3.7. �ãáâì S := {p + q ≤ 1}, £¤¥ p, q | äãªæ¨® «ë �¨ª®¢áª®£® ª®¨ç¥-
áª¨å ®âà¥§ª®¢ Sp ¨ Sq . �ëà §¨âì S ç¥à¥§ Sp ¨ Sq .

3.8. �¯¨á âì áã¡«¨¥©ë¥ äãªæ¨® «ë, ®¯à¥¤¥«¥ë¥   RN .
3.9. �ëç¨á«¨âì áã¡¤¨ää¥à¥æ¨ « ¬ ªá¨¬ã¬  ª®¥ç®£® ç¨á«  «¨¥©ëå

äãªæ¨® «®¢.
3.10. �ãáâì p, q | áã¡«¨¥©ë¥ äãªæ¨® «ë,  å®¤ïé¨¥áï ¢ ®¡é¥¬ ¯®-

«®¦¥¨¨, â. ¥. â ª¨¥, çâ®

dom p− dom q = dom q − dom p.

�®ª § âì á¨¬¬¥âà¨çãî ä®à¬ã«ã �   | �  å  (áà. 3.5.7)

∂(p + q) = ∂p + ∂q.

3.11. �ãáâì p, q : X → R | ¢áî¤ã ®¯à¥¤¥«¥ë¥   X áã¡«¨¥©ë¥ äãª-
æ¨® «ë. �®£¤  ¢ë¯®«¥® à ¢¥áâ¢®

∂(p ∨ q) = co(∂p ∪ ∂q).

3.12. � ©â¨ äãªæ¨® « �¨ª®¢áª®£® è à  á ¥®¡ï§ â¥«ì® ã«¥¢ë¬ æ¥-
âà®¬ á¨¬¬¥âà¨¨ ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥.

3.13. �¨¬¬¥âà¨çãî ª¢ ¤à âãî 2 × 2-¬ âà¨æã  §®¢¥¬ ¯®«®¦¨â¥«ì®©,
¥á«¨ ã ¥¥ ¯®«®¦¨â¥«ìë¥ á®¡áâ¢¥ë¥ ç¨á« . �®£« á®¢  «¨ ¢®§¨ª îé¨© ¯®-
àï¤®ª ¢ ¯à®áâà áâ¢¥ â ª¨å ¬ âà¨æ á ¢¥ªâ®à®© áâàãªâãà®©? �¯à¥¤¥«ï¥â «¨ ®
áâàãªâãàã ¯à®áâà áâ¢  � â®à®¢¨ç ?
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3.14. �  ª ¦¤®¬ «¨ ã¯®àï¤®ç¥®¬ ¢¥ªâ®à®¬ ¯à®áâà áâ¢¥ ¬®¦® § ¤ âì
¥âà¨¢¨ «ìë© ¯®«®¦¨â¥«ìë© äãªæ¨® «?

3.15. � ª¨¬¨ á¯®á®¡ ¬¨ RN ¬®¦® ¯à¥¢à â¨âì ¢ K-¯à®áâà áâ¢®?

3.16. �à¨ ª ª¨å ãá«®¢¨ïå § ª«îç¥¨¥ â¥®à¥¬ë �   | �  å  ¢   «¨â¨-
ç¥áª®© ä®à¬¥ ¢ë¯®«¥® ¤«ï ¥ ¢áî¤ã ®¯à¥¤¥«¥®£® áã¡«¨¥©®£® äãªæ¨® -
« ?

3.17. �«ï áâ ¤ àâ®© ®à¬ë ¢ l∞  ©â¨ ªà ©¨¥ â®çª¨ ¥¥ áã¡¤¨ää¥à¥-
æ¨ « .

3.18. � ©â¨ ¢®§¬®¦ë¥ ®¡®¡é¥¨ï â¥®à¥¬ë �   | �  å  ¤«ï ®â®¡à -
¦¥¨©, ¤¥©áâ¢ãîé¨å ¢ ¯à®áâà áâ¢  � â®à®¢¨ç .

3.19. �«ï ¬®¦¥áâ¢  C ¢ ¯à®áâà áâ¢¥ X ®¯à¥¤¥«¨âì ¯à¥®¡à §®¢ ¨¥ ��¥à-
¬ ¤¥à  H(C) á®®â®è¥¨¥¬

H(C) = {(x, t) ∈ X × R : x ∈ tC}.

�§ãç¨âì á¢®©áâ¢  ¯à¥®¡à §®¢ ¨ï ��¥à¬ ¤¥à .



�« ¢  4
�ªáªãàá ¢ ¬¥âà¨ç¥áª¨¥
¯à®áâà áâ¢ 

4.1. � ¢®¬¥à®áâì ¨ â®¯®«®£¨ï ¬¥âà¨ç¥áª®£®
¯à®áâà áâ¢ 

4.1.1. �¯à¥¤¥«¥¨¥. �â®¡à ¦¥¨¥ d : X2 → R+  §ë¢ îâ
¬¥âà¨ª®©   X, ¥á«¨

(1) d(x, y) = 0 ⇔ x = y;
(2) d(x, y) = d(y, x) (x, y ∈ X);
(3) d(x, y) ≤ d(x, z) + d(z, y) (x, y, z ∈ X).

� àã (X, d)  §ë¢ îâ ¬¥âà¨ç¥áª¨¬ ¯à®áâà áâ¢®¬. �¥é¥-
áâ¢¥®¥ ç¨á«® d(x, y) ®¡ëç® ¨¬¥ãîâ à ááâ®ï¨¥¬ ¬¥¦¤ã x ¨ y.
�®¯ãáª ï ¢®«ì®áâì à¥ç¨, á ¬® ¬®¦¥áâ¢® X ¢ íâ®© á¨âã æ¨¨ â ª¦¥
 §ë¢ îâ ¬¥âà¨ç¥áª¨¬ ¯à®áâà áâ¢®¬.

4.1.2. �â®¡à ¦¥¨¥ d : X2 → R+ ï¢«ï¥âáï ¬¥âà¨ª®© ¢ â®¬ ¨
â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨

(1) {d ≤ 0} = IX ;
(2) {d ≤ t} = {d ≤ t}−1 (t ∈ R+);
(3) {d ≤ t1} ◦ {d ≤ t2} ⊂ {d ≤ t1 + t2} (t1, t2 ∈ R+).

C �¢®©áâ¢  4.1.2 (1){4.1.2 (3) áãâì ¯¥à¥ä®à¬ã«¨à®¢ª¨ 4.1.1 (1){
4.1.1 (3) á®®â¢¥âáâ¢¥®. B

4.1.3. �¯à¥¤¥«¥¨¥. �ãáâì (X, d) | ¬¥âà¨ç¥áª®¥ ¯à®áâà -
áâ¢® ¨ ε ∈ R+ \0. �®¦¥áâ¢® Bε := Bd,ε := {d ≤ ε}  §ë¢ îâ § ¬ªã-
âë¬ æ¨«¨¤à®¬ (¯®àï¤ª  ε),   ¬®¦¥áâ¢®

◦
Bε :=

◦
Bd,ε := {d < ε} |
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®âªàëâë¬ æ¨«¨¤à®¬ (¯®àï¤ª  ε). �¡à § Bε(x) â®çª¨ x ¯à¨ á®®â-
¢¥âáâ¢¨¨ Bε  §ë¢ îâ § ¬ªãâë¬ è à®¬ à ¤¨ãá  ε á æ¥âà®¬ ¢ x.
� «®£¨ç® ¬®¦¥áâ¢®

◦
Bε(x)  §ë¢ îâ ®âªàëâë¬ è à®¬ à ¤¨ãá 

ε á æ¥âà®¬ x.

4.1.4. �âªàëâë¥ æ¨«¨¤àë, à� ¢® ª ª ¨ § ¬ªãâë¥ æ¨«¨¤àë
¥¯ãáâ®£® ¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢ , á®áâ ¢«ïîâ ¡ §¨áë ®¤®£® ¨
â®£® ¦¥ ä¨«ìâà . CB

4.1.5. �¯à¥¤¥«¥¨¥. �¨«ìâà, ¯®à®¦¤¥ë© æ¨«¨¤à ¬¨ ¥¯ã-
áâ®£® ¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢  (X, d) ¢ ¬®¦¥áâ¢¥ X2,  §ë¢ îâ
¬¥âà¨ç¥áª®© à ¢®¬¥à®áâìî ¨ ®¡®§ ç îâ UX , ¨«¨ Ud, ¨«¨,  ª®-
¥æ, ¯à®áâ® U , ¥á«¨ ¥â á®¬¥¨©, ® ª ª®¬ ¯à®áâà áâ¢¥ ¨¤¥â à¥çì.
�à¨ X := ∅ ¯®« £ îâ UX := {∅}. �«¥¬¥âë à ¢®¬¥à®áâ¨ UX

 §ë¢ îâ ®ªàã¦¥¨ï¬¨ (¤¨ £® «¨).

4.1.6. �ãáâì U | ¬¥âà¨ç¥áª ï à ¢®¬¥à®áâì. �®£¤ 
(1) U ⊂ �l {IX};
(2) U ∈ U ⇒ U−1 ∈ U ;
(3) (∀U ∈ U ) (∃V ∈ U ) V ◦ V ⊂ U ;
(4) ∩{U : U ∈ U } = IX . CB

4.1.7. � ¬¥ç ¨¥. �¢®©áâ¢® 4.1.6 (4), á¢ï§ ®¥ á 4.1.1 (1), ç -
áâ®  §ë¢ îâ å ãá¤®àä®¢®áâìî U .

4.1.8. �«ï ¯à®áâà áâ¢  X á à ¢®¬¥à®áâìî UX ¯®«®¦¨¬

τ(x) := {U(x) : U ∈ U }.

�®£¤  τ(x) | ä¨«ìâà ¤«ï ª ¦¤®£® x ∈ X. �à¨ íâ®¬
(1) τ(x) ⊂ �l {x};
(2) (∀U ∈ τ(x)) (∃V ∈ τ(x) & V ⊂ U) (∀ y ∈ V ) U ∈

τ(y). CB

4.1.9. �¯à¥¤¥«¥¨¥. �â®¡à ¦¥¨¥ τ : x 7→ τ(x)  §ë¢ îâ
¬¥âà¨ç¥áª®© â®¯®«®£¨¥©,   í«¥¬¥âë τ(x) | ®ªà¥áâ®áâï¬¨ â®ç-
ª¨ x. �«ï ®¡®§ ç¥¨ï â®¯®«®£¨¨ ¨á¯®«ì§ãîâ â ª¦¥ ¨ ¡®«¥¥ ¯®«ë¥
®¡®§ ç¥¨ï: τX , τ(U ) ¨ â. ¯.
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4.1.10. � ¬¥ç ¨¥. � ¬ªãâë¥ è àë á æ¥âà®¬ ¢ ¥ª®â®à®©
â®çª¥ á®áâ ¢«ïîâ ¡ §¨á ä¨«ìâà  ®ªà¥áâ®áâ¥© íâ®© â®çª¨. �® ¦¥
¢¥à® ¨ ¤«ï ®âªàëâëå è à®¢. �â¬¥â¨¬ ¥é¥, çâ® ã à §«¨çëå â®-
ç¥ª ¢ X áãé¥áâ¢ãîâ ¥¯¥à¥á¥ª îé¨¥áï ®ªà¥áâ®áâ¨. �â® á¢®©áâ¢®,
á¢ï§ ®¥ á 4.1.6 (4),  §ë¢ îâ å ãá¤®àä®¢®áâìî τX .

4.1.11. �¯à¥¤¥«¥¨¥. �®¦¥áâ¢® G ¢ X  §ë¢ îâ ®âªàë-
âë¬, ¥á«¨ ®® ï¢«ï¥âáï ®ªà¥áâ®áâìî ª ¦¤®© á¢®¥© â®çª¨ (á¨¬¢®-
«¨ç¥áª¨: G ∈ Op(τ) ⇔ ((∀x ∈ G) G ∈ τ(x))). �®¦¥áâ¢® F ¢ X
 §ë¢ îâ § ¬ªãâë¬, ¥á«¨ ¥£® ¤®¯®«¥¨¥ ®âªàëâ® (á¨¬¢®«¨ç¥áª¨:
F ∈ Cl(τ) ⇔ (X \ F ∈ Op(τ))).

4.1.12. �¡ê¥¤¨¥¨¥ «î¡®£® á¥¬¥©áâ¢  ¨ ¯¥à¥á¥ç¥¨¥ ª®¥ç®£®
á¥¬¥©áâ¢  ®âªàëâëå ¬®¦¥áâ¢ áãâì ¬®¦¥áâ¢  ®âªàëâë¥. �¥à¥á¥ç¥-
¨¥ «î¡®£® á¥¬¥©áâ¢  ¨ ®¡ê¥¤¨¥¨¥ ª®¥ç®£® á¥¬¥©áâ¢  § ¬ªãâëå
¬®¦¥áâ¢ áãâì ¬®¦¥áâ¢  § ¬ªãâë¥. CB

4.1.13. �¯à¥¤¥«¥¨¥. �«ï ¬®¦¥áâ¢  U ¢ X ¯®« £ îâ

int U :=
◦
U := ∪{G ∈ Op(τX) : G ⊂ U};

cl U := U := ∩{F ∈ Cl(τX) : F ⊃ U}.
�®¦¥áâ¢® int U  §ë¢ îâ ¢ãâà¥®áâìî U ,   ¥£® í«¥¬¥âë |
¢ãâà¥¨¬¨ â®çª ¬¨ U . �®¦¥áâ¢® cl U  §ë¢ îâ § ¬ëª ¨¥¬
U ,   ¥£® í«¥¬¥âë | â®çª ¬¨ ¯à¨ª®á®¢¥¨ï U . �ãâà¥®áâì ¤®-
¯®«¥¨ï X \U  §ë¢ îâ ¢¥è®áâìî U ,   í«¥¬¥âë ¢¥è®áâ¨ |
¢¥è¨¬¨ â®çª ¬¨ U . �®çª¨ ¯à®áâà áâ¢  X, ¥ ï¢«ïîé¨¥áï ¨
¢¥è¨¬¨, ¨ ¢ãâà¥¨¬¨ ¤«ï U ,  §ë¢ îâ £à ¨çë¬¨ â®çª ¬¨
U . �®¢®ªã¯®áâì ¢á¥å £à ¨çëå â®ç¥ª U  §ë¢ îâ £à ¨æ¥© U ¨
®¡®§ ç îâ fr U ¨«¨ ∂U .

4.1.14. �®¦¥áâ¢® U ï¢«ï¥âáï ®ªà¥áâ®áâìî â®çª¨ x ¢ â®¬ ¨
â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ x | ¢ãâà¥ïï â®çª  U . CB

4.1.15. � ¬¥ç ¨¥. � á¢ï§¨ á ¯à¥¤«®¦¥¨¥¬ 4.1.14 ¬®¦¥áâ¢®
Op(τX) â ª¦¥ ç áâ®  §ë¢ îâ â®¯®«®£¨¥© X, ¨¬¥ï ¢ ¢¨¤ã, çâ® τX

®¤®§ ç® ¢®ááâ  ¢«¨¢ ¥âáï ¯® Op(τX). �®á«¥¤¥¥, à §ã¬¥¥âáï,
®â®á¨âáï ¨ ª á®¢®ªã¯®áâ¨ Cl(τX) ¢á¥å § ¬ªãâëå ¬®¦¥áâ¢ ¢ X.

4.1.16. �¯à¥¤¥«¥¨¥. �ãáâì B | ¡ §¨á ä¨«ìâà  ¢ X. �®¢®-
àïâ, çâ® B áå®¤¨âáï ª â®çª¥ x ¨§ X ¨«¨ çâ® x | íâ® ¯à¥¤¥« B (¨
¯¨èãâ: B → x), ¥á«¨ �l B â®ìè¥ ä¨«ìâà  ®ªà¥áâ®áâ¥© â®çª¨ x,
â. ¥. �l B ⊃ τ(x).
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4.1.17. �¯à¥¤¥«¥¨¥. �ãáâì (xξ)ξ∈� | íâ® (®¡®¡é¥ ï) ¯®-
á«¥¤®¢ â¥«ì®áâì ¢ X. �®¢®àïâ, çâ® à áá¬ âà¨¢ ¥¬ ï ¯®á«¥¤®¢ -
â¥«ì®áâì áå®¤¨âáï ª x (¯¨èãâ: xξ → x), ¥á«¨ ª x áå®¤¨âáï ä¨«ìâà
å¢®áâ®¢ íâ®© ¯®á«¥¤®¢ â¥«ì®áâ¨. �á¯®«ì§ãîâ ¨ ¤àã£¨¥ à á¯à®áâà -
¥ë¥ ®¡®§ ç¥¨ï ¨ ®¡®à®âë. � ¯à¨¬¥à, x = limξ xξ ¨ x | ¯à¥¤¥«
(xξ), ª®£¤  ξ ¯à®¡¥£ ¥â �.

4.1.18. � ¬¥ç ¨¥. �à¥¤¥« ä¨«ìâà , ª ª ¨ ¯à¥¤¥« ®¡®¡é¥®©
¯®á«¥¤®¢ â¥«ì®áâ¨, ¥¤¨áâ¢¥. �â®â ä ªâ ¥áâì ¤àã£®¥ ¢ëà ¦¥¨¥
å ãá¤®àä®¢®áâ¨ â®¯®«®£¨¨. CB

4.1.19. �«ï ¥¯ãáâ®£® ¬®¦¥áâ¢  U ¨ â®çª¨ x à ¢®á¨«ìë á«¥-
¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï:

(1) â®çª  x ï¢«ï¥âáï â®çª®© ¯à¨ª®á®¢¥¨ï U ;
(2) áãé¥áâ¢ã¥â ä¨«ìâà F â ª®©, çâ® F → x ¨ U ∈ F ;
(3) áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì®áâì (xξ)ξ∈� í«¥¬¥â®¢ U ,

áå®¤ïé ïáï ª â®çª¥ x.
C (1) ⇒ (2): � ª ª ª x ¥ ï¢«ï¥âáï ¢¥è¥© â®çª®© U , â® ä¨«ì-

âàë τ(x) ¨ �l {U} ¨¬¥îâ â®çãî ¢¥àåîî £à ¨æã F := τ(x)∨�l {U}.
(2) ⇒ (3): �ãáâì F → x ¨ U ∈ F . �à¥¢à â¨¬ F ¢  ¯à ¢«¥-

¨¥ á ¯®¬®éìî ¯®àï¤ª , ¯à®â¨¢®¯®«®¦®£® ¯®àï¤ªã ¯® ¢ª«îç¥¨î.
�®§ì¬¥¬ xV ∈ V ∩ U ¤«ï V ∈ F . �á®, çâ® xV → x.

(3) ⇒ (1): �ãáâì V | § ¬ªãâ®¥ ¬®¦¥áâ¢®, (xξ)ξ∈� | ¯®á«¥-
¤®¢ â¥«ì®áâì í«¥¬¥â®¢ V ¨ xξ → x. �®áâ â®ç® ¯®ª § âì, çâ® ¢
íâ®¬ á«ãç ¥ x ∈ V . �®á«¥¤¥¥ ®ç¥¢¨¤®, ¨¡® ¯à¨ x ∈ X \ V å®âï ¡ë
¤«ï ®¤®£® ξ ∈ � ¡ë«® ¡ë xξ ∈ X \ V . B

4.1.20. � ¬¥ç ¨¥. � ãá«®¢¨ïå ¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢  ¢
4.1.19 (2) ¬®¦® áç¨â âì, çâ® ä¨«ìâà F ¨¬¥¥â áç¥âë© ¡ §¨á,   ¢
4.1.19 (3) | çâ® �:= N. �ª § ®¥ ®¡áâ®ïâ¥«ìáâ¢® ¨®£¤  ¢ëà ¦ îâ
á«®¢ ¬¨: ý¬¥âà¨ç¥áª¨¥ ¯à®áâà áâ¢  ã¤®¢«¥â¢®àïîâ ¯¥à¢®©  ªá¨®¬¥
áç¥â®áâ¨þ.

4.2. �¥¯à¥àë¢®áâì ¨ à ¢®¬¥à ï
¥¯à¥àë¢®áâì

4.2.1. �ãáâì f : X → Y ¨ τX , τY | â®¯®«®£¨¨ ¢ X ¨ Y á®®â-
¢¥âáâ¢¥®. �ª¢¨¢ «¥âë ãâ¢¥à¦¤¥¨ï:
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(1) G ∈ Op(τY ) ⇒ f−1(G) ∈ Op(τX);
(2) F ∈ Cl(τY ) ⇒ f−1(F ) ∈ Cl(τX);
(3) f(τX(x)) ⊃ τY (f(x)) ¯à¨ ¢á¥å x ∈ X;
(4) (x ∈ X, F → x) ⇒ (f(F ) → f(x)) ¤«ï ä¨«ìâà  F ;
(5) f(xξ) → f(x), ª ª®¢ë ¡ë ¨ ¡ë«¨ â®çª  x ¨ áå®¤ïé -

ïáï ª ¥© ¯®á«¥¤®¢ â¥«ì®áâì (xξ).
C �ª¢¨¢ «¥â®áâì (1) ⇔ (2) ¢ëâ¥ª ¥â ¨§ 4.1.11. �áâ ¥âáï ¯à®-

¢¥à¨âì, çâ® (1) ⇒ (3) ⇒ (4) ⇒ (5) ⇒ (2).
(1)⇒ (3): �á«¨ V ∈ τY (f(x)), â® W := int V ∈ Op(τY ) ¨ f(x) ∈ W .

�âáî¤  f−1(W ) ∈ Op(τX) ¨ x ∈ f−1(W ). � ç¥ £®¢®àï, f−1(W ) ∈
τX(x) (á¬. 4.1.14). �®¬¨¬® íâ®£®, f−1(V ) ⊃ f−1(W ) ¨, á«¥¤®¢ â¥«ì-
®, f−1(V ) ∈ τX(x). � ª®¥æ, V ⊃ f(f−1(V )).

(3) ⇒ (4): �á«¨ F → x, â® �l F ⊃ τX(x) ¯® ®¯à¥¤¥«¥¨î 4.1.16.
�à¨¢«¥ª ï ãá«®¢¨¥, ¢ë¢®¤¨¬ f(F ) ⊃ f(τX(x)) ⊃ τY (f(x)). �®¢â®à-
 ï  ¯¥««ïæ¨ï ª 4.1.16 ¤ ¥â f(F ) → f(x).

(4) ⇒ (5): �¡à § ä¨«ìâà  å¢®áâ®¢ ¯®á«¥¤®¢ â¥«ì®áâ¨ (xξ)ξ∈�
¯à¨ ®â®¡à ¦¥¨¨ f £àã¡¥¥ ä¨«ìâà  å¢®áâ®¢ (f(xξ))ξ∈�.

(5)⇒ (2): �ãáâì F | § ¬ªãâ®¥ ¯®¤¬®¦¥áâ¢® ¢ Y . �á«¨ F = ∅,
â® f−1(F ) â ª¦¥ ¯ãáâ®,   ¯®â®¬ã ¨ § ¬ªãâ®. �ãáâì F ¥¯ãáâ® ¨ x
| â®çª  ¯à¨ª®á®¢¥¨ï f−1(F ). � áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì®áâì
(xξ)ξ∈� â®ç¥ª ¨§ f−1(F ), áå®¤ïéãîáï ª x (¥¥ áãé¥áâ¢®¢ ¨¥ ®¡¥á-
¯¥ç¥® 4.1.18). �®£¤  f(xξ) ∈ F ¨ f(xξ) → f(x). �®¢ì ¯à¨¬¥ïï
4.1.18, ¢¨¤¨¬, çâ® f(x) ∈ F ¨, áâ «® ¡ëâì, x ∈ f−1(F ). B

4.2.2. �¯à¥¤¥«¥¨¥. �â®¡à ¦¥¨¥ f : X → Y , ã¤®¢«¥â¢®àï-
îé¥¥ ®¤®¬ã (  § ç¨â, ¨ «î¡®¬ã) ¨§ íª¢¨¢ «¥âëå ãâ¢¥à¦¤¥¨©
4.2.1 (1){4.2.1 (5), (ª ª å®à®è® ¨§¢¥áâ®)  §ë¢ îâ ¥¯à¥àë¢ë¬.
�á«¨ ¯à¨ íâ®¬ 4.2.1 (5) ¢ë¯®«¥® ¢ ä¨ªá¨à®¢ ®© â®çª¥ x ∈ X, â®
£®¢®àïâ, çâ® f ¥¯à¥àë¢® ¢ â®çª¥ x. �â «® ¡ëâì, f ¥¯à¥àë¢®  
X ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ f ¥¯à¥àë¢® ¢ ª ¦¤®© â®çª¥ X.

4.2.3. �ã¯¥à¯®§¨æ¨ï ¥¯à¥àë¢ëå ®â®¡à ¦¥¨© ¥¯à¥àë¢ .
C �«¥¤ã¥â âà¨¦¤ë ¯à¨¬¥¨âì 4.2.1 (5). B
4.2.4. �ãáâì f : X → Y ¨ UX , UY | à ¢®¬¥à®áâ¨ ¢ X ¨ Y

á®®â¢¥âáâ¢¥®. �ª¢¨¢ «¥âë ãâ¢¥à¦¤¥¨ï:
(1) (∀V ∈ UY ) (∃U ∈ UX) (∀x, y)(x, y) ∈ U ⇒

⇒ (f(x), f(y)) ∈ V ;
(2) (∀V ∈ UY ) f−1 ◦ V ◦ f ∈ UX ;
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(3) f×(UX) ⊃ UY , £¤¥ f× : X2 → Y ¤¥©áâ¢ã¥â ¯® ¯à ¢¨-
«ã f× : (x, y) 7→ (f(x), f(y));

(4) (∀V ∈ UY ) f×−1(V ) ∈ UX , â. ¥. f×−1(UY ) ⊂ UX .
C �®áâ â®ç® § ¬¥â¨âì, çâ® ¯® 1.1.10 ¤«ï U ⊂ X2 ¨ V ⊂ Y 2

¢ë¯®«¥®

f−1 ◦ V ◦ f =
⋃

(v1,v2)∈V

f−1(v1)× f−1(v2) =

= {(x, y) ∈ X2 : (f(x), f(y)) ∈ V } = f×−1(V );
f ◦ U ◦ f−1 =

⋃

(u1,u2)∈U

f(u1)× f(u2) =

= {(f(u1), f(u2)) : (u1, u2) ∈ U} = f×(U). B
4.2.5. �¯à¥¤¥«¥¨¥. �â®¡à ¦¥¨¥ f : X → Y , ã¤®¢«¥â¢®àï-

îé¥¥ ®¤®¬ã (  § ç¨â, ¨ «î¡®¬ã) ¨§ íª¢¨¢ «¥âëå ãâ¢¥à¦¤¥-
¨© 4.2.4 (1){4.2.4 (4), (ª ª å®à®è® ¨§¢¥áâ®)  §ë¢ îâ à ¢®¬¥à®
¥¯à¥àë¢ë¬.

4.2.6. �ã¯¥à¯®§¨æ¨ï à ¢®¬¥à® ¥¯à¥àë¢ëå ®â®¡à ¦¥¨©
à ¢®¬¥à® ¥¯à¥àë¢ .

C �ãáâì f : X → Y , g : Y → Z ¨ h := g ◦ f : X → Z. �á®, çâ®

h×(x, y) = (h(x), h(y)) = (g(f(x)), g(f(y))) =
= g×(f(x), f(y)) = g× ◦ f×(x, y)

¤«ï ¢á¥å x, y ¨§ X. � ç¨â, h×(UX) = g×(f×(UX)) ⊃ g×(UY ) ⊃ UZ ¢
á¨«ã 4.2.4 (3). �®¢ì  ¯¥««¨àãï ª 4.2.4 (3), ¢¨¤¨¬, çâ® h à ¢®¬¥à®
¥¯à¥àë¢®. B

4.2.7. � ¢®¬¥à® ¥¯à¥àë¢®¥ ®â®¡à ¦¥¨¥ ¥¯à¥àë¢®. CB
4.2.8. �¯à¥¤¥«¥¨¥. �ãáâì E | ¬®¦¥áâ¢® ®â®¡à ¦¥¨© ¨§ X

¢ Y ¨ UX , UY | á®®â¢¥âáâ¢ãîé¨¥ à ¢®¬¥à®áâ¨. �®¦¥áâ¢® E
 §ë¢ îâ à ¢®áâ¥¯¥® (à ¢®¬¥à®) ¥¯à¥àë¢ë¬, ¥á«¨

(∀V ∈ UY )
⋂

f∈E

f−1 ◦ V ◦ f ∈ UX .

4.2.9. � ¢®áâ¥¯¥® ¥¯à¥àë¢®¥ ¬®¦¥áâ¢® ®â®¡à ¦¥¨© á®-
áâ®¨â ¨§ à ¢®¬¥à® ¥¯à¥àë¢ëå ®â®¡à ¦¥¨©. �®¥ç®¥ ¬®¦¥-
áâ¢® à ¢®¬¥à® ¥¯à¥àë¢ëå ®â®¡à ¦¥¨© à ¢®áâ¥¯¥® ¥¯à¥-
àë¢®. CB
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4.3. �®«ã¥¯à¥àë¢®áâì
4.3.1. �ãáâì (X1, d1) ¨ (X2, d2) | ¬¥âà¨ç¥áª¨¥ ¯à®áâà áâ¢ .

�ãáâì, ¤ «¥¥, X := X1×X2. �«ï x := (x1, x2) ¨ y := (y1, y2) ¯®«®¦¨¬

d(x, y) := d1(x1, y1) + d2(x2, y2).

�®£¤  d | ¬¥âà¨ª    X . �à¨ íâ®¬ ¤«ï «î¡®£® x := (x1, x2) ∈ X
á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥

τX (x) = �l{U1 × U2 : U1 ∈ τX1(x1), U2 ∈ τX2(x2)}. CB

4.3.2. �¯à¥¤¥«¥¨¥. �®¯®«®£¨î τX  §ë¢ îâ ¯à®¨§¢¥¤¥¨-
¥¬ â®¯®«®£¨© τX1 ¨ τX2 ¨«¨ â®¯®«®£¨¥© ¯à®¨§¢¥¤¥¨ï X1 ¨ X2 ¨
®¡®§ ç îâ τX1 × τX2 .

4.3.3. �¯à¥¤¥«¥¨¥. �ãªæ¨î f : X → R·  §ë¢ îâ ¯®«ã¥-
¯à¥àë¢®© á¨§ã, ¥á«¨ ¥¥  ¤£à ä¨ª epi f | § ¬ªãâ®¥ ¬®¦¥áâ¢®
¢ â®¯®«®£¨¨ ¯à®¨§¢¥¤¥¨ï X ¨ R.

4.3.4. �à¨¬¥àë.
(1) �¥¯à¥àë¢ ï äãªæ¨ï f : X → R ¯®«ã¥¯à¥àë¢ 

á¨§ã.
(2) �á«¨ fξ : X → R· | ¯®«ã¥¯à¥àë¢ ï á¨§ã äãªæ¨ï

¤«ï ª ¦¤®£® ξ ∈ �, â® ¢¥àåïï ®£¨¡ îé ï f(x) := sup{fξ(x) : ξ ∈
�} (x ∈ X) â ª¦¥ ¯®«ã¥¯à¥àë¢ ï á¨§ã äãªæ¨ï, â ª ª ª epi f =
∩ξ∈� epi fξ.

4.3.5. �ãªæ¨ï f : X → R· ¯®«ã¥¯à¥àë¢  á¨§ã ¢ â®¬ ¨ â®«ì-
ª® ¢ â®¬ á«ãç ¥, ¥á«¨ ¢ë¯®«¥®

x ∈ X ⇒ f(x) = lim
y→x

inf f(y).

�¤¥áì, ª ª ®¡ëç®,

lim
y→x

inf f(y) := lim
y→x

f(y) := sup
U∈τ(x)

inf f(U)

| ¨¦¨© ¯à¥¤¥« äãªæ¨¨ f ¢ â®çª¥ x (¯® ä¨«ìâàã τ(x)).
C ⇒: �á«¨ x 6∈ dom f , â® (x, t) 6∈ epi f ¤«ï ª ¦¤®£® t ∈ R.

� ç¨â, ¨¬¥¥âáï ®ªà¥áâ®áâì Ut â®çª¨ x, £¤¥ inf f(Ut) > t. �âáî-
¤  ¢ëâ¥ª ¥â: limy→x inf f(y) = +∞ = f(x). �á«¨ ¦¥ x ∈ dom f ,
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â® inf f(V ) > −∞ ¤«ï ¯®¤å®¤ïé¥© ®ªà¥áâ®áâ¨ V â®çª¨ x. �ë¡¥-
à¥¬ ε > 0 ¨ ¤«ï «î¡®© U ∈ τ(x), «¥¦ é¥© ¢ V , ¯®¤ëé¥¬ â®çªã
xU ∈ U ¨§ ãá«®¢¨ï inf f(U) ≥ f(xU )− ε. �® ¯®áâà®¥¨î xU ∈ dom f
¨, ªà®¬¥ â®£®, xU → x (¯à¨ ¢¢¥¤¥¨¨ ¥áâ¥áâ¢¥®£® ¯®àï¤ª  ¢ ¬®-
¦¥áâ¢® ®ªà¥áâ®áâ¥© â®çª¨ x). �®«®¦¨¬ tU := inf f(U) + ε. �á®,
çâ® tU → t := limy→x inf f(y) + ε. �®áª®«ìªã (xU , tU ) ∈ epi f , â®
(x, t) ∈ epi f ¢ á¨«ã § ¬ªãâ®áâ¨  ¤£à ä¨ª  f . �ª®ç â¥«ì®

lim
y→x

inf f(y) + ε ≥ f(x) ≥ lim
y→x

inf f(y).

⇐: �á«¨ (x, t) 6∈ epi f , â®

t < lim
y→x

inf f(y) = sup inf
U∈τ(x)

f(U).

� ª¨¬ ®¡à §®¬, inf f(U) > t ¤«ï ¥ª®â®à®© ®ªà¥áâ®áâ¨ U â®çª¨ x.
�âáî¤  ¢ëâ¥ª ¥â, çâ® ¤®¯®«¥¨¥ (X × R) \ epi f ®âªàëâ®. B

4.3.6. � ¬¥ç ¨¥. �¢®©áâ¢®, ãª § ®¥ ¢ ¯à¥¤«®¦¥¨¨ 4.3.5,
¬®¦® ¯à¨ïâì §  ®á®¢ã ®¯à¥¤¥«¥¨ï ¯®«ã¥¯à¥àë¢®áâ¨ á¨§ã ¢
â®çª¥.

4.3.7. �ãªæ¨ï f : X → R ¥¯à¥àë¢  ¢ â®¬ ¨ â®«ìª® ¢ â®¬
á«ãç ¥, ¥á«¨ f ¨ −f ¯®«ã¥¯à¥àë¢ë á¨§ã. CB

4.3.8. �ãªæ¨ï f : X → R· ¯®«ã¥¯à¥àë¢  á¨§ã ¢ â®¬ ¨ â®«ì-
ª® ¢ â®¬ á«ãç ¥, ¥á«¨ ¤«ï ¢áïª®£® t ∈ R § ¬ªãâ® «¥¡¥£®¢® ¬®¦¥áâ¢®
{f ≤ t}.

C ⇒: �á«¨ x 6∈ {f ≤ t}, â® t < f(x). �  ®á®¢ ¨¨ 4.3.5 ¢
¯®¤å®¤ïé¥© ®ªà¥áâ®áâ¨ U â®çª¨ x ¡ã¤¥â t < inf f(U). � ç¥ £®¢®àï,
¤®¯®«¥¨¥ X \ {f ≤ t} ®âªàëâ®.

⇐: �ãáâì ¤«ï ª ª¨å-¨¡ã¤ì x ∈ X ¨ t ∈ R ¢ë¯®«¥ë á®®â®-
è¥¨ï limy→x inf f(y) ≤ t < f(x).

�®§ì¬¥¬ ε > 0 ¨§ ãá«®¢¨ï t+ε < f(x) ¨, ¨á¯®«ì§ãï à ááã¦¤¥¨ï
¤®ª § â¥«ìáâ¢  4.3.5, ¤«ï U ∈ τ(x)  ©¤¥¬ â®çªã xU ¨§ U ∩ {f ≤
inf f(U) + ε}. �¥áá¯®à®, xU ∈ {f ≤ t + ε} ¨ xU → x. �à¨å®¤¨¬ ª
¯à®â¨¢®à¥ç¨î. B
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4.4. �®¬¯ ªâ®áâì

4.4.1. �¯à¥¤¥«¥¨¥. �ãáâì C | ¬®¦¥áâ¢® ¢ X. �®¦¥áâ¢® C
 §ë¢ îâ ª®¬¯ ªâë¬, ¥á«¨ ¤«ï ª ¦¤®£® ¬®¦¥áâ¢  E ⊂ Op(τX)
â ª®£®, çâ® C ⊂ ∪{G : G ∈ E }, áãé¥áâ¢ã¥â ª®¥ç®¥ ¯®¤¬®¦¥áâ¢®
E0 ¢ E , ã¤®¢«¥â¢®àïîé¥¥ á®®â®è¥¨î C ⊂ ∪{G : G ∈ E0}.

4.4.2. � ¬¥ç ¨¥. �¯à¥¤¥«¥¨¥ 4.4.1 ç áâ® ¢ëà ¦ îâ á«®¢ -
¬¨: ý¬®¦¥áâ¢® ª®¬¯ ªâ®, ¥á«¨ ¨§ «î¡®£® ¥£® ®âªàëâ®£® ¯®ªàëâ¨ï
¬®¦® ¢ë¤¥«¨âì ª®¥ç®¥ ¯®¤¯®ªàëâ¨¥þ.

4.4.3. � ¬ªãâ®¥ ¯®¤¬®¦¥áâ¢® ª®¬¯ ªâ®£® ¬®¦¥áâ¢  ï¢«ï-
¥âáï ª®¬¯ ªâë¬. �®¬¯ ªâ®¥ ¬®¦¥áâ¢® § ¬ªãâ®. CB

4.4.4. � ¬¥ç ¨¥. � á¢ï§¨ á 4.4.3 ¨á¯®«ì§ãîâ ¯®ïâ¨¥ ®â®-
á¨â¥«ì® ª®¬¯ ªâ®£® ¬®¦¥áâ¢ , â. ¥. ¬®¦¥áâ¢ , § ¬ëª ¨¥ ª®-
â®à®£® ª®¬¯ ªâ®.

4.4.5. �¥®à¥¬  �¥©¥àèâà áá . �¡à § ª®¬¯ ªâ®£® ¬®¦¥-
áâ¢  ¯à¨ ¥¯à¥àë¢®¬ ®â®¡à ¦¥¨¨ ª®¬¯ ªâ¥.

C �à®®¡à §ë ¬®¦¥áâ¢ ¨§ ®âªàëâ®£® ¯®ªàëâ¨ï ®¡à §  á®áâ ¢-
«ïîâ ®âªàëâ®¥ ¯®ªàëâ¨¥ ¨áå®¤®£® ¬®¦¥áâ¢ . B

4.4.6. �®«ã¥¯à¥àë¢ ï á¨§ã äãªæ¨ï ¯à¨¨¬ ¥â   ¥¯ãáâ®¬
ª®¬¯ ªâ®¬ ¬®¦¥áâ¢¥  ¨¬¥ìè¥¥ § ç¥¨¥ (â. ¥. ®¡à § â ª®£® ¬®-
¦¥áâ¢  ¨¬¥¥â  ¨¬¥ìè¨© í«¥¬¥â).

C �ã¤¥¬ áç¨â âì, çâ® f : X → R· ¨ X ª®¬¯ ªâ®. �ãáâì t0 :=
inf f(X). �á«¨ t0 = +∞, â® ¤®ª §ë¢ âì ¥ç¥£®. �á«¨ ¦¥ t0 < +∞,
â® ¯®«®¦¨¬ T := {t ∈ R : t > t0}. �®¦¥áâ¢® Ut := {f ≤ t} ¤«ï
t ∈ T ¥¯ãáâ® ¨ § ¬ªãâ®. �®ª ¦¥¬, çâ® ∩{Ut : t ∈ T} ¥¯ãáâ®
(â®£¤  «î¡®© í«¥¬¥â x ãª § ®£® ¯¥à¥á¥ç¥¨ï | ¨áª®¬ë©: f(x) =
inf f(X)).

�à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥. �®£¤  ¬®¦¥áâ¢® {Gt := X \ Ut : t ∈
T} ®¡à §ã¥â ®âªàëâ®¥ ¯®ªàëâ¨¥ X. �ë¤¥«ïï ¨§ ¥£® ª®¥ç®¥ ¯®¤-
¯®ªàëâ¨¥ {Gt : t ∈ T0}, ¢ë¢®¤¨¬: ∩{Ut : t ∈ T0} = ∅. �®á«¥¤¥¥
á®®â®è¥¨¥ «®¦®, ¯®áª®«ìªã Ut1 ∩ Ut2 = Ut1∧t2 ¯à¨ t1, t2 ∈ T . B

4.4.7. �à¨â¥à¨© �ãà¡ ª¨. �à®áâà áâ¢® ï¢«ï¥âáï ª®¬¯ ªâ-
ë¬ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ª ¦¤ë© ã«ìâà ä¨«ìâà ¢ ¥¬
áå®¤¨âáï (áà. 9.4.4).
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4.4.8. �à®¨§¢¥¤¥¨¥ ª®¬¯ ªâëå ¯à®áâà áâ¢ ª®¬¯ ªâ®.
C �®áâ â®ç® ¤¢ ¦¤ë ¯à¨¬¥¨âì ªà¨â¥à¨© �ãà¡ ª¨. B
4.4.9. �¥®à¥¬  � â®à . �¥¯à¥àë¢®¥ ®â®¡à ¦¥¨¥ ª®¬¯ ª-

â  à ¢®¬¥à® ¥¯à¥àë¢®. CB

4.5. �®«®â 
4.5.1. �ãáâì B | ¡ §¨á ä¨«ìâà  ¢ X. �®£¤  {B2 : B ∈ B} |

¡ §¨á ä¨«ìâà  B× ¢ X2.
C (B1 ×B1) ∩ (B2 ×B2) ⊃ (B1 ∩B2)× (B1 ∩B2) B
4.5.2. �¯à¥¤¥«¥¨¥. �ãáâì F | ä¨«ìâà ¢ X ¨ UX | à ¢®-

¬¥à®áâì ¢ X. �¨«ìâà F  §ë¢ îâ ä¨«ìâà®¬ �®è¨, ¥á«¨ F× ⊃
UX . �¥âì ¢ X  §ë¢ îâ á¥âìî �®è¨ ¨«¨ äã¤ ¬¥â «ì®© á¥âìî,
¥á«¨ ä¨«ìâà ¥¥ å¢®áâ®¢ ¥áâì ä¨«ìâà �®è¨. � «®£¨çë© á¬ëá«
¢ª« ¤ë¢ îâ ¢ â¥à¬¨ ýäã¤ ¬¥â «ì ï ¯®á«¥¤®¢ â¥«ì®áâìþ.

4.5.3. � ¬¥ç ¨¥. �á«¨ V | ®ªàã¦¥¨¥ ¢ X2,   U | ¬®¦¥-
áâ¢® ¢ X, â® £®¢®àïâ, çâ® U ¬ «® ¯®àï¤ª  V , ¥á«¨ U2 ⊂ V . � ç áâ®-
áâ¨, U ¬ «® ¯®àï¤ª  Bε ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ¤¨ ¬¥âà
diam U := sup(U2) ¥ ¡®«ìè¥ ε. � á¢ï§¨ á ãª § ®© â¥à¬¨®«®£¨¥©
®¯à¥¤¥«¥¨¥ ä¨«ìâà  �®è¨ ¢ëà ¦ îâ á«®¢ ¬¨: ýä¨«ìâà ï¢«ï¥âáï
ä¨«ìâà®¬ �®è¨ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ® á®¤¥à¦¨â áª®«ì
ã£®¤® ¬ «ë¥ ¬®¦¥áâ¢ þ.

4.5.4. �«ï ¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢  íª¢¨¢ «¥âë á«¥¤ãî-
é¨¥ ãâ¢¥à¦¤¥¨ï:

(1) ª ¦¤ë© ä¨«ìâà �®è¨ áå®¤¨âáï;
(2) ª ¦¤ ï á¥âì �®è¨ ¨¬¥¥â ¯à¥¤¥«;
(3) «î¡ ï äã¤ ¬¥â «ì ï ¯®á«¥¤®¢ â¥«ì®áâì áå®¤¨â-

áï.
C �¬¯«¨ª æ¨¨ (1) ⇒ (2) ⇒ (3) ®ç¥¢¨¤ë, ¯®íâ®¬ã ãáâ ®¢¨¬

â®«ìª® ¨¬¯«¨ª æ¨î (3) ⇒ (1).
�ãáâì Un ∈ F | ¬®¦¥áâ¢®, ¬ «®¥ ¯®àï¤ª  B1/n. �®«®¦¨¬

Vn := U1 ∩ . . . ∩ Un ¨ ¢®§ì¬¥¬ xn ∈ Vn. �¬¥¥¬, çâ® V1 ⊃ V2 ⊃ . . . ¨
diam Vn ≤ 1/n. �«¥¤®¢ â¥«ì®, (xn) | äã¤ ¬¥â «ì ï ¯®á«¥¤®¢ -
â¥«ì®áâì. � ç¨â, ¥áâì ¯à¥¤¥«: x := lim xn. �®ª ¦¥¬, çâ® F → x.
�«ï íâ®£® ¢ë¡¥à¥¬ n0 ∈ N ¨§ ãá«®¢¨ï: d(xm, x) ≤ 1/2n ¯à¨ m ≥ n0.
�®£¤  ¤«ï ¯à®¨§¢®«ì®£® n ∈ N ¡ã¤¥â d(xp, y) ≤ diam Vp ≤ 1/2n ¨
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d(xp, x) ≤ 1/2n, ¥á«¨ â®«ìª® p := n0 ∨ 2n ¨ y ∈ Vp. �âáî¤  ¢ëâ¥ª -
¥â, çâ® y ∈ Vp ⇒ d(x, y) ≤ 1/n, â. ¥. Vp ⊂ B1/n(x). �ª®ç â¥«ì®
§ ª«îç ¥¬: F ⊃ τ(x). B

4.5.5. �¯à¥¤¥«¥¨¥. �¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®, ã¤®¢«¥â¢®àï-
îé¥¥ ®¤®¬ã (  ¯®â®¬ã ¨ «î¡®¬ã) ¨§ íª¢¨¢ «¥âëå ãâ¢¥à¦¤¥¨©
4.5.4 (1){4.5.4 (3), (ª ª å®à®è® ¨§¢¥áâ®)  §ë¢ îâ ¯®«ë¬.

4.5.6. �à¨â¥à¨© � â®à . �¥âà¨ç¥áª®¥ ¯à®áâà áâ¢® ¯®«®
¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ¢áïª®¥ ä¨«ìâà®¢ ®¥ ¯® ã¡ë¢ ¨î
¥¯ãáâ®¥ á¥¬¥©áâ¢® ¥£® ¥¯ãáâëå § ¬ªãâëå ¯®¤¬®¦¥áâ¢, ¤¨ ¬¥â-
àë ª®â®àëå áâà¥¬ïâáï ª ã«î, ¨¬¥¥â ®¡éãî â®çªã.

C ⇒: �á«¨ B | ¯®¤®¡®¥ á¥¬¥©áâ¢® ¬®¦¥áâ¢, â®, ¯® ®¯à¥¤¥-
«¥¨î 1.3.1, B | ¡ §¨á ä¨«ìâà . �® ãá«®¢¨î B | ¡ §¨á ä¨«ìâà 
�®è¨, â. ¥. áãé¥áâ¢ã¥â ¯à¥¤¥«: B → x. �®çª  x | ¨áª®¬ ï.

⇐: �ãáâì F | ä¨«ìâà �®è¨. �®«®¦¨¬ B := {cl V : V ∈ F}.
�¨ ¬¥âàë ¬®¦¥áâ¢ ¨§ B áâà¥¬ïâáï ª ã«î. �â «® ¡ëâì,  ©¤¥âáï
â®çª  x â ª ï, çâ® x ∈ cl V ¯à¨ ª ¦¤®¬ V ∈ F . �á®, çâ® F → x.
� á ¬®¬ ¤¥«¥, ¯ãáâì V | ¬®¦¥áâ¢® ¨§ F ¬ «®¥ ¯®àï¤ª  ε/2 ¨
y ∈ V . �«ï ¥ª®â®à®£® y ′ ∈ V ¡ã¤¥â d(x, y ′) ≤ ε/2 ¨, § ç¨â,
d(x, y) ≤ d(x, y ′) + d(y ′, y) ≤ ε, â. ¥., á«¥¤®¢ â¥«ì®, V ⊂ Bε(x) ¨,
§ ç¨â, Bε(x) ∈ F . B

4.5.7. �¥âà¨ç¥áª®¥ ¯à®áâà áâ¢® ¯®«® ¢ â®¬ ¨ â®«ìª® ¢ â®¬
á«ãç ¥, ¥á«¨ «î¡ ï ¯®á«¥¤®¢ â¥«ì®áâì ¢«®¦¥ëå è à®¢ Bε1(x1) ⊃
. . . ⊃ Bεn(xn) ⊃ Bεn+1(xn+1) ⊃ . . . , à ¤¨ãáë (εn) ª®â®àëå áâà¥¬ïâáï
ª ã«î, ¨¬¥¥â ®¡éãî â®çªã. CB

4.5.8. �¡à § ä¨«ìâà  �®è¨ ¯à¨ à ¢®¬¥à® ¥¯à¥àë¢®¬ ®â®¡-
à ¦¥¨¨ | ä¨«ìâà �®è¨.

C �ãáâì ®â®¡à ¦¥¨¥ f ¤¥©áâ¢ã¥â ¨§ ¯à®áâà áâ¢  X á à ¢®-
¬¥à®áâìî UX ¢ ¯à®áâà áâ¢® Y á à ¢®¬¥à®áâìî UY . �ãáâì, ¤ -
«¥¥, F | ä¨«ìâà �®è¨ ¢ X. �á«¨ V ∈ UY , â® f−1 ◦ V ◦ f ∈ UX ¯®
®¯à¥¤¥«¥¨î 4.2.5 (á¬. 4.2.4 (2)). �®áª®«ìªã F | ä¨«ìâà �®è¨, â®
¯à¨ ¯®¤å®¤ïé¥¬ U ∈ F ¡ã¤¥â U2 ⊂ f−1 ◦ V ◦ f . �ª §ë¢ ¥âáï, çâ®
f(U) ¬ «® ¯®àï¤ª  V . � á ¬®¬ ¤¥«¥,

f(U)2 =
⋃

(u1,u2)∈U2

f(u1)× f(u2) =

= f ◦U2 ◦ f−1 ⊂ f ◦ (f−1 ◦ V ◦ f) ◦ f−1 = (f ◦ f−1) ◦ V ◦ (f ◦ f−1) ⊂ U,

¨¡®,   ®á®¢ ¨¨ 1.1.6, f ◦ f−1 = Iim f ⊂ IY . B
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4.5.9. �à®¨§¢¥¤¥¨¥ ¯®«ëå ¯à®áâà áâ¢ | ¯®«®.
C �«¥¤ã¥â ¯à¨¬¥¨âì 4.5.8 ¨ 4.5.4. B

4.5.10. �ãáâì X0 ¯«®â® ¢ X (â. ¥. cl X0 = X) ¨ f0 : X0 → Y |
à ¢®¬¥à® ¥¯à¥àë¢®¥ ®â®¡à ¦¥¨¥ ¨§ X0 ¢ ¯®«®¥ ¯à®áâà áâ¢®
Y . �®£¤  áãé¥áâ¢ã¥â, ¨ ¯à¨â®¬ ¥¤¨áâ¢¥®¥, à ¢®¬¥à® ¥¯à¥-
àë¢®¥ ®â®¡à ¦¥¨¥ f : X → Y , ¯à®¤®«¦ îé¥¥ f0, â. ¥. â ª®¥, çâ®
f |X0 = f0.

C �«ï x ∈ X ä¨«ìâà Fx := {U ∩ X0 : U ∈ τX(x)} ï¢«ï¥âáï
ä¨«ìâà®¬ �®è¨ ¢ X0. �â «® ¡ëâì, ¨§ 4.5.8 ¬®¦® ¢ë¢¥áâ¨, çâ®
f0(FX) | ä¨«ìâà �®è¨ ¢ Y . � á¨«ã ¯®«®âë Y áãé¥áâ¢ã¥â ¯à¥¤¥«
y ∈ Y , â. ¥. f0(Fx) → y. �®«¥¥ â®£®, íâ®â ¯à¥¤¥« ¥¤¨áâ¢¥ (áà.
4.1.18). �®« £ ¥¬ f(x) := y. �áâ ¥âáï ¯à®¢¥áâ¨ ¥á«®¦ãî ¯à®¢¥àªã
à ¢®¬¥à®© ¥¯à¥àë¢®áâ¨ ®â®¡à ¦¥¨ï f . B

4.5.11. �¯à¥¤¥«¥¨¥. �â®¡à ¦¥¨¥ f : (X, d) → (X̂, d̂ )  -
§ë¢ îâ ¨§®¬¥âà¨¥© X ¢ X̂ (¨«¨ ¨§®¬¥âà¨ç¥áª¨¬ ¢«®¦¥¨¥¬), ¥á«¨
d = d̂ ◦ f×. �â®¡à ¦¥¨¥ f  §ë¢ îâ ¨§®¬¥âà¨¥© X   X̂ (ª®à®ç¥,
¨§®¬¥âà¨¥©), ¥á«¨ f | ¨§®¬¥âà¨ï X ¢ X̂ ¨, ªà®¬¥ â®£®, im f = X̂.

4.5.12. �¥®à¥¬  � ãá¤®àä  ® ¯®¯®«¥¨¨. �ãáâì (X, d) |
¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®. �®£¤  áãé¥áâ¢ãîâ ¯®«®¥ ¬¥âà¨ç¥áª®¥
¯à®áâà áâ¢® (X̂, d̂ ) ¨ ¨§®¬¥âà¨ï ι : (X, d) → (X̂, d̂ )   ¯«®â®¥
¯®¤¯à®áâà áâ¢® ¢ (X̂, d̂ ). �à®áâà áâ¢® (X̂, d̂ ) ¥¤¨áâ¢¥® á â®ç-
®áâìî ¤® ¨§®¬¥âà¨¨ ¢ â®¬ á¬ëá«¥, çâ® «î¡ ï ¤¨ £à ¬¬ 

(X̂1, d̂1)

(X, d) (X̂, d̂ )
ι

	ι1

-

?

@
@@R

£¤¥ ι1 : (X, d) → (X̂1, d̂1) | ¨§®¬¥âà¨ï X   ¯«®â®¥ ¯®¤¯à®áâà -
áâ¢® ¯®«®£® ¯à®áâà áâ¢  (X̂1, d̂1), ¤®áâà ¨¢ ¥âáï ¤® ª®¬¬ãâ â¨¢-
®© ¤¨ £à ¬¬ë á ¯®¬®éìî ¨§®¬¥âà¨¨ 	 : (X̂, d̂ ) → (X̂1, d̂1) ¯à®-
áâà áâ¢  X̂ ¨ ¯à®áâà áâ¢  X̂1.

C �¤¨áâ¢¥®áâì á â®ç®áâìî ¤® ¨§®¬¥âà¨¨ ¢ëâ¥ª ¥â ¨§ 4.5.10.
� á ¬®¬ ¤¥«¥, ¯ãáâì 	0 := ι1 ◦ ι−1. �®£¤  	0 | ¨§®¬¥âà¨ï ¯«®â®£®
¯®¤¯à®áâà áâ¢  ι(X) ¢ X̂   ¯«®â®¥ ¯®¤¯à®áâà áâ¢® ι1(X) ¢ X̂1.
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�®§ì¬¥¬ ¢ ª ç¥áâ¢¥ 	 ¥¤¨áâ¢¥®¥ ¯à®¤®«¦¥¨¥ 	0   X̂. �«¥¤ã-
¥â ¯à®¢¥à¨âì â®«ìª®, çâ® 	 ¤¥©áâ¢ã¥â   X̂1. �ë¡¥à¥¬ x̂1 ¨§ X̂1.
�â®â í«¥¬¥â ¥áâì ¯à¥¤¥« ¯®á«¥¤®¢ â¥«ì®áâ¨ (ι1(xn)), £¤¥ xn ∈ X.
�®ïâ®, çâ® (xn) äã¤ ¬¥â «ì ï. �â «® ¡ëâì, äã¤ ¬¥â «ì 
¯®á«¥¤®¢ â¥«ì®áâì (ι(xn)) ¢ X̂. �ãáâì x̂ := lim ι(xn), x̂ ∈ X̂. �à¨
íâ®¬ 	(x̂) = lim 	0(ι(xn)) = lim ι1 ◦ ι−1(ι(xn)) = lim ι1(xn) = x̂1.

� ¬¥â¨¬ â¥¯¥àì áå¥¬ã ¤®ª § â¥«ìáâ¢  áãé¥áâ¢®¢ ¨ï X̂. � á-
á¬®âà¨¬ ¬®¦¥áâ¢® X ¢á¥å äã¤ ¬¥â «ìëå ¯®á«¥¤®¢ â¥«ì®áâ¥©
¢ ¯à®áâà áâ¢¥ X. �¯à¥¤¥«¨¬ ¢ X ®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨ â ª:
x1 ∼ x2 ⇔ d(x1(n), x2(n)) → 0. �ãáâì X̂ := X /∼ ¨ d̂(ϕ(x1), ϕ(x2)) :=
lim d(x1(n), x2(n)), £¤¥ ϕ : X → X̂ | ª ®¨ç¥áª®¥ ®â®¡à ¦¥¨¥.
�§®¬¥âà¨ï ι : (X, d) → (X̂, d̂ ) áâà®¨âáï â ª: ι(x) := ϕ(n 7→ x (n ∈
N)). B

4.5.13. �¯à¥¤¥«¥¨¥. �à®áâà áâ¢® (X̂, d̂ ), ä¨£ãà¨àãîé¥¥
¢ 4.5.12, à� ¢® ª ª ¨ «î¡®¥ ¨§®¬¥âà¨ç®¥ ¥¬ã ¯à®áâà áâ¢®,  §ë¢ -
îâ ¯®¯®«¥¨¥¬ ¯à®áâà áâ¢  (X, d).

4.5.14. �¯à¥¤¥«¥¨¥. �®¦¥áâ¢® X0 ¢ (X, d)  §ë¢ îâ ¯®«-
ë¬, ¥á«¨ ¯®«ë¬ ï¢«ï¥âáï ¯à®áâà áâ¢® (X0, d|X2

0
) | ¯®¤¯à®áâà -

áâ¢® (X, d).
4.5.15. � ¬ªãâ®¥ ¯®¤¬®¦¥áâ¢® ¯®«®£® ¯à®áâà áâ¢  ï¢«ï¥â-

áï ¯®«ë¬. �®«®¥ ¬®¦¥áâ¢® § ¬ªãâ®. CB
4.5.16. �ãáâì X0 | ¯®¤¯à®áâà áâ¢® ¥ª®â®à®£® ¯®«®£® ¬¥â-

à¨ç¥áª®£® ¯à®áâà áâ¢  X. �®£¤  ¯®¯®«¥¨¥ X0 ¨§®¬¥âà¨ç® § -
¬ëª ¨î X0 ¢ X.

C �ãáâì X̂ := cl X0 ¨ ι : X0 → X̂ | â®¦¤¥áâ¢¥®¥ ¢«®¦¥¨¥.
�á®, çâ® ι | ¨§®¬¥âà¨ï   ¯«®â®¥ ¯®¤¯à®áâà áâ¢®. �à¨ íâ®¬ X̂
¯®«® ¢ á¨«ã 4.5.15. �áâ «®áì á®á« âìáï   4.5.12. B

4.6. �®¬¯ ªâ®áâì ¨ ¯®«®â 
4.6.1. �®¬¯ ªâ®¥ ¯à®áâà áâ¢® ¯®«®. CB
4.6.2. �¯à¥¤¥«¥¨¥. �ãáâì U | ¬®¦¥áâ¢® ¢ X ¨ V ∈ UX .

�®¦¥áâ¢® E ¢ X  §ë¢ îâ V -á¥âìî ¤«ï U , ¥á«¨ U ⊂ V (E).
4.6.3. �¯à¥¤¥«¥¨¥. �®¦¥áâ¢®  §ë¢ îâ ¢¯®«¥ ®£à ¨ç¥-

ë¬, ¥á«¨ ¤«ï ª ¦¤®£® V ¨§ UX ã ¥£® ¨¬¥¥âáï ª®¥ç ï V -á¥âì.
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4.6.4. �á«¨ ¤«ï «î¡®£® V ¨§ UX ã ¬®¦¥áâ¢  U ¢ X ¥áâì ¢¯®«¥
®£à ¨ç¥ ï V -á¥âì, â® U | ¢¯®«¥ ®£à ¨ç¥®¥ ¬®¦¥áâ¢®.

C �ãáâì V ∈ UX ¨ W ∈ UX â ª®¢®, çâ® W ◦W ⊂ V . �®§ì¬¥¬
¢¯®«¥ ®£à ¨ç¥ãî W -á¥âì F ¤«ï U , â. ¥. U ⊂ W (F ). �®áª®«ìªã
F ¢¯®«¥ ®£à ¨ç¥®, â®  ©¤¥âáï ª®¥ç ï W -á¥âì E ¤«ï F , â. ¥.
F ⊂ W (E). �ª®ç â¥«ì®

U ⊂ W (F ) ⊂ W (W (E)) = W ◦W (E) ⊂ V (E),

â. ¥. E | ª®¥ç ï V -á¥âì ¤«ï U . B
4.6.5. �®¦¥áâ¢® U ¢ X ï¢«ï¥âáï ¢¯®«¥ ®£à ¨ç¥ë¬ ¢ â®¬

¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ¤«ï ¢áïª®£® V ¨§ UX  ©¤¥âáï ª®¥ç®¥
á¥¬¥©áâ¢® U1, . . . , Un ¯®¤¬®¦¥áâ¢ U â ª®¥, çâ® U = U1 ∪ . . . ∪ Un ¨
ª ¦¤®¥ ¨§ ¬®¦¥áâ¢ U1, . . . , Un ¬ «® ¯®àï¤ª  V . CB

4.6.6. � ¬¥ç ¨¥. � ªâ, ®â¬¥ç¥ë© 4.6.5, ¢ëà ¦ îâ á«®¢ -
¬¨: ý¬®¦¥áâ¢® ¢¯®«¥ ®£à ¨ç¥® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ã
¥£® ¥áâì ª®¥çë¥ ¯®ªàëâ¨ï áª®«ì ã£®¤® ¬ «ë¬¨ ¬®¦¥áâ¢ ¬¨þ.

4.6.7. �à¨â¥à¨© � ãá¤®àä . �®¦¥áâ¢® ï¢«ï¥âáï ª®¬¯ ªâ-
ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®® ¯®«® ¨ ¢¯®«¥ ®£à ¨ç¥®. CB

4.6.8. �ãáâì C(X, F) | ¯à®áâà áâ¢® ¥¯à¥àë¢ëå äãªæ¨©
  ª®¬¯ ªâ¥ X á® § ç¥¨ï¬¨ ¢ ®á®¢®¬ ¯®«¥ F ¨ á ¬¥âà¨ª®© �¥-
¡ëè�¥¢ 

d(f, g) := sup
x∈X

dF(f(x), g(x)) = sup
x∈X

|f(x)− g(x)| (f, g ∈ C(X, F)).

�«ï θ ∈ UF ¯®«®¦¨¬

Uθ :=
{

(f, g) ∈ C(X, F)2 : g ◦ f−1 ⊂ θ
}

.

�®£¤  Ud = �l {Uθ : θ ∈ UF}. CB
4.6.9. �à®áâà áâ¢® C(X, F) ¯®«®. CB
4.6.10. �¥®à¥¬  �áª®«¨ | �àæ¥« . �®¦¥áâ¢® E ¢ C(X, F)

®â®á¨â¥«ì® ª®¬¯ ªâ® ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ E à ¢®-
áâ¥¯¥® ¥¯à¥àë¢® ¨ ¬®¦¥áâ¢® ∪{g(X) : g ∈ E } ¢¯®«¥ ®£à ¨-
ç¥® ¢ ¯à®áâà áâ¢¥ F.
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C ⇒: �®, çâ® ∪{g(X) : g ∈ E } | íâ® ¢¯®«¥ ®£à ¨ç¥®¥
¬®¦¥áâ¢®, ¥ ¢ë§ë¢ ¥â á®¬¥¨©. �«ï ¯à®¢¥àª¨ à ¢®áâ¥¯¥®©
¥¯à¥àë¢®áâ¨ E ¢®§ì¬¥¬ θ ∈ UF ¨ ¯®¤¡¥à¥¬ á¨¬¬¥âà¨ç®¥ ®ªàã¦¥-
¨¥ θ′ ¨§ ãá«®¢¨ï θ′ ◦ θ′ ◦ θ′ ⊂ θ. �® ªà¨â¥à¨î � ãá¤®àä   ©¤¥âáï
ª®¥ç ï Uθ′-á¥âì E ′ ¢ E . � áá¬®âà¨¬ ®ªàã¦¥¨¥ U ∈ UX , § ¤ ®¥
á®®â®è¥¨¥¬

U :=
⋂

f∈E ′
f−1 ◦ θ′ ◦ f

(áà. 4.2.9). �«ï ¯à®¨§¢®«ìëå g ∈ E ¨ f ∈ E ′ â ª¨å, çâ® g ◦f−1 ⊂ θ′,
¢ë¯®«¥®

θ′ = θ′−1 ⊃ (g ◦ f−1)−1 = (f−1)−1 ◦ g−1 = f ◦ g−1.

�®¬¨¬® íâ®£®, ¨§ á¢®©áâ¢ ª®¬¯®§¨æ¨¨ á®®â¢¥âáâ¢¨© ¨ ¨§ 4.6.8 ¢ëâ¥-
ª ¥â

g×(U) = g ◦ U ◦ g−1 ⊂ g ◦ (f−1 ◦ θ′ ◦ f) ◦ g−1 ⊂
⊂ (g ◦ f−1) ◦ θ′ ◦ (f ◦ g−1) ⊂ θ′ ◦ θ′ ◦ θ′ ⊂ θ.

�¬¥áâ¥ á ¯à®¨§¢®«ì®áâìî g ¯®á«¥¤¥¥ ®§ ç ¥â, çâ® E à ¢®áâ¥¯¥-
® ¥¯à¥àë¢®.

⇐: �  ®á®¢ ¨¨ 4.5.15, 4.6.7, 4.6.8 ¨ 4.6.9 ¤®áâ â®ç® ¤«ï ª ¦-
¤®£® θ ∈ UF ¯®áâà®¨âì ª®¥çãî Uθ-á¥âì ¢ E . �®¤ëé¥¬ θ′ ∈ UF, ¤«ï
ª®â®à®£® θ′ ◦θ′ ◦ θ′ ⊂ θ, ¨  ©¤¥¬ ®âªàëâ®¥ á¨¬¬¥âà¨ç®¥ ®ªàã¦¥¨¥
U ∈ UX , çâ®¡ë ¡ë«®

U ⊂
⋂

g∈E

g−1 ◦ θ′ ◦ g

(áãé¥áâ¢®¢ ¨¥ U ®¡¥á¯¥ç¥® à ¢®áâ¥¯¥®© ¥¯à¥àë¢®áâìî E ).
�á®, çâ® á¥¬¥©áâ¢® {U(x) : x ∈ X} ®¡à §ã¥â ®âªàëâ®¥ ¯®ªàë-

â¨¥ X. �á¯®«ì§ãï ª®¬¯ ªâ®áâì X, ãª ¦¥¬ ª®¥ç®¥ ¯®¤¯®ªàëâ¨¥
{U(x0) : x0 ∈ X0}. � ç áâ®áâ¨, á ãç¥â®¬ 1.1.10

IX ⊂
⋃

x0∈X0

U(x0)× U(x0) =

=
⋃

(x0,x0)∈IX0

U−1(x0)× U(x0) = U ◦ IX0 ◦ U.
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�®¦¥áâ¢® {g|X0 : g ∈ E } ¢¯®«¥ ®£à ¨ç¥® ¢ FX0 . �â «® ¡ëâì,
¢ íâ®¬ ¬®¦¥áâ¢¥ ¥áâì ª®¥ç ï θ′-á¥âì. �®ç¥¥ £®¢®àï, ¨¬¥¥âáï ª®-
¥ç®¥ ¬®¦¥áâ¢® E ′ ¢ E , ®¡« ¤ îé¥¥ â¥¬ á¢®©áâ¢®¬, çâ® ¤«ï ª ¦-
¤®£® g ∈ E ¯à¨ ¯®¤å®¤ïé¥¬ f ∈ E ′ á¯à ¢¥¤«¨¢®

g ◦ IX0 ◦ f−1 ⊂ θ′.

�à¨¬¥ïï ¯®«ãç¥ë¥ ®æ¥ª¨, ¯®á«¥¤®¢ â¥«ì® ¢ë¢®¤¨¬

g ◦ f−1 = g ◦ IX ◦ f−1 ⊂ g ◦ (U ◦ IX0 ◦ U) ◦ f−1 ⊂

⊂ g ◦ (g−1 ◦ θ′ ◦ g) ◦ IX0 ◦ (f−1 ◦ θ′ ◦ f) ◦ f−1 =

= (g ◦ g−1) ◦ θ′ ◦ (g ◦ IX0 ◦ f−1) ◦ θ′ ◦ (f ◦ f−1) =

= Iim g ◦ θ′ ◦ (g ◦ IX0 ◦ f−1) ◦ θ′ ◦ Iim f ⊂
⊂ θ′ ◦ θ′ ◦ θ′ ⊂ θ.

� ª¨¬ ®¡à §®¬, ¢ á¨«ã 4.6.8, E ′ | íâ® ª®¥ç ï Uθ-á¥âì ¤«ï E . B

4.6.11. � ¬¥ç ¨¥. �®«¥§ë¬ ãâ¢¥à¦¤¥¨¥¬ ï¢«ï¥âáï ¯¥à¥-
¢®¤ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë �áª®«¨ | �àæ¥«    ï§ëª ýε-δþ. �®â
¥®¡å®¤¨¬ë© á«®¢ àì: ýθ, Uθ | íâ® εþ, ýθ′ | íâ® ε/3þ,   ýδ | íâ®
Uþ. �â®«ì ¦¥ ¯®«¥§® (¨ ¯®ãç¨â¥«ì®)  ©â¨ ®¡®¡é¥¨ï â¥®à¥¬ë
�áª®«¨ | �àæ¥«  ¤«ï ®â®¡à ¦¥¨©, ¤¥©áâ¢ãîé¨å ¢ ¯à®¨§¢®«ìë¥
¯à®áâà áâ¢ .

4.7. �íà®¢áª¨¥ ¯à®áâà áâ¢ 
4.7.1. �¯à¥¤¥«¥¨¥. �®¦¥áâ¢® U ¯à¨ïâ®  §ë¢ âì à §à¥-

¦¥ë¬ ¨«¨ ¨£¤¥ ¥ ¯«®âë¬, ¥á«¨ ¢ ¥£® § ¬ëª ¨¨ ¥â ¢ã-
âà¥¨å â®ç¥ª, â. ¥. int cl U = ∅. �®¦¥áâ¢® U  §ë¢ îâ â®é¨¬
(¨«¨ ¬®¦¥áâ¢®¬ ¯¥à¢®© ª â¥£®à¨¨), ¥á«¨ U á®¤¥à¦¨âáï ¢ ®¡ê¥¤¨-
¥¨¨ (¥ ¡®«¥¥ ç¥¬) áç¥â®£® ç¨á«  à §à¥¦¥ëå ¬®¦¥áâ¢, â. ¥.
U ⊂ ∪n∈NUn, int cl Un = ∅. �¥â®é¨¥ ¬®¦¥áâ¢ , â. ¥. ¬®¦¥áâ¢ ,
¥ ï¢«ïîé¨¥áï â®é¨¬¨,  §ë¢ îâ â ª¦¥ ¬®¦¥áâ¢ ¬¨ ¢â®à®© ª -
â¥£®à¨¨.

4.7.2. �¯à¥¤¥«¥¨¥. �à®áâà áâ¢®  §ë¢ îâ ¡íà®¢áª¨¬, ¥á«¨
«î¡®¥ ¥£® ¥¯ãáâ®¥ ®âªàëâ®¥ ¬®¦¥áâ¢® ¥â®é¥¥.
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4.7.3. �«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï íª¢¨¢ «¥âë:
(1) X | ¡íà®¢áª®¥ ¯à®áâà áâ¢®;
(2) ®¡ê¥¤¨¥¨¥ áç¥â®£® ç¨á«  § ¬ªãâëå à §à¥¦¥ëå

¬®¦¥áâ¢ ¥ ¨¬¥¥â ¢ãâà¥¨å â®ç¥ª;
(3) ¯¥à¥á¥ç¥¨¥ áç¥â®£® ç¨á«  «î¡ëå ¢áî¤ã ¯«®âëå

(â. ¥. ¯«®âëå ¢ X) ®âªàëâëå ¬®¦¥áâ¢ ï¢«ï¥âáï
¢áî¤ã ¯«®âë¬;

(4) ¤®¯®«¥¨¥ «î¡®£® â®é¥£® ¬®¦¥áâ¢  ¢áî¤ã ¯«®â®.
C (1) ⇒ (2): �ãáâì U := ∪n∈NUn, Un = cl Un, ¯à¨ç¥¬ int Un = ∅.

�®£¤  U | â®é¥¥ ¬®¦¥áâ¢®. � ª ª ª int U ⊂ U ¨ int U | ®âªàëâ®¥
¬®¦¥áâ¢®, â® int U , ï¢«ïïáì â®é¨¬ ¬®¦¥áâ¢®¬, ®¡ï§ â¥«ì® ¯ãáâ®
¢ á¨«ã ¡íà®¢®áâ¨ X.

(2) ⇒ (3): �ãáâì U := ∩n∈NGn, £¤¥ Gn ®âªàëâ® ¨ cl Gn = X.
�®£¤  X\U = X\∩n∈NGn = ∪n∈N (X\Gn). �à¨ íâ®¬ X\Gn § ¬ªãâ®
¨ int(X \ Gn) = ∅ (¨¡® cl Gn = X). �â «® ¡ëâì, int(X \ U) = ∅.
�®á«¥¤¥¥ ®§ ç ¥â, çâ® ã U ¯ãáâ ï ¢¥è®áâì, â. ¥. U ¢áî¤ã ¯«®â®.

(3) ⇒ (4): �ãáâì U â®é¥¥ ¢ X, â. ¥. U ⊂ ∪n∈NUn ¨ int cl Un = ∅.
�®¦® áç¨â âì, çâ® Un = cl Un. �®£¤  Gn := X \Un ®âªàëâ® ¨ ¢áî¤ã
¯«®â®. �® ãá«®¢¨î ∩n∈NGn = X \∪n∈NUn ¢áî¤ã ¯«®â®. �à¨ íâ®¬
ãª § ®¥ ¬®¦¥áâ¢® á®¤¥à¦¨âáï ¢ X \U ¨, § ç¨â, ¬®¦¥áâ¢® X \U
¢áî¤ã ¯«®â®.

(4) ⇒ (1): �á«¨ U | ¥¯ãáâ®¥ ®âªàëâ®¥ ¬®¦¥áâ¢® ¢ X, â® X \U
¥ ï¢«ï¥âáï ¢áî¤ã ¯«®âë¬. �«¥¤®¢ â¥«ì®, U ¥â®é¥¥. B

4.7.4. � ¬¥ç ¨¥. � á¢ï§¨ á 4.7.3 (4) ®â¬¥â¨¬, çâ® ¤®¯®«¥-
¨ï â®é¨å ¬®¦¥áâ¢ (¨®£¤ )  §ë¢ îâ ¢ëç¥â ¬¨ ¨«¨ ®áâ â®ç-
ë¬¨ ¬®¦¥áâ¢ ¬¨. �ëç¥âë ¢ ¡íà®¢áª®¬ ¯à®áâà áâ¢¥ | ¥â®é¨¥
¬®¦¥áâ¢ .

4.7.5. �¥®à¥¬  �á£ã¤ . �ãáâì X | ¡íà®¢áª®¥ ¯à®áâà áâ¢®
¨ (fξ : X → R)ξ∈� | á¥¬¥©áâ¢® ¯®«ã¥¯à¥àë¢ëå á¨§ã äãªæ¨©,
¯à¨ç¥¬ sup{fξ(x) : ξ ∈ �} < +∞ ¤«ï ª ¦¤®£® x ∈ X. �®£¤  ¢áïª®¥
¥¯ãáâ®¥ ®âªàëâ®¥ ¬®¦¥áâ¢® G ¢ X á®¤¥à¦¨â ¥¯ãáâ®¥ ®âªàëâ®¥
¯®¤¬®¦¥áâ¢® G0,   ª®â®à®¬ á¥¬¥©áâ¢® (fξ)ξ∈� à ¢®¬¥à® ®£à ¨-
ç¥® á¢¥àåã, â. ¥. ¢ë¯®«¥® supx∈G0 sup {fξ(x) : ξ ∈ �} ≤ +∞. CB

4.7.6. �¥®à¥¬  �íà . �®«®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢® |
¡íà®¢áª®¥.

C �ãáâì G | ¥¯ãáâ®¥ ®âªàëâ®¥ ¬®¦¥áâ¢® ¨ x0 ∈ G. �®¯ãáâ¨¬,
çâ® G â®é¥¥, â. ¥. G ⊂ ∪n∈NUn, £¤¥ int Un = ∅ ¨ Un = cl Un. � ©¤¥¬
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ε0 > 0 ¨§ ãá«®¢¨ï Bε0(x0) ⊂ G. �á®, çâ® U1 ¥ á®¤¥à¦¨â æ¥«¨ª®¬
è à Bε0/2(x0), â. ¥. ¨¬¥¥âáï x1 ∈ Bε0/2(x0) \U1. � á¨«ã § ¬ªãâ®áâ¨
U1 ¬®¦® ¯®¤ëáª âì ε1 â ª, çâ® 0 < ε1 ≤ ε0/2 ¨ Bε1(x1) ∩ U1 = ∅.
�à®¢¥à¨¬, çâ® Bε1(x1) ⊂ Bε0(x0). �¥©áâ¢¨â¥«ì®, ¥á«¨ d(x1, y1) ≤
ε1, â® d(y1, x0) ≤ d(y1, x1) + d(x1, x0) ≤ ε1 + ε0/2, ¨¡® d(x1, x0) ≤
ε0/2. � à Bε1/2(x1) ¥ «¥¦¨â æ¥«¨ª®¬ ¢ U2. �®íâ®¬ã áãé¥áâ¢ãîâ
x2 ∈ Bε1/2(x1) \ U2 ¨ 0 < ε2 ≤ ε1/2 â ª¨¥, çâ® Bε2(x2) ∩ U2 = ∅.
�¨¤®, çâ® ¢®¢ì Bε2(x2) ⊂ Bε1(x1). �à®¤®«¦ ï  ç âë© ¯à®æ¥áá ¯®
¨¤ãªæ¨¨, ¯®«ãç¨¬ ¯®á«¥¤®¢ â¥«ì®áâì è à®¢ Bε0(x0) ⊃ Bε1(x1) ⊃
Bε2(x2) ⊃ . . . , ¯à¨ç¥¬ εn+1 ≤ εn/2 ¨ Bεn(xn)∩Un = ∅. �  ®á®¢ ¨¨
4.5.6 ã ¯®áâà®¥ëå è à®¢ ¥áâì ®¡é ï â®çª  x := lim xn. �à¨ íâ®¬,
ª®¥ç® ¦¥, x 6= ∪n∈NUn ¨, áâ «® ¡ëâì, x 6∈ G. � ¤àã£®© áâ®à®ë,
x ∈ Bε0(x0) ⊂ G. �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥. B

4.7.7. � ¬¥ç ¨¥. �¥®à¥¬ã �íà  ç áâ® ¨á¯®«ì§ãîâ ª ª ýç¨-
áâãî â¥®à¥¬ã áãé¥áâ¢®¢ ¨ïþ.

� ª ç¥áâ¢¥ ª« áá¨ç¥áª®© ¨««îáâà æ¨¨ à áá¬®âà¨¬ ¢®¯à®á ® áã-
é¥áâ¢®¢ ¨¨ ¥¯à¥àë¢ëå ¨£¤¥ ¥ ¤¨ää¥à¥æ¨àã¥¬ëå äãªæ¨©.
�«ï f : [0, 1] → R ¨ x ∈ [0, 1) ¯®«®¦¨¬

D+f(x) := lim
h↓0

inf f(x + h)− f(x)
h

;

D+f(x) := lim
h↓0

sup f(x + h)− f(x)
h

.

�«¥¬¥âë D+f(x) ¨ D+f(x) ¨§ à áè¨à¥®© ç¨á«®¢®© ¯àï¬®© R
 §ë¢ îâ ¨¦¥© ¯à ¢®© ¨ á®®â¢¥âáâ¢¥® ¢¥àå¥© ¯à ¢®© ¯à®¨§-
¢®¤®© �¨¨ äãªæ¨¨ f ¢ â®çª¥ x.

�ãáâì D | íâ® ¬®¦¥áâ¢® â ª¨å äãªæ¨© f ∈ C([0, 1], R), çâ®
¤«ï ¥ª®â®à®© â®çª¨ x ∈ [0, 1) í«¥¬¥âë D+f(x) ¨ D+f(x) ¢å®¤ïâ
¢ R, â. ¥. ª®¥çë. �®£¤  D | â®é¥¥ ¬®¦¥áâ¢®. � ç¨â, äãªæ¨¨,
¥ ¨¬¥îé¨¥ ¯à®¨§¢®¤®© ¨ ¢ ®¤®© â®çª¥ ¨§ (0, 1), ¢áî¤ã ¯«®âë
¢ C([0, 1], R). � â® ¦¥ ¢à¥¬ï ª®ªà¥âë¥ ¯à¨¬¥àë â ª¨å äãªæ¨©
¤ «¨áì ¥ ¯à®áâ®. �®â  ¨¡®«¥¥ ¨§¢¥áâë¥ ¨§ ¨å:

äãªæ¨ï �  ¤¥à � à¤¥  |
∞∑

n=0

〈〈4nx〉〉
4n



72 �«. 4. �ªáªãàá ¢ ¬¥âà¨ç¥áª¨¥ ¯à®áâà áâ¢ 

(§¤¥áì 〈〈x〉〉 := (x − [x]) ∧ (1 + [x] − x) | à ááâ®ï¨¥ ¤® ¡«¨¦ ©è¥£®
ª x æ¥«®£® ç¨á« ),

äãªæ¨ï �¨¬   |
+∞∑
n=0

1
n2 sin (n2πx)

¨,  ª®¥æ, ¨áâ®à¨ç¥áª¨ ¯¥à¢ ï

äãªæ¨ï �¥©¥àèâà áá  |
∞∑

n=0
bn cos (anπx)

(§¤¥áì a | ¥ç¥â®¥ ¯®«®¦¨â¥«ì®¥ æ¥«®¥, 0 < b < 1 ¨ ab > 1 + 3π
2 ).

4.8. �¥®à¥¬  �®à¤   ¨ ¯à®áâë¥ ª àâ¨ë

4.8.1. � ¬¥ç ¨¥. � â®¯®«®£¨¨, ¢ ç áâ®áâ¨, ãáâ  ¢«¨¢ îâ
£«ã¡®ª¨¥ ¨ â®ª¨¥ ä ªâë ® ¬¥âà¨ç¥áª®¬ ¯à®áâà áâ¢¥ R2. �¨¦¥
¯à¨¢¥¤¥ë ¨á¯®«ì§ã¥¬ë¥ ¢ ¤ «ì¥©è¥¬ â¥ ¨§ íâ¨å ä ªâ®¢, à®«ì ª®-
â®àëå ¨§¢¥áâ ,  ¯à¨¬¥à, ¨§ ª®¬¯«¥ªá®£®   «¨§ .

4.8.2. �¯à¥¤¥«¥¨¥. �®¬¥®¬®àäë© (= ¢§ ¨¬® ®¤®§ çë©
¨ ¢§ ¨¬® ¥¯à¥àë¢ë©) ®¡à § ®âà¥§ª   §ë¢ îâ (¦®à¤ ®¢®©) ¤ã-
£®©. �®¬¥®¬®àäë© ®¡à § ®ªàã¦®áâ¨  §ë¢ îâ ¯à®áâ®© (¦®à¤ -
®¢®©) ¯¥â«¥©. �áâ¥áâ¢¥ë© á¬ëá« ¢ª« ¤ë¢ îâ ¢ ¯®ïâ¨ï â¨¯ 
ý£« ¤ª ï ¤ã£ þ ¨ â. ¯.

4.8.3. �¥®à¥¬  �®à¤  . �ãáâì γ | ¯à®áâ ï ¯¥â«ï ¢ ¯«®á-
ª®áâ¨ R2. �ãé¥áâ¢ãîâ ¥¯¥à¥á¥ª îé¨¥áï ®âªàëâë¥ ¬®¦¥áâ¢  G1
¨ G2 â ª¨¥, çâ®

G1 ∪G2 = R2 \ γ; γ = ∂G1 = ∂G2. CB

4.8.4. � ¬¥ç ¨¥. �¤® ¨§ ¬®¦¥áâ¢ G1 ¨ G2, ä¨£ãà¨àãî-
é¨å ¢ 4.8.3, ®£à ¨ç¥®. �®¬¨¬® íâ®£®, ª ¦¤®¥ ¨§ ¨å á¢ï§®, â. ¥.
¥¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ ®¡ê¥¤¨¥¨ï ¤¢ãå ¥¯ãáâëå ¥¯¥à¥á¥ª îé¨å-
áï ®âªàëâëå ¯®¤¬®¦¥áâ¢. � íâ®© á¢ï§¨ â¥®à¥¬ã �®à¤   ç áâ®
¢ëà ¦ îâ â ª: ý¯à®áâ ï ¯¥â«ï à §à¥§ ¥â ¯«®áª®áâì   ¤¢¥ ®¡« áâ¨
¨ ï¢«ï¥âáï ¨å ®¡é¥© £à ¨æ¥©þ.
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4.8.5. �¯à¥¤¥«¥¨¥. �ãáâì D, D1, . . . , Dn | § ¬ªãâë¥ ªàã£¨
(= § ¬ªãâë¥ è àë)   ¯«®áª®áâ¨, ¯à¨ç¥¬ Dm ∩Dk = ∅ ¯à¨ m 6= k
¨ D1, . . . , Dn ⊂ int D. �®¦¥áâ¢®

D \
n⋃

k=1
int Dk

 §ë¢ îâ à¥§ë¬ ¤¨áª®¬. �áïª®¥ ¬®¦¥áâ¢® ¢ ¯«®áª®áâ¨, ¤¨ää¥®-
¬®àä®¥ (= ý£« ¤ª® £®¬¥®¬®àä®¥þ) ¥ª®â®à®¬ã à¥§®¬ã ¤¨áªã,  -
§ë¢ îâ á¢ï§ë¬ í«¥¬¥â àë¬ ª®¬¯ ªâ®¬. �¡ê¥¤¨¥¨¥ ¥¯ãáâ®-
£® ª®¥ç®£® á¥¬¥©áâ¢  ¯®¯ à® ¥ ¯¥à¥á¥ª îé¨åáï á¢ï§ëå í«¥¬¥-
â àëå ª®¬¯ ªâ®¢  §ë¢ îâ í«¥¬¥â àë¬ ª®¬¯ ªâ®¬.

4.8.6. � ¬¥ç ¨¥. �à ¨æ  ∂F í«¥¬¥â à®£® ª®¬¯ ªâ  F á®-
áâ®¨â ¨§ ª®¥ç®£® ç¨á«  ¥¯¥à¥á¥ª îé¨åáï £« ¤ª¨å ¯à®áâëå ¯¥-
â¥«ì. �à¨ íâ®¬ ¢«®¦¥¨¥ F ¢ (®à¨¥â¨à®¢ ãî) ¯«®áª®áâì R2 ¨-
¤ãæ¨àã¥â ¢ F áâàãªâãàã (®à¨¥â¨à®¢ ®£®) ¬®£®®¡à §¨ï á (®à¨¥-
â¨à®¢ ë¬) ªà ¥¬ ∂F . �â¬¥â¨¬ §¤¥áì ¦¥, çâ® ¢ á¨«ã 4.8.3 ¨¬¥¥â
á¬ëá« £®¢®à¨âì ® ¯®«®¦¨â¥«ì®© ®à¨¥â æ¨¨ £« ¤ª®© ¯¥â«¨, ¯®¤à -
§ã¬¥¢ ï ®à¨¥â æ¨î ªà ï ª®¬¯ ªâ®© ç áâ¨ ¯«®áª®áâ¨, ®£à ¨ç¥-
®© íâ®© ¯¥â«¥©.

4.8.7. �ãáâì K | ª®¬¯ ªâ®¥ ¯®¤¬®¦¥áâ¢® ¯«®áª®áâ¨ ¨ G |
¥¯ãáâ®¥ ®âªàëâ®¥ ¬®¦¥áâ¢®, á®¤¥à¦ é¥¥ K. �®£¤  áãé¥áâ¢ã¥â
í«¥¬¥â àë© ª®¬¯ ªâ F â ª®©, çâ®

K ⊂ int F ⊂ F ⊂ G. CB
4.8.8. �¯à¥¤¥«¥¨¥. �®¦¥áâ¢® F ,  «¨ç¨¥ ª®â®à®£® ®â¬¥ç¥-

® ¢ 4.8.7,  §ë¢ îâ ¯à®áâ®© ª àâ¨®© ¤«ï ¯ àë (K, G).

�¯à ¦¥¨ï
4.1. �à¨¢¥áâ¨ ¯à¨¬¥àë ¬¥âà¨ç¥áª¨å ¯à®áâà áâ¢. �ëïá¨âì, ª ª¨¬¨ á¯®-

á®¡ ¬¨ ¬®¦® ¯®«ãç âì ®¢ë¥ ¬¥âà¨ç¥áª¨¥ ¯à®áâà áâ¢ .
4.2. � ª¨¬ ¤®«¦¥ ¡ëâì ä¨«ìâà ¢ X2, á®¢¯ ¤ îé¨© á ¥ª®â®à®© ¬¥âà¨-

ç¥áª®© à ¢®¬¥à®áâìî ¢ X?
4.3. �ãáâì S | ¯à®áâà áâ¢® ¨§¬¥à¨¬ëå äãªæ¨©   [0, 1] á ¬¥âà¨ª®©

d(f, g) :=

1∫

0

|f(t)− g(t)|
1 + |f(t)− g(t)|dt (f, g ∈ S)

(¯®¤à §ã¬¥¢ ¥âáï ¥ª®â®à ï ¥áâ¥áâ¢¥ ï ä ªâ®à¨§ æ¨ï | ª ª ï ¨¬¥®?). �ë-
ïá¨âì á¬ëá« áå®¤¨¬®áâ¨ ¢ íâ®¬ ¯à®áâà áâ¢¥.
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4.4. �«ï α, β ∈ NN ¯®« £ îâ
d(α, β) = 1/ min {k ∈ N : αk 6= βk}.

�à®¢¥à¨âì, çâ® d | ¬¥âà¨ª  ¨ çâ® ¯à®áâà áâ¢® NN £®¬¥®¬®àä® ¬®¦¥áâ¢ã
¨àà æ¨® «ìëå ç¨á¥«.

4.5. �®¦® «¨ ¬¥âà¨§®¢ âì ¯®â®ç¥çãî áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì®áâ¥©?
� äãªæ¨©?

4.6. � ª á«¥¤ã¥â ¢¢¥áâ¨ à §ã¬ãî ¬¥âà¨ªã ¢ áç¥â®¥ ¯à®¨§¢¥¤¥¨¥ ¬¥âà¨-
ç¥áª¨å ¯à®áâà áâ¢? � ¯à®¨§¢®«ì®¥ ¯à®¨§¢¥¤¥¨¥ ¬¥âà¨ç¥áª¨å ¯à®áâà áâ¢?

4.7. �ëïá¨âì, ª ª¨¥ ª« ááë äãªæ¨© ®¯¨áë¢ îâáï ®è¨¡®çë¬¨ ®¯à¥¤¥-
«¥¨ï¬¨ ¥¯à¥àë¢®áâ¨ ¨ à ¢®¬¥à®© ¥¯à¥àë¢®áâ¨.

4.8. �«ï ¥¯ãáâëå ª®¬¯ ªâëå ¯®¤¬®¦¥áâ¢ A ¨ B ¯à®áâà áâ¢  RN ¯®-
«®¦¨¬

d(A, B) :=
(

sup
x∈A

inf
y∈B

|x− y|
)
∨

(
sup
y∈B

inf
x∈A

|x− y|
)

.

�áâ ®¢¨âì, çâ® d | ¬¥âà¨ª . �¥  §ë¢ îâ ¬¥âà¨ª®© � ãá¤®àä . � ª®¢ á¬ëá«
áå®¤¨¬®áâ¨ ¢ íâ®© ¬¥âà¨ª¥?

4.9. �®ª § âì, çâ® ¥¯ãáâë¥ ¢ë¯ãª«ë¥ ª®¬¯ ªâë¥ ¯®¤¬®¦¥áâ¢  ¢ë¯ãª-
«®£® ª®¬¯ ªâ  ¢ RN á®áâ ¢«ïîâ ª®¬¯ ªâ ®â®á¨â¥«ì® ¬¥âà¨ª¨ � ãá¤®àä . � -
ª®¢  á¢ï§ì íâ®£® ãâ¢¥à¦¤¥¨ï á â¥®à¥¬®© �àæ¥«  | �áª®«¨?

4.10. �®ª § âì, çâ® ª ¦¤ ï ¯®«ã¥¯à¥àë¢ ï á¨§ã äãªæ¨ï   RN ¥áâì
¢¥àåïï ®£¨¡ îé ï ¥ª®â®à®£® á¥¬¥©áâ¢  ¥¯à¥àë¢ëå äãªæ¨©.

4.11. �ëïá¨âì á¢ï§¨ ¬¥¦¤ã ¥¯à¥àë¢ë¬¨ ¨ § ¬ªãâë¬¨ (ª ª ¬®¦¥áâ¢ 
¢ ¯à®¨§¢¥¤¥¨¨) ®â®¡à ¦¥¨ï¬¨ ¬¥âà¨ç¥áª¨å ¯à®áâà áâ¢.

4.12. �ëïá¨âì, ª®£¤  ¥¯à¥àë¢®¥ ®â®¡à ¦¥¨¥ ¬¥âà¨ç¥áª®£® ¯à®áâà -
áâ¢  ¢ ¯®«®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢® ¤®¯ãáª ¥â à á¯à®áâà ¥¨¥   ¯®¯®«¥-
¨¥ ¨áå®¤®£® ¯à®áâà áâ¢ .

4.13. �¯¨á âì ª®¬¯ ªâë¥ ¬®¦¥áâ¢  ¢ ¯à®¨§¢¥¤¥¨¨ ¬¥âà¨ç¥áª¨å ¯à®-
áâà áâ¢.

4.14. �ãáâì (Y, d) | ¯®«®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®. �â®¡à ¦¥¨¥ F :
Y → Y  §ë¢ îâ à áè¨àïîé¨¬áï, ¥á«¨ d(F (x), F (y)) ≥ βd(x, y) ¤«ï ¥ª®â®à®£®
β > 1 ¨ x, y ∈ Y . �ãáâì à áè¨àïîé¥¥áï ®â®¡à ¦¥¨¥ F : Y → Y ¤¥©áâ¢ã¥â  
Y . �®ª § âì, çâ® F ¢§ ¨¬® ®¤®§ ç® ¨ ®¡« ¤ ¥â ¥¤¨áâ¢¥®© ¥¯®¤¢¨¦®©
â®çª®©.

4.15. �®ª § âì, çâ® ª®¬¯ ªâ ¥ ®â®¡à ¦ ¥âáï ¨§®¬¥âà¨ç®   á¢®î á®¡-
áâ¢¥ãî ç áâì.

4.16. �áâ ®¢¨âì ®à¬ «ì®áâì ¯à®¨§¢®«ì®£® ¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢ .
4.17. �à¨ ª ª¨å ãá«®¢¨ïå áç¥â®¥ ¯®¤¬®¦¥áâ¢® ¯®«®£® ¬¥âà¨ç¥áª®£® ¯à®-

áâà áâ¢  ï¢«ï¥âáï ¥â®é¨¬?
4.18. �®¦® «¨ ®å à ªâ¥à¨§®¢ âì à ¢®¬¥àãî ¥¯à¥àë¢®áâì ¢ â¥à¬¨ å

áå®¤ïé¨åáï ¯®á«¥¤®¢ â¥«ì®áâ¥©?
4.19. �  ª ª¨å ¬¥âà¨ç¥áª¨å ¯à®áâà áâ¢ å «î¡ ï ¥¯à¥àë¢ ï ¢¥é¥áâ¢¥-

 ï äãªæ¨ï ¤®áâ¨£ ¥â â®çë¥ £à ¨æë ¬®¦¥áâ¢  á¢®¨å § ç¥¨©? �£à ¨ç¥-
 ?
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�ã«ìâ¨®à¬¨à®¢ ë¥ ¨
¡  å®¢ë ¯à®áâà áâ¢ 

5.1. �®«ã®à¬ë ¨ ¬ã«ìâ¨®à¬ë
5.1.1. �ãáâì X | ¢¥ªâ®à®¥ ¯à®áâà áâ¢®  ¤ ®á®¢ë¬ ¯®«¥¬

F ¨ p : X → R· | ¯®«ã®à¬ . �®£¤ 
(1) dom p | ¯®¤¯à®áâà áâ¢® ¢ X;
(2) p(x) ≥ 0 ¤«ï ¢á¥å x ∈ X;
(3) ï¤à® ¯®«ã®à¬ë ker p := {p = 0} | ¯®¤¯à®áâà áâ¢®

X;
(4) ¬®¦¥áâ¢ 

◦
Bp := {p < 1} ¨ Bp := {p ≤ 1}  ¡á®«îâ-

® ¢ë¯ãª«ë¥, ¯à¨ç¥¬ p ï¢«ï¥âáï äãªæ¨® «®¬ �¨-
ª®¢áª®£® «î¡®£®  ¡á®«îâ® ¢ë¯ãª«®£® ¬®¦¥áâ¢  B

â ª®£®, çâ®
◦
Bp ⊂ B ⊂ Bp;

(5) X = dom p ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨
◦
Bp |

¯®£«®é îé¥¥ ¬®¦¥áâ¢®.
C �á«¨ x1, x2 ∈ dom p ¨ α1, α2 ∈ F, â® ¢¢¨¤ã 3.7.6 ¨¬¥¥¬

p(α1x1 + α2x2) ≤ |α1|p(x1) + |α2|p(x2) < +∞+ (+∞) = +∞.

� ç¨â, (1) ¢¥à®. �®¯ãáâ¨¬, çâ® (2) ¥ ¢¥à®, â. ¥. ¤«ï ¥ª®â®à®£®
x ∈ X á¯à ¢¥¤«¨¢® p(x) < 0. �®£¤  0 ≤ p(x) + p(−x) < p(−x) =
p(x) < 0. �®«ãç ¥âáï ¯à®â¨¢®à¥ç¨¥. �â¢¥à¦¤¥¨¥ (3) ¥¬¥¤«¥®
á«¥¤ã¥â ¨§ (2) ¨ áã¡ ¤¤¨â¨¢®áâ¨ p. �¯à ¢¥¤«¨¢®áâì (4) ¨ (5) ç -
áâ¨ç® ã¦¥ ®â¬¥ç « áì (áà. 3.8.8). �áâ ¢è ïáï ¥®â¬¥ç¥®© ç áâì
®¡®á®¢ë¢ ¥âáï â¥®à¥¬®© ® äãªæ¨® «¥ �¨ª®¢áª®£®. B
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5.1.2. �ãáâì p, q : X → R· | ¤¢¥ ¯®«ã®à¬ë. �¥à ¢¥áâ¢®
p ≤ q (¢ ¬®¦¥áâ¢¥ (R·)X) ¨¬¥¥â ¬¥áâ® ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥,
¥á«¨ Bp ⊃ Bq.

C ⇒: �á®, çâ® {q ≤ 1} ⊂ {p ≤ 1}.
⇐: �¬¥¥¬, ¯® 5.1.1 (4), p = pBp

¨ q = pBq
. �®§ì¬¥¬ t1, t2 ∈ R

â ª¨¥, çâ® t1 < t2. �á«¨ t1 < 0, â® {q ≤ t1} = ∅ ¨, áâ «® ¡ëâì,
{q ≤ t1} ⊂ {p ≤ t2}. �á«¨ ¦¥ t1 ≥ 0, â® t1Bq ⊂ t1Bp ⊂ t2Bp. � ç¨â,
¢ á¨«ã 3.8.3, p ≤ q. B

5.1.3. �ãáâì X, Y | ¢¥ªâ®àë¥ ¯à®áâà áâ¢ , T ⊂ X × Y |
«¨¥©®¥ á®®â¢¥âáâ¢¨¥ ¨ p : Y → R· | ¯®«ã®à¬ . �ãáâì, ¤ «¥¥,
pT (x) := inf p ◦ T (x) ¤«ï x ∈ X. �®£¤  pT : X → R· | ¯®«ã®à¬ ,
¬®¦¥áâ¢® BT := T−1(Bp)  ¡á®«îâ® ¢ë¯ãª«®, ¯à¨ç¥¬ pT = pBT

.
C �«ï x1, x2 ∈ X ¨ α1, α2 ∈ F ¨¬¥¥¬

pT (α1x1 + α2x2) = inf p(T (α1x1 + α2x2)) ≤
≤ inf p(α1T (x1) + α2T (x2)) ≤

≤ inf(|α1|p(T (x1)) + |α2|p(T (x2))) =
= |α1|pT (x1) + |α2|pT (x2),

â. ¥. pT | ¯®«ã®à¬ .
�®, çâ® ¬®¦¥áâ¢® BT  ¡á®«îâ® ¢ë¯ãª«®, á«¥¤ã¥â ¨§ 5.1.1 (4)

¨ 3.1.8. �á«¨ x ∈ BT , â® ¤«ï ¥ª®â®à®£® y ∈ Bp ¢ë¯®«¥® (x, y) ∈ T .
�âáî¤  pT (x) ≤ p(y) ≤ 1, â. ¥. BT ⊂ BpT . �á«¨, ¢ á¢®î ®ç¥à¥¤ì,
x ∈

◦
BpT

, â® pT (x) = inf{p(y) : (x, y) ∈ T} < 1. � ç¨â,  ©¤¥âáï y ∈
T (x) â ª®©, çâ® p(y) < 1. �â «® ¡ëâì, x ∈ T−1(

◦
Bp) ⊂ T−1(Bp) = BT .

�â ª,
◦
BpT ⊂ BT ⊂ BpT . �à¨¢«¥ª ï 5.1.1 (4), ¢¨¤¨¬: pBT = pT . B

5.1.4. �¯à¥¤¥«¥¨¥. �®«ã®à¬ã pT , ¯®áâà®¥ãî ¢ 5.1.3,  -
§ë¢ îâ ¯à®®¡à §®¬ ¯®«ã®à¬ë p ¯à¨ á®®â¢¥âáâ¢¨¨ T .

5.1.5. �¯à¥¤¥«¥¨¥. �ãáâì p : X → R | ¯®«ã®à¬  (¢ á¨«ã
3.4.3 íâ  § ¯¨áì ®§ ç ¥â, çâ® dom p = X). � àã (X, p)  §ë¢ -
îâ ¯®«ã®à¬¨à®¢ ë¬ ¯à®áâà áâ¢®¬. � áâ®, ¤®¯ãáª ï ®¡ëçãî
¢®«ì®áâì, á ¬® X  §ë¢ îâ ¯®«ã®à¬¨à®¢ ë¬ ¯à®áâà áâ¢®¬.

5.1.6. �¯à¥¤¥«¥¨¥. �¥¯ãáâ®¥ ¬®¦¥áâ¢® ¢áî¤ã ®¯à¥¤¥«¥ëå
¯®«ã®à¬ (¢ RX)  §ë¢ îâ ¬ã«ìâ¨®à¬®© ¨ ®¡®§ ç îâ MX ¨«¨
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¯à®áâ® M, ¥á«¨ ïá®, ® ª ª®¬ ¯à®áâà áâ¢¥ X ¨¤¥â à¥çì. � àã
(X, MX), à� ¢® ª ª ¨ ¨áå®¤®¥ X,  §ë¢ îâ ¬ã«ìâ¨®à¬¨à®¢ -
ë¬ ¯à®áâà áâ¢®¬.

5.1.7. �®¦¥áâ¢® ¯®«ã®à¬ M ¢ (R·)X ï¢«ï¥âáï ¬ã«ìâ¨®à¬®©
¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ (X, p) ï¢«ï¥âáï ¯®«ã®à¬¨à®¢ -
ë¬ ¯à®áâà áâ¢®¬ ¤«ï ¢áïª®£® p ∈ M. CB

5.1.8. �¯à¥¤¥«¥¨¥. �ã«ìâ¨®à¬ã MX  §ë¢ îâ å ãá¤®àä®-
¢®© (¨«¨ ®â¤¥«¨¬®©), ¥á«¨ ¤«ï «î¡®£® x ∈ X, x 6= 0, áãé¥áâ¢ã¥â
¯®«ã®à¬  p ∈ MX â ª ï, çâ® p(x) 6= 0. � íâ®¬ á«ãç ¥ X  §ë¢ îâ
å ãá¤®àä®¢ë¬ (¨«¨ ®â¤¥«¨¬ë¬) ¬ã«ìâ¨®à¬¨à®¢ ë¬ ¯à®áâà -
áâ¢®¬.

5.1.9. �¯à¥¤¥«¥¨¥. � ãá¤®àä®¢ã ¬ã«ìâ¨®à¬ã, á®áâ®ïéãî
¨§ ®¤®£® í«¥¬¥â ,  §ë¢ îâ ®à¬®©. �¤¨áâ¢¥ë© í«¥¬¥â ®à-
¬ë ¢ X (ª ª å®à®è® ¨§¢¥áâ®) â ª¦¥  §ë¢ îâ ®à¬®© ¢ X ¨ ®¡®-
§ ç îâ ‖·‖ ¨«¨ (à¥¦¥) ‖·‖X , ¨ ¤ ¦¥ ‖·|X‖, ¥á«¨ ¥áâì ¥®¡å®¤¨¬®áâì
¢ ãª § ¨¨   ¯à®áâà áâ¢® X. � àã (X, ‖ · ‖)  §ë¢ îâ ®à¬¨à®-
¢ ë¬ ¯à®áâà áâ¢®¬. � ª ¯à ¢¨«®, â ª ¦¥  §ë¢ îâ ¨ X.

5.1.10. �à¨¬¥àë.
(1) �®«ã®à¬¨à®¢ ®¥ ¯à®áâà áâ¢® (X, p) à áá¬ âà¨-

¢ ¥âáï ª ª ¬ã«ìâ¨®à¬¨à®¢ ®¥ ¯à®áâà áâ¢® (X, {p}). �® ¦¥ ®â-
®á¨âáï ª ®à¬¨à®¢ ®¬ã ¯à®áâà áâ¢ã.

(2) �ãáâì M | ¬®¦¥áâ¢® ¢á¥å (¢áî¤ã ®¯à¥¤¥«¥ëå)
¯®«ã®à¬   ¯à®áâà áâ¢¥ X. �®£¤  M | å ãá¤®àä®¢  ¬ã«ìâ¨®à-
¬ , ª®â®àãî  §ë¢ îâ á¨«ì¥©è¥© ¬ã«ìâ¨®à¬®© ¢ X.

(3) �ãáâì (Y, N) | ¬ã«ìâ¨®à¬¨à®¢ ®¥ ¯à®áâà áâ¢®
¨ T ⊂ X × Y | «¨¥©®¥ á®®â¢¥âáâ¢¨¥, ¯à¨ç¥¬ dom T = X. � á¨-
«ã 3.4.10 ¨ 5.1.1 (5) ¤«ï p ∈ N ¯®«ã®à¬  pT ¢áî¤ã ®¯à¥¤¥«¥  ¨,
áâ «® ¡ëâì, M := {pT : p ∈ N} | ¬ã«ìâ¨®à¬  ¢ X. �ã«ìâ¨-
®à¬ã N  §ë¢ îâ ¯à®®¡à §®¬ ¬ã«ìâ¨®à¬ë N ¯à¨ á®®â¢¥âáâ¢¨¨
T ¨ (¨®£¤ ) ®¡®§ ç îâ NT . �â¬¥â¨¬, çâ® ¥á«¨ T ∈ L (X, Y ), â®
M = {p ◦ T : p ∈ N}. � á¢ï§¨ á íâ¨¬ ¨á¯®«ì§ãîâ ¥áâ¥áâ¢¥®¥ ®¡®-
§ ç¥¨¥ N◦T := M. �á®¡® ¢ë¤¥«¨¬ á«ãç ©, ª®£¤  X | íâ® ¯®¤¯à®-
áâà áâ¢® Y0 ¢ Y ¨ T | â®¦¤¥áâ¢¥®¥ ¢«®¦¥¨¥ T := ι : Y0 → Y . �
â ª®© á¨âã æ¨¨ Y0, ª ª ¯à ¢¨«®, à áá¬ âà¨¢ îâ ª ª ¬ã«ìâ¨®à¬¨à®-
¢ ®¥ ¯à®áâà áâ¢® á ¬ã«ìâ¨®à¬®© N ◦ ι. �®«¥¥ â®£®, ¥ª®àà¥ªâ®
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¨á¯®«ì§ãîâ äà §ã ýN | ¬ã«ìâ¨®à¬  ¢ Y0þ. �âã ¥ª®àà¥ªâ®áâì
¨á¯®«ì§®¢ âì ®ç¥ì ã¤®¡®.

(4) �á®¢®¥ ¯®«¥ F  ¤¥«¥®, ª ª ¨§¢¥áâ®, ®à¬®© | · | :
F → R. �ãáâì X | ¢¥ªâ®à®¥ ¯à®áâà áâ¢® ¨ f ∈ X#. � ª ª ª
f : X → F, â® ®¯à¥¤¥«¥ ¯à®®¡à § ®à¬ë ¢ ®á®¢®¬ ¯®«¥: pf (x) :=
|f(x)| (x ∈ X). �á«¨ â¥¯¥àì X | ¥ª®â®à®¥ ¯®¤¯à®áâà áâ¢® ¢
X#, â® ¬ã«ìâ¨®à¬ã σ(X, X ) := {pf : f ∈ X }  §ë¢ îâ á« ¡®©
¬ã«ìâ¨®à¬®© ¢ X,  ¢¥¤¥®© X .

(5) �ãáâì (X, p) | ¯®«ã®à¬¨à®¢ ®¥ ¯à®áâà áâ¢®,
X0 | ¯®¤¯à®áâà áâ¢® ¢ X ¨ ϕ : X → X/X0 | ª ®¨ç¥áª®¥ ®â®¡à -
¦¥¨¥. �¨¥©®¥ á®®â¢¥âáâ¢¨¥ ϕ−1 ®¯à¥¤¥«¥®   ¢á¥¬ ¯à®áâà áâ¢¥
X/X0. � ç¨â, ¨¬¥¥âáï ¯®«ã®à¬  pϕ−1 , ª®â®àãî  §ë¢ îâ ä ªâ®à-
¯®«ã®à¬®© p ¯® ¯®¤¯à®áâà áâ¢ã X0 ¨ ®¡®§ ç îâ pX/X0 . �à®-
áâà áâ¢® (X/X0, pX/X0)  §ë¢ îâ ä ªâ®à-¯à®áâà áâ¢®¬ ¯à®-
áâà áâ¢  (X, p) ¯® ¯®¤¯à®áâà áâ¢ã X0. �¯à¥¤¥«¥¨¥ ä ªâ®à-
¯à®áâà áâ¢  ®¡é¥£® ¬ã«ìâ¨®à¬¨à®¢ ®£® ¯à®áâà áâ¢  á¢ï§ ®
á ¥ª®â®à®© â®ª®áâìî ¨ ¢¢¥¤¥® ¢ 5.3.11.

(6) �ãáâì X | ¢¥ªâ®à®¥ ¯à®áâà áâ¢® ¨ M ⊂ (R·)X |
¬®¦¥áâ¢® ¯®«ã®à¬   íâ®¬ ¯à®áâà áâ¢¥. � íâ®© á¨âã æ¨¨ ¬®¦®
£®¢®à¨âì ®¡ M ª ª ® ¬ã«ìâ¨®à¬¥   ¯à®áâà áâ¢¥ X0 := ∩{dom p :
p ∈ M}. �®«¥¥ â®ç®, ¯®¤à §ã¬¥¢ ï ¬ã«ìâ¨®à¬¨à®¢ ®¥ ¯à®-
áâà áâ¢® (X0, {pι : p ∈ M}), £¤¥ ι | â®¦¤¥áâ¢¥®¥ ¢«®¦¥¨¥ X0
¢ X, ã¯®âà¥¡«ïîâ ¢ëà ¦¥¨ï: ýM | ¬ã«ìâ¨®à¬ þ ¨«¨ ýà áá¬®â-
à¨¬ (¬ã«ìâ¨®à¬¨à®¢ ®¥) ¯à®áâà áâ¢®, ¯®à®¦¤¥®¥ Mþ. �®â
â¨¯¨çë© ®¡à §¥æ: ýá¥¬¥©áâ¢® ¯®«ã®à¬

{
pα,β(f) := sup

x∈RN

|xα∂βf(x)| : α, β | ¬ã«ìâ¨¨¤¥ªáë
}

§ ¤ ¥â (¬ã«ìâ¨®à¬¨à®¢ ®¥) ¯à®áâà áâ¢® ¡¥áª®¥ç® ¤¨ää¥à¥-
æ¨àã¥¬ëå ¨ ¡ëáâà® ã¡ë¢ îé¨å   ¡¥áª®¥ç®áâ¨ äãªæ¨©   RNþ
(â ª¨¥ äãªæ¨¨ ç áâ®  §ë¢ îâ ã¬¥à¥ë¬¨, áà. 10.11.6).

(7) �ãáâì (X, ‖·‖) ¨ (Y, ‖·‖) | ®à¬¨à®¢ ë¥ ¯à®áâà -
áâ¢  ( ¤ ®¤¨¬ ®á®¢ë¬ ¯®«¥¬ F). �«ï T ∈ L (X, Y ) à áá¬®âà¨¬
ý®¯¥à â®àãî ®à¬ãþ, â. ¥. ¢¥«¨ç¨ã

‖T‖ := sup {‖Tx‖ : x ∈ X, ‖x‖ ≤ 1} = sup
x∈X

‖Tx‖
‖x‖ .
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(�¤¥áì ¨ ¢ ¤ «ì¥©è¥¬ ¢   «®£¨çëå á«ãç ïå ¯à¨ïâ® áç¨â âì, çâ®
0/0 := 0.)

�¨¤®, çâ® ‖ · ‖ : L (X, Y ) → R· | ¯®«ã®à¬ . � á ¬®¬ ¤¥«¥,
¯®«®¦¨¢ BX := {‖ · ‖X ≤ 1}, ¤«ï T1, T2 ∈ L (X, Y ) ¨ α1, α2 ∈ F
¨¬¥¥¬

‖α1T1 + α2T2‖ = sup ‖ · ‖α1T1+α2T2(BX) =

= sup ‖ · ‖((α1T1 + α2T2)(BX)) ≤ sup ‖α1T1(BX) + α2T2(BX)‖ ≤
≤ |α1| sup ‖ · ‖T1(BX) + |α2| sup ‖ · ‖T2(BX) =

= |α1| ‖T1‖+ |α2| ‖T2‖.
�®¤¯à®áâà áâ¢® B(X, Y ), ï¢«ïîé¥¥áï íää¥ªâ¨¢®© ®¡« áâìî

®¯à¥¤¥«¥¨ï ¢¢¥¤¥®© ¯®«ã®à¬ë,  §ë¢ îâ ¯à®áâà áâ¢®¬ ®£à -
¨ç¥ëå ®¯¥à â®à®¢,   ¥£® í«¥¬¥âë | ®£à ¨ç¥ë¬¨ ®¯¥à â®à -
¬¨. �á®, çâ® ¢¥ªâ®à®¥ ¯à®áâà áâ¢® B(X, Y ) ®à¬¨à®¢ ® (®¯¥-
à â®à®© ®à¬®©). �â¬¥â¨¬, çâ® ®¯¥à â®à T ∈ L (X, Y ) ®£à ¨ç¥
¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ¤«ï ¥£® á¯à ¢¥¤«¨¢® ®à¬ â¨¢-
®¥ ¥à ¢¥áâ¢®, â. ¥. ¥á«¨  ©¤¥âáï áâà®£® ¯®«®¦¨â¥«ì®¥ ç¨á«® K
â ª®¥, çâ®

‖Tx‖Y ≤ K ‖x‖X (x ∈ X).

�à¨ íâ®¬ ‖T‖ ¥áâì â®ç ï ¨¦ïï £à ¨æ  ç¨á¥« K, ä¨£ãà¨àãîé¨å
¢ ®à¬ â¨¢®¬ ¥à ¢¥áâ¢¥. CB

(8) �ãáâì X | ¢¥ªâ®à®¥ ¯à®áâà áâ¢®  ¤ F ¨ ‖ · ‖ |
®à¬  ¢ X. �ãáâì, ¤ «¥¥, X ′ := B(X, F) | á®¯àï¦¥®¥ ¯à®áâà -
áâ¢®, â. ¥. ¢¥ªâ®à®¥ ¯à®áâà áâ¢® ®£à ¨ç¥ëå äãªæ¨® «®¢ f
á ýá®¯àï¦¥®© ®à¬®©þ:

‖f‖ = sup{|f(x)| : ‖x‖ ≤ 1} = sup
x∈X

|f(x)|
‖x‖ .

� áá¬®âà¨¬ ¯à®áâà áâ¢® X ′′ := (X ′)′ := B(X ′, F) | ¢â®à®¥
á®¯àï¦¥®¥ ª X ¯à®áâà áâ¢®. �«ï í«¥¬¥â®¢ x ∈ X ¨ f ∈ X ′

¯®«®¦¨¬
x′′ := ι(x) : f 7→ f(x).

�¥á®¬¥®, çâ® ι(x) ∈ (X ′)# = L (X ′, F). �®¬¨¬® íâ®£®,

‖x′′‖ = ‖ι(x)‖ = sup {|ι(x)(f)| : ‖f‖X′ ≤ 1} =
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= sup{|f(x)| : |f(x)| ≤ ‖x‖X (x ∈ X)} =

= sup{|f(x)| : f ∈ |∂|(‖ · ‖X)} = ‖x‖X .

�®á«¥¤¥¥ à ¢¥áâ¢® á«¥¤ã¥â,  ¯à¨¬¥à, ¨§ â¥®à¥¬ë 3.6.5 ¨ «¥¬-
¬ë 3.7.9. � ª¨¬ ®¡à §®¬, ι(x) ∈ X ′′ ¤«ï ª ¦¤®£® x ∈ X. �®ïâ®,
çâ® ®¯¥à â®à ι : X → X ′′, ¤¥©áâ¢ãîé¨© ¯® ¯à ¢¨«ã ι : x 7→ ι(x),
ï¢«ï¥âáï «¨¥©ë¬ ¨ ®£à ¨ç¥ë¬, ¯à¨ íâ®¬ ι | ¬®®¬®àä¨§¬ ¨
‖ιx‖ = ‖x‖ ¤«ï ¢á¥å x ∈ X. �¯¥à â®à ι  §ë¢ îâ ª ®¨ç¥áª¨¬
¢«®¦¥¨¥¬ X ¢® ¢â®à®¥ á®¯àï¦¥®¥ ¯à®áâà áâ¢® ¨«¨, ¡®«¥¥ ®¡-
à §®, ¤¢®©ë¬ èâà¨å®¢ ¨¥¬. �®«¥¥ â®£®, ª ª ¯à ¢¨«®, í«¥¬¥âë
x ¨ x′′ := ιx ¥ à §«¨ç îâ, â. ¥. X à áá¬ âà¨¢ îâ ª ª ¯®¤¯à®áâà -
áâ¢® X ′′. �®à¬¨à®¢ ®¥ ¯à®áâà áâ¢® X  §ë¢ îâ à¥ä«¥ªá¨¢ë¬,
¥á«¨ X á®¢¯ ¤ ¥â á X ′′ (¯à¨ ãª § ®¬ ¢«®¦¥¨¨). �¥ä«¥ªá¨¢ë¥
¯à®áâà áâ¢  ®¡« ¤ îâ ¬®£¨¬¨ ¤®áâ®¨áâ¢ ¬¨. �ç¥¢¨¤®, ®¤ -
ª®, çâ® ¥ ¢á¥ ¯à®áâà áâ¢  à¥ä«¥ªá¨¢ë. � ª, ª á®¦ «¥¨î, ¥
à¥ä«¥ªá¨¢® ¯à®áâà áâ¢® C([0, 1], F). CB

5.1.11. � ¬¥ç ¨¥. �®áâà®¥¨ï, ¯à®¢¥¤¥ë¥ ¢ 5.1.10 (8), ¯®-
ª §ë¢ îâ ¨§¢¥áâãî á¨¬¬¥âà¨î (¨«¨ ý¤¢®©áâ¢¥®áâìþ) ¬¥¦¤ã X
¨ X ′. � íâ®© á¢ï§¨ ¤«ï ®¡®§ ç¥¨ï ¤¥©áâ¢¨ï í«¥¬¥â  x ∈ X  
í«¥¬¥â f ∈ X ′ (¨«¨ ¤¥©áâ¢¨ï f   x) ¨á¯®«ì§ãîâ § ¯¨áì (x, f) :=
〈x | f〉 := f(x). �«ï ¤®áâ¨¦¥¨ï  ¨¡®«ìè¥£® ¥¤¨®®¡à §¨ï í«¥¬¥âë
X ′ ®¡®§ ç îâ á¨¬¢®« ¬¨ â¨¯  x′, â. ¥. 〈x |x′〉 = (x, x′) = x′(x).

5.2. � ¢®¬¥à®áâì ¨ â®¯®«®£¨ï
¬ã«ìâ¨®à¬¨à®¢ ®£® ¯à®áâà áâ¢ 

5.2.1. �ãáâì (X, p) | ¯®«ã®à¬¨à®¢ ®¥ ¯à®áâà áâ¢®. �®§ì-
¬¥¬ x1, x2 ∈ X ¨ ¯®«®¦¨¬ dp(x1, x2) := p(x1 − x2). �®£¤ 

(1) dp(X2) ⊂ R+, {d ≤ 0} ⊃ IX ;
(2) {dp ≤ t} = {dp ≤ t}−1, {dp ≤ t} = t{dp ≤ 1}

(t ∈ R+ \ 0);
(3) {dp ≤ t1} ◦ {dp ≤ t2} ⊂ {dp ≤ t1 + t2} (t1, t2 ∈ R+);
(4) {dp ≤ t1} ∩ {dp ≤ t2} ⊃ {dp ≤ t1 ∧ t2} (t1, t2 ∈ R+);
(5) p | ®à¬  ⇔ dp | ¬¥âà¨ª . CB

5.2.2. �¯à¥¤¥«¥¨¥. �¨«ìâà Up := �l {{dp ≤ t} : t ∈ R+ \ 0}
 §ë¢ îâ à ¢®¬¥à®áâìî ¯à®áâà áâ¢  (X, p).
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5.2.3. �ãáâì Up | à ¢®¬¥à®áâì ¯®«ã®à¬¨à®¢ ®£® ¯à®áâ-
à áâ¢ . �®£¤ 

(1) Up ⊂ �l {IX};
(2) U ∈ Up ⇒ U−1 ∈ Up;
(3) (∀U ∈ Up) (∃ V ∈ Up) V ◦ V ⊂ U . CB

5.2.4. �¯à¥¤¥«¥¨¥. �ãáâì (X, M) | ¬ã«ìâ¨®à¬¨à®¢ ®¥
¯à®áâà áâ¢®. �¨«ìâà U := sup{Up : p ∈ M}  §ë¢ îâ à ¢®¬¥à-
®áâìî ¯à®áâà áâ¢  X (¨á¯®«ì§ãîâ â ª¦¥ ®¡®§ ç¥¨ï UM, UX

¨ â. ¯.). (�â® ®¯à¥¤¥«¥¨¥ ª®àà¥ªâ® ¢ á¨«ã 5.2.3 (1) ¨ 1.3.13.)

5.2.5. �ãáâì (X, M) | ¬ã«ìâ¨®à¬¨à®¢ ®¥ ¯à®áâà áâ¢® ¨
U | á®®â¢¥âáâ¢ãîé ï à ¢®¬¥à®áâì. �®£¤ 

(1) U ⊂ �l {IX};
(2) U ∈ U ⇒ U−1 ∈ U ;
(3) (∀U ∈ U ) (∃V ∈ U ) V ◦ V ⊂ U .

C �à®¢¥à¨¬ (3). �á«¨ U ∈ U , â® ¯® 1.2.18 ¨ 1.3.8  ©¤ãâáï
¯®«ã®à¬ë p1, . . . , pn ∈ M â ª¨¥, çâ® U = U{p1,...,pn} = Up1∨. . .∨Upn .
�à¨¢«¥ª ï 1.3.13, ¯®¤ëé¥¬ ¬®¦¥áâ¢  Uk ∈ Upk

¨§ ãá«®¢¨ï U ⊃
U1 ∩ . . . ∩ Un. �á¯®«ì§ãï 5.2.3 (3), ¢ë¡¥à¥¬ Vk ∈ Upk

, ¤«ï ª®â®àëå
Vk ◦ Vk ⊂ Uk. �á®, çâ®

(V1 ∩ . . . ∩ Vn) ◦ (V1 ∩ . . . ∩ Vn) ⊂ V1 ◦ V1 ∩ . . . ∩ Vn ◦ Vn ⊂

⊂ U1 ∩ . . . ∩ Un.

�®¬¨¬® íâ®£®, V1 ∩ . . . ∩ Vn ∈ Up1 ∨ . . . ∨Upn ⊂ U . B

5.2.6. �ã«ìâ¨®à¬  M ¢ X å ãá¤®àä®¢  ¢ â®¬ ¨ â®«ìª® ¢ â®¬
á«ãç ¥, ¥á«¨ à ¢®¬¥à®áâì UM â®¦¥ å ãá¤®àä®¢ , â. ¥. ∩{V : V ∈
UM} = IX .

C ⇒: �ãáâì (x, y) 6∈ IX , â. ¥. x 6= y. �®£¤  ¤«ï ¥ª®â®à®©
¯®«ã®à¬ë p ∈ M ¡ã¤¥â p(x−y) > 0. � ç¨â, (x, y) 6∈ {dp ≤ 1/2 p(x−
y)}. �® ¯®á«¥¤¥¥ ¬®¦¥áâ¢® ¢å®¤¨â ¢ Up,   ¯®â®¬ã ¨ ¢ UM. �â ª,
X2\IX ⊂ X2\∩{V : V ∈ UM}. �®¬¨¬® íâ®£®, IX ⊂ ∩{V : V ∈ UM}.

⇐: �ãáâì p(x) = 0 ¯à¨ ¢á¥å p ∈ M. �®£¤  (x, 0) ∈ V ¤«ï «î¡®£®
V ∈ UM ¨, áâ «® ¡ëâì, (x, 0) ∈ IX ¯® ãá«®¢¨î. �«¥¤®¢ â¥«ì®,
x = 0. B
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5.2.7. �«ï ¯à®áâà áâ¢  X á à ¢®¬¥à®áâìî UX ¯®«®¦¨¬

τ(x) := {U(x) : U ∈ UX} (x ∈ X).

�®£¤  τ(x) | ä¨«ìâà ¤«ï ª ¦¤®£® x ∈ X. �à¨ íâ®¬
(1) τ(x) ⊂ �l {x};
(2) (∀U ∈ τ(x)) (∃V ∈ τ(x) & V ⊂ U) (∀ y ∈ V ) V ∈ τ(y).

C �ç¥¢¨¤® (áà. 4.1.8). B
5.2.8. �¯à¥¤¥«¥¨¥. �â®¡à ¦¥¨¥ τ : x 7→ τ(x)  §ë¢ îâ

â®¯®«®£¨¥© à áá¬ âà¨¢ ¥¬®£® ¬ã«ìâ¨®à¬¨à®¢ ®£® ¯à®áâà áâ¢ 
(X, M),   í«¥¬¥âë ä¨«ìâà  τ(x) | ®ªà¥áâ®áâï¬¨ â®çª¨ x. �«ï
®¡®§ ç¥¨ï â®¯®«®£¨¨ ¨á¯®«ì§ãîâ â ª¦¥ ¡®«¥¥ ¤¥â «ìë¥ á¨¬¢®«ë:
τX , τM, τ(UM) ¨ â. ¯.

5.2.9. �«ï «î¡®£® x ∈ X ¢ë¯®«¥®

τX(x) = sup{τp(x) : p ∈ MX}. CB

5.2.10. �ãáâì X | ¬ã«ìâ¨®à¬¨à®¢ ®¥ ¯à®áâà áâ¢®. �®£¤ 
¤«ï x ∈ X ¨¬¥¥â ¬¥áâ® á®®â®è¥¨¥

U ∈ τ(x) ⇔ U − x ∈ τX(0).

C � á¨«ã 5.2.9 ¨ 1.3.13 ¬®¦® ®£à ¨ç¨âìáï á«ãç ¥¬ ¯®«ã®à-
¬¨à®¢ ®£® ¯à®áâà áâ¢  (X, p). �à¨ íâ®¬ ¤«ï ¢áïª®£® ε > 0 á¯à -
¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥ {dp ≤ ε}(x) = εBp + x, £¤¥ Bp := {p ≤ 1}. �
á ¬®¬ ¤¥«¥, ¥á«¨ p(y−x) ≤ ε, â® y = ε(ε−1(y−x))+x ¨ ε−1(y−x) ∈ Bp.
� á¢®î ®ç¥à¥¤ì, ¥á«¨ y ∈ εBp + x, â® p(y − x) = inf{t > 0 : y − x ∈
tBp} ≤ ε. B

5.2.11. � ¬¥ç ¨¥. �§ ¤®ª § â¥«ìáâ¢  5.2.10 ¢¨¤®, áª®«ì ¢ ¦-
ãî à®«ì ¨£à ¥â è à ¥¤¨¨ç®£® à ¤¨ãá  á æ¥âà®¬ ¢ ã«¥ (¯®«ã)®à-
¬¨à®¢ ®£® ¯à®áâà áâ¢  (X, p). � íâ®© á¢ï§¨ §  ¨¬ § ªà¥¯«¥ë
 §¢ ¨¥ ý¥¤¨¨çë© è à ¯à®áâà áâ¢  Xþ ¨ ®¡®§ ç¥¨ï Bp, BX

¨ â. ¯.
5.2.12. �ã«ìâ¨®à¬  MX å ãá¤®àä®¢  ¢ â®¬ ¨ â®«ìª® ¢ â®¬

á«ãç ¥, ¥á«¨ å ãá¤®àä®¢  â®¯®«®£¨ï τX , â. ¥. ¥á«¨ ¤«ï «î¡ëå à §-
«¨çëå x1, x2 ¨§ X  ©¤ãâáï ®ªà¥áâ®áâ¨ U1 ∈ τX(x1) ¨ U2 ∈ τX(x2)
â ª¨¥, çâ® U1 ∩ U2 = ∅.
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C ⇒: �ãáâì x1 6= x2 ¨ ¤«ï p ∈ MX ¢ë¯®«¥® ε := p(x1−x2) > 0.
�®«®¦¨¬ U1 := x1 +ε/3 Bp, U2 := x2 +ε/3 Bp. �® 5.2.10, Uk ∈ τX(xk).
�¡¥¤¨¬áï, çâ® U1 ∩ U2 = ∅. � á ¬®¬ ¤¥«¥, ¥á«¨ y ∈ U1 ∩ U2, â®
p(x1 − y) ≤ ε/3 ¨ p(x2 − y) ≤ ε/3. �âáî¤  p(x1 − x2) ≤ 2ε/3 < ε =
p(x1 − x2), ç¥£® ¡ëâì ¥ ¬®¦¥â.

⇐: �á«¨ (x1, x2) ∈ ∩{V : V ∈ UX}, â® x2 ∈ ∩{V (x1) : V ∈ UX}.
�®íâ®¬ã x1 = x2 ¨, áâ «® ¡ëâì,   ®á®¢ ¨¨ 5.2.6 ¬ã«ìâ¨®à¬  MX

å ãá¤®àä®¢ . B
5.2.13. � ¬¥ç ¨¥. � «¨ç¨¥ ¢ ¬ã«ìâ¨®à¬¨à®¢ ®¬ ¯à®áâ-

à áâ¢¥ à ¢®¬¥à®áâ¨ ¨ á®®â¢¥âáâ¢ãîé¥© â®¯®«®£¨¨ ¯®§¢®«ï¥â, ®ç¥-
¢¨¤®, ¨á¯®«ì§®¢ âì â ª¨¥ ¯®ïâ¨ï, ª ª à ¢®¬¥à ï ¥¯à¥àë¢®áâì,
¯®«®â , ¥¯à¥àë¢®áâì, ®âªàëâ®áâì ¨ § ¬ªãâ®áâì ¨ â. ¯.

5.2.14. �ãáâì (X, p) | ¯®«ã®à¬¨à®¢ ®¥ ¯à®áâà áâ¢® ¨ X0
| ¯®¤¯à®áâà áâ¢® ¢ X. � ªâ®à-¯à®áâà áâ¢® (X/X0, pX/X0) å ãá-
¤®àä®¢® ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ X0 | § ¬ªãâ®¥ ¬®¦¥-
áâ¢®.

C ⇒: �ãáâì x 6∈ X0. �®£¤  ϕ(x) 6= 0, £¤¥, ª ª ®¡ëç®, ϕ : X →
X/X0 | ª ®¨ç¥áª®¥ ®â®¡à ¦¥¨¥. �® ãá«®¢¨î ¡ã¤¥â 0 6= ε :=
pX/X0(ϕ(x)) = pϕ−1(ϕ(x)) = inf{p(x + x0) : x0 ∈ X0}. � ç¨â, è à
x + ε/2 Bp ¥ ¯¥à¥á¥ª ¥âáï á X0, â. ¥. x | ¢¥èïï â®çª  X0. �â ª,
X0 § ¬ªãâ®.

⇐: �ãáâì x | ¥ã«¥¢ ï â®çª  ä ªâ®à-¯à®áâà áâ¢  X/X0 ¨
x = ϕ(x) ¤«ï ¯®¤å®¤ïé¥£® í«¥¬¥â  x ¨§ ¯à®áâà áâ¢  X. �á«¨
pX/X0(x) = 0, â® 0 = inf{p(x − x0) : x0 ∈ X0}, â. ¥. ¨¬¥¥âáï ¯®á«¥-
¤®¢ â¥«ì®áâì (xn) ¢ X0, ¤«ï ª®â®à®© xn → x. �«¥¤®¢ â¥«ì®, ¯®
4.1.19, x ∈ X0 ¨ x = 0. �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥. B

5.2.15. � ¬ëª ¨¥ �-¬®¦¥áâ¢  | �-¬®¦¥áâ¢®.
C �ãáâì U ∈ (�) ¨ U 6= ∅ (¨ ç¥ ¢á¥ ïá®). � á¨«ã 4.1.9 ¤«ï

â®ç¥ª x, y ∈ cl U  ©¤ãâáï á¥â¨ (xγ), (yγ) í«¥¬¥â®¢ U â ª¨¥, çâ®
xγ → x, yγ → y. �á«¨ (α, β) ∈ �, â® αxγ +βyγ ∈ U . �®¢ì ¯à¨¢«¥ª ï
4.1.19, ¢ë¢®¤¨¬ αx + βy = lim(αxγ + βyγ) ∈ cl U . B

5.3. �à ¢¥¨¥ ¬ã«ìâ¨®à¬
5.3.1. �¯à¥¤¥«¥¨¥. �ãáâì M ¨ N | ¤¢¥ ¬ã«ìâ¨®à¬ë ¢ ¢¥ª-

â®à®¬ ¯à®áâà áâ¢¥. �®¢®àïâ, çâ® M á¨«ì¥¥ N, ¨ ¯¨èãâ M Â N,
¥á«¨ UM ⊃ UN. �á«¨ ®¤®¢à¥¬¥® M Â N ¨ N Â M, â® £®¢®àïâ,
çâ® M ¨ N íª¢¨¢ «¥âë, ¨ ¯¨èãâ M ∼ N.
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5.3.2. �¥®à¥¬  ® áà ¢¥¨¨ ¬ã«ìâ¨®à¬. �«ï ¬ã«ìâ¨®à¬
M ¨ N ¢ ¢¥ªâ®à®¬ ¯à®áâà áâ¢¥ X íª¢¨¢ «¥âë ãâ¢¥à¦¤¥¨ï:

(1) M Â N;
(2) ¤«ï ¢áïª®£® x ∈ X ¢ë¯®«¥® τM(x) ⊃ τN(x);
(3) τM(0) ⊃ τN(0);
(4) (∀ q ∈ N) (∃ p1, . . . , pn ∈ M)

(∃ ε1, . . . , εn ∈ R+ \ 0) Bq ⊃ ε1Bp1 ∩ . . . ∩ εnBpn
;

(5) (∀ q ∈ N) (∃ p1, . . . , pn ∈ M) (∃ t > 0) q ≤ t(p1∨. . .∨pn)
(¯®àï¤®ª ¢§ïâ ¨§ K-¯à®áâà áâ¢  RX).

C (1) ⇒ (2) ⇒ (3) ⇒ (4): �ç¥¢¨¤®.
(4) ⇒ (5): �á¯®«ì§ãï â¥®à¥¬ã ® äãªæ¨® «¥ �¨ª®¢áª®£® (áà.

5.1.2), ¨¬¥¥¬
q ≤ pBp1/ε1

∨ . . . ∨ pBpn/εn
=

=
( 1

ε1
p1

)
∨ . . . ∨

( 1
εn

pn

)
≤

( 1
ε1
∨ . . . ∨ 1

εn

)
p1 ∨ . . . ∨ pn.

(5) ⇒ (1): �®áâ â®ç® ¯à®¢¥à¨âì, çâ® M Â {q} ¤«ï ¯®«ã®à¬ë
q ∈ N. �á«¨ V ∈ Uq, â® V ⊃ {dq ≤ ε} ¤«ï ¥ª®â®à®£® ε > 0. �®
ãá«®¢¨î

{dq ≤ ε} ⊃
{

dp1 ≤
ε

t

}
∩ . . . ∩

{
dpn ≤

ε

t

}

¤«ï ¯®¤å®¤ïé¨å p1, . . . , pn ∈ M ¨ t > 0. �®¦¥áâ¢®, áâ®ïé¥¥ ¢
¯à ¢®© ç áâ¨ ¯®á«¥¤¥£® ¢ª«îç¥¨ï, | í«¥¬¥â Up1 ∨ . . . ∨ Upn =
U{p1,...,pn} ⊂ UM. � ç¨â, V â ª¦¥ ¢å®¤¨â ¢ UM. B

5.3.3. �¯à¥¤¥«¥¨¥. �ãáâì p, q : X → R | ¤¢¥ ¯®«ã®à¬ë
¢ X. �®¢®àïâ, çâ® p á¨«ì¥¥ q, ¨ ¯¨èãâ p Â q, ¥á«¨ {p} Â {q}.
� «®£¨ç® âà ªâãîâ íª¢¨¢ «¥â®áâì ¯®«ã®à¬ p ∼ q.

5.3.4. p Â q ⇔ (∃ t > 0) q ≤ tp ⇔ (∃ t ≥ 0) Bq ⊃ tBp;

p ∼ q ⇔ (∃ t1, t2 > 0) t2p ≤ q ≤ t1p ⇔ (∃ t1, t2 > 0) t1Bp ⊂ Bq ⊂ t2Bp.

C �«¥¤ã¥â ¨§ 5.3.2 ¨ 5.1.2. B
5.3.5. �¥®à¥¬  �¨áá . �ãáâì p, q : FN → R | ¯®«ã®à¬ë  

ª®¥ç®¬¥à®¬ ¯à®áâà áâ¢¥ FN . �®£¤  p Â q ⇔ ker p ⊂ ker q. CB
5.3.6. �«¥¤áâ¢¨¥. �î¡ë¥ ¤¢¥ ®à¬ë   ª®¥ç®¬¥à®¬ ¯à®-

áâà áâ¢¥ íª¢¨¢ «¥âë. CB
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5.3.7. �ãáâì (X, M) ¨ (Y, N) | ¬ã«ìâ¨®à¬¨à®¢ ë¥ ¯à®-
áâà áâ¢  ¨ T ∈ L (X, Y ) | «¨¥©ë© ®¯¥à â®à. �«¥¤ãîé¨¥ ãâ¢¥à-
¦¤¥¨ï íª¢¨¢ «¥âë:

(1) N ◦ T ≺ M;
(2) T×(UX) ⊃ UY , T×−1(UY ) ⊂ UX ;
(3) x ∈ X ⇒ T (τX(x)) ⊃ τY (Tx);
(4) T (τX(0)) ⊃ τY (0), τX(0) ⊃ T−1(τY (0));
(5) (∀ q ∈ N) (∃ p1, . . . , pn ∈ M) q ◦ T ≺ p1 ∨ . . . ∨ pn. CB

5.3.8. �ãáâì (X, ‖·‖X) ¨ (Y, ‖·‖Y ) | ®à¬¨à®¢ ë¥ ¯à®áâà -
áâ¢  ¨ T ∈ L (X, Y ) | «¨¥©ë© ®¯¥à â®à. �«¥¤ãîé¨¥ ãâ¢¥à¦¤¥-
¨ï íª¢¨¢ «¥âë:

(1) T ®£à ¨ç¥ (â. ¥. T ∈ B(X, Y ));
(2) ‖ · ‖X Â ‖ · ‖Y ◦ T ;
(3) T à ¢®¬¥à® ¥¯à¥àë¢¥;
(4) T ¥¯à¥àë¢¥;
(5) T ¥¯à¥àë¢¥ ¢ ã«¥.

C �á¥ áª § ®¥ | ç áâë© á«ãç © 5.3.7. B
5.3.9. � ¬¥ç ¨¥. �à¥¤«®¦¥¨¥ 5.3.7 ¯®ª §ë¢ ¥â, çâ® ¡ë¢ ¥â

ã¤®¡® à áá¬ âà¨¢ âì ¢¬¥áâ® ¨áå®¤®© ¬ã«ìâ¨®à¬ë M ª ªãî-«¨¡®
íª¢¨¢ «¥âãî ¥© ä¨«ìâà®¢ ãî ¯® ¢®§à áâ ¨î (®â®á¨â¥«ì® ®â-
®è¥¨ï ≥ ¨«¨ Â) ¬ã«ìâ¨®à¬ã. � ª ç¥áâ¢¥ â ª®© ¬®¦® ¢§ïâì
¬ã«ìâ¨®à¬ã M := {sup M0 : M0 | ¥¯ãáâ®¥ ª®¥ç®¥ ¯®¤¬®¦¥-
áâ¢® M}. � â® ¦¥ ¢à¥¬ï ¯à¨ à áá¬®âà¥¨¨ ¥ä¨«ìâà®¢ ëå ¬ã«ì-
â¨®à¬ ¥®¡å®¤¨¬  ¨§¢¥áâ ï ®áâ®à®¦®áâì.

5.3.10. �®âà¯à¨¬¥à. �ãáâì X := F � ¨ X0 á®áâ®¨â ¨§ ¯®áâ®-
ïëå ®â®¡à ¦¥¨© X0 := F1, £¤¥ 1 : ξ 7→ 1 (ξ ∈ �). �®«®¦¨¬
M := {pξ : ξ ∈ �}, £¤¥ pξ(x) := |x(ξ)| (x ∈ F�). �á®, çâ® M |
¬ã«ìâ¨®à¬  ¢ X. �ãáâì â¥¯¥àì ϕ : X → X/X0 | ª ®¨ç¥áª®¥
®â®¡à ¦¥¨¥. �¥á®¬¥®, çâ® Mϕ−1 á®áâ®¨â â®«ìª® ¨§ ã«ï. � â®
¦¥ ¢à¥¬ï ¬ã«ìâ¨®à¬  Mϕ−1 å ãá¤®àä®¢ .

5.3.11. �¯à¥¤¥«¥¨¥. �ãáâì (X, M) | ¬ã«ìâ¨®à¬¨à®¢ ®¥
¯à®áâà áâ¢® ¨ X0 | ¯®¤¯à®áâà áâ¢® ¢ X. �ã«ìâ¨®à¬ã Mϕ−1 ,
£¤¥ ϕ : X → X/X0 | ª ®¨ç¥áª®¥ ®â®¡à ¦¥¨¥,  §ë¢ îâ ä ªâ®à-
¬ã«ìâ¨®à¬®© ¨ ®¡®§ ç îâ MX/X0 . �à®áâà áâ¢® (X/X0, MX/X0)
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 §ë¢ îâ ä ªâ®à-¯à®áâà áâ¢®¬ ¯à®áâà áâ¢  X ¯® ¯®¤¯à®áâà -
áâ¢ã X0.

5.3.12. � ªâ®à-¯à®áâà áâ¢® X/X0 å ãá¤®àä®¢® ¢ â®¬ ¨ â®«ìª®
¢ â®¬ á«ãç ¥, ¥á«¨ X0 § ¬ªãâ®. CB

5.4. �¥âà¨§ã¥¬ë¥ ¨ ®à¬¨àã¥¬ë¥
¯à®áâà áâ¢ 

5.4.1. �¯à¥¤¥«¥¨¥. �ãáâì (X, M) | ¬ã«ìâ¨®à¬¨à®¢ ®¥
¯à®áâà áâ¢®. � §®¢¥¬ (X, M) ¬¥âà¨§ã¥¬ë¬, ¥á«¨ áãé¥áâ¢ã¥â â -
ª ï ¬¥âà¨ª  d   X, çâ® UM = Ud. �á«¨   X áãé¥áâ¢ã¥â ®à¬ ,
íª¢¨¢ «¥â ï ¨áå®¤®© ¬ã«ìâ¨®à¬¥ M, â® X  §ë¢ îâ ®à¬¨àã¥-
¬ë¬. �á«¨ ¦¥   X áãé¥áâ¢ã¥â áç¥â ï ¬ã«ìâ¨®à¬ , íª¢¨¢ «¥â-
 ï ¨áå®¤®©, â® X  §ë¢ îâ áç¥â®®à¬¨àã¥¬ë¬.

5.4.2. �à¨â¥à¨© ¬¥âà¨§ã¥¬®áâ¨. �ã«ìâ¨®à¬¨à®¢ ®¥
¯à®áâà áâ¢® ¬¥âà¨§ã¥¬® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®® áç¥â-
®®à¬¨àã¥¬® ¨ å ãá¤®àä®¢®.

C ⇒: �ãáâì UM = Ud. �¥à¥å®¤ï, ¥á«¨ ã¦®, ª ¬ã«ìâ¨®à¬¥
M, ¡ã¤¥¬ áç¨â âì, çâ® ¤«ï ¢áïª®£® n ∈ N ¬®¦® ãª § âì â ª¨¥ ¯®«ã-
®à¬ã pn ∈ M ¨ ç¨á«® tn > 0, ¤«ï ª®â®àëå {d ≤ 1/n} ⊃ {dpn ≤ tn}.
�®«®¦¨¬ N := {pn : n ∈ N}. �¥á®¬¥®, çâ® M Â N. �á«¨ V ∈ UM,
â® V ⊃ {d ≤ 1/n} ¤«ï ¥ª®â®à®£® n ∈ N ¯® ®¯à¥¤¥«¥¨î ¬¥âà¨ç¥-
áª®© à ¢®¬¥à®áâ¨. � ç¨â, ¯® ¯®áâà®¥¨î V ∈ Upn ⊂ UM, â. ¥.
M ≺ N. �«¥¤®¢ â¥«ì®, M ∼ N. � ãá¤®àä®¢®áâì Ud ®â¬¥ç¥  ¢
4.1.7. �à¨¢«¥ª ï 5.2.6, ¢¨¤¨¬, çâ® UM ¨ UN å ãá¤®àä®¢ë.

⇐: �¥à¥å®¤ï, ¥á«¨ ã¦®, ª íª¢¨¢ «¥â®© ¬ã«ìâ¨®à¬¥, ¡ã¤¥¬
áç¨â âì, çâ® ¯à®áâà áâ¢® áç¥â®®à¬¨à®¢ ® ¨ å ãá¤®àä®¢®: M :=
{pn : n ∈ N} ¨ M | å ãá¤®àä®¢  ¬ã«ìâ¨®à¬ .

�«ï x1, x2 ∈ X ¯®«®¦¨¬

d(x1, x2) :=
∞∑

k=1

1
2k

pk(x1 − x2)
1 + pk(x1 − x2)

(àï¤ ¢ ¯à ¢®© ç áâ¨ íâ®© ä®à¬ã«ë ¬ ¦®à¨àã¥âáï áå®¤ïé¨¬áï àï¤®¬∑∞
k=1 1/2k, â ª çâ® ®¯à¥¤¥«¥¨¥ d ª®àà¥ªâ®).

�à®¢¥à¨¬, çâ® d | íâ® ¬¥âà¨ª . �®áâ â®ç® ã¡¥¤¨âìáï «¨èì
¢ á¯à ¢¥¤«¨¢®áâ¨ ¥à ¢¥áâ¢  âà¥ã£®«ì¨ª . �à¥¦¤¥ ¢á¥£®, ¯®«®-
¦¨¬ α(t) := t(1 + t)−1 (t ∈ R+). �á®, çâ® α′(t) = (1 + t)−2 > 0.
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�â «® ¡ëâì, äãªæ¨ï α ¢®§à áâ ¥â. �à¨ íâ®¬ α áã¡ ¤¤¨â¨¢ :

α(t1 + t2) = (t1 + t2)(1 + t1 + t2)−1 =

= t1(1 + t1 + t2)−1 + t2(1 + t1 + t2)−1 ≤ t1(1 + t1)−1 + t2(1 + t2)−1 =
= α(t1) + α(t2).

� ç¨â, ¤«ï x, y, z ∈ X ¢ë¯®«¥®

d(x, y) =
∞∑

k=1

1
2k

α(pk(x− y)) ≤
∞∑

k=1

1
2k

α(pk(x− z) + pk(z − y)) ≤

≤
∞∑

k=1

1
2k

(α(pk(x− z) + α(pk(z − y))) = d(x, z) + d(z, y).

�áâ «®áì ãáâ ®¢¨âì á®¢¯ ¤¥¨¥ Ud ¨ UM.
�à®¢¥à¨¬ á ç « , çâ® Ud ⊂ UM. �®§ì¬¥¬ æ¨«¨¤à {d ≤ ε},

¨ ¯ãáâì (x, y) ∈ {dp1 ≤ t} ∩ . . . ∩ {dpn ≤ t}. �®£¤  á ãç¥â®¬ ¬®®â®-
®áâ¨ α ¯®«ãç ¥¬

d(x, y) =
n∑

k=1

1
2k

pk(x− y)
1 + pk(x− y) +

∞∑

k=n+1

1
2k

pk(x− y)
1 + pk(x− y) ≤

≤ t

1 + t

n∑

k=1

1
2k

+
∞∑

k=n+1

1
2k
≤ t

1 + t
+ 1

2n
.

� ª ª ª t(1 + t)−1 + 2−n áâà¥¬¨âáï ª ã«î, ª®£¤  n → ∞ ¨ t → 0,
¤«ï ¯®¤å®¤ïé¨å t ¨ n ¡ã¤¥â (x, y) ∈ {d ≤ ε}. � ç¨â, {d ≤ ε} ∈ UM,
çâ® ¨ ã¦®.

�áâ ®¢¨¬ â¥¯¥àì, çâ® UM ⊂ Ud. �«ï íâ®£® á«¥¤ã¥â ¯à¨ ¤ ëå
pn ∈ M ¨ t > 0 ¯®¤ëáª âì ε > 0 â ª, çâ®¡ë {dpn ≤ t} ⊃ {d ≤ ε}.
�ç¥¢¨¤®, ¬®¦® ¢§ïâì

ε := 1
2n

t

1 + t
,

¯®áª®«ìªã ¨§ á®®â®è¥¨©
1
2n

pn(x− y)
1 + pn(x− y) ≤ d(x, y) ≤ ε = 1

2n

t

1 + t

¤«ï «î¡ëå x, y ¢ëâ¥ª ¥â, çâ® pn(x− y) ≤ t. B
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5.4.3. �¯à¥¤¥«¥¨¥. �®¦¥áâ¢® V ¢ ¬ã«ìâ¨®à¬¨à®¢ ®¬
¯à®áâà áâ¢¥ (X, M)  §ë¢ îâ ®£à ¨ç¥ë¬, ¥á«¨ sup p(V ) < +∞
¯à¨ ¢á¥å p ∈ M, â. ¥. ¥á«¨ ç¨á«®¢®¥ ¬®¦¥áâ¢® p(V ) ®£à ¨ç¥®
á¢¥àåã ¢ R ¤«ï ª ¦¤®© ¯®«ã®à¬ë p ¨§ M.

5.4.4. �«ï ¬®¦¥áâ¢  V ¢ (X, M) íª¢¨¢ «¥âë ãâ¢¥à¦¤¥¨ï:
(1) V | ®£à ¨ç¥®;
(2) ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì®áâ¨ (xn)n∈N ¢ V ¨ ¯®á«¥-

¤®¢ â¥«ì®áâ¨ (λn)n∈N ¢ F â ª®©, çâ® λn → 0, ¢ë-
¯®«¥® λnxn → 0 (â. ¥. p(λnxn) → 0 ¤«ï ¢áïª®©
¯®«ã®à¬ë p ∈ M);

(3) V ¯®£«®é ¥âáï ª ¦¤®© ®ªà¥áâ®áâìî ã«ï.
C (1) ⇒ (2): p(λnxn) ≤ |λn|p(xn) ≤ |λn| sup p(V ) → 0.
(2) ⇒ (3): �ãáâì U ∈ τX(0) ¨ ¥ ¢¥à®, çâ® U ¯®£«®é ¥â V . �®

®¯à¥¤¥«¥¨î 3.4.9 íâ® § ç¨â, çâ® (∀n ∈ N) (∃xn ∈ V ) xn 6∈ nU . � -
ª¨¬ ®¡à §®¬, 1/nxn 6∈ U ¤«ï ¢á¥å n ∈ N, â. ¥. (1/nxn) ¥ áâà¥¬¨âáï
ª ã«î.

(3) ⇒ (1): �ãáâì p ∈ M. � ©¤¥âáï n ∈ N, ¤«ï ª®â®à®£® V ⊂ nBp.
�á®, çâ® sup p(V ) ≤ sup p(nBp) = n < +∞. B

5.4.5. �à¨â¥à¨© �®«¬®£®à®¢ . �ã«ìâ¨®à¬¨à®¢ ®¥ ¯à®-
áâà áâ¢® ®à¬¨àã¥¬® ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ®® å ãá-
¤®àä®¢® ¨ ¨¬¥¥â ®£à ¨ç¥ãî ®ªà¥áâ®áâì ã«ï.

C ⇒: �ç¥¢¨¤®.
⇐: �ãáâì V | ®£à ¨ç¥ ï ®ªà¥áâ®áâì ã«ï. �¥  àãè ï

®¡é®áâ¨, ¬®¦® áç¨â âì, çâ® V = Bp ¤«ï ¥ª®â®à®© ¯®«ã®à¬ë p
¨§ ¨áå®¤®© ¬ã«ìâ¨®à¬ë M. �¥á®¬¥®, çâ® p ≺ M. �á«¨ â¥¯¥àì
U ∈ τM(0), â® nU ⊃ V ¤«ï ¥ª®â®à®£® n ∈ N. � ç¨â, U ∈ τp(0).
�à¨¢«¥ª ï â¥®à¥¬ã 5.3.2, ¢¨¤¨¬, çâ® p Â M. � ª¨¬ ®¡à §®¬, p ∼
M ¨, áâ «® ¡ëâì, ¢ á¨«ã 5.2.12, p â ª¦¥ å ãá¤®àä®¢  ¯®«ã®à¬ .
�®á«¥¤¥¥ ®§ ç ¥â, çâ® p | ®à¬ . B

5.4.6. � ¬¥ç ¨¥. �®¯ãâ® ¢ 5.4.5 ãáâ ®¢«¥®, çâ®  «¨ç¨¥
®£à ¨ç¥®© ®ªà¥áâ®áâ¨ ã«ï ¢ ¬ã«ìâ¨®à¬¨à®¢ ®¬ ¯à®áâà -
áâ¢¥ à ¢®á¨«ì® ¥£® ¯®«ã®à¬¨àã¥¬®áâ¨.

5.5. �  å®¢ë ¯à®áâà áâ¢ 
5.5.1. �¯à¥¤¥«¥¨¥. �®«®¥ ®à¬¨à®¢ ®¥ ¯à®áâà áâ¢®  -

§ë¢ îâ ¡  å®¢ë¬.
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5.5.2. � ¬¥ç ¨¥. �¥¯®áà¥¤áâ¢¥ë¬ à áè¨à¥¨¥¬ ª« áá  ¡ -
 å®¢ëå ¯à®áâà áâ¢ á«ã¦ â ¯®«ë¥ ¬¥âà¨§ã¥¬ë¥ ¬ã«ìâ¨®à¬¨à®-
¢ ë¥ ¯à®áâà áâ¢  | ¯à®áâà áâ¢  �à¥è¥. �®¦® áª § âì, çâ®
¯à®áâà áâ¢  �à¥è¥ á®áâ ¢«ïîâ  ¨¬¥ìè¨© ª« áá, á®¤¥à¦ é¨© ¡ -
 å®¢ë ¯à®áâà áâ¢  ¨ § ¬ªãâë© ®â®á¨â¥«ì® ®¡à §®¢ ¨ï áç¥â-
ëå ¯à®¨§¢¥¤¥¨©. CB

5.5.3. �®à¬¨à®¢ ®¥ ¯à®áâà áâ¢® ï¢«ï¥âáï ¡  å®¢ë¬ ¢ â®¬
¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ «î¡®©  ¡á®«îâ® (= ®à¬ «ì®) áå®¤ï-
é¨©áï àï¤ ¢ ¥¬ áå®¤¨âáï.

C ⇒: �ãáâì
∑∞

n=1 ‖xn‖ < +∞ ¤«ï ¥ª®â®à®© áç¥â®© ¯®á«¥¤®-
¢ â¥«ì®áâ¨ (xn). �®£¤  ¯®á«¥¤®¢ â¥«ì®áâì ç áâ¨çëå áã¬¬ sn :=
x1 + . . . + xn äã¤ ¬¥â «ì , ¨¡® ¯à¨ m > k á¯à ¢¥¤«¨¢ë á®®â®-
è¥¨ï

‖sm − sk‖ =
∥∥∥∥∥

m∑

n=k+1
xn

∥∥∥∥∥ ≤
m∑

n=k+1
‖xn‖ → 0.

⇐: �ãáâì (xn) | áç¥â ï äã¤ ¬¥â «ì ï ¯®á«¥¤®¢ â¥«ì®áâì.
�ë¡¥à¥¬ ¢®§à áâ îéãî ¯®á«¥¤®¢ â¥«ì®áâì (nk)k∈N â ªãî, çâ®¡ë
¡ë«® ‖xn − xm‖≤ 2−k ¯à¨ n, m ≥ nk. �®£¤  àï¤ xn1 + (xn2 −
xn1) + (xn3 − xn2) + . . .  ¡á®«îâ® áå®¤¨âáï ª ¥ª®â®à®© áã¬¬¥ x,
â. ¥. xnk

→ x. �¨¤®, çâ® ®¤®¢à¥¬¥® á íâ¨¬ xn → x. B
5.5.4. �ãáâì X | ¡  å®¢® ¯à®áâà áâ¢® ¨ X0 | § ¬ªãâ®¥

¯®¤¯à®áâà áâ¢® ¢ X. �®£¤  ä ªâ®à-¯à®áâà áâ¢® X/X0 ¡  å®¢®.
C �ãáâì ϕ : X → X := X/X0 | á®®â¢¥âáâ¢ãîé¥¥ ª ®¨ç¥-

áª®¥ ®â®¡à ¦¥¨¥. �¥á®¬¥®, çâ® ¤«ï ª ¦¤®£® í«¥¬¥â  x ∈ X
áãé¥áâ¢ã¥â í«¥¬¥â x ∈ ϕ−1(x) â ª®©, çâ® 2‖x‖ ≥ ‖x‖ ≥ ‖x‖. � -
ç¨â, ¤«ï àï¤ 

∑∞
n=1 xn,  ¡á®«îâ® áå®¤ïé¥£®áï ¢ X , ¬®¦® ¢ë¡à âì

xn ∈ ϕ−1(xn), ®¡¥á¯¥ç¨¢ áå®¤¨¬®áâì àï¤  ®à¬
∑∞

n=1 ‖xn‖. �  ®á®-
¢ ¨¨ 5.5.3 ¨¬¥¥âáï áã¬¬  x :=

∑∞
n=1 xn. �ãáâì x := ϕ(x). �®£¤ 

∥∥∥∥x−
n∑

k=1
xk

∥∥∥∥ ≤
∥∥∥∥x−

n∑

k=1
xk

∥∥∥∥ → 0.

�®¢ì  ¯¥««¨àãï ª 5.5.3, ¢ë¢®¤¨¬, çâ® X ¡  å®¢®. B
5.5.5. � ¬¥ç ¨¥. �®ïâ®, çâ® 5.5.3 ¬®¦® ¯¥à¥¥áâ¨   ¯®-

«ã®à¬¨à®¢ ë¥ ¯à®áâà áâ¢ . � ç áâ®áâ¨, ¥á«¨ (X, p) | ¯®«®¥
¯®«ã®à¬¨à®¢ ®¥ ¯à®áâà áâ¢®, â® ä ªâ®à-¯à®áâà áâ¢® X/ ker p
¡  å®¢®. CB
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5.5.6. �¥®à¥¬ . �ãáâì X, Y | ®à¬¨à®¢ ë¥ ¯à®áâà áâ¢ 
¨ X 6= 0. �à®áâà áâ¢® ®£à ¨ç¥ëå ®¯¥à â®à®¢ B(X, Y ) ï¢«ï¥âáï
¡  å®¢ë¬ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ Y ¡  å®¢®.

C ⇐: �ãáâì (Tn) | ¯®á«¥¤®¢ â¥«ì®áâì �®è¨ ¢ B(X, Y ). �®
®à¬ â¨¢®¬ã ¥à ¢¥áâ¢ã ¤«ï ¢á¥å x ∈ X ¢ë¯®«¥® ‖Tmx−Tkx‖ ≤
‖Tm − Tk‖ ‖x‖ → 0, â. ¥. (Tnx) | äã¤ ¬¥â «ì ï ¯®á«¥¤®¢ â¥«ì-
®áâì ¢ Y . � ª¨¬ ®¡à §®¬, ¥áâì ¯à¥¤¥« Tx := lim Tnx. �¥áá¯®à®, çâ®
¢®§¨ª îé¥¥ ®â®¡à ¦¥¨¥ T | «¨¥©ë© ®¯¥à â®à. � á¨«ã ®æ¥ª¨
|‖Tm‖ − ‖Tk‖| ≤ ‖Tm − Tk‖ ¯®á«¥¤®¢ â¥«ì®áâì (‖Tn‖) äã¤ ¬¥-
â «ì  ¢ R, ¯®â®¬ã ¨ ®£à ¨ç¥ , â. ¥. supn ‖Tn‖ < +∞. �âáî¤ ,
¯¥à¥å®¤ï ª ¯à¥¤¥«ã ¢ ¥à ¢¥áâ¢¥ ‖Tnx‖ ≤ supn ‖Tn‖ ‖x‖, ¯®«ãç -
¥¬: ‖T‖ < +∞. �áâ «®áì ¯à®¢¥à¨âì, çâ® ‖Tn − T‖ → 0. �®§ì¬¥¬
¤«ï § ¤ ®£® ε > 0 ®¬¥à n0 â ª, çâ®¡ë ¡ë«® ‖Tm − Tn‖ ≤ ε/2
¯à¨ m, n ≥ n0. �®¬¨¬® íâ®£®, ¤«ï x ∈ BX ¯®¤¡¥à¥¬ m ≥ n0, ¤«ï
ª®â®à®£® ‖Tmx − Tx‖ ≤ ε/2. �®£¤  ‖Tnx − Tx‖ ≤ ‖Tnx − Tmx‖ +
‖Tmx − Tx‖ ≤ ‖Tn − Tm‖ + ‖Tmx − Tx‖ ≤ ε ¯à¨ n ≥ n0. � ç¨â,
‖Tn − T‖ = sup{‖Tnx − Tx‖ : x ∈ BX} ≤ ε ¯à¨ ¤®áâ â®ç® ¡®«ì-
è¨å n.

⇒: �ãáâì (yn) | ¯®á«¥¤®¢ â¥«ì®áâì �®è¨ ¢ Y . �® ãá«®¢¨î
áãé¥áâ¢ã¥â í«¥¬¥â x ∈ X á ®à¬®© ‖x‖ = 1. �à¨¢«¥ª ï 3.5.6 ¨ 3.5.2
(1), ¯®¤ëé¥¬ í«¥¬¥â x′ ∈ |∂|(‖ · ‖), ¤«ï ª®â®à®£® (x, x′) = ‖x‖ = 1.
�ç¥¢¨¤®, çâ® ®¤®¬¥àë© ®¯¥à â®à Tn := x′ ⊗ yn : x 7→ (x, x′)yn

¢å®¤¨â ¢ B(X, Y ), ¨¡® ‖Tn‖ = ‖x′‖ ‖yn‖. � ç¨â, ‖Tm − Tk‖ = ‖x′ ⊗
(ym−yk)‖= ‖x′‖ ‖ym−yk‖ = ‖ym−yk‖, â. ¥. (Tn) | äã¤ ¬¥â «ì ï
¯®á«¥¤®¢ â¥«ì®áâì ¢ B(X, Y ). �¡®§ ç¨¬ T := lim Tn. �®£¤  ‖Tx−
Tnx‖ = ‖Tx − yn‖ ≤ ‖T − Tn‖ ‖x‖ → 0. � ç¥ £®¢®àï, Tx | ¯à¥¤¥«
(yn) ¢ Y . B

5.5.7. �«¥¤áâ¢¨¥. �®¯àï¦¥®¥ ¯à®áâà áâ¢® (á á®¯àï¦¥®©
®à¬®©) ¡  å®¢®. CB

5.5.8. �«¥¤áâ¢¨¥. �ãáâì X | ®à¬¨à®¢ ®¥ ¯à®áâà áâ¢®,
ι : X → X ′′ | ¤¢®©®¥ èâà¨å®¢ ¨¥, ®áãé¥áâ¢«ïîé¥¥ ª ®¨ç¥-
áª®¥ ¢«®¦¥¨¥ X ¢® ¢â®à®¥ á®¯àï¦¥®¥ ¯à®áâà áâ¢® X ′′. �®£¤ 
§ ¬ëª ¨¥ cl ι(X) | ¯®¯®«¥¨¥ X.

C � á¨«ã 5.5.7, X ′′ | ¡  å®¢® ¯à®áâà áâ¢®. �® 5.1.10 (8)
®â®¡à ¦¥¨¥ ι | íâ® ¨§®¬¥âà¨ï X ¢ X ′′. �áâ «®áì á®á« âìáï  
4.5.16. B
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5.5.9. �à¨¬¥àë.
(1) ý�¡áâà ªâë¥þ ¯à¨¬¥àë: ®á®¢®¥ ¯®«¥, § ¬ªãâ®¥

¯®¤¯à®áâà áâ¢® ¡  å®¢  ¯à®áâà áâ¢ , ¯à®¨§¢¥¤¥¨¥ ¡  å®¢ëå
¯à®áâà áâ¢, 5.5.4{5.5.8.

(2) �ãáâì E | ¥¯ãáâ®¥ ¬®¦¥áâ¢®. �«ï x ∈ FE ¯®-
«®¦¨¬ ‖x‖∞ := sup |x(E )|. �à®áâà áâ¢® l∞(E ) := l∞(E , F) :=
dom ‖ · ‖∞  §ë¢ îâ ¯à®áâà áâ¢®¬ ®£à ¨ç¥ëå äãªæ¨©   E .
�á¯®«ì§ãîâ ¨ â ª¨¥ ®¡®§ ç¥¨ï: B(E ) ¨«¨ B(E , F). �à¨ E := N
¯®« £ îâ m := l∞ := l∞(E ).

(3) �ãáâì F | ä¨«ìâà ¢ E . �® ®¯à¥¤¥«¥¨î áç¨â îâ
x ∈ c(E , F ) ⇔ (x ∈ l∞(E ) ¨ x(F ) | ä¨«ìâà �®è¨ ¢ F).

� á«ãç ¥, ª®£¤  E := N ¨ F | ä¨«ìâà ¤®¯®«¥¨© ª®¥çëå
¬®¦¥áâ¢ ¢ N, ¯¨èãâ c := c(E , F ) ¨ £®¢®àïâ ® ¯à®áâà áâ¢¥ áå®-
¤ïé¨åáï ¯®á«¥¤®¢ â¥«ì®áâ¥©. � c(E , F ) à áá¬ âà¨¢ îâ ¯®¤¯à®-
áâà áâ¢® c0(E , F ) := {x ∈ c(E , F ) : x(F ) → 0}.

�á«¨ F | ä¨«ìâà ¤®¯®«¥¨© ª®¥çëå ¬®¦¥áâ¢ ¢ ¡¥áª®¥ç-
®¬ E , â® ¯à¨¬¥ïîâ á®ªà é¥ãî § ¯¨áì c0(E ) := c0(E , F ) ¨
£®¢®àïâ ® ¯à®áâà áâ¢¥ äãªæ¨©, ¨áç¥§ îé¨å   ¡¥áª®¥ç®áâ¨.
�à¨ E := N ¯¨èãâ ¯à®áâ® c0 := c0(E ). �à®áâà áâ¢® c0  §ë¢ îâ
¯à®áâà áâ¢®¬ áå®¤ïé¨åáï ª ã«î ¯®á«¥¤®¢ â¥«ì®áâ¥©. �«¥¤ã¥â
¯®¬¨âì, çâ® ¢á¥ íâ¨ ¯à®áâà áâ¢  ¡¥§ ®á®¡ëå ®£®¢®à®ª  ¤¥«ïîâ
®à¬®©, ¢§ïâ®© ¨§ á®®â¢¥âáâ¢ãîé¥£® ¯à®áâà áâ¢  l∞(E , F ).

(4) �ãáâì S := (E , X,
∫

) | á¨áâ¥¬  á ¨â¥£à¨à®¢ ¨¥¬.
� ª¨¬ ®¡à §®¬, X | ¢¥ªâ®à ï à¥è¥âª  ¢ RE , ¯à¨ç¥¬ à¥è¥â®çë¥
®¯¥à æ¨¨ ¢ X ¨ RE á®¢¯ ¤ îâ,  

∫
: X → R | (¯à¥¤)¨â¥£à «, â. ¥.∫ ∈ X#

+ ¨
∫

xn ↓ 0, ª ª â®«ìª® xn ∈ X ¨ xn(e) ↓ 0 ¤«ï e ∈ E . �ãáâì,
¤ «¥¥, f ∈ FE | ¨§¬¥à¨¬®¥ (®â®á¨â¥«ì® S) ®â®¡à ¦¥¨¥ (¬®¦®,
ª ª íâ® ®¡ëç® ¨ ¯à¨ïâ®, £®¢®à¨âì ® ¯®çâ¨ ¢¥§¤¥ ª®¥çëå ¯®çâ¨
¢¥§¤¥ ®¯à¥¤¥«¥ëå ¨§¬¥à¨¬ëå äãªæ¨ïå).

�®«®¦¨¬ Np(f) := (
∫ |f |p)1/p ¤«ï p ≥ 1, £¤¥

∫
| á®®â¢¥âáâ¢ã-

îé¥¥ «¥¡¥£®¢® à áè¨à¥¨¥ ¨áå®¤®£® ¨â¥£à « 
∫

(¨á¯®«ì§®¢ ¨¥
¥¤¨®£® á¨¬¢®«  | âà ¤¨æ¨® ï ¢®«ì®áâì).

�«¥¬¥âë dom N1  §ë¢ îâ ¨â¥£à¨àã¥¬ë¬¨ ¨«¨ áã¬¬¨àã¥¬ë-
¬¨ äãªæ¨ï¬¨.

�â¥£à¨àã¥¬®áâì f ∈ FE à ¢®á¨«ì  ¨â¥£à¨àã¥¬®áâ¨ ¥¥ ¢¥é¥-
áâ¢¥®© ¨ ¬¨¬®© ç áâ¥© Re f, Im f ∈ RE . �«ï ¯®«®âë  ¯®¬¨¬,
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çâ® N1(f) = N(f), £¤¥
N(g) :=

:= inf
{

sup
∫

xn : (xn) ⊂ X, xn ≤ xn+1, (∀ e ∈ E ) |g(e)| = lim
n

xn(e)
}

¤«ï ¯à®¨§¢®«ì®© g ∈ FE . �à¨ F = R ïá®, çâ® dom N1 ¯à¥¤áâ ¢«ï¥â
§ ¬ëª ¨¥ X ¢ ¯®«ã®à¬¨à®¢ ®¬ ¯à®áâà áâ¢¥ (dom N, N).

�¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢® ��¥«ì¤¥à 

N1(fg) ≤ Np(f)Np′(g)
(1

p
+ 1

p′
= 1, p > 1

)
.

C �â® ¥à ¢¥áâ¢® ¥áâì á«¥¤áâ¢¨¥ ¥à ¢¥áâ¢  �£ :

xy − xp

p
≤ yp′

p′
(x, y ∈ R+),

¯à¨¬¥¥®£® ª |f |/Np(f) ¨ |g|/Np′(g) ¢ á«ãç ¥, ª®£¤  Np(f) ¨ Np′(g)
¥ à ¢ë ã«î ®¤®¢à¥¬¥®. �à¨ Np(f)Np′(g) = 0 ¥à ¢¥áâ¢®
��¥«ì¤¥à  ¥á®¬¥®. B

�®¦¥áâ¢® Lp := dom Np ï¢«ï¥âáï ¢¥ªâ®àë¬ ¯à®áâà áâ¢®¬.

C |f+g|p ≤ (|f |+|g|)p ≤ 2p(|f |∨|g|)p = 2p(|f |p∨|g|p) ≤ 2p(|f |p+|g|p) B

�ãªæ¨ï Np | ¯®«ã®à¬ , ¨¡® ¤«ï ¥¥ á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®
�¨ª®¢áª®£®

Np(f + g) ≤ Np(f) + Np(g).

C �à¨ p = 1 ¥à ¢¥áâ¢® �¨ª®¢áª®£® ¥á®¬¥®. �à¨ p > 1
¥à ¢¥áâ¢® �¨ª®¢áª®£® á«¥¤ã¥â ¨§ ¯à¥¤áâ ¢«¥¨ï

Np(f) = sup{N1(fg)/Np′(g) : 0 < Np′(g) < +∞} (f ∈ Lp),

¢ ¯à ¢®© ç áâ¨ ª®â®à®£® áâ®¨â ¢¥àåïï ®£¨¡ îé ï á¥¬¥©áâ¢  ¯®«ã-
®à¬.

�«ï ¤®ª § â¥«ìáâ¢  ã¦®£® ¯à¥¤áâ ¢«¥¨ï ¢ á¨«ã ¥à ¢¥áâ¢ 
��¥«ì¤¥à  ¤®áâ â®ç® § ¬¥â¨âì, çâ® ¯à¨ Np(f) > 0 ¤«ï g := |f |p/p′

¢ë¯®«¥® g ∈ Lp′ ¨, ªà®¬¥ â®£®, Np(f) = N1(fg)/Np′(g).
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� á ¬®¬ ¤¥«¥, N1(fg) =
∫ |f |p/p′+1 = Np(f)p, ¨¡® p/p′ + 1 =

p (1− 1/p) + 1 = p. �®¬¨¬® íâ®£®, Np′(g)p′ =
∫ |g|p′ =

∫ |f |p =
Np(f)p, â ª çâ® Np′(g) = Np(f)p/p′. �ª®ç â¥«ì® ¯®«ãç ¥¬

N1(fg)/Np′(g) = Np(f)p/Np(f)p/p′ =
= Np(f)p−p/p′ = Np(f)p(1−1/p′) = Np(f),

çâ® ¨ § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®. B
�«¥¬¥âë dom N1  §ë¢ îâ ¨â¥£à¨àã¥¬ë¬¨ ¨«¨ áã¬¬¨àã¥¬ë-

¬¨ äãªæ¨ï¬¨. �â¥£à¨àã¥¬®áâì f ∈ FE à ¢®á¨«ì  ¨â¥£à¨àã¥-
¬®áâ¨ ¢¥é¥áâ¢¥®© ¨ ¬¨¬®© ç áâ¥© Re f, Im f ∈ RE . � ¤¨ ¯®«®-
âë,  ¯®¬¨¬, çâ®

N(g) :=

:= inf
{

sup
n

∫
xn : (xn) ⊂ X, xn ≤ xn+1, (∀ e ∈ E ) |g(e)| ≤ lim

n
xn(e)

}

¤«ï ¯à®¨§¢®«ì®£® g ∈ FE . �á«¨ F := R, â® dom N1, ®ç¥¢¨¤®,
¯à¥¤áâ ¢«ï¥â á®¡®© § ¬ëª ¨¥ X ¢ ®à¬¨à®¢ ®¬ ¯à®áâà áâ¢¥
(dom N, N).

� ªâ®à-¯à®áâà áâ¢® Lp/ ker Np,  ¤¥«¥®¥ á®®â¢¥âáâ¢ãîé¥©
ä ªâ®à-®à¬®© ‖·‖p,  §ë¢ îâ ¯à®áâà áâ¢®¬ äãªæ¨©, áã¬¬¨àã¥-
¬ëå (¢¬¥áâ¥) á p-â®© áâ¥¯¥ìî, ¨«¨ ¯à®áâà áâ¢®¬ p-áã¬¬¨àã¥¬ëå
äãªæ¨© ¨ ®¡®§ ç îâ Lp. �®¥ç®, ¨á¯®«ì§ãîâ ¨ ¡®«¥¥ à §¢¥àã-
âë¥ á¨¬¢®«ë â¨¯  Lp(S), Lp(E , X,

∫
) ¨ â. ¯.

� ª®¥æ, ¥á«¨ á¨áâ¥¬  á ¨â¥£à¨àã¥¬®áâìî S ¢®§¨ª ¥â ¨§ à á-
á¬®âà¥¨ï áâã¯¥ç âëå ¨§¬¥à¨¬ëå äãªæ¨©   ¯à®áâà áâ¢¥ á ¬¥-
à®© (
, A , µ), â® ¯¨èãâ Lp(
, A , µ), Lp(
, µ) ¨ ¤ ¦¥ Lp(µ), £¤¥
®áâ «ìë¥ ¯ à ¬¥âàë à áá¬ âà¨¢ ¥¬®© á¨âã æ¨¨ ïáë ¨§ ª®â¥ªáâ .

�¥®à¥¬  �¨áá  | �¨è¥à . �à®áâà áâ¢® Lp ï¢«ï¥âáï ¡  -
å®¢ë¬.

C � ¬¥â¨¬ ¤®ª § â¥«ìáâ¢®. �®§ì¬¥¬ ª ª®©-«¨¡®  ¡á®«îâ® áå®-
¤ïé¨©áï àï¤ t :=

∑∞
k=1 Np(fk), £¤¥ fk ∈ Lp. �®«®¦¨¬ σn :=

∑n
k=1 fk

¨ sn :=
∑n

k=1 |fk|. �¨¤®, çâ® ¯®á«¥¤®¢ â¥«ì®áâì (sn) á®áâ®¨â ¨§
¯®«®¦¨â¥«ìëå äãªæ¨© ¨ ï¢«ï¥âáï ¢®§à áâ îé¥©. �â® ¦¥ ¢¥à-
® ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ (sp

n). �®«¥¥ â®£®,
∫

sp
n ≤ tp < +∞. �®
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â¥®à¥¬¥ �¥¢¨ ® ¬®®â®®© áå®¤¨¬®áâ¨ ¯®çâ¨ ¤«ï ª ¦¤®£® e ∈ E
¯à¥¤¥« g(e) := lim sp

n(e) ª®¥ç¥ ¨ ¬®¦® áç¨â âì, çâ® ¢®§¨ª î-
é ï äãªæ¨ï g «¥¦¨â ¢ L1. �®« £ ï h(e) := g1/p(e), ¢¨¤¨¬, çâ®
h ∈ Lp ¨ sn(e) → h(e) ¯®çâ¨ ¯à¨ ¢á¥å e ∈ E . �§ ¥à ¢¥áâ¢
|σn| ≤ sn ≤ h ¢ëâ¥ª ¥â, çâ® ¯®çâ¨ ¤«ï «î¡®£® e ∈ E áå®¤¨âáï
àï¤

∑∞
k=1 fk(e). �«ï áã¬¬ë f0(e) ¡ã¤¥â |f0(e)| ≤ h(e), ¨, áâ «®

¡ëâì, ¬®¦® áç¨â âì, çâ® f0 ∈ Lp. �à¨¬¥ïï â¥®à¥¬ã �¥¡¥£  ®¡
®£à ¨ç¥®© áå®¤¨¬®áâ¨ (= ® ¯à¥¤¥«ì®¬ ¯¥à¥å®¤¥), § ª«îç ¥¬:
Np(σn − f0) =

(∫ |σn − f0|p
)1/p → 0. �â ª,  ¡á®«îâ® áå®¤ïé¨©áï

àï¤ ¢ ¯®«ã®à¬¨à®¢ ®¬ ¯à®áâà áâ¢¥ (Lp, Np) áå®¤¨âáï. �áâ ¥â-
áï á®á« âìáï   5.5.3{5.5.5. B

�á«¨ á¨áâ¥¬  S | íâ® ý®¡ëç®¥ áã¬¬¨à®¢ ¨¥þ   E , â. ¥. ¢ á«ã-
ç ¥, ª®£¤  X :=

∑
e∈E R | ¯àï¬ ï áã¬¬  ®á®¢ëå ¯®«¥© R ¨

∫
x :=∑

e∈E x(e), ¯à®áâà áâ¢® Lp á®áâ®¨â ¨§ á¥¬¥©áâ¢, áã¬¬¨àã¥¬ëå á
p-â®© áâ¥¯¥ìî. �â® ¯à®áâà áâ¢® ®¡®§ ç îâ lp(E ). �à¨ íâ®¬
‖x‖p :=

(∑
e∈E |x(e)|p)1/p. �à¨ E := N ¯¨èãâ ¯à®áâ® lp ¨ £®¢®àïâ ®

¯à®áâà áâ¢¥ ¯®á«¥¤®¢ â¥«ì®áâ¥©, áã¬¬¨àã¥¬ëå á p-â®© áâ¥¯¥-
ìî.

(5) �à®áâà áâ¢® L∞ ®¯à¥¤¥«ïîâ   ®á®¢¥ á«¥¤ãîé¥©
ª®áâàãªæ¨¨. �ãáâì X | ã¯®àï¤®ç¥®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢®
¨ e ∈ X+ | ¯®«®¦¨â¥«ìë© í«¥¬¥â. �®«ã®à¬®© pe,  áá®æ¨¨à®-
¢ ®© á e,  §ë¢ îâ äãªæ¨® « �¨ª®¢áª®£® ¯à®¬¥¦ãâª  [−e, e],
â. ¥.

pe(x) := inf{t > 0 : −te ≤ x ≤ te}.
�à®áâà áâ¢® Xe, á®¢¯ ¤ îé¥¥ á íää¥ªâ¨¢®© ®¡« áâìî ®¯à¥¤¥«¥-
¨ï dom pe,  §ë¢ îâ ¯à®áâà áâ¢®¬ ®£à ¨ç¥ëå ¯® ®â®è¥¨î
ª e í«¥¬¥â®¢,   á ¬ í«¥¬¥â e | á¨«ì®© ¥¤¨¨æ¥© ¢ Xe. �«¥¬¥âë
ï¤à  ker pe  §ë¢ îâ ¥ àå¨¬¥¤®¢ë¬¨ (¯® ®â®è¥¨î ª e).

� ªâ®à-¯à®áâà áâ¢® Xe/ ker pe  ¤¥«ïîâ ä ªâ®à-¯®«ã®à¬®©
¨  §ë¢ îâ ®à¬¨à®¢ ë¬ ¯à®áâà áâ¢®¬ ®£à ¨ç¥ëå í«¥¬¥-
â®¢, ¯®à®¦¤¥ë¬ e (¢ X). � ª, ¯à®áâà áâ¢® C(Q, R) ¥¯à¥àë¢-
ëå ¢¥é¥áâ¢¥ëå äãªæ¨©   ¥¯ãáâ®¬ ª®¬¯ ªâ¥ Q ¥áâì ®à¬¨à®-
¢ ®¥ ¯à®áâà áâ¢® ®£à ¨ç¥ëå í«¥¬¥â®¢, ¯®à®¦¤¥®¥ äãª-
æ¨¥© 1 := 1Q : q 7→ 1 (q ∈ Q) (¢ á¥¡¥). � ¯à®áâà áâ¢¥ RE â  ¦¥
äãªæ¨ï 1 ¯®à®¦¤ ¥â ¯à®áâà áâ¢® l∞(E ).

�«ï á¨áâ¥¬ë á ¨â¥£à¨à®¢ ¨¥¬ S :=
(
E , X,

∫ )
¢ ¯à¥¤¯®«®¦¥-

¨¨ ¨§¬¥à¨¬®áâ¨ 1 à áá¬ âà¨¢ îâ ¯à®áâà áâ¢® â ª¨å ¨§¬¥à¨¬ëå
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äãªæ¨© ¨§ E ¢ F, çâ®

N∞(f) := inf{t > 0 : |f | ≤ t1} < +∞,

£¤¥ ≤ ®§ ç ¥â ý¬¥ìè¥ ¯®çâ¨ ¢¥§¤¥þ. �â® ¯à®áâà áâ¢®  §ë¢ -
îâ ¯à®áâà áâ¢®¬ áãé¥áâ¢¥® ®£à ¨ç¥ëå äãªæ¨© ¨ ®¡®§ ç -
îâ L∞.

� ªâ®à-¯à®áâà áâ¢® L∞/ ker N∞ ®¡®§ ç îâ L∞,   ®à¬ã ¢
¥¬ | ‖ · ‖∞. �«¥¬¥âë L∞, ¤®¯ãáª ï ¢®«ì®áâì à¥ç¨,  §ë¢ -
îâ (ª ª ¨ í«¥¬¥âë L∞) áãé¥áâ¢¥® ®£à ¨ç¥ë¬¨ äãªæ¨ï¬¨.
�à®áâà áâ¢® L∞ ï¢«ï¥âáï ¡  å®¢ë¬. CB

�à®áâà áâ¢ã L∞, â ª ¦¥, ª ª ¨ ¯à®áâà áâ¢ ¬ C(Q, F), lp(E ),
c0(E ), c, lp, Lp (p ≥ 1), ¯à¨á¢®¥®  §¢ ¨¥ ýª« áá¨ç¥áª®¥ ¡  å®-
¢® ¯à®áâà áâ¢®þ. � ¯®á«¥¤¥¥ ¢à¥¬ï ª ç¨á«ã ª« áá¨ç¥áª¨å ®â®áïâ
â ª¦¥ ¯à®áâà áâ¢  �¨¤¥èâà ãáá , â. ¥. ¯à®áâà áâ¢ , á®¯àï-
¦¥ë¥ ª ª®â®àë¬ ¨§®¬¥âà¨çë L1 (®â®á¨â¥«ì® ª ª®©-¨¡ã¤ì á¨-
áâ¥¬ë á ¨â¥£à¨à®¢ ¨¥¬). �®¦® ¯®ª § âì, çâ® ¡  å®¢® ¯à®áâà -
áâ¢® X ï¢«ï¥âáï ª« áá¨ç¥áª¨¬ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨
á®¯àï¦¥®¥ ¯à®áâà áâ¢® X ′ ¨§®¬¥âà¨ç® ®¤®¬ã ¨§ ¯à®áâà áâ¢
Lp ¯à¨ p ≥ 1.

(6) �ãáâì S :=
(
E , X,

∫ )
| á¨áâ¥¬  á ¨â¥£à¨à®¢ ¨-

¥¬ ¨ p ≥ 1. �®¯ãáâ¨¬, çâ® ¤«ï ª ¦¤®£® e ∈ E ¨¬¥¥âáï ¡  å®¢®
¯à®áâà áâ¢® (Ye, ‖ · ‖Ye). �®§ì¬¥¬ «î¡®© í«¥¬¥â f ∈ ∏

e∈E Ye ¨
¯®«®¦¨¬ |||f ||| : e 7→ ‖f(e)‖Ye . �ãáâì, ¤ «¥¥, Np(f) := inf{Np(g) : g ∈
Lp, g ≥ |||f |||}. �á®, çâ® dom Np | ¢¥ªâ®à®¥ ¯à®áâà áâ¢® á ¯®«ã-
®à¬®© Np. � ªâ®à-¯à®áâà áâ¢® dom Np/ ker Np á á®®â¢¥âáâ¢ãîé¥©
®à¬®© |||·|||p  §ë¢ îâ áã¬¬®© á¥¬¥©áâ¢  (Ye)e∈E ¯® â¨¯ã p (â®ç¥¥,
¯® â¨¯ã Lp ¢ á¨áâ¥¬¥ á ¨â¥£à¨à®¢ ¨¥¬ S).

�ã¬¬  ¯® â¨¯ã p á¥¬¥©áâ¢  ¯à®áâà áâ¢ | ¡  å®¢® ¯à®áâà -
áâ¢®.

C �ãáâì
∑∞

k=1 Np(fk) < +∞. �®£¤  ¯®á«¥¤®¢ â¥«ì®áâì ç áâ¨ç-
ëå áã¬¬ (sn :=

∑n
k=1|||fk|||) áå®¤¨âáï ª ¥ª®â®à®© ¯®çâ¨ ¢¥§¤¥ ª®¥ç-

®© ¯®«®¦¨â¥«ì®© äãªæ¨¨ g ¨ Np(g) < +∞. �âáî¤  ¢¨¤®, çâ®
¯®çâ¨ ¤«ï ª ¦¤®£® e ∈ E áå®¤¨âáï ¯®á«¥¤®¢ â¥«ì®áâì (sn(e)), â. ¥.
àï¤

∑∞
k=1 ‖fk(e)‖Ye . �§-§  ¯®«®âë Ye ¯®«ãç ¥¬, çâ® àï¤

∑∞
k=1 fk(e)

áå®¤¨âáï ª ¥ª®â®à®© áã¬¬¥ f0(e) ¢ Ye ¯®çâ¨ ¯à¨ «î¡®¬ e ∈ E . �®-
áª®«ìªã ‖f0(e)‖Ye ≤ g(e) ¯®çâ¨ ¯à¨ ¢á¥å e ∈ E , ¬®¦® áç¨â âì, çâ®
f0 ∈ dom Np. � ª®¥æ, Np (

∑n
k=1 fk − f0) ≤ ∑∞

k=n+1 Np(fk) → 0. B
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� á«ãç ¥ E := N ¨ ý®¡ëç®£® áã¬¬¨à®¢ ¨ïþ áã¬¬ã Y ¯®á«¥¤®-
¢ â¥«ì®áâ¨ ¡  å®¢ëå ¯à®áâà áâ¢ (Yn)n∈N ç áâ® ®¡®§ ç îâ

Y := (Y1 ⊕ Y2 ⊕ . . . )p,

£¤¥ p | â¨¯ áã¬¬¨à®¢ ¨ï. �«¥¬¥â y ¯à®áâà áâ¢  Y | íâ® ¯®á«¥-
¤®¢ â¥«ì®áâì (yn)n∈N â ª ï, çâ® yn ∈ Yn ¨

|||y|||p :=
( ∞∑

k=1
‖yn‖p

Yn

)1/p

< +∞.

� á«ãç ¥, ª®£¤  Ye := X ¯à¨ «î¡®¬ e ∈ E , £¤¥ X | ¥ª®â®-
à®¥ ¡  å®¢® ¯à®áâà áâ¢®  ¤ F, ¯®« £ îâ Fp := dom Np ¨ Fp :=
Fp/ ker Np. �«¥¬¥âë ¯®«ãç¥ëå ¯à®áâà áâ¢  §ë¢ îâ ¢¥ªâ®à-
ë¬¨ ¯®«ï¬¨ ¨«¨ X-§ çë¬¨ äãªæ¨ï¬¨   E (á ®à¬ ¬¨, áã¬¬¨-
àã¥¬ë¬¨ á p-â®© áâ¥¯¥ìî). �¥á®¬¥®, çâ® ¯à®áâà áâ¢® Fp ï¢«ï-
¥âáï ¡  å®¢ë¬. � â® ¦¥ ¢à¥¬ï ¥á«¨ ¢ ¨áå®¤®© á¨áâ¥¬¥ á ¨â¥£à¨à®-
¢ ¨¥¬ ¥áâì ¥¨§¬¥à¨¬®¥ ¬®¦¥áâ¢®, â® ¯à®áâà áâ¢® Fp á®¤¥à¦¨â
ç¥à¥áçãà ¬®£® í«¥¬¥â®¢ (â ª, ¤«ï ®¡ëç®© «¥¡¥£®¢®© á¨áâ¥¬ë á ¨-
â¥£à¨à®¢ ¨¥¬ Fp 6= Lp). � íâ®© á¢ï§¨ ¢ ¯à®áâà áâ¢¥ Fp ¢ë¤¥«ïîâ
äãªæ¨¨ á ª®¥çë¬¨ ¬®¦¥áâ¢ ¬¨ § ç¥¨©, ª ¦¤®¥ ¨§ ª®â®àëå
¯à¨¨¬ ¥âáï   ¨§¬¥à¨¬®¬ ¬®¦¥áâ¢¥. � ª¨¥ í«¥¬¥âë, à� ¢® ª ª
¨ ®â¢¥ç îé¨¥ ¨¬ ª« ááë ¢ Fp,  §ë¢ îâ ¯à®áâë¬¨, ª®¥ç®§ ç-
ë¬¨, áâã¯¥ç âë¬¨ ¨«¨ à §¬¥é¥ë¬¨ äãªæ¨ï¬¨. � ¬ëª ¨¥
¬®¦¥áâ¢  ¯à®áâëå äãªæ¨© ¢ Fp ®¡®§ ç îâ Lp (¡®«¥¥ à §¢¥àãâ®:
Lp(X), Lp(S, X), Lp(
, A , µ), Lp(
, µ) ¨ â. ¯.) ¨  §ë¢ îâ ¯à®-
áâà áâ¢®¬ X-§ çëå äãªæ¨©, áã¬¬¨àã¥¬ëå á p-â®© áâ¥¯¥ìî,
¨«¨ ¦¥ ¯à®áâà áâ¢®¬ p-áã¬¬¨àã¥¬ëå X-§ çëå äãªæ¨©. �á®,
çâ® Lp(X) | ¡  å®¢® ¯à®áâà áâ¢®.

�à®¨««îáâà¨àã¥¬ ®¤® ¨§ ¤®áâ®¨áâ¢ íâ¨å ¯à®áâà áâ¢ ¢ á«ã-
ç ¥ p = 1. � ¬¥â¨¬ ¯à¥¦¤¥ ¢á¥£®, çâ® ¯à®áâãî äãªæ¨î f ¬®¦®
§ ¯¨á âì ¢ ¢¨¤¥ ýª®¥ç®© ª®¬¡¨ æ¨¨ å à ªâ¥à¨áâ¨ç¥áª¨å äãª-
æ¨©þ:

f =
∑

x∈imf

χf−1(x)x,

£¤¥ ¬®¦¥áâ¢® f−1(x) ¨§¬¥à¨¬® ¯à¨ x ∈ im f . �®«¥¥ â®£®,
∫
|||f ||| =

∫ ∑

x∈imf

‖χf−1(x)x‖ =
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=
∫ ∑

x∈imf

χf−1(x)‖x‖ =
∑

x∈imf

‖x‖
∫

χf−1(x) < +∞.

� ¦¤®© ¯à®áâ®© äãªæ¨¨ f á®¯®áâ ¢¨¬ í«¥¬¥â ¢ X ¯® ¯à ¢¨«ã:∫
f :=

∑

x∈imf

∫
χf−1(x)x.

�à®¢¥àª  ¯®ª §ë¢ ¥â, çâ® ¢®§¨ª îé¨© ¨â¥£à «
∫

, ®¯à¥¤¥«¥ë©
  ¯®¤¯à®áâà áâ¢¥ ¯à®áâëå äãªæ¨©, «¨¥¥. �®«¥¥ â®£®, ® ®£à -
¨ç¥, ¨¡®∥∥∥∥

∫
f

∥∥∥∥ =
∥∥∥∥

∑

x∈imf

∫
χf−1(x)x

∥∥∥∥ ≤
∑

x∈imf

∫
χf−1(x)‖x‖ =

=
∫ ∑

x∈imf

‖x‖χf−1(x) =
∫
|||f |||.

� á¨«ã 4.5.10 ¨ 5.3.8 ®¯¥à â®à
∫

¤®¯ãáª ¥â ¥¤¨áâ¢¥®¥ ¯à®¤®«¦¥¨¥
¤® í«¥¬¥â  ¯à®áâà áâ¢  B(L1(X), X). �â®â í«¥¬¥â ®¡®§ ç îâ
â¥¬ ¦¥ á¨¬¢®«®¬

∫
(¨«¨

∫
E ¨ â. ¯.) ¨  §ë¢ îâ ¨â¥£à «®¬ �®å¥à .

(7) � á«ãç ¥ ý®¡ëç®£® áã¬¬¨à®¢ ¨ïþ ¯à¨ïâë â¥ ¦¥
á®£« è¥¨ï, çâ® ¨ ¢ áª «ïà®© â¥®à¨¨. �¬¥®, ¢¬¥áâ® ¨â¥£à «®¢
áã¬¬¨àã¥¬ëå äãªæ¨© £®¢®àïâ ® áã¬¬ å áã¬¬¨àã¥¬ëå á¥¬¥©áâ¢ ¨
¨á¯®«ì§ãîâ á®®â¢¥âáâ¢ãîé¨¥ áâ ¤ àâë¥ § ª¨. �à¨ íâ®¬ ¡¥áª®-
¥ç®¬¥à®áâì ¯®à®¦¤ ¥â á¢®¨ ¯à®¡«¥¬ë.

�ãáâì (xn) | á¥¬¥©áâ¢® í«¥¬¥â®¢ ¡  å®¢  ¯à®áâà áâ¢ . �£®
áã¬¬¨àã¥¬®áâì ®§ ç ¥â áã¬¬¨àã¥¬®áâì (¢ á¬ëá«¥ ¨â¥£à «  �®å¥-
à ) ç¨á«®¢®£® á¥¬¥©áâ¢  (‖xn‖), â. ¥.  ¡á®«îâãî áå®¤¨¬®áâì (xn).
�¥¬ á ¬ë¬ áà¥¤¨ (xn) «¨èì áç¥â®¥ ç¨á«® ¥ã«¥¢ëå í«¥¬¥â®¢
¨ (xn) ¬®¦® áç¨â âì (áç¥â®©) ¯®á«¥¤®¢ â¥«ì®áâìî. �à¨ íâ®¬∑∞

n=1 ‖xn‖ < +∞ (= àï¤ x1 + x2 + . . .  ¡á®«îâ® áå®¤¨âáï). � ãç¥-
â®¬ 5.5.3 ¤«ï áã¬¬ë àï¤  x =

∑∞
n=1 xn ¢ë¯®«¥®: x = limθ sθ,

£¤¥ sθ :=
∑

n∈θ xn | (á®®â¢¥âáâ¢ãîé ï θ) ç áâ¨ç ï áã¬¬ ,   θ
¯à®¡¥£ ¥â  ¯à ¢«¥¨¥ ª®¥çëå ¯®¤¬®¦¥áâ¢ N. � ¯®á«¥¤¥© á¨-
âã æ¨¨ x ¨§à¥¤ª   §ë¢ îâ ¥ã¯®àï¤®ç¥®© áã¬¬®© àï¤  (xn),  
¯®á«¥¤®¢ â¥«ì®áâì (xn) | ¥ã¯®àï¤®ç¥® áã¬¬¨àã¥¬®© ª x (¯¨-
èãâ: x =

∑
n∈N xn). � íâ¨å â¥à¬¨ å § ª«îç ¥¬: áã¬¬¨àã¥¬®áâì

¢«¥ç¥â ¥ã¯®àï¤®ç¥ãî áã¬¬¨àã¥¬®áâì (ª â®© ¦¥ áã¬¬¥). �à¨
dim X < +∞ ¢¥à® ¨ ®¡à â®¥ ãâ¢¥à¦¤¥¨¥ (= â¥®à¥¬  �¨¬   ®
àï¤ å). �¡é¨© á«ãç © à §êïáï¥â á«¥¤ãîé¨© £«ã¡®ª¨© ä ªâ.
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�¥®à¥¬  �¢®à¥æª®£® | �®¤¦¥àá . � ª ¦¤®¬ ¡¥áª®¥ç®-
¬¥à®¬ ¡  å®¢®¬ ¯à®áâà áâ¢¥ X ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì®áâ¨
¯®«®¦¨â¥«ìëå ç¨á¥« (tn) â ª®©, çâ®

∑∞
n=1 t2n < +∞, áãé¥áâ¢ã¥â

¥ã¯®àï¤®ç¥® áã¬¬¨àã¥¬ ï ¯®á«¥¤®¢ â¥«ì®áâì í«¥¬¥â®¢ (xn), ã
ª®â®à®© ‖xn‖ = tn ¯à¨ ¢á¥å n ∈ N.

� íâ®© á¢ï§¨ ¤«ï á¥¬¥©áâ¢  í«¥¬¥â®¢ ¯à®¨§¢®«ì®£® ¬ã«ìâ¨-
®à¬¨à®¢ ®£® ¯à®áâà áâ¢  (X, M) ¯à¨¨¬ îâ á«¥¤ãîéãî â¥à-
¬¨®«®£¨î. �®¢®àïâ, çâ® á¥¬¥©áâ¢® (xe)e∈E áã¬¬¨àã¥¬® ¨«¨ ¡¥§-
ãá«®¢® áã¬¬¨àã¥¬® (ª áã¬¬¥ x) ¨ ¯¨èãâ x :=

∑
e∈E xe ¯à¨ ãá«®¢¨¨,

çâ® x ï¢«ï¥âáï ¯à¥¤¥«®¬ ¢ (X, M) á®®â¢¥âáâ¢ãîé¥© á¥â¨ ç áâ¨ç-
ëå áã¬¬ (sθ), £¤¥ θ | ª®¥ç®¥ ¯®¤¬®¦¥áâ¢® E , â. ¥. sθ → x
¢ (X, M). �á«¨ ¤«ï ª ¦¤®£® p áãé¥áâ¢ã¥â áã¬¬ 

∑
e∈E p(xe), â®

£®¢®àïâ, çâ® á¥¬¥©áâ¢® (xe)e∈E  ¡á®«îâ® áã¬¬¨àã¥¬® (¨«¨, çâ® ¡®-
«¥¥ ¯à ¢¨«ì®, äã¤ ¬¥â «ì® áã¬¬¨àã¥¬®, ¨«¨ ¤ ¦¥  ¡á®«îâ®
äã¤ ¬¥â «ì®).

�ãáâì ¢ § ª«îç¥¨¥ Y | ¥é¥ ®¤® ¡  å®¢® ¯à®áâà áâ¢® ¨
T ∈ B(X, Y). �¯¥à â®à T ¥áâ¥áâ¢¥ë¬ á¯®á®¡®¬ à á¯à®áâà ï-
îâ ¤® ®¯¥à â®à  ¨§ L1(X) ¢ L1(Y), ¯®« £ ï ¤«ï ¯à®áâ®© X-§ ç®©
äãªæ¨¨ f , çâ® Tf : e 7→ Tf(e) ¯à¨ e ∈ E . �®£¤  ¤«ï f ∈ L1(X)
¡ã¤¥â Tf ∈ L1(Y) ¨

∫
E Tf = T

∫
E f . �®á«¥¤¨© ä ªâ ¢ëà ¦ îâ

á«®¢ ¬¨: ý¨â¥£à « �®å¥à  ª®¬¬ãâ¨àã¥â á ®£à ¨ç¥ë¬¨ ®¯¥à -
â®à ¬¨þ. CB

5.6. �«£¥¡à  ®£à ¨ç¥ëå ®¯¥à â®à®¢
5.6.1. �ãáâì X, Y , Z | ®à¬¨à®¢ ë¥ ¯à®áâà áâ¢ ,   T ∈

L (X, Y ) ¨ S ∈ L (Y, Z) | «¨¥©ë¥ ®¯¥à â®àë. �®£¤  ‖ST‖ ≤
‖S‖ ‖T‖, â. ¥. ®¯¥à â®à ï ®à¬  ï¢«ï¥âáï áã¡¬ã«ìâ¨¯«¨ª â¨¢®©.

C � á¨«ã ®à¬ â¨¢ëå ¥à ¢¥áâ¢ ¤«ï x ∈ X ¢ë¯®«¥®

‖STx‖ ≤ ‖S‖ ‖Tx‖ ≤ ‖S‖ ‖T‖ ‖x‖. B

5.6.2. � ¬¥ç ¨¥. �  «£¥¡à¥, ¢ ç áâ®áâ¨, ¨§ãç îâ ( áá®æ¨ -
â¨¢ë¥)  «£¥¡àë  ¤ F. � ª  §ë¢ îâ ¢¥ªâ®à®¥ ¯à®áâà áâ¢® A
 ¤ F, ¢ ª®â®à®¬ ¨¬¥¥âáï ( áá®æ¨ â¨¢®¥) ã¬®¦¥¨¥ í«¥¬¥â®¢ ◦ :
(a, b) 7→ ab (a, b ∈ A). �à¥¤¯®« £ ¥âáï, çâ® ã¬®¦¥¨¥ ◦ ¤¨áâà¨¡ã-
â¨¢® ®â®á¨â¥«ì® á«®¦¥¨ï (â. ¥. (A, +, ◦) | íâ® ( áá®æ¨ â¨¢®¥)
ª®«ìæ®) ¨, ªà®¬¥ â®£®, çâ® ®¯¥à æ¨ï ◦ á®£« á®¢   á ã¬®¦¥¨¥¬  
áª «ïà ¢ â®¬ á¬ëá«¥, çâ® λ(ab) = (λa)b = a(λb) ¯à¨ ¢á¥å a, b ∈ A
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¨ λ ∈ F. �ë¬¨ á«®¢ ¬¨, ¢ ¡®«¥¥ à §¢¥àãâ®¬ ¢¨¤¥  «£¥¡à  | íâ®
 ¡®à (A, F, +, · , ◦). � â® ¦¥ ¢à¥¬ï, ª ª ¨ ¢ ¤àã£¨å   «®£¨çëå
á¨âã æ¨ïå, £®¢®àïâ ¯à®áâ® ®¡  «£¥¡à¥ A.

5.6.3. �¯à¥¤¥«¥¨¥. �®à¬¨à®¢  ï  «£¥¡à  ( ¤ ®á®¢ë¬
¯®«¥¬) | íâ®  áá®æ¨ â¨¢ ï  «£¥¡à  ( ¤ íâ¨¬ ¯®«¥¬),  ¤¥«¥ ï
áã¡¬ã«ìâ¨¯«¨ª â¨¢®© ®à¬®©. �  å®¢   «£¥¡à  | íâ® ¯®« ï ®à-
¬¨à®¢  ï  «£¥¡à .

5.6.4. �ãáâì B(X) := B(X, X) | ¯à®áâà áâ¢® ®£à ¨ç¥-
ëå í¤®¬®àä¨§¬®¢ ®à¬¨à®¢ ®£® ¯à®áâà áâ¢  X. �à®áâà áâ¢®
B(X) á ®¯¥à æ¨¥© áã¯¥à¯®§¨æ¨¨ ®¯¥à â®à®¢ ¢ ª ç¥áâ¢¥ ã¬®¦¥¨ï ¨
á ®¯¥à â®à®© ®à¬®© ¯à¥¤áâ ¢«ï¥â á®¡®© ®à¬¨à®¢ ãî  «£¥¡àã.
�à¨ X 6= 0 ¢ B(X) ¥áâì ¥¤¨¨çë© í«¥¬¥â IX ¨ ‖IX‖ = 1. �«£¥¡à 
B(X) ï¢«ï¥âáï ¡  å®¢®© ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ X |
¡  å®¢® ¯à®áâà áâ¢®.

C �á«¨ X = 0, â® ¢á¥ ®ç¥¢¨¤®. �á«¨ ¦¥ X 6= 0, â® ã¦®
¢®á¯®«ì§®¢ âìáï 5.5.6. B

5.6.5. � ¬¥ç ¨¥. � á¢ï§¨ á 5.6.4 §  í«¥¬¥â®¬ λIX , £¤¥ λ ∈ F,
ã¤®¡® § ªà¥¯¨âì â®â ¦¥ á ¬ë© á¨¬¢®« λ. (� ç áâ®áâ¨, 1 = I0 = 0!)
�à¨ X 6= 0 ®¯¨á ãî ¯à®æ¥¤ãàã ¬®¦® ¬ëá«¨âì ª ª ®â®¦¤¥áâ¢«¥-
¨¥ ®á®¢®£® ¯®«ï F ¨ ®¤®¬¥à®£® ¯®¤¯à®áâà áâ¢  FIX .

5.6.6. �¯à¥¤¥«¥¨¥. �ãáâì X | ®à¬¨à®¢ ®¥ ¯à®áâà áâ¢®
¨ T ∈ B(X). �¨á«® r(T ) := inf

{‖Tn‖1/n : n ∈ N}
 §ë¢ îâ á¯¥ª-

âà «ìë¬ à ¤¨ãá®¬ T . (�áâ¥áâ¢¥®áâì íâ®£® â¥à¬¨  áâ ¥â ïá®©
¥áª®«ìª® ¯®§¦¥ (áà. 8.1.12).)

5.6.7. r(T ) ≤ ‖T‖.
C �¥©áâ¢¨â¥«ì®, ¢ á¨«ã 5.6.1, ‖Tn‖ ≤ ‖T‖n. B
5.6.8. �¯à ¢¥¤«¨¢  ä®à¬ã«  �¥«ìä ¤ 

r(T ) = lim n
√
‖Tn‖.

C �ãáâì ε > 0 ¨ s ∈ N â ª®¢ë, çâ® ‖T s‖ ≤ (r(T ) + ε)s. �«ï
ª ¦¤®£® n ∈ N ¢ á«ãç ¥ n ≥ s ¨¬¥¥âáï ¯à¥¤áâ ¢«¥¨¥ n = k(n)s+l(n),
£¤¥ k(n), l(n) ∈ N ¨ 0 ≤ l(n) ≤ s− 1. � ç¨â,

‖Tn‖ = ‖T k(n)sT l(n)‖ ≤ ‖T s‖k(n) ‖T l(n)‖ ≤
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≤ (
1 ∨ ‖T‖ ∨ . . . ∨ ‖T s−1‖) ‖T s‖k(n) = M ‖T s‖k(n).

�«¥¤®¢ â¥«ì®,

r(T ) ≤ ‖Tn‖1/n ≤ M1/n‖T s‖k(n)/n ≤

≤ M1/n(r(T ) + ε)k(n)s/n = M1/n(r(T ) + ε)(n−l(n))/n.

� ª ª ª M1/n → 1 ¨ (n− l(n))/n → 1, â® r(T ) ≤ lim sup‖Tn‖1/n ≤
r(T ) + ε. �®®â®è¥¨¥ lim inf ‖Tn‖1/n ≥ r(T ) ®ç¥¢¨¤®. � á¨«ã
¯à®¨§¢®«ì®áâ¨ ε ¯®«ãç ¥¬ âà¥¡ã¥¬®¥. B

5.6.9. �¥®à¥¬  ® áå®¤¨¬®áâ¨ àï¤  �¥©¬  . �ãáâì X |
¡  å®¢® ¯à®áâà áâ¢® ¨ T ∈ B(X). �ª¢¨¢ «¥âë ãâ¢¥à¦¤¥¨ï:

(1) àï¤ �¥©¬   1 + T + T 2 + . . . áå®¤¨âáï ¢ ®¯¥à â®à®©
®à¬¥ ¯à®áâà áâ¢  B(X);

(2) ‖T k‖ < 1 ¤«ï ¥ª®â®à®£® k ¨§ N;
(3) r(T ) < 1.

�à¨ ¢ë¯®«¥¨¨ ®¤®£® ¨§ ãá«®¢¨© (1){ (3) ¡ã¤¥â
∑∞

k=0 T k =
(1− T )−1.

C (1) ⇒ (2): �á«¨ àï¤ �¥©¬   áå®¤¨âáï, â® ®¡é¨© ç«¥ (T k)
áâà¥¬¨âáï ª ã«î.

(2) ⇒ (3): �ç¥¢¨¤®.
(3) ⇒ (1): �  ®á®¢ ¨¨ 5.6.8 ¯à¨ ¯®¤å®¤ïé¥¬ ε > 0 ¤«ï ¢á¥å

¤®áâ â®ç® ¡®«ìè¨å k ∈ N ¡ã¤¥â r(T ) ≤ ‖T k‖1/k ≤ r(T ) + ε < 1.
�ë¬¨ á«®¢ ¬¨, å¢®áâ àï¤ 

∑∞
k=0 ‖T k‖ ¬ ¦®à¨à®¢  áå®¤ïé¨¬áï

àï¤®¬. �ç¨âë¢ ï ¯®«®âã B(X) ¨ ªà¨â¥à¨© 5.5.3, § ª«îç ¥¬, çâ®
àï¤

∑∞
k=0 T k áå®¤¨âáï ¢ ¯à®áâà áâ¢¥ B(X).

�ãáâì â¥¯¥àì S :=
∑∞

k=0 T k ¨ Sn :=
∑n

k=0 T k. �®£¤ 

S(1− T ) = lim Sn(1− T ) = lim (1 + T + . . . + Tn) (1− T ) =

= lim(1− Tn+1) = 1;

(1− T )S = lim(1− T )Sn = lim(1− T )(1 + T + . . . + Tn) =

= lim
(
1− Tn+1) = 1,

¨¡® Tn → 0. �â ª, ¢ á¨«ã 2.2.7, S = (1− T )−1. B
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5.6.10. �«¥¤áâ¢¨¥. �á«¨ ‖T‖ < 1, â® ®¯¥à â®à (1− T ) (¥¯à¥-
àë¢®) ®¡à â¨¬ (= ¨¬¥¥â ®£à ¨ç¥ë© ®¡à âë©), â. ¥. ®¡à â-
®¥ á®®â¢¥âáâ¢¨¥ | ®£à ¨ç¥ë© «¨¥©ë© ®¯¥à â®à. �à¨ íâ®¬
‖(1− T )−1‖ ≤ (1− ‖T‖)−1.

C �ï¤ �¥©¬   áå®¤¨âáï, ¯à¨ç¥¬

‖(1− T )−1‖ ≤
∞∑

k=0
‖T k‖ ≤

∞∑

k=0
‖T‖k = (1− ‖T‖)−1. B

5.6.11. �«¥¤áâ¢¨¥. �á«¨ ‖1− T‖ < 1, â® T ®¡à â¨¬ ¨

‖1− T−1‖ ≤ ‖1− T‖
1− ‖1− T‖ .

C �® â¥®à¥¬¥ 5.6.9,

1 +
∞∑

k=1
(1− T )k =

∞∑

k=0
(1− T )k = (1− (1− T ))−1 = T−1.

�âáî¤  ¢ë¢®¤¨¬:

‖T−1 − 1‖ =
∥∥∥∥
∞∑

k=1
(1− T )k

∥∥∥∥ ≤
∞∑

k=1
‖(1− T )k‖ ≤

∞∑

k=1
‖1− T‖k. B

5.6.12. �¥®à¥¬  �  å  ®¡ ®¡à â¨¬ëå ®¯¥à â®à å. �ãáâì
X ¨ Y | ¡  å®¢ë ¯à®áâà áâ¢ . �®¦¥áâ¢® (¥¯à¥àë¢®) ®¡à â¨-
¬ëå ®¯¥à â®à®¢ ®âªàëâ®. �à¨ íâ®¬ ®¯¥à æ¨ï ®¡à é¥¨ï ®¯¥à â®à 
T 7→ T−1 ï¢«ï¥âáï ¥¯à¥àë¢ë¬ ®â®¡à ¦¥¨¥¬.

C �ãáâì ®¯¥à â®àë S, T ∈ B(X, Y ) â ª®¢ë, çâ® T−1 ∈ B(Y, X)
¨, ªà®¬¥ â®£®, ‖T−1‖ ‖S − T‖ ≤ 1/2. � áá¬®âà¨¬ ®¯¥à â®à T−1S ∈
B(X). �¬¥¥¬

‖1− T−1S‖ = ‖T−1T − T−1S‖ ≤ ‖T−1‖ ‖T − S‖ ≤ 1
2 < 1.

� á¨«ã 5.6.11, (T−1S)−1 | íâ® í«¥¬¥â B(X).
�®«®¦¨¬ R := (T−1S)−1T−1. �á®, çâ® R ∈ B(Y, X) ¨, ªà®¬¥

â®£®,
R = S−1(T−1)−1T−1 = S−1.
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�®¬¨¬® íâ®£®,

‖S−1‖ − ‖T−1‖ ≤ ‖S−1 − T−1‖ =

= ‖S−1(T − S)T−1‖ ≤ ‖S−1‖ ‖T − S‖ ‖T−1‖ ≤ 1
2‖S

−1‖.

�âáî¤  ‖S−1‖ ≤ 2‖T−1‖. �ª®ç â¥«ì®

‖S−1 − T−1‖ ≤ ‖S−1‖ ‖T − S‖ ‖T−1‖ ≤ 2‖T−1‖2‖T − S‖. B

5.6.13. �¯à¥¤¥«¥¨¥. �ãáâì X | ¡  å®¢® ¯à®áâà áâ¢®  ¤ F
¨ T ∈ B(X). �ª «ïà λ ∈ F  §ë¢ îâ à¥£ã«ïàë¬ ¨«¨ à¥§®«ì¢¥â-
ë¬ § ç¥¨¥¬ T , ¥á«¨ (λ − T )−1 ∈ B(X). �à¨ íâ®¬ ¯®« £ îâ
R(T, λ) := (λ − T )−1 ¨  §ë¢ îâ ®¯¥à â®à R(T, λ) à¥§®«ì¢¥â®©
(®¯¥à â®à  T ¢ â®çª¥ λ). �®¦¥áâ¢® à¥§®«ì¢¥âëå § ç¥¨© ®¡®-
§ ç îâ res(T ). �â®¡à ¦¥¨¥ λ 7→ R(T, λ) ¨§ res(T ) ¢ B(X) â ª¦¥
 §ë¢ îâ à¥§®«ì¢¥â®© ®¯¥à â®à  T . �®¦¥áâ¢® F \ res(T )  §ë-
¢ îâ á¯¥ªâà®¬ T ¨ ®¡®§ ç îâ Sp(T ) ¨«¨ σ(T ). �«¥¬¥âë á¯¥ªâà 
 §ë¢ îâ á¯¥ªâà «ìë¬¨ § ç¥¨ï¬¨.

5.6.14. � ¬¥ç ¨¥. �á«¨ X = 0, â® á¯¥ªâà ¥¤¨áâ¢¥®£® ®¯¥-
à â®à  T = 0 ∈ B(X) à ¢¥ ¯ãáâ®¬ã ¬®¦¥áâ¢ã. � íâ®© á¢ï§¨ ¢ á¯¥ª-
âà «ì®¬   «¨§¥ ¬®«ç «¨¢® ¯à¥¤¯®« £ îâ, çâ® X 6= 0. � á«ãç ¥
X 6= 0 ¯à¨ F := R á¯¥ªâà â ª¦¥ ¡ë¢ ¥â ¯ãáâë¬,   ¯à¨ F := C | ¥
¡ë¢ ¥â (áà. 8.1.11). CB

5.6.15. �®¦¥áâ¢® res(T ) ®âªàëâ®, ¯à¨ç¥¬ ¥á«¨ λ0 ∈ res(T ), â®
¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ λ0 ¢ë¯®«¥®

R(T, λ) =
∞∑

k=0
(−1)k(λ− λ0)kR(T, λ0)k+1.

�á«¨ |λ| > ‖T‖, â® λ ∈ res(T ) ¨ ¨¬¥¥â ¬¥áâ® à §«®¦¥¨¥

R(T, λ) = 1
λ

∞∑

k=0

T k

λk
,

¯à¨ç¥¬ ‖R(T, λ)‖ → 0 ¯à¨ |λ| → +∞.
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C �®áª®«ìªã ‖(λ − T ) − (λ0 − T )‖ = |λ − λ0|, â® ®âªàëâ®áâì
¬®¦¥áâ¢  res(T ) á«¥¤ã¥â ¨§ 5.6.12. �à®¬¥ â®£®,

λ− T = (λ− λ0) + (λ0 − T ) = (λ0 − T )R(T, λ0)(λ− λ0) + (λ0 − T ) =

= (λ0−T )((λ−λ0)R(T, λ0)+1) = (λ0−T )(1−((−1)(λ−λ0)R(T, λ0))).

� ç¨â, ¢ ¯®¤å®¤ïé¥© ®ªà¥áâ®áâ¨ â®çª¨ λ0 ¢ á¨«ã 5.6.9 ¡ã¤¥â

R(T, λ) = (λ− T )−1 =

= (1− ((−1)(λ− λ0)R(T, λ0)))−1(λ0 − T )−1 =

=
∞∑

k=0
(−1)k(λ− λ0)kR(T, λ0)k+1.

�  ®á®¢ ¨¨ 5.6.9 ¯à¨ |λ| > ‖T‖ ¨¬¥¥âáï ®¯¥à â®à (1− T/λ)−1,
¯à¥¤áâ ¢«ïîé¨© á®¡®© áã¬¬ã àï¤  �¥©¬  , â. ¥.

R(T, λ) = 1
λ

(
1− T

λ

)−1
= 1

λ

∞∑

k=0

T k

λk
.

�ç¥¢¨¤®
‖R(T, λ)‖ ≤ 1

|λ| ·
1

1− ‖T‖/|λ| . B

5.6.16. �¯¥ªâà «î¡®£® ®£à ¨ç¥®£® ®¯¥à â®à  T ª®¬¯ ªâ¥.
5.6.17. � ¬¥ç ¨¥. �®«¥§® ¯®¬¨âì, çâ® ¥à ¢¥áâ¢® |λ| >

r(T ) ¯à¥¤áâ ¢«ï¥â á®¡®© ¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç®¥ ãá«®¢¨¥ áå®¤¨-
¬®áâ¨ àï¤  �®à   R(T, λ)=

∑∞
k=0 T k/λk+1, ¤ îé¥£® à §«®¦¥¨¥

à¥§®«ì¢¥âë ¢ ®ªà¥áâ®áâ¨ ¡¥áª®¥ç® ã¤ «¥®© â®çª¨ (á¬. â ª¦¥
8.1.12).

5.6.18. �¯¥à â®à S ª®¬¬ãâ¨àã¥â á ®¯¥à â®à®¬ T ¢ â®¬ ¨ â®«ìª®
¢ â®¬ á«ãç ¥, ¥á«¨ S ª®¬¬ãâ¨àã¥â á à¥§®«ì¢¥â®© T .

C ⇒: ST = TS ⇒ S(λ− T ) = λS −ST = λS − TS = (λ− T )S ⇒
R(T, λ)S(λ− T ) = S ⇒ R(T, λ)S = S R(T, λ) (λ ∈ res(T )).

⇐: SR(T, λ0) = R(T, λ0)S ⇒ S = R(T, λ0)S(λ0 − T ) ⇒ (λ0 −
T )S = S(λ0 − T ) ⇒ TS = ST . B
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5.6.19. �á«¨ λ, µ ∈ res(T ), â® ¨¬¥¥â ¬¥áâ® ¯¥à¢®¥ à¥§®«ì¢¥â®¥
ãà ¢¥¨¥ (= â®¦¤¥áâ¢® �¨«ì¡¥àâ )

R(T, λ)−R(T, µ) = (µ− λ)R(T, µ)R(T, λ).

C ý�¬®¦ ï â®¦¤¥áâ¢® µ − λ = (µ − T ) − (λ − T ) á ç «   
R(T, λ) á¯à ¢ ,   § â¥¬   R(T, µ) á«¥¢ þ, ¯®á«¥¤®¢ â¥«ì® ¯à¨å®-
¤¨¬ ª âà¥¡ã¥¬®¬ã. B

5.6.20. �á«¨ λ, µ ∈ res(T ), â® R(T, λ)R(T, µ) = R(T, µ) ◦
R(T, λ). CB

5.6.21. �«ï λ ∈ res(T ) ¢ë¯®«¥®

dk

dλk
R(T, λ) = (−1)kk! R(T, λ)k+1. CB

5.6.22. �¥®à¥¬  ® á¯¥ªâà¥ ¯à®¨§¢¥¤¥¨ï. �¯¥ªâàë Sp(ST )
¨ Sp(TS) ¬®£ãâ ®â«¨ç âìáï «¨èì ã«¥¬.

C �®áâ â®ç® ãáâ ®¢¨âì, çâ® 1 6∈ Sp(ST ) ⇒ 1 6∈ Sp(TS). � á -
¬®¬ ¤¥«¥, â®£¤  ¯à¨ λ 6∈ Sp(ST ) ¨ λ 6= 0 ¡ã¤¥â

1 6∈ 1
λ

Sp(ST ) ⇒ 1 6∈ Sp
( 1

λ
ST

)
⇒ 1 6∈ Sp

( 1
λ

TS

)
⇒ λ 6∈ Sp(TS).

�â ª, à áá¬®âà¨¬ á«ãç © 1 6∈ Sp(ST ). �®à¬ «ìë¥ à §«®¦¥¨ï
â¨¯  àï¤  �¥©¬   |

(1− ST )−1 ∼ 1 + ST + (ST )(ST ) + (ST )(ST )(ST ) + . . . ,

T (1− ST )−1S ∼ TS + TSTS + TSTSTS + . . . ∼ (1− TS)−1 − 1

|  ¢®¤ïâ   ¬ëá«ì, çâ® á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥

(1− TS)−1 = 1 + T (1− ST )−1S
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(ª®â®à®¥ ®¡¥á¯¥ç¨â á®®â®è¥¨¥ 1 6∈ Sp(TS)). �«¥¤ãîé¨¥ ¯àï¬ë¥
¢ëª« ¤ª¨:

(1 + T (1− ST )−1S)(1− TS) =
= 1 + T (1− ST )−1S − TS + T (1− ST )−1(−ST )S =

= 1 + T (1− ST )−1S − TS + T (1− ST )−1(1− ST − 1)S =
= 1 + T (1− ST )−1S − TS + TS − T (1− ST )−1S = 1;

(1− TS)(1 + T (1− ST )−1S) =
= 1− TS + T (1− ST )−1S + T (−ST )(1− ST )−1S =

= 1− TS + T (1− ST )−1S + T (1− ST − 1)(1− ST )−1S =
= 1− TS + T (1− ST )−1S + TS − T (1− ST )−1S = 1

¤®ª §ë¢ îâ ¨áª®¬®¥ ¯à¥¤áâ ¢«¥¨¥,   ¢¬¥áâ¥ á â¥¬ ¨ â¥®à¥¬ã. B

�¯à ¦¥¨ï
5.1. �®ª § âì, çâ® ®à¬¨à®¢ ®¥ ¯à®áâà áâ¢® ª®¥ç®¬¥à® ¢ â®¬ ¨ â®«ì-

ª® ¢ â®¬ á«ãç ¥, ¥á«¨ «î¡®© «¨¥©ë© äãªæ¨® «   ¥¬ ®£à ¨ç¥.

5.2. �à®¢¥à¨âì, çâ® ¢ ª ¦¤®¬ ¢¥ªâ®à®¬ ¯à®áâà áâ¢¥ ¬®¦® ®¯à¥¤¥«¨âì
®à¬ã.

5.3. �áâ ®¢¨âì, çâ® ¢¥ªâ®à®¥ ¯à®áâà áâ¢® ª®¥ç®¬¥à® ¢ â®¬ ¨ â®«ìª®
¢ â®¬ á«ãç ¥, ¥á«¨ ¢á¥ ®à¬ë ¢ ¥¬ íª¢¨¢ «¥âë.

5.4. �®ª § âì, çâ® ®â¤¥«¨¬ë¥ ¬ã«ìâ¨¬¥âà¨ª¨ § ¤ îâ ®¤ã ¨ âã ¦¥ â®¯®-
«®£¨î ª®¥ç®¬¥à®£® ¯à®áâà áâ¢ .

5.5. � ¦¤ãî «¨ ®à¬ã ¢ RN ¬®¦® ¨á¯®«ì§®¢ âì ¤«ï ®à¬¨à®¢ª¨ ¯à®¨§-
¢¥¤¥¨ï N ®à¬¨à®¢ ëå ¯à®áâà áâ¢?

5.6. �ëïá¨âì ãá«®¢¨ï ¥¯à¥àë¢®áâ¨ ª®¥ç®¬¥à®£® ®¯¥à â®à , ¤¥©áâ¢ã-
îé¥£® ¢ ¬ã«ìâ¨®à¬¨à®¢ ëå ¯à®áâà áâ¢ å.

5.7. �¯¨á âì ®¯¥à â®àë¥ ®à¬ë ¢ ¯à®áâà áâ¢¥ ª¢ ¤à âëå ¬ âà¨æ. �®-
£¤  â ª¨¥ ®à¬ë áà ¢¨¬ë?

5.8. � ©â¨ à ááâ®ï¨¥ ¬¥¦¤ã £¨¯¥à¯«®áª®áâï¬¨ ¢ ®à¬¨à®¢ ®¬ ¯à®áâ-
à áâ¢¥.

5.9. �ëïá¨âì ®¡é¨© ¢¨¤ ¥¯à¥àë¢ëå «¨¥©ëå äãªæ¨® «®¢ ¢ ª« áá¨-
ç¥áª¨å ¯à®áâà áâ¢ å.

5.10. �§ãç¨âì ¢®¯à®á ® à¥ä«¥ªá¨¢®áâ¨ ª« áá¨ç¥áª¨å ¡  å®¢ëå ¯à®áâ-
à áâ¢.
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5.11. �ëïá¨âì ¢§ ¨¬®à á¯®«®¦¥¨¥ ¯à®áâà áâ¢ lp ¨ lq , Lp ¨ Lq . �®£¤ 
¤®¯®«¥¨¥ ®¤®£® ¨§ í«¥¬¥â®¢ ª ¦¤®© ¯ àë ¯«®â® ¢ ®áâ ¢è¥¬áï?

5.12. � ©â¨ á¯¥ªâà ¨ à¥§®«ì¢¥âã ®¯¥à â®à  �®«ìâ¥àà , ¯à®¥ªâ®à , ®¤®-
¬¥à®£® ®¯¥à â®à .

5.13. �®áâà®¨âì ®¯¥à â®à, á¯¥ªâà ª®â®à®£® |  ¯¥à¥¤ § ¤ ë© ¥¯ãáâ®©
ª®¬¯ ªâ ¢ C.

5.14. �®ª § âì, çâ® â®¦¤¥áâ¢¥ë© ®¯¥à â®à (¢ ¥ã«¥¢®¬ ¯à®áâà áâ¢¥)
¥ ¬®¦¥â ¡ëâì ª®¬¬ãâ â®à®¬ ¤¢ãå í¤®¬®àä¨§¬®¢.

5.15. � ª ®¯à¥¤¥«¨âì á¯¥ªâà ®¯¥à â®à  ¢ ¬ã«ìâ¨®à¬¨à®¢ ®¬ ¯à®áâà -
áâ¢¥?

5.16. � ¦¤®¥ «¨ ¡  å®¢® ¯à®áâà áâ¢®  ¤ F ¤®¯ãáª ¥â ¨§®¬¥âà¨ç¥áª®¥
¢«®¦¥¨¥ ¢ ¯à®áâà áâ¢® C(Q, F), £¤¥ Q | ª®¬¯ ªâ®¥ ¯à®áâà áâ¢®?

5.17. �ëïá¨âì, ¢ ª ª¨å á«ãç ïå Lp(X)′ = Lp′ (X′), £¤¥ X | ¡  å®¢®
¯à®áâà áâ¢®.

5.18. �ãáâì (Xn) | ¯®á«¥¤®¢ â¥«ì®áâì ®à¬¨à®¢ ëå ¯à®áâà áâ¢ ¨

X0 :=

{
x ∈

∏

n∈N
Xn : ‖xn‖Xn → 0

}

| ¨å áã¬¬  ¯® â¨¯ã c0 (á ®à¬®© ‖x‖ := sup{ ‖xn‖ : n ∈ N}, ¢§ïâ®© ¨§ áã¬¬ë
¯® â¨¯ã l∞). �®ª § âì, çâ® X0 á¥¯ à ¡¥«ì® ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ª®£¤ 
á¥¯ à ¡¥«ì® ª ¦¤®¥ ¨§ ¯à®áâà áâ¢ Xn.

5.19. �®ª § âì, çâ® ¯à®áâà áâ¢® C(p)[0, 1] ¯à¥¤áâ ¢«ï¥â á®¡®© áã¬¬ã ª®-
¥ç®¬¥à®£® ¯®¤¯à®áâà áâ¢  ¨ ¯à®áâà áâ¢ , ¨§®¬®àä®£® C[0, 1].
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6.1. �à¬¨â®¢ë ä®à¬ë ¨ áª «ïàë¥
¯à®¨§¢¥¤¥¨ï

6.1.1. �¯à¥¤¥«¥¨¥. �ãáâì H | ¢¥ªâ®à®¥ ¯à®áâà áâ¢®  ¤
®á®¢ë¬ ¯®«¥¬ F. �â®¡à ¦¥¨¥ f : H2 → F  §ë¢ îâ íà¬¨â®¢®©
ä®à¬®©, ¥á«¨

(1) ®â®¡à ¦¥¨¥ f(· , y) : x 7→ f(x, y) «¥¦¨â ¢ H# ¤«ï
¢á¥å y ∈ Y ;

(2) f(x, y) = f(y, x)∗ ¯à¨ «î¡ëå x, y ∈ H, £¤¥ λ 7→ λ∗

| ¥áâ¥áâ¢¥ ï ¨¢®«îæ¨ï ¢ F, â. ¥. ¯¥à¥å®¤ ª ª®¬¯«¥ªá® á®¯àï-
¦¥®¬ã ç¨á«ã.

6.1.2. � ¬¥ç ¨¥. � ª ¢¨¤®, ¤«ï íà¬¨â®¢®© ä®à¬ë f ¯à¨
ª ¦¤®¬ x ∈ H ®â®¡à ¦¥¨¥ f(x, · ) : y 7→ (x, y) «¥¦¨â ¢ H#

∗ , £¤¥ H∗
| ¤ã «ì®¥ ª H ¢¥ªâ®à®¥ ¯à®áâà áâ¢® (á¬. 2.1.4 (2)).

� ª¨¬ ®¡à §®¬, ¯à¨ F := R íà¬¨â®¢  ä®à¬  ¡¨«¨¥© , â. ¥.
«¨¥©  ¯® ª ¦¤®¬ã  à£ã¬¥âã,   ¯à¨ F := C | ¯®«ãâ®à «¨¥© ,
â. ¥. «¨¥©  ¯® ¯¥à¢®¬ã  à£ã¬¥âã ¨ ∗-«¨¥©  ¯® ¢â®à®¬ã.

6.1.3. �«ï ª ¦¤®© íà¬¨â®¢®© ä®à¬ë f ¢ë¯®«¥® ¯®«ïà¨§ æ¨-
®®¥ â®¦¤¥áâ¢®:

f(x + y, x + y)− f(x− y, x− y) = 4 Re f(x, y) (x, y ∈ H).

C f(x + y, x + y) = f(x, x) + f(x, y) + f(y, x) + f(y, y)−
f(x− y, x− y) = f(x, x)− f(x, y)− f(y, x) + f(y, y)

2(f(x, y) + f(y, x)) B
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6.1.4. �¯à¥¤¥«¥¨¥. �à¬¨â®¢ã ä®à¬ã f  §ë¢ îâ ¯®«®¦¨-
â¥«ì®©, ¨«¨ áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬, ¥á«¨ f(x, x) ≥ 0 ¤«ï «î¡®-
£® x ∈ H. �à¨ íâ®¬ ¯¨èãâ: (x, y) := 〈x | y〉 := f(x, y) (x, y ∈ H).
�ª «ïà®¥ ¯à®¨§¢¥¤¥¨¥  §ë¢ îâ ¥¢ëà®¦¤¥ë¬, ¥á«¨ (x, x) =
0 ⇒ x = 0 (x ∈ H).

6.1.5. �¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢® �®è¨ | �ãïª®¢áª®£®

|(x, y)|2 ≤ (x, x)(y, y) (x, y ∈ H).

C �á«¨ (x, x) = (y, y) = 0, â® 0 ≤ (x + ty, x + ty) = t(x, y)∗ +
t∗(x, y). �ë¡¨à ï t := −(x, y), ¯®«ãç ¥¬ −2|(x, y)|2 ≥ 0, â. ¥. ¢ íâ®¬
á«ãç ¥ ã¦®¥ ãáâ ®¢«¥®.

�á«¨, ª ¯à¨¬¥àã, (y, y) 6= 0, â® ¢¢¨¤ã ®æ¥ª¨

0 ≤ (x + ty, x + ty) = (x, x) + 2t Re(x, y) + t2(y, y) (t ∈ R)

§ ª«îç ¥¬: Re(x, y)2 ≤ (x, x)(y, y).
�á«¨ (x, y) = 0, â® ¤®ª §ë¢ âì ¥ç¥£®. �á«¨ ¦¥ (x, y) 6= 0, â®

¯®«®¦¨¬ θ := |(x, y)| (x, y)−1 ¨ x := θx. �®£¤  |θ| = 1 ¨, ªà®¬¥ â®£®,

(x, x) = (θx, θx) = θθ∗(x, x) = |θ|2(x, x) = (x, x);

|(x, y)| = θ(x, y) = (θx, y) = (x, y) = Re(x, y).

� ª¨¬ ®¡à §®¬, |(x, y)|2 = Re(x, y)2 ≤ (x, x)(y, y). B
6.1.6. �á«¨ ( · , · ) | áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥   H, â® ®â®¡à -

¦¥¨¥ ‖ · ‖ : x 7→ (x, x)1/2 | ¯®«ã®à¬    H.
C �«¥¤ã¥â ¯à®¢¥à¨âì â®«ìª® ¥à ¢¥áâ¢® âà¥ã£®«ì¨ª . �à¨¬¥-

ïï ¥à ¢¥áâ¢® �®è¨ | �ãïª®¢áª®£®, ¨¬¥¥¬

‖x + y‖2 = (x, x) + (y, y) + 2 Re(x, y) ≤

≤ (x, x) + (y, y) + 2‖x‖ ‖y‖ = (‖x‖+ ‖y‖)2. B

6.1.7. �¯à¥¤¥«¥¨¥. �à®áâà áâ¢® H á® áª «ïàë¬ ¯à®¨§¢¥-
¤¥¨¥¬ (· , ·) ¨ á®®â¢¥âáâ¢ãîé¥© ¯®«ã®à¬®© ‖·‖  §ë¢ îâ ¯à¥¤£¨«ì-
¡¥àâ®¢ë¬. �à¥¤£¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® H  §ë¢ îâ £¨«ì¡¥àâ®-
¢ë¬, ¥á«¨ ¯®«ã®à¬¨à®¢ ®¥ ¯à®áâà áâ¢® (H, ‖ · ‖) ¡  å®¢®.
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6.1.8. � ¯à¥¤£¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ H á¯à ¢¥¤«¨¢ § ª®
¯ à ««¥«®£à ¬¬ 

‖x + y‖2 + ‖x− y‖2 = 2(‖x‖2 + ‖y‖2) (x, y ∈ H)

| áã¬¬  ª¢ ¤à â®¢ ¤«¨ ¤¨ £® «¥© ¯ à ««¥«®£à ¬¬  à ¢  áã¬¬¥
ª¢ ¤à â®¢ ¤«¨ ¢á¥å ¥£® áâ®à®.

C ‖x + y‖2 = (x + y, x + y) = ‖x‖2 + 2 Re(x, y) + ‖y‖2;
‖x− y‖2 = (x− y, x− y) = ‖x‖2 − 2 Re(x, y) + ‖y‖2 B

6.1.9. �¥®à¥¬  ä® �¥©¬   | �®à¤  . �á«¨ ¢ ¯®«ã®à-
¬¨à®¢ ®¬ ¯à®áâà áâ¢¥ (H, ‖ · ‖) á¯à ¢¥¤«¨¢ § ª® ¯ à ««¥«®-
£à ¬¬ , â® H | ¯à¥¤£¨«ì¡¥àâ®¢® ¯à®áâà áâ¢®, â. ¥.  ©¤¥âáï, ¨
¯à¨â®¬ ¥¤¨áâ¢¥®¥, áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ (· , ·) ¢ H â ª®¥, çâ®
‖x‖ = (x, x)1/2 ¤«ï ¢á¥å x ∈ H.

C � áá¬®âà¨¬ ¢¥é¥áâ¢¥ãî ®á®¢ã HR ¯à®áâà áâ¢  H ¨ ¤«ï
x, y ∈ HR ¯®«®¦¨¬

(x, y)R := 1
4

(‖x + y‖2 − ‖x− y‖2) .

�à¨¬¥ïï § ª® ¯ à ««¥«®£à ¬¬ , ¤«ï ®â®¡à ¦¥¨ï (· , y)R ¯®á«¥-
¤®¢ â¥«ì® ¢ë¢®¤¨¬

(x1, y)R + (x2, y)R =

= 1
4

(‖x1 + y‖2)− (‖x1 − y‖2 + ‖x2 + y‖2 − ‖x2 − y‖2) =

= 1
4

((‖x1 + y‖2 + ‖x2 + y‖2)− (‖x1 − y‖2 + ‖x2 − y‖2)) =

= 1
4

(1
2(‖(x1 + y) + (x2 + y)‖2 + ‖x1 − x2‖2

)
−

−1
2

(‖(x1 − y) + (x2 − y)‖2 + ‖x1 − x2‖2)
)

=

= 1
4

(1
2‖x1 + x2 + 2y‖2 − 1

2‖x1 + x2 − 2y‖2
)

=
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= 1
2

(
‖(x1 + x2)/2 + y‖2 − ‖(x1 − x2)/2− y‖2

)
=

= 2 ((x1 + x2)/2, y)R .

� ç áâ®áâ¨, ¯à¨ x2 := 0 ¡ã¤¥â (x2, y)R = 0, â. ¥. 1/2(x1, y)R =
(1/2 x1, y)R. �®®â¢¥âáâ¢¥® ¯à¨ x1 := 2x1 ¨ x2 := 2x2 ¨¬¥¥¬

(x1 + x2, y)R = (x1, y)R + (x2, y)R.

� á¨«ã ®ç¥¢¨¤®© ¥¯à¥àë¢®áâ¨ ®â®¡à ¦¥¨ï (· , y)R ¬®¦® á¤¥-
« âì ¢ë¢®¤, çâ® (· , y)R ∈ (HR)#. �®«®¦¨¬

(x, y) := Re−1((· , y)R)(x),

£¤¥ Re−1 | ª®¬¯«¥ªá¨ä¨ª â®à (á¬. 3.7.5).
� á«ãç ¥ F := R ïá®, çâ® (x, y) = (x, y)R = (y, x) ¨ (x, x) =

‖x‖2, â. ¥. ¤®ª §ë¢ âì ¥ç¥£®. �á«¨ ¦¥ F := C, â®

(x, y) = (x, y)R − i(ix, y)R.

�âáî¤  ¢ëâ¥ª ¥â, çâ®

(y, x) = (y, x)R − i(iy, x)R = (x, y)R − i(x, iy)R =

= (x, y)R + i(ix, y)R = (x, y)∗,
¯®áª®«ìªã

(x, iy)R = 1
4

(‖x + iy‖2 − ‖x− iy‖2) =

= 1
4

(|i| ‖y − ix‖2 − |−i| ‖ix + y‖2) = −(ix, y)R.

�®¬¨¬® íâ®£®,

(x, x) = (x, x)R − i(ix, x)R =

= ‖x2‖ − i

4
(‖ix + x‖2 − ‖ix− x‖2) =

= ‖x‖2
(

1− i

4
(|1 + i|2 − |1− i|2)

)
= ‖x‖2.

�â¢¥à¦¤¥¨¥ ®¡ ¥¤¨áâ¢¥®áâ¨ á«¥¤ã¥â ¨§ 6.1.3. B
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6.1.10. �à¨¬¥àë.
(1) �à¨¬¥à®¬ £¨«ì¡¥àâ®¢  ¯à®áâà áâ¢  á«ã¦¨â ¯à®áâ-

à áâ¢® L2 (®â®á¨â¥«ì® ª ª®©-¨¡ã¤ì á¨áâ¥¬ë á ¨â¥£à¨à®¢ ¨-
¥¬). �à¨ íâ®¬ áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢¢®¤ïâ â ª: (f, g) :=

∫
fg∗

¤«ï f, g ∈ L2. � ç áâ®áâ¨, ¤«ï l2(E ) ¯®«ãç ¥¬ (x, y) :=
∑

e∈E xey
∗
e

¯à¨ x, y ∈ l2(E ).
(2) �ãáâì H | ¯à¥¤£¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® ¨ (· , ·) :

H2 → F | áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢ H. �á®, çâ® ¢¥é¥áâ¢¥ ï
®á®¢  HR á® áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬ (· , ·)R : (x, y) 7→ Re(x, y) ï¢-
«ï¥âáï ¯à¥¤£¨«ì¡¥àâ®¢ë¬ ¯à®áâà áâ¢®¬, ¯à¨ç¥¬ ®à¬  í«¥¬¥â  ¢
H ¥ § ¢¨á¨â ®â â®£®, ¢ëç¨á«ïîâ ¥¥ ¢ H ¨«¨ ¢ HR. �à¥¤£¨«ì¡¥àâ®¢®
¯à®áâà áâ¢® (HR, (· , ·)R)  §ë¢ îâ ®¢¥é¥áâ¢«¥¨¥¬ ¯à®áâà áâ¢ 
(H, (· , ·)). � á¢®î ®ç¥à¥¤ì, ¥á«¨ ¢¥é¥áâ¢¥ ï ®á®¢  ¥ª®â®à®£®
¯®«ã®à¬¨à®¢ ®£® ¯à®áâà áâ¢  ï¢«ï¥âáï ¯à¥¤£¨«ì¡¥àâ®¢ë¬ ¯à®-
áâà áâ¢®¬, â® ¯à®æ¥áá ª®¬¯«¥ªá¨ä¨ª æ¨¨ ¯à¨¢®¤¨â ª ¥áâ¥áâ¢¥®©
¯à¥¤£¨«ì¡¥àâ®¢®© áâàãªâãà¥ ¢ ¨áå®¤®¬ ¯à®áâà áâ¢¥.

(3) �ãáâì H | ¯à¥¤£¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® ¨ H∗ |
¤ã «ì®¥ ª H ¢¥ªâ®à®¥ ¯à®áâà áâ¢®. �«ï x, y ∈ H∗ ¯®«®¦¨¬
(x, y)∗ := (x, y)∗. �á®, çâ® (· , ·)∗ | áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢ H∗.
�®«ãç¥®¥ ¯à¥¤£¨«ì¡¥àâ®¢® ¯à®áâà áâ¢®  §ë¢ îâ ¤ã «ìë¬ ª H
¨ á®åà ïîâ §  ¨¬ ®¡®§ ç¥¨¥ H∗.

(4) �ãáâì H | ¯à¥¤£¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® ¨ H0 :=
ker ‖ · ‖ | ï¤à® ¯®«ã®à¬ë ‖ · ‖ ¢ H. �à¨¢«¥ª ï ¥à ¢¥áâ¢® �®è¨
| �ãïª®¢áª®£®, â¥®à¥¬ã 2.3.8 ¨ 6.1.10 (3), ¢¨¤¨¬, çâ® ¢ ä ªâ®à-
¯à®áâà áâ¢¥ H/H0 ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ¢®§¨ª ¥â áª «ïà®¥ ¯à®-
¨§¢¥¤¥¨¥: ¥á«¨ x1 := ϕ(x1) ¨ x2 := ϕ(x2), £¤¥ x1, x2 ∈ H ¨ ϕ : H →
H/H0 | ª ®¨ç¥áª®¥ ®â®¡à ¦¥¨¥, â® (x1, x2) := (x1, x2). �à¨
íâ®¬ ¯à¥¤£¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® H/H0 ¬®¦® à áá¬ âà¨¢ âì ª ª
ä ªâ®à-¯à®áâà áâ¢® ¯®«ã®à¬¨à®¢ ®£® ¯à®áâà áâ¢  (H, ‖ · ‖)
¯® ï¤àã ¯®«ã®à¬ë ‖ · ‖. � ª¨¬ ®¡à §®¬, H/H0 | å ãá¤®àä®¢® ¯à®-
áâà áâ¢®, ª®â®à®¥  §ë¢ îâ å ãá¤®àä®¢ë¬ ¯à¥¤£¨«ì¡¥àâ®¢ë¬ ¯à®-
áâà áâ¢®¬,  áá®æ¨¨à®¢ ë¬ á H. �®¯®«ïï ®à¬¨à®¢ ®¥ ¯à®-
áâà áâ¢® H/H0, ¯®«ãç ¥¬ £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® ( ¯à¨¬¥à, ¢
á¨«ã â¥®à¥¬ë ä® �¥©¬   | �®à¤  ). �®áâà®¥®¥ £¨«ì¡¥àâ®¢®
¯à®áâà áâ¢®  §ë¢ îâ  áá®æ¨¨à®¢ ë¬ á ¨áå®¤ë¬ ¯à¥¤£¨«ì¡¥à-
â®¢ë¬ ¯à®áâà áâ¢®¬.

(5) �ãáâì (He)e∈E | ¥ª®â®à®¥ á¥¬¥©áâ¢® £¨«ì¡¥àâ®¢ëå
¯à®áâà áâ¢ ¨ H | áã¬¬  íâ®£® á¥¬¥©áâ¢  ¯® â¨¯ã 2, â. ¥. h ∈ H ¢



112 �«. 6. �¨«ì¡¥àâ®¢ë ¯à®áâà áâ¢ 

â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ h := (he)e∈E , £¤¥ he ∈ He ¤«ï e ∈ E ,
¨ ¯à¨ íâ®¬

‖h‖ :=
( ∑

e∈E

‖he‖2
)1/2

< +∞.

� á¨«ã 5.5.9 (6), H | ¡  å®¢® ¯à®áâà áâ¢®. �«ï í«¥¬¥â®¢ f, g ∈
H, ¯à¨¬¥ïï ¯®á«¥¤®¢ â¥«ì® § ª® ¯ à ««¥«®£à ¬¬ , ¨¬¥¥¬

1
2

(‖f + g‖2 + ‖f − g‖2) =

= 1
2

( ∑

e∈E

‖fe + ge‖2 +
∑

e∈E

‖fe − ge‖2
)

=

=
∑

e∈E

1
2

(‖fe + ge‖2 + ‖fe − ge‖2) =

=
∑

e∈E

(‖fe‖2 + ‖ge‖2) = ‖f‖2 + ‖g‖2,

â ª çâ®, ¯® â¥®à¥¬¥ ä® �¥©¬   | �®à¤  , H | íâ® £¨«ì¡¥àâ®¢®
¯à®áâà áâ¢®. �à®áâà áâ¢® H  §ë¢ îâ £¨«ì¡¥àâ®¢®© áã¬¬®© á¥-
¬¥©áâ¢  £¨«ì¡¥àâ®¢ëå ¯à®áâà áâ¢ (He)e∈E ¨ ®¡®§ ç îâ ⊕e∈E He.
�à¨ E := N ¯¨èãâ â ª¦¥ H := H1 ⊕H2 ⊕ . . . .

(6) �ãáâì H | £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® ¨ S | ¥ª®-
â®à ï á¨áâ¥¬  á ¨â¥£à¨à®¢ ¨¥¬. �à®áâà áâ¢® L2(S, H), á®áâ ¢-
«¥®¥ ¨§ H-§ çëå äãªæ¨©, áã¬¬¨àã¥¬ëå á ª¢ ¤à â®¬, ï¢«ï¥âáï
£¨«ì¡¥àâ®¢ë¬. CB

6.2. �àâ®¯à®¥ªâ®àë

6.2.1. �ãáâì U | ¢ë¯ãª«®¥ ¯®¤¬®¦¥áâ¢® ¥ª®â®à®£® è à®¢®£®
á«®ï (r + ε)BH \ rBH , £¤¥ 0 < ε ≤ r, ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ H.
�¬¥¥â ¬¥áâ® á«¥¤ãîé ï ®æ¥ª  ¤¨ ¬¥âà : diam U ≤ √

12rε.
C �«ï x, y ∈ U , ãç¨âë¢ ï, çâ® 1/2(x + y) ∈ U , ¨ ¯à¨¢«¥ª ï

§ ª® ¯ à ««¥«®£à ¬¬ , ¢ë¢®¤¨¬

‖x− y‖2 = 2
(‖x‖2 + ‖y‖2)− 4 ‖(x + y)/2‖2 ≤



6.2. �àâ®¯à®¥ªâ®àë 113

≤ 4(r + ε)2 − 4r2 = 8rε + 4ε2 ≤ 12rε. B

6.2.2. �¥®à¥¬  �¥¢¨ ® ¯à®¥ªæ¨¨. �ãáâì U | ¥¯ãáâ®¥ ¢ë-
¯ãª«®¥ § ¬ªãâ®¥ ¬®¦¥áâ¢® ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ H ¨ x ∈
H \ U . �®£¤  áãé¥áâ¢ã¥â, ¨ ¯à¨â®¬ ¥¤¨áâ¢¥ë©, í«¥¬¥â u0 ∈ U
â ª®©, çâ®

‖x− u0‖ = inf{‖x− u‖ : u ∈ U}.

C �®«®¦¨¬ Uε := {u ∈ U : ‖x − u‖ ≤ inf ‖U − x‖ + ε}. � á¨«ã
6.2.1 á¥¬¥©áâ¢® (Uε)ε>0 ®¡à §ã¥â ¡ §¨á ä¨«ìâà  �®è¨ ¢ U . B

6.2.3. �¯à¥¤¥«¥¨¥. �«¥¬¥â u0, ä¨£ãà¨àãîé¨© ¢ 6.2.2,  -
§ë¢ îâ  ¨«ãçè¨¬ ¯à¨¡«¨¦¥¨¥¬ x ¢ ¬®¦¥áâ¢¥ U ¨«¨ ¯à®¥ªæ¨¥©
x   ¬®¦¥áâ¢® U .

6.2.4. �ãáâì H0 | § ¬ªãâ®¥ ¯®¤¯à®áâà áâ¢® ¢ £¨«ì¡¥àâ®¢®¬
¯à®áâà áâ¢¥ H ¨ x ∈ H \H0. �«¥¬¥â x0 ∈ H0 ï¢«ï¥âáï ¯à®¥ªæ¨¥©
x   H0 ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ (x − x0, h0) = 0 ¤«ï
ª ¦¤®£® h0 ∈ H0.

C �®áâ â®ç® à áá¬®âà¥âì ®¢¥é¥áâ¢«¥¨¥ (H0)R ¯à®áâà áâ¢ 
H0. �  (H0)R ®¯à¥¤¥«¥  ¢ë¯ãª« ï äãªæ¨ï f(h0) := (h0−x, h0−x).
�à¨ íâ®¬ x0 ∈ H0 á«ã¦¨â ¯à®¥ªæ¨¥© x   H0 â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  0 ∈ ∂x0(f). � á¢ï§¨ á 3.5.2 (4) ¯®á«¥¤¥¥ ¢å®¦¤¥¨¥ ®§ ç ¥â,
çâ® (x− x0, h0) = 0 ¯à¨ «î¡®¬ h0 ∈ H0, ¨¡® f ′(x0) = 2(x0 − x, ·). B

6.2.5. �¯à¥¤¥«¥¨¥. �«¥¬¥âë x, y ∈ H  §ë¢ îâ ®àâ®£®-
 «ìë¬¨ ¨ ¯¨èãâ x ⊥ y, ¥á«¨ (x, y) = 0. �¨¬¢®«®¬ U⊥ ®¡®§ ç -
îâ á®¢®ªã¯®áâì í«¥¬¥â®¢, ®àâ®£® «ìëå ª® ¢á¥¬ â®çª ¬ ¤ ®£®
¬®¦¥áâ¢  U , â. ¥. U⊥ := {y ∈ H : x ∈ U ⇒ x ⊥ y}. �®¦¥áâ¢® U⊥

 §ë¢ îâ ®àâ®£® «ìë¬ ¤®¯®«¥¨¥¬ ¬®¦¥áâ¢  U .

6.2.6. �ãáâì H0 | § ¬ªãâ®¥ ¯®¤¯à®áâà áâ¢® ¢ £¨«ì¡¥àâ®¢®¬
¯à®áâà áâ¢¥ H. �®£¤  ¥£® ®àâ®£® «ì®¥ ¤®¯®«¥¨¥ H⊥

0 | § ¬ªã-
â®¥ ¯®¤¯à®áâà áâ¢®, ¯à¨ç¥¬ H = H0 ⊕H⊥

0 .
C � ¬ªãâ®áâì H⊥

0 ¢ H ®ç¥¢¨¤ . �á® â ª¦¥, çâ® H0 ∧H⊥
0 =

H0 ∩ H⊥
0 = 0. �áâ «®áì ¯à®¢¥à¨âì, çâ® H0 ∨ H⊥

0 = H0 + H⊥
0 =

H. �®§ì¬¥¬ í«¥¬¥â h ∈ H \ H0. �  ®á®¢ ¨¨ 6.2.2 áãé¥áâ¢ã¥â
¯à®¥ªæ¨ï h0 ∈ H0,  , ¢ á¨«ã 6.2.4, h− h0 ∈ H⊥

0 . �â ª, h = h0 + (h−
h0) ∈ H0 + H⊥

0 . B
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6.2.7. �¯à¥¤¥«¥¨¥. �à®¥ªâ®à   § ¬ªãâ®¥ ¯®¤¯à®áâà áâ¢®
H0 ¯ à ««¥«ì® H⊥

0  §ë¢ îâ ®àâ®¯à®¥ªâ®à®¬   H0 ¨ ®¡®§ ç îâ
PH0 .

6.2.8. �¥¬¬  �¨ä £®à . x ⊥ y ⇒ ‖x + y‖2 = ‖x‖2 + ‖y‖2. CB
6.2.9. �«¥¤áâ¢¨¥. �®à¬  ®àâ®¯à®¥ªâ®à  ¥ ¯à¥¢®áå®¤¨â ¥¤¨-

¨æë: H 6= 0, H0 6= 0 ⇒ ‖PH0‖ = 1. CB
6.2.10. �¥®à¥¬  ®¡ ®àâ®¯à®¥ªâ®à¥. �«ï ª ¦¤®£® ®¯¥à â®à 

P ∈ L (H) â ª®£®, çâ® P 2 = P , íª¢¨¢ «¥âë ãâ¢¥à¦¤¥¨ï:
(1) P | ®àâ®¯à®¥ªâ®à   H0 := im P ;
(2) ‖h‖ ≤ 1 ⇒ ‖Ph‖ ≤ 1;
(3) (Px, P dy) = 0, £¤¥ P d := IH − P ¨ x, y ∈ H;
(4) (Px, y) = (x, Py) ¯à¨ x, y ∈ H.

C (1) ⇒ (2): �â¬¥ç¥® ¢ 6.2.9.
(2) ⇒ (3): �ãáâì H1 := ker P = im P d. �®§ì¬¥¬ x ∈ H⊥

1 . �®-
áª®«ìªã x = Px + P dx ¨ x ⊥ P dx, â® ‖x‖2 ≥ ‖Px‖2 = (x− P dx, x−
P dx) = (x, x)− 2 Re(x, P dx) + (P dx, P dx) = ‖x‖2 + ‖P dx‖2. �âáî¤ 
P dx = 0, â. ¥. x ∈ im P . �§ á®®â®è¥¨© H1 = ker P ¨ H⊥

1 ⊂ im P
á ãç¥â®¬ 6.2.6 ¢ë¢®¤¨¬: H⊥

1 = im P = H0. �â ª, (Px, P dy) = 0 ¤«ï
«î¡ëå x, y ∈ H, ¨¡® Px ∈ H0,   P dy ∈ H1.

(3) ⇒ (4): (Px, y) = (Px, Py + P dy) = (Px, Py) = (Px, Py) +
(P dx, Py) = (x, Py).

(4) ⇒ (1): �à®¢¥à¨¬ á ç « , çâ® H0 | § ¬ªãâ®¥ ¯®¤¯à®áâà -
áâ¢®. �ãáâì h0 := lim hn ¨ hn ∈ H0, â. ¥. Phn = hn. �à¨ «î¡®¬ x ∈ H
¨§ ¥¯à¥àë¢®áâ¨ äãªæ¨® «®¢ (· , x) ¨ (· , Px) ¯®á«¥¤®¢ â¥«ì®
¢ëâ¥ª ¥â

(h0, x) = lim (hn, x) = lim (Phn, x) = lim (hn, Px) = (Ph0, x).

�âáî¤  (h0 − Ph0, h0 − Ph0) = 0, â. ¥. h0 ∈ im P .
�¥¯¥àì ¤«ï ¯à®¨§¢®«ìëå x ∈ H ¨ h0 ∈ H0 ¢ë¢®¤¨¬ (x −

Px, h0) = (x − Px, Ph0) = (P (x − Px), h0) = (Px − P 2x, h0) =
(Px − Px, h0) = 0. � ª¨¬ ®¡à §®¬, ¯à¨¢«¥ª ï 6.2.4, ¯®«ãç ¥¬
Px = PH0x. B

6.2.11. �ãáâì P1, P2 | ®àâ®¯à®¥ªâ®àë, ¯à¨ç¥¬ P1P2 = 0. �®-
£¤  P2P1 = 0.

C P1P2 = 0 ⇒ im P2 ⊂ ker P1 ⇒ im P1 = (ker P1)⊥ ⊂ (im P2)⊥ =
ker P2 ⇒ P2P1 = 0 B
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6.2.12. �¯à¥¤¥«¥¨¥. �àâ®¯à®¥ªâ®àë P1 ¨ P2  §ë¢ îâ ®à-
â®£® «ìë¬¨ (¨ ¯¨èãâ P1 ⊥ P2 ¨«¨ P2 ⊥ P1), ¥á«¨ P1P2 = 0.

6.2.13. �¥®à¥¬ . �ãáâì P1, . . . , Pn | ®àâ®¯à®¥ªâ®àë. �¯¥à -
â®à P := P1 + . . .+Pn ï¢«ï¥âáï ®àâ®¯à®¥ªâ®à®¬ ¢ â®¬ ¨ â®«ìª® ¢ â®¬
á«ãç ¥, ¥á«¨ Pl ⊥ Pm ¯à¨ l 6= m.

C ⇒: � ¬¥â¨¬ ¯à¥¦¤¥ ¢á¥£®, çâ® ¤«ï ª ¦¤®£® ®àâ®¯à®¥ªâ®à 
P0 ¯® â¥®à¥¬¥ 6.2.10 ¢ë¯®«¥® ‖P0x‖2 = (P0x, P0x) = (P 2

0 x, x) =
(P0x, x). �«¥¤®¢ â¥«ì®, ¯à¨ x ∈ H ¨ l 6= m á¯à ¢¥¤«¨¢®

‖Plx‖2 + ‖Pmx‖2 ≤

≤
n∑

k=1
‖Pkx‖2 =

n∑

k=1
(Pkx, x) = (Px, x) = ‖Px‖2 ≤ ‖x‖2.

� ç áâ®áâ¨, ¯®« £ ï x := Plx, ¯®«ãç ¥¬

‖Plx‖2 + ‖PmPlx‖2 ≤ ‖Plx‖2 ⇒ ‖PmPl‖ = 0.

⇐: �àï¬®© ¯®¤áç¥â ¯®ª §ë¢ ¥â, çâ® P | ¨¤¥¬¯®â¥âë© ®¯¥-
à â®à. � á ¬®¬ ¤¥«¥,

P 2 =
(

n∑

k=1
Pk

)2

=
n∑

l=1

n∑
m=1

PlPm =
n∑

k=1
P 2

k = P.

�®¬¨¬® íâ®£®, ¢ á¨«ã 6.2.10 (4), (Pkx, y) = (x, Pky) ¨, áâ «® ¡ëâì,
(Px, y) = (x, Py). �áâ «®áì ¢®¢ì á®á« âìáï   6.2.10 (4). B

6.2.14. � ¬¥ç ¨¥. �¥®à¥¬ã 6.2.13  §ë¢ îâ ªà¨â¥à¨¥¬ ®à-
â®£® «ì®áâ¨ ª®¥ç®£® ¬®¦¥áâ¢  ®àâ®¯à®¥ªâ®à®¢.

6.3. �¨«ì¡¥àâ®¢ ¡ §¨á

6.3.1. �¯à¥¤¥«¥¨¥. �¥¬¥©áâ¢® (xe)e∈E í«¥¬¥â®¢ ¥ª®â®à®£®
£¨«ì¡¥àâ®¢  ¯à®áâà áâ¢  H  §ë¢ îâ ®àâ®£® «ìë¬, ¥á«¨ e1 6=
e2 ⇒ xe1 ⊥ xe2 . �®®â¢¥âáâ¢¥® ¬®¦¥áâ¢® E ¢ £¨«ì¡¥àâ®¢®¬ ¯à®-
áâà áâ¢¥ H  §ë¢ îâ ®àâ®£® «ìë¬, ¥á«¨ ®àâ®£® «ì® á¥¬¥©áâ¢®
(e)e∈E .
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6.3.2. �¥®à¥¬  �¨ä £®à . �àâ®£® «ì®¥ á¥¬¥©áâ¢® (xe)e∈E

í«¥¬¥â®¢ £¨«ì¡¥àâ®¢  ¯à®áâà áâ¢  (¡¥§ãá«®¢®) áã¬¬¨àã¥¬® â®£¤ 
¨ â®«ìª® â®£¤ , ª®£¤  áã¬¬¨àã¥¬® ç¨á«®¢®¥ á¥¬¥©áâ¢® (‖xe‖2)e∈E .
�à¨ íâ®¬ ∥∥∥∥∥

∑

e∈E

xe

∥∥∥∥∥

2

=
∑

e∈E

‖xe‖2.

C �ãáâì sθ :=
∑

e∈E xe, £¤¥ θ | ª®¥ç®¥ ¯®¤¬®¦¥áâ¢® E . � 
®á®¢ ¨¨ 6.2.8, ‖sθ‖2 =

∑
e∈θ ‖xe‖2. � ç¨â, ¤«ï ª®¥ç®£® ¬®¦¥-

áâ¢  θ′, á®¤¥à¦ é¥£® θ, ¢ë¯®«¥®

‖sθ′ − sθ‖2 = ‖sθ′\θ‖2 =
∑

e∈θ′\θ
‖xe‖2.

�ë¬¨ á«®¢ ¬¨, äã¤ ¬¥â «ì®áâì á¥â¨ (sθ) à ¢®á¨«ì  äã¤ -
¬¥â «ì®áâ¨ á¥â¨ ç áâ¨çëå áã¬¬ á¥¬¥©áâ¢  (‖xe‖2)e∈E . �à¨¢«¥-
ª ï 5.5.3, ¯®«ãç ¥¬ âà¥¡ã¥¬®¥. B

6.3.3. �¥®à¥¬  ® áã¬¬¨à®¢ ¨¨ ®àâ®¯à®¥ªâ®à®¢. �ãáâì
(Pe)e∈E | á¥¬¥©áâ¢® ¯®¯ à® ®àâ®£® «ìëå ®àâ®¯à®¥ªâ®à®¢ ¢ £¨«ì-
¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ H. �®£¤  ¤«ï ª ¦¤®£® x ∈ H (¡¥§ãá«®¢®)
áã¬¬¨àã¥¬® á¥¬¥©áâ¢® (Pex)e∈E . �à¨ íâ®¬ ®¯¥à â®à Px :=

∑
e∈E Pex

ï¢«ï¥âáï ®àâ®¯à®¥ªâ®à®¬   ¯®¤¯à®áâà áâ¢®

H :=
{∑

e∈E

xe : xe ∈ He := im Pe,
∑

e∈E

‖xe‖2 < +∞
}

.

C �«ï ª®¥ç®£® ¯®¤¬®¦¥áâ¢  θ ¢ E ¯®«®¦¨¬ sθ :=
∑

e∈θ Pe.
�® â¥®à¥¬¥ 6.2.13, sθ | íâ® ®àâ®¯à®¥ªâ®à. �®íâ®¬ã, á ãç¥â®¬ 6.2.8,
‖sθx‖2 =

∑
e∈θ ‖Pex‖2≤ ‖x‖2 ¯à¨ ª ¦¤®¬ x ∈ H. �«¥¤®¢ â¥«ì-

®, á¥¬¥©áâ¢® (‖Pex‖2)e∈E áã¬¬¨àã¥¬® (á¥âì ç áâ¨çëå áã¬¬ ¢®§-
à áâ ¥â ¨ ®£à ¨ç¥ ). �® â¥®à¥¬¥ �¨ä £®à  ¨¬¥¥âáï áã¬¬  Px :=∑

e∈E Pex, â. ¥. Px = limθ sθx.
�âáî¤  P 2x = limθ sθPx = limθ sθ limθ′ sθ′x = limθ limθ′ sθsθ′x =

limθ limθ′ sθ∩θ′x= limθ sθx = Px. �ª®ç â¥«ì® ‖Px‖ = ‖ limθ sθx‖ =
limθ ‖sθx‖ ≤ ‖x‖ ¨, ªà®¬¥ â®£®, P 2 = P . �¯¥««¨àãï ª 6.2.10, § ª«î-
ç ¥¬, çâ® P | ®àâ®¯à®¥ªâ®à   im P .

�á«¨ x ∈ im P , â. ¥. Px = x, â® x =
∑

e∈E Pex ¨ ¯® â¥®à¥¬¥
�¨ä £®à 

∑
e∈E ‖Pex‖2 = ‖x‖2 = ‖Px‖2 < +∞. �®áª®«ìªã Pex ∈
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He (e ∈ E ), â® x ∈ H . �á«¨ ¦¥ xe ∈ He ¨
∑

e∈E ‖xe‖2 < +∞ ,
â® ¤«ï x :=

∑
e∈E xe (áãé¥áâ¢®¢ ¨¥ á«¥¤ã¥â ¨§ ¢á¥ â®© ¦¥ â¥®à¥¬ë

�¨ä £®à ) ¡ã¤¥â x =
∑

e∈E xe =
∑

e∈E Pexe = Px, â. ¥. x ∈ im P .
�â ª, im P = H . B

6.3.4. � ¬¥ç ¨¥. �à¨¢¥¤¥ãî â¥®à¥¬ã ¬®¦® âà ªâ®¢ âì
ª ª ãâ¢¥à¦¤¥¨¥ ®¡ ¨§®¬®àä¨§¬¥ H á £¨«ì¡¥àâ®¢®© áã¬¬®© á¥¬¥©-
áâ¢  (He)e∈E . �ã¦®¥ ®â®¦¤¥áâ¢«¥¨¥ ¯à¨ íâ®¬ ®áãé¥áâ¢«ï¥â, ª ª
¢¨¤®, ¨â¥£à « �®å¥à , ¯à¥¤áâ ¢«ïîé¨© ¢ ¤ ®¬ á«ãç ¥ ¯à®æ¥áá
áã¬¬¨à®¢ ¨ï.

6.3.5. � ¬¥ç ¨¥. �ãáâì h ∈ H | ®à¬¨à®¢ ë© í«¥¬¥â:
‖h‖ = 1. �ãáâì, ¤ «¥¥, H0 := Fh | ®¤®¬¥à®¥ ¯®¤¯à®áâà áâ¢® ¢
H,  âïãâ®¥   h0. �«ï ª ¦¤®£® í«¥¬¥â  x ∈ H ¨ ¯à®¨§¢®«ì®£®
áª «ïà  λ ∈ F á¯à ¢¥¤«¨¢®

(x− (x, h)h, λh) = λ∗((x, h)− (x, h))(h, h) = 0.

� ç¨â, ¯® ¯à¥¤«®¦¥¨î 6.2.4, PH0 = (· , h) ⊗ h. �«ï ®¡®§ ç¥¨ï
íâ®£® ®àâ®¯à®¥ªâ®à  ã¤®¡® ¨á¯®«ì§®¢ âì á¨¬¢®« 〈h〉. �â ª, 〈h〉 :
x 7→ (x, h)h (x ∈ H).

6.3.6. �¯à¥¤¥«¥¨¥. �¥¬¥©áâ¢® í«¥¬¥â®¢ £¨«ì¡¥àâ®¢  ¯à®-
áâà áâ¢   §ë¢ îâ ®àâ®®à¬ «ìë¬ (¨«¨ ®àâ®®à¬¨à®¢ ë¬),
¥á«¨, ¢®-¯¥à¢ëå, íâ® á¥¬¥©áâ¢® ®àâ®£® «ì®,   ¢®-¢â®àëå, ¥á«¨ ®à-
¬ë ¢å®¤ïé¨å ¢ ¥£® ¢¥ªâ®à®¢ à ¢ë ¥¤¨¨æ¥. � «®£¨ç® ®¯à¥¤¥-
«ïîâ ®àâ®®à¬ «ìë¥ ¬®¦¥áâ¢ .

6.3.7. �«ï «î¡®£® ®àâ®®à¬ «ì®£® ¬®¦¥áâ¢  E ¢ H ¨ ¯à®¨§-
¢®«ì®£® í«¥¬¥â  x ∈ H á¥¬¥©áâ¢® (〈e〉x)e∈E (¡¥§ãá«®¢®) áã¬¬¨àã-
¥¬®. �à¨ íâ®¬ ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢® �¥áá¥«ï:

‖x‖2 ≥
∑

e∈E

|(x, e)|2.

C �®áâ â®ç® á®á« âìáï   â¥®à¥¬ã ® áã¬¬¨à®¢ ¨¨ ®àâ®¯à®¥ª-
â®à®¢, ¨¡®

‖x‖2 ≥
∥∥∥∥∥
∑

e∈E

〈e〉x
∥∥∥∥∥

2

=
∥∥∥∥∥
∑

e∈E

(x, e)e
∥∥∥∥∥

2

=
∑

e∈E

‖(x, e)e‖2
. B
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6.3.8. �¯à¥¤¥«¥¨¥. �àâ®®à¬ «ì®¥ ¬®¦¥áâ¢® E ¢ £¨«ì¡¥à-
â®¢®¬ ¯à®áâà áâ¢¥ H  §ë¢ îâ £¨«ì¡¥àâ®¢ë¬ ¡ §¨á®¬ (¢ H), ¥á«¨
¤«ï ¢áïª®£® x ∈ H ¢ë¯®«¥® x =

∑
e∈E 〈e〉x. �àâ®®à¬ «ì®¥ á¥-

¬¥©áâ¢® í«¥¬¥â®¢ £¨«ì¡¥àâ®¢  ¯à®áâà áâ¢   §ë¢ îâ £¨«ì¡¥àâ®-
¢ë¬ ¡ §¨á®¬, ¥á«¨ ®¡« áâì § ç¥¨© íâ®£® á¥¬¥©áâ¢  ï¢«ï¥âáï £¨«ì-
¡¥àâ®¢ë¬ ¡ §¨á®¬.

6.3.9. �àâ®®à¬ «ì®¥ ¬®¦¥áâ¢® E ï¢«ï¥âáï £¨«ì¡¥àâ®¢ë¬ ¡ -
§¨á®¬ ¢ H ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ «¨¥© ï ®¡®«®çª  L (E )
¯«®â  ¢ H. CB

6.3.10. �¯à¥¤¥«¥¨¥. �®¢®àïâ, çâ® ¬®¦¥áâ¢® E ã¤®¢«¥â¢®àï-
¥â ãá«®¢¨î �â¥ª«®¢ , ¥á«¨ E⊥ = 0.

6.3.11. �¥®à¥¬  �â¥ª«®¢ . �àâ®®à¬ «ì®¥ ¬®¦¥áâ¢® ï¢«ï-
¥âáï £¨«ì¡¥àâ®¢ë¬ ¡ §¨á®¬ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ®®
ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �â¥ª«®¢ .

C ⇒: �ãáâì h ∈ E⊥. �®£¤  h =
∑

e∈E 〈e〉h =
∑

e∈E (h, e)e =∑
e∈E 0 = 0.
⇐: �«ï x ∈ H, ¢ á¨«ã 6.3.3 ¨ 6.2.4, x−∑

e∈E 〈e〉x ∈ E⊥. B

6.3.12. �¥®à¥¬ . � ª ¦¤®¬ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ ¥áâì
£¨«ì¡¥àâ®¢ ¡ §¨á.

C �® «¥¬¬¥ �ãà â®¢áª®£® | �®à  ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà -
áâ¢¥ H ¨¬¥¥âáï ¬ ªá¨¬ «ì®¥ ¯® ¢ª«îç¥¨î ®àâ®®à¬ «ì®¥ ¬®-
¦¥áâ¢® E . �á«¨ ¥áâì h ∈ H \ H0, £¤¥ H0 := cl L (E ), â® í«¥¬¥â
h1 := h − PH0h ®àâ®£® «¥ «î¡®¬ã í«¥¬¥âã ¨§ E ¨, § ç¨â, ¯à¨
H 6= 0 ¡ã¤¥â E ∪ {‖h1‖−1h1} = E . �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥. � á«ãç ¥
H = 0 ¤®ª §ë¢ âì ¥ç¥£®. B

6.3.13. � ¬¥ç ¨¥. �®¦® ¯®ª § âì, çâ® ã ¤¢ãå £¨«ì¡¥àâ®¢ëå
¡ §¨á®¢ ®¤®£® ¨ â®£® ¦¥ £¨«ì¡¥àâ®¢  ¯à®áâà áâ¢  H ®¤  ¨ â  ¦¥
¬®é®áâì. �âã ¬®é®áâì  §ë¢ îâ £¨«ì¡¥àâ®¢®© à §¬¥à®áâìî H.

6.3.14. � ¬¥ç ¨¥. �ãáâì (xn)n∈N | áç¥â ï ¯®á«¥¤®¢ â¥«ì-
®áâì «¨¥©® ¥§ ¢¨á¨¬ëå í«¥¬¥â®¢ £¨«ì¡¥àâ®¢  ¯à®áâà áâ¢  H.
�®«®¦¨¬ ¥é¥ x0 := 0, e0 := 0, ¨ ¯ãáâì

yn := xn −
n−1∑

k=0
〈ek〉xn, en := yn

‖yn‖ (n ∈ N).
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�¨¤®, çâ® (yn, ek) = 0 ¤«ï 0 ≤ k ≤ n− 1 ( ¯à¨¬¥à, ¨§ 6.2.13).
�â®«ì ¦¥ ¥á®¬¥®, çâ® yn 6= 0, ¢¢¨¤ã ¡¥áª®¥ç®¬¥à®áâ¨ H. �à®
®àâ®®à¬ «ìãî ¯®á«¥¤®¢ â¥«ì®áâì (en)n∈N £®¢®àïâ, çâ® ®  ¯®«ã-
ç¥  ¯à®æ¥áá®¬ ®àâ®£® «¨§ æ¨¨, ¨«¨ ¯à®æ¥áá®¬ �à ¬  | �¬¨¤-
â , ¨§ ¯®á«¥¤®¢ â¥«ì®áâ¨ (xn)n∈N. �à¨¢«¥ª ï ¯à®æ¥áá ®àâ®£® -
«¨§ æ¨¨, ¥âàã¤® ¯®ª § âì, çâ® ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ ¥áâì
áç¥âë© £¨«ì¡¥àâ®¢ ¡ §¨á ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ¢ ¥¬
¨¬¥¥âáï áç¥â®¥ ¢áî¤ã ¯«®â®¥ ¬®¦¥áâ¢®, â. ¥. ¥á«¨ íâ® ¯à®áâà -
áâ¢® á¥¯ à ¡¥«ì®. CB

6.3.15. �¯à¥¤¥«¥¨¥. �ãáâì E | £¨«ì¡¥àâ®¢ ¡ §¨á ¢ ¯à®áâà -
áâ¢¥ H ¨ x ∈ H. �¨á«®¢®¥ á¥¬¥©áâ¢® x̂ := (x̂e)e∈E ¢ FE , § ¤ ®¥ á®-
®â®è¥¨¥¬ x̂e := (x, e),  §ë¢ îâ ¯à¥®¡à §®¢ ¨¥¬ �ãàì¥ í«¥¬¥â 
x (®â®á¨â¥«ì® £¨«ì¡¥àâ®¢  ¡ §¨á  E ).

6.3.16. �¥®à¥¬  �¨áá  | �¨è¥à  ®¡ ¨§®¬®àä¨§¬¥. �ãáâì
E | £¨«ì¡¥àâ®¢ ¡ §¨á ¢ H. �à¥®¡à §®¢ ¨¥ �ãàì¥ F : x 7→ x̂ (®â-
®á¨â¥«ì® ¡ §¨á  E ) ¥áâì ¨§®¬¥âà¨ç¥áª¨© ¨§®¬®àä¨§¬ H   l2(E ).
�¡à â®¥ ¯à¥®¡à §®¢ ¨¥ | áã¬¬¨à®¢ ¨¥ �ãàì¥ F−1 : l2(E ) → H
| ¤¥©áâ¢ã¥â ¯® ¯à ¢¨«ã F−1(x) :=

∑
e∈E xee ¤«ï x := (xe)e∈E ∈

l2(E ). �à¨ íâ®¬ ¤«ï «î¡ëå x, y ∈ H ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® � àá¥-
¢ «ï

(x, y) =
∑

e∈E

x̂eŷ
∗
e .

C �® â¥®à¥¬¥ �¨ä £®à  ¯à¥®¡à §®¢ ¨¥ �ãàì¥ ¤¥©áâ¢ã¥â ¢ l2(E ).
�® â¥®à¥¬¥ 6.3.3, ̂ | íâ® í¯¨¬®àä¨§¬. �® â¥®à¥¬¥ �â¥ª«®¢ , ̂
| ¬®®¬®àä¨§¬. �®, çâ® F−1x̂ = x ¤«ï x ∈ H ¨ F̂−1(x) = x ¤«ï
x ∈ l2(E ), ¥á®¬¥®. � ¢¥áâ¢®

‖x‖2 =
∑

e∈E

‖x̂‖2 = ‖x̂e‖2
2 (x ∈ H)

á«¥¤ã¥â ¨§ â¥®à¥¬ë �¨ä £®à . �à¨ íâ®¬

(x, y) =
(∑

e∈E

x̂ee,
∑

e∈E

ŷee

)
=

∑

e,e′∈E

x̂eŷ
∗
e′(e, e′) =

∑

e∈E

x̂eŷ
∗
e . B

6.3.17. � ¬¥ç ¨¥. � ¢¥áâ¢  � àá¥¢ «ï ¯®ª §ë¢ îâ, çâ® ¯à¥-
®¡à §®¢ ¨¥ �ãàì¥ á®åà ï¥â áª «ïàë¥ ¯à®¨§¢¥¤¥¨ï. � ª¨¬ ®¡-
à §®¬, íâ® ¯à¥®¡à §®¢ ¨¥ | ã¨â àë© ®¯¥à â®à ¨«¨ £¨«ì¡¥àâ®¢
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¨§®¬®àä¨§¬, â. ¥. ¨§®¬®àä¨§¬, á®åà ïîé¨© áª «ïàë¥ ¯à®¨§¢¥-
¤¥¨ï. � íâ®© á¢ï§¨ â¥®à¥¬ã �¨áá  | �¨è¥à  ¨®£¤   §ë¢ îâ
â¥®à¥¬®© ® ý£¨«ì¡¥àâ®¢®¬ ¨§®¬®àä¨§¬¥ £¨«ì¡¥àâ®¢ëå ¯à®áâà áâ¢
(®¤®© £¨«ì¡¥àâ®¢®© à §¬¥à®áâ¨)þ.

6.4. �à¬¨â®¢® á®¯àï¦¥ë© ®¯¥à â®à
6.4.1. �¥®à¥¬  �¨áá  ® èâà¨å®¢ ¨¨. �ãáâì H | £¨«ì¡¥à-

â®¢® ¯à®áâà áâ¢®. �«ï x ∈ H ¯®«®¦¨¬ x′ := (· , x). �®£¤  ®â®¡à -
¦¥¨¥ èâà¨å®¢ ¨ï x 7→ x′ ®áãé¥áâ¢«ï¥â ¨§®¬¥âà¨ç¥áª¨© ¨§®¬®à-
ä¨§¬ H∗   H ′.

C �á®, çâ® x = 0 ⇒ x′ = 0. �á«¨ ¦¥ x 6= 0, â®

‖y ′‖H′ = sup
‖y‖≤1

|(y, x)| ≤ sup
‖y‖≤1

‖y‖ ‖x‖ ≤ ‖x‖;

‖x′‖H′ = sup
‖y‖≤1

|(y, x)| ≥ |(x/‖x‖, x)| = ‖x‖.

� ª¨¬ ®¡à §®¬, x 7→ x′ | ¨§®¬¥âà¨ï H∗ ¢ H ′. �à®¢¥à¨¬, çâ® íâ®
®â®¡à ¦¥¨¥ ï¢«ï¥âáï í¯¨¬®àä¨§¬®¬.

�ãáâì l ∈ H ′ ¨ H0 := ker l 6= H (¥á«¨ â ª¨å l ¥â, â® ¤®ª §ë¢ âì
¥ç¥£®). �ë¡¥à¥¬ í«¥¬¥â ‖e‖ = 1 â ª®©, çâ® e ∈ H⊥

0 , ¨ ¯®«®¦¨¬
grad l := l(e)∗e. �á«¨ x ∈ H0, â®

(grad l)′(x) = (x, grad l) = (x, l(e)∗e) = l(e)∗∗(x, e) = 0.

�«¥¤®¢ â¥«ì®, ¤«ï ¥ª®â®à®£® α ∈ F ¨ ¢á¥å x ∈ H ¢ á¨«ã 2.3.12
¢ë¯®«¥® (grad l)′(x) = αl(x). � ç áâ®áâ¨, ¯à¨ x := e ¯®«ãç ¥¬

(grad l)′(e) = (e, grad l) = l(e)(e, e) = αl(e),

â. ¥. α = 1. B
6.4.2. � ¬¥ç ¨¥. �§ â¥®à¥¬ë �¨áá  á«¥¤ã¥â, çâ® á®¯àï¦¥-

®¥ ¯à®áâà áâ¢® H ′ ®¡« ¤ ¥â ¥áâ¥áâ¢¥®© áâàãªâãà®© £¨«ì¡¥àâ®-
¢  ¯à®áâà áâ¢  ¨ ®â®¡à ¦¥¨¥ èâà¨å®¢ ¨ï x 7→ x′ ®áãé¥áâ¢«ï¥â
£¨«ì¡¥àâ®¢ ¨§®¬®àä¨§¬ H∗   H ′. �¡à âë¬ ®â®¡à ¦¥¨¥¬ ¯à¨
íâ®¬ á«ã¦¨â ¯®áâà®¥®¥ ¢ ¤®ª § â¥«ìáâ¢¥ £à ¤¨¥â®¥ ®â®¡à ¦¥-
¨¥ l 7→ grad l. � íâ®© á¢ï§¨ 6.4.1  §ë¢ îâ â¥®à¥¬®© ý®¡ ®¡é¥¬
¢¨¤¥ «¨¥©®£® äãªæ¨® «  ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥þ.
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6.4.3. �¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® à¥ä«¥ªá¨¢®.
C �ãáâì ι : H → H ′′ | ¤¢®©®¥ èâà¨å®¢ ¨¥, â. ¥. ª ®¨ç¥áª®¥

¢«®¦¥¨¥ H ¢® ¢â®à®¥ á®¯àï¦¥®¥ ¯à®áâà áâ¢® H ′′, ®¯à¥¤¥«¥®¥
á®®â®è¥¨¥¬ x′′(l) = ι(x)(l) = l(x), £¤¥ x ∈ H ¨ l ∈ H ′ (á¬. 5.1.10
(8)). �à®¢¥à¨¬, çâ® ι | í¯¨¬®àä¨§¬. �ãáâì f ∈ H ′′. � áá¬®âà¨¬
®â®¡à ¦¥¨¥ y 7→ f(y ′) ¤«ï y ∈ H. �á®, çâ® íâ® ®â®¡à ¦¥¨¥
| «¨¥©ë© äãªæ¨® «  ¤ H∗ ¨, áâ «® ¡ëâì, ¯® â¥®à¥¬¥ �¨áá 
 ©¤¥âáï í«¥¬¥â x ∈ H = H∗∗ â ª®©, çâ® (y, x)∗ = (x, y) = f(y ′)
¤«ï ª ¦¤®£® y ∈ H. �¬¥¥¬ ι(x)(y ′) = y ′(x) = (x, y) = f(y ′) ¯à¨
¢á¥å y ∈ H. � ª ª ª ¯® â¥®à¥¬¥ �¨áá  y 7→ y ′ | ®â®¡à ¦¥¨¥   H ′,
¯®«ãç ¥¬ ι(x) = f. B

6.4.4. �ãáâì H1, H2 | ¯à®¨§¢®«ìë¥ £¨«ì¡¥àâ®¢ë ¯à®áâà -
áâ¢  ¨ T ∈ B(H1, H2). �®£¤  áãé¥áâ¢ã¥â, ¨ ¯à¨â®¬ ¥¤¨áâ¢¥®¥,
®â®¡à ¦¥¨¥ T ∗ : H2 → H1 â ª®¥, çâ® ¤«ï «î¡ëå x ∈ H1, y ∈ H2
¢ë¯®«¥®

(Tx, y) = (x, T ∗y).
�à¨ íâ®¬ T ∗ ∈ B(H2, H1) ¨ ‖T ∗‖ = ‖T‖.

C �ãáâì y ∈ H2. �â®¡à ¦¥¨¥ x 7→ (Tx, y) ¥áâì ª®¬¯®§¨æ¨ï
y ′ ◦ T , â. ¥. ¯à¥¤áâ ¢«ï¥â á®¡®© ¥¯à¥àë¢ë© «¨¥©ë© äãªæ¨-
® «   H1. �® â¥®à¥¬¥ �¨áá  ¨¬¥¥âáï ¢ â®ç®áâ¨ ®¤¨ í«¥¬¥â
x ∈ H1, ¤«ï ª®â®à®£® x′ = y ′ ◦ T . �®« £ ¥¬ T ∗y := x. �á®, çâ®
T ∗ ∈ L (H2, H1). �®¬¨¬® íâ®£®, ¯à¨¢«¥ª ï ¥à ¢¥áâ¢® �®è¨ |
�ãïª®¢áª®£® ¨ ®à¬ â¨¢®¥ ¥à ¢¥áâ¢®, ¢ë¢®¤¨¬

|(T ∗y, T ∗y)| = |(TT ∗y, y)| ≤ ‖TT ∗y‖ ‖y‖ ≤ ‖T‖ ‖T ∗y‖ ‖y‖.
� ç¨â, ‖T ∗y‖ ≤ ‖T‖ ‖y‖ ¤«ï ¢á¥å y ∈ H2, â. ¥. ‖T ∗‖ ≤ ‖T‖. � â® ¦¥
¢à¥¬ï T = T ∗∗ := (T ∗)∗, â. ¥. ‖T‖ = ‖T ∗∗‖ ≤ ‖T ∗‖. B

6.4.5. �¯à¥¤¥«¥¨¥. �¯¥à â®à T ∗ ∈ B(H2, H1), ¯®áâà®¥ë©
¢ 6.4.4,  §ë¢ îâ íà¬¨â®¢® á®¯àï¦¥ë¬ ª T ∈ B(H1, H2).

6.4.6. �ãáâì H1, H2 | £¨«ì¡¥àâ®¢ë ¯à®áâà áâ¢  ¨, ªà®¬¥ â®-
£®, S, T ∈ B(H1, H2) ¨ λ ∈ F. �®£¤ 

(1) T ∗∗ = T ;
(2) (S + T )∗ = S∗ + T ∗;
(3) (λT )∗ = λ∗T ∗;
(4) ‖T ∗T‖ = ‖T‖2.
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C (1){(3) | ®ç¥¢¨¤ë¥ á¢®©áâ¢ . �á«¨ ¦¥ ‖x‖ ≤ 1, â®

‖Tx‖2 = (Tx, Tx) = |(Tx, Tx)| = |(T ∗Tx, x)| ≤

≤ ‖T ∗Tx‖ ‖x‖ ≤ ‖T ∗T‖.
�à®¬¥ â®£®, ¢ á¨«ã áã¡¬ã«ìâ¨¯«¨ª â¨¢®áâ¨ ®¯¥à â®à®© ®à¬ë ¨
¯à¥¤«®¦¥¨ï 6.4.4, ‖T ∗T‖ ≤ ‖T ∗‖ ‖T‖ = ‖T‖2, çâ® ¤®ª §ë¢ ¥â (4). B

6.4.7. �ãáâì H1, H2, H3 | âà¨ £¨«ì¡¥àâ®¢ëå ¯à®áâà áâ¢ , ¨
§ ¤ ë T ∈ B(H1, H2) ¨ S ∈ B(H2, H3). �®£¤  (ST )∗ = T ∗S∗.

C (STx, z) = (Tx, S∗z) = (x, T ∗S∗z) (x ∈ H1, z ∈ H3) B
6.4.8. �¯à¥¤¥«¥¨¥. � áá¬®âà¨¬ ¯à®áâ¥©èãî | í«¥¬¥â à-

ãî | ¤¨ £à ¬¬ã H1
T→ H2. �¨ £à ¬¬ã H1

T∗←− H2  §ë¢ îâ íà-
¬¨â®¢® á®¯àï¦¥®© ª ¨áå®¤®©. �á«¨ ¢ ¯à®¨§¢®«ì®© ¤¨ £à ¬¬¥,
á®áâ ¢«¥®© ¨§ ®£à ¨ç¥ëå «¨¥©ëå ®â®¡à ¦¥¨© £¨«ì¡¥àâ®-
¢ëå ¯à®áâà áâ¢, ª ¦¤ ï í«¥¬¥â à ï ¯®¤¤¨ £à ¬¬  § ¬¥¥   
íà¬¨â®¢® á®¯àï¦¥ãî, â® ¢®§¨ªèãî ¤¨ £à ¬¬ã  §ë¢ îâ íà¬¨-
â®¢® á®¯àï¦¥®© ª ¨áå®¤®©.

6.4.9. �à¨æ¨¯ íà¬¨â®¢  á®¯àï¦¥¨ï ¤¨ £à ¬¬. �¨ £-
à ¬¬  ª®¬¬ãâ â¨¢  ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ª®¬¬ãâ -
â¨¢  íà¬¨â®¢® á®¯àï¦¥ ï ª ¥© ¤¨ £à ¬¬ .

C �«¥¤ã¥â ¨§ 6.4.7 ¨ 6.4.6 (1). B
6.4.10. �«¥¤áâ¢¨¥. �ãáâì T ∈ B(H1, H2) ¨ T ∗ ∈ B(H2, H1).

�¯¥à â®à T ®¡à â¨¬ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ®¡à â¨¬ T ∗.
�à¨ íâ®¬ T ∗−1 = T−1∗. CB

6.4.11. �«¥¤áâ¢¨¥. �«ï T ∈ B(H) ¢¥à® λ ∈ Sp(T ) ⇔ λ∗ ∈
Sp(T ∗). CB

6.4.12. �à¨æ¨¯ íà¬¨â®¢  á®¯àï¦¥¨ï ¯®á«¥¤®¢ â¥«ì-
®áâ¥© (áà. 7.6.13). �®á«¥¤®¢ â¥«ì®áâì

. . . −→ Hk−1
Tk−→ Hk

Tk+1−→ Hk+1 −→ . . .

â®ç  ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ â®ç  íà¬¨â®¢® á®¯àï¦¥ ï
¯®á«¥¤®¢ â¥«ì®áâì

. . . ←− Hk−1
T∗k←− Hk

T∗k+1←− Hk+1 ←− . . . . CB
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6.4.13. �¯à¥¤¥«¥¨¥. �¢®«îâ¨¢®©  «£¥¡à®© ¨«¨ ∗- «£¥¡à®©
( ¤ ®á®¢ë¬ ¯®«¥¬ F)  §ë¢ îâ  «£¥¡àã A á ¨¢®«îæ¨¥© ∗, â. ¥.
á ®â®¡à ¦¥¨¥¬ a 7→ a∗ ¢ A â ª¨¬, çâ®

(1) a∗∗ = a (a ∈ A);
(2) (a + b)∗ = a∗ + b∗ (a, b ∈ A);
(3) (λa)∗ = λ∗a∗ (λ ∈ F, a ∈ A);
(4) (ab)∗ = b∗a∗ (a, b ∈ A).

�  å®¢ã  «£¥¡àã A á ¨¢®«îæ¨¥© ∗, ¤«ï ª®â®à®© ‖a∗a‖ = ‖a‖2 ¯à¨
¢á¥å a ∈ A,  §ë¢ îâ C∗- «£¥¡à®©.

6.4.14. �à®áâà áâ¢® B(H) í¤®¬®àä¨§¬®¢ £¨«ì¡¥àâ®¢  ¯à®áâ-
à áâ¢  H ¯à¥¤áâ ¢«ï¥â á®¡®© C∗- «£¥¡àã (®â®á¨â¥«ì® ®¯¥à æ¨©
¯à®¨§¢¥¤¥¨ï ®¯¥à â®à®¢ ¨ ¯¥à¥å®¤  ª íà¬¨â®¢® á®¯àï¦¥®¬ã ®¯¥-
à â®àã ¢ ª ç¥áâ¢¥ ¨¢®«îæ¨¨). CB

6.5. �à¬¨â®¢ë ®¯¥à â®àë
6.5.1. �¯à¥¤¥«¥¨¥. �ãáâì H | £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢®

 ¤ ¯®«¥¬ F ¨ T ∈ B(H). �¯¥à â®à T  §ë¢ îâ íà¬¨â®¢ë¬ (¨«¨
á ¬®á®¯àï¦¥ë¬), ¥á«¨ T = T ∗.

6.5.2. �¥®à¥¬  �í«¥ï. �«ï íà¬¨â®¢  ®¯¥à â®à  T ¨¬¥¥â ¬¥áâ®
à ¢¥áâ¢®

‖T‖ = sup
‖x‖≤1

|(Tx, x)|.

C �ãáâì t := sup{|(Tx, x)| : ‖x‖ ≤ 1}. �á®, çâ® |(Tx, x)| ≤
‖Tx‖ ‖x‖ ≤ ‖T‖, ª ª â®«ìª® ‖x‖ ≤ 1. �â «® ¡ëâì, t ≤ ‖T‖.

� ª ª ª T = T ∗, â® (Tx, y) = (x, Ty) = (Ty, x)∗ = (y, Tx)∗, â. ¥.
(x, y) 7→ (Tx, y) | íà¬¨â®¢  ä®à¬ . � ç¨â, ¢ á¨«ã 6.1.3 ¨ 6.1.8

4 Re(Tx, y) = (T (x + y), x + y)− (T (x− y), x− y) ≤
≤ t(‖x + y‖2 + ‖x− y‖2) = 2t(‖x‖2 + ‖y‖2).

�á«¨ Tx = 0, â® ï¢® ‖Tx‖ ≤ t. �ãáâì Tx 6= 0. �®£¤  ¯à¨ ‖x‖ ≤ 1
¤«ï y := ‖Tx‖−1Tx ¡ã¤¥â

‖Tx‖ = ‖Tx‖
(

Tx

‖Tx‖ ,
Tx

‖Tx‖
)

=

= (Tx, y) = Re(Tx, y) ≤ 1
2 t

(
‖x‖2 + ‖Tx/‖Tx‖ ‖2

)
≤ t,

â. ¥. ‖T‖ = sup{‖Tx‖ : ‖x‖ ≤ 1} ≤ t. B
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6.5.3. � ¬¥ç ¨¥. � ª ®â¬¥ç¥® ¢ ¤®ª § â¥«ìáâ¢¥ 6.5.2, ª ¦-
¤ë© íà¬¨â®¢ ®¯¥à â®à T ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ H ¯®à®¦¤ -
¥â íà¬¨â®¢ã ä®à¬ã fT (x, y) := (Tx, y). �ãáâì, ¢ á¢®î ®ç¥à¥¤ì,
f | íà¬¨â®¢  ä®à¬ , ¯à¨ç¥¬ ¤«ï ª ¦¤®£® y ∈ H äãªæ¨® «
f(· , y) ¥¯à¥àë¢¥. �®£¤  ¢ á¨«ã â¥®à¥¬ë �¨áá   ©¤¥âáï í«¥-
¬¥â Ty ¨§ H â ª®©, çâ® f(·, y) = (Ty)′. �ç¥¢¨¤®, T ∈ L (H) ¨
(x, Ty) = f(x, y) = f(y, x)∗ = (y, Tx)∗ = (Tx, y). �®¦® ã¡¥¤¨âì-
áï, çâ® ¢ íâ®¬ á«ãç ¥ T ∈ B(H) ¨ T = T ∗. �à®¬¥ â®£®, f = fT . � -
ª¨¬ ®¡à §®¬, ¢ ®¯à¥¤¥«¥¨¨ 6.5.1 ãá«®¢¨¥ T ∈ B(H) ¬®¦® § ¬¥¨âì
ãá«®¢¨¥¬ T ∈ L (H) (â¥®à¥¬  �¥««¨£¥à  | ��¥¯«¨æ , á¬. 7.4.7).

6.5.4. �à¨â¥à¨© �¥©«ï. �¨á«® λ «¥¦¨â ¢ á¯¥ªâà¥ íà¬¨â®¢ 
®¯¥à â®à  T ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨

inf
‖x‖=1

‖λx− Tx‖ = 0.

C ⇒: �ãáâì t := inf{‖λx − Tx‖ : x ∈ H, ‖x‖ = 1} > 0. �áâ -
®¢¨¬, çâ® λ /∈ Sp(T ). �«ï ª ¦¤®£® x ∈ H ¢ë¯®«¥® ‖λx − Tx‖ ≥
t‖x‖. �â «® ¡ëâì, ¢®-¯¥à¢ëå, (λ − T ) | ¬®®¬®àä¨§¬, ¢®-¢â®àëå,
H0 := im(λ−T ) | § ¬ªãâ®¥ ¯®¤¯à®áâà áâ¢® (¨¡® ‖(λ−T )xm−(λ−
T )xk‖ ≥ t‖xm − xk‖, â. ¥. ý¯à®®¡à § ¯®á«¥¤®¢ â¥«ì®áâ¨ �®è¨ äã-
¤ ¬¥â «¥þ) ¨,  ª®¥æ, ¢-âà¥âì¨å, (λ − T )−1 ∈ B(H), ª ª â®«ìª®
H = H0 (¢ â ª®© á¨âã æ¨¨ ‖R(T, λ)‖ ≤ t−1). �®¯ãáâ¨¬, ¢®¯à¥ª¨ ¤®-
ª §ë¢ ¥¬®¬ã, çâ® H 6= H0. �®£¤  áãé¥áâ¢ã¥â y ∈ H⊥

0 , ¤«ï ª®â®à®£®
‖y‖ = 1. �à¨ ¢á¥å x ∈ H ¡ã¤¥â 0 = (λx−Tx, y) = (x, λ∗y−Ty), â. ¥.
λ∗y = Ty. � «¥¥, λ∗ = (Ty, y)/(y, y) ¨ ¨§ íà¬¨â®¢®áâ¨ T ¢ë¢®¤¨¬
λ∗ ∈ R. �âáî¤  λ∗ = λ ¨ y ∈ ker(λ − T ). �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥:
1 = ‖y‖ = ‖0‖ = 0.

⇐: �á«¨ λ /∈ Sp(T ), â® ¨¬¥¥âáï à¥§®«ì¢¥â  R(T, λ) ∈ B(H).
�®íâ®¬ã inf{‖λx− Tx‖ : ‖x‖ = 1} ≥ ‖R(T, λ)‖−1. B

6.5.5. �¥®à¥¬  ® £à ¨æ å á¯¥ªâà . �ãáâì T | íà¬¨â®¢
®¯¥à â®à ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥. �®«®¦¨¬

mT := inf
‖x‖=1

(Tx, x), MT := sup
‖x‖=1

(Tx, x).

�®£¤  Sp(T ) ⊂ [mT , MT ] ¨ mT , MT ∈ Sp(T ).
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C �ç¨âë¢ ï íà¬¨â®¢®áâì ®¯¥à â®à  T−Re λ ¢ à áá¬ âà¨¢ ¥¬®¬
¯à®áâà áâ¢¥ H, ¨§ â®¦¤¥áâ¢ 

‖λx− Tx‖2 = | Im λ|2‖x‖2 + ‖Tx− Re λx‖2

  ®á®¢ ¨¨ 6.5.4 ¯®«ãç ¥¬ ¢ª«îç¥¨¥ Sp(T ) ⊂ R. �á«¨ λ < mT ,
â® ¤«ï í«¥¬¥â  x ∈ H á ¥¤¨¨ç®© ®à¬®© ‖x‖ = 1 ¯® ¥à ¢¥áâ¢ã
�®è¨ | �ãïª®¢áª®£® 6.1.5

‖λx− Tx‖ = ‖λx− Tx‖ ‖x‖ ≥ |(λx− Tx, x)| =

= |λ− (Tx, x)| = (Tx, x)− λ ≥ mT − λ > 0.

�¯¥««ïæ¨ï ª 6.5.4 ¤ ¥â: λ ∈ res(T ). �á«¨ ¦¥ λ > MT , â®   «®£¨ç-
ë¬ ®¡à §®¬

‖λx−Tx‖ ≥ |(λx−Tx, x)| = |λ−(Tx, x)| = λ−(Tx, x) ≥ λ−MT > 0.

�®¢ì λ ∈ res(T ). �ª®ç â¥«ì® Sp(T ) ⊂ [mT , MT ].
�®áª®«ìªã (Tx, x) ∈ R ¯à¨ x ∈ H, â® ¢ á¨«ã 6.5.2

‖T‖ = sup{|(Tx, x)| : ‖x‖ ≤ 1} =

= sup{(Tx, x) ∨ (−(Tx, x)) : ‖x‖ ≤ 1} = MT ∨ (−mT ).
�®¯ãáâ¨¬ á ç « , çâ® λ := ‖T‖ = MT . �á«¨ ‖x‖ = 1, â®

‖λx− Tx‖2 = λ2 − 2λ(Tx, x) + ‖Tx‖2 ≤ 2‖T‖2 − 2‖T‖(Tx, x).

� ç¥ £®¢®àï, á¯à ¢¥¤«¨¢  ®æ¥ª 

inf
‖x‖=1

‖λx− Tx‖2 ≤ 2‖T‖ inf
‖x‖=1

(‖T‖ − (Tx, x)) = 0.

�à¨¢«¥ª ï 6.5.4, § ª«îç ¥¬: λ ∈ Sp(T ).
� áá¬®âà¨¬ â¥¯¥àì ®¯¥à â®à S := T − mT . �á®, çâ® MS =

MT − mT ≥ 0 ¨ mS = mT − mT = 0. � ª¨¬ ®¡à §®¬, ‖S‖ = MS ¨
¯® ã¦¥ ¤®ª § ®¬ã MS ∈ Sp(S). �âáî¤  á«¥¤ã¥â, çâ® MT ¢å®¤¨â ¢
Sp(T ), ¨¡® T = S + mT ,   MT = MS + mT . �áâ «®áì § ¬¥â¨âì, çâ®
mT = −M−T ¨ Sp(T ) = − Sp(−T ). B

6.5.6. �«¥¤áâ¢¨¥. �®à¬  íà¬¨â®¢  ®¯¥à â®à  à ¢  à ¤¨ãáã
¥£® á¯¥ªâà  (¨ á¯¥ªâà «ì®¬ã à ¤¨ãáã). CB

6.5.7. �«¥¤áâ¢¨¥. �à¬¨â®¢ ®¯¥à â®à ï¢«ï¥âáï ã«¥¢ë¬ ¢ â®¬
¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ã ¥£® ã«¥¢®© á¯¥ªâà. CB
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6.6. �®¬¯ ªâë¥ íà¬¨â®¢ë ®¯¥à â®àë
6.6.1. �¯à¥¤¥«¥¨¥. �ãáâì X ¨ Y | ¡  å®¢ë ¯à®áâà áâ¢ .

�¯¥à â®à T ∈ L (X, Y )  §ë¢ îâ ª®¬¯ ªâë¬ (¯à¨ íâ®¬ ¯¨èãâ
T ∈ K (X, Y )), ¥á«¨ ®¡à § T (BX) ¥¤¨¨ç®£® è à  BX ¢ X ®â®á¨-
â¥«ì® ª®¬¯ ªâ¥ ¢ Y .

6.6.2. � ¬¥ç ¨¥. �®¤à®¡®¥ ¨áá«¥¤®¢ ¨¥ ª®¬¯ ªâëå ®¯¥-
à â®à®¢ ¢ ¡  å®¢ëå ¯à®áâà áâ¢ å á®áâ ¢«ï¥â á®¤¥à¦ ¨¥ â¥®à¨¨
�¨áá  | � ã¤¥à . �â  â¥®à¨ï à áá¬®âà¥  ¢ £«. 8.

6.6.3. �ãáâì T | ª®¬¯ ªâë© íà¬¨â®¢ ®¯¥à â®à. �á«¨ 0 6= λ ∈
Sp(T ), â® λ | á®¡áâ¢¥®¥ ç¨á«® T , â. ¥. ker(λ− T ) 6= 0.

C �® ªà¨â¥à¨î �¥©«ï ¤«ï ¥ª®â®à®© ¯®á«¥¤®¢ â¥«ì®áâ¨ (xn)
â ª®©, çâ® ‖xn‖ = 1, ¢ë¯®«¥® λxn − Txn → 0. �¥  àãè ï
®¡é®áâ¨, ¡ã¤¥¬ áç¨â âì, çâ® ¯®á«¥¤®¢ â¥«ì®áâì (Txn) áå®¤¨âáï
ª y := lim Txn. �®£¤  ¨§ â®¦¤¥áâ¢  λxn = (λxn − Txn) + Txn ¯®«ã-
ç ¥¬, çâ® áãé¥áâ¢ã¥â ¯à¥¤¥« (λxn) ¨ y = lim λxn. �«¥¤®¢ â¥«ì®,
Ty = T (lim λxn) = λ lim Txn = λy. � ª ª ª ‖y‖ = |λ|, § ª«îç ¥¬,
çâ® y | á®¡áâ¢¥ë© ¢¥ªâ®à T . B

6.6.4. �ãáâì λ1, λ2 | à §«¨çë¥ á®¡áâ¢¥ë¥ ç¨á«  íà¬¨â®¢ 
®¯¥à â®à  T ,   x1, x2 | ®â¢¥ç îé¨¥ λ1 ¨ λ2 á®®â¢¥âáâ¢¥® á®¡-
áâ¢¥ë¥ ¢¥ªâ®àë (â. ¥. xs ∈ ker(λs − T ), s := 1, 2). �®£¤  x1 ¨ x2
®àâ®£® «ìë.

C (x1, x2) = 1
λ1

(Tx1, x2) = 1
λ1

(x1, Tx2) = λ2
λ1

(x1, x2) B

6.6.5. �«ï ¢áïª®£® ε > 0 ¢¥ ¯à®¬¥¦ãâª  [−ε, ε] ¬®¦¥â «¥¦ âì
«¨èì ª®¥ç®¥ ç¨á«® á®¡áâ¢¥ëå ç¨á¥« ª®¬¯ ªâ®£® íà¬¨â®¢  ®¯¥-
à â®à .

C �ãáâì (λn)n∈N | ¯®á«¥¤®¢ â¥«ì®áâì ¯®¯ à® à §«¨çëå á®¡-
áâ¢¥ëå ç¨á¥« T , ¯à¨ç¥¬ |λn| > ε. �ãáâì, ¤ «¥¥, xn | á®¡áâ¢¥ë©
¢¥ªâ®à, ®â¢¥ç îé¨© λn ¨ â ª®©, çâ® ‖xn‖ = 1. � á¨«ã 6.6.4 ¨¬¥¥¬
(xk, xm) = 0 ¯à¨ m 6= k. � ç¨â,

‖Txm − Txk‖2 = ‖Txm‖2 + ‖Txk‖2 = λ2
m + λ2

k ≥ 2ε2,

â. ¥. ¯®á«¥¤®¢ â¥«ì®áâì (Txn)n∈N ¥ ï¢«ï¥âáï ®â®á¨â¥«ì® ª®¬-
¯ ªâ®©. �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥ á ª®¬¯ ªâ®áâìî T. B
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6.6.6. �¥¬¬  ® à §¡¨¥¨¨ á¯¥ªâà . �ãáâì T | ª®¬¯ ªâë©
íà¬¨â®¢ ®¯¥à â®à ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ H ¨ 0 6= λ ∈ Sp(T ).
�®«®¦¨¬ Hλ := ker(λ − T ). �®£¤  Hλ ª®¥ç®¬¥à® ¨ à §«®¦¥¨¥
H = Hλ ⊕H⊥

λ ¯à¨¢®¤¨â T . �à¨ íâ®¬ ¨¬¥¥â ¬¥áâ® ¬ âà¨ç®¥ ¯à¥¤-
áâ ¢«¥¨¥

T ∼
(

λ 0
0 Tλ

)
,

£¤¥ ®¯¥à â®à Tλ | ç áâì T ¢ H⊥
λ | íà¬¨â®¢ ¨ ª®¬¯ ªâ¥, ¯à¨ç¥¬

Sp(Tλ) = Sp(T ) \ {λ}.
C �®¤¯à®áâà áâ¢® Hλ ª®¥ç®¬¥à® ¢¢¨¤ã ª®¬¯ ªâ®áâ¨ T .

�®¬¨¬® íâ®£®, Hλ ¨¢ à¨ â® ®â®á¨â¥«ì® T . � ç¨â, ®àâ®£®-
 «ì®¥ ¤®¯®«¥¨¥ H⊥

λ ¯®¤¯à®áâà áâ¢  Hλ | ¨¢ à¨ â®¥ ¯®¤-
¯à®áâà áâ¢® T ∗(= T ), ¨¡® ¢ë¯®«¥® (∀x ∈ Hλ)(x, h) = 0 ⇒ (∀x ∈
Hλ)(T ∗h, x) = (h, Tx) = 0.

� áâì ®¯¥à â®à  T ¢ Hλ | íâ® ï¢® λ. �®¬¯ ªâ®áâì ¨ íà¬¨â®-
¢®áâì ç áâ¨ Tλ ®¯¥à â®à  T ¢ H⊥

λ ¥á®¬¥ë. �â®«ì ¦¥ ®ç¥¢¨¤®,
çâ® ¯à¨ µ 6= λ ®¯¥à â®à

µ− T ∼
(

µ− λ 0
0 µ− Tλ

)

®¡à â¨¬ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ®¡à â¨¬ µ − Tλ. �á®
â ª¦¥, çâ® λ ¥ ï¢«ï¥âáï á®¡áâ¢¥ë¬ ç¨á«®¬ Tλ. B

6.6.7. �¥®à¥¬  �¨«ì¡¥àâ  | �¬¨¤â . �ãáâì H | £¨«ì-
¡¥àâ®¢® ¯à®áâà áâ¢® ¨ T | ª®¬¯ ªâë© íà¬¨â®¢ ®¯¥à â®à ¢ H.
�ãáâì, ¤ «¥¥, Pλ | ®àâ®¯à®¥ªâ®à   ker(λ − T ) ¤«ï λ ∈ Sp(T ). �®-
£¤  ¢ë¯®«¥®

T =
∑

λ∈Sp(T )
λPλ.

C �à¨¢«¥ª ï ã¦®¥ ç¨á«® à § 6.5.6 ¨ 6.6.6, ¤«ï «î¡®£® ª®¥ç-
®£® ¯®¤¬®¦¥áâ¢  θ ¢ Sp(T ) ¯®«ãç ¥¬

∥∥∥∥T −
∑

λ∈θ

λPλ

∥∥∥∥ = sup{|λ| : λ ∈ (Sp(T ) ∪ 0) \ θ}.

�áâ ¥âáï á®á« âìáï   6.6.5. B
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6.6.8. � ¬¥ç ¨¥. �¥®à¥¬  �¨«ì¡¥àâ  | �¬¨¤â  á®¤¥à¦¨â
®¢ãî ¨ä®à¬ æ¨î ¯® áà ¢¥¨î á ª®¥ç®¬¥àë¬ á«ãç ¥¬ ¯® áãâ¨
¤¥«  «¨èì â®£¤ , ª®£¤  ®¯¥à â®à T ý¡¥áª®¥ç®¬¥à¥þ, â. ¥. ¨¬¥¥â
¡¥áª®¥ç®¬¥àë© ®¡à § ¨«¨, çâ® â® ¦¥ á ¬®¥, ¥á«¨ H⊥

0 | ¡¥áª®¥ç-
®¬¥à®¥ ¯à®áâà áâ¢® (H0 := ker T ). �¥©áâ¢¨â¥«ì®, ¥á«¨ ®¯¥à â®à
T ª®¥ç®¬¥à¥, â. ¥. ¨¬¥¥â ª®¥ç®¬¥àë© ®¡à §, â® ¯®¤¯à®áâà -
áâ¢® H⊥

0 ¨§®¬®àä® íâ®¬ã ®¡à §ã ¨, áâ «® ¡ëâì,

T =
n∑

k=1
λk〈ek〉 =

n∑

k=1
λke′k ⊗ ek,

£¤¥ λ1, . . . , λn | ¥ã«¥¢ë¥ â®çª¨ á¯¥ªâà  T , ý¢§ïâë¥ á ãç¥â®¬ ªà â-
®áâ¨þ,   {e1, . . . , en} | ®àâ®®à¬ «ìë© ¡ §¨á ¢ H⊥

0 , ¢ë¡à ë©
¤®«¦ë¬ ®¡à §®¬.

�¥®à¥¬  �¨«ì¡¥àâ  | �¬¨¤â  ¯®ª §ë¢ ¥â, çâ® á â®ç®áâìî ¤®
§ ¬¥ë áã¬¬ë àï¤®¬ ¡¥áª®¥ç®¬¥àë¥ ª®¬¯ ªâë¥ íà¬¨â®¢ë ®¯¥-
à â®àë ãáâà®¥ë â ª ¦¥, ª ª ¨ ª®¥ç®¬¥àë¥. � á ¬®¬ ¤¥«¥, ¯à¨
λ 6= µ, £¤¥ λ, µ | ¥ã«¥¢ë¥ â®çª¨ á¯¥ªâà  T , á®¡áâ¢¥ë¥ ¯®¤¯à®-
áâà áâ¢  Hλ ¨ Hµ ª®¥ç®¬¥àë ¨ ®àâ®£® «ìë. �à¨ íâ®¬ £¨«ì-
¡¥àâ®¢  áã¬¬  ⊕λ∈Sp(T )\0Hλ à ¢  H⊥

0 = cl im T , ¨¡® H0 = (im T )⊥.
�âà®ï ý¯® ¯®àï¤ªãþ ¡ §¨áë ¢ ª®¥ç®¬¥àëå ¯à®áâà áâ¢ å Hλ (¯¥-
à¥ã¬¥à®¢ë¢ ï á®¡áâ¢¥ë¥ ç¨á«  ý¢ ¯®àï¤ª¥ ã¡ë¢ ¨ï ¬®¤ã«¥© ¨
á ãç¥â®¬ ªà â®áâ¨þ, â. ¥. ¯®« £ ï λ1 := λ2 := . . . := λdim Hλ1

:=
λ1; λdim Hλ1+1 := . . . := λdim Hλ1+dim Hλ2

:= λ2 ¨ â. ¤.), ¯®«ãç ¥¬ à §-
«®¦¥¨¥ H = H0 ⊕Hλ1 ⊕Hλ2 ⊕ . . . ¨ ¯à¥¤áâ ¢«¥¨¥

T =
∞∑

k=1
λk〈ek〉 =

∞∑

k=1
λke′k ⊗ ek,

£¤¥ àï¤ áã¬¬¨àã¥âáï ¢ ®¯¥à â®à®© ®à¬¥. CB
6.6.9. �¥®à¥¬  ®¡ ®¡é¥¬ ¢¨¤¥ ª®¬¯ ªâ®£® ®¯¥à â®à .

�ãáâì T ∈ K (H1, H2) | ¡¥áª®¥ç®¬¥àë© ª®¬¯ ªâë© ®¯¥à â®à,
¤¥©áâ¢ãîé¨© ¨§ £¨«ì¡¥àâ®¢  ¯à®áâà áâ¢  H1 ¢ £¨«ì¡¥àâ®¢® ¯à®-
áâà áâ¢® H2. �ãé¥áâ¢ãîâ ®àâ®®à¬ «ìë¥ á¥¬¥©áâ¢  (ek)k∈N ¢
H1, (fk)k∈N ¢ H2 ¨ á¥¬¥©áâ¢® ç¨á¥« (µk)k∈N ¢ R+ \ 0, µk ↓ 0, ¤«ï
ª®â®àëå á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥

T =
∞∑

k=1
µke′k ⊗ fk.
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C �®«®¦¨¬ S := T ∗T . �®ïâ®, çâ® S ∈ B(H1) ¨ S ª®¬¯ ªâ¥.
�®¬¨¬® íâ®£®, (Sx, x) = (T ∗Tx, x) = (Tx, Tx) = ‖Tx‖2. � ç¨â,
¢ á¨«ã 6.4.6, S íà¬¨â®¢ ¨ H0 := ker S = ker T . �â¬¥â¨¬ â ª¦¥, çâ®
Sp(S) ⊂ R+ ¯® â¥®à¥¬¥ 6.5.5.

�ãáâì (ek)k∈N | ®àâ®®à¬ «ìë© ¡ §¨á ¢ H⊥
0 ¨§ á®¡áâ¢¥ëå

¢¥ªâ®à®¢ S ¨ (λk)k∈N | á®®â¢¥âáâ¢ãîé ï ã¡ë¢ îé ï ¯®á«¥¤®¢ -
â¥«ì®áâì ¯®«®¦¨â¥«ìëå á®¡áâ¢¥ëå § ç¥¨© λk > 0, k ∈ N (áà.
6.6.8). �®£¤  í«¥¬¥â x ∈ H1 ¬®¦® à §«®¦¨âì ¢ àï¤ �ãàì¥

x− PH0x =
∞∑

k=1
(x, ek)ek.

� ª¨¬ ®¡à §®¬, ãç¨âë¢ ï, çâ® TPH0 = 0, ¨ ¯®« £ ï µk :=
√

λk ¨
fk := µ−1

k Tek, ¯®«ãç ¥¬

Tx =
∞∑

k=1
(x, ek)Tek =

∞∑

k=1
(x, ek)µk

µk
Tek =

∞∑

k=1
µk(x, ek)fk.

�¥¬¥©áâ¢® (fk)k∈N ®àâ®®à¬ «ì®, ¨¡®

(fn, fm) =
(

Ten

µn
,

T em

µm

)
= 1

µnµm
(Ten, T em) =

= 1
µnµm

(T ∗Ten, em) = 1
µnµm

(Sen, em) =

= 1
µn, µm

(λnen, em) = µn

µm
(en, em).

�à¨¢«¥ª ï â¥¯¥àì ¯®á«¥¤®¢ â¥«ì® â¥®à¥¬ã �¨ä £®à  ¨ ¥à ¢¥áâ¢®
�¥áá¥«ï, ¢ë¢®¤¨¬:

∥∥∥∥∥

(
T −

n∑

k=1
µke′k ⊗ fk

)
x

∥∥∥∥∥

2

=
∥∥∥∥∥

∞∑

k=n+1
µk(x, ek)fk

∥∥∥∥∥

2

=

=
∞∑

k=n+1
µ2

k|(x, ek)|2 ≤ λn+1

∞∑

k=n+1
|(x, ek)|2 ≤ λn+1‖x‖2.
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�ª®ç â¥«ì®, ãç¨âë¢ ï á®®â®è¥¨¥ λk ↓ 0, ¨¬¥¥¬
∥∥∥∥∥T −

n∑

k=1
µke′k ⊗ fk

∥∥∥∥∥ ≤ µn+1 → 0. B

6.6.10. � ¬¥ç ¨¥. �¥®à¥¬  6.6.9 ®§ ç ¥â, ¢ ç áâ®áâ¨, çâ®
ª®¬¯ ªâë¥ ®¯¥à â®àë (¨ â®«ìª® ®¨) áãâì â®çª¨ ¯à¨ª®á®¢¥¨ï
¬®¦¥áâ¢  ª®¥ç®¬¥àëå ®¯¥à â®à®¢. �â®â ä ªâ ¢ëà ¦ îâ ¥é¥
¨ â ª: ý£¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® ®¡« ¤ ¥â á¢®©áâ¢®¬  ¯¯à®ªá¨¬ -
æ¨¨þ.

�¯à ¦¥¨ï
6.1. � ©â¨ ªà ©¨¥ â®çª¨ è à  £¨«ì¡¥àâ®¢  ¯à®áâà áâ¢ .
6.2. �ëïá¨âì, ª ª¨¥ ¨§ ª« áá¨ç¥áª¨å ¡  å®¢ëå ¯à®áâà áâ¢ £¨«ì¡¥àâ®-

¢ë,   ª ª¨¥ | ¥â.
6.3. �ã¤¥â «¨ £¨«ì¡¥àâ®¢ë¬ ä ªâ®à-¯à®áâà áâ¢® £¨«ì¡¥àâ®¢  ¯à®áâà -

áâ¢ ?
6.4. � ¦¤®¥ «¨ ¡  å®¢® ¯à®áâà áâ¢® ¢ª« ¤ë¢ ¥âáï ¢ £¨«ì¡¥àâ®¢® ¯à®-

áâà áâ¢®?
6.5. �®¦¥â «¨ ¡ëâì £¨«ì¡¥àâ®¢ë¬ ¯à®áâà áâ¢® ®£à ¨ç¥ëå í¤®¬®à-

ä¨§¬®¢ £¨«ì¡¥àâ®¢  ¯à®áâà áâ¢ ?
6.6. �¯¨á âì ¢â®à®¥ ®àâ®£® «ì®¥ ¤®¯®«¥¨¥ ª ¬®¦¥áâ¢ã.
6.7. �®ª § âì, çâ® ¨ ®¤¨ £¨«ì¡¥àâ®¢ ¡ §¨á ¡¥áª®¥ç®¬¥à®£® £¨«ì¡¥à-

â®¢  ¯à®áâà áâ¢  ¥ ï¢«ï¥âáï ¡ §¨á®¬ � ¬¥«ï.
6.8. �®áâà®¨âì   ®âà¥§ª¥  ¨«ãçè¥¥ ¯à¨¡«¨¦¥¨¥ ¢ ¬¥âà¨ª¥ L2 ¯®«¨®¬ 

áâ¥¯¥¨ n + 1 ¯®«¨®¬ ¬¨ áâ¥¯¥¨ ¥ ¢ëè¥ n.
6.9. �®ª § âì, çâ® x ⊥ y ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ‖x + y‖2 =

‖x‖2 + ‖y‖2 ¨ ‖x + iy‖2 = ‖x‖2 + ‖y‖2.
6.10. �«ï ®£à ¨ç¥®£® ®¯¥à â®à  T ãáâ ®¢¨âì á®®â®è¥¨ï

(ker T )⊥ = cl im T ∗, (im T )⊥ = ker T ∗.

6.11. �ëïá¨âì á¢ï§¨ ¬¥¦¤ã íà¬¨â®¢ë¬¨ ä®à¬ ¬¨ ¨ íà¬¨â®¢ë¬¨ ®¯¥à -
â®à ¬¨.

6.12. � ©â¨ íà¬¨â®¢® á®¯àï¦¥ë¥ ®¯¥à â®àë ª ®¯¥à â®à ¬ á¤¢¨£ , ã¬®-
¦¥¨ï, ª ª®¥ç®¬¥à®¬ã ®¯¥à â®àã.

6.13. �®ª § âì, çâ® ®¯¥à â®à ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ ª®¬¯ ªâ¥ ¢
â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ª®¬¯ ªâ¥ íà¬¨â®¢® á®¯àï¦¥ë© ª ¥¬ã ®¯¥-
à â®à. � ª á¢ï§ ë á®®â¢¥âáâ¢ãîé¨¥ ª ®¨ç¥áª¨¥ ¯à¥¤áâ ¢«¥¨ï íâ¨å ®¯¥à -
â®à®¢?
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6.14. �ãáâì ¨§¢¥áâ®, çâ® ®¯¥à â®à T | ¨§®¬¥âà¨ï. �ã¤¥â «¨ ¨§®¬¥âà¨¥©
®¯¥à â®à T ∗?

6.15. � áâ¨ç ï ¨§®¬¥âà¨ï | íâ® ®¯¥à â®à, ï¢«ïîé¨©áï ¨§®¬¥âà¨¥©  
®àâ®£® «ì®¬ ¤®¯®«¥¨¨ á¢®¥£® ï¤à . � ª ãáâà®¥ íà¬¨â®¢® á®¯àï¦¥ë© ª
ç áâ¨ç®© ¨§®¬¥âà¨¨ ®¯¥à â®à?

6.16. � ª®¢ë ªà ©¨¥ â®çª¨ ¥¤¨¨ç®£® è à  ¢ ¯à®áâà áâ¢¥ í¤®¬®àä¨§-
¬®¢ £¨«ì¡¥àâ®¢  ¯à®áâà áâ¢ ?

6.17. �®ª § âì, çâ® ¯à¨ áã¦¥¨¨   è à á« ¡ ï â®¯®«®£¨ï á¥¯ à ¡¥«ì®£®
£¨«ì¡¥àâ®¢  ¯à®áâà áâ¢  áâ ®¢¨âáï ¬¥âà¨§ã¥¬®©.

6.18. �®ª § âì, çâ® ¨¤¥¬¯®â¥â ®¯¥à â®à  P ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥
ï¢«ï¥âáï ®àâ®¯à®¥ªâ®à®¬ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ P ª®¬¬ãâ¨àã¥â á P ∗.

6.19. �ãáâì (akl)k,l∈N | ¡¥áª®¥ç ï ¬ âà¨æ  â ª ï, çâ® akl ≥ 0 ¤«ï ¢á¥å
k, l ¨, ªà®¬¥ â®£®, ¨¬¥îâáï â ª¦¥ pk ¨ β, γ > 0 â ª¨¥, çâ®

∞∑
k=1

aklpk ≤ βpl;
∞∑

l=1

aklpl ≤ γpk (k, l ∈ N).

�®£¤  áãé¥áâ¢ã¥â ®¯¥à â®à T ∈ B(l2) â ª®©, çâ® (ek, el) = akl ¨ ‖T‖ =
√

βγ (£¤¥
ek | ª ®¨ç¥áª¨© ¡ §¨á ¢ l2, á®áâ ¢«¥ë© å à ªâ¥à¨áâ¨ç¥áª¨¬¨ äãªæ¨ï¬¨
â®ç¥ª ¨§ N).



�« ¢  7
�à¨æ¨¯ë ¡  å®¢ëå
¯à®áâà áâ¢

7.1. �á®¢®© ¯à¨æ¨¯ �  å 
7.1.1. �¥¬¬  ® â®¯®«®£¨ç¥áª®¬ áâà®¥¨¨ ¢ë¯ãª«®£® ¬®-

¦¥áâ¢ . �ãáâì U | ¢ë¯ãª«®¥ ¬®¦¥áâ¢® á ¥¯ãáâ®© ¢ãâà¥®-
áâìî ¢ (¬ã«ìâ¨)®à¬¨à®¢ ®¬ ¯à®áâà áâ¢¥: int U 6= ∅. �®£¤ 

(1) 0 ≤ α < 1 ⇒ α cl U + (1− α) int U ⊂ int U ;
(2) core U = int U ;
(3) cl U = cl int U ;
(4) int cl U = int U .

C (1) �«ï u0 ∈ int U ¢ á¨«ã 5.2.10 ¬®¦¥áâ¢® int U − u0 | ®â-
ªàëâ ï ®ªà¥áâ®áâì ã«ï. �âáî¤  ¯à¨ 0 ≤ α < 1 ¯®«ãç ¥¬

α cl U ⊂ cl αU ⊂ αU + (1− α)(int U − u0) =

= αU + (1− α) int U − (1− α)u0 ⊂
⊂ αU + (1− α)U − (1− α)u0 ⊂ U − (1− α)u0.

� ª¨¬ ®¡à §®¬, (1 − α)u0 + α cl U ⊂ U ¨, áâ «® ¡ëâì, U á®¤¥à-
¦¨â (1− α) int U + α cl U . �®á«¥¤¥¥ ¬®¦¥áâ¢® ®âªàëâ®, ¨¡® ¯à¥¤-
áâ ¢«ï¥â á®¡®© à¥§ã«ìâ â á«®¦¥¨ï α cl U á ®âªàëâë¬ ¬®¦¥áâ¢®¬
(1− α) int U .

(2) �¥á®¬¥®, çâ® int U ⊂ core U . �á«¨ ¦¥ u0 ∈ int U ¨ u ∈
core U , â® ¤«ï ¥ª®â®àëå u1 ∈ U ¨ 0 < α < 1 ¡ã¤¥â u = αu0+(1−α)u1.
�®áª®«ìªã u1 ∈ cl U ,   ®á®¢ ¨¨ (1) § ª«îç ¥¬: u ∈ int U .
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(3) �®ïâ®, çâ® cl int U ⊂ cl U , ¨¡® int U ⊂ U . �á«¨, ¢ á¢®î
®ç¥à¥¤ì, u ∈ cl U , â®, ¢ë¡à ¢ u0 ∈ int U ¨ ¯®«®¦¨¢ uα := αu0+(1−α)u,
¢¨¤¨¬: uα → u ¯à¨ α → 0 ¨ uα ∈ int U , ª®£¤  0 < α < 1. �â ª, ¯®
¯®áâà®¥¨î u ∈ cl int U .

(4) �§ ¢ª«îç¥¨© int U ⊂ U ⊂ cl U ¢ëâ¥ª ¥â, çâ® int U ⊂ int cl U .
�á«¨ â¥¯¥àì u ∈ int cl U , â®, ¢ á¨«ã (2), u ∈ core cl U . � ç¨â, ¢®¢ì
¢ë¤¥«ïï u0 ∈ int U , ¯®¤ëé¥¬ u1 ∈ cl U ¨ 0 < α < 1, ¤«ï ª®â®àëå u =
αu0 + (1− α)u1. �à¨¢«¥ª ï (1), ®ª®ç â¥«ì® ¢ë¢®¤¨¬: u ∈ int U . B

7.1.2. � ¬¥ç ¨¥. � á«ãç ¥ ª®¥ç®¬¥à®câ¨ à áá¬ âà¨¢ ¥¬®-
£® ¯à®áâà áâ¢  ãá«®¢¨¥ int U 6= ∅ ¢ ¯ãªâ å 7.1.1 (2) ¨ 7.1.1 (4)
¬®¦® ®¯ãáâ¨âì. � ¡¥áª®¥ç®¬¥à®© á¨âã æ¨¨  «¨ç¨¥ ¢ãâà¥¥©
â®çª¨, ª ª ¯®ª §ë¢ îâ ¬®£®ç¨á«¥ë¥ ¯à¨¬¥àë, | íâ® áãé¥áâ¢¥-
®¥ âà¥¡®¢ ¨¥. � ç áâ®áâ¨, â ª ®¡áâ®¨â ¤¥«® ¯à¨ U := Bc0 ∩X, £¤¥
c0 | ¯à®áâà áâ¢® áå®¤ïé¨åáï ª ã«î ¯®á«¥¤®¢ â¥«ì®áâ¥©,   X |
¯®¤¯à®áâà áâ¢® ä¨¨âëå ¯®á«¥¤®¢ â¥«ì®áâ¥© ¢ c0, â. ¥. ¯àï¬ ï
áã¬¬  áç¥â®£® ç¨á«  íª§¥¬¯«ïà®¢ ®á®¢®£® ¯®«ï. � á ¬®¬ ¤¥«¥,
¡¥áá¯®à®, core U = ∅ ¨ ¢ â® ¦¥ ¢à¥¬ï cl U = Bc0 . CB

7.1.3. �¯à¥¤¥«¥¨¥. �®¦¥áâ¢® U ¢ (¬ã«ìâ¨)®à¬¨à®¢ ®¬
¯à®áâà áâ¢¥ X  §ë¢ îâ ¨¤¥ «ì® ¢ë¯ãª«ë¬, ¥á«¨ U ¢ë¤¥à¦¨¢ -
¥â ®¡à §®¢ ¨¥ áç¥âëå ¢ë¯ãª«ëå ª®¬¡¨ æ¨©. �®ç¥¥ £®¢®àï, U
¨¤¥ «ì® ¢ë¯ãª«®, ¥á«¨, ª ª®¢ë ¡ë ¨ ¡ë«¨ ¯®á«¥¤®¢ â¥«ì®áâ¨
(αn)n∈N ¨ (un)n∈N, £¤¥ αn ∈ R+,

∑∞
n=1 αn = 1 ¨ un ∈ U , ¤«ï ª®-

â®àëå àï¤
∑∞

n=1 αnun áå®¤¨âáï ¢ X ª í«¥¬¥âã u, ¢ë¯®«¥® u ∈ U .
7.1.4. �à¨¬¥àë.

(1) � à ««¥«ìë© (  ¢¥ªâ®à u0) ¯¥à¥®á x 7→ x+u0 ýá®-
åà ï¥âþ ¨¤¥ «ìãî ¢ë¯ãª«®áâì.

(2) � ¬ªãâ®¥ ¢ë¯ãª«®¥ ¬®¦¥áâ¢® ¨¤¥ «ì® ¢ë¯ãª«®.
(3) �âªàëâ®¥ ¢ë¯ãª«®¥ ¬®¦¥áâ¢® ¨¤¥ «ì® ¢ë¯ãª«®.

C � á ¬®¬ ¤¥«¥, ¯ãáâì U ®âªàëâ® ¨ ¢ë¯ãª«®. �á«¨ U = ∅, â®
¤®ª §ë¢ âì ¥ç¥£®. �á«¨ ¦¥ U 6= ∅, â® ¯® 7.1.4 (1) ¬®¦® áç¨-
â âì, çâ® 0 ∈ U ¨, § ç¨â, U = {pU < 1}, £¤¥ pU | äãªæ¨®-
 « �¨ª®¢áª®£® ¬®¦¥áâ¢  U . �ãáâì (un)n∈N ¨ (αn)n∈N | ¯®-
á«¥¤®¢ â¥«ì®áâ¨ ¢ U ¨ ¢ R+ â ª¨¥, çâ®

∑∞
n=1 αn = 1 ¨ í«¥¬¥â

u :=
∑∞

n=1 αnun ¥ ¯®¯ « ¢ U . � á¨«ã 7.1.4 (2), u «¥¦¨â ¢ cl U =
{pU ≤ 1} ¨, áâ «® ¡ëâì, pU (u) = 1. � ¤àã£®© áâ®à®ë, ïá®, çâ®
pU (u) ≤ ∑∞

n=1 αnpU (un) ≤ 1 =
∑∞

n=1 αn (áà. 7.2.1). �â ª, 0 =
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∑∞

n=1(αn − αnpU (un)) =
∑∞

n=1 αn(1 − pU (un)). �âáî¤  αn = 0 ¤«ï
¢á¥å n ∈ N. �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥. B

(4) �¥à¥á¥ç¥¨¥ ¯à®¨§¢®«ì®£® á¥¬¥©áâ¢  ¨¤¥ «ì® ¢ë-
¯ãª«ëå ¬®¦¥áâ¢ ¨¤¥ «ì® ¢ë¯ãª«®.

(5) �ë¯ãª«®¥ ¯®¤¬®¦¥áâ¢® ª®¥ç®¬¥à®£® ¯à®áâà áâ-
¢  ¨¤¥ «ì® ¢ë¯ãª«®. CB

7.1.5. �á®¢®© ¯à¨æ¨¯ �  å . � ¡  å®¢®¬ ¯à®áâà -
áâ¢¥ ¨¤¥ «ì® ¢ë¯ãª«®¥ ¬®¦¥áâ¢® á ¯®£«®é îé¨¬ § ¬ëª ¨¥¬ ï¢-
«ï¥âáï ®ªà¥áâ®áâìî ã«ï.

C �ãáâì U | â ª®¥ ¬®¦¥áâ¢®. �® ãá«®¢¨î ¤«ï à áá¬ âà¨¢ ¥-
¬®£® ¡  å®¢  ¯à®áâà áâ¢  X ¢ë¯®«¥® X = ∪n∈N n cl U . �® â¥®à¥-
¬¥ �íà  X | ¥â®é¥¥ ¬®¦¥áâ¢® ¨, áâ «® ¡ëâì,  ©¤¥âáï n ∈ N, ¤«ï
ª®â®à®£® int n cl U 6= ∅. � ª¨¬ ®¡à §®¬, int cl U = 1/n int n cl U 6= ∅.
� ¬ ¨§¢¥áâ®, çâ® 0 ∈ core cl U . � ç¨â,   ®á®¢ ¨¨ 7.1.1 § ª«î-
ç ¥¬: 0 ∈ int cl U . �ë¬¨ á«®¢ ¬¨, áãé¥áâ¢ã¥â δ > 0 â ª®¥, çâ®
cl U ⊃ δBX . �«¥¤®¢ â¥«ì®, ¨¬¥¥â ¬¥áâ® á®®â®è¥¨¥:

ε > 0 ⇒ cl 1
ε
U ⊃ δ

ε
BX .

� ¯®¬®éìî ¯à¨¢¥¤¥®© ¨¬¯«¨ª æ¨¨ ¯à®¢¥à¨¬, çâ® U ⊃ δ/2 BX .
�ãáâì x0 ∈ δ/2 BX . �®« £ ï ε := 2, ¢ë¡¥à¥¬ y1 ∈ 1/εU ¨§

ãá«®¢¨ï ‖y1 − x0‖ ≤ 1/2ε δ. �®«ãç ¥¬ í«¥¬¥â u1 ∈ U , ¤«ï ª®â®à®£®
‖1/2 u1 − x0‖ ≤ 1/2ε δ = 1/4 δ.

�®« £ ï â¥¯¥àì x0 := −1/2 u1 + x0 ¨ ε := 4 ¨ ¯à¨¬¥ïï ¯à¥-
¤ë¤ãé¨¥ à ááã¦¤¥¨ï, ®¡ àã¦¨¢ ¥¬ í«¥¬¥â u2 ∈ U â ª®©, çâ®
‖1/4 u2 + 1/2 u1 − x0‖ ≤ 1/2ε δ = 1/8 δ. �à®¤®«¦ ï ¯à¨¢¥¤¥ë©
¯à®æ¥áá ¯® ¨¤ãªæ¨¨, áâà®¨¬ ¯®á«¥¤®¢ â¥«ì®áâì (un)n∈N ¢ U , ®¡-
« ¤ îéãî â¥¬ á¢®©áâ¢®¬, çâ® àï¤

∑∞
n=1 1/2n un áå®¤¨âáï ª x0. �®-

áª®«ìªã
∑∞

n=1 1/2n = 1 ¨ ¬®¦¥áâ¢® U ¨¤¥ «ì® ¢ë¯ãª«®, ¢ë¢®¤¨¬:
x0 ∈ U. B

7.1.6. � ¡  å®¢®¬ ¯à®áâà áâ¢¥ ã ¨¤¥ «ì® ¢ë¯ãª«®£® ¬®¦¥-
áâ¢  á®¢¯ ¤ îâ ï¤à®, ¢ãâà¥®áâì, ï¤à® § ¬ëª ¨ï ¨ ¢ãâà¥®áâì
§ ¬ëª ¨ï.

C �á®, çâ® int U ⊂ core U ⊂ core cl U . �á«¨ u ∈ core cl U , â®
cl(U − u) = cl U − u | ¯®£«®é îé¥¥ ¬®¦¥áâ¢®. �à¨ ¯ à ««¥«ì-
®¬ ¯¥à¥®á¥ ¨¤¥ «ì® ¢ë¯ãª«®¥ ¬®¦¥áâ¢® ¯¥à¥©¤¥â ¢ ¨¤¥ «ì®
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¢ë¯ãª«®¥ ¬®¦¥áâ¢® (á¬. 7.1.4 (1)). � ç¨â, U − u | ®ªà¥áâ®áâì
ã«ï ¯® ®á®¢®¬ã ¯à¨æ¨¯ã �  å  7.1.5. � á¨«ã 5.2.10, u ¢å®¤¨â
¢ int U . �â ª, int U = core U = core cl U . �à¨¢«¥ª ï 7.1.1, ¨¬¥¥¬
int cl U = int U. B

7.1.7. �¤à® ¨ ¢ãâà¥®áâì § ¬ªãâ®£® ¢ë¯ãª«®£® ¬®¦¥áâ¢ 
¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥ á®¢¯ ¤ îâ.

C � ¬ªãâ®¥ ¢ë¯ãª«®¥ ¬®¦¥áâ¢® ¨¤¥ «ì® ¢ë¯ãª«®. B
7.1.8. � ¬¥ç ¨¥. � «¨§ 7.1.5 ¯®ª §ë¢ ¥â, çâ® ãá«®¢¨¥ ¡  -

å®¢®áâ¨ ¢ 7.1.7 ¨á¯®«ì§®¢ ® ¥ ¢ ¯®«®© ¬¥à¥. �ãé¥áâ¢ãîâ ¯à¨¬¥àë
¥¯®«ëå ®à¬¨à®¢ ëå ¯à®áâà áâ¢, ¢ ª®â®àëå ï¤à® ¨ ¢ãâà¥-
®áâì ã «î¡®£® § ¬ªãâ®£® ¢ë¯ãª«®£® ¬®¦¥áâ¢  á®¢¯ ¤ îâ. �à®-
áâà áâ¢ , ®¡« ¤ îé¨¥ ãª § ë¬ á¢®©áâ¢®¬,  §ë¢ îâ ¡®ç¥çë¬¨.
�®ïâ¨¥ ¡®ç¥ç®áâ¨, ª ª ¢¨¤®, ¨¬¥¥â á¬ëá« ¨ ¢ ¬ã«ìâ¨®à¬¨à®-
¢ ëå ¯à®áâà áâ¢ å. �§¢¥áâë è¨à®ª¨¥ ª« ááë ¡®ç¥çëå ¬ã«ì-
â¨®à¬¨à®¢ ëå ¯à®áâà áâ¢. � ç áâ®áâ¨, â ª®¢ë ¯à®áâà áâ¢ 
�à¥è¥.

7.1.9. �®âà¯à¨¬¥à. � ª ¦¤®¬ ¡¥áª®¥ç®¬¥à®¬ ¡  å®¢®¬
¯à®áâà áâ¢¥ áãé¥áâ¢ãîâ  ¡á®«îâ® ¢ë¯ãª«ë¥ ¯®£«®é îé¨¥, ® ¥
¨¤¥ «ì® ¢ë¯ãª«ë¥ ¬®¦¥áâ¢ .

C �á¯®«ì§ãï,  ¯à¨¬¥à, ¡ §¨á � ¬¥«ï, ¢®§ì¬¥¬ à §àë¢ë© «¨-
¥©ë© äãªæ¨® « f . �®£¤  ¬®¦¥áâ¢® {|f | ≤ 1} | ¨áª®¬®¥. B

7.2. �à¨æ¨¯ë ®£à ¨ç¥®áâ¨
7.2.1. �ãáâì p : X → R | áã¡«¨¥©ë© äãªæ¨® «   ®à¬¨-

à®¢ ®¬ ¯à®áâà áâ¢¥ (X, ‖ · ‖). �«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï íª¢¨¢ -
«¥âë:

(1) p à ¢®¬¥à® ¥¯à¥àë¢¥;
(2) p ¥¯à¥àë¢¥;
(3) p ¥¯à¥àë¢¥ ¢ ã«¥;
(4) {p ≤ 1} | ®ªà¥áâ®áâì ã«ï;
(5) ‖p‖ := sup{|p(x)| : ‖x‖ ≤ 1} < +∞, â. ¥. p ®£à ¨ç¥.

C �¬¯«¨ª æ¨¨ (1) ⇒ (2) ⇒ (3) ⇒ (4) ®ç¥¢¨¤ë.
(4) ⇒ (5): � ©¤¥âáï t > 0, ¤«ï ª®â®à®£® t−1BX ⊂ {p ≤ 1}.

�®íâ®¬ã ¯à¨ ‖x‖ ≤ 1 ¡ã¤¥â p(x) ≤ t. �à®¬¥ â®£®, ¨§ ¥à ¢¥áâ¢ 
−p(−x) ≤ p(x) ¢ëâ¥ª ¥â, çâ® ¨ −p(x) ≤ t ¯à¨ x ∈ BX . �ª®ç â¥«ì®
‖p‖ ≤ t < +∞.



136 �«. 7. �à¨æ¨¯ë ¡  å®¢ëå ¯à®áâà áâ¢

(5) ⇒ (1): �§ áã¡ ¤¤¨â¨¢®áâ¨ p ¤«ï x, y ∈ X ¯®«ãç ¥¬

p(x)− p(y) ≤ p(x− y); p(y)− p(x) ≤ p(y − x).

�âáî¤  |p(x)− p(y)| ≤ p(x− y) ∨ p(y − x) ≤ ‖p‖ ‖x− y‖. B
7.2.2. �¥®à¥¬  �¥«ìä ¤ . �®«ã¥¯à¥àë¢ë© á¨§ã áã¡«¨-

¥©ë© äãªæ¨® «, ®¯à¥¤¥«¥ë©   ¡  å®¢®¬ ¯à®áâà áâ¢¥, ¥-
¯à¥àë¢¥.

C �ãáâì p | â ª®© äãªæ¨® «. �®£¤  ¬®¦¥áâ¢® {p ≤ 1} § -
¬ªãâ® (á¬. 4.3.8). �®áª®«ìªã dom p | íâ® ¢á¥ ¯à®áâà áâ¢®, â®, ¯®
3.8.8, {p ≤ 1} | ¯®£«®é îé¥¥ ¬®¦¥áâ¢®. �® ®á®¢®¬ã ¯à¨æ¨¯ã
�  å  {p ≤ 1} | ®ªà¥áâ®áâì ã«ï. �áâ «®áì ¯à¨¬¥¨âì 7.2.1. B

7.2.3. � ¬¥ç ¨¥. �¥®à¥¬ã �¥«ìä ¤  ¬®¦® ¡®«¥¥ à §¢¥àã-
â® ä®à¬ã«¨à®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬: ý¥á«¨ X | ¡  å®¢® ¯à®-
áâà áâ¢®, â® íª¢¨¢ «¥âë¥ ãá«®¢¨ï 7.2.1 (1){7.2.1 (5) à ¢®á¨«ì-
ë ¢ëáª §ë¢ ¨î: p ¯®«ã¥¯à¥àë¢¥ á¨§ãþ. �â¬¥â¨¬ §¤¥áì ¦¥,
çâ® âà¥¡®¢ ¨¥ dom p = X ¬®¦® ¥áª®«ìª® ®á« ¡¨âì ¨ áç¨â âì, çâ®
dom p | ¥â®é¥¥ «¨¥©®¥ ¬®¦¥áâ¢®, ¥ ¯à¥¤¯®« £ ï ¯à¨ íâ®¬ ¯®«-
®âë X.

7.2.4. �à¨æ¨¯ à ¢®áâ¥¯¥®© ¥¯à¥àë¢®áâ¨. �ãáâì X
| ¡  å®¢® ¯à®áâà áâ¢® ¨ Y | (¯®«ã)®à¬¨à®¢ ®¥ ¯à®áâà -
áâ¢®. �«ï «î¡®£® ¥¯ãáâ®£® ¬®¦¥áâ¢  E ¥¯à¥àë¢ëå «¨¥©ëå
®¯¥à â®à®¢ ¨§ X ¢ Y íª¢¨¢ «¥âë ãâ¢¥à¦¤¥¨ï:

(1) E ¯®â®ç¥ç® ®£à ¨ç¥®, â. ¥. ¤«ï ¢áïª®£® x ∈ X
®£à ¨ç¥® ¢ Y ¬®¦¥áâ¢® {Tx : T ∈ E };

(2) E à ¢®áâ¥¯¥® ¥¯à¥àë¢®.
C (1) ⇒ (2): �®«®¦¨¬ q(x) := sup{p(Tx) : T ∈ E }, £¤¥ p

| ¯®«ã®à¬  ¢ Y . �¥á®¬¥®, çâ® q | ¯®«ã¥¯à¥àë¢ë© á¨-
§ã áã¡«¨¥©ë© äãªæ¨® « ¨, áâ «® ¡ëâì, ¯® â¥®à¥¬¥ �¥«ìä ¤ 
‖q‖ < +∞, â. ¥. p(T (x − y)) ≤ ‖q‖ ‖x − y‖ ¯à¨ ¢á¥å T ∈ E . � ç¨â,
T×−1({dp ≤ ε}) ⊂ {d‖·‖ ≤ ε/‖q‖} ¤«ï ª ¦¤®£® T ∈ E , £¤¥ ε > 0 |
¯à®¨§¢®«ì®¥ ç¨á«®. �®á«¥¤¥¥ ®§ ç ¥â à ¢®áâ¥¯¥ãî ¥¯à¥àë¢-
®áâì E .

(2) ⇒ (1): �ç¥¢¨¤®. B
7.2.5. �à¨æ¨¯ à ¢®¬¥à®© ®£à ¨ç¥®áâ¨. �ãáâì X |

¡  å®¢® ¯à®áâà áâ¢® ¨ Y | ®à¬¨à®¢ ®¥ ¯à®áâà áâ¢®. �«ï
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«î¡®£® ¥¯ãáâ®£® á¥¬¥©áâ¢  (Tξ)ξ∈� ®£à ¨ç¥ëå ®¯¥à â®à®¢ íª¢¨-
¢ «¥âë ãâ¢¥à¦¤¥¨ï:

(1) x ∈ X ⇒ supξ∈� ‖Tξx‖ < +∞;
(2) supξ∈� ‖Tξ‖ < +∞.

C �®áâ â®ç® § ¬¥â¨âì, çâ® 7.2.5 (2) | íâ® ¤àã£ ï § ¯¨áì 7.2.4
(2). B

7.2.6. �ãáâì X | ¡  å®¢® ¯à®áâà áâ¢® ¨ U | ¬®¦¥áâ¢® ¢
X ′. �®£¤  íª¢¨¢ «¥âë ãâ¢¥à¦¤¥¨ï:

(1) ¬®¦¥áâ¢® U ®£à ¨ç¥® ¢ X ′;
(2) ¤«ï ª ¦¤®£® x ∈ X ç¨á«®¢®¥ ¬®¦¥áâ¢® {〈x |x′〉 : x′ ∈

U} ®£à ¨ç¥® ¢ F.
C �â® ç áâë© á«ãç © 7.2.5. B

7.2.7. �ãáâì X | ®à¬¨à®¢ ®¥ ¯à®áâà áâ¢® ¨ U | ¬®¦¥-
áâ¢® ¢ X. �®£¤  íª¢¨¢ «¥âë ãâ¢¥à¦¤¥¨ï:

(1) ¬®¦¥áâ¢® U ®£à ¨ç¥® ¢ ¯à®áâà áâ¢¥ X;
(2) ¤«ï ª ¦¤®£® x′ ∈ X ′ ç¨á«®¢®¥ ¬®¦¥áâ¢® {〈x |x′〉 :

x ∈ U} ®£à ¨ç¥® ¢ F.
C �«¥¤ã¥â ¯à®¢¥à¨âì â®«ìª® (2) ⇒ (1). �®áª®«ìªã X ′ | ¡  -

å®¢® ¯à®áâà áâ¢® (á¬. 5.5.7),   X ¨§®¬¥âà¨ç¥áª¨ ¢«®¦¥® ¢ X ′′ á
¯®¬®éìî ¤¢®©®£® èâà¨å®¢ ¨ï (á¬. 5.1.10 (8)), â® âà¥¡ã¥¬®¥ ¢ëâ¥-
ª ¥â ¨§ 7.2.6. B

7.2.8. � ¬¥ç ¨¥. �ëáª §ë¢ ¨¥ 7.2.7 (2) ¬®¦® ¯¥à¥ä®à¬ã-
«¨à®¢ âì â ª¨¬ ®¡à §®¬: ý¬®¦¥áâ¢® U ®£à ¨ç¥® ¢ ¯à®áâà áâ¢¥
(X, σ(X, X ′))þ ¨«¨ ¦¥, ¢ á¢ï§¨ á 5.1.10 (4), â ª: ý¬®¦¥áâ¢® U
á« ¡® ®£à ¨ç¥®þ. �¢®©áâ¢¥®áâì ¯à¥¤«®¦¥¨© 7.2.6 ¨ 7.2.7 ¡ã¤¥â
¯®«®áâìî ¢áªàëâ  ¢ 10.4.6.

7.2.9. �¥®à¥¬  �  å  | �â¥©£ ã§ . �ãáâì X, Y | ¡ -
 å®¢ë ¯à®áâà áâ¢  ¨ (Tn)n∈N, Tn ∈ B(X, Y ), | ¯®á«¥¤®¢ â¥«ì-
®áâì ®£à ¨ç¥ëå ®¯¥à â®à®¢. �®«®¦¨¬ E := {x ∈ X : ∃ lim Tnx}.
�«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï íª¢¨¢ «¥âë:

(1) E = X;
(2) supn∈N ‖Tn‖ < +∞ ¨ E ¯«®â® ¢ X.

�à¨ ¢ë¯®«¥¨¨ íª¢¨¢ «¥âëå ãá«®¢¨© (1), (2) ®â®¡à ¦¥¨¥ T0 :
X → Y , ®¯à¥¤¥«¥®¥ á®®â®è¥¨¥¬ T0x := lim Tnx, ¯à¥¤áâ ¢«ï¥â
á®¡®© ®£à ¨ç¥ë© «¨¥©ë© ®¯¥à â®à ¨ ‖T0‖ ≤ lim inf ‖Tn‖.
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C �á«¨ E = X, â®, ª®¥ç® ¦¥, cl E = X. �à®¬¥ â®£®, ¤«ï
ª ¦¤®£® x ∈ X ¯®á«¥¤®¢ â¥«ì®áâì (Tnx)n∈N ®£à ¨ç¥  ¢ Y (¨¡®
®  áå®¤¨âáï). � ç¨â, ¯® ¯à¨æ¨¯ã à ¢®¬¥à®© ®£à ¨ç¥®áâ¨
supn∈N ‖Tn‖ < +∞ ¨ (1) ⇒ (2) ¤®ª § ®.

�á«¨ ¢ë¯®«¥® (2) ¨ x ∈ X, â® ¤«ï x ∈ E ¨ m, k ∈ N á¯à ¢¥¤-
«¨¢ë á®®â®è¥¨ï

‖Tmx− Tkx‖ = ‖Tmx− Tmx + Tmx− Tkx + Tkx− Tkx‖ ≤
≤ ‖Tmx− Tmx‖+ ‖Tmx− Tkx‖+ ‖Tkx− Tkx‖ ≤
≤ ‖Tm‖ ‖x− x‖+ ‖Tmx− Tkx‖+ ‖Tk‖ ‖x− x‖ ≤

≤ 2 sup
n∈N

‖Tn‖ ‖x− x‖+ ‖Tmx− Tkx‖.

�®§ì¬¥¬ ε > 0 ¨ ¯®¤¡¥à¥¬, ¢®-¯¥à¢ëå, í«¥¬¥â x ∈ E, ¤«ï ª®â®à®£®
2 supn ‖Tn‖ ‖x−x‖ ≤ ε/2,   ¢®-¢â®àëå, n ∈ N â ª®©, çâ® ‖Tmx−Tkx‖ ≤
ε/2 ¯à¨ m, k ≥ n. � á¨«ã ã¦¥ ãáâ ®¢«¥®£® ‖Tmx−Tkx‖ ≤ ε, â. ¥.
(Tnx)n∈N | äã¤ ¬¥â «ì ï ¯®á«¥¤®¢ â¥«ì®áâì ¢ Y . �®áª®«ìªã
Y | ¡  å®¢® ¯à®áâà áâ¢®, § ª«îç ¥¬: x ∈ E. �â ª, (2) ⇒ (1)
¤®ª § ®.

�áâ «®áì ®â¬¥â¨âì, çâ® ¤«ï ª ¦¤®£® x ∈ X ¢¥à®

‖T0x‖ = lim ‖Tnx‖ ≤ lim inf ‖Tn‖ ‖x‖,
¨¡® ®à¬  | ¥¯à¥àë¢ ï äãªæ¨ï. B

7.2.10. � ¬¥ç ¨¥. � ãá«®¢¨ïå â¥®à¥¬ë �  å  | �â¥©£ ã-
§  ¨§ á¯à ¢¥¤«¨¢®áâ¨ ®¤®£® ¨§ íª¢¨¢ «¥âëå ãâ¢¥à¦¤¥¨© 7.2.9 (1)
¨ 7.2.9 (2) ¬®¦® á¤¥« âì ¢ë¢®¤, çâ® ¯®á«¥¤®¢ â¥«ì®áâì (Tn) áå®-
¤¨âáï ª T0 à ¢®¬¥à®   ª®¬¯ ªâëå ¯®¤¬®¦¥áâ¢ å X. �ë¬¨
á«®¢ ¬¨, ¤«ï ¢áïª®£® (¥¯ãáâ®£®) ª®¬¯ ªâ  Q ¢ X ¢ë¯®«¥®

sup
x∈Q

‖Tnx− T0x‖ → 0.

C � á ¬®¬ ¤¥«¥, ¯® â¥®à¥¬¥ �¥«ìä ¤  áã¡«¨¥©ë© äãªæ¨-
® « pn(x) := sup{‖Tmx − T0x‖ : m ≥ n} ¥¯à¥àë¢¥. �à¨ íâ®¬
pn(x) ≥ pn+1(x) ¨ pn(x) → 0 ¤«ï ª ¦¤®£® x ∈ X. � ç¨â, âà¥¡ã¥¬®¥
¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë �¨¨: ýã¡ë¢ îé ï ¯®á«¥¤®¢ â¥«ì®áâì ¥¯à¥-
àë¢ëå ¢¥é¥áâ¢¥ëå äãªæ¨©, ¯®â®ç¥ç® áå®¤ïé ïáï   ª®¬¯ ªâ¥
ª ¥¯à¥àë¢®© äãªæ¨¨, áå®¤¨âáï ª íâ®© äãªæ¨¨ à ¢®¬¥à®þ. B
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7.2.11. �à¨æ¨¯ ä¨ªá æ¨¨ ®á®¡¥®áâ¨. �ãáâì X | ¡ -
 å®¢® ¯à®áâà áâ¢® ¨ Y | ®à¬¨à®¢ ®¥ ¯à®áâà áâ¢®. �á«¨
(Tn)n∈N | ¯®á«¥¤®¢ â¥«ì®áâì ®¯¥à â®à®¢ ¨§ B(X, Y ) ¨ supn ‖Tn‖ =
+∞, â®  ©¤¥âáï â®çª  x ∈ X, ¤«ï ª®â®à®© ¢ë¯®«¥® supn ‖Tnx‖ =
+∞. �®¦¥áâ¢® â ª¨å úä¨ªá¨àãîé¨å ®á®¡¥®áâìû â®ç¥ª | ¢ëç¥â.

C �¥à¢ ï ç áâì ãâ¢¥à¦¤¥¨ï á®¤¥à¦¨âáï ¢ ¯à¨æ¨¯¥ à ¢®¬¥à-
®© ®£à ¨ç¥®áâ¨. �â®à ï ç áâì âà¥¡ã¥â ááë«®ª   7.2.3 ¨ 4.7.4. B

7.2.12. �à¨æ¨¯ á£ãé¥¨ï ®á®¡¥®áâ¥©. �ãáâì X | ¡ -
 å®¢® ¯à®áâà áâ¢® ¨ Y | ®à¬¨à®¢ ®¥ ¯à®áâà áâ¢®. �á«¨
(Tn,m)n,m∈N | á¥¬¥©áâ¢® ¢ B(X, Y ) â ª®¥, çâ® supn ‖Tn,m‖ = +∞
¤«ï ª ¦¤®£® m ∈ N, â® áãé¥áâ¢ã¥â â®çª  x ∈ X, ¤«ï ª®â®à®©
supn ‖Tn,mx‖ = +∞ ¯à¨ ¢á¥å m ∈ N. CB

7.3. �à¨æ¨¯ ¨¤¥ «ì®£® á®®â¢¥âáâ¢¨ï

7.3.1. �ãáâì X ¨ Y | ¢¥ªâ®àë¥ ¯à®áâà áâ¢ . �®®â¢¥âáâ¢¨¥
F ⊂ X×Y ¢ë¯ãª«® ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ¤«ï x1, x2 ∈ X
¨ α1, α2 ∈ R+ â ª¨å, çâ® α1 + α2 = 1, ¨¬¥¥â ¬¥áâ® ¢ª«îç¥¨¥

F (α1x1 + α2x2) ⊃ α1F (x1) + α2F (x2).

C ⇐: �á«¨ (x1, y1), (x2, y2) ∈ F ¨ α1, α2 ≥ 0, α1 + α2 = 1, â®
α1y + α2y2 ∈ F (α1x1 + α2x2), ¯®áª®«ìªã y1 ∈ F (x1) ¨ y2 ∈ F (x2).

⇒: �á«¨ x1 ¨«¨ x2 ¥ ¢å®¤¨â ¢ dom F , â® ¤®ª §ë¢ âì ¥ç¥£®.
�á«¨ ¦¥ x1, x2 ∈ dom F ¨ y1 ∈ F (x1), y2 ∈ F (x2), â® α1(x1, y1) +
α2(x2, y2) ∈ F ¯à¨ α1, α2 ≥ 0, α1 + α2 = 1 (á¬. 3.1.2 (8)). B

7.3.2. � ¬¥ç ¨¥. �ãáâì X, Y | ¡  å®¢ë ¯à®áâà áâ¢ . �á-
®, çâ® ¢ ¯à®áâà áâ¢¥ X × Y ã¤ ¥âáï ¬®£¨¬¨ á¯®á®¡ ¬¨ § ¤ âì
®à¬ã â ª, çâ®¡ë á®®â¢¥âáâ¢ãîé ï â®¯®«®£¨ï á®¢¯ ¤ «  á ¯à®¨§¢¥-
¤¥¨¥¬ â®¯®«®£¨© τX ¨ τY . � ¯à¨¬¥à, ¬®¦® ¯®«®¦¨âì ‖(x, y)‖ :=
‖x‖X + ‖y‖Y , â. ¥. ¢¢¥áâ¨ ¢ X × Y ®à¬ã ª ª ¢ áã¬¬ã ¯à®áâà áâ¢
X ¨ Y ¯® â¨¯ã 1. �â¬¥â¨¬ §¤¥áì ¦¥, çâ® ¯®ïâ¨¥ ý¨¤¥ «ì® ¢ë-
¯ãª«®¥ ¬®¦¥áâ¢®þ ¨¬¥¥â «¨¥©® â®¯®«®£¨ç¥áª¨© å à ªâ¥à, â. ¥.
¢ë¤¥«ï¥¬ë© íâ¨¬ ¯®ïâ¨¥¬ ª« áá ®¡ê¥ªâ®¢ ¥ § ¢¨á¨â ®â á¯®á®¡ 
§ ¤ ¨ï â®¯®«®£¨¨ (¢ ç áâ®áâ¨, ¥ ¬¥ï¥âáï ¯à¨ ¯¥à¥å®¤¥ ª íª¢¨-
¢ «¥â®© (¬ã«ìâ¨)®à¬¥). � íâ®© á¢ï§¨ ª®àà¥ªâë¬ ï¢«ï¥âáï á«¥-
¤ãîé¥¥ ®¯à¥¤¥«¥¨¥.
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7.3.3. �¯à¥¤¥«¥¨¥. �®®â¢¥âáâ¢¨¥ F ⊂ X × Y , £¤¥ X ¨ Y |
¡  å®¢ë ¯à®áâà áâ¢ ,  §ë¢ îâ ¨¤¥ «ì® ¢ë¯ãª«ë¬, ¨«¨, ª®à®ç¥,
¨¤¥ «ìë¬, ¥á«¨ F | ¨¤¥ «ì® ¢ë¯ãª«®¥ ¬®¦¥áâ¢®.

7.3.4. �¥¬¬  ®¡ ¨¤¥ «ì®¬ á®®â¢¥âáâ¢¨¨. �¡à § ®£à ¨-
ç¥®£® ¨¤¥ «ì® ¢ë¯ãª«®£® ¬®¦¥áâ¢  ¯à¨ ¨¤¥ «ì®¬ á®®â¢¥âáâ¢¨¨
| ¨¤¥ «ì® ¢ë¯ãª«®¥ ¬®¦¥áâ¢®.

C �ãáâì F ⊂ X × Y | à áá¬ âà¨¢ ¥¬®¥ á®®â¢¥âáâ¢¨¥ ¨ U |
®£à ¨ç¥®¥ ¨¤¥ «ì® ¢ë¯ãª«®¥ ¬®¦¥áâ¢® ¢ X. �á«¨ U ∩dom F =
∅, â® F (U) = ∅ ¨ ¤®ª §ë¢ âì ¨ç¥£® ¥  ¤®. �ãáâì â¥¯¥àì (yn)n∈N ⊂
F (U), â. ¥. yn ∈ F (xn), £¤¥ xn ∈ U ¨ n ∈ N. �ãáâì,  ª®¥æ, (αn) |
¯®á«¥¤®¢ â¥«ì®áâì ¯®«®¦¨â¥«ìëå ç¨á¥« â ª ï, çâ®

∑∞
n=1 αn = 1

¨, ªà®¬¥ â®£®, ¢ Y áãé¥áâ¢ã¥â áã¬¬  àï¤  y :=
∑∞

n=1 αnyn. �¥á®-
¬¥®, çâ®

∞∑
n=1

‖αnxn‖ =
∞∑

n=1
αn‖xn‖ ≤

∞∑
n=1

αn sup ‖U‖ = sup ‖U‖ < +∞

¢¢¨¤ã ®£à ¨ç¥®áâ¨ U . �®áª®«ìªã X ¯®«®, â®   ®á®¢ ¨¨ 5.5.3
¢ X ¥áâì í«¥¬¥â x :=

∑∞
n=1 αnxn. �«¥¤®¢ â¥«ì®, ¢ ¯à®áâà áâ¢¥

X × Y ¢ë¯®«¥®

(x, y) =
∞∑

n=1
αn(xn, yn).

�á¯®«ì§ãï ¯®á«¥¤®¢ â¥«ì® ¨¤¥ «ìãî ¢ë¯ãª«®áâì F ¨ U , ¢ë¢®¤¨¬:
(x, y) ∈ F ¨ x ∈ U . �â «® ¡ëâì, y ∈ F (U). B

7.3.5. �à¨æ¨¯ ¨¤¥ «ì®£® á®®â¢¥âáâ¢¨ï. �ãáâì X ¨ Y |
¡  å®¢ë ¯à®áâà áâ¢ , F ⊂ X × Y | ¨¤¥ «ì®¥ á®®â¢¥âáâ¢¨¥ ¨
(x, y) ∈ F . �®®â¢¥âáâ¢¨¥ F ®â®¡à ¦ ¥â ®ªà¥áâ®áâ¨ â®çª¨ x  
®ªà¥áâ®áâ¨ â®çª¨ y ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ y ∈ core F (X).

C ⇒: �ç¥¢¨¤®.
⇐: � ãç¥â®¬ 7.1.4 ¬®¦® áç¨â âì: x = 0 ¨ y = 0. �®áª®«ì-

ªã ª ¦¤ ï ®ªà¥áâ®áâì ã«ï U á®¤¥à¦¨â εBX ¤«ï ¥ª®â®à®£® ε > 0,
¤®áâ â®ç® à áá¬®âà¥âì á«ãç © U := BX . � ª ª ª U | ®£à ¨ç¥®¥
¬®¦¥áâ¢®,   ®á®¢ ¨¨ 7.3.4, F (U) ¨¤¥ «ì® ¢ë¯ãª«®. �«ï § ¢¥à-
è¥¨ï ¤®ª § â¥«ìáâ¢  ¬®¦® ¯à®¢¥à¨âì, çâ® F (U) | ¯®£«®é îé¥¥
¬®¦¥áâ¢® ¨ á®á« âìáï   7.1.6.
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�®§ì¬¥¬ ¯à®¨§¢®«ìë© í«¥¬¥â y ∈ Y . � § ¨§¢¥áâ®, çâ® 0 ∈
core F (X), â®  ©¤¥âáï α ∈ R+, ¤«ï ª®â®à®£® αy ∈ F (X). � ç¥
£®¢®àï, ¤«ï ¯®¤å®¤ïé¥£® x ∈ X á¯à ¢¥¤«¨¢® αy ∈ F (X). �á«¨ ‖x‖ ≤
1, â® ¤®ª §ë¢ âì ¥ç¥£®. �á«¨ ¦¥ ‖x‖ > 1, â® λ := ‖x‖−1 < 1.
�âáî¤ , ¯à¨¢«¥ª ï 7.3.1, ¢ë¢®¤¨¬:

αλy = (1− λ)0 + λαy ∈ (1− λ)F (0) + λF (x) ⊂
⊂ F ((1− λ)0 + λx) = F (λx) ⊂ F (BX) = F (U).

�¤¥áì ¬ë ãç«¨, çâ® ‖λx‖ = 1, â. ¥. λx ∈ BX . B
7.3.6. � ¬¥ç ¨¥. �¢®©áâ¢® F , ®¯¨áë¢ ¥¬®¥ ¢ 7.3.5, ¨¬¥ãîâ

®âªàëâ®áâìî F ¢ â®çª¥ (x, y).
7.3.7. � ¬¥ç ¨¥. �®¢®àï ä®à¬ «ì®, ¯à¨æ¨¯ ¨¤¥ «ì®£® á®-

®â¢¥âáâ¢¨ï á« ¡¥¥ ®á®¢®£® ¯à¨æ¨¯  �  å  7.1.5. �¥¬ ¥ ¬¥¥¥
á®®â¢¥âáâ¢ãîé¨© § §®à ¥¢¥«¨ª ¨ «¥£ª® ãáâà ¨¬. �¬¥® § ª«î-
ç¥¨¥ 7.3.5 ®áâ ¥âáï ¢¥àë¬, ¥á«¨ áç¨â âì, çâ® y ∈ core cl F (X),
¯®âà¥¡®¢ ¢ ¤®¯®«¨â¥«ì® ¨¤¥ «ì®© ¢ë¯ãª«®áâ¨ F (X). �®á«¥¤¥¥
âà¥¡®¢ ¨¥ ¥ á«¨èª®¬ ®¡à¥¬¥¨â¥«ì® ¨ ¢ á¨«ã 7.3.4 § ¢¥¤®¬® ¢ë-
¯®«¥®, ¥á«¨ íää¥ªâ¨¢®¥ ¬®¦¥áâ¢® dom F ®£à ¨ç¥®. �ª § -
 ï ¥§ ç¨â¥«ì ï ¬®¤¨ä¨ª æ¨ï 7.3.5 á®¤¥à¦¨â 7.1.5 ¢ ª ç¥áâ¢¥
ç áâ®£® á«ãç ï. � íâ®© á¢ï§¨ 7.3.5 ®¡ëç®  §ë¢ îâ ®á®¢ë¬
¯à¨æ¨¯®¬ �  å  ¤«ï á®®â¢¥âáâ¢¨©.

7.3.8. �¯à¥¤¥«¥¨¥. �ãáâì X ¨ Y | ¡  å®¢ë ¯à®áâà áâ¢  ¨
F ⊂ X × Y | á®®â¢¥âáâ¢¨¥. �®®â¢¥âáâ¢¨¥ F  §ë¢ îâ § ¬ªãâë¬,
¥á«¨ F | § ¬ªãâ®¥ ¬®¦¥áâ¢®.

7.3.9. � ¬¥ç ¨¥. �® ¯®ïâë¬ ¯à¨ç¨ ¬ ® § ¬ªãâ®¬ á®®â-
¢¥âáâ¢¨¨ ç áâ® £®¢®àïâ ª ª ® á®®â¢¥âáâ¢¨¨ á ý§ ¬ªãâë¬ £à ä¨ª®¬þ.

7.3.10. �®®â¢¥âáâ¢¨¥ F § ¬ªãâ® ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥,
¥á«¨ ¤«ï «î¡ëå ¯®á«¥¤®¢ â¥«ì®áâ¥© (xn) ¢ X ¨ (yn) ¢ Y â ª¨å, çâ®
xn ∈ dom F, yn ∈ F (xn) ¨ xn → x, yn → y, ¢ë¯®«¥® x ∈ dom F
¨ y ∈ F (x). CB

7.3.11. �ãáâì X ¨ Y | ¡  å®¢ë ¯à®áâà áâ¢  ¨ F ⊂ X × Y
| § ¬ªãâ®¥ ¢ë¯ãª«®¥ á®®â¢¥âáâ¢¨¥. �ãáâì, ¤ «¥¥, (x, y) ∈ F ¨
y ∈ core im F . �®®â¢¥âáâ¢¨¥ F ®â®¡à ¦ ¥â ®ªà¥áâ®áâ¨ â®çª¨ x  
®ªà¥áâ®áâ¨ â®çª¨ y.

C � ¬ªãâ®¥ ¢ë¯ãª«®¥ ¬®¦¥áâ¢® ¨¤¥ «ì® ¢ë¯ãª«®, â ª çâ®
¢á�¥ á®¤¥à¦¨âáï ¢ 7.3.5. B
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7.3.12. �¯à¥¤¥«¥¨¥. �®®â¢¥âáâ¢¨¥ F ⊂ X ×Y  §ë¢ îâ ®â-
ªàëâë¬, ¥á«¨ ®¡à § ®âªàëâ®£® ¬®¦¥áâ¢  ¢ X | ®âªàëâ®¥ ¬®¦¥-
áâ¢® ¢ Y .

7.3.13. �à¨æ¨¯ ®âªàëâ®áâ¨. �ãáâì X, Y | ¡  å®¢ë ¯à®-
áâà áâ¢  ¨ F ⊂ X × Y | ¨¤¥ «ì®¥ á®®â¢¥âáâ¢¨¥, ¯à¨ç¥¬ im F |
®âªàëâ®¥ ¬®¦¥áâ¢®. �®£¤  F | ®âªàëâ®¥ á®®â¢¥âáâ¢¨¥.

C �ãáâì U | ®âªàëâ®¥ ¬®¦¥áâ¢® ¢ X. �á«¨ y ∈ F (U), â®
 ©¤¥âáï x ∈ U , ¤«ï ª®â®à®£® (x, y) ∈ F . �á®, çâ® y ∈ core im F .
�®áª®«ìªã ¢ë¯®«¥ë ãá«®¢¨ï 7.3.5, â® F (U) | ®ªà¥áâ®áâì y, ¨¡®
U | ®ªà¥áâ®áâì x. �®á«¥¤¥¥ ®§ ç ¥â, çâ® F (U) | ®âªàëâ®¥ ¬®-
¦¥áâ¢®. B

7.4. �¥®à¥¬ë ® £®¬®¬®àä¨§¬¥ ¨ § ¬ªãâ®¬
£à ä¨ª¥

7.4.1. �¯à¥¤¥«¥¨¥. �¯¥à â®à T ¨§ L (X, Y )  §ë¢ îâ £®¬®-
¬®àä¨§¬®¬, ¥á«¨ T ∈ B(X, Y ) ¨ T | ®âªàëâ®¥ á®®â¢¥âáâ¢¨¥.

7.4.2. �ãáâì X | ¡  å®¢® ¯à®áâà áâ¢®, Y | ®à¬¨à®¢ ®¥
¯à®áâà áâ¢® ¨ T | £®¬®¬®àä¨§¬ ¨§ X ¢ Y . �®£¤  im T = Y ¨ Y |
¡  å®¢® ¯à®áâà áâ¢®.

C �®, çâ® im T = Y , ®ç¥¢¨¤®. �á«¨ § à ¥¥ ¨§¢¥áâ®, çâ® T |
¬®®¬®àä¨§¬, â® ¢ë¯®«¥® T−1 ∈ L (Y, X). �§-§  ®âªàëâ®áâ¨ T
®¯¥à â®à T−1 ¢å®¤¨â ¢ B(Y, X), çâ® ®¡¥á¯¥ç¨¢ ¥â ¯®«®âã Y (¯à®®¡-
à § ¯®á«¥¤®¢ â¥«ì®áâ¨ �®è¨ | ¯®á«¥¤®¢ â¥«ì®áâì �®è¨ ¢ ¯à®®¡-
à §¥). � ®¡é¥¬ á«ãç ¥ à áá¬®âà¨¬ ª®®¡à § coim T := X/ ker T ,  ¤¥-
«¥ë© ä ªâ®à-®à¬®©. �  ®á®¢ ¨¨ 5.5.4, coim T | ¡  å®¢® ¯à®-
áâà áâ¢®. �à®¬¥ â®£®, ¢ á¨«ã 2.3.11 ¨¬¥¥âáï ¥¤¨áâ¢¥®¥ á¨¦¥¨¥
T ®¯¥à â®à  T   coim T . �ç¨âë¢ ï ®¯à¥¤¥«¥¨¥ ä ªâ®à-®à¬ë ¨
5.1.3, § ª«îç ¥¬, çâ® ®¯¥à â®à T | £®¬®¬®àä¨§¬. �®®¬®àä¨§-
¬®¬ íâ®â ®¯¥à â®à ï¢«ï¥âáï ¯® ¯®áâà®¥¨î. �áâ «®áì § ¬¥â¨âì, çâ®
im T = im T = Y. B

7.4.3. � ¬¥ç ¨¥. �â®á¨â¥«ì® á¨¦¥¨ï T : coim T → Y
®¯¥à â®à  T ¬®¦® ãâ¢¥à¦¤ âì, çâ® ‖T‖ = ‖T‖. CB

7.4.4. �¥®à¥¬  �  å  ® £®¬®¬®àä¨§¬¥. �£à ¨ç¥ë© í¯¨-
¬®àä¨§¬ ®¤®£® ¡  å®¢  ¯à®áâà áâ¢    ¤àã£®¥ ï¢«ï¥âáï £®¬®¬®à-
ä¨§¬®¬.
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C �ãáâì T ∈ B(X, Y ) ¨ im T = Y . �à¨¬¥ïï ¯à¨æ¨¯ ®âªàë-
â®áâ¨ ª á®®â¢¥âáâ¢¨î T , ¯®«ãç ¥¬ âà¥¡ã¥¬®¥. B

7.4.5. �¥®à¥¬  �  å  ®¡ ¨§®¬®àä¨§¬¥. �ãáâì X, Y |
¡  å®¢ë ¯à®áâà áâ¢  ¨ T ∈ B(X, Y ). �á«¨ T | ¨§®¬®àä¨§¬
¢¥ªâ®àëå ¯à®áâà áâ¢ X ¨ Y , â. ¥. ker T = 0 ¨ im T = Y , â®
T−1 ∈ B(Y, X).

C � áâë© á«ãç © 7.4.4. B
7.4.6. � ¬¥ç ¨¥. �®à®âª® â¥®à¥¬ã 7.4.5 ä®à¬ã«¨àãîâ â ª:

ý¥¯à¥àë¢ë© ¨§®¬®àä¨§¬ ¡  å®¢ëå ¯à®áâà áâ¢ ï¢«ï¥âáï â®¯®-
«®£¨ç¥áª¨¬ ¨§®¬®àä¨§¬®¬þ. �â¬¥â¨¬ §¤¥áì ¦¥, çâ® íâã â¥®à¥¬ã
¨®£¤   §ë¢ îâ ý¯à¨æ¨¯®¬ ª®àà¥ªâ®áâ¨þ ¨ ¢ëà ¦ îâ á«®¢ ¬¨:
ý¥á«¨ ãà ¢¥¨¥ Tx = y, £¤¥ T ∈ B(X, Y ),   X, Y | ¡  å®¢ë
¯à®áâà áâ¢ , ®¤®§ ç® à §à¥è¨¬® ¯à¨ «î¡®© ¯à ¢®© ç áâ¨, â®
à¥è¥¨¥ x ¥¯à¥àë¢® § ¢¨á¨â ®â ¯à ¢®© ç áâ¨ yþ.

7.4.7. �¥®à¥¬  �  å  ® § ¬ªãâ®¬ £à ä¨ª¥. �ãáâì X, Y
| ¡  å®¢ë ¯à®áâà áâ¢  ¨ T ∈ L (X, Y ) | § ¬ªãâë© «¨¥©ë©
®¯¥à â®à. �®£¤  T ¥¯à¥àë¢¥.

C �®®â¢¥âáâ¢¨¥ T−1 ¨¤¥ «ì®, ¨ T−1(Y ) = X. B
7.4.8. �«¥¤áâ¢¨¥. �ãáâì X, Y | ¡  å®¢ë ¯à®áâà áâ¢  ¨

§ ¤  T ∈ L (X, Y ). �«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï íª¢¨¢ «¥âë:
(1) T ∈ B(X, Y );
(2) ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì®áâ¨ (xn)n∈N ¢ X ¨ x ∈ X

â ª¨å, çâ® xn → x ¨ Txn → y, £¤¥ y ∈ Y , ¢ë¯®«¥®
y = Tx.

C (2) ¥áâì ¯¥à¥ä®à¬ã«¨à®¢ª  § ¬ªãâ®áâ¨ T . B
7.4.9. �¯à¥¤¥«¥¨¥. �®¤¯à®áâà áâ¢® X1 ¡  å®¢  ¯à®áâà -

áâ¢  X  §ë¢ îâ ¤®¯®«ï¥¬ë¬ (à¥¦¥ | â®¯®«®£¨ç¥áª¨ ¤®¯®«ï¥-
¬ë¬), ¥á«¨ X1 § ¬ªãâ® ¨, ªà®¬¥ â®£®,  ©¤¥âáï § ¬ªãâ®¥ ¯®¤¯à®-
áâà áâ¢® X2 â ª®¥, çâ® X = X1⊕X2 (â. ¥. X1∧X2 = 0, X1∨X2 = X).

7.4.10. �à¨æ¨¯ ¤®¯®«ï¥¬®áâ¨. �«ï ¯®¤¯à®áâà áâ¢  X1
¡  å®¢  ¯à®áâà áâ¢  X íª¢¨¢ «¥âë ãâ¢¥à¦¤¥¨ï:

(1) X1 ¤®¯®«ï¥¬®;
(2) X1 ¥áâì ®¡« áâì § ç¥¨© ®£à ¨ç¥®£® ¯à®¥ªâ®à ,

â. ¥.  ©¤¥âáï P ∈ B(X) â ª®©, çâ® P 2 = P ¨ im P =
X1.
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C (1) ⇒ (2): �ãáâì P | ¯à®¥ªâ®à X   X1 ¯ à ««¥«ì® X2 (á¬.
2.2.9 (4)). �ãáâì (xn)n∈N | ¯®á«¥¤®¢ â¥«ì®áâì ¢ X ¨ xn → x,  
Pxn → y. �á®, çâ® Pxn ∈ X1 ¤«ï n ∈ N. � á¨«ã § ¬ªãâ®áâ¨ X1,
¯® 4.1.19, y ∈ X1. � «®£¨ç® ¨§ ãá«®¢¨ï (xn−Pxn ∈ X2 ¤«ï n ∈ N)
¢ëâ¥ª ¥â, çâ® x − y ∈ X2. � ç¨â, P (x − y) = 0. �®¬¨¬® íâ®£®,
y = Py, â. ¥. y = Px. �áâ ¥âáï á®á« âìáï   7.4.8.

(2) ⇒ (1): �«¥¤ã¥â ¯à®¢¥à¨âì â®«ìª®, çâ® X1 = im P § ¬ªãâ®.
�®§ì¬¥¬ ¯®á«¥¤®¢ â¥«ì®áâì (xn)n∈N ¢ X1 â ªãî, çâ® xn → x ¢ X.
�®£¤  Pxn → Px ¢¢¨¤ã ®£à ¨ç¥®áâ¨ P . �¬¥¥¬ Pxn = xn, ¨¡®
xn ∈ im P ,   P ¨¤¥¬¯®â¥â¥. �ª®ç â¥«ì® x = Px, â. ¥. x ∈ X1,
çâ® ¨ ã¦®. B

7.4.11. �à¨¬¥àë.
(1) �®¥ç®¬¥à®¥ ¯®¤¯à®áâà áâ¢® ¤®¯®«ï¥¬®. CB
(2) �à®áâà áâ¢® c0 ¥ ¤®¯®«ï¥¬® ¢ l∞.

C �«ï ¯à®áâ®âë ¡ã¤¥¬ à ¡®â âì á X := l∞(Q) ¨ Y := c0(Q), £¤¥
Q | ¬®¦¥áâ¢® à æ¨® «ìëå ç¨á¥«. �«ï t ∈ R ¯®¤¡¥à¥¬ ¯®á«¥¤®-
¢ â¥«ì®áâì ¯®¯ à® à §«¨çëå ®â«¨çëå ®â t à æ¨® «ìëå ç¨á¥«
(tn) â ªãî, çâ® tn → t. �ãáâì Qt := {tn : n ∈ N}. �®¤ç¥àª¥¬, çâ®
Qt′ ∩Qt′′ | ª®¥ç®¥ ¬®¦¥áâ¢® ¯à¨ t′ 6= t′′.

�ãáâì χt | ª« áá, á®¤¥à¦ é¨© å à ªâ¥à¨áâ¨ç¥áªãî äãªæ¨î
Qt ¢ ä ªâ®à-¯à®áâà áâ¢¥ X/Y ¨ V := {χt : t ∈ R}. �®áª®«ìªã
χt′ 6= χt′′ ¯à¨ t′ 6= t′′, ¬®¦¥áâ¢® V ¥áç¥â®.

�®§ì¬¥¬ f ∈ (X/Y )′ ¨ ¯®«®¦¨¬ Vf := {v ∈ V : f(v) 6= 0}. �¨¤®,
çâ® Vf = ∪n∈NVf (n), £¤¥ Vf (n) := {v ∈ V : |f(v)| ≥ 1/n}. �á«¨
m ∈ N, v1, . . . , vm ∈ Vf (n) ¯®¯ à® à §«¨çë¥, v1, . . . , vm ∈ Vf (n) ¨
αk := |f(vk)|/f(vk), â® ¤«ï x =

∑n
k=1 αkvk ¡ã¤¥â ‖x‖ ≤ 1 ¨ ‖f‖ ≥

|f(x)| = |∑m
k=1 αkf(vk)| = |∑m

k=1 |f(vk)|| ≥ m/n. � ª¨¬ ®¡à §®¬,
Vf (n) | ª®¥ç®¥ ¬®¦¥áâ¢®.

�«¥¤®¢ â¥«ì®, Vf áç¥â®. �âáî¤  á«¥¤ã¥â, çâ® ¤«ï ª ¦¤®£®
áç¥â®£® ¬®¦¥áâ¢  F ⊂ (X/Y )′ áãé¥áâ¢ã¥â í«¥¬¥â v ∈ V , ¤«ï
ª®â®à®£® (∀ f ∈ F ) f(v) = 0.

� â® ¦¥ ¢à¥¬ï áç¥âë©  ¡®à ª®®à¤¨ âëå ¯à®¥ªæ¨© δq : x 7→
x(q) (q ∈ Q) â®â «¥   l∞(Q), â. ¥. (∀ q ∈ Q) δq(x) = 0 ⇒ x = 0
¯à¨ x ∈ l∞(Q). �áâ «®áì á®¯®áâ ¢¨âì á¤¥« ë¥  ¡«î¤¥¨ï. B

(3) � ¦¤®¥ § ¬ªãâ®¥ ¯®¤¯à®áâà áâ¢® £¨«ì¡¥àâ®¢  ¯à®-
áâà áâ¢  ¤®¯®«ï¥¬® (¯® 6.2.6). �ª §ë¢ ¥âáï, çâ® ¥á«¨ ¢ ¥ª®â®à®¬
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¡  å®¢®¬ ¯à®áâà áâ¢¥ X â ª®¬, çâ® dim X ≥ 3, ª ¦¤®¥ § ¬ªã-
â®¥ ¯®¤¯à®áâà áâ¢® | ®¡« áâì § ç¥¨© ¥ª®â®à®£® ¯à®¥ªâ®à  P ¨
‖P‖ ≤ 1, â® X ¨§®¬¥âà¨ç® £¨«ì¡¥àâ®¢ã ¯à®áâà áâ¢ã (= â¥®à¥¬ 
� ªãâ ¨). �®«¥¥ £«ã¡®ª á«¥¤ãîé¨© ä ªâ:

�¥®à¥¬  �¨¤¥èâà ãáá  | � äà¨à¨. �î¡®¥ ¡  å®¢®
¯à®áâà áâ¢®, ¢ ª®â®à®¬ ª ¦¤®¥ § ¬ªãâ®¥ ¯®¤¯à®áâà áâ¢® ¤®¯®«-
ï¥¬®, («¨¥©® ¨ â®¯®«®£¨ç¥áª¨) ¨§®¬®àä® £¨«ì¡¥àâ®¢ã ¯à®áâà -
áâ¢ã.

7.4.12. �¥®à¥¬  � à¤  ®¡ ãà ¢¥¨¨ XA = B. �ãáâì
X, Y, Z | ¡  å®¢ë ¯à®áâà áâ¢ ; A ∈ B(X, Y ), B ∈ B(Y, Z).
�ãáâì, ¤ «¥¥, im A | ¤®¯®«ï¥¬®¥ ¯®¤¯à®áâà áâ¢® ¢ Y. �¨ £à ¬¬ 
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ª®¬¬ãâ â¨¢  ¤«ï ¥ª®â®à®£® X ∈ B(Y, Z) ¢ â®¬ ¨ â®«ìª® ¢ â®¬
á«ãç ¥, ¥á«¨ ker A ⊂ ker B.

C �«¥¤ã¥â ¯à®¢¥à¨âì â®«ìª® ⇐. �à¨ íâ®¬ ¢ á«ãç ¥ im A =
Y ¥¤¨áâ¢¥ë© ®¯¥à â®à X0 ∈ L (Y, Z) â ª®©, çâ® X0A = B,
¥¯à¥àë¢¥. � á ¬®¬ ¤¥«¥, ¤«ï ®âªàëâ®£® ¬®¦¥áâ¢  U ¢ Z ¨¬¥¥¬
X −1

0 (U) = A(B−1(U)). �®¦¥áâ¢® B−1(U) ®âªàëâ® ¢ á¨«ã ®£à ¨-
ç¥®áâ¨ B, ¨ A(B−1(U)) ®âªàëâ® ¯® â¥®à¥¬¥ �  å  ® £®¬®¬®àä¨§-
¬¥. � ®¡é¥¬ á«ãç ¥ á«¥¤ã¥â ¯®áâà®¨âì X0 ∈ B(im A, Z) ¨ ¢ ª ç¥áâ¢¥
X ¢§ïâì X0P , £¤¥ P | ª ª®©-¨¡ã¤ì ¥¯à¥àë¢ë© ¯à®¥ªâ®à Y  
im A. �ãé¥áâ¢®¢ ¨¥ íâ®£® ¯à®¥ªâ®à  ®¡¥á¯¥ç¨¢ ¥â ¯à¨æ¨¯ ¤®¯®«-
ï¥¬®áâ¨. B

7.4.13. � ¬¥ç ¨¥. �®«®â  Z ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë � à-
¤  ¥ ¨á¯®«ì§®¢  .

7.4.14. �¥®à¥¬  �¨««¨¯á  ®¡ ãà ¢¥¨¨ AX = B. �ãáâì
X, Y, Z | ¡  å®¢ë ¯à®áâà áâ¢ , A ∈ B(Y, X), B ∈ B(Z, X).
�ãáâì, ¤ «¥¥, ker A | ¤®¯®«ï¥¬®¥ ¯®¤¯à®áâà áâ¢® ¢ Y .

�¨ £à ¬¬ 
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ª®¬¬ãâ â¨¢  ¤«ï ¥ª®â®à®£® X ∈ B(Z, Y ) ¢ â®¬ ¨ â®«ìª® ¢ â®¬
á«ãç ¥, ¥á«¨ im A ⊃ im B.

C �®¢ì á«¥¤ã¥â ¯à®¢¥à¨âì â®«ìª® ⇐. �®á¯®«ì§ã¥¬áï ®¯à¥¤¥«¥-
¨¥¬ ¤®¯®«ï¥¬®áâ¨ ¨ ¯à¥¤áâ ¢¨¬ Y ¢ ¢¨¤¥ ¯àï¬®© áã¬¬ë ker A ¨
Y0, £¤¥ Y0 | § ¬ªãâ®¥ ¯®¤¯à®áâà áâ¢®. �® 5.5.9 (1), Y0 ¯à¥¤áâ ¢-
«ï¥â á®¡®© ¡  å®¢® ¯à®áâà áâ¢®. � áá¬®âà¨¬ á«¥¤ A0 ®¯¥à â®à 
A   Y0. �¥á®¬¥®, çâ® im A0 = im A ⊃ im B. � ç¨â, ¯® 2.3.13 ¨
2.3.14 ãà ¢¥¨¥ A0X0 = B ¨¬¥¥â, ¨ ¯à¨â®¬ ¥¤¨áâ¢¥®¥, à¥è¥¨¥
X0 := A−1

0 B. � ¬ ¤®áâ â®ç® ¤®ª § âì, çâ® ®¯¥à â®à X0, ï¢«ïî-
é¨©áï í«¥¬¥â®¬ ¯à®áâà áâ¢  L (Z, Y0), ®£à ¨ç¥.

�¯¥à â®à X0 § ¬ªãâ. � á ¬®¬ ¤¥«¥ (áà. 7.4.8), ¥á«¨ zn →
z ¨ A−1

0 Bzn → y, â® Bzn → Bz, ¯®áª®«ìªã B ®£à ¨ç¥. �à®¬¥
â®£®, ¢ á¨«ã ¥¯à¥àë¢®áâ¨ A0 á®®â¢¥âáâ¢¨¥ A−1

0 ⊂ X×Y0 § ¬ªãâ®,
¨, áâ «® ¡ëâì, ¯® 7.3.10 á¯à ¢¥¤«¨¢® à ¢¥áâ¢® y = A−1

0 Bz. B

7.4.15. � ¬¥ç ¨¥. �®«®â  X ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë �¨«-
«¨¯á  ¥ ¨á¯®«ì§®¢  .

7.4.16. � ¬¥ç ¨¥. �¥®à¥¬ë � à¤  ¨ �¨««¨¯á   å®¤ïâáï ¢
ýä®à¬ «ì®© ¤¢®©áâ¢¥®áâ¨þ, â. ¥. ¬®£ãâ ¡ëâì ¯®«ãç¥ë ®¤  ¨§
¤àã£®© á ¯®¬®éìî ®¡à é¥¨ï áâà¥«®ª ¨ ¢ª«îç¥¨© ¨ § ¬¥ë ï¤¥à
®¡à § ¬¨ (áà. 2.3.15).

7.4.17. �à¨æ¨¯ ¤¢ãå ®à¬. �ãáâì ¢¥ªâ®à®¥ ¯à®áâà áâ¢®
¯®«® ®â®á¨â¥«ì® ª ¦¤®© ¨§ ¤¢ãå áà ¢¨¬ëå ¬¥¦¤ã á®¡®© ®à¬.
�®£¤  íâ¨ ®à¬ë íª¢¨¢ «¥âë.

C �ãáâì ¤«ï ®¯à¥¤¥«¥®áâ¨ ‖ · ‖2 Â ‖ · ‖1 ¢ ¯à®áâà áâ¢¥ X.
� áá¬®âà¨¬ ¤¨ £à ¬¬ã
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(X, ‖ · ‖1)

(X, ‖ · ‖1) (X, ‖ · ‖2)
IX

X
IX

¾

6

@
@@I

�® â¥®à¥¬¥ �¨««¨¯á  ¥ª®â®àë© ¥¯à¥àë¢ë© ®¯¥à â®à X ¯à¥¢à -
é ¥â íâã ¤¨ £à ¬¬ã ¢ ª®¬¬ãâ â¨¢ãî. �® â ª®© ®¯¥à â®à ¥¤¨áâ¢¥
| íâ® IX . B

7.4.18. �à¨æ¨¯ ®à¬ë £à ä¨ª . �ãáâì X, Y | ¡  å®¢ë
¯à®áâà áâ¢  ¨ ®¯¥à â®à T ∈ L (X, Y ) § ¬ªãâ. �¯à¥¤¥«¨¬ ®à¬ã
£à ä¨ª  ‖x‖gr T := ‖x‖X + ‖Tx‖Y ¤«ï x ∈ X. �®£¤  ¢ë¯®«¥®
‖ · ‖gr T ∼ ‖ · ‖X .

C �«¥¤ã¥â § ¬¥â¨âì, çâ® (X, ‖ · ‖gr T ) | ¯®«®¥ ¯à®áâà áâ¢®.
�®¬¨¬® íâ®£®, ‖ · ‖gr T ≥ ‖ · ‖X . �áâ «®áì á®á« âìáï   ¯à¨æ¨¯ ¤¢ãå
®à¬. B

7.4.19. �¯à¥¤¥«¥¨¥. �®à¬¨à®¢ ®¥ ¯à®áâà áâ¢® X  §ë-
¢ îâ ¡  å®¢ë¬ ®¡à §®¬, ¥á«¨ X á«ã¦¨â ®¡à §®¬ ¥ª®â®à®£® ®£à -
¨ç¥®£® ®¯¥à â®à , ®¯à¥¤¥«¥®£®   ª ª®¬-«¨¡® ¡  å®¢®¬ ¯à®-
áâà áâ¢¥.

7.4.20. �à¨â¥à¨© � â®. �ãáâì X | ¡  å®¢® ¯à®áâà áâ¢®
¨ X = X1 ⊕ X2, £¤¥ X1, X2 ∈ Lat(X). �®¤¯à®áâà áâ¢  X1 ¨ X2
§ ¬ªãâë ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ª ¦¤®¥ ¨§ ¨å ï¢«ï¥âáï
¡  å®¢ë¬ ®¡à §®¬.

C ⇒: �«¥¤áâ¢¨¥ ¯à¨æ¨¯  ¤®¯®«ï¥¬®áâ¨.
⇐: �ãáâì Z | ª ª®©-«¨¡® ¡  å®¢ ®¡à §, â. ¥. ¤«ï ¥ª®â®à®£®

¡  å®¢  ¯à®áâà áâ¢  Y ¨ T ∈ B(Y, Z) ¢ë¯®«¥®: Z = T (Y ). �¥à¥-
å®¤ï, ¥á«¨ ã¦®, ª á¨¦¥¨î   ª®®¡à §, ¬®¦® áç¨â âì, çâ® T |
¨§®¬®àä¨§¬. �¡®§ ç¨¬ ‖z‖0 := ‖T−1z‖Y . �á®, çâ® (Z, ‖ · ‖0) |
¡  å®¢® ¯à®áâà áâ¢® ¨ ‖z‖ = ‖TT−1z‖ ≤ ‖T‖‖T−1z‖ = ‖T‖‖z‖0,
â. ¥. ‖ · ‖0 Â ‖ · ‖Z . �à¨¬¥ïï ®¯¨á ãî ª®áâàãªæ¨î ª X1 ¨ X2,
¯à¨å®¤¨¬ ª ¡  å®¢ë¬ ¯à®áâà áâ¢ ¬ (X1, ‖ · ‖1) ¨ (X2, ‖ · ‖2). �à¨
íâ®¬ ‖ · ‖k Â ‖ · ‖X   Xk ¯à¨ k := 1, 2.

�«ï x1 ∈ X1 ¨ x2 ∈ X2 ¯®«®¦¨¬ ‖x1 + x2‖0 := ‖x1‖1 + ‖x2‖2.
�¥¬ á ¬ë¬ ¢ X ¢®§¨ª ¥â ®à¬  ‖ · ‖ ¡®«¥¥ á¨«ì ï, ç¥¬ ¨áå®¤ ï
‖·‖X . �® ¯®áâà®¥¨î (X, ‖·‖0) | ¡  å®¢® ¯à®áâà áâ¢®. �áâ «®áì
á®á« âìáï   7.4.17. B
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7.5. �à¨æ¨¯  ¢â®¬ â¨ç¥áª®© ¥¯à¥àë¢®áâ¨

7.5.1. �à¨â¥à¨© ¥¯à¥àë¢®áâ¨ ¢ë¯ãª«®© äãªæ¨¨. � á-
á¬®âà¨¬ ¢ë¯ãª«ãî äãªæ¨î f : X → R· ¢ (¬ã«ìâ¨)®à¬¨à®¢ ®¬
¯à®áâà áâ¢¥ X. �«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï íª¢¨¢ «¥âë:

(1) U := int dom f 6= ∅ ¨ f |U | ¥¯à¥àë¢ ï äãªæ¨ï;
(2) áãé¥áâ¢ã¥â ¥¯ãáâ®¥ ®âªàëâ®¥ ¬®¦¥áâ¢® V â ª®¥,

çâ® ¢ë¯®«¥® sup f(V ) < +∞.
C (1) ⇒ (2): �ç¥¢¨¤®.
(2) ⇒ (1): �á®, çâ® U 6= ∅. �à¨¢«¥ª ï 7.1.1, «¥£ª® ã¡¥¦¤ ¥¬áï

¢ â®¬, çâ® ã ª ¦¤®© â®çª¨ u ∈ U ¨¬¥¥âáï ®ªà¥áâ®áâì W , ¢ ª®â®à®© f
®£à ¨ç¥  á¢¥àåã, â. ¥. t := sup f(W ) < +∞. �¥  àãè ï ®¡é®áâ¨,
¬®¦® áç¨â âì, çâ® u := 0, f(u) := 0 ¨ çâ® W | íâ®  ¡á®«îâ®
¢ë¯ãª«®¥ ¬®¦¥áâ¢®. � á¨«ã ¢ë¯ãª«®áâ¨ f ¤«ï ¢áïª®£® α ∈ R+
â ª®£®, çâ® α ≤ 1, ¨ ¯à®¨§¢®«ì®£® v ∈ W á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï:

f(αv) = f(αv + (1− α)0) ≤ αf(v) + (1− α)f(0) = αf(v);

f(αv) + αf(−v) ≥ f(αv) + f(α(−v)) =

= 2
(1

2f(αv) + 1
2f(−αv)

)
≥ 2f(0) = 0.

� ª¨¬ ®¡à §®¬, ¢ë¯®«¥® |f(αW )| ≤ αt, ®âªã¤  ¨ ¢ëâ¥ª ¥â ¥¯à¥-
àë¢®áâì f ¢ â®çª¥ u := 0. B

7.5.2. �«¥¤áâ¢¨¥. �á«¨ x ∈ int dom f ¨ f ¥¯à¥àë¢  ¢ â®çª¥
x, â® áã¡¤¨ää¥à¥æ¨ « ∂x(f) á®¤¥à¦¨â â®«ìª® ¥¯à¥àë¢ë¥ äãª-
æ¨® «ë.

C �á«¨ l ∈ ∂x(f), â® (∀x ∈ X) l(x) ≤ l(x) + f(x) − f(x) ¨,
áâ «® ¡ëâì, l ®£à ¨ç¥ á¢¥àåã   ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨ x.
�«¥¤®¢ â¥«ì®, l ¥¯à¥àë¢¥ ¢ íâ®© â®çª¥ ¯® 7.5.1. �à¨¢«¥ª ï 5.3.7,
ã¡¥¦¤ ¥¬áï, çâ® l ¥¯à¥àë¢¥. B

7.5.3. �«¥¤áâ¢¨¥. � ¦¤ ï ¢ë¯ãª« ï äãªæ¨ï ¢ ª®¥ç®¬¥à®¬
¯à®áâà áâ¢¥ ¥¯à¥àë¢  ¢® ¢ãâà¥®áâ¨ á¢®¥© íää¥ªâ¨¢®© ®¡« -
áâ¨ ®¯à¥¤¥«¥¨ï. CB

7.5.4. �¯à¥¤¥«¥¨¥. �ãªæ¨î f : X → R·  §ë¢ îâ ¨¤¥ «ì®
¢ë¯ãª«®©, ¥á«¨ ¥¥  ¤£à ä¨ª epi f | ¨¤¥ «ì®¥ á®®â¢¥âáâ¢¨¥.
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7.5.5. �à¨æ¨¯  ¢â®¬ â¨ç¥áª®© ¥¯à¥àë¢®áâ¨. � ¦¤ ï
¨¤¥ «ì® ¢ë¯ãª« ï äãªæ¨ï ¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥ ¥¯à¥àë¢ 
  ï¤à¥ á¢®¥© íää¥ªâ¨¢®© ®¡« áâ¨ ®¯à¥¤¥«¥¨ï.

C �ãáâì f | â ª ï äãªæ¨ï. �á«¨ core dom f = ∅, â® ¤®ª -
§ë¢ âì ¥ç¥£®. �á«¨ ¦¥ x ∈ core dom f , â® ¯®«®¦¨¬ t := f(x) ¨
F := (epi f)−1 ⊂ R × X. �à¨¬¥ïï ¯à¨æ¨¯ ¨¤¥ «ì®£® á®®â¢¥â-
áâ¢¨ï,  ©¤¥¬ δ > 0 ¨§ ãá«®¢¨ï F (t + BR) ⊃ x + δBX . �âáî¤ , ¢
ç áâ®áâ¨, ¢ëâ¥ª ¥â ®æ¥ª  f(x + δBX) ≤ t + 1. �  ®á®¢ ¨¨ 7.5.1,
f ¥¯à¥àë¢    int dom f . �®áª®«ìªã ª â®¬ã ¦¥ x ∈ int dom f , â®,
¯® «¥¬¬¥ 7.1.1, core dom f = int dom f . B

7.5.6. � ¬¥ç ¨¥. �á¯®«ì§ãï 7.3.6, ¬®¦® ¯®ª § âì, çâ® ¨¤¥-
 «ì® ¢ë¯ãª« ï äãªæ¨ï f , ®¯à¥¤¥«¥ ï   ¬®¦¥áâ¢¥ á ¥¯ãáâë¬
ï¤à®¬ ¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥, ï¢«ï¥âáï «®ª «ì® «¨¯è¨æ¥¢®©  
int dom f . �ë¬¨ á«®¢ ¬¨, ¤«ï ¢áïª®© â®çª¨ x0 ∈ int dom f  ©¤ãâ-
áï, ¢®-¯¥à¢ëå, ç¨á«® L > 0,   ¢®-¢â®àëå, ®ªà¥áâ®áâì U íâ®© â®çª¨,
¤«ï ª®â®àëå ‖f(x)− f(x0)‖ ≤ L‖x− x0‖, ª ª â®«ìª® x ∈ U . CB

7.5.7. �«¥¤áâ¢¨¥. �ãáâì f : X → R· | ¨¤¥ «ì® ¢ë¯ãª« ï
äãªæ¨ï ¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥ X ¨ x ∈ core dom f . �®£¤  ¯à®-
¨§¢®¤ ï ¯®  ¯à ¢«¥¨ï¬ f ′(x) | ¥¯à¥àë¢ë© áã¡«¨¥©ë© äãª-
æ¨® « ¨ ∂x(f) ⊂ X ′.

C �ã¦® ¤¢ ¦¤ë ¢®á¯®«ì§®¢ âìáï ¯à¨æ¨¯®¬  ¢â®¬ â¨ç¥áª®©
¥¯à¥àë¢®áâ¨. B

7.5.8. � ¬¥ç ¨¥. � á¢ï§¨ á 7.5.7 ¯à¨ ¨§ãç¥¨¨ ¡  å®¢ëå ¯à®-
áâà áâ¢ ¢ áã¡¤¨ää¥à¥æ¨ « «î¡®© äãªæ¨¨ f : X → R· ¢ â®çª¥ x
¢ª«îç îâ â®«ìª® ¯®¤å®¤ïé¨¥ ¥¯à¥àë¢ë¥ äãªæ¨® «ë   X, â.
¥. ¯®« £ îâ

∂x(f) := ∂x(f) ∩X ′.

� «®£¨çë¬ ®¡à §®¬ ¯®áâã¯ îâ ¨ ¢ (¬ã«ìâ¨)®à¬¨à®¢ ëå ¯à®-
áâà áâ¢ å. �á«¨ ¥®¡å®¤¨¬® ®â«¨ç¨âì ýáâ àë©þ (¡®«¥¥ è¨à®ª¨©)
áã¡¤¨ää¥à¥æ¨ «, «¥¦ é¨© ¢ X#, ®â ý®¢®£®þ (¡®«¥¥ ã§ª®£®) áã¡-
¤¨ää¥à¥æ¨ «  ¢ X ′, ¯¥à¢ë©  §ë¢ îâ  «£¥¡à ¨ç¥áª¨¬,   ¢â®à®©
| â®¯®«®£¨ç¥áª¨¬. �ª § ë¥ ¢ 7.5.2 ¨ 7.5.7 ä ªâë ¢ íâ®¬ á¬ëá«¥
ç áâ®  §ë¢ îâ ¯à¨æ¨¯®¬ á®¢¯ ¤¥¨ï  «£¥¡à ¨ç¥áª®£® ¨ â®¯®«®-
£¨ç¥áª®£® áã¡¤¨ää¥à¥æ¨ «®¢. �â¬¥â¨¬,  ª®¥æ, çâ® ¯® ¯®¤®¡ë¬
¦¥ ¯à¨ç¨ ¬ ¢ á«ãç ¥, ª®£¤  f := p | ¯®«ã®à¬  ¢ X, áç¨â îâ:
|∂|(p) := |∂|(p) ∩X ′.
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7.5.9. �¥®à¥¬  �   | �  å  ¤«ï ¡  å®¢ëå ¯à®áâ-
à áâ¢. �ãáâì f : Y → R· | ¨¤¥ «ì® ¢ë¯ãª« ï äãªæ¨ï   ¡  -
å®¢®¬ ¯à®áâà áâ¢¥ Y . �ãáâì, ¤ «¥¥, X | ®à¬¨à®¢ ®¥ ¯à®áâà -
áâ¢® ¨ T ∈ B(X, Y ). �á«¨ â®çª  x ∈ X â ª®¢ , çâ® Tx ∈ core dom f ,
â®

∂x(f ◦ T ) = ∂Tx(f) ◦ T.

C �à ¢ ï ç áâì ¤®ª §ë¢ ¥¬®© ä®à¬ã«ë ¢ª«îç¥  ¢ ¥¥ «¥¢ãî
ç áâì ¯® ®ç¥¢¨¤ë¬ ®¡áâ®ïâ¥«ìáâ¢ ¬. �á«¨ ¦¥ l ¨§ X ′ «¥¦¨â ¢
∂x(f ◦ T ), â® ¯® â¥®à¥¬¥ �   | �  å  3.5.3 ¬®¦® ¯®¤ëáª âì í«¥-
¬¥â l1 ¨§  «£¥¡à ¨ç¥áª®£® áã¡¤¨ää¥à¥æ¨ «  f ¢ â®çª¥ Tx, ã¤®¢«¥-
â¢®àïîé¨© á®®â®è¥¨î l = l1 ◦ T . �áâ «®áì § ¬¥â¨âì, çâ®, ¢ á¨«ã
7.5.7, l1 ï¢«ï¥âáï í«¥¬¥â®¬ Y ′ ¨, áâ «® ¡ëâì, í«¥¬¥â®¬ â®¯®«®£¨-
ç¥áª®£® áã¡¤¨ää¥à¥æ¨ «  ∂Tx(f). B

7.5.10. �¥®à¥¬  �   | �  å  ¤«ï ¥¯à¥àë¢®© ¯®«ã-
®à¬ë. �ãáâì X, Y | ®à¬¨à®¢ ë¥ ¯à®áâà áâ¢ , T ∈ B(X, Y )
¨ p : Y → R | ¥¯à¥àë¢ ï ¯®«ã®à¬ . �®£¤ 

|∂|(p ◦ T ) = |∂|(p) ◦ T.

C �á«¨ l ∈ |∂| (p ◦ T ), â® l = l1 ◦ T ¤«ï ¥ª®â®à®£® l1 ¨§  «£¥-
¡à ¨ç¥áª®£® áã¡¤¨ää¥à¥æ¨ «  ¯®«ã®à¬ë p (á¬. 3.7.11). �§ 7.5.2
¢ëâ¥ª ¥â, çâ® l1 ¥¯à¥àë¢¥. �â ª, |∂|(p ◦ T ) ⊂ |∂| (p) ◦ T . �¡à â®¥
¢ª«îç¥¨¥ ¡¥áá¯®à®. B

7.5.11. �à¨æ¨¯ ¥¯à¥àë¢®£® ¯à®¤®«¦¥¨ï. �ãáâì X0 |
¯®¤¯à®áâà áâ¢® ¢ X ¨ l0 | ¥¯à¥àë¢ë© «¨¥©ë© äãªæ¨® «  
X0. �®£¤  áãé¥áâ¢ã¥â ¥¯à¥àë¢ë© «¨¥©ë© äãªæ¨® « l   X,
¯à®¤®«¦ îé¨© l0. (�à¨ íâ®¬ ¬®¦® áç¨â âì,çâ® ‖l‖ = ‖l0‖.)

C �®§ì¬¥¬ p := ‖l0‖ ‖ · ‖, ¨ ¯ãáâì ι : X0 → X | â®¦¤¥áâ¢¥-
®¥ ¢«®¦¥¨¥. � ãç¥â®¬ 7.5.10 ¡ã¤¥â l0 ∈ |∂| (p ◦ ι) = |∂| (p) ◦ ι =
‖l0‖ |∂|(‖ · ‖) ◦ ι. �áâ «®áì § ¬¥â¨âì, çâ® |∂| (‖ · ‖X) = BX′ . B

7.5.12. �¥®à¥¬  ®â¤¥«¨¬®áâ¨ ¢ â®¯®«®£¨ç¥áª®¬ ¢ à¨ -
â¥. �ãáâì U | ¢ë¯ãª«®¥ ¬®¦¥áâ¢® á ¥¯ãáâ®© ¢ãâà¥®áâìî ¢
¯à®áâà áâ¢¥ X. �á«¨ L |  ää¨®¥ ¬®£®®¡à §¨¥ ¢ X ¨ L∩ int U =
∅, â® áãé¥áâ¢ã¥â § ¬ªãâ ï £¨¯¥à¯«®áª®áâì H ¢ X, ¤«ï ª®â®à®©
H ⊃ L ¨ H ∩ int U = ∅. CB
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7.5.13. � ¬¥ç ¨¥. �à¨ ¯à¨¬¥¥¨¨ 7.5.12 ¯®«¥§® ¨¬¥âì ¢ ¢¨-
¤ã, çâ® § ¬ªãâë¥ £¨¯¥à¯«®áª®áâ¨ áãâì ¢ â®ç®áâ¨ ¬®¦¥áâ¢  ãà®¢-
ï ¥ã«¥¢ëå ¥¯à¥àë¢ëå «¨¥©ëå äãªæ¨® «®¢. CB

7.5.14. �«¥¤áâ¢¨¥. �ãáâì X0 | ¯®¤¯à®áâà áâ¢® ¢ X. �®£¤ 

cl X0 = ∩{ker f : f ∈ X ′, ker f ⊃ X0}.

C �á®, çâ® (f ∈ X ′, ker f ⊃ X0) ⇒ ker f ⊃ cl X0. �á«¨ ¦¥
x0 /∈ cl X0, â®  ©¤¥âáï ®âªàëâ ï ¢ë¯ãª« ï ®ªà¥áâ®áâì x0, ¥ á®-
¤¥à¦ é ï â®ç¥ª cl X0. �  ®á®¢ ¨¨ 7.5.12 ¨ 7.5.13 ¨¬¥¥âáï äãª-
æ¨® « f0 ∈ (XR)′ â ª®©, çâ® ker f0 ⊃ cl X0 ¨ f0(x0) = 1. �§ á¢®©áâ¢
ª®¬¯«¥ªá¨ä¨ª â®à  ¢ë¢®¤¨¬, çâ® äãªæ¨® « Re−1f0 ®¡à é ¥âáï
¢ ã«ì   X0 ¨ ¥ à ¢¥ ã«î ¢ â®çª¥ x0. �¥á®¬¥® â ª¦¥, çâ®
íâ®â äãªæ¨® « ¥¯à¥àë¢¥. B

7.6. �à¨æ¨¯ë èâà¨å®¢ ¨ï
7.6.1. �ãáâì X, Y | (¬ã«ìâ¨)®à¬¨à®¢ ë¥ ¢¥ªâ®àë¥ ¯à®-

áâà áâ¢  ( ¤ ®¤¨¬ ¨ â¥¬ ¦¥ ®á®¢ë¬ ¯®«¥¬ F) ¨ X ′, Y ′ | á®¯àï-
¦¥ë¥ ¯à®áâà áâ¢ . �ãáâì, ¤ «¥¥, T | ¥¯à¥àë¢ë© «¨¥©ë©
®¯¥à â®à ¨§ X ¢ Y . �«ï y ′ ∈ Y ′ ¢ë¯®«¥® y ′◦T ∈ X ′ ¨ ®â®¡à ¦¥¨¥
y ′ 7→ y ′ ◦ T | «¨¥©ë© ®¯¥à â®à. CB

7.6.2. �¯à¥¤¥«¥¨¥. �¯¥à â®à T ′ : Y ′ → X ′, ¯®áâà®¥ë©
¢ 7.6.1,  §ë¢ îâ á®¯àï¦¥ë¬ ª ®¯¥à â®àã T : X → Y .

7.6.3. �¥®à¥¬ . �â®¡à ¦¥¨¥ èâà¨å®¢ ¨ï T 7→ T ′ ®áãé¥áâ¢-
«ï¥â «¨¥©ãî ¨§®¬¥âà¨î ¯à®áâà áâ¢  B(X, Y ) ¢ ¯à®áâà áâ¢®
B(Y ′, X ′).

C �®, çâ® ®â®¡à ¦¥¨¥ èâà¨å®¢ ¨ï | «¨¥©ë© ®¯¥à â®à ¨§
B(X, Y ) ¢ L (Y ′, X ′), ®ç¥¢¨¤®. �®¬¨¬® íâ®£®, à § ‖y‖ = sup{|l(y) :
l ∈ |∂|(‖ · ‖)}, â®

‖T ′‖ = sup{‖T ′y ′‖ : ‖y ′‖ ≤ 1} =

= sup{|y ′(Tx)| : ‖y ′‖ ≤ 1, ‖x‖ ≤ 1} =

= sup{‖Tx‖ : ‖x‖ ≤ 1} = ‖T‖,
çâ® ¨ ã¦®. B
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7.6.4. �à¨¬¥àë.
(1) �ãáâì X, Y | £¨«ì¡¥àâ®¢ë ¯à®áâà áâ¢ , ¨ § ¤ 

T ∈ B(X, Y ). �â¬¥â¨¬ ¯à¥¦¤¥ ¢á¥£®, çâ® ¢ ®ç¥¢¨¤®¬ á¬ëá«¥ T ∈
B(X, Y ) ⇔ T ∈ B(X∗, Y∗). �¡®§ ç¨¬ â¥¯¥àì ç¥à¥§ (·)′X : X∗ →
X ′ èâà¨å®¢ ¨¥ ¢ X, â. ¥. x 7→ x′ := ( · , x) ¨ (·)′Y : Y∗ → Y ′ |
èâà¨å®¢ ¨¥ ¢ Y , â. ¥. y 7→ y ′ := ( · , y).

�¢ï§ì íà¬¨â®¢® á®¯àï¦¥®£® ®¯¥à â®à  T ∗ ∈ B(Y, X) ¨ á®¯àï-
¦¥®£® T ′ ∈ B(Y ′, X ′) § ¤ ¥âáï ª®¬¬ãâ â¨¢®© ¤¨ £à ¬¬®©:

X∗
T∗←−Y∗

(·)′X ↓ ↓ (·)′Y
X ′ T ′←−Y ′

C � á ¬®¬ ¤¥«¥,  ¤® ã¡¥¤¨âìáï, çâ® ¤«ï y ∈ Y ¢ë¯®«¥®
T ′y ′ = (T ∗y)′. �«ï x ∈ X ¯® ®¯à¥¤¥«¥¨î ¨¬¥¥¬

T ′y ′(x) = y ′(Tx) = (Tx, y) = (x, T ∗y) = (T ∗y)′(x).

� á¨«ã ¯à®¨§¢®«ì®áâ¨ x ¯®«ãç ¥¬ âà¥¡ã¥¬®¥. B
(2) �ãáâì ι : X0 → X | ¢«®¦¥¨¥ X0 ¢ X. �®£¤  ι′ :

X → X ′
0, ¯à¨ç¥¬ ι′(x′)(x0) = x′(x0) ¤«ï ¢á¥å x0 ∈ X0 ¨ x′ ∈ X ′ ¨ ι′ |

í¯¨¬®àä¨§¬, â. ¥. X ′ ι′−→ X ′
0 → 0 | â®ç ï ¯®á«¥¤®¢ â¥«ì®áâì. CB

7.6.5. �¯à¥¤¥«¥¨¥. �ãáâì ¤   ¥ª®â®à ï í«¥¬¥â à ï ¤¨ -
£à ¬¬  X

T→ Y . �¨ £à ¬¬ã Y ′ T ′−→ X ′  §ë¢ îâ ¯®«ãç¥®© èâà¨-
å®¢ ¨¥¬ ¨áå®¤®© ¤¨ £à ¬¬ë ¨«¨ á®¯àï¦¥®© ¤¨ £à ¬¬®©. �á«¨
¢ ¯à®¨§¢®«ì®© ¤¨ £à ¬¬¥, á®áâ ¢«¥®© ¨§ ®£à ¨ç¥ëå «¨¥©-
ëå ®â®¡à ¦¥¨© ¡  å®¢ëå ¯à®áâà áâ¢, ¯à®¨§¢¥¤¥® èâà¨å®¢ ¨¥
¢á¥å í«¥¬¥â àëå ¯®¤¤¨ £à ¬¬, â® ¢®§¨ªèãî ¤¨ £à ¬¬ã  §ë¢ -
îâ á®¯àï¦¥®© ª ¨áå®¤®© ¨«¨ ¯®«ãç¥®© ¨§ ¨áå®¤®© á ¯®¬®éìî
èâà¨å®¢ ¨ï.

7.6.6. �¥¬¬  ® ¤¢®©®¬ èâà¨å®¢ ¨¨. �ãáâì X ′′ T ′′−→ Y ′′ |
¤¨ £à ¬¬ , ¯®«ãç¥ ï ¤¢®©ë¬ èâà¨å®¢ ¨¥¬ ¤¨ £à ¬¬ë X

T−→
Y . �®£¤  ª®¬¬ãâ â¨¢  ¤¨ £à ¬¬ 

X
T−→Y

′′ ↓ ↓′′
X ′′ T ′′−→Y ′′
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£¤¥ ′′ : X → X ′′ ¨ ′′ : Y → Y ′′ | á®®â¢¥âáâ¢ãîé¨¥ ¤¢®©ë¥ èâà¨-
å®¢ ¨ï | ª ®¨ç¥áª¨¥ ¢«®¦¥¨ï X ¢ X ′′ ¨ Y ¢ Y ′′ (á¬. 5.1.10 (8)).

C �ãáâì x ∈ X. �ã¦® ¯®ª § âì, çâ® T ′′x′′ = (Tx)′′. �®§ì¬¥¬
y ′ ∈ Y ′. �®£¤ 

T ′′x′′(y ′) = x′′(T ′y ′) = T ′y ′(x) = y ′(Tx) = (Tx)′′(y ′).

� á¨«ã ¯à®¨§¢®«ì®áâ¨ y ′ ∈ Y ′ ¨¬¥¥¬ âà¥¡ã¥¬®¥. B

7.6.7. �à¨æ¨¯ èâà¨å®¢ ¨ï ¤¨ £à ¬¬. �¨ £à ¬¬  ª®¬-
¬ãâ â¨¢  ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ª®¬¬ãâ â¨¢  á®¯àï-
¦¥ ï ¤¨ £à ¬¬ .

C �®áâ â®ç® ã¡¥¤¨âìáï, çâ® âà¥ã£®«ì¨ª¨

X
T−→ Y

R ↘ ↙ S

Z

X ′ T ′−→ Y ′
R
′ ↖ ↗ S

′
Z ′

ª®¬¬ãâ â¨¢ë ¨«¨ ¥â ®¤®¢à¥¬¥®. � ª ª ª R = ST ⇒ R′ =
(ST )′ = T ′S′, â® ª®¬¬ãâ â¨¢®áâì «¥¢®£® âà¥ã£®«ì¨ª  ¢«¥ç¥â ª®¬-
¬ãâ â¨¢®áâì ¯à ¢®£®. �á«¨ ¦¥ ¯à ¢ë© âà¥ã£®«ì¨ª ª®¬¬ãâ â¨-
¢¥, â® ¯® ã¦¥ ¤®ª § ®¬ã R′′ = S′′T ′′. �à¨¢«¥ª ï 7.6.6, ¨¬¥¥¬
(Rx)′′ = R′′x′′ = S′′T ′′x′′ = S′′(T ′′x′′) = S′′(Tx)′′ = (STx)′′ ¤«ï ¢á¥å
x ∈ X. � ç¨â, R = ST . B

7.6.8. �¯à¥¤¥«¥¨¥. �ãáâì X0 | ¯®¤¯à®áâà áâ¢® ¢ X,   X0
| ¯®¤¯à®áâà áâ¢® ¢ X ′. �®«®¦¨¬

X⊥
0 := {f ∈ X ′ : ker f ⊃ X0} = |∂|(δ(X0));

⊥X0 := {x ∈ X : f ∈ X0 ⇒ f(x) = 0} = ∩{ker f : f ∈ X0}.
�®¤¯à®áâà áâ¢® X⊥

0  §ë¢ îâ (¯àï¬®©) ¯®«ïà®© X0,   ¯®¤¯à®áâà -
áâ¢® ⊥X0 | (®¡à â®©) ¯®«ïà®© X0. �á¯®«ì§ãîâ â ª¦¥ ¬¥¥¥ â®ç-
ë© â¥à¬¨ ý ã«ïâ®àþ.

7.6.9. �¯à¥¤¥«¥¨¥. �ãáâì X, Y | ¡  å®¢ë ¯à®áâà áâ¢ .
�¯¥à â®à T ∈ B(X, Y )  §ë¢ îâ ®à¬ «ì® à §à¥è¨¬ë¬, ¥á«¨ im T
| § ¬ªãâ®¥ ¯®¤¯à®áâà áâ¢®.
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7.6.10. �¯¥à â®à T ∈ B(X, Y ) ®à¬ «ì® à §à¥è¨¬ ¢ â®¬ ¨
â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ T , à áá¬ âà¨¢ ¥¬ë© ª ª ®¯¥à â®à ¨§ X
¢ im T , ï¢«ï¥âáï £®¬®¬®àä¨§¬®¬.

C ⇒: �¥®à¥¬  �  å  ® £®¬®¬®àä¨§¬¥.
⇐: �«¥¤ã¥â á®á« âìáï   7.4.2. B
7.6.11. �¥¬¬  ® ¯®«ïà å. �ãáâì T ∈ B(X, Y ). �®£¤ 

(1) (im T )⊥ = ker(T ′);
(2) ¥á«¨ T ®à¬ «ì® à §à¥è¨¬, â®

im T = ⊥ ker(T ′), (ker T )⊥ = im(T ′).

C (1) y ′ ∈ ker(T ′) ⇔ T ′y ′ = 0 ⇔ (∀x ∈ X) T ′y ′(x) = 0 ⇔ (∀x ∈
X) y ′(Tx) = 0 ⇔ y ′ ∈ (im T )⊥.

(2) � ¢¥áâ¢® cl im T = ⊥ ker(T ′) á®áâ ¢«ï¥â á®¤¥à¦ ¨¥ 7.5.13.
�®¬¨¬® íâ®£®, ¯® ãá«®¢¨î im T § ¬ªãâ®.

�á«¨ x′ = T ′y ′ ¨ Tx = 0, â® x′(x) = T ′y ′(x) = y ′(Tx) = 0, â. ¥.
x′ ∈ (ker T )⊥. � ç¨â, im(T ′) ⊂ (ker T )⊥. �ãáâì â¥¯¥àì x′ ∈ (ker T )⊥.
�ç¨â ï, çâ® ®¯¥à â®à T ¤¥©áâ¢ã¥â ¢ im T , ¯® â¥®à¥¬¥ � à¤ , ¯à¨¬¥-
¥®© ª «¥¢®© ç áâ¨ ¤¨ £à ¬¬ë

X
T−→ im T −→ Y

x′ ↘ ↓ y′0 ↙ y′

F

 ©¤¥¬ y ′0 ∈ (im T )′, ¤«ï ª®â®à®£® y ′0 ◦ T = x′. �® ¯à¨æ¨¯ã ¥¯à¥-
àë¢®£® ¯à®¤®«¦¥¨ï áãé¥áâ¢ã¥â y ′ ∈ Y ′ â ª®©, çâ® y ′ ⊃ y ′0. �â «®
¡ëâì, x′ = T ′y ′, â. ¥. x′ ∈ im(T ′). B

7.6.12. �¥®à¥¬  � ãá¤®àä . �ãáâì X, Y | ¡  å®¢ë ¯à®-
áâà áâ¢ . �®£¤  ®¯¥à â®à T ∈ B(X, Y ) ®à¬ «ì® à §à¥è¨¬ ¢ â®¬
¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ®à¬ «ì® à §à¥è¨¬ ®¯¥à â®à T ′ ∈
B(Y ′, X ′).

C ⇒: � á¨«ã 7.6.11 (2), im(T ′) = (ker T )⊥. �®¤¯à®áâà áâ¢®
(ker T )⊥, ®ç¥¢¨¤®, ï¢«ï¥âáï § ¬ªãâë¬.

⇐: �ãáâì á ç «  cl im T = Y . �á®, çâ® 0 = Y ⊥ = (cl im T )⊥ =
(im T )⊥ = ker(T ′) ¢ á¨«ã 7.6.11. �® â¥®à¥¬¥ �  å  ®¡ ¨§®¬®àä¨§-
¬¥ ¬®¦® ¯®¤ëáª âì S ∈ B(im(T ′), Y ′), ¤«ï ª®â®à®£® ST ′ = IY ′ .
�«ãç © r := ‖S‖ = 0 âà¨¢¨ «¥. �®íâ®¬ã ¬®¦® áç¨â âì, çâ®
‖T ′y ′‖ ≥ 1/r q‖y ′‖ ¯à¨ ¢á¥å y ′ ∈ Y ′.
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�¡¥¤¨¬áï ¢ â®¬, çâ® cl T (BX) ⊃ 1/2r BY . �á«¨ íâ® ¯à®¤¥« ®, â®
¢¢¨¤ã ¨¤¥ «ì®© ¢ë¯ãª«®áâ¨ T (BX) ¢ë¯®«¥® ¢ª«îç¥¨¥ T (BX) ⊃
1/4r BY . �«¥¤®¢ â¥«ì®, T | £®¬®¬®àä¨§¬.

�ãáâì y /∈ cl T (BX). �®¦® ãâ¢¥à¦¤ âì, çâ® y ¥ «¥¦¨â ¨ ¢ ¥ª®-
â®à®¬ ®âªàëâ®¬ ¢ë¯ãª«®¬ ¬®¦¥áâ¢¥, á®¤¥à¦ é¥¬ T (BX). �¥à¥å®-
¤ï, ¥á«¨ ã¦®, ª ¢¥é¥áâ¢¥ë¬ ®á®¢ ¬ ¯à®áâà áâ¢ X ¨ Y , ¡ã¤¥¬
áç¨â âì, çâ® F := R. �à¨¬¥¨¬ â¥®à¥¬ã ®â¤¥«¨¬®áâ¨ 7.5.12 ¨  ©¤¥¬
¥ã«¥¢®© y ′ ∈ Y ′ â ª®©, çâ®

‖y ′‖ ‖y‖ ≥ y ′(y) ≥ sup
‖x‖≤1

y ′(Tx) = ‖T ′y ′‖ ≥ 1
r
‖y ′‖.

�âáî¤  ‖y‖ ≥ 1/r > 1/2r. � ª¨¬ ®¡à §®¬, âà¥¡ã¥¬®¥ ¢ª«îç¥¨¥
ãáâ ®¢«¥® ¨ ®¯¥à â®à T ¢  è¨å ¯à¥¤¯®«®¦¥¨ïå ®à¬ «ì® à §-
à¥è¨¬.

� áá¬®âà¨¬ â¥¯¥àì ®¡é¨© á«ãç ©. �®«®¦¨¬ Y0 := cl im T , ¨
¯ãáâì ι : Y0 → Y | â®¦¤¥áâ¢¥®¥ ¢«®¦¥¨¥. �®£¤  T = ιT , £¤¥
T : X → Y0 | ®¯¥à â®à, ¤¥©áâ¢ãîé¨© ¯® ¯à ¢¨«ã Tx = Tx ¤«ï
x ∈ X. �à®¬¥ â®£®, im(T ′) = im(T ′ι′) = T ′(im(ι′)) = T ′(Y ′

0), ¨¡®
ι′(Y ′) = Y ′

0 (á¬. 7.6.4 (2)). �â ª, T ′ | ®à¬ «ì® à §à¥è¨¬ë©
®¯¥à â®à. �â «® ¡ëâì, ¯® ã¦¥ ¤®ª § ®¬ã T ®à¬ «ì® à §à¥è¨¬.
�áâ «®áì § ¬¥â¨âì, çâ® im T = im T . B

7.6.13. �à¨æ¨¯ èâà¨å®¢ ¨ï ¯®á«¥¤®¢ â¥«ì®áâ¥©. �®-
á«¥¤®¢ â¥«ì®áâì

. . . −→ Xk−1
Tk−→ Xk

Tk+1−→ Xk+1 −→ . . .

â®ç  ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ â®ç  á®¯àï¦¥ ï ¯®á«¥-
¤®¢ â¥«ì®áâì

. . . ←− X ′
k−1

T ′k←− X ′
k

T ′k+1←− X ′
k+1 ←− . . . .

C ⇒: � ª ª ª im Tk+1 = ker Tk+2, â® Tk+1 ®à¬ «ì® à §à¥è¨¬.
�à¨¢«¥ª ï «¥¬¬ã ® ¯®«ïà å, ¨¬¥¥¬

ker(T ′k) = (im Tk)⊥ = (ker Tk+1)⊥ = im(T ′k+1).
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⇐: �® â¥®à¥¬¥ � ãá¤®àä  Tk+1 ®à¬ «ì® à §à¥è¨¬. �®¢ì
 ¯¥««¨àãï ª 7.6.11 (2), ¢ë¢®¤¨¬

(im Tk)⊥ = ker(T ′k) = im(T ′k+1) = (ker Tk+1)⊥.

�®áª®«ìªã Tk ®à¬ «ì® à §à¥è¨¬ ¯® â¥®à¥¬¥ 7.6.12, â® im Tk |
§ ¬ªãâ®¥ ¯®¤¯à®áâà áâ¢®. �à¨¢«¥ª ï 7.5.14, ¯®«ãç ¥¬

im T k = ⊥((im Tk)⊥) = ⊥((ker Tk+1)⊥) = ker Tk+1.

�¤¥áì ãçâ¥®, çâ® ker Tk+1 | íâ® â®¦¥ § ¬ªãâ®¥ ¯®¤¯à®áâà áâ¢®. B
7.6.14. �«¥¤áâ¢¨¥. �«ï ª ¦¤®£® ®à¬ «ì® à §à¥è¨¬®£® ®¯¥-

à â®à  T ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ ¨§®¬®àä¨§¬ë (ker T )′ ' coker(T ′)
¨ (coker T )′ ' ker(T ′).

C � á¨«ã 2.3.5 (6) ¯®á«¥¤®¢ â¥«ì®áâì

0 → ker T → X
T→ Y → coker T → 0

â®ç . �§ 7.6.13 ¢ë¢®¤¨¬, çâ® ¯®á«¥¤®¢ â¥«ì®áâì

0 → (coker T )′ → Y ′ T ′→ X ′ → (ker T )′ → 0

â®ç . B
7.6.15. �«¥¤áâ¢¨¥. T | ¨§®¬®àä¨§¬ ⇔ T ′ | ¨§®¬®àä¨§¬. CB
7.6.16. �«¥¤áâ¢¨¥. Sp(T ) = Sp(T ′). CB

�¯à ¦¥¨ï
7.1. �ëïá¨âì, ª ª¨¥ «¨¥©ë¥ ®¯¥à â®àë ¨¤¥ «ìë.
7.2. �áâ ®¢¨âì, çâ® à §¤¥«ì® ¥¯à¥àë¢ ï ¡¨«¨¥© ï ä®à¬    ¡  -

å®¢®¬ ¯à®áâà áâ¢¥ ¥¯à¥àë¢  ¯® á®¢®ªã¯®áâ¨ ¯¥à¥¬¥ëå.
7.3. �ã¤¥â «¨ à ¢®¬¥à® ®£à ¨ç¥ë¬   è à¥ á¥¬¥©áâ¢® ¯®«ã¥¯à¥àë¢-

ëå á¨§ã áã¡«¨¥©ëå äãªæ¨® «®¢   ¡  å®¢®¬ ¯à®áâà áâ¢¥?
7.4. �ãáâì X, Y | ¡  å®¢ë ¯à®áâà áâ¢  ¨ T : X → Y . �®ª § âì, çâ®

¤«ï ¥ª®â®à®£® t ∈ R ¡ã¤¥â ‖Tx‖Y ≥ t‖x‖X ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨
ker T = 0 ¨ im T | ¯®«®¥ ¬®¦¥áâ¢®.

7.5. �ëïá¨âì ãá«®¢¨ï ®à¬ «ì®© à §à¥è¨¬®áâ¨ ®¯¥à â®à  ã¬®¦¥¨ï
  äãªæ¨î ¢ ¯à®áâà áâ¢¥ ¥¯à¥àë¢ëå   ª®¬¯ ªâ¥ äãªæ¨©.
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7.6. �ãáâì T | ®£à ¨ç¥ë© í¯¨¬®àä¨§¬ ¡  å®¢  ¯à®áâà áâ¢  X  
l1(E). �áâ ®¢¨âì ¤®¯®«ï¥¬®áâì ker T .

7.7. �áâ ®¢¨âì, çâ® à ¢®¬¥à® § ¬ªãâ®¥ ¯®¤¯à®áâà áâ¢® ¢ C([a, b]), á®-
áâ ¢«¥®¥ ¨§ ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ëå äãªæ¨© | í«¥¬¥â®¢ C(1)([a, b]),
ª®¥ç®¬¥à®.

7.8. �ãáâì X ¨ Y | à §«¨çë¥ ¡  å®¢ë ¯à®áâà áâ¢ , ¯à¨ç¥¬ X ¥¯à¥-
àë¢® ¢«®¦¥® ¢ Y . �áâ ®¢¨âì, çâ® X ï¢«ï¥âáï â®é¨¬ ¬®¦¥áâ¢®¬ ¢ Y .

7.9. �ãáâì X1, X2 | ¥ã«¥¢ë¥ § ¬ªãâë¥ ¯®¤¯à®áâà áâ¢  ¡  å®¢  ¯à®-
áâà áâ¢ , ¯à¨ç¥¬ X1 ∩X2 = 0. �®ª § âì, çâ® áã¬¬  X1 + X2 § ¬ªãâ  ¢ â®¬ ¨
â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ á«¥¤ãîé ï ¢¥«¨ç¨ 

inf {‖x1 − x2‖/‖x1‖ : x1 6= 0, x1 ∈ X1, x2 ∈ X2}

áâà®£® ¯®«®¦¨â¥«ì .
7.10. �ãáâì (amn) | áç¥â ï ¤¢®© ï ¯®á«¥¤®¢ â¥«ì®áâì, ®¡« ¤ îé ï

â¥¬ á¢®©áâ¢®¬, çâ® ¨¬¥¥âáï ¯®á«¥¤®¢ â¥«ì®áâì (x(m)) í«¥¬¥â®¢ l1, ¤«ï ª®â®à®©
àï¤ë

∑∞
n=1 amnx

(m)
n ¥ áå®¤ïâáï ( ¡á®«îâ®). �®ª § âì, çâ®  ©¤¥âáï ¯®á«¥¤®-

¢ â¥«ì®áâì x ¨§ l1, ¤«ï ª®â®à®© àï¤ë
∑∞

n=1 amnxn ¥ áå®¤ïâáï ( ¡á®«îâ®)
¯à¨ ¢á¥å m ∈ N.

7.11. �ãáâì T | ®¯¥à â®à ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ H â ª®©, çâ® à -
¢¥áâ¢® 〈Tx | y〉 = 〈x |Ty〉 ¨¬¥¥â ¬¥áâ® ¤«ï ¢á¥å x, y ∈ H. �áâ ®¢¨âì ®£à ¨ç¥-
®áâì T .

7.12. �ãáâì § ¬ªãâë© ª®ãá X+ ¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥ X ï¢«ï¥âáï
¢®á¯à®¨§¢®¤ïé¨¬: X = X+ − X+. �®ª § âì, çâ®  ©¤¥âáï ª®áâ â  t > 0
â ª ï, çâ® ¤«ï «î¡®£® x ∈ X ¨ ¯à¥¤áâ ¢«¥¨ï x = x1 − x2, £¤¥ x1, x2 ∈ X+,
¢ë¯®«¥®: ‖x1‖ ≤ t‖x‖, ‖x2‖ ≤ t‖x‖.

7.13. �ãáâì ¯®«ã¥¯à¥àë¢ë¥ á¨§ã áã¡«¨¥©ë¥ äãªæ¨® «ë p, q ¢ ¡ -
 å®¢®¬ ¯à®áâà áâ¢¥ X â ª®¢ë, çâ® ª®ãáë dom p ¨ dom q § ¬ªãâë ¨ ¯®¤¯à®-
áâà áâ¢® dom p − dom q = dom q − dom p ¤®¯®«ï¥¬® ¢ X. �®ª § âì, çâ® ¤«ï
â®¯®«®£¨ç¥áª¨å áã¡¤¨ää¥à¥æ¨ «®¢ ¢ë¯®«¥® (áà. ã¯à ¦¥¨¥ 3.10)

∂(p + q) = ∂p + ∂q.

7.14. �ãáâì p | ¥¯à¥àë¢ë© áã¡«¨¥©ë© äãªæ¨® «, ®¯à¥¤¥«¥ë©
  ®à¬¨à®¢ ®¬ ¯à®áâà áâ¢¥ X, ¨ T | ¥¯à¥àë¢ë© í¤®¬®àä¨§¬ X. �®-
¯ãáâ¨¬, çâ® á®¯àï¦¥ë© ®¯¥à â®à T ′ ¯¥à¥¢®¤¨â ¢ á¥¡ï áã¡¤¨ää¥à¥æ¨ « ∂p.
�áâ ®¢¨âì, çâ® ∂p á®¤¥à¦¨â ¥¯®¤¢¨¦ãî â®çªã T ′.

7.15. �«ï äãªæ¨¨ f : X → R·   ®à¬¨à®¢ ®¬ ¯à®áâà áâ¢¥ X ¯®«®-
¦¨¬

f∗(x′) := sup{〈x |x′〉 − f(x) : x ∈ dom f} (x′ ∈ X′);

f∗∗(x) := sup{〈x |x′〉 − f∗(x′) : x′ ∈ dom(f∗)} (x ∈ X).

�ëïá¨âì, ¯à¨ ª ª¨å ãá«®¢¨ïå   f ¢ë¯®«¥® f = f∗∗.
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7.16. �áâ ®¢¨âì, çâ® l∞ ¤®¯®«ï¥¬® ¢ «î¡®¬ á®¤¥à¦ é¥¬ ¥£® ¡  å®¢®¬
¯à®áâà áâ¢¥.

7.17. �  å®¢® ¯à®áâà áâ¢® X  §ë¢ îâ ¯à¨¬ àë¬, ¥á«¨ «î¡®¥ ¥£® ¡¥á-
ª®¥ç®¬¥à®¥ ¤®¯®«ï¥¬®¥ ¯®¤¯à®áâà áâ¢® ¨§®¬®àä® X. �¡¥¤¨âìáï, çâ® c0
¨ lp (1 ≤ p ≤ +∞) ¯à¨¬ àë.

7.18. �ãáâì X ¨ Y | ¡  å®¢ë ¯à®áâà áâ¢  ¨ ®¯¥à â®à T ∈ B(X, Y )
â ª®¢, çâ® im T | ¥â®é¥¥ ¬®¦¥áâ¢®. �®£¤  T ®à¬ «ì® à §à¥è¨¬.

7.19. �ãáâì X0 | § ¬ªãâ®¥ ¯®¤¯à®áâà áâ¢® ®à¬¨à®¢ ®£® ¯à®áâà -
áâ¢  X, ¯à¨ç¥¬ X0 ¨ X/X0 | ¡  å®¢ë ¯à®áâà áâ¢ . �®£¤  X â ª¦¥ ¡  å®¢®
¯à®áâà áâ¢®.



�« ¢  8
�¯¥à â®àë ¢ ¡  å®¢ëå
¯à®áâà áâ¢ å

8.1. �®«®¬®àäë¥ äãªæ¨¨ ¨ ª®âãàë¥
¨â¥£à «ë

8.1.1. �¯à¥¤¥«¥¨¥. �ãáâì X | ¡  å®¢® ¯à®áâà áâ¢®. �®¤-
¬®¦¥áâ¢® � è à  BX′ ¢ á®¯àï¦¥®¬ ¯à®áâà áâ¢¥ X ′  §ë¢ îâ
®à¬¨àãîé¨¬ (¤«ï X), ¥á«¨ ¤«ï ª ¦¤®£® í«¥¬¥â  x ¨§ X ¢ë¯®«-
¥® ‖x‖ = sup{|l(x)| : l ∈ �}. �á«¨, ¯®¬¨¬® íâ®£®, ¤«ï ¢áïª®£® U
¢ X â ª®£®, çâ® sup{|l(u)| : u ∈ U} < +∞ ¯à¨ l ∈ �, á¯à ¢¥¤«¨¢®
sup ‖U‖ < +∞, â® �  §ë¢ îâ ¢¯®«¥ ®à¬¨àãîé¨¬ ¬®¦¥áâ¢®¬.

8.1.2. �à¨¬¥àë.
(1) � à BX′ | ¢¯®«¥ ®à¬¨àãîé¥¥ ¬®¦¥áâ¢® ¢ á¨«ã

5.1.10 (8) ¨ 7.2.7.
(2) �á«¨ �0 | (¢¯®«¥) ®à¬¨àãîé¥¥ ¬®¦¥áâ¢® ¨ �0 ⊂

�1 ⊂ BX′ , â® �1 â ª¦¥ (¢¯®«¥) ®à¬¨àãîé¥¥ ¬®¦¥áâ¢®.
(3) �®¦¥áâ¢® ªà ©¨å â®ç¥ª ext(BX′) ï¢«ï¥âáï ®à¬¨-

àãîé¨¬ ¯® â¥®à¥¬¥ �à¥©  | �¨«ì¬   ¤«ï áã¡¤¨ää¥à¥æ¨ «®¢
3.6.5 ¨ ¥á®¬¥®£® à ¢¥áâ¢  BX′ = |∂|(‖·‖X), ª®â®à®¥ ã¦¥ ¥®¤®-
ªà â® ¡ë«® ¨á¯®«ì§®¢ ®. �¤ ª® ¢¯®«¥ ®à¬¨àãîé¨¬ íâ® ¬®-
¦¥áâ¢® ¡ëâì ¥ ®¡ï§ ® (â ª, ¢ ç áâ®áâ¨, ®¡áâ®¨â ¤¥«® ¢ ¯à®áâà -
áâ¢¥ C([0, 1], R)). CB

(4) �ãáâì X, Y | ¡  å®¢ë ¯à®áâà áâ¢  ( ¤ ®¤¨¬ ¨
â¥¬ ¦¥ ¯®«¥¬ F) ¨ �Y | ®à¬¨àãîé¥¥ ¬®¦¥áâ¢® ¤«ï Y . �®«®¦¨¬

�B := {δ(y′,x) : y ′ ∈ �Y , x ∈ BX},
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£¤¥ δ(y′,x)(T ) := y ′(Tx) ¤«ï y ′ ∈ Y, x ∈ X ¨ T ∈ B(X, Y ). �á®, çâ®

|δ(y′,x)(T )| = |y ′(Tx)| ≤ ‖y ′‖ ‖Tx‖ ≤ ‖y ′‖ ‖T‖ ‖x‖,

â. ¥. δ(y′,x) ∈ B(X, Y )′. �®¬¨¬® íâ®£®, ¤«ï T ∈ B(X, Y ) ¢ë¯®«¥®

‖T‖ = sup{‖Tx‖ : ‖x‖ ≤ 1} = sup{|y ′(Tx)| : y ′ ∈ �Y , ‖x‖ ≤ 1} =

= sup{|δ(y′,x)(T )| : δ(y′,x) ∈ �B}.
� ª¨¬ ®¡à §®¬, �B | ®à¬¨àãîé¥¥ ¬®¦¥áâ¢® (¤«ï B(X, Y )). �á-
«¨ ¯à¨ íâ®¬ �Y | ¢¯®«¥ ®à¬¨àãîé¥¥ ¬®¦¥áâ¢®, â® �B â ª¦¥
¢¯®«¥ ®à¬¨àãîé¥¥ ¬®¦¥áâ¢®. � á ¬®¬ ¤¥«¥, ¥á«¨ U â ª®¢®,
çâ® ç¨á«®¢®¥ ¬®¦¥áâ¢® {|y ′(Tx)| : T ∈ U} ®£à ¨ç¥® ¯à¨ «î-
¡ëå x ∈ BX ¨ y ′ ∈ �Y , â® ¯® ãá«®¢¨î ¬®¦¥áâ¢® {Tx : T ∈ U}
®£à ¨ç¥® ¢ Y ¤«ï ¢áïª®£® x ∈ X. � á¨«ã ¯à¨æ¨¯  à ¢®¬¥à®©
®£à ¨ç¥®áâ¨ 7.2.5 íâ® ®§ ç ¥â, çâ® sup ‖U‖ < +∞.

8.1.3. �¥®à¥¬  � ä®à¤  | �¨««¥. �ãáâì X | ª®¬¯«¥ªá-
®¥ ¡  å®¢® ¯à®áâà áâ¢® ¨ � | ¢¯®«¥ ®à¬¨àãîé¥¥ ¬®¦¥áâ¢®
¤«ï X. �ãáâì, ¤ «¥¥, f : D → X | ®â®¡à ¦¥¨¥ ¯®¤¬®¦¥áâ¢  D ¢
C ¢ ¯à®áâà áâ¢® X, ¯à¨ç¥¬ D ®âªàëâ® (¢ CR ' R2). �«¥¤ãîé¨¥
ãâ¢¥à¦¤¥¨ï íª¢¨¢ «¥âë:

(1) ¤«ï ª ¦¤®£® z0 ∈ D áãé¥áâ¢ã¥â ¯à¥¤¥«

lim
z→z0

f(z)− f(z0)
z − z0

;

(2) ¤«ï ª ¦¤ëå z0 ∈ D ¨ l ∈ � áãé¥áâ¢ã¥â ¯à¥¤¥«

lim
z→z0

l ◦ f(z)− l ◦ f(z0)
z − z0

,

â. ¥. äãªæ¨ï l ◦ f : D → C £®«®¬®àä  ¯à¨ l ∈ �.
C (1) ⇒ (2): �ç¥¢¨¤®.
(2) ⇒ (1): �à®áâ®âë à ¤¨ ¡ã¤¥¬ áç¨â âì, çâ® z0 = 0 ¨ f(z0) = 0.

� áá¬®âà¨¬ è à à ¤¨ãá  2ε, æ¥«¨ª®¬ «¥¦ é¨© ¢ D , â. ¥. 2εD ⊂ D ,
£¤¥ D := BC. � ª ¯à¨ïâ® ¢ ª®¬¯«¥ªá®¬   «¨§¥, ¡ã¤¥¬ áç¨â âì
ªàã£ εD (®à¨¥â¨à®¢ ë¬) ª®¬¯ ªâë¬ ¬®£®®¡à §¨¥¬ á ªà ¥¬ εT,
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£¤¥ T | (¤®«¦ë¬ ®¡à §®¬ ®à¨¥â¨à®¢  ï) ¥¤¨¨ç ï ®ªàã¦-
®áâì T := {z ∈ C : |z| = 1}. �à¨ z1, z2 ∈ εD \ 0 ¤«ï £®«®¬®àä®©
äãªæ¨¨ l ◦f (äãªæ¨® « l «¥¦¨â ¢ �) ¨¬¥îâ ¬¥áâ® ¯à¥¤áâ ¢«¥¨ï
¨â¥£à «®¬ �®è¨:

l ◦ f(zk)
zk

= 1
2πi

∫

2εT

l ◦ f(z)
z(z − zk)dz (k := 1, 2).

� ç¨â, ¯à¨ z1 6= z2, ãç¨âë¢ ï, çâ® ¤«ï z ∈ 2εT ¢ë¯®«¥®
|z − zk| ≥ ε (k := 1, 2),   â ª¦¥ çâ® äãªæ¨ï l ◦ f ¥¯à¥àë¢  ¢ D ,
¯®«ãç ¥¬ ∣∣∣∣l

( 1
z1 − z2

(
f(z1)

z1
− f(z2)

z2

))∣∣∣∣ =

=

∣∣∣∣∣∣
1

z1 − z2
· 1

2πi

∫

2εT

l ◦ f(z)
( 1

z(z − z1) −
1

z(z − z2)

)
dz

∣∣∣∣∣∣
=

= 1
2π

∣∣∣∣∣∣

∫

2εT

l ◦ f(z) 1
z(z − z1)(z − z2)dz

∣∣∣∣∣∣
≤

≤ M sup
z∈2εT

|l ◦ f(z)| < +∞

¤«ï ¯®¤å®¤ïé¥£® M > 0. �®áª®«ìªã � | ¢¯®«¥ ®à¬¨àãîé¥¥ ¬®-
¦¥áâ¢®, § ª«îç ¥¬:

sup
z1 6=z2;z1,z2 6=0
|z1|≤ε,|z2|≤ε

1
|z1 − z2|

∥∥∥∥
f(z1)

z1
− f(z2)

z2

∥∥∥∥ < +∞.

�®á«¥¤¥¥ ¥à ¢¥áâ¢® ®¡¥á¯¥ç¨¢ ¥â áãé¥áâ¢®¢ ¨¥ ã¦®£® ¯à¥¤¥-
« . B

8.1.4. �¯à¥¤¥«¥¨¥. �â®¡à ¦¥¨¥ f : D → X, ã¤®¢«¥â¢®àïî-
é¥¥ 8.1.3 (1) (¨«¨, çâ® â® ¦¥ á ¬®¥, 8.1.3 (2) ¤«ï ª ª®£®-«¨¡® ¢¯®«¥
®à¬¨àãîé¥£® ¬®¦¥áâ¢  �),  §ë¢ îâ £®«®¬®àäë¬.
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8.1.5. � ¬¥ç ¨¥. �®£¤  ¨á¯®«ì§ãîâ ¨§«¨è¥ ¤¥â «ìãî â¥à-
¬¨®«®£¨î. �¬¥®, ¥á«¨ f ã¤®¢«¥â¢®àï¥â 8.1.3 (1), â® f  §ë¢ îâ
á¨«ì® £®«®¬®àä®© äãªæ¨¥©. � á«ãç ¥, ¥á«¨ ¤«ï f ¢ë¯®«¥® 8.1.3
(2) ¯à¨ � := BX′ , £®¢®àïâ ® á« ¡®© £®«®¬®àä®áâ¨ f . � ãá«®¢¨ïå
8.1.3 (2) ¨ 8.1.2 (4), â. ¥. ¯à¨ f : D → B(X, Y ), �Y := BY ′ ¨ á®®â¢¥â-
áâ¢ãîé¥¬ �:= �B , £®¢®àïâ ® á« ¡® ®¯¥à â®à® £®«®¬®àäëå äãª-
æ¨ïå. �ç¨âë¢ ï ¯à¨¢¥¤¥ãî â¥à¬¨®«®£¨î, â¥®à¥¬ã � ä®à¤  |
�¨««¥ ç áâ®  §ë¢ îâ â¥®à¥¬®© ® £®«®¬®àä®áâ¨ ¨ ¢ëà ¦ îâ á«®-
¢ ¬¨: ýá« ¡® £®«®¬®àä ï äãªæ¨ï á¨«ì® £®«®¬®àä þ.

8.1.6. � ¬¥ç ¨¥. � ¤ «ì¥©è¥¬ ã¤®¡® ¨á¯®«ì§®¢ âì ¨â¥-
£à «ë ¯à®áâ¥©è¨å £« ¤ª¨å X-§ çëå ä®à¬ f(z)dz ¯® ¯à®áâ¥©è¨¬
®à¨¥â¨à®¢ ë¬ ¬®£®®¡à §¨ï¬ | ¯® ªà ï¬ í«¥¬¥â àëå ª®¬-
¯ ªâ®¢ ¢ ¯«®áª®áâ¨ (á¬. 4.8.5), á®áâ ¢«¥ë¬ ¨§ ª®¥ç®£® ç¨á« 
¥¯¥à¥á¥ª îé¨åáï ¯à®áâëå ¯¥â¥«ì. � â ª¨¥ ¨â¥£à «ë ¢ª« ¤ë¢ -
îâ ®ç¥¢¨¤ë© á¬ëá«. �¬¥®, ¤«ï ¯¥â«¨ γ ¢ë¡¨à îâ ¯®¤å®¤ïéãî
(£« ¤ªãî) ¯ à ¬¥âà¨§ æ¨î 	 : T → γ (á ãç¥â®¬ ®à¨¥â æ¨¨) ¨ ¯®-
« £ îâ ∫

γ

f(z)dz :=
∫

T

f ◦	d	,

£¤¥ ¯®á«¥¤¨© ¨â¥£à « ¯®¨¬ îâ,  ¯à¨¬¥à, ª ª ¯®¤å®¤ïé¨© ¨â¥-
£à « �®å¥à  (á¬. 5.5.9 (6)). �¥á®¬¥  ª®àà¥ªâ®áâì íâ®£® ®¯à¥-
¤¥«¥¨ï, â. ¥. áãé¥áâ¢®¢ ¨¥ ã¦®£® ¨â¥£à «  �®å¥à  ¨ ¥£® ¥§ -
¢¨á¨¬®áâì ®â ¢ë¡®à  ¯ à ¬¥âà¨§ æ¨¨ 	.

8.1.7. �¥®à¥¬  �®è¨ | �¨¥à . �ãáâì D | ¥¯ãáâ®¥ ®â-
ªàëâ®¥ ¯®¤¬®¦¥áâ¢® ¯«®áª®áâ¨ ¨ f : D → X | £®«®¬®àä®¥ ®â®¡-
à ¦¥¨¥ ¢ ¡  å®¢® ¯à®áâà áâ¢® X. �ãáâì, ¤ «¥¥, F | ¯à®áâ ï
ª àâ¨  ¤«ï ¯ àë (∅, D). �®£¤ 

∫

∂F

f(z)dz = 0.

�à¨ íâ®¬ ¤«ï z0 ∈ int F ¢ë¯®«¥®

f(z0) = 1
2πi

∫

∂F

f(z)
z − z0

dz.
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C � á¨«ã 8.1.3 ¥®¡å®¤¨¬ë¥ ¨â¥£à «ë �®å¥à  áãé¥áâ¢ãîâ.
�à¥¡ã¥¬ë¥ à ¢¥áâ¢ , ®ç¥¢¨¤®, á«¥¤ãîâ ¨§ á¯à ¢¥¤«¨¢®áâ¨ ¨å áª -
«ïàëå ¢¥àá¨©, á®áâ ¢«ïîé¨å á®¤¥à¦ ¨¥ ª« áá¨ç¥áª®© â¥®à¥¬ë
�®è¨, áª § ®£® ¢ 8.1.2 (1) ¨ ®â¬¥ç¥®© ¢ 5.5.9 (6) ¯¥à¥áâ ®¢®ç-
®áâ¨ ¨â¥£à «®¢ �®å¥à  á ®£à ¨ç¥ë¬¨ äãªæ¨® « ¬¨. B

8.1.8. � ¬¥ç ¨¥. �¥®à¥¬  �®è¨ | �¨¥à  ¯®§¢®«ï¥â ¯® å®-
à®è® ¨§¢¥áâë¬ ®¡à §æ ¬ ¢ë¢®¤¨âì ¤«ï X-§ çëå £®«®¬®àäëå
äãªæ¨©   «®£¨ â¥®à¥¬ ª« áá¨ç¥áª®£® ª®¬¯«¥ªá®£®   «¨§ .

8.1.9. �¥®à¥¬  ® à §«®¦¥¨¨ �¥©«®à . �ãáâì f : D → X
| £®«®¬®àä ï äãªæ¨ï ¨ z0 ∈ D . � «î¡®¬ ªàã£¥ U := {z ∈ C :
|z − z0| < ε} â ª®¬, çâ® cl U «¥¦¨â ¢ D , ¨¬¥¥â ¬¥áâ® à §«®¦¥¨¥
�¥©«®à  (¢ à ¢®¬¥à® áå®¤ïé¨©áï áâ¥¯¥®© àï¤)

f(z) =
∞∑

n=0
cn(z − z0)n,

£¤¥ ª®íää¨æ¨¥âë cn ¢ëç¨á«ïîâ ¯® ä®à¬ã« ¬

cn = 1
2πi

∫

∂U

f(z)
(z − z0)n+1 dz = 1

n!
dnf

dzn
(z0).

C �®ª § â¥«ìáâ¢® ®á®¢ ®   áâ ¤ àâ®¬ à §«®¦¥¨¨ ï¤à 
u 7→ (u− z)−1 ¢ ä®à¬ã«¥

f(z) = 1
2πi

∫

∂U ′

f(u)
u− z

du (z ∈ cl U)

¯® áâ¥¯¥ï¬ z − z0, â. ¥.

1
u− z

= 1
(u− z0)

(
1− z−z0

u−z0

) =

=
∞∑

n=0

(z − z0)n

(u− z0)n+1 .

�®á«¥¤¨© àï¤ áå®¤¨âáï à ¢®¬¥à® ¯® u ∈ ∂U ′. (�¤¥áì U ′ = U +
qD ¤«ï ª ª®£®-«¨¡® q > 0, â ª®£® çâ® cl U ′ ⊂ D .) �ç¨âë¢ ï, çâ®
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sup ‖f(∂U ′)‖ < +∞, ¨ ¯à®¨§¢®¤ï ¨â¥£à¨à®¢ ¨¥, ¯à¨å®¤¨¬ ª âà¥-
¡ã¥¬®¬ã ¯à¥¤áâ ¢«¥¨î f(z) ¯à¨ z ∈ cl U . �à¨¬¥ïï ¤®ª § ®¥ ª
U ′ ¨ ¯à¨¢«¥ª ï 8.1.7, ¢¨¤¨¬, çâ® ¨áá«¥¤ã¥¬ë© áâ¥¯¥®© àï¤ áå®¤¨â-
áï ¢ ª ¦¤®© â®çª¥ U ′. �âáî¤  ¢ëâ¥ª ¥â ¥£® à ¢®¬¥à ï áå®¤¨¬®áâì
  ª®¬¯ ªâëå ¯®¤¬®¦¥áâ¢ å U ′,   ¯®â®¬ã ¨   U . B

8.1.10. �¥®à¥¬  �¨ã¢¨««ï. �á«¨ äãªæ¨ï f : C → X £®«®-
¬®àä  ¨ sup ‖f(C)‖ < +∞, â® f | ¯®áâ®ï®¥ ®â®¡à ¦¥¨¥.

C �«ï ε > 0, à áá¬ âà¨¢ ï ¤¨áª εD ¨ ãç¨âë¢ ï 8.1.9, ¨¬¥¥¬

‖cn‖ ≤ sup
z∈εT

‖f(z)‖ · ε−n ≤ sup ‖f(C)‖ · ε−n

¯à¨ ¢á¥å n ∈ N ¨ ε > 0. � ª¨¬ ®¡à §®¬, cn = 0 ¤«ï n ∈ N. B
8.1.11. � ¦¤ë© ®£à ¨ç¥ë© í¤®¬®àä¨§¬ ¥ã«¥¢®£® ª®¬¯-

«¥ªá®£® ¡  å®¢  ¯à®áâà áâ¢  ¨¬¥¥â ¥¯ãáâ®© á¯¥ªâà.
C �ãáâì T | â ª®© í¤®¬®àä¨§¬. �á«¨ Sp(T ) = ∅, â® à¥§®«ì-

¢¥â  R(T, · ) £®«®¬®àä  ¢® ¢á¥© ¯«®áª®áâ¨ C,  ¯à¨¬¥à, ¯® 5.6.21.
�à®¬¥ â®£®,   ®á®¢ ¨¨ 5.6.15, ‖R(T, λ)‖ → 0 ¯à¨ |λ| → +∞. �
á¨«ã 8.1.10 § ª«îç ¥¬, çâ® R(T, · ) = 0. � â® ¦¥ ¢à¥¬ï, ¯à¨¢«¥ª ï
5.6.15, ¢¨¤¨¬, çâ® ¯à¨ |λ| > ‖T‖ ¢ë¯®«¥® R(T, λ)(λ − T ) = 1.
�®«ãç ¥âáï ¯à®â¨¢®à¥ç¨¥. B

8.1.12. �¬¥¥â ¬¥áâ® ä®à¬ã«  ��¥à«¨£  | �¥«ìä ¤ :

r(T ) = sup{|λ| : λ ∈ Sp(T )}
¤«ï «î¡®£® ®¯¥à â®à  T ∈ B(X), £¤¥ X | ª®¬¯«¥ªá®¥ ¡  å®¢®
¯à®áâà áâ¢®, â. ¥. á¯¥ªâà «ìë© à ¤¨ãá ®¯¥à â®à  á®¢¯ ¤ ¥â á à -
¤¨ãá®¬ ¥£® á¯¥ªâà .

C �®, çâ® á¯¥ªâà «ìë© à ¤¨ãá r(T ) ¡®«ìè¥ à ¤¨ãá  á¯¥ªâà ,
®â¬¥ç¥® ¢ 5.6.16. � ª¨¬ ®¡à §®¬, ¯à¨ r(T ) = 0 ¤®ª §ë¢ âì ¨ç¥£®
¥  ¤®. �ãáâì â¥¯¥àì r(T ) > 0. �®§ì¬¥¬ λ ∈ C â ª, çâ® |λ| >
sup{|µ| : µ ∈ Sp(T )}. �®£¤  ªàã£ à ¤¨ãá  |λ|−1 æ¥«¨ª®¬ «¥¦¨â ¢
®¡« áâ¨ £®«®¬®àä®áâ¨ äãªæ¨¨ (á¬. 5.6.15)

f(z) :=
{

R (T, z−1), z 6= 0, z−1 ∈ res(T ),
0, z = 0.

�à¨¢«¥ª ï 8.1.9 ¨ 5.6.17, § ª«îç ¥¬, çâ® |λ|−1 < r(T )−1. �«¥¤®¢ -
â¥«ì®, |λ| > r(T ). B
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8.1.13. �ãáâì K | ¥¯ãáâ®© ª®¬¯ ªâ ¢ C ¨ H(K) | ¬®¦¥áâ¢®
£®«®¬®àäëå ¢ ®ªà¥áâ®áâ¨ K äãªæ¨©, â. ¥. (f ∈ H(K) ⇔ f :
dom f → C | £®«®¬®àä ï äãªæ¨ï, dom f ⊃ K). �«ï f1, f2 ∈
H(K) ¯®«®¦¨¬ f1 ∼ f2, ¥á«¨ áãé¥áâ¢ã¥â ®âªàëâ®¥ ¯®¤¬®¦¥áâ¢® D
¢ dom f1∩dom f2 â ª®¥, çâ® K ⊂ D ¨ f1|D = f2|D . �®£¤  ∼ ï¢«ï¥âáï
®â®è¥¨¥¬ íª¢¨¢ «¥â®áâ¨ ¢ H(K). CB

8.1.14. �¯à¥¤¥«¥¨¥. � ãá«®¢¨ïå 8.1.13 ¯®«®¦¨¬ H (K) :=
H(K)/∼. �«¥¬¥â f ∈ H (K), á®¤¥à¦ é¨© äãªæ¨î f ∈ H(K),
 §ë¢ îâ à®áâª®¬ f   ª®¬¯ ªâ¥ K.

8.1.15. �ãáâì f, g ∈ H (K). �ãáâì, ªà®¬¥ â®£®, ¢ë¤¥«¥ë
f1, f2 ∈ f, g1, g2 ∈ g. �®«®¦¨¬

x ∈ dom f1 ∩ dom g1 ⇒ ϕ1(x) := f1(x) + g1(x),

x ∈ dom f2 ∩ dom g2 ⇒ ϕ2(x) := f2(x) + g2(x).

�®£¤  ϕ1, ϕ2 ∈ H(K), ¯à¨ç¥¬ ϕ1 = ϕ2.
C �ë¡à ¢ ®âªàëâë¥ ¬®¦¥áâ¢  K ⊂ D1 ⊂ dom f1∩dom f2 ¨ K ⊂

D2 ⊂ dom g1 ∩ dom g2, ¢ ª®â®àëå á®¢¯ ¤ îâ f1 ¨ f2 ¨ á®®â¢¥âáâ¢¥®
g1 ¨ g2, ¢¨¤¨¬, çâ® ¢ D1 ∩D2 á®¢¯ ¤ îâ ϕ1 ¨ ϕ2. B

8.1.16. �¯à¥¤¥«¥¨¥. �« áá, ¢¢¥¤¥ë© ¢ 8.1.15,  §ë¢ îâ
áã¬¬®© à®áâª®¢ f1 ¨ f2 ¨ ®¡®§ ç îâ f1 + f2. � «®£¨ç® ¢¢®¤ïâ
¯à®¨§¢¥¤¥¨¥ à®áâª®¢ ¨ ã¬®¦¥¨¥ à®áâª    ª®¬¯«¥ªá®¥ ç¨á«®.

8.1.17. H (K) á ®¯¥à æ¨ï¬¨, ¢¢¥¤¥ë¬¨ ¢ 8.1.16, ï¢«ï¥âáï  «-
£¥¡à®©. CB

8.1.18. �¯à¥¤¥«¥¨¥. �®§¨ª îéãî  «£¥¡àã H (K)  §ë¢ -
îâ  «£¥¡à®© à®áâª®¢ £®«®¬®àäëå äãªæ¨©   ª®¬¯ ªâ¥ K.

8.1.19. �ãáâì K | ª®¬¯ ªâ ¢ C,   R : C\K → X | £®«®¬®àä ï
äãªæ¨ï á® § ç¥¨ï¬¨ ¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥ X. �ãáâì, ¤ «¥¥,
f ∈ H (K) ¨ f1, f2 ∈ f . �á«¨ F1 | ¯à®áâ ï ª àâ¨  ¤«ï ¯ àë
(K, dom f1),   F2 | ¯à®áâ ï ª àâ¨  ¤«ï ¯ àë (K, dom f2), â®

∫

∂F1

f1(z)R(z)dz =
∫

∂F2

f2(z)R(z)dz.
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C �ãáâì K ⊂ D ⊂ int F1 ∩ int F2, £¤¥ D ®âªàëâ® ¨ f1|D = f2|D .
�®§ì¬¥¬ ¯à®áâãî ª àâ¨ã K ⊂ F ⊂ D . �ç¨âë¢ ï £®«®¬®àä®áâì
äãªæ¨¨ f1R   dom f1 \ K ¨ £®«®¬®àä®áâì f2R   dom f2 \ K,
¢ë¢®¤¨¬ à ¢¥áâ¢ 

∫

∂F

f1(z)R(z)dz =
∫

∂F1

f1(z)R(z)dz,

∫

∂F

f2(z)R(z)dz =
∫

∂F2

f2(z)R(z)dz

(¨§ ¥âà¨¢¨ «ì®£® ä ªâ  á¯à ¢¥¤«¨¢®áâ¨ ¨å áª «ïàëå   «®£®¢).
�¢¨¤ã á®¢¯ ¤¥¨ï f1 ¨ f2   D ¨¬¥¥¬ âà¥¡ã¥¬®¥. B

8.1.20. �¯à¥¤¥«¥¨¥. �¨ªá¨àãï h ∈ H (K), ¢ ãá«®¢¨ïå 8.1.19
ª®âãàë¬ ¨â¥£à «®¬ h á ï¤à®¬ R  §ë¢ îâ í«¥¬¥â

∮
h(z)R(z)dz :=

∫

∂F

f(z)R(z)dz,

£¤¥ h = f ¨ F | ¯à®áâ ï ª àâ¨  ¤«ï ¯ àë (K, dom f).

8.1.21. � ¬¥ç ¨¥. �¡®§ ç¥¨¥ h(z) ¢ 8.1.20 ¥á«ãç ©®. �®
®¡êïáï¥âáï â¥¬, çâ® ¤«ï ª ¦¤®© â®çª¨ z ∈ K ¨ «î¡ëå ¤¢ãå ¯à¥¤-
áâ ¢¨â¥«¥© f1, f2 à®áâª  h ¢ë¯®«¥® w := f1(z) = f2(z). � íâ®©
á¢ï§¨ ®¡ í«¥¬¥â¥ w £®¢®àïâ ª ª ® § ç¥¨¨ à®áâª  h ¢ â®çª¥ z ¨
¯¨èãâ h(z) = w. �â¬¥â¨¬ §¤¥áì ¦¥, çâ® ¢ 8.1.20 äãªæ¨î R ¬®¦®
áç¨â âì § ¤ ®© «¨èì ¢ U \K, £¤¥ int U ⊃ K.

8.2. �®«®¬®àä®¥ äãªæ¨® «ì®¥ ¨áç¨á«¥¨¥

8.2.1. �¯à¥¤¥«¥¨¥. �ãáâì X | (¥ã«¥¢®¥) ª®¬¯«¥ªá®¥ ¡ -
 å®¢® ¯à®áâà áâ¢® ¨ T | ®£à ¨ç¥ë© í¤®¬®àä¨§¬ X, â. ¥.
T ∈ B(X). �«ï h ∈ H (Sp(T )) ª®âãàë© ¨â¥£à « á ï¤à®¬ R(T, · )
| à¥§®«ì¢¥â®© ®¯¥à â®à  T | ®¡®§ ç îâ

RT h := 1
2πi

∮
h(z)R(T, z)dz
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¨  §ë¢ îâ ¨â¥£à «®¬ �¨áá  | � ä®à¤  (à®áâª  h). �á«¨ f |
äãªæ¨ï, £®«®¬®àä ï ¢ ®ªà¥áâ®áâ¨ Sp(T ), â® ¯®« £ îâ f(T ) :=
RT f := RT f . �á¯®«ì§ãîâ â ª¦¥ ¡®«¥¥ ®¡à §ë¥ ®¡®§ ç¥¨ï â¨¯ 

f(T ) = 1
2πi

∮
f(z)
z − T

dz.

8.2.2. � ¬¥ç ¨¥. �  «£¥¡à¥, ¢ ç áâ®áâ¨, ¨§ãç îâ à §«¨çë¥
¯à¥¤áâ ¢«¥¨ï ¬ â¥¬ â¨ç¥áª¨å ®¡ê¥ªâ®¢. � ¬ ã¤®¡® ¯®«ì§®¢ âìáï
¥ª®â®àë¬¨ í«¥¬¥â àë¬¨ ¯®ïâ¨ï¬¨ â¥®à¨¨ ¯à¥¤áâ ¢«¥¨©  ¨-
¡®«¥¥ ý «£¥¡à ¨ç¥áª¨åþ ®¡ê¥ªâ®¢ |  «£¥¡à. �á¯®¬¨¬ ¯à®áâ¥©è¨¥
¨§ ¨å.

�ãáâì A1, A2 | ¤¢¥  «£¥¡àë ( ¤ ®¤¨¬ ¨ â¥¬ ¦¥ ¯®«¥¬).
�®àä¨§¬®¬ A1 ¢ A2 ¨«¨ ¯à¥¤áâ ¢«¥¨¥¬  «£¥¡àë A1 ¢  «£¥¡à¥
A2 (à¥¦¥ £®¢®àïâ ý¢  «£¥¡àã A2þ)  §ë¢ îâ ¬ã«ìâ¨¯«¨ª â¨¢ë©
«¨¥©ë© ®¯¥à â®à R, â. ¥. ®â®¡à ¦¥¨¥ R ∈ L (A1, A2) â ª®¥,
çâ® R(ab) = R(a)R(b) ¤«ï ¢á¥å a, b ∈ A1. �à¥¤áâ ¢«¥¨¥ R  -
§ë¢ îâ â®çë¬, ¥á«¨ ker R = 0. � «¨ç¨¥ â®ç®£® ¯à¥¤áâ ¢«¥¨ï
R : A1 → A2 ¯®§¢®«ï¥â à áá¬ âà¨¢ âì A1 ª ª ¯®¤ «£¥¡àã A2.

�á«¨ A2 ï¢«ï¥âáï (¯®¤) «£¥¡à®© í¤®¬®àä¨§¬®¢ L (X) ¥ª®â®-
à®£® ¢¥ªâ®à®£® ¯à®áâà áâ¢  X ( ¤ â¥¬ ¦¥ ¯®«¥¬), â® ® ¬®àä¨§¬¥
A1 ¢ A2 £®¢®àïâ ª ª ® («¨¥©®¬) ¯à¥¤áâ ¢«¥¨¨ A1 ¢ ¯à®áâà -
áâ¢¥ X ¨«¨ ®¡ ®¯¥à â®à®¬ ¯à¥¤áâ ¢«¥¨¨ A1. �à®áâà áâ¢® X
 §ë¢ îâ ¢ íâ®¬ á«ãç ¥ ¯à®áâà áâ¢®¬ ¯à¥¤áâ ¢«¥¨ï  «£¥¡àë A1.

�á«¨ ¢ ¯à®áâà áâ¢¥ X ¯à¥¤áâ ¢«¥¨ï R  «£¥¡àë A ¥áâì ¯®¤¯à®-
áâà áâ¢® X1, ¨¢ à¨ â®¥ ®â®á¨â¥«ì® ¢á¥å ®¯¥à â®à®¢ R(a) ¯à¨
a ∈ A, â® ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ¢®§¨ª ¥â ¯à¥¤áâ ¢«¥¨¥ R1 : A →
L (X1), ¤¥©áâ¢ãîé¥¥ ¯® ¯à ¢¨«ã R1(a)x1 = R(a)x1 ¤«ï x1 ∈ X1 ¨
a ∈ A,  §ë¢ ¥¬®¥ ¯®¤¯à¥¤áâ ¢«¥¨¥¬ R (¯®à®¦¤¥ë¬ X1). �á«¨
X = X1⊕X2 ¨ íâ® à §«®¦¥¨¥ ¯à¨¢®¤¨â ª ¦¤ë© ®¯¥à â®à R(a) ¤«ï
a ∈ A, â® £®¢®àïâ, çâ® ¯à¥¤áâ ¢«¥¨¥ R ¯à¨¢¥¤¥® ª ¯àï¬®© áã¬¬¥
(¯®¤)¯à¥¤áâ ¢«¥¨© R1 ¨ R2 (¯®à®¦¤¥ëå X1 ¨ X2 á®®â¢¥âáâ¢¥-
®). �â¬¥â¨¬ ¢ ¦®áâì § ¤ ç¨ ¨§ãç¥¨ï ¯à®¨§¢®«ìëå ¥¯à¨¢®¤¨-
¬ëå ¯à¥¤áâ ¢«¥¨© (= ¯à¥¤áâ ¢«¥¨©, ¥ á®¤¥à¦ é¨å ¥âà¨¢¨ «ì-
ëå ¯®¤¯à¥¤áâ ¢«¥¨©).

8.2.3. �¥®à¥¬  �¥«ìä ¤  | � ä®à¤ . �â¥£à « �¨áá 
| � ä®à¤  RT á«ã¦¨â ¯à¥¤áâ ¢«¥¨¥¬  «£¥¡àë à®áâª®¢ £®«®¬®àä-
ëå äãªæ¨©   á¯¥ªâà¥ ®¯¥à â®à  T ¢ ¯à®áâà áâ¢¥ X | ®¡« áâ¨
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®¯à¥¤¥«¥¨ï ®¯¥à â®à  T . �à¨ íâ®¬ ¥á«¨ f(z) =
∑∞

n=0 cnzn (¢ ®ªà¥áâ-
®áâ¨ Sp(T )), â® f(T ) =

∑∞
n=0 cnTn (áã¬¬¨à®¢ ¨¥ ¢¥¤¥âáï ®â®á¨-

â¥«ì® ®¯¥à â®à®© ®à¬ë ¢ B(X)).
C �®, çâ® RT | «¨¥©ë© ®¯¥à â®à, ¥á®¬¥®. �áâ ®¢¨¬

¬ã«ìâ¨¯«¨ª â¨¢®áâì RT . �«ï íâ®£® ¢®§ì¬¥¬ f1, f2 ∈ H (Sp(T )) ¨
¢ë¡¥à¥¬ ¯à®áâë¥ ª àâ¨ë F1, F2 â ª¨¥, çâ® Sp(T ) ⊂ int F1 ⊂ F1 ⊂
int F2 ⊂ F2 ⊂ D , ¯à¨ç¥¬ äãªæ¨¨ f1 ∈ f1, f2 ∈ f2 ï¢«ïîâáï £®«®-
¬®àäë¬¨   D .

�à¨¢«¥ª ï ®ç¥¢¨¤ë¥ á¢®©áâ¢  ¨â¥£à «  �®å¥à , ª« áá¨ç¥-
áªãî â¥®à¥¬ã �®è¨ ¨ â®¦¤¥áâ¢® �¨«ì¡¥àâ  5.6.19, ¯®á«¥¤®¢ â¥«ì®
¯®«ãç ¥¬

RT f1 ◦RT f2 = f1(T )f2(T ) = 1
2πi

1
2πi

∫

∂F1

f1(z1)
z1 − T

dz1 ◦
∫

∂F2

f2(z2)
z2 − T

dz2 =

= 1
2πi

1
2πi

∫

∂F2




∫

∂F1

f1(z1)R(T, z1)dz1


 f2(z2)R(T, z2)dz2 =

= 1
2πi

1
2πi

∫

∂F1

∫

∂F2

f1(z1)f2(z2)R(T, z1)R(T, z2)dz2dz1 =

= 1
2πi

1
2πi

∫

∂F1

∫

∂F2

f1(z1)f2(z2)R(T, z1)−R(T, z2)
z2 − z1

dz2dz1 =

= 1
2πi

∫

∂F1

f1(z1)


 1

2πi

∫

∂F2

f2(z2)
z2 − z1

dz2


 R(T, z1)dz1−

− 1
2πi

∫

∂F2

f2(z2)


 1

2πi

∫

∂F1

f1(z1)
z2 − z1

dz1


 R(T, z2)dz2 =

= 1
2πi

∫

γ

f1(z1)f2(z1)R(T, z1)dz1 − 0 = f1f2(T ) = RT (f1 f2).

�ë¡¥à¥¬ ®ªàã¦®áâì γ := εT, «¥¦ éãî ª ª ¢ res(T ), â ª ¨ ¢ã-
âà¨ ªàã£  áå®¤¨¬®áâ¨ àï¤  f(z) =

∑∞
n=0 cnzn. �ç¨âë¢ ï 5.6.16 ¨

5.5.9 (6), ¨¬¥¥¬
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f(T ) = 1
2πi

∫

γ

f(z)
∞∑

n=0
z−n−1Tndz =

= 1
2πi

∞∑
n=0

∫

γ

f(z)z−n−1Tndz =

=
∞∑

n=0


 1

2πi

∫

γ

f(z)
zn+1 dz


Tn =

∞∑
n=0

cnTn

¢ á¨«ã 8.1.9. B
8.2.4. � ¬¥ç ¨¥. �¥®à¥¬ã 8.2.3 ç áâ®  §ë¢ îâ ®á®¢®© â¥-

®à¥¬®© £®«®¬®àä®£® äãªæ¨® «ì®£® ¨áç¨á«¥¨ï.
8.2.5. �¥®à¥¬  ®¡ ®â®¡à ¦¥¨¨ á¯¥ªâà . �«ï «î¡®© äãª-

æ¨¨ f ∈ H(Sp(T )), £®«®¬®àä®© ¢ ®ªà¥áâ®áâ¨ á¯¥ªâà  ®¯¥à â®à  T
¨§ B(X), ¢ë¯®«¥®

f(Sp(T )) = Sp(f(T )).

C �ãáâì á ç «  ¤ ®, çâ® λ ∈ Sp(f(T )) ¨ f−1(λ) ∩ Sp(T ) = ∅.
�«ï â®çª¨ z ∈ (C\f−1(λ))∩dom f ¯®«®¦¨¬ g(z) := (λ−f(z))−1. �®£¤ 
g | £®«®¬®àä ï äãªæ¨ï ¢ ®ªà¥áâ®áâ¨ Sp(T ), ¯à¨ç¥¬ g(λ− f) =
(λ− f)g = 1C. �à¨¢«¥ª ï 8.2.3, ¢¨¤¨¬, çâ® λ ∈ res(f(T )). �®á«¥¤¥¥
¯à®â¨¢®à¥ç¨â ãá«®¢¨î. � ç¨â, f−1(λ)∩Sp(T ) 6= ∅, â. ¥. Sp(f(T )) ⊂
f(Sp(T )).

�ãáâì â¥¯¥àì λ ∈ Sp(T ). �®«®¦¨¬

λ 6= z ⇒ g(z) := f(λ)− f(z)
λ− z

; g(λ) := f ′(λ).

�®ïâ®, çâ® g | £®«®¬®àä ï äãªæ¨ï (®á®¡¥®áâì ýãáâà ¥ þ).
�§ 8.2.3 ¯®«ãç ¥¬

g(T )(λ− T ) = (λ− T )g(T ) = f(λ)− f(T ).

� ç¨â, ¥á«¨ f(λ) ∈ res(f(T )), â® ®¯¥à â®à R(f(T ), f(λ))g(T ) ï¢«ï-
¥âáï ®¡à âë¬ ª λ − T . �ë¬¨ á«®¢ ¬¨, λ ∈ res(T ), çâ® ¥¢¥à®.
�â ª, f(λ) ∈ C \ res(f(T )) = Sp(f(T )), â. ¥. f(Sp(T )) ⊂ Sp(f(T )). B
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8.2.6. �ãáâì K | ¥¯ãáâ®© ª®¬¯ ªâ; g : dom g → C | £®«®-
¬®àä ï äãªæ¨ï, ¯à¨ç¥¬ dom g ⊃ K. �«ï f ∈ H(g(K)) ¯®«®¦¨¬
◦
g(f) := f ◦ g. �®£¤  ◦

g | ¯à¥¤áâ ¢«¥¨¥  «£¥¡àë H (g(K)) ¢  «£¥¡à¥
H (K). CB

8.2.7. �¥®à¥¬  � ä®à¤ . �«ï ¢áïª®© äãªæ¨¨ g : dom g →
C, £®«®¬®àä®© ¢ ®ªà¥áâ®áâ¨ dom g á¯¥ªâà  Sp(T ) ®¯¥à â®à  T ∈
B(X), ª®¬¬ãâ â¨¢  á«¥¤ãîé ï ¤¨ £à ¬¬  ¯à¥¤áâ ¢«¥¨©:

B(X)

H (Sp(T )) H (Sp(g(T )))

Rg(T )

◦
g

RT

¾

?

@
@

@
@

@R

C �ãáâì f ∈ H (g(Sp(T ))) ¨ f : D → C â ª®¢ë, çâ® f ∈ f
¨ D ⊃ g(Sp(T )) = Sp(g(T )). �ãáâì F1 | ¯à®áâ ï ª àâ¨  ¤«ï ¯ àë
(Sp(g(T )), D) ¨ F2 | ¯à®áâ ï ª àâ¨  ¤«ï ¯ àë (Sp(T ), g−1(int F1)).
�á®, çâ® ¯à¨ íâ®¬ g(∂F2) ⊂ int F1 ¨, ªà®¬¥ â®£®, äãªæ¨ï z2 7→
(z1−g(z2))−1 ®¯à¥¤¥«¥  ¨ £®«®¬®àä  ¢ int F2 ¤«ï z1 ∈ ∂F1. � ª¨¬
®¡à §®¬, ¯® 8.2.3

R(g(T ), z1) = 1
2πi

∫

∂F2

R(T, z2)
z1 − g(z2)dz2 (z1 ∈ ∂F1).

�ç¨âë¢ ï íâ® á®®â®è¥¨¥, ¯®á«¥¤®¢ â¥«ì® ¨¬¥¥¬

Rg(T )f = 1
2πi

∫

∂F1

f(z1)
z1 − g(T )dz1 =

= 1
2πi

1
2πi

∫

∂F1

f(z1)




∫

∂F2

R(T, z2)
z1 − g(z2)dz2


 dz1 =

= 1
2πi

1
2πi

∫

∂F2




∫

∂F1

f(z1)
z1 − g(z2)dz1


R(T, z2)dz2 =
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= 1
2πi

∫

∂F2

f(g(z2))R(T, z2)dz2 = RT
◦
g(f)

(â ª ª ª g(z2) ∈ int F1 ¤«ï z2 ∈ ∂F2 ¯® ¯®áâà®¥¨î, â®   ®á®¢ ¨¨
ª« áá¨ç¥áª®© â¥®à¥¬ë �®è¨

f(g(z2)) = 1
2πi

∫

∂F1

f(z1)
z1 − g(z2)dz1. B

8.2.8. � ¬¥ç ¨¥. �¥®à¥¬ã � ä®à¤  ¢¥áì¬  ç áâ®  §ë¢ îâ
â¥®à¥¬®© ® á«®¦®© äãªæ¨¨ ¨ á¨¬¢®«¨ç¥áª¨ § ¯¨áë¢ îâ â ª: f ◦
g(T ) = f(g(T )) ¤«ï f ∈ H(g(Sp(T ))).

8.2.9. �¯à¥¤¥«¥¨¥. �®¤¬®¦¥áâ¢® σ ¢ Sp(T )  §ë¢ îâ á¯¥ª-
âà «ìë¬ ¬®¦¥áâ¢®¬ ¨«¨ ¨§®«¨à®¢ ®© ç áâìî á¯¥ªâà  T , ¥á«¨
ª ª σ, â ª ¨ ¥£® ¤®¯®«¥¨¥ σ′ := Sp (T ) \ σ ï¢«ïîâáï § ¬ªãâë¬¨
¬®¦¥áâ¢ ¬¨.

8.2.10. �ãáâì σ | á¯¥ªâà «ì®¥ ¬®¦¥áâ¢® ¨ κσ | íâ® (ª ª ï-
¨¡ã¤ì) äãªæ¨ï, à ¢ ï ¥¤¨¨æ¥ ¢ ¥ª®â®à®© ®âªàëâ®© ®ªà¥áâ®-
áâ¨ σ ¨ ã«î ¢ ¥ª®â®à®© ®âªàëâ®© ®ªà¥áâ®áâ¨ σ′. �ãáâì, ¤ «¥¥,

Pσ := κσ(T ) := 1
2πi

∮
κσ(z)
z − T

dz.

�®£¤  Pσ | ¯à®¥ªâ®à ¢ X ¨ (§ ¬ªãâ®¥) ¯®¤¯à®áâà áâ¢® Xσ :=
im Pσ ¨¢ à¨ â® ®â®á¨â¥«ì® T .

C �®áª®«ìªã κ2
σ = κσ, â®, ¯® 8.2.3, κσ(T )2 = κσ(T ). �®¬¨¬®

íâ®£®, T = RT IC, £¤¥ IC : z 7→ z, ®âªã¤  TPσ = PσT (¨¡® IC κσ =
κσ IC). � ç¨â, ¢ á¨«ã 2.2.9 (4), Xσ ¨¢ à¨ â® ®â®á¨â¥«ì® T . B

8.2.11. �¯à¥¤¥«¥¨¥. �¯¥à â®à Pσ ¨§ 8.2.10  §ë¢ îâ ¯à®¥ª-
â®à®¬ �¨áá  ¨«¨ ¦¥ á¯¥ªâà «ìë¬ ¯à®¥ªâ®à®¬, ®â¢¥ç îé¨¬ á¯¥ª-
âà «ì®¬ã ¬®¦¥áâ¢ã σ.

8.2.12. �¥®à¥¬  ® à §¡¨¥¨¨ á¯¥ªâà . �ãáâì σ | á¯¥ªâà «ì-
®¥ ¬®¦¥áâ¢® ®¯¥à â®à  T ¨§ B(X). �®£¤  ¨¬¥¥â ¬¥áâ® à §«®¦¥¨¥
X ¢ ¯àï¬ãî áã¬¬ã ¨¢ à¨ âëå ¯®¤¯à®áâà áâ¢ X = Xσ ⊕ Xσ′ ,
¯à¨¢®¤ïé¥¥ T ª ¬ âà¨ç®¬ã ¢¨¤ã

T ∼
(

Tσ 0
0 Tσ′

)
,
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£¤¥ ç áâì Tσ ®¯¥à â®à  T ¢ Xσ ¨ ç áâì Tσ′ ®¯¥à â®à  T ¢ Xσ′ â ª®¢ë,
çâ®

Sp(Tσ) = σ, Sp(Tσ′) = σ′.

C �®áª®«ìªã κσ + κσ′ = κSp(T ) = 1C, â® ¢¢¨¤ã 8.2.3 ¨ 8.2.10
á«¥¤ã¥â ãáâ ®¢¨âì â®«ìª® ãâ¢¥à¦¤¥¨¥ ® á¯¥ªâà¥ Tσ.

�§ 8.2.5 ¨ 8.2.3 ¯®«ãç ¥¬
σ ∪ 0 = κσIC(Sp(T )) = Sp (κσIC(T )) = Sp (RT (κσIC)) =

= Sp(RTκσ ◦RT IC) = Sp(PσT ).
�à¨ íâ®¬ ¢ ¬ âà¨ç®¬ ¢¨¤¥

PσT ∼
(

Tσ 0
0 0

)
.

�ãáâì λ | ¥ã«¥¢®¥ ª®¬¯«¥ªá®¥ ç¨á«®. �®£¤ 

λ− PσT ∼
(

λ− Tσ 0
0 λ

)
,

â. ¥. ®¯¥à â®à λ − PσT ¥®¡à â¨¬ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥,
¥á«¨ ¥®¡à â¨¬ ®¯¥à â®à λ − Tσ. �â ª, Sp(Tσ) \ 0 ⊂ Sp(PσT ) \ 0 =
(σ ∪ 0) \ 0 ⊂ σ.

�®¯ãáâ¨¬, çâ® 0 ∈ Sp(Tσ) ¨ 0 /∈ σ. �ë¡¥à¥¬ ®âªàëâë¥ ¥¯¥à¥á¥-
ª îé¨¥áï ¬®¦¥áâ¢  Dσ ¨ Dσ′ â ª, çâ® σ ⊂ Dσ, 0 /∈ Dσ ¨ σ′ ⊂ Dσ′ ,
¨ ¯®«®¦¨¬

z ∈ Dσ ⇒ h(z) := 1
z

;

z ∈ Dσ′ ⇒ h(z) := 0.

�® 8.2.3, h(T )T = Th(T ) = Pσ. �®«¥¥ â®£®, à § hκσ = κσ h, â®
à §«®¦¥¨¥ X = Xσ ⊕Xσ′ ¯à¨¢®¤¨â h(T ) ¨ ¤«ï ç áâ¨ h(T )σ ®¯¥à -
â®à  h(T ) ¢ Xσ ¢¥à® h(T )σTσ = Tσh(T )σ = 1. � ª¨¬ ®¡à §®¬, Tσ

®¡à â¨¬, â. ¥. 0 /∈ Sp(Tσ). �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥, ®§ ç îé¥¥, çâ®
0 ∈ σ. �ë¬¨ á«®¢ ¬¨, ¢ë¯®«¥® Sp(Tσ) ⊂ σ.

� ¬¥â¨¬ â¥¯¥àì, çâ® res(T ) = res(Tσ) ∩ res(Tσ′). � ç¨â, ¯® ã¦¥
¤®ª § ®¬ã

Sp(T ) = C \ res(T ) = C \ (res(Tσ) ∩ res(Tσ′)) =
= (C \ res(Tσ)) ∪ (C \ res(Tσ′)) = Sp(Tσ) ∪ Sp(Tσ′) ⊂ σ ∪ σ′ = Sp(T ).

�ç¨âë¢ ï, çâ® σ ∩ σ′ = ∅, ¯®«ãç ¥¬ âà¥¡ã¥¬®¥. B
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8.2.13. �¥®à¥¬  ® à §«®¦¥¨¨ ¨â¥£à «  �¨áá  | � -
ä®à¤ . �ãáâì σ | á¯¥ªâà «ì®¥ ¬®¦¥áâ¢® ®¯¥à â®à  T ∈ B(X).
� §«®¦¥¨¥ X = Xσ ⊕ Xσ′ ¯à¨¢®¤¨â ¯à¥¤áâ ¢«¥¨¥ RT  «£¥¡àë
H (Sp(T )) ¢ X ª ¯àï¬®© áã¬¬¥ ¯à¥¤áâ ¢«¥¨© Rσ ¨ Rσ′ . �à¨ íâ®¬
ª®¬¬ãâ â¨¢ë á«¥¤ãîé¨¥ ¤¨ £à ¬¬ë ¯à¥¤áâ ¢«¥¨©:

B(Xσ)

H (Sp(T )) H (σ)

RTσ

κσ

Rσ

-

?

@
@

@
@

@R
B(Xσ′)

H (Sp(T )) H (σ′)

RTσ′

κσ′

Rσ′

-

?

@
@

@
@

@R

�¤¥áì κσ (f) := κσf, κσ′(f) := κσ′f ¤«ï f ∈ H(Sp(T )) | ¯à¥¤áâ ¢«¥-
¨ï, ¯®à®¦¤¥ë¥ áã¦¥¨ï¬¨ f   σ ¨ σ′ á®®â¢¥âáâ¢¥®. CB

8.3. �¤¥ « ª®¬¯ ªâëå ®¯¥à â®à®¢ ¨ ¯à®¡«¥¬ 
 ¯¯à®ªá¨¬ æ¨¨

8.3.1. �ãáâì X, Y | ¡  å®¢ë ¯à®áâà áâ¢ . �«ï «¨¥©®£®
®¯¥à â®à  K ∈ L (X, Y ) íª¢¨¢ «¥âë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï:

(1) ®¯¥à â®à K ª®¬¯ ªâ¥: K ∈ K (X, Y );
(2) áãé¥áâ¢ãîâ ®ªà¥áâ®áâì ã«ï U ¢ X ¨ ª®¬¯ ªâ®¥

¬®¦¥áâ¢® V ¢ Y â ª¨¥, çâ® K(U) ⊂ V ;
(3) ®¡à § ¯à¨ ®â®¡à ¦¥¨¨ K «î¡®£® ®£à ¨ç¥®£® ¬®-

¦¥áâ¢  ¢ X ®â®á¨â¥«ì® ª®¬¯ ªâ¥ ¢ Y ;
(4) ®¡à § «î¡®£® ®£à ¨ç¥®£® ¢ X ¬®¦¥áâ¢  (¯à¨ ®â®-

¡à ¦¥¨¨ K) ¢¯®«¥ ®£à ¨ç¥ ¢ Y ;
(5) ¤«ï ª ¦¤®© ¯®á«¥¤®¢ â¥«ì®áâ¨ (xn)n∈N â®ç¥ª ¥¤¨-

¨ç®£® è à  BX ¯®á«¥¤®¢ â¥«ì®áâì (Kxn)n∈N á®-
¤¥à¦¨â ¥ª®â®àãî äã¤ ¬¥â «ìãî ¯®¤¯®á«¥¤®¢ -
â¥«ì®áâì. CB

8.3.2. �¥®à¥¬ . �ãáâì X, Y | ¡  å®¢ë ¯à®áâà áâ¢ . �®£¤ 
(1) K (X, Y ) | § ¬ªãâ®¥ ¯®¤¯à®áâà áâ¢® B(X, Y );
(2) ¤«ï «î¡ëå ¡  å®¢ëå ¯à®áâà áâ¢ W ¨ Z ¢ë¯®«¥®

B(Y, Z) ◦K (X, Y ) ◦B(W, X) ⊂ K (W, Z),
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â. ¥. ¥á«¨ S ∈ B(W, X), T ∈ B(Y, Z),   K ∈
K (X, Y ), â® TKS ∈ K (W, Z);

(3) IF ∈ K (F) := K (F, F) ¤«ï ®á®¢®£® ¯®«ï F.
C �®, çâ® K (X, Y ) | ¯®¤¯à®áâà áâ¢® B(X, Y ), á«¥¤ã¥â ¨§

8.3.1. �á«¨ Kn ∈ K (X, Y ) ¨ Kn → K, â® ¤«ï ε > 0 ¯à¨ ¤®áâ â®ç-
® ¡®«ìè¨å n ¨¬¥¥¬ ‖Kx −Knx‖ ≤ ‖K − Kn‖ ‖x‖ ≤ ε, ª ª â®«ìª®
x ∈ BX . � ª¨¬ ®¡à §®¬, Kn(BX) á«ã¦¨â ε-á¥âìî (= Bε-á¥âìî) ¤«ï
K(BX). �áâ ¥âáï á®á« âìáï   4.6.4, çâ®¡ë § ª®ç¨âì ¤®ª § â¥«ì-
áâ¢® § ¬ªãâ®áâ¨ K (X, Y ). �à®ç¨¥ ãâ¢¥à¦¤¥¨ï â¥®à¥¬ë ïáë. B

8.3.3. � ¬¥ç ¨¥. �¥®à¥¬ã 8.3.2 ç áâ® ¢ëà ¦ îâ á«¥¤ãîé¨-
¬¨ á«®¢ ¬¨: ýª« áá ¢á¥å ª®¬¯ ªâëå ®¯¥à â®à®¢ ¯à¥¤áâ ¢«ï¥â á®¡®©
®¯¥à â®àë© ¨¤¥ «þ. �à¨ íâ®¬ ¨¬¥îâ ¢ ¢¨¤ã ®ç¥¢¨¤ãî   «®£¨î
â®¬ã, çâ® K (X) := K (X, X) ¯à¥¤áâ ¢«ï¥â á®¡®© (¤¢ãáâ®à®¨© § -
¬ªãâë©) ¨¤¥ « ¢  «£¥¡à¥ B(X), â. ¥. K (X) ◦ B(X) ⊂ K (X) ¨
B(X) ◦K (X) ⊂ K (X).

8.3.4. �¥®à¥¬  � «ª¨ . �¤¥ «ë 0, K (l2), B(l2) á®áâ ¢«ïîâ
¯®«ë© ¯¥à¥ç¥ì § ¬ªãâëå ¤¢ãáâ®à®¨å ¨¤¥ «®¢  «£¥¡àë B(l2)
®£à ¨ç¥ëå í¤®¬®àä¨§¬®¢ £¨«ì¡¥àâ®¢  ¯à®áâà áâ¢  l2.

8.3.5. � ¬¥ç ¨¥. � á¢ï§¨ á 8.3.4 ïá®, çâ® ®¯à¥¤¥«¥ãî à®«ì
¢ â¥®à¨¨ ®¯¥à â®à®¢ ¤®«¦  ¨£à âì  «£¥¡à  B(X)/K (X),  §ë¢ ¥-
¬ ï  «£¥¡à®© � «ª¨  (¢ X). �âã à®«ì ®âç áâ¨ ¬®¦® ¢¨¤¥âì ¢ 8.5.

8.3.6. �¯à¥¤¥«¥¨¥. �¯¥à â®à T ∈ L (X, Y )  §ë¢ îâ ª®¥ç-
®¬¥àë¬, ¥á«¨ T ∈ B(X, Y ) ¨ im T | ª®¥ç®¬¥à®¥ ¯®¤¯à®áâà -
áâ¢®. �à¨ íâ®¬ ¯¨èãâ T ∈ F (X, Y ).

8.3.7. �®¥ç®¬¥àë¥ ®¯¥à â®àë á®áâ ¢«ïîâ «¨¥©ãî ®¡®«®ç-
ªã ¬®¦¥áâ¢  ®£à ¨ç¥ëå ®¤®¬¥àëå ®¯¥à â®à®¢:

T ∈ F (X, Y ) ⇔

⇔ (∃x′1, . . . , x
′
n ∈ X ′, y1, . . . , yn ∈ Y ) T =

n∑

k=1
x′k ⊗ yk. CB

8.3.8. �¯à¥¤¥«¥¨¥. �ãáâì Q | (¥¯ãáâ®©) ª®¬¯ ªâ ¢ X. �«ï
T ∈ B(X, Y ) ¯®«®¦¨¬

‖T‖Q := sup ‖T (Q)‖.
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�®¢®ªã¯®áâì ¢á¥å ¯®«ã®à¬ ¢¨¤  ‖ · ‖Q ¢ B(X, Y )  §ë¢ îâ ¬ã«ì-
â¨®à¬®© �à¥á  ¢ B(X, Y ) ¨ ®¡®§ ç îâ κB(X,Y ). �®®â¢¥âáâ¢ãî-
éãî â®¯®«®£¨î  §ë¢ îâ â®¯®«®£¨¥© à ¢®¬¥à®© áå®¤¨¬®áâ¨  
ª®¬¯ ªâ å.

8.3.9. �¥®à¥¬  �à®â¥¤¨ª . �ãáâì X | ¡  å®¢® ¯à®áâà -
áâ¢®. �«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï íª¢¨¢ «¥âë:

(1) ¤«ï ª ¦¤ëå ε > 0 ¨ ª®¬¯ ªâ®£® ¬®¦¥áâ¢  Q ¢ X
 ©¤¥âáï ®¯¥à â®à T ∈ F (X) := F (X, X) â ª®©, çâ®
‖Tx− x‖ ≤ ε ¤«ï ¢á¥å x ∈ Q;

(2) ¤«ï «î¡®£® ¡  å®¢  ¯à®áâà áâ¢  W ¯®¤¯à®áâà -
áâ¢® F (W, X) ¯«®â® ¢ B(W, X) ®â®á¨â¥«ì® ¬ã«ì-
â¨®à¬ë �à¥á  κB(W,X);

(3) ¤«ï «î¡®£® ¡  å®¢  ¯à®áâà áâ¢  Y ¯®¤¯à®áâà -
áâ¢® F (X, Y ) ¯«®â® ¢ B(X, Y ) ®â®á¨â¥«ì® ¬ã«ì-
â¨®à¬ë �à¥á  κB(X, Y ).

C �á®, çâ® (2) ⇒ (1) ¨ (3) ⇒ (1). �®íâ®¬ã ãáâ ®¢¨¬, çâ® (1)
⇒ (2) ¨ (1) ⇒ (3).

(1) ⇒ (2): �á«¨ T ∈ B(W, X) ¨ ∅ 6= Q ⊂ W | ª®¬¯ ªâ ¢ W , â®,
¯® â¥®à¥¬¥ �¥©¥àèâà áá  4.4.5, T (Q) | ª®¬¯ ªâ ¢ X ¨, áâ «® ¡ëâì,
¤«ï ε > 0 ¯® ãá«®¢¨î áãé¥áâ¢ã¥â ®¯¥à â®à T0 ∈ F (X) â ª®©, çâ®
‖T0 − IX‖T (Q) = ‖T0T − T‖Q ≤ ε. �¥á®¬¥®, çâ® T0T ∈ F (W, X).

(1) ⇒ (3): �ãáâì T ∈ B(X, Y ). �á«¨ T = 0, â® ¤®ª §ë¢ âì
¨ç¥£® ¥  ¤®. �ãáâì T 6= 0, ε > 0 ¨ Q | ¥¯ãáâ®© ª®¬¯ ªâ ¢ X.
�® ãá«®¢¨î áãé¥áâ¢ã¥â ®¯¥à â®à T0 ∈ F (X) â ª®©, çâ® ‖T0−IX‖Q ≤
ε‖T‖−1. �®£¤  ‖TT0 − T‖Q ≤ ‖T‖ ‖T0 − IX‖Q ≤ ε. �à®¬¥ â®£®,
TT0 ∈ F (X, Y ). B

8.3.10. �¯à¥¤¥«¥¨¥. �  å®¢® ¯à®áâà áâ¢®, ã¤®¢«¥â¢®àïî-
é¥¥ ®¤®¬ã (  § ç¨â, ¨ «î¡®¬ã) ¨§ íª¢¨¢ «¥âëå ãá«®¢¨© 8.3.9
(1){8.3.9 (3),  §ë¢ îâ ®¡« ¤ îé¨¬ á¢®©áâ¢®¬  ¯¯à®ªá¨¬ æ¨¨.

8.3.11. �à¨â¥à¨© �à®â¥¤¨ª . �  å®¢® ¯à®áâà áâ¢® X ®¡-
« ¤ ¥â á¢®©áâ¢®¬  ¯¯à®ªá¨¬ æ¨¨ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á-
«¨ ¤«ï ª ¦¤®£® ¡  å®¢  ¯à®áâà áâ¢  W ¢ë¯®«¥® cl F (W, X) =
K (W, X), £¤¥ § ¬ëª ¨¥ ¢ëç¨á«¥® ®â®á¨â¥«ì® ®¯¥à â®à®© ®à-
¬ë.

8.3.12. � ¬¥ç ¨¥. �®«£® áç¨â «¨ (¨, à §ã¬¥¥âáï, ¥ ¬®£«¨
¤®ª § âì), çâ® ¢á¥ ¡  å®¢ë ¯à®áâà áâ¢  ®¡« ¤ îâ á¢®©áâ¢®¬  ¯-
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¯à®ªá¨¬ æ¨¨. �®íâ®¬ã  ©¤¥ë© �. �ä«®   ®á®¢¥ â®ª¨å à ááã-
¦¤¥¨© ¯à¨¬¥à ¡  å®¢  ¯à®áâà áâ¢  ¡¥§ á¢®©áâ¢   ¯¯à®ªá¨¬ æ¨¨
¡ë« ¢®á¯à¨ïâ ¢ ª®æ¥ 70-å £®¤®¢ ª ª á¥á æ¨®ë©. �  áâ®ïé¥¥
¢à¥¬ï ¨§¢¥áâë ¬®£¨¥ ª®âà¯à¨¬¥àë â ª®£® à®¤ .

8.3.13. �®âà¯à¨¬¥à � ª®¢áª®£®. �à®áâà áâ¢® B(l2) ¥
®¡« ¤ ¥â á¢®©áâ¢®¬  ¯¯à®ªá¨¬ æ¨¨.

8.3.14. �®âà¯à¨¬¥àë �í¢¨ | �¨£¥«ï | � ª®¢áª®-
£®. �à®áâà áâ¢  lp ¯à¨ p 6= 2 ¨ c0 ¨¬¥îâ § ¬ªãâë¥ ¯®¤¯à®áâà -
áâ¢ , ¥ ®¡« ¤ îé¨¥ á¢®©áâ¢®¬  ¯¯à®ªá¨¬ æ¨¨.

8.4. �¥®à¨ï �¨áá  | � ã¤¥à 
8.4.1. �¥¬¬  ®¡ ε-¯¥à¯¥¤¨ªã«ïà¥. �ãáâì X0 | § ¬ªãâ®¥

¯®¤¯à®áâà áâ¢® ¡  å®¢  ¯à®áâà áâ¢  X ¨ X 6= X0. �«ï «î¡®£®
ε > 0 ¢ X ¨¬¥¥âáï ε-¯¥à¯¥¤¨ªã«ïà ª X0, â. ¥. â ª®© í«¥¬¥â xε ∈ X,
çâ® ‖xε‖ = 1 ¨ d(xε, X0) := inf d‖·‖({xε} ×X0) ≥ 1− ε.

C �ãáâì 1 > ε ¨ x ∈ X \ X0. �®ïâ®, çâ® d := d(x, X0) > 0.
� ¯®¤¯à®áâà áâ¢¥ X0 ¯®¤ëé¥¬ x′, ¤«ï ª®â®à®£® ‖x−x′‖ ≤ d/(1−ε)
(íâ® ¢®§¬®¦®, ¨¡® d/(1− ε) > d). �®«®¦¨¬ xε := (x− x′)‖x− x′‖−1.
�®£¤  ‖xε‖ = 1. � ª®¥æ, ¤«ï x0 ∈ X0 ¢ë¯®«¥®

‖x0 − xε‖ =
∥∥∥∥x0 − x− x′

‖x− x′‖

∥∥∥∥ =

= 1
‖x′ − x‖ ‖(‖x− x′‖x0 + x′)− x‖ ≥ d(x, X0)

‖x′ − x‖ ≥ 1− ε. B

8.4.2. �à¨â¥à¨© �¨áá . �ãáâì X | ¡  å®¢® ¯à®áâà áâ¢®.
�®¦¤¥áâ¢¥ë© ®¯¥à â®à ¢ X ª®¬¯ ªâ¥ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥,
¥á«¨ X ª®¥ç®¬¥à®.

C �ã¦¤ ¥âáï ¢ ¯à®¢¥àª¥ «¨èì áâà¥«ª  ⇒. �á«¨ ¨§¢¥áâ®, çâ® X
¥ ï¢«ï¥âáï ª®¥ç®¬¥àë¬ ¯à®áâà áâ¢®¬, â® ¢ X ¬®¦® ãª § âì
¯®á«¥¤®¢ â¥«ì®áâì ª®¥ç®¬¥àëå ¯®¤¯à®áâà áâ¢ X1 ⊂ X2 ⊂ . . .
â ªãî, çâ® Xn+1 6= Xn ¯à¨ ¢á¥å n ∈ N. �  ®á®¢ ¨¨ 8.4.1 áãé¥áâ¢ã-
¥â ¯®á«¥¤®¢ â¥«ì®áâì (xn), ¤«ï ª®â®à®© xn+1 ∈ Xn+1, ‖xn+1‖ = 1
¨ d(xn+1, Xn) ≥ 1/2, â. ¥. ¯®á«¥¤®¢ â¥«ì®áâì 1/2-¯¥à¯¥¤¨ªã«ïà®¢
ª Xn ¢ Xn+1. �á®, çâ® d(xm, xk) ≥ 1/2 ¤«ï m 6= k. �ë¬¨ á«®¢ ¬¨,
¯®á«¥¤®¢ â¥«ì®áâì (xn) ¥ á®¤¥à¦¨â äã¤ ¬¥â «ì®© ¯®¤¯®á«¥¤®-
¢ â¥«ì®áâ¨. � ç¨â, ¯® 8.3.1 ®¯¥à â®à IX ¥ ï¢«ï¥âáï ª®¬¯ ªâ-
ë¬. B
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8.4.3. �ãáâì T ∈ K (X, Y ), £¤¥ X, Y | ¡  å®¢ë ¯à®áâà -
áâ¢ . �¯¥à â®à T ®à¬ «ì® à §à¥è¨¬ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥,
¥á«¨ T ª®¥ç®¬¥à¥.

C �ã¦¤ ¥âáï ¢ ¯à®¢¥àª¥ «¨èì ¨¬¯«¨ª æ¨ï ⇒.
�ãáâì Y0 := im T | § ¬ªãâ®¥ ¯®¤¯à®áâà áâ¢® ¢ Y . �® â¥®à¥-

¬¥ �  å  ® £®¬®¬®àä¨§¬¥ 7.4.4 ®¡à § ¥¤¨¨ç®£® è à  T (BX) |
®ªà¥áâ®áâì ã«ï ¢ Y0. �à®¬¥ â®£®, ¢ á¨«ã ª®¬¯ ªâ®áâ¨ T ¬®¦¥-
áâ¢® T (BX) ®â®á¨â¥«ì® ª®¬¯ ªâ® ¢ Y0. �áâ ¥âáï ¯à¨¬¥¨âì 8.4.2
ª Y0. B

8.4.4. �ãáâì X | ¡  å®¢® ¯à®áâà áâ¢® ¨ K ∈ K (X). �®£¤ 
®¯¥à â®à 1−K ®à¬ «ì® à §à¥è¨¬.

C �®«®¦¨¬ T := 1 − K. �ãáâì X1 := ker T . �¥á®¬¥®,
çâ® X1 ª®¥ç®¬¥à® ¯® 8.4.2. � á®®â¢¥âáâ¢¨¨ á 7.4.11 (1) ª®¥ç-
®¬¥à®¥ ¯®¤¯à®áâà áâ¢® ¤®¯®«ï¥¬®. �¡®§ ç¨¬ X2 â®¯®«®£¨ç¥-
áª®¥ ¤®¯®«¥¨¥ X1. �ç¨âë¢ ï, çâ® X2 | ¡  å®¢® ¯à®áâà áâ¢®
¨ à ¢¥áâ¢® T (X) = T (X2), á«¥¤ã¥â ãáâ ®¢¨âì, çâ® ¤«ï ¥ª®â®-
à®£® t > 0 ¢ë¯®«¥® ‖Tx‖ ≥ t‖x‖ ¤«ï ¢á¥å x ∈ X2. � ¯à®â¨¢-
®¬ á«ãç ¥  ©¤¥âáï ¯®á«¥¤®¢ â¥«ì®áâì (xn) â ª¨å í«¥¬¥â®¢, çâ®
‖xn‖ = 1, xn ∈ X2 ¨ Txn → 0. �á¯®«ì§ãï ª®¬¯ ªâ®áâì K, ¬®¦®
áç¨â âì, çâ® (Kxn) áå®¤¨âáï. �®«®¦¨¬ y := lim Kxn. �®£¤  ¯®á«¥-
¤®¢ â¥«ì®áâì (xn) áå®¤¨âáï ª y, ¨¡® y = lim(Txn + Kxn) = lim xn.
�à¨ íâ®¬ Ty = lim Txn = 0, â. ¥. y ∈ X1. �à®¬¥ â®£®, ¥á®¬¥®,
y ∈ X2. �â ª, y ∈ X1 ∩ X2, â. ¥. y = 0. �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥
(‖y‖ = lim ‖xn‖ = 1). B

8.4.5. �«ï ¢áïª®£® ε > 0 ¢¥ ªàã£  à ¤¨ãá  ε á æ¥âà®¬ ¢ ã-
«¥ ¬®¦¥â «¥¦ âì «¨èì ª®¥ç®¥ ¬®¦¥áâ¢® á®¡áâ¢¥ëå ç¨á¥« ª®¬-
¯ ªâ®£® ®¯¥à â®à .

C �®¯ãáâ¨¬, çâ® ¢®¯à¥ª¨ ãâ¢¥à¦¤ ¥¬®¬ã ¥áâì ¯®á«¥¤®¢ â¥«ì-
®áâì (λn)n∈N à §«¨çëå á®¡áâ¢¥ëå ç¨á¥« ®¯¥à â®à  K, â ª¨å
çâ® |λn| ≥ ε ¤«ï ¢á¥å n ∈ N. �ãáâì, ¤ «¥¥, 0 6= xn ∈ ker(λn − K)
| á®¡áâ¢¥ë© ¢¥ªâ®à, ®â¢¥ç îé¨© á®¡áâ¢¥®¬ã ç¨á«ã λn. �áâ -
®¢¨¬ ¯à¥¦¤¥ ¢á¥£®, çâ® ¬®¦¥áâ¢® {xn : n ∈ N} «¨¥©® ¥§ ¢¨-
á¨¬®. � á ¬®¬ ¤¥«¥, ¯ãáâì ã¦¥ ¨§¢¥áâ®, çâ® «¨¥©® ¥§ ¢¨á¨¬®
¬®¦¥áâ¢® {x1, . . . , xn}. �à¥¤¯®«®¦¨¬, çâ® xn+1 =

∑n
k=1 αkxk. �®-

£¤  0 = (λn+1 − K)xn+1 =
∑n

k=1 αk(λn+1 − λk)xk. �«¥¤®¢ â¥«ì®,
αk = 0 ¤«ï k := 1, . . . , n. �âáî¤  ¢ëâ¥ª ¥â § ¢¥¤®¬® «®¦®¥ à ¢¥-
áâ¢® xn+1 = 0.
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�®«®¦¨¬ Xn := L ({x1, . . . , xn}). �® ®¯à¥¤¥«¥¨î X1 ⊂ X2 ⊂
. . . , ¯à¨ç¥¬, ª ª ã¦¥ ¤®ª § ®, Xn+1 6= Xn ¤«ï n ∈ N. � á¨«ã 8.4.1
¨¬¥¥âáï ¯®á«¥¤®¢ â¥«ì®áâì (xn) â ª ï, çâ® xn+1 ∈ Xn+1, ‖xn+1‖ =
1 ¨ d(xn+1, Xn) ≥ 1/2. �à¨ m > k ¯àï¬®© ¯®¤áç¥â ¯®ª §ë¢ ¥â, çâ®
z := (λm+1 −K)xm+1 ∈ Xm ¨ z + Kxk ∈ Xm + Xk ⊂ Xm. � ç¨â,

‖Kxm+1 −Kxk‖ = ‖ − λm+1xm+1 + Kxm+1 + λm+1xm+1 −Kxk‖ =

= ‖λm+1xm+1 − (z + Kxk)‖ ≥ |λm+1|d(xm+1, Xm) ≥ ε

2 .

�ë¬¨ á«®¢ ¬¨, ¯®á«¥¤®¢ â¥«ì®áâì (Kxn) ¥ á®¤¥à¦¨â äã¤ ¬¥-
â «ì®© ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨. B

8.4.6. �¥®à¥¬  � ã¤¥à . �ãáâì X, Y | ¡  å®¢ë ¯à®áâà -
áâ¢  ( ¤ ®¤¨¬ ¨ â¥¬ ¦¥ ®á®¢ë¬ ¯®«¥¬ F). �®£¤ 

K ∈ K (X, Y ) ⇔ K ′ ∈ K (Y ′, X ′).

C ⇒: � ¬¥â¨¬ ¯à¥¦¤¥ ¢á¥£®, çâ® ®â®¡à ¦¥¨¥ áã¦¥¨ï x′ 7→
x′|BX

®áãé¥áâ¢«ï¥â ¨§®¬¥âà¨î X ′ ¢ l∞(BX). �®íâ®¬ã ¤«ï ãáâ ®¢-
«¥¨ï ®â®á¨â¥«ì®© ª®¬¯ ªâ®áâ¨ K ′(BY ′) á«¥¤ã¥â ¤®ª § âì ®â®-
á¨â¥«ìãî ª®¬¯ ªâ®áâì ¬®¦¥áâ¢  V := {K ′y ′|BX : y ′ ∈ BY ′}.
�¢¨¤ã â®£®, çâ® ¤«ï x ∈ BX ¨ y ′ ∈ BY ′ ¢ë¯®«¥® K ′y ′|BX (x) =
y ′ ◦K|BX (x) = y ′(Kx), à áá¬®âà¨¬ ª®¬¯ ªâ Q := cl K(BX) ¨ ®â®¡à -
¦¥¨¥

◦
K : C(Q, F) → l∞(BX), ®¯à¥¤¥«¥®¥ á®®â®è¥¨¥¬

◦
Kg : x 7→

g(Kx). �¥á®¬¥®, çâ® ®¯¥à â®à
◦
K ®£à ¨ç¥,   á«¥¤®¢ â¥«ì®, ¨

¥¯à¥àë¢¥. �ãáâì â¥¯¥àì S := {y ′|Q : y ′ ∈ BY ′}. �á®, çâ® S |
à ¢®áâ¥¯¥® ¥¯à¥àë¢®¥ ¨ ¢ â® ¦¥ ¢à¥¬ï ®£à ¨ç¥®¥ ¯®¤¬®-
¦¥áâ¢® C(Q, F). � ç¨â, ¯® â¥®à¥¬¥ �áª®«¨ | �àæ¥«  4.6.10, S ®â-
®á¨â¥«ì® ª®¬¯ ªâ®. �® â¥®à¥¬¥ �¥©¥àèâà áá  4.4.5 § ª«îç ¥¬,
çâ® ®â®á¨â¥«ì® ª®¬¯ ªâ® ¬®¦¥áâ¢®

◦
K(S). �áâ «®áì § ¬¥â¨âì,

çâ® ¤«ï y ′ ∈ BY ′ ¢ë¯®«¥®
◦
Ky ′|Q = K ′y ′|BX , â. ¥.

◦
K(S) = V .

⇐: �á«¨ K ′ ∈ K (Y ′, X ′), â® ¯® ã¦¥ ¤®ª § ®¬ã ¢ë¯®«ï¥âáï
K ′′ ∈ K (X ′′, Y ′′). � á¨«ã «¥¬¬ë ® ¤¢®©®¬ èâà¨å®¢ ¨¨ 7.6.6,
K ′′|X = K. �âáî¤  ¢ëâ¥ª ¥â, çâ® ®¯¥à â®à K ª®¬¯ ªâë©. B

8.4.7. �¥ã«¥¢ë¥ â®çª¨ á¯¥ªâà  ª®¬¯ ªâ®£® ®¯¥à â®à  ¨§®«¨-
à®¢ ë (â. ¥. ¢áïª ï â ª ï â®çª  á®áâ ¢«ï¥â á¯¥ªâà «ì®¥ ¬®¦¥-
áâ¢®).
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C �ç¨âë¢ ï 8.4.4 ¨ ¯à¨æ¨¯ èâà¨å®¢ ¨ï ¯®á«¥¤®¢ â¥«ì®áâ¥©
7.6.13, ¢¨¤¨¬, çâ® «î¡ ï ¥ã«¥¢ ï â®çª  á¯¥ªâà  ª®¬¯ ªâ®£® ®¯¥-
à â®à  ï¢«ï¥âáï «¨¡® ¥£® á®¡áâ¢¥ë¬ ç¨á«®¬, «¨¡® á®¡áâ¢¥ë¬
ç¨á«®¬ á®¯àï¦¥®£® ®¯¥à â®à . �à¨¢«¥ª ï 8.4.5 ¨ 8.4.6, § ª«îç -
¥¬, çâ® ¢¥ ªàã£  ¥ã«¥¢®£® à ¤¨ãá  ¬®¦¥â «¥¦ âì «¨èì ª®¥ç®¥
ç¨á«® â®ç¥ª á¯¥ªâà  à áá¬ âà¨¢ ¥¬®£® ®¯¥à â®à . B

8.4.8. �¥®à¥¬  �¨áá  | � ã¤¥à . �¯¥ªâà ª®¬¯ ªâ®£® ®¯¥-
à â®à , § ¤ ®£® ¢ ¡¥áª®¥ç®¬¥à®¬ ¯à®áâà áâ¢¥, á®¤¥à¦¨â ã«ì.
�¥ã«¥¢ë¥ â®çª¨ á¯¥ªâà  | á®¡áâ¢¥ë¥ ç¨á« , ª ¦¤®¬ã ¨§ ª®â®àëå
®â¢¥ç ¥â ª®¥ç®¬¥à®¥ á®¡áâ¢¥®¥ ¯®¤¯à®áâà áâ¢®. �à¨ íâ®¬ ¢¥
«î¡®£® ªàã£  ¥ã«¥¢®£® à ¤¨ãá  á æ¥âà®¬ ¢ ã«¥ «¥¦¨â ª®¥ç®¥
¬®¦¥áâ¢® â®ç¥ª á¯¥ªâà  à áá¬ âà¨¢ ¥¬®£® ®¯¥à â®à .

C �«ï ®¯¥à â®à  K ∈ K (X) á«¥¤ã¥â ãáâ ®¢¨âì â®«ìª® ¨¬¯«¨-
ª æ¨î

0 6= λ ∈ Sp(K) ⇒ ker(λ−K) 6= 0.

� §¡¥à¥¬ á ç «  á«ãç © F := C. �â¬¥â¨¬, çâ® {λ} | á¯¥ª-
âà «ì®¥ ¬®¦¥áâ¢®. �®« £ ï g(z) := 1/z ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ λ
¨ g(z) := 0 ¤«ï z ¢ ¯®¤å®¤ïé¥© ®ªà¥áâ®áâ¨ {λ}′, ¢¨¤¨¬: κ{λ} = gIC.
�â «® ¡ëâì,   ®á®¢ ¨¨ 8.2.3 ¨ 8.2.10, P{λ} = g(K)K. � á¨-
«ã 8.3.2 (2), P{λ} ∈ K (X). �§ 8.4.3 ¢ëâ¥ª ¥â, çâ® im P{λ} | ª®-
¥ç®¬¥à®¥ ¯à®áâà áâ¢®. �áâ «®áì ¯à¨¢«¥çì â¥®à¥¬ã ® à §¡¨¥¨¨
á¯¥ªâà  8.2.12.

� á«ãç ¥ F := R á«¥¤ã¥â ¯à®¢¥áâ¨ ¯à®æ¥áá úª®¬¯«¥ªá¨ä¨ª æ¨¨û.
�¬¥®, ã¦® à áá¬®âà¥âì ¢ ¯à®áâà áâ¢¥ X2 ã¬®¦¥¨¥   í«¥-
¬¥â C, ¯®à®¦¤¥®¥ ¯à ¢¨«®¬ i(x, y) := (−y, x). �®«ãç¥®¥ ª®¬-
¯«¥ªá®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢® ®¡®§ ç îâ X ⊕ iX. � ¯à®áâà -
áâ¢¥ X ⊕ iX á«¥¤ã¥â ¢¢¥áâ¨ ®¯¥à â®à K(x, y) := (Kx, Ky). � ¤¥«ïï
X ⊕ iX ¯®¤å®¤ïé¥© ®à¬®© (áà. 7.3.2), ¢¨¤¨¬, çâ® ®¯¥à â®à K ª®¬-
¯ ªâ¥, ¯à¨ç¥¬ λ ∈ Sp(K). � ç¨â, λ | á®¡áâ¢¥®¥ ç¨á«® K ¯® ã¦¥
¤®ª § ®¬ã. �âáî¤  ¢ëâ¥ª ¥â, çâ® λ | á®¡áâ¢¥®¥ ç¨á«® ®¯¥à â®-
à  K. B

8.4.9. �¥®à¥¬ . �ãáâì X | ª®¬¯«¥ªá®¥ ¡  å®¢® ¯à®áâà -
áâ¢®,   f : C → C | £®«®¬®àä ï äãªæ¨ï, ®¡à é îé ïáï ¢ ã«ì
«¨èì ¢ ã«¥ ¨ â ª ï, çâ® ¤«ï ¥ª®â®à®£® T ∈ B(X) ¢ë¯®«¥®
f(T ) ∈ K (X). �®£¤  «î¡ ï ®â«¨ç ï ®â ã«ï â®çª  λ á¯¥ªâà  T
¨§®«¨à®¢   ¨ ¯à®¥ªâ®à �¨áá  P{λ} ª®¬¯ ªâ¥.
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C �®¯ãáâ¨¬ ¯à®â¨¢®¥, â. ¥. ¯ãáâì  ©¤¥âáï ¯®á«¥¤®¢ â¥«ì®áâì
(λn)n∈N à §«¨çëå â®ç¥ª Sp(T ) â ª ï, çâ® λn → λ 6= 0 (¢ ç áâ®-
áâ¨, X ¡¥áª®¥ç®¬¥à®). �®£¤  f(λn) → f(λ), ¯à¨ç¥¬ f(λ) 6= 0
¯® ãá«®¢¨î. �® â¥®à¥¬¥ ®¡ ®â®¡à ¦¥¨¨ á¯¥ªâà  8.2.5, Sp(f(T )) =
f(Sp(T )). � ª¨¬ ®¡à §®¬, ¯® 8.4.8 ¤«ï ¢á¥å ¤®áâ â®ç® ¡®«ìè¨å n
¢ë¯®«¥® f(λn) = f(λ). �âáî¤  ¢ëâ¥ª ¥â, çâ® f(z) = f(λ) ¤«ï ¢á¥å
z ∈ C ¨, áâ «® ¡ëâì, f(T ) = f(λ). �® ªà¨â¥à¨î 8.4.2 ¢ íâ®¬ á«ã-
ç ¥ X ª®¥ç®¬¥à®. �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥, ®§ ç îé¥¥, çâ® λ
| ¨§®«¨à®¢  ï â®çª  Sp(T ). �®« £ ï g(z) := f(z)−1 ¢ ¥ª®â®à®©
¥ á®¤¥à¦ é¥© ã«ï ®ªà¥áâ®áâ¨ λ, ¨¬¥¥¬, çâ® g f = κ{λ}. �«¥¤®¢ -
â¥«ì®, ¯® â¥®à¥¬¥ �¥«ìä ¤  | � ä®à¤  8.2.3, P{λ} = g(T )f(T ),
â. ¥. ¢ á¨«ã 8.3.2 (2) ¯à®¥ªâ®à �¨áá  P{λ} ª®¬¯ ªâ¥. B

8.4.10. � ¬¥ç ¨¥. �¥®à¥¬ã 8.4.9 ¨®£¤   §ë¢ îâ ý®¡®¡é¥-
®© â¥®à¥¬®© �¨áá  | � ã¤¥à þ.

8.5. ��¥â¥à®¢ë ¨ äà¥¤£®«ì¬®¢ë ®¯¥à â®àë
8.5.1. �¯à¥¤¥«¥¨¥. �ãáâì X, Y | ¡  å®¢ë ¯à®áâà áâ¢ 

( ¤ ®¤¨¬ ¨ â¥¬ ¦¥ ®á®¢ë¬ ¯®«¥¬ F). �¯¥à â®à T ∈ B(X, Y )
 §ë¢ îâ �¥â¥à®¢ë¬ ¨ ¯¨èãâ T ∈ N (X, Y ), ¥á«¨ ¥£® ï¤à® ker T :=
T−1(0) ¨ ª®ï¤à® coker T := Y/ im T ª®¥ç®¬¥àë, â. ¥. ¥á«¨ ª®¥çë
¢¥«¨ç¨ë

α(T ) := dim ker T ; β(T ) := dim coker T.

�¥«®¥ ç¨á«® ind T := α(T )− β(T )  §ë¢ îâ ¨¤¥ªá®¬ ®¯¥à â®à  T .
8.5.2. �¯à¥¤¥«¥¨¥. ��¥â¥à®¢ ®¯¥à â®à ã«¥¢®£® ¨¤¥ªá   -

§ë¢ îâ äà¥¤£®«ì¬®¢ë¬.
8.5.3. � ¦¤ë© �¥â¥à®¢ ®¯¥à â®à ®à¬ «ì® à §à¥è¨¬.
C �«¥¤ã¥â ¨§ ªà¨â¥à¨ï � â® 7.4.20. B
8.5.4. �«ï ®¯¥à â®à  T ∈ B(X, Y ) ¢ë¯®«¥®

T ∈ N (X, Y ) ⇔ T ′ ∈ N (Y ′, X ′).

�à¨ íâ®¬ ind T = − ind T ′.
C � á¨«ã 2.3.5 (6), 8.5.3, 5.5.4 ¨ ¯à¨æ¨¯  èâà¨å®¢ ¨ï 7.6.13

á«¥¤ãîé¨¥ ¯ àë á®¯àï¦¥ëå ¯®á«¥¤®¢ â¥«ì®áâ¥©:

0 → ker T → X
T→ Y → coker T → 0;
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0 ← (ker T )′ ← X ′ T ′← Y ′ ← (coker T )′ ← 0;

0 → ker(T ′) → Y ′ T ′→ X ′ → coker(T ′) → 0;

0 ← (ker(T ′))′ ← Y
T← X ← (coker(T ′))′ ← 0

®¤®¢à¥¬¥® â®çë. �à¨ íâ®¬ α(T ) = β(T ′) ¨ β(T ) = α(T ′) (áà.
7.6.14). B

8.5.5. �¯¥à â®à äà¥¤£®«ì¬®¢ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨
äà¥¤£®«ì¬®¢ á®¯àï¦¥ë© ª ¥¬ã ®¯¥à â®à.

C �â® ç áâë© á«ãç © 8.5.4. B

8.5.6. �«ìâ¥à â¨¢  �à¥¤£®«ì¬ . �«ï äà¥¤£®«ì¬®¢  ®¯¥à -
â®à  T ¨¬¥¥â ¬¥áâ® ®¤  ¨§ á«¥¤ãîé¨å ¤¢ãå ¢§ ¨¬®¨áª«îç îé¨å
¢®§¬®¦®áâ¥©.

(1) �¤®à®¤®¥ ãà ¢¥¨¥ Tx = 0 ¨¬¥¥â â®«ìª® ã«¥¢®¥
à¥è¥¨¥. �¤®à®¤®¥ á®¯àï¦¥®¥ ãà ¢¥¨¥ T ′y ′ =
0 ¨¬¥¥â â®«ìª® ã«¥¢®¥ à¥è¥¨¥. �¥®¤®à®¤®¥ ãà ¢-
¥¨¥ Tx = y ¨¬¥¥â, ¨ ¯à¨â®¬ ¥¤¨áâ¢¥®¥, à¥è¥¨¥
¯à¨ «î¡®© ¯à ¢®© ç áâ¨. �¥®¤®à®¤®¥ á®¯àï¦¥®¥
ãà ¢¥¨¥ T ′y ′ = x′ ¨¬¥¥â, ¨ ¯à¨â®¬ ¥¤¨áâ¢¥®¥,
à¥è¥¨¥ ¯à¨ «î¡®© ¯à ¢®© ç áâ¨.

(2) �¤®à®¤®¥ ãà ¢¥¨¥ Tx = 0 ¨¬¥¥â ¥ã«¥¢®¥ à¥-
è¥¨¥. �¤®à®¤®¥ á®¯àï¦¥®¥ ãà ¢¥¨¥ T ′y ′ =
0 ¨¬¥¥â ¥ã«¥¢®¥ à¥è¥¨¥. �¤®à®¤®¥ ãà ¢¥¨¥
Tx = 0 ¨¬¥¥â ª®¥ç®¥ ç¨á«® «¨¥©® ¥§ ¢¨á¨¬ëå
à¥è¥¨© x1, . . . , xn. �¤®à®¤®¥ á®¯àï¦¥®¥ ãà ¢-
¥¨¥ T ′y ′ = 0 ¨¬¥¥â ª®¥ç®¥ ç¨á«® «¨¥©® ¥§ ¢¨-
á¨¬ëå à¥è¥¨© y ′1, . . . , y

′
n. �¥®¤®à®¤®¥ ãà ¢¥¨¥

Tx = y à §à¥è¨¬® ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨
y ′1(y) = . . . = y ′n(y) = 0. �à¨ íâ®¬ ®¡é¥¥ à¥è¥¨¥ x
¥áâì áã¬¬  ç áâ®£® à¥è¥¨ï x0 ¥®¤®à®¤®£® ãà ¢-
¥¨ï ¨ ®¡é¥£® à¥è¥¨ï ®¤®à®¤®£® ãà ¢¥¨ï, â. ¥.
¨¬¥¥â ¢¨¤

x = x0 +
n∑

k=1
λkxk (λk ∈ F ).
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�¥®¤®à®¤®¥ á®¯àï¦¥®¥ ãà ¢¥¨¥ T ′y ′ = x′ à §-
à¥è¨¬® ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ x′(x1) =
. . . = x′(xn) = 0. �à¨ íâ®¬ ®¡é¥¥ à¥è¥¨¥ y ′ ¥áâì
áã¬¬  ç áâ®£® à¥è¥¨ï y ′0 ¥®¤®à®¤®£® á®¯àï¦¥-
®£® ãà ¢¥¨ï ¨ ®¡é¥£® à¥è¥¨ï ®¤®à®¤®£® á®¯àï-
¦¥®£® ãà ¢¥¨ï, â. ¥. ¨¬¥¥â ¢¨¤

y ′ = y ′0 +
n∑

k=1
µky ′k (µk ∈ F ).

C �¥à¥ä®à¬ã«¨à®¢ª  8.5.5 á ãç¥â®¬ «¥¬¬ë ® ¯®«ïà å 7.6.11. B
8.5.7. �à¨¬¥àë.

(1) �á«¨ T ®¡à â¨¬, â® T äà¥¤£®«ì¬®¢.
(2) �ãáâì T ∈ L (Fn, Fm). �ãáâì rank T := dim im T |

à £ T . �®£¤  α(T ) = n−rank T ; β(T ) = m−rank T . �«¥¤®¢ â¥«ì®,
T ∈ N (Fn, Fm) ¨ ind T = n−m.

(3) �ãáâì X = X1 ⊕ X2 ¨ T ∈ B(X). �®¯ãáâ¨¬, çâ®
ãª § ®¥ à §«®¦¥¨¥ X ¢ ¯àï¬ãî áã¬¬ã ¯à¨¢®¤¨â T ª ¬ âà¨ç®¬ã
¢¨¤ã

T ∼
(

T1 0
0 T2

)
.

�¥á®¬¥®, çâ® T �¥â¥à®¢ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  �¥â¥à®¢ë
¥£® ç áâ¨. �à¨ íâ®¬ α(T ) = α(T1)+α(T2), β(T ) = β(T1)+β(T2), â. ¥.
ind T = ind T1 + ind T2. CB

8.5.8. �¥®à¥¬  �à¥¤£®«ì¬ . �ãáâì K ∈ K (X). �¯¥à â®à
1−K äà¥¤£®«ì¬®¢.

C � á ¬®¬ ¤¥«¥, à §¡¥à¥¬ á ç «  á«ãç © F := C. �á«¨ 1 /∈
Sp(K), â® 1 − K ®¡à â¨¬ ¨ ind (1 − K) = 0. �á«¨ ¦¥ 1 ∈ Sp(K),
â® ¢ á¨«ã â¥®à¥¬ë �¨áá  | � ã¤¥à  8.4.8 ¨ â¥®à¥¬ë ® à §¡¨¥¨¨
á¯¥ªâà  8.2.12  ©¤¥âáï à §«®¦¥¨¥ X = X1 ⊕ X2 â ª®¥, çâ® X1
ª®¥ç®¬¥à®, 1 /∈ Sp(K2), £¤¥ K2 | ç áâì K ¢ X2, ¯à¨ íâ®¬

1−K ∼
(

1−K1 0
0 1−K2

)
.

�® 8.5.7 (2), ind (1 −K1) = 0. �® 8.5.7 (3) ¢ë¯®«¥® ind (1 −K) =
ind (1−K1) + ind (1−K2) = 0.
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� á«ãç ¥ F := R ¯à®¢¥¤¥¬ ¯à®æ¥áá ýª®¬¯«¥ªá¨ä¨ª æ¨¨þ â ª ¦¥,
ª ª ¨ ¢ ¤®ª § â¥«ìáâ¢¥ 8.4.8. �¬¥®, ¢ ¯à®áâà áâ¢¥ X ⊕ iX à á-
á¬®âà¨¬ ®¯¥à â®à K(x, y) := (Kx, Ky). �® ã¦¥ ãáâ ®¢«¥®¬ã
ind (1 − K) = 0. �áâ ¥âáï § ¬¥â¨âì, çâ® á ãç¥â®¬ à §«¨ç¨ï R ¨ C
¢ë¯®«¥® α(1−K) = α(1−K) ¨ β(1−K) = β(1−K). �ª®ç â¥«ì®
ind (1−K) = 0. B

8.5.9. �¯à¥¤¥«¥¨¥. �ãáâì § ¤  T ∈ B(X, Y ). �¯¥à â®à L ∈
B(Y, X)  §ë¢ îâ «¥¢ë¬ à¥£ã«ïà¨§ â®à®¬ T , ¥á«¨ LT −1 ∈ K (X).
�¯¥à â®à R ∈ B(Y, X)  §ë¢ îâ ¯à ¢ë¬ à¥£ã«ïà¨§ â®à®¬ T , ¥á«¨
TR−1 ∈ K (Y ). �¯¥à â®à S ∈ B(Y, X)  §ë¢ îâ ¯®çâ¨ ®¡à âë¬
ª T ∈ B(X, Y ), ¥á«¨ S ï¢«ï¥âáï ®¤®¢à¥¬¥® «¥¢ë¬ ¨ ¯à ¢ë¬
à¥£ã«ïà¨§ â®à®¬ T . �á«¨ ã ®¯¥à â®à  T ¥áâì ¯®çâ¨ ®¡à âë©, â® T
 §ë¢ îâ ¯®çâ¨ ®¡à â¨¬ë¬.

8.5.10. �ãáâì L ¨ R | á®®â¢¥âáâ¢¥® «¥¢ë© ¨ ¯à ¢ë© à¥£ã«ï-
à¨§ â®àë T . �®£¤  L−R ∈ K (Y, X).

C LT = 1 + KX (KX ∈ K (X)) ⇒ LTR = R + KXR;
TR = 1 + KY (KY ∈ K (Y )) ⇒ LTR = L + LKY B

8.5.11. �á«¨ L | «¥¢ë© à¥£ã«ïà¨§ â®à T ¨ K ∈ K (Y, X), â®
L + K â ª¦¥ «¥¢ë© à¥£ã«ïà¨§ â®à T .

C (L + K)T − 1 = (LT − 1) + KT ∈ K (X) B

8.5.12. �¯¥à â®à ¯®çâ¨ ®¡à â¨¬ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥,
¥á«¨ ã ¥£® ¥áâì ¯à ¢ë© ¨ «¥¢ë© à¥£ã«ïà¨§ â®àë.

C �ã¦¤ ¥âáï ¢ ¯à®¢¥àª¥ «¨èì ¨¬¯«¨ª æ¨ï ⇐. �ãáâì L, R
| á®®â¢¥âáâ¢¥® «¥¢ë© ¨ ¯à ¢ë© à¥£ã«ïà¨§ â®àë T . �® 8.5.10,
K := L − R ∈ K (Y, X). � ç¨â, ¯® 8.5.11, R = L − K | «¥¢ë©
à¥£ã«ïà¨§ â®à T . �â ª, R | ¯®çâ¨ ®¡à âë© ª T . B

8.5.13. � ¬¥ç ¨¥. �§ ¯à¨¢¥¤¥®£® ¢¨¤®, çâ® ¯à¨ X = Y
®¯¥à â®à S ï¢«ï¥âáï ¯®çâ¨ ®¡à âë¬ ¤«ï T ¢ â®¬ ¨ â®«ìª® ¢ â®¬
á«ãç ¥, ¥á«¨ ϕ(S)ϕ(T ) = ϕ(T )ϕ(S) = 1, £¤¥ ϕ : B(X) → B(X)/K (X)
| ª ®¨ç¥áª®¥ ®â®¡à ¦¥¨¥ ¢  «£¥¡àã � «ª¨ . �ë¬¨ á«®¢ ¬¨,
«¥¢ë¥ à¥£ã«ïà¨§ â®àë | íâ® ¯à®®¡à §ë «¥¢ëå ®¡à âëå ¢  «£¥¡à¥
� «ª¨  ¨ â. ¯.
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8.5.14. �à¨â¥à¨© ��¥â¥à . �¯¥à â®à ï¢«ï¥âáï �¥â¥à®¢ë¬ ¢
â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ® ¯®çâ¨ ®¡à â¨¬.

C ⇒: �ãáâì T ∈ N (X, Y ). �à¨¢«¥ª ï ¯à¨æ¨¯ ¤®¯®«ï¥¬®áâ¨
7.4.10, à áá¬®âà¨¬ à §«®¦¥¨ï X = ker T ⊕ X1 ¨ Y = im T ⊕ Y1
¨ ª®¥ç®¬¥àë¥ ¯à®¥ªâ®àë P ∈ B(X)   ker T ¯ à ««¥«ì® X1
¨ Q ∈ B(Y )   Y1 ¯ à ««¥«ì® im T . �á®, çâ® áã¦¥¨¥ T1 := T |X1
| ®¡à â¨¬ë© ®¯¥à â®à T1 : X1 → im T . �®«®¦¨¬ S := T−1

1 (1 − Q).
�¯¥à â®à S ¬®¦® áç¨â âì í«¥¬¥â®¬ ¯à®áâà áâ¢  B(Y, X). �à¨
íâ®¬ ¥á®¬¥®, çâ® ST + P = 1 ¨ TS + Q = 1.

⇐: �ãáâì S | ¯®çâ¨ ®¡à âë© ª T , â. ¥. ST = 1 + KX ¨ TS =
1 + KY ¤«ï ¯®¤å®¤ïé¨å ª®¬¯ ªâëå ®¯¥à â®à®¢ KX ¨ KY . � ç¨â,
ker T ⊂ ker(1+KX), â. ¥. ker T ª®¥ç®¬¥à® ¢ á¨«ã ª®¥ç®¬¥à®áâ¨
ker(1 + KX), ®¡¥á¯¥ç¥®© 8.5.8. �®¬¨¬® íâ®£®, im T ⊃ im(1 + KY ),
â. ¥. ¨§-§  äà¥¤£®«ì¬®¢®áâ¨ 1 + KY ®¡à § T ¨¬¥¥â ª®¥çãî ª®à §-
¬¥à®áâì. B

8.5.15. �«¥¤áâ¢¨¥. �á«¨ T ∈ N (X, Y ) ¨ S ∈ B(Y, X) |
¯®çâ¨ ®¡à âë© ¤«ï T , â® S ∈ N (Y, X). CB

8.5.16. �«¥¤áâ¢¨¥. �à®¨§¢¥¤¥¨¥ �¥â¥à®¢ëå ®¯¥à â®à®¢ | íâ®
�¥â¥à®¢ ®¯¥à â®à.

C �ã¯¥à¯®§¨æ¨ï ¯®çâ¨ ®¡à âëå ®¯¥à â®à®¢ (¢ ¤®«¦®¬ ¯®àï¤-
ª¥) | ¯®çâ¨ ®¡à âë© ®¯¥à â®à ª áã¯¥à¯®§¨æ¨¨. B

8.5.17. �ãáâì § ¤   â®ç ï ¯®á«¥¤®¢ â¥«ì®áâì

0 → X1 → X2 → . . . → Xn−1 → Xn → 0

ª®¥ç®¬¥àëå ¢¥ªâ®àëå ¯à®áâà áâ¢. �®£¤  ¨¬¥¥â ¬¥áâ® â®¦¤¥-
áâ¢® �©«¥à 

n∑

k=1
(−1)k dim Xk = 0.

C �à¨ n = 1 â®ç®áâì ¯®á«¥¤®¢ â¥«ì®áâ¨ 0 → X1 → 0 ®§ ç ¥â,
çâ® X1 = 0,   ¯à¨ n = 2 â®ç®áâì 0 → X1 → X2 → 0 íª¢¨¢ «¥â 
¨§®¬®àä®áâ¨ X1 ¨ X2 (á¬. 2.3.5 (4)). � ª¨¬ ®¡à §®¬, â®¦¤¥áâ¢®
�©«¥à  ¯à¨ n := 1, 2 ¥á®¬¥®.

�®¯ãáâ¨¬ â¥¯¥àì, çâ® ¤«ï m ≤ n − 1, £¤¥ n > 2, âà¥¡ã¥¬®¥ ã¦¥
ãáâ ®¢«¥®. �®çãî ¯®á«¥¤®¢ â¥«ì®áâì

0 → X1 → X2 → . . . → Xn−2
Tn−2−−−−→ Xn−1

Tn−1−−−−→ Xn → 0
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¬®¦® áã§¨âì ¤® â®ç®© ¯®á«¥¤®¢ â¥«ì®áâ¨

0 → X1 → X2 → . . . → Xn−2
Tn−2−−−→ ker Tn−1 → 0.

�® ¤®¯ãé¥¨î ¢ë¯®«¥®

n−2∑

k=1
(−1)k dim Xk + (−1)n−1 dim ker Tn−1 = 0.

�®¬¨¬® íâ®£®, ¯®áª®«ìªã Tn−1 ï¢«ï¥âáï í¯¨¬®àä¨§¬®¬, ¨¬¥¥¬

dim Xn−1 = dim ker Tn−1 + dim Xn.

�ª®ç â¥«ì® ¯®«ãç ¥¬

0 =
n−2∑

k=1
(−1)k dim Xk + (−1)n−1(dim Xn−1 − dim Xn) =

=
n∑

k=1
(−1)k dim Xk. B

8.5.18. �¥®à¥¬  �âª¨á® . �¤¥ªá ¯à®¨§¢¥¤¥¨ï �¥â¥à®¢ëå
®¯¥à â®à®¢ à ¢¥ áã¬¬¥ ¨¤¥ªá®¢ á®¬®¦¨â¥«¥©.

C �ãáâì T ∈ N (X, Y ) ¨ S ∈ N (Y, Z). � á¨«ã 8.5.16, ST ∈
N (X, Z). �à¨¢«¥ª ï «¥¬¬ã ® á¥¦¨ª¥ 2.3.16, ¨¬¥¥¬ â®çãî ¯®-
á«¥¤®¢ â¥«ì®áâì ª®¥ç®¬¥àëå ¯à®áâà áâ¢

0 → ker T → ker ST → ker S → coker T → coker ST → coker S → 0.

�  ®á®¢ ¨¨ 8.5.17

α(T )− α(ST ) + α(S)− β(T ) + β(ST )− β(S) = 0,

®âªã¤  ind (ST ) = ind S + ind T . B
8.5.19. �«¥¤áâ¢¨¥. �ãáâì T | �¥â¥à®¢ ¨ S | ¯®çâ¨ ®¡à âë©

ª T . �®£¤  ind T = − ind S.
C ind (ST ) = ind (1 + K) ¤«ï ¥ª®â®à®£® ª®¬¯ ªâ®£® ®¯¥à â®à 

K. �® â¥®à¥¬¥ 8.5.8, 1 + K | äà¥¤£®«ì¬®¢ ®¯¥à â®à. B
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8.5.20. �¥®à¥¬  ® ª®¬¯ ªâëå ¢®§¬ãé¥¨ïå. ��¥â¥à®¢®áâì
¨ ¨¤¥ªá á®åà ïîâáï ¯à¨ ª®¬¯ ªâëå ¢®§¬ãé¥¨ïå: ¥á«¨ ¤ ë T ∈
N (X, Y ) ¨ K ∈ K (X, Y ), â® T + K ∈ N (X, Y ) ¨ ind (T + K) =
ind T .

C �ãáâì S | ¯®çâ¨ ®¡à âë© ª T , â. ¥. ¤«ï KX ∈ K (X) ¨
KY ∈ K (Y ) ¢ë¯®«¥®

ST = 1 + KX ; TS = 1 + KY

(áãé¥áâ¢®¢ ¨¥ S ®¡¥á¯¥ç¨¢ ¥â 8.5.14). �á®, çâ®

S(T + K) = ST + SK = 1 + KX + SK ∈ 1 + K (X);

(T + K)S = TS + KS = 1 + KY + KS ∈ 1 + K (Y ),
â. ¥. S | ¯®çâ¨ ®¡à âë© ª T +K. � á¨«ã 8.5.14, T +K ∈ N (X, Y ).
�à¨ íâ®¬ ¨§ 8.5.19 á«¥¤ãîâ à ¢¥áâ¢  ind (T +K) = − ind S ¨ ind T =
− ind S. B

8.5.21. �¥®à¥¬  ®¡ ®£à ¨ç¥ëå ¢®§¬ãé¥¨ïå. ��¥â¥à®-
¢®áâì ¨ ¨¤¥ªá á®åà ïîâáï ¯à¨ ¤®áâ â®ç® ¬ «ëå ®£à ¨ç¥ëå
¢®§¬ãé¥¨ïå: ¬®¦¥áâ¢® N (X, Y ) ®âªàëâ® ¢ ¯à®áâà áâ¢¥ ®£à -
¨ç¥ëå ®¯¥à â®à®¢, ¯à¨ç¥¬ ¨¤¥ªá ind : N (X, Y ) → Z | ¥¯à¥-
àë¢ ï äãªæ¨ï.

C �ãáâì T ∈ N (X, Y ). �® 8.5.14  ©¤ãâáï ®¯¥à â®àë S ∈
B(Y, X),KX ∈ K (X) ¨ KY ∈ K (Y ) â ª¨¥, çâ®

ST = 1 + KX ; TS = 1 + KY .

�á«¨ S = 0, â® ¯à®áâà áâ¢  X ¨ Y ª®¥ç®¬¥àë ¯® ªà¨â¥à¨î
�¨áá  8.4.2, â. ¥. ¤®ª §ë¢ âì ¥ç¥£® | ¤®áâ â®ç® á®á« âìáï   8.5.7
(2). �á«¨ ¦¥ S 6= 0, â® ¯à¨ ¢á¥å V ∈ B(X, Y ), ¤«ï ª®â®àëå ‖V ‖ <
1/‖S‖, ¨§ ¥à ¢¥áâ¢  5.6.1 ¢ëâ¥ª ¥â: ‖SV ‖ < 1 ¨ ‖V S‖ < 1. � ç¨â,
¢ á¨«ã 5.6.10 ®¯¥à â®àë 1 + SV ¨ 1 + V S ®¡à â¨¬ë ¢ B(X) ¨ ¢ B(Y )
á®®â¢¥âáâ¢¥®.

�¬¥¥¬

(1 + SV )−1S(T + V ) = (1 + SV )−1(1 + KX + SV ) =

= 1 + (1 + SV )−1KX ∈ 1 + K (X),
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â. ¥. (1 + SV )−1S | «¥¢ë© à¥£ã«ïà¨§ â®à T + V . � «®£¨ç® ¯à®-
¢¥àï¥âáï, çâ® S(1 + V S)−1 | ¯à ¢ë© à¥£ã«ïà¨§ â®à T + V . � á ¬®¬
¤¥«¥,

(T + V )S(1 + V S)−1 = (1 + KY + V S)(1 + V S)−1 =

= 1 + KY (1 + V S)−1 ∈ 1 + K (Y ).

�® 8.5.12, T + V ¯®çâ¨ ®¡à â¨¬. �  ®á®¢ ¨¨ 8.5.14, T + V ∈
N (X, Y ). �â¨¬ ¤®ª §   ®âªàëâ®áâì N (X, Y ). �ç¨âë¢ ï, çâ® à¥-
£ã«ïà¨§ â®àë �¥â¥à®¢  ®¯¥à â®à  ¯®çâ¨ ®¡à âë ª ¥¬ã (áà. 8.5.12),
¨§ 8.5.19 ¨ 8.5.18 ¯®«ãç ¥¬

ind (T + V ) = − ind ((1 + SV )−1S) =

= − ind (1 + SV )−1 − ind S = − ind S = ind T

(¨¡® (1 + SV )−1 äà¥¤£®«ì¬®¢ ¯® 8.5.7 (1)). �®á«¥¤¥¥ ¨ ®§ ç ¥â
¥¯à¥àë¢®áâì ¨¤¥ªá . B

8.5.22. �à¨â¥à¨© �¨ª®«ìáª®£®. �¯¥à â®à äà¥¤£®«ì¬®¢ ¢ â®¬
¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ® ¯à¥¤áâ ¢«ï¥â á®¡®© áã¬¬ã ®¡à â¨¬®£®
¨ ª®¬¯ ªâ®£® ®¯¥à â®à®¢.

C ⇒: �ãáâì T ∈ N (X, Y ) ¨ ind T = 0. � áá¬®âà¨¬ à §«®-
¦¥¨ï ¢ ¯àï¬ë¥ áã¬¬ë ¡  å®¢ëå ¯à®áâà áâ¢ X = X1 ⊕ ker T ¨
Y = im T ⊕ Y1. �¥á®¬¥®, çâ® ®¯¥à â®à T1 | á«¥¤ ®¯¥à â®à  T  
X1 | ®áãé¥áâ¢«ï¥â ¨§®¬®àä¨§¬ X1 ¨ im T . �®¬¨¬® íâ®£®, ¢ á¨«ã
8.5.5, dim Y1 = β(T ) = α(T ), â. ¥. áãé¥áâ¢ã¥â ¥áâ¥áâ¢¥ë© ¨§®-
¬®àä¨§¬ Id : ker T → Y1. � ª¨¬ ®¡à §®¬, T ¤®¯ãáª ¥â ¬ âà¨ç®¥
¯à¥¤áâ ¢«¥¨¥

T ∼
(

T1 0
0 0

)
=

(
T1 0
0 Id

)
+

(
0 0
0 − Id

)
.

⇐: �á«¨ T := S + K, £¤¥ K ∈ K (X, Y ) ¨ S−1 ∈ B(Y, X), â®, ¯®
8.5.20 ¨ 8.5.7 (1), ind T = ind (S + K) = ind S = 0. B

8.5.23. � ¬¥ç ¨¥. �ãáâì Inv(X, Y ) | ¬®¦¥áâ¢® ®¡à â¨¬ëå
®¯¥à â®à®¢ ¨§ X ¢ Y (íâ® ¬®¦¥áâ¢® ®âªàëâ® ¯® â¥®à¥¬¥ �  å 
®¡ ®¡à â¨¬ëå ®¯¥à â®à å 5.6.12). �¡®§ ç¨¬ F (X, Y ) ¬®¦¥áâ¢®
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¢á¥å äà¥¤£®«ì¬®¢ëå ®¯¥à â®à®¢, ¤¥©áâ¢ãîé¨å ¨§ X ¢ Y . �à¨â¥à¨©
�¨ª®«ìáª®£® â¥¯¥àì ¬®¦® ¯¥à¥¯¨á âì ¢ á«¥¤ãîé¥© ä®à¬¥:

F (X, Y ) = Inv(X, Y ) + K (X, Y ).

� ª ¢¨¤® ¨§ ¤®ª § â¥«ìáâ¢  8.5.22, ¬®¦® ãâ¢¥à¦¤ âì â ª¦¥, çâ®

F (X, Y ) = Inv(X, Y ) + F (X, Y ),

£¤¥, ª ª ®¡ëç®, F (X, Y ) | ¯®¤¯à®áâà áâ¢® ª®¥ç®¬¥àëå ®¯¥-
à â®à®¢ ¢ ¯à®áâà áâ¢¥ B(X, Y ). CB

�¯à ¦¥¨ï
8.1. �§ãç¨âì ¨â¥£à « �¨áá  | � ä®à¤  ¢ ª®¥ç®¬¥à®¬ ¯à®áâà áâ¢¥.

8.2. �¯¨á âì ï¤à® ¨â¥£à «  �¨áá  | � ä®à¤ .

8.3. �ãáâì (fn) | äãªæ¨¨, £®«®¬®àäë¥ ¢ ®ªà¥áâ®áâ¨ U á¯¥ªâà  ®¯¥à -
â®à  T . �®ª § âì, çâ® ¨§ à ¢®¬¥à®© áå®¤¨¬®áâ¨ (fn) ª ã«î   U ¢ëâ¥ª ¥â
áå®¤¨¬®áâì (fn(T )) ª ã«î ¢ ®¯¥à â®à®© ®à¬¥.

8.4. �ãáâì σ | ¨§®«¨à®¢  ï ç áâì á¯¥ªâà  ®¯¥à â®à  T . �®¯ãáâ¨¬, çâ®
ç áâì σ′ := Sp(T ) \ σ ®â¤¥«ï¥âáï ®â σ ®ªàã¦®áâìî á æ¥âà®¬ ¢ a ¨ à ¤¨ãá®¬ r
â ª¨¬ ®¡à §®¬, çâ® σ ⊂ {z ∈ C : |z−a| < r}. �®ª § âì, çâ® ¤«ï ¯à®¥ªâ®à  �¨áá 
Pσ ¢ë¯®«¥®

Pσ = lim
n

(1− z−n(T − a)n)−1;

x ∈ im(Pσ) ⇔ lim sup
n

‖(a− T )nx‖ 1
n < r.

8.5. �ëïá¨âì, ¯à¨ ª ª¨å ãá«®¢¨ïå ª®¬¯ ªâ¥ ¯à®¥ªâ®à.

8.6. �®ª § âì, çâ® ª ¦¤®¥ § ¬ªãâ®¥ ¯®¤¯à®áâà áâ¢®, á®¤¥à¦ é¥¥áï ¢ ®¡-
« áâ¨ § ç¥¨ï ª®¬¯ ªâ®£® ®¯¥à â®à  ¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥, ª®¥ç®¬¥à-
®.

8.7. �®ª § âì, çâ® «¨¥©ë© ®¯¥à â®à ¯¥à¥¢®¤¨â ª ¦¤®¥ § ¬ªãâ®¥ «¨¥©-
®¥ ¯®¤¯à®áâà áâ¢® ¢ § ¬ªãâ®¥ ¬®¦¥áâ¢® ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨
íâ®â ®¯¥à â®à ®à¬ «ì® à §à¥è¨¬ ¨ ¥£® ï¤à® ª®¥ç®¬¥à® ¨«¨ ª®ª®¥ç®¬¥à-
® (¨¬¥¥â ª®¥ç®¬¥à®¥  «£¥¡à ¨ç¥áª®¥ ¤®¯®«¥¨¥).

8.8. �ãáâì 1 ≤ p < r < +∞. �®ª § âì, çâ® ª ¦¤ë© ®£à ¨ç¥ë© ®¯¥à â®à
¨§ lr ¢ lp ¨ ¨§ c0 ¢ lp ï¢«ï¥âáï ª®¬¯ ªâë¬.
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8.9. �ãáâì H | á¥¯ à ¡¥«ì®¥ £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢®. �«ï ®¯¥à â®à 
T ¨§ B(H) ¨ £¨«ì¡¥àâ®¢  ¡ §¨á  (en) ®à¬ã �¨«ì¡¥àâ  | �¬¨¤â  ®¯à¥¤¥«ïîâ
á®®â®è¥¨¥¬

‖T‖2 :=

( ∞∑
n=1

‖Ten‖2

)1/2

.

(�à®¢¥à¨âì ª®àà¥ªâ®áâì!) �¯¥à â®àë á ª®¥ç®© ®à¬®© �¨«ì¡¥àâ  | �¬¨¤â 
 §ë¢ îâ ®¯¥à â®à ¬¨ �¨«ì¡¥àâ  | �¬¨¤â . �áâ ®¢¨âì, çâ® ®¯¥à â®à T
ï¢«ï¥âáï ®¯¥à â®à®¬ �¨«ì¡¥àâ  | �¬¨¤â  ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ®
ª®¬¯ ªâ¥ ¨ ¯à¨ íâ®¬

∑∞
n=1 λ2

n < +∞, £¤¥ (λn) | á®¡áâ¢¥ë¥ ç¨á«  ®¯¥à â®à 
(T ∗T )1/2.

8.10. �ãáâì T | ¥ª®â®àë© í¤®¬®àä¨§¬. �®£¤ 
im(T 0) ⊃ im(T 1) ⊃ im(T 2) ⊃ . . . .

�á«¨ áãé¥áâ¢ã¥â ®¬¥à n â ª®©, çâ® im(T n) = im(T n+1), â® £®¢®àïâ, çâ® T ¨¬¥¥â
ª®¥çë© á¯ãáª. � ¨¬¥ìè¨© ®¬¥à n  ç «  áâ ¡¨«¨§ æ¨¨  §ë¢ îâ á¯ãáª®¬
T ¨ ®¡®§ ç îâ d(T ). � «®£¨ç® ¤«ï ï¤¥à

ker(T 0) ⊂ ker(T 1) ⊂ ker(T 2) ⊂ . . .

¢¢®¤ïâ ¯®ïâ¨¥ ¯®¤ê¥¬  ¨ ®¡®§ ç¥¨¥ a(T ). �áâ ®¢¨âì, çâ® ã ®¯¥à â®à  T á
ª®¥çë¬¨ á¯ãáª®¬ ¨ ¯®¤ê¥¬®¬ ¢¥«¨ç¨ë a(T ) ¨ d(T ) á®¢¯ ¤ îâ.

8.11. �¯¥à â®à T  §ë¢ îâ ®¯¥à â®à®¬ �¨áá  | � ã¤¥à , ¥á«¨ T �¥â¥à®¢
¨ ¨¬¥¥â ª®¥çë¥ á¯ãáª ¨ ¯®¤ê¥¬. �®ª § âì, çâ® ®¯¥à â®à T ï¢«ï¥âáï ®¯¥à â®-
à®¬ �¨áá  | � ã¤¥à  ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ¥£® ¬®¦® ¯à¥¤áâ ¢¨âì ¢
¢¨¤¥ T = U +V , £¤¥ U ®¡à â¨¬, V ª®¥ç®¬¥à¥ (¨«¨ ª®¬¯ ªâ¥) ¨ ª®¬¬ãâ¨àã¥â
á U .

8.12. �ãáâì T | ®£à ¨ç¥ë© í¤®¬®àä¨§¬ ¡  å®¢  ¯à®áâà áâ¢  X á
ª®¥çë¬¨ á¯ãáª®¬ ¨ ¯®¤ê¥¬®¬ r := a(T ) = d(T ). �®ª § âì, çâ® ¯®¤¯à®áâà -
áâ¢  im(T r) ¨ ker(T r) § ¬ªãâë, à §«®¦¥¨¥

X = ker(T r)⊕ im(T r)
¯à¨¢®¤¨â T ¨ á«¥¤ ®¯¥à â®à  T   im(T r) ®¡à â¨¬.

8.13. �ãáâì T | ®à¬ «ì® à §à¥è¨¬ë© ®¯¥à â®à. �á«¨ ª®¥ç  ®¤  ¨§
¢¥«¨ç¨

α(T ) := dim ker T, β(T ) := dim coker T,

â® T  §ë¢ îâ ¯®«ãäà¥¤£®«ì¬®¢ë¬ (à¥¦¥ ¯®«ã�¥â¥à®¢ë¬). �®«®¦¨¬
�+(X) := {T ∈ B(X) : im T ∈ Cl(X), α(T ) < +∞};
�−(X) := {T ∈ B(X) : im T ∈ Cl(X), β(T ) < +∞}.

�®ª § âì, çâ®
T ∈ �+(X) ⇔ T ′ ∈ �−(X′);
T ∈ �−(X) ⇔ T ′ ∈ �+(X′).

8.14. �ãáâì T | ®£à ¨ç¥ë© í¤®¬®àä¨§¬. �®ª § âì, çâ® T ¢å®¤¨â ¢
�+(X) ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ¤«ï «î¡®£® ®£à ¨ç¥®£®, ® ¥ ¢¯®«¥
®£à ¨ç¥®£® ¬®¦¥áâ¢  U ¥£® ®¡à § T (U) ¥ ¡ã¤¥â ¢¯®«¥ ®£à ¨ç¥ë¬ ¬®-
¦¥áâ¢®¬ ¢ X.
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8.15. �£à ¨ç¥ë© í¤®¬®àä¨§¬ T ¡  å®¢  ¯à®áâà áâ¢   §ë¢ îâ ®¯¥-
à â®à®¬ �¨áá , ¥á«¨ ¤«ï ª ¦¤®£® ª®¬¯«¥ªá®£® ¥ã«¥¢®£® λ ®¯¥à â®à (λ − T )
�¥â¥à®¢. �®ª § âì, çâ® T ï¢«ï¥âáï ®¯¥à â®à®¬ �¨áá  ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ã-
ç ¥, ¥á«¨ ¤«ï «î¡®£® λ ∈ C, λ 6= 0 ¢ë¯®«¥®:

( ) ®¯¥à â®à (λ− T ) ¨¬¥¥â ª®¥çë¥ á¯ãáª ¨ ¯®¤ê¥¬;
(¡) ï¤à® (λ− T )k ª®¥ç®¬¥à® ¤«ï ª ¦¤®£® k ∈ N;
(¢) ®¡à § (λ− T )k ¨¬¥¥â ª®¥çë© ¤¥ä¥ªâ ¯à¨ k ∈ N,

¨, ªà®¬¥ â®£®, ¥ã«¥¢ë¥ â®çª¨ á¯¥ªâà  T ï¢«ïîâáï á®¡áâ¢¥ë¬¨ ç¨á« ¬¨,
  ã«ì á«ã¦¨â ¥¤¨áâ¢¥® ¢®§¬®¦®© â®çª®©  ª®¯«¥¨ï á¯¥ªâà  T (= ¢¥
ª ¦¤®£® ªàã£  á æ¥âà®¬ ¢ ã«¥ «¥¦¨â ª®¥ç®¥ ç¨á«® â®ç¥ª á¯¥ªâà ).

8.16. �áâ ®¢¨âì ¨§®¬¥âà¨ç¥áª¨¥ ¨§®¬®àä¨§¬ë: (X/Y )′ ' Y ⊥ ¨ X′/Y ⊥ '
Y ′ ¤«ï â ª¨å ¡  å®¢ëå ¯à®áâà áâ¢ X ¨ Y , çâ® Y ¢«®¦¥® ¢ X.

8.17. �®ª § âì, çâ® ¤«ï ®à¬ «ì®£® ®¯¥à â®à  T ¢ £¨«ì¡¥àâ®¢®¬ ¯à®-
áâà áâ¢¥ ¨ £®«®¬®àä®© äãªæ¨¨ f ∈ H(Sp(T )) ®¯¥à â®à f(T ) ®à¬ «¥.

8.18. �¡¥¤¨âìáï, çâ® ¥¯à¥àë¢ë© í¤®¬®àä¨§¬ £¨«ì¡¥àâ®¢  ¯à®áâà -
áâ¢  ï¢«ï¥âáï ®¯¥à â®à®¬ �¨áá  ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ® ¯à¥¤áâ ¢-
«ï¥â á®¡®© áã¬¬ã ª®¬¯ ªâ®£® ¨ ª¢ §¨¨«ì¯®â¥â®£® ®¯¥à â®à®¢ (ª¢ §¨¨«ì-
¯®â¥â®áâì ®§ ç ¥â âà¨¢¨ «ì®áâì á¯¥ªâà «ì®£® à ¤¨ãá ).

8.19. �ãáâì A, B | ¤¢  äà¥¤£®«ì¬®¢ëå ®¯¥à â®à  ¢ B(X, Y ). �á«¨
ind A = ind B, â® ¨¬¥¥âáï ¦®à¤ ®¢  ¤ã£ , á®¥¤¨ïîé ï A ¨ B ¢ ¯à®áâà áâ¢¥
B(X, Y ).
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9.1. �à¥¤â®¯®«®£¨¨ ¨ â®¯®«®£¨¨
9.1.1. �¯à¥¤¥«¥¨¥. �ãáâì X | ¥ª®â®à®¥ ¬®¦¥áâ¢®. �â®¡-

à ¦¥¨¥ τ : X → P(P(X))  §ë¢ îâ ¯à¥¤â®¯®«®£¨¥©   X, ¥á«¨
(1) x ∈ X ⇒ τ(x) | ä¨«ìâà ¢ X;
(2) x ∈ X ⇒ τ(x) ⊂ �l{x}.

�«¥¬¥âë τ(x)  §ë¢ îâ (¯à¥¤)®ªà¥áâ®áâï¬¨ x. � àã (X, τ) ( 
ç áâ® ¨ ¬®¦¥áâ¢® X)  §ë¢ îâ ¯à¥¤â®¯®«®£¨ç¥áª¨¬ ¯à®áâà -
áâ¢®¬.

9.1.2. �¯à¥¤¥«¥¨¥. �ãáâì T (X) | á®¢®ªã¯®áâì ¢á¥å ¯à¥¤-
â®¯®«®£¨©   X. �á«¨ τ1, τ2 ∈ T (X), â® £®¢®àïâ, çâ® τ1 á¨«ì¥¥ τ2
(¨ ¯¨èãâ τ1 ≥ τ2) ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï: x ∈ X ⇒ τ1(x) ⊃ τ2(x).

9.1.3. �®¦¥áâ¢® T (X) á ®â®è¥¨¥¬ ýá¨«ì¥¥þ ¯à¥¤áâ ¢«ï¥â
á®¡®© ¯®«ãî à¥è¥âªã.

C �á«¨ X = ∅, â® T (X) = {∅} ¨ ¤®ª §ë¢ âì ¨ç¥£® ¥  ¤®.
�á«¨ ¦¥ X 6= ∅, â® á«¥¤ã¥â á®á« âìáï   1.3.13. B

9.1.4. �¯à¥¤¥«¥¨¥. �®¦¥áâ¢® G ¢ X  §ë¢ îâ ®âªàëâë¬,
¥á«¨ ®® ï¢«ï¥âáï (¯à¥¤)®ªà¥áâ®áâìî ª ¦¤®© á¢®¥© â®çª¨ (á¨¬¢®-
«¨ç¥áª¨: G ∈ Op(τ) ⇔ (∀x ∈ G)(G ∈ τ(x))). �®¦¥áâ¢® F ¢ X
 §ë¢ îâ § ¬ªãâë¬, ¥á«¨ ¥£® ¤®¯®«¥¨¥ ®âªàëâ® (á¨¬¢®«¨ç¥áª¨:
F ∈ Cl(τ) ⇔ X \ F ∈ Op(τ)).

9.1.5. �¡ê¥¤¨¥¨¥ «î¡®£® á¥¬¥©áâ¢  ¨ ¯¥à¥á¥ç¥¨¥ ª®¥ç®£®
á¥¬¥©áâ¢  ®âªàëâëå ¬®¦¥áâ¢ áãâì ¬®¦¥áâ¢  ®âªàëâë¥. �¥à¥á¥ç¥-
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¨¥ «î¡®£® á¥¬¥©áâ¢  ¨ ®¡ê¥¤¨¥¨¥ ª®¥ç®£® á¥¬¥©áâ¢  § ¬ªãâëå
¬®¦¥áâ¢ áãâì ¬®¦¥áâ¢  § ¬ªãâë¥. CB

9.1.6. �ãáâì (X, τ) | ¯à¥¤â®¯®«®£¨ç¥áª®¥ ¯à®áâà áâ¢®. �á«¨
x ∈ X, â® ¯®«®¦¨¬

U ∈ t(τ)(x) ⇔ (∃V ∈ Op(τ)) x ∈ V & U ⊃ V.

�â®¡à ¦¥¨¥ t(τ) : x 7→ t(τ)(x) | ¯à¥¤â®¯®«®£¨ï   X. CB
9.1.7. �¯à¥¤¥«¥¨¥. �à¥¤â®¯®«®£¨î τ   X  §ë¢ îâ â®¯®-

«®£¨¥©, ¥á«¨ τ = t(τ). � àã (X, τ) (  ç áâ® ¨ ¬®¦¥áâ¢® X) ¢ íâ®¬
á«ãç ¥  §ë¢ îâ â®¯®«®£¨ç¥áª¨¬ ¯à®áâà áâ¢®¬. �®¦¥áâ¢® ¢á¥å
â®¯®«®£¨©   X ®¡®§ ç îâ á¨¬¢®«®¬ T(X).

9.1.8. �à¨¬¥àë.
(1) �¥âà¨ç¥áª ï â®¯®«®£¨ï.
(2) �®¯®«®£¨ï ¬ã«ìâ¨®à¬¨à®¢ ®£® ¯à®áâà áâ¢ .
(3) �ãáâì τ◦ := inf T (X). �á®, çâ® τ◦(x) = {X} ¤«ï

x ∈ X. � ç¨â, Op(τ◦) = {∅, X} ¨, á«¥¤®¢ â¥«ì®, τ◦ = t(τ◦),
â. ¥. τ◦ | â®¯®«®£¨ï. �âã â®¯®«®£¨î  §ë¢ îâ âà¨¢¨ «ì®© ¨«¨
 â¨¤¨áªà¥â®©.

(4) �ãáâì τ◦ := sup T (X). �á®, çâ® τ◦(x) = �l {x} ¤«ï
x ∈ X. � ç¨â, Op(τ◦) = 2X ¨, á«¥¤®¢ â¥«ì®, τ◦ = t(τ◦), â. ¥. τ◦ |
â®¯®«®£¨ï. �âã â®¯®«®£¨î  §ë¢ îâ ¤¨áªà¥â®©.

(5) �ãáâì Op | á®¢®ªã¯®áâì ¯®¤¬®¦¥áâ¢ ¢ X, ¢ë¤¥à-
¦¨¢ îé ï ®¡à §®¢ ¨¥ ®¡ê¥¤¨¥¨ï «î¡®£® ¨ ¯¥à¥á¥ç¥¨ï ª®¥ç®£®
á¥¬¥©áâ¢. �®£¤  áãé¥áâ¢ã¥â, ¨ ¯à¨â®¬ ¥¤¨áâ¢¥ ï, â®¯®«®£¨ï τ  
X â ª ï, çâ® Op(τ) = Op.

C �®«®¦¨¬ τ(x) := �l {V ∈ Op : x ∈ V } ¤«ï x ∈ X (¢ á«ãç ¥
X = ∅ ¤®ª §ë¢ âì ¥ç¥£®). �â¬¥â¨¬, çâ® τ(x) 6= ∅ ¢ á¨«ã â®£®, çâ®
¯¥à¥á¥ç¥¨¥ ¯ãáâ®£® á¥¬¥©áâ¢  á®¢¯ ¤ ¥â á X (áà.: inf ∅ = +∞). �§
¯®áâà®¥¨ï ¢ë¢®¤¨¬, çâ® t(τ) = τ ¨ ¯à¨ íâ®¬ Op ⊂ Op(τ). �á«¨ ¦¥
G ∈ Op(τ), â® G = ∪{V : V ∈ Op, V ⊂ G} ¨, áâ «® ¡ëâì, G ∈ Op ¯®
ãá«®¢¨î. �â¢¥à¦¤¥¨¥ ®¡ ¥¤¨áâ¢¥®áâ¨ ¥ ¢ë§ë¢ ¥â á®¬¥¨©. B

9.1.9. �ãáâì ®â®¡à ¦¥¨¥ t : T (X) → T (X) ®¯à¥¤¥«¥® ¯à ¢¨-
«®¬ t : τ 7→ t(τ). �®£¤ 

(1) im t = T(X), â. ¥. τ ∈ T (X) ⇒ t(τ) ∈ T(X);
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(2) τ1 ≤ τ2 ⇒ t(τ1) ≤ t(τ2) (τ1, τ2 ∈ T (X));
(3) t ◦ t = t;
(4) τ ∈ T (X) ⇒ t(τ) ≤ τ ;
(5) Op(τ) = Op(t(τ)) (τ ∈ T (X)).

C �ª«îç¥¨¥ Op(τ) ⊃ Op(t(τ)) á¯à ¢¥¤«¨¢® ¯®â®¬ã, çâ® ¡ëâì
®âªàëâë¬ ¬®¦¥áâ¢®¬ ®â®á¨â¥«ì® τ «¥£ç¥. �¡à â®¥ ¢ª«îç¥¨¥
Op(τ) ⊂ Op(t(τ)) á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥¨ï t(τ). � ¢¥áâ¢® Op(τ) =
Op(t(τ)) ¤¥« ¥â ¢á¥ ®ç¥¢¨¤ë¬. B

9.1.10. �à¥¤â®¯®«®£¨ï τ ï¢«ï¥âáï â®¯®«®£¨¥© ¢ X ¢ â®¬ ¨ â®«ì-
ª® ¢ â®¬ á«ãç ¥, ¥á«¨ ¤«ï x ∈ X ¢ë¯®«¥®

(∀U ∈ τ(x))(∃V ∈ τ(x) & V ⊂ U) (∀ y)(y ∈ V ⇒ V ∈ τ(y)).
C �ëâ¥ª ¥â ¨§ 9.1.9 (5). B
9.1.11. �ãáâì τ1, τ2 ∈ T(X). �«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï íª¢¨¢ -

«¥âë:
(1) τ1 ≥ τ2;
(2) Op(τ1) ⊃ Op(τ2);
(3) Cl(τ1) ⊃ Cl(τ2). CB

9.1.12. � ¬¥ç ¨¥. � ª ¢¨¤® ¨§ 9.1.8 (5) ¨ 9.1.11, â®¯®«®-
£¨ï ¯à®áâà áâ¢  ®¤®§ ç® ®¯à¥¤¥«¥  á®¢®ªã¯®áâìî ¢á¥å á¢®¨å
®âªàëâëå ¬®¦¥áâ¢. �®íâ®¬ã ¬®¦¥áâ¢® Op(τ) â ª¦¥  §ë¢ îâ
â®¯®«®£¨¥© ¯à®áâà áâ¢  X. � ç áâ®áâ¨, á®¢®ªã¯®áâì ®âªàëâëå
¬®¦¥áâ¢ ¯à¥¤â®¯®«®£¨ç¥áª®£® ¯à®áâà áâ¢  (X, τ) ®¯à¥¤¥«ï¥â ¢ X
áâàãªâãàã â®¯®«®£¨ç¥áª®£® ¯à®áâà áâ¢  (X, t(τ)) á â¥¬ ¦¥ § ¯ á®¬
®âªàëâëå ¬®¦¥áâ¢. � íâ®© á¢ï§¨ â®¯®«®£¨î t(τ) ®¡ëç®  §ë¢ îâ
â®¯®«®£¨¥©,  áá®æ¨¨à®¢ ®© á ¯à¥¤â®¯®«®£¨¥© τ .

9.1.13. �¥®à¥¬ . �®¦¥áâ¢® T(X) â®¯®«®£¨©   X á ®â®è¥-
¨¥¬ ýá¨«ì¥¥þ ¯à¥¤áâ ¢«ï¥â á®¡®© ¯®«ãî à¥è¥âªã. �à¨ íâ®¬ ¤«ï
«î¡®£® ¬®¦¥áâ¢  E ¢ T(X) ¢ë¯®«¥®

supT(X) E = supT (X) E .

C �¬¥¥¬
t(supT (X) E ) ≥ supT (X) t(E ) ≥ supT (X) E ≥ t(supT (X) E ).

� ª¨¬ ®¡à §®¬, τ := supT (X) E ¢å®¤¨â ¢ T(X). �á®, çâ® τ ≥ E .
�®¬¨¬® íâ®£®, ¥á«¨ τ0 ≥ E ¨ τ0 ∈ T(X), â® τ0 ≥ τ ¨, áâ «® ¡ëâì,
τ = supT(X) E . �áâ «®áì á®á« âìáï   1.2.14. B
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9.1.14. � ¬¥ç ¨¥. �«ï â®ç®© ¨¦¥© £à ¨æë ï¢ ï ä®à-
¬ã«  á«®¦¥¥:

infT(X) E = t(infT (X) E ).

� â® ¦¥ ¢à¥¬ï, ¥á«¨ ¢ á®®â¢¥âáâ¢¨¨ á 9.1.12 â®¯®«®£¨¨ § ¤ ë ãª -
§ ¨¥¬ á¨áâ¥¬ ®âªàëâëå ¬®¦¥áâ¢, â® á¨âã æ¨ï ã¯à®é ¥âáï:

U ∈ Op(infT(X) E ) ⇔ (∀ τ ∈ E ) U ∈ Op(τ).

�ë¬¨ á«®¢ ¬¨,

Op(infT(X) E ) =
⋂

τ∈E

Op(τ).

� íâ®© á¢ï§¨ ç áâ® £®¢®àïâ ¨ ® ¯¥à¥á¥ç¥¨¨ â®¯®«®£¨© (  ¥ â®«ìª®
®¡ ¨å â®ç®© ¨¦¥© £à ¨æ¥). CB

9.2. �¥¯à¥àë¢®áâì
9.2.1. � ¬¥ç ¨¥. � «¨ç¨¥ â®¯®«®£¨¨ ¢ ¯à®áâà áâ¢¥, ®ç¥¢¨¤-

®, ¯®§¢®«ï¥â £®¢®à¨âì ® â ª¨å ¢¥é å, ª ª ¢ãâà¥®áâì ¨ § ¬ëª ¨¥
¬®¦¥áâ¢, áå®¤¨¬®áâì ä¨«ìâà®¢ ¨ ®¡®¡é¥ëå ¯®á«¥¤®¢ â¥«ì®áâ¥©
¨ â. ¯. �â¨¬ ®¡áâ®ïâ¥«ìáâ¢®¬ ¬ë ã¦¥ ¯®«ì§®¢ «¨áì ¯à¨ § ª®¬áâ¢¥
á ¬ã«ìâ¨®à¬¨à®¢ ë¬¨ ¯à®áâà áâ¢ ¬¨. �â¬¥â¨¬ ¯®«®âë à ¤¨,
çâ® ¢ â®¯®«®£¨ç¥áª®¬ ¯à®áâà áâ¢¥ á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥   «®£¨
4.1.19 ¨ 4.2.1.

9.2.2. �¥®à¥¬  �¨àª£®ä . �«ï ¥¯ãáâ®£® ¬®¦¥áâ¢  ¨ â®çª¨
â®¯®«®£¨ç¥áª®£® ¯à®áâà áâ¢  íª¢¨¢ «¥âë ãâ¢¥à¦¤¥¨ï:

(1) ¤  ï â®çª  ¥áâì â®çª  ¯à¨ª®á®¢¥¨ï ¬®¦¥áâ¢ ;
(2) áãé¥áâ¢ã¥â ¥ª®â®àë© ä¨«ìâà, á®¤¥à¦ é¨© ¬®¦¥-

áâ¢® ¨ áå®¤ïé¨©áï ª ¤ ®© â®çª¥;
(3) áãé¥áâ¢ã¥â ®¡®¡é¥ ï ¯®á«¥¤®¢ â¥«ì®áâì í«¥¬¥-

â®¢ ¬®¦¥áâ¢ , áå®¤ïé ïáï ª ¤ ®© â®çª¥. CB
9.2.3. �«ï ®â®¡à ¦¥¨ï f ®¤®£® â®¯®«®£¨ç¥áª®£® ¯à®áâà áâ¢ 

¢ ¤àã£®¥ íª¢¨¢ «¥âë ãâ¢¥à¦¤¥¨ï:
(1) ¯à®®¡à § ®âªàëâ®£® ¬®¦¥áâ¢  ®âªàëâ;
(2) ¯à®®¡à § § ¬ªãâ®£® ¬®¦¥áâ¢  § ¬ªãâ;
(3) ®¡à § ä¨«ìâà  ®ªà¥áâ®áâ¥© ¯à®¨§¢®«ì®© â®çª¨ x

â®ìè¥ ç¥¬ ä¨«ìâà ®ªà¥áâ®áâ¥© â®çª¨ f(x);
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(4) ¤«ï ¯à®¨§¢®«ì®© â®çª¨ x ª ¦¤ë© ä¨«ìâà, áå®¤ï-
é¨©áï ª x, ®â®¡à ¦¥¨¥ f ¯¥à¥¢®¤¨â ¢ ä¨«ìâà, áå®-
¤ïé¨©áï ª f(x);

(5) ®¡®¡é¥ë¥ ¯®á«¥¤®¢ â¥«ì®áâ¨, áå®¤ïé¨¥áï ª ¯à®-
¨§¢®«ì®© â®çª¥ x, ®â®¡à ¦¥¨¥ f ¯¥à¥¢®¤¨â ¢ ®¡®¡-
é¥ë¥ ¯®á«¥¤®¢ â¥«ì®áâ¨, áå®¤ïé¨¥áï ª f(x). CB

9.2.4. �¯à¥¤¥«¥¨¥. �â®¡à ¦¥¨¥, ¤¥©áâ¢ãîé¥¥ ¨§ ®¤®£® â®-
¯®«®£¨ç¥áª®£® ¯à®áâà áâ¢  ¢ ¤àã£®¥, ã¤®¢«¥â¢®àïîé¥¥ ®¤®¬ã ( 
§ ç¨â, ¨ «î¡®¬ã) ¨§ íª¢¨¢ «¥âëå ãá«®¢¨© 9.2.3 (1){9.2.3 (5),  -
§ë¢ îâ ¥¯à¥àë¢ë¬.

9.2.5. � ¬¥ç ¨¥. �á«¨ f : (X, τX) → (Y, τY ) ¨ 9.2.3 (5) ¢ë-
¯®«¥® ¤«ï ä¨ªá¨à®¢ ®© â®çª¨ x ∈ X, â® ¨®£¤  £®¢®àïâ, çâ®
f ¥¯à¥àë¢® ¢ â®çª¥ x (áà. 4.2.2). �ã¦® ¢¨¤¥âì, çâ® ®â«¨ç¨¥
¯®ïâ¨ï ¥¯à¥àë¢®áâ¨ ¢ â®çª¥ ®â ®¡é¥£® ¯®ïâ¨ï ¥¯à¥àë¢®áâ¨
ãá«®¢®. �¬¥®, ¥á«¨ ¯®«®¦¨âì τx(x) := τX(x) ¨ τx(x) := �l {x} ¤«ï
x ∈ X, x 6= x, â® ¥¯à¥àë¢®áâì f ¢ â®çª¥ x (®â®á¨â¥«ì® â®¯®«®£¨¨
τX ¢ X) à ¢®á¨«ì  ¥¯à¥àë¢®áâ¨ f : (X, τx) → (Y, τY ) (¢ ª ¦¤®©
â®çª¥ ¯à®áâà áâ¢  X á â®¯®«®£¨¥© τx). CB

9.2.6. �ãáâì τ1, τ2 ∈ T(X). �®£¤  τ1 ≥ τ2 ¢ â®¬ ¨ â®«ìª® ¢ â®¬
á«ãç ¥, ¥á«¨ IX : (X, τ1) → (X, τ2) ¥¯à¥àë¢®. CB

9.2.7. �ãáâì f : (X, τ) → (Y, ω) | ¥¯à¥àë¢®¥ ®â®¡à ¦¥¨¥
¨ τ1 ∈ T(X) ¨ ω1 ∈ T(Y ) â ª®¢ë, çâ® τ1 ≥ τ ¨ ω ≥ ω1. �®£¤ 
f : (X, τ1) → (Y, ω1) ¥¯à¥àë¢®.

C �¬¥¥¬ ª®¬¬ãâ â¨¢ãî ¤¨ £à ¬¬ã

(X, τ) f−→ (Y, ω)
IX ↑ ↓ IY

(X, τ1) f−→ (Y, ω1)

�áâ «®áì ®â¬¥â¨âì, çâ® áã¯¥à¯®§¨æ¨ï ¥¯à¥àë¢ëå ®â®¡à ¦¥¨© ¥-
¯à¥àë¢ . B

9.2.8. �¥®à¥¬  ® ¯à®®¡à §¥ â®¯®«®£¨¨. �ãáâì f : X →
(Y, ω). �®«®¦¨¬

T0 := {τ ∈ T(X) : f : (X, τ) → (Y, ω) ¥¯à¥àë¢®}.
�®£¤  â®¯®«®£¨ï f−1(ω) := inf T0 ¢å®¤¨â ¢ T0.
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C �§ 9.2.3 (1) ¢ëâ¥ª ¥â

τ ∈ T0 ⇔ (x ∈ X ⇒ f−1(ω(f(x))) ⊂ τ(x)).

�ãáâì τ(x) := f−1(ω(f(x))). �¥á®¬¥®, çâ® t(τ) = τ . �®¬¨¬®
íâ®£®, f(τ(x)) = f(f−1(ω(f(x)))) ⊃ ω(f(x)), â. ¥. τ ∈ T0 ¯® 9.2.3 (3).
� ª¨¬ ®¡à §®¬, ¢ë¯®«¥®: f−1(ω) = τ . B

9.2.9. �¯à¥¤¥«¥¨¥. �®¯®«®£¨î f−1(ω)  §ë¢ îâ ¯à®®¡à §®¬
â®¯®«®£¨¨ ω ¯à¨ ®â®¡à ¦¥¨¨ f .

9.2.10. � ¬¥ç ¨¥. �¥®à¥¬ã 9.2.8 ç áâ® ¢ëà ¦ îâ á«®¢ ¬¨:
ý¯à®®¡à § â®¯®«®£¨¨ ¯à¨ ¤ ®¬ ®â®¡à ¦¥¨¨ | íâ® á« ¡¥©è ï â®-
¯®«®£¨ï ¢ ®¡« áâ¨ ®¯à¥¤¥«¥¨ï, ¢ ª®â®à®© ®â®¡à ¦¥¨¥ ¥¯à¥àë¢-
®þ. �à¨ íâ®¬, ª ª ¢¨¤®,  ¯à¨¬¥à, ¨§ 9.1.14, ®âªàëâë¥ ¬®¦¥áâ¢ 
¢ ¯à®®¡à §¥ â®¯®«®£¨¨ | íâ® ¯à®®¡à §ë ®âªàëâëå ¬®¦¥áâ¢. �
ç áâ®áâ¨, (xξ → x ¢ f−1(ω)) ⇔ (f(xξ) → f(x) ¢ ω);   «®£¨ç®
(F → x ¢ f−1(ω)) ⇔ (f(F ) → f(x) ¢ ω) ¤«ï ä¨«ìâà  F . CB

9.2.11. �¥®à¥¬  ®¡ ®¡à §¥ â®¯®«®£¨¨. �ãáâì f : (X, τ) → Y .
�®«®¦¨¬ 
0 := {ω ∈ T(Y ) : f : (X, τ) → (Y, ω) ¥¯à¥àë¢®}. �®£¤ 
â®¯®«®£¨ï f(τ) := sup 
0 ¢å®¤¨â ¢ 
0.

C � á¨«ã 9.1.13 ¤«ï y ∈ Y ¢ë¯®«¥®

f(τ)(y) = (supT(Y ) 
0)(y) = (supT (Y ) 
0)(y) = sup{ω(y) : ω ∈ 
0}.

�  ®á®¢ ¨¨ 9.2.3 (3)

ω ∈ 
0 ⇔ (x ∈ X ⇒ f(τ(x)) ⊃ ω(f(x))).

�®¯®áâ ¢«ïï ¯à¨¢¥¤¥ë¥ ä®à¬ã«ë, ¢¨¤¨¬, çâ® f(τ) ∈ 
0. B
9.2.12. �¯à¥¤¥«¥¨¥. �®¯®«®£¨î f(τ)  §ë¢ îâ ®¡à §®¬ â®-

¯®«®£¨¨ τ ¯à¨ ®â®¡à ¦¥¨¨ f .
9.2.13. � ¬¥ç ¨¥. �¥®à¥¬ã 9.2.11 ç áâ® ¢ëà ¦ îâ á«®¢ ¬¨:

ý®¡à § â®¯®«®£¨¨ ¯à¨ ¤ ®¬ ®â®¡à ¦¥¨¨ | íâ® á¨«ì¥©è ï â®¯®-
«®£¨ï ¢ ®¡« áâ¨ ¯à¨¡ëâ¨ï, ¢ ª®â®à®© ®â®¡à ¦¥¨¥ ¥¯à¥àë¢®þ.

9.2.14. �¥®à¥¬ . �ãáâì (fξ : X → (Yξ, ωξ))ξ∈� | á¥¬¥©áâ¢®
®â®¡à ¦¥¨©. �ãáâì, ¤ «¥¥, τ := supξ∈� f−1

ξ (ωξ). �®£¤  τ | á« -
¡¥©è ï (=  ¨¬¥ìè ï) â®¯®«®£¨ï ¢ X, ¢ ª®â®à®© ¥¯à¥àë¢ë ¢á¥
®â®¡à ¦¥¨ï fξ (ξ ∈ �).
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C �à¨¢«¥ª ï 9.2.8, ¨¬¥¥¬

(fξ : (X, τ) → (Yξ, ωξ) ¥¯à¥àë¢®) ⇔ τ ≥ f−1
ξ (ωξ). B

9.2.15. �¥®à¥¬ . �ãáâì (fξ : (Xξ, τξ) → Y )ξ∈� | á¥¬¥©áâ¢®
®â®¡à ¦¥¨©. �ãáâì, ¤ «¥¥, ω := infξ∈� fξ(τξ). �®£¤  ω | á¨«ì-
¥©è ï (=  ¨¡®«ìè ï) â®¯®«®£¨ï ¢ Y , ¢ ª®â®à®© ¥¯à¥àë¢ë ¢á¥
®â®¡à ¦¥¨ï fξ (ξ ∈ �).

C �¯¥««¨àãï ª 9.2.11, § ª«îç ¥¬:

(fξ : (Xξ, τξ) → (Y, ω) ¥¯à¥àë¢®) ⇔ ω ≤ fξ(τξ). B

9.2.16. � ¬¥ç ¨¥. �â¢¥à¦¤¥¨ï 9.2.14 ¨ 9.2.15 ç áâ®  §ë-
¢ îâ â¥®à¥¬ ¬¨ ® § ¤ ¨¨ â®¯®«®£¨¨ âà¥¡®¢ ¨¥¬ ¥¯à¥àë¢®áâ¨
á¥¬¥©áâ¢  ®â®¡à ¦¥¨©.

9.2.17. �à¨¬¥àë.
(1) �ãáâì (X, τ) | â®¯®«®£¨ç¥áª®¥ ¯à®áâà áâ¢® ¨ X0

| ¯®¤¬®¦¥áâ¢® ¢ X. �¡®§ ç¨¬ ι : X0 → X ¢«®¦¥¨¥ X0 ¢ X.
�ãáâì τ0 := ι−1(τ). �®¯®«®£¨î τ0  §ë¢ îâ ¨¤ãæ¨à®¢ ®© (τ ¢ X0),
  ¯à®áâà áâ¢® (X0, τ0) | ¯®¤¯à®áâà áâ¢®¬ (X, τ).

(2) �ãáâì (Xξ, τξ)ξ∈� | íâ® á¥¬¥©áâ¢® â®¯®«®£¨ç¥áª¨å
¯à®áâà áâ¢. �ãáâì, ¤ «¥¥, X :=

∏
ξ∈� Xξ | ¯à®¨§¢¥¤¥¨¥ á¥¬¥©áâ¢ 

¬®¦¥áâ¢ (Xξ)ξ∈�. �®«®¦¨¬ τ := supξ∈� Pr−1
ξ (τξ), £¤¥ Prξ : X → Xξ

| ª®®à¤¨ âë© ¯à®¥ªâ®à, Prξ x = xξ (ξ ∈ �). �®¯®«®£¨î τ  -
§ë¢ îâ â®¯®«®£¨¥© ¯à®¨§¢¥¤¥¨ï, ¨«¨ ¯à®¨§¢¥¤¥¨¥¬ â®¯®«®£¨©
(τξ)ξ∈�, ¨«¨ â¨å®®¢áª®© â®¯®«®£¨¥©. �à®áâà áâ¢® (X, τ)  §ë¢ -
îâ â¨å®®¢áª¨¬ ¯à®¨§¢¥¤¥¨¥¬ à áá¬ âà¨¢ ¥¬ëå â®¯®«®£¨ç¥áª¨å
¯à®áâà áâ¢. � ç áâ®áâ¨, ¥á«¨ Xξ := [0, 1] ¤«ï ¢á¥å ξ ∈ �, â®
X := [0, 1]� (á â¨å®®¢áª®© â®¯®«®£¨¥©)  §ë¢ îâ â¨å®®¢áª¨¬ ªã-
¡®¬. �à¨ �:= N £®¢®àïâ ® £¨«ì¡¥àâ®¢®¬ ª¨à¯¨ç¥.

9.3. �¨¯ë â®¯®«®£¨ç¥áª¨å ¯à®áâà áâ¢
9.3.1. �«ï â®¯®«®£¨ç¥áª®£® ¯à®áâà áâ¢  íª¢¨¢ «¥âë á«¥¤ã-

îé¨¥ ãâ¢¥à¦¤¥¨ï:
(1) ®¤®â®ç¥çë¥ ¬®¦¥áâ¢  § ¬ªãâë;
(2) ¯¥à¥á¥ç¥¨¥ ¢á¥å ®ªà¥áâ®áâ¥© ª ¦¤®© â®çª¨ ¯à®áâ-

à áâ¢  á®áâ®¨â â®«ìª® ¨§ íâ®© â®çª¨;
(3) ã ª ¦¤®© ¨§ «î¡ëå ¤¢ãå â®ç¥ª ¯à®áâà áâ¢  ¥áâì

®ªà¥áâ®áâì, ¥ á®¤¥à¦ é ï ¤àã£®© â®çª¨.
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C �«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç® § ¬¥â¨âì, çâ®

y ∈ cl{x} ⇔ (∀V ∈ τ(y)) x ∈ V ⇔ x ∈ ∩{V : V ∈ τ(y)},

£¤¥ x, y | â®çª¨ â®¯®«®£¨ç¥áª®£® ¯à®áâà áâ¢  (X, τ). B
9.3.2. �¯à¥¤¥«¥¨¥. �®¯®«®£¨ç¥áª®¥ ¯à®áâà áâ¢®, ã¤®¢«¥â¢®-

àïîé¥¥ ®¤®¬ã (  § ç¨â, ¨ «î¡®¬ã) ¨§ íª¢¨¢ «¥âëå ãá«®¢¨© 9.3.1
(1){9.3.1 (3),  §ë¢ îâ ®â¤¥«¨¬ë¬ ¨«¨ T1-¯à®áâà áâ¢®¬. �®¯®«®-
£¨î T1-¯à®áâà áâ¢   §ë¢ îâ ®â¤¥«¨¬®© (à¥¦¥ | T1-â®¯®«®£¨¥©,
¥é¥ à¥¦¥ | ¤®áâ¨¦¨¬®© â®¯®«®£¨¥©).

9.3.3. � ¬¥ç ¨¥. � áâ® ®¡à §® £®¢®àïâ: ýT1-¯à®áâà áâ¢®
| íâ® ¯à®áâà áâ¢® á § ¬ªãâë¬¨ â®çª ¬¨þ.

9.3.4. �«ï â®¯®«®£¨ç¥áª®£® ¯à®áâà áâ¢  íª¢¨¢ «¥âë á«¥¤ã-
îé¨¥ ãâ¢¥à¦¤¥¨ï:

(1) ª ¦¤ë© ä¨«ìâà ¨¬¥¥â ¥ ¡®«¥¥ ®¤®£® ¯à¥¤¥« ;
(2) ¯¥à¥á¥ç¥¨¥ ¢á¥å § ¬ªãâëå ®ªà¥áâ®áâ¥© ¯à®¨§¢®«ì-

®© â®çª¨ ¯à®áâà áâ¢  á®áâ®¨â â®«ìª® ¨§ íâ®© â®ç-
ª¨;

(3) ã «î¡ëå ¤¢ãå â®ç¥ª ¯à®áâà áâ¢  ¨¬¥îâáï ¥¯¥à¥á¥-
ª îé¨¥áï ®ªà¥áâ®áâ¨.

C (1) ⇒ (2): �á«¨ y ∈ ∩U∈τ(x) cl U , â® ¤«ï ¢áïª®£® V ∈ τ(y) ¡ã¤¥â,
çâ® U ∩ V 6= ∅, ª ª â®«ìª® U ∈ τ(x). � ª¨¬ ®¡à §®¬, ¥áâì â®ç ï
¢¥àåïï £à ¨æ  F := τ(x)∨ τ(y). �¥á®¬¥®, F → x ¨ F → y. �®
ãá«®¢¨î ¨¬¥¥¬ x = y.

(2) ⇒ (3): �ãáâì x, y ∈ X, x 6= y (¥á«¨ â ª¨å â®ç¥ª ¥â, â®
«¨¡® X = ∅, «¨¡® X á®áâ®¨â ¨§ ®¤®© â®çª¨ ¨ ¤®ª §ë¢ âì ¨ç¥£® ¥
 ¤®). � ©¤¥âáï ®ªà¥áâ®áâì U ∈ τ(x) â ª ï, çâ® U = cl U ¨ y 6= U .
� ç¨â, ¤®¯®«¥¨¥ V ¬®¦¥áâ¢  U ¤® X ®âªàëâ®. �®¬¨¬® íâ®£®,
U ∩ V = ∅.

(3) ⇒ (1): �ãáâì F | ä¨«ìâà ¢ X. �á«¨ F → x ¨ F → y,
â® F ⊃ τ(x) ¨ F ⊃ τ(y). �â «® ¡ëâì, ¤«ï U ∈ τ(x) ¨ V ∈ τ(y)
¢ë¯®«¥® U ∩ V 6= ∅. �®á«¥¤¥¥ ®§ ç ¥â, çâ® x = y. B

9.3.5. �¯à¥¤¥«¥¨¥. �®¯®«®£¨ç¥áª®¥ ¯à®áâà áâ¢®, ã¤®¢«¥â¢®-
àïîé¥¥ ®¤®¬ã (  ¯®â®¬ã ¨ «î¡®¬ã) ¨§ íª¢¨¢ «¥âëå ãá«®¢¨© 9.3.4
(1){9.3.4 (3),  §ë¢ îâ å ãá¤®àä®¢ë¬ ¨«¨ T2-¯à®áâà áâ¢®¬. �áâ¥-
áâ¢¥ë© á¬ëá« ¢ª« ¤ë¢ îâ ¢ â¥à¬¨ ýå ãá¤®àä®¢  â®¯®«®£¨ïþ.
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9.3.6. � ¬¥ç ¨¥. � áâ® ®¡à §® £®¢®àïâ: ýT2-¯à®áâà áâ¢®
| íâ® ¯à®áâà áâ¢®, ¢ ª®â®à®¬ ¯à¥¤¥« ¥¤¨áâ¢¥þ.

9.3.7. �¯à¥¤¥«¥¨¥. �ãáâì U , V | ¬®¦¥áâ¢  ¢ â®¯®«®£¨ç¥-
áª®¬ ¯à®áâà áâ¢¥. �®¢®àïâ, çâ® V | ®ªà¥áâ®áâì U , ¥á«¨ int V ⊃
U .

9.3.8. �«ï â®¯®«®£¨ç¥áª®£® ¯à®áâà áâ¢  íª¢¨¢ «¥âë á«¥¤ã-
îé¨¥ ãâ¢¥à¦¤¥¨ï:

(1) ¯¥à¥á¥ç¥¨¥ ¢á¥å § ¬ªãâëå ®ªà¥áâ®áâ¥© ¯à®¨§¢®«ì-
®£® § ¬ªãâ®£® ¬®¦¥áâ¢  á®áâ®¨â â®«ìª® ¨§ í«¥-
¬¥â®¢ íâ®£® ¬®¦¥áâ¢ ;

(2) ä¨«ìâà ®ªà¥áâ®áâ¥© ¯à®¨§¢®«ì®© â®çª¨ ¨¬¥¥â ¡ -
§¨á, á®áâ®ïé¨© ¨§ § ¬ªãâëå ¬®¦¥áâ¢;

(3) ã «î¡®© â®çª¨ ¨ ã «î¡®£® § ¬ªãâ®£® ¬®¦¥áâ¢ , ¥
á®¤¥à¦ é¥£® íâ®© â®çª¨, ¨¬¥îâáï ¥¯¥à¥á¥ª îé¨¥áï
®ªà¥áâ®áâ¨.

C (1) ⇒ (2): �á«¨ x ∈ X ¨ U ∈ τ(x), â® V := X \ int U § ¬ªãâ®
¨ x /∈ V . �® ãá«®¢¨î  ©¤¥âáï ¬®¦¥áâ¢® F ∈ Cl(τ), ¤«ï ª®â®à®£®
x /∈ F ¨ int F ⊃ V . �®«®¦¨¬ G := X \ F . �á®, çâ® G ∈ τ(x). �à¨
íâ®¬ G ⊂ X \ int F = cl(X \ int F ) ⊂ X \V ⊂ int U ⊂ U . �«¥¤®¢ â¥«ì-
®, cl G ⊂ U .

(2) ⇒ (3): �á«¨ x ∈ X ¨ F ∈ Cl(τ), ¯à¨ç¥¬ x /∈ F , â® X\F ∈ τ(x).
�â «® ¡ëâì, ¨¬¥¥âáï ®ªà¥áâ®áâì U = cl U ∈ τ(x), á®¤¥à¦ é ïáï
¢ X \F . � ª¨¬ ®¡à §®¬, X \U | ®ªà¥áâ®áâì F , ¥ ¯¥à¥á¥ª îé ïáï
á U .

(3) ⇒ (1): �á«¨ F ∈ Cl(τ) ¨ int G ⊃ F ⇒ y ∈ cl G, â® ¤«ï ª ¦¤®£®
U ∈ τ(y) ¨ ¢áïª®© ®ªà¥áâ®áâ¨ G ¬®¦¥áâ¢  F ¢ë¯®«¥® U ∩G 6= ∅.
�®á«¥¤¥¥ ®§ ç ¥â, çâ® y ∈ F . B

9.3.9. �¯à¥¤¥«¥¨¥. �®¯®«®£¨ç¥áª®¥ ¯à®áâà áâ¢®, ã¤®¢«¥â¢®-
àïîé¥¥ ®¤®¬ã (  § ç¨â, ¨ «î¡®¬ã) ¨§ íª¢¨¢ «¥âëå ãá«®¢¨©
9.3.8 (1){9.3.8 (3),  §ë¢ îâ T3-¯à®áâà áâ¢®¬. �â¤¥«¨¬®¥ T3-¯à®-
áâà áâ¢®  §ë¢ îâ à¥£ã«ïàë¬.

9.3.10. � « ï «¥¬¬  �àëá® . �«ï â®¯®«®£¨ç¥áª®£® ¯à®-
áâà áâ¢  íª¢¨¢ «¥âë ãâ¢¥à¦¤¥¨ï:

(1) ä¨«ìâà ®ªà¥áâ®áâ¥© ª ¦¤®£® ¥¯ãáâ®£® § ¬ªãâ®-
£® ¬®¦¥áâ¢  ¨¬¥¥â ¡ §¨á, á®áâ®ïé¨© ¨§ § ¬ªãâëå
¬®¦¥áâ¢;
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(2) ã ¯à®¨§¢®«ìëå ¤¢ãå ¥¯¥à¥á¥ª îé¨åáï § ¬ªãâëå
¬®¦¥áâ¢ ¥áâì ¥¯¥à¥á¥ª îé¨¥áï ®ªà¥áâ®áâ¨.

C (1) ⇒ (2): �ãáâì F1, F2 | § ¬ªãâë¥ ¬®¦¥áâ¢  ¯à®áâà -
áâ¢  X, ¯à¨ç¥¬ F1∩F2 = ∅. �ãáâì G := X \F1. �ç¥¢¨¤®, G ®âªàë-
â® ¨ G ⊃ F2. �á«¨ F2 = ∅, â® ¤®ª §ë¢ âì ¨ç¥£® ¥  ¤®. � ç¨â,
¬®¦® áç¨â âì, çâ® F2 6= ∅. �®£¤   ©¤¥âáï § ¬ªãâ®¥ ¬®¦¥áâ¢®
V2 â ª®¥, çâ® G ⊃ V2 ⊃ int V2 ⊃ F2. �®«®¦¨¬ V1 := X \ V2. �á®, çâ®
V1 ®âªàëâ®, V1 ∩ V2 = ∅. �à¨ íâ®¬ V1 ⊃ X \G = X \ (X \ F1) = F1.

(2)⇒ (1): �ãáâì F = cl F , G = int G ¨ G ⊃ F . �®«®¦¨¬ F1 := X\
G. �®£¤  F1 = cl F1 ¨, áâ «® ¡ëâì, ¨¬¥îâáï ®âªàëâë¥ ¬®¦¥áâ¢  U
¨ U1, ¤«ï ª®â®àëå U ∩ U1 = ∅, ¯à¨ç¥¬ F ⊂ U ¨ F1 ⊂ U1. � ª®¥æ,
cl U ⊂ X \ U1 ⊂ X \ F1 = G. B

9.3.11. �¯à¥¤¥«¥¨¥. �®¯®«®£¨ç¥áª®¥ ¯à®áâà áâ¢®, ã¤®¢«¥-
â¢®àïîé¥¥ ®¤®¬ã (  â®£¤  ¨ ¤àã£®¬ã) ¨§ íª¢¨¢ «¥âëå ãá«®¢¨©
9.3.10 (1), 9.3.10 (2),  §ë¢ îâ T4-¯à®áâà áâ¢®¬. �â¤¥«¨¬®¥ T4-
¯à®áâà áâ¢®  §ë¢ îâ ®à¬ «ìë¬.

9.3.12. �¥¬¬  ® ¥¯à¥àë¢®áâ¨ äãªæ¨¨, § ¤ ®© «¥¡¥-
£®¢ë¬¨ ¬®¦¥áâ¢ ¬¨. �ãáâì ¬®¦¥áâ¢® T ¯«®â® ¢ R ¨ t 7→ Ut

(t ∈ T ) | á¥¬¥©áâ¢® ¯®¤¬®¦¥áâ¢ â®¯®«®£¨ç¥áª®£® ¯à®áâà áâ¢  X.
�ãé¥áâ¢ã¥â, ¨ ¯à¨â®¬ ¥¤¨áâ¢¥ ï, ¥¯à¥àë¢ ï äãªæ¨ï f : X →
R â ª ï, çâ®

{f < t} ⊂ Ut ⊂ {f ≤ t} (t ∈ T )
¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨

t, s ∈ T, t < s ⇒ cl Ut ⊂ int Us.

C⇒: �à¨ t < s ¢¢¨¤ã § ¬ªãâ®áâ¨ {f ≤ t} ¨ ®âªàëâ®áâ¨ {f < s}
á¯à ¢¥¤«¨¢ë ¢ª«îç¥¨ï

cl Ut ⊂ {f ≤ t} ⊂ {f < s} ⊂ int Us.

⇐: � ª ª ª Ut ⊂ cl Ut ⊂ int Us ⊂ Us ¯à¨ t < s, â® á¥¬¥©áâ¢®
t 7→ Ut (t ∈ T ) ¢®§à áâ ¥â. �®íâ®¬ã áãé¥áâ¢®¢ ¨¥ f á«¥¤ã¥â ¨§ 3.8.2
(  ¥¤¨áâ¢¥®áâì | ¨§ 3.8.4). � áá¬®âà¨¬ á¥¬¥©áâ¢  t 7→ Vt :=
cl Ut ¨ t 7→ Wt := int Ut. �â¨ á¥¬¥©áâ¢  ¢®§à áâ îâ. � ç¨â, ¢®¢ì
¯à¨¬¥ïï 3.8.2,  ©¤¥¬ äãªæ¨¨ g, h : X → R â ª¨¥, çâ® ¤«ï ¢á¥å
t ∈ T ¢ë¯®«¥®

{g < t} ⊂ Vt ⊂ {g ≤ t}, {h < t} ⊂ Wt ⊂ {h ≤ t}.
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�á«¨ t, s ∈ T, t < s, â® ¢¢¨¤ã 3.8.3

Wt = int Ut ⊂ Ut ⊂ Us ⇒ f ≤ h;
Vt = cl Ut ⊂ int Us = Ws ⇒ h ≤ g;

Ut ⊂ Us ⊂ cl Us = Vs ⇒ g ≤ f.

�ª®ç â¥«ì® f = g = h. �ç¨âë¢ ï 3.8.4 ¨ 9.1.5, ¤«ï t ∈ R ¨¬¥¥¬

{f < t} = {h < t} = ∪{Ws : s < t, s ∈ T} ∈ Op(τX);
{f ≤ t} = {g ≤ t} = ∩{Vs : t < s, s ∈ T} ∈ Cl(τX).

�ª § ë¥ ¢å®¦¤¥¨ï ®ç¥¢¨¤® ®¡¥á¯¥ç¨¢ îâ ¥¯à¥àë¢®áâì f . B
9.3.13. �®«ìè ï «¥¬¬  �àëá® . �ãáâì X | ¥ª®â®à®¥

T4-¯à®áâà áâ¢®. �ãáâì, ¤ «¥¥, F | § ¬ªãâ®¥ ¬®¦¥áâ¢® ¢ X
¨ G | ¥£® ®ªà¥áâ®áâì. �®£¤  áãé¥áâ¢ã¥â ¥¯à¥àë¢ ï äãªæ¨ï
f : X → [0, 1] â ª ï, çâ® f(x) = 0 ¯à¨ x ∈ F ¨ f(x) = 1 ¯à¨ x /∈ G.

C �®«®¦¨¬ Ut := ∅ ¯à¨ t < 0 ¨ Ut := X ¯à¨ t > 1. �«¥¤ã¥â
®¯à¥¤¥«¨âì Ut ¤«ï â®ç¥ª ¨§ ¬®¦¥áâ¢  T ý¤¢®¨ç®-à æ¨® «ìëå
â®ç¥ª ®âà¥§ª  [0, 1]þ, â. ¥. T := ∪n∈NTn, £¤¥ Tn := {k2−n+1 : k :=
0, 1, . . . , 2n−1}, â ª, çâ®¡ë ¤«ï á¥¬¥©áâ¢  t 7→ Ut (t ∈ T := T ∪ (R \
[0, 1])) ¡ë«¨ ¢ë¯®«¥ë ãá«®¢¨ï 9.3.12. �®®â¢¥âáâ¢ãîé¥¥ ¯®áâà®¥-
¨¥ ¯à®¢¥¤¥¬ ¯® ¨¤ãªæ¨¨.

�á«¨ t ∈ T1, â. ¥. t ∈ {0, 1}, â® ¯®« £ ¥¬ U0 := F , U1 := G.
�®¯ãáâ¨¬ â¥¯¥àì, çâ® ¤«ï t ∈ Tn ¯à¨ n ≥ 1 ¬®¦¥áâ¢® Ut ¯®áâà®¥®,
¯à¨ç¥¬ cl Ut ⊂ int Us, ª ª â®«ìª® t, s ∈ Tn ¨ t < s. �®§ì¬¥¬ t ∈ Tn+1
¨  ©¤¥¬ ¡«¨¦ ©è¨¥ ª t â®çª¨ ¢ Tn, â. ¥.

tl := sup{s ∈ Tn : s ≤ t};
tr := inf{s ∈ Tn : t ≤ s}.

�á«¨ t = tl ¨«¨ t = tr, â® Ut ã¦¥ ¥áâì. �á«¨ ¦¥ t 6= tl ¨ t 6= tr, â®
tl < t < tr ¨ ¯® ¯à¥¤¯®«®¦¥¨î cl Utl

⊂ int Utr . � á¨«ã 9.3.11 ¨¬¥¥âáï
§ ¬ªãâ®¥ ¬®¦¥áâ¢® Ut â ª®¥, çâ®

cl Utl
⊂ int Ut ⊂ Ut = cl Ut ⊂ int Utr .

�áâ «®áì ¯®ª § âì, çâ® ¢®§¨ª îé¥¥ á¥¬¥©áâ¢® ã¤®¢«¥â¢®àï¥â âà¥-
¡ã¥¬ë¬ ãá«®¢¨ï¬.
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�â ª, ¯ãáâì t, s ∈ Tn+1, ¯à¨ç¥¬ t < s. �á«¨ tr = sl, â® ¯à¨ s > sl

¯® ¯®áâà®¥¨î
cl Ut ⊂ cl Utr

= cl Usl
⊂ int Us.

� «®£¨ç® ¯à¨ t < tr = sl ¢ë¯®«¥®

cl Ut ⊂ int Utr
= inf Usl

⊂ int Us.

�á«¨ ¦¥ tr < sl, â®, ãç¨âë¢ ï á¤¥« ®¥ ¤®¯ãé¥¨¥, ¢ë¢®¤¨¬

cl Ut ⊂ cl Utr ⊂ int Usl
⊂ int Us,

çâ® ¨ ã¦®. B
9.3.14. �¥®à¥¬  �àëá® . �®¯®«®£¨ç¥áª®¥ ¯à®áâà áâ¢® X

ï¢«ï¥âáï T4-¯à®áâà áâ¢®¬ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ª ª®¢ë
¡ë ¨ ¡ë«¨ ¥¯¥à¥á¥ª îé¨¥áï § ¬ªãâë¥ ¬®¦¥áâ¢  F1, F2 ¢ X,
 ©¤¥âáï ¥¯à¥àë¢ ï äãªæ¨ï f : X → [0, 1] â ª ï, çâ® f(x) = 0
¤«ï x ∈ F1 ¨ f(x) = 1 ¤«ï x ∈ F2.

C ⇒: �«¥¤ã¥â ¯à¨¬¥¨âì 9.3.13 ¯à¨ F := F1 ¨ G := X \ F2.
⇐: �á«¨ F1∩F2 = ∅ ¨ F1, F2 § ¬ªãâë, â® ¬®¦¥áâ¢  G1 := {f <

1/2} ¨ G2 := {f > 1/2} ¤«ï á®®â¢¥âáâ¢ãîé¥© äãªæ¨¨ f ®âªàëâë ¨
¥ ¯¥à¥á¥ª îâáï; G1 ⊃ F1, G2 ⊃ F2. B

9.3.15. �¯à¥¤¥«¥¨¥. �®¯®«®£¨ç¥áª®¥ ¯à®áâà áâ¢® X  §ë-
¢ îâ T3 1

2
-¯à®áâà áâ¢®¬, ¥á«¨ ¤«ï ¯à®¨§¢®«ì®© â®çª¨ x ∈ X ¨

§ ¬ªãâ®£® ¬®¦¥áâ¢  F , ¥ á®¤¥à¦ é¥£® x, ¨¬¥¥âáï ¥¯à¥àë¢ ï
äãªæ¨ï f : X → [0, 1] â ª ï, çâ® f(x) = 1 ¨ y ∈ F ⇒ f(y) = 0.
�â¤¥«¨¬®¥ T3 1

2
-¯à®áâà áâ¢®  §ë¢ îâ â¨å®®¢áª¨¬ ¨«¨ ¢¯®«¥ à¥-

£ã«ïàë¬.
9.3.16. �®à¬ «ì®¥ ¯à®áâà áâ¢® ï¢«ï¥âáï â¨å®®¢áª¨¬.
C �«¥¤áâ¢¨¥ 9.3.1 ¨ 9.3.14. B

9.4. �®¬¯ ªâ®áâì
9.4.1. �ãáâì B | ¡ §¨á ä¨«ìâà  ¢ â®¯®«®£¨ç¥áª®¬ ¯à®áâà -

áâ¢¥ ¨ cl B := ∩{cl B : B ∈ B} | ¬®¦¥áâ¢® ¥£® â®ç¥ª ¯à¨ª®á®¢¥-
¨ï. �®£¤ 

(1) cl B = cl �l B;
(2) B → x ⇒ x ∈ cl B;
(3) (B | ã«ìâà ä¨«ìâà, x ∈ cl B) ⇒ B → x.
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C �«¥¤ã¥â ¯à®¢¥à¨âì â®«ìª® (3), â ª ª ª á¯à ¢¥¤«¨¢®áâì (1)
¨ (2) ïá . �«ï U ∈ τ(x) ¨ B ∈ B ¢ë¯®«¥® U ∩ B 6= ∅. � -
ç¥ £®¢®àï, ¥áâì ä¨«ìâà F := τ(x) ∨B. �á®, çâ® F → x. �®¬¨¬®
íâ®£®, F = B, ¨¡® B | ã«ìâà ä¨«ìâà. B

9.4.2. �¯à¥¤¥«¥¨¥. �®¦¥áâ¢® ¯à¨ïâ®  §ë¢ âì ª®¬¯ ªâ-
ë¬, ¥á«¨ ¨§ «î¡®£® ¥£® ®âªàëâ®£® ¯®ªàëâ¨ï ¬®¦® ¢ë¤¥«¨âì ª®-
¥ç®¥ ¯®¤¯®ªàëâ¨¥ (áà. 4.4.1).

9.4.3. �¥®à¥¬ . �ãáâì X | â®¯®«®£¨ç¥áª®¥ ¯à®áâà áâ¢® ¨ C
| ¬®¦¥áâ¢® ¢ X. �«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï íª¢¨¢ «¥âë:

(1) ¬®¦¥áâ¢® C ª®¬¯ ªâ®;
(2) ¥á«¨ ¡ §¨á ä¨«ìâà  B ¥ ¨¬¥¥â ¢ C â®ç¥ª ¯à¨ª®á®-

¢¥¨ï, â®  ©¤¥âáï B ∈ B, ¤«ï ª®â®à®£® B ∩ C = ∅;
(3) ª ¦¤ë© ¡ §¨á ä¨«ìâà , á®¤¥à¦ é¨© C, ¨¬¥¥â ¢ C

â®çªã ¯à¨ª®á®¢¥¨ï;
(4) ª ¦¤ë© ã«ìâà ä¨«ìâà, á®¤¥à¦ é¨© C, ¨¬¥¥â ¢ C

¯à¥¤¥«.
C (1) ⇒ (2): � § cl B ∩ C = ∅, â® C ⊂ X \ cl B. �â ª,

C ⊂ X \ ∩{cl B : B ∈ B} = ∪{X \ cl B : B ∈ B}.

� ç¨â, ¬®¦® ¢ë¤¥«¨âì ª®¥ç®¥ ¬®¦¥áâ¢® B0 ¢ B, ¤«ï ª®â®à®£®

C ⊂ ∪{X \ cl B0 : B0 ∈ B0} = X \ ∩{cl B0 : B0 ∈ B0}.

�ãáâì B ∈ B â ª®¢®, çâ® B ⊂ ∩{B0 : B0 ∈ B0} ⊂ ∩{cl B0 : B0 ∈
B0}. �®£¤ 

C ∩B ⊂ C ∩ (∩{cl B0 : B0 ∈ B0}) = ∅.

(2) ⇒ (3): �á«¨ C = ∅, â® ¤®ª §ë¢ âì ¨ç¥£® ¥  ¤®. �á«¨ ¦¥
C 6= ∅, â® ¤«ï B ∈ B ¯® ãá«®¢¨î B ∩ C 6= ∅, ¨¡® C ∈ B. � ª¨¬
®¡à §®¬, cl B ∩ C 6= ∅.

(3) ⇒ (4): �«¥¤ã¥â ¯à¨¢«¥çì 9.4.1.
(4)⇒ (1): �®¦® áç¨â âì, çâ® C 6= ∅ (¨ ç¥ ¥ç¥£® ¤®ª §ë¢ âì).
�®¯ãáâ¨¬, çâ® C ¥ª®¬¯ ªâ®. �®£¤   ©¤¥âáï ¬®¦¥áâ¢® E

®âªàëâëå ¬®¦¥áâ¢ â ª®¥, çâ® C ⊂ ∪{G : G ∈ E }, ¨ ¢ â® ¦¥ ¢à¥¬ï
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¤«ï «î¡®£® ª®¥ç®£® ¯®¤¬®¦¥áâ¢  E0 ¢ E ¥ ¢¥à®, çâ® C ⊂ ∪{G :
G ∈ E0}. �®«®¦¨¬

B :=
{ ⋂

G∈E0

X \G : E0 | ª®¥ç®¥ ¯®¤¬®¦¥áâ¢® E

}
.

�á®, çâ® B | ¡ §¨á ä¨«ìâà . �®¬¨¬® íâ®£®,

cl B = ∩{cl B : B ∈ B} = ∩{X \G : G ∈ E } =
= X \ ∪{G : G ∈ E } ⊂ X \ C.

�ãáâì â¥¯¥àì F | ã«ìâà ä¨«ìâà, á®¤¥à¦ é¨© B (¥£® áãé¥áâ¢®¢ -
¨¥ £ à â¨à®¢ ® 1.3.10). � ª ª ª ¯® ¤®¯ãé¥¨î ª ¦¤®¥ ¬®¦¥-
áâ¢® ¨§ B á®¤¥à¦¨â ¥ª®â®àë¥ â®çª¨ ¨§ C, ¬®¦® ®¡¥á¯¥ç¨âì, çâ®
C ∈ F . �®£¤  F → x ¤«ï ¥ª®â®à®£® x ∈ C ¨, áâ «® ¡ëâì, ¯® 9.4.1
(2), cl F ∩ C 6= ∅. � â® ¦¥ ¢à¥¬ï cl F ⊂ cl B. �®«ãç¨«¨ ¯à®â¨¢®à¥-
ç¨¥. B

9.4.4. � ¬¥ç ¨¥. �ª¢¨¢ «¥â®áâì (1) ⇔ (4) ¢ â¥®à¥¬¥ 9.4.3
 §ë¢ îâ ªà¨â¥à¨¥¬ �ãà¡ ª¨ ¨ ¢ëà ¦ îâ ¯à¨ X = C á«®¢ ¬¨:
ý¯à®áâà áâ¢® ª®¬¯ ªâ® ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ª ¦¤ë©
ã«ìâà ä¨«ìâà ¢ ¥¬ áå®¤¨âáïþ (áà. 4.4.7).

�«ìâà á¥âìî  §ë¢ îâ á¥âì, ä¨«ìâà å¢®áâ®¢ ª®â®à®© ï¢«ï¥âáï
ã«ìâà ä¨«ìâà®¬. �à¨â¥à¨© �ãà¡ ª¨ ¬®¦® ¢ëáª § âì â ª: ýª®¬-
¯ ªâ®áâì à ¢®á¨«ì  áå®¤¨¬®áâ¨ ã«ìâà á¥â¥©þ. �  ï§ëª¥ á¥â¥©
¬®¦® ¯®«ãç¨âì ¨ ¨ë¥ ¯®«¥§ë¥ ¯à¨§ ª¨ ª®¬¯ ªâ®áâ¨. � ¯à¨-
¬¥à, ý¯à®áâà áâ¢® ª®¬¯ ªâ® ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨
«î¡ ï á¥âì ¥£® ¨¬¥¥â áå®¤ïéãîáï ¯®¤á¥âìþ.

9.4.5. �¥®à¥¬  �¥©¥àèâà áá . �¡à § ª®¬¯ ªâ®£® ¬®¦¥-
áâ¢  ¯à¨ ¥¯à¥àë¢®¬ ®â®¡à ¦¥¨¨ ª®¬¯ ªâ¥ (áà. 4.4.5). CB

9.4.6. �ãáâì X0 | ¯®¤¯à®áâà áâ¢® â®¯®«®£¨ç¥áª®£® ¯à®áâà -
áâ¢  X ¨ C | ¯®¤¬®¦¥áâ¢® X0. �®£¤  C ª®¬¯ ªâ® ¢ X0 ¢ â®¬
¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ C ª®¬¯ ªâ® ¢ X.

C ⇒: �«¥¤ã¥â ¨§ 9.4.5 ¨ 9.2.17 (1).
⇐: �ãáâì B | ¡ §¨á ä¨«ìâà  ¢ X0. �ãáâì, ¤ «¥¥, V := clX0 B

| ¬®¦¥áâ¢® â®ç¥ª ¯à¨ª®á®¢¥¨ï B,  ©¤¥®¥ ¢ X0. �®¯ãáâ¨¬,
çâ® V ∩ C = ∅. � ª ª ª B | íâ® ¡ §¨á ä¨«ìâà  ¨ ¢ X, â® ¨¬¥¥â



9.4. �®¬¯ ªâ®áâì 205

á¬ëá« £®¢®à¨âì ® ¬®¦¥áâ¢¥ â®ç¥ª ¯à¨ª®á®¢¥¨ï W := clX B,  ©-
¤¥®¬ ¢ X. �á®, çâ® V = W ∩ X0 ¨, § ç¨â, W ∩ C = ∅. �§-§ 
ª®¬¯ ªâ®áâ¨ C ¢ X   ®á®¢ ¨¨ 9.4.3 ¬®¦®  ©â¨ B ∈ B, ¤«ï
ª®â®à®£® B∩C = ∅. �®¢ì ¯à¨¢«¥ª ï 9.4.3, ¢¨¤¨¬, çâ® C ª®¬¯ ªâ®
¢ X0. B

9.4.7. � ¬¥ç ¨¥. �à¥¤«®¦¥¨¥ 9.4.6 ç áâ® ¢ëà ¦ îâ á«®¢ -
¬¨: ýª®¬¯ ªâ®áâì | íâ®  ¡á®«îâ®¥ ¯®ïâ¨¥þ, â. ¥. á¢®©áâ¢® ¬®-
¦¥áâ¢  ¡ëâì ª®¬¯ ªâë¬ § ¢¨á¨â â®«ìª® ®â ¨¤ãæ¨à®¢ ®© ¢ ¥£®
â®¯®«®£¨¨,   ¥ ®â ®¡ê¥¬«îé¥£® ¯à®áâà áâ¢ . � íâ®© á¢ï§¨ ®¡ëç-
® ®£à ¨ç¨¢ îâáï à áá¬®âà¥¨¥¬ ª®¬¯ ªâëå ¯à®áâà áâ¢, â. ¥.
¬®¦¥áâ¢, ýª®¬¯ ªâëå ¢ á¥¡¥þ.

9.4.8. �¥®à¥¬  �¨å®®¢ . �¨å®®¢áª®¥ ¯à®¨§¢¥¤¥¨¥ ª®¬¯ ªâ-
ëå ¯à®áâà áâ¢ ª®¬¯ ªâ®.

C �ãáâì X :=
∏

ξ∈� Xξ | ¯à®¨§¢¥¤¥¨¥ à áá¬ âà¨¢ ¥¬®£® á¥-
¬¥©áâ¢ . �á«¨ å®âï ¡ë ®¤® ¨§ Xξ ¯ãáâ®, â® X = ∅ ¨ ¤®ª §ë¢ âì
¥ç¥£®. �ãáâì X 6= ∅ ¨ F | ã«ìâà ä¨«ìâà ¢ X. �® 1.3.12 ¯à¨ ª ¦-
¤®¬ ξ ∈ � ¤«ï ª®®à¤¨ â®£® ¯à®¥ªâ®à  Prξ : X → Xξ ¢ë¯®«¥®,
çâ® Prξ(F ) | ã«ìâà ä¨«ìâà ¢ Xξ. � ç¨â, ¢ á¨«ã 9.4.3  ©¤¥âáï
xξ ∈ Xξ, ¤«ï ª®â®à®£® Prξ(F ) → xξ. �ãáâì x : ξ 7→ xξ. �®ïâ®,
çâ® F → x (áà. 9.2.10). �é¥ à §  ¯¥««¨àãï ª 9.4.3, ¢ë¢®¤¨¬, çâ® X

ª®¬¯ ªâ®. B

9.4.9. � ¬ªãâ®¥ ¯®¤¬®¦¥áâ¢  ª®¬¯ ªâ®£® ¯à®áâà áâ¢  ª®¬-
¯ ªâ®.

C �ãáâì X ª®¬¯ ªâ® ¨ C ∈ Cl(X). �ãáâì, ¤ «¥¥, F | ã«ìâà -
ä¨«ìâà ¢ X ¨ C ∈ F . �® â¥®à¥¬¥ 9.4.3 ¢ X ¨¬¥¥âáï ¯à¥¤¥«: F → x.
�® â¥®à¥¬¥ �¨àª£®ä  9.2.2, x ∈ cl C = C. �®¢ì ¯à¨¢«¥ª ï 9.4.3,
§ ª«îç ¥¬, çâ® C ª®¬¯ ªâ®. B

9.4.10. �®¬¯ ªâ®¥ ¯®¤¬®¦¥áâ¢® å ãá¤®àä®¢  â®¯®«®£¨ç¥áª®-
£® ¯à®áâà áâ¢  § ¬ªãâ®.

C �ãáâì C ª®¬¯ ªâ® ¢ å ãá¤®àä®¢®¬ X. �á«¨ C = ∅, â® ¤®-
ª §ë¢ âì ¥ç¥£®. �ãáâì C 6= ∅ ¨ x ∈ cl C. � á¨«ã 9.2.2  ©¤¥âáï
ä¨«ìâà F0 â ª®©, çâ® C ∈ F0 ¨ F0 → x. �ãáâì F | ã«ìâà ä¨«ìâà,
á®¤¥à¦ é¨© F0. �®£¤  F → x ¨ C ∈ F . �  ®á®¢ ¨¨ 9.4.3 ã F
¥áâì ¯à¥¤¥« ¢ C. �® ¯® 9.3.4 íâ®â ¯à¥¤¥« ¥¤¨áâ¢¥. � ç¨â, x ∈ C. B



206 �«. 9. �ªáªãàá ¢ ®¡éãî â®¯®«®£¨î

9.4.11. �ãáâì f : (X, τ) → (Y, ω) | ¥¯à¥àë¢®¥ ¢§ ¨¬® ®¤-
®§ ç®¥ ®â®¡à ¦¥¨¥, ¯à¨ç¥¬ f(X) = Y . �á«¨ τ | ª®¬¯ ªâ ï
â®¯®«®£¨ï,   ω | å ãá¤®àä®¢  â®¯®«®£¨ï, â® f | £®¬¥®¬®àä¨§¬.

C �«¥¤ã¥â ãáâ ®¢¨âì, çâ® f−1 ¥¯à¥àë¢®. �«ï íâ®£® ¥®¡å®-
¤¨¬® ã¡¥¤¨âìáï, çâ® F ∈ Cl(τ) ⇒ f(F ) ∈ Cl(ω). �®§ì¬¥¬ F ∈ Cl(τ).
�®£¤  F ª®¬¯ ªâ® ¢ á¨«ã 9.4.9. �à¨¬¥ïï ¯®á«¥¤®¢ â¥«ì® 9.4.5
¨ 9.4.10, ¢¨¤¨¬, çâ® f(F ) § ¬ªãâ®. B

9.4.12. �ãáâì τ1 ¨ τ2 | ¤¢¥ â®¯®«®£¨¨   ®¤®¬ ¬®¦¥áâ¢¥ X.
�á«¨ ¯à®áâà áâ¢® (X, τ1) ª®¬¯ ªâ®,   (X, τ2) å ãá¤®àä®¢® ¨ τ1 ≥
τ2, â® τ1 = τ2. CB

9.4.13. � ¬¥ç ¨¥. �â¢¥à¦¤¥¨¥ 9.4.12 ç áâ® ¢ëà ¦ îâ á«®-
¢ ¬¨ ýª®¬¯ ªâ ï â®¯®«®£¨ï ¬¨¨¬ «ì þ.

9.4.14. �¥®à¥¬ . � ãá¤®àä®¢® ª®¬¯ ªâ®¥ ¯à®áâà áâ¢® ®à-
¬ «ì®.

C �ãáâì X | à áá¬ âà¨¢ ¥¬®¥ ¯à®áâà áâ¢® ¨ B | ª ª®©-
¨¡ã¤ì ¡ §¨á ä¨«ìâà  ¢ X. �ãáâì, ¤ «¥¥, U | ®ªà¥áâ®áâì cl B. �á-
®, çâ® X \ int U ª®¬¯ ªâ® (á¬. 9.4.9), ¯à¨ç¥¬ cl B∩ (X \ int U) = ∅.
�® â¥®à¥¬¥ 9.4.3  ©¤¥âáï B ∈ B â ª®¥, çâ® B ∩ (X \ int U) = ∅,
â. ¥. B ⊂ U . �®« £ ï, ¥á«¨ ã¦®, B := {cl B : B ∈ B}, ¬®¦®
ãâ¢¥à¦¤ âì, çâ® cl B ⊂ U .

�ãáâì ¤«ï  ç «  x ∈ X ¨ B := τ(x). � á¨«ã 9.3.4, cl B =
{x} ¨, § ç¨â, ä¨«ìâà τ(x) ¨¬¥¥â ¡ §¨á, á®áâ®ïé¨© ¨§ § ¬ªãâëå
¬®¦¥áâ¢. �â «® ¡ëâì, X à¥£ã«ïà®.

�ãáâì â¥¯¥àì F | ¥¯ãáâ®¥ § ¬ªãâ®¥ ¬®¦¥áâ¢® ¢ X. � ª ç¥-
áâ¢¥ B ¢®§ì¬¥¬ ä¨«ìâà ®ªà¥áâ®áâ¥© F . �® 9.3.8, cl B = F , ¨ ¯® ã¦¥
ãáâ ®¢«¥®¬ã B ¨¬¥¥â ¡ §¨á, á®áâ®ïé¨© ¨§ § ¬ªãâëå ¬®¦¥áâ¢.
� á®®â¢¥âáâ¢¨¨ á 9.3.9, X | ®à¬ «ì®¥ ¯à®áâà áâ¢®. B

9.4.15. �«¥¤áâ¢¨¥. � â®ç®áâìî ¤® £®¬¥®¬®àä¨§¬  å ãá¤®à-
ä®¢ë ª®¬¯ ªâë¥ ¯à®áâà áâ¢  áãâì § ¬ªãâë¥ ¯®¤¬®¦¥áâ¢  â¨-
å®®¢áª¨å ªã¡®¢.

C �®, çâ® § ¬ªãâ®¥ ¯®¤¬®¦¥áâ¢® â¨å®®¢áª®£® ªã¡  ª®¬¯ ªâ-
®, á«¥¤ã¥â ¨§ 9.4.8 ¨ 9.4.9. � ãá¤®àä®¢®áâì ªã¡ ,   ¯®â®¬ã ¨ ¥£®
¯®¤¯à®áâà áâ¢ ¡¥áá¯®à .

�ãáâì X | ¥ª®â®à®¥ ª®¬¯ ªâ®¥ å ãá¤®àä®¢® ¯à®áâà áâ¢®.
�ãáâì ¥é¥ Q | á®¢®ªã¯®áâì ¥¯à¥àë¢ëå äãªæ¨© ¨§ X ¢ [0, 1].
�¯à¥¤¥«¨¬ ®â®¡à ¦¥¨¥ 	 : X → [0, 1]Q ¯à ¢¨«®¬ 	(x)(f) := f(x),
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£¤¥ x ∈ X ¨ f ∈ Q. �§ 9.4.14 ¨ 9.3.14 ¢ë¢®¤¨¬, çâ® 	 ¢§ ¨¬®
®¤®§ ç® ®â®¡à ¦ ¥â X   	(X). �®¬¨¬® íâ®£®, 	 ¥¯à¥àë¢®.
�áâ «®áì ¯à¨¬¥¨âì 9.4.11. B

9.4.16. � ¬¥ç ¨¥. �«¥¤áâ¢¨¥ 9.4.15 ¯à¥¤áâ ¢«ï¥â á®¡®© ç áâì
¡®«¥¥ ®¡é¥£® ãâ¢¥à¦¤¥¨ï. �¬¥®, â¨å®®¢áª¨¥ ¯à®áâà áâ¢  áãâì
(á â®ç®áâìî ¤® £®¬¥®¬®àä¨§¬ ) ¯®¤¯à®áâà áâ¢  â¨å®®¢áª¨å ªã-
¡®¢. CB

9.4.17. � ¬¥ç ¨¥. � ãá¤®àä®¢ë ª®¬¯ ªâë¥ ¯à®áâà áâ¢ ,
ª ª ¯à ¢¨«®,  §ë¢ îâ ¡®«¥¥ ª®à®âª® | ª®¬¯ ªâ ¬¨ (áà. 4.5 ¨ 4.6).

9.4.18. �¥¬¬  �ì¥¤®¥. �ãáâì F | íâ® § ¬ªãâ®¥ ¯®¤¬®-
¦¥áâ¢®,   G1, . . . , Gn | ®âªàëâë¥ ¯®¤¬®¦¥áâ¢  ®à¬ «ì®£® â®¯®-
«®£¨ç¥áª®£® ¯à®áâà áâ¢ , ¯à¨ç¥¬ F ⊂ G1 ∪ . . . ∪ Gn. � ©¤ãâáï § -
¬ªãâë¥ ¬®¦¥áâ¢  F1, . . . , Fn â ª¨¥, çâ® F = F1∪ . . .∪Fn ¨ Fk ⊂ Gk

(k := 1, . . . , n).
C �®áâ â®ç® à áá¬®âà¥âì á«ãç © n := 2. �à¨ k := 1, 2 ¬®¦¥-

áâ¢® Uk := F \Gk § ¬ªãâ® ¨ U1 ∩ U2 = ∅. � ãç¥â®¬ 9.3.10 ¨¬¥îâáï
®âªàëâë¥ V1 ¨ V2, ¤«ï ª®â®àëå U1 ⊂ V1, U2 ⊂ V2 ¨ V1∩V2 = ∅. �®«®-
¦¨¬ Fk := F \Vk. �á®, çâ® Fk § ¬ªãâ® ¨ Fk ⊂ F \Uk = F \(F \Gk) ⊂
Gk ¤«ï k := 1, 2. �à¨ íâ®¬ F1 ∪ F2 = F \ (V1 ∪ V2) = F . B

9.4.19. � ¬¥ç ¨¥. �® 9.3.14 § ª«îç ¥¬, çâ® ¢ ãá«®¢¨ïå 9.4.18
¤«ï à áá¬ âà¨¢ ¥¬®£® ¯à®áâà áâ¢  X  ©¤ãâáï ¥¯à¥àë¢ë¥ äãª-
æ¨¨ h1, . . . , hn : X → [0, 1] â ª¨¥, çâ® hk|G′

k
= 0 ¨

∑n
k=1 hk(x) = 1 ¤«ï

â®ç¥ª x ¨§ ¥ª®â®à®© ®ªà¥áâ®áâ¨ F . (� ª ®¡ëç®, G′k := X \Gk.)
9.4.20. �¯à¥¤¥«¥¨¥. �®¯®«®£¨î, ¢ ª®â®à®© ª ¦¤ ï â®çª  ®¡-

« ¤ ¥â ª®¬¯ ªâ®© ®ªà¥áâ®áâìî,  §ë¢ îâ «®ª «ì® ª®¬¯ ªâ®©.
�®ª «ì® ª®¬¯ ªâë¬ ¯à®áâà áâ¢®¬  §ë¢ îâ ¬®¦¥áâ¢®, á ¡-
¦¥®¥ «®ª «ì® ª®¬¯ ªâ®© å ãá¤®àä®¢®© â®¯®«®£¨¥©.

9.4.21. �®¯®«®£¨ç¥áª®¥ ¯à®áâà áâ¢® «®ª «ì® ª®¬¯ ªâ® ¢ â®¬
¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ®® £®¬¥®¬®àä® ¯à®ª®«®â®¬ã ª®¬¯ ªâã
(= ª®¬¯ ªâã á ¢ëª®«®â®© â®çª®©), â. ¥. ¤®¯®«¥¨î ®¤®â®ç¥ç®£®
¯®¤¬®¦¥áâ¢  ª®¬¯ ªâ .

C ⇐: � ãç¥â®¬ â¥®à¥¬ë �¥©¥àèâà áá  9.4.5 ¤®áâ â®ç® § ¬¥-
â¨âì, çâ® ª ¦¤ ï â®çª  ¯à®ª®«®â®£® ª®¬¯ ªâ  ®¡« ¤ ¥â § ¬ªãâ®©
(¢ á¨«ã à¥£ã«ïà®áâ¨ ª®¬¯ ªâ ) ®ªà¥áâ®áâìî. �áâ «®áì ¯à¨¢«¥çì
ãâ¢¥à¦¤¥¨ï 9.4.9 ¨ 9.4.6.
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⇒: �®¬¥áâ¨¬ ¨áå®¤®¥ ¯à®áâà áâ¢® X ¢ X· := X ∪ {∞}, ¯à¨-
á®¥¤¨¨¢ ª X ¢§ïâãî á® áâ®à®ë â®çªã ∞. � §¨á ®ªà¥áâ®áâ¥© ∞
á®áâ ¢¨¬ ¨§ ¤®¯®«¥¨© ¢ X· ª®¬¯ ªâëå ¯®¤¬®¦¥áâ¢ ¢ X. �ªà¥áâ-
®áâï¬¨ â®çª¨ ¨§ X ¢ X· ®¡êï¢¨¬  ¤¬®¦¥áâ¢  ¥¥ ®ªà¥áâ®áâ¥©
¢ X. �á«¨ A | ã«ìâà ä¨«ìâà ¢ X· ¨ K | ª®¬¯ ªâ ¢ X, â® A áå®¤¨â-
áï ª â®çª¥ ¨§ K, ª ª â®«ìª® K ∈ A. �á«¨ ¦¥ ¢ A «¥¦¨â ¤®¯®«¥¨¥
«î¡®£® ª®¬¯ ªâ  K ⊂ X, â® A áå®¤¨âáï ª ∞. B

9.4.22. � ¬¥ç ¨¥. �á«¨ «®ª «ì® ª®¬¯ ªâ®¥ ¯à®áâà áâ¢®
X ¥ ª®¬¯ ªâ®, â® ¯à®áâà áâ¢® X·, ä¨£ãà¨àãîé¥¥ ¢ 9.4.20,  §ë-
¢ îâ ®¤®â®ç¥ç®© ¨«¨  «¥ªá ¤à®¢áª®© ª®¬¯ ªâ¨ä¨ª æ¨¥© X.

9.5. � ¢®¬¥àë¥ ¨ ¬ã«ìâ¨¬¥âà¨ç¥áª¨¥
¯à®áâà áâ¢ 

9.5.1. �¯à¥¤¥«¥¨¥. �ãáâì X | ¥¯ãáâ®¥ ¬®¦¥áâ¢® ¨ UX |
ä¨«ìâà ¢ X2. �¨«ìâà UX  §ë¢ îâ à ¢®¬¥à®áâìî ¢ X, ¥á«¨

(1) UX ⊂ �l {IX};
(2) U ∈ UX ⇒ U−1 ∈ UX ;
(3) (∀U ∈ UX)(∃V ∈ UX) V ◦ V ⊂ U .

� ¢®¬¥à®áâìî ¯ãáâ®£® ¬®¦¥áâ¢  X  §ë¢ îâ UX := {∅}. � àã
(X, UX) (  ç áâ® ¨ ¬®¦¥áâ¢® X)  §ë¢ îâ à ¢®¬¥àë¬ ¯à®áâà -
áâ¢®¬.

9.5.2. �«ï à ¢®¬¥à®£® ¯à®áâà áâ¢  (X, UX) ¯®«®¦¨¬

x ∈ X ⇒ τ(x) := {U(x) : U ∈ UX}.

�â®¡à ¦¥¨¥ τ : x 7→ τ(x) | â®¯®«®£¨ï   X.
C �®, çâ® τ | íâ® ¯à¥¤â®¯®«®£¨ï, ïá®. �á«¨ W ∈ τ(x), â®

W = U(x) ¤«ï ¥ª®â®à®£® U ∈ UX . �ë¡¥à¥¬ V ∈ UX â ª, çâ®¡ë
V ◦ V ⊂ U . �á«¨ y ∈ V (x), â® V (y) ⊂ V (V (x)) = V ◦ V (x) ⊂ U(x)
⊂ W . �ë¬¨ á«®¢ ¬¨, ¬®¦¥áâ¢® W ï¢«ï¥âáï ®ªà¥áâ®áâìî y ¤«ï
¢áïª®£® y ∈ V (x). �«¥¤®¢ â¥«ì®, ¬®¦¥áâ¢® V (x) «¥¦¨â ¢® ¢ã-
âà¥®áâ¨ int W . � ç¨â, int W | ®ªà¥áâ®áâì x. �áâ «®áì ¯à¨¢«¥çì
9.1.6. B

9.5.3. �¯à¥¤¥«¥¨¥. �®¯®«®£¨î τ , ä¨£ãà¨àãîéãî ¢ 9.5.2,  -
§ë¢ îâ â®¯®«®£¨¥© à ¢®¬¥à®£® ¯à®áâà áâ¢  (X, UX) ¨«¨ à ¢®-
¬¥à®© â®¯®«®£¨¥© ¨ ®¡®§ ç îâ τ(UX), τX ¨ â. ¯.
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9.5.4. �¯à¥¤¥«¥¨¥. �®¯®«®£¨ç¥áª®¥ ¯à®áâà áâ¢® (X, τ)  -
§ë¢ îâ à ¢®¬¥à¨§ã¥¬ë¬, ¥á«¨ áãé¥áâ¢ã¥â à ¢®¬¥à®áâì U ¢ X
â ª ï, çâ® τ á®¢¯ ¤ ¥â á à ¢®¬¥à®© â®¯®«®£¨¥© τ(U ).

9.5.5. �à¨¬¥àë.
(1) �¥âà¨ç¥áª¨¥ ¯à®áâà áâ¢  (á® á¢®¨¬¨ â®¯®«®£¨ï¬¨)

à ¢®¬¥à¨§ã¥¬ë (á¢®¨¬¨ à ¢®¬¥à®áâï¬¨).
(2) �ã«ìâ¨®à¬¨à®¢ ë¥ ¯à®áâà áâ¢  (á® á¢®¨¬¨ â®-

¯®«®£¨ï¬¨) à ¢®¬¥à¨§ã¥¬ë (á¢®¨¬¨ à ¢®¬¥à®áâï¬¨).
(3) �ãáâì f : X → (Y, UY ) ¨ f−1(UY ) := f×−1(UY ), £¤¥,

ª ª ®¡ëç®, f×(x1, x2) := (f(x1), f(x2)) ¤«ï (x1, x2) ∈ X2. �á®,
çâ® f−1(UY ) | à ¢®¬¥à®áâì ¢ X. �à¨ íâ®¬

τ(f−1(UY )) = f−1(τ(UY )).

� ¢®¬¥à®áâì f−1(UY )  §ë¢ îâ ¯à®®¡à §®¬ à ¢®¬¥à®áâ¨ UY

¯à¨ ®â®¡à ¦¥¨¨ f . � ª¨¬ ®¡à §®¬, ¯à®®¡à § à ¢®¬¥à®© â®¯®«®-
£¨¨ à ¢®¬¥à¨§ã¥¬.

(4) �ãáâì (Xξ, Uξ)ξ∈� | íâ® ¥ª®â®à®¥ á¥¬¥©áâ¢® à ¢-
®¬¥àëå ¯à®áâà áâ¢. �ãáâì, ¤ «¥¥, X :=

∏
ξ∈� Xξ | ¯à®¨§¢¥-

¤¥¨¥ íâ®£® á¥¬¥©áâ¢ . �®«®¦¨¬ UX := supξ∈� Pr−1
ξ (Uξ). � ¢®-

¬¥à®áâì UX  §ë¢ îâ â¨å®®¢áª®©. �¥â á®¬¥¨©, çâ® à ¢®¬¥à-
 ï â®¯®«®£¨ï τ(UX) | íâ® â¨å®®¢áª ï â®¯®«®£¨ï ¯à®¨§¢¥¤¥¨ï
(Xξ, τ(Uξ))ξ∈�. CB

(5) � ãá¤®àä®¢® ª®¬¯ ªâ®¥ ¯à®áâà áâ¢® à ¢®¬¥à¨§ã-
¥¬®, ¨ ¯à¨â®¬ ¥¤¨áâ¢¥ë¬ ®¡à §®¬.

C � á¨«ã 9.4.15 â ª®¥ ¯à®áâà áâ¢® X ¬®¦® à áá¬ âà¨¢ âì ª ª
¯®¤¯à®áâà áâ¢® â¨å®®¢áª®£® ªã¡ . �§ 9.5.5 (3) ¨ 9.5.5 (4) á«¥¤ã-
¥â à ¢®¬¥à¨§ã¥¬®áâì X. �®áª®«ìªã, ª ª ¢¨¤®, ª ¦¤®¥ ®ªàã¦¥¨¥
¤¨ £® «¨ ¢ à ¢®¬¥à®¬ ¯à®áâà áâ¢¥ á®¤¥à¦¨â § ¬ªãâ®¥ ®ªàã-
¦¥¨¥, â® ¨§ ª®¬¯ ªâ®áâ¨ ¬®¦¥áâ¢  IX ¢ëâ¥ª ¥â, çâ® ¢áïª ï ¥£®
®ªà¥áâ®áâì ¢å®¤¨â ¢ UX . � ¤àã£®© áâ®à®ë, «î¡®¥ ®ªàã¦¥¨¥ ¢á¥-
£¤  ®ªà¥áâ®áâì ¤¨ £® «¨. B

(6) �ãáâì X, Y | ¥¯ãáâë¥ ¬®¦¥áâ¢ , UY | à ¢®-
¬¥à®áâì ¢ Y ¨ B | ä¨«ìâà®¢ ®¥ ¯® ¢®§à áâ ¨î ¯®¤¬®¦¥áâ¢®
2X . �«ï B ∈ B ¨ θ ∈ UY ¯®«®¦¨¬

UB,θ := {(f, g) ∈ Y X × Y X : g ◦ IB ◦ f−1 ⊂ θ}.
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�®£¤  U := �l {UB,θ : B ∈ B, θ ∈ UY } | à ¢®¬¥à®áâì ¢ Y X , ¨¬¥-
îé ï ¥¨§ïé®¥ (® â®ç®¥)  §¢ ¨¥: ýà ¢®¬¥à®áâì à ¢®¬¥à-
®© áå®¤¨¬®áâ¨   ¬®¦¥áâ¢ å ¨§ Bþ. � ª®¢ ,  ¯à¨¬¥à, à ¢®-
¬¥à®áâì ¬ã«ìâ¨®à¬ë �à¥á  (á¬. 8.3.8). � á«ãç ¥, ¥á«¨ B ¥áâì
á®¢®ªã¯®áâì ª®¥çëå ¯®¤¬®¦¥áâ¢ X, â® U á®¢¯ ¤ ¥â á â¨å®®¢-
áª®© à ¢®¬¥à®áâìî ¢ Y X . �âã à ¢®¬¥à®áâì ¢ ¤ ®© á¨âã æ¨¨
 §ë¢ îâ á« ¡®©,   á®®â¢¥âáâ¢ãîéãî â®¯®«®£¨î | â®¯®«®£¨¥© ¯®-
â®ç¥ç®© áå®¤¨¬®áâ¨ (à¥¦¥ | ¯à®áâ®© áå®¤¨¬®áâ¨). �á«¨ ¦¥ B
á®áâ®¨â ¨§ ¥¤¨áâ¢¥®£® í«¥¬¥â  | ¨§ {X}, â® à ¢®¬¥à®áâì U
 §ë¢ îâ á¨«ì®©,   á®®â¢¥âáâ¢ãîéãî â®¯®«®£¨î τ(U ) ¢ Y X | â®-
¯®«®£¨¥© à ¢®¬¥à®© áå®¤¨¬®áâ¨.

9.5.6. � ¬¥ç ¨¥. �á®, çâ® ¢ à ¢®¬¥àëå (¨ à ¢®¬¥à¨§ã¥-
¬ëå) ¯à®áâà áâ¢ å ¨¬¥îâ á¬ëá« â ª¨¥ ¯®ïâ¨ï, ª ª à ¢®¬¥à ï
¥¯à¥àë¢®áâì, ¬ «®áâì ¤ ®£® ¯®àï¤ª , ¯®«®â  ¨ â. ¯. � íâ¨å
¯à®áâà áâ¢ å, ª ª ¢¨¤®, á®åà ¥ë   «®£¨ 4.2.4{4.2.9, 4.5.8, 4.5.9,
4.6.1{4.6.7. �®«¥§ë¬¨ ã¯à ¦¥¨ï¬¨ ï¢«ïîâáï ®á¬ëá«¨¢ ¨¥ ¢®§-
¬®¦®áâ¨ ¯®¯®«¥¨ï à ¢®¬¥à®£® ¯à®áâà áâ¢ , ¤®ª § â¥«ìáâ¢®
ªà¨â¥à¨ï � ãá¤®àä ,   «¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë �áª®«¨ | �à-
æ¥«  ¨ â. ¯.

9.5.7. �¯à¥¤¥«¥¨¥. �ãáâì X | ¬®¦¥áâ¢®, R·+ := {x ∈ R· :
x ≥ 0}. �â®¡à ¦¥¨¥ d : X2 → R+  §ë¢ îâ ¯®«ã¬¥âà¨ª®© ¨«¨
®âª«®¥¨¥¬   X, ¥á«¨

(1) d(x, x) = 0 (x ∈ X);
(2) d(x, y) = d(y, x) (x, y ∈ X);
(3) d(x, y) ≤ d(x, z) + d(z, y) (x, y, z ∈ X).

� àã (X, d)  §ë¢ îâ ¯®«ã¬¥âà¨ç¥áª¨¬ ¯à®áâà áâ¢®¬.
9.5.8. �«ï ¯®«ã¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢  (X, d) ¯®«®¦¨¬

Ud := �l {{d ≤ ε} : ε > 0}.
�®£¤  Ud | à ¢®¬¥à®áâì. CB

9.5.9. �¯à¥¤¥«¥¨¥. �ãáâì M | (¥¯ãáâ®¥) ¬®¦¥áâ¢® ¯®«ã-
¬¥âà¨ª   X. �®£¤  ¯ àã (X, M)  §ë¢ îâ ¬ã«ìâ¨¬¥âà¨ç¥áª¨¬
¯à®áâà áâ¢®¬,   ¬®¦¥áâ¢® M | ¬ã«ìâ¨¬¥âà¨ª®©. � ¢®¬¥à-
®áâì ¬ã«ìâ¨¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢  ®¯à¥¤¥«ïîâ á®®â®è¥-
¨¥¬

UM := sup{Ud : d ∈ M}.
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9.5.10. �¯à¥¤¥«¥¨¥. � ¢®¬¥à®¥ ¯à®áâà áâ¢® ¯à¨ïâ®  -
§ë¢ âì ¬ã«ìâ¨¬¥âà¨§ã¥¬ë¬, ¥á«¨ ¥£® à ¢®¬¥à®áâì á®¢¯ ¤ ¥â á
à ¢®¬¥à®áâìî ¥ª®â®à®£® ¬ã«ìâ¨¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢ . �®
  «®£¨¨ ®¯à¥¤¥«ïîâ ¨ ¬ã«ìâ¨¬¥âà¨§ã¥¬ë¥ â®¯®«®£¨ç¥áª¨¥ ¯à®áâ-
à áâ¢ .

9.5.11. �ãáâì X, Y , Z | ¬®¦¥áâ¢ , T | ¯«®â®¥ ¯®¤¬®¦¥-
áâ¢® R ¨ (Ut)t∈T , (Vt)t∈T | ¢®§à áâ îé¨¥ á¥¬¥©áâ¢  ¬®¦¥áâ¢, «¥-
¦ é¨å á®®â¢¥âáâ¢¥® ¢ X × Z ¨ ¢ Z × Y . �®£¤  áãé¥áâ¢ãîâ, ¨
¯à¨â®¬ ¥¤¨áâ¢¥ë¥, äãªæ¨¨

f : X × Z → R, g : Z × Y → R, h : X × Y → R

â ª¨¥, çâ®

{f < t} ⊂ Ut ⊂ {f ≤ t}, {g < t} ⊂ Vt ⊂ {g ≤ t},
{h < t} ⊂ Ut ◦ Vt ⊂ {h ≤ t} (t ∈ T ).

�à¨ íâ®¬ ¨¬¥¥â ¬¥áâ® ¯à¥¤áâ ¢«¥¨¥

h(x, y) = inf{f(x, z) ∨ g(z, y) : z ∈ Z}.

C �ãé¥áâ¢®¢ ¨¥ âà¥¡ã¥¬ëå äãªæ¨© ®¡¥á¯¥ç¥® 3.8.2. �¤¨-
áâ¢¥®áâì | 3.8.4. �à¥¤áâ ¢«¥¨¥ äãªæ¨¨ h ç¥à¥§ f ¨ g ¡¥áá¯®à-
®. B

9.5.12. �¯à¥¤¥«¥¨¥. �ãáâì f : X × Z → R, g : Z × Y → R.
�ãªæ¨î h, § ¤ ãî á ¯®¬®éìî 9.5.11,  §ë¢ îâ ∨-ª®¢®«îæ¨¥©
f ¨ g ¨ ®¡®§ ç îâ

f ¤∨ g(x, y) := inf{f(x, z) ∨ g(z, y) : z ∈ Z}.

� «®£¨ç® ®¯à¥¤¥«ïîâ +-ª®¢®«îæ¨î f ¨ g ¯® ¯à ¢¨«ã

f ¤+ g(x, y) := inf{f(x, z) + g(z, y) : z ∈ Z}.

9.5.13. �¯à¥¤¥«¥¨¥. �â®¡à ¦¥¨¥ f : X2 → R·+  §ë¢ îâ
K-ã«ìâà ¬¥âà¨ª®© (K ∈ R, K ≥ 1), ¥á«¨

(1) f(x, x) = 0 (x ∈ X);
(2) f(x, y) = f(y, x) (x, y ∈ X);
(3) 1

K f(x, u) ≤ f(x, y) ∨ f(y, z) ∨ f(z, u) (x, y, z, u ∈ X).
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9.5.14. � ¬¥ç ¨¥. �á«®¢¨¥ 9.5.13 (3) ¨®£¤   §ë¢ îâ (á¨«ì-
ë¬) ã«ìâà ¬¥âà¨ç¥áª¨¬ ¥à ¢¥áâ¢®¬. �â® ¥à ¢¥áâ¢® ¬®¦®
¢ á¨«ã 9.5.12 ¯¥à¥¯¨á âì ¢ ¢¨¤¥ K−1f ≤ f ¤∨ f ¤∨f .

9.5.15. �¥¬¬  ® 2-ã«ìâà ¬¥âà¨ª¥. �«ï ª ¦¤®© 2-ã«ìâà -
¬¥âà¨ª¨ f : X2 → R·+ áãé¥áâ¢ã¥â ¯®«ã¬¥âà¨ª  d â ª ï, çâ® 1/2f ≤
d ≤ f .

C �ãáâì f1 := f ; fn+1 := fn¤+f (n ∈ N). �®£¤ 

fn+1(x, y) ≤ fn(x, y) + f(y, y) = fn(x, y) (x, y ∈ X).

� ª¨¬ ®¡à §®¬, (fn) | ã¡ë¢ îé ï ¯®á«¥¤®¢ â¥«ì®áâì. �®«®¦¨¬

d(x, y) := lim fn(x, y) = inf
n∈N

fn(x, y).

�®áª®«ìªã ¤«ï n ∈ N ¢ë¯®«¥®

d(x, y) ≤ f2n(x, y) = fn¤+fn(x, y) ≤ fn(x, z) + fn(z, y),

â® d(x, y) ≤ d(x, z) + d(z, y). �¯à ¢¥¤«¨¢®áâì 9.5.7 (1) ¨ 9.5.7 (2)
¥á®¬¥ .

�áâ «®áì ãáâ ®¢¨âì, çâ® 1/2 f ≤ d. �«ï íâ®£® ã¡¥¤¨¬áï, çâ®
fn ≥ 1/2 f ¤«ï n ∈ N.

�à¨ n := 1, 2 âà¥¡ã¥¬ë¥ ¥à ¢¥áâ¢  ®ç¥¢¨¤ë. �®¯ãáâ¨¬ â¥-
¯¥àì, çâ® f ≥ f1 ≥ . . . ≥ fn ≥ 1/2 f ¨ ¢ â® ¦¥ ¢à¥¬ï fn+1(x, y) <
1/2 f(x, y) ¤«ï ¥ª®â®àëå (x, y) ∈ X2 ¨ n ≥ 2. �® ¯®áâà®¥¨î ¯à¨
¯®¤å®¤ïé¨å z1, . . . , zn ∈ X ¡ã¤¥â

t := f(x, z1) + f(z1, z2) + . . . + f(zn−1, zn)+

+f(zn, y) <
1
2f(x, y).

�á«¨ f(x, z1) ≥ t/2, â® t/2 ≥ f(z1, z2) + . . . + f(zn, y) ≥ 1/2 f(z1, y).
�®«ãç ¥¬, çâ® t ≥ f(x, z1) ¨ t ≥ f(z1, y). �  ®á®¢ ¨¨ 9.5.13
(3), 1/2 f(x, y) ≤ f(x, z1) ∨ f(z1, y) ≤ t. �âáî¤  ¢ëâ¥ª ¥â «®¦®¥
á®®â®è¥¨¥: 1/2 f(x, y) > t ≥ 1/2 f(x, y).

�â ª, f(x, z1) < t/2. � ©¤¥¬ m ∈ N, m < n, ¤«ï ª®â®à®£®

f(x, z1) + . . . + f(zm−1, zm) <
t

2 ;
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f(x, z1) + . . . + f(zm, zm+1) ≥ t

2 .

�â® ®áãé¥áâ¢¨¬®, ¨¡® £¨¯®â¥§  m = n ¢«¥ç¥â ¥¢¥à®¥ ¥à ¢¥áâ¢®
f(zn, y) ≥ t/2. (� á ¬®¬ ¤¥«¥, ¡ë«® ¡ë t/2 ≥ f(x, z1) + . . . +
f(zn−1, zn) ≥ 1/2 f(x, zn) ¨ ¯®íâ®¬ã 1/2 f(x, y) > t ≥ f(x, zn) ∨
f(zn, y) ≥ 1/2 f(x, y).)

�¬¥¥¬

f(zm+1, zm+2) + . . . + f(zn−1, zn) + f(zn, y) <
t

2 .

�à¨¢«¥ª ï ¨¤ãªæ¨®®¥ ¯à¥¤¯®«®¦¥¨¥, § ª«îç ¥¬:

f(x, zm) ≤ 2(f(x, z1) + . . . + f(zm−1, zm)) ≤ t;
f(zm, zm+1) ≤ t;

f(zm+1, y) ≤ 2(f(zm+1, zm+2) + . . . + f(zn, y)) ≤ t.

�«¥¤®¢ â¥«ì®, ¢ á¨«ã ®¯à¥¤¥«¥¨ï 2-ã«ìâà ¬¥âà¨ª¨

1
2f(x, y) ≤ f(x, zm) ∨ f(zm, zm+1) ∨ f(zm+1, y) ≤ t <

1
2f(x, y).

�®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥, § ¢¥àè îé¥¥ ¤®ª § â¥«ìáâ¢®. B
9.5.16. �¥®à¥¬ . � ¦¤®¥ à ¢®¬¥à®¥ ¯à®áâà áâ¢® ¬ã«ìâ¨-

¬¥âà¨§ã¥¬®.
C �ãáâì (X, UX) | à áá¬ âà¨¢ ¥¬®¥ à ¢®¬¥à®¥ ¯à®áâà -

áâ¢®. �®§ì¬¥¬ V ∈ UX . �®«®¦¨¬ V1 := V ∩ V −1. �á«¨ â¥¯¥àì
Vn ∈ UX , â®  ©¤¥¬ á¨¬¬¥âà¨ç®¥ ®ªàã¦¥¨¥ V = V

−1
, V ∈ UX

â ª®¥, çâ® V ◦ V ◦ V ⊂ Vn. �®« £ ¥¬ Vn+1 := V . � ª ª ª ¯® ¯®áâà®¥-
¨î Vn ⊃ Vn+1 ◦ Vn+1 ◦ Vn+1 ⊃ Vn+1 ◦ IX ◦ IX ⊃ Vn+1, â® (Vn)n∈N |
ã¡ë¢ îé¥¥ á¥¬¥©áâ¢®.

�«ï t ∈ R § ¤ ¤¨¬ ¬®¦¥áâ¢® Ut á®®â®è¥¨¥¬

Ut :=





∅, t < 0,

IX , t = 0,

Vinf{n∈N : t≥2−n}, 0 < t < 1,

V1, t = 1,

X2, t > 1.
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�® ®¯à¥¤¥«¥¨î t 7→ Ut (t ∈ R) | ¢®§à áâ îé¥¥ á¥¬¥©áâ¢®. � á-
á¬®âà¨¬ ¥¤¨áâ¢¥ãî äãªæ¨î f : X2 → R, ã¤®¢«¥â¢®àïîéãî
á®®â®è¥¨ï¬ (áà. 3.8.2, 3.8.4)

{f < t} ⊂ Ut ⊂ {f ≤ t} (t ∈ R).

�á«¨ Wt := U2t ¤«ï t ∈ R, â® ¯à¨ s < t ¡ã¤¥â

Us ◦ Us ◦ Us ⊂ Wt.

�«¥¤®¢ â¥«ì®, ¢ á¨«ã 3.8.3 ¨ 9.2.1 ®â®¡à ¦¥¨¥ f ï¢«ï¥âáï 2-ã«ìâà -
¬¥âà¨ª®©.

�à¨¢«¥ª ï 9.5.15,  ©¤¥¬ ¯®«ã¬¥âà¨ªã dV â ªãî, çâ® 1/2 f ≤
dV ≤ f . �á®, çâ® UdV

= �l {Vn : n ∈ N}. �¥á®¬¥® â ª¦¥, çâ®
¤«ï ¬ã«ìâ¨¬¥âà¨ª¨ M := {dV : V ∈ UX} ¢ë¯®«¥® UM = UX . B

9.5.17. �«¥¤áâ¢¨¥. �à®áâà áâ¢® ï¢«ï¥âáï à ¢®¬¥à¨§ã¥¬ë¬
¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ®® T3 1

2
-¯à®áâà áâ¢®. CB

9.5.18. �«¥¤áâ¢¨¥. �¨å®®¢áª¨¥ ¯à®áâà áâ¢  áãâì ®â¤¥«¨¬ë¥
¬ã«ìâ¨¬¥âà¨ç¥áª¨¥ ¯à®áâà áâ¢ . CB

9.6. �®ªàëâ¨ï ¨ à §¡¨¥¨ï ¥¤¨¨æë
9.6.1. �¯à¥¤¥«¥¨¥. �ãáâì E , F | ¤¢  ¯®ªàëâ¨ï ¬®¦¥áâ¢ 

U ¢ X, â. ¥. E , F ⊂ 2X ¨ U ⊂ (∪E ) ∩ (∪F ). �®¢®àïâ, çâ® E ¢¯¨á ®
¢ F ¨«¨ E ¨§¬¥«ìç ¥â F , ¥á«¨ ª ¦¤®¥ ¬®¦¥áâ¢® ¨§ E ¯®¯ ¤ ¥â ¢
®¤¨ ¨§ í«¥¬¥â®¢ F , â. ¥. (∀E ∈ E ) (∃F ∈ F ) E ⊂ F .

9.6.2. �¯à¥¤¥«¥¨¥. �®ªàëâ¨¥ E ¬®¦¥áâ¢  X  §ë¢ îâ «®-
ª «ì® ª®¥çë¬ (®â®á¨â¥«ì® â®¯®«®£¨¨ τ ¢ X), ¥á«¨ ã ª ¦¤®©
â®çª¨ ¨§ X ¨¬¥¥âáï ®ªà¥áâ®áâì (¢ á¬ëá«¥ τ), ¯¥à¥á¥ª îé ïáï «¨èì
á ª®¥çë¬ ç¨á«®¬ í«¥¬¥â®¢ E . � ª®¥ ¯®ªàëâ¨¥ ¢ á«ãç ¥ ¤¨áªà¥â-
®© â®¯®«®£¨¨  §ë¢ îâ â®ç¥ç® ª®¥çë¬. � ª®¥æ, ¥á«¨ X à á-
á¬ âà¨¢ îâ á ¯à¥¤¢ à¨â¥«ì® ¢ë¤¥«¥®© â®¯®«®£¨¥© τ , â® ¯®¤ «®-
ª «ì®© ª®¥ç®áâìî ¥£® ¯®ªàëâ¨ï ¯® ã¬®«ç ¨î ¯®¨¬ îâ á¢ï§ -
ë© á τ ¢ à¨ â.

9.6.3. �¥¬¬  �eäè¥æ . �ãáâì E | â®ç¥ç® ª®¥ç®¥ ®âªàë-
â®¥ ¯®ªàëâ¨¥ ®à¬ «ì®£® ¯à®áâà áâ¢  X. �ãé¥áâ¢ã¥â â ª®¥ ®â-
ªàëâ®¥ ¯®ªàëâ¨¥ {GE : E ∈ E }, çâ® cl GE ⊂ E ¯à¨ ¢á¥å E ∈ E .
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C �®áâ ¢¨¬ ¬®¦¥áâ¢® S ¨§ ®â®¡à ¦¥¨© s : E → Op(X), ¤«ï
ª®â®àëå ∪s(E ) = X ¨ ¯à¨ E ∈ E ¡ã¤¥â s(E) = E ¨«¨ cl s(E) ⊂ E.
�«ï ¯®¤®¡ëå äãªæ¨© s1, s2 ¯®« £ îâ: s1 ≤ s2 := (∀E ∈ E )
(s1(E) 6= E ⇒ s2(E) = s1(E)). �¨¤®, çâ® (S, ≤) | ã¯®àï¤®ç¥-
®¥ ¬®¦¥áâ¢®, ¯à¨ç¥¬ IE ∈ S. �áâ ®¢¨¬ ¨¤ãªâ¨¢®áâì S.

�«ï æ¥¯¨ S0 ¢ S ¯®«®¦¨¬ s0(E) := ∩{s(E) : s ∈ S0} (E ∈ E ).
�á«¨ s0(E) = E, â® s(E) = E ¯à¨ ¢á¥å s ∈ S0. �á«¨ ¦¥ s0(E) 6= E,
â® s0(E) = ∩{s(E) : s(E) 6= E, s ∈ S0}.

� ãç¥â®¬ «¨¥©®áâ¨ ¯®àï¤ª  ¢ S0 ¢ë¢®¤¨¬: s0(E) = s(E) ¤«ï
s ∈ S0 â ª¨å, çâ® s(E) 6= E. �âáî¤  s0(E ) ⊂ Op(X) ¨ s0 ≥ S0. �áâ -
«®áì ã¤®áâ®¢¥à¨âìáï, çâ® s0 | ¯®ªàëâ¨¥ X (¨, áâ «® ¡ëâì, s0 ∈ S).
�® ãá«®¢¨î â®ç¥ç®© ª®¥ç®áâ¨ ¤«ï x ∈ X ¨¬¥îâáï E1, . . . , En ¢ E
â ª¨¥, çâ® x ∈ E1∩ . . .∩En ¨ x /∈ E ¤«ï ¨ëå E ¢ E . �á«¨ s(Ek) = Ek

¤«ï ª ª®£®-«¨¡® ¨§ k, â® ¤®ª §ë¢ âì ¥ç¥£® | x ∈ ∪s0(E ). � á«ãç ¥,
ª®£¤  ¯à¨ ª ¦¤®¬ k ¡ã¤¥â s0(Ek) 6= Ek,  ©¤ãâáï s1, . . . , sn ∈ S0 ¨§
ãá«®¢¨ï sk(Ek) 6= Ek (k := 1, 2, . . . , n). � § S0 | æ¥¯ì, ¬®¦® áç¨â âì,
çâ® sn ≥ {s1, . . . , sn−1}. �à¨ íâ®¬ x ∈ sn(E) ⊂ E ¤«ï ¯®¤å®¤ïé¥£®
E ∈ E . �á®, çâ® E ∈ {E1, . . . , En} (¨¡® x /∈ E ¤«ï ¤àã£¨å E). � §
s0(E) = sn(E), â® x ∈ s0(E).

�® «¥¬¬¥ �ãà â®¢áª®£® | �®à  1.2.20 ¢ S ¥áâì ¬ ªá¨¬ «ìë©
í«¥¬¥â �s. �®§ì¬¥¬ E ∈ E . �á«¨ F := X \∪�s(E \{E}), â® F § ¬ªãâ®
¨ �s(E) | ®ªà¥áâ®áâì F . �  ®á®¢ ¨¨ 9.3.10 ¯à¨ ¯®¤å®¤ïé¥¬ G ∈
Op(X) ¡ã¤¥â F ⊂ G ⊂ cl G ⊂ �s(E). �®«®¦¨¬ s(E) := G ¨ s(E) := �s(E)
¤«ï E 6= E (E ∈ E ). �á®, çâ® s ∈ S. �á«¨ �s(E) = E, â® s ≥ �s ¨,
§ ç¨â, s = �s. �à¨ íâ®¬ �s(E) ⊂ cl G ⊂ �s(E) = E, â. ¥. cl �s(E) ⊂ E.
�á«¨ ¦¥ �s(E) 6= E, â® cl �s(E) ⊂ E ¯® ®¯à¥¤¥«¥¨î. �â ª, �s |
¨áª®¬®¥ ¯®ªàëâ¨¥. B

9.6.4. �¯à¥¤¥«¥¨¥. �ãáâì f | áª «ïà ï (= ç¨á«®¢ ï) äãª-
æ¨ï   â®¯®«®£¨ç¥áª®¬ ¯à®áâà áâ¢¥ X, â. ¥. f : X → F. �®¦¥áâ¢®
supp(f) := cl{x ∈ X : f(x) 6= 0}  §ë¢ îâ ®á¨â¥«¥¬ f . �á«¨
supp(f) | ª®¬¯ ªâ®¥ ¬®¦¥áâ¢®, â® f  §ë¢ îâ ä¨¨â®© äãª-
æ¨¥©. �®£¤  ¯®« £ îâ spt (f) := supp(f).

9.6.5. �ãáâì (fe)e∈E | ¥ª®â®à®¥ á¥¬¥©áâ¢® áª «ïàëå äãª-
æ¨©   X ¨ �E := {supp(fe) : e ∈ E } | á¥¬¥©áâ¢® ¨å ®á¨â¥«¥©. �á«¨
�E | â®ç¥ç® ª®¥ç®¥ ¯®ªàëâ¨¥ U , â® á¥¬¥©áâ¢® (fe)e∈E ¯®â®ç¥ç®
áã¬¬¨àã¥¬®. �á«¨ ª â®¬ã ¦¥ �E «®ª «ì® ª®¥ç®,   (fe)e∈E ¥¯à¥-
àë¢ë, â® áã¬¬ 

∑
e∈E fe â ª¦¥ ¥¯à¥àë¢ .
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C �®áâ â®ç® § ¬¥â¨âì, çâ® ¢ ¯®¤å®¤ïé¥© ®ªà¥áâ®áâ¨ â®çª¨
¨§ U «¨èì ª®¥ç®¥ ç¨á«® äãªæ¨© á¥¬¥©áâ¢  (fe)e∈E ¥ ®¡à é ¥âáï
¢ ã«ì. B

9.6.6. �¯à¥¤¥«¥¨¥. �¥¬¥©áâ¢® äãªæ¨© (f : X → [0, 1])f∈F

¯à¥¤áâ ¢«ï¥â à §¡¨¥¨¥ ¥¤¨¨æë   ¬®¦¥áâ¢¥ U ¢ X, ¥á«¨ ®á¨â¥-
«¨ í«¥¬¥â®¢ íâ®£® á¥¬¥©áâ¢  á®áâ ¢«ïîâ â®ç¥ç® ª®¥ç®¥ ¯®ªàë-
â¨¥ U , ¨ ¯à¨ íâ®¬

∑
f∈F f(x) = 1 ¤«ï ¢á¥å x ∈ U . �ãáâ®¥ á¥¬¥©-

áâ¢® äãªæ¨© ¢ ¯®¤®¡®¬ ª®â¥ªáâ¥ áç¨â îâ áã¬¬¨àã¥¬ë¬ ª ¥¤¨¨-
æ¥. �áâ¥áâ¢¥ë¬ ®¡à §®¬ âà ªâãîâ â¥à¬¨ ý¥¯à¥àë¢®¥ à §¡¨¥-
¨¥ ¥¤¨¨æëþ ¨ ¥£®   «®£¨.

9.6.7. �¯à¥¤¥«¥¨¥. �ãáâì E | ¯®ªàëâ¨¥ ¬®¦¥áâ¢  U ¢ â®-
¯®«®£¨ç¥áª®¬ ¯à®áâà áâ¢¥,   F | ¥¯à¥àë¢®¥ à §¡¨¥¨¥ ¥¤¨¨æë
  U . �á«¨ á¥¬¥©áâ¢® ®á¨â¥«¥© {supp(f) : f ∈ F} ¢¯¨á ® ¢ E , â®
F  §ë¢ îâ à §¡¨¥¨¥¬ ¥¤¨¨æë, ¯®¤ç¨¥ë¬ E . � «¨ç¨¥ â ª®£®
F ¤«ï E ¢ëà ¦ îâ á«®¢ ¬¨: ýE ¤®¯ãáª ¥â ¥¯à¥àë¢®¥ à §¡¨¥¨¥
¥¤¨¨æëþ.

9.6.8. � ¦¤®¥ «®ª «ì® ª®¥ç®¥ ®âªàëâ®¥ ¯®ªàëâ¨¥ ®à¬ «ì-
®£® ¯à®áâà áâ¢  ¤®¯ãáª ¥â à §¡¨¥¨¥ ¥¤¨¨æë.

C �® â¥®à¥¬¥ �¥äè¥æ  9.6.3 ¢ à áá¬ âà¨¢ ¥¬®¥ ¯®ªàëâ¨¥ {Uξ :
ξ ∈ �} ¬®¦® ¢¯¨á âì ®âªàëâ®¥ ¯®ªàëâ¨¥ {Vξ : ξ ∈ �}, ¤«ï ª®â®-
à®£® cl Vξ ⊂ Uξ ¯à¨ ¢á¥å ξ ∈ �. �® â¥®à¥¬¥ �àëá®  9.3.14 ¨¬¥¥âáï
¥¯à¥àë¢ ï äãªæ¨ï gξ : X → [0, 1] â ª ï, çâ® gξ(x) = 1 ¯à¨
x ∈ Vξ ¨ gξ(x) = 0 ¯à¨ x ∈ X \ Uξ. � ç¨â, supp(gξ) ⊂ Uξ. �  ®á®-
¢ ¨¨ 9.6.5 á¥¬¥©áâ¢® (gξ)ξ∈� ¯®â®ç¥ç® áã¬¬¨àã¥¬® ª ¥¯à¥àë¢®©
äãªæ¨¨ g. �à¨ íâ®¬ g(x) > 0 ¤«ï ¢á¥å x ∈ X ¯® ¯®áâà®¥¨î.
�®« £ ¥¬ fξ := gξ/g (ξ ∈ �). �¥¬¥©áâ¢® (fξ)ξ∈� | ¨áª®¬®¥. B

9.6.9. �¯à¥¤¥«¥¨¥. �®¯®«®£¨ç¥áª®¥ ¯à®áâà áâ¢®  §ë¢ îâ
¯ à ª®¬¯ ªâë¬, ¥á«¨ ¢ «î¡®¥ ¥£® ®âªàëâ®¥ ¯®ªàëâ¨¥ ¬®¦® ¢¯¨-
á âì «®ª «ì® ª®¥ç®¥ ®âªàëâ®¥ ¯®ªàëâ¨¥.

9.6.10. � ¬¥ç ¨¥. �¥®à¨ï ¯ à ª®¬¯ ªâ®áâ¨ á®¤¥à¦¨â £«ã-
¡®ª¨¥ ¨ ¥âà¨¢¨ «ìë¥ ä ªâë.

9.6.11. �¥®à¥¬ . �¥âà¨ç¥áª¨¥ ¯à®áâà áâ¢  ¯ à ª®¬¯ ªâë.
9.6.12. �¥®à¥¬ . � ãá¤®àä®¢® â®¯®«®£¨ç¥áª®¥ ¯à®áâà áâ¢®

¯ à ª®¬¯ ªâ® ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ª ¦¤®¥ ¥£® ®âªàë-
â®¥ ¯®ªàëâ¨¥ ¤®¯ãáª ¥â ¥¯à¥àë¢®¥ à §¡¨¥¨¥ ¥¤¨¨æë.
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9.6.13. � ¬¥ç ¨¥. �¥âà¨ç¥áª®¥ ¯à®áâà áâ¢® RN ®¡« ¤ ¥â
àï¤®¬ ¤®¯®«¨â¥«ìëå áâàãªâãà, ®¡¥á¯¥ç¨¢ îé¨å § ¯ á ª¢ «¨ä¨-
æ¨à®¢ ëå | £« ¤ª¨å (= ¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬ëå) | äãª-
æ¨© (áà. 4.8.1).

9.6.14. �¯à¥¤¥«¥¨¥. �áà¥¤ïîé¨¬ ï¤à®¬ ¢ RN ¯à¨ïâ®  -
§ë¢ âì «î¡ãî ¢¥é¥áâ¢¥ãî £« ¤ªãî äãªæ¨î a á ¥¤¨¨çë¬ («¥-
¡¥£®¢ë¬) ¨â¥£à «®¬ ¨ â ªãî, çâ® a(x) > 0 ¯à¨ |x| < 1 ¨ a(x) = 0
¤«ï |x| ≥ 1. �à¨ íâ®¬ supp(a) = {x ∈ RN : |x| ≤ 1} | ¥¤¨¨çë©
¥¢ª«¨¤®¢ è à B := BRN .

9.6.15. �¯à¥¤¥«¥¨¥. �¥«ìâ®®¡à §®© ¯®á«¥¤®¢ â¥«ì®áâìî
 §ë¢ îâ â ª®¥ á¥¬¥©áâ¢® ¢¥é¥áâ¢¥ëå (£« ¤ª¨å) äãªæ¨© (bε)ε>0,
çâ®, ¢®-¯¥à¢ëå, lim

ε→0
(sup | supp(bε)|) = 0 ¨, ¢®-¢â®àëå,

∫
RN bε(x) dx = 1

(ε > 0). �á¯®«ì§ãîâ â ª¦¥ â¥à¬¨ë δ-¯®á«¥¤®¢ â¥«ì®áâì ¨ δ-
®¡à § ï ¯®á«¥¤®¢ â¥«ì®áâì. � áâ® ®£à ¨ç¨¢ îâáï áç¥âë¬¨ ¯®-
á«¥¤®¢ â¥«ì®áâï¬¨.

9.6.16. �à¨¬¥à. �®¯ã«ïà®¥ ãáà¥¤ïîé¥¥ ï¤à® | íâ® äãª-
æ¨ï a(x) := t exp(−(|x|2−1)−1), ¤®®¯à¥¤¥«¥ ï ã«¥¬ ¢¥ è à  intB,
£¤¥ ª®áâ â  t § ¤   ãá«®¢¨¥¬

∫
RN a(x) dx = 1. �áïª®¥ ãáà¥¤ïî-

é¥¥ ï¤à® ¯®à®¦¤ ¥â ¤¥«ìâ®®¡à §ãî ¯®á«¥¤®¢ â¥«ì®áâì aε(x) :=
ε−Na(x/ε) (x ∈ RN ).

9.6.17. �¯à¥¤¥«¥¨¥. �ãáâì f ∈ L1,loc(RN ), â. ¥. f | ¥ª®-
â®à ï «®ª «ì® ¨â¥£à¨àã¥¬ ï (= ¨â¥£à¨àã¥¬ ï ¯à¨ áã¦¥¨¨  
«î¡®© ª®¬¯ ªâ) äãªæ¨ï. �«ï ª ¦¤®© ä¨¨â®© ¨â¥£à¨àã¥¬®©
äãªæ¨¨ g ®¯à¥¤¥«ïîâ á¢�¥àâªã f ∗ g á®®â®è¥¨¥¬

f ∗ g(x) :=
∫

RN

f(x− y)g(y) dy (x ∈ RN ).

9.6.18. � ¬¥ç ¨¥. �®«ì ãáà¥¤ïîé¨å ï¤¥à ¨ ¤¥«ìâ®®¡à §ëå
¯®á«¥¤®¢ â¥«ì®áâ¥© (aε)ε>0 ¯à®ïáï¥âáï   «¨§®¬ ¯à®æ¥áá  á£« -
¦¨¢ ¨ï f 7→ (f ∗ aε)ε>0 äãªæ¨¨ f ∈ L1,loc(RN ) ¨ ¥£® ¯®á«¥¤áâ¢¨©
(áà. 10.10.7 (5)).

9.6.19. �¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥¨ï:
(1) ¤«ï ª ¦¤®£® ª®¬¯ ªâ®£® ¬®¦¥áâ¢  K ¨§ ¯à®áâà -

áâ¢  RN ¨ ª ª®©-«¨¡® ¥£® ®ªà¥áâ®áâ¨ U áãé¥áâ¢ã¥â
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áà¥§ë¢ â¥«ì (= áà¥§ë¢ îé ï äãªæ¨ï) ψ := ψK,U ,
â. ¥. â ª®¥ £« ¤ª®¥ ®â®¡à ¦¥¨¥ ψ : RN → [0, 1], çâ®
K ⊂ int{ψ = 1} ¨ supp(ψ) ⊂ U ;

(2) ¯ãáâì U1, . . . , Un ∈ Op(RN ), ¯à¨ç¥¬ U1 ∪ . . . ∪ Un |
®ªà¥áâ®áâì ª®¬¯ ªâ  K. �ãé¥áâ¢ãîâ £« ¤ª¨¥ äãª-
æ¨¨ ψ1, . . . , ψn : RN → [0, 1], ã¤®¢«¥â¢®àïîé¨¥ ãá«®-
¢¨ï¬ supp(ψk) ⊂ Uk ¨

∑n
k=1 ψk(x) = 1 ¤«ï x ¨§ ¥ª®-

â®à®© ®ªà¥áâ®áâ¨ K.
C (1) �ãáâì ε := d(K, RN\U) := inf{|x−y| : x ∈ K, y /∈ U}. �á®,

çâ® ε > 0. �«ï β > 0 ®¡®§ ç¨¬ χβ å à ªâ¥à¨áâ¨ç¥áªãî äãªæ¨î
¬®¦¥áâ¢  K + εB. �®§ì¬¥¬ ¤¥«ìâ®®¡à §ãî ¯®á«¥¤®¢ â¥«ì®áâì
¯®«®¦¨â¥«ìëå äãªæ¨© (bγ)γ>0 ¨ ¯®«®¦¨¬ ψ := χβ ∗bγ . �à¨ γ ≤ β,
β + γ ≤ ε, £¤¥ γ := sup | supp(bγ)|, äãªæ¨ï ψ | ¨áª®¬ ï.

(2) �® «¥¬¬¥ �ì¥¤®¥ 9.4.18 ¨¬¥îâáï § ¬ªãâë¥ Fk ⊂ Uk, á®-
áâ ¢«ïîé¨¥ ¯®ªàëâ¨¥ K. �®«®¦¨¬ Kk := Fk ∩ K ¨ à áá¬®âà¨¬
áà¥§ë¢ â¥«¨ ψk := ψKk,Uk

. �ãªæ¨¨ ψk/
∑n

k=1 ψk (k := 1, . . . , n),
®¯à¥¤¥«¥ë¥   {∑n

k=1 ψk > 0}, ¯®á«¥ à á¯à®áâà ¥¨ï ã«¥¬  
{∑n

k=1 ψk = 0} ¨ ã¬®¦¥¨ï   áà¥§ë¢ â¥«ì ¯®¤å®¤ïé¥© ®ªà¥áâ®-
áâ¨ K áâ ®¢ïâáï ¨áª®¬ë¬¨. B

9.6.20. �¥®à¥¬  ® à §¡¨¥¨¨ ¥¤¨¨æë ¢ RN . �ãáâì E |
á¥¬¥©áâ¢® ®âªàëâëå ¬®¦¥áâ¢ ¢ RN ¨ 
:= ∪E . �ãé¥áâ¢ã¥â áç¥â®¥
à §¡¨¥¨¥ ¥¤¨¨æë, á®áâ ¢«¥®¥ £« ¤ª¨¬¨ ä¨¨âë¬¨ äãªæ¨ï¬¨
  RN ¨ ¯®¤ç¨¥®¥ ¯®ªàëâ¨î E ¬®¦¥áâ¢  
.

C �¯¨è¥¬ ¢ E â ª®¥ áç¥â®¥ «®ª «ì® ª®¥ç®¥ ¯®ªàëâ¨¥ A ¨§
ª®¬¯ ªâëå ¬®¦¥áâ¢, çâ® á¥¬¥©áâ¢® (α := int α)α∈A â ª¦¥ ®¡à §ã¥â
®âªàëâ®¥ ¯®ªàëâ¨¥ 
. �®¤¡¥à¥¬ ®âªàëâ®¥ ¯®ªàëâ¨¥ (Vα)α∈A ¨§
ãá«®¢¨ï cl Vα ⊂ α ¯à¨ α ∈ A. �  ®á®¢ ¨¨ 9.6.19 (1) ¨¬¥îâáï
áà¥§ë¢ â¥«¨ ψα := ψcl Vα,α. �®« £ ï ψα(x) := ψα(x)/

∑
α∈A ψα(x)

¯à¨ x ∈ 
 ¨ ψα(x) := 0 ¤«ï x ∈ RN \ 
, ¯à¨å®¤¨¬ ª âà¥¡ã¥¬®¬ã
à §¡¨¥¨î. B

9.6.21. � ¬¥ç ¨¥. �â®¨â ¯®¤ç¥àªãâì, çâ® ¯®áâà®¥®¥ à §-
¡¨¥¨¥ ¥¤¨¨æë (ψα)α∈A ®¡« ¤ ¥â â¥¬ á¢®©áâ¢®¬, çâ® ¤«ï ª ¦¤®£®
ª®¬¯ ªâ  K, «¥¦ é¥£® ¢ 
, ¨¬¥îâáï ª®¥ç®¥ ¯®¤¬®¦¥áâ¢® A0 ¢ A
¨ ®ªà¥áâ®áâì U ª®¬¯ ªâ  K â ª¨¥, çâ®

∑
α∈A0

ψα(x) = 1 ¤«ï ¢á¥å
x ∈ U (áà. 9.3.17, 9.6.19 (2)).
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�¯à ¦¥¨ï
9.1. �à¨¢¥áâ¨ ¯à¨¬¥àë ¯à¥¤â®¯®«®£¨ç¥áª¨å ¨ â®¯®«®£¨ç¥áª¨å ¯à®áâà áâ¢

¨ ª®áâàãªæ¨¨, ª ¨¬ ¯à¨¢®¤ïé¨¥.
9.2. �®¦® «¨ § ¤ âì â®¯®«®£¨î, ãª §ë¢ ï áå®¤ïé¨¥áï ä¨«ìâàë ¨«¨ ¯®-

á«¥¤®¢ â¥«ì®áâ¨?
9.3. �áâ ®¢¨âì ¢§ ¨¬ë¥ á¢ï§¨ ¬¥¦¤ã â®¯®«®£¨ï¬¨ ¨ ¯à¥¤¯®àï¤ª ¬¨  

ª®¥ç®¬ ¬®¦¥áâ¢¥.
9.4. �¯¨á âì â®¯®«®£¨ç¥áª¨¥ ¯à®áâà áâ¢ , ¢ ª®â®àëå ®¡ê¥¤¨¥¨¥ «î¡®£®

á¥¬¥©áâ¢  § ¬ªãâëå ¬®¦¥áâ¢ § ¬ªãâ®. � ª®¢ë ¥¯à¥àë¢ë¥ ®â®¡à ¦¥¨ï
â ª¨å ¯à®áâà áâ¢?

9.5. �ãáâì (fξ : X → (Yξ, τξ))ξ∈� | á¥¬¥©áâ¢® ®â®¡à ¦¥¨©. �®¯®«®£¨î
σ ¢ X  §®¢¥¬ ¤®¯ãáâ¨¬®© (¢ ¤ ®© á¨âã æ¨¨), ¥á«¨ ¤«ï «î¡®£® â®¯®«®£¨ç¥-
áª®£® ¯à®áâà áâ¢  (Z, ω) ¨ ¯à®¨§¢®«ì®£® ®â®¡à ¦¥¨ï g : Z → X ¢ë¯®«¥®
ãâ¢¥à¦¤¥¨¥: g : (Z, ω) → (X, σ) ¥¯à¥àë¢® ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨
¥¯à¥àë¢® ®â®¡à ¦¥¨¥ fξ ◦g (ξ ∈ �). �®ª § âì, çâ® á« ¡¥©è ï â®¯®«®£¨ï X, ¢
ª®â®à®© ¥¯à¥àë¢ë ¢á¥ fξ (ξ ∈ �), ¯à¥¤áâ ¢«ï¥â á®¡®© á¨«ì¥©èãî ¤®¯ãáâ¨¬ãî
(¢ ¤ ®© á¨âã æ¨¨) â®¯®«®£¨î.

9.6. �ãáâì (fξ : (Xξ, σξ) → Y )ξ∈� | á¥¬¥©áâ¢® ®â®¡à ¦¥¨©. �®¯®«®£¨î
τ ¢ Y  §®¢¥¬ ¤®¯ãáâ¨¬®© (¢ ¤ ®© á¨âã æ¨¨), ¥á«¨ ¤«ï «î¡®£® â®¯®«®£¨ç¥-
áª®£® ¯à®áâà áâ¢  (Z, ω) ¨ ¯à®¨§¢®«ì®£® ®â®¡à ¦¥¨ï g : Y → Z ¢ë¯®«¥®
ãâ¢¥à¦¤¥¨¥: g : (Y, τ) → (Z, ω) ¥¯à¥àë¢® ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥,
¥á«¨ ¥¯à¥àë¢® ®â®¡à ¦¥¨¥ g ◦ fξ (ξ ∈ �). �®ª § âì, çâ® á¨«ì¥©è ï â®¯®-
«®£¨ï ¢ Y, ¢ ª®â®à®© ¥¯à¥àë¢ë ¢á¥ fξ (ξ ∈ �), ¯à¥¤áâ ¢«ï¥â á®¡®© á« ¡¥©èãî
¤®¯ãáâ¨¬ãî (¢ ¤ ®© á¨âã æ¨¨) â®¯®«®£¨î.

9.7. �®ª § âì, çâ® ¢ â¨å®®¢áª®¬ ¯à®¨§¢¥¤¥¨¨ ¯à®¨§¢®«ìëå â®¯®«®£¨ç¥-
áª¨å ¯à®áâà áâ¢ § ¬ëª ¨¥ ¯à®¨§¢¥¤¥¨ï ¬®¦¥áâ¢, «¥¦ é¨å ¢ á®¬®¦¨â¥«ïå,
¥áâì ¯à®¨§¢¥¤¥¨¥ § ¬ëª ¨©:

cl

(∏
ξ∈�

Aξ

)
=

∏
ξ∈�

cl Aξ.

9.8. �à®¢¥à¨âì, çâ® â¨å®®¢áª®¥ ¯à®¨§¢¥¤¥¨¥ å ãá¤®àä®¢® ¢ â®¬ ¨ â®«ìª®
¢ â®¬ á«ãç ¥, ¥á«¨ å ãá¤®àä®¢ ª ¦¤ë© á®¬®¦¨â¥«ì.

9.9. �áâ ®¢¨âì ªà¨â¥à¨¨ ª®¬¯ ªâ®áâ¨ ¬®¦¥áâ¢ ¢ ª« áá¨ç¥áª¨å ¡  å®-
¢ëå ¯à®áâà áâ¢ å.

9.10. � ãá¤®àä®¢® ¯à®áâà áâ¢® X  §ë¢ îâ H-§ ¬ªãâë¬, ¥á«¨ X § -
¬ªãâ® ¢ «î¡®¬ ®¡ê¥¬«îé¥¬ X å ãá¤®àä®¢®¬ ¯à®áâà áâ¢¥. �®ª § âì, çâ®
à¥£ã«ïà®¥ H-§ ¬ªãâ®¥ ¯à®áâà áâ¢® ª®¬¯ ªâ®.

9.11. �§ãç¨âì ¢®§¬®¦®áâ¨ ª®¬¯ ªâ¨ä¨ª æ¨¨ â®¯®«®£¨ç¥áª®£® ¯à®áâà -
áâ¢ .

9.12. �®ª § âì, çâ® â¨å®®¢áª®¥ ¯à®¨§¢¥¤¥¨¥ ¥áç¥â®£® ç¨á«  ¯àï¬ëå ¥
ï¢«ï¥âáï ®à¬ «ìë¬ ¯à®áâà áâ¢®¬.
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9.13. �®ª § âì, çâ® ª ¦¤ ï ¥¯à¥àë¢ ï äãªæ¨ï   ¯à®¨§¢¥¤¥¨¨ ª®¬-
¯ ªâëå ¯à®áâà áâ¢ ¢ ®ç¥¢¨¤®¬ á¬ëá«¥ (ª ª®¬?) § ¢¨á¨â ®â ¥ ¡®«¥¥ ç¥¬
áç¥â®£® ç¨á«  ª®®à¤¨ â.

9.14. �ãáâì A | ª®¬¯ ªâ®¥,   B | § ¬ªãâ®¥ ¬®¦¥áâ¢  ¢ à ¢®¬¥à®¬
¯à®áâà áâ¢¥, ¯à¨ç¥¬ A ∩ B = ∅. �®ª § âì, çâ® ¤«ï ¥ª®â®à®£® ®ªàã¦¥¨ï V
¡ã¤¥â V (A) ∩ V (B) = ∅.

9.15. �®ª § âì, çâ® ¯®¯®«¥¨¥ (¢ á®®â¢¥âáâ¢ãîé¥¬ á¬ëá«¥) ¯à®¨§¢¥¤¥¨ï
à ¢®¬¥àëå ¯à®áâà áâ¢ ¨§®¬®àä® ¯à®¨§¢¥¤¥¨î ¯®¯®«¥¨© á®¬®¦¨â¥«¥©.

9.16. �®¦¥áâ¢® ¢ ®â¤¥«¨¬®¬ à ¢®¬¥à®¬ ¯à®áâà áâ¢¥  §®¢¥¬ ¯à¥¤-
ª®¬¯ ªâë¬, ¥á«¨ ¥£® ¯®¯®«¥¨¥ ª®¬¯ ªâ®. �®ª § âì, çâ® ¬®¦¥áâ¢® ï¢«ï¥âáï
¯à¥¤ª®¬¯ ªâë¬ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ®® ¢¯®«¥ ®£à ¨ç¥®.

9.17. � ª¨¥ â®¯®«®£¨ç¥áª¨¥ ¯à®áâà áâ¢  ¬¥âà¨§ã¥¬ë?

9.18. �«ï à ¢®¬¥âà¨§ã¥¬®£® ¯à®áâà áâ¢  ®¯¨á âì á¨«ì¥©èãî à ¢®-
¬¥à®áâì, § ¤ îéãî ¨áå®¤ãî â®¯®«®£¨î.

9.19. �¡¥¤¨âìáï, çâ® ¯à®¨§¢¥¤¥¨¥ ¯ à ª®¬¯ ªâ®£® ¨ ª®¬¯ ªâ®£® ¯à®-
áâà áâ¢ ¯ à ª®¬¯ ªâ®. �®åà ï¥âáï «¨ ¯ à ª®¬¯ ªâ®áâì ¯à¨ ®¡é¨å ¯à®¨§-
¢¥¤¥¨ïå?



�« ¢  10
�¢®©áâ¢¥®áâì ¨ ¥¥
¯à¨«®¦¥¨ï

10.1. �¥ªâ®àë¥ â®¯®«®£¨¨
10.1.1. �¯à¥¤¥«¥¨¥. �ãáâì (X, F, +, ·) | ¢¥ªâ®à®¥ ¯à®-

áâà áâ¢®  ¤ ®á®¢ë¬ ¯®«¥¬ F. �®¯®«®£¨î τ ¢ X  §ë¢ îâ á®-
£« á®¢ ®© á® áâàãªâãà®© ¢¥ªâ®à®£® ¯à®áâà áâ¢  ¨«¨, ª®à®ç¥,
¢¥ªâ®à®© â®¯®«®£¨¥©, ¥á«¨ ¥¯à¥àë¢ë á«¥¤ãîé¨¥ ®â®¡à ¦¥¨ï:

+ : (X ×X, τ × τ) → (X, τ),
· : (F×X, τF × τ) → (X, τ).

� ¯à®áâà áâ¢¥ (X, τ) ¢ íâ®¬ á«ãç ¥ £®¢®àïâ ª ª ® â®¯®«®£¨ç¥áª®¬
¢¥ªâ®à®¬ ¯à®áâà áâ¢¥.

10.1.2. �ãáâì τX | ¢¥ªâ®à ï â®¯®«®£¨ï. �â®¡à ¦¥¨ï

x 7→ x + x0, x 7→ αx (x0 ∈ X, α ∈ F \ 0)

áãâì £®¬¥®¬®àä¨§¬ë (X, τX). CB
10.1.3. � ¬¥ç ¨¥. �¥á®¬¥®, çâ® ¢¥ªâ®à ï â®¯®«®£¨ï τ

¢ ¯à®áâà áâ¢¥ X ®¡« ¤ ¥â á«¥¤ãîé¨¬ á¢®©áâ¢®¬ ý«¨¥©®áâ¨þ:

τ(αx + βy) = ατ(x) + βτ(y) (α, β ∈ F \ 0; x, y ∈ X),

£¤¥ ¢ á®®â¢¥âáâ¢¨¨ á ®¡é¨¬¨ á®£« è¥¨ï¬¨ (áà. 1.3.5 (1))

Uαx+βy ∈ ατ(x) + βτ(y) ⇔
⇔ (∃Ux ∈ τ(x) & Uy ∈ τ(y)) αUx + βUy ⊂ Uαx+βy.
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� íâ®© á¢ï§¨ ¢¥ªâ®àãî â®¯®«®£¨î ç áâ®  §ë¢ îâ «¨¥©®©,   â®-
¯®«®£¨ç¥áª®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢® | «¨¥©ë¬ â®¯®«®£¨ç¥áª¨¬
¯à®áâà áâ¢®¬. �âã â¥à¬¨®«®£¨î á«¥¤ã¥â ã¯®âà¥¡«ïâì «¨èì ¯®-
¨¬ ï, çâ® â®¯®«®£¨ï ¬®¦¥â ®¡« ¤ âì á¢®©áâ¢®¬ ý«¨¥©®áâ¨þ, ®
¥ ¡ëâì «¨¥©®©. � ª®¢ ,  ¯à¨¬¥à, ¤¨áªà¥â ï â®¯®«®£¨ï ¥ã«¥-
¢®£® ¢¥ªâ®à®£® ¯à®áâà áâ¢ .

10.1.4. �¥®à¥¬  ® áâà®¥¨¨ ¢¥ªâ®à®© â®¯®«®£¨¨. �ãáâì
X | ¢¥ªâ®à®¥ ¯à®áâà áâ¢® ¨ N | ä¨«ìâà ¢ X. �ãé¥áâ¢ã¥â
¢¥ªâ®à ï â®¯®«®£¨ï τ   X â ª ï, çâ® N = τ(0), ¢ â®¬ ¨ â®«ìª®
¢ â®¬ á«ãç ¥, ¥á«¨

(1) N + N = N ;
(2) N á®áâ®¨â ¨§ ¯®£«®é îé¨å ¬®¦¥áâ¢;
(3) N ¨¬¥¥â ¡ §¨á ¨§ ãà ¢®¢¥è¥ëå ¬®¦¥áâ¢. �à¨

íâ®¬ τ(x) = x + N ¤«ï ¢á¥å x ∈ X.
C ⇒: �ãáâì τ | ¢¥ªâ®à ï â®¯®«®£¨ï ¨ N = τ(0). �§ 10.1.2

¯®«ãç ¥¬, çâ® τ(x) = x + N ¤«ï x ∈ X. �á® â ª¦¥, çâ® (1) ¥áâì
¤àã£ ï § ¯¨áì ¥¯à¥àë¢®áâ¨ á«®¦¥¨ï ¢ ã«¥ (¯à®áâà áâ¢  X2).
�á«®¢¨¥ (2) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ τF(0)x ⊃ N ¤«ï ª ¦¤®£® x ∈ X,
â. ¥. ª ª ãá«®¢¨¥ ¥¯à¥àë¢®áâ¨ ®â®¡à ¦¥¨© α 7→ αx ¢ ã«¥ (¯à®-
áâà áâ¢  R) ¯à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ®¬ x ¨§ X. �á«®¢¨¥ (3) á ãç¥-
â®¬ (2), ¢ á¢®î ®ç¥à¥¤ì, ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ τF(0)N = N , â. ¥.
ª ª ãá«®¢¨¥ ¥¯à¥àë¢®áâ¨ ã¬®¦¥¨ï   áª «ïà ¢ ã«¥ (¯à®áâà -
áâ¢  F×X).

⇐: �ãáâì N | ä¨«ìâà, ã¤®¢«¥â¢®àïîé¨© (1){(3). �¨¤®, çâ®
N ⊂ �l {0}. �®«®¦¨¬ τ(x) := x + N . �®£¤  τ | ¯à¥¤â®¯®«®£¨ï.
�§ ®¯à¥¤¥«¥¨ï τ ¨ (1) ¢ëâ¥ª ¥â, çâ® τ | â®¯®«®£¨ï, ¯à¨ç¥¬ á¤¢¨£¨
¥¯à¥àë¢ë,   á«®¦¥¨¥ ¥¯à¥àë¢® ¢ ã«¥. � ª¨¬ ®¡à §®¬, á«®-
¦¥¨¥ ¥¯à¥àë¢® ¢ ª ¦¤®© â®çª¥ X2. �¯à ¢¥¤«¨¢®áâì (2) ¨ (3)
®§ ç ¥â, çâ® ®â®¡à ¦¥¨¥ (λ, x) 7→ λx ¥¯à¥àë¢® ¢ ã«¥ ¯® á®¢®-
ªã¯®áâ¨ ¯¥à¥¬¥ëå ¨ ¥¯à¥àë¢® ¢ ã«¥ ¯® ¯¥à¢®¬ã ¯¥à¥¬¥®¬ã
¯à¨ ä¨ªá¨à®¢ ®¬ ¢â®à®¬. � á¨«ã â®¦¤¥áâ¢ 

λx− λ0x0 = λ0(x− x0) + (λ− λ0)x0 + (λ− λ0)(x− x0)

®áâ «®áì ãáâ ®¢¨âì ¥¯à¥àë¢®áâì íâ®£® ®â®¡à ¦¥¨ï ¢ ã«¥ ¯®
¢â®à®¬ã ¯¥à¥¬¥®¬ã ¯à¨ ä¨ªá¨à®¢ ®¬ ¯¥à¢®¬. �ë¬¨ á«®¢ -
¬¨, ã¦® ãáâ ®¢¨âì, çâ® λN ⊃ N ¤«ï λ ∈ F. �«ï ¯à®¢¥àª¨
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 ©¤¥¬ n ∈ N, ¤«ï ª®â®à®£® |λ| ≤ n. �ãáâì V ∈ N ¨ W ∈ N â ª®-
¢ë, çâ® W ãà ¢®¢¥è¥® ¨ W1 + . . . + Wn ⊂ V , £¤¥ Wk := W . �®£¤ 
λW = n (λ/n W ) ⊂ nW ⊂ W1 + . . . + Wn ⊂ V . B

10.1.5. �¥®à¥¬ . �®¦¥áâ¢® VT(X) ¢á¥å ¢¥ªâ®àëå â®¯®«®£¨©
  X ï¢«ï¥âáï ¯®«®© à¥è¥âª®©. �à¨ íâ®¬ ¤«ï «î¡®£® ¬®¦¥áâ¢  E
¢ VT(X) ¢ë¯®«¥®

supVT(X) E = supT(X) E .

C �ãáâì τ := supT(X) E . � ª ª ª ¤«ï τ ∈ E á¤¢¨£ x 7→ x + x0
¥áâì £®¬¥®¬®àä¨§¬ (X, τ)   (X, τ), â® íâ® ®â®¡à ¦¥¨¥ | £®¬¥®-
¬®àä¨§¬ (X, τ)   (X, τ). �à¨¢«¥ª ï 9.1.13, ã¡¥¦¤ ¥¬áï ¢ â®¬, çâ®
¤«ï ä¨«ìâà  τ(0) ¢ë¯®«¥ë ãá«®¢¨ï 10.1.4 (1){10.1.4 (3), ¯®áª®«ìªã
®¨ ¢ë¯®«¥ë ¤«ï ä¨«ìâà®¢ τ(0) ¯à¨ τ ∈ E . �áâ ¥âáï á®á« âìáï  
1.2.14. B

10.1.6. �¥®à¥¬  ® ¯à®®¡à §¥ ¢¥ªâ®à®© â®¯®«®£¨¨. �à®-
®¡à § ¢¥ªâ®à®© â®¯®«®£¨¨ ¯à¨ «¨¥©®¬ ®â®¡à ¦¥¨¨ | ¢¥ªâ®à ï
â®¯®«®£¨ï.

C �ãáâì T ∈ L (X, Y ) ¨ ω ∈ VT(Y ). �®«®¦¨¬ τ := T−1(ω). �á-
«¨ xγ → x ¨ yγ → y ¢ (X, τ), â®, ¢ á¨«ã 9.2.8, Txγ → Tx, Tyγ → Ty ¨,
áâ «® ¡ëâì, T (xγ +yγ) → T (x+y). �®á«¥¤¥¥ ¢ á¨«ã 9.2.10 ®§ ç ¥â,
çâ® xγ + yγ → x + y ¢ (X, τ). � ª¨¬ ®¡à §®¬, τ(x) = x + τ(0) ¤«ï
¢á¥å x ∈ X ¨, ªà®¬¥ â®£®, τ(0) + τ(0) = τ(0). �à¨¬¥ïï ª «¨¥©®¬ã
á®®â¢¥âáâ¢¨î T−1 ¯®á«¥¤®¢ â¥«ì® ¯à¥¤«®¦¥¨ï 3.4.10 ¨ 3.1.8, ¯®-
«ãç ¥¬, çâ® ä¨«ìâà τ(0) = T−1(ω(0)) á®áâ®¨â ¨§ ¯®£«®é îé¨å ¬®-
¦¥áâ¢ ¨ ¨¬¥¥â ¡ §¨á ¨§ ãà ¢®¢¥è¥ëå ¬®¦¥áâ¢, â ª ª ª ¯® 10.1.4
â ª¨¬¨ á¢®©áâ¢ ¬¨ ®¡« ¤ ¥â ä¨«ìâà ω(0). �®¢ì ¯à¨¢«¥ª ï 10.1.4,
§ ª«îç ¥¬: τ ∈ VT(X). B

10.1.7. �à®¨§¢¥¤¥¨¥ ¢¥ªâ®àëå â®¯®«®£¨© | ¢¥ªâ®à ï â®¯®-
«®£¨ï.

C �«¥¤ã¥â ¨§ 10.1.5 ¨ 10.1.6. B

10.1.8. �¯à¥¤¥«¥¨¥. �ãáâì A, B | ¬®¦¥áâ¢  ¢ ¢¥ªâ®à®¬
¯à®áâà áâ¢¥. �®¢®àïâ, çâ® A ï¢«ï¥âáï B-ãáâ®©ç¨¢ë¬, ¥á«¨ A +
B ⊂ A.
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10.1.9. �«ï ª ¦¤®© ¢¥ªâ®à®© â®¯®«®£¨¨ τ   X áãé¥áâ¢ã¥â,
¨ ¯à¨â®¬ ¥¤¨áâ¢¥ ï, à ¢®¬¥à®áâì Uτ , ¨¬¥îé ï ¡ §¨á ¨§ IX -
ãáâ®©ç¨¢ëå ¬®¦¥áâ¢ ¨ â ª ï, çâ® τ = τ(Uτ ).

C �«ï U ∈ τ(0) ¯®«®¦¨¬ VU := {(x, y) ∈ X2 : y − x ∈ U}.
�â¬¥â¨¬ ®ç¥¢¨¤ë¥ á¢®©áâ¢ :

IX ⊂ VU ; VU + IX = VU ; (VU )−1 = V−U ;
VU1∩U2 ⊂ VU1 ∩ VU2 ; VU1 ◦ VU2 ⊂ VU1+U2

¤«ï «î¡ëå U , U1, U2 ∈ τ(0). �à¨¢«¥ª ï 10.1.4, ¢ë¢®¤¨¬, çâ®

Uτ := �l {VU : U ∈ τ(0)}

| íâ® à ¢®¬¥à®áâì, ¯à¨ç¥¬ τ = τ(Uτ ). �¥á®¬¥® â ª¦¥, çâ® Uτ

¨¬¥¥â ¡ §¨á ¨§ IX -ãáâ®©ç¨¢ëå ¬®¦¥áâ¢.
�á«¨ â¥¯¥àì U ¥é¥ ®¤  à ¢®¬¥à®áâì â ª ï, çâ® τ(U ) = τ ,

¨ W | ¥ª®â®à®¥ IX -ãáâ®©ç¨¢®¥ ®ªàã¦¥¨¥ U , â® W = VW (0). �â-
áî¤  ¨ ¢ëâ¥ª ¥â âà¥¡ã¥¬ ï ¥¤¨áâ¢¥®áâì. B

10.1.10. �¯à¥¤¥«¥¨¥. �ãáâì (X, τ) | â®¯®«®£¨ç¥áª®¥ ¢¥ª-
â®à®¥ ¯à®áâà áâ¢®. � ¢®¬¥à®áâì Uτ , ¯®áâà®¥ãî ¢ 10.1.9,  -
§ë¢ îâ à ¢®¬¥à®áâìî à áá¬ âà¨¢ ¥¬®£® ¯à®áâà áâ¢  X.

10.1.11. � ¬¥ç ¨¥. � ¤ «ì¥©è¥¬ ¯à¨ à áá¬®âà¥¨¨ â®¯®-
«®£¨ç¥áª¨å ¢¥ªâ®àëå ¯à®áâà áâ¢ ¡ã¤¥¬ áç¨â âì ¨å  ¤¥«¥ë¬¨
á®®â¢¥âáâ¢ãîé¨¬¨ à ¢®¬¥à®áâï¬¨.

10.2. �®ª «ì® ¢ë¯ãª«ë¥ â®¯®«®£¨¨
10.2.1. �¯à¥¤¥«¥¨¥. �¥ªâ®àãî â®¯®«®£¨î ¯à¨ïâ®  §ë-

¢ âì «®ª «ì® ¢ë¯ãª«®©, ¥á«¨ ä¨«ìâà ®ªà¥áâ®áâ¥© ª ¦¤®© â®çª¨
¨¬¥¥â ¡ §¨á, á®áâ®ïé¨© ¨§ ¢ë¯ãª«ëå ¬®¦¥áâ¢.

10.2.2. �¥®à¥¬  ® áâà®¥¨¨ «®ª «ì® ¢ë¯ãª«®© â®¯®«®-
£¨¨. �ãáâì X | ¢¥ªâ®à®¥ ¯à®áâà áâ¢® ¨ N | ä¨«ìâà ¢ X. �ã-
é¥áâ¢ã¥â «®ª «ì® ¢ë¯ãª« ï â®¯®«®£¨ï τ   X â ª ï, çâ® N = τ(0),
¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨

(1) 1
2N = N ;

(2) N ¨¬¥¥â ¡ §¨á, á®áâ®ïé¨© ¨§  ¡á®«îâ® ¢ë¯ãª«ëå
¯®£«®é îé¨å ¬®¦¥áâ¢.
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C ⇒: � á¨«ã 10.1.2 ®â®¡à ¦¥¨¥ x 7→ 2x | £®¬¥®¬®àä¨§¬. �â®
¨ ®§ ç ¥â, çâ® 1/2 N = N . �®§ì¬¥¬ â¥¯¥àì U ∈ N . �® ãá«®-
¢¨î ¨¬¥¥âáï ¢ë¯ãª«®¥ ¬®¦¥áâ¢® V ∈ N â ª®¥, çâ® V ⊂ U . �à¨-
¬¥ïï 10.1.4,  ©¤¥¬ ãà ¢®¢¥è¥®¥ ¬®¦¥áâ¢® W , ¤«ï ª®â®à®£®
W ⊂ V . �à¨¢«¥ª ï ä®à¬ã«ã �®æª¨  3.1.13 ¨ 3.1.14, ã¡¥¦¤ ¥¬áï
¢ â®¬, çâ® ¢ë¯ãª« ï ®¡®«®çª  co(W )  ¡á®«îâ® ¢ë¯ãª« . �à¨ íâ®¬
W ⊂ co(W ) ⊂ V ⊂ U .

⇐: �¡á®«îâ® ¢ë¯ãª«®¥ ¬®¦¥áâ¢® ãà ¢®¢¥è¥®. � ç¨â, N
ã¤®¢«¥â¢®àï¥â 10.1.4 (2), 10.1.4 (3). �á«¨ V ∈ N ¨ W ¢ë¯ãª«®,
W ∈ N ¨ W ⊂ V , â® 1/2 W ∈ N . �®¬¨¬® íâ®£®, 1/2 W + 1/2 W ⊂
W ⊂ V ¨§-§  ¢ë¯ãª«®áâ¨ W . �®á«¥¤¥¥ ®§ ç ¥â, çâ® N +N = N .
�áâ ¥âáï á®á« âìáï   10.1.4. B

10.2.3. �«¥¤áâ¢¨¥. �®¦¥áâ¢® LCT (X) ¢á¥å «®ª «ì® ¢ë¯ãª-
«ëå â®¯®«®£¨©   X ¯à¥¤áâ ¢«ï¥â á®¡®© ¯®«ãî à¥è¥âªã. �à¨ íâ®¬
¤«ï «î¡®£® ¬®¦¥áâ¢  E ¢ LCT (X) ¢ë¯®«¥®

supLCT (X) E = supT(X) E . CB

10.2.4. �«¥¤áâ¢¨¥. �à®®¡à § «®ª «ì® ¢ë¯ãª«®© â®¯®«®£¨¨
¯à¨ «¨¥©®¬ ®â®¡à ¦¥¨¨ | «®ª «ì® ¢ë¯ãª« ï â®¯®«®£¨ï. CB

10.2.5. �«¥¤áâ¢¨¥. �à®¨§¢¥¤¥¨¥ «®ª «ì® ¢ë¯ãª«ëå â®¯®«®-
£¨© | «®ª «ì® ¢ë¯ãª« ï â®¯®«®£¨ï. CB

10.2.6. �®¯®«®£¨ï ¬ã«ìâ¨®à¬¨à®¢ ®£® ¯à®áâà áâ¢  ï¢«ï-
¥âáï «®ª «ì® ¢ë¯ãª«®©. CB

10.2.7. �¯à¥¤¥«¥¨¥. �ãáâì τ | «®ª «ì® ¢ë¯ãª« ï â®¯®«®-
£¨ï   X. �®¦¥áâ¢® ¢á¥å ¢áî¤ã ®¯à¥¤¥«¥ëå ¥¯à¥àë¢ëå ¯®«ã-
®à¬   X  §ë¢ îâ §¥àª «®¬ (à¥¦¥ á¯¥ªâà®¬) â®¯®«®£¨¨ τ ¨ ®¡®-
§ ç îâ Mτ . �ã«ìâ¨®à¬¨à®¢ ®¥ ¯à®áâà áâ¢® (X, Mτ )  §ë¢ -
îâ  áá®æ¨¨à®¢ ë¬ á (X, τ).

10.2.8. �¥®à¥¬ . �®ª «ì® ¢ë¯ãª« ï â®¯®«®£¨ï á®¢¯ ¤ ¥â á
â®¯®«®£¨¥©  áá®æ¨¨à®¢ ®£® ¬ã«ìâ¨®à¬¨à®¢ ®£® ¯à®áâà áâ¢ .

C �ãáâì τ | à áá¬ âà¨¢ ¥¬ ï «®ª «ì® ¢ë¯ãª« ï â®¯®«®£¨ï
¢ X ¨ ω := τ(Mτ ) | â®¯®«®£¨ï  áá®æ¨¨à®¢ ®£® ¯à®áâà áâ¢ 
(X, Mτ ). �®§ì¬¥¬ V ∈ τ(0). � á¨«ã 10.2.2  ©¤¥âáï  ¡á®«îâ®
¢ë¯ãª« ï ®ªà¥áâ®áâì ã«ï B ∈ τ(0) â ª ï, çâ® B ⊂ V . �  ®á®¢ -
¨¨ 3.8.7

{pB < 1} ⊂ B ⊂ {pB ≤ 1}.
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�ç¥¢¨¤®, çâ® pB | ¥¯à¥àë¢ë© äãªæ¨® « (áà. 7.5.1), â. ¥.
pB ∈ Mτ ¨, áâ «® ¡ëâì, {pB < 1} ∈ ω(0). �«¥¤®¢ â¥«ì®, V ∈ ω(0).
� ª¨¬ ®¡à §®¬, ¯à¨¢«¥ª ï 5.2.10, ¨¬¥¥¬ ω(x) = x+ω(0) ⊃ x+τ(0) =
τ(x), â. ¥. ω ≥ τ . �®¬¨¬® íâ®£®, τ ≥ ω ¯® ®¯à¥¤¥«¥¨î. B

10.2.9. �¯à¥¤¥«¥¨¥. �¥ªâ®à®¥ ¯à®áâà áâ¢®,  ¤¥«¥®¥ ®â-
¤¥«¨¬®© «®ª «ì® ¢ë¯ãª«®© â®¯®«®£¨¥©,  §ë¢ îâ «®ª «ì® ¢ë¯ãª-
«ë¬ ¯à®áâà áâ¢®¬.

10.2.10. � ¬¥ç ¨¥. �¥®à¥¬ã 10.2.8 ¢ ¥áª®«ìª® áã¦¥®¬ ¢¨-
¤¥ ç áâ® ä®à¬ã«¨àãîâ á«®¢ ¬¨: ý¯®ïâ¨¥ «®ª «ì® ¢ë¯ãª«®£® ¯à®-
áâà áâ¢  ¨ ¯®ïâ¨¥ ®â¤¥«¨¬®£® ¬ã«ìâ¨®à¬¨à®¢ ®£® ¯à®áâà -
áâ¢  à ¢®®¡ê¥¬ëþ.

� íâ®© á¢ï§¨ ¯à¨ ¨§ãç¥¨¨ «®ª «ì® ¢ë¯ãª«ëå ¯à®áâà áâ¢ ¨á-
¯®«ì§ãîâ ¯® ¬¥à¥  ¤®¡®áâ¨ â¥à¬¨®«®£¨î, á¢ï§ ãî á  áá®æ¨ -
â¨¢ë¬ ¬ã«ìâ¨®à¬¨à®¢ ë¬ ¯à®áâà áâ¢®¬ (áà. 5.2.13).

10.2.11. �¯à¥¤¥«¥¨¥. �ãáâì τ | «®ª «ì® ¢ë¯ãª« ï â®¯®-
«®£¨ï ¢ X. �¨¬¢®«®¬ (X, τ)′ (¨«¨, ª®à®ç¥, X ′) ®¡®§ ç îâ ¯®¤¯à®-
áâà áâ¢® X#, á®áâ®ïé¥¥ ¨§ ¥¯à¥àë¢ëå «¨¥©ëå äãªæ¨® «®¢.
�à®áâà áâ¢® (X, τ)′  §ë¢ îâ á®¯àï¦¥ë¬ (¨«¨ τ -á®¯àï¦¥ë¬)
ª (X, τ).

10.2.12. (X, τ)′ = ∪{|∂|(p) : p ∈ Mτ}. CB
10.2.13. �¥®à¥¬ . �â®¡à ¦¥¨¥ èâà¨å®¢ ¨ï τ 7→ (X, τ)′,

¤¥©áâ¢ãîé¥¥ ¨§ LCT (X) ¢ Lat(X#), á®åà ï¥â â®çë¥ ¢¥àå¨¥ £à -
¨æë, â. ¥. ¤«ï «î¡®£® ¬®¦¥áâ¢  E ¢ LCT (X) ¢ë¯®«¥®

(X, sup E )′ = sup{(X, τ)′ : τ ∈ E }.
C �á«¨ E = ∅, â® sup E | íâ® âà¨¢¨ «ì ï â®¯®«®£¨ï τ0 ¢

X ¨, áâ «® ¡ëâì, (X, τ0)′ = 0 = inf Lat(X#) = supLat(X#)∅. �
á¨«ã 9.2.7 ®â®¡à ¦¥¨¥ èâà¨å®¢ ¨ï ¢®§à áâ ¥â. �ç¨âë¢ ï 2.1.5,
¤«ï ¥¯ãáâ®£® E ¨¬¥¥¬

(X, sup E )′ ≥ sup{(X, τ)′ : τ ∈ E }.
�á«¨ f ∈ (X, sup E )′, â® ¢¢¨¤ã 10.2.12 ¨ 9.1.13 áãé¥áâ¢ãîâ â®-

¯®«®£¨¨ τ1, . . . , τn ∈ E â ª¨¥, çâ® f ∈ (X, τ1 ∨ . . . ∨ τn)′. � ¯®-
¬®éìî 10.2.12 ¨ 5.3.7  ©¤¥¬ p1 ∈ Mτ1 , . . . , pn ∈ Mτn , ¤«ï ª®â®-
àëå f ∈ |∂|(p1 ∨ . . . ∨ pn). �à¨¢«¥ª ï 3.5.7 ¨ 3.7.9, ã¡¥¦¤ ¥¬áï, çâ®
|∂|(p1 + . . . + pn) = |∂|(p1) + . . . + |∂|(pn). �ª®ç â¥«ì®

f ∈ (X, τ1)′ + . . . + (X, τn)′ = (X, τ1)′ ∨ . . . ∨ (X, τn)′. B
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10.3. �¢®©áâ¢¥®áâì ¢¥ªâ®àëå ¯à®áâà áâ¢

10.3.1. �¯à¥¤¥«¥¨¥. �ãáâì X, Y | ¢¥ªâ®àë¥ ¯à®áâà áâ¢ 
 ¤ ®¤¨¬ ¨ â¥¬ ¦¥ ®á®¢ë¬ ¯®«¥¬ F. �ãáâì, ¤ «¥¥, § ¤   ¡¨-
«¨¥© ï ä®à¬  (¨«¨, ª ª ¨®£¤  £®¢®àïâ, ¡à ª¥â¨à®¢ ¨¥) 〈· | ·〉 ¨§
X × Y ¢ F, â. ¥. ®â®¡à ¦¥¨¥, «¨¥©®¥ ¯® ª ¦¤®¬ã ¯¥à¥¬¥®¬ã.
�«ï x ∈ X ¨ y ∈ Y ¯®«®¦¨¬

〈x| : y 7→ 〈x | y〉, 〈 · | : X → FY, 〈X| ⊂ Y #;
|y〉 : x 7→ 〈x | y〉, | · 〉 : Y → FX, |Y 〉 ⊂ X#.

�®§¨ª îé¨¥ ®â®¡à ¦¥¨ï 〈· | ¨ | ·〉  §ë¢ îâ á®®â¢¥âáâ¢¥® ¡à -
®â®¡à ¦¥¨¥¬ ¨ ª¥â-®â®¡à ¦¥¨¥¬. � «®£¨ç® äãªæ¨® «ë ¨§
〈X |  §ë¢ îâ ¡à -äãªæ¨® « ¬¨,   ¨§ |Y 〉 | ª¥â-äãªæ¨® « ¬¨.

10.3.2. �à -®â®¡à ¦¥¨¥ ¨ ª¥â-®â®¡à ¦¥¨¥ | «¨¥©ë¥ ®¯¥-
à â®àë. CB

10.3.3. �¯à¥¤¥«¥¨¥. �à ª¥â¨à®¢ ¨¥ X ¨ Y  §ë¢ îâ ¤¢®©-
áâ¢¥®áâìî, ¥á«¨ ¡à -®â®¡à ¦¥¨¥ ¨ ª¥â-®â®¡à ¦¥¨¥ áãâì ¬®®-
¬®àä¨§¬ë. � íâ®¬ á«ãç ¥ £®¢®àïâ, çâ® X ¨ Y ¯à¨¢¥¤¥ë ¢ ¤¢®©-
áâ¢¥®áâì, ¨«¨ á®áâ ¢«ïîâ ¤¢®©áâ¢¥ãî ¯ àã, ¨«¨ çâ® Y ¤¢®©-
áâ¢¥® ª X ¨ â. ¯., ¨ ¯¨èãâ X ↔ Y . �à -®â®¡à ¦¥¨¥ ¨ ª¥â-
®â®¡à ¦¥¨¥  §ë¢ îâ ¢ íâ®© á¨âã æ¨¨ ¤ã «¨§ æ¨ï¬¨.

10.3.4. �à¨¬¥àë.
(1) �ãáâì X ↔ Y ¨ 〈· | ·〉 | á®®â¢¥âáâ¢ãîé ï ¤¢®©áâ¢¥-

®áâì. �«ï (y, x) ∈ Y ×X ¯®«®¦¨¬ 〈y |x〉 := 〈x | y〉. �¨¤®, çâ® ¢®§-
¨ªè¥¥ ¡à ª¥â¨à®¢ ¨¥ | íâ® ¤¢®©áâ¢¥®áâì Y ¨ X. �à¨ íâ®¬ ¤ã -
«¨§ æ¨¨ ¢ ¨áå®¤®© ¨ ¢® ¢®¢ì ¢®§¨ªè¥© ¤¢®©áâ¢¥®áâïå ®¤¨ ¨ â¥
¦¥. � íâ®© á¢ï§¨ ãª § ë¥ ¤¢®©áâ¢¥®áâ¨, ª ª ¯à ¢¨«®, ¥ à §«¨-
ç îâ (áà. 10.3.3). � ª¨¬ ®¡à §®¬, ¬®¦® áª § âì, çâ® Y ¤¢®©áâ¢¥®
ª X ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ X ¤¢®©áâ¢¥® ª Y . �â¬¥-
â¨¬ §¤¥áì ¦¥, çâ® ®â®¡à ¦¥¨¥ 〈x | y〉R := Re〈x | y〉 ¯à¨¢®¤¨â ¢ ¤¢®©-
áâ¢¥®áâì ¢¥é¥áâ¢¥ë¥ ®á®¢ë XR ¨ YR. �®¯ãáª ï ¢®«ì®áâì, ¤«ï
®¡®§ ç¥¨ï ¢®§¨ª îé¥© ¤¢®©áâ¢¥®áâ¨ XR ↔ YR ¨§à¥¤ª  ¨á¯®«ì-
§ãîâ ¯à¥¦¥¥ ®¡®§ ç¥¨¥, â. ¥. ¯®« £ îâ 〈x | y〉 := 〈x | y〉R, ¨¬¥ï
¢ ¢¨¤ã, çâ® x ¨ y ¯à¨ ¤«¥¦ â ¢¥é¥áâ¢¥ë¬ ®á®¢ ¬ à áá¬ âà¨¢ -
¥¬ëå ¯à®áâà áâ¢.
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(2) �ãáâì H | £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢®. �ª «ïà®¥
¯à®¨§¢¥¤¥¨¥ ¯à¨¢®¤¨â ¢ ¤¢®©áâ¢¥®áâì H ¨ H∗. �â®¡à ¦¥¨¥
èâà¨å®¢ ¨ï ¯à¨ íâ®¬ á®¢¯ ¤ ¥â á ª¥â-®â®¡à ¦¥¨¥¬.

(3) �ãáâì (X, τ) | «®ª «ì® ¢ë¯ãª«®¥ ¯à®áâà áâ¢® ¨
X ′ | á®¯àï¦¥®¥ ¯à®áâà áâ¢®. �à ª¥â¨à®¢ ¨¥ (x, x′) 7→ x′(x)
¯à¨¢®¤¨â X ¨ X ′ ¢ ¤¢®©áâ¢¥®áâì.

(4) �ãáâì X | ¢¥ªâ®à®¥ ¯à®áâà áâ¢® ¨, ª ª ®¡ëç®,
X# := L (X, F) | á®¯àï¦¥®¥ ¯à®áâà áâ¢®. �á®, çâ® ®â®¡à ¦¥-
¨¥ (x, x#) 7→ x#(x) ¯à¨¢®¤¨â íâ¨ ¯à®áâà áâ¢  ¢ ¤¢®©áâ¢¥®áâì.

10.3.5. �¯à¥¤¥«¥¨¥. �ãáâì X ↔ Y . �à®®¡à § ¢ X â¨å®®¢-
áª®© â®¯®«®£¨¨ ¢ FY ¯à¨ ¡à -®â®¡à ¦¥¨¨  §ë¢ îâ ¡à -â®¯®«®£¨-
¥© ¨«¨ á« ¡®© â®¯®«®£¨¥© ¢ X,  ¢¥¤¥®© ¤¢®©áâ¢¥®áâìî á Y ,
¨ ®¡®§ ç îâ σ(X, Y ). �à -â®¯®«®£¨î σ(X, Y ) ¤«ï ¤¢®©áâ¢¥®áâ¨
Y ↔ X  §ë¢ îâ ª¥â-â®¯®«®£¨¥© ¤«ï ¤¢®©áâ¢¥®áâ¨ X ↔ Y ¨«¨
á« ¡®© â®¯®«®£¨¥© ¢ Y ,  ¢¥¤¥®© ¤¢®©áâ¢¥®áâìî á X.

10.3.6. �à -â®¯®«®£¨ï | íâ® á« ¡¥©è ï â®¯®«®£¨ï, ¢ ª®â®à®©
¥¯à¥àë¢ë ¢á¥ ª¥â-äãªæ¨® «ë. �¥â-â®¯®«®£¨ï | íâ® á« ¡¥©è ï
â®¯®«®£¨ï, ¢ ª®â®à®© ¥¯à¥àë¢ë ¢á¥ ¡à -äãªæ¨® «ë.

C xγ → x (¢ σ(X, Y )) ⇔ 〈xγ → 〈x | (¢ FY ) ⇔ (∀ y ∈ Y ) 〈xγ | (y) →
〈x | (y) ⇔ (∀ y ∈ Y ) 〈xγ | y〉 → 〈x | y〉 ⇔ (∀ y ∈ Y ) | y〉(xγ) → | y〉(x) ⇔
(∀ y ∈ Y ) xγ → x (¢ | y〉−1(τF)) B

10.3.7. � ¬¥ç ¨¥. �¡®§ ç¥¨¥ σ(X, Y ), ª ª ¢¨¤®, á®£« á®-
¢ ® á ®¡®§ ç¥¨¥¬ á« ¡®© ¬ã«ìâ¨®à¬ë 5.1.10 (4). �¬¥® σ(X, Y )
¥áâì â®¯®«®£¨ï ¬ã«ìâ¨®à¬ë {|〈· | y〉| : y ∈ Y }. � «®£¨ç® σ(Y, X)
¥áâì â®¯®«®£¨ï ¬ã«ìâ¨®à¬ë {|〈x | ·〉| : x ∈ X}. CB

10.3.8. �à®áâà áâ¢  (X, σ(X, Y )) ¨ (Y, σ(Y, X)) «®ª «ì®
¢ë¯ãª«ë.

C �«¥¤ã¥â ¨§ 10.2.4 ¨ 10.2.5. B
10.3.9. �¥®à¥¬  ® ¤ã «¨§ æ¨ïå. �ã «¨§ æ¨¨ áãâì ¨§®¬®àä¨§-

¬ë ¤¢®©áâ¢¥ëå ¯à®áâà áâ¢   á®®â¢¥âáâ¢ãîé¨¥ á« ¡® á®¯àï¦¥-
ë¥ ¯à®áâà áâ¢ .

C �ãáâì X ↔ Y . �ã¦® ãáâ ®¢¨âì â®ç®áâì ¯®á«¥¤®¢ â¥«ì®-
áâ¥©

0 → X
〈·|−→(Y, σ(Y, X))′ → 0,

0 → Y
|·〉−→(X, σ(X, Y ))′ → 0.
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�®áª®«ìªã ª¥â-®â®¡à ¦¥¨¥ ¤«ï ¤¢®©áâ¢¥®áâ¨ X ↔ Y ¥áâì ¡à -
®â®¡à ¦¥¨¥ ¤«ï ¤¢®©áâ¢¥®áâ¨ Y ↔ X, ¤®áâ â®ç® ¯à®¢¥à¨âì
â®ç®áâì ¯¥à¢®© ¯®á«¥¤®¢ â¥«ì®áâ¨. �à -®â®¡à ¦¥¨¥ | ¬®®¬®à-
ä¨§¬ ¯® ®¯à¥¤¥«¥¨î 10.3.3. �®¬¨¬® íâ®£®, ¨§ 10.2.13 ¨ 10.3.6 ¢ë-
â¥ª ¥â, çâ®

(Y, σ(Y, X))′ = (Y, sup{〈x |−1(τF) : x ∈ X})′ =

= sup{(Y, 〈x |−1(τF))′ : x ∈ X} =
= L ({(Y, f−1(τF))′ : f ∈ 〈X|}) = 〈X|,

â ª ª ª ¯® 5.3.7 ¨ 2.3.12 ¢ë¯®«¥®

(Y, f−1(τF))′ = {λf : λ ∈ F} (f ∈ Y #). B

10.3.10. � ¬¥ç ¨¥. �¥®à¥¬ã 10.3.9 ç áâ®  §ë¢ îâ ýâ¥®à¥-
¬®© ®¡ ®¡é¥¬ ¢¨¤¥ á« ¡® ¥¯à¥àë¢®£® äãªæ¨® « þ. � íâ®¬ ¯à®-
ï¢«ï¥âáï ã¤®¡®¥ ®¡é¥¥ ¯à ¢¨«® | ¤®¡ ¢«ïâì á«®¢® ýá« ¡®þ ¯à¨
¨á¯®«ì§®¢ ¨¨ ®¡ê¥ªâ®¢ ¨ á¢®©áâ¢, á¢ï§ ëå á® á« ¡ë¬¨ â®¯®«®£¨-
ï¬¨. �â¬¥â¨¬ §¤¥áì ¦¥, çâ® ¢ á¨«ã 10.3.9 ¯à¨¬¥à 10.3.4 (3) ¨áç¥à-
¯ë¢ ¥â, ¯® áãâ¨ ¤¥« , ¢á¥ ¢®§¬®¦ë¥ ¤¢®©áâ¢¥®áâ¨. � íâ®© á¢ï§¨
¢ á®®â¢¥âáâ¢¨¨ á 5.1.11 ¢ ¤ «ì¥©è¥¬ (ª ª ¨ ¯à¥¦¤¥) ç áâ® ¨á¯®«ì§®-
¢ ® ®¡®§ ç¥¨¥ (x, y) := 〈x | y〉, ¯®áª®«ìªã íâ® ¥ ¤®«¦® ¯à¨¢¥áâ¨
ª ¥¤®à §ã¬¥¨ï¬. �® â¥¬ ¦¥ ¯à¨ç¨ ¬ ¥ à §«¨ç îâ ¤¢®©áâ¢¥®¥
¨ á« ¡® á®¯àï¦¥®¥ ¯à®áâà áâ¢ . �àã£¨¬¨ á«®¢ ¬¨, ¯à¨ à áá¬®â-
à¥¨¨ ä¨ªá¨à®¢ ®© ¤¢®©áâ¢¥®áâ¨ X ↔ Y ¨®£¤  ¥ ®â«¨ç îâ
X ®â (Y, σ(Y, X))′,   Y ®â (X, σ(X, Y ))′, çâ® ¯®§¢®«ï¥â ¯à¨¬¥ïâì
§ ¯¨á¨ X ′ = Y ¨ Y ′ = X.

10.4. �®¯®«®£¨¨, á®£« á®¢ ë¥ á
¤¢®©áâ¢¥®áâìî

10.4.1. �¯à¥¤¥«¥¨¥. �ãáâì X ↔ Y ¨ τ | «®ª «ì® ¢ë¯ãª« ï
â®¯®«®£¨ï ¢ X. �®¢®àïâ, çâ® τ á®£« á®¢   á ¤¢®©áâ¢¥®áâìî, ¥á-
«¨ (X, τ)′ = |Y 〉. �®¢®àïâ, çâ® «®ª «ì® ¢ë¯ãª« ï â®¯®«®£¨ï ω ¢ Y
á®£« á®¢   á ¤¢®©áâ¢¥®áâìî (X ↔ Y , ¥á«¨ ω á®£« á®¢   á ¤¢®©-
áâ¢¥®áâìî Y ↔ X, â. ¥.) ¯à¨ ¢ë¯®«¥¨¨ à ¢¥áâ¢  (Y, ω)′ = 〈X|.

10.4.2. �« ¡ë¥ â®¯®«®£¨¨ á®£« á®¢ ë á  ¢®¤ïé¥© ¨å ¤¢®©-
áâ¢¥®áâìî.

C �«¥¤ã¥â ¨§ 10.3.9. B
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10.4.3. �ãáâì τ(X, Y ) | â®ç ï ¢¥àåïï £à ¨æ  ¬®¦¥áâ¢ 
¢á¥å «®ª «ì® ¢ë¯ãª«ëå â®¯®«®£¨© ¢ X, á®£« á®¢ ëå á ¤¢®©áâ¢¥-
®áâìî. �®£¤  â®¯®«®£¨ï τ(X, Y ) â ª¦¥ á®£« á®¢   á ¤¢®©áâ¢¥-
®áâìî.

C �ãáâì E | ¬®¦¥áâ¢® â ª¨å â®¯®«®£¨©. �® â¥®à¥¬¥ 10.2.13

(X, τ(X, Y ))′ = (X, sup E )′ =
= sup{(X, τ)′ : τ ∈ E } = sup{|Y 〉 : τ ∈ E } = |Y 〉,

¨¡® E ¥ ¯ãáâ® ¯® 10.4.2. B
10.4.4. �¯à¥¤¥«¥¨¥. �®¯®«®£¨î τ(X, Y ), ä¨£ãà¨àãîéãî ¢

¯à¥¤«®¦¥¨¨ 10.4.3, â. ¥. á¨«ì¥©èãî «®ª «ì® ¢ë¯ãª«ãî â®¯®«®-
£¨î ¢ X, á®£« á®¢ ãî á ¤¢®©áâ¢¥®áâìî X ↔ Y ,  §ë¢ îâ â®-
¯®«®£¨¥© � ªª¨ (¢ X,  ¢¥¤¥®© ¤¢®©áâ¢¥®áâìî X ↔ Y ).

10.4.5. �¥®à¥¬  � ªª¨ | �à¥á . �®ª «ì® ¢ë¯ãª« ï â®-
¯®«®£¨ï τ ¢ X á®£« á®¢   á ¤¢®©áâ¢¥®áâìî X ↔ Y ¢ â®¬ ¨ â®«ìª®
¢ â®¬ á«ãç ¥, ¥á«¨

σ(X, Y ) ≤ τ ≤ τ(X, Y ).
C �® 10.2.13 ®â®¡à ¦¥¨¥ τ 7→ (X, τ)′ á®åà ï¥â â®çë¥ ¢¥àå-

¨¥ £à ¨æë ¨, á«¥¤®¢ â¥«ì®, ¢®§à áâ ¥â. � ª¨¬ ®¡à §®¬, ¤«ï τ ,
«¥¦ é¥© ¢ à áá¬ âà¨¢ ¥¬®¬ ¯à®¬¥¦ãâª¥ â®¯®«®£¨©,   ®á®¢ ¨¨
10.4.2 ¨ 10.4.3 á¯à ¢¥¤«¨¢®

|Y 〉 = (X, σ(X, Y )) ⊂ (X, τ)′ ⊂ (X, τ(X, Y ))′ = |Y 〉.
�áâ ¢è ïáï ç áâì â¥®à¥¬ë ®ç¥¢¨¤ . B

10.4.6. �¥®à¥¬  � ªª¨. �£à ¨ç¥ë¥ ¬®¦¥áâ¢  ¢® ¢á¥å â®-
¯®«®£¨ïå, á®£« á®¢ ëå á ¤¢®©áâ¢¥®áâìî, ®¤¨ ¨ â¥ ¦¥.

C �à¨ ãá¨«¥¨¨ â®¯®«®£¨¨ ª®«¨ç¥áâ¢® ®£à ¨ç¥ëå ¬®¦¥áâ¢
ã¬¥ìè ¥âáï. �®íâ®¬ã ¢¢¨¤ã 10.4.5 ã¦® ã¡¥¤¨âìáï «¨èì ¢ â®¬,
çâ® ¥á«¨ ¬®¦¥áâ¢® U á« ¡® ®£à ¨ç¥® ¢ X (= ®£à ¨ç¥® ¢ ¡à -
â®¯®«®£¨¨), â® U ®£à ¨ç¥® ¢ â®¯®«®£¨¨ � ªª¨.

�®§ì¬¥¬ ¯®«ã®à¬ã p ¨§ §¥àª «  â®¯®«®£¨¨ � ªª¨ ¨ ¯®ª ¦¥¬,
çâ® p(U) ®£à ¨ç¥® ¢ R. �®«®¦¨¬ X0 := X/ ker p ¨ p0 := pX/ ker p.
�ç¨âë¢ ï 5.2.14, ¢¨¤¨¬, çâ® p0 | íâ® ®à¬ . �ãáâì ϕ : X → X0 |
ª ®¨ç¥áª®¥ ®â®¡à ¦¥¨¥. �¥áá¯®à®, çâ® ¬®¦¥áâ¢® ϕ(U) á« ¡®
®£à ¨ç¥® ¢ (X0, p0). �§ 7.2.7 ¢ëâ¥ª ¥â, çâ® ϕ(U) ®£à ¨ç¥® ¯®
®à¬¥ p0. �®áª®«ìªã p0 ◦ ϕ = p, â® U ®£à ¨ç¥® ¢ (X, p). B
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10.4.7. �«¥¤áâ¢¨¥. �ãáâì X | ®à¬¨à®¢ ®¥ ¯à®áâà áâ¢®.
�®¯®«®£¨ï � ªª¨ τ(X, X ′) á®¢¯ ¤ ¥â á ¨áå®¤®© â®¯®«®£¨¥©, ¯®à®-
¦¤¥®© ®à¬®© ¢ ¯à®áâà áâ¢¥ X.

C �®áâ â®ç® á®á« âìáï   ªà¨â¥à¨© �®«¬®£®à®¢  5.4.5, ¯® ª®-
â®à®¬ã â®¯®«®£¨ï τ(X, X ′), á®¤¥à¦ é ï ¨áå®¤ãî â®¯®«®£¨î, ®à-
¬¨àã¥¬ , ¨ ¯à¨¢«¥çì ¯à¥¤«®¦¥¨¥ 5.3.4. B

10.4.8. �¥®à¥¬  áâà®£®© ®â¤¥«¨¬®áâ¨. �ãáâì (X, τ) | «®-
ª «ì® ¢ë¯ãª«®¥ ¯à®áâà áâ¢®, K ¨ V | ¥¯ãáâë¥ ¢ë¯ãª«ë¥ ¬®-
¦¥áâ¢  ¢ X, ¯à¨ç¥¬ K ª®¬¯ ªâ®, V § ¬ªãâ® ¨ K ∩ V = ∅. �®£¤ 
áãé¥áâ¢ã¥â äãªæ¨® « f ∈ (X, τ)′ â ª®©, çâ®

sup Re f(K) < inf Re f(V ).

C �®ª «ì® ¢ë¯ãª«®¥ ¯à®áâà áâ¢®, ª®¥ç® ¦¥, à¥£ã«ïà®.
�âáî¤  á ãç¥â®¬ ª®¬¯ ªâ®áâ¨ K á«¥¤ã¥â, çâ® ¤«ï ¯®¤å®¤ïé¥© ¢ë-
¯ãª«®© ®ªà¥áâ®áâ¨ ã«ï W ¬®¦¥áâ¢® U := K + W ¥ ¯¥à¥á¥ª -
¥âáï á V (¤®áâ â®ç® à áá¬®âà¥âì ¡ §¨áë, ¯®à®¦¤¥ë¥ ¬®¦¥áâ¢ -
¬¨ ¢¨¤  K + W ¨ V + W , £¤¥ W | § ¬ªãâ ï ®ªà¥áâ®áâì ã«ï).
�  ®á®¢ ¨¨ 3.1.10 § ª«îç ¥¬, çâ® U ¢ë¯ãª«®. �®¬¨¬® íâ®£®,
K ⊂ int U = core U . �® â¥®à¥¬¥ ®â¤¥«¨¬®áâ¨ �©¤¥«ì£ ©â  3.8.14
 ©¤¥âáï äãªæ¨® « l ∈ (XR)#, ®¡« ¤ îé¨© â¥¬ á¢®©áâ¢®¬, çâ®
£¨¯¥à¯«®áª®áâì {l = 1} ¢ XR à §¤¥«ï¥â V ¨ U ¨ ¥ á®¤¥à¦¨â â®-
ç¥ª ï¤à  U . �ç¥¢¨¤®, çâ® l ®£à ¨ç¥ á¢¥àåã   W ¨, áâ «® ¡ëâì,
l ∈ (XR, τ)′ ¯® ªà¨â¥à¨î 7.5.1. �á«¨ f := Re−1l, â®, ¢ á¢ï§¨ á 3.7.5,
f ∈ (X, τ)′. �á®, çâ® äãªæ¨® « f | ¨áª®¬ë©. B

10.4.9. �¥®à¥¬  � §ãà . �ë¯ãª«ë¥ § ¬ªãâë¥ ¬®¦¥áâ¢  ¢®
¢á¥å á®£« á®¢ ëå á ¤¢®©áâ¢¥®áâìî â®¯®«®£¨ïå ®¤¨ ¨ â¥ ¦¥.

C �à¨ ãá¨«¥¨¨ â®¯®«®£¨¨ ª®«¨ç¥áâ¢® § ¬ªãâëå ¬®¦¥áâ¢ ã¢¥-
«¨ç¨¢ ¥âáï. � ç¨â, ¢¢¨¤ã 10.4.5 ã¦® ã¡¥¤¨âìáï «¨èì ¢ â®¬, çâ®
¥á«¨ U ¢ë¯ãª«® ¨ § ¬ªãâ® ¢ â®¯®«®£¨¨ � ªª¨, â® U á« ¡® § ¬ªã-
â®. �®á«¥¤¥¥ ¥á®¬¥®, ¨¡®, ¯® â¥®à¥¬¥ 10.4.8, U ¥áâì ¯¥à¥á¥ç¥¨¥
á« ¡® § ¬ªãâëå ¬®¦¥áâ¢ â¨¯  {Re f ≤ t}, £¤¥ f | (á« ¡®) ¥¯à¥-
àë¢ë© «¨¥©ë© äãªæ¨® «,   t ∈ R. B

10.5. �®«ïàë

10.5.1. �¯à¥¤¥«¥¨¥. �ãáâì X, Y | ¥ª®â®àë¥ ¬®¦¥áâ¢ 
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¨ F ⊂ X×Y | á®®â¢¥âáâ¢¨¥. �«ï ¬®¦¥áâ¢ U ¢ X ¨ V ¢ Y ¯®« £ îâ

π(U) := πF (U) := {y ∈ Y : F−1(y) ⊃ U};
π−1(V ) := π−1

F (V ) := {x ∈ X : F (u) ⊃ V }.

�à¨ íâ®¬ π(U)  §ë¢ îâ (¯àï¬®©) ¯®«ïà®© U ,   ¬®¦¥áâ¢® π−1(V )
| (®¡à â®©) ¯®«ïà®© V .

10.5.2. �¬¥îâ ¬¥áâ® ãâ¢¥à¦¤¥¨ï:
(1) π(u) := π({u}) = F (u), π(U) = ∩u∈Uπ(u);
(2) π(∪ξ∈�Uξ) = ∩ξ∈�π(Uξ);
(3) π−1

F (V ) = πF−1(V );
(4) U1 ⊂ U2 ⇒ π(U1) ⊃ π(U2);
(5) U × V ⊂ F ⇒ V ⊂ π(U), U ⊂ π−1(V );
(6) U ⊂ π−1(π(U)). CB

10.5.3. �à¨â¥à¨© �ª¨«®¢ . �®¦¥áâ¢® U ¢ X ï¢«ï¥âáï ¯®-
«ïà®© ¥ª®â®à®£® ¬®¦¥áâ¢  ¢ Y ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨
¤«ï ª ¦¤®£® x ∈ X \ U  ©¤¥âáï y ∈ Y , ¤«ï ª®â®à®£®

U ⊂ π−1(y), x /∈ π−1(y).

C ⇒: �á«¨ U = π−1(V ), â® ¡ã¤¥â U = ∩v∈V π−1(v)   ®á®¢ ¨¨
10.5.2 (1).

⇐: �ª«îç¥¨¥ U ⊂ π−1(y) ®§ ç ¥â, çâ® y ∈ π(U). �â ª, ¯®
ãá«®¢¨î U = ∩y∈π(U)π

−1(y) = π−1(π(U)). B
10.5.4. �«¥¤áâ¢¨¥. �®¦¥áâ¢® π−1(π(U)) | íâ®  ¨¬¥ìè ï

(¯® ¢ª«îç¥¨î) ¯®«ïà , á®¤¥à¦ é ï ¬®¦¥áâ¢® U . CB
10.5.5. �¯à¥¤¥«¥¨¥. �®¦¥áâ¢® π−1

F (πF (U))  §ë¢ îâ ¡¨¯®-
«ïà®© ¬®¦¥áâ¢  U (®â®á¨â¥«ì® á®®â¢¥âáâ¢¨ï F ).

10.5.6. �à¨¬¥àë.
(1) �ãáâì (X, σ) | ã¯®àï¤®ç¥®¥ ¬®¦¥áâ¢®,   U |

¯®¤¬®¦¥áâ¢® X. �®£¤  πσ(U) | íâ® á®¢®ªã¯®áâì ¢á¥å ¢¥àå¨å
£à ¨æ U (áà. 1.2.7).

(2) �ãáâì (H, (· , ·)H) | £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® ¨
F := {(x, y) ∈ H2 : (x, y)H = 0}. �®£¤  ¤«ï ¢á¥å U ¢ H ¢ë¯®«-
¥® π(U) = π−1(U) = U⊥. �¨¯®«ïà  U ¢ íâ®¬ á«ãç ¥ á®¢¯ ¤ ¥â á
§ ¬ëª ¨¥¬ «¨¥©®© ®¡®«®çª¨ U .
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(3) �ãáâì X | ®à¬¨à®¢ ®¥ ¯à®áâà áâ¢® ¨ X ′ |
á®¯àï¦¥®¥ ¯à®áâà áâ¢®. �ãáâì F := {(x, x′) : x′(x) = 0}. �®-
£¤  π(X0) = X⊥

0 ¨ π−1(X0) = ⊥X0 ¤«ï ¯®¤¯à®áâà áâ¢  X0 ¢ X
¨ ¯®¤¯à®áâà áâ¢  X0 ¢ X ′ (á¬. 7.6.8). �à¨ íâ®¬ π−1(π(X0)) = cl X0
¢ á¨«ã 7.5.14.

10.5.7. �¯à¥¤¥«¥¨¥. �ãáâì X ↔ Y . �®«®¦¨¬

pol := {(x, y) ∈ X × Y : Re〈x | y〉 ≤ 1};
abs pol := {(x, y) ∈ X × Y : |〈x | y〉| ≤ 1}.

�«ï ¯àï¬®© ¨ ®¡à â®© ¯®«ïà ®â®á¨â¥«ì® á®®â¢¥âáâ¢¨ï pol ¨á-
¯®«ì§ãîâ ¥¤¨®¥  §¢ ¨¥ ý¯®«ïàëþ ¨ ®¡®§ ç¥¨ï π(U) ¨ π(V );
¢ á«ãç ¥ á®®â¢¥âáâ¢¨ï abs pol £®¢®àïâ ®¡  ¡á®«îâëå ¯®«ïà å ¨ ¯¨-
èãâ U◦ ¨ V ◦ (¤«ï U ⊂ X ¨ V ⊂ Y ).

10.5.8. �¥®à¥¬  ® ¡¨¯®«ïà¥. �¨¯®«ïà  π2(U) := π(π(U)) |
íâ®  ¨¬¥ìè¨© á« ¡® § ¬ªãâë© ª®¨ç¥áª¨© ®âà¥§®ª, á®¤¥à¦ é¨©
¬®¦¥áâ¢® U .

C �«¥¤ã¥â ¨§ 10.4.8 ¨ ªà¨â¥à¨ï �ª¨«®¢ . B
10.5.9. �¥®à¥¬  ®¡  ¡á®«îâ®© ¡¨¯®«ïà¥. �¡á®«îâ ï ¡¨-

¯®«ïà  U◦◦ := (U◦)◦ | íâ®  ¨¬¥ìè¥¥ á« ¡® § ¬ªãâ®¥  ¡á®«îâ®
¢ë¯ãª«®¥ ¬®¦¥áâ¢®, á®¤¥à¦ é¥¥ ¬®¦¥áâ¢® U .

C �®áâ â®ç® § ¬¥â¨âì, çâ® ¯®«ïà  ãà ¢®¢¥è¥®£® ¬®¦¥-
áâ¢  á®¢¯ ¤ ¥â á ¥£®  ¡á®«îâ®© ¯®«ïà®©, ¨ ¯à¨¬¥¨âì 10.5.8. B

10.6. �« ¡® ª®¬¯ ªâë¥ ¢ë¯ãª«ë¥ ¬®¦¥áâ¢ 
10.6.1. �ãáâì X | ¢¥é¥áâ¢¥®¥ «®ª «ì® ¢ë¯ãª«®¥ ¯à®áâà -

áâ¢® ¨ p : X → R | ¥¯à¥àë¢ë© áã¡«¨¥©ë© äãªæ¨® «   X.
�®£¤  (â®¯®«®£¨ç¥áª¨©) áã¡¤¨ää¥à¥æ¨ « ∂(p) ª®¬¯ ªâ¥ ¢ â®¯®«®-
£¨¨ σ(X ′, X).

C �®«®¦¨¬ Q :=
∏

x∈X [−p(−x), p(x)] ¨  ¤¥«¨¬ Q â¨å®®¢áª®©
â®¯®«®£¨¥©. �á®, çâ® ∂(p) ⊂ Q ¨ â¨å®®¢áª ï â®¯®«®£¨ï ¢ Q ¨¤ã-
æ¨àã¥â ¢ ∂(p) âã ¦¥ â®¯®«®£¨î, çâ® ¨ σ(X ′, X). �¥á®¬¥®, çâ®
¬®¦¥áâ¢® ∂(p) § ¬ªãâ® ¢ Q ¨§-§  ¥¯à¥àë¢®áâ¨ p. �ç¨âë¢ ï â¥-
¯¥àì â¥®à¥¬ã �¨å®®¢  9.4.8 ¨ 9.4.9, § ª«îç ¥¬, çâ® ∂(p) ï¢«ï¥âáï
σ(X ′, X)-ª®¬¯ ªâë¬ ¬®¦¥áâ¢®¬. B
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10.6.2. �ã¡¤¨ää¥à¥æ¨ « «î¡®© ¥¯à¥àë¢®© ¯®«ã®à¬ë á« -
¡® ª®¬¯ ªâ¥. CB

10.6.3. �¥®à¥¬  ® áâà®¥¨¨ áã¡¤¨ää¥à¥æ¨ « . �ãáâì X
| ¢¥é¥áâ¢¥®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢®. �®¦¥áâ¢® U ¢ X# ï¢«ï-
¥âáï áã¡¤¨ää¥à¥æ¨ «®¬ (¢áî¤ã ®¯à¥¤¥«¥®£® ¨ ¯à¨â®¬ ¥¤¨áâ¢¥-
®£®) áã¡«¨¥©®£® äãªæ¨® «  sU : X → R ¢ â®¬ ¨ â®«ìª® ¢ â®¬
á«ãç ¥, ¥á«¨ U ¥¯ãáâ®, ¢ë¯ãª«® ¨ σ(X#, X)-ª®¬¯ ªâ®.

C ⇒: �ãáâì U = ∂(sU ) ¤«ï ¥ª®â®à®£® sU . �¤¨áâ¢¥®áâì sU

®¡¥á¯¥ç¥  3.6.6. � á¢ï§¨ á 10.2.12 ¯®ïâ®, çâ® §¥àª «® â®¯®«®£¨¨
� ªª¨ τ(X, X#) | íâ® á¨«ì¥©è ï ¬ã«ìâ¨®à¬  ¢ X (á¬. 5.1.10
(2)). �âáî¤  ¢ë¢®¤¨¬, çâ® äãªæ¨® « sU ¥¯à¥àë¢¥ ¢ τ(X, X#).
�  ®á®¢ ¨¨ 10.6.1 ¬®¦¥áâ¢® U ª®¬¯ ªâ® ¢ σ(X#, X). �ë¯ãª-
«®áâì ¨ ¥¯ãáâ®â  U ®ç¥¢¨¤ë.

⇐: �®«®¦¨¬ sU (x) := sup{l(x) : l ∈ U}. �¥áá¯®à®, çâ® sU

| áã¡«¨¥©ë© äãªæ¨® « ¨ dom sU = X. �® ®¯à¥¤¥«¥¨î U ⊂
∂(sU ). �á«¨ ¦¥ l ∈ ∂(sU ) ¨ l /∈ U , â® ¯® â¥®à¥¬¥ áâà®£®© ®â¤¥«¨¬®áâ¨
10.4.8 ¨ â¥®à¥¬¥ ® ¤ã «¨§ æ¨ïå 10.3.9 ¤«ï ¥ª®â®à®£® x ∈ X ¡ã¤¥â
sU (x) < l(x). �®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥. B

10.6.4. �¯à¥¤¥«¥¨¥. �ã¡«¨¥©ë© äãªæ¨® « sU , ¯®áâà®-
¥ë© ¢ â¥®à¥¬¥ 10.6.3,  §ë¢ îâ ®¯®à®© äãªæ¨¥© ¬®¦¥áâ¢  U .

10.6.5. �¥®à¥¬  �à¥©  | �¨«ì¬  . � ¦¤®¥ ª®¬¯ ªâ®¥
¢ë¯ãª«®¥ ¬®¦¥áâ¢® ¢ «®ª «ì® ¢ë¯ãª«®¬ ¯à®áâà áâ¢¥ ï¢«ï¥âáï
§ ¬ëª ¨¥¬ ¢ë¯ãª«®© ®¡®«®çª¨ ¬®¦¥áâ¢  á¢®¨å ªà ©¨å â®ç¥ª.

C �ãáâì U | â ª®¥ ¬®¦¥áâ¢® ¢ ¯à®áâà áâ¢¥ X. �®¦® áç¨-
â âì, çâ® ¯à®áâà áâ¢® X | ¢¥é¥áâ¢¥®¥ ¨ çâ® U 6= ∅. � á¨-
«ã 9.4.12, U ª®¬¯ ªâ® ¢ â®¯®«®£¨¨ σ(X, X ′). �®áª®«ìªã σ(X, X ′)
¨¤ãæ¨àã¥âáï ¢ X â®¯®«®£¨¥© σ(X ′#, X ′) ¢ X ′#, â® U = ∂(sU ). �¤¥áì
(á¬. 10.6.3) sU : X ′ → R ¤¥©áâ¢ã¥â ¯® ¯à ¢¨«ã sU (x′) := sup x′(U). �®
â¥®à¥¬¥ �à¥©  | �¨«ì¬   ¤«ï áã¡¤¨ää¥à¥æ¨ «®¢ 3.6.5 ¬®¦¥-
áâ¢® ªà ©¨å â®ç¥ª ext(U) ¥ ¯ãáâ®. � ¬ëª ¨¥ ¢ë¯ãª«®© ®¡®«®çª¨
¬®¦¥áâ¢  ext(U) ï¢«ï¥âáï áã¡¤¨ää¥à¥æ¨ «®¬ ¯® â¥®à¥¬¥ 10.6.3.
�à®¬¥ â®£®, íâ® ¬®¦¥áâ¢® ¨¬¥¥â sU á¢®¥© ®¯®à®© äãªæ¨¥© ¨, áâ -
«® ¡ëâì, á®¢¯ ¤ ¥â á U (áà. 3.6.6). B

10.6.6. �ãáâì X ↔ Y ¨ S | ª®¨ç¥áª¨© ®âà¥§®ª ¢ X. �ãáâì,
¤ «¥¥, pS | äãªæ¨® « �¨ª®¢áª®£® S. �®«ïà  π(S) á«ã¦¨â ¯à®-
®¡à §®¬ ¯à¨ ª¥â-®â®¡à ¦¥¨¨ ( «£¥¡à ¨ç¥áª®£®) áã¡¤¨ää¥à¥æ¨ « 
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∂(pS), â. ¥.
π(S) = | ∂(pS) 〉−1

R .

�á«¨ S |  ¡á®«îâ® ¢ë¯ãª«®¥ ¬®¦¥áâ¢®, â®  ¡á®«îâ ï ¯®«ïà 
S◦ ï¢«ï¥âáï ¯à®®¡à §®¬ ¯à¨ ª¥â-®â®¡à ¦¥¨¨ ( «£¥¡à ¨ç¥áª®£®) áã¡-
¤¨ää¥à¥æ¨ «  ¯®«ã®à¬ë |∂|(pS), â. ¥.

S◦ = | |∂|(pS) 〉−1.

C �á«¨ y ∈ YR â ª®¢, çâ® y ∈ | ∂(pS) 〉−1
R , â® | y〉R ¢å®¤¨â ¢

∂(pS). � ç¨â, ¤«ï x ∈ S ¢ë¯®«¥® Re〈x | y〉 = 〈x | y〉R = | y〉R(x) ≤
pS(x) ≤ 1, ¨¡® S ⊂ {pS ≤ 1} ¯® â¥®à¥¬¥ ® äãªæ¨® «¥ �¨ª®¢áª®-
£® 3.8.7. �«¥¤®¢ â¥«ì®, y ∈ π(S).

�á«¨, ¢ á¢®î ®ç¥à¥¤ì, y ∈ π(S), â® í«¥¬¥â | y〉R ¢å®¤¨â ¢ ∂(pS).
� á ¬®¬ ¤¥«¥, ¤«ï «î¡®£® í«¥¬¥â  x ¨§ XR ¯à¨ α > pS(x) ¨¬¥¥¬
1 > pS(α−1x), â. ¥. α−1x ∈ {pS < 1} ⊂ S. �âáî¤  〈α−1x | y〉R =
Re〈α−1x | y〉 = α−1 Re〈x | y〉 ≤ 1. �ª®ç â¥«ì® ¯®«ãç ¥¬ | y〉R(x) ≤
α. �§-§  ¯à®¨§¢®«ì®áâ¨ ¢ë¡®à  α ¯®á«¥¤¥¥ ¥à ¢¥áâ¢® ®§ ç ¥â,
çâ® | y〉R(x) ≤ pS(x). � ç¥ £®¢®àï, y ∈ | ∂(ps)〉−1

R . �¥¬ á ¬ë¬ à ¢¥-
áâ¢® π(S) = | ∂(pS)〉−1

R ãáâ ®¢«¥®. �áâ ¢è ïáï ç áâì ãâ¢¥à¦¤¥¨ï
á«¥¤ã¥â ¨§ á¢®©áâ¢ ª®¬¯«¥ªá¨ä¨ª â®à  3.7.3 ¨ 3.7.9. B

10.6.7. �¥®à¥¬  �« ®£«ã | �ãà¡ ª¨. �®«ïà  ®ªà¥áâ®áâ¨
ã«ï «î¡®© á®£« á®¢ ®© á ¤¢®©áâ¢¥®áâìî â®¯®«®£¨¨ ï¢«ï¥âáï
á« ¡® ª®¬¯ ªâë¬ ¢ë¯ãª«ë¬ ¬®¦¥áâ¢®¬.

C �ãáâì U | ®ªà¥áâ®áâì ã«ï ¢ ¯à®áâà áâ¢¥ X ¨ π(U) |
¯®«ïà  U (¢ ¤¢®©áâ¢¥®áâ¨ X ↔ X ′). � ª ª ª U ⊃ {p ≤ 1}
¤«ï ¥ª®â®à®© ¥¯à¥àë¢®© ¯®«ã®à¬ë p,   ®á®¢ ¨¨ 10.5.2 (4),
π(U) ⊂ π({p ≤ 1}) = π(Bp) = B◦

p . �à¨¢«¥ª ï 10.6.6 ¨ ãç¨âë¢ ï,
çâ® p ¥áâì äãªæ¨® « �¨ª®¢áª®£® Bp, ¢¨¤¨¬, çâ® π(U) ⊂ |∂|(p).
� á¨«ã 10.6.2 â®¯®«®£¨ç¥áª¨© áã¡¤¨ää¥à¥æ¨ « ¯®«ã®à¬ë |∂|(p)
ï¢«ï¥âáï σ(X ′, X)-ª®¬¯ ªâë¬. �® ®¯à¥¤¥«¥¨î π(U) | á« ¡® § -
¬ªãâ®¥ ¬®¦¥áâ¢®. �áâ ¥âáï á®á« âìáï   9.4.9, çâ®¡ë ã¡¥¤¨âìáï ¢
σ(X ′, X)-ª®¬¯ ªâ®áâ¨ π(U). �ë¯ãª«®áâì π(U) ¥á®¬¥ . B

10.7. �¥ä«¥ªá¨¢ë¥ ¯à®áâà áâ¢ 
10.7.1. �à¨â¥à¨© � ªãâ ¨. �®à¬¨à®¢ ®¥ ¯à®áâà áâ¢®

à¥ä«¥ªá¨¢® ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ¥¤¨¨çë© è à ¢ ¥¬
á« ¡® ª®¬¯ ªâ¥.



236 �«. 10. �¢®©áâ¢¥®áâì ¨ ¥¥ ¯à¨«®¦¥¨ï

C ⇒: �ãáâì X à¥ä«¥ªá¨¢®, â. ¥. ′′(X) = X ′′. �ë¬¨ á«®¢ -
¬¨, ®¡à § X ¯à¨ ¤¢®©®¬ èâà¨å®¢ ¨¨ á®¢¯ ¤ ¥â á X ′′. � ª ª ª
è à BX′′ | íâ® ¯®«ïà  è à  BX′ ¯à¨ ¤¢®©áâ¢¥®áâ¨ X ′′ ↔ X ′,
â® BX′′ | íâ® σ(X ′′, X ′)-ª®¬¯ ªâ®¥ ¬®¦¥áâ¢® ¯® â¥®à¥¬¥ �« ®-
£«ã | �ãà¡ ª¨ 10.6.7. �áâ ¥âáï í ¬¥â¨âì, çâ® BX′′ ¥áâì (®¡à § ¯à¨
¤¢®©®¬ èâà¨å®¢ ¨¨) BX ,   σ(X, X ′) ¥áâì (¯à®®¡à § ¯à¨ ¤¢®©®¬
èâà¨å®¢ ¨¨) σ(X ′′, X ′).

⇐: � áá¬®âà¨¬ ¤¢®©áâ¢¥®áâì X ′′ ↔ X ′. �® ®¯à¥¤¥«¥¨î è à
BX′′ ¯à¥¤áâ ¢«ï¥â á®¡®© ¡¨¯®«ïàã BX (â®ç¥¥ £®¢®àï, ¡¨¯®«ïàã ¬®-
¦¥áâ¢  (BX)′′). �à¨¢«¥ª ï â¥®à¥¬ã ®¡  ¡á®«îâ®© ¡¨¯®«ïà¥ 10.5.9
¨ ãç¨âë¢ ï, çâ® á« ¡ ï â®¯®«®£¨ï σ(X, X ′) ¨¤ãæ¨à®¢   ¢ X â®-
¯®«®£¨¥© σ(X ′′, X ′), § ª«îç ¥¬, çâ® BX′′ = BX (¨§-§  ¡¥áá¯®à®©
 ¡á®«îâ®© ¢ë¯ãª«®áâ¨ ¨ § ¬ªãâ®áâ¨ íâ®£® ¬®¦¥áâ¢ , ®¡¥á¯¥ç¥-
®© ãá«®¢¨¥¬ ¥£® ª®¬¯ ªâ®áâ¨). � ª¨¬ ®¡à §®¬, X à¥ä«¥ªá¨¢®. B

10.7.2. �«¥¤áâ¢¨¥. �®à¬¨à®¢ ®¥ ¯à®áâà áâ¢® ¡ã¤¥â à¥ä«¥-
ªá¨¢ë¬ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ «î¡®¥ ®£à ¨ç¥®¥ § -
¬ªãâ®¥ ¢ë¯ãª«®¥ ¬®¦¥áâ¢® ¢ ¥¬ á« ¡® ª®¬¯ ªâ®. CB

10.7.3. �«¥¤áâ¢¨¥. � ¦¤®¥ § ¬ªãâ®¥ ¯®¤¯à®áâà áâ¢® à¥ä«¥-
ªá¨¢®£® ¯à®áâà áâ¢  à¥ä«¥ªá¨¢®.

C �® â¥®à¥¬¥ � §ãà  10.4.9 à áá¬ âà¨¢ ¥¬®¥ ¯®¤¯à®áâà áâ¢®,
  ¯®â®¬ã ¨ è à ¢ ¥¬ á« ¡® § ¬ªãâë. �â «® ¡ëâì, ¤®áâ â®ç®
¤¢ ¦¤ë ¯à¨¬¥¨âì ªà¨â¥à¨© � ªãâ ¨. B

10.7.4. �¥®à¥¬  �¥ââ¨á . �  å®¢® ¯à®áâà áâ¢® ¨ á®¯àï-
¦¥®¥ ª ¥¬ã ¯à®áâà áâ¢® à¥ä«¥ªá¨¢ë (¨«¨ ¥ à¥ä«¥ªá¨¢ë) ®¤-
®¢à¥¬¥®.

C �á«¨ X à¥ä«¥ªá¨¢®, â® σ(X ′, X) á®¢¯ ¤ ¥â á σ(X ′, X ′′),
áâ «® ¡ëâì, ãç¨âë¢ ï â¥®à¥¬ã �« ®£«ã | �ãà¡ ª¨ 10.6.7, § ª«î-
ç ¥¬, çâ® BX′ | íâ® σ(X ′, X ′′)-ª®¬¯ ªâ®¥ ¬®¦¥áâ¢®. � ç¨â,
X ′ à¥ä«¥ªá¨¢®. �á«¨ ¦¥ à¥ä«¥ªá¨¢® X ′, â® ¯® ã¦¥ ¤®ª § ®¬ã
à¥ä«¥ªá¨¢® X ′′. �® X, ¡ã¤ãç¨ ¡  å®¢ë¬ ¯à®áâà áâ¢®¬, ï¢«ï¥â-
áï § ¬ªãâë¬ ¯®¤¯à®áâà áâ¢®¬ X ′′. �â ª, X à¥ä«¥ªá¨¢® ¢ á¨-
«ã 10.7.3. B

10.7.5. �¥®à¥¬  �¦¥©¬á . �  å®¢® ¯à®áâà áâ¢® à¥ä«¥ª-
á¨¢® ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ «î¡®© ¥¯à¥àë¢ë© (¢¥-
é¥áâ¢¥®) «¨¥©ë© äãªæ¨® « ¯à¨¨¬ ¥â  ¨¡®«ìè¥¥ § ç¥¨¥
  ¥¤¨¨ç®¬ è à¥ íâ®£® ¯à®áâà áâ¢ .
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10.8. �à®áâà áâ¢® C(Q, R)
10.8.1. � ¬¥ç ¨¥. �áî¤ã ¢ â¥ªãé¥¬ ¯ à £à ä¥ Q | ¥¯ã-

áâ®© ª®¬¯ ªâ (= ¥¯ãáâ®¥ ª®¬¯ ªâ®¥ å ãá¤®àä®¢® ¯à®áâà áâ¢®),
  C(Q, R) | íâ® ¬®¦¥áâ¢® ¥¯à¥àë¢ëå ¢¥é¥áâ¢¥ëå äãªæ¨©
  Q. �®¦¥áâ¢® C(Q, R) ¡¥§ ®á®¡ëå   â® ãª § ¨© à áá¬ âà¨¢ -
îâ á ¥áâ¥áâ¢¥ë¬¨ ý¯®â®ç¥çë¬¨þ  «£¥¡à ¨ç¥áª¨¬¨ ®¯¥à æ¨ï¬¨
¨ ®â®è¥¨¥¬ ¯®àï¤ª ,   â ª¦¥ á â®¯®«®£¨¥© ®à¬ë ‖ · ‖ := ‖ · ‖∞,
®â¢¥ç îé¥© ¬¥âà¨ª¥ �¥¡ëè�¥¢  (á¬. 4.6.8). � íâ®¬ á¬ëá«¥ âà ªâã-
îâ ¢ëáª §ë¢ ¨ï: ýC(Q, R) | íâ® ¢¥ªâ®à ï à¥è¥âª þ, ýC(Q, R)
| íâ® ¡  å®¢   «£¥¡à þ ¨ ¨¬ ¯®¤®¡ë¥. �á«¨ ¢ C(Q, R) ¢¢®¤ïâ
ª ª¨¥-«¨¡® ¨ë¥ áâàãªâãàë, â® íâ® ®¡ï§ â¥«ì® ®£®¢ à¨¢ îâ ï¢®.

10.8.2. �¯à¥¤¥«¥¨¥. �®¤¬®¦¥áâ¢® L ¢ C(Q, R)  §ë¢ îâ
¯®¤à¥è¥âª®©, ¥á«¨ ¤«ï f1, f2 ∈ L ¢ë¯®«¥® f1 ∨ f2 ∈ L, f1 ∧ f2 ∈ L,
£¤¥, ª ª ®¡ëç®,

f1 ∨ f2(q) := f1(q) ∨ f2(q),
f1 ∧ f2(q) := f1(q) ∧ f2(q) (q ∈ Q).

10.8.3. � ¬¥ç ¨¥. �«¥¤ã¥â ¨¬¥âì ¢ ¢¨¤ã, çâ® ¡ëâì ¯®¤à¥è¥â-
ª®© ¢ ¯à®áâà áâ¢¥ C(Q, R) | íâ® ¡®«ìè¥, ç¥¬ ¡ëâì à¥è¥âª®© ®â-
®á¨â¥«ì® ¯®àï¤ª , ¨¤ãæ¨à®¢ ®£® ¨§ C(Q, R).

10.8.4. �à¨¬¥àë.
(1) ∅; C(Q, R); § ¬ëª ¨¥ ¯®¤à¥è¥âª¨.
(2) �¥à¥á¥ç¥¨¥ «î¡®£® ¬®¦¥áâ¢  ¯®¤à¥è¥â®ª | á®¢ 

¯®¤à¥è¥âª .
(3) �ãáâì L | ¥ª®â®à ï ¯®¤à¥è¥âª  ¨ Q0 | ¯®¤¬®-

¦¥áâ¢® Q. �®«®¦¨¬

LQ0 := {f ∈ C(Q, R) : (∃ g ∈ L) g(q) = f(q) (q ∈ Q0)}.

�®£¤  LQ0 | ¯®¤à¥è¥âª . �à¨ íâ®¬ L ⊂ LQ0 .
(4) �ãáâì Q0 | ª®¬¯ ªâ®¥ ¯®¤¬®¦¥áâ¢® Q. �«ï ¯®¤-

à¥è¥âª¨ L ¢ C(Q, R) ¯®«®¦¨¬

L
∣∣
Q0

:=
{
f
∣∣
Q0

: f ∈ L
}
.
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� ª¨¬ ®¡à §®¬, ¢ë¯®«¥®

LQ0 =
{
f ∈ C(Q, R) : f

∣∣
Q0
∈ L

∣∣
Q0

}
.

�á®, çâ® L
∣∣
Q0

| ¯®¤à¥è¥âª  ¢ C(Q0, R). �á«¨ ¯à¨ íâ®¬ L |
¢¥ªâ®à ï ¯®¤à¥è¥âª  ¢ C(Q, R), â. ¥. ¢¥ªâ®à®¥ ¯®¤¯à®áâà áâ¢®
¨ ®¤®¢à¥¬¥® ¯®¤à¥è¥âª  C(Q, R), â® L

∣∣
Q0

| ¢¥ªâ®à ï ¯®¤à¥-
è¥âª  ¢ C(Q0, R) (à §ã¬¥¥âáï, ¥á«¨ Q0 6= ∅).

(5) �ãáâì Q := {1, 2}. �®£¤  C(Q, R) ' R2. �î¡ ï
¥ã«¥¢ ï ¢¥ªâ®à ï ¯®¤à¥è¥âª  ¢ R2 § ¤ ¥âáï ¢ ¢¨¤¥

{(x1, x2) ∈ R2 : α1x1 = α2x2}
¤«ï ¥ª®â®àëå α1, α2 ∈ R+.

(6) �ãáâì L | ¢¥ªâ®à ï ¯®¤à¥è¥âª  C(Q, R). �á«¨
q ∈ Q, â® ¢®§¨ª ¥â  «ìâ¥à â¨¢ : «¨¡® L{q} = C(Q, R), «¨¡® L{q} =
{f ∈ C(Q, R) : f(q) = 0}. �á«¨ ¦¥ q1, q2 | ¤¢¥ à §«¨çë¥ â®çª¨
Q ¨ L

∣∣
{q1,q2} 6= 0, â® ¢ á¨«ã 10.8.4 (5)  ©¤ãâáï ç¨á«  α1, α2 ∈ R+

â ª¨¥, çâ®

L{q1,q2} = {f ∈ C(Q, R) : α1f(q1) = α2f(q2)}. CB

10.8.5. �ãáâì L | ¯®¤à¥è¥âª  ¢ ¯à®áâà áâ¢¥ C(Q, R). �ãª-
æ¨ï f ∈ C(Q, R) ¢å®¤¨â ¢ § ¬ëª ¨¥ L ¢ â®¬ ¨ â®«ìª® ¢ â®¬
á«ãç ¥, ¥á«¨ ¤«ï «î¡ëå ε > 0 ¨ (x, y) ∈ Q2 áãé¥áâ¢ã¥â äãªæ¨ï
f := fx,y,ε ∈ L, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬

f(x)− f(x) < ε, f(y)− f(y) > −ε.

C ⇒: �ç¥¢¨¤®.
⇐: �  ®á®¢ ¨¨ 3.2.10 ¨ 3.2.11 ¬®¦® áç¨â âì, çâ® f = 0. �®§ì-

¬¥¬ ε > 0. � ä¨ªá¨àã¥¬ x ∈ Q ¨ à áá¬®âà¨¬ äãªæ¨î gy := fx,y,ε ∈
L. �ãáâì Vy := {g ∈ Q : gy(q) > −ε}. �®£¤  Vy | ®âªàëâ®¥ ¬®¦¥-
áâ¢® ¨ y ∈ Vy. � á¨«ã ª®¬¯ ªâ®áâ¨ Q  ©¤ãâáï y1, . . . , yn ∈ Q, ¤«ï
ª®â®àëå Q = Vy1 ∪ . . . ∪ Vyn . �®«®¦¨¬ fx := gy1 ∨ . . . ∨ gyn . �á®,
çâ® fx ∈ L. �®¬¨¬® íâ®£®, fx(x) < ε ¨ fx(y) > −ε ¯à¨ ¢á¥å y ∈ Q.
�ãáâì â¥¯¥àì Ux := {q ∈ Q : fx(q) < ε}. �®¦¥áâ¢® Ux ®âªàëâ® ¨
x ∈ Ux. �®¢ì ¨á¯®«ì§ãï ª®¬¯ ªâ®áâì Q, ¯®¤ëé¥¬ x1, . . . , xm ∈ Q
â ª¨¥, çâ® Q = Ux1 ∪ . . .∪Uxm . �®«®¦¨¬,  ª®¥æ, l := fx1 ∧ . . .∧fxm .
�¥á®¬¥®, çâ® l ∈ L ¨ ‖l‖ < ε. B
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10.8.6. � ¬¥ç ¨¥. �à¥¤«®¦¥¨¥ 10.8.5  §ë¢ îâ ®¡®¡é¥®©
â¥®à¥¬®© �¨¨ (áà. 7.2.10).

10.8.7. �¥¬¬  � ªãâ ¨. �«ï «î¡®© ¯®¤à¥è¥âª¨ L ¢ C(Q, R)
¢ë¯®«¥®

cl L =
⋂

(q1,q2)∈Q2

cl
(
L{q1,q2}

)
.

C �ª«îç¥¨¥ cl L ¢ cl
(
L{q1,q2}

)
¤«ï ª ¦¤®£® (q1, q2) ∈ Q2 ¡¥á-

á¯®à®. �á«¨ ¦¥ f ∈ cl
(
L{q1,q2}

)
¯à¨ ¢á¥å â ª¨å q1, q2, â®, ¢ á¨«ã

¯à¥¤«®¦¥¨ï 10.8.5, f ∈ cl L. B
10.8.8. �«¥¤áâ¢¨¥. �«ï «î¡®© ¢¥ªâ®à®© ¯®¤à¥è¥âª¨ L ¢ ¯à®-

áâà áâ¢¥ C(Q, R) á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥

cl L =
⋂

(q1,q2)∈Q2

L{q1,q2}.

C � ¤ ®¬ á«ãç ¥ ¬®¦¥áâ¢® L{q1,q2} § ¬ªãâ®. B
10.8.9. �¯à¥¤¥«¥¨¥. �®¢®àïâ, çâ® ¬®¦¥áâ¢® U ¢ FQ à §¤¥«ï-

¥â â®çª¨ Q, ¥á«¨ ¤«ï «î¡ëå â®ç¥ª q1, q2 ∈ Q â ª¨å, çâ® q1 6= q2, áã-
é¥áâ¢ã¥â äãªæ¨ï u ∈ U , ¯à¨¨¬ îé ï à §«¨çë¥ § ç¥¨ï ¢ íâ¨å
â®çª å: u(q1) 6= u(q2).

10.8.10. �¥®à¥¬  �â®ã . �®¤¥à¦ é ï ¯®áâ®ïë¥ äãªæ¨¨,
à §¤¥«ïîé ï â®çª¨ ¢¥ªâ®à ï ¯®¤à¥è¥âª  ¢ ¯à®áâà áâ¢¥ C(Q, R)
¯«®â  ¢ C(Q, R).

C �á«¨ L | à áá¬ âà¨¢ ¥¬ ï ¯®¤à¥è¥âª , â®

L{q1,q2} = C(Q, R){q1,q2}

¤«ï ¢áïª®© ¯ àë (q1, q2) ∈ Q2 (á¬. 10.8.4 (6)). �áâ «®áì ¯à¨¢«¥çì
10.8.8. B

10.8.11. �ãáâì µ ∈ C(Q, R)′. �®«®¦¨¬

N (µ) := {f ∈ C(Q, R) : [0, |f |] ⊂ ker µ}.
�®£¤  áãé¥áâ¢ã¥â, ¨ ¯à¨â®¬ ¥¤¨áâ¢¥®¥, § ¬ªãâ®¥ ¯®¤¬®¦¥áâ¢®
supp(µ) ¢ Q â ª®¥, çâ®

f ∈ N (µ) ⇔ f
∣∣
supp(µ) = 0.
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C �® «¥¬¬¥ ® áã¬¬¥ ¯à®¬¥¦ãâª®¢ 3.2.15

[0, |f |] + [0, |g|] = [0, |f |+ |g|].

� ª¨¬ ®¡à §®¬, f, g ∈ N (µ) ⇒ |f | + |g| ∈ N (µ). �®áª®«ìªã N (µ)
| ¯®àï¤ª®¢ë© ¨¤¥ «, â. ¥. (f ∈ N (µ) & 0 ≤ |g| ≤ |f | ⇒ g ∈ N (µ)),
§ ª«îç ¥¬, çâ® N (µ) | íâ® ¢¥ªâ®à®¥ ¯®¤¯à®áâà áâ¢®. �®«¥¥ â®£®,
N (µ) § ¬ªãâ®. � á ¬®¬ ¤¥«¥, ¯ãáâì fn ≥ 0, fn → f ¨ fn ∈ N (µ).
�®£¤  ¤«ï g ∈ [0, f ] ¢ë¯®«¥® g ∧ fn → g ¨ g ∧ fn ∈ [0, fn]. �âáî¤ 
á«¥¤ã¥â, çâ® µ(g) = 0, â. ¥. f ∈ N (µ).

� á¨«ã 10.8.8, ãç¨âë¢ ï, çâ® N (µ) | ¯®àï¤ª®¢ë© ¨¤¥ «, ¨¬¥¥¬

N (µ) =
⋂

q∈Q

N (µ){q}.

�¯à¥¤¥«¨¬ ¬®¦¥áâ¢® supp(µ) á«¥¤ãîé¨¬ ®¡à §®¬:

q ∈ supp(µ) ⇔ N (µ){q} 6= C(Q, R) ⇔ (f ∈ N (µ) ⇒ f(q) = 0).

�¥á®¬¥®, çâ® supp(µ) | § ¬ªãâ®¥ ¬®¦¥áâ¢®. �à¨ íâ®¬ á¯à -
¢¥¤«¨¢ë á®®â®è¥¨ï

N (µ) =
⋂

q∈supp(µ)
N (µ){q} =

= {f ∈ C(Q, R) : f
∣∣
supp(µ) = 0}.

�â¢¥à¦¤¥¨¥ ®¡ ¥¤¨áâ¢¥®áâ¨ ¢ëâ¥ª ¥â ¨§ ®à¬ «ì®áâ¨ Q (á¬.
9.4.14) ¨ â¥®à¥¬ë �àëá®  9.3.14. B

10.8.12. �¯à¥¤¥«¥¨¥. �®¦¥áâ¢® supp(µ), ä¨£ãà¨àãîé¥¥ ¢
¯à¥¤«®¦¥¨¨ 10.8.11,  §ë¢ îâ ®á¨â¥«¥¬ µ (áà. 10.9.4 (5)).

10.8.13. � ¬¥ç ¨¥. �á«¨ äãªæ¨® « µ ¯®«®¦¨â¥«¥, â®

N (µ) = {f ∈ C(Q, R) : µ(|f |) = 0}.

�«¥¤®¢ â¥«ì®, ¥á«¨ ¯à¨ íâ®¬ µ(fg) = 0 ¤«ï ¢á¥å g ∈ C(Q, R), â®
f
∣∣
supp(µ) = 0. � «®£¨ç® supp(µ) = ∅ ⇔ N (µ) = C(Q, R) ⇔
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µ = 0. � ª¨¬ ®¡à §®¬, ®¡à é âìáï á ®á¨â¥«ï¬¨ ¯®«®¦¨â¥«ìëå
äãªæ¨® «®¢ ã¤®¡¥¥.

�ãáâì F | § ¬ªãâ®¥ ¯®¤¬®¦¥áâ¢® Q. �®¢®àïâ, çâ® F ¥á�¥â µ
¨«¨ çâ® ¢ X \ F ¥â µ, ¥á«¨ ¤«ï ¢áïª®© ¥¯à¥àë¢®© äãªæ¨¨ f ,
ã ª®â®à®© supp(f) ⊂ Q \ F , ¢ë¯®«¥® µ(|f |) = 0. �®á¨â¥«ì supp(µ)
¥á�¥â µ, ¯à¨ íâ®¬ «î¡®¥ ¥áãé¥¥ µ § ¬ªãâ®¥ ¬®¦¥áâ¢® ¢ Q á®¤¥à-
¦¨â supp(µ). �ë¬¨ á«®¢ ¬¨, ®á¨â¥«ì µ | íâ® ¤®¯®«¥¨¥  ¨-
¡®«ìè¥£® ®âªàëâ®£® ¬®¦¥áâ¢ , ¢ ª®â®à®¬ ¥â µ (áà. 10.10.5 (6)).

�®«¥§® ãïá¨âì, çâ® ¢ á¨«ã 3.2.14 ¨ 3.2.15 á ª ¦¤ë¬ ®£à ¨-
ç¥ë¬ äãªæ¨® «®¬ µ ¬®¦® á¢ï§ âì ¯®«®¦¨â¥«ìë¥ (  ¯®â®-
¬ã ¨ ®£à ¨ç¥ë¥) äãªæ¨® «ë µ+, µ−, |µ|, ®¯à¥¤¥«¥ë¥ ¤«ï
f ∈ C(Q, R)+ ®ç¥¢¨¤ë¬¨ à ¢¥áâ¢ ¬¨:

µ+(f) = sup µ[0, f ]; µ−(f) = − inf µ[0, f ]; |µ| = µ+ + µ−.

�®«¥¥ â®£®, C(Q, R)′ ï¢«ï¥âáï K-¯à®áâà áâ¢®¬ (áà. 3.2.16). CB
10.8.14. �®á¨â¥«¨ µ ¨ |µ| á®¢¯ ¤ îâ.
C �® ®¯à¥¤¥«¥¨î N (µ) = N (|µ|). B
10.8.15. �ãáâì 0 ≤ a ≤ 1 ¨ aµ : f 7→ µ(af) ¯à¨ f ∈ C(Q, R)

¨ µ ∈ C(Q, R)′. �®£¤  |aµ| = a|µ|.
C �«ï f ∈ C(Q, R)+ ¥áâì ®æ¥ª 

(aµ)+(f) = sup{µ(ag) : 0 ≤ g ≤ f} ≤ sup µ[0, af ] =
= µ+(af) = aµ+(f).

�®¬¨¬® íâ®£®,

µ+ = (aµ + (1− a)µ)+ ≤ (aµ)+ + ((1− a)µ)+ ≤ aµ+ + (1− a)µ+ = µ+.

� ç¨â, (aµ)+ = aµ+, ®âªã¤  ¨ ¢ëâ¥ª ¥â âà¥¡ã¥¬®¥. B
10.8.16. �¥¬¬  ¤¥ �à ¦ . �ãáâì A | á®¤¥à¦ é ï ¯®áâ®ï-

ë¥ äãªæ¨¨ ¯®¤ «£¥¡à  C(Q, R) ¨ µ ∈ ext(A⊥ ∩ BC(Q,R)′). �®£¤ 
áã¦¥¨¥ «î¡®© äãªæ¨¨ ¨§ A   ®á¨â¥«ì µ | ¯®áâ®ï ï äãªæ¨ï.

C �á«¨ µ = 0, â® supp(µ) = ∅ ¨ ¤®ª §ë¢ âì ¨ç¥£® ¥  ¤®.
�á«¨ ¦¥ µ 6= 0, â®, ª®¥ç®, ‖µ‖ = 1. �®§ì¬¥¬ a ∈ A. �®áª®«ìªã ¯®-
¤ «£¥¡à  A á®¤¥à¦¨â ¯®áâ®ïë¥ äãªæ¨¨, ¤®áâ â®ç® à áá¬®âà¥âì
á«ãç ©, ª®£¤  0 ≤ a ≤ 1 ¨ ¯à¨ íâ®¬

q ∈ supp(µ) ⇒ 0 < a(q) < 1.
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�®«®¦¨¬ µ1 := aµ ¨ µ2 := (1 − a)µ. �á®, çâ® µ1 + µ2 = µ, ¯à¨ç¥¬
äãªæ¨® «ë µ1 ¨ µ2 ¥ã«¥¢ë¥. �®«¥¥ â®£®,

‖µ‖ ≤ ‖µ1‖+ ‖µ2‖ =

= sup
‖f‖≤1

µ(af) + sup
‖g‖≤1

µ((1− a)g) = sup
‖f‖≤1,‖g‖≤1

µ(af + (1− a)g) ≤ ‖µ‖,

¨¡® ®ç¥¢¨¤ë¬ ®¡à §®¬ ¢ë¯®«¥®

aBC(Q,R) + (1− a)BC(Q,R) ⊂ BC(Q,R).

�â ª, ‖µ‖ = ‖µ1‖+ ‖µ2‖. �«¥¤®¢ â¥«ì®, ¨§ ¯à¥¤áâ ¢«¥¨ï

µ = ‖µ1‖ µ1
‖µ1‖ + ‖µ2‖ µ2

‖µ2‖ ,

ãç¨âë¢ ï, çâ® µ1, µ2 ∈ A⊥, § ª«îç ¥¬: µ1 = ‖µ1‖µ. � á¨«ã 10.8.15,
a|µ| = |aµ| = |µ1| = ‖µ1‖ |µ|. � ç¨â, |µ|((a − ‖µ1‖1)g) = 0 ¤«ï ¢á¥å
g ∈ C(Q, R). �á¯®«ì§ãï 10.8.13 ¨ 10.8.14, ¢ë¢®¤¨¬, çâ® äãªæ¨ï a
¯®áâ®ï    ®á¨â¥«¥ µ. B

10.8.17. �¥®à¥¬  �â®ã  | �¥©¥àèâà áá . � ¦¤ ï á®-
¤¥à¦ é ï ¯®áâ®ïë¥ äãªæ¨¨ ¨ à §¤¥«ïîé ï â®çª¨ ¯®¤ «£¥¡à 
C(Q, R) ¯«®â  ¢  «£¥¡à¥ C(Q, R).

C �® â¥®à¥¬¥ ®¡  ¡á®«îâ®© ¡¨¯®«ïà¥ 10.5.9 ¢ á«ãç ¥, ¥á«¨ à á-
á¬ âà¨¢ ¥¬ ï ¯®¤ «£¥¡à  A ¥ ¯«®â  ¢ C(Q, R), ¯®¤¯à®áâà áâ¢®
A⊥ (®® ¦¥ | A◦) ¢ C(Q, R)′ ¥ã«¥¢®¥.

�à¨¢«¥ª ï â¥®à¥¬ã �« ®£«ã | �ãà¡ ª¨ 10.6.7, ¢¨¤¨¬, çâ® A⊥∩
BC(Q,R)′ | íâ® ¥¯ãáâ®¥  ¡á®«îâ® ¢ë¯ãª«®¥ á« ¡® ª®¬¯ ªâ®¥ ¬®-
¦¥áâ¢®,   ¯®â®¬ã   ®á®¢ ¨¨ â¥®à¥¬ë �à¥©  | �¨«ì¬   10.6.5
¢ ¥¬ ¨¬¥¥âáï ªà ©ïï â®çª  µ.

�¥á®¬¥®, çâ® µ | ¥ã«¥¢®© äãªæ¨® «. � â® ¦¥ ¢à¥¬ï ¯®
«¥¬¬¥ ¤¥ �à ¦  ®á¨â¥«ì µ ¥ ¬®¦¥â á®¤¥à¦ âì ¤¢ãå à §«¨çëå
â®ç¥ª, ¨¡® A à §¤¥«ï¥â â®çª¨ Q. �®á¨â¥«ì µ ¥ ï¢«ï¥âáï ®¤®â®-
ç¥çë¬ ¬®¦¥áâ¢®¬, ¯®áª®«ìªã µ ®¡à é ¥âáï ¢ ã«ì   ¯®áâ®ï-
ëå äãªæ¨ïå. �â «® ¡ëâì, supp(µ) | íâ® ¯ãáâ®¥ ¬®¦¥áâ¢®. �®-
á«¥¤¥¥ ®§ ç ¥â (á¬. 10.8.13), çâ® µ | ã«¥¢®© äãªæ¨® «. �®«ã-
ç¨«¨ ¯à®â¨¢®à¥ç¨¥, ¯®ª §ë¢ îé¥¥, çâ® ¯®¤¯à®áâà áâ¢® A ¯«®â®
¢ C(Q, R). B
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10.8.18. �«¥¤áâ¢¨¥. � ¬ëª ¨¥ «î¡®© ¯®¤ «£¥¡àë ¢ C(Q, R)
| ¢¥ªâ®à ï ¯®¤à¥è¥âª  ¢ C(Q, R).

C �® â¥®à¥¬¥ �â®ã  | �¥©¥àèâà áá  ¬®¦® ¯®¤ëáª âì ¬®-
£®ç«¥ pn â ª®©, çâ® ¯à¨ ¢á¥å t ∈ [−1, 1] ¡ã¤¥â

|pn(t)− |t| | ≤ 1
2n

.

�®£¤  |pn(0)| ≤ 1/2n. �®íâ®¬ã ¤«ï ¬®£®ç«¥ 

pn(t) := pn(t)− pn(0)

¢ë¯®«¥® |pn(t) − |t| | ≤ 1/n ¯à¨ −1 ≤ t ≤ 1. �® ¯®áâà®¥¨î ã pn

¥â á¢®¡®¤®£® ç«¥ . �á«¨ â¥¯¥àì äãªæ¨ï a «¥¦¨â ¢ ¯®¤ «£¥¡à¥
A ¢ C(Q, R) ¨ ‖a‖ ≤ 1, â®

|pn(a(q))− |a(q)| | ≤ 1
n

(q ∈ Q).

�à¨ íâ®¬ í«¥¬¥â q 7→ pn(a(q)), ª®¥ç® ¦¥, á®¤¥à¦¨âáï ¢ A. B

10.8.19. � ¬¥ç ¨¥. �«¥¤áâ¢¨¥ 10.8.18 (¢¬¥áâ¥ á 10.8.8) ¤ ¥â
¯®«®¥ ®¯¨á ¨¥ ¢á¥å § ¬ªãâëå ¯®¤ «£¥¡à ¢ C(Q, R). � á¢®î ®ç¥-
à¥¤ì, ª ª ¢¨¤® ¨§ ¤®ª § â¥«ìáâ¢ , 10.8.18 «¥£ª® ãáâ ®¢¨âì, ¥¯®-
áà¥¤áâ¢¥® ¯à¥¤êï¢«ïï ª ªãî-«¨¡® ¯®á«¥¤®¢ â¥«ì®áâì ¬®£®ç«¥-
®¢, à ¢®¬¥à® áå®¤ïéãîáï ª äãªæ¨¨ t 7→ |t|   ®âà¥§ª¥ [−1, 1].
�ë¢¥áâ¨ 10.8.17, ®¯¨à ïáì   10.8.18, ¥ á®áâ ¢«ï¥â âàã¤ .

10.8.20. �¥®à¥¬  �¨âæ¥ | �àëá® . �ãáâì Q0 | ª®¬¯ ªâ-
®¥ ¯®¤¬®¦¥áâ¢® Q ¨ f0 ∈ C(Q0, R). �®£¤  áãé¥áâ¢ã¥â äãªæ¨ï
f ∈ C(Q, R) â ª ï, çâ® f

∣∣
Q0

= f0.
C �ãáâì Q0 6= ∅ (¨ ç¥ ¥ç¥£® ¤®ª §ë¢ âì). � áá¬®âà¨¬ ¢«®-

¦¥¨¥ ι : Q0 → Q ¨ ¢®§¨ª îé¨© ®£à ¨ç¥ë© «¨¥©ë© ®¯¥à â®à
◦
ι : C(Q, R) → C(Q0, R), ¤¥©áâ¢ãîé¨© ¯® ¯à ¢¨«ã ◦

ιf := f ◦ ι. �à¥-
¡ã¥âáï ãáâ ®¢¨âì, çâ® ◦

ι | í¯¨¬®àä¨§¬. �®áª®«ìªã ¥á®¬¥®,
çâ® im ◦

ι | íâ® à §¤¥«ïîé ï â®çª¨, á®¤¥à¦ é ï ¯®áâ®ïë¥ äãª-
æ¨¨ ¯®¤ «£¥¡à  C(Q0, R), ¢ á¨«ã 10.8.17 ¤®áâ â®ç® (¨, à §ã¬¥¥âáï,
¥®¡å®¤¨¬®) ¯à®¢¥à¨âì, çâ® im ◦

ι | § ¬ªãâ®¥ ¯®¤¯à®áâà áâ¢®.
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� áá¬®âà¨¬ á¨¦¥¨¥ ι ®¯¥à â®à  ◦
ι   á®¡áâ¢¥ë© ª®®¡à §

coim ◦
ι := C(Q, R)/ ker ◦ι ¨ á®®â¢¥âáâ¢ãîé¥¥ ª ®¨ç¥áª®¥ ®â®¡à ¦¥-

¨¥ ϕ. �«ï f ∈ C(Q, R) ¯®«®¦¨¬

g := (f ∧ sup |f(Q0)|1) ∨ (− sup |f(Q0)|1).

�® ®¯à¥¤¥«¥¨î f
∣∣
Q0

= g
∣∣
Q0

, â. ¥. f := ϕ(f) = ϕ(g). � ç¨â, ‖g‖ ≥
‖f‖. �®¬¨¬® íâ®£®,

‖f‖ = inf
{‖h‖C(Q,R) : ◦

ι(h− f) = 0
}

=
= inf

{‖h‖C(Q,R) : h
∣∣
Q0

= f
∣∣
Q0

} ≥
≥ inf

{‖h
∣∣
Q0
‖C(Q,R) : h

∣∣
Q0

= f
∣∣
Q0

}
=

= sup |f(Q0)| = ‖g‖ ≥ ‖f‖.
� ª¨¬ ®¡à §®¬, ¢ë¯®«¥®

‖ιf‖ = ‖◦ιg‖ = ‖◦ιg‖C(Q0,R) =
= ‖g ◦ ι‖C(Q0,R) = sup |g(Q0)| = ‖g‖ = ‖f‖,

â. ¥. ι | ¨§®¬¥âà¨ï. �à¨¬¥ïï ¯®á«¥¤®¢ â¥«ì® 5.5.4 ¨ 4.5.15, ¢ë-
¢®¤¨¬ á ç « , çâ® coim ◦

ι | ¡  å®¢® ¯à®áâà áâ¢®,   § â¥¬ | çâ®
im ι § ¬ªãâ® ¢ C(Q0, R). �áâ «®áì § ¬¥â¨âì, çâ® im ◦

ι = im ι. B

10.9. �¥àë � ¤® 
10.9.1. �¯à¥¤¥«¥¨¥. �ãáâì 
 | «®ª «ì® ª®¬¯ ªâ®¥ â®-

¯®«®£¨ç¥áª®¥ ¯à®áâà áâ¢®. �®« £ îâ K(
) := K(
, F) := {f ∈
C(
, F) : supp(f) | ª®¬¯ ªâ}. �á«¨ Q | ª®¬¯ ªâ ¢ 
, â® áç¨-
â îâ K(Q) := K
(Q) := {f ∈ K(
) : supp(f) ⊂ Q}. �à®áâà -
áâ¢® K(Q)  ¤¥«ïîâ ®à¬®© ‖ · ‖∞. �à¨ E ∈ Op (
) ¯®« £ îâ
K(E) := ∪{K(Q) : Q b E}. (� ¯¨áì Q b E ¤«ï ¯®¤¬®¦¥áâ¢  E ¢

 ®§ ç ¥â, çâ® Q ª®¬¯ ªâ® ¨ Q «¥¦¨â ¢® ¢ãâà¥®áâ¨ E, ¢ëç¨á-
«¥®© ¢ ¯à®áâà áâ¢¥ 
.)

10.9.2. �¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥¨ï:
(1) ¤«ï Q b 
 ¨ f ∈ C(Q, F) ¢¥à®

f
∣∣
∂Q

= 0 ⇔
((∃ g ∈ K(Q) g

∣∣
Q

= f
))

.
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�à¨ íâ®¬ K(Q) | ¡  å®¢® ¯à®áâà áâ¢®;
(2) ¯ãáâì Q, Q1, Q2 | ª®¬¯ ªâë¥ ¬®¦¥áâ¢  ¨ Q b

Q1 × Q2. �¨¥© ï ®¡®«®çª  ¢ C(Q, F) á«¥¤®¢  
Q äãªæ¨© ¢¨¤  u1 · u2(q1, q2) := u1 ⊗ u2(q1, q2) :=
u1(q1)u2(q2) ¤«ï us ∈ K(Qs) ¯«®â  ¢ C(Q, F);

(3) ¥á«¨ 
 | ª®¬¯ ªâ, â® K(
) = C(
, F). �ãáâì 

¥ ª®¬¯ ªâ®. �®£¤  ¯à¨ ¥áâ¥áâ¢¥®¬ ¢«®¦¥¨¨ ¢
C(
·, F), £¤¥ 
· := 
 ∪ {∞} |  «¥ªá ¤à®¢áª ï ª®¬-
¯ ªâ¨ä¨ª æ¨ï 
, ¯à®áâà áâ¢® K(
) ¯«®â® ¢ £¨¯¥à-
¯«®áª®áâ¨ {f ∈ C(
·, F) : f(∞) = 0};

(4) ®â®¡à ¦¥¨¥ E ∈ Op (
) 7→ K(E) ∈ Lat (K(
)) á®-
åà ï¥â â®çë¥ ¢¥àå¨¥ £à ¨æë;

(5) ¤«ï E′, E′′ ∈ Op (
) â®ç  á«¥¤ãîé ï ¯®á«¥¤®¢ â¥«ì-
®áâì:

0 → K(E′ ∩ E′′)
ι(E′,E′′)−−−−−→ K(E′)×K(E′′)

σ(E′,E′′)−−−−−→ K(E′ ∪ E′′) → 0,

£¤¥ ι(E′,E′′)f := (f, −f), σ(E′,E′′)(f, g) := f + g.
C (1) �à ¨æ  ∂Q | íâ® ¨ £à ¨æ  ¢¥è®áâ¨ int(
 \Q).
(2) �áá«¥¤ã¥¬®¥ ¬®¦¥áâ¢® | ¯®¤ «£¥¡à . � ª«îç¥¨¥ á«¥¤ã¥â

¨§ 9.3.13 ¨ 10.8.17 (áà. 11.8.2).
(3) �®¦® áç¨â âì, çâ® F = R. �ç¨âë¢ ï, çâ® K(
) | ¯®àï¤ª®-

¢ë© ¨¤¥ «, ¢ á¨«ã 10.8.8 § ª«îç ¥¬ âà¥¡ã¥¬®¥ (¨¡® K(
) à §¤¥«ï¥â
â®çª¨ 
·) (áà. 10.8.11).

(4) �á®, çâ® K(sup∅) = K(∅) = 0. �á«¨ E ⊂ Op (
) ¨ E
ä¨«ìâà®¢ ® ¯® ¢®§à áâ ¨î, â® ¤«ï f ∈ K(∪E ) ¡ã¤¥â: supp(f) ⊂
E ¤«ï ¥ª®â®à®£® E ∈ E (¢ á¨«ã ª®¬¯ ªâ®áâ¨ supp(f)). �âáî¤ 
K(∪E ) = ∪{K(E) : E ∈ E }. �ãáâì,  ª®¥æ, E1, . . . , En ∈ Op (
) ¨
f ∈ K(E1 ∪ . . . ∪ En). � á®®â¢¥âáâ¢¨¨ á 9.4.18 ¨¬¥îâáï ψk ∈ K(Ek)
â ª¨¥, çâ®

∑n
k=1 ψk = 1. �à¨ íâ®¬ f =

∑n
k=1 ψkf ¨ supp(fψk) ⊂

Ek (k := 1, . . . , n).
(5) ¥¬¥¤«¥® á«¥¤ã¥â ¨§ (4). B

10.9.3. �¯à¥¤¥«¥¨¥. �ãªæ¨® « µ ∈ K(
, F)#  §ë¢ îâ
¬¥à®© (¡®«¥¥ ¯®«®, F-¬¥à®©) � ¤®    
 ¨ ¯¨èãâ µ ∈ M (
) :=
M (
, F), ¥á«¨ µ

∣∣
K(Q) ∈ K(Q)′, ª ª â®«ìª® Q b 
. �á¯®«ì§ãîâ
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®¡®§ ç¥¨ï∫




f dµ :=
∫

f dµ :=
∫

f(x) dµ(x) := µ(f) (f ∈ K(
)).

�¥«¨ç¨ã µ(f)  §ë¢ îâ ¨â¥£à «®¬ f ¯® ¬¥à¥ µ. � íâ®© á¢ï§¨
¬¥àã µ ¨¬¥ãîâ ¨â¥£à «®¬.

10.9.4. �à¨¬¥àë.
(1) �«ï q ∈ 
 ¬¥à  �¨à ª  δq : f 7→ f(q) (f ∈ K(
))

á«ã¦¨â ¬¥à®© � ¤® . �¥ ç áâ® ®¡®§ ç îâ á¨¬¢®«®¬ δq ¨  §ë¢ îâ
¤¥«ìâ -äãªæ¨¥© ¢ â®çª¥ q.

�ãáâì 
 ¤®¯®«¨â¥«ì®  ¤¥«¥® áâàãªâãà®© £àã¯¯ë, ¯à¨ç¥¬
®¡à é¥¨¥ q ∈ 
 7→ q−1 ∈ 
 ¨ £àã¯¯®¢®¥ ã¬®¦¥¨¥ (s, t) ∈ 
×
 7→
st ∈ 
 ¥¯à¥àë¢ë, â. ¥. 
 | «®ª «ì® ª®¬¯ ªâ ï £àã¯¯ . �¨¬¢®-
«®¬ δ ®¡®§ ç îâ δe, £¤¥ e | ¥¤¨¨æ  
. �«ï  ¡¥«¥¢ëå (ª®¬¬ãâ â¨¢-
ëå) £àã¯¯ ¨á¯®«ì§ã¥âáï â ª¦¥ á¨¬¢®«¨ª , á¢ï§  ï á® á«®¦¥¨¥¬.

� K(
) ¤«ï a ∈ 
 ¨¬¥îâáï ®¯¥à â®àë («¥¢®£® ¨ ¯à ¢®£®) á¤¢¨-
£®¢

(aτf)(q) := af(q) := f(a−1q),
(τaf)(q) := fa(q) := f(qa−1)

(f ∈ K(
), q ∈ 
) (á¤¢¨£ ¥âáï f ¢ 
 × F). �á®, çâ® aτ , τa ∈
L (K(
)). � ¦ë¬ ¨ £«ã¡®ª¨¬ ®¡áâ®ïâ¥«ìáâ¢®¬ ï¢«ï¥âáï  «¨ç¨¥
¥âà¨¢¨ «ì®© ¨¢ à¨ â®© ®â®á¨â¥«ì® «¥¢ëå (á®®â¢¥âáâ¢¥®,
¯à ¢ëå) á¤¢¨£®¢ ¬¥àë ¨§ M (
, R). (�¥¢®)¨¢ à¨ âë¥ ¬¥àë � -
¤®  ¯à®¯®àæ¨® «ìë. (� ¦¤ãî) ¥ã«¥¢ãî («¥¢®¨¢ à¨ âãî)
¯®«®¦¨â¥«ìãî ¬¥àã � ¤®   §ë¢ îâ («¥¢®©) ¬¥à®© �  à  (à¥¦¥
¨â¥£à «®¬ �  à ). � á«ãç ¥ ¯à ¢ëå á¤¢¨£®¢ ¨á¯®«ì§ãîâ â¥à¬¨
(¯à ¢ ï) ¬¥à  �  à . �«ï  ¡¥«¥¢ëå £àã¯¯ ¢á¥£¤  £®¢®àïâ ® ¬¥à å
�  à . � ¯à®áâà áâ¢¥ RN â ª®© ¬¥à®© á«ã¦¨â ®¡ëç ï ¬¥à  �¥¡¥-
£ . � á¢ï§¨ á íâ¨¬ ¤«ï ®¡®§ ç¥¨ï ®¡é¨å ¬¥à �  à  ¨ ¨â¥£à «®¢
¯® ¨¬ ¨á¯®«ì§ãîâ á¨¬¢®«¨ªã,   «®£¨çãî ¯à¨ïâ®© ¤«ï ¬¥àë �¥-
¡¥£ . � ç áâ®áâ¨, ãá«®¢¨¥ «¥¢®¨¢ à¨ â®áâ¨ § ¯¨áë¢ îâ ¢ ¢¨¤¥∫




f(a−1x) dx =
∫




f(x) dx (f ∈ K(
), a ∈ 
).

(2) �ãáâì M(
) := (K(
), ‖ · ‖∞)′. �«¥¬¥âë M(
)  -
§ë¢ îâ ª®¥çë¬¨ ¨«¨ ®£à ¨ç¥ë¬¨ ¬¥à ¬¨ � ¤® . �á®, çâ®
®£à ¨ç¥ë¥ ¬¥àë ¢§ïâë ¨§ ¯à®áâà áâ¢  C(
·, F)′ (á¬. 10.9.2 (2)).
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(3) �«ï µ ∈ M (
) ¯®« £ îâ µ∗(f) = µ(f∗)∗, £¤¥ f∗(q) :=
f(q)∗ ¤«ï q ∈ 
 ¨ f ∈ K(
). �¥àã µ∗  §ë¢ îâ íà¬¨â®¢® á®¯àï-
¦¥®© ª µ. � §«¨ç¨¥ µ∗ ¨ µ ¢®§¨ª ¥â «¨èì ¯à¨ F = C. �á«¨
µ = µ∗, â® £®¢®àïâ ® ¢¥é¥áâ¢¥®© C-¬¥à¥. �á®, çâ® µ = µ1 + iµ2,
£¤¥ µ1, µ2 | ¥¤¨áâ¢¥ë¬ ®¡à §®¬ ®¯à¥¤¥«¥ë¥ ¢¥é¥áâ¢¥ë¥ C-
¬¥àë. � á¢®î ®ç¥à¥¤ì, ¢¥é¥áâ¢¥ ï C-¬¥à  ¯®à®¦¤ ¥âáï ¤¢ã¬ï
R-¬¥à ¬¨ (¢¥é¥áâ¢¥ë¬¨ ¬¥à ¬¨ ¨§ M (
, R)), ¨¡® K(
, C) |
íâ® ª®¬¯«¥ªá¨ä¨ª æ¨ï K(
, R)⊕ iK(
, R). �¥é¥áâ¢¥ë¥ R-¬¥àë,
®ç¥¢¨¤®, á®áâ ¢«ïîâ K-¯à®áâà áâ¢®. �à¨ íâ®¬ ¨â¥£à « ¯® ¬¥-
à¥ á«ã¦¨â (¯à¥¤)¨â¥£à «®¬ ¨ ¢®§¨ª ¥â ¢®§¬®¦®áâì ¡¥§ ®á®¡ëå
®£®¢®à®ª à áá¬ âà¨¢ âì á®®â¢¥âáâ¢ãîé¨¥ «¥¡¥£®¢ë à áè¨à¥¨ï ¨
á¢ï§ ë¥ á ¨¬¨ ¯à®áâà áâ¢  áã¬¬¨àã¥¬ëå (¢ â®¬ ç¨á«¥ ¢¥ªâ®à-
®§ çëå) äãªæ¨© (áà. 5.5.9 (4), 5.5.9 (5)).

� ª ¦¤®© ¬¥à®© � ¤®  µ á¢ï§ë¢ îâ ¯®«®¦¨â¥«ìãî ¬¥àã |µ|,
®¯à¥¤¥«¥ãî ¤«ï f ∈ K(
, R), f ≥ 0, á®®â®è¥¨¥¬

|µ|(f) := sup{|µ(g)| : g ∈ K(
, F), |g| ≤ f}.

� áâ® ¯®¤ á«®¢®¬ ¬¥àë ¯®¨¬ îâ ¯®«®¦¨â¥«ìë¥ ¬¥àë, ¯à®ç¨¥ ¬¥-
àë ¢ íâ®¬ á«ãç ¥  §ë¢ îâ § àï¤ ¬¨.

�¥àë µ ¨ ν  §ë¢ îâ ¤¨§êîªâë¬¨ ¨«¨ ¥§ ¢¨á¨¬ë¬¨, ¥á«¨
|µ| ∧ |ν| = 0. �¥àã ν  §ë¢ îâ  ¡á®«îâ® ¥¯à¥àë¢®© ®â®á¨-
â¥«ì® µ, ¥á«¨ ν ¥ § ¢¨á¨â ®â ¬¥à, ¥§ ¢¨á¨¬ëå ®â µ. � ªãî ¬¥àã
ν ¬®¦® § ¤ âì ¢ ¢¨¤¥ ν = fµ, £¤¥ f ∈ L1,loc(µ) ¨ ¬¥à  fµ (á ¯«®â-
®áâìî f ®â®á¨â¥«ì® µ) ¤¥©áâ¢ã¥â ¯® ¯à ¢¨«ã (fµ)(g) := µ(fg)
(g ∈ K(
)) (= â¥®à¥¬  � ¤®  | �¨ª®¤¨¬ ).

(4) �á«¨ 
′ ∈ Op (
) ¨ µ ∈ M (
), â® ®¯à¥¤¥«¥® áã-
¦¥¨¥ µ
′ := µ

∣∣
K(
′). �¯¥à â®à ®£à ¨ç¥¨ï µ 7→ µ
′ ¨§ M (
)

¢ M (
′) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î á®£« á®¢ ¨ï: ¤«ï 
′′ ⊂ 
′ ⊂ 
 ¨
µ ∈ M (
) ¢¥à® µ
′′ = (µ
′)
′′ . �âã á¨âã æ¨î ¢ëà ¦ îâ á«®¢ ¬¨:
®â®¡à ¦¥¨¥ M : E ∈ Op (
) 7→ M (E) ¨ ®¯¥à â®à ®£à ¨ç¥¨ï (=
äãªâ®à M ) § ¤ îâ ¯à¥¤¯ãç®ª (¢¥ªâ®àëå ¯à®áâà áâ¢). �®«¥§-
® ã¡¥¤¨âìáï, çâ® ®â®¡à ¦¥¨¥ ®£à ¨ç¥¨ï ¬¥à � ¤®  ¥ ®¡ï§ ®
¡ëâì í¯¨¬®àä¨§¬®¬.

(5) �ãáâì E ∈ Op (
) ¨ µ ∈ M (
). �®¢®àïâ, çâ® ¢ E
¥â µ ¨«¨ çâ® 
 \ E ¥á�¥â µ, ¥á«¨ µE = 0. �  ®á®¢ ¨¨ 10.9.2 (4)
áãé¥áâ¢ã¥â  ¨¬¥ìè¥¥ § ¬ªãâ®¥ ¬®¦¥áâ¢® supp(µ), ¥áãé¥¥ µ, |
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®á¨â¥«ì ¬¥àë µ. �áâ  ¢«¨¢ ¥âáï, çâ® supp(µ) = supp(|µ|). �¢¥-
¤¥®¥ ®¯à¥¤¥«¥¨¥ á®£« á®¢ ® á 10.8.12. �¥à  �¨à ª  δq | ¥¤¨-
áâ¢¥ ï á â®ç®áâìî ¤® ¬®¦¨â¥«ï ¬¥à  � ¤®  á ®á¨â¥«¥¬ {q}.

(6) �ãáâì 
k | «®ª «ì® ª®¬¯ ªâ®¥ ¯à®áâà áâ¢® ¨
µk ∈ M (
k) (k := 1, 2). �  ¯à®¨§¢¥¤¥¨¨ 
1 × 
2 áãé¥áâ¢ã¥â, ¨
¯à¨â®¬ ¥¤¨áâ¢¥ ï, ¬¥à  µ â ª ï, çâ® ¤«ï uk ∈ K(
k) ¢ë¯®«¥®

∫


1×
2

u1(x)u2(y) dµ(x, y) =
∫


1

u1(x) dµ1(x)
∫


2

u2(y) dµ2(y).

�á¯®«ì§ãîâ ®¡®§ ç¥¨ï µ1×µ2 := µ1⊗µ2 := µ. �à¨¢«¥ª ï 10.9.2 (4),
¢¨¤¨¬, çâ® ¤«ï f ∈ K(
1×
2) § ç¥¨¥ µ1×µ2(f) ¬®¦® ¢ëç¨á«¨âì
¯®¢â®àë¬ ¨â¥£à¨à®¢ ¨¥¬ (= â¥®à¥¬  �ã¡¨¨ ¤«ï ¬¥à).

(7) �ãáâì G | «®ª «ì® ª®¬¯ ªâ ï £àã¯¯  ¨ § ¤ ë
µ, ν ∈ M(G). �«ï f ∈ K(G) äãªæ¨ï _f(s, t) := f(st) ¥¯à¥àë¢  ¨
|(µ× ν)( _f)| ≤ ‖µ‖ ‖ν‖ ‖f‖∞. �¥¬ á ¬ë¬ ®¯à¥¤¥«¥  ¬¥à  � ¤®  µ ∗
ν(f) := (µ×ν)( _f) (f ∈ K(G)),  §ë¢ ¥¬ ï á¢�¥àâª®© µ ¨ ν. �á¯®«ì§ãï
¢¥ªâ®àë¥ ¨â¥£à «ë, ¯®«ãç ¥¬ ¯à¥¤áâ ¢«¥¨ï:

µ ∗ ν =
∫

G×G

δs ∗ δt dµ(s)dν(t) =

=
∫

G

δs ∗ ν dµ(s) =
∫

G

µ ∗ δt dν(t).

�à®áâà áâ¢® ®£à ¨ç¥ëå ¬¥à ®â®á¨â¥«ì® á¢�¥àâª¨ ¯à¥¤-
áâ ¢«ï¥â á®¡®© ¡  å®¢ã  «£¥¡àã | á¢�¥àâ®çãî  «£¥¡àã M(G). �â 
 «£¥¡à  ª®¬¬ãâ â¨¢  ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ª®£¤  G |  ¡¥«¥-
¢  £àã¯¯ . �  §¢ ®¬ á«ãç ¥ ¯à®áâà áâ¢® L1(G), ¯®áâà®¥®¥ ®â-
®á¨â¥«ì® ¬¥àë �  à  m, â ª¦¥ ®¡« ¤ ¥â ¥áâ¥áâ¢¥®© áâàãªâãà®©
á¢�¥àâ®ç®©  «£¥¡àë (¯®¤ «£¥¡àë M(G)). �¥  §ë¢ îâ £àã¯¯®¢®©
 «£¥¡à®© G. � ª¨¬ ®¡à §®¬, ¤«ï f, g ∈ L1(G) ®¯à¥¤¥«¥¨ï á¢�¥àâ®ª
äãªæ¨© ¨ ¬¥à á®£« á®¢ ë (áà. 9.6.17): (f ∗g)dm = fdm∗gdm. � -
«®£¨ç® ®¯à¥¤¥«ïîâ á¢�¥àâªã µ ∈ M(G) ¨ f ∈ L1(G) á®®â®è¥¨¥¬
(µ ∗ f)dm := µ ∗ (fdm), â. ¥. ª ª ¯«®â®áâì á¢�¥àâª¨ ®â®á¨â¥«ì®
¬¥àë �  à . �à¨ íâ®¬, ¢ ç áâ®áâ¨,

f ∗ g =
∫

G

σx ∗ gf(x) dm(x) =
∫

G

τx(g)f(x) dm(x).
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�¥®à¥¬  �¥¤¥«ï. �ãáâì T ∈ B(L1(G)). �®£¤  íª¢¨¢ «¥âë
á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï:

(i) áãé¥áâ¢ã¥â ¬¥à  µ ∈ M(G) â ª ï, çâ® Tf = µ∗f ¯à¨
f ∈ L1(G);

(ii) T ¯¥à¥áâ ®¢®ç¥ á® á¤¢¨£ ¬¨: Tτa = τaT ¤«ï a ∈
G, £¤¥ τa | ¥¤¨áâ¢¥®¥ ®£à ¨ç¥®¥ ¯à®¤®«¦¥¨¥
®¯¥à â®à  á¤¢¨£  á K(G)   L1(G);

(iii) T (f ∗ g) = (Tf) ∗ g ¯à¨ f, g ∈ L1(G);
(iv) T (f ∗ ν) = (Tf) ∗ ν ¤«ï ν ∈ M(G), f ∈ L1(G).

10.9.5. �¯à¥¤¥«¥¨¥. �à®áâà áâ¢  K(
) ¨ M (
) ¯à¨¢¥¤¥-
ë ¢ ¤¢®©áâ¢¥®áâì (¨¤ãæ¨à®¢ ãî ¤¢®©áâ¢¥®áâìî K(
) ↔
K(
)#). �à¨ íâ®¬ ¯à®áâà áâ¢® M (
)  ¤¥«ïîâ «®ª «ì® ¢ë¯ãª-
«®© â®¯®«®£¨¥© σ(M (
), K(
)), ª®â®àãî ®¡ëç®  §ë¢ îâ è¨à®-
ª®©. �à®áâà áâ¢® K(
) ¢ á¢®î ®ç¥à¥¤ì á ¡¦ îâ â®¯®«®£¨¥© � ª-
ª¨ τK(
) := τ(K(
), M (
)) (¯®íâ®¬ã, ¢ ç áâ®áâ¨, (K(
), τK(
))′ =
M (
)). �à®áâà áâ¢® ®£à ¨ç¥ëå ¬¥à M(
) à áá¬ âà¨¢ îâ, ª ª
¯à ¢¨«®, á á®¯àï¦¥®© ®à¬®©: ‖µ‖ := sup{|µ(f)| : ‖f‖∞ ≤ 1, f ∈
K(
)} (µ ∈ M(
)).

10.9.6. �®¯®«®£¨ï τK(
) | á¨«ì¥©è ï ¨§ â ª¨å «®ª «ì® ¢ë-
¯ãª«ëå â®¯®«®£¨©, çâ® ¢«®¦¥¨¥ K(Q) ¢ K(
) ¥¯à¥àë¢® ¯à¨ ¢á¥å
Q, ¤«ï ª®â®àëå Q b 
 (â. ¥. τK(
) | â®¯®«®£¨ï ¨¤ãªâ¨¢®£® ¯à¥-
¤¥«  (áà. 9.2.15)).

C �á«¨ τ | â®¯®«®£¨ï ¨¤ãªâ¨¢®£® ¯à¥¤¥«  ¨ µ ∈ (K(
), τ)′,
â® ¯® ®¯à¥¤¥«¥¨î µ ∈ M (
), ¨¡® µ ◦ ιK(Q) ¥¯à¥àë¢® ¯à¨ Q b

. � á¢®î ®ç¥à¥¤ì, ¤«ï µ ∈ M (
) ¬®¦¥áâ¢® VQ := {f ∈ K(Q) :
|µ(f)| ≤ 1} | ®ªà¥áâ®áâì ã«ï ¢ K(Q). �ç¨âë¢ ï ®¯à¥¤¥«¥¨¥
τ , ¢¨¤¨¬, çâ® ∪{VQ : Q b 
} = {f ∈ K(
) : |µ(f)| ≤ 1} |
®ªà¥áâ®áâì ã«ï ¢ τ . �â «® ¡ëâì, µ ∈ (K(
), τ)′ ¨ τ á®£« á®¢   á
¤¢®©áâ¢¥®áâìî. �®íâ®¬ã τ ≤ τK(
).

� ¤àã£®© áâ®à®ë, ¥á«¨ p | ¯®«ã®à¬  ¨§ §¥àª «  â®¯®«®£¨¨
� ªª¨, â® p | ®¯®à ï äãªæ¨ï áã¡¤¨ää¥à¥æ¨ «  ¢ M (
). �«¥-
¤®¢ â¥«ì®, ¥¥ áã¦¥¨¥ q := p ◦ ιK(Q)   K(Q) ¢® ¢áïª®¬ á«ãç ¥ ¯®-
«ã¥¯à¥àë¢® á¨§ã. �® â¥®à¥¬¥ �¥«ìä ¤  7.2.2 (¨§-§  ¡®ç¥ç®áâ¨
K(Q)) ¯®«ã®à¬  q ¥¯à¥àë¢ . � ç¨â, ¢«®¦¥¨¥ ιK(Q) : K(Q) →
(K(
), τK(
)) ¥¯à¥àë¢® ¨ τ ≥ τK(
) ¯® ®¯à¥¤¥«¥¨î ¨¤ãªâ¨¢®£®
¯à¥¤¥« . B
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10.9.7. �®¦¥áâ¢® A ¢ K(RN ) ®£à ¨ç¥® (¢ â®¯®«®£¨¨ ¨¤ãª-
â¨¢®£® ¯à¥¤¥« ), ¥á«¨ sup ‖A‖∞ < +∞ ¨, ªà®¬¥ â®£®, ®á¨â¥«¨ í«¥-
¬¥â®¢ A «¥¦ â ¢ ®¡é¥¬ ª®¬¯ ªâ¥.

C �ãáâì ¢®¯à¥ª¨ ¤®ª §ë¢ ¥¬®¬ã ¤«ï Q b RN ¥ ¢¥à®, çâ® A ⊂
K(Q). � ç¥ £®¢®àï, ¯ãáâì ¤«ï n ∈ N ¨¬¥îâáï qn ∈ RN ¨ an ∈ A, ¤«ï
ª®â®àëå an(qn) 6= 0 ¨ |qn| > n. �§ï¢ B := {n|an(qn)|−1δqn : n ∈ N},
¢¨¤¨¬, çâ® íâ® ¬®¦¥áâ¢® ¬¥à � ¤®  è¨à®ª® ®£à ¨ç¥® ¨, áâ «®
¡ëâì, ¯®«ã®à¬  p(f) := sup{|µ|(|f |) : µ ∈ B} ¥¯à¥àë¢ . �à¨
íâ®¬ p(an) ≥ n|an(qn)|−1δqn

(|an|) = n, çâ® ¯à®â¨¢®à¥ç¨â ®£à ¨ç¥-
®áâ¨ A. B

10.9.8. � ¬¥ç ¨¥. �ãáâì (fn) ⊂ K(RN ). �¨èãâ fn ³ K0, ¥á-
«¨ (∃Q b RN )(∀n) supp(fn) ⊂ Q & ‖fn‖∞ → 0. �§ 10.9.7 ¥¬¥¤«¥®
á«¥¤ã¥â, çâ® µ ∈ K(RN )# ï¢«ï¥âáï ¬¥à®© � ¤® , ¥á«¨ µ(fn) → 0,
ª ª â®«ìª® fn ³ K0. �â¬¥â¨¬ â ª¦¥, çâ® íâ® á®åà ï¥âáï ¤«ï
«î¡®£® «®ª «ì® ª®¬¯ ªâ®£® 
, áç¥â®£® ¢ ¡¥áª®¥ç®áâ¨, â. ¥.
¯à¥¤áâ ¢«ïîé¥£® á®¡®© ®¡ê¥¤¨¥¨¥ áç¥â®£® á¥¬¥©áâ¢  ª®¬¯ ªâ-
ëå ¯à®áâà áâ¢.

10.9.9. � ¬¥ç ¨¥. �  R áãé¥áâ¢ãîâ ¯®á«¥¤®¢ â¥«ì®áâ¨ ¢¥-
é¥áâ¢¥ëå ¯®«®¦¨â¥«ìëå ¬®£®ç«¥®¢ (pn) â ª¨¥, çâ® ¬¥àë pndx
è¨à®ª® áå®¤ïâáï ª δ ¯à¨ n → +∞. � áá¬ âà¨¢ ï ¯à®¨§¢¥¤¥¨ï ¬¥à,
¯à¨å®¤¨¬ ª â ª¨¬ ¯®«¨®¬ ¬ Pn   ¯à®áâà áâ¢¥ RN , çâ® Pndx è¨-
à®ª® áå®¤ïâáï ª δ (§¤¥áì, ª ª ®¡ëç®, dx := dx1 × . . . × dxN | ¬¥à 
�¥¡¥£    RN ).

�ãáâì â¥¯¥àì f ∈ K(RN ) ¨ f ¯à¨ ¤«¥¦¨â ª« ááã C(m) ¢ ¥ª®-
â®à®© ®ªà¥áâ®áâ¨ ª®¬¯ ªâ  Q (â. ¥. ¨¬¥¥â â ¬ á®®â¢¥âáâ¢ãîé¨¥
¥¯à¥àë¢ë¥ ¯à®¨§¢®¤ë¥). � áá¬ âà¨¢ ï á¢�¥àâª¨ (f ∗ Pn), ¢¨¤¨¬,
çâ® íâ® ¯®á«¥¤®¢ â¥«ì®áâì ¬®£®ç«¥®¢, à ¢®¬¥à®  ¯¯à®ªá¨¬¨-
àãîé ï   Q ª ª f , â ª ¨ ¥¥ ¯à®¨§¢®¤ë¥ ¤® ¯®àï¤ª  m ¢ª«îç¨-
â¥«ì®.

�®§¬®¦®áâì ¯®¤®¡®© à¥£ã«ïà¨§ æ¨¨ ¯à¨ïâ®  §ë¢ âì ®¡®¡-
é¥®© â¥®à¥¬®© �¥©¥àèâà áá  ¢ RN (áà 10.10.2 (4)).

10.9.10. �¥®à¥¬  ® «®ª «ì®¬ § ¤ ¨¨ ¬¥àë. �ãáâì E |
®âªàëâ®¥ ¯®ªàëâ¨¥ 
 ¨ (µE)E∈E | á¥¬¥©áâ¢® ¬¥à � ¤® : µE ∈
M (E), ¯à¨ç¥¬ ¤«ï «î¡®© ¯ àë (E′, E′′) í«¥¬¥â®¢ E áã¦¥¨ï ¬¥à
µE′ ¨ µE′′   E′ ∩E′′ á®¢¯ ¤ îâ. �®£¤  áãé¥áâ¢ã¥â, ¨ ¯à¨â®¬ ¥¤¨-
áâ¢¥ ï, ¬¥à  µ   
, áã¦¥¨¥ ª®â®à®©   E à ¢® µE ¤«ï «î¡®£®
E ∈ E .
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C �à¨¢«¥ª ï 10.9.2 (5), ¯®áâà®¨¬ ¯®á«¥¤®¢ â¥«ì®áâì∑

{E′,E′′}
E′,E′′∈E,E′ 6=E′′

K(E′ ∩ E′′) ι−→
∑

E∈E

K(E) σ−→ K(
) → 0,

£¤¥ ι ¯®à®¦¤¥® áã¬¬¨à®¢ ¨¥¬ ýª®®à¤¨ âëåþ ¢«®¦¥¨© ι(E′,E′′),
  σ | ®¡ëç®¥ á«®¦¥¨¥. �àï¬ë¥ áã¬¬ë ¯® ®¡é¥¬ã ¯à ¢¨«ã â®¯®-
«®£¨§¨à®¢ ë ª ª ¨¤ãªâ¨¢ë¥ ¯à¥¤¥«ë (áà. 10.9.6).

�¡¥¤¨¬áï ¢ â®ç®áâ¨ ¯®áâà®¥®© ¯®á«¥¤®¢ â¥«ì®áâ¨. �®áª®«ì-
ªã ¢ë¯®«¥® K(
) = ∪Qb
K(Q), á ãç¥â®¬ 10.9.2 (4), ¬®¦® ®£à ¨-
ç¨âìáï á«ãç ¥¬ ª®¥ç®£® ¯®ªàëâ¨ï ¨ ãáâ ®¢¨âì â®ç®áâì ¢® ¢â®-
à®¬ ç«¥¥.

�â ª, ¯ãáâì ¤«ï ¯®ªàëâ¨© ¨§ n í«¥¬¥â®¢ {E1, . . . , En} (n ≥ 2)
¤®ª § ®, çâ® â®ç  ¯®á«¥¤®¢ â¥«ì®áâì

Kn
ιn−→

n∏

k=1
K(Ek) σn−→ K(E1 ∪ . . . ∪ En) → 0,

£¤¥ ιn | ýáã¦¥¨¥þ ι   Kn,   ®â®¡à ¦¥¨¥ σn | áã¬¬¨à®¢ ¨¥ ¨
Kn :=

∏

k<l
k,l∈{1,...,n}

K(Ek ∩ El).

�® ¤®¯ãé¥¨î im ιn = ker σn. �á«¨ σn+1(f̃ , fn+1) = 0, £¤¥ f̃ :=
(f1, . . . , fn), â® σnf̃ = −fn+1 ¨ fn+1 ∈ K((E1 ∪ . . . ∪ En) ∩ En+1).

�  ®á®¢ ¨¨ í¯¨¬®àä®áâ¨ σn, ®¡¥á¯¥ç¥®© 10.9.2 (5), áãé¥-
áâ¢ãîâ θk ∈ K(Ek ∩ En+1) â ª¨¥, çâ® ¤«ï θ := (θ1, . . . , θn) ¡ã¤¥â
σnθ = −fn+1. �âáî¤  (f̃ − θ) ∈ ker σn ¨ ¯® ¤®¯ãé¥¨î ¬®¦® ¯®¤®-
¡à âì κ ∈ Kn, ¤«ï ª®â®à®£® ιnκ = f̃ − θ. �á®, çâ®

Kn+1 = Kn ×
n∏

k=1
K(Ek ∩ En+1)

(á â®ç®áâìî ¤® ¨§®¬®àä¨§¬ ), κ := (κ, θ1, . . . , θn) ∈ Kn+1 ¨ ιn+1κ =
(f̃ , fn+1).

�¥à¥å®¤ï ª á®¯àï¦¥®© ¤¨ £à ¬¬¥ (áà. 7.6.13), ¨¬¥¥¬ â®çãî
¯®á«¥¤®¢ â¥«ì®áâì

0 → M (
) σ′−→
∏

E∈E

M (E) ι′−→
∏

{E′,E′′}
E′,E′′∈E ,E′ 6=E′′

M (E′ ∩ E′′).

�â® ¨ âà¥¡®¢ «®áì ãáâ ®¢¨âì. B
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10.9.11. � ¬¥ç ¨¥. � â®¯®«®£¨¨ ¯à¥¤¯ãçª¨, ¤®¯ãáª îé¨¥ â -
ªãî ¢®§¬®¦®áâì «®ª «ì®£® § ¤ ¨ï á¢®¨å í«¥¬¥â®¢,  §ë¢ îâ
¯ãçª ¬¨. � íâ®© á¢ï§¨ ãâ¢¥à¦¤¥¨¥ 10.9.10 ¢ëà ¦ îâ á«®¢ ¬¨:
¯à¥¤¯ãç®ª ¬¥à � ¤®  
 7→ M (
) | íâ® ¯ãç®ª ¨«¨, ¡®«¥¥ ª â¥-
£®à¨ç®, äãªâ®à M | ¯ãç®ª (áà. 10.9.4 (4)).

10.10. �à®áâà áâ¢  D (
) ¨ D ′(
)
10.10.1. �¯à¥¤¥«¥¨¥. �á®¢®© ¨«¨ ¯à®¡®©  §ë¢ îâ ä¨-

¨âãî £« ¤ªãî äãªæ¨î f : RN → F. �à¨ íâ®¬ ¯¨èãâ f ∈
D(RN ) := D(RN , F). �«ï Q b RN ¨ 
 ∈ Op (RN ) ¯®« £ îâ D(Q) :={
f ∈ D(RN ) : supp(f) ⊂ Q

}
¨ D(
):= ∪{D(Q) : Q b 
}.

10.10.2. �¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥¨ï:
(1) D(Q) = 0 ⇔ int Q = ∅;
(2) ¯ãáâì Q b RN ¨

‖f‖n,Q :=
∑

|α|≤n

‖∂αf‖C(Q) :=

:=
∑

α∈(Z+)N

α1+...+αN≤n

sup |(∂α1 . . . ∂αnf)(Q)|

¤«ï £« ¤ª®© (¢ ®ªà¥áâ®áâ¨ Q) äãªæ¨¨ f (ª ª ®¡ëç-
®, Z+ := N ∪ {0}). �ã«ìâ¨®à¬  MQ := {‖ · ‖n,Q :
n ∈ N} ¯à¥¢à é ¥â D(Q) ¢ ¯à®áâà áâ¢® �à¥è¥;

(3) ¯à®áâà áâ¢® £« ¤ª¨å äãªæ¨© C∞(
) := E (
)  

 ∈ Op (RN ) á ¬ã«ìâ¨®à¬®© M
 := {‖ · ‖n,Q : n ∈
N, Q b 
} | ¯à®áâà áâ¢® �à¥è¥. �à¨ íâ®¬ D(
)
¯«®â® ¢ C∞(
);

(4) ¯ãáâì Q1 b RN , Q2 b RM ¨ Q b Q1 × Q2. �¨-
¥© ï ®¡®«®çª  ¢ D(Q) á«¥¤®¢   Q äãªæ¨© ¢¨-
¤  f1f2(q1, q2) := f1 ⊗ f2(q1, q2) := f1(q1)f2(q2), £¤¥
qk ∈ Qk, fk ∈ D(Qk), ¯«®â  ¢ D(Q);

(5) ®â®¡à ¦¥¨¥ E ∈ Op (
) 7→ D(E) ∈ Lat (D(
)) á®åà -
ï¥â â®çë¥ ¢¥àå¨¥ £à ¨æë:

D(E′ ∩ E′′) = D(E′) ∩D(E′′),
D(E′ ∪ E′′) = D(E′) + D(E′′);

D(∪E ) = L (∪{D(E) : E ∈ E }) (E ⊂ Op (
)).
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�à¨ íâ®¬ â®ç®© ï¢«ï¥âáï á«¥¤ãîé ï ¯®á«¥¤®¢ â¥«ì-
®áâì (áà. 10.9.2 (5)):

0 → D(E′ ∩ E′′)
ι(E′,E′′)−−−−−→ D(E′)×D(E′′)

σ(E′,E′′)−−−−−→ D(E′ ∪ E′′) → 0.

C (1) ¨ (2) ®ç¥¢¨¤ë.
(3) �ë¡¨à ¥¬ ¯®á«¥¤®¢ â¥«ì®áâì (Qm)m∈N, ¤«ï ª®â®à®© Qm b


, Qm b Qm+1, ∪m∈NQm = 
. �à¨ íâ®¬ ¬ã«ìâ¨®à¬  {‖ · ‖n,Qm :
n ∈ N, m ∈ N} áç¥â  ¨ íª¢¨¢ «¥â  M
. �áë«ª    5.4.2 ®¡-
®á®¢ë¢ ¥â ¬¥âà¨§ã¥¬®áâì. �®«®â  á®¬¥¨© ¥ ¢ë§ë¢ ¥â. �«ï
ãáâ ®¢«¥¨ï ¯«®â®áâ¨ D(
) ¢ C∞(
) à áá¬®âà¨¬ ¬®¦¥áâ¢® áà¥-
§ë¢ â¥«¥© Tr (
) := {ψ ∈ D(
) : 0 ≤ ψ ≤ 1}. �à¥¢à é ¥¬ Tr (
) ¢
 ¯à ¢«¥¨¥, ¯®« £ ï ψ1 ≤ ψ2 ⇔ supp(ψ1) ⊂ int{ψ2 = 1}. �á®, çâ®
¤«ï f ∈ C∞(
) á¥âì (ψf)ψ∈Tr (
)  ¯¯à®ªá¨¬¨àã¥â f ã¦ë¬ ®¡à §®¬.

(4) �ãáâì a(q′, q′′) := a′(q′)a′′(q′′), £¤¥ a′, a′′ | ãáà¥¤ïîé¨¥ ï¤à 
¢ RN ¨ ¢ RM á®®â¢¥âáâ¢¥®,   q′ ∈ RN ¨ q′′ ∈ RM . �«ï f ∈ D(Q),
m ∈ N ¨ ε > 0 ¯®¤¡¥à¥¬ χ ¨§ ãá«®¢¨ï ‖f − f ∗ aχ‖m,Q ≤ ε/2. �ç¨âë-
¢ ï à ¢®áâ¥¯¥ãî ¥¯à¥àë¢®áâì á¥¬¥©áâ¢  F := {∂αf(q)τq(aχ) :
|α| ≤ m, q ∈ Q1 × Q2},  ©¤¥¬ ª®¥çë¥ ¬®¦¥áâ¢  �′ ⊂ Q1,
�′′ ⊂ Q2 â ª, çâ®¡ë ¨â¥£à « ª ¦¤®© äãªæ¨¨ ¨§ F á â®ç®áâìî
¤® 1/2 (N + 1)−mε  ¯¯à®ªá¨¬¨à®¢ «áï áã¬¬®© �¨¬  , ®â¢¥ç îé¥©
â®çª ¬ ¨§ �′ × �′′. �®§¨ª îé ï ¯à¨ íâ®¬ äãªæ¨ï f ¨§ D(Q)
âà¥¡ã¥¬ ï, â. ¥. ‖f − f‖m,Q ≤ ε.

(5) ãáâ  ¢«¨¢ îâ ª ª 10.9.2 (4) á § ¬¥®© 9.4.18   9.6.19 (2). B

10.10.3. � ¬¥ç ¨¥. �«ï ¯à®¢¥àª¨ 10.10.2 (4) ¬®¦® ¯à¨¬¥-
¨âì ®¡®¡é¥ãî â¥®à¥¬ã �¥©¥àèâà áá , á®¥¤¨¥ãî á® áà¥§ë¢ -
¨¥¬, ®¡¥á¯¥ç¨¢ îé¨¬ ä¨¨â®áâì ª®áâàã¨àã¥¬ëå ¯à¨¡«¨¦¥¨©.

10.10.4. �¯à¥¤¥«¥¨¥. �ãªæ¨® « u ∈ D(
, F)#  §ë¢ -
îâ ®¡®¡é¥®© äãªæ¨¥© ¨«¨ à á¯à¥¤¥«¥¨¥¬ (¨®£¤  ¤®¡ ¢«ïîâ
ááë«ªã   ¯à¨à®¤ã ¯®«ï F) ¨ ¯¨èãâ u ∈ D ′(
) := D ′(
, F), ¥á«¨
u |D(Q) ∈ D ′(Q) := D ′, ª ª â®«ìª® Q b 
. �á¯®«ì§ãîâ ®¡ëçë¥ ®¡®-
§ ç¥¨ï 〈u, f〉 := 〈f |u〉 := u(f),   ¨®£¤  ¨  ¨¡®«¥¥ ¢ëà §¨â¥«ìë©
¥¤¨ë© á¨¬¢®«

∫
f(x)u(x) dx := u(f) (f ∈ D(
)).
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10.10.5. �à¨¬¥àë.
(1) �ãáâì g ∈ L1,loc(RN ) | ¥ª®â®à ï «®ª «ì® ¨â¥£à¨-

àã¥¬ ï äãªæ¨ï. �®£¤  ®â®¡à ¦¥¨¥

ug(f) :=
∫

f(x)g(x) dx (f ∈ D(
))

§ ¤ ¥â à á¯à¥¤¥«¥¨¥ ug. �¡®¡é¥ë¥ äãªæ¨¨ â ª®£® ¢¨¤   §ë¢ -
îâ à¥£ã«ïàë¬¨. �«ï ®¡®§ ç¥¨ï à¥£ã«ïà®© ®¡®¡é¥®© äãªæ¨¨
ug ¨á¯®«ì§ãîâ ¡®«¥¥ ã¤®¡ë© á¨¬¢®« g. � íâ®© á¢ï§¨, ¢ ç áâ®áâ¨,
¯¨èãâ: D(
) ⊂ D ′(
) ¨ ug = | g〉.

(2) � ¦¤ ï ¬¥à  � ¤®  | à á¯à¥¤¥«¥¨¥. �áïª®¥ ¯®-
«®¦¨â¥«ì®¥ à á¯à¥¤¥«¥¨¥ u (â. ¥. â ª®¥, çâ® f ≥ 0 ⇒ u(f) ≥ 0)
§ ¤ ® ¯®«®¦¨â¥«ì®© ¬¥à®©.

(3) �®¢®àïâ, çâ® à á¯à¥¤¥«¥¨¥ u ®¡« ¤ ¥â ¯®àï¤ª®¬ ¥
¢ëè¥ m, ¥á«¨ ¤«ï «î¡®£® Q b RN áãé¥áâ¢ã¥â ç¨á«® tQ â ª®¥, çâ®

|u(f)| ≤ tQ‖f‖m,Q (f ∈ D(Q)).

�áâ¥áâ¢¥ë¬ ®¡à §®¬ ¢¢®¤ïâ ¯®ïâ¨ï ¯®àï¤ª  à á¯à¥¤¥«¥¨ï ¨ à á-
¯à¥¤¥«¥¨ï ª®¥ç®£® ¯®àï¤ª . � §ã¬¥¥âáï, ¥ ª ¦¤®¥ à á¯à¥¤¥«¥-
¨¥ ®¡ï§ ® ¨¬¥âì ª®¥çë© ¯®àï¤®ª.

(4) �ãáâì α | ¬ã«ìâ¨¨¤¥ªá: α ∈ (Z+)N ¨ u | à á¯à¥¤¥-
«¥¨¥: u ∈ D ′(
). �«ï f ∈ D(
) ¯®« £ îâ (∂αu)(f) := (−1)|α|u(∂αf).
�®§¨ª îé¥¥ à á¯à¥¤¥«¥¨¥ ∂αu  §ë¢ îâ ¯à®¨§¢®¤®© u (¯®àï¤-
ª  α). �®¢®àïâ â ª¦¥ ®¡ ®¡®¡é¥®¬ ¤¨ää¥à¥æ¨à®¢ ¨¨, ® ¯à®¨§-
¢®¤ëå ¢ á¬ëá«¥ â¥®à¨¨ à á¯à¥¤¥«¥¨ï ¨ â. ¯., ¯à¨¬¥ïï ®¡ëçë¥
á¨¬¢®«ë.

�à®¨§¢®¤ ï (¥ã«¥¢®£® ¯®àï¤ª ) ¬¥àë �¨à ª  | íâ® ¥ ¬¥à .
� â® ¦¥ ¢à¥¬ï δ ∈ D ′(R) á«ã¦¨â ¯à®¨§¢®¤®© äãªæ¨¨ �¥¢¨á ©¤ 
δ(−1) := H, £¤¥ H : R → R | å à ªâ¥à¨áâ¨ç¥áª ï äãªæ¨ï R+. �á-
«¨ ¯à®¨§¢®¤ ï (à¥£ã«ïà®©) ®¡®¡é¥®© äãªæ¨¨ u | à¥£ã«ïà®¥
à á¯à¥¤¥«¥¨¥ ug, â® g  §ë¢ îâ ¯à®¨§¢®¤®© u ¢ á¬ëá«¥ �®¡®«¥¢ .
�«ï ®á®¢®© äãªæ¨¨ â ª ï ¯à®¨§¢®¤ ï á®¢¯ ¤ ¥â á ®¡ëç®©.

(5) �«ï u ∈ D ′(
) ¯®« £ îâ u∗(f) := u(f∗)∗. �®§¨ª î-
é¥¥ à á¯à¥¤¥«¥¨¥ u∗  §ë¢ îâ (íà¬¨â®¢®) á®¯àï¦¥ë¬ ª u. � -
«¨ç¨¥ ¨¢®«îæ¨¨ ∗ ¯®§¢®«ï¥â, ª ª ®¡ëç® (áà. 10.9.3 (3)), £®¢®à¨âì
® ¢¥é¥áâ¢¥ëå à á¯à¥¤¥«¥¨ïå ¨ ® ¯®à®¦¤¥¨¨ á ¨å ¯®¬®éìî ª®¬-
¯«¥ªáëå ®¡®¡é¥ëå äãªæ¨©.
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(6) �ãáâì E ∈ Op (
) ¨ u ∈ D ′(
). �«ï f ∈ D(E), ®ç¥-
¢¨¤®, ®¯à¥¤¥«¥ áª «ïà u(f). �¥¬ á ¬ë¬ ¢®§¨ª ¥â à á¯à¥¤¥«¥¨¥
uE ∈ D ′(E),  §ë¢ ¥¬®¥ áã¦¥¨¥¬ u   E. �ç¥¢¨¤®, çâ® äãª-
â®à D | íâ® ¯à¥¤¯ãç®ª.

�à¨ u ∈ D ′(
) ¨ E ∈ Op (
) £®¢®àïâ, çâ® ¢ E ¥â u, ¥á«¨ uE = 0.
� á¨«ã 10.10.4 (5), à á¯à¥¤¥«¥¨ï u ¥â ¨ ¢ ®¡ê¥¤¨¥¨¨ â¥å ®âªàë-
âëå ¯®¤¬®¦¥áâ¢ ¢ 
, ¢ ª®â®àëå u ®âáãâáâ¢ã¥â. �®¯®«¥¨¥ (¤® RN )
 ¨¡®«ìè¥£® ®âªàëâ®£® ¬®¦¥áâ¢ , ¢ ª®â®à®¬ ¥â u,  §ë¢ îâ ®á¨-
â¥«¥¬ u ¨ ®¡®§ ç îâ supp(u). �â¬¥â¨¬, çâ® supp(∂αu) ⊂ supp(u).
�à®¬¥ â®£®, à á¯à¥¤¥«¥¨¥ á ª®¬¯ ªâë¬ ®á¨â¥«¥¬ ¨¬¥¥â ª®¥çë©
¯®àï¤®ª.

(7) �ãáâì u ∈ D ′(
) ¨ f ∈ C∞(
). �«ï g ∈ D(
) ¡ã¤¥â
fg ∈ D(
). �®« £ îâ (fu)(g) := u(fg). �®§¨ª îé¥¥ à á¯à¥¤¥«¥¨¥
fu  §ë¢ îâ ¯à®¨§¢¥¤¥¨¥¬ f   u. �ãáâì â¥¯¥àì Tr (
) |  ¯à ¢-
«¥¨¥ áà¥§ë¢ â¥«¥©. �á«¨ áãé¥áâ¢ã¥â ¯à¥¤¥« limψ∈Tr (
) u(fψ), â®
£®¢®àïâ, çâ® u ¯à¨¬¥¨¬® ª äãªæ¨¨ f . �á®, çâ® à á¯à¥¤¥«¥¨¥ u
á ª®¬¯ ªâë¬ ®á¨â¥«¥¬ ¯à¨¬¥¨¬® ª «î¡®© äãªæ¨¨ ¨§ C∞(
).
�à¨ íâ®¬ u ∈ E ′(
) := C∞(
)′. � á¢®î ®ç¥à¥¤ì, ª ¦¤ë© í«¥¬¥â
u ∈ E ′(
) (á¬. 10.10.2 (3)), ®ç¥¢¨¤®, ®¤®§ ç® ®¯à¥¤¥«ï¥â à á-
¯à¥¤¥«¥¨¥ u ∈ D ′(
) á ª®¬¯ ªâë¬ ®á¨â¥«¥¬.

�á«¨ f ∈ C∞(
) ¨ ∂αf
∣∣
supp(u) = 0 ¯à¨ ¢á¥å α, ¤«ï ª®â®àëå |α| ≤

m, £¤¥ u | à á¯à¥¤¥«¥¨¥ á ª®¬¯ ªâë¬ ®á¨â¥«¥¬ ¯®àï¤ª  ¥ ¢ëè¥
m, â®, ª ª ¬®¦® ã¤®áâ®¢¥à¨âìáï, u(f) = 0. � ç áâ®áâ¨, ®âáî¤ 
á«¥¤ã¥â, çâ® â®ç¥çë© ®á¨â¥«ì ¨¬¥îâ â®«ìª® «¨¥©ë¥ ª®¬¡¨ æ¨¨
¬¥àë �¨à ª  ¨ ¥¥ ¯à®¨§¢®¤ëå. CB

(8) �ãáâì 
1, 
2 ∈ Op (RN ) ¨ uk ∈ D ′(
k). �  ¯à®¨§-
¢¥¤¥¨¨ 
1 × 
2 áãé¥áâ¢ã¥â, ¨ ¯à¨â®¬ ¥¤¨áâ¢¥®¥, à á¯à¥¤¥«¥-
¨¥ u â ª®¥, çâ® ¤«ï fk ∈ D(
k) ¢ë¯®«¥® u(f1f2) = u1(f1)u2(f2).
�â® à á¯à¥¤¥«¥¨¥ ®¡®§ ç îâ u1 × u2 ¨«¨ ¦¥ u1 ⊗ u2. �à¨¢«¥ª ï
10.10.2 (4), ¢¨¤¨¬, çâ® ¤«ï f ∈ D(
1 × 
2) § ç¥¨¥ u(f) ¬®¦®
 ©â¨ ¯®á«¥¤®¢ â¥«ìë¬ ¯à¨¬¥¥¨¥¬ u1 ¨ u2. �®ç¥¥ £®¢®àï,

u(f) = u2(y ∈ 
2 7→ u1(f(·, y))) =
= u1(x ∈ 
1 7→ u2(f(x, ·))).

� ¡®«¥¥ ®¡à §ëå ®¡®§ ç¥¨ïå ¨¬¥¥¬ â¥®à¥¬ã �ã¡¨¨ ¤«ï à á¯à¥-
¤¥«¥¨©: ∫∫


1×
2

f(x, y)(u1 × u2)(x, y) dxdy =
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=
∫


2




∫


1

f(x, y)u1(x) dx


 u2(y) dy =

=
∫


1




∫


2

f(x, y)u2(y) dy


 u1(x) dx.

�®«¥§® ®â¬¥â¨âì, çâ®

supp(u1 × u2) = supp(u1)× supp(u2).

(9) �ãáâì u, v ∈ D ′(RN ). �«ï f ∈ D(RN ) ¯®«®¦¨¬
+
f := f ◦ +. �á®, çâ®

+
f ∈ C∞(RN × RN ). �®¢®àïâ, çâ® à á¯à¥¤¥-

«¥¨ï u ¨ v á¢�¥àâë¢ ¥¬ë, ª®¢®«îâ¨¢ë ¨«¨ á¢®à ç¨¢ ¥¬ë, ¥á«¨
¯à®¨§¢¥¤¥¨¥ u× v ¯à¨¬¥¨¬® ª «î¡®© äãªæ¨¨

+
f ⊂ C∞(RN ×RN )

¤«ï f ∈ D(RN ). �¥£ª® ¢¨¤¥âì (áà. 10.10.10), çâ® ¢®§¨ª îé¨© «¨-
¥©ë© äãªæ¨® « f 7→ (u × v)(

+
f ) (f ∈ D(RN )) ï¢«ï¥âáï à á¯à¥-

¤¥«¥¨¥¬. �£®  §ë¢ îâ á¢�¥àâª®© u ¨ v ¨ ®¡®§ ç îâ u ∗ v. �¥á®-
¬¥®, çâ® á¢�¥àâª¨ äãªæ¨© (á¬. 9.6.17) ¨ ¬¥à   RN (á¬. 10.9.4
(7)) ¯à¥¤áâ ¢«ïîâ ç áâë¥ á«ãç ¨ á¢�¥àâª¨ à á¯à¥¤¥«¥¨©. � ¥ª®-
â®àëå ¬®¦¥áâ¢ å «î¡ ï ¯ à  à á¯à¥¤¥«¥¨© á¢®à ç¨¢ ¥¬ . � ¯à¨-
¬¥à, ¯à®áâà áâ¢® E ′(RN ) à á¯à¥¤¥«¥¨© á ª®¬¯ ªâë¬¨ ®á¨â¥-
«ï¬¨ á ®¯¥à æ¨¥© á¢�¥àâª¨ ¢ ª ç¥áâ¢¥ ã¬®¦¥¨ï ¯à¥¤áâ ¢«ï¥â á®-
¡®© ( áá®æ¨ â¨¢ãî, ª®¬¬ãâ â¨¢ãî)  «£¥¡àã á ¥¤¨¨æ¥© | ¤¥«ìâ -
äãªæ¨¥© δ. �à¨ íâ®¬ ∂αu = ∂αδ ∗ u, ∂α(u ∗ v) = ∂αu ∗ v = u ∗ ∂αv.
�à®¬¥ â®£®, ¨¬¥¥â ¬¥áâ® § ¬¥ç â¥«ì®¥ à ¢¥áâ¢® (= â¥®à¥¬  �¨-
®á  ® ®á¨â¥«ïå):

co (supp(u ∗ v)) = co (supp(u)) + co (supp(v)).

�®¤ç¥àª¥¬, çâ® ¯®¯ à ï á¢®à ç¨¢ ¥¬®áâì à á¯à¥¤¥«¥¨© ¥ ®¡¥á-
¯¥ç¨¢ ¥â, ¢®®¡é¥ £®¢®àï,  áá®æ¨ â¨¢®áâ¨ á¢�¥àâª¨ ((1∗δ′)∗δ(−1) = 0
¨ 1 ∗ (δ′ ∗ δ(−1)) = 1, £¤¥ 1 := 1R).

� ¦¤®¥ à á¯à¥¤¥«¥¨¥ u á¢®à ç¨¢ ¥¬® á ®á®¢®© äãªæ¨¥© f
¤® à¥£ã«ïà®£® à á¯à¥¤¥«¥¨ï (u ∗ f)(x) = u(τx(f ˜)), £¤¥ f :̃= f̃ |
®âà ¦¥¨¥ f , â. ¥. f (̃x) := f(−x) (x ∈ RN ). �¯¥à â®à u∗ :
f 7→ u ∗ f ¤¥©áâ¢ã¥â ¨§ D(RN ) ¢ C∞(RN ), ¥¯à¥àë¢¥ ¨ ¯¥à¥áâ -
®¢®ç¥ á® á¤¢¨£ ¬¨: (u∗)τx = τxu∗ ¤«ï x ∈ RN . �¥£ª® ¢¨¤¥âì,
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çâ®  §¢ ë¥ á¢®©áâ¢  å à ªâ¥à¨áâ¨ç¥áª¨¥, â. ¥. ¥á«¨ ®¯¥à â®à T
¨§ L (D(RN ), C∞(RN )) ¥¯à¥àë¢¥ ¨ ¯¥à¥áâ ®¢®ç¥ á® á¤¢¨£ ¬¨,
â® áãé¥áâ¢ã¥â, ¨ ¯à¨â®¬ ¥¤¨áâ¢¥®¥, à á¯à¥¤¥«¥¨¥ u â ª®¥, çâ®
T = u∗ | ¨¬¥® u(f) := (T ′δ)(f̃) ¤«ï f ∈ D(RN ) (áà. á â¥®à¥¬®©
�¥¤¥«ï).

10.10.6. �¯à¥¤¥«¥¨¥. �à®áâà áâ¢  D(
) ¨ D ′(
) áç¨â îâ
¯à¨¢¥¤¥ë¬¨ ¢ ¤¢®©áâ¢¥®áâì (¨¤ãæ¨à®¢ ãî ¤¢®©áâ¢¥®áâìî
D(
) ↔ D(
)#). �à¨ íâ®¬ ¯à®áâà áâ¢® D ′(
)  ¤¥«ïîâ â®¯®-
«®£¨¥© ¯à®áâà áâ¢  à á¯à¥¤¥«¥¨© | σ(D ′(
), D(
)),   D(
) |
â®¯®«®£¨¥© ¯à®áâà áâ¢  ®á®¢ëå äãªæ¨© | â®¯®«®£¨¥© � ªª¨
τD := τD(
) := τ(D(
), D ′(
)).

10.10.7. �ãáâì 
 ∈ Op (RN ). �®£¤ 
(1) â®¯®«®£¨ï τD | á¨«ì¥©è ï ¨§ â ª¨å «®ª «ì® ¢ë-

¯ãª«ëå â®¯®«®£¨©, çâ® ¢«®¦¥¨¥ D(Q) ¢ D(
) ¥¯à¥-
àë¢® ¯à¨ Q b 
 (â. ¥. τD | â®¯®«®£¨ï ¨¤ãªâ¨¢®-
£® ¯à¥¤¥« );

(2) ¬®¦¥áâ¢® A ¢ D(
) ®£à ¨ç¥® ¢ â®¬ ¨ â®«ìª® ¢ â®¬
á«ãç ¥, ¥á«¨ ¤«ï ¥ª®â®à®£® Q b 
 ¬®¦¥áâ¢® A ¯®-
¯ ¤ ¥â ¢ D(Q) ¨ ®£à ¨ç¥® ¢ D(Q);

(3) ¯®á«¥¤®¢ â¥«ì®áâì (fn) áå®¤¨âáï ª f ¢ (D(
), τD)
¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ¨¬¥¥âáï ª®¬¯ ªâ
Q b 
 â ª®©, çâ® supp(fn) ⊂ Q, supp(f) ⊂ Q ¨ (∂αfn)
à ¢®¬¥à®   Q áå®¤¨âáï ª f ¤«ï ¢á¥å ¬ã«ìâ¨¨¤¥ª-
á®¢ α (á¨¬¢®«¨ç¥áª¨: fn ³ f);

(4) ®¯¥à â®à T ∈ L (D(
), Y ), £¤¥ Y | «®ª «ì® ¢ë¯ãª-
«®¥ ¯à®áâà áâ¢®, ¥¯à¥àë¢¥ ¢ â®¬ ¨ â®«ìª® ¢ â®¬
á«ãç ¥, ¥á«¨ Tfn → 0, ª ª â®«ìª® fn ³ 0;

(5) ª ¦¤ ï ¤¥«ìâ®®¡à § ï ¯®á«¥¤®¢ â¥«ì®áâì (bn) á«ã-
¦¨â (á¢�¥àâ®ç®©)  ¯¯à®ªá¨¬ â¨¢®© ¥¤¨¨æ¥© ª ª ¢
D(RN ), â ª ¨ ¢ D ′(RN ), â. ¥. ¤«ï f ∈ D(RN ) ¨
u ∈ D ′(RN ) ¢¥à®: bn ∗ f ³ f (¢ D(RN )) ¨ bn ∗ u → u
(¢ D ′(RN )).

C (1) ãáâ  ¢«¨¢ ¥âáï ª ª 10.9.6,   (2) | ¯®   «®£¨¨ á 10.9.7
á ãç¥â®¬ ¯à¥¤áâ ¢«¥¨ï 
 ¢ ¢¨¤¥ ®¡ê¥¤¨¥¨ï 
 = ∪n∈NQn, £¤¥
Qn b Qn+1 ¤«ï n ∈ N.

(3) �«¥¤ã¥â § ¬¥â¨âì, çâ® áå®¤ïé ïáï ¯®á«¥¤®¢ â¥«ì®áâì ®£à -
¨ç¥ ,   § â¥¬ ¯à¨¢«¥çì 10.10.7 (2) (áà. 10.9.8).
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(4) � á¨«ã 10.10.7 (1) ¥¯à¥àë¢®áâì T à ¢®á¨«ì  ¥¯à¥àë¢-
®áâ¨ áã¦¥¨© T

∣∣
D(Q) ¤«ï Q b 
. � á¨«ã 10.10.2 (2) ¯à®áâà áâ¢®

D(Q) ¬¥âà¨§ã¥¬®. �áâ «®áì á®á« âìáï   10.10.7 (3).
(5) �á®, çâ® ®á¨â¥«¨ supp(bn ∗ f) «¥¦ â ¢ ¥ª®â®à®© ª®¬-

¯ ªâ®© ®ªà¥áâ®áâ¨ supp(f). �®¬¨¬® íâ®£®, ¤«ï g ∈ C(RN ) ®ç¥-
¢¨¤®, çâ® bn ∗ g → g à ¢®¬¥à®   ª®¬¯ ªâëå ¯®¤¬®¦¥áâ¢ å
RN . �à¨¬¥ïï ¯®á«¥¤¥¥ ãâ¢¥à¦¤¥¨¥ ª ∂αf ¨ ãç¨âë¢ ï (3), ¢¨-
¤¨¬: bn ∗ f ³ f .

� ãç¥â®¬ 10.10.6 (8) ¤«ï f ∈ D(RN ) ¨¬¥¥¬

u(f̃) = (u ∗ f)(0) = lim
n

(u ∗ (bn ∗ f))(0) =

= lim
n

((u ∗ bn) ∗ f)(0) = lim
n

(bn ∗ u)(f̃). B

10.10.8. � ¬¥ç ¨¥. � á¢ï§¨ á 10.10.7 (3) ¤«ï 
 ∈ Op (RN )
¨ m ∈ Z+ ç áâ® ¢ë¤¥«ïîâ ¯à®áâà áâ¢® D(m)(
) := C

(m)
0 (
), á®-

áâ ¢«¥®¥ ¨§ ä¨¨âëå äãªæ¨© f , ¢á¥ ¯à®¨§¢®¤ë¥ ª®â®àëå ∂αf
¯à¨ |α| ≤ m ¥¯à¥àë¢ë. �à®áâà áâ¢® D(m)(Q) := {f ∈ D(m)(
) :
supp(f) ⊂ Q} ¤«ï Q b 
 á ¡¦ îâ ®à¬®© ‖ · ‖m,Q, ¯à¥¢à é ï ¥£®
¢ ¡  å®¢®. �à¨ íâ®¬ D(m)(
)  ¤¥«ïîâ â®¯®«®£¨¥© ¨¤ãªâ¨¢®£®
¯à¥¤¥« . � ª¨¬ ®¡à §®¬, D (0)(
) = K(
) ¨ D(
) = ∩m∈ND (m)(
).
�å®¤¨¬®áâì ¢ D (m)(
) ¯®á«¥¤®¢ â¥«ì®áâ¨ (fn) ª ã«î ®§ ç ¥â à ¢-
®¬¥àãî áå®¤¨¬®áâì á ¯à®¨§¢®¤ë¬¨ ¤® ¯®àï¤ª  m   Q b 
, £¤¥
supp(fn) ⊂ Q ¤«ï ¢á¥å ¤®áâ â®ç® ¡®«ìè¨å n. �®¤ç¥àª¥¬, çâ®
D (m)(
)′ á®áâ ¢«¥® à á¯à¥¤¥«¥¨ï¬¨ ¯®àï¤ª  ¥ ¢ëè¥ m. �®®â¢¥â-
áâ¢¥®

D ′
F (
):=

⋃

m∈N
D (m)(
)′

| ¯à®áâà áâ¢® ¢á¥å ®¡®¡é¥ëå äãªæ¨©, ¨¬¥îé¨å ª®¥çë© ¯®-
àï¤®ª.

10.10.9. �ãáâì 
 ∈ Op (RN ). �®£¤ 
(1) ¯à®áâà áâ¢® D(
) ¡®ç¥ç®, â. ¥. ª ¦¤®¥  ¡á®«îâ-

® ¢ë¯ãª«®¥ § ¬ªãâ®¥ ¯®£«®é îé¥¥ ¬®¦¥áâ¢® (=
¡®çª ) ¢ ¥¬ | ®ªà¥áâ®áâì ã«ï;

(2) «î¡®¥ ®£à ¨ç¥®¥ § ¬ªãâ®¥ ¯®¤¬®¦¥áâ¢® D(
)
ª®¬¯ ªâ®, â. ¥. D(
) | ¬®â¥«¥¢® ¯à®áâà áâ¢®;
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(3) ¢áïª®¥  ¡á®«îâ® ¢ë¯ãª«®¥ ¬®¦¥áâ¢® ¢ D(
), ¯®£«®-
é îé¥¥ ª ¦¤®¥ ®£à ¨ç¥®¥ ¬®¦¥áâ¢®, ï¢«ï¥âáï
®ªà¥áâ®áâìî ã«ï, â. ¥. D(
) | ¡®à®«®£¨ç¥áª®¥
¯à®áâà áâ¢®;

(4) ®á®¢ë¥ äãªæ¨¨ ¯«®âë ¢ ¯à®áâà áâ¢¥ ®¡®¡é¥-
ëå äãªæ¨©.

C (1) �®çª  V ¢ D(
) â ª®¢ , çâ® VQ := V ∩ D(Q) | ¡®çª 
¢ D(Q) ¯à¨ Q b 
. �â «® ¡ëâì, VQ | ®ªà¥áâ®áâì ã«ï ¢ D(Q) (á¬.
7.1.8).

(2) � ª®¥ ¬®¦¥áâ¢® «¥¦¨â ¢ D(Q) ¤«ï ¥ª®â®à®£® Q b 
 ¢ á¨«ã
¯à¥¤«®¦¥¨ï 10.10.7 (2). �  ®á®¢ ¨¨ 10.10.2 (2), D(Q) ¬¥âà¨§ã¥¬®.
�ç¨âë¢ ï 4.6.10 ¨ 4.6.11, ¯®á«¥¤®¢ â¥«ì® ¯à¨å®¤¨¬ ª âà¥¡ã¥¬®¬ã.

(3) á«¥¤ã¥â ¨§ ¡®à®«®£¨ç®áâ¨ D(Q) ¯à¨ Q b 
.
(4) �ãáâì g ∈ |D(
)〉◦, £¤¥ ãª §  ï ¯®«ïà  ¢ëç¨á«ï¥âáï ¤«ï

¤¢®©áâ¢¥®áâ¨ D(
) ↔ D ′(
). �á®, çâ® ¤«ï f ∈ D(
) ¢ë¯®«¥®
uf (g) = 0, â. ¥.

∫
g(x)f(x) dx = 0. �â ª, g = 0. �áâ ¥âáï á®á« âìáï

  10.5.9. B
10.10.10. �¥®à¥¬  �¢ àæ . �ãáâì (uk)k∈N | ¯®á«¥¤®¢ â¥«ì-

®áâì à á¯à¥¤¥«¥¨© ¨ ¤«ï ª ¦¤®£® f ∈ D(
) ¨¬¥¥âáï áã¬¬ 

u(f) :=
∞∑

k=1
uk(f).

�®£¤  u | à á¯à¥¤¥«¥¨¥, ¯à¨ç¥¬

∂αu =
∞∑

k=1
∂αuk

¤«ï ¢áïª®£® ¬ã«ìâ¨¨¤¥ªá  α.
C �¥¯à¥àë¢®áâì u ®¡¥á¯¥ç¥  10.10.9 (1). �®¬¨¬® íâ®£®, ¯à¨

f ∈ D(
) ¯® ®¯à¥¤¥«¥¨î (á¬. 10.10.5 (4))
∂αu(f) =

= u
(

(−1)|α|∂αf
)

=
∞∑

k=1
uk

(
(−1)|α|∂αf

)
=

=
∞∑

k=1
∂αuk(f). B

10.10.11. �¥®à¥¬ . �ãªâ®à D ′ | ¯ãç®ª.
C �ç¥¢¨¤® (áà. 10.9.10 ¨ 10.9.11). B
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10.10.12. § ¬¥ç ¨¥. �®§¬®¦®áâì § ¤ ¨ï à á¯à¥¤¥«¥¨ï
«®ª «ìë¬¨ ¤ ë¬¨, â. ¥. ¯à¨æ¨¯ «®ª «¨§ æ¨¨ ¤«ï ®¡®¡é¥ëå
äãªæ¨©, ª®áâ â¨à®¢ ë© 10.10.11, ¤®¯ãáª ¥â ãâ®ç¥¨¥ ¢¢¨¤ã ¯ -
à ª®¬¯ ªâ®áâ¨ RN . �¬¥®, ¥á«¨ E | ®âªàëâ®¥ ¯®ªàëâ¨¥ 
 ¨
u ∈ D ′(
) | à á¯à¥¤¥«¥¨¥ á «®ª «ìë¬¨ ¤ ë¬¨ (uE)E∈E , â®
¬®¦® ¢§ïâì ¯®¤ç¨¥®¥ E áç¥â®¥ («®ª «ì® ª®¥ç®¥) à §¡¨¥-
¨¥ ¥¤¨¨æë (ψk)k∈N. �¨¤®, çâ® u =

∑∞
k=1 ψkuk, £¤¥ uk := uEk

¨
supp(ψk) ⊂ Ek (k ∈ N).

10.10.13. �¥®à¥¬ . �¡®¡é¥ ï äãªæ¨ï u   
 ¯®àï¤ª  ¥
¢ëè¥ m ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥¨¥ ¢ ¢¨¤¥ áã¬¬ë ¯à®¨§¢®¤ëå ¬¥à
� ¤® :

u =
∑

|α|≤m

∂αµα,

£¤¥ µα ∈ M (
).
C �ãáâì á ç «  u ®¡« ¤ ¥â ª®¬¯ ªâë¬ ®á¨â¥«¥¬ supp(u)

¨ Q b 
 | ª®¬¯ ªâ ï ®ªà¥áâ®áâì supp(u). �® ãá«®¢¨î (áà.
10.10.5 (7) ¨ 10.10.8)

|u(f)| ≤ t
∑

|α|≤m

‖∂αf‖∞ (f ∈ D(Q))

¯à¨ ¥ª®â®à®¬ t ≥ 0.
�à¨¢«¥ª ï 3.5.7 ¨ 3.5.3, á ãç¥â®¬ 10.9.4 (2) ¨¬¥¥¬

u = t
∑

|α|≤m

να ◦ ∂α = t
∑

|α|≤m

(−1)|α|∂ανα

¤«ï ¯®¤å®¤ïé¥£® á¥¬¥©áâ¢  (να)|α|≤m, £¤¥ να ∈ |∂|(‖ · ‖∞).
�¥à¥å®¤ï â¥¯¥àì ª ®¡é¥¬ã á«ãç î, à áá¬®âà¨¬ ¥ª®â®à®¥ à §¡¨-

¥¨¥ ¥¤¨¨æë (ψk)k∈N, ®¡à §®¢ ®¥ â ª¨¬¨ ψk ∈ D(
), çâ® ®ªà¥áâ-
®áâ¨ Qk ®á¨â¥«¥© supp(ψk) á®áâ ¢«ïîâ «®ª «ì® ª®¥ç®¥ ¯®ªàë-
â¨¥ 
 (á¬. 10.10.12). �«ï à á¯à¥¤¥«¥¨© (ψku)k∈N   ®á®¢ ¨¨ ã¦¥
¤®ª § ®£® ¨¬¥¥¬

ψku =
∑

|α|≤m

∂αµk,α,

£¤¥ µk,α | ¬¥àë � ¤®    
, ¯à¨ç¥¬ supp(µk,α) ⊂ Qk.
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�à¨¢«¥ª ï â¥®à¥¬ã �¢ àæ  10.10.10, áà §ã ¢¨¤¨¬, çâ® ®¯à¥¤¥-
«¥  áã¬¬ 

µα(f) :=
∞∑

k=1
µk,α(f)

¤«ï f ∈ K(
) ¨ ¢®§¨ª îé¥¥ à á¯à¥¤¥«¥¨¥ µα | ¬¥à  � ¤® .
�®¢ì  ¯¥««¨àãï ª 10.10.10, ¯®«ãç ¥¬:

u =
∞∑

k=1
ψku =

∞∑

k=1

∑

|α|≤m

∂αµk,α =
∑

|α|≤m

∂α

( ∞∑

k=1
µk,α

)
=

∑

|α|≤m

∂αµα.

�â® ¨ âà¥¡®¢ «®áì. B
10.10.14. � ¬¥ç ¨¥. �â¢¥à¦¤¥¨¥ 10.10.13 ç áâ®  §ë¢ îâ

â¥®à¥¬®© ®¡ ®¡é¥¬ ¢¨¤¥ à á¯à¥¤¥«¥¨©. �  ¤®¯ãáª ¥â à §®®¡à §-
ë¥ ®¡®¡é¥¨ï ¨ ãâ®ç¥¨ï. � ¯à¨¬¥à, ¬®¦® ã¡¥¤¨âìáï, çâ® ¬¥à 
� ¤®  á ª®¬¯ ªâë¬ ®á¨â¥«¥¬ á«ã¦¨â ®¡®¡é¥®© ¯à®¨§¢®¤®©
(¯®¤å®¤ïé¥£® ¯®àï¤ª ) ¥ª®â®à®© ¥¯à¥àë¢®© äãªæ¨¨, çâ® ¯®§-
¢®«ï¥â «®ª «ì® à áá¬ âà¨¢ âì «î¡ãî ®¡®¡é¥ãî äãªæ¨î ª ª
à¥§ã«ìâ â ®¡®¡é¥®£® ¤¨ää¥à¥æ¨à®¢ ¨ï ®¡ëç®© äãªæ¨¨.

10.11. �à¥®¡à §®¢ ¨¥ �ãàì¥ ã¬¥à¥ëå
à á¯à¥¤¥«¥¨©

10.11.1. �ãáâì χ | ¥ã«¥¢®© äãªæ¨® «, § ¤ ë©   ¯à®-
áâà áâ¢¥ L1(RN ) := L1(RN , C). �ª¢¨¢ «¥âë ãâ¢¥à¦¤¥¨ï:

(1) χ | å à ªâ¥à £àã¯¯®¢®©  «£¥¡àë (L1(RN ), ∗), â. ¥.
χ 6= 0, χ ∈ L1(RN )′ ¨

χ(f ∗ g) = χ(f)χ(g) (f, g ∈ L1(RN ))

(á¨¬¢®«¨ç¥áª¨: χ ∈ X(L1(RN )), áà. 11.6.4);
(2) áãé¥áâ¢ã¥â, ¨ ¯à¨â®¬ ¥¤¨áâ¢¥ë©, ¢¥ªâ®à t ∈ RN

â ª®©, çâ® ¤«ï ª ¦¤®£® f ∈ L1(RN ) ¢ë¯®«¥®

χ(f) = f̂(t) := (f ∗ et)(0) :=
∫

RN

f(x)ei(x,t) dx.

C (1) ⇒ (2): �ãáâì χ(f)χ(g) 6= 0. �á«¨ x ∈ RN , â®

χ(δx ∗ f ∗ g) = χ(δx ∗ f)χ(g) = χ(δx ∗ g)χ(f).
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�®«®¦¨¬ ψ(x) := χ(f)−1χ(δx ∗ f). �¥¬ á ¬ë¬ ª®àà¥ªâ® ®¯à¥¤¥«¥®
¥¯à¥àë¢®¥ ®â®¡à ¦¥¨¥ ψ : RN → C. �à¨ íâ®¬ ¤«ï x, y ∈ RN

¡ã¤¥â

ψ(x + y) =
= χ(f ∗ g)−1χ(δx+y ∗ (f ∗ g)) =

= χ(f)−1χ(g)−1 · χ(δx ∗ f ∗ δy ∗ g) =
= χ(f)−1χ(δx ∗ f)χ(g)−1χ(δy ∗ g) =

= ψ(x)ψ(y),

â. ¥. ψ | £àã¯¯®¢®© (ã¨â àë©) å à ªâ¥à: ψ ∈ X(RN ). � «¨§
¯®ª §ë¢ ¥â, çâ® ψ = et ¤«ï ¥ª®â®à®£® (®ç¥¢¨¤®, ¥¤¨áâ¢¥®£®)
t ∈ RN . �à¨ íâ®¬ á ãç¥â®¬ á¢®©áâ¢ ¨â¥£à «  �®å¥à 

χ(f)χ(g) = χ(f ∗ g) = χ




∫

RN

(δx ∗ g)f(x) dx


 =

=
∫

RN

χ(δx ∗ g)f(x) dx =
∫

RN

f(x)χ(g)ψ(x) dx =

= χ(g)
∫

RN

f(x)ψ(x) dx.

� ª¨¬ ®¡à §®¬,

χ(f) =
∫

RN

f(x)ψ(x) dx (f ∈ L1(RN )).

(2) ⇒ (1): � áá¬ âà¨¢ ï f , g ¨ f ∗ g ª ª à á¯à¥¤¥«¥¨ï, ¤«ï
t ∈ RN ¢ë¢®¤¨¬:

f̂ ∗ g(t) = uf∗g(et) =

=
∫

RN

∫

RN

f(x)g(y)et(x + y) dxdy =
∫

RN

f(x)et(x) dx

∫

RN

g(y)et(y) dy =

= uf (et)ug(et) = f̂(t)ĝ(t). B
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10.11.2. � ¬¥ç ¨¥. �à®¢¥¤¥ë¥ à ááã¦¤¥¨ï ¢ áãé¥áâ¢¥-
®¬ á®åà ïîâáï ¤«ï «î¡®© «®ª «ì® ª®¬¯ ªâ®©  ¡¥«¥¢®© £àã¯-
¯ë G. � à ªâ¥àë £àã¯¯®¢®©  «£¥¡àë ¨§ X(L1(G)) ®¤®§ ç® á¢ï-
§ ë á (ã¨â àë¬¨) £àã¯¯®¢ë¬¨ å à ªâ¥à ¬¨ G, â. ¥. á ¥¯à¥àë¢-
ë¬¨ ®â®¡à ¦¥¨ï¬¨ ψ : G → C, ¤«ï ª®â®àëå

|ψ(x)| = 1, ψ(x + y) = ψ(x)ψ(y) (x, y ∈ G).

�â®á¨â¥«ì® ¯®â®ç¥ç®£® ã¬®¦¥¨ï ¬®¦¥áâ¢® Ĝ := X(G) â ª¨å
å à ªâ¥à®¢ ¯à¥¤áâ ¢«ï¥â ª®¬¬ãâ â¨¢ãî £àã¯¯ã. �®áª®«ìªã ¯® â¥-
®à¥¬¥ �« ®£«ã | �ãà¡ ª¨ X(L1(G)) «®ª «ì® ª®¬¯ ªâ® ¢ á« ¡®©
â®¯®«®£¨¨ σ((L1(G))′, L1(G)), â® Ĝ ¬®¦® à áá¬ âà¨¢ âì ª ª «®-
ª «ì® ª®¬¯ ªâãî  ¡¥«¥¢ã £àã¯¯ã. �¥  §ë¢ îâ £àã¯¯®© å à ª-
â¥à®¢ G ¨«¨ ¤¢®©áâ¢¥®© ª G £àã¯¯®©. � ¦¤ë© í«¥¬¥â q ∈ G

®¯à¥¤¥«ï¥â å à ªâ¥à ̂̂q : q̂ ∈ Ĝ 7→ q̂(q) ∈ C ¤¢®©áâ¢¥®© £àã¯¯ë Ĝ.
�®§¨ª îé¥¥ ¢«®¦¥¨¥ G ¢ ̂̂

G | ¨§®¬®àä¨§¬ «®ª «ì® ª®¬¯ ªâëå
 ¡¥«¥¢ëå £àã¯¯ G ¨ ̂̂

G (= â¥®à¥¬  ¤¢®©áâ¢¥®áâ¨ �®âàï£¨  |
¢  � ¬¯¥ ).

10.11.3. �¯à¥¤¥«¥¨¥. �«ï äãªæ¨¨ f ∈ L1(RN ) ®â®¡à ¦¥-
¨¥ f̂ : RN → C, ®¯à¥¤¥«¥®¥ ¯à ¢¨«®¬

f̂(t) := f̂(t) := (f ∗ et)(0),

 §ë¢ îâ ¯à¥®¡à §®¢ ¨¥¬ �ãàì¥ f .
10.11.4. � ¬¥ç ¨¥. �¥à¬¨ ý¯à¥®¡à §®¢ ¨¥ �ãàì¥þ âà ªâã-

îâ à áè¨à¨â¥«ì®, ¤®¯ãáª ï ã¤®¡ãî ¢®«ì®áâìî. �®-¯¥à¢ëå, ¥£®
á®åà ïîâ ª ª ¤«ï ®¯¥à â®à  F : L1(RN ) → C RN , ¤¥©áâ¢ãîé¥-
£® ¯® ¯à ¢¨«ã Ff := f̂ , â ª ¨ ¤«ï ¬®¤¨ä¨ª æ¨© íâ®£® ®¯¥à â®à 
(áà. 10.11.13). �®-¢â®àëå, ¯à¥®¡à §®¢ ¨¥ F ®â®¦¤¥áâ¢«ïîâ á ®¯¥-
à â®à®¬ Fθf := f̂ ◦ θ, £¤¥ θ |  ¢â®¬®àä¨§¬ (= ¨§®¬®àä¨§¬  
á¥¡ï) RN . �á®¡¥® ç áâ® ¨á¯®«ì§ãîâ äãªæ¨¨: θ(x) := ∼(x) := −x,
θ(x) := 2π(x) := 2πx ¨ θ(x) := −2π(x) := −2πx (x ∈ RN ). �ë¬¨ á«®-
¢ ¬¨, ¯à¥®¡à §®¢ ¨¥ �ãàì¥ ¢¢®¤ïâ ®¤®© ¨§ á«¥¤ãîé¨å ä®à¬ã«:

F∼f(t) =
∫

RN

f(x)e−i(x,t) dx,
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F2πf(t) =
∫

RN

f(x)e2πi(x,t) dx,

F−2πf(t) =
∫

RN

f(x)e−2πi(x,t) dx.

�®áª®«ìªã £àã¯¯ë å à ªâ¥à®¢ ¨§®¬®àäëå £àã¯¯ ¨§®¬®àäë, ¥áâì
®á®¢ ¨ï, ¤®¯ãáª ï ¢®«ì®áâì, ¯à¨¬¥ïâì ¥¤¨®¥ ®¡®§ ç¥¨¥ f̂ ¤«ï,
¢®®¡é¥ £®¢®àï, à §«¨çëå äãªæ¨© Ff , F∼f , F±2πf . �ë¡®à á¨¬-
¢®«  ̂ ¤«ï F2π (¨«¨ F−2π) ¤¨ªâã¥â ¯®¤å®¤ïé¥¥ ®¡®§ ç¥¨¥ ¤«ï
F−2π (á®®â¢¥âáâ¢¥®, ¤«ï F2π) (áà. 10.11.12).

10.11.5. �à¨¬¥àë.
(1) �ãáâì f(x) = 1 ¯à¨ −1 ≤ x ≤ 1 ¨ f(x) = 0 ¤«ï ¨ëå

x ∈ R. �à¨ íâ®¬ f̂(t) = 2t−1 sin t. �â¬¥â¨¬, çâ® ¯à¨ kπ ≥ t0 > 0
¡ã¤¥â

∫

[t0,+∞)

|f̂(t)| dt ≥
∫

[kπ,+∞)

|f̂(t)| dt =
∞∑

n=k

∫

[nπ,(n+1)π]

|f̂(t)| dt ≥

≥
∞∑

n=k

∫

[nπ,(n+1)π]

2| sin t|
(n + 1)π dt = 4

∞∑

n=k

1
(n + 1)π = +∞.

� ª¨¬ ®¡à §®¬, f̂ /∈ L1(R).
(2) �«ï f ∈ L1(RN ) äãªæ¨ï f̂ ¥¯à¥àë¢ , ¯à¨ç¥¬ ¢ë-

¯®«¥® ¥à ¢¥áâ¢® ‖f̂‖∞ ≤ ‖f‖1.
C �¥¯à¥àë¢®áâì ®¡¥á¯¥ç¥  â¥®à¥¬®© �¥¡¥£  ® ¯à¥¤¥«ì®¬ ¯¥-

à¥å®¤¥,   ®£à ¨ç¥®áâì | ®ç¥¢¨¤®© ®æ¥ª®©

|f̂(t)| ≤
∫

RN

|f(x)| dx = ‖f‖1 (t ∈ RN ). B

(3) �«ï f ∈ L1(RN ) ¯à¨ |t| → +∞ ¡ã¤¥â |f̂(t)| → 0 (=
â¥®à¥¬  �¨¬   | �¥¡¥£ ).

C �à¥¡ã¥¬®¥ ®ç¥¢¨¤® ¤«ï ä¨¨âëå áâã¯¥ç âëå äãªæ¨©.
�áâ ¥âáï á®á« âìáï   5.5.9 (6) ¨ â®, çâ® F ∈ B(L1(RN ), l∞(RN )). B
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(4) �ãáâì f ∈ L1(RN ), ε > 0 ¨ fε(x) := f(εx) (x ∈ RN ).
�®£¤  f̂ε(t) = ε−N f̂ (t/ε) (t ∈ RN ).

C f̂ε(t) =
∫

RN

f(εx)et(x) dx = ε−N

∫

RN

f(εx)et/ε(εx) dεx =

= ε−N f̂

(
t

ε

)
B

(5) F (f∗) = (F∼f)∗, (τxf)̂ = exf̂ , (exf)̂ = τxf̂ .
(f ∈ L1(RN ), x ∈ RN .)

C �à®¢¥à¨¬ â®«ìª® ¯¥à¢®¥ à ¢¥áâ¢®. �®áª®«ìªã a∗b = (ab∗)∗
¤«ï a, b ∈ C, â®, ¯à¨¢«¥ª ï ã¦ë¥ á¢®©áâ¢  á®¯àï¦¥¨ï ¨ ¨â¥£à -
« , ¤«ï t ∈ RN ¢ë¢®¤¨¬

F (f∗)(t) =
∫

RN

f(x)ei(x,t) dx =
( ∫

RN

f(x)
(
ei(x,t))∗ dx

)∗
=

=
( ∫

RN

f(x)e−i(x,t) dx

)∗
= (F∼f)∗(t). B

(6) �«ï f, g ∈ L1(RN ) ¢ë¯®«¥®

(f ∗ g)̂ = f̂ ĝ;
∫

RN

f̂g =
∫

RN

fĝ.

C �¥à¢®¥ à ¢¥áâ¢® ®ç¥¢¨¤® ¢ á¢ï§¨ á 10.11.1. �â®à®¥ | ýä®à-
¬ã«  ã¬®¦¥¨ïþ | ®¡¥á¯¥ç¥® á«¥¤ãîé¨¬ ¯à¨¬¥¥¨¥¬ â¥®à¥¬ë
�ã¡¨¨:

∫

RN

f̂g =
∫

RN

∫

RN

f(x)et(x) dxg(t) dt =

=
∫

RN

( ∫

RN

g(t)et(x) dt

)
f(x) dx =

∫

RN

fĝ. B

(7) �á«¨ f̂ , f , g ∈ L1(RN ), â® (f̂g)̂ = f˜∗ ĝ.
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C �à¨ x ∈ RN ¨¬¥¥¬

(f̂g)̂(x) =
∫

RN

g(t)f̂(t)et(x) dt =
∫

RN

∫

RN

g(t)f(y)et(y)et(x) dydt =

=
∫

RN

∫

RN

f(y)g(t)et(x + y) dtdy =

=
∫

RN

f(y)ĝ(x + y) dy =
∫

RN

f(y − x)ĝ(y) dy = f˜∗ g(x). B

(8) �«ï f ∈ D(RN ) ¨ α ∈ (Z+)N ¢ë¯®«¥®

F (∂αf) = i|α|tαFf, ∂α(Ff) = i|α|F (xαf);
F2π(∂αf) = (2πi)|α|tαF2πf, ∂α(F2πf) = (2πi)|α|F2π(xαf)

(íâ¨ à ¢¥áâ¢  ¨á¯®«ì§ãîâ è¨à®ª® à á¯à®áâà ¥ãî ¢®«ì®áâì ¢
®¡®§ ç¥¨ïå xα := tα := (·)α : y ∈ RN 7→ yα1

1 · . . . · yαN

N ).
C �®áâ â®ç® (áà. 10.11.4) ãáâ ®¢¨âì ä®à¬ã«ë ¨§ ¯¥à¢®© áâà®-

ª¨. �®áª®«ìªã ∂αet = i|α|tαet, â®

F (∂αf)(t) =
(
et ∗ ∂αf

)
(0) =

=
(
∂αet ∗ f

)
(0) = i|α|tα(et ∗ f)(0) = i|α|tαf̂(t).

� «®£¨ç®, ¤¨ää¥à¥æ¨àãï ¯®¤ § ª®¬ ¨â¥£à « , ¢ë¢®¤¨¬

∂

∂t1
(Ff)(t) = ∂

∂t1

∫

RN

f(x)ei(x,t) dx =

=
∫

RN

f(x)ix1e
i(x,t) dx = F (ix1f)(t). B

(9) �á«¨ fN (x) := exp
(−1/2 |x|2) ¯à¨ x ∈ RN , â® ¢ë¯®«-

¥® f̂N = (2π)N/2fN .
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C �á®, çâ®

f̂N (t) =
N∏

k=1

∫

R

eitkxke−
1
2 |x|2k dxk (t ∈ RN ).

�«¥¤®¢ â¥«ì®, ¤¥«® á¢®¤¨âáï ª á«ãç î N = 1. �à¨ íâ®¬ ¤«ï y ∈ R
¨¬¥¥¬

f̂1(y) =
∫

R

e−
1
2 x2

eixy dx =
∫

R

e−
1
2 (x−iy)2− 1

2 (y2) dx =

= f1(y)
∫

R

e−
1
2 (x−iy)2

dx.

�«ï ¢ëç¨á«¥¨ï ¨â¥à¥áãîé¥£® ¨â¥£à «  A à áá¬®âà¨¬ ¢ CR ' R2

(®¤¨ ª®¢® ®à¨¥â¨à®¢ ë¥) ¯ à ««¥«ìë¥ ¢¥é¥áâ¢¥®© ®á¨ ¯àï-
¬ë¥ λ1 ¨ λ2. �à¨¬¥ïï ª« áá¨ç¥áªãî â¥®à¥¬ã �®è¨ ª £®«®¬®àä®©
äãªæ¨¨ f(z) := exp

(−z2/2
)

(z ∈ C) ¨ ¯àï¬®ã£®«ì¨ª ¬ á ¢¥àè¨ -
¬¨   λ1 ¨ λ2 ¨ ¯à®¨§¢®¤ï ¯®¤å®¤ïé¨© ¯à¥¤¥«ìë© ¯¥à¥å®¤, § ª«î-
ç ¥¬:

∫
λ1

f(z) dz=
∫

λ2
f(z) dz. �âáî¤  ¢ë¢®¤¨¬:

A =
∫

R

e−
1
2 (x−iy)2

dx =
∫

R

e−
1
2 (x2) dx =

√
2π. B

10.11.6. �¯à¥¤¥«¥¨¥. �à®áâà áâ¢®¬ �¢ àæ  ¯à¨ïâ®  -
§ë¢ âì ¬®¦¥áâ¢® ¡ëáâà® ã¡ë¢ îé¨å (¨®£¤  £®¢®àïâ ã¬¥à¥ëå,
áà. 10.11.17 (2)) äãªæ¨©

S (RN ) :=
:=

{
f ∈ C∞(RN ) : (∀α, β ∈ (Z+)N ) |x| → +∞⇒ xα∂βf(x) → 0

}

(à áá¬ âà¨¢ ¥¬®¥ ª ª í«¥¬¥â à¥è¥âª¨ äãªæ¨© ¨§ RN ¢ C) á ¬ã«ì-
â¨®à¬®© {pα,β : α, β ∈ (Z+)N}, £¤¥ pα,β(f) := ‖xα∂βf‖∞ (áà. á ¯à¨-
¬¥à®¬ 5.1.10 (6)).

10.11.7. �¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥¨ï:
(1) S (RN ) | ¯à®áâà áâ¢® �à¥è¥;
(2) ®¯¥à â®àë ã¬®¦¥¨ï   ¬®£®ç«¥ ¨ ¤¨ää¥à¥æ¨-

à®¢ ¨ï | ¥¯à¥àë¢ë¥ í¤®¬®àä¨§¬ë S (RN );
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(3) â®¯®«®£¨î S (RN ) § ¤ ¥â á«¥¤ãîé ï (íª¢¨¢ «¥â ï
¨áå®¤®©) ¬ã«ìâ¨®à¬  {pn : n ∈ N}, £¤¥

pn(f) :=
∑

|α|≤n

‖(1 + | · |2)n∂αf‖∞ (f ∈ S (RN ))

(ª ª ¢á¥£¤ , |x| | ¥¢ª«¨¤®¢  ¤«¨  ¢¥ªâ®à  x ∈ RN );
(4) ¯à®áâà áâ¢® D(RN ) ¯«®â® ¢ S (RN ); ¯®¬¨¬® íâ®£®,

¢«®¦¥¨¥ D(RN ) ¢ S (RN ) ¥¯à¥àë¢® ¨ S (RN )′ ⊂
D ′(RN );

(5) S (RN ) ⊂ L1(RN ).
C �áâ ®¢¨¬ (4), ¨¡® ¯à®ç¨¥ ãâ¢¥à¦¤¥¨ï ¯à®é¥.
�ãáâì f ∈ S (RN ) ¨ ψ | áà¥§ë¢ â¥«ì ¨§ D(RN ) â ª®©, çâ®

B ⊂ {ψ = 1}. �«ï x ∈ RN ¨ ξ > 0 ¯®«®¦¨¬
ψξ(x) := ψ(ξx), fξ = ψξf.

�ç¥¢¨¤®, fξ ∈ D(RN ). �®§ì¬¥¬ ε > 0 ¨ α, β ∈ (Z+)N . �¨¤®,
çâ® ¯à¨ 0 < ξ ≤ 1 ¢ë¯®«¥® sup{‖∂γ(ψξ − 1)‖∞ : γ ≤ β, γ ∈
(Z+)N} < +∞. �ç¨âë¢ ï, çâ® xα∂βf(x) → 0 ¯à¨ |x| → +∞,  ©¤¥¬
r > 1 â ª®¥, çâ® |xα∂β((ψξ(x) − 1)f(x))| < ε, ª ª â®«ìª® |x| > r.
�à®¬¥ â®£®, fξ(x)− f(x) = (ψ(ξx)− 1)f(x) = 0 ¯à¨ |x| ≤ ξ−1. � ª¨¬
®¡à §®¬, ¯à¨ ξ ≤ r−1 ¡ã¤¥â

pα,β(fξ − f) = sup
|x|>ξ−1

|xα∂β((ψξ(x)− 1)f(x))| ≤

≤ sup
|x|>r

|xα∂β((ψξ(x)− 1)f(x))| < ε.

�â «® ¡ëâì, pα,β(fξ − f) → 0 ¯à¨ ξ → 0, â. ¥. fξ → f ¢ S (RN ).
�à¥¡ã¥¬ ï ¥¯à¥àë¢®áâì ¢«®¦¥¨ï ¡¥áá¯®à . B

10.11.8. �à¥®¡à §®¢ ¨¥ �ãàì¥ | ¥¯à¥àë¢ë© í¤®¬®àä¨§¬
S (RN ).

C �«ï f ∈ D(RN ) ¢ á¨«ã 10.11.5 (8), 10.11.5 (2) ¨ ¥à ¢¥áâ¢ 
��¥«ì¤¥à  5.5.9 (4)

‖tαf̂‖∞ = ‖(∂αf)̂‖∞ ≤ ‖∂αf‖1 ≤ K‖∂αf‖∞.

�â «® ¡ëâì,
‖tα∂β f̂‖∞ = ‖tα(xβf)̂‖∞ ≤ K ′‖∂α(xβf)‖∞.

�âáî¤  ¢¨¤®, çâ® f̂ ∈ S (RN ) ¨ áã¦¥¨¥ F   D(Q) ¯à¨ Q b RN

¥¯à¥àë¢®. �áâ ¥âáï á®á« âìáï   10.10.7 (4) ¨ 10.11.7 (4). B
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10.11.9. �¥®à¥¬ . �®¢â®à®¥ ¯à¥®¡à §®¢ ¨¥ �ãàì¥, à áá¬ â-
à¨¢ ¥¬®¥ ¢ ¯à®áâà áâ¢¥ �¢ àæ  S (RN ), ¯à®¯®àæ¨® «ì® ®âà ¦¥-
¨î.

C �ãáâì f ∈ S (RN ) ¨ g(x) := fN (x) = exp
(−1/2 |x|2). � ãç¥â®¬

10.11.8 ¨ 10.11.7 ¢¨¤¨¬, çâ® f̂ , f , g ∈ L1(RN ) ¨, áâ «® ¡ëâì,  
®á®¢ ¨¨ 10.11.5 (7), (f̂g)̂ = f ˜∗ ĝ. �®«®¦¨¬ gε(x) := g(εx) ¤«ï
x ∈ RN ¨ ε > 0. �®£¤  ¯à¨ â¥å ¦¥ x ¨§-§  10.11.5 (4)

∫

RN

g(εt)f̂(t)et(x) dt =

= 1
εN

∫

RN

f(y − x)ĝ
(y

ε

)
dy =

∫

RN

f(εy − x)ĝ(y) dy.

�á¯®«ì§ãï 10.11.5 (9) ¨ ¯à¨¢«¥ª ï â¥®à¥¬ã �¥¡¥£  ® ¯à¥¤¥«ì®¬ ¯¥-
à¥å®¤¥ ¯à¨ ε → 0, ¯®«ãç ¥¬:

g(0)
∫

RN

f̂(t)et(x) dt = f(−x)
∫

RN

ĝ(y) dy =

= (2π) N
2 f(x)

∫

RN

e−
1
2 |x|2 dx = (2π)Nf(−x).

�ª®ç â¥«ì® F 2f = (2π)Nf .̃ B
10.11.10. �«¥¤áâ¢¨¥. F 2

2π | ®âà ¦¥¨¥ ¨ (F2π)−1 = F−2π.
C �«ï f ∈ S (RN ) ¨ t ∈ RN ¨¬¥¥¬

f(−t) = (2π)N

∫

RN

ei(x,t)f̂(x) dx =
∫

RN

e2πi(x,t)f̂(2πx) dx =

= (F2π(F2πf))(t).
�ç¨âë¢ ï, çâ® F2πf˜= F−2πf , ¯®«ãç ¥¬ âà¥¡ã¥¬®¥. B

10.11.11. �«¥¤áâ¢¨¥. S (RN ) | á¢�¥àâ®ç ï  «£¥¡à  (=  «£¥-
¡à  ®â®á¨â¥«ì® á¢�¥àâª¨).

C �«ï f , g ∈ S (RN ) ¯à®¨§¢¥¤¥¨¥ fg | í«¥¬¥â S (RN ) ¨, áâ «®
¡ëâì, f̂ ĝ ∈ S (RN ). � ãç¥â®¬ 10.11.5 (6) ¢¨¤¨¬, çâ® F2π(f ∗ g) ∈
S (RN ) ¨, § ç¨â,   ®á®¢ ¨¨ 10.11.10, f ∗ g = F−2π(F2π(f ∗ g)) ∈
S (RN ). B
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10.11.12. �¥®à¥¬  ®¡à é¥¨ï. �à¥®¡à §®¢ ¨¥ �ãàì¥ F :=
F2π á«ã¦¨â â®¯®«®£¨ç¥áª¨¬  ¢â®¬®àä¨§¬®¬ ¯à®áâà áâ¢  �¢ à-
æ  S (RN ). �à¨ íâ®¬ á¢�¥àâª  ¯¥à¥å®¤¨â ¢ ¯à®¨§¢¥¤¥¨¥. �¡à â®¥
¯à¥®¡à §®¢ ¨¥ F−1 á®¢¯ ¤ ¥â á F−2π ¨ ¯¥à¥¢®¤¨â ¯à®¨§¢¥¤¥¨¥ ¢
á¢�¥àâªã. �à®¬¥ â®£®, ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® � àá¥¢ «ï:

∫

RN

f g∗ =
∫

RN

f̂ ĝ ∗ (f, g ∈ S (RN )).

C � á¢ï§¨ á 10.11.10 ¨ 10.11.5 (5) ã¦¤ îâáï ¢ ¯à®¢¥àª¥ «¨èì
¨áª®¬ë¥ à ¢¥áâ¢ . �à¨ íâ®¬,   ®á®¢ ¨¨ 10.11.5 (7) ¨ 10.11.7 (4),
(f̂g)(0) = (f̃ ∗ ĝ)(0) ¤«ï à áá¬ âà¨¢ ¥¬ëå f ¨ g. �à¨¢«¥ª ï ãáâ ®¢-
«¥®¥ ¢ 10.11.5 (5), § ª«îç ¥¬:

∫

RN

fg∗ = (F(F−1f)g∗)̂(0) = ((F−1f)˜∗ Fg∗)(0) =

=
∫

RN

Ff(Fg∗) d̃x =
∫

RN

FfF∼(g∗) dx =
∫

RN

Ff(Fg)∗. B

10.11.13. � ¬¥ç ¨¥. � á¢ï§¨ á â¥®à¥¬®© 10.11.9 ® ¯®¢â®à-
®¬ ¯à¥®¡à §®¢ ¨¨ �ãàì¥, ¨®£¤   àï¤ã á F à áá¬ âà¨¢ îâ á«¥-
¤ãîé¨¥ ¢§ ¨¬®®¡à âë¥ ®¯¥à â®àë:

Ff(t) = 1
(2π) N

2

∫

RN

f(x)ei(x,t) dx;

F
−1

f(x) = 1
(2π) N

2

∫

RN

f(t)e−i(x,t) dt.

�à¨ íâ®¬ ¨¬¥¥â ¬¥áâ®   «®£ 10.11.12 ¯à¨ ãá«®¢¨¨ ¯¥à¥®¯à¥¤¥«¥¨ï
á¢�¥àâª¨ f ∗ g := (2π)−N/2f ∗ g (f, g ∈ L1(RN )). �¤®¡áâ¢  F ¨ F

−1

á¢ï§ ë á ¥¡®«ìè¨¬¨ ã¯à®é¥¨ï¬¨ ä®à¬ã« 10.11.5 (8). � á«ãç ¥ F
  «®£¨çãî æ¥«ì ¤®áâ¨£ îâ ¢¢¥¤¥¨¥¬ ¤«ï α ∈ (Z+)N á«¥¤ãîé¥£®
¤¨ää¥à¥æ¨ «ì®£® ®¯¥à â®à : Dα := (2πi)−|α|∂α.

10.11.14. �¥®à¥¬  �« è¥à¥«ï. �à®¤®«¦¥¨¥ ¯à¥®¡à §®¢ -
¨ï �ãàì¥ ¢ S (RN ) ¤® ¨§®¬¥âà¨ç¥áª®£®  ¢â®¬®àä¨§¬  ¯à®áâà áâ¢ 
L2(RN ) áãé¥áâ¢ã¥â, ¨ ¯à¨â®¬ ¥¤¨áâ¢¥®.

C �¡¥á¯¥ç¥® 10.11.12, 4.5.10 ¨ ¯«®â®áâìî S (RN ) ¢ L2(RN ). B
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10.11.15. � ¬¥ç ¨¥. �  ¯à®¤®«¦¥¨¥¬, £ à â¨à®¢ ë¬ â¥-
®à¥¬®© 10.11.14, á®åà ïîâ ¯à¥¦¨¥  §¢ ¨¥ ¨ ®¡®§ ç¥¨ï. �¥¦¥
(¯à¨ ¦¥« ¨¨ ¯®¤ç¥àªãâì à §«¨ç¨ï ¨ â®ª®áâ¨) £®¢®àïâ ® ¯à¥®¡-
à §®¢ ¨¨ �ãàì¥ | �« è¥à¥«ï ¨«¨ ¦¥ ®¡ L2-¯à¥®¡à §®¢ ¨¨ �ã-
àì¥ ¨ ãâ®çïîâ ¯®¨¬ ¨¥ ¨â¥£à «ìëå ä®à¬ã« ¤«ï Ff ¨ F−1f
¯à¨ f ∈ L2(RN ) ª ª à¥§ã«ìâ â®¢ ¯®¤å®¤ïé¥£® ¯à¥¤¥«ì®£® ¯¥à¥å®¤ 
¢ L2(RN ).

10.11.16. �¯à¥¤¥«¥¨¥. �ãáâì u ∈ S ′(RN ) := S (RN )′. � -
¨¬¥®¢ ¨¥ u | ¬¥¤«¥® à áâãé¥¥ à á¯à¥¤¥«¥¨¥ (¢ à¨ âë: ®¡®¡-
é¥ ï äãªæ¨ï ã¬¥à¥®£® à®áâ , ã¬¥à¥®¥ à á¯à¥¤¥«¥¨¥ ¨ â. ¯.).
�à®áâà áâ¢® S ′(RN ), á®áâ ¢«¥®¥ ¨§ ¢á¥å ã¬¥à¥ëå ®¡®¡é¥ëå
äãªæ¨©,  ¤¥«ïîâ á« ¡®© â®¯®«®£¨¥© σ(S ′(RN ), S (RN )) ¨ ¨®£¤ 
 §ë¢ îâ ¯à®áâà áâ¢®¬ �¢ àæ  (ª ª ¨ S (RN )).

10.11.17. �à¨¬¥àë.
(1) Lp(RN ) ⊂ S ′(RN ) ¯à¨ 1 ≤ p ≤ +∞.

C �ãáâì f ∈ Lp(RN ), ψ ∈ S (RN ), p < +∞ ¨ 1/q + 1/p = 1.
� ¯®¬®éìî ¥à ¢¥áâ¢  ��¥«ì¤¥à  5.5.9 (4) ¤«ï ¯®¤å®¤ïé¨å K, K ′,
K ′′ > 0 ¯®á«¥¤®¢ â¥«ì® ¢ë¢®¤¨¬:

‖ψ‖q ≤

≤
( ∫

B

|ψ|p
)1/p

+
( ∫

RN\B

∣∣(1 + |x|2)N (1 + |x|2)−Nψ(x)
∣∣p dx

)1/p

≤

≤ K ′‖ψ‖∞ + ‖(1 + | · |2)Nψ‖∞
( ∫

RN\B

dx

(1 + |x|2)Np

)1/p

≤

≤ K ′′p1(ψ).

�®¢ì ¯à¨¢«¥ª ï ¥à ¢¥áâ¢® ��¥«ì¤¥à , ¨¬¥¥¬

|uf (ψ)| = |〈ψ | f〉| =
∣∣∣∣

∫

RN

fψ q

∣∣∣∣ ≤ ‖f‖p ‖ψ‖q ≤ Kp1(ψ).

�«ãç © p = +∞ ¥ ¢ë§ë¢ ¥â á®¬¥¨©. B
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(2) S (RN ) ¯«®â® ¢ S ′(RN ).
C �«¥¤ã¥â ¨§ 10.11.7 (4), 10.11.17 (1), 10.11.7 (5) ¨ 10.10.9 (4). B

(3) �ãáâì µ ∈ M (RN ) | ¬¥à  � ¤®  ã¬¥à¥®£® à®áâ ,
â. ¥. â ª ï, çâ® ¤«ï ¥ª®â®à®£® n ∈ N ¢ë¯®«¥®

∫

RN

d|µ|(x)
(1 + |x|2)n

< +∞.

�¥à  µ | íâ®, ¡¥áá¯®à®, ã¬¥à¥®¥ à á¯à¥¤¥«¥¨¥.
(4) �á«¨ u ∈ S ′(RN ), f ∈ S (RN ) ¨ α ∈ (Z+)N , â® fu ∈

S ′(RN ) ¨ ∂αu ∈ S ′(RN ) ¢ á¨«ã 10.11.7 (2). �® ¯®å®¦¨¬ ¯à¨ç¨ ¬,
¯®« £ ï Dαu(f) := (−1)|α|uDαf ¯à¨ f ∈ S (RN ), ¢¨¤¨¬, çâ® Dαu ∈
S ′(RN ) ¨ Dαu = (2πi)−|α|∂αu.

(5) � ¦¤®¥ à á¯à¥¤¥«¥¨¥ á ª®¬¯ ªâë¬ ®á¨â¥«¥¬ ã¬¥-
à¥®.

C � ª®¥ u ∈ D ′(RN ) ¢ á®®â¢¥âáâ¢¨¨ á 10.10.5 (7) ¬®¦® ®â®¦-
¤¥áâ¢¨âì á í«¥¬¥â®¬ E ′(RN ). �®áª®«ìªã â®¯®«®£¨ï ¢ ¯à®áâà áâ¢¥
S (RN ) á¨«ì¥¥ ¨¤ãæ¨à®¢ ®© ¢«®¦¥¨¥¬ ¢ C∞(RN ), § ª«îç ¥¬:
u ∈ S ′(RN ). B

(6) �ãáâì u ∈ S ′(RN ). �á«¨ f ∈ S (RN ), â® u á¢®à ç¨-
¢ ¥¬® á f , ¯à¨ç¥¬ u ∗ f ∈ S (RN ). �®¦® ¯à®¢¥à¨âì, çâ® u á¢®-
à ç¨¢ ¥¬® â ª¦¥ ¨ á «î¡ë¬ à á¯à¥¤¥«¥¨¥¬ v ¨§ E ′(RN ), ¯à¨ç¥¬
u ∗ v ∈ S ′(RN ).

(7) �ãáâì u ∈ D ′(RN ), x ∈ RN ¨ τxu := (τ−x)′u = u ◦
τ−x | á®®â¢¥âáâ¢ãîé¨© á¤¢¨£ u. � á¯à¥¤¥«¥¨¥ u  §ë¢ îâ ¯¥à¨-
®¤¨ç¥áª¨¬ (á ¯¥à¨®¤®¬ x), ¥á«¨ τxu = u. �¥à¨®¤¨ç¥áª¨¥ à á¯à¥-
¤¥«¥¨ï ¨¬¥îâ ã¬¥à¥ë© à®áâ. �¥à¨®¤¨ç®áâì á®åà ï¥âáï ¯à¨
¤¨ää¥à¥æ¨à®¢ ¨¨ ¨ á¢�¥àâë¢ ¨¨.

(8) �á«¨ un ∈ S ′(RN ) (u ∈ N) ¨ ¤«ï ª ¦¤®£® f ∈ S (RN )
¨¬¥¥âáï áã¬¬  u(f) :=

∑∞
n=1 un(f), â® u ∈ S ′(RN ) ¨ ¯à¨ íâ®¬ ∂αu =∑∞

n=1 ∂αun (áà. 10.10.10).
10.11.18. �¥®à¥¬ . �î¡®¥ ã¬¥à¥®¥ à á¯à¥¤¥«¥¨¥ | áã¬¬ 

¯à®¨§¢®¤ëå ã¬¥à¥ëå ¬¥à.
C �ãáâì u ∈ S ′(RN ). � ãç¥â®¬ 10.11.7 (3) ¨ 5.3.7 ¤«ï ¥ª®â®àëå

n ∈ N ¨ K > 0 ¨¬¥¥¬
|u(f)| ≤ K

∑

|α|≤n

∥∥(1 + | · |2)n∂αf
∥∥
∞ (f ∈ S (RN )).
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�à¨¢«¥ª ï 3.5.3 ¨ 3.5.7, ¤«ï ¥ª®â®àëå µα ∈ M(RN ) ¯®«ãç ¥¬

u(f) =
∑

|α|≤n

µα

(
(1 + | · |2)n∂αf

)
(f ∈ S (RN )).

�ãáâì να := (−1)|α|(1+| · |2)nµα. �®£¤  να | ã¬¥à¥ ï ¬¥à , ¯à¨ç¥¬

u =
∑

|α|≤n

∂ανα. B

10.11.19. �¯à¥¤¥«¥¨¥. �à¥®¡à §®¢ ¨¥¬ �ãàì¥ (¨«¨, ¯®«¥¥,
�ãàì¥ | �¢ àæ ) ã¬¥à¥®£® à á¯à¥¤¥«¥¨ï u ¨§ S ′(RN )  §ë¢ îâ
à á¯à¥¤¥«¥¨¥ Fu, ¤¥©áâ¢ãîé¥¥ ¯® ¯à ¢¨«ã

〈f |Fu〉 = 〈Ff |u〉 (f ∈ S (RN )).

10.11.20. �¥®à¥¬ . �à¥®¡à §®¢ ¨¥ �ãàì¥ | �¢ àæ  F | íâ®
¥¤¨áâ¢¥®¥ ¯à®¤®«¦¥¨¥ ¯à¥®¡à §®¢ ¨ï �ãàì¥ ¢ S (RN ) ¤® â®¯®-
«®£¨ç¥áª®£®  ¢â®¬®àä¨§¬  S ′(RN ). �¡à â®¥ ®â®¡à ¦¥¨¥ F−1 |
¥¤¨áâ¢¥®¥ ¥¯à¥àë¢®¥ ¯à®¤®«¦¥¨¥ ®¡à â®£® ¯à¥®¡à §®¢ ¨ï
�ãàì¥ ¢ S (RN ).

C �à¥®¡à §®¢ ¨¥ �ãàì¥ | �¢ àæ  ¯à¥¤áâ ¢«ï¥â á®¡®© á®¯àï-
¦¥ë© ®¯¥à â®à ª ¯à¥®¡à §®¢ ¨î �ãàì¥ ¢ ¯à®áâà áâ¢¥ �¢ àæ .
�áâ ¥âáï â®«ìª®  ¯¥««¨à®¢ âì ª 10.11.7 (5), 10.11.12, 10.11.17 (2) ¨
4.5.10. B

�¯à ¦¥¨ï
10.1. �à¨¢¥áâ¨ ¯à¨¬¥àë «¨¥©ëå â®¯®«®£¨ç¥áª¨å ¯à®áâà áâ¢ ¨ «®ª «ì-

® ¢ë¯ãª«ëå ¯à®áâà áâ¢ ¨ ª®áâàãªæ¨©, ¯à¨¢®¤ïé¨å ª ¨¬.
10.2. �®ª § âì, çâ® å ãá¤®àä®¢® â®¯®«®£¨ç¥áª®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢®

ª®¥ç®¬¥à® ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ®® «®ª «ì® ª®¬¯ ªâ®.
10.3. �å à ªâ¥à¨§®¢ âì á« ¡® ¥¯à¥àë¢ë¥ áã¡«¨¥©ë¥ äãªæ¨® «ë.
10.4. �®ª § âì, çâ® ®à¬¨àã¥¬®áâì ¨«¨ ¬¥âà¨§ã¥¬®áâì á« ¡®© â®¯®«®£¨¨

«®ª «ì® ¢ë¯ãª«®£® ¯à®áâà áâ¢  à ¢®á¨«ì  ¥£® ª®¥ç®¬¥à®áâ¨.
10.5. �ëïá¨âì á¬ëá« á« ¡®© áå®¤¨¬®áâ¨ ¢ ª« áá¨ç¥áª¨å ¡  å®¢ëå ¯à®-

áâà áâ¢ å.
10.6. �®ª § âì, çâ® ®à¬¨à®¢ ®¥ ¯à®áâà áâ¢® ª®¥ç®¬¥à® ¢ â®¬ ¨

â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ á« ¡® § ¬ªãâ  ¥¤¨¨ç ï áä¥à  (= á¨«ì ï £à ¨æ 
¥¤¨¨ç®£® è à ).
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10.7. �ãáâì ®¯¥à â®à T ¯¥à¥¢®¤¨â á« ¡® áå®¤ïé¨¥áï á¥â¨ ¢ á¥â¨, áå®¤ïé¨-
¥áï ¯® ®à¬¥. �®ª § âì, çâ® T ª®¥ç®¬¥à¥.

10.8. �ãáâì X, Y | ¡  å®¢ë ¯à®áâà áâ¢  ¨ T ∈ L (X, Y ) | «¨¥©ë©
®¯¥à â®à. �®ª § âì, çâ® T ®£à ¨ç¥ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ T á« ¡®
¥¯à¥àë¢¥ (â. ¥. ¥¯à¥àë¢¥ ª ª ®â®¡à ¦¥¨¥ (X, σ(X, X′)) ¢ (Y, σ(Y, Y ′))).

10.9. �ãáâì ‖ · ‖1 ¨ ‖ · ‖2 | ¤¢¥ ®à¬ë, ¯à¥¢à é îé¨¥ X ¢ ¡  å®¢® ¯à®-
áâà áâ¢®, ¯à¨ç¥¬ (X, ‖ · ‖1)′ ∩ (X, ‖ · ‖2)′ à §¤¥«ï¥â â®çª¨ X. �®ª § âì, çâ®
¨áå®¤ë¥ ®à¬ë íª¢¨¢ «¥âë.

10.10. �ãáâì S ¤¥©áâ¢ã¥â ¨§ Y ′ ¢ X′. �®£¤  S á«ã¦¨â á®¯àï¦¥ë¬ ®¯¥-
à â®à®¬ ª ¥ª®â®à®¬ã ®â®¡à ¦¥¨î X ¢ Y ?

10.11. � ª®¢  â®¯®«®£¨ï � ªª¨ τ(X, X#)?

10.12. �ãáâì (Xξ)ξ∈� | ¥ª®â®à®¥ á¥¬¥©áâ¢® «®ª «ì® ¢ë¯ãª«ëå ¯à®-
áâà áâ¢. �ãáâì, ¤ «¥¥, X :=

∏
ξ∈� Xξ | ¨å ¯à®¨§¢¥¤¥¨¥. �®ª § âì, çâ®

á¯à ¢¥¤«¨¢ë ¯à¥¤áâ ¢«¥¨ï

σ(X, X′) =
∏
ξ∈�

σ(Xξ, X′
ξ);

τ(X, X′) =
∏
ξ∈�

τ(Xξ, X′
ξ).

10.13. �ãáâì X ¨ Y | ¡  å®¢ë ¯à®áâà áâ¢ , T | í«¥¬¥â B(X, Y )
¨ im T = Y . �®ª § âì, çâ® à¥ä«¥ªá¨¢®áâì X ®¡¥á¯¥ç¨¢ ¥â à¥ä«¥ªá¨¢®áâì Y .

10.14. �®ª § âì, çâ® ¯à®áâà áâ¢  (X′)′′ ¨ (X′′)′ á®¢¯ ¤ îâ.

10.15. �®ª § âì, çâ® ¢ ¯à®áâà áâ¢¥ c0 ¥â ¡¥áª®¥ç®¬¥àëå à¥ä«¥ªá¨¢-
ëå ¯®¤¯à®áâà áâ¢.

10.16. �ãáâì p | ¥¯à¥àë¢ë© áã¡«¨¥©ë© äãªæ¨® «   Y ,   T ∈
L (X, Y ) | ¥¯à¥àë¢ë© «¨¥©ë© ®¯¥à â®à. �áâ ®¢¨âì, çâ® ¤«ï ¬®¦¥áâ¢
ªà ©¨å â®ç¥ª á¯à ¢¥¤«¨¢® ¢ª«îç¥¨¥ ext(T ′(∂p)) ⊂ T ′(ext(∂p)).

10.17. �ãáâì p | ¥¯à¥àë¢ ï ¯®«ã®à¬    X ¨ X | ¯®¤¯à®áâà áâ¢®
X. �®ª § âì, çâ® f ∈ ext(X ◦∩∂p) ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ á¯à ¢¥¤«¨¢®
à ¢¥áâ¢®

X = cl X + {p− f ≤ 1} − {p− f ≤ 1}.
10.18. �®ª § âì, çâ®  ¡á®«îâ® ¢ë¯ãª« ï ®¡®«®çª  ¢¯®«¥ ®£à ¨ç¥®£®

¯®¤¬®¦¥áâ¢  «®ª «ì® ¢ë¯ãª«®£® ¯à®áâà áâ¢  â ª¦¥ ¢¯®«¥ ®£à ¨ç¥ .

10.19. �áâ ®¢¨âì, çâ® ¡®à®«®£¨ç®áâì á®åà ï¥âáï ¯à¨ ¯¥à¥å®¤¥ ª ¨-
¤ãªâ¨¢®¬ã ¯à¥¤¥«ã. � ª ®¡áâ®ïâ ¤¥«  á ¨ë¬¨ «¨¥©® â®¯®«®£¨ç¥áª¨¬¨ á¢®©-
áâ¢ ¬¨?



�« ¢  11
�  å®¢ë  «£¥¡àë

11.1. � ®¨ç¥áª®¥ ®¯¥à â®à®¥
¯à¥¤áâ ¢«¥¨¥

11.1.1. �¯à¥¤¥«¥¨¥. �«¥¬¥â e  «£¥¡àë A  §ë¢ îâ ¥¤¨¨ç-
ë¬ ¨«¨ ¥¤¨¨æ¥©  «£¥¡àë, ¥á«¨ e 6= 0 ¨ ¯à¨ íâ®¬ ea = ae = a ¤«ï
¢á¥å a ∈ A.

11.1.2. � ¬¥ç ¨¥. � ª ¯à ¢¨«®, ¡¥§ ®á®¡ëå   â® ãª § ¨©,
¬ë ¡ã¤¥¬ à áá¬ âà¨¢ âì â®«ìª®  «£¥¡àë á ¥¤¨¨æ ¬¨  ¤ ®á®¢ë¬
¯®«¥¬ F. �à¨ íâ®¬ ¯à®áâ®âë à ¤¨, ¥á«¨ ï¢® ¥ ®£®¢®à¥® ¯à®â¨¢-
®¥, ¡ã¤¥¬ áç¨â âì, çâ® F := C. �à¨ ¨§ãç¥¨¨ ¯à¥¤áâ ¢«¥¨© â ª¨å
 «£¥¡à ¥áâ¥áâ¢¥® ãá«®¢¨âìáï, çâ® ¥¤¨¨æë á®åà ïîâáï. �ë¬¨
á«®¢ ¬¨, ¢ ¤ «ì¥©è¥¬ ¯à¥¤áâ ¢«¥¨¥  «£¥¡àë A1 ¢  «£¥¡à¥ A2 |
íâ® â ª®© ¬®àä¨§¬ (= ¬ã«ìâ¨¯«¨ª â¨¢ë© «¨¥©ë© ®¯¥à â®à) A1
¢ A2, ª®â®àë© ¥¤¨¨æã  «£¥¡àë A1 ¯¥à¥¢®¤¨â ¢ ¥¤¨¨æã  «£¥¡àë A2.

�«ï  «£¥¡àë A ¡¥§ ¥¤¨¨æë ¯à®¢®¤ïâ ý¯à®æ¥áá ¯à¨á®¥¤¨¥¨ï
¥¤¨¨æëþ. �¬¥®, ¯à®áâà áâ¢® Ae := A×C ¯à¥¢à é îâ ¢  «£¥¡àã
á ¥¤¨¨æ¥©, ¯®« £ ï (a, λ)(b, µ) := (ab+µa+λµ), £¤¥ a, b ∈ A ¨ λ, µ ∈
C. � ®à¬¨à®¢ ®¬ á«ãç ¥ ¤®¯®«¨â¥«ì® áç¨â îâ ‖(a, λ)‖Ae :=
‖a‖A + |λ|.

11.1.3. �¯à¥¤¥«¥¨¥. �«¥¬¥â ar ∈ A  §ë¢ îâ ¯à ¢ë¬ ®¡-
à âë¬ ª a, ¥á«¨ aar = e. �«¥¬¥â al ∈ A  §ë¢ îâ «¥¢ë¬ ®¡à â-
ë¬ ª a, ¥á«¨ ala = e.

11.1.4. �á«¨ ã í«¥¬¥â  ¥áâì «¥¢ë¥ ¨ ¯à ¢ë¥ ®¡à âë¥, â® ®¨
á®¢¯ ¤ îâ.

C ar = (ala)ar = al(aar) = ale = al B



276 �«. 11. �  å®¢ë  «£¥¡àë

11.1.5. �¯à¥¤¥«¥¨¥. �«¥¬¥â a  «£¥¡àë A  §ë¢ îâ ®¡à -
â¨¬ë¬ ¨ ¯¨èãâ a ∈ Inv(A), ¥á«¨ ã a ¨¬¥¥âáï «¥¢ë© ¨ ¯à ¢ë© ®¡à â-
ë©. �®« £ îâ a−1 := ar = al. �«¥¬¥â a−1  §ë¢ îâ ®¡à âë¬
ª a. �®¤ «£¥¡àã (á ¥¤¨¨æ¥©) B  «£¥¡àë A  §ë¢ îâ á¥à¢ â®©
(¨«¨ ç¨áâ®©, ¨«¨  ¯®«¥®©) ¢ A, ¥á«¨ Inv(B) = Inv(A) ∩B.

11.1.6. �¥®à¥¬ . �ãáâì A | ¡  å®¢   «£¥¡à . �«ï a ∈ A
¯®«®¦¨¬ La : x 7→ ax (x ∈ A). �®£¤  ®â®¡à ¦¥¨¥

LA := L : a 7→ La (a ∈ A)

ï¢«ï¥âáï â®çë¬ ®¯¥à â®àë¬ ¯à¥¤áâ ¢«¥¨¥¬. �à¨ íâ®¬ L(A) |
á¥à¢ â ï § ¬ªãâ ï ¯®¤ «£¥¡à  B(A) ¨ L : A → L(A) | â®¯®«®£¨-
ç¥áª¨© ¨§®¬®àä¨§¬.

C �«ï x, a, b ∈ A ¨¬¥¥¬

L(ab) : x 7→ Lab(x) = abx = a(bx) = La(Lbx) = (La)(Lb)x,

â. ¥. L | ¯à¥¤áâ ¢«¥¨¥ (¨¡® «¨¥©®áâì L ®ç¥¢¨¤ ). �á«¨ La = 0,
â® 0 = La(e) = ae = a, â ª çâ® L | â®ç®¥ ¯à¥¤áâ ¢«¥¨¥. �«ï
¤®ª § â¥«ìáâ¢  § ¬ªãâ®áâ¨ ®¡à §  L(A) à áá¬®âà¨¬  «£¥¡àã Ar,
á®¢¯ ¤ îéãî á A ýª ª á ¢¥ªâ®àë¬ ¯à®áâà áâ¢®¬þ ¨ á ¯à®â¨¢®-
¯®«®¦ë¬ ã¬®¦¥¨¥¬ ab := ba (a, b ∈ A).

�ãáâì R := LAr , â. ¥. Ra := Ra : x 7→ xa ¤«ï a ∈ A. �à®¢¥à¨¬,
çâ® L(A) á®¢¯ ¤ ¥â á æ¥âà «¨§ â®à®¬ ®¡à §  R(A) | á § ¬ªãâ®©
¯®¤ «£¥¡à®©

Z(im R) := {T ∈ B(A) : TRa = RaT (a ∈ A)}.

� á ¬®¬ ¤¥«¥, ¥á«¨ T ∈ L(A), â. ¥. T = La ¤«ï ¥ª®â®à®£® a ∈ A,
â® ¤«ï ª ¦¤®£® b ∈ A ¡ã¤¥â LaRb(x) = axb = Rb(La(x)) = RbLa(x)
¨ T ∈ Z(R(A)). �á«¨, ¢ á¢®î ®ç¥à¥¤ì, T ∈ Z(R(A)), â® ¯à¨ a := Te
¯®«ãç ¥¬

Lax = ax = (Te)x = Rx(Te) = (RxT )e = (TRx)e =
= T (Rxe) = Tx

¤«ï ¢á¥å x ∈ A. � ç¨â, T = La ∈ L(A). � ª¨¬ ®¡à §®¬, L(A) |
¡  å®¢  ¯®¤ «£¥¡à  B(A).
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�ãáâì â¥¯¥àì ¤«ï T = La  ©¤¥âáï T−1 ¢ B(A). �«ï b := T−1e
¨¬¥¥¬ ab = Lab = Tb = TT−1e = e. �à®¬¥ â®£®, ab = e ⇒ aba =
a ⇒ T (ba) = Laba = aba = a = Lae = Te. �âáî¤  ba = e, ¨¡® T |
¬®®¬®àä¨§¬. �â ª, L(A) | á¥à¢ â ï ¯®¤ «£¥¡à  ¢ A.

� á¨«ã ®¯à¥¤¥«¥¨ï ¡  å®¢®©  «£¥¡àë 5.6.3 ¢ë¯®«¥®

‖L‖ = sup{‖La‖ : ‖a‖ ≤ 1} = sup{‖ab‖ : ‖a‖ ≤ 1, ‖b‖ ≤ 1} ≤ 1.

�à¨¢«¥ª ï â¥®à¥¬ã �  å  ®¡ ¨§®¬®àä¨§¬¥ 7.4.5, § ª«îç ¥¬, çâ®
L | â®¯®«®£¨ç¥áª¨© ¨§®¬®àä¨§¬ (â. ¥. L−1 | ¥¯à¥àë¢ë© ®¯¥à -
â®à ¨§ L(A)   A). B

11.1.7. �¯à¥¤¥«¥¨¥. �à¥¤áâ ¢«¥¨¥ LA, ¯®áâà®¥®¥ ¢ 11.1.6,
 §ë¢ îâ ª ®¨ç¥áª¨¬ («¥¢ë¬) ®¯¥à â®àë¬ ¯à¥¤áâ ¢«¥¨¥¬  «-
£¥¡àë A.

11.1.8. � ¬¥ç ¨¥. � ®¨ç¥áª®¥ ®¯¥à â®à®¥ ¯à¥¤áâ ¢«¥¨¥
¯®§¢®«ï¥â ®£à ¨ç¨âìáï ¢ ¤ «ì¥©è¥¬ à áá¬®âà¥¨¥¬ ¡  å®¢ëå  «-
£¥¡à, ¢ ª®â®àëå ¥¤¨¨çë¥ í«¥¬¥âë ®à¬¨à®¢ ë | ¨¬¥îâ ¥¤¨¨ç-
ãî ä®à¬ã.

�«ï  «£¥¡àë A ãª § ®£® â¨¯  ª ®¨ç¥áª®¥ ®¯¥à â®à®¥ ¯à¥¤-
áâ ¢«¥¨¥ LA ®áãé¥áâ¢«ï¥â ¨§®¬¥âà¨ç¥áª®¥ ¢«®¦¥¨¥ A ¢ B(A) ¨«¨,
ª®à®ç¥ £®¢®àï, ¨§®¬¥âà¨ç¥áª®¥ ¯à¥¤áâ ¢«¥¨¥ A ¢ B(A). � íâ®© ¦¥
á¨âã æ¨¨ LA ç áâ®  §ë¢ îâ ¨§®¬¥âà¨ç¥áª¨¬ ¨§®¬®àä¨§¬®¬  «-
£¥¡à A ¨ L(A). �ã ¦¥ ¥áâ¥áâ¢¥ãî â¥à¬¨®«®£¨î ã¯®âà¥¡«ïîâ
¨ ¯à¨ à áá¬®âà¥¨¨ ¯à¥¤áâ ¢«¥¨© ¯à®¨§¢®«ìëå ¡  å®¢ëå  «£¥¡à.
�â¬¥â¨¬ §¤¥áì ¦¥, çâ® áãé¥áâ¢®¢ ¨¥ ª ®¨ç¥áª®£® ®¯¥à â®à®£®
¯à¥¤áâ ¢«¥¨ï LA, ¢ ç áâ®áâ¨, ®¯à ¢¤ë¢ ¥â ¨á¯®«ì§®¢ ¨¥ ®¡®§ -
ç¥¨ï λ ¢¬¥áâ® λe ¤«ï λ ∈ C, £¤¥ e | ¥¤¨¨æ  A (áà. 5.6.5). �ë¬¨
á«®¢ ¬¨, ¢ ¤ «ì¥©è¥¬ C ®â®¦¤¥áâ¢«¥® á ¯®¤ «£¥¡à®© Ce  «£¥¡àë
A ¯®áà¥¤áâ¢®¬ ¨§®¬¥âà¨ç¥áª®£® ¯à¥¤áâ ¢«¥¨ï λ 7→ λe.

11.2. �¯¥ªâà í«¥¬¥â   «£¥¡àë
11.2.1. �¯à¥¤¥«¥¨¥. �ãáâì A | ¡  å®¢   «£¥¡à  ¨ a ∈ A.

�ª «ïà λ ∈ C  §ë¢ îâ à¥§®«ì¢¥âë¬ § ç¥¨¥¬ a (§ ¯¨áë¢ îâ:
λ ∈ res(a)), ¥á«¨ áãé¥áâ¢ã¥â à¥§®«ì¢¥â  R(a, λ) := 1

λ−a := (λ−a)−1.
�®¦¥áâ¢® Sp(a) := C\res(a)  §ë¢ îâ á¯¥ªâà®¬ í«¥¬¥â  a,   â®ç-
ª¨ ¨§ Sp(a) | á¯¥ªâà «ìë¬¨ § ç¥¨ï¬¨ a. �á«¨ ¥áâì ¥®¡å®¤¨-
¬®áâì, ¨á¯®«ì§ãîâ ¡®«¥¥ ¯®¤à®¡ë¥ ®¡®§ ç¥¨ï â¨¯  SpA(a).
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11.2.2. �«ï í«¥¬¥â  a ∈ A á¯à ¢¥¤«¨¢®:

SpA(a) = SpL(A)(La) = Sp(La);
LR(a, λ) = R(La, λ) (λ ∈ res(a) = res(La)). CB

11.2.3. �¥®à¥¬  �¥«ìä ¤  | � §ãà . �®«¥ ª®¬¯«¥ªáëå
ç¨á¥« | íâ® ¥¤¨áâ¢¥®¥ (á â®ç®áâìî ¤® ¨§®¬¥âà¨ç¥áª®£® ¨§®¬®à-
ä¨§¬ ) ¡  å®¢® â¥«® (â. ¥. ª ¦¤ ï ª®¬¯«¥ªá ï ¡  å®¢   «£¥¡à 
á ®à¬¨à®¢ ®© ¥¤¨¨æ¥©, ¢ ª®â®à®© ¥ã«¥¢ë¥ í«¥¬¥âë ®¡à â¨-
¬ë, ¨¬¥¥â ¨§®¬¥âà¨ç¥áª®¥ ¯à¥¤áâ ¢«¥¨¥ ¢ C).

C �ãáâì 	 : λ 7→ λe, £¤¥ e | ¥¤¨¨æ  A ¨ λ ∈ C. �á®, çâ®
	 | ¯à¥¤áâ ¢«¥¨¥ C ¢ A. �®§ì¬¥¬ a ∈ A. � á¨«ã 11.2.2 ¨ 8.1.11,
Sp(a) 6= ∅. � ç¨â,  ©¤¥âáï ç¨á«® λ ∈ C â ª®¥, çâ® í«¥¬¥â (λ− a)
¥®¡à â¨¬, â. ¥. ¯® ãá«®¢¨î â¥®à¥¬ë a = λe. �«¥¤®¢ â¥«ì®, 	 |
í¯¨¬®àä¨§¬. �à¨ íâ®¬ ‖	(λ)‖ = ‖λe‖ = |λ| ‖e‖ = |λ|, â ª çâ® 	 |
¨§®¬¥âà¨ï. B

11.2.4. �¥®à¥¬  �¨«®¢ . �ãáâì A | ¡  å®¢   «£¥¡à  ¨ B |
§ ¬ªãâ ï ¯®¤ «£¥¡à  A (á ¥¤¨¨æ¥©). �«ï í«¥¬¥â  b ∈ B ¢ë¯®«¥-
®:

SpB(b) ⊃ SpA(b), ∂ SpA(b) ⊃ ∂ SpB(b).

C �á«¨ b := λ − b ∈ Inv(B), â® â¥¬ ¡®«¥¥ b ∈ Inv(A). �âáî¤ 
resB(b) ⊂ resA(b), â. ¥.

SpB(b) = C \ res
B

(b) ⊃ C \ res
A

(b) = SpA(b).

�á«¨ ¦¥ λ ∈ ∂ SpB(b), â® b ∈ ∂ Inv(B). �®íâ®¬ã  ©¤¥âáï ¯®-
á«¥¤®¢ â¥«ì®áâì (bn), bn ∈ Inv(B), áå®¤ïé ïáï ª b. �®«®¦¨¢ t :=
supn∈N

∥∥b−1
n

∥∥, ¨¬¥¥¬ á®®â®è¥¨¥

∥∥b−1
n − b−1

m

∥∥ =
∥∥b−1

n (1− bnb−1
m )

∥∥ =
=

∥∥b−1
n (bm − bn)b−1

m

∥∥ ≤ t2
∥∥bn − bm

∥∥.

�ë¬¨ á«®¢ ¬¨, ¥á«¨ t < +∞, â® ¢ B áãé¥áâ¢ã¥â ¯à¥¤¥« a := lim b−1
n .

�ç¨âë¢ ï ®ç¥¢¨¤ãî ¥¯à¥àë¢®áâì ã¬®¦¥¨ï ¯® á®¢®ªã¯®áâ¨
¯¥à¥¬¥ëå, ¢ë¢®¤¨¬, çâ® ¢ íâ®¬ á«ãç ¥ ab = ba = 1, â. ¥. b ∈ Inv(B).
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�®áª®«ìªã Inv(B) ®âªàëâ® ¯® â¥®à¥¬¥ �  å  ®¡ ®¡à â¨¬ëå ®¯¥à -
â®à å ¨ 11.1.6, ¯à¨å®¤¨¬ ª ¯à®â¨¢®à¥ç¨î á ¢å®¦¤¥¨¥¬ b ∈ ∂ Inv(B).

� ª¨¬ ®¡à §®¬, ¬®¦® áç¨â âì (¯¥à¥å®¤ï, ¥á«¨ ã¦®, ª ¯®-
á«¥¤®¢ â¥«ì®áâ¨), çâ®

∥∥b−1
n

∥∥ → +∞. �®«®¦¨¬ an :=
∥∥b−1

n

∥∥−1
b−1
n .

�®£¤ 

∥∥ban

∥∥ =
∥∥(b− bn)an + bnan

∥∥ ≤
≤ ∥∥b− bn

∥∥ ‖an‖+
∥∥b−1

n

∥∥−1∥∥bnb−1
n

∥∥ → 0.

�âáî¤  ¢ëâ¥ª ¥â, çâ® í«¥¬¥â b ¥®¡à â¨¬. � á ¬®¬ ¤¥«¥, ¢ ¯à®â¨¢-
®¬ á«ãç ¥ ¤«ï a := b

−1 ¯®«ãç¨«®áì ¡ë

1 = ‖an‖ =
∥∥aban

∥∥ ≤ ‖a‖
∥∥ban

∥∥ → 0.

�ª®ç â¥«ì® § ª«îç ¥¬, çâ® í«¥¬¥â λ− b ¥ «¥¦¨â ¢ Inv(A),
â. ¥. λ ∈ SpA(b). �®áª®«ìªã λ | £à ¨ç ï â®çª  ¡�®«ìè¥£® ¬®¦¥-
áâ¢  SpB(b), ¯à¨å®¤¨¬ ª á®®â®è¥¨î λ ∈ ∂ SpA(b). B

11.2.5. �«¥¤áâ¢¨¥. �á«¨ SpB(b) ¥ ¨¬¥¥â ¢ãâà¥¨å â®ç¥ª, â®
SpB(b) = SpA(b).

C SpB(b) = ∂ SpB(b) ⊂ ∂ SpB(b) ⊂ ∂ SpA(b) ⊂ SpA(b) ⊂ SpB(b) B
11.2.6. � ¬¥ç ¨¥. �¥®à¥¬ã �¨«®¢  ç áâ®  §ë¢ îâ â¥®à¥-

¬®© ® ¯®áâ®ïáâ¢¥ £à ¨æë á¯¥ªâà  ¨ ¢ëà ¦ îâ á«®¢ ¬¨: ý£à -
¨ç®¥ á¯¥ªâà «ì®¥ § ç¥¨¥ | ¥ãáâà ¨¬ ï á¯¥ªâà «ì ï â®ç-
ª þ.

11.3. �®«®¬®àä®¥ äãªæ¨® «ì®¥
¨áç¨á«¥¨¥ ¢  «£¥¡à å

11.3.1. �¯à¥¤¥«¥¨¥. �ãáâì a | í«¥¬¥â ¡  å®¢®©  «£¥¡àë A
¨ h ∈ H (Sp(a)) | à®áâ®ª £®«®¬®àä®© äãªæ¨¨   á¯¥ªâà¥ a. �®-
«®¦¨¬

Rah := 1
2πi

∮
h(z)
z − a

dz.

�«¥¬¥â Rah ¨§ A  §ë¢ îâ ¨â¥£à «®¬ �¨áá  | � ä®à¤  à®áâ-
ª  h. �á«¨, ¢ ç áâ®áâ¨, f ∈ H(Sp(a)) | äãªæ¨ï, £®«®¬®àä ï
¢ ®ªà¥áâ®áâ¨ á¯¥ªâà  a, â® ¯®« £ îâ f(a) := Raf .
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11.3.2. �¥®à¥¬  �¥«ìä ¤  | � ä®à¤  ¤«ï  «£¥¡à. �-
â¥£à « �¨áá  | � ä®à¤  Ra ï¢«ï¥âáï ¯à¥¤áâ ¢«¥¨¥¬  «£¥¡àë
à®áâª®¢ £®«®¬®àäëå äãªæ¨©   á¯¥ªâà¥ í«¥¬¥â  a ¨§ A ¢  «-
£¥¡à¥ A. �à¨ íâ®¬ ¥á«¨ f(z) :=

∑∞
n=0 cnzn (¢ ®ªà¥áâ®áâ¨ Sp(a)), â®

f(a) :=
∑∞

n=0 cnan.
C �§ ®¯à¥¤¥«¥¨© 11.2.3 ¨ 8.2.1, ¯à¨¢«¥ª ï 11.2.2, ¨¬¥¥¬

(LRah)(b) = LRahb = (Rah)b = 1
2πi

∮
h(z)R(a, z) dzb =

= 1
2πi

∮
h(z)R(a, z) bdz = 1

2πi

∮
h(z)R(La, z) bdz =

= 1
2πi

∮
h(z)R(La, z) dzb = RLah(b)

¤«ï ¢á¥å b ∈ A. � ç áâ®áâ¨, ¯®«ãç ¥¬, çâ® ®¡à § RLa(H (Sp(a)))
«¥¦¨â ¢ im L. � ª¨¬ ®¡à §®¬, ¨§ ã¦¥ ¤®ª § ®© ª®¬¬ãâ â¨¢®áâ¨
¤¨ £à ¬¬ë

H (Sp(a))

B(A) A

Ra

L

RLa

¾
?

@
@

@
@

@R

¢ëâ¥ª ¥â ª®¬¬ãâ â¨¢®áâì ¤¨ £à ¬¬ë

H (Sp(a))

L(A) A

Ra

L−1

RLa

-
?

@
@

@
@

@R

�áâ ¥âáï ¯à¨¢«¥çì 11.1.6 ¨ â¥®à¥¬ã �¥«ìä ¤  | � ä®à¤  8.2.3. B
11.3.3. � ¬¥ç ¨¥. � ¤ «ì¥©è¥¬ ¢ á¨«ã ã¦¥ ãáâ ®¢«¥®-

£® ¢ ¯à®¨§¢®«ìëå ¡  å®¢ëå  «£¥¡à å ¬®¦® ¨á¯®«ì§®¢ âì ä ªâë
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£®«®¬®àä®£® äãªæ¨® «ì®£® ¨áç¨á«¥¨ï, ¤®ª § ë¥ ¢ 8.2 ¤«ï
 «£¥¡àë B(X), £¤¥ X | ¡  å®¢® ¯à®áâà áâ¢®.

11.4. �¤¥ «ë ¢ ª®¬¬ãâ â¨¢ëå  «£¥¡à å
11.4.1. �¯à¥¤¥«¥¨¥. �ãáâì A | ¥ª®â®à ï ª®¬¬ãâ â¨¢ ï

 «£¥¡à . �®¤¯à®áâà áâ¢® J ¢ A  §ë¢ îâ ¨¤¥ «®¬ A ¨ ¯¨èãâ J C
A, ¥á«¨ AJ ⊂ J .

11.4.2. �®¦¥áâ¢® J(A) ¢á¥å ¨¤¥ «®¢ ¢ A, ã¯®àï¤®ç¥®¥ ¯®
¢ª«îç¥¨î, ¯à¥¤áâ ¢«ï¥â á®¡®© ¯®«ãî à¥è¥âªã. �à¨ íâ®¬ ¤«ï «î-
¡®£® ¬®¦¥áâ¢  E ¢ J(A) ¢ë¯®«¥®

supJ(A) E = supLat(A) E , infJ(A) E = infLat(A) E ,

â. ¥. J(A) ¢«®¦¥® ¢ ¯®«ãî à¥è¥âªã ¯®¤¯à®áâà áâ¢ Lat(A) á á®-
åà ¥¨¥¬ â®çëå ¢¥àå¨å ¨ â®çëå ¨¦¨å £à ¨æ ¯à®¨§¢®«ìëå
¬®¦¥áâ¢.

C �á®, çâ® 0 | íâ®  ¨¬¥ìè¨©,   A | íâ®  ¨¡®«ìè¨© ¨¤¥ -
«ë. �®¬¨¬® íâ®£®, ¯¥à¥á¥ç¥¨¥ ¨¤¥ «®¢ ¨ áã¬¬  ª®¥ç®£® ¬®¦¥-
áâ¢  ¨¤¥ «®¢ | ¨¤¥ «. �áâ ¥âáï á®á« âìáï   2.1.5 ¨ 2.1.6. B

11.4.3. �ãáâì J0 C A. �ãáâì, ¤ «¥¥, ϕ : A → A/J0 | ª ®¨ç¥-
áª®¥ ®â®¡à ¦¥¨¥ A   ä ªâ®à- «£¥¡àã A := A/J0. �®£¤ 

J C A ⇒ ϕ(J) C A;
J C A ⇒ ϕ−1(J) C A.

C �®áª®«ìªã ¯® ®¯à¥¤¥«¥¨î ab := ϕ(ϕ−1(a)ϕ−1(b)) ¤«ï a, b ∈ A,
â® ®¯¥à â®à ϕ ¬ã«ìâ¨¯«¨ª â¨¢¥: ϕ(ab) = ϕ(a)ϕ(b) ¤«ï a, b ∈ A.
� ç¨â, ¯®«ãç ¥¬ ¯®á«¥¤®¢ â¥«ì®

ϕ(J) ⊂ Aϕ(J) = ϕ(A)ϕ(J) ⊂ ϕ(AJ) ⊂ ϕ(J);
ϕ−1(J) ⊂ Aϕ−1(J) ⊂ ϕ−1(ϕ(A)J) = ϕ−1(AJ) ⊂ ϕ−1(J). B

11.4.4. �ãáâì J C A ¨ J 6= 0. �ª¢¨¢ «¥âë ãâ¢¥à¦¤¥¨ï:
(1) A 6= J ;
(2) 1 /∈ J ;
(3) í«¥¬¥âë ¨§ J ¥ ¨¬¥îâ «¥¢ëå ®¡à âëå. CB
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11.4.5. �¯à¥¤¥«¥¨¥. �¤¥ « J ¢ A  §ë¢ îâ á®¡áâ¢¥ë¬,
¥á«¨ J ®â«¨ç¥ ®â A. � ªá¨¬ «ìë¥ í«¥¬¥âë ¢ ¬®¦¥áâ¢¥ á®¡-
áâ¢¥ëå ¨¤¥ «®¢, ã¯®àï¤®ç¥®¬ ¯® ¢ª«îç¥¨î,  §ë¢ îâ ¬ ªá¨-
¬ «ìë¬¨ ¨¤¥ « ¬¨.

11.4.6. �®¬¬ãâ â¨¢ ï  «£¥¡à  ï¢«ï¥âáï ¯®«¥¬ ¢ â®¬ ¨ â®«ìª®
¢ â®¬ á«ãç ¥, ¥á«¨ ¢ ¥© ¥â á®¡áâ¢¥ëå ¨¤¥ «®¢ ªà®¬¥ ã«¥¢®£®. CB

11.4.7. �ãáâì J | á®¡áâ¢¥ë© ¨¤¥ « ¢ A. �®£¤  (J | ¬ ªá¨-
¬ «¥) ⇔ (A/J | ¯®«¥).

C ⇒: �ãáâì J C A/J . �®£¤ , ¯® 11.4.3, ϕ−1(J) C A. � ª
ª ª, ¥á®¬¥®, J ⊂ ϕ−1(J), â® «¨¡® J = ϕ−1(J) ¨ 0 = ϕ(J) =
ϕ(ϕ−1(J)) = J , «¨¡® A = ϕ−1(J) ¨ J = ϕ(ϕ−1(J)) = ϕ(A) = A/J ¢
á¨«ã 1.1.6. � ç¨â, ¢ A/J ¥â ®â«¨çëå ®â ã«ï á®¡áâ¢¥ëå ¨¤¥ -
«®¢. �áâ «®áì ¯à¨¢«¥çì 11.4.6.

⇐: �ãáâì J0 C A ¨ J0 ⊂ J . �®£¤ , ¯® 11.4.3, ϕ(J0) C A/J .
�  ®á®¢ ¨¨ 11.4.6 «¨¡® ϕ(J0) = 0, «¨¡® ϕ(J0) = A/J . � ¯¥à¢®¬
á«ãç ¥ J0 ⊂ ϕ−1 ◦ ϕ(J0) ⊂ ϕ−1(0) = J ¨ J = J0. �® ¢â®à®¬ á«ãç ¥
ϕ(J0) = ϕ(A), â. ¥. A = J0 + J ⊂ J0 + J0 = J0 ⊂ A. �â ª, J |
¬ ªá¨¬ «ìë© ¨¤¥ «. B

11.4.8. �¥®à¥¬  �àã««ï. � ¦¤ë© á®¡áâ¢¥ë© ¨¤¥ « á®¤¥à-
¦¨âáï ¢ ¥ª®â®à®¬ ¬ ªá¨¬ «ì®¬ ¨¤¥ «¥.

C �ãáâì J0 | á®¡áâ¢¥ë© ¨¤¥ «  «£¥¡àë A. �ãáâì, ¤ «¥¥, E
á®áâ®¨â ¨§ á®¡áâ¢¥ëå ¨¤¥ «®¢ J  «£¥¡àë A â ª¨å, çâ® J0 ⊂ J .
�áïª ï æ¥¯ì E0 ¢ E ¨¬¥¥â ¢ á¨«ã 11.4.2 â®çãî ¢¥àåîî £à ¨æã:
sup E = ∪{J : J ∈ E0}. �® 11.4.4 ¨¤¥ « sup E0 á®¡áâ¢¥ë©. � ª¨¬
®¡à §®¬, E ¨¤ãªâ¨¢® ¨ âà¥¡ã¥¬®¥ ®¡¥á¯¥ç¥® «¥¬¬®© �ãà â®¢áª®-
£® | �®à  1.2.20. B

11.5. �¤¥ «ë ¢  «£¥¡à¥ C(Q, C)
11.5.1. �¥®à¥¬  ® ¬¨¨¬ «ì®¬ ¨¤¥ «¥. �ãáâì J | ¯à®¨§-

¢®«ìë© ¨¤¥ « ¢  «£¥¡à¥ C(Q, C) ¥¯à¥àë¢ëå ª®¬¯«¥ªá®§ çëå
äãªæ¨©   ª®¬¯ ªâ¥ Q. �ãáâì, ¤ «¥¥,

Q0 := ∩{f−1(0) : f ∈ J};
J0 := {f ∈ C(Q, C) : int f−1(0) ⊃ Q0}.

�®£¤  J0 C C(Q, C), ¯à¨ç¥¬ J0 ⊂ J .
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C �ãáâì Q1 := cl(Q \ f−1(0)) ¤«ï äãªæ¨¨ f ∈ J0. �à¨¢«¥ª ï
ãá«®¢¨ï, ¢¨¤¨¬, çâ® Q1 ∩ Q0 = ∅. �«ï ¤®ª § â¥«ìáâ¢  ¢å®¦¤¥¨ï
f ∈ J ¥®¡å®¤¨¬® (¨, à §ã¬¥¥âáï, ¤®áâ â®ç®) ¯®áâà®¨âì äãªæ¨î
u ∈ J â ªãî, çâ® u(q) = 1 ¤«ï ¢á¥å q ∈ Q1. �¥©áâ¢¨â¥«ì®, ¢ íâ®¬
á«ãç ¥ uf = f .

�«ï ¯®áâà®¥¨ï äãªæ¨¨ u § ¬¥â¨¬ á ç « , çâ® ¤«ï q ∈ Q1
 ©¤¥âáï äãªæ¨ï fq ∈ J , ¤«ï ª®â®à®© fq(q) 6= 0. �®« £ ï gq := f∗q fq,
£¤¥, ª ª ®¡ëç®, f∗q : x 7→ fq(x)∗ | ª®¬¯«¥ªá® á®¯àï¦¥ ï ª fq

äãªæ¨ï, ¨¬¥¥¬ gq ≥ 0 ¨, ªà®¬¥ â®£®, gq(q) > 0. �á® â ª¦¥, çâ®
gq ∈ J ¤«ï q ∈ Q1. �¥¬¥©áâ¢® (Uq)q∈Q1 , £¤¥ Uq := {x ∈ Q1 : gq(x) >
0}, ®¡à §ã¥â ®âªàëâ®¥ ¯®ªàëâ¨¥ Q1. �á¯®«ì§ãï ª®¬¯ ªâ®áâì Q1,
¢ë¡¥à¥¬ ª®¥ç®¥ ¬®¦¥áâ¢® {q1, . . . , qn} ¢ Q1 â ª®¥, çâ® Q1 ⊂ Uq1 ∪
. . . ∪ Uqn . �¡®§ ç¨¬ g := gq1 + . . . + gqn . �¥á®¬¥®, g ∈ J , ¯à¨ç¥¬
g(q) > 0 ¤«ï q ∈ Q1. �®«®¦¨¬ h0(q) := g(q)−1 ¤«ï q ∈ Q1. �®
â¥®à¥¬¥ �¨âæ¥ | �àëá®  10.8.20  ©¤¥âáï äãªæ¨ï h ∈ C(Q, R),
¤«ï ª®â®à®© h

∣∣
Q1

= h0. �ãáâì,  ª®¥æ, u := hg. �â  äãªæ¨ï u |
¨áª®¬ ï.

�â ª, ãáâ ®¢«¥®, çâ® J0 ⊂ J . �à®¬¥ â®£®, J0 | ¨¤¥ « ¢
C(Q, C) ¯® ®ç¥¢¨¤ë¬ ®¡áâ®ïâ¥«ìáâ¢ ¬. B

11.5.2. �«ï ª ¦¤®£® § ¬ªãâ®£® ¨¤¥ «  J ¢  «£¥¡à¥ C(Q, C)
 ©¤¥âáï, ¨ ¯à¨â®¬ ¥¤¨áâ¢¥®¥, ª®¬¯ ªâ®¥ ¯®¤¬®¦¥áâ¢® Q0 â -
ª®¥, çâ®

J = J(Q0) := {f ∈ C(Q, C) : q ∈ Q0 ⇒ f(q) = 0}.

C �¤¨áâ¢¥®áâì ®¡¥á¯¥ç¥  â¥®à¥¬®© �àëá®  9.3.14. �¯à¥-
¤¥«¨¬ Q0 â ª ¦¥, ª ª ¨ 11.5.1. �®£¤  § ¢¥¤®¬® J ⊂ J(Q0). �®§ì¬¥¬
f ∈ J(Q0) ¨ ¤«ï n ∈ N ¯®«®¦¨¬

Un :=
{
|f | ≤ 1

2n

}
, Vn :=

{
|f | ≥ 1

n

}
.

�®¢ì ¯à¨¢«¥ª ï â¥®à¥¬ã �àëá®  9.3.14,  ©¤¥¬ hn ∈ C(Q, R) â ª,
çâ® 0 ≤ hn ≤ 1 ¨ hn

∣∣
Un

= 0, hn

∣∣
Vn

= 1. � áá¬®âà¨¬ fn := fhn.
�®áª®«ìªã

int f−1
n (0) ⊃ int Un ⊃ Q0,

â® ¢ á¨«ã 11.5.1 á¯à ¢¥¤«¨¢® fn ∈ J . �áâ «®áì § ¬¥â¨âì, çâ® fn → f
¯® ¯®áâà®¥¨î. B
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11.5.3. �¥®à¥¬  ® ¬ ªá¨¬ «ì®¬ ¨¤¥ «¥. � ¦¤ë© ¬ ªá¨-
¬ «ìë© ¨¤¥ « ¢  «£¥¡à¥ C(Q, C) ¨¬¥¥â ¢¨¤

J(q) := J({q}) = {f ∈ C(Q, C) : f(q) = 0},
£¤¥ q | ¥ª®â®à ï â®çª  Q.

C �«¥¤ã¥â ¨§ 11.5.2, ¨¡® § ¬ëª ¨¥ ¨¤¥ «  | ¨¤¥ «. B

11.6. �à¥®¡à §®¢ ¨¥ �¥«ìä ¤ 
11.6.1. �ãáâì A | ª®¬¬ãâ â¨¢ ï ¡  å®¢   «£¥¡à ,   J C A |

íâ® § ¬ªãâë© ¨¤¥ «, ¥ à ¢ë© A. �®£¤  ä ªâ®à- «£¥¡à  A/J ,  -
¤¥«¥ ï ä ªâ®à-®à¬®©, ï¢«ï¥âáï ¡  å®¢®©  «£¥¡à®©. �á«¨ ¯à¨
íâ®¬ ϕ : A → A/J | ª ®¨ç¥áª®¥ ®â®¡à ¦¥¨¥, â® ϕ(1) | ¥¤¨¨æ 
¢ A/J , ®¯¥à â®à ϕ ¬ã«ìâ¨¯«¨ª â¨¢¥ ¨ ‖ϕ‖ = 1.

C �«ï a, b ∈ A ¨¬¥¥¬, ãç¨âë¢ ï 5.1.10 (5),

‖ϕ(a)ϕ(b)‖A/J = inf{‖a′b′‖A : ϕ(a′) = ϕ(a), ϕ(b′) = ϕ(b)} ≤
≤ inf{‖a′‖A‖b′‖A : ϕ(a′) = ϕ(a), ϕ(b′) = ϕ(b)} =

= ‖ϕ(a)‖A/J‖ϕ(b)‖A/J .

�ë¬¨ á«®¢ ¬¨, ®à¬  ¢ A/J áã¡¬ã«ìâ¨¯«¨ª â¨¢ . �«¥¤®¢ â¥«ì-
®, ¡ã¤¥â ‖ϕ(1)‖ ≥ 1. �®¬¨¬® íâ®£®,

‖ϕ(1)‖A/J = inf{‖a‖A : ϕ(a) = ϕ(1)} ≤ ‖1‖A = 1,

â. ¥. ‖ϕ(1)‖ = 1. �®á«¥¤¥¥, ¢ ç áâ®áâ¨, ®¡¥á¯¥ç¨¢ ¥â à ¢¥áâ¢®
‖ϕ‖ = 1. �áâ ¢è¨¥áï ãâ¢¥à¦¤¥¨ï ¥á®¬¥ë. B

11.6.2. � ¬¥ç ¨¥. �à¥¤«®¦¥¨¥ 11.6.1 á®åà ï¥âáï ¤«ï ¥ª®¬-
¬ãâ â¨¢®© ¡  å®¢®©  «£¥¡àë A ¯à¨ ¤®¯®«¨â¥«ì®¬ ¤®¯ãé¥¨¨,
çâ® J | ¤¢ãáâ®à®¨© ¨¤¥ « A, â. ¥. J | ¯®¤¯à®áâà áâ¢® A, ã¤®-
¢«¥â¢®àïîé¥¥ ãá«®¢¨î AJA ⊂ J .

11.6.3. �ãáâì χ : A → C | ¥ã«¥¢®© ¬ã«ìâ¨¯«¨ª â¨¢ë© «¨-
¥©ë© äãªæ¨® «   A. �®£¤  χ ¥¯à¥àë¢¥ ¨ ‖χ‖ = χ(1) = 1
(¢ ç áâ®áâ¨, χ | ¯à¥¤áâ ¢«¥¨¥ A ¢ C).

C �®áª®«ìªã χ 6= 0, â® ¤«ï ¥ª®â®à®£® a ∈ A ¢ë¯®«¥® 0 6=
χ(a) = χ(a1) = χ(a)χ(1). � ç¨â, χ(1) = 1. �á«¨ â¥¯¥àì a ∈ A ¨
λ ∈ C â ª®¢ë, çâ® |λ| > ‖a‖, â® λ − a ∈ Inv(A) (á¬. 5.6.15). �¬¥¥¬
1 = χ(1)χ(λ − a)χ((λ − a)−1). �âáî¤  χ(λ − a) 6= 0, â. ¥. χ(a) 6= λ.
�â «® ¡ëâì, |χ(a)| ≤ ‖a‖ ¨ ‖χ‖ ≤ 1. �ç¨âë¢ ï, çâ® ‖χ‖ = ‖χ‖ ‖1‖ ≥
|χ(1)| = 1, § ª«îç ¥¬: ‖χ‖ = 1. B
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11.6.4. �¯à¥¤¥«¥¨¥. �¥ã«¥¢ë¥ ¬ã«ìâ¨¯«¨ª â¨¢ë¥ «¨¥©-
ë¥ äãªæ¨® «ë    «£¥¡à¥ A  §ë¢ îâ å à ªâ¥à ¬¨ A. �®-
¦¥áâ¢® ¢á¥å å à ªâ¥à®¢ A ®¡®§ ç îâ X(A), á ¡¦ îâ â®¯®«®£¨¥©
¯®â®ç¥ç®© áå®¤¨¬®áâ¨ (¨¤ãæ¨à®¢ ®© ¢ X(A) á« ¡®© â®¯®«®£¨¥©
σ(A′, A)) ¨  §ë¢ îâ ¯à®áâà áâ¢®¬ å à ªâ¥à®¢  «£¥¡àë A.

11.6.5. �à®áâà áâ¢® å à ªâ¥à®¢ | ª®¬¯ ªâ.
C � ãá¤®àä®¢®áâì X(A) ¥ ¢ë§ë¢ ¥â á®¬¥¨©. � á¨«ã 11.6.3,

X(A) | íâ® σ(A′, A)-§ ¬ªãâ®¥ ¯®¤¬®¦¥áâ¢® è à  BA′ . �®á«¥¤¨©
σ(A′, A)-ª®¬¯ ªâ¥ ¯® â¥®à¥¬¥ �« ®£«ã | �ãà¡ ª¨ 10.6.7. �áâ «®áì
á®á« âìáï   9.4.9. B

11.6.6. �¥®à¥¬  ®¡ ¨¤¥ « å ¨ å à ªâ¥à å. � ªá¨¬ «ìë¥
¨¤¥ «ë ª®¬¬ãâ â¨¢®© ¡  å®¢®©  «£¥¡àë A áãâì ¢ â®ç®áâ¨ ï¤à  ¥¥
å à ªâ¥à®¢. �à¨ íâ®¬ ®â®¡à ¦¥¨¥ χ 7→ ker χ, ¤¥©áâ¢ãîé¥¥ ¨§ ¯à®-
áâà áâ¢  å à ªâ¥à®¢ X(A)   ¬®¦¥áâ¢® M(A) ¢á¥å ¬ ªá¨¬ «ìëå
¨¤¥ «®¢ A, ï¢«ï¥âáï ¢§ ¨¬® ®¤®§ çë¬.

C �ãáâì χ ∈ X(A) | å à ªâ¥à  «£¥¡àë A. �ç¥¢¨¤®, çâ®
ker χ C A. �§ 2.3.11 ¢ëâ¥ª ¥â, çâ® á¨¦¥¨¥ χ : A/ ker χ → C | ¬®-
®¬®àä¨§¬. � á¢ï§¨ á 11.6.1, χ(1) = χ(1) = 1, â. ¥. χ | ¨§®¬®àä¨§¬
A/ ker χ ¨ C. �«¥¤®¢ â¥«ì®, A/ ker χ | íâ® ¯®«¥. �à¨¢«¥ª ï 11.4.7,
¤¥« ¥¬ ¢ë¢®¤, çâ® ¨¤¥ « ker χ ¬ ªá¨¬ «¥, â. ¥. ker χ ∈ M(A). �ãáâì
â¥¯¥àì m ∈ M(A) | ª ª®©-¨¡ã¤ì ¬ ªá¨¬ «ìë© ¨¤¥ «  «£¥¡àë A.
�á®, çâ® m ⊂ cl m, cl m C A ¨ ¯à¨ íâ®¬ 1 /∈ cl m (¨¡® 1 ∈ Inv(A),  
¯®á«¥¤¥¥ ¬®¦¥áâ¢® ®âªàëâ® ¯® â¥®à¥¬¥ �  å  ®¡ ®¡à â¨¬ëå ®¯¥-
à â®à å 5.6.12 ¨ 11.1.6). � ª¨¬ ®¡à §®¬, ¨¤¥ « m § ¬ªãâ. � áá¬®â-
à¨¬ ä ªâ®à- «£¥¡àã A/m ¨ ª ®¨ç¥áª®¥ ®â®¡à ¦¥¨¥ ϕ : A → A/m.
�  ®á®¢ ¨¨ 11.4.7 ¨ 11.6.1 ä ªâ®à- «£¥¡à  A/m | íâ® ¡  å®¢® ¯®-
«¥. �® â¥®à¥¬¥ �¥«ìä ¤  | � §ãà  11.2.3 ¨¬¥¥âáï ¨§®¬¥âà¨ç¥áª®¥
¯à¥¤áâ ¢«¥¨¥ ψ : A/m → C. �®«®¦¨¬ χ := ψ ◦ ϕ. �¨¤®, çâ®
χ ∈ X(A) ¨ ¯à¨ íâ®¬ ker χ = χ−1(0) = ϕ−1(ψ−1(0)) = ϕ−1(0) = m.

�«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  ®áâ «®áì ¯à®¢¥à¨âì ¢§ ¨¬ãî
®¤®§ ç®áâì ®â®¡à ¦¥¨ï χ 7→ ker χ. �â ª, ¯ãáâì ker χ1 = ker χ2
¤«ï χ1, χ2 ∈ X(A). � á¨«ã 2.3.12 ¤«ï ¥ª®â®à®£® λ ∈ C ¢ë¯®«¥-
® χ1 = λχ2. �®¬¨¬® íâ®£®, ¯® 11.6.3, 1 = χ1(1) = λχ2(1) = λ.
�ª®ç â¥«ì® χ1 = χ2. B

11.6.7. � ¬¥ç ¨¥. � á¢ï§¨ á â¥®à¥¬®© 11.6.6 ¬®¦¥áâ¢® M(A)
ç áâ®  ¤¥«ïîâ â®¯®«®£¨¥©, ¯¥à¥¥á¥®© ¢ M(A) ¨§ X(A) ãª § -
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ë¬ ®â®¡à ¦¥¨¥¬ χ 7→ ker χ, ¨ £®¢®àïâ ® ª®¬¯ ªâ®¬ ¯à®áâà -
áâ¢¥ ¬ ªá¨¬ «ìëå ¨¤¥ «®¢ A. �ë¬¨ á«®¢ ¬¨, ¯à®áâà áâ¢® å -
à ªâ¥à®¢ ¨ ¯à®áâà áâ¢® ¬ ªá¨¬ «ìëå ¨¤¥ «®¢ ®â®¦¤¥áâ¢«ïîâ â ª,
ª ª íâ® á¤¥« ® ¢ 11.6.6.

11.6.8. �¯à¥¤¥«¥¨¥. �ãáâì A | ª®¬¬ãâ â¨¢ ï ¡  å®¢   «-
£¥¡à  ¨ X(A) | ¥¥ ¯à®áâà áâ¢® å à ªâ¥à®¢. �«ï a ∈ A ¨ χ ∈ X(A)
¯®«®¦¨¬ â(χ) := χ(a). �®§¨ª îéãî äãªæ¨î â : χ 7→ â(χ), ®¯à¥-
¤¥«¥ãî   X(A),  §ë¢ îâ ¯à¥®¡à §®¢ ¨¥¬ �¥«ìä ¤  í«¥¬¥â 
a. �â®¡à ¦¥¨¥ a 7→ â, £¤¥ a ∈ A,  §ë¢ îâ ¯à¥®¡à §®¢ ¨¥¬ �¥«ì-
ä ¤   «£¥¡àë A ¨ ®¡®§ ç îâ GA (¨«¨ ̂ ).

11.6.9. �¥®à¥¬  ® ¯à¥®¡à §®¢ ¨¨ �¥«ìä ¤ . �à¥®¡à -
§®¢ ¨¥ �¥«ìä ¤  GA : a 7→ â ¥áâì ¯à¥¤áâ ¢«¥¨¥ ª®¬¬ãâ â¨¢®©
¡  å®¢®©  «£¥¡àë A ¢  «£¥¡à¥ C(X(A), C). �à¨ íâ®¬

Sp(a) = Sp(â) = â(X(A)),
‖â‖ = r(a),

£¤¥ r(a) | á¯¥ªâà «ìë© à ¤¨ãá í«¥¬¥â  a  «£¥¡àë A.
C �®, çâ® a ∈ A ⇒ â ∈ C(X(A), C), 1̂ = 1 ¨ a, b ∈ A ⇒ âb =

âb̂, ®¡¥á¯¥ç¥® ®¯à¥¤¥«¥¨ï¬¨ ¨ 11.6.3. �¨¥©®áâì GA ¥ ¢ë§ë¢ ¥â
á®¬¥¨©. �«¥¤®¢ â¥«ì®, ®â®¡à ¦¥¨¥ GA ¤¥©áâ¢¨â¥«ì® ï¢«ï¥âáï
¯à¥¤áâ ¢«¥¨¥¬.

�ãáâì λ ∈ Sp(a). �®£¤  í«¥¬¥â λ − a ¥®¡à â¨¬,   ¯®â®¬ã
¨¤¥ « Jλ−a := A(λ − a) | á®¡áâ¢¥ë© ¢ á¨«ã 11.4.4. �® â¥®à¥-
¬¥ �àã««ï 11.4.8 áãé¥áâ¢ã¥â ¬ ªá¨¬ «ìë© ¨¤¥ « m C A, ã¤®¢«¥-
â¢®àïîé¨© ãá«®¢¨î m ⊃ Jλ−a. �® â¥®à¥¬¥ 11.6.6 ¤«ï ¯®¤å®¤ïé¥-
£® å à ªâ¥à  χ ¡ã¤¥â m = ker χ. � ç áâ®áâ¨, χ(λ − a) = 0, â. ¥.
λ = λχ(1) = χ(λ) = χ(a) = â(χ). � ç¨â, λ ∈ Sp(â).

�á«¨, ¢ á¢®î ®ç¥à¥¤ì, λ ∈ Sp(â), â® (λ − â) | ¥®¡à â¨¬ë©
í«¥¬¥â ¯à®áâà áâ¢  C(X(A), C), â. ¥.  ©¤¥âáï å à ªâ¥à χ ∈ X(A),
¤«ï ª®â®à®£® λ = â(χ). �ë¬¨ á«®¢ ¬¨, χ(λ − a) = 0. �â «® ¡ëâì,
¤®¯ãé¥¨¥ λ− a ∈ Inv(A) ¯à¨¢®¤¨â ª ¯à®â¨¢®à¥ç¨î:

1 = χ(1) = χ((λ− a)−1(λ− a)) = χ((λ− a)−1)χ(λ− a) = 0.

�â ª, λ ∈ Sp(a). �ª®ç â¥«ì® Sp(a) = Sp(â).
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�à¨¢«¥ª ï ä®à¬ã«ã ��¥à«¨£  | �¥«ìä ¤  (á¬. 11.3.3 ¨ 8.1.12),
¢¨¤¨¬:

r(a) = sup{|λ| : λ ∈ Sp(a)} = sup{|λ| : λ ∈ Sp(â)} =
= sup{|λ| : λ ∈ â(X(A))} = sup{|â(χ)| : χ ∈ X(A)} = ‖â‖,

çâ® ¨ ã¦®. B

11.6.10. �à¥®¡à §®¢ ¨¥ �¥«ìä ¤  ª®¬¬ãâ â¨¢®© ¡  å®¢®©
 «£¥¡àë A ï¢«ï¥âáï ¨§®¬¥âà¨ç¥áª¨¬ ¢«®¦¥¨¥¬ ¢ â®¬ ¨ â®«ìª® ¢ â®¬
á«ãç ¥, ¥á«¨ ‖a2‖ = ‖a‖2 ¤«ï ¢áïª®£® a ∈ A.

C ⇒: �ç¨âë¢ ï, çâ® ®â®¡à ¦¥¨¥ t 7→ t2, à áá¬ âà¨¢ ¥¬®¥  
R+, ¢®§à áâ ¥â ¨ ¨¬¥¥â ¢®§à áâ îé¥¥ ®¡à â®¥, ®¯à¥¤¥«¥®¥   R+,
¢ á¨«ã 10.6.9 ¯®«ãç ¥¬

‖a2‖ = ‖â2‖C(X(A),C) = sup
χ∈X(A)

|â2(χ)| = sup
χ∈X(A)

|χ(a2)| =

= sup
χ∈X(A)

|χ(a)χ(a)| = sup
χ∈X(A)

|χ(a)|2 =

=
(

sup
χ∈X(A)

|χ(a)|)2 = ‖â‖2 = ‖a‖2.

⇐: �® ä®à¬ã«¥ �¥«ìä ¤  5.6.8, r(a) = lim ‖an‖1/n. �¬¥¥¬,
¢ ç áâ®áâ¨, ‖a2n‖ = ‖a‖2n , â. ¥. r(a) = ‖a‖. �® 10.6.9, ¯®¬¨¬® íâ®£®,
r(a) = ‖â‖. B

11.6.11. � ¬¥ç ¨¥. �®£¤  ¨â¥à¥áãîâáï ¥ á¢®©áâ¢®¬ ¨§®-
¬¥âà¨ç®áâ¨ ¯à¥®¡à §®¢ ¨ï �¥«ìä ¤ ,   ¥£® â®ç®áâìî. �¤à® ¯à¥-
®¡à §®¢ ¨ï �¥«ìä ¤  GA | íâ® ¯¥à¥á¥ç¥¨¥ ¢á¥å ¬ ªá¨¬ «ìëå
¨¤¥ «®¢, â. ¥. à ¤¨ª «  «£¥¡àë A. � ª¨¬ ®¡à §®¬, ãá«®¢¨¥ â®ç-
®áâ¨ ¯à¥¤áâ ¢«¥¨ï GA  «£¥¡àë A ¢  «£¥¡à¥ C(X(A), C) ¬®¦®
ä®à¬ã«¨à®¢ âì á«®¢ ¬¨: ý «£¥¡à  A ¯®«ã¯à®áâ  (â. ¥. à ¤¨ª « A
âà¨¢¨ «¥)þ.

11.6.12. �¥®à¥¬ . �«ï í«¥¬¥â  a ª®¬¬ãâ â¨¢®© ¡  å®¢®©
 «£¥¡àë A ª®¬¬ãâ â¨¢  á«¥¤ãîé ï ¤¨ £à ¬¬  ¯à¥¤áâ ¢«¥¨©:
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H (Sp(a)) = H (Sp(â))

A C(X(A),C)

Râ

GA

Ra

-
?

@
@

@
@

@R

�à¨ íâ®¬ f(â) = f ◦ â = f(â) ¤«ï f ∈ H(Sp(a)).
C �®§ì¬¥¬ χ ∈ X(A). �«ï ª ¦¤®£® z ∈ res(a) ¢ë¯®«¥®

χ

( 1
z − a

(z − a)
)

= 1 ⇒ χ

( 1
z − a

)
= 1

χ(z − a) = 1
z − χ(a) .

�ë¬¨ á«®¢ ¬¨,

R̂(a, z)(χ) = 1̂
z − a

(χ) = 1
z − â(χ) = 1

z − â
(χ) = R(â, z)(χ).

� ª¨¬ ®¡à §®¬, ãç¨âë¢ ï á¢®©áâ¢  ¨â¥£à «  �®å¥à  (á¬. 5.5.9 (6)),
¤«ï f ∈ H(Sp(a)) ¯®«ãç ¥¬

f (̂a) = GA ◦Raf = GA

( 1
2πi

∮
f(z)R(a, z) dz

)
=

= 1
2πi

∮
f(z)GA(R(a, z)) dz = 1

2πi

∮
f(z)R(̂a, z)) dz =

= 1
2πi

∮
f(z)R(â, z) dz = Râ(f) = f(â).

�®¬¨¬® íâ®£®, ¯à¨¢«¥ª ï ª« áá¨ç¥áªãî â¥®à¥¬ã �®è¨, ¢¨¤¨¬, çâ®
¤«ï χ ∈ X(A) á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

f ◦ â(χ) = f(â(χ)) = f(χ(a)) =

= 1
2πi

χ

∮
f(z)

z − χ(a) dz = 1
2πi

∮
χ

(
f(z)
z − a

)
dz =

= 1
2πi

χ

(∮
f(z)
z − a

dz

)
= f̂(a)(χ) = f(â)(χ). B
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11.6.13. � ¬¥ç ¨¥. �¥®à¨î ¯à¥®¡à §®¢ ¨ï �¥«ìä ¤  ®ç¥-
¢¨¤ë¬ ®¡à §®¬ ¬®¦® à á¯à®áâà ¨âì   á«ãç © ª®¬¬ãâ â¨¢ëå
¡  å®¢ëå  «£¥¡à A ¡¥§ ¥¤¨¨æë. �¯à¥¤¥«¥¨ï 11.6.4 ¨ 11.6.8 á®åà -
¨¬ ¤®á«®¢®. � à ªâ¥à χ ∈ X(A) ¯®à®¦¤ ¥â å à ªâ¥à χe ∈ X(Ae)
¯® ¯à ¢¨«ã: χe(a, λ) := χ(a) + λ (a ∈ A, λ ∈ C). �®¦¥áâ¢® X(Ae) \
{χe : χ ∈ X(A)} á®áâ®¨â ¨§ ¥¤¨áâ¢¥®£® í«¥¬¥â  χ∞(a, λ) := λ
(a ∈ A, λ ∈ C). � ª¨¬ ®¡à §®¬, ¯à®áâà áâ¢® X(A) «®ª «ì® ª®¬-
¯ ªâ® (áà. 9.4.19), ¨¡® ®â®¡à ¦¥¨¥ χ ∈ X(A) 7→ χe ∈ X(Ae) \ {χ∞}
ï¢«ï¥âáï £®¬¥®¬®àä¨§¬®¬. �à¨ íâ®¬ ker χ∞ = A × 0. �«¥¤®¢ -
â¥«ì®, ¯à¥®¡à §®¢ ¨¥ �¥«ìä ¤  ª®¬¬ãâ â¨¢®© ¡  å®¢®©  «£¥-
¡àë ¡¥§ ¥¤¨¨æë á«ã¦¨â ¥¥ ¯à¥¤áâ ¢«¥¨¥¬ ¢  «£¥¡à¥ ®¯à¥¤¥«¥ëå
  «®ª «ì® ª®¬¯ ªâ®¬ ¯à®áâà áâ¢¥ ¥¯à¥àë¢ëå ª®¬¯«¥ªáëå
äãªæ¨©, ýáâà¥¬ïé¨åáï ª ã«î   ¡¥áª®¥ç®áâ¨þ. �«ï £àã¯¯®-
¢®©  «£¥¡àë (L1(RN ), ∗)   ®á®¢ ¨¨ 10.11.1 ¨ 10.11.3 ¯à¥®¡à §®-
¢ ¨¥ �ãàì¥ á®¢¯ ¤ ¥â á ¯à¥®¡à §®¢ ¨¥¬ �¥«ìä ¤  ¨ ¯à¨¢¥¤¥®¥
ãâ¢¥à¦¤¥¨¥ á®¤¥à¦¨â ª ª â¥®à¥¬ã �¨¬   | �¥¡¥£  10.11.5 (3), â ª
¨ ä®à¬ã«ã ã¬®¦¥¨ï 10.11.6 (3).

11.7. �¯¥ªâà í«¥¬¥â  C∗- «£¥¡àë
11.7.1. �¯à¥¤¥«¥¨¥. �«¥¬¥â a ¨¢®«îâ¨¢®©  «£¥¡àë A  -

§ë¢ îâ íà¬¨â®¢ë¬, ¥á«¨ a∗ = a. �«¥¬¥â a ¨§ A  §ë¢ îâ ®à¬ «ì-
ë¬, ¥á«¨ a∗a = aa∗. � ª®¥æ, í«¥¬¥â a  §ë¢ îâ ã¨â àë¬, ¥á«¨
aa∗ = a∗a = 1 (â. ¥. a, a∗ ∈ Inv(A) ¨ a−1 = a∗, a∗−1 = a).

11.7.2. �à¬¨â®¢ë í«¥¬¥âë ¨¢®«îâ¨¢®©  «£¥¡àë A ®¡à §ã-
îâ ¢¥é¥áâ¢¥®¥ ¯®¤¯à®áâà áâ¢® A. �à¨ íâ®¬ ¤«ï «î¡®£® a ∈ A
áãé¥áâ¢ãîâ, ¨ ¯à¨â®¬ ¥¤¨áâ¢¥ë¥, íà¬¨â®¢ë í«¥¬¥âë x, y ∈ A
â ª¨¥, çâ® a = x + iy. �¬¥®,

x = 1
2(a + a∗), y = 1

2i
(a− a∗).

�à¨ íâ®¬ a∗ = x− iy.
C �«¥¤ã¥â ¯à®¢¥à¨âì â®«ìª® ãâ¢¥à¦¤¥¨¥ ®¡ ¥¤¨áâ¢¥®áâ¨.

�á«¨ a = x1+iy1, â® ¢ á¨«ã á¢®©áâ¢ ¨¢®«îæ¨¨ (á¬. 6.4.13) ¢ë¯®«¥®
a∗ = x∗1 + (iy1)∗ = x∗1− iy∗1 = x1− iy1. �â «® ¡ëâì, x1 = x ¨ y1 = y. B

11.7.3. �¤¨¨æ  | íà¬¨â®¢ í«¥¬¥â.
C 1∗ = 1∗1 = 1∗1∗∗ = (1∗1)∗ = 1∗∗ = 1 B
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11.7.4. a ∈ Inv(A) ⇔ a∗ ∈ Inv(A). �à¨ íâ®¬ ¨¢®«îæ¨ï ¨ ®¡à -
é¥¨¥ | ª®¬¬ãâ¨àãîé¨¥ ®¯¥à æ¨¨.

C �¬¥¥¬ aa−1 = a−1a = 1 ¤«ï a ∈ Inv(A). � ç¨â, a−1∗a∗ =
a∗a−1∗ = 1∗. �ç¨âë¢ ï 11.7.3, ¢¨¤¨¬, çâ® a∗ ∈ Inv(A) ¨ a∗−1 =
a−1∗. �®¢â®àïï ¯à¨¢¥¤¥®¥ à ááã¦¤¥¨¥ ¯à¨ a := a∗, ¯®«ãç ¥¬
âà¥¡ã¥¬®¥. B

11.7.5. Sp(a∗) = Sp(a)∗. CB
11.7.6. �¯¥ªâà ã¨â à®£® í«¥¬¥â  C∗- «£¥¡àë | ¯®¤¬®¦¥-

áâ¢® ¥¤¨¨ç®© ®ªàã¦®áâ¨.
C � á¨«ã ®¯à¥¤¥«¥¨ï 6.4.13 ¤«ï ¯à®¨§¢®«ì®£® í«¥¬¥â  a ¨¬¥-

¥¬ ‖a2‖ = ‖a∗a‖ ≤ ‖a∗‖ ‖a‖. � ç¥ £®¢®àï, ‖a‖ ≤ ‖a∗‖. � ª¨¬ ®¡à -
§®¬, ¯®áª®«ìªã a = a∗∗, § ª«îç ¥¬: ‖a‖ = ‖a∗‖. �á«¨ a∗ = a−1,
â. ¥. a | ã¨â àë© í«¥¬¥â, â® ‖a‖2 = ‖a∗a‖ = ‖a−1a‖ = 1.
�«¥¤®¢ â¥«ì®, ‖a‖ = ‖a∗‖ = ‖a−1‖ = 1. �âáî¤  ¢ëâ¥ª ¥â, çâ®
Sp(a) ¨ Sp(a−1) «¥¦ â ¢ ¥¤¨¨ç®¬ ªàã£¥. �®¬¨¬® íâ®£®, Sp(a−1) =
Sp(a)−1. B

11.7.7. �¯¥ªâà íà¬¨â®¢  í«¥¬¥â  C∗- «£¥¡àë ¢¥é¥áâ¢¥.
C �ãáâì a ∈ A. �® â¥®à¥¬¥ �¥«ìä ¤  | � ä®à¤  ¤«ï  «-

£¥¡à 11.3.2 ¢ë¯®«¥®

exp(a)∗ =
( ∞∑

n=0

an

n!

)∗

=
∞∑

n=0

(an)∗
n! =

∞∑
n=0

(a∗)n

n! = exp(a∗).

�á«¨ â¥¯¥àì h = h∗ | íà¬¨â®¢ í«¥¬¥â A, â® ¤«ï í«¥¬¥â  a :=
exp(ih), ¢®¢ì ¯à¨¢«¥ª ï £®«®¬®àä®¥ äãªæ¨® «ì®¥ ¨áç¨á«¥¨¥,
¯®«ãç ¥¬

a∗ = exp(ih)∗ = exp((ih)∗) = exp(−ih∗) = exp(−ih) = a−1.

� ç¨â, a | ã¨â àë© í«¥¬¥â C∗- «£¥¡àë A, ¨ ¯® 11.7.6 á¯¥ªâà
Sp(a) | íâ® ¯®¤¬®¦¥áâ¢® ¥¤¨¨ç®© ®ªàã¦®áâ¨ T. �á«¨ λ ∈
Sp(h), â® ¯® â¥®à¥¬¥ ®¡ ®â®¡à ¦¥¨¨ á¯¥ªâà  8.2.5 (á¬. â ª¦¥ 11.3.3)
exp(iλ) ∈ Sp(a) ⊂ T. �â ª, 1 = | exp(iλ)| = | exp(i Re λ − Im λ)| =
exp(− Im λ). �ª®ç â¥«ì® Im λ = 0, â. ¥. λ ∈ R. B

11.7.8. �¯à¥¤¥«¥¨¥. �ãáâì A | ¥ª®â®à ï C∗- «£¥¡à . �®-
¤ «£¥¡àã B  «£¥¡àë A  §ë¢ îâ C∗-¯®¤ «£¥¡à®© A, ¥á«¨ b ∈ B ⇒
b∗ ∈ B. �à¨ íâ®¬ B à áá¬ âà¨¢ îâ á ®à¬®©, ¨¤ãæ¨à®¢ ®© ¨§ A.
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11.7.9. �¥®à¥¬ . � ¦¤ ï § ¬ªãâ ï C∗-¯®¤ «£¥¡à  C∗- «£¥¡-
àë á¥à¢ â .

C �ãáâì B | íâ® § ¬ªãâ ï C∗-¯®¤ «£¥¡à  (á ¥¤¨¨æ¥©) C∗-
 «£¥¡àë A ¨ b ∈ B. �á«¨ b ∈ Inv(B), â® ¥á®¬¥®, çâ® b ∈ Inv(A).
�ãáâì â¥¯¥àì b ∈ Inv(A). �  ®á®¢ ¨¨ 11.7.4 ¨¬¥¥¬: b∗ ∈ Inv(A).
� ç¨â, b∗b ∈ Inv(A) ¨ ¯à¨ íâ®¬ í«¥¬¥â (b∗b)−1b∗ ï¢«ï¥âáï «¥¢ë¬
®¡à âë¬ ª b. � á¨«ã 11.1.4 íâ® ®§ ç ¥â, çâ® b−1 = (b∗b)−1b∗. �«¥-
¤®¢ â¥«ì®, ¤«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  ã¦® ãáâ ®¢¨âì â®«ì-
ª®, çâ® í«¥¬¥â (b∗b)−1 ¢å®¤¨â ¢ B. � ª ª ª í«¥¬¥â b∗b íà¬¨â®¢ ¢
B, â® ¢ë¯®«¥® á®®â®è¥¨¥ SpB(b∗b) ⊂ R (á¬. 11.7.7). �à¨¢«¥-
ª ï 11.2.5, ¢¨¤¨¬, çâ® SpA(b∗b) = SpB(b∗b). �®áª®«ìªã 0 /∈ SpA(b∗b),
â® b∗b ∈ Inv(B). �ª®ç â¥«ì® b ∈ Inv(B). B

11.7.10. �«¥¤áâ¢¨¥. �ãáâì b | í«¥¬¥â C∗- «£¥¡àë A ¨ B |
ª ª ï-¨¡ã¤ì § ¬ªãâ ï C∗-¯®¤ «£¥¡à  A, ¯à¨ç¥¬ b ∈ B. �®£¤ 

SpB(b) = SpA(b). CB

11.7.11. � ¬¥ç ¨¥. � á¢ï§¨ á 11.7.10 â¥®à¥¬ã 11.7.9 ç áâ®  -
§ë¢ îâ â¥®à¥¬®© ý® ¯®áâ®ïáâ¢¥ á¯¥ªâà  ¢ C∗- «£¥¡à åþ. �¬¥¥âáï
¢ ¢¨¤ã â®, çâ® ¯®ïâ¨¥ á¯¥ªâà  í«¥¬¥â  C∗- «£¥¡àë ý ¡á®«îâ®þ,
â. ¥. ¥ § ¢¨á¨â ®â ¢ë¡®à  C∗-¯®¤ «£¥¡àë, á®¤¥à¦ é¥© ¤ ë© í«¥-
¬¥â à áá¬ âà¨¢ ¥¬®© C∗- «£¥¡àë.

11.8. �®¬¬ãâ â¨¢ ï â¥®à¥¬ 
�¥«ìä ¤  | � ©¬ àª 

11.8.1. �  å®¢   «£¥¡à  C(Q, C) á ¥áâ¥áâ¢¥®© ¨¢®«îæ¨¥©
f 7→ f∗, £¤¥ f∗(q) := f(q)∗ ¤«ï q ∈ Q, ï¢«ï¥âáï C∗- «£¥¡à®©.

C ‖f∗f‖ = sup{|f(q)∗f(q)| : q ∈ Q} = sup{|f(q)|2 : q ∈ Q} =
(sup |f(Q)|)2 = ‖f‖2 B B

11.8.2. �¥®à¥¬  �â®ã  | �¥©¥àèâà áá  ¤«ï C(Q, C).
�î¡ ï C∗-¯®¤ «£¥¡à  (á ¥¤¨¨æ¥©) ¢ C∗- «£¥¡à¥ C(Q, C), à §¤¥«ïî-
é ï â®çª¨ Q, ¯«®â  ¢ C(Q, C).

C �ãáâì A | â ª ï ¯®¤ «£¥¡à . �®áª®«ìªã f ∈ A ⇒ f∗ ∈ A,
â® f ∈ A ⇒ Re f ∈ A ¨, áâ «® ¡ëâì, ¬®¦¥áâ¢® Re A := {Re f :
f ∈ A} ¯à¥¤áâ ¢«ï¥â á®¡®© ¢¥é¥áâ¢¥ãî ¯®¤ «£¥¡àã ¢ C(Q, R).
�¥á®¬¥®, çâ® Re A á®¤¥à¦¨â ¯®áâ®ïë¥ äãªæ¨¨ ¨ à §¤¥«ï¥â
â®çª¨ Q. �® â¥®à¥¬¥ �â®ã  | �¥©¥àèâà áá  10.8.17 ¯®¤ «£¥¡à 
Re A ¯«®â  ¢ C(Q, R). �áâ «®áì ¯à¨¢«¥çì 11.7.2. B
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11.8.3. �¯à¥¤¥«¥¨¥. �à¥¤áâ ¢«¥¨¥ ∗- «£¥¡à, á®£« á®¢ ®¥
á ¨¢®«îæ¨¥© ∗,  §ë¢ îâ ∗-¯à¥¤áâ ¢«¥¨¥¬. �ë¬¨ á«®¢ ¬¨, ¥á«¨
(A, ∗) ¨ (B, ∗) | ¨¢®«îâ¨¢ë¥  «£¥¡àë ¨ R : A → B | ¬ã«ìâ¨-
¯«¨ª â¨¢ë© «¨¥©ë© ®¯¥à â®à, â® R  §ë¢ îâ ∗-¯à¥¤áâ ¢«¥¨¥¬
¢ á«ãç ¥ ª®¬¬ãâ â¨¢®áâ¨ ¤¨ £à ¬¬ë

A
R−→B

∗ ↓ ↓ ∗
A

R−→B

�á«¨ ¯à¨ íâ®¬ R | ¨§®¬®àä¨§¬, â® R  §ë¢ îâ ∗-¨§®¬®àä¨§¬®¬ A
¨ B. �à¨  «¨ç¨¨ ®à¬ ¢ à áá¬ âà¨¢ ¥¬ëå  «£¥¡à å ¨á¯®«ì§ãîâ
â ª¦¥ â¥à¬¨ë ý¨§®¬¥âà¨ç¥áª®¥ ∗-¯à¥¤áâ ¢«¥¨¥þ ¨ ý¨§®¬¥âà¨-
ç¥áª¨© ∗-¨§®¬®àä¨§¬þ, ¢ª« ¤ë¢ ï ¢ ¨å ®ç¥¢¨¤®¥ á®¤¥à¦ ¨¥.

11.8.4. �®¬¬ãâ â¨¢ ï â¥®à¥¬  �¥«ìä ¤  | � ©¬ à-
ª . �à¥®¡à §®¢ ¨¥ �¥«ìä ¤  ª®¬¬ãâ â¨¢®© C∗- «£¥¡àë A ®áã-
é¥áâ¢«ï¥â ¨§®¬¥âà¨ç¥áª¨© ∗-¨§®¬®àä¨§¬ A ¨ C(X(A), C).

C �«ï a ∈ A ¨¬¥¥¬

‖a2‖ = ‖(a2)∗a2‖1/2 = ‖a∗aa∗a‖1/2 = ‖a∗a‖ = ‖a‖2.

�  ®á®¢ ¨¨ 11.6.10 ¯à¥®¡à §®¢ ¨¥ �¥«ìä ¤  GA | íâ® ¨§®¬¥âà¨ï
 «£¥¡àë A ¨ § ¬ªãâ®© ¯®¤ «£¥¡àë Â ¢ C(X(A), C). �¥á®¬¥®,
çâ® Â à §¤¥«ï¥â â®çª¨ X(A) ¨ á®¤¥à¦¨â ¯®áâ®ïë¥ äãªæ¨¨.

� á¨«ã 11.6.9 ¨ 11.7.7 ¤«ï íà¬¨â®¢  í«¥¬¥â  h = h∗ ¢ A ¨¬¥¥¬
ĥ(X(A)) = Sp(h) ⊂ R. �ãáâì â¥¯¥àì a | ¯à®¨§¢®«ìë© í«¥¬¥â A.
�à¨¢«¥ª ï 11.7.2, § ¯¨è¥¬: a = x + iy, £¤¥ í«¥¬¥âë x, y íà¬¨â®¢ë.
�ç¨âë¢ ï, çâ® ¤«ï ¯à®¨§¢®«ì®£® å à ªâ¥à  χ ¨§ X(A) ¢ë¯®«¥®
χ(x) ∈ R, χ(y) ∈ R, ¯®á«¥¤®¢ â¥«ì® ¯®«ãç ¥¬

GA(a)∗(χ) = â∗(χ) = â(χ)∗ = χ(a)∗ = χ(x + iy)∗ =
= (χ(x) + iχ(y))∗ = χ(x)− iχ(y) = χ(x− iy) = χ(a∗) =

= â∗(χ) = GA(a∗)(χ) (χ ∈ X(A)).

� ª¨¬ ®¡à §®¬, ¯à¥®¡à §®¢ ¨¥ �¥«ìä ¤  GA ï¢«ï¥âáï ∗-¯à¥¤áâ ¢-
«¥¨¥¬ ¨, ¢ ç áâ®áâ¨, Â | íâ® C∗-¯®¤ «£¥¡à  C(X(A), C). �áâ «®áì
¯à¨¢«¥çì 11.8.2, çâ®¡ë § ª«îç¨âì: Â = C(X(A), C). B
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11.8.5. �ãáâì R : A → B | íâ® ∗-¯à¥¤áâ ¢«¥¨¥ C∗- «£¥¡àë A
¢ C∗- «£¥¡à¥ B. �®£¤  ‖Ra‖ ≤ ‖a‖ ¤«ï a ∈ A.

C �®áª®«ìªã R(1) = 1, â® R(Inv(A)) ⊂ Inv(B). � ç¨â, ¤«ï
a ∈ A á¯à ¢¥¤«¨¢® ¢ª«îç¥¨¥ SpB(R(a)) ⊂ SpA(a). �âáî¤  ¢ á¨«ã
ä®à¬ã«ë ��¥à«¨£  | �¥«ìä ¤  ¤«ï á¯¥ªâà «ìëå à ¤¨ãá®¢ ¢ëâ¥-
ª ¥â, çâ® rA(a) ≥ rB(R(a)). �á«¨ a | íà¬¨â®¢ í«¥¬¥â A, â® R(a) |
íà¬¨â®¢ í«¥¬¥â B, ¨¡® R(a)∗ = R(a∗) = R(a). �á«¨ â¥¯¥àì A0 |
 ¨¬¥ìè ï § ¬ªãâ ï C∗-¯®¤ «£¥¡à , á®¤¥à¦ é ï a, ¨ B0 |   -
«®£¨çë¬ ®¡à §®¬ ¯®áâà®¥ ï ¯®¤ «£¥¡à , á®¤¥à¦ é ï R(a), â® A0
¨ B0 | ª®¬¬ãâ â¨¢ë¥ C∗- «£¥¡àë. � ª¨¬ ®¡à §®¬, ¨§ â¥®à¥¬ 11.8.4
¨ 11.6.9 ¯®«ãç ¥¬

‖R(a)‖ = ‖R(a)‖B0 = ‖GB0(R(a))‖ = rB0(R(a)) =
= rB(R(a)) ≤ rA(a) = rA0(a) = ‖GA0(a)‖ = ‖a‖.

�«ï ¯à®¨§¢®«ì®£® í«¥¬¥â  a ∈ A ¢¨¤®, çâ® í«¥¬¥â a∗a íà¬¨â®¢.
�â «® ¡ëâì, á ãç¥â®¬ ã¦¥ ¤®ª § ®£® ¨¬¥¥¬

‖R(a)‖2 = ‖R(a)∗R(a)‖ = ‖R(a∗a)‖ ≤ ‖a∗a‖ = ‖a‖2. B
11.8.6. �¥®à¥¬  ® ¥¯à¥àë¢®¬ äãªæ¨® «ì®¬ ¨áç¨á-

«¥¨¨. �ãáâì a | ®à¬ «ìë© í«¥¬¥â C∗- «£¥¡àë A ¨ Sp(a) ¥£®
á¯¥ªâà. �ãé¥áâ¢ã¥â, ¨ ¯à¨â®¬ ¥¤¨áâ¢¥®¥, ¨§®¬¥âà¨ç¥áª®¥ ∗-¯à¥¤-
áâ ¢«¥¨¥ Ra  «£¥¡àë C(Sp(a), C) ¢ A â ª®¥, çâ® a = Ra(ISp(a)).

C �ãáâì B |  ¨¬¥ìè ï § ¬ªãâ ï C∗-¯®¤ «£¥¡à  A, á®¤¥à-
¦ é ï a. �á®, çâ®  «£¥¡à  B ª®¬¬ãâ â¨¢  ¢ á¨«ã ®à¬ «ì®áâ¨ a
(íâ   «£¥¡à  ¯à¥¤áâ ¢«ï¥â á®¡®© § ¬ëª ¨¥  «£¥¡àë ¬®£®ç«¥®¢ ®â
a ¨ a∗). �à¨ íâ®¬   ®á®¢ ¨¨ 11.7.10 ¢ë¯®«¥® Sp(a) = SpA(a) =
SpB(a). �à¥®¡à §®¢ ¨¥ �¥«ìä ¤  â := GB(a) í«¥¬¥â  a ¤¥©áâ¢ã¥â
¨§ X(B)   Sp(a) ¢ á¨«ã 11.6.9 ¨, ¥á®¬¥®, ¢§ ¨¬® ®¤®§ ç®.
�®áª®«ìªã X(B) ¨ Sp(a) | ª®¬¯ ªâë, ¯à¨¢«¥ª ï 9.4.11, § ª«îç -
¥¬, çâ® â | íâ® £®¬¥®¬®àä¨§¬. �âáî¤  ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â,
çâ® ®â®¡à ¦¥¨¥

◦
R : f 7→ f ◦ â ®áãé¥áâ¢«ï¥â ¨§®¬¥âà¨ç¥áª¨© ∗-

¨§®¬®àä¨§¬  «£¥¡àë C(Sp(a), C) ¨  «£¥¡àë C(X(B), C).
�á¯®«ì§ãï â¥®à¥¬ã 11.3.2 ¨ á¢ï§ì ¯à¥®¡à §®¢ ¨ï �¥«ìä ¤ 

¨ ¨â¥£à «  �¨áá  | � ä®à¤ , ãáâ ®¢«¥ãî ¢ 11.6.12, ¤«ï â®¦-
¤¥áâ¢¥®£® ®â®¡à ¦¥¨ï ¯®«ãç ¥¬

â = RâIC = IC ◦ â = IC
∣∣
â(X(B)) ◦ â =

= IC
∣∣
Sp(a) ◦ â = ISp(a) ◦ â =

◦
R(ISp(a)).



294 �«. 11. �  å®¢ë  «£¥¡àë

�®«®¦¨¬ â¥¯¥àì

Ra := G−1
B ◦

◦
R.

�¨¤®, çâ® Ra | íâ® ¨§®¬¥âà¨ç¥áª®¥ ¢«®¦¥¨¥ ¨ ∗-¯à¥¤áâ ¢«¥¨¥.
�à®¬¥ â®£®,

Ra(ISp(a)) = G−1
B ◦

◦
R(ISp(a)) = G−1

B (â) = a.

�¤¨áâ¢¥®áâì â ª®£® ¯à¥¤áâ ¢«¥¨ï Ra ®¡¥á¯¥ç¥  11.8.5 ¨ â¥¬,
çâ®, ¯® â¥®à¥¬¥ 11.8.2, C∗- «£¥¡à  C(Sp(a), C) | íâ® á¢®ï  ¨¬¥ì-
è ï § ¬ªãâ ï C∗-¯®¤ «£¥¡à  (á ¥¤¨¨æ¥©), á®¤¥à¦ é ï ISp(a). B

11.8.7. �¯à¥¤¥«¥¨¥. �à¥¤áâ ¢«¥¨¥ Ra : C(Sp(a), C) → A,
¯®áâà®¥®¥ ¢ 11.8.6,  §ë¢ îâ ¥¯à¥àë¢ë¬ äãªæ¨® «ìë¬ ¨á-
ç¨á«¥¨¥¬ (¤«ï ®à¬ «ì®£® í«¥¬¥â  a  «£¥¡àë A).

�á«¨ ¯à¨ íâ®¬ f ∈ C(Sp(a), C), â® í«¥¬¥â Ra(f) ®¡®§ ç -
îâ f(a).

11.8.8. � ¬¥ç ¨¥. �ãáâì f | £®«®¬®àä ï äãªæ¨ï ¢ ®ªà¥-
áâ®áâ¨ á¯¥ªâà  ®à¬ «ì®£® í«¥¬¥â  a ¥ª®â®à®© C∗- «£¥¡àë A,
â. ¥. f ∈ H(Sp(a)). �®£¤  á ¯®¬®éìî £®«®¬®àä®£® äãªæ¨® «ì®-
£® ¨áç¨á«¥¨ï ®¯à¥¤¥«¥ í«¥¬¥â f(a)  «£¥¡àë A.

�á«¨ á®åà ¨âì á¨¬¢®« f §  áã¦¥¨¥¬ äãªæ¨¨ f   ¬®¦¥-
áâ¢® Sp(a), â® á ¯®¬®éìî ¥¯à¥àë¢®£® äãªæ¨® «ì®£® ¨áç¨á«¥-
¨ï ®¯à¥¤¥«¥ í«¥¬¥â Ra(f) := Ra

(
f
∣∣
Sp(a)

)
 «£¥¡àë A. �®á«¥¤¨©

í«¥¬¥â, ª ª ®â¬¥ç¥® ¢ 11.8.7, ®¡®§ ç îâ f(a). �á¯®«ì§®¢ ¨¥ ®¤¨-
 ª®¢ëå ®¡®§ ç¥¨© §¤¥áì ¥ á«ãç ©® ¨ ª®àà¥ªâ® ¢ á¨«ã 11.6.12
¨ 11.8.6. � á ¬®¬ ¤¥«¥, áâà ® ¡ë«® ¡ë ®¡ï§ â¥«ì® ®¡®§ ç âì
à §ë¬¨ á¨¬¢®« ¬¨ ®¤¨ ¨ â®â ¦¥ í«¥¬¥â. �ª § ®¥ ®¡áâ®ïâ¥«ì-
áâ¢® ¬®¦® ¢ëà §¨âì ¢  £«ï¤®© ä®à¬¥. �¬¥®, ¯ãáâì · ∣∣Sp(a) |
®â®¡à ¦¥¨¥, á®¯®áâ ¢«ïîé¥¥ à®áâªã h ¨§ H (Sp(a)) ¥£® áã¦¥¨¥  
Sp(a), â. ¥. ¯ãáâì h

∣∣
Sp(a) ¢ â®çª¥ z | íâ® § ç¥¨¥ à®áâª  h ¢ â®çª¥ z

(á¬. 8.1.21). �á®, çâ® ·
∣∣
Sp(a) : H (Sp(a)) → C(Sp(a), C).

�â¬¥ç¥ãî ¢ëè¥ á¢ï§ì ¥¯à¥àë¢®£® ¨ £®«®¬®àä®£® äãªæ¨-
® «ìëå ¨áç¨á«¥¨© ¤«ï ®à¬ «ì®£® í«¥¬¥â  a à áá¬ âà¨¢ ¥¬®©
C∗- «£¥¡àë a ¬®¦® ¢ëà §¨âì â ª: ýá«¥¤ãîé ï ¤¨ £à ¬¬ 
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A

H (Sp(a)) C(Sp(a),C)

Ra

· |Sp(a)

Ra

-

?

@
@

@
@

@R

ª®¬¬ãâ â¨¢ þ.

11.9. �¯¥à â®àë¥ ∗-¯à¥¤áâ ¢«¥¨ï C∗- «£¥¡à
11.9.1. �¯à¥¤¥«¥¨¥. �ãáâì A | ¡  å®¢   «£¥¡à  (á ¥¤¨¨-

æ¥©). �«¥¬¥â s ∈ A′  §ë¢ îâ á®áâ®ï¨¥¬ A (¯¨èãâ s ∈ S(A)),
¥á«¨ ‖s‖ = s(1) = 1. �«ï í«¥¬¥â  a ∈ A ¬®¦¥áâ¢® N(a) := {s(a) :
s ∈ S(A)}  §ë¢ îâ ç¨á«®¢ë¬ ®¡à §®¬ a.

11.9.2. �¨á«®¢®© ®¡à § ¯®«®¦¨â¥«ì®© äãªæ¨¨ ¨§ C(Q, C) «¥-
¦¨â ¢ R+.

C �ãáâì a ≥ 0 ¨ ‖s‖ = s(1) = 1. �ã¦® ¯®ª § âì, çâ® s(a) ≥ 0.
�®§ì¬¥¬ z ∈ C ¨ ε > 0 â ª¨¥, çâ® ªàã£ Bε(z) := z + εD á®¤¥à¦¨â
a(Q). �®£¤  ‖a − z‖ ≤ ε ¨, á«¥¤®¢ â¥«ì®, |s(a − z)| ≤ ε. � ç¨â,
|s(a)− z| = |s(a)− s(z)| ≤ ε, â. ¥. s(a) ∈ Bε(z).

� ¬¥â¨¬, çâ®

∩{Bε(z) : Bε(z) ⊃ a(Q)} = cl co(a(Q)) ⊂ R+.

� ª¨¬ ®¡à §®¬, s(a) ∈ R+. B
11.9.3. �¥¬¬  ® ç¨á«®¢®¬ ®¡à §¥ íà¬¨â®¢  í«¥¬¥â . �«ï

íà¬¨â®¢  í«¥¬¥â  a ¢ «î¡®© C∗- «£¥¡à¥ ¨¬¥îâ ¬¥áâ® ãâ¢¥à¦¤¥¨ï:
(1) Sp(a) ⊂ N(a);
(2) Sp(a) ⊂ R+ ⇔ N(a) ⊂ R+.

C �ãáâì B |  ¨¬¥ìè ï § ¬ªãâ ï C∗-¯®¤ «£¥¡à  à áá¬ â-
à¨¢ ¥¬®©  «£¥¡àë A, á®¤¥à¦ é ï í«¥¬¥â a. �¨¤®, çâ®  «£¥¡à  B
ª®¬¬ãâ â¨¢ . � á¨«ã 11.6.9 ¤«ï ¯à¥®¡à §®¢ ¨ï �¥«ìä ¤  â :=
GB(a) ¢ë¯®«¥® â(X(B)) = SpB(a). �  ®á®¢ ¨¨ 11.7.10, SpB(a) =
Sp(a). � ç¥ £®¢®àï, ¤«ï λ ∈ Sp(a) ¨¬¥¥âáï å à ªâ¥à χ  «£¥¡àë B,
ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨î χ(a) = λ. �® 11.6.3, ‖χ‖ = χ(1) = 1. �à¨-
¢«¥ª ï 7.5.11,  ©¤¥¬ ¯à®¤®«¦¥¨¥ s äãªæ¨® «  χ   A á á®åà -
¥¨¥¬ ®à¬ë. �®£¤  s | á®áâ®ï¨¥ A ¨ ¯à¨ íâ®¬ s(a) = λ. �ª®-
ç â¥«ì® Sp(a) ⊂ N(a) (¢ ç áâ®áâ¨, ¥á«¨ N(a) ⊂ R+, â® Sp(a) ⊂
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R+). �ãáâì â¥¯¥àì s | ¯à®¨§¢®«ì®¥ á®áâ®ï¨¥  «£¥¡àë A. �á®,
çâ® áã¦¥¨¥ s

∣∣
B

| á®áâ®ï¨¥  «£¥¡àë B. �¥á«®¦® ãáâ ®¢¨âì, çâ®
â ¢§ ¨¬® ®¤®§ ç® ®â®¡à ¦ ¥â X(B)   Sp(a). �«¥¤®¢ â¥«ì®,  «-
£¥¡àã B ¬®¦® à áá¬ âà¨¢ âì ª ª  «£¥¡àã C(Sp(a), C). �§ 11.9.2 ¢ë-
¢®¤¨¬: s(a) = s

∣∣
B

(a) ≥ 0 ¯à¨ â ≥ 0. �â ª, Sp(a) ⊂ R+ ⇒ N(a) ⊂ R+,
çâ® ¨ § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®. B

11.9.4. �¯à¥¤¥«¥¨¥. �«¥¬¥â a ¢ C∗- «£¥¡à¥ A  §ë¢ îâ ¯®-
«®¦¨â¥«ìë¬, ¥á«¨ a íà¬¨â®¢ ¨ Sp(a) ⊂ R+. �®¦¥áâ¢® ¢á¥å ¯®«®-
¦¨â¥«ìëå í«¥¬¥â®¢ ¢ A ®¡®§ ç îâ A+.

11.9.5. �®¦¥áâ¢® A+ | íâ® ã¯®àï¤®ç¨¢ îé¨© ª®ãá ¢ C∗-
 «£¥¡à¥ A.

C �®ïâ®, çâ® N(a + b) ⊂ N(a) + N(b) ¨ N(αa) = αN(a) ¯à¨
a, b ∈ A ¨ α ∈ R+. �®íâ®¬ã 11.9.3 ®¡¥á¯¥ç¨¢ ¥â ¢ª«îç¥¨¥ α1A+ +
α2A+ ⊂ A+ ¤«ï α1, α2 ∈ R+. �â «® ¡ëâì, A+ | ª®ãá. �á«¨
a ∈ A+ ∩ (−A+), â® Sp(a) = 0. �ç¨âë¢ ï, çâ® í«¥¬¥â a íà¬¨â®¢, ¯®
â¥®à¥¬¥ 11.8.6 § ª«îç ¥¬: ‖a‖ = 0. B

11.9.6. �«ï «î¡®£® íà¬¨â®¢  í«¥¬¥â  a ¨§ C∗- «£¥¡àë A áã-
é¥áâ¢ãîâ í«¥¬¥âë a+, a− ¨§ A+ â ª¨¥, çâ®

a = a+ − a−; a+a− = a−a+ = 0.

C �á¥ ¥¬¥¤«¥® á«¥¤ã¥â ¨§ â¥®à¥¬ë ® ¥¯à¥àë¢®¬ äãªæ¨®-
 «ì®¬ ¨áç¨á«¥¨¨ 11.8.6. B

11.9.7. �¥¬¬  � ¯« áª®£® | �ãª ¬¨ï. �«¥¬¥â a ¯à®¨§-
¢®«ì®© C∗- «£¥¡àë A ¯®«®¦¨â¥«¥ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥,
¥á«¨ a = b∗b ¤«ï ¥ª®â®à®£® b ∈ A.

C ⇒: �ãáâì a ∈ A+, â. ¥. a = a∗ ¨ Sp(a) ⊂ R+. �®£¤  (á¬. 11.8.6)
¨¬¥¥âáï ª®à¥ì b := √

a. �à¨ íâ®¬ b = b∗ ¨ b∗b = a.
⇐: �á«¨ a = b∗b, â® í«¥¬¥â a íà¬¨â®¢ ¨ á ¯®¬®éìî 11.9.6 ¬®¦-

® § ¯¨á âì: b∗b = u − v, £¤¥ uv = vu = 0 ¨ u ≥ 0, v ≥ 0 (¢ ã¯®-
àï¤®ç¥®¬ ¢¥ªâ®à®¬ ¯à®áâà áâ¢¥ (AR, A+)). �à®áâ®© ¯®¤áç¥â
¯®ª §ë¢ ¥â:

(bv)∗bv = v∗b∗bv = vb∗bv = v(u− v)v = (vu− v2)v = −v3.

�®áª®«ìªã v ≥ 0, â® v3 ≥ 0, â. ¥. (bv)∗bv ≤ 0. �® â¥®à¥¬¥ ® á¯¥ª-
âà¥ ¯à®¨§¢¥¤¥¨ï 5.6.22 ¬®¦¥áâ¢  Sp((bv)∗bv) ¨ Sp(bv(bv)∗) ¬®£ãâ
®â«¨ç âìáï «¨èì ã«¥¬. �®íâ®¬ã bv(bv)∗ ≤ 0.
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�  ®á®¢ ¨¨ 11.7.2, bv = a1 + ia2 ¤«ï ¯®¤å®¤ïé¨å íà¬¨â®¢ëå
í«¥¬¥â®¢ a1 ¨ a2. �ç¥¢¨¤®, çâ® a2

1, a2
2 ∈ A+ ¨ (bv)∗ = a1 − ia2.

�¢ ¦¤ë ¨á¯®«ì§ãï 11.9.5, ¯à¨å®¤¨¬ ª ®æ¥ª ¬:

0 ≥ (bv)∗bv + bv(bv)∗ = 2
(
a2

1 + a2
2
) ≥ 0.

�® 11.9.5, a1 = a2 = 0, â. ¥. bv = 0. � ç¨â, −v3 = (bv)∗bv = 0.
�â®à¨ç ï  ¯¥««ïæ¨ï ª 11.9.5 ¤ ¥â v = 0. � ª®¥æ, a = b∗b = u−v =
u ≥ 0, â. ¥. a ∈ A+. B

11.9.8. � C∗- «£¥¡à¥ A ª ¦¤®¥ á®áâ®ï¨¥ s íà¬¨â®¢®, â. ¥.

s(a∗) = s(a)∗ (a ∈ A).

C �® «¥¬¬ ¬ 11.9.7 ¨ 11.9.3 ¯à¨ ¢á¥å a ∈ A ¡ã¤¥â s(a∗a) ≥ 0.
�®« £ ï a := a + 1 ¨ a := a + i, ¯®á«¥¤®¢ â¥«ì® ¯®«ãç ¥¬

0 ≤ s((a + 1)∗(a + 1)) = s(a∗a + a + a∗ + 1) ⇒

⇒ s(a) + s(a∗) ∈ R;
0 ≤ s((a + i)∗(a + i)) = s(a∗a− ia + ia∗ + 1) ⇒

⇒ i(−s(a) + s(a∗)) ∈ R.

�ë¬¨ á«®¢ ¬¨,
Im s(a) + Im s(a∗) = 0;

Re(−s(a)) + Re s(a∗) = 0.

�âáî¤  ¢ëâ¥ª ¥â

s(a∗) = Re s(a∗) + i Im s(a∗) = Re s(a)− i Im s(a) = s(a)∗. B

11.9.9. �ãáâì s | á®áâ®ï¨¥ C∗- «£¥¡àë A. �«ï a, b ∈ A ®¡®-
§ ç¨¬ (a, b)s := s(b∗a). �®£¤  (· , ·)s | áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢ A.

C �§ 11.9.8 ¢ë¢®¤¨¬

(a, b)s = s(b∗a) = s((a∗b)∗) = s(a∗b)∗ = (b, a)∗s.

�«¥¤®¢ â¥«ì®, ( · , ·)s | íâ® íà¬¨â®¢  ä®à¬ . � ª ª ª ¤«ï a ∈ A,
¢ á¨«ã 11.9.7, a∗a ≥ 0, â®, ¯® 11.9.3, (a, a)s = s(a∗a) ≥ 0. � ç¨â,
( · , ·)s | ¯®«®¦¨â¥«ì ï íà¬¨â®¢  ä®à¬ . B
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11.9.10. �¥®à¥¬  ® á®áâ®ï¨¨ C∗- «£¥¡àë. �«ï ª ¦¤®£®
á®áâ®ï¨ï s ¯à®¨§¢®«ì®© C∗- «£¥¡àë A ¨¬¥îâáï £¨«ì¡¥àâ®¢® ¯à®-
áâà áâ¢® (Hs, ( · , ·)s), í«¥¬¥â xs ∈ Hs ¨ ∗-¯à¥¤áâ ¢«¥¨¥ Rs : A →
B(Hs) â ª¨¥, çâ® s(a) = (Rs(a)xs, xs)s ¤«ï ¢á¥å a ∈ A ¨ ¬®¦¥áâ¢®
{Rs(a)xs : a ∈ A} ¯«®â® ¢ Hs.

C �  ®á®¢ ¨¨ 11.9.9, ¯®« £ ï (a, b)s := s(b∗a) ¤«ï a, b ∈ A,
¯®«ãç ¥¬ ¯à¥¤£¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® (A, ( · , ·)s). �ãáâì ps(a) :=√

(a, a)s | ¯®«ã®à¬  ¢ íâ®¬ ¯à®áâà áâ¢¥,   ϕs : A → A/ ker ps

| ª ®¨ç¥áª®¥ ®â®¡à ¦¥¨¥ A   å ãá¤®àä®¢® ¯à¥¤£¨«ì¡¥àâ®¢®
¯à®áâà áâ¢® A/ ker ps,  áá®æ¨¨à®¢ ®¥ á A. �ãáâì, ¤ «¥¥, ιs :
A/ ker ps → Hs | ¢«®¦¥¨¥ ( ¯à¨¬¥à, á ¯®¬®éìî ¤¢®©®£® èâà¨-
å®¢ ¨ï) ¯à®áâà áâ¢  A/ ker ps ¢ ª ç¥áâ¢¥ ¢áî¤ã ¯«®â®£® ¯®¤¯à®-
áâà áâ¢  ¢ £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® Hs,  áá®æ¨¨à®¢ ®¥ á ¯à®-
áâà áâ¢®¬ (A, ( · , ·)s) (á¬. ¯à¨¬¥à 6.1.10 (4)). �ª «ïà®¥ ¯à®¨§¢¥-
¤¥¨¥ ¢ ¯à®áâà áâ¢¥ Hs ®¡®§ ç¨¬ ¯à¥¦¨¬ á¨¬¢®«®¬ ( · , ·)s. � -
ª¨¬ ®¡à §®¬, ¢ ç áâ®áâ¨,

(ιsϕsa, ιsϕsb)s = (a, b)s = s(b∗a) (a, b ∈ A).

�«ï í«¥¬¥â  a ∈ A à áá¬®âà¨¬ (®¡à § ¯à¨ ª ®¨ç¥áª®¬ ®¯¥-
à â®à®¬ ¯à¥¤áâ ¢«¥¨¨) La : b 7→ ab (b ∈ A). �áâ ®¢¨¬ ¯à¥¦¤¥
¢á¥£®, çâ® áãé¥áâ¢ãîâ, ¨ ¯à¨â®¬ ¥¤¨áâ¢¥ë¥, ®£à ¨ç¥ë¥ ®¯¥-
à â®àë La ¨ Rs(a), ¯à¥¢à é îé¨¥ ¢ ª®¬¬ãâ â¨¢ãî á«¥¤ãîéãî
¤¨ £à ¬¬ã:

A
ϕs−→A/ ker ps

ιs−→Hs

La ↓ ↓ La ↓ Rs(a)
A

ϕs−→A/ ker ps
ιs−→Hs

�áª®¬ë© ®¯¥à â®à La á«ã¦¨â à¥è¥¨¥¬ ãà ¢¥¨ï Xϕs = ϕsLa.
�à¨¢«¥ª ï 2.3.8, ¢¨¤¨¬, çâ® ¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç®¥ ãá«®¢¨¥ à §-
à¥è¨¬®áâ¨ ãª § ®£® ãà ¢¥¨ï ¢ ª« áá¥ «¨¥©ëå ®¯¥à â®à®¢ á®-
áâ®¨â ¢ ¨¢ à¨ â®áâ¨ ¯®¤¯à®áâà áâ¢  ker ps ®â®á¨â¥«ì® La.

�â ª, ¯à®¢¥à¨¬ ¢ª«îç¥¨¥ La(ker ps) ⊂ ker ps. �«ï íâ®£® ¢®§ì-
¬¥¬ í«¥¬¥â b ¨§ ker ps, â. ¥. ps(b) = 0. �á¯®«ì§ãï ®¯à¥¤¥«¥¨ï
¨ ¥à ¢¥áâ¢® �®è¨ | �ãïª®¢áª®£® 6.1.5, ¯®«ãç ¥¬

0 ≤ (Lab, Lab)s = (ab, ab)s = s((ab)∗ab) =
= s(b∗a∗ab) = (a∗ab, b)s ≤ ps(b)ps(a∗ab) = 0,

â. ¥. Lab ∈ ker ps. �¤¨áâ¢¥®áâì La ®¡¥á¯¥ç¥  2.3.9, ¨¡® ϕs |
í¯¨¬®àä¨§¬. �â¬¥â¨¬ â ª¦¥, çâ® ϕs | íâ® ®âªàëâ®¥ ®â®¡à ¦¥¨¥
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(áà. 5.1.3). �âáî¤  ¥¬¥¤«¥® á«¥¤ã¥â ¥¯à¥àë¢®áâì ®¯¥à â®à 
La. � ª¨¬ ®¡à §®¬, ¢ á¨«ã 5.3.8 á®®â¢¥âáâ¢¨¥ ιs ◦ La ◦ (ιs)−1 ¬®¦®
à áá¬ âà¨¢ âì ª ª ®£à ¨ç¥ë© «¨¥©ë© ®¯¥à â®à ¨§ ιs(A/ ker ps)
¢ ¡  å®¢® ¯à®áâà áâ¢® Hs. � á¢ï§¨ á 4.5.10 â ª®© ®¯¥à â®à ¤®¯ãá-
ª ¥â, ¨ ¯à¨â®¬ ¥¤¨áâ¢¥®¥, ¯à®¤®«¦¥¨¥ ¤® ®¯¥à â®à  Rs(a) ¨§
B(Hs).

�áâ ®¢¨¬ â¥¯¥àì, çâ® Rs : a 7→ Rs(a) | íâ® âà¥¡ã¥¬®¥ ¯à¥¤-
áâ ¢«¥¨¥. � á¨«ã 11.1.6 ¢ë¯®«¥®: Lab = LaLb ¤«ï a, b ∈ A.
� ç¨â,

ϕsLab = ϕsLaLb = LaϕsLb = La Lbϕs.

�®áª®«ìªã Lab | ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ãà ¢¥¨ï Xϕs = ϕsLab,
¯à¨å®¤¨¬ ª á®®â®è¥¨î Lab = La Lb, ®¡¥á¯¥ç¨¢ îé¥¬ã ¬ã«ìâ¨-
¯«¨ª â¨¢®áâì Rs. �®, çâ® Rs | «¨¥©ë© ®¯¥à â®à, ¯à®¢¥àï¥âáï
  «®£¨ç®. �®¬¨¬® íâ®£®,

L1ϕs = ϕsL1 = ϕsIA = ϕs = IA/ ker ps
ϕs = 1ϕs,

â. ¥. Rs(1) = 1.
�¡®§ ç¨¬ ¤«ï ã¤®¡áâ¢  ψs := ιsϕs. �®£¤  á ãç¥â®¬ ®¯à¥¤¥«¥¨©

áª «ïà®£® ¯à®¨§¢¥¤¥¨ï ¢ Hs (á¬. 6.1.10 (4)) ¨ ¨¢®«îæ¨¨ ¢ B(Hs)
(á¬. 6.4.14 ¨ 6.4.5) ¤«ï í«¥¬¥â®¢ a, b, y ∈ A ¨¬¥¥¬

(Rs(a∗)ψsx, ψsy)s = (ψsLa∗x, ψsy)s =
= (La∗x, y)s = (a∗x, y)s = s(y∗a∗x) = s((ay)∗x) = (x, ay)s =

= (x, Lay)s = (ψsx, ψsLay)s = (ψsx, Rs(a)ψsy)s =
= (Rs(a)∗ψsx, ψsy)s.

�âáî¤  ¨§-§  ¯«®â®áâ¨ im ψs ¢ Hs ¢ëâ¥ª ¥â, çâ® Rs(a∗) = Rs(a)∗
¤«ï ª ¦¤®£® a ∈ A, â. ¥. Rs | íâ® ∗-¯à¥¤áâ ¢«¥¨¥.

�®«®¦¨¬ â¥¯¥àì xs := ψs1. �®£¤ 

Rs(a)xs = Rs(a)ψs1 = ψsLa1 = ψsa (a ∈ A).

�«¥¤®¢ â¥«ì®, ¬®¦¥áâ¢® {Rs(a)xs : a ∈ A} ¯«®â® ¢ Hs. �®¬¨¬®
íâ®£®,

(Rs(a)xs, xs)s = (ψsa, ψs1)s = (a, 1)s = s(1∗a) = s(a). B

11.9.11. � ¬¥ç ¨¥. �®áâà®¥¨¥ ¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë
11.9.10  §ë¢ îâ ���-ª®áâàãªæ¨¥© (¨«¨ à §¢¥àãâ®: ª®áâàãªæ¨-
¥© �¥«ìä ¤  | � ©¬ àª  | �¨£ « ).
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11.9.12. �¥®à¥¬  �¥«ìä ¤  | � ©¬ àª . � ¦¤ ï C∗- «-
£¥¡à  ¨¬¥¥â ¨§®¬¥âà¨ç¥áª®¥ ∗-¯à¥¤áâ ¢«¥¨¥ ¢ C∗- «£¥¡à¥ í¤®¬®à-
ä¨§¬®¢ ¯®¤å®¤ïé¥£® £¨«ì¡¥àâ®¢  ¯à®áâà áâ¢ .

C �ãáâì A | à áá¬ âà¨¢ ¥¬ ï C∗- «£¥¡à . �«¥¤ã¥â  ©â¨ £¨«ì-
¡¥àâ®¢® ¯à®áâà áâ¢® H ¨ ¨§®¬¥âà¨ç¥áª®¥ ∗-¯à¥¤áâ ¢«¥¨¥ R  «£¥-
¡àë A ¢ C∗- «£¥¡à¥ B(H). � íâ®© æ¥«ìî à áá¬®âà¨¬ £¨«ì¡¥àâ®¢ã
áã¬¬ã H á¥¬¥©áâ¢  £¨«ì¡¥àâ®¢ëå ¯à®áâà áâ¢ (Hs)s∈S(A), áãé¥áâ¢®-
¢ ¨¥ ª®â®àë© £ à â¨à®¢ ® â¥®à¥¬®© ® á®áâ®ï¨¨ C∗- «£¥¡àë, â. ¥.

H := ⊕
s∈S(A)

Hs =

=



h := (hs)s∈S(A) ∈

∏

s∈S(A)
Hs :

∑

s∈S(A)
‖hs‖2

Hs
< +∞



 .

�â¬¥â¨¬, çâ® áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ á¥¬¥©áâ¢ h := (hs)s∈S(A) ¨
g := (gs)s∈S(A) ¢ H ¢ëç¨á«ï¥âáï ¯® ¯à ¢¨«ã (áà. 6.1.10 (5) ¨ 6.1.9):

(h, g) =
∑

s∈S(A)
(hs, gs)s.

�ãáâì, ¤ «¥¥, Rs | íâ® ∗-¯à¥¤áâ ¢«¥¨¥ A ¢ ¯à®áâà áâ¢¥ Hs,
á®®â¢¥âáâ¢ãîé¥¥ á®áâ®ï¨î s ¨§ S(A). � ª ª ª ¢ á¨«ã 11.8.5 ¤«ï
ª ¦¤®£® a ∈ A ¢ë¯®«¥  ®æ¥ª  ‖Rs(a)‖B(Hs) ≤ ‖a‖, â® ¤«ï h ∈ H
á¯à ¢¥¤«¨¢®
∑

s∈S(A)
‖Rs(a)hs‖2

Hs
≤

∑

s∈S(A)
‖Rs(a)‖2

B(Hs)‖hs‖2
Hs
≤ ‖a‖2

∑

s∈S(A)
‖hs‖2

Hs
.

�âáî¤  ¢ëâ¥ª ¥â, çâ® á®®â®è¥¨¥ R(a)h : s 7→ Rs(a)hs ®¯à¥-
¤¥«ï¥â í«¥¬¥â R(a)h ¨§ H. �®§¨ª îé¨© ®¯¥à â®à R(a) : h 7→
R(a)h | í«¥¬¥â ¯à®áâà áâ¢  B(H). �®«¥¥ â®£®, ®â®¡à ¦¥¨¥ R :
a 7→ R(a) (a ∈ A) | íâ® ¨áª®¬®¥ ¨§®¬¥âà¨ç¥áª®¥ ∗-¯à¥¤áâ ¢«¥¨¥
 «£¥¡àë A.

� á ¬®¬ ¤¥«¥, ¨§ ®¯à¥¤¥«¥¨ï R ¨ á¢®©áâ¢ Rs ¤«ï s ∈ S(A) «¥£ª®
¢ë¢¥áâ¨, çâ® R | íâ® ∗-¯à¥¤áâ ¢«¥¨¥ A ¢ B(H). �¡¥¤¨¬áï,  ¯à¨-
¬¥à, çâ® R á®£« á®¢ ® á ¨¢®«îæ¨¥©. �«ï íâ®£® ¢®§ì¬¥¬ í«¥¬¥âë
a ∈ A ¨ h, g ∈ H. �®£¤ 

(R(a∗)h, g) =
∑

s∈S(A)
(Rs(a∗)hs, gs)s =
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=
∑

s∈S(A)
(Rs(a)∗hs, gs)s =

∑

s∈S(A)
(hs, Rs(a)gs)s =

= (h, R(a)g) = (R(a)∗h, g).
�§-§  ¯à®¨§¢®«ì®áâ¨ h, g ∈ H ¯®«ãç ¥¬ R(a∗) = R(a)∗, çâ® ¨ ã¦-
®.

�áâ «®áì ¯à®¢¥à¨âì â®«ìª® ¨§®¬¥âà¨ç®áâì ∗-¯à¥¤áâ ¢«¥¨ï R,
â. ¥. à ¢¥áâ¢  ‖R(a)‖ = ‖a‖ ¯à¨ ¢á¥å a ∈ A. �ãáâì ¤«ï  ç « 
a | íâ® ¯®«®¦¨â¥«ìë© í«¥¬¥â. �§ ¥¯à¥àë¢®£® äãªæ¨® «ì®-
£® ¨áç¨á«¥¨ï ¨ â¥®à¥¬ë �¥©¥àèâà áá  9.4.5 á«¥¤ã¥â: ‖a‖ ∈ Sp(a).
�  ®á®¢ ¨¨ 11.9.3 (1) áãé¥áâ¢ã¥â á®áâ®ï¨¥ s ∈ S(A), ¤«ï ª®â®-
à®£® s(a) = ‖a‖. �ç¨âë¢ ï á¢®©áâ¢  ¢¥ªâ®à  xs, á®®â¢¥âáâ¢ãîé¥£®
∗-¯à¥¤áâ ¢«¥¨î Rs (á¬. 11.9.10), ¨ ¯à¨¢«¥ª ï ¥à ¢¥áâ¢® �®è¨ |
�ãïª®¢áª®£® 6.1.5, ¯®«ãç ¥¬

‖a‖ = s(a) = (Rs(a)xs, xs)s ≤ ‖Rs(a)xs‖Hs‖xs‖Hs ≤

≤ ‖Rs(a)‖B(Hs)‖xs‖2
Hs

= ‖Rs(a)‖B(Hs)(xs, xs)s =

= ‖Rs(a)‖B(Hs)(Rs(1)xs, xs)s = ‖Rs(a)‖B(Hs)s(1) = ‖Rs(a)‖B(Hs).

�á¯®«ì§ãï ®æ¥ª¨ ‖R(a)‖ ≥ ‖Rs(a)‖B(Hs) ¨ ‖a‖ ≥ ‖R(a)‖, ¯¥à-
¢ ï ¨§ ª®â®àëå ®ç¥¢¨¤ ,   ¢â®à ï ãª §   ¢ 11.8.5, ¢ë¢®¤¨¬:

‖a‖ ≥ ‖R(a)‖ ≥ ‖Rs(a)‖B(Hs) ≥ ‖a‖.

�®§ì¬¥¬,  ª®¥æ, ¯à®¨§¢®«ìë© í«¥¬¥â a ¨§ A. �® «¥¬¬¥ � ¯« -
áª®£® | �ãª ¬¨ï 11.9.7 í«¥¬¥â a∗a ¯®«®¦¨â¥«¥. � ª¨¬ ®¡à §®¬,
¬®¦® § ª«îç¨âì:

‖R(a)‖2 = ‖R(a)∗R(a)‖ = ‖R(a∗)R(a)‖ = ‖R(a∗a)‖ = ‖a∗a‖ = ‖a‖2.

� «ì¥©è¥¥ ¥ âà¥¡ã¥â ®á®¡ëå à §êïá¥¨©. B

�¯à ¦¥¨ï
11.1. �à¨¢¥áâ¨ ¯à¨¬¥àë ¡  å®¢ëå  «£¥¡à ¨ ¥ ¡  å®¢ëå  «£¥¡à.
11.2. �ãáâì A | ¡  å®¢   «£¥¡à  ¨ χ ∈ A# â ª®¢, çâ® χ(1) = 1 ¨ ¯à¨ íâ®¬

χ(Inv(A)) ⊂ Inv(C). �®ª § âì, çâ® χ ¬ã«ìâ¨¯«¨ª â¨¢¥ ¨ ¥¯à¥àë¢¥.
11.3. �ãáâì á¯¥ªâà Sp(a) í«¥¬¥â  a ¡  å®¢®©  «£¥¡àë A «¥¦¨â ¢ ®âªàë-

â®¬ ¬®¦¥áâ¢¥ U . �®ª § âì, çâ® ¨¬¥¥âáï ç¨á«® ε > 0 â ª®¥, çâ® Sp(a + b) ⊂ U
¯à¨ ¢á¥å b ∈ A, ¤«ï ª®â®àëå ‖b‖ ≤ ε.
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11.4. �¯¨á âì ¯à®áâà áâ¢  ¬ ªá¨¬ «ìëå ¨¤¥ «®¢ ¢  «£¥¡à å C(Q, C),
C(1)([0, 1], C) á ¯®â®ç¥çë¬ ã¬®¦¥¨¥¬, ¢  «£¥¡à¥ ¤¢ãáâ®à®¨å áã¬¬¨àã¥¬ëå
¯®á«¥¤®¢ â¥«ì®áâ¥© l1(Z) á® á¢�¥àâ®çë¬ ã¬®¦¥¨¥¬

(a ∗ b)(n) :=
∞∑

k=−∞
an−kbk.

11.5. �áâ ®¢¨âì, çâ® ¢ ¡  å®¢®©  «£¥¡à¥ B(X) í«¥¬¥â T ¨¬¥¥â «¥¢ë©
®¡à âë© ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ª®£¤  T | ¬®®¬®àä¨§¬ ¨ ®¡à § T
¤®¯®«ï¥¬ ¢ X.

11.6. �áâ ®¢¨âì, çâ® ¢ ¡  å®¢®©  «£¥¡à¥ B(X) í«¥¬¥â T ¨¬¥¥â ¯à ¢ë©
®¡à âë© ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ T | í¯¨¬®àä¨§¬ ¨ ï¤à® T ¤®¯®«-
ï¥¬® ¢ X.

11.7. � ¡  å®¢®©  «£¥¡à¥ A ¥áâì í«¥¬¥â á ¥á¢ï§ë¬ á¯¥ªâà®¬. �®ª § âì,
çâ® ¢ A  ©¤¥âáï ¥âà¨¢¨ «ìë© ¨¤¥¬¯®â¥â.

11.8. �ãáâì A | ª®¬¬ãâ â¨¢ ï ¡  å®¢   «£¥¡à  á ¥¤¨¨æ¥© ¨ E | ¥ª®-
â®à®¥ ¬®¦¥áâ¢® ¥¥ ¬ ªá¨¬ «ìëå ¨¤¥ «®¢. �®¦¥áâ¢® E  §ë¢ îâ £à ¨æ¥©
A, ¥á«¨ ¤«ï ¢áïª®£® a ∈ A ¢ë¯®«¥®

‖â‖∞ = sup |â(E)|.

�®ª § âì, çâ® ¯¥à¥á¥ç¥¨¥ ¢á¥å § ¬ªãâëå £à ¨æ A â ª¦¥ á«ã¦¨â £à ¨æ¥© A.
�¥  §ë¢ îâ £à ¨æ¥© �¨«®¢   «£¥¡àë A.

11.9. �ãáâì A, B | ª®¬¬ãâ â¨¢ë¥ ¡  å®¢ë  «£¥¡àë á ¥¤¨¨æ¥©, ¯à¨ç¥¬
B ⊂ A ¨ 1B = 1A. �®ª § âì, çâ® ¢áïª¨© ¬ ªá¨¬ «ìë© ¨¤¥ « £à ¨æë �¨«®¢ 
 «£¥¡àë B á®¤¥à¦¨âáï ¢ ¥ª®â®à®¬ ¬ ªá¨¬ «ì®¬ ¨¤¥ «¥ A.

11.10. �ãáâì A ¨ B | ¤¢¥ C∗- «£¥¡àë (á ¥¤¨¨æ¥©) ¨ T | ¬®àä¨§¬ A ¢
B. �ãáâì, ¤ «¥¥, a | ®à¬ «ìë© í«¥¬¥â A ¨ f | ¥¯à¥àë¢ ï äãªæ¨ï  
SpA(a). �áâ ®¢¨âì, çâ® SpB(Ta) ⊂ SpA(a) ¨ Tf(a) = f(Ta).

11.11. �ãáâì f ∈ A′, £¤¥ A | ª®¬¬ãâ â¨¢ ï C∗- «£¥¡à . �áâ ®¢¨âì, çâ®
f | ¯®«®¦¨â¥«ì ï ä®à¬ , â. ¥. f(a∗a) ≥ 0 ¤«ï a ∈ A, ¢ â®¬ ¨ â®«ìª® ¢ â®¬
á«ãç ¥, ¥á«¨ ‖f‖ = f(1).

11.12. �¯¨á âì ªà ©¨¥ «ãç¨ ¬®¦¥áâ¢  ¯®«®¦¨â¥«ìëå ä®à¬ ¢ ª®¬¬ãâ -
â¨¢®© C∗- «£¥¡à¥.

11.13. �®ª § âì, çâ®  «£¥¡àë C(Q1, C) ¨ C(Q2, C) ¨§®¬®àäë ¢ â®¬ ¨
â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ª®¬¯ ªâë Q1 ¨ Q2 £®¬¥®¬®àäë.

11.14. �ãáâì ¥ª®â®àë© ®à¬ «ìë© í«¥¬¥â C∗- «£¥¡àë ¨¬¥¥â ¢¥é¥áâ¢¥-
ë© á¯¥ªâà. �®ª § âì, çâ® ® íà¬¨â®¢.

11.15. � §¢¨âì á¯¥ªâà «ìãî â¥®à¨î ®à¬ «ìëå ®¯¥à â®à®¢ ¢ £¨«ì¡¥àâ®-
¢®¬ ¯à®áâà áâ¢¥ á ¯®¬®éìî ¥¯à¥àë¢®£® äãªæ¨® «ì®£® ¨áç¨á«¥¨ï. �¯¨-
á âì ª®¬¯ ªâë¥ ®à¬ «ìë¥ ®¯¥à â®àë.
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11.16. �ãáâì T |  «£¥¡à ¨ç¥áª¨© ¬®àä¨§¬ C∗- «£¥¡à, ¯à¨ç¥¬ ‖T‖ ≤ 1.
�®£¤  T (a∗) = (Ta)∗ ¤«ï ¢á¥å a.

11.17. �ãáâì T | ®à¬ «ìë© ®¯¥à â®à   £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ H.
�¡¥¤¨âìáï, çâ® áãé¥áâ¢ãîâ íà¬¨â®¢ ®¯¥à â®à S   H ¨ ¥¯à¥àë¢ ï äãªæ¨ï
f : Sp(S) → C â ª¨¥, çâ® T = f(S). �¯à ¢¥¤«¨¢® «¨   «®£¨ç®¥ ãâ¢¥à¦¤¥¨¥ ¢
C∗- «£¥¡à å?

11.18. �ãáâì A, B | ¤¢¥ C∗- «£¥¡àë ¨ ρ | íâ® ∗-¬®®¬®àä¨§¬ ¨§ A ¢ B.
�®ª § âì, çâ® ρ | ¨§®¬¥âà¨ç¥áª®¥ ¢«®¦¥¨¥ A ¢ B.

11.19. �ãáâì a, b | íà¬¨â®¢ë í«¥¬¥âë C∗- «£¥¡àë A, ¯à¨ç¥¬ ab = ba ¨,
ªà®¬¥ â®£®, a ≤ b. �®ª § âì, çâ® f(a) ≤ f(b) ¤«ï ¯®¤å®¤ïé¨å áã¦¥¨© «î¡®©
¢®§à áâ îé¥© ¥¯à¥àë¢®© áª «ïà®© äãªæ¨¨ f   R.
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|�®¢®á¨¡¨àáª: � ãª , 1980.|336 á.

2. �ª¨«®¢ �. �., �ãâ â¥« ¤§¥ �. �. �¯®àï¤®ç¥ë¥ ¢¥ªâ®àë¥
¯à®áâà áâ¢ .|�®¢®á¨¡¨àáª: � ãª , 1978.|368 á.

3. �«¥ªá ¤à®¢ �. �. �¢¥¤¥¨¥ ¢ â¥®à¨î ¬®¦¥áâ¢ ¨ ®¡éãî â®-
¯®«®£¨î. |�.: � ãª , 1977.|367 á.

4. �«¥ªá¥¥¢ �. �., �¨å®¬¨à®¢ �. �., �®¬¨ �. �. �¯â¨¬ «ì®¥
ã¯à ¢«¥¨¥.|�.: � ãª , 1979.|429 á.

5. �â®¥¢¨ç �. �., � ¤ë® �. �. �ãªæ¨® «ìë©   «¨§ ¨ ¨-
â¥£à «ìë¥ ãà ¢¥¨ï.|�¨áª: �§¤-¢® ý�¨¢¥àá¨â¥âáª®¥þ,
1984.|352 á.

6. �â®¥¢¨ç �. �., �ï§¥¢ �. �., � ¤ë® �. �. � ¤ ç¨ ¨ ã¯à ¦-
¥¨ï ¯® äãªæ¨® «ì®¬ã   «¨§ã.|�¨áª: �ëè¥©è ï èª®-
« , 1978.|205 á.

7. �â®á¨ª �., �¨ªãá¨áª¨© �., �¨ª®àáª¨© �. �¥®à¨ï ®¡®¡é¥-
ëå äãªæ¨©. �¥ª¢¥æ¨ «ìë© ¯®¤å®¤.|�.: �¨à, 1976.|
311 á.

8. �àå £¥«ìáª¨© �. �. �®¯®«®£¨ç¥áª¨¥ ¯à®áâà áâ¢  äãªæ¨©.|
�.: �§¤-¢® ���, 1989.|222 á.

9. �àå £¥«ìáª¨© �. �., �®®¬ à�¥¢ �. �. �á®¢ë ®¡é¥© â®¯®«®-
£¨¨ ¢ § ¤ ç å ¨ ã¯à ¦¥¨ïå.|�.: � ãª , 1974.|423 á.
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1965.|407 á.

11. �å¨¥§¥à �. �. �¥ªæ¨¨ ®¡ ¨â¥£à «ìëå ¯à¥®¡à §®¢ ¨ïå.|
� àìª®¢: �ëé  èª®« , 1984.|120 á.

12. �å¨¥§¥à �. �., �« §¬  �. �. �¥®à¨ï «¨¥©ëå ®¯¥à â®à®¢ ¢
£¨«ì¡¥àâ®¢ëå ¯à®áâà áâ¢ å. | � àìª®¢: �ëé  èª®« , 1977{
1978. | �. 1{2.
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13. � ©®ªª¨ �., � ¯¥«® �. � à¨ æ¨®ë¥ ¨ ª¢ §¨¢ à¨ æ¨®ë¥
¥à ¢¥áâ¢ .|�.: � ãª , 1988.|448 á.

14. � « ªà¨è  �. �. �à¨ª« ¤®© äãªæ¨® «ìë©   «¨§.|
�.: � ãª , 1980.|384 á.

15. �¥à£ �., ��¥äáâà�¥¬ �. �â¥à¯®«ïæ¨®ë¥ ¯à®áâà áâ¢ . �¢¥-
¤¥¨¥.|�.: �¨à, 1980.|264 á.

16. �¥à¥§ áª¨© �. �., �®¤à âì¥¢ �. �. �¯¥ªâà «ìë¥ ¬¥â®¤ë
¢ ¡¥áª®¥ç®¬¥à®¬   «¨§¥.|�¨¥¢: � ãª®¢  ¤ã¬ª .|1988.|
680 á.

17. �¥à¥§ áª¨© �. �., �á �. �., �¥äâ¥«ì �. �. �ãªæ¨® «ìë©
  «¨§. �ãàá «¥ªæ¨©.|�¨¥¢: �ëé  èª®« , 1990.|600 á.

18. �¥á®¢ �. �., �«ì¨ �. �., �¨ª®«ìáª¨© �. �. �â¥£à «ìë¥
¯à¥¤áâ ¢«¥¨ï äãªæ¨© ¨ â¥®à¥¬ë ¢«®¦¥¨ï. |�.: � ãª ,
1996.|480 á.

19. �¨àª£®ä �. �¥®à¨ï à¥è�¥â®ª.|�.: � ãª , 1984.|565 á.
20. �¨à¬  �. �. ¨ ¤à. �ãªæ¨® «ìë©   «¨§.|�.: � ãª ,

1972.|544 á.|(�¯à ¢®ç ï ¬ â¥¬ â¨ç¥áª ï ¡¨¡«¨®â¥ª .)
21. �¨à¬  �. �., �®«®¬ïª �. �. �¯¥ªâà «ì ï â¥®à¨ï á ¬®-

á®¯àï¦�¥ëå ®¯¥à â®à®¢ ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥.|�.:
�§¤-¢® ���, 1980.|264 á.

22. �®£®«î¡®¢ �. �., �®£ã®¢ �. �., �ªá ª �. �., �®¤®à®¢ �. �.
�¡é¨¥ ¯à¨æ¨¯ë ª¢ â®¢®© â¥®à¨¨ ¯®«ï.|�.: � ãª , 1987.|
615 á.

23. �ã«¤ëà¥¢ �. �., � ¢«®¢ �. �. �¨¥© ï  «£¥¡à  ¨ äãªæ¨¨
¬®£¨å ¯¥à¥¬¥ëå.|�.: �§¤-¢® ���, 1985.|496 á.

24. �à ââ¥«¨ �., �®¡¨á® �. �¯¥à â®àë¥  «£¥¡àë ¨ ª¢ â®¢ ï
áâ â¨áâ¨ç¥áª ï ¬¥å ¨ª . |�.: �¨à, 1982.|511 á.

25. �à¥¬¥à¬  �. � á¯à¥¤¥«¥¨ï, ª®¬¯«¥ªáë¥ ¯¥à¥¬¥ë¥ ¨ ¯à¥-
®¡à §®¢ ¨ï �ãàì¥.|�.: �¨à, 1968.|276 á.

26. �ãà¡ ª¨ �. �®¯®«®£¨ç¥áª¨¥ ¢¥ªâ®àë¥ ¯à®áâà áâ¢ . | �.:
�§¤-¢® ¨®áâà. «¨â., 1959.|410 á.

27. �ãà¡ ª¨ �. �¥®à¨ï ¬®¦¥áâ¢.|�.: �¨à, 1965.|455 á.
28. �ãà¡ ª¨ �. �¡é ï â®¯®«®£¨ï. �á®¢ë¥ áâàãªâãàë.|�.: � -

ãª , 1968.|272 á.
29. �ãà¡ ª¨ �. �®¬¬ãâ â¨¢ ï  «£¥¡à .|�.: �¨à, 1971.|707 á.
30. �ãà¡ ª¨ �. �¯¥ªâà «ì ï â¥®à¨ï.|�.: �¨à, 1972.|183 á.
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31. �ãà¡ ª¨ �. �¡é ï â®¯®«®£¨ï. �á¯®«ì§®¢ ¨¥ ¢¥é¥áâ¢¥ëå
ç¨á¥« ¢ ®¡é¥© â®¯®«®£¨¨. �ãªæ¨® «ìë¥ ¯à®áâà áâ¢ .
�¢®¤ª  à¥§ã«ìâ â®¢.|�.: � ãª , 1975.|408 á.

32. �ãà¡ ª¨ �. �â¥£à¨à®¢ ¨¥. �¥à    «®ª «ì® ª®¬¯ ªâëå
¯à®áâà áâ¢ å. �à®¤®«¦¥¨¥ ¬¥àë. �â¥£à¨à®¢ ¨¥ ¬¥à. �¥-
à    ®â¤¥«ìëå ¯à®áâà áâ¢ å.|�.: � ãª , 1977.|600 á.

33. �ãå¢ «®¢ �. �. ¨ ¤à. �¥ªâ®àë¥ à¥è�¥âª¨ ¨ ¨â¥£à «ìë¥
®¯¥à â®àë.|�®¢®á¨¡¨àáª: � ãª , 1991.|212 á.

34. � ©¡¥à£ �. �. �ãªæ¨® «ìë©   «¨§.|�.: �à®á¢¥é¥¨¥,
1979.|128 á.

35. �« ¤¨¬¨à®¢ �. �. �à ¢¥¨ï ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨.|�.:
� ãª , 1988.|512 á.

36. �« ¤¨¬¨à®¢ �. �. �¡®¡é�¥ë¥ äãªæ¨¨ ¢ ¬ â¥¬ â¨ç¥áª®© ä¨-
§¨ª¥.|�.: � ãª , 1976.|280 á.

37. �« ¤¨¬¨à®¢ �. �. ¨ ¤à. �¡®à¨ª § ¤ ç ¯® ãà ¢¥¨ï¬ ¬ â¥-
¬ â¨ç¥áª®© ä¨§¨ª¨.|�.: � ãª , 1982.|256 á.

38. �®¥¢®¤¨ �. �. �¨¥© ï  «£¥¡à .|�.: � ãª , 1980.|400 á.
39. �®«ìâ¥àà  �. �¥®à¨ï äãªæ¨® «®¢, ¨â¥£à «ìëå ¨ ¨â¥£à®-

¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©.|�.: � ãª , 1982.|304 á.
40. �ã«¨å �. �. �¢¥¤¥¨¥ ¢ äãªæ¨® «ìë©   «¨§.|�.: � ãª ,

1967.|415 á.
41. �ã«¨å �. �. �¢¥¤¥¨¥ ¢ â¥®à¨î ¯®«ãã¯®àï¤®ç¥ëå ¯à®áâ-

à áâ¢.|�.: �¨§¬ â£¨§, 1961.|407 á.
42. � ¬¥«¨ �. � ¢®¬¥àë¥  «£¥¡àë.|�.: �¨à, 1973.|334 á.
43. �¥«ì¡ ã¬ �., �«¬áâ¥¤ �¦. �®âà¯à¨¬¥àë ¢   «¨§¥.|�.:

�¨à, 1967.|251 á.
44. �¥«ìä ¤ �. �. �¥ªæ¨¨ ¯® «¨¥©®©  «£¥¡à¥.|�.: � ãª ,

1966. |280 á.
45. �¥«ìä ¤ �. �., � ©ª®¢ �. �., �¨«®¢ �. �. �®¬¬ãâ â¨¢ë¥

®à¬¨à®¢ ë¥ ª®«ìæ .|�.: �¨§¬ â£¨§, 1960.|316 á.
46. �¥«ìä ¤ �. �., �¨«®¢ �. �. �¡®¡é�¥ë¥ äãªæ¨¨ ¨ ¤¥©-

áâ¢¨ï  ¤ ¨¬¨.|�.: �¨§¬ â£¨§, 1958.|438 á.|(�¡®¡é�¥ë¥
äãªæ¨¨. �ë¯. 1.)

47. �¥«ìä ¤ �. �., �¨«®¢ �. �. �à®áâà áâ¢  ®á®¢ëå ¨ ®¡®¡-
é�¥ëå äãªæ¨©.|�.: �¨§¬ â£¨§, 1958.|307 á.|(�¡®¡é�¥-
ë¥ äãªæ¨¨. �ë¯. 2.)

48. �¥«ìä ¤ �. �., �¨«¥ª¨ �. �. �¥ª®â®àë¥ ¯à¨¬¥¥¨ï £ à-
¬®¨ç¥áª®£®   «¨§ . �á é�¥ë¥ £¨«ì¡¥àâ®¢ë ¯à®áâà áâ¢ .
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| �.: �¨§¬ â£¨§, 1961. | 472 á. | (�¡®¡é�¥ë¥ äãªæ¨¨.
�ë¯. 4.)

49. �« §¬  �. �., �î¡¨ç �. �. �®¥ç®¬¥àë© «¨¥©ë©   -
«¨§.|�.: � ãª , 1969.|475 á.

50. �®¤¥¬  �. �«£¥¡à ¨ç¥áª ï â®¯®«®£¨ï ¨ â¥®à¨ï ¯ãçª®¢.|�.:
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52. �®ä¬  �. �  å®¢ë ¯à®áâà áâ¢    «¨â¨ç¥áª¨å äãªæ¨©.|
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á®¯àï¦�¥ëå ®¯¥à â®à®¢.|�.: � ãª , 1965.|448 á.
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55. � ä®à¤ �., �¢ àæ �¦. �¨¥©ë¥ ®¯¥à â®àë. �. 1: �¡é ï
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ë¥ ®¯¥à â®àë.|�.: �¨à, 1974.|661 á.

56. �¨ªá¬ì¥ �. C∗- «£¥¡àë ¨ ¨å ¯à¥¤áâ ¢«¥¨ï. | �.: � ãª ,
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57. �¨áâ¥«ì �¦. �¥®¬¥âà¨ï ¡  å®¢ëå ¯à®áâà áâ¢.|�¨¥¢: �ë-
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58. �ì¥¤®¥ �. �á®¢ë á®¢à¥¬¥®£®   «¨§ . | �.: �§¤-¢®
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|�.: �ëáè ï èª®« , 1980.|295 á.

61. �®à¨ç �. �. � â¥¬ â¨ç¥áª¨©   «¨§. � áâì II.|�.: � ãª ,
1998.|640 á.

62. �®á¨¤  �. �ãªæ¨® «ìë©   «¨§.|�.: �¨à, 1967.|624 á.
63. �®á¨¤  �. �¯¥à æ¨®®¥ ¨áç¨á«¥¨¥. �¥®à¨ï £¨¯¥àäãªæ¨©.

| �¨áª: �§¤-¢® ý�¨¢¥àá¨â¥âáª®¥þ, 1989.|168 á.
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64. �®ää¥ �. �., �¨å®¬¨à®¢ �. �. �¥®à¨ï íªáâà¥¬ «ìëå § ¤ ç.|
�.: � ãª , 1974.|479 á.

65. � â®à®¢¨ç �. �., �ª¨«®¢ �. �. �ãªæ¨® «ìë©   «¨§.|�.:
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èª®« , 1985.|208 á.
77. �®«¬®£®à®¢ �. �. �§¡à ë¥ âàã¤ë. � â¥¬ â¨ª  ¨ ¬¥å ¨ª .

|�.: � ãª , 1985.|470 á.
78. �®«¬®£®à®¢ �. �., �®¬¨ �. �. �«¥¬¥âë â¥®à¨¨ äãªæ¨©

¨ äãªæ¨® «ì®£®   «¨§ .|�.: � ãª , 1989.|623 á.
79. �®à®âª®¢ �. �. �â¥£à «ìë¥ ®¯¥à â®àë.|�®¢®á¨¡¨àáª: � -

ãª , 1983.|224 á.
80. �®áâà¨ª¨ �. �., � ¨ �. �. �¨¥© ï  «£¥¡à  ¨ £¥®¬¥âà¨ï.

|�.: �§¤-¢® ���, 1986.|303 á.
81. �à á®á¥«ìáª¨© �. �. �®«®¦¨â¥«ìë¥ à¥è¥¨ï ®¯¥à â®àëå

ãà ¢¥¨©. �« ¢ë ¥«¨¥©®£®   «¨§ .|�.: �¨§¬ â£¨§, 1962.
|394 á.
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82. �à á®á¥«ìáª¨© �. �. ¨ ¤à. �â¥£à «ìë¥ ®¯¥à â®àë ¢ ¯à®-
áâà áâ¢ å áã¬¬¨àã¥¬ëå äãªæ¨©.|�.: � ãª , 1966.|499 á.

83. �à á®á¥«ìáª¨© �. �., � ¡à¥©ª® �. �. �¥®¬¥âà¨ç¥áª¨¥ ¬¥â®¤ë
¥«¨¥©®£®   «¨§ .|�.: � ãª , 1975.|511 á.

84. �à á®á¥«ìáª¨© �. �., �ãâ¨æª¨© �. �. �ë¯ãª«ë¥ äãªæ¨¨
¨ ¯à®áâà áâ¢  �à«¨ç .|�.: �¨§¬ â£¨§, 1958.|271 á.

85. �à á®á¥«ìáª¨© �. �., �¨äè¨æ �. �., �®¡®«¥¢ �. �. �®§¨â¨¢-
ë¥ «¨¥©ë¥ á¨áâ¥¬ë. �¥â®¤ ¯®«®¦¨â¥«ìëå ®¯¥à â®à®¢.|
�.: � ãª , 1985.|255 á.

86. �à¥© �. �. �¨¥©ë¥ ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï ¢ ¡  -
å®¢®¬ ¯à®áâà áâ¢¥.|�.: � ãª , 1967.|464 á.

87. �à¥© �. �. �¨¥©ë¥ ãà ¢¥¨ï ¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥.|
�.: � ãª , 1971.|104 á.

88. �à¥© �. �., �¥âã¨ �. �., �¥¬�¥®¢ �. �. �â¥à¯®«ïæ¨ï
«¨¥©ëå ®¯¥à â®à®¢.|�.: � ãª , 1978.|400 á.

89. �ã¤àï¢æ¥¢ �. �. �ãàá ¬ â¥¬ â¨ç¥áª®£®   «¨§ . �. 2.|�.:
�ëáè ï èª®« , 1981.|584 á.

90. �ãáà ¥¢ �. �. �¥ªâ®à ï ¤¢®©áâ¢¥®áâì ¨ ¥�¥ ¯à¨«®¦¥¨ï.|
�®¢®á¨¡¨àáª: � ãª , 1985.|256 á.

91. �ãáà ¥¢ �. �., �ãâ â¥« ¤§¥ �. �. �ã¡¤¨ää¥à¥æ¨ «ë. �¥®à¨ï
¨ ¯à¨«®¦¥¨ï.|�®¢®á¨¡¨àáª: � ãª , 1992.|270 á.

92. �ãáà ¥¢ �. �., �¨¡¨«®¢ �. �. �¥áª®¥ç®¬¥àë¥ ¡  å®¢ë ¯à®-
áâà áâ¢ .|�« ¤¨ª ¢ª §: �§¤-¢® �¥¢¥à®-�á¥â¨áª®£® ã¨¢¥à-
á¨â¥â , 1994.|118 p.

93. �ãâ â¥« ¤§¥ �. �., �ã¡¨®¢ �. �. �¢®©áâ¢¥®áâì �¨ª®¢áª®-
£® ¨ ¥�¥ ¯à¨«®¦¥¨ï.|�®¢®á¨¡¨àáª: � ãª , 1976.|254 á.

94. � ¤ë¦¥áª ï �. �. �à ¥¢ë¥ § ¤ ç¨ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨.
|�.: � ãª , 1973.|407 á.

95. �¥¢¨ �. �®ªà¥âë¥ ¯à®¡«¥¬ë äãªæ¨® «ì®£®   «¨§ .|
�.: � ãª , 1967.|510 á.

96. �¥¢¨ �. �. �ë¯ãª«ë©   «¨§ ¢ ¯à®áâà áâ¢ å ¨§¬¥à¨¬ëå
äãªæ¨© ¨ ¥£® ¯à¨¬¥¥¨¥ ¢ ¬ â¥¬ â¨ª¥ ¨ íª®®¬¨ª¥.|�.:
� ãª , 1985.|351 á.

97. �¥£ �. �¢¥¤¥¨¥ ¢ â¥®à¨î ¤¨ää¥à¥æ¨àã¥¬ëå ¬®£®®¡à §¨©.
|�.: �¨à, 1967.|203 á.

98. �¥£ �. �«£¥¡à .|�.: �¨à, 1968.|564 á.
99. �¥£ �. SL(2,R).|�.: �¨à, 1977.|430 á.
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100. �î¡¨ç �. �. �¢¥¤¥¨¥ ¢ â¥®à¨î ¡  å®¢ëå ¯à¥¤áâ ¢«¥¨©
£àã¯¯.|� àìª®¢: �ëé  èª®« , 1985.|143 á.

101. �î¡¨ç �. �. �¨¥©ë© äãªæ¨® «ìë©   «¨§.|�.: ��-
����, 1988.|316 á.|(�®¢à¥¬¥ë¥ ¯à®¡«¥¬ë ¬ â¥¬ â¨ª¨.
�ã¤ ¬¥â «ìë¥  ¯à ¢«¥¨ï. �. 19.)

102. �î¬¨á �. �¢¥¤¥¨¥ ¢  ¡áâà ªâë© £ à¬®¨ç¥áª¨©   «¨§.|
�.: �§¤-¢® ¨®áâà. «¨â., 1956.|251 á.

103. �îáâ¥à¨ª �. �., �®¡®«¥¢ �. �. �à âª¨© ªãàá äãªæ¨® «ì-
®£®   «¨§ .|�.: �ëáè ï èª®« , 1982.|271 á.

104. � §ìï �. �. �à®áâà áâ¢  �. �. �®¡®«¥¢ .|�.: �§¤-¢® ���,
1985.|415 á.

105. � «ì£à ¦ �. �¤¥ «ë ¤¨ää¥à¥æ¨àã¥¬ëå äãªæ¨©. | �.:
�¨à, 1968.|131 á.

106. � á«®¢ �. �. �¯¥à â®àë¥ ¬¥â®¤ë.|�.: � ãª , 1973.|544 á.
107. �¨§®å â  �. �¥®à¨ï ãà ¢¥¨© á ç áâë¬¨ ¯à®¨§¢®¤ë¬¨.|

�.: �¨à, 1977.|504 á.
108. �¨å«¨ �. �. �¨¥©ë¥ ãà ¢¥¨ï ¢ ç áâëå ¯à®¨§¢®¤ëå.|

�.: �ëáè ï èª®« , 1977.|431 á.
109. �®à¥ �. �¥â®¤ë £¨«ì¡¥àâ®¢  ¯à®áâà áâ¢ .|�.: �¨à, 1965.

|570 á.
110. �®àà¨á �. �¢®©áâ¢¥®áâì �®âàï£¨  ¨ áâà®¥¨¥ «®ª «ì®

ª®¬¯ ªâëå  ¡¥«¥¢ëå £àã¯¯.|�.: �¨à, 1980.|102 á.
111. � ¯ «ª®¢ �. �. �à ¢¥¨ï á¢�¥àâª¨ ¢ ¬®£®¬¥àëå ¯à®áâà áâ-

¢ å.|�.: � ãª , 1982.|240 á.
112. � ©¬ àª �. �. �®à¬¨à®¢ ë¥ ª®«ìæ .|�.: � ãª , 1968.|

664 á.
113. �¥¢�¥ �. � â¥¬ â¨ç¥áª¨¥ ®á®¢ë â¥®à¨¨ ¢¥à®ïâ®áâ¥©.|�.:

�¨à, 1969.|309 á.
114. �¥©¬  �¦. ä®. � â¥¬ â¨ç¥áª¨¥ ®á®¢ë ª¢ â®¢®© ¬¥å ¨-

ª¨.|�.: � ãª , 1964.|367 á.
115. �¥©¬  �¦. ä®. �§¡à ë¥ âàã¤ë ¯® äãªæ¨® «ì®¬ã   -

«¨§ã.|�.: � ãª , 1987.|�. 1, 2.
116. �¨ª®«ìáª¨© �. �. �¥ªæ¨¨ ®¡ ®¯¥à â®à¥ á¤¢¨£ .|�.: � ãª ,

1980.|383 á.
117. �¨ª®«ìáª¨© �. �. �à¨¡«¨¦¥¨¥ äãªæ¨© ¬®£¨å ¯¥à¥¬¥ëå

¨ â¥®à¥¬ë ¢«®¦¥¨ï.|�.: � ãª , 1977.|455 á.
118. �¨à¥¡¥à£ �. �¥ªæ¨¨ ¯® ¥«¨¥©®¬ã äãªæ¨® «ì®¬ã   -

«¨§ã.|�.: �¨à, 1977.|232 á.
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119. �¡¥ �.-�. �¥«¨¥©ë©   «¨§ ¨ ¥£® íª®®¬¨ç¥áª¨¥ ¯à¨«®¦¥-
¨ï.|�.: �¨à, 1988.|264 á.

120. �¡¥ �.-�., �ª« ¤ �. �à¨ª« ¤®© ¥«¨¥©ë©   «¨§.|�.:
�¨à, 1988.|510 á.

121. � « ¬®¤®¢ �. �. �¨¥©ë¥ ¤¨ää¥à¥æ¨ «ìë¥ ®¯¥à â®àë á
¯®áâ®ïë¬¨ ª®íää¨æ¨¥â ¬¨.|�.: � ãª , 1967.|487 á.

122. � «¥ �. �¥¬¨ à ¯® â¥®à¥¬¥ �âì¨ | �¨£¥à  ®¡ ¨¤¥ªá¥.|�.:
�¨à, 1970.|359 á.

123. �¥âã¨ �. �., �«¨çª® �. �. �¥®à¨ï å à ªâ¥à¨áâ¨ª ¯®¤¯à®-
áâà áâ¢ ¨ ¥�¥ ¯à¨«®¦¥¨ï.|�¨¥¢: �ëé  èª®« , 1980.|216 á.

124. �¨ç �. �¯¥à â®àë¥ ¨¤¥ «ë.|�.: �¨à, 1982.|536 á.
125. �¨ç �. �¤¥àë¥ «®ª «ì® ¢ë¯ãª«ë¥ ¯à®áâà áâ¢ .|�.: �¨à,

1967.|256 á.
126. �«¥á¥à �. �. �¯¥ªâà «ì ï â¥®à¨ï «¨¥©ëå ®¯¥à â®à®¢.|

�.: � ãª , 1965.|624 á.
127. �à�¥á¤®àä �. �¥ª®â®àë¥ ª« ááë á¨£ã«ïàëå ãà ¢¥¨©.|�.:

�¨à, 1979.|493 á.
128. � ¤ë® �. �. �¨¥©ë¥ ãà ¢¥¨ï ¨ ¡®à®«®£¨ï.|�.: �§¤-¢®

���, 1982.|199 á.
129. � ©ª®¢ �. �. �¥ªâ®àë¥ ¯à®áâà áâ¢ .|�.: �¨§¬ â£¨§, 1962.

|211 á.
130. �¥è¥âïª �. �. �¥ªâ®àë¥ ¬¥àë ¨ ¥ª®â®àë¥ ¢®¯à®áë â¥®-

à¨¨ äãªæ¨© ¢¥é¥áâ¢¥®© ¯¥à¥¬¥®©.|�®¢®á¨¡¨àáª: �§¤-
¢® ���, 1982.|91 á.

131. �¨¤ �., � ©¬® �. �¥â®¤ë á®¢à¥¬¥®© ¬ â¥¬ â¨ç¥áª®© ä¨-
§¨ª¨.|�.: �¨à, 1977{1982.|�. 1: �ãªæ¨® «ìë©   «¨§.
|1977.|357 á. �. 2: � à¬®¨ç¥áª¨©   «¨§. � ¬®á®¯àï¦¥-
®áâì. | 1978.|395 á. �. 3: �¥®à¨ï à áá¥ï¨ï.|1982.|443 á.
�. 4: � «¨§ ®¯¥à â®à®¢.|1982.|428 á.

132. �¨áá �., ��¥ª¥ä «ì¢¨-� ¤ì �. �¥ªæ¨¨ ¯® äãªæ¨® «ì®¬ã
  «¨§ã.|�.: �¨à, 1979.|587 á.

133. �¨åâ¬ ©¥à �. �à¨æ¨¯ë á®¢à¥¬¥®© ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨.
|�.: �¨à, 1982.|486 á.

134. �®¡¥àâá® �., �®¡¥àâá® �. �®¯®«®£¨ç¥áª¨¥ ¢¥ªâ®àë¥ ¯à®áâ-
à áâ¢ .|�.: �¨à, 1967.|257 á.

135. �®ª ä¥«« à �. �ë¯ãª«ë©   «¨§.|�.: �¨à, 1973.|470 á.
136. �ã¤¨ �. �ãªæ¨® «ìë©   «¨§.|�.: �¨à, 1975.|443 á.
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137. � ¤®¢¨ç¨© �. �. �¥®à¨ï ®¯¥à â®à®¢.|�.: �ëáè ï èª®« ,
1999.|368 á.

138. �¬¨à®¢ �. �. �ãàá ¢ëáè¥© ¬ â¥¬ â¨ª¨. �. 5.|�.: �����,
1959.|635 á.

139. �®¡®«¥¢ �. �. �¢¥¤¥¨¥ ¢ â¥®à¨î ªã¡ âãàëå ä®à¬ã«. | �.:
� ãª , 1974.|808 á.

140. �®¡®«¥¢ �. �. �¥ª®â®àë¥ ¯à¨¬¥¥¨ï äãªæ¨® «ì®£®   -
«¨§  ¢ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¥.|�.: � ãª , 1988.|334 á.

141. �®¡®«¥¢ �. �. �§¡à ë¥ ¢®¯à®áë â¥®à¨¨ äãªæ¨® «ìëå
¯à®áâà áâ¢ ¨ ®¡®¡é�¥ëå äãªæ¨©.|�.: � ãª , 1989. |
254 á.

142. �â¥© �. �¨£ã«ïàë¥ ¨â¥£à «ë ¨ ¤¨ää¥à¥æ¨ «ìë¥ á¢®©-
áâ¢  äãªæ¨©.|�.: �¨à, 1973.|342 á.

143. �â¥© �., �¥©á �. �¢¥¤¥¨¥ ¢ £ à¬®¨ç¥áª¨©   «¨§   ¥¢ª«¨-
¤®¢ëå ¯à®áâà áâ¢ å.|�.: �¨à, 1974.|333 á.

144. � «¤ëª¨ �. �. �«¥¬¥âë ¯à¨ª« ¤®£® äãªæ¨® «ì®£®   -
«¨§ .|�.: �ëáè ï èª®« , 1982.|383 á.

145. �¨å®¬¨à®¢ �. �. �ë¯ãª«ë©   «¨§. � ª.: �®¢à¥¬¥ë¥ ¯à®-
¡«¥¬ë ¬ â¥¬ â¨ª¨. �ã¤ ¬¥â «ìë¥  ¯à ¢«¥¨ï. �. 14.|
�.: ������, 1987.|�. 5{101.

146. �à¥®£¨ �. �. �ãªæ¨® «ìë©   «¨§.|�.: � ãª , 1980.|
496 á.

147. �à¥®£¨ �. �., �¨á à¥¢áª¨© �. �., �®¡®«¥¢  �. �. � ¤ ç¨
¨ ã¯à ¦¥¨ï ¯® äãªæ¨® «ì®¬ã   «¨§ã. | �.: � ãª ,
1984.|256 á.

148. �à¨¡¥«ì �. �¥®à¨ï äãªæ¨® «ìëå ¯à®áâà áâ¢.|�.: �¨à,
1986.|447 á.

149. �á¯¥áª¨© �. �., �¥¬¨¤¥ª® �. �., �¥à¥¯�¥«ª¨ �. �. �¥®à¥¬ë
¢«®¦¥¨ï ¨ ¯à¨«®¦¥¨ï ª ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨ï¬.|
�®¢®á¨¡¨àáª: � ãª , 1984.|223 á.

150. � ¢¨ �. �. �¥â®¤ë ¨ áâàãªâãà  ª®¬¬ãâ â¨¢®£® £ à¬®¨-
ç¥áª®£®   «¨§ . � ª.: �®¢à¥¬¥ë¥ ¯à®¡«¥¬ë ¬ â¥¬ â¨-
ª¨. �ã¤ ¬¥â «ìë¥  ¯à ¢«¥¨ï. �. 15.|�.: ������,
1987.|�. 6{133.

151. � «¬®è �. �¥®à¨ï ¬¥àë.|�.: �§¤-¢® ¨®áâà. «¨â.|1953.|
291 á.

152. � «¬®è �. �®¥ç®¬¥àë¥ ¢¥ªâ®àë¥ ¯à®áâà áâ¢ . | �.:
�¨§¬ â£¨§, 1963.|264 á.
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153. � «¬®è �. �¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® ¢ § ¤ ç å.|�.: �¨à,
1970.|352 á.

154. � «¬®è �., � ¤¥à �. �£à ¨ç¥ë¥ ¨â¥£à «ìë¥ ®¯¥à â®àë
¢ ¯à®áâà áâ¢ å L2.|�.: � ãª , 1985.|158 á.

155. � âá® �., �¨¬ �¦. �à¨«®¦¥¨ï äãªæ¨® «ì®£®   «¨§ 
¨ â¥®à¨¨ ®¯¥à â®à®¢.|�.: �¨à, 1983.|431 á.

156. �¥©¥à �. �¥à®ïâ®áâë¥ ¬¥àë   «®ª «ì® ª®¬¯ ªâëå £àã¯-
¯ å.|�.: �¨à, 1981.|701 á.

157. �¥«¥¬áª¨© �. �. �  å®¢ë ¨ ¯®«ã®à¬¨à®¢ ë¥  «£¥¡àë.
�¡é ï â¥®à¨ï, ¯à¥¤áâ ¢«¥¨¥, £®¬®â®¯¨¨.|�.: � ãª , 1989.|
464 á.

158. �¨««¥ �., �¨««¨¯á �. �ãªæ¨® «ìë©   «¨§ ¨ ¯®«ã£àã¯¯ë.
|�.: �§¤-¢® ¨®áâà. «¨â., 1962.|829 á.

159. �®à �., �¦®á® �. � âà¨çë©   «¨§.|�.: �¨à, 1989.|
655 á.

160. �ìî¨ââ �., �®áá �. �¡áâà ªâë© £ à¬®¨ç¥áª¨©   «¨§. �.
1: �âàãªâãà  â®¯®«®£¨ç¥áª¨å £àã¯¯. �¥®à¨ï ¨â¥£à¨à®¢ ¨ï.
�à¥¤áâ ¢«¥¨¥ £àã¯¯.|�.: � ãª , 1975.|656 á. �. 2: �âàãª-
âãà  ¨   «¨§ ª®¬¯ ªâëå £àã¯¯. � «¨§   «®ª «ì® ª®¬-
¯ ªâëå  ¡¥«¥¢ëå £àã¯¯ å.|�.: �¨à, 1975.|902 á.

161. ��¥à¬ ¤¥à �. �¢¥¤¥¨¥ ¢ â¥®à¨î äãªæ¨© ¥áª®«ìª¨å ª®¬-
¯«¥ªáëå ¯¥à¥¬¥ëå.|�.: �¨à, 1968.|279 á.

162. ��¥à¬ ¤¥à �. � «¨§ «¨¥©ëå ¤¨ää¥à¥æ¨ «ìëå ®¯¥à â®-
à®¢ á ç áâë¬¨ ¯à®¨§¢®¤ë¬¨. �. 1: �¥®à¨ï à á¯à¥¤¥«¥¨© ¨
  «¨§ �ãàì¥.|�.: �¨à, 1986.|462 á.

163. � ¯¨à  �. �¥®à¨ï £¨¯¥àäãªæ¨©.|�.: �¨à, 1972.|142 á.
164. � ä à¥¢¨ç �. �. �á®¢ë¥ ¯®ïâ¨ï  «£¥¡àë.|�.: ������,

1986.|288 á.|(�®¢à¥¬¥ë¥ ¯à®¡«¥¬ë ¬ â¥¬ â¨ª¨. �ã¤ -
¬¥â «ìë¥  ¯à ¢«¥¨ï. �. 11.)

165. �¢ àæ �. � «¨§. �. 1.|�.: �¨à, 1972.|824 á.
166. �¢ àæ �. � â¥¬ â¨ç¥áª¨¥ ¬¥â®¤ë ¤«ï ä¨§¨ç¥áª¨å  ãª.|�.:

�¨à, 1965.|412 á.
167. �¥ä¥à �. �®¯®«®£¨ç¥áª¨¥ ¢¥ªâ®àë¥ ¯à®áâà áâ¢ .|�.: �¨à,

1971.|359 á.
168. �¨«®¢ �. �. � â¥¬ â¨ç¥áª¨©   «¨§. �â®à®© á¯¥æ¨ «ìë©

ªãàá.|�.: � ãª , 1965.|327 á.
169. �¨«®¢ �. �., �ãà¥¢¨ç �. �. �â¥£à «, ¬¥à  ¨ ¯à®¨§¢®¤ ï.|

�.: � ãª , 1967.|219 á.
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170. �¤¢ à¤á �. �ï¤ë �ãàì¥ ¢ á®¢à¥¬¥®¬ ¨§«®¦¥¨¨.|�.: �¨à,
1985.|�. 1, 2.

171. �¤¢ à¤á �. �ãªæ¨® «ìë©   «¨§. �¥®à¨ï ¨ ¯à¨«®¦¥¨ï.|
�.: �¨à, 1969.|1072 á.

172. �ª« ¤ �., �¥¬ ¬ �. �ë¯ãª«ë©   «¨§ ¨ ¢ à¨ æ¨®ë¥ ¯à®-
¡«¥¬ë.|�.: �¨à, 1979.|400 á.

173. �¬å �. �«£¥¡à ¨ç¥áª¨¥ ¬¥â®¤ë ¢ áâ â¨áâ¨ç¥áª®© ¬¥å ¨ª¥
¨ ª¢ â®¢®© â¥®à¨¨ ¯®«ï.|�.: �¨à, 1976.|423 á.

174. �£¥«ìª¨£ �. �¡é ï â®¯®«®£¨ï.|�.: �¨à, 1986.|751 á.
175. �£ �. �¥ªæ¨¨ ¯® ¢ à¨ æ¨®®¬ã ¨áç¨á«¥¨î ¨ â¥®à¨¨ ®¯â¨-

¬ «ì®£® ã¯à ¢«¥¨ï.|�.: �¨à, 1974.|488 á.
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Lat(X), 2.1.5
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SpA(a), 11.2.1
Sp(T ), 5.6.13
T1, 9.3.2
T2, 9.3.5
T3, 9.3.9
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2
, 9.3.15

T4, 9.3.11
T(X), 9.1.7
Tr(
), 10.10.2
VT(X), 10.1.5
X(A), 11.6.4
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µ+, 10.8.13
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|µ|, 10.8.13, 10.9.4 (3)
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‖µ‖, 10.9.5
µ
′ , 10.9.4 (4)
µ1 ⊗ µ2, 10.9.4 (6)
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µ ∗ f , 10.9.4 (7)
µ ∗ ν, 10.9.4 (7)
π(U), 10.5.1, 10.5.7
π−1(V ), 10.5.1
π−1

F (πF (U)), 10.5.5
2π , 10.11.4
σ′, 8.2.9
σ(T ), 5.6.13
σ(X, Y ), 10.3.5
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κσ , 8.2.10
abs pol , 10.5.7
cl U , 4.1.13
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res(a), 11.2.1
res(T ), 5.6.13
seg, 3.6.1
sup U , 1.2.9
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f̂ , 10.11.3
f(a), 11.3.1
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K
0, 10.9.8

̂̂g, 10.11.2
◦
g(f), 8.2.6
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lp, lp(E), 5.5.9 (4)
l∞, l∞(E), 5.5.9 (2)
m, 5.5.9 (2)
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pe, 5.5.9 (5)
pS , 3.8.6
pT , 5.1.3
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r(T ), 5.6.6
s, �¯à. 1.19
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ug , 10.10.5 (1)
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〈x |, 10.3.1
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xα, 10.11.5 (8)
x+, 3.2.12
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x−, 3.2.12
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‖x‖p, 5.5.9 (4)
‖x‖∞, 5.5.9 (2)
∼(x), 10.11.4
∼X0 , 2.1.4 (6)
x :=

∑
e∈E

xe, 5.5.9 (7)

x 7→ x′, 6.4.1
x1 ∨ x2, x1 ∧ x2, 1.2.12
(x1, x2), 1.2.12
〈x | f〉, 5.1.11
x ≤σ y, 1.2.2
x′ ⊗ y, 5.5.6
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|||y|||p, 5.5.9 (6)
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b, 10.9.1∫
E

, 5.5.9 (6)

| ·〉, 10.3.1
〈· | ·〉, 10.3.1
〈· |, 10.3.1
∼, 1.2.2∑
ξ∈�

Xξ, 2.1.4 (5)
∏
ξ∈�

Xξ, 2.1.4 (4)
∮

h(z)R(z)dz, 8.1.20
,̂ 11.6.8
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�à¥¤¥« ¡ §¨á  ä¨«ìâà  4.1.16
| ¯®á«¥¤®¢ â¥«ì®áâ¨ 4.1.17
�à¥¤¨â¥£à « 5.5.9 (4)
�à¥¤®ªà¥áâ®áâì 9.1.1
�à¥¤¯®àï¤®ª 1.2.2
| ¯à®â¨¢®¯®«®¦ë© 1.2.3 (2)
�à¥¤¯ãç®ª 10.9.4 (4)
�à¥¤áâ ¢«¥¨¥ 8.2.2
| ª ®¨ç¥áª®¥ 11.1.7
| ®¯¥à â®à®¥ 8.2.2
| â®ç®¥ 8.2.2
∗-¯à¥¤áâ ¢«¥¨¥ 11.8.3
�à¥¤â®¯®«®£¨ï 9.1.1
�à¥®¡à §®¢ ¨¥ �¥«ìä ¤  11.6.8
| �ãàì¥ 10.11.3
| | ®â®á¨â¥«ì® ¡ §¨á  6.3.16
| | | �« è¥à¥«ï 10.11.15
| | | �¢ àæ  10.11.19
�à¨æ¨¯  ¢â®¬ â¨ç¥áª®©

¥¯à¥àë¢®áâ¨ 7.5.5
| �  å  ®á®¢®© 7.1.5
| ¤¢ãå ®à¬ 7.4.17
| ¤®¯®«ï¥¬®áâ¨ 7.4.10
| ¨¤¥ «ì®£® á®®â¢¥âáâ¢¨ï 7.3.5
| ª®àà¥ªâ®áâ¨ 7.4.6
| «®ª «¨§ æ¨¨ ¬¥à 10.9.10
| | à á¯à¥¤¥«¥¨© 10.10.11
| ¥¯à¥àë¢®£® ¯à®¤®«¦¥¨ï

7.5.11
| ®à¬ë £à ä¨ª  7.4.18
| ®âªàëâ®áâ¨ 7.3.13
| à ¢®¬¥à®© ®£à ¨ç¥®áâ¨

7.2.5
| à ¢®áâ¥¯¥®© ¥¯à¥àë¢®áâ¨

7.2.4
| á£ãé¥¨ï ®á®¡¥®áâ¥© 7.2.12
| ä¨ªá æ¨¨ ®á®¡¥®áâ¨ 7.2.11
| èâà¨å®¢ ¨ï ¤¨ £à ¬¬ 7.6.7
| | ¯®á«¥¤®¢ â¥«ì®áâ¥© 7.6.13
| íà¬¨â®¢  á®¯àï¦¥¨ï ¤¨ £à ¬¬

6.4.9
| | | ¯®á«¥¤®¢ â¥«ì®áâ¥©

6.4.12
�à¨á®¥¤¨¥¨¥ ¥¤¨¨æë 11.1.2
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�à®¥ªâ®à 2.2.9 (4)
| ª®®à¤¨ âë© 2.2.9 (3)
| �¨áá  8.2.11
�à®¥ªæ¨ï   ¬®¦¥áâ¢® 6.2.3
�à®¨§¢¥¤¥¨¥ ¢¥ªâ®àëå

¯à®áâà áâ¢ 2.1.4 (4)
| à ¢®¬¥àëå ¯à®áâà áâ¢

9.5.5 (4)
| áª «ïà®¥ 6.1.4
| â¨å®®¢áª®¥ 9.2.17 (2)
| â®¯®«®£¨© 9.3.2, 9.2.17 (2)
�à®¨§¢®¤ ï à á¯à¥¤¥«¥¨ï

10.10.5 (4)
| ¢ á¬ëá«¥ �®¡®«¥¢  10.10.5 (4)
�à®®¡à § ¯®«ã®à¬ë 5.1.4
| ¯à¥¤¯®àï¤ª  1.2.3 (3)
| à ¢®¬¥à®áâ¨ 9.5.5 (3)
| â®¯®«®£¨¨ 9.2.9
�à®áâ ï ª àâ¨  4.8.8
�à®áâà áâ¢® ¡  å®¢® 5.5.1
| | ª« áá¨ç¥áª®¥ 5.5.9 (5)
| ¡®à®«®£¨ç¥áª®¥ 10.10.9 (3)
| ¡®ç¥ç®¥ 7.1.8
| ¡íà®¢áª®¥ 4.7.2
| ¢¥ªâ®à®¥ 2.1.3
| | ã¯®àï¤®ç¥®¥ 3.2.2
| £¨«ì¡¥àâ®¢® 6.1.7
| |  áá®æ¨¨à®¢ ®¥ 6.1.10 (4)
| ¤ã «ì®¥ 2.1.4 (2)
| � â®à®¢¨ç  3.2.8
| ª®¬¯ ªâ®¥ 9.4.4
| �¨¤¥èâà ãáá  5.5.9 (5)
| «®ª «ì® ¢ë¯ãª«®¥ 10.2.9
| ¬ ªá¨¬ «ìëå ¨¤¥ «®¢ 11.6.7
| ¬¥âà¨ç¥áª®¥ 4.1.1
| | ¯®«®¥ 4.5.5
| ¬®â¥«¥¢® 10.10.9 (2)
| ¬ã«ìâ¨¬¥âà¨§ã¥¬®¥ 9.5.10
| ¬ã«ìâ¨¬¥âà¨ç¥áª®¥ 9.5.9
| ¬ã«ìâ¨®à¬¨à®¢ ®¥ 5.1.6
| |  áá®æ¨¨à®¢ ®¥ 10.2.7
| | ¬¥âà¨§ã¥¬®¥ 5.4.1
| | ¯®«®¥ 5.2.13
| ®à¬¨à®¢ ®¥ 5.1.9
| | à¥ä«¥ªá¨¢®¥ 5.1.10 (8)
| | á®¯àï¦¥®¥ 5.1.10 (8)
| ®à¬¨àã¥¬®¥ 5.4.1
| ¯ à ª®¬¯ ªâ®¥ 9.6.9
| ¯®«ã®à¬¨à®¢ ®¥ 5.1.5
| ¯à¥¤£¨«ì¡¥àâ®¢® 6.1.7
| | ¤ã «ì®¥ 6.1.10 (3)

| ¯à¥¤â®¯®«®£¨ç¥áª®¥ 9.1.1
| à ¢®¬¥à®¥ 9.5.1
| á¥¯ à ¡¥«ì®¥ 6.3.14
| á®¯àï¦¥®¥ 10.2.11
| á® á¢®©áâ¢®¬  ¯¯à®ªá¨¬ æ¨¨

8.3.10
| áç¥â®®à¬¨àã¥¬®¥ 5.4.1
| â®¯®«®£¨ç¥áª®¥ 9.1.7
| | ¢¥ªâ®à®¥ 10.1.1
| | ¢¯®«¥ à¥£ã«ïà®¥ 9.3.15
| | «¨¥©®¥ 10.1.3
| | «®ª «ì® ª®¬¯ ªâ®¥ 9.4.20
| | ®à¬ «ì®¥ 9.3.11
| | ®â¤¥«¨¬®¥ 9.3.2
| | à¥£ã«ïà®¥ 9.3.9
| | â¨å®®¢áª®¥ 9.3.15
| | å ãá¤®àä®¢® 9.3.5
| å à ªâ¥à®¢ 11.6.5
| �à¥è¥ 5.5.2
| �¢ àæ  à á¯à¥¤¥«¥¨© 10.11.16
| | äãªæ¨© 10.11.6
K-¯à®áâà áâ¢® 3.2.8
�ãç®ª 10.9.11

� ¢¥áâ¢® � àá¥¢ «ï 6.3.16,
10.11.12

� ¢®¬¥à®áâì 9.5.1
| ¬¥âà¨ç¥áª ï 4.1.5
| ¬ã«ìâ¨¬¥âà¨ç¥áª®£®

¯à®áâà áâ¢  9.5.9
| ¬ã«ìâ¨®à¬¨à®¢ ®£®

¯à®áâà áâ¢  5.2.4
| ¯®«ã®à¬¨à®¢ ®£®

¯à®áâà áâ¢  5.2.2
| à ¢®¬¥à®© áå®¤¨¬®áâ¨

9.5.5 (6)
| á¨«ì ï 9.5.5 (6)
| á« ¡ ï 9.5.5 (6)
| â¨å®®¢áª ï 9.5.5 (4)
| â®¯®«®£¨ç¥áª®£® ¢¥ªâ®à®£®

¯à®áâà áâ¢  10.1.10
� ¤¨ª « 11.6.11
� ¤¨ãá á¯¥ªâà  5.6.16
� §¡¨¥¨¥ ¥¤¨¨æë 9.6.6
� á¯à¥¤¥«¥¨¥ 10.10.4
| ª®¥ç®£® ¯®àï¤ª  10.10.5 (3)
| ¬¥¤«¥® à áâãé¥¥ 10.11.16
| ¯¥à¨®¤¨ç¥áª®¥ 10.11.17 (7)
| ¯®«®¦¨â¥«ì®¥ 10.10.5 (2)
| à¥£ã«ïà®¥ 10.10.5 (1)
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| á ª®¬¯ ªâë¬ ®á¨â¥«¥¬
10.10.5 (9)

| ã¬¥à¥®¥ 10.11.16
| íà¬¨â®¢® á®¯àï¦¥®¥

10.10.5 (5)
�¥£ã«ïà¨§ â®à «¥¢ë© 8.5.9
| ¯à ¢ë© 8.5.9
�¥§®«ì¢¥â  ®¯¥à â®à  5.6.13
| í«¥¬¥â   «£¥¡àë 11.2.1
�¥è¥âª  1.2.12
| ¢¥ªâ®à ï 3.2.7
| ¯®« ï 1.2.13
�ï¤ �¥©¬   5.6.9 (1)

�¢�¥àâª  ¬¥à 10.9.4 (7)
| à á¯à¥¤¥«¥¨© 10.10.5 (9)
| äãªæ¨© 9.6.17
| | ¨ ¬¥à 10.9.4 (7)
| | | à á¯à¥¤¥«¥¨© 10.10.5 (9)
�¥¬¥©áâ¢® 1.1.3 (4)
| áã¬¬¨àã¥¬®¥ 5.5.9 (7)
| |  ¡á®«îâ® 5.5.9 (7)
| | ¥ã¯®àï¤®ç¥® 5.5.9 (7)
�¥âì 1.2.16
| �®è¨ 4.5.2
| äã¤ ¬¥â «ì ï 4.5.2
V -á¥âì 4.6.2
ε-á¥âì 8.3.2
�¨áâ¥¬  á ¨â¥£à¨à®¢ ¨¥¬

5.5.9 (4)
�¨¦¥¨¥ 1.2.3 (4)
�®¡áâ¢¥®¥ ç¨á«® 6.6.3
�®®â¢¥âáâ¢¨¥ 1.1.1
| ¢ë¯ãª«®¥ 3.1.7
| § ¬ªãâ®¥ 7.3.8
| ¨¤¥ «ì®¥ 7.3.3
| «¨¥©®¥ 2.2.1
| ®¡à â®¥ 1.1.3 (1)
| ®¤®§ ç®¥ 1.1.3 (3)
�®áâ®ï¨¥ 11.9.1
�¯¥ªâà ®¯¥à â®à  5.6.13
| í«¥¬¥â   «£¥¡àë 11.2.1
�¯¥ªâà «ìë© à ¤¨ãá 5.6.6
�à¥§ë¢ â¥«ì 9.6.19 (1)
�ã¡¤¨ää¥à¥æ¨ « 3.5.1
| ¯®«ã®à¬ë 3.7.8
| â®¯®«®£¨ç¥áª¨© 7.5.8
�ã¦¥¨¥ 1.1.3 (5)
�ã¬¬  ¢¥ªâ®àëå ¯à®áâà áâ¢

2.1.4 (5)
| £¨«ì¡¥àâ®¢  6.1.10 (5)

| ¥ã¯®àï¤®ç¥ ï 5.5.9 (7)
| ¯® â¨¯ã p 5.5.9 (6)
| àï¤  5.5.9 (7)
�ã¬¬¨à®¢ ¨¥ ®¡ëª®¢¥®¥

5.5.9 (4)

�¥®à¥¬  �« ®£«ã | �ãà¡ ª¨
10.6.7

| �áª®«¨ | �àæ¥«  4.6.10
| �âª¨á®  8.5.18
| �  å  ® £®¬®¬®àä¨§¬¥ 7.4.4
| | ® § ¬ªãâ®¬ £à ä¨ª¥ 7.4.7
| | ®¡ ¨§®¬®àä¨§¬¥ 7.4.5
| | ®¡ ®¡à â¨¬ëå ®¯¥à â®à å

5.6.12
| �  å  | �â¥©£ ã§  7.2.9
| �¨àª£®ä  9.2.2, 4.1.19
| �íà  4.7.6
| �¥©¥àèâà áá  4.4.5, 9.4.5
| | ®¡®¡é¥ ï 10.9.9
| �¥¤¥«ï 10.9.4 (7)
| �¥«ìä ¤  7.2.2
| �¥«ìä ¤  | � ä®à¤  8.2.3
| | | | ¤«ï  «£¥¡à 11.3.2
| �¥«ìä ¤  | � §ãà  11.2.3
| �¥«ìä ¤  | � ©¬ àª  11.9.12
| | | | ª®¬¬ãâ â¨¢ ï 11.8.4
| �¨«ì¡¥àâ  | �¬¨¤â  6.6.7
| �à®â¥¤¨ª  8.3.9
| � ä®à¤  ® á«®¦®© äãªæ¨¨

8.2.7
| � ä®à¤  | �¨««¥ 8.1.3
| ¤¢®©áâ¢¥®áâ¨ �®âàï£¨  |

¢  � ¬¯¥  10.11.2
| �¢®à¥æª®£® | �®¤¦¥àá 

5.5.9 (7)
| �¦¥©¬á  10.7.5
| �¨¨ 7.2.10
| | ®¡®¡é¥ ï 10.8.6
| �®à¤   4.8.3
| � ªãâ ¨ 7.4.11 (2)
| � «ª¨  8.3.4
| � â®à  4.4.9
| � â®à®¢¨ç  3.3.4
| �®è¨ | �¨¥à  8.1.7
| �à¥©  | �¨«ì¬   10.6.5
| | | | ¤«ï áã¡¤¨ää¥à¥æ¨ «®¢

3.6.5
| �à¥©  | �ãâ¬   3.3.8
| �àã««ï 11.4.8
| �¥¢¨ ® ¯à®¥ªæ¨¨ 6.2.2
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| �¨¤¥èâà ãáá  | � äà¨à¨
7.4.11

| �¨®á  ® ®á¨â¥«ïå 10.10.5 (9)
| �¨ã¢¨««ï 8.1.10
| � §ãà  10.4.9
| � ªª¨ 10.4.6
| � ªª¨ | �à¥á  10.4.5
| �¨ª®¢áª®£® | �áª®«¨ |

� §ãà  3.8.11
| ® ¡¨¯®«ïà¥ 10.5.8
| ® £à ¨æ å á¯¥ªâà  6.5.5
| ® ¤ã «¨§ æ¨ïå 10.3.9
| ® ª®¬¯ ªâëå ¢®§¬ãé¥¨ïå

8.5.20
| ® «®ª «ì®¬ § ¤ ¨¨ ¬¥àë

10.9.10
| | | | à á¯à¥¤¥«¥¨ï 10.10.11
| ® ¬ ªá¨¬ «ì®¬ ¨¤¥ «¥ 11.5.3
| ® ¬¨¨¬ «ì®¬ ¨¤¥ «¥ 11.5.1
| ® ¥¯à¥àë¢®¬

äãªæ¨® «ì®¬ ¨áç¨á«¥¨¨
11.8.6

| ® ¯®¢â®à®¬ ¯à¥®¡à §®¢ ¨¨
�ãàì¥ 10.11.9

| ® ¯®áâ®ïáâ¢¥ á¯¥ªâà  11.7.9
| ® ¯à¥®¡à §®¢ ¨¨ �¥«ìä ¤ 

11.6.9
| ® ¯à®®¡à §¥ â®¯®«®£¨¨ 9.2.8
| | | | ¢¥ªâ®à®© 10.1.6
| ® à §¡¨¥¨¨ á¯¥ªâà  8.2.12
| ® à §¡¨¥¨¨ ¥¤¨¨æë 9.6.20
| ® à §«®¦¥¨¨ ¨â¥£à « 

�¨áá  | � ä®à¤  8.2.13
| | | �¥©«®à  8.1.9
| ® à §à¥è¨¬®áâ¨ ãà ¢¥¨ï

AX = B 2.3.13
| | | | XA = B 2.3.8
| ® á®áâ®ï¨¨ C∗- «£¥¡àë 11.9.10
| ® á¯¥ªâà¥ ¯à®¨§¢¥¤¥¨ï 5.6.22
| ® áâà®¥¨¨ ¢¥ªâ®à®© â®¯®«®£¨¨

10.1.4
| | | «®ª «ì® ¢ë¯ãª«®©

â®¯®«®£¨¨ 10.2.2
| | | áã¡¤¨ää¥à¥æ¨ «  10.6.3
| ® áà ¢¥¨¨ ¬ã«ìâ¨®à¬ 5.3.2
| ® áã¬¬¨à®¢ ¨¨ ®àâ®¯à®¥ªâ®à®¢

6.3.3
| ® áå®¤¨¬®áâ¨ àï¤  �¥©¬  

5.6.9
| ® äãªæ¨® «¥ �¨ª®¢áª®£®

3.8.7

| ®¡  ¡á®«îâ®© ¡¨¯®«ïà¥ 10.5.9
| ®¡ ¨¤¥ « å ¨ å à ªâ¥à å 11.6.6
| ®¡ ®¡à §¥ â®¯®«®£¨¨ 9.2.11
| ®¡ ®¡é¥¬ ¢¨¤¥ ª®¬¯ ªâ®£®

®¯¥à â®à  6.6.9
| ®¡ ®¡é¥¬ ¢¨¤¥ à á¯à¥¤¥«¥¨©

10.10.13
| | | | | ã¬¥à¥ëå 10.11.18
| ®¡ ®£à ¨ç¥ëå ¢®§¬ãé¥¨ïå

8.5.21
| ®¡ ®àâ®¯à®¥ªâ®à¥ 6.2.10
| ®¡ ®â®¡à ¦¥¨¨ á¯¥ªâà  8.2.5
| ®¡à é¥¨ï 10.11.12
| �á£ã¤  4.7.5
| ®â¤¥«¨¬®áâ¨ 3.8.11
| | ¢ â®¯®«®£¨ç¥áª®¬ ¢ à¨ â¥

7.5.12
| | áâà®£®© 10.4.8
| | �©¤¥«ì£ ©â  3.8.14
| �¥ââ¨á  10.7.4
| �¨ä £®à  6.3.2
| �« è¥à¥«ï 10.11.14
| � ¤®  | �¨ª®¤¨¬  10.9.4 (3)
| �¨¬   | �¥¡¥£  10.11.5 (3)
| �¨¬   ® àï¤ å 5.5.9 (7)
| �¨áá  5.3.5
| | ® èâà¨å®¢ ¨¨ 6.4.1
| �¨áá  | � â®à®¢¨ç  3.2.16
| �¨áá  | �¨è¥à  5.5.9 (4)
| | | | ®¡ ¨§®¬®àä¨§¬¥ 6.3.16
| �¨áá  | � ã¤¥à  8.4.8
| �í«¥ï 6.5.2
| á¯¥ªâà «ì ï 11.8.6
| � à¤  ®¡ ãà ¢¥¨¨ XA=B

7.4.12
| �â¥ª«®¢  6.3.11
| �â®ã  10.8.10
| �â®ã  | �¥©¥àèâà áá  10.8.17
| | | | ¤«ï C(Q, C) 11.8.2
| �ãå®¬«¨®¢  | �®¥¡«îáâ 

| �®¡ç¨ª  3.7.11
| �¨âæ¥ | �àëá®  10.8.20
| �¨å®®¢  9.4.8
| ã¬®¦¥¨ï 10.11.5 (6)
| �àëá®  9.3.14
| �¨««¨¯á  ®¡ ãà ¢¥¨¨

AX = B 7.4.14
| ä® �¥©¬   | �®à¤   6.1.9
| �à¥¤£®«ì¬  8.5.8
| �ã¡¨¨ ¤«ï ¬¥à 10.9.4 (6)
| | | à á¯à¥¤¥«¥¨© 10.10.5 (8)
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| �   | �  å  3.5.3
| | | | ¢   «¨â¨ç¥áª®©

ä®à¬¥ 3.5.4
| | | | ¢ £¥®¬¥âà¨ç¥áª®©

ä®à¬¥ 3.8.12
| | | | ¢ áã¡¤¨ää¥à¥æ¨ «ì®©

ä®à¬¥ 3.5.3
| | | | ¤«ï ¡  å®¢ëå

¯à®áâà áâ¢ 7.5.9
| | | | ¤«ï ¯®«ã®à¬ë 3.7.13
| | | | | | ¥¯à¥àë¢®©

7.5.10
| � ãá¤®àä  7.6.12
| | ® ¯®¯®«¥¨¨ 4.5.12
| � ã¤¥à  8.4.6
| �¢ àæ  10.10.10
| �¨«®¢  11.2.4
�®¦¤¥áâ¢® �¨«ì¡¥àâ  5.6.19
| ¯®«ïà¨§ æ¨®®¥ 6.1.3
| �©«¥à  8.5.17
�®¯®«®£¨ï 9.1.7
|  â¨¤¨áªà¥â ï 9.1.8 (3)
| ¢¥ªâ®à ï 10.1.11
| ¤¨áªà¥â ï 9.1.8 (4)
| ¨¤ãªâ¨¢®£® ¯à¥¤¥«  10.9.6
| «¨¥© ï 10.1.3
| «®ª «ì® ¢ë¯ãª« ï 10.2.1
| � ªª¨ 10.4.4
| ¬¥âà¨ç¥áª ï 4.1.9
| ¬ã«ìâ¨®à¬¨à®¢ ®£®

¯à®áâà áâ¢  5.2.8
| ¯®â®ç¥ç®© áå®¤¨¬®áâ¨ 9.5.5 (6)
| ¯à®áâà áâ¢  ®á®¢ëå

äãªæ¨© 10.10.6
| | à á¯à¥¤¥«¥¨© 10.10.6
| | | ã¬¥à¥ëå 10.11.6
| | äãªæ¨© ã¬¥à¥ëå 10.11.6
| à ¢®¬¥à ï 9.5.3
| à ¢®¬¥à®© áå®¤¨¬®áâ¨

9.5.5 (6)
| á« ¡ ï 10.3.5
| á®£« á®¢  ï á

¤¢®©áâ¢¥®áâìî 10.4.1
| è¨à®ª ï 10.9.5
| T1 9.3.2
| T2 9.3.5
| T3 9.3.9
| T31/2 9.3.15
| T4 9.3.11
�®çª  ¢¥èïï 4.1.13

| ¢ãâà¥ïï 4.1.13
| |  «£¥¡à ¨ç¥áª¨ 3.4.11
| £à ¨ç ï 4.1.13
| ªà ©ïï 3.6.1
| ¯à¨ª®á®¢¥¨ï ¬®¦¥áâ¢  4.1.13
| | ä¨«ìâà  9.4.1

�«ìâà ¬¥âà¨ª  9.5.13
�«ìâà ä¨«ìâà 1.3.9
�á«®¢¨¥ �â¥ª«®¢  6.3.10

� ªâ®à- «£¥¡à  11.4.3
� ªâ®à-¬®¦¥áâ¢® 1.2.3 (4)
� ªâ®à-¬ã«ìâ¨®à¬  5.3.11
� ªâ®à-¯®«ã®à¬  5.1.10 (5)
� ªâ®à-¯à®áâà áâ¢® 2.1.4 (6)
�¨«ìâà 1.3.3
| �®è¨ 4.5.2
| å¢®áâ®¢ 1.3.5 (2)
�®à¬  ¡¨«¨¥© ï 6.1.2
| ¯®«®¦¨â¥«ì ï 6.1.4
| ¯®«ãâ®à «¨¥© ï 6.1.2
| íà¬¨â®¢  6.1.1
�®à¬ã«  ��¥à«¨£  | �¥«ìä ¤ 
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