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IIpeaucioBue K nepBOMy M3 ZaHMIO

Teopus MHOrOWIEHOB COCTABJAET CYHMIECTBEHHYIO HaCTh YHMBEPCHTET-
CKUX KypCoB anrebpw ¥ aHanmm3a. TeM He MeHee, KHUT, IEINKOM IOCBALIEH-
HBIX TEOPMH MHOI'OYWIEHOB, YPE3BEIYANHO MAJIO.

B 3T0i KHUre M3JI0KEeHHl OCHOBHEIC PE3YJALTATH UCCIEJOBAHMA 1O TEO-
pPHH MHOTOYIEHOB, KaK KIAaCCHYECKHe, TaK M coBpeMeHHEle. Boupmoe BHUMA-
mue yaenaeno 17-i npobaeme IminbepTa o IpecTaBIEENN HEOTPUUATEIBHBIX
MHOI'OWIEHOB CyMMaMM KBaJIPATOB PAlMOHAJBHEIX (GYHKIMHE U ee 06o0ime-
muaMm. Teopus Danya o6cyxaaeTca npexje BCero ¢ TOYKM 3PEHHA TEOpHUH
MHOTO4/ICHOB, a He ¢ TOYKHM 3peHUA 0O1ei TeOpUH NOTeH ¥ UX PACLINDEHMH.

B xuury He BOULIM ABa BAXKHBEIX DPE3yJIbTATa U3 TEOPUM MHOTOYWICHOB,
M3N0XKeHNe KOTOPHIX 3aHUMAaeT BEChbMa MHOIO MECTa: PellleHue ypaBHEeHHM
NATON CTENEHU C MOMOMBIO TITA— PYHKIMHA ¥ KIACCUPUKAIMA KOMMYTHPY-
JOIIUX MHOTOYWIEHOB. DTH PE3YAbTAThI OAPOOHO M3JI0XKEHH B ABYX HEJaBHO
BBHIIIEAIIMX KHUTAX, B HAIMCAHUYA KOTOPHIX s IPUHUMA/ HEINIOCPEACTBEHHOE
yaactue: [IIpC] n [IIpI].

Bo Bpemsa pabOTH Ha  2TOM KHATOH A NOIyHal GUHAHCOBYIO NOIEPKKY
o1 Poccmiickoro ¢ona GyHIaMEHTAILHEIX MCCJICIOBAHMM COTJIACHO IIPO-
ety Ne98-00-555.

Man 1999 r. B. Ilpacoaos

I'masa 1

KopHM MHOr'O'WIEHOB

1. HepaBeHcTBa A KOpHEH

1.1. OcnoBHag Teopema aare6psl

B Te xaBHMe BpemeHa, Korja aiarefpa ObuUIa CKyIHA TeOpeMaMH, CJe-
IyIoiee yTBEPKICHNE IOIYYUIO HA3BAHUE OCHO6HOU mMeopembl a42ebpbi:
«MHoOro4ien cremeHu n ¢ KOMILTEKCHBIMH KO3¢@GUIHEHTAMU HMEET DOBHO
n KopHeH (C y9eToM HX KDATHOCTeH)». Brepsrie aT0 yTBepxkjeHue cdop-
myauposat Aunbep ge 2Kupap B 1629 r., HO OH Jaxe He NLITAICA €ro JOKa-
3BIBATh. IlepBEIM OCO3HAT HEOOXOAMMOCTh JOKA3ATEeIBCTBA OCHOBHOM TEO-
pemet anrebpst Janambep, HO ero 40Ka3aTenscTso (1746) He GBLIO IPU3HAHO
y6eauTenpaniM. CBOU [0Ka3aTEALCTBA Mpefiokun Jittep (1749), Poncene
(1759) u Jlarpanx (1771), HO U 3TH JOKA33TeNLCTBA ObLIK HeOE3yIPEdHEI.

TlepBLEIM yAOBIETBOPATEILHOE JOKA3ATEALCTBO OCHOBHON TEOPEMEI alre-
6pel noxyumt Laycc, KOTOPHIM NpMBET TPU Pa3HBIX JOKa3aTescTsa (1799,
1815 u 1816), a B 1845 r. ony6ankoBas elle ¥ yTOYHEHHYIO BEDPCHIO CBOErO
NEepBOrO JOKA3ATEALCTBA.

0630p Pa3AMYHLIX JOKA3aTEILCTB OCHOBHOW TEOPEMBl ajareOphl MOXKHO
uanTy B [TY]. Mb orpanmanmca oguuM fokasarenscTsoM. OHO HCHOMB3YeT
caeJyonyo TeopeMy Pyiie, KoTopas UMeeT M CaMOCTOATEIbHEI MHTEpPeC.

TEOPEMA 1.1 (Pywe). Ilycts f u g— MHOTOWIEHH H Y — 3aMKHyTas
HecaMoTepeceKaolaaca KPEBasd Ha, KOMILIEKCHOM ILIOCKOCTH. Torja ecau

|7(2) = 9(2)| < |F(2)| + |9(2)] (1)

TIpH BCEX z € Y, TO BHYTPU KPUBOH Y PACIOJOKEHO OMHAKOBOE KOTMIECTBO
KOPHel MHOrO4YIeHOB f ¥ ¢ (€ y4eTOM MX KPATHOCTEH).

JTOKA3ATEJBLCTBO. PaccMOTpUM Ha KOMIUIEKCHOM ILIOCKOCTH BEKTOD-
uple noasa v(z) = f(z) m w(z) = g(z). U ycaoBua (1) creayer, 4To M B
KAKOM TOYKE KPUBOU Y BEKTOPHI U U W HE ABJIAIOTCA NPOTUBOIOIOKHO Ha-
pPaBJICHHLIMU.

HanoMunM, 9T0 undexcom KPUBOM Y OTHOCHTEILHO BEKTOPHOI'O HOJA U
HA3BIBAIOT KOJMYECTBO 0G0POTOB BEKTOPA, v(z) IPH NOIHOM 06X0Je TOUYKH
z Baoab KpuBoi Y. ([as 6o1ee moApoGHOro 3HAKOMCTBA CO CBOMCTBAMH WH-
IEKCa MBI coBeTyeM ob6patuThea K raase 6 xuuru [IIpl].) Pacemorpuy Bek-
topuoe noJe vy = tv+ (1 —t)w. lIpn sToMm vp = w 1 v; = v. flcro Takxe, 4TO



10 I'aasa 1. Kopxu mmozousenos

B JII0GOM TOUKE 2 € Y BEKTOP U¢(2) HEeHyIeBOH. DTO O3HAYAET, YTO JIA KPH-
BOM Y onpegeneH uHAekc ind(t) OTHOCHMTENBHO BexTOPHOrO moas v. llesoe
4pcao ind(t) HenpepriBHO 3aBUCHT OT ¢, modTtomy ind(t) = const. B wacTHO-
CTH, HHAEKCHl KPUBOM Y OTHOCHTEJIbHO BEKTOPHBIX MOJeH U M W COBNAJAI0T.

Hecs10XXHO IOKA3aTh, YTO MHAEKC KPUBOM Y OTHOCHTEILHO BEKTOPHOTO
1101151 v paBeH CyMMe HHJIEKCOB 0c06biz ToueK, B KOTophiX v(z) = 0. (Mnaexc
0co00M TOYKH Zg ONPEIEIAETCA KAK MHIEKC KPMBOHU |z — 29| = €, rae € Jo-
cTaTo4HO Maq0.) [lua BekTopHOrO moas v(z) = f(z) UHAEKC 0COOOU TOYKH
Zp paBeH KpaTHOCTM KOpHA zo MHoro4ieHa f. Taxum o6pasom, M3 coBHa-

JeHUA MHIEKCOB KPUBOHM Y OTHOCHTEJBHO BEKTOPHHIX moaen v(z) = f(z)
u w(z) = ¢(z) cregyer, 4TO BHYTPM KPHUBOM Y PACIIOJNOKEHO OJUHAKOBOE
KOJIM4ECTBO KOPHEl MHOrOWIeHoB f u g. a

C nomompo Teopemut Pyile MOXHO HE TOJIBKO JOKA3aTh OCHOBHYIO Te-
opeMy airebpel, HO M MOJLYYUTh OUEHKY AJIA MOAYIA JI060r0o KOPHA MHOIO-
wieHa f:

TEOPEMA 1.2. Ilyete f(2) = 2" +a12" ' +...+a,, rae a; € C. Toraa
BHYTPHM KpyTa |z| = 1+max |a;| pacronoxeHo poBHO n KOPHE#l MHOrO'.1eHa. f
1

(¢ y4eTOM MX KPATHOCTEH).

JTOKA3ATEJLCTBO. Ilycth @ = max|a;|. MHOrowien g(z) = 2™ umeer
1

BHYTPH PacCMaTPUBAEMOro Kpyra kopesb O kpaTtHocTn n. [loatomy gocra-
TOYHO TMPOBEPUTE, 4TO ecad |2| = 1+ a, TO ff(z) - g(z)| < |f(z)| + ]g(z)|.
Mzl gaxe JOKaXKeM, 4TO |f(z) - g(z)| < |g(z)|7 T.e.

la1z"" 4. 4 an] < 2™

fAcuo, 9o ecn |z| =1+ a, TO

- — "1
lazz™ !t + ...+ an| < a(]e]” 1+...~l—1)=a%—_—_T:|z|"—l<|z|". O

1.2. Teopema Komnm

31ecs MH 006cyauM Teopemy Konm 0 KOPHAX MHOTOWIEHOB, 3 TaKkKe ee
caejcTBuA u 060061IeHnA.

1. Hepaeencmea das xopuei 11

TeEOPEMA 1.3 (Komm). IIycts f(x) = 2™ — biz™ ! — ... — by, rae Bce
qucaa b; HeOTpUIATEIBbHEL, IPUYEM XOTA OB OJHO M3 HMX OTJMYHO OT HYJIA.
Torna MHOTOWICH f MMeeT €IMHCTBEHHLINA (HEKDATHBIM) MOJOXKHTEIbHLIA
KOpEHb P, 8 MOAYJIH BCEX OCTATHHLIX KODHEH HE NPEBOCXOIAT P.

JOKA3ATEALCTBO. [loaoxum

Fay=-L2 B, g

x z

Ecm ¢ # 0, To ypassenue f(z) = 0 sxBuBazeHTHO ypasuenmo F(z) = 0.
IIpu Bo3pactaruu T oT 0 g0 +00 ¢ynkums F(x) cTporo yGrBaer OT +00
10 —1. Hoatomy npu = > 0 dpynxuua F o6paumaeTcsa B Hyab POBHO B OJHOH
touke p. [Ipu sTOM

f(») , b nb,
_IN _F === —...— 577 <0.
pn (p) p§ p +

CienoBaTeNbHO, P — HEKPATHBIA KOPEHb MHOIOLIEHa f.

OcTaeTca AOKa3aTh, YTO €CAM To— KOPEHb MHOro4ieHa f, TO ¢ =
= |zo| < p. lpeanonoxnm, 4ro ¢ > p. Toraa U3 MOHOTOHHOCTH QYHKUHMH
F caeayet, uro F(q) < 0, r.e. f(g) > 0. C apyro# cTOpoHH, U3 PaBEHCTBA
ol = by~ + ... + by cregyer, uTo ¢ < big" 1+ ...+ by, T.e. f(g) <O0.
IIpuxoauM K IPOTUBOPEUHIO. 0O

3AMEYAHUE. Teopema Komu HenocpeicTBEHHO CBA3aHA C TEOPEMOM
Tleppona—Ppobenuyca 0 HEOTPULATEILHEX MATPULAX (IO DTOMY NOBOAY
cm. [Wi)).

V muorowiesa 2" — z" — 1 uMeeTca n KOpHEN, MOAYIH KOTOPHIX PABHEI
MOJYJIIO MOJOXHMTETLHOrO KOPH#A dToro Muorowiena. Iloatomy B Teopeme
Komm yTBepxjeHue O TOM, UTO MOAY/IM KODHeH He NPEBOCXOIAT P, BO-
061Ie FOBOPA, HEIb3A 3AMEHHTH HAa YTBEPXKJEHHE O TOM, 9TO MOJYIM KODHe:
crporo mensie p. Ho, kxak nokasas OcTpoBCKuit, B JOCTATOMHO O6wmen cu-
TYalUuu 3TO MOXHO CAEIaTh.

TEOPEMA 1.4 (Octposckmit). Iycts f(z) = 2" —big" ™! —... — by, rfe
BCe uncaa b; HeOTPUUATEJIBHEI, IPUYeM XOTA OBl OJHO M3 HUX OTJMYHO OT
uyaa. Torga eciu HauboAbIIME OOIINE J€AUTEIb HOMEPOB NOJOXKATENbHEIX
k0o duIIeHTOB b; paBeH 1, TO MHOrOWIeH f MMeeT eMHCTBEHHBIN MOIOKHU-
TEIBHBIN KOPEHb P, & MOAYJIH BCEX OCTATBHBIX KODHE! CTPOrO MEHbIUE p.
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JOKABATEJNBCTBO. IlycTh MONOXKUTENLHEI TOMBKO KO3 DUUMEHTHI by, ,
bys - bk, (k1 < kg < ... < kjp). Hambonpmuin o6umi geTuTers qucen
ki,...,kn paBeH 1, 103TOMY HAMIYTCA TAKKe HEALIC TUCAY S1, ..., Sy, ITO
s1ky + ...+ Smkm = 1. CHOBa paccMOTPUM JyHKIMIO

by b
F(l‘):;‘%'*‘-...ﬁ-;%—l.

7.
Vpasuenue F(r) = 0 uMeeT eJMHCTBEHHOE MNOJOKUTEILHOE DEIICHHE p.
Ilycrs @« — moGon apyrou (HeHyJeBOM) KopeHb MHOorowiexa f. IHoaoxumm
q = |z|. Torza '

i, b,

_ bk
—;ﬁ-l-...-l— 1

k1

bk‘l bkm

L +... 4+
q_kT Ek_’

% +...4+
oy ZFm

™m

t.e. F(q) > 0. lpu aTom paseHcTso F(g) = 0 BO3MOXHO JHILL B TOM CJ1y4ae,
Korja

bi, Jz* = bk, /2™ | >0

mpu Bcex i. Ho B TakoMm cayvae

bzl..“. ;:_ bkl $1 bkm 8m
H——m = ) ) >0

T.e. £ > 0. ITO NPOTUBOPEYUT TOMY, 4TO T # P, & P— €AUHCTBEHHBIN
MOJOXKUTEIBHEIM Kopens ypasaeHus F'(z) = 0. Taxum obpasom, F(q) > 0.
Iosromy 3 moHOTOHHOCTH yHKIMM F'(Z) py NONOKATENLHEIX T CaeayerT,
910 ¢ < P. a

N3 Teopemur Komu—OcTpoBCKOr0 MOXHO BEIBECTH CJAEAVIOUIYIO OLEHKY
A MOAYJAA KOPHEM MHOIOWIEHA C MOJOXUTENLHBIMU KOIGMPULIHEHTAMH.

TEOPEMA 1.5. a) (Ouectpém—Kakenia) Ecau Bce koo dutivenTs MHO-
_ -1
rowiena g(r) = apx™ ! + ... + @p_1 NOJCKUTEIBHE], TO A1 MI000r0 KOPHA
& 3TOr0 MHOTOWIEHA CIPABENINBA OUEHKA

(Jin_ {aifaia} =8 <[l <y= max {ai/ais1}.

6) (Ocrporckuit) Ilycts ax/ar-1 < y upu k = ky,..., kp. Toraa ecan
HanGOIBIIMY OOImMH AeuTenb ducer 1, ky, ..., ky, pasen 1, To €] < y.
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JTOKA3ATEJbLCTBO. PaccMOTpMM MHOTOWIEH
(x - Y)g(w) = aor" — (Yao - 111)17"_1 — .. (Yan—2 - aﬁ—l)z - Yan—1-

Ilo ompezesieHuio Yy 2 a; Jai—1, T.€. ya;—1 —a; > 0. Iosromy 1o Teopeme
Kot y — eAMHCTBEHHBIH ONOKHUTEILHBIA KOpeHb MHorowieHa (z —Y)g(z),
a MOJyJH BCEX OCTATLHLIX KODHE! 5TOT0 MHOIOLICHA He NPEBOCXOAAT Y.

Ecin £ — kopeHb MHOrOWIeHa ¢, TO 1 = ¥l  xopeHhr MHOrOYIEHA
an1y"" 1 + ...+ ao. oaromy

4 == foresfa = (min o))

1<ikn— 1<i<n—~

] 28 = 1SIinSi£—1{ai/ai_l}'

KOr 12 BLINOJIHEHO YCIOBHe 6), KOPeHb Y MHOTOWIeHa (T — ¥)g(z) crporo
GObIIe MOAYJIEH BCEX OCTANLHBIX KOPHEH 3TOr0 MHOIO'WIEHA. O

3AMEYAHUE. Teopema Duectpéma—Kakeita Toxe CBA3aHa C TEopeMon
Tleppona—dpobernyca: cM. [AnSV].

CymecTBenHoe 06001IeHne TeopeMbl Duectpéma—Kakena noryyeHo B
crarse [GG]. [Ipu aTOM OT6pOIIEHO TPEGOBAHYE BELIECTBEHHOCTH K02 du-
HMEHTOB 1 ocaabaeHo TpeOOBaHME UX MOHOTOHHOI'O BO3PACTAHUA. Ho ¢op-
MYJIMPOBKa 3TOW TEOPEMBI BECbMa MPOMO3/IKa, OITOMY OHa 31€Ch HE TpH-
BEAEHA.

1.3. Teopema Jlareppa

Overs 21,...,2, € C— TOYKH, KOTOPBIM [PUIIKCAHB] €IXHUTHEIE MaC-
1, » >

co1. Torza Touky { = (21 + ... + 2)/n HA3HBAIOT YEHMPOM MACC TOUEK

Z1y. -+ 2Zn. DTO NOHATHE MOXHO O0OOIIMTE CJIEAYIOLIMM o6pasom. Caenaem

ApO6HO-TMHEelHOe NMpeobpa3oBaHue w, NMepeBOAfllee TOTKY 29 B 00, T.e.
a o
w(z) = — 4+ b. HaitzeMm nentp Macc 00pa3oB TOYEK 21,. .-, Zn, & 3aTEM
z—20

crexaem o6paTHOe mpeoOpa3oBaHUe w™!. HecoxHnle BHIMACIEHUA NOKA3bI-
BAIOT, YTO PE3yJIbTAT HE 3ABUCUT OT @ U b, a MMEHHO, MBI IOIy4aeM TOIKY

-1
C20=zo+n(—1——+...+—170) (1)

21 — 20 Zn —

— YEeNMP MACC MOUEK 21, .. -, 2Zn OMHOCUTNEADHO TOUKY Z0-
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llentp macc Towek zy,...,2n JEXUT BHYTPH UX BHITYKIOH OBOJOYKH.
OJTO yTBEPXK[IEHME JETrKO NMEPEHOCHTCA Ha CIy4all LEHTPa MAcc OTHOCH-
TeJIbHO TOYKH Zzo. HyxHO jmub npameie, coeunsiomye ToUK 2; U zj, 3a-
MEHUTh OKPYXXKHOCTAMH, NPOXOAAUIMMY Yepe3 TOYKH 2, 2; U zg. Touka zp,
COOTBETCTBYIOLAA TOYKE 00, JEXKHUT IPHU 3TOM BHE BHIIYKJIOH OGOIOUKH.

TeorEMA 1.6. Tlycrs f(z2) = (2 — 21) - ... (2 — 2,,). Toraa ueHtp
MAacC KOpHe# MHOTOwIeHa f OTHOCHTENLHO POM3BOILHON TOYKH 2 3a13eTCA
dopmyaon

L. =z —nf(2)/fl(2).

MOKABATEJABCTBO. flcuo, uto f'(2)/f(2) = (z2—21) " +...+(z—2,) 1.
TpeGyemoe yTBepxeHne HENOCPEACTBEHHO CIEAYET U3 dbopmy.nr (1). a

TEOPEMA 1.7 (Jlarepp). Ilycts f(2) — MHOrOwIeH cTenenu n u = — ero
HEKDaTHBIM KopeHb. TOrja LEHTPOM Macc BCeX OCTANBHBIX KOPHEH MHOIO-
“WIEHA OTHOCUTEJIbHO TOYKH T CIYXKHUT TOYKA

X =z -2n-1)f (2)/f"(=).

MOKASATEABCTBO. Hycrs f(z) = (z — z)F(z2). Toraa f'(z) = F(z) +
+(z - 2)F'(z) m f"(2) = 2F'(2) + (2 ~ ) F"(2). HooTomy f'(z) = F(z)un
f"(z) = 2F'(z). llpumenum npegbiIymyo Teopemy K MHorouneny F cre-
menn n — 1 u k Touke z = x. B peayabTare noayuum Tpebyemoe. (]

TEOPEMA 1.8 (Jlarepp). Ilycts f(2) — MHOrowIeH crenens n u

X(z) =z-2(n-1)f'(2)/f"(2).

IIpeanonoxum, 4T0 OKpy)HOCTD (M1 mpsman) C IPOXOJUT Yepes Hekpar-
HEI KODEHb 2] MHOIOWIEHA f, a BCe OCTAIbHbIe KOPHA MHOTOWICHA f mpu-
HaJIeXAT OJHOU U3 1BYX O6aacTelt, Ha KoTophie C AeauT miockocTs. Toraa
X (z1) npUHAIIEKAT TOM XKe caMOH 06JaCTH.

[IOKA3ATEJNLCTBO. B caydyae OOBIMHOIO LEHTPa Mace okpyxHuoctu C
COOTBETCTBYeT NpAMasA, [0 OJHY CTOPOHY OT KOTODPOM JEXAT BCe KODHH

MHOTOIeHa, KpOMe 21. VX IEHTP Mace JeXNUT 0 Ty Xe CaMmylio CTOPOHY OT
STON NPAMOH. m]
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CJAEACTBHUE. IlycTh 21 — OOMH M3 HEKPATHBIX KOpHE!l MHOI'OYJIeHA fc
MakCHMATbHEIM Moaydem. Toraa lX(zl)l <z, T e

|21 = 2(n = 1) f'(21)/ f"(21)] < |-

JIOKA3ATEJLCTBO. Bee kopun f texat B kpyre {z € C||z| < |z11},
nosTOMYy TOdKa X (2]) TOXE JEXHUT B 9TOM KpyTe. ]

TeoPEMA 1.9. IlycTs f — MHOTOWIEH C BEMIECTBEHHBIME KO dUIINeH-
tamu, a . = z —nf(z)/ f'(z). Bce Kopun MHOrO'wWIeHa f BeIECTBEHHHI TOT-
a ¥ TOJBKO TOT1a, Korja npu Beex z € C\ R BhnOnHATCA HEPABEHCTBO

Imz -Im{. <0.

JIOKA3ATEJILCTBO. HpeanoaoxuM cHavaga, YTO BCe KOPHM MHOI'O-
wnena f BemecTsenHwl. Ilycts Im z = a > 0. Ilpamas, cocrosmasn 13 TO%eK
¢ MEUMOR yacThio €, rae 0 < € < a, OTAeIAET TOUKY 2 OT BCEX KODHEH
MuOTOwIeHa f (OHH Jexat Ha BemecTeHHoM ocy). IloaToMy Im {. <cec. llpn
¢ — 0 moayuaem ImY, < 0. Jerko npoBepuTh, YTO PABEHCTBO Im{, =0
HepOo3MOXHO. B camom gene, nycTs {; € R Paccmo'rpfm OKPYXKHOCTb,
IIPOXOAAILYIO Yepe3 TOUKY Z ¥ KACAIOUIyIOCH BEleCTBEHHOM OCH B TOYKe .-
Crerka TOUICBEJIMB ITY OKPYXKHOCTH, MOXKHO MOCTPOUTH OKPYXKHOCTD, IO
OJHY CTOPOHY OT KOTOPOH JEXAT TOYKH 2 ¥ {;, & 1O APYTyI0 — BCe KOPHA
muorowrera f. B ciyuae Imz = a < 0 paccykaeHuA aHANOTUIHBL.

peanooxumM Teneps, 4ro Imz - ImZ, < 0 npu Beex z € C \ R Iycrs
71 — TaKOM KOPEHb MHOrOWIeHa f, 4TO Im(z;1) # 0. Torga zll»nzll . = 2z,

0
nosromy Im z; - ImY;, > 0.

Manoxenue Teopun Jlareppa ocHosaHo Ha craThe [Gr]; cM. Takxe [HIC].

1.4. AnoagpHsle MHOTOUICHB

Hycts f(2z) — MHOrOWIeH crenenu n,  — QUKCHPOBAHHOE UCTO HIHA OO.
dyukumo

—z)f z) mpu { # oo;
st = (G e st

HA3LIBAIOT NPOU3800KH0li MHOTOWIEHa f(2) OTHOCATEIBHO TOMKH {. Jlerko

" on k 1 , _ n—1 n—l) zk
nposepuTs, 4T0 ecmu f(z) = 3. (j)axz®, To —~f (2) = ¥ ("} Darnrz",
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a 3HAvHT,
1 n—1 1
n—
—Acf(z) = Z (" )ak + ap10)25 (1)
k=0
i n
Myers f(z) = 3 (})arz* — muorowunen ¢ xoprsamu z1, ..., z,, a g(2) =
k=0
n
=3 (Z) b z* — muorowren ¢ xopuamu ;.. . , .. U3 bopmyast (1) caegyer,
916
1
;!'A(1Acz A f(2) =ap+aroy +003 + ... + anon,
rae
bp—
o1 =4 +0+... + = —(?)Tl,
=Ll Uil = (3) 22
g2 =G1C2 +...+ 81 n—(Q)Tv
b
0'n:CI Cn ( l)ngo"
n

Takum o6pasom, paBencTBo Ar, A, ... Ar, f(2) = 0 sxBUBaNeHTHO pa-
BEHCTBY

agby — (?)a1bn_1 + (;l)azbn_z + ...+ (=1)"apby = 0. (2)

Muorounenst f u g, KO3 PUUNEHTE KOTOPHIX CBA3AHEI COOTHOLICHMEM (2)
HAa3BIBAIOT GNOAADHBIMU.

k)

Byaem naswmBaTE Kpy2060d 064acMb10 BHYTPEHHION WIM BHEILIHIOW
YaCTh KPYyra WIH NOAYILIOCKOCTH.

TEOPEMA 1.10 (J. H. Grace, 1902). IlycTh f u g — anoaspHLEIE MHOTO-
wiensl. Torja ecoiu Bce KOPHI MHOCO'WIEHa f JeXaT B KPyroBo# obaactu K,
TO IO KPaiHell Mepe OJMH KODeHb MHOTO4ICHd, ¢ TOXe JeKHT B K.

[JOKABATEILCTBO. Ham norpebyercs caenyiouee BCIOMOTATEILHOE
YTBEPXK IEHHUE.

JIEMMA 1.1. IIycTs Bce kOpHE 21, ..., 2, MHOrOWIeHA f(z) Mexar BHY-
Tpu Kpyrosou obractu K, a touka { aexut sue K. Torga Bce KOpHE MHO-
roureHa Ag f(z) aexart sayTpn K.
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JOKA3BATEJBLCTBO. Ilpexae Bcero 3ameTuM, 4TO eciau w; — KOPE€Hb
soorowiena Ay f(z), To {— UeHTp Macc KOpHeR MHorowreHa f(z) oTHO-
CATEIBHO TOYKH w; (ONpejeleHue LEHTPA MAaCC OTHOCHTEIHLHO TOYKH CM.
Ha c. 13). B camom gene, ecim { # 0o, To paBeHCTBO Ay f(w;) = 0 MOXHO
3amucaThb B BUIE

@ —w)f'(w;) +nf(w;) =0, t.e. {=uw;—nf(w)/f (wi).

Ecm xe { = oo, 10 f'(w;) = Agf(w;) = 0, nosTomy

Zni -
uow flw:)

CrefoBaTensHO, IEHTD Mace TOYeK zll s+ .+ 2n OTHOCHTEJILHO TOYKM W; HAa-
1
XOAUTCA B TOUKE w; + | D pa— = 0.
7 1
Teneps yie ACHO, YTO TOYKa w; He MOXeT JexaTh BHe K. B camom
gene, eciu ObI TOYKA w; Jexaga BHe K, TO LEHTP Macc TOYEK 21,...,Zn

OTHOCHTEJIBHO TOYKH W; JexXad Oul BHyTpH K, a 5TO NIPOTUBOPEYHUT TOMY,
410 TO4Ka { Jexut BHe K. O

C nomompio JeMMbL 1.1 yTBepXK IeHNE TeOpeMbl JOKA3BIBAETCA CAEIYIO-
M obpasom. IIpeanmonoxuM, 9T0 Bee KOpHH {1, .. .,{, MHOTOWIEHA g Je-
xat BHe K. PaccmoTpum mMuorownen Ag, ... Ay, f(2). Ero crenens pasHa 1,
T. €. on umeeT B c(z —k). Y3 nemmel cregyeT, uTo k € K. Ycaopue anoasap-
HOCTH MHOTO4IeHOB f M g 03Havaet, uro Ay, (z—k) = 0. C apyroi cTOpOHHI,
HEIOCpeICTBEeHHOE BEIYMCIEHNE IPOU3BOJHOM IOKa3kIBaeT, 4To Ay, (2 —Fk) =
=, — k. Hostomy k = {; ¢ K. llpuxoauMm K NpOTUBOPEYHIO. (]

JIas KaXKI0rO MHOTOWIEHa [ MMEeTCs LEeJOe CEMEHCTBO amloJIAPHEIX eMy
MHOrOwIeHoB. [1og06paB moAXoAAIMM 06Gpa3oM ANOIAPHBIM MHOT'OWIEH, C
[HOMOLIBIO TeopeMhbl ['paiica MOXHO AOKa3arTh, YTO y MHOrowieHa f ecTs
KODeHb B NaHHOM Kpyroso#l obGmactm. [laa Tex xe menent umHorjaa ObiBaeT
¥106HO BOCHOTL30BATLCA ¥ HEOCPEICTBEHHO JemMMon 1.1.

TIPMMEP 1. Y MHOroO4JIeH3
fz)=1-—z+c¢2", tEe ceC(,

ecThb KOpeHb B Kpyre |z — 1] < 1.



18 TFasaea I. Kopnu mnozouienos

-1
JOKA3ATEJBLCTBO. Muorowrens f(z) = 1+ (711)~n~z +cz" u g(z) =

="+ (?)bn_lz"_1 + ...+ by anonspHH, ecan

1—n (%) bp_1+cbg=0, T.e. 1+b,_1+ch=0.

Oycte {p = 1 — exp(2rik/n), k = 1,...,n. Toraa g(2) = [[(z = L) =
1
=2"+ (Tll)bn—lzn"l + ...+ bo, rae by = _EZC’C =-1ubo =[]

= 0. [TosTomMy MHorowress! f(z) u ¢g(z) amoaspHel. A Tak Kak BCe KOPHM
4

MHOrOuWIeHA ¢ Aexar B kpyre |z — 1| < 1, 1o mo kpaiiHedl Mepe 0anH M3

KOPHEHl MHOFOWIEHA f JEXKUT B 3TOM KpPyTe. a

IIPUMEP 2. ¥ MuorowieHa 1 — z +¢j2™ + ...+ cpz™, rge 1l < n; <
<ng <...< Nk, €CTh IO KPalHEH Mepe OJUH KOPEHb B Kpyre

s (2 (-2))

JOKABATEJNLCTBO. Haunem ¢ muorowtena f(z2) =1 — z + ¢;2™. Iipen-

ny

HOJIOXUM, YTO BCE €r0 KOPHH JexXaT B obaacty |z| > — Toraa cornacuo
L=

aemme 1.1 xopuu muorowrena Ag f(z) = n; — (n; — 1)z Toxe Jexar B 06aa-

ni
1—1

ctu |z| > ni I Ho kopenn muoOro4iaena Ag f(z) pasex = MIpuxoxnm

ni
K NPOTUBOPEIMIO.
Jna muorownera f(z) = 1 — 2z + 2™ + ... + ¢x2z™ 10Ka3aTEALCTBO

nposegeM uHAYKIMen no k. PaccMoTpum MHOrOWIEH
Aof(z) =ng— (nge — Dz +cr1(ng —m1)2™ + ...+ cp—1(ng — ng—q )z 1.
ng

ne — 1
KOPHH ITOJYYEHHOI'O MHOI'OYWICHA JIeXKaT B Kpyre

3aMeHUM B 3TOM MHOTO4IEHEe Z Ha w. [lo NMpeanoJI0XKEHAIO MH Y KK

ny nz Nk—1

|w|$n1—1.n2—1"”'nk_l—l’

MO3TOMY KOpHH MHOorowieHa Ag f(z) 1exar B kpyre

n n2 ne

m—1 nm—-1 ""ng—-1
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C1e10BaTENLHO, NPEANOIOKEHHE O TOM, YTO BCe KODHM MHOIOY/JeHa f(2)
JeXKAaT BHE 3TOr0 KPyra, NPUBOIUT K NPOTHBOPEYHIO. a

(?)bizi. Mmuorowien h(z) =

o8

Mycts f(z) = ,1_121(?)0%" n g(z) =

i=1

I
™=

(Til)a,-b,-zi Ha3HIBAIOT KOMNO3UYLel MHOTOWICHOB f ¥ g.

i=1

TeEOPEMA 1.11 (Ceré). IlycTb f M g — MHOTOYNEHB! CTENEHH 7, TPH-
4eM BCe KOPHHM MHorowieHa f jgexart B kpyroson obaactu K. Toraa a10601
KOPEeHb KOMIO3unuu h MHOrOwIeHoB f n g umeer Bug —{;k, rae {; — HeKo-
TOpHI KOpEHb MHOro4wIeHa g, a k € K.

JOKABATEJIBLCTBO. IlycTh Y — KakKoH-TO KOPEHb MHOIOYWIEHA h, T.e.

n .

> (T;)aibiy' = 0. Toraa mEorowienst f(z) u G(z) = 2"g(—yz™!) anoaapssL.
i=1
TlosTomy coraacuo Teopeme I'paitca oaum u3 KopHe# Muorowiena G(z) ae-
xut B K. Tycts, nanpuvep, g(—yk™') = 0, rae k € K. Torga —yk™' = {;,
rae {; — KOpeHb MHOTOWIEHA g. O

18 MHOTOWICHOB, CTENEHH KOTOPHIX HE 00A3aTelNbHO DABHBI, HMEeTCH
creqyommi anator teopeMsl I'poica.

n ) L .
TEOPEMA 1.12 [Az]. Hlyets f(2) = Y (F)aiz’ m g(2) = 3 ()biz' —
i=1 i=1
MHOTOY/IEHHL CTeNeH: 1 1 m, npudeM m < n. [Ipeanonoxnm, 970 UX Kodd-

GULIMEHTH CBA3AHBI COOTHOUIEHNEM
(9)aobm = (T)arbm—1 + ...+ (=)™ () ambo = 0. (3)

Toraa CrpaBeJuBLl CJIEAYIOUINE YyTBEPK ICHUA:

a) ecam BCe KODHE MHOTrOWIeHa g(z) Jexat B kpyre |z| < 7, TO 1O KpaH-
Hell Mepe OJMH KOPEeHb MHOTOWIeHA f(2z) TOXe JeXUT B 3TOM KPYIe;

6) ecim Bce kopHM MHOrO4IeHa f(z) JexaT BHe kpyra |z| < 7, TO 1O
KpailHeli Mepe OAMH KOPEHb MHOTOU]IeHa ¢(z) TOXE JeXHUT BHE DTOr0 Kpyra.

JOKA3ATEJBLCTBO [Ru]. a) Coornomenne (3) MHBapMAHTHO OTHOCH-
TEJLHO 3aMEHH 2 HAa T2 B MHOI'OWIEHaX f W g, MO3TOMY MOXHO CYUTATD,
aro r = 1. Ilpegnonoxum, 9TO Bce KOPHM MHOrowieHa f(z) nexar B 061a-
ctu |2| > 1. Toraa Bce kopay MHOTOWTeHa 2™ f (1/2) nexaT B o6aacTy |z| < 1.
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oL

HosTomy u3 Teopemsr Iaycca-Jlioka (Teopema 2.1 Ha c. 22) cuegyer, 4TO
BCE KOPHU MHOIOWIeHa

filz) =D (2 f(1)2) =n(n—1)-...- (m+1) zm: ("M azzm

i=0

aexatT B obract |z| < 1. CreioBaTeIbHO, BCe KOPHM MHOIOWICHA

fo(2) = 2™ Y (Ma(1/2)™ =) (Taiz*
i=0 . i=0

Jexar B obaactu |z| > 1.

CooTnowenne (3) o3mawaeT, YTO MHOTOWIEHH f; M g amoaspHul Bce
KODHU MHOI'OWIeHa f, JexaT B Kpyrosou obaactu |z| > 1, noaromy coraacao
Teopeme ['paiica mo kpaitneit Mepe OfMH KOPEHbL MHOTOWIEHA ¢ TOXE JEKHUT
B oTOM o6aactu. Ilpuxoaum k mpoTHBOpEdHIO.

6U) B:ce KOpDHUM MHOTO4leHa f, JexaT B obmactu |z| > 1, nosTomy mo
KpPaWHEN MEPE OAMH KOPEHb MHOTOWIEHA ¢ TOXKE JIEXHUT B 2Toi obsacTtu. O

1.5. IIpoGxema Payca-T'ypsuua

Bo MuOrMx 3agadax 06 ycTOMYMBOCTH BO3HMKAET NOTPEGHOCTH BHIAC-
HUTB, BCE JM KODHK MHOrOYIEHA JIEXKAT B JeBOM IOJYILIOCKOCTH (T.e. Be-
IIECTBEHHEIE YACTH KOPHEH OTPULATENbHE). Takue MHOTOWIeHB! HA3KIBAIOT
yemotuuebimu. [pobrema Payca-Iypsuna sakmodaercs B ToM, 94T06H He-
IOCPEACTBEHHO 1O Koa(hdhuuueHTaM MHOrOWIEHa BBIACHUTH, YCTOWYHMB OH
uin HeT. M3BecTHo MHOro pasHeIx permenuit npobaemer Payca-I'ypeuia
(em., manpumep, [[102]). Mbl orpaHMYMMCA OAHAM HPOCTHIM KPUTEPUEM,
npuBejeHHBIM B [Str].

Ilpex e BCero 3aMeTuM, 9YTO ZOCTATOYHO PACCMOTPETh CIVYai MHOIO-
JIeHa C BelleCTBeHHbIMM koadpuimenTamu. B camom gene, ecau p(z) =

— n
= Z Apn2" ——~ MHOT'OYWIEH ¢ KOMILIEKCHEIMU KOG OUUNEHTAMH, TO MOXKHO Pac-
CMOTpPETHb MHOI'OWIEH

* 2=y —
p'(2) = p(2)p(z) = (E anZ") (E anz").
flcno, 4TO BelECTBEHHBIE YACTY KOPHEH y MHOTOWIEHA P(Z) Takue ke, KaK 1
y MHOro4wIeHa p(z). Kpome Toro, Beipaxenus k0apUUMEHTOB MEOrOICHA
* —
p*(2) CMMMETDUYHBI OTHOCHTENBLHO G; M Gp. JTO O3HAYAET, YTO KOPPU-

OUEHTHEl MHOI'O'WICHA p* IepexoaaT B ceba IIPU CONPAXKEHUY, T. €. OHU Bellle-
CTBEHHBI.

2. KopHu MHO20NAEHG U €20 NPOU3600HOl 21

TeOPEMA 1.13. Iycts p(2) = 2" + a12""! + ... + @, — MHOTOLWIEH C
BeIeCTBEHHEIME KOdduumentamu, q(z) = z™ + biz™ ! + ... + b, rae
m = n(n — 1)/2,— MHOrOWIeH, KODHAMM KOTOPOLO CIIyXaT BCE CyMMEL I1ap
KOpHEH MHOT'OWIeHa p. MHOTO4W/IEH p yCTOMYHMB TOr4a U TOAbKO TOT 13, KOT 1
BCe KOD(PUIUMEHTH MHOTOWICHOB P ! ¢ MOJOXHUTENbHEL.

JOKA3ATEJILCTBO. IlycTh MHOrowres p ycroidus. OTpuuaTelbHOMY
KOPHIO & COOTBETCTBYET MHOXHUTEJb 2 — @ € TIOJOXKATETbHEIMA KO puim-
enTamu. [lape CONpAXEHHBIX KOPHEH a+ i} ¢ OTpUIATETBHON BeIIeCTBEHHON
4aCTbI0 COOTBETCTBYET MHOXUTEND

(z—-a—i@)(z—a+iﬁ):22—2az+a2+{32

¢ IIOJOXHUTEALHEIMI KoddduunenTtamn. Takum 06pa3oM, Bee KOahDhOUIUECHTEL
MHOT'OWIEHA P TONOKNTEIbHBL.

KOMILIEKCHBIE KOPHY MHOTOWIEHA ¢ PACNajaloTci Ha TMAPHL CONpPsKeH-
HEIX KOPHEll, I03TOMY KOod(UILMEHTH MHOIOWIeHa g BemecTBeHHble. Kpome
TOrO, BEIIECTBEHHBIE YAaCTH BCEX KODHEHl MHOTOWIEHA ¢ OTPUUATENbHEL
Te e caMmbie PACCYXIEHMA, YTO M JIA MHOOWIEHA p, MOKA3bIBAIOT, YTO
Bce KOO(@UIUEHTH MHOTOWIEHA ¢ TIONOXUTEIbHEL.

MycTs Temeps Bce KOXPOUIUEHTE MHOTOWIEHOB P M ¢ TNOJOXKNTETBHEL.
B TakoMm CIyuae BCe BEIIECTBEHHbIE KOPHH MHOIOWICHOB p M ¢ OTpHIUA-
renpunl. [103TOMY eC1u o — BemeCTBEHHBIM KOPeHb MHOrOWwIeHa p, TO o < 0,
a ecam a % i} — Napa KOMILIEKCHBIX CONPsKEHHBIX KOPHE! MHOIO4IeHa P, TO
2a = (a + iB) + (a — i) — KOpeHsb MHOTO'WIeHa ¢, & 3Ha4uT, 2a < 0. O

2. KopHuM MHOrowIieHa U €ro NPOM3BOTHOM

2.1. Teopema I'aycca—Jloka

B 1836 r. Maycc nokaszan, YTO BCe KOPHM IPOM3BOJHOM MHOrowieHa P,
OTJIMYHEIE OT KPATHBIX KODHEH CaMoro MHOrowieHa P, ABIAIOTCS MOJOXe-
HAAMYM PABHOBECHA JIf IOJIA CHI, KOTOPOE€ CO3JaeTCA OJMHAKOBBIMH Ha-
CTUIAMY, PACIOJOKEHHBLIMH B KOPHAX MHOrowiesa P (B KOopHe KPaTHOCTH
7 PACIIOJOXKEHO T JaCTHIl); KaXIasd HaCTULA CO3JaeT CHIYy MPUTKEHUS,
06pATHO MPONOPIHOHATLHYIO PACCTOSHMIO 10 3TOM JacTuubl. M3 9TOU Teo-
pemur Taycca Jerko BHIBECTH [PUBOAMMYIO HILKE TEODeMy 2.1, mo cam l'ayce
06 >ToM He yrnoMuHaeT. llepBeIM CHOPMYTUPOBAT U AOKA337T TEOpeMy 21
panmyackuit uuxenep Joka (F. Lucas) B 1874 r. TlooTomy Teopemy 2.1
gacTOo HaswiBaoT meopemol I'aycca—Jhoxa.
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TEOPEMA 2.1 (Iaycc-Jlioka). Kopuu npoussoanoi Muorowiena P pu-
HaJIeXaT BHIYKIOW 060J04Ke KOPHEe# CaMoro MHorowiena P.

MOKABATEALCTBO. Iycts P(2) = (2 —2)-... (2 — Zn). Jlerxo npope-
PHTH, 4TO

Pz) 1 1
Pz)  z2-2z "'+z—zn' (1)

IIpeanonoxum, wto P'(w) = 0, P(w) # 0 u w He npuEAATEXAT BBHITLYKJIOR
060I0YKe TOYEK 21, .. ., zn. Toraa yepes TouKy w MOXHO IpoBecTH IPAMYIO,
He MEPEeCEKAOMYI0 BEINYKJION O6OI0YKM TOYEK 21,...,%,. IlooroMmy Bek-
TOPBL W—21, ..., W2, JEXKAT B OJHOH NOIYIIOCKOCTH, 33 JaHHOH STOH Nps-

moit. CaenoBaTensHo, B OAHOH NOJTYILIOCKOCTH J€XAT U BEKTOPHL ot IEE
w—2;
1 oCKo 1 z Crexopa P(z) 1
HOCKOMBKY ~ = ——. ClegoBaTeinso =
Y % || A * P'(2) 2=z

—2n 4
1
Z— Zn
OYKJI0H 06010UKe KOpHel MHOrowieHa P. ]

-+ # 0. Hoay4eno npotusopeune. Mostomy w NPUHALJIEKNT BhI-

CooTnomwenue (1) noseonser IOKA3aTh CrEAyIOMmEe CBOHCTBO KODHeH
NPOU3BOAHOM MHOTOLIEHA C BEIIECTBEHHBIMU KODHAMH.

TeoPEMA 2.2 [An]. HIycre P(2) = (2 —21)-... - (z —xn), TAE 71 < ...
... < Zp. Toraa ecim HEKOTOPLIN KOPEHb T; 3aMEeHAETCA Ha z; € (T4, Tit1),
TO BCE KOPHH IIPOM3BOJHOM MHOrOWIEHA P yBeauunBaoTca.

JOKABATEJABCTBO. Ilycth 27 < 29 < ... < Zp-1 — KODHHM IPOU3BOJ-
HOl MHOrOWIEHA C KOPHAMH ZT1,...,Tn, @ 2} < 2} < ... < 2;,_, — KODHH
IIPOM3BOAHOM MHOI'OWIEHA C KODHAMH 1, . . ., zl, ..., Ty. I KODHEN 7} U 2,
cootHomeHue (1) npunumaer Bug

n

1 ~ 1
2= g =0 )

— I
i=1 =1 kT

IIpegnonoxum, 4T0 Teopema HeBepHa, T.e. 2. < zj 111 HEKOTOPOro k.

it s k
Toraa z; — ¢ < z — ;. Ilpu aTOM uMCIa 2, — i ® 2 — T; OJHOTO 3HaKa.
B camom gere, z; < z;, zi<zimpumj <i-—1uz >z, z; >z npu j > .

CaeaosaTensHo,

7 7 npu Bcex i = 1,...,n. Ho B Takom cayuae
Zr — X; 2 —I;

COOTHOIIEHMA (2) He MOTYT BBIIOIHATLCA OJHOBPEMEHHO. O

2.2. Kopum mpou3BojHOM H (OKYCHI /LIHIICA

KopHM MpPOU3BOAHON KyOMYECKOTO MHOTO™WIEHA UMEIOT CJelyIOUyo MH-
TepecHyl0 reOMeTpHYIeCKyl0 MHTEePIPETANIO.

TeoPEMA 2.3 (sau gen Bepr, [B]). Ilycrs xopuu xybudeckoro MHO-
FOYICHA PACTIONOXKEHB B BEpIIMEAX TpeyrodbHuka ABC Ha KOMILIEKCHOM
rockocTy. TOra KOpHY MPOU3BOAHOM 3TON0 MHOTOWIEHA PACTIONOKEHH! B
OKyCax DIIAMNCA, KACAIOMErocs CTOPoH Tpeyroabuuka ABC B ux cepenu-

HaX.

[IEPBOE JOKA3ATEJBLCTBO. Ilpexae Bcero saMeTum, 4To ec1 Q(z) =
= P(z — a), To Q'(z) = P'(z — a), nodTOMY HAa4aIOM KOOPJMHAT MOXHO
- 7
CYNUTATH JI00YIO TOYKY.

MOXHO CHUTATE, 4TO Tpeyroabuuk ABC nonyuen nmpeo6pa3oBaHUEM

z+z z-%Z

2 @
cosa = z2COs”
2 + 2 D)

2

1)

+ Zsin

Z =

N R

2 —
3 IPaBAIBHOIO TPEYrOMbHMKA C BEPIIMHAMHU W, £w M £°w, rje (w| = 1 n
¢ = exp(2ri/3). Torga moayocu a # b pacCMaTpUBAEMOro JLIANCA PABHBL

512 —
! e @—, a pacCTOAHME MeXIy ero ¢poxycaMu F\ u F, pasuo va b =

2 2

= lsin a. Touku F), u F, nepexoast B Touku (+1,0) mpu pacTsxeHuu ¢
2

1.\ (L LB -
3 sina = {sing 3 .

B pesyasTare mpeobpasoBanus (1) u 3TOro pacTAKeHUA NOLy1aeM npeoGpa-
30BaHUE

K02 PUIUEHTOM

a Tt o}
z»—»zctg§+z g2.
Toaoxum a = w ctg %. Toraa maorowren ¢ kopusmu A, B u C umeer Bul

prer= () (s 2) (s )

Jerko nposeputh, uto P'(z) = 3z% + 3¢ + 3 = 3x% — 3, moaTomy KOpHg
mHorowiena P’ paBubi 1.



24 Tlaaea 1. Kopnu muozouaenos
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BTOPOE JIOKABATE/ILCTBO [Sho]. IlycTs e = exp(2mi/3), a zg, 21, 29 —
KOpHH paccMaTpUBAEMOro MHOrowIena. Bribepen aucaa Lo, {1, s Tak, 4To

20=C0+0+%, 2 =0+le+le? 2=+ e +L2¢,  (2)

3o =20 + 21+ 29, 3= 2o + 2182 + 298, 3y =29+ 21€ + Z2€2.

B paneuenimewm 6y gem OpeanosaraTe, 9To 29 + 21 + 2o = 0, 1. €. {g = 0.
Jlerxko npoBepuTs, 4TO KpuBas {je*® + C2e7% rae 0 < @ < 2r, upen-
CTaBIAET COOOM DILIMIC, MOAYOCH KOTOPOr'O HANPABIEHDI 1O 6uccexkTpucam
BHEIIHNX ¥ BHYTPeHHUX yrios yraa {; 0%y (O — mawaio KOODAMHAT), MpU-
eM IIMHbI I01yocel pasbl (1] +|{s| u IICII - Kz”. B camom gene, paccma-
TpuBaeMas KpUBas ABIACTCA 0GPA3OM €AMHUYHOM OKPYKHOCTH IIPU 0TOOpA-
xenun z — {12 + {2Z. Kpome Toro, ecm §; = [C1]e™ u Lo = |Lale®, To

L1e™ + Lpe ™™ = [ feilet) 4 [Cale!P=9).

. a+
Moayab 3TOro BhIpaXKeHHs MakCHMAJTeH npu ¢ = _2_!3 + kn ¥ MuEEMAa-
a+fB =
JIEH MY ¢ = ——— -+ 5+ kr. OTu amavenus ¢ xak pas u COOTBETCTBYIOT

HAIPABJIEHUAM YKA3aHHBIX GHCCEKTpUC.
@oxycer fi u fo anmunca {ie™® + Loe~ ™ nexar ma NPAMOM, COOTBET-

fif

. a
CTBYIOILEH YNy ¢ = 5, T. €. OTHOUIEHNE >—— ABIACTCA MNOJOKHUTEILHBIM

+

2 Ll
aucaom. Kpome roro, keagpar paccroamus ot dokyca 10 LEHTPA DJLIKICA
DaBeH Pa3HOCTH KBAIPATOB IOIYOCEH, T. €. OH PaBeH

(18] + al)® = (1G] = [Za])® = 41812 ).

Taxum obpasowm, fi fo = 4%, .
CooTromenus (2) npu Z; = 0 TMOKa3bIBAIOT, YTO BEPIUMHEL 29, 21, 232
PACeMaTPUBAEMOrO TPeYrOMbHAKA 1exXaT Ha s/mmmce {ie'? + {oe ™% a cepe-

Loy —i
JAMHBL €70 CTOPOH JEKAT HA D/LIAICE §(C1€ ? + {oe7™?). Cepeanna xopast

[IEPBOTO JJIMNCA MOXET JeXaThb HA BTOPOM B/LIMIICE JHMIIb B TOM CJIydae,
KOrja sra xopaa kacaercs samnca. Takum o6pasom, Tpebyercs IOKa3aTh,

1 ) )
9TO oxycal samnca - ({e'? 4 Lre™ COBIIAJAI0T C KOPHAMH IPOU3IBOI-
y 2

HOM MHOTOWIeHA (2 — 20)(2 — 21 )(z — z2). DOKyCHI 2aHMIICA ¥I0BIETBOPAIOT
aBrenuio 22 —1{ = 0, a KOPHH IPOM3BOIHON VIOBICTBODIIOT ABHEHUIO
ya

322 + 221 + 2023+ 2120 =0, T.e. 3(2% - L,%) =0. 0

2.3. Jloxam3amus KOpHEH IPOH3BOAHOM

2.3.1. Kpyrn Mencena

IIycTes f— MHOTO4IEH C BelleCTBEHHBIMH koappunnenramn. Jan ka-
XK IOW [APhI CONPAKEHHBIX KOPHEH 2 ¥ Z 3TOr0 MHOTO'JIeHa NOCTPOMM KPYT
¢ IMAMETPOM 2%; TaKue KPYT'¥ Ha3blBaloOT xkpyeamu Hencena MHOTOUICHA f-

TEOPEMA 2.4 (Mencen). Jli060# HeBeweCTBEHHEI KOPEHb IPOU3BOHOMN
MHOTOWIeHa f JeXWT BHYTDU WM Ha IPaHMIle OJHOTO U3 Kpyros Mencexa.

JTOKA3ATEJILCTBO. HycTs 21, ..., 2 — KOPHM MHOTO'IEHA f. Toraa
n
f'(z) _ 3 1 (1)
f(z) z—z

TIpes e BCEro MOKaXeM, YTO eCIM TOIKA 2 JEXUT BHE KPYTa Hencena c

IMBMETPOM 2p2g, TO

+

1 1 - m 2
sgnlm z. (2)
sgnIm(z o zq) g

B camoMm gene,
1 1 2(z—a)((z-a) +1°)
= P 2
T a—bi  z-a+h |Gz - a)* + V7|

Im((z — a)|z — af’ + (z — a)b?) = (8> — |z —a*) Im2.

= T
TMokaxeM Temeps, uTo ecl 2 & R z; =a € R, 10

sgnlm (——1—) = —sgnlmz. (3)
zZ—Zj
AN de,
B camom gex . . z-:  —2ms
z—a z-a |z—a |z—af"’

Us dopmyx (1), (2) u (3) creayer, 4ro ecan Touka z & R pacnooxena

&

BHe Bcex Kpyros Hencena, TO

sgnlmf—(z—) = —sgnlmz # 0.

f(2)

Hostomy f'(z) # 0, T. e. z— HE KOPEHb IPOU3BOJHOU.
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/1 xoIMIeCTBA KOPHEH NPOM3BONHOM, BEIIECTBEHHAA YAaCTh KOTOPHIX
NPUHAIEKUT JAHHOMY OTPE3KY, MOXKHO [OKa3aTh CJIEAYIOLIYI0 OLEHKY,
YTouHawmyo Teopemy Hencena.

TEOPEMA 2.5 (Yomm). Hycts I = [a,B], K — o6vesunenne I u kpy-
ros Mencena, nepecexawoumx I. Toraa ecan K coaepxut k xopreit Muoro-
4neHa f(z), To xommyecTBo KopHed MHOroweHa f'(z), sexammx B K, 3a-
Kmodeno Mexay k— 1wk + 1.

[OKA3ATEJbCTBO. Ilyctes C-—rpannna HamMeHbIEro MPAMOYTOIb-
HIKa, CTOPOHBEI KOTOPOT'O Napa/lielbHH OCAM KOODAWHAT M KOTODPBIH CO-
Aepxut K. PaccmoTpum orpanmyenue Ha C orobpaxenus z — e'®, rae
¢ = arg(f'(z)/ f(2)). Us dopmya (1), (2) u (3) caeayer, uTo 0bpa3 1acTu
C, nexameil B BepXHell MONYILIOCKOCTH, PACHONOKEH HA I0JIYOKPYKHOCTH
|z| =1, Imz < 0, a 06pa3 wactu C, Jexamell B HIKHEH NOIYILIOCKOCTH,
PACIIOJOXKEH Ha NOAYOKpYXHocTH |z| = 1, Im2 > 0. loaToMy KoaM4eCTBO
060poT0B 06pasa kpusoi C BOKPYT HavdaJa KOOpAuHAT paBHo 0 mwin +1. Do
O3HAYAET, YTO MHAEKCH KPUBOH C' OTHOCHTELHO BEKTOPHBIX noxeit f(z) u
f'(2) copmagaor mam oramyaloTcs Ha 1, T.e. KOIMYECTBA Hy’del dyHK-
uuit f n f', 3akmo4eHHBIX BHyTpHM KpuBo# C, COBNAJAIOT WIM OTIMYAIOTCH
Ha *1. O

2.3.2. Teopema Yomua

TEOPEMA 2.6 (Youm). IlycTh KOpHM MHOTOWIEHOB f; ¥ f, Jexar B
kpyrax K u K3, paanychn KOTOPBIX PABHHI T M T, a IEHTPH HAXOAATCA B
TOYKaX €1 U 3. Torja Bce KOpHU IPON3BOJHOM MHOTOWIeHa, f = fi f nexat

nary +mra
aubo B K7, 6o B Ky, mbo B kpyre K paauyca i, C UeHTpOM B
1 2
n2c1 + nic2
TOYke ——————, rje n; = deg f; u no = deg f5.
n1 + n2

HOKABATEABLCTBO. IlycTs 2 — KOpeHb NPOM3BOAHOM MHOrOWIEHA f, Je-
xaumi sue Ky u K. Toraa f](2) fa(2)+ f1(2) f3(z) = 0, npuuem f1(z2), f2(z),
£(2), £5(2) # 0.

Pacemorpum Touku §; u {; — ueHTph Macc MHOTOYIEHOB fi M f2 oTHO-
cuTeabHo Touky 2. CoryacHo Teopeme 1.6 Ha c. 14

Cl:z-nl'f}i U=z

fi(z)’

£2(2)

)
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[osTomy
fiz) | () _
naly + ni1ls = (nl + n2)z — NinNg (m + -fz,-—(z—) = (n1 +n2)z,
T.e. 2 = M A Tak Kak Bce KODHM MHOrowiesa f; aexaT B Kj,

ny +na
o {; € K;. OcraeTrcs 3aMeTUTh, ITO €CIM TOYKH Ui u {y ¢ MaccaM# 1

u ny dexaT B kKpyrax K u K2, TO MX HEHTP MacC 2z JeXHUT B Kpyre K. O

2.3.3. Teopema I'paiica—XmByaa

TeOPEMA 2.7 (J. H. Grace, 1902, P. J. Heawood, 1907). Ecan 21 u 22 —
pasIM4HEIE KODHM MHOrOWIeHa f CTemeHu n, TO B Kpyre lz — c|u _<_Ur, rie
¢ = (21 + 2)/2 m r = (|21 — 22|/2) ctg(x/n), HAXOAUTCA MO KpaKHeH Mepe
OJMH KOpeHb MHorowieHa f'.

n—1 k
JOKABATENBCTBO. Hycrs f'(2) = Y, (" ")axz®. Toraa

k=0
2 n—1 1
km—
0= )~ S = [ £rds = YD C'; Dasbuoson,

- k=0

~1
rae KoadpduuuenTol by, . . . ,bp—1 3ABHCAT TOJIBKO OT 21 ¥ 22, 3 OT x03hdu-
[HNEHTOB dg, - - . , Gn_1 OHK HE 3aBUCAT. TakuM 06pa3oM, MO JAHHBIM 21 H 22

n-1
n-1 k o
) 1HOT'O-
MOXKHO IIOCTPOUTH MHOI'OWICH g(z) = ( k )bkz , QIOJAPHBIM N

aeny f'(z). ~
Yro6hl OAYYATH ABHOE BHIPAXKEHHE 11 MHOLOWIEHA g, rIOJI(l))KPIM a =

"
= (-1)*z""1~F, 1. e. paccmoTpuM MHOrOIEH h(z) = (z — )" . B takom

caydae
-1 1—k f net . _ (&=21)" —(z—2)"
g(z) = Z ( k ).’L'n_ 1k = /(.1' — 1) dz = - .
k=0 5
21+ 22 .21 — 22 kn
KopHU MHOI'OYWIEHa g MMEIT BUJI L = 3 +i—s ctg e (ans
k=1,2,...,n—1). Bce onm 1eXaT Ha IpaHULE PACCMATPHBAEMOr0 KpyTa

|z — ¢| < r. TloaTomy coraacko Teopeme 1.10 nHa c. 16 B xpyre [z —¢cl <
- v v ] D
HAXOAUTCA 1O KpailHelt Mepe O4MH KOpeHb MHOrowieHa f'.
Jipyrue TeopeMbl O JOKAIW3AUMM KODHEH MPOM3BOJHOM NPHUBEJCHB! B
craTbe [Ma2].
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2.4. Tmmoresa Cengoa—Wmena

B 1962 r. 6oarapckmit maTematuk B. Cengos Brickasan creayomyio ru-
10Te3y, KOTOPYIO YaCTO NPUIIUCHBAIOT APYroMy GOArapCKoMy MAaTEMATHKY,
JI. Waueny: «Ilycts P(z) — MHOrow1€eH, Bce KODHH KOTOPOIO J€XAT B KDYT'e
|z| < 1. Toraa ecnn 2o — oann u3 xopres mHorowrena P(z), To B kpyre
|z~ 20| < 1 ecTs 1o kpaiines mMepe oann Kopers Muorowtena P'(z)y. (Ilpea-
noaaraercs, 4To deg P > 2.)

lNmmoresa CenpoBa-HWanera 10okasaHa Aas BCEX MHOTOYICHOB CTEHeHH
He BBILUE 5 M [JA HEKOTOPHIX CIEHHMAILHBIX MHOIOWIEHOB (CM., HampH-
Mep, [Scmy]). ’

Mur orpannummcs aokasareascTBoM runotessr Cengosa-Mmmea mia
MHOT'OYJIEHOB BUIA

P(z) = (2 — 20)"™(z — 21)"' (2 — 23)"2.

" 3o NOKa3aTeabCcTBO npusesero B [CS].

Cay4ait, korga n = ng +n; + na > 4, pazéupaeTcs JOCTATOYHO IPOCTO.
B orom caywae myxmO aokasaTh, 9To ecim |z;| < 1 mpu i = 0,1,2, To
MHOTO4IeH

Plz)=n(z—20)" " (e —2))" Mz =)™ Nz —wi)(z —w2) (1)
UMeeT KOpeHb, Jexalmuit B kpyre |z — zo| < 1. Ecim ng > 1, To Takum
KopHeM Oyger zo. [looTomy Gyaem cumrats, uro ng = 1. 3anumem P(z) B
Buge P(z) = (z — z0)Q(z). fcno, uTo

P'(20) = Q(20) = (20 — 21)™ (20 — 20)™. (2)
M3 (1) u (2) creayer, wTo
n(z0 — w1)(2z0 — w2) = (20 — 21)(20 — 22). (3)
YuaurTeBas, 4To |20 — 21| < |20] + |21] = 2 1 |20 — 22| < 2, mOAYIAEM
|20 —w1] |20 —wy| <4/n < 1,
noatoMy |zo — wi| < 1 nam |2 — we| < 1.

OcTaeTca paccMoTpeTs caydait, Koraa ng = n; = ng = 1. Jasa atoro
HaM NOTpebyeTcsa Clelyrolee BCIOMOIaTeAbHOE YTBEPK I€H!E, KOTOPOEe MBI
cpopMmysmpyem B Goaee o6IIeM BUAE, Y€M DTO HyXKHO [AJAA HAUX LIeTeH.

2. Kopnu Mno2ou4ena u €20 npou3eéodnot 29

JEMMA. IlycTs P(z) — MHOrowIeH crenenu n, rae n > 2. Torga ecan
|P"(20)| > (n = 1)|P'(20)],

hd !
TO 1O KpaiHel Mepe OJINH U3 KOPHeM MHOTO'LICHa P' gexur B KpyTe
lZ d Zol S 1.

!
JIOKA3BATEJBCTBO. IlycTe wi,ws, ..., Wn—1 ~—— KOPHM MHOTrO'LICHA PB.
MoxHO cYuTaTh, ITO CTapI_lmﬁ ko3(punment MHorodrena P pasen 1.

n—1

raxom caysae P'(z) = n [] (z — w;). Ecam P'(z) # 0, TO MOXHO B3ATh
j=1

jgorapudM OT obeux yacTed U npoauddepeHIMpPOBATL NUX. B pesyabrare

oYUM
n-1

P'(z) 1
P(z) Jz::l z—wj

o yc/10BMIO 29 — HEKPATHBIM KOPEHb MHOIO'LIEeH P, t.e. P'(29) # 0. pen-
[oI0KMM, 9TO |29 —wj| > 1mpu j = 1,...,n — L. Toraa u3 HepaBeHCTBA
IP"(zo)l >(n-— 1)|P’(zo)l CaeayeT, 4To

P"(Zo)
nots |5

n—1 1
< —<n-—1
= 2:1 |20 — wj]

J:

IIpuxoauM K MPOTHBOPEYHIO.
SafiMeMCcs Telephb HeMOCPeACTBEHHO MHOIOWIEHOM

P(z)=(z-2)(z—2)(z—2)=(z— 20)Q(2).

HAcuo, 4TO
P'(z) Q'(z) _ 1 1 ) _ 2(220 — z1 — 22) .
o) - 2QE) (— Rl Rl e |y

PaccvoTrpum tpeyroasauk ABC ¢ BepuHaMu A=25,B=2,C=n2n.
flcuo, uTO |20 — 21| = €, |20 — 22| = b m 1220 — 21 — 22| = 2mg, T A€ Mg —
nmHa Meauanbl. COrIAcHO Jemme ecau 4m, 2 2bc, To runoresa CenjoBa—
Wuesa BepHa. Io ycaosmo b < 2 n ¢ < 2, m0d3TOMY HEPABEHCTBO 2m, > bc
BLIIONHAETCA KaK TIPH T, > b, Tak u mpu m, > c. OcTaeTca paccMOTPeTH

cIy4al, KOorga me < bummg <c.
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Coornomenne (3) nokaseBaer, uro runotesa Cengosa-Winepa BepHa,
ecam be < 3. IloaToMy MOxHO cuMTaTh, 9TO be > 3. B TakoM ciayuae

b2 +c® = (b—c)? + 2bc > 6,

a 3nawmT, > + > —a? > 6 -4 >0, .e. ZA < 90°. U3 nepaBencTs b >
> mg u ¢ > m, caepyer, 4to LC < 90° u /B < 90°, 103TOMY Tpeyroan-
muk ABC ocrpoyroasssi. IIycts R — paauyc ero onMcanHO# OKpY>KHOCTH,
h, — BrICOTA, ONymennan u3 sepumskl A. Torga ¢/h, = sin B = 2R/b, T.e.
bc = 2Rh, < 2Rm,. YTo6rl noay4uTs TpeGyemoe HepaBeHCTBO be < 2m,,
OCTaeTCa A0Kas3aThk, 410 R < 1. Octpoyroasuui Tpeyroasuux ABC pac-
HOJ0XEH BHYTPU eAWHUYHON OKPYXHOCTH |2| = 1. Ecn onucannas okpyx-
HocTh S Tpeyronbunka ABC neXuT BHYTDU €IMHMYHOM OKDPY:KHOCTH, TO
HepaseHcTBO R < 1 ouesnano. IlycTts Tenepp OKpy¥HOCTB S M eImHMY-
HasA OKPYXKHOCTB MMeT obmyio xopiy. M3 ocTpoyroibHOCTH Tpeyrodb-
uuka ABC cieayer, 4TO 3Ta XOp/a BUIHA U3 BEPIIMH TPEYTrOJbHUKA IO
OCTPBIM YIVIOM (. JTa XK€ XOpJa BUAHA U3 TOYEK €AMHMYHOM OKPYXKHOCTH
noa yraamu ¢ u 180° — ¢, rae ¢ < 90°. Ilpu stom ¢ < ¢. U3 HepasencTs
$ < ¢ <90° < 180° — ¢ cregyer, uTo R < 1.

2.5. MHOrowieHs, y KOTOPHIX COBNAJAl0T KOPHM HX CaMMX
M HMX NPOM3BOHBIX

B crarse [Chu] yTBepxk ga1och, 410 ecan P u () — MHOTOWIEHBI CO CTap-
muM K03 ¢GUIMEeHTOM 1, MpUdYeM MHOXKECTBA KODHEH MHOro4wieHos P u Q
COBIAJAI0T ¥ MHOXeCTBA KOpHell MHOrowIeHOB P' u ' Toxe coBmajaior,
10 P™ = Q" 111 HEKOTOPHIX HATYPAIbHEIX T U 1. 3aTeM B JOKA3aTeIbCTRE
3TOro yTBepXkAeHuA ObL1i O6HApYkeHEl npobeisl u Bckope B [Roi] 6bL1 mo-
CTpoeH koHTpupuMep. KOHCTpyk1uma 3TOro KORTpIpuMepa BeCbMa CJIOXKHAA.
3aMHTepecOBAaHHOMY YMTATENIO MBIl COBETYEM O0PAaTHTHCA HEIOCPEACTBEHHO
k crarbe [Roil.

Ilo noBoAy CBOMCTB MHOTOHY/IEHOB, Y KOTOPBLIX COBIATAIOT KOPHU HX Ca-
MHUX M X MPOM3BOJHBIX, cM. Takxe [DS].

3. Pe3yibTaHT H AMCKPHMMHAHT
3.1. PesymbraHT

n m

Paccmorpum muorounenst f(z) = ). a2 ' u g(z) = Y, bjz™ ¢, rae
i=0 i=0

ap # 0 m by # 0. Hax anrebpanyeckn 3aMKHYTHIM TIOeM MHOTOWIEHH f U g
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UMEIOT O6ILMI JennTelh TOTJa M TOABKO TOr'JA, KOrjJa OH# MMeT o6uIun
xopens. Ecan xke mose He aarebpaudecku 3aMK£1yTo, TO OOLIMHA JeJIUTe]b
MOXeT OBbITH MHOIOWIEHOM, HE MMEIOLIMM KOPDHEH.

 Hamruue y f u g o6uero aeIuTels SKBUBAIEHTHO TOMY, YTO CyHIeCTBY-
0T Takue MHOT'OWIEHHL P ¥ ¢, 9T0 fq = gp, npudem degp <n—1mn degq <
<m-1 Hyers ¢ = uoz™ ' + ...+ Up-1 u p = voz" ! + st e
PaBeHCTBO fg = gp MOXHO 3aIIKCATH B BUJe CUCTEMEl YDaBHEHUN

aguo = bovo,
a1 lUg -+ QU1 = byvg + bov1,
asug + ajuy + apus = bavo + vy + bova,

Muorodness f # g MMEIOT OGLIMIA KOPeHb TOr4a ¥ TOJIBKO TOr'Aja, KOTa 3Ta
CHCTeMa MMeeT HeHyJeBoe pemenue (g, U1, - - -, Vo, V1, - - -). Ecan, Hanpuwmep,
m =3 un =2, TO ONpeJeTATENs STOH CHCTEMBl yPABHEHMA UMeeT BH]

ag 0 0 —bp O ag a; a2 0 O
ay ao0 0 —=by —bo 0 ap a1 a2 O
ay a; ag —bs ~b1 |=F£| 0 0 a0 a1 a2 | = :hdetS(f, g)
0 a2 a —b3 —ba bo bl b2 b3 O
0 0 az 0 —bs 0 bo b1 b2 b3

Marpuuy S(f, g) nasuBator mampuyeti Cuib6ecmpa MHOTOLICHOB fug.
Onpegeautens MaTpuunl S(f,g) HA3LIBAIOT PE3YAbTMAHMOM MHOTOYLICHOB
f ¥ g; peayIbTaHT MHOTOWIeHOB f M g 0603HAYAIOT R(f,g). fAcno, uT0
R(f,g) — OAHOPOJHBI MHOI'OWIEH CTENEeHH MM IO TepeMenHLM a; 1 cre-
nesn n 10 mepemenHnM bj. MHorowienn f u g umeror 06mpmu JeanTenb
TOr4a M TOJABKO TOTAA, KOIJa ONpeleluTelb pacCMAaTPMBAEMOM CHCTEMb
pasen Hy.110, T. €. R(f,g) = 0. .

Peay IbTaHT MMeeT MHOrO pa3Hbix npuioxenni. Hanpumep, ecam 3aganet
noaurHOMMATBbEBE cooTHowenus P(r,z) = 0 u Q(y,z) = 0, To ¢ nomMompb0
pe3yJIbTaHTa MOXHO NOJYYMThH NMOTMHOMUAILHOE COOTHOUICHME R(r,y) =
— 0. B caMoM jeJe, paccMOTpPHM JaHHble noauHoME P(z,2) u Q(y, 2) Kak
HOAMHOMBI OT 2z, cuuTasa & W y nocrosuusimu. Toraa pesyabrant R(z,y)
5THX NOIMHOMOB faeT TpeGyemoe coorHomenne R(x,y) = 0.

Pe3y IbTaHT MO3BOJAET TAKXKE CBOINTE PelleHNe CUCTEMBI airebpanie-
CKMX ypaBHEHMIl K HAXOXAEHHUIO KOPHel MHorowieHoB. B camowm gere, nycTs
P(z9,90) = 0 u Q(z0,y0) = 0. PaccmoTpum P(z,y) u Q(z,y) Kak MHOrO-
wientt ot y. [Ipu = = xo OHK UMEIOT OOmMI KOpeHb Yo. Cre10BaTeNLHO, UX
peayabtant R(z) paBen Hymo npu T = Zo.
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TEOPEMA 3.1. IlycTs Z; — KOpHM MHOTOWIEHA f, & Y; — KOPHM MHOT'O-
wieHa g. Torga

R(f,9) = ag'bg [ [(=: — v;) = ap* [[ (=) = b [] £(ws)-

HOKA3ATENBLCTBO. Tak kak f(r) =ag(z —x1) ... - (z — z,), TO a), =
= +agor(z1,...,Tn), TAE Of — BJIEMEHTADHAA CUMMETPHICCKAA (DYHKIIUA.
Ananornyno by = +byor(y1,...,ym). Pesyabrant apiserca ogHOpoIHBIM
MHOT'O'LIEHOM CTENEHN M TI0 HEPEMEHHBIM @; ¥ CTENEeHN 1 [0 IePEMeHHBIM by,
TIODTOMY

R(f.g) = aJ'by P(xy,. ..

7$nay17"'7ym)a

rae P-— cuMMeTpHYecKuil MHOTOWIEH OT T1,...,Tyn U Y1, - .., Ym, OOpalia-
IOMMACA B HyJb Iipn z; = y;. Popmyaa

ko k-1

i = (@i~ yy)z{ 7 + )

NOKa3kIBaET, YTO

P(zy,...,ym) = (z; —y;)Q@1,- .., ym) + R(T1,. -, Tiy -+, Ym)-

Hoacrasus B 3TO paBeHCTBO T; = Y;, MOAYyYMM, 4TO R — HyneBol MHOro-
WieH. AHANOTMYHBIE PACCY X JEHUA MOKA3LIBAIOT, YTO MHOTOWIeH P nerutcs

Ha S = al'b} [[(z: — )

n
Tak kak g(z) = by H (z —y;), o ] 9(z:) = b [1(zi — Yj), a 3HAYHT,
j=1 i=1 %

—_— m
S =ay

=

9(x;) = ag' H(box;" +biz 4 by)
i=1

=1

— oanoponamﬁ MHOT'OWIEH CTENEHH N [0 NePEeMEHHLIM by, . . .
PEeMEeHHHIX dg, .

s b s me-

' paccyx(,aemm asajormyHel. flcHo Takxe, 9TO cuMMe-

TPUYIECKUH MHOTOWIEH af H (box™ + byz" ™' + ... + by,) ARIAETCH MHOrO-
i=1

2@n,bo, ..., by, CregoBarensuo, R(ag,...,bn) = AS, rae
)\ — "ekoropoe 4ucao. C ,qpyroﬁ CTOPOHBI, Koatp(bnuneHT npu [[z[* y muO-
rouneHos ag'by P(z1,...,Zm) 1 S pasen af'b}, nostomy A = 1. O

9JIEHOM OT Qg, - . .

CHEACTBME 1. R(g, f) = (—1)d¢&fdeea p(f g).
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CaeACTBHE 2. Ecim f = gg + 7, TO

R(f,g) = b8/ 4¢"R(r, g),

$ rae bo — CTapIuMn Koaqxbnnnen"r MHOIOWIEHa ¢.

JOKABATEJBLCTBO. IlycTe y; — KOPHM MHOTO'WIEHA g. 'gor;ua f(yJ) =
= r(y;). Ocraerca BocnomsaoBaThca TeM, 4to R(f,g) = by I f(y;

R(r,g) = by 1 f(u;)- u

CAEICTBME 3. R(f,gh) = R(f,9)R(f,h).

JOKA3ATEJBLCTBO. IlycTh T; — KOpHM MHOTO'WIEHA f,aap—erocrap-
mmit koadduument. Toraa

R(f,gh) = af*®? %" [] g(zi)h(zs),
R(f.9) = ag"* [] 9(=),
R(f,h) = ag®" [ h(=)- 0

TeoPEMA 3.2. Hlycts f(z) = Z a;z" tug(z) = Z b;z™~*. Toraa cy-

HIECTBYIOT MHOTMOWIEHH @ 1 ¢ € I.IeJIbIMPI Ko:x;xpnnuen'ramn OT MepeMEHHBIX
Z,00,---,0n, D0, .-, bm, LI KOTOPHX BHIIOIHAETCA PAaBEHCTBO

o(x,a,b) f(z) + §(z, a,b)g(z) = R(f,9)-

JOKABATENBLCTBO. IlycTsh Co, ... Cntm—1— cToabisl MaTpunbl Curb-
sectpa S(f,g) uyr = ™" F~1. Toraa yoco+. .. +Yn+m—-1Cntm-1 = C, T4
¢ — cronben (z™ ! f(z), ..., f(z),z" " g(z), ... ,9(z)). PaccmoTpum 370 pa-
BEHCTBO KAaK CMCTEMY JMHEHHBIX YPABHEHMH OTHOCHUTENBLHO Yo, .. - Ynitm—1
1 Bocmoas3yemcs npasuioM Kpamepa, 4To6H HAUTH Yn+m—1- B pesybraTe
NIOTy UM

,Cn+m_2,C). (1)

OcTaeTrca 3aMeTUTh, 9TO Ynim—1 = 1, det(co,-- -, Cntm—1) = R(f,9), a
OnpejeInTeNb, CTOAMMA B IPABO#A JaCTH PaBEHCTBA (1), MOXHO mpeACTa-

a
BUTL B TpeOyeMOM BHIE.

Yntm—1det(co, ..., Cnrm—1) = det(co, . ..

2 — 1010
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3.2. [IuckpuMMHAHT

yers 1,...,2Tn — KOpHPI muoro4utesa f(x) = apx™ + ... + a,, Tpuyey
ao # 0. Bermunuy D(f) = a2" % [] (z: — z;)? HasnBAIOT Juckpumunanmon
i<j

MHOro4wiesa f.

TEOPEMA 3.3. R(f,f') = £aoD(f).

-1
NOKA3ATEILCTBO. Ilo Teopeme 3.1 R(f, ') = ag H f'(z;), rae x; —
KOpHH MHorowiena f. Jlerko npoeeputs, uro f'(z;) = ao ];[ z; — z;). Ilo-

J#i
aTOMY
R(f, f") = 2"~ 11—[(:5,—av,)-—:taz"," lII x; —x;)2. )

J#i i<y

3AMEYAHUE. HecnoxHo nmokasaTs, 4TO

R(f,f") = R(f', f) = (=1)""* " 2ao D(f).

CAEICTBME. [THCKPUMHHAHT ABJIAETCA MHOTOWIEHOM C HEIBIMH KO-
dunrenTamMyu 0T Ko3a(pPUIMEHTOB MHOrOWwIeHa f.

TeEOPEMA 3.4. Ilycts f, g ¥ h—— MHOTOWIEHHI CO CTapMM KO3hdhumy-
enroM 1. Toraa

D(fg) = D(f)D(9)R*(f,9),
D(fgh) = D(f)D(g) D(R)R* (£, 9)R* (g, )R* (M, f).

NOKA3ATEJALCTBO. IlycTs T1,...,%n — KOPHM MHOTOUIEHA f, a ¥y, ..
.-»Ym — KOPHH MHOTO4IeHa g. Torna

D(fg) = H i -T] ? H yj)2 H(zz -

Bropas ¢opMmysa SOKA3BIBAETCA aHATOTHTHO. 0O

= D(/D(9)R*(f,9).

TeoPEMA 3.5. Ilycts f—Bemec'rBeHHmn MHOI'OWEH CTENEHH N, e
2
MMerommit pemecTeeHHEX KopHe#. Torga sgn D(f) = (- Hn/2,
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JOKA3ATENBCTBO. Bocnoas3oBaBmmnch pasioxeHneM
f@)y=ao(z—x1)-... - (x - 1,),
JErKO MPOBEPHUTDL, 9TO

D((z - a)f(2)) = D(f(2))(f(a)*.

IlycTe a m @ — mapa conpsAxKeHHBIX KOpHe: MHOrowieHa f, 1.e. f(r) =
= (z — a)(z — a)g(z). Torga

D(f(2)) = D(g9(2))(a - 2 (f(a)f(@))".

flcwo, uro sgn(a — @)? = —1 u (f(a)f(a) = |f( a)’ > 0. IosTomy
sgn D(f) = —sgn D(g). TpeGyemoe yTBepX JeHUE TeNeps Jerko JOKA3hIBa-
eTCA HHAYKLUUEN 110 1. a

TEOPEMA 3.6. Ilycts f(z) = 2™ + a12""! + ... 4+ a, — MHOrOWIEH ¢
nensivu koapunuentamu. Toraa ero auckpumunanr D(f) umeer sug 4k
w 4k + 1, rae k — uenoe 4uciIo.

JOKA3ATEJLCTBO. Ilycts x41,...,T, —kopHu MmuOorourena f. Toraa
D(f) = 82(f), rae 8(f) = [1(z; — z;). PaccMoTpuM BCIOMOraTEIBbHYIO Be-
i<j

amaury 81 (f) = [] (z; + z;). fAcno, 9ro0 8;(f) — cummeTpuieckan pyHxuua
i<j

oT xopHen MHorowiena f, nosromy 8 (f) — ueroe 1ucao. Kpome Toro,

83(f) = 8%(f) = [[((@i — 2;)* + 4wiz;) - [[ (@i — 25)* = W (zs, ..., 20),

i<j i<j
rgae U — cuMMeTPUYIECKHI MHOTOYJEH OT ZIy,...,Tn C UEIHIMHE KO HIT-
entamn. [loaromy D(f) = 32(f) + 4ki, rae k; — nenoe uucio. fcHo rakxe,
aro 82(f) = 4ko wam 4ky + 1. o

3.3. BrruMcreHMe HEKOTOPHIX PE3yJILTAHTOB M
AMCKPUMHHAHTOB

B 5ToM naparpade MbI puBeaeM HEKOTOpHIE IPUMEDH! BEIYMCICHAS pe-
3yJbTAHTOB ¥ AUCKPUMHUHAHTOB.

MpuMEP 3.1. D(z" + a) = (=1)Mn=1/2pngn-1,

2*



36 Taasa 1. Kopnu muozouaenos

JOKABATEJNBLCTBO. Bocnonsayemcs TeM, 4to

D(f) = (-)™*V2R(f, f') = ()" 1’/2Hf($

i=1

n—1

rie Ii,...,Tn, — KOpHUH MHOroweHa f. B mamewm ciy4qae f'(z) = nz u
[1z: = (-1)"a, a anauur, Hz?’l = (=1)*(n—Vgn-1 = g7~ 1, a
PuMEP 3.2. D(z™ '+ 2" 24+ ... + 1) (~1)(n=D(n=2)/2pn-2,
JOKA3ATEJLCTBO. PaccmarpuBaembiit Muorowren @(z) = ™71 + ...
..+ 1 yposnerBopser cootHowenuwo (z — 1)¢(z) = =" — 1. IloaTomy
D(p)(9(1))* = D((z — 1)g(z)) = D(z" — 1) = (-1)("~Dn=D)/2pn,
Ocraercs, sametTuTs, 910 @(1) = n. a

2 n
ITpumEeP 3.3. Oycrs fo(z) =1+ + 927 +...+ %T Torza

D(nlfn) = (=)™ D2 ().

JOKABATEALCTBO. KoadduuueHt npm crapmeMm wieHe MHOI'OYJIEHa
g(z) = n!f,(z) pasen 1, mosTomy

n
D(g) = (-1)"*"V/2R(g,¢") = (-1)"" /2 [] ¢'(es),
=1
rae aj,...,0, — KOPHH MHOTrOWIEHA f,.

flcwo, 70 g'(as) = nlf() = nf-1(as) = n! (fn(az) -2) = -

HosTomy
D(g) n(n 1)/2 H( a
Ocraerca saameTnTs, 970 [] a; = (—1)"g(0) = (-1)"nl. o
IIpuMEP 3.4. Nycts d = (r,s), 11 =r/d u sy = s/d. Toraa

R(z" —a,z° — b) = (-1)*(a” - b”)d.

3. Pesysvmanm u Juckpumunarm 37

JOKA3ATENLCTBO. Coornouenre R(g, f) = (—1)4e8/de8IR(f g) no-
Ka3bIBaeT, 4TO eclIM TpebyeMoe yTBepXJeHHe BepHO AjA mapw (r,8), TO
OHO BEpHO ¥ AadA mapH (s,r). B camom gene, (—1)"+4+" = (—1)%. Takum
06pa3oM, MOXKHO CIMTATH, YTO T > §.

Ipu s = 0 yTeepxaenne oveBuano. Eciu s > 0, To, nogeaus ™ — a Ha
r® — b, nonyuum ocraTok bz~ * — a. lloaTomy

R(z" —a,z° —b) = R{bz""° —a,2° — b) =
= R(b,z° - b)R(z""* — a/b,z* — b) =
=b°R(z""° —a/b,z° — b).

Jlerko BugeTh, uTo ecau R(z"° —a/b,z° —b) = (—1)*((a/b)* — b"1~%1),

10 R(z" —a,2° —b) = (~1)*(a® — b”)d. OcTaeTcsa IPUMEHUTD MHIYKIMAIO
nor + s. O

ITpuMEP 3.5. Ilyctb n > k > 0,d = (n,k), n1 = n/d u ky = k/d. Torga
D(z" + az* +b) =
— (_l)n(n—l)/2bk—1 (nm b"l—kx + (_1)n1+1(n _ k)m—k, kklanl)d.

JOKA3ATEJNBCTBO [Sw]. Ha dopmym D(f) = (=1)M»~V/2R(f, f)
moJIy4aeM

D(z"™ + az® + b) = (=1)"""V/2R(z™ + gz* + b,nz""! + kaz*"!) =
= (—1)"("'1)/2n"R(z" +azk +b 2" + n_lka:ck”l).

Bocnonp30BaBImuCE TeM, 4TO
R(f,z™g) = R(f,=™R(f,9) = (£(0))"R(f,9),
N0y YUM
D(z" + az* + b) = (=1)"" V20" 1 R(z" + az* + b, 2" F + n"'ka).

OcTaTok OT JenteHua MHOrOWIeHa " + ar® + b Ha "% + n~lka pasen
a(l — n~'k)z* + b, mosTomy

R(z™ + az* + b,2" % + n7'ka) = R(a(1 — n"'k)z* + b,2"* + n~1ka).

PeayapTanT napsl ABy4WIeHOB BHIMUCIEH B NPEABIIYIIEM IIPUMEDE. O
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4. Pasjgenenne kopHen

3aech MbE 006CYJUM PAIMYIHbIE TEOPEMH, TTO3BOAAIOINNE BEIYHCIATD WK
XOT# OBl OLIEHUTH CBEpXy KOJIMYECTBO BEILIECTBEHHHIX KOPHEH MHOT'OWIEHA,
pacrmonoXeHHEIX Ha uHTepBaie {a,b). PopMyIMpoBKM TakuMx TeopeM 4Ya-
CTO MCTIOJIb3YIOT MOHATHE YUCAR NEPEMEH 3HAKE B TIOCIENOBATEILHOCTH dp,
Q1,-..,0n, TAC aga, # 0. 3TO YUCIO OnpeselseTca caenyomuM o6pa3omM.
Bce HyseBRIe WieHB PACCMATPUBACMOM NOCAEI0BATENLHOCTH UCKIIOYAIOTCA,
a IS OCTABUINXCA HEHYJEBHIX WIEHOB BHIYUCIAETCA KOJIMIECTBO Nap COcel-
HUX YIEHOB Pa3HOrO 3HAKA. .

4.1. Teopema ®ypre—-Biogana

TEOPEMA 4.1 (Pypse-Bogan). Ilycts N(z) —umcno nepemen 3Haxa
B mocaegoBatensroctn f(z), f'(z),..., f™(z), rae f— mHorowren cre-
nen n. Torga umcao kopuell MHorowieHa f (C y4eToM MX KpaTHOCTH),
3aKJIIOYEHHBIX MeXAy a # b, rae f(a) # 0, f(b) # 0 u a < b, e npeBocxoAUT
N(a) — N(b), npuyeM 4uCIO KOpHEH MOXeT oTamyaTnhes oT N(a) — N(b)
JIMIIb HA YeTHOE YUCJIO.

JOKA3ATENLCTBO. Ilycts Touka z gBuXeTcsa mo oTpesky [a,b] oT a
K b. Yucao N(x) uaMeHAETCA JUMIIL B TOM CIYYae, KOTA3 T MPOXOJUT vepes
Kopenb MHorowrena f(™ mpu mekoTopom m < n.

PaccmoTpuM crHadana ciydad, KOTZa TOYKA & OPOXOAUT Yepe3 r-Kpat-
HBI KOpeHb Ty MHOrowieHa f(z). B OKpeCcTHOCTH TOYKM Zo MHOLOWIEHHI
f@), f(z),..., f7(z) BeayT cebs npubamsmressHo kak (r — Zo)"g(o),
(x — x0)""'rg(zo),...,r'g(xzo). Takum ob6pasoM, npu = < To B DTOH mO-
CJIeI0OBATEILHOCTH NPOMUCXOANT T TIEPEMeH 3HAKa, a NpU T > Ty B 3TOH
HOC/IeJOBATEILHOCTH [IEPEMEH 3HAKA HE MPOMCXOIUT (MMEEeTCsa B BHIY, YTO
TOYKA T JOCTATOYHO OJH3KA K o).

IpearnonoxuM Tenepb, 4TO TOYKA T IPOXOAUT Yepes r-KPATHBLIA KOPEHb
xo MHOrOwIeHa f(™) | He AaBImOmMIica kopHeM MuEorowrena f(™~1) (npu sTom
Ty MOXET Kak ObITh KOpPHeM f, Tak # He 6uITh KopHeM f). Tpebyercsa go-
Ka3aTh, YTO [IPH NPOXOJE Yepe3 Tg YUCIO NEPEMEH 3HaKa, B MOCIELOBATENb-

woctu f(m~U(x), f(™)(x),..., f(m*7)(z) namensercs Ha HeOTPHUATEJBHOE
4eTHOE YMCI0. B OKpecTHOCTH TOYKM T¢ 3TH MHOTOUIEHHI BEIYT ceGs MpH-
6mu3uTensHo Kak F(xg), (x ~ 20)"G(x0), (x — x0)" 'rG(x0), - . .,TIG(z0).

Ecmm uckmounts F(z9), TO B 0CTaBUIEHCA MOCIOBATENILHOCTA IPK T < g
OPOUCXOAUT POBHO ' EPeMeH 3HaKa, a IPM T > T [epeMeH 3HAKa He IPo-
ucxoguT. YTo Xe KacaeTcsa mepehx ABYX wieHOB, F(zxg) u (z — 20)"G(zo),
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TO B CJAy4ae YeTHOI'O T YMCIO IEPEMEH 3HAKA IIpU T < To M IIPH T > T OJHO
U TO Xe, a B CJIy4yae HEYeTHOr'O r YMCIO MepeMeH 3Haka Ipd < Zo Ha 1
6OJIbIe MIYM MeHbIIe, YeM NPHU & > Z¢ (B 3aBUCMMOCTH OT TOTO, HMEIOT JH
F(x0) n G(zp) ozun 1 TOT Xe 3HAK WX pa3Hble 3Hakn). Utak, npu veTHOM
T M3MEHeHMe JMCIa NePeMeH 3HAKA PABHO T, a MDY HEYETHOM I M3MEHEHMe
4uCIa mepeMeH 3Haka pasHO r + 1. B o6oux cayvasx aTo uaMenenne geTHO
U HEOTDULATENHHO. a

CaeactBUE 1 ([Ipasuao Jekapra). Koaudectso nmonoxure sHbIx Kop-
Hell Muorowiena f(z) = apz™ + a1z ! + ... + a, He NPeBOCXOIMT 4YUCIA
TepeMeH 3HAKa, B NIOCIEI0BATEILHOCTH dg, A1, . . . , Gy.

IOKA3ATEILCTBO. Tax xak f((0) = rla,_,, To N(0) coBnagaer ¢ 1u-
CJIOM TIepeMeH 3HAKa B [0CIe0BATENbHOCTY KO3 GHIMEHTOB MHOTO4IeH], f.
flcro Takxke, yTo N(+00) = 0. m|

3AMEYAHHUE. flxo6m nmokasasu, 4To npaBuio JdekapTa MOXHO HCNIOAB3O-
BAaThb M JJA OIEHKM KOJMYECTBA KOPHEH, 3aKTIOUeHHbIX Mexay a u . s

r—a a+
o= 3Py

, T.e. T = ,
B—=zx 1+y

3TOr'O HYXHO CIeaTh 3aMCH = " pacCMOTpPETHL
P

MHOT'O4JICH

A+y)"f (%) =boy" + b1y +... + bn.

Ipasuno [lekapTa, IPUMEHEHHOE K DTOMY MHOTOWIEHY, JA€T OLEHKY KOJIN-
4eCTBa KOPHeW, 3aKIIOYeHHEX Mexay o u 3. B camom gene, korga z usme-
HAeTCA OT a 40 B, y uaMensercs ot 0 go oo.

CneEACTBUE 2 (de Gua). Ecim B MHOrOWIeHE OTCYTCTBYIOT 2m mocae-
JAOBaTEIbHEIX 4JIEHOB (T. €. K03 OUIMEHTH TIPK 3TUX WIEHAX PABHAL HYJIIO),
TO ¥ 3TOr0 MHOT'OWIEHA He MeHee 21 MHAMBIX KOPHEH, a Gl OTCYTCTBYIOT
2m+1 noceJ0BATENbHHX WIEHOB, TO B CIy4ae, KOTAa UX 3aKII049al0T YIeHBl
Pa3HOro 3HAKA, MHOTOYIEH MMEET HE MeHee 211 MHMMBIX KODHEH, a B CJIy-
4ae, KOr/a UX 3aKII0YAI0T WIEHH OHOIO 3HAKA, MHOIOWIEH UMEET He MeHee
2m + 2 MHUMEIX KODHEH.

B HekoTOpHIX cAy4asx cpaBHEHME IEPEMEH 3HAKOB B ABYX IOCJAEJ0Ba-
TEIbHOCTAX MO3BOJAET HONYIHTh GOJEe TOUHYIO OLEHKY YUCIa KOPHEH, YeM
Ta OLEHKA, KOTOpYIo gaeT Teopema Pypre—-Bogana. Teopema Takoro posa
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65112 BIEpBHIE C(hOPMYIMPOBaHa eme HbioToHOM, HO JoKasan ee auib Cuib-

secTp B 1871 r. 3amennm nociaesoarensuocts f(z), f'(z),. .., f(z) na
[0CAeJOBATENbHOCTD fo(T), fi(x),- .., fa(z), rae
—i)
filw) = E- L o), W
M PacCMOTPHM ellle OJHY nocaeaoBaTeabHOCTh Fo(z), F1(z), ..., Fu(r), rae
Fy(z) = F(z), Fu(z) = fi(z) n
Fi(z) = f@) - fiss(@fima(a), i=1,...,n-1. (2)

ByeM yuuTHIBATH TOIbKO Te napkt fi(z), fi+1(z), A1 koTophix sgn Fi(z) =
sgn Fi ;1 (z). Iycte Ny () — xoamaecTBO map, A1 KOTOPHIX sgn fi(zx) =
sgn fiy1(z), a N_(z) — koam4ecTBO Tex map, 41 KOTOPHIX sgn fi(x) =
= —sgn fiy1(z).

TEOPEMA 4.2 (Heioton-Cunssectp). Ilycts f— MHOro4wIeH cremesn
n 6e3 KpaTHEIX KopHed. Toraa Yucao kopHen MHOrOwieHa f, 3aK/II09E€HHBIX
Mexay au b, rae a < bu f(a)f(b) # 0, He mpesocxogut kax N (b) — Ny (a),
tak ¥ N_(a) — N_(b).

JOKA3ATEJABLCTBO. PaccmoTpuMm cHadasa ciydad, KOrja AJIA MHOTO-
4ieHa f BHIMOJHAKTCA CIEAYIOLINAE YCJIOBHA:

1) uuxaxue ABa MOCJIEAOBATEALHEIX MHOTOWIEHR f; He HME0T OOLINX KOPHeH;
2) HUKAKUE B4, OCJIEJ0BATEILHEIX MHOTOWIeH F; He MMeloT 06X KOpHeH;
3) xopuu MHOrOwieHOB f; ¥ F; oTanunul ot a 1 b.

B Taxom cay4ae u3 dopmyant (2) creayet, 4To y MHOrouwrieHoB f; u F;
HET OOIUX KOPHEH.
W3 dopmya (1) u (2) serxo nonyuuTs, 4TO

fi=n-9f 3)
fiF{ = (n—i—=1)(Fifir1 + Fipr fi). (4)

IycTe Touka T gBMxerca OT a K b. Uncaa Ny(r) uaMeHdAroTCA JIMIb B
TOM CIy4ae, KOrJa TOYKa T MPOXoauT Jub0 Yepe3 KOpeHb MHOIOWIEHa f;,
abo uepes kopeHs MHOrowtena F;. Paz6epem oTaensHO TpH cydas.

Cnyuau" 1: npozomcdenue YEPE3 KOPEHb Ty MHO20UACHA fo = f Ecan
fo(zo) = 0, TO

Fi(z0) = ff(z0) — fo(mo)f2(z0) = f7(x0) > 0.
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[oaToMy mHpm NPOXOXJEHHM 4Yepe3 Ty B mociegopareabHocTH Fy(zr) =
=1, F;(z) nepeMeH 3HaKa He MPOUCXOJAMT. :

U3 gopmyas (3) cregyer, uto sgn f'(z) = sgn fi(z). osTomy ecun
fi(zo) > 0, To fo(zo —€) < 0 u fo(zo +€) > 0, a ecm fi(zo) < 0, TO
fo(zo —€) > 0 u fo(xo +¢) < 0. B oboux cryyanx fo(zo —¢)fi{ro—¢€) <On
fo(zo + €) f1(zo + €) > 0. Takum 06pa3oM, IPH NPOXOXKJEHUH HEPE3 To Be-
anavHa N, yBeqmumBaeTca Ha 1, a Bemunna N_ ymenbaercs Ha 1. (Peun
HAeT TOJBKO O BKaAajge B Ny napwt fo, f1.)

Cayuai 2: npozowcdenue uepe3 Kopewb To MHo2owaena f;, 2de i >
> 1. B 3ToM ciIy4ae ¥3MEHEHUE 3HAKOB MPOACXOJUT B NOC/IEZOBATEILHOCTH
fi—1, fi, fi+1. BO3MOXHBIE BADHAHTHI 3HAKOB PACCMATPHBAEMEIX MHOTOWIE-
HOB IpH T = T % € CIILHO OTPAHUYMBAIOTCA CIEAYIOIIMMY COOTHOLIEHUAMM:
1) cornacro dopmyne (3) sgn fiy1 = sgn fj;

2) coraacuo dopmyre (2) sgn Fi(xo) = sgn(fZ(zo) — fi—1(zo)fi+1(x0)) =
== Sgn(fi—l(xo)fi+l(zo));
3)sgnFiyy =sgn fi, =1.

Ecin Fi(zo) < 0, To B mapax F;_;,F; u F;, F;| npoucXoJaT cMeHH
3HAKA, & [0 YCIOBUIO MBI TaKue mapsl He paccMarpusaeM. Ecim xe Fi(zo) >
> 0, To fi—1(xo)fi+1(20) < 0. 3HakM MHOT'OYWIEHOB IOJHOCTBLIO OIpeJe-
astotca 3HakoM fiy1(zo). [Ipm o6omx 3Haxax cHadasa mapel fi_i(zg — €),
fi(zo —¢) m fi(zo —¢), fir1(xo —€) AAIOT, COOTBETCTBEHHO, BKAAAL B Ny M
B N_, a 3areM napht fi_1(zo +¢), fi(zo +¢) u fi(zo +¢), fi+1(To +¢) mator,
Hao60poT, Bkiaansl B N_ u B N;. Takum o6pasom, ux o6mmil BKIAJ KaK B
N, tak u B N_ He U3MEHAETCA.

Cayuati 3: npozoxcdenue wepes Kopensb To muozouiena F;. B oTom cryqae
IJIA 3HAKOB MHOTOYWIEHOB BHINOJHAIOTCA CICAYIOUINe COOTHOMICHMA:

1) fi—i(zo) fir1(z0) = f2(zo) — Fi(zo) = f}(x0) > 0;
2) sgn f; = sgn fit1;
3) w3 popmyant (4) caeayer, uto sgn Fy = sgn fi_1 fis1 Fip1-
HecnoxHbli nepe6op BO3MOXHLIX BADHAHTOB NOKA3LIBAET, 9TO au60 N

1 N_ He uaMeHsoTcsa, 1160 N, yBesm4uBaeTca Ha 2, mbo N_. yMeHbIaeTcAa
Ha 2.

Ocraerca 06BACHUTD, KAK MOXEO M306aBUTHCSA OT HAJIOXKEHHBIX HA MHO-
rouner f ycrosuit 1)—3). Ecan kakue-10 U3 3THX yCIOBHM He BLIOAHAIOTCA,
TO HOCTE MANOro HIEBEAeHUs KOG UIMEHTOB MHOrOWIeHa f 3T ycaoBus
GyayT BunonuATbCa. Ho kopHM MHOrowieHa f HekpaTHBIE, MODTOMY THpH
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MaJOM HIeBeJIeHMH KO3DOHUIMEHTOB KOIWIECTBO KOPHEM MHOrOwWieHa f, Je-
XAIINX CTPOrO BHYTPH OTPeE3Ka [a, b], He uameHnaeTcs. O

3AMEYAHME. [Jas mHorouwrena f ¢ KPaTHHIMM KODHAMM MOXHO NpH-
MEHHTH 4yTh 0ojiee TOHKHE pacCyXIeHHsA. A MMEHHO, pacCMATPHUBATL HE
[POM3BOILHEIE MAJke eBeJIeHHA, 4 JHIIL Te, IPH KOTOPHIX BEIECTBEHHEIN
KOPEHb KPATHOCTH T PACHAJASTCA Ha, T PA3IMYHBIX BEIIECTBEHHBIX KOPHEH.
Y1o6H moTy4uTh TAKOE MAJoe HIeBeTeHue, yAo6Hee N3MEHATH He Koaddu-
[IUEHTHl MHOT'OWIEHA, 4 er0 KOPHH.

4.2. Teopema IlTypma

Paccmorpum muorounesr f(z) u fi(z) = f'(z). Bynem ‘nckars Hauboas-
mui oGIuM AeJUTeNs MHOMOWIEHOB f u f; mo anroputmy EBkianza:

f=ahf - f
fi=qafo— f3,
fn—2 = Qn—lfn—l - fna
fac1 =anfn.
[locaegoBareavuocts f, fi,..., fa-1, fn HA3HBAOT nNocaedos8amesbroCMbIO

HImypma muOrownena f.

TEOPEMA 4.3 (IItypm). IIycte w(x) — 4uciao nepeMeH 3HaKa B I0-
caegoBaTeasHocTd f(x), fi{z),. .., fa(z). Torga xonrudecTBO KOPHEH MHOIO-
wiena f (6e3 yueTa UX KPATHOCTH), 3aK/IIOYEHHEIX Mex 1y a u b, rae f(a) #
#0, f(b) #0 u a < b, B Tounoctn pasHo w(a) — w(b).

JOKA3ATEJLCTBO. PaccMoTpuM cHavala ciydau, KOrja MHOCOWIEH f
He UMeeT KPATHBIX KOpHe# (T. e. MHOrOwIeHH f 1 f' He uMeroT o6mux KOp-
Hen). B TakoM caydae f,, — HEKOTOpas HeHyJAeBas KOHCTAHTA.

IIposepuM cHaYaIa, YTO €CJAM MEIL IIPOXOAUM Yepe3 OJUH U3 KOPHEH MHO-
COYNEHOB fi,. .., fn—1, TO YACIO NEpEeMEH 3HaKa He uaMeHseTca. B paccma-
TPUBAEMOM CJIy4ae COCEHME MHOCQOWIEHHI HE MMEIOT OOWMX KODHeH, T.e.
ec fr(a) =0, To fri1(a) # 0. Kpome Toro, us paseHcTsa fr—1 = qpr—1 fr —
— fr+1 cieayer, 9wro fr_1(2t) = — fri1(a). Ho B TakoM ciy4ae 4ucio nepemen
3H3Ka B NIOCIE0BATEIBHOCTH fr_1(at), €, fr41(®) paBuo 2 kak npu € > 0, Tak
unpu e < 0.
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Bygem asuratsca oT @ K b. Ecau Mb NpoXoauM yepe3 KOpPeHb £ MHOIO-
4reHa f, To cHadana uucaa f(x) u f'(z) GyayT pasHoro 3Haxa, a HOTOM 3TH
gncaa 6yAyT ogHOro 3Haxa. TakuM o6pa3oM, KOIM4eCTBO MEPEMEH 3HAKa
B nocaegosarensnocTu LITypMa yMerbmaerca Ha 1. Bce ocransreie nepe-
MEHH 3HaKa, KaK yXe OBLIO MOKA3aHO, PH IIPOXOX/EHUH Yepe3 TOUKY To
COXPaHAIOTCA.

PaccMoTpuM Teneps CIy4ad, KOT4a MHOrO4wIeH f MMeeT KOpeHb Ty KpaT-
socTH m. B TakoM caydae f u f uMeoT obmmi gemrens (T — To)™ !,
N03TOMY MHOTOWIEHH fi, ..., fr Aenarca Ha (¢ — zo)™ ' llogemns f, fi,...
..., fr Ha (T — T9)™ 1, noayumm nocaegopaTeasrocTs liTypma @, @1, ..., ¢y
a1a muorowrena p(z) = f(z)/(z —zo)™ '. MHOroWIeH ¢ MMeeT HEKPATHHIA
KODEHb Z(, TIO3TOMY NPU MPOXOXKJEHHM Yepe3 To IMCIO MEePEeMeH 3HaKa B
I10C/IeJOBATEILHOCTH @, @1, . .., P, yBeanmiupaerca Ha 1. Ho npu ¢dukcupo-
BAHHOM I NOCJEI0BATEILHOCTD f, f1,. .., fr IOTyYaeTca U3 MOCENOBATEIb-
HOCTH @, @1, ..,¢r YMHOXKEHHEM Ha KOHCTAHTY, IOITOMY “HCIO MepeMeH
3HAKA B 5THX NMOCIEJOBATENBHOCTAX OJHO ¥ TO Xe. a

4.3. Teopema Cn@necha

Buruncienue nocregoparensnocta [ITypma Bechma Tpyaoemko. Cunb-
BECTP TIPeJIOKII CIEAYIOWMH Gollee dMeraHTHBIM METOH BhHIYHCICHUA KOIK-
4ecTBA BEIIECTBEHHBIX KOPHEN MHOTOYIEHA.

MycTs f— BEIIECTBEHHBI MHOTOWIEH CTENeHH 7 C HEKPATHBIMH KOp-
HAMH d, . . ., . Honoxnm sy = af + ...+ ak. ([1a Beraucienns sy, pasy-
MeeTcs, He HYXXHO 3HATh KODHA MHOTOWIEHA, IOTOMY 4TO Sk, KaK CUMMe-

Tpudeckas QpYHKIHNSA, BHIPAXKAETCA depe3 KO3 PUIMEeHTH MHOT'OYJIEHA. )

TEOPEMA 4.4 (CunbBectp). a) KoamdecTBO BemeCTBEHHBIX KOpHeH
MHOTO4WIeHa f PABHO CUTHATYpPE KBaAPATHUHOM (GOPMEI, 33 JaHHOW MaTPH-
en

S0 81 ... Sp—1
81 82 ... Sn
Sn—1 Sn ... 82n

6) Bce kopHH MHOrOWIeHa f MONOXHMTENLHB TOTAA U TOILKO TOT A4, KO-
2 MOJOXKUTEJILHO OpejeeHa MaTpULa

81 82 Sn

89 83 ves Sn4l

Sn Spn41 ... S2n41
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AOKA3ATEJBLCTBO (Opmut). IlycTh p— BeleCTBeHHHI mapaMmeTp.
PaccmoTpum kBagpaTrunyio popmy

i va
F(zy,...,2,) = +...+ = 1
( 1 ’ n) O + P on + P? ( )
raeyr = o1 +o.Z2+. .. +a" 1z, KoadpduunenTr maorowiena F apimorcs
CHMMETPHIECKMMH PYHKOMAMHE OT KOPHE MHOTOWIEHa f, TO3TOMY OHHM Be-
WIECTBEHHH. JTO, B YaCTHOCTH, O3HAYaeT, YTO dopmy F MOXKHO mpeacTa-
BUTH B BHJE ,
2 2 2 2
hl+"'+hp_hp+1 —...—hi,
rae hy,..., h, — auHeRHEE GOPMH OT I),...,Z, C AEHCTBATETHHBIME KO-
addunneHTaMH.
[eicTBUTEIEHOMY KOPHIO G, COOTBETCTBYET CJIAraeMoe

i (it arza ...+ ot g,)?
ar +p ar +p ’

ITO CIaraeMoe MOXHO NPEACTABUTH B BUIE ﬂ:hf, rje 3Hak Inoc 6epercsa
npu &, + p > 0, a 3Hak MuHyc Gepercs npu a, +p < 0.
ITapa compsKeHHBIX KODHEH a, ¥ a; 43eT BKJIAJX

Fro=(ar +p)7 92 + (ar +p) 92

Ilycts yr = u +iv u (2 +p) "'y = A + iy, rie u,v,\, U — BeleCTBeHHbIE
uncna. Torga y, = u —iv u (a5 + p)~ly = A — iu. HosTomy

Fr s = 2Mu? — v?) — duuw.

Ilpu u = 0 w mpn v = 0 dopma F, , npuHEMAaeT 3HAUEHMA PA3HOrO 3HAKA,
noaromy Fy o = u? —vi.

B urore nomywaem, 4To Bce KOPHM MHOTOWIEHa f BENIECTBEHHH M YAO-
BJIETBOPAIOT HEPABEHCTBY &y > —p B TOM M TOJLKO B TOM CJIy4ae, KOrjAa
¢dopma (1) MONOKUTENHHO ONpefeneHa. JNEeMEHTH MATPULBLI 3TOH (GOPMEL

UMEIOT BH]

all+J—2 a:‘;}j—z
aij = :
YT a+p an +p

YrBepxgenus a) u 6) moTyYaOTCA OpPU p = +00 M IpH p = 0 cootBet-
CTBEHHO. (]

KBagparuynas ¢opma, nospusiomanca B Teopeme CiibBecTpa, UMeeT
BECbMa MHTEPECHYI0 MHTEPNPETALUNI0. JTa MHTEPHPEeTALNa HO3BOIMT HAM
NOXYIUTh APYTO€ JOKa3aTelNbCTBO TeopeMbl CuibBeCcTpa, npudeM faxe s
MHOT'OWIEHOB C KPDATHHIMHA KOPHAMH.

PaccmoTpuM aureitHoe npocrpanctso V = Rlz]/(f), COCTORIIEE I3 MHO-
FOYWIEHOB, PACCMATPHBAEMBIX 10 MOAy.1io MEorowresa f € Kz]. Byaem cun-
TaTh, 4TO CTapumit Koddduument Mmuorowriena f pasen 1 u deg f=n
Muorourenst 1,z,...,2""! o6pasyior 6asuc npocrpancrsa V. Kaxzomy
3MeMEHTY @ € V MOXHO CONOCTaBHTH JHMHENHOe OTOOpaxeHue V -V, aa
naHHOE GOPMYJIOH ¥ +— @V (EMEHTHl IPOCTPAHCTBA V — MHOMOWIEHH; NX
MOXHO TmepemHOXaTh). Ilycts tr(a) — cnen aroro orobpaxenus. Pacemo-
TpUM CHMMeTpHUecKyio CmiuHeiHylo dopMy @(v,w) = tr(vw).

TEOPEMA 4.5. a) lycts f(z) = (z—a1) -...- (z —an) € Rlz] n sx =
= af + ...+ ak. Toraa maTpuna ¢opmbl ¢ oTHOCHTeNbHO Gasuca 1,7, ...

., "~ umeer BuA

80 $1 ... Spn-1
81 82 .. Sn
Sn—1 Sn --- S2n

6) Curnatypa GOpPMEI @ PaBHA KOIMYECTBY PA3IMYHEIX BEMIECTBEHHBIX
KOpHei#l MHOrO4wIeHa f.

IOKA3ATEJILCTBO. a) Pasnoxum mMuorowren f Haj IOJeM C Ha B3a-

., L r_ pm tm o

MMHO TIpoCTHIe JuHeinke Muoxurema: f = fi" - ... fr. CornacHo kuran
cKol Teopeme 06 ocTaTKax (1eMMa Ha C. 84) orobpaxenue

h (mod f) — (h (mod fi"*),...,h (mod )
33,]aeT KAHOHMYECKHI U30MOPU3M
Cle]/(f) = Cla]/(f7™) % ... x Cla]/(f7")-

B 5TOM pa3fOXEHMM MHOXWTEIN B3AMMHO OPTOTOHAJLHEI OTHOCHTETHHO
dopmur @. JeiCTBUTENBLHO, MyCTh MHOMOWIEHH h; u h; orrocarca Kmymo—
XUTEAAM ¢ PasIMdHHIME HOMepaMmu i u j, T.e. h; = 0 (mod f/f™) n
h; = 0 (mod f/ f;" 7). Torga h;hj = 0 (mod f), mosTomy oToGpaxenue
v +— h;hju HyneBoe, a 3HAYMT, €rO CJI€J PaBEH HYIO. Takum o6pa3oM,
® = @1 + ... + @, Tle @; — OrpaHUICHUE HOPME @ Ha npo’STpanc'mio
Clx)/(f™) = Clz)/(x — a;)™ . Ocraerca NpoBepuTE, YTO 9i(1,2%) = 72,811 .

Marpuna GopMBI @; JErKO BEIMHCLIETCA B 6asuce l,x—ai,.k..,(:c—a,-) it
TleficTBUTEIBHO, B 3TOM 6asnce oToGpaxerue v — (T — a;)*v mpeacrasna-
eTCA TPEYroJbHOR MATpPULEH; Clef 3TOM MATPUIE! PaBeH M; IPY k=0mn

pasen 0 npu k > 0. Bocnoas3oBaBImMCE T€M, ITO

0 = gi(1,z — a;) = gs(1,2) — aipi(1,1) = gi(1, z) — mya;,
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noxysuM ¢;(1, z) = ma;. 3aTem ¢ nomoumsio pasenctsa ¢; (1, (z — a;)*) =0
MHIYKIMe# 10 k noaysaem @;(1,2%) = myak.

6) Ilpn BLrYMCIEHMU CUTHATYDH HyXHO OCTaBaTheA B noze R, moaTomy
MBI DA3JIOXuUM MHOrowieH f Haj mozeM R Ha B3aMMHO NpoCTEHIE TMHEHHEIE

AN cf ="
KBajpaTuyHele MHOXUTemH: f = f™ - ... f™ CuoBa paccmoTpum
pasjoxeHune

Riz]/(f) = Rlz]/(f) x ... x Rz]/(f™).

Ham aorgf_raTquo NPOBEPUTD, YTO CHTHATYPA OTPAHMYEHHA GOPMHI @ Ha
R(z]/(f{") pasua 1, eciu deg f; = 1, u pasua 0, ecau f; — HENPHUBOAUMBIH
HaJd R muorowunen cremenu 2. Kak Mur yxe BRIACHAM, B Gasuce 1,z —a;,

m; 0...0

o vmiei . 00...0
(x — a;)™~! dpopma (; 3aINCHIBAETCA MaTPUIEH - .. . |. Hoaromy

00...0

ecau deg f; = 1, To curHaTypa popMH @; paBHa 1.

Ecan f; — nenpusogumenit nag R Mrorowen crenenu 2, To Rlz]/(f) =
= Rlz]/(z? + 1)™:; agecs uMeeTca B BULY M3OMOPDUIM Hag R. TaKP;M 06-
PasoM, AOCTATOMHO BBIMMCINTL CHrHATYPY dopmel ¢ Ha Rz]/(z? + 1)™.
Marpuny ¢opmer ¢ ygo6no Berucaars B 6asuce 1,22, z2 + 1, z(z? + 1),
(z? + 1)%,...,z(z% + 1)™1, (% + 1)™~1. B sToM Gasnce onepaTops yMHO-
XEHWA HA T ¥ Ha T’ NPeCTABIAIOTCA MATPULAMH

010 00... -10 1 0 0.
-10 1 00 ... 0 -1 0 1 0.
000 10... - 0 0 -1 0 1.

0.

0 0-101... 0 0 0 -1

TTosTomy c.ng,q onepaTopa yMHOXeHUA Ha T paseH 0, a cieq onepaTopa yMHO-
XKeHus Ha T° paseH —2m. OmepaTopk! ymuoxkenns Ha 2%(z2 + 1)*, rae a =
=0,1,2n k > 1, npeacTapis0OTCA TUATOHANLHEIMH MaTpULIAMHU C HYJeBEIMU
AUArOHAJIAMY; TAKNe ONepaTOPhl MMEOT HyJEeBOH clel. B urore momyyaem,
YTO MaTpULa (GOPMH @ UMEET BUJ

2m 0 0 ... 0
0 -2m 0 ... 0
0 0 0...0
N
0 0 0...0
Curnatypa Takoil pOpPMBL PABHEI HYJIIO. |
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4.4. Pa3geneHMe KOMILIGKCHBIX KODHEW

Teopema IllTypma No3BoiseT aIrOPMTMUYECKH yKa3aTh HAaGop OTpes-
KOB, KOTODHIE COAEDXKAT BCe BEILIECTBEHHLIE KODHM BeIECTBEHHOI'0 MHOI'O-
WIeHa, pUYeM KaX Bl OTPE30K COAEPKHUT POBHO 04nH KopeHb. Kponexep B
cepuu pabor (1869-1878) paspaboTal TEOPHIO, O3BQIAINLYIO AT OPUTMHU-
JeCKN YKa3aTh HABOpP KPyroB, KOTOPhIE COJEPXKAT BCEe KOMILIEKCHEIE KOPHH
KOMILIEKCHOTO MHOTOWICHA, IIPUIEM KaXIbId KPYr COJAEPKUT POBHO OJUH
kopesb. Tounee rosops, Kponekep nokasal, 4T0O KOTMIECTBO KOMILIEKCHBIX
KODHEH, 3aKJIOYeHHEIX BHYTPH JAHHOT'O KPYTa, MOXHO BHIYUCIATH C IIOMO-
meo Teopemul HlTypma.

ycrs z = © +iy. [Ipexcrasum muorowien P(z) s suge P(z) = ¢(z,y) +
+ i¢(z,y). Mb1 Gyaem npeanonaraTs, YTO y MHOMOWIEHA P Her KpaTHBLIX
kopueit, T. e. ecim P(z) = 0, To P'(2) #0.

Kopsaio MEOrowieHa P COOTBETCTBYET TOYKA MEPECEYeHNA KPUBEIX ¢ =
=0 u ¢ = 0. [TosTOMY KOIMIECTBO KOPHEH MHOrOWIeHa P, 1eXalux BHY TPH
3aMKHyTON HECaMONEPECEKAIOIENCA KPUBOM Y, PABHO TMCIY TOYEK Iepece-
venus kpusbix ¢ = 0 1 { = 0, JeXKAMUX BHYTPH Y. ITO IMCIO MOKHO BIYH-
cauThb caefyromum 06pa3oM. Byaem 06X0IUTE KPUBYIO Y B HOJOXHUTEILHOM
HAIIPABJIEHNH, T. €. IPOTUB YACOBOM CTPEIKH, ¥ KaXJOU TOUKE NepecedeHuns
KpuBEIX Y ¥ ¢ = 0 GyeM cOnocTaBIATb YUCIO ¢; = 1 1o ceayomemy npa-
BAy: €; = 1, ecn u3 obxactu ¢ > 0 nonazaem s obmacts ¢ < 0; €5 = —1,
ecau u3 obractu ¢ < 0 nonagaem B o6nacts ¢¢ > 0.

B cayuae 06mero noJoXeHHs KOTWICCTBO TOYEK NEPECEedeHUs KPHBEIX
Y # ¢ = 0 4eTHO (MPM KaxA0OM NPOXOXJEHUH 4epe3 TOHUKY NepecevieHud
yHKIMA (¢ MeHAeT 3HAK), modTOMY Y ¢; = 2Kk, rae k — uenoe 1ucio.

TEOPEMA 4.6 (Kposekep). a) Hucsio k paBHO KOTMIECTBY TO4€EK Iepe-
cevenua kpusbix @ = 0 1 ¢ = 0, 1€XKaMUX BHYTPH KPUBOHK Y.

6) Ecam Y — OKPYXHOCTh JAHHOTO PAAMyca C AAHHBIM LEHTPOM, TO LA
33aJaHHOTO MHOrOwWIeHa P 4ucio k BEMUCIAETCA aIrOpUTMUAYECKH.

NOKA3ATEJILCTBO. a) flcHo, uto dP(z) = (@ +id;)dz + ($y —ig,)idy,
nosTomMy @z + iy = P'(2) = ¢y — i@y, a 3HAINT, Py = @ M e = —@y
(coornomenus Komm—Pumana). Taxum o6pasom,

Pz Py Pz Py 2 2
= = + > 0.
Yz Py gy —pe | T2 TP
DT0 O3HAYaeT, YTO MOBOPOT OT BekTopa gradg = (@z,9y) K BEKTOPY

grad¢ = ({z,Py) MpoOMCXOAUT MPOTHB HacoBoM cTpeaxn. [eomerpuiecku



48 T'acea 1. Kopxu mnozouaenos

9TO O3HAaYaeT, 4To obracTé ¢¢ > 0 u ¢f < 0 pacmosoxeHn! Tak, Kak
MMOKa3aHo Ha puc. 1.

Puc. 1

Byaem crarusats kpusyo y B Touky. Ilpu nepexose Yepe3 TOYKY me-
pecevenus kpusbix @ = 0 u ¢ = 0 wucao k ymenvmaercs na 1 (puc. 2), a
IIpY NIepeCTPOliKe, N306paXkeHHOR Ha puc. 3, Yucio k He wamensercs. SIcHO
TaKXe, ITO KOTja KpMBaA Y CTAHET JOCTATOYHO MAJOH, TO OHa He GyieT

nepecekaTsCA ¢ KpuBbiMM ¢ = 0 u ¢ = 0, a B TakoM cryyae uucao k 6yaet
passo 0.

Puc. 2

Puc. 3

6) OxpyxHocTs paguyca r ¢ nenrpom (a, b) MOXHO cieayomuM o6pasom
N3apaMeTPU30BATH BElIECTBEHHHIM NAPaMeTPOM t:

1—¢2 2t
m=a+r1__"__t77 y=b+rm§

Ilogcrasus oTu BHIpaxenns B ¢(z,y), TOIyIMM MHOrOWIeH ®(t) c Beme-
CTBEHHBIMM KO duuenTamu. BelecTsennnie KODHM 5TOr0 MEHOTOWIEH] CO-
OTBETCTBYIOT TOYKaM nepecedeHus Kpussix Y 1 ¢ = 0. ITo Teopeme Itypma

S A R 5 s i sl 8 kA A

e ot b B S R I
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JIA KaXAOr0 KOPHA MOXHO HaMTH OTPEe30K, ero cojepxxaumi. Berducaus
3HAKH q)yHKHHH (Pq) B KOHIIaX 3TOr'0 OTpE3Ka, MOXKHO HAaNTH COOTBETCTBYIO-

a
mee €;.

5. Pag Jlarpanxa ¥ OLIEHKH KOPHEH MHOTOWIEHA

5.1. Psax Jlarpanxa—Biopmana

o0
HanomunM, uto eciut f(2) = 3. co(z —a)?, To
n=—oc
L f(z)dz =c_q,
2ni

rjie Y — KpUBas, OXBATHIBAIOMAA TOYKY G. JTHM CBOHCTBOM MBI BOCIOJb-
3yeMcsl A TOro, YTOOH MOIY4uTh pasnoxenne ¢ynkuuu f(z) B pajg mo
crenenam ¢(z) — b, rae b = ¢(a). Ilpu 5TOM B OKpPeCTHOCTH TOUKH @ PYHK-
nusa ¢(z) gomkHa 6bITH O6paTuma, T. e. @'(a) # 0. B Takom cayae

fEE@ __ fed@ @,
o(z) —9(a)  ¢'(a)(z—a)+... 2z-a
HO3TOMY e
1 f(2)9(a o
o | iy 4o = 1@
Y

TIpouHTErpUpoOBaB 3TO PABEHCTBO, MOLYIMM

1) - f(@) = / QL / / e e

[Ipeo6pasyeM MOMyYeHHOE BHIpAXKEHUE, BhLAeAA WieHHl ¢(z) — b, rae b =

= ¢(a):
f)e'®) _ fwe'®) o) -

p(w)—e()  ow)-b o(w)—-9)’

o(w) = b B (o—b)“ °°<cp<o )
o) — 900 <1 ww=b) =2

=0
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N3MmeHNB NOPALOK UHTErPDUPOBAHUA, TIOTY UM

[P ))& (o) —b\"
f(2) = fla) 2m/ p(w) —b — (cp(w)—b) & | dw.

IIpn Beraucrenun muTerpata no { paccMOTPHUM JHUIIL MHOXKHTEIM, 3aBACA-
e ot :

(z) L
= [ (60 -9 d(c) =

¢(a)

4 I B . (cp(C) _p m+1
[ 60 -9 CiURL
(MBI ywn, uto @(a) — b= 0).

TaKYfM obpa3zowm,

(e e] m+1
£z) - _x (e®-p)"" 1 7 (w
(2) - f(a) mz_:o ey 1 5 | o6

PaccmoTpum Takyio ¢yHKOM0 ((w), A1 KOTOPOU BEINOJHAETCS PABEHCTBO
1 b(w)

pw)—-b  w-—a’

T. €.

w—a

bw) = ot ®

[aa Tako#t dpyHkuuu ((w) nonydaem

L/ f(wdw /f(ww()"’“
2 J (o(w) =)™ 7" —a)™

_ mm(f (w) (9w)) ™)

w=a

B camoMm gene,

rae

5. Pad Jlazpanoca u oyenxu xopretd muozousena 51

A MHTepeCyOLMi HAC MHTETPaJ paBeH KoadouuueHTy npa (w —a)~! paga
[e)

Y cx(w —a)k~™"1, 1. e. oH paBen cp,.

k:OB UTOTe IOAyHYaeM cienywomee pasioxenue f(z) mo cremenam ¢(z) — b:
) . B g ’ "
- f@ =Y, B L (pwypw)”) @
n=1
rae ¢(w) onpeseaserca popmyaon (1), T.e. ¢(w) = Px,u (2) na-

tp()

3bIBaIOT padom Bropmana. BropMan noayumn ero 8 1799 r., 0606maﬂ pAax,
nonysenustit Jlarpanxem B 1770 r. Pad Jlazpansca monydaeTcs u3 psaja

BropMana npu ¢(z) = rae h(z) — HekoTopas ¢pyHxima. B atom ciy-

zZ—a
h(z)’
qae b=¢(a) =0mu

Ya) = S5 = hia)

CreaoBaTeNBHO,

9+3 5 L (pa) (b)),
n=0

rae s = ¢(z). B wacrrnocTs,

x sn dn—l n
Z=G+Z;J'£r-—1(h(a))- 3)
n=0

Takum 06pa3oM, B TOM CIyyae, KOrjaa paj (3) cXoZuTcs, OH MO3BONACT BhI-
YUCIMTH KOPEHb ypaBHeHus z = a + s h(z).

IpuMeP. Ilycts h(z) = 2~ 1. B aToM cayyae pag (3) umeer uj

z=a+z( 1)n12n_2) s™. (4)

n!(n—1ta*"

Pag (4) cxogurca mpu |s| < |a|?/4. PaccmarpuBaemoe ypaBHenne 2 =
= a + 8/z uMeeT 1Ba KODHA, 8 MMEHHO,

(1 ITRTE), 3 (1T,

Pag (4) npeacTapaseT TONLKO MEPBLI M3 DTUX KODHEH.
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5.2. Pap Jlarpanxa u onenku KOpHEH

Psag Jlarpanxa nosponser B HekoTOpHIX CIyaAX NONY4UTh OUEHKH KOp-
Helt MHOrowrena. Pacemorpum, HampuMep, MHOrOwieH

fe)=ao+ai(z-c)+az(z—c)? +... + ar(z — c)k.
Ypasnenue f(z) = 0 moxHO 3anucaTh B BHIE 2 = c+ 8 h(z), rae s = —1/a,,

h(z) = ao + az(z - ¢)® + az(z ~ ¢)® + ... + ar(z - o). Pag Jlarpamxa s
9TOr0 yPABHEHHMA MMEET BHJ 4

n dn-l

3
zZ=c+ Z ; . d—z"‘ (hn(z))z:c-
n=1
B namem cryuae
' !
hﬂ(z) = Z 0,300,52 R a;” T 'n' ' (Z _ c)2v2+...+kvk,

vo+va+..4vp=n Vo V2l Vg
HO3TOMY

a! (n - 1)!

dz" 1T (hn(z))zzc = Z volval - . el vk!a8°a;2 e a‘,;", (]_)

r'ie CyMMHPOBaHUE BEAETCA NO HabBoOpaMm vg + vy + ... + Vi, YAOBJIETBOPAIO-
UMM COOTHOIIEHUAM

Vot+vat...+ve=n, 2ve+...+kvy=n-1.
OTH COOTHOIIEHUA SKBUBAICHTHE COOTHOMCHAAM
n—1=2vo+ ... +kv, v =v2+2v3+...+(k=1)v +1.
Yauteisag, 4To s = —1/a;, noaydaem

vo Vi
_ ao (2V2 + ...+ k\lk)! aoa2 ag—lak
Z—C_‘CllZ volval ... w! (—alyz (—k_ s (2)

! —a1)

rae vo =ve +2v3+ ...+ (k—1)vy + 1.
Ecan pag (2) cxogurces, To onpegensemoe sTUM pagoM 4ucio z sRaseTcs
OJIHMM M3 KOpHeH ypaBHeHus f(z) = 0.

3adauu x 2aase 1 53

TEOPEMA 5.1 [Be]. Ilycts |ao| + laz| + ... + |ak| < |a1|. Toraa paa
(2) cxoauTca ¥ AN KOPHA Z, ONPENENAEMOrO ITHM DPAJOM, BHIOJIHAETCA

HEpaBEHCTBO

| 1
|z —¢ < —=In (1— TEI—I(|a0| +lagl +... + |ak|)) .

ITOKA3ATEJILCTBO. M3 popmyast (1) cregyer, uro

1 dn—l

1 n
E'E"_-T(hn(z))z:c 5;(|aol+|a2|+---+|ak|) ;

IloaTomy

n_

oo —-n
o=l < 3 2 (lag| + Jaal + . + Jae])
n=1

1
=-—In (1—Fl—l—l(|ao|+|a2|+...+|ak|)). O

3agauu K riase 1
1
1.1. JoxasaTs, uTo MHOrowiex f(z) Aemrca Ha f'(z) TOrAa M TOIBKO
n
toraa, xorga f(z) = ao(z — o)™
1.2. Moka3aTh, 4T0 MHOTOWIEH
m
ag +a1z™ +az™ + ... +apz™"
uMeeT He 6oJee 1 IONOXATENbHBIX KOPHEH.
1.3 (HoioTon). [0Ka3aTh, 4TO €CU BCE KOPHM MHOTO'LIEH
P(z) = apz" + a1z ' + ...+ an

C BeNIeCTBEHHBIMY KOQ@(})PIHHGHT&MPI BEHIECTBEHHBI M NOMNAapPHO Pa3jNHBI,

TO
—i+1 i+1 .
a?>£—z—+—'z-+i— a;_1a0i+1, t=1,2,...

n—1
1.4. [Joka3aThb, YTO MHOTOWIECH

m
a1z™ 4+ ax™ + ... +apx™™

He MMeeT KOpHel KPaTHOCTH Oonee . — 1, OTIMYHBIX OT HYJId.
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1.5. Haiitu uucio BemectreennbIx KODHEH CeIYIOIMX MHOTOWIEHOB:

n

1‘2 x
a)l+r+ o +... 4+

2 n
6) ng™ — "1 - . —1.

16. lycte 0=mg < m; < ... < mp um; =i (mod 2). [lokasats, 9To
MHOCO4JIEeH

ag+a1z™ +axx™ 4 ...+ ap,z™

MMEeT He 60Jee N BeleCTBEHHLIX KOPHEH.

f
1.7. IlycTs 29 — KOpens MHOrO4wIeHA ™ + az" 1+ +a,. Jokasars,
4TO A1 moboro € > 0 cymecTByer Takoe 8 > 0, 4TO ecim la; — ai] < 3,
i=1,...,n, To y MmBOrowena z" + a\z""! + ... + ap, €CTh KOPEHb Th, A1a
KOTOPOTo [T — x| < ¢.

1.8. IlycTs 4ucna ay,...,a, HONapHO PA3JIMYHHL, a 4ucaa by, ..., b, mo-
JOXNTEbHEL [l0Ka3aTh, 9TO B TakoMm cayuae Bce KODHHU ypaBHEHUA

Z L =r—-c¢, cekR,

T — ag

BEUIECTBEHHLI.

1.9. Haittu Bce xopuu ypaBHenus

(z? —z +1)° _(a®*—a+1)?
Pe-172  Pa-1 "

1.10. Hawitn uucno kopueit MHOrOwIeHa 2" + 2™ — 1, abcomoTnrle Benn-
YUHBI KOTOPBLIX MeHbIe 1.

L11. Iyets f(z) = 2" + a12"" ' + ... + ay, rae ai,...,a, € C. Joka-
3aTb, 9TO MOGOM KOPeHb 2 MHOrOWIEHa f yJOBJETBODAET HEPABEHCTBAM

—B < Rez < a, rge o — eguHCTBeHHBIH HOJIOXKUTEIBHBIN KOPeHb MHOIO-
WIeHa

z" + (Rear)z" ™! — aglz™ 2 — ... - fan|,
a 3 — eJMHCTBEHHDI I0IOXUTETBHEI KOPEHb MHOT'OYWJIEeHA

z" — (Reay)z" ! — |aglz™ 2 — ... - |an].

112 [Su]. Iycrs f(z) — MHOrO4IEH CTemenM N ¢ KOMILIEKCHBIMU KO3(-
uunentamu. Joxasars, uTo Muorowren F = f- f'. .

oo D pyveer
0 KpaHed Mepe n + 1 pasawynex KODHEH.

Pewenus 3aday 35

Pemenns 3ajgaq

1.3. Honoxum Q(y) = y"P(y~!). Kopuu muorousena Q(y) Toxe pere--
CTBEHHH! U TOHNAPHO PA3JIM4HEL, TO3TOMY KOPHM KBaJPATHOrO TPEX4leHa

QU (y) =
=(n-2)-(n—=3)-...-4-3(n(n — Dany® +2(n — Dan_1y + 2a,2)
BemecTBeHHH 1 pasmmynu. Cle0BaTenbHo,
(n—=1)%2_, > 2n(n — 1)anan_s.

Iipu i = n — 1 TpeGyeMoe HEPABEHCTBO JOKA3AHO.
PaccmoTpuM Tenepb MHOTOWIEH

P(n_i_l)(l‘) - boiL‘H—l + b117i +...+ b,‘+11‘2 + bz + bi—1.

IpumeHuB K HEMY yXKe JOKa3aHHOE HEPABEHCTBO, MOXY UM

b?>2—(z:-—1)bi_1bi+1.
A ax wax b,-+1=(n—i+1)~...-4-3a,~+1,
bi=(m—1i)-...-3-2a;
b,-_l=(n—i—1)-...-2-1a,~_1,
TO

(2(n - i)ai):) > 2(%22(11 —i+1)(n—-ia;_1ait1.

Hocre coxpailieHus MOIy4aeM Tpefyemoe HepABEHCTRBO.

n
1.11. Ipu Bospactarun T ot 0 40 +00 GYHKUUA T :i:1 Rea; MOHOTOgHO
11, ' 4 _
Bo3pacTaer, a GyHKuus |a2]/z + |as|/z® + ... + |an|/z" ! MoHOTOHHO yObL
BaeT. II03TOMY y KaXOro U3 pacCMaTPUBAEMEIX MHOTOYIEHOB MOIOXKUTE b

HBI KOpPEeHb eINHCTBEH.
Mpeanonoxum, aro f(z) =0 n Rez > a. Torza

—1
a+Rea; <Re(z+ay) <|z+a| = lag/z +az/2® + ...+ an/2" | < 1
- n—
<lasl/|z] + ... +laal/12|" 7" < azl/a+ ...+ |an|/a
(moCIeHee HepaBEHCTBO CIeAyeT U3 TOTo, 4To |z| > Re;z1 _>1 a). C apyrou
CTOpOHH, 10 ycaoBmio @ + Reay = |ag|/a + ... + |ap|/a" " . Ilpuxoanm

TIPOTHUBOPEYHIO. ]
Ouenka, camay 4 Re 2 momy<aerca Kak OLEHKa CBEpXY /A BEIIeCTBEH

HO# 4acTH KOpHA MHOrowIeHa (—1)" f(—z).
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112. Mycte z1,...,zm — pasaudnbie KopHM MHOrOWIeHa F, wi(r)—
KPaTHOCTb 2; KaK KOpHA MHOrowiena f(") rae r = 0,1,...,n—1. Paccmo-
TPUM CHMMETPHYECKHE DYHKUNH

k
sk(r) =Y _u;(r)2k, (1)
j=1

T.e. sg(r) —cymma k-x cTememeir kopme#r MHOrOwIeHa M. Snementap-

HBEIC CUMMETDpHYecKne GYHKINM OT KOPHEH MHOrOWIEHa Ji%, 6yaem 0603Ha-
4ath Ok(r); npu k > n — r nonaraem oy, (ry=0.

n
Jlerko npoeepuTs, YTO ecau flzy=X (—l)kakz"‘k, TO
k=0

n—r

fO@) = Y (- 1k, 2R

= k(n—k —r)! ?
no3TOMY
on(r)= % =Rl =0l _ e (n~ k)

a0 alln—k-n “a w (BT (n—k—ra)

Taxum obpasom, oy (r)
or(n) = 0.
Ha c. 93 nna k > 1 gokasano TOX IECTBO

T~ MHOTI'O'IEH CTeIleH! k OT NMepeMeHHOM T, Ipuyem

o1 1 0
262 o1
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H3 sroro Toxgectsa, B wacTHOCTH, clenyet, 4To si(r), rae k > 0, MoxHO

HPEJCTaBUTL B BUAE JMHEHHOM KOMOWHAIIMH LICHOB Ok, () ... 0k (r), rae

k1 + ...+ kp = k; xoadpunuenTrr 510l tuneHOM KOMOUMHAIUHN Hep3aBHCﬂT

or r. CrefoBaTensHo, ecn k > 1, To 8k (r) — MHOTOWIEH CTemeHy He BbIwe
m

k or nepemennoit r. flcro Takxe, 4To so(r) = Y uj(r) =n—rus(n) =0

=1
upwu Bcex k > 0. ’

Paccmorpum coorromenwe (1) npu k = 0,1,...,m—1 kak cucremy au-
HEMHBIX YPABHEHMM OTHOCHTEILHO HEM3BECTHEIX ui(r), 7 = 1,...,m. Ilo

YCIOBHIO YUCAA 21, . . . , 2y TONAPHO PA3IMYHEI, IO3TOMY OIPEAETUTEND pac-
CMaTpUBAEMOM CHUCTEMBl yDaBHEHMH He DaBeH HYJIO (3TOT ONpeeuTess
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ABIseTCs ompejeanTereM Bangepmonga). Peums 5Ty cucteMy JMHEHHBIX
ypaBHeHnit no npaBwry Kpamepa, moayduM NpeacTaBreHue pj(r)" B BHJC
JIMHEHHON KOMOUHAIMK wieHoB Sk (r), k = 0,...,m—1, npuyem B HTOM JHMHEH-
HOM KOMOHHAIMH KO3((UIMEHTH He 3aBUCAT OT 7. C1ef0BaTeNbHO, W) (r)—
muorowien crenenn d; < m—1 or nepemenHou 7. Ilpu 5ToM u; (n) =0, Tax
kak sg(n) = 0 npu Bcex k.

TIpeanonoxuM, HYTO KOMMYECTBO Pa3IMIHBIX KOpHe#l MHOroureHa F
cTporo mespie n + 1, r.e. m < n + 1. Toraa d; < m—1 < n, T.e.
w;(r) — MHOrOwIeH OT nepeMeHHOM 7 cTeneHM He Beme n — 1. B Takom
cayuae Aly;(r) = u;(r + 1) — u;(r) — MHOrO‘WIEH CTeNeHu He Bhwe 7 — 2,
Au(r) = Aluj(r + 1) — A'y;(r) — MHOrO%wIeH cTeneny He Bhue L —3, ...
..., A=Yy, (r) —xoncTanTa m A"W;(r) — TOXAeCTBeHHbIH Hyab. B wact-
HOCTH,

A (0) = (- (F)w(r) = 0.
r=0

Yr06HI MPUATY K IPOTHBOPEIHUIO, JOCTATOYHO [I0KA3aTh, ITO Atuy(0) #0.
PaccMOTpUM BHIYKIyI0 060104Ky KopHelt muorowresa f. Ilo Teopeme
laycca—Jlioka (Teopema 2.1 Ha c. 22) OHa COBMAAAET C BEITYKJIOU obosnoukon

TOMEK 21, . . -, Zm. MOXHO CUNTATh, YTO 2} — BEPIIMHA BHITYKJIOH 060I0YKH
kopHeit Muorowiena f. Torga To4ka 21 JEXUT BHE BHIYKION 060JI0UKH TO-
4€K 23, ..., Zm. IlycTs U = U1 (0) — KPaTHOCTB 21 KaK KOPHA MHOTO'L1eHa f.

Toraa npu 0 < 7 < u — 1 ymcio 2 GyAer KOPHEM KPATHOCTH U — T MHOrO-
anena (7, a f®(z;) # 0. Bumykaas 060I04Ka KOPHE! MHOTO'LIEHA f® ne
COAEPKHUT 21, MOITOMY f (M)(21) # 0 mpu r > u. Takum o6pa3om,

u—r mpu0<r<u-1;
wi (r) = 0 npu T > W.
flcro Taxxe, yro u < n — 1, MOCKOBKY Yy f ecTh mo KpaiHe# Mepe OJuH
KOpeHb, OTJINYHHIA oT z1. IloaTomy
9 _f0 mpu0<r<n—-1,r#u—-1;
Nu(r) = 1 mpur=u-1

CregoBaTelbHO, IPY 7 > 2 NOJyIaeM

n—2
s (0) = 82 (B) ©) = 3 (-1 ("7 ) ) = (1R (G 20),
r=0

a npu n = 2 noayvaem u = 1 1 A?u;(0) = 1. B oboux cay4asx Atuy (0) # 0,
41O U TpebOBAIOCh.
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HenpuBoguMble MHOT'OWICHDI

6. OcHoBHHE CBOMCTBAa HENPUBOAMMBIX
MHOT' O'LIEHOB

6.1. Pasnoxennme MHOrOWIEHOB Ha HENPHBO HMBIE
MHOXHTEIH '

[ycTs f u g — MHOrO4AEHE ¢ KO3 DULHEHTaMY U3 TIOAA k. Fosopsar, uto
MHOTOWIeH f deaumcs Ha MHOrO4wIeH g, ecin f = gh, rae h—HeKOTc;pbn}’x
MHOTOwIeH (¢ KodbduuuenTamMu u3 noas k).

Muorouner d Ha3HBAIOT 06wWuM Jesumenesm MHOTOUICHOB fug, ecum
fng Aenarcs Ha d. O6mmit gemTeas d MHOTOYNEHOB f M ¢ HA3KLIBAIOT
nau6ou.rzbwu.u 06wum deaumensem MHOCOWIEHOB f M g, €CIM OH OEJIATCA HA
710601 OOIWM# JeTuTeNs MHOTO4IEHOB f u g. ficHO, 4TO HAMGOILIIMH O6MIMIx
AETUTEJE ONpejiesieH OJHO3HAYHO C TOYHOCTBIO 4O YMHOXEHUA HA HEHYJICBOM
aneMeHT mossa k.

uHanﬁo.nbn.mﬁ o6mu# gemurens d = (f,g) MHOTOWIEHOB f M g MOXHO
HAUTH C MOMOWIBIO CAEAYIOMErO aszopumuma Fexauda. dna ompegenenuo-
crtu Oyaem cuurath, 4To deg f > degg. Ilycts r; — ocraTok oT Jerenus
f Ha g, T2 — OCTATOK OT AeneHUA g HA Ty, ..., Thy1 — OCTATOK OT AETCHUA
Tk—1 Ha 7. CTENEHN MHOTOIIEHOB T; CTPOro YOLIBAIOT, OITOMY /1A HEKO-
TOPOT'O 1 NOIYYUM Tty = 0, T.€. rp_y gemurcsa wa r,. Ilpn srom fung

AENATCA HA Tpn, TAK KAK HA Ty JAEIATCA MHOTOWIEHHL Ty 1,Ty_o,... Kpome

TOrO, eClM f M g AEIATCSA HA HEKOTOPBI MHOrOWIeH h, TO 1, gerurca Ha h,

TaK Kak Ha h peaaTcs MHOrowient 1,7y, . .. Taxum obpasom, r, = (£, g)
,9).

Henocpencreenso u3 amropurma EBknia BHITEKAOT BajkHBIE caen-
CTBHUA, KOTOPEI€ MBI CHOPMYJIMPYEM B BUAE OTAEILHOA TEOPEMEI.

TEOPEM/} 6.1. a) Ecin d — HanGoabmmit o61mil JeluTens MEOTOWICHOB
[ u g, To HaMAyTCA Taxkue MHOTOWIEHE @ ¥ b, yTo d = a f+bg.

6) Ilycrs f u g MEorodnens: rag nosem k K. Torga eciu ¥ MHOTO4.J1€-
HOB f 1 g €CTh HeTPUMBHMANBLHHIN OOWMH AemmTens Haj noteM K, 1o y HEUX
€CTb HETPUBMATLHEIY OCHIMI 1eNUTeb U Haj mojaeM k.

Muorouren f ¢ xoadpuumenTamMn u3 korbua k HA3LIBAIOT NPUEOIUMBLM
Han k, ecn f = gh, rae g u h — MHOrOWIEHBI OJOXUTETLHOM CTEIEHH C KO-

a¢dunmenTamu u3 koabla k. B mporusroM cryyae Muorowren f masmBaior
nenpusodumbim Ha T k.

6. OcHo6Hbie COOUCNEE HENPUEOJUMBIT MHOZOUAEHOE 59
Hycts f = fi - ... fs — HEKOTOpOe pasIoXKeHue MHOrO'L1eHa f sag no-
neM k Ha MHOXMTEIH fi,..., fs, ARIAONIMECA MHOTOWIEHAMH HAJ TIOIeM k.

OT pasoXeH!s Ha MHOXHATEJH C IPOU3BOILHBIMH KOI(PPULIHMEHTAMA MOXKHO
ePeRTH K PA3TOKEeHHIO CO CTapuum koaddumuentom 1. B camom nese, ecm

fi(z) = a;zt + ... — MHOrOWIEH HaJ HOTEM k, 0 g; = ai_l fi — TOXe MHOTO-
wieH Haj noneM k, mpudeM ero crapmmi Koddduuuent pased 1. [loaTomy
pasnoxenue f = f1 ... fs MOXHO 3aMEHNTH Ha PadJIONKEHHE f=ag-...
... gs, TA€ @ = @1 -. ..  Gs. MBI He GyleM Pa3TM4aTh B3 PAdJIONKEHHUS TAKOrO

BH 3, OTJINYAIOMNECA JUIIL TOPATKOM MHOXHUTEJEH.

TeEOPEMA 6.2. Hycts k —moxe. Torga y muorourena f € kfz] ects
PA3IOKEHNe HA HEPUBOJUMBIE MHOXMTEJIH, IIPUYEM STO PAIOKEHHE eNUH-
CTBEHHO.

JOKABATEJILCTBO. CylecTBoBaHUe PA3JOXKEHUA JErKO JOKA3bIBACTCA
uagyknuei no n = deg f. Ilpex e Bcero 0OTMETHM, YTO LA HEPUBOAUMOTO
MHOro4ieHa f TpeGyeMoe pasioXKeHue COCTOMT M3 CaMOro MHOTOLIeHa f.
Mpu n = 1 muoro4rer f HempusoauM. [IycTh pasioxeHue CyIIECTBYET Als
I060F0 MHOTOWIEHA CTETCHHA MEeHbIne n U f — MHOTOWwIeH crenenu n. Mox-
HO CYMTATh, YTO MHOTOWIEH f HEMpMBOAMM, T.e. f = gh, rae degg < n
u deg h < n. Ho Toraa pasioxenus Aas g 4 h CymiecTBYIOT O MPEANIOIONKeE-
HUIO UHIYKIMH.

TlokaxxeM Tenepb €JMHCTBEHHOCTH pasnoxenus. Ilycts agy - ... - gs =
=bhy-...-hy, raea,be kungy,...,g9s,h,-.., ht — HENPUBOIUMEIE MHO-
rouwreHsl Ha 1 k co crapmuM koddduuuentom 1. flcHo, 4TO B TakOM CiTydae

= b. MHOrO4WI€EH ¢ . ..Js ASTATCA HA HETIPUBOIUMBEIA MHOrOWIEH hy. ITo
03HAYAET, YTO OJUH U3 MHOTOWICHOB g, - . . , §s ACTATCA HA hi. Hrobm1 y6e-
IATHCA B 3TOM, JOCTATOYHO JOKA3aTh CIEAYIOLIee BCIOMOraTelbHOe yTBep-
XK ACHHE.

JIEMMA. Ec/iy MHOrOWIEH gr JeIMTCA HA HENPUBOAMMEIA MHOIOWIEH P,
TO OJMH I3 MHOTOYICHOB ¢ U T JEINTCA HA P.

JIOKA3ATEJLCTBO.  IlycTs MHOrOUIEH ¢ He geauTcs Ha p. Toraa (p,q) =
= 1, T. e. CymeCTBYIOT TaKiue MHOTOWIEHH a ¥ b, 1To ap + bg = 1. YmMHOXUB
o6e 4aCTH ITOTO PABEHCTBA HA T, NOAy4MM apr + bgr = r. MuorowieHs pr
¥ gr IeJIATCA HA P, HOITOMY T IEIUTCA Ha P. o

IlycTh A1 ONpeeJeHHOCTH g1 AeTUTCA Ha hy. YuutweiBag, 4T0o g1 ¥ hy —
HETPHUBOAUMbIE MHOTOWIEHBI CO CTAPIINM KOX(PPUIUEHTOM 1, MONydaeM g1 =
= h;. CoxpaTuM obe 4acTH PaBeHCTBA g1 *---*gs = h1 ... -hy Ha g1 = hy.
Tocie HECKOIBKMX TAKKX ONepaluit moayauM s =t u g1 = hi, ..., gs = hi,,
rae {i1,...,is} = {1,...,s}. O



60 I'aaea 2. Henpusodumbie muozousenn

Ana xonpna mensx 4ucen Z HeNpUBOIMMOCTD MHOIOWIEHOB onpexaes-
€TCA TOHO TaK XKe, Kak ¥ B CIIy4ae MO, T. e. MHOroweH f € Z[z] nempu-
BOJMM HaJ Z, €CJIM €0 HeJb3A NPEACTABUTH B BUJE NPOM3BEICHHA MHOIO-
“WICHOB TIOJIOXHTE/IBHOR CTeNeHn ¢ uessiMu Kodpduunentamu. Ho B cryyae
KOJIbLA HE BCErfa MOXHO MOJETUThH KOdGh@UUMEHTH MHOTOWIEHA HA CTap-
mHi Ko PUIMEHT; MOXKHO JHIIb 0AEIHTH K03 DUIUEHTH Ha, HAU6OIbLIINH
OOmMA JeTUTes BeeX KOIPDUIMEHTOB. DTO IPUBOINT K CIEeYIOLIEMY OIpe-
Aexenmo. Ilycrs f(z) = Y a;7t, rae a; € Z. Han6oasmmit o6 JEINTENb
KO3(pOUIMEHTOB o, . . ., Ay, HA3LIBAIOT COJepHCaRUEM MHOTOWICHA f. Conep-
XaHue MHOrOwIeHa f oGosnayvaor cont(f). fcHo, ato f(z) = cont(f)g(z),
rje g — MHOroOwWIeH Hajx Z ¢ coaepxaHueMm 1.

JIEMMA (Taycc). cont(fg) = cont(f) cont(g).

JOKA3ATEJBLCTBO. J0CTATOMHO PacCMOTpPETh CIyYai, KOr1a cont(f)=
= cont(g) = 1. B camom aexne, K03 PHLUMEHTE MHOMOLICHOB f,gu fg Moxno
pasfenuTs Ha cont(f), cont(g) u cont(fg), cooTreTcTBEHHO.

lyers f(z) = 3} aix?, g(z) = Y biz?, fg(z) = 3 ¢;z’. Mpeanonoxum,
uro cont(fg) = d > 1 u p— npocToit gemurens uncaa d. Toraa Bce KO-
uUMeHTH MHOTO'LIEHA fg AEJATCA HA P, & Yy MHOTOLWICHOB f U g €CTh KO-
3¢ dunmeHTH, He Aexammecs Ha p. IlycTs a, — nepsuii KO3 PULMERT MHO-
rowiena f, He HenAMMICA HA P, b, — NepBEIT KOIPPUUIAEHT MHOrOWICHA g,
He gessiumitca Ha p. Torga

Cris = Qrbg + ary1bs_1 +arp2bs2 + ...+ ar_1bspr + Qpgbgyg +... =
= a,bs # 0 (mod p),

TaK Kak
bs-1=bs2=...=bp=0(mod p), a,_1=a, 2=...= ap = 0 (mod p).
Iloay4ero nporusopeune. O

CJEACTBME. MHOrowieH ¢ membiMu KodpHIEEHTaMH HENPHUBO UM
Haj Z TOTAa ¥ TOJBKO TOTJA, KOTAA OH HEMPUBOAMM HAJ Q.

HOKA3ATENLCTBO. Mycts f € Z[z)u f = gh,rae g, h e Q[z]. Moxwuo
CUMTaTh, 4TO cont(f) = 1. BubepeM Ana MHOrOWIeHa g HATYpATbLHOE M-
cro m Tak, 4ro mg & Z(z]. llycte n = cont(mg). Torga panuonansHoe
4MCIO 7 = m/n Takoso, 4To rg &€ Z[z] u cont(rg) = 1. AHatorudHo BhIGe-
PEM MOJOXUTEIbHOE PAlMOHAIBHOE YHCIO § A1 MHOrowiena h. Ilokaxew,
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4TO B TaKOM caydae rs = 1, T.e. pasnoxenue f = (rg)(sh) aBaaeTca pasno-
xenueM Haz Z. JleiicTBuTeabHO, cornacHo semme ['aycca cont(rg) cont(sh) =
= cont(rsgh), T.e. 1 = cont(rsf). Yuursbas, 1TO cont{f) = 1, no.nyqae;

rs = 1.

Jina BLITMCTICHHA PAANOXKEHHUS MHOTOLIEHA f € Z[z] na senpuBOgMMEIE
MmHOXuTeIH KpoHexep NpejoxXui CIe yIOWUy alrOpUT™ (asazopumm Kpo-
nexepa). llycte deg f = nur = [n/2]. Ecin MHOrO4I€H f(:z;) [PUBO KM,
TO y HEro ecTh ACIHTENL g(T) CTENEHU He BBIUE T. Y1068 HAMTH ITOT Jle-

auTens g(z), paccCMOTPUM YHCHA Cj = fG),i=0,1,...,r Eqm ¢; =0, o
z — j — aenuTens muorowrena f(z). Ecau xe c; # 0, o g(j) — AesmTean
qmena ¢;. Kaxgomy Habopy do, . ..,d, nequTeIeH YuCeN Co,. .., Cr COOTBET-

CTByeT POBHO OJMH MHOTO'WIEH g(z) cremenn He BEINE T, A1 KOTOPOro
g(j) =d;, 5 =0,1,...,7. A umenHo,

r I—k
j=0

0<k<r,
k#3

JlnA KaXx JOr0 TaKoro MHOT'OICHa g(x) HyXHO IPOBEPUTH, Oy Ay T JHU €rO0 K(;—
>PUIMEHTH UeTHIME YUCTaMHU i OyJeT i OH JeIuTeleM Mnorowxenao (::{ ;;
JIpyrue, 607ee a¢deKTHBHBIE ANTOPHTMAI PA3IOKEHHUA Muog*lo;jlg;:i;a

HEOpUBOZUMEIE MHOXKUTEJIN IIPUBEACHEL HUXE (cM. c. 85-87u .

6.2. IlpmsHak JM3eHNITeHHA

Opunm w3 HanGoee M3BECTHRIX MPU3HAKOB HENPUBOAUMOCTH MHOTO'LIE-
HOB ABRJAETCA CJeIyIOUMi npu3nax JUsenwmeina.

TEOPEMA 6.3 (npmauax Ditsemmrreina). Hycrs f (&) =ap+az+...
...+ @pz" — MHOTOWIEH C HEeTBIME KOI(PUIMEHTAMH, IIPHIeM /11 HEKOTO-
pOro MpOCTOro YMCIa p KOIPOUUMEHT Gy HE ACAATCA HA D, KO:)(I)(bI;[Ll]:II?HTH
ao,...,0n—1 AENATCA HA P, HO KOIPQUIMEHT Go HE JETUTCA HA p-. lorAa
f — HeNpUBOAMMEIA MHOTO'LIEH.

JOKA3ATEJBLCTBO. IIpeamosoxum, 1T0

f=gh= (Z bkxk) (Z cla:l) ,

npudeM g U h — MHOTOWIEHBI [OJOMHTEILHOM CTEIeH: ¢ HeTbIMU K03ghdu-
nuentamu. Hucao bocg = ap AeAUTCA HA P, TOITOMY OJHO U3 HCET bo 4 co
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Aeaures Ha p. llyers, qaa OnpeJeeHHOCTH, by aesmnTes Ha p. Torga ¢y He ze-
JINTCH Ha P, TaK KaK ag = bgcy we pemurca na, p?. Ecam Bce umcna, b; nenarca
Ha p, TO an jemurca Ha p. [lostomy b; He nemurca Ha P TPH HEKOTOPOM i,
rre 0 < i < degg < n; moxuo CHMTaTh, YTO ¢ — HAUMEHBLIMH HOMED 4H-
caa b;, ve neasmerocs ua, p. C ogHOM cTOpPOHHL, 1O YCJIOBHIO IHCIIO a; AEAUTCA
Ha p. C Apyroi cTopome, a; = bico+bi_1c1 + ... + boc;, npudem Bce un-

cna biyey,...,bgc; zensTes Ha P, a qucio b;cy me genurcsa ua p. lonygeno
NIPOTHBOpEYHeE. a

IIPUMEP 6.1. Iycrs D~ NIpOCTO€ UCAO, 8 YMCIO ¢ HE NEIUTCH HA p.
Toraa Muorowren z™ — Ppq HenpusoguM Haj Z.

ITPUMEP 6.2. Ecanm p—1pOCTOE 4uCI0, TO MHOTOWIEH f(z) = gP~! 4
+2P72 4+ ...+ z 4 1 Henpusomm.

B camoMm gere, x MHOTOLIEeHY

flz+1)= h(zc-:-ll))p:ll =Pl 4 ("13).151’"2 +...4 (p P N

MOXHO NIDUMEHNThL NPU3HAK DH3EHIITeHH,,

IIPUMEP 6.3. [T1s mo6oro HaTyPaJBLHOrO N MHOIOWieH

xn

2
T
f($)=1+$+§!— +?

HENDUBOAKM.

[JOKA3ATE/JILCTRO. Tpebyerca AOKa3aThk, YTO MHOTOYWICH
nlf(z) =z" + nz" ! 4 n(n - Dz" 2 +... +n!

HENpUBOAMM Haj Z. [[ns 3TOro 1ocTaTouHO HANTH Takoe IPOCTOe uCIOo p,
4TO n! JeqnTCA Ha P, HO He Aenurca HA p?, T.e. p< n < 2p.

Hycte n = 2m mu n = 2m + 1. Cornacro nocrynary Beprpana cyme-
CTBYET TaKOe IPOCTOe YUCIO P, 9TO M < P < 2m (zoxazaTenncTBO mocTy-
nara beprpana cu., manpumep, B [1)). pu n = 2m nepasencrea p<n<2p
odeBufnel. llpn n = 2m + 1 HOTy9aeM HepaBeHCTBA p<n—lun—1< 2p.
Ho B sTOM cayuae yucno n — 1 “IETHO, TOITOMY M3 HEDAaBEHCTBa, 11 — 1 < 2p
CIenyer HepaBeHCTBO n < 2p. flcwo Takxe, yTop<n—1 < n, O

e L NSS4 5 T At e
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6.3. HempuBoguMoCTH IO MOAYNIO D

IIycts F, — nose BEIMETOB MO MOAYII0 p. MHOMOWIEH ¢ LEIHIMHI KO3d-
GULIMEHTAMHM MOXHO PacCMaTPHUBATHL 14 KaK MHOI'OYJeH C ko3ddunmenramu
n3 noas Fy,. [Ipu sToM HenpueoiuMbIi Haj Z MHOTOWIEH MOXET OKa3aThCs
OPUBOAMMEIM HajJ nodeM [y npnu Bcex p. IlocTpoenne coorseTcTByMOMmeEro
npuUMepa OCHOBAHO HA CJEeIYIONIEH TeopeMe.

TEOPEMA 6.4. Muorowien P(z) = z*+az?+b?, raea,b € Z, npuBoaum
Haj noneM F, mpu BCex NPOCTHIX p.

JOKA3ATEJLCTBO. Ilpn p = 2 umeercsa Bcero 4 Mnoro;meila ygcaaa}i—
HOrO BUAa, a uMenHo, ¢*, z8+22 = 22(2?+1), 2 +1 = (z+1)4, 2+ 2% +1 =
= (2% + z + 1)2. Bce 3T¥ MHOTOWIEHBI IPUBOXMEIL.

IIycTs p— HedeTHOe nMpocToe 4ucsio. Toraa MoXHO BEIGPATH LEIOe Y-
¢10 § Tax, 410 a = 2s (mod p). B Takom cayuae

P(z) = z* + az® + b° = (x% + 5)% — (s® - b?)
= (2% + b)? — (2b — 28)2?
= (2% — b)? — (—=2b — 25)z? (mod p).

I03TOMY JOCTATOYHO JIOKa3ATh, 4TO OJHO U3 umcesr s2 —b?, 2b—2s, —2b—2s
ABJIAETCA KBAAPATHYHLIM BEYETOM IO MOAYJIO P.

HanoMHUM OCHOBHHIE CBEICHNSA M3 TEOPUH KBAIDATHYHLX BEYeTOB. lpH
OTO6PAXEHNH T — T BJIEMEHTHl T ¥ —I TEepPeXOAT B OAUH M TOT XKe die-
menT. [ToaToMy 06pa3 MHOXECTBA HEHYJIEBLIX JJIEMEHTOB moas F, npu sTom
oTobpaxenuu cocrout u3 (p — 1)/2 anementoB. C APyro# CTOPOHEL, ecian
r = y?, to z(P~1/2 = yP~1 = 1 r.e. Bce (p — 1)/2 anemenToB oZpa:sa
yaoBieTBopaoT ypastennio £(P~1)/2 = 1, koropoe He MOXeT HMeTH o.neg
(p—1)/2 pewennit. 1eMeHTH, ne1 ng)xanme B o6pase 0ToOpaxKeHus & :1:—
YAOBIETBOPAIOT ypaBHeHmio (P~ /2 = _1. MloaTOMYy €CI¥ ABA LEJRIX UM
CJIa He ABJIAIOTCA KBAJPATAMH IO MOAYJIO P, TO UX NPOU3BEJEHHE SBIACTCH
KBaApPaTOM M0 MOAYJIO P.

IIpeamonoxum, 910 2b — 25 u —2b — 2s 2He SABIAIOTCA KBAJPATAMHU TIO
moaymo p. Toraa ux npousseaenue 4(s? — b?) — kBagpaT mo MOAy.mIO P, S
3Ha4nuT, s2 — b? TOXe KBaJPaT IO MOAYJIIO P.

IpUMEP 1. Muorowmen z* + 1 mempusoguM Haj Z, HO IPHBOAMM IO
MOZAYJIIO P TIPH BCEX NPOCTHIX P.
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JOKABATEJALCTBO. [locTaTodno AOKa3aTh, YTO MHoOrowieH z! + 1
HEMPUBOJAUM Hal Z. KopHu 3TOro MHOrowieHa MMeloT BHA (£1 £ ¢)/2.
B m06oi MHOrOWIeH ¢ BEIECTBEHHHIMH KOXDMUIMEHTAMH HEBEIECTBEH-
HHIE KOPHM MOrYT BXOAMTD JIMIIL NapaMM (KOMILIEKCHO CONPSKEHHEIMH).
IlosTOMy eAMHCTBEHHHIMM HETPHBHAJIBHLIMM BEIIECTBEHHEIMH JAeTUTEeNAMK
mHorowiena z? + 1 apasiores Muorowrenn z2 + 2z +1 ¢ xopHamu (1+1)/2
u (—1+£14)/2. O6a 5T MHOrOwIeHA He nexaT B Z[z]. o

IIPUMEP 2. Tlycts ¢ € N u /¢ ¢ Q. Toraa muorouwren P(z) = z# +
+2(1-c¢)z? + (1 +¢)? nenpusoum naz Z, Ho NPUBOAMM N0 MOAYJIO TI060ro
HPOCTOrO YA P.

JIOKA3ATEJBLCTBO. JIOCTATOMHO HOKA3aTh, YTO MHOTOWIEH P(x) ne-
npuBoAuM HajJ Z. Jlerko mpoBepuTh, YTO KOPHM MHOrOWIeHa P PaBHRI
tyv1+e+tiye==£11%/c. O6beaMHAT KOMILIEKCHO CONPAXEHHEIE KODHU B
Naphl, NIOJIYYUM MHOTOWIEHH T2 + 2\/Ez + 1+ ¢. DT MHOTO4WIEHR He JeXaT
B Z[z]. O

7. Ilpu3snakm HempuMBOZMMOCTH
7.1. Ilpmamak Mioma

n

Hycte p— dukcuposannoe npocToe uncio, f(z) = Y Aiz' — mHOrO-
WIeH C HesIMi KodddunuenTamu, npudem AgA, # 0. 3axzm2neM HEHYJIeBhIE
KOd¢puuMenTsl MHOrOwIeHa f B Buge A; = a;p%, rge a; — ueaoe wHCIO,
He gensmeecs Ha p. Kaxaomy menynepomy xosddunmenty a;p% comocra-
BUM TOYKY Ha ILIOCKOCTH € KoopiausaTamu (i,a;). Ifo 3TuM Toukam MoxHO
noctponts guarpammy Heoioromna muorowrena f (coorsercrByromyio npo-
croMy umcay p). Jemaerca sro cregyiommm obpasom. Iyers Py = (0, ap)
u P, = (i1,a;), rae i; — Hanboasinee nenoe YHCIO, AJA KOTOPOTO HUXeE
npamoi FoPy mer pammbix Touex. Iycts, ganee, P, = (i2,5,), Tae io —
HauGoJIbIIee LEJ0e MCIO0, A4 KOTOPOro HUxe mpaMoi Py Py HerT naHHBIX
To4eK n T. A. (puc. 4). Camumi nocaeaHmin oTpeaok nmeeT Bua Pr_1 P, rae
P, = (n,a,). Eciu 3pennsa nomanoi By ... P, IIPOXOAAT 4Y€pe3 TOYKH C Le-
JOUCIEHHBIME KOODIMHATAMH, TO BCE 3TH TOYKM MEI TOXE CUMTAEM Bep-
mmuamu omaHou. IIpn 31oM k Bepumuam P, . .. , P pobasnserca eme s >
2 0 Bepumn. Ilomyyennyio B pesyabTate nomanyo Q. .. Qr4s Ha3LIBAIOT
duazpammoti Hotomona (3necy Qo = Py u Qrys = Pp). Orpeskn PPy,

u Q;Q;41 OyAeM HA3BIBATH, COOTBETCTBEHHO, CMOPOHAMU U 36EHbAMY THA-
rpammbl HeloToHa, a BexToph @; Q11 6y1€M HA3LIBATL 6EKMOPAMY 36EHDES
muarpammsl HoioTona.

T Ps =Qs

Py =Qs

P,=Qs Q3 P3=Qs
Puc. 4

PaccMOTPUM CHCTEMY BEKTOPOB 3BeHbep auarpammbl HoloToHa, B34B Ka-
KON BEKTOP C yY€TOM €r0 KPaTHOCTH, T. €. CTOJBKO P&a3, CKOJBKO OH BXO-
JUT B YXACIO BEKTOPOB 3BEHLEB.

TEOPEMA 7.1 (Hioma, [Dum)). Iycts f = gh, rae f, g u h— muOrO-
4leHsl ¢ UeasMu KoadgdunuerTamu. Torga cucTeMa BEKTOPOB 3BEHBEB IJIA
MHOTOWIEHa f mpeacTaBiseT cobou 0ObeMHeHEe CHCTEM BEKTOPOB 3BEHbEB
aas g n h. (IlpocToe 9uCao p 4jis BCEX MHOTOIEHOB GEPETCs OJHO X TO XKe.)

JOKA3ATENLCTBO [W]. Ilycts f(z) = 3 aip™a’, g(z) = Eobjpﬁa ziu
i=0 J=

n—m

h(z) = 5 cpp'*z* (umcna a;, by, cx ne geastes Ha p). Bosbmem HexoTOpyIO
k=0

cropony PP, amarpammel HeloTona MuOrowieHa f (cropona PPy, Mo-

XeT COCTOATDL U3 HeCKOJLKUX 3BeHbeB auarpamMel Helorona). Ilycts Touku
P, u Pi{) AMEOT COOTBETCTBEHHO KOOPAMHATHI (i_,a;_ ) u (i4,a;, ). Haknon
cropousl PP paBen

M=Ze e
i — i
Hycre o, — ;. = At miy — i = It, rge t > 0— naubGonbumit 06w

JeuTenh qucet o, —a;_ Uiy —i_. Torga M = A/I, npusem (A,I) = 1.
PaccmaTtpusaeMan ctopona PPy ; auarpamMsl HeioToHa nexuT Ha npa-

von Ja— Ai = F,rpe F = Ia;, — Aiy = Ia;_ — Ai_. o yciopuo BCE TOIKH

(1,0;), 1 = 0,1,...,n, gexaT He HIKe >TOH mpamon, T.e. [a; — Ai > F,

3— 1010
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HpHYeM TO HEPABEHCTBO CTPOroe mpH ¢ < i u mpu ¢ > 1. byxem Ha-
auBaTh uucao Ja; — Ai eecom monoma ap*zt, rae (a,p) = 1. Yucaa i- u
i, OJHO3HAYHO ONMPEJEIAIOTCA KaK HANMEHBIINH ¥ HAMOOIBIINY IOKA3ATeTH
CTENeHN T MOHOMOB MHOI'OYIEHa f ¢ MMHUMAJBbHEIM BECOM.

Jlas MHOTOYJIEHa ¢ PACCMOTPHUM BETUYNHY

G= . min {Iﬁ] - A]}
j=0,....m

M OIpejequM j_ ¥ j4+ KaK HAMMEHBINUH ¥ HAROOIbIIMA WHIEKCH, 113 KOTO-
PBIX
G = I8;. - Aj_ = Ig;, — Aj..

AHATOrWYHO A1 MHOTOWIEHA h pacCMOTPHM BEIUYHHY

H= e min  {Iy; — Ak}

u onpenemuM k_ u k; Kax HAMMEHBINNH ¥ HaNOOJLIINI NHAEKCHL, 114 KOTO-

PHIX
H =TIy, — Ak_ = Iyg, — Aky.

fAcwo, 4TO

aj sk pH-tr- = Y (bpPiad)(erp™ k).
k=i +k_

Bec mpousBeseHus ABYX WICHOB PaBeH CyMMe MX BECOB, IOITOMY BeC CJara-
emoro ¢ j = j— u k = k_ pasen G + H. Beca Bcex OCTaJIBHBIX CIaraeMbIX
ctporo 6oasine G + H, Tak xak 114 HuX j < j_ mwim k < k-. B camom gene,
nycTe, HanpuMep, j < j_. Torma ec wiena b;pPiz? crporo 6oasme G, a Bec
anena cgp'*x® e menpure H.

Bec wrena (b;pPiz7)(ckp¥*z¥) npu j +k = const MOHOTOHHO BO3pacTaeT
¢ BospactaHneM B3; + Y, mockoaeky I > 0. B paccmarpusBaemom cayudae
j+k=j_+k_, noatomy cymma B, + Y& CTPOr0 MEHHMMAJbHA IIPH j = j_
u k = k_. CregoBaTenbHo, Bec WwieHa aj_4x_p*'-+t*- paBer G + H. flcno
Taxxe, 4TO OpH i < j_ + k_ Bec wiena a;p*r' crporo 6oaemwe G + H,
anpui > j_ + k_ Bec wiena a;p*z’ He mensme G + H. CienoBaTelbHo,
G+H=Fuj.+k_. =i_. AHaTOru4HO JOKa3bIBAETCA, 9TO jy + ky =i .
Takum o6pa3omM,

iy =i = Gy —J-) + (ky — k). (1)

B wacTHOCTH, 0AHO U3 Yuced j4+ — j— U ky — k_ OTIIMYHO OT HyJIs.
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Ecsu 06a 4ucna j+ —j— v k+ — k_ OTIMYHBI OT HYJA, TO OTPE3OK C KOH-
uamn (j—,B3;_) u (j4+,B;,) ABAAeTCA cTOpOoHON amarpammelr HeroToma MHO-
rowena g, a 0Tpe3ok ¢ konuamu (k_,yg_) u (ki, Yk, ) fABISETCS CTOPOHOM
Aunarpammel HeloTona maorounena h. Hakion cTopon B 060mx cay4asx pa-
BeH M = A/I, Tak xax '

Bin —Bi. _ A

= Yky = Yk )
J+ —J- ky — k-

CootHowenne (1) nokasslBaeT, YTO CyMMa AIHH CTOPOH C HAKIOHOM M
suarpamM HeioTona MHOrowieHoe g w h paBHa AnuHe CTOpOHH (C TeM ke
caMbIM HakI0HOM M) nuarpammul HoloToHa MHOrowrena f.

Eciu xe ofHO w3 yucen jy —j_ u ky —k_ PaBHO HYJIIO, TO ¥ AMArPAMMEL
Hpi0TOHS 0AHOTO U3 MHOI'OYIEHOB g M h €CTH CTOPOHA ¢ HakIOHOM M, npm-
¥eM ee JIMHA PaBHA IJMHE CTOPOHHI AuarpaMmsl Hulorona muorownena f,
a y auarpaMmsl Hpl0TOHA ApYroro MHOrowieHa CTOPOH ¢ HakJdoHOM M Hert.

Urak, BekTOp cTopoHb! ¢ HakioHOM M muarpammel HuloToHa MHOrO-
“wieHa f paBeH CyMMe BEKTOPOB CTODOH C T€M K€ HAKJIOHOM M Imarpamm
HeioTona muorounenoe g u h. Coorromenne (1) noxasemsaer, 4To ecru y
oxHOM M3 guarpamMm HeloTOHA MHOrOWIEHOB g M h €CTh CTOPOHA C HEKOTO-
pBIM HakJIOHOM M, TO y gnarpaMmsl HeioTOHA MHOTOWeHA f TOXe JOMKHA
6LITH CTOPOHA, C TAKMM HAKJIOHOM. Io

CaeacTBUE (IIpusnax Joma). Ecam 15 HEKOTOPOro mpocToro 4ucia p
auarpamyva HeoTona MHOrO4WIeHa f COCTOMT DOBHO M3 OAHOrO 3BeHa (T. e.
COCTOMUT K3 OTPE3KA, BHYyTPU KOTOPOTO HET TOYEK C LEJOUHUCJICHHBIMH KO-
OPAMHATAMH), TO MHOTOWICH f HEMPUBOJMM.

IIpuBesem Teneps Tpu NMpUMepa MPUMEHEHHUs Teopembl [oMa a1s JoKa-
3aTelbCTBA HEIIPUBOAUMOCTH MHOIOWICHOB.

ITpuMmEP 7.1 (Ilpussaxk Odusenmwrenna). Ilyers f = ag + a1z + ...
...+ apx™ ~— MHOrOYIEH C HEeJEIMU KOI(h(UIMEHTAMU, OpUYeM HI8 HEKOTO-
pOro NPOCTOrO HUCIa P KOIGDUINEHT a, HEe JeTUTCH Ha P, KOIDDUILIMEHTE
o, - . - ,Gn_1 ACIATCA HA P ¥ KOIPPULUEHT ag He geruTca Ha p. Torga f —
HENPUBOAUMEIN MHOT'OWIEH.

JOKA3BATEALCTBO. [uarpamMma Hsiorona Muorowiena f cocTouT us
oaHoro oTpe3ka ¢ kounamu (0,1) u (n,0); BHYTpH 3TOT0 OTpe3Ka HET TOUEK
€ LEJIOYMCJAEHHBIMY KOODIMHATAMY. O

3*
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[IPuMEP 7.2. IIycTts p— mpocroe uucio, (c¢,p) = 1 u (m,n) = 1. Toraa
MHOrowieH " + cp™ HEeNPHBOIUM.

JOKABATEJBLCTBO. /imarpamma HeoToHa paccMaTpUBaeMOro MHOIO-
“WieHa OpefcTasIgeT cobol oTpe3ok ¢ koxunamu (0,m) u (n,0). U3 ycrosus
(m,n) = 1 credyeT, YTO BHyTPU TOrO OTPE3Ka HET TOYEK C LEJOTUC/IeH-
HBIMU KOOPJANHATAMM. 0

MpuMeEP 7.3. Mycts p— npoctoe uucao. Torga ecim y MHOTOWIEHA
f(z) = z" + px + bp?, rae (b,p) = 1, HET meALIX KOPHEH, TO ITOT MHO-
roYNeH HENPUBOIVM.

HOKA3ATEILCTBO. [uarpamma Heworona morowiena f cocrout u3
otpeska ¢ kounamu (0,2) u (1,1} u orpeska ¢ kornamu (1,1) u (n,0). Bay-
TpPH 3TUX OTPE3KOB HET TOYEK C LEJOYUCTIEHHBIMA KOOPAUHATAMH, IOITOMY
HeTPHRHAILHOE PA3JiOXeHue MHOrOwIeHa f Ha Z MOXEeT COCTOATH JIMIIb 13
JMHEHHOTO MHOXUTEIA U MHOKUTENA cTeneHn n — 1. |

7.2. MBHOrowieHsl ¢ JOMHHHPYIOIMM K03 PHIMEHTOM

B HEKOTOPEIX CHTyalMax MOXXHO yTBepXJAaTb, YTO MHOIOWIEH, Y KOTO-
POro eCTh FOCTATOYHO GOBIION KO3 duImenT, 0643aTeIbHO Oy IeT HENpH-
BoaumbM. Cpefy IPU3HAKOB TAKOro pojfa Haubosee U3BECTEH CIelyIOomuu
npuanax Ileppona.

TEOPEMA 7.2 [Pe]. Mycts f(z) = 2" +a1z" "' +... 4 an — MHOTOWIEH
¢ HeaBIMA KO3 DUIHeHTAME, IPUIEM an # 0.

a) Ecmu |ai| > 1+ |az| + ... + |an|, TO MHOrOwIeH f HempuBOATM.

6) Ecam |ai] > 1+ |az] + ... +|an| u f(£1) # 0, To MBOTO4WIEH f Henpu-
BOJHM.

JOKA3ATEJBLCTBO. a) IlpoBepnM cHawada, YTO BCE KOPHM MHOI'O-
4yieHa f, 3a MCKIIOMEHMEM DOBHO OJHOIO KODHA, J€XAaT CTPOr0 BHYTpH
exuamgnoro kpyra |z| < 1. flcHo, 4To TpefyeMBIM CBOMCTBOM 00Ja~
naer mHorowres g(x) = z" + a;z" !, mosromy coriacHo Teopeme Pyme
(cM. c. 9) AOCTATOYHO JOKA3ATh, YTO IIPH |2| = 1 BHIMOJIHAETCA HEPABEHCTBO
|£(2) = 9(2)| < |f(2)| + |9(2)|- Ho npu |2| = 1, ¢ oanoi cToponsI,

|£(2) = 9(2)| = la2z" " + ...+ an| < laz] + ... +an| <laa| =1, (1)
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a C ApYyrou CTOPOHHL,
1] +|g@)] 2 o) = 2" + ez = el 2 ful - 1. (@)

TpeAnoaoxuM, 9T0 MHOrOWIEH f MOXHO NPEICTABAThL B BUE NPOU3Be-
JACHMA MHOIOWIEHOB f; M fo NOJOXHUTEJIBHON CTENEHH C LEABIMH KO3(duim-
entamu. IlpoussegeHre KOPHEH KaXJOrO U3 MHOTCOYIEHOB f; u fs — 1enoe
YHCJIO, HE PABHOE HYJIIO, IO3TOMY ¥ KaXKJOT'0 W3 3TUX MHOIOWIEHOB €CTh KO-
peHb, MOAYJIb KOTOPOro #e Menbiie 1. Ho y MHOro4eHa f ecThb Jume OguH
TAKOU KOpeHb. [IpUX0AuM K IPOTUBOPEIHIO.

6) B cayuae |a;] = 1+ |az| + ... + |an| HepaBencTBO (1) cTaHOBMTCA He-
crporuM. Ho npu yenosum f(+1) # 0 craHOBUTCA CTPOrUM HEPABEHCTBO (2).
B camom gese, npu |z| = 1 paBencTro

[f(2)] + |9(2)| = lar] — 1

BO3MOXHO JIHIIIb B TOM Cay43e, KOrja OJHOBPEMEHHO BLIITOJHAIOTCA paBEeH-

cTBa |f(z)| =0u |z + a1] = |a1]| — 1. Hocaearee paBeHCTBO MOXET BHIIOJ-
HATHCA JMLIb B TOM Ciyd4ae, korga z € R A tak kak |z] = 1, To z = £1.
O

TEOPEMA 7.3 [Br]. Ilycts a1 > a2 > ... > ap, — HATypaibHBIE YACIA,
npudem n > 2. Torga muorourer p(z) = z" — a;z" ! —apz™ %2 — ... —a,
HENPUBOIUM.

/

[JOKA3ATEJLCTBO. Paccmorpum muorowren f(z) = (z — 1)p(z). fAcuo,
4TO

f((l;) = (ljn+l - bl.’I)n + bQZ'n_l +...+ bn+la

rae by =a; + 1,bs =a; —as,..., by = ap-1 — an,bpy1 = a,. Yucaa by, ...
«v.ybps1 HaTypanbHble M by =14 b + ... + byt1. Takum o6pasom, MEOTO-
unen f(z) yAOBIeTBOpAET OZHOMY U3 ycaoBuil TeopeMu 7.2 (6). Ho on He
yaosieTsopsaeT Bropomy yeaosuwo f(+1) # 0. IlooTomy npugerca nposecTu
IyTh 6oJee TOHKME paccyxgeuua. [lokaxkeMm cHadata, YTO NpU BCEX JOCTa-
TouHO Maaex € > 0 Ha okpyxHOCTH |2] = 1 + ¢ MHOrowren h(z) = by2" —
—bgz™ ! — ... — bpy1 1O MOAYIIO CTPOro Goabiie MHOrowieHa z"t! =
= f(2) + h{z). B camom gezne, ecin |z| = 1 +¢, TO

|h(2)] = 12" > (14 e)" = ba(L+e)" ™ — .. = b — (1 +¢)" =
=elnb—(n—Dby—...=2bp_1 —bp—(n+1)) +...=
=e(ba+2b3+ ...+ (n— )by +nbpy1 — 1) +...
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KoadduurenT npu € noroxuTeneH, noaToMy IpH JOCTATOYHO MATKHIX € >
> () BHINOMHACTCA HEPABEHCTBO ,h(z)l — 2" > 0. B Takom caygae

|[£(z) + ()| = "] < [h(2)] < [£(2)] + [h(2)],

HO3TOMY COTMIacHO Teopeme Pyme MHorowren f(z) umeer BHyTpM Kpyra
|z| < 1+ ¢ cTOaBKO Xe KOpHe#, CKOIbKO u MHOrouwteH h(z). Ho Bce xopHu
MHorowiera h(z) Jexar cTporo BHyTpH e JMHIMMHOTO KpyTa |z| < 1. B camom
Aeae, ecan 2] > 1, To

|B(2)] > by2]™ = balz|" Tt ~ .. = bpyy >
> 2™ (b1 — by — ... —bpyy) = |2|" > 0.

YcTpeMuB € K HYJIIO, HOJTY4UM, 9TO BHYTPH ¥ HA FPAHULIE €AUHUTHOTO KPYyTa
pacmonoxeno posHo n KopHei MHorowreHa f(z) = (z — 1)p(z). IHoaTomy
poBHO N — 1 KOpHe# MHOrO4/IeHa P() JEXAT BHYTPH eIMHHTHOrO KPYyra U
JUMb OJUH M3 €r0 KOPHEH JeXUT BHe eAMHUIHOro Kpyra. CiegoBaTenbHo,
MHOT'O4/IEH P HENPHUBOIUM. O

[Ipuanak HEPMBOIMMOCTH, AHAIOIMYHbIN NPU3HAKY [leppona, HO ¢ ycIo-
BUeM He Ha KOdbduuMeHT npu 2!, a Ha CBOGOAHBIN wieH (MIagmui KO-
5HULMEHT), TOXKe CIPABEIAB, HO JUIIbL B TOM CJIY4ae, KO 4a CBOGO,IHBLA
4JIeH — MPOCTOE HUCIO.

TEOPEMA 7.4 [Os]. Hycts f(z) = 2" + a12™ ' + ... + an_1z+ p—
MHOT'OWIEH ¢ HeJBIMU KOO(MD(PUUNEHTAME, TPUYEM P — TPOCTOE YHCJIO.

a) Ecu p > 1+ |ai| + ... + |ap—1|, To MHOrOWIen f HenmpuBoOAMM.

6) Ectu p > 14 |a1| + ...+ |an—1| ¥ cpean xopre#t MuHOrOUNeHA f HeT
KODHEH U3 eIMHUUbI, TO MHOTOWICH [ HEIPHBOIUM.

HOKA3ATEJNLCTBO. IIpexmonoxum, uro f(z) = g(z)h(z), rne g u h—
MHOCOY/IEHBI TIOJOXHUTEIBHON CTENeH ) ¢ ueabiMu Koaddunuentamu. [Ipons-
BeJeHHe MJIAINX KOd(GUIMEHTOB MHOMOWICHOB g U h paBHO +p. A Tak
KaK 4UCI0 p MPOCTOE, OJMH U3 3TUX MIAJIHNX KO3((HINEHTOB paBeH +1.
[loaToMy mpou3BejeHHe aGCOMOTHEIX BEJAMYMH KODHEH OZHOIO M3 MHOIO-
“WieHOB g ¥ h PaBHO 1. Y 3TOro MHOTOYWIEHA JOMXeH GHITh TAKOH KOPEHb A,
uto |af < 1. [Ipu 5TOM @ gOMKeH GHITH Takxke U KOpHeM MHorowieHa f. Ua
pasenctra f(a) = 0 cregyeT, 4TO

p=la"+aa"  + . tana <4 a4 ..+ @]

B cayuae a) IpuX0IuM K TIPOTHBOPEYHIO.

1 e A D R0 e 15 b 2157 s K S N
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B cay1ae 6), T. . B TOM CIy4ae, KOrja Cpeiu KOpHe: MHOrO4wIeHa f HeT
KOpPHEH M3 eJMHWIL], BHINOJIHAETCS HEPABEHCTBO [a| < 1, noaTomy

p<l+a|+...+lan-1].

CHoBa NpUXOAUM K IPOTHUBOPEHHIO. O

7.3. HenpuBogMMOCTH MHOT'OWICHOB, TPHMHUMAIOIIAX
Maible 3HA9E€HMA

TEOPEMA 7.5 (Ilona). lycTts f-— MHOroOwWIeH CTeNeHM N ¢ LEILIMHU KO-

n+1
a¢ppuLneHTaMu U M = [ 5 | IlpeanoaoxumM, YTO 4id NOTAPHO Pa3Iny-
HBIX UEJBIX YHCENd d1,...,0; BHIIOJIHAITCI HEPABEHCTBA | f(ai)t < 27™m!

U 1P 3TOM YHUCIA ay,...,0, He ABIAITCS KOpHAMu MHorodirena f. Toraa
MHOrO4IeH [ HEeIPWBOIMM.

JJOKA3ATEALCTBO. Ham nmorpebGyercsa ciexyiolee BCOOMOraTelLHOE
yTBEDPXK IeHHe.

JIEMMA (Tloua). Ilycrs g — MHOrowieH crenenn k ¢ measIMu Koabdu-
menTamu, dy < d; < ... < dj — ueasie uncia. Torga |g(d,-)| > k127F qaa

HEKOTOPOT'O 1. |

JJOKABATEJLCTBO. PaccmoTpunm MHOrOWIeH

g(di) 1
xr— di H di - d]' ’
J#i

Jlerko npoeeputs, uto G(d;) = g(d;) npui =0,...,kudeg G < k. [loaTomy
G(z) = g(x).

Crapmuit koaddunuenT MEOro4wIeHa G paseH

k
G(z)=(z—do) ... (x—dy) )
i=0

k

Zg(di) H ) 1dj'

i=0 j#i

IIo ycnoBMIO OH ABJIAETCA HEHYJEBHIM LIEIBIM YHCIOM, IIOITOMY €ro abco-
JOTHAsS BeawumHa He Menblnme 1. CieaoBaTenbHO, OJHO W3 YACET |g(di)|
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He MeHblIe
—1 -1
k 1 k 1
2=z 2 X1llm=| =
=0 j#i 1=0 jF#i

Mpegnonoxum, uro f = gh, rie g 1 h— MHOTOWIEHBI C HEILIME KO3-
$unnenramu. Moxso cuurars, 4To degh < degg = k. Tornam < k < n.
Hcno, uro g(a;) # 0 u g(a;) gemur f(a;). osTomy

|lg(ai)| < |f(ai)| < 27™m.

C apyro# cToponsL, cornacuo Jemme [lo#a 119 OOHOrO U3 YUCEN a; BH-
TIOJIHAETCSA HEPABEHCTBO |g(a,~)' > 27%k! (b1 npumensem semmy Ilofa k
d; = a;_1). OcraeTca 3ameruts, 4TO ecmm k > m, To 27%k! > 2 ™!,
B camoMm gene, ecmm =k +r, 1O

m

m! 2
F:(k+1)-(k+2)-...-(k+r)52’:5,;. o

ITPuMEP. Muoroures (z — 1) - (z —2)-... - {z — n) + 1 HempuBoauM.

Apyrue npu3HAKM HENPUBOAMMOCTH MHOI'OYICHOB, IIPHHAMAIOMIUX Ma-
Jible 3HaYeHHus, mpuBeteHsl B [Tv].

8. HenpuBoAMMOCTH TpPEXwWICHOB
H YeTHIPEXLICHOB

8.1. HenpuBogumocTs MuOrowienos r” + ™ + P + 1

Oycts f(z) = 2" + 2™ + e9x? + ez, rae n >m > p > 1l ug; = £1.
Boiacanm, caegys [Lj], B kakom ciay4ae muorowren f menpusomum. flcHo,
YTO MHOTOWIEH f HENPMBOIMM TOLJA U TOJBKO TOTJA3, KOTAa HEIPUBOIUM
MHOT'O4JIEeH

zf(x7) = 1462 ™ 4 £22" P + e52",
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[OTOMY HOCTATOMHO PACCMOTPETH C1y4an, Korja m-+p > n. B camowm gene,
ectum+p < n, 1o (n—m)+ (n—p)>n. U3 gareHenmero paccMoTpenns
MOXHO TaKKe UCKIIOUUTh TPUBUAIBHELM ciydal f(r) = (2™ +€3)(xP +€1),
T.e.n=m-+pPHE3 = E1€a.

ByzaeMm HasbIBaTh MHOIOWIEH (L) CTENEHH S 6036PAMHKbIM, €CIH G(T) =
= +zp(z7!).

JIEMMA 8.1. Ilycts f(z) = @(z){(z), rae ¢(x) u $(z) — MHOrOWIEHEL
HOJOXUTEIBHON CTENEHH ¢ HeThIMU KO2(D(PUUMEHTAMY U €O CTAPLINMH KO-
dunmenramn 1. Torga no xpairenn Mepe oauH 13 MHEOrO4wIeHOB () U §(T)
BO3BPATEH.

JOKABATEJLCTBO. Ilycth r = deg@ u s =n —r = deg¢. Paccmorpum
MHOT'OYJIEHBI

fi(@) = a"pz (@) = )™,
=0

fa(@) = 29 ple) = " fu(a ) = 3 e
i=0

AcHo, uTo

fi@) f2(2) = 2" f(z71) = (" +e12™ + €22 +£3) (63 + 622" P 512" T 4 1),
/

CpaBHenue kK03 pUIMEHTOB NpK - NOKA3BIBAET, UYTO CoCn = €3, IOITOMY

co = 1 u ¢, = 1. Cpasaenre k03(pGHUIMEHTOB OPU " NOKA3LIBAET, YTO

2n

o+t A+ =146l +e)+e3 =4,

T.e.ci+...+c3_; =2 Utak, ¢g = +1l,¢, =1, ¢, =21 m cg = *1 pa
HekoTOphx 1 < a < B < n — 1; Bce ocTaabHble KO3hGMUIMEHTH ¢; PABHBI
mymo. Hoaromy fi(x)f2(r) MOXKHO 3anucaTh B AByX BHIAX:

CoCn®>™ + CaCnx® T + c;;cnzr‘)"_ﬁ + cocez™ T +

+ cocpz™P + o™t p 4™ L (1)
u

£3‘T2n+€2z2n—p+81z2n—m+£1€3$n+m +E2€3xn+p +

+ e8P 4 4+ (2)
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1068 cpaBHUTS (1) 1 (2), yIOPAAOYMM MOHOMEI B NIOPA.IKE BO3PACTAHMA
CTeneHeM, y M ThIBAA JHIIb TP cTapmux MoHoma. Jas (1) nonyyaeM yeTsipe
BADUAHTA:

B<n/2 : 2n>2n—a > 2n -,
B>n/2,a<n—-0 : 2n>2n—a>n+0,
B>n/2,nf2>a>n—-B : 2n>n+B>2n—aq,
B>n/2,a>n/2 : 2Zn>n+B>n+a.

Hna (2) nonyvaem gsa BapmaHTa:
n>2m : 2n>2n—p>2n—m,
2Zm>n>n+p : 2n>2n—p>n+m.

Cpapumsas Tpu crapmmx mMonoma B (1) u (2), ana napsr (a,B) nory4aem
4eTHIPE BO3MOXKHBIX BADHAHTA:

(0,B) = (p,m), (p,n—m), (m,n —p) wwm (n —m,n —p).
Ecau (a,B) = (p,m), To cpasrerue (1) u (2) nokaswiBaeT, ¥TO
COCn = €3, CpCp =E€2, CpmCn = €1,
HO3TOMY
fi(z) = cplesa™ + 22" P+ 612" ™ + 1) = ez f(z7h).

CaegoBaTensHo, $(z) = cpz®P(z ).
Ecau (a,B) = (n — m,n — p), TO aHAJOTMIHO TOIYYaeM

CoCn = €3, CoCpn—m =¢1, CoCp—p = €2,

HO3TOMY
fi(@) = co(2"™ + e12™ + €22 +€3) = co f(2).

CaegosarensHo, ¢(z) = coz"o(z71).
Ecmn (a,B) = (p,n — m), To B (1) BCcTpevaloTcs MOHOMBI CTEIeHel

2n, 2n—p, n+m, n+p, 2n—m, 2n—m —p, n,
a B (2) BCTPEYaI0TCA MOHOMEI CTEIEHEeR

2n,2n—p, 2n—m, n+m, n+p, n+m—p, n.
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[MosToMy 4mMcIO 2n — m — P PABHO OJHOMY M3 Tpex ducea n + m,n + p,
n+m—p. PaBeHcTBa 2n—m—p = n+m ¥ 2n—m—p = n+ p IpOTUBOPEYAT
IPEANOJIOKEHHIO 0 TOM, uTO 1t < m + p. [looTomy 2n —m —p=n+m —p,
t.e. n = 2m. CregoBatensHo, (a,B) = (p,m).

Ecau (a,B) = (m,n — p), To ananornyno noayyaeM n = 2m, t.e. (a,f8) =
=(n—-m,n—p). ]

JIEMMA 8.2. Iyctbs A u X! — xopuu muorourena f(r). Toraa Bemon-
HAETCA OJHA U3 TPeX Hap yCJIOBHI:

(I) X'=—e3 m NP =—ge,
(H) W= —g1e3 U NP = —g,
(111) AW =—ge3 u N = —g.

JMOKA3BATENLCTBO. Yciaosua f(A) = 0 u f(A°!) = 0 moxuo 3anucats B
BUIE

N e N 4+ eahP 483 =0, N +egesN P 413l ™™ 63 =0.
BriuvTas 0JHO PABEHCTBO M3 JPYTOro, IOy TUM

gotgN P 4 £183X° ™ — )N — g9AP = 0,

T.€

(€a NP + 1) (eaX" ™™ —g1820P) = 0.
ToaTomy au60 AP = —g3e0X™, b0 AP = g1e0e3N" ™™ [logcTapus 3TH 3HaYe-
Hug AP B cootHomenue f(\) = 0, moay4nm, cOOTBETCTBEHHO, M1b0 \* = —¢3,
aubo

(X" 4+ e1eg)(N™ —gq) =0. O

C nomompio gemm 8.1 u 8.2 1erko noxasaTh CIeAyIONIME JBe TEODEMHI,
KOTOpHIE, B CBOIO O4epPe[b, IPUBOIAT K MOJHOMY OIMUCAHUIO HENPUBOAUMBIX
MHOTOWIEHOB BBaa T +&15™ + €32 + £3. B 06enx teopemax (kax u B aeM-
Mmax 8.1 u 8.2) npeanonaraercs, 4To n < m+p u f(x) # (2™ +e2)(zP +¢1).

TEOPEMA 8.1. a) Ecim y MHOrowwreHna f(x) HeT KOpHeil, ABIAIOLIMXCA
KOPHAMM W3 €AMHMIbI, TO MHOTOWIEH f(Z) HENPHBOUM.

6) Ecim y Muorounesa f(z) ecTh pOBHO ¢ KODHEH, ABIAIOIIMXCA KODHAMH
M3 eMHUIBL, TO MHOTOWIeH f(Z) MOXHO IPEACTABUTE B BIAE IPOU3BELEHUA
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IBYX MHOTOWIEHOB C HENRIME KOIMGHUIMEHTAMM, OJMH U3 KOTOPBIX MMEET
CTeNneHb ¢ M BCE AaHHBIE ¢ KODHER M3 €JVHMLELL ABIAIOTCA €ro KOPDHAMH, a
APYTOM MHOTOWIEH HEIIPUBOIMM.

JOKABATEJAbLCTBO. Ilycts f(z) = ¢(z){(z), rae ¢, $ € Z[z]. Cornacuo
nemMMe 8.1 MOXHO CYUTATBL, 9TO €CIM A — KODEHb MHOI'OWIEHa ¢, TO X!
TOXE KOPEeHb MHOTO4IeHa ¢. B TakoM ciyuae, Kak cirexyeT u3 jJemmsl 8.2,
A — KOpeHb U3 efuHunsl. Ecim He Bce KOPHU MHOTOWIEHa f SBIAIOTCA KOP-
HAME U3 eJMHHIE, TO Ju60 MHOTOWIeH ¢ HenpuBoiuM Haj Z, 6o ¢ =
= 12, rae $1,P2 € Z[z] n Bce KOPHM MHOTOWIEHA (1 ABIAITCA KOPHAMU
U3 eIUHMIL], & y MHOTOWIEHA (2 €CTb KOPEHb, He ABIAIOMMHUCA KODHEM K3
eIMHUIEL. B TakoMm Ciydae Bce KODHM MHOrOWIEHA @Y1 ABIAITCA KOPHAMU
U3 equEunbl. IIpOJOmKas aHATOTMYHEE DACCYXAeHUA AI1A MHOrowIeHa (s,
noay4duM TpebyeMoe PasiokeHue MHOTOUIeHa f. 0O

OcTaeTcs BHIACHATD, B KAKUMX CIyIadX Y MHOrO4IeHa f eCTh KOPHHU, ABJIA-
foIIMecsa KOpHAME u3 egununsl. OTBET Ha 3TOT BOHPOC JaeT CAEAYIOMIAs
TeopeMa.

TeEOPEMA 8.2. Ilycth d — HanGoabmmnu o6mMi JeJuTedb SUCe 1, 17, P
IMonoxum

n1 =n/d, my =m/d, p1 = p/d,

dy = (n1,m1 — p1), do = (mq,n1 — p1), dz = (p1,n1 —ma).

Toraa 10601 KOpEHb U3 eINHAILL, ABIAIILIKICHA OJHOBPEMEHHO KODHEM MHO-
roaiesa f, yAOBIETBOPAET OJHOMY U3 yPaBHEHHUN

gl =41, g% =41, g =41,
IpUYIeM OH ABJIAECTCA HEKPDATHHIM KOPDHEM MHOI'OYIEH f-

JIOKA3ATEJLCTBO. IlycTh A — KOpeHD K3 €AUHUIE], ABIAOMIUHCT KOD-
meM muorodnesa f. Torga X! -— roxe kopens muorouwrena f. Jlemma 8.2
JaeT TpM BapMaHTa ycnosui Ha A. PaccMoTpum, Hampumep, BapuanT (I):
¥ = —gg u K"7P = —g160. fcno, uto (n,m — p) = ddy, nosTOMYy Cymme-
CTBYIOT TaKue LeJble Iucaa u u v, 9to ddy = nu+(m—p)v. CrezosaTensHo,
Mdi = () (¥mP)? = %1, Tak Kak N* = —e3 = £1 u \"7P = —ge3 = *1.
Bapuautst (II) u (III) paccMaTpuBaloTCs aHATOTHYHO.

OcraeTcs JOKa3aTh, 9TO A — HEKPATHEIM KOPEHb MHOrowieHa f, T.e.
M) = ol + eymX™ + eophP # 0. Tlogcrasnsaa coorromenus (I), (II)
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u (III) B pasenctBo nX* + e;mX™ + g2pA? = 0, NOAY4UM, COOTBETCTBEHHO,
E2hP(p — m) = ne3, e2AP(p — n) = me3, e X" (m — n) = pest3. PaBeHCTBO
|A| = 1 B nepBOM Ciy4ae BHIMOJIHATLCA HE MOXET, & BO BTOPOM M B TPEThEM
cllydae 5TO PaBeHCTBO O3Ha4aeT, uto n = m + p. llpu ycaoBun n = m +p

coornomenua (II) npunumator Bug X* = —~g£1€3 U N = —gg9, & COOTHOLIE-
aua (I11) npusnmator Bug ¥ = —eze3 u ¥ = —¢1. B oboux cyvasx e3 = €1 €2,
4TO0 cOOTBETCTBYeT MHOrOwiery f(z) = (™ + e2)(@P + €1), MCKMIOYEHHOMY
U3 pacCMOTPEHUA. O

8.2. HenpuBoAUMOCTE HEKOTOPHIX TPHMHOMOB

Bocnonb30BaBIINCE PE3YJILTATAMH, IOJYYEHHEIMA B IPEALIAYLIEM Napa-
rpade, HeCJIOXKHO BBACHUTH, KAKie U3 TPUHOMOB BuAa £ + o™ + 1 Hempu-
BOJUMEI.

TEOPEMA 8.3 [Lj]. llycts n > 2m, d = (n,m), ny =n/dum; = m/d.
Toraa MHOrO4wIeH

glz) =z" +ex™ +¢, rmee=xlme ==,

HEIpMBOJMM, 33 MCKJTIOYEHHEM TpeX CIy4aes, B KOTOpHIX ny + my = 0
(mod 3):

a) n] ¥ My HEYETHH M € = 1

6) ny wetHo M &' = 1;

B) m; deTHO M €' = €.

Bo Bcex »THX caydaax g¢(z) ABISETCA DPOU3BEJCHMEM HEKOTOPOrO He-
IPUBOAAMOIO MHOTOWIEHA HA z2¢ 4 ¢gmempd 4+ 1.

OKA3BATEJALCTBO. Caywait, korga n = 2m u ¢ = 1, ouesugen. Ilo-
3TOMY OyleM CIMTaTh, YTO AH00 N = 2m 1 ¢/ = —1,m60 n > 2m. B Takom
Cay4ae K MHOTOYIEHY

(z" +ex™ +¢)(a" —¢) =" + e —ee'z™ — 1

MOXHO OpuMeHHTb TeopeMsul 8.1 1 8.2, mockoabKy 2n > 1+ m > m ¥ ecin
2n = (n+m) +m, T.e. n = 2m, TO €3 # £1€2. B 0603HAYEHUAX TEOPEMEI
8.2 umeem:

(2n7n+m’m) = (n,m) = da dl = (2n17nl) =Mni, d3 = (mlanl - ml) =1

u dy = (n1 +my,2n; —my) = (n1 +my,3n;). Takum o6pasom, dy = 1, ecin
ny +my Z 0 (mod 3) u dg = 3, ecm ny +my = 0 (mod 3).
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CoraacHo Teopeme 8.2 KOPHU M3 €JMHUIE, ABIAIOIIMECH o,aHOBpemeHHo
KODHAME MHOT'O'WIEHA g, yAOBJIETBOPAIOT ONHOMY M3 ypaBHeHmi %9 = +1,
dd2 = +1, z%s = +1. llepsoe ypaBHerue umeer Bug " = *1, a TpeTbe
¢ = +1. Ecm 2" = #1, 10 g(z) = +1 + ez™ :i:l;éO,aec.nnzd=
= :tl, To g(x) = £1+ 1+ 1 # 0. OcraeTrca paccMOTpeTh ClIydail, KOr4a
dy = 3. B aemme 8.2 cayuann (I) npusoguT k cooTHomeHusM X" = +1 u
X' = %1, a cayuait (III) npupoaut k cooTHomenumam X" = 1 u ™™ =
= 1. B oboux cayyasx noaydaem X' = *1, nosromy g(A) # 0. Caygan (II)
IPUBOJUT K COOTHOWEHUAM X' T =g, K" ™™ =¢¢/ 1.e. B" = ¢/ ¥ = ¢¢'.
Taxum o6pasom, (B4)™ =¢' u (B)™ =¢¢/, rae (ny,m1) =1un; +m; =
= 0 (mod 3). U3 ycaoBus (ny,m1) = 1 creayer, 4o nju + mv = 1 aaa
HEKOTOPHIX LEJIRIX 9ucet u u v. IlosToMy

)\Sd — )\3dn1u+3dm1v — (El)u(esl)v = +1.

Eciu uncaa nqy 1 my mevernsr, o °¢ = ¢/ = ¢¢/, mosTomy £ = 11 234 = ¢'.
Ecnu wucno ny 9erno, to ¢’ = 1.
Ecan uncno m; yerno, o g¢’ = 1. ]

Cornacno npusnaxy Ileppona (reopema 7.2 ma c. 68) Tpumom z" =+
+az" ! £ 1, rae a > 3— neqoe 4nCIO, HenmpuBoauMm. IIpu a = 2 sror
TPHHOM HENPHUBOJNM, €CJIM y Hero HeT KOPHel, paBHbIX +1. Bee aTu yTBep-
JXKJAEHUA BEpHHI U 414 TpuHOMa " + ax £ 1.

HenpusogumocTs Tpunomos " £ 22™ + 1 uccaegosana B [Scl].

B zaknrouenne npusegeM GOpMyIMPOBKM ABYX TEOPEM O HEIPUBOLMMO-
CTH TPHHOMOB.

TEOPEMA 8.4 [MS]. Ilycts MHOrouwnes 2" + pz™ + 1, raen > mu p—
npoctoe 4ucio, npusoiuM. Torga n/(n,m) < 49*,

TEOPEMA 8.5 [Ra]. a) Muorowien z° + 7 +n pack/aafbIBa€TCA B IPOK3-
BeJEHUE HENPHUBOIUMEIX KBa,qpaTHoro n KyOM4eCKOro MHOIOYIEHOB TOrAa
¥ TOJBKO TOrja, Korga n = x1 wau n = =+6.

6) MHOrowien z° — £ + n pacKIaJLIBAETCA B IPOU3BEAEHHE HEIIPUBO-
AUMBIX KBAJPATHOTO U KyOMYeCKOI'0 MHOTOWIEHOB TOTAa M TOJBKO TOrIa,
xorga n = +15, n = 22440 uu n = +2 759 640.

9. Teopema nenpurogumocTu I'minGeprTa

Hycrs f(t,z) e Q[t,z] —muorowien or gByx mepemeHHHIX. MuOro-
4ieH f HasHBAOT npusodumvim, ecin f = gh, rae g,h e Q[t,x] — muo-
COWIEHE! TIOJNOKUTEILHOR CTEIIeHH.
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TeEOPEMA 9.1 (Pmwasbepr, [Hi3]). Ecam f(t,z) — menpusoauMbiir MHO-
rowrer Hax @, To cymecTByeT GECKOHEUHO MHOI'O PAlMOHAIBHBIX YuCern o,
I8 KOTOPHIX MHOTOwIeH f(to,z) HempuBoauM Hax Q.

Mpbi mpEBegeM 10Ka3aTelbCTBO TeopeMel [minbepra, MpUHAfIeKaLnee
Jiépre [DJ], BOCIOIB3OBABIIMCE TEMH U3JN0KEHUAMY ITOTO J0KA3aTEIbCTBA,
koTopsle npusefersl B [J12] u B [Sr]. Boaee coBpeMeHHOE JOKA3aTeTLCTBO
MoxHo HanTH B [Fr].

HauneM ¢ TOro, 9TO YCTAHOBMM CBA3b MeXIy TPUBOAUMOCTBHIO MHOIO-
anena f(to, T) ¥ HATMYMEM Ha OIIPEJEICHHON aNre6panyeckol KpUBOM TOIKH
C PalUOHATLHEIMH KOOD [UHATAMH (to,yo)- Ilycts f(t,z) € Qft,z] — nenpu-
BOJMMEI MHOTOWIEH. 3anmimeM ero B suze f(t, ) = an(t)z"+.. . +ao(t), rae
ai(t) € Q[t]. Muorowseny f(t,x) MOXHO cOmOCTaBUTb MHOrOwIeH F(z) =
= ap(t)z" + ... + ao(t) c xosddunmenramu n3 nora k = Q(t). Iycrs k—
aarebpameckoe 3ambikanue nouas k. Toria

F(z) =an(t) - (z—a1) ... (x —an),

rae ai,...,%, € k-—KOpHH HempuBOJuMOro Haj k = Q(t) muoroureHa
F(x) = f (t,x). B cy4ae, KOrAa an(to) # 0, MM MOXKHO CONOCTaBATH KOPHU
..., & Q muorounena f(to,z).

HpezmonomnM, 1o MHOrounex f(to,z) mpusoinM Hax Q. IMocae mepe-
HyMepaluy KOPHelt MOXHO CIMTaTh, 9TO f(to, ) = an(to)go(z)ho(z), rae

go(x) =(’J?-a'1)'~-'(r—a') EQ[VE]
ho(z) = (z — afyy) - (2 — o) € Qlz].
Monoxum g(x) = ( — 1) ... (x — as) w h(z) = (m —Agp1) - (T = Ap).

Toraa F(z) = an(t)g(z)h(z), rae g(z), h(z) € klz]. Ilo ycaosuio MHOTOLIeH
F(z) menpusojum Haj k[r], mO3TOMY y MHOrOWIeHa g(x) ecTh HEKOTODBIH
koaduupent y, dexaumir B k \ k. HanommmM, wro k = Q(t), noaromy
aieMeHT Y aareGpandex Hag Q(t), T.e.

b (Y™ + b1 (Y™ + .+ bo(t) =0, rme bi(t) & Q).

B peayabTaTe NoiydaeM HEKOTODPYIO anreGpandecKyio KpUByo C (c pauw-
OHANLHBIME KOX(PUIMeHTaMH) HA IIOCKOCTH (t, y). Hpu sToMm xo3dpdumy-
€HTY y MHOTOY/JIEHA § COOTBETCTBYET KO PUINEHT Yo € Q muorouena gy,
KOTOPHIM YAOBJIETBOPAET COOTHOUIEHUIO

bm(to)ygl + bm_l(to)y('," 1 + ...+ bo(to) =0,

1. e. Ha KpuBoit C ecTh paurOHAIBHAA TO4KA (to,Yo)-
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Wrax, paccMOTpUM BCe MHOTOWIEHH BUAA (£ — ;) - ... - (z — a;, ), rae
1<k <n-1,nykaxgoro u3 3TUX MHOMOWIEHOB BEIGEpPEM KO3(MDHUIUEHT,
He aexamui B Q[t]. ITn KO3pPUUMEHTAM MBI CONOCTABAM ILIOCKHE aJre-
6panyeckue kpussle C1, ..., Cyr ¢ panuoHaibHEIME KoadduuuenTamu. [Ipn
3ToM ecim Touka ¢y € {Q Takosa, YTO HU Ha oxHOM w3 KpuBLIX Cj,...,Cuy
HET PalMOHANBHEIX TOYEK Buia (to, Yo ), TO MHOrOWieH f(tg, Z) HEIPUBOIUM.

daiMeMcaA Tenepb MCCACSOBAHMEM PANMOHAIBHBIX TOYEK ILIOCKOH aJre-
6panieckou kpusou C, 331aHHOM yPABHEHUEM

bn()y™ + b1 ()y™ L+ ..+ bo(t) =0, rae bi(t) € Z(b).

IIpex e Bcero caenaeM 3samMeHy nepeMeHHBIX § = by, (t)y. B peayabTaTe mo-
Jy9MM KPUBYIO

T™ + b1 (T + b2 (Db (T2 + ...+ bo(8) (b ()™ = 0.

Ecau (to,9) — paunonanbHaa To4Ka 3TOM KpUBOHM U ty € Z, T0 o = Z.
B ganbeenmeM OrpaHMYMMCA PACCMOTPEHMEM LEJOIUCACHHBIX TOYEK KpH-
BOM.

Wrak, MOXHO c4MTaTh, 9TO b,, () = 1, T. €. KpuBasA 3a1aHA ypABHEHUEM

Y + b1 (Y™ ...+ bo(t) =0, rae bi(t) € Z(1).

[okaxcem, 9TO B OKPECTHOCTH TOYKH t = 00 ajreGpandeckas pyHkuus y(t)
uMeeT pasroxenue Buaa y(t) = a(t/®)* + ..+ b+ c(tV/F) 4+ ..., rae
t'/¥ — onma u3 BeTBel KOpHA cTenenn k u3 ¢ (411 ONpegeIEHHOCTH BHOEpEM
Ty BeTBb, 151 koTopoi t1/% > 0 mpu t > 0). Orobpaxenue (y, t) — t 3agaer
pasBeTBiIeHHOe HakphiTie M? — CP!, rge M? — puMaHOBa MOBEPXHOCTD
anrebpandeckon dyrkuum y(t). Hac uarepecyoT BeTBu 3TOr0 pa3peTBiIeH-
HOT'O HaKPBHITHA HaJ TOYKOH 00. BoabMeM OHY M3 BeTBEH U PACCMOTPUM ee
nepece¥eHue ¢ MpooGpal3oM OKPeCTHOCTH TOuku 0o. OrpaHHveHue pa3ser-
BJIEHHOIO HAKPBITHS Ha 3TO MHOXECTBO UMeeT BUJ z — z¥. DTo o3mavaer,
410 dynkuusa y(z) ogHosHayHa u zF = t. fcro Takxke, uTO TOYKA z = 0O He
ABIAETCA CYIIECTBEHHO 0CO60M TOUKOM QyHKUUM y(2).

Hac unrepecyer ciy4adl, Korja cylwecTByeT (G€CKOHEYHAA BO3PACTAIO-
mWas NoCIeJOBATEIbHOCTh HATYPAIBHEIX YUCEN t;, AAa KOTOpHX Y(t;) — Be-
mecTBeHHOe (M gaxe penoe) ducio. IIokaxeM, 9TO B TAKOM CIydae BCE KO-
adunmenTH pasnoxerus y(t) sewecTBenHnl. [IpeanonoxuM, 4To He Bce
aTH KoadduumenTH BemecrsenHsL Ilycrs £25/% — wien camoli crapiuei cTe-
nenu s/k ¢ mesemecTsennbiM £, Torja nNpu BeleCTREHHBIX ¢ WIEHHI GoJee
BBICOKO! CTEMEeHN HUKAK He BIAAAIOT HA MHUMYIO 94CTh CYMMBI PAJA, 8 IPH
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t — +00 WIeHBl MEHbUIEN CTENEHM MAJhl 0 CPABHEHMIO C £t°/% u me Moryr
YHHUTOXHUTH €r0 MHUMYIO JaCTh.

OcTaeTcs CAeIaTh MOCAEAHNMI WAr — I0Ka3aTh, 4To 4ucta t; € N, nis
koTophX Y(t;) € Z, 06pa3yloT MHOXECTBO HY.JIEBOH ILIOTHOCTH. JTO JIErKO
BHLIBOAMTCSH M3 CIEIYIOLIEro yTBEPXK IeHUA.

TeOPEMA 9.2. Tyets (t) = a(t/*)* +. ..+ b+c(t'/F)~ +. .. — pynx-
U BELIECTBEHHOTO NEPEMEHHOr0, NPeICTARICHHAsA BEIECTBEHHBIM PAAOM,
cxogammMca opu ¢ > R. [Ipeamonoxum, 410 ¢(t) — me muorowied. Toraa
cymecTsyioT Taxue KoHCTaHTH C' > 0 u ¢ € (0, 1), ITO KOMM4ECTBO HATY-
paabubx gucen t < N, nas koTopex ¢(t) € Z, He IPEBOCXOTUT CN-.

JOKABATEJBCTBO. IIpexje BCEro 3aMeTuM, ITO B PA3/OXEHUH PO~
M3BOAHON TIOpAAKa m GyHKumMM @(t) = a(t'/k)* + ... mer wienoB Buga t’,
rae v > (n/k) — m. TlooTomMy MOXKHO BEIGPATE mesoe 4ucao m > 1 TaK, 1o
@™ (t) ~ ct™ npu t — oo, mpruém u > O u ¢ # 0 (mocressee CBOUCTBO
06€CTIeIMBAETCA TeM, ITO () — HE MHOTOWIEH).

JIEMMA. CymecTByIOT Takue HOJOXHWTEIbHbIe KOHCTAHTHL €1 ¥ O, ITO
ecin T nocraTouno semnko, To otpesok [T, T + ¢;T? conepxut He Gosee
M HATYpPAJbHBIX Yncel ¢, Ui KOTOPIX ¢(t) € Z.

MOKA3ATEJILCTBO. Ilycts t; < ... < tjpy1. PaceMoTpum muTepnOI-
UMOHHBINM MHOro4wieH Jlarpanxa

sy (E—t1) - (E—tic))(E—tix1) o (E—tmp1)

ft) = Zl (P(t")(ti —8) (b=t ) (f —tiv1) e (i~ b))

dyukuns @— f 06PAMAETCA B HYJIb B TOIKAX t1, . . ., fm41, TOITOMY COMVIACHO
teopeme Pomts ma oTpeske [ti, tmy1] €CTh TaKas TOUKA &, ITO

) m+1 QO(ti)
CP(M)(E) = f(m (E) =ml Zl (t; —t)-. (i —ti-1)(ti — ti+1) o (t —tm+1).

Takum 06pazom, ¢(™ (§) — pauMOHATLHOE YUCIO, 3HAMEHATEIb KOTOPOro He

IPEBOCXOJUT I @-t) <(tmn —¢,)™(m+1)/2_C xpyroi CTOpOHHL,
1<i<j<m+1

ecan t; ZOCTATOYHO Beauko, T0 0 < |cp(m)(i)l < oty ™ A
Tonoxum AT = ty,y1 — t1. Torga |f(’")(§)| > AT~mm+1/2  noaromy
eyt > AT™™MAD/2 g el AT > T rze o = 2u/mm+1)uc =

- c2—2/m(m+1). 0
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Bribepem ¢ Tak, 410 1 —qg = ¢, T.€. £ = (mpu aTomM 0 < € < 1).

1
1+a
Pasobeem orpesok [1, N] na orpesxu [1, N¥] u [N¢, N]. Cornacso nemme io-
6ot oTpesok munbl ¢1 (N®)?, npuuatnexammit [N*, N ], cogepxut me Goaee
M HATyPaJbHEIX YHCel t, 11g KOTOPHIX ¢(t) € Z. [losTomy ofmee kommde-
CTBO TaKUX HATYDAJIbHBIX ducen ¢ Ha orpeske [1, N| He npesocxogut

N - N°¢

Nt +n = <NE+EN1_GE:]VE+ENE.
ClN c1 c1

m
Taxum o6pasom, B kavecTBe C MOKHO B3ATH 1 + —. O
C1

lycrs B(N) — xomnyecTso HaTypatbuex umncer ¢ < N, gua KOTOPBIX
9(t) € Z. Torza ’\}im (CN*/N) = 1\}im (C/N'=¢) = 0. Do, B yacTHOCTH,
N=OC -0
O3HA4aeT, YTO CYIUECTBYET GeCKOHEeYHO MHOIO HATYDAJLHBIX WHCeT ¢, A1
KOTOpHIX ¢(t) & Z.

10. AnropuMTMBI DasjioXEHHA HA HEIPHBO JUMBIC
MHOXHUTEJHN

10.1. Auaropurm Bepaexamma

B nawnGosnee 5hdeKTUBHBIX ATrOPHTMAX PA3/OKEHAA MHOTOWICHA C I6-
JBIME KO3 PUIHEHTAMH HA HENPUBOAUMBIE MHOXUTEIN UCTIONB3YETCA Pas-
JIOXEHNE 3TOr0 MHOrO4IeHa Ha g noneM [y, auna wekoToporo npoctoro p. Io-
3TOMY MBI CHaYaIa 06CY IUM OIMH U3 ATTOPUTMOB Pa3I0KEHI MEOTOWICHOB
1O MOAY.IIO p, NpeAtoxenneli Bepaeksmmom [Berl].

[ycrs f — MuOrOWIeH ¢ KOd(DULMEHTAMY U3 O F,. Mox#o cunTaTs,
TO ero cTapmmit Kodduunment paset 1. Ilpex e 1em npuMeHATs anropuTy
Bepaexamnia, HyxHO 136aBUTBCA OT KPATHBIX HENPUBOAUMBIX MHOXKHTEJEH
mHorourena f. [eraerca aro caesyiommum obpasom. Ilyers f = e
oo fo¥ rae fi,..., fr — nonapHo pasnmaHLIE HEIIPUBOJUMbIE MHOIOYJIEHE
€o cTapummu koaddpuuuentamu 1. Jerko nposeputs, 4To

d=(f,f")= H et Hfi"'} T. €. 52 H fi
pin; plni ptn;

Mruorouner f pasnaraercs B mpousBeeHre MHOMOWIEHOB d 1 f/d, npudem
B DA3JIOXKEHUU MHOTOUIeHa, f/d HeT KPATHBIX HEHPMBOIMMEIX MHOXKUTEEH.

Ecau degd < deg f, T0 k MHOrO4MeHy d MOXHO I;IPPIMGI;YITB TAKyIO XKe OIe-
_— L R—
pammio. Ecin xe 0 < degd = deg f, Tod = [ f{*" = g”. fcno, wto degg <
pln:
< deg f ¥ 1O Pa3IOKEHNIO MHOTOWIEHA § MOXKHO BOCCTAHOBUTD PA3/iOXKeHUe
MHOTO4IEHA d. o .
Aazopumm Bepaexamna OCHOBAH Ha CIEIYIOLIEHN TEOPEME.

TeoPEMA 10.1. Hycts f € F,[z] — MHOroOWIeH MOIOXUTENLHO CTe-
[eHU N ¢ CTApmuM KoddduuueHToM 1. .

a) Ecan muorouren h e Fp[z] yaosrersopser coornomermio h? = h
(mod f), T.e. h? — h gemnrcs Ha f, TO

asF,

6) Oycts f = fi- ... fr, *A€ f1, ..., fr — TONApPHO padIMYHBIE He-
IPMBOJMMEIE MHOTOWIEHH CO CTApumM Koddouunentom 1. B takom cryae
MHOTOWIeH h y10BIeTBOpsAeT cooTHOMWerno h? = h (mod f) Toraa u Toabko
toraa, korga h(z) = a; (mod f;), rae a; € F,. Ilpu aTom xax oMy HabODPY
(ay,...,a;) COOTBETCTBYeT POBHO OIMH MHOTOWIEH h, CTeleHb KOTOPOro
MEHBILE CTelleHN MHOrowIeHa f.

JIOKABATENLCTBO. a) Momowum F(z) = [] (f(z), h(z) — a). M=o-

askF,
rowieHs h(z) — a IpM DasIMYHBIX @ B3AMMHO NPOCTHI, HOdTOMY MHOTO-
wrensl (f(z),h(z) — ) ABIAIOTCSA B3AMMHO MPOCTHIMU JEJIUTENAMH MHO-
roarena f(z). CreropaTenpHo, MHOrOWIeH f(Z) AEIMTCA HA UX NPOU3BE-
xeane F(z). C apyro#t cTopobl, B nose [, cnpaseimBo NOIMHOMHANBHOE

toxkgectso || (y —a) = yP — y, IOITOMY MHOTOIEH
aeF,

I1 (A(2) - a) = (h(2))" - h(z)

acF,

nermtea Ha f(r), a 3HauuT, muorowien F(r) nemrcsa na f(z). Utak, mHo-
rowtensl f u F gensatca Apyr Ha Apyra, a uX CTapuive KOX(pGUIMEeHTEH
paBH= 1, mosTomy F = f. ~

6) Ecm h(z) = a; (mod f;), To (h(z))® = af = a; = h(z) (mod fi),

a 3HAYMT, (h(a:))p = h(z) (mod f1 - ... fr). HaoGopoT, ecim MHOrO4wIeH
(h(z))” - ~(z) = [l e, ((z) —a) nemurca Ba f, To OH fEAUTCA HA BCE MHO-
rounessl fi, ..., fk- Hpcno TaKXKe, YTO eCIM HeNpUBOAMMBIN MHOTOUYIEH fj
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AEIUT NPOU3BEJEeHNe NONIAPHO B3AUMHO MPOCTHIX MHOXUTeel h(T) — a, To
OH J€IUT OJMH M3 ITUX MHOXHUTeNeH, T.e. h(z) = a; (mod f;).

CymecTBoBanme U eMHCTBEHHOCTL MHOTOWICHA fi C 33,JaHHEIM HABOPOM
(a1,...,a}) O¥EBMIHEIM OGDPA3OM BLITEKAET M3 CIELYIOMEro YTBEpXK ICHUs
(kumatickas meopema 06 ocmamxar das MHOZ0ULEHOS).

JIEMMA. Ilycts fi, ..., fr — B3auMHO mpocThe HEIIPUBOIUMBIE MHOIO-
“WIeHR! Haj nosieM F', gy, ..., gy — NPOM3BOMBbHLIC MHOTOYJIEHBI HAZ TEM JKe
noaem. Toraa cymecTByer Takou mHorowren h, ¥ro h(z) = g; (mod f;),
TpUYeM STOT MHOTOWJIEH ONpejeleH OZHO3HAYHO IO MOJYMI0 MHOTOMICHA

f=hfe

[JOKABATEABLCTBO. Muorounenw f; u F;, = f/f; B3auMHO mpocTel, mMo-
dTOMY CyWIECTBYIOT TAKHe MHOTOWIEHH a; U b;, uTo a;f; + b;F; = 1. lpn
orom b F; = 1 (mod f;) u b;F; =0 (mod f;) npu j # 1.

Honoxum h = Y g;b;F;. Toraa h = g¢;b;F; (mod f;) = ¢g; (mod f;).
CymecrBoBanue TpeGyeMoro mMaorowiena h 1oxasaHo.

EguncTsennocTs TpeGyeMoro MHOrOwWIeHa CiefyeT M3 TOTO, UTO eCIH

MHOTOWIEHS! hy — g; u hy — g; nenarcs Ha f;, To MuOrouneH hy — hy JEeJTUTCA
Ha fi-...- fr = f. Ooa

Coornomenue (h(z))” = h(z) (mod f) skeMBarenTHO cuCTeMe TumHEl-
HBIX ypaBHeHuit Han norem F,. B camom gene, mycts h(z) = to + tiz + . ..
-+ ta12™! (manomumm, wTo deg h < deg f = n). Toraa h(z)P = h(z?) =
=to+t 2P +.. .+t zPn), s xaxnoro Mmonoma 7, J=0,1,...,n-1,
Hai/eM €ro OCTATOK OT A€JeHUA Ha MHOTOWIEH f:

n—1
P = Zqijzi (mod f).

i=0

B pesyabrare momyunm cucremy TMHEMHEIX ypaBHeHMMH
n—1
Y tigij=ti, i=1, ..., n-1L
=0

PaameprocTs npocTpancTBa pemennit >Toi cucremul pasHa k, rae k — Ko-
JUIECTBO HENPUBOAMMBIX MHOXUTeNeH MHorowena f. fIcHo, 4To g = 1 u
g0 = 0 mpu ¢ > 0. [TooToMy crucTeMa MMeeT TPUBMAILHOE peleHue ¢y = c,

t1 = ... = tp_1 = 0; 3T0 pemenne COOTBETCTBYET MHOTOWIEHY h HyJeBOM
CTeneHy.
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Mycts hy =1, hg, ..., hy — 6a3uC IPOCTPAHCTBA pewenna. Ecm k =1,
To MHorouteH f HenpuBoguMm. Ecum xe k > 1, To HaxoauM HauOOILIIME
ofime JeIdTeIn MHOIOWIEHOB f(z)u u ho(z) — a gns BCex a EEIFP. B pz-
3yAbTATE NONYIuM HAG0D JEJUTENeH gy, .. ., §s MHOTO™ICHA f.Ecim s < Hé
TO IS KAXKJOTO g; BHEIMACIUM (gi,hg(z) — a), M T.JA. AO T€X IOp, HOKa

€TUTETEH.

HOHXI‘;?ZOBEZ;CBSpMTb, 4YTO B KOHIE KOHIIOB MBI O0A33TEJIbHO TOIY4HMM BCE
k meimrenen. B camom gese, nycTh fi u fo — pa3Hble HENPUBOJUMEIE ,agm—
e Muorodiesa f. Paccmorpum Habop (ay,a2,...,0k), TO€ a1 # a2. _My
COOTBETCTBYET MHOIOWIEH h, 1151 KOTOPOrO h(z) = a1 (mod f) n h(z) = ay
(mod f2). lloaTOMY A1 HEKOTOPOT'O 6a3UCHOrO Mnorom_neﬂa h; AO«;I;KHBI BHI-
HOJHATHCA cpaBHeHuA hi(z) = ai (mod fi) u hi(z) = a2 (mod f3), rae
@1; # agi. TAKOH MHOTO'IEH h; pasbeIUuHAT MHOXUTETH fi K fa-

3AMEYAHUE. Hcnoapays naeio alropuTMa pasioxeHnsa Kanropa—Ilac-
cenxayaa [CZ], MOXHO CyImeCTBEHHO yBEJININTE 3¢)q>eKTnBriO(;LTb a.niop}x:"r(nf;
BepaekaMna. A MMEHHO, BMECTO MHOI'O'LJICHOB hi(z) — a = hi(z) — ahy 2)
MOxHO 6paTh Muorowiens H(z) = athi(z)+.. Aaphi(z), raear, ..., ax _
CaydadHblll HAOOP HJIEMEHTOB Fp, ¥ BRMUCIATD HauboJabnmne odume m;m;
renu muoroarenos f u HP~1/2 — 1. Ecim Muorowien f NpusoauM 1 p 2> J,
TO ¢ BEPOATHOCTDHIO He MeHee 4/9 MBI DU HTOM Cpa3y XKe MOJyduM HeTpH-
BUATLHOE PAJIOKEHHUE.

10.2. daxTopu3aima ¢ NOMOMBIO JEMMBI Tenszens

Ha c. 61 npupejen aaropuT™ Kporekepa pasJOXeHUs MHOTOWICHA C Le-
ABME KO3(PUUMEHTAMY HA, HEIPUBOAUMEIE MHOXUTEIN, HO 3TOT Z.nropwm_x
TpebyeT CINIIKOM GOABIINX BBIACIEHAH. NaBecTHH n ropa3ao bogaee 3(1;_
dexTuBHEIe ATrOpHTMbL. HanGonbimmi TeOpeTHIeCKUU RHTEpeC npeacT
paser axropurs™ Jleactpsl—JlencTpoi-JloBaca, KOTOPEIN MBI o6cy 1M g [o-
noauernn (cMm. c. 313). Ho Ha mpakTuke OH Hepe,lnfo OKa:ALU.IBaeTCﬁ osee
Me/IICHHBIM, YeM aIropuTM GaKTOPU3AIUY, KOTOPHIM MBL CENIac (énu;n;mi

IycTs f-— MHOTOWIEH C IeJIbIMU koadpdumentamu. Ecam con 1( fH T]:.
10, mojieus f Ha cont(f), MbI IOLYMM MHOPOWICH € cOAepxanuem 1. 1lyc b
f=f"-... fi* — pasoxeHue MHOIOLICHA f Haa Z Ha HEOPUBOJMMB
muoxutenn. Toraa f' = 1"‘_1- ,?"_lg, rie g,e Z[z]. HOBTOI\/iZ—Hla.JI Z
HanGoTLIIMi oMyl qeruTers MHOrowienoB f u f' TOXe papen i .
R f,’z‘“_l, kax n Hag Q. Takum ob6pasom, Had Z MHOTO™IeH f MoxHO moe-
auth Ha (f, f') ¥ IOy 4HTH MEOrOWIeH 6e3 KPATHBIX KolpHen. B Aa.nbneuﬁem
GyaeMm cauTaTh, 9T0 cont(f) = 1 ¥ MHOTO4ICHEL f u f' B3aMMHO IPOCTHL.
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CywecTsyror MHOrowIens u, v € Qz], a1 KoTOpPLIX U fH+uof =1,
MO3TOMY CYWECTBYIOT MHOTOWIEHH U, U & Z[z], 414 KoTOphX Tf + Tf' =
=n, n € N. Ecru npocroe unciio p B3anMHO mpocTo ¢ n, TO HAA mOJeM
F, mauGonbumi o6muit 1e1nTens MHOCOYICHOB f n f' pasen 1. Byaem no-
ClefoBaTeNpHO BHMUCAATS (f, f') Hag F, mas p = 2,3,5,... 1o Tex nop,
IOKa He okaxeTcs, 9T0 (f, f') = 1 u npu sToM crapumii KospduumenT
MHOrO4WIeHa f B3aMMHO IPOCT € p. ITO NPOCTOE YUCIO P MBI PUKCUPYEM U
B JaibHenmeM GyJeM MMeTh JeJ0 UMEHHO ¢ HEM.

ITo Mmoaymo p y muorowiena f mer KPaTHEIX HENPUBOAUMBIX MHOMXHUTE-
JIelt, TO3TOMY K HEMY MOXHO [IPUMEHATH ATFOPHTM BepaexoMna u nmoayauTs
paznoxenve f = af; -...- fy (mod p), rae fi,..., fr Z[z]— muorounenn
CO CTapumM KOapPUUUeHTOM 1, @ — cTapumit KoadPUIMEeHT MEOrOYIeHA f
u deg f = deg f; + ... + deg fi. Ilpusoaumas Huxe semma TeHsens moaso-
JAET 10 3TOMY Pa3N0KEHUIO MOCTPOUTE PA3JIOKEHUe MHOTOWIEHA [ 10 MO-
Aymo p™.

JlocTaTo4HO paccMOTpeTs CleAyOMmyIo cutyauuo: f = f; fa (mod p™),
rae f, f1, f2 € Z[z], deg f = deg fi + deg fo, cTapumit KO3GhOUIMEHT MHO-
rourera fi pasen 1, cTapmmii koahpUIMERT MHOrOYIEHA f B3AMMHO mpocTt
C p ¥ MHOrO4wIeHH fi u f, B3auMHO npocTs Mo Mogymo p. Iocaennee yCa0-
BUE€ O3HAYAET, YTO CYIIECTBYIOT MHOTOWICHHE! U,V &€ Z[T], A1A KOTOpHIX
ufi +vfz = 1 (mod p). Ecm u',v' — npyrue raxue MHOTOWIEHBI, TO u' =
=utwf; (mod p) uv' =v—wf; (mod p), rae w € Zz]. losTomy yerosue
degu < deg fa, degv < deg fi 0HO3HAYHO 3348€T MHOMOWIEHB ¥ ¥ ¥ TIO
MOJIYJIIO P.

IIpodoasncenuem I'enzear pasnoxenus f = fy fs (mod p™) 6yaem Hazw-
BaTh pasioxenume f = f;f, (mod p™t1) rae n1a mHOrowieHOB fia7,
BBINOIHAIOTCA T€ JKe CAMbIe yCIOBHSA, ITO U JJIA MHOTOWICHOB fi M fo, W Ipu
atoM f; = f; (mod p™) u deg f; = deg f;.

JIEMMA (I'emsems). Ecim m > 1, To ana mo6oro pasioxemus f=
= fif2 (mod p™), yA0OBIETBOPAIOMErO YKA3AHHKIM BEIIIe YCJIOBHAM, Cylie-
CTByeT ero npogomxenue Lemsens f = f, f, (mod p™*1) u npn aTom MuO-
FOYIEHH! f; U f, ONPEJEICHbI O THO3HATHO 110 mMogymo p™H!,

_ JIOKABATEJIBCTBO. Mb MineM Takne MHOTOWICHH [y, fy € Z|z], uTo
fi = fi +p™gi, deg f; = deg fi, crapumit kosbdummenT f1 paBexu 1 u npu
STOM BHINOAHAETCA cpaBHenue f = f, f, (mod p™t1) 1.e.

fifa +p™(g2f1 + 91./2) + P*™g192 = f (mod p™t1).
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flcno, uTo p*™gi1g2 = 0 (mod p™*1), n0aTOMY MBI IPHXOAUM K CPaBHEHHMIO
k)

g2f1 + g1 f2 = d (mod p), (1)

rae d = p~™(f — fif2) € Z|z]. Pemenns cpasrenns (1) MO)!_(—HO HOAYIUTH
¢ TOMOIIbIO MHOTOWICHOB u M U, AJda KoTopwix uf; + vfe = 1 (mod p).
A umMenHo, g = dv+wfi (mod p) u go = du—wfp (m(:;l p), rae w € Liz]—
Ipou3BOIbHEIA Muorodes. Ua roro, ato f; = fi +p"g1 n CTapmnedKoaq)-
duumenTH MHOrowieHoB fi u f; pasHH 1, creayer, 4TO deggy < deg fi.
[lopToMy IIpM 3aJAHHOM U MHOI'OWIEH g IO MOIYMIO P ONpejeseH OXHO-
aHauHO. B TakOM ciydae MHOTOWIEH g2 TIO MOAYJIIO P TOXeE ONPeeNeH OAHO-
anauno. Cre1oBaTelIbHO, MHOTOWIEHB! fi U f, ONpeseneHbl OJHO3HAMHO MO

O
Moaymo pm L.

S3AMEUYAHME. Illpouecc BIYMCIEHHA DPa3NOXKeHUs MHOTOWICHA N0 MO-
Aymo p™, TAe M BEIMKO, MOXKHO CYIIECTBEHHO yCKOPUTD, CCim paccMaTpu-
BATH MOAHATHA PA3IOKEHHH II0 MOIYJIO ¢ A0 PA3IOKEHUH MO MOAYJIO g,
rae r = (p,q). Hogpo6uoctu cy. B [Coh].

Y106 NOAYIUTH pasioxkenyue MHOrodwlena f € Z[r] Ha HempuBOJUMBIE
MHOXHUTENN, MOXKXHO TOCTYIIUTD CETYIOIUM 00pa3oM. (MBIU OpeanoaaraeM,
wro cont(f) = 1 m y MHOrowieHa f HET KPaTHBIX kopuen.) C no%\(/}mmo
HepaBeHcTBa MuHboTTA (Teopema 17.6 Ha c. 171) noxyyum onesky M s
Koo UIMEHTOB AeTUTeNell MHOTOWIEHA f, CTereHh KOTOPBIX He 1PEBOCXO0-

IUT ldeg f. 3arem BEIGepeM m TakK, 4To p™ > 2aM, rae a > 0 — crapmmu
2

koodpdunuent Muorowiexa f. [locae 3TOro ¢ NOMOMIBIO AICOPUTMA Bepnix-
sMia 1 jemybl Tensens mocTponM pasioxenue f = a- fi-...- fr (mod p™),
rae fi,..., fr € Z[r]— MHOrO4MeHbI CO CTApIHMM KOdPHULHEHTOM 1. ~

Hycrs g(z) = ayz' + ... € Z[z]— pemrens mrorowrena f. Torya as =
= a/a; € N u MHOrOWIeH azg HO MOIYIIO p MMeeT BUL a - fir « oo fige
Yeaosue p™ > 2aM mokaseiBaeT, 4TO MHOIOWIEH G¢ ORHO3HATHO BOCCTA-
HABJAMBAETCA O MHOCOUIEHY @ - fi - ... fx (mod p™). B camom nese, koad-

1
m
(PUIVEHTH MHOMOWICHA G2 g 3AKMHOYCHEI CTPOTO MEXAY :*:Ep , IODTOMY OHM

m
OJHO3HA1THO BOCCTAHABINBAIOTCS II0 CBOUM OCTATKaM OT JeJICHUA Ha P .
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I'nasa 2. Henpusodumvie Mrozousens

dagaum x riase 2

2.1. llycts f € Z[r]— MHOrOWIeH ¢ KODHAMA Qy, ..., 0, U M =max |a;].
1

Mlokazate, 4To ecmn f(zg) — MpoCTOE YMCIO A1 HEKOTOPOIO LENOrO Zg,
npuieM |zo| > M + 1, To MHOrOUYIeH f HENPHBOAUM.

2.2. lyers p— npocToe 41ucio.

a) [lokasaTsb, 4T0 MHOrOWIeH 7P — 1 — 1 HENIPUBO JUM.

6) [oxasaTs, 4To MHOTOUNEH ZP — T — a, rae @ — HaTYPAIbHOE YUCIO,
He JeJdnieecs Ha P, HENPUBO INM. '

2.3. Ilycte pasa mHOTOUNEHA f € Z[z] CymecTByeT Takoe [eloe 9ucio n,
40!

1
1) Bce KOpHM MHOTOWIEHa, f J€XAaT B MOAYMIOCKOCTH Rez < n — =;

2) f(n—1) # 0;
3) f(n) — npocroe uncio.
Joka3aTh, 4TO MHOrOWIEH f HENPHBOIUM.

2.4 [KI]. a) Oycts f(z) = frz" + ... + fo € Z[z], npuuem |fo| > 1.
Oycrs, nanee, {ci,...,c } —BCe gemnrenn uucaa | fol. MIpeanonoxmm, uTo
B 7l PA3TUHBIX [EJIbIX TOYKAX Gy, . .., G, MHOTOWIEH f MPUHEMAET MPOCTHIE
SHAMEHUA Py, . .., Py ¥ DU ITOM |a;| > 21 a; e gent ¢j+1,raei=1,...,n
uj=1,... r. JokazaTb, 4T0O MHOrO4YIEH f sempusogum.

6) Ilycts weaele umcaa ap,...,an,” ¥ § TAKOBHL, 4TO lag] > 2, 4ucna
g=(-1"ay-...-an+supy =ray+s, e k = 1,...,n, onpoctee u npu
3TOM ay, He jeautT q + 1. lToxasaTe, 9T0 MHOrO4wIeH

f@)=@-a1) -...-(z—an) +rz+s

HENpUBO AUM.

25. Hycts f(xz) = 2" + a12™ ! + ... + ap_1 & + pa, — MHOTOWICH ¢

UETEIMEI KOX(DPULUEHTAMY, IPUYeM P — IPOCTOE YHCI0. JJ0Ka3aTh, 4T0 ecan
n—1

P> Y lan|""17"a;|, To MHOrOWIEH f HempuBOJUM.
i=
2.6. Ilycth a4, ...,a, — NONAPHO PA3IMYHBIE LEJIbIE YHCIA.
a) loxkasats, 4T0 MHOrOwIeH (2—a1 )+ (£—as)-. . .-(z—ay, ) —1 HenpuBOZUM.
6) Joxasats, 410 MHOrOWIeH (z—ay )+ (T—az)-. . .-(x—ay )+ 1 HempuBOAUM
3a MCKJIIOYEHUEM CJICAYIONMX CIy4Yacs:

(z-a)z—a-2)+1=(z—a-1)7%
(r-a)e-a--a-2z-a-3)+1=(@—a-1)(z-a-2)-1)°

3edauu x zaase 2 &9

' 2 o — )2
B) JoKa3aTh, YTO MHOTOWIEH (L — @)l (z-a)? ... (x—a)? +1
HEIIPUBOAUM.

2.7. JlokasaTb, 4TO MIOGOW MHOTOWIEH C LEJIBIMU Koa(dduIneHTaMu
MO2XKHO HpelICTaBPITb B BUA€ CYMMBI ABYX HENPUBOJUMbIX MHOI'O4JIEHOB.

2.8. a) Ilycts f(x) — MHOrOWIEH C UeIbIMI K02 PULHEHTAMH, nannMai
JoLIMiT 3HAYeHHe +1 Goee YeM A Tpex neablx T. [JokasaTe, 4TO f(n) # —

mpun € L.
6) llycts a,b € Z u MHOTO'4IeH az?+bz + 1 vempusoguM. [Jokasats, 4YTO
ecun > 7T Hal , Gy, — IOMAPHO PA3TUHBIE UEJIble TUCIA, TO MHOTOICH
> yee

a(q)(a:))2 +bo(z)+1, rae ¢(z) = (z—a1)-(z—az):...-(T—an), HEMPUBOIUM.

2.9. Mycrs F(z1,...,%5) € Z[zi,...,zo) 1 f(2) = F(z,...,z). Joxa-
4aTH. ¥TO €CIM MHOTOWIEH f HEMPUBOAMM, TO MHOrOWIeH F' Toxe HenmpuBo-
AWM.

2.10. Tlycts p > 3 — nmpocToe HucIo, n < 2p. Hoka3aTk, 9TO MHOTOWIEH
x?P + pz™ — 1 HempMBOAUM.

2.11. IycTts p > 3 — OPOCTOE TUCTO A1 +. . Atap =2p,n < 2p. [loka3aTs,

< TO MHOT'OYJIEH . :
a n _
PRI Nl o e P o Y

HEenpuBOINM.

2.12. Hycte f — HenpuBOAMMBIA MHOI'OWIEH C LEJIBIMU Koadpunnen-

Tamu. D — ero AMCKPUMUHAHT, P — OpPOCTOE [HCIO. TIpeanosnoxum, uno
3

MHOTOWIEH [ IO MOAYJIIO P Pa3iaraeTcs Ha k HempHMBOAUMBIX MHOXKWUTEJEH.

JloxasaTs, uto DP~1/2 = (=1)"* (mod p).

Pemenns 3a3a4

2.1. Nlpeamnonoxum, 4ro f(z) = g(x)h(z), rae g, h € Zlz] n degg 2 E
deg h > 1. Yucio f(zo) = p IPOCTOE, IOITOMY MOKHO CIMTATD, uro g(xg) =
= +lu h(ze) = £p. C APYroM CTOPOHEI, KOPHH B1,---,Px MHOrOUIEHA §
ABAIOTCA KOPHAME MHOrOUWIEHa f, I0TOMY IBi| < M, a 3na4ur,

|9(z0)| = laol I 1o - Bil,

rae lag) > 1 m |zo — Bil = |zo| — |Bi| > (M + 1) — M = 1. CrexoparenpHo,
|g(x0)| > 1. [Toay4eHo IpOTUBOpEIHE.
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2.3. lpeanonoxum, uro f(z) = g(r)h(z), rae g, h Zlz] n degg > 1,
degh > 1. Incro f(n) = p npocroe, noaromy MoxHO CYMTaTh, 4T0 g(n) =
= *1 u h(n) = +p. C apyroit croponsl, ecin 9(B:) =0, o f(B:) = 0,
noaromy Ref3; < n — %, T. €. Re(n - % - Bl) > 0. 310 o3HAYaeT, YTO ecau
t>0, 10

1
"—E—Bi—t,<

"“%—ﬂi+t,’,

nosToMy ’g(n—%—t)l < 'g(n—%+t)‘. U3 yenosus f(n—1) # 0 creayer, ato
lg(n — 1)| > 1. Taxum o6pasom, lg(n)] = 'g(n— I+ %)‘ > ‘g(n— - %)' =

= |g(n — l)l 2 1. [lpuxoauM Kk npoTuBOpeunIo.

2.4. a) Tipegnonoxum, 4to f = f, fo, rae fi, fo € Z{z]. Oycts f1(0) = b,
n f>(0) = ¢;. Ana onpesesesHocTH MOKHO CYMTATB, 4TO [by| < |y ).

Cayuad 1: |b1| = 1. B sTom cayuae |¢;| = [fol > 1. U3 ycaoBusa f(ay) =
= Pk, TA€ pr — NPOCTOE TUCIIO, ClefyeT, 9T0 au60 fi(ax) = +py 1 falay) =
= %1, mb6o fi(ar) = +1 u fo(ar) = +pi. Mpermonomnm CHa4aJIa, 4To
f2(ax) = +1. Torza fa(ax) = f2(0) = —(c1 £ 1). C apyro# cropomst, fa(az)—
— f2(0) meantca ma ay. Mpuxogum x uporuBopeuno. OcraeTca mpesrno-
JOXUTB, MT0 fi(ar) = +1 = £by = *£(0). Ecmm fy(ay) = ~f1(0), To
filar) = 1(0) = 2f1(ax) = +2. C apyroit croponst, f;(ax) — f1(0) aeures
Ha ag, nosToMy |ax| < 2, 9To mpoTuBOpeunT yenosmo. Taxum obpazoum,
filar) = filao) = by mpu k = 1,... n. Y4urThiBas, 4TO CTEmeHb MHOroO-
4IeHa fi CTPOro MeHblue n, moay4aeM f {(z) = b, npu Beex z.

Cayuat 2: |by| > 1. B arom ciyHae by M ¢; UrpalT OAUHAKOBHIE POJH,
HOCKOMEKY |cy| > [by] > 1. Hycrs ana onpegenernoctu fi(ag) = *pi u
f2lax) = £1. Toraa folay) — fo(0) = —(er £ 1) geantca va ag, 9T0 MPOTH-
BODEYUT YCJAOBUIO.

6) OueBuanbiM 06pa3oM cieayeT us a).

2.5. Kak u npn gokasarenscree TeopeMEl 7.4, noxy4aeM, 4TO NpOU3Bege-
Hue abCOMOTHAIX BEIMYINH KOPHEH OJHOTO U3 MHOTOYWICHOR g 1 h He ipeBoC-
XOJUT |ay,|. YTo6l mpuiTH K [POTHUBOPEYHIO, JOCTATOYHO NOKA3ATh, 4TO
A1 1060r0 KOPHA d MHOTOWIEHA f BBLINOJIHAETCH HepaBeHCTRO |a > |ay|.
IIpeanonoxnm, wto f(a) = 0 u |a| < |a,|. Torga

n—1
Ipan] = 0" + a10" ! + ...+ an_1a] < Jan| Y Jan|" " lai] < plan,
i=0

4ero He MOXeT OBITh.

AR

InaBa 3

MuHorowieHbl
cenuajJIbHOro B LA

11. CuMMeTpHIE€CKHME MHOI'OWICHEI

11.1. IIpuMepHl CHMMETPHIECKMX MHOT'OLICHOB
Mpuoroures f(Z1,...,Tn) HA3BIBAIOT CUMMEMPUUECKUM, €CTH 111 060N
NOACTAHOBKY G € S, BHIIOJHAETCS PABEHCTBO

f(zc(l)v"'azo(n)) = f(xla-”al'n)'

OCHOBHBIM IpUMEpPOM CUMMETPHUIECKUX MHOT'OYJIEHOB CIyXaT IAEMEH-
mapHble CUMMETDPUIECKHE MHOI'O4J/ICHBI

O'k(.’L'l,...,iL‘n)Z Z Tiy v vee " T

i1 <... <k

= ' = k> n.
rze 1 € k < m; y406HO CIMTATD, 9TO Og = luoi(zi,...,on) =0npu k >
3n€\1eH_TaprIe CHMMETPUHECKHe MHOIOWIEHbI MOXKHO 33/1aBaTh C IOMO-

whio npoudeodauet Pynryuu

o0 n
o(t) = Zoktk = H(l + tx;).
k=0 i=1
Eciw 2q, ..., &pn— KODHA MHOrOWIeHa I + a1z ' 4+ ...+ a,, 1O
b b k
Ok(l‘l,---,l’n) = (—1)"ax.

leyFFIM IIpUMEPOM CUMMETPUIeCKNX MHOT'OYJIEHOB CAYXAT NOARDIE od-
nopo@nbte CUMMETPUIECKNE MHOT'OYJIEHBI

i in
pr(T1,. - Zn) = ot "
i1+ Hin=k

WM cooTBeTCTBYET Mpou3BoAAmAs GYHKIUA

p(t) = ipktk =[Ja -tz
k=0 i=1
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BaxxuriM npumepoM cuMMETPHYECKUX MHOTOUIEHOB CIIyXKAT TAKKe cime-
nennble CyMMmbl
sk(z1,. .., z0) =¥+ 4 2k

WM cooTBeTcTBYeT npoussoasman byHKIMA

el n
s(t) = ZSktk_l = in(l ~tz;)7 L
k=0 i=1

I/IHOF,lIa HCOOJIB3YHTCA MOHOMUAAbHDBLE CUMMETPHYIECKNE MHOIOYJIECHBI

= X alyal

ceS,

mi, i, (T1,. ..

lﬂﬁonaaom{mne dbyuxmuu o(t) u p(t) CBA3AHEI COOTHOIICHHEM o(t)p(—t)=
= 1. llpupaBHuBas koddpuuments npu ™, n > 1 7 7
o b p , 7 > 1, B 1eBOU ¥ IIPABOM YaCTH,
n
Z(“l)rcrpn—r =0. (1)

r=0

IIpounssoasamasn byuk
o6pa3om: ynKuns s(¢) Beipaxcaerca sepes p(t) u o(t) creayrommy

s(t) = ilnl’(t) = I;);((t%), T.e.

__9® ,
EOR T.e.  s(~t)o(t) = —d'(t).

s()p(t) = p'(t);

[pupapruBas koathbUIHEHTE OpH gntl MOJy4aeM

n
npn = ; SrPn—r, (2)
n

no, = Z(—l)r‘lsrcn_r. (3)
r=1
Cootromenus (3) naswiBalor @opmyiamu Horomona.

3& HIeM Coo (0) ,IK - g ey . q) p
II eM THONICHUA 1 JI n 1 ]i I[ )41 HPOBaHH

( ) A p NKC a BbIX
[8) gy O 3TN COOTHOLIEHUA MOXHO paCCMaI pHBaIb KaK (:H(:IeMS’ JHUHENHEBIX

11. CuMMempu“ecKue MHO20UACHb 93

., Pk, 3 TIpX (PMKCHPOBAHHBIX Py, . . -, Pk —— KaK CUCTEMY

., O. Perag 3TH CHCTEMEI, HAX0IUM

ypaBHEHMH 114 Py, - -
ypaBHEHUH [JA O, - .

p 1 0 ...0] 66 1 0 .0

pr P 1 0 g2 O 1 ... 0
e N

Pr-1 Ph—2 Pk-3 --- 1 Gk_1 Ok—2 Ok—3 --. 1

Pk Pk-1 Pk-2 - P Ok Ok-1 Ok—2 -.- O1

AHAJTOCHYHO C TIOMOIIBIO COOTHOLIEHMH (2) momydaem

j 4 1 0 ... 0
. 12p2 p 1 ... 0
sp = (=11 : ) N
kpx pk-1 Pr-2 .- P1
S1 -1 0 ... 0
52 81 -2 ... 0
1
Pk =5 :
Sk—1 Sk—2 Sk—3 —k+1
Sk Sk—-1 Sk—2 .- 81
C noMompIo COOTHOMWEHNN (3) ToayaeMm
1
& 1 0 ...0 o g 8
202 O1 1 0 1 2 1
Sk= 0 co s CRT R O :
k. ) Sk—1 Sk-2 Sk—-3 .- k-1
O Ok—-1 Ok-2 .-- O1
Sk Sk—1 Sk—-2 --- S1

11.2. OcHoBHAfA TEOpPEMa 0 CMMMETPWIECKHX MHOI'OICHAX

DeMeHTApHBIE CHMMETPUIECKUE MHOIOWIEHDI ajarebpanvecK HE3ABU-
cuMEL ¥ 00pa3yioT 6a3uC KOAbila CUMMETPUICCKMX MHOrO4JieHOB. bosee TO4-
Has OPMYJIMPOBKA ITOI'0 YTBEPXKACHUA BRINIALUT CACIYIOUM 0Opa30OM.

TeorpeEMA 11.1. Ilycts f(x1,.-->Tn) -~ CHMMMETPUIECKAE MHOTOWIEH.
Toraa CylecTBYeT TAKOW MHOIOWICH g(y1,-.-,Yn), 4TO f(@1,. s Tn) =
= g(o1,...,0n). [IpM HTOM MHOTO™WICH g EAMHCTBEH.

MOKABATEJBCTBO. JlOCTaTOYHO PAacCMOTPETDH cayvai, korga f—

OHOPOAHBI MHOTOWIEH. ByjeM roBOPUTD, YTO MOHOM e zh ume-
u tUn

eT 60Jee BBICOKMM TOPAIOK, Y€M MOHOM ot ooy, ecmm by = U, -
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11, Cummempuuecxue MHO204AeNb 95

ooy Me = Ug B Agp1 > Upyr (BO3MOXHO, k = 0). IycTs az’l“ Cee T —

CTapuwmit MOHOM MHorowiesa f. Toraa A > ... > k. Paccmorpum cumme-
TPUYECKUHA MHOI OWIEH

h=f- acx}‘_x2 ¥ A A (1)
Crapmuit wren Monoma o} ™2 . | . o’n pasen
A A Az —X A Ao A
oy T (@) (@ ) =t -zt an,

N03TOMY HOPALOK CTApPLIEr0 MOHOMa MHOIO4I€HA fi CTPOro HUXeE MOPAIKA
CTapiero MoHoMa MHorowrena f. [IpuMenum k MHOrO4eRy f, cHOBA Omepa-
nuio (1) u 1. 1. fcHo, 9TO NOCHE KOHETHOTO YMCAA TAKMX onepaunuy IpuaeM
K HYJEBOMY MHOOWIECHY.

MokaxeMm Telnepb € IMHCTBEHHOCTDb IpeACTABICHUA flxy,...,zn) =
=g(o1,...,0,). JlOCTATOYHO IPOBEPHTE, ITO €CTH
— i1 i
9L y) =Dyl eyl
~— HEHYJeBOH MHOT'OIEH, TO IIOCJIE NOACTAHOBKH §; = 0; = 71 +. . Axp, ...
3 Yn = Op =Ty ... Tp ITOT MHOTOWIEH OCTAHETCA HeHyJeBbIM. Orpa-

HUIUMCA pacCMOTPEHNEM CTapuInX MOHOMOB

et ot
‘1:1 1:2 e

in
.dn 7,

Qg .
NOTy9alomuXCs B pesyibTaTe NoACTaHOBKH. flcHo, 4TO camblit crapmmi
Cpean 3TUX MOHOMOB HHU C 4eM COKPATHUTBLCH HE MOXKET. O

W3 goxasarenscrsa Teopemsr 11.1 BuaHO, 9T0 ecan flzy, ..., z,) — cum-
METPUYIECKHN MHOI'OWIEH C LEMLIMHE ko>dpduuuentamu, To f(x1,...,7,) =
= g(cl,...,cn), PA€ g— TOXe MHOIOWIEH C UEJNbIMH KO3(hDUIUEHTAMU.
MeTepMuHaHTHOE BHIDAXKEHUE Of 4€pe3 pi, ..., Pk [IOKA3EIBAET, YTO JJIA
TOMHBEIX OZHOPOJHBIX MHOTOYIEHOB CHPABEAINBO AHATOIMYHOE YTBEPKIe-
Hue. IT0 e Kacaercs CTENeHHBIX CyMM, TO ATA HUX BHIDAKEHUE BHIA
f(@1,...,2n) = g(s1,...,8,) TOXe cymecTsyer, HO IpH 3TOM KO3(hPuIy-
€HTHL MHOT'O'LIEHa ¢ He 00s3aTesHO uense. Hanpumep,

_ (@itz)’ - (el +a3)  s-s

T1T2 5 = 5

W3 OCHOBHOM TEOPEMBI O CUMMETPHYECKMX MHOTOWICHAX clIeyeT, 9To
€I 21, ..., Tp — KOPHHM MHOrOWIeHa " + a; 2"~ ! + ... 4 q,,, To BeamumHa

D = H(.’L‘l - .’L'j)z,

i<j

peaCTABAAICIAA CO60H CHMMETDPUYECKAM MHOTOWIEH OT Ty, .- ., Ln, n(;m—
ﬂ . o
HOMHATBHO BHIPAXAETCA 9€pe3 i, ...,0n. ITY BEIMYMHY HA3BIBAIOT 0U
KPUMUHAHTIOM MHOTO'LIEHA.
ecan
Hasosem MuOrO4wIeH f(T1,.:.,Zn) KOCOCUMMEMPULECKUM,
f(...,l'i,...,:l‘j,...) = —f(...,.’l?j,...,zi,...),
T. €. IIpM TPAHCHO3UIUK TOOLIX ABYX INEPEMEHHBIX T; U Ij MHOFO‘IJIQHAMQ-
HAeT 3HaK. lIpUMepOM KOCOCHMMETPHUYECKOrO MHOrOWIeHa CJIYXHUT =
2 _
= ] (z; — z;). flcwo, uro A" = D.
i<j
TEOPEMA 11.2. JI1060# KoCOCHMMETpHYeCKH# MHOTOwIEH f(Z1,. .., Tn)
MOXHO NIPEJCTABUTEL B BUJE

A(.’E],...,l’n)g(ml,--.71'71),

rape g — CUMMETPUICCKNH MHOI'O4JI€H.

JOKABATEJLCTBO. [JOCTaTOYHO IPOBEPHTDH, “TO f nemmrca HA A.
B camom jgeje, ecan f/A— MHOIOWIEH, TO 9TOT MHOIOWIEH IO OUEBU[-
HBIM IpudnHaM camMmeTpuyeckuit. [loxaxeM, Hanpumep, ¥TO f memuTcs Ha
21 — T2. Cjlelaem 3amMeHy T = u + v, T2 = u — v. B peaypraTe noayuuM

fz1,29,T3,...,%n) = fi{u,v,23,...,Zn).

Ecau #; = 2, T0 u = 0. Hoatomy f1(0,v,z3,...,z,) = 0. ITO O3HAYALT,
GTO MHOTOWIEH f JGJUTCA HA U, T.€. MHOrOWIeH f AeInTcs Ha &) — mQD
AHAJIOMMYHO AOKA3BIBAETCH, YTO f QENUTCA Ha T; — T; NpH BCex @ < J.

2 e f = Ag He enuH-
Pasencto A? = D HOKa3bIBAET, YTO NpeICcTaBleHue f g

CTBEHHO.

11.3. HepasenctBa Miopxeaa

Oycte A = (A1, ..., hn) — pasbuenue, T.e. YTIOPA JOYEHHBIN HAOOD MEMBIX
HEOTPHUUATEIBHBIX UHCET Ay > A 2 ... 2 An > 0. Honoxum |A| = A + ...
...+ \p. ByJem cuuTaThb, 4TO A 2> U, €CIH M+t hg > Ut U TIpR

k=12,...,n . ]
Kazx 10oMy HAG0PY A MOXKHO CONOCTABATE OAHOPOIHBIN CAMMETPUECKIH

1 Aa(1) TS 1
Mx(xl,...,zn)zﬁ—'z:azl” T (1)
.oeSﬂ

MHOI'O4JICH

Crerens 2TOMO MHOTOWIEHa PaBHA |A|.
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HPUMEP 1. Ecim A = (1,...,1), 0 My(zy,...,2,) =21 ... - Zp.

B camom gene, cymma (1) B aToM cayugae cocromT u3 n! caaraeMmex
Iy ... Tp.

ITPUMEP 2. Ectm X = (n,...,0), 10 My(z1,...,2,) = (2P - ... z")/n.

B camom gere, cymma (1) B oTom cayyae cocrout u3 (n — 1)! caaraemsrx
z¢, (n — 1)! craraembix % u 1. 1.

[Ipy MONOXKMTENBHLIX T1, . . ., T, BHIIOAHACTCA HEPaBEHCTBO

n n
Ty +...+x
*InﬁnZ:El.”..zn

(HepaBEHCTBO MeXAy CPEIHUM apUbMETHIECKAM K CPeaHUM IeoMeTpHYe-

ckuM). Crenyiomee yTBepXIeHHe ABIACTCA O60GINEHUEM HTOLO HEPABEeH-
CTBA.

TEOPEMA 11.3 (Miopxes, [Mu]). Hepasercrso

My(z) > My(z) (2)
BBINOJHAETCA TIPU BCEX T = (Z1,...,Tp) C NOJIOKUTEILHBIMEA L1, ...,T, B
TOM M TOJILKO TOM CIy4ae, koraa |[A| = |u| u A > u. Ilpu sTom paBeHcTBO
AOCTUTAETCA JULIL B TOM Clydae, KOrJa A = U WA T) = ... = &y,

JOKA3ATENLCTBO. IIpeanonoxnm cravana, 9TO HEPABEHCTBO (2) BoLI-
noansercanpu Bcex z > 0. llyctb 2y = ... =2y =auzp, =... =2, = 1.
Torga

1< lim My(2)/My(2) = lim (@M +he fghitetue),
a—o0 a—0oQ

CregoBaTenbro, Ay + ...+ Ap > Uy + ...+ Wk
Hpw k = n, nonoxus r; = ... =z, = a, NoAy4aeM PaBEeHCTBO

A/[)\(‘T)/Mu(l') — a)\1+...+kk/am+...+pk‘

Ilpn a > 1, xak u pamee, moayumm |A| > |u|. A mpu 0 < a < 1 noxyuum
X < lul.

JoxasaTenscTBO yTBEpHk JeHMA B 06PATHYIO CTOPOHY Gonee caoxkuo. OHO
MCIIOIB3YeT Clegyromee npeobdpasosanne R;;. lycrs u; > u; > 0, raed < j.
HMoxoxkuym Riju = u', rae u; = w; + 1, uf = uj — L wuf = uy npu k # i, .
Jlerxo nposeputs, uto u’ > u u || = |u].
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JEMMA 1. Ecmm A = Ryu, To My(z) > My(z), npudem paBeHCTBO
IOCTUraeTcs JMIIL B TOM CIydae, KOTAa T1 = ... = T,. (IIpegnonaraercs,
9TO YUCHA Z1,. .., TLn nonoxncrenbnu.)

JIOKABATEJBCTBO. Jlna kaxgou mapsl mHAEKCOB p, g, rae 1 <p< g <
<n, B My(z) — M,(z) BXOZUT claraeMoe BUJa
Ai g M phj il il
4 ( pTg T T T Ty Ty — ‘ij)’ 3)
rae A — HeKOTOpOe MOJAOXKUTENbHOE Yucao. OG03HAYMM i HAVIAIHOCTH
Tp = a, x4 = b, u; = a, u; = B. Hanomsum, uro ; =a+ 1, A =f—-1mn
a > f. Bupaxenue (3), nerennoe Ha A, paBHO

a®tipP1 4 g 1pett — g2bP — 0Pp* = (ab)P 1 (a — b)(a®T! P — B2 T1PY > 0,

HpUY¥eM PaBeHCTBO BO3MOXKHO JHIIb B TOM ClIydae, korja a = b. Hostomy
M, (z) — M,(z) > 0, nprdeM eciimt Cpeay UUCed Ty, ..., Tn €CTH XOTA OHI IBA
PA3JNYHLIX, TO HEPABEHCTBO CTPOrOE. O

JIEMMA 2. Ecim X > u u |A| = |u|, HO A # U, TO A MOXHO NOTYYHTH U3
U € IOMOIIBIO KOHEUHOO Yncia npeobpasosanuit R;;.

JIOKABATEJBLCTBO. IlycTh i — HaWMEHBIIMH MHAEKC, MM KOTOPOrO
A # u;. Torga m3 yeaosus A > u cieayeT, 9TO A; > u;. Pasenctso |A| =
= |u|, osnagaer, 4To Y (Ax — ux) = 0, mosToMy A; < U; A HEKOTOPOro
ungexca j. Acuo, uto i < j u u; > 0. llosToMy K U MOXHO IPHMEHHTE
npeobpasopanue R;;. B peayibrare moayuum mocresoBaTeIbHOCTD V, A
KOTOpO# v; = U; + 1, vj = uj — 1 u vg = uy mpu k # 4,j. YauTnBas, 410
Ai > u; 1 Aj < Uy, TOAYYIaeM

i —wil =P —vil+ 1, Ay —ul = -yl + L

Taxum 06pazomM,
o=l =3 -kl - 2,

T. €. ¢ NOMOIBIO Npeobpa3oBanus R;; HaM yAaJ0Ck yMEHBIIMTD HA 2 BeJH-
auny Y. (A —u|. [oaToMy ¢ moMomIBI0 HEKOTOPOTO 1MCIa IPe0OPa3OBAHMM
R;; 5Ty BeMMHY MOXHO CeJaTh PABHOU HY.HO. . O

U3 semm 1 u 2 mepaBencTBo Miopxea ciegyeT odeBUIHBEIM OOpaszom. [

4 — 1010



AEHDE CNEYUALLHOZ20 euda

enue, T. €. YIOPAJOYEHHRLIN HAGOD HeIbx
An > 0. Tlomoxum (A = A + ... + Ay
1+t 2w+ fuyapn k=1,

pUILy

P p2 ...
Po pr ...
0 Po ... ’

JHOPOJHBIM MHOTOYIEH CTENEeHHU 7] dJle-
yuxyuetd Mlypa, nnu S-gynxyuet, coor-
Mal0T MUHOD MaTpHuuL P, 06pa3oBaHHBIM
damu A, Ao+ 1, ..., Ay +n— 1. DTy cum-
HBIX Z1, ..., £p 0003HAa4AIOT S). B Buje
aeTCa CAeAYIOImUM 06pa3oMm:

: n
D +i—j |1 .
$HOTBETCTBYIOIIEN mape pa3bueHui A\ u U,
Pa3OBaHHBLIN CTPOKAMH U1, Up + 1, ...
o+ 1, ..., Ay +n — 1. fAcHo, uTO TIPNM
aloT nodpa3buenuvem pasbUEHUs A, ecan

(eme go Ilypa) 6w BBEeeHnl Akobn
X GYHKIMH Ompeenernoro suga. llycrs

K1 (%) = a::)‘(l) z:)'(‘n) Jlerxo mpose-

A w

, paBeH onpejeruTeno |’ |7; B 4acTHO-
nueckun. [losTomy ecom a; = ;4 Aas
Pa3oM, MOXHO CUUTATh, YTO & = A + 3,

£
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TEOPEMA 11.4 (Tox gecreo Axobu—Tpyau). Hycts d = (n—1,...,1,0).
Toraa sy = ara/as, T- . |prizgl? = 1272 /1] 0.

JIOKA3ATEJBCTBO. Ilycrs a = (ay,...,dn) — HEKOTOpOE pa3buenue.
Paccmorpum mMaTpumst A, =||z5 || w0 Hy =||pe; —n+;|T. PaccMoTpum Takxe
MmaTpuny M = ||(—1)"‘ion_i(§j)|l;l, rae T; = (T1,...,Tj—1,Tj41,-- - Tn)-
[okaxeM, YTO 3TH TPH MATPHUIEI CBA3AHEI COOTHOMIEHUEM

H,M = A,. (1)
, n—=1 o]

Oyctes oW (t) = 3 op(@)t* = [1(Q + ait) u p(t) = ¥ pet* =
k=0 I#£j k=0

!

n
(1 - z;t)~!. Toraa
=1

Pt)o) (=) = (1~ ;).

CpasHuBas k0adduiineHTH npy t% B 06eUxX JaCTAX STOrO PAaBEHCTBA, NOJIy-
JaeM

n
Z Pas—ntt(—1)"lon1(3;) = 5.
=1

Ao u ectb Tpebyemoe cooTHomeHue (1).
M3 (1), B 4acTHOCTH, CrEAYET, YTO

det H, det M = det A,. (2)

Yro6er BouncauTh det M, noaoxum o = 8 = (n — 1,...,1,0). B Takom
crygae matpuna H, umeet Buj ||pj—:||?. dra Marpuua TpeyrobHas ¢ aie-
MeHTaMu pg = 1 Ha auaronamu. [losromy det Hy = 1, a 3Ha4ut, det M =
= det Ay = a3. A Tak kak det Hy = s,_5, To npu @ = A + 8 pasenctso (2)
OPHHUMAET BUJI 5305 = Gj15, T. €. Sy = Grys/0s. 0O

12. Ileno3padHBIE MHOT'OWICHBI

12.1. Basuc ne103HAYIHLIX MHOTOWIECHOB

MuorowieH p(T) HA3LIBAIOT 4E403HAUKbIM, €CIM OH NPUHMMALT Ieble
3HAYMEHUA NIPH BCEX LEJIBIX .

4%
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Wuayxumen mo k MOXHO J0Ka3aTh, YTO MHOT'OWIEH

(z) :x-(w—l)-.‘.~(z—k+1)
k!

HeJo3HadHb. B camom gete, npu k = 1 310 odeBugHo. IIpeamonoxum Te-
T o
Nepk, YTO MHOrOWIeH ( k) ueno3HauHsl. Jlerko mpoBepuTh, 4TO

z+1 T
(k+1) - (kf—l) = (k)-
m n
Ci1eJOBATEIbHO, IPU BCEX LEJBIX TN, 7 Pa3HOCTH () v D~ i 1) ABIAETCS

0
meabM ancaoMm. OcTaeTcs 3aMeTUTh, 9TO =0.
’ k+1

B HexoTOpoM cMbICTE IeJIO3HAYHbIE MHOI'OYWIECHB! MCYCPIBIBAIOTCA MHO-

T
FOWIeHAMU (k), npudeM Tpebosanue p(n) € Z npu Bcex nn € Z MOXHO
CYIIECTBEHHO OCJaabuTh. A MMEHHO, CIPABEAIMBO ClEAYyIolIee yTBEPX IeHNe.

TEOPEMA 12.1. IlycTh pp — MHOTOWIEH CTENEHH Kk, IPMHUMAIOLINI 1e-

JIBl€ 3HAMEHNA IPA £ = N, n+ 1, ..., n + k 119 HEKOTOPOrO LEJIOrO IACIA 1.
Toraa
T T xr
pi(z) =co(k) +cl(k—1) +02(k—2) + ...+,
rje cg,Ci,...,Cr — LeIble YHCIa.

JOKABATEJNBCTBO. MHOrOWIEHB

12 T T
(g) =1, (T) =1, (328) =55 (i) =g+
06pa3yioT 6a31C B IPOCTPAHCTBE MHOTOWICHOB CTENEHH He BEIIe Kk, TO3TOMY
pr(z) = co(i) + ey, £ ) Fte

TAE Cp,C1y .. . , Ck — HEKOTOPHIE Yucia. HyXHO JHIIb J0KA3aTh, YTO ITH M-
CJIa LeJIBe.

Jokaxem sTo unaykmuen mo k. Ilpu k = 0 muorowren py(z) = cp npw-
HUMAET IIEJI0e 3HAUEHHUE IPK £ = 71, TOITOMY 4YHCJIO0 ¢g uedoe. [Ipegnonoxum
Teneph, 9TO TpebyeMoe yTBepXK JeHUe JOKA3AHO /I MHOTOWIEHOB CTEINeHN
He Bome k. Ilycts MHOrO41eH

Pr+1(T) =Co(kf_1) F oot Crpy
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OpMHEMMAET Letne 3HaYeHuaA npu £ =n, n+ 1, ..., n+ k + 1. Paccmorpum
MHOTO4/IEH

x

Api1(2) = prar(@ + 1) = pryr(@) = co(f) +ea () + -+ ek,

OH NpUHAMAET Hebie 3HAYeHUs mpu £ = n, n+1, ..., n+k. [loaTomy ncra
€0,C1,-- . ,Ck IEABLIE, 3 BHAMUT, TUCJIO
n n n
Ck41 =pk+1(") - Co(k + 1) - (k) - .= ck(l)
TOXe 1eJ0e. (W

TEOPEMA 12.2. Ilycts R(z) — panuoHasibHas GyHKUMA, IPUHEMAKOMAL
LeJble 3HAYeHns IpH Beex Hersx r. Toraa R{x) — ueno3HavHbI MHOMOWIEH.

JTOKA3ATEJLCTBO. Pammonansuyo ¢pyHkumo R(z) MOXHO 3amucaThb
B suge R(z) = f(z)/g(z), rme f n g— muorounensr. Ilogemus f Ha g c
OCTATKOM, MOy UM
R(z) = pr(z) + (),

rje pr — MHOro4ieH crenenu k, a r(z) — 0 npu x — oo. Taxum obpazom,
0pu GOJLIINX T 3HAYEHUA Pip(n) MaJIO OTAMYAIOTCA OT Heawx uucer. Iloka-
&eM, 4TO pi{Z) — LEIO3HAUHLIN MHOTOWIEH. JTO AEJAeTCsA MOYTH TaK XKe,
KaK ¥ TIpH JOKa3aTeIbCTBe TeopeMul 12.1.

3amumrem MHOrOWwIeH pg(z) B Buae

pr(x) :co(i) +...+ck.

Ilpu k = 0 9uciao ¢p ZOMKHO CKOJb YTOAHO MAJIO OTJAMIATHCA OT LEJIOro
9mcaa, Ho3ToMy ¢p € Z. MHoro4wrexn

x

Api(z) =pr(z +1) —pe(z) =cof, — 4) + - +ch-1-

[pY GOJBIIMX [ETHIX T TOXe NPAHMMAET IOYTH HeJble 3HAUEHUA, & ero cTe-
nesb pasHa k — 1. [IpuMeHnB k HeMy NIpeANOIOXKEHNE UHAYKUUH, IOy YAM,
YTO YHCIA Cg,CL,- - -, Ck—1 Leaste. flcHO Takxke, 9TO YHCHO

cr = pe(n) - co(Z) - = ck_l(?)

TOXE LEJOE.

Ocraercsa fokasaTh, uTo r(z) = 0. Kak Mul yxe 3Haem, r(n) € Z npu
n e Zur(n) — 0npun — oo. Crenosarensso, r(n) = 0 npu Bcex no-
CTaTOYHO OoabImx neanx n. Ho mobas paunoHaiabHas GyHKINA, UMEOIAa
6eCKOHEYHO MHOTO HyJIEH, TOXJEeCTBEHHO PABHA HYJIIO. |
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ChaeEACTBHE. Ilycts f(z) u g(r) — MHOrO4WIEHE ¢ nedbMu Ko3ddUIH-
eHTaMu, npudeM f(n) geautcs Ha g(n) npm Beex meanix n. Toraa

m
T
@)=Y &) @),
k=0
TJ€ Cp, - - - , Cn — UEJIEIE YUCIA.

[ona [P6] nokasan, 4To ecan uenas anaautuieckas gyuxuus f(z) mpu-
HUMAEeT UEJOYUCICHHEIe 3HAYECHNA NIPY LEIHIX WA HATYPATbHLIX 3HAYEHIAX
NIepeMEHHON 2 U IIPU STOM BO3PACTAET HE CIMIIKOM GRICTPO, TO f(z) — ueo-

3Ha4HBI MHOrowieH. To4YHee rOBOPA, CIpaBeNIMBEI CIEIYIONINe yTBePK 1e-
HUA:

1) ectu f(N) € Z u |f(2)| < Ce*l*l, rae k < In2, T0 f — neo3HAUHbL
MHOTOWIEH (JOKa3aTeNLCTBO 3TOTO YTBEPXK ACHHA MOMKHO HAHTH TAKXKe HA
cc. 161-162 kunrn [Te2));

2) ectn f(Z) © Z n |f(2)] < Ce¥'*!. rae k < In (3+2‘/5>, T0 f—

HeNO3HAYHBIM MHOIOYJIEH.

. 1 z _ z
IIpumepwr pyukuum 2° n —= M ~(3 V5 [MOKAa3kIBAIOT,
V5

2 2
410 06€ OLEHKH HeyJy'vllaeMBbl.
12.2. Ileso3Ha9HBEIE MHOT'OWIEHHI OT MHOI'MX IepeMEHHEIX

Basucusle 1e103Ha49HbIe MHOTOWIEHB! OT 7l NEPEMEHHLIX YCTPOGHH aHa-
JOrMYHO 6a3UCHEIM HEJO3HAYHBIM MHOIOWIEHAM OT OJHOM MEePEMEHHOM.

TEOPEMA 12.3 ([Ost]). Muorounen py,. 4, (1,...,T,), rae d; — cTe-
IeHb [0 NepEeMEeHHOM &;, IPNHUMAET Uesble 3HAYeHUA IpU T1 = a1, a1 +1, ...
ey +dy, ..,y =an,an+n, ..., ap+d, TOrIa 1 TOIBKO TOrJa, KOrJa

P @) = 3 et (i) - ()

TA€ Cp, ..k, — LeJble Y1cIa. B 9acTHOCTH, TaKOM MHOIOWIEH IPUHUMAET Ie-
JIble 3HAYMEHUs NPH BCEX LEABIX Ty,...,Tn.

JOKABATEJILCTBO. IlpoBesem paccyxkuenns npu n = 2 (o6mmit cay-
4ait anajgoruyen). [Ipn dukcuposannom 21 € {ay,...,a; + d;} MHOrOWIEH
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Pd,d, (T1, T2) NPMHAMAET LEJILIE 3HAYEHAS DU T2 = A3, - . -, as +ds. llooTomy
coraacuo TeopeMe 12.1 mpu z1 = ay,. .., a1 + d BHIOJIHAETCA PABEHCTBO

R da
Parax(21,22) = Y iy (@) (12), (1)
ko=0

rae ci,(ai),...,ck, (a1 + di) — neawie wmcna. Ecim ke paccMaTpuBaTh pa-
BeHCTBO (1) KaK COOTHOLIEHME JIi MHOTO'WIEHOB OT NEPEMEHHBIX T1 M T,
TO SICHO, YTO Cj, (T1) — OAHO3HAYHO OTPE/IEJCHHBIN MHOTOLIEH. Kak Mut yxe
BLIACHAJIH, TOT MHOTOWIEH (CTENeHn He Bhille di) NPUHMMAET LeJIble 3Ha-
YeHMA IIPU Ty = 43, - - -, 01 + di. 9T0 U TPEGOBATIOCH. O

12.3. g-aHatOr 1IEJO3HAIHBHIX IOJAHOMOB

Bunomuaapnoim xodfduyuenmomn aycca, Wi q-6uHOMUAILHOLU KOIP-
Puyuenmom, HA3LIBAIOT BEJIMIUHY

- —k
[n] — (@" - D(q" e O RRERRA U -1

q -1 -1)-...-(g-1)
Ipur ¢ — 1 6unoMmuanbHEI Koaddunuent aycca nepexoant B OOBIYHBIN
6UHOMUAIBHBIA KO2Gh(pUINCHT (Z) BuroMuanbHbill Koaddumuent laycca
ABJACTCA OJHUM M3 MHOTOYHMCIEHHEIX -3HAJOTOB JIEMEHTAPHBIX M CIENH-
atbHEIX GyHKUmMi (cM., Hanpumep, [Ku] u [['P]).

1 n n
Tox gecTBo (nz- ) =( k) + (k - 1) HMeeT g-aHaJor BHJa

= T, + 2l (1)

Jlns 1oKa3aTeabCTBa PaBeHCTBa (1) JOCTATOYHO 3aMETUTH, ITO MOCHe CO-
KpalleHus oOIMX 4acTed YUCINTe el 1 3HAMEHATeNeN STO PaBeHCTBO Npu-

HUMAeT BU]
qn+1 —-1 _ 1 + qn—k+1
@ -D@ -1 F-1 g -1

B panbHeiimeM 6y1eM CIUTATD, 4TO ¢, N U k — mesibie 9uciIa, IpuieM ¢ 2>
> 2u 1<k <n.B rakoM ciydae MHIYKIWA IO 1L HA OCHOBE OPMYJIEI (1)
HOKA3LIBAET, YTO [Z]q — LeJIoe {UCIo.

PaccMOTpuM MHOTOWIEHH fo, fi, f2,..-, Tae fo=1n

k—l)

—k(k— z-DE-q)-...-(x—q
fula) = I @-D@-1...- (-1
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opu k > 1. Jlerko npoeepuTs, 4TO

fr@)=0 mpu n=0,1,..., k-1 n fi(¢")=1. (2)
Kpowme Toro, fi(q") = [Z]q npu n > k. B 4acTHOCTH, Ipy Beex HATYPAJbHBIX

n ancao fi(g™) uenoe.

TEOPEMA 12.4. Muorowien py(z) crenesu k NpHHMMAET Lelble 3HAYE-

Hua npu z = 1,q,4%,...,q" Toraa u Toapko Toraa, korga
Pe(2) = crfr(x) + k-1 fe—1(z) + ... + e fi(T) + co, (3)
TA€ Co,C1,...,Cy — Ledble uuciaa. B yacTHOCTH, Takod MHOTOWIEH LIPUHM-

MaeT LeJkle 3HadeHud 1pu Bcex « = " (n € N).

HJOKA3ATEALCTBO. MHOrouwrens fo, fi1,..., fr obpasyior 6asuc iau-
HEMHOT'0 NPOCTPAHCTBA MHOIOWICHOB CTENEHN HE BHIMIE k, OSTOMY PABEH-
CTBO (3) BHINOMHAETCA NPH HEKOTOPHIX Cg,C1,-.-,¢; € C. HyxHo anms
OPOBEPUTS, YTO Cy, ..., Cr € Z. Popmyasl (2) NOKa3BLIBAIOT, YTO

pk(l) = Cop,
pr(q) = c1 + co,
pr(d®) = c2 + e1 f1(d?) + co,
pe(q") = ek + ck-1fr-1(a*) + ... + e fi(d") + co.

ITosroMy mociegosaTennbHO NOTyYaeM

cwEZla>€sl=...>c, e L. O

Ecnu neras anannTudeckas GyHKIMA IPUHEMAET HeTble 3HAYEHMA B TOU-
kax 1,¢,¢%,... ¥ IIpU 5TOM PaCTeT He CMINKOM GBICTDO, TO 3Ta GYHKIMA —
MHOTOwIeH. To1Hy10 OPMYIMPOBKY M JOKA3ATEIBCTBO 3TOTO YTBEP:K J€HUSA
MOXHO HaWTH B Kuure [[e2], c. 186—188.

13. KpyroBsie MHOrOWICHE!

13.1. OcHOBHBIE CBOMCTBA KPYTOBLIX MHOIOWICHOB

Mrorounen ®,(z) = [[(z — ), raeey, ..., €¢(n) — TPUMUTHUBHEIE KOPHU
CTENEHH N U3 eAMHHITE], HA3LIBAIOT KPY20GbIM MHOSOUACHOM, UIH MHO2OULE-
nom desenus xpyea mopagka n. Hampumep, ®1(z) =z — 1, ®y(z) = z + 1,
B3(z) =22+ 7+ 1, Oy(z) = 2% + 1.
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IIpu n > 2 B 4uca0 NEPBOOGPA3HEIX KOPHEH (M3 €IUHULIBI) CTENEHU 7L HE
BxoguT 1. B TakoM ciydae nepsoobpasHnie KOPHE pa3buBAaOTCA HA MAPHI
KOMILTEKCHO CONPSKEHHRIX uncel. [loaToMy npu n > 2 CTeneHb MHOTOWIEHA
®,, yerHa. -

HenocpeacTrerHO 13 onpefeneHus KpyroBoro MHOTOWIEHA BUAHO, ITO

Héd(z) =z" -1

din

TeoPEMA 13.1. Ilycte n > 1-— HeveTtHoe uucio. Toraa

®2n(z) = Py (~7).

JOKA3ATEABCTBO. Ecm ey, ...,84,n) — NEPBOOGpa3HbIE KODHU CTe-
NeHH T, TO —E€1,..., —Ey(n) — NE€PBOOODa3HBIE KODHU cTenenu 2n. Takum
06pasoM,

Cu(—2)=(-z—€1) .. (=T —Eg(n))»
(bzn(l’) = (1‘ + El) EIE (Z + eq)(n))-

OcTaeTca 3aMeTuTh, YTO CTeneHs MHOrowiena @, derua. O

13.2. dopmysa ob6pamenus Méebuyca

CooTHOmeHNE

I] &ax) =" -1
d|n

I03BOJIAET TOTYMUTH ABHOE BhIpaxkenne ais &, (x) wepes z¢ — 1, rge d mpo-
OeraeT geaurean n. [1d 3TOr0 UMEETCA JOCTATOYHO OOINAA KOHCTPYKIIKA,
OCHOBaHHas Ha Pynxyur Mébuyca

1 npua n = 1;
{(—1)'° OPU 1L = Pi ... Pi;

u(n) =
0 mpu n = p’m.

TEOPEMA 13.2 (Mébuyc). Ecin F(n) =Y f(d), To

din
f(n) =) w(dF(n/d) =Y u(n/d)F(d).
din din
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JOKA3ATEALCTBO. [Ipexae Bcero npoBepuM, 4TO mpu Bcex n > 1 BH-

nonrserca coorHomenne y u(d) = 0. lIycte n = pi* - ... pi*. Toraa
d|n
Yu@= ) ud=1- (Ilc) + (’;) +...+(=Dr=a-1k=0.
din d|p1...px
Hcno, yTo

Y Fau® = Y fdu® =Y [fd) 3 u)

ab=n didab=n di|n dab=n/d;
Mycte n/d; = m. Toraa
1 npun=d;
S u) = S u) = { |
Bt = 0 opun #d;.
IoaTomy

Sfd) X ud) | = ). 0

dlln dzb:n/dl

CaeacTBUE. Ecmm F(n) = [] f(d), To
din

)= H F(n/d)*® = H F(d*/ ¥

dln d|n

Ja KpyroBeix MHOrowieHOB dopMmy.ia obpamuenHns Mébuyca gaet BhIpa-

KeHue
&n(z) = [J (a4 — /9.
d|n

TeoPEMA 13.3. Koadduunenrs: muorouiena $,(x) — neasie uncraa.

JOKA3ATE/NBCTBO. Crpynnupyem B NpOM3BEACHUN Hd| — 1)un/d)
OTIeJIbHO MHOMHTENH C u = 1 u MHOXuTEMH ¢ U = —1. B peayipTare noxy-
anm $,(x) = P(z)/Q(= ), rge P u () — MHOrOWIeHH ¢ neapiMu Koddduny-
€HTAMH U CO CTAapIuM KoddhduiuenToM 1. AIropuTM JegeHus MHOTOWICHOB
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[OKA3bIBAET, 4T0 P, — MHOTOWIEH C PAIMOHATLHBIMU KOXDPHULIMEHTAMH.
[losTOMy CymECTBYET TakKoe 1, 4T0 MHOrowieH m®, umeer uensie Kodg-
(HUIUMEHTH, IpYYeM MX HanOOoMbIIMM obummit geautens paBeH 1. CoruacHo
aemme Taycca HaunGoabmi ofumil geruTenb Ko3hPUIMEeHTOB MHOTOYIEH],
mP = (m®,)Q paBeH npouspeseHMIO HANOOIBIINX OOILKX AeTUTENER KO3g-
¢ummenTos MuorowteHoB m®, u Q, T.e. on pasen 1. C Ipyro#t CTOPOHHL,
HaM6OJBIIMA 06MmKH JeruTels KoohdHIMeHTOB MHOrOWIeHa M paBeHd m.
Hostomy m = £1, T. e. KO3 duUeHTH MHOrowreHa ®, — nerste uncra. U

13.3. HenpuBoAMMOCTH KPYI'OBHIX MHOI'OWIEHOB

B nmpeawpiaymeM naparpade MbI MOKa3aid, YTC KOd(hHUIIMEHTH MHOIO-
ynena ®,,(z) — uentie 9uCIa.

TEOPEMA 13.4. Muorouren ®,, HenpnBoauM Hag Z.

MOKABATEJALCTBO. Ilpesnonoxmnm, uro &, = fg, rae f m g — MHo-
FOMJIEHBI ¢ HeakiMi Kodddumuentamu. IIycTh £ — koperb MHOrodwiesa ®,.
MoxHo cunTaTh, 4To f(¢) = 0 u muorouen f nenpusogum. Ilycts p— npo-
CTOE MCI0, B3anMHO npocToe ¢ n. Toraa e? — xopens MHoroureHa ®,. Mu
XOTHM J0Ka3aTh, 4TO eP — kopeHb MHorowleHa f. Ilpeanonoxuwm, 4ro e He
asnseTca KopHeM Muorowtesa f. Torga moxuo cumrars, uTo 9, = fgh,
rae f ¥ g — HEMPMBOAUMBIE MHOTOMIEHB! CO CTapumyM KoaddummenToM 1 1
f(e) =0, g(e?) =0.

Muorowrer " — 1 1 HeIpHBOIMMEIR MHOrOWIeH f(z) uMeloT 0Omu# Ko-
peHb €, noaTomy " — 1 gemurcs Ha f(z). Aramorwuno z" — 1 gemurca Ha
g(). A Tak KaK MHOrOWIEHBI f ¥ g B3AMMHO NPOCTHL, TO £ — 1 AeanTca Ha
ux npouasegenue. CieJ0BaTeIbHO, JUCKPUMUHAHT [ MHOTO4/IEHS, z" -1 ne-
auTcA Ha peayapTant R(f, g) (cm. Teopemy 3.4 Ha c. 34). Jlerko npoBepHTs,
aro D = +n" (cm. npumep 3.4 Ha c. 34). ITO6H NPUUTH K NPOTUBOPEYHIO,
10CTATOYHO NMOKa3aTh, 4To R(f,g) memurca Ha p.

JIEMMA. Ecam p— npoctoe 9uciao u f(z) — MHOTOWICH C LEILIMH KO-
sdpuumentamu, To (f (x))p = f(zP) (mod p).

JNOKA3ATEJNLCTBO. Iyets f(z) = anz™ + ... + a1z + ao. Toraa

(f(l‘))p = Z ﬁ(anz‘")k" A—— (ao)ko.
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Hucro p!/(ko! ... ky!) He gennTca Ha p MumB B TOM CIy4ae, KOraa OAHO U3
aucen ko, ..., k, pasro p. CrenosatensHo,

(f(2))” = (@nz)? + ... + (ao)® (mod p).

Bocnonb3oBasumcs tem, uTo a? = a (mod p) npw Beex a, noayunm Tpebye-
Moe. a

Oycte y1 = ¢P, y2, ..., yr — Kopum mHOrOwreHa g. CoruacHo JeMMe
f(eP) = (f())® = 0 (mod p), T.e. f(y1) = pb(y1), rae § — MHOrOwIEH C
neasMu Kodpduunentamu. Mrorounen f — pd n Henpupo AMMEBIH MHOOWIEH
g MMEOT O0Mi KOPeHb Y, oaToMy f — pd AeauTcs Ha g, a aHauuT, f(y;) —
— pY(y:) = 0 npm Beex i. CregoBaTensHo,

R(f,9) =%f(y1) - flye) = £p"d(y1) - ... - blwi).

Bripaxenne (y1)-. . .- {(yx) npescrasaser co60il CUMMETPUYECKAN MHOTO-
YWIEH C HeJbIMH K02((dUIneHTaMy OT KOPHeH MHOrOWIeHa g. Takum 06pa3om,
9TO BHIpaXKeHUE — Heyoe IMeIo, T.e. R(f, g) neanrcs ma pF.

Wrax, ectu @, gemnrcs Ha HENPUBOMMEI MHOTOWIEH f 1M € — KODeHs f
TO A1 JH060T0 MPOCTOr0 YMCIA P, B3AUMHO IPOCTOrO C 71, YUCIO P Toxe
Oyner kopHeM mHorowieHa f. Temeps yxe Jerko nokasaTh, 9TO BCe KODHH
MHOrowieHa @, asasoTcsa KopHAMU MHOrOwIeHa f, T.e. f = +&,,. B camom
neJe, JIo6oN KOpeHb w MHOro4aeHa b, umeer Bug €™, rae (m,n) = 1. 3a-

NUIIEM M B BUAE M = Py * ... Ps, Tl€ Py, ..., Ps — NPOCTHIC IUCTA, CPEIH
KOTOPEIX MOT'YT OHTE coBnajgatomme. U3 ycaous (m,n) = 1 creayer, 1ro
(pi,n) = 1 npu Beex i. lloaTomy €P,gP1P2  gPiPs — ® — KOPHH MHOTIO-
wieHa f. 0O

13.4. Bupaxenmne ¥,,,, vepes o,

Kpyroso#t MaOrowies ®,,, () BO MHOMMX CIYYaAX MOXHO BHPA3UTh de-
pe3 @,(x). Mbl orpanmdnMes cIyuaeMm, KOraa m = p — HPOCTOE TUCIO.

TEOPEMA 13.5. Ilycts p— npoctoe 1ucao. Toraa

_ [ ®a(a?) mpu (7, p) = p;
®pn(z) = {‘I)n($p)/(1>n(93) Hgﬂ (Z,P) = 11)

HOKA3ATENLCTBO. PaccMoTpum cravana caywait, Korga n IeIuTcA
Ha p. Ec1M € -~ IDUMUTHBHEI KODEHB CTENEHH Pr, TO & = eP — IPUMHATHB-

HBIH KOPeHb cTerenu 1. [Ipu 5TOM KOPHIO & COOTBETCTBYIOT KODHH €], ...,£p
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TaK, 4T0 (T —¢€;) - ... - ( — &p) = 2P — w. CaenoBaTenbHO,
2u(@) = [[( -0 = [] & - 0) = a@”).

PaccMOTpUM Teneps CIyuai, KOraa n He JeauTca Ha p. B aToM ciyyae
JEJUTEN pn COCTOAT U3 JEIMTENed n ¥ MX Mpouspeaenuit Ha p. IlosTomy

D, (z) = H (z¢ — 1P/ D) = H(wd — 1)rp/d) H(xdp — )/,

dipn din din
A Tax xax u(pn/d) = —u(n/d), To

Bpn(2) = [[ @ - DO [[ (% — DD = (8,(2)) " @n(a?). O
dn din

Bocnoe3osaBmuch Teopemon 13.5, MoxHO Baraucants $,(£1). Haunem
¢ Buraucaenua ®,(1). Ecim n genrurca Ha p, TO COMMIACHO Teopeme 13.5

®,(1) = ®,,/,(1). Takum 0bpasom, ecin n = pi .o pFEm=p1-... Py,
10 ®,(1) = ®,,(1). Ocraercs Boraucauts (1), Eciu m = p— npocroe
qucno, 10 ®,(1) = p. Ecm xe m = py - ... - pg, Tl k > 1, To nonoxum

p = p1 1 n =m/p. Cornacro Teopeme 13.5 &, (1) = ®,(1)/Pn(1) = 1.
HUrak, ecim n > 1, TO

A
_Jp mpun=ps;
®a(1) = {1 npu n # p.

Buruncanm Teneps ®,(—1). BoamoxXHE creqyolye BAPUAHTHL.

1) n > 1— nevernoe uncao. Torga ®,(—1) = 2,(1) = 1.

2) n = 2%, Torga ®,(z) = (z" — 1)/(a/? = 1) = (z"/? + 1). TloaTomy
3,(-1)=0mnpun=2nd,(-1)=2npnn=2% rae k> 1.

3) n = 2m, rae m > 1-— nederHoe ucio. B arom caydae d,.(-1) =
= ®,,(1). Takum o6pasom, ®,(—1) = p, eciu m = p*, u &,(-1) = p, ecam
B M BXOAUT 60jee 0LHOrO IMPOCTOro AeNUTeNd.

4)n = 2m, rre k > 1 u m > 1—mueternoe wmeno. llyere m =
= p' - ... pft. Torga @,(z) = &y (2°), THE T = p1-... Pt M S =
= gk=1pn-l. -pt~1. Tooromy ®n(—1) = P2r(1) = 1.

13.5. [uCKpAMHHAHT KPYrOBOr0 MHOI'O™LIEHA

IIpeacrapum KpyroBoi MHorowien ®,(x) B Buge

d,(z) = H(xd — I)F(n/d) =(z" - 1) H (:Ed _ 1)p(n/d).

d|n d|n,d#n
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Ecin ¢ — xopens mMuorouaena ®,,, ro

@ (e) = ne™! H (g% — 14/,
d|n,d#n

IosaToMy MOAYJb AMCKPUMMHAHTA MHOrowieHa ®,, pasex

HI@;(E” =n‘9(n) H Hll_edl'u(n/d).

£ din,d#n ¢

flcno, 9o €% — NPUMUTUBHBIA KOPEHb CTENeHn n/d, T.e.

H(1 _ gd) — (q,n/d(l))‘P(")/(P("/d)’

£

nockonbKy orHowenue deg @, k deg ®,,4 pasno @(n)/¢(n/d).

3navenne Muorourena $,/4(x) npu £ = 1 MoxeT 6HITH OTIMYHO OT 1
aMWb B TOM cay4ae, Korga n/d = p*. C apyro# cropoust, w(n/d) # 0 jums
B TOM Cy4ae, Korga n/d He JeINTCs HA KBAAPAT IPOCTOro yucaa. IlosToMy
OCTAI0TCA JUIIL T€ 3Ha4eHns d, A1g KOTOprX n/d — mpocroe uucao. Urak,

-1

TTi2,©)] = neo [ 5

€ pln

Ocraercsa onpegeuTs 3HaK IUCKPUMMHAHTa MHOrowaeHa ®,. Bocmoas-
3yeMCsa g 3TOr0 TeM, 9TO y MHOrowieHa $,, HeT BelleCTBEHHEIX KOPHEH,
a ero crenens paBHa @(n). B Takom ciyuae sHax gMCKpUMMHAHTA JOMKEH
6brTe paBen (—1)#(M/2 (cm. Teopemy 3.5 Ha c. 34).

13.6. PeayabTaHT mapel KpyroBEIX MHOT'OWIEHOB

Haunewm ¢ Toro, 4ro BeramcauM pesyabtaat R(®,,z™ — 1). MHOrouen
z™ ~1 geautca va $, = z — 1, mosromy R(®;,2™ —~ 1) = 0. IIpexnonoxum,
aro n > 2. lIycre d = (n,m), n1 = n/d, &;,&,,... — nepBoobpasurie KOpHH
CTeNeHH 7, N, N2, . . . — NepBoOOpasHLIe KOpHU cTenenu n;. Toraa

R(®,,z™ - 1) = H({:" -1)= H(l —Em) =
_ (H(l _ m))(o(n)/w(m) _ (q)nl(l))fp(n)/cp(m).
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Ecm np = 1, T.e. ecim m JequTCA Ha N, TO ®,, (1) = 0, mosTomy
R(®n,z™—1) = 0. Ecmuxe ny # 1,70 &5, (1) =pupnm = Pud, (1)=1
npu ny # P

Ilepexogs K BBITHCIECHUIO R(®,,®,,), 3ameTuM, 4TO ITO — LEJOE ‘K-
CJ10, ABIAIOmEECH JAeTUTENeM Kak 4ucia R(®,,z™ — 1), Tak # 4uCIa
R(®p,z" - 1). B cavom geze, £™ — 1 = ®,.(z) f(z), rae f(x) — MHOrCWIEH
¢ HeJBEIMA KO PUIMEHTAMH, IODTOMY

R(Qnaxm - 1) = R(Qn’ me) = R(q)na q)m)R((pna f)
Kpowme Toro, eciu n > m > 1, To
R(®p, ®,) = (=12 R(®,,, B1n) = R(Pn, Erm)

un R(®m,®n) > 0. llocregnee CBOMCTBO MOXKHO JOKa3aThb, HAIpUMED, TaK.
fcno, aTo
0 # R(®n,2™ - 1) = [[ R(@n, 24),
dim
O3TOMY
R(®n, &) = [[ R(®n,z* - 1™/ > 0.
dim

Ecau m He JeIATCA HA N ¥ 7L He JEJIHTCA HA M, TO TUCI m/dun/d, rae
d = (m,n), He paBHH 1 ¥ B3ANMHO MPOCTEL. MosTomy uncaa R(®,,z™ — 1)
1 R(®,,,2" — 1) B3aMMHO NPOCTHI, & 3HAMKT, R(®,,®,) =1.

MycTs Temepb AMf ONPEIEJIEHHOCTH M ACIATCA HA N. Ecmm m = n,
10 R(®,,®,) = 0. Ecr m/n # p*, 10 R(®py,2" — 1) = 1, nosromy
R(®,,®,) = 1. OcraeTcs paccMOTpeTh cayyain m/n = p. flcro, uro

R(®n, o) = H R((Pm,,q;8 - 1)9("/5)_
3|n

B mpaBo# 4acTy BCe MHOXUTEIN PABHH 1, 3a UCKIIOYEHMEM TeX, AI1A KOTO-
puix m/d = p°. . .

Ecau (n,p) = 1, TO HeeAMHIIHBI MHOXKUTETb BOSHUKAET JULIL IPK O =
= n. B atom caygae

R(®,,®8n) = R(®@m, 2" - 1) = prm/etm/n) — pP™,
Eciu n Je1drcs Ha p, TO HeeJMHUYHblE MHOXMTEJIM BOSHUKAIOT JHIIb
npu & = n u npu 3 = n/p. B aTOM Cayae

R(®m,z" -1)
R(®n,®m) = g o1y — P’



112 I'aasa 3. Muoeousenn cneyuaavnozo suda

rae

__om) _ g(m) _ 1 1 o(m)
7 Slnfm)  lmpym) = 2 <pH(p—1) - p‘(p~1)) =T el

Hrak, ecinu m > n, To

0 Ipu m = n;
R(®,, %) =< p*  npum = np;
1 B OCTAJBHBIX CJay4aax.

13.7. Koap¢puimeHTH KPYroBEX MHOTOWICHOB

ITpumepsr MEOrOYIEHOB &, (z) opu Manex n IIOKA3HIBAIOT, ITO UX KO-
¢unuenTs papret 0 u +1. Ho B paore [Suz] AOKa3aHo, 4To Jboe uexoe
“MCIO CTYKUT KO3(OUUNEHTOM HEKOTOPOro KPYIOBOI'O MHOIOWIEHA. DTO
AOKa3aTENLCTBO OCHOBAHO HA CIEAYIOHIEM BCIOMOIATEIbHOM YTBEDX JCHUM.

JIEMMA. [l1s m060ro HaTypaibHOro ¢ > 3 CymecTBYIOT Takue mMpOCTEHIe
mena py < pp < ... < pg, 970 p1 + P2 > py.

[ OKABATEJNBLCTBO. Dukcupyem ¢ > 3. Hpeanonoxum, 9To g1s mo6oro
Habopa MPOCTHIX IHcen P1 < p2 < ... < p; BHINOJHAECTCA HEpaBeHCTBO p; +
+p2 < pi- B Takom cyuae 2p; < py, nostomy mexay 241 u 2% 3axmogeno
MeHee { IPOCThIX ucen. ITO o3HavaeT, 4To ©(2¥) < kt (3gecn n(s) — koru-
€CTBO MPOCTHIX YHCeT MeXAy 1 u ).

Cornacro Teopeme Ie6bmmesa (cm. [CHII], (Xa] wam [9]) n(z) > cx/Inz,
TAe ¢ —monoxurensHas koncranta. Iostomy ¢2/In2% < kt, 1.e. c2F <
< k*tIn2. Tlpu gocraTouro Gombmmx k 570 HEPABEHCTBO BEIMOJHATLCA HE
Oygmer. 0

HycTs ¢t > 3 — HeweTHOE HETOE 4HCIO. Bribepem npoctrie umcaa p; <
< p2 < ... < pTAK, 9TO P1 + P2 > pi. Honoxum p = p:. PaccmoTpum
meOrowIeH @, (x) mo mogyo 2P+, Mpu wewerHoMm ¢

q) _ (l'pl _ 1) C (:1:”‘ — 1) H(zpipjpk — 1)
P1-.pt = r—1 | H(z"“’i—l)

Ho z?i?i = 0 (mod 2P*1), zP:PiP* = 0 (mod zP*) u 1. 1. TlosToMy

(l—z”l)-...-(l—x”‘)
l—-z

®,.p ==

(mod zP*1).
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Pagencrso ®,. p,(0) = 1 no3ponser BHGpaTh 3HaK mmoc. M3 HepaBeHCTBa
pi +pj 2 p1 +p2 > Py = p CIeayeT, 4TO

(1-2P)-...-1—2P)=(1-2P —...—z") (mod zP*!).
flcuo Taxxke, uro (1 —z)"' = (1+z 4 ...+ zP) (mod zP*!). IloaTomy
@ p=1+z+...+2°)(1—2" —... — ") (mod zPt).

Cpemm monoMoB xPi,zPitl .. xPitP yomom xP BeTpevaeTcs TpH BCeX i, a
monomet P! u xP~2 Berpedarorcs npu Beex § # t. [loaToMy koapduIIERT
npu 2P y muorowena ®,, . p, pasen —t + 1, a xoadpuuuent npu P2 papen
—t-1D+1=—-t+2.

Korga t npoberaer Bce HeueTHBIE 4MCIA HAYMHAA ¢ 3, yucaa —t + 1 u
—t + 2 npoberaiT BCe OTPUUATEILHEIE YUCIA.

YT06m! MONYYNTE B KAYECTBE KOMPPUIHEHTOR KPYIOBEIX MHOIOWICHOB
BCE IIOJIOXKMTEeJbHbIE THCIA, PACCMOTPUM MHOTOWIeH ®op,  p,, TAE D1 > 3 1
p1+p2 > p. Yucnon = p; -.. .-ps HedeTHO, modTomy Bo,(2) = ®,(—1x). ITO
03HA4aeT, 4TO y MHOrowieHOB Py, u @, koddPuumenTH Kax npu 2P, Tak u
upu zP~2 OTIMYAIOTCA BHAKOM, T. €. y muOrounesa Py, . KoabduIMEHTH
npu P u 2P~ 2 pasuel t — 1 ¥ t — 2, COOTBETCTBEHHO.

13.8. Teopema BeaaepGepua

OpxruM u3 HanboMee HHTEPECHBIX MPHUIOKEHUH KPYTOBBIX MHOT'OWICHOB
ABIAETCA JOKA3ATEALCTBO TeopeMbl Beagepbepsa 0 KOMMYTaTUBHOCTH KO-
HeuHoro tena. Takoe goxaszaTenncTso mpesaoxut Burr [Wt].

Teaom HA3BLIBAIOT KOJIBIO, B KOTOPOM yPaBHEHUs az = b u za = b ogHo-
3HAYHO pa3pelunMel npu Beex a 7 0.

TEOPEMA 13.6 (Bexgepbepn). Koueunoe acconuaruproe teno R kom-
MYTATHUBHO, T. €. ABIACTCA NOJEM.

JOKA3ATEALCTBO. IlycTh €; U es — pelueHns ypaBHEHME 4T = a M
ra = a, coorsercrsenno. Toraa aeja = a? = aeqa, moITOMY ae; = aey u
e;1 = ey = e. Ilokaxewm, uTo be = b gua moboro b. B camom gene, nycts
ra = b. Toraa be = rae = za = b. Aganoru4Ho eb = b.

Takum obpaszom, Teno R cogepxur egununy 1. Paccmorpum more Fp,
nopox geuHoe saemeHToM 1 € R. Teno R ABAseTcs IMHEMHLIM MPOCTpPaH-
cTBOM Hajg noseM Fy. Ilycte r — paameprocTs 3TOro nmpocrpascrsa. Torga
R cocrour u3 p" anementoB. [lycte Z — uentp tena R, T. €. MHOXECTBO TEX
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3J1eMeHTOB I}, KOTOpBe KOMMYTHUDYIOT CO BCeMH aiaemeHTamu R. flcHo, ¥To
Z — nosie, cofepxatiee Fy,. Illoatomy Z coctout u3 ¢ = p® anementos. Teso
R sBasgercs Takxke M JMHEMHBIM IIPOCTPAHCTBOM Haj motem Z. Ecau pas-
mepHOCTB R Han Z pasHa t, To R cocront u3 ¢! anementos. Takum 06pa3om,
p" = ¢ = p**. Mur xoTuM A0Ka3aTh, 40 R = Z, 1.e. t = 1.

Hna moboro aneMenrta r € R paccmMoTpum ero HopMaimsaTop N, =
= {y € R|zy = yz}. fAcno, yro N, — nogreno B R, cogepxamee Z. C ox-
HOM CTOPOHEI, TeI0 N, ABJIAETCA JIMHEHHBIM POCTPAHCTBOM HA,J moaeM Z,
nosromy N, cocrout u3 ¢ anementos. C gpyroi cTopoHH, Teno R apus-
eTCA TMHEMHBIM IIPOCTPAHCTBOM Had TeaoMm' N, noatomy ¢t = (¢4)F = ¢k,
T.e. d|t.

B mympTumiunkaTuBHOM rpymme R* A KaxJ0rO 3JEMEHTa I PaccMo-
TpuM ero opbuty O, = {yzy~!|y € R*}. fcno, aro O, cocrout u3

0z| = |R*|/IN;| = (¢" = 1)/(¢* - 1)

aaemenToB. OpOUTEI PA3HBIX JIEMEHTOB JuOO COBNAJAIOT, OO He Iepe-
cexkaoTcs, nodToMy R* pasbuBaeTca Ha opOuTHI, npmyeM OpOUTa J1I060C0
3JeMeHTa Z™ COCTOUT U3 OJHOro djaeMeHTa. ClesoBaTeNsHO,

¢ —t=g-1+) (¢ -1)/(¢" - 1), (1)

rje CyMMUDOBaHHe BeJeTCs II0 HEKOTOPEIM gerutenaM d yuciaa t. [Ipu sToM
d < t (paBeHCTBO d = t COOTBETCTBYET TOMY, YTO & & Z*; TaKMe HJIEMEHTHI
BEIjle/IeHbl B Ka4eCTBE NEPBOr0 CIAraeMoro).

C nomomeio kpyrosoro mHorowieHa ®;(z) Mbr mokaxem, 4TO paBeH-
cTBo (1) Bo3MOKHO Juiub 1ip# ¢ = 1. Muorounen x! — 1 geawrces Haueno Ha
®:(z). Bonee Toro, ecim d |t u d < t, To Muorounen (zf — 1)/(z? — 1) Toxe
AenuTcA Hateso Ha (), Tak Kak B 3TOM caydae MHOrowIens: ¢ —1 u &, (z)
He MMeIOT o0mux Kopuei. B wacraoctu, uncna ¢' — 1 1 (¢t — 1)/(¢¢ - 1)
neastesa Ha $¢(q). CooTHomenne (1) nokasuBaer, 4To Torga ¢ — 1 gerurcs
Ha ®;(q). C apyroit croponsl, |®:(q)| = [ lg — il > ¢ — 1, Tak kax |¢;| = 1
me; # 1. a

13.9. MBorowreHsl, HEPUBO AUMEIE TI0 MOAYJIO P

C momompio popmy.asr o6patenus Mébuyca MOXKHO MOTYSUThH BHIPAXKE-
HUE VI YUCHE HETPUBOJIMMBIX MHOIOLIEHOB CTENEHH 7 CO CTapIIUM KO-
¢duumentom 1 vax nonem F, = Z /pZ. Jokaxem cHauata ciegyomee yTBep-
XK ICHHE,
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TeoPEMA 13.7. Ilycres Fy(r) — npouaBelenne BCeX HENMPUBOIUMBIX
MHOIO'IEHOB CTeneHu d Ha g co cTapmuM KoaddunuenroM 1 Hag nonem Fy,.
Torna ,

? —1= HFd(z).

din

JOKA3ATEJBCTBO. MHOrowien zP" — 1 B3aMMHO TIPOCT CO CBO€H TPO-
u3BoHOM p"zP ~! — 1 = —1, 1OdTOMY y HEro HeT KPATHHIX KOpHeH. Takum
06pa3oM, JOCTATOYHO LOKA3aTh, UTO e€Cau f(&) — HempuBOAMMBIM MHOTO-
wiren cremenn d co crapumM kxodddunuentom 1, To f(z) zemT xP — 1
TOCJa ¥ TOALKO TOTJA, KOrjaa d JeauT n.

MycTs a — xopens Muorowiena f u K = Fp(a) — pacimupenne crenenn d
nons Fp. Ono cocTouT n3 p? BIEMEHTOB U BCE €0 BIEMEHTH Y IOBIETBOPAIOT
yPpaBHEHUIO 2" — z = 0. B camom nejie, MyJbTHILINKATURHAA CPYINIa MO8
F, umeeT nopagok p¢ — 1, mosromy m06ON HeHy/neBOH aemeHT T & Fp

d_—
yAOBIETBOpSET ypapHeHuio zP 1 = 1.

JIEMMA. a) Hajg npousBOAbHBEIM IOJeM MHOrOWIeH ™ — 1 geant " — 1

TOT & ¥ TOJbKO TOrJa, KOTAa M JeIuT 7.
6) Ecau a > 2 — HaTypaasHOe uucio, To a™ — 1 geaut a”™ — 1 Torga u

TOJLKO TOTAA, KOT'AA M AECIUT N.

TOKABATEJLCTBO. a) Ilycte m = gn + 7, rae 0 < r < n. Torga

™ -1 P2 —1 2" =1
=z .
" —1 " -1  z" -1

Muorowien 29" — 1 nenurca ga =™ — 1. llostomy =™ — 1 memuresa Ha ™ — 1
TOrAa ¥ TOJBKO TOrga, korga x” — 1 geaurcs Ha ™ — 1. Ho r < n, mosTomy
z" — 1 geaurca Ha " — 1 amus npu r = 0.

6) Moka3LiBaeTCA aHAJOIMIHO. o

IIpexnonoxum cHadaia, 9T0 d deauT n. Torga p¢ — 1 gemwr p" — 1, a
3HAYUT, o~z aemnt 2" — z. KopeHs o HEMpUBOAUMOroO MHOI‘O‘{JIeHad f(@)
ABJIAETCA TAKXKE M KOPDHEM YDaBHEHUA z?" = z, nostomy f (z) menur zP —z.

[peanonoxum Tenepsb, 9To f(z) aeaut 2" — z. Torga " — a. Ecim
biad=! + boa?~2 4+ ... 4 by — NPOUBBOJILHEI deMEHT noasA K, To

(bra®™t + . 4+ bg)? = by (P ) .+ by = ot L by
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Iosromy mobon saement noasa K yaosaersopser ypasHenuio rP =z, T.e.
n d
P — z genurcsa ua P — z. CregoBaTenbHO, N JETHTCA Ha d. O

[Iycts Ng — 9MCI0 HEPUBOAXMEIX MHOTOWIEHOB CTEHEeHH d CO CTApIINM
koaqpuuuenToM 1 naj nonem F,. Torga crenens Muorowrena Fy pasua d NNy,

TMO3TOMY
pt = Z dN,.
din

IIpnmenns dopmyny obpamenns Mébuyca, moxyanm

No= 2 S u(n/dpt.

dln

B wactmoctn, N, # 0, Tak kax cymMma Zp(n/d)pd umeeT Bug pPi+
din
+p® + ... £ p¥ rae uucra d; monapuo PA3JIMHEI.

14. Muorowiensr YeGunuena

14.1. Onpejgesenne m 0CHOBHBIE CBOMCTBA

M=uorounenst 1e6bunesa T, (r) apraiorca ogHUM U3 HamboJee 3ameda-
TeIbHBIX CEMERCTB MHOrOWweHOB. OHM 9aCTO BCTPEYaIOTCA BO MHOTHX 06.1a-
CTAX MATEMATHKH, OT TEOPUM ANMPOKCHMALMHE J0 TEOPUM YHUCE] U TOIOJIO-
UM TPEXMEPHHBIX MHOr006pasmi. Mer 06Cy MM HEKOTODEIE HanboJee TIpo-
CTHIE, HO BECbMa BAXKHBIEC CBOMCTBA MHOrowIeHoB Yebwiuena.

Onpegenenve MaorowneHos JeGrimena OCHOBAHO HA TOM, YTO COS NG HO-
JMHOMMATHLHO BEIPAKAETCS 4€Pe3 COS @, T. €. CYWIECTBYET TAKOH MHOTOLICH
Tn(z), ato Ty (x) = cosng mpu z = cos ¢. B camom nesne, popmy.aa

cos(n + 1)¢ + cos(n — 1)g = 2 cos¢ cosneg

HOKAa3BIBAET, YTO MHOIOWIEHH Ty, (), ONpefeeHHbIe PEKYPPEHTHLIM COOT-
HOLIEHNEM

Toi1 (@) = 22T0(2) = Too1(2)

u HagaabHBIMKM ycaoBuaMu To(z) = 1 u Ti(z) = z, 061a5al0T HyXHEIM
CBOMCTBOM. DTH MHOTOWIEHH 1), (Z) HA3BIBAIOT MHo20uAeHamy Tebbiwesa.
Henocpeacteenno us Toro, uro T,(z) = cosng mpu = = cos @, creayer,
a0 |Tp(z)] < 1 mpn 2 < 1. A u3 peKyppeHTHOTO COOTHOIIEHUA CIeIYET,
aro Tp(z) = 2"tz + a1z ' + ...+ ay,, rae ay, . .., Gp — LEJIBIE TACIA.
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Haub6omee BaxHOE CBOMCTBO MHOTOWIEHOB ebbimepa 66110 OOHADYKEHO
camum YebpunepsiM. OHO 33KI0YAETCA B CICLYIOMIEM.
TeoPEMA 14.1. Hycre Pu(z) = 2™ + ... — MHOTOWIeH CTENeHH 7. CO
1
crapumym Koddduuuentom 1, mpuuem |P,(z)| < 7=T TpH lz| < 1. Toraa

1
P,(z) = 2—::TTn(z). (MBBIME CTOBaMK, MHOI'OWIEH 2,1—_1-Tn(9:) — HavMeHee

YKJIOHSIOMMHACA OT HyJiA Ha uHTepBaje [—1, 1] MHOTOJIEH CTEMEHH 1L CO CTAP-
M KoadbdummenTom 1.)

JMOKABATEJBCTBO. MBI BOCHOB3YEMCA JHIIb OXHIM CBOMCTBOM MHO-

rowrena Tp(z) = 2" 1X™ + ..., a umenno Tem, ¥r0 Ty (cos(kn/n)) =
= coskn = (=1)* mpm k = 0,1,...,n. PaccMOTpHM MHOTOwICH Qz) =
= 2—n}_—1Tn(:c) — P,(z). Ero cTenesb He IPEeBOCXOIAT N — 1, MOCKOJIBKY CTap-
1
M€ 4IeHEl MHOTOWIEHOB FTn(x) u P, () pasnbt. U3 Toro, uro |Py(z)| <
< 2n1_1 npu |z| < 1, cieayeT, 4TO B TOUKe Zj, = cos(kn/n) sHak Unc1a Q(zx)
Tr41 Tk Trp—1 Th+1 _—Tk ﬂce—l

Puc. 5

copnagaer co 3xakoMm unciaa Tn(zy). Takxum 06pasoM, B KOHIAX KaXJOr0
OTpe3Ka [Try1,Tk] MHOOWIEH (J(T) NPMHUMAET 3HAYEHUA PA3HOTO 3HAKA,
MO3TOMY ¥ MHOTOWIeHa () Ha TOM OTpe3Ke eCTb KOpeHb. 1yTh Gomee
AKKypATHBIE PACCYXK/ICHAS HyKHEI B TOM Ciiytae, korna Q(zx) = 0. B oTom
caydae au60 Ty — ABYKPATHEIA KOPEHb, G0 BHYTPH OJHOIO U3 OTDPE3KOB
[Tk+1,Tk] ¥ [Tk, Tr—1] €CTH eme OJMH KOPEHD. OTo0 chAefyeT U3 TOro, UYTO B
TOYKAX Thii U Tp_1 MHOrOWIEH Q(Z) NPMHMMAET 3HAYEHUS OJHOTO 3HAKA
(puc. 14.1).

KOIM4ecTBO OTPE3KOB [Tki1,Tk] PABHO m, mosToMy MHOrOweH Q(z)

EMeeT TIo KpaiiHell Mepe 1 koprei. [lia MHOrOWIeHa cTeneny He 6onee n — 1
1
3TO O3HAYAET, YTO OH TOXJECTBEHHO PaBeH HyJIo, T. €. Pp(z) = —2,1—_—1-Tn(:c)

O

Ecm z = cosg + ising, 70 z + 27! = 2cos@ m 2" + 27" = 2cosng.
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-1 n —-n
Hostomy T, | 2 tz A
vy T, 5 = 5 . BocnoabaoBaBumces aTum cBolcTBOM,

MOXHO [OKa33aThb CIEAYIOLIEE YTBEPXK JCHHUE.

TEOPEMA 14.2. Ilyctes m = [n/2]. Torga

Tn(r) = z (;j)zn—2j(x2 — 1),
=0

MOKA3BATEILCTBO. Ilycte 2 = (2 +271)/2m y = (2 — 271)/2. Torga

2=z2-1mn

y

=@ ry) @ -y)" =) ()4 (-1 iy =
i=0
= 22 (;j)x"_zij’j = 22 (2"].)1'"_2j (% — 1),

j=0 7j=0

2N+
Ocraerca 3ameTuts, yto T () = ~—

CJaeacTBHE. Ilycts p— HeveTHoe mpocToe uuciao. Toraa

Tp(z) = Ti(z) (mod p).

HJOKA3ATENBCTBO. 3amuweM p B Buge p = 2m + 1. Toraa

Ty(z) = (g’j)zp—i’f (z® - 1)
j=0

Ecmm j > 0, 0 (273) Aeaurcs Ha p. [loaTomy

Tp(z) = 2P (mod p) = z (mod p) = Ty (). O

b Mna naper MHOro4wIeHOB P ¥ () MOXHO ONpeJelHTbh MX KOMTOIUUUI
0 Q(z) = P(Q(z)). MEOrOwIeHE P ¥  HA3HIBAIOT KOMMYMUPYIOUUMI,

ecm PoQ=QoP, r.e. P(Q(z)) = Q(P(z)).
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TEOPEMA 14.3. Muorounenst Ty, (z) 1 Trn(Z) XoMMyTHpYIOLIME.

IOKA3ATEALCTBO. Iycts z = cos¢. Torxa T.(x) = cos(ng) =
= y u Tp(y) = cosm(ng), mosTomy T (Tn(z)) = cosmng. Auaio-
ruaso T (Trm(z)) = cosmng. Taxmm 06pasoM, paBeHCTBO Ty (Tim(2)) =
= Tpn(To(z)) BEIMONHAETCA MPU |£| < 1, a 3HAYMT, HTO PABEHCTBO BHIIOI-
HAETCA Mpu BCeX T. ]

Muorowiens: Ue6niepa ABIAIOTCA € JMHCTBEHHEIM HETPUBHAJIBHBIM IIPH-
MepOM KOMMYTHPYIOIIMX MHOTOWIEHOB. [le/l0 B TOM, ITO CHPABCAIUBA CJIe-
Ayiomas TeopeMa KIACCH(UKAlMM Tap KOMMYTUPYIOUIUX MHOLOTIEHOB.
Iycts I(z) = az + b, rae a, b € C u a # 0. Bygem roBopuTh, 4TO napa
muorowieHoB lo fol™l u logol™! sxeusasenmna nape MHOrOWICHOB fug

TeOPEMA 14.4 (Purt). IlycTs f 1 g — KOMMYTHDPYIOUIME MHOTOLICHEL.
Toraa mapa MHOTOWIEHOB f ¥ g SKBUBAJICHTHA OJHOH M3 CJIEAYIOUINX NAp:

(1) z™ mex™, rae e™ ' =1;

(2) £Tm(z) u T (), rae Tm u Ty — MHOTOLICHEL Ye6uiena;

(3) 1QW (z) m £2QV (), rme € = ¢ = 1, Q(z) = zP(z7), QY =Q,
QP =Q0Q,Q¥=Q0Q0Q, ...

Dra Teopema Obula Z0Ka3aHa B 1922 r. aMeprMKaHCKMM MATEMATHKOM
PUTTOM; BCE H3BECTHBIE €€ JOKa3aTelbCTBA BECbMa CJIOKHBIC. CoBpeMeHHOE
M3JI0XKeHNe 10Ka3aTeTbCTBa TeopeMbl PuTTa npuseaeHo B [IIpHI).

B HEKOTOPHIX CAy4aAX BMECTO MHOT'OWLICHA T, (x) yao6HO paccMaTph-
paThb MuorowieH Pn(x) = 2Th(x/2) co crapumym koadPuireHToM 1. Muo-
rowrensl P, (&) yIOBIETBOPAIOT PEKYPPEHTHOMY COOTHOMICHMIO Poi(z) =
= 2Py (z) — Pp—1(x), n03TOMY P, (Z) — MHOTOWIEH € eTbIMM KOR(PHIIEH-
TaMH.

Ecm z = cos@+ising = €%, 1o z+27" = 2cospu 2" +27" = 2cosng.
Mootomy P(z + 271) = 2T (cosg) = 2cosng = 2" 4+ 27", T.e. MHOTO4JIeH
P,(z) cooTBeTCTByeT MOIUHOMHUAILHOMY BHIDAXKCHUIO BeIMUMHEL 2" + 27"
qepes z + 271

C OMOIIBI0O MHOTOWICHOB P, MOXHO JOKa3aTb Clelylollee yTBEpXKJe-
HUE.

TEOPEMA 14.5. Ecam o6a uucia a u cos(an) palMOHAIBHBL, TO IUCIO
2 cos(an) nenoe, T.e. cos(an) =0, +1/2 um £1.
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HOKA3BATEJILCTBO. Ilycts a = m/n — HecokpaTuMas apo6n. Ilomo-
XM To = 2cost, rae t = an. Torga P,(xo) = 2cos(nt) = 2cos(nar) =
= 2cos(mn) = £2. IlosToMy Zo — KOPEHb MHOrOYIEHA Pz)F2 =2" +
+biz" + ..+ b, ¢ neabiMu koabduunenramu. Ilycrs 5 = 2 cos(arn) =
= p/q— mecokparumas gpo6b. Torxa PP g+ 4 bag™ = 0
a 3Ha4AT, p" memutca Ha ¢. Ho umena p n ¢ B3aMMHO IIPOCTHIE HO3TOM):
g = %1, T.e. 2 cos(an) — nenoe gucio. ’ a

[Ipouspoanbie MHOrO4wIeHOB UebbmIensa, YZAOGHO BEIMHCIATH, OMMPaACh

HENOCPeACTBEHHO Ha coorHowenne T, (z) ='cosng, rae = = cos ¢. Hampu-
Mep,

)

T (z) _ dcosng dcos ¢ -1 __ nsinng
" dy dy - sin ¢

T”(.’E) — d (nsinng) -1 _ nCOS(psinncp—n2cosncpsin(p
" dp \ sing Jsing sin® ¢ .

W5 >tux dopmya creayer, uro
(1 = 2T} (x) = n(Tp s (z) — zT,(x)),

(1-2%)(T3(2)* = n2(1 = Tn(2))?,
(1 - 23TV (z) - 2T (z) + n?T,(z) = 0.
2

Toxpgecreo (1 — 2?) (T} (x))” = n?(1 - Tn(z))2, MOXHO NepenucaTsh B

BHJE
1=T2(z) — (1 - 2})U2(z), (1)
sin ng
sin @
C ueabiMu KodddunuenTamu. [edCTBUTENLHO, MHAYKIMA 1O N OKA3LIBAET
410 ’

r = =
e Uy, (x) u z = cos¢. Jlerko nposeputs, uto U, — MHOrOWICH

SinnT = py(cosz) sinz, cosnz = g, (cos z),

A€ Pp, U §n — MHOT'OWIEHBI ¢ HEALIMH KO3(PUIIHeHTaMH.

Toxpectro (1) MOXHO MCMONTB30BATEL Li1s HOJIY9€HUSA DELICHAN ypaeHe-
wua Ileaan

?—dy’ =1.

B camowm gene, ecn (71,11) —HaTypanbHOE pewenue 3TOroO YPaBHEHHsA, TO

1=T3en) - S5 (it (o))

= T,f(xl) - d(y1Un($1))2 ’

oviodeeb i
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OITOMY (Tn(zl),ylun(a:l)) — TOXe Haiypanbnoe pEIlIeHHe DTOr0 ypaBHe-
HUAL

3AMEYAHME. MOXHO J0Ka3aTb, 9TO eCid (T1,Y;) — HAMMEHbIlIee Ha-
TypaJbHOe peleHne ypasHerus Ilesnsa, To Bce ero HaTypalbHbIE DelleHns

umetor Bua (Tn(z1), y1lln(21)).

14.2. OpToroHarbHbIE MHOT OLICHEI

Msuorowrenst fi(z), k = 0,1,..., HAa3BIBAIOT 0PMOZONALLHHIMY MHOI'O-
“IEHAMM Ha OTDe3ke [a,b] ¢ Becoont pynkumen w(z) > 0, ecm deg fr = k u

b
/ Ful@) f(@)w(z) dz = 0

npu m # n.
B npocrparcTse V7! MHOrowIeHOB cTeneru He Gosee n MOXHO 334aTh

CKAJAPHOE Npou3BeeHre GopMyIoN
b
(f,9)= /f(z)g(m)w(z) dz = 0.

OpToroHarbHbe MHOTOWIEHH fo, f1,. .., fn OOpas3yoT OpTOrOHAJIBHBLIN 62~
auc B mpoctpancTee V! ¢ TakuM CKATAPHBIM IPOM3BECHUEM.

Eciu 3a1aH 0Tpe3oK [a, b] ¥ BecoBas dpyHkmua w(x), TO OPTOrOHATLHEIE
MHOTOIEHB! OIpejieeHbl OAHO3HAYHO ¢ TOYHOCTBIO JO TPONOPIHOHAIBHO-
ctu. B camMoM fere, OHM HOTYYAIOTCA B PE3YIbTATE OPTOrOHAIM3AIMN 6a3Kca

1,z,2%,...
Hamn6osee M3BECTHBI CIEAYIOUINE OPTOTOHANBHBIE MHOTOWIEHEL:

a b w(zx) Haspanne

-1 1 1 MHorowiess! JlexaHnapa
-1 |1 (1—22*~1/2 | muorounrens erenGayspa
-1 |1 |(Q-2)*1+=)P | maorowiens: Axobu

-0 | 00 exp(—z?) MHOTOWIEHBl DPMHUTA
0 00 z%e™* MHOro4IeHH Jlareppa

TEOPEMA 14.6. Muorowiens YeOriuesa 06pa3ylT OpTOOHAJIBHYIO

cucTeMy MHOTOWIeHOB Ha oTpeake [—1,1] ¢ Becosoit byukmmedr w(z) =
1

V1-2?’
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JIOKA3ATEJBLCTBO. Crenas 3aMeHy T = COS @, HOXYIHM

/Tn ,___1 — /cosn(pcosmcpd(p =
-1
_ ] cos(m + n)g + cos(m — n)

P
3 do.

0
Ocraerca saMeTuTs, 94TO

T

/cosk(pdq):O npu k # 0. a

0

CaeacTBHE. Ecin P,(x) — MHOrOwIen crenenu n u

/P(I) sz _

npa k=0,1,...,n — 1, To P,(z) = AT,(x), rre A — HEKOTOpOE UMCIIO.

[OKA3BATEJABCTBO. B npocrpascTee V! co ckanapuniM npoussege-

HHEM
1

(1.9) = [ )9 ey

21
OPTOTOHANLHOE [ONOMHEHHe K IIOIPOCTPAHCTBY, HOPOXIAECHHOMY MHOLO-
uieHamu 1,7,22,...,2"" !, nopoxaeno MHOrowesom YeGumena To(z). O

CaencrBue Teopembl 14.6 GbIBaeT MONE3HO MPH QOKA3ATEMLCTBE TOrO,
4TO HEKOTOPBIM MHOTOWIEH ABIAETCA MHOrowieHoMm Yebuimresa. Hanpumep,
€ €r0 NOMOIIBIO MOXHO JOKa3aTh CICAYIONIEE YTBEpXKACHHE.

TEOPEMA 14.7. Muorouwiers Ye6bleBa MOXHO BHMHCIATE 10 HOp-
MyJie
_ (= 1)n\/1 -z> 4" 2\n—1/2
Tnl®) = 1375 @ Dam )T

JTOKABATEJIBLCTBO. WnAyKumen o m Jerko [0Ka3aTh, YTO NP M < 1

%ﬁ{(l _ z2)n—1/2 (1’)(1 —z )n m— 1/2
rae Py (x) — Muorounen crenenu m, npudeM Fo(z) = 1, Pi(z) = —(2n—-1)z

# Ppy1 =1 —22 — (2n — 2m — 1)zPn(z) mpu m > 1. CregosaTeanHo,

V1 —:z2(zc (1—22)""/2 = Py(2)

~— MHOT'O4JIEH CTEIEHH 7.
Mposepum, uto P,(z) = ATy (z), T. €

1
/xkz?:—(l )24z =0
-1
opu k =0,1,...,n — 1. HaTerpupysa no Jacrtsam, Hotyiaem
1 (]
/xkdiiz—ﬁ(l _ Z,2)n-—1/2dz —
-1

1
! a7 2yn—1/2
= z*P,_1(x)(1 —z2)1/21_1 —/kzk 1dwn_1(1—x ) dz.

-1

2 _ —
[epBoe craraeMoe PaBHO HYJO, TaK Kak 1 — z” = 0 mpu z = £1. 3arem
MHTErpUpyeM M0 HacTAM BTOPOe caaraemoe u T. 4. 1TOGH B KOHIE KOHIIOB

MOJYYATH HYJb, HYXHO IPONBTErPUPOBATH IO qethTkmle k+ 1 paa. IIpu aTom

HA [OoCIeJHEM LIare BOSHUKHeT JuddepeHuna JnF T ITO 03HAYAET, YTO

queao n — k — 1 J0/KHO OBITH HEOTPUUATENBHO, T. €. k < n ~ 1.

Ocraerca npoBepuThb, 4o A = (=1)"1-3-5-...(2n — 1). [Jaa storo
MoxuO BerancauTs P, (1). Jeao B ToMm, 4To pu T = 1 peKyppeHTHOE COOT-
HOLIEHHE

' P (z) =1—2% - (2n — 2m — 1)zPpy(x)

HOpMHUMAET BHJ
Pri1(1) = —(2n = 2m — 1) P (1).

Taxum o6pazom, P,(1) = (-1)"1-3-5-...-(2n — 1). SlcHo Takxe, 4TO

T.(1) =1 O
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14.3. HepaBencrBa jius muorowrenos YeGpnmeBa

Muorowiens e6rmmesa Mao yKIOHAIOTCA OT Hyad Ha oTpeske [—1,1].
ITO KOMIIEHCUDYETCA TEM, YTO OHU M MX NPOU3BOIHEIE GBLICTPO BO3PACTAIOT
BHE 9TOr0 0Tpe3ka. Tounee roBops, CpaBeInBo ClefyiolIee YTBEPXK IeHHe.

TEOPEMA 14.8. [Ro] Iycte MHOrOWIeH p(T) = ag+a12+. . .+a,z™, rae

a; € C, Takos, 1T0 |p(z)| < 1 mpu —1 < z < 1. Torga [p¥ (z)| < |THF (2)]
npu |z] > 1,z e R

HdOKA3ATEILCTBO. MBI BOCIONB3yeMCA MU TEM, YTO ’p(w,)l < 1 npm
z; = cos(n —i)n/n, i = 0,1,...,n. MHOrOwIeH p(I) MOTHOCTHIO ONpENELA-
€TCsA DTUMH 3HadeHuamu p(z;). B camom gere,

= p(z:)
pz) =Y E22g.(a), (1)
; gi(x:)

rae g;(z) = [] (z — z;). Auddbepenunpys k pas cooTHOweHME (1), nonyamm
J#i

p0(e) = 30 2l

A rak kak |p(:c,)| <1, To

PP (@) <>

i=0

9" (@)
gi(x:)

: (2)

Muorowien Ty, (2) B TOUKe T; IpHHUMAET 3HAYEHUE cos(n—i)m = (~1)"71

IToaTomy
n .
(Gt VA O)
2 oy o).
=0

fcno Taxxe, uro sgngi(r;) = (—1)"~'. Kpome Toro, mpu |z| > 1 3mak
quciaa, ggk)(z) He 3aBUCHT OT . B camom jpesne, Bce kopHM MHOrOwIeHa g;(z)
IIPUHALIEKAT OTPe3Ky [—1, 1], nosToMy Bee KOpHE MHOrOWIEHa ggk) (z) Toxe
HPUHAANEXAT 3TOMY OTpe3Ky. CieIoBaTeabHo, sgn g(»k) (z)=1mpuz>1m

(2
Sgngik)(x) =(-1)"*mpuz<1.

IT{F ()| =
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B urore npu |z| > 1 noxy4daem

= g"(z)
prd gi(zi)

|78 ()| = ‘

(k)
B TaxoM CIydae U3 HepaBeHCTBa (2) cienyeT, 1TO lp(k) (:z;)l < |Tn (.z')| a

W3 reopembl 14.8 MOXKHO M3BJIEYL MHOLO IOJE3HEIX CEJCTBUU. Cdopmy-
J¥pyeM HX B BUJe OTJEJbHBEIX TEOpeM.

TeoPEMA 14.9. Tlycrs muorowreH p(z) = ap + a1 + ... + clznx", rie
a; & C, Takos, 4TO |p(z)| <1mpu —1 <z <1 Torga |a,| <277 .

JTOKA3ATE/LCTBO. HanomumM, uto Th(z) = bo + b1z + ... + bu™,
rae b, = 2"~!. TlosTomy, npumenus Teopemy 14.8 npu k = n, noxyqum
- 4

lan| < 0] =27 L.

TEOPEMA 14.10. Tlpu z < —1 u npu z > 1 BHIIOJHAETCSA HEPABEHCTBO

1T, (2)] < [T ().

JIOKA3ATEALCTBO. [Jna MHOrowieHa p(z) = n.(lk ()x) BBLIITOJHAETCA
k
ycaoBue Teopemer 14.8, nosTomy |T,(L_)1 (z)| = |p(z)] < |Tn"' (x)]. a

TEOPEMA 14.11 [As]. Ilpu z,y > 1 BHIIOIHAETCA HEPABEHCTBO

Tn(zy) < Tn(@)Tn(y)-

JTOKABATEJNLCTBO. Puxcupyem y 2> 1 ¥ paccCMOTPMM MHOT'OWIEH
p(z) = Tn(zy)/Tn(y). llposepum, 9TO 5TOT MHOIOWIEH yAOBIETBOPAET
ycnosuio TeopeMer 14.8, T.e. lp(a:)| = ‘Tn(my)l/Tn(y) <lmpm -1<z< 1.
Tlpu BemecTBeHHOM S (QYHKIUA |Tn(s)! 33aBHCHT TOJBKO OT |s|, mpudem
ecau |s| > 1, TO |Tn(s)| MOHOTOHHO BO3pacTaeT ¢ Bopacraxuewm |s|. flcro
TaKxe, 9T ‘Tn(s)| <1< Ty(y) npu |s| < 1. CrefoBaTensno, ecmm y > 1 u
-1<z<1,T0 |Tn(xy)| < Tuly).

CornacHo Teopeme 14.8 npu & > 1 BHIIOAHAETCS HEPABEHCTBO |p(z)| <
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14.4. IIpousBogmuas ¢pyHKImMA
[nsa nocresoBaTenbHOCTH (PYHKLMH an(T) MOXHO DacCMOTPETH AL

oo
n _
Zo an(x)z™ = F(z,2). Ecin pagnyc cXoauMOCTH 9TOrO PAa MOJOKHUTENEH,
n=

To dynxumio F(z,z) HasbBAIOT npoudssdawet Pynxyued NMocieI0BaTEND-
HOCTH Gn(Z).

TEOPEMA 14.12. Ilpy —1 < z < 1 1 |2| < 1 BeIMOAHAITCA CaegyomIme
paBeHCTBA: (

— Tn(2)
nlT) pn
(a) 25__‘; 2" = —In(1 - 222 + 2%);
(©) 3 L.
6 1+25 T (z)2" = —z
nz=:1 n(z)2 1—2x2+ 2%

JMOKA3ATEJBCTBO. a) [lycts 2 = cos¢. Toraa
1-2z2+ 2% = (1 — e¥2)(1 — e~ ¢2),
noatomy In(1 — 22z + 2?) = In(1 — €2) + In(1 — e~%2). flcro Taxxe, 4TO
+ing

—~In(1 — e*%z) = Z £

n
n=1

npu 2| < 1. CaegosarensHo,

8
8

—In(1 - 2z2 + 2?) Z Coan) 2" =2

6) Mpoauddepennuposas no z 06e 1acTH papeHcTBa (a), IOTYIMM

_ 2r — 22
2 T, (z)z" ! = —_—
7; n(2) 1-2z2+42
CaenoBaTensHo,
2x—2z) 1-2?
1+2 To( il =
Z 1—2zz +2° T 1-2zz+ 2% =
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C momompbio Teopembl 14.12 MOXHO NOAYUHTH Clefyiollee ABHOE BBIPA-
JeHne AaA MHEOrowieHa JeOninesa.

TEOPEMA 14.13. Mycte n > 1 1 m = [n/2]. Toraa

=2 Z ; k)(zz)n—zk'

I -

TOKA3BATE/LCTBO. CoraacHo Teopeme 14.12 (a)

00 T, X (2rz — 22)P
2Z%z"=—ln(1—2wz+22)=z(—m—z)—=

=1 p=1 P
- i Ep:(—l)k l (z) zp+k (2x)P—k
p=1 k=0 P
IMoaTomy
Tuw)=5 Y (D2 @)@y
pt+k=n
1 M n k
— 5 Z(_l)kn—_z (n —]; )(21’)"_2k.
k=0

CyMMupOBaHUe BEJeTCA 4O TeX mop, noka n—2k > 0, moaroMy M =1[n/2]

=m. O
Boaee yaoGras apras (HOPMyJIa MOAYyHaeTCA JIA MHOIO4ICHA P,(z) =
= 2T, (z/2), a umenno:
m n k
_ 1k n—ky n—2k
- Z( 1) n—k ( k )‘T ) (1)

k=0
rae m = [n/2}.

HanomuuM, 4TO MHOFO‘IJIeH P,(z) COOTBeTCTByeT TIOJAVHOMUATBHOMY
BBIPAXKEHMIO BEJIUYMHBL 2"+ 27" gepes z + z71 (3T0 crexyer U3 TOroO, ITO
" +2"=2cosngu z+ 2" =2cosq npn z = €'¢).

Jlerko nmposepuTh, 4T0 Opu 1 = 2m + 1 BEIIOJIHACTCA PABEHCTBO

Z+Z Z P 2k 2k-—n)
)

k=0
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a P N = 2m BHINOJHAETCSA PABEHCTBO

m—1
(z+2zHr = Z (Z) (2
k=0

Taxum o6pasom, ecimn Py(x) = 1, a npu n > 1 muorodnens P, (z) 3agaooTcs
s , Z A
dopmyaon (1), TO BHIIOIHAETCA COOTHOIEHHE

Z n 2k ) (2)

n—2k + z?k—n) + (:rll)

rae m = [n/2].
Coorromenus (1) u (2) moxHO 3amucarts caesyomum obpasom. Ilycrs
an = z" 1 b, = P,(z), rae £ — HexoTOpOe bUKCHpoBaHHOE Hucio. Toraa

m m

an = Z (Z)bn—%, bn = Z(_l)kn ﬁ k (n ; k)a"'—% 3)

k=0 k=0

(mpu n = 0 BTOpOE COOTHOWEHME BHIIIATUT Kak by = ag). [lokaxem, aTo
cooTHOmEHNA (3) SKBUBANCHTHEI HE TOILKO 1A YKA3aHHEIX IIOC/IEI0BATENb-
HOCTEM, HO U A [IPOM3BOJBHBIX OCJAeI0BaTeabHOCTeN. Ilpexge Bcero 3a-
MeTHUM, YTO NEPBOE COOTHOIIEHUE MMEET BUI QG bp + > Brnibn_i, a
BTOpPOE COOTHOIIEHMe uMeeT BUJ b, = Gp + Y. 0p_iGn—;, O3TOMY KaxkK-
J0€ COOTHOILIEHHUE OJHO3HAYHO ONPENEeAeT KaK NOCTIENOBATEILHOCTE Ay TIO
MOCJe0BATEILHOCTH by, TaK U MOCIEIOBATENBHOCTE by, 1O MOCAEL0BATETb-
HOCTH Qp. fICHO TakXe, YTO A1 NOCAENOBATEILHOCTEH Ay = Y NP, by =
=3 NPp(x;), rae A u T; — PUKCHPOBaHHBIe HAOOPH MHCEN, COOTHOIIEHMA
(3) 5KBUBAJEHTHBI, MOTOMY YTO OHM SKBHUBAJCHTHEBI A MOCJIEIOBATEILHO-
creit a, = 27, b, = P,(z;). Ocraerca npoBepuTs, 4T0 Aas 10600 HOCTE-
JOBATEILHOCTH G, A1, - . .,0, MOXHO NOZOODATHL TAKME YUCIA Ag,...,A, H
n

To,...,Tn, 9TO @; = Y, Mzt mpu [ = 0,1,...,n. BriGepem Ipom3BoIbHEE
i=0
MIONIAPHO PA3NTUYHEIE YUCA Xy, - . - , Lp. LOCIA JJIA TUCET Ag, . . .,

CUCTeMy JUHEHHBLIX YPABHEHMMA C ONpe/ieauTeaeM

Ap, HOXYHUUM

ITa cucTeMa YPABHEHUM MMEET DEIIeHME IIPH JIOOHIX Ay, . . . , Gy,.

S
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CooTHomenus (3) HO3BOJAIOT MOMYYaTh HETPUBHAIBLHEIE TOXJECTBA
¢ 6unoMuaIbHBIMA KoddunuenTamu. Ilonoxum, nanpumep, b, 1 opmu
Bcex n. Torga

Q2mi1 = Z (2,1:) =2°™,

m
Qom = Z2m+1 2(22’"+(2,:,n));
k=0

5TH TOXJECTBA JErKO MOIY4aloTcs U3 pasnoxenni (1 + 1)2m+1 4 (1 4 1)2™
no 6unomy Helorona. B Takom ciydae cooTnomenue
m

bn = Z(_l)knfk(n ; k)an—2k

k=0

TIPUHUMAET BUJ

i 2m+1 2m4+1-k
_ k m - 2
_kZO(_l) 2m+1—k( k )2,
m

2= 3 (0t (T B3 (2 ()

15. Msmuorowiens Bepryum
15.1. Ompegenerma MEHOrOwIeHOB BepHyum

te'? .
PaccmoTpum dynkumio g(z,t) = e‘_e——l' Ilpu t = 2kni 3mameHaTennb

06pamaeTca B Hylb, IO3TOMY IIpM Takux ¢t gyukums g(z,t) MoxeT uMerTs
ocobernoctn. Ho npu ¢ = 0, kak nerko y6eanThcs, GYyHKUMA g PeryaapHA.
TloaTomy dyukumio g(z,t) MOXHO PA3IOKHTL B PAL

szt =3 DB.),
n=0

cxoasamuics upu |t < 2.

Kax mur ceivac ysuammM, B, (z) — MuOrOwien crenenn n. MuHorowwieHsr
B, (z) Ha3HBAIOT MHOZOUAeHaMY DBepryaau, a uncaa B, = B,(0) HasuBaoT
yucaamu Bepuyanu.

5— 1010
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Pan ana dyuxuun g(z,t) npescrasiaseT co60M NpOU3BEJEHNE PAA0B

o " o~ t"2"
:ZHB" u e”:Z -
n=0 n=0
HosTomy
En (Z) Z k! (1;, izk)| 3
T. €. - ,
B,(z) = Z (Z)Bn_kzk.
n=0

DopMaJIbHO HTO PABEHCTBO MOXHO 3anucaTs B Buge Bn(z) = (B +2)", rae
nog B" ¥ 6yaer nospasymesatnca Bp_k.

OzHO M3 Ba)KHeMINUX CBOUCTB MHOrowrieHoB Bepuyinn sakmodaercs B
TOM, 4TO

Bp(z 4+ 1) — Bp(z) = nz""1. (1)
llna gokaszarerncTsa ¢popMmyasl (1) JOCTATOYHO 3aMETHTh, YTO
o n
Z(Bn(z +1) - Bn(z))-j-l-! =g(t,z+1) —g(t,2) =
n=0
t(z+1) tz X ntl_n
- PZ’——_I—_ efe—l =tetz=Zt n!z
n=0
Cnoxum pasercrea (1) ana 2 = 0,1,...,m — 1. B peayapTaTe noay4um
m—1 1
k"' = ~(Bn(m) — Ba(0))- (2)
k=0

D70, B YaCTHOCTH, O3HayaeT, 4To cymma 1 + 271 + ... + (m — 1)"‘1

npeacTrapaaeT co60M MHOI'OWIEH CTEeNeHN M OT 1. I/IMGHHO 3TO CBOMCTBO
tz

6n110 06Hapyxeno f1. Bepuyau [Bern]. A nponasoaamasn GpyHxuus P

] tn
=3 mBn(Z) 6uUTa npesokena Jinepom B 1738 r.
n=0 """
[Ipy BEIMUCJIEHMA MHOTOWIEHOB BepHY/IIH yI06HO NOAB30BATHCSA PEKYP-
PEHTHHEIMM COOTHOIICHUAMM

n-1

3" (M)B.(2) =n2"", n>2. 3)

r
r=0
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OTH COOTHOIIEHUA MOXHO J0Ka3aTh CIEAYIOIIUM 00pasoM:

if_B(Hl) (Z —B,( z)) (Z )

n=0 =0

nosroMy Bn(z +1) = io (n) B,(z) = Bu(2) + 72: (:)Br(Z). OcTaerca Boc-

r
r=
NOJB30BATHCA COOTHOIEHneM (1).

IIpu z = 0 coorHomenus (3) NPeBPaNIaIOTCA B PEKYPPEHTHHIE COOTHO-
ureHus aaa uucen beprysnm

n—1

> ()B. =0, n>2 (4)

r=0

Jlerko npoeeputs, ¥T0 By = 1, lloaToMy u3 coorHowenuit (4) nocrenosa-
TEIBHO [IOJIy4aeM

1 1 1
2 Bz=g, B; =0, B4=—%, Bs =0,

HecnoxHo nokasaTs, 4To Bagy1 = 0 nmpu k > 1. B camom gene,

oo
t t t"
—5=1-5+2 7Bn
n=2

TIO3TOMY AOCTATOYHO MPOBEPHUTH, YTO OYHKIIMA

Bl=—

t t et +1
-r—1+‘2' t—

et -1

4yeTHAa. B 9eTHOCTH 3TON (PYHKIUH JErKO yOeuThCA.
B 1832 r. Anmeas mokasan, 4TO MHOI'OWIEHH! BepHYLIM CBA3aHBL COOT-
HOIIECHUEM
B 11(2) = (n +1)Ba(2).
Yro6H J0Ka3aTh 3TO COOTHOLIEHUE, TpoAudgdepeHurpyeM 1o z 06e 4acTH

paBeHCTBA
o

tn tetz
> =Bu(2) = o1
n=0
B pesyabTaTe mosyunm

ZB’

IIpupasuBag x02hGUIUEHTH TIPH gt noxy4aeM Tpebyemoe.

t2 tz e gt

=Y = Bal2).

n=0

5%
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15.2. Teopemnl AOmOJHEHMA, CI0XKEHHA apryMeHTOB
H YMHOXEHHS

Meuorowrens Bepryiny o61aa0T CIEAYIONMME CBOMCTBAMH:
Bp(1 - 2) = (—1)"By(2) (meopema donoanenus);
n

Bp(z+y)= Z (Z)Bs(m)y"_" (meopema caoncenus apeyMenmos);
=0

1 m—1
k=0
Bce ot TEOPEMHI JIETKO BRIBOJATCA U3 COOTHOLUICHNA
oo n tz
te
—B,(z) = .
Z n! n(2) et —1
n=0
,I[JI}I JA0Ka3aTeJIbCTBA TE€OPEMEBI JONOJTHEHUA JAOCTATOYHO 3aME€THTH, YTO

e ng tet(l—z) etz ( t)n
ZmBn(l_z):et—l —e‘t—l z By(2).

n=0

[

1%) =m "B,(mz) (meopema ymnoxcenus).

TeopeMa. CIOXEHUA APIyMEHTOB JAOKA3BLIBAETCA CleAyomuM 06pasom:

0 tn tet:c ty O s 0 tryr
Z_%ﬁn“*-’/):?_—l: G B@ | (L5 ) =

r==0

r+s

= f: trvs! ZZ z)y" "

r, 8=0 n=0 s=0

JlnA JOK33aTeabCTBA TEOPEME YMHOXKEHUA MBI BOCHOJB3YEMCH TOXJAe-

CTBOM
1 ltet+...4em V)
ef—1" e™ —1 )

M3 5TOro ToxaecTsa CIefyeT, YTo

Il

had t"B te™ 1 e™*mi(l+e 4. 4elmYy

Z_ M =F 1" m e™ —1 -

1 m-1 (z+k/m)mt 1

m i 1
k=0

m—1 oo
mt 1 m"t" k
= E Z oy <Z + E) .

=0 n=0

Eo
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Teopema yMHOXEHHMA OKA3LIBAET, 9TO MHOTOWIEH BepHyamu B (z)
ABJIAETCA PeIerneM (GyHKIMOHAILHOTO YPABHEHUs

f(a+ £) =mgona). M

TEOPEMA 15.1 [Le]. Ilpu ¢uxcupoBanubx m, n > 1 cymecrsyer efus-
CTBEHHBIM MHOI'OWIEH CTENEHH 7T CO CTapmmM koddbduumeHToM 1, yosie-
TBOPAIOMUMA PYHKIMOHATLHOMY ypaBHeHuio (1).

JOKA3ATEJLCTBO. CyumecTsoBanue TPe6yeMOro MHOTOWIEHA MOXHO
JOKa3aTbh M HEMOCPEACTBEHHO, HO MBI He §yJeM 3TOr0 JelaThb, & OPOCTO
BOCIOJIL3YEMCA YXKe M3BECTHHIM HaM (PaKTOM, YTO MHOTOWIEHH BepHy/iu
Y ZOBJIETBOPAIOT (PYHKIUOHAILHOMY ypasHeHuio (1).

Oycts p(z) = z™ + ... u ¢g(z) = z" + ...— ABa Pa3HBIX MHOTOWICHA,
¥ IOBJIETBOPAIOIINX GyHKIHOHANLHOMY ypasrenno (1). Mx passocts A(z) =
=qaor? + ..., rae agp # 0 u d < n, ToOXe yaOBIETBOPAET ypasHeHuo (1).
CpaBHenue koa¢pdunnenToB npu ¢ B J1€BOM U IPaBOR YaCTY PaBEHCTBA

m~—1 k
A (:c + —) =m~ "A(mz)
m

k=0

1
m

IOKa3BIBaeT, 4To ag = m® ™ay. ATo npoTmBOpeuuT ycaoBmio m > 1 u

IPEATIOI0KEHUIO O TOM, 9TO ag # 0 u d < n. O

Caenas 3aMeHy HepeMeHHHIX, GYHKINOHAILHOE ypaBHenwe (1) MoxHO

IPUBECTH K BUIY
— z+k
f@) =me Y 1 (), @
k=0

rae s = n. B c1y4ae saTypansHOro s Henpepuieanie dysxkunu f @ (0,1) - C,
yaoeieTsopsoume ypasaeruo (1), uccaegosan Ky6ep [Ku]. B o6mem ciy-
uae, T.e. npu § € C, npocTpaHCTBO TaknX GHYHKUMK ABYMEPHO, IPHYEM B
HEM MOXHO BHIOPATL 6a3UC feven, fodd TAK, 4TO

feven(z) = .feven(1 - :L') " fodd(x) = _‘fodd(l - ZII)

O pasubix cBoncTBax pewenunt ypasuenus (2) Jxon Murnop Hamucan 60ab-
LIYI0 MHTEPECHYIO CTaThIo [Mi].
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15.3. dopmyna Jmrepa

X1
Mycts s € C, Res > 1. Torga pag . 5 CXOIUTCH. Dyuknusa {(s) =

n=1
X1
= z — AOMyCKaeT AHAJUTHYECKOE IPOJOJXKEHHE Ha BCIO KOMILIEKCHYIO
n=1 "

IIOCKOCTh. IIp 3TOM B TO4Ke 8 = 1 OHa MMeeT IpPOCTON MOMIOC, 8 B OCTANb-
HBEIX TOYKAaX peryJafpHa.
o 1 .
Ipu measix s pax 21 —5 paccMaTpuBai ewe Aunep. Ho paccmaTpusaTs
=
{(s) xak GyHKIHIO KOMILUIEKCHOI'O IIEPEMEHHOrO MepBhIM Havaa Puman, u
NMEHHO OH OOHaPY KU1 Hauboee r1yGOKue ee CBOUCTBA U HanboJIee BaXKHEIE
ee npuiokenus. B ceasu ¢ atum pyukuumio {(s) HazuBaloT dzema-gdiynxyuerd
Pumana.

TEOPEMA 15.2 (Diuep). Ecau k — HaTypaibHOe MHCI0, TO

(_1)k+1B2k22k—ln2k

C(zk) - (2k)!

JOKA3ATEJBCTBO. Bocnosbayemcs paznoxenueM GyHKINN sin 2 B 6ec-
(o 0]

2

. z

KOHEYHOE I1POU3BeJeHne: sinz = 2z H (1 - W) IIpoxuddepenuuposan
n=1

aorapudMbl 06erX YaCTEN 3TOr'0 PABEHCTBA, MOLY UM

cosz_1+z 2z
sinz  z T i

COos 2 2 & z 2k
:1_22;(5) . 1)
n= =

C apyro# CTOpOHBL, MOJACTABUB { = 2iz B PABEHCTBO

t t ¢m
et—1=1—§+zBmm’
m=2

MOy YUM

cosz . e 4e 1+ i B (2i2)™ @)
fSnz e mooml
m=2
Cpagrenue ko>dpdunuentos npu z2* B (1) u (2) gaer TpeGyemoe paBeHCTBO.

O
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U3 cdopmyanr Jinepa aaa {(2k) eugmo, wro uucao {(2k) rpamcuen-
JEeHTHOE, MOTOMY 9TO YHMCIO R TpaHcueHJeHTHoe. UrTo ke kacaerca ymucen
U(2k + 1), To pas HUX HET CTOAb YyAOGHOM popmyast. B wacTHOCTH, MMUIL B
1978 r. Anepu (R. Apéry) nokasan uppanmoratsHocTs ncaa {(3). Haubo-

Jiee IMpoCcTOoe€ M3 MABECTHBIX MHE [JOKalaTelbCTB UPPAITMOHAJIBHOCTH YHCA3

{(3) npuseneno B [Beu].

15.4. Teopema Payasrabepa—Sxkobu

CyMMmupoBaHueMm creneHHoro paja 1™ +2m+3™+. .. MmaTeMaTHKN UHTe-
pecoBatuch 331010 10 Beprymrmu. B 1617 r. nemenxuit Mmatremarux Horanu
dayaerabep (1580-1635) ony6unkoBaJ KHUrY, B KOTOPOH IPHBEN CYMMBL
takux pajgos gia m < 11. 3arem B 1631 r. B kuure [Fa] on npogomxut cson
BEIYNCJIEHHA g0 m = 17.

CyMMupOBaHHEM CTEIEeHHBIX pafoB 3anumainca u Ilvep ®epma. B 1636 r.
OH mucajg MepceHHy: «. .. Mbl He XOTenu 34eCh Ha 3TOM OCTAaHABIWBATHCA,
0JHAKO NOCTPOWIN PEIIeHne, BO3ZMOXKHO, IPOCTENIIER BO BCeN apudMeTHKe
3ajJa4M, OIarofapsa KOTOPOK HE TOJABKO MONCEM HAUMU CYMMY K6adpamos
uan xy6oe 41060t npoepeccuu, HO ¥ 8006Ue cymmy 6cexr cmenened do Gec-
Koxeunocmu 64a200apa Camomy obutemy Mmemody; KBAZPATO-KBAJPATOB,
KBaApaTO-KyGOB ¥ T. A.» MHOrHME HCTOPMKM MATEMATHKH CKIOHHE BEPUTD,
410 PepMa AEACTBUTENBHO MOJYHUAI PELIEHHE ITOM 3aJa4M MOYTH 33 CTO
aet go Beprymm.

daysibrabep B cBoeir kuure [Fa] orMeTa, uro Bce cymmur Y n* nomuno-
MHRAIbHO BHIPAXKAIOTCA Yepe3 MepBHe ABe CyMMH Y. 71 u 3. n2. [IsecTn Jet
cnycrs, B 1834 r., fAko6n nepeorkprin Teopemy Paynbrabepa. UasecTHo,
4yTo y fIko6u 6uu1a ynoMmanyTas kHura ®ayianrabepa, HO He M3BECTHO, M-
TaJ OH ee WM HET.

BeeaeM naa yA06CTBA MHOIOWIEHE

Sn-1(m) = = (Ba(m) — Ba(0)).

®opmyaa (2) Ha c¢. 130 nokaseiBaeT, 4TO

Su(m) = 1" + 2" + ...+ (m — 1)™.

TEOPEMA 15.3 (dayasrabep-fko6u). Iycts U = Si(z) u V = Sy(x).
Torga npu k > 1 cymecTBylOT Takue MHOrOWIeHH P ¥ Qp ¢ DPauuoHaIbL-
HeIMH KodddunmenTamu, 910 Sox1(x) = U2Pe(U) u Sor(z) = VQi(U).
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ﬂOKA3ATEJIbCTBO. Yrob6ul IOJYYHTh BRIDaXKEHHE A4 52k+1, BOCITOJIb-
3yeMcs paBeHCTBOM

-1

Z(z’(a:+1 -z -1)") =
( me 1+ Zzzr—3+

(n(n —1))

HY = +.),

(n(n = 1) =3 (3 ) 4 ) S ().

OTH PABEHCTBA JJA MOXHO 3aIIMCATh B MATPUYHOM BUJE:

n?(n — 1)2 200 ... S3(n)
nd(n —1)% 130... Ss(n)

nin—-1)*% | = 2 044 ... S7(n)

B nonyvenno# 6eCKOHEYHOR MATpPUIE BCE [NIABHBIE MHHODH KOHEYHOI'O TO-
PAKA HEBLHIPOXK JEHHHIE, TIO3TOMY

S3(n) n?(n —1)2
Ss(n) 1 _ n3(n —1)3 i+ 1
S7(n) = EHGUH ! ni(n—1)* |> rEe  ag;; = (2(; z_ i)+ 1)'

Ata dopMmynsa NokaseBaeT, 4To Sory1(n) Brpaxaerca gepes n(n — 1) =
2
= 2U(n) u gemurca Ha (n(n — 1)).
Y1061l MONYYUTH BEIPAXKEHHE LI Sog, BOCIOAL3YEMCA PABEHCTBOM

n—1

nr+1(n -1 = Z(z.r(x + 1)r+1 —(z - l)rzr-{—l) —

=Zx‘"((’"“ D)+ ((3H-G) +
+ 3 a2 2((T )+Zx2’ 3(”1) (Z))+...=
=((T'{1)+(1))Z$2r+((r+l )Zz2r2

1 Z$2r—l+ 3 Zx2r—3+

sl i
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CyMMEI HEYETHBIX CTereHed MOXHO YHEYTOXUTS ¢ nomomsio (1). B peayas-
TATE HOXYYUM

nr+1(n _ 1)1‘ —

(n2— 1) + ((

)Zz2r+
+((r+1 O)T e

W -1 (2n2_ 1) = 26 Ty + 1) + G5y 4 1) S

Teneps aHANOTMYHO NPEABIIYIIEMY CJIY4al0 MOJYdaeM

Sa(n) n(n —1)
S4(n) _2n " n2(n — 1)2
Se(n) - T” z]” n3(n _ 1)3 ,
i+1 i
eae bis = (3 ) + 1) + (o - ) +1):
IIpocTele BLIMHCHEHHUA IIOKA3LIBAIOT, 9TO Sa(n) = 2"2" L n(n3— 1)'

MosToMy muorouienst Si(n), Se(n), peasTca Ha S2(n), npuiem
Sar(n)/S2(n) apaserca muorowienom ot n(n — 1) = 2U(n). 0

15.5. ApudMeTHIecKHe CBOMCTBA THCEJ
M MHOTOWIeHOB Beprym

B sToM maparpage Ml JOKaXKeM HEKOTOPBLIE TEOPEMBl O 3HAMEHATEIAX
3HAYCHNH MHOTOWIEHOB BepHy/uM B pamuoHaIbHBIX Toukax. Han6oabmmi
UHTEpEC NP DTOM NPeJCTABIAT 3HadeHMa B Touke 0, T.e. ducaa Bep-
HYJLIH.

Tlpu GopMyIEPOBKE yTBEPKACHUN O 3HAMEHATEIAX PAlMOHAMLHBIX UH-
cen OIBAET yI00HO NOIB30OBATLCA MIOHATHEM P-LEOro unciaa. Eciu p— npo-
CTOE YHCJIO0, TO PAIMOHAILHOE YUCIO ' HA3BIBAIOT D-YEAblM, €CIH P He BXOAUT
B 3HAMEHATEIb YACHA 7, T.€. 3HAMEHATeNb { HECOKPATUMON apobu s/t = r
HE JEJUTCA Ha P.

Jlas panmoHANBHOrO Yncaa r 3amuck r = 0 (mod p) 6yaeT o3rayvaTh, 9TO
YUCANTETb § HECOKPATUMOK Ipobu s/t = r aenurca Ha p. JIerko npoBepuTS,
qr0 ecar 71 = 2 = 0 (mod p), To riry =0 (mod p) u r; £ 72 =0 (mod p).
Kpowme Toro, ecis 9ucio rq ABIAeTca p-ueduM u ro = 0 (mod p), To rira =
= 0 (mmod p).
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TEOPEMA 15.4 (Kymmep). Ilycts p— npocToe dncio. Ecau narypais-
HOE YHCIO N He AelTNTca Ha p — 1, To uncio B, /n asaseTca p-uensiM u

Bnyp-1  Bn _
m‘:— n :0(modp)

JOKA3BATEJIBLCTBO. MyabTHILIMKATHBHAA Ppynna noius Z /pZ uakiaade-
cKas, NO3TOMy y Hee eCTh 00pasyinas. JTO O3HAYAET, UYTO CYIIECTBYET
HATYpPAJbHOE MUCIO G, 3AKIIOYEHHOe Mexay 1 u p, ars xoroporo a* #
# 1 (mod p) npu k =1,...,p — 2. PaccMoTpnM dyHKIMIO

at t = & ¢
Alt) = T_l'—et_IZZ(a —1)Big =
k=1
x
:t;( 1)k(k tZAk(k
Bk

rae Ay = (a* —1)
Hocrarouno ;(oxa:;a"rb, YTO BCE YHUCIA Ay ABIAIOTCA P-IEJIBIMA U
Agtp-1 — Ax =0 (mod p).

B camoMm gene, ecn n He geanTcs HA p — 1, To @™ # 1 (mod p), mosTomy
n-—1
-1
A tak xax a?~! = 1 (mod p), To

B
PABEHCTBO Tﬂ = HOKA3KIBAET, 9T0 YHCI0 B, /n Toxe Oy 4eT p-LeabiM.

(@™tP1 — 1) Bnip-1

n+p—1
= —.Bn+p_ 1 _ &
T \n+p-1 n

Apypr = A=

—(a"-1)

B
n

BOCIIOJIb3yEMCﬂ PaBEHCTBOM
i A th-? _ a 1
et Fe—1)1 ~ -1 -1

Monoxum u = et — 1. Torga

a 1 a 1 a
21 ef— = e o e S

Tau+ ) bout  u

o0
1) = Z cou’.
r=0

By
Tu \14) (bs/a)u’”
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Bce umcaa ¢, ABIAIOTCA P-LEJBIMH, TIOTOMY YTO TAaKOBH BCE 4HMCaa bs/a.

Takum o6paaomM,
ZAk (k Zcr(e - 1),

rae Bce Koaqxbnuneﬂ'rm Cy ABJIAIOTCA P-LEILIMH.
®dynxmmio (€ —1)" MOXHO NPEACTABHTE B BHAE JMHEHHON KOMOGHHALNMN C
uesisiMu Kodddumentamn gyaxuui e™, m =0,1,...,7. B cBowo ouepeas,

zm“’

TloaToMy Aj MOXHO IPEACTABATH B BU € TMHEMHOM KOMOMHALMH C P-UeIEIMA
koappunpmentamu uncenr mF—1. Pasenctso c (et — 1)" = ¢,t" + ... nokasu-
BaET, YTO ITA JMHENHAA KOMOMHAIMA COCTONT M3 KOHEYHOI'O YACIa CIarae-
MEIX.

CyMMa ¥ IPOW3BEAEHUE P-LUEJBIX YUCE] ABIACTCH P-UEILIM HHCIOM, TIO-
aromy Ay — p-ueinoe uucio. ficHo Takxke, 4TO

mE—DHE=1) _ k=1 — pk=1(pp—1 _ 1) = 0 (mod p).

MooTomy 9uca0 Agyp—1 — Ax TpescTaBaseT CO60H TMHEHHYIO KOMOMHAIIMIO
¢ p-uejasIMy KO3(pPUUMEHTaMH PAIMOHAIBHEIX YUCe, ¥ KOTOPHX YNCANTENN
JeJATCA Ha P. ITO O3HAYAET, YTO

Ak+p_1 - Ak =0 (mod p) O

TEOPEMA 15.5 (pon Mltayat). Ilycts n— 4yeTHOE UMCIO, p— IpOCTOE
yucao. Torga ecin n He geawrcesa Ha p — 1, To B, — p-1iesioe 4ucao, a eciau n
gennTcd Ha p; — 1, To pB, = —1 (mod p).

JIOKA3ATEJLCTBO. CoryacHo NpeinIIylllel TeopeMe, eClId p— Mpo-
CTOe 4MCJIO M Tl HE JEJUTCA Ha p — 1, TO p He BXOAUT B 3HaMeHartenb Bi,.
ITosToMy ocTaeTcs paCCMOTpeTb City4a#, Korjga 1 geIuTea Ha p — 1.

tlc t o) pntn 1 ept -1
IlepeMHOXHM PaBEHCTBA E By — 0= -7 nZ—:O o =
B peayabTare nmoxyqum
p-1 © .,
p"Bkt"+k ! rt Tt
5 rhe Ze =22 5
n,k=0 r=0 s=0
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CpaBrenne k03¢ puIMEHTOB 1pH t" B JIEBOM W MPaBOM YaCTH MOKA3EIBAET,

49To
n+1 p—1 n

n+1 kB
Z(n+1—k)):k'=z%'

YunthiBad, 4to Bny1 = B,_1 = 0, nonayyaem

Zka +Zr .

fcuo, aro npu n—k > 2 aucao p*~* /(n— k+1) apnserca p-ueasM, mosromy
HHAYKIWA 110 N TOKAa3LIBAET, YTO 4uciIa pBs, . .., pB, ABIAITCA p-IeIBIMA.
(Basa mugyxumn: pBy = p, pB; = —p/2.)

Mpu n — k > 2 wucno p" % /(n — k + 1) He Toabko ABAAETCA P-IIETBIM, HO
U ero YUCIATENb ([OCIe BO3MOXKHEIX COKPALEHHH) AeTUTCA Ha P, T. €.

p"*/(n -k +1) =0 (mod p).
CaenoBaTennsHo,

p—1

pB, = Z r" (mod p).

r=1

B paccmaTtpuBaemoMm ciydae n gemurcs Ha p — 1, mosromy r” = 1 (mod p)
upur =1,2,...,p— 1. B urore noxyuaem

pB, = —1 (mod p). a

oxoxum B, (t) = Bu(t) — B, (0). HanoMauM, 9TO B TakoM CiIy4ae
Ba(m) =n(1" ' 420 4 4 (m - 1))

IIPHA BCEX HATYPAJIBHEIX 771.

TEOPEMA 15.6 (AnmxBucr-Moipman). Ipu Beex HaTypatbuwix h, k
u n aucao k"B, (h/k) uenoe.

JOKABATEABLCTBO [Sur]. Teopemy c1oxkeHus apryMeHTOR

Wz +y) = ZB

MOXHO 33aIlICaTh B BHJE

Ba(w+y) =Y B,(@)y"* + Buly).
8=0

TlosTomy TpebyeMoe yTBEPKAEHHE JOCTATOTHO JOKA3aTh IJIA h=1.
O6oanaunM nis kpatkocT k" Bp(h/k) = a,. ficno, aro Bo(z) = Bo.
Ilosromy

o o oC tz tz

" t ¢ te t e 1)
Zn!Bn(z)zZn!Bn(Z)-Zn!Bn(O)zet—l—et—l_ et—-l :
n=1 n=0 n=0

MonoxuM z = 1/k u caenaem 3ameny z = kt. B peayabrare moayuum

N @nz" _ kx(e” —1)
Z n!l ~ -1

n=1

3amnumeM 5TO COOTHOIIEHUE B ABYX BHIAX:

Z anz" (ekz _ 1) — kx(ez _ 1)’

n!
n=1
oo
Y= a"z (14t ek=17) = kg,
n=1
o Tz"‘ o0 IS
Bocnoabayemcs pasnoxenuavu eF° —1 =3 mer-1= 3 e Cpas-

r=1 : s=1
HUBasA KO3(ppUIUEHTH NMpU " B JEBOH U IIpaBoOM YaCTH, B NIEPBOM Cly4ae

npu Bcex n > 1 morydaem

n—1
> (7 Hark™ = (n+ 1)1 - an). @)
=1
Bo BTOpOM cIydae noaydaeM a; = 1, a mpu n > 2 noaydaem
n-—1
Z (7)(1,3,,_1 = —kay, (3)

=1
raeso=kns,=1"+2"+. .. +(k-1)™
[{eI04HCIEHHOCTD @y, MBI JOKAXKEM I10 MHAYKIMH C TOMOLILI0 COOTHOLLE-

mmi (2) u (3). J1a 9TOr0 HaM MOHAAOGUTCA CIeAyIoLiee BCIOMOrATeIbHOe
yTBEDXK ACHHE.
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JIEMMA. Ilycts p— npocroe uncio, 2 <! <r u (p,s) = 1. Torzga (s’l’ )
aemmTes Ha pritl,

JOKA3BATEJNLCTBO. JammmeM ! B Buge | = tp®, rae (t,p) = 1. flcno,
4T0o @ < | — 1 (paBeHCTBO BO3MOXHO Jumb B caydae | = p = 2). Jlerxo
m m m —

nposeputs, uto () = —(, '~

— 11 ). Tloaromy

i 5 T -1y _ 8 .
(7)) =G =5p (e 21 =3P W,

rge N — nenoe 4uciI0, a Mciaa s u ¢ B3auMHO npoctel ¢ p. CregoBaTensuo,

'
aucao (*F neautcs Ha p’ %, B ceoto ouepens, pT ¢ geantes Ha pT it Tak
1 p
kak a <[ -—1. ]

W3 mammx 0603HaMeHMH yxKe JaBHO MCYEO K, IOITOMY HAIIOMHAM, 9TO
an = k"B, (h/k). PaccmoTpuMm cHavana ciy4an, korga k — mIpoCcToe YHCIO.
Ilpeanonoxwum, 410 @1, . . . , Gp—1 — UeaRle yncaa. Torga ua coorHomenni (2)
u (3) caegyer, aro (n + 1)a, u ka, — nearte qucra. Ecm n + 1 He aemutes
Ha k, To a, — neaoe uucio. Ilycts Tenepp n+1 = sk”, rper > 1u (k,3) = 1.
Y10o6h y6eaUTHCA B UEIOYRCIEHHOCTH Gy, JOCTATOYHO JOKA3ATh, YTO YHUCIO
(n+1)a, = sk™a, nennrcsa Ha k". ®opmyna (2) nokasnBaer, 4TO /IS BTOTO,
B CBOIO OYepejb, JOCTATOYHO AOKa3aTh, yro nmpu [l = 1,2,...,sk" — 2 uncaa

n';- 1)Ii:"" penarcaa k™. lipu ] < n —r = sk™ — 1 — r 5370 oueBngHO. Ecan
xe sk —r <1 < sk™ — 2, To pacemoTpum wmcao I’ :Tsk" — | v mpumenum x
HeMmy JemMy. B peayabrare moay4uM, 9TO 4HCIO (3’; )

- n+1 _ =l
k™="'+1, a snauwr, wncno ( 7 )k"~! nemmrca ma k"HTUAL = k7 gqro u

TpeboBAIOCH.

Cayuain k = pi* -...-pm, rae p1,. .., Pm — PA3IHYHLIE IPOCTHE YACIA,
He TpefyeT CyLIEeCTBEHHO HOBHIX paccyxjeHun. [IpeanmomoxmnM, 9TO ducaa
@1,...,0n_1 uensie. Torga na coorHomenn# (2) u (3) creayer, 4ro wucia
(n + 1)a, u ka, venee. JammmemM n + 1 B Bage n+1 = pi* - ... - pbms,
rae (s,p;) = 1. Ecum b; > 1, TO Te Xe camble paccyXJeHUA, YTO U B IIpe-
ABIAYINEM CIy4ae, NOKA3HBaT, 4TO (n + 1)a, AeawuTca Ha pb. Tonoxum
si=(n+ l)pi_b". Torga (8;,p;) = 1 u Bce uncaa s;a, ueasle. ITO O3HATACT,
YTO B 3HAMEHATENb PALMOHAIBHOIO YUCIA G HE BXOJAT MPOCTHIE MHOXHU-
TeU P1, ..., Pm. C OPYTrOH CTOPOHE, YHCIO k4, Le0e, MOITOMY B 3HAMEHA-
Telb YACIA Gy, MOTYT BXOAMTb TOJLKO MPOCTHIE MHOXUTEIM HACIAS, k. a

= (Skfr) AEIATCA HA

3adauu x 2aase 3 143

3ajgagu K riase 3

Clmme'rpnqecxne MHOT'OLUICHR

3.1. Ilycts o0y,...,0, — DIEMEHTAPHBIE CHMMETDUYECKHe (QyHKIHMH, &
quCAa a1, . . . ,0n € C yAOBIETBOPAIOT CHCTEME ypaBHEHHI

or(ay,...,an) = oxlag,...,ak).

llokasaTb, YTO a1 = ... = Qp.

B sagauax 3.2-3.4 Mul 6yaeM CYMTaTh, 9TO0 T = (Z1,...,Tn) U Y =
= (y1,---,Yn), TAE BCE UUCTA T1,. .., Tn, Y1, - - Yn THOTOXKATENbHBL. CymMMa
T + y onpejenAeTcA MOKOMIOHEHTHO.

3.2 [ML]. Joxasare, 4TO mpu 7 = 2,...,Nn A dIEMEHTAPHBIX CAMMe-
TpryecKuX GYHKIMHA O; BHIOJHAIOTCA HEPABEHCTBA

or(z+y) () or(y)
or-1(z+y) = or_1(z)  or-1(y)’

3.3 [ML]. [lokasaTs, uro npu r = 1,2,...,n BHNOIHAETCA HEPABEHCTBO

\T/Ur(l' +y) > {/"r(z) + Vor(y)-

3.4 [Wh]. Onpepennm pyuxuuu Tr(r) cooTHOmenueM

n

[IQ+=zit)* mpuk>0,

DT =17
=0 [T —=z:it)* mpuk <O0.

=0
(B wactrOCTH, ecma k = 1, To T(Z) = 0,(T) — 3neMEHTAPHBIA CUMMETPH e~
CKMit MHOTOWIEH, a ecant k = —1, 0 Tp(2) = p,(z) — MOJHBIA OAHOPOAHBIH

MHOCOYJIEH. )
a) Jokasats, uro ecmu k > 0, o /T, (x +y) > /T.(z) + YT (v).
6) Jokaszats, uto ecmu k < 0, To {/T,(z +y) < /T (2) + /T:(y)-

Ilesr03Ha9HbBIE MHOTOLICHEI

3.5. Jloka3aTh, YTO €M MHOrOwWIeH f() CTEeneHu N NPUHKMAET Uejkie

sgavenua npu r =0,1,4,9,... ,n?, TO OH IPKHUMAET LEJIbe 3HAYEHHS IPH

Beex z =m?, me N
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3.6. Ilycte m m n—Hatypannhrle uucia. JokasaTe, 4TO CIEAyIOMIHME
YCAOBHA 3KBHBAJEHTHEIL:
(a) cymecTByIOT Takue IeJnle YHCIA g, . . . , Gy, UTO

HO(ao,...,an,m) =1

¥ 3HAYEHMA MHOTOWICHA A T™ +ay_ 12" 1 +. . . +ag 1ipu Bcex € Z Jenarcs
Ha ™m;
(6) nl/m e Z.

Muorowienn: YeSnmuena

3.7. [doxa3aTs, uTO OpH 1 > 2 NUCKPHMHHAHT MHOTOWeHa JeGrmmesa
2
T, paBen 2("~1)"p2,

3.8. a) JoxasaTs, 4TO ecyiu wnci0 1 > 3 HedeTHO, TO MHOrowieH Ye6n-
meBa T, HEIpUBOAUM.

6) JdokasaTs, aTo ecu n # 2%, 10 Muorowren T, HempUBOAMM.

B) [oxasars, 4TO ecau umcio n > 3 HeweTHO, TO MHorowrieH Ty (z)/r
HENMPUBOJUM TOTJa M TOJLKO TOTJa, KOT'J4a YUCIO N MPOCTOE.

3.9. Ilycte u(x) u v(x) — MHOrOWIEHH € ZEHCTBATEILHBIMU KO3 bUIn-
enTamu, npuaeM V1 — u? = vy/1 — z2. [JokasaTs, 94T0 TOrIa:

a) u'(z) = tnu(z), rae n = degu;

6) u(z) = £T,(x).

3.10. a) MokasaTs, uro ¢pyukuus y = T,(z) yaorrerropseT gudpepen-
LMAJILHOMY YPaBHEHUIO

(1-22)y" —zy' +ny’ =0

u 11060€ MOMHHOMHUAILHOE PELIeHHe ITOr0 AUMGHEPEHIMANLHOIO YPABHEHU
nmeeT BHA Ty, Tle ¢ — HEKOTOPAs KOHCTAHTA.
6) Joxasats, uro ¢yrkuusa y = T, () yaoBreTsopaeT auddepeHnnaib-
HOMY YPaBHEHHMIO
(1-2°)(y)* =n®(1 - ¢?),
IpPHUYEM 3TO yPaBHEHHME MMEET TOMbKO JBa PElIeHH”, a UMeHHO, ¥ = T, (z).

3.11. Mycre A, (z) —onpegenuTens MATPUILI MOPAAKA 1 C JHATOHATL-

HBEIMH IEMEHTAMH (Z, . . ., T), Ha [ AuArOHANbHBIMY demenTamn (1,3,...,1)
¥ [I0JIMATOHANBHEIME BJIEMEHTaMu (3,...,3); OCTAIBHBIC IEMEHTH Ma-

TPHUBI HyJeBHe, T.e. a;; = 0 mpu |¢ — j| > 1. Mokasats, 9to T,(z) =
=2"1A, (z).

Pewenus 3aday 145

3.12 [Da)]. HamomuumM, uro Marpuny (a;;) Ha3hIBAIOT LUMPKYJIAHTHOM,
ecru a;; = b; — bj, rae by = by mpu k = | (mod n). Mycte A,(x) — ompe-
JZeanTeNb IUPKYJIAHTHOM MaTpuus ¢ by = 1, by = —2z, by = 1. Jlokasars,
4TO -

An(z) = 2(1 = Ty(z)).

Pemenusa 3agaq

3.2. llpu r = 2 TpeGyeMoe HEPABEHCTBO CIEAYET U3 TOXAECTBA

n n 2
I TR me)
j=1 j=1

orlety) oxe) o) _ S (
a@ty) ok o)  20@aos+y)

Ipeanonoxkum Teneps, 4To r > 2 1 TpefyeMoe HEPABEHCTBO yKe JOKa-
3aHO g1 r—1. Pacemorpum cucremy uucen ; = (21,...,Zi—1, Titl,---,Ln)-
Jlerko nmpoBepuTh, YTO

n
Z z;0r-1(Z;) = ror(z), (1)
i=1
z,-o,_l(?ii) + Or(.”ii) = 0‘,«(33). (2)
3anmumem pasenctsa (2) giasi = 1,...,n unpocymmupyeM ux. B peayabtaTe

NOJY UM

n n
Y zio, 1 (&) + D 0r(3:) = no.(x).
i=1 i=1

BrruTsa u3 3TOro paBeHCTBa TOXKISCTBO (1), MOJY 1M
n
Y 00(&) = (n—r)or(a). ©)
i=1

Hcno Takxe, 4TO
or(z) — 0,(T;) = 2i0r_1(T;) = zior_1(T) — zio,_o(T:).

CyMMupYs 3TH PaBeHCTBa NpH ¢ = 1,...,1 ¥ y4nTHIBaA COOTHOWeHMe (3),
HOIyYaeM

n n
rop(z) =Y zior1(z) — Y xi0, 2 (i),
i=1 i=1
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T.€
or(z) 1 [  x~zlora(@) ) _
or—1(z) T (;zl ; or-1(x) ) -

n n z,l2
(; Ti — Z T; +Gr—1(’1\i)/5r—2(ii)) ’

i=1

SanuureM aHAJIOCMYHBIE TOXECTBA AaA Y u T + y. TpebyeMoe HepaBeHCTBO
CIefyeT U3 TOro, 4TO eCiH I;, Y;, @4, b;, ¢; — NOMOKHUTeILHEIE YA, IpHieM

c; > a; + b, To

a? v _ (mty)? | a? v (mity)®
zita;  yita; Tityite T zita; yitai Tityit+ai+b;
(aizi~b; yt) > 0.

T @ita) i Ab) @ity tai+b:) =

3.3. Mu BocmombayeMcs 3ajaded 3.2 4 CIEIYIOMMM BCIOMOTATeNbLHBIM

YTBEPXK ACHUAEM.
JIEMMA. Ecmn a4,...,a,,bq,...,b, — HEOTpUHATEIBHEIE YHCIA, TO
{/(al +b1)-...-(ar+br) > {/0.1 et Qp T \r/bl .

JOKA3BATEALCTBO. Ilyers

={(z21,-.,zr) e R |z1-... 2, = 1, 2, > 0}.

CorracHO HEpaBEHCTBY MEXJY CPeIHMM apudMEeTHHIecKUM ¥ CPEeIHHM TI'eo-

MEeTPHUYECKUM
- T _mina1z1+...+arz,
1 .. Qp e —-—-——-T .
losTomy
\r/(al"l'bl)' -(a +b ):mln (al +b1)21+---+(ar+br)2r
r r R(z) r =
> min0121+...+arzr + min bizi+...+ brzs >
R(z) r -

T R(2) r
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> Va e+ B b O

Mpeacrasum o,(z + y) B Buge Npou3BeeHNs

or(z+y) oralz+y)  oilz+y)
or—1{z+y) or_2(z+y) 1 ’

Cornacho 3anaue 3.2

oz +y) o ow) ox(y)
ok-1(+y) = ok-1(z)  ox-1(y)’

Bocnons3oBasminCh Teephb AEMMOM, MOTYIHM

z) Gr- 1(z) o1(x) +

vor(r+y) > (/ OT((:C) p s SRR
[ or(y) or1(y)
* \/ or1(@)  oral®)

3.4. Mur paccMoTpuM JMiub Ciydaid k < 0, BKIIOYAIOMNN MOJHEE O-
—k > 0. B TakoMm cayvae gias ramma-

= {or(z) + Vor(y).

HOpOoAuEIe MHOrowieHH. Ilycte [ =
(YHKINH UMEETCA MHTErpPAIbHOE IPeICTABICHIE

(o e]

() = /e—tt’—l dt.

0

IIpu a > 0 MOxHO caenaTh 3aMeHy ¢ = as ¥ NOJIyIdTh

() =d /e_"ssl”1 ds,
0

e %851 ds.

1

Y0

H
o
s
=
o\g

Monoxum a; = 1 — z;t. llpy ManbIx |t| 9MCI0 @; HOAOKATENBHO, HOITOMY

ﬁ(l—xit)"=< )//fsl, .,8n)dsy ...dsn,
0 0

i=1
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rae
f(s1,...,8,) = 6—31_‘"—31:et(3131+-..+1u8n)(sl Csn)iL
YunTeIBag, 4TO

o t r
el{Tis1+ dzasn) _ Z (T1814 ...+ Tnss)
7!

?
r=0
TIOJLy YaeM

n [o o] o
1 1 .
T.(x) = i (ﬁﬁ) / (@it Tnsn) (81, .., 8,)dsy . . . dsy,,
0 0

rae @(si,...,sn) =€ ST (g1 ... 8,)! 71, Tpebyemoe HepaBeHCTBO Cie-
JyeT Tenepb u3 HepaBeHCTBa MHUHKOBCKOrO

b 1/r b 1/r b 1/r
/(g(x) + h(z))" dz < /g’(m) dr + /hr(m) dr ,
rge ¢pyHkuuu g u h HeoTpULATeNbHH Ha [a, b).

3.11. HecnoxHrle BEMHCIEHMA NOKA3HBAIOT, uTo Tph(z) = 2" 1A, (z)
mpu n = 1un = 2. llpu n > 2, packnagwBas onpegernrens A,(z) no
HOCKEAHEH CTPOKE, HOJY9aeM COOTHOMIEHHE

Ant1(2) = 28n(2) = 1An1 (2).

ITO COOTHOIIEHNE COOTBETCTBYET PEKYPPEHTHOMY COOTHOLICHHIO

Tos1(z) = 22T, (z) — Tna (2).

3.12. Ilycts €1, ... ,€, — pasnuyHble KOPHU cTenenu n u3 1, f(t) = ¢y +
+cit+... + cyt™. Torga onpefennTens UMPKYAAHTHOM MATPHUIELI C SIEMEH-
TaMH Qij = ¢;; paBen f(e1) - f(e2) - ...- f(en). B camom gese, Hanpumep,
npu 1 = 3 notydaem

111 cop €2 € f(l) f(l) f(l)
( 1 ¢ E% > ( €1 € €2 ) = <f(1) e1f(e1) E%f(sl) ) =
1 ey €2 c2 €1 co f(1) e2f(e2) €5f(e2)

111
=f(€1)'f(52)'---'f(€n)(1 €1 Ef).

2
1 e €5

e
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111

A Tak Kak onpegeJauTelb MATPHITH ( 1 ey € ) He PABEH HYJIO, HA HErO
1 e Eg
MOXKHO COKPaTHTh. B peayabraTe noayunm rpebyemoe pasenctso. llpun >
> 3 paccyxeHnA aHAJOTH1HBL
B namewm cayuae f(t) = 1 — 2zt + t2, nostomy

n
An(z) = JJ(1 - 22k +€}).
k=1
Takum 06pa3oM, TpebyeTca JOKa3aTh, 1TO
n
2(1 — cosng) = H(l — 2, cos @ +€2).
k=1

JlokaxeM cHadamIa, 9TO

- 2k
2(1 - cosng) = 2" [| (1 — cos (<9+ —n—n» :
k=1

3TO0 PaBEHCTBO ClIefyeT U3 TOro, YTO

22" — 2z" cosng + 1 = (2" — exp(ing)) (" — exp(—ing)) =

n = , 2k
= H (z—expi ((P+Zfl_")) H <$—€XPZ (_‘P— 7;)) =
k=1 k=1
=11 (wz ~ 27 cos (cp+g—:—1t> +1).
k=1

B camowm gene, npu x = 1 moay4aem Tpebyemoe paBeHCTBO.
JlokaxeM Tenepb, YTO

- 2kn - 2
2"H(1—cos ((p+7)) = |l (1—-2cosqer +¢y),
k=1 k=1
rae e; = exp(2kri/n). fcuo, uTo

(z — ex)(x — e_4) = 3° — 2z cos(2kn/n) + 1.
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Tloaromy €} + 1 = 2¢; cos(2kx/n), a snauwt,
n

k[[(l —2cos@eg +¢i) = H 2e (cos(2kn/n) ~ cosg) =
=1 k=1

:22" € si (9 E . g_kl‘t
(gk>£ n 2+n sin s~ )

Ocraercsa 3ameTuTs, 9TO NOCKEHEE BHIpAaXKEHHE PABHO
n (P k n |
2n .2 N pid _ 2k
2 Hsm (2 +;) _2"H <1—cos(<p+—n)).
k=1 k=1 "

B camom gene, [Ter = (~1)"*!, Tax n
= Kak " — 1= -
wronpu k=1,....n—1 , [1(z — &). fAcro raxxe,

(e kY __ . (e _(n—kn
5111(2'4‘n)——sm<5—-—r )7

anpu k =n

e Ea

WS e T i B

I'naBa 4
HekoTopble CBOMCTBA
MHOI'O4JIEHOB

16. MHOrowieHsl ¢ NMpeANMUCaHHLIMA 3HaTeHUAMHA

16.1. ViHTepnoJAIMOHHEI MHOTOWIEH Jlarpamxka

OycTs T1, ..., Tpt1 — NONAPHO PA3NUTHEIE TOIKH KOMILTEKCHOM [LIOCKO-
cru C. Torga cymecTByeT POBHO OJWH MHOI'OYICH P(z) crenenu He BHILE
7, IPUHUMAIOMKA B TOYKE T; 33,1aHHOE 3HAEHHE a;. JlelicTBUTENBHO, €AMH-
CTBEHHOCTh MHOTOWIEHa P ciegyeT U3 TOTO, 4TO PA3HOCTD JIBYX TaKUX MHO-
FOWIEHOB OGPAMIAETCS B Hy b B TOYKAX T1,. . ., Lntl ¥ UMEET NIPH STOM CTe-
nens He Brime n. SICHO TakXe, 9TO CieAyOIMUA MHOrOwIeH 061ajaeT BCeMA
TpebyeMbIME CBOMCTBAMH:

Tl (:c——:m)-...-(z—zk_l)-(z—zHl)-...-(:c——:c,,+1)

P(m) zgak(rk —1:1)'...(.’tk —zk_l)-(zk —:L'k+1) et (xk —.Z‘n+1) =

w o(z)
= ;;: Ok (z — z&)0' (z)’

rae o(z) = (z —21) ... (T — Tpt1)-

Muorowres P(T) Ha3LIBAIOT MDY ITOM UKMEPTLOAAYUUOHHbLM MHOZOUAE-
nom Jaepaudca, a TOUKA Iy,...,Tn41 HABBIBAIOT Y34AMU UKTMEPTLOAAYUY.
Ecau ay = f(zk), rae f — HeKOTOpas QYHKIHUA, TO MHOTOLIEH P HasmniBaioT
MHTEPINONALMORHEIM MHOrOWIeHOM Jlarpamxa s GyHKUUH f

TeoPEMA 16.1. Hyers f € C"t'([a,b]) 1 P — MHTepPHOIAUMOHHEL
Muorowien Jlarpamxka ais GYHKmMM f C y3JIaMu MHTEPUOIALMM ITi,...
.et,Zns1 € [a,b]. Torga

M
arggvsng(w) - fl=)| < TE gs;&,lw(w)lv

rre M = max |f ()] w (@) = (@ =) - 2 = np)
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JOKA3ATEILCTBO. Jocrarouno NIPOBEPUTH, YTO A JHOOOM TOYKH
Zo € [a,b] Hasinerca Takas Touka &  [a,b], wTo

f(""'l)(i)
- P = ——w(zp).
f(zo) — P(o) ) o(zo)
Opu zo = z;, 1 < i < n, a0 PaBEHCTBO O4€BURHO, I03TOMY 6y X€M CUHTATH,
4TO0 Zo # T;. Pacemorpum dymxumio

u(z) = f(z) - P(z) — Mo(z),

rae A — HexoTopas koHcraHTa. Ilockoabky w(zo) # O, 3Ty KOHCTaHTy
MOXHO BHIOpaThL TaK, 4T0 u(zo) = 0. flcHo Taxxke, 4ro u(z;) = ...

- = u(ZTpt1) = 0. Oynxuma u(z) uMeeT mo kpaitmeit Mmepe n + 2 mHy-
Jeit Ha oTpeske [a, b, moaToMy dyHKIMA 1 (x) umeer no xpaitneir Mepe n+ 1
HYJIb HA 3TOM OTpe3ke, a dynkuus u'*) (r) umeer no kpaitueit Mepe n+2—k
nyxeit. Ilpu k = n + 1 noxyvaem, uto dynxmus uwmt(g) = firt(g) —
— (n+1)!\ o6pamaercs B Hy1B B HEKOTOPO} TOUKe & [a, b]. D10 o3HAnaeT,
aro A = fFD(E) /(n + 1)), T.e.

(n+1)(x
§(wo) = Plan) = £ Bz o

Mna dukcuposannoro orpeska [a,b] n nna duxcupoBanHOl cTenenu n
OLEHKa, JaBaeMad TeopemoH 16.1, onTuMaibHa B TOM CIydae, Koraa w(z) —
MHOTO'WIEH CTENEHH 7 CO CTApIMM KOa(pduumeHToM 1, HamMeHee OTKIO-
HAIOLMIACA OT HyJA Ha oTpeske [a,b]. Hanpumep, ecan [a,b] = [-1,1], To

1
o(z) = g Int1(x), rae Tpi1(x) — muorowren YeGbumena. Hamommnm, wro

Tr+1(z) = cos((n+ 1) arccosz) mpu < 1. Kopan muorowena Tp+1 MMeEIOT
BUJ

(2k - 1)x
2(n+1)°

M1 TaKuX y310B HKHTEPNOIAIMOHHBIN MHOTOWIEH UMEeT BUJ

T = COS k=1,....n+1.

n+1

P@) = = 3" fee) (-1 - zg%f—i?
k=1

o 1
NewncTeurensHo, ectn w(z) = Z—nTn+1(z), TO

ofz) . Twn(z)
(z—ze)o' () (z—z0)Thyi(z)’

10aTOMy TpeGyeTCa JOKa3aTh, YTO
(n+1(=1)*!
T;l+1(l’lf) = _—1\/_———1'%—
Yunrrsas, 910 Tpi1(z) = cos(n + 1)@, rae T = cos ¢, noyyaem
T _ (n+1)sin(n + l)cp.

nt1(Tk) sin @

: k-1

. o _ '

Ecan cos@ = T, To sing = /1 — zf usin(n +1)p = ( 1) .

[MoMuIMO 4eGLIIEeBCKUX Y3JI0B MHTEPHOIAIMA 9aCTO UCTIOIB3YIOTCS Y3JIHL,
PaBHOMEPHO PacHpe/ieJieHHEIe Ha OTPE3Ke WK Ha OKPYXKHOCTH. [lng yai10B

2nik
zk:exp< i )’ k:l,...,n+1

n+1

MHTepHOJIﬂHYIOHHbIﬁ MHOI'O4J€H UM€EeET BH ]

1
n+ e

P(z) = 7{% Zx"’f(xk)x——zt'
k=1

InA §OKA3aTENLCTBA 3TOH (GOPMYJIBL JOCTATOYHO 3aMETUTH, ITO

Lo =@+ D= (n+ Dy
dr e—cn
VHTepnoAIMOHHEA MHOTOWIEH i Y3JI0B Iy = a + (k = 1)h, &k =
=1,...,n+ 1, MOXHO 3aIUCATL B BUAE
Af(a N f(a) (z —a){z—a—h)
P) = f(@) + 2z —a) + &L . +o
AN fa)(z—aYz—a—-h) ... (ac—a—(n—l)h)7
h" n!
k k

rae Af(z)=f(z+h)- f(z), ¥ f(z)=A (A f(2))= EO(—l)k_j (]-)f(l‘+jh)-
]:
wae-
Muorowien P(r) Ha3HBAIOT NPH ITOM UNMEPNOAAYUONHbIM MHO20
nom Hviomona. Jlerko nposeputs, uto P(zx) = f(zxx). JeucTBuTeNbHO,

P(a) = f(a), P(a+ h) = f(a) + Af(a), Pla+2h) = fla) + 2Af(a) +

+ A%f(a), ..., Pla+mh) = '12”:0 (Z-I)Ajf(a) = f(a + mh). Hocrennee
i=

paBeHcTBO caegyeT w3 Toro, uro AF f(z +h) = AL f(z) + A f(2).
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16.2. MaTepnonsmMoHHEN MHOrOWIEH JpMHATA

Ilyers z,...
cru C, ay,.

s Tn — MOMAPHO PA3INYHEIE TOYKM KOMILIEKCHOH ILIOCKO-
,dp —— HATypalbHBIE YHCJIA, CYMMa KOTOPHLIX paBHa m + 1.
Hpe,qnonoxmm 4YTO B KaXAOH TOYKE T; 3aJaHbI YMCIa yzo) , yfl) yene yga"l).
Torga cymectsyer eguncrennnii Muorowien H,,(z) crenenu He Bbuue m,
[J1fi KOTOPOT'O BHIOJHAIOTCS PABEHCTBA,
Hn(@i) =y, Hu(z) = o, HE (@) =y,

i =1,...,n. UneiMu cioBamu, B Touke T; MEOrOWwIeH H,, uMeeT 3a1aHHLe
3HAYEHHUS NIPOU3BOAHKIX 10 NOpPsgKa o; — 1 BKkmounTensHo. Takoi MuHOrOwIen
Hyp;, Ha3LIBAIOT UNMEPTOARYUONNLIM MHOZOUAEHOM DPMUMA.

EQMHCTBEHHOCTL MHTEPNONAUMOHHOTO MHOTOYIEHa JPMHUTA AOCTA-
TOYHO o4eBuAHa. [leiicTBuTensHo, ectu G(z) — pasHOCTH ABYX MHTEpIIO-
JAUMOHHEIX MHOTO41eHOB Jpmura, 1o degG < m u G(x) geamrcs Ha
(x—z)™ - (2~ 2,)

Ilycrs Q( )= (zx—x1)" ... - (z — 2,)*. YTO6H IOCTPONTH MHTEPIIO-
JIAUNOHHBIM MHOTOYJIEH 3pMMTa, AOCTATOYHO YKa3aTh MHOTOWIEHH Qg (T)
(i=1,...,nuk=0,1,...,a; — 1), 061a13i011Me CICAYIOMMAMHE CBOACTBAMI:

1) deg Qik < m;

2) @i (z) permresa va MHEOrOWIEH Qz)/(z~z:)%, T. e. @i (z) gerurca Ha
(z — ;)% npm j # i;

3) pasnoxenue @;x(z) no cremenaM (z — ;) HAYMHAETCA C I:' (x—z)* +
+ (.17 - .’L‘,‘)a" .
Jencrsurennno, cpgg)(zj) =...= <p£;:' (.’l)j) =0umpu j #1, gog,':)(z,-) =1

u (ch) (zi) =0mpu 0 <l <o — 1, l # k. IloaToMy MOXHO NONOXKUTE

n a;—1
k
)=22 3 v ()
i=1 k=0
1 (z—z)%
Dyukuua E—QW peryJisapHa B TOYKE IT;, NO3TOMY B OKPECTHOCTH

TOYKM T; €€ MOXHO PaajoXuTh B pas Tomtopa:

%(1‘ % )a‘ Zazks = lzk( ) + Z a,-ks(x — .’E,’)s.

5 PR IR e
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3aeck Ui (z) -— MHOTOWIEH CTENEHU He BHINE &; — k — 1, asusiommuucs Ha-

yaabHON 4acThio pAja Tauropa. HecsioxHO IPOBEPUTH, ITO MHOTOLIEH

(—z—_ﬂ—a (lik(z)(z — 2:)*)

o (x) =
(Plk( ) zi)
o6aagaer BceMn TpeOyeMHMH ceoucrBamu. CsoucTBa 1 1 2 OYeBHIHEL, a
CBOMCTBO 3 JOKA3LIBAETCS CJIERyOUMM 06pasoM:

Lix (2) (@ — 20)* @

xi)k a;i—k
= Wz —z;)" " +...).
Pir(2) = ki (z) + alz — )T L (1 +b(z — i) )

k!

3amMCLIBAA B SBHOM BHJE HAaYalIbHEIM yyacTok paga Taiopa li (), mo-
JydaeMm

n a;-la;—k—1

.\ (9)
11 ((z- 1:,-)“' Q(z)
Hm(x Z Z Z y(k) k! 8! ( Q(:L') )z:z,— (:l,‘ - Ii)ai_k_s ’

i=1 k=0 s=0

16.3. MuorowieH ¢ npejnuCcaHHbBIMM 3HAYEHUAMM B HYJIAX
IPOM3BO AHOM

B 1956 r. B 3aMeTke [Anr| 6bLIO AHOHCUPOBAHO YTBEPXKIEHHUE, ITO 1A
MOGBIX 1 KOMILIEKCHHEIX THCEN 4y, - ..,0n CYIECTBYET MHOIOYICH CTEIEHU
n+1 co crapmumM koddduIMeHToM 1, TIPUHEYMAIOLINIA 3HAYMEHUA a1, . .., 0 B
HyJasx csoel npom3sogHon. Ho gokasano 310 yTBepxkaenne 6LLIO JNLIb Ye-
pea 9 net Pene Tomom [Th]. Met npusesem 10Ka3aTeJbCTBO, IPEATOKEHHOE

flnom Mercuisckum [My].

TEOPEMA 16.2. [das mobLix 3aJaHHBIX GUCET 41,...,0n € C :leue-
cTBytoT Takue uucaa by,...,bp € C u Takon Mapromen P(z) =z +
+pz+.. 7, qTOP(b)—a,nP(b) 0pgaai=1,. nnpnquec.zm
B IIOCJIe,ZIOBaTeJIbHOCTPI by,..., by uncio P serpesaercs k pas, To P(z)— P(B)

aemnrcs Ha (z — B)FtL.

JTOKA3ATENLCTBO. Mas b= (b1,...,b) € C" noaoKuM

(t - by)dt.

:1=

1

Pb(:L‘ = n+1/
0

-
Il
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flcno, uto Py(0) = 0 u Py(r) — mHOrOWIen crenenn n + 1 co CTapLINM
koa¢ppuunenTom 1. Kpome toro,

Py(z) = (n+ D(x—b1)-...-(z —by),

noatomy Py (b;) = 0. Ecum ‘mc.noﬁ BCTPEYaeTCa k pa3 B NOCIE0BATEILHOCTH

b1,...,bn, TO PJ(B) = = Pb(k)(ﬁ) = 0. Ormerum, uTo Mmoboe umcio B
ABIACTCA KOpHeM MHorowena Pj(r) — Pb(B) u (Py(z) - Pb(ﬁ))' = Pj(z).
Hosromy Py(z) — Py(B) aemmrca na (z — B)F+1,

Ocraercs gokasatb, 4To 0TOGpaxenue ¢ : C* — C", sagannoe ¢pop-
myaoit ¢(b) = (Pb(bl) -, Py(bn)), cropwextusro. Hpexne Bcero mokaxem,
910 cp—noxa.nbm.m romeomopq)naM B mo6oi Touke b = (by,.. ,bn), Aas
KoTOopou b; Zb; npu i #jmby -... b, # 0. daa aToro ,lIOCTaTO‘IHO mpo-

0Py (b P, (b;
BEpUTH, 4TO det O (b:) # 0. Hpegnonoxum, aro det OP(:) = 0.
0b; Ob;
Torpa cymecrsyior Takue uncna ¢y, ..., c,, He Bce PaBHbBIE HYJIIO, YTO

n
OPy(b;i) .
ch a6, =0 mpn i=1,...,n. (1)
Jlerxo nposepuTs, 9TO

Blgb(:n) -+ 1) / It -6, at

0 S5#J

n
(mpu i = j moABAsETCS ellie JONOIHUTEILHO® CIAMAEMOe (n+1) [T (b; —b,),
s=1
HO OHO paBHO Hyaw). [loaTomy pasenctso (1) MOXHO 3amHcaTE B Bune

F(z) = /ZCJH(t_

o J=1  s#j

=0 mpu z=by...,b,.

IloarTerpatbHoe BhIpaxeHNe MPEACTABAACT COOOH MHOIOWIEH OT f CTe-
TIEH! HE BBIE N, NPUHUMAaloWMi 3HaYeHue ¢; [[ (¢ — by) npu t = b;. Tlo
s#£j

yeaosuio ] (t~b,) # 0uc; # 0 gna mekoroporo j. Caenosarensno, F(z) —
s£j

HEHy./IeBOM MHOI'O'WIeH CTeneHy He Brime n+ 1. C ApyTou cTopousl, F(z) = 0
npu £ = 0,by,...,b,. Hony1eno npoTusopeure.
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Oto6paxenne ¢ : C* — C* uaayuupyer orobpaxenne ¢ : CP* — CP",
3aaHHOe GOPMYIOH

¢((bo: ... bn)) = ("+1 Py(b1) : ... : Py(bn)).

Jleno B oM, uTo ¢(Ab) = X**1¢(b) u ¢~'(0) = 0. Ileppoe CBOKCTBO AOKa3bI-
BAETCSA C [IOMOIIBIO 33MEHB! IEPEMEHHRBIX T = At:

/b
0
BTopoe CBOMCTBO JOKa3bIBaeTCA cleaykommm obpasom. [Iycts o(b1,...,bn)=

= (0,...,0). llpeanooxnm, ITO NOCIEOBATENLHOCTS by, . . ., by cocTouT M3
k; ancen pl, . km mcen B, (Bi # Bj upu i # j). Toraa muoroinen Py(z) =
= Py(z) — Py(B;) nmeer cTeness n = ky + ... + kym ¥ AEAMTCA HA T U HA
(x =Pt - (z— Bm)Fm+1. DTO BO3MOXKHO MHIIL B TOM CJIY1ae, KOTa
bh=...=b,=0. )

Mycrs A — muoxecTso Touek (bp : by : ... : b,) € CP", KOOpAMHATHL
KOTOPHIX yIOBJIETBOPSAIOT OAHOMY U3 CIeyIOUMX yPaBHEHUN:

m:

1

.
il

Ab n Ab n
—b;)dt = /H()\_11~bi))\_ldt :)\—"—I/H(T—-)\bi)d't
0 i=1 0 i=1

b; =0 (i=0,...,n); b,':bj (1§z<]§n)

Orpanngenne orobpaxenns ¢ na CP™ \ A AB1feTCA TOKATILHEIM IOMEOMOD-
¢dusmom. Kpome Toro, §(A) c A. HeicTuTensHo, ecan by = 0, To

$((bo by ¢ ... : b)) =(0:Pp(br):...);

ecm b; =0mpu i > 1, 0 Py(b;)) =0,aecmb; =b;jmpn 1 <i < j <n, 10
Py(b;) = Py(b;)-

O6pas CP™ mpu 0TOOpaKeHHH ¢ — KOMIAKTHOE MHOXECTBO; B 4aCT-
HOCTH, OHO 3aMkHyTo. O6pa3 CP™ \ A npu 0TOGpaXeHHH ¢ — OTKPHITOE
MHOXECTBO, CPaHMI2 KoToporo npuHastexnt ¢(A) ¢ A. MuoxecTso A He
pasbuBaer CP", MOCKOJBKY OHO MMEET BENIECTBEHHYIO KOPa3MEpPHOCThH 2.

n
Caeposatensto, $(CP™\A) o CP™\A ¥ 3aMbIKaHAE MHOXECTBA o(CP \A)
cosnagaer ¢ CP".

3AMEYAHUME. Hesepno, wro ¢(CP™ \ A) < CP" \ A. Hampuwmep,
(P(l,273) = ('_97 '8’ —9)
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17. Bbicoma xK020%4eHa U OPY2UE HOPMbL 159

17. BuicoTa MHOrowIeHa M Apyrue HOPMHL

17.1. Jlemma Taycca

Ilycre K —none, £ +— |z|, € R-— nekoropas ¢pyskuus ma K. Aty
PYHKIMIO HA3KIBAIOT G6COMIOMHBLM 3HANEHUEM, €CTH BRIOIHATCA CIELY-
IOILUE YCIOBUA:

(1) |z|, > 0, npuuem |z|, =0 & z =0;

(2) lzylo = |zlolylo;

(3) |2+ 9l < Izlo + [yl

Ecm xe BMecto yciosua (3) BmmosnseTcs 6ojee CHIbHOE YCIOBHe
|z + ylo, < max{|z|,,|y|.}, To abcomornoe 3nadenme mazmBazoT HeapIu-
Medosbim.

M nons paunoHaIbHBIX uncen Q MMeeTCA eCTECTBEHHOe AGCOMOTHOE
sHavenue |z|, = || — Moayab (abcomoTHan Bemmumna) wmena z. Ho ects
€Ile ¥ TAK HA3BIBAEMBIE P-a0UUECKUe A6COMOTINbIE 3HAUENUA, KOTOPEIE OIIpe-
AEIAIOTCA JIsA KaXKAOT0 MPOCTOr0 YUCIA P CIEAYIOMMM 06pasoM. 3anuiem
PalMOHATEHOE YUCIO T B BUAE T = p'm/n, rAe m ¥ n — Uesbie 4AcIa, He 1e-
Jampecs Ha p. Ilonoxum |z|, = p~". Jlerko npoBepuThb, 9T0 3TO A6COMOTHOE
3HaNeHUe HeapxuMen0Bo. B camom nene, mycte x = p"my /ny uy = p*my/ng,
npugeM r < s. Toraa max{|z|,, lyl,} =p~" u

.

rming +p° Tman,

z+y=p .

Hoaromy |z + y|, < p~™" (cTporoe HepaBEHCTBO BO3MOMKHO AL B TOM cay-
9ae, KOrjga s = r).

Boicomoti muorowrena f(z) = 3" a;x? oTHOCHTEIBHO JAHHOrO A6COMIOT-
HOro 3HaveHus | - |, HaswBalorT Betmamny H(f) = miaxlailv. Hac Gyayr

MHTEPECOBATH OLUEHKM BEICOTHI MPOU3BEIEHMA MHOIOWIEHOB YePe3 BHICOTH
mHoxuTenen. Haubosee npocras ouenka mogy4aercs B Tom ciIydae, KOrjia
abCOMIIOTHOE 3HAYEHNE HEAPXHMELOBO.

JIEMMA (Taycc). Iycte H(f) — BhicoTa MHOrOWIeHa f OTHOCHTENBHO
HeapxuMejoBa abcomoTHoro sxavenus | - |. Toraa H(fg) = H(f)H(g).

MOKABATENBCTBO. Iycts f(z) = ap + ... + ap u g(z) = bpz™ + ...
-+. +bo. PaccMorpum Te u3 koaddunmenton Gp, . - ., Gy, AJIA KOTOPRIX abco-
JIOTHOE 3HACHNe MaKCMMAIbHO (MX MOXeET ObITh HECKOIBKO), 3 34T€M Bbl-
GepeM cpefy HUX KO3(DGMULMEHT @, ¢ HAUOOIBIINM HOMEpOM 7. AHaIOru4HO
BEIOEpPEM MAKCHMAIBHBIN KoxhdpuuueHT b, ¢ HAUGOILIINM HOMEPOM S.

fcuo, uro fg(z) = Cpymz™ ™ +...+co, TRE Ck = 3 , a;b;. YuurnBas,
itj=
4TO | - | — HeapxuMe 0BO a6COMIOTHOE 3HAMEHHE, MOy 1aeM

erl < iifjgc{lail - |bj1}-

ITosTomy

lek] < lar|-|bs] mpm k>r+s,
crys = arbs(1+a), rae |af <1,
lek| < lar)-|bs| mpm k<r+s

s HeapxuMe10Ba abCOMIOTHOTO 3Hauenns u3 ycrosus |a| < 1 creayer,
aro |14 a] = 1. B camom gene, |1 +af < max{l,ja|} =1ul=|1+a—-al <
< max{|1 + a|, |a|}, moaTomy 1 < |1 + a}.

TakuM 06pas3oM, |cr4s] = lar| - |bs|, a abcomoTHEIE BeAMIMHLI BCEX
OCTAIBHBIX KO3GhGbHUIMEHTOB Ci HE IPEBOCXOIAT |a;|-|bs|. TloaTomy H (f9) E
= |erts| = lar| - |bs| = H(f)H(9)-

Taycc, pasymeercs, (pOpMyIMpOBal M JOKA3BIBAI CBOIO JeMMy HA 60:
Jlee IPOCTOM fA3HIKE. A MMEHHO, OH JOKa3blBaJ, YTO HaMOGOJBIIMH OOLIMH
JeIATeIb KO3 MHIMeHTOB IPOU3BEJEHNA MHOIOLIEHOB [ H g paBeH NpoH3-
BeAeHHIO Han60abIIero O6Iero JeTHTeNs KOXpPUIHEeHTOB MHOrOLIeHa f 1:1
Hau6oIbIIEro O6mero JemuTena KoadguuueHToB MHOroweHa g. K rakon
OPMYIMPOBKE MOXKHO NepeliTH ciexyrommm obpasom. [is p-agmieckoro
abcomoTaoro 3uadenusa H(f) = p~", rae r — HauGonblias CTENEHb TUCIA P,
HA KOTOPYIO feasTca KodhuuuenTs Mporowiena f. Pasenctso H (f9) =
= H(f)H(g) o3nagaet, 4T0 ec11 B HanbobIIne OIIKe AeTUTeIH MHOrOML1e-
HOB f ¥ g IPOCTOE YMCJIO P BXOJUT B CTENEHAX T M § COOTBETCTBEHHO, TO B
HAUGOIBIINH OB JeTUTeIb KOIdMUIMEHTOB MHOIOWIeHa fg OHO BXOZMT

B CTENEHU 7 + 8.

Nna muorowrena f(z1,...,ZTn) = S ai,..i &y ¢ ... - T} OT T nepe-
MEHHHIX BHICOTa omnpejensercs amaiormyno: H(f) = max |a;,. i, | daa
JOKa3aTeNbCTBa JeMMbl 'aycca B Ciaydae MHOTOYWIEHOB o'rvn TepeMeH-
HEIX MOXHO BOCIIOb30BATBCA TAK HA3BIBaeMOM nodcmanosexot Kponexepa.
Mycrs d = deg f + degg + 1. ComocTaBuM MHOTOYICHY h(zy,...,zn) =

=5 Cry.k z* ... zF» MHOrOUWNEH
cokn

m—1 ki+dket+d?ks+...+d" " kn
(Sdh)(y) = h(yaydv . "yd ) = chl...knm ! 2 8 .
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Ecan degh < d, To HaboOpH HeHyJeBEIX KOIDPULMEHTOB Y MHOTOWIEHOB h
u Sgh oguu u Te xe, mosromy H(h) = H(Syh). Kpome Toro, Sa(fg) =
= Sa(f)Sa(g). Takum o6pasom, nemma Iaycea A1a MHOTOWIEHOB OT 1 nepe-
MEHHBIX clefyeT u3 JeMMul I'aycca aia oaHOM nepeMeHHOM.

17.2. MHOro<wIeHHE OT 0XHOM IEepeMEeHHOM

B cay1ae apxumenosrix HopMuposaumit sricora H (f ) = max|a;| yxe ne
Oyner o6nasars ceoitcreom H(fg) = H(f)H(g). Ho kak paa B cay4ae o6ur4-
HOI'O MOZRYaA (A6COMOTHONR BETMYMHEI) OLEHKA BHICOTHI MHOIOYJICHA HAHGO-
Jlee MHTepecHa. Takue OLeHKM HyXHBI 1Jif TEOPHHU TPAHCLEHACHTHLIX THCE.
Ouenku BEICOTH MHOrOWIeHa 66l monyyenst A. O. Pendorzom [[el] npm
pemenun cedvmoti npobaemst INiavbepma: «Ecau quero a # 0,1 arre6pan-
9€CKOe, a THCI0 b HppanHoHaTbHOe aareGpandeckoe, To 9HcIo a® TpaHcuen-
AenTHOe.» Brocrexctsuu ynpowennoe gokasateasctso onenok lendonaa
noxyani K. Manep [M1], [M2].

Mz ouenkn BricoTH! MHOrOWIeHa f(2) = ag(z —ay)-...-(z — og) Manep
HCIIOJb30BA BETUTHHY

d
M(f) = |aa [ [ max{1, Joul},

KOTOPYIO Teneph Hal3hBalOT Mepot Maaepa muorowiena f. flcho, uro
M(fg) = M(f)M(g). NooToMy ouenka ceepxy cum3y ana M(f) ue-
pes H(f) naer BOo3MOXHOCTH monyauts ouenky ans H (fg) 4gepes H(f)
n H(g).

TEOPEMA 17.1. IlycTs deg f = d. Toraa

L <H(y <o),

;

[OKA3ATEJBCTBO. HadneM c Gonee mpocroro Hepasenctsa H (f) <
< 24-1M(f). fAcuo, uTo

d
Iadl : Iailai2 Tees ‘ailcl < Hmax{lalail} = M(f)
i=1

IosTomy

el < () M(f). (1)
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d+1 d d 5 10 d
Omupascs ra popmyy ( k ) =( k— 1) +( k)’ HHAyKUMeH 10 d JIerko foka-

3aThb, 4TO (Z) < 29! npu d > 1. Bmecte ¢ dopmysoit (1) 310 JoKa3LIBaET
Tpe6yeMoe HePaBEHCTBO. o

HoxasareascTso HepaBercTBa M (f) < v/d + 1 H(f) onupaercs na dop-
myay Mencena.

JEMMA (Dopmyna Hencena). Ecaun gpyrkuua f(z) rotoMopdra B Kpyre
|z} € 1 1 uMeeT BHYTPH DTOrO KPyra HYJIH Z1,...,%p (C y4€TOM KPaTHO-
cTen), TO

2n n
L /ln{f(ei“°)|d(p = ln|f(0)l - Zln|zk|.
2r ) =

JOKABATEJILCTBO. PaccMOTpPHM BCIOMOTATENBHYIO (OYHKIMIO

_ f(z)
hlz) = wi(z) ... wn(z)’
=Z2"% 7 OBEPUTH, UTO W) KOHGMOPMHO OTOOpaXKAeT
rge w(z) = Tz, KO mpoBepHTS, k

eIMHIYHBIA KPYT B camoro cebs. B camom gene, ecan |z = 1, To |wk(z)[2 =
= 1; kpome Toro, w(zx) = 0. Y yuxkuuu fi HeT Hyj el BHyTpH €IUHUY-
HOI'O KPyra, TOTOMY 9TO HYJIH! 21,..., 2, €€ YacauTels f(z) COKpaluaoTes
¢ HyJaMH ee 3HameHaTens wy(z) - ...  wy(2). HosTomy cormacuo Teopeme o
cpeaHeM A1a rapMonHyeckod ysxumu In|fi(z)| = Re(ln f1(z)) nonyuaem

2n
s [ Il Ai(e)] dg = n[ £, 0]
0

Ho |f1(*)] = | £(")|, a In| f1(0)| = In| £(0)] - él In |z]. o

CJueacTBHE. Ilyctys f — muorowien. Torga

1
M(f) = exp / In| f(e¥™)| dt. (2)
0

6 — 1010
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JIOKABATEJNBCTBO. (O6e dacTn TpebyeMoro paBeHCTBA MYJIbTHILIMKA-
TUBHBI OTHOCHTEBHO f. IloaToMy gocTarouno paccMoTpers ciyqan f(z) =
=z —a. IIpu ja| > 1 y pyukumn f HeT Hy’Te# BHYTDHM eIMHAIHOIO KPYTra,
a npy |a| < 1 BHYTpH eIUHMYIHOTO KpPyTra y Hee ecTb Hyab a. IoaTomy co-
rJ1IacHO dopmyne Wencena

2r

1
/ln]f(emt )| dt = /ln|f )| dop =
0 0 ,

:1n|f(0)| —elnjo| = (1 —¢)lnlq,

raee=0npu |a| >1ue=1mpn|a| < 1.
C apyro# croponst, M(f) = max{1,|a|} = |o|*~=. a

Boopyxusmmcek ¢opMy.1oit (2), MOXKHO NPUCTYIUTL K JOKA3aTEIbLCTBY
HepasercTBa M(f) < +/d+ 1 H(f). flcro, uto

1 1
12 ,
/ ‘Z akekat dt = /Z aka,ez(k_”’"t dt = Z laklz-
0 0

Kpowme Toro, 13 BHIYKJIOCTH QYHKINK €Xp CICAYET, 9TO JIA 060 byHK-
uuy u(t) BEIIOAHAETCA HEPABEHCTBO

1 1
exp/u(t) dt < /expu(t) dt.
0 0

Ipu u(t) = 21n|f(e*™)| nony4aem

1 1 1/2
M(f) :exp/u(;)dt = exp/u(t) dt <
0 0
. 1/2 ; 1/2
< /expu(t) dt /|f(ez"“)|2dt =
0 0

= (Z|ak}2)l/2 <+Vd+1max|ag| =vVd+1H(f). O

C nomomnibio TeopeMu 17.1 MOXHO NOMYYHTHL CIEIYIONINE OLEHKH AJIA
H(fg) uepes H(f) u H(g).
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TEOPEMA 17.2. Ilycts d; = deg f u ds = deg g, npuvem d; < dy. Toraa

(2d1+dz—2m)_er(tf)H( ) < H(fg) < (L+d)H(f)H(g).

MOKA3ATE/ILCTBO. Hepasencrso H(fg) < (1 + di)H(f)H(g) moxa-
BbIBaeTCﬂ HerIOCpe,ECTBeHHO 6e3 ucnonb3oBanus dopmyant Uencena. lycrs

(z) = Y aizt, g(z) = Y bjal, fg(z) = 3 cpz*. Torza

lek| = laobk + arbk—1 + ... + ag,br_q,| <
< (1+ dy) max |a;| max |b;] = (1+ d,)H(f)H(g).

[1a goxasaTensCTBAa HEPABEHCTBA

H(f)H(g) < 297%72/d| +d, — 1H(fg)

pocnoasdyeMmca Teopemoit 17.1. Corntacko sToit Teopeme

u di+dz+1M(fg) < H(fg).

OctaeTcsa 3ameTuts, uro M (f)M(g) = M(fg). a

H(f) <2%7'M(f), H(g) <2%'M(g

C nomouiso Mepsl Manepa M (f) MOXHO NOLYYUTEL ONEHKH ¥ A1A 04Uumbl

d
L(f) = 3 lak| muorourena f. B camom gese, ¢ OQHOM CTOpPOHBL, U3 Hepa-
k=0
BercrBa (1) na c. 160 cregyer, 4o

d d
L) =Y lal < M(H) S (§) = 29M(p). (3)
k=0 k=0
C Zpyro# CTOPOHH,
()] = |3 are?™| < 3 lail = L)
Ioaromy
1
_exp/lnL(f)dt:L(f). (4)
0

KomGurnpysa nepasenctsa (3) u (4), noayiaem
L(f)L(g) < 211 M (f)2"2 M (g) < 24+ % L(fg).

6*
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Ouenka cBepxy ana L(fg) nmeer sug

L(fg) < L(f)L(g).

ITo HEPAaBEHCTBO CJIeAyeT HENOCPEACTBEHHO N3 OIIpEJeeHUs JINHEI MHOT'O-
“WIeHa.:

t J

L(fg) < Y ladl- sl = (X haal) (2 10s1) = L(HL(o).

17.3. MakcuMyM MOAYJIA M HepaBeHCTBO BepHiirenna

IlepBoHaMANIBHO 47151 OLEHKM BRICOTH MHOrowIieHa [easdona mcnoanso-
BaJ BEIUIHHY lmlaalcl f (z)' OH gokasau crefyiomee yTBEpXK JCHHE.
zl=

TEOPEMA 17.3. Ilycte d; = deg f, ds =degg u d =d; + ds. Torga

lrg’glf(z)l : Irg[azalclg(Z)l <2 ]rglg:lclfy(z)l-

JOKABATEJIBLCTBO. MOXHO CYMTATE, 4TO

max|f(z)| = max|g(z)| = 1

lz|=1
[Ipeanonoxum, 9TO lmla)flfg(z)[ <2724 B rakom cryqaenmpu k = 0,1,...,d
zl=

2nik
OHO 3 YHCEN |f(ek)| u [g(t-:k)|, rje g, = exp <m>, He TPEBOCXOJAT

274 TlosToMy ;6o Hepapenctso |f(ex)| < 279 Brmoanserca mpu d; + 1
3HAYEHHUAX MHAeKcA k, 160 HEepaBeHCTBO 'g(z-:k)| < 27% BrmoanseTca mpu
dy + 1 3navennnx ungekca k. Ilycres aas onpegerennocTn

{eo,..-,ea} ={ao,...,ag, } U {B1...,Ba}

u |f(al)l <2%mpul=0,1,...,d.
Coruacso uHTepnonauuonHon dopmye Jlarpamxa,

(Cl[ —ao)-...-(a, —-a1_1)(a[ —a1+1)-...-(a1 —-adl)'

dy
‘ f(z) =Zf(al) (z"'ao)'""(z_al—l)(z_alﬂ)'----(z—adl)
=0

17. Bbicoma mxozousena u Opyaue KopMb 165

YMHOXHM 4MCAMTENb U 3HaMeHaTeab [-ro craraemoro Ha (o — fBi) - ...
- (o — Bd,). B peayspTaTe 3HaMeHaTENh CTAHET PABHBIM

. d+1
. z—¢co){x—¢€1)-...-(x—¢ . X -1
lim ¢ o)(z —¢1) (z—ea) _ lim

T—ay xr - r—a; T — A

Tak Kak o — kopeHb» MHOrowiena rdt! — 1, nocresee BhIpaxkenne paBHO

npoussoHoi dynkumn x4t — 1 B Touke qy, T. e. ono pasno (d + 1)af.

B cayuae, xorga |z| = 1, noay4eHHLI YUCIATENb COCTOMT U3 d COMHO-
XKUTEeN, MOAYJIb KaX 0o U3 KOTOPHX He mpesocxoaut 2. [loaToMmy ecim
|z{ =1, To
¢ 20 di+1

d+1  d+1

|£(2)] < (di +1)27 <1,

YTO NPOTHUBOPEYUT MPEANOIOKEHUIO O TOM, UTO I1rn|a,>§| f (z)| = 1. m]
2Z|l=

3AMEYAHHUE. [l MHOrOwIeHOB ¢ KOddduuueHTamu ua nmoad F = C win
R 6osiee TOUHEBIE OLIEHKH BH I,

gllglfl(Z)l e 'gl]i)ﬂfm(z)' < Cp(m,n) lrglglf(Z)l,

rae f = fi-...  fm, n = deg f, Cp(m,n) — KOHCTaAHTA, NOJY4EHH] B CTATHE

0
[Bo]. A umenro, mycts 1(0) = [1n(2cos(¢/2)) dt. Toraa
0

cemn = (oo(21(2) )

u Cr(m,n) = Cc(2,n). O6e OLeHKM TOUHBIE.

s sopmet || fi] = lmlauﬂ f (z)[ BHINMOJHAETCA TaK¥Xe CIeXyIollee HepaBeH-
z|l=

CTBO.
TEOPEMA 17.4 (Bepuwrrenn). Ilycrs deg f = n. Torga ||f']| < nl|f}}-

JOKA3ATEALCTBO [0]. Ham norpefyercs caeayiomee BCIOMOTaTelb-
HOE yTBEPK ACHHE.

JIEMMA. Ilycts degf < n u 2y,...,2, —KOpHM MuOro4wiena 2" + 1.
Toraa
' n 1 - 2zk
tfi(e) = 3 f(8) + ;Zf(tzk)m-

k=1
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fltz) — f(H)
T z-1
410 g¢(1) = tf'(t) m g — MHOrOUNeH OT 2 cTeneny He Buuue n — 1. UuTep-

noAnuonHaA (opMyaa Jlarpamxa ¢ yamzaMu zy, . .., 2, HOKA3HIBAET, 9YTO

n n
_ 2" +1 1 z
z) = Zlgt(zk)(z “ama T ;kz_:lgt(zk)

(MBI BOCHIOMB30OBAIHCE TeM, 9TO 2+ = —1/z).
Ilpu z = 1 noxy4aem

() = % th(z/c) (Zk2jkl) _ %kz: f((tj:)_—lf(t) -
k= =1

=—Zf(t2k)—-—f f(tz k—l

JOKA3ATENBLCTBO. IHonoxum g¢(z) = . Jlerko mpoBepuUTh,

n 2

“ITOGE! BEIMMCINTE CYMMY 9 (7—@?, nogoxuM f(t) = t". Toraa f(tz) =
k=1 \*k T

= —{,, IO3TOMY

n

Z e

71

Iycts |t| = 1. Toraa

n

n 1
§f(t)+;;

Hoxaxem, 4To 2z /(2 — 1)2 — BemecTBerHOE OTpPUIATENBHOE YMCIO. B ca-
MOM gese, zx = e*? # 1, noatomy

IF(1)] <

N

ey ) 111

2z 2% 2 1 0
CE AN CEN = R

e —2+4e7"  cosp-—1
B TakoMm caywae u3 paeencTtsa (1) cregyer, 94To

zk—l ( __Z k—l g .

1

n

.
s
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17.4. MHOrowieHN OT MHOI'MX Iep€e€MEeHHBIX

llna muorounena F(xry,...,z,) = Zaklmk"zf‘ -...- =k or n nepemen-

HEIX oueHky Bhicotsl H(F) = max|ag,  p,| TOXe yZ06HO MPOM3BOIATE C
noMoIpIo Mepu Manepa, kak 510 caenano B [M2].

Mepy Manepa MHOTOWIEHA OT OJAHOU NEPEMEHHOM MOXHO ONPEAEINTH
JBYMS DKBHBAJEHTHHIMH CIIOCOOAMM:

d
= fad [ max{1. o}

=e / In| f(e*™)| dt.

]

s MHOTOYJIEHOB OT T [IEPEMEHHBIX MPUTOJEH JMIIL BTOPOM M3 3THX
c110co60B:
1 1
M(F):exp/ ../ln|F(e2’"t‘,...,e

0 0

| dty ... | dty.

HanomHuM, 9TO 1A MHODO'WIEHOB OT OJHOH IepeMeHHoN Ha ¢. 160 6uL10
JTOKA3aHO HEPABEHCTBO

Jaxl < (§)M(f).

C noMombio 3TOro HepaBCHCTBA MOXHO AOKa3aTh (JeAYIOIIee HEPAaBCHCTBO
JJAA MHOT'OYJIEHOB OT 7 IIEPEMEHHEIX!

ok < () -

rae dy,...,d, — creneHy MEHOrowieHa F' mo mepeMeHHmIM I1,...,ZT,. B ca-
MOM JjeJe, 3anuuieM MuorowieH F' B Bujge

(M (F), (1)

dy
F(z1,...,2p) = Z Fy, (z2,...

,:L'n).l"fl.
ki1=1
lns GUKCUPOBAHHEIX T2 = U2, ..., Tp = O, MOIYIHAM
d
|Fk1(a2y - '1a‘n)| < (ki)]\/[(g)v
rae g(z) = F(z,dz,...,%).
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Honoxum z = e gy = e2Mt2 o, = e~ 3 3aTeM BO3BMEM JO-
rapudMbl 06€MX 4acTell MOdy4EeHHOrO PABEHCTBA ¥ IIPOUHTErpUpyeM UX 10
t1,...,t, o7 0 no 1. Ilocae aToro Bosbmem skcnonenty. Henocpencreenno ua

Y d
OIpejeeHus BUHO, ITO B Pe3yILTATE B IPABOM YACTH NOAydHM ( ki)M (F).

Yto xe kacaeTcs JeBOH 4acTH, TO METErpupoBanue o ¢ ot 0 10 1 dynkmuy,
He 3aBUCALIEH OT t1, IPUBOJUT K TOU Xe caMoil hyHKuuu. A mociaerymomue
MHTErPUPOBAHMA 1O ia,...,¢, JAIOT, Kak BUJHO U3 onpegenenus, M (Fy, ).

HUrax, M(Fy,) < ((I:i)M(F) 3anumewm Teneps MEOrOweH Fy, (29, .., Ty,)
B BHJE '

dz
Fk1 (1,‘2,...,.’1:“) = Z Fklkz(w3,...,xn)z‘§2.
ko=1

Ananoruyno JAOKa3BIBaeTCA, ITO

M(Fe,) < (P)M(B) < () (@) M(F)

u T. 8. flcao rakxe, uro M(ag, k,) = k. &

"

Kax mu1 yxe ropopuy, nHAyKIuel 1o d J1erko 10Ka3aTh, YTO (Z) < 24-1

npu d > 1. IlosTomy u3 nepasenctsa (1) cregyer, uroecind; > 0,...,d, >
>0, To

H(F) < 2drtdattdanprpy (2)
Ecnn xe muorounen F(zy,...,T,) 3aBUCHT B JEHCTBHTEILHOCTH JULIL OT

V(F') mepeMeHHEIX, a ocTanbhbie 1 — V(F) MepeMeHHBIX BXOJAT B HErO B
HYJIEBOM CTeNeHu, TO BMeCTO (2) noxydaem 6osee rpy6yio OLEHKY

H(F) < 2d1+d2+...+d,.—v(F)M(F). (3)

IIporupononoxuasn onenka aia H(F) gokasnpaeTcs TOYHO TakK xe, KAK
9TO Je1anock Ha . 162 111 MHOMOWIEHOB OT OAHOM MEPEMEHHON. DTa OLUEHKA

uMeeT BHJ
M(F)<\/di +1-...-\/dn + LH(F). (4)

Ilycrs Fi, ..., F; — MHOTOWIEHBI OT NEPEMEHHHIX T, ..., Tpn; di1, ...
-+« dip — cTenenn Muorowiena F'(I) mo stum nepemennniv; v(F}) —— komu-
9€CTBO IEPEMEHHEIX, OT KOTOPHIX F] AeHCTBHTEILHO 3aBHCHT (T. €. Koaude-
CTBO MHAEKCOB j, A1 KoTophix dj; > 0). Torga coraacso gpopmyae (3)

8

8
HH(FI) < H2du+dzz+...+dzn—V(Fz)M(Fl) < 2d1+d2+---+dn—v(F)M(F).
=1 I=1

-~
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Bocnob30oBaBHIKCE Tenepsb GopMmyaoi (4), noxyaum

H(Fl)H(Fs)S2d1+d2++dn—n /d1+1. ,dn‘*‘lH(F);

IIPM DTOM UMEETCA B BUAY, 4T0 V(F) = n, T. e. MHOrOwIeH F' JeHCTBATEIbHO
3aBHUCHUT OT BCEX IEPEMEHHBIX T1,...,Ty.
IIpoTHBOIONOXKHAS OLEHKA

H(F) < 2dtdattdufr(y. .. H(F,)

NOKa3eBaeTca 6e3 Mcnonn3oBaHus mephu Marepa. Jeqo B TOM, 4TO y MHO-
rowiena F} KOAM9eCTBO HEHYJIEBHX KO3(PUINUEHTOB HE MPEBOCXOLUT

(L+dy) ...  (1+dpy) < 20ntdettdn,

ToaroMmy mobo# koaddunuenT MHoroanena F npeacrapiseTr coGoM cyMmy
He Gomee wem 2d1+dat-+dn gpouspenenuit K0opHUIMEHTOB MHOTOWIEHOB
Fy,... F;.

C nmoMompio Mepsl Majiepa MOXHO HOJAYYUTH ¥ OLEHKH AIA TaK HA3LIBA-
eMO# JAUHbI MHOTI'OWICHA,

L(F) =) |ak,..k.l-
TpocymmupoBas HepaseHcTBa (1), moxyduM
L(F) < 24tdattdn A (F), (5)
Naa muorounesa F(zy,...,7,) = (L+21)% - ... (1 + z,)% nepaBencTso

(5) npeBpamIaeTCca B PABEHCTBO.
Mporusononoxuas onerka 4iaa L(F) noaydaeTca IpocTo: U3 04eBU,IHOTO
HEPABEHCTBA

|F(e2m't1 . ,62m't,.)| < L(F)

crefyer, 4To

M(F) < L(F). (6)
Mas muorounesa F(zy,...,zn) = 8 ... . z% uepasencreo (6) mpespama-

eTCA B PaBeHCTBO.
U3 mepasenctsa (5) caegyet, ITO

H L(Fl) < H (2dll+dl2+~--+dln M(Fl)) — 2d1+d2+"'+d"M(F).
=1 =1
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YunreiBag HepaBeHCTBO (6), nmorydaem
L(Fy)-...- L(F,) < 2fitdettdap(p . L F)).
IIporuBononoxHas ouenka
L(Fy,-...- Fs) < L(F)-...- L(Fy)

OYEeBUIHA.

17.5. HepaBeHCTBO juis mApHI B3aMMHO IPOCTEIX MHOI'OLICHOB

Oycte f(z) u g(x) B3anmuO npocThie Muorowiens: Hax C. Torga

m(z) = max{|f(z)|, |g(z)|} >0

n m(z) — oo npr x — oo. lloaToMy BesuuuHA
E(f,9) = minm(z)

NOM0XKATeNbHA. B Teopum TpaHCUeHAEHTHEIX Yncen 6LIBAIOT HYXHBI OLEHKH
cuusy ana E(f, g). Croco6, no3sBoamomuii oy M Th TOYHYIO OUEHKY, IPe-

qoxnt H. . ®ensgman. Mur uanoxuM 310T €nocob, crexys cratse Majepa
[M3].

TEOPEMA 17.5. Ilyctb ay, ..., %y — KOpHH MHOTO4wEHA f, Biy. . Bn—
KOpHU MHorouwreHa g. Toraa
E(f,9) 2 min 7™ F Bl 27 g(eg)]) - (1)

JOKA3BATEJNBLCTBO. Pukcupyem nponsBoabHoe aucio r & C u paccMo-
TpuMm a = min [z —a;| uf = miin |z—Bil. Tlpusrom a = [z —ax| u P = |z - B
j
Alls HEKOTOPBIX k ¥ {. I3 B3aMMHOM MPOCTOTHI MHOTOYIEHOB f U g Caelyer,
YTO OJHO U3 YNCET A ¥  NOJOKUTEIBHO.
Moxno cumrars, uro a < B. PaccmoTpus cravana cay4air, korga a > 0.
Ilokaxem, 4TO B 3TOM CiIyuae B JIOGOTO { BEIIOJIHACTCS HEPABEHCTBO

|z~ Bil > >l =B (2)

B camom jgexne, eciu ax — Bi| < 2a, TO

Bl 2p2a> BBl

A ecim |ag — Bi| > 20 = 2|z — ax|, TO

2= il = |(z — o) + (k= Bi)| > [ = el + e — ] > 2B
Hycts g(z) = bo(x —B1) - .. .- (z — Pn). U3 HepaBenctTna (2) cieayer, 4T0

n

bo H(ak - Bi)‘ =27"|g(ax)|.

i=1

lg(@)| = |bo(z —B1) ... (@ —Bn)| 227"

B caygae, xorga « = 0, T.e. £ = a;, HEPABEHCTBO |g(z)| > 2_"|g(ak)|
BHITIOMHAETCA OMEBUIHEIM 06Pa3oM.
Hrak, ecn a < f3, TO lg(z)| > 2‘"|g(ak)|. AHaNOTHYHO AOKA3HIBACTCA,

yTo ecn a > B, TO lf(z)l > 2‘""|f(Bl)|. IoaTomy B m06oM caydae

m(z) 2 min{27"|f(B)], 27" |g(ee)]}- O

3AMEYAHME. Ecmn f(z) = (2 — 1)™ n g(z) = (z + 1)", TO HEpaBeHCTBO
(1) npespamaercs B pasencTBo. Takum o6pasoM, onenxa (1) Tounas.

17.6. HepaBencTBo Munnorra

B >ToH ryaBe MH Y€ MHOIO 3aHMMAJINCH HEPABEHCTBAMU, IIO3BOJIAIO-
MIIMZ OLEHUTD KO IUIMEHTH MHOXKITEIEH JaHHOrO MEOrowieHa. OueHky
TAKOr0 POJAA [AET TAKKe CJIeJYIOLIas TeopeMa, A0KasaHHaa MUHBOTTOM
Mil.

TEOPEMA 17.6. Hlycts f(z) = ao + a1z + ... + amz™ u g(z) = by +
+ bz + ... + byz"™ — MHOrOWIEHH ¢ LIEMOYMCIEHHBIMI KOd(h(hUINEeHTaMH.
Torga ec f geIMTCA HALETO HA g, TO

b3l < ("7 DA+ G2 Dl

rae || fll = Vag + ... +ak,.
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JIOKA3ATENLCTBO. PaccMoTpum Hapaay ¢ MHorowienom f(z) = JIEMMA 17.2. Iyctb 21 > 1,...,2 > 1@ 21 ... Ty = M. Torga
= am, [[(z — a;) ¥ MBEOrOWIEH o -
~ Z mil'...-x,‘kS(k_l)M+( k )
f(x) =anp H (-T - ai) H (Ezz — ].) 1< <ik :
jai|>1 Jai|<1
= - <1y £ ... < Ty 3a-
Mokaxem cuavana, 4ro ||f(z)|| = ||f(z)|, rae ||f(z)]| — kopeus u3 JIOKABATEJBCTBO. MOXHO CYMTaTh, 4T0 T3 < T2 < < zTp

o~

CYMMEBI KBaAPAaTOB MOAYyIed KoadunmeHToB Muorowiena f(r).
[lnst 3TOr0 AOCTATOMHO JOKA3ATH CJELYIOmee YTBEPXK ICHHE.

MeHUM Tapy {Tm-—1,Zm} Ha {1, Tm_1Zm}. [Ipu oTOM paccMarpuBaemasn
cyMMa yBEIMHHTCA HA O(Tm—1 — 1)(Zm — 1), TAe 60— CymMMa mpoM3Befe-

HUR T, - -.. Tiy_y, 1 < 41 < ... < iy < m— 2. Takum o6pa3oM, ecin
uBaeMad CyYyMMa CTPOro yBEJIUYUBAECTCA. HO:-)TOMy
e Mz) oo b azt...+ Ckzk’ (@) = (- Dh(z) 9317:3—16 >ei’n:xfn§$ﬁ?3 TOM c.nyZae Kor,zfa I 1 o= 2pr =1L,z =
u hy(z) = (@ — 1)h(z). Torga ||h]l = ||hs|)- ona oya ’

m—1
= M. B arom ciydae cymma cocrout w3 () _ ;) ‘wienos, paBubix M, u
[JOKA3ATEJNLCTBO. fcHo, uTO

A1l = D" feir — acil? =
= Z (lei-1|? + |aci|® — 2Re(ac1 7)) =
= Z (laci—1|?* + || - 2Re(ac1To1)) =
= laci-y — ci® = ||ha%. o

™ K 1) 4JIeHOB, PaBHEIX 1. o

Mpumenus aemmy 17.2 x Habopy Pi, .. ., Bm, NOIyIAM

S Bir e Bimes < (T2 )M+ ().

m—1

Pl =R (I = (7))o

m-—j—1 J m-—j
HepaBeHCTEO (2) MOXHO OyJeT 3anucaTek B BUIE

-1 m—1
051 < lam| ("5 M+ (T21)) -
AHaNOrM4YHO JOKA3LIBAETCA, YTO

bl < 1ol ((°5 DM@ + (G2 1)- 3

Eci Tenepsb yuects, 910 (

Y mHOro4uneHa f koadbdunnent npu crapuieM <neHe £ paBeH a,, || @;,
Jai|<1
a KO3(OUIMEHT NpK MJAJIIEM WICHE PAaBeH ta,, H d; (upoussenenwue, B
|a,- I >1
KOTOpO€ HE BXOAUT HU OJHOI'0 MHOXHUTEJSA, CINTaeTCs paBHEIM 1). ITonoxum

M(Hy= ] @i, m()=]] @

i e

loi|>1 lai]<1 Bce KOpHM MHOTOWIEHA ¢ ABIAIOTCA KODHAMM MHOrOwWIeHa f, moaTomy
- M(g) < M(f). Kpome Toro, |by| < |am|, Tak Kax 10 yCIOBAIO MHOTOWIEH g
Torga || f(@)II” = [IF(@)I* > lam|? (M(£)? +m(f)?). Caenosaremo, = IeTUT MHOTOWIEH f. YUuThIBasA 3TH HEPABEHCTBA M HepaBeHCTBO (1), Hepa-
BeHCTBO (3) MOXHO IpUBECTH K TpebyeMoMy BHAY
M(f) < 1f @)/ lam]- n ) .
1< ("7 "o, o
Kpowme Toro, . b;] < ( j )||f||+(]_1)|am|

sl = lonl ’Eah aim_jl . ,amlzﬁ“ B @) : CaeacTBUE. Ecnu f, g 1 f/g— MHOTOWIEHH! ¢ HEJIBIMEA KO dULINEH-

' (o]
rme {31 = max{l, |a¢|}. fAcuo, yTo Hﬁ, = M(f) TaMy, T o 1/2
Teneps maM moTpeGyeTcs eme OJHO BCIOMOLATEILHOE YTBEpXJeHue. Hall € ( n ) Ifll, rme n=degg.
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MOKA3ATE/BCTBO. fcHO, uTO |an| < |||, mosTomy
ol < (5D + G2 D) = Chla.

n 2
Caegopatensho, ||g||? < (?) [l f1?>. Ocraercs nposeputs KOMOGHHATOpHOE
i=0

2n

n ) Jaa sToro gocrarouno CPAaBHATH KO3 uiu-

TOXAECTBO f: (7?)2 = (
j=0 4

eHTHI npu 1" B 0Genx yacTax pasencrsa (1 +1)"(1+¢)" = (1 + t)2n, a

18. YpaBHeHMs i MHOTOWIEHOB

18.1. IwodhaHTOBH ypaBHEHMSA A1 MHOI'OWICHOB
18.1.1. Teopema MboiicoHa u ee caefcTBEA

IIpr jgokazaTebcTBe HEPA3PEIMMOCTH MHOLHX An0GaHTOBLIX ypaB-
HEHUI [ MHOIOYIEHOB BeChMa 3(M(PEKTUBHBIM OKA3LIBACTCH creayomee
YTBEpXK AeHue.

TeoPEMA 18.1 (Mason). Iycrs a(z), b(z) u c(z) — nonapHo B3aMMHO
HIPOCTRIC MHOT'O'JIEHE!, CBA3AaHHLIE COOTHOWICHNEM a + b + ¢ = (. Toraa cre-
TIEHb KaxXOro M3 9TUX MHOTOWIEHOB He IPeBOCXOANT g (abe) — 1, rae ng —
KOJIMYECTBO PA3JINIHBIX KOPHEH MHOMOYJIEHa.

MOKA3ATENBCTBO [La]. Monoxum f = afcu g = b/c. Toraa f u
g — pauuoHa/bHEIE (DYHKIUYW, CBA3AHHBIE COOTHOLICHHEM f+g+1=0.

IIpoaucdepentmposas 3To paseHcTBO, MOy MM f''=—¢'. Hoaromy
boe_ _f/f
a. f g/9

Panwonaneusie dynkmun f u g umeroT cnenmasbHbI Bt [[(z — i)™,
ri € Z. lna pynxmmn R(z) = [[(z — p;)" Bemoansetcs pasencrro

R, i
Ezzx—pi'

Myers a(z) = [1(# - @)*, b(z) = [](@ - B;)%, c(z) = [I(= ~ ).
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Torga

PI=Y - Y
b ¢
gl/g:”Zz—-ﬁj _Zz—kn'

MoaToMy mocae yMHOMXEHNA HA MHOIOWIEH
No =[] (= - ai)(z = B) (= — v&)

' ' _
crenenn no(abc) panmonarsubie pyukunn f'/fug'/g CTaHOBATCA MHOTO'L1e
HaMM CTeneHn He Brime ng(abe) — 1. Takum 06pasom, U3 B3aUMHOM IPOCTOTHL

muorowicHos a(r) u b(z) 1 u3 paBeHCTBa

b_ _Nof/f

a  Nog/g

CaIeAyeT, 4TO CTeNeHDb KaxX 0ro 13 MHOrowIeHos a(zx) u b(z) ne npesocxo;mg
no(abc) — 1. Ina Muorowiena c¢(r) JOKa3aTeIbCTBO AHAJIOTHTHO.

M3 Teopemnr 18.1 MOXHO M3BJIe4Yh MHTEPECHHE CAEACTBUA, KOTOPEIE ME
chopMymupyeM Kak TeopeMer 18.2-18.4.

TEOPEMA 18.2 (daeennoprt). Ilycts f m g — B3aMMHO NPOCTHIE MHOI'O-
4ieHB HEHyJaeBou cremnenn. Toraa

1
deg(f® — g%) > 5 deg f + 1.

TIOKA3ATE/LCTBO. Ecmu deg f3 # deg g2, 10

1
deg(f® — ¢°) > deg f* = 3deg f > 5 deg f + 1.

TloTOMY MOXHO c4MTaTh, 9To deg f3 = deg g22= 6k. .
Paccmorpum muorowiennt F = f2, G =¢g* u H=F -G = f° - ¢°.
fcno, uro deg H < 6k. CoraacHo Teopeme 18.1

max{deg F,deg G,deg H} < no(FGH) — 1 < deg f + degg + deg H — 1,

T. €.

6k <2k +3k+degH - 1.

1
Taxum obpasom, deg H > k+1 = 3 deg f + 1.
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3AMEYAHME. /laa MHOroweHoB
f)=t*+2,
gt) =13+ 3t

HepaBeHCTBO [JaBeHnopra o6pammaerca B paBeHCTBO.

TEOPEMA 18.3. Tlycts f, g u h— B3anmuO npocThie MHOI'OWIEHEL, TIPH-
€M XOT# Obl OAMH M3 HUX — He KOHCTanTa. Torjga paBeHCTBO

fn + gn — hn
HE MOXeT BEIIOJHATLCA Ipu 1 > 3.

HOKA3BATENLCTBO. Cornacro Teopeme 18.1 crenenn KaXJIOT0 U3 MHO-
roweros f*, g" u h"™ He npeBOCXOAUT

deg f + degg + degh ~ 1.
C0X¥B 5TH TP HEPABEHCTBA, NOJLY UM
n(deg f + degg + deg) < 3(deg f + degg + degh — 1) — 1.

Cregosarensro, n < 3. O

[MuocdanToBo ypasrenue f* + ¢ = hY ana mMmOrowremos £y 9, h ameer
OYEBMIHOE pEIleHHE, eciau OaHO u3 4ucen a,B3,y pasuo 1. IlosTomy 6yzem
CUNTATh, 4TO @, B3,y > 2.

TEOPEMA 18.4. IlycTs a,(3, Y — HaTypaJibHBIe yucaa, npuwdeM 2 < o <
< B < y. Toraa ypaBuenne
ffrg =n
MMECT B3AUMHO MPOCTHIE PEIUEHHs JHINbL LA CleAyiomux Ha6opos (a, B, v):
(2,2,7), (2,3,3), (2,3,4) n (2,3,5).

HAOKA3ATEJNLCTBO. IlycTs a, b n ¢ — cTeneny MHOrOWIEHOB fyguh.
Torga cornacuo Teopeme 18.1

aa<a+b+c~1, (1)
Bb<a+b+c-1, (2)
ye<a+b+c-—1 (3)

18. Ypaenenus das mmozouaenos 177

CregoBaTeabHO,
aa+b+c)<aa+Bb+yc<3(a+b+c)-3,

a suaunt, a < 3. Ilo ycnoBuie a- > 2, nosromy a = 2. IIpu a = 2 mepasen-

ctBo (1) mpuHUMaeT BUA
a<b+c-1. 4)

Cnoxus HepaBencTsa (4), (2) u (3), noayunm
Bb+yc<3(b+c)+a—3.
YuutsiBag, 4To 3 < y, 4 ellle pa3 MpuMeH:Asd HEPABEHCTBO (4), noayyaeMm
Bb+c) <4(b+c) -4,

a snayut, B <4, r.e. f=2um3.
Ocraerca nokasats, 4To ecm 3 = 3, To y < 5. [Ipu B = 3 nepasen-

cTBO (2) MpUHUMAET BUJ
26<a+c-1. (5)

Cnoxus HepasetcTsa (4) u (5), noayqum
b<2c—2.

B Taxom ciydae u3 HepaBeHcTBa (4) caegyer, 9TO
a<3c-3.

W3 1Byx nocieiHUX HEPABEHCTB W HepaBeHcTsa (3) crieayer, 4To
yc < 6c—6,

moaToMy Y < 5.

MEHOrowIeHs!, y JoBIeTsopsiomue cooTHomernuo f*+ g = hY, recho cpa-
3aHBI C MPABWILHBIMU MHOrorpasaukaMu. [IogpoGHO 5Ta CBA3L onucaHa B
xuure Dennkca Kierina [Kaj; Tam xke ykaszal ciocob noCTpOEHHA HTHX MHO-
rowieHoB. MBI npuBeeM JHIIb KOHEYHBIH Pe3yIbTaT.

Cay4at @ =3 = 2, Y = n CBA33H C BHIPOXKJEHHBIM TPABWILHBIM MHOIO-
FPaHHMKOM — ILIOCKMM 7i-yTOIbHUKOM. Tpe6yeMoe COOTHOLIeHNE UMEeT BUL

2 " 2
"+ 1 L -1 s
2 2
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Caywait a = 2, 8 = 3, y = 3 cBs3a# ¢ npaBWIBLHLIM TeTpasapoM. Coot-
HOLIEHWE MMEET BH]

12iV3(2® - 2)% + (z* - 20v322 + 1) = (2* + 2iV322 +1)°

Caysait a = 2, B = 3, y = 4 cBaA3aH ¢ Ky6OM ¥ IPABHIBHEIM OKTA3JPOM.
CooTromenue umeeT Buj

(z'% - 332° — 332" + 1)2 + 108(z° - 2)* = (z® + 142 + 1)°.

Crywait @ = 2, 3 = 3, y = 5 cBf3an ¢ gogekasapoM u HMKOCA3ApPOM.
Coorromenne umeet sua T? 4 h% = 17285 rae

T =z + 1+ 522(2® — %) — 10005(z2° + z'°),
H = —(z* + 1) + 228(z'5 — 2%) — 494710,
f=2(z +112° - 1). )

Teopemy 18.4 pokasan I'. Ipapu [Shw]. Pemenue anodantosa ypase-
HuA Gonee o6uiero Buga f* + gP = [*hY npusegeno B pabore [Ev].

TEOPEMA 18.5 [N]. TIycrs x(t), y(t) — paunonarsheie gpynkumu u m,
n 2> 2. Toraa ypaBHenue
n _ ym =1

HMeeT pellleHue JUIb Ipu m = n = 2.

[OKA3ATEJNLCTBO. IpeacraBuvM s uy BBuge r = f/gu y = h/k, rae
f m g B3amMHO mpocTEIe MHOrOWIEHH 1 h U k TOXe B3aMMHO IpPOCTEIE
MHOTrOWwIeHH!. 'Tora paccMaTpiBaeMoe ypaBHEHHME 3ANMIIETCA B BUAE

fmkn — hngm - gTIIkn‘ (6)

W3 BaaumHOM# MPOCTOTEI MHOTOWIEHOB f 4 g caegyer, 4To ecam g(a) = 0,

10 f(a) = 0. B Takoum cayyae u3 cooTHomenus (6) crexyer, uto k(a) = 0.

AHa.YIOPPI‘{HO ecan k(a) = 0, To g(a) = 0. Hosromy g(t) = [[(t — @)% u
= [1(t - )", re a;, b; > 1.

KpaTHOCTb % KaK KODHA MHOrOWIEHOB f™k", h"g™ u ¢g™k"™ paBHa
nb;, ma; u nb; + ma;, coorsercrserno. Ecru nb; # ma;, TO KPATHOCTH
KOpHA a; MHOro41eHa f™k™ — h"g™ crporo mensuwe nb; + ma;. osTomy
nb; = ma;, T.e. k" = g™
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Ypasuenne (6) mocae coxpamenus Ha k" = ¢™ OpUHUMaET BHI
fm —h" = gm.

Coraacuo Teopeme 18.4 BO3MOXHBI JMINbL JBA BAPDHAHTA: M = n = 2 K
{m, n} = {2, 3}. Ho Bo BTOpOM Ci1y4ae k" = g™ = I%, rae | — HexoTOpHIH
MHOTOWIeH, a ypaBHenue f° — h? = [® pemrenuit e nmeer. O

18.1.2. IIpoGnema Bapunra piia MHOrowIeHOB

Kuraccnueckas npo6aema Bapuura sakmodaeTrcsa B TOM, 9TO6b 418 JaH-
HOT'O HATYPAaJbHOTO YUCIA N HAUTH MUHMMAJBHOE Yucio k = k(n), ana xo-
TOPOro mob0e HATYPAJILHOE HHCJIO T MOXHO TIPEICTABUThL B BHIE M =
= mf{ + ...+ my, Tae my,..., My — Uelble HEOTPULATENLHEIE YHCIa. W3-
BECTHO MHOI'O Da3HBIX 0606IIEHUA 3TOM NpobIeMEl AJS MHOO4IeHOB. MEI
OyZeM MOAPa3yMeBaTh MOA npobaemotl Bapumnza 048 mMno2044en06 Crefgy-
OIIYI0 334a4y: A4 NaHHOTO HATYPAJLHOIO YMCIA 7. HAWTH MUHMMAJBHOE
4nciao k = k(n), naa koroporo mo6on maorowied g € Clz] moxno npexcra-
BUTHL B BUge g = fI' + ...+ fi, rae f; e Clz].

IIpu pewenun npobnemsl Bapusara 1ocTaToMHO OrDAaHHYUTELCSA CIydIaeM
g(z) = r. JeucTBUTEILHO, eCaH w = fl ( ) +...+ f(z) u h{z) — npous-
BOJILHEIA MHOTOWIEH, TO h(.z') + 2 (h(z)).

1
ToxaecTBO (:L' + %) - ((L’ - —) = I IOKa3bIBaeT, 4To k(2) = 2.

=~

TEOPEMA 18.6 [NM]. Eciz n > 3, To: a) k(n) > 3;6) k(n) < n <
< k?(n) — k(n).

JOKA3BATENLCTBO. a) Ilpeamomoxum, uto ¢ = fi'(z) + f(z) =

n

= [1(fi +¢"f2), rie ¢ — IPUMUTUBHLEIM KOPEHb CTEHNEHH 7 U3 €UHUIILL.
r=1

Bce muoxuTemu f; + e” fa, kpoMe OIHOrO, ABIAIOTCA KOHCTaHTamu. [lpu

n > 3 TakMX MHOXHTENeH 10 KpauHed Mmepe aBa. [lostoMmy fi +afs =au
fi+bfe=pB,raea#bua,b, a B e C CregoBarensro, fi, fo € C, gero
He MOXeT OHITh.

6) dna muorouwrena f(z) moaoxum Af(z) = f(z +1) — flx) u &P f =
= A(NP71f) mpu p > 2. Jlerko nposeputs, uto deg(Af) = deg f — 1.
[osTomy deg A*~1(z™) = 1, T.e. A" }(z") = az + b. C apyroit cTopoHEL,
HEMNOCPE/ICTBEHHO U3 ONpEAeIeHUs BUAHO, UTO

A @) =(@+n-D"+ea(z+n—2)"+... +corz™
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B camom gene, nanpumep,
A= (z+2°-(x+1)%) - ((z+1)® —=2%).

CAe.uaB saMeny T = az + b, monyyum mpeicrasieHne r; = fi(z;) +

.+ f(z1); aTo NpeacTaBnenHue MOKa3kBaeT, 410 k(n) < n.

JaliMeMcsA Teneph JOKA3aTeTLCTEOM HEPABEHCTBA Nt < k2 (n)—k(n). Pac-
cmoTpuM mpeAcrasaenue r = fi(z) + ...+ f(z), fi € Clz], gas xoToporo
49UCI0 k MUHUMAJILHO.

Hanomuum, uro sponckuan W (g, ..., gr) dynxkuuit g1(z),. .., gr(z) pa-

a(z) ... g(@)

y’l(w) yL(w)

BEH ONPEJENUTENI0 MATPHUIED . Paccmorpum aBa

glk- 1)(x) o 1)(z)
Bpouckuana Wy = W(fJ, f2, .. ,fk ) u W2 (x 3. Ji). o ycaosuio
T = f{*+...+ fi, noaromy nepsuii croaben sporckuana W, monyvaerca
43 NepBOro CTOXOHA BpoHCkuaHa Wi go6aBieHneM JMHEHHOM KOMOMHAIMN
apyrux croabuos Wy. Caegopareanno, Wi = Wa.
Ecmu ¢ynkuum gi,92,...,gr JUHEMHO 3aBUCHMEI, TO HMX BPOHCKHAH
W(g,...,9x) TOXaecTBenno papen Hymo. O6paTHOe yTBEpXKIeHHE He-
sepHo. Hanpumep, ecn g1 (z) = 22, a go(x) = z|z|, TO

z? z|z|

Wig,92) =\ 5, 5 | =0

HO (QYHKUUM g1 ¥ g2 JMHEHHO HE3aBMCHMBL. MOXHO JOKA3aTh, YTO €CJH
Bpoucknad W(gi,...,gr) TOXAECTBEHHO paBeH Hymo npH z € (a, b), To
cymectByeT unTepBan (a, B) < (a, b), Ha KOTOPOM DYHKIMH g1, ..., gy JTA-
HEeWHO 3aBUCKMBI (IIPOCTOE JOKA3aTEILCTBO 3TOTO YTBEPIK IEHUA HPUBEIEHO
8 [Kru]). B qacTHOCTH, 414 NOTMHOMUATEHEIX GYHKIME g1, ..., gk M3 TOTO,
9T0 BpOHCKMaH W (g1,. .., gr) TOXIECTBEHHO PABEH HY.JIIO, CAETYET, YTO STH
(PYHKIUM IMHENHO 3aBUCHMEL.

W5 MunmmansroCTH npeacTaBienua ¢ = fi*'(z)+. ..+ f(z) cregyer, uTo
byukumm fT, ..., fi! munewHo Hesapmcumsl, nosromy W(fP, f3,..., f1)—
HEHYJIeBOM MHOT'O'WIEH.

lIpoussognas mopsaaka r dbyskuun fI geantcs Ha ", mosTo-
My i-# cToaben Bponcxnana pemurcs Ha fIF+!) a4 smaumr, MBOrOwWIEH

W(fT,..., f§) memmrcsa na H f,-"—k“. B yacTHOCTH,
i=1

degW(fT,...,ff) 2 (n— kHEdegfa 1)

i=1
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C 1pyrou CTODOHBI,

k k
degW(f7,....[%) <n2degf, ( )+1. (2)
=2
Yro6ul 40Ka3aTh 3TO, HaromumnM, 4to W(f1,..., f) = W(z, f3,.. .,f,?l).
Ecau MBI JOMHOXHM j-I0 CTpOKy onpeaemureas Wz, f3,..., fF) na 2777,

TO B Pe3YIbTATE MOIYIMM ONPEAEIUTENb MATPHUIbI, ¥ KOTOPOM BCE HEHyJIe-
BbIE BJIEMEHTHI i-ro cToa6ua (npd i > 2) uMeet crenedb n deg f;. [losromy

k
degW(fF,... . ff)<1+n) degfi-1-2—...—(k-1)=

=2

k
-1
:nE degf,-—k-(lc—z—)+1.
=2

Cpasunpas (1) u (2), noay4aem

k(k 1)

(n—k+1) Zdegf,SnZdegf, +1,

i=1 =2

1)

i k(k —
ndegfi < (k—1)) degf; — =+ 1L

i=1

MOXHO CYMTATB, 4TO fi — MHOTO4WIeH Haubosabimen crenesn. Torga

k(k

~1
ndeg fi < k(k — 1) deg fi — T)+1 < k(k — 1) deg fi;

MoCJIe,iHee HEPABEHCTBO CleayeT u3 Toro, 4ro 1 —k(k—1)/2 <0 npu k > 3.
ocne coxkpamenus ua deg f; noxydaem n < k(k — 1). ]
18.2. PyHKIMOHATHHEIE YDABHEHHA AJIA MHOI'OLIEHOB

18.2.1. dyHKIMOHATbLHEE YPaBHEHNAA, 3aJalolde MHOI'OWICHE!

na muorowiena f crenenu n + 1 BLIOAHAETCA PABEHCTBO

(n+1)
F@) = f) + @ - 9)f @) + o+ -y T,
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Ipu sTom f(n+1) — KOHCTaHTa, a 3HAYMT,

.\ f(n+l)(y) _
(z —y)"*t mED
_ n _ f(n+1) _ {(n+1)
= (D ) ey ()
Takum 06pasoM, ¥ GyHKIHOHAILHOTO YpaBHEHUA
f@) =) (= - v) o) +(z - y)"h(z) 1)
k=0

€CTb DELICHHE CICAYIONIETO BUA:
(a) f—mMHOrowien creneny ue Brume n + 1;
(6) 9x(y) = F® (y) /K mpm k = 0,1,...,n — 1;
(8) gny) = f) () /n! — y fO D () /(n + 1)1 — ¢;
(r) h(z) = cf "D (@) /(n + 1)! +c.

TeoremA 18.7 [CK]. Mycts f,go,..,gn,h : R &> R-— npoussoasHee
QyHKunm, KoTopsle npy Beex =,y € R,  z # y, yI0BIETBOPAIOT ypaBHerMIo
(1). Torga 5Tu QYHKIMM UMEIOT yKA3AHHBIH BbIIe eug (a)—(r)

HAOKA3ATENLCTBO. Ilpu y = 0 u y = 1 ypasuenne (1) npunumaer Buzx

f@) =3t +27h(z), = #0, @)
k=0
f@)=) dz* + (@ - 1)"h(z), z#1. 3)
k=0
CienoBaTensho,
z": (dk b ck)xk

ITO paBeHCTBO BHIOMHAETCA 1IpH T # 0,1, & IpU N 9ETHOM HYXHO eme
UCKJIIOYUTb ¥ 2 = 1/2.

DuxcupoBaB y = 2 1 y = 4, aHAJIOTHIHBIM 06PA3OM NOTYIMM PABEHCTBO

n

> (fr — ex)z”

h(.’E) = (mk_:(;)n _ (.’C _4)n!

KOTOpOe BEINOJIHAETCA Ipu T # 2,3, 4.

WS S WEIETEGE v T e e

St i
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B urore noayqaem h € C®(R), Ho Toraa us (2) u (3) caexyer, 4TO
fe C*[R).

Mpoauddepennuposas n pa3 no ¢ paBeHcTBo (1), noayum

() = nlgn(®) + - ((z - y)"h(x)).

TIpu PUKCHPOBAHHOM T W3 ITOTO PABEHCTBA CIEAYET, YTO gn(y) — MOTMHOM.
Teneps MOXHO npoauddepeHIUpoBaTs paBeHcTBO (1) o z He n, an —1
pa3, ¥ AHANOTUYHEIM 06PAa30M HOMYHATh, YTO gn—1(y) — noumHom n T. 4. B
4aCTHOCTH, go, - - -, gn € CP(R).

Mpoanddepenmupyem pasescTso (1) no y u nomoxum y = 0. B peayas-
TaTe MONYIHM

0= -3 ka7 laun(0) + 3 ke'gi (0) - na""h(a).
k=0 =0

73 3TOCO PaBEHCTBA CIELYeT, 9TO " ! h(Z) — NOJNHOM CTENeHu He BhbILIE .
A ecau paserctso (1) npoxuddepeHnupoBaTs N pa3 Mo Y U NOJIOXKUTL § =
= 0, TO MOXHO NOKa3aTh, 4TO h(T) — MOIMHOM (TOKE CTENEHN He BHILE 7).
Ho ecau h(z) — nomunoM, a ™~ h(z) — nOAMHOM CTENEHM He BhILE 7, TO
h(z) = ax +b.

Tak xak h(z) = ax +bu f € C(R), To ua (2) cregyer, uro f(z) —
HOMMHOM cTenenn He Bouue 1 + 1. Iloaromy

n+1

(k)
f(.’E + y) = Z _f_l_c_'(i)zh

k=0

C Zpyroit CTOPOHEL, 3aMEHMB T Ha & + Y, cooTHomrenue (1) MOXHO 3anucaTh
B BU[E

flz+y) = Z z*gx(y) + z"(az + ay + b).
k=0

710 03HAYAET, YTO

(k)
gk(y) = f k!(y) mpu k=0,1,...,n—1,
f(n) ) f‘“’”)(y)
gn(y)z_nf(__ay"b b7 m:a. O
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CaeactBuE 1. Ilycrs f € C™(R) u npu Beex 1,y € R,
HOJIHAETCA PABEHCTBO

T # Y, BbI-

n-—1 — )k
f@) - 5 B poog)

k=0
(x-y)"

_ M@+ )
(n+1)! )

Torga f — monuHOM cTenenu He BEIIIE 1.

¢

CiaeacTBHE 2 [H]. Ecau npum Beex 2,y € R,

PABEHCTBO

T # Y, BHIIOTHACTCA

f(z) —9(y) _ o(z)+o(y)
Ty = 5 , (4)

TO f-— monmHOM crenenu He Beume 2, g = f u ¢ = f'.

K ¢ynknuonansHoMy ypasreruto (4) CBOIUTCSH Takke (GYHKIIMOHAIBLHOE

YpaBHEHHUE
r+y

Meno B ToM, 4TO ecn paBeHcTBO (5) BRIONHACTCA NpH Beex 2,y € R, z #v,

T0O
(x+y> _ (@) + 9(y)
P\ )< 2

f(z) —g(y) _
T -y

Iro6rr nokasath 210, 3aMenuM B (5) THA T+y,ayHA T —y. B pe3yJabTarte
HOJY IMM

flz+y)—glz—y)
2y

= ¢(z)
npu Beex T,y € R, y # 0. 3amMeHuB Teneps y Ha —Y, NOAYIUM

fe-y)—glxz+y) _
—2y

¢(z)
CrenoBaTennHo,
1
olutv) = o (flutv+y) - glutv-y)),

plu—v) = - (flu=v+y) - glu—v-y))

i b it
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flutv+y) —glu—v—y) =20 +ye),
flu—v+y) —glu+v-y)=-2@v-y)ou).
HMosTomy '
o(u +v) + @(u — v) = 2¢(u).

TMonoxue u + v = T, ¥ — v = ¥, MOJAYyINM TpebyeMoe PaBeHCTBO

o) = ol0) = 20 (Z52).

18.2.2. llomEOMBanEHKe pelienns ypasHenua f(ax + B) = f(z)

Mlpu @ = +1 moamEOMuaTbHbeE pemenns ypasrenus f(az +B) = f(z)
naxogarcs nerko. Ecmma = 1 1 f(z) = aoz” +a12" 1 +.. . +an, rae ag # 0,
TO MOJY9aeM TOXKJECTBO

f(z) = aoz™ +a1z™ ' + ...+ an =ao(z +B)" +a(z+P)" !+ +an.

Takoe TOXZECTBO BO3MOXHO JHUIIb B TOM CJIydae, KOrja a; = aj + aonf,
T.e. 3 =0.

Ecm o = —1, To ypaBuenne f(—z + ) = f(z) nocae samenst g(z) =
= f(z + B/2) cBouTca k ypasHenuio g(z) = g(—7), pelIeHAAME KOTOPOTO
CAYKAT MOJNHOMBL BIAA

2n—2 +

aoz®™ + axx ...+ azgn.

Ipy NpOM3BONBLHOM O CpaBHeHHMe KOdbGUIMEHTOB NPU CTapileM <ileHe
muorodnesa f(z) = agz™ + ... mokasmiBaeT, uto a” = 1. Takum obpasom,
npu o # +1 noayuaem n > 3.

TEOPEMA 18.8 [Oz]. IlycTs MHOrOWwIeH f crenenu n > 3 yAOBJIETBOPAET
coorromenuo f(ax + ) = f(z), rae a # 1 ua™ = 1. Toraa

a—1

ﬁ n
f(x) =ao (:r, + —) +c.
JOKABATE/ALCTBO. JocTaTo4Ho paccMOTpeTh MHOTOMJICHE BHAA
J
n
fl) =2z"+ a;z" ! + ... + a,. Tpebyerca gokasaTe, 9TO a; = (j)( B

a—1Y
npa j = 1,...,n — 1. [JoKa3aTeJIbCTBO IPOBELEM HHAYKIMENA 10 §.
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Cpasnenye koo uuuentos npu z" 7 11a MEorowreHos f(x) u flaz+p)

MOKa3bIBAET, YTO

j—1
(1-a")a; =) a, (;.‘jj)a“—fpf--". (1)
s=0

IIpu j = 1 moaysaem (1—a”1)a,; = (T)a"“lﬁ. o ycrosmo a™ = 1, nostomy

= () = ()

Basa unaykuum gokasaHa.
Jlna poxasaTenbcTha mara MHAYKuuu (T. e. nepexosa or j = kk j = k+

+ 1) MuI cHOBa Bocnoab3yemcsa cootHoureruem (1) u yerosuem a® = 1. Tlo

NPEATIONOKEHNIO HHAVKINN Q4 = (7;) (QE—I)S mpu s =1,...,k. Ilosromy

k

_n—k—1 (N n—k— -5
(1=a** Nagyr = (7)o “ﬁ’“+2(2)(ki1_sw

an—k+1Bk+l
s=1

Jlerxo npoBepuTs, 4TO (Z)( ") = (> )(k +

k+1—s k+1 s )'HOSTOMy

(1 -a"*Nary =

—( N . n—k-lpk+l k+1y 1 k+1 1
(k1) B [1+( 1 )+ + (% )m :

flcno Takxe, 4TO BHIDaXKEHME B KBAAPATHEIX CKOGKAX PABHO

(1+ 1 k41 _ 1 k+1 B (lk+1 -1
a—1 a—1 T (a—-1)FFL

CregoBaTennno,
_ 1 n ka1 a® — an—k—l
Ut = T (1 4 1)B o
Yuuresas, uro a” = 1, norygyaem
pk+1
a1 = (g 4 1) Gy =
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19. Hpeoﬁpaac;namm MHOT'OWICHOB

19.1. IIpeoGpa3zoBarme ImpHrayaa

B 1683 r. B JeinuurckoM xypaane «Acta eruditorum» 3. B. ¢pon Hups-
rays (1651-1708) onyGaukosas crnoco6 mpeo6pa3soBaHuA anreGpaniecKux
ypaBHEHHI, KOTODHI, KAK €My Ka3ajl0Ch, MO3BOJIAI PEIIUTH B PAJUKATaX
ypabHenue J11060i crenenu. JlenGHuI cpasy xe OnpoBepr 3adBJeHUe Yups-
raysa 0 BCEMOTyIIeCTBe ero npeo6pasosanus. [le0 B TOM, 4TO P PeIICHAN
ypaBHeHmi 5-# CTeneHM ¢ IOMOLIBIO mMpeoGpa3oBaHus ‘lMpHraysa mpuxo-
IUTCA pemaTh ypasuenne 24-i crenenu. HecmoTps Ha 910, Ipeobpa3opaHue
YupHraysa nMeeT BaxHsie npuioxenns. Hanpumep, ¢ ero nomomsio aoboe
ypaBHEHUE TATON CTeNeHH Ge3 KPATHBIX KODHEH MOXHO IPMBECTH K BUAY
y® 4 5y = a, pewas Opy 3TOM JULIL YPABHEHUA BTOPOM M TPETHEH CTEIEHH.

Ipeobpazosanue Tupneaysa ypasHenus z" + az" '+ ... 4+c, =0
3aKII04aeTca B cieayomeM. IycTb &i,...,Tn — KODHH 3TOTO ypPABHEHUA.
PaccMOTpHM palioHAIbHYIO0 GYHKUMIO ¢, KOTOpas He o0paliaeTcs B 6ecKo-
HEYHOCTD B TOUKAX L1, ...,Ln. llonoxuM y; = @(z;) n HaligeM ypaBHeHUe

Y +qy" T+ =0

KOPHSAMH KOTOPOI'O ABIAIOTCA Y1, - - - , Yn- [asee MBI OKaXeM, 9TO ecilu 3TO
yDaBHEHHe He MMeeT KPATHBIX KODHeW, TO I; MOXHO BEIDA3HTE Hepe3 ¥;.
Bri6upasn moaxoaamumM o6pa3oM GYHKLIMIO §, MOXKHO I06UTHCA TOrO, YTOOB
KOG PUIHAEHTEHI G1, - - - , §n—1 CTAINA PABHBI HYJIO. Ho pas sroro moTpebyeTcsa
pemnTs ypasHerue crenern (n —1)!; MMEHHO Ha 2TO 06CTOATENLCTBO YKa3all
Jlen6uni.

He Tepss 06UIHOCTH, B KAYECTBE PAIMOHATLHON (GYHKLMHU (¢ MOXKHO B3ATH
MHOIOYIEH cTeneHu He 6oaee n— 1. [leso B TOM, 4TO CIPAaBELINBO CJeLyIOlIee
YTBepXK ICHHUE.

TeOPEMA 19.1. IycTs 21, ..., Tn — KOPHA MHOIOWIEHa f CTEHEHU N ¥
@ = P/Q, rae P u  — MHOrO™WIEHBI, NpUieM Q(z;) #0,i=1,...,n. Torga
CylIeCTByeT MHOFOWIEH g CTeneHM He Gonee n — 1, 3HadeHMs KOTOPOTO B
TOYKAX I1,...,Tn COBIAJAIT CO 3HAYEHUAMM (PYHKUUM § B ITHX TOTKAX.

MOKABATEJBLCTBO. Ilo ycioBuIO MHOrOwIeHH f 4 @ "e umeroT o6IMIUX
KOPHell, I03TOMY OHHM B3auMHO NpocTel. CJe0BaTeIbHO, CYIIECTBYIOT MHO-
rouensi a u b, g1a koroprx af + bQ = 1. Tak xak f(z;) = 0, 1o b(z;) =
= 1/Q(z;). Noatomy ¢(z;) = P(z:)/Q(zi) = P(z;) b(z;) Takum obpasom,
B KadecTBe TpeOyeMOro MHOTOWIEHA § MOXHO B3ATH OCTATOK OT [JeJeHUA
MmHorouteHa Pb na muoro4nen f. |
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B narpueiimem Gynem cuuTats, 4TO K ypaBHEHMIO
fle)=z"+cz" '+ .. . +e¢,

IIpUMEHAETCA npeobpasoBanue

y=9()=po+p(@) +... +pp_iz™ L.

Hoxaxem, kak B 3TOM CIy4ae MOXKHO BLIMCINTD K03 IUIMEHTHT MHOI'O-
atena y" + @yt + ... + ¢, ¢ kopHAME y; = g{zs),i=1,...,n.

10681 H36€XATh TPOMO3 AKHX 0003HAYCHMUI, OTDAHMIUMCH CIYHAEM 7 =
=3. Ecmn 2° = —¢12? — ¢ — ¢3, TO

YT = poz + p12° + pa(—c12? ~ oz — ¢3) = py + pyz + pha’.

Amnanormano yz® = pf +p{z+ pyz?, npudem p! — muneitnsre dynkmn napa-
MeTpos p;. Takum 06pasom, ecau £; — Kopenb MHOTOWIeHa f 1 y; = g(z;),
TO CHCTEMa ypaBHEHMH

(Po—y) 20+ p121 + paz =0,
PoZo + (P —y) 21 + phz =0, 1)
Pozo +piz + (py —y)z=0

MMEET HeHyJeBoe pewenue (2o, 21, 22) = (1,z;, 7). loxoxum

Po p1 p2
A=1| p, P P
Py Py Py

Torpa det (A —yI) = 0 gna y; = g(z;). B Tom cay4ae, koraa MHOrOWIeH
det (A—yJ) He UMeeT KPATHBIX KOpHEHL, OH COBMAJAET C UCKOMBIM MHOIO.Ie-
HOM y" +q1y™ ! +.. . +¢q,. Tax kak saemMeHTH MaTPHUILL A JTUHEHHO 3aBUCAT
OT NapaMeTpoB p;, TO KOIM(MUUUEHT g, ABIAETCA MHOIOWIEHOM CTEHeHu k
OT NapaMeTpoB p;.

B Towm cryuae, koraa Muorownen y +qy" 1+ .. -+@n He UMeeT KPaTHBIX
KODHEH, MaTpua A He UMeeT KPaTHBIX COGCTBEHHBIX 3HAMCHUIL. IToatomy
KaXJOMY COGCTBEHHOMY 3HAYEHMIO MATPUILL A COOTBETCTBYET €AMHCTBEH-
HO€ C TOYHOCTBIO 0 NPOTIOPIMOHAILHOCTH perenne cucteMe! (1). 1o o3ua-
a€T, ITO 110 KOPHIO ¥; IPe0OPa30BaHHOI0 MHOTOWIEHA O JHO3HAMHO BOCCTa-
HaABIMBAETCA KOPEHb T'; MCXOAHOIO MHOIOWIEHA, IDMYEM T; PALMOHAILHO
BRIPAXAETCA Yepes ;.
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Mpeo6pasoanne YupHraysa mO3BOAAET PELIMTH B PAAWKANAX ypaBHe-
Hus TpeThed u 4YeTBepTou cTeneHu. Kybudeckoe ypaBHEHHE MOXHO [IpHBe-
CTHU K BUAY

3 —
¥y’ + g3 =0,

pelIMB CHCTEMY U3 JMHEHHOro ypasHeHus ¢ = 0 1 ypaBHeHHs BTOPOH CTe-
nenu gy = 0, 3aBHCAMMX OT MapaMeTpPOB Po, P1, P2. 1A 3TOrO HYXHO pe-
UINTh KBaIpPaTHOE YPaBHEHME.

YpaBHeHUE Y€TBEPTOR CTEIEHH MOXHO NPUBECTH K BUAY

v+ @y’ +a=0.

JList 5TOr0 HYXHO PEIIATL CUCTEMY U3 TMHEHHOro ypaBHeHus q; = 0 u ypas-
HeHMA TpeThed creneHu ¢z = 0, YTO CBOAMTCA K DPEIIEHHIO KyOWIeCKOro

yDABHEHUS.

19.2. Ypasrenue narou crenenu B ¢opme Bpumra

YpaBHeHHe NATOM CTENeH! MOXHO [IPUBECTH K BUIY
Y +quy+g =0,

pellNB CHCTEMY YPABHEHMH ¢ = ¢2 = ¢3 = 0. Jus sToro HYKHO pelnTh
ypaBHeHMe IeCTOo| creneHn. Bonee TORKuM aHanu3, NpoBeaeHHbH B 1789 r.
IBECKAM MaTeMATUKOM BpUHrOM, IOKa3EIBAET, YTO B JAHHOM CIydae BMe-
CTO yPaBHEHUA LIECTOM CTENEeHN HOCTATOYHO PElIUTH YPABHEHUs BTOPOU M
TpeThe#l CTENeHH, MOCTYNUB caeyoumm o6paszoM. ITobet yAOBJICTBODUTE
ycaoBuio ¢ = 0, BEIpa3uM OJMH M3 NMAapPaMETPOB P, ..., P4 KAK JUHEUHYIO
(dYHKIMIO OCTATBHEIX MapameTpoB. Torga koagduument ¢z Oyier mpex-
CTaBAATH OO0 KBajpaTw4Hylo GHOPMY OTHOCHTENBHO YeTHIPEX M3 Mapa-
METpOB p;. ITY KBaAPATHUIHYIO (GOPMY MOXHO NPUBECTH K BHAY

ui +uj — v} — v},

rie uj u v; — JIMHeliHsle GYHKIMM OT p; (A1 STOro MOHAJIOGMTCA M3BTe-
KaTb KBaJDATHHE KODHHU). ITOGH yJOBIETBOPHUTEL PaBeHCTBY ¢2 = 0, mo-
CTATOYHO PEINTb CUCTEMY JMHENHBIX YPaBHEHMi u; = v1, Uz = vz. [locrne
3TOro OCTaeTCA ABA MapaMeTpa, IpUdeM OTHOCHTEJNbHO HUX YPaBHEHME (3
IpeACTaB/IAeT yPaBHEHNE TPETheH CTeneHu. B mrore notydaeM ypaBHerue
Buga y° + quy + g5 = 0. B ToM ciyuae, koraa gy # s?’ C TIOMOMUIBIO JUHEHHON
3aMeHBI DTO YPABHEHME MOXKHO MPHUBECTH K BUAY ¥° + 5y = a.
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AnasoruuasiM 06pa3soM ypaBHeHHE

"+ . 4, =0, n>5, (1)

€ NOMOILILI0 MPeoOPa3OBAHUA ¥
IIPUBECTH K BUAY

= po + P1Z + pax? + paz® + paz* Moxmo

n—>5 +

YU+ @y + gy +gn=0.

Ilpu sToM mOHAJO6UTCA pemaTs MMIIb ypaBHEHUS BTOPOHM U TPETbeN CTe-
IIEHH.

Kpowme Toro, BMecTo cucreMul ypasHeHmix g1 = g2 = g3 = 0 MoxHO
PelINTE CUCTeMY 1 = g2 = g4 = 0, T. €. Ha MOCJEHEM IIAT'E BMECTO KyGH-
€CKOr0 ypaBHeHuA g3 = 0 peluTs ypapHeHue YeTBepTOM cTemenn gy = 0.
Toraa ypasuenue (1) 6yser npusegero k Bugy

~5

Y+ a5y + gsy™ 4+ gn=0.

Hcnonbays Takue npeobpazoBanus u 3aMeHy  — 7}, ypaBHeHne ATOU
CTeHeHPI MOXHO HpMBeCTPI K Jro6oMy na c.ne;[yfoumx BHIOB: T° + pr+q =20,
5+ pz? +¢=0, 5 +pzr3+q=0, 2° + pzt +qg=0.

19.3. IlpeacTanieHne MHOrOWICHOB B BHJE CYMM CTelleHeH
JHHEHHBIX (yHKIH

3a/a1a 0 NpeCTABICHIM MHOTO4IEHA B BHL 1€ CYMMBI CTeneHeﬁ JINHENHBIX
dbyHKIMI HauGOIEE MPOCTA B CIyYae KBaPATHOrO Tpexwiena z2 + 2az + b.
ITa 33/a4a TAKOBA: KBAPATHbIH TPexwieH TpefyeTcsa [IPEACTABATD B BHUIC
M(Z + 1)+ ..+ A (2 + 2)?; IPK 5TOM HYKHO TaKKe BHACHUTD KAKUM
MUHUMATLHBIM KOTHYECTBOM OA3HCHBIX JMHEHHBIX QYHKIMA T + Ay, ..., T +
+ am MOXHO oGouTuCh. EcTh gBa Bapuanta sTOM 3a5a4u:

1) 6asucubie GyHKINK OLHY U Te ke AJIA BCEX KBAAPATHBIX TPEXWIEHOB;

2) 6asucHEIC QYHKIOMM A1 KaXJOTO KBaAPATHOTO TPeX4IeHa BHIGUpa-
I0TCA CBOM.

B nepsom ciyyae MunuManpHOe m paBHO 3. B kauecTBe 6a3MCHBIX dbyHk-
LA MOXHO B3ATH JIOOHIE TPU pa3auiHEIE QYHKIUM X + a3, & + ds, T + d3.
JeficTBITENLHO, CHCTEMA YPAaBHEHHH 1717 A, A2, A3 mMmeeT BUA

AMA+A+Ar3=1,
arhi + aghe + azkz = a,
abh + adh; + adhy =b.
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Oma Bcerja ¥MeeT DellleHHe, TaK KaK ee OIPeJeTuTeleM ClyXUT HeHyJIeBOM
ompegesutens Bannepmonaa. flcHo Takxe, 4TO AByMA QYHKIMAMU T + oy
U T + dp HeIb3A 060WTHCH: A3 = 0 JHMIIL B TOM CIy4ae, KOrAa a, b, a; u ap
¢BA3aHb cooTHOomeHueM a(a; + ag) = b+ ayas.

Bo BTOopoM ciydae MunuMmantsHOe m pasHo 2. TpeGyemoe npeacrasienue
UMeeT, HAPUMED, BHA

(z+a-vo-at)

15 MHOT'OIEHOB CTEIIeHM 1t 3343492 O BEIGOpEe yHUBEPCAIbHEIX 6a3UCHBIX
dyHKIME & + d1,...,T + &y, PemaeTCd TOYHO TaK Xe, KaK U IIpU n = 2.
CopMyaupyeM OTBET B BHAE TEOPEMEHI (€e I0Ka3aTerbCTBO NpH 1 > 2
TakKoe Xe, KaK ¥ Ipu n = 2).

2 1
2+ 2z +b== (z+a+ b—a2) +3

TEOPEMA 19.2. a) Eciin a4, . . ., Qpy} — HONAPHO PAIMIHEIE YUCAA, TO
MI060H MHOTMOWIEH CTEHEeHH Tt MOXHO NMPEACTABUTDL B BHIE

MEta)? 4.+ haa(z+ ant1)?.

6) Ecu umcna ay,...,Q%, TaKOBBI, UTO JI060M MHOTOWIEH CTEMEHU 7

MOXHO OPEACTABUTL B BUIE

)\1((1,' + a1)2 +...+ )\m(x +am)2>

Tom>n+ 1.

Habop yHUMBEpCANbHBIX GA3MCHBIX JWHEHHBIX (HOPM HECIOXKHO YKa3aTb
M IS MHOTOWICHOB CTENEeHM T OT m nepemenHux. [Jusa yao6crsa BMec'r?
muoro4unesa f(x1,...,&m) CTENEHH N OyeM DACCMATPHBAThL OJHODOLHBIN
MHOTO™JIEH

Zo

F(zg,zi,... zm)—w0f< .,@).

TEOPEMA 19.3 {Ss]. Ilycts ag,...,d, — NONApPHO Pa3TMIHBIE 4NCIA,
Zj =g+ AsT) + ATy + ...+ AyTpm, TAE Ag, Aty ..., 0y € {ao,...,an}. To-
raa ¢popmel (Z;)" MOPOXKAAIOT JMHEHHOE NPOCTPAHCTBO BCEX OJHOPOIHBIX
MHOTOWIEHOB CTEIeHH 7. OT M -+ 1 NepeMeHHBIX.

3AMEYAHUE. Komnuectso dopm (Z;)" pasuo (n+ 1)™, a pasMepHOCTS

IPOCTPAHCTBA OJHOPOAHEIX MHOIOWIEHOB CTENEHN N OT M + 1 nepeMeHHbIX

pasua (" + M.
n
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[OKA3ATEJBCTBO. Paccmorpum aas npocroTs cayyait m = 2. B atom
CJIy4ae MHOTOWICH

Py = 3 agariciyiy

0<i+j<n
TpebyeTca NpejCTABUTL B BUIE
n+1 n+1
i Jan—i—j. i
p(z,y,2) E Aot (T + agy + az2)" E Aot E Cnijayoi " " Iyt
5,t=1 s,t= 1 0<i+j<n
n!

TAE Cnij = . llony4aem cucremy ypaBneHu#

n —i =)
n+1 )
@ij = Cnij Z Agaial, 0<i+j<n.
8,t=1

[lomosHuM 3Ty CUCTEMy ypaBHEHHAMH

n+1
Z Astial =0 mpm i+j>n, 1<4,j<n.
s,t=1

B pesyabraTe monyuum cucTeMy IMHEHHBIX ypaBHeHWH ¢ MaTpuuei V ® V,
rae V = ]|a’ |l — marpuua Bangepmoraa. i npousBoabHEIX MaTPHL A u
B ¢ nomombio npuBejernsa nx K XXOPAAHOBOH HOPMATBHOM (OPME JErKO J0-
kaswiBaeTcs, 4To det(A ® B) = (det A)®(det B)?, rae a — pasmep MaTpumer
A, b— pasmep maTpunst B. IlosTomy det(V @ V) = (det V)(n+1)* £ 0.
[las1 IPOM3BOILHOTO T AHAIOTMYHO MOJIYYAEM CHCTEMY JUHEHHBIX ypaB-
HeHui ¢ onpegeanrernem det(V ® ... ® V) = (det V)(»+D™, O

B Tom cryuae, korga ais KaxJOro MHOTOWIEHA BHIOMDAIOTCA CBOM Oa-
3UCHBlE JUHeWHbIe (YHKIMH, 3aja4a CyIIeCTBeHHO ycaoxHAeTcs. Jo6ane-
HHe crnaraeMoro by (z + ;)" yBeqM4MBAET YMCIO BAPBUPYEMEIX APAMETPOB
Ha 2. Tounoe coBmaleHMM 4KCIa MAPAMETPOB, KOTOPHIMH 3313€TCA MHO-
TOWIeH CTENEHH 7T, ¥ UCIA MApaMeTpPOB B BhIpaxeHuu by (z + B1)" +

-+ bk(z + Bx)" BO3MOXHO JMIIB B TOM ClIydae, korga n HederHo. Ilpu
atom k = (n + 1)/2. OkasuiBaeTcs, 9TO B CIy4ae OGLIErO HOJOXKEHUA MHO-
FOYIEH HEYETHOW CTENEeHH 1 NEHCTBUTEIBHO MOXHO NPEICTABUTH B BUJE
cymms (n+1)/2 craraemeix uga b(z+3)". Ho B HeKOTOPBIX BEIPOX IEHHBIX
CIYYasX MOTYT OKa3aThCA HEOOXOAUMEIMH U JONOTHATEIbHEE CIAraeMble.
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MPUMEP. Mrorowren z3 + z? nensas npeactasuts B Buge by (z +p1)>
+ b2 (IL' + B2)3

JIOKA3BATEJILCTBO. flcno, uro B1 # P2 u Bi1P2 # 0. B TakoM cuydae
u3 ycronit 517 + baP3 = 0 u bif + 5283 = 0 caeayer, uro by = by = 0.
IIpuxozuM K IPOTHUBODPEYHIO. O

YTO4YHEM Tenepb, UTO B PAaCCMATPHBAEMON CHTYALMM O3HAYAET «MHO-
rowieH obmero noioxenusy. OrpaHud¥Mcsa IPU STOM CaydaeMm n = 5 (/s
OCTATBLHEIX HEYETHHIX N PACCYXKACHAA AHAJIOTUYHEI). SAIMIIEM MHOTOWIEH
f(z) cremenu 5 B BUgE

asz’ + 5aqz? + 10a3z® + 10a22° + Sa1z + ag.

Ilycte

3 ,3

1 z 2° 2

ZT Z; Z; Zj = p32® + p22® + p1z + po = p(2).

a2 a3 a4 as
Byaxem roBoputh, 9T0 f(x) — MHOrOWIEH O6LIEro NOIOXKeHUs, eciu p(z) —
MHOTOWIEH, UMEIOIINI DOBHO 3 Pa3IMYHbLIX KOPHA (B HacTHOCTH, p3 # 0).

TEOPEMA 19.4 (CuibBecTp). MHOroWIEH 061ero moI0XeH!s HEYeTHOR
CTENMEeHH N MOXKHO NPEACTABUTH B BUJE CYMMEI

bi(z +B1)" + ... + bz +B)",
rae k = (n+1)/2.

JOKA3BATEJBCTBO. B cryuyae n = 5 TpebyeTcsa peldTh CUCTEMY ypPaB-
HEHHAR
biBT + 0135 + 013 = ar, 1)
r=0,1,...,5. Bubepem B xagecrse B1,B2 u B3 KopHN ypaBHeHus p(z) = Ou.
Ilo ycaoBumo >TM TPM YHCIA PA3NMYHBL, MOITOMY U3 CHACTEMBI ypaBHEHMH
(1) gua r = 0,1,2 ogrosnauno HaxoaaTca by, by u bs. Ocraerca gokasaTs,
9TO IS MOJYYeHHHIX 3HaueHud b; w P; BhmoaHswooTcsa ypaBHenus (1) mpn
r=3,4,5.
W3 onpegencHus MmHOrownesa p(z) creayer, 4To Aad JHOGBIX dHcen
Zg,Z1, T2, T3 BBIIOJIHACTCA DABEHCTBO
g r1 T2 I3
ZT Z; Z: ZZ = p3%3 + paT2 + p121 + Polo-

az a3 a4 as

7 — 1010
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Kpowme Toro, ecim cTpoky (zg, 21, T2, T3) 3aMeHATh Ha (@i, Qiq1,0iv2,ai43)
rae i =0,1,2, To onpeseanrens o6paturcsa B Hyab. Jas i = 0 noaygaem

b

P3a3 + peaz + p1a; + poap = 0,

~psaz=po ) bi+p Y bfi+p Yy bl =
= Z bi(p+ 0+ p1Bs + pafil) = — Z bipsf?.

YuuthBas, uTo p3 # 0, nonysaem coorromenue (1) gus r = 3. Bepa i = 1
M 2, aHAJOTMYHO noxay4aem cootnomenus (1) piar =4 u 5. O

20. Anre6Gpamdeckme umciIa

20.1. Onpepgeserne U 0OCHOBHLIE CBOMCTBA

Yucao a € C Ha3HIBAIOT a42e6pauveckuM, e OHO ABIAETCA KODHEM He-
NPUBOAUMOT'0 MHOT'OIEHA € PAlMOHANBHEIMY KO3 dumenTamu. Ecau crap-
Wk KoagduuuenT papen 1, a Bce ocTaIbHBIE KO3(pPUIUEHTHL — LIEJLIE YH-
CI1a, TO THCIO O HAa3BIBAIOT Yeablm aqzebpauteckum. Kaxaomy arre6panye-
CKOMY YHCIY & COOTBETCTBYET eJMHCTBEHHBIN HEIPUBOAMMBIN MHOTO4YIeH f
€o crapmuM Koadduuuerrom 1. Kopuu 5T0oro MaOrounera Ha3bIBaIOT 4HC-
JIAMH, CONPANCEHHDIMY C .

Hazosem MHOrOWIEH yrumapubim, eciu ero cTapmui Ko3ppUIMEHT pa-
BeH 1. HecnoxHo mokasaTs, 4TO ecM o — KOPEeHb NPOM3BOIBHOIO (T.e. ne
0043aTEIbHO HENPUBOLMMOIO) YHUTAPHOO MHOI'OWIEHA C LETBIMU K02 du-
IMeHTaMH, TO & — [eoe atrebpauyeckoe yucto. UHbIMU C10BaMu, €Cau yHU-
TapHBI MHOTOYIEH C HEJOYMCJCHHBIMU KOX(DULIAEHTAMK NpeACTaBJIEH B
BHJAEC NIPOM3BEACHUA ABYX YHHTAPHEIX MHOTOWIEHOB C PAUHOHAILHEIMU KO-
¢ duLmeHTaMH, TO BCE STH PANUOHATLHEIe KOI(DDULUNEHTH — Heable THCIa.
ITO yTBEPXKAEHUE — OJHA M3 BO3MOXHEIX ¢opmyupoeok remmur [aycca
(remma 6.1 Ha c. 60).

TeoPEMA 20.1. Ilycte @ u P — arre6pamdeckne umcia, oz, y) —
NPOM3BONBLHBIA MHOPOWIEH C PalMOHATHHEIME kodddunmentamn. Torza
¢(a,B) — aare6pandeckoe 9ucIo.

v AR
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JOKA3ATEALCTBO. Ilycts {ay,...,an} u {B1,...,3m} —Habopu un-
ceJ1, CONPSMKEHHBIX C o U 3 COOTBeTCTBEHHO. PaccMOTpUM MHOTOWIEH

LRI G

Koa¢dpuuneRTH 3TOr0 MHOTOWIEHA, ABIAITCA CUMMETPAYECKUMU bYyHKITH-
AMH OT &1,...,%n ¥ Bi1,...,Bm. Ilo3TOMy OHE ABAAIOTCA PALMOHAILHEIMA
YHUCJIAMU. O

Cl“ﬁj))

u,’:js

3AMEYAHUE. AHaJOrM4YHO MOXHO JOKa3aTh, YTO €CIH & U [ — meJdnie
anre6pautecKue 4ncia, a ¢(z,y) — MHODOWIEH ¢ HebIMU Koadgduimentamu,
10 ¢(a, ) — mesoe arre6pamyeckoe TUCIo.

B uactHOCTH, ecan a u 3 — antreGpandeckue uucaa (Lessie atredpaunde-
cxue 1ucaa), To o m a + P Toxe arreGpamyeckue Uncia (uenwle aarebpan-
deckue 4ucaa). Kpome Toro, ectu a # 0 — aare6panyeckoe 4ucio, To o~ !
TOXe anrebpandeckoe ducio. B camoM jgene, eciu o — KOPEHL MHOTO'WIEHA.
3 ayz*® crenenu n, To a~! — kopenb MHOrowrena y. axz" ¥. Ho ecm o —
ueJoe ajre6pandeckoe YHCI0, TO YUCIO O 1 He 06A3aTeIbHO Leaoe atrebpa-
nyeckoe. Takum o6pazoM, anrebpandeckue Yucaa 00pas3yoT HoJe, 3 Lebie
aare6paudyeckue 4uCIa 06pa3yioT KOJIbUO.

TEOPEMA 20.2. IlycTs a u B — anrrebpandeckue 4ucia, CBA3AHHBIE CO-
otrowenueM ¢(a,B) = 0, rie ¢ — MHOMOWIEH ¢ PALMOHATLHEIMI KOI(MQULHM-
enramu. Torga A1a mo6Oro YUCIa &;, CONPMKEHHONO C d, HalAeTcA YMco B,
conpsixkentoe ¢ 3, g koroporo ¢(a;,3;5) = 0.

JOKA3BATEALCTBO. Iycre {a1,...,an} u {B1,...,Pm} — HaGOpH uu-
CeJl, COTPAXKEHHBIX C o U 3 COOTBETCTBEHHO. PaccMOTpIM MHOTO4wiIeH

=] o=,
=1

Koaddumnuentst a3T0r0 MEOrowieHa panuosaisuei 4 f(a) = 0. Hosromy f(x)
geautcs Ha [[(z — ;), a 3Haunt, f(4;) =0, T.e. p(a;,B;) = 0 11a HekoTO-
poro j. O

7*
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TEOPEMA 20.3. Ilyctb o ~— KOpeHL MHOTO4YIEHA,
flz)y=2z" +ﬂn_1$""l + ...+ Bo,

rae Bo,...,Pn—1 —eanie arrebpamteckue yucaa. Torga o — IeNoe aure-
6pandeckoe IUCIO.

JIOKABATEJNLCTBO. PaccMoTpuMm MHOrOWIEH

Fo) = [[ @™ +Ba-riz™ ™ + ...+ Bos),

il

rae {Ba-1,i},. .., {Bo,s} — Bce uncra, conpsxennnte ¢ Pp_1,...,Po cooTBeT-
cTBeHHO. Jlerko npoBepuTh, ITO KO3(hGHUIUEHTH MHOrowieHa F — rensie
gucaa. flcHo Takxke, 4TO @ — KOpeHbp MHOrOwIeHa, F. O

AJxr'eranquKoe IGO0 @ H33BIBAIOT 6TO0AHE 8EULECTMBEHHbIM, €CIHN BCE
COIIDAXKEHHBIE C HUM YMCJIa BEMICCTBEHHEL. Wubmvm CJIOBaMH, BC€ KODHH He-
IIPABOJNMOI'0O MHOI'OYWIEHA C KODHEM A BEIECTBEHHEI.

IIpuMEP. Yucao a = 2 cos(kr/n) BuoaHE BEIECTBEHHO.

B camom gene, & = € + ¢!, rae ¢ = exp(kn/n). llycts uucio a; co-

npsaxeHo ¢ o. 3 Teopemnr 20.2 caegyer, 4TO o = € + 91_1, rje Yucio €
conpsxeHo ¢ €. Jucno € yzoBreTBopser ypasuenuo " — 1 = 0, mosToMy £;
TOXe OyeT KOpHEM 3TOrc ypaBHeHUs, a 3HAYHT, £; = exp(ln/n). B Takom
cayqae a; = 2cos{in/n) e R

20.2. Teopema Kponekepa

B 1857 r. Kponekep [Kr] nokaszan crenymomee yTBepx feHHe.

TeEoPEMA 20.4 (Kponekep). a) ITycrs a # 0— nemoe aareGpaudeckoe
aucao. Torga ecam o — He KOpeHb M3 eIUHMIIEI, TO aGCOMIOTHAS BEIMYUHA
OJHOTO M3 “HUCEJ, COUPHKEHHBIX C o, CTPOro Gousmre 1.

6) Ilycte B — BnonHe BemecTBeHHOE NHeJOe anrebpanteckoe nciao. To-
raa ecmu B # 2cosrn, r € @, To aBCOMOTHAA BEIHYNHA, OJHOIO U3 THCE,
COMPSXEHHBIX ¢ 3, cTporo 6ousine 2.

HJOKABATEALCTBO. a) Iycts {ay,...,a,} — HabOp umMcen, compsken-
#eIX ¢ a. IIpeamonoxum, uto |o;| < 1,1 =1,...,n. PaccMoTpuM MHOrO4IeH
k -1
fi@=@-af)-...-(—af) =2"+ag nrz"  + ... +arpo.
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W3 Toro, 4T0 0 — HeNoe anrebpaudeckoe HUCIO, CIEAYET, YTO Gk p—1,- .-
.yako € Z. A n3 yenosns |a;| < 1,4 =1,...,n creayer, 9To |ag 5| < (Z)
TaxuMm 06pa3oM, K03DOUIMEHTH MHOTOWIEHOB fi, fa . . . IPHHUMAIOT KOHEY-
HO€ HCJIO 3HAYEHUH, IOITOMY Cpeaud MHOIOWIEHOB f1, fo ... 6yjeT aumb Ko-
HEYHOE YHICI0 PA3IMYHLIX MHOTOwWIeHOB. HO TOr/1a MHOXECTBO KOpHE#! DTHX
MHOTO'WIEHOB KOHEYHO, a BCE YMCIA o, o, a’,... BXOAAT B 3TO MHOXECTBO.
Crenopateasno, o = af, rage p,q € N u p # ¢. A tak kak a # 0, 1O
aP~?1 =1.
6) IIycts {B1,...,Bn} — Habop uucen, conpaxenusx ¢ 3. Ilo ycrosuio
Bce oHM BemecTsenHsie. IIpegnonoxumM, uro |B;| < 2,i=1,...,n. B Takom
CIy4ae MOLYJIHM BCEX YMCEJl, CONPAKEHHEIX C

6ynyT paBuel 1. B camom gese, uncaa o ¥ B CBA3AHH COOTHOLIEHMEM a® —

—Ba+1 = 0, moaTomy corstacHo Teopeme 20.2 11060€e IUCIO aj, CONPAKEHHOE
¢ 0, ABIAETCA KOPHeM MHOrowiena suja of — B;a; + 1 = 0. Tak kax 3;| < 2,
To f?/4 < 1, a 3naunur,

o = () 41- () =1

Coruaacao Teopeme 20.3 uuncio o nenoe anrebpardeckoe. IToaTomy HeMy
MOXXHO IPUMEHUTDH yTBEpXKAeHue a). B peayabrare moayumm, uto a = e™,

rae r € Q. Ioaromy
B=a+a ' =a+a=2cosrr,
4TO0 U TPebOBAIOCH. (]

TlpuBeneM OJMH WHTEPECHEIM IIPUMEp MCNOJIb30BaHHA TeopeMbl Kpowe-
Kepa.

TEOPEMA 20.5 (Munkoscknit). IlycTs A — kBajgpaTHas MATPHIA C Le-
JIOUNCJIEHHBIMU dJeMeHTaMH. [IpeAnonoxmM, 4TO BCe DIEMEHTH MATDHUIH
A — I, rae I — equuuyHAS MATPUIA, JEIATCA HA HEKOTOPOE HATYDAaJbHOE
queao n > 2, Ho npu atoM A # I. Torga:

a) ectm n > 2, 10 A™ # I npu BCceX HATYPAILHBIX 1M;

6) ecin n = 2 u npu orom A? # I, 10 A™ # I 1put BCex HATYPANBHBIX M.
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HOKA3BATENBLCTBO. Ilo ycnouio A = I + nB, rae B — MaTprua ¢ ne-
JIOYUCJICHHBIMIY DIEeMEHTaMH. B 4acTHOCTH, Bce cOBCTBEHHbIC 3HAYCHUA Ma-
TPpHLUE! B ABIAOTCA HeanMy anrebpamieckuMu guciamu. Co6CTReHHEIE 3HA-
YeHHA A MATPUObl A U cOGCTBeHHbIE 3HAYeHMA B MaTpunsl B CBA3AHH CO-
oTHowmenueM a = 1 4 nf.

Hpeanonoxum, ato A™ = I. Toraa a™ = 1, a 3uauur, |a| = 1. TloaTomy

o — 1]
n

Bl =

2
S;Sl- (1)

Hepasencreo (1) ctporoe, 3a nckimo4eHneM JumIb TOro CIyyas, KOrgan = 2
nla—1=2T1.e.a=—1.

Hpun > 2 nepapencrso (1) crporoe. B Takom cay4ae uenoe aareGpamie-
CKOe 9UCIIO 3 M BCe CONPAXEHHBIE ¢ HAM 1MCJIa TI0 MOAYJIIO CTPOro MeHbIe 1.
Crenoparennho, = 0, a 3na4nT, a = 1.

PaBenctBo A™ = | MOXET BHINOJHATHCA JUILL B TOM clydae, KOrja sce
XOPJaHOBE! KIETKHM MaTpuubl A umeror pasmep 1 x 1. Ecan npu aToMm Bce
COOCTBEHHEIC 3HaYeHUsA MaTpuusl A pasnsl 1, 7o A = [,

PaccmoTpum teneps cayuait n = 2. B arom cayuae a = +1. Crenosa-
TEJBHO, XOP JaH0Ba (GOPMa MATPHILI A NpeJCcTaBIsgeT CO60H TMATOHAIBHYIO
MaTpuly ¢ snementamu +1 na auaronam. [lostomy A? = I, uro nporuso-
PE€YHUT YCJIOBUIO. O

OJIeMEHTapHbIe, HO BECHMA IPOMO3JKHE OUEHKM IO3BOJAIT I0KA3aTh
crexywowee yrounenue teopemsl Kponekepa.

TEOPEMA 20.6 [ScZ]. a) Mycts a # 0 — nesoe antre6pamieckoe 1ucio,
IpHieM a-—He KOpeHb U3 eaumnuubl. Ilycts, ganee, {ay,...,a,}— uabop
COTPAKEHHBIX ¢ HUM “ucen. Toraa eciu cpean ducen ay, . . ., a, COAEPKUTCA
2s HEBEUIECTBEHHBIX, TO

max |a;| > 1+47°72,
1<i<n

6) llycTs B — BnosHe BelecTBEHHOE LEN0e ATreGPAUYECKOe TUCIO, npu-
1eM 3 # 2cosrn, r € Q. Ilycrs, aanee, {B1,... ,Brn} — HABGOP conmpakeHHBIX
¢ HuM uuces. Toraa

| >2+47273
Jpax Bl > 2+

e
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20.3. Teopema JInysunia

Oijiep BHICKA3BIBAT NPEINONOXKEHHE, ITO He BCe YHUCJA ABIAKTCA aare-
GpaMiecKuMH, HO JOKa3aTh DTO €My He yJanoch. Bnepsue cymecTBoBaHKe
mpancyendenmuniz (T.e. He anreGpauvecknx) wucen jgokasan Jluyswiis B
1844 r. A B 1874 r. KanTop nokasan, 9T0 TPaHCUECHAEHTHBHIX YHCEl B He-
KOTODOM CMEICJIE faxke Goublle, YyeM aireOpandeckux. A UMeHHO, aareGpa-
pHecKue ducaa 06pa3yioT CYeTHOE MHOXECTBO, TOTIa KaK MHOXEeCTBO BCEX
IeHCTBUTENHHBIX (MIM KOMILTEKCHBIX) YHCeI HECIETHO.

NokaszaTenscTBO JIMyBHILIA OCHOBAHO HA JOCTATOYHO MPOCTOM, HO BaX-
HOM 3aMeYaHVN: MPPAlMOHAILHOE anreOpamdecKoe HHCIO He JOMyCKaeT
CJMLIKOM XOPOIIero MpMOIMKEHMs PalMOHATLHBIMM umciaamu. Tounee ro-
BOpA, CIIPABEJIMBO CJELYIONIEe YTBEPXK JEHHE.

TEOPEMA 20.7 (JIuysuwwis). Ilycre o-— kOpeHb HENPHBOAMMOLO MHO-
rowieHa f(z) = apx™ + an_12™ ' 4+ ...+ ap, rae n > 2. Torga cymecTsyer
Takoe yucao ¢ > 0 (3aBUCAImIEE TOJBKO OT &), YTO

a—£>—§,; (1)
q q

A I060r0 LeJoro p ¥ HaTYPalbHOTO (.

JTOKABATEALCTBO. Ecmu |a — 4 > 1, To nepaserctso (1) Brimoaus-

q

< 1. 3annmeMm MHO-

p
erca opu ¢ = 1. [loaromy bynem ciMTaTh, 4TO |o — p

n
rouren f(z) B uge f(z) = an [| (z —a;), roe ay = a. Torga
i=1

’f (g)) ~ laul-

Loy
q

p n
| Tl -] <

=2

n

H(|a| +1+|u)) =a

=2

S |an| )

az?|,
q

p
a_—_
q

rie ¢; — DOJOXUTEALHOE YMCIO, 3ABUCAIIEE TOJBKO OT lan| 7 a.
Bygem cunTaTh, 9TO Ay, - . . , Gp — LETBIE YUCTA, B3AUMHO IPOCTHE B CO-
Bokynuocti. Toraa 1ucio |a,| NOMHOCTHIO onpegenseTcs MKucIoM a. Kpome

TOrO, YUCJI0 1 )
q"f(p/q) = anp™ + an1p" 7 + ... +aoq
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uestoe, moatomy |¢" f(p/q)| > 1. CaegoBarensHo,

| )

rge c=c¢; . O

1
> =
C1

a_P

q

1
aq”  q

[&
PR

o0
TEOPEMA 20.8 (JInysmwis). Yucao a = Y. 27% rpaucuenaentHoe.
k=0

JOKA3ATEJBLCTBO. HMas xkaxgoro HaT'ypa.anor‘o N PaCCMOTPHUM YHCJIO

n
a= ) 27 =p/qg, rae p— uence uncio u ¢ = 2. lpu srom
k=0

pl_ 1 1 1 2 2
a—; —W(1+T—+g+m+...)<2(n—m7=¢l—+r.

Hpeamonoxum, 4T0 @ — anre6pauieckoe IHUCIO cTeneHy N. Torga co-
riaacHo Teopeme 20.7

P C
a—2| >
a|l = ENU
a sHaunT, 207" > g7V, 1.6 ¢ < 2Vl = 2. 2nN-n-1) g,
. 1 —
lim 27"(WV=n-1) — 0 Ipuxomum HPOTHBOPEYHIO. O

7—~+00

Hepagsencrso (1) moxHo 3anucars B BUIE

lgot = p| > ¢/q" .
Honoxum P(z) = gz — p. Toraa
|P(a)| > c/H"_l, (2)

rae H = max{|p|, |q|} — Bricora muorouena P. HepasercTBO, aHATOTHY-
HOE HePaBEHCTBY (2), BBIIOIHAETCA U /11 MHOrOWIeHa P Ipon3BOILHOMN CTe-
I€HH.

TEOPEMA 20.9. Ilycth a— anre6panveckoe GHCIO CTENEHH 1. Toraa
CYWECTBYET Takoe Yucao ¢ > ( (3aBucslllee JMIIb OT a), 4TO AJIA MOGOTO
MHOrOWwIeHa P creneHu k ¢ HeibMB KO3(@UIMEHTaMY 00 BHIOIHACTCS
paBeHCTBO P(a) = 0, 1160 BLIMOIHAETCA HEPABEHCTBO

|P(a)[ > cF/H !,

rae H — Beicota MuOrOWIeHa P (T. €. HAMGOMBIIMG U3 MOZyIeH k0oadpuu-
€HTOB MHOrowieHa P).
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JOKA3ATEALCTBO. Ilycts P(z) = ayz* +...+ a1z +ap, rae a; € Z, ut
P(a) # 0. [11 HEKOTOPOro HATYPAIBLHOIO T YHCIO B = ra neioe aireGpan-
deckoe. 3aJaauM MHOrowieH () coorHomenueM Q(rz) = r* P(z). flco, uro
Qy) = r*P(y/r) = apy*+rar_1y* ' +.. +rFap — vuOrowren ¢ nentmu xo-
apunuentamu. lloaromy npoussegenne Q(B1)-...-QBr), raePr,... ,pn—
BCE 4UC.Ia, CONPAXKEHHEIE C 3, ABIACTCA UEIbIM IKCJIOM, OTJIMYHBIM OT HYJIA.

CregoBaTenso, IQ(3)| . IQ(Bz) S Q(ﬁn)| >1,1.e.

r**|P(a)| - |P(az) - ... - P(an)| > 1. (3)
C apyrod CTOPOHHL,
lP(ai)| SH(1+|ai|+...+|ailk) 5H(l+|ai|)k. (4)
Mycts h(a) = max{|ayl,...,|an|}. Torsa w3 nepasencts (3) u (4) creayer,
9TO
k
|P()| - H™? (r"(l + h(a))"“) > 1.
Monoxus ¢ = r~"(1 + h(a)) 1_n, rmojrydaeM TpeGyeMoe HepaBeHCTBO. O

IIpu n = 2 Teopema Jluysnins Heyaydmaema B TOM CMBICIE, 9YTO Hepa-

BEHCTBO

1

b
<-=
q

a—=
q

umeer 6eckoHedHo MEOro peumenuin. Ho npu n > 3 ouenky (1) nocrexosa-
reapuo yaydmwaiu Tys, Surens, Jancon, enspong, Muengep, Por u ap.
Hanpuwmep, Por [Rth] gokasan crexyomee yreepxenue.

TEOPEMA 20.10 (Pot). HycTs a— uppaunoBaibHOE ajrebpamdeckoe
YUCJI0, & MOJOXKATEILHOE YHCII0 § CKOL yrogno Mato. Torga mepasencTBO

la — p/q| < g7

BBINOJHACTCA JNMIb 118 KOHEYHOT'O THCIa Nap ¢, P, I'/le YUCI0 ¢ HATYPATbHOE,
a YUCIo P Leoe.

JoxazaTenbcTBo Teopembl Pora MoxHO HauTH, HanpuMep, B keure [K1].
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dajgamm K riase 4

4.1. IIycTts 21,...,2, — BEpUIUHLI IPABIILHOTO 7-yT'OJLHUKA, 2o — €0
uenTp. Jokas3aTe, 4To eciu P — MHOTO4YIEH CTENeHM He Bhime 1 — 1, To

L5 P(ax) = Plao).
k=1

4.2. Mycrte muorowien P(z, y) Taxos, uto P(z,y) = P(z + 1,y + 1).
JlokasaTh, 4TO 3TOT MHOrOWIeH uMeer Bug P(z, y) = 3 ax(z — y)*.

4.3. Ilycrs f(z) — MHOrOWIEH cTenesn n 6Ge3 KPATHBIX KOPHEH, &1,...

ey Ty — el"(zc xopuu. [Jokasars, 4T0:
1

7 _ o
a-) Zm—ﬂnpﬂk—o,l,...,n 2;

i=1

n—1
i

6) i ;'kzi) =1

i=1

4.4. Mycrs P(z) — MHOrOWIEH cTenenu n, IpHIeM [mla)ilP(z)I < 1. Jo-
2l=
P(z)

zZ—qQ

P(2)

z—a

<n-{~1 < n

Ka3aThk, 4T0 ecad P(a) = 0, To max .
— 14|«

|2]=1

45. Myctb d = 2% + az + b € Z[x].

a) JlokasaTs, 9To ypasuenue p> — dg? = 1 uMeeT HeTpUBHATLHBIE perre-
HEA D, ¢ € Z[z] B TOYHOCTH B CAEAYIOMHUX CIydamx:

(1) a mezeTHo u 4b = a® — 1;

(2) averno u b= (a/2)> + 1 wm b = (a/2)? £ 2.

6) JokasaTh, 4T0 ypaBHeHue p°> — dg? = —1 UMeeT HeTPUBHAJIBLHEIE pe-
weHus p, ¢ € Z{z] roraa ¥ TOAbKO TOrga, koraa a 1etso u b = (a/2)? + 1.

¥ max
fz[<1

4.6. [lokasarn, 9TO CYMIECTBYET €AMHCTBEHHLIA ¢ TOYHOCTBIO OO yM-
HOoXeHnAa Ha —1 MHorowreH f(z) crememm n, A48 KOTOPOTO (yHKUAs
2
(z+1)(f(z))” — 1 neuerna.

4.7. Hycrs P,(z) muorouwien crenenu n uaja moxeMm C. JokazaTs, 4To
npu n = 4, 6 u 8 mouTu Bce MHorowiens P,(r) MOXHO IpEACTABUTH B
CAEYIOIEM BHJE:

Pi=u'+0t+ )\u2v2;
Ps=ub + 0% + wb + huvw(u — v)(v — w)(w — w);
Py =u® +v® + w? + 22auw?2?
(3gmeck u, v, w, z — AMHERHEE PYHKIUE, A — TUCIO).
4.8. Ilyctp umcaa ai,...,d, € C TakoBb, 9YTO A4 BCEX HATYPAIb-

HBIX M 9HCTO Y, oi" nenoe. Jlokasars, 4T0 BCe KOIGOUIUEHTH MHOIOYWIEHA
[1(z — o;) vexste.

#

I'naBa 5

Teopusa I'anya

21. Teopema Jlarpanxa u pe3oibBenta I'arya

21.1. Teopema Jlarpamxa

Mycrs K — none xapakTepucTuku 0 u ¢ — pauvoHaJbHAsA QYHKIUA OT
IepEeMEHHbIX T1,...,%Ln HaA nodem K. (PYHKIMM @ MOXHO CONOCTaBUTDL
rpynny Gy, COCTOAMIYIO U3 Te€X DJIEMEHTOB G TDYIIbI Sy, KOTOpBIE OCTa-
BJIAIOT ¢ 6€3 N3MEHEHU, T. €.

(p(.’l,‘,,(l), ce ,.’Ec(n)) = (9((1)1, . .,:cn).

Hanpuwmep, ecin GyHKIua ¢ cuMmMerpudeckad, To Gy = Sy, a ecm ¢ =
=Y a;x;, Iie TMCAa Ay, . . . , G, TIONAPHO PA3IAIHEL, TO Gy COJCPKUT TOIBKO
TOXJECTBEHHYIO IIOACTAHOBKY.

TroPEMA 21.1 (Jlarpamx). Ilycrs ¢, € K(z1,...,Zn), HpuieM
G, < Gy. Torma ¢ = R(9), rae R— panvoHanbHas GYHKUMS, KOIPdu-
HMEHTAMH KOTOPOH CIYXAT CHMMeTpUYecKue GYHKIMHA OT 1, ..., Ln.

[IEPBOE [IOKA3ATEJbLCTBO. Pa3sobweM rpymmy Gy Ha CMEXHBIE KJIACCH
hG, = Gy, haGy, . .., heGy. KaxgoMy cMexHOMYy Kraccy hiG, coorset-
¢TByeT bYHKImHA ¢; — 00pa3 ¢ MoJ KeCTBMEM NAHHOTO CMEXHOTO KJIacCa.
Ilpu aToM @; # ¢; npu i # j.

dynxnua § MHBAPHAHTHA OTHOCUTENLHO AEHCTBUA Gy, IIOITOMY CMeX-
noMy kaaccy h;Gy OJJHO3HAIHO COOTBETCTBYET HEKOTOpas dynxuus §; (npu
G, # Gy cpenn 3TUX dyHKumit 6y 1yT COBIAJAlONINe).

k tl)i

Dynkung Yy o

i=1 D
HOBOK rpynns S,,. llooTomy

MHBADHAHTHA OTHOCHTEILHO JEelCTBHUA BCEX HOACTa-

¢ _ F()
st —gi Q)
=1
rae Q) = (t —¢1) - ... (t — @) u F(t) — muOorowrens ot t, Koapduuu-
EHTH KOTOPBIX ABIAIOTCA CUMMETPUIECKUMH GYHKIMAMH OT I1, ..., Tn. U3

yeious ¢; # ¢; npH i # j cexyer, uro (@) # 0.
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fAcuo, uTo0

lim ALUN = lim M

— 0
t—pi t— @ t—p; t— =0 ((Pl)
Takum o6pasom,
lim ——2®) [0 mpugi £ o;
t—g: V()(t — i) 1 npu g; = ¢.
IosTomy
k
F(9) (e)
Ty = 2 T oie—aT = ¥ 0
(0 = "(9)e—¢)
BTOPOE NOKA3ATE/BLCTBO. Ioctponm dyrkmmn ¢ = @,...,¢p u
$1=1,...,%k, KaK u B IEPBOM FOKA3ATENHLCTBE. Acno, yro T
Do =T, (1)
—chM_eTpnqecxaa byHkuMa oT I1,...,T,. PaccmorpmM pasencrsa (1)
opu s = 0,...,k — 1 KaK CACTeMy JMHEHHBIX YPABHEHHH OTHOCHTEIHLHO
$1,...,9s. Pemas o1y cucremy, noaydum $1 = Di/A, rae
1 ... 1 To | A |
S T
C 3 : SN
@7 Lo cp: ! Th-1 tpg"l (p:_l

JanuieM MOJyYeHHOE PAaBEHCTBO B BUIE $1 = D1A/A% fcuo, aTo A2 —

cummerpudeckas ¢yskuuda. Ilpu nepecraHoBke m06GoM naph’x byuxunn

®2,...,¢r 00a onpememurens D; m A menmor 3HaK, nosromy DA —

CHMMeTpH‘leCKa;I_?)yHKHHﬁ OT @2,...,¢. CaegoBarersno, DA = Sy +

:Tcp(; ,il+ . .q).k+ 1(?[10 BT.i;;A_l ,Sr*,ne 8o, ..., Sk—1 — CUMMETpHYECKHE MHOTOWIEHbI
. OF. y So;- .-, Sk—1 BHIpaxKaloTca yepes

ol =2 +...+ g,
05 = Gap3 + ...,
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Ho, xax 1erko npoBepuTh,
r_
G, = g1 — (Pla
I . 2
02 =09 — (Plol +(P1,
1 2 3
03 = 03 — @102 + 9101 — 91,
rae o1,02,...— JJIEMEHTAPHEE CUMMETPHieCKHe byHKIAKA OT Q1,...,Pk-
Tlo3TOMY G}, ..., 0}_; BEIPAXKAIOTCA 4€pe3 O1,...,0k—1 ¥ Q1. Taxnm obpa-

3oM, DA — MHOrOWIEH OT @1 = ¢, KOPUIMEHTAMA KOTOPOro CiyKaT
cuMMeTpHiYecKue (GYHKIUUA OT 1, ..., Tn. a

> Teopems JlarpaHka MOXHO M3BJIEIb MHOTOYMCIEHHBIE CIEICTBUA.
TycTb @ u ) — PAIMOHATHHEIE (YHKIMH OT NEPEMEHHBIX T, .. -, Tn- Ecmm
¢ = R(g), rae R-— paumonaisHas bynkua, KoaphunueRTaMu KOTOpPOU
ClIyXKAaT CUMMeTpudecKne QYHKIMY OT Ty, . - -, Tn, TO 6yaeM i KPaTKOCTH
FOBOPHTE, 4TO () PAUUOHGADHO BHIPANHCAEMCR IEPES Q.

CAEACTBME 1. JIio6as paunoHanbHas PYHKIUA OT MEPEMEHHBIX T1,. ..
...,Tpn DALMOHAJILHO BHIPAXKAETCA Hepe3 41Ty +. ..+ GnTn, TAC A1, - - -, Gn —
[OIAPHO PA3JMYHBIE TMCIAA.

CJeACTBYE 2. Ecm G, = Gy, TO QyHKUME ¢ U ¢ panMoHaTLHO BhIpa-
XKAIOTCA APYr Yepe3 Apyra.

CaeacTBUE 3. Eciu paumosaipHas QyHKINA T MHBAPHAHTHA OTHOCH-
TEIbHO BCEX MOACTAHOBOK, COXPAHAIOMMX QYHKIMH T, ..., Tn, TO T PALHKO-
HAJIBHO BBIPAXKAETCA 9€pPe3 T'1, ..., n.

JTOKABATEJBCTBO. MOXHO CIMTATD, 1TO GYHKIMA T1,...,Tp JMHEHHO
pe3aBucuMel. IIycTs ¢ = aim1+...+8nTn, TACAL, - - - a, — HMONapHO Pa3jand-
ubre uncta. Toraa mobad MoACTAHOBKA, COXPAHAIOMAA @, JOKHA COXPARATD
u Bce QYBKIUMK T1,...,Tn- IoasToMmy r cCOXpaHAETCSA NPU BCEX MOACTAHOBKAX,
coxpanmomux ¢. CresoBaTelbHO, 7 PALMOHATEHO BBIpaXKaeTcA depe3 ¢ =
=aqiry + ...t apTn. ) 0

CJEACTBUE 4. Ilycrs muorowren f(z1, . .- , Tp) IPH BCEBO3MOXHEIX IO~
CTAHOBKAX [EPEMEHHEIX IIPUHAMAET JHUIb 1BA PA3IMIHEIX 3HATCHNS. Toraa

f = Sl +AS27

rae S; u Sz — CMMMeTpUYeCKUe QYHKINH, 2 A =[] (zi — z5).
i<j
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HOKABATENLCTBO. Ecau f —ne cuvMerpuieckas ¢yHkuusa, To
CTaHOBKH, coxpaHaiomue f, 06pasyior B S, mogrpynmny umaekca 2 ,IIoa oy
AOCTATOHO JOKA3ATh, YTO B S, €CTh JHUIb OAHA NOJIPYIIa I/IH. excaT;My
MMEHHO, 3HaKoIepeMeHHaa rpymna A,. Ilycrs G < Sn——nom*([I s .
sexca 2u h € S, \ G. Toraa Sy, pasbusaercs Ha Henmepecekaio Ix)«x}é o
xectsa G u hG = Gh. Mostomy AGh™! = G u ecin hy hgme CSK I\<H((})'—

b
aq)hl h: € G. Ecin 61 rpynna G cogepxkana HEKOTOPYIO Tpchnoannnmo’
J), TO OHa cojepxkana Ol ¥ MO6YI0 APYTyI0 TPaHCIO3UIIMIO (rg). B
MOM fieJe, (puq) TOITY 1aeTCs U3 (i) npu conmpsxennn mo6oi HOJICT(;,};OBK((;?I-
TepeBoAsAmen ¢ B p ¥ j B ¢. Takum 06pasom, Bce TPaHCHIOZMIAM JexkKAT ’
f:e\ f ,Oa 3H3YUT, MX NOMAPHLIE Npou3Beaenns aexat B G. Urax, B G ne)l(ai
13Be, ;
" :p[AnI’ H’lg:ﬁ,x ;eénirzn“mcna TPaHCIO3UUKY, 8 3HA4UT, G O A,. Hé)

B
B TeopeMe JlarpaHxa pedb MAET O PAUMOHAIBLHBIX dyHKIMAX OT me-
i HHBIX T1,...,T5. Ilepexon oT anre6pamvecku mesasucuMorx T T
KOHKDETHBEIM 3HA4€HUAM JITHX NIePEMEHHEIX TpeGyeT onpegxenenno,ﬁ ,qe’m"
x _
E(iTHOCTPI. [leno B TOM, YTO NO/CTaHOBKM, COXPAHSIOLIYE SHAYCHYE byuxuun
Ig?l 1---,%p) TPH 3AAAHHBIX T1,...,T,, MOLYT He 06pa3oBLIBATH TpyIIIy
YCTB, Hanpumep, T = exp(2rik/7), k = 1,...,6. Pac .
F B et yeer, 0. CMOTpUM (byHKIHIO
! nepeBO,}mT ; 1 fﬁ. YCThb G I (12)(56) m t = (16)(23). MoacTanoBku © u
Bof =xxs=1lutf=x =
6Z1 = 1, cooTBeTCTBEHHO, T
.. 0
uT t(:onpamuo'r f. Ho t mepeBogur of = 2325 B 10 f=x3T5 #£1 ’
. TOOBI M36eXKATH MO JOOHBIX HenpuaTHocTeR, Nanya npegioxm paccma-
pUBaTh He BCe NOACTAHOBKM KODHEH yDaBHEHUA, & JULIb Te KOTOpHIE CO
, .
XPaHAIOT BCE PALMOHAJBHEIE COOTHOIIEHUA MexAy Hamu. Tod
nycts f = " +ap_12" "+ ...+ : orzast
myer J =2 n— -+ T Qo — MHOT'OYIEH C KO3ddUUHEeHTaMU U3
noz 1;-+-,0n ~—€CO KOpHH. Bynem paccmarpusate Takme nmogcra-
H 0, 9TO A1 MOOOK PalMOHAILHOM GYHKuuE r & K (z1 Tp) H3
ABEHC = 0
SOB TBa r(a1,...,%,) = 0 cregyer paBencTso A CHRTTR y%o(n)) = 0. Ha
PEMEHHOM A3BIKE DTO O3HAYACT, YTO NMOACTAHOBKA G COOTBETCTBYET AB
TOM !
Bcexopq»xamy noas K(ay,...,a,), COXpaHfiomeMy ocHOBHOe none K. Ipynny
TAKMX MOJCTAHOBOK HA3BIBAIT 2pynnoi I'aaya muOrowrena f. (Jra
TPYIHIIa, Pa3yMeeTcs, 3aBUCHT OT noas K.) '
B
PacCMOTPEHHOM BRHILNIE NPHMEpe NOJACTAHOBKA G M T He BXO
rpynny lanya muorowrena zb + z° + + z 4+ 1, xopu oporo
AMM KOTOPOT
ABIAIOT ’ p
ci T1,...,T¢. B caMOM gene, moacTaHOBKM 0 M T He COXPAHAIOT
HAIpUMep, COOTHOWEHNUA T2 = T: U Tg = z8. 7
JI u hed v
; Jas moGo#t pauuoHATEHOM QYHKIUM OT KOpHEeH a1,...,0,; MHOTOWIEHA
M
OXKHO PACCMOTPEThH Te€ NOACTAHOBKM u3 rpymmsl [amya, xoTopre co
, -
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XpaHAIOT ee 3HaueHue. SICHO, 9TO STH NOACTAHOBKM TEIEPh yKE o6pa3yioT
rpynmy. B camoum jere, myCTb 6 ¥ T-— NOACTAHOBKH 13 IPYIIILI Fanya mHO-

rowrena f, a 7(T1, ..., Tn) — TAKaA PAMOHANBHAA PYHKIMA, ITO
r(%e(1)s+ - -1 Fa(n)) = (o - .y %n), (2)
r(at(l)""7a't(n)) =r(a1,...,an). (3)
IIOACTAHOBKM G ¥ T MOXKHO IIPUMEHATD K JIOOHIM PAIMOHANBHEIM COOTHOILE-
HUAM MEX Ay KOPHAMHE 0, - . - , Ap, TOITOMY, IPUMEHHB T K COOTHOLICHIIO (2),
HOLY MM
r(aw(l)a EERR) C1‘&:0(1’1)) = T(ar(l)a o ’at(n))-

Teneps w3 cOOTHOWEHNA (3) ceayeT, YTO MOACTAHOBKA TG TOXE COXPAHACT

3Ha4YeHue PyHKIHNH T.

21.2. PesoasBenta lamya

Oycre f(z) = z" + an_12"! + ... + ag — MHOrowien Hajg noiem K
Hy/IEBOH XAPAKTEPUCTHKH ¥ 01, .. .,%n — €0 KODHH. [IpeanonoxuM, 4T0 y
MHOTOWIeHa f HeT KPATHBIX KODHeH, T.e. YMCHa dj,...,Qn. TOMAPHO pad-

Jmansl. PaccMoTpuM PauBOHAIBHYIO (PYHKINIO
$(z1,...,Tn) = M1T1 + ... + Mnln,

rae my,...,Mp — HEKOTOPHIE Ilebie “UCIa. TloxaxeMm, 9TO 4UCIA My,...
..., My MOXKHO BHIOPAThH TaK, “ITO BCE n! anagennnt $o = $P(a(1)y- - Uo(n))
6yAyT PA3JUYIHEL. B camoM gene, paccMOTpuM QYHKIUIO

n 2
D(ty,... ta) = H(Z ti(as(iy — at(i))) ,
=1

0,7

rje mpousBeseHne Gepercd no n{n — 1)/2 HeynopAZO4EHHBIM MApaM HECO-
BIIAJAIOMIMX IOACTAHOBOK o u T. dynkuua D mpexcrasizer cobon Ipon3Be-
[eHUe HEHYJIeBLIX MHOTOWICHOB OT t1,. . ., tn, IOBTOMY D — HenyneBoit MHO-
rouren Haj mosem K OT mepeMeHHEIX ty, ..., tn. Ho 11060 HEHyJI€BOM MHO-
FOYIeH MPUHUMAET HEHYJIeBOE 3HA<EHUe NPU HEKOTOPHIX HEJbIX JHAMCHUAX
t; =my,...,tn = Mp. TH UEABIE TACIA My, . . ., Mn K €CTH HCKOMEIE,
Tlpexe UeM ABACATHCA JATbIIE, JOKAKEM OJHO BCIOMOrATEIBHOE yT-

BepXK IeHHE.

JIEMMA. Jlio60# CMMMETPUYECKHA MHOIO'WIEH OT KOpHEH dg, . .., dy IO~
TMHOMHAJIBHO BEIPAKAETCA 9€PE3 KOPEHDb a) ¥ KODPOUUKEHTHL o, - - - » An-1-
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[JOKA3BATENLCTBO. Jlo6oi CUMMETDPHYECKMHA MHOT'OWICH OT KODHE:

2. --,0n BHIPDAXKAETCA Yepe3 KOBMMDUILMEHTH MHOrOWICHS,
(T-a) ... (z—a,) = f@/(x—a) =2 b, o2+ 4 bo.
IIpu sTom

ap—1 = bn—2 -y,
Ap—-2 = bn—3 nd bn_le,
an-3 = by_yq — bp_zay,

T.e
bn—2 = @n_1 + ay,
2
bn—3 =Qn-2 + AQ1ap—1 + ay,
2 3
bns =an_3+a1an_5 +ada,_; +ad,
Taxum o6pasom, KOd(ULMenTE by, . . . , b,_, nomuEOMIATLHO BBIDAXAIOTCSA
H€PE3 KOPEHB a1 M KOXPDUIMEHTEL ag, . .., a1 . a
Bri6epem uncna m,, . .. » My TAK, 49TO Bce n! 3Ha4enwuir

(l)o = Mydy(p) + ...+ mn%(n)

ObLti GBI PA3/INYHEL, 1 PacCMOTPUAM MHOIO™LIEH

F(r) = H (T —migny — ... - Mplg(n))-

oeS,

Koaddunmenrter sroro MHOT'O'LI€HA — CHMMETPUYECKIe MHOTOYICHH C Ie-
JBIMH KO3(hduImesTaMmu oT KODHEH MHOI'OYJICHA 7, [IC3TOMY OHM paluO-
HAILHO BEIPAXAIOTCA 4epe3 KO3(DODUIMEHTHI MHOTOWIECHS, f. TakuM o6pa-
30M, eciu f — MHOrowieH Hag moneM K, To F Toxe 6yaeT MHOrowieHoMm
Hag noaem K.

Paznoxum F s NpOM3BEeHUE HempUBOAUMEIX Hajg K MHOxuTened co
CTpawuM kodpguimentom 1. Jo6oi Takoi HENPUBOIMMEIA MHOXHUTEID (3
Ha3bIBAIOT pe3oabeenmoti I'aaya MHOrowIena f; And onpegenennocTH 6yaem
CIUTATD, ITO MHOrowIeH G UMeeT KOpeHb mya; + ... + My Ay,

TEOPEMA 21.2 (Tanya). Jlo6ok kopers muorowrena f paumonaabuo
BhIpaxaeTca (Haxg moaem K ) 1epes oauu w3 KODHEl MHOro4jeHa (.
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JOKA3ATEALCTBO. PaceMoTpum MuOrowien
Fi(z) = H(z —Midp — Moy — ... — mn%(n)),

rie npoussejeHne 6epeTcs Mo MOJCTAHOBKAM G € Sy, 414 KOTOpEX o(1) =
= 1. Koadpunuentur MEOrounena F) sBiA0OTCA CUMMETPUIECKUMU MHOIO-
“WIEHaMHM OT d2,...,0p, HO3TOMY COTVIACHO JEeMMe OHM PALMOHAILHO BEIPA-
xkatoTca (Hag monem K) wepes ay, 1. e. Fi(z) = g(z,a;), rae g — MHOrowien
OT ABYX nepeMmeHHEIX HaJ noxem K. Ilpu sTom ecau cl) =mog +...+mya,,

10 g(h, 1) = F1($) = 0.
PaccmorpuM Tenmeps MHOrOwWIeH

Fy(z) = H(z‘ — M1dy — Madg(1) = --- — Mno(n)),

rje Ipou3BejeHue 6epeTcs N0 NOJCTAHOBKAM G & Sy, AIA KOTOPHX 6(2) =
= 2. W goxa3aTensCTBa JEMMBI BUAHO, 9TO BEIPAXKEHUS IJA €ro0 K02 u-
IUEHTOB OYAyT TEMH e CAMBIMM, 9TO M AIA F), ¢ TOYHOCTBIO 4O 3aMEHLI
@y Ha d, T.e. Fa(z) = g(z,a9).

Ilo yenoBuio ¢ = myay + ... + mpa, # mias + M2ls(1) + -« + Mgy,
T.e. F3({) # 0. Taxum 06pa3om, a; ABIACTCA CAMHCTBEHHBIM OGIIMM KOPHEM
muorouenos f(z) u g(¢, ). 1o oanagaer, yro HOJ muorouwrenos f(z) u
9(¢, z) pasen x —a;. Ho HOJ aByX MHOTOWICHOB HAXOIUTCA TIO AITOPUTMY
EBkimuaa, nosToMy ap panuMOHATBEHO BRIpaKaeTcs depes ¢ u kodbduumenTs
MHOTO'WICHOB f M g, T. €. & PAIMOHATLHO BEIpaxaeTcs Haj nmoaeM K uepes %

CHNEACTBME. Bce xopHM pesombBeHTH! l'anrya panuoHaIbHO BhIpaka-
I0TCS Yepe3 OJMH U3 ee KOPHEW.

[JOKA3ATEILCTBO. Kaxaw kopeHb pe3oabBeHTh [anya mmeer Buj
M1Ag(1) + - -+ + MpAg(n)- flcHO, ¥TO OHU palEOHATBHO BbIPDAXKAIOTCA dYepe3
a,...,d,. B cBOIO O4Yepens, ap,...,q, PAUMOHAJILHO BLIDAKAIOTCA depe3
$=miag + ...+ mpay,. d

C nmomompio pesoabBenThl [adya ygo6HO CTPOMTH HOJE PaA3IOKEHAA
K(ai,...,a,). B camom pere, K(ai,...,0,) = K(¢), T.e. BMecTo mpuco-
equneHnsa K nomo K Bcex KOpHeH MHOIOWIEHA MOXHO MPUCOEIVHUTE OIUH
KOpEHBb ero pe3osibBeHTH [anya.

Apyroe npumeHeHue PE3OJBBEHTHI CBA3AHO C TEM, YTO C €€ MOMOMIbIO
MOXHO noctpouts rpynny larya. (Ilepponavansno Damya crpont rpymmy
larya MHOrOYJIEHa MMEHHO C IIOMOIUBIO PE30JIbBEHTHL. )
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Oycts §1 = ¢, 42, ..., Y, — xOpHU pesoLBeHTH laurya G. Kak 6b110 110~
Ka3aHo, BCe OHM PAIMOHATBHO BhIpAaXaloTca vepes ¢, T.e. ¢; = R;(¢}), rae
R; & K(z). Coornomenue §; = R;({p) mMoxuo pPacCMaTPUBATL KAK COOTHO-
leHne MexX Ay anementamu noas K (y). losromy Moxwo cuntars, uto R; —
MHOTOWICH CTeneHd He Brmue degG — 1 = r — 1. DTOT MHOrOwWIeH onpe-
Aener oanosnakno. Popmyrna ¢; = R;(¢) ocraercsa crnipaBefauBOH, ecau R;
3aMeHUTDb Ha R; 4 o, rae a — NponM3BOILHBIN MHOTOWIEH.

Pacemorpum mMuorowrenst G(z) u Gi(z) = G (Ri(z)). Koodduumenrn
9THX MHOTOIEHOB JiekaT B K u y HuX ecTh 06mmit KopeHn $. A Tak xak
10 yCAOBUIO MHOrowieH (G HEMPUBOAUM, TO .O6OH KOpPEHb ¢; MHOrO4YneHa
G aBnserca Takxe KopreMm MHorowiena G, T.e. R; ($;) = ¢p ana wexoro-
poro p. ITo o3Hawaet, 410 R;(R;(()) = R,(¢), T.e. R;R; = R, (mod G).
Taxum 06pasom, 41s moGoro kopHa (), MHOrOwIeHA G BBINOIHAETCA paBeH-
crBo Ri(R;(}s)) = Rp(},). B wacraocTu, Ha6op MHOrOwIeHOB Ry, . .. JRrm
COOTBETCTBYIOIMX UM MPe0oOpa3soBaHUl KOPHEH ¢y . .., ¢, ompeseseH nHBa-
PUAHTHO, T. €. OH He 3aBUCHT OT BRIGOpA KOPHA ;.

Hucay 4),' = Mydg 1y + ...+ MnpQs; (n) OFJHO3HAYHO COOTBETCTBYET MOJ-
CTaHOBKA Gj, @ €M, B CBOIO OYepPe]b, COOTBETCTBYET ABTOMOPMOU3M MOJA
K(ag,...,ay) = K (), xoToperit MBI TOXE 0603HATHM c;. Urak, xopuam
¢1,...,9, pesoassentr Nanya COOTBETCTBYIOT IIOACTAHOBKH Gy, ..., d,. Co-
IIOCTaBUM NIOJICTAHOBKE G; MHOTOWIeH R;. Y4uThiBas, 4To o:(¢) = ¢i, noxy-
qaeM

0i0;(9) = ai(y;) = 0iR;(¢) = R;(§:) = R; (Ri(¢)),
T.e. 0;0; +> R;R; mod G. Takum o6pasom, rpynna npeobpasoBanuit Ry, ...

.-+, R, anTHM3OMOppHA IFpynmne noicTaHOBOK Op,...,0p. UTOOH yCTaHO-
BUTBH CBA3b ¢ rpynno lanya, ocraercsa goxasars CIEAYIONIEE YTBEPX JCHUE.

TEOPEMA 21.3. I'pynna Ianya mMuOrowIeHa f cocTout n3 nogcTaHOBOK
C1,...,0p.

JOKA3ATEJNbLCTBO. Tpebyerca AOK2A3aTh, 4TO €CJIU Ay, . . . , 0y, — KOPHH
MHOTO4NIeHa f 1 T € Sy, TO yenoBue T € {0y, ... ,Or } DKBUBATEHTHO TOMY,
4TO AIA JM0OOM PaIlMOHATLHOM (DYHKIMK ¢ paBeHCTBO @(ay,...,a,) = 0
OKBUBAJIEHTHO PABEHCTBY (P(0c(1); - - - , Ar(r)) = .

Kopunu ay, ..., a, pammonamsuo srpaxaoTces 4epe3 1, noaTOMy

oar,...,an) = ®(¢1) = ®(mya; + o mpayg),

rae ® € K(r). Takum o6pasom, Q1) -5 Oe(n)) = <I>($t), rge . =
= Muly) + ...+ Mplyn). IKBUBATEHTHOCTHL paBeHcTe ®((;) = 0 n
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@(@1) = 0 (1A BCEBO3MOXHBIX PAaUMOHATBHBIX (yHkumi P) osmadaer,
470 {1 H &t — KOPHM OJHOI'O ¥ TOTO € HEIPUBOAUMOIO MHOTOYWIEHA, T. €.
O

T e {0'1,...,0'7-}.

CAEACTBME. Ilycts f-— MmHOrOwWIeH Haj HojaeM k ¢ DOMAPHO pasauy-
HEIMM KOPHSAMH 01, . . . , dn. TOraa nopagok rpynns [anya aToro MEOrovnena,
paBeH crenenu pacumpenus [K : k], rae K = k(ay, ..., ay,).

JOKA3BATEJNBLCTBO. Ob6a 5T 4ncia PaBHH CTENEHU PE30abBeHTH [aya,
MHOT'OWIEH], f. )

s Teopun Ianya 60bHIOE 3HAYEHME UMEET CJIEAYIOIIEE YTBEDXK ICHUE.

TeoPEMA 21.4. Ilycts aj,...,d, —KOPH¥ HENPUBOAUMOrO MHOTO-
aieHa f Hag moaeM k u ¢ € k(z1,...,2,).

a) Ipeanonoxum, 910 @(at1, . .., dn) = @(A;(1); - - - , Ao, (n)) A BCEX TIOA-
CTaHOBOK o; u3 rpymnsl Laaya. Torga eag,...,an) € k.

6) Oycts H = {o0i,,...,0;,} —Takad NOACPYNNOa CPYIHEI E‘aﬂya
{61,...,0r}, uT0 ecmm @(a1,...,an) = P(®g(1),-- -, %Ao(n)) Al D060 noz-
cratoBkn 6 € H, 1o ¢(a1,...,a,) € k. Torga H cosmagaeT co Bcen

rpynmou lanya.

JIOKA3BATEJILCTBO. a) Kopun ay, ..., a, paluOHAILHO BHIPAXKAIOTCH de-
pes ¢y, moaromy @(ai,...,an) = ®(J1), rae ® € k(z). Crenosarensro,
P (1) -+ - Aoy(n)) = ®($;). Takum obpasom, ®(¢1) = ... = ®({,), a 3na-

IUT,

() = 1 (B() + ...+ 2(Y))

— PalMOHATBHAA CHMMETDPUYECKad QYHKIUA OT KOpHeH 1, ..., {, pesoin-
BeHTHI Laaya. Iloatomy ¢(ay,...,an) = ®(¢1) € k.
6) PaccmoTpuM MHOroOWwIeH

g9@) = [T (e~ o) = (@ =) - .- (& = i)

oceH

Ero xoadduunenTh MHBAPUAHTHH OTHOCHTENBHO J€UCTBUA rpynnsl H, mo-
>ToMy BCe OHM JexaT B k. Takum 06pa3om, koaddpuiueHTH MEOrOwIeHa g()
JIeXAT B kK ¥ 3TOT MHOTOWIEH UMeeT ObIIne KOPHYU C HENPABOAMMEIM Haf k
mHorowreHoM G(z) = (z — 1) - ... - (z — ¢,). CrezoBarensno, g(z) = G(z)
n H={o1,...,0.}. O
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21.3. Teopema 0 HpUMHTHBHOM ileMeHTe

Ha c. 209 Met ynomsany.au, 4o nose k(ay,...,an), rae s, ..., a, — KOpHH
MHOTOWIeHA f, MOPOXeHo HaJ k OZHUM BJeMEHTOM, a MIMEHHO, KOpHeM ()
pesonbBenTHl ['anya Mrorowrena f. O6rrano B Teopun monei s HOCTPOe-
HUA SJEMEHTa, NOPOXAAIOWIEro 10Je, UCIONb3YETCA CEAYIOMAA CTAHAAPT-
Has KOHCprKHHﬂ.

TEOPEMA 21.5 (0 npumuruBHOM 3remente). Hycts k— mose HyJIeBOM
XapaKTepUCTUKH, Qdi,...,d, — aarebpanyeckue Hag k saementw. Toraa
nose k(ay,...,a,) nopoxgeno Hag k onmum srementoM 6.

HOKA3ATE/NIBLCTBO. PaccmorpuM cragana cIy4a#l IBYX DIeMEHTOB o
u f. Ilycte f(z) u g(z) — menpuBoamMBle HAL k MHOTOWIEHBI C KOPHSAMU
a u B. ycrs, ganee, a; = «a, d2,...,0% ~—KOpDHH MHOrou€eHa f, By = f3,
B2,...,Bs — KOpHU MHOrOUWIeH] g. BriGepewm ¢ & k Tak, uro a; + By £+
+cf1 npu j # 1. Tonoxum 6 = a; +cB; = o+ cB. fcuo, uro k() < k(a,p).
OcraeTca fokaszaTh, 4To k(a,8) < k(6). das sToro gocrarouno [OKa3aTh,
410 3 € k(6). [deficTBuTensHo, B TaKOM crydae o = § — B = k(6).

OneMeHT 3 yAOBIETBOPAET ypaBHEHUAM g(z) =0m f(6 —cx) = 0, xo-
3 duuneHTs KOTOPHIX Jexar B k(0). EuucrsennnM o6mmum KODHEM MHO-
rowienos g(z) u f(6 — cz) apaserca B, mockoabky 6 — cB; # a; npu j # 1.
Y MHOroOwIeHa g() KpaTHBIX KODHEH Her, no3TOMY Hanbonsmum o6mun 1e-
JuTens MHOroweHoB g(z) n f(6 — cx) pasen z — B. Hauboasmmit oGmumi
ACAUTENH IBYyX MHOI'OWICHOB Hal moidem k(0) ABIfeTCA MHOrOMIEHOM Hax
k(6), moaromy B & k().

Ilepexon 0T n = 2 K IPOM3BOIBHOMY N JETACTCA OIEBH THOM MHIYKOHeH:
ectnt k(o ..., an—1) = k(6), T0 k(a1,...,a,) = k(6,a,) = k(0'). a

C IIOMOLIBK TEOPEMEI O NPUMHUTHUBHOM JJEMEHTE MOXHO AOKa3aThb, Ha-

npuMep, clrelyiolee yTBepK JeHre O MPOCTHIX JeIUTEIAX HaGopa MEHOTOUIe-
HOB.

TEOPEMA 21.6 [Ho]. Iycts fi(z),..., fo(z) — HemocTosnHbEe weo-
SHAYHbIE MHOIOWIEHE], T.e. fi(m) € Z npr m e Z. Mycts, jgaiee, M; —
MHOXECTBO BCEX NMPOCTRHIX AeIUTENeH BCex umcen Buga fi(m) € Z, m € Z

(fi(m) # 0). Torga muoxecTBo M = M; ... N M, 6eckoredHo.

[lOKA3ATEJNBCTBO. Paccmorpum crayvana cryqain = 1 (BaTom cayuae
TeopeMa 6blta gokasana [lypou [Shu]). Eciu f) (z) — nenosnauusmi muoro-
WIeH cTenenn K, TO BCe KOX(ppUUMEHTEI MHOrodeHa k!f (z) perwe (cm.
Teopemy 12.1 ma c. 100). IIpn mepexoge 0T MEOPO4IEHA fi x MHOrO4EHY

i il
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k!fi K IPOCTBIM AEIATENAM 3HAYEHUM MHOTOWIEHA f; J0GABIAIOTCA JIMIIL
IPOCTHIE JEJIUTEIH YncIa k!, T. €. HEKOTOpOe KOHETHOe MHOXeCTBO. Takum
06pa3oM, I0KA3ATEIbCTBO JOCTATOYHO MPOBECTH B CAy4ae MHOrOWIEHa fi ¢
LIeABIME KO3 PunuenTaMn.

Muorouren f;(z) npuauMaer 3HadeHus 0 u +1 aumb B KOHEYHOM M-
ciae Touek. IlosToMy y ero 3Ha¥eHU#l B LEJBIX TOYKAX €CTb XOTA Obi OIMH
IPOCTOM genuTent, T.e. My # @&. llpeanonoxum, yro M; = {p1,...,pr} —
KOHEIHOE MHOXECTBO.

IIycts a € Z u fi{a) = b # 0. Ilokaxem, 4ro

9(z) =b""fila+bpy - ... prx)

— MHOTOYWIEH ¢ elsMu Koaddunnentamu, npuieM g(z) = 1 gmodl Diee..Dr)
npn z € Z. Jlerko npoBepuTh, 4T0 ecau ¢ € Z, 1o (a + cx)' — a' = chy(x),
rae hi(z) — MHOrOWIeH ¢ ueasiMu Koddduimentamu. [TosTomy

fila+bpy-... - pr2) — fi(a) =bp1 - ...  prh(z),

rae h(r) — muorounen ¢ umeanmu koxdduunentamu. OcraeTcs 3aMeTHTD,
9T0
g(z) =b7(fi(a) +bp1 - ... prh(z)) =1+ py - ... poh(z).

Jlas mexoroporo & € Z y uesnoro 4ucia g(z) ecTsb npoc;*oﬁ JEIUTENs P.
Cpasuenne g(zr) = 1 (modp; - ... - p,) nOKaswBaer, 9ato p & M; =
= {p1,...,pr}. C apyron croponsl, wucio fi(a +bp; - ... prz) = bg(z)
JIernTca Ha, p, 1oaToMy p € M. [lonydenHoe NpOTUBOpEYHE O3HAYAELT, ITO
MHOXeCTBO M, 6eckOHedHO.

Ilepexon oT ciydaa n = 1 K NPOU3BOJLHOMY T AEIa€TCA C MOMOUIBIO
TeOpEeMEl O TIPUMHTHBHOM dieMeHTe. Kak U Ipu J0KA3aTeabCTBE B CJIy-
qae n = 1, MpI 6yaem CHUTaTh, 9TO fi,...,fn € Z[z]. Hycrs a; —oaun
3 kopHen MHorouaeHa f;. COrviacHO TeopeMe O NMPUMHMTHMBHOM JJAeMEHTe
Qag,.--,on) = Qa), T.e. 5 = @i(a), rae ¢;(t) = Y¢]. Hycrs g— me-
NpUBOANMEIM MHOTOWIEH Had Q, umerommit xopens a. Ecim ¢;(0) # 0, To
3aMeHUM @; Ha §;, rje

@z(t) = (Pl(t) - 9(0) g(t)

Arak, MOXHO cuuTaTh, 9T0 (;(0) = 0. B TakoMm ciay4ae, ecam N geaurcs Ha
3HAMEHATENN BCeX KO QUIMEHTOB MHOIOMIEHOB @;, TO ¢;(Nt) € Zt].
Meuorowrenst fi(91(t)),. .., fn(¢n(t)) € Qt] nmeror 06mmit xopens a,
nosTOMy BCe OHM geaArca Ha g(t). Paccmorpum Mmuorounenwmt Fi(f) =
= fi(@i(Nt)). fAcno, uto Fi(t) € Z[z] u Fi(t) semurca nag Q na g(Nt),
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T.e. Fi(t) = g(Nt)gi(t), rae gi(t) € Q[t]. 3anmmem MHOrowIeHb! gu g B
suge g(Nt) = rh(t) u gi(t) = s;hi(t), rae r,s; € Q, h(t), hi(t) € Z[t] n
cont(h) = cont(h;) = 1. Toraa F;(t) = rs;h(t)h;(t), nprdem cormacso aemme
l'aycca rs; = cont(F;) — nenoe wucno. Ito ozHagaeT, 410 F;(t) genurca mag
Z va h(t). B 4acTHOCTH, BCe eIMTEMN 3HAYCHMH MHOFOWIEHA h B LEIHIX
TOYKaX ABIAIOTCA JeIUTEeNAMH 3HAYEHNH MHOrowieHa Fj, koTopue, B ¢BOIO
O1epess, ABAAIOTCA NeIUTeNAMM 3Ha4eHMA MHorowieHa f;. Takum o6pa-
30M, MHOXeCTBO M colepxuT GeCKOHEYHOe MOIMHOXECTBO, COCTOAMEe U3
IIPOCTHIX JeJHTEIeH 3HAYEHNH MHOrOWwIeHa, h. a

22. OcnoBnl Teopun l'arya

22.1. Cootsercreue l'arya

HMycre f-— mHOrouwren nax nonem k 6e3 KpaTHBIX KOpHel (HO He 00s-
3aTEJBHO HENPUBOAMMBIN), A1, .. ., 0, — KOPHH MHOTOWICHA f- Hone K =
= k(au,...,0%,) HABLIBAIOT NOAEM PA3AOHCENUA MHOFOWICHA !

TEOPEMA 22.1. Jlo6oi saeMent w = K = k(az,...,a,) apageTcs kop-
HEM HENPUBOJMMOIO Haj k MHOroOwieHa h, Bce KOpHM KOTOpOro JexarT B K.

JOKA3ATEJLCTBO. DIEMEHT @ MOXHO OPeACTaBATL B BUJAE & =

=g(a1,...,an), Tae g € k[z1,...,2,]. Hosoxum w, = 9(s(1)s - - -, Ao(n)) ®

paccmorpum Muorodnex h(z) = [] (z — o). fcno, uTo Bce kopHu MHOrO-
ceS,

wieHa h nexar B K u h— mHOrouten Haj mosem k, HO3TOMY (& — KOPE€Hb

HENPUBOAMMOI0 MHOXUTEJIS MHOTOYIeHa . o

CJAEACTBUME. Ecim Muorowien p(z) Henpusoamm Hajg k ¥ onun U3 ero

kopHe# nexutT B K = k(ay,...,a,), TO 1 Bce ocTATbHBIE KODHU MHOI'OYJICHa,
p(x) nexar B K.

HOKA3ATENLCTBO. Ilyets @ € K — KOpeHb MHOTO4IEHA p, h—He-
IPMBOJMMBIA HaJ k MHOrOWIEH, BCe KODHM KOTODPOTO Jexar B K u h(w) =
= 0. Mrorowrens! h u p HenpuBOAUMBI Hajg k ¥ UMEIOT OGHIMI KODEHL ),

TI03TOMY BCE KOPHH MHOIOJIEHA P ABJIAIOTCA KODHAMH MHOrOWeHa A, T. e.
aexar B K. g

Koneunoe pacumpenne K nons k Ha3LBaoT HOPMAALHDIM PACULUPEHUEM,
i pacwupenuem 'aaya, ecin mo6OH HEMPUBOAMMBIA Hag k MHOT'O'IEH,
OfUH U3 KOpHEeH KOToporo jexutT B K, pasnaraercsa Hag K wa Imeeiinbe
MHOXUTEIH, T. €. BCE er0 KOPHU JexaT B K.

R o
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[Ipumepom He HOPMAJILHOT'O PACIHUPEHNA c.n);x(wr nose Q(+/2): aTo mosne
COAEPXKUT JHIEb OIUH U3 KOPHEH MHOTOWIeHa T° — 2.

CoraacHo TeopeMe 22.1 mone pal3noKeHUs MHOTOWICHA ABIACTCA HOD-
MaJbHEIM pacumpenueM. CnpaBelmBo U 06paTHOE yTBepxK/eHHue.

TEOPEMA 22.2. Ilycte K O k — nopMaunHoe pacmupenune. Torga K —
MOJIe PA3IOKEHNA HEKOTOPOI'O MHOrOwieHa Haj k.

JTOKA3ATEJLCTBO. Mlycte K = k(ai,...,%,), f; — HeIpMBOAMMBIR
MHOTOWIeH Hag k ¢ xopHeM a;, f = f1... fn, K' — none pasnoxenus MHOro-
uneda f Hag k. C OQHOU CTOPOHLL, HIEMEHTHL dj, . . . , Uy ABIAIOTCA KOPHAMH

muorourena f, noaromy K < K'. C agpyrou cropoust, nome K HOPMAJBLHO
Had k ¥ CONEPXHT KOpeHb HenpuBOJMMOro Hajg k muorowrena f; (i =
= 1,...,n), nosromy K cofepXuT Bce KODHM MHOrowieHa f, a 3HA4MT,
K> K" [

CaeacTBUE. Ilycte K o L o k, rge K — HopMaJbHOE pacUIMpeHue
noaa k, L — npoussoasHoe npoMexyTouHoe moae. Torga K — HopMaibHOE
pacuupenue nouas L.

JIOKABATEIBLCTBO. Ilose K sapaseTcsa noreMm pa3joKeHUA HEKOTODOTO
MEOrowieHa f Hang k. 9TOT MHOrOWIEH MOXHO DaCCMOTPETh M KaK MHO-
rounesd Hag L, mostomy K — noste pasioxeHus HEKOTOPOrO MHOTOWIEHA
uag L, T.e. K — HopMmanbHOe pacmmpenue nons L. O

Ecan K — nopManbaoe pacmupenue nous k, To 2pynnod Iaaya mons
K Hai k HasHIBaOT Tpylny aBTOMOP(U3MOB noas K, OCTaBIAIONIMX He-
[0 ABYMXKHBIMHU BCe aaemeHTH nouasa k. [pynny laaya nonn K mag k 6ygem
o6oanadats G(K, k). B ToMm ciaygae, korja K — nose pasioxeHns MHOTO-
wnena f, gua rpynnel lanya G(K, k) 6ygeM Tak:ke HCHOAb30BATH 0603HAYE-
sue Gi(f).

DaemenTr 6, w moas K O k HaswBaOT conpaxcennbimu nad nosem k,
€GN O U &' — KOPHE OJHOT'0 M TOr'O YK€ HEIPUBOAMMOrO Ha L k MHOTOWIEHA.

TeoPEMA 22.3. Ilyers K — HopMaibHOe paciuvpenus moas k. due-
MeHTH ©,®' & K conpsxeHol Hag k TOTZa M TOJIbKO TOTIa, KOrjAa Cy-
R !
mecTByeT aBToMopduam ¢ € G(K, k), nepeoasuuid © B o',

JIOKABATEJLCTBO. IlycTh 0 — KOpeHb HENPUBOAMMOrO Ha g k MHOrO-
wiena p. Ecm o' = o(0), To p(0’) = p(o(w)) = o(p(w)) = 0, nosromy
JJEMEHTH ® ¥ (' CONpsXeHsl Ha g k.
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ITpeanonoxum Teneps, 4To w u o' — KODHY HENPUBOJAUMOro Haj k MHO-
rouiena p. Ilocrpoenne apromopdusma ¢ maunem ¢ TOr0, YTO HOCTPOUM
n3omopdusm @: k(w) — k(w'). Job6oi anement nos k(w) oaHo3nauHO mpea-
CTaBuM B BHIE A9 + a10 + ... + ap_10™" ' raea; € kun = degp. Tpe-

n—1 n—1
OyeMBblit ABTOMOP(UIM UMeeT BUL Y. it — Y ai(w'). Bri6epem Teneps
i=0 i=0

6 € K\ k(). Hycts p, — HENPUBOJAMMBEIA HaJ k MHOTOWIEH C KOpHEM 0,
a ¢i ~— HeMPUBOJMMBIA HaX k(W) ZeauTesb MHOrOWIEHA P1, A4 KOTOPOro
q1(8) = 0. IIpu msomopduame ¢:k(w) — k(') HempusogmMbI Hax k(o)
MHOPO™WICH g1 HEPEXOJUT B HENPUBOAUMBI Haj k(w') MHOrOwIeH g, Hycrs
8 — xopens MHOrOWreHA q;- Msomopdusm usomopduam ¢ : k(w) — k()
MOKHO NPOROIKUTE N0 m3oMoppuama k(w,0) — k(w','). dror H30MOp-
Puam umeet Bua 3 b6 — 3 o(b;)(8'), rae b; < k(). Takue mpogomxenus
M30MOP(UIMOB 03BOJAIOT NOCTPOUTH M30MOphU3M noaa K B HEKOTOpOe
nognore K' ¢ K, nepesoasmmit © B . Dror H30MOPGU3M TOJel ABIA-
€TCA, B MACTHOCTH, M30MOP(MU3MOM JTMHEHHBIX IPOCTPAHCTB Ha1 rozeM k.
B rakom caygae ua KOHedHOMepHOCTH K creayer, uro K' = K, T.¢. Mu
noJry4aeM aBToMOpdu3M mouasn K. O

CREacTBUE. Ecin K —- HopMaabHoe pacwupenye noasa k, TO aJIeMeHT
© € K MHBapHMAHTEH OTHOCHTEIBHO ACHCTBUSA rpynnst lanya G(K, k) Torga
¥ TOJBKO TOTJA, KOrjaa o < k.

JOKABATEJIBCTBO. Ecium anement o K WHBAPUAHTEH OTHOCUTEIHHO
AedcTsus rpynner Laaya G(K, k), TO Bce CONpAXEHHBIE C HUM DIEMEHTLI
COBIAAIOT € HUM CAMUM. JTO O3HAYAET, UTO () — KOPEHb MHOTOMICHA T —
— @ ¢ kodpPpunmenTamu uz monn k, T.e. © < k. 0

YcnoBue HopmaabHOCTH pacmpenus BechMma cywectBerno. Hampumep,
J06ok aBTOMOpduaM noas Q(+/2) TOX/ECTBEH, T.e. 31eMeHT v/2 ¢ Q nn-
BAPMAHTEH OTHOCHTEILHO NeHCTBUSA BCEX ABTOMODP(U3IMOB.

Hopmanenbie pacumpenns orawgaorcs Tem CBOMCTBOM, YTO y HUX HO-
CTaTOYHO BEMKA MPYNNa aBTOMOPGUIMOB. DTO HO3BOIAET yCTAHOBATE B3a-
MMHO OJHO3HAYHOE COOTBETCTBUE MEX Y MPOMEKYTOYHBIMA HOIAME U nog-
rpynnamu rpynnsl Larya.

Iycrs K — nopManbuoe pacumupenne noas k. Pacemorpum mponssons-
HO€ mpoMexyTotnoe mote L: k < L c K. CornacHo caeicTsuio u3 Teo-
pemer 22.2 nosie K ABIAeTCA HOPMAJIBHBIM pacumpenueM nons L, mosromy
MOXHO paccMoTpeTs rpynny lanrya G(K, L).

B
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TEOPEMA 22.4 (coorsercTsue lanya). a) Mexgy mpoMexyTOIHBIMH
monamMu k € L c© K u nOATpymmamu rpynmer lanrya G(K,k) umeercs
B3aMMHO OJAHO3HAYHOE COOTBETCTBUE: IIOaID [ COOTBETCTBYET IOAIPYIINA
G(K,L) < G(K,k), a nogrpynme H C G(K,k) cooTBeTcTByeT moie, co-
CTOAIIEE M3 JJEMEHTOB IIOJIA K, WHB3PHMAHRTHBIX OTHOCUTEJILHO }Iel‘;lCTBYIﬂ
rpynnsr H.

6) HpOMe)KyTO‘IHOG noste L aBasercs HOpMaJIbHBIM PACIIUPECHUEM II0JIA k
TOCA3 U TOJBKO TOrAa, Korja noarpymna G(K, L) c G(K, k) nopmarbha.
B aToMm ciaydae mMeeTcsa TOIHaA NOCAEN0BATE LHOCTD

JIOKA3ATEJBLCTBO. a) Jrobon aBTOMOphuU3M noJs I{7 OCTABJAIIUN
HEMOABMXKHBIMHA 3JIEMEHTHI ITOJA L, OCTaBJIAeT HENMOABMXXHBEIMUA U DJEMEHTHL
noas k < L, r.e. G(K, L) c G(K k).

HMomxo L coorsercrsyer rpynna G(K, L), a rpynne G(K,L) coorser-
CTBYET 1IOJIE LI, cocTodAllee U3 TEX JIEMEHTOB I10JA K’ KOTOpbIE UHBapH-
AHTHBEI OTHOCUTENBHO BCEX aBTOMOP(U3MOB moas K, OCTABIALIMX HENO-
OBUKHBIMU dneMeHTH noad L. flcuo, wrto [/ 5 [. Ho B caydae HOPMaJb-
HOI'O pacCuInpeHus J0601 2IeMEHT MOJIA K’ I/IHBapI/IaHTHbII;’I OTHOCUTEJNBLHO
nesicreus rpynnst G(K, L), texut 8 L (cregcrBue TeopeMser 22.3; gpyroe
HOKa3aTelbCTBO — TeopeMa 21.4 (a) ma c. 211). Mostomy L = L/, T.e. Ka-
K AOOMY MOAIIONI0 COOTBETCTBYET HO,HI"pyHIIa, npuyeM 3Ta NOACPYIIa O4HO-
3HAYHO OHpPEfeNsAeT MOAHOE.

[pymne H < G(K, k) coorBercTsyer moge L, a nomo L COOTBETCTBYET
rpynna G(K, L) = H', xoTopas cocTonT n3 Tex aBTOMOpduU3MOB noias K,
KOTOpPBIC OCTABIAKT HENOJIBHXKHBIMHI SJI€MeHThl, UHBAPDUAHTHBIE OTHOCH-
renpro H. flcwo, wro H' > H. Ho ecim noarpynmma H rpymnum Darya
G(K, L) TaKOBa, YTO BCE DJIEMEHTHI ITOJIA K’ MHBAPUAHTHBIE OTHOCUTEJIBHO
aeucrsus H, sexar B L, To H cosnanaer co sceit rpynmnon laya G(K,L)
(Teopema 21.4 (6) na c. 211). Taxum 06pa3owM, KaxK 0N MOATPYIINE COOTBET-
CTBYET NOJAINoJE, NpUYeM 3TO IIOANIONE OAHO3IHAYHO onpegeaseT NOATPYIILY.

6) Ipesnoroxum, yro none L sapaserca HOPMAJIbHBLIM PpaCUIpPEHHEM
noas k. Torga mo6ou asromopdusm mons K wag k nepesoaut nore L B
ce6s (a1eMeHT noast L nepexouT B CONpsXenHbt MEMEHT, KOTOPLIA CHOBA,
aexwnt B L). Taxum obpasom, nmeetcs romomopdmsm G (K, k) — G(L, k).
fleno, uro rpynna G(K, L) ABIA€TCA AAPOM 5T0ro roMoMopgpuaMa, I0dTOMY
oHa — HOpMaJabHas nogrpymna B G(K, k).
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[Ipeanonoxum Teneps, uto G(K,L) —mopMmaabHas NOATPYIIa B
G(K,k), T.e. ecmn ¢ € G(K,L) n ¢ € G(K,k), To ¢'9¢ e G(K,L).
llycts @ € L; Tpebyerca gokasaTs, 4To BCe COTIPAKEHHEIE C G 3MEMEHTH
ai,...,q nexat B L. Ilo ycroemio ay,...,a; € K, npuuem a; = $i(a) mra
Hekoroporo ¢; € G(K,k). Ecm ¢ € G(K,L), To biloy; € G(K,L).
Hosromy ¢; ' o¢i(a) = a, T.e. 9(a;) = a;. CrenoBarensHo, a € L.

Tounas nocreoBaTeILHOCTD

0—-G(K,L) > G(K,k) - G(L,k) -0

ycrpoeHa crefyiomum obpasoM. Ilore L sasaserca HOpMaabHBIM pacuu-
penueM noas k, noaTomy moGoi aBTOMOpdU3M ¢ € G(K,k) coxpauser
nose L, a 3Ha4UT, ¢ MOXKHO orpaHmyunTs Ha L. Tak BO3HHKaeT roMOMOp-
dusm G(K,k) — G(L,k). Ero aapom cayxar romomoppusMul noas K,
TOXJECTBEHHEIe Ha L; omm o6pasyior rpymny G(K, L). DunmopdHOCTD
TOMOMOpdHU3Ma CIESYeT U3 TOro, YTO M060H aBTOMOpduM3M moas L Hag k
MOXHO NPOJOMIKUTE O HEKOTOPOro aBToMopduama nois K uan k. 0

Eciu L — mone pasnoxkenus Hag k MHOrO4IeHa g, a K — nmosne pastosxe-
HUA HaJ k MHOTOIeHa f, TO TOYHAA NOCIE 0BATEILHOCTD

0—G(K,L) — G(K, k) — G(L,k) — 0

MMeEeT BUJ

0 = GL(f) ~ Gr(f) - Gi(g) — 0.

TEOPEMA 22.5. Ilycts L — npoussonbroe pacunpenue nois k u f -
MHOrowieH Hah k. Toraa rpymna Fanya G (f) HN30MOpGHA HEKOTOPOH NOJA-
rpynne B G (f).

[JOKABATEJLCTBO. Ilycts Qi ...,y — KOPHM MHOrowieHa f. Apro-
Mopduam 6 € GL(f) nepecrasiser KOpHM ay,...,q, W OCTABIAET HEMO-
ABMKHBIMU BCE beMeHTH noas L o k. Ilosromy aBroMopdusm o coxpa-
HseT moae k(ai,...,a,), T.e. ABTOMOP(}M3MY G MOKHO COINOCTABUTEL ABTO-
MoppuaM G € Gy (f), aprsmommiica orpaHnYeHeM ¢ Ha moJe k(ai,...,an).

Ecm 6 = id, To aBToMopdusm o ocrapaser ma mecre Bee KODHH
d1,...,0,. Kpome Toro, mo onpesesenmo ¢ ocrasaser ma mecre Bee sie-
MeHTHI o142 L, a 3HadquT, ¢ = id. Taxum 00pa3oM, 0TOGPAXKEHNE G — G —
MOHOMOpU3M, T.e. rpynna Gr(f) msomopbna HekoTopot noarpynmne

B Gr(f). O

22.2. Muorowien ¢ rpymmou larya Sj

Y1o6sl MPUBECTH TMPUMEP YPABHEHHs, HE PA3PELIMMOrO B PAJAMKAJIAX,
HaM noTpebyeTrca muorowreH ¢ rpymnou [anya S,, n > 5. Mul yxe roTosu
JOKa3aTh, YTO MHOTOWIeH ° — 47 + 2 Hag Q nmeet rpynny laxya Ss.

I'pymia G C S, Ha3HIBaeTCA MPAH3uMuénotl, eCiau A1 J00bIX ABYX
uHgexcoB i,j € {1,...,n} cymecTByeT noAcTaHoBKa 6 € (G, AN KOTOPOU

o(i) =J.

TEOPEMA 22.6. Muorowien f (6e3 KPaTHBIX KOPHEH) HEIIPUBOAUAM TO-
I3 ¥ TOILKO TOrAa, Korga ero rpymna lanya Tpamsurussa.

JOKABATEALCTBO. Ilycts a4,...,a, —KOpHH MHOro4nesa f. Ecin
MHOT'OWIEH f HENPMBOMM HAJ TOJeM k, TO IO ONPEAEJIEHHIO BCE €r0 KOPHU
CONPSXKEHBl APYT € APYrOM, MO3TOMY COIVIACHO TeopeMe 22.3 cymiecTByeT
aBTOMOPGU3M noas k(d,. .., dn), HEPEBOAALINIA &; B &;.

IIpeanonoxuM Tenepsb, 4ro rpynna lamya G Muorowiena f TpaHam-
tusHa. IIycThb fi — NPOM3BOJILHBIM JEJATEIb MHOrO4IeHa f Hajg moaem k,
o; — KOpeHb MHOorowiena, fi. Bosbmem aproMopdusM o; € @, 11 KOTOPOro
o;(a1) = a;. [Ipu aBTOMOpduU3Me o; cooTHomenue fi(a;) = 0 nepexoaur B
cootHomenue fi(a;) = 0, T.e. Bce KOPHM MHOTOWIEH3 [ ABJIAIOTCA TAKXE
KODHAMM MHOIOWIEHa fi. YUUTHIBAd, UTO y MHOI'OWIeHa f HET KPAaTHBIX
KOpHEH, TOJAY4YaeM, 9TO fi JeJuTcA Ha f, T.e. MHOrowieH f HenpueoguMm. [

TEOPEMA 22.7. Ecum 1uciao n npocroe u tpansutuHad rpynna G < S,
COJEPXKUT XOTA Obl 0AHY TpaHcnoauuuio (i,j), o G = S,.

JIOKA3ATEJbCTBO. Beezem Ha mHOXecTBe {1,...,n} cregyromee ot-
HOLIeHHE: i ~ j, ecm 6o i = j, 6o B rpynne G ecTb TPAHCHO3MIMA
(i,7)- Toxnectso (i,7)(4,k)(%,j) = (i, k) mokaseiBaeT, 4TO 5TO OTHOLIEHNE
SBJIAETCA OTHOIIEHUEM 3KBHBAJIEHTHOCTH.

IIycrs E(i) — ka1acc 5KBMBAIEHTHOCTH, COJEPXAIMA dnemedT . [loka-
XKeM, 4TO [E (z)| = |E( 7) ’, T. €. BCE KIaCCHl JKBUBAEHTHOCTH COCTOAT U3 OF-
HOI'O ¥ TOT0 Xe YUCIa 3eMeHTOB. I pynna G TPaH3WTUBHA, IO3TOMY B HEH
ecTb Takas NOACTAHOBKA O, 4T0 o(i) = j. llycts a € E(i), 1.e. (i,0) € G.
Moacranoska o - (i,a) - 6~ Menser mecravu anements o(a) u o(i), a Bee
OCTAJIbHBIE DJIEMEHTHL OCTABIAET HEMOABHKHBIMHU, T. €.

o (i,a) -0~ ! = (o(i),0(a)) = (j,0(a)) € G.
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Taxum o6pasom, o(E(i)) c E(j), nosromy |E(3)| < |E(j)|- Hepasencrso
IE(])I < lE(z)[ MOKA3BIBAETCS AHAJIOTHIHO.

Ilo ycnoBmio 4ucio n mpocToe, MO3TOMY KIaCC SKBUBAIEHTHOCTH POBHO
0AuH. 3TO 03Ha4aeT, 410 G = S,. O

TEOPEMA 22.8. IlycTe f— HENpMBOAMMEIN MHOTOWIEH Haj @ mpocTon
CTENeHu p, mpudeM y f eCTh POBHO [Ba HEBEIIECTBEHHHIX KOpHA. Torna
rpynna lanya muorourena f nan Q pasna Sp.

[JOKA3ATEJBLCTBO. Muorowren f Hehpnao,an, IO3TOMY €ro rpymmna
lanya G < S, Tpamsuruena. CoraacHo OpebIIyIned TeopeMe JOCTATOYHO
AOKa3aTk, 4TO rpymia G COJEPXKHUT HEKOTOpyI Tpancrosummo. IIpumep
TAKOM TPAHCTIO3UIMH JaeT OFPAHMYEHNE KOMILIEKCHOT'O CONPAXKEHAA 2 >
HA T10JIe PA3JIOKEHUS MHOrOwIeHa, f. JIeMCTBUTENBbHO, TP KOMILIEKCHOM CO-
IIPAXEHUH BCE BEIIECTBEHHbIE KOPHU MHOT'OW/IEHA OCTAIOTCA Ha MecTe, a 06a
KOMILICKCHBEIX KOPHA MEHAIOTCA MECTaMu (M3 9TOrO, B Y4CTHOCTH, CJELYeT,
4TO [OJE PA3NOKEHNA HEPEXOTUT B cebs). m|

llpumepom HempuBOIMMOrO MHOTOWIeHA CTeneHHM 5, y KOTOPOro €CTb
POBHO /IBa KOMILIEKCHBIX KODHA, CIYXWT MHOrOwWeH f(z) = z° — 4z + 2.
HenpusoguMocTh 5TOro MHOrOWIEHa CleyeT U3 Mpu3HaKa DH3eHIITEHHA.
KomriecTso BewlecTBeHHBIX KODHEH MHOrOWIeHA f He MeHbIe Tpex, Mo-
CKOJIBbKY

f(=2) <0, f0O)>0, f(1)<0, f(2)>0.

C Zpyroit CTOPOHBI, KOIMYECTBO BEIMIECTBEHHBIX KOPHEH HE MOXET GBITh
bombie Tpex, MOTOMY YTO MHAYe y Ipous3BogHok f'(x) = 5% — 4 6xu10 61
GosbIne ABYX BeLIECTBEHHBLIX KOPHEN.

22.3. IlpocTthie paguKaibHBEIE PACIIMpEHHA

Ilone pasnoxenus K Muorowrena z” —¢, rae ¢ k, Ha3RIBAIOT npocmbIM
PaduKaabrbiM DPacCIIpeHneM nons k.

TEOPEMA 22.9. a) I'pynna Fanya G(K, k) npocToro paaukaisoro pac-
IMINPEHUs Pa3pennMa.

6) Ecu nosie k CoaepuT npUMUTHBHEIX KODEHb CTENeHH Nl U3 €UHMUIIEL,
10 G(K, k) — noArpynna uMKIn4eckol rpymms: Z /nZ.

B) Ecu ¢ = 1, To G(K, k) — noarpymma MyJsTHLIHKATHBHON CPYIHIBI
(Z /nZ)*.

s e
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JIOKA3ATENBLCTBO. a) IlycTs a— kopens MHOrOwwiIeHa z™ — ¢, a € —
MPMMHUTHEBHHI KODEHb CTENEeHH 7 U3 eIMHHULEL. 1Orjia KOPHM MHOCOWIEHA
1" — ¢ MMEIOT BUI &, &€, . . . , a1, moaromy K < k(a, ). C npyro cTopoHs,
¢ = (ag)a~! € K, moaromy k(a,e) € K, T.e. K = k(a,€).

Iycts 6 € G(K, k). Torga o(e) — xopennb muorowreHa z"—1, 1. e. o(e) =
= ¢2. IIpu oToM €% He MOXeT OLITHL KOpHEM MHOrowieHa ™ — 1, rae m < n,
TaK KaK MHadYe dneMeHT € = o !(g%) Toxe OuL1 6bI KOPHEM ITOTO MHOTO-
YIeHa, 3 3TO IPOTUBOPEYUT NpuMUTHBHOCTH €. Taxum o6pasom, (a,n) = 1.

ABTOMOP}U3M G OTHOCTBIO ONpeeiaeTCa CBOMMHE 3HAUEHNAMY Ha 00pa-
aytomux: o(e) = €%, o(a) = eba. [losTOMy TaKOl aBTOMOPGU3M G MOXKHO
0603Ha4uTH [a,b], rae a € (Z/nZ)*, b € Z/nZ. lIpu s1oM ecnu o; = [a;, bi],
1=1,2, 70

01(02(e)) =2, o1(02(a)) = ghibatbig

T. €. 0109 = [a1a2,a1b2 + bl]

Paccmorpum romomopdmaM @: G(K, k) — (Z [nZ)*, npu xOTOPOM aBTO-
mopbusmy ¢ = [a,b] conocraBasercs snemeHT a € (Z/nZ)*. flapo aroro
FOMOMOP(}hU3MA COCTOUT W3 PJIEMEHTOB BHAA [1,b]; AN Takux >ieMeHTOB
3aKOH KoMnoaunuu caegyommi: [1,b1](1, ba] = [1,b1 + bo]. fapo u 06pa3 ro-
MoMopdH3Ma ¢ — abeseBsl Py, nosToMy rpymma G(K, k) paspemmma.

6) Ecin ¢ € k, To o(e) = ¢. llosTomy o = [1,b] € Z /nL.

B) Ecin ¢ = 1, To MoxHO canrars, yro @ = 1. B Takom crywae 6 =
= [a,0] € (Z/nZ)*. O

22.4. IImxmraeckue pacmmMpeHHus

Hopmasnbroe pacmupenue K mons k Ha3BIBAIOT yUKAuYECKuM DACLIUPE-
mueM, ecu rpynna lanya G(K, k) sBIseTCs DMKIMYIECKOMR.

TeoPEMA 22.10. Ecim nose k comep:XUT NPHUMHATUBHBIA KOPEHb CTe-
[EeHW N M3 €IVHWILL, TO J000e nuKIndeckoe pacumpenne K O k cremenn
n umeer Bug K = k(B3), rae p — KOpeHb HEIPUBOAMMOrO HaJ k MHOrO4IeHa
" —c.

[JOKABATEALCTBO. Ham norpefyercs CBOUCTBO JIMHENHOU HE3ABHUCH-
MOCTH XapakTepos rpymnsl. HanmoMunM ero ¢popMyINpOBKY U I0Ka3aTenb-
cteo. Illycere G — rpynna, K — moae, K* —MyJIbTP[HJIHKaTIdBHaﬂUprHHa
3TOro IO, T.€. MHOXECTBO HEHYJEBHIX JJEMEHTOB € ONEpanued yMHO-
xenus. Xapaxmepom rpynnsl G Ha3BIBAIOT MPOM3BOJLHBIM IOMOMOD(DU3M
G —~ K*.
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JIEMMA. Pasumunrie xapaxTepsl rpynnsl G JHHEHHO HE3aBHCHMEL Haj
monem K.

[HOKA3ATEJBLCTBO. IycTts {y1,... ;Yn} — MHHUMAaJIBHOE HEIyCTOe
MHOXECTBO JIMHEHHO 3aBUCUMEIX XaPAKTEPOB, T. €.

>\1Y1(!]) +...+ )\nYn(g) =0 (1)

Ani Bcex g € G npu HEKOTOPEIX (MKCHPOBAHHEBIX A1, ..., Ay, € K*. flcHo,
4T0 N > 2. XapakTepsl Y1 ¥ Yo, padmuwuuel, nostomy Yi(h) # ya(h) ana
HEKOTOpOro h € (. Ymuoxum paeHcTBO (1) Ha ApYn(h) 1 BErYTeM U3 HEro
paBeHcTBO A1Y1(hg) + ...+ Ayyn(hg) = 0. Ilocae mecroxHBIX MpeobpasoBa-
HUH TIOJYYHM

M(ya(R) = Ya(W)Y1(g) + .- + Mzt (Yn(h) = Ya-1(h))yn-1(g) = 0.

OTO NMPOTUBOPETUT MUHMMATLHOCTH MHOXECTBA {Y1,...,Yn}- a

Ecin 0 — aBromopdusm noas K, To orpasuwdenue o Ha K* anisercs
xapaxTepoM rpynnst K*. IloaTomy ecau 64, . .., 6, — Pa3auIHLIE ABTOMOD-
¢uambl mons K u a,...,a, € K* 10 ayo1(a) + ... + apo,(2) # 0 gas
HekoToporo a € K* ¢ K.

Ilepeiinem HenmocpescTBEHHO K JOKA3aTeNLCTBY TeopeMbl IlycTh o —
o6pasyromwan uukandeckod rpynnst G(K, k), € — IpUMATHBHLINA KOPEHE CTe-
IIeHM 7 U3 eMHMUBL, Jexammi B k. PaccMoTpuM pesoavsenmy Jlazpanaca

(g,a)g =a+eo(a) +...+e" o™ 1(a) #£0.

Artomopduamsr id, 6,0%,...,06" ! pasIMuHEL, MO3TOMYy HAaMZETCA JJIEMEHT
a € K, ara xoroporo (g,a)s = 3 # 0. Jlerko nposeputs, 4to 6(B) = ¢~ 1f u
o(B") = (o(B))" = B". Taxuu obpasom, o(B) # B, T.e. B & k, u o'(B") = B"
mpui=1,...,n-1,re B =cek.

PaceMoTpuM MHOrOWIeH

z—c"=(x-B)z—B)-...- (x—e"Ip).

ITone k(B) aBaserca ero monem pasznoxenus, mputem k(B) c K. Asromop-
duamet id,6,02%,...,0""! aBaAIOTCA PABTUUHEIME aBTOMODGUIMAMH [0JA
k(B), moaromy mopagox rpynnst Fanxya nons k(B) an k He meHbime n, T.e.
crenenb pacumpenua k(3) nag k e Menbuwe n. C Apyroit CTOpOHHI, cTe-
nenb pacumpenus K naa k pasna n, mostomy k(B) = K. I'pynna Tanya
MHOT'OWIeHa T — ¢ TPAH3UTHUBHA, NI0O3TOMY OH HEIIPUBOIMM. O
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23. Pemrenne ypasHeHMM B PaAMKaJIax

Pacumpenue L noas k Ha3LIBAIOT paduxaabhblM, €CIM CYIIECTBYET TaKas
HOCJAeJOBATENbHOCTD IPOMEKYTOYHBIX HOJeH

k=LpcLic...cL.=1L,

gro L; = Li—1(Bi), rae B} € L;_1. UneiMu cioamu, x nomo k mocue-
JOBATEILHO NPUCOEANHAIOTCA KODHHM U3 DJEMEHTOB MOJEH, MOy eHHBIX Ha
HpeBIAYyIIeM IIare.

MycTs f — HENPHBOAUMBIA MHOTOWIEH HAJ TOXeM k, dj,...,0dp — €ro0
KOpHM. Ypapuenue f(z) = 0 Ha3HIBAIOT paspewumbim 6 paduxaidT, ecin
none k(ai,-..,%n) COAEPXKUTCA B HEKOTOPOM DaJMKaIbHOM PACIIMPEHUH
noJs k.

Y7066l CHOPMYIUPOBATH M JOKA3ATH KPHTEPHH PA3pEIIMMOCTH yPaB-
HeHMA B paJMKanax, Ham noTpefyeTcs MOHATHE paspemmmoit rpynnst. [fo-
3TOMY HAYHEM C TOrO, YTO HAMIOMHMM OCHOBHBIE CBEJEHUA O Pa3PelIMMBIX

rpynmax.

23.1. Paspenmmeie rpymmsl

Koueunyto rpynny G Ha3HIBAIOT Pa3pewsuMmoti, €Ciin CyMeCTBYEeT TaKad
NOCTEJOBATEIBHOCTD BIOXKEHHEIX HOATPYIN

{G}ZGTCGr_lc...CG():G,

4ro G; — HOpMaJbHada nogrpynmna B G;_; u gpakroprpynna G;_; /G; abenresa
(mpui=1,...,7).

Mlna mo6oit abesaeBor rpynnkl G MOXHO MOCTPOUTH NOCHEAOBATEALHOCTE
BJIOXKEHHBIX IIOATPYI, JIs KOTOPOM Bee dpakroprpymust G;_; /G umianie-
ckue (M Jaxe OMKIMYECKHe NPOCTHIX mopankos). lloaToMy B ompeseseHun
pa3peLIMMOil TPYTIIEL MOXHO CYATATD, 4TO BCe dakToprpynnst G;—1 /G m-
KINYeCKHe.

TIpy BLIACHEHUH CBA3M PA3PEMMOCTH B pajukanax ypapuenus f(z) =0
¥ paspemuMoCTH rpynns latya MHOrowieHa f HCONb3yeTCs COOTBETCTBUE
Tanya, KOTOpOe A3€T TOUHYIO HOCIeAoBaTe bHoCTs 0 - H — G —G/H —0.
Ipe 5TOM NPO KAaKMe-TO M3 3TUX TPeX IPyNn ObIBaeT U3BECTHO, YTO OHM
pa3peInuMbl, ¥ HyXHO CJEJaTh BEIBOJ O PA3PEMMMOCTH OCTAIbHEIX TPYTIL.
s aTux uenen Ml 6yjgeM NOJL30BATHCA CAEAYIOIUME Y TBEPK ACHUAMM.
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TEOPEMA 23.1. a) Jlio6as noarpynna H paspemumoit rpynms G pas-
penmuma.

6) Ilycte H — nopMasabras noarpynma rpymnst G, npuydeM rpynnsl H u
G/ H paspeummer. Torga rpynna G paspenmma.

B) Ilyctes H — HOpManbHas nmoarpynna paspemmmon rpymnsl G. Toraa
rpynna G/H paspemmma.

dOKA3BATEJBLCTBO. a) ITokaxeM, 9TO MOCJIEAOBATENLHOCTS 10T PYILI
H; = G; n H obragaer TpefyeMbIMHi CBOMCTBaMH, T.e. H; — HOpMauabHas
noarpynna B H;_; u daxroprpyma H;_; /H; abenesa. Tak xax G; < Gi_1,
o H; = H; 1 n G;. Nosromy H; — nopmanbhas nogrpymna B H;_; u

Hi «/Hi=H;_1/(Hi_1 0 G;) 2 GiH;_1/Gi < Gi_1/G,.

6) [das paspeummsix rpynn H u G/H Bo3bMeM NOC/IEJOBATEILHOCTA

HOATPYyTI
{e}=H,cH,1c...cHy=H,

Honoxnm G; = p~1(4;), rae p: G — G/H — ecTectsennas npoexuus. SicHo,
aT0 Gy = H 1 Go = G. TlokaxeM, 4TO NOCIEI0BATEIBHOCTD IIOACDYIII

{e}=H,cH,.1c..cH=H=Gp,cGp1c...cGy=0G

obnagaeT TpeOyeMBIMH CBOMCTBaMH, T.e. (; — HOpPMaJbHaA NOArpYyNNa B
Gi_1 u G;_1/G; — abeneBa rpynna. BTopoe cBORCTBO CiefyeT U3 TOroO, 9TO
Gi—l/Gi = Ai—l/Ai- HyCTb gi € Gi Hg -1 Gi—l- Toma

P(9:19:9:-1) = p(gi-1) " pgs) plg;_1) € As,

Tak kKak A; — HopMmambHas nogrpymna B A;_;. Iloatomy g;_ 11 991 € G,
T.e. ; — HOpMaJbHAA noarpynna B G;_ ;.
B) Jlns paspemmnmoit rpynnst G BO3bMEM HOC/IEJOBATENLHOCTE [0 T PYIIT

{e} =G, cGryc...c Gy =G,
n nonoxum A; = Gy H/H. Torga nocaeoBaTeIbHOCTE NOATPYI
{H}=A,cA,1c...c Ag=G/H

obnagaeT TpeOyeMBLIMH CBOMCTBaMH, T.e. A; — HOpMaJbHAA MOATPYNNa B
- Aj_1 m Aj_1/A; —abenesa rpynna. B camom gere, nycte g;H € A; m
gi—1H e A;_;. Toraa

(9i-1H)giH(gi-1H)™' = gi_1Hg;:Hg ", = gi19:97, H € A;.

v R
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Kpowme Toro,
Ais1/Ai =G /(GiH n Gi—;) = (Gi—1/Gy)/((GiH n Gi-1)/G),

T.e. rpymna A; ;/A; usomopdHa dakToprpynmne abeNeBOM IPYIIIB, O~
atomy A;_;/A; — abesesa rpynna. O

23.2. YpasueHusa ¢ paspenmmon rpymon Faxya

Bocnons3oBaBmmes cooTBercTsueM lanya n Teopemon 22.10 o cTpyk-
Type UMKIMYECKOTO DAaCIINpEHHs, HETPYAHO AOKa3aTh, YTO YPaBHEHHE C
pasperummon rpynuon [amrya paspemmmo B pagukanax.

TEOPEMA 23.2. Ilycts f— MHOrO4IeH 6€3 KPAaTHBIX KOPHEM HaJ MO-
aem k, npudem rpynna lanya Gi(f) paspemunma. Torga ypaerenune f = 0
pa3pelMO B PAJUKATIAX.

JOKABATEJBLCTBO. Ecau mote £ He COOEPXUT NPUMUTHBHEIA KOPEHD
crenenu d = |Gk( f)l ¥3 eJUHUIE], TO 100aBUM K kK IPUMUTHBHLIA KOPEHb
¢ creneny d U3 eAMHUNEL, T.e. pacemoTpuM note L = k(e). Ipynna larya
GL(f) maomopdHa HEKOTOPOU MOArpynIe paspemuMon rpynnul Gy (f), mo-
aromy rpynna Gr(f) paspemmma, npuiem |G L( f)| geaut d. B wacrHoCTH,
note L comepuT MpUMUTUBHBEIE KOPHU M3 €IUHMILL 060U CTeneHH, Jes-
weit |GL(f)|-

s paspemmmon rpynnsl Gp(f) mocTpouM mocieqoBaTEIbHOCTD HOJI-
rpymmn

{e}zGrC---CGOZGL(f))

11s koTopoil paxkroprpymust G;—1/G; nukmmaeckne. Coorsercraue laaya
[03BOJAET HOCTPOUTE NOCJAEI0BATENILHOCTD 10JEH

K=L.o...oLy=1L,

rae K —mone pasnoxenus mMuorowtena f mag L. Ilpwm srom pacmmpenue
L; o L;_{ BOPMAJIBHO, IO3TOMY MOCIEZOBATENbHOCTb Hoten K D L; o L; 4
JaeT TOYHYIO NOCIEJOBATEILHOCTD

0— G(K,Ll) g G(K, Li—l) hnd G(Li,Li_l) — 0.

Cnegosarensno, G(L;, L;—1) =2 G(K,L;—1)/G(K,L;) = G;—, /G; — muxin-
yeckas TpyINa, NOPAJOK KOTOPOH AEIMT |GL( f)l YuuTHBAA, 9TO IOJE

8 — 1010
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L,_l D L coAepkuT NPUMHTHBHBIM KODEHb M3 eJMHUIE! CTenenu d;
|G L,,Ll_l)l nony4aeMm, 94t0 L; = L;_1(B;), rae PB; — kopens MHOro-
anena r% — ¢;, ¢; € L;_;. Takum o6pazom, L; — paukaisHoe pacimpeHue
noas L;_, a 3nauut, K — pasuxaishoe pacupenune L. flcno TaKXe, 4To
L — pamnkanbaoe pacmmpenwe k. [Tostomy nose Pa3IOXKeHNA MHOTOWIeHa f
ABIACTCA PAANKATBHEIM pacliMpeHneM noas k, T.e. ypasHenue f = 0 pas-
pPEIMMO B paanKajaax. O

23.3. YpaBueHMs, pa3penmMEIe B pajHKaIax

Meur ToabKO YTO HOKasamM, UTO ecau rpymnna l'axya ypaBuenms paspe-
IMMA, TO ITO yPaBHEHHE paspemumo B pagukaiax. Jokaxem Teneps o6parT-
HO€ YTBEPXKJIECHHME.

TEOPEMA 23.3. Ilycts f-— MHOrOWIeH 6€3 KpaTHEIX KODHeN Haj Io-
JeM k, npudem ypaBHenne f = ( paspemmmo B paumkanax. Torga rpymna,
larya Gi(f) paspeumma.

AOKA3BATENLCTBO. Ilo yeaosuio g1a HexoToporo nos L, COJEepXKAILIEro
BCE€ KODHUM MHOT'O4JIEHa f, HMEeTCs TakKas NoC/el0BaTeILHOCTD TIoael

L=L.,>...0Ly=k, (1)
4ro L; = L;—1(Bi), rae B € L;_;. Pacumpenwe L > k npu stoMm He
0643aTEILHO HOPMAJIBHO, HOITOMY HEMNOCPEICTBEHHO BOCIONb30BATHCA CO-
orsercTBueM l'anya meawas. Hadnem ¢ Toro, 4To mocTponM panuxainoe
pacumpenne K O L, ana xoroporo pacmuperue K S k HOpMATHHO.
Ipumennm urgyxumo mo 7. lpu r = 0 yTBepxkjeHne 0YeBMIHO, mO-
9TOMY MO MPEJNONOKEHNIO MHAYKINY MOXHO CIMTATh, ITO MBI YKe IOCTPO-
WM paaukanbHOe pacmmpesue K. 1 O L,_;, 111 KOTOPOro pacumpenne
K,_1 o k nopmanbno. Ilosoxum K' = K,_; u L' = K'(3,) o L. War
MHIYKOUK 3aKII093€TCA B JOKA3ATEAbCTBE CICAYIOMErO YTBEPXK JCHHUA.

JIEMMA. Ilycts K’ 5 k— HopManbHOe pacmmpenue u L' = K’ (B), rae
B" € K'. Toraa cymecTByer Takoe pagnKaibHOE pacmupenne K D L', 910
pacumpenne K O k HOpMAJIBHO.

[OKA3ATEJLCTBO. PaCCMOTpnM HEIPUBO JUMBbIN Hag k MHOro4ieH
9(z) ¢ xopuem B" & K'. Pacmmpenue K' O k HOpMATbHO, IOSTOMY BCE
KopHu MHOrOwIeHa g(7) nexar B K'. llonoxum h(z) = g(z") 1 paccmoTpum

Sidis i

e
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none K — nose pasnoxenus maorowiena h saa K'. Tlokaxem, gyTo more K
061a,1aeT BCeMH TPeOyeMEIMEM CBOMCTBAME.

1. Pacrunpenne K o k nopmaiasHo. JeictBurensHo, pacmupenue K' ok
HOPMA3JBHO, ToaToMy K' — noste pasioxenus Ha g k HEKOTOPOr'O MHOTOWJIEHA
¢(x). B Takom crysae K -—— mose pasnoxenus Hal k Muorowena h(z)o(z).

2. K o L' = K'(B). HeiricrBurensno, K' — K no onpegeserniou € K,
tak kak h(B) = g(B") = 0.

3. Pacumpenne K > L' paguxamsro. Ilycts B-KOpeHb MHOT'OWIEH),
h(z). Toraa {3" — XOpeHb MHOrowleHa g(z), noatomy " € K' < L'. Ocra-
eTCA 3aMeTUThb, YTO noje K monaydaercs B pe3yJbTATe IPUCOEIMHECHMA K
noao L' Bcex xopHen E muorowiena h(x). O

HTax, MOXHO CUMTaTh, 9T0 B (1) mose L — HOpMaJbHOE pacIIMpeHHe
moas k. Bosee TOro, MOXHO CUMTATD, YTO YUCIA 71; IPOCTHIE U CTENEHb Pac-
umpenus L; D L; ) paBHa n; (IpUCOeIUHEHME KOPHSA CTENEHH PG MOKHO
33MEHUTDH Ha NPUCOEIUHEHUE KOPHSA CTENEHN P U NOCIeLYIOLIee IPUCOeTHHE-
HUE KOPHA CTENEeHHN ¢).

W3 mopmasnbpHOCTH paclumpeHus L O Kk caenyer HOPMAJIBHOCTL PACIIM-
perna L D L;—;. Kospuunentn Muorodwrena z™ — B gexar B L;_q, a
ero kopess 3; Jexur B L, HO He JexuT B L;_y. llosTomy y MHOrOWIEeHa
z™ — B ecTs HenmpuBoAMMBEIN Hax L;_; JequTens ¢ KopHeM B, mpudyem
3TOT genuTens oriwdeH ot ¢ — ;. CaegoBarensHo, note L cogepxut ko-
peHb MHOroweHa z™ — B, oraumuHeR OT f3;, a 3HauMT, noxe L coaepxur
OPUMUTUBHBLIA KOPEHb M3 €IMHUILI CTENEHH 7; (MBI NOJB3yeMCs TeM, 9TO
n; — OPOCTOE UKCJIO). ]

IToae L coaepXuT NPpUMUTUBHLIE KOPHY U3 €JUHUIEI BCEX CTENEHEH N,
HO3TOMY OHO COIEPXUT TPAMHATHBHBIA KODEHb £ U3 €IUHULEI, CTENEeHb KO-
Toporo AeanTcs Ha Bee n;. Homoxum L] = L;(e) n paccMoTpuaM nocaeosa-

TeILHOCTD TOATONEH
! p—
L=L oL _ . D L = Lo(e) o Lo = k.
Coorsercrare latya gaeT mocae0BATEILHOCTE TOATPYIIL

{e} =G(L,L') € G(L,L._}) < ... © G(L,Ly) = G(L,k(t)) < G(L,k).

/ —
Pacumpenne L; O L;_, HOpPMalbHO, MOCKOIBKY L;— mone PadIONKeHHS
nag L_, muorourena ™ — B. IlosroMmy mnocre1oBaTeabHOCTD MOJEH
L, , c Ljc L paeT TO4HyIO MOCJIEIOBATENBHOCTE MDY

0—~G(L,Lj) - G(L,Li_,) - G(L;, Liy) ~ 0.

8*
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Taxum obpasom, G(L, L,_,)/G(L, L}) = G(L}, L}_;) — umkamyeckas rpyn-
na nopsiaka n;. Cegosarensuo, G (L, k(e)) — paspemmmas rpynma.

Caegyromuit mar — g0Kka3aTeabCTBO paspemmvoctu rpynnst G(L, k).
Pacumupenne k(g) > k mopmaanho, MIO3TOMY AJIA NOCIEIOBATENBHOCTH IO-
net k < k(e) € L noxydaem TOMHYIO HOCIEI0BATEIBHOCTD rpynn

0~ G(L,k(e)) ~ G(L, k) — G(k(c), k) — 0.

I'pynna G(k(e), k) abenesa (Teopema 22.9 (8) Ha c. 220), nosTomy rpymma
G(L, k) paspermmMa. '

Mocrennmit mar — noxa3aTeTLCTBO paspemuMocTH rpymnel Gi(f) =
= G(N,k), raze N — noe pasioxeHHs MHOTOYICHA f nan k. Hocnegopa-
TEeJLHOCTb nonedt k < N C L gaeT TOHYIO NOCIE10BATEIHHOCTD rpymn

0 — G(L,N) - G(L,k) - G(N, k) — 0.

Taxum o6pasom, G(N, k) —— (paKTOPrpyNna paspelnMoit I'DyIHIL] G(L,k),
& 3HAYMT, OHA CaMa Pa3pelmMa. 0

IIPUMEP. YpaBHenue
" —4x+2=0

HEPa3peluMo B PaJUKATAX.

JOKA3BATENLCTBO. I'pynna lanya muorowrena z5 — 4z + 2 = 0 Hazx Q
paBHa S5 (cm. c. 220). Ocraerca g0Ka3aTh, 9TO rpynna Ss Hepaspemuma.
[Ipex e Bcero sametnwm, uto ecim H G — Takas HOpMaJIbHAas [TOACPYIHIA,
uro rpymna G/H aGeneBa, To ana mobEIX £,y & G aieMeHT zyzty~1
nexnT B H. B rpynme S5 ects Hopmaibuas nojrpynna As, cocrosizas u3
YETHREIX IOJACTAHOBOK. Jlerko mpoBepuTh, 4TO M0G0 31eMeHT rpynnel As
MOXHO IIPeJCTaBUTD B Biie Tyz 'y~ ', rae z,y € As. B camom zere, mio60it
SJIEMEHT IPYNNb A ABIACTCA MO0 UKIOM [JIAHEL 5, 60 HUK/IOM JTUHEL 3,
/60 npou3BeseHreM IBYX Tpancnosuuuit (if)(kl) ¢ momapro Pa3INIHLIMK
4 J, k1. Jing nuxna (12345) noxoxum ¢ = (12534) u y = (12)(35); ana nukaa
(123) mosoxum z = (123) u y = (23)(45); a11 sremenTa (12)(34) moaoxum
z = (14)(23) m y = (123). Taxum obpazom, ectu H c S — HOpPMAJIbHAA
nogrpynna u rpynna Ss/H a6enesa, o H = As (wm S5). Ho B A yXe Her
HOpMaJbHOU noArpymnsl K, g1a koTopoi dakroprpymna A;/K abenepa.

O
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23.4. AGeneBnl ypaBHEHMSA

B Memyape «O cnenuaibHOM Kiacce aareGpandecky PA3pellyMbIX yPas-
HeHuiy A6elb I0Ka3ad TPH BaXKHBIX yTBEDXKACHUA, OTHOCAIIMXCA K paspe-
[IUMOCTY YPABHEHUM B PAIUKAIAX.

1. Ecaim 0MH 3 KOpHEM HENPUBOAUMOrO MHOIOWIEHA [ PallMOHAILHO
BBIPaXKAeTCA Yepes APYrodl KOpeHb, TO pemneHue ypasuenus f(r) = 0 cBo-
IUTCA K PEIIEHHI0 HeCKOJbKUX YPABHEHMI MEHbILIEH CTENEHH.

2. Ecim KOpHM HEMpUBOAMMOrO MHOrowieHa f uMewT BUA z1, 6(x1),
0%(z1) = 6(6(z1)),...,0" (1), rae 6 — Taxas pauuoHaIbHAA (YHKLHA,
gt0 0"(x1) = 23, TO ypasuenue f(z) = 0 pemaercsa B pajuKaiax.

3. Ecin KOpHM HENPUBOAMMOIO MHOIOWIEHa f MMET BUJ I, 02(zy),
B5(z1),...,0n(x1), e B; — Takue paunoHanbHble GynkIMHu, 4To 0,0;(11) =
= 0,6;(z1), To ypaBrenne f(r) = 0 pemaercs B painkanax. Bosee Toro,
ecin deg f = pi' ...py*, TO pemenne ypaBHeHusa f (:f) = 0 cBoguTCA K pe-
IIEHUIO ) YPABHEHUM CTEIEHH D1, ..., N YDABHEHUU CTEIEHH Dy.

Mguoro4ner f, yaacTByowuil B ¢GOPMYJIUPOBKE YTBEPXKIeHUs 3, HA3ZHI-
BAIOT abeqesbim, a ypaBHeHue f(z) = 0 HA3BIBAIOT abeesbiM yPABHEHUEM.
I'pynna Faxya MHOrOwWIeHa g abeneBa TOrAA ¥ TOJIBKO TOIAA, KOI'Aa Pe30Jb-
BenTa [anya MHOrO4wIeHa g sBasercs abeeBbIM MHOrOWIeHOM. Taxum o6pa-
30M, Teopema Abens siBasgeTcsa YACTHBIM ciaydaeM Teopemul lanya: ypasne-
Hue ¢ afeneBou rpymnou [anya paspemmmo B pajukanax. TeM He Memee,
MeToABl AGeNA COXPAHAIT ONPELEIEHHOE 3HAMEHME, IOTOMY YTO IPEAIOo-
JKEHHOE UM PElLICHHE abeeBhIX YPABHEHMH JOCTATOYHO KOHCTPYKTHUBHO.

Meuorounes f, y9aCTBYIOIIUK B (GOPMYJINPOBKE YTBEPKAEHUA 2, OyaeMm
Ha3BLIBATL YUKAUUECKUM abedesbim. Y TAKOrO MHOrowIeHA rpymma [amya
HUKJINIECKAs.

Jl1s pereHus UAKINICCKUX abeneBHX ypaBHeHUN A6ejlb IPUMEHHT Me-
Toaul, paspaborannse Jlarpamxem u [ayccom. Ero sacayra cocrout B ToM,
YTO OH BBRIAETAI Hanbouee 00U KJIACC YPABHEHUM, K KOTOPEIM TPMMEHMMEL
ot MeToAbl. KpoMe Toro, 3aHMMasaCch TEOPUMEN HIMOTHYECKNX (DYHKIMH,
A6enn HalIET HOBBIM MHTEPECHHIM MPUMED UUKINYECKOrO abeneBa ypaBHE-
HUS, 3 KIMEHHO, YDABHEHNE JeJeHus JeMHUCKATH. COBPEMEHHOE JOKA3ATeNb-
CTBO TOTO, YTO YPABHEHHE [EJCHUA JEMHUCKATHL ABIAETCA LUKINYCCKUM
abenenbiM ypasHeHueM, npusegeno B [[IpC).

Haurem ¢ yrBepxaenus 1. OHO OTHOCHTCA K MHOIOUICHAM CIICHUANE-
HOTI'O BHJA, HO ¢ mpoussonLHou rpynnou [anya. JercTBuTensHo, y pesoss-
BeHTH laiya a1060r0 MHOrOWIEHA BCE KODHY DAIMOHAJIBHO BHIPAXAITCH
Yepe3 OJMH U3 KOPHEH.
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TEOPEMA 23.4. a) IlycTs f — HempuBOAMMEL MHOTOUIEH Hax moieM k
(HyJeBOM XapaKTEPUCTUKH), OQUH U3 KODHEH KOTOPOTo PaIIMOHAIBLHO BhIPa-
XaeTCs Yepe3 APyroM KopeHb. Torsa KOpHU MHOTOWIEHA f MOXHO 3aITMCATD
B BHje TabJUIb:

1 — a1 1 _ gp=1(..1
Ty, I; = 6(:1:1), y T 67 (zl
_ —_ ap—1
z.;n, x;n - e(zin)’ Tt .,L.;n e ep (zin)y
rae 6 — Taxas panuonabHas dynkuusa, 9T0 0P(zi) =i, i=1,...,m.

6) Pemenne ypabnenus f = 0 coauTes pelreHno ypaBHeHus g = 0
CTeNeH:H m C KOIpPUUMEHTaMU U3 NOIA Kk M HUKIMIECKUX abeeBbIX ypas-
Henmit hy = 0,...,hy, =0, rage h; — MHOTOWIEH CTeneHn P, KO3 hHUIHEH T
KOTOpOI'0 PAalMOHAILEHO BBIPAXKAIOTCA (HaJ HoJeM k) Yepe3 KOpeHb y; MHO-
rOwIeHa g.

HOKA3ATEJLCTBO. a) Ilycts x4, . .., T, — KOPHE MHOTOWICHA fuzy =

= 6(z1), rae 6 — paunonarsnas gpynxuua. PaccMoTpuM MHOTrOwWIeH o(z) =
n

= [1 (z - 6(z:)) . KosdpuumerTEI 5TOr0 MHOTOWIEHA ABITOTCA CHMMETPHU-
qeéximn QYHKUUAMH OT Z1,...,Tp, HOITOMY OHM NMpPUHALIEKAT MOm0 k.
Muorowienst f u ¢ umeroT o6muit kopens xz = 6(x;). Ho MEOrowen f
nenpusoaum u deg f = deg o, nosTomy 6(z1),...,0(z,) — HekoTopas nepe-
CTAHOBKA MCEN Z1,...,Ty, T.€. KAXJIOMY KODHIO T; OZHO3HATHO COOTBET-
CTBYeT TaKOH KOPEHb Ij, 4T0 z; = 0(z;).

PaccMOTpUM BCEBO3MOXKHBIE LHKIBL z;,0(x:), 0%(x;), . ..,0P " (z;), rae
07(z;) = ;. fAcno, uTo mobkIe ABA MUKIA (Kak MHOX€eCTBa) Jub0 He mepe-
ceKkaroTcd, an6o copnagait. OcTaeTcs IMLIL JOKA3ATh, 9TO y BCEX LUKIOB
ATMHA OfiHa 1 Ta Xke. IlycTs p— nauMenbman giuna uuxia. Ecuu 6°(z) = ¢
AL BCEX T, TO BCe UMKIBI uMeoT amuHy p. Ecim xe 0°(z) # z, To ypas-
werus 0°(z) = z u f(z) = 0 nmeror o6mmit kopens. U3 HenpuBogUMOCTH
MHOrowrena f crenyer, uro 6°(z;) = z; qna Bcex i =1,...,n, MO3TOMY BCe
UMEKJBL MMEIOT ATUHY P.

6) 9106861 B36€KATH PPOMO3 AKX 0603Haenni, 6y 4eM CHUTATD, YTO P =
=3 um = 4. B ofmem ciyyae J0Ka3aTeabCTBO TO Ke caMoe. Tabauiry
KODHEll MOXXHO 3aIUCATH B BUJE

I, Ty = 6(.’1,'1), T3 = 92(11,‘1),
Iy, T = 6(1"4)7 Tg = 62(1:4)7
T7, x5 = 0(z7) Tg = 6%(zy)

b 2
Tio, Tt = e(xlo), L2 = 62(5'310)-
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[lycTh q— IPOM3BOJIBLHBIN CUMMETPHMYECKHH MHOIOYJIEH OT TPEX MepeMeH-
anix Hag noseM k. Torza

o(z1) = q(z1,0(z1), 0*(21)) = q(8(21), 0% (21), 21) = ¢(z2).
Ananornuno ¢(z1) = ¢(z3). Taxum obpasom, eciiun
o(z;) = q(z:,0(x:),6%(2)),

T o) =) =el@) =a,  o(za) = ¢(@s) = 9(zs) =g,
o(z7) = ¢(z3) = ¢(z9) = g3,  @(T10) = @(z11) = ¢(T12) = G-
12

ToaToMmy g1 +q2+q3+q4 = ~13- 3" ¢(z;) € k. PaccmaTpuBas BMECTO pyHKLIMK
i=1

q dbyrxumu ¢%,¢%, ¢, morygaem, uro Y- ¢%, 3¢, 3 ¢* € k. 310 osnauaer,

410 KO>pUIMeRTH MHOroweHa | [(y — ¢i) exat B none k.
Ecau r — ele OJNH CAMMETPUYECKHA MHOIOWIEH OT TPeX NePeMEHHBIX,

TO MOXHO PaACCMOTPETh CHMMETPUYECKHE MHOI'OWIEHBI rqu’,l 7 0,1,21,3.
OnpeaenuM r; TOYHO TAaK XKe, KaK ¢;. Cucrema ypaBHEHUH Ti1q; + Tagy +
+ragh +r4gh = Ry, rae 1 = 0,1,2,3 u R; € k, noxassiBaer, 4To i = (?(q,'),
rae & — HeKOTOpas pauMOHAIbHAA GYHKIHMA (OJHA U Ta XKe [ Beex i).
Ilycte g = ty +ta +t3, v = tita + L2tz + tsty u ¥ = titats. Torga
@1 = T3 + T2 + 23 = ¥ (KOpeHb MHOrOWIEeHA My - ¢)), i = z122 +
+ 2973 + z3x1 = (1) U Ty = 12223 = (y1). [losToMy Z1, T2, T3 — KOPHH
ypaBHEHHA B
® — 2’ + ®(y)z — ®(y) =0,
rae ® n & — paumonanbHbIe GYHKIMHE. DTO ypPaBHEHHE ABIACTCA LIHKINTE-
CKIM abeleBEIM, TIOCKOIBKY Tz = 0(21), 3 = 0%(z1) 1 21 = 6°(21) O

TEOPEMA 23.5. a) AGeneBo DMKINYECKOE YPABHEHHE PAa3PeLIMMO B pa-

AMKAIAX.
6) Pemenns abereBa IMKIWYECKOrO yPaBHEHHA CTENeHU n = pm CBO-

OUTCA K pellleHnio IByX abeseBbIX TMKINYECKNX YPABHEHUH CTEIICHEN P U M.

MOKABATEJLCTBO. a) Ilycts f— abenes unx.rinqecxnﬁ MHOFO'WIEH
CTeHeHn T ¢ KODHAMM ZIy,...,Zn; € — NPUMHTMBHHIA KODEHb CTe’?eHH n
¥3 eauHUIBE O-— Taxkas palnMOHambHam (QYHKIMA, €UTO T4l = 6%(zy) u
zy = 6™(x;). Paccmorpuym pezoaveenmy Jazpanaca

(", 21) =1 +€70(z1) + e270%(zy) + ... + VTN (g,
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Tak kak zx+1 = 6%(z;), To

(€7, zk11) = O%(z;) + e"0F 1 (z)) + 02 (z) +... = Z e 043 (2y).

Acro, uro 6¥+%(z1) = z, mpu s = n—k, nosToMy (¢7, Zpy1) = ePRT (e g).

T
B wacrroctu, (7, 2x41)" = (7, 21)". CrepoBarensuo,

€ 2)" = ()" == ()" = = 320" = (o),

A€ Up — pAMOHANBLHAA DYHKIINA.
Taxum o6pasowm,

2L+ e70(z1) + €70 (21) + ..+ eMTITGD () = 1/ ()

mpu r = 1, ..., n — 1. KpoMe Toro, aas r = 0 TOJIYy4aeM T3 + Tp + ...
-+« +Tp = —a1, TAE 61 — KODGDUIMEHT MHOIOWIEHA f mpu 2", Caoxum
BCe paBeHcTBa A T = 0, 1,...,n— 1. Cymma koadpdummenTon npu z; 6yger

paBHa n, a cymMa koadduuuentos npu 6™ (z,), 1 <m <n-1, OyaeT paBHa
L4e™+e?m  pen=-Dm _
Uraxk,
nry = a1+ Yur(e) + ...+ Yun_ ().

Ecnu xe paBencTso ¢ Homepom r AOMHOXHTH Ha € *" 10 anasoruuno mo-

JY49UM
nTyp1 =ay +eF Y u(e) +... e kD YV un-1(g).

Hecnoxuo nosyauts u 4yTs 6onee Tounoe BBIDAXKEHUE:

NTe+1 = a1 +y+ Asy® + ... + Any™
— ek an

raey =€ " 3/uq(e), As,..., Ap_1 — HOCTOSHHLIE BEIUYHHEL, PAMOHAILHO

BBIpaXKaromuecs 1epes €. JelicTeurensHo,

(Era zk‘l’l) - E(n—k)r(€r7

_ z1) (", 21) _ us(e)
(E1$k+1)r (En_k(ervzlw

©a) ~ Rfm@©)

ITO O3HAYAET, 4TO A, panuoHaabHO BLIDAXKACTCA I€PE3 € M CHMMETpIye-
CKHe (DYHKIUH OT Zy,...,T,.

A,.
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6) YTo651 m36€XKaTh FPOMO3IKUX 0603HAYEHMH, 6y 1eM CIUTATD, YTO P =
=3 um =4. B o6meM crygae jokaszaTeabCcTBO TO xke camoe. [Iycrs

Y1=T1+2T5+Ty9 =27 +94(1‘1) +68(.’IJ1),

y2 =22 + Tg + T10 = 0(21) + 6°(1) + 6%(z1),

ys =3 + &7 + T11 = 0% (21) + 6%(21) + 6'%(2y),

Yo =Tq + o5 + 212 = 0% (21) +07(21) + 0" (z1).
B paccMaTpuBaeMOM CHTYAIIMY BEIIOJHSIOTCS yCIOBKA TeopeMsl 23.4 (c 3a-
veHo# O Ha 6%), moaTomy z1, 6%(z1) 1 68(z;) — KOpHE HUKIIIECKOTO abeeBa
yPABHEHHA CTENEHN P = 3, KO3GDPHIMEHTH KOTOPOIO ABIAITCA PAIMOHAID-
HBIME QYHKOMAME OT ¥y;. Kpome TOro, y1,¥2,ys ¥ ¥4 — KODHH yDaBHEHHA
crenery m = 4 ¢ paumonanbubiMA Kodhduimentamu. Hyxuno nmmub xoxa-
34Th, 9YTO 3TO YPABHEHMUE fABIAECTCA HMKINIECKUM abeIeBEIM.

IIycts

q(r) = (6(.’1)1) + 65(2}1) + 69(1'1)) (1:1 + 64(.’E1) + 98($1))l.
Torga q(x1) = y2y} . Kpome Toro,
ql(zg,) = (xg + T10 + 172)(1‘5 + x9 + 1'1)l = ql(.z'l).

AnanoruaHo q(z9) = ¢;(T5). AHATOrHYHBIEe PACCY XK AEHUA NOKA3BIBAIOT, YTO

Y3y = q(z2) = qi(z6) = qi(z10),
yayh = q(z3) = q(z7) = q(z11),
Y1vh = q(za) = q(zs) = @ (z12).

1 12

CaegoBaTeasHo, Yoyl + yayh + yavh + yivh = 1 S q(z;) € k. Cucrema
i=1

yDaBHEHHI ygy{ +...+yyy =T, rael =0,1,2,3 u T} € k, nokasumaer,

910 Y2 = @(Y1), ¥3 = ¢(¥2), ya = @(y3) 1 y1 = @(y4)- a

CJaeAcTBUME. Hukaudeckoe abeaeBo ypaBHEHHE cTeNeH 2" pelaeTrcs B
KBaJPATHHIX PajJuKaIax.

23.5. Kpurepuu AGens—Tarya paspemmmMocT! ypaBHEHUS
IPOCTOM CTENeH:
IJsapuct 'anya norub Ha gyanu, He yCHeB OnyOIMKOBATL CBOUX OCHOB-

HEIX MCCJeJOBAHMH [0 TEOPUM PA3PEMIMMOCTH YPaBHeHUH B pagukaiax. Ho
HEKOTOpLIE CBOU PE3YJBTATHL OH BCE Xe ycrel onmy6ankoBaTh. B neboabmon
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3ameTke B «Bulletin des Sciences mathématiques» (1830) T'arya coobumaun,
YTO OH MPHLIEN K CAEAYIOIEMY PE3yAbTaTY:

Ana Toro 4T068I ypaBHenme npoctoit cremenn pelanocs B pajukaiax,
HEOOXOAHMO ¥ JOCTATOYHO, ITOGHI P 3HAHHH JBYX KaKHX-HHOY b €ro Kop-
Helf OCTAIbHBIC BHIBOAWTHCH U3 HUX DAIHOHAIbHO.

HUrrepecno ormernTs, uro B 1828 r. A6es mucan Kpeamo, 14To on Ha-
LieJl KPUTEPU Pa3PeIMMOCTH B PAAUKAIAX yPABHOHUA IIPOCTOH CTEeeHH.
Ab6enr copmyupoBaa cBoi KPUTEpHA IIOYTH TakK e, Kak u I aiaya: «B
JI060M TPOiike KOPHEH OMH KOPEeHb JOMKEH PAIMOHAILHO BBIPAXKATHCA de-
pe3 gBa apyrux». Ho Hukakux cBugeTeanctB o gokasaTembcrse AGers me
COXPaHMJIOCh.

TEOPEMA 23.6. a) Henpusoammoe Hagx Q ypasuerue f = 0 mpocroi
CTENeHu p pa3pemmmoO B PAJUKAIAX TOT A M TOJIBKO TOFAA, KOT,Ja €10 KOPHM
MOXKHO 3aHYMEPOBATb TaK, UTO J06as MOJCTAHOBKA G M3 I'DYIIEI Tanya
Oyner umets Buj o(i) = ai + b (mod p), rae a Z 0 (mod p).

6) Henpusoaumoe nag Q ypapuenme f = 0 mpocroit crenenu p pas-
DEIMMO B PAaIMKANaX TOra M TOIBKO TOIA, KOTJa BCE ero KODHM pa-
[IMOHATLHO BHIPAXAIOTCA epe3 Jobbte Asa kopHA. (MHbiMu croBamu, ecan
a1, ..., 0p —— KOPHHU ypaBHeHus, TO Qas , ..., ap) = Q(ay, ;) A1A MOBLIX pas-
JUYHBIX © M §).

HOKABATE/NBLCTBO. a) [aa ykasauuoit IPYONBL 33aKOH YMHOMKEHUsA
uMeeT BUL (a1, bi][az, ba] = [a1az, a1bo + b1]. Paspemumocts Taxoi CpyIIEL
AOKa3aHa B TEOpEMe O MPOCTHIX PAAMKAIBHBIX PACIIMPEHMAX (Teopema 22.9
Ha c. 220). MoaTomy ocraercs AOKa3aTh, YTO €CIH HEMPUBOAUMOE ypaB-
HEHUe TIPOCTOM CTEeNEHH P pa3peiumMo B pajukanax, To ero rpymma Larya
COCTOUT M3 npeoGpa3OBaHUN YKA3AHHOTO BUJA.

lipu moxasarenscTee Teopemur 06 YPaBHEHHAX, Pa3peIINMEIX B DA, IUKa-
J1aX, ObLIO OKA3aHO, ITO MU PA3PEIIMMOr0 B Pa,THKANAX ypaBHenus f =0
CYWECTBYET MOCIEA0BATRILHOCTD PAAUKAILHEIX PACHIMPEHUH IPOCTHIX CTe-
neHen

L=L.oL, >...0Li=Lo(e) Lo =Q

TAe € — NPAMUTHUBHLIA KODEHb U3 €IMHMIALI CTEIEHH [L : Q], pacmpenue
L > Q nopmarsHo 1 nose L cogepxut nose pasnoxenus N MHOrowrena f.
lpu stom G(N, Q) — dakroprpynmna G (L,Q) no G(L, N). MMosromy gocra-
TOIHO NOKa3aThk, ITO MoGou aBToMOppu3aM mons L magz Q nepecTaBiafeT
KOPHM MHOTOY/leHa f yKa3aHHBIM BBIlIE 0GPa3OM, T. €. KOPEHb C HOMEpOM %
3aMEHAETCA HA KOPEeHb C HOMEpOM ai + b.
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MoXHO cuKTaTh, 4TO noae L!._; COAEPKUT He BCe KOPHM MHOTOWIeHa f.
JoKa3aTeIbCTBO TEOPEMEL OCHOBAHO Ha TOM, YTO MHOIOWIeH f HeNPUBOIUM
wan L_, u crenens pacmmpenus L D L, papHa p. ITO 03HAYAET, TO
10 CaMOTO MOCIEAHEr0 PaAMKAILHOIO PACUIMPEHNs MHOrOLIeH f ocTaeTcs
HENPHMBOIUMEIM, 4 HAa NOCJAEJHEM IIare OH CPa3y Pa3NaraeTcs Ha JHHEUHEIE
mHOXHUTenn. TpefyeMoe yTBepxieHne O4eBUIHLIM OOpa3dOM BHITEKACT M3

CACIYIOMEH JEMMEL.

JIEMMA. IlycTs MHOTOuUnen f HempmBoauM Haj moaeM k, cogepxkammem
NPUMHUTHBHEIA KODEHb M3 €IWHHUILI CTENeHM ¢, rje ¢ — IPOCTOe HHCIO.
Mycts, aaree, K = k(B), rae B? € k. Torga muorounen f Han noiem Ig
au60 HenmpuBOAMM, JUOO Da3JaraeTCs Ha ¢ HENPUBOLUMBIX MHOXHUTEJNEH
OAWHAKOBOM CTEIEHH.

IOKA3BATENLCTBO. Ilycrs L — none pasnoxkenus Mmaorowiena f mag k.
Mone k cOZep>XUT MPUMATHBHEI KODEHb CTENEHHN ¢ K3 eINHHILI, IIO3TOMY
L(B) — noze pasnoxenus muorowiena f nan k(B).

TocnegoBateasHocTn pacumpennit L(B) > k(B) o kn LB) o L o k
JalOT TOYHEIE MOCJAEL0BATEILHOCTH

0 — G(L(B), k(B)) — G(L(B), k) - G(k(B), k) —~ O,
0— GILE),L) — G(L(lpli), k)~ G(L,k) —0.
TooTomy
IG(LE), k®)]- |G k@), k)| = |G(L, k)| - |G(LEB), L),

Cornacro Teopeme 22.5 (cm. c. 218) rpymnsr G(L(B),k(B)) n G(L(B),L)
apasoTes, cooTseTcTBenro, moarpymnamu B G(L, k) n G(k(B), k). Kpome
TOro, coracHo Teopeme 22.9 (6) ma c. 220 rpymmet G (L(B), L) u G(k(B), k)
aBagioTcA noArpynnamu rpynnsl Z/qZ. Ilo yciaouio g — npocToe <mcio.
IosTomy B Z /qZ HeT HETPUBHAIBLHLIX NOACDPYIIN, & 3HAYHMT,

[G(L.k) : G(L®), k(®)] =1 nm g,
NpUYeM HHAEKC PaBeH ¢ JIUIIb B TOM ciydae, korga rpymia G(L(B), L) Tpu-

suambaa, T.¢. G(L(B), k) = G(L,k). B orom cayuae G(L(B), k(B)) — nop-
MaabHag noarpynna B G(L, k) ungekca q.
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Hanomuum, 910 MHOrOWIeH (6€3 KPATHEIX KODHEH) HENPHBO UM TOrAa H
TOMIBKO TOrAa, KOorja ero rpymna latya TpansuTusHO geficTyer Ha KopHAX
(Teopema, 22.6 Ha c. 219). IoaTomy HYXHO PaCCMOTPETH JHIIb CIy4Yal, KO-
rxa H = G(L(B), k(B)) — HopManehas nogrpymma s G = G(L, k) nugexca q.
B orom ciywae G/H = 7/qZ, nosromy G = {H, gH, g*H, . .. 9" HY} s
HekoToporo g € G. Ilycrs ay,...,d, — KOPHM MHOrO4WIeHa f. Noaoxum
Ha; = {h(o;) | h € H}. Muoxecrsa Ha; u Ha; m6o cosnaaator, 160 ne
nepecekarorca. Ioatomy muoxecrsa Hay u gHa; = H g(a1) ubo cosna-
AaioT, mbo He mepecekaoTcA. B nepsom caywae rpynma H AEUCTBYeT Ha
MHOXECTBE KODHell TPAH3MTHBHO, 2 BO BTOPOM CIyuae MHOKECTBO KODHe#l
Pa3buBaeTCA Ha ¢ MOIMHOXECTB OJMHAKOBON MOIIHOCTH, Ha KaXJOM 13 KO-
TOpeIx rpynna H geicreyer rpamsutusHo. Ilycts n = rq u H Tpansurusmo
JEUCTBYET Ha MHOXECTBE Qg .- -,%,. Torga H coxpanser Bce KO3 dunu-
EHTE MHOTOWIEHA (T~ )-. .. (Z—a;, ), & 3BHAYAT, ITOT MHOLOWIEH ABAACTCS
HENPUBOAMMBEIM MHOIOWIEHOM Haj noJeM k(). )

Wrax, Muorounen f nenpupogum Hax nosem L; | n paznaraercs Hax no-
dem Ly = L, _,(B), rae 8 e L'_,, na tuneinse MEoxuTem. D10 O3HavaerT,
B MaCTHOCTH, 4TO ¢ = p. Takum ob6paszom, L = L! — npukandeckoe pacum-
penme crenenu p nona L;_,, npudem mose L._; COAEPKUT MPUMHTHBHDIN
KOpeHb cTenenu p us equnnust. Caegosatensuo, G(L, L. ) = Z /PZ. llycts
6 — obpasyiomas oToit rpymmst. Kopan a, . . ., a, MHOrowIeHa f moxno 3a-
HYMEPOBATb TaK, 9T0 o(i) =i + 1, T. e. 0 mepeBoguT @; B Ait1-

I'pynnma G(L,L!_,) sasaserca HOpMatbHO nogrpynnou B G(L,L!_,).
HycTe 1 — npoussonenas moacramoska n3 rpynnaer G(L,L,_,). Torza
ot ! e G(L,L_,), 1.e. tor! = 0% qan HEKOTOPOro a. JTO O3Ha4aer,

410 70(1) = 6%1(i), T. €. T(i + 1) = 1() + a. Takum o6paszom,

1(2) =t(1) +a,
(3) = 1(2) + a = (1) + 2a,

W) =t(1) + (i —Da=ai+ (:(1) —a) = ai + b,

rae b = 1(1) — a. [logcTanoBka T umeeT TpebyeMmuIit B,

Moxaxewm Teneps, 4o ecan B rpynme G(L, L;,) Bce noacranoBku nmeror
Bua (i) = ai + b, To B rpynme G(L,L;,_,) Bce MONCTAHOBKA TOXE MMEIOT
TakoH xe Bug. 1 10Ka3aTerbcTBa MBI BOCHob3yeMcs TeM, uro G(L, L! )
COMEPAKUT NOACTAHOBKY o(i) =i+ 1u G(L, L) apasercs HOPMAJIBLHOM MO -
rpynmnou B G(L, L}, _,). IlycTs u— npouseonsras NOJCTAHOBKA U3 TDYIIIHI
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G(L,L',_,). Torza uou~! e G(L,L},), nosromy uou='(i) = ai +b. Aua

j = w1 (i) moywaem yo(j) = au(j) +b, T.e. u(j + 1) = au(j) + b. pexze
BCQF‘O nokaxeM, 4to a = 1. I[eﬁCfmnTenbno,

w(2) = au(1) + b,
u(3) = au(2) + b= a’u(1) + ab+ b,
u(4) = au(3) + b= a®u(1) + a®b + ab + b,

v

u(G) = lu(l) + (@ 2+ +. . +a+1)b
CrnegosaTensio, u(l) = u(p+1) = aPu(l) + (a?~ ' +aP~2+...+a+1)b, T.e.
(1-aP)u(l) = @ +a”? +...+a+1)b(mod p).

YMuO)MM 06e JacTH Ha 1 — a u Bocnoabayemcs TeM, 4To af = a (mod p).
B pesyabTaTe mOLy1UM

(1 —a)’u(1) = (1 - a)b (mod p).

Ecm a # 1 (mod p), To u(l) = (1 — a)~'b (mod lp) Ho Torga Te xe camble
pacCyKAeHnd MoKa3emaieT, 4to U(2) = (1 —a)~'b (mod p), 1ero ve MoxeT
OBITE. .

6) Ecau HempuBoguMOe ypaBHEHUE TPOCTON CTENCHU p:j\:spemnlfao B p'a,lU;I)-
Kanax, To ero rpymna [anya cocrouT ua npeo6Gpasoannu Buja i — ai +b.
JlioGoe mpeobpasoBaHue TAKOTO BUJA, UMEIOLIEe [IBe HeNOABIKHLIE TOUKY,
TOX IECTBEHHO. DTO O3HAYAET, UTO IIOC/TE MPUCOSANHEHNA ABYX KOPHEH &; U
a; rpynma alya cBOAMTCA K TOX/AECTBEHHOMY NPEOOPA3OBAHMIO, T. €. BCE
kopun dexat B Q(a;,a;). ]

TIpeAnon0oKUM TeNeph, YTO 1A MOOBIX ABYX Pa3MHBIX KOPHEM &; U ;
none Q(a;,q;) COZEPKAT BCE OCTATbHBIE KOPHU. JTO O3HAYAET, YTO €C/IH
npeoGpasopanue u3 rpynnsl [arya ocTaBIseT HENOABMXKHBIMU [BA KODHA,
TO OHO OCTABJIET HETIOABMKHEIMU U BCE OCTANBHEIC KOPHH, T. €. moﬁuoe HeTo-
K JeCTBEeHHOE Ipeo6pa3oBaHue MeeT He GoJiee OHOU HENOABIKHOM TOYKH.

I'pynna Fanya G TPaHIMTUBHO IEHCTBYET HA P-DIEMEHTHOM MHOXECTBE
{a1,...,%p}, nodTOMY |G| mesmuTcs HA p.

JIEMMA. Ecuan uncio sneMeETOB rpynnkt G 1e1uTCA Ha IPOCTOe HUco p,
T0 rpynna G COXEPXKUT dAEMEHT MOPALKA P.
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HOKA3ATEALCTBO. Ilycrs |G| = n = mp. Hpumerum MHIYKIHUIO IO M.
Ilpy m = 1 yreepxzgenne ogesngno. Ecm B G ecrs coOCTBEHHAA HOJ-
rpymma H, gns xoropoi uraekc [G : H| we nemwrcs Ha p, 10 |H | me-
JUTCA HA p ¥ MOXHO BOCMNOJIBL30BATHCA MPEAINOOKEHHeM MHAYKImA. [Io-
9TOMY MOXHO CYMTaTb, TO MHAEKC JI0GOH COGCTBEHHOM MOATPYHIBI fe-
JNTCA Ha p.

Ans x € G pacemorpum noarpymny Ny = {g € G | gzg™! = z} u
K1acC conpsKeHHBIX aneMentoB G, = {gzg™" | g & G}. fAcwo, uro |G| =
=[G : N;]. K1accl conpsxensEx a1eMenToB 1160 e TIepeCeKaloTCA, Ju6o
COBNIAZAIOT, IOBTOMY N = My + ... + Ny, TA€ N; — YACIO JIEMEHTOB B i-M
Kxiacce conpaxennoctu. o yenosuio wucio n; mu6o paswo 1, m6o semnres
Ha p. Eetw n; = 1, o cooTsercTByomuit snement KOMMYTHDPYET CO BCEMH
SIEMEHTAMu Ipynnsl G, T. €. IeXUT B €€ [eHTpe Z (G). Kommuectso n;, pas-
HBIX 1, felmTcs Ha p 1 OTiIMMHO OT Hyas (emMHMYHOMY d7EMEHTY Tpymmbr
COOTBETCTBYeT n,; = 1), moaromy Z(G) — abenena, CpyIINa, MOpALOK KOTO-
poit gemurca Ha p. CregoBaTensro, B Z (G) ects snement mopaka p. |

OJIEMEHT G TOPAIKA P B rpynne G C S, ABIAETCA UMKJIOM [JIHHBI p.
Hocne nepenymepanun xopre# MoxHO CYUTaTh, 9T0 0(i) = i + 1. [lokaxewm,
ATO SJEMEHT G NOpoXiaeT B G HOpMadeHyo noarpymny. llyers 1 & G.
Toraa to1™! # id n (10177!)? = id, T.e. tor! — muxna AauHet p. Hycts
w0t (i) = i+a(i) = 0°®(i). ¥ mixaa gmme p s rpymme S, He MOXeT GHThL
HENOABMAKHBIX TOYeK, NodToMy a(i) # 0 ans Beex 1. Takum o0pa3om, ¢yHk-
1A a(i) Ha P-5IEMEHTHOM MHOXECTBE IPHHUMAET He 6oee p—1 pasnmninrx
3HAYEHHUH, [I03TOMY HEKOTOpOE 3HAaYeHUe ¢ OHA IPUHMMAET B ABYX pasii-
HBIX TOYKaX ¢ M j. JTO O3HaYaeT, 4TO npeobpasoBaume ¢ %tor=] uMeeT
ABE Henoasmxubie Touku. Ho moGoe mpeoGpasosanue u3 rpynner G, mve-
follee ABE HEMOJBMNHBIC TOYKM, ToxAecTBenHo. Ilosromy tot™1(i) = g°.

13 pasencrsa 16171 (i) = 6* creqyer, uro (i) = ai+b,rae b= 1(1) —a.
I'pynma, cocroaman u3 moacTanoBok Takoro BH A, Pa3pemuma. |

CaexcTBUME (Kponekep). Ecan nempusoumoe Han Q ypasenne mpo-
CTOH CTemneHu p > 3 paspemmmo B pajuKanax, TO KOJIUYeCTBO ero Bele-
CTBEHHEIX KODHEeH paBHO 1 wm p.

M OKA3ATEJILCTBO. Yucno p HeweTHO, MIOITOMY ypaBHEHHE CTENeHU p
UMEET XOTs Obl OAMH BemleCTBeRHbI KopeHb. Ecan paspemmmoe B paguka-
/18X ypaBHEHNE IPOCTOM CTENeHN P UMEeT [Ba BEIeCTReHHBIX KOPHA a; I aj,
TO BCe ero Kopuu aexat B Q(a;, a;) < R. O
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24. Brprauciaenue rpymm larya

24.1. [uckpamusHanT ¥ rpyrma larya

TeoPEMA 24.1. Hycte A, < S» — 3HAKONEPeMeHHas rpynma (T.e.
rpyIna YeTHHX MOACTAHOBOK), f € Z[z]|— HempMBOIUMBIN MHOTO'IEH CTe-
nenu n co crpammym Koadduuuentom 1. Torga rpynna lanya Muorourena f
#a1 Q cogepxuTca B Ap, B TOM ¥ TOJIBKO TOM CIy4ae, KOrd JUCKPUMUHAHT

D(f) aBaseTCA NOMHEIM KBAJPATOM.

MOKA3ATEILCTBO. Ilycts ay,...,%, — kopHu Muorowiena f. Toraa

D(f) = Il(a - a;)?. Pacemotpum uncao & = 3(f) = il;[j(qi — a;). Eom

o(8) = [ (o(e:) — o(ay)) = (-1)°.
i<j
Mo ycnosuio Muorowresn f nenpusoxum. IlosTomy, B wacTrOCTH, § # 0.
CrenoBareabso, Bce aBToMopduambl 6 € Gg(f) coxpamaior 8 Toraa u
TOAbKO TOraa, koraa Go(f) < A,. C Apyro# cTOpOHEI, BCE aBTOMOPOUIMBL
o € Gg(f) coxpansior d Torja u TOILKO TOrAa, koraa d & Q. ]

HpuMep. Hycrs f(z) = 2° + az? + bz + ¢ — HENPUBOAUMEIR MHOTOYJIEH
Hag Z, D —ero guckpumunant. Torga Go(f) = Az, ecm vD € Q, n
Go(f) = Ss, ecin vD & Q.

JOKA3ATEILCTBO. MHorouies f HenmpuBoguM, moaToMy rpymma l'a-
aya Gg(f) TpausurupHa. B S3 ecTh TOABKO OfHAa TPAH3UTHBHAA TPYMNa,

0
oTanyHaA oT S3, 4 HMEHHO, Aj.
24.2. Pe3ospBeHTHEIE MHOT'OWIECHEI

HOycte ¢ € Qfzy,...,z,] 1 Gy —rpynna, cocTosmas U3 NOACTAHOBOK

¢ € S, 1A KOTOPHIX G¢ = @, T. €.

(P(xc(l)v- .. 7~730(n)) = (P($1, ey Tn).

Tlox gelicTBHEM DIEMEHTOB Sy, M3 QYHKIMH ¢ IOy YalOTCA PA3TUIHEIE PYHK-

I Q) = @, @2 = T2Q, ..., Pm = Tm@. lpu aroM m =[S, |/|Gl.

TIpuMEP 24.1. Ecmun ¢ = z,T2+23%4, TO G,\o COCTOHMT M3 TOX AECTBEHHON
noACTAHOBKHM 1 nogcTanoBok (12), (34), (12)(34), (13)(24), (14)(23), (1324)
u (1423). IIpu 5TOM @3 = T1T3 + T2%4 ¥ Q3 = T1T4 + T2T3.
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Jlerko nposeputs, yTo Gy = TiGot;, !, B camom Alesie, PABEHCTBO 0; =

= (i SKBUBATEHTHO PABEHCTBY 0T;¢ = 1;¢. IToaTomy 7ot e Gy, T.e.
o & 1,Gy, 1}

Hycts f(z) = 2"+ ap_yz ' + ...+ Qo —— MHOFO'WIEH C HEJBIMH KO3Gd-

bummentamu u ¢ € Zlz,,.. ., Zp]. Onpegeaum rpymny Gy, ¥ MHOTOWIEHH
P15- -+ Pm, KaK U BhIIE. Pe304b6enmubin MHO20UAEHOM HASBIBAIOT MHOI0-
4ned

m

Res(o, /)(@) = [[(« - i(ar, .., ),

i=1
TA€ dy, ..., %, — KOPHM MHOIO'LIEHs, f.

Koo dunmentrr pesoassenTroro muorowena LeJIble, MOITOMY €0 MOX-
HO BBIMMCIMTE, HPUO/IMKXEHHO BEIYMCIUB KODHM MHOTOWLICH: f. (Kosdpu-
[HMEHTHL PE30IBBEHTHOIO MHOTOWICHA BEIMUCJIAIOTCSA € JOCTATOTHON TOYHO-
CTBIO ¥ OKDYIVIAIOTCA 0 OJMXaMIuero neaoro 9HCIa. )

TEOPEMA 24.2. Mycts pesonnpenTHmL MHOro4ieH Res(q, f) e umeer
KPAaTHBIX KOpHed. B Takom ciayuae rpymna lanya Muorowrena f man Q co-
AEPXKUTCA B FPYIIIIe, CONPAXKEHHOM Ipy e Gy, TOr 12 ¥ TOMBKO TOT A, KOr A
MHOrouwien Res(g, f) umeer nerouncrennri KODEHb.

JOKABATEILCTBO. Mpexmonoxmm CHavaJa, 4To

GQ(f) < TGCPT_I = Glpi ’

rie ¢; = 1. Torga wucio ¢;(ay, ..., a,), aBamomeecs KODHEM MHOIOWJIeHa
Res(¢, f), coxpanserca non AEHCTBHEM BCeX Npeo6pa3oBanny ua rpynne [a-
J1ya, I03TOMy OHO paunoHaubro. Ho wncna ay, ..., a, — nerste antrebpamde-
CKHe, 3 KO3PDUIACHTH MHOTOWIEHS, Pi LEIBIE, NO3TOMY IMCa0 @;(aly, . .., Ay )
uesoe.

[Ipeanonoxum Teneps, aTo uncio @i(ay,. .., a,) nemoe. Ilo YCIOBHIO y
PE€30ILBEHTHOr O MHOIO4/IEHA HET KPATHEIX KOPHEH. JTo O3HAYAET, YTO eCIN

o(p,-(al,...,an) = (pj(al,...,an),

TO Tj_lcm- € G JIobas nogcranoska ¢ w3 rpymms: Tanya coxpanser nenoe
G0 @i(Qy, . .., Ay ), HOITOMY 11 Hee § = J,T.e.0 € 1,Gyr |

Bocnosraosasumcs Teopemamu 24.1 u 24.2, MOXHO BBHINHCIATE rpymnmy
Tanya mo6oro nenpuso guMoro Muorowrena f(z) = 2% +a, 3 +arx®+azz+ay
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c nenpiMu koddpdunuentamu. [Ipex e Bcero sameTun, 4To B 54 ¢ TOYHOCTBIO
AO CONPSKEHHOCTH €CTh JHUIIb CJIeyIONINe TPAH3UTHBHEIE MO PYIIIb:

1) Bca rpynma Sg;

2) anaxonepemenHaa rpymnma Ay;

3) rpymna guasgpa mopsajgka 8, onucamHas B mpuMmepe 24.1; 3Ty rpyumy
o6o3HaunM Dy;

4) rpymna Kreitna nopsaaka 4, cocrosman u3 moacramosok (12)(34),
(13)(24) n (14)(23); Ty rpynmy o6o3naxum Vy;

5) umcrraeckas rpymnna Z,, NopoxaeHnas maiiom (1234).

Umeror mecTo crenyomue skiodenus: Vy © DsNAy uZg © Dy, npuuem
Z4 & A4.

Beraucienve rpynne lanya sadseMm ¢ TOro, 4To BEIMHCAUM JUCKPHMH-
Hant D muorourena f u pesyabTamTHEI MHOTO4neH Res(o, f)(z) pia @ =
= 1% + T374. HecloxubIe BHIYUCICHUA IOKA3KIBAIOT, YTO

Res(p, f)(z) = 2° — a22” — (a103 — 4a4)z — asa} — dasa, — al.

Jlerko mposepuTs, 9TO0 y MHOrOwIeHa Res(g, f)(z) neT xpaTHEIX KOpHEi:.
Hycrs, nanpumep, a;as + azay = araz + ae2aq. Torga (a; — ag)(az —az) =0.
Ho y mMuorowiena f ner xpaTHEIX KOpHEH, HOdTOMY o) # a4 U ap # o3.

Ecim y pesylbTaHTHOrO MHOrOWIEHA HET LEJIOYHCACHHBIX KOPHEH, TO
rpynna lanya pasra Sy niu A4. PasauuTs 3T# CPYIIE MOXHO C HOMOMIBIO
AuckpumuHanTa D: ecm D — nonusid kBagpar, To rpynna Larya pasna As;
B IDOTHUBHOM CJIy4ae OHA paBHa Sj. )

Ecan xe y peayIbTaHTHOTO MHOTO'WIEH €CTh HENOYHCICHHBI KOPEHD, TO
rpynna lanya pasra Z4, Vy wm Dy. U3 srux rpynn Toaexo Vy cogepxurcs
B Ay. Hosromy ecim v D — nenoe 4uci0, To rpymna ['arya pasma Vj; B
IIPOTUBHOM CIy4ae OHA paBHa Z4 uian Dy.

Pasauawrs rpymnst Z4 1 Dy MOXHO € HOMOIMIBIO PE30IBBEHTHOTO MHO-
rOIeHa, IOCTPOEHHOI'O MO QYHKIMA

2 2 2
Q= zlzg + zoxy + X337y + T4,

Ans xoropot G, = Z4. Ho B 5TOM Ciy4ae y pe3oibBEHTHOr'O MHOTOYIEHA
(cTemenu 6) yxe MOTyT 6HITH KpaTHHE KopHU. HanpuMep, pasencTso

2 2 2 2 2
alag + a2a§ + agai + 0] = o) + doay + agds + aza]
SKBUBAJICHTHO PaBEHCTBY

(o1 —ag)(ag + ag) + azoy = 0. (1)
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Ho ecu kaxab1il KOpeHb @; 3aMEHUTH Ha Q; + @, TO TIPH HEKOTOPOM @ Pa-
BeHCTBO (1) yxe He 6yA€T BHIIOJIHATHCA.

B ofimem ciy4ae OT KpaTHBIX KOPHEH De30JLBEHTHOI'O MHOIOYICHE
MOXHO M30aBUTLCsA, IPUMEHNE 6oee CIOKHOE peobpasosanue Yupurayaa.
ITO -—— mpakTUYecKas peKomeHganus. TeopeTHaecKn xe MOXHO BOCIOIB30-
BATLCA CICAYIOIIUM YTBEPK JCHUEM.

TEOPEMA 24.3. Ilycts f € Z[x]— MHOrOwIeH cTenenn n 6e3 KPaTHBIX
kopueit u G C S,, — npousBoabHas noarpynna. Toraa 41a HEX CymecTByeT
Takasa pynkuusa ¢ € Z[zi,...,I,), uro Gy = G ¥ PE3OILBEHTHLIN MHOIO-
wieH Res(yp, f) He nmMeer xpaTHBIX KopHeH.

[OKABATEALCTBO. Ilyers ay,...,a, — xopHu Muorowresa f. [Ipu no-
CTPOEHMH De30JIbBeHTHI ['aya MBI IOKaA3a/IM, YTO CYIECTBYIOT TAKHe HEJIhIe
HHCAR My, ..o, My, 9TO LA BCEX HOACTAHOBOK O € S, MUCIA M1dg(1) + . ..
-« + Mypay(,) nonapHo pasauvrel. Iooxum

Y, z1,. .., 20) = H (t —miagn) — ... — Mnlg(n))-
ceG

s mo6oil TOACTAHOBKA T € S, MOXHO PacCMOTPETh MHOIOWICH

T(l)(t,:l:l, . ,.’En) = q)(t, Te(1)y--- ,mt(n)).

Muorounener 11¢ u 13 pasaMYHEL TOrAa U TOIBKO TOTJA, KOTJA OHU pPas-
JUIHBI KAK MHOIO'WIEHBI OT ¢ NIPY (PUKCHAPOBAHHBIX T = dj,...,Ln = Oy.

Hox geitcTBuem nieMeHTOB rpynnel S, U3 (QYHKIRK Yt z1,...,2,) =
= ¢ moayyalorcsa pasmudmsie dykumn ¢1 = ¢, ga, ..., $p,. pu sTOM
MHOrOWIeHb OT ¢ BHAa ¢y(t,a1,...,%0), ..., Qm(t,a1,...,a,) TOXKe mo-
napHO pasauynel. IloaToMy cymectsyer t¢ € Z, 414 KOTOPOTO 4HCJIa
$1(to, a1, - - n), ooy Ymlto, a1, ..., a,) mOnapro pasmuumer. B Takom ciy-
4ae MHOTO4IeH

O(x1,...,2zn) =P(to, T1,...,Tp) =

= H (t() —Midg(1) — ... — mnaa(n))
=G
uckoMeid. B camom gene, ecin 1 ¢ G, TO MHOIOYIEHED @(z1,...,2,) &
T(Z1,...,Tp) PASIMIHBL, OCKOALKY PAMIMIHEI UX 3HAYEHHUA B TOYKE T; =

=W1,...,Ln = dp. a
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24.3. I'pymma l'axya mo moxymo p

Mycte f(z) = 2" + ;2™ ! + ... + a, — HENPUBOAMMEIN MHOTOWIEH C
peabiMi Koadduimentamu. [ mo60ro mpocToro YUCIa p MOXKHO PaccMo-
Tpets MHoroureH f (mod p) Haz notem F, (koadduuuentsr MHOTOWIeHA f
3aMEHAIOTCA Ha COOTBETCTBYIOMIME KIACCHL BEIYETOB IO MOAYJI0 p). MHOrO-
wieH f (mod p) MOXKET OKa3aTHLCA MPUBOAMMEIM; CTPYKTYPA €0 PA3JIOXKeHNA
HA HENPHBOLUMBIE MHOXHUTEIN TECHO CBA3AHA CO CTPYKTYPOM rpynmul [a-
aya muorowteHa f Hajg Q. DTy CBA3b MBI CEMYAC M3YYMM ¥ BOCIOIB3YeMCS
el [ BRIYUCIEHUA HEKOTOPBIX rpynm [amya.

Mu 6ygeM paccMaTpUBATL JUIIL TAKHAE [IPOCTHIE YUCJAA P, AJIA KOTO-
prix mMuorowied f (mod p) He UMeeT KPATHEIX KODHEH, T.€. MHOIOWLIEHBI
f (mod p) u f' (mod p) Baammuo npocrer. Hocnennee yciaosre SKBUBAICHTHO
ToMy, uTo p He gemut R(f, f') = £D(f). B pansmenmem 6ynem npeanona-
rarb, 4To guckpumuuaut D(f) ue penurcsa Ha p.

Kopuu muorowunena f (mod p) He o6asarensuo aexart B noJe Fy , Ho cyme-
CTBYeT KOHE4HOe pactuupeHue o Fy,, cogepxaiee Bce KOPHE MHOTOWICHA
f (mod p). YT0681 MOCTPONTE TakOe PACHIMPEHME, JOCTATOYHO HAY TUTHCA K
INPOM3BOJBHOMY KOHEYHOMY noii0 Fy pucoeinHaTL KOpeHb HeIPUBOAUMOT0O
Hajg F, maorowrena h. Jlerko npoBepuTs, 9T0 GaxTOPKOJIBLO

K = Fy[z]/h(2)F,[x]

asaserca noneM. [eitcTeurensHo, ecin mEorowieH g(z) € Fy (2] He gernrca
Ha h(z), TO OH B3auMHO npoct ¢ h(z), nostomy u(z)g(z) +v(z)h(z) = 1 gas
nexkoropeix u(z), v(r) € F,;[z]. Caegosarensro, u = g~ (mod h(z)). fAcwo,
aro K = I (a), rae o —o6pa3 3IeMEHTa & IIpY KAHOHUIECKOM NMPOEKINH.
IIpu sTom h(a) =0, T.e. @ — KOpeHL MHOIOWIEHA h.

IIpucoesunns k F, Bce kopHu ay,...,%, MEorowiena f (mod p), mory-
anm nosie Fp(ai,...,a,) = Fpr. Hycts Gal —rpynna lanya muorourena f
nan Q, Gal, —rpynna asromopdusmos noas Fy (ay, ..., a,) Hag moaem Fy,.
JIro6Goit Takoit aBTOMOP(U3M MEPeBOUT KOPEHb Q; B HEKOTOPbIH KOPEHb O
U TIOJCTAHOBKA KOPHEH OZHO3HAYHO 33a4aeT aBToMmopduaM. [loaTomy mocre
HyMepauun KOpPHe# MOXHO cuuTaTh, 410 Gal, —moarpynma B S,. Orwme-
THM, YTO KOPH# MHOrOwIeHOB f u f (mod p) nexaT B pasHBIX MHOXECTBAX,
IpUYEeM MEX[Iy KODHAMM THX MHOTOWICHOB HET €CTECTBEHHOTO B3aMMHO
OOHO3HAYHOrO0 COOTBETCTBUA.

TEOPEMA 24.4. a) llpu noaxoasawen HymMepanuu KOpHei MHOIOYIEHOB
f u f (mod p) rpynna Gal, asaserca nogrpynnon rpynner Gal.
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6) I'pymma Gal, spiseTca HMKIM9ecKOH rpynmoi HOPAAKA T, TAe T —

crenenb pacuupenus Fy (ay, ..., a,) moas F.
B) Ecim muorounen f (mod p) mpeacraenser coGoit nmpousseenue He-
TIPUBOJMMEIX MHOXUTEJEH CTeleHe: ny,...,7NMg, TO CPyNa Gal, cogep-

XUT NPOM3BE/ICHUE (HEMePeCceKalolnXCs) UKIOB, AJIMHE KOTOPHIX DABHbI
Mn1y...,Ng.

JOKA3ATEJIBCTBO. a) MHOro4ieH, aHAJIOrWYHEIHR pesoabBenTe [a-
Jya, MOXHO NOCTPOUTD, 3AMEHUB IeJble YHCIA My, . . . , T, H3 HePeMEHHbIE
U1, ..., Un. A MMeHHO, mycTb By,...,B, — KOPHH MHOrO4IeHa f- Paccmo-
TPUM MHOT'OYIEH

F(z,uy,...,uy) = H (& —u1Bo) — - - — UnBo(n))-

oeG
¥ BBIIETMM Y HEro HenpuBOAMMBIN HaJ Z MHOXHTENb G(T,uy,...,Uys), de-
JAMACA H3, & — U131 — ... — UnPr. TouHo Tak xe, kKak ¥ 114 pe3OALBEHTH

Tanya, nokaseiBaeTcs, 4To rpymna Danya Gal cocronT uz NOCTAHOBOK, CO-
OTBETCTBYIOIINX JUHEHHEIM JEIATEIAM MHOTOWIeHA G.

Han nonem F, muorouren G (mod p) pasnaraercs ma HETIPNBOANMEIE
mHoxuTem Gi (mod p),...,G; (mod p). Jliobas moacTaHOBKA KOpHE:
i, ..., 0, MHOrOwIeHa f (mod p), mpunagrexamas rpynme Gal,, mepe-
BoAuT MHOrowieH G; (mod p) B ToT xke cambli MHOrowien G; (mod p).
Hoaromy Ta xe camas moacTaHOBKa KOpHEH B1,-..,Bn He MOXeT mepeBo-
Aute G(Z,U1,...,U%,) B IPYTOH HENPUBOAMMEIN MHOXKHTEIb MHOIOWIEHA
F(z,uy,...,uy), nockoasky y muorowtena F (mod D) HeT KPATHBLIX JeIH-
TeJen.

6) B mose xapakTepUCTHKM p BEITONHAETCA COOTHOIICHME (x+y? =
= P + yP. Takum o6pasomM, ectm ¢ # y, To 2P — y? = (z — y)? # 0.
Hoatomy oTobpaxenue & — P apIsETCS ABTOMOPGUIMOM OIS Fy-, ocra-
BIAIOWIMM HENOABIKHBIMYA djieMeHTH noas F,. Cremenm aroro aBToMop-
¢usMa nepepogaT r B P ,9:”2, cooz? = z. Hone F,r monyuaerca us moas
F, npucoesunennem kopus { muorowresa z-! — 1, rae q = p". Ilpn
sroM {* # ¢ ecm 0 <a<b<qg-1. CrefoBaTelbHO, aBTOMOPGDUIMEL
T Pz — ;1:"2,...,.% - 2P =g nonapuo pasanmyel. C apyrou cro-
poHEL, cTeneHb pacumpenus Fy- O F, pasa r, nostomy { yaoererBopser
YPaBHEHUIO cTemeny 1 Ha® monem Fy,. JlioGout aproMopduam moas Fy- mag
noxem Fp oanosnatno 3agaerca 06pasom arementa {, IO3TOMY KOIMIECTBO
Pa3IYHEIX aBTOMOP(MU3IMOB He IPEBOCXOAUT T.
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B) I'pynna Gal, umiandeckas, I09TOMY OHA OPOX EHA HEKOTOPOH TOJ-
craHoBKo# o. [IpeacTaBuM 5Ty MOACTAHOBKY B BUJe MPOM3BEIEHUA Henepe-
CEKAIOUNXCA HUKIOB:

o=(12...5)(G+1...)...(...n).

I'pynna Gal, TpaH3uTHBHO N€HCTBYeT Ha HIEMEHTaX KaX/IOr0 HMUKJIA, IO-
TOMY IMKIBI COOTBETCTBYIOT HEHPUBOAMMBLIM MHOXUTEIAM MHOTOWICHA,
f (mod p). m]

ITpuMEP. I'pynna Daxya muorowrena % — z — 1 mag Q passa Ss.

JOKA3ATEJNBCTBO. Ilo moaymo 2 paccMaTpuBaeMbli MHOTOWIEH Dac-
KJ1a JBIBACTCA HA HEMPUBOAMMEIE MHOXATETH z° +2+1 u £° +2° +1, nosTomy
ero rpynna I'arya cogepxur nogcrasosky Buga (i7)(klm).

Mo mMogymo 3 MHOrO4Nen T° — = — 1 menpuBogum. B camom Jeje, ecan
6bI 9TOT MHOIOWJIEH 6BLT IPUBOAKMM, TO ¥ HErO ObLT 661 MHOXUTEIb CTEICHH
1 wm 2. [Ipon3Benenue Bcex HENPHBOAMMBIX MHOIOYIEHOB CTENeHu 1 wam 2
HaJ nonem F3 pasro £° —z (cM. Teopemy 13.7 ma c. 115). IlosTomy MEOrO4wIeH
75— —1 nomxen UMeTH OGN AeIUTEDb JUG0 C MHOTOWICHOM T° — z, 6o
¢ MHOrOYIEHOM Z° + T, 2 3TOro He MOXeT G6uTh. ClleOBATEILHO, TPyIa
laaya cozepxut uuka (12345).

Ipynma Tanya comepxur nogcranosky ((i j)(lclm))3 = (ij). Conps-
rag TpaHcnoauumio (ij) saementom (12345)? moxydaeM TPAaHCHOZUIMIO
(i+a,j+a). llpu a = j — i nocrea0BaTEILHO NOTyaeM TpaHcno3nuuu (ij),
(4p), (pg), (gr), (ri), KOTOpPBIE MOPOXKFAIOT BCIO CpymIy Ss. o

@®pobernyc JOKA3AI, YTO €CJaM Cpynna |'arya HENPUBOAMMOIO MHOIO-
4neHa f CTemeHM n COMepPKUT MOACTAHOBKY, NPEICTARIAINIYIO COGOH 1Ipo-
u3Be/leHne UUKJIOB, JIMHBI KOTOPHIX PABHEL Ny, ..., N, TO CYUIECTBYET Hec-
KOHEYHO MHOT'O TIPOCTHIX THCET P, A1 KOTOPHX MHOroweH f (mod p) paa-
JIAraeTCsA Ha HEITPUBOAUMBIE MHOXKUTENN CTENEHEH 1y, . . ., Ng. OH BEMUCTILI
TaKke IOTHOCTh TaKuX MpocTHX uucel p. Ilo nosogy TeopeMsl mIoTHOCTH
Ppobennyca n obobmarowmen ee Teopemsl wioTHocty e6oTapesa cm. [J],
[Ye], [ATY] n [C].
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25. Teopemu I'win6epra o Gasmce u o HYJLEX

25.1. Teopema Mams6epra o Gazmce

Teopema I'masGepTa 0 6asuce mosBMAACH B 3HAMEHHTOI pa6ore [Hi2]. B
aTou pabore 6bun TPEIJIOKEHBI COBEPINEHHO HOBBIE METOARI, € IMOMOLILIO
KOTOPEIX YJal0Ch JOKA3aTh CYyMIECTBOBAHIE KOHEIHOrO 6a3uca JJ1S1 UHBapH-
anTos ¢opM. [lo aroro, B 1868 r., Topaan noxazan CyIIeCTBOBaHUE KOHeY-
HOr'0 0a3uca JUIIb 1A GUHADHBIX $hOpM, IPUYIEM CAEIAHO 3TO GBELIO BeChMa
TpyAoeMkuM nepebopom. I'mnpbepry xe yaarocs Cpasy pemmTb PAJ IEH-
TPAJIBHEIX NPOGJIEM TEOPHU MHBAPUAHTOB. lpaBsa, ero MeToan: 6but He-

KOHCTPYKTMBHBI, 4TO nolyamno I'oprana 3assuth: «JTO He MaTEMATHKA,
3TO Teoaorush

Hycte K -— mexoTopoe mnose (rampumep, Q, R wmn C) mm xombio Z,

K{zri,...,2,] — KOIBLIIO MHOrOWIEHOB OT 7 HEPEMEHHEIX C KO3 (pHLINCH-
Tamu u3 K.

TEOPEMA 25.1 (Tmasbept). Iycts M c K{zy,...,z,] — npoussoas-
HO€ NOAMHOXecTBO. Torja cymecTByer Takol KOHeqHbIH Habop MHOro4wie-
HOB My, ..., My € M, 4T0 110608 MEOrOweH m € M MoxHO PEeCTaBUTE
BBUAE M = MMy + ...+ Ay, TaE \; € Klzi,...,z,).

Teopemy I'unnbepra yaobuee ChOpMyIMPOBATE HA A3LIKE HAEAIOB. To-
raa ee OyJeT npome JOKA3bIBATh.

Hoamuoxectro I ¢ Klzy,... s Tn] HA3BIBAIOT UOEAA0M, €CIH BLITIOJIHS-
IOTCA CIEAYIOUINE 1B YCIOBUSA:

Nabel=a+bel;

Qaecl fe Klz,...,z,) = fae I

[na mo6oro muoxectsa M < K [%1,...,Z,] MOXHO PaccMOTpeTHL NOpo-
KIeHHE uM ugean I(M), COCTOAIME 13 BCEBO3MOKHEIX KOHEYHBIX CyMM
BHAA My + ... + Ay, The N € Klz1,...,z,), m; € M.

Cewmeitcteo {a,}, a; € I, HasuBaloT 6azucom ufeasa I, ecaun mo6ou
SMEMEHT a & | MOXHO NpejCTABUTHL B BUIEC @ = )xlaql +...+ )\taa,, rge

i € K[ry,...,z,). Nean I HA3HIBAIOT KOKEUHO NOPOHCIEHHbIM, €CTH OH
obiagaeT KoHeYHBIM 6a3MCOM.

[na noxazarenbcTsa TeopeMbl 25.1 I0CTATOYHO 10KA3aTh, UTO imea.n
I(M) xoneuno nopoxaeHHbIA. B camoM gese, B Takom myqaeumoéon ate-
menT MHOXecTBa M C I(M) MOXHO BHIPA3UTDH Yepe3 KOHEUHEBIN HAOOp aJe-
MEHTOB da1,...,0; € I, 8 KaXIBI U3 ITUX IIEMEHTOB BHIPAKAETCA Iepe3
KOHEYHEIN HaBOp SJeMEHTOB MHOXecTBa M.

TEOPEMA 25.2 (Teopema I'wis6epTa o 6asuce). B xoabue Kzy,...,2,]
JI000H MIea] KOHEIHO MTOPOXK JCH.

JOKABATEJBCTBO. 3aMeTUM CHAYAJIA, YTO B PACCMATPUBAEMOM KOJb-
e K mo6on uaeal KOHeYHO nopoxaeH. B caMoMm gene, eciin K — moae, TO B
HeM J0601 HeHyJIEBOW K aean copnagaet ¢ K u nopoxaen aaementouM 1. Ecan
xe K = Z, To mobou ngean uMeeT BU MZ U TOPOXKAACTCA HIEMEHTOM 171.
(HYTo6bi OKA3aTH 3TO, MOXKHO PACCMOTPETH HANMEHBIINH JIEMEHT KAeaIa. )

Nycrs L, = K{z1,...,z5]upun > 1, Lo = K. Toraa K(z1,...,Zpy1] =
= L,[z], rae 2 = zp41. Kax MBI yxe orMernn, npu n = 0 B koasue Ly,
0601 naeas] KOHEYHO TOPOoX AeH. [I03ToMy A0CTATOYHO A0KA3aTh, YTO ecm:t
B koubue L = L, n060i ugean KOHEYHO HOPOXK eH, TO B Koable Lz] aobon
uaean I Toxe KOHEYHO MOPOXKAEH.

Iar 1. Crapmme k03¢xpHUIMEHTE MHOTO4WIEHOB m3 ujeata I < L{z]
BMeCTe C HyJaeM 00pasyloT HeKOTOPHH ujgean J B koasue L.

B camom gesie, nycth f(z) = az™ +... u g(x) = bx™ +... — HeKOTOpLIE
MHOroO4IeHs! u3 ugeasa I. MoxHo cumraTh, 4ro m < n. B Ttakom cayuae
muorowieH f(x)+z"~ ™ g(zr) aexur B ugeane I, a ero CTapmmEI K0>pHULUeHT
paBen a+b. flcro Takxe, uTo ecim A € L u A # 0, To crapmui KoadppunmesT
MHOrOWIeHa Af pDaBeH Aq.

HocTpoenue koHedHOro 6asuca ngeanta I 8 L{r] Hau#eM ¢ TOro, 9T0 BbI-
GepeMm KOHEYHBIA 6a3uc ay, . .., qa, ngeata J B L. JaemenTH ay,. .., a, ABIA-
I0TCA CTApHIUMHA KO3(DPUUMEHTAMH HEKOTOPBIX MHOT'OYICHOB fi,..., fr € I.

IIAr 2. CymiecTByeT Takoe HATYPAJbHOE YHUCIO 7i, YTO JHOOOW MHOTO-
yneH u3 uAeana | ABISETCA CYMMON MHOTOWIEHA CTEMeHN HUXKE N ¥ MHOIO-

4ieHa BuAa A f1 + ...+ A fr, moe N; € L[z].

IMokaxkeM, 9TO B KayecTBE 7. MOXHO B3ATb HAMOOJLINYIO W3 CTeneHel
MHOTOWIEHOB fi,..., fr. Bo3bmem B I mpousBoasHbim MHOTOWIEH f(z) =
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=az™ +... crenesn N 2 n. Ilo onpegenenuio a  J, HO3TOMY @ = Y A\;a;
ATA HEKOTOPBIX A; & L[z]. PaccMoTpum MuOrOwIen

9(@) = f() = Y naN-destif,

Y MHOrourena g koadduunent npu v paBeH a — Z)\,-ai = 0, moaTomy
degg < N—-1.Ecm N-1> N, TO 3TY KOHCTPYKIMIO MOXHO IIOBTOPUTH
U T O

OIAr 3. CymectByer Taxoi KOHEYHBI HA60P MHOTOWIEHOB g, ...
-1 9s € I, 9T0 m060# MHOrO4IEH CTenmeRn Huxe n u3 uaeana I MoxHO
NPEACTABATE B BUAE A1g1 + ... + Ayg,, rae h; € Lz].

Koodpduumentsr npu "' Muorousenos cremenm He BHIE N — 1 u3
ujeana I o6pasyior HekoTOpbI maean xombua L. Ilycrs by,..., b, — 6a-
3MC OTOrO MACANR, 1, . . ., gk — MHOTOLIEHB! CTeneHu 7 — 1 u3 ugeana I co
CTapummy Koadpuunentamu by, . . ., bi. Bossmem B ugeane I IIPOU3BOJLHEIH
MHOro4eH h crenenu n — 1. Hycrs b— CTapIMH KOB3(QMUIUEHT HTOMO MHO-
rounena. Torna b = A\iby + ... + A\, rae A\ € L[z]. Nosromy crenens
MHOro4wreHa h — hig; — ... — A\ygy He npesocxoAur 7 — 2. TaknM o6pasom, ¢
TOMHOCTBIO 210 31EMEHTOB MACAJIA, IOPOX JEHHOIO MHOTOWIEHAMH g1 , . . . , Ok,
HaM y[aoCk 3aMEHUTh MHOT'OWIEH CTENEeH! N — | MHOTOWIeHOM CTeeHy He
BRI 72— 2. AHAOIMYHO MOXHO BEIGPATH MHOIOM/ICHED k41, - - -, §1 TAK, 4TO
€ TOHOCTRIO JO 3JEMEHTa HAEATA, TOPOXK JEHHOTO MMH, MHOFOWIEH CTEIIeHM
7 — 2 PaBeH MHOI'OWIEHY CTEIeHN HE BBINE 7L — 3 ¥ T. I. O

25.2. Teopema I'min6epTa 0 Hy/ax

Teopema Iuavbepma 0 WyasT TOABMAACH BO BTODOW 3HAMEHUTOH pa-
6ore ['mab6epTa mo Teopum WHBAPHAHTOR [Hi4]. 91y Teopemy unoraa ma-
SBIBAIOT TaKkKe meopemoti ['uabbepma o KOPHAT; ee HeMemKoe HA3BAHUE
Nullstellensatz o6meynorpe6uressuo u B AHIVIOA3BINHON MaTeMaTUYeCKON
JUTEpaType.

TEOPEMA 25.3 (Teopema I'misGepra o Hyasx). IlycTs

f7f17"'7f1‘ EC[.’L'l,...,.’L‘n],

IpuieM MHOrowieH f ofpaiaeTcs B Hy.Th BO BCEX O6IuX HYJAX MHOrO-
4I€HOB f1,..., f,. Toraa mpm HEKOTOPOM HATYDATbHOM ¢ MHOrOwiIeH f9
NPMHAAICKUT UACATY, TOPOXKIEHHOMY MHOrOMICHAMH fi, . . ., fromoe. f9 =
=g1fi +... + g, fr 217 HEKOTOPBIX 91,90 € Q.. 1y,
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JOKA3BATEALCTBO. CHavana MBI JOKaXKeM OAMH YaCTHEIA CIy4ai Teo-
pemnl ['wip6epTa 0 HyJIAX, U3 KOTOPOrO MOXHO BEIBECTH ¥ O6IIyIO TeopeMy.
A mMenHO, MHL paccMOTPUM caydai, korga f = 1.

TEOPEMA 25.4. Ilycte MHorowreww fi,...,f, € Clzy,...,z,] Ta-
KOBEI, YT0O ¥ HUX HeT 06mux HyJei. Torja CymecTBYIOT TaKie MHOTOU/IEHDD

g1s---,9r € Clzy,...,2,), uTO

gh+...+gfr=1

JOKA3ATENLCTBO. Ilycrs I(fi,..., fr) —ngean xombua Clzy, ..., z,),
NOPOXJEHHBIH MHOTOWIeHamMn fi,..., f,. Ilpeanonoxkum, 9to He cyme-
CTBYyeT TaKUX MHOTCOYIEHOB gi,...,gr, 9T0 g1 f1 + ... + g fr = 1. Torga

I(fi,- o f) # K.

OIAr 1. Hycre I — HeTpuBHAILHEIE MAKCHMAILHBIM MAEAT Koabla K,
cogepxammit I(fy,..., fr). Torga xoasuo A = K/I asaserca nosem.

B camom gere, 1ocTaTOMHO MPOBEPUTH, YTO B Koabue K /I mo6oi neny-
JeBoM aeMeHT umeeT obpatHei. Ecm f & I, to I + fK — unean, crporo
cogepxamuit I, mosromy I + fK = K. 370, B 9aCTHOCTH, 03HAYAET, YTO
CyLIECTBYIOT Takue MHorowienbl a € T u b € K, uto a +b f = 1. B Takom
caysae xracc b € K/I apasercs o6parnev aas kiacca f € K/I.

Mycts a; — 06pa3 2JeMEeHTA T; DY KAHOHWIECKOH MPOEKIINK
p:Clzy,...,zn] = Clz1,...,2,])/1 = A.

Torga A = Clay,...,a,]. Takum 06pazom, A — KOHEIHO NMOPOK JCHHAA AJl-
rebpa Hag C, Apasioniascs B TO Xe BpeMa I0JeM.

HIAr 2. Ecin konevno nopoxaernas amrebpa A = Clag,...,a,] rag
nostem C cama sapaserca nmoaem, To A cosmagaer ¢ C.

Ham noragobutes clegyiomee BCIOMOIaTEILHOE YTBEDPXK ACHHE.

JIEMMA (nemma Hérep o mopmamusanun). B aare6pe A = Clay, ..., a,]
MOXHO BBIOpaTh adareGpaudecku Hesapucumble Hajg C saeMeHTHL ¥y, ...,y
TaK, 4TO 060U aneMeHT a € A OyeT yAOBJIETBOPATH HOPMUPOBAHHOMY
anrebpandeckomy ypasaenmo Hag Clyy,. .., yk], T.e.

a' +bia "+ +b, =0, rae bi,....0 € Clyr,..., k).
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HOKA3ATENLCTBO. IIpumenum unayxumio no n. Ecau anementTH ay, . . .
-..;0pn AIre0paMyeCKH HEIABUCHMBI, TO YTBepXKIeHue ouesuano. Ilycrs
flaa,...,a;) = 0— aare6pandeckoe coornomenue Mexy numu. Ecm f —
MHOT'OJIEH CTeHeH! M, ¥ KOTOPOro Ko>(pGhHUUUEHT MPH T He DABEH HYJIO,
TO

a4+ bha b 4by =0, by,...,by € Clay,...,0n-1]

OcraeTcs BOCNONB30BATHCS NPEATIONOKEHNEM MHIyKINH.

Ecmm xe koadbduunent npu ) paBeH Hymo, CIelaeM 3aMeHy T, = &,,
=8 +a;é,,i=1,...,n—1. Ilonpo6yem nogobpars gucra a; € C Taxk,
4TOOBI Y MHOTOWIEHA

g(zly'--ain—lain) = f(zla"'axn) = f(§1 +a1£na--~7gn—1 +an—1§n~—17§n)

ObLT HEHYJIEBOM KO3(QPUUMEHT mpH &M, 3roT kodddunuenT pabBen
gm(oa R )03 1) = fm(a17 sy Qn_1, 1),

rae fm B gm — OJHOPOZHEIE COCTARIAIONINE CTAPLIEH CTEHNEHH MHOTOMWIC-
HOB f ¥ g. flcHO, YTO HeHyNeBON OJHOPOIHBIA MHOTOWIEH fy, (1, . . ., Zp) HE
MOXeT OBITh TOXIeCTBEHHO PABEH HYJIO MPH T, = 1. 0

Teneps MOXHO MPHCTYNHTH HEMOCPEICTBEHHO K JOKA3ATEILCTBY TOrO,
uro A coenanaer ¢ C. Beibepem aieMenTH y1, - - ., ¥k € A, 0 KOTOPBIX HAET
peur B aeMme Hérep o mopmammsanum. ITokaxeM, 4To B TakoMm cayuae B
anrebpe B = Cly;, ..., y;] 110601 HeHyIeBOY BeMeHT T 06paTuM, T. €. B —
noze. Ilo ycnosuio A — nose, nostomy x obpatum B A. Kpome toro, co-
raacHo Jemme Hérep snement 27! yromnersopser ypaBaernio

@Y 4b@ )+ +5,=0, by,...,b B.
YMHOXKUB 06€ 4aCTH 3TOr0 YpaBHEHHUS HA wl—l, NOJIyYUM
—1

rl=—b—byz—...— b'' € B.

Hose B = Cly,...,yx] npescrapaseT coboit KOAbLO MHOIOWIEHOB OT k
nepemenHbX mag noteM C. Ho npu k # 0 KOJBIO MHOFOYIEHOB HEe MOXET
6erte noseM. Hooromy B = C. A 10601 sieMent nois A apigeTcs KOpHEM
MHOTOWIEHa,

@Y+ +...+b, b,....bbeB=C

Caegoeatensno, A = C.
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ITIAT 3. MuorouaeHs! fi,..., f, OOpaINAOTCA B HYJb B TOYKE
(a1,...,a,) € C".

B camoM gene, Ipu KAHOHUYECKOR MPOEKILUH
p:Clzy,...,zp] > Clzy,...,2,]/[=A=C

aJeMeHT z; nepexoguT B ¢; € C, mostomy MHorouneH ¢(zi,...,T,) Ie-
pexoaut B ¢(®1,...,d,). A Tak KaK MHOTOWIEHHI fi,..., fr IPHHAIEXKAT
nxeany I, Ipu KAaHOHWYECKON IMPOEKUMH OHU MEPEXOJAT B HYJb.

Urax, npegnonoxus, 4ro I(fi,..., fr) # Clzy,...,Zs], MBI HOxyumIH,
YTO Y MHOTOUNEHOB f1,. .., fr €CTh OOUMH HYIb. A 3TO IPOTUBOPEYUT yCIO-
BUIO TEOpPEMBL. O

Tokaxem Temeps, creays [R], kak u3 TeopeMbl 25.4 MOXHO IOJYYUTH
o6myio Teopemy ['manbepra o wyasx. Jaa f = 0 yTeepx1eHue OYeBHIHO,
noaromy OypeMm cauTaThb, 4To f # 0. Jo6aBuM K DEpEMEHHBIM Z1,...,T,
HOBYIO TIEPEMEHHYIO L1 = 2 ¥ PACCMOTPAM MHOIOWIEHH fy,..., fr, 1 —2f.
Y uux HET O6WMX HYJEH, HOITOMY

I=hifi+...+hfr+h(1-2f),

rae hy,...,h,, h — HEKOTOpBIE MHOI'OYIEHBI OT MNEPEMEHHEIX X1,...,Tyn, 2.
Honoxum z = 1/ f. llocae npusenenns x o6meMy 3HAMEHATENIO IOLY 1UM

fq:91f1+---+grfr7

rie gi,...,Jr — MHOTOWIEHHL OT X1,...,Lp. JTO COOTHOLIEHUE UMEET Tpe-
OyeMbIl BUJ. m]

3AMEYAHHUE. Eciu kosdduumentsl MuHorow€wrenos f, fi,..., f. Beme-
CTBeHHBIC M Hpu TOoM [ obpamaeTrcs B HyJIb BO BCeX OGIIUX KOMILIEKC-
HBIX KOPHAX MHOT'OWIEHOB fi,..., fr, TO CYyIIECTBYIOT Takude MHOIOWICHBI
J1,- -, gr C BEWIECTBEHHBIMHU KO3 dumentamu, uro f1=g1fi +... + g, fr.
B camom gene, cornacuo teopeme I'minGepra 0 Hymax paseHCTBO f7 =
=hfi+...+ h,fr BHIOIHAETCA 4J1A HEKOTOPHIX MHOI'OMIEHOB Ry, ..., A,
¢ KOMILIeKCHEIMU Koadbdumuentamu. Ilycrs h; = g; + ip;, rae g; u p; —
MHOCO4YJIEHbl ¢ BelecTBeHHuMEU koddpuimentamu. Torga f¢ = g1 f; + ...

e+ e fr

Jl6oun HA60P OTHOPOAHBIX MHOTOWIEHOB MMEET OOIMH TPUBUAILHLIM
HYJb - Ha4a10 KoopAuHat. [losToMy B 0fHODOAHOM Ciydae aHAJIOrOM Ha-
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60pa MHOTO'IEHOB, He MMEIOLIUX OOIIUX HyJIeH, CIyKHT HabOp MHOI'OYJIEHOB,
HE UMEUMX O0IKX HeTPUBUATLHEIX Hytel. [I1s 0JHOPOJHEIX MHOTFOWICHOB
MMEETCs CAENYIOMMA aHATOT TeopeMbl 25.4.

TEOPEMA 25.5. Ilycts Fy,...,F, e Clzi,...,24] — Takue oguopos-
HBIE MHOI'O'LICHEI, 4TO y HAX HEeT OOIMX HeTPUBHAILHEIX Hyxel. Torxa mo-
POXAeHHbI umu ugean I(Fy,..., F,) cogepxutr Bce OJAHOPOAHBLIE MHOTI'O-

“IEHH cTenenu d > dy, rae dy — HEKOTOpoe (PUKCHPOBAHHOE THCIIO.

HOKA3ATEALCTBO. Ilo yCioBuiO €IMHCTBEHHBIM OBIIHM HyJIEM MHOTO-
4IeHOB F1, ..., F, ABIseTCA HAYAMO KOOD AUHAT. [MosToMY AMEENHBIE MHOTO-
“WIEHBL Z1, ..., Tp OOPAIAIOTCA B HYJIb BO BCEX OOMIMX HYJIAX MHOTOYIEHOB
Fi,..., F;. Cornacro Teopeme Mminbepra o myuax 2t e I(Fy, ..., F,) paa
HekoToporo p;. llonoxum dop = (p; — 1) + ... + (p, — 1) + 1. Torga moboi
mMoHOM X4 = 27" -...- 2% creneun d = a; + ... + an > dy gemurca Ha
npu HekoTopoM i. [loatomy Xg € I(Fy,..., F,). O

IIpocToe npamoe pokazarenncTso TeopeMbl 25.5 NpHBEAEHO B CTATbe
Kapree u Tesira [CT].

25.3. Muorowren M'win6epra

HanomuuM cHavana HekoTOpbIe onpeneneHns w3 o61acTy KOMMYTAaTHB-
HOM anre6pbl. Modyaem HAT KOIbLOM A HA3BIBAIOT abeneBy rpynny M, Ha
KOTODOH JIMHEHHO JEHCTBYIOT DJIEMEHTH KOabua A, T. e. a1 obeix a € A
um & M onpenenen siemenT am € M u npu 3ToM

a(m + n) = am + an, (ab)m = a(bm),

(a +b)m = am + bm, Im =m.

Hanpuwmep, eciu A — none, To Mogyab nag A — aTo BEKTODHOE IIPOCTPAaH-
cTBO Hag A.

Mogyae M man xombnom A Ha3BIBAIOT KoMeuHo TLOPOHCOCHHBIM, ©CIH
060 dIeMeHT M & M MOXHO IpPEeJCTABUTH B BHIE M = > a;my, Tae
my, ..., My — PUKCHPOBAHHBIN KOHEYHLIA HAOOD daeMeHTOB M.

o
I'padyuposanmbis £0abYoM HABBLIBAIOT KOIBIO A = P A;, rae A; —an-

=0
AUTHBHBIE NOATPYNILL A, YAOBIETBOPAIONINE YCJIOBHIO AiA; < Ay ITpa-
Jyuposannvim Modysem HAL TPAIYUPOBAHHBIM KOILIOM A HABLIBAIOT MO-
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o0
zyms M = @ M;, rge M; — agauTuBHbe noarpynnsr M, yIoRIeTBOpSIO-

mue yCJIOBM:O OAiMj C Mi+j'

B sToM naparpade OCHOBHEIM IPUMEPOM I'PaLyHPOBAHHOTO KOIbIA Oy-
ger koapo A = K[zo,...,z,]; rae K —nose; mpn atom A; cocTomT ua
OJAHOPOJAHBIX MHOTCOYWIEHOB CTEIEHH 4.

Urean I ¢ Klzo,...,Ty], HA3LIBAIOT 00K0POJHbIM, €CIH BCE OJHOPOHEIE
COCTABIAIOIME JIOG0r0 dneMeHTa uieana I Toxe gexar B I (ogHOpogHOMN
cocTaBiAomen crenesu i Maorowiena f € Kz, ..., ,] HasbBaloT cymmy
BCEX ero wreHos cremesu ¢). Jlerko nposeputhb, uTo maean I ogHOpOIEH
TOrJa M TOABKO TOrJ3, KOT1a OH MOPOX/JAEH OJHOPOIHBIMA MHOLOWICHAMU
fi,.-., fx. B camoMm gene, ecan ugean I ogHopoaen, To 0HOPOAHEIE COCTa-
BJAIOLUIME MHOTOWIEHOB, Hopox gatommx I, texat B I n nopoxgator I. Ecim
xe ujean I mopox/jeH OfHOPOIHBEIMU MHOTOWIEHAMH fi,.. ., fi, TO 3IEMEHT
g € I moxHO cHavama 3amuCaTh B BUAE § = Y. hyfy, & 33aTeM PA3IOKHUTH
KaX Bl MHOTO4IEH h, HA OZHODOAHBIE COCTABIAKNME. B peayibTare ka-
XK Jas OJHOPOJAHASA COCTABIAMIIANA §; MHOIOWIEHA ¢ OyJeT mpeICTaBICHA B
BUIe g; = »_ 2pfp, mOaTOMY g; & 1.

Hpean I ognopojen Torja u TOJBKO TOTAA, KOTIA €ro MOXKHO IPEencTa-
BITEH B Buge I = é% I;, rpe I; = I n A;. Iosromy daxTopkoasno M =

=0
= A/I aBnsercs rpaAyupOBaHHHIM MOAyJeM Hajg A ¢ rpagyupoBkon M; =
= A;/(In A;). Toacanm aTo nogpo6ree. Illycte g, h & A = K|z, ... , Zn] —
HEKOTOpHIE MHOTOWIEHBI, ¢; M h; — MX OJHOPOAHBIE COCTABLIOLINE CTe-
nenw i. Knaccet g+ 1 u h + I coBmagaror TOraa u TOAbKO TOTAA, KOT/1a IpH
BCeX i COBHAJAIOT KIACCH g; + I N A; u h; + I n A;. HosTomy

M=A/I=@AJ(InA) = M,
i=0 i=0

[Hencrsue A sa M ycTpoeno cregyromuM obpasom: pinge An f+1 e M
anement g(f+1I) € M onpegeasercsa xak gf + I € M. flcuo, 4T0 npu 3TOM

Ai(4;/(I 0 47)) € Aigi /(I 0 Aiy).

TEOPEMA 25.6 (I'mmsGept). Ilycts K —mnone, A = Klzg,...,7,] u
[eo]
M = @ M; —xoHe4HO MOPOXJEHHHI IPAIyMPOBAHHEIA MOAYIb Hang A.
i=0
Torga cymectsyer Takoit MHOTOWIEH pa(t) CTENeHX He BBIIE 7, YTO HpHU
BCEX JOCTATOYHO OOBIINX ¢ pa3MepHOCTb M; Kak BEKTOPHOTO MPOCTpaH-
cTBa Haj noaeM K pasHa pas(i).
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[OKA3ATE/ILCTBO. IlpuMenum uaayknmio no n. Baza MHIYKLOUH: N =
= —1, T.e. A = K. B aTom ciyvae M — KOHEYHOMEDHOE BEKTOPHOE IIPOo-
CTPaHCTBO HaJj noxem K, mosromy M; = 0 npu gocTarouno 60.IbmIMX i.
Takum o6pazom, pyr = 0.

Ilpeanonoxum Teneps, 4T0 7 > 0 u yTBepXKAeHHE BEPHO LA MoZyJen
Hag koabuoM A' = K[zg,...,zp_1] (A' = K npun = 0). Moaoxum = = z,,
u pacemoTpuM A-mogymm M' = {m e M | zm =0} u M" = M/zM. dtu
MOZY.T¥ KOHEYHO. [IOPOXKJAEHH Hal A, MpU4eM OHM AHHYJIUDYIOTCA YMHOXKe-
HMEM Ha Z, T.€. zM' = 0 m 2 M" = 0. CnegoBarensro, M’ u M" — xomeuno
nopox fennsie A'-moayan. TlosToMy 10 NPEANO0KEHNIO MEAYKIMH [IPH 10-
CTATOHO OOMBUINX ¢ BEINOIHATCA paBeHcTsa dim M] = p; (i) u dim M} =
= p2(i), 7A€ p1 ¥ Py — MHOIOYIEHLI CTENEHM He BhIe 7, — 1.

Jns m060ro HATYPANBLHOIO © UMEETCA TOYHAA MOCJIE[0BATETPHOCTE

X
0— M~ M; = My, - M!" —0,
X
rge orobpaxenne M; =% M;, | — yMHOXeH e HA . TlosTomy

dim M — dim M; + dim M, — dim M}, =0,

dim M;y1 — dim M; = dim M, — dim M.
IIpu 70CTATOYHO GOJBIIKX § BHINOIHACTCS PABEHCTBO
dim M}, — dim M = py(i + 1) — p1 () = q(3),

rje (i) — MHOrO4YJeH CTemeHy He Bbiue 7 — 1.

Oycre f(i) = dim M;. Ipx 10CTaTOYHO GOJBLINX i BLEIMOJHACTCH paBeH-
crBo f(i +1) — f(i) = ¢(i), rae ¢ — MHOrowIeH cTenenu He Bouue 1 — 1. B
TaKOM C/y4ae f — MHOrOWIEH CTEIeHH He Bhime n (IIpM JOCTATOYHO 60Tb-
LIX 7).

Hoxoxum z(™ = z(x —1)- ...  (z — m + 1). Jlerko nposepuTs, 4TO
(z+ 1)U — 2(m = mz(m=1) Muorowress (0 = 1,21, ..., 2"~ o6pa-
3YIOT 6a3MC NPOCTPAHCTBA MHOT'O'LICHOB CTENEHN He BhIe 1 — 1, moaToMy

n—1
MHOTOY/IeH q MOXKHO NPeICTaBUTE B Buje ¢(z) = Y. a,z(®). B rakoMm caygae

s=0
n—1
MHOTOWIeH fo(z) = 3 si—slx(s“) YAOBIETBOPACT COOTHOWIEHMIO fo(i+1)—
s=0

—fo(é) = q(2). Scuo raxxke, uro gynkuusa c(i) = f(i)— fo(i) npu gocTaTouno
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GobUIMX ¢ yOBIETBOPAET cooTHOmeHmIo (i + 1) — ¢(z) = 0, mosTomy c(i) =
n—1
a
= ¢— xoucranra. Takum obpasom, f(z) = 3 H—slx(““) + ¢ — MHOTOWIeH
s=0

CTENEHU HE BEHIIIE 7. i O

Muorounen pps(i) HaseiBalor wmnoeousenom I'uavbepma Mozyas M.
fIcHO, 9TO 3TOT MHOrOWIEH neno3Ha4HLH (cM. . 100), modTOMY €ero MoxHO
MpeACTaBUThL B BUJEC

pM(Z) = CO(m) +Cl(m_1) +... .+,
rAae Co,...,Cm — Ueasle wucaa 1 m < n. Mer npegnoaaraem, 9to ¢y # 0. B
cay4ae, xorga M = Clzo,...,z,]/I, rae I — oaHOpOAHBIH MAeal, IPH HEKO-
TOPBIX €CTECTBEHHBIX OTPAHUYIEHUAX TUCIA Co U 1M JOMYCKAIOT CAETYIOLLYIO
reoMeTPUYECKYIO HHTEPIPETAIUIO.

OguopoguoMy mpeary I COOTBETCTBYET alre6pamvdeckoe MHOXKECTBO
V(I) B mpoextusHOM npoctpanctee CP™, a mMeHHO,

V(I) = {(ao,..-,a.) € CP™ | f(ao,...,an) =0 Vf e I}.

Wnean I naswisator npocmoim, ecan fge I = f € I wm g & I. lna npo-
cToro ujieata I anrebpamieckoe MHOXecTBO V (I) HEmpuMBOAMMO, T.e. ero
HEJIL3S HETPUBUAILHEIM O6PAa30M NpPEJCTABATE B Buje obnesunenus V(I;)
u V(l), rae I) u I — ogsopogHsie ugeanst. Orpauyennue, 0 KOTOPOM ILTA
BBIIIE PeYb, 3aKAI0YAETCA B TOM, YTO uieal | gomxen 6uITh mpocTeiM. To-
A3 9HCIO M COBNAJAET C Pa3sMEPHOCTBIO IPOEKTUBHOIO AIrefpam4ecKoro
MHoroo6pasus V(I), a 1ucio ¢y COBNAAAET CO CTENEeHbI0 ITOr0 MHOr0OGpa-
aud (cTemens MHOrooGpasus pasmepHoctu m B CP™ ompegenseTca Kak Ko-
JMYECTBO TOYEK NIEPECEYEHMsA STOr0 MHOr000pasua ¢ IMOANPOCTPAHCTBOM
Pa3MEPHOCTH N — M B OOIIEM NOJOXKEHHH, T. €. C IOYTH BCEMH TAKUMU IO
npocrpancTBaMu). [JOKa3aTeAbCTBO 3TOrO YTBEPKICHHA MOXHO HAHTH B

ITpuMEP 1. Ecmn M = Clzg,...,zn), Tom=nu ¢y = 1.

B camom gerne, M; cocTonT M3 0ZHOPOAHEIX MHOTOWICHOB CTENCHU § OT
n + 1 nepemennnx. MoHoMy xff’ ...x'n comocrapum IIOCJIJOBATENBHOCTD,
B KOTOPOHU CHa%ala MAyT ip HyJlell ¥ OZHA €AMHMUIA, 34TE€M MAYT i, HyJIel
U OfHA eQWHULA, ..., & B KOHIIE CTOAT i, HyJeH. JTa NOCAeIOBATEILHOCTE
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COCTOMT H3 ¢ + N YMce], CPeAH KOTOPHIX § HyJed u n eguuny. Koamdectso
TaK#AX MOCIEOBATENBHOCTEN PABHO

ifny  (Fn) .41 0 ;
(1nn): n! :m‘i'-:(:l)‘}‘
Iloaromy par (i) = dim M; = (:L) +...

IIPuMEP 2. Ecmn M = A/ f4A, rae A = Clzo, . .. ,&n)], & fg— oaHOpOA-
HBIA MHOTO4IeH creneu d, Tom =n — 1 u ¢y = d.

B camoM gerne, yMHOXKeHNME Ha f; IaeT TOYHYIO NOCIEIOBATETLHOCTD
X fa
0—+H; g > Hi— M; —~0,

rae H; — npocTpaHCTBO OZHOPOAHBIX MHOT'OWIEHOB CTEMeHH 5 0T 1 + 1 me-
. i+n
pemennbx. B npumepe 1 noxasaso, wro dim H; = (* "), mosromy

dim M; =dim H; —dim H;_4 = (H,;n) - (i_i+n) =

in—l i

razecg =dum=n—1.

Oycte M — rpaaynpoBaHHBIH KOHEYHO IMOPOXAEHHBIN A-Monyan,
(2

pum(i) = co(,,) + -..— muorouren Muis6epra Mogynsn M. B Takom ciywae
qucao m = dim M 6yeM HA3BIBATE PA3MEPHOCTILIO Moayas M, a 4aucio
cp = deg M —ero cmenenvro. Kak Mbr yxe ynomusamm (v npumepsr 1 u 2
5TO NOATBEPXKAAIOT), B cay4ae, Koraa I « Clzg, . . ., z,] — oguOpoAHEL npo-
cro ugeanr u M = Clzg, ..., z,]/I, 1ucao dim M — sT0 pasmeprOCTS MHO-
roo6pasua V(I) ¢ CP", a yucio deg M — creness 3Toro MHOroo6pasus.

O6cy quM Teneps HEKOTOPBIE CBOMCTBA CTENEHN ¥ PA3MEPHOCTH rpagyu-
posannoro A-moxyas M, kotopeie HaM moTpe6yioTes B pasgee 25.4. Oco-
OBI METEPEC NPEACTABIACT CIyyai, korga M = A /I, vae I — ogHOPOAHBIH
npocrou unean B srom ciyvae M apiserca koasnom 6e3 geruTenedt HYJA,
T.e. M — obaacte nesocrroctn. C Apyro# CTOpPOHBI, OFHOPOAHLIE wacan |
NpOCT TOTAa M TOABKO TOrna, korga A-moayae M = A/I obnagaer cie-
aytowmm couctsom: ecmn f & I, To fm #Onpum # 0 (3gecy f € A u
m € M). B obmem cryuae A-moayne M 6yem Ha3HIBATSH YEA0CTNHBIM,, CCIT
A moboro f &€ A mbo fM =0, m60 fm # 0 mpu m # 0.
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Mo xonna sToro naparpacda 6ygem cuuTaTh, 9To A = K [Zo,-..,Zn), re
K — nexoTopoe mnoue, nprdem Koablo A CHAGKEHO eCTECTBEHHOMN rpaayu-
oo
poBko A = P A;, rae A; — MHOXeCTBO OJHOPOHEIX MHOTOWIEHOB CT6-
=0
nend i; M — rpajyMpOBaHHEIA KOHEHO [IOPOX JEHHENH A-MOAy.Ib, npudeM
dimM >0, r.e. pps #0.

TEOPEMA 25.7. Ilycts Mogyas M uenoctsmni u f & Ay — Takon ox-
HOPOJHEIA MHOTrOwIeH crenenu d, aro fM # 0. Toraa

dim(M/fM)=dimM —1 u deg(M/fM) = ddeg M.

Ha ssbike reomeTpuu 5T0 YTBEPXKIEHUE BHITIAAUT TAK: CHIEPIOBEDX-
HOCTDb CTENEeHH d BRICEKAET Ha POEKTUBHOM aIre6pamdeckoM MHOroo6pa-
3MA Da3MEPHOCTH 1M U CTENEHH T' IIOAMHOr006pasue pa3MepHOCTH M — 1 u
cTemnenu dr.

MOKASATENBCTBO. Myets M' = {m € M | fm = 0}. YmHOxenue na
f AaeT TOYHYIO IOC/IEeN0BATENBHOCTD

0—M_g— Mg L M, ~ (M/fM); — 0.

M3 ycaoBus Teopemm cregyer, uro M' = 0. Ioaromy npm gocraTouno 6ogs-
KX ¢ BBIIOJHAETCA PABEHCTBO

pumysm() = pr(i) — pm(i — d).
IIycts dim M = m u deg M = r. Torga

, . i L —d o, .
pM(z)—pM(z—d):r(T;) —r(lm J+...= m(z’”—(z—d)m)ﬁ-...:
_mLm—l _ rd
T. €. pp/pm(i) = dr(mi_ 1) + ..., 4TO ¥ TpebOBATIOCH. m|

loamogyms S © M HasbiBalOT 0dMOpodHbIM, ecim OH HOPOXJEH Of-
HOPOJHBIMH DJEMEHTaM# (T. €. DIEMEHTaMyM OJHOPOIHBIX CIAraeMBIX M)).

oo .
OxBuBaenTHOe ycaosue: S = @ S;, rae S; = S n M;. IIpu sroM dakTop-
i=0

mozyns M/S nveer ecrecrBennyo rpasyuposky: M/S = P (M;/S)).

o0
i=0

9 — 1010
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TeEOPEMA 25.8. Ilycts p— npocroe 4ucio, He gensmee deg M. Toraa
B M ecTb Taxo# OJHOPOJHEIM MOAMOAYIL S, uTo dakTopMoayrs N = M/S
YIOBJIETBOPAET CJEAYIOLIAM YCIOBILAM:

(a) dim N = dim M;

(6) deg N me genmrca Ha p;

(B) Moayas N 1enoCTHHIA.

Ha reoMeTpuIeCcKOM fA3LIKE 3TO COOTBETCTBYET BHIJCJICHUIO HENIPDMBOAU-
MOM KOMIIOHEHTHI MaKCHMAJLHON Pa3MEepPHOCTH B ClIy4dae NPOU3BOJILHOIO aJI-
Fe6pan‘1ecxor*o MHOXECTBa, COCTOAMIETO N3 HECKOJBbKNX KOMIIOHEHT.

JOKA3ATEJLCTBO. Caofictsa (a) u (6) Bemosnaaiores aaa S = 0.
Kpome Toro, Moays M xomedano mopoxgen Hag A = Klzg,..., s}, mo-
5ToMy Jmobas BO3pacTaiolmlad MOCIEIOBATEIBHOCTE HoAMoOAynedr M cra-
6unusnpyerca. ClefoBaTeNBHO, CYMIECTBYET MAaKCHMAIBHLIA OJHOPOXHBIR
IOAMOAYAb S, I KOTOPOro BHIIOMHAIOTCA CBOMCTBA (a) u (6). ITokaxem,
4TO JIf MAKCHMAILHOTO MOAMOIYJA S BHIIOIHAETCA M CBOMCTBO (B), T.e.
Mogyar N = M/S uenocTHBIN.

TpebyeTcsa 10Ka3aTh, ¥To ecsmt f € A, 1o 160 fn =0 npuscexn € N,
an6o fn # 0 npu Bcex n # 0. 3To yTBepXKAeHUe AOCTATOYHO JOKA3ATDH B
cay4ae, Korga f — OFHOPOAHBI MHOrO4wIeH. B camom fene, A/ 0pou3BOIbL-
HOTO MHOTOWIeHA TpefyeMoe yTBEDXAEeHHe TOTAa MOXHO OyjeT MoJyIuTh
creyiommM o6pasom. PasnoxuMm f 1 n Ha 0JHOPOJHBIE cocTapastomme: f =
= fo+ foq1+... mn =ny+ng41 + ..., vae fo # 0 un; # 0. lpegnoso-
xumuTo fn =0, T.e. fony =0, fopine + fongyr =0, fsrone + for1netr +
+ fongyo = 0,... W3 ycaosua ny # 0 nocaegoBaTensso noaysaem f,N = 0,
fs:1N =0, fo42N =0,... CaegobatensHo, fN =0.

Wrak, nycts f — ogropoaubin MHorowieH crenenu d u fN # 0. Ilogo-
xuM N' = {n € N | fn = 0}. YMHOXeHMe Ha f JaeT TOYHYIO NOCIEAOBA-
TEJIBbHOCTD

0— Nl_g = Niea XL Ny = (N/fN); - 0,

0 - N;_4/N/_4;— N; > (N/fN); = 0.

Hoaromy npu GOJBHIMX { BEINOJHAETCA PABEHCTBO

pn () = pnygn(8) + Py (i — d). oy
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Yenosue fN # 0 osuauaer, uto fM + S # S. U3 makcumanbHOCTH S
CIeAyeT, 9TO MOZYJIb

N/fN = (M/S)[f(M[S) = M/(S + fM)

HE MOXET OJHOBPEMEHHO 00.1a1aTh cBocTBaMu (a) u (6). Hosromy aubo
dim(N/fN) < dim N = dim M, au6o dim(N/fN) = dim M, xo deg(N/fN)
JEIATCA HA P.

Cornacuo dopmyxe (1) B mepBoMm ciay4dae

ri®

PN (i—d)= — 4.,

raze n = dim N, r = deg N. Bo BTopoM cayuae

Tl)in

pN/N (i —d) = {r )it

Tt

rae ry = deg(N/fN). Tax xak r He JeIATCA HA P, & T} AIUTCA HA P, TO B
o6oux cayyanx dim(N/N') = n = dim M u 4ucno deg(N/N'), pasHoe r mm
r — 71, He gennrcs Ha p. Takum ob6paszoM, gasa mogyas N/N' somonusiorcs
cpoitctsa (a) u (6). IIpu aTom Moayas N/N' umeet sug M/S’ rae S'—oan-
HOPOAHEIY noaMoayas M, cozepxamuu S. U3 MakcumansrocTu S ciegyer,
yro §' =8, r.e. N' = 0, 410 ¥ Tpe6GOBAIOCE. a

TEOPEMA 25.9. IIycts I ¢ A = K|z, ...,Tn] — OAHOPOIHEIM TIPOCTOM
Ueal, IPUIEM Pa3MEPHOCTE LelocTHOro A-moayas M = A/I paeua uysmo,
a ero crenenb pasHa T # 0, T.e. py(i) =r # 0. Toraa

a) tM # 0 zas HEKOTOPOrO T = Ij;

6) L = M/(z — 1)M —nose, apisaiomeecs PACIIMPEHUEM CTENEeHH T
moust K.

JOKA3ATEJBLCTBO. a) Ecm ;M =0mpu j =0,...,n, T0z; € I npu
Bcex 7, a anaunt, M = K. Takum o6pasom, pas(i) = 0, 4T0 TpOTHBOPEUHT
yeaosuio ppr(3) =r #0.

6) duxcupyem ¢ = ; Tak, uto £M # 0. Torga zm # 0 npu m # 0, Tak
Kak MOAyab M UeJOCTHBIE. DTO O3HAYaeT, 4To oTobpaxkenne M == M mo-
moMopduo. IIpu gocraToyHo 60abIMNX  BEINONHAETCA paBeHCTBO dim M; =
= ppm (i) = r, noaromy dim M;; = dim M;. CregoBarensno, npu aocra-
TO4HO 60oJbIHMX i oTOOpaxKeHue M; X M;4+1 B3aMMHO OJHO3HAMHO.

9‘
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PaccmorpuM B M Heogropoguun noamoaydis (x — 1)M. Ilycre it M —
- M/(z—1)M = L —ecrecrsennas npoekuus. Toraa n(zm) = x(m). Acno
rakxe, 4To zr(m) = n(zm). MosTomy L =¥ L — ToxaecTsenHoe 0TOGpa-
XKEeHHMe.

Iycrs ana onpegenennocTy oTobpaxkenne M; XY M;,1 B3auMHO OaHO-
amauno npu i > a. [loxaxem, yto Torga L = n(M,) = n(Mey1) = ...
SanumeM oeMeHT m € M BBuge m =mg + ...+ mg + Moy + ... + My,
rae mg, € M,. flcHo, uto

m(mo + ... +m,) = "(z%mp + %7 'my + ... + m,) = n(m'),

rze m' = z%mg + 2% 'my + ... + m, € M,. Kpome Toro, mgy = xmg 1,

Mas2 = T2Mg2, .., Mg = T¥ %My g4, T My s € M,. TlodTOMY

(mey1 + ... +mg) =x(Ma1 + ... + Mg k—q) = n(m"),

raem’ =mg1+ ...+ Mo k-0 € M,.

Nrax, ecrecrBennas npoekmus M, — L smumoppua. C gpyrou cro-
DOHBI, T2 IPOEKIIHA TI0 OYEBHAHBIM NPHYMHAM MOHOMODGbHA: ecur Tt(m,) =
=0, To my = (x — 1)m, HO OZHOPOAHEIN dIEMEHT M, # 0 Heab3A HpeJCTa-
BuTh B Buge (r — 1)m. IlosTomy npoekuus M, — L B3auMHO OZHO3HAYHA U
dimL =dim M, =r.

B paccMmaTpuBaemon cutyanun L ABIAeTCA T-MEPHOU ajireGpOM HAJ IO-
aem K (T.€. KOMMYTaTHBHEIM KOJBIOM M OXHOBPEMEHHO JWHEHHBIM IIPO-
crpanctsoM Ha g K). [lokaxem, uro B anrebpe L Her geamnrenen ayns. [lycrs

'l e L ul'l" = 0. Bume 65110 nokasano, aro I' = n(m') u I" = n(m")
rae m',m" € M,. llosromy 0 = I'l" = x(m'm"), rae m'm" & Ma,. Ilpn
b > a npoexuma M, — L— msomopdnam, a snaxut, m'm” = 0. o ycao-

suo uaean I npocron, nostomy B Koublie M = A/I Her genuTenen Hyuia.
Creposarensto, m' = 0mwm m” =0, t.e. I’ =0 mmm I = 0.

Teneps yXe JErko MOKa3aTh, 4T0 L — noue, T. €. Mook HEHyJIEBOY e~
menr | € L ob6patum. B camom gene, orobpaxenune z — [z, x € L, npea-
crasaaeT co6ou JuHenHoe orobpaxenne L — L ¢ uyaesbiM agpoM. B koHed-
HOMEPHOM CJy4ae TakKoe 0TOOPaXKeHHe — U30MOPGU3M, IIO3TOMY, B 4aCTHO-
cru, lx =1 aasa HekoToporo z € L. O

25.4. OgHopoguas Teopema INmwibGepTa 0 HyAAX AJdA P-TIOJIEH

Caeayiowee yTBepxk AeHue 6bLTO BIEPBBIE JOKA3aHO B CcTaThe [ mibbepra
[Hi4], xoTa 1 ero ucnoassosatn MHorne Matematuku XIX B. Gea cTpororo
060CHOBaHHU.
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TeEOPEMA 25.10. Ilycte K — aarebpamdecku 3aMxHyTOe moae, A =
= K(zo,...,2ys), rae n > 1. Torga mo6sie OAHOPOAHBIE MHOTOWIEHE! f, . . .
..y Jn € A uMeloT 06U HYJb, OTJIMYHLIA OT HAYaJa KOODJNHAT.

AHanoruuHoe yTBep>K I€HNE MOXHO IOKA3aTh U AV TAK HA3HIBAEMBIX D
MOJIEH, K KOTOPEIM OTHOCUTCS, B YACTHOCTH, II0JIe JeHCTBUTEIbHBIX Yucer R.

IIycrs p—mpoctoe uncno. Ilore K Ha3wBaOT p-nosem, ecium CTENeHb
moboro ero KOHEYHOro pacmmMpeHnsa mmeeT Bux p°. B wacrrocTH, moboe
anre6paMdecKy 3aMKHYTO€e IOJIe ABIAETCSA P-HONeM A BCEX MPOCTHIX P, a
mose R spiasercsa 2-nomem.

TeEoPEMA 25.11. IHycte K — mekoropoe p-moxe, A = K(zo,...,Zy),
rge n > 1. Torga mo6bie 0JHOPOAHBIE MHOT'OWIEHH! f1,. .., f, € A, cTeneHn
KOTOPHIX He JeJIATCA Ha P, UMEIOT OOIUI HETPUBUAILHEIN HYJIb,

JOKA3ATEALCTBO (I'. ®engpux; cm. [Pf2], ch. 4). Mu 6ygem nouas-
30BATBCA PE3YIbTATAMH NPEXBIAYLIErO maparpacga, a KMEHHO, TeOpeMaMu
25.7-25.9.

HauneMm ¢ TOro, 4YTO HOCTPOMM MOCIEAOBATENILHOCTbL HNEJOCTHBIX KO-
HEYHO MOPOX IeHHBIX MPafyupoBanHbix A-Moxynent My = A, My = A/LL,...
..oy My = A/I,, pas xotopeix dim M; = n — ¢, deg M; ve pemuTca Ha p u
OJHOPOJHBIN IPOCTOR mAean [; COIepXUT MHOIOWIEHH fo, ..., f;. Moayas
My = A yzoBreTBopsAeT STUM yCJIOBUAM, Tak Kak dim My = n u deg My =1
(cMm. mpumep 1 Ha c¢. 255). §

Ipegnonoxum, uto Mogyau My,...,M; (i > 0) yxe nocrpoens. Ilo-
KaxkeM, Kak 1o mMogaymo M; = A/I; u mMHorouneny f;,; MOXHO IOCTPOMTE
Moayab Mi.i. Ilpu 3TOM BO3BMOXHEL ABa CIy4as.

Cayuai 1: fivq & L, T.e. fix1 M; # 0. Ionoxum

Niyr = M/ fiqaM; = A/(I; + fiy1A).

Coraacno Teopeme 25.7dim Ny =dimM; —1=n—(i+1) u deg N;y; =
= deg fi+1 deg M;. Yucno deg N;;1 He geruTcsa Ha p, Tak Kak o6a qucia
deg fi+1 u deg M; na p ue geasatcs.

Cayuat 2: fiy, € I;. U3 ycnosusa dim M; > 0 caeayer, uro z & I; (1.e.
zM; # 0) ana HekoToporo r = z;. B camom gene, eciu zo,...,z, € I;, TO
M; = K wm 0, noaTomy pa, = 0.

Honoxum N;y1 = M;/zM;. Cornacuo Teopeme 25.7 dim N;yy =dim M; —
—1=mn-(i+1) u deg Niy1 = deg M;, Tax kak cTeneHb MHOTOWICHA
paBHa 1.
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B o60omx ciy4adx ML OJYYWIM HEKOTOPHIM MOAYIb Njy1, HO OH He 065-
3aTeIbHO IEJOCTHBIHM. YTO6R! MOAYYHTh HEIOCTHRIM MOLY/Ib, BOCIOAL3YEMCA
Teopemoii 25.8. CorsacHo aToil Teopeme B Njii €CTh TaKoM OJHOPOJHBIH
HOAMOAYJAE Sit1, ITO GAKTOPMOLYIb

Miy1 = Niga/Siy1 = A/ L

o6ragaer Bcemu TpebyeMmuimMu cBoucrBamu: dim M; 1, = dim N = n —
— (i + 1), deg M, 1 ne geamTcs Ha p 1 MOLYab M, IEJIOCTHLIA; IIPH 3TOM
I;{1 — OJHOPOAHKINA UJeaJ, COAEPKALIMA MHOTOUAeHE! f1, ..., fit1.

Pa3MepHOCTD HOCTEJHETO U3 HOCTPOEHHHIX MOAyJel M, paBHa Hy.IO,
HO3TOMY K HEMY MOXKHO [IPMMEHMTH TeopeMy 25.9. B pesyapTaTe nory4um
morne L = M, /(z;—1)M, = A/I. 3zeck I — HeOAHOPOAHLIA IPOCTOR M A€AT,
061a42101IMH ABYMS BaXXHRIMH [/ Hamwmx uenei ceorcrsamu: (1) z; = 1
(mod I); (2) I oI, ® fi,.-., fn-

Tone L apaserca pacumpenueM crenenu deg M, mons K. Ho, ¢ oguoi
croponsl, deg M,, He meAWTCA HA P, & C APYT'OM CTOPOHH, CTeNeHs JI000ro
pacmmperus nois K umeer sug p®. Hosromy L = K.

IyeTs a; € K — 06pas >1eMeHTa &; DK eCTECTBEHHOH IPOeKIUuK

A =k[zo,..., %] — A/ =L =K.

U3 ceoicrra (1) creayer, uTo a; = 1, mosTomy @ = (ag,...,an) # 0. A w3
ceomcTra (2) creayer, aro fi(a) =... = fa(a) =0. o

Teopema 25.11 no3BosAeT YUCTO ANrebpantiecKn JOKa3aTh B IOJINHOMU-
alBHOM CIydae M3BecTHylo TeopeMy Bopcyka—Ymama o6 obmiem HyJe He-
geTHHIX QYHKIMH Ha cdepe.

TEOPEMA 25.12. Tlyctb q1,.-.,qn € R[z1,...,Zn41] HEdEeTHBIE MHOTO-
wieHsl, T.e. ¢;(—z) = —q;(x). Torga >Tu MHOrOWIEHH MMEIOT OCIIMH HYJIb
Ha equHU4HOM cdepe T2 + ...+ 25, = 1.

JOKA3BATEILCTBO. IlepeigeM OT ¢; K OJHOPOJHOMY MHOTOWIEHY gj,
BBeAA JONOJHATEILHYIO EPEMEHHYIO Zo. [IpH 5TOM B MHOTOWICHE ¢; MOHOM
a n my —
Tt ... - T8 3aMeHseTCA Ha Ty Ty ... Tpm, TAe mo = degg; —my — ...
...—Mp. Y HEYETHOrO MHOI'OY/IEHA CTEIIEHN BCEX LICHOB HEYETHEI, I0OITOMY

uucaa degg; u my +. . . +m, HEYETHHI, & 3HAUMT, YUCJIO Mo IETHO. JAMEHUB

2 2 2 ~ o
T3 Hax}+...+T;, 1, U3 MHOTOWIEHA §; IIOLY MM OJHOPOHEIM MHOTO'LIeH fi

26. Basucwvi I'pébuepa 263
meyeTHoM crenenn. CornacHo Teopeme 25.11 MHOrOWIeHH fi, .. ., fn MMeOT
o6muit Hyab a = (a1,...,0n+1) # 0. IIpu Bcex ¢ € R Touka ta Toxe Oyner
HyJIeM OJHODOJAHLIX MHOTOWIEHOB [1, ..., fn, TO3TOMY MOXHO CIATAThb, YTO
a?+...+d2,, = 1. B raxom cay4ae gi(a) = gi(1,a) = fi(a) = 0, yro mn
TpeboBAIOCH. O

U3 Teopemnr 25.12 MOXHO moayuuTh M OOBIMHYIO Teopemy bBopcyxa-
ViaaMa 048 HEHYEeTHHIX HENPEPHIBHLIX (PYHKUHUA g1, ...,QGn, TPUOIMKAA DTH
(PYHKIAM MHOTOWIEHAMH.

26. Basucw I'péGrEpa

Jlns pereHHs pa3jiMiHBIX BEYACIATEIBHBIX 33Ja4, CBA3AHHLIX C Hjea-
JIAMH B KOJABIAX MHOTOWIEHOB, BeCbMa, ¥ 106Hb 6asuck I'pé6uepa. IT0 nOoHA-
Tue 6610 BBeseHo Bpyno Byx6eprepoum B ero aucceprauuu [Bul], nanucan-
HOM 110 pykoBoacTBoM Boabdranra I'pé6uepa; cM. Taxxke [Bu2]. Byx6eprep
HpeIJIoKILI TAKKe yXOOHEI aJIFOPUTM BREIMUCICHHA Gasuca I'pé6buepa, 9uTO M
npeppaTmio 6asuck [pédrepa B 3 PeKTUBHEIN BEIMUCINTEIbHBIN aNNapaT.

Hame uanoxenue Teopun 6asucoB ['pé6Hepa BO MHOrOM OHNUPAETCA Ha
nepsyio riasy kuuru [AdL]. Bosee noipo6HO MO3HAKOMUTECSA C PA3IMYHBIMU
acniexTamn Teopunu 6a3ucos I'péGHepa MOXHO 10 Kuure [Bud].

26.1. MHOrowIeHLI OT OJHOM IEepPEeMEHHON

B caydyae MHOMOWIEHOB OT OLHOM IepeMeHHOM HajJ mogeM K anropurm
HaXOX IeHNA 62a31Ca UAeala OCHOBAH HA JeJeHUH C OCTATKOM OJHOI0 MHOIO-
wiIeHa Ha Apyroil. [lepBHIN ar AeJeHHA ¢ OCTATKOM JEIAeTCA CJAELYIOMIM
obpaszom. Ilycte f(z) = anz™ + ... + ag, g(z) = bpz™ + ... + bo, npu-
anz"
bmz™
NpuMeHnM K f; aHAJOTMYHYIO IpONeaypy ¥ T. 1. B KoHIe KOHIOB moay4nM
f =gqg+r, rae degr < degg (mmu r = 0). Illpn 3TOM MHOTOWIEHH ¢ ¥ T
OTIpeJeNeHbl OJHO3HAYMHO.

gem n > m. Hoxoxum fi(z) = f(z) — g(z). Ecau deg fi > degg, To

TEOPEMA 26.1. Jlio60it uaean I B xoasue K[r] MHOrO4IeHOB OT OJHOM
IIepeMEHHON TJIABHLIN, T. €. TIOPOXJEH OJHUM JJIEMEHTOM.

JOKA3ATEJLCTBO. Bribepem B I MHOrOWIEH g MUHUMAJBHOMN CTEIIEHH.
Mycts f € I. Torga f = qg + 7, rae degr < degg. Hor = f —qg9 € I,
noaromy T = 0. DT0 03Ha4aeT, 4TO uAeal | mOpoXAeH MHOTO4IeHOM ¢. O
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Oycte I(f1,..., fn) —ugean, mopoxIeHHHA MHOrowieHamu fi(z),...
...y Jo(z). Muorounen g(r), mOpOXAAIOMME ITOT MAEANT, HABHLIBAIOT HAU-
6oavurum o6wum deaumesen (HO) muorowsenos fi,..., f, 1 0603ga9aI0T
(fi,.--, fr). HawGonemmit obmui gemuTens obaJaeT ClIeyONMMM CBOM-
CTBaMM:

(1) Bce muOrOWIeHH f1,. .., fn AelATCA Ha g;

(2) ec BCe MHOTOWIEHEL fi, . . ., fn ACIATCH HA HEKOTOPLIA MHOIOWIEH h,
TO h genuTca HA g.

Ceoitctso (1) cregyer u3 Toro, 9to fi,...,fn € I(f1,-.., fn) = I(g).
CsouctBo (2) caegyer w3 Toro, uro g € I(f1,...,fn), T-€. g =urfi + ...
eootupfr, TOE U1, ..., u, € K]z].

Csoiutcrsa (1) u (2) onpegensioT MHOIOWIEH § OAHO3HAYHO C TOYHOCTHIO
JO TIPONOPUMOHANBLHOCTH. B caMOM feiie, eciid MHOIOWIEHEL g1 U gy AEAATCA
ADYT Ha APYra, TO OHH HPONOPHMOHAIBLHEL.

HauGonbumi o6wmir genutens (f, f2) MHOrOWIEHOB fi M fo MOXHO Hai-
TH ¢ IOMOIUBIO CJAEAYIOILIErO AJMOPATMA, HAa3KIBAEMOro asz2opums Fexauda.
[na onpemenenHoctu Gysem cumrathb, 9ro deg fi > deg fy. Iycte 71y —
OCTaTOK OT feieHus f; Ha fo, ro —OCTATOK OT JelNeHuA fo Ha Tp,
<.y Tk41 —OCTATOK OT [EICHUA T3 HA Ti. CTENeHH MHOTOWIEHOB T;
CTPOro yOBIBAIOT, MOITOMY AJISA HEKOTOPOI'O N MOAYIUM Try1 = 0, T. €. Ty
JennTcs Ha . Ilpu sTom fi u fo gensrcs Ha r,, Tak Kak Ha 1, AeIATCA
MHOT'O4JIEHHL T'py—1,Tp—2, - - . KpOMe TOrO, ecid fi U fo ZeIATCA HA HEKOTO-
pBII MHOTOWIeH h, TO T, geauTca HA h, Tak kax Ha h JeIATCA MHOIOWIEHBI
r1,T2,... Taxum obpasom, r, = (f1, f2)-

Omupasnce Ha cBoucTsa (1) u (2), Jerko NpoBepUTH, ITO

(flaf?;"'vfn) = (fh(f?""afn))‘

1o 3amedanue cBoguT Beraucacaune HOJ[ n MHOrOYIEHOB K BBIMUCJIEHHUIO
HO/ aByx MHOT'OWIEHOB.

26.2. [lereHwe MHOTOWICHOB OT MHOIMX II€PEMEHHBIX

Hro06H ompefeanuTs feJeHHE C OCTATKOM A MHOTOWIEHOB OT MHOTHX
MEPEMEHHLIX, HYXXHO (PUKCUPOBATH HEKOTOPLIN HOPAJOK HA, MHOXKECTBE MO-
HOMOB. B paibHeieM Mul 6y1eM CIATATh, 4TO MOHOMBI YHODAIOYEHEI Aek-

cuxozpaduuecku, T.e. moHoM z° = zi' - ...-z% cTapme moHoMa zf =
1
= x? . ...-w?{‘, ecan dy = B1,...,% = Pr, %%+1 > Br+1 (Bo3MoxkHO k = 0).
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3amuch f = a4z% + ... 6yeT 03HAYATD, YTO oL — CTAPIINA LIEeH MHO-
ro4rena f, T.e.z® — CTaplinil MOHOM, BXOJAIIMMA B f.

Mycrts f = ae2* +... 1 g = bgmp + ...— ABa MHOTOYJIEHa OT N nepe-
MeHHBIX. EC/IM HEeKOTOpBIA WleH c,r' MHOrowieHa [ geauTcs Ha z?, momo-

cyx¥ o
xnM fi = f — b;—xﬁ-g. Ecin HEeKOTODEHIA WIeH MHOTOWIEHa fi AEIATCS HA

z?, npumennm x f; aHaJOru4HOe nmpeobpasoBaHue U T. 4. ITO6H 3TOT mpo-
1lecC CXOAWICA 33 KOHEYHOe YMCJIO INAroB, MOXHO MNOCTYIHTL, HAIpUMEp,
caeayoomuM obpasoM. B kagecrse ¢ z¥ Gyaem 6paTh CTApIIAN U3 BCEX ‘Wie-
HOB MHOCOWIEHOB f, gensmuxca Ha zP. Torga mopajok crapmero wiesa f,
IeJIAIErocsa Ha zP, 6yger cTporo ybuBaTh. A m06as CcTPOro yGHIBaIOIIAA
[OCJIe JOBATENLHOCTE MOHOMOB OT 7 lepeMeHHBIX KOHewHa. B camom gere,
CHAYAJA 33 KOHEYHOE YMCJIO LIAr0OB IIPOMANET T1, 38TeM 33 KOHEUYHOE YUCIO
MIAaroB NPOHAJET Ty U T. A.

AHANOTMYHO MOXHO ONPEJEINThL JeJCHNE ¢ OCTATKOM MHOrOWIeHa f Ha
HECKOJBbKO MHOTOWICHOB f1, ..., fs. B pe3yabTare moiyduM npeicTaBieHue
f=uifi+...+usfs +r, e y MHOTOWIEHA T HET “WIEHOB, IEJIAMUXCA HA
CTapIIMe MOHOMKLI MHOOYWIEHOB f1, .. ., fs. B TakoM cay4ae 6y1eM rOBOpUTS,
YTO T — 0CMAMOK OMm OeaeHus MHOTOWIeHA f HA MHOTOWIEHH fi,...,fs.
CrexyeT OTMETHTDb, YTO MHOLOWIEH I ONpejeleH He ogHo3HadHo. OxHO m3
BO3MOXHBIX ompejerenu 6a3uca I'péOHepa Kak pa3 U 3aKAI0YaeTCA B TOM,
410 f1,.- ., fs — G6asuc I'pébHepa, eciM OCTATOK OT JeJeHHUA JIOOOr0 MHOI'O-
unena f Ha fi,..., fs OupeJereH OXHO3HAYHO.

26.3. Onpeaenenns 6asucos I'pé6repa

Byaem roBopUTb, 9TO (HEHyJEeBblEe) MHOTOWIEHHI §i,...,9: € I obpa-
ayior 6asuc ['pébuepa naeana I, ecin y mo6oro (HeHynesoro) MHOrOWIEHA
f € I crapmmin wieH JeIWTCA HA CTAPIIMH WIEH OJHOTO M3 MHOT'OWIEHOB

g1,---,9t-

TEOPEMA 26.2. MHorowiens g;,. . ., g 06pasyior 6asnuc I'pébuepa uge-
ana I TOTIa ¥ TONBKO TOT/A, KO A BLIIOIHAETCA OLHO U3 CIEAYIOLMX SKBU-
BAJCHTHLIX yCJIOBHH: ’

(a) f € I & ocrarok ot gexenns f Ha g1,...,9t paBeH 0;

(6) f e I & f = 3 higi u crapmmiz MOHOM MHOTOWIeHa f paBeH
CTapIieMy W3 NPOU3BEAECHUA CTAPIIMX MOHOMOB h; u g;;

(B) naean L(I), nopox €HHBIA CTAPIIMMU WIEHAMH DJIEMEHTOB ujeana I,
[OPOXI€H CTAPIIMMYA 4IEHAMH MHOTOXWIEHOB g1, . . . , §¢-
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JOKABATEALCTBO. [lokaxem CHaYa/la, 4YTO €CIH ¢i,...,g; — Oasuc
I'pébrepa nneana I, To Brmoanserca ycaosne (a). MocraTouno gokasaTs,
9TO €CM 7 — OCTATOK OT jJeneHua MHorowrena f & I ma gi,...,g;, TO
r=0. fcuo, yro r = f - Y h;g;  I. HoaTomy ecau r # 0, To crapmmit
“WIeH T A€IMTCA Ha CTAapLIMAl WIEH OJHOTO M3 MHOTOLIEHOB gy, ..., gt, 9TO
OPOTUBOPEYAT ONPEAEIEHUI0 MHOTOWIEHA T.

(a) = (6) Coruacro onpexereHRIO JeIeHUA € OCTATKOM f=>hgi+r,
TJie CTapIIMi MOHOM f paBeH CTapIIeMy U3 MPOU3Be [eHMik CTapIINX MOHOMOB
hi n g;. 3 (a) creayer, uro ecn f € I, 1o 1 = 0.

(6)=>(8) Ecmt f =az®+...€ I, 10 f = Y higi, rae hy = bah + ...
mg; = ¢zl + ..., npudem Bce MOHOMHI zizY me crapme z°. IlosTomy

az® = Y bizPicaYi, rae CYMMUDOBaHME BEIETCA 1O TeM %, JIA KOTOPhIX
i

aPizli = 2%, A rak xak ¢z e L(I), To az® e L(I).
OcraeTcs JOKa3aTh, 4TO €C/IM BHIIOMHACTCS yciosue (B), 10 gq,...,g; —
6asuc I'pé6uepa. Ilycts f = az® +... e I. Torga

az® = E bizhicixY:,
i

rje ¢;o'' — CTapliMe 4ieHbl HEKOTOPHIX M3 MHOT'OM/IEHOB 91,-..,9¢. HAcHo,
4TO MOHOM T* NeJMTCA Ha MOHOM zY¢ mpu HEKOTOPOM 1. O

CaEACTBHE. Ecau g, ..., g, — 6asuc I'pébrepa maeana I, To muoro-
“LI€HHL g1, . . . , gt TOPOXKAAIOT uAean I.

ITO ciefyeT u3 ycaosus (a).

TEOPEMA 26.3. ¥ mo6oro nenyseporo uneana I Klzy,...,z,] ecTs
6azuc I'pébuepa.

[ OKA3ATENLCTBO. Paccmotpum maean L(I), nopoxpenneni crap-
WAMI MOHOMaMH X, BCeX MHOTOYIEHOB gy = aoXy + ... € 1. Hcno, yTo
f € L(I) roraa n Tomeko Torga, KOTJa J060# MOHOM MHOrowIeHa f ge-
JUTCA HA HEKOTOPHI MOHOM X,. Ilo Teopewme l'arnbepra 0 6asuce ugean
L(I) mopoxeH KOHeHHBIM YHCJIOM MHOIOWICHOR fi,.. o, fr. Kaxkani monoM
J060r0 M3 STMX MHOTOWIEHOB JETUTCHA HA HEKOTOPHIA MOHOM X,. B pe-
3yIbTATE NOMy12eM KOHEYHbI HaGOp MOHOMOB X1, ..., X¢, MOPOXK JAIOMIHX
ugean L(I). OTM MOHOMBI ABIAIOTCA CTAPMIMH MOHOMAMM MHOTFOWICHOB

g1;---,9t. Cornacuo Teopeme 26.2 (B) MHOrOwIeHEI g1,--.,9t 06pasyoT
6azuc I'péGuepa ugeana I. 0
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R R

By ieM rOBOPUTH, ITO MHOTOYWIEHH g1, . - - , §¢ 06pasytor 6asuc I'pébuepa,
ecsm oHM 00pasyloT 6a3uc I'pé6Hepa MOPOX AEHHOTO UMH UAEANE.

TEOPEMA 26.4. Henyjiepsl€ MHOTOWIEHH gi,...,¢: 00pa3yioT Gasmc
I'pé6repa TOr4a ¥ TONBLKO TOr[a, KOTJAa OCTATOK OT [CJCHUA A1060r0 MHO-
rowiesa f Ha gi,...,g: OUPEJEICH OJHO3HAYHO.

JIOKABATEJNBCTBO. IIpeanosoxnm CHa4ana, 9TO MHOTOWIEHB g1, . - -, §¢
o6pasyior 6asuc I'pébrepa. Ilycte 7y M rp —ocTaTkm OT Aenenus f Ha
g1,---,9: Torpa muorounenst f — 1y u f — rp Jexar B ujeane I, nopo-
XK JAEHHOM g1, .. ., gt. [lodTOMY T4 ~ T2 = (f —=re) = (f —r1) € I. Cornacuo
onpegaenenuio 6asnca ['pé6buepa cTapmMu MOHOM MHOT'OICH] T —Urg JeJUTCH
Ha CTApUIMi MOHOM OJHOT'O M3 MHOT'OYWIEHOB g1, . . ., gi- C APYTrOM CTOPOHHI,
HA y MHOTOWIEHA T'1, HM Y MHOTOWICHA T3 HET WIEHOB, ACJALIMXCA HA CTap-
[IMe MOHOMBI MHOT'OWIEHOB g1, . . . , gt 1loaTOMy 11 — 12 = 0.

IIpeANOIOKUM Terepb, YTO OCTATOK OT JieJIeHns 1060ro MHOrowieHa f
Ha g1,. - -, gt equHcTBeH. TpebyeTca JoKa3aTh, YTO eClu f € I, To ocraTok
r oT Jenenus f Ha gi,...,J: PABEH HYJIIO.

TMokaxkeM CHAYATA, UTO €CIM G — HEKOTOPOE UKCJIO, TO MHOTO4IEHH f U
f — az®g;, rae T — MOHOM, JAIOT OAMHAKOBHIE OCTATKM HPU JEJNCHUH HA
g1, --,gt- HanOMHUM, 9TO HPU [JEJEHMH C OCTATKOM 3J1emeHTa.pH0$ npe-
06pa3oBaHKE 3AKIIOYAETCA B YHHITOXEHUN 8HeKo"roporo Mouog[a cyx! MHO-
roureHa f mocpeactsom 3ameHHl f Ha f —dz°g;. llycts g; = bz” +.. E(gnn y
onHOro w3 MHOrowieHoB f u f — ax®g; koopdumesT npu MoroMe 77 pa-
BeH HYJIO, TO MHOTOWIEH C HEHYJIeBBIM KO3((hUIMEHTOM [PU 3TOM MOHOME
3JEMEHTaPHEIM IIPpeo6pa30BaHneM IPUBOIUTCA K MHOFO‘I.;[EHy C HYJIEBBIM KO-
sp¢umpenTom. Ecam xe y o6oux muorowienos f u f —az®g; KoadpuuuenTs
nipu MoHOMe %P oTaMdHEl OT Hy.1A, TO 062 MHOTOYIEHA DIEMEHTAPHBIM IIpe-
06pa3oBaHUEM NIPUBOAATCA K MEHOT'OWIEHY f—cx%g; c HeHyIeBBIM K:)BQ)(I)PII.WI—
entToM npu MoHoMe 228, Bo Beex cayvanx Muorowrens: f u f —az®g; npuBo-
IATCA DIEMEHTAPHHIM IPeOOPa30OBAHUeM K OFHOMY M TOMY XK€ MHOTOLIEHY,
[OSTOMY TIPH JeJeHU: Ha MHOTOWIEHBI §i,...,Jt OHM [AIOT OJMHAKOBBIE
octatkn. (MHI IOIB3yeMCA MPEANIOIOKEHNEM O eJUHCTBEHHOCTH OCTATKA.)

Tenepb ye Jerko JokasaTb Tpebyemoe. Ecm f € I, To f = > hig;.

3anmMcaB KaX B MHOTOWIEH h; B BHAe CyMMbI MOHOMOB, moay4uum f =
=Y a,z%g;,. MHOrOUNens! f u f -5 aqz*gi, = 0 Ja10T OJUHAKOBEIE OCTATKH
IIp¥ JeleHUH Ha gy, . . ., Y- HO [T HyIeBOrO MHOrO4/IEHA OCTATOK OT Jele-
HAA PaBeH Hy.IO, MODTOMY AJA MHOTO4IeHa f OCTATOK OT A€JEeHHS TO)KDe
paBeH Hy.JIO.
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26.4. Anropurm Byx6eprepa

Bce npegmecrsyiomme onpenerenus 6asuca I'pébrepa me moaBoasu
BBIACHUTE 33 KOHEYHOE MMCJIO WIAros, Gyjer au Habop g, ... , 9t 6a3ucom
I'pé6uepa. Ipusesem Hakomen OmpeaejieHne, KOTOPOE IO3BOJAET 3TO BhI-
ACHATD.

Oycrs f =0z, +...,g = bzg +... M T, — HauMeHBIIee O6IIEE KpATHOE
T T
MOHOMOB Zq ¥ zg. Ilonoxum S(f, g) = #f— b—Yg; Mmuorowrex S(f, g) crtpo-
a $p .
WTCA TaK, ITOGHI CTapIIMe WIEHH ABYX €T0 COCTABJAIOLMX COKPATHINCE,

TEOPEMA 26.5 (Byx6eprep). Muorowrens: 91, .,9: 06pasyior 6asuc
I'pé6uepa Torga u Toasko Toraa, koraa HpH BCeX { # j OCTATOK OT JeNeHus
MHoro4nena S(g;,g;) Ha g, ..., g; paBen HYJIIO.

[JOKA3BATENBCTBO. Eciu MHOrOWwIeHE! g1, - - -, gt o6paayior 6asuc I'pé6-
Hepa, TO coriacHo Teopeme 26.2 (a) MHorowren S(g;, 9;), IPMHAIIEX AHI
MOpOXAE€HHOMY uMu npealy I, npu genenuu ma mux gaet octarok 0. Ilo-
STOMY HY2KHO JINIIb NOKA3ATh, YTO €CJU HPH BCEX § # j OCTATOK OT JAeJIeHUs
MHOrO4eHa S5(g;,9;) Ha g1,...,g; paBen HYJIIO, TO MHOTOYWIEHEL g1, ..., g;
o6pasyior 6asuc I'pébuepa, T.e. M060# MHEOrOWIEH f € I moxwuo npencra-
BUTH B Bufe f = )" h;g;, rie crapmmit MOHOM MHOrOWIEHS, f pasen crap-
IueMy 13 MPOM3BE/IEHMI CTapIIMX MOHOMOB h; ¥ g; (CM. Teopemy 26.2 (6))

HpeasapuTenbHo foKaxkeMm OJHO BCHOMOIATEIbHOE YTBEDX IEHHE.

JIEMMA. Ilycts fi,..., fy — MHOrOWIeHE] ¢ OJHUM M TeM K€ CTapUIIM
moroMoM z*. Torna eciu CTapIIMIT MOHOM MHOI'OWICHA, fF=Y hifi,raeh; —
‘nena, cTporo Menbie 2%, o f = 3 uiS(f;, f;).

i<y

HAOKA3ATENLCTBO. Ilo ycaosuio fi=ax*+... n fi = ajz* + ...,

nosromy S(f;, f;) = g - af—] HAcuo Takxke, uyro
i 3]
f = Z)\ifi :)\lal (i—i - af—z) + ()\lal +)\2(12) (‘t{% - ({f) +...
R ()\1(11 + ...+ )\s_las_l) (({zﬁ:i - af—z> + ()\10,1 +...+ )\sas)‘{—:.

Ocraerca samMernTs, wro hja; +. . -+Asa; = 0. B camom gernte, y MHOTOWIeHA,
f =3 \ifi xoapdunmenT npu monome z* kax pa3 u paBeH Aja; +. ..+ A,a;,
a TI0 YCJIOBUIO CTAPIINY MOHOM MHOTOWIEHA f CTPOro MeHbime . a
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Meuorowies f = az® +... € I pas3HBIMHI CIOCOGAMH MOXHO npe,qc"rannfrl:
B Buge f = 3 higi. lycrs by = bia™ + ... nsg,- = ¢V + ... Crapmmi
3 MOHOMOB zPizg¥i i = 1,...,t, o6o3naunm z°. BriGepem npescTapieHue
f = 3 hig; Tax, 9T06E MOHOM 2% 6bur MunuMmanen. TpebyeTcsa HOka3aTs,
4TO B TakoM ciydae z° = x°. SIcHO, 9T0 MOHOM Z* He MOXeT GHITE CTapie
MoHOMa. Z°. ITpenON0XKMM, 9TO MOHOM ¥ cTapie MoHOMa z*. MoxHO c‘mg
TaTh, 9to aPizYi = mpui=1,...,M,ampui=M+1,...,t MoHOM T
cTapiue MOHOMA TP TYé,

& 5
PaccMOTpUM MHOT'OWIEH § = b;zPi g;. KoapduuueHTH ps MOHOME T

i=1
y TOT0 MHOTOYIEHA M y MHOTOWIEHa f COBIAJAlOT, HO3TOMY MHOT'OLIEH 8g
ABJIACTCA JUHEHHOM KOMOMHAIMEH MHOI'OYIEHOB CO CTapIIMM MOHOMOM I°,

Ipu4eM BCe CTapummne MOHOMBI B3aMMHO COKpaIarTCA. B Taxom ciaydvae Co-

TJIaCHO JleMMe |

9= w8 (ePgi,2Pg;), ey
rjae CyMMHPOBaHME BejeTcd Mo TakuMm i,j, ayro 1 < i < j < N. Crapmre
MOHOMBI MHOTPOYICHOB L% gi ¥ xPi gj COBNANAIOT, MOITOMY

S (zﬁ‘gi,wﬁ’gj) =i et 9i = ot 9i,95);
rge zV# — HauMenslIee o0Lee KpaTHOE MOHOMOB Z1i 1 V7.
Mo npeamonoxenuto MHOrOwWIeH S(g;,g;) AaeT octaTox 0 mpu jJereHHn
Ha g1, .-, gt- MEOTOUIEH S (:cp‘ gi, % g;) Aemnrcs Ha S(gi,g;), MOdTOMY OH
Toxe JaeT ocTaToK ( NpH [JeJEHWH HA gi,...,J:. AJrODHTM HeJeHus C

ocraTkoM faer mpegcraprenue S (zPig;, zPig;) = Y hijvgy, rae Haunbons-
Iee W3 MPOM3BEICHM CTAPIIMX MOHOMOB MHOTOTWICHOB hij, u gv cosma-
1aeT co cTapmuym MoHoMoM Muorowiena S (zPig;, 2% g;); mocaeguni MoHOM
ctporo Menbme z°. TlofcTaBUM MOMyYeHHOE NPeJCTABICHUWE MHOFOWIEHA
S (zPig;, 2P g;) B (1), a 3aTeM NOACTABUM MOIYYEHHOE NPEJCTABICHNE MHO-
roureHa g B f = g+... B peayIbTaTe MOLy4MM IIPEiCTABICHNE hgﬂgromena
f, KOTOpOE IPOTUBOPEIHT npe,gnonc?xenmo 0 MUHUMAJBHOCTH Z°. DTO np(‘):I
THBOpEUMe TOKA3LBaeT, 4To &° = z*.

C moMmoupio TeopeMul 26.5 J€rko NOKa3aThb, YTO CJeIYIOIIMMA aIro-
PUTM 103BOAAET HATH Gasuc [PEGHepa ugeana, NOPOX ACKHONO MHOrO'te-
HAMH f1,. .., fs. BEMuCIIM OCTATKM OT fejeHus Muorodresos S(fi, f;) na
fi,...,fs ¥ BCe HeHyJeBBIE OCTATKM 1006aBUM K HaOOPY fi,..., fs. HosTo-
pHM BTy TpOLEAYPY A1A MOMYyYeHHOTO Habopa MHOrOWIeHoB ¥ T. 4. SflcHo,
YTO ITA MOCIEA0BATEILHOCTD ONEPAlMi 3aBEPIIAETCA 33 KOHEYHOe HHCIO
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IIaroB, a COrJacHo TeopeMe 26.5 B uTore moaydaem Gasuc ['pébuepa uae-
aJjia, HOPOXK AEHHOTO MHOTOWIEHAMH fi, ..., fs. DTOT alrOpUTM BRIYUC/ICHUS
6Gasuca I'pé6brepa HaswBalOT auazopumm Byzbepzepa.

26.5. IlpuBeaennnm Gasuc [pé6repa

s opnoro m Toro xe ugeara I arropurm ByxGeprepa OPUBOAUT K
Pa3HBIM KOHEYHBIM Pe3yJbTaTaMm B 3aBUCHMOCTH OT BHIGOpa 06pasyommx
ureana u nocregosarensHoctu onepanui. Ho sror aaropurm moxuo mo-
AUGUIMPOBATE TAK, YTOOBI KOHEUHEIA PE3YILTAT 3aBUCEN JHITb OT CAMOTO
ujeana I; sTa Moanpukaumua Takxke npuHasIexuT Byx6eprepy.

IlepBeM genoM go6bemcs, 9TO6BI OFHO3HAMHO onpeneneHo 6b6LI0 YHCIO
aneMeHTOB 6asuca I'pébuepa. Hasosem 6asuc I'pébuepa g1, . . ., g Munumas-
HblM, ecM g; = T + ... U MOHOMBI T ¥ z% He JeIATCA APYr HA Apyra
opu 1 # j. Y moboro ugeana I ectb MUHUMAIBHBIN 6a31C I'pébuepa. B ca-
MOM jeJie, yCTh g1, - . -, gt — HEeKOTOpuI Oasuc I'pé6uepa ugeana I. Moxuo
CIUTaTH, 4TO g; = ™ +. ... Ecam £ gennres Ha %2, 10 gs, . . . , g; — 6asuc
I'péonepa upeana I. [eficreutensno, ecin f = 2% + ... € I, T0o cormacHo
ompefenenuio 6asuca I'pébuepa z° gemurca ma % npu mekoropom i. Ho
T gemuTcsA Ha T2, MOITOMY T* AeruTCA Ha % npu i > 2. DTo O3HavaeT,
qTO g3, ..., 9: — 6asuc I'pé6uepa uaeana I. Ilocregoparensuo y6upas MHO-
TOYWIEHB, CTAPIINE MOHOMBI KOTOPBIX AEIATCA HA CTAPIINE MOHOMEI APYIHX

MHOT'O4/1€HOB, 0T 6asuca ['pé6uepa g4, ..., g MOXHO MepelTH K MUHUMAJL-
HOMY Oasucy I'péGuepa.

TEOPEMA 26.6. Ecmn g1,...,9; u fi,..., fs — IBA MUHUMAJIBLHBIX 6a-
suca I'pé6uepa oguoro u Toro xe ngeara I, To s = t u crapmue MOHOMBI
MHOIOWIEHOB §; U fo(i), T/le 0 — HEKOTOPas HOJCTAHOBKA, COBIIAAAIOT.

MOKA3ATENLCTBO. Iycts g; = 2% + ... u f; = 2P + ... C ognoi
cToponnl, fi € I u gy,...,9; — 6asuc I'pébuepa ugeara I. Hootomy zP1
AeJUTCA Ha T npu HexkoTopoM i. Ilocie mepenymepaumm MOXHO CYMTATH,
4ro ¢ = 1. C gpyrou cropours, g1 € I u fy,. .., f, — Gasuc I pEGHEpa ugeana
I. TloaTtomy z*' nemurca Ha zPs IpY HEKOTOPOM j, & 3HAYMT, zh AeTUTCA
Ha 7% . U3 MunnMarbHOCTH Gasuca I'pé6uepa fi,..., fs creayer, uro j = 1.
Monomsr 2%t u P! genarea ApYyr Ha Apyra, moaTomy Pt = zo,

AHanOrudHbE PaCCyXA€HNA MOKA3BIBAIOT, YTO P2 geautca Ha x%. U
MUHUManbHOCTH Oasuca I'pébuepa f1,..., f; caegyer, uto z% # zP1, 1. e.
¢ # 1. IloaToMy mocie mepenymepauuy moaydaem %2 = zP? g . I. fcuo,

&
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4TO TIPH DTOM MHOTOWIEHHI g1, ..., 0t ¥ fi,..., f5 HOMKHB HCUEPIATHCH o,g
HOBPEMEHHO, T.€. § = L.

Temepsb yXke MOXHO JOOUTLCA, YTOOH OJHO3HAYHO OBLIO ONPEJENCHO He
TOJBKO YHCIO 2JeMeHTOB Gasuca ['pé6uepa, HO U camu 5T# dnemeHTH. Hazo-
peM 6asuc ['pébrepa g, . . -, gt npusedennbim, ecan g; = £ + ... ¥ OCTATOK
OT [ENeHWS gi Ha Ji,.--Gi—1,Ji+1;- -, gt COBNALALT C g, T.€. HU OfuH u3
BXOAAIMX B §; MOHOMOB He JeauTcs Ha x% mpu j # 1. flcwo, 4ro mobou
HOpUBEJEHHEIN GA3MC ABIAETCA TAKXKE N MUHIMAILHEIM. )

C momompr MUHEMAJIbLHOro 6asuca I'péOuepa gi,..., 9t NPHBEIEHHBIN
6asuc ugeara I, IOPOXKIEHHOIO MHOT'OWICHAMHU g, .. ., §t; MOXKHO MOCTPO-
uTH caeayoumum o6pazoM. IIycTs hy — OCTATOK OT AeNCHNA g1 HA g2, - - -, Gt
ha — OCTATOK OT JeJeHus gz Ha hi,gs,...,g¢; ha — OCTATOK OT JeJNeHHUA g3
Ha hi,h2,94,...,9t; -..; hy — OCTATOK OT AeJEHHA g HA hi,ha,..., he_1.
Toraa hi,...,h; — npuseseHusiit 6asuc ['pébrepa uaeana I. B camoMm geue,
u3 MHHEMMajbHOCTH Gasuca I'pébmepa ¢g,...,g: CIeAyeT, YTO CTAPILINE MO-
HOMBI MHOT'OWIEHOB h; 1 g; coBmajgaoT mpm Beex i. Ioatomy hy,...,he —
MUHUMAJBLHEIR 6a3uc 'pébuepa ugeana I. Kpome Toro, npu gereHuu g; Ha
hi,...hi—1,Git1,-- -, gt HOTYHAETCA OCTATOK h, KOTOPBIM HE COAEPKHUT ie-
HOB, JEIANIMXCA HA CTAPLIME MOHOMEI MHOPOWIEHOB hy, . hic1 B Ogiv1, ...

. g¢; TIOC/IE AHME MOHOMBI COBNIAAIOT CO CTAPIIIMM MOHOMAMU Mnciromenos
hitis---,he. Taxum o6paszom, hy, ... ht — npuseseHHBM 6asuc I'pébuepa.

TEOPEMA 26.7 (Byx6eprep). [laa mo6oro uneana I cymecTsyeT pOBHO
ojuH npuBefeHHbIM 6asuc ['pébuepa.

JOKA3ATEJILCTBO. CyuiecTBOBaHMe NMpHUBEAEHHOro Gasmca I'pébuepa
TONBLKO 4TO OnuIO gokasaHo. OcraeTcd AOKA3aTb €ro €JUHCTBEHHOCTE.
Oycts fi,-.-,ft ® g1,...,9s — ABa NPUBEJEHHEIX Gasuca I'pébuepa nae-
ana I. Ilpupeennbe 6a3UCH MUHNMAIBHBL, I0DTOMY COTUIACHO TeOpeMe 26.6
BBLINOJIHAETCA PABeHCTBO § = { ¥ MOXHO CYMTATb, YTO CTapIIHe MOHOMBI
MHOTOWIEHOB f; u g; coBmagaioT. [Ipegmonoxum, uro f; — gi # (3 Toraa
cTapuIMi MOHOM MHOTO4IeHa f; — gi € [ peaurtcda Ha CTapIui MOHOM
HEKOTOPOro MHOTOWIeHa gj. 1Ipu 3TOM j # 4, TaK KaK CTapUIMH MOHOM
MHOrO4IeHa f; — g; CTPOrO MeHbIIe CTapIIero MOHOMA MHOTOYICHA ;.
C Ipyro#fl CTOPOHBI, €CIM CTAPIINA MOHOM MHOT'OLIEHa, g; Remar CTapUIMiA
MOHOM MHOT'OYJEHa f; — g;, TO OH JONXKEH JeJIUTh KaKOU-1ub0 MOHOM Of-
HOT'O ¥3 MHOT'OYWIEHOB f; U g;, & 3TO NPOTUBOPEYUT NPUBEJEHHOCTH 6a3MCOB
fi,-- s ft 1 g1, .., g (HAMOMHUM, YTO CTapIIMe MOHOMEI MHOTO'WIEHOB gj ¥

a
fj coBmanawt).
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27. CyMMBI KBaJpaTOB: BBEJICHHE

27.1. HexoTopsie npumepnt

Herpyano nokaszaTs, 4T0 11060 MHOrOWIEH p(T) € AMCTBUTEILHBIMI
KO(bUNUEHTaMH, IPUHUMAIOUIMA HEOTPULATEIbHEIE 3HAYEHUA TIDH BCEX
z € R, MOXHO IPeICTaBUThL B BHJAE CYMMEI KBAJPATOB IBYX MHOI'OWICHOB
¢ JEUCTBUTEIbHEIME KOdddunmenTamu. B camom gere, KODHHM MHOT'O4JIEHa
€ JeHCTBUTENbHHMY KO3(GUIMEHTaMU Pa3bMBAIOTCA HA JeHCTBUTENLHLIE
KODHU U Maphbl KOMILIEKCHEIX KOpHeH. [loaTomy

p(z) =a]](@ - 2)= - 7) [[(z — )™,
j=1 k=1

rie oy € R Ecm p(z) > 0 npu Beex ¢ & R, T0 a > 0 u Bce uncia
M) I€THEI, IO3TOMY JEACTBUTEJIbHEIE KODHH TOXe pa36MBAIOTCA HA MaphL.
CaenoBaTenLHO,

pla) = (ﬁljl(”” - ) (\/alillw -5)),

I/le HEKOTOPhIE U3 YHCET z; MOT'YT OBITh AedcTBUTEAbHBIME. IlycTh

1
Va[(@ - 2) = ala) +ir(a),

=1

rie ¢ ¥ r — MHOI'OWIEHH! C JeHCTBUTEIbHBIME KodpduumenTamu. Toraa

l
Va [~ %) =g(2) - irz).

j=1

B urore moayuaem p(r) = (q(:l:))2 + (1'(:1:))2

Ho A1 MHOTOYIEHOB OT HECKOJBKUX MEPeMEHHBIX AHAJIOTHMYHOE YTBEp-
XK[IEHUE yXKe He BCera BEPHO, T.e. CYLIECTBYIOT HEOMPUUGMEbHbIE MHO-
rowienn (Tax Mbl 6yjJeM HA3LIBATH MHOTOWJEHHI C JE€HCTBUTEIbHEIME
KO3(hpMIMEHTAMH, KOTODBIE IIPH BCEX IeHCTBUTENbHBIX 3HATEHUAX [IEPEMEH-
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27. Cymmdvt xeadpamos: esedenue

HBIX TPMHUMAIOT HEOTPUIATEIbHBIE 3HAUEHNA), KOTOPLIE HEb3A NPEeACTa-
BHTH B BUJI€ CyMMHEI KBaPATOB MHOMOWIEHOB C JeUCTBUTEILHEIMA KO3 du-
unentamn. Ilepsrm o710 gokasan B 1888 r. I'minGepr [Hil], Ho oH He npu-
BeJl ABHLIM PUMEP TAKOro MHOrowieHa. IlepBEIi POCTOM IpuMep IpUBEN
T. Mouxus B 1967 r. 7

ITPuMEP 27.1 [Mo]. Muorowren
F(z,y) =2’y*(z* +y* - 3) +1

HEOTPHILATENEH, HO €r0 HEJb3A NPEJCTABATE B BUJE CyMMBI KBaJPATOB MHO-
T'OYIEHOB C JeHCTBUTEILHHIMI KO3hDHUIUEeHTAMU.

JTOKA3ATEALCTBO. Ilposepum cmagana, uro F(z,y) > 0. Ecim z = 0
nm y = 0, ro F(z,y) = 1. llosTomy Gygem cunrarts, 910 zy # 0. B Takom
caydae uucaa z2,y? u 72y ~2 NONOKUTETLHB ¥ X TPOU3BEJEHUe PABHO 1.
CaenoBaTennHo,

2 +y? +27%y% >3,
a snaunt, z2y%(z? + y2 — 3) + 1 > 0, 4T0 u TPeGOBATOCE.

Ipeanonoxum Teneps, uto F(z,y) = ¥ f;(z,y)?, rae f; — mHOro4aeHs!
¢ peiicTBuTensrbIMu Koaddummentamu. Torga Y. fi(x,0)> = F(z,0) = 1.
CregosaTenbHo, f;(z,0) = ¢; — HeKOTOpas KOHCTAHTA, & 3HAYUT, f;(z,y) =
= ¢j + yg;(2,y). AHANOru4YHEIE PACCYX ICHUA MOKA3KIBAIOT, 4TO f;(z,y) =
= ¢} + zg}(z,y). flcno, uTo npu sTOM C¢; = c; u fi(z,y) = ¢; + zyh;(z,y).
Taxum o6pas3om,

22y (2 + 9% - 3) + 1 = 2%? Zh? + 2.'L'yZth]‘ + Zc?,

Sy 4y = 8) -y YR = 2my Y ehy+ D¢ - L

Bcee OJHOYJIEHEI, BCTpeYallnnecs B npaBoﬁ YaCTH 3TOI'O paBE€HCTBA, AMEIOT
cTeneHb He 0Oable 3, a BCe OJHOYJIEHBI, BCTPEYAIOmINeCs B JEBOH 4aCTH
3TOr0 PaBeHCTBAa, UMEIOT CTENEHL HE MEHBIIIE 4. B camoMm aeJge,

1
deghj=degfj—2§§degF—2=1.

Cregosarensno, r2y?(z?y? — 3) — z2y? Y. h? =0, a snaunr, 22 + y? -3 =
= Y h2. Tlonyueno npotusopetne, Tak Kak z° +y* —3 <Ompuz =y =0.
O

10 — 1010
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IpuMEP 27.2 (R. M. Robinson, 1973). Muorowien
S(z,y) = 2*(a® - 1)* + (4" - 1)* - (2 - 1)(%* - 1)(=® +y* - 1)

HEOTPULATEIEH, HO €r0 HeJb34 NIPEACTABUTD B B e CYMMBI KBaIPaTOB MHO-
FOYWIEHOB € JEHCTBHTEILHLIMU KO PULIHEHTAMHU.

JIOKA3ATEILCTBO. IIpoeepum cmadama, aro S(z,y) > 0. dTo oue-
BUAHO IJIA TOYEK, JEXAIMX B HE3ATPHXOBAHHOM Ha puc. 6 obaacTu, Tak
Kak s 060# Takon Touku amn6o 22 +y2 —1<0u (22 - 1)(y* -1) >0,
6o z2 +y2 — 1> 0m (22 — 1)(y? — 1) < 0. Ho S(z,y) MoxHO 3anmcaTsh u
TO-APYTrOMY, & MMEHHO,

S(,y) = (2" + 9 - 1)(=* ~9*)* + (2> - D" - D).

lpu Takon 3anucu 04eBUAHO, 4TO0 S(z,y) > 0 A1a TOYeK, JeXKAIUX B 3a-
LITPUXOBAHHOM OGJIACTH, TaK KAk Mif mobok Takoi Touku z2 +y2 —1 >0
u(z2 -1)(y2-1)>0.

Y

-1

Puc. 7

Puc. 6

peanonoxum Tenepsb, uto S(z,y) = Y. f;(z,y)?. Pynkuua S obpama-
eTca B HyJab B 8 TOUkax, OTME4EHHHIX Ha puc. 7. CiexoBaTeqbHO, B OTHUX

v 1
TO4Kax o6pamaeTca B HyJb Kaxgad u3 gynkuni f;. Ho deg f; < 3 degS =

= 3, a ecam KpuBaa cTenenu He 60jee 3 MPOXOJUT depe3 yKa3aHHbIE 8 TOYeK,
TO OHa 00A3aTEIHLHO IPOXOINT I depe3 TouKy (0,0); 3TO MBI JOKAXeM 4yTh
noaxe. Wrak, f;(0,0) = 0 npu Bcex j, nosTomy S(0,0) = 0. Ho, xak Jserko
y6emuTnea, S(0,0) = 1. Iony4eHnoe NpOTUBOpEYHE MOK33HIBAET, ITO MHO-
roues S(z,y) HeIL3s IPeJCTABATH B BUJE CYMME! KBaIPATOB MHOT'OYIEHOB.

s i
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JokaszaTenbcTBO TOTO, YTO KyGudeckas KpHWBasg, MpOXoJdmad depe3 8
TOY€eK IlepeceveHns NPAMEIX p; ¥ g; (i,j = 1,2, 3), 06sA3aTeNbHO IPOXOANT U
Jepe3 AeBATYIO TOYKY, MOxkHO HauTu B kuure [[IpC|. Ho aas paccMaTpusa-
€MOM KOHPUIYPAlMi TOYEK MOXHO IPUBECTH U H0Jee IPOCTOE JOKA3aTE b
crso. Ilpumumem toukam (+1,=+1) Bec 1, roukam (+1,0) u (0,£1) sec -2,
a rouke (0,0) Bec 4. PaccMOTpUM CyMMy 1O 3TMM TOYKaM 3HAYEHMH ByHK-
un 2Py?, yMHOXEHHEIX Ha COOTBeTCTByIomue Beca. Ecmu pg = 0, To cymma
HyJeBad. Eciu p > 0 u ¢ > 0, TO HEeHyJeBOM BKJIAL B CYMMY JalOT TOJBKO
rouku (£1, £1). [Ipu 5ToM CyMMa OKaXeTCs HEHyIeBOM JHUIIL B TOM CIydae,
korja 06a 4ucia p u g YeTHel. Ho y MHOrOwnena f; cremenu me Gombme 3
TAKUX OAHOWIEHOB HeT. [loaToMy BaBemleHHas CyMMa MHOrO4IeHa f; 1O pac-
cMaTpuBaeMbM 9 ToukaMm paBHa Hymo. B wacTHOCTM, ecim f; o6pamaercs
B HYJIb B BOCbMM TO4YKaX, TO f; 06pallaeTCs B HyJIb ¥ B JE€BATON TO4uke. [

ITpuMEP 27.3 (R. M. Robinson, 1973). Muorowien
Qz,y,2) =2 (x - 1)2 +y%(y - 1)* + 2(z-1) 4+ 2ryz(z+y+ 2 — 2)

HEOTPHIIATEJEH, HO €0 HEJIb3A IIPEACTABUTEL B B € CYMMEI KBaIPaTOB MHO-
TOYJIEHOB.

MOKA3ATENLCTBO. IIpeanonoxmm, uro Q(z,y,2) = Y. f;(z,y,2)%. To-
rA2 CTENeHb KaXJOro MHOrOWIeHa f; He MpeBocXoAuT 2. A Tak Kak ¢yHK-
uua Q(z,y,z) o6pamaeTcsa B HyJb BO BCEX 2z
To4kax (z,y,2) C KOOpAMHATAMH T,¥y, 2z = 0
wia 1, 3a uckmovenuem touku (1,1,1), To
BO BCEX ITUX TOUKaxX 06pAIIAOTCA B HyJb
dyuxumn f;. Kak Mut ceftuac yGeaumes, ua
aToro caeayer, 4ro f;(1,1,1) = 0. Ho Toraa
Q(1,1,1) = 0, a HENOCPEACTBEHHEIE BRITH-
CJIeHua MoKasuBawT, yto Q(1,1,1) = 2.

IIpunumweM BOCEMH PACCMATPHBAEMBIM
ToukaM Beca +1 Tak, Kak 3TO MOKA3aHO
Ha pHUC. 8, ¥ PACCMOTPHM CYMMY IO 3TUM
To4ykaMm ¢yukuun f;(z,y,z) ¢ COOTBETCTBY-
IOIKMHE BecaM. JIerko npoBepuTsh, 4TO pac-
CMATPUBAEMAsA CYMMa PaBHA HYJII0 A caeayommx dbysknmi: 1, z, zy, z2.
ITosTomy ona paBHa Hy.mo ¥ Jna dyskuun f;(z,y, z), TAK KaK €e CTENeHb He
npesocxouT 2. CreI0BATENBHO, €CIH B CEMU M3 BOCHMH PACCMATPUBAEMBIX
Touek ¢yHKmuA f; obpaiaeTca B HyJb, TO OHA ODPAIlAETCA B HyIb U B
BOCHMOM TOYKE.

Puc. 8

10*
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Jokaxem Teneps, 4to Q(z,y, z) > 0. 3anumem s 3TOr0 MHOTOWIEH ()
[O-APYTOMY:

Q=2 -1+ (yly - 1) - 2(z - 1))* + Qa
=y’ -1+ (22 -1 -2z~ 1) +Q, =
=22z -1+ (2(z - 1) —~y(y - 1)* + Q,
rie

Qe =2yz(z+y—-1)(z+2z-1),
Qy=2zz(z+y -y +2-1),
Q.=2zy(lz+z—-U{y+2-1).

JocTaTouHo AoKa3aTh, 4TO B J0GOU TOuKe (T,y,z) OAHA W3 YHKIMM
Q:,Qy,Q; neorpunarensHa. Ho 5tn dyukiuu He mMoryr GBITH OJHOBpe-
MEHHO OTPHUATENIbHBEIMHM, TaK KAaK MX [POM3BEJECHHE HPEICTABIAET COOOH
KB3APAT MHOTOWICHA,

2V2zyz(z +y - )z +2 - 1)y + 2 —1). a

ITPUMEP 27.4 (Anneli Lax, Peter D. Lax, 1978). dopma A(z) = A (z)+
+ Az(x) + As(z) + As(z) + As(z), rae ¢ = (21,22,%3,%4,25) 1 Ai(x) =
= [l (z: — z;), HeoTpUBaTEIBHA, HO €€ HENAB3A MPEACTABUTE B BUE CYMMEI

J#i

KBaJApaToB (popM.

3AMEYAHME. PaccmarpusaeMas ¢opMa 3aBHCAT TOJIBKO OT Pa3HOCTEH
TIepeMEHHBIX, TIO3TOMY €e MOXHO IPEACTABUTEL B BUAe (GOPMbLI OT YeTHIPEX
nepemerHbIx. IlogenuB 3Ty HOBYIO GOPMY HA YETBEPTYIO CTENEHL OIHON U3
nepeMeHHbIX, MOXKHO HOJYy4YUTH MHOTOWIEH CTEeHeHN 4 0T 3 mepeMeHHEIX.

Ilposepum cHauana, yto A(z) > 0. 3uadenue bopmu A(r) He U3MeHA-
€TCA Npu J0O0H [IEPECTAHOBKE NEPEMEHHBIX, HO3TOMY MOXHO CYMTATh, YTO
Ty > Tg > T3 > T4 > Ts. B TakoMm cay4ae

A1 (27) + A2((L’) =
= (21 —22) (21 —23) (21 —24) (31 —T5) — (T2 — 73) (T2 — T4) (T2~ T5)) > 0,

Tak Kak T3 — T2 > 0,y — x3 > 0,220 — 23 > 0 u T. 1. AHaJTOrM4HO JOKa-
abBaeTcd, 410 A4(x) + As(z) > 0. fcuo rakxke, uro Az(r) npeacrasiseT
cOGOM MPON3BEAEHME ABYX HEMOJOKUTEILHBIX U JBYX HEOTPUIATEILHBIX CO-
MHOXuTeJel, noaromy As(z) > 0.
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Ipeanonoxum Teneps, uto A(z) = Y. Q,(z)?, rae Q; — kBaIpaTUdHHE
dopmer. Ecan kax1as nepeMeHHAA T; PABHA KAKOH-TO APYroil IepeMeHHOH
Tk, To A(z) = 0, a 3HaumT, Q;(x) = 0. HosTomy kBagpuka Q;(x) = 0B
RP* cofepXMT NMPOEKTHBHYIO IPAMYIO T = Z2,T3 = %4 = &5. llpu me-
PECTAHOBKAX KOOpAMHAT moaydaeM 10 mpAMBIX Takoro Buia (/s 3aJaHus
AOPAMON HYXHO BHIGpATH 2 KOOPAMHATHL U3 5). DTU NPAMEE NEPECEKAIOT
THOEPILIOCKOCTH 00Imero noaoxkerus B 10 Toukax, npuieM Yepe3 3T TOUKH
IOMKHA MpoXoAuTh kBaapuka @;(z) = 0. Ho B TpexMepHOM mpocTpaHCTBe
He yepe3 qaio6bte 10 TOYEK NPOXOANT KBaJPHKA, IIOITOMY MOXKHO OXHJAATh,
410 ¢popMa @; TOXKASCTBEHHO paBHA Hymo. M ceirdac ybenumces, 4TO 3TO
JEeHCTBUTEILHO TaK, K TEM CAMBIM IPUIAEM K [IPOTHBOPEYNIO.

Mycts Q(z) = Y ¢ijxix;, ¢ij = cji. [lo npeanonoxenuo

0 = Q(S,S,t,t) = (cll + 2012 + 022)32 +
+ 2(c13 + c14 + €15 + Cog + €24 + C25)5t +
+ (c33 + €44 + €55 + 2c34 + 235 + 2¢45)t°.

CremoBaTeNbHO,
c11 + 2ci2 + 22 =0, (1)
c13 + €14 + €15 + C23 + ca4 + 25 = 0, (2)
€33 + C44 + €55 + 2¢34 + 2¢35 + 2¢45 = 0. (3)

KpoMe TOro, BLIIOAHAIOTCA AHAJOTWYHBIE DABEHCTBA, NOMY4AOIIKECH B pe-
3yJbTaTe JI060M MepecTaHOBKM MHJIeKCOB. B uactsocTh, m3 (1) ciexyer,

9T0
¢33 + 2c34 + c44 = 0. (4)

Berauras (4) #3 (3), norydaem
cs5 + 2c35 + 2¢45 = 0.

Iycts 55 = A. Torga mpu NMOMapHO Pa3MWYHEIX ¢ W J, OTAMYHEIX OT 5,

BRINIOMHACTCA PABEHCTBO Cjs + Cj5 = —A/2. CregoBaTenbHo, 15 = Cp5 =
= ¢35 = €45 = —A/4. AHQTOTHYHO €31 = €31 = €41 = C51 = €15 = —A[4
u T. 1. B pesyapraTe nmomy4aem ¢; =\ u ¢;; = —A/4 npu i # j. Ho B Takom

cryvae u3 (2) creayer, uto A = 0, T.e. Q(x) = 0 npu Bcex z.

27.2. Teopema Aprmaa—-Kacceaca—Ildpucrepa

B naparpade 27.1 mMbl npUBEIN IPKEMEPEI HEOTPUIATEIBHBEIX MHOTO4/IE-
HOB, KOTOpbIe Helb3f NPEACTABUTbL B BHJE CyMMBI KB3JPaTOB MHOLQWIE-
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HOB. B gasnHelmeM MH rokaxeM, 1T0 1060H HEOTPHIATENHHLIH MHOTOWIEH
MOXHO IPEACTABHTD B BUA€ CYMMEI KBA/IPATOB DAMOHAILHEIX GyHkmmit. Ho
A471A MHOI'O'WIEHOB OT OJ{HOM IepEMEHHOM HET CYIIECTBEHHON PA3HUILI MEXTY
NPEACTARICHAEM B BAJIE CyMMbI KBaIDATOB MHOT'OWIEHOB ¥ NPEACTABICHUEM
B BHJ€E CyMMBI KBaJPaTOB PallMOHANBLHLIX dyHKIuiA. [eno B ToM, 4To crpa-
BEJINBO CJELYIOIIEE YTBEPXK JCHHE.

TEOPEMA 27.1. Ilycte K — noste, XapakTepucTHKa KOTOPOTO HE PaB-
Ha 2, f(r) — muorounen naa K. Ilpegnonoxum, 4To

f@) =ar(x)? + ...+ aurp(2)?,

rae o; € K, ri(z) — pammonarsune bynkmun Hag K. Toraa

f(.’L‘) = alpl(x)z +..+ anpn(‘r)za

rae pi(x) — muorowiens vag K.

OJTa TeopeMa uMeeT Joaryio uctopuio. B 1927 r. Aprun [Ar] aokasan,
9T0

f@) =Pipi(x)? + ... + Bmpm(2)?,

r'jie I — HEKOTOPOe YHCIO, He 0043aTeNLHO paBHoe 1. 3aTreM B 1964 r. Kac-
ceac [Ca] nokasau, 4TO MOXHO CYATATh, 4TOo m = n. A B 1965 r. IIpucrep
[Pf1] mokasan, YTO MOXHO CYMTATH, 4TO [3; = a;.

Teopemy 27.1 MOXHO NPUMEHHTH M K MHOrowieHy f(Zi,...,Tp) OT n
nepeMeHHBIX Had mosieM L. Jlaa 3TOro HYXHO NOJOXKWTH, HAIPUMED, T =
=z u K = L(z3,...,%,) —N0Xe PAUMOHAILHLIX GYHKUMH OT HepeMeH-
HEIX T3,...,T, HaJ nojeM L. B peayabrare noayyum, 9To B NpeACTABICHUM
MHOro4wieHa f B BHJE CYMMBI KBAaJADATOB DALNOHANBLHEIX (PYHKIMH B 3HA-
MEHATeJAX dTUX PAIlHOHAIBLHEIX (QYHKIMH MOXHO M36aBUTHCA OT J060M U3
TEPeMEHHEIX (HO HeJIB3s M3GABUTHCA OT BCEX NIEPEMEHHBIX OXHOBDEMEHHO).

LdOKA3ATEJNLCTBO. Ilpn n = 1 yTBepxknieHue 04EBMAHO, OITOMY B
HaneHeimeMm GygeM cUMTaTh, uTO N > 1 ¥ Bee a; # 0. [JokasaTeincTBO
YAOGHO MPOBECTH HA A3bIKE KBaJPAaTHYHBIX GopM Hag noaem K(z). Mycrs
v = (v1,...,V,) —BeKTOp ¢ KoopauHatamu u3 K(z). [onoxum p(u,v) =
= ) a;u;v;. Tpebyerca fokasars, wto ecmu f € K(z] u f = ¢(u,u), rae
u; € K(z), To f = ¢(w,w), rae w; € K[z]. Ksagparuanas dopma ¢(u,u)
MOXeT OuTh au60 u30oTponHoK (T.e. ¢(u,u) = 0 g1 Hekoroporo u # 0),
an60 aHu3oTpONHOM (T. €. p(u,u) # 0 npu u # 0).

.
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Cayuaii 1: ¢popma ¢(u,u) m3orponHa. B aTom cryyae HaM jaxe He TO-
tpebyetca ycaosne f = ¢(u,u) a1 u; € K(zx). Aunimun copamu, s aio-
60ro MHOrOWIeHa f HAWAETCA TAKOM BEKTOP u ¢ koopamHaramu 3 K|z,
aro f = ¢(u,u).

B pasenctse ¢(u,u) = 0 MOXHO CYMTATh, YTO U — MHOTOWIEH; A
HTOr0 AOCTATOYHO PAIMOHANBHEIE PYHKUNM U; IPUBECTH K obeMy 3HaMe-
HaTemo. MOXHO Take CYMTATh, YTO MHOT'OWIEHH! U1, . . . , Uy B3AUMHO IIPO-
CTHL B COBOKynHOCTH. Tora CymecTByIOT TaK#e MHOTOWIEHH U1, . . . , U, 9T0
uvy + ... + uyv, = 1. B camoM gesne, B Buge u; f1 + ugfo MOXHO npeacTa-
sute HOJI(f1, f2); 3areM B Buzge (u) fi +ua f2)g1 +u3 f3 MOXHO npesCcTaBUTD
HOI(f1, f2, f3) u 1. A. Tlogenus Kax AbIii MHOTOWIEH v; Ha YUCIO 20, TIOLY-
4YUM TaKOM BEKTOP v, 4TO @(u,v) = 1/2. A Tak kax ¢(u,v + Au) = ¢(u,v) u
@(v + Au,v + Au) = ¢(v,v) + A, TO nocae 3amersl v Ha U — @(v, v)u MOXKHO
6yaeT cuuTaTh, 4To @(v,v) = 0.

PaBenctBo

o(fu +v, fu+v) = fPo(u,u) + 2fo(u,v) + ¢(v,v) = f

HOKA3HIBAET, YTO J060A MHOrOWIEH f MOXHO NPEACTaBHTH B Buge f
= p(w,w), rae w = fu +v.

Cayvail 2: popma ¢(u,u) aHu30TpOnIHA. B 3TOM Ciry1ae 6ea ycnosus f =
= @(u,u) aaa u; € K(x) 060ATHCH yxe HeAb3sA. ITO BUAHO M3 CEAYIOLIETO
npumepa: K =R, f(z) = -1 1 ¢(u,u) =ul +... +u2.

YMuOXKUM 06e vacTu paseHcTBa f = ((u, u) Ha OGN 3HAMEHATENb Pa-
HUOHATBHEIX QYHKUMHA Uy, ...,Un. B pe3ylbTaTe NoIyidM PaBEHCTBO BHJA
ayul + ... + a,ud = fud, rae uo,...,un, — MHOrouwens. Cpean Bcex pa-
BEHCTB TAKOrO BUJA MOXHO BEIOPATh PABEHCTBO, B KOTOPOM MHOTOWIEH Ug
uMeeT MUHUMAJLHYIO cTeneHs r. TpeGyerca gokasaTs, 9to 7 = . IIpeamo-
aoxuM, 910 T = degup > 0. [logeaum mHOTOWIEH U; HA U C OCTATKOM H
TeM caMbIM HalleM TaKoH MHOrOWIeH v;, 4To deg(u; — uov;) <r — 1.

oMuMO BEKTOPOB © = (U, ..., Un) ¥ ¥ = (V1,...,Vn) PACCMOTPUM BEK-
Topbt U = (Ug,---,Un) B U = (Vo,...,Vn), Tde vo = 1. PaccMoTpum Taxxe
dopmy H(Z,7) = ¢(z,y) — froyo. Mo ycnosmio §(1, &) = ¢(u,u) — fuf = 0.
Kpowme Toro, §(v,7) = ¢(v,v) — f, Tak kax vp = 1. IloaTomy paBeHcTBO
$(v,7) = 0 nporuBopeunT yciosuio r > 0. B sansuenmem 6y5eM CHMTATS,
aro (T, V) # 0. D710, B YACTHOCTH, O3HAYAET, ITO BEKTOPHL U ¥ U HE HPO-
IOPLMOHAILHEL B Takom ciydae BekTop W = §(, 0)u — 2¢(u, V)V HeHyneBok
u §(w, W) = 0, Tak kak QAU — WU, \u — uv) = u(—2X25(a,v) + u§(v,v)) =0
npu A = §(7,9) u u = §(u, ).
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Hrax, Mer nocTponin HeHyneBOM BeKTOp W = (wp,w) ¢ MOMMHOMUATE-
HLIMU KOODAMHATaMH, yJOBJETBOPAOMWMA paBencTBy ¢(w,w) — fw? = 0.
“IT06BI IPUATH K NIPOTUBOPEYMIO, JOCTATOYHO yOeauThes, 9To degwg < 1.
YuureiBas, 9410 vy = 1, noaygaem

o = §(, )uo — 2(t, B)vo = (i:1 @it} = 1 Juo 2@1 i — fuo) =

=3 (v?uo -2 -+"?) 58 g = L 5% (s — o2
_iglal ViU U;V; w 2 u uo—uO 2 ailui UV;)*°,

n
TaK Kak y_ o;u? = ful.
=1
Hanommmm, wro deg(u; — ugv;) < r — 1. HosTomy

n
degwg = deg(z a;(u; — uov,-)2) —degup <2(r—-1)~r=r-2. 0O

i=1

C nomompio Teopemer 27.1 MOXHO yka3aTs HEOTPULATENbLHEIA MHOIO-
WIEH OT N MepPeMeHHBIX, KOTOPLIM HeJb3s NPEACTABUTH B BUAE CYMMBL 7T
KBAJPATOB PALMOHAILHEIX (DyHKIMIL.

TEOPEMA 27.2. Muorowren z2+...+22 +1 He/bas IpeICTABUTE B BH e
CYMMBI 7. KB2JPATOB PAlMOHATBHEIX QYHKUMA OT MEPEMEHHBIX T1,...,Tn
Haja nogeMm R.

dOKA3ATEJLCTBO. Ionoxum K = R(zy,.. .Tp-1) U T = T,, B YCIOBUH
Teopemer 27.1. IIpeanonoxum, 4T0 MHOrOWIEH T2 + . . .+22 + 1 npegcrasnen
B BUJE CYMMBI 1 KBAIPATOB PAUMOHATBHBIX GOYHKUUE OT Iy,...,Z,. JTO
o3HavuaeT, 4T0 MHOTOWeH 22 +d, raed =z + ...+ 22_, + 1 € K, moxmo
IpeACTaBUTEL B BUAE CYMMBI 71 KBAAPATOB dMeMenToB nona K (z). B rakom
caIy4ae coracHo Teopeme 27.1 MHorouwner 22 +d MOXHO NpeACTaBUTDL B BUJE
CyMMEI 71 KBAAPATOB 31eMeHTOoB koabua K[z, T.e.

n
2
z2+d=2(ai0+ai1x+ai2z2+...) .
i=1
flcro, ¥TO MPM 3TOM AOMKHO BEIMOMHATLCA paBEeHCTBO a2 = a3 =...=0.
Takum o06pazom,

n
2’ 4d= Z(aiw +b)%  a;,b € K.

i=1

D
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— 2 _
TlogcTaBuM B MOJNYYEHHOE DABEHCTBO TAKOE 3HAYEHUE T = ¢, YTO C° =

= (@nc + bn)?, 1.e. (1 £ ay)ctb, =0 (npu a, # £1 MOXHO B3ATH Ji0-

60il 3HAK, a NpH 4, = +1 TOMyCTHM TOJLKO OAMH 3HAK). B pesyinrare
n—1 '

nonyaum d = Y. (aic + b;)%, rae ¢,a;,b; € K. MHBIMI CIIOBaMH, MHOTOWIEH
i=1

r?+...+72_; +1 gomyckaeT npeJCTABIEHHE B BUAE CYMMBL 1~ 1 KBaJpaTOB

PAIMOHATLHEIX (DYHKUMA OT EPEMEHHEIX L1, . . ., Ln—1 HAJ notem R. ITosTo-

PAf AHAJOTHYHLIE PACCYXKAEHUA, B KOHIE KOHIIOB [OAYYMM, UTO MHOI'OYWIEH

7? + 1 aBaAeTCA KBaAPATOM PALMOHAILHOM QYHKIMH OT T3 Haj moaem R.

Hony4eno npoTuBOpeyue. O

27.3. HepaBeHCTBO MeX ]y CPEAHMM apu(pMeTHICCKHM H
CpeAHUM reoMeTPHIECKHM

HepaBencTBo Mexay cpefHuM apudMeTHYECKMM M CPEJHUM IeOMeTpH-
YeCKUM 3aKiIo4aerca B cregyiomeM. Ecum zq,..., 2, — HEOTPHLATEIbLHEE
4uciaa, TO

1+ z24+ ...+ 2Zn
n

Z (.’L‘l.’L‘2 .- .'L'n)l/n

3aMeHnM I; Ha t,?". Toraa >T0 HEPABEHCTBO MPUMET B[

A o L S
P(tla'-',tn): n

2
-3 -2 >0.

TeOPEMA 27.3 (I'ypsuu [Hu]). Muorouren P(ty,...
CTABUTH B BUJE CyMMBI KBAIPATOB MHOTOYWICHOB.

,tn) MOXHO mpej-

TOKA3ATEJBLCTBO. Tonoxum y; = t2. las dynxuuut f(y1,...,y,) pac-
CMOTDHM

Sf(yl7---ayn) = Z f(yc(l)a'-~7ya(n))'

ceS,

Hanpnwmep,
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HeorpunarenbHuie GoOpMEL 06pa3yIoT 3aMKHYTHIM BRIMTYKIHE Konyc C ¢
BepHInHOM B Haudaje koopauHar O. flcHo, uro ecan () — HeHyaeBaA GOpMa 1
Q e C, 10 —Q ¢ C. losromy m0bas IIIOCKOCTh, mpoxoasmas depea O u Q,
nepecekaer C' no (3amkayromy) yray Q1 0OQ2, BeMyuHa KOTOPOT'O CTPOrO
Menbine T. [lpu aToMm dopMma @ aABIAETCA BHIDYKJIOK JMHENHOM KOMOHHAIIME]
dopm @1 ¥ Q.

IIpoeegem onopHele runepmiockocT K Kosycy C, NpoXoaside depes
ayau 0@ u OQ2. Onu nepecekaoT kKoHyC C N0 HEKOTOPBIM BEITYKJILIM
KOHyCaM CTPOrO MeHBIIIeH pasMepPHOCTH. PaccMOTpHM ceueHre Kaxa0ro ua
3THX KOHYCOB ILIOCKOCTBIO, npoxonamen yepea Touku O u (. Ilocre Heckons-
KHX TAKUX OmEPauMil MBI 06A3aTeJbHO OPHUAEM K KOHYCAM Pa3MepHOCTH 1
(myam).

Touky A 3aMKHYTOr0 BHEIIYKJIOI'0 KOHYCa C HA3BIBAIOT IKCMPEMAIbHOT,
€CIM IS Hee CYIIECTBYET ONOPHAA I'MIEPIVIOCKOCTD, MEPECEKAOman KOHYC
C svmis 1o aydy OA. UHKIME cioBaMH, TOUKa, A 3KCTpeMaibHas, eCId OHA
He ARIAETCA BHYTPEHHEH TOYKOM OTPE3Ka, KOHIE KOTOPOrO IMPHUHAAICKAT
koHycy C, HO He nexaT Ha Jy4e OA. OnuCaHHAA BbIle KOHCTPYKIHUA MOKAa-
3BIBAET, 4TO J00aA HEOTPHLUATEABHAA OJHOPOAHAA popMa () ABIAETCA BhI-
IIyKJION JIHHEWHOH KOMOHHALIMEH SKCTPEMAIbHEIX HEOTPHIATEILHEIX (GOPM.

o cux mop MeI paccMaTpuBasu GOPMBI JI060M CTEMEHH OT JI06OT0 YuCIa
nepemennsrx. Ho crenyromee yTBepXaeHue CopapBeJuBo JUIIL 411 GopM
cTeneHu 4 oT 3 EPEMEHHEIX.

JIEMMA 27.1. Jlo6yio HeOTpUUATEIBHYIO OJHOPOAHYIO (HOPMY CTeme-
Hu 4 T(z,y,2) # 0 MOXHO npenCcTaBUTL B BUAE

T= q2 + Tl)
rae ¢ # 0 —kBagparuyHas dopma, T; — HeoTpunaTeanLHaA ¢hopMa.

CJHEACTBHME. Jlobasa skcTpemaibHAA HeOTpHUATEeNbHAs PopMa cTemne-
Hu 4 T(z,y,2) ABIAETCA MOMHBIM KBAAPATOM.

ChaepgcTBue BEITEKAET U3 JEMMBbL OYEBUAHLIM 06Pa3oM: JId DKCTPEMANL-
HoM nHeoTpunareabHon dopmur T pasaoxenve T = ¢? + Ty KOMKHO GHITH
TPUBHMAJILHEIM, T. €. GOpME ¢°> m T} OMXHBI OHITH IPONOPIUOHATLHEL B
CBOIO O4epelnb, U3 CJAEJCTBUA OYEBUAHEIM 00Pa30M BBITEKAET TeopeMa. B
CaMOM JeJie, BHIIYKIasA JUHEHHAA KOMOMHALUA SKCTPEMAJBLHEIX HEOTpHUIA-
TEJIBHEIX (HOPM CTeneHn 4 oT 3 MepeMeHHBIX NPeCTABIAET COOOM CyMMy
KBaIDATOB KBAJPATUIHEIX GOPM.

JOKABATEJILCTBO. Ilycts Z (T') — muoxecTBo Hyneit popmet T, pac-

CMATPUBAEMBIX C TOYHOCTBIO JO MPONOPIMOHATEHOCTH (T. e. MHOXECTBO HY-
o o 2
neix aroi gopmet B RP?). . , , )

Cayuati 1: Z(T) = @. Ha egunminon cdepe z° +y + 2¢ =1 oys-
ks T npuHMMAEeT MHHMMAJIbHOE 3HAYEHHe U > 0, noatomy T(z,y,2) >
> u(z? + y2 + 2%)° npu seex (2,9, 2)-

Cayuail 2: Z(T) cocTonT H3 OfHOH TOYKH; 6e3 OrpaHuYeHNnd 06mHOCT];[
MOxHO cauTaTh, ¥To T'(1,0,0) = 0. B Takom cry4ae koobpuumenT npu T
pasen 0, noaTOMy

T(z,y,7) = 2°(ary + %22) + 2 f(y, 2) + 229(y, 2) + h(y, 2).

Ecmm a; # 0 wm ap # 0, To pu £ — 00 MOXHO N0y UTH OTPHLATENbLHBIE
anaqenus T'. [loaTomy

T(x,y,z) = ‘Tzf +2‘Tg + h.

flcao Taxxke, uro f > 0u h > 0.
B pasnoxeHun
fT = (f +9)* + (fh - g°)
dopma fh — g2 meorpunaTensHa. B camoum gene, ecim fh — g% < 0 B TOUKE
(a,b), To f(a,b) # 0. llonoxus z = —g(a,b)/ f(a,b), monysum fT < 0 B
rouxe (z,a,b).

HeoTpuuaTerbHyIo KBaAPaTU4IHYIO HOpMY f(z,y) MOXHO MpeCTaBATEL
B BHJe KBAJDATa JMHEAHOW (OPMBI WIM B BHUAE CYMMBI ABYX KBaAPaTOB
JguHeHbX popM. B cooTBeTCTBHE C 3TEM pa3bepeM IBa Bapnanfga. \

(a) f = f2, rae fi = ay+Pz. B Touxe (—f,a) nonyvaem fh—g?>=-¢*<
< 0, noaromy g(—B,a) = 0, Tak kaK popma fh—g? meorpunatenbna. Takum
o6pasom, g = f191. CregosaTensHO,

fT > (af +9)2 = (eff + hg)? = fiefi + ) = f(=hr + 1),
a smaaur, T > (zfi + g1)°.

6) f = f2 + f3, vae fi u fo — uueiHbe GOPMEI, HE MMEIOLIME HETPU-
BUAJIBHEIX (T.€. OTIMYHBIX OT Ha4aiaa KOOpAMHAT) OOmIIX Hyneu.zB TAKOM
caysae f(y,z) > 0 npu (y,2) # (0,0). Mpegnonoxum, uro fh — g° = 0 npu
(.2) = (a.b) # (0,0). Torga T = 0 npu (z,9,2) = (~9(a,8)/f(@,b),,b).
[IpuxosuM K IPOTHBOPEYHIO, TAK Ka)l.x o npeanonoxenuio y T' ecTh TOIBKO

un myas B RP?, a umenso (1,0,0).
> HT;IK, fh—g? > 0 mpu (y,2) # (0,0), a anaun, (fh - ?)/fP>u>0
Ha equEnaHOM okpyxHocTH. CrrenosaTensHo, fh — g* > uf3 npn Beex (y, 2)-
Moorony T > (fh— g2)/f 2 uf* = (VE?.
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Cayuat 3: Z(T) conepxut He MeHee ABYX TOYeK; 6€3 OrpaHMYeHMs OGLI-
HOCTHM MOXHO C4MTaTh, ¥T0 1'(1,0,0) = T(0,1,0) = 0. Kak u B ciyuae 2,
dopma T He moxeT cogepxaTts wieHos ¢ r* u 2%, a Takxe wieHos ¢ y* u y3.
ITosTomy

T(z,y,2) = 2* f(y, 2) + 2229(y, 2) + 2*h(y, 2).
B pasnoxenun
fT = (zf +29)* + 22(fh - ¢*)
¢dopma fh — g? meoTpunarensua.

IIpn pasGope Bapuanta (a) cydas 2 MBI He NONB3OBAIACH TEM, U9TO Y
dopmet T' ecTe poBHO oanu Hyas. Ilosromy ecn f = f2 (mm b = h?),
TO MOXHO IIDUMEHHMTH Te Xe CaMule paccykjaenns. OcTaeTcs PaccMOTpETh
cay4ait, xorga f > 0 u g > 0. Mu croBa pasbepem aBa BapHaHTa.

(2) fh—g® umeer HeTpuBHATLHBIA HYIL (a, b). ITycTs 0= —g(a,b)/ f(a,b),

Ti(z,y,2) =T(z 4+ az,y,2) = 22 f + 2z2(g + af) + 22(h + 2ag + o2 f).

B Touke (a,b) moxysaem

— 2 _ .2
h+2ag+a2f=h+2ng+%f=h—g2f_—_%ﬁizo,

Hoaromy h+2ag+a’ f = h}. Taxuum o6pasom, T} (2,y, 2) > (zh1)?, a anauur,

T(z,y,2) = Ti(z ~ az,y,2) > (zhi(z — az,y, 2))".
(6) fh — g2 > 0. B Taxom cayuae

fh—g°
>u>0,
W +2F =4

a 3HAYMT,
fT = (af + 29)* + 22 (fh - ¢°) > 22(fh — g%) > u(y® + 2%)f.

B nrore noayyaem T > (\/Uzy)? + (Vaz?)? > (Vaz?)2. 0Q

BTOPOE AOKA3ATEJLCTBO. (Imasbept) OcHOBHAAM MAEs ITOFO AOKA-
3aTEIbCTBA 3AKTI0YAETCA B TOM, YTOGRI PACCMOTPETh MHOXKECTBO A, COCTO-
Alllee U3 TeX BEIECTBEHHKIX (POPM OT TPeX MEPEMEHHBIX, KOTOPHE MOXHO
npejfcTaBuTh B Buge f2 + g2 + h?, rae f,9,h— sewecmeennvie xpagpaTuy-
HBle (DOPMEI, HE MMEOIIMe HeTPUBHAILHLIX OOMMX HyJeH HAL [OTEM KOM-
NAEKCHLIT THUCEIT.
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JIEMMA 27.2. MuoxecTBo A OTKDHITO.

_—
JOKA3ATEABLCTBO. KoahduiueHTH a;j; GOPMHL ), @ik L'y’ 2° MOXKHO
cumraTh xoopauHaTamu B R". IlosToMmy oTobpaxenue

&:(f,g,h)—~ F=f>+g*+n’

npeacrasiser coboi arreGpaumdeckoe oroGpaxenue R'® — R'S (kBagpa-
TuyHag dopMa OT 3 mepeMeHHBIX 3ajaerca 6 koadpduumentamu, a dpopma
crenenn 4 3agaerca 15 koaddunmeHTaMH).

JocTaTo4no A0Ka3aTh, uTo ecau (f,g,h) € A, To guddepenmuan dd
oro6paxenus ® B Touxe (f, g, h) umeer panr 15, 1.e. dimker @ = 3. flcno,
4TO

d®{u,v,w) = 2(uf + vg + wh),
rze (u,v,w) € R'® — Tpoiika kBaspaTuaneix popm, uf +vg+wh — popma
creneHu 4. .

KpajpaTwinsie GOpMHL f, g, h He UMEIOT HETPUBHAILHEIX OOIINX HyJIek

mag C. IMokaxeM, YTO B TAKOM CJIy4Yae U3 PABEHCTBA

uf +vg+wh=0 1)
(u,v,w — KBaIpaTUYHLIE GOPMEI) CIEAYET, ITO
u=vg—uh, v=M-vf, w=uf->g

aa HekoTopsx A, u,v € C.
JocTaTo4YHO AOKA3aTh, YTO

u=vig—wh, v=Nh-vaof, w=u2f—2hg.
B camomM gene, Torga
(M = M)hg + (uz —w1)fh+ (vi —v2)fg = 0.

Kpusste f = 0,9 = 0 u h = 0 NONapHO Pa3IM4HEL, IO3TOMY Ha KpuBOH f = 0
eCTb TOYKA, He NpuHAJIexaiuas KpuskiM g = 0 u h = 0. PaccmoTpes 3Ha-
genua f,g ¥ h B 9TOH TOUKe, MOAYIHM A; = Ap. AHAJIOIMYHO JOKA3BLIBAETCH,
9TO U] = Ug H V1 = vo.

lioxameM, HampuMep, 4T0 w = W2 f — Azg. Ilo Teopeme I'winbepra o
HYJIAX WJeall, NOPOX AeHHbIH hopMaMu f,g ¥ h, COAEPKHUT HEKOTOPYIO cre-
neHn J1060ro MHOTOWIEHa, TaK KaK 3TH GOpMeL He UMeEIOT obIux HyJen. B
YaCTHOCTH, " IPH HEKOTOPOM 7. MOXHO IDEJCTABUTHL B BHUJAE

" =rf +sg+th, (2)
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raer,s,t— dopumsl crenenu n — 2. PaccMoTpum pasencTso (2) ¢ MUHIMAIL-
am 1. U3 (1) u (2) creayror paseHcTsa

uft+uvgt +wht =0, z"w=rfw+ sgw + thw,

IO3TOMY
z"w = (rw — ut) f + (sw — vt)g = af + bg, 3)
rae a u b— ¢opmur crenenn n. Ecau n = 0, To Mu moryvaem Tpebyemoe

pasenctBo. Ecin xe n > 0, TO ME HOIyYaeM OPOTHBOPEYNE ¢ MEHUMAJIbHO-
cThio 1. B camom gene, npn z = 0 pasenctso (3) npespamaerca B

agfo + bogo = 0,

rae ap = a(0,y,2) n 1. 5. Ilpu sToM fo ¥ go He uMmeroT OOmMX HyJeH, a
3HAMUT, ap = dogo M by = —dpfo A1a HekoTOpOrOo MHOrOwWIeHa do(y, z).
Monoxum d(z,y,z) = do(y,2) 1 pacCMOTPUM MHOTOWIEHH a; = @ — dg u
b, = b+ dg. fAcno, uro

arf+big=af+bg=z"w

na;(0,y,2) = b1(0,y,2) =0, T.e. a1 u by geasrca ma r. Cokparus Ha z,
TMOIY4UM DABEHCTBO BUAA azf + bog = " lw, 4ro mpoTuBOpeuHT MUHH-
MATLHOCTH N.

Nrak, aapo oTobpaxenns
d®: (u,v,w) — 2(uf + vg + wh)

COCTOUT U3 BEKTOPOB BHJA

(Vg - pha)\h - Vf; .uf - )‘y) = )\(Oaha —g) + .U'(_haoaf) + V(g’ _f7 0),

MIO2TOMY Pa3MEpPHOCTB AAPA PaBHA 3. (]

JIEMMA 27.3. Ilycte F € A\ A, rae A— sameikanve A. Torjga mm6o
F mmeeT HeTpUBHAILHLIA BEIECTBEHHHHN HyJb, au6o Hajg noseM C kpusas
F = 0 umeer no xkpaiHer Mepe IBe JBOMHLIE TOYKH.

JOKA3BATEJALCTBO. flcno, uro F = f% + g% + h?, rae f,g u h umetor
obmmun HETPUBHATBLHBI HYJIb (a,b,c). Ecu oTOT Hysb He BemecTBeHHbIH,
TO TOYKH (a,b,c) u (@, b,) 6yayT AByMA PAIIHYHBIMU IBOMHLIME TOYKAMHI
kpuoit F' = 0. B caMoM fete, 5T TOUKH ABIAIOTCA HyJdamu byHkumit f, g, h,
MO3TOMY OHHM ABISIOTCA ABYKDPATHBLIME HyJamu ¢byuxkmui f2, g%, h?, a 3ua-
4AT, OHU ABJIAIOTCA ABYKPATHHIMU Hyaamu byukmmm F = f2 4+ g2 + b2, O

i3
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3ajiMeMca Teneph HeMoCpeJCTBEHHO J0Ka3aTeabcTBOM TeopeMil. Hyxno
JOKA3aTh, 4TO Mobas HeoTpunarebHas popMa nexut B A. OTKpLITOE MHO-
xecTBo A orpanmyeno nosepxuocTbio A = A\ A. llycts F} — npoussoas-
Haf HeoTpUUATeIbHaa dopma cTenenu 4 ot 3 nepemensux. Ecm F) € A,
TO NOKa3HBAThL yxe Hedsero. llosTomy Gytem cumraTts, uTo Fi & A. B
TakoM ciydae oTpeaok FoFy, rae Fy € A—mnpoussoibHas TOYKA, AOJ-
xeH mepecekaTs 0A B HekoTopo#l Touke Fi. [JOCTATOYHO AOKAa3aTh, YTO
Touky Fy MOXHO BHIOpaTh Tak, ITO TO4UKa F; coBmajer ¢ F; (torga Fy =
= F, € 8A c A). Bygem cuurath, 4T0 F; — BHyTpeHHAs TOYKa OTPE3Ka
FyF,. Touky Fy MOXHO BHIOpAaTb Tak, 94T0 Fy MMeeT HeTPUBMAJILHEIA Be-
MeCTBEeHHHH HyJb. Jefo B TOM, 4TO corjacHo Jemme 27.3 dbopmei u3 0A,
He MMEOMue HeTPHBMUAILHEIX BEIIECTBEHHBIX HYJIEH, COOTBETCTBYIOT KPH-
BBIM C ABYMA JBOMHEIMHM TOYKaMH, a Takue GOpMbl 0OPa3yroT MHOXECTBO
KOpaaMepHOCTH He menee 2. [leicTBuTenbHO, Kpusas F' = 0 umeer JBOMHYIO
TOuKy, eciu cuctema ypasaemma F' = 0, F, = 0, F, = 0, F, = 0 nmeer
pemenne. Ileppoe ypaBHeHME MOXHO He yIMTHIBATH, TaK Kak TF, + yFy +
+ zF, = nF, rae n — crenens dopmbl F (B Hamewm caysae n = 4). Kpusrie
F, = 0 u F, = 0 nepecexatorca B (n — 1)? Toukax. Kpusaa F' = 0 nmeer
k IBOHHBIX TOYeK, ecim kpuBas F, = 0 mpoxoamT depes k To4ex nepece-
wenns kpupeix Fy = 0 u F, = 0. D10 HaknaJeBaeT k arre0pandecKux
COOTHOLIEHUN Ha KO3(hhHINeHTH GOpMHL F.

Arak, popma F; = (1—t)Fp+tF) UMeeT HeTPUBHATLHBIN BEIIECTBEHHBIN
uyab. Ho aTo nporuBopeunt ToMmy, uto Fy # Fi. B camom gere, F >
> 0u F, > 0, moaromy npu t # 1 dopma (1 — t)Fp + tFy mpunumaer
CTPOrO MOJOXKHTEIbHbE 3HAYEHHA BO BCEX TOYKAX, OTIMYHBIX OT HAYAJIa
KOOPAUHAT. a

28. Teopua Aptuna

DTa r1aBa B OCHOBHOM MOCBALIEHA Pelernio ApTrHA CEeMHAJUATOM HpO-
6aemel ['nanbepra O NMPeICTABMMOCTH JIOOOT0 HEOTPULUATEIHHO'O MHOIO-
“JieHA B BUAE CYMMBI KBa,IDATOB PALMOHAIBHEIX pyHKImi. [JokasaTenscTso
ApTuHA He JaeT HUKAKHX OLEHOK JOCTATOYHOI'O KOJMIECTBa dTHX PalHo-
HaJIbHBIX (QYHKIMH B TIpeCTABJICHAN MHOTOWIEHA OT 7 epeMeHHbIX. Takyo
onenky noay4un [Ipucrep: HEOTPUIATEILHBIN MHOTOWIEH OT 7 IEPEMEHHEIX
MOXHO HP€ICTABUTh B BUJE CyMMBI 2" KBAIPATOB PAIMOHAIBHBIX dyHKIIAN.
Teoputo IIdpucrepa Ml 06cyaum B pasgene 29.
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B naparpacdax 28.1 u 28.2 npuBeieHsl HEOGXOAUMEIE CBEIEHUSA M3 Te-
OpHMM BEIIECTBEHHBIX MOJEH; PE3yJbLTATH 3TUX NMaparpadoB MPUHALIEKAT
Apruny u Mpaiiepy [ArS]. Co6cTBeHHO pelneHue ceMHaANATOM TPOOIEMED
Twis6epta cogepxutcs B 28.3. DT0 JOKA3aTEILCTBO OCHOBAHO HA TeOpEMe
CunbBecTpa, MO3BOJAOMEN BHIMACIUTD KOTHYECTBO BEIIECTBEHHBIX KOPHEN
MHOIOWIEHA KaK MHIEKC HEKOTOPOM KBaJpaTHYHOM dopmul (cMm. c. 45).
Hamre uanoxenue onupaercs Ha [Sa).

28.1. BemecTBeHHBIC NOAA

Hone K HasbBaloT ynopadouennvim, eCId OHO pa3bUTO HA TPU Hemepe-
CEKAIOIUXCA MOAMHOXECTBA,

K=Nu{ojupP

tak, 410 N = —P (N — ompuyameavnbie 1ucia, P — noaoscumenbnvie uu-
CJ1a), OPHYEM CyMMa, U POU3BEACHME ABYX MOJOXUTEILHEIX YHCEJ HOTOXKH-
TeJbHEL.

Jia ynopago4eHHoro nous MOXHO BBecTH o6o3navenune r — y > 0, ecan
z—yeP(z>y,ecmr—ye Pumz=y).

Tonoxum
a npua>0,
laj]=¢0 npua=0,
—a upua <0.

Jlerko nposeputs, 4to |ab| = |a| - |b] u |a + b] < |a| + |b).

B mo6om ynopsgodennom mose 1 > 0, Tak kak 06pATHOE HEPABEHCTBO
~1 > 0 opusogur x mpotusopeumwo: 1 = (—1)(—1) > 0. B wacrrocTH,
XapaKTEPUCTUKA JIOOOr0 yIOPAZOYEHHOrO NOJA PABHA HYJIO, MOCKOJbKY
1+...+1>0.

B mo6om ynopsaoennom note z2 > 0. B camoMm jene, 06a HepasencTna
z>0u —r > 0 OPUBOAAT K OJHOMY ¥ TOMY e HepaBeHCTBY 22 > 0.

Ynopsagouenue nous Q eguHcTBEHHO, & UMEHHO, p/g > 0 TOr4a U TOIBKO
Torga, korga pq > 0. JeicTBATENLHO, YMCIA P/q U Pg NOTYIAIOTCA APYT 3
APyra yMHOXeHMeM Ha ¢¥2 > (.

IIpuMepoM noss, KOTOpPOE HEIB3A YIOPALOYUTD, CAYXKHUT JA000e moje L,
B KOTOPOM aieMeHT —1 ABiseTca cyMMOR KBaJApaToB (M XapaKTEePHUCTHKA
L e pasna 2). B camom gene, moGoit a1eMeHT a nons L asasercsa cymmon

KBaJIpaTOB:
2 2
_[1+a l1-a
a—(2)+(—1)(2 )

PR
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None K Ha3LIBAIOT POPMaAIbHO 6EULECMEENNDIM, €CTH dAeMeHT —1 He-
JIb3s TIPEJCTABHTD B BHJE CYMMEI KBaAPATOB 21eMeHTOB K. DKBUBAJEHTHOE
yeaoue: ecim b? + ...+ b2 =0, rge by,..., b € K, 70 by = ... = b, = 0.
Ina kpaTkocTu OyeM Ha3LIBATH (GOPMAJBHO BELIECTBEHHEIE NOJSA MPOCTO
BEWECTNGEHHBIMIU. :

Jlio60e BemecTBeHHOE moje uMeeT xapakrepuctuky 0. B camom zese,
€CaM XapaKTEPUCTUKA paBHa p, To —1 = 124...+12

p—1

TEOPEMA 28.1. Ilyctes K — BemecTBerHoe noue, a € K.

a) Eciu aneMenT a ABIAETCA CyMMOM KBaJPaTOB d1eMeHTOB K, To moxe
K (y/a) BemecTBeHHO.

6) Eciu mosie K (y/a) He BELIECTBEHHO, TO JJIEMEHT —@ ABIACTCA CyMMOM
KBaApaToB 31eMeHTOB K.

JTOKA3ATEJALCTBO. Ilycrs nose K(y/a) me semectsenno. Torga, B
qactaoctu, K(\/a) # K, T.e. \/a & K. Kpome Toro, anement —1 asasercs
cyMMoit KBagpaToB aaemenTos noas K(y/a), T.e. B K cymecTsyoT Takne
aJeMEeHTHI b;, ¢;, ITO

—1=Z(b,-+ci\/ii)2 =Zb?+2\/62bici+a2cf. (1)
dopmyna (1) mokaarBaer, uTo ecan »_ bic; # 0, 0 /a € K. Hostomy
—-1=Yb+a) c. (2)

Mycts a — cymma kBajgpaToB saemenToB K. Popmyna (2) nokasbiBaer,
4TO B TAKOM CJIy4ae IPeSooKeHue (C KOTOPOro Mbl HAYKHAJM JOKA3aTeJb-
CTBO) 0 ToM, 4T0 noze K (1/a) He BeleCTBEHHO, IPUBOAUT K TPOTHBOPEYHIO.
ST0 AOKA3LIBAET YTBEPXKJCHHUE a).

Yr1o6el A0KA3aTh yTREpXKAeHHue 6), samuimeM ¢opmyy (2) B Buge

145 b7
TR
OcraeTcs 3aMeTHTh, YTO eCIH P ¥ ¢ — CYMMEI KBaApaToB, T0 p/q = pq(q~!)?
TOXE CyMMa KBaApaTOB. O

CJAEACTBUE. [na semecrsensoro noas K oaso u3 noneir K(y/a) n
K (v/—a) 06s3aTelpHO BeleCTBEHHO.

NOKABATEJILCTBO. Ecau nosne K (1/a) He BemeCTBEHHO, TO SJIEMEHT —a
ABAAETCA CyMMOH KBaapaToB, nosToMy note K (/—a) BemecTBeHHO. |
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TeoPEMA 28.2. Ilycte K — BemecrBenHoe none ¥ f & K|z]—me-
IPUBOAMMEIA MHOIOWIEH HeueTHOU crenenn. Torga noae K{a), rae a — ko-
peHb f, BelieCTBEHHO.

JOKA3BATEALCTBO. Ilycts n = deg f. Ilpeanonoxum, yro nore K(a)
HE BelecTBeHHO. Toraa

~1=3 gi(a)?,

rAe g; — MHOTOWIEHH! CTeleHH He Buime 1 — 1. Muorowren 1 + 3 gi(x)?
HMEET KOPEHb ¢, IODTOMY OH JeauTCA Ha f, T.e.

-1=73 gi(z)® + h(z)f(z),

rae h— Hekoropu MHOrowieH. [IpeamonoxuMm, uro h = 0. Torga —1 =
= 3" gi(z)?. Ecm m?x(deg gi) = m > 0, To cyMMa KBanpaTOB KO3ddunu-
€HTOB MHOI'OWIEHOB g; Ip¥ ™ paBHa Hym0. A ecsmn ¢; = ¢; € K, 10 —1 =
= " ¢?. O6a BapuaHTa NPOTUBOPEUAT BEmECTBEHHOCTH Toias K, nosTomy
h#0.

Crenens Muorowsena | g;(x)? 4eTna u He npesocxoaut 2n —2. lloaTomy
CTeNeHb MHOI'OWIEHA h HeYeTHA U He IPEBOCXOAUT N — 2. Y MHOrowiesa h
€CTh HENPHUBOUMBIA MHOXATEL b1, CTENeHh KOTOPOro HEYeTHa M He Ipe-
Bocxogut n — 2. [lycts B-— kopens muorounena hy. Toraa —1 = Y ¢;(8)?,
T. €. 3IeMeHT —1 ABIAeTCA CyMMON KBaApaToB aneMentos nouas K (B). IlosTo-
PHB A1 MHOTOYWIEHa hy Te Xe CaMble PACCYKJAEHNUA, YTO U 1A MHOCOLICHA
f, moxyuuM, 4To 2ieMeHT —1 ABIAETCA CYMMOM KBAAPATOB SIEMEHTOB IOJIA
K(Y), rae Y — KOpeHb HEKOTOPOIO HENPUBOAMMOIO MHOTOYIEHA HEYETHOU
cTeneny, He npesocxogamen n — 4 n T. 4. [Ipuxoaum k nportusopeduio. [

Ilone K HA3HIBAIOT 8€WeCMEENHO 3AMKNYMbIM, €CJAM OHO BEIECTBEHHO
¥ 1000€ ero BELIECTBEHHOE alre6pandeckoe paciupenue copnajgaer ¢ K.

N3 Teopemnr 28.2 caeayeT, 4TO B BEMIECTBEHHO 3aMKHYTOM IIOJE JHOO0H
MHOT'O'WIEH HEYETHOU CTEIEeH! UMEET KOPEHb.

Bewecmeennvin 3ambixanuem BemeCTBEHHOr0 noia K Ha3HIBAIOT Berme-
CTBEHHO 3aMKkHyTOe noste R, anreGpanyueckoe Hag K.

Y moboro semiecTBeHHOro moad K eCcThb BEIECTBEHHOE 3aMblkaHue. B
CaMoOM Jejle, PACCMOTPUM YACTUYHO YIIOPAJOYEHHOE MHOXKECTBO BCEX BeEmIe-
CTBEHHEIX mojen, aarebpaumdeckux Hajg K. Coraacuo aemme Iopna B nTOM
MHOXECTBE €CThb 10 KPalHEeH Mepe OIMH MaKCHMATbHLI ateMenT R. flcuo,
qTO IoJe R BenieCTBEHHO 3aMKHYTO.

AR
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TEOPEMA 28.3. Bemecrtsenso 3amkuyToe note R gpomyckaeT poBHO
O[HO YIOpSAIOYEHHE, & MMEHHO, HEHYJEBO! JJeMEHT a € R nonoxwurenex
TOrAa ¥ TOJIBLKO TOTJa, KOTJa OH ABJIAETCA KBAJPATOM.

JIOKA3ATEIBCTBO. SlcHo, 4r0 pasencTBa a = i u —a = t3, rje
ti,t2 € R, He MOT'YT BBINOJIHATBCA OJHOBPEMEHHO, TaK KaK WHate -1 =
= (t; /t2)?. TloaTOMy IOCTATOTHO JOKA3ATH, ITO +a =1t raet € R.

Ecau a # t2, To none R(y/a) ApnseTcs COGCTBEHHBIM PACIIMDEHUEM IOA
R, 03TOMY OHO HE BemecTBEeHHO. B Taxom caydae coriacHo Teopeme 28.1
(6) aremMeHT —a ABIACTCA CYMMOM KBA/JPATOB JJIEMEHTOB R. Torga cornacHo
Teopeme 28.1 (a) mone R(y/—a) BellecTBeHHO, NOTOMY OHO coBnajaet ¢ R.
Sro osuauaet, yTo v/—a € R, T.e. —a=1t%,raet € R. a

TroPEMA 28.4. Ilycres K — BemecTBeHHOE TOJ€, TPHIEM IJIEMEHT
a € K Henpas MpeJCTAaBUTH B BUJE CYyMMHI KBa,1paToB. Toraa cyiwecTeyer
ynopsagouenue noas K, npu xoropom a < 0.

JIOKABATEJBCTBO. Coruacuo Teopeme 28.1 (6) more K(y/~a) Beme-
creenno. Ilycts R — BemecTBeHHOe 3aMbikanue noast K (v/—a). Cornacuo
reopeme 28.3 mose R wMeeT ymopanoUeHHe, NPH KOTOPOM JMEMEHT —a =
= (v/—a)? nonoxuTenen, T. €. 3IEMEHT @ OTPUIATE/EH. OrpanuyeHue 3TOro
ynopagodenusa Ha K C R u ecTh Tpebyemoe ynopasotiesue. ]

BeegeM 4714 anre6panieckoro 3aMulkanus nois i o6o3xatenue R.

TEOPEMA 28.5. Iose R BemieCTBEHHO 3aMKHYTO TOTJa ¥ TOJBKO TOT 13,

xorza R # Ru R = R(v/-1).

NTOKA3ATEJLCTBO. IIpeamonoxuMm cHa4wana, TO TOME R BemecTBeHHO
samxayTo. Torga ypasrenue z2 + 1 = 0 He umeer pemenn# B R, noaTOMYy
R # R. lokaxem, 4o R = R(v/-1).

BeegeM A1 KPAaTKOCTH OGO3HAYeHME | = /1. Ilpexae Bcero moka-
xeM, 4To B mose R(i) moboe KBaJPAaTHOE YPABHEHHE NMEET KODEHb. Kop-
HY KBAIPATHOrO TPEXwieHa z° + 2pPT + ¢ HAXOAATCA 1O GopMyTe T12 =
= —p % /p? — ¢, NOITOMY NOCTATOYHO JOKA3aThb, ITO €CIH a,b e K, 1o
Va+ib € K(i). UapiMu cioBaMu, HyXHO 1OZ06paTe ¢,d € K Tax, 4T0
(c+di)? = a+bi,.e. ¢ —d? = am2cd = b. fcwo, uTo a? +b% = (2 +d%)*.
ToaToMy MOAXOAAIIMME KAHIWAATAMH ABJIAIOTCA

9  Va?+b+a d2_\/a2+b2—a
= —F, =
2 2
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IIpex e Bcero mpoeepmm, 9TO Tak onpejereHHEe uucaa ¢ 1 d IEeUCTBH-
TeasHo sexar B R. Tak kak a®> > 0 u 6% > 0, 1o a? 4 b2 > 0, nosromy
coruacHo TeopeMe 28.3 Va? + b? € R. lanee, Va2 + b2 > Va2 > +q (3mecs
Va2 + 1 u va? — neorpuuarensuse uncna). Ilosromy Va2 +b%2 +a > 0,
T.e. ¢ u d nexar B R. Pasenctso ¢? — d? = a Bumonnsercs aBTOMATHICCKH,
a paBeHcTBO 2cd = b GyJeT BRINOIHATBCA, €CIM IPABMIBLHO BHIOPATH 3HAKH
4ycen ¢ u d.

PaccmoTpam Teneps ipon3BoabHEL MHOMOWIEH f, HeMpUBO MBI Hag R.
3anurem ero cTenens n B Buge n = 2™q, rae g — HedeTHoe Yucao. Jokaxem
MHAyKUMeR 10 m, 4T0 f umeeT xopens B R(3). IIpu m = 0 aro cregyer ua
Teopemur 28.2. IIpegnonoxum teneps, urom > O u TpebyeMoe yTBepX JeHue
yxe nokasaHo piaa uwmcen 1,...,m — 1.

Iycrs @y, ..., @, — KOPHH MHOrO4IeHa f B HEKOTOPOM PACIIMPEHUH 110~
as R. Bubepem wmcio ¢ € R Tak, 4To6H BCe umcia arar + clax + o),
rae k # I, 6bulM MONAapHO PA3MMYHBL DT YHCIA ABLTIOTCH KODHAMM MHO-
rouwena g crenesu n(n — 1)/2 ¢ kospduurentavu u3 R (kosddurmenTs
AexaT B R, Tak Kak OHHM ABAAIOTCA CHMMETPHYECKIMY (ByHKIMAMHA OT a,...
-++>0n). Yucno degg = n(n — 1)/2 umeer ug 2™ g(n - 1), rage gln—1)—
HeueTHoe 1ucio. [[o3ToMy K MHOrOWIEHY g MOXHO IPUMEHHTD TIPEATIONONKe-
HHe MHAYKUMM. Be3 orpanmienus o6UHOCTH MOXHO CYMTATH, 9TO KODEHb
a102 + ¢(a; + d2) MHOT'OWIEHA, g NEXUT B R(i).

HNokaxem, uro R(ajag,a; + az) = R(a1a2 + c(ay + az)). PaccmoTpum
AJA TOr0 MHOrowieH F' ¢ xopuaMu axa; 1 Muorowren G ¢ KODHAMM ay, + ay;
k0dhuurenTH MHOrOWIeHoB F u G nexar s R. Ilycts 6 = ayay +c(a +as).
Acno, wro G(az +a2) =0 F(O — c(a; + a2)) = Fayaz) = 0, T.e. ay +
+ d ~— o6t xopers Muorowrenos G(z) u F(0 — cz) ¢ kosdduunenTamu
w3 R(B). Us ycnosus 6 — clay + o) # aroy mpu k,1 # 1,2 caeayer, uro
o + A2 — €IMHCTBEHHBIM OOIIMH KOPEHb 3THX MHOIOWICHOB. Kpowme Toro,
3TOT OGLMM KOPEHb HEKPATHBI, Tak KaK OH ARIAETCA HEKPATHEIM KOpHeM
mHOro4ieHa G. Ce0oBaTe bHO, Hau6 OB OGN JETUTETh MHOTOWICHOB
G(z) n F(6—cx) nmeet Bua z— () +a3). KosppuOuenTs 5THX MHOrOWICHOB

nexar B R(6), nostomy a; + a; € R(0) u

a2 =6 — c(oy +az) € R(6) = R(azaz + c(ay + a2)).

O6patroe Bxmovenue R(ajas + c(o; + a2)) € R(ayae, 1 + az) oueBmgHo.
Hrak, ajas, a; + 0o € R(a1a2 + c(ay +a2)) c R(i). Hoatomy o1 ¥ ag —

KOPHHM MHOrowiena (crenenu 2) ¢ xoadduumentamu u3 R(i). Ho mu yxe

AOKa3a/H, 1TO KOPHHU M060I0 KB APATHOIO MHOIOWIEHA ¢ KOdMpUIIMEHTAMH
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m3 R(i) nexar B R(i). Takum 06pa3oM, y MHOrowieHa f eCThb KOpeHb a1,
nexammit B R(i). 10 o3navaer, uro R = R(1). _

O6paTnoe yTeepxaenue (e R # R u R = R(i), To noze R sewe-
CTBEHHO 3aMKHYTO) JOKa3mBaeTcs cymecrsenHo npome. Mexgy Ru R =
= R(i) HeT MPOMEXYTOYHBIX TOJEH, IOITOMY ,qoc"urafro‘mo JOKa3aTh, 4TO
mose R BemiecTBeHHO, T.e. —1 He ABJIAETCA CYMMOH KBaJpPaTOB DJIEMEHTOB
R. Tlo ycaommio @ & R, T.e. —1 He aBiserca kpagparoMm. Takum o6pa-
30M, JOCTATOYHO I0KA3aTh, 4TO B R CyMMa KBa/paToB CaMa ABIAETCA KBa-
apaTom. Ilone R(i) anre6pamyeckn 3aMKHYTO, IOITOMY €CJIH a,b € R, .TO
Va + bi € R(9), T.e. B R cymecTBy0T Takune s1eMeHTH ¢ ¥ d, 9TO @+ bi =
= (c + di)?. B Takom cry4ae a — bi = (¢ — di)?. TlooTomy

a? + b = (a + bi)(a — bi) = (c +di)*(c — di)* = ( + d*)%.

OcTaeTca 3aMeTHTD, YTO €CJIM CYMMa IBYX KBaJPaTOB ABJIAETCA KBAADATOM,
TO ¥ cyMMa J000ro Yucia KBaApaToB Toxe OyaeT KBajpaTOM. a

28.2. Teopema CwibBecTpa AJIA BELIECTBEHHO
3aMKHYTHIX TI0JEH

Mycts K — ynopagoueHHoe noje, f — HeNPUBOAMMEIN MHOIO4JIEH HA K.
ByieM Ha3kLIBATH BEMIECTBEHHO 3aMKHYTOe Tosie R S K sewecmeennbim 3a-
mvixanuem nonst K, ecin R anre6pamuno Hag K u ynopajgosenune K, unay-
IIMpOBaKHOE yHopajaodeHueM R, cOBOafaeT ¢ UCXOAHBIM ynopsajgouenueM K.

KoanuecTBO PAa3IMYHLIX BEIIECTBEHHEIX KOPHEM BEIIECTBEHHOI'O MHOIO-
WIeHA MOXKHO BHYMCINTE, HE BLIXOJA 3a npegeinl noad R. ITo MoxHO cae-
JaTh XByMA crnocobamm: ¢ nomomeio Teopemul [llTypma n ¢ nomouisio Teo-
pemur CunbBectpa. O6e 9TH TEOpeMBI MOXHO JOKa3aTh U A yIOPALOeH-
HEIX HOJel mojel. BaxkueHumil BHIBOA M3 3TOrO TAKOB: €CIH f — MHOTOWIEH
Hax ynopaAoveHHEM noseM K, TO B MOGOM BelieCTBEHHOM 3aMbIKaHUU R
noia K 4ucao kopHeit MeorowieHa f ogHo u To xe. [lepponadanbHO Teopua
Apruua onupanack Ha Teopemy IlTypma; Goree coBpeMeHHOE IOCTPOCHUE
Teopuu ApTuna Ha ocHoBe Teopemnl lllTypma npuBeseHO B KHUTE [/11]. Ho
Teopema CHIbBECTPA BO MHOTMX OTHOIIEHHsA Gosee y106Ha. Mbt, cienys [Sal,
npusejeM pemerne 17-i npobiemsr ['uib6epTa Ha OCHOBE TEOPEMEI CuibBe-
cTpa.

CursaTypa KBagpaTWIHOM (GOPMHL (¢ HAJ yMOPAAOYEHHEM noieM K
onpejeaserca cieayomuM obpazom. Hax nonem K xBaspaTHiHyio ¢opmy
¢ MOXHO IIPUBECTH K BHAY

@) = Mz? + ...+ Aol (1)
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Kak 1 B ci1yyae moss R, kOImMYeCTBO MONOKMTENLHEIX A; ¥ OTPHIATENb-
HBIX HE 3aBUCHT OT TOr'0, KAK MMEHHO MH NPUBOIMM (opMy ¢ K Bugy (1).
Je#cTBATENLHO, IPEATIONOKUM, YTO €CTh JBA PABIOKECHMA Vi VooV, =
=W,.eW_eW,. Torga Vy n(W_a W) = 0, nosromy dim V,. +dim W_+
+ dimWy < 0, a smauur, dimV; < dim W, . Anajorudso, dim W, <
[Iycts R — BemecTsennoe 3ambikanue mons K. Ua TeopeMul 28.5 cie-
AY€T, ITO CTENEHb HEIPMBOAMMOro Ha L nojieM R MHOrouwrena pasna 1 wiu 2.
IlosToMy OeBugHAA MOAMGDHUKALMA PACCY K ACHHI, HCTIOIB30BAHHBIX IPH A0~

Ka3aTeabCTBe TeopeMmbl 4.5 (cM. c. 45), HO3BOAET NOKA3aTh CJIEyIOlIee
yTBEpX IeHue.

TEOPEMA 28.6. HycTs f — MHEOrowIeH Hax nosem K u ¢(z, y) — 6unu-
HellHasn cuMMeTpuyieckas GpopMa Ha npocTpaHcTBe K []/(f), paBHas caeny
onepaTopa yMHOXeHUA Ha ry. Torjga curHaTypa GpOpMHI @ paBHa KOIMde-
CTBY Pa3JUYHEIX KOPHEH MHOIOWIEHA f, JEXAIIUX B BEIIECTBEHHOM 3aMbI-
kaHuu R nons K.

B uacTHOCTH, KaK MBI yXe FOBOPH.IH, KOJIMYECTBO PA3TMYHEIX KODHEH
MHOTOWIeHa f 1A BceX BELIECTBEHHBIX 3aMbIKAHMH nosia K OZHO U TO xe.
Popmy ¢ MbI 6y 1eM Ha3HBATB opmoti caeda Ha nmpocTpaHcTe K (z]/(f).

TEOPEMA 28.7 (Aprun-Ilpaitep). Iycts K — ynopsagouernoe mome u
R, R' — ero Bemectaennble sambikanus. Torga CyIIECTBYET POBHO OJUH M30-
Mopduam 6: R — R’ maa K, npudeM 3TOT #30MOPGU3M COXPAHAET NOPAIOK.

JOKA3ATEJNLCTBO. B BemecTBeHHO 3AMKHYTOM MOJ€ yCIOBME T > y
SKBUBAJICHTHO TOMY, YTO T — J AnjAeTca KBajpaTom. [TosTomy mo6oit uso-
mopduaM o: R — R’ coxpasser nopsaiox.

Hone R anre6pauuno nax K, nostomy mo6oit sneMent a € R apagercs
KOpHEM HenpuBOAMMOro MHorowiesa f Hag K. U3 Teopemsr 28.6 caexyer,
uT0 B R v R’ MuOrOwIen f uMeer oaunakosoe wucio kopHeit. IlycTs sTumu
KOpHAME OyayT oy < ... < ap M o) < ... < Qj, COOTBETCTBeHHO. BrifepeM B
R snementTh t; Tak, uTo t? = @11 — a;. CoruacHo TeopeMe 0 MPUMHUTHBHOM
JeMeHTe

K(al,...,an,tl,...,tn_l) = K(0),

rae § € R— KOpeHb HEKOTOPOTO HEPUBOAMMOro Has K MHOTOWIeHS, g-B
none R’ MHOTOWIEH g UMeeT CTOMBKO e KOPHel, CKOIbKO B mote R. B uacr-

e LTI

ks
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HOCTH, y Hero ecTb HekoTophi kopens ' € R'. Hag K cymecrsyer u30-
mopduam K (0) — K(6'). O npeacrapiser cobou BIOKeHME

o:K(al,.,.,an,tl,...,tn_l) — R.

Jlerko nposepuTh, 9T0 o(a;) =aj. B camom gese, o mepeBoJAT Kogxenb MHO-
rowena f B KopeHb MHorowiesa f, npaueM o(a;41) —o(a;) = ot;) > 0. Ha
K(ay,...,0n) OTOOpaXeHNE G ONIPEJENEHO OJHOIHAMHO. B gacTrOCTH, OHO-
3HAYHO onpe,uenen o6pa3 aaemenTa a. Teneps ¢ nomompbio semme LopHa MOX-
HO OCTPOMTh OTHO3HAYHO ONpeJeNeHHbIN u3oMopdusm R Ha R uwan K. O

TlokaxeM Tefepb, YTO y J060Tr0 yHOPAJOUEHHOr 0 [0/14 €CTh BEIECTBeH-
HOE 3aMbIKaHYE.

TrOPEMA 28.8. Iycts K — ynopspodenHoe nose, K' — ero pacumpe-
Hue, B KOTOPOM HET COOTHOLIEHWM BHAa —1 = S ha?, rae )\ivnoljxomn-
reaprbie snemenTsl K n a; € K'. Torga noae L, noaysenHoe ua K' mpu-
CcoeMHEHMEM KBAJDATHEIX KODHEH M3 BCEX NOJOXKWTETbHBIX JIeMeHToB K,

BeIIEeCTBEHHO.

JTOKABATEJILCTBO. IIpeamonoxum, 4To nosie L He BEIIECTBEHHO. To-
raa —1 = Y. b2, rge b; € L. [lostomy B L ecTb COOTHOIIEHKE BHAA -1=
= Y \ib?, re A; — IONOXUTENbHBIE JIEMEHThI K u b; € L. Ilo ycaosuio Bce
b; He MOryT oHOBpeMeHHO JexaTs B K'. IloaTomy onpejenreHo HauMeHbIIee
HATYPAJIBHOE IUCIO T, A KOTOPOT'O BHIIOIHAETCS HEKOTOPOE COOTHOMEHHE

ykasaunoro suga ¢ b; € K'(y/ui, ... ;A Ur), DA€ Uy, . . -, Uy — MIOMOKUTED-

Hble daeMeHTH K.
Samumiem b; B BuAe b; = T + Yi/Ur, TAE T, Y € K'(\/ury. .o,/ Up-1).
Z)\(z -i—yz Ur) +2\/U.TZz,y,

Torpga
—-1= Z)\ xz+yz ur
Ecmm Y z;y;i # 0, TO \/u_r e K’(\/‘u._l,...,
murnMaabaocTH . [loaTomy
-1= Z )\i:::,? + Z )\ipry?,

rae A; 1 Ajll, — MOJOXUTEIbHBIE DIEMEHTHI Kuz,y; € K'(/ i, ..,/ Ur—1)-
ATOo TOoXe IPOTUBOPEYUT MUHHMAIBHOCTH . O

+/Uy_1), 9T0 TPOTHUBOPEIUT

CJAEACTBHUE 1. ¥ 106010 ynopsaA0UeHHOro noasa K eCTh BellleCTBEHHOe
3aMBIKAHUE.
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JOKA3ATEJNLCTBO. Ilomoxum K' = K. B K mer cooTHOMmEHUN BHIa
—1 = Y Ma? ¢ nonoxurenrsueMu A;. [TosTomy mone L, nmoayueHsoe n3 K
IIPUCOeIMHEHNEM KBAaJPATHEIX KOPHEH U3 BCEX MOJOXUTEIbHHIX 3JeMEHTOB
K, pemecreenHo. BemecTBenHoe 3aMbikanue nona L u ecTh TpeSyeMoe Be-
1LIECTBEHHOE 3aMEIKanue nmojisa K. a

CaeACTBEE 2. Ilycte K — ynopaaogennoe note u K’ — ero pacimmpe-
HHKe. Ynopajodenue noas K MoxHO mpoaomxuThk Ha K' Torga M TOXBKO
TOraa, xoraa B K' ner coornomenmi suga —1 = 3 h;a?, rae A\; — noaoxu-
TeabHbIe 3jeMeHTH K U a; € K.

JOKA3BATENBCTBO. fICHO, 9TO eciM COOTHOMICHMA YKA3aHHOTO BHAA
€CTb, TO YTOpAJOHEHHE Heab3d npoxonxkuth Ha K'. [pexnonoxuMm, 4ro
TAKUX COOTHOWeEHWH HeT. TOorga MOXHO NOCTPONTL BEIIECTBEHHOE IOJE
L o K'. PaccMoTpuM €ro BellleCTBEeHHOE 3aMmblKaHue R. YnopsagoueHue R
HHAynupyeT Tpebyemoe ynopsigoderue K'. O

28.3. Cemuagnaras npoGiaema MwinGepra

B sTom naparpade MEl HAKOHEI JOKaXXeM, YTO €CIM BellleCTBEeHHASA Pally-
oHanbHaA dbyHKuua 7(I1,. . .,T,) HEOTPUIATETLHA JIA BCEX BEleCTBEHHEIX
Z1,...,Tpn, TO €€ MOXHO NIPEJCTABUTD B BHAE CYMMEI KBaIPATOB BEIIECTBEH-
HBEIX PAlMOHAIBHLIX (PYHKIMHA. JTO JOKA3aTENLCTBO I'OAUTCA HE TOABKO A1A
noaa R, HO u 2718 IPOU3BOIBHOTO BEIECTBEHHO 3aMKHYTOro noas R. Tpeby-
€MO€ [N0Ka3aTeqbCTBO JEerkKo HOMYYUTh U3 CJAeIYIOIEeH JOCTATOYHO TPYAHON
TEOPEMBI.

TeoPEMA 28.9 (Aprur-Jlenr). Ilycts R -— BemecTBeHHO 3aMKHYTOe
note n K = R(zi,...,Z,) — YyNOPAI04€HHOE KOHEYHO MOPOXKJIEHHOE pac-
mupenye nojs R, npuyeM ynopsgodenue nois K cormacoBaHo ¢ ynopsjio-
gerueM noaa R. Torga cymectByer roMmomopdusm R-anre6p

¢: R[z1,...,2,] = R,

TOXJAECTBEHHLIM Ha R.

[JOKABATEJLCTBO. PaccMorpum cHawata cIydai, KOr ga cTenesb TPaHC-
nenfenTHocT K Haja R pasna 1. MoxHO cIMTaTB, 9TO 21€eMEHT T; = I
TpascuengenTeH Hajg R. Torga none K sBaseTcs koHeuHwbIM aiareGpamde-
CKHM pacmmMpeHueM noas I, mosroMmy COrIacHO TeopemMe O MPUMUTHUBHOM
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anemente K = R(z)[y]. TouHo Takue e paccyXjeHus, Kak IPH JOKa3a-
rTeapcTe aemmbl HéTep o mopmanmsauuu (cM. . 250), MOKa3LIBAIOT, YTO
BJIEMEHT y MOXHO BHIODATH TaK, YTOOH OH yJOBIETBOPAI YPABHEHHIO yt +
+ea(@)y' +... +a(x), rae a(z), ..., alz) € Riz]. Ipn sTom Gysem cum-
TaThb, YTO CTENEHb | MUHMMAJIBHA.

Paccmorpum muorowten f(X,Y) = Y! + ¢(X)Y'! + ... + ¢(X) or
HeaapucuMbix nepemenneix X u Y. JlioGoi nape aneMenTos a, b € R, yao-
B.neTBopmomﬁx cootromeruio f(a, b)) = 0, COOTBETCTBYET rOMOMOpPdU3M
R-anre6p o: R[z,y] — R, 3anannem ¢popmyramn o(z) = a u o(y) = b. Ilo-
KaxeM, 9TO TaKuX map a, b € R GeckoHe41HO MHOTO. N

Mycts Rk — BemecTBennoe 3amblkanue noia K. Muorowren f(V) =
= f(z,Y) € R(z)[Y] umeer B mone Rk KxOpeHb y, NOITOMY COTJIACHO TeO-
peme 28.6 curHaTypa GOpMEL CIeJa ¢ Ha IPOCTPAHCTBE

R(@)[Y)/(f) = R(z)[y]/R(z) = K/R(z)

OJOXHKTENbHA. DTY GOPMY MOXKHO IPHBECTH K SHACOHATIHLHOMY BALY C dJe-
menrtamu hi(z),. .., hs(z) € R[zr] na auaronanu.

Ha/ BelecTBEHHO 3aMKHY THIM ToJeM R 1i060# MHOTO'WIEH PaCKIaAbiBa-
©TCA HA JUHEHHBIE ¥ HEIPUBOINMBIE KBAIPATHIHEEe MHOXUTe M. [Ipu aTOM
KBaIpATHYHBIE MHOXHTEM uMeloT Bug (T + a)® + B2, rae o, € R. Ioaro-
MY OHH NOJOXHTETbHEL KaK dleMeHTEl R(zx), u npu Beex a € R aneMenTHl
(a+a)% + B? € R TOXKe MOJOXUTETHHEL

Ilycte £ — Ap,...,T — At — BCE Da3aM4IHEE JVHEUHBbIC MHOXUTEIHN, BXO-
JALIAE B PA3JIOKEHUA MHOTOWIEHOB hy (2), . . ., hs(T). YIIOPAZOUIMM D1€MEHTH
Z,\,..., s € R(z); npu 9TOM BO3MOXHEI ClIEAYIOIME BAPUAHTEL:

<< << << <A <.

Ilycts a— 1060i 2aeMeRT moas R, yIoBIeTBOPAOIIMIA, COOTBETCTBEHHO,
HepaBeHcTBaM A < @ < Aj; A < @5 a < Aj (Takux d7IeMeHTOB a Oec-
koneuno MHoro). Torga suakm anementoB hi(a) u hy(z) cosnagawT npu
Beex k = 1,...,s. [looTomy curuaTtypa GOpMH @ paBHA CUTHATYpe QOPMBI
¢ ZMaroHaILHBIMM dnemeHTaMu hi(a),. .., hs(a).

MokaxeM, YTO A4 MOYTH Bcex a4 ¢(opMa cCleia ¢, Ha NPOCTPaH-
cree R[Y]/(f(a,Y)) npuBoguTCA X AMArOHAILHOMY BHJIY C JIEMEHTAMHU
hi(a), ..., hs(a) va amaronamm. JedcTBuTensHo, nycTh A(x) = (aij(z)) —
maTpuna ¢opmsl ¢ B 6asuce 1,Y,.. ., Y1 a B(z) = (by(x)) — marpuna,
I KOTOPOH

(B(z))" A(z)B(z) = diag(h1(2),. .., hs(2))-
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Torna eciu det B(a) # 0 1 HE OAMH U3 3HAMEHATENEH PAIMOHAIBHEIX (YHK-
muit b;;(x) He o6palaeTca B HyJb OPU T = a, TO

(B(a))" A(a)B(a) = diag(hi(a), - ., hs(a)).

Ocraerca sameruts, uT0 A(a) —MaTpuua dopMbr ¢, B Gasuce 1,Y...

Yl-—l
e, .

Hrax, cymecTByeT 6eCkOHEYHO MHOIO 31€MEHTOB a € R, JI8 KOTOPHIX
CHI'HATYPA QPOPMHL @, NOIOXHTeNbHA. [1s Bcex Takux a Muorowien f(a,Y)
umeer kopenb b € R, T.e. f(a,b) = 0. Kax M yxe rosopuiau, 060K
Takou nape (a,b) coorsercrByer romomopdusm R-arreép a: R[z, y] — R.
lloxaxem, 9T0 MOYTH BCe Takue rOMOMODGUIMEI MOXKHO IPOLOIKATH HA

Rz,y,22,...,24] O Rlz,y]. Hanomunm, 4t0 2o, ...,2, € Rz),...,z,] =
= K = R(z)[y], nostomy z; = p;(z,y)/qi(x), rae p; u ¢; — MHOrOWIEHEL.
Iycte ¢ = g1 - ... - gn- Ilo mocTpoenmio o(g(z)) = g(a) # 0 aaa mourn

BCeX a. B Takux ciyyasx roMOMOpP®UaM G MOXKHO HPOZOIKHUTE HA
1
Rz, y] 2@ D Rlz,y,x3,...,2,] D Rlz1,...,2,] = K.

Hepexox or cayyas, korga crenens Tpaucuengentnoctn K Hax R pas-
Ha 1, K c1y9alo cTeneHM TPaHCUEHAEHTHOCTH M > 1 genaeTcs IPOCTOMH UH-
Aykuuei no m. Ilpegnonoxum, 9To CymecTBOBaHME TPeGyeMOro rOMOMOp-
(u3Ma JOKa3aHO JIA BCeX Noxel K, CTeneHb TPAHCUEHIeHTHOCTH KOTOPHIX
HaJ R crporo mensme m. Paccmorpum nose K = R(zy,...,z,), creneHs
TPAHCLEHIEHTHOCTH KOTOPOro Haj R pasna m. Bribepem npoMexyTodHOe
none F: R ¢ F < K, 51a KOTOpOro creneds Tpancuesgentaoct K nag F
paBHa 1. [lycte Rp — Ry — BemecrBenHble 3aMmbikanua F u K. Crenens
TpaHCUeHAeHTHOCT Ry Hajg Rp paBua 1, mosTOMy cymecTByeT roMoMop-
¢usm Rp-amre6p §: Rp(z1,...,&p] — Rp.

Crenenr TpancuengenTocty Ry Has R pasna m — 1, mosToMmy cTeneHn
TpaHcuengenTrocTy noas R({(x1),...,¢(zn)) © Rr maz R ue mpesocxo-
aur m — 1. flcHo Takxe, 4To Ha noae R({P(z1),...,{(z,)) MoxHO 3352TH
YTOPAOYeHNe, HHAYLUEPOBAHHOE yHopafodeHueM noa Ry . [loaToMy cymie-
cTByeT roMoMopouam R-arre6p o: R[{(z1),...,{(z,)] — R. Orpanutenue
KOMIO3MUKM OTOOpaXeHnH § # ¢ Ha airedpy

R[z1,...,z5] € Rp(zy, ..., 24,]

U eCTh TPeGyeMbI TOMOMOP(UIM. O

Teneps yxe Jerko AOKa3aTh TeopeMy APTHHA O HEOTPHUATEIbHEIX Pa-
mMOHAMBHEX QyHKumax. Ilycts k— yrnopsajgodentoe moje. Pammonanbryio

yHKIMIO

_ p(z1,. ., Zn)

= rae e klry,...,x
7'(.’171,---,33") q(zl,---,zn)’ il D, q [ ’ ’ n]a
HA3LIBAIOT neompuyameavnoi, ecam r(ay,...,a,) > 0 mpm Beex ay,...
...,an € k, nna xotopeix g(ai,...,an) # 0.

" TEoPEMA 28.10 (Aptun). IIycts R — BemecTBeHHO 3aMKHYTO€ IIOJe,
r € R(zy,...,Tn) — HEOTPHIATENIbHAS DALMOHAIbLHAA QYHKIHA. Toraa r
MOHO NPEACTABUTh B BHJE CyMMbI KBAIDATOB IeMEHTOB R(Z1,...,Tn).

JOKA3ATEJBLCTBO. IpenrnonoxumM, 4TO T HE ABIAETCA cyMMoﬁ KBagpa-
ToB aemenToB moas R(zi,...,z,). Toraa coraacuo Teopeme 28.4 cywe-
cTByeT ynopsagodenne noas R(z1, ..., Tn), i koroporor < 0. Ilpescrapum
r B BUJE HECOKpATUMON apobu p/q, rae p,q € R[z,...,r,]. PaccmoTpum
cogepxamyio r R-arreGpy

1
o —
™ q(x1,. .., Tn)

Rl:.’l,'l,...,

B BellecTBEHHOM 3aMBIKAHKWM YHIOPSAA04eHHOro noast R(z1,...,Zn) €cTh Ta-
KO DJIeMEHT Y, 4TO Y’ =-r>0. Ilone R(z1,...,Zn,Y) COLEPKMUTCA B Belle-
CTBEHHOM 3aMblKaHuu R(xq,...,T,), a 3HAYNT, B DTOM [OJE MOXHO BBECTH
yIOpsAjOUeHue, WHYIMPOBAHHOE YIOPAJOIEHNEM BEIIECTBEHHOIO 3aMbIKa-
uua. Io Teopeme Apruna—-Jlenra cymecTsyeT roMOMOphU3IM

1 1
)Y7 _] g Ra

™ gz, Ta) Y

(p:R[xl,...,:c

TOX/JeCTBeHHBIN Ha K.

fcuo, aTo ¢(Y) cp(%) =1u¢(q) cp(%) =1, noatomy @(Y) # 0 1 ¢(q) #
# 0. CaegoraTensHo, ¢(r) = —¢(y?) = —(e(y))* < 0. Ho

plai,...,an)

rae a; = o(x;).
qlai,...,an)’ A i = (i)

9(r) =

Hpu stom g(ay,...,an) = ¢(q) # 0. Hepasenctso r(ai,...,an) < 0 npoTu-
BOPEYUT YCJIOBHIO TEOPEMBI. O
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[ npom3BoabHOTO (T. €. He 06A3aTENBbHO BEIECTBEHHO 3AMKHYTOrO)
YIOPAJAOYEHHOTO MOMA TeopeMa ApTHUHA HeBepHA (IIEePBEIA NPUMED Ta-
Koro noss mpuseged B [Dub]; Gonee mpocToil mpuMep MOXHO HaUTH Ha
c. 86 kuuru [Pf2]). Ho, cierka zonosHup AokasaTenbcTBO TeopeMul 28.10,
[ TPOM3BOJBLHOI0 yIOPAJOYEHHOI'O OJAA K MOXHO JOKa3aTh CJAEAyIOLiee
YTBEpX IeHHe.

TEOPEMA 28.11. Ilycts k— ymopsagodennoe mojse u R— ero meine-
cTBeHHOe 3aMbikanue. Eciu paunonansuas oyekuus r € k(zy,...,z,) Ta-
KOBa, 4TO 7(a3,...,a,) > 0 1Ipu Bcex ay, . .. ,a, € R (ecan, koneuHo, anade-
aue r(aj,...,a,) OPK 3TOM ONPEJEIEHO), TO I' MOXHO NPEICTABUTH B BUIE
CYMMEI KBaPATOB 3J1eMEHTOB k(Z1,...,ZTn).

JOKABATEJBLCTBO. Ecam r He apnseTca cyMMOR KBaApaTOB 2JEMEHTOB
k(z1,...,2,), TOo cymecTByeT ynopsagodenue noas k(zry,...,Ty), 41A KOTO-
poro r < 0. Ilyctes R' — BemiecTBenHoe 3aMuIKanue noas k(zi,...,o,) ¢
TaKuM ynopsgodenuneM. Moxuo cuurtars, 1To R ¢ R' (BemecTeenHoe 3aMu-
KaHue noia k(xy,...,Z,) COAEPXAT HEKOTOPOE BEIIECTBEHHOE 3aMEIKAHUE
R; nons k, a R; u R usoMOpHHE KaK BEIIECTBEHHBIE 3aMBLIKAHKASA OJHOTO M
Toro xe 1noJs). B none R’ ectb Takoi anement ¥, 4ro Y2 = —r > 0. Beegem
Ha R-anre6pe

1
™ q(z1,. .., Tn)
yHIOpsAOUeHue, HUHAYLUMPOBAHHOE yrnopagodennem R'. [anbueimme pac-
CyXJeHuss B TOYHOCTH Te XK€ CaMble, YTO U DU J[OKA3ATEILCTBE TEO-

le,...,Z Y,% CR’

pemsr 28.10. ’ ]

CJHEACTBHE. Eciam ynopsgodenHoe mose k TAKOBO, 4TO 3 yCJI0OBHA
r(Z1,...,2n) < O npu BCex Z1,...,T, € k caegyer, 9t0 r(zr1,...,T5) < 0
npu BCeX T1,...,&, € R, rme R — BeulecTBeHHOE 3aMbIKaHue k, TO IJA

noJsa k BepHa TeopeMa ApTuHA.

B yacTHocTH, Teopema ApTuHA BepHA A MOIA PAIMOHANLHEIX yuced Q,
T.e. Mmobafd HEOTPUUATEIbHAA DAIMOHANBHAA (PYHKUIUA C PAIHOHAJBHBIMHI
K03(pbUIIMEHTAMY ABIACTCA CYMMOM KBAPATOB PALMOHANBLHEIX (PYHKIMT C
PaUMOHATBHEIMU KO3Q(PUIIMEHTaMH. '

B sakmouenue npusegeM GOPMYyJUPOBKHA ABYX MHTEPECHBIX TEOPEM, H0-
Ka3aTeJbCTBA KOTOPHIX OMUPAIOTCA HA TeopeMy Apruna. Tounee rosops,
[IepBasg U3 3TUX TEOPEM BBHIBOJUTCA M3 TEOPeMH APTHHA, 4 BTOpaA — U3
TEPBOM.
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TeoOPEMA 28.12 [Ri]. Iycts I —ugean B koasue Rz, ..., 2] Torga
CJIeIYIOIHe yCIOBUA SKBUBATCHTHHL

(1) mo6oit MHOrOWIeH, OOpAIAIOMMICA B HYyJb BO BCeX OOIIMX Bele-
CTBEHHBIX HyJAX MHOTOWIeHOB M3 ujeana I, cam aexur B I;

(2) ecaiu cyMMa KBaApPATOB MHOTOWIEHOB U3 Koapna Rz, ..., T,) nexuT
B I, TO 1 CaMu 3T MHOTOWIEHH JeXaT B I.

TEOPEMA 28.13 [St]. Ognopoanan ¢popMa F' HeoTpHIIATENbHA TOTAA I
TOIBLKO TOTAA, KOTA3 CYMECTBYeT OAHOPOAHOE IOIMHOMHAIBHOE COOTHOIIe-
nue uga ¢(—F) =0, rae

~

ou) =u®™ M +au™ +... +ag,

¥ KO3(QGUIMEHTH A1, . .., G2, ABIAIOTCA CyMMaMHM KBaJAPATOB OXHOPOJHEIX
dopM.

29. Teopusa Ilpucrepa

29.1. MyasTHILIMKaTHBHEIE KBaJPaTHIHEIE (POPMEL

B stoM maparpadge Mbl GyJeM pacCMaTpPMBAThL KBaJAPATUYIHBLIE (POPMEI
Ha,l OPOM3BOJLHEIM IOJKeM Kk, XapaKTepHCTUKa KOTOporo He pabHa 2. Kpa-
apaTuyuHas ¢popMa (¢ Ha IPOCTPAHCTBEe k™ 33JaeTCs CHMMETPUIECKOW Ma-
Tpuueit A nopaaka n. Illpu srom ecim = = (z1,...2,) € k™, TO

o(z) = zAzT = Zwixjaij.

Kpaaparuyubie GOPMEL @ U ) HA3BIBAIOT IKEUBALEHTHbIMY, ECITH CYIIIe-
CTByeT Takas HEBHIPOXJeHHas MaTpuua P nopsagka n, 4ro ¢(z) = $(Px).
B TakoM caydae § 3ajaeTca MaTpuien PAPT. Ina >kBuBateHTHBIX GOPM
6y1eM KCIoab30BaTh 0603Hauenne ¢ = ¢.

ByaeM rosopuTb, 4T0 HopMa @ npedcmasasem dieMeHT a € k, ecan
a = @(z) ana Hekoroporo & € k™. Hanpuwmep, popma ¢(r) = 24+ +22
NpeJCTABIAET JMEMEHT a TOC4a ¥ TOIBKO TOrJa, KOI'Ja G MOXHO NMPECTa-
BUTh B BUJE CYMMEL 12 KBaPATOB.

OCHOBHBIM MHCTpyMeHTOM Teopuu Ilducrepa ciyXaT BBeJeHHBIE UM
MyJIbTUILTMKATABHEE (GOPMEL CIenuaIbHoro Buja. KpajgpaTutinyio dopmy
(¢ HA3BIBAIOT MYAbMUNAUKAMUSHOT, €CTH POPMBI @ U Q¢ SKBUBAIEHTHbI A1
11060r0 HEHYJIEBOTO JIEMEHTA @, NPEACTABUMOrO HOPMOH §.
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Jliobas MyabTHILIMKaTHBHAA (opMa ¢ obaajaeT CAEAYIOLIMM 3aMeda-
TEIbHLIM CBOMCTBOM: €CJIM 3JI€MEHTH a M b NpeacTaBMMbl (HOPMON ®, TO
aeMeHT ab Toxe npegcTaBuM ¢opmoi ¢. [deso B TOM, YTO SKBHBATCHTHEIE
(OPMBEI IPECTABIAIOT OJHO M TO XK€ MHOXKECTBO 3IeMEHTOB 1oas k. A ecan
MYJBTHILINKATUBHAA POPMa @ IPE/CTABIAET JIEMEHTH a ¥ b, TO dhopma ag
SKBUBAJICHTHA €M M MPE/CTABIACT JIEMEHT ab.

Baegem cregyomme o603uasenus. Popmy ¢(z) = a12?+. .. +a,72 Gyem

0603Ha4aTh (ag,...,an). dag dopm ¢ = (a1,...,an) u ¢ = (b1,...,bp)
HOJIOX UM
(PEB(J):(01,--.,am,b1,...,bn),
<p®q):(a1b1,...,ambl,albz,...,ambg,...,albn,...,ambn).

@opmul Buga (1,a1) ® (1,02) ® ... ® (1,a,), rae a; ...a, # 0, BBeeHHbIE
Ilpucrepom, urparor riasHyio poas B ero Teopuu. Bynem aas xpaTkocTu

06o3Ha4aTh Takue ¢HopMer ({(ai,...,a,)). Hauborpmmuit nuTepec ams mac
npejcraBiaier ¢opma ((1,...,1)), T.e. cymma 2" ksaaparon. Ho npu goka-
N e’

n
3aTeTBCTBAX MHAYKIMEHN 1O N He y1aeTca n36eXaTh PacCMOTpeHns obuero

Giiyyasa ((al’ sy an))
TEOPEMA 29.1 (Ilpucrep). Popma ({a1,...,a,)) MyJIbTHILIAKATUBHA.

HOKA3ATEALCTBO. PaccMoTpum cHauana cayyai n = 1. ITycts dopma
({a1)) = z{+a12} npencranner snement b # 0, 1. e. b = c?+a;yc2. Monoxum
A= 10 > w P = c1 c2

0 a3 —aicz 1
det P # 0. 3to osmauaer, uto {(a1)) = b({a;)).

Popma ((a1, .. .,a,)) umeer Bug ¢ B ang, rae ¢ = {{a1,...,an-1)). Ho-
BTOMY JOCTATOYMHO JOKA83aTh, YTO eCIi GOpMa @ My ILTUILTMKATHBHA U @ 7
# 0, To popma ¢ ® ap Toxe myrpTHILIMKaTHBHA. IlycTh b = o(z) +ap(y) =
=& +an # 0, rae anemenTs & u 1) npejcTaBUMEL GOPMOI ¢. Ecin & = 0, To
n # 0, nosTomy ng = ¢, a 3nauwnT,

. Jlerxo npoeeputs, uto PAPT = bA n

b(p @ ap) = an(p & ap) = ap ® a’¢ = ¢ B ag,
Tax Kak a’¢ = . Caywait y = 0 paccmaTpuBaeTca amanormano. Ocraercs
paccMoTpeTs caygau &n # 0. B atom caysae ¢ 2 Ep un pE g (g~ He.
CnegoBarennro,
b9 @ ag) = (X +an)(p ®ag) = (1 +ang")(¢ & (ant™!)g)
= (1+ang™ ) ((ag ™)) ® 0.
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Ipu pas6ope caydaa n = 1 6bLIO NOKa3aHO, 4TO Gopma ((‘11715—1»_ lmymr
THILIMKATHBHA. JTa (HopMa NpeCcTaBiIseT a.nexv;en'r 1+arg =01 #£0.
Cregosatensho, (1 +ang™)((ang™!)) = ((an€ ™)), a snawur,

b(o @ ag) = {(anf ™)) ® ¢ = ¢ @ (ant™")g = ¢ B ag,
4TO M TPeGOBaJIOCh JOKA3ATh. O

Mpu gokasareascTBe TeopeMnl [lpucrepa MEl He MOMTL3OBATUCE TEM, ITO
char k # 2, 102TOMY OH3 BEpPHA, /1 JI000I0 MOJIA. Ocob6eHHO HHTEpEeCeH CIy-
4ajt @y = ... = ap = b B aTOM ciyuae ua Teopemul liducrepa creayer, qfrg
B MO6GOM 11071 IPOM3BEAEHHE JTEMEHTOB, NPEICTABUMEIX B BUAE CYMME 2
KB3,JpaTOB, TOXE IPEJCTABMMO B BUJE CyMMEL 2" xeanparos. [Ipun =1,2,3
11 TAKOTO IIPEACTABIEHNSA eCTh ABHEIE GOPMY.bl 06IIero Bua. Hanpuwmep,
npu n = 1, T.e. 114 CyMMEI IByX KBaApaTOB, TpeGyemoe T;))K}.IGCTBO uMeerT
sug (22 + 22) (42 + 43) = (Tays + 2232)? + (2192 — T2y1)*. Honpu n > 3
TOXJECTB TAKOro BUJA yXe OHTbL HE MOXeT.

Haum norpebyeTcs cleiyiomee BCIOMOTaTeIbHOE yTBEPX IeHUe.

JIEMMA 29.1. 3ammmenm ¢opmy ¢ = {(a1,...,an)), TAE @1 ...Gn # 0, B
suge ¢ = (1) @ ¢'. Iycts popma ¢' TpejCTaBIAET dIeMEHT by # 0. Torga
¢ 2 {{by,...,bs)) A1 HEKOTOPHIX HEHYJIEBBIX ba,...,bn.

JIOKA3ATEJBCTBO. IlpuMeHuM MHAYKUMIO 1O 7. H;;n n = 21 ¢dopma
' umeer Bug a1z2. Ecm by = a1c?, TO biz? = ai(cr1)? = a;zi. Takum
o6pazom, {a;) = (b;), a awaunr, ((a1)) = ((b1))-

TIpeATON0KUM TENeph, ITO TpeGyeMoe yTBEPKACHMe JOKA3aHO J1i BCeX
dopm Buga {{(c1,...,Cn-1)), A€ €1 -..Ca—1 # 0. ITOOHI fOKBIATH Tpebye-
Moe yTBepxenue i gopmet @ = ((a1, .- ey @n)), paccmo’rpnlM QJOI,)My =
= {{a1,---,an-1)) = (1) ® ¢'. Sfcno, 4ro ¢ = (Il)EBan(l» u¢ =4 ®and.
[osToMy 3JeMeHT by, NPeJCTABUMBIA GOPMOA @, MOXKHO 3aMuCaThb B’ BHJE
by = b} + apb, rae anemeHTH b, u b npeacrasaawTCA popMaMu ¢ u
COOTBETCTBEHHO.

Iycts cuavana b = 0. B Taxom cay4ae by = b;. CoruacHo mpejroioxe-
amio uaaykmma ¢ = ((by,...,by_1)), a 3na4HT, @ = (b1, ..., bn-1,an)).

Paccmorpum Teneps ciydai b # 0. B arom ciyuae ¢opma { mpexcra-
BaseT HenyJesoi aaemeHT b. CoraacHo Teopeme ¢ucrepa popma cl»_llvxym:
ranIMKaTuBHa, nooTomy ¢ = b. Cregoarensho, ¢’ = ¢' & (lanb)(b §) =
=~ {/ @ cn, rae ¢ = anb. Mpu orom by = b} + cn. Ilycts b = 0. Torga
bl =ChnQ = ((Cn)) ® (P = ((Cnyala e 7an—l)) = ((blaal, .. -aan—l>)-

i1 — 1010
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OcTaeTcs paccMOTpeTh cay4alt, koraa by = bf + ¢,, npudem bicn, # 0.
dopma ¢’ npescraBaseT dJIeMeHT bj, OITOMY COIMIACHO MPEJNOJIOKEHUIO
magykmma ¢ = ((b], b, ..., bn-1)). CregoBarensHo,

(P (( b2a n lvcn» = ((bllacn,b%"',
= <<b11cn)) ((b27"" n—l))'

Mycts A = b nu = cp. Torga A +u = by # 0. Pasencrso

11 20 1w _(r+w 0
TN 0u 1 -2/ 0 (h+phu

nokaseBaeT, uTo (b}, cn) = (b1, b1d)cy,). llooTomy

<<b,1’cn)> = (17 b’l7 Cn, Ilcn) = (1’ b1, bllcfh blb'lcn> = ((blabllcn»'

bn_1)) =

Ioaoxum b, = bjc,. Torga

@ = ((b1,bn)) ® (b2, ..., bn)) = ((b1,.-.,bn))- ]

29.2. C;-nonsa

B mpeanigymiem maparpade MB TO3HAKOMMIMCH C OJHUM M3 HHCTDY-
menToB Teopun IldpucTepa — MyapTHILIMKATHBHEIMU popMamu. Jpyrou un-
cTpyMeHT aTol Teopuu, C;-moas, 66u1 cosgan B 1933-1936 rr. KUTAKCKUM
maremarnkom Uymxuze [Jzenom u B 1952 r. nepeoTkpuit Jlenrom.

TTone K HazwmBaioT C;-noaem, eciu mobas CHCTEMa OJHOPOJHBIX MHOTO-

“WIEHOB
fl)"'afr = K[zla---aan

A7 KOTOpBIX di + ... +di < n, vae d, = deg f;, umeeT 06U HETPUBUAIL-
HLIA HYJIb.

TEOPEMA 29.2 ([zen-Jlenr). Ecim none L anre6pauvecku 3aMKHYTO,
to nore K = L(ty,...,t;) (T.e. nore pauuoHaIbHEIX GYHKIMHA OT § Iepe-
MEHHBIX HaJg mosem L) asaserca Ci-nmoaeM.

JTOKA3ATEJbLCTBO. IpumenuM ungyxumo 1o i. Ipu ¢ = 0 nmore K
cosnagaer ¢ L, T.e. more K anrrebpanveckn 3aMKHYTO, & yCJIOBHE di +
..+d. < n o3nadaer, yro r < n. B Takom cay4ae Tpebyemoe yTBEPKACHHE
COBNAJAET C OJHOPOAHOW Teopemon I'minGepra o Hyaax (reopema 25.10
Ha c. 261).
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lar nHAYKIMEA 3aKII04YAETCA B TOM, YTOOH JOKA3aTh, 9TO ecau mnoje L
asaserca C;-moneM, To note K = L(t) apuaerca C;yq-noteM. Ich'rL fl,
fr € K[z1,...,Zp]— OZHOPOAHEIC MHOTOWIEHHl, NPHYIEM d1 + .

+ di*! < n, rge d; = deg f,. Tpebyerca HOKa3aTh, YTO MHOTOWICHI
f1, ceey f, MMEIOT OOLIMH HEeTPUBHAILHLY HYyIb B K. Koaddummenrs Muo-
COWIEHOB fi,..., f, dexaT B K = L(t), T. €. OHM ABIAIOTCA PAUMOHAILHLIMH
¢dysxkuamu Hag moneM L oT mepemeHHOR {. YMHOXUB BCe 3TH K03dpumm-
€HTH Ha MOAXOJAINMA MHOTOWIeH u3 Koabua L(t], MoxHO Gymer cumTaTs,
4TO K03hUINEeHTE MHOTOWIEHOB fi,...,f, aexar B L{t], T.e. ath ko~
3bPUIMEHTH ABIAIOTCA MHOrOweHaMu oT ¢t Haj noaem L. Crenenu stux
MHOT'O'IEHOB OI'DAHMI€HEI HEKOTOPHIM YHCIOM M, IO3TOMY JM060# Kodddu-
IMEHT A MOXHO NPEICTABHTL B BUJC

a=ap+amt+...+a,t™, rae ag,...,a, € L. (1)
IIpu p=1,...,n noxoxum
Tp =Tpo + Tprt + ... + Tpst?, (2)

CA€ Tpo, - - . , Tps — HE3ABUCHMHIE [IEPEMEHHHIE HA T TosteM L, a 4ucio s gocta-
TOYHO BEJMKO (3TO YMCJIO MBI ONPEJEINM UyTh M03XKe). 3aMEHNM B KadK 0K
ogHOpOAHOM dopMe fi, ..., fr KOIDODUIMEHTH ¥ IEPEMEHHEIE BHIPAKCHUAMEI
(1) n (2), coorBercTBenHo. B pesyabraTe popma f; 3amumercs B Buze
+qit+... + gyt
Jo+ g1 s T GNU o,
rae N = sdj+mu go, ..., gNn — dopMut crenenn d; ot (s+1)n nepemeHHbIX
Tpq Haj monem L. CorsacHo mMpeAmonoXeHnIo HHAYKIMH BCe GOPMBL g s

MHOTOWIEHOB f, ..., fr MMEIOT OCIIMA HETPUBHANLHEIN HYJ/b, ECIM BHIIOI-
HAETCA HEPABEHCTBO

,
> (sdj +m+1)d;

< (s+1)n,

(m+1) Zd -n<s(n

Z dz+1

i+1
o ycaosmo n—3 d;+ > 0, noaToMy TpeGyemoe HepaBeHCTBO BHIOAHACTCA
IpY ZOCTATOYHO GOJIBUIMX 8, HanpuMep, mpu s > (m + 1) d; 0

11*
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29.3. Teopema llpmcrepa 0 cyMmMax KBajpaToB
PAIMOHAILHBIX yHKIHHA

B aByx npeasiaymux naparpadax Ml IPUrOTOBMIM OCHOBHLIE HHCTPY-
MEHTH AJA JoKasaTenbcTBa Teopemnul Ilductepa. Ham monagoGurcs eme
clejyiomee CBOMCTBO KBAAPATUMHBIX (OPM: €CIM HEBHIPOXJEHHAsA KBaApa-
TuyHaa dhopMma @ Hag noaem K msorpomsa (T.e. ¢(u) = 0 A1 HEKOTOPOrO
u # 0), To OHa yHHBepcalbHa (T.e. NpeACTABIAET BCe dIeMeHTHl noas K).
B caMOM fesie, HEBLIPOXK JEHHOM KBaIPATHIHOM (POPME @ COOTBETCTBYET He-
BHIPOX/ICHHAA OUJIMHENHAsA CUMMeTpHiecKas popMa

f(@,9) = = (ol +y) — 9(z) - 0(y))-

N -

HosroMy HalifeTcs Takoi BekTop v, 4To f(u,v) = 1. B Takom cayuae
o(v + M) = @(v) + e(u) + 2f (v, hu) = @(v) + 2\

Masa mo6oro b € K MoxHO BHOPATH Takoe A, 410 ¢(v) + 2A = b.

3 Teopemur 29.2 caegyer, 4TO eciu nojte L arre6pamdeckn 3aMKHYTO,
TO 106258 HEeBHIPOXACHHAA KBaADATH4YHAA GoOpMa ¢ OT 2" mepeMeHHHIX Ha
noaem K = L(t,,...,t,) ynusepcaabHa. B camom nerne, nycts r € K. Pac-
CMOTPHM BCIOMOTaTeIbHYI0 KBaAPATHIHYIO (opMmy §(u,t) = ¢(u) — rt? ot
2" +1 nepemennnix. Coracuo TeopeMe 29.2 popMa § uMeeT HeTPUBUATBHBIR
Hyab (ug,to). Ecam g = 0, To @(ug) = 0, npudtem up # 0. ITO O3HAYALT,
410 (HOpMa @ M3OTPONHA, a MOTOMy yHuBepcaisHa. Ecmu xe to # 0, To
(p(taluo) =r, T.€e. popMa @ NPeICTaABIAET T.

TEOPEMA 29.3 (Ilpucrep). Ilycrs R — BemecTBEHHO 3aMKHYTO€ MOJIE I

¢ = {{a1,. . .,an)) — HEBEIPOX IEHHAS KBAaAPATHIHAA POpMa OT 2" IepeMeH-
HbIX Haj noxeM R(zy,...,z,). Toraa ecim b— cymma KBagpaTOB 2JI€MEHTOB
R(z1,...,%,), TO GopMa ¢ npeacTapiser b.

JOKA3ATEJLCTBO. Ecim ¢opMa ¢ M30TPONHA, TO OHA yHMBEPCATbHA.
[T05TOMY MOXHO CYMTATh, 4TO GOPMa ¢ AHM3OTPONHA, T.e. ¢(u) # 0 mpu
u # 0. Ilo ycrosumio b = b2 + ...+ b2,. [Ipumennm uugykmmio o m. Ilpu m =
= 1 yTBep/JeHHe OYEBHJHO, TAK KaK Mobad MyIbTHILIMKATHBHAA dopma
NpEACTABIAET JIEMEHT 1, a 3HAYMT, OHA MPEJCTABIAET M aneMeHT b - 1.

Iycts Teneps m = 2, T.e. b = b? + b3, npudem biby # 0. Ilycrs L =
= R(i) — anmre6panyeckoe 3ambikanue noaa R. Jaement 3 = by + b2 nopo-
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xnaaetr noxe L(zy,...,z,) Hag noneM R(zy,...,Zy,), T.€.
L(z1,-..,2n) = R(z1,-..,2a)(B).

Moae R semectsensoe, noaTomy i & R(z1,...,Z,) U & R(z1,...,Zn).
DopMy ¢ MOXKHO PACCMATPHBATD ¥ KaK GOPMY HAJ nojeM E(zy,...,zp)D
> R(z1,...,2,). Hag oTam nonem oHa yHuBepcanbHa, Tak Kak noae L aire-
6pamdecku 3aMxHyTO. [looToMy HalayTCA Takue 2"-MepHEIE BEKTOPH 4, ¥ C
koadpuumentamu w3 R(z1,...,T,), A1 koTophix ¢(u + Bv) =B, T.e.

¢(u) + 28f(u,v) + BZo(v) = B, 1

rae f— GwimHedHas cuMMeTpudeckas ¢opma, coorsercTBylomas @. [lpn
sToM v # 0, Tak kak unaue = ¢(u) € R(zy,...,z,). U3 anmsoTponnocTu
dopmeL @ caegyet, 4To ¢(v) # 0.
Henpusogumoe Hag R(z, . . .,Z,) ypasuenue ana  umeeT Bug (B—b1)2+
+b2=0,T.e.
B? —2bp+b=0. (2)

CpasuuBas (1) u (2), nonyaem, B wactHocTd, b = ¢(u)/@(v). U3 myms-
TUILIAKATHBHOCTH (HOPMHL () CIeJyeT, YTO OHA NPEICTABIACT KAK MIEMEeHT
1/9(v), Tak u npoussesenne s1ementon P(u) 1 1/¢(v), T.e. anemenr b.

IIpeAnoa0XKAM Tenepsb, 4TO TPebyeMoe yTBEePXK IeHre JOKA3aHO A1 HEKO-
Toporo m > 2, T.e. mobas dopma ¢ Buga ¢ = ({(a1,.-.,an)) npescTapaseT
n060i nemenT puga b? + ... + b2,. HyxHo noka3aTsh, 4TO dopMa @ mpes-
cTaBAeT MI060H aeMeHT Buga b? + ... +b2, +b2, 1, Tae by # 0. Samumenm
sroT anement B Buge b2, ; (b+1), rae b— cymma m xsaaparos. locrarouno
J0Ka3aTh, 9TO (hOpMa @ NpeACTaBIAET daeMeHT ¢ = b+ 1. MoxHo cuuTats,
gro ¢ # 0.

Yro6ul BOCHOAb30BaThCA Jemmoit 29.1 (eMm. ¢. 305), sanumem dopmy ¢ B
suge ¢ = (1) @ ¢'. CornacHo npeAnoIOXeHnIo MHAYKIMY HOPMa ¢ IpeacTa-
piseT saement b, T. e. b = b3 +b’, rae anement b’ npeacTaBnseTca GopMoi @'
PaccMOTpHM MyJIbTUILIMKATHBHYIO dopMy ¢ = ¢ ® (1,—c) ot 27+ nepe-
Mennuix. fIcho, ¥TO

p=(Nag e(-de=Del,
rae dopma ¢’ = ¢’ @ (—cg) mpeacTaBIAELT INEMEHT
¥ —c=(b—b2) —(1+b) =—-1-1b.

Ipu sroM —1 — b} # 0, Tak kax i ¢ R(z1,...,%pn). B TakoM cayvae MoxHo
fipuMeHuTh Jemmy 29.1 x dpopme ¢ u snementy —1 — b2. B peayabraTe mo-
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Ay4uM, 9TO B ioste R(z1,...,T,) CyMIECTBYIOT TaKHe HEHy.JeBble JIeMEeHThI
Cly-..,Cn, 9TO

p={(-1- b3, c1,...,cn)),

T.e. P2 (—1-b) @y =x®(-1—-b)x, rae x = ({c1,---,cn)).

TIpnMeHnM CHOBA HpPEANOIOKEHHEe HHIYKIMHU, HA 3TOT pa3 K dopme ).
duement 1 + b2 aBaserca cymmon He Gosee ¥eM m KBaJPaTOB, MOITOMY
¢dopma ¥ ero npeacrasiger. B TakoMm ciayuae M3 MyJbTHILTMKATHBHOCTH
dopmut Y cregyert, uto ¥ & (1 + b)Y, a anauuT,

9@ (—cp) ==y @ (-1 -8y = (1 +b5)x & (-1 - B)x-
Mycts & = (1 + b3)y. Toraa

¢(Pz + Qy) - cp(Rz + Sy) = &(z) — &(y),
PQ
R S
=y, moayumm @(Az) = cp(Bz), rae A=P+Q u B=R+ S. U3 nesripo-
X gerHocTy MaTpuuk U creayer, ro ecin ¢ # 0, To (Az, Bz) # (0,0). Ecan
6L ofHAa M3 MaTpul A m B 0ka3anach BHIPOXAEHHOM, TO popma ¢ GBLIA OB
H3OTPOIHOM, & MEI PACCMATPHBAEM CIAy4ail aHU30TPONHOK opmer. Ecan xe
06e MaTPHUIL HEBHIPOXAEHHEIE, TO @ = ¢, a 3HAYAT, MYJIbTHILTAKATHBHAA
($opMa ¢ NpeaCTaBIAET JIEMEHT C. o

rae = U — meBBIpoX JeHHas MaTpuna nopagka 2". Iloaoxus ¢ =

Cornaceo TeopeMe ApTHHA JIO60M HEOTPUIATENLHEIN JIEMEHT IIOJNA
R(z1,...,7,), rae R — BEmeECTBEHHO 3aMKHYTOe IOJEe, SABIACTCA CYyMMOM
kBagpaToB. Ilooromy MyapTumimkaTubHaa dopma ((1,...,1)) mpegcra-

e e’

BiIAeT M0G0 HEOTPUUATENLHEIM daeMeHT noii R(zy,.. .,::'n), T. €. JI060K
HEOTPULATEILHBIA 3JAEMEHT 3TOrO TIOJIA MOXHO IPEJCTABUTH B BUJE CYMMBI
2™ KBaJpaTOB.

Ha c. 280 npusesen npumep aiemenTta noasa R(zi,...,T,), KOTOpHN
HeAB3A MPEICTABUThL B BHjAe CYMMEI 1 kBaapaToB. Takum o6pasoM, ecan
N — HauMeHblUee YMCIO, 1A KOTOPOro Jobou anement ot R(zy,...,Z,)
MOXHO IpeACTABUTE B BUAe cyMMu N kBajgparoB, Ton+1 < N < 2" B 06-
meM ciydae iia N HMKakuX JPYTrMX OLEHOK He M3BeCTHO. Jlumb npu n = 2
U3BECTHO, 4T0 N = 4. DTO yTBEpX/AEHHE AOKA3aHO JBYMA PAa3HEIMH CIO-
cobaMu, HO 06a JOKA3ATENBCTBA BechbMa cJoxHuE. O AHO NOKA3aTEIHCTBO
HCIIOJIB3YeT TeOpHIo LMnTHYeckux kpusbix Haj noteM C(z) (cM. [CEP] n
[Chr]). Jpyroe aokasaTenbcTBo onupaeTcsa Ha TeopeMy Hérepa-Jledmena o
TOM, 4TO Ha MIOBEPXHOCTH OOIIEro moJoxeHus crenenu d > 4 B TPEXMEPHOM
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IPOEKTHBHOM TIPOCTPAHCTBE J06as KpUBasA BHICEKAETCA HEKOTOPOWH JApyroM
nosepxuoctsio (cm. [Co)).

TIpn pokasarerncTBe TeopeMmbl lldmcrepa CymecTBEHHO KHCHONB3YETCS
TO, 4TO moJe R BemecTBenHO 3aMkHyTO. [l nona Q Teopema Ilducrepa
HeBepHa. JTO BUAHO yxke mpu n = 0. JeicTeuTensHo, He m060€ MOTOXKH-
TeJbHOE PAIMOHAJILHOE YUCJIO ABIACTCA KBAJPATOM PAllMOHAILHOIO YKCIIA.
Ho npu n = 0 TpeGyeMasn OllEHKa W3BECTHA: J1000€ MOIOKUTEILHOE PAIMO-
HANBHOE YHCJI0 ABJIAETCA CYMMOU KBa APATOB YETHIPEX PAIMOHANLHEIX THCEL.
B camom gene, cormacuo Teopeme Meitepa (cm. [BI)], [K2] nm [C]) mobasx
HEBHIPOX/JeHHAaA KBaJpaTu4Has ¢popMma Hajg moaeM Q or n > 5 mepemen-
HbIX (HETPUBHANLHO) MPEACTABIACT HyJb, €CIM OHA NPEACTAB/IALT HYIb HaJ
nonem R. B wactaocTn, ecim r > 0, To dopma z3 + 3 + 22 + 2§ — ral
upeacTapiseT Hyab Hag Q.

Ipu n = 1, T.e. g1 MHorowieHoB Haj Q OT OAHON IepeMeHHOH, mep-
BEIM moJy4pi onenky J. Jlangay B 1906 r. B paGore [L]. On nokasan, 1To
060 HEOTPHUATEILHEIA MHOIOWIEH (OT OJHOM IEPEMEHHOM) C PallMOHADb-
HEIMM KOD(pPUIMEHTAMHE MOXHO MPECTABATL B BHIE CYMMEI 8 KBaJApPATOB
MHOCOYJIEHOB C PAallMOHATbHEMK KOdbduuneHTaMu (IIPOCTOe JOKa3aTelb-
ctBO Teopemn! Jlannay npusegeno B ruase 7 xuury [Pf2]). Ho ara onenka
ne tounas. Tounyio onenky noryana Illypme [Pu): 1060 HeoTpuIATETLHE
muorowied Hag Q MOXHO NpeACTaBUTL B BUAE CYMMHI KB3PATOB 5 MHOTO-
4nenos Ha g Q (nmoapobuoMy nanoxenuio Teopemet Ilypme nocssAuena raasa
17 xuuru [Raj]).

151 MHOTOIEHOB, 06J1a JAIOMMX HEKOTOPLIMY CIIENUAIbHEIMA CBONCTBA-
MM, MOXHO NOJYYHTL M 6onee TouHHe pe3yasTaTel. Hampumep, B [DLS]
MOKA3aHO, YTO eCIH 3HAYEHMsA MHOrowIeHa f(Z) NmpM BCeX LETBIX T ABJIA-
JOTCA CYMMAaMH KB3IPATOB ABYX LEIBIX YiCe], TO MHOrouneH f(z) apisercs
CyMMOM KBaJpPaTOB ABYX MHOT'OWICHOB C LETRIMU KOB(pULINEHTAMA.

TIpuMep HEOTPMLATEALHOI'O MHOTO4/IEHA, KOTOPEM Ha g Q Heabas npes-
CTABUTB B BiJI€ CYMMHI KB IDATOB 4€THPEX MHOI'OYIEHOB, CTPOMTCA JOCTA-
To4HO mpocto. [Jejo B ToM, 4TO ecan

4
ar’ +bx+c= Z(aw +b;)?,

i=1

to 4ac — b? —cyMMa KBAJADATOB TPEX DALMOHAILHEIX umcel. [leicTsu-

’ dac-b* =4 (Z a?) (Z bf) -4 (Z aibi)2 )
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a ecI¥ pacCMOTPETH POM3BEJEHME KBATEDHHOHOB a1 + gt + a3j + ask u
by — bat — baj — bok, TO MOXHO y6eAUTBLCA, 1TO

(Z a?) (Z bf) = (Z cz;b,‘)2 + cyMMa Tpex KBajapaTOB.

Tenepsb Jerko NMOKa3aTh, YTO KB3PATHLIA TpeXwieH 2 + T + 4 Hexb3A
NpPeJCTABUTh B BUAE CYMMEI KBaAPATOB YeThIPEX MHOrOWIeHOB. [l1d aToro
HYXHO JOKa3aTh, YTO 15 HeNL3A MpeJCTaBAThH B BHIE CYMMEHI KBAJPATOB
Tpex pannoHATLHEIX umcet. Ecim 61 15 paBuatock p? + ¢° + 2, To mocae
NpUBEeHNA K OOIIEMY 3HAMEHATENI0 MBI MOJAYYWIM OBl CpABHEHUE

a® + b + ¢? = 15d* (mod 8) = —d? (mod 8),

rae XoTA OB OJHO M3 4Kcen a, b, ¢, d HedeTHo. Takoe cpaBHEHNE HEBO3MOXKHO.

TomoytHEHME

30. AmropmTM JIeHCTpH—JIéHCTpH—JIOBaca

B 1982 r. B pa6ore [LLL] 6bu1 npegnoxen arropurM (LLL-a4zopumx,
wm aazopumm Jencmpui—Jencmpoi-Jlosaca), MO3BOMAIOIME PAIOKATE
MHOrOWIeH HaJ Z Ha HENPUBOAMMBIE MHOXATEIH 33 NOINHOMHIAILHOE BPEMS.

n 3 n 1/2
Tounee ropops, ecn f(z) = Y, aix* € Lz] n |f| = (Z a?) , TO AaA

= i

i=0
Pa3IOXKECHUA MHOT'OJIEHA f HA HEIPHBOJMMbIE MHOXMUTEIX MO 3ITOMY ajIro-

putmMy norpe6yerca e 6onee O(n'2 + nd(In|f|)*) onepammi.

LLL-aaroputy™ uMeeT GOABIION TEOPETHIECKHMH MHTepeC, HO C IPAKTH-
YeckOH TOYKM 3PCHHA OH He Gosee 3¢dheKTHBEH, 4eM CPABHHTEILHO IIPO-
CTON anropuTM, OMMCAHHHIA B pasaeie 10.2. Buasane ofa arropur™a pa-
60TAIOT OAMHAKOBO: MHOPOWIEH f paljaraeTcsa Ha HeMPUBOJMMEIE MHOXH-
TeMM 1O MOAYJIIO MPOCTOrO YHCIa P € MOMoubio anropurma Bepaexomna, a
3aTeM € MOMOWBI0 JeMMEI 'eHaess ¢ HEKOTOPOM TOYHOCTBLIO BEIYHUCIAETCH
Pp-aJMYECKMi HEMPUBOAMMEI MHOXUTeNs h MuHOorowrena f. Ho nocae sToro
LLL-aIropuT™ JeCTBYeT MO-ZPYyroMy: A h MINETCA HENpHMBOJMMBIA Ie-
aureas hg MHOro4aeHa f B konbue Z[z], Aeasummucs Ha h mo Moaymo p.
Mpu sToM ycnosue aearuMocTH hg Ha h 03Ha4MaeT, ITO KO3 HUIMEHTH MHO-
rowiena hg ABIAIOTCA KOOPAMHATAMH TOYEK HEKOTOPOU DeLIeTKH, a yCIo-
pue geauMocTu f Ha hy O3HavaeT, YTO KO3(pPUIMEHTH MHOTOWIeHa ho He
CIMmMKOM Beauky. JIns BEIMMCICHAA MHOro4wIeHa by HCIOAb3YeTCA alrOPETM
MOCTPOeHuA MpHUBeeHHOro 6asuca pemerku. CieayeT oTmeTHTb, 4TO HO-
CJeHMH ANTOPUTM MMEET TAKXKe MHOTOYMCIEHHEIE IIPUMEHEHUs, He OTHOCA-
pveca K GakTOPU3ani MHOIOWIEHOB.

30.1. O6mee omacanMe AITOPATMA

IlepeiiieM HEMOCPEACTBEHHO K OMMCAHMIO AIrOPUTMa (haKTOpM3auuy.
ByaeM cauTaTh, 9TO MHOrowieHs f u f' B3ammuO mpocThr u cont(f) = 1.
HaureM ¢ Toro, 4ro BeraucauMm peayistant R(f, f') € Z. llycrs p— nan-
meHblIee npocroe uucio, ne geasmee R(f, f'). Torga creness Muorowiena
f (mod p) pasna n u MHOorowrens f (mod p) u f' (mod p) B3ammuO mpo-
cThr. YTOGH J0Ka3aTh 3TO, JOCTATOYHO 3aMeTuThb, 4To R(f, f') = an D(f)
(a moToMYy @, me nerutca Ha p) u R(f, f') = of + ¢f', rae ¢,¢ € Z[z].

Y mmuorowrena f (mod p) HET KPATHHEIX JeJUTeJed, IO2TOMY €ro MOXHO
Pa3JOXHUThL Ha HEMPHBOAMMbIE MHOXHTEIH 1O arroputmy Beprekamna.
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IMycts h (mod p) —oaMH M3 HENPUBOIMMBIX MHOXHTENEH MHOIOWIEHA
f (mod p). B pamueiimem Mer GyaeMm cautars, aro h e Z[z], crapumi
KO3 puuneHT MHOrowiera h pasen 1 u KoadduuneHTH MHOrOWIeHa h mpu-
BEJEHHI 110 MOAYJIO P, T. €. 3aKTodeHn Mexay 0 u p — 1.

PaccmMoTpuM pasnoxkeHue MHOTOWIEHA f HAa HENPHBOAMMBIE MHOXHTETH
Hajg Z u mepeisieM OT 3TOrO DAIOKEHUA K DPAIOKEHHIO MO MOAYIIO P.
Y muorowiena f (mod p) HeT KPATHHIX HEMPUBOJUMEIX MHOXHKTEJEH, [O-
3TOMY MHOrowIeH h (mod p) COOTBETCTBYET POBHO OJHOMY HENPUBOJUMOMY
Aemutenio ho Muorowiena f majg Z. Takum 06pasowm, cylmecTByeT pOBHO
OJMH HENPUMBOAMMBIA fenurens ho MHOrowrena f mag Z, Aas KOTOPOTO
ho (mod p) aemurca na h (mod p).

Ecim usBecTen anroputT™, MO3BOJANMMAK 0 MHOFOWIEHY h BBIMACIATD
MHOrOWIeH hg, TO (akTOpM3anua MHOrOWIEHa f NPOM3BOAMUTCA MPOCTO.
HNeiticTBuTeNbHO, IycTh Haj Z 33aHO pasnoxenne f = fi fo, TAe 1A MHO-
rowIeHa fi M3BECTHO TOJHOE PA3JOXKEHne HAJ Z, a AJIA MHOTOWIEHa, fy M3~
BECTHO IOJIHOE PA3JN0XKEHNE 0 MOAYJNo p (Ha nepoM mare fy = 1 u fo = f).
Bosbmem nempusogumeni gemmrens b (mod p) mrorowrena f; (mod D) ¥ BHI-
4MCIMM HENPUBOAMMEINA fenuTenb hg MHOrowiena fy Han Z, 4ns KOTOPOro
ho (mod p) nemmrca ma h (mod p). 3amennm f, ua fiho, a fo Ha f2/he.
Ilocne aToro nosToOpsiemM onepaumio A0 TeX MOp, NOKA HEe HOMYYMM MOIHOE
Pa3JIOXKEHNE MHOT'OWIEHA f.

AnropuT™, KOTODHIA A1 JAHHONO MHOrowiena h (mod p) Beramcaser
MHOTO'WIEH hg, MBI ONIMIIEM 4yTh HHXe, B pasaese 30.3. DTOT aIropuT™ uc-
MOAB3YET AJINOPUTM BEIMHCIEHHE NPUBEJEHHOro Gasuca pemerku. [loaromy
MBI CHaYaJa OO6CY UM MOHATHE MPUBEJEHHOrO 6a3UCa PEMIETKH ¥ AITOPUTM
BEIMICJIEHNs IPUBEIEHHOro 6a3uca (3TOT aIrOPHTM Takxe GBbLI IMpeiIoXKeH
B pa6ore [LLL]; ero Toxe uacro masnsaior LLL-atropuryon).

30.2. IlpmBegennsm Gasuc pemeTku

HogmuoxecTso L c R" HaseiBaioT pewemxot pawea n, eciu B R? cy-
HIeCTBYeT Takou 6asuc by,...,b,, 4To

n n

L= EZ'biz {Eribi]r,- =5 Z}
i=1 i=1

Onpedeaumenem pemerku L HasmBaoT ducio

d(L) = |det(by, ..., bs)|,

rae nof b; nogpasymepaeTcs cToabel KOOpAMHAT BekTOpa b;. OnpegemnTens

30. Aszopumm Jencmpoi—Jencmpui-Jlosaca 315

peleTK: paBeH 06beMy MapalleJenune)a, HaTAHYTOr0 Ha BeKTOPHI b,...
b,,. Basuc pemeTKu He €JUHCTBEH, HO ONpPEJeIUTENb MATPULIE! IEPEX0OSa

veeybn.

ot ogmoro 6asmca pemieTKd K Apyromy paBeH +1, noaromy uncao d(L) ue

3aBUCUT OT BHIGOpa 6a3uca.
Mycts by, ..., by — 6a3UC pemeTKN L. Tipn oproronamusauun ['pama—

[[IMuaTa OOIy4aeM OPTOrOHATHHLIM (HE 00A3aTENbHO OPTOHOPMMPOBAH-
HEM) Gasuc
= (bi’b") . .
b; =b,~—2p,-jb;-‘, rae Ui = (7)751,—), 1<j<i<n.

. R
=1

ONPEAEJNEHME. Basuc by,...,b, pemeTkn L Ha3HBAIOT npueedenubim,
1 : . * b* 2 > 3 b* |2 IDH
ecam |ui;| < 3 pH 1<j<i<noulbf+uiabi,f® > Z| i—1]° TP

1<i<n.

\ n ‘
TEOPEMA 30.1 (mepasenctso Axamapa). d(L) < Hl |b;], T.e. obbeM
1=

napaJjueenunena He IIPEBOCXOANT MPOU3BEACHUA AJUH ero pe6ep.

JIOKABATE/BLCTBO. BekToph b} nonapHO OPTOrOHAILHEL, TOSTOMY
i—1
[bl? = [0} 7 + D w1057 < b1
i=1
n

Kpome Toro, d(L) = ] [b]]- a

=1

B caegyiomeit Teopeme COOpPaHEI OCHOBHHIE HEDABEHCTBA A/l BEKTOPOB
NpUBeJeHHOro fasuca.

TeorEMA 30.2. Ilycts b1,...,b, — DpUBEJEHHBIA 6a3HC PEIIETKH L.
Torga: .
a) d(L) < [] Ibsf < 27=D/4d(L).
i=1

i=
6) |b;| < 26-V2|p mpu 1 < j <i<n.
B) |by| < 2(n=V/4d(L)Y/7.
r)Ecmz e L,z #0, 10 || < 2("‘1)/2|:c|u.
n) Eciu BexTOpPH Zi,...,Tt € L iuHeiiHO He3aBMCHMEL, TO |bj| <
< 20=0/2 max{|z1], ..., |&|} mpm 1 < j <t
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JOKABATEJLCTBO. a) U3 onpegenenus npuBegeHHOro 6a3uca creayer,
4TO

2 3 2 * 1 *
o > (5 -utis) AP > Ja
NOCKOQJIbKY '.ui,i—ll < 1/2.

TIpocras naayxums nokasssaer, 4ro |b}|2 < 2¢77(b[? mpn i > j. Ilo-
aTOMY \

i—1

* * * i-2 i—-1
[bal? = 16717 + 3 w1517 < 151 (1 + u) = b1 2 (i)

CaenoBaTenbHo,
n

1+1 142 14270 %
Hlbilng-T-...-TH|bi|2§1-2-.‘.-2"‘1d(L)2:2"("‘1)d(L)2.

=1 i=1

i p Lo 1+271

6) Us mepaBencts |b‘;|2 < 279b2 mpm i > jm |bj? < +T|b;|2 <
< 2j—l|b’]'f|2 oy daem ij|2 < 92i—j . Qj—llb;;li.’ — 2i_llbﬂ2 npu i > j.

B) CormacHo 6) mmeem mepaseHcTBa |b1|2 < |bi[2, |B1|2 < 283)3,...
L B? < 2P T -

o* £ |b%|%. MlepeMuOXHUB MX, TOTYIHUM

n
|b1|2n < gn(n—1)/2 H !b:|2 — 2(n-—1)/2d(L)2'
i=1
n n
r) SammmeMm & B BUge ¢ = », ;b = Y s;bf, raer; € Z, 5; € R. MycTs
) . i=1 i=1
1 — HanGoJbIINN NHAEKC, Aaa koToporo r; # 0. Torga r; = s;. [loaromy

|z > s7b} |* = r b} | 2 67 2> 2! [bu? 2> 2! 7" b

A) BekTopnl 1,...,7; HE MOTYT BCE J€XATh B NOANPOCTPAHCTEE, IO-
POXKJEHHOM BEKTOPaMH by, ...,b;_1, TOITOMY i HEKOTODOTO BEKTOPA s
BLINOJHAETCA HEPABEHCTBO |T5| > |b]|2, rae i > t (cM. gokasarenncTBO T).
CaegoBaTensHo, npu j < i noaydaem

lzal® 2 1071 > 2777 |b5 7 2> 277° - 21 oy = 21y 2 2 202 O

Omnmem Teneps alIrOPUTM BHIYUCICHUA NPUBEIEHHOTO 6a3uca pemeT-
ku L. IlpeanonoxuM, 9ro BEKTOPHI by,...,br_; 06pas’yioT mpuBeseHHBIN
6a3uC MOPOXKAAEMON MMH pemeTKH (MB HAYMHAEM C OJHOrO BEKTODA, T. €.
¢ k = 2). Jo6aBuM K HUM BeKTOp br, mpMHAAIEKAIME pemeTke L, HO HE

W
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JieXAIH B IPOCTPAHCTBE, IOPOXKACHHOM BeKTOpaMH by, . . ., bg—1 . llocTpoe-
Hue 6331Ca PEIETKH, TIOPOX ACHHON BeKTOpaMH by, . . . , by BHNOIHAETCA Cle-

oyroimuM 06pasoM.

MAr 1 (smmonnenue ycioBua |uxj| < 1/2). Hamommmm, uTo Wi =
— (bi’b!)
= ®E)
¢ | = k). 3amennwm by Ha by — gbi, rae g — Ommkailinee K Ug; HeI0€ THCIO.
D70 npeo6pa3oBaHMe COXPAHAET Ui; TpH j > | (rax kax bj L by npu | <
< j) u 3amensieT uy Ha Wy — g (Tax xak (b, b)) = (bf,b7)). Acmo, uToO
luk — gl < 1/2, noosromy mocie TaKol MOAMPUKALMM YCIOBHE Jugs| < 1/2
6yaeT BumonnAThCA npu | — 1 < j < k. 3aTeM MOBTOpAEM 3Ty ONEPALMIO.

. Tpeanonoxum, uto |ugi| < 1/2 mpu I < j < k (Mel HaduHAeM

AT 2 (eemonuenme yciosus |b5[2 > (3/4 —ui, ,)Ibi_,1?). Tlpes-
nonoxum, 4o [bi2 < (3/4 — ui . )Ibi_,|°. B raxom ciyuae 3ameHuM
yHOPAAOYEHHBI HA60OD (b1y--->bk—2,brk—1,bs) HA YTIOPAAOIEHHLIN HaOOp
(b1, .-, bk—2,Dk,bk—1). IIpu aTOM by_, 3amenuTcs Ha by + Wk k—105_;, O
sromy |b}_,|> samenntcs Ha

3 3
il s e < (§ = s ) i+ il = 00

PaccMaTpUBaeM NpUBEEHHBIM 6asuc by,...,bg_2 W IpUMEHAEM A HErO
nepBri mar aiaropurMa. Ma Toro, uro |b;_;|* yMenblaeTcs, MOXHO BHI-
BECTH CXOIMMOCTb aJropuTMa (CTPOroe JOKa3aTeNIbCTBO CXOJMMOCTH AIro-
puTMa MoxHo Haitu B [LLL] n B [Cohl).

30.3. Pemerxun u ¢paxkTOpH3aIAd MHOI'OLICHOB

HamnoMHuUM, 4TO HAM OCTAJOCh NOCTPOMTH AIIOPUTM, KOTOPHIM NO3BO-
JAseT [IA HempuBomMOro Aemurens b (mod p) muorowrena f (mod p) 6e3
KDATHBIX JeJIATeel BHMUCIATE HePUBOAMMETA AeruTeb fip MHOTOLIEHA f
2% KoToporo hg (mod p) semntca ua h (mod p). IIpu 5TOM MOXHO CIMTATD,
4T0 h— MHOTOWIEH €O cTapiumM Koddduunentom 1.

Jln8 MPOMEXYTOYHHIX BHIYMCIEHMA HAM NOTPeCyeTcA pacCMaTpuBaThH
KeJUMOCTb MO MOJY.IIO pk. TlosTomy paccmoTpuM Gosee obmmit CIry9ai:
GyaeM cuuTaTh, 4To h (mod p*) — HenpuBOAMMBIN JENUTETs MHOIO'WIEHA
f (mod p*) 6e3 kpaTHEX AerMTENEH, cTapumit KO3(pPUIUEHT MHOTOWIEHa h
paBen 1 u hg— HEMPMBOJUMBIA AeJUTENb MHOI'OLIEHA f, A1sa Koroporo
ho (mod p) semurca na h (mod p). Jlerko mpoBEpUTD, ITO B TAKOM CIydae
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ho (mod p*¥) seamrcs ma h (mod p*). HeitcTBuTEnbHO, MHOTOYIeH
f/ho (mod p) He genutca Ha HempuBOAMMENE MHOTOWIEH h (mod p), T.e.
STH MHOT'O'UIEHH! B3anMHO NpocTh. Caexosarensno, M + uf/hg = 1 — pv
ANA HEKOTOPEIX A, U,V € Z[z]. YMHOXMM 06e 4acTH 3TOrO PaBEHCTBA HA
(1+pv+...+pF1vE~1)ho. B pesyabrare monyaum AMh+uif = ho (mod p*).
Ho f (mod p*) nemmrcs ma h (mod p*), nosromy he (mod p*) neantes Ha
h (mod p*).

Hycrs n = deg f n l = degh. Pukcupyem nenoe wmcao m > I u paccMmo-
TPUM MHOXECTBO BCEX MHOT'OWIEHOB C LENLIMH KG3(D(DUINEHTAMA CTENeHH
He BBHINIE M, KOTOPHe 110 MoAymo p* neaarca ma h. Kax Mum Toapko 41O
TIOKa3aJIH, MHOTOWIEH hy BXOJMT B 3TO MHOXeCTBO, ecan deg hg < m.

Conocrasum MEOrOwIeny g(x) = ag + ... + apz™ TOUKy (ag,...,0m) €
€ R™*!. [Ipu TakoM conocTapienuy paccMaTpUBaeMbIe MHOT'OWIEHK! 06pa-
3yl0T HeKoTopyio pemerky L. flcho Takxe, uro mopma |g| = (3 a?)l/ 2
ABIAETCA MPOCTO €BKIMAO0BOM AuauHoM B R™H1,

Basuc permeTkn L coCTOMT M3 MHOTOWIEHOB pFz?, 0 < i < I, u muoTO-

wienos h(z)z?, 0< j <m — 1L KoopauHAaTH 5THX BEKTOPOB OTHOCHTETHLHO
k

I
Gasuca 1,z,...,z™ obpasyioT MaTpHIly BiAA ( po ! ;, ), rae I —equnny-

HAA MATPHIA NOPAAKa [, a I' — BepXHAA TPEYroNbHAA MATPULA C € UHATIAME
Ha quarosamm. Iloatomy d(L) = p*.

IIpex fe 1eM nepedTu K ONMCAHMIO AITOPUTMA BEHYACICHMA MHOPOWICHA
ho, AOKaxeMm 1Be TeOpeMHl, JaioIMe HYXKHEE A1 ITUX LEIeH OLeHKH.

"TEOPEMA 30.3. Ecau MuOrowren b € L rakos, 4To ™ - |fI™ < p*, To

b nemurcs ua ho. (B wactrocTn, (f,b) # 1, ra (f,b) — HauMGoONLIIME OGN
A€TUTe]b MHOTOIeHOB f u b.) ;

/IOKA3ATEJIBCTBO. MoxHO camraTs, 910 b # 0. [logoxnm g = (£, b).
Mg xoTum fokasaTs, uTo g gemurcs Ha ho. [lna 5TOro 4OCTATOMHO HOKa-
3ath, 4T0 g (mod p) aenurca wa h (mod p). B camom gene, ecau g (mod p)
Aemurcs Ha h (mod p) u f/g € Z[z], To f/g ne nemarca na hy, HOCKOIBLKY
h (mod p) —oaHokpaTHbll gemmTens MHOrowreHa f (mod p). Crenopa-
TEJIBHO, g AeIUTCA Ha hg.

Hpeanonoxum, 9ro MuOrowren g (mod p) He gemurca Ha h (mod p).
Mrorowren h (mod p) HenpuBOAWM, HMOTOMY MHOTOWIEHH! g (mod p)
¥ h (mod p) BRAMMHO NPOCTH, T.e. CYmECTBYIOT TAKHE MHOIOWICHHL
A1,u1,v1 € Z[z], 9aTo

AMh+ug=1-pv. (1)
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Ilycts e = deg g u m' = degb. fAcuo, uro 0 < e < m' < m. [onoxum

M = {Af +ub|\u & Ziz], degh <m' —e, degu<n-—e} c
' CZ+Z-z+...+T g™ L

0603Ha4uM 4epe3 M' o6pa3 M npu ecrecTBeHHOH Npoekuyy Ha Z - € + ...
...4+Z-z"t™'—e=1 [Ipex/e BCero nokaxem, 9T0 ecm aneMenT A f +ub & M
npoemnpyerca B 0 € M', ro A = u = 0. /IeACTBUTEIBHO, B TAKOM Cllydae
deg(Af+ub) < e, Ho A f +ub nemnrca Ha g, a deg g = e. [losromy Af+ub =0,
t.e. M(f/g) = —u(b/g). Muorowenst f/g u b/g B3aMMHO NPOCTHI, HOITOMY
u genurca Ha f/g. Ho degu < n — e = deg(f/g). CnegoBaresro, u = 0, a
3gavut, A = 0. ’

TakuM oGpasoM, mpoekumuu MuoxectB {z'f | 0 < i < m' —e} m
{xib | 0 < j < n— e} va M’', c OfHO# CTOPOHBI, TUHEHHO HE3ABUCHMEL,
a C APYrod CTODOHBI, OHM MOPOXFaoT M'. JTO O3HA4aET, YTO MPOEKLMH
3TUX ABYX MHOXecTB o6pasyioT Gasuc pemerku M'. B wactroCcTH, paHr
pemetku M’ pasen n +m' — 2e. Kpome Toro, cornacHo HepapencTsy Aja-
mapa d(M') < |f|™ ~¢|b|*~¢. o ycrosmio |f|™[b]" < p*. YumrmBas w0
m' < m, moxydaem

- C (M) < Il < oM @)

IokaxeMm, uTo ecta v & M u degv < e + 1, TO p *v € Z[z]. B camom
fexe, Morowier v = Af + ub gemurcsa va g = (f,b), mosromy, yMHOXHUB
: —1 k-1
pasercTso (1) a (14 pvq + ...+ p* 1vk—=1yy /g, nomy-zum

Ah 4+ uzh = v/g (mod p*). (3)

Mul paccMaTpUBaeM CHTYyauuio, korga muorowred f (mod p*) gemmresa ;{a
h (mod p*). Kpome toro, b€ L, nosromy b (mod p*) nesmres na h (mol(ci ).
U3 Toro, 4To v € M, creayet, uto v = Af + ub, nosromy v (mod p*) A’?—
autcst Ha h (mod p*). B Takom ciyuae m3 (3) cregyer, uro v/g (mod p*)
Toxe gemarea Ha h (mod p*). Ho deg(v/g (mod M) <e+tl-e=1a
h (mod p*) — muorounex crenenu | co crpammum xoddduunentom 1. Ilo-
aromy v/g = 0 (mod p*), a 3naumt, v = 0 (mod ).

B M' M0xHO BHOpaTh Tako# 6a3uC be, bet1, - - - s Onpm/—e—1, 47O degb; =
= j. Jlerko nposepuTs, 4T0 e+I—1 < n+m/—e~1. B camom aene, MHOrOwIEH
b neawrcsa Ha g, moaromy e = deg g < degb = m/, a mHorowren f/g (mod p)
gemarca Ha h (mod p), nostomy | = degh < deg f —degg = n—e. dnemenTrl
bey ... besri—1 € M' mony4anTCsa U3 MHOTOWIEHOB, Ko'ropume Jexatr B M u
feasTcs Ha pF, MOCPEICTBOM MPOEKIMH, YHUITOXAIOMIEH WIEHH CTENeHH
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Huxe e. Ilooromy Bce koapdbuumenTnt Muorowrenos b, ...,
YHCJe ¥ MX CTapiumne Ko3pdUnnenTH) aenarca Ha p*.

Sflcuo, uto guckpumunanT d(M') paBeH MOAYMO MPOMIBENEHNA CTAPIIMX
KO3(XpUIIMEHTOB MHOTOWIeHOB be,...,bnim/—e—1, NOITOMY OH HE MEHb-
i€ MPOU3BEJEHUA MOAYJeH CTApHIHMX KOIPPUINEHTOB MHOTOWIEHOB b, . ..

-sbet1-1. Caegosarensro, d(M'} > p*. 310 nporueopeunt Hepasen-
cTBy (2). a

beti—1 (B TOM

B crenyromeir Teopeme Mul, Kak M paHee, NpejIOIaraeM, 94To b — MHO-
TOLIeH CO cTapiuM kodpdunuentom 1, npudem Muorowier f (mod p*) ge-
awrcs Ha h (mod p*); L — pemeTxa. COCTOAIIAA U3 MHOI'OWIEHOB CTENEHN He
BRIILIE 17, KOTOPHE 0O MoAy.tio p* menarca na hy | = deghun =degf; ho—
HETPUBOIMMBIH JeIuTeNbs MHOrowieHa f, a1 kotoporo hy (mod p) geantcs
Ha h (mod p), 1. e. ho (mod p*) zemurea ma b (mod p*).

TeEOPEMA 30.4. Hycts by, bs, ..
L. Ipeanonoxum, 4To

bm+1 — npuBeenHLI 6a3MC pelneTKH

™ > 2"”'/2(2'") Filians

a) B raxom ciydae deg hg < m Torga m TOIBKO TOrAa, KOrAa

b1 < (B*/151™) ™.

6) Ilpeanonokum, 4TO 1A HEKOTOPOro GA3UCHOrO BeKTOpa b; BeIOIHA-
€TCsi HePaBEHCTBO

Ibi] < (% /151™) ™. (%)

Hycte t — Hauboabiuee u3 Beex Takux wucen j. Torga:

degh0=m+l-t; ho:HOﬂ(bl,...,bt);

HEPaBEHCTBO (*) BHINOAHAeTCA npH § = 1,...,¢L.

JOKA3ATENBLCTBO. a) Ipesnonoxum cuasana, to |by| < (p*/|f|™) n
T.e. |b1|" - |f|™ < p*. Torga cormacuo Teopeme 30.3 muorowren b, € L
Aeanrcs Ha ho. C Apyroi cropousl, u3 ycaosus by € L cregyet, uro degb; <
< m. lloaromy deg hy < m.

|
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IlpeanonoxuM Temeps, 4To deghy < m, t.e. hy € L. Cornacso cren-

1/2
cTBHIO U3 TeopeMul MunborTa (cM. €. 173) |ho| < (2:: ) |f]- Tlpumenns

Teopemy 30.2 (r) mna z = hg, noxyyum

by < 27/2[ho| < 2,,,/2(2;:;)1/ I11. @)
Mo ycnosumio 2Mm"/2 (Zm) LFI* < P /1F1m,
2m/2 (22 1) < (g ppm) (5)

U3 (4) n (5) monysaem TpeGyemoe nepasenctso |by| < (p*/|f l"‘)l/ ",

6) IlycTe J — MHOXECTBO BCEX MHIEKCOB j, BJIA KOTOPHIX BHLINTOJHAETCHA
HepaBeHcTso (*). Corznacho Teopeme 30.3, ecim j € J, 10 b; nesmurca na hy.
Takum o6pasom, muorouwrer hy = HOA(b; | j € J) geantca ma hg. Hpn
aToMm, ecan § & J, 10 b; aerurca Ha hy u degb; < m, T.e. b; npuHAZNEKHT

pelieTke

Z-hi+Z hz+...+2Z hyg™ deghr

BekTopnt by, ..., b, IHHENHO HE3ABHCUMEL, IOITOMY

7] S m+1 - deghy, (6)

rae |J| — koanmuecTBo 2eMEHTOB MHOXECTRA, J.
Coraacso crefcTBHIO B3 TeopeMbl MunbsorTa (CM. €. 173)

) 9my 1/2 ,
lhoa?| = |hol < () " If| Vi>o0.

Opu ¢ = 0,1,...,m — deghy no onpegenenuio hoz' & L u 3TH BeKTOpHI
JuHeiHo HeaaBucuMel. [losTomy k HUM MoxXHO ipUMeHnTH Teopemy 30.2 (x):

) 1/2
1651 < 2™2lhoa’] < 272 (X™) If| mpm 1< <m-+1-degho.

1/2

ITo npeanonoxenuio 2™/ (2:: ) Il < (@M1 f |m)1/ ", mosTomy
{1,2,...,m+1—degho} c J.

Muorouren h; gemnrcsa Ha hg, nosTomy deghy < deg hy, a 3nauur,

[J|>m+1—deghy >m+1-degh,. (7
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CpasauBas HepapencTna (6) u (7), nonyuaem, uro degho = degh; =t u
J={1,2,...,t}.

OcTtaeTcsa npoBepuTb, 4T0 ho = h;. MHOro4neH hy ABIAeTCA NenuTe-
JeM MHorouneHa f ¢ cogepxanueM 1, moatomy cont(hg) = 1. Ilycts j & J n
dj = cont(b;). Coraacuo reopeme 30.3 MHOrOWIeH b; aesurca Ha hg. Caeno-
BATEIbHO, MHOrOWIEH b;/d; Toxe nemmTca Ha ho. YuanThBasg, 4T0o hy € L,
noaysaeM bj/d; € L. Ho b; —osnement Gasuca pemerxu L, nostomy d; =
= 1. Do osmauaer, 4ro cont{h;) = 1, Tak Kak b; gemurcs Ha h;. Araxk,
MHoOro4wiIeH h; gesmtcs Ha hg u cont(hy) = 1, nostomy hg = £hy. m]

Tenepsb y&Ke MOXHO OIMCATh AJIOPATM BLEIMUCJIEHUA MHOIOWIEHA ho.

Benomoraremsanii amoputM. (IIpu ¢ukcnpoBaHHOM M aJIrOPUTM BhHI-
ACHAET, BEPHO JHA, 4T0 deg hg < m; €CaM 3TO BEPHO, TO OH BEIMUCIACT MHO-
rowieH hy.)

N CXOAHBIE JAHHBIE:

e MHOrOwWIeH f CTemeHu n;

® [IpPOCTOEe YHUCIO P;

® HaTypaJbHOE YuCIo K;

e wmuorowren h co crapumM xodddunmenrom 1, s koroporo f

(mod p*) memarcs ma h (mod p*); mpum sToM MuOrowren h (mod p)

HenpueoguM ¥ f (mod p) He gemutca ma h? (mod p); ME cunTaeM,

410 KOd(PGPUUUEHTH MHOrO4YIeHa h IpUBEJeHHl IO MOJYJIO p", T. €.

saxmouensl Mexay 0 u pf (mpu stom |h|? < 1+ Ip?k);

e HaTypamtbHOE YHcao m > | = degh, gas KOTOPOro BEINOJHAETCA He-

PABEHCTBO

mn 2 71/2 m—+n
pH > 22 (T A (8)

PABOTA AJNrOPUTMA. [la pemwrerku L ¢ 6a3ucoM
{Prilo<i<l}u{rfrd |0<j<m~-1}

HAXOJUM NPUBEACHHEIN 6a3ucC by, ..., bmyy.
1
Ecau [by| > (p*/1£I™) /™ 10 deg hy > m ¥ ATCOPHTM OCTAHARIMBAETCA.

Ecmmn xe |b1] < (p"’/]f|m)1/n, o degho < m u hg = HOA(by,...,b),
e 9uciIo ¢ onpejeneHo B ¢hopMyIupoBke Teopemul 30.4 (6).

OcHoBHO® amropdaTM. (Brrancaenue HeNPUBOZUMOr0 MHOXUTENA hg MHO-
rouzena f, nas kotoporo hg (mod p) genutca Ha h (mod p).)

MoxHO c4uTaTh, YT0 | = degh < deg f = n 1 KoaddHULUMEHTH MHOIO-
wieHa h OpMBEeEHE IO MOLYJIO P, T. €. 3aK/Io4eHsr Mexay 0 u p.
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PABOTA AJNrOPHTMA. CHauana BLIMHCAAEM HAMMEHDbIIEE HATYPAIb-
Hoe k, 1 KOTOpOro HepaBeHCTBO (8) BrnoaHAECTCA IpE M =1 — 1:

pkl > gn(n—1)/2 (2(::11))"/2|f|2n—1.
3artem paaa pasnoxernun f = hg (mod p) Beramcnsem ero noguarue Ien-
sens f = hg (mod p*), rae k— TONBKO YTO BEIMMCICHHOE HATYDAILHOE M-
cno. Tlpu aTom A = h (mod p); kO>PUUMEHTH MHOTOWIEHa h CaMTaeM
HPHBEIEHHEIMU TI0 MOAyIIO p&.
IlycTe u — Hanboasiee neoe umncao, A koroporo ! < (n —1)/2%. Ho-

. n—1
CJIeOBATEIbHO BHIIIOJIHAEM BCIIOMOraTeNbHLIM AJITOPUTM IJA M = ——2—u—],
n—1 n—1
e T[> o s 5| n — 1 40 Tex mop, MOKa He BEIYMCAMM MHOro4ieH hg.

Ecaum xe 370 He npousonget, To deghy > n— 1 u hg = f, T.e. MHOrOwICH
f HenpuBOIUM.
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— — mpuBefeHHEH, 271
rpajyMpOBaHHOE KOIBLO, 252
rpajyMpOBaHHBIA MOAYJb, 252
rpymna lanya, 206, 215
— paspemmumas, 223
— TpaH3uTUBHaA, 219

JexapTa npasuio, 39
JeJeHns Kpyra MHorowiex, 104
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A3eta-byuxkuus Pumana, 134
Janarpamma Hriorona, 64
JUCKPUMHHAHT, 34, 95
AJNHA MHOrO4wIeHa, 163, 169
[ioma npusnak, 67

— Teopema, 65

Eswinga anroputm, 58, 264

JaMuIkanue BemecTseHHoe, 292,
295
3pero auarpammul Heiotouna, 65

Haean, 246

— KOHEYHO HOPOXAeHHEIH, 247

— OJHOPOAHBIH, 253

— mpocTon, 255

MHTEPIOIALMONHLIN MHOT'OWICH
Jlarpanxa, 151

— — HsoTona, 153

— — Jpwmura, 154

Mencena Kpyru, 25
— dopmyaa, 161

Keagparuunas dpopma
MyJbTHILIAKATHBHAA, 303

KBa/IpaTUYHBIE (POPMHEL
S3KBUBaJEHTHEIE, 303

KHTAUCKag TeopeMa 00 OCTAaTKax
A MHOIOLIEHOB, 84

KOJIBLIO I'pPaJyMpPOBaHHOE, 252

KOMIIO3UNMA MHOT'OWIEHOB, 19

KOHEYHO TIOPOXAEHHBIN naean, 247

— — MOAyab, 252

kocas ¢yuxuus Hlypa, 98

KOCOCHMMMETPHYECKHH MHOI'OWICH,
95

Kowmmn Teopema, 11

Kponekepa anropurM, 61

— IOJACTaHOBKa, 159

— Teopema, 47, 196
kpyru Mencena, 25
Kpyroeasa obaacts, 16
KpyroBou Muorodiaed, 104
KymmMmepa Teopema, 138

Jlarpanxa pesoasBenTa, 222, 231

— Teopema, 203

JIEKCHKOTpahUIeCKHI TOPAAOK, 264

aemma [aycca, 60, 158

— Densens, 86

— Hérep o nopmanusanuu, 249

— Homna, 71

Jlencrpri—Jleucrpri—JloBaca
aiaroput™, 313

JlnyBuans Teopema, 199, 200

Mébuyca pyuxmus, 105
Manepa mepa, 160, 167
Marpunna Cuabsectpa, 31
Mepa Mauepa, 160, 167
MUHMMAIBLHEIN Oasuc ['pébuepa, 270
MunroTTa HepaseHcTBO, 171
MHOrowieH abeses, 229

— lunbepra, 255

— JeaeHus Kpyra, 104

— KOCOCMMMeTpHYeCKu#, 95
— kpyrosou, 104

— HEOTPUUATEILHEM, 272
— HENpPUBOLUMBIHN, 58

— TpPUBOAUMEIH, 58, 78

— pe3oJaLBEHTHHIM, 240

— cumMeTpudeckun, 91

— YHUTapHEN, 194

— ycronuussn, 20

— HEeNO3HAYHLH, 99
MHOT'OWIEHB! alloJIsipHLle, 16
— Bepuymm, 129
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-— opToroHansHele, 121

MOAydb, 252

— rpajJydpOBaHHEIH, 252

— KOHEYHO HOPOXJAEHHEN, 252

— HEeJOCTHBIM, 256

MOJyJA CTeNeHb, 256

MOHOMHMAJABHEIH CHMMETPHYECKMI
MHOrowies, 92

MYJIbTUILIMKATABHAA
KBajgpaTuiHasa ¢opma, 303

Hétep nemMma 0 HOpMaau3amuu, 249

HanGONbIINHA OGN JeauTelhb, 58,
264

HEOTpULATEIHHAA PAIMOHAIBHAA
dbyuxims, 301

HEOTpHIIATENbHEN MHOTOWIEH, 272

HeNmpUBOJUMBIA MHOT'OWIEH, 58

HepaBeHCTBO Ajamapa, 315

— Bepuurreisa, 165

— MunsorTa, 171

HOpMaJbHOe paciuperue, 214

Heiorona—CuibsectTpa Teopema, 40

HuioroHa amarpamMa, 64

— ¢opMyasl, 92

O6mui AeIATeND, 58
OIHOPOAHEIN HAeat, 253

— MOAMOAYJIb, 257
onpejeruTeIb pemreTkd, 314
OpTOrOHAIBHBIE MHOMOWIeHH, 121
0CTaTOK OT JexeHus, 265
Ocrposckoro Teopema, 11

Ienna ypasuenue, 120
riepeMeH 3HaKa 1Mo, 38
[eppona npu3Hak
HeNnpuBOAUMOCTH, 68
I0MOIYJIb OAHOPOAHEIHA, 257

noapasbuenue, 98

noacranoska Kponekepa, 159

IToia aemma, 71

— TeopemMa, 71

NoJie BeIECTBEHHO 3aMKHyToe , 292

— BemecTBeHHOE, 291

— paanoxenns, 214

— ynopajgodeHHoe, 290

— ¢opMaJbHO BewlecTsenHoe, 291

MOJHBIM OAHOPOAHBIN
CHMMETPUIECKUHI
MHOrowieH, 91

NOPAJOK JeKCUKorpaduueckui, 264

nocaegoBareabuocts HltypMma, 42

npasuio [Jexapra, 39

npusegenHbii 6a3uc I'pébuepa, 271

-— —— peuieTkH, 315

OPUMBOANMBIA MHOTOWIEH, 58, 78

npusHak [oma, 67

— Ileppona, 68

— Du3enmrenHa, 67

npobaema Bapunra guaa
MHOI'O4JIeHOB, 179

— Tuapbepra, cenpmasn, 160

npogomxenne lensens, 86

IPOM3BOJHAA OTHOCHTEIBLHO TOYKH,
15

npousBogamas ¢yakoud, 91, 126

IPOCTOE PaIUKATIbHOE PACIINpEHHe,
220

npocrou ugear, 255

PaauxansHoe pacumapenye, 223

— — mpocTtoe, 220

pasOuenue, 95

pasMepHOCTH MOAYJA, 256

paspelmiuMas rpymnna, 223

paspemnMoe B paJuKaIax
ypaBHeHue, 223
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parr pemerxn, 314 — Apruna-Kaccenca-TIpucrepa, Menns, 120 IUKIHYeCKUH abeseB MHOTOWIEH
—, paspemmMoe B pajukaiax, 223 229
pacumperme Fazya, 214 277 7 " 20 UKJINYeCKOe pacmmpenue, 221
— HOpManbHOe, 214 — Bopcyka-Yaama, 262 YCTOM'MBEIM MHOT'O™LIEH, : I p PEHHME,
— pagukaiabHoe, 223 — BaH JeH Bepra, 23 ®aymrabepa-xo6n Teopema, 135  Uucra Beprysm, 129
— HMKIMYeckoe, 221 — BeazepGepna, 113 ¢don Mraysra Teopema, 139 — TpaHCUeHAeHTHEE, 199
pamuoHaIbHAA GYHKIMA — T'aycca—Jhioka, 22 bopma creta, 296 anero pneroe, 137
HeoTpuuaTeasHasa, 301 — I'masbepTa o Gasuce, 247 hOPMATHHO BEIECTBERHOE HOe, — nepemex 3aKa, 38
pesoansBenTa lanya, 208 — — O KOpH#X, 248 291
— Jlarpanxa, 222, 231 — O HEOTpUIATENBHBIX ] dopmyra Hencena, 161 IITypMma MOC/IE 0BATETLHOCTD, 42
PE30ILBEHTHBIN MHOTOWIEH, 240 MHOrOWIeHax, 283 dopmyasr Hetorona, 92 — Teopewma, 42
peayapTasT, 31 — —— 0 HyJiX, 248 » dynxuus Mé6uyca, 105 Mlypa dbyuxums, 98
pemeTka, 314 — l'ypsuna, 281 — mpou3BoAAan, 91 . .
Pnmana g3era-yuxnns, 134 — [loma, 65 — TlIypa, 98 Ji3eHIITENHA IPU3HAK, 67
Pora Teopema, 201 — Komm, 11 T — xocas. 98 SKBUBAJEHTHHIE KBaIPATHYHEIC
pajx Biopmana, 51 — Kponekepa, 47, 196 ®dypre—Brogana Teopema, 38 dopwmst, 303
-— Jlarpamxa, 51 — Kymmepa, 138 3KCTpeMalbHasA To4uka, 284
— Jlarpamxa, 203 XapakTep rpymnn, 221 2JEMEHTAPHLI CHMMETPHYECKIN
- 91
C a, 31 Jluysunna, 199, 200 Mnor‘oq.neuu,
_w,;z]:)(;?;f: II; Tf;; — HenpusogumocTy ['manbepra, 79 ; Henoe anreGpaneckoe uciao, 194 Junectpéma—Kakena teopema, 12
C — - ' €JO3HAYMHEIA MHOTOWIeH, 99 :
CHMMETPHYECKHUi MHOrOwIeH, 91 Heiorona—Cuissectpa, 40 I ! o OpMUTa MHTEPIONALMOHHBIR
o — O IPUMHUTHMBHOM dJeMEHTe, 212 UeJOCTHRIN MOAYJIb, MHOro4ieH, 154
~— — MOHOMMAJLHLIHA, 92 ‘ 13
L o 5 91 -— Octposckoro, 11 : IEHTp Macc,
FIOIHBIE ORHOPQHELE, — Toia, 71 : — — OTHOCHTEJILHO TOYKH, 13 SAxobu—Tpyau Toxaecrro, 99

— — 3JeMeHTapHuH, 91

colepXxaHue MHOrowieHa, 60

coorBercreue [anya, 217

COMPSKEHHBIE HAJ MOJEM YHUCIA,
215

— 9ucaa, 194

CTeneHHasa cymma, 92

CTeNeHb Moy, 256

cropoHa guarpaMmel HetoTona, 65

cyMMa cTenenHas, 92

— Pora, 201

— CubBectpa, 43, 193

— Payabrabepa—fAkobu, 135
— ¢ou MTayxra, 139

— ®Pypre—Biogana, 38

— MTypmMa, 42

— Juecrpéma—Kakena, 12
ToxgectBo Axkobu-Tpyau, 99
TOYKa 3KCTpeMaJjbHadA, 284
TPaH3UTUBHAA rpynma, 219
TPAaHCUEHAEHTHEIE Yucaa, 199
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Teno, 113

Teopema Anmkeucra—MonpMmana, Yansl uaTepnoasaun, 151
140 YHUTAPHLI# MHOTOYJIEH, 194

— Apruna-Jlenra, 298 ynopsgodensoe noge, 290

— Apruna-Ipanepa, 296 ypaBHeHue abeneBo, 229
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