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NPEAMCIIOBUE PEOAKTOPA NMEPEBOJA

Ilpepnaraemas yuTaTe 10 KHUTA ABJASETCS NePBOH B MHPOBOH
auTepaType MoHorpadueif, B KOTOpPOH onucaHbl oO6uiue ajro-
PHTMBI CHMBOJIbHOTO HHTETDHPOBAHHS HWJH, JPYIHMH CJIOBaMH,
HaxOXKJeHHs nepBooGpasHLIX B «sABHOM BHIe». IHTepec K Bompo-
caM CHMBOJbLHOLO HMHTETPpHPOBAaHHS HJH, ofliee, CHMBOJBHOTIO
pentenusi IHddepeHIHaJbHEIX YPaBHeHHH 3HAaYWTeJbHO BO3pPOC
3a mocJejHHe rojbl. DTO CBSA3aHO NPEKIE BCErO C TeM, UTO KOM-
NbIOTEPHBIE CHCTEMBl CHMBOJBHBIX BLIUHCJIGHHH OKa3ajuch MOIL-
HEIM CPEICTBOM IMOBBILICHHS NPOH3BOJAHMTENbHOCTH TPyAa (QH3HU-
KOB, MaTeMAaTHKOB, HHIKEHEPOB U APYrux crenuanncros. Ckasau-
HOe KacaeTcsl KaK TeOpeTHYeCcKHX MHCCeJOBaHull, Tak H B
0cOGEHHOCTH MNpPHKJAAAHBIX paboT, BKJIKOUAA NPOMBIIIIEHHBIE,
C noMouIbI0 TAKUX CHCTEM MOJyYeHB! Kak sfpKHe TeopPeTHYECKHE
pesyJabTaThl, TaK H pellleHHe OTPOMHOr0 YHCja IPHUKJIAAHBIX 3a-
Jlay, KOTOpble BPsif JH YAaJOCh Obl PEIIHTh NOCTATOYHO GHICTPO
6e3 NpPHMEHEHHS KOMIMLIOTEPHLIX CHCTEM CHMBOJIBHBIX BBIYHC-
JIeHHI. ‘

KoMnpioTepHble HHTErpaTophl, T. €. KOMIUIEKCH NPOrpamm
JJIS HaXOKJEHHst HHTErpajioB B CHMBOJLHOM BHIE, ABJSIOTCH,
KaK MpaBHJoO, 4acTbio GoJiee HMIHPOKHX CHCTEM CHMBOJBHBIX BHI-
uyucienuil. Ha 3anajge u3 Takux CHCTeM O4Y€Hb PACNPOCTDAHEHH
cucteMsr MACSYMA u pasnuunble Bepcun cucremsl REDUCE.
B kuure JI3BeHNOpTa OMHCAHBl 3KCNEPHMEHTHI, BHINOJHEHHEIE HM
Ha Gase oueHp nomyaspuoit cucteMsi REDUCE-2. Ona pocra-
toyno xopomo usBectHa ¥ B CCCP. Onnako He HYXHO LyMarth,
yto 3nakoMmcTBo ¢ cucreMmoift REDUCE-2 ckoibko-HHGYab Cyle-
CTBEHHO /sl NOHHMAaHHA NpeanaraeMoll KHUTH HJIH Pa3spabOTKH
unTerpatopos. Kuura JI9BeHNOpPTa NOCBSlleHA MpexAe BCEro
aJTOPHTMaM — KaK OIHCAHHIO COOCTBEHHO NMPONEAYp, TaK M KpaT-
KOMY M3JI0OXKEHHIO TeX MaTeMaTHYeCKUX 3HaHUH, Ha KOTOPHIX ITH
2JIFOPUTMBl OCHOBAHHI.

Kak xe craBuics 3ajaua CHMBOJBHOIO HHTETDUPOBAHUA? -
OGLiyHO ee (GopMyaupyiOT cieaywoomum obpasom. [lycrs 3anan
KJace (YHKUHOHAJbHBIX BHIPAXKEHUH HIIH, HCTNOJNb3Ys TEPMHUH,
NPHHATHH B MaTeMaTHuecKol Jioruke, TepmoB. Hanpuwmep, sanan
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KJacc BEIPa:KeHHH, KOTOpbie MOMKHO NOCTPOHTb C MOMOLLBIO CY*
NepIO3KIME K3 NePeMeHHOH X, palluoHAJIbHLIX yrhces, umucaa 7
omepauuii CJIOXKEHHs, YMHOMKEHHS, B3ATHA abCcoJIoTHOH  BeJIH-
ynHE, QYHKUHH Sin H Kakoii-HHOYIb (OYHKIHH, HEWHTErpUpyeMOU
B sjeMeHTapHHX (yHKIMAX. HYXKHO NOCTPOHTL airopuTM, KO-
TOpHIl GHl MO JI0GOMY TEpMy H3 PacCMaTpHBAEMOro Kjaccd aa-
Baj OTBET, HMEET JH 5TOT TepM NepBoOOpasHylo B 3TOM IKe
Kjacce W ecH 1a, TO HaXOAu/a Gbl s nepBooGpasHoii COOTBET-
cTByIOIlee BEIpaxkeHue. K13 u3BeCTHOH TEOPEMLI . l?uqapmoaa
CJeLyeT, uTo /sl ONHCAHHOrO Kjacca TepMOB TaKou AJrOpUTM
HEBO3MOMKEH. TaguM 06pasoM, 3ajaya CHMBOJILHOTO HMHTErpHPO-
BaEus B OONlel TOCTAaHOBKe HepaspemnMa. DTO OTHOCHTCS H K
gajaye HAXOJKACHHS ONPEJeNeHHbX HHTErpasoBs B «BHOM BHAE?,
W K pasaMYHbIM MOAM(UKAUMAM ONHUCAHHOW BLILIE 3a/1a4H.
Onpako HaHGOMbLIMA HHTEPEC AJS NPUIOKEHHH —a MPHJIO-
JKEeHMSIMH B JAaHHOM cJyuae sBJAITCH KOMHb}OTePHI;I(e HHTErpa-
TOpHI, — NPEACTABJIAT YaCTHbIE KJIACCHl ¢yHknuit. Xopouwo us:
BeCcTHO, KaK HCKaTb HeolpeJeseHHbIH HHTeI‘paJIE oT paunonanbb
HOl (PYHKIHE — €ro BCEr/d MOXHO NOCTPOHTDH. LEC/H p;cmupu;ﬂ
fio/e paluOHaJIbHBIX (YHKIHH KOHEUHbLIM UHCJIOM aJre pauuec .
He3aBHCHMBIX 3KCIOHEHT, TO, XOTS Mbl MOJYydHM GYHKIHMH, BO
o6lie roBOpsi, HE HHTErpupyemble B STOM KJACCE, 3ajaua o cy:
eCTBOBAHHH NepBOOOpasHOli H ee NOCTPOCHHH, liorga oHa cy
LIleCTBYET, OCTAHETCH aNTOPHTMHUECKH Pa3peliuMOH. oJiee T(i)I‘O.,
pMeeTcs HOCTATOYHO (a)q)(beKTuBHbm anr(l;erﬂTM4 (aaroputM Pu
emennsi. OH KpaTKo OMHMCAH B TJ. 4. :
ma)O}éﬁgBii& pesyJIbTaToJI) IlsBennopra SBJSETCS Ppaspellalo-

HIMA aJroput™M AJs ILpyroro B HEKOTOPOM CMEICJIE KpauHero -

cayyasi — cJaydast KOHeUHOro anre6pauueckoro pacilupeHns nﬁomf
palubHAIbHBIX QYHKIUA. VM e onMcaH psjf HOJE3HBIX coobpa
senufi 0 JaJbHeflieM PacIIMpeHHH NPHMEHHMOCTH COOTBETCTBY-
jouleli MeToAHKH. AJropuT™ JlsBeHNOpTa, KOHEUHO, HE CTOJb ah-
(deKTHBEH KdK aaropuTM Puma yxe Ha YPOBHe TEOPETHYECKHX
OLIEHOK BBHIUHCJIUTENbHOH CIOKHOCTH. OlleHKH €eTo S(b(I)EK.:I‘HB}é(:A(érTPf
ymHpaloTcs B BecbMa TPYAHBIE BONPOCH anre6pamqecxouH;eTer ™
puH, KoTopas BooOlle Hrpaer B onpocax CHMBOJILHOTO p
KJIOYEBYIO POJib. o

pOBI%I;ggmeeTc;l, };xpaI;{mqecxue MHTErpaTopbl Hapsay C (;Jéemilxng;
npouesypaMu THIA aJIrOpHTMOB Pumia u ,U,aBeﬂnopTa;IecNH;)LI ﬁme-
B TOM WJIH HHOM HYHCJ€E PasnudHble aspucmqgcxne np i e
rpHpOBaHNs — HaNMpHMEp Te, KOTOpBle B M300HJIMH MOXKHO

B yueGHHKaX MO KJaCCHYECKOMY MAaTEMaTHYECKOMY aHalu3y nmf
COOTBETCTBYIOIHX CHpaBOYHAKAX. Poab mocjefHHX MOXKET OKJ?H
3aTbcd CYLUECTBEHHOH JUIsi YCKODEHHS DeILCHH: IpPOCTHX H !
oueHb creluabHEX 3afad. OnHaKo Gojiee NPHHIHMNHAILHOE 3H261
weHpe AJs NOCTPOEHHUs NMEPCNEKTHBHBIX HHTETpasioB Hrpait 0h-
wpe aAropuTMH. MiMelomascs B HacToAulee BPEMA aJIrOpHTMHKA
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N03BOJISIET CTPOUTH AOBOJILHO XODOLUHE NpaKTHYECKHe HHTerpa-
TOPHI.

B nocieanne rogel BecbMa HHTEHCHBHO BeAyTCA HCCJeEIOBa-
HUSL B 00JIACTH BBLIYHCJIHTENbHHIX aClEKTOB ajareGpaunyeckoil reo-
MeTpHH. JTO KacaeTcsl KaK Ga3HCHBIX aJrOPHTMOB THNa pasJo-
JKeHHSI MHOTOUJICHOB Ha HENPHBOJHMBle, TaKk M 3ajay THMA
BLIUHC/IEHHSl OLIEHKH KpyueHMs [HBH30DOB Ha ajreGpanuyeckoi
KPHBOH. AJITOPHTMBI pas3JIOKEHHs MHOTOUJIEHOB Ha HEeNPHBOJH-
Mble SIBJISIIOTCA COCTaBHOH YacTh0 BCeX M3BECTHBIX OOIUHX aJjro-
puTMOB HHTerpupoBanus. HeaxaBno B paspaGotke 3¢ (eKTHBHEIX
aJIrOPUTMOB AJIsT 3TOH 3aja4yu OblJ AOCTHTHYT, IO KpaiHel mepe
B TEOPETHUECKOM IJIaHe, CYILeCTBEHHBIH mporpecc!).

ITO MOJIE3HO HMeTb B BHAY, MOCKOJBLKY I[IBEHNOPT CChLIALTCS
Ha 6oJee paHHHe paboThl, & AATOPHTME PasjIOKEHHS MHOrouJe-
HOB Ha HENPUBOAUMbie BO MHOIOM ONpelessiioT 5((deKTHBHOCTDH
NpoLeLyp, B KOTOPEIE OHH BXOJSIT.

HHTtepecHylo uHbOpMaNH0 06 alrOPHTMAX CHMBOJIBHBIX BM«
YHCJEeHHH, OTHOCAINUXCA K HHTerPHPOBAHHIO, COAEPKHT COOPHHK
Computer Algebra. Symbolic and Algebraic Computation. —
2nd edition. Eds. B. Buchberger, G. E. Collins, R. Loos, Sprin-
ger Verlag, 1983.%) CucreMaTHUeCKHM HCTOYHHKOM HHQpOpPMAaLHU
006 aJrOpUTMax H CHCTEMaX CHMBOJLHBIX BBLIYHCJICHHH fABJSETCS
ACM SIGSAM Bulletin, a Tak:ke cooTBeTcTByIOLINE TOMa CEepHHU
Lecture Notes in Computer Science, nagapaeMoii H31aTeJbLCTBOM
Springer. Vnpopmanus o coBeTckux paforax B 5Toi obsactH
no Gospuiell 4acTH COAEPXKHUTCSA B TPyAax KoHpepeHIH#A no cuc-
TeMaM CHMBOJIBHBIX BEIYHCJIEHHH.

[Tpn urenun kuuru [IsBeHNOpPTa HY:KHO HMETh B BHAY, UTO
OHa HAaIMCaHa «Ha CKOPYI0 PYKy», IO FOpSYUM CJefaM paspa-
60TKH W peasnM3aldy pa3paboTaHHOTO aBTOPOM AaNTOPHTMAa HH-
TErpUpPOBaHMsA, TakoH CTH/Ib H3JIOXKEHHS HMeeT CBOH IJIKCH H
munycel. C- 0ZHOH CTOPOHBI, MOKHO BecbMa OBICTPO MHOJIYYHTD
JOBOJIbHO LieJibHOEe NpeJCcTaBjaeHHe 00 adropHTMax H OTHOCH-

IIHXCS! K HUM Bompocax Teopuu. C Apyro#l CTOPOHBI, TaKoe H3JO-
JKeHHe TpebyeT 3HAUHTEJNbHBIX YCHJIHMH NPH BOCCTAHOBJEHHH Je-
Tasel, 0coGeHHO Kacalolluxcsi 0OOCHOBAHHA INPaBHJALHOCTH aJl«
FOPUTMOB. BHuHMaTe/bHBLIH YHTaTeJb HaHIeT\IIHPOKoe NoJe AJs
pafoTel N0 YCOBEpIICHCTBOBAHHIO MHOTHX H3 ONHCAHHHEIX

.. ') Cum. Lenstra A. K., Lenstra H. W., Lovasz L. Factoring polynomials
with rational coefficients. — Preprint Math. Centrum Amsterdam IW 198/82,
1982; Chistov A. L. Grigoryev D. Yu. Polynomial-time factoring of the
multivariable polynomials over a global field. — LOMI, Preprint E—5—82,
Leningrad 1982.

%) B usnarenbcrBe «Mup» roToBuTCs pyceKHil nepeBoA.
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anroputMoB. X0duercs HajesTbCsl, YTO 3Ta KHHMra MOCJYHT XO-
DOIIHM CTHMYJIOM VISl pa3palbOTKH M MOCTPOEHHs CHCTEM CHMBO-
JIHUECKHX BBIUHCAEGHHH ¥ BoOOUIe AJsi HCCefoBaHuii B 06/acTH
BEIUMCJIUTENbHEX ACHEKTOB aareGpanueckod FeoMeTpHH.

[Ipyu mepeBofie KHHIM B KauecTBe OCHOBHOTO HCTOYHHKA Tep-
MHHOJIOTHH, Kacawinefics anreGphl W TEOPHH anrebpandecKkux
(GyHKUHH, HCNOJb30Bajach KHHra: Bau-gep-Bapnen. AureGpa.

.— M.: Hayka, 1976.
Ilep. ¢ anra y A. 0. Caucenko

OT ABTOPA

S xoten 6B BBIpA3HThL CBOX 6/1aroJapHOCTb BCEM TeM, KTO
clenas BO3MOXKHOH 3Ty paboTy. MHe He yAanoch Obl CIIPABUTbCA
¢ IpOrpaMMHPOBAHHMEM, He IOJB3YSCh COBETAMH ONBITHHIX cIe-
uuaauctoB A-po Jx. Il. ®burua u A. U. Hopmana no Bompo-
cam ux Jlucnm-cucremsl, a Takxe coBeramu npod. A. XepHa,
n-pa A. Hopmana u wm-pa P. Xonna OTHOCHTEJNbHO CHCTEMBI
REDUCE-2. §I 6naronapen Takxe muccuc Il. Myp 3a mo6e3Hoe
paspellleHne BBECTH HEKOTOPble M3 IPHHAJJexaBIIHX eH H3Me-
nenu#t B cuctemy REDUCE-2, :

§l 6naronapeH AUPEKTOPY M COTPY/JHHKAM BBIUHC/HTEJBHOIO
nenTpa KeMOpHIKCKOr0o yHHBEpPCHTETA, IJle GBI BHIIOJHEHH MOY-
TH BCe ONHCaHHBIE 3/€Ch HCCAEJOBaHuS, 3a obecHeyeHHe MOHX
Ka3aBHIMXCs GeCKOHEUHBIMH BhiUHcJeHHH U 3a coBeTsl. OcoleHHO
HeHHOH Grla momomps M. [asg m U. Tomcona. Peanmnsanus cu-
cTeMbl muterpupoBanus B HMccnenoBatesnnckoMm nentpe IBM nme-
un Tomaca k. Yorcona omupaJsack Ha coBethl JIxk. I'appu, a
peanusanusg MTS 6vlia ocyulecTBieHa ¢ moMolipio M-pa ¥. Hou-
ka u muccuc k. KaBunecc u3 I[lo/HTeXHHUECKOTO HHCTHTYTA
Penccesnnapa u M-pa M. Anexcanjepa u3 MuUYHraHCKOTO yHHBep-
cuteTa. MHOrounc/ieHHbe YJyUlieHus B HPOrpaMMy pasjioKeHHS
Ha MHOXHTeaH Oblin BBepeHbl A-poM M. lamom (Bappoys kop-
nopefiiy), KOTOpH#A 0OHAPYXKHJ M HECKOJbKO OmHO0K. MHorue
3aTpyAHeHust ¢ uHTepdelicom JInci-cucreMnl - Oblau OGHAPYKEHB
u ycrparenn 1. Moppuconom (Yrusepcurter mrara IOTta).

$1 Becbma GaarogapeH MHOTHM MaTeMaTHKaM, COBETaMH KO-
TOPHIX §I MOJIb30BaJCs, ocobeHHo npodeccopy capy [lurepy Cyun-
HepToH-Jlaitepy, n-py B. Bepuy, npod. II. Jisloncy, npod. C. Mak-
aeiny, n-py P. Pumy, npod. A. lllunnenaro u npodp. M. 3unrepy.
CBoHM NepBOHAYANBHBIM 3HAKOMCTBOM C BHIYHCJIHUTEJbHBIMH Ma-
muHEaMi W aiarebpanueckofl reoMerpueii 1 o6sa3an a-py H. Cre-
Gdency. OG6cyxneHue CHelHalbHHX 3HAYeHHH NapaMeTpoB B
ri. 6 ocHosano ma Gecenax c x-pom II. Holimamom u ywacrHm-
Kamu cemunapa OkcdopACKOro yHUBEPCHTETA [0 TEOPHH YHCEJ.

" 51 xoren 6Bl Takxe BHIPDA3UTh NPH3HATEJLHOCTH 3a MOMOIIb,
KOTOpYI0 oOKasaJiu MHE MHOrouuc/JeHHble Oeceibl ¢ J-pOM
Hx. ®duruem, npod. B. KaBuneccoMm, yyacTHHKAMH -CeMHHapa
B [Toanrexnnyeckom uHcTHTyTe PeHccenapa, a-poM P. IlxkekcoMm
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u 1a-pom J. fluom us Hcenenosarennckoro mentpa IBM umenu
Tomaca JIx. YoTcoHa, a Takxe ¢ wieHamu rpynnsi MACSYMA
B Maccauycerckom TexHosornueckoM HHCTHATyTe (0COGEHHO €
B. TpeiirepoM).

91 ouenn Gaarogaped npod. Il. CyunrepTon-daitepy u npoo.
XepHy, KOTOpHle NPOUJIH NpeJBapUTeJbHbHA BapuaHT 5TOH KHHIH,
8a MX MHOTOYHCJEHHble KOMMEHTapuu H npemjoxenus. [Ipodec-
cop M. 3uHrep Takixe mpouesa OJAHH H3 BADHAHTOB PYKONHCH
B clenaj MHOTO LeHHBIX 3ameuvanuifi. [lepBeie BapuaHTH 3TOH
KHHFH OBUIM NOATOTOBJEHbl BHUHCAHTeNbHHIM HeHTpoM Kem-
GPUIKCKOr0 yHHBepcuTeTa, u s 6naropapen A-py A. I'epbepty u
M. JI:KoHCOHY 32 HMX COBETH 10 NOBOAY 06paBOTKH TEKCTOB.
Hunemnuit Bapuant G6bl1 nmoarotoBieH B HcecnenosarteabckoM
uentpe IBM umenu Tomaca JIxx. Yorcona c¢ momouinio Plopkra-
YHCKOrO s13blKa MaKeTHPOBaHHdA, H A 0JarofapeH KOHCYJbTaHTaM
no o6pabotke TexcroB Mucc K. Kunu u M-py H. Tomcony 3a ux
COBETHI.

B 3akJiouende si XoTesa Obl BHIPa3uHTb 6/1aroflapHOCTb MOeH
MaTepu 3a ee NOMOIIL (OCOGEHHO IPH COCTABJIEHHH CIHCKA JH-
tepaTypH) u A-py A. Hopmany, MoeMmy pykoBoautesio, 3a He-
ycTaHHbe COBETH H 000ApeHue.

Hoc. [dasgennopr

Tnasa T

BBEJAEHHE

B sToft paboTe paccMaTpuBaeTcsi CAEAYIOLLHH BOIpOC: xK020a
areebpauneckas gyrnkyus unteepupyema? Mpl MoKeM nNpuaaTsH
5TOMY BONpPOCY JIpPYrod BHWI, MNpPOSICHAIIIHA Halle NOHMMaHue
HHTErPHPYEMOCTH: KOTAa MO JaHHOH anreGpanyeckoidl (QyHKIHH

- MBI MOXKEM HalTH BbIpaxKeHue, COCTaBJCHHOE U3 anre6panqecxﬂx

¢yHkuuil, JgorapuMoB M 3SKCHOHEHT, HPOH3BOJHAS KOTODOrO
paBHa LaHHOH (QYHKIMH, H KAKOBO 3TO BhIparKeHHe?

3ToT BONPOC MOXKHO pacCMarTpuUBaTh UYHCTO MATEMATHYECKH
KaK npo6JeMy ajlropHTMHYECKOH Pas3pelIMMOCTH, HO Hall HHTe-
pec HOCHT GoJiee NPaKTHUECKHH XapakTep U €ro HCTOYHHK —
Tpe6GoBanus KoMIbloTepHoli anre6pwl. Mtak, Hama uesab — xanu-
cars npozpammy, KOTOpaAs no OanHOU arcebpaudeckoil Gynkyuu
an6o BHIAACT BHIpAXKEHHe [J5 ee HHTerpaJa, COCTaBJIeHHOE U3
anre6panueckux (YHKIHH, JorapupMoB M IKCIOHEHT, Ju6O 10-
KareT, YTO TAaKOTO BHIpaKeHHA HET. :

KOMIObIOTEPHOE HHTEI'PUPOBAHUE BOOBUIE

B sToM paspmene!) s KpaTKO paccMOTpIO BClO npobieMy Ha-
XOXKJeHHs HeONpeJesIeHHOrO HHTErpaja ¢ IOMOUIbIO BHIUHCIH-
TeJbHOH MAaIUMHLI ¥ Pa3bsCHIO COOTHOIIEHHE MeXKAy IOCTaBJjieH-
HOil BblIIe 3ajauell ¥ KOMIbIOTEpHOH ajre6poil BooGuie.

Ipocreiimmit Kaace GyHKUHHA, KOTOpEe MBI MOTJH OB MOXKe-
JaTh TNPOMHTErPUPOBATh,— 3TO MHOTOUWJEHBl. 3J]ech pellieHHe
ype3BHIYaliHO MPOCTO: BCe MHOTOWIEHHl HHTEPHPYEMHl H aJIro-
DHTM COCTOMT B mpocroil 3amere aX" ma aX™+!/(n+1).

Crenyiomuii KJjacc — palHOHAJAbHble (QYHKIHMHA, H CHOBA JIO-
Gas paumoHasdbHas (yHKuHs HHTerpupyema. OnHaro pelleHue
yiKe He CTOJb HENOCPeICTBEHHO, KaK B INpelblaylieM aGsaue.
[Ipe:kae Bcero WHTErpaj OT palHOHAJbHOA (YHKUHH YyKe He
06513aH ObTh pallMOHAJbHOH (QYHKIHEHA, a MOXeT COIAepKaTb
Jorapudmbl. Bo-BTOPHIX, A4 TOTO 4TOGH MHTErPHPOBATb palHo-
HaJbHble (YHKIHH, HaM, BO3MOXHO, NMPHAETCS PACUIMPHTb MOJe
KOHCTAaHT (NpOCTOH HmpMMep 3TOH cHTyalluH TpHBEAEH B paboTe

1) Dror pasdgen OcHOBaH Ha HejaBHeM 0030pe KOMNBIOTEPHOTO HHTErpH-
posanns (Norman & Davenport, 1979). §I Gnarogapen n-py Hopmany sa muo-
rouHc/IeHHBIE MOJIe3Hle 06Cy K eHHus.
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(Risch, 1969, npepnoxenne 1.1)). ITosTomy, HecMOTpPSs Ha TO, UTO
aNrOPHTMbl HMHTETPHPOBAHMS DalHOHAJbHBIX (YHKUMA Cylle-
CTBYIOT CO BpeMeH JImyBHiss U DPMHTA, 371eCh €llle eCTb MECTO
IJIs YCOBEpIIEeHCTBOBAHUH, H TIOC/IEe[HHE YCHexXn B 3TOH 00JaCTH
6uiid AocTHrHyTH B paborax (Trager, 1976) u (Yun, 1977).
dra mpobJjeMaTHKa CTHMYJHPOBAja TaKXKe HHTEHCHBHBIE HCCIE-
JAOBaHMs 1O onepupoBaHHI0 ¢ ajireGpanueckumu uucaamu (Tra-
ger, 1976) u (Zippel, 1977).

OueBHAHBIM pACIIHPEHHEM KJacca DAalHOHAJbHBIX (QYHKIMH
ABJsieTcsl Kaacc anrebpanyecKux (YHKIHHA — CM. HHXE pasi.
«Kparkuit 0630p mnpeiliecTBYIOMHUX paGoT». IDTo NepBHIA CIy-
wail, Korjaa INOSBJAIOTCA HeHHTerpHpyeMmble QyHKIHH, UTO B CBOIXO
ouepenb CJAYMKHUT TJIABHOHA NMPHUKHOH 3HAUMTENBHO GoJblueil TPYA-
HOCTH aJre6pamyeckoro cjayias IO CPaBHEHHIO ¢ palHOHAJbHBIM.

Crexyiollee pacIIUPeHHEe KJjacca palHOHAJbHBIX (QYHKIMH
IPHBOAUT K YHUCTO TPAHCUEHIEHTHbIM (PYHKIHAM, T. €. K dyHk-
[USIM, JeKAIllHM B YMCTO TPAHCUEHAeHTHOH GaluHe noJieii, OCHO-
BanHo#l Ha K(x) (rze K — mosne KOHCTaHT, X — IepeMeHHas HH-
TerpupoBaHus). 3/ech Kax10e pacliupeHHe MOPOXKIAeTCA UHCTO
TPAHCUEH/EHTHO ') HaA NPEABAYLIMM IN0JeM ¢ MOMOIIBIO JOra-
pHOMA MJIH SKCHOHEHTH HEKOTOPOTO 3JEMEHTa 3TOro moasd. JToT
cayyaii npo6eMbl HHTETPUPOBAHUsi OblJ MOJHOCTLIO PACCMOTDEH
Pumem (Risch, 1969), ajnropuTMbl KOTOPOTO B OCHOBHOM pea-
susosansl B mporpamme SIN (Moses, 1971). lpyro#t moaxon
6bi1 mcnoapsoBan B pabotax (Risch & Norman, 1977) m (Roth-
stein, 1977).

Pesy/bTaTh, ONACaHHbIE B 3TOH MOHOrpauH, KOTOpHIE NaloT
NOJHBIH aJrOpHTM JJist anre6paudyeckoro cJjydas, IOKa3hiBaioT,

YTO TEINEPb HMEHTCA aJrOPUTMBL UHTETpHPOBaHUA KaK IJs Y- '

CTO anreGpaMuecKux, TAK M AJsl UHCTO TPAHCHEHIEHTHHX (YHK-
wuit. MBl 0GCYyZEM B T, 9 BO3MOXKHOCTb HHTETPHPOBaHHS (YHK-
1uil, He MPHHAMJEKAUAX HH OJHOMY H3 STHX KJaccoB (T. e. sB-
JSTIOMIMXCS. TPAHCIEHAeHTHEIMH, HO He YHCTO TPAHCLEH/IEHTHEIMH).

NJAH KHUTH (1)

CosjlaHde MallMHHOH NMPOTPAMMEI, KOTOpasi HIIET HHTEerpaJibl
oT asre6paudeckux (QYHKIMH MM LOKA3LIBACT HUX HEMHTErpHpYe-
MOCTb, 3aTPardBaer Kak YHCTYI0 MaTeMaTHKY, Tak H HH(popma-
THKY. MBI MOXKeM MOCTPOHTDH YACTHUHBIA aJTOpPUTM ?) aua 3a-
JauM MHTErPHPOBaHUs anre6panyeckux QYHKUMI Ge3 HCIOJb30-

1) Hanpumep, neasss ctpouts exp(loq(l -+ x)/2), Tak KaK aTo BEIpaXeHue
pasio (1 -+ x)!/2 u noroMy sBJseTCH ajqre6panyeckuM, a He TPaHCIEHJEeHT-
HEIM. .

2) To ecTb aArOpPHTM, KOTODHIA 3aKaHudBaeT PaGoTy M BEAET KOPPEKT-
HElfi BHTErPaJI, €cnp MoALHTErpaibHas QYHKUUS HHTErPHPyeMa B 3JICMEHTAPHBIX

HKUUAX, HO Moxer paboTaTe BEUHO B IIPOTHBHOM Ciydae (BMmecTo TOTO,
yro6Hl CKASaTh, Uty (hyHKUUS HEHHTErpHpYeMa).
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BaHUs CJAHIIKOM 6oratoro HaGopa CJIOXKHHEIX MOHATHH (TJ1. 2—4),
OJHAKO TNepeBOJ B MOJHHE aaroput™M TpebyeT CYLIECTBEHHO
BoJplie MaTeMaTHYecKux cpeacts (ria. 5—8).

[Mpexne ueM MOXHO OyAeT KOHKpeTHee ONHCAaTh MaTepHal,
OXBaTbIBaEMBIH 3TOH MOHOrpadued, Mbl AOJIKHH JyYllie MNOHATh
ee ofuiyo cTpykrypy. Ilo cymectBy, 3TO NOpPOYHBIA KpYyr, HO
€ro MOXHO Pa30pBaTh, €CJH 00palaThes ¢ PalHOHaNbHOH (yHK-
nuel, Kak ecau OH oHA Oblia ajnreOGpaHyecKoi; 3TO M CAEJNAaHO B
clelyiolleM pasjele.

NPUMEP

Mertozbl, KOTOpHEE MBI HCIOJb3yeM JAJs HHTerpUpOBaHHS aJ-

re6panyeckux (GYHKIHA, OCHOBAHH Ha ajre0panueckoil reomer-
DHH M TEODHH 4HCeJ, TaK 4TO TPYAHO ONHKCaTh MPUMEp 1O TOro,
KaK GyJeT H3JOxKeHa Jjexamas B ocHoBe Teopus. Ilostomy Mbl
6yseM paccMaTpHBaTh PalHOHAJbHYIO (YHKIHIO H HHTErpHpO-
BaTb €e MeTOZAaMH, KOTOphe MoToM OYAyT HCHOJb30BaHbl IS
anre6pavueckux ¢ysxumit. IlpemmymiecTBO 37ech B TOM, YTO
MHOT'He BCIOMOraTeslbHble aJrOpPHTMEL - CTAHOBATCSA TPHBHAJD-
HBIMH. :
PaccMotpum sajnayy HHTErPUPOBaHHUS BHIpaXKeHHs
dx/(x— 1) (x —2)2. Ecin y == x — 1, To MB MOXeM 3amlHCaTb
310 BHIpaxenue B Buae y—' (1 + 2y -+ 3y*+ ...)dy, u nowienHoe
HHTErPHPOBAHHE MOKA3HIBAeT, YTO OTBET COMAEPXKHT uieH log y.
[Monaras 2 = x—2, Mbl NOJYYHM INOJHHTErpajbHOE BHIDAXKEHHE
22(1 —2z 4224 ...)dz, ¥ moYNeHHOe HHTerpupoBaHHE Jaer
yiens log 2 1 —1/z.

CiieoBaTesibHO, HHTErpaJ COAEPIKHT log(x —1)—
—log(x —2)—1/(x —2) ¥ B [eACTBHTEJBHOCTH DaBeH 3TOMY
BBEIPaKeHHIO.

Mul o60owIIH MOJUAHHEM OAHO BaxKHOe O6CTOATeNbCTBO: KaK
6LITh CO SHadeHHEM X — GeckoHeuHocTh. He MoxeT i HaMm Mo-
HafOGHTbCA UWJIEH, NPOHCXOAALIME OT pasioxeHus B DAL B
OKpecTHOCTH 5To# Touku? [Tosaras z= 1/x, Ml xoTeJn Gbl pac-
TMCAaTh NOAHHTErpajbHOe BHpAXKeHHe B BHIe psila Mo 2t

dx _ 2% dx -
F—=—Dx—2  (1—2)(1—22)7°
2 (—dz/2%) —zdz
-2 (0—27 (=2 (0—227"
TaK 4To He GyAeT Jorapu(pMHUECKOro 4seHa, NPOHCXOAALIEro OT
3HaYeHUR X — 6eCKOHe‘{HOCTPI.

NJAH KHUTH (2)

B npexbifymieM npuMepe Mbl Pas3yiOKH/IK NOABIHTErpa/bHYIO
OYHKIMIO B CTENEHHOH pPAX, NOJIYYHIH JorapudMHYecKHe UJIeHbI
U3 BriyeToB (T. €. KO3 (HIHEHTOB NPH 2~! B Pa3oXeHUH B CTe-
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IeHHOH# psAA 1o 22, H NOIyunnu pHrerpan us norapupMUYECKOH .
YacTH M OCTaBIIEHCH YacTw pasjoxeHufi B cremenHoil paf. DTH
TpH Ilara COOTBETCTBYIOT TpeM raapam (2, 3, 4), AalOMHEM dac-
THUHBI/ QJITOPUTM HHTETPHPOBaHus] ameﬁ’pa’nqeémx GYHKIHH.

B NI 2 pacCMaTpHBAlTCA NpeiCTABJEHHE anre6panyecKux
byHKUIHA B KOMIBIOTEDHO} anreGpe, Bompoc o nseicax B ajre-
Opaudeckoif reomerpuu') u Bompoc o pasJyoxenusx Ilou3o
(aMeHHO HX MBI HCIOJIb3YyeM B KaueCTBe KODPeKTHBIX aHAJIOTOB
Pas/IoXeHHH B CTENEHHBble psanl). B rui. 3 mayuaercs a/iroput™
Koytca, npu nomomu KOTOpOro HAaXOAMTCA ¢YyHKUHA ¢ 3aAaH-
HBEIMH TOJMIOCAaMM M HynsiMH. OH oOKasniBaeTcsi HyXHLIM He
TOJIbKO JJISl HAXOX/JCHHS apryMeHTOB JIOTapudMOB, HO H 1]
TOJy4eHHsT aAreGPanIeCKOll YacTH, a TAKKe NJIs pelleHHs MHO-
I'MX APyrux 3ajau B aIrOPHTMe HHTEerpupoBaHus. B ra. 4 cdop-
My/aupoBaHa H JI0KasaHa teopeMa Puiua, kotopas (B onucaHHOH
Bblllle CHTYallWH) CBOAMT 3ajady HHTETPHPOBAHHA ajrefpauue-
CKUX QYHKUHH K 3ada4ue 0 Jususopax ¢ Kpyuenuem. B uwacTHOCTH,
€CJH JIONYCTHTb, YTO BCe NMBH3OPHl — C KPYyueHHEM, MBI TOJY-
9aeM YNOMSHYTHIM BBHIIIE JaCTHUHBIA aJTOPHTM. )

- B ra. 5—8 paccmaTpusaercs 3amaua o AMBH3Opax C Kpyue-
HHeM, KOTODYIO MOXHO (mpuGJaH3HTEJbHO) mepedopMyJHpOBaTh
TaK: Haderca au 04 0AHHO20 cnucKa naeticos, 8 KOTOPbLX Mbl
Tpebyem, 4TobbL ApeyMENT aozapupma umes onpedenexnsie Nno-
MOC6L U HYAU, TAKAS QYHKYUR, KOTOPAS UMEeT 3TU MNOANCHL U
RYAU HYKHCHOIX NOPAOKOS ¢ TOUHOCTHIO OO0 NOCTOAHHO20 MHONCU-
rean? Hampumep, MH, BO3MOXHO, He cyMeeM HAa#TH (QYHKUHIO
C MOJIIOCaMM H HyJSIMH NopsAka 1, HO cMoxeM HaHTH (QYHKUHIO
¢ MOJIOCAMH H HYJSIMH Nopsinka 3. B sToM ciydae KyOmuecKuit
KOpeHb U3 3TOH (YHKIHH GyjeT B AEACTBHUTENLHOCTH HMEThH IO-
JIIOCH U Hysi mopsifka 1. Tak kak log(f(x)/3)=log(f(x))/3, 10
HaM OCTaHeTCHA TOJIbKO nono6path KoadduiuuenT npu Jorapupme.

B ra. 5 paccmatpuBaercs ofwiasi Teopus 3TOM . 3alauH H
flaeTcsl OTBET B HEKOTOPHIX YaCTHHIX caydasx. B ria. 6 el pac-
CMaTpuBaeM 3Ty 3aJayy Npu HaJHYHH He3aBHCHMOTO TPaHCIeH-
AEHTHOro napamerpa. B stom ciyuae uMeercst MOJHOE pellleHHe,
nospoJisifoniee HaM JH0O ckasaTh, 06/afaeT JH AUBH30D Kpyue-
HHeM, He Haxo[sl CTeNeHH KpydeHHs, 16O CBeCTH 3aauyy O Kpy-
HeHMH K 3ajaue, He cofepxalued mapamerpa (oGe 3Tu mocJen-
HHe 3aJayld pPacCMaTpHBAIOTCA B AajbHeHIINxX riaBax). Ecau un-
Terpas HeaJleMeHTAapeH, Mbl MOJKEM 3aj1aTh JAaJbHeHIHH Bompoc:
npu KaKux 3BHAYEHUSX napameTpa 3TOT UHTEZPAA IACMEHTAPEH?
STOoT BONpPOC paccMaTpPUBaeTcs B . 6. .

B ra. 7 o6cyxnaercs sropasi BOSMOXKHOCTh (T. €. OTCYTCTBHE
TPaHCIUEHJEHTHOTO IapaMerpa, KOrja 3ajada oOTpenejeHa Haj

1) Ilnefic — 310 HaanMexaiyee oGo6lieHHe NOHATHA «3HAUEHHE X», KOTOpOe
MBI HCNOJIB30BaJH IPH P&a3JIOXKEHHH B OKPECTHOCTH X == 1 WJIH x =2 (HaH
naxe OKOJO 0eCKOHEYHOCTH).

|
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noseM ajnre0paHYecKHX YHCeN) B cjyuae IJUIMITHUECKHX KPHBHIX,
B sTOM ciayyae Mbl MOXKeM, NPHMEHHs XOPOUIO PasBHTYI0 Mare-
MAaTHYECKYIO TEODPHIO 3JIJIHNTHYECKHX KPHUBBIX, ONpeNeNUThb, 00Ja-
f4eT JH AHBH30D KPyuyeHHEM UM KakKoBa CTeleHb KpydeHHs. B ri. 8
obcyxpaercsi ocraBiumfics caydafh (T. e. mosia aareGpaHyecKHX
ypces, KOrjJa KPHBble He3JJIMNTHUECKHE) H ONUCHBAeTCs aJro-
PHTM LJIS HAXOXK/EHHs I'DaHuUbl AJs Kpyuenus: ausu3opa. ITocie
9TOTO MOKHO HpHMeHSATh anroputM KoyTca K KaxIOMy Kpart-
HOMY JAMBH30Pa BIUIOTH JO STOH TIDaHHIEL, H MBI MOXeM 00b-
SBHUTh, YTO HCXOJHAA (YHKUUS He MHTErpHpyeMa 3JeMEHTapHO,
ecJid MBI He HALLIM MHOXKHTeJs, 1Js KoToporo ajaroputmM Koyrca
JaCT COOTBETCTBYIOMIYIO (DYHKIIHIO.

TEOPETHYECKHE OTPAHHYEHHKA

Ojana M3 cepbe3HBIX TPYJAHOCTell NpH Takoi (OPMYJHDPOBKE
npo6sieMbl — MHOTO3HAYHOCTb  «JIOTapHPMHYECKOH»  QYHKUHH.
Cneays Puumy (Risch, 1969), Mbl MoxeM ycTpaHuTb 3Ty TPyA-
HOCTb, NOAOHAS K 3ajaue YHCTO ajrebpandeckH, T. €. olpelesiss
log u kak Takyio ¢yHkuuo f, uro f' = u’/u, ¥ noHnMas 31O Onpe-
nejenne B ayxe nud¢epeHunanpuoi anre6per (cm. (Kolchin,
1973), a takxe (Ritt, 1948)).

B nocranoske 3Toit 3azaun uMeercd 6osee PyHIaMeHTaJbHAsA
TpyaHocTh. Tak Kax cyllecTBYeT H HeMHTerpupyemas ajire6pau-
yeckasgs ¢QyHruus f(x) (cM. nmpuMep 2. H3 IpHIONKeHHH 2), MHl
3HaeM, uTo Cf(x) HHTerpupyeMa TOrja M TOJbKO TOrjAa, KOTIa
¢=0. Onuako mssectHo (Richardson, 1968), uto HeBO3MOXKeH
aJITOPUTM, Y3HAIOUIMH, PABHO JH HYJIO BHIPaXeHHE, MOPOKAEH-
HOe H3 LeJHX unces, log2 U o ¢ HOMOLIEIO ONepaluil CI0KEHHUS,
BLIYWTAHHA, VMHOMKEHHs, [eJEeHUs M B35TUSA IKCIOHEHT, JIOra-
pudMOB ¥ abcoMOTHEIX BequuuH. CoelUHEHHE 3THX Pe3yJsbTaToB
OKa3hIBAET, YTO B HEKOTOPOM CMEIC/Ie NpofsaeMa HHTErpUpyeMo-
cru!) ¢opManpHO HepaspemnMa. $SICHO, OIHAKO, YTO YCTaHOB-
JIeHHas BBIIe Hepas3peuIHMOCTb He COBCEM HacTosdllas, Tak Kak
OHa 3aBHCHT OT CBOHCTB uuces, a He HHTErpaJos.

Mo ofofizeM 5To orpagnueHHe, noTpeGoBaB, YTOOH OBLIH
SIBHO c()OPMYJIHPOBAHHl Bce aire6panyecKHe 3aBUCHMOCTH MEXAY
KOHCTAHTAaM¥ M3 NOAbIHTErpaJbHOro BhIpaXKEHHS. OTH KOHCTaH-
TH JOJKHBl GHITL PAllMOHAJBHBIMH YHCJaMH, ajare6paddyeckn He-
8aBHCUMBIMH TPAHCUEHJEHTHHIMH YHCJIAMH HJH BHIDAXKEHHSMH C
3amaHHON fBHO anreGpanueckoil 3aBHCHMOCTBIO OT T4KHX 4Hcel,

1) 3amernM, 4TO MH He MOXeM HeNOCPeACTBEHHO BOCHOJb30BATHCH TeO-
pemoit (Richardson, 1968) o HepaspemtnMOCTH IpOGJeME HHTErpHPYEMOCTH,
TAX KaK OHA OCHOBAHAa Ha BO3SMOXHOCTH 0paTh JorapuMsl H aGCOMIOTHBIE
sHavyeHus B noJe GYHKUMH, 8 MBl LONyckaeM $TU OlepaluH TQALKO B 06/1acTH
KOHCTAHT, -
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IlpakTHueckoll mamocTpauueii HeO6XOAHMOCTH BHISBJIEHHS
BCeX a/reGPaMyecKHX 3aBHCHMOCTeH MOXKET CJIYKHTh Halla pea-
- JIH3anus pesynpratop Manuna (ra1. 6), rie Ham HyXHO AHOde-

PEHUMPOBaTL MO TPAHCUEHAEHTHOH KOHCTaHTE. DTOT NPHEM MO-
XKeT cpaboTaTth, TOMNLKO eCJH Mbl TOUHO 3HAEM, KAKHE H3 OCTAJIb-
HBIX KOHCTaHT ajref6panyeckd 3aBHCAT OT PacCMaTPUBAEMOH.

Kak ykasano B ru. 6, Haue Tpe6oBaHHe, YTOGLI 3aBHCUMOCTH
OblIH SIBHEIMH, O3HAYaeT, YTO Mbl He MOKEM TapaHTHPOBATh npa-
BHJBHBIX De3yJbTatoB!), Koraa paGoTaeM ¢ HWHTerpagaMH, co-
AepxalluMHK SIBHO KaK e, Tak u i, 160 MBI He 3HaeM, ABJAAITCA
JIH 3TH KOHCTAHTH afreGpanueckH He3aBHCHMBIMH.

KPATKHUN OB30P NMPEALUECTBYIOIKX PABOT

ITepBoil cylIecTBeHHOH NOMBITKOMH HHTErpHPOBaHus anareGpau-
YeCKHX (YHKIMA C NOMOLIBIO NMPOrPaMMbl AJS BBIYUHCIHTENbHOMN
MamuHel Gblia cuctema SAINT (Slagle, 1961). 3to 6vuna sBpu-
CTHUECKasl CHCTeMa Uil MHTerPHPOBaHHs (GYHKUHHA, OCHOBaHHas
Ha psiae npeo6pasopanuit u ynpoweruil. Eit conyrcTBoBasn 3ame-
YaTeNbHBIH YCIeX B pelwleHu# NMPOCTHIX 3afay, HO BCe ee 3BpH-
CTHKH OBLIM HAUEJeHL! JIHUIb Ha OTHICKAHHE HHTErpaJoB — OHa
BooOue He obpamanach K npoGJeMe yCTaHOBJEHHS HEeHHTEerpH-
PYEMOCTH BBIDAKEHHI.

ClexyrominM BaxKHEIM 3TANOM B HHTErPHPOBAHHH aarebpau-
YeCKHX OYHKUHA (M B KOMIBIOTEPHOM HHTErPHPOBAHUU BoOO1IE)
6bina cuctema SIN (Moses, 1967, 1971). Ona Bxaouasna asro-
putM Puma (Risch, 1969) nnsi 4ucTo TpaHCHeHIeHTHBIX ¢yHK-
UM, a TakXe DAL CHELHAJbHBIX IIPaBHI npeo6pasoBaHus H
yIpolleHusi. ITO Aano NPOrpamMmy, KOTopas BecbMa IOJIe3Ha Ha
NPaKTHKE H MOXKET HHTErpHpPOBaTh OOJbIIHHCTBO «OGLIYHBIXY
anre6panyeckux GOYHKIMHA, XOTS OHA He HCIOJb3yeT CKOJAbKO-HH-
6yab rayGoOKOH TeOpHH M ee Hejib3st 0606LIUTH Tak, uTOGH OXBa-
THTb GoJiee TPY/AHble WHTerpaJbl (HampuMep, NpUMepH 3—5 u3
OPHJIOKEHus 2).

Xors npuHATas B 3Toff NMporpaMMe TPAaKTOBKa ajreGpanue-

. CKMX (QYHKIMA He OBLIa AaNTOPHTMHYECKOH, OHA MOIJIAa B ONpe-
IeJIeHHBIX CJIyYasiX CBOJIHUTb aJreGpaHdyecKylo (QYHKIUHIO K YHCTO
TPAHCUEHIEHTHOH, Ile MOXKHO NPHMEHHTb aATOPHUTM (Hanpumep,
OHa BHINOJHHIA OB moAcTaHOBKY y =ch(x) B /%2 — 1, uTobu
CHEJaTh HHTErpuUpyeMylo (YHKLHIO TpaHClUewaeHTHOH). OnHako
sTa ¢opMa paLHOHANU3ALHK BO3MOXKHA OOGBLIYUHO TOJBKO JJIst
MOABIHTErpabHEIX BbIpaXKeHUA Hajx KpuBbiMH poaa 0 (cM. ri. 2),

!} 3aMeTHM, OAHAKO, YTO €C/M MBI NOCTPOHM HHTErpast B MPeANoJJOKEeHHH
anre6panueckoil He3aBHCHMOCTH 3THX KOHCTAaHT, TO OH GyfeT NpaBHJIbHbHIM
Haxe ecau oBn B ReACTBHTesNbHOCTH anre6paumvecku 3aBucuMbl. He npofTy
MOXKET TOJBKO AOKAa3aTeNbCTBO HeHHTerPHPYeMOCTH.
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a BCE 3TH (QYHKUHH HHTErpHpYeMBbl, TaK YTO YAaCTHYHO aJTOPHUT-
MMYecKast TIPHPOLA 3TOH TNPOrpaMMEl HE CTOJbL I[OJE3HA, Kak
MO2KeT MOKasaTbcsd, MO0 IJaBHOE MPAKTHYECKOe NPEeHMYIIEeCTBO
aJTOPHTMHYECKHX METOJOB COCTOHUT B TOM, UTO € HX NOMOINBIO
MOXHO NOKAa3BIBaTh HEHHTEIPUPYEMOCTh. )

Eme oauH 3HaunTesbHBIH uiar B 3T0# objactu caesaan Hr
(Ng, 1974), onupasumwmiica Ha MaTeMaTHYECKHE pe3yJabTaThl
KapacoHa. Mcnoabsys teoputo R-dysknuit, Hr cmor monHocTbio
peIINTb BOMPOC 00 3JIJIMNTHYECKHX H THNEPIJJIHNTHYCCKHAX HH-
terpanax (T. e. HHTerpaJsax, coAepiKallluX POBHO OJAHH KBajapar-
HBIt KOPEHb).

B nocnennee Bpems B atoft o6sactu paboran Tpeiirep (Tra-
ger, 1978). Ero (HeomyG.iuMKOBaHHBIE) pPe3yJbTATH 0606IAIOT
Gosee paHHue pesyabrathl (Trager, 1976) o nosie KOHCTAHT moJa
OIpeJeJeH s sl PAlHOHANbHEIX HHTerpasoB. OnHaKo B HacTOA-
mee BpeMsl HET peasH3allHd 3THX CYLIECTBEHHBIX pe3yJbTATOB.
CosceM nenaBuo (Trager, 1979) oH paboran Haja cheniajJbHBIM
CIy4aeM ApPOCToLX PAOUKAAbHLLX PACULLPEHUD, KOTOPHIH HCIIOJb-
ayercsi, KOrja eJHHCTBeHHas anre0padueckasl BeJHYHHA, 3aBH-
cqlasg OT NepeMeHHOH HHTErpHPOBAHUS, — 5TO KOPeHh n-H cTe-
neHH (IS HEKOTOPOTO 71) H3 HEKOTOPOH palHOHAaJbHOH BeJsn-
YHHBI, H TIOCTPOMJ BecbMa 3(deKTUBHEIE AaJTOPUTMEL /I HAXOWK-
IeHHsl ajrefpandyecKHX dYacTeli MHTerpaJoB B TaKHX pacluupe-
HUSIX, pPeaJiH3ylollile, MO-BUANMOMY, HeKOTOphle Hien YebnimieBa
(Uebbrmes, 1853).

YYET MAHIMHHOTO BPEMEHHU

Mgz gacto GyfeM NPHBOAUTL KOHKDETHEHIE NPHMephl MHTErpa-
JIOB M- coo6IIaTh, CKOMLKO BPeMeHH 3aTpaTHJa NporpaMmma, pea-
Ju3ylollas ajropHTM, Ha HAXOX/IEHHe HHTEerpajia HJH YCTaHOB-
JeHWe HeuHTerpupyeMoctd. Ecim He OroBOpPeHO NPOTHBHOE, BCe
3TH JlaHHble OTHOCATCS K PeaJM3allii Ha yCTaHOBJeHHO# B Kewm-
OpuazxckoM yHuBepcuteTe Mamute IBM 370/165!') ¢ moaugpu-
OupoBaHHOH Bepcuell onepauuoHHo#t cucteMel OS/MVT, Bul-
nyck 21.6. AJropuTM HHTErpDUPOBAHUs pPeaju30BaH KaK YacTh
cucteMet REDUCE-2 (Hearn, 1973) Bepcueit ot 6 mapra 1978 r.
(c HecKONbKHMY MOAHGMHKALMSIMHA: CM. MPHJIOKEHHe 1, rie omu-
caHnl HauboJiee CYUIECTBEHHBIE H3 HHX) M paGoTaeT Ha KeM-
6pupkckofi Bepeun Jlncna (ffitch & Norman, 1977). Tlpusoaurcs
BpeMsi IeHTPaJbHOTO MPOLECCOPA MHHYC BpeMsl cOOpKH Myco-

1) Bra mammua Gbina cHaGXeHa Gosee GHICTPON OCHOBHOM IaMSITBHIO, ueM
ofurugo. Cymmapubiil a¢pdekT 3TOro H3MeHeHHS TPYAHO ONEHHTb, HO AJH TpO-
rpaMM, KOTOpble MH NPOTOHSEM, BPeMsi LeHTPaJbHOTO MPOLEeccopa OKa3hiBaeTcs
npumepro Ha 10 % wenbie, uem Ha HeMoambuuuponannoit IBM 370/165. Cu-
crema JIIA (xmdammuueckoro mnpeo6pa3oBaHHA ajpecoB, T. e. BHPTyaJbHas
namsATb) He Oblla YCTaHOBJEHA,

5%5626 | ruBNWMOTE™ T ‘




18 Ts. 1. Bgedenue

pal). He caeayeT mnpupaBaTh CHHMIIKOM GOJBIIONO 3HAUYEHHS 1

MeJIKHM BapHallUsiM B paclpelesieHHH BpPeMeHH, TaK Kak B HeM
3aJI0K€Ha BHYTPeHHss omubka nmopagka 15 9% wu3-3a Bapuanui.

OTH JaHHble O BPEMEHH pelleHHs TOAATCS JHULIb AJs CpaBHe-
HHA C aHaJOTHYHBIMH HHTerpajtami, o6pabOTaHHHIMH TOH Ke
BepCHel HporpaMMbl, TaKk KaK OHH CHJBHO 3aBHCAT OT peaJtiu3a-
I[HY BCIIOMOraTeJIbHBIX aJrOPUTMOB — KaK ONHCAHHEIX B 3TOH MO-
HorpaduH, Tak M OCHOBHBIX aJTOPHTMOB KOMIbIOTEPHOH aJjre-
6psr, nocraBasgeMeix cucremoit REDUCE-2. Hanpumep, Mopn-
¢buKanyusg nporpaMMbl HAXOX/JeHHs HauboJsbliero o6uero aenu-
TeJisl, ONHCaHHAs B M. 3 NpuUJIOXKeHus 1, cokpaTusia BpeMsa Ha-
XOJKIEHHS HEeKOTODLIX HHTEerpasoB no Menblied Mepe B 10 pas.
Kpome Toro, Bpems, Hy:KHOe AJs 06pabOTKM HHTerpaja, MOXKET
CHJIbHO MEHSIThCH H3-3a (PaKTOPOB, He CBSI3AHHBIX CO CJIOKHOCTHIO
CaMOro HHTErpasa; 5TO MJLIIOCTpHpYyeTcsl mpuMmepoM 1 B mpuJjo-
xkenuu 2. IlpuBojuMEle BpeMeHa He JalOT BIOJHE KOPDEKTHOTO
IpeJCTaBJEHHS] O CKODOCTH HPOTPaMMBl Ha CPaBHHTEJbHO Npoc-
THIX NpHMepaX, TaK KaK OHH NpPOrOHAJHCh Ha HEOKOHUYATeJbHOH
BePCHH NMPOrpaMME], KOTOpas cojepiKaja AONOJHHTEJbHblE HpO-
BEDKY U IeuaTH, HO He COAeprKajJa MHOTMX HCKYCCTBEHHBIX IpH-
€MOB, BeCbMa BaxKHBIX IDaKTHUECKH, HO He HMEIOIHX TeopeTH-
yeckoro sHaueuus. IIpumep 6 u3 npUJOKeHHS 2 MIJIOCTPHPYET
BHIMTPHII, KOTOPHI MOXKeT ObIThb JOCTHTHYT HCIOJb30BaHHEM
BepcHH, KoTopas Oba cAenaHa JJis IPefOCTaBJ/IeHHs I0Jb30Ba-
TeJIsAM.

) Ono cocrasasier oGbivEO OKosO 30 % oCTaibHOrO BpPeMeHH, €CJH [pO-
rpaMMa paGoraer ¢ JOCTATOUHHM o6beMoM namaTH (nmpumepHo 700K Gaftr
s GOMBIIMHCTBA NPHMEPOB). DTO BpeMs BKJIOYaeT TaKXKe 3arpysky TpaHe-
JIHPOBAHHBIX JHCOOBCKHX GYHKIHH ¢ JIHCKA, YTO MOXeT COCTaBHTh J0 2 ¢ AJd
CJIOKHBIX CJyuaes,

T'nasa 2

AJITEBPAUYECKHE BbIYHCJIEHHS

AJITEBPAUYECKHE COOTHOLIEHHA

Anre6panyeckue COOTHOUIEHHS MeKAY NEPEMEHHEIMH WJIH Bbl-
paXkeHHsIMH OOBIYHB B KOMMbloTepHO# aare6pe. OHu uacTo
BCTPEUAIOTCsS He TOJbKO B BHOM BHJe, HalpHMep SQRT(X24- 1),
HO H B HeSIBHOM, KOTJa BO3HHKAIOT XOPOIIO H3BECTHHIE TPYAHO-
CTH, TakhHe Kak B cayuae sin(x)#+2 -4 cos(x)#x2=1 (Stoute-
meyer, 1977). HecMoTpsi Ha Hamy OpHUBBIUKY K aareGpauyeckuM
COOTHOLICHHSIM, HEJIETKO BBIUMC/ATh, YUHTHIBas HX. B 3T0# riase
o6cyxkaaoTcss npo0/eMbl, BO3HHKAWOIIHe IIPH TaKHX BBIUHC/IE-
HHSIX, H 3Jech MBI IomajgaeM B 06jacth ainre6paHdeckoi reoMer-
pHH, KOTOpasi eCTECTBEHHO BBHIPOCJia M3 NOMBITOK BBHINOJHAThH Ta-
KHe BHIUHCJEHHA CTOJL e OBICTPO, KaK H NP OTCYTCTBHH A0-
TOJHHUTEBHEIX COOTHOIIEHHH. ’

[Ipocrefimuil cayuail BHYMCICHHH, KOTla HMEIOTCS anrebpan-
qecKMe cOOTHOIIeHHs, BosHuKaer B noae {K(X,Y)|F(X,Y)=0},
rie F— pauuonanpHas GYHKIHA (KOTOPYIO MOMKHO CBECTH K IIO-
JMHOMY TyTeM YMHOKEHHs Ha BCe BCTpedaiollinecs 3HaMeHaTe-
JIH), DEACTBUTEJBHO 3aBHCHILAsT OT X u Y, a K—mnone xapakre-
puctuku 0!). B KauecTse NMpocToro mpuMepa s paccMOTPIO aJjre-
Gpauueckoe COOTHOuWeHHe, BBOAHMOoe dynkumeii F(X, N=7Y2—
— X2+ 1. ‘

Onuoii ¥3 OCHOBHHIX HAel 3PPEeKTHBHON KOMILIOTEPHOW aJ-
reGpsl ABJASETCA TOHATHE KAHOHU4ecKoi gopmet. Ilox stum mo- .
HHMaeTcsl CPeACTBO, KOTODoe O06ecHeunBaeT SKBHBAJEHTHOCTb
CTPYKTYp L@HHBIX, MPEACTaBJSIOUIAX SKBHBAJEHTHBIE BBIpaxe-
HUsl, He3aBHCHMO OT TOrO, Kak OHH GblIH BbrumcJjeHbl. IIpenmy-
EeCTBO TAKOTO NMOJXOAAa B TOM, UTO CJIyYai HepaBHBIX BHIpaxKe-
HHfI OGBIYHO BLISIBJISETCS. OYeHb GHICTPO MNPH J0OOH onepauuu
cpaBHenus. Tak Kak HalllM BBIYHMCJICHHS BIOJHE MOTYT OKa3aThb-
csl Ha TpaHHIe BO3MOXKHOCTeH Jajke CaMbiX GOJIBLIMX BLIYHCIIH-
TeJbHBIX MAlidH, MBI He MOXKEM N03BOJIHTh ceGe HrHOPUPOBaTh
3T0 06CTOSATENLCTBO.

[Teppaa npoGieMa, BO3HMKAWIas B HalleM IpHMEpe, CO-
crout B TOM, yTo Y2 1 X2— | —onHa ¥ Ta xe QYHKUHA B CHIY
cootHomenus Mexay X # Y. UToOH COXPaHHTh KaHOHHYECKOE

1y O6wuno (3a uckmouenneM ra. 8) Ml He GydeM HHTeDPecOBATLCA NMOJNAMH
KOHeuHOl XApAKTEDPHCTHKH, M TEDMHH <«MOJie» CcJeAyer MOHuMaTh (eciH He
OrOBOpEHO HHOE) K4K «Hojle XapakTepHCTHKH O».
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npeAcTaB/JeHHe HalIux aﬂreépanqecxnx Bblpa}KeHHﬁ, MBI IlO.H}K-‘

HB CHEeJIaTh YTO-TO BPOAE 3aMeHbl BhIpa:keHuHs Y? Ha X2 —1
Be3jle, rlle 3TO BHIPaxkeHHe BCTpeuaercs. IDTO CJAeAyeT JHeJdaTh
Ha OYe€Hb HH3KOM YpOBHE BO BCexX UaCTAX CHCTEMBI, HHade Halla
cucreMa asreGpadyecKuX IPeo6Pa3OBaHMii PELIHT, YTO MaTpHIa

(X —1 Y )
Y X+1

umeer onpenenurenr (X2 —1)— Y2 = 0, o panr 2, ecau npu
BBIYHC/IEHHH paHra 3TO COOTHOLUeHHe He OLIJIO NMPHMEHEHO Ha
Hajaexamem mare. Ms-sa 3Toro oueHn TpyaHO A0GABJISNTL aJ-
reGpauyecKue COOTHOIUEHMS K CHCTeMe, He NpeAyCMAaTpHBamouieil
XOpOLIEro ONEePHPOBaAHHSI ¢ aare6paHueCKHUMH .BbIPAKEHHSMH H
COOTHOILIEHHSAMH, KOTOPLIE MOTYT U3 HHUX BO3HHUKHYTh. B yacrHoO-

CTH, OGBIYHBIA MeTOJ BBEeAeHHs KBajpaTHLIX KOPHEH B CHCTeMy
REDUCE-2 (Hearn, 1973) ¢ nomolisio npasus Buaa

FOR ALL X LET SQRT(X) %2 =X

He NIPHBEJET K YCIeXy B aHaJOrHYHLIX, HO 6oJiee CJIOXKHBIX CJY-
yasx, TaK Kak HYXKHOe npeo6pasoBaHue He NPHMEHSETCS B HYXK-
HBIX MeCTax.

3aMeHa BHICOKMX cTemeHeil mepeMeHHOH Y (B HauleM mnpume-
pe Y2) alcomoTHO BO BceX BXOXKIEHHSIX MOXKET B HEKOTODHIX
caydasx co3faTh HOBHe mpobseMBl. PaccMOTPUM NONBITKY BbI-
YHCJIeHHsA H.0.J. NOJUHOMOB X2 — X*Y -1 u X*Y ¢ noMompsio
crangapTHoro aiaroputma EBksiuaa, ecaum X cumraercs crapiueit
nepemenno#t, T. e. B Kogelle K[Y][X]. B oueBmanHx oGo3Haue-
HHSIX BBIYHC/CHHE IPOXOJHT CJAeAYIOUIHM 06pasom:

TToscHenue U V
HauaganHoe cocrosiHue X#x2 —YsX 41 XY
U:=UsY —VsX — X*Y%x2 4+ Y X+Y
: =—X=x34+X+Y XY
U:=UxY =V=X%x2 X+Y + Y12 XY
= X#x2 -} X+Y — 1 X+Y
U:=UsY —VsX X#Y#+2 —Y X=Y

IMpononxanmwuiics K C

Moxno mpuaymatbh Gosiee CJI0XKHBE IPHMEpH, [OKA3HBalo-
mue, uTo 06bsB/eHHe Y cTapiuelt (no cpaBHeHuio ¢ X) mepemes-
HOU He Bcerja Io3BOJsIeT OOOHTH 3TH TPYAHOCTH. B meHcTBu-
tenbHocTH K[X, Y] ¢ cootHowennem F(X,Y)=0 He sBisercs
062JIaCTbIO C ONHO3HAYHKIM Pa3JI0KEeHHeM Ha MHOXKHTENH, TaK KakK
X2 —1=7Y"=(X—1)«(X+4 1), u Bce mMHORHTENU Y, X — 1,
X + 1 nenpuBoauMbL. TT05TOMY MEI He MOKEM KOPPEKTHO TOCTa-

BI/ITI(; BONPOC O HaXOxnennu H.o. 1. B o6nactn {K[X, Y]|F(X,Y)=
== 0}. JIo6oe npeacrasieHne, OCHOBaHHOE Ha H.o0.A., 6yzer npu-
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BOJAHThL K Heyjfaye, MOKa Mbl UETKO He YACHHM cefe, 4TO HMEHHO
MBI TIOHHMAaeM MOJ| H. 0. . ¥ Kakue ajreGpaHyecKue 3aBHCHMOCTH
Mbl LOJI2KHEl YUUTHIBATD. _

1o eme 6ojee 3aTpyLHsIeT pa3paloOTKy KAHOHHUECKOTO Mpej-
crasienust Beipaxenuit B8 {K[X, Y]|F(X,Y)= 0}. B moux mpo-
rpaMMax a/nre6po-reOMeTpHYeCKHX BBIYMCAEHMH [Jisi CHCTEMB
REDUCE-21) s npuMmenuJ ciejymoouiee npeicraBieHue, OCHOBaH-
HOe Ha JAonylieHuH, uto F — mosunom ot X u Y co crapiuuMm Ko-
s¢duurerToM, paBHbIM eauHuue no Y. Ecau sto momynieHue He
BHINOJIHEHO, T. €. crapuiuit Kospduuuent G mnoauHoma F He AB-
asietcs eaunuueir B K[X], To M MmoxeMm BBectH Y’ = G+«Y, a
torna Y’ ynosjerBopsier ypaBHeHuio F/(X,Y’)==0 co crapuum
kosdpunuentoM, pasHhiM exunuue, u {K(X,Y)|F(X,Y)= 0}
usomopduo {K(X, Y’)|F'(X,Y)=0}. Janee, B GOJbIIMHCTBE
CHCTEeM, TpefHA3HaYeHHbIX AJs aare6pauyecKHX BHIUHCJEHHH (H
yx HaBepHsika B REDUCE-2), snement nons K npeiacrasiisiercs
YaCTHHIM JABYX 3JIEMEHTOB HEKOTOPOH 006JacTH 1eJOCTHOCTH L
(HanpuMep, pauHOHAJIBHOE YHCJIO — ITO YACTHOE ABYX LEJbIX UH-
ceJl, pallMOHaAbHAS (GYHKUHS — YacTHOe ABYX moauHoMmoB). To-
ria Mel Tpe6yeM (M3 YHCTO MPAKTHUYECKHX COOGPaXKeHHi), 4TOOH
Bce Koadpduuuents nonutoma F(X,Y) nexanun B L (ecam 310
He TaK, JOCTATOYHO YMHOXKHThH HCXOAHLIA IIOJIMHOM Ha MNpOH3Be-
JeHue BCex 3HaMeHaTeseH, a 3aTeM OOeCIeYHTb PABEHCTBO €lU-
HMLe cTapumero Kos(gGhHUMeHTa YKa3aHHLIM BHILIE CHOCOGOM).
dto nmpusoaut K Tomy, uto L[X, Y]? < L[X, Y]. Meroauka pac-
IIHPEHHsS C TOMOIIBI HEHOPMHPOBAHHBIX NOJHHOMOB (T. €. mO-
JIHHOMOB C NIPOM3BOJILHBIM CTapIIMM K03(h(PHIHEHTOM) NpHMEHs-
gace B pabore (Cohen & Yun, 1979), urToObl BBECTH HEKOTOpHE
panuoHaJbHEe Apo6u B 06JacTaX LEJOCTHOCTH, HO HAM OHa He
norpe6yercsi, TaK KaK Mbl BCerjia NpelnoJaraeM Hajauuue noJjs,
B KOTOPOM MOXKHO paGoTaTh. ,

Ecau 3TH MPEANOJIOXKEHHS] BBHINOJHEHB, TO 3JeMeHT 06/acTH
{K(X,Y)|F(X,Y)= 0} moxuo npeacrasut, B Bune A/B, rie B
npuragnexnt K[X], a A npusannexur {K[X,Y]|F(X,Y)= 0},
npuueM A u B B3auMHO npocTsl Kak asiemeHtH K[X, Y] (1. e.
6e3 yuera cooTHouleHust Mexay X u Y), a BbipaxeHue B B He-
KOTODOM CMBICJIe HOpMaJH30BaHO (Hampumep, cTapmuil Koaddu-
uuent B nonoxurenen). IlocnenHee TpeGoBaHWe HYKHO, UTOOH
NPeAOTBPATUTL MOSIBIEHHE Da3jHUYHBIX IPEACTaBJeHHA OJHOrO H
toro ke sjemenrta obmactu {K(X,Y)|F(X,Y)= 0}, xorna Mb
yMHOx)aeM A u B ua snemeHT u3 K. :

EJUHCTBEHHOCTb AJITEBPAMYECKHX BbIPADKEHWA

OjHako onucaHHLIfI BHLIEe cnoco® onepupoBaHus ¢ anrebpau-
YeCKHMY BHIPAXKEHUSIMH HeJIOCTAaTOUEH, €CJH Mbl HE HMeeM ra-
o ‘

1) HononHHTeNbHbe CBefeHHS MMEIOTCA B NPH/IOKeHHH 1.
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PAHTHH, YTO OHM MNPaBHJbLHO ONMpeNeJeHH (B TOM CMBICTe, HTO
f(X,Y), paccmaTtpuBaeMblil KaK MOJMHOM OT Y, He HMeeT KOpHEH §
B K(X)). HeiicTBuTesIbHO, B NPOTHBHOM cCJyuyae He rapaHTHpO- ]
BaHO KaHOHHYECKOEe TMpeJCTaBJeHHe, Aaxe eCJH HCHOJb3YETCH 3
ONHCaHHAfA B NpelbiAyllem pasnene cucreMa. Xors F(X, Y)=
=Y2— X2+ 2X — 1| ecTb BNOJHe paszyiMHOe ajare6panyeckoe CO-
OTHOLUEHHE, ONpejeJsiollee anre6panueckylo KPHBYIO, OJHAKO 3Ta
KpHBasi He siBJisleTCsl HENPHUBOAMMOH, a anreépauqecxge pacuin- §
penne K(X), onpenensgeMoe 3THM YpaBHEHHEM, B JeHCTBHTENb-
poctd coBmajaer ¢ K(X), Tak Kak ypaBHEHHEe PAacK/JaiabiBaeTcs j
Ha JuHefHble MHOXKHTeJad. AHajornuable cooOpaKeHHsT BKJIOYE- §
HH B ajroput™ unterpupoBanus (Risch, 1970), rae Mbl 10JKHBI §
BEIPAKaTh HEKOTOPHIE BBHIYETHl KaK 3JeMEHTH Z-MONVJisi, a To-

TOMY NpPHXOAHTCHA pPacrnos3naBaTh, YTO \/—1 0 4/ —4 JHHEHHO j
3aBMCHMBl HaJ MHOXKECTBOM IHeJBIX yuces'). AHaJOTHYHBIM 06- 3
Pa3oM KOPPEKTHOH anreGpo-reoMeTpHYECKOH MOMEJbIO AJIS HHTe- §

TPHPOBAHHS BHIPaKeHHS

T T 1
2

VE—1+ VT—1/x?
apasiercst He {K(X,Y,Z)|V2—X2+1=0, 22—1+1/X2 =0} |
¢ nopbiHTerpasbHHM BhipaxkeHueM Y-+ 1/Z, a {K(X,Y)|Y?—]
— X241} c noabiHTerpajbHBIM BHIpaxkeHuem Y - X/Y. '
Yro6bl MPOBEPHTH, YTO anre6panyeckoe BbIpaxKeHHE NMPABUJIb-
HO TOCTPOEHO, HaM HYXKHO NMOTpeGOBaTh HENMPHBOAMMOCTb Z) TO- |
ausoma F(X,Y) (TouHee, Ha/HYHe TOJbKO OJHOTO MHOXKHTEJ, §
cojepsKamiero Y; oGoft MHOXKHTeNb, He comepxawiuil Y, He ur-}
paer poau). Eciu K ectb Q (u/iu 4uCTO TPAHCIEHASHTHOE pac-
mnpenne moss QQ), TO 3To —3afada O PasJiOKEHUH HA MHOMKH- |
TeJl MHOTOUJIEHOB OT HECKONBKHX MEePEeMeHHLIX Hal IeJBIMH YHC-
Jamm, paspemuMocTb Kortopoii mspectna (Wang & Rotschild, §
1975), (Yun, 1976). Ecan K He siBAsieTCs YHCTO TPaHCUEHIEHT-
HEIM pacUIHpPEHHEM, TO MOXKHO HCIOJb30BAaTbh HeLaBHO paspabo-
tapHble ajroput™el (cM. Trager, 1976) pasjoxkeHus Hajy ajre- |

1) D10 0cOGEHHO SPKO MPOSBHAOCH NDH paccmoTpenuu uuterpata YeGw-
weBa (mpumioxenue 2, npuMep 5), rae, ofmapyxus, uto SQRT(Z) — nesasu-|
cuMan ajirebpamueckast BeJHunmHa Han Q, MB JOMKHH CBUIH DaccMOTpeTb
SQRT(4SQRT(2)+ 9). O7ta Beauunna yxe WesaBucuMa Han Q (SQRT(2)), 4
Tak Kak oHa pasua 2 SQRT(2) - 1.

2) 3pech MH He OTMETHIH OXHO ofcroATenberBo. Ham myxua abcoarnrnas |
HenpusoOumocts (T. €. HENPHBOJMMOCTh Haj aireCpanyecKuM 3aMBIKAHUEM §
nosns xoucrant). Temeps, ecam F(X,Y) —rakoik wmmuorouneH, srbepem 3naue-
Hue y mnepemenHofl Y, Takoe, uro F(X,y) cBoGomen OT KBanpatoB (4ro BOS3-
MoOXHO, ecau F(X,Y) rtaxoB). Torma, ecnmu F(X,Y) abcomOTHO HeNpHBOAHM,
TO OH HeNpHBOXHM Haj MoJeM pasjoxkenus muorowresa F(X,y), Tak xag Juo- |
Goe pasnoxenne MHoroweHa F(X,y) cooTBercTByHOIlee HEKOTOPOMY pasyo- |
wenmio MHorousena F(X,Y), mMoxer GHTb <«IOAHATO® AO 3TOTO Pa3jOXKeHH: §
6es pacmmpenus oGnactT# KoHcraHT (cM. mo60f p-afnueckuil MeTox Ppassio-]
wenns, Hanpumep (Wang, 1978) wan (Yun, 1973, 1976)).

Hpedcrasaenue arzebpauteckux ssipasicerud 23

6panyecKuMH noasMu. Ecim 6H y Hac BCTpeHasNdCh TOJMBKO pa-
JUKaJBl, a He aiareGpaHuecKHe BHpaeHHs OGLIEro BHAA, TO MBI
MOTJIM OBl MCNOJIb30BAaTh aJrOPHTMHE H3 crarten (Zippel, 1977).

NPEACTABJIEHHE AJITEBPAHYECKHUX BBIPA)KEHHRA

Ecau MBl XOTHM pafoTaTh ¢ HeCKOJbKHMH (IJisl . IIPOCTOTH —
c IByMsl) anreG6paMvuecKUMH BHIPAXKEHUSIMH, TO INOSBJSETCH BHI-
6op: Mbl MoOXeM pafoTaTb C HHMH OGOHMH HENOCPeICTBEHHO B
npedCcTaBACHUL ¢ MHO2UMU NEPEeMEeHHbIMU W BHIPA3UTh UX 06a
yepe3 (6oJsee ci10:kHOe) anreSpaHuecKoe BHIpaxKeHHe, a MMEHHO
yepe3 NPHMHUTHBHLIA ') 3/eMeHT Ajas 3Toro noJsi (BO BTOpPOM
cayuyae Mbl OyAeM TOBODHTbL O APUMUTUBHOM NpedCcTA8AEHUU).
MareMaTuyeckass Teopusl IOYTH BcerAa odopMmisieTcss B TEPMH-
HaX NPUMHTHBHBIX 3JIEMEHTOB, TaK KakK 3T0 ympollaeT 0603Ha-
yeHusl H onucanusa. OAHAKO HCHOJb30BAaHHE NPHMHTHBHBIX 3Jie-
MEHTOB HM€ET W CBOM HEJOCTaTKH: B 3TOM Cllyyae MPHIULIOCH Gbl
npeacTaBants 4/ 2 - /3 4 4/5+ 4/7+ /11 noausomom cre-
nend 31 OT DPUMHTHBHOLO 3JeMEHTa, YAOBJIETBODSIONIEr0 ypas-
HeHHIO cTeneHH 32. OTO HpeicTaB/]eHHEe MOXKET OKa3aThCs 4pes-
BLIYAHHO TPYAOEMKHM, a, KPOME TOT'O, €ro BCe PaBHO NpPHAETCS
npeo6pas3oBLHIBATL KO BTOPOMY M3 PacCMATPHBAEMBIX BHIOB, €CJH
MBl XOTHM, 4YTOOH OHO OBLIO NOHATHO MOJb3oBaTen0. Kpome
TOrO, MOXKET OKasaTbes, 4TO 3ajaya, [OCTaBJeHHAs B TepMHHaX
IBYX ajreOpanyeckux phipaxenufl (Hanpumep, SQRT (X#2 —1)
i SQRT (X«%2 —2)), pasnaraercqa ua ABe NOA3aLaul, KaxKias
U3 KOTOPBIX 3aTparuBaeT TOJbLKO OJHO H3 3THX aire6GpandyecKux
BEIpaxkeHHH. B cucTeme, rje ABa BLIPaxKeHHS XPaHATCS Pasielib-
HO, O4eHb JErKO BOCIHOJIb30BaTbCs IPEHMYLIECTBAMH 3TOr0 pas-
JIO:KeHHs, a CHCTeMa C HUCHOJb30BAHHEM HPHMHTHBHOTO 3JIEMEHTA
Morga Obl CTOJKHYTBCH 3aech ¢ OOJbMIHME TpyaHocTaAMH. [lo
3TUM NPHYMHAM s HCHOJL3YIO NpejcTaBjieHHe C MHOTHMH Iepe-
MeHHLIMH, a He NpEeICTaBJeHHE uepe3 NPHMUTHBHBIA 3JeMeHT,
XOTa TakoH BHOOp — B OCHOBHOM JeJO0 BKyca. DTOT BONPOC pac-
cMaTrpuBaJcs Takxke u B paborte (Caviness & Rothstein, 1976),
KOTOpLle NPHIIIH K TOMY K€ 3aKJIOUEHHIO, HO TOxe 6e3 TBep-
IBIX TeOpeTHYEeCKHX A0OBOJAOB. MHTepecHo GBuIo 6B HallTH Takue
nosoael. CTOMT -3aMeTHTb, YTO KOMMEHTapHH K OIHCHIBAEMOMY
B ra. 7 amroputmy 3HAMEHATEJIb-AJITEBPAUYECKOTO,
KOTODHIH CTPOWT ONpejesiAlllee ypaBHeHHe A aJjreGpaunue-
CKOro ymcja ¢ LEJbI0 ONpefeJgUTh €ro 3HaMeHaTedb, He AalOT
BECOMHIX JOBOJOB HH B KaKyH CTOPOHY, TaK Kak Ta e KOH-
CTpykHus Gbpliia Obl HeoOXOAMMa H B CHCTEMe, OCHOBAHHOH Ha
e e

) Cu. (van der Waerden, 1976), § 46 pycckoro nepesopa. Tam mnpHMe-

HieTeq yeranosaenubiit B § 45 Qaxrt, uro noas xapaxtepHcTHKH ( cosepireH-
AU, 2 NOTOMY HMEIOT TOIBLKO cenapabesblble pacuIHpeHHs.
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NPUMHTHBHOM [pPEACTaBJIeHHH, XOTA ee OblI0 OB YyTh Jierye ;
IpOrpaMMHPOBATh. j

Ecan BHGpaHO mpeicTaB/ieHHe ¢ MHOTMMH N€PeMEHHBIMH, TO |
B OOWEeM cjyuae TMOJe HMEeT NDUMEPHO CJeAyoOIHfi BHA: |
{K(X,Y,Z)|F(X,Y)=0, G(X,Y,Z)=0}, rne F daxruueckn!)
conepxuT X u Y, a G nefiCTBHTENIBHO CONEPKUT Z H OJHY H3 Ile- |
peMennbix X,Y (Ho He 06s3aTesibHO 06€); TakHe NpeACTABJEHHS |
‘paccmartpuBaiorcs B paGorte (Shtokhammer, 1977). IIpumepom
apasierca {K(X,Y,Z)|Y2—1—X2=0, 22— 2— X2 =10}. Ecan
MBI BbIGEpeM 3TO NPEACTaBJEHHE, TO HAM HYyXKEH CIIOC06, MO3BO-
JSIIOH{HA y3HATb, HE3ABHCHMO JIH ajreGpauyeckoe BHIPaKeHHe OT
NPEALAYUIHX, T. €. MEXaHH3M pasJIoXKeHHs MOJHHOMOB Haj aJ-
re6pandecKUMH MOJNSMH OT HECKOJbKHX NMepeMeHHBX. Ero MOXKHO
IOJY4YHThb, HCHOJb3YsA pabory (Trager, 1976), rae omucad aaro-
putm ALG_FACTOR -(cM. Takke NOACTPOYHOE NpPHMeYaHHe K |
anroputmy AJIT_.®AKTOPH3ALIMS_2 B npunoxenun 3), cBo-
nsuumi npoGremy pasnoxenust Hax {K(a)|f(a)=10} x npobae-
Me passoxeHusi Han K. OTOT ajrOPHTM MOMKHO HTEPHPOBATh,
u4TOGBl CBECTH JeJN0 K 3ajaue passoxkeHus Hay K(X), a oHa |
OBlja pelllcHa BLIIIE.

ChenanHble BLIIIe 3aMeYaHHsi MOTYT CO34aTh BIEYATJEHHE, |
YTO CHCTEMa, XODOWIO OlepHPYIOUlas ¢ aireGpaHYecKUMH OOBEK- !
TaMH, yXe J0CTaTOuHa AJA aare6po-reoMeTpHYECKOH CHCTeMBI.
OumunGoYHOCTh TAKOTO BEIBOAA NOKA3BIBAET CJIEAYIOUIMA IpHMep
noBe/leHHs ajre0pavyeckuX BBHIPAXKEHHH NPH NPeoGpasoBaHUsAX

06LIYHO MpUMeHsieMoro Tuma: +4/x% — 1 -> (IpH mOACTAHOBKE X —> |

=1/x) A1 =1 = /1= 2/x=1i4/x®>—1/x - (npu nogcranos-
Ke x—>1/x, xoTopas menaercs, 4ToGB aHHYJHDPOBaTh AefiCTBHe !

npeablayliero npeo6pasoBaHusi) -—q/xZ— I; Tem caMbIM MBI |
nokasany,uro 1==- 1. Pellenne 310#f npoGeMbl COCTOHT B TOM, |
uyToObl HMeTb OTJENbHBIH 0asuc AJs ajreGpandecKuX OGBEKTOB

B cHCTeMe JIJsi KaXkJOTO «3HaueHHs» NEePEMEHHOH X, UYTOGH B
NpUBEJICHHOM TpUMepe Mbl He cTaju OB Bbipaxarth — /1 — x2

p Buie i v/x% — I, Tak Kak y Hac HeT OCHOBaHHH J[AenaTb 3To.
Takum o6pasoM, HyXHa Kakas-TO (OpPMa KOHTDOJIS MpOrpam-|
MHCTa HajJ CHCTeMOH, OMEpUpPYIoUiell ¢ anre6panuyecKUMH OOBeK-
TaMd. JTO TpeGOBaHHE, OJHAKO, HE COBCEM pPa3pPYLIHTEJbHO,
TaK KaK COBPEMEHHBIE aJITOPHTMBl ONpeJeseHHs] 3aBHCHMOCTEH |
MeX1y ajreGpanueckumu Bhipazkenusimu (Trager, 1976) umeror
N0 MeHbUIEH Mepe 3KCHOHEHIHMa/bHYIO (O YHCIY paccMaTpH-
BaeMBIX aiAre6panyecKux BHIPAXKeHHH) CJOXKHOCTb. [lo3ToMYy!

') 3ameruM, 4ro MB He paspelnaeM, 4ToOs F Boo6me comepxan Z, Mu
TpebyeM, urolb Kakioe airefpanueckoe BHIpaXKeHHe ObUIO ONPENeJEHO Uepes ]
npeapiaymue (a 3HaumT, yepea X) pOBHO OXHHM ypaBHeHHeM. UTo6w ocaa- |
6utp STO.OrpaHHUEHHe, HAM NPHLUNIOCH OB PacCMOTPETb BCIG MPoGieMy Gasy-
cos I'pébuepa (cM. obcyxaenue B cratoe (Buchberger, 1979)). 3

toT $akKT, 4To HaM He HY¥KHO paccMaTpuBaTh aJjre6pauyecKue
BhIpaKEeHHd, CBSI3aHHBE C OJHUM 3HAYeHHEM X, KOTAa MBIl palo-
TaeM C JAPYrHM 3HaueHHeM, MOKeT IPHUBECTH K DPadHKa/JbHOMY
YMEHbIIEHHIO CJIOXHOCTH.

COQBPA)KEHHSI, CBSI3AHHBIE C PEAJIU3AILMEN

3Jeck MBl PAcCMOTPUM HOpPaKTHUECKHE MOCJeACTBHA coobpa-
JKeHMl, BEICKAa3aHHHIX B NPEABLIAYIIHX pa3fiesaX, H ONHIUEM, Kak
ONHCaHHble OPOHECCH peasiu30BaHBl B Nporpamme (CM. TaKxke
npHaoKeHue 2, rie B 6ojiee TeXHHUECKHX TEPMHHAX OOCYK/AA0TCs
n3MeHeHns1, cienanusle B nporpammMe REDUCE-2).

Camoe BaxKHOe OrpaHHYEHHE COCTOHT B TOM, YTO IporpaMma
paboTaeT TOJbLKO ¢ KBaJpaTHBIMH KODHsMHM, T. €. ypaBHeHHe
F(X,Y) momxuo umerp BUR Y2 — G(X). Tak Kak Mbl NPUHAJIH
npeicTaBjieHde ¢ MHOPHMH MepeMeHHHMH JJs aare6pandyecKkux
BHIDAXKEHHH, MBI MOKeM NPeICTABHTb HECKOJbKO KBaJpPaTHBIX
KOpHEH OJIHOBDEMEHHO, a TaKxe M KODHH H3 KopHe#. Peuienne
BBECTH 3TH OTpaHHUeHHSI OBLJIO NPHHATO H3 YHCTO NPAKTHUECKHX
cooOpaxeHHil: Bce NpobJeMbl HHTErPHPOBAHMS MOKHO NPOHJIIO-
CTpHpOBaATb Ha NPHMepax, rje Y4acTBYIOT TOJbKO KBaJpaTHBIE
kopuu. C apyro#l CTOPOHBI, MPOrpaMMel, pafoTaiollie TOJbKO C
KBaJpaTHBIMH KOPHSMH, ropasfo Kopoue'!) H (QYHKUHOHHDPYIOT
cyuiecTBeHHo OvicTpee. Tak Kak paspafoTka IporpaMMbl MOTpe-
GoBaJjia HANPSAXKEHHONO HCIOJb30BaHUA HMEBLINXCS BBHIYHCIHTEJb-
HBIX PeCypcoOB, 3TH COOGpaxKeHHs] OKa3a/JHChb UPe3BblUalHO Bax-
HBIMH.

Ilna xaxpaoro «GasucHoro mefica» (3TOT TEPMHH DasbsicHS-
eTcsl B CJIEAYIOIIEM pasfesie, HO NOKa €r0 MOXKHO NOHHUMATb Kak
sHauenue X ¢ COOTBETCTBYIOIUMME 3HaueHHAMH Y, ...) MH Xxpa-
HMM OTHeJbHHH CHOHCOK ajreGpanuecKkuXx BHIpaXKeHHH, onpefe-
amomux noae {K(X,Y, ..)|F(X,Y,...)=0, ...}, npuuem
KaxJoe TAKOe BHIpayKeHHEe ONpeAessAeTcsS ypaBHEHHEM, HelPHBO-
IUMBIM Haj pacuIMpeHHEM, ONpejesieMbIM BCEMH MpelIlecTBeH-
HUKaMH JaHHOTO BhipaxeHusl. BCsSKHH pa3 Korla B paccMoTpe-
HHe BXOZMT HOBOe ajrefpanuecKoe BLHIDAXKEHHe, OHO IIPOBepsercs
Ha HEe3aBHCHMOCTh OT CIIHCKA, COOTBETCTBYIOMIErO HajJerkalleMy
6asucHoMy mieficy. DTOT MeXaHH3M NO03BOJseT H30exatb TPy~
HocTefl, ONMCAHHBIX B KOHIE NpeIBIAYINEero pasjena, H Mpel-
OTBpalaeT NPOBEPKY aareGpaHyecKUX BHIPAXKEHHA Ha He3aBH-
CHMOCTb B TeX CJydasx, KOIJla 3TO He HYXKHO. ,

B peficTBuTesbHOCTH MBI - paboTaeM He B IePEMEHHBIX
X,Y, ..., a toneko B nepemenHoit X. Ilepemennas Y (xoria

————————

!) TnaBRas mpHuMHA 3TOCO B TOM, YTO Y KBAJPATHOTO KODHA POBHO OLHH
CONpsKeHHBIH, KOTOPbA MOXKHO IOJYYHTb, H3MEHHB 3HAK Y [AHHOTO BHIpaXKe-
HHS, B To Bpems Kak aireGpanueckoe BhpakKeHne oOuiero BHAa Aaxe He 06s-
3aTeNbHO OmpeeNieHO HAA TOJIEM, TIe JIEXKHT HCXOAHOE BHIPaXKEHHE.
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sajiaHo cootHoureHne F(X,Y)=Y2— G(X)=0) npeacrasaser-
cs1 BeipaxkenneM SQRT (G (X)), koTopoe BXOIHT B SIAPO CHCTEMBI |
REDUCE-2 (Hearn, 1973), T. e. ¢ HuM MOXHO o6pallartbcs Kak j
C OTAEJbHOH MepeMeHHOH NPH NOCTPOEHHH NOJHHOMOB H DallHo-
HanpHHIX ¢yHKUHA., B nporpamme wucmose3yercss (¢ HOMOIUBIO |
onucanus B cucteMe REDUCE-2) npaBuio ynpolieHHs '

FOR ALL Z LET SQRT(Z)*+2=2Z,

a Heo6XoIHMble BBI30BH CTAHAADPTHOH MpPOUEAYPH YIpPOLICHHS
BIHCaHBl B TEKCT HOPOrpaMMbl B HYXKHEIX Mecrtax. (B pgedictBu-
TENBHOCTH NporpamMMa Gbljia ONTHMH3HPOBaHA — MOAPOGHOCTH |
cM. B 0. 4 mpujoxeHus 1.) IToT mpolece, K cOXaJeHH0, gpe-
BAT MOSIBJIEHMEM OINHGOK B IporpaMMe, W MHOTME H3 HHX |
6BlIM  BHI3BAHBH JIHIIHHMH yhpolleHusaMmu (T. e. paboToii B
{K(X,Y)|F(X,Y)=0}, xorna nyxHo 6bio K(X,Y)) mnam, na-
06OpPOT, HX OTCYTCTBHEM.

To, 4To MpONENYpY YHPOIIEHHS] HYKHO BHI3BIBATb JIHIIbL «HHO-
rXa»,— OfHA H3 CaMbIX THAKEJHX MPO6JEeM NpH HCIOJb30BAHHH |
cucreMsi REDUCE-2 nns aare6panueckux npeoGpasoBaHmuit; |
Te e Npo6/eMBl BO3HHMKAIOT H Yy MHOIMX APYI'HX CHCTEM KOM- |
npiotepHoit anreGpel. Oxgna u3 mneaedl cucremnl SCRAT-
CHPAD/370, paspabaTeiBaeMolt B HacTosilllee BpEMsi B OTAeJe-
aur IBM B Hopxkrayn-Xaiitce (Jenks, 1979) u (Davenport &
Jenks, 1980),— ycTpaHeHHe 2TOH KOJJIN3HH IyTeM DacHIMpeHH:
8anaca BO3MOXHEIX o6sactell BHIUHCJIECHYS.

AJITEBPAHYECKASl TEOMETPHS

- Mp MoxeMm paccMaTpuBaTh coortHouteHHe F(X,Y)=0 kak ;
PAaBEHCTBO, onpejieisioniee anre6panyecKyio KPUBYIO B IPOCTpaH-
cree K(X,Y), u 370 oKa3biBaeTcsl BeCbMa IOJIE3HOH TOUYKOH 3pe-
HHsS BO Bceli ocraBuieiics yactu Hamrefi kuurn. O63op anreGpan-
YeCcKHX KDHBBIX W anreGpanuecKod T€OMETPMH HA HYXHOM HaM
yposne umeercs B kuure (Fulton, 1969) mam (Seidenberg, 1968).
Unpcto aare6panueckuit moaxold MoxkHo Haiith y (Chevalley,
1951), a cmemannmii moaxox coxepxurcs B kHure (Eichler,]
1966). AareGpanueckyio KpHBYI0 MOXHO PacCMaTpPUBaTh KaK PH- |
MAaHOBY TOBEPXHOCTb C BeTBSIMH, HO B AeHCTBHTEJBHOCTH ajre(- |
pauyeckKHe reoMeTpn OOBLIYHO TOBOPAT O «mjedcax». Ilaedic —;
STO TO K€ CcaMoe, 4TO BeTBb, XOTA CTaHZapTHOE onpejeseHHe’
dbopMyJaHpyeTCs Ha A3BIKE JIOKAJbHBIX KOJIEIl HOpMHpPOBaHHH. T'o-;
BOpS O TuIeiice, sedcaujem Had 3nauennem A nepemenzofi X (rae
A MoxeT OHTb M GECKOHEUHOCTBIO) HJIH YEHTPUPOBAHHOM STHM |
sHayeHueM, Mbl uMeeM B Buay, uro ¢yHkuusa X —A (wm 1/X
B cayyae GECKOHEUHOCTH) NpHHMMaer 3Hayenue 0 B 3TOM mieiice.

PaccmaTtpuBaeMasi ajre6papyeckas KpuUBasi MOXKET HMeTb
KpaTHbE TOUKH, HO s KaxAofl anreGpandeckodl KpuBo# (u And
JI060ro KOHEYHO MNOPOXKAEHHOrO aJjre0pauiyeckoro pacluMpeHus
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noas K(X)) uMmeercss «HeocoGasi MojJeJb» 3TOH KpHBOH (CM.
(Fulton, 1969), ra. 7, TeopeMa 3 u ee cJeACTBHE), KOTOpas IO-
Jy4aercsi H3 HCXOAHOA KPHBOH IyTeM <«pasiyBaHHs» BCEX ee
ocobenHocTell. dra ob6pasHas TEPMHHOJIOTHSL 03HAYAET, YTO TOUKA
M70CKOCTH, KOTopasi Obljia KpaTHOH TOYKOH, 3aMeHeHa JHHHEH,
a KpaTHasi TOYKa HAa KPHBOH 3aMeHeHa HECKOJbKHMH 0oJjiee mpo-
CTHIMH TOYKAMH, H €CJH IOBTOPHTbL 3TOT HPOUECC AOCTATOYHOE
YHCJO Pas, TO Y HAac OCTAaHyTCsl TOJBKO IpocThie ToukH. K coxa-
JIeHHIO, 3Ta Heoco0asi MOJEJL yiKe He sBJIAeTCs KPHBOH Ha IIOC-
koctu X, Y, oxa TpyaHO o603puMa u ¢ He#l HeJIETKO ONepPHpPOBAaTh
nemocpeacTBenHo. [loaToMy Teopema o CyLleCTBOBAHHH HEOCOOBIX
MOZeJell He CJAHIIKOM [OJE3Ha B BHIUHCJAHTENbHOM acIeKTe.

C reoMeTpHYecKOH TOUKH 3DEHHS BO3MOXKHH [Ba TUMa NOBe-
JeHHs] KPUBOH B OKPeCTHOCTH KPAaTHOH TOYKH B 3aBHCHMOCTH OT
HaJMYHsl KPaTHBIX KacaTeJpHbIX. KpuBad Y?=X?—X® umeer
B HauaJe KOOPJAHHAT TOUKY KPATHOCTH 2 C JABYMS OTAEJbHBIMHU
KacaTeJbHbIMH, a KpuBas Y2 == X®— TOUKy KpaTHOCTH 2 C eJUH-
CTBEHHOM KacartejbHoH. Pasymeercsi, B AaHHOH TOYKEe IJA AaH-.
HOH KPHBOH MOIYT peaju3oBaTbcs 06a 3TH THNA NOBeleHHs (Ha-
npuMep, MOXKET CYLIeCTBOBATh TOYKa KPATHOCTH 7 C TpeMs Ka-
caTeJbHBIMH), HO 3Ta CUTyalus He CJOXKHee IO cyilecTBy. Touka
KPATHOCTH 7, B KOTODOH HMEeTCs 7 DPAas/HYHbIX KacaTeJbHbIX
K JaHHOH KPHBOil, Ha3biBaeTca 006i4Hold KpaTHOH Touko#. Ha-
MHOrO IIoJIe3Hee NpecOpa3’oBaHMs, ONHCAHHOTO B MHpPeAblAYyLIEM
aG3ale, oKasbiBaeTcs NpeoOpasoBaHHE NJIOCKOA KpPUBOH B Oupa-
HHOHANBLHO SKBHBAJEHTHYIO IIOCKYIO KDHBYIO, BCE KpPATHEIE TOU-
Ku KoTopoit o6eunble (cM. (Fulton, 1969), ra. 7). Ha npaktuke,
KaK IPaBUJIO, NOCTATOYHO HPOM3BOAUTL 3Ty IJIHMHHAUUI 0CO-
GBIX TOUEK <«JOKaJbHO», T. €. YCTPaHSATh HEOOBIUHYI0O KDaTHYIO
TOUKY, €CJIH OHa MeIIaeT, a He MbITaThCi HAWTH BCE KpaTHbIE
TOUKM M NPOUSBECTH Npeobpa3oBaHHe I/ BCeX HHX. DTH MpH-
eMBl IJIIOC PACIO3HAaBaHHE OOLIYHBIX KPATHBIX TOYEK MO3BOJISIOT
HaM TPOU3BOJUTH BBHIUHCJEHHs Ha aJre0panuyecKuxX KpPUBBLIX, He
Nyrasicb NOTEHIMAaJbHBIX OCOOEHHOCTEH, XOTS HporpaMma IOJIXK-
Ha Bcerja OpeiyCMaTpHBaTb BO3MOXKHOCTb IIOSIBJIEHHs OCOOEH-
HOCTH M NPOH3BOAUTH HEOGXOAHMBIE NIPE0OPa3OBaHHUS.

Euie oauH Bua npeobGpa3oBaHull, KOTOPHIE 4acTo MOXKET IO-
Tpe6oBaTLCSA, 3T0 OUPAYUORAAbHbIE NPeoOPA30BARUS, T. €. TaKHe
oTOGpakeHusi KPHBOH B NpPOCTPaHCTBE (X1, ..., Xn) B KDHBYIO
B npocTpaHcrBe (Y1, ..., Ym), UTO BCE X; — PALHOHAJIbHBIE (DYHK-
LHM NmepeMeHHBIX y; H HaoGopoT. Ecau uMeercst GupanuoHasbHOE
npeoGpasosanue A B B, To MBl FOBODUM, YTO OHH OUPAUUOHAALHO
9KBUBAACHTHOL. :

Jlemmal) 1. [Jse xpusole GUPAYUOHANLHO 3KBUBAAEHTHbL TO~
2da u Toavko TO20Q, K020a UX NOAS PYHKYUIL U30MOPEPHYL,

') (Fulton, 1969), npeanoxenue 12, ¢, 165,



28 Ta. 2. AneeBpauueckue 8bl4UCNERUR

PA3JIO)KEHUYA MIOU30

BaxHBH HHCTPYMEHT ajire6pauyeckoil reomeTpun — TEOpUA
pasaoncenutl ITrougo. Pasnoxenue Tliouso B AaHHOM mJefice —
aHaJIor pasJoxeHust B psif JlopaHa B OKPECTHOCTH LaHHOMl TOU-
KM, XOpOLIO 3HAKOMOrO M3 OOBIYHOH Teopun ¢ysxuni. TouHO
TaK e, KaK B OOBIUHON TeODPHH (QYHKIMH, Mbl HE MOXEeM BEIpa-

sutb X B Buie psiaa Jlopana (¢ UeJbIMH NoKa3aTeJqsiMH) 1O
crenensm X, mu He Moxem B noae {K(X,Y)|Y?— X = 0} BH-
pasuth Y B BUIE Pa3JOXKEHUS [MTonzo no X B Touke X = 0, x0T4
MbI MOKeM BHpasuth X depe3 Y B TOi e TOUKE. Oaunako A1
M06oro Mueiica, COOTBETCTBYIOLLEro seMenty A (MM ¢ UeHTPOM
B A), Bcerja HMeercs HEKOTOpas Apo6Has CTeNeHb BBIPAXKEHHU
(X —A) (umm 1/X B caydae GeCKOHEUHOCTH), TakKasg 4YTO BCE
dynkunn w3 {K(X, Y)|F(X, Y) =0} MoxHO BHPasuTh B BHAC '
pasfioxkeHuss IlioM30 1O 3TOH CTENEHH (cm. (Chevalley, 1951),
ra. 1, Teopema 2). Ecau Bce (QYHKUHH MOryT GHITb BBIPAIKEHHI |
B BHje pasjoxeHuit [Tionso mo HeKOTOpOli (UKCHPOBAHHO! QYHK-
MM OTHOCHTEJBHO NAHHOro IJefica, a HHKaKas lLenas CTeleHb
5Tofi (PyHKIMH HELOCTATOYHA, TO 3Ta (QyHKIHS HA3HIBAETCHA YHU-
popmusyowei (nepemenHoll) WA NOKQAAbHOLM NAPAMETPOM. Ham
IpHAETCS. 4acTo BCIOMHMHATh O TOM, UTO (X —A) nm 1/X ne
0653aTeIbHO SBJSETCS JOKAMbHEM Nnapamerpow. Ilnekc, B KOTO-,
pOM STO BHIPajKEHHE He SBJISETCS JOKAILHEIM napameTpoM, Ha-
3bIBACTCS PABBETEAEHHbIM, @ CTeleHb, B KOTOPYIO HYKHO BO3BE-
CTH JOKaJbHH napameTp, 4ToObl TOJYYUTH (X —A) mmm 1/X,
naspBaeTca undexcom gersaerus’) (TaK 4TO AJIs HEPASBETBJIEH-
HOFO ILIelica MHIEKC BETBJEHHS paBeH 1).

Me onpenensieM nopadox QYHKUHHA B nsefice Kak 4acTHOe OT
JeJeHHsl HHAEKCA TNePBOTO HEHYJEeBOro UjeHa ee pasJiokeHH:d
Thouso B 5TOM WJjelice Ha WHAEKC BETBJIEHHS STOrO JIOKAIbHOTO
napamerpa. OueBUAHO, 4TO 3Ta BEJHIMHA HE 3aBUCHT OT BHIOpaH-

HOro JIOKalbHOro mapamMmerpa.

CTPYKTYPBH! JAHHBIX IJifl MJIEACOB

Ham Tpebyercst KaKas-TO CTPYKTypa IaHHBIX, yToBHl Mpen-
CTaBUTb B Hallefl IporpaMme MaTeMaTHYeCKoe NOHATHE nsefica.
WaGpannbii MHOH OO (opmar 3Toft CTPYKTYPHl MAHHBIX —;
[OJCTAHOBOYHEI CIHCOK S3bKa JIMCH, T. €. CHHCOK, COCTOSILMA
u3 map (crapoe 3HaueHue, HOBOE 3HaueHHe). . s

[lepBas napa CIHCKa OIpejeJssier 3HAaueHHe nepeMeHHOH HH-
TerpupoBanus (BO BCeX INpuMepax —3T0 nepeMensas X), Hajx

1) TepMuHEL «pa3BeTBJCHHLI» U «HHIEKC BETBJICHHI» KCIOJBL3YIOTCS TaK-
e W B anrebpanyeckofi reoMeTpHH B HECKOJBKO HHOM CMBICJIE, H B 3TOMY
cMBICJle OHH HaM TOXe IoHaaobsrcs B O 8 (rme u 6yayr onpenenenst). Hs
KOHTEKCTa Beerja GyHer SICHO, Kakoe NOHUMaHHE MEL B . aHHBIII MOMEHT HMee
B BHLY — PEOMETPHYECKOE H/IH TEOPETHKO-THCIOBOS.

MHTasg s PAacKpHITHSL HeolpeleseHHOCTed, T. e
lim F(X)/G (X) == lim F'(X)/G’(X), ecan G(0)= 0. Xorss sto

no y
}KeHHbIM BE€JIHUHHAM
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KOTOPBIM JIEXKHT paccMaTpuBaeMblfi mieiic. Ecau nuaefic gexur
Haj X =0, 1o nepBas napa ectb (X.X); ec/H maeHc JEXHT Haj
OCCKOHEYHO yJajieHHOH TouKoH#, To mepBas napa (X QUOTIENT
| X); ecan OH JeXHT Hal Toukol X ==a, TO nepeas mapa
(X PLUS X —a). Ilocse TOoro Kak Takasi NOACTAHOBKA BEINOJ-
HeHa, nepeMenHast X NpHHHMaer sHayeHHe 0 B TOUKe, HaJ KOTO-
pO¥ JIEXKHUT TJeiiC, ,

Oxnnako X He 06s3aH GBITb JIOKAJBHEIM MapameTpoM. Bropoii
9JIeMEHT CIIHCKA — 3TO NOACTAHOBOYHAs mapa, HO}IOﬁpaH'HaH TaK
uTOGBl CHPABHTBCS ¢ 3TOl HPOGJeMOil (ecau OHa HMeeTcs) On
umeer Bug (X EXPT X n), rme X!'"— nokanbHbi napafvxer
paccMarpuBaemoro mjefica. Ecaun yxe cam X 6nla JIOKaJIbeINp[
napaMeTpoM, TO 3Ta KOMIIOHeHTa OTcyTcTByer. OmucaHHBE ABe
KOMNOHEHTH CIHCKA (BTOpasi MOKeT OTCYTCTBOBaTb) 06pa3yioT -
6a3ucnbt% naelic, T. €. TAKOE BbIpaxKeHHe JOKAJbHOrO Iapamerpa
B JAHHOH TOUKe, 4TO JJsI €ro [Peo6pPa3OBaHHS B OIHCAHHE
MJIEACa HYXEH JIMIIb HEKOTOPHIH CIIOCO0 BBIIEJEHHs TOro Ivieiica
HaJl 9TOH TOYKOH, KOTOPBEIA MBI HMeeM B BHAY.

OcraBmadcst yacTh CIHCKA npeiHAa3sHauyeHa AJIs TOro, YTOGHL
OTIMYATh JPYr OT ADPYra PasiHuHbe MNJIEACH, Jexalue ;-Ian ol-
HOH M TOH Ke TOYKOH. 3T0 MOKeT GHITb ropasio TpPyAHee, ueM
KaXeTcsl, TaK KaK IVICHCH B HEKOTOPOM CMBIC/IE HepaSJIH‘I’HMbI'
BCE OHH — KODHH ajre6panyecKoro ypaBHEHHS, onpeﬂenmomerc;
paccMaTpuBaeMyl0 KpHBYI. MOXXHO HDHHATb COBCEM INPOH3BOJb-
HOe pe;ue}me, HanpuMep 06O3HAUMTbL OAHMH H3 KOpHeii!) ypaBHe-
nusi Y? = X? — 1 uepes SQRT(X##2—1), a xpyroit — uepes
—SQRT (X«##2 —1). Torra paccmaTpuBaemasi yacTb CIHCKa CO-

AePXKHUT NMOACTaHOBOYHBE mapw BHAa (Y.Y) niau (Y MINUS Y)
rae Y — soipaxenne Buga SQRT (mosunoM ot X); Y HpeIlCTaB:
J€H B BHAE BBIPAKEHHs!, KOTOPOE HOJYYHIOCH Obl, €Cjik Obl Ipe-
o0pasoBaHye, 3aKOAUPOBAHHOE B TEPBOH H BTopo;?I 9acTsX CIHC-

Ka, yxe GBLA i i
=’X}; 1710 nposeneno. Hanpumep, nBa mieiica xpusoii Y2 =

-+ X® 41, KoTophle JlexxaT Haj GEeCKOHEYHOH TOYKOi, —

((X QUOTIENT 1 X)(exprexpr)) u (X QUOTIENT 1 9)?))

(expr MINUS expr), rxe expr ects SQRT (1 + X + Xixd). ‘
Kasasoce 6bl, 4T0 NpH TAaKOH CTPYKType HAHHBIX MOXKHO He-

Lli)cpeﬂcmeﬂﬂo BBIUMCIATL 3HayeHUs] QYHKUMH B mjelicax: Io-
aTOYHO MOACTaBUTb X == ( B pe3y/ibTAaT NOACTAHOBKH BHIpaiKe-

HUS 1u1g 1Jefica B BhIpaxkeH
ue anas ¢ysxnuu, K coxanenumo
YacTo npuBoAuT K orsery 0/0. 7

Ha 910 ecrecTBeHHO OTBeTHTH WCHOJIB3OBaHHeM mpaBuia JIo-
paBeHCTBa

1
) B caygae xorna F(X, Y) ne umeer muna Y2 G(X), a ero cremessb

a o
PaBHa n, Mul 16/Y}leM HMETb N BO3MOXKHOCTEH, COOTBETCTBYIOUIHX conpA-
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IPABUJIO UPE3BLIYAAHO TOJIE3HO AJif MaTeMaTHKa, HET rapanThi, f
yto OGyjeT Jjerue BBHUHCAMT 3Hauenue F'(X)/G'(X), uem
F(X)/G(X). 3To BHOJIHE MOXKET 0Ka3aTbCsl TPYJAHeE — UHTaTelb,
6bITb MOXKET, HE COYTET 3a TPYA paccMOTPeTb BhIpaiKeHHe

iX—AZAA— BT X
A+ANXTF R

rae F/ u G’ cnoxuee, ueM F y G. B neficTBHUTEJbHOCTH OTBET
Ha BO3HHKIIYI0 NPOOJIEMY TaKOB: BHIYHC/IATL TaKHe 3HAYEHHS, ]
KaK Kosp¢uuuentsl npu X° B pasnoxenun [Tionso. XappHHITOHY
B cBoeii pabore (Harrington, 1979a) o Bbiumc/eHHH NpenesoB
NPUBOAUT MHOroo6pasHbie NpHMeHeHMs Npasusa Jlomurans, HO
B KOHIl€ KOHLOB IPH3HAET, 4TO psbl Tefjopa (9KBHBaJIEHTHbIE'
passoxerusM ITion3o) MOryT okasarbcst HEOOXOAUMBIMH /IS BHI-
YHCJIEHHs] HEKOTOPBIX NPeJesoB.

Bbl'{PlCJiEHPlE PA3JIO)KEHUH HIOH30

Beiuncaenue pasnoxenuit Ilouszo — sagaua, BecbMa noxoxas
Ha BbIUMC/eHHe pAJoB Te#sopa (uau, TouHee, Jlopana). Hpexmue‘
yeM OTMaxHYTbCA OT 3TOM 3ajayH KaK COBCEM TPHBHAJbHOM,
CTOMT PaccCMOTPeTb BOIPOC: 4eéMy paBeH Kos(¢uuueHT npu X
B pasaoxennn (14-Y)/(1—Y), rne Y2=X24-1?1). Bbunc~
JieHHe «B JioO» maeT Ham orBer 2/0, a A5 NOJY4YeHHs NPaBHJIb-
HOTO OTBETa HaM MPHILIOCH Obl HaliTh KO3(PGHIMEHTH npH X3
B pasnoxenus 14Y m 1—Y. Kpome TOro, BHIUMC/IHB CTENEH-
HOH psll, cKaxeM BIVIOTb A0 wieHa ¢ X% Mbl MOxeM OGHapy-
¥HUTb, YTO HAM HY:KeH wieH ¢ X5, u Gbljio 6l PACTOUHTENbHO Ied
PEBHIYHCAATL BECh DAL CHOBA sl TOTO, YTOOLI MOJYYHTH ClIe-
LYIOLIMH YJIeH. .

Hamnyuinas TeXHHKAa TaKOro pasBOpPauHBaHUs PsAOB — ITO
«HETOJHBLA, HO TOUHHH» moxxox Hopmana (Norman, 1975)%
HopMaH pesioMHpYeT CBOH 3aMwices, FOBOPS, YTO MPH HCHOJb30A
BAaHHH €ro [AaKeTa «CO03JaeTcs Breuyat/eHue, 4To paboTaellb CKO:
pee C HOJHBIMH, YeM C YPE3aHHEIMM, CTENCHHBIMH psiaMH. Bl
YHCJIEHHSA BHINOJHAIOTCS TOJIbKO TOrJa, KOrAa AelaerTcs NMOMbITKA
BBIBECTH HJIH MCHOJIL30BATh Des3y/bTaThl, TaK YTO HHKOrAa HE
IPOUCXOAHUT GecnonesHod paGoThr». 1

Hopman cymes HCHONB30BaTb CHCTEMBl NpPABHJI H OLEHOHN
SCRATCHPAD, urto6bl c03AaTh ype3BblYalHO TOHKYIO peanusa
uuto. ¥ Hac B cucteme REDUCE-2 Her sToro MexaHusma, HO MH
MOXKEeM BHINOJHATL SKBHBaJeHTHle ¢yHKIMH. Ilpencrasienng
passoxenus ITi0M30 — 9T0 CTPYKTypa NAHHBIX, COAEpKAlIAsh JIBY
KOMIIOHEHTHI: CIHCOK YK€ BBIYHCJIEHHBIX YJICHOB H METO/ BBIYHC

1) B ReACTBHTEJbHOCTH OTBET PaBeH —2,
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& UsU30pbL

JICHHS HX 3HauYeHuit, T. e. omeparop (-+, —, «, /, SQRT), u
CIIHCOK apryMEHTOB, KOTOpbie caMH SIBJSIOTCS pa3jIoXEeHHIMH
[110H30 KOMIOHEHT UCXOAHOTO BHIPAKEHHI.

JAHBH30PbI

M Moxem mocTpoHTh CBOGOAHYIO aeseBy rpymmy, o6pasy-
IOIIMMH KOTOPOH SIBJIAIOTCS BCe IUIeHCH ajreGpauvyeckoil KpHBOI,
T. €. MHOXECTBO BCeX KOHEUHHIX HabOpOB MJIEHCOB C LEJAbIMH
KDaTHOCTAMH. DJIEMEHT 3TOH TDYNNB Ha3HBaeTcss OUBU3OPOM.
DTy rpynmy MOXKHO 3alHCHIBATH MYJbTHIIHKATHBHO HJH aiIH-
THBHO, H B JIUTEPAType HCIOJb3YIOTCH 06a cnocoba. OGLIYHO HaMm
Oyaer yAOGHO 3amuCHIBATL €€ MYJbTHIUIHKaTHBHO. CyMMa Bcex
KPaTHOCTEH HA3LIBAGTCA CTenenvio AUBH30pa. MoXKHO cuHTaTh,
YTO KPATHOCTH B JHMBH30pE [OKA3HIBAIOT, SBJISIETCS JH AaHHBIA
nIeic KOpHeM (KDPaTHOCTH, YKa3aHHOH B JUBH30DE) HJH MOJIO-
coM (KpaTHOCTH, YKa3aHHOH B JAHBH30De, HO 6e3 ydeTa 3HAKa
MHHYC) omnpeneneHHoli ¢yHknun. B stoM ciyuae aususop D
HasblBaeTcs Oususopom stolt ¢yuxyuu f, 1 Mbl numem D =(f).
Jlibas QyHKUHA, OTMIHYHAS OT HYJEBOH, HMEET AHBH3OD, H OTO-
OpaxKeHHe MYJbTHUIJIMKATHBHONH TIPYNNbl HEHYJNEeBHIX (QYHKUHH B
rpynny AMBHU30DOB fBJIAETCS B JeHCTBHTEJBHOCTH TI'PYIIOBHIM
romoMopdpusmoM. Hapo 3Toro romoMopdHaMa — B TOYHOCTH MHO-
KECTBO NMOCTOSIHHBIX (QYHKIHH (T. €. HeHyJeBhX aaeMeHTOB K).
HMuBusop ¢ynkuun Bcerna umeer crenensb 0 ((Chevalley, 1951),
ra. 1, Teopema 5), HO o6GpaTHOe BepHO He Bcerga. B uacTHOM
cryuae K(X) sTo BepHOo, Tak Kak Mu nepeMHoxkaeMm (X — A)¥
IJIsT BCEX KOHEUHBIX IJIEHCOB, JiexKamux Hajg A ¢ KpaTHOCThIO N,
a 3T0 JAaeT MNPAaBHJbHYI0 KPAaTHOCTh Hajl GECKOHEYHOCThIO. JlH-
BH30p Ges OTpHIaTeJbHBHIX KPaTHOCTeH HasbBaerTcs adgex-
TUBHbIM. ‘

Has pusmsopa crenesn 0 HMelOTCs, BOOGLIE TOBOPS, BCEro
3 BoamoxHOCTH. B mepBoM ciyuae oH sBJIseTCH AHBH30DOM He-
koropoit ¢ynkuun u3 {K(X,Y)|F(X,Y)=0}, u torza Mu roso-
PHM, 9TO STOT JHBH30D SIBJSIETCS 2AQ8HbLM HJH UTO OH AUHELHO
SKeusanenten Hyato. Bo BTOpoM ciyyae HEKOTOpasi €ro cremeHb
JUHeHAHO SKBHBAJIEHTHA HYJIO, H TOLZa MH TOBOPHM, 4TO 5TOT
AVBH3OD PAyUOHANLHO 3KBUBAAEHTEH HYAND WJIH SIBJASIeTC Ousu-
80pom ¢ Kpyuenuem. B TpeThem ciyuae HHKaKasd ero cTeneHbp He
ABJifieTC AMBH3OPOM (PYHKIHHM, M TOTZa MBI FOBOPHM, 4TO 9TOT
AUBH30p (paUMOHANBHO) He sKeusarenten Hyao. Ecau pusnsop
PAIHOHA/ILHO SKBHUBAJEHTEH HYJIO, TO €ro nopadkom Ha3bBaeTcs
CT€neHb, B KOTOPYIO €ro HYXKHO BO3BeCTH, YTOGH OH CTAJ JH-
HellHO $KBUBaJIEHTEH HYJIO.

cayaae noas K(X), xak 3aMeueHO BHIIIEe, MOXHO TPHBH-
&IbHLIM 06pasoM HaliTH Aas JioGoro IMBH3opa creneHn 0 co-
OTBeTCTBYIOMYI0 eMy (YHKLMIO, H NOTOMY TaKOH AHBH30p JIH-
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HeiHo sxksuBaJsieHTeH 0. B o6iieM cayuae 3To He Tak, u Iporpecd
B npob/eMe HaXOXAEHHS (DYHKIMH, COOTBETCTBYIOLLEH THBH30DYS
KOTOPHH JuHEeHHO akBuBajieHTeH (, OB JOCTHCHYT B paboTel
(Coates, 1970), conepxkanue KOTOPOH H3Jjaraercs B ciaeAyolie
rJaBe, :

AP PEPEHILUAJDI

HAuppepenyuar— ellle 0JHO NOJIE3HOE MOHSATHE W3 ajrebpau-i
geckoit reomerpuu. Ero MmomHo mpeacraBasite cebe Kak Bhipa-
xkeHue BuAa f(X)dX, xoTs cTporoe omnpeneseHHe AOJKHO OBITh
ropasno 6osee aberpaktHbiM (cM. (Fulton, 1969), p. 203—205,;
win (Shafarevich, 1972)). Mu ortoxiectBasem auddepennua-
JIEI, PaBHblE B CHJIY OOBIYHBIX [IPABMJ 3JE€MEHTAPHOTO MaTeMAaTH-
YecKOro aHaausa, noJaras, Hanpumep, d(X2)=2XdX (oznako
CHOBA CM. TouHoe omucanue B Kuurax (Fulton, 1969) uan (Sha-}
farevich, 1972). Mm MoxeM oueBHAHHIM 00pa3oM mHpeBpa-f
THTb MHOXeCTBO AuddepeHilnajoB B MOAYJb Hajx InoJjeM}
{K(X, Y)|F(X, Y)== 0}, nonaras, Hanpumep, ¢cdX =d(cX) nasl
aseMentoB ¢ nosas K. IlpocrpaHcTBo Becex nubdepeHUHENOB —3
1-mepHOe BekTopHOoe mpoctpaHctBo Hany {K(X,Y)|F(X,Y)=0}}
u dX — ero 6asuc. .

Ecan { — yaudopmusyomuil napamerp miaeidca P, to awo6oil
puddepeHnuas MOXKHO 3amucaTh B BHAe [df 17 HEKOTOPOTO |}
3 {K(X,Y)|F(X,Y)=0}. [TonoxuM 10 ONpeieJeHHIO, YTO O]
psadox puddepenunana B miefice P ectb nopsiaok f B P (310 —
KOppekTHoe onpelenerue, cM. (Fulton, 1969), ra. 8 mpeanoxe-
‘Hue 7). CuefoBaTeNbHO, MBI MOXKEM ONpeleJuTh Oususop dug-;
hepenyuaaa TOUHO TaK Ke, KaK MBI PaHbIE ONPEAEJHIH JHBH-
30p GyHxuuH. OTMETHM CyIIecTBEHHOE pa3juuue MeXAy STHMH
IAByMSi MOHSITHSIMH: AuBH30D ¢yHKUMH 1/X — 3TO mosioc mopsi-]
ka | B Hyse W HyJap nopsiixa | Ha GeCKOHEYHOCTH, B TO BpeMs
Kak nuBu3op auddepenunana 1/XdX —sro mosoc mopsinka |
B HyJe u moJoc nopsaiaka | Ha GeckoHeuHocTH (Tak Kak ¢ =1/Xi
SBJISIeTCT TaM YHHGOpPMH3YIOIHM napaMerpoM H 1/XdX =
= {(dX/dt) dt =— 1/¢dt. ]

ToBopsar, uto naHubfl aunddepenuuan spiasercss auddepen-
LMaJOM nepsozo poda, ecaH OH He HMeeT moJiocoB. [Tpumepomy
spasiercst 1/YdX, ecin F(X,Y)=Y2—(X®+1). Huddepennna-
JBl TEPBOTC poja o6pasyloT BEKTOPHOE NPOCTPAHCTBO Haj K
a pa3MepHOCTb TOTO NPOCTPAHCTBA, yacTo o003HauaeMmas yepesy
g, HasmBaercs podom unm Oegexrom xpuBoi. Pom— BecpMa
BaXKHBIH napaMerp KpHBOH B ajnre6pandecKoit reoMerpun. B vacr
HocTd, KpuBy1o pora 0 MoxkHO nmpeo6pa3oBaTh B NPAMYIO JHHHUIO
¢ HOMOLIBIO payuoxasusupyrouiei nodcTanosku. 1o 060CHOBHI
BAeT HCIOJIb30BAHHE TPUFOHOMETPHUECKUX NOACTAHOBOK IPH HHA
TerpupoBaHMH GYHKUHH, ONpelesieHHLX Haj KPHBHMH poja O
(npoctefimn#i npumep — kpubasi F(X,Y)=Y2—(1—X?)), rag

HDupppepenyuane 33

—

KaK ecin X eCTb cosf, T0 Y ecTh sinf u o6e OHM — palHOHAJIb-
ppie OYHKIME oT tg(#/2), a 310 W ecTh HacTOsMI palMOHANH-
supylollnit napamerp. Kpusas poma | HaseBaercs saaunTude-
ckod. Mbl moApo6HO pPacCMOTPHM TakHe KpuBbie B I'l. 5 u 7.

Kak u B Kiaccuueckoil Teopuu OOYHKUHHA, MB MOXEM oOIlpe-
[enuTb sblder nupdepeninana B gaHHoM Iefice. Mmewrca pas-
pooOpasHble abCTpaKTHHIE ONpejeseHHsl, HO HaM JOCTATOYHO
cKa3aTh, 4TO BHYeT — 3TO Ko3(dduilmeHT mpu {~! B pasjiOKEHHH
aupdepennuana no yHHPOpPMHSYyIOUIeMYy mnapaMerpy. Eciaum BH-
yer AH(depeHnynana OTJHYEH OT HYyJsi, TO paccMaTpHBaeMblii
niefic MoMxKeH OHTh HoJI0coM 3toro auddepeHnnana, MosTOMY
audbepeHiHaN MOXKET HMeTh JHIIb KOHEUHOE UHCJIO HEeHyJEBHIX
BoiueToB. T'oBopaT, uro auddepenunan svisercs auddepen-
1LHaJIOM 8TOP0O20 poda, ecM BCE ero BHYETH paBHbI Hy0. Oue-
BH/JHO, 4TO BCAKHMH AupdepeHnHan NepBOro poja s[BAAETCA H
Anddepennnanom sroporo pofa. JudbdepeHnnassl BTOporo pora
06pasyloT 2g-MepHOe BEeKTOPHOEe NPOCTPAHCTBO Haja MNpOCTpaH-
CTBOM TOYHHIX AH(depenuyasos. I'osopsar, urto nuddepenuuan
apasiercs AuddepeHunasoMm TpeThbero poja, €cjJH BCe €ro Ino-
moca uMmeloT nopsagok 1. IuddepeHunan BTOPOro H TpeTbero
poia OXHOBpPEMEHHO Heo0XoAuMO siBjasiercss u AuddepeHiinasoM
TnepBoro poja.

IIpencrasnenue nupdepeHurasa B TOUHOCTH Takoe Ke, Kak
1 IpejcrasieHne (YHKIHNH, HO NpaBuJja €ro mnpeolGpasoBaHHs H
BHIUHCJACHHS 3HaueHu#t wuHble. [lockosbky auddeperuyans uMeer
Buz fd¢, roe f—Hexkortopas OYHKHHS U -f— YHHDOPMHUBYIOMHI
napamerp, TO AJsl mepecyera AuddepeHnnansa B HoBoM IJefce
MHEl JOJIKHBI mpeo6pa3oBath QYHKHHIO f (KaK ONHCAHO BHIIE B
pasn. «CTpykTypa AaHHBIX AJs fleHcOB»), a 3aTeM YMHOXKHTb
Ha ;t/d?’, rae ¢ — yHudOpMH3YIOUIHA TapaMeTp B 3TOM HOBOM
nnefice,

2 3ax 366
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AJITOPUTM KOYTCA

BBEILEHUR

B a1oft rmaBe MBl paccMarpuBaeM MpOBJeMY HaXOXKJICHHS
GYHKUMH ¢ DaHHBEIM MHOKECTBOM IOJIOCOB. UTo 3Ta npobems
HeTpHBHA/NbHA B cJayuyae ajre6panuecknx QyBKUMA (XOTH OHY
M TPHBHaJbHA B CJyyae palHOHAJbHBIX (YHKUHH), BHAHO XOTH
66 M3 TOro, uro Takasa (QyHKUHA He 00f3ates]bHO CYLIECTBYe

Hanpumep, Ha KpuBOH, onpejeseHHOH BEIpaxKeHHEM VX ET
He cyliecTByeT (YHKUHH, HMelollel Hyap nopsjaka 1 B miefice
JexameM Hax Toukoit X ==0, u nosioc mopsaka 1 Ha GeckoHey
HOCTH ¥ He HMEIOIlell HHKAaKHX JAPYIHX HyJeH H MOJIOCOB, XOTH
nMeercsd QYHKIHA ¢ AHMBH30POM, KPATHOCTh KOTOPOrOo B 3 pasg
Gospie (T. €. AuBH30p HMeer mopsaok 3). Ha kpusoii, onpene
JeHHOH ypaBHeHuneMm Y2 =X3—3X2 4 X 4 1, ner pyHKUMH, HMe]
Iomed HyJap B OAHOM Iuieiice, sexaueM Hag X =0, momoc—
B JpyroM (mpuueM o6a— ONHOTO M TOTO XK€ IOPSAKA) H Hd
uMelollel HHKaKUX APYTHX HyJeH H TNOJIOCOB (CM. IPHJIOKE
uue 2, npumep 7).

Koyrc omyGamkoBanl) B 1970 r. amroputm (Coates, 1970
HaxoXJeHu# OGyHKUHE Ha anrebpauyeckKuX KPHBBIX Had MOJISIMA
anre6panueckux uuces. Ha tTounsie GopMynHpOBKHM pe3ybTdl
TOB, KOTOpble OH (OPMYJIHPOBAN U JOKa3blBaJ, CHJBHO HOBJHHA
J10 TO OBCTOATENBCTBO, YTO aJrOPHTM OB YacTbio GoJsee IKPOY
Koro mccaenosanus auodantoBrix ypapnenuit (Baker & Coates
1970). Huxe MBI paccMOTpPUM HECKOJBKO HHYIO (HOpMyJHPOBK
aJTOpPHTMa B HECKOJBKO HHOM KOHTeKCTe. B wacTHOCTH, B cBer§
saMeuyaHui, CHAEJaHHEIX B OpeNblAyLIeH IjaBe, Mbl MOXeM CYH
TaTh, YTO IIEHCH, B KOTOPHIX MBI OyJeM NIPOHU3BOAHThL BEIYHCJIE]
HHsl, Hepa3BETBJGHHbIe, XOTSl TeOpHs TpebyeT TOJbKO TOrO, UYTO
6Bl 9TO BEINOJIHAJNOCH Ha GECKOHEUHOCTH (HO eejH Jaxe H ITOIN
Her, To TeopeMa 2 cratbu (Coates, 1970) nokaseiBaer, yTo BC
erie BepeH HECKOJbKO MOAMGHUHPOBAaHHHH pesysbrar). )

1y Koyre chopmyaupoBan cBoH alrOpUTM TONBKO MJis mosed anre6pas
YeCKHX 4YHCeJ H CTpeMHJICH JHIIb IT0KasaTh, YTo OH 5¢deKTHBeH B MaTeMaTH
YECKOM CMBIcJie cjoBa. PacmpocTpaHeHHe HAa NPOH3BOJBHOE OCHOBHOE I10JI
MO-BHAMMOMY, HOBBI (XOT M He oueHb rayGokuft) peaysasrar. $I ayma
'iénoxe, YTO B 3TOH KHHIe ONHCAaHA HepBas MAlIHHHaA peaJiH3allds aJrOpHTM
oyrca. '
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yNpOLIeHHs BHIYHCHEHHH MEl yacTo GyAeM HCIONb30BATh Hepas-
BETBJCHHOE TpeJCTaBJieHHe HaXKe TOTAA,” KOrja TEOpHA 3POro
He Tpebyer.
ONHCAHHE AJITOPUTMA

[Mycte D — puBusop (COCTOSLHE TOJMBKO H3) NOJIOCOB (T. €.
Bce KPaTHOCTH B HeM OTPHLaTeJbHBIE) H BCE €ro IJeHCH KOHed-
gpl (T. €. Jexar Haj KOHEUHBIMH TOukaMHu). Toraa aaroput™
naet mo D 6asuc BekTOpHOTrO mpocTpaHcTBa (Han K) Bcex dyHK-
unil f, Takux, uto (f)== D, T. e. npocTpaHcTBa QYHKUHH, IOJIIOCA
KOTOPBIX He Xyxke, ueM D. DTOT aJrOPHTM HCIOJb3YET [Ba
periomorateabibx: PEOYVKUUWUSA_K_IEJIOMY_BA3HCY (IN-
TEGRAL_BASIS_REDUCTION) u PEOYKIUSI_K_HOP-
MAJIbHOMY_BA3UCY (NORMAL_BASIS_REDUCTION),
KOTOPbl€ B COOTBETCTBMH C TpPe6OBaHHAMHU. POrPAMMHPOBAHHS
cBepXy BHH3 OyIyT ONMCAHH IIOCJ€ OCHOBHOTO aATOPHTMA. JTH
aNTOPUTMBI ONHCAHH B YyhpolleHHOH Qopme 6e3 yuera YCIOXK-
HeHHH, BBI3BAHHBIX HEOOXOJMHMOCTBIO PaccMaTpHMBaThL IPENCTaB-
JeHHsT Haleldl KPHBOH, I'le HEeKOTophle IJIEACH Pa3BeTBJICHHBIE.
MH He ONMCBIBAEM TaKXKe HECKOJbKC IIPHEMOB, HCHOJb3OBAHHEIX
1Js NoBHILIEHHS 2QQEKTUBHOCTH, TaK KakK, HECMOTPS Ha HX Npak-
THYECKYI0 BaXKHOCTb, OHH CJMIIKOM YCJOXKHAKIT (GOPMYJTHPOBKH.

AJNTOPHTM MOXKHO Pe3OMHpPOBATh CJeAylouluM o6pasoM. Mu
HayHHaeM c Jio6oro chnucka ¢GyHKUUHA, He HMEOUIMX KOHEUHBIX
I0JII0COB, TOCTENeHHO A06aBjsieM BCe KOHEUYHBE MOJI0Ca, yKa-
3aunsle B auBuzope D (ucmonbays PENYKIMIO_K_TIEJIOMY..
BA3HCY), a sareM HaXOJAHM Te U3 Pe3yJbTHPYIOIIUX GYHKUHH,
KOTOpHle He HMEIOT TIOJIOCOB Ha OeCKOHEUHOCTH (HCHOJb3YH
PENVKLIHNIO_K_HOPMAJIbHOMY_BA3HCY).

Jlas noauo#t GOpMYJHPOBKH aJrOPHTMA HaM HYXXHO HECKOJb-
KO BCHOMOraTeJbHBIX omnpenenenudl. Ilycte V —wmoayas Hap
(koMMyTaTHBHBM) KoabuoM R. Mel rosopum, 4to (vi, ..., Vi)
ectb Basuc (mas) V Han R, eciw Bce v; nexat B V u 1js Kax-

k
JIOTO SAGMEHTa v H3 V HMEeTCs IPeCTaBJIeH e BHAA IV == 9. I'Vy,
: =1

TIe r U r; OpHHAAJEXaT R ¥ r OTIHYEH OT HYJs, IpHYEM Takoe
npeAcTaBJIeHHe E€IHHCTBEHHO C TOYHOCTBIO J0 YMHOXEHHA Ha
jJeMeHTbl KoJablia R. Basuc Ha3biBaeTCsl Yyeabvim, €CJH BO BCeX
TaKUX NPEACTABJIEHHSX MOXKHO B3fATb r =1, T. €. KaxJAH# 3je-
MeHT MoAysas V MoxkeT ObITb NpeJACTaBJe€H B BHIE JHHEHHOH
KOMGHHALHN 5J€MEHTOB Vv; ¢ Ko3hbhHunenTaMu u3 R.

KOYTC
Xon:
F (X, Y): ypaBneune KpHBOH (BO3MOXHO, B HIpPeICTABJEHHH
¢ MHOTHMH TNepeMeHHBIMH, manpumep, F (X, V) =0,
G(X, Y, Zy=0).

JLMBM30p KOHEUHbIX IMOJIIOCOB HA 3TOH KpUBOR

PLd
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Brixox: - '.
V: Basuc K-npocrpancrBa ¢ymkuu#i f, Takux, uroj
() =D. f
[1]1V:=(1, Y, Y#%2, Ysx(cremesr F nmo Y—1)).

B ciyuae npeacraBieHHsI ¢ MHOTHMH NMEPEMEHHHIMH MBI |
6epeM B KauecTBe V MHOXKECTBO BCEBO3MOXKHBIX MPOU3BE-
JeHHit aare6pandeckux INepeMeHHEIX CO BCEBO3MOXKHBIMH -]
NOKa3aTeJasiMH, MCHbLIHMH, UeM HX CTENeHb. .

Tenepp V —6asuc (HO He ueJnlfi 6asuc B CMBIC/E
IPHUBEACHHOTO Bbilie onpefeneHus) jpias K{X]-monyns
GYHKUME, NOPAAKH MOJIOCOB KOTOPBIX B KOHEYHBIX TOY-
Kax He Bniule, yeM D, i

2] HOas xaxpoit touku P, mam kortopo#t sexart maelicel u3 D,
V:= PEJYKUUSI_K_LIEJIOMY_BA3UCY (V, P, Ta yactn ]

D, xotopasa Jexut Ban P). i

Kaxpoe ncnosnnenne srtoro Imara npupaer V HyxKHBIE
KPaTHOCTH B Tex Nueficax us D, kotopole jexat Han P. §
Teneps V — 6asuc ansg K{X]-monynas oyHkumii ¢ koHeu- }
HEIMH HOJIOCaMH He Xy:Ke, ueM D, npuuem 3T0oT 6asnc —
«KBa3HLEJbIH» B CJAEyIOIeM CMbIcje: Jo60H 3/eMeHT
paccMaTpHBAEMOT0 MOAYJS MOXKeT ObITb MpPEICTABJIEH |4
KaK JHHeHfHas KOMOWHaUus 2JeMeHToB 0asuca V ¢ kosdh- 4
¢unMeHTaMu, ABJSAIOMIMMHCA YacTHHIMH 3JeMeHTOB K|[X],
rjlie 3HaMeHaTeu HE MMEIOT HyJell B KOHEUHBIX mjelcax, |
BXOJsmEX B D. ]

[3] Temepr moGuBaeMcst TOro, 4ToGBl 3TOT 6a3HC CTaj LENLIM. §
[3.1]1 Z:=npousBoabHblli ajemedT mnona K  (Hampumep,
GENSYM).
[3.2] A:= onpenenurenp matpuun A(I, J), rae
A(l, J)==koadduunenr npun X=x0 B pasnoxenun V(I) §
B J-M mJefice Hag Z. '
{3.3] dns Bcex xopuefdi (B Z) YHUCAHTENs WIH 3HaMeHartesss A

V:= PEJNYKUUA_K_IIEJIOMY_BA3SHUCY (V, Z, 0-nu-
BH30p Hal Z).

[4] V:=PEIJYKUHUA_K_HOPMAJIbHOMY_BA3UCY
' (V, nuefictl kpuBOH, Jexauine Haj OecKOHeUHO yrna-
JIEHHOHA TOUKOH). : :
[Tocne storo mara saeMeHTH ILejoro 6as3uca HMEIOT |
MaKCHMAaJbHBIN BO3MOKHBIH MOPALOK (T. €. MHHHMAaJIbHBIH ;
BO3MOXKHBIH MOJMIOC) Ha OECKOHEUHOCTH. DJIEMEHThHI 3TOrO |
6asuca V, yMHOKeHHble Ha MNOAXOAsiiHe crenedy X, co- {
CTaBJISIIOT HCKOMEI} Oasuc. ]
[6] V:= na kaxnoro V(I), umeroniero mnopsinok N =0 Ha |

B gefictButensHoctH N fosikeH OBITH MHUHHMaJbHEIM
nopsigkoM snemeHta V(I) nmo Bcem mueficam Han 6ecko-
HeYHOCTHIO.

$l ellle He npoBesn aHaau3a BpeMeHH PalOTH 3TOr0 &JTOPUT-
Ma, HO Ha NpaKkTHKe IIar 3 NOYTH BCerAa OKasbIBAETCS CaMBIM
tpyAoeMKuM. OH HyxKeH, un061>1 MBI He BBEJH B CaMOM Hauaje
WK B IIpollecce BLIYHCJIEHHH 3aBHCHMOCTEH MEXKAY 3JIeMEeHTaMH
Gasuca V B Kakoi-nu6o Touke Z, He BCTpevalUleHcs B JTHBH-
sope D. I MHOTHX KOHKDETHHIX (GOPMYJHPOBOK 3aIauH MOXK-
HO [0Ka3aTh, YTO 3TO H HE MOXKET CJIYYHTBECH, M s NPEeANnoJarai,
yTO MMeeTcsl LIMPOKUH KJacc 3ajiay, AJs KOTOPOro 3TC BEPHO H
K KOTOPOMY MOXKHO cBecTH Bce 3afayH. ONHaKo s He NOCTHT
GOJILIIUX YCIIEeX0B B 3TOH 06/1acTH.

Ecnu He yunThIBaTh 1Iar 3, TO MOXKeT IOKa3aThbCs, YTO BPeMs
paGoThl aJArOPUTMa NPONOPIHMOHAJBHO CyMMe KpaTHOCTell B AMBH-
3ope, TaK KaK jJeJaeTcsi HMEHHO CTOJBKO C TOYHOCTBIO IO CJIOXK-
HelX rpaHuyHblx 3¢ dekto maros PEAYKUHMA_K_LIEJIOMY_
BA3HCY. Cutyauus, o1HaKo, He CTOJb NPOCTa, 6O Takue LIATH,
Kak [paBHJIO, YBEJHYUBAIOT pa3Mep 3jeMeHTOB Gasuca V. S B
JNeHCTBUTEJBLHOCTH AYyMalo, 4TO BpPeMs 3KCHOHEHIHAJLHO 3aBHCHT
OT CYMMBl KPaTHOCTe#, HO He NPOBOAHJ CTPOTOr0 aHaju3a. 3aBH-
CHMOCTh BpPEeMeHH OT CTelleHH MHorousjeHoB F(X,Y) oueBHAHBIM
06pa3oM HaMHOTO XyxKe, HO H 3[4eCh y MeHS HeT TOYHOH cop- .
myasl. OfHa H3 HeeJaTeJbHBIX 0COGEHHOCTER 3TOr0 aJrOpHTMA
COCTOMT B TOM, UTO OH HauMHaeT C JAOBOJBHO HpPOCTOro 6asuca
‘Ha ware 1, sarem mar 2 paer UeJsblfi §a3uc ¢ OrpOMHBIMH BHI-
paxkeHWsAMH, a war 4 paJuKaJbHO COKpANUlaeT WX BEJHYUHY 3a-
JacTyl0 A0 TOH XKe CJ0XKHOCTH, UTO H B IepBOHayaJbHOM Oasuce.
IToaToMy Kaxercsi, 4TO Topas3fo Jyulias GOpMyJHPOBKA 3TOTO
GyHraMeHTaJ bHOTO aJropHTMa eHie XKAEeT CBOero oTKpblTHs. HHo-
r1a YIOMSIHYTOE Bhillle pa3fyxaHne MOXKHO NPeNOTBPaTHTh, BHI-
NOJHSASl IIarH PeAyKIHH Ha OeCKOHeYHOCTH (YTO MOXKHO [eJaTh
MeKIy LiaraMM pPeAyKUHH B APYTHX TOUYKax), HO 3a4acTyl 3TO
OKashlBaeTcsl NMyCTOM TpaToél BpeMeHH (TaK KakK peAyKLHI0 Ha
GeCKOHEeYHOCTH € TeM XK€ YCIEeXOM MOXKHO CAenaTh B CaMOM
KOHIlE) ¥ BOOOIE HE YMEHbINAeT BeJHIHHY BHIpaKeHHH,

PEAYKUHWA_K_LIEJIOMY_BA3UCY

Bxon:

V: 6asuc K[X]-monyns.

P: smauenne X, B KOTOPOM 6a3uc HYKHO CHENaTh LEJbIM.

D: 1uBH30p NOJIOCOB, MOJHOETHIO Jexallni Han P.
Buixon: ,

V: Moauduunposaunwii 6asuc, neasit Hag P. ‘
1] Tyers A(1, J)— kosdduuuent npu (X — P)#=N (J) B passo-

GecKOoReHOCTH ' xkenun V(I) B J-m maefice u3 D, rae N(J)— kpaTHoCcTb, C
Co6pats (V(I), V(I)#X, ..., V(I)#X#xN). KOTOpOii 5TOT miefic BXOAHT B D. ’
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MoryT BOSHHKHYTh TpynHOCTH, eciu (X —P) He aBaser
JIOKQJbHHIM [apaMeTpoM, TaK YTO B JEHCTBHTENLHOCTH M
JOJIKHEL PaccMOTpeTb HEKOTOPYI0 JApoGHYI0  cTenel
(X—P). OaHako aJrOpUTM Jerie OnucaTtb 663 9TO
YCJIOXKHEHHS.
[2] Tloka marpuua A cuHryJsipHa, A€JaTh: '
[2.1] Mycts {B(I)} —uabop s.ieMentoB nojs K, Takofi, 4T0]
SUM(B(I)#A(1,J))=0 nasn Bcex J, Ho He Bce B(I)}
paBHH Hymo. Cuuraem, B uactHocTd, uto B(K) ne pase
HYJIIO. E ,
[2.2] V(K):== SUM(B(I)+V(I))/ (X —P)
TMocae storo wara ‘saeMenthl V (/) Bce ellle JHHEHHO He-|
saBucuMbl Hajg K(X) u umewor B P mnojimoca He Xyxke,
yem D.
Buigucauts 3aHoBo A(K,J) Tak xe, kak Ha ware [1].

[2.3]
BrlgaTe sHaueHue V.

(3]
PED,YKl.l}lflﬂ_K__HOPMAJ]bHOMY_BASPlCY

Bxon: .
V: Ueanit 6asuc nast K [X]-monyas.
D: Ilnefichl KpuBO#, Jexaulue Ha 6€CKOHEUHOCTH.
Brixon: '
V: Hopmanbubiii uesnstit 6asuc ans K [X]-monyast. v
[1] Ynopsnouuts siementsl Gasuca V(I) mo yObIBaHHIO MHHH-)
MaJbHOrO MOpAAKa MO BCeM IuleficaM Ha OECKOHEUHOCTH. |
[2] Tlycre A(l,J)— koadppunuent npu (1/X)#+0 B passoxennnt
V(I) no crenensim 1/X B J-m miefice u3 D. i
Ecau 1/X He sBifercsd JOKaJbHHIM [apaMerpoM, TO
MOTYT BO3SHHKHYTb TPYAHOCTH, TaK 4TO B JEHCTBHTEJbHO-{§
CTH MBI AOJIKHBl PacCMOTPETh HEKOTOPYIO APOOHYIO cTe-f
merp 1/X. OpHako ajaropuT™M Jerye omucath Ge3 STOroj
VCJIOXKHEHHS. ]
Iloka A cuuryJisipHa, neniaTh: ‘
[Iycte B (I)—muabop siaeMentoB noas K, Takod d4T1Q
SUM(B(I)#A(1,J))==0 nas scex J, Ho ne Bce B(I) pas
upl Hysao. CumraeM, B uactHoctd, uto B(K) He paBe
HYJLIO. : _ :
Cpenu Bcex Takux B[I] mbl xorum HafiTh Takoi,
KOTOpHIH BXo#AT ajeMenTnl V (I) HauGosblIero mopsakaj
T. €. mepBHil, KOTOPHA Oyner HageH, eC/H NPHMEHATH
MaTpuile’ A ajaroputM HckiwoueHus ['aycca Ges mepecTay
HOBOK. ’ 4
V(K) :=SUM(B((I)+V(I))/X !
Torga saementsl V(I) Bce elle JuHEHHO HE3aBHCHMH
nag K(X) u umeror B P monoca He xyxe D, ‘

(3]
[3.1]

[3.2]

39

HNokasatesbeteo foppextroctu

[3.3] Ynopamounts siementst V(1) rtak xe, Kak Ha ware [1].
[3.4] Beuucanrs 3anoBo A(K,J) Tak xe, kax Ha ware -[2].
[4] Bsoigarte snauenue V.

JOKASATEJIbCTBO KOPPEKTHOCTH AJITOPUTMA. HIATH [1] — [3]

Beenem HekoTopnie o6osHaueHusi. Jlomyerum, uto K — Heko-
T0poe moJsie aare6paumyeckux uuces W L —ero asnreGpanueckoe
sambikanue. Ilycte F(X, Y)= 0 — onpenensioniee ypaBHeHHe Ha-
el anre6panyeckodl KpHBo# '), mpuueM ero KO3GQPHUUEHTH Je-
xar B K, a ero crenmeHp no y pasHa n == 1. Bynem mpeamnoaa-
rath, 4to nojuHoM F Hempusoamm Hax L. [lycte, xpome Toro,
OH HMEeT fi PA3JHYHBIX HeDa3BeTBJEHHBLIX MJeHcoB Q;, Jexalux
na Oeckoneudoctn. Ilycts R-—mosne {L(x,y)|F(x,y)=0}.
[Iyctb nauwo sz 1 pasinudbx ameMeHToB Qn (1 << h <Cs) mo-
a3 L. Bynem oGosnauate uepes An (1<<i{=Crn) nneitcesi?)
nons R, jexaline Haj (KOHEYHBIMH) TOYKaMH X ==aj, a Yepes

: Lery .
en COOTBETCTBYIOLIM@ HHEKCH BETBJEHHS, TAK UTO )., €, == .
: i=1

HakoHel, Mbl IpPeANOJOXKHM, UTO AN Kaxaoro A AaHO moJo-
JKUTEJBHOE LieJI0e YHCJIO Vhi, U 0603HauuM uyepes M MHOKecTBO
BceX QYHKUME g, MMEIOIHX NMOPAAOK = — Vp; B An U HOPAAOK
=0 B m06oM apyroM mueiice moss R (BKJwouasi mielicel Ha Gee-
KoHeuyHocTH). Takum o6pasoM, Mbl paccMarpuBaeM HaGop Ap;
M Vi KaK AuBH30p, a M Kak MHOXeCTBO (QYHKIuMH, AMBH30p KO-
TOpHIX OOJibllle, UeM pacCMaTpHBaeMBIH AUBH3OD IOJIIOCOB.
Eciu a— mwoboit anement noasa L u A; (1 < i << r)— mieit-
¢H moJsi R, nexamme Halg TOUKOM X==a (WM HUMEOIHe B 3THX
nieficax MHIEKChl BETBJIEHHSA COOTBETCTBEHHO €;), TO MHL cJeny-
oMM o6pasom conoctaBum mieiicam A; (1 << i =< r) ueawe uu-
cia v; (1=<<i=Cr). Eciu a ecTp oflHA U3 TOYEK Qx, YIOMSHYTHIX
B npeabiaylieM ab3ane, TO Vi == Vy;, B IPOTHBHOM cCJjiyuae II0Jia-

r
raeM v, == 0. [TosoxuM 2, v;=V. Ilycrs Tenepr M’ — MHOxe-
i=1

CTBO BCeX GYHKUUA g B R, MOPAAKH KOTOPBHIX B A; Gojblue HJIH
paBHB — v; JJS BceX »JeMeHTOB a moas L. Mu Buaum, yto M’
ecte L [x]-Monynp pasmepHocTH 7. IlepBbIM IIaroM HoCTpoOeHHS
6asnca MHOectBa M man L 6ymer moctpoeHne uenoro Gasuca
Muoxkecrsa M’ nan L[x]. (ToBopAT, 4TO SJeMEHTH W), ..., Wy

!) DTo He mpemATCTBYeT HCHOMB3OBAHHIO B BHIGHCJEHHMAX MHOIOMODHHIX
“PEJICTa_BneHnﬁ; OPOCTO MBI Npeanow n (opMyJHPOBaTh H [OKASHBATH STH
ggiyanaTm o6 aaropurMe KoyTca B npeJCTaB/eHHH ¢ IOMOLIBI0 NPHMHTHB-
qul0 snementa. Ilpu peanusanuu anropuTma KoyTea i MCHOABSYIO NpencTaB-
JICHHE ¢ HECKOJBKHMH NePEMEHHbIMH.

Ho ) KoyTc nasbiBaerT ux HODMupOBaHHSMH B cBoel cratse (Coates, 1970),

AJ14 Hac 9TM ABa TePMHHA DaBHO3HAYHHL,
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Hoxaszartenrscrso KoppexTrocTU 41

MHOoxecTBa M’ oOpasywr yeasvud 6a3uc MHomecTBa M’ Han
L[x], ecnu ouu samuefino HesasucuMbl Han L[x] u moGoit sie- |
MeHT MHOxecTBa M’ MOKHO BHIPa3HTb B BHJe HX JIHHEHHOH KOM-
6unanuu ¢ kospduuuenramu us L[x].) :
IIycrs wy, ..., w, aexat 8 M'. Mel MoxkeM 3anucaTh pasio-
KeHue w; B maefice A; B Buge w; =X " Zw,ikxk, rae Xe =
=(x—a), u noromy X —JOKaJbHHH napamerp B Mefice A ;
¢ uHaekcoMm BeTBjeHHs e. [lycte D (a)— onpegenurens, j-s cTpo-
Ka KOTOPOTO COCTOHT M3 JIEKCHKOrpadHIeCKH YHNOPSAOUEHHBIX MO
MHIEKCAM 3JIEMEHTOB W;y, TakuX, uTo | <i<<r n 0<<k < @i

Jlemma 1 (skBuBaseHTHas JemMMe 6 us paGorm (Coates,
1970)). Jaemenror wy, ..., W, 06pasyor yeavli b6asuc mHONMe-
crea M’ t10oeda u toavko T02da, koeda D(a) orauuen or HysA
Oan aw0boeo a us L. B

Hoxasaresvctéo. UTo6E yCTaHOBHTH HEOGXOJHMOCTH, HOMYC-
tuM, uto D (a)==0 aas nmexoroporo a u3 L. Torpa cTpoku Mmar-
PHUBI IOJKHB GHITh JIMHEHHO 3aBHCHMBI Haj L H, 3HAUHT, Cylle-
CTBYIOT 3JIEMEHTH X1, ..., Xn TOJSA L, He Bce paBHBIE HYJIO, Ta-

b .

Kue, UTO 2 WXy =0 maa 1 <i<<ru 1<k < e Ho roraa |
=0 ;

i=n

W= (x —"a)—l ]Zl xﬂﬂi

npuHanaexur M’ u moxasbiBaeT, YTO NEPBOHAYAJIBLHBIE 3JIEMEH- |
THl W; HE COCTABJSLJIH 1eaoro 6asuca.

Honyctum tenepb, yto D(a) Bcerga OT/HYEH OT HYJsl, H A0-
KaxeM JA0cTaToqHocTh. 3amuieM B Buge @), ..., @™ mOAHBIA

CIIMCOK 9JEMEHTOB, CONPSIXKEHHBIX ¢ W; H NDHHAJJEeXAIHX pac-
wupenno moas L(x), B kotopom F(x,y) packmnanbiBaercsi Ha
JUHEHHble MHOXUTeNH (cunTaeM, uto w!) ymopsmouessl coot-
percTBylomuM o6pasom). Ilyets d(w, ..., w,)— ompenenu- |
tens ') i, j-# snement xoroporo ects wl) . Tornad(wy, ..., ws)—
sseMeHT moJist L(x), He paBHBIH TOXJAECTBeHHO HyJ. HeficTBH-
TEJILHO, €CJIK MHB BO3bMEM TOUKY @, Haj KOTOPOH JIeXKHT 7 He-
pasBeTBJIEHHBIX mueficoB, To Mbl HMeeM d(wy, ..., W,)==
== D(a) (x— a)V -}- Gonee BEHICOKHEe cTeleHH (¥ —a) (TaKk Kak]
pasnoxeHue w; B A;—>3To (QopMaNbHBIA CTENEHHOH pAL IO
(x — a), npeacraBaAfONIH w‘,”) u D(a) oranuen ot Hynas. Ilo-

1) B peficTBUTeNbHOCTH d ONpefedieH JIHUIL ¢ TOYHOCTBIO OO MHOXKHTRJS,
41, Tak Kak NMOPSINOK CTPOK H CTOJOLOB ONpenennTens Ge3pasiuyed, HO 3TC
He JOCTABJfeT HaM HHKAKHX xJonor. B semve 6 us paborel (Coates, 1970
d omnpefenseTcs KaK KBaJApaT HaMIero OnpeaejuTess, 4To6bl H30aBHUTLCS O
9TO} HeompeleNeHHOCTH, HO ™Mbl He O6yaem 3toro nenats. d Gaaromape
1-py Hopmany, xoropeifi ykasasn Ha 3TO YIpOLleHHe.

sTOMy w; obpasylor 6asuc MHOxectBa M’ um m0GoH aneMeHT w
3TOTO MHOJKECTBA MOJXKHO €IHHCTBEHHHIM 00pa3oM IPelCTaBHTb

i=n

B BHJE Wq (X) == 121 q;(x) w;, rae g(x) u g;(x)— NONHHOMBH OT X,

He HMeloHIHe o6Iiero MHOXHTedd. Ecan MBI CMOXXeM NOKasaTh,
yro ¢(x)— KOHCTaHTa, TO MBI NOJyYaeM HeJO€ BhIpa)KeHHe W
gepe3 wj, U JeMMa GyneT foKasaHa. [1o3TOMy NpeAnoJOXAM 1Jist
npuBeJeHHs K INPOTHBOPEUHIO, 4TO ¢(X¥) HMeeT MHOXKHTeNb
x—b. HonoxuM g (x)==(x— b)g’(x) u paccMOTpHM

i=r im=r
Zl q1(b) wy 121 gi (%) — q; (5)
= YW T eI

Kaxnplii uled HoCjeJHEr0 BHIpayKEHHS NPHHANJIEXKHUT MHO-
xkectBy M’; sHauut, u 2 npunanaexur M’. Ho xoucrants ¢:(b)
He BCe paBHHEl HYJIO (TaK Kak HHaue ¢ W Bce ¢; uMejn OH 006-
MHA MHOXHTenb (x—b) Bompekn npeamoJioxeHuio) u D (b)
OTJIPI‘]IeH OT HyJs; mosToMy uMeercd napa (i, k) ¢ & < e, Takas,

=n

a0 Y, q; (b) w;y, oTanuna ot Hyaa. IlostomMy 2z He MOXeT Je--
7=0 - i ’

®KaTb B M’, 4TO U faeT HCKOMOe NIPOTHBOpeUne.

dTa neMMa MOACKA3BIBAET HACI0 PeOyKyUOKHO20 Uiaza, KOTO-
PHIT COCTOMT B 3aMeHe OJHOTO H3 3JIEMEHTOB W; NePBOHAYAJBHOrO
Gasuca Ha 3JIEMEHT @, BHUHCJEHHBI B NePBOH NOJOBHHE JIeMMBI
(paBencrso (1)), uro maer HOBH Gasuc @, ..., w,, <«Gouaee
6nuskuit> K nejomy Gasucy, yeM ucXofHbH. OnucaHHBIA BEHIIE
aaropurtv PEOYKUHWA_K_ITEJIOMY_BA3UCY nenaer Hyx-
HOe YHCJIO TAKUX LIaroB Hajd TOuKoH P, npuueM MBI H36panu LJs
yI06CcTBa BEIYMCJEHHR MOJedb KPUBOH, Haj Kotopo# P Hepas-
BETBJIEHHAS.

Jlemma 2. Onucannbsiil npoyecc 306@pULAETCS 4epes KOHewHOoe
YUCAO WQ208.

HokasaresbcTso. 3aMeTHM CHayaja, 4To NOC/]Ae PeLYKIHOHHO-

r0 uara, B KOTOPOM yd4aCTBYeT TO4Ka a nois L, MH uHMeeM
7 ’

d(w, ..., w,)=d(w], ..., w;)(¥—a) ¢ TOYHOCTBIO HO mO-

CTOSHHOTO MHOXKHTeNs (T. €. 3JeMeHTa u3 L), Tak Kak MH 3aMe-

HUJKM OJMH U3 w; Ha 3JEMeHT, HMEIWIHH JHIIHAH MHOXKHTENh

h=s
(x— a) B snamenatese. [Tonoxum Teneps A(x) = [[ (x — a,) ' tiy,,
: fyes|
i=rh
™Me vy,= ) w,. Torna siemenTs MuoxectBa A (x)M’
i=1
BOOOme He uMeOT KOHEUHHX nOJAIOCOB, H d(wy, ..., @Wa)A(x)

B IeficTBHTENIbHOCTH JIEKUT B L[x], TaK KaK KaxJoe cJjarae-
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MOe CyMMbI, KOTOpOit paBeH onpeleJ/IuTe/b, COLEPIKHT N0 OLHOMY:
YIeHy H3 Ka)AOTO KJACCa COMpPSXKEHHBX, a NOTOMY MOJKET cO-3
IepiKaTh JIHLIb ONWH BKJAX KaxAOTo v AJs Kaxjoro h. Toraaj
npolecc IOJKeH 3aBepIINThCH, TaK Kak d yO6hBaeT Ha KaxaoMJ
PEeOYKUHOHHOM HIATe H OrpaHHYeH CHH3Y. f

JOKABATEJIbCTBO KOPPEKTHOCTH AJITOPUTMA. LUATH (4] — (5] ]

K 3ToMy MoMeHTy nocTpoeH uesanfi 6asuc, ckaxxem (wp, ...
..., w;) mpocrpaHcrBa M’ IlycTh pasnoxKeHHsi 3JeMEHTOB W |
B Iueficax Q; (Hax OGeCKOHEYHOCTBIO) 3ajaHbl pPABEHCTBAMH ]

oo 9

-1 k
w,nX léow”kX ,

Q: (Tax xak 3TOT mJuefic Hepa3BeTBJeHHHI), a [;— esaoe yucJoO,
Takoe, 9T0 K03 HUHEHT Wyjn OTIHYEH OT HYJA IS HEKOTOPOTO |
maefica Q; (HO He 06s3aTeJbHO JiJIA BCeX TakHX mielico). Basuc
HA3HIBACTCH HOPMAAbHBIM Herbim 6a3Ucom, eCly ONpeJesuTeas D |
¢ 3JIEM@HTAaMH W;jo OTJIMYEH OT HyJsa. DyaeM mpeimnosaraTh, 4YTO §
3JeMEeHTH W; YIOPAAOUYEeHH TaKuM obpasoM, 4To I = iy (1 << §
= i <{n) u uyucaa [; HeoTpHUATEJbHH MJIf [ << [ (MOXKeT, pasy-
‘MeeTcs, oKasarhesd, uro [ =0),
D70 MOACKA3LIBAET HIEI0 pelyKYUOHHO20 wiaea Ha GeckoHey- §
HOCTU, KOTODHIH Jenaercs, KOlj‘,ua D=0. B srom cayuae uwme- }
=il

0TeA X1, ..., Xn, TAKHE, YTO 2 W =0 (1<i<

rae X = 1/x — noxanbHbIl TapameTp B

n), u, 060- ;~

sHauas yepes Xxp MOC/IefHHui HeHyJIeBOPI Xi, MBl 3aMeHsieM 6asHuc |
(wy, ..., ws) Ha HOBHII 6asuc, B KOTOPOM W, SaMeHeH Ha |
n 4

I q 1,-1 .
W, = z:lx,x! hw,; (TAe CTeNeHb NePeMEHHOH X HEOTPHIATE/bHA

B CHJIY VIODSAOUYEHHS JeMEeHTOB W;).

Jemma 3. Ecau w; 06pasyror yeasii 6asuc npocrparcrsa M’, |
10 pedyKyuorHoill waz HA 6ECKOHeUHOCTU CHOBQ 0aer yeaoli
6asuc. ‘

"Tlokasaresbcr6o. OUEBHAHO, UTO HOBHIE SJEMEHTH W; JeKAT ]
B M/, no9TOMY elMHCTBEHHBIH BONpPOC 3aKJ/JIIOUaeTcs B TOM, ofpa-
3yIoT Jii OHH Uenwiil 6asuc. Ho Beab pepyKUHOHHBIN 1uar Ha Gec- |
KOHEYHOCTH H3MeHser onpeiesntens d(wi, ..., W,) pasBe JHLIL §
Ha MOCTOSIHHBIM MHOXKHTEJNh, TaK KaK W, 3aMeHseTcs Ha JIHHeH- §
HYI0 KOMOHMHAUHIO CTPOK, B KOTOPYI0 W; BXOAHT C TOCTOSIHHBIM §
kKospunuesTom. ‘

Jlemma 4. Mot moxcem cOeaGrs Auulb KOREUHOE HUCAO pedyK-]
YUOHKbIX UA208 HOQ 6ECKOKEHHOCTU. 3

Hoxasarearvcrso. Tlocne penyKIHOHHOTO urara Ha GECKOHeLI-"
HOCTH [, yBesMUMBaeTCsl He MeHee YeM Ha 1, & OCTaJbHble [; HES
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weﬂmorcx (Tak Kaxk He MeHSAIOTCH coomeTCTByxoume wy). Mo-
imn

3TOMY Z ll YBeJHUHUBAECTCA He MeHee YeM Ha 1 OpH KaxaoM

peﬂyKU.HOHHOM mare Ha GeckoHeuocTH. C JApyro#i CTOPOHH,

i=n

Z I, He mpeBocxoiHT mopsika d(w;, ..., W,) Ha 6ECKOHEUHO-

i=
cTH (T8K Kak -wymmeel‘ IOPSAZ0K He MeHbile [; B J1060M H3 Qr),

u, KAK OTMEYeHO B IpeAblayIiel semme, d(wi, ..., Wn) TOYTH
i=n

He MeHsieTcs NpH peayKuuoHHoM are. IlosTomy >. I, orpanu-
i=1

yeHa CBepXy.

Jlemma 5 (skBuBasentHas Jemme 9 u3 cratbn (Coates,
1970) ). Ecau wy (1 << j << n)——HOpMa/lebLu yeavlli 6asuc npo-
crpanctea M’, o {x'w;: 1< j<<l, 0<< h<<j} — L-6asuc mno-
wcectea M.

Jokasareavcreo. OueBUIHO, YTO SJEMEHTH paccMaTpHBaeMo-
ro MHOMECTBa JHHefiHO HezaBucuMbl Haj L u jexar B M, mo-
5TOMY OCTaeTcsi TOJIBKO JI0Ka3aTh, 4To mobast dynkuusa g uz M
MO3KeT GhiThb BhIpaykeHa B BHIe L-JuHedHOH KOM6HHaHPIH 3THX
snementoB. Tak kak g jqexut B M n w; (1 << ] =< n) 06pasyior

neanli Gasuc M’, M MOXeM B3amHCaTh gmjzl q;(x) w;, rae

g;(x) aexur B L[x]. Ilycts m;— crenenb ¢; KaKk MHOroueHa
OT x, a m ecthb min(l;— m;) no BceM j, AAs KOTOPHIX ¢;(x) He
paBeH ToxAecTBeHHO Hymio. Toraa Mbl MoXeM 3anucath ¢j(x)

8 Buge ¢;(1/x)™" '1 + (6osee Bmhicokue cremenu (1/x)). Ciexosa-
j=n

TeJbHO, g B neiice Q: umeer Bup (1/x)™ Z c;wip+  (unedst

Gosee BbiCOKOro mopsaka mo 1/x). Tak kak D OT/HUeH OT HYJs,
XoTs1 6Bl OHA H3 CYMM ¢;Wijo TAKXKe OTJMYHA OT Hyus. Te-
ria nopsaaok GyHKHEH g B 3ToM Iuefice Q; paBed m. Tak Kak g
npruagiexuT M, MH TodyuaeM orcioaa, uto m =0, a, 3aHaunt,
m; << l;, a 5T0 NOKA3LIBACT, UTO g JEKUT B NPOCTPAHCTBE, HO-
DOXKIEHHOM PacCMATPHBAEMBIM MHOXECTBOM.

OBOBHIEHHS

Onucaunbll Bblle BapuadT anroputma Koyrca paGoraer
TOJILKO AJIi AHBH30POB, LIEJIHKOM JieKalllHX HaJ KOHEYHBIMH TOY-
Kamu. OyeBHAHO, YTO 5TO OrpaHHYEHHE INIPEONOJHMO, M MOMKHO
VKasaTh MHOro cioco6op ero o6xozna. Haubosee oueBHAHEIE Me-
TO1 — npeo6pasoBaTe KPHBYIO H NPOCTPAHCTBO; B KOTOPOM OH&
JAeKHT, TakuM o6pasom, uTOOH GeCKOHEeUHO yaaneHHas npaMas
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(unu B oflleM ciaydae THIEPIJIOCKOCTb) He NMPOXOAna GoJbiuel
HH uepes KaKue ILIeHCh paccMaTpuBAeMOro JHBH30pa. 3ech
BO3HHKAIOT [iBeé HENPHATHOCTH. Bo-IepBHIX, Takoe NMpeoOpasoBa-]
HHE BeCbMa 3aTPYAHHTEJIbHO, ecjau y Hac Godsplue OLHOH aJre-:
Gpanueckoli BEJHYHHEL, a BO-BTOPHIX, OHO BBOAHT COBEPLICHHO
HJUIIO30PHOE  MHOXKEGTBO ajre6pauueckux cyliHocTed. Jlaxe§
ecaH yuectb chenannoe B pasp. «[IpeacraBiaenne aareGpanye-
CKHMX BeJHYHH» NpeAbAyINeH riaBbl 3aMeyaHHe O TOM, 4YTO 3TH
BeJIHYHHB MOXKHO (H HYKHO) XpaHHTb OTAEJBHO OT TOJBKO YTO §
YIOMSIHYTHIX, HAM BCe 3Ke NMpHuIujIoch 65l opaboTaTth, YTOGH yCTa-
HOBHTb HENPHBOJAMMOCTb U BBIUHCJHTB pasnoxkenus I[liouso.

[IpueM, peanu30BaHHBI B NpPOrpaMMMe, NO3BOJSET H30€KATD
o6enx atux TpyaHocreft. Ilycts N — nauGoabwiuil .(T. €. caMblit
OTpHIATeJbHbA) mOpsifok Ha GecxoHeyHoctH. Jlo6aBum N Kol
BCEM MOPSiAKaM Ha GECKOHEUHOCTH (C yYeTOM BCEX BETBJIEHHH, ]
KOTOpbie MOTYT HMeTb MecTo) M BbluTeM N M3 BCeX MOpPSIKOB, |
COOTBETCTBYIOIIAX ILieficaM, JexamuMm Hax touxoir 01!). Temeps !
BCe HaIlF MOJIOca JIeXKAaT HaJl KOHeYHBIMH IJIeHCAMH, H MBIl MO- §
’KeM [OpPHMeHHTb aiaropHt™M KoyTca B ONHMCaHHOM BBILIE BHIE. |
Mnul yMHOXaeM 3aTeM Bce oTBeThl Ha XV u mmeeM Gasuc, ya0B-
JIeTBOPSIOI KA BceM TpPeGOBaHMSAM C €AMHCTBEHHOH OTOBOPKOH; §
9T0 6a3Hc Aas GYHKIHA ¢ momocamu nopsaka N Hajx BceMu Gec- §
KOHeuHBIMH Ieficamu. JIJsi peAyKUHMH 3THX HOPSAKOB 10 HYXK-
HBIX HaM CJIeAyeT JIHUIL MPHMEHMTh HEKOTODhble JIHHEHHbe orpa- §
HHYEHHS, TAK 4TO JErkKo mosayyaercs 6asuc AJaa (QyHKUHHE ¢ no-
JIIOCAMH He XyKe HYKHBIX. ,

Jlo cux mop MBI pacCMaTPHBAJIH TOJIbKO AHBU30ODHI MOJIOCOB.
Opnako anroputm KoyTca HCIOJb3yeTcsi B OCHOBHOM JJisl TOrO,
4TO6H y3HaTb, SIBJSIETCS JIH JaHHBIE QMBH30D NMBHU30DOM HEKO-
TOpo#t (QyHKUHMH, & JJsl STOTO MBI JOJIKHBEl Halfith Gasuc (KoTo- |
pHii 6yAeT OAHOMEDHEIM, ecii OH Booflle CYIIECTBYeT) Mpo-
cTpaHcTBa GYHKLHH, HMEIOLWHX Te XK€ HYJH H MOJioca, YTo H §
naHHB# guBKH3op. OueBHAHBI €N0OCO6, KOTOPHIM 51 H BOCIOJIb30-
BaJICs, COCTOMT B TOM, uTOGH B3siThb (HalIeHHBIH aJrOPHTMOM
KoyTc) 6asuc MHOXKecTBa (QYHKUMH, MMEOUIMX NOJIOCA HE XYKe,
yeM y paccMaTpHBaeMOro AMBH30Da, & 3aTeM CUHTATh HYJH IO-
CJIeJI0BATEJIbHOCTBIO JIMHEAHBIX OTpaHHUYEHHIi?) M pemaTh MOJy-]
YalolIeecs MHOXKECTBO JIMHEHHBIX ypaBHeHHH. MOXKHO IOLyMaTb, ]
4TO STOT mpHeM He ofsizaTesbHO cpaboraer. [leHCTBHTEJBHO, Hej
Bce (yHKHuM, BHidaHHbe ainropurMom Koyrtca, uMenT BCe pac-|

1y Eciu B OuBH3Ope %e Oblio maeficos, Jexawux Hag X =0, 1o wmhi§
LOJMXHB BBeCTH (c KpartHoeThlo () Bce miefickl HA KPHBOH, Jexamiue Hapx
X = 0. BosmoxHO, 20 (QeKTUBHOCTb YBEJNHYHTCH, €cJH BHIGpaTh 3HAYeHHe, OT-|
ayunoe or X == 0, uro6ul n3BexaTb HeOOXOAHMOCTH NPOBOJHTL PEAYKIHIO HAL]
KOMOJHHTEbHEIM 3HaueHHeM X, HO i 9TOr0O He Jesal.

2) 310 — OrpaHHYEHHA TOTO XKe THIA, YTO H BBeJeHHbe B TNPeNHIyLIeM;
ab3ale AJA NOpeMeIUeHHs MOJIOCOB M3 OeCKOHEUHOCTH, TAK 4TO MBI MOXe
PCIUHTb ONIHY CHCTeMY JIHHeHHHIX ypaBHeHHH, a He ABe.
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cMaTpUBaeMsle [IOJIOCa, M He BHAHO, IOYEMY HX JHHeHHas KOM-
fuHAallksi, HMeollasl Hy:KHble Hysad, OyAeT UMeTb H BCe MNOJca.
Ha camom gene, ecaum AuBH30p HMeer crenedr (0 (a nHHaue OH
de Opla OBl auBH30pOoM (yHKUMM), TO JK0Oas U3 BHIAAHHBIX aJ-
roput™MoM KoyTca dyHkuuil, nMeromux Bce HYJIH, KOJKHA HMETb
1 BCE [I0JII0Ca, TaK KaK OHA J0JI2KHA HMEeThb MMEHHO 3TO KOJHYe-
CTBO IOJIOCOB H He MOJKeT HMeTb APYrHX, HOO BCE€ 3JIEMEHTHI
fasnca He MMEIOT JPYTUX IOJIOCOB.

3To peuieHWe ouYeHb XOpollo paboTaeT B OOJBLUIMHCTBE CJly-
qaeB, HO HHOr/JAA BO3HUKAIOT TPYAHOCTH NPAaKTHYECKOrO Xapak-
repa. Pacemorpum B K(X) 3anauy HaxoxieHusi QyHKUHMH C HY-

nem mopsiaka 1000 B8 X — 1 u nomocom nopsiaka 1000 B X (pe-.
X

— 1000
[IEHHEM, OUEeBHJHO, fBJIETCS ( e 1-) ) Hamum 6asucoMm
Aas  GyHkumii ¢ moatocamMu mopsaka << 1000 B X, me
MMEIOIIHX HHBIX HOJIOCOB, MOXKET OBIThb = HOCJIe/]0BATeJbHOCTD
1,1/X,1/X2, ..., 1/X9%, Torpa MBl IojayyaeM CHCTEMY JIMHEH-
HBIX ypaBHeHHH ¢ Matpuuedl nopsaka 10003 1000, kotopyio MbL
JOJKHBL PELINTb, uTOGH HaliTH noAxoismylo ¢ynkuuio. Xora
MeTOJ MOJIyUeHHs STHX ypaBHeHHH NOJCKa3bBaeT, UYTO OHH JOJIXK-
HLl 06J1afaTh BechbMa 3HAUMTEJbHEIMH CTPYKTYPHBIMH OCOOEHHO-
CTAAMH, HEIOCPENCTBEHHOE BLIYHCJIEHHE JHKBHIMPYET HX paspe-
JKEHHOCTb, TAK KaK peLIeHHe — 3TO CTPOKA, (-M 3JEeMEHTOM KO-

0

), a HeHy-
JIeBBIX 5JEMEHTOB HeT) M JeJaeT HaXOXKAeHHe pellieHHs NPaKTH-
yeCKH HEBO3MOXKHHBM. DTO KOHKDETHOe 3aTpylHeHHe MOXKHO Impe-
OZO0JIeTb, €CJH NPHCIOCOOHTH (OUeBHAHBIM 06Pa30oM) a/ropUTM
KoyTrca K cayyaio, KOria 3ajaHbl H HOJIOCA, H HYJH, a 3aTeM
Hauath ¢ Qyukumun (X —1)19° go 3710 pemeHne He paboraer
Aas aare6panueckux 3ajay obulero THma. PaccMOTpHM KpuBYIO,
onpenensiemyto MuorounesoM F(X,Y)=Y2—(X24-1), u momwl-
TaeMcsl HaHTH QyHKIMIO ¢ mojocoM mopsaaka 1000 B oaHom
niefice Hag X W Hyab mopsinka 1000 B apyrom (oTBetoM, Kak

Xy 1000
yHTaTeNb MOXKET IIpOBepHTh, OyAeT (ﬁ) ) 3necy Haurefi

. o 100
TOpO# siBJsieTcd GHHOMHAJBHBIH KO3 HUIHEHT

MepBOHauYaJbHOH Aoraikoil 6bina 66l Gynkuus X190 g mam npu-
uiock 6w cheaats 2000 maros peaykuuu Ha X H NPOMeEXYTOU-
HBIfI Gasuc coaep:kaj Obl NJIOTHHE (T. €. HepaspexeHHbie) Io-
auHOMHL mopszka 2000 mo X. Otu mpuMepsl ¢ GOJBLLIKMH YHC-
JlaMH TpuBeJeHbl, 4TOOb NPOMJJIIOCTPHPOBATH, YTO 3ITOT A&Jro-
DHTM H OCHOBAaHHBIE HA HEM HCCJIeJOBAHHS CHJLHO CTPaAanT OT
3KCHOHEHIUANLHOTO POCTa. :

JIpyro#t mpusojuMblit HExe MeToA!) (KOTOpHIA peasnsoBaH
B INOCJeJHell BepCHM CHCTEMbl HHTEDHDOBAHHUS) YCTPaHseT Bce

1) §I upessmuaiiio 6aaronapen npod. copy CymsnepToH-IHafiepy, kotophi
HPeLJIONHHI STOT NOAXOM.
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3TH TPYAHOCTH. IlyeTh MBI XOTHM HaiTH OYHKIHIO ¢ NOJIOCAMH §

.o, Qu TlyeTh f— pyHruus
¢ nonocamu B Py u P; u Hysnem B Q. Takasa ¢yHKuus') Jerko j

B Py, ..., P, u gyaasmu B Q,

MoxeT ObITb HalifeHa ¢ momouwpio aiaropurma Koyrca. Ilycrs

tenepb P’ — npyro#l uynb ¢yuxuun f, a [’ — QyHKUHA, KoTOpas j
H
., Qn. Torna orBeTOoM B mepBoHA4aJbLHOH 3ajaue |

(HaxoauTCs PEKYypPCHBHO M) uMeer noaioca B P/, P,, ... P

HyJH B Qo, ..
6yner Gynxuus fxf’.

n

Mbl NpuBOANM HHKe (OPMYJHPOBKY 3TOrO aJropuTMa. 3a- |
METHM, 94T0 AJs1 QUKCHPOBAHHOH KpHBOH U (PHKCHPOBAHHBIX IJeH-
COB, HaJl KOTOPBIMH JIEXKUT JHBU30p, BpeMsl paboThl (mpubausu-

TeJBHO) MNPOMOPUHOHANBHO IPOM3BEAEHHUIO (UHCIO NJIEHCOB) #
x logs (HanbosbpIIasi KPATHOCTD),

JIUBU30P_B_OYHKIIUIO

Bxom: F(X,Y): YpaBuenne anre6pandeckofi KpuBofi (BO3MOXKHO, |
B IPeJCTaBJEHHM C HECKOJbKHMH IepeMeH- |

HBIMHY) .
D: nueusop creneru 0 Ha 37T0# anre6pHYecKo KPHBOM.
Buixon: FUN: ¢dbyHkuus Ha 3TOf KpHBOII,

Yy KOTOPO# JHBH30D HYyJefl U NOJIOCOB cOBIagaer ¢ D, unu j

HEYIAYA, ecnu taxoll QyHKIHH HeT.

[1.1] POLES := Bce monioca u3 D ¢ COOTBETCTBYIOILHMH KpPA&T-

HOCTAMH.

ZEROS :== Bce Hysn us D ¢ COOTBETCTBYIOLUIUMH KPATHO- |

CTAMH.
[1.2] FUN :=1I.

B FUN Mmpl HakanjuBaeMm OTBeT [0 Mepe PEAyKIHH JAH- |

BH3opa D.
[2] Tloka (xoauuectBO Hyne#l) > 1, nenate:
[2.1] Pl :==Jlwo6oi saement cuucka POLES,
P2 := Jlio60it ss1ement cnucka (POLES —P1).

3ametum, yto P1 u P2 MOryT coBHacTb, €CJH IOJIOC BXO- 4
aut 8 POLES ¢ xpatHocthio > 1. TeopeTuuecku Gespas- |
JMUHO, KaKoil saeMedT BHGHpaercs us POLES, mHo Ha

npakTHKe BpeMsi paboThl yMeHbinaercs, ecan Pl u P2

BHI6HpalTCs TakKuM o6pasoM, utoOwl AuBuH3op Pl P2
KakK MOXHO yauie Obli gesjuteneM jauBu3opoB H3 POLES.?
AToro MOXHO [OCTHYb, €CJIH B3fTh B KadecTse Pl aue-
ment, Bxozamuii B POLES ¢ nauGosplnel KpaTHOCTLIO,

a B KauecTBe P2 synemeHT, BXOZAWHKH ¢ HanboJblleli Kpat-

goctbio B POLES’, rie POLES’ nonyuaercst us POLES §
yMeHbllleHHeM BjBoe (M oT6pacbiBaHueM ApoGHOH yacTh) §

KPATHOCTH 3JeMeHTa Pl. :

1) Ecan ona cymectyer — cM. marn 2.2.1 u 24.1 umxe u obcyxnenvel

nocie onUcaHUsA aArdpUTMa. .
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P

[2.2] Vi=KOVTC(F(X,Y),—Pi—P2).
[2.2.1] Ecnu V = HEYJJAUA,
TO mepeiTH K wary [4].
[2.3] Z:== HekoTopHii 3JjemenT cnucka ZEROS.
3Zech CHOBA TEOPETHYECKH 6e3pa3/IMuHO, KaKOH 3JeMeHT
MBI BhIGMpaeM, HO BpeMs paGoThl NPOrpamMMul yMeHblua-
eTcs, ecJH BHIOHpaTbh 3JeMeHT HauOO/bLIeA KPaTHOCTH.
[24] V:=Ta uuuefinas KoMOHHaLus >/eMeHTOB Gasuca v,
KOTOpast HMeeT HyJb B Z.
[2.4.1] Ecan V=HEVJAUA,
To mepefitH K wary [4].
[2.8] Z’:= [Ipyroi# HyJb QYHKUHH V.
2.6] Tloxa (P1+ P2)|POLES u Z|ZEROS, nenarn
2.6.1] POLES :=POLES —P1—P2.
2.6.2] ZEROS :=ZEROS —Z.
2.6 3} Ecnu Z'|ZEROS
To ZEROS := ZEROS — Z'.
Huauge POLES := POLES + Z’.
2.6.4] FUN:=FUN=V. ‘
3] Ecau cnucox ZEROS myer,
TO BHLAATb OKOHUATeJbHHIH pesyJibraT FUN.
14] (3aBepiuaromuii mar)
Mul npuxonum cioxa, eenu B cmucke POLES eme ocra-
JHCh TOJIOCA, ¢ KOTODHIMH MBI He MOXKEM pasiesnarbcs
NOMapHO ¢ MOMONILIO AeHCTBUA M3 [2.6]. dTo moxer npo-
n30iiTy au6o noromy, uro B POLES ocrajics Bcero onus
sneMeHT (OOBIUHBEIA caydait), nu60 IOTOMY, 4TO OAMH H3
maros [2.2], [2.4] suinan snauenne HEVIAUA (uckio-
guTebHBE cayuail). MckaiounTenbHbE cayualt paccMmar-
puBaetcs Huxke 6ojiee NOAPOGHO.
[4.1] V:=KOYTC(F(X,Y),—POLES).
[42] Ecam ZEROS == nynu dynxuun V,
1o BHaTh pe3yibraT FUN#V,
Hnage suigate HEVIIAYUA.

Kak yxe CKa3aHO B KOMMEHTapuH K ILIary [4], nmpomexy-
toynsie ¢ynkuun FUN He o0si3aHbl CYLIECTBOBATD, Jaxe eCaH
OKOHuaTespbHas sajaua paspewnMal). D1o mpobiemMa BOSHHKAET

1) 910 nokaspiBaer chaelylowuit npumep (3a KOTOpHIH 5 TpH3HATeNeH
npod. M. ®. 3unrepy). Ilycts C — KpuBas popa g = 3, He aBAAIOMIAACA TH-
nepamaunTHyeckofi (T. €. KOTOpYiO Heab3s INpeACcTaBHTb B BHAE 2-MHCTHOTO
HAKPBITHSI [POEKTHBHOM NPSIMOI, a 3TO, NO CYIIECTBY, O3HAYAET, HTO OHA He
Hveer puaa y2 = p(x)). Llycts f— pauuonancuas (OTIHUHAS OT KOHCTEHTH)
Gyrknus Ha C ¢ MHHHMAJbHBIM, 4MCIOM K HyJefi H TOJICOB. Torga k> 2,
Tak kak € HerunepajunTHueckas (CM. OOyl CTaHAAPTHYIO KHHTY o6 aJre6-
pauveckux xphBhx). CrefoBare/bao, Ha C HeT PalHOHAJBHEIX QYHK uit, nmero-
WHX TobKO NBA MOAoca, U mpHMeHenme aaropurMa JHMBHU30P_-B_@YHK-
UHIO x (f) macr orser HEYIAUA.
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B OCHOBHOM NOTOMY, YTO MOXKeT BOOOile He ObiThb (QYHKUHI, HMe- ]
IOIEX TONBKO 2 mojtoca (XOTS 3TO He MOXKeT CJAYYHTHCS Ha |

KPHBBIX poaa 1). Mpl MoXeM IPOROJIKUTL, HCHONB3YS 0OBIYHYIO

npouenypy KOVYTC, xak ykasaHo B ONHCAHHH WIaros [4.1] n°
[4.2]. Oxmnako 3pech, GBHITH MOXKET, €CTb MECTO IJsi GoJlee H30LI- §
PEHHOTrO npouecca A06aB/IeHHs TIOJIOCOB N0 OXHOMY A0 TeX NOp,
MOKa NMPOCTPAHCTBO (YHKUHH He CTaHeT 2-MePHEIM, HCHOJB30BA- |
HHS JIHHEHHOH KOMOWHALMH 3THX (YHKUMA AJ8 ylajdeHHs HYJA ]

H3 JHBH30pA M HTEPalUH, — XOTHd 5 NpeacTaBJJeHUsT He HMEIo,

HACKOJIbKO XOPOIIO TaKOH a/iroput Gyner BecTn cebs Ha mpak-

THKe. COBEpIIeHHO OYEBHIHO, YTO BCS 9Ta rjaBa 00 AJTOPUTME

KOYTC& JHUIL CJ€rKa mnouaparnasna TIOBEPXHOCTb, KOTOpast JOJK- 7

Ha craTh 06/1aCTbI0 IJIOAOTBOPHBIX HCCJAENOBAHME AJS clielya-
JIECTOB IO KOMNLIOTEPHOH ajrebpe.

AJITOPATM KOYTCA U JUP®PEPEHLIUAJBI

Met MoxeM mpumeHsiTh anroputrMm KoyTca He TOMBKO K (pyHK-
LM, HO u K mupdepenunasaM. Mul MoxkeM samucaTsh aude-
pennunan B Buae F(X,Y)dX ansa mekoropo#t dyskuun F u nomK-
HBl 3aT€M DAaCCMOTPETh HAUIM JIOKaJbHbie NapaMeTphl B Kax/A0M
njefice Ha KpHBOH. Lyl TOYKH, HAaJd KOTOPOH JIeKHT HAII nJefc,
HMEIOTCA CJACAYIOIIHE TPH BO3MOXKHOCTH.

1) Ilnefic MoxkeT JexXaTb Ha GeCKOHEUHOCTH.

B sToM cayuae Haw JoxanmpHBI mapamerp ectsh f==(1/X)!/
AJsl HEKOTOPOTO HaTypaJbHOro uucaa k, mostromy df/dX =
== ¢=*+D, taKk yTo MOPsAAOK Halero nubdepeHiHaNa HA GecKo-
HEYHOCTH OKashlBaercd Ha k-1 MeHblle, yeM nopsinoK QyHK-
oun F.

2) Ilmefic Moxer Jexarb Haj TOUKOH, SBJSIONIeHics Kop-
HeM Y, , ’

B stoM cayuae Hamia JoKanbHas nepeMeHHas ecTh f ==
= (X —a)* 1ns HekoTOpOro HaTypambHOrO uHcaa k. dTo jaer
dX/dt == t*-!, tak uyto mOpsAOK AMddepennnana Ha £ — | GoJIb-
e, YeM NOpPSA0K GyHKIHH.

3) Touxa He o6safaer HH OJHMM H3 3THX CBONCTS.

B stoM ciysae X —a sBasercs JOKanbHBIM napaMeTpoM H
AndQepeHunan HMeeT TOT K€ MOPSAOK, uTO U (GYHKILHS.

TaxuMm o6pasom, Aas HaxoxAeHHS Gasuca K-npocrpancrsa
mupdepeHLHaIOB ¢ NOMIOCAMH He XyKe JAHHOTO NHBH30Da HAM
HY2KHO TOJIbKO H3MEHHTb KDATHOCTH B JAMBH30pEe M (KOHEYHOro
YHCJIA) IIEHCOB, YAOBJIETBOPSIOMHUX CHOPMYIHPOBAHHBIM TOJBKO
yto ycsoBuaM 1) m 2), a 3areMm npuMenuts aaroput Koytca
A7l HaXoxkaeHus Gasuca dyukumit F(X,Y).

B uactHoCTH, MBI MOKeM HaliTH poj ajreGpanmyeckoli KpHBOI,
TaK KaK OH COBNAJaeT ¢ Pa3MePHOCTHIO NPOCTPAHCTBA AH((e-
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peHLHAJIOB NEPBOro poja (T. €. He HMEWLUUX noswcos). Jlupn-
30p, TOJYUYEHHHH H3 HYJEeBOTO C MOMOIUIbIO NpeoOpa3oBaHHil U3
nyHKTOB 1) u 2), HasbIBaeTCst KAHOHUYECKUM OUBU30POM KPUBOMH.

PEAJIH3ALLUA

Tak kak anaropurm Koyrtca 6yner KpaeyroJbHbHIM KaMHeM Ha-
LMX AJTODHTMOB HMHTEIDHPOBAHHS, HWMEET CMBICA MOTPATHTH
ppeMs Ha BHHMAaTeJbHOE DacCMOTpeHHe ero peasusauud. OguH
U3 Ba)KHBIX TeXHHYECKHX MPHEMOB — MHHHMH3AIHUS KOJHYIECTBA
passoxeHuil ITionso, BeluKcAsieMblX NpH paborte ajnroputMa Ko-
yrca. B wacTHocTH, ecam Mbl yxke 3HaeM pasjoxkeHus ITionso
pasi A u B, To HaM He HYXKHO 3aHOBO BBIUHCJISTb pasJoKeHHe
[Tronso st A+ B ¢ camoro Hauama. MB MOXKEM BOCIHOJIb30-
BaThCAd TOXKJAECTBOM, KOTODOe TMOKAa3blBaeT, 4yTo pasJjoxkeHue [Tou-
30 KOMMYTHpYET co cJoxKeHHeM. Bo BpeMsa pa6oThl ajroputMma
PEOVKIIHNG _K_LE/JIOMY_BA3UCY MoxKeT oKasaTbest, 4TO Ie-
nasi crpora Matpuusl A(/,J) Hynesas. Ecan -9 cTpoka paBHa
HYJI0, TO MB MOXKeM HeMeJJeHHO 3aKJaIuuTh, uto V (/) HyxHO
sameHuTs Ha V (/) /(X — P), u MBI MOXeM 3TO CJAeJAaTb H 3aHOBO
BLIYMCJAUTb [-10 CTPOKY Marpuubl. Jlasee MLl He [JOJIXKHBl CHOBA
pasjaraTb 3Ty HOBYI0 (DYHKIHIO B pPa3/jHUYHBIX MJeficax, a Mo-
JKeM B3fITh IePBOHAuaJbHEIE pasjoxeHus [lioH30 u moOTyunTh
pasJoxenue HoBoro V(/), mpocTo CIBHHYB CTelleHHBle PSABl Ha
OIVH 4jeH. DTOT NMPHEM OCOOEHHO XOPOIIO COTJIaCOBAaH C HAIIUM
METOJOM MoJiyueHuss paajoxkenuil Iliou3o, ondcaHHBIM B TN, 2,
TAK KaK HOBBIE YJIEHBl MOIKHO BBIUWC/ATH Ha JIOGOM 1iare, uc-
NoJb3ysl B TO K€ BPeMs NOJyYeHHBIE paHee YaCTHUHBIE pe3yJb-
TaTH. :
[Ipumenus anaroputm Koyrca k auBu3opy kD, MB MoxkeM
3axoreTb npuMeHuTh ero K (&Z-+1)D. Hansaoe npumeHnenue
omucannoro Beime ajroputMa KOYTC (He ucmosbsywoliee afro-
purma JHWBU3OP_B.®YHKIIHWK)) Hauunamocsr 6Bl KazKAbIH
pas ¢ OZHOrO M TOr0 e HCcXoAHoro Gasuca Ha ware [1] asaro-
putma KOYTC, wurHopupys TakuMm o6pasoM [pH BBHIYHCJIEHHH
(k4 1)D Bcwo unudopMalnulO, HAKOIJIEHHYI) NPH BHIYHCJIEHHH
kD. B neHCTBHTENLHOCTH MBI MOXeM HauWHaTh war [2] ¢ Hop-
MaJbHOrQ Iesoro 6asuca, MoJsyueHHoro Ha miare [4] o6GpaGoTkm
AuBu3opa kD, Tak kak 3TOoT 6a3uc COCTOHT M3 n JHHEeHHO He3a-
BUCHMBLIX 3JeMeHTOB MHOXectBa M’. IlpenmyuiecTBo Takoro Ha-
YaJbHOrO MpHBJHKEHHA COCTOMT B TOM, YTO €r0 3JEeMEHTH ro-
Pasgo Jserue mnpeBpaTHTh B (YHKIHH, HMEWOIMe IMo0JI0Cca H3
(B4 1)D, ueM sJeMeHTH, KOTOphle OBIIM Obl BHIUHCJEHH HA
lrare [1]; B 4acTHOCTH, OHM HMEIOT MOJIOca, BXoasuue B kD.

¢ D umMmeer o6HIYIO cTeNeHb ¢, TO KOJHUECTBO IMOJIOCOB (C
YUeToM CTeIeHH), KOTOpble HYIKHO BBECTH B (Ga3HC NpH BHIYHC-
JeHnn . coryacHo aaroputmy Koyrea apas D,2D, ..., kD pasro
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kd Bmecto k(k-+ 1)d/2 npm ucnoabsoBaHuM OYEBHAHOTO 41ro-
purMa. COOTBeTCTBYIOIIHH NpHMep NPUBOAHTCS B IV B, 1l B
pa3g. «Meron Ksau» nokasaHo, uTO, NpHMEHsisE 3TOT [pieM,
MOXKHO (ec/iH wucnosb3oBath aaroputM KOYTC, a ne [NBU-
gé);_B_d)yHKHI/IIO) C3KOHOMHTH 5.3 ¢. u3 OOILero BpexeHw

2c

Ecan Mbl ucnosbsyem aaroputrm JTMBH3OP_B_®YHKIHIO,
TO MOXKEM HauMHATb HTepalllH CHOBa Ha luare [3] u mofamTh
noJoca M HyJH auBu3opa D, KoTopblfl npexacraBJser colol pas-
Hocth Mexay (k-+1)D (ans xoToporo Mul JOJKHBl BBHIYHLIHTH
(pyHKu)mo) u kD (gas KOTOPOro MB!I MOYTH 3aKOHUHJIH BHUHC-
JeHne) .

BbIBO bl

HmeloTcss n1Be OCHOBHBIX 00J1aCTH NPUMEHEHHS TOH anreépo-
reOMETPUYECKON TPAKTOBKH BBIpaXKeHHH, KOTOpas HaMeia B
sToi H mpeanayiiedl rnase. IlepBas, cocraBasiiollast OCHOBHOH
npeiMeT Hallefl KHHTH,— 3TO HMHTETDUPOBaHHE ajrelpanteckux
dyuxunii. Bropas — Haxox/leHHe MeJbX (MJIH DPalHOHAIbHLX)
peleHuil cucTeM aarebpanueckKuX YpaBHeHHH. B »3Toi ofmactu
6btia nponxenana GoJbiuiass pabora (cM. o63op (Swinnerton-
Dyer, 1976)), HO [0 cHX NOD 34eCb NPUMEHSIJINCH CIIELHAILHO
nogofpanHble apupMeTHUECKHE NPHEMBl, NpHYeM BCsl aumelpau-
yeckasg TeOMETPHsl BPYUHYK II€PeBOJAHJIACh Ha KaKOH-HGYIb
aJrOPUTMHYECKUH S3BHIK, HanpuMep Ha PoprpaHs.

Mul mocTaBuAH 33744y O HAXOXKAEHHH BCex GYHKHUH ¢ sagaH-
HEIM MHOXKECTBOM IOJIOCOB, KOTOpasl TPHEHAJbHA [IJA palyo-
HaJbHBIX (YHKIMHA, W ONHCAJH aJropUTM KoyTca, Ralollili ee
pemenne. OH NMO3BOJISIET 3aT€M AaTh OTBETHl Ha CJEAYIOLHe BO-
POCHL: COOTBETCTBYeT JIH AAHHBIH AMBH30D KaKOH-JHOO (yRKIuH,
KakoB pOJX KpHBOI M KakoBu AHGGepeHUHasbl NepBoro popa?
ITosnuee MBI YBHAMM, UTO KAk pa3 5TH BONPOCH BO3HEKAOT B
Tnpolecce HHTErPUPOBAHHA aare6paniecKux QpyHKLUHH.

laasa 4

TEOPEMA PHIIA

BBEJIEHUE

Cpenu pasauyHbx o6jacTedl KOMObIOTEpHON anre6pbl uHTe-
rPHPOBAHKE JEMOHCTPHUPYET, MOXKaJayH, HaHOoJbllee HEeCOOTBET-
CTBHE MEKAY OXKHIAHUSMH NOJb30BaTedeli W peasbHLIMH Xapak-
TEPUCTHKAMH HMEIOMNXCA CHCTeM. XOTS IBPUCTHYECKHE IPHEMBI
MHTEIDHPOBaHUs Xxopouio paspaGoransl (Moses, 1967), xore-
Jock GBI MMeTh paspelamllyl HpoLeAypy, cNocobHYyIO, HampH-
Mep, A0KasaTh, UTO A4HHOE BbIpaXkeHHe HeMHTerpupyemo (Mo-
ses, 1971).

B ar1o0i#t raaBe M3Jaraercsi Teopusi, Jexallas B OCHOBe OThIC-
KaHua (MM J0Ka3aTeJbCTBA HECYLIECTBOBAHHSA) SJeMeHTapHHX
WHTErpajoB oT anarebpauueckux ¢ynxnuil. Ilpn stom ¢GyHKuUHA
HasbiBaeTcsl a4zebpauyeckoli, ecin ee MOXKHO IOPOAMTL H3 Iie-
PEMEHHON HHTErpHPOBAHHS H KOHCTAHT C HOMOULbIO apHpMeTH-
YeCKHX ONepalluii W HaXOXKAEHHs KopHell anre6pauueckux ypas-
HeHufi !), nMpHUeM AOMYCKaeTcs BJOKEHHOCTb (3TO NMOHSATHE yTOU-
usercs Huxe). (CM. ra. 2, rie noapoGHO paccMaTpHBAIOTCA Ta-
KHe BblpajkeHusl ¥ BHIGpaHHOe HAaMH I/ HHX NIPe/ICTaBJeHHE.)
DaemMeHTapHOCTs 03HAUAeT BO3MOXKHOCTb IODOKAEHHS H3 Iepe-
MeHHOY MHTErpUpPOBAHHS MW KOHCTAHT C IOMOUIBIO apudMeTHye-
CKHX OIlepauyi, UCIOJb30OBAHUS KODHEH, 3KCIIOHEHT M JiorapHp-
MOB, IPHYEM JONYCKAeTCsl BJIOXKEHHOCTb. UacTHEIM cilydaeM 3ToH
upo6eMsl sIBJsieTCS BOIPOC O TOM, KOTJa MHTerpaJj, MpeacTas-
A90MMACA Ha NepBblH B3IVIAL SJJIHINTHUECKHM, MOXeT OHITb B
NLeHCTBHTEJNLHOCTH BHIDa)KeH uepe3 3JeMeHTapHbie BhIPaKeHHS.
A1y 3ajauy A0Jro cuuTasM HepaspewumoH, u Xapau chopmynu-
POBaJ KJI4CCHYECKYIO TOYKY 3DeHHsI caelylolluM obpasom:

«He 6bl0 NpUAYMaHO METOAA, C TNOMOUIBIO KOTOPOTO

MBI BCerja MOIJH Obi ONpPeAeNHTh 32 KOHEUHOe YHCJO HIAroB,

ABJsieTcss JM [JaHHBIH SJIMNTHUECKHA HHTErpas ICeBHO03J-

JIMITHUECKHM, M IPOMHTErPHPOBATH €r0 B 3TOM cjydae; ecTh

OCHOBaHHS JyMaTh, YTO TAaKOr0 METOAA W HeJb3s JaTb»

(Hardy, 1916, c. 47—48).

M&ul H3/I0KHM HOBBIH aJrOPHTM [Js 3TOH 3a/]auH, MCIOJL3Y-
omuft annapat anre6pandyeckofi reoMeTpuH (CM. HpeAblAyuUlHe

) Teopus me Tpe6yer, 4TO6H 3TH KODHH 00s3aTe/bHO BHpPAKANUCL pa-
Luranamy. Kak ynoMsuyTo B IV 2, HMEIOUIasicsi B Hacrosllee BpeMms Deasn-
3anmus orpanuyuBaeTcss aaTeSpaMYECKHMH BEeJHYHHAMH, BEIDASHMEIMH Hepes
XBanpaTHble KOpHHU.
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rJ1aBel), OGCYJHM €ro peajiu3allHi0 M OCHOBHEIE OTKPHITBIE NPO- 4
GaeMbl, ocTaBlivecs B 3TOH o6sactd. Mbl npuMeHsieM 0e3 1osc- 4
HEHHH TEPMHHOJOTHIO W HIEH TUPEABIAYIHNX riaB. OTMETHM, YTO
Hall NOAXCA oTauuaercs oT moaxoxa Hra (Ng, 1974), rae j
LleJbl0 GBUIO HAXOXKIeHHe KAHOHHUECKHX (OpM JJsi HedJeMeH- |
TapHBIX SJUIHOTHYECKHX H THNepP3JJIMATHYeCKHX HHTerpanos. Co- §
OTHOLIEHHE MEXKAY 3THMH ABYMSI MOAXOA4MH K DOACTBEHHBIM, HO 1
pasJMYHBIM 3a7a4aM elle He BIIOJIHE SICHO. 4
MoO3KHO MOAYyMaTh, YTO JIETKO NOCTABHThH 3a1auy «HHTErpHpye- |
Ma Ju JaHHas (YHKIHS?», HO 3TO He Tak. B yacTHOCTH, mpen-
MOJIOKHMM, YTO Yy HAC ecThb aJIrOPHTM, Daclo3HaWOUIHA Hepaspe-
mEMocTh anarebpanveckux ¢yHkuuit Hax K, rae K— moJe, mo-
POXKIEHHOE M3 IlebiX uHces, log2 W 7 ¢ moMoUIbIO onepauui
CJIOJKEHHS, BBIUMTAHHS, YMHOXEHHS, JeeHHs KW (QyHKUHH x =~
= log x, x = exp ¥, x = |x|. [Tycre Teneps f(x)— Kakasi-HHOYAb §
neunrerpupyeMas dynkuus, HanpaMep 4/(1 — 1) (I — kx?), rae
£ oramubo or O u 1. Torga mnst soipaxKenui A, He 3aBUCSLIMX
or x, Bompoc 06 uHrerpupyemoctu Af(x) >KBHBaJeHTeH BOI-
pocy o paBeHctBe A =0, a mocseanssi npobaeMa airOpPHTMHYe-
CKH Hepaspelmnma B cuily pesyibrata Puuapacona (Richardson,
1968)1). DTh coobpaeHHs aHAJOrHYHB NPHBEJEHHBIM y Puma
(Risch, 1969, mpemnoxenne 2.2), u Mbl OTCHIJIaeM UHTATeNs K
erc craTthe 3a JaJpHeflIuMH PasbSICHEHHUSIMH IO MOBOAY BBIYHC- §
auMocTH. Pesyabratel Pullla MOKasbBaIOT, YTO Halle PaccMOTpe- §
HHe MHTETPUPYEMOCTH HYXKAaeTcsi B NPOYHOH TEOPETHYECKOH oc- |
Hose, a ee jgaer auddepennuaibHas anre6pa, K ONHCAHHIO KO- 3
TOPOH MBI H.NEPEXOIUM.

JAUSOGEPEHLHAJDHAA AJITEBPA

[Tepen TeM Kak paccMaTpPUBaTh 3a/ayy WHTErPUPOBaHHSA, HAM §
HYJKHO OTIPEAEJIHTb, UTO Mbl NOHHMA€M NOJ HHTETPHPOBAHHEM H }
uaTerpajom. OueBHAHBIH OTBET H NPHHAMAEMOE HAMH ONpejese- |
HHe cocTOsIT B ciaeaymouiem: F(x) ecth unTerpan ot G(x)dx To- 3
rga H ToJabko Toria, korga ((x) ecTb Npou3BOJAHAA 0O X OT §
F(x). Takum o6pa3oM, onpelejeHHe HHTEIPHPOBAHHSA MPOCTO §
CBOAMTCA K onpefenenuio puddepenuupopanus. Msyuedne nud-
depeHnnpoBaHusl Kak ajireGpauueckodl (a He aHATHTHYECKOH)
onepauuH — KOMIEeTeHIHs Suppepenyuarvrol areebpor — o6ia-
CTH MaTeMaTHKH, OCHoBaHHOH I[xk. PurroM, XoTsl ee mpocrefimue |
peayabTathl BocxoisT K JlmyBuwamio u Jlanmacy. HroGel BBecTH
TEePMHHOJIOTHIO, HYXHYIO IUISl HCC/e10BaHNUs NH(depeHIHpOBaHN
W MHTerpHUpOBaHHUs, MBl NPHBOJHM 3/leCh OUeHb KDATKOE De3loMe]
aneMenTapHoll nuddepernnanbHod anreGpsl. JlanbHefiline cBe-g

1y Dra ¢pasa yrounser GOPMYJHDOBKY, NPHBENAGHHYX B OpHTHHaze.
lIpum. nepes.
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HeHHs MOXKHO Hafitn B kuure Kamjauckoro (Kaplansky, 1957),
nawomeii BBefeHne B mpeamer, o63ope Purra (Ritt, 1950) uan
monorpaduu Komuuna (Kolchin, 1973), cogepxaliei nonnoe u3-
aoxenne nuddepeninanbHON aare6peL.

Tlon Qugppepenyuarvnbim nosem Mel GyieM NOHAMAaTb moJe!)
BMecTe ¢ ceMelicTBoM D; 0OJHOMECTHEIX ONEpaTOpPOB (3aMuChiBae-
MBIX B BHjJe a - Da) Ha 3ToM nose (AuddepeHIMpPOBaHHE mO-
JIst), YZIOBJIETBOPSIONIHX CAEAYIOIHM YCIOBHAM:

D (a + b)=Da + Db,
D (ab)=aDb + bDa

4 JIO6HX 3JeMeHTOB a,b moas u Jjwoboro auddepeHunupona-
auss D. Tlone K aBasgercs oduggeperyuarsvroim pacuiiperuen
noass L, eenu K — pacumiupenne L xak nojs u Joboe audde-
peHuupoBanue nojs K MOXHO cuuTaTh OrpaHHYeHHeM HEKOTO-
poro audcdepernupoBanus moas L. Mbl Gyaem HHOrja NHCATh
a’ BMecTo Da, eciu HMeeTcs TOJBKO OAHO AHb(depeHUHpOBaHHE.

daemedT, uMewmuil o6pas 0 mpu mnwboMm sHdepennnposa-
HHM, Ha3HIBAeTCH KOHCTaHTOH moJsi. MH cpasy noayusaem D0=0,
a 3areM D1 =0, tak uro J060oe LeJoe YUCIO SBJAETCS KOHCTaH-
TOfi B TOABKO 4TO ONpeJesNeHHOM cMbicie. Bcioay, kpoMe ri. 6,
Mb 6yJeM paccMaTpuBaTh TOJIBKO OAHO AuddepeHuHpoBanue, a
MMeHHO OIepalyio, 06paTHYI0 K HHTerpHPOBAHHIO, KOTOPOE MHI
XOTHM BHIIOJAHHTb. Ecau X — nepeMeHHas, 10 KOTOPOH MBI XOTHM
HHTerpupoBaTh (NepeMeHHAsi HHTETPHPOBAHHS), TO Mbl MOXKEM
npespatuts {K(X,Y)|F(X,Y)=0} B nuddepenunaibuoe noie,
nojaras no ompenejenuto a’=0 aasa scex a us K, X'=1 u
Y’ = —(Fx/Fy), rie Fx o6o3HauaeT (HOpMajbHYIO YaCTHYIO NPO-

-u3BoxHylo or F mo X (r. e. mpoussosHasa ot cX" paBHa cnX !,

1 3TO gyacTHoe AuddepeHIHpOBaHHE ABJIAETCA aANHTHBHOH oIe-
pamnuei). B Gosee obwiefi cuTyanuu, HanpuMmep B cjlydae npex-
CTaBJeHHH ¢ MHOTHMH IepeMeHHHMH, ecau F(X, Y, Z, ..., W)=
=0, 71700 =F =XFx+YFy+2ZF;4+ ... +WFy, u 310
onpepensier W’ uepes X, Y, Z, ..., W. OT0 oueBHAHHM obpasom
npespaliaer noje B AHb¢epeHUHaNpHOE NOJe, a HHTErPHPOBA-
HMe OTpejeJsieTcsi Kak onepauus, obpatHas K AuddepeHnuposa-
HHIO, BCIOALY, [/ie OHA ONpEJlesieHa.

Eciu K — nuddepenunanbHoe node, x,y npuHayiexar K,
npuyeM y oTaMued oT HyJaa u Dx =(Dy) /y aas awoboro nudde-
pennupoBanust D nosnst K, To MBI TOBODHM, UTO X €CTb 202apUhMs
Y uiu uTe y ectb sxcnoxenra (or) x. OTMernM, 4TO 3TO COrya-

) Ec/ii He OrOBOPEHO IPOTHBHOE, CUMTAETCS, YTO XaPAKTePUCTHKA IOJs
pasua 0. «CaM PHTT He BHJe] HHKAKOTO IPOKY B INOJAX HeHYJeBOH xapakTe-
PHCTHKH K HasbBaa ux ,Aypaikumu moasmu” (Kolchin, 1973, c. xiii). d na-
Leloch oKasaTh HHXKe (CM. B 9ACTHOCTH IV 8), uTO 3TH MOJS MOryT OHIThH mO-
A€3Hbl B TEOPHH HHTErPUPOBAHMI.
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CyeTcs CO CTaHAAPTHHIMHM (&HAJHTHUECKHMH) OIpeleseHHAMH,
TaK Kak ypaBHeHue Dx =(Dy/y) oGHuHO TpHHMMaeTcs B Kaue-
CTBE ONpelLesIeHHS! SKCNOHEHIHAJbHOH (DYHKUHH B KJIaCCHUECKOM
AHupQepeHLnasbHOM HCYHCIEHHH, a JOrapudM OIpefe/aeTcs Kak
ofpalleHne 3KCNOHeHTH. JuddepeHnnansHoe pacuiupeHne L
nonst K HasblBaercst 9.4emeHTaproiM pacuuupenten K, ecid oHo

umeer Bua K(t, ..., t,), roe mas kaxnoro 1 <Ci<C'n BHINOJ-
HSIETCA OJHO B3 CJeAYIOLUHX YCJOBHE:
ti~—qorapudm HekoToporo sjementa noas K(ti, ..., tiy);
li - 5KCIIOHEHTa HeKOTOporo siaeMeHTa moas K(¢, ..., L),
ti— aareGpanvecknuil saement.Han K(t, ..., tiy).

C noMompbI0 3TOrO ONpEJe]eHus YTOUHSETCS MOHSTHE SJeMeH-
TapHO#H (GYHKUHH: 3TO QYHKLHS, KOTOPAsk MOXKET GHTh IpeiCcTaB-
JieHa B BMJ€ 3JIeMEHTA HEKOTOPOro 3JIeMeHTAapHOI0 DACLIHPEHHS
TI0JI1 KOHCTAaHT.

TEOPEMA PHUIA

HHTerpan oT panuoHanbHOH (GYHKIMH ABJSETCS cymmo#t pa-
IHOHAJbHOA GYHKUMM M JIOTapHOMOB C NOCTOSHHEIMH K03 pu-
nueHTaMn. TouHe Tak ke HHTerpas ot anreGpanueckoil GyHKIHH,
€C/IH OH BJICMEHTapeH, sIBJSeTCA CyMMOH aare6paudyeckoil (pyHK-
UMM . H B3ATHIX C NOCTOSHHLIMH KO3((QHIHEHTaMH JOrapu(pMoB
anre6panueckux QyHkuuit. Mbl ckaxeM, uTO Takoil MHTErpaj co-
CTOHT M3 a.zebpaudeckod wactu u aoeapugmuyveckod wacru. Un-
Terpaj, He HUMeIOIHH JOrapuMHYeCKOH YacTH, HA3bIBASTCH 4i-
cTO aseebpauueckum, a WHTerpas Ges ajre6panueckoft yacTH —
HUCTO A02APUDMULECKUM. ~

IlepBbiit BaXKHBIA pesyJbTaT O BHAE STHX HHTETPaJOB — IIPHH-
uun Jlamgaca (Hardy, 1916, ¢. 9—10), yrBepxaaomuil, yto HH-
Terpas or ajre6panyeckoli QYHKLUHH MOXKHO IpeoGpasoBaTh Tak,
4TOGH OH COAEpKaJ JHIb Te ajrefpaHuecKhe BeJHYMHBI, KOTO-

pbie BCTPEUAIOTCS. B NOABIHTETPAJLHOM BHIPAXKeHHH. DTOT Pesyb-

' TaT MOXHO JHO0Ka3aTh <«3JIEMEHTapHEIMM» CPeICTBaMH, M Xapau
HaMeyaeT Takoe J0KasareabctBo (c. 36—42 u 46 ynomsamyTo#
pabotb). OnHako MBIl NOJYYHM STO M3 HaUIMX OGUIMX pe3y.b-
TATOB — CM. CJEICTBHE 2 HHXKeE.

[Ipn mHTErpHpPOBAHHMH paUHOHAJBHON (YHKUHH JorapudMH-
yecKasl 4acThb IPOMCXOAMT B TOYHOCTH OT HHTETrPHPOBAHHS YJe-
HOB Buia 1/(X—£) B DassOXKEHHH HHTEIPHPYEMOH OYHKIHH

Ha mpocredimune Apo6u, a aare6paumyeckas 4Y4CTb— OT HHTErpH- |

pOBaHHfl BCEeX OCTaJbHBIX uJeHOB. OGOGlLieHHEM 3STOTO 3aMeua-
Husl Ha ajre6pauueckne QYHKIMM SBJIAETCH Ciaelyloluee yTBepxK-
nerue, chopmyanpoannoe Puumem (Risch, 1970).

Teopema. ITycre w—OQupdpeperiyuanr 8 nore {K(X,Y)|
|F(X,Y)==0}. IIycro ry, ..., re—6a3uc Z-m00yis, noponden- 4
Hoeo auiueTamu Oupepenyuara w, Tax 410 8 xaxdom K-naed-
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k
ce P Qudpdpepenyuar w umeer soiuer Z a;pry,e0e ap sesxcar 8 Z.
=1

ITycte dususop d; sadaw xparnoctamu a;p 8 naebcax P. Toedaq,
ecau S W SAEMEeHTApeH, TO HAOYTCA IAEMEHTbL Vo, ..., Vi NOAR

K(X,Y) u yenovie qucaa ji, ..., jr, TaKUE, 4TO d; 68 cTenexu') j
ectb oususop ynxyuu v; u

b
d
w=dV0+ ZQ—’V—I
l=]

fi v !

T, 8,
imk

Swzvo—l—Z—%logv,.

{=l

B sT0#1 TeopeMe vy — anare6pandeckas yacTb OTBeTa, a OCTAJb-
HOoe — Jiorapu(MHUecKas 9acTb, 3aBUCALAS TOJBKO OT BBIYETOB
HHTErpupyeMoH (YHKUHH. 2TO — HENOCPeACTBEHHOe oéoémem&ve
CTAHA4PTHOTO METOLa HHTErPHPOBAHUS PALHOHAJNLHBIX (PYHKIHH,
ONHAKO MOJKET OKa3aThbCs, YTO AUBH30PH PALHOHAJBHO (2 He JIH-
HeflHO) 9KBHBAJIEHTHBH HYJIO. B 3TOM IHocJAelHEM clyuyae j; H
eCTh TOT LeJHIH MHOXKHTENb, KOTOPHH npeBpamiaer d; B AHBH30D
¢ynxuun, dT1a TeopeMa HENOCPEACTBEHHO MONCKA3LIBAET CJely-
IOMKA aNrOPUTM HHTErpUPOBaHMsl ajire6panueckMx (yHKIHA.

PUIL_ANTEBPAUUECKNH
Bxon: . i
F(X,Y): ypaBHeHnHe ajre6pauueckoil KpHUBOM.
f(X,Y): ¢pynxkunst or X u Y
(w 6yner torga paseH f(X, Y)dX)
Brixon:
I: unrerpan ot f(X,Y)dX
(wau HE_2JIEMEHTAPEH, ecnn He cyliecTByeT sJeMeH-
TapPHOrO HHTETpaja). -
1y I'IO'lPEHIlI/IAJIbeIE_HOJHOCA:=<<BECKOHE11HOCTI)»
" BMecTe CO BCEMH MHOXKHTENSAMH 3HaMeHaTeJsi OGYHKIHH
f(X,Y) (xoropasi sBjfieTCs MHOrOujeHoM mo X B cuiy sa-
MeyaHH#l O NpPEACTABJIEHHH aiAre6PaMYeCKHX BeJHYHH, CHe-
JaHHHIX B TJ. 2).
[2] BBIUETDI := nas kaxaoro U u3 cnucka IOTEHIIUAJID-
HBIE_[TOJIIOCA .
st Kaxjoro maeiica V, gexamero Haa U .
Cosanatps cosokynaocts (V, Buiuer ¢yuxunu {(X,Y) B nueit-
ce V). :

1) B cMbic/le YMHOXEHUS! RHBH3OPOB, BBENEUHOro B TJ. 3: BCe KPATHOCTH
YMHOXaIOTCA Ha [i, @ MJefickl COXPaHAKTCA.
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[3] Z_BA3UC := 6asuc Z-vonynsi BHIUETOB, CO3JaHHOTO Ha
mare [2]. ‘
[4] I[gm kKaxnoro Ri us cnucka Z_BA3UC ngenats:
[4.1] Di:= ana kaxnoro U us cmucka BBIUETHI co3naTh Co-
BOKynHOCTh (Ilueiic. koapduunent npu Ri B nanHoM
5 BBHIYETE).
TO COOTBETCTBYeT AHBH30PY d; B TeopeMe .
[42] Jii= HAXOXNEHWE TOPHTKA BF
Ilo teopeme Puwa nuterpan moxer cyuiecTBoBaTh TOMBKO
B cJayuae, Korg}a Di— nususop koweuHoro nopsaxa.
ITOT wWar Aaer HaM NOPAAOK AHBM30pa Di, T. e. HauMeHs-
mwaCTeneHb, B KOTOPOH OH JIHHEHHO KBHBAJICHTEH Hy-
Jio. Ecau rtakoro mopsiika Her, na -
s IE:—IEIIHOCTb. psn , Raercsi orser BECKO
. cau Ji = BECKOHEUHOCTD, 10 BH
| B bR ECKS o BbAaTh oteer HE.
[4.4] WHTEIPAJI := UHTETPAJT 4 - :
(Ri/Ji) «log (AUBU3OP_B_®YHKIIMIO (F(X, Y), Dix«Ji))
Mbl HauutH Tenephb Bee JIOTapH(GMHYUECKHE UaCTH HHTErpa-
J1a H MOXEM YNaJHTh HX NPOH3BOAHEIC M3 IOJLIHTErpaJb-
HO# (YHKIHH, 4TOGH HafTH aire6pauvyecKylo 4acTb.
[5] Tenepb Haxonm anreGpaHueckylo 4acTh OTBeTA.
[5.1] £(X,Y) :=1{(X,Y)— npoussoanas ¢yrkuun MHTEIPAJI
[5.2] AJIT_YACTD := HAXO)XJEHUE_AJITEBPAUUE- .
- CKOM_YACTH f(X,Y).-
[5.3] Ecau AJIT_YACTb = HE_AJITEBPAHUYECKAS
TO BEAaTh orBer HE_IJIEMEHTAPHAGY.
B sTom cayuae Mbl MoxkeM HaliTH Bce JorapupMuueckue
! YacTH HMHTeTpaja, HO He €ro aareGpaHuecKyio yacTb.
[6] Brinats orser MHTEI'PAJI 4+ AJIT_UACTD.

b

DTOT aNrOPHTM JIEFKO PeasH30BaTb, KAK TOJABKO ONpeAeseHsl
BCNOMOraTeJbHble aJAropuTMbl. MHorne u3 Hux — xopoio ussecr-
HbI€ aJITOPUTMbI KOMIIbIOTEPHOH aJreGphl, XOTS 3TO MOXKET GHITb
He Cpasy BHAHO H3 HX ONHCaHHY. PasjioXeHHe Ha MHOKHTEJH
Ha mare [1]. npousBoautcs Tosbko B K[X] B cmay cuoenammoro
B IVI. 2 3aMeYaHUsI O TOM, YTO Mbl MOXKEM NpEICTaBJIATh 3JEMEHT
nons {K(X,Y)|F(X,Y)=0} kak wacTHOe, YHC/IHTEJb KOTOpO-
ro—wmHorowted ot X um Y, a 3HaMeHarelb — MHOrowren
ot X.

3ajauy o nocrpoennn Gasuca Z-MOAYJs Ha miare [3] MoxHO
nepeopMy/IHPOBATh KaK BONPOC O HAXOXKACHHH JHHEHHO Hesa-
BHCHMOTO IOJIMHOXKECTBa CTPOK MaTpHUb. OTBET HAXOMUTCS oue-
BHIHBIM CIOCOGOM, KOTOPHIH, OJHAKO, He 3P (HeKTHBeH AJis GOJIb-
wux Matpul. IlpaBna, 5ToT Bompoc He MOMIKEH HAac CJOHLIKOM
3a6OTHTD: Belb eC/W Hallla MaTPHIA BeJHKAa, TO TMOPOIHBLICE ee
NOABIHTErPAJILHOE BbIPAXKEHHE [OYTH HABEPHAKA W CAMO CJIHII-
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KOM BeJIHKO AJIf TOPO, UTOOH €F0 MOXKHO OBIIO NPOUHTErpPHPO-
BaTh.

[Tpo6seMa HaxoxKIeHHs BHYeTa B JaHHOM Iaelice Tpebyer
BHUMCJIEHHA uieHa ¢ {~! B pasjoxenuu Ilonso (rae f-— joxaib-
HEIl mapaMeTp B paccmaTpHBaeMoM miefice). Kak yxke cxkasaHo
8 ra1. 2, pasioxenus [lion3o— 3710, MO CyLeCTBY, pasJjIOXkeHHS
B psa JlopaHa, H HX MOXKHO BBHIYHCJATH ONHCAHHBIM B I 2 Me-
TOA0M, KOTOpHIH ocHoBaH Ha npueMax u3 paGorsl (Norman,
1975). Xors nporpaMMa, BHIOJHAIOWAS 3TH PasJOXKeHUs Ipa-
BHJIbHO H 3()(EeKTHBHO, ToJyuyaeTcs AOBOJbLHO IJHHHOH, BO3HH-
Kalolllie TPYZHOCTH HOCST CKOpee TeXHHUeCKHH, 4eM MaTeMarTH-
yeckuil xapakrep.

Anroputm JTWMBHW30P_B_®YHKUMIO omucan B ra. 3. An-.
roputm HAXOXXAEHUE_TIOPSAIKA cnoxnee, 1 Mbl BepHEMCS
K HeMy B I 6.

JOKA3ATEJIbCTBO TEOPEMbBI PHIIA

Puw mosydus ynoMsSHYTYIO BHILE TEOPEMy KakK CJe[CTBHE
cBoeff OCHOBHOH TeOpeMHB 00 HMHTErpHUPOBAHHH (J0Ka3aTe/bCTBO
KOTOpPOH He OBLJIO BKJIOUEHO B €ro onyGJHKOBaHHble PaboTH,
XOTSE W MO3KeT OHThb moJsiydeHo u3 pabortwl (Risch, 1969, c. 171
u ca.)). ITosToMy HeoGXOAHMO NOKa3aTb 3Ty TEOPEMYy IpexIe,
yeM MHl CMOXKEM IIOJIOXKHTb € B OCHOBY IIOCTPOEHHs! TEODHH HH-
terpupoBanus. Teopema cpOpMyJHpPOBAHA B BHIE 3SKBHBAJICHT-
HOCTH, HO €C/IH W HMeeT YKa3aHHHEIH BHJ, TO OHAa OYEBHAHEIM 06-
pasom sieMeHTapHa. [TosToMy ocHOBHas 3ajaya — J0Ka3aTb, YTO
Bce sJeMeHTapHble AubdepeHnHanb HMEIOT TakoH BuA. Mwp He
6yseM npucnocaGJuBAaTh NePBOHAYAJNbHOE [OKA3aTeNbCTBO PH-
umia (B KOTOPOM peub IIJIa TJIaBHHIM 00pasoM O TpaHCLEHAEeHT-
HEIX QYHKIHSX), 2 TafuM HoBoe H 60jiee KOPOTKOe [0KasaTellb-
CTBO, ONHpalolleecst Ha OJHH HeJaBHUH pe3yJbTar (Rosenlicht,
1976).

BocnoabsyeMcsi HHTYHTHBHEIM HabJiojieHueM: nHddepeHnupo-
BaHHe He YCTPAHSeT HU SKCIOHEHT, HH JIOTapH(MOB, KpoMe CJIy-
yasi, KOrfa TNOCJefHHe BCTpeyamTess B cymMme ...-clogf(x).
Kpowme Toro, nuddepeHuupoBanne Ke yCTpaHseT anre6pandeckux
BhipaeHuil. [109TOMY ¢ HHTYHTHBHOH TOUKH 3DEHHS eCTECTBEHHO
OMKH[AaTh, UTO HHTErpaj OT aire6paHdecKod (YHKIHH, €CJH OH
sJeMEHTApEeH, MOXeT ObTb MpeicTaBleH B Buie 4 (x)+
+ 3 logu;(x), rae c¢;— KOHCTaHTH. OTO 3aMeuaHue OBLIO
caenano JlamiacoM u BnepBhe nokasano JluyBuisem (Liouville,
1833) ¢ nomouipio H306peTaTENbHON HHAYKIMH CHyCKa. drto no-
Ka3aTesJbCTBO MOXKHO HalTH B KHure PHTTa, IJle ONHCaAHbl pesyJib-
rarst JInysuaas (Ritt, 1948, c. 20). Ham noaxon Gyaer ocHoBaH
Ha Gosee cOBPeMEHHBIX MeTOJax abCTpakTHOH anrephl, Tak Kak
npescTaBisgeTcsl NpPaBIONOJOGHBIM, YTO MMEHHO OHH JOJIZKHBI
CJYKHTb MCTOYHHKOM IOJIE3HBIX 060GLIeHHH.
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Jlemma 1. Jas ¢ynkyun f(X) us L={K(X,Y,Z, )| F(X,
Y)=0, G(X,Y,Z)=0 ..}, 20e K anrcebpauuecku 8aMKHYTO,
Ouppepenyuan fdX sremenrapen (8 Tom cmoicae, uro umeercs
9NEMERTAPHOE pacuiupenue noasn L, codepocaujee ssemenr g, ra-
Koll, uto [ == g’) r02da u ToAbKO TO20R, KO20A UMEIOTCS KOHCTAH-
ToL €1, ..., Cn, MUHEUHO HE3ABUCUMbLE HAO YEAbLMU YUCAAMU a,L,

. u
U SAEMEHTOL Uy, ..., Un, Vv NOAR L, Taxue, uro f=+" L Zc; "zll—
i

Hoxasareasverso. Ecin He Tpe6oBaTe JMHEHHON He3aBHCHMO-
CTH KOHCTAHT C;,! TO 3TO — OFDaHHYEHHE TEOPEMH 3 H3 PaGoTHI
(Rosenlicht, 1976) ua cayuaii oanoro AnddepeHnnpoBanus ce-
UMaJbHOTO BHAA. A ecau ¢; JHHEHHO 34BHCHMHI Haj ILeJBIMH
UHCHIaMH, TO MBI MOXeM JOOHTbCS JIMHEHHOH He3aBHCHMOCTH,
O0beHHAS HX M IOJbL3YACh TOMKIECTBOM D (u*) / (u*)= kDu/u.

Caencreue 2. Jaementaproii UHTeepar or aazebpauyeckorl
Pynkyuu He moxcer codepiars unolx asreebpauieckux Beudun,
SABUCAULUX OT NEPEMEHHOL UKTEZPUPOBAHUS, KDOME TeX, KOTOpbIE
BCTPEUAIOTCR 8 noObinTeeparbHol pynkyuu '),

Hoxasarensvcreéo. Ecan unterpan 9/7ieMeHTapeH, TO HHTerpH-
pyemasi QyHKUMS HMeeT BH[, YKa3aHHH B Npeaslayieil jemMe,

a ee MHTerpaJ paBeH v - ZC‘ logu;, roe v u w; npunanexar

AudepeHInaILHOMY OO0, B KOTOPOM JIEXKHT HCXOAHAS MOIbIH-
TerpajbHas (YHKUHS, a MOTOMY NPeACTABHMH Uepe3 Te ke aJ-
reGpanyecKHe BeJHUHHHL.

OTmeTnM BaxKHOCTL (pasbl «3aBHCSALIHE OT nepeMeHHOH uH-
TerpHpOBAHHUsI» B NPUBEJEHHOH Bbille (YOPMYJIHPOBKE NpPHHIHNA
Jlannaca. Bes 5Toro orpanuuenus mpuHmHn HeBepeH.' Hampumep,
Pumr (Risch, 1969, npexnoxenne 1.1) paccMaTpHBaeT HHTerpai

ot 1/(X?—2), KOTOPEI 0643aTebHO COTEPIKHUT 4/2.
Jemma 3. ITose K ((?)) crenennsix pados or oduol nepe-
MEHHOL — 3TO dud)cpepeuuaa/zbnoe noae, ede (Z a;ti)mz iagt™"
Hoxrasareascreo. CooTHOMEHNE LSl COKEHHS OYEBHAHO, CO-

OTHOLUEHHE AJS - YyMHOXKEHHsS TMOJyd4aeTcs CpPaBHEHHEM JIeBOi u
OpaBOH YacTH.

'y Oro — npusuxn Jlanaaca. Xap,un (Hardy( 1918, ¢. 9-10) LHTHDYeT
Jlannaca cienyiomum ofpasom; «Llintégrale d'une . fonction différentielle
(algébrique) ne peut contenir d’autres radicaux (sic) que selles qui entrent
dans cette fonctions. $I we cMor Haite B TOWHOCTH 3Ty $OpPMYJIHPOBKY B Xa-
Kofi-1u6o pabore Jlamaaca, no o6Hapyxua crenyiomyro: «L'intégrale d'une
fonction différentielle ne peut renfermer d’autres” quantités exponentielles et
radicales que celles qui sont contenues dans fonction» (Laplace, 1820, 1. 1,
¢. 5). 3amernm, uro Jlamiac He yTBep:KIaeT B ABHON ¢dopme, uTo 310 OTHO-
CHTCA TOJBKO K aireGpaHyecKHM BHIDaXKEHHSM, 3aBHCSALIEM OT IepeMeHHOR
mnerpupc;saﬂux. Jpyroe noxasaTesbCTBO MOXKHO HAiiTH y Purra (Ritt, 1948,
¢ 28—31).
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Jlemma 4. Ecau x— nepemennas Ouggepenyuposanus u
dz=ydt, 70 y==2, ede ’——-0u¢d7epem4up93anue «8 cMmbicae
cTenennblx padosy, onucanHoe 8 npedvidyuiell semme.

Hoxasareavcrso. 1o Teopema 8 xuurn (Lang, 1957), c. 247.

Caencreue 5. Ecau t — aoxkasbras nepemennas, 70 pasioixce-
nue IMrwouso gynrkyuu f'dx/dt ecre npousseodnas (8 cmbicae rem-
not 3) pasaoscenus I[Touso pynkyuu f.

Caencteue 6. Ecau F umeer uucro aszebpauyeckurl unteepan

i
u pasaoocenue Ilwouso gynkyuu F umeer sudﬁzl: a;t’, To pasio-
a;ti+ :

acenue Irouso ee unreepara umeer auod Z T

Jlemma 7. Pasaosncerue ITrouso dan npoussoduoi or log F(X)
cosnadaer ¢ pasaoxceruen F' (X)/F(X). B 4ACTHOCTU, eCAlL F(X),
umeer nyab (uau noaioc) nopadxa n 8 naetice P, ro (log F(X))
umeer 8 3TOM naelice goiueT N (COOTBETCTEEHHO — N).

Hoxazareavcreo. Tlepsas uwacTb —3TO B TOYHOCTH JlaHHafd
paHee XapaKTepH3auus JOrapupMos. Bropas uacth mosyyaercs
myTeM paccMoTpeHHs pasjioxenuii Ilionso. Ecim F m:l/x_eleT pasJo-
JKeHHe ant® 4 ..., T0 F/ umeer pasjoxeHue nat*'4 ... u
yacTHOe uMeeT BuJ ni~!-}- ..., uTo U Tpe6OBaJOCE.

Hokasareavcreo Teopemsi. Ecin w — BEIpaXKeHHe yKa3aHHOro
BHIa, TO OHO OUEBHJHBIM 00pasom mHTerpupyemo. st nokasa-
TeJbCTBA OGPATHOTO YTBEPXKAEHHS IPEANOJIOKHM, YTO W HHTE-
rpupyemo. Torna mo semme 1 MB MOXKeM 3amucath @ B BUIE
vdx -+ Y. ¢;(logu;) dx. MoxHO cunTaTh, UTO HH OJHA W3 U; HE
SBJISIETCH KOHCTAHTOM, TaK Kak uWHaue OHAa He Moraa Obl BHECTH
BKJala B IIPOM3BOJHYIO HHTerpana. Buibepem BbpaxkeHue yKa-
3aHHOrO BHJA C MHHHMMAaJbHHIM 7. B cuiay JeMMbl 7 BHYeT w
B muefice P paseH Z cib;p, TAe bip —NOPSIAOK u; B IJefice P,
Ianee, Tak KaxK Ka)<iasi 4; UMeeT XOTsl Obl OJHMH IOJIOC H C; JIH-
HefiHO He3aBHCHMBI, KaxABH K3 KO3(h(QHLHMEHTOB ¢; BXOJAHT XOTA
6bl B OAMH BhiueT Bhipaxenuss w. CjeaoBaTesbHO, ¢; 06pasyioT
Gasuc JJs MHOXKECTBAa BLIUETOB BHIDAXKeHUs] @ (MJH, BO3MOXKHO,
AJs 6oJblIero MOAYJs, KOTOPHIH B JI0O0OM ciayuae BKJIOUAeT
TOJIbKO JpoGHHle KpaTHble BhueToB). IlosTomy, ecam {r;} — Hawm
6asuc AJs MHOMKECTBA BbIYETOB BbIPAXKeHHS W, paccMarpuBae-
MOro Kak Z-MOAyJb, TO HMEIOTCSl ILleJble 4HCJa i, TaKHe, YTo
MHOXKeCTBO {ri/j;} ecTb 6asuc MHOXKecTBa {Ci}, M MBI MOXKeM

RyiTy
samucarth ¢; B BHIE Z TH
cyMMy JorapupMoB Tak, 4TOOB KO3(hQHUHEHTAMH OKa3alHCh
ri/ji, 4 TeopeMa JOKasaHa.

Tenepb MBI MO2XKEM IIepenucarthb
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€aencreue 8. Ecau UHTeepupyemoe BoLpaxcenlie He uMeeT Bbl-

ZZZ?Z, TO €20 UHTeepan He MOXeT UMeTb A02apupmuteckol

AJITEBPAHYECKAS YACTbH

Ha ware 5.2 o6pucosannoro sbime aJropuTMa HHTErpPHpPOBa-
HHS Mb nosiyuaem (YHKIHIO, MHTErpaJ KOTODO#, eCJqH OH BOOG-
lie sniementapeH, ABJIAETCS YHCTO anre6paHuecKuM. DrTa 3ajgaua
HaMHOre mpoue, yeM o6uIMH cayuyall; oHa Oblta, MO CyLIeCTBY
pewena Gosee 150 mer masan (Liouville, 1833, 1833b). M
OIHALIEM MeTOJ pelueHHs 3TOH 3alauH, KOTOPbIN XOpOIIIO B3aHMO-
ACHCTBYeT ¢ OCTAJbLHBIM MATEPHANIOM M YACTO OKA3bIBAETCS OUEHD
3 deKTuBHEIM, Tak Kak BBISICHSIETCH, YTO MHOTHE BLIYHCJIEHHS
YK€ IpojesaHBl B Npollecce HaXOMKJEHHS JIOTAapHPMHYECKOH ya-
CTH uHTerpasa. Mmeerca weckosbko myTeil peleHns 3710ii 3a-
Aatdl, W onuchiBaeMblll 34eCh He 0683aTeNbHO CAMBIi s dexTus-
HbIH.,l); IPOCTO OH OJIMKe BCEro K Hamiefl ajareGpo-reoMeTpuue-
CKOH TOyke 3peHHsl Ha 3alady HHTETPHPOBAHHS.

OTOT aJrOpUTM OCHOBAH Ha TECHOH CBS3H MEeXAY HNoJiocamu
anreGpanueckoin pynxuun f(X,Y) n ee npoussoaHoit (X, Y)
(cM. Huxe cregcTBHE 6). B nefictBuTenbHOCTH, ecau f I/IM’eeT
PAC-TO Nojioc MOpsiAKa N, TO [ UMeeT TaM NOJIoC MOpsiiKa n— |
(unu Nopsigka n+-1, ecau miefic JexuT Ha GeCKOHeYHOCTH)
10 yTBepneHHe — 0606LIeHHe OGBIYHOTO npasujia HHTel‘pHpo:
BaHHs CreneHedl mepeMeHHOH X, KOTOpOe JIerkKO MOXKHO 10Ka3aTh
paccMarpusas passioxeHusi IT110u3o. MBI MOXKeM cKas3aTh HeMHO-
;%;:T Rynax ¢yHRuMH f, Tak Kak pasjoxkenue Iliomso s f

HMeTh MOCTOAHHHBIH 4YJ/eH, I i
vrosoia , nponajawomuii npu auddepen-

B stom npouecce ects oxmo TpyaHoe MecTo. MBI He MoKeM
TIOIHOCTBbI0 HAWTH MHTErpaj C NMOMOLIBIO 3TOT0 METOAAa, TAK Kak
UHTETpan onpeje/ed JHUIb C TOUHOCTHIO [0 NOCTOSHHOMN HHTEerpu-
PoBaHus. BHauaje 51 5KCHEPHMEHTHPOBAJ C Pa3/HYHBIMH cTpa-
TETHAMH, no3BOJIAIONINMH y3HATh, BOSHHMKAeT JIA HeOMpeleeH-
HOCTb B JiMHeAHOH KOMOMHALHMH GOYHKUMH ¢ JaHHBIMH HOJIOCAMU
M3-33 3TOH KOHCTAHTH WHTETPHPOBAHHS MM IO HHOH NPHYHHe
HO He cMor HaATH pasyMHOro cnocoba nAenaaTh 3TO. HOSTOMy’
A NPHHsJ c/eAyloUlylo CTPAaTeTHio: BhGUpaeTcs Touka P (He
ABJIAIOINasACA TOJMIOCOM INOABIHTErpPabHON (YHKUHH) H Tpeby-
€TCs, 4ToOn asre6panyeckass 4acTb HHTerpaJja NpHHUMaMaa TaMm

') B cayuae npocthix pacilmpennit ¢ MOMOMIbIO paiHKanos TEOPHA CHIBHO
yApoulaeTey y NpHHAANERHT, MO cyulecTBy, YeGhimesy (Chebyshev, 1853)
B paGore (Trager, 1979) HenaBHO OmyGIHMKOBAaH ajrOpHTM Haxox{ne’}mﬁ an
re6paHYecKoli yacTH B 3TOM CJydyae, KOTOPHIH Ka)ceTcs OueHb 3¢(eKTHBHLIM
Tak KaK O HCHOJBL3YET TOJIbKO TMONMHOMHAJbHEIE aJTOPHTMEL; ONHAKO s He

g\ggg’r(l)ﬂéﬂapy}l(ﬂ’rb €ro peaJusaluy U NPOBECTH CPaBHeHHe NPOAO/IKHTENbHOCTH
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snauenue 0, T. e. BHIGHpAeTCA KOHKPETHOE 3HAaUeHHE MNOCTOSHHON
MHTErpUPOBAHHA. DTO NPHBOAWUT HHOTJA K JIOOONBITHLIM 3Hade-
HHUSIM HHTErpaJjoB, HO OCTaBJ/iseT OUEBH/JHYIO BO3MOXKHOCTb 3BpH-
CTHYECKOI'O BTOPOr'0 3ax0jAa C lefbio Belbopa 6osee «cobJsasHH-
TeJIbHBEIX® 3HAYEHHI KOHCTAHTH HHTErPHPOBAHHS IMOCJE TOTO, Kak
yiKe HaliieH Bechb MHTerpaJ.

HAXOXIEHUE_ANTEBPAMYECKON_UACTH

STOT aJrOPHTM ONMHCAH JJs MPOCTHIX YaCTHBIX cJyuaeB. XoTd
BO3HHKAIOT OCJOXKHeHHus1, Korga (X —a) He sBASETCS JIOKaJjb-
HbHIM NapaMeTpoM B Touke X=gq, oOMWU OPHUHIMI TOT XKe CaMblil.
Bxon: : -

F(X,Y): ypaBHeHue aire6panueckoli KpuBoH

f(X,Y): ¢oysruus or X n Y

(Torna w 6ymer o6osnauats f(X,Y)dX)
Buxon: ®YHKUWH: Hurerpan ot f(X,Y)dX
(nan HE_AJITEBPANMYECKHH, ecan ner anreGpauve-
CKOro HHTerpana).

[1] NOTEHLIMAJIBHBIE_TIOJ/IOCA: =«BECKOHEUHOCTb»
H BCe MHOXHTenn sHaMeHarenas ¢yuxuuu [(X,Y) (xotophii
ABJsieTCs MHoTousieHOM 1o X).

[2] OUBU3OP := aaa raxzaoro U n3 INIOTEHIIHMAJIBHDIE.
T1IOJIIOCA

Ui Kaxporo miefica V, mexamero uan U ’
CosaaTb coBokymaocts (V, nopsnok ¢oyuknun f(X,Y) B V)).
DTOT NOPANOK BBLIYHCJASETCA C MOMOILIBIO pPAasJoXKeHHs
IMouso pyukuun 1(X,Y) B V. :

[38] Hasa mwo6oro U uz JHBHU30OP
[MTOPSAOOK := muaumym (0, [IOPIOOK + 1),
uin [IOPSIIOK-1, ecau nJeiic Jexur Hajg OecKoHeu-
HOCTBbIO. 3HAaKM -+ M — NOMEHSJIHCH MeCTaMn IO CpaBHe-
HHIO ¢ TNPHBEICHHHIM BHILIE ONMCAHHEM TEODHH, TaK Kak
NOPSAOK NOJIOCA BCErjia OTPHIATEJEH.
[4] ®YHKLIUHN :=KOVYTC (F(X,Y), AUBHU30P).
B nelCTBHTENBHOCTH 31eCh HaM HyXKHA MOAH(QHUKAUUSA
amroputMa KOVTC, koropasi Mmoxer paboraTh ¢ mJel-
caMH Ha GeCKOHEuHOCTH, HO, KaK OObsCHEHO B IM. 3, ee
He OYeHb TPYAHO NOCTPOHTD.

([5] Oas P=1,2, ... neaarn: -
ecan HHKakoH saeMeHT cosokymnuoct JTMBH3OP ne ie-
KUT Had P, To mepeitn K wary 6. ‘
ATOT LMK JOJKEH B KOHIIE KOHUOB 3aKOHUHTBCA, TakK
kax JTUBU3OP — koHeuHoe MHOmKecTBo noiocoB. Toraa
MBH MoOXeM moTpe6oBaTb, 4To6Bl HHTerpasn Obli paseH 0
B Touke P, 1 HalTH TOCTOSIHHYIO HHTErPHPOBAHHS,

[6] TMycrs Al[i]— snauenne ¢ynkuun OYHKUHMHI[i] B TOu-
ke P.
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YceTpanAeM onuH H3 sMeMenTOB MHOXecTBa QYHKIIUHY,
HCTIONIb3Ysl OrpaHHYeHHe ). Ali]==0.

[7] Oaa xaxnoro U us AHBHU3OP, umewmero [MOPSIIOK
~1=0, nponessiBaem crexyouee. :

Has kaxnoro wiena Ai—* pasaoxennst ITiouso pyuxuun f (X, Y)
LobHBaeMcsl, 4TOGLI HHTErpajs HMeJ uJjeq ~At_k'/k’
rae k' ectb k-1 15 KOHeuHBIX HJIeHCcoB H £ — | AKOI‘)Ia,
U nexuT na 6GeckoHewHOCTH, 310 HocTHraercs ,'nyTeM
[IPUMEHEHUS JIMHEHHOTO OrpaHHYeHHs K cnucky @YHK-
LHMH, nocrpoennomy na wmare 4, ¥ Ha NpakKTHKE 5TH JH-

HEHHEIe OTDAaHHYEHUsS DPa3pexeHnl AJIs NOJIOKHUTE/bHBIX &
, MEl HE MOKeM caenath 5Toro mis A = 0, .
[8] Koraa cmucox ®YHKILIUU CBEIETCS K eAHHCTBEHHOMY 3Jle-
MeHTY, npoakdpepeHLUPOBATE €ro. ECIH MbI HOJTYYHJIH
(f)(é)éi Y), To Haiizen IéHTerpaJI, a ecan HeT—To f(X,Y) Bo-

€ He uMeeT aJjre '
oo HE_AJIFEBPAI/I‘EEIEI!{IE;II(I(;IF.O MHTErpana, u oTBeToM 6y-
DTOT  anropuT™  cnocoGen YCTAHOBUTb  HEMHTErpHpYye-
MOCTb CTaHIAPTHBIX byHRUMI, HanpuMep dYHKLHA
A/F= 1) (x* — k), KoTOpas He UMeeT MOJIOCOB.

YACTUYHBIA AJTOPUTM

HAJ):([(a)}Ke IIpH OTCYTCTBHH 5(p(QeKTHBHOH peasusamun aJropuTMa
i }KI[EHI/IUE_HOPH,HKA ONHCAHHBIE BRILE METORBI HAIOT
M YaCTHUYHBIH aJITOPDHTM HHTErPHPOBAHHA a ‘

L are6pauye
¢oyukuuit. Ecin emy 1 o e,

pedbsiBieHa HHTErpHpyeMas aJ -
CKass (QYHKUHS, TO OH 3aBEepIIHT paéoT}? I?beIJIaCT ;ii%iggfl
€C/IM XKe NpelbsBJEHHas (QYHKIHS He HHTErPHpYeMa, TO OH MO.
XeT BeLIaTh oteer HE_3JIEMEHTAPHA, no moxer u me KOH-
YHTb paGoTy. ' ‘

Mb} HANOMHHAM, 4TO NOPANOK AHBH30PAa Ha ajreGpaumuecKolt
KPUBOH ONpEJE/eH KaK HaHMEHbLIAs ero CTeleHb, KOTOpPO# ¢00T-
BETCTBYET HeKOTOpas GYHKUMA, T. e. mJg KOTOPOH asropur™
KoyTca npumeHsiercs k HeMy ¢ moOJOKHTeNbHBIM orBetoM. Cie-
AOBATEJILHO, MBI MOXKEM 3aMEHHTb MPOMelypy HAXOXXIE-
HHE_TIOPI KA ApYyro#i, kotopasi nepeGupaer mno HOPAKY Bee
creneHn jaumBu3opa Di, ‘moka me wuaiimercs HyXHas. Jdra npo-
Llellypa, pasymeercs, He KOHYMT paboTy, ecid AUBH30D He $B-
J1A€TCS PALUNOHAJIBLHO SKBHBAJIEHTHEIM HYIIO.

Taxoit noaxox nokasmiBaer, uto mHam HYyKeH He TOUHBIA mo-
PALOK NMBH30Da, a JIMUIL €ro rpaHuua csepXy. Ecam Ml aomnyc-
THM, UTO BCE AMBH30DHI HMEIOT MOPANOK 1, TO momyuum [IpaBuJb-
HBIH OTBET MJIsT KPHBHIX poxa 0, T. e. aast mHTerpaios, KOTOphIe
MOXKHO B3ATb TDPHTOHOMETPHYECKHMH IIOJACTAHOBKAMH. Douee
[MSOILLPEHHEIE METOAbl HAXOXKACHHS NOPSAKA, PAacCMaTpHBaeMble
HHIKE, OTPaXKAIOT TPYAHOCTh PACNO3HABAHHS 3JI€MEHTAPHBIX HH-
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Terpajiop cCpeiH Tex, KOTOpble KaxXyTCsa SJAJHITHUECKHMH HJIH
THIIEPAJJIHIITHYECKHUMH. :

SaMeTI/IM, YTO TOT YACTHUHBLIH AJTOPHUTM IIOJIOH AJIsl HHTerpa-
JIOB, HE coJAepkKaliux JIOFaqu)MH‘IECKOﬁ YyacTH, TaK KakK HX IoA-
BIHTErpaJibHbie QJYHKHI/IPI HEe HMeIOT BLIUETOB.

COOBPAKEHUA 3¢PEKTHUBHOCTH

OnucaHHBIH aJrOPHTM MOXKeT OKa3aTbcs He oueHb 3(deKTHB-
HEIM Jaxe B cJyyae HHTerpajoB, COOTBETCTBYIOUIHX IHBH30paM
nopsiaka 1. PaccmorpuM, HanpuMep, HHTerpHpOBaHHe (YHKIMH

1 100
VE+T /52410000

Ona umeer BhueTH, papHble 99, 101, —99, —I101 B yeTHIpex
mieicax, Jexamux Ha O6ecKoHeyHOCTH. BrisoB mpouenypwm JH-
BU30OP_B_OYHKUMWIO Ha mare 4.4 Hallero aJaroputMa macT
OTBeT x10t

(V¥ +1—1) (V3 F 10000 — 100)'®°’

a B npelplAyliell riaBe yiKe 'OBODHJIOCH, YTO HAXOXAEHHE 3TOH
GYHKIMH HaWBHBIMH MeTojaMu TpeGoBajo Onl pelleHus Hepas-
pexeHHOH cHCTeMBl JHHeNHHIX ypaBHeHHH mopsanka 200 < 200.
Iaxe HCOOMb3YST MeTOJA, ONMHCaHHBI B aaroputme JAVIBH3OP-
B_OVYHKUMIO, Myl 10/MKHB BHUHCAHTL OKOHYATEJbHHIH pe3y.ib-
TaT, a ero 3HaMeHATeJb— 3TO YeTHHIH HepaspeXXeHHBI MHOro-
yien creneHn 100 nmo X. K cuacteio, 9Ta GYHKHHA MMeeT CHELH-
aJbHYI0 CTPYKTYPY, H €€ MOXKHO IOJYYHTb B HEepasBepHyTOH
dopme, Tak 4To mpobieMa He CTONb TPYAHAE, KaK MOKET IOKa-
satbcd. Hexkoroprle ciydan Takoro pofa HpHBeAeHH B mpuMepe 8
u3 npuioxenus 2. Tak Kak HHTerpHPOBAHHE KaxKJOrO 4jeHa B
OT/Ie/ILHOCTH TIOUTH He Ho6aBjsier paGoTHl, SCHO, UTO -Mbl JOJIXK-
HBl 9TO 1eJaTh, KaK TOJbKO HpeACTaB/sAeTcss BO3MOXKHOCTb. Ta-
KHM 06pa3oM MH YMeHbLIUM cpejlHee BpeMs pabOTHl aJropuTMa,
Kaxe eclH MaKCHMaJbHOe BpeMs paGoThl He MOHU3HTCH. MIHBIMH
cJoBaMy, uMeeTcs OOJbIIOH IPOCTOP AJs 3BPUCTHK, yAyduia-
10mux QYHKIHOHHPOBAHHE CHCTEMBl, Jaxe €CJd OHH H He yBe-
JuyuBaloT 064acTh paspelinMBIX 3ajad.

Ozxa u3 NPelecTBYIONNX BEPCUH NPOrpaMMbl, ONHcEBaeMOoH
B 9TOH Momorpaduu, a TakiKe NakKeT TPAHCIEHAEHTHOIO HHTErpH-
posauus (Norman & Moore, 1977) 6o Bkiouens (Harrington,
1977, 1979b) BMecTe c pacnossHapaTeseM o0pasuoB H HabGopom
NpaBHJ AJS HHTErpajoB, 3alaHHLIX MOJb30BaTe/]eM, B ajre6pau-
yeckyo cucreMy REDUCE. Meroasl XappHHITOHa, HCIOJb3Y-
I0UHe 110 Mepe HeOOXOAHMOCTH TOJbLKO YTO YNOMSHYTHE MEeTOIbI
MHTErpUpOBaHus, RAT, NO-BUAMMOMY, HAWJYYWIHH MOAXOA K
NPaKTHYeCKON CHCTeMe HMHTerpDHPOBAaHHs, TAaK KakK OHH COUETAIOT
H3SIMIECTBO H HETKOCTh aJrOPHTMUYECKOrOo IOJXOZAa CO CKO-
POCTBIO, KOTOPYIO JiaeT NMOJy3BPHCTHIECKUH MOAXOM.




Inaga 3

3AIIAYA O OMBU30PAX C KPY'{EHHEM

BBEJEHUE

OcHoBHOe cojepkaHue 3TOH H Tpex NOCJAERYIOMHUX TJIaB —
TCODETHUECKHE M INPAKTHYECKHE CO0OpazkeHHsl, OTHOCSILHeCH K
npouexype HAXOXXIEHUE_TIOPSIIKA, KOTOpasi, KAaK M5l
BHAENH B NPeABIAYIIEH IJiaBe, ABJISIETCS HeOTHEMJIEMON 4YaCThio
HAlIEro ajiropuTMa HHTErPUPOBAHHS H KOTOPAS OKA3BIBAETCS
HanGosiee TPY/AHON B MATEMATHYECKOM OTHOWIEHHH. B 5Tof riape
Mbl oGprcyeM OCLLYI0 NPHPOAY NPOGJIEMEI, YACAUB OCOGOe BHH-
MaHHe NpPOCTeHIeMy HETPHBHANLHOMY CJY4alo — 3a4auam, rie
BCTPEYACTCST KBaAPATHEIN KODEHb W3 €IMHCTBEHHOH KyGHKH WJIH
KBApPTHKH ') H BCe KOHCTAHTH — PaIlHOHAJbBHEIE YHCIA,

B CaMOM NPOCTOM CJy4ae MMeeTCs JIMIUb OJUH KOPEeHb KBaj-
PaTHBIM M3 PAcCMaTPHBAEMOIO JIHHEHHOrO HJIH KBAAPATHYHOTO Bhl-
paxenns. B atom cayuae?) npouenypa HAXOXIEHHE_IIO-
PAIKA Bcerna moxer BbZaBaTh OTBeT 1, Tak Kak He Bce JIUBH-
30Dl cTerneHH 0 PANUOHAJLHO SKBHBAJEHTHHE HYJIIO. TO 3aMeua-
HHe SKBMBAJEHTHO YTBEDMKIEHHIO O TOM, YTO TAKyld KPHBYIO
BCErjla MOXHO npeo6pasoBaTh B PALUOHANBHYIO, TAK UTO 3a4aua
CBONMTCA K HHTErPHPOBAHUIO PALMOHANBHON (GYHKIHH. DT0 MOKa-
3bIBACT, UTO €CJIM B HAlIeM airOpHTME 3aMeHHTL MPOLeypy
HAXOXIEHHUE_TIOPSIAKA 1a mo6ymo IPOLEAYDPY, BHIAAIO-
LIyI0 YHCJIO, He MeHbllee 1 (XOTSE 3TOT OTBeT He O6S3aTEILHO
NPaBUJIBHBIA), TO OH CIIPABHTCH €O BCEMH <OUEBHIHBIMH cay-
YasMH», JOCTYNHLIMH 3BPUCTHIECKOMY aJrOPHTMY.

K coxaiennio, cosjande MONHOH Mpouenyph HAXOXIE-
HUE_TIOPAKA —ropasio Gonee Tpyamas sajaua, yeM aoGas
H3 TeX, C KOTOPHIMH Mbl HMEJH J€N0 [0 CHX NOp, U €e pellleHHe
Tpebyer ropasio 6osibllle MaTeMaTHKH. ATy CHTYaLHIO WITIOCTPH-
pyer mpoctod npuMep 3 U3 NPHIOKEHHS 2, rie HHTErpHpOBaHUe
¢ynkuny, comepxameit SQRT(X®+- 1), Tpebyer paccMoTpeHus
IMBU30Da TOPALKA 3, a 9TO KayeTcss NOCJHOXKHee, YeM cuayualt
byukuun SQRT(X2+ 1). UYro6m ayymie noHSTS- 3ajgauy, HaMm
NPHAETCS HCIIOJB30BAaTh 3HAYHTENbHBI O6EM MaTepHasia uS aJ-

) Bro (B ofmem cayuae) KpuBHe posa 1 waM MMNTHYECKHe KpHBHe,
8 HHTErpaJil, ONpefesenHble HAL HHMH, — 3TO SJUIHNTHYECKHE HHTEIPAbI, N810-
Iue ppocteftiiie anre6pauyeckue NPHMEpb HEHHTErPHPYEMOCTH.

’? oria xpusas umeeT pop 0. (Kpusbie poma 0 moryr mmers u Gosee
CJOXKHBIE BHA, HO HX BCErAa MOMHO CBECTH K paccMaTpHBaeMOMY BHAY.)

Begedenue o N 65

-

re6panyecKOd TreOMETPHH M TEODHH UHCeN M Dsij HeNaBHHX pe-
3YyJbTATOB.

I'oopst HedopMasibHO, TPYAHOCTL MPOHCTEKAET OT TOLO, UTO
CyWIeCTBYIOT JHBH30DBEI, KOTODhle He SBJISIOTCA JHBH30pPaMH
(QYHKUHA, HO UMEWT KpaTHble, ABJSIOLIHECS AUBU30DAMH (YHK-
uuit. C nomombio aaropurma Koytca (ra. 3) Mbl MoxKeM y3HaTsb,
fABJSETCA JIM [aHHBIA JHBH30D JUBH30POM (YHKIHH HJIH HET,
NO3TOMY MBI GyleM OTOXKAECTBJATh IBa JHBH30pa, €CJAH HX pas-
HOCTb siBJIsSeTCH QUBH30pOM ¢yHKuuu. Torga mamia sagaua cBO-
JAUTCH K DacHO3HABAHHIO TOrO, HMeeT JIH NaHHbIH NUBH3Op (cTe-
nenu 0) kpaTHoe, KoTopoe otoxaectsisercss ¢ 0. Takoil TUBH3OP
Ha3BIBAIOT OQUBUBOPOM C KPYUEHUEM. ,

Ham npusercs paccMoTpeTs Bce BHIB AMBH30OPOB Ha aJjre-
OpaHueCKHX KPHBBIX, TaK ' 4K BCE OHH HMMEIOT OTHOLUEHHe K 3a-
Jdaye MHTETPHUPOBaHHus ).

Coopmyarpyem Tenepb Gosiee (popManbHO HEOOXOLHMBIE Ma-
TeMaTHYeCKHe cBeieHHs. IIHBU3OpHI, JIMHENHO 3KBHBaJeHTHHIE (),
00pasyioT NMOArPYHNy TPYNNbl BCeX AUBH30POB, H airoputm Ko-
yTca Jaer HaMm Npouelypy, Y3HAIOWLYIO, JIEXKHT JIH AHBH30P B 3TOH
noarpynne. PaccMoTpuM tenepb (GakToprpynny rpynne Beex AH-
BH30poB ctenenn 0 no 3Toit moarpynne. Pesyabrat, KOTOpHE MBI
Ha3oBeM AKo6uesoli epynnod Odususopos, siBasieTcsi?) KOHEYHO
nopoxaeHnoi abenesoit rpynmoit. IlosToMy ee momxHO paccmar-
puBaTh K&K NpsMOe NPOH3BelleHHe HEKOTOPOro uucja GecKoHeu-
HBIX UHKJIHYECKHX TPYNI M KOHEYHoH abesieBOH Tpymmsl (KoTo-
PYI0 Ha3BIBAIOT 2pynnoid Kpy4enus UCXOAHOH rpynmnt). [IuBH-
30p pAalHOHAJbHO SKBHBAJEHTEH HYJIO TOTAa H TOJBKO TOrAs,
Korjaa ero o6pas JIeKHT B STOH TpyINe KPydYeHHS, H B 3TOM CJy-
gae NOpPALOK JAHMBU30DA PaBeH €ro TeOPEeTHKO-TPYIINOBOMY Iio-
PAAKY KakK 3JeMeHTa 3TOH "KOHeuHoH abesieBoH rpynnbl. Bess-
YHHa 3TOH KOHEYHOH 4YacTH sSKOOHeBOH TpYINbl AMBH30POB H3-
BECTHA MOJ Ha3BaHHeM Kpy<erus TPyInul MK Kpuboii. lostomy
NopsiioK Ji0BOro AMBH30pa, PalHOHAJbHO 3KBHBAJEHTHOTO HY-
JIIO, JIOJIKEH OLITh JeJuTesNeM KPydeHHs KPHBOH.

SJIJIMNTHYECKUE KPUBBIE

B stoM pasaene npuMeHHM CAENaHHblE Bhille 3aMeuaHus K
YaCTHOMY CJYuYal 3JJIHNTHYECKHX KPHBBIX, T. €. KPHBHIX pojxa l.
Mbl jenaeM 3TO He TOJMLKO NOTOMY, UTO 3TOT Cjyuya#, HOTJO-
I2IOUHA SJAJHITHYECKHE HHTErpaJjbl, BaxkeH caM 1mo celbe, HO H
WOTOMY, 4TO OH IIO3BOJISIET Ha MPOCTHIX NPHMEPax MPOHJJIOCTPH-

1) Hns moBoro nuuaopa umeercs AHQdEpeHIHA] TpeThero poja, cpenn
BLIYETOB KOTOPOro HMeeTcs AaHHBIH nuBu3op (Lang, 1972, c. 44).

2) B cuny TeopeMst Mopjenna — Beitns (Mordell, .1922), (Weil, 1928) u
(Lang & Neron, 1959) B npuMeHeHHH K SKOOHeBY MHOrooGpas#io KpHBOH
(cM. HuXKeE).

3 3ax. 366
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poBaTh mpoGJiembl, KOTOpble BCTAaHYT Nepel HaMu MO34Hee MpH

paccMOTpPEHHH KPHUBBIX MPOH3BOJILHOTO poJa. Bogsliiast vacts -

THX pe3ybTaToB omucana y Kaccesnca (Cassels, 1966); Gosee

coBpeMenHoe H3JoxkeHne umeerca y Tefita (Tate, 1974). Bor

ellle [Ba BaxKHBIX cOOOGpazKeHHs: BO-NEPBbIX, Ha IJIHITHYECKHX
KPDHUBBIX JIEXKAT MHOTHE 3ajayd, BO3HHKAIOUIHE Ha MpaKkTHKe, B
YACTHOCTH Te, KOTOPble COAEP:KAT [Ba KBAJPaTHBIX KODHS H3
KBAapTHK WJHW OJMH KBajApaTHHIH KOpeHbp M3 KyOMKH HJH KBap-
THKH. BO-BTODHIX, HMeeTcsi MHOrO CHElHAJbHBIX [PHEMOB, NpPH-
MEHHMbIX B 3TOM cJyuyae, HO He K KPUBHIM 0oJiee BLICOKOTO poja
(raBHBIM 06pa3oM NMOTOMY, YTO 3JJIMATHYECKHE KPHBBIE H3yua-
JUCh B MaTeMaTHKe ropasjo HHTEHCUBHee, ueM KpHUBLle GoJjee
BLICOKOr'O poOfia).

Haie uccienoBaHue HCNOJb3yeT psifi Pe3yJabTAaTOB M3 aJjre-
6pauyecKkoll reoMeTPHH W TEOPHH 3JJIHITHYECKHX KPHBBIX, KOTO-
pble usnaramoTrcs Huxe. IlepBblfl mar mokasblBaeT, Kak CHaGAUTh
paccMaTpuBaeMyIo TPYNNY KOHKPETHOH reOMeTPHUeCKOH MOJeJbIo,

Teopema 1 (Puman — Pox) 1). Ecau D — npoussossbnsiii du-
susop kpusod poda 1 u [(D) ectv paameprocte K-npocrpan-
crea L(D) ¢ynxyuii f, rakux, wro Di(f) apppexrusen, to [(D)
pasno 0,1 uau crenenu D 8 3a8UCUMOCTU OT B6INOAHEHUS YCAO-
sus: creniens D << 0, =0 uau > 0.

Jlemma 22). Ha saauntuueckoii xpugoid c¢ svldeseHHol TO4-
kKo O aunellHo HesxsusairenTHule Oususopoul crenedu 0 waxo-
0ATCA 80 B83GUMHO OOHO3HAYHOM COOTBETCTBUL € TOUKAMU KpPU-
soti. llpu srom touxa O cooTsercT8yer Hyae8OMYy OUBUZ0PY.

[TosToMy MBI MOXKeM 3aJaTh CJOXKEHHe TOUeK KPHBOH, mpeBpa-
THB 3TO COOTBETCTBHE B rpynnosoi usomopdusm. Torna A+B=C
O3HauaeT, 4T0 AMBH30D A -+ B JjHHeflHO SKBHBaJIEHTEH JHBU30DPY
C+0 wnau uyro (A—O)+(B—O) uHeliHO >KBHBaJeHTeH
(C—0).

Teopema 33), aaunruueckasn xkpusas E ¢ seidenrennodl Tou-
ko O OupayuoHarbHO JKBUBAAEHTHA *) Kpusod Y2 == X3 —
~ AX — B 014 Hexoropeix A u B (3T0 Tak Ha3visaemas KQHOHU-
ueckasn gopma Bediepwrpacca), npuuem touka O orobpaxaercs

1) Cwm. (Fulton, 1969, c. 210) uau (Chevalley, 1951) uau (Wan der Waer-
dep, 1949), wan mobyo Apyryio KHHTY mo ajrebpanueckoll reoMerpun. (Cas-
sels, 1966) npHHMMaeT 3T0 B KauecTBe ONpejeseHHA aAre6paHYeckod KPHBOM.

2) Dror pesysnprar mokaszauw B pabote (Cassels, 1966, c. 211).

21‘) (glla:sels, 1966), Teopema 7.1 ma c. 211, nemma 7.1 u obcymaeHue Ha
c. 213—214. . ‘ -

*) To ectb MOXHO IepexOAuTb TYAA H 0O6PATHO ¢ NOMOLIBIO PALHOHANb-
muix npeobpasosannil. (Cassels, 1966) oTmeuder, yTo TpaalUHMOHHAS TepPMH-
HOJIOFHSl HeecTeCTBeHHA, Tak Kak palHOHajbHOe mpecfpa3oBaiue He o06sA3a-
TeJbHO HMeeT PalHdOHaJblble KOI(Q(HUUHEHTEL
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8 6eckoHedno yoarennyto Touky. [Jasee, HA 3TOU 3srunTudecKol
kpusoii pasencrso P+ Q + R = 0 gvinoansaercs rozda u T046K0
roeda, xkoeda P, Q u R koaauneapno. ITosromy (Xi,Y,) u
(X2, Yo) umeror cymmy ¢ Koopounaramu

X — (—A+ X X)) (X + X,) —2B 4 2YY,

(X1 — Xo)? ’
Y — (XY =Yy) + XiY, — Xp¥y)
- (X1 — Xyo) )

Ipu X; =X, 318 dopMyabl TepsOT CMBICA. B jpeficTBuTENb-
HocTH npH Y, 7= Ys Touka (X,Y) Jgexur Ha GeCKOHEUHOCTH, a
npu Y, =Y, umeem

X4 24X +8BX, + A2

= o
Ve Y+ (X — X)) (3x} — 4)
o 2Y, ‘

Msi moxeM paccMaTpuBaTh 3aJaud O JHHeHHO He3sKBHBa-
JIEHTHBIX AHuBH30pax crenenr ( Kak 3azauu o0 3TOil rpynie to-
yek. MB MoxkeM npeo6pa3oBaTb J1060H AHBU30D B €JHHCTBEH-
HYI0O TOUKY SJJIMITHYECKOH KpHBOH Bellepmitpacca, a 3atem 3a-
NaBaTb BOMNpPoOcH 06 3TOH TOYKe. i TOrc 4YTOGH NPHUMEHATH
NpUBEJeHHYIO BHIILIE TEOpeMY, HaM HyxKeH ee 3¢ (eKTHBHBIH Ba-
pHAHT, KOTOPHIH OGecneunBaeTCs CJACAYIOIAM aJropurMoM (u3s
paGots (Baker & Coates, 1970), cm. rakxke (Baker, 1975)).

®OPMA_BEMEPUITPACCA
Bxoa: . '
F(X,Y): ypaBHenue, onpejesasiioniee KpuByio poaa 1.
B neiictBUTeNBHOCTH He 0053aTe/bHO, YTOOGB 3TO ypaB-
HeHHe ObIJIO 3aJaHO Yepe3 NPHMHTHBHBLIA 3JeMeHT. Tak
kak aaroputm KOYTC O6yner paboraTh ¢ npeicraBJe-
HHEM CO MHOTHMH MepeMeHHBIMH, TO M Hall AaJropHTM
cMoxeT paboTaTh ¢ HHM.
D: nusu3op Ha AaHHOH KPHBOH.
Buixon:
F/(X’,Y’): ypaBHenue Buaa Y2 == X84 aX’+4b, Gupauuo-
HaJbHO SKBHBAJIEHTHOE ypaBHeHHIO F,
D”: nuBu3op Ha F’/, coorBercTBylommii auBu3opy D Ha
F npu GupaunonanbHOH 3xkBuUBaJeHTHoCTH F u F/.
[1] Mycts Q— mieite, nexamuii Han GeCKOHEUHO YJAaJeHHOM
Toukoi Ha kpuso#t F(X,Y)=0.
‘[2] C nomowmpio anropurma Koyrca (rai. 3) HalineMm byHKUIHIO
X, MMEUIYI0 MOJIOC B TOYHOCTH TNopsiika 2 B miefice Q
H He HMEIOULYI0 HHKakKuX Apyrux moJiocop Ha F(X,Y)=0.

3!
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[3] AnanornuneiM o6paszoM HafigeM (YHKUHIO X, HMEILYIO
NoJOC NOpsAKa 3. '

[4] Tlycts (a,b,c,d,e,f, g)— Henynesoe pewenue (B K) ypas-
HeHUs

a+ bXi 4 cXo 4 dXT + X3 -+ X} 4+ gXiXo=0.

Takoe pelleHHe cylllecTByeT, TaK KaK B ypaBHeHHH yua-
CTBYIOT 7 (yHKHMH, Kax[aas H3 KOTOPBHIX HMeeT IHBH30p
= —6Q, Tak uTO OHM He MOryT (B CHJY TeopeMb Pu-
mMaHa — Poxa) 6biTh HHEHO He3aBUCHMBL.

3nece e =0, Tak Kax

eXs+ (cX2 4 gXiXo) + (a 4 bX, 4 dXi 4 fX}) =0.

U cjaraeMoe B NepBHIX CKoOKax obpallaercss B HYJAb HJAH
HMeeT I[OJIOC HeueTHOTO MNopsaka B (, a cjaaraeMoe Bo
BTOPHIX CKOOKax oOpauiaeTrcss B HyJb HJIH HMeeT HOJIOC
yernoro nopsiaxa B Q. Toraa u f==0, Tak Kaxk TOJBKO e
H [ COOTBETCTBYIOT CJaraeMbiM, HMEWMHM B Q mnoJioc

nopsiika 6.
[5] X = X]
Y :=2eX,+ gX, 4 ¢
A = —4ef
B :=g? —4de
C :=2cd — 4be
D :=c?>— 4ae.

ATo — 3J4AuNTHYeCKoe ypaBHeHHe (Tak Kak A0 u oHo
GHpaAlMOHAJNBHO SKBHBAJIEHTHO HCXORHOH KDHBOH poO-
1a 1), KoTopoe BEIIOJHEHO B CHJY paBeHCTBa u3 [4].

(6] Y/ : =AY’
X’ = AX’
C:=AC
D :=A%D.

910 — onucaHue 1npeo6pa3oBaHHA, BO3HHKAIOUIETO [MPH
YMHOKEHHH Bcero ypaBHeHHsi Ha A? u 3amene AY’ Ha Y/
n AX’ na X’. Kosdpduuuenr npu X obpamaercs Toraa

B 1.
[7] K:=B/3
X :=X"+K
C:=C—3K?

D:=D —K3®—-CK.
910 — onucanue 3amennl X’ Ha (X’ -4 K) B mpeaniaymeMm
ypaBHeHuu. Termepb MEI HMeeM HACTOSIIYIO KaHOHHYe-
ckyio opmy Befiepiurpacca m JOJKHB TOJbKO Npeobpa-
30BaTh JIMBU30D COOTBETCTBYIOLIMM OGPa30oM, '

[8] D’ := nas Kax10ro (N,P) us D cosaatb COBOKYNHOCTD
(N, X"(P))
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PE3YJIbTAT MA3YPA

DroT MaTeMaTHUECKHH anmapar MO3BOJsET HaM HeMeJJeHHO
YAYYIIATG YaCTHUHBIA aJropuTM, ONMCAHHHN B OpeAblaylleh
raase. Mssecto ((Mazur, 1978), TeopeMa 2; cMm. takxe (Mazur,
1977), Teopema 1), 4to B ciayuae 3JJIMOTHYECKOH KPHBOH (T. e.
KpHBOH poja l, ompejeseHHOH Haj PalMOHANbLHBIMH YHCJIaMH '),
KpyueHHe OrpaHHYeHO 4HCJIOM 16. B NEeACTBHTENBHOCTH MOXKHO
clesath Gojiee CHJIbHOE YTBEpKIEeHHe: MaKCHMaJbHBIH MOPsAOK
JI060ro 3jeMeHTa B rpyIe KpydeHHs AKOOHeBOH rpynmbl AUBH-
30pOB 3JIHNTHYECKOR KpHBOH, oNpejesieHHOH Haad pauHOHa/ b+
HBIMH 4HMCJaMd (B CMBbICJE TIOCAEAHEro IOACTPOYHOTO MpHMeya- -
Hus1), paBeH 12. Dra oleHKa KPydueHHs JaeT MNOJHBIA AJIrOPHTM
HHTECPUPOBAHHA s KPHBLIX poia | Hal panHOHaJbHBIMH YHC-
JaMH H TeM caMblM pemaer mpoG/eMmy, MocTaB/JIeHHYy0 Xapau
(Hardy, 1916, ¢. 47—48) n chopMyJMpOBaHHYIO BO BBeAeHHH
K HacTosllell rjaBe, JJs cjaydyas 3JJHINTHYECKHX HHTETPaJOB,
onpeje/eHHbIX Hajl PalHOHaJbHbIMH YHC/JIAMH.

CorsiacHo faBHell rumortese (kotopyno Kaccesc OTHOCHT K
«ospknopy» (Cassels, 1966, c. 264)), aaa mwoboro KOHEUYHO
NOPOXKAEHHOro ?) mosia K HMeeTCs OUEHKa KPYYeHHs:, HE 3aBHCA-
miast or kpusoit {K(X,Y)|F(X,Y)=0}, onnako maTeMaTHKH He
JOCTHTJIH GOJBLIOTO MpOrpecca B TOM HANpaBjieHHH B OOLIeM
cayuae. [lo obuieMy MHeHHIO, pe3y/bTaThl ([leMbsSHEHKO, 1971)
He BMOJHe o60CcHOBaHHBI, W Kaccesc muuer B pedepare 3T0# pa-
Gotel: «K coxKaseHHIO, H3J0XKeHUe HaCTOJBKO HesiCHO, 4YTO pe-
dbepenTy ellle HYKHO BCTPETHTb KOro-HUOYAb, KTO NOPYUUTCH 32
KOPPEKTHOCTb AOKasaTeabctBa. Ho, ¢ Apyrofl CTOPOHBI, eMy elie
Hy>KHO NOKa3aTbh OWHOKY, KOTOpas HEeABYCMBICJEHHO H 6e3B03-

' BPaTHO OTIPOBEPraeT paccyXAeHHe».

[IpennoxenHast Bbllie CXeMa COCTOfIa B HAaXOXK/IEGHHH BepX-
Hefl TpamMIB AJiA KpyueHHst H Ioc/enyioleM mnepebope Bcex
KpaTHBIX AMBH30pa BIUIOTb A0 STOH TIPaHHIBL, NMOKA aJrOPUTM
KoyTca He BbAacT (YHKUHIO NO OIHOMY H3 HHX. D1a cxeMma
NpaKTHYECKH HEYNOBJETBOPHTENbHA, XOTA OHA M J4eT TNOJHOe
pellleHne 3ajaud MHTErpHpPOBaHus. B cielylomem pasiene Hph-
BOJSITCS HEKOTOpble ADYTHe METOAbl, KOTOPEle MOTYT JONOJIHHTD

1) TIpu stoM Tpebyercs, uTo0H He TO/MbKO ypaBHEHHE KPHBO#l HMeJsio Y-
CTO palHOHa/bHBIe KOI(G@HUIHEHTH, HO H MMeHCH, yIacTBYIOIKE B DaccMaTpu-
BaeMOM JHBH30pe, HMeJH PalHOHaTbHbie KO3(OUIHEHTH.

2) MoXeT nokasaTbCs, 4TO 8/ieCH €CTb NPOTHBODEUHE, TAK KAaK B I 2
Mbl CKasa/ih, YTO OyJeM paccMaTpHBaThb TOMbKO aurefpanyecKH 3aMKHYTEHle
nons K. OnHako mo6asi KOHKpeTHasl 3ajaua COMEPIKHT JIHIIb KOHEYHOe UHCJIO
anreGpaHuecknx BHIPAXKeHHA M TOTOMY MOXeT paccMaTPHBATBCA B KOHEUHO
IOPOXKJIeHHOM MoOJie. JT0 3aMeuanue TpefyeT OCOCHOBAHHSA, HO N0 CYLIeCTBY
OHO OUEBHAHO, TAK KAK ecJH AHBU30D HMeeT GeCKOHeuHBIH NOPSNOK HAaj He-
KOTOPHIM TlOJieM, TO OH HMeeT OGecKOHeUHBIH NMOPALOK H-Haj MoGHM anreGpau-
yecKHM pacCidpeHHeM 3TOTO MOJf, W BCA 3ajlaua (M OTBET) MOMKET CHTb 3a-
BaHa KOHEUHbIM BBIPaXKEHHEM. )
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B COOTBETCTBYIOULHX CAyYasix.

Ouenb npocToe ycH/IeHHe, IPHMEHHMOE TOJbLKO B Caydae 3J-
JHNTHYECKHX KPHUBBIX HaJ pallHOHAJbHBIMH YHCJAaMH, 3TO Teo-
pema Jliotua — Harens (cM. moapo6Hoctu B ri. 7 mau (Lang
1978), c. 55, teopema 2.2). OHa yTBepKAaeT, 4TO pauHOHanb:
Has TouKa Ha 3JJIMITHYECKOA KPUBOH B CTaHAAapTHOH ¢opme
Behepmrpacca ¢ ueibiMH kK03()GHIHEHTAMH SBJAETCS TOYKOH
Kpy4eHHs, TOIbKO eC/M OHA B JACHCTBHTEJbHOCTH menas!) (T. e.
X, a notomy u Y SBJSIIOTCS LeJBIMH umcaaMu). $SICHO, 4TO 3TO

OYCHb JIETKasl NPOBEPKa, €CA¥ KPHBAs y:Ke IpHBeJeHa K KaHO-
HHUECKOH ¢opMe. :

3Ty OOLLYH CXEMY H CHJ/IBHO YBEJHUYHTh 3()PEKTHBHOCTb CHCTEMb

NPHIIOXKEHUE UCCJTETOBAHUNM MA3YPA 2)

B a1OM paspese paccMaTpHBAIOTCS NPUJIOKEHHS Pe3yJIbTATOB
Masypa, onucanHnix Bbiue. Haiinennyio Masypom rpanumy 12
MIst KpydeHus 1060/ KOHKPETHOH TOUKHM (MJH AHBH30pa) Ha
INMITHYECKONH KPUBOH, ONMpeJeieHHOA Hal PalfOHAJbHEIME YHC-
JlaMH, MOXHO HCIOJb30BaTh (B NOAXOJSLIMX CJAYyYasax), YToGHl
ysHaTb, HHTErpHpyeMa JIH QYHKIHs. 3L4eCh MBI HAMETHM aJbTep-
HATHBHBI METOJX NPOBEPKH HHTErDHPYEMOCTH, KOTOPHIH HCHOJb-
3yeT STy rPaHHIy, HO He ONHPaeTCs Ha KaKoH-JH60 MeTOH I0-
CTPOEHHsI MHTErpaja, ecju MNOCHAeJHHH CymecTByeT. XOTS 9STOT
pesysibTaT He CBsI3aH HEMOCPEACTBEHHO.C OCHOBHBIM HampaBbJe-
HHeM HamuX paboT, OH HaeT METO] YCTAHOBJEHHS! HEHHTErpH-
pyeMOCTH anreGpaMyecKuX BbIPAXKEHUl H ONHPAETCS HA MHOTHe
NPHEMH, YNOMSIHYThle B HAIIMX JO0Ka3aTeJbCTBaX, HO He yua-
CTBYIOLINE B peaJu3alliH. :

. Mu paccmarpuaem. 3aady 06 MHTErPHPOBAHHM BHIDasKeHHUsI
(x—A)/f(x) (nna noaxonswux A), rre f2(x)=als'+ ax3 4
+ asx? 4 asx -+ a4, IpUUEM @; — LeJble YUCAA U [OJHHOM B npa-
BO# yacTh 3TOr0 paBeHCTBa cBOGOAEH OT KBaapatoB. K sTomy
BHIY MOXeT ObiTb Npeo6pasoBaH HHTerpas oT JI0G0H KBapTHKH.

Jlemma 4. Ecau yennas 0pobo 0as f(x) nepuoduuna, T0 370
npoucxoo0uT HemeoAeHHO. -

Hokasareavcrso. 3dto yTBepmneﬁne caeayer u3 paBoThb
(Bchinzel, 1962, a6aan 2). d patotH

1) 51 6naropaper a-py H. M. Credency, KOTOppI NpuBJek MOe BHHMaHHe
K 9TOMY TecTy B cBs3u ¢ rpynnamu Mopaesra — Befsn samuntivecknx kpu-
BHIX.

%) §1 6aaromapen mpodeccopy A. IlnHUemO, KOTOPHIH IPHBJEK MOE BHH-
MaHHe K 3THM HcclenoBamHaM. CM., oQHAKO, LOKTOPCKYIO aucceprausio I'. 3o-
JAOTapeBa M €ro craTbH B XypHase JlmyBmwuia (Journal de Math. Pure et
Appl), (2m° Ser.) XIX (1874) m (3™ Ser.) VI (1879). I 6aaropapen npog.
llnunemso sa ykasaHHe Ha STH HCTOYHHKH. :

Merod Kaau 7

He ymanss oGLIHOCTH, MbBl MOXEM CYHTaThb, 4TO f(X)* mMeeT
Bup x! 4 6bx2 4 4cx + d. Torna cienymoWHA pe3yabTar cjedyer
us pa6Gotnl (Schinzel, 1962), rae senaercs ccbliKa Ha KHHTY
(Halphen, 1886, vol. 1, c. 120; vol. 2, c. §91).

Jlemma 5. Touxa (—b,c) umeer nopsadok r HG IAAURTUYE-
ckoil kpugoii Y?==4X%—(3b%2+ d)X —(bd — b3 —c?) T02d0 U
Toavko To2da, Koz0a uyennas Opobv 0an f(x) umeer nepuod
r— 1 uau 2(r—1).

Teopema 6. Ecau [(x)2— k8apTuka ¢ paytlOKaAAbHOIMI KOID-
puyuenranu, To pynkyus (x— A)/f(x) 011 nodxodawux A un-
Teepupyema 1020a u TOAbLKO TO20a, K020a yennas OpoGb Oasn
f(x) nepuoduuna c nepuodom Aauner << 23.

Hokasareavcreo. B cuay pesyabrata Masypa Touka Ha 3J-
JUNTHYECKOH KDPWUBOH Hajd pPAalHOHAJbHBIMH UHCIAaMH HMEET Mo-
PSZIOK, He NPEBOCXOAsIHiA 12, mMO3TOMY B CHJIy TNpeAblAyLlelt
demMMbl uMeeM r— 1 << 12 u 2(r—1)<C23. Idto nOKa3biBaer
HYXKHBIH pe3ysibTaT U JAaeT QUHHTHBIA TECT HHTETPHPYEMOCTH AJS
¢yukuun (x — A) /f(x). . .

JlonoaHuTe bHbIE PE3YJ/bTATH O B3aUMOCBA3AX ILENHBIX 1pO-
Gell ¥ MHTErPHPYEMOCTH MOXKHO Haiitu y YUe6bimesa (Chebyshev,
1857, 1860), u, no-BHAHMOMY, MHOrOe €Ile MOXKHO clesnaTb A4
TOro, 4TO6H CBSA3aTh LENHBE APOOH C AJrOPHTMaMH HHTErpHpoO-
sanusi. Tak kak meronas paGotsl (Trager, 1979) nossonsioT HaMm
BHIUHCJSTh aJre6pauuecKylo 4acTh HHTErpajioB B PpacliMpeHHH
eIMHCTBEHHBIM PaJUKAJOM M Tak Kak paGotsl (Chebyshev, 1857,
1860) TakKe NPHMEHHMBl K 5TOMY CJYydal, fCHO, YTO €CTb Me- .
CTO JJSi MX COBMECTHOTO HCMOJIb30BaHMA. MBI JOJIKHBI OTMe-
THTb, UTO 3TH LleNHble APOOH MOXKHO 3G (EKTHBHO BBIYHCJATH C
HOMOIIBLIO MOAXOAAIEro 0GOOUIeHHS <«IEeNHOro» MeToJa Hu3 pa-
6otn (Churchhouse, 1976).

METOJL K3JIH

B sTOoM pasiese MB DacCMOTPHM MeTOH, OUPEAEJSIOWHA [0

-AaHHOMY HAUBHU30DY Ha 3JINNITHIECKOH KpI’IBOﬁ, SABJACTCA JIU OH

JIMHeHHO SKBHBAJEHTHHIM HYJIIO, He HCNoJb3ysi aaropurm Koyr-
ca. DToT MeTon OCHOBaH Ha HenaBHeill crathe (Griffits & Harris,
1978), B KOTOpOH mnepedOpMyJHPOBAHB HEKOTOPBIe Pe3yJbTATHl
Koan (Caley, 1853, 1861). OTmernM cHayana, uto pasi. «i-
JIMTITHYECKHEe KPUBLIE» 3TON IJaBbl NOKa3HBAaeT, UTO HAM HYXKHO
paccMaTpHBaTb JMIIb NPOCTHE TOUKH Ha Hauled SJJIHNTHYECKOH
KpHBOH. .

Teopema 7'). ITycro p— To4Kka na daauntuseckod kpusoi E.
Mot moscem - nepenucars E 6 sude y?> = (x—a) (x—b) (x—c),

) (Griffits & Harris, 1978), ypasuensne (10}, sBasiolleecs nepepopmys
AMpoBKoi Teopembl Ha c. 376 paGorn (Cayley, 1853).
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ede x umeer srauenue 0 6 p. Sanuwen pasioxcenue [Trouso dan

o0
. B
Yy 8 suode ;_:OAkx . B arux ycaosusx p umeer xoweumsiii nops-

doK n 10200 U TOAbKO To20Q, Ko2da obpauiaercs 8 HYas COOT-
8eTCcT8yUULl onpedeauTens, 8bLNUCAHKBLE HUMCE:

A Ay A |
Ay Ay Ao n=2m-+1,
Am+l Am+2 R A2m - A
Aa A4 “ e Am+1
A4 A5 .. Am+2 n=2m.

e

Am+l Am+2 e A2m—1

Takum 06pasoM, MBI MOXKEM NPHMEHMTb 5TOT TECT 40 AJro-
putma KoyTca K KpHBBIM poga 1, Tak Kak: BHIUHCJIEHHe onpeje-
JIATENIH TOPA3A0 TpoLle, YeM NpHMeHeHHe anroputma Koyrtcal).
XoTsi 370 He 0653aTeJbHO MOHHIKAET BBIYHC/UTENbHYIO CJOXK-
HOCTb HAIUEro ajArOpHTMa HHTErPHPOBAHMS JJsSi KPHBHIX poaa 1
MBI OTPe/eJeHHO JOCTHIaeM GOJMbIIOTO Y/IVUIIEHHS AJIS Tex cy-

Jaes, KOTOpre Tpeﬁy}OT pPaccMOTpeHusa 1 )
HUE_TTOPSI IKA. t p pouexyps HAXOMK IE

ITpumep. PaccMOTPHUM 3TOT yJyuylleHHBIH MeTon B NpUMeHe-
HHH K KpuBOH Tefita ¢ D =2 (cM. npuMep 4 u3 npuioxenHs 2)
Oto paer HaM KpHBYIO y?=4x3— 15x2 | 8x 16, Ha Koropoﬁ
Mbl XOTHM WHTerpupoBath OyHKumwo P(x,y)/Q(x,y), rae

P (x, y)=(— 14yx® — 30yx* -+ 251yx® + 60yx* — 688x — 488y 4
+ 80x% — 320x5 — 341x* 4 199243 + 448x% — 3200x — 1792)
u

Q(x, y) == Tx (4yx® 4 Byx* — 51yxd® — 4yx? + 112x + 64y — 20x5 4.
v + 79x°5 + 41x* — 368x3 — 32x2 4+ 512x + 256),

. 4TO TIOPOXKAAET AMBU3Op mopsiaka 7. IIpu nomsiTke uHTErpHpo-
BaTh 6€3 HCNO/Mb30BaHMA MeTola Kauu Mbl mmeem 7 npumenenuii
anmroputma Koyrca, samsBmux coorserctBenHo 1.9 c.. 3.5 c
6.5 c, 9.6 c, 165 c,, 25.8 c. u 32.9 c. Bpemenn U.eHTp’a.HbHOI‘E)’
npoueccopa. Takum 06pasoM, noJsHOe BpeMsi BLIYHCJEHHH MO aJ-
roput™y Koyrca (mckimouast sbiumcsenue pona KPHUBOH) cocras-
asier 96.7 ¢ us obuero sarpauennoro BpeMenn 107 c. [MoBTOopHBI

1 -
) B AEHCTBHTENBHOCTH MBI MOXKeM BBLIYHCJHTL 3TOT onpeneauTesb elle

6bicTpee, yeM B o6LieM caydae < A
, TaK KaK OH HMeeT CNeHMAJbHBIH (TemJan
Bua (Yun & Gustavson, 1979). ( ves)
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3anycK 3TOrO MpUMepa T HCNOJb30BaHHeM Tecta Kaau A4s Ha-
XOXKJEHHS TOpSIIKA TOYEK JaeT JBa IPHMEHEHHS aJrOpHUTMa
KoyTca (Tak Kak MBl IIpOBepsieM, paBeH JH eJHHUIE HOPSALOK
AMBH30pa paHblle, 4YeM IBITaeMCcsl HCH0/1b30BaTh NPOLEAYPY
HAXOXJIEHUE_TIOPYAKA), 3anuMapwliBX COOTBETCTBEHHO
1.9 1 38.2 c.!) u3 obuwero Bpemenu 48.3 c.

AKOBUEBBI MHOT'OOBPA3HSI

Mzl MoxeM 060GUIMTL HEKOTOPblE M3 YNOMSHYTHIX MOHATHYE,
BBels sKO6HMEeBO MHorooGpasue ajrebpauueckofi kpuso#. Hawm
HYXXHO [pH 3TOM INOHATHe (NIPOEKTHBHOrO) aizebpautieckoeo
MHO2006pasus, Kotopoe Mbl onpeneaseM (Shafarevich, 1972,
¢. 58) Kak MNOAMHOMKECTBO NPOEGKTHBHOTO A-MEPHOr0 NpOCTpPaH-
cTBa ?), 3ajaHHOe OJHOBPEMEeHHLIM o6pallleHHeM B HYJ/b HECKOJb-
KHX OAHOpoAHbIX MuorouwneHoB?®). Ecau V u W — mpoektuBHbIE

_ MHOroo6pasusi, TO MBIl MOMKeM IpeBpaTHTh MHOxectBo VX W

B MHOrooGpasue. [{Jis1 NPOEKTHBHBIX MHOrooGpasuil 3T0 Heoye-
BHIHO H WCIIOJb3yeT BO3MOXKHOCTb O0TOOpasutb P"X P™ B
Pn+him+D-1 (cy, Shafarevich. 1972), c. 65—67). Pyuxuua H3
OIHOTO MHOrooGpasusi B Jpyroe Ha3bIBAeTCsl PeryJsipHOM, ecJH
B HEKOTOPOH OKPECTHOCTH JI0GOH TOYKH OHa MOXKET ObiTh BHIPA-
JKeHa ¢ TOMOIIBI0 OJHOPOJAHOH paniloHaAbHOH (YHKUHH CTe-
nenu 0. ‘

Msuoroo6pasue V nasbiBaeTcsi a42ebpauyeckod epynnod, ecnu
Ha TOYKaX MHOTOOOGDa3Hsi UMEETCs IPYNIOBOH 3aKOH, TAakO#, 4To
dbynkuua f: V—V, Ttakas, uyto f(x)==x~!, ¥ rakas QyHKUUA
g VX V=V, uto g(x, y)==xy, asasiorcs peryaspusimi. IIpo-
eKTHBHasl HelpHBoJAuMas aiare6panueckas rpynna Ha3biBaeTcs

" abenesoim mHo2006pasuenm. AbeseBo MHOrcoOpasHe BCErja KOM-

myratusho (Shafarevich, 1972, c. 210, Teopema 3). B enny Teo-
peMbl 3, cOpPMYJIHPOBAHHOH BBILE, SJUIHITHUECKAS KpuBasg C

——————

1) OrMeTHM, uTO, XOTSi Mbl pacCMarpuBaeM OAWH U TOT Xe AHBU30D
(c xpatnoctamMu 7 m —7), BpeMs 38.2 ¢, 3aTpaueHHOe Ha HErO B 3TOM cJiyuae,
OMIMUHG OT 32.9 ¢ A/ cayuasi, Koraa Merof Ksiu He npumeHsics. DTo npo-
MCXOAHT TOTOMY, uTO B [OCJIEJHeM cJysae Mbl YiKe BGLIYHCJAHAM Gasuc npo-
cTpaHCTBA QYHKUHH ¢ MOMOCAMH H HYJAsSMH NOpAaxka 6, KOTOPHH MOXHO He-
MOMb30BATh B KauecTBe HawaJbHOro npubiavkenus aaa aqaropurma Koyrea,
B TO BpeMs KaK B PacCMaTpHBAeMOM cJyuae MBI MOXeM HayaTh JHIWb ¢ 6a-
3nca QyHKHME C nomocaMu M HYJSMH 0OpsiAKa 1 # JO/IKHBL NOITOMY Bbl-
[OJHHTD GOJbINE IIATOB PeAyKUMH. DT Bompochl obcyxpaanuch B pasi. «Pea-
JaH3anH» P 3. -

2) TIpoeKTHBHOe f-MepHOEe MNPOCTPANCTBO OLPEHeNISeTcsl KaK MHOMXeCTBO
{(ao, ..., @,), a;=K, He Bce a; onnoBpemeHHO paBubl 0} ¢ OTHOWeHHEM
SKBHBAJNEHTHOCTH (do, ..., @) = (bo, ..., bn), ecnn umeercs ¢ K, Ttakoi,
yTo @; == bic A Bcex {. Mul OyaeM 0003HauaTh NMPOEKTUBHOE N-MepPHOE MPO-
CTPaHCTBO uyepe3 P", xoraa 31o Oyler yaoOHO.

%) 3amernM, uTO He Tpebyercs, uTOGBl KOJHYECTBO MHOrOWIEHOB ObiIQ
pasHo 1 — | nay 4TO0B MHOIOWIEHH OBIIM HE3ABHUCHMBEL,
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BBIACJEHHOH TOUKOH sBJsieTcss abesieBBIM MHOrooGpasHeM, Tak
KaK NpHBeJeHHLle TaM (OopMyJbl peryJspHh.

B GoJiee o0uiel mocTaHOBKe Mbi -MOXKeM Ha J1060fi anireGpan-
4ecKOH KPHBOHA TOCTPOHTb TPYNNY JHHEHHO He 3KBHBAJEHTHBIX
nuBu3opoe crenenn 0 Ee MoXHO nmpeBpaTHTh B MHOrooOpaswe,
¥ OHa CTAaHOBHTCH TakuM 00pasom abeseBblM MHOrooGpasuem,
KOTOpPOE Ha3blBaeTcsl AKoOuesbim mHo200bpasuem NaHHOR KpH-
Boit C m oGo3nauaercs uepe3 Jac(C). Torpa teopemy 3 MOXKHO
nepeOpMYJINPOBaTh B BHAE YTBEPXKAEHHS O TOM, YTO BJLIUITH-
yeckasi KpuBas OHpaNUHOHAJbHO 3KBHBaJeHTHA CBOeMY siKoOHe-
BOMY MHOroo0pasuto, 4 B OOJBLIHHCTBE CHTYalUl MBI HX MOXKEM
OTOXK/IeCTBJIATE.

I'naBa 6

ONEPATOPDbI F'AYCCA — MAHHUHA

BBEJLEHHE

dra raasa MmOCBANlEHA Ciyualo, KOrAa HOABIHTErpasbHas
GYHKIHUS CONEPIKUT KPOMe NepeMeHHOH HHTErPHPOBAHHS TaKxKe
¥ TPaHCLEeHAEHTHHIH MmapaMerp, Tak UTO Mbl MOXKEM CYHTATb, YTO
HMeeM feJ0 C  3ajadyedl HHTerpupoBaHHst (QYHKUHH B IOJe
{K(x,y) |F(u,x,y)=0}, rae K— anre6panueckoe paciuiupeHye
noas k(u), rae k— HEKOTOPOe MOJe, a ¢ TPAHCIEHJIeHTeH Hal k.
Mul 6yjeM NPUMEHSITH 3TH 0603HAUEHHs, CUMTast U HE3aBHCHMBIM
TPaHCUEH/EHTHEIM 3JeMeHTOM H mpuMenss npedurc D past 06o-
sHaueHust A pepenuuposanusi') no u u cydpodukc ’ asaa o6o3na-
yenusl AudpepeHuupoBanus no x. ITOT cJIyyad 3a4acTylo Jerye,
yeM cJyudail, KOrja HeT TPaHCIeHJEHTHOro mapamerpa, 6O HH-
TerpHpOBaHKe N0 X KOMMYTHPYeT ¢ AuddepeHUHPOBAHHEM MO U,
tTak 4to MHTerpupyemocts G(u,X,y) BJEUET HHTECPHUPYEMOCTD
DG(u, x,y), D*G(u, x, y) u raK naee.

B 3TOM c/aydyae Mbl WHOTJa MOXKEM Y3HaTb, YTO JMBH30p HE
HMeeT XOHEUHOTO IMOpsA/1Ka, UTO BjeueT HEHHTerPHPYEMOCTh QYHK-
uuyu. Ecin MB He MOXKeM CHesNaTh 3TOrO, TO Mbl MOXKeM HaHTH
BeJMUMHY Uo H3 k 1JIsl apaMeTpa i, TaKyw, 4T0 AHBH3Op P(u)
ua F(u,x,y)=0 uMeeT KOHEUHBLIH MOPSIOK TOrAa H TOJBKO TO-
ria, Korpa mauBu3op P(up) WMeeT KOHEUHBIH MODSiAOK Ha
F(ug,x,y)=0. VMHbIMH cloBaMH, Mbl MOXeM CBeCTH Hauly 3a-
jauy K 3ajade, He cojepxkaueit u. Mrepupys sToT mpouecc, Mbl

1) Mu cofupaeMcsi auddepeHnupoBaTh MO 4, XOTS u ABJAETCA NOCTOAH-
HHIM TPaHCIEHAEHTHHIM TlapaMeTpoM (TaKHM, KaK e HJH 7). DTO BO3MOXHO,
TAK KA4K H3-3a TPAHCUEHJEHTHOCTH NapaMeTpa OH He MOXKET YLOBJETBOPSATH
ajre6panuecKuM ypaBHeHHSIM, CBA3HIBAIOUIUM €ro ¢ JAPYTHMH KOHCTaHTAMH H3
NOABHTErpanbHOl (YHKIHH, TaK YTO er0 TOYHAs BeJMUYHHA HeBaXHa.

3nech npuoGperaeT sHaueHue cleNaHHoe B IV 1 (B pasn. «TeoperHyeckue
orpaHMueHus») 3aMeyaHHe O TOM, 4TO Mbl JO/KHb 3HATh BCE SABHCHMOCTH
MeXJy HAIUMHE KOHCTaHTaMH. HanpuMep, MOCKONBKY HEH3BECTHO, SBJSIOTCSH
JIM uHCsa e M M anreGpaHueckd He3aBHCHMbIMM, MBI He MOXKeM paccMaTrpHBaTh
HHTerpaJ, KyAa OHH 06a BXOAAT, HOO MBI He 3HAeM; KaK BBIDA3UTDH dF/de ye-
pes AF/de u Of/On. Pasymeercst, Mbl Morau Gbl AONYCTHTh, YTO OHH He3aBHU-
CHMBI, W TOJYUHTb Pe3YJbTaT BHAA «eCHU e M 7 ajre6paHdecKH He3aBHCHMEL,
To F He HMeeT 3JIeMeHTapHOrO HHTErpaja».

/ GyaeT WOHMMATheH KaK MOJHOe NudpepeHUHpOBaHHE N0 X C Y4YETOM 3a-
BHCHMOCTH Y OT i, BBI3BaHHOH (PyHKI{HOHAJNBHHIM COOTHOLUEHHEM Flu,x,y)=10
(B TIpeANOJONEHRH, YTO u JAeHCTBHTENLHO BXOAMT B 3TO_cooTHOueHHe). Mol
HMeeM TorAa dy/du = —AF[0u/0F[dy, Tak uto DG = 3G[du + (dy/du)8G/by.
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MOXKEM CBeCTH JeJ0 K 3ajaue, He cofepkKaliefl TpaHCLEHAEHTHHIX
napamerpoB. Mel He GyieM paccMaTpHBaTb pellleHHe TaKHX 3a-
HAauy B 3TOH IJlaBe, a OTJIOKHM 3TOT BONPOC A0 CJEAYIOIHX ABYX
raas. Ecan P(uy) wuMeer GecKoHEYHBIH MNOPSAOK, TO, KaK Mbl
3HaeM, TO e BepHO AJsi P(u), u 3anaua peweHa. B mpotuBHOM
ciaydae, o003Havas uepe3 # NOpsAIoK AuBH3opa P(ug) u pac-
cMatpuBasi mo ouepenn nP(u), 2nP(u), MB B KOHIe KOHIIOB
y3HaeM, KakoB nopsifox P(u), XOTA NMOHATHA HE HMeeM, KOrja
aTO npousoiger. B ciayyae kpuBBIX poia 1 MBI MOXKeM NpHMe-
HUTb 475 YMeHblUeHHS 3aTpaTt Tpyaa TecT Kaiu, onUcaHHBIA B
KOHIle Npeablayliefi riaBhl.

DTOT NoAxXon OCHOBAaH Ha JABYX crathsix (Manin, 1958, 1963)
coBeTckoro Matematuka IO. M. ManuHa, W uuTaTeJb MOJXKeT
HalTH B HHEX H3JIOXKEHHE B NOJHOK OOIIHOCTH H JOKa3aTeJbCTBa;
MBl 6ygeM TOJbKO (opMyJaHpoBath pe3yabTaThl. YHTaTh 2TH
CTaTbH, OAHAKO, HEJNerkKo, IIpHYeM H PYCCKuM, H aHIJIHHCKHE Ba-
PHAHTHl COJEpPIKAT MHOrO oneuaTok. Kpome TOTO, H3J0XKeHHE
MaHuna ocloxHEHO ero kejaHueM paboTaTh cpasy ¢ A mapa-
MeTpaMH (H, cJel0OBaTesibHO, C 7 AHG(DEpPEHIHPOBAHHSIMH) BMe-
cTo ofHOro. MH MoxeM, pasyMeeTcs, TOXKe HMeTb 7 [lapaMeT-
poB i, ..., Un, HO MBI OyJlleM 3JHMHHHMPOBATb HX He Cpa3y Bce,
a 10 OAHOMY, HCIIOJIb3Ysl METOJAbl STOH TJIaBBl HTepPATHBHO. 51 He
CMOT' IPOBECTH KaKUX-JHOO 3KCIepHMEHTOB C KPHBBIMH C IABYMs
napamMeTpaMH H NOTOMY He COCTaBHJ TBEpAOIO MHEHHS O TOM,
KakKoi M3 JIByX NOAXOLOB (mapaJuiesJbHBIH HJIH HTepaTHBHBIH)
ayume., OAHAKO HHTYMIHsSI INIOJCKa3biBaeT, YTO KeJIATeNbHO MO
BO3MOJXHOCTH YMEHBIUIHTb pa3Mep 3alaul, YCTPaHAsA napaMeTphl,
KaK TOJIbKO 9TO CTAHOBHTCS BO3MOXKHO, a He paboTaTbh CO BCeMH
HHUMH 70 CaMOro KOHIA.

NPUMEP

[Tepen TeM Kak u3jaraTe OOLIYI0 TEODHIO, MBI PacCMOTPHUM
pa3BepHYTHIA NpHUMep ee NPHMeHEeHHus, B3ATHIH, N0 CYLIECTBY, H3
crath (Manin, 1963, c¢. 1397—1400). Paccmortpum «o6uyio»
SJIJIMOTHUECKYIO KpuByio y2=x(x— 1) (x—u) u BO3bMEM B Ka-
YecTBE OCHOBHOIO moJist K KOHeUHOe pacllupeHHe noJss k(u) ans
nekotoporo noasi k. Ilycrts @w = y~ldx — puddepenuunan nepsoro
pona. Tak Kak Halla KDHBas 3JIHITHYUECKad, BCe OCTAJbHBIE
AuddhepeHIHANb NIOAYUAIOTCS YMHOXKEHHEM 3TOH (OPMBEI Ha KOH-
CTAHTY, T. €. BEJHYHHY, HE 3aBHCAILYI0 OT ¥ M Y. Toraa, ‘ecau
C — mobasi samrHytass kpuBasi Ha moBepxnoctH {K(x,y)|F(u,

x,y)==0}, T0 HHTErpan e== éw 6eckoHeuHosHaueH (¥ aBaJu-

THYeH KakK OYHKUHSI OT u), NpuYeM B JeHACTBHTENBHOCTH Npo-
CTPAHCTBO 3THX 3HAuYeHHH TNopoxiaercsd Jlo60H napol Hesasu-

fTpumep 77

CHMBIX II€PHOJOB!) ey, €s. ITH QYHKUHH ABJAAIOTCS pEUIeHHSAMH
auHefinoro ypasuenus Iaycca 4u(u— 1)D?% — 4(1 —2u)De +
+ e=0. ,

C npyro#t cTOpOHDI, (YHKIHH BHAA Sw, rae O — GeCKGHeuHO

5 ,

ylaJieHHast TOYKa, YPe3BLIYAHO BaXKHbLI VIS HCC/IEAOBAHHSA Treo-
Merpuu Kpusoil. Ouu yjoBaerBopsior ypasaenuwo [(P)+ 1(Q)=
=[(P+Q), rae P+ Q—cymma B rpynme (cM. nmpeabayinyro
rJaBy), W ONpeleJeHbl JHIIL ¢ TOUHOCTbIO 10 TE€PHOAA, TAK Kak
MBI MOXKeM BHIGpaTh JIOGOH NMyTh, 4TOOBL HONACTbh H3 O B P.
MBI MOJKEeM YCTPaHUTb 3Ty HeoNpeleNeHHOCTb, NO/eHCTBOBAB Ha
06e yacTu ypaBHenusi oneparopom ['aycca, KOTOpLI paspyuiaer
Takue IepHOAb, H NOJayunts ¢yHkuuio J(P)=(4u(u—1)D?—
—4u(1—2u)D + 1)I(P), KOTOPYIO MOKHO OTOXKAECTBHTb C He-
KoTopuiM sementom noast {K(x,y)|F(u,x,y)=0}. Beuny au-
neiiHocTy omepatopa ['aycca u cootHowenus mexay I(P), 1(Q)
u I(P+ Q) dopmysa naa J onpesesser roMoMopdHu3M TPynnbl
TOYeK KPHMBOH B aJXHTHBHYIO TPYyNNy paccMaTpHBAeMOro ImoJis
dyHKIHA. i

[lpeablaymuM COOTHOLIGHHAM MOYKHO NPHAATH CJjelyIOllHH
6oJsiee SBHBIH BHA. 3aMeTHM NpeKA€e BCEro, uTo

[ (@ — 1) D? — 4 (1 — 2u) D4+ 1] y~'dx = — 2d (y (x — u)?).

Ecam MBI Tenepb NpOMHTEPHPYeM IO 3aMKHYTOH KPHBOH, TO

‘clpaBa OKaxKeTcsi MHTErpaj OT MoJHOro Aupdepennuana, Koro-

pHifi 06paTHTCs B HYJb, 2 B JIEBOH 4aCTH HHTErDHPOBAHHE KOM-
MyTHpyeT ¢ AnbdepeHIHPOBaHHEM MO U, TAaK YTO Mbl MOJyuaeMm

4y (u—1)D*—4(1 —2u) D+ 1]Sy—1dx=
¢
=[uw—1)D*—4(1 —=2u)D +1]e ()

yTo u naer auddepennuanpHoe ypasHenue [aycca. Toraa

P

J(P)=1[4u (u — 1) D* —4 (1 —2u) D + 1]8-“7"-,

0
HO Ha 5TOT pa3 Mbl He MOXKeM IIepPecTaBHTb HHTETPHPOBAHHE H
onepatop D, Tak kak P 3aBHCHT OT U. 3anuineM P B Bule TOUKH
(X(u), Y(u)). Torna, ecnu G — anre6panueckas QYHKUHS OT X
H 4, palHOHa/IbHAs IO X H Y, TO MBI MOJXKEM 3aIHCaTh :

p P
D S G (x, 1) d x = (DX (1)) G (X (u), u) + S DG (x, u).
o 0-

1} Mepuod ecTb Mo ONpefeseHHIo HHTerpas AnddepeHinana nepsoro poia
N0 53aMKHYTOMY NyTH Ha PHMaHOBOA NOBEDXHOCTH AAHHOH KPHBOIL
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Mei moxeMm nmpoaudQepeHlHpOBATL ellle a3, YTOOBI IHOJY-
YUTb

P
D?SG(x, u)d x =

[¢)

= (DX (w)) G (X, u) + (DX W) [(DG (X (), ) + 3G (X (), u)/ou] +

P
+ S DG (x, u).
[¢]

B paccmatpusaeMoM YacTHOM CJyuae STO HaeéT HaM ypaB-
1
Henue !)

J(p)=—2Y(X—u)-2+D-"’-“—(“—‘y“—(Di+2u(u-—1)D(XDY).

YPABHEHHE MHKAPA — dYKCA

[Tycts C—xkpuBasi poja g, onpeleienHas ypaBHeHHEM
F(x,y)=0, rae koapduumentst F Jexar B aire6panyeckom
pacuupenun K mons k(u) u nefictBurenbHo comepxat u. Torga
Mbl MOXKeM HalTH 2¢ 3aMKHYTHIX KpHBHIX Ha C(#), Takux, uTo
Jo6as 3aMKHYTHsI KpuBasi Ha C(u) HenpephiBHO AedopMHpyeMa

B cyMMy oTHX 2g KpuBbIX?). IlycTb ci, ..., Cog— 3TH KpHBHIe,

a wi, ..., Wg— JHHEHHO He3aBUCHMBle A pepeHIuaNbl TepBoro

pora Ha C(u). IMomoxum L, ,= Swa, TaK YTO 3TO -— NEpHOj
Cy ‘

KpUBOH.

Jlemma 1. [las aw06020 -a nepuode. La, » ydosaersopsor au-

nednomy Oupdepenyuaroromy ypasnenuro nopadka 2g (uau
MEHbULE 8 BOLPONCOCHHBLY CAYUAAK): ~

Pa, 2 (W) D*8Lg p 4 ... Pa, tDLa, 5+ pa, oLg, 5 =10 v
(20e camo ypashenue we 3agucur or b).

Hoxrasareavcrso. Ecan w— aubdepenunan 6Ge3 BLIUETOB
(1. e. BTOpOro poaa), 1o Dw — Toxe aH(pdepenunan Ge3 Bhbiye-
toB (Manin, 1963, cnexcreue 2, c. 1404). Torma w,, Duwy,, ...
..., D**w, —2g -+ 1 nuddeperunana BTOPOro poia, u II03TOMY

') OTMerumM pasiuune MEeKAY ABYMS CJlaraeMbiMH CyMMbl B KBaJPaTHHX
ckobkax. IlepBoe cozepxut motHylo nponsBoanylo ot G(X(u),u) mo u, a BroO-
poe — TOJILKO UaCTHYIO INPOM3BOJHYIO H SBJSETCA B JeHCTBHTEJbHOCTH pe-
3yNLTATOM MOACTAHOBKH X(u) BMecTo X B DG(x,u). Pasuune Mexay Humu
OKa3blBaeTcsl CJHIIKOM TOHKHM [JSt MHOTHX a/re6pauyeckHx CHCTEM, H 3TO
yBeJIHYHBAeT TPYAHOCTH HeNOCPeACTBEHHON peasu3alHH ONHCHIBAEMEIX Hjeli
(cM. pasn. 2 npuioxenus 1).

%) Toudast GOpMY/IHPOBKA: Mbl MOXKeM HaiTH 2g KPHBEIX ¢,

-y Cagy
obpasylouiux Ga3nc 1-MepHOA rOMOJOTHH Ha PHMAHOBON I1OBEPAHOCTH.

Ypasnenue IMuxapa — Pyrca 79

Mexny HHUMH JOJI2KHa CymeCTBOBaTb JII/IHeﬁHaﬂ 3aBUCUMOCTD
Pa, 2gD2gwa + ...+ pa 1Dwy + pa, oW = d f

ans HeKotopoi ¢ynkuun f. Temepb Mbl NPOCTO HHTErpHpyeM IO
3aMKHYTHIM KPHBbIM, YTOOBI NOJIYYHTbH NEPHOADI, a HHTerpal oT
df no mo6oii 3amkHyTO# KpHBOH pase 0.

Caenys Manuny, MB Ha3piBaeM [OJIyYeHHbE COOTHOIICHHS
ypasnenusmu Iuxapa — Pyxca. llH(b(i)ep?HuHaJIbeIH onepaTop
L= Z Pa, ,D' naswiBaeTcs oneparopom Iaycca—-—Mamfna. Mul
MOMeM CcHaGiuTb NpOCTPAHCTBO TAKUX ypaBHeHHH BuAa

LSw=0 CTPYKTYpO#l MOAyJs, eclH paspemumM Gojee oGluee

ypaBheHue !) Z L; S w=0. Ecuau tenepp D — AMBH30p BULA

¢ D

Z n;P;, rie n;—Ilejble 4YHCAA, TO TOJNOKHM S fx)dx=
P, _
= Z n, S f(x) dx,rne HEXKHHH NpENEN WHTErPHPOBAHHS — HEKO-

Topas QJOHKcupOBaHHaﬁ touka O. Ero 3naueHHe OUeBHAHHIM 00-
pasoM He B3aBHCHT OT Bei6opa ToukH O A AMBH30POB CTe-
nenu 0. :

Ecau J— takoe ypasaenue [luxapa — Pykca, TO Y Lw
ecTb MOJHBH AuddepeHuuan, KOTopbiii Mbl 0603HAUNM Uepe3 dj.
Torna, ecid P u Q — Be TOUKH Ha abeleBoM MHoroo6pasuu A,
10 Mbl Moxem onpemenuts?) J(P,Q) xak 2(Q)—=z(P), u 3710
onpejesieHHe KOPPeKTHO (IX&anin, 1963, c. 1408, Teopema 1).

B 1efCTBUTEJNLHOCTH ZLi S w; U He 3aBHCHT OT KOHTypa HHTe-

Q .
rpUpPOBAHAA, TAaK KaK HHTerpaj OT NOJHOrO auddepennnana mno

110607 3aMKHYTOH KpHBOH (T. €. DasHOCTH ABYX KOHTYpOB) pa-
seH 0.

1) Coraacuo Gosee GopMasbHOMY ONpELeeHHIO (Manin, 1963, c. 1405),

ypasuenue IMukapa—®Pyxca — 510 mo6oe cooTHOeHUe BHAaa J: Z L\ w;=

[4
=0, rae w;— Auddepeniuaisl nepsoro poxa, a L; — nuuefinble llﬂ(b%g%%l;
LHaJbHEE ONeparophl. Takue ypaBHeHHA MOTYT GLITh OIpejeseHsl Haaﬁ ofou
aGeneBoM MHOroo6pasuu A, HO Hac OYyAeT HHTepecoBaTb JIHIIb CJyd
J;;cg\gt)n' ucrosbayem ofo3Hauenue [ Kak AJA ypaBHEHHT %uxacpa—(i}éxilaﬁ
TaK ¥ AJs Omepatopa (HasbIBaeMOro oneparopom Muxapa — Pykca), ¥ " g i
nepesonut (P, Q) B 2(Q)— #(P). D710, OAHAKO, HE BLISOBET ngaxnx HEN0p

syMeHuH.
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Haanee, /(P,’Q)=JU(P,R)+J(R, Q), TaK KaK Mbl MOXEM Bbi-
6paTb KOHTYp, Haywuii ot P k Q yepes R, u 3aTeM pas6uTh HH-

Terpas B To04ke R (310 wacth (b i
196 140, ( (b) TeopeMhl 1 u3 cratbu (Manin,

ONEPATOPBI MHKAPA — ®YKCA KAK FOMOMOP®H3MbI

Tenepr Mbl BEIMuIIEM yHIaMeHTaIbHOE COOTHOLIEHHE, CBS-
spiBalollee oneparop J ITukapa — ®ykca co cioxenuem Touek
Haurero abesneBa MHOroo6pasus:

JP+R Q+R=IP, Q)

OTO cjelyeT u3 HHBAPHAHTHOCTH An(pepernnaNoB nepBoro
pola NpH CABMraxX HalIEro MHOro0Gpasusi. TOYHOE WH3/I0KeHHe
nauo B cratbe (Manin, 1963, c. 1413, nemma 12).

Mu onpeneaum teneps J(P) kax I(0, P), rne O — 310 nyns
PYNNOBOTO YMHOXKEHHs Ha HallleM abeseBOM MHOrO0Gpasuu. dto
BOCCTaHaB/IMBAET CBsA3b ¢ 0GO3HAYEHHSAMH, KOTODPbIE MBI HCIIOJID-
30B4JH B IPHMEpE paHee,

Jlemma 2. J— 370 20Mmomoppusm Touex abeaesa MHOo2006pa-
3us (kax adouTusrol epynnel) 8 ocHoBHOE Hose.

Hokasaresvcreo. locTaTouno ycrTaHoBHTH, uto J(P =
=J(P)+J(Q), Tak kak J(0)=0 u O—nym al(llllj;ngzxoﬁ
Tpynnsl Ha aGeseBOM MHOI00Gpa3uy.

I(P+Q =10, P, Q)= .
=1 (0, P)+1 (P, P+Q=1(0; P)+7(0, Q=1 (P)+J(Q)

B CHJIy NIPeABIAYIIErO 3aMeuaHns
Cnencreue 3. [as arwobozo ypasnenus Iluxapa — Pykca J
MHOJECTBO TOUEK KOMEUHO20 ROpPAlKa u3 abesesd MHO2006pa-

sus A aexcur e sdpe coorsercrayoujeco oneparopa [Tuxapa —
Pyrca J.

HAoxasareavcreo. Tlonbsyemcsi TeM, 4TO OCHOBHOE mHoJe He
HMEET  KpYYeHHSA H TOMOMOP(H3IMBI 0TOGpaKAIOT NOATpynny Kpy-
YEHHS] B NOATPYNIY KPYUeHHS.

Coeactsine 3 NoKasblBaeT, YTO TOYKH KOHEYHOT0 NopsaKa
uz A jexar B NepeceyeHuH siep Beex oneparopos [lukapa —
®@rkca. Bpu1o-6b 3aMeyaTenbHO MOMYYHTL M o6paTHOe BKJIOUe-
HHE, HO 3TO HEeBO3MOKHO. UTOBKl yCTaHOBUTL 3TO, BO3bMeM KpH-
Bylo C Han Q c Toukoii P GeckoHeuHOro nopsinka. Pacemorpum
tenepb C u P uwan Q(u). Toraa Touka P(u), pasymeercs, Bce
eule: HMeeT GECKOHEUHBIH HOPSIOK, HO MBI HE MOMKEM CKasaTh
UTO OHa HE JIEXKHT B sipe omepatopa J, Tak Kak J LOJIKEH me.
PeBOAHTH ee W TouKy O B OAHY H Ty Ke BEJHYHHY, 6O 0Ge 3a-
BHCAT OT 4 ONMHAKOBO (a MMEHHO He 3aBHCAT coBceM). Onnakg
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Halie NpeANoJOKeHHe MOUTH HCTHHHO B TOM CMBbICJE, YTO MOIKET
HapywaTbCs JHLIb TOJABKO YTO ONUCAHHBIM CIOCOGOM.

UTo0s  MOSICHUTL 3TO TOYHEE, HAM HYXKHbI IOMNOJHHTEJNbHbIE
o6osnauyenns. Mol Gepem ux y Jlenra us xkHuru (Lang, 1959,
c. 213), HO jocruraeM HEKOTOPOro YIpPOUIeHMs, TaK KaK pac-
CMaTpHBaeM TOJLKO cayuall xapakrepuctukn 0. B stom a63aue K
o6o3Hayaer Ji06oe Hajpmose £ (xors B nmpuiaoxenusx K 6Gynaer
anreGpanyeckuM paciinpennem &(u)). Ilyets A — mHoroo6pasue
nan K. Ilapa (A’, tv) naswiBaercs K/k-caedom mHOrooGpasusi A,
ecay A’ — aGesieBo MHorooGpasue Haja k, H T-— roMOMODP()H3M H3
A’ B A, uMewlIyil KOHEUHOE AP0 M TaKoH, uyto Aas Jgioboro abe-
JeBa MHorooGpasus B, onpeieseHHoro. HaA k, u romoMopdusMa
B: B— A, onpenenennoro Haa K, umeercs romomopdusm §’: B —
—A’, onpeneneHHbll HaRX k U Takol, 4To T’ = f. DTO onpeede-
HHe MOXKET II0Ka3aTbCs (M AeHCTBHUTEJNBHO fABJsieTcs) abcTpakr-
HbIM, HO OHO ONpeJeJsieT cje] Kak yacTb MHoroo6pasus A, Ko-
TOpasi, 16 CyLIeCTBY, He 3aBHCHT OT K/k (B HamieM cjyuyae OT u).
TomoMopdu3mM T UrpaeT B HEKOTOPOM CMBIC/]E TEXHHUECKYIO
posb: mpobaema B TOM, 4To B A’ MOXeT OBITb ONpejeseHo He-
CKOJIBKO GOJIbIlI€ TOYEK, UeM HaM XOTeJOChb OBl, — OHH COOTBET-
CTBYIOT TOYKaM, OTpeJAeNE€HHBIM Haj ajre6pauviecKMMHu pacllu-
peHusiME oIS K.

Teopema ') 4. Ecau P — rouka mrnozoobpasus A u J(P)=0
dan scex oneparopos Iukapa — DPyxca | na A, 10 umeerca ye-
A0€ HUCAO R, TAKoe, 4TO Touka nP (8 cmeicae onepayuu caoxce-
nus na A) sexur 8 obpase k(u)/k-caeda A. Obparno, ecau Ta-
koe n cyujecrsyer, 70 J(P)=0 0aa scex oneparopos ITukapa —
Dyxca J.

Has Hac aTo osHauaeT, uto ecaun J (P)=10 ans Bcex J, o P
IO CyLIeCTBY He 3aBHCHUT OT 4. Pasymeercs, cyllectByeT 6ecKo-
HeuyHo MHoro Ttakux omnepartopoB Ilukapa— ®ykca J, HO Ham
HYXXHO DacCMOTpeTb TOJIbKO 6asuc IPOCTPAHCTBA OMNEpPaTopoB
[Mukapa — Pykca, a He Bce 3TH ONEPATOPHI. :

PasmepHocTb 3T0r0 6asuca B ciayuae A ==Jac(C) paBHa poay
anreGpanyeckoit kpusoii C.

JUBHU30Pbl KOHEYHOTIO NMOPAAKA

[ycte Tenepp D — auBu3op Ha aJgreGpanveckoiét Kpusoil C.
Torga D coorsercreyer Touke D’ na Jac(C) u D panuonasbio
skpuBaJsieHTeH 0 Torja M TOJBKO Torjaa, koraa D’ umeeT KoHeu-
ueiit mopsnok Ha Jac(C). Ecau D’ mefiCTBHTE/IbHO 3aBHCHT OT U,
TO OH, HaBepHsIKa, UMeeT OECKOHEUHBIA MOPANOK, a ecan D’ He

1) (Manin, 1963, c. 1414, Teopema 2). § xotea 6 nobaaroaapute mnpo-
deccopa M. &. 3unrepa 32 HEOUEHHMYIO TIOMOUb B CBASH C 3TOH TeopeMof.-
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3aBHCHT OT 4, TO 34aja4a CBOAMTCH K GoJee npoéroﬁ. CeenéHue
NIPOMCXOAHUT NYTEM NOACTAHOBKM BMECTO 4 HEKOTOPOro 3HaYeHHs
U3 R, TaK YTO 3ajaua CTaBHTCH Hag k, a He Haj k(u). Oas u
roauTCsa He J1060e 3HaueHHe — PacCMOTPUTE MOACTAHOBKY 4=
B y? == ux®— 1. BHOOp NOAXOAAIMX 3HAYEHHH NS 4 HA3bBA-
€TCsl BONIPOCOM O «XOpOIled DeAyKLHH» ¥ paccMatpuBaercsi 6o-
Jiee MOAPOGHO B ra1. 8 (cM. pasn. «Kpurepuu xopoumeil pelyKupus
H ocoGeHHO TeopeMy 8), Tie OH urpaer ropasio GoJjee BaXXHYIO
pPosib B paccyxkIeHuAX. 3Aech A0CTATOUHO CKAa3aTh, UTO HMeeTCs
JIMUIL KOHEUHOE YHCJIO 3HAUEHHH 4, HE JalouX XOpolued pesyK-
uun (T. e. HeNOAXONSWIMX), H HMEEeTCs NPOCTOH aNpHOPHbIH
TecT !), MO3BOJIAIOMWMEA ONPeNeanTh, AaeT JAH LdHHOE 3HAUCHHe U
XOpOIIYIO pPelyKIHIO. '

HAXOXXIEHHWE_TTOPIOKA_TTO_MAHUHY
Bxon:
F(X,Y): ypaBHenue anreGpanueckoii Kpupoii.
B neficTBHTENBHOCTH He 06s3aTeNbHO, YTOGH OHO GBLIO
NPEACTaBJIEHO Yepe3 NPUMHTHBHBEIN 3JIEMEHT, a He CO MHO-
THMH TepeMEeHHBIMH. F HCIO/Ib3YeTCsl HemoCpeACTBEHHO
TOJIbKO B BBIYHCJIEHHH AH(P(epeHInanoB nepsoro pcy’la.

D: nuBH30p Ha NaHHON KPHBOMH, 3alHMCAHHBI B BHje nP,
=1

Mbul Gyaem unoraa sanuchiBath P; B Bune (X;,Y;).
U: mapamerp, Hald KOTOPBIM ONpefesieHa KpHBas.
Brixon:
BECKOHEYHDBIV unn uenoe uncac N B 3aBHCHMOCTH OF
TOro, Kakod nopaaok uMeer D — GecKOHEUHBIH HJAH KOHeY-
Hbii. Llesioe snavenne N ykasbiBaer, uto o6pas umes mo-
psinox N, Tak 4to HaM cjaeayeT paccmorpers ND, 2ND, ..,
Ipu Mmoucke nopanka D.
[1} DIFF_1:=
Jlnne#iHO HesaBHCHMBIE Gasuc A AH(pEPEHLHANOB IepBOro
poaa Ha KpuBoit F(X,Y)==0.
[Tycre G —pnuna cmucka DIFF_1, 1. e. poa KpHBOH
F(X,Y)=0.
OTOT War MOXHO CHelaTb C MOMOLIBIO NPOCTOR MOXHGH-
kauuu anaroputma Koyrca. [logpoGHoctu cM. B ra1. 3.
[2] Has kaxporo W u3 cnucka DIFF_1 genats: _
[2.1] ITyers Asg-1, ..., Ao— Heonpe/esieHHbIE NOCTOSHHbIE; 10-
JIOKUM
: 261
Ayg=1— 3 A, Takuro cymma Bcex A; pasna 1.

im0

(310 cnenano notomy, uto onepatopkl IMukapa — ®ykca

'} 3naueHue uy M3 K AJA 4 AAeT XOPOWIYI0 PEAYKLHIO, BCJIHA F(uo, x, y)
aCCoMOTHO HEUPUBOAMM Haj K B HMEET TOT Xe Pod, urto u F(u, x, y).
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onpeze/eHbl JHIbL C TOYHOCTbIO 10 MOCTOSIHHBIX MHOXH-
TeJielt.) .

[2.2] Us ypaBHeHHus > A, d'W)dU* = dR (X, Y)/dX naxonum He-
usBecTHEe A; u pauuonambuyio ¢ynkuuo R(X,Y).
3namenareab ¢QyHkuuu R(X,Y) MOXHO B3ATb DPaBHBIM
HauMeHbLIeMy 0OlleMy KpaTHOMY 3HaMeHaTesleH B JIEBOH
yacrh. [loc/ie ocBOGOXAEHHST OT 3HaMeHaTe/st Halle ypaB-
HeHHe paclajgaeTcs Ha HECKOJbKO JHMHEHHbIX yDaBHEHHH
oTHocHTeabHO A; M Ko3apduuuentos ¢ynkunn R(X,Y),
apuyeM Bce OHH 3aBHcAT ot U, HO He OT X, Y. Janee, cTe-
neHb QyHkuuun R He Gosee yeM Ha E€AMHHLY Bbllle Mak-
CHMaJIbHOH CTeneHH, BCTpeuaiollelicst B IeBOH YacCTH ypaB-
HeHHs. 3
Haw onepartop laycca— Manuna J, cOOTBeTCTBYOIIHH
anddepenunany nepsoro poxaa- W, HMeeT Tenepb BHI

¥ A didUY, a JW =dR (X, Y)/dX.
t
Mul IOJKHBl Teliepb BBLIUHCJAHTD %TSWdX g 1<
)

' BHJE
< i <<2G. Dro BHpaxKeHHe MOXHO I[Epenucarb B BHA
P

S d'w/dU' 4 B, (X, U), rme B —BKjal BCeX OCTaJbHBIX
qO.TIeHOB OT NOBTOPHOTO AHG(EePEeHIHPOBAHHUS.
[2.3] SUM:=0.
3xech M OyaeM Hakamiuath J (D).
[24] Hasj=1 ... M nenars:

[2.4.1] Bo:=0.
[2.4.2] Oas i=1...2G zienaTh:
dB,_, = dx; d'7'w ]
= - e O3HauyaeT 3Ha-
Bii=—y a Ut |p ( l»

yeHue, BEIVHCJEHHOe 1A BesanuwH X, Y B Touke P;).
[lepBoe cnaraeMoe B 3TOM BbIPaXKEHHH MPOHCXOAHT OT
B-ujena AJs TNpeAbAyIlero i, a BTOPOE BO3HHKAET M3

COOTHOLICHHUS
3 ¢ df (x) dP

d?l S f(x)dX = S a0 dX + 77 f (P) (tak kak dO/dU=0).
o b

P
13
Teneps J(P) uMeeT BH, ZA‘E%T S W dX, uau nocsae
(o]

nepecTaHoBOK,

P
d'w
Y Bi(P, U) A, -;-OS A, o d.
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[2.4.3] SUM:=SUM+n, )} B,A,+ R (P).

Ho6aska k SUM — 310 npeawiayias bopMyia, YMHOXKeH-
Hasd Ha n;; OHA TNpeACTaB/sAeT ool Bkmax n;P; B J(D),

[2.5] EI%I{{IHIS)H/IM He HyJb, TO BLIJATb PE3YJbLTAT BECKQ-

8] Has U0=0,1,2, ...
Ecain XOPOWIASI_PENVKIIUS (UO, F K)
To nenarts: e
OtoT Mertoa BbiGopa 3Hauenus U He Becer 7
) Aa caMblfi Jyu-
LA, IL0112yCTHM, Hanmpumep, 4TO ypasBHeHue F SaBHCHTy(;!T
%Jn VU411 u uro 0 me naer XOpollel peryKIHH.
orna Bbiop U0 ==1 macr Ham xpuByl, OIIpeJiesIeHHY 10
Hajq Q(«\/.‘Z), B TO Bpems Kak BeGop U0==3 pacr kpu-
BYI0, onpenesennyio Han Q. Kak Hu nmpu/iekaTesen Takoi
HHTYATUBHBIH BEIGOD, TPYJHO NOCTPOHTH NPOrPaMMy AJst
HaxOXKAeHHS «XODOUIUX» B TOM CMBICJE 3HaueHHi L.

[3.1] D:= Pesynbrar nogcranoskn UOQ Bmecro U B D.

[3.2] F:= Pesyabrar noncranosku UO Bmecto U B F.

[3.3] Brinats HAXOXKTEHUE_TIOPSIIKA (F,D). '
HAXOXXIOEHUE_NOPSIAKA 3zech oaHauaer OHY H3
npouenyp HAXOXIEHHUE_TIOPSIKA_TIO_MAHUHY
e(El caydae eciam nocjie moiacraHoBkH UQ Bmecro U Bee

€ ocrajcd TpaHcUeHAeHTHBIH mnapamerp), KOHEY-
HBIV_TIOPSINOK _3JITUIITUYECK UM (5131 rf 7) HJI;IH
TPAHULA_KPYUEHHS (cu. rat. 8). '

PEAJIU3ALLMA

Peanuzauus storo aaroputma craskuBaercs JHIIB ¢ HeMHO-
THMH MaTeMaTHYeCKHMH 1POGJIeMaMH, HO OKA3EIBATCS A0BOJbHO
TPYAHOH B TEXHHUECKOM OTHOLICHHH. Y:Ke PaHbllle NMPH pPaccMOT-
peHuu npuMepa ObLJIO OTMEYEHO, UTO OAHHM M3 [VIABHHX HCTOY-
HHKOB 3aTPYAHEHHH $IBJAETCH HAJHYHE B OJHOM M TOM IKe Bb-
paxenuu Auddepenunpobanus no U u no X, a Takxe Heo6xo-
AMMOCTb PasJHYyaTh YacTHble NpousBoAaHble o U (BeTpeuaiouinecs
Ha ware 2.2) u NOJHble NPOH3BOAHbIE (B C/Iyuae KOTZa BMECTO
éi(,g; HHOlI((l)TéEIl{BaJIeHa Touka Pj, KoTopas BIIOJIHE MOXKeT 3aBHCeThb

. PYXHJI, 4TO AJS NPEOAOJEHHS STHX TPYAHOCTel
Jerde BCETO HaNHCaTh CBOM COOCTBEHHBIE CHeLHA/bHBEIE MpO-
Lenypel BBLICOKOrO YPOBHS Ans AH(GQEpeHUHPOBAHUS, a He Mb-
TaThCsl HCNONB30BATL Mpouenypsl cuctemsl REDUCE, u6o crpyk-
TYpbl LaHHBIX JJISi MPOM3BOAHBIX, KOTOpDbIe HMEITCE B 5TOH cu-
CTeMe, He CHOCOCHB Pa3/HyaTh NOJHbE H YACTHbIE MPOH3BOAHbIE
S1 Bce-Takm NpuUMeHAI0 MOAH(PHUUPOBAHHBIE BEPCHH HEKOTOprX-
npoueayp Audpdepenuuposanust us cucreMl REDUCE ans Boi-
noJHeHHst GoJjlee MPOCTHIX wacTell Moel 3ajaaum; MOAPOGHOCTH
3TOH MOAM(UKALNY N4HE B IPHAOKEHHU 1. ,
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Jlpyroii BaxHbI!l HCTOYHHK TPYAHOCTEH — 3TO HEOGXOAHMOCTDH
> beKTHBHOH peann3aliy, NPH KOTOPOf MOBTOPsIOCH OB Kak
MOXKHO MeHbIle Bhiumcjenuil, Tak xak BCe BCTpeualollHecs Bbl-
pa<EHHs 3aBHCST OT HECKOJIbKHX TIePEMEHHBIX (B HHX BXOJHT
napamerp [aycca— Manuna ¥ nepeMeHHas HHTErpHPOBAHHA),
TO Aa¥Ke «TpPOCTble» ONepPalUH BPOJe BHIUHCIEHHS HAHGOJIbIIEro
o6lL1ero JequTessi MOTYT IOFJOIaTh OYeHb MHOro Bpemend. [lo-
5TOMy TpeGyloTCs pasHOOOpasHble BCIOMOraTesbHble TalJHILb,
conepxaitue, nanpumep, d'W/dU! nau (vacTHbie) NpOH3BO/HbIE
0'Y/0U¢, koTopble NPHXOAMTCsSI CO3aBaThb H CTHpaTh NO Mepe
HanoB6HOCTH. MMeloTcss H ApYrHe cOOGparKeHHsi, CBA3aHHbIE ¢ 3¢-
dekTHBHOCTBIO. HampuMep, cuctema JIHHEHHBIX ypaBHeHHH, BO3-
HuKaomusg Ha mare [2.2], Moxer OBHITb YaCTHYHO pa3pexeH-
HOfi!), MW 3THM HeOOXOJAMMO BOCIOJb30BAaTbCA JJiA [MOJYydCHHS
peanu3allid C PasyMHOM CTeNeHbIO s¢pdextuBHocTH. HecMorps
Ha 9TOT M ApYyrHe clelyajbHble NPHEMbl, 3TOT aJrOPHTM BCe elile
MOIKEeT GHITh OYeHb NOPOTOCTOSLLMM H3-3a pasMmepa mpeoOpasye-
MBIX BbipazKeHuil, B ocofeHHocTH Ha mare [2.2]. Ilpn nombiTke
BLISICHHTb, KOHEUeH JH NOPANOK AMBH30pa Ha Kpusoil Teiita
(upunoxenue 1, mpumep 4), cocTOsLIEro U3 TOUKH (d(d—1),
d(d—1)3) c xkpaTHOCTbIO | M TOUKH Ha GeCKOHEUHOCTH € Kpart-
HocTbI0 — 1 (B JeHCTBHTENBLHOCTH 3TOT [AHBH30D HMeeT mops-
I0K 7), TIIaTeJbHO 3aNpOrpaMMMHPOBAHHAS 3KCNEPUMEHTA/bHAs
peasu3allisi 3TOr0 a/JrOpHTMa 3aHsAja NPHUMEPHO 15 MuH Ha Ma-
wpne IBM 370/168 B Hccnenosarensckom nentpe UBM um. To-
maca JIx. Yorcona B Mopkrayn-Xafitc?).

Xorsi omepatop [aycca— Manuna uMeeT B oflleM ciyuae
nopsgok 2G (rae G — pon KpuBoi), ecTh MHOTO CJy4aeB, KOraa
OH BHIPOXKIAETCS M HMEeT MEHbUIYIO CTeNeHb. Hanpumep, xots
omepaTop [aycca— Manuna obie# 3JUIMNTHYECKOH KPHBOH
JMeeT CTelleHb 2, OH MMeeT CTeleHb 1 B cJeldyOUHX chelHalb-
npix cayuasx (Manin, 1958, c. 755): V2=X8 4 aX, Y2=X?+q,
Y2 == X3 -L a2X 4 ba?, rae b— mo6as KoncraHta (T. e. He 3aBH-
cur or X, Y u a), ornudas ot 27/4 (B NMPOTHBHOM CJyvae KpH-
Basi mnepecraer OBITb saaunTHyeckoit). Kpome Toro, B 9THX CJIy-

1) JlonomsuteibHas uHGOPMALHA O PA3PEHEHHOCTH H TDHMED -TOrO, KaK
OHa MOMeT 3HAUMTEJbHO YNPOCTHTH pellieHWe ypaBHEHHH, MpHBENEHH B mpH-
gomenny 2, mpumep 4. B ra. 9 umeercs ofumee paccMOTpenue JIUHe HHBIX
ypaBHeHHi.

2) K coxajeHuio, He YAanoCh TMOJYYHTh 6osnee TOuHOH LHGPH H3-3a
omubku B8 CMS-Batch — cumyastope OS, ycranosiaennoM B Hopkrayr-Xaitr-
ce, KOTOpasi TpHBeJAa K TOMY, UTO TafiMep CHCTeMH JIUCIT ue paborar, n
BpeMs IeHTPaJbHOr0 NpoIeccopa NPHIIOCh BHYHCAATD, YMHOXKas obmee Bpe-
Mst HA «CepBHCHHII mpOLeHT» (T. e. AOJIO LEHTPAJbLHOrO Ipoueccopa B obiiem
BpeMeHHM), KOTOPHIl jJaBaja ofiepalliOHHAs CHCTeMA. Onnako »ta uwudpa, Be-
DORTHO, BepHa ¢ TouHOcTbio g0 25 %. Mammuna IBM 370/168 npumepHO Ha
5 9% 6uicrpee, uem MamuHa 370/165, ycraHoBjeHHas B Kem6puaxe, Ha Ko-
TOpOil 3aMepssHCh BCe OCTAJbHHE BpeMeHa, yNOMHHaeMble B 3TOH Monorpadus
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qyasx onepatopn [lukapa — .
nas p p Pyxca ocoégHHo [POCTH: OHH HMEIOT

XDa—2aDX  XDa—3aDX  XDa— aDX
3ay 3ay ’ ay

. COOTBETCTBEHHO,

5’THHBobaTOMy B HHTepecax >((eKTHBHOCTH BaxKHO PacrO3HABATH
. POK/ICHHLIE CAYyYaH BO3MOXKHO DaHbIIE, a 3TO HEJErKo
or Uméa ;)fon; YaCTHbIH CJB"-IaH BO3HHKAeT, Korxa X; He 3aBHCHT
. ciydae Bce B; paBunl 0, u Bolym
, CJCHHE 3HAYUTEJNbHO
Z;Ig);)maercn. IJTOT cayuall uacTo BO3HHKAeT Ha OpakKTHKe, M[o-
Y C/AeNyeT NPOH3BOAMTL COOTBETCTBYIOLIYIO NPOBEPKY ’

CHEHUHUAJNIbHBIE 3HAYEHUS HAPAMETPOB

B arom pas
ot a;x%n AgJle Mbl TIDEATIOIaraeM, 4T0 Hallle NOABIHTErpaJib-
i p ue f(x,u)dx 3aBucuT oT u ajare6pandecks. dro
feﬂnom)xeﬂne B JIeHCTBHTENbHOCTH He OTPAHHYHBAET OGIIHO-
gpﬂahg:é{H;aK €CJIH TNOALIHTErpaJbHOE BEIPAXKEHHE 34BHCHT OT U
€HTO, TO MBI MOXKEM 3aMeH
HUTE TpaHCUEHJAEeHTHYIO
g?;ﬂxumo OT 4 HOBLIM TPAHCLEHIEHTHLIM IIapPaMeTpoM i, He zglle-
. b
Vm;{e 3aja4yM Mo cymectsy. Beap M 3HaeM, uto ecau f(x,u)
i rpupyeMa, TO ee HHTerpaj onpeaeseH Hajn aﬂee6pauttec1éum
MbIKAHUEM HCXOAHOI'O OCHOBHOTO TOJISI, T. €. HHKAKHE HOBBIE
TPAHCUEHACHTHOCTH HE BBOASTCS. ~
” gblt):unomdeﬂue 5. Ecau f(x,u) sasucur or u areebpaudecku
o OTeth(Tglép(ﬁzpeﬂqua/za f(x,u)dx — arzebpauseckue d)ymc-,
K OHU aexcar 8 aacebpauue
oot p CKOM 3aMblKAHUU
HyECJIH anroputy  HAXO)KNEHHWE_TIOPSIIKA_TIO_MAHH-
naer otBer BECKOHEUHDBIH us-3a Toro, uto oano us sua-
ueHnit SUM okasajoch HEHYJEBBIM, Mbl MOKeM 3aKJIIOUHTD, YTO
HHTErpaj HeBBIPA3UM B 3JEMEHTapHOM BHJE. HO-BI/I}IHM’OMy
HMEET CMBICJI paccCMaTPHBATh Te CHENHaJbHblE 3HAYEHHS napa-'
MeTpa u, Ansi KOTOpeX SUM okaswiBaeTcst paBHOM HyJIO, M BH-
ACHATD, 3JE€MEHTapeH JIM HHTerpaJ B 3TOM YacTHOM cnyqe’le 3to
npns;zam K caenyomemy Gosiee o6LieMy BOIpoOCy: .
CLUARL KAKUX BHAYEHUL U uHTeepas
x,u)dx —
o K [ F(x, u)dx — saemenrap-
K’ coxanenuio, sHaueHHsMu u, 117 KoTophx SUM o6pama-
€Tl B HyJ/b, HE HCUEPIBLIBAIOTCS 3HAUYEHHSH, KOTOPHIE MOIYT Cle-
JaTh HHTErPAJ SJEMEHTAPHBIM, TaK KaK HMEeTCS HEeCKOIbKO Apy-
FHX Crnoco00B peiyKUMH 3ajfaud [PH MOACTAHOBKE BMeECTo i
-crenHaJbHBIX 3Ha4YeHuH.
PaccmoTpum Temepb passuynble cuTyauuu, p KOTODBIX IO~
CTAHOBKA CMELHANbHOTO 3HAYEHUS BMECTO NapaMeTpa 4 MOKer
H3MEHHTb PUPOLY NMPOBJIEMbl HHTErPHPOBAHHS.
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1) Moxer H3MEHHTbCA POJA KPUBOH. DTO MOXKET NpPOH30HTH TOJb-
KO A/l KOHEYHOrO 4HCJa 3HAUeHHH 4, W MBI MOXeM HafT
9TH 3HAYeHHsl, PAaCCMOTPEB KaHOHHUECKHH [LMBH30D M BO3-
MOIKHOCTH €T0 BBIDOXKJEHHS.

2) MoryT H3MeHHWTbCH MUIEACH, B KOTOPbIX HMEIOTCS BBIUCTHL
HHTErpHUpyeMoro BbipaxkeHus. Hx TobKO KOHeuHOe 4YHCIO, H
MB MOMKEM HaliTH HX, PacCMOTpeB BCe 3HAUeHHA u, AJS KO-
TOPHIX COBNAZAIOT MHOJMKHTENH YHCJHTENs M 3SHaMeHaTe/ls
AKX MHOMKHTEJNH 3HaMeHaTelsl COBNAAalT Apyr ¢ APYroM
(maH, HAKOHEL, YHC/IHTeNb HJH 3HAMEHATeJlb MEHSAIT CTe-
MeHb — AJs cydasl MHOMKHTENs X — GECKOHEYHOCTb).

3) MoxeT YMEHBUIHTHCA DPA3MEpPHOCTh MPOCTPAHCTBA BHIYETOB.
D10 —.0cOGEHHO KOBapHBIH cjaydall, H MBI OTJIOXUM €ro Hc-
yepnbBalollee 00CyK/AeHHE.

4) JluBu30p MOIKET OKa3aTbCs AUBHU30POM C KpyUE€HHEM /I KOH-
KPETHOTO 3HaueHus u#, HO He B OOmleM ciydae. HmenHo ¢
9TOrO cjyuyas MBl Hayajud 3TO OOCyXKIeHMe, W TaKue 3Haue-
Hust (UX KOHEUHOe YHCI0) MOTyT ObITb OGHapyKeHbl MpO-
CMOTPOM BCeX. KopHeH (Mo u) GyHKIHH SUM B ajaropurme
HAXOXJIEHUE_MMOPAIKA_TIO_MAHNWHY.

5) Moxer okasaTbcsl, uTO aJjrefpamueckas 4acTb HHTErpupye-
Ma IJs YaCTHOTO 3HaUeHHs u, Ho He B ofllemM caydae. It
3HAYCHHS MOXHO OGHAPYXKHTh, pacCMaTpPHBas ypaBHeHHd, 1O-
poxaaeMbie Ipu pabore a/jropuTMa HAXOX O EHUWE_AJI-
TEBPAMUECKOW_YACTH, u BHisicHsif, KOTAa BbIPOXKAA-
eTcs ypaBHEHHe, KOTOPOe JOKa3blBaeT, 4TO JAaHHas (dyHKLHSA
He MHTErpupyema. :

TakuM 06pasoM MBI MOKasajy, 4To B CIydasx 1,2, 4 u 5 ko-
JIMIECTBO «HCKJIIOUMTE/NbHbIX» 3HAUeHHA napaMmeTpa # KOHEUHO
(u TH 3HAUEHMS MOTYT OBITH 5(PeKTHBHO BHIYHCJICHDI).

Cayyail 3 CylUleCTBEHHO TpYJLHEe. Hanpumep, MB MOXEM
AMeTh GeCKOHEUHO MHOTO 3HauYeHHH u, M KOTOPHIX yMeHblla-
ercsl pasMepHOCTb Z-MOAY/f BHIUETOB.

PaccMOTpUM IOABIHTErpajibHOE BHIpAXKEHHE, HMEollee 4 BH-
yera: 1, —1, 4, — u; Hanpumep,

1 + 1
x4/x2 41 rA 22 F ud

Toraa AJs J1060ro palHoHabHOrO 3HaUeHHsa # NPOCTPAHCTBO
BHIUETOB CTAHOBUTCS OJHOMEDHBIM, TaK 4TO BCe 3TH CJaydau cJe-
AyeT paccMaTpHBaTb KaK NMOTEHUHAJIbHO HCKJIOUHTE/IbHBIE.

dx.

Jemma 6. ITycro Z-modyao 664er08 (r1, ..., re) 66ipaAdNE-
nus f(x,u)dx umeer pasmepHOCTb k. Honycrum, 4TO0 uMerOTCH
snauenus U, ..., Wp napamerpa u, TAKue HTO unTeepas OT

f(x, wi)dx umeer 3AeMEHTAPHYIO Aozapupmudeckyro 4acte (KO
ne nodnadaer nod cayuau 1, 2, 4, onucannsle goiue) 0aa 1 5
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S Ik, npuvem MrOKecTs80 8eKTOPOS {(ri(u) 1l <i<h) I <<

< a <R} umeer pasmepuocrs k. Toeda f(x,u)dx umeer sae-

MEHTAPHYIO A0eapumuseckyio yacre.

Hokazareavcreo. Umeetcs menoe uncao fl, TaKOE, YTO BEKTOP
(7,0, ..., 0) mMoxer 6BITH BHIpaXKeH B BuJe JHHEHHOH KOMGu-
HallHH BEKTOPOB BHIYETOB (r;(s)) ¢ LenbIMH K03 pHLUueHTaMH.
Torna auBusop d, COOTBETCTBYIOLLHHA BBIYETY r|, HOJKEH GHITb
ABBH30OPOM C KpYYeHHEM, TaK KaK OH BBIDAXKEH B BHJe KOpHS
n-ii CTELEHH H3 CYyMMH AHBH30DOB € KpyuyeHHeM. AHaJIOTHYHBIM

06pasoM U oCTaJbHble THBH3ODHI ABJAIOTCS JAMBH30PAMH C Kpy- - -

dCHHEM; CJIe/0BaTe/IbHO, NOJXKHA CyLLeCTBOBATh Jgorapucpmuye-
CKaf 4acTb o6lUero HHTErpana,

Teopema 7. Ecau f(x,u)dx ne UnTeepupyema 6 aremenrap-
HOLX (DYRKUUAX, TO UMEETCA AULLL KOHeUHOe 4ucio BHQUEeHUE u;
napamerpa u, das Koropoix f(x,u;)dx UnTE2pUPYEMU B8 INEMEH-
TAPHOLY DYHKYUAX. ' :

Hoxkazareavcrao. Uz cayuaeB 15, omucaHHBIX BbIlIe, B 0CO-
O0M paccMOTPEHHH HYKAAGTCH TOJBKO caydyadh 3, Tak Kak MH
MOKa3asi (M HallH PACCYXAGHHS MOMKHO CHEaaTh COBEPUIEHHO
CTPOTHMH), UTO HMEETCS JIHIUL KOHEYHOe “YHCIO 3HaYeHHH, COOT-
BETCTBYIOLLUX cayuasiM 1, 2, 4, 5. JlonycTuM, uTo HMeeTcs Gec-
KOHEUHO MHOIO 3HAYEHHMH, COOTBETCTBYIOLIUX CAY¥Al0 3, HO He
NOANaNA0WKX HU NIOA OAHH M3 MyHKTOB 1, 2 wam 4. Torza no
TOJILKO YTO JOKa3aHHOH JiemMMe 6 Z-MopyJb, HaTSHYTHH Ha Bek-
TOPBl BBIYETOB (ri(ua)), MMeeT pPa3MePHOCTD, MEHbILIYIO, ueM £k,
W TIOTOMY MOXKeT ObiThb BJIOXKEH B NPOCTPaHCTBO pasMepHocTH
k— 1. Torna umeercs JuHeHHas 3aBHCHMOCTD mexay ri(u), ...
..., re(4), KOTOpas HeBepHa B ofuiem clyuae, HO BepHa [Js
GeCKOHEUHOTG MHOXKECTBA YAaCTHHIX 3HaueHHi u. Tak Kak B CHJY
NPELJIOKEHHs 5 BEKTOPH 7;(4) anre6paudHbl no u, Mbl noayyaem
anrebpanueckoe BbipaiKeHHe, HePaBHOE HYJIIO TOXKAECTBEHHO, HO
uMerollee GECKOHEYHO MHOrO KOPHel, 4TO M 1aeT HCKOMOe npo-
THBOpEUHeE.

3aMetHM, 4TO 3Ta TeopeMa He BIOJHEe KOHCTPYKTHBHA, TaK
KaK Mbl He yKasa/li HHKaKoro cmoco6a HAaXoxJIeHHS! KOHEYHOro
MHOKECTBa 3HaueHu#l B caydae 3. DTa 3amaua He BHOJHe TpH-
BUHAJIbHA, KaK NMOKA3BIBAET CJeYIOLIHA npuMep.

Ilyete E — sanuntuueckass kpusas Haj Q, npuuem Ha Hei
HMEIOTCH TOYKA GECKOHEYHOro MOpSAAKA H TOYKA KOHEYHOro mo-
psiika, o6o3Hayaemble COOTBETCTBEHHO uepe3 P yu Q. (Mubimu
CI0BaMH, GeCKOHeuHasi 4acTb rpynnsl Moprensa — Befiig JLOJI3K-
Ha HMETb Daur He MeHbIle 1, a MOArpynna KpyuyeHHS NOJKHA
GriTh HeTpuBHAMbHOM. Takue KpuBHe CYWIECTBYIOT, KaK MOKa3hl-
BaloT Tabaunb u3 pabor (Birch & Swinnerton-Dyer, 1963) u
(Swinnerton-Dyer, 1974).) Iycts D — nuBusop, nnuelino sxBy-

" yiKe 6eCKOHEYHO MHOTO pelIeHHH, a HMEHHO BCe KOPHH (yHKIH
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panentHuil 3P, a D’ — nuBH30D, .nmzeﬁﬂo auKBI/IBaJIEHTHbIﬁ
5P — Q. Iyers f(x)— dyHKUHA Ha Hauiel KpPUBOH ¢ llnls)p,lsol%)om
splyeroB ‘D, a [/(x)— QyHKIHA C AMBH30POM BbIueToB D" eTaoc];
cmotpum Ttorga ¢yHkumo f(x)4 uf (x), HpOCTpaHCTBoeB:IOLI oD
KOTOPOH [JBYMEPHO IJIsi HPPAIMOHAJBHBIX 4 H OZHOMEp o
pauuonajbubix 4. Koraa sHaueHHe i WPpPalHOHA/NbHO, JOTap _
Muueckas 4acThb He Moxker OBITh HaljeHa, a Koria u psall)l)ni
HaJbHO (M paBHO, CKaxXeM, m/n), JAHBH3OD paBeH n(HHeM
+m (5P — Q) u nostomMy #aBJAsAETCH AHBH30POM C Kpyue e,
TOJNBLKO €cJH Ko3(hdHuueHT npH P paBeH HYJIO, T. €. LA U=
=—3/5. DTOT mpHMEp NOKa3biBaeT HEOOXOAMMOCTb orpagHTq:};
Hus f(x, 1) QYHKUMSMH, 3aBHCSALIHMH anyeﬁp?nqecxn 061; u, ax
Kak ecad 6b Mbl paccMotpenau f(x)+ sinuf’(x), To 6nla0

arc sin(— 3/5).



Fnasa 7

SJVIMNITHYECKHUE I'IHTE[‘Pl

B mpeabiayme#t raase (Bkaioua
HI/IE_HOPHILKA_HO_MAHI/IHY)
Ma [HBH3OPOB KDYYeHHS HAJ OCH
LMMH TPAHCUEHJAEHTHHIA mapamerp.
Yaifl, KOrza BCE 3JeMeHThl OCHOBHOI
paluoOHaJbHBHIMA uHcAaMu. MMenno »
CMaTPHBAaTb B 3TOH rjaBe (ajs sa
crenywouled raase. Hanee onpenesetw
BOH HJIH JHBH30pPA MOKET CoaepKaTh
re6pauyecKux BeJHYHH, NO3TOMY MH
JIIMH, KOTOPBIE€ MOPOKAEHHI M3 IOJS
TEM DacCIUHPEHHS KOHEUYHBIM YHCJIOM
T. €. noaamu aireebpauteckux wducean.
BaTb MpoGJeMy JHBH30OPOB C KpyueH
MBl JOJI2KHB Y3HaTb H06OJbiIe 06 H

>

pPaccMOTpeHHsl B CJAeAyIOlUeM pasfede:
peHHe NPOUSBONBHBIX a/reGpaHyecKHx.

NMoJif AJITEBPAHUYEC

Teopua noxneit anre6pauueckux uif
Ha, 1 HaM OyleT HyXKHaA JHUIb He6o,
Mbl GyAeM MPHBOAHTL JHWDL (GopMYJ
3y/IbTAaTOB, a IOKA3aTeNbCTBA U JaJih
TaTeNb MOXeT HalHTH B KHurax (Bore
nan (Weiss, 1963). HuMewrcss HekoTo
TJIACOBAHHOCTH ME€XAY TepMHHOJOTHekx
PHH W ajreGpaHyeckod TEOPHH YHce
Bceraa Oyner BINOJHE OUEBHAHO, KOTO
HUH MMeercs B BHAY.

[IpousBosibHOE mOJE anre6Gpanueck:
B.BHae Q(/y, ..., ), rme I, aJsre6pai
Kak yxe cxasano B ra. 2 (cM. Takxe
T. I, ¢. 126—127)), MB MOxem npence
rae [ anre6pauyno wan Q. B. nefictsu
OPUBOJAHMOrO MHOTOUJIEHZ C IEJBIMH
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H3BEEHHE NPOCTLIX HAeanoB P; kosbua Kz, u nokasaTedu 5TOro

Pa3JIOXKCHHA HA3BIBAIOTCA UHOEKCAMU BETBAEHUS TIPOCTHIX Hiea-
JoB. Mbl roBopuM, uto P; Pa36eTeaeHHbLI, €CIH COOTBETCTBYIO-
M mokasaTesib Gosplue 1, n HEpa38eTeAeHHbI, eC/lH MOKa3a-
Telb B TOYHOCTH paBeH 1. T'oBopsT, uto uncino p nepassersien-
Hoe (ans pacwmpenust K mons Q), ecam Bce MoKa3zaTenlm pas-
Hbl 1. Mebl roBopuM, uto mueann P; aexar nad p. Hlpu stom
NPOCTOH HJeald MOXKET JekaTb Haj He GoJiee yeM OHHM pauuo-
HAJILHBIM TIPOCTHIM YHCJOM (9TO BHAHO H3 PacCMOTpPEHHsI HOPMEHI
H _TOrO, 4TO 1BA pAUMOHAJBHBIX NPOCTHIX YHCJAA HE MOTYT HMETh
O0UIHX MHOXKHTeJel).

Teopema 2 (Ienekuna. Cm. (Weiss, 1963, c. 157)). Han
2106020 | (T. e. Oaa 1106020 KOHeuHO2O pacwupenus K noas Q)
UMEETCA UL KOHEHHOE YUCAO pPA3BETBAEHHOLLX RPOCTHIX HUCE.

Ecan p’ — npoctoit uaean Koablua Kz, TO MBI MOMKeM mo-
CTPOHTL axTopkoabuo Kz/p’, rie (bakTopusanHs NpoOH3BOLHTCA
MO OTHOIIEHHIO @ b, KOTOPOE HMMEeT MEeCTO TOrAa M TOJIBLKO
TOrAa, Koraa a — b jgexur B p’. D10 3KBHBAJEHTHOCTb, TAK UYTO
pesyabraT GakTopu3aUuH — AefCTBHTEBbHO KOJIbLO, Ha3blBaeMoe
KOAbUOM KAACCOB 8bI4ETOS.

Teopema 3 (Borevich & Shafarevich, 1964, c. 208, teope-

Ma 2). Koavyo Kaaccos seiveros Kz/p' — xoneunoe nose xapak-
TEPUCTUKU p.

AJJIMNTHYECKUE KPUBBIE

HMeerca BecbMa passutas Teopusi TOuex KDYUYeHHS Ha 3J-
JIHITHYECKHX KPHUBLIX, 3aTPOHYTass KO HEKOTOPOiH CTeNeHH B . 5§
B paMKax OOIUero paccMOTpeHusi Kpy4yeHus. K COXKAaJIEHHIO, 3Ta
06s1acTb OCTaeTCs! OYeHb TPYAHOH, a MHOTHE H3 ee pe3yabTaToB
HaCTHYHBEl MJIM HEKOHCTPYKTHBHbI, HECMOTDSI Ha BHHMAaHHe, KOTO-
poe el yieJsJH HEKOTOPhle H3 BeJHUARUINX MAaTeMaTHKOB, B ka-
YecTBe NMpHMepa NMpPHBE/EM CJeayIollee YTBEpKIeHHe.

Teopema 4 (Manin, 1969)'). J1a aw60z0 nosrs anreebpauye-
ckux uucea K u npocrozo wucaa p umeercs yesoe wucao n(K,p),
TaKoe, 410 08 10600 dAAUNTURECKOL KPUBO E, onpedesennoi
nad K, eepno| Etors (K)? | pK P, 20e Eigrs (K) — 2pynna ecex
rouex kpy4enus xpusod E, onpedeiennsix nad K, a eepxnui
undexc p o06osnawaer p-uacte 31O 2pynnoi, T. e. MHOKHCECTBO
8AEMENTO8, NOPAOOK KOTOPGLX ABAAETCA CTENeHslo p.

K coxasenuio, Mbl 3HaeM OueHb MaJo O uHCIax n(K,p),
kpome cayuass K=Q, koTopblii paccMoTpen B TJ. 5 B pasz,

') Mmeercs usnoxenue sToro Bompoca B cTaThe (Serre, 1971),
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e

«Pesynbrar Masypa». OJHH H3 HeMHOrHMX pe3y/bTaTOB 3aKJI0-
qaercs B cieayiomem (Kenku, 1979).

Teopema 5. Ecau K — xeadparuunoe uuciosoe noase, TO
n(K,2) << 5, ede epanuya 5 neyryuuaema.

B neificTBHTEJNbHOCTH KeHKy HokasblBaeT TakKiKe, UTO HHKaKas
TOYKa Ha 3JIJIMITHYECKOH KPHBOH HaJ KBaAPaTHYHBIM UHCJIOBBIM
[oJIeM He MOXKET WMeTh KpyueHue 32.

DT0 10Ka3biBaeT, KaKHWe TPYAHOCTH CTOAT HAa NYTH OThICKa-
uus OGLIHX OLEHOK KPYUeHHs Ha 3JIJHMITHYECKHX KPHBBIX. Io-
pa3no GoJbille MOXKHO C/leJIaTh, €CIM MBI DAaCCMOTPHM KOHKpeT-
HYI0 TOUKY BMECTO TOro, YTOOBI HCKaTb T'DAHHUBL JJIsi BCEBO3-
MOJKHBIX TOYEK KpydyeHHs. DTHM Mbl H 3afiMeMCsl B CJeLylOlleM
pasaeJe.

TEOPUSA JIIOTUA —HATEJIA

B sTOoM pasjgesie MBI DAacCMOTPHM 3JJIMITHYECKYIO KPHBYIO
Y2=X34+aX+b, rie a u b—nueane 3/IeMEHTEl N0 asre-
6panueckux uncen K= Q[!]. Touxka KpuBOH Ha3bIBAETCs YeAou,
ecJi ¥ X, u Y. aBAsioTCS LEJBIMH 3JE€MEHTaMH I0Jis K (xors
ecan X ecTb neabifi aneMentT noas K u Y jgexur B K, T0 oH [0J-

eH OblTh uenbiM sjieMeHToM K).

Teopema 6. Ha 410601l OGHHOL 3AAUNTUMECKOU KPUBOU MO-
HCET AeNHCATH AlULb KOHEUHOE HUCAO Yeablx TOUEK.

JlokasareabcT8o. DToT pe3yabTaT Oblji [€PBOHAYAANBHO Sn‘o-
Kasan B crathe (Siegel, 1929); cm. Takxe (Lang, 1960) nu( ie-
gel, 1969). OaHako 3TO 10Ka3aTeJbCTBO HE AaeT anaxgnunu-
(opMalkM O UHCJe IEJHX TOYeK WM O HX Bejuuuke. Lenyac
M3BECTHO, UTO BO MHOTHX CJydasiX LeJble TOUYKH ynol%.ré;:;rﬁ%&%x&g
nepapencry (Baker, 1975, ¢.45) X, |Yl<exp((v
rae H — MaxkcuMyM BhICOT ') K03 (HHIHEHTOB KPHBOH.

Caencteue 7. [as (uxcuposannoeo d KOHEYHO KOAU4ECTE0
rouex Ha Oanuol aasunTudeckol xpueot, 0an koropelx dX —

yeaas, 1. e. den(X) |d.

. 2 X3 4
Jlokasareascrgo. PaccMoTpHM KPHBYIO Ya-—X +c)i( a))/(-{-
-4 dfb, TOUKH KOTOPOH — 3TO B TOuHOCTH (d X, d®Y), rme (X,Y)—
’ o
TOYKa MCXOJHOH KPHUBOH. . -
B efiCcTBHTEJbHOCTH TpaHHila HyKHa HaM JHIIb B TOH CTe
eHH. B KaKoil OHa 3arparuBaeT BpeMs DabOTHl aJAropuTMa, a
L

1) Botcora aare6pamueckoro 4HHcaa ONPeAessercs Kak Maxcnmylb_«il a6co-
JMOTHBIX Be/JHudH KO3((PHIMEHTOB ero MUHHMAaJBHOTO MHOrou/leHa. 1103TOMY
BHICOTA DallHOHA/bHONO YHCJA -— 3T0 ero a0co/IOTHAs BENHUHHA.
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oueHKH Deiikepa Buywaior mnopoit HeoNpaBAAaHHBIA!) neccH- 1

MH3M.

Teopema 8. [Tycro (X,Y)— rouxa, umerowan nopadox e rou-
HOCTU N Ha saruntudeckod kpueod Y?=X3+4 aX?2+ bX ¢
onpedenennoti Had nosem arcebpauseckux wuces K. ’

(1) Ecau n ne snsanerca crenensro payuonansnozo npocrozo
aucaa, 10 X — yeaoe areebpaureckoe HUCAO.

(2) Ecau n— crenenv payuonasvrozo npocrozo 4ucaa p, TO
pX — yeaoe anrzebpauneckoe wucio. . ’

u[lorcaaare/zbcrao. OTa TeopeMa IMOYTH COBNAfAET C Teope-
mo#t 2.1 kuurum (Lang, 1978) muwoc 3ameuanne, CONPOBOXKA410-
mee TeopeMy 2.2. EpMHCTBeHHOe OT/IMYHe HMeeTcs B ciyuae (2)
rae JleHr yTBepxKmaer, uTo 3HaMeHaTeJb KOOPAMHATH X ABS-
ercss jenutesnieM mnpousseienusi cremenedt P, rae P; — npoc-
Thle HAeabl Koabla Kz, nenduine p, a r(i)— pauuoHadbHble Ile-
Jble YHCJa, He LipeBocxoasime e(i)/2, rie e(i)— uHIeKc BeTs-
JeHHs Haeana P; kak jeantens uuciaa p. OAHAKO 3TO npoHsBe-
IeHHe, HaBepHsSKa, SIBJAETCH AeJUTeseM HPii=p, TaK YTQ
TeopeMa J0Ka3aHa.

OTMernm, uTO AN HETPHBHAJBHOCTH cyuasi (2) HeoBXOXHMO
4TOGH NPOCTOE YHCJO P HMEJNO HHIEKC BETBJEHHS He MeHblle 2
(nHaqei r(i) 6uin 6bl paBHH 0), a 3TO coyuaeTcst oyeHs peako
(B nefictBHTebHOCTH NPH @ = 0 MBl MOXKeM 3aMeHHTb 2 Ha 4.
a 3Ta CTeNeHb BETBJIEHWs UPe3BHYAfHO Heo6hIuHA.) 3amerum
Takke, 9T0 Mbl MOXKEM PacCMaTpHBaTh YPABHEHHS! KPHBHIX, UyTb
Gosiee oOlilye, ueM KaHOHHYecKas (opMa Beitepmrpacca ',l"aKof»i
BHI 0O6OOHIEHHON TeopeMbl JTIOTua——HareJm—KacceJI.cd pac-
cMoTper B crathe (Zimmer et al., 1979):

Caencreue 9 (reopema Jliotua — Harensn)?), Jwbas rouxa
Kpy4enusa saruntuveckold kpusod Y = X3+ aX 4 b, onpedesen-
HOl HAO PAYUOHAAbHbIMU 4UCAGMU, C UHesbimu a,b Ooamxna
uMeTs yeavie KOIhuyenToL. :

) B kauecTBe npuMepa pacCMOTPUM 3JLTHITHUECKVIO
MHHOJIOTHH CTaTbH (Swinnerton-DyerI,) 1975), Taénuuayl).xgggy;{opp?g}éo (n]:o::p-
NpencTaBATL ypaBHeHHeM Y? = X% — 108X 4 297, u B cuay nepasencrsa b };‘o
Kepa Ha Hefl HeT HeJBIX Touek (a MOTOMY M DallHOHAJNBHBIX TOUEK uenc?ro_
nopaaka) c b[XI win |Y| Goabunm, uem E(e, 10, 10,6.92), rne o6osnavenns
E(a, b)==a’ u E(a, b, ¢, ...)=qaftbcd .. CHAYXKaT AJsi 3alHCH MHO
STAXHBIX BKCNOHEHT. B neficTBHTe/ILHOCTH, OAHAKO, BhIunC/IeHHs JloBeHMo Tm.
Credenca (uacTHYHO HCNOMBSYIONIHE AJTODHTM H3 CTAThH (Birch & Swil?nil 3
toq-Dyer, 1963) nokaswiBaloT, 4TO camas Goabluas ueJas TOUKa Ha 3TOH xepr{:
BOH —3T0 X =12, Y = 27, u 5Ta TOuka B AeHACTBHTEJBHOCTH HMeeT go-
HeuHbl#t nopAnox. Hackonbko MBI MOMXeM CYAHTB, 3TO <THNHUHBIL» mpH
TNOIMHHOA BEJMYHHB UEJBIX TOYEK KOHEuHOTO MOpsAiKa. prviep

} OTOT pesyJbTar Gbisi chOPMYNUPOBAH U B I B KaK uacTh ClleltHaNbHON
METOAHKH JAA SJIMNTHYECKHX KDHBEIX HAJ DANHOHAJBHEIMH UHCIAMH %
MaTeMaTHYECKOM OTHOLUEHHH OH NPHHARIENKUT HACTOAINed r/aBe, »Ho B
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Teopusn Jlrorya — Hazeasn 05

JUOTL_HATEJIb )

Bxoxa:
F(X,Y): daauntuueckas kpuBas Buaa Y2=X3+4aX+b,
onpejeseHHass Haj HEKOTOPHIM MoJjieM ajrebpanye-
CKHUX uHceJs, I'le a, b — Lesble 3JeMeHTH 3TOro MOJIs.
TOUKA: Ilenas Touka (X,Y) Ha 3TOH KpHBOH, Takxe ompe-
JleJieHHasl Haj HeKOTOphM moJeM anrebpanyecKHx
qHCeJI.
YroMsHyThie ABa NoJs ajire6paudeckHx yuces He 06s-
3aHbl COBNAAaTh, TAK KaK HAac B ACHCTBHTENbHOCTH HE MH-
TepecyeT, 4To NpPEeICTaBAAIT cob60ll 3T anreGpanyeckHe
MOJIst, €CJH TOJbKO MBI MOZXKEM BBIYHC/IAThL Haj HHUMH.
Brixoa:
BECKOHEUHBI, eciu Touka HMeeT GeCKOHEUHBIH mnops-
1ok, N, ecan nopsijiok Toukn pased N.
[1] O6bsaBasem wmaccum X CTAPBIM [0: GeckoneuHocts],
Y CTAPBIH [0: 6eckoHeuHOCTb].
B 1eHCTBUTEJLHOCTH WX, BEPOSITHO, JY4lle BCEro peaJH-
30BaTh B BUJE CIIHCKOB.
[2] XCTAPBIM[0] :=X
YCTAPBIM [0] :=Y
N:=0.
3.1] Ecan smamenateasr (X) He pasen 1, To mepefity x [4.1].
E3.2] HOasg M:=0:N —1 neaarp
Ecau X = XCTAPDBIVI[M], To nenats:
(3.2.1] Ecim Y=YCTAPBIM[M], o N:= (2N)— 2"
unaue, ecau Y= —YCTAPDBIF[M], 1o N:= (2V)+ 2M,
nnaye OIINHBKA.
Tenepp Mbl 3HaeM, 4TO TOUKA wuMmeer nopsiiox, KOTOPHI
neaur 2N+ 2M Ho MBI XOTeaH Obl MMETb TOpasfo MeHb-
mee 4uca0 (IPeANOUTHTEIBPHO HACTOSINHMA TOPSAOK) Te-
pen TeM, Kak Oyier Bei3BaHa npoueaypa JHMBH3OP_B_
OYHKIIMIO. Mpl MoxeM Takxe YTBePXKAaTb, YTO MHO-
KUTedb 2M HeoOXOLMM, TAK KaK HHaue Mbl HAULIH OBl
Hyab aast Medbunx M u N.
[3.2.2] Hns xammoro Muoxutens L uucna N (B nopsiike Bos-
pacraHus) AejaThb:
ecain TOUKA=##(L#2M) =0, 1o BbAaTh OTBeT L#2M,
3.2.3] OIMBKA
3.3] (X,Y) :=2+(X,Y) B cMbiCc/Ie CJIOXKEHHS] TOYeK Ha KPHBOH.
84] N:=N-+1 '
XCTAPBIVI[N] ==X

1) Dror aArOpUTM 6bl7 NMOACKA3aH onHofi npouepypofi uz paboru - (Ste-
phens, 1970). $I ouens Gnaropaped A-py Credency 3a muorouucsesHsie o6ey-
AeHNs BONPOCA O BHIUHCJIEHHAX HA S/UIMITHYECKHX KPHBBIX Haj PalMOHAMDL-

HBIMH YHCJIAMH,

I
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YCTAPbIPI[N] =Y.
. enn X = 6eCK0HeqHOCTb,
O BBII4Th OTBeT 2N,
[3.6] Ilepeiitu [3.1].
bl MOKeM NpPOHTH no sToM ’
CJI0 pas, Tak Kak M 3HaeMy o B
KOHEYHOe YHCJIO LeJIBIX TOvek,
[4.1] P:=3namenarens (X).
Kak ckasauo B ry.
reGpaHYecKuX BeJuuuy Iome
NOBENICHHE B YHCJIHTeNb, a 3Ha
HBIM, TaK 4to P Gyne
[4.2] Econ P—ye npoc?rféle,T et
[4.3] X:=XCTAPI)H?I[O]
I5:2 YCTAPLI [0]
=1

[3.5]

PauuoHaAbHBIM HHCJIOM,

Mmn 31.1aeM
» 4To ecau TOUKA Boo6
R .,
NOPSIZIOK, TO 3TOT MOpsAOK b crenen Ll

iy HOMZKEH GHITh CTeNeHbI0 gy
BM:&}K UTO MBI cpasy paccMaTpuBaey BHIDaXKeHHsH 9Torf)l
[44] (X,Y):= P+(X,Y)
N :i%nilﬁlc.ne CIOXKEHHS TOYeK Ha KPHBOH
[4.5] Ecan X = BECKOHEYHEBIH
TO BbIAATh OTBeT N, ’
X =Y =BECKOHEYHbIH
[4.6] Ecan sHamenatens (X)|p
TO nepeiTh Kk [4.4]. o
[4.7] Brinats orBer BECKOHEYHBII

T 9TO Hy/ b Hawed rpynnw.

TOYKA 3PEHMA XAPOH

Hpocrefimmit neTpusuabu
FpHpOBakus anrebpanyeckux (yu
HHTErpHpoBaHKe GyHKUHH, onpen

cnyz{aﬁ' obuiefi 3agaun yyre-
KUMH B KOHEYHOM BHje — 370
€J€HHLIX Ha KPHBHIX poga |

«He 6bi0 npuaymano METOJa, C NOMOIIBIO KOTOPOro My

Bceraa moran Obl ompep
€JIHTh 34 KOHEYHOe y
SABJSIETCA 1M NaHHBIH 3JJHITHYECKU] PR e

OCHOBAHHSI 1yMaTh, 4YTO TAKOIO
gy, 1916, c. 47—48).
cecs :;ae;:;wér gzﬁa;pe(lll\lmec%}#gmne HCCJIeNOBAHUSA IO BJJIHOTH
g n (Carlson, 1965 .
, He
9Ty 3aja4y MNOJHOCTHIO, TaK KaK OHH Tpedyior, qTo)ébI ngzg:TﬂeH

Touka spenusn Xapdu 97

JHUWb KOHeYHoe ypy-
» 1TO HA KPHBOH eCTb JHIp

2, Hawa CTPYKTYpa NaHHBIX aJs1 aj-
llaer Bce anreGpanueckoe
MeHaTeJb oCTaeTcy ¢B0601-

rpajibHOe BhHIPaX<EHHE yXKe HMeJIO siBHO SJJHNTHUECKHA Bua (T. e.
6blI0 NpOU3BeLeHHEM palHOHaAbHOH (QYHKIHHM OT X Ha KBaJparT-
HHIl KOpeHb H3 KyGWKH WJHM KBapTHKH 0T x). llpuBenenme K
sTOMy BHAY AenaeT Ham aaroputy ®OPMA_BEMEPHITPACCA,
MHTEHCHBHO HCIOJb3Ylonui anroputm Koyrca.

ANTOpUTM M METOJHKAa, KOTOpHE Mbl ONHCAJH K 3TOMY MO-
MEHTY, HO3BOJISIIOT HaM PpELIUTh 3Ty 3aAady, T. €. ONPeNeJsHTb,
ABJSIeTCS JIH NaHHbIH SJJUNTHYECKHH HHTErpas NCceBAO3JJIHITH-
YyecKHM, M B3ATb 3TOT HHTerpaj. Ilepel TemM Kak paccMOTpeTb
(B caenyouiefi rsiaBe) KpuUBHE NPOH3BOJLHOIO POAA, MBI IOsiC-
HHM, KaK COOTHOCSITCSL 3TH aJITOPHTMEI, MOCKOJBKY aJTOPHTMBI
LJSl KPUBHIX poAa | CHJBHO ClIEIHAJIH3NPOBAHBI NMPHMEHHTEJNbHO
K 3TOMY CJ'y4alo, U Bce OHH OBUIM peasH30BaHbl B OTJHUHE OT
HEKOTOPHIX M3 aJrOPUTMOB [Js1 KPHBLIX 0oJiee BHICOKOTO pOAaE,
KOTOpHIe OYAyT ONHCAHLl HHXKE. ;

B ra. 4 3ajzaua mHTerpupOBaHMSA CBeleHa K 3ajade omnpeie-
JeHHs AJS JAHHOrO [HBH30pa, o6saajaeTr JH OH KpyueHHeM, H
HAXOMKIEHHMA MNOpPSIIKa HTOTO AMBH30DA B CJydYae IMOJOXKHTENb-
noro oteeTa. Ilo3TOMY HOCTATOYHO OMHCATH MPOLEAYPY, KOTOpas
6yneT pemarth 3Ty 3ajady AJs 3/JIHNTHYECKUX KPHBBIX Hal Mpo-
W3BOJILHEIMH OCHOBHLIMH TIOJISIMH (XapakTepucTHKH 0).

KOHE‘-IHBIIPI_HOPSHOK_SJUII/IHTI/I‘—IECKI/II?I

Bxon:
F(X,Y): Ypasuenue kpusoi poaa l.
O1HO MOKeT OHITH 3aJaHO Kak MPeACTaBJeHHEM C HECKOJIb-
KHMH NlePEMEHHBIMH, TaK M uepe3 NPHMHTHBHBIA 3JieMeHT,
TAK Kax €ro MOXHO NPHUBECTH K KaHOHHUECKOH Qopwme,
Korjaa 3to morpebyercs.
D: J:uBusop Ha 3a1aHHOf KPHBOH.
MBI cunTaeM, 4TO S5TOT AMBU30p HErJIaBHHIH (T. €, He MO-
panka 1), Tak Kak MBl MPOBepsieM 3TO MNpexkje, YeM Ha-
ypsaeM npuMensite upouenypy HAXOXIEHHE_IIO-
PSAIKA.
Boixon: - ‘
BECKOHEUHBIN, ecan paccmatTpuBaeMblil AUBHU30p He 06-
Jajaer KpyueHHEM;
NOPSIOK AUBH30PA B MPOTHBHOM cJydae.
111 Ecau none koHuctaHT KpuBo# F cOMePKUT TpaHCLeHAeHTHHINA
napamerp U, To nenarsb:
(1.1] Ecan HAXOXXIOEHWE_TIOPANKA-TIO_MAHHWHY (F,
D, U) = BECKOHEUHDIN,
1o Buigate otBer BECKOHEUYHDIA.
[1.2]) Oas 1=2,3, ... nesatnb:
Ecau IUBU30P_®YHKLIHWH (F, [1+D) Brinaer ¢pynkuuio,
TO BHLAATH OTBeT L. i :
3nech MB MOXKeM npuMeHutb tect Koam (cM. ra. 5).

4 3axk. 366
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[2] Ecan F(X,Y) u D e coge
JeJ1aTh;

[2.1] Oas 1=2, 3, 4,5,6,7,8,9, 10, 12 nenats:
Ecan III/IBI/I3OP_B~<I>YHKLII/IIO
LHIO, TO BBLAATL OTBeT |.

[2.2] Brinarth otser BECKOHEUYHBIH,
[3] Ecau F ne HaXOAHTCA B KAHOHUUECKO
reGpanyeckuMu K03 duLHenTamy,

TO JeJaTh:

3.1 FFD'= ®OPMA_BEMEPHITPACCA (F,D).

3.2] 3anumewm F’ (X, Y) B Buge Y2 = X3+ aX +b.

3

|
[3.3] Ecau ne 06a unena a,b uenne,
TO J€e/iaTh;
[33.1] D:=n.0.x. (sHamenaresn a, 3HaMeHaTeJsb b),
[3.3.2] b:= bsDs, '
[3.3.3] a:=a«D*.
[3.3.4] Husa xamxnoro (X,Y) us D’ genare:
X:= X=sD2
Y:=Y+Ds,

[4] TOUKA := nynesas rtouxa Kpuso#t F/, 1. e. (BECKOHEU-
HOCTB, BECKOHE‘{HOCTb).
[5] Oas xaxaoro PY us D’ IeNaTh;

TOYKA :=TOUKA + N=P. -

OTH 1efiCTBHS NPOM3BOAATCH Kak CJIOKEHH
BOi F/ B KaHOHHYeCKoi ¢opme Befiepur
TE€OPHH, U3JI0KEHHOH B Ii. 5.
[6] Ecnu 3uamenartesns (TOUKA) wue pasen ) 1, 10 nenarp:
[6.1] A:= A »3unamenaress .
B := B # 3naMenarenss.

Mbl yMHOXUJIH ypaBHenHe F’, umeromee mno npeanosoxe-
HHIO BHI Y2 = X34 A+X + B, Ha 3naMeHaTemb®, u 1ok~
HBl TeNepb COOTBETCTBYIOLIHM o6pasoMm npeoGpasoBats
3HaMeHaTesb saeMeHTa TOUKA.

{6.2] Y:=Y « 3namenarens?. -
X := X » 3HaMenaTesp2,

17] Buizats oTBer J]IOTI_I_HAFEJIb(F’, TOUKA).

€ TOUYeK Ha KpH-
pacca corsacHo

PEAJITU3ALLUA

AnropuTMu, onncanmsle B 5TOM rjiaB
JHBYIOTCA, €CJIH yXKe peayH30Badbl ajro
6panvecknx umcen. OcHoBHas npobJaema
THYECKHX KPHUBHIX COCTOHT B TOM, 4YTO H
—_—

!) Ortor smamenatens prrmmess
Menareqei X w Y. B geficrBure
HHXe pasfes o peanusauum.

PHTMBI IJs moJielt aJjre-
npu paboTe Ha 3Jaun-
d4M HYXKHO BhIpaxkeHue

STCA Kak HauMeHbliee oblee KpaTHOe 3Ha-
JIbHOCTH MOZKHO AeACTBOBATb Jdyulre — cu,

PXAaT anre6panyecKHx umuce, To
(I+D) Bugaer PyHK-

M BYJ€ C LenbIMy aJ-

€, NOBOJILHO JIErKO pea- -

H B ox=y = q-
IJisi HYJeBOH TOUYKM KPHBOH, IJIsl KOTOPOH x =y 6ecr;(;x;ele-
noctb. Hame pemenne aTofi mpo6aeMsl npeﬂyCMan::;:;y}o e
: 1} «BeckoHEUHOCTb» M. mpa -
HHE CHelHaJbHOTO fApa LIHYI0 pa-
JKeHHusl ToueK Ha anarebp »

60Ty ¢ HHM MpOUeAyD AJs CI0
Kpn};mx. DTOro HETpyAHO AOOUTBbCS, TAK KaK BEPHH CJEAyIONIHe

yTBEpKAEHHS.

Hpennoxenne 10. beckorneunocrs moorer eguruog Zp’fg:gzz:
oll Kpusgoti, npusedenH
eHUe TOHeK HQ INAUNTUHECK -
tjtlecrco/uy 8udy, ToAbKO Hepes npedcrasaenue 6eCKOHEUHO yOaneH
HOoU TOUKU.

Mpenaoxkenue 11. Beckoneuno ydairennas TO4KA eCTb HYyAb
2pYnNo8oeo 3aKOHA HA KPUBOLL.

Mpepaoxkenue 12, Cymma 08yx ToUex Ha Kpusoid moser 61:;2
TouKotl, cooepaucaujeti 6eCKOReUHOCTb, TOAbKO 8 TOM mygae, el .
OHU LMeIoT 00y u 1y e X-xoopdunary, a ux Y-xoopduuare
cymme daror 0.

OnucaHHble BHIIIE AJFOPHTMB HEONTHMAJLHH B Hecxo;qlbrf[y;)g
MaJIOBAXHBIX OTHOLIEHHSX. OCHOBqaa IpUYHHA aroroﬂz}zgﬂfd 10
npn u30aBJEHHH OT 3HaMeHaTeNell Mbl HEepeiKo ywimamno ua
HEKOTOPYIO CTelleHb 3HaMeHaTess, XOTs 3aqac'ry}<())IIK o
MeHblIeTo -BhIpaxenusi, Hanpumep, npespaimias TTO‘—IIXA)G’ ) 8
LRt HOeT HaM, 6HaJISH§§fd§§{TeﬁgoéTo Hanme}{bman

7 U HaM OB
g-ﬂnegfgl?é&;:’nbgggzmaﬂ yem 3nameHareab (X)2 m 3HaMeHa-
3

TemE)c(ngBi{me TP7AHOCTH 3aKJIOUeHH B ncnonbsyemmé( :ggg)}{ﬂ;};
Max I noJefl ajreGpanuecKux 4Huces H LeJbIX anrzﬂgﬂmb chx
upces. Kak ye roBopHJOCH, He BCerja MpoCcTO Omp e éme_
nseTcsd JH JaHHOe - ajreGpanueckoe BbIpaiKeHHe PII’,;‘M " e
GpamueckuM uHcaIoM. Mbl mpuBOAMM 31ech amopB oG’meM Do
He TOJIbKO peliaeT 3Ty 3ajady, HO H ONpelessieT

yae 3HaMeHaTe b aJredpanuyecKkoro yucsaa.

3HAMEHATEJIb_AJITEBPAUYECKOTO

Bxoa:
X: anre6panyecKkoe YUCJO

(0)i B N
Betx lIHaPIMeHbLLIee 11eJoe 4YucJo, Takoe, 4To N=X a.nreépan

yecKoe IeJI0e.
{1] Ecau 3namenartens (X)=1
TO BHIZATb OTBET l.

'Y B cmbiciae CI/IC:reMbI REDUCE-2. IToapo6HoCcTH ¢M. B NpPHJIOXKEHHH 1.

4"
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3T0 — IPOCTO BCNIOMOTaTeNbHas TNPOBEPKA, NpPH KOTOpOH
sHaMeHaTeslb yHcsa X paccMaTpHBAaeTCs KaK 4YHCTO ¢op-
MaJIbHO€ BHIpaXKeHHe, NMpHUeM areOpaHyecKHM BhIpaKe-
HHSIM, BXOJASIIIHM B HEro, He TPHIIHCHIBAGTCS HHKAKOrO
cMbicsia. Ona cpa6aThiBaeT, T4K Kak Mbl 3HaeM, YTO Bce
anre6pandeckde BHPaXeHHs, MNOPOMXKIaeMble CHCTEMOH
REDUCE (cornacHo cTpaTerus, onmucaHHo#l B . 2), oka-
3BIBAIOTCS UEJBIMH ajreGpanuecKuMHu, '

[2] MATPHLA[O] :== (1,0, ...,-0)
MATPHLA O6ynmeT cHHCKOM CTPOK MATPHIBI, NpHYEM
crpoka; (I==0,1, ...) Gyzer cocToaTh u3 KO3(hpHLHEH-
TOB BCeX aareGpanuecKHX BblpaKeHHH ns X!,

{3] K:=0.

[4] Moka MATPHLIA oco6enuas, penaTht

E4.1] K:=K+ 1.

42] MATPULA [K] :=Kosddunuents: anre6paui6cKHX BH-
paxeHu#l us XK. ‘
Ora onepanus cobupanusa kosddUINeHTOB Beex ajarebpau-
YeCKHX BEJHYHH H3 HEKOTOPOTrO BRIPAXKEHHS BCerga JOJXK-
Ha J1aBaTb BEKTOp, COCTOSIIHH H3 palHOHAJbHHX YHCEJ,
PachoJIOXKEHHBIX B OAHOM H TOM XKe NOpSAKe, rje NepBHIil
ujleH — Heasrefpauyeckas yacTs.

[6] Mycrs VI[O0] ... V[K] TtakoBb, yto V#«MATPUIIA =0 u

VI[K] = 1.

Torja MHHHMMajibHOE YpaBHeHHe C pPalHOHaJbHBIMH KO-
s¢pduLHeHTaMH H CTaplLH;IMk ko3¢ duuuentoM 1, KoTopomy

yIOBJIeTBOPsET X, — 5TO ; Vi X' =o.
=°

[6] N:=1.

17} Onal:=0,1, ..., K— 1 nenars:

[7.1] Has_ nwo6oro mpocroro Aenutenss P uncna V[I] menars:
(7.1.1] Ona J:=0,1, ..., K genars:

V[J] :=V[J]+PX-.
B peayabrare sToro X samenserca Ha X«P u V[J] penop-
MaJjusyercs, yTo6bl COXPAHHTb €IMHHYHBIA CTapuiufl Ko-
3 PULHEHT YpaBHEHHUS.
[7.1.2] N:=N=«P.
|7.1.3] Ecau P — penurens V[J],
To mepeiitu K [7.1.1].
[8] Bomigarb orBer N.-

I'naBa 8

KPUBbBIE HAJ MNOJIAMH AJITEBPAHMYECKHUX YHCEJ

NMPOU3BOJILHBIA POX

Cnyuafi KpHBBIX NpOHM3BOJLHOrO pOja HaMHoro GoJiee TpY-
IeH, 4eM cayuall KpuMBHX poga 1, B AJS ®TOTO eiaydas HeT XO-
pouto pa3paboTaHHBIX aJrOpPUTMOB. §1 He GMOr' HAamHCcaTb HH OA-
HOH CKOJIbKO-HHOYAL 3HAYNTEJbHOH NPOTPAaMMBl JJISi 3TOTO CJY-
yas, TaK Kak y MeHs He OblIO IporpaMMm AJsi GOJILIIOrO YHEJA
BCIOMOraTe/JbHBIX aJrOPHTMOB, XOTA TaKHe IpOrpaMMEl  Yike
OblJIM HANMHCAHBl B JAPYrdX MecTaX HJH HX Jerko Ovlo Ob Ha-
nucath, [lostoMy 3aech u3JI0XKeHB HalpPOCKM METOJOB, € IO-
MOIIbIO KOTOPHIX MOXKHO OBblJO 6bl HalTH TI'DAHHUB KPYYEHHS
KPHBBIX MPOH3BOJBHOIO pojAa Hal MOJSIMH anre6panuyecKHx
quceJ. ,

Jleno ocjaoxHsercsl TeM, uTo GOJbLIas 9acThb HeOBXOLHMOro
MaTeMaTHueckoro amnmnapara cQopMyJHpOBaHa Ha OYeHb ab-
CTPAKTHOM SI3BIK€, 8 MHOrOe COMAEPKHTCA JHIIb B. «(OJbKIOpE»
anre6panveckofi reomerpuu. [losToMy npHBOAZHMBIE pe3yabTaThl
6yayT MeHee MOAPOOHBIMH, YeM B OCTaJbHOH YacTH MOHOrpa-
(GuM, a CCHIKH Ha JINTepaTypy He Bcerja noJHeIMH. OnHchiBae-
Masi HHXKE TeopHsl ClpaBeAsIMBa IJs KPHFHIX pona | ToyHo Tak
JKe, KaK ¥ AJsT KpUBHIX 6oJiee BHICOKOrO poza. B neficTBuTeb-
HOCTH OHA JIeXXHT B OCHOBE MHOTHX TEOPETHURCKHX TMOJIOKeHHH
npeabiayief raaBbl. [lo3TOMy MBI CMOXeM NpPOMLTIOCTPHPO-
BaTh ') GOMBLIYIO YacThb STHX METOAOB HA NPHMepax ?) KPHBBIX
pofa 1, uTo ¥ 6yaeM OOLIUHO JenaTh AJSA MPOCTOTH, XOTSI OCHOB-
Hble NPUJIOXKEHHS OSTHX HCCIAeNOBaHHH OYyAyT K KPHBHIM poaa
> 1.

OcHoBHasl ues aHaJOrHYHA MHOTHM IIPHEMAaM, 4acTo IpHMe-
HgeMbHIM B ajre6pavueckodi TEOMeTPHH: MBI CBOAHM 3ajauy X
CAYYal0 KOHEUHBLIX TMOJeH, Tjle MOXKeM BHUYHCAATh HeloCpea-
CTBEHHO H JeJaThb HOJHHIH nepebop, a 3aTeM KOMOGHHHpYeM HH-
dopManyio, MOJYYCHHYIO AJIf HECKOJbKHX KOHEUYHHIX MOJiel, yTo-
6bl PEeIHTh HCXOAHYIO 3ajauy. [0BOpS sA3LIKOM KOMIBIOTEPHOH
anreGpH, Mbl DpUMeHsAeM MOOYAApHbLL TOAXOL. .

1) [IpeBocxosiHas WJMIOCTPalHsA PaboTH 3THX METOLOB HMeETCH B CTaThe
(Mazur £ Swinnerton-Dyer, 1974, c. 21, nemma 1). : i

2) KpoMe TOro, umeercs HAMHOroO OOJibllle BLIYHCJAECHHHA H TabJHL, OTHO-
CSIHXCA K 9JVIHNTHYeCKHM KPHBWIM (nampumep (Swinnerton-Dyer, 1974)), rax
Y70 AJA HHX Jerde HalTH NOAXOAAIUIHe NpPUMepPH H OGBACHHTL HOBeACHHE,
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‘XOPOILLUAS PEAYKILUSA

[Tycte K — obmiee nose omnpenesenuss kpuBoii C MW OHBH30-
pa D, Tak uto D cOOTBETCTBYET 3JeMEHTy sIKoGHeBa MHOroo6pa-
3usi kpuBod C, onpenesenHomy Hag K. Ilycts p’ — npoctot
uaeas noas K, mexamuii Hag pauMOHAJBHBIM NPOCTHIM YHC-
aom p. Ilyere K’ — noase kaaccos sviweros nons K modp’, 1. e.
noJjie, NOPOXKAEHHOe UeJbIMH uHucjaaMu W3 K mo Monaynawo wuiea-
aa p’. Ilycte A — aGeneBo MHoroo6pasue Haa K (06BIUHO MBI
CYHTaeM ero sikoGueBHIM MHOrooGpasuem kpuBoi C, HO ofuias
Teopusi He Ttpebyer- sT0ro0). Ilycrs A’ — muoroo6pasue nHan K,
onpejessieMOe TeMH e YDaBHEHHSIMH, KOTODhle Ompeaensiior A
Hag K (1. e. A’ ectv cneyuaasusayus A B cMbicie kKHuru (Mum-
ford, 1965)). 3amerum, uto A’ onpeneseHO HajJ KOHEYHHIM [O-
JeM H NOTOMY MOXKeT HMETH JHIIb KOHEYHOe YHCJIO 3JIEMEHTOB,
U BCe OHH JOJIKHB 06/1a1aTh KPYUYeHHEM.

Ecnu p— nwoboe paunoHasbHoe mpocTtoe uyucyao u G — abe-
JeBa rpynna (o6bYHO 3TO GyAeT siKoOOMeBa Ipynna IMBH30POB,
HO 3T0 He 00f3aTeJNbHO), TO ONpEETHM. p-4acts rpynnsl G Kak
MHOIKECTBO TeX ee SJIEMEHTOB, MOPSN0K KOTODHIX SBJSETCs cTe-
neHpl0 p. 310 OueBUAHBIM o6pasom HoArpynna rpynnsl G, U ee
MOPALOK ecThb creneHb p. Oupenenum ue-p-uacte rpynnsl G Kax
MHOXKEeCTBO TeX ee 3JIeMeHTOB, (KOHEUHbLIH) MOpPAAOK KOTOPBIX
B3aUMHO 0OpocT ¢ p. D10 — roxke moarpynna G. Ecau jio6oit
aJieMeHT rpynnsl G. UMeeT KOHEUHBH NOPSAOK, TO AJA J1060r0
NPOCTOTO YHCJAa p OHA paBHA NPAMOMY HPOHM3BEAEHHIO CBOEH
p-uacTH W He-p-yacTH. i HYyXHBIX HaMm upeo6pasoBaHHil C
yuacTHeM p-dacreli morpebyercs cJaedyIOIIMH aJrOPHTM.

MAKCHUMAJIbBHAS_CTEIIEHD

Bxon:
P: NoJIOXKHTE/JIbHOE IleJI0e YHCJIO, 4aCTO MpOCToe.
N: mojoxkuTenbHOE Lieoe YHCIO.
Brixon: -
Q: mauBosbinas Uesas creleHb uucaa P, He npeBocxoas-
mas N.

Mu He GyaeM yTpyxAaTh cebsi MOAPOGHBIM ONHCAHHEM CTOJb
IPOCTOTO AJTOPHTMA.

Cnenys paGore (Serre & Tate, 1968), mb ckaxewm, uto A
obaadaer xopoweld pedyxyuei') B p’, ecnu A=A’"XK, rae one-
pauus «X>» 06o3HauaeT B3gTHE TEH3ODHBIX NPOH3BEIEHHH Hak
KOJIbIIOM HOpMHpoBaHHA uieana p’. CieldylollHH pe3yJbTaT, MO
CYIIECTBY, XOPOILIO H3BECTEH. ‘

1) T'py6o rosopsa, 3TO yc/IOBHe O3HauaeT, 4TO A MOXKHO BOCCTAHOBHTD,
snas A’ u K. 3710 IOHfTHE aHAJOrHYHO NOHATHAM XOpouiell OLEHKH W/IH CYacT-
JIUBOro mpocToro uucaa (cM., Hanpumep, Yun, 1973),
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Teopema 1. Ecau A obaadaer xopoweii pedyxyueii 8 udea-
ae p’, KOTOpoLl AedcuT HAO p, TO He-p-4acTb nodepynnol Kpye-
HusL mHo2o06pasus A UHBEKTUBHO 8KAAOLIBAETCA 8 He-P-1aCTb
nodepynnel KpyueHus muozoobpasus A’.

Caencrsue 2. Pazmep He-p-4acTu epynnol Kpy4enus MHO2000-
pasus A Oeaut pasmep muozoobpasus A’ (paccmarpusaerozo
Kak epynna).

Mpl MoxeM Takxe chOPMYJHPOBATH CJAEAYUIHH Pe3yJabTar
(u3- cratbu (Serre & Tate, 1968) uam (Shimura & Taniyama,
1961)) npuMeHHTENBHO K HAluell CHTyauHH M O06O3HAUeHMSM.

Teopema 3. Lan ¢uxcuposannolx K u A umeerca auuio xo-
HEYHOe MHONECTB80 NPOCTuLX ducen, obaadaroujux naoxod (T. e.
re obaadaroujux xopoueil) pedyxyued.

N3 teopemrl 2 ra. 7 cieayer, 4TO 3TO YTBEPK/AEHHE OCTaeTCs
CNpaBeIJIUBbIM, €CJH MBl OTPAHHUHMCSl HePa3BeTBJEHHBIMH IIpO-
CTHIMHM YHCJAMH, YTO MBbl H AejaeM. DTO 03Hayaer, 4yToO MH MO-
KeM HCIIOJIb30BATh CJEAYIOUIHHA aJrOpPHTM MJS PeAyKUHH O6Iel
3agayd K 3ajaye OIpeleeHHs] TPAHUI KPYYEHHA ¢ TOUHOCTBIO
[0 IPOCTHIX HIEaJoB.

I'PAHMUA_KPYUYEHHS
(Bapuanr 1)

Bxon:
K: nojsie anrebpanueckux yuceJ.
F(X,Y): ypaBHenune kpuBoii, onpenenennoit Hag K.

Brixon:

N: rpanuna kpyuenust Kpusoit F gan K.

[1] Oas P=2,3,5, ... genarTs: .
Iast mo6oro npocroro uaeana P’ nmona K, rTakoro, yro P’|P,
IeNnaTh: :

ecnin XOPOLIASI_PEOYKUUS (F, K, P’),
TO JI€JaTh; :

[1.1] HE_-P_UACTDb := KOHEUHA{ TPAHHLIA (F,K,P’).
Anropurm KOHEUHAS_TPAHMIIA nonxken nasath rpa-
HUIY KpPYUeHHs 10 MOAYJIO NPOCTOro uaeana P/
CM. caenyouiuit pasgen HactosUled ryashl.

[1.2] Tepeiitu x [2].

[2] Hast Q = npocroe, Goabiuee P, ..., Resats:

Has xaxporo mpocroro umeana Q’ noas K, takoro, uto
Q’1Q, nenatn:
‘ecin XOPOUIAS_PEAYKLIUA (F,K,Q’),
TO JeJaTh:
[2.1] HE_Q_UACTDL := KOHEUHAS_'PAHUIIA (F,K, Q).
[2.2] Ilepeiitu x [3].
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[3] OTBET!:= HE_Q_-UACTb+MAKCHUMAJIbHAS_CTE-
ITEHDb (Q, HE_P_UACTD).
OTBET2 := HE_P_UACTbx:MAKCHMAJIbHAA_CTE-
ITEHDb (P, HE_Q_UACTD).
Brizath otBer minimum (OTBETI1, OTBET2).
OTBET! pas6GuBaer rpynmy KpydueHHs Ha ee He-g-4acTb
u ee g-uacth, B TOo Bpems kak OTBET2 npoussomut
«JiBOHCTBEHHOe» pa3dHeHHe.

[IprBeieHHbI aArOPHTM — 3T0 He €AHMHCTBEHHBIH cnocod Hc-
NONb30BAaHUSl pa3pabOTAHHOTO HaMH MeXaHH3Ma HaxXoX/AeHHs
rpaHullBl KPY4YeHHsl 3JJHNTHUECKOH KpHBOH. MoOXHO, Hampumep,
B3ATb 3 NPOCTHIX YHCJa ¢ XOpolueH peAykiHed, a He 2, a 3aTeM
3aMeTHTh, UTO p-KpyueHue AJja Jio00Oro p NOABHTCA B He-g-yac-
TAX JJI1 2 OPOCTHIX 4HCesa ¢, TaK YTO KPyueHHe OFDaHH4YEHO KOp-
HeM KBafpaTHLIM M3 NPOU3BEJEHHS TpeX He-g-KpydeHuH.

[Tosanee B 3T0i riiaBe MBI YBHAMM, YTO MOXKHO AeHCTBOBAaTh
SHAYHTEJBHO JIyullle, eCc/iH MBI TOYHO 3HaeM, yeMy PaBHO Kpyue-
HHe HaJ KOHEUHBIM NOJeM.

KPYYEHUE HAJ KOHEYHBIMH NMOJISIMH

Heas sToro pasiaena — ONHCAHHE pasJHYHBIX METOJOB Ha-
XoxneHHA (uau xorsi OBl OlieHKH) pasMepa sKoOHeBOH rpynnn
IHBH30POB HaJ KOHEUHBIM IOJeM, T. €. peaju3alMH aJropHTMa
KOHEUHAS.TPAHMIIA. Béabuiasa yacts 3T0r0 MaTephasa 3a-
umcTBoBana u3 kuura (Lang, 1959, ra. V, ocobenHo pasza. 3)!).
HaM nonano6utcs oauo o6o3navenue. Ecau A — abesieBo MHo-
roo6pasue, omnpeaeneHHoe Haj noaem K, to |A[x o6osnauaer
YyHCJO TOYeK MHoOrooGpasus A, onpefesneHHux Haa K. Hame nep-
BOE 3aMeyaHHe COCTOMT B TOM, uTo ecau C — KpHBasi poaa g, 1o
Jac(C)— abeneBo MHorooGpasue pasMepHOCTH g (cM. o6cyxkae-
HHe B KoHIle INI. B). CienoBartenbHo, Mbl xotuM Hafitu |Jac(C) |k
aaa uceieayemoit kpusod C. K coxaneHuio, 3TO 4KC/I0O MJI0OXO
ceasano ¢ |C|lx. OnHako BepHO cJeaylollee yTBepxkieHue, J0-
Ka3aTeJbcTBO KoTtoporo nauo B kuure (Lang, 1959, c. 139—140).

Jemma 4. ITycro A — abeaseso muoeoobpasue pasmeprocTu r
Had koneunoim nosem K ¢ g saemenramu. Iycre ¢: A—A—
sndomopusm Ppobenuyca, uHdyyupoBanHbLl HeKoTOpbIM 3KAO-

J=2r
moppusmon Ppobenuyca?) na K. Toeda. |Alg == 1111 (w; — 1),
20e w;— XAPAKTEPUCTUYECKIUE KOPHU .

1} 4 6aaropapen mpod. Cynsnepron-/lakepy, KOTOPH# NpUBJEK MOe BHH-
MaHHe X ®To#t paGoTe M HCIpPABHJI MHOTHe OWHOKH, clefaHHble MHOA NpH ee
H3YYeHHH. ,

2) Dupomoppusm PpobeHuyca onpejessercs cOOTHOWeHHeM X —- x9, [aub-
nefimne noapoBuoctu cM. B kuure (Eichler, 1966, c. 249).
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Jiemma 5 (Lang, 1968, c. 138, semma 2 u ra. IV, pasa. 3).
B ob6osnauenuax remmor 4 umeem |w;|= g'/%

Teopema 6. |Jac(C) |k <<(¢'/2+ 1)2e.
Hoxasaresvcrso mosyyaercss cchlIKOH Ha JeMMH 4 H 5.

KPHTEPHH XOPOWEH PEAYKLUH

Teopema 7. Ecau C ob6aadaer xopouwed pedyrct{iteﬁ, TO U
Jac(C) — rouce.

OGpaTHoe yTBepiIeHHe He BCErAa BEPHO, HO, MO-BUAMMOMY,
HE CTOMT M MBITATHCHA MOJAYYHTb BBITOAY, HCNOJB3YS T€ MPOCThie
yucaa, A kotophix Jac(C) obmanaer xopoureit peaykuueit, a C
He obsianaer. Sl cymes nabexkaTb SIBHOIO NOCTPOEHHSI SKOGHEBEIX
MHOroo0pasuil B npoiecce NporpaMMHPOBAHHS, H MHE KaXXeTcs,
UTO BO3HHKAIOLIME OCAOXKHEHHUS NepebecHsd OB MOJYUEHHHIH He-
60JbIION BBIMTPHILL,

. OueBnuiHo, 4To Xopomwell pelyKLIHH He NOJYYHTCS, €CAH POX
kpuBoli C’ otnuuen or pona C, Tak Kak TOTAa SKOGHEBH MHO-
roo6pasusi MMeJad Obl pasjiHYHble padMepHOCTH. B aeficTBUTE -
HOCTH CJHeyIONUuHA KpUTepull HeoGXOAUM H AOCTATOUYEH AJA Ha-
JHYHs Xopouwledt peaykuuu y kpupod C, a notomy u y Jac(C).

Teopema 8. Ecru C u C’ umeror odunarosoi pod, a F' ab-
COAMOTHO Henpusoduma (T. e. Henpusoduma 80 ecex arzebpaute-
ckux pacuwupenusx noas K'), To mer umeem xopowyio pe-
dyxuyuro.

PaccMOTpHM OTZe/NBPHO ABe MOJOBHHBI 3TOrO TecTa, HAuaB ¢
yCJaA0BHS coxpaHeHHs poja. Pox kpuBoit C’ He MOXKeT craTh
Goablile; yeM poa KpuBoH C, [O3TOMY MBI AOJKHB BHISIBHTD
Clyyad, B KOTODHIX pOJ MNOHHXAeTcAa. DTO MOKET NPOU30HTH
OJHMM H3 JIBYyX Croco00B: HEKOTOPHIH auddepeHuas nepsoro
poxa Ha C wmoxer nepectath GuiTb AH(GhepeHUHAIOM NepBOro
pona Ha C’ mnm mpoctpaHcTBO AuddepeHLHaT0OB NePBOrO poxa
MOXKET «CxKaTbCsi». B KavecTBe mpuMmepa mepBoil CHTYauHH pac-
cmorpuM KpuByl0o Y2 =(X—1) (X + 1) (X 4 2), xoTopas umeer
pon 1 man Q c epMHCTBEHHBIM Au(depeHnHnaJoM NepBOro poaa,
a uMeHHO dX/Y. Opnako no Mony.a10 3 9Ta PYHKUHS HMeeT Io-
awoc B Touke X = 1 == -2, Tak Kak X — | gBJseTCcsS TaM JOKAaJb-

HEM mapameTpoM H 1/Y Bemer cebs kak /(X —1) /X 1.
B neficTBuTeNbHOCTH 3Ta KpHBas, pasyMeercst, uMeer poa 0 mo-
moaymwo 3. Tak kak Mbl SHaeM Au(depeHHUans MepBoro poaa
B pesyJbTaTe BBIYHCJEHHSI pOAA KPHBOH, 3TOT cJay4ail Jierko
nposepsercs.. Bropass BO3MOXKHOCTb 3aKJjK0OHaeTcss B TOM, UTO
ZuddepeHnuanbl nepBoro poia NepecTaioT GHTh He3aBHCHMBIMH,
B kauectse npumepa paCCMOTé)I/IM KPUBYIO B IIPOCTPAHCTBE, 3a-
AAaHHYI0 ypaBHeHHAMH Y2 = X°—1 u Z?= X®+ 2. 3aecp dX/Y
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u dX/Z — He3aBucumbie Auddepenuuansl nepsoro poga Haj pa-
LUHOHA/JIBHBIMH YHC/IaMH, HO N0 MOAYJIO 3 OHH yXe 3aBHCHMH,
KaK H CJe0BaJio 0XHAaTb.

Otmernm eme Bo3moxHOCTD TOTO, YTO MBI OTBEPTrHEM HEKO-
TOPHIE HPOCTEIE 4WHC/IA B KayecTBe KaHAMAATOB, MOTYILHX 4Tb
XOpOUIYIO PEAYKUHIO (XOTS B AeHCTBHTENbHOCTH OHH AAIOT ee),
H3-3a TOrO, UTO HEYAsTHHO NOJNYYWAM BLIpAKEHHE /5 nudode-
PeHLlnana, neJsuieecs Ha pacCMaTPHBAEMOe MPOCToe YHeI0. Oco-
GeHHO BEpPOATHO, UTO 3TO NPOM3OHAET HAL MONAMM ajare6pauye-
CKMX UHCeJ, KOria MBl HMeeM JeJO C MPOCTHIMH HeanaMu BMe-
CTO HACTOAILUX NPOCTBIX YHCEJ, Tak KakK B 3TOM CJyyae M He
MOKEM YCTPAHHTL 3TOT NPOCTOH MHOXKHTENb NyTeM JAeJeHHs.
OjxHako 3TO MoxeT MpOM30HATH MHIIb KOHeuHoe YHCI0 Das, Tak
4T0 y Hac BCe elle ocTaeTcst 6eCKOHEYHO MHOrO MPOCTHIX uncel,
AZIOLIHX XOpOWIYI0 pPeiyKUuio. ITO COOBPaKEHHE MOKET OKa-
3aTbCl 00€CKYParKHBAIOWIAM C BHIYHC/JMTEJAbHON TOYKH 3peHus,
HO OHO He BJIHAET Ha TEOPHIO.

TNPUMEP

Mpr pacemorpum kpuByto Teiita u3 npumepa 4 MNPHJIOKEHNS 2
npu d=2 u 6ysem paGoTaTb Haj PalHOHAJMLHLIMH YHCJHaMH,
910 He 0653aTeNbHO, TAK K4R XBATHIO Gbf rpanuusl Masypa uin
noaxoxa Jliotua — Harenst, o na sTom NIpUMepe OTHOCHTE/NbHO
JIETKO OOBACHHTL PalOTy aJroOpHTMOB. YpaBHeHHe HMeer BHJL
y? = 4x% — 1552 4 8x -+ 16. OueBuaHo, 9T0 OHO He obJsafaer xo-
powe peaykuueit mod 2, Tak Kak cBOAUTCS K YPaBHEHHIO y2=x2
KOTOpOE pas/oKUMO, H CBepX TOro AubbepenLnas nepsoro poaa
1/y He ocraercs nuddepenyuasom NIepBOro poja.
, ITo moaymo 3 3To ypaBHeHne cBoguTCH K YPaBHeHHIO y? ==
= x>+ 2x + 1, Koropoe HEIIpUBOLUMO H coXpaHsieT Kuddepen-
Luazbl nepsoro pona. ITostomy me-3-uacth Kpyuenus me npeBoc-
xomut (32 1)2=17 (nocse oKpyr.ienns c HEelOCTaTKOM A0 Le-
Joro uHcyia). PacemarpuBaemas Kpusas obaagaer xopoiuei pe-
AYKIHeH W 1Mo MoAymo 5, Tak 4To He-5-yacTb He IPEBOCXOAUT
(524 1)2=10 (mocje OKPYIIEHHS ¢ HELOCTATKOM Jo LeJoro
yncaa). ITostomy sTa KpuBas umeer Kpy4YeHHe, He NPeBOCXOAs-
wee ') minimum (7x9, 10+5) = 50.

1) B nekcrBuTensHOCTH MOXHO [OMySHTb JYHINYIO OLEHKY, eC/H PaccMorT-
PETb paSJIHYHbIE CAYyYaH OTAENBHO.

Cayuai 1. Kpupasi umeer 7-xpyuenne. B sroM cayuae Tpynna KpyueHus
A0DKHA MMETb POBHO 7 5JEMEHTOB (4TO H BepHO Ha CaMOM Zene).

Cayuald 2. KpuBas umeer 3-kpyueHHe u 5-kpyuenme. B sTOM cayyae
3-Kpyuenne orpannueno umenom 9, a 5-kpyuenne — uucsioM 5, Tak uto Kpy-
UEHHE B LEJIOM OFpaHHuYeHO YHeAOM 45 (TaK Kak BBeieHue 2-KpyueHHs MOHH-
XKaeT HTOr). B jIeHCTBHTENBHOCTH 3TO MOXHO HCKIIOYHTb, €C/IH PaccMOTpeTh
pelyxuHio no moaymo 11, uro paer 18 (a 8HauwuT, u 15, ecnn yGegutbes
B TOM, 4TO CTPYKTypa TPYNNEI COXPAHSAETCH) B KauecTBe TpaHHUBl A4s He-11-
UacTH, a 3HAYHT, H ) KPYUEHHS B LeJIOM,
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YAYYUEHHBIA AJIFOPHTM

B stoM pasiene Mb OmuMIEM MeETOA HCTIO/b30BAHHS TOYHOTO
KOJIHYECTBA TOYeK Ha SKOOHEBOM MHOroo6pasud JaHHOH KpPUBOI
Haj HAalUMM KOHEYHHIM ToJieM. AHaJIOTHYHO TOMY, KakK B I}'peﬂbl:
LylieM cjydae HaM HyxeH Oblj AJs H3BJIeUEHHS -q}z{ul:)reu Tpgb
BuaapHblil  anroputm MAKCHMAJIbHASI_CTEIIEHD, 3ze
Mbl HMeeM s To#l xe weaw aaroputm BXOXKIEHMSIL.

BXOXIOEHWA
Bxon: .
P: mosioKHTeNbHOE [eJ10€ YHCI0, YACTO HNPOCTO..
N: HOJOXKHTEJLHOE 1IeJI0e YHCJO.
Brixon:
Q: Haubosbinas LeJas cTelneHb yucaa P, Ha KoTopyw ne-
autcs N.

Mu e GyjaeMm yTpyxiath ceGs NoAPOGHHM ONUCAHHEM CTOJb
opHTMa.

npOI(iITgc?x?;;Hyll)e KO/IMYECTBa TOYEK Ha SIKOGHEBOM MHOroo6pa-
3UM KPHMBOH — HeJIerkas 3ajaya, H fl He MOTY npeulnommb aJnro-
pHTM [1Jsi ee pemlenus. B cayuae kpuBo#i poaa 1 oHa cama w
ABJsieTcsl KoOHeBEIM MHoroo6pasueM, Tak 4To npobJseM He BO3-
HuKaer (KpoMe HeOOGXOAMMOCTH IPOSIBJIATH ocgopoxmocn ng§
MOACYeTE KPATHBIX TOUEK M NPH DAa3/IHYEHHH OObIYHBIX KDATH
ToueKk M TOUeK BeTBJeHHs). TeM .He MeHee Mbl H3J4araeM STOT
aJrOPHTM, TaK KaK OH (IIpH HbIHElLIHeM COCTOSHHH HAIIHX aﬂa:
Hu#l) npeacTaBiseT co60f pasyMHBIA NOAXOL K 3ajaue O Kpyue
HHH AHBH30POB B Clyuae Mojefl aiare6panyeckux 4uces.

TPAHULUA_KPYYEHHS
(Bapuanr 2) .

Bxon:
K: nose anre6panuecKHX 4HCEJ. )
F(X,Y): ypaBHeHHe KPUBOH, onpene/eHHol Han K.

Cayuaii 3. Kpuas nmeer 3-KpyueHue (HO He uMeeT HH-B-, Hu-7-Kpyue-
Hiua). Torga MakcHMaibHas BeJHYAHA TPYIIBl KPYYeHHS paBHA 10].3
("J/lyttad 4, Kpupasi umeeT B-KpyueHHe (HO He 3-1(queHHe). 3TOM Ccay-
4ae He MOXKET OHTb H 2-kpyueHHs (pacCMOTDHTe He-3-4acTb), MOITOMY IPyIIla
®Ha UMETh TMOPALOK b.
prquzgaéog Kpupasi uMeer TOJbKO 2-KpyueHHe. B sToM cuayuae Kpyyenue

Heaom 4.
Orpalfzﬂzgg?a:eﬂ;uo 5 He HAallleJ XOpOIIEro crnocofa MexaHH3HPOBATh HHTYHUKIO
s

OCTaeTcs rpadula
minimam (HE-Q. U CTbs MAKCUMAJTbHASI .CTE[IEHD  (Q, HE_P--

?}}}ETIEZEACTMMAKCHMA%HAH_CTEnEHb (P, HE_-Q--

YACTD)). .
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Brixon: . ’
- N: rpannua kpyuenns kpusoit F nan K,
Taras 4To HacTosllee KpyyeHne — AesuTedb yucna N (B

OTJIHUHE OT BapuauTa l, rie MB sHa/lM TOJBKO, UTO Kpy-
YeHHe He npeBocxoaut N).

[1] Has P=2,3,5, ... nenaTh:
Has kaxporo npocroro umeana P’ mnous K, Ttakoro, uto
P’|P, nenats: ,
Ecau XOPOIWASI_PEOVKLIUS (F, K, P,
TO JeJiaTh: '
[1.1] HE_P_YACTbD := KOHEYHOE_KPYYEHUE (F,K,P)
Aaroparm  KOHEUHOE_KPYUEHHE jommen  xapate
Kpy4yeHne N0 MOAYJI0 HPOCTOro uieana P/,
[1.2] [Tepefitu x [2].
2] Ons Q= npocroe gneno, Goapluee P, ..., JeJarh:
Hns xaxmoro npoeroro ugeana Q' noas K, rtakoro, uro
Q’'|Q, nenatp: ’
Ecnu XOPOIIASI_PEJYKIIUA (F, K, Q),
2.1 P?; léQeJI‘?ITAbéTb KOHEYHOE_KPYYE
. Q- 1= - H ’
2.2] TIlepetitu x [3]. HIE (B R.Q).

3] OTBET! := BXOXJ1EHHS , HE_P_YA
GACTE (Q CTb)*HE_Q_

BXOXIEHHUS (Q, HE_Q_UACTb)

OTBET2:=BXOXIEHUS (P, HE_Q_U
dACTE : ( Q »ACTb)*HE_P_

BXOXXIEHHYA (P, HE_PJ{ACTI;) ————————————
Buinate otBer HOJL (OTBETI, OTBET2).

BbIYUCIIHUTEJIbHBIE COGBPA)XEHV A

B s10M paspene Mbl onuiem HekoTopbie npo6JeMEl, BO3HH-
Kalollne INpH peajusallhd TOTO ¢MOAYJISAPHOrO» aArOpHTMa, M
HaMeTHM HeKOTOpHie pelleHHs. Tak Kak y MeHs HeT HuYero aa’me
OTAJICHHO HANOMHHAIOIIEr0 MOJHYIO DeANH3AUUIO AJrOpPHTMOB
ONHCAHHBIX B 3TOH [J1aBe, HACTOAIIHE pPAa3fesn BIOJHE MOKeT
0Ka3aThCsl HEHOJHEIM.

Mbl 3HaeMm, 4TO MOJIe KJ1acCOB BBIYETOB KOHEUHO M HMeeT xa-
PaKTepHCTHKY p. B neficTBHTe/NbHOCTH OHO NOMYYeHO U3 MHOXKe-
CTBA LeJBIX 3/1eMeHTOB nojis (/) OTOXKIeCTBIeHHEM Tex sie-
MEHTOB, ¥aSHOCTb KOTODHIX JIEXXHT B COOTBETCTBYIOUIEM NPOCTOM
uaeane. Tak Kak p JIeXHT B 3TOM IPOCTOM HAEANe, MBI JOJIKHEI
paccmMarpuBaTh JHMUb Te 3jaeMeHTH Z[[], uenwe KO3 DHIHEHTH
KOTOPHIX JiexxaT Mexay 0 u p, T. e. HEKOTOPOE KOHEUHOe MHOMKe-
crBo. ClleoBaTe/bHO, MBI MOXKEM NOCTPOHTH IOJIe KJACCOB Bhi-
YeTOB NMyTeM NPAMOrO NepeYHCIeHHs, XOTA STO H He BCerda 3-
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¢extuBHo. Tak Kak 5To IoJie HMeeT XapaKTEPHCTHKY p, OHO CO-
AEPKHUT ROANOJE, H30MOP(hHOE MOMIO LEJIBIX YHCeJ MO MOAYJIO p.
BrluncneHnsl Haj TaKUMH HOJSIMH, SIBJASIOINLEMHCH pacIlHpeHud-
MH TOJS LeJHX BBUETOB MO MOAYJIO p, H3YYaJHChb B CTaTbe
(Mignotte, 1976).

Jlisi mDOBepKH Ha XOpPOIUYI0 PeAYKLHIO MBl JOJIXHHB onpeje-
JHUTb HE TOJIbKO HEeNPHBOAHMOCTb, HO U aGCOJIOTHYIO HEeNPHBOJH-
MOCTb B [l0Jie KJ1aCCOB BHIYeTOB. MBI MOXKeM ¢ NOMOLIbIO aJfro-
putMa DBepisekamna (Zimmer, 1972) ¢axropusoBate MHOrodJse-
HEl OT OJHOH NepeMeHHOH B NOANOJE, KOTOPOE COOTBETCTBYeT
IeJbiM YHCIAM [0 MOAYJI0 p, HO 3TOro Hexocrartoyro. Hampu-

Mep, B II0Jie BBIYETOB 1O MOAYJIO 5 noast Q(4/2) (cM. moapo6-
Hee PacCMOTpPEHHe 3TOro NpHMepa B CJeLylolleM pasjesie) MHO-
roused X2+ 2 packjaajblBaeTcsi Ha . MHOXHTENH, XOTdA B MOJe
HesJblX yuceJ 10 MOAYJI0 b od He packaaineBaercss. CuenoBa-
TeJbHO, AaxKe [Js1 MHOrOYJeHa, ONpeleseHHOro Hal 3THM INOA-
noJieM, peIyKLHsl K 3TOMYy TOAINOJIO HeaJleKBaTHA KaK CTpaTerus
(hakTOpH3aLYKH.

B crarve (Berlekamp, 1970) u3noxeHn aaropurM cBelieHHs
3aJa4YH O PAa3JIOXXEHUH MHOTOWJIEHOB OT OJHOH NepeMeHHOH Haj
noJeM INoOpsiiKa p* 1/s TPOCTOro p K 3ajaye PasJOKEHHs Haj
MPOCTHIM ‘TIOJIEM, OJHAKO STO HeJerkuii mpoueccl), u s ero eute
He peasnu3oBaj. Mbl MOXeM BMECTO 3TONO MCIIOJb30BATh METOAbI
Tpeiirepa (Trager, 1976), o6o6uwennbie (Tam, rie OHH NpHME-
HHMBI) Ha KOHeuHble MOJs H MNpeACTaBJeHHe ajre6paHyecKux
BHIPAXKEHHA CO MHOTHMH INepeMeHHBIMH (NOAPOGHOCTH M aJro-
PHTMBI cM. B npuaoxeHuH 3). C UX NOMOLIBIO MBI MOXKEM CBECTH
Hauly 3ajauy K 3ajaue pas3joxKeHHs ropasno 6O/MbLIEro MHOro-
yjeHa Haj TNOJEM H3 p 3JEeMEHTOB, KOTOPYIO MOXKHO 3aTeM pe-
IUUTb HeNOCpPeACTBeHHO. Kak TOJbKO MBI IOJYYHM aJTOPHTM
daxkTopusaudH AJaA OJHOM NepeMeHHOH, MBI MOXeM MOYTH BO
BCeX cJyyasx?) DOCTPOHTb €ro 10 ajropuTMa [Js MHOTHX Iie-
PeMeHHEBIX, HCTOJb3Ys, O CYIIECTBY, Te e NMPHEeMH, YTO U B pa-
Gotax no p-aguueckomy pasioxenuio (Wang, 1978) mam (Yun,
1973, 1976)). :

NMPUMEP HAJL AJITEBPAMYECKUMH NOJIAMH

PaccmoTpuM Temepb KpuBylo YZ=X3-+18 c nuddepenuna-
nom 1/Y. Ouna He o6saanaer xopoulefi pelyKLUHe# HM [0 MOAY-
a0 2 (Tak Kak mpeBpailaercs B KpuBylo Y2 == X3 pox kotopo#

) B cratbe (Mignotte, 1976) sTOT npouecc HA3BAH «CAOMKHEIM, HO 3-
DEKTHBHBIM>».

2) Tlpu GakropH3aliid I MHOTHX NEPEMEHHEIX MOXKeT OKasaTbes, 4TO
Bce 3HAYEHHs! OCTaJbHHIX NEepPeMeHHbIX «HeCcYacT/HBLIE» B TOM CMEIC]e, YTO IIO-
IyualoN[Hecss MHOTOWIEHH yiKe He CBOGOJHH OT KBaipatos. OJHAKO 3T0 Mo-
JeT NpOM3OHTH JHIIb AJS KOHEYHOrO MHOXECTBA MPOCTBIX UHCeN, TaK 4T0
B Xy[lleM cJyude Mbl MOXeM TO3BOJHTbL cef¢ cyecTb M STO cayuaeM mnJOXoft
peaAykund u nonpo6oBaTh APYroe HPOCTOE YHCJIO.
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yxe He paseH 1), HM no MoAyaMio 3 (Tak Kak npeBpallaercs 8
kpuBylo Y2 =(X —1)3, pon koropoii Takxke He paBeH 1). OHa
ob6nanaeT xopoulell peiyKIHeH Kak o MOZYJIO 5, Tak H 10
MOJAYJIIO 7, H He-p-4acTu KPY4YeHHS DPAaBHLI COOTBETCTBEHHO 6 u 12.
CiienoBatensho, kpyuenue He mpeBocxoaut 6. (B neficTButesn-
HOCTH 3Ta KpHBas He HMeeT KpyueHus Haf Q, HO HMeeT OaHY
o6pasyiomyio 6eckoHeyHoro nopsiaka (Birch & Swinnerton-Dyer,
1963), xoTopas Haj KOHEUHBHIM IOJIEM JOJKHA OTOGpa)aTbes
B JINBH30D C KPYUYEeHHEM.) .

Haja nosem Q('\/Q) CHTYyalHsl HeCKOJIbKO uHas. 2 u 3 mpo-
CThle YHC/Ia ¥ BCe elle AaloT IVIOXYI0 PeAyKIHIo (H Boo6Lie pac-
IIHpEHHe OCHOBHOTO NOJs He M30aBJjsfeT HAC OT MPOCTHIX YHCeJ,
MAOUHKX IIOXYI0 PEAYKLUHIO). 5 — NPOCTOe YHC/IO 3TOro MoJd,
M COOTBETCTBYIOIEe N0JIe KJIacCOB BHIYETOB HMeeT 25 3/eMeHTOB,

KOTOpble MOXKHO 3alHCAaTh B BHAE {i iv2,0<i, j<4}. Pac-

cmaTpuBaeMasi KpuBas HMeeT 36 TOueK KOHEYHOro MNOpsAKa B
9TOM MNOJIe KJ1aCCOB BBHIUETOB. :

B Q(v/2) palMOHaJbHO® MPOCTOe 4YHCAO 7 pasjaraercsi B
MpOH3BeJleHHe  JBYX MPOCTBIX  MJeaJIOB: <7, 4+\/—2—> " (7,
3+ «\/2> [lepBrifi M3 HEX ZHaeT XOpOIIYIO PeAyKLHIO, H MOJe
KJIaCCOB BBEIUETOB HMEET 7 5JI€MEHTOB, KOTOPLIE Mbl MOXKEM IpH-
paBuATb uyucaaM oT 0 g0 6 no moaymo 7. Hawa kpuBas umeer
HaJ 3THM moJeM 12 ToueKk KOHEYHOro MOpsiAKa (TOYHO TaK XKe,
Kak B cayyae nosst Q, u6o 06a 1oJist KAacCoB BHUETOB H3OMOP(-
HBl U H30MOP({H3M cOXpaHseT KpuByI0). TakuM o6pasoM, oueHkx
36 nss He-B-KpyueHus H 12 fiA He-7-KDYUeHHS MPHBOLSAT K rpa-
aume 12 anst kpyuenns kpuoit Han nonem Q (4/2). Xors mue e
H3BECTEH HHKAKOH mpocToii!) crmoco6 HaXoMKAEHHS KPYueHHs 3.1-
JIUNTHYECKOR KPHBOH HAX NOJAMH, OTJHYHBIMH OT IOJS PALHO-
HaJIbHBIX YHCeJ, 9Ta4 KPHBAs HMEeT TOUKY Nopsiika 6 Hai moJem
Q (,\/2 ), a HMeHHO X =/, Y=61/2, NIpHYEM 3Ta yABOEHHas
TOYKa (MMelollasi NOSTOMY NOPSAOK 3) NPOHHKAET B HEKOTODHe
CPaBHHTeJIbHO MPOCTbIe WHTErpajbl (CM. MOACTPOYHOE NpHMeya-
" HMe B NpuMepe 3 NPWIOKEHHS 2).

3aMeTHM, uTO, XOTsl Hallla TOYKA HMEET MOPALOK 3 (um,
BO3MOXHO, 6), MBI moJy4YaeMm JHIIb TPaHHWY 12 ¢ mOMOLIBIO
BTOPOro MeToAa H Julb 252 ¢ INOMOIIbIO NepBOro Meroga. Ta-
KHM 06pasoM 3TH METOIBI, XOTSl OHH, 6€3 COMHEHHS|, NPHIOIHH
ans peanusalndd H 3(PPEKTUBHEl B MaTeMaTHUECKOM CMBICJIE
CJIOBA, WMEIOT OrPaHHMYEHHYIO LEHHOCTb IJIsl NPAKTHYECKUX Bb-

1) Hacko/bKO MHe H3BECTHO, aJFOPHTMBEI H3 CTATbH (Birch & Swinnerton-
Dyer, 1963) ne Oblin pealM3oBaHB HAJ NOAAMH, OTIHYHBIMH OT NOJIS Das
UHOHA/NbHEX YHCEJ.
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yncaenut. OfHa U3 OPHYHH 3TOrC — BO3MOXKHOCTb /IHBH30POB
6ecKOHEUHOro IOpsiIKa, KOTOphle CKJIOHHH OTOOpaxarhcs B
TOYKH BBICOKOTO (HO KOHEUHOrO) MOpSAKa B TPymne KPYydeHHsd,
COOTBETCTBYIOIeH Xopollell pedyKLUMH, MOpPOXKHasi TakuM obpa-
30M 3aBLIIIEHHLIE ONEHKH.

DT0 0COOEHHO HENMPHATHO € BBIYHCJHTEJbHOH TOUKM 3pEHHs,
TaK KaK OlleHKa HyXKHa HaM TOJbKO TOTJd, KOria HMEITCH AH-
BH30DH OECKOHEUHOro INOpsJiKa, W60 ecAW JHBH30D HMeeT KO-
HeyHbl# NOPSANOK, TO Mbl HafiieM 3TOT NOPSAOK HE3aBHCHMO OT
TOro, JaHa JM HaM OLEHKa.
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B a10ii raaBe Mb pesiomupyem kak TEOPETHUeCKHe, TaKk U
NPaKTHUECKHE pe3yJbTaThl 3TOH MOHOTpaduH. 3aTeM Mbl yKa-
&KEM, B KaKHX MeCTaX TEOPHs JOMyCKaeT yCOBEePLICHCTBOBAHHUE,
4 pea/u3alus HeMmoJIHA HJH He cToMb 3G(eKTHBHA, CKOJIb 3TO
Bo3MoxHO. [locnennsiss cutyauus pacnagaercs Ha apa kjaacca —
8ajdauu, CBsI3aHHBIE C MNPOGJAEMOl HHTEFPUPOBAaHHA, H o6L(He
np96J1eube KOMIBIOTEPHOR a/reGpbl. 3aTeM MBI PacCMOTPHM BaK-
HEHUIMH OTKPHITBIH BOMPOC: A0 KAKOH CTENEHH 3TH METOAEl MOTYT
6BITh IpHCHOCOGaeHs K paoTe ¢ TPaHCUEHACHTHBHIMH (YHKIHSA-
MH Hapsiiy ¢ ajarefpaudecKuMu? :

COCTOSITHHE TEOPUN

B ra. 4 mB chopmysnposanm u noxazamm TeopeMy Puina
(Risch, 1970), koropas cBoauT s3anauy HHTETPUPOBAHHUS (13
anrebpandeckux GYHKIHMI) K 3anave o NHBH30DaX C KPYUEHHEM.
Bra 6 MBI pellaeM 3afavy O AHBU3OPAx C KPyUeHHEM A/ OCHOB-
HBIX TOJIEH, KOTOpLie TPAHCLEHAEHTHB Haj I0JieM palHOHAJbHbIX
YHCeJs, HCHOJB3yst paboTet (Manin, 1957, 1963). B ri1. 8 Mul mc-
NO/Ib3yeM METOA «XOpOWIeH PeAyKIHH», YTOGH peWHTh 3ajgady
0 NHMBH30pax C KPy4YeHHEM JJIsl OCHOBHBLIX MOJIEH, anreGpanuecKux
Haj MoJeM palHOHANbHBIX YHced. [loaTomMy MBI MoxeM peurnts
3ajauy O NMBH30pax ¢ KpyueHHeM AJIi BCEX OCHOBHBIX MOJEH,

M TeM CaMblM 3ajaya HMHTErPHPOBAHAS aareGpaHuecKux ¢yHK--

IHH NOJHOCTBIO pelleHa.

TakuM o6pasom, TeopHs 3aBepuIeHa, XOTs OHA HE BCErAa Tak
xopoma, Kak xortejsoch Owl. EcTb MHOro o6sacrefi, rae ona mor-
7na Obl ObITb TIOM3si[HEe, H HEKOTODBIE M3 HHUX ONHCAHDI HHIKE
B pas3d. «JlanbHellline TeOpeTHYECKHE HCC/IeJOBAHUS».

COCTOSIHHE PEAJIU3ALLUH

XoTss Teopus MOJHA, HMEKINAsACs peaJu3aldsi Ha Gaze
REDUCE-Q HenmoJtHa B HECKOJAbKHX obgactsix. ToJabko oaua H3
HUX OTHOCHTCS K 3aj7aue WHTETPHPOBAHHSA, ONUCHLIBAEMON B Ha-
crosilllell MOHOTpapuu, — 3TO pe3yJbTaThl ra. 8, KOTOpHIE He
Oblyin peasii30BaHbl B CKOJLKO-HHOY/[b 3HAYHTENBHOH CTeleHH.
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Peanusalus HENOJHA TakXe H B TOM OTHOLIEHHH, YTO HE BCE
BCIIOMOTATEJbHbIE AJNFOPUTMEl HalJerkalluM o6pa3oM MNOJAKJIO-
yeHbl K OCHOBHOH cucteMe. MHe mpmuuiock paspafaTeiBaTh MHO-
rHe U3 HHX OTAENbHO JHOO NOTOMY, YTO 3TOMY MNpPENATCTBOBaJa
CJMUIKOM BBICOKAs CTOUMOCTb HNPOTOHKH OCHOBHOH MPOTPaMMBbI
JO TOrO MeCTa, TJe BLI3LIBAETCS BCIOMOTATeNbHBIH aJropHTM,
a160 u3-3a TPyAHOCTEH ¢ NOAOOPOM MOAXOASILIHX TECTOBHIX TPH-
MepOB. ‘

Jipyrue BaxKHble YacTH, HYXKAaloUlHecA B 3aBepUIEHHH, Ta-
KOBBI!

1. Pa6ora ¢ anre6pauyecKkuMu BbIpa:KeHHSMH, He NPeACTaBH-
MBIMH 4epe3 KBajJpaTHble KODHH. A

2. HaxoxaeHue rpaHul KpPyueHHs C NOMOULbI 6oJjiee TOHKHX
METOJ0B (CM. pasjuyHble KOMMEHTapHH B IJ. 8).

3. Peaausauus tecra Kaau (cM. ri. 5).

4, WcnonbsoBadue pabor Jllorna — Harens n Masypa (cm.
MOSICHEHHS HUKEe U TIpuMep 7 U3 OpPHJOKeHHus 2).

Te wu3 HuX, KOTOpble HE paccMOTPeHB B APYTHX MecTax,
KpPaTKO YHNOMHHAIOTCS HHIKE.

Anzebpauueckue soipascenus. Ha myTtu peanusaunuu onepu-
poBaHHsl ¢ aare6paHyYeCKHMH BBIPaKeHHsAMH OOLIero BHAA HET
60JIbIIHX TeopeTHUecKHX TpyaHocTed. TeM He MeHee MO NPHBOAH-
MBIM HHKE NpPUYHHAM TPeOyIOTCS 3HAUHTe/bHBEe MPOrpaMMHCT-
CKHE YCHJIHA. '

a) MuorousieH Tenepb yiKe He 0653aTeJbHO MOJHOCTHIO pas-
Jaraetcs B pacHIMpeHHH, MOPOKIEHHOM OAHHM H3 €ro KOpHef.

b) Tlo coofpaxeHusaM 3(pGEKTUBHOCTH KeJaTeJbHO Yy4ecThb
o6o6menus HepaBHUX pésyabraTtoB (Trager, 1976, 1978) o nose
onpejeseHus HHTerpaja, B YacTHOCTH 3aMETHTb, YTO €CJH 3Ha-
MeHaTesNb MOALIHTErPaJbHOTO BLIPAXKEHHS HMEET HEHPHBOIHMMBIN
MHOXKHTeJb [(x), TO 3TO BHIpa)eHHe JAHOO HMeEET BHURTH BO
BceX MHGKHTeJasX f(x), AJubo BooOlle He MMeeT BLIUETOB B 3THX
MHOXKHUTEJSAX.

¢) 11 Boo6uie MOKHO JOCTHYL OUYeHb OOJIbLIOH 3KOHOMHH,
ecqH MOJXOHTH K paccMaTpHBAaeMBIM 3aJadaM C TOYKH 3peHHs
teopuu [anya.

PaccmarpuBaemasi mporpaMma B JeHCTBHTe/LHOCTH O6beAH-
HeHa C NpOrpaMMOH TpaHCUeHIeHTHoro uHTerpupoBanus (Nor-
man & Moore, 1977), Tak Kak OHH HCHOJB3YIOT OAHH H TOT Xe€
anmapaT pasJOXKeHHs Ha MHOXKHTeam (CM. pasa. 5 mpHJoxe-
Huss 1) W HUMEIOT OIMH M TOT ke HHTepdefic noib3oBatens, a
umenHo onepatop INT, nepBelM apryMeHTOM KOTODOLO SBJSIeTCA
uHTerpHpyeMas (GyHKLUHS, a BTODPHIM — IeDEMeHHas HHTerPHpO-
BaHHs. DBMecTe 3TH  INPOrpaMMH  3aHHMAKT  IPHMEpPHO
13500 cTpok Ha o6bekTHOM sizbike cucteMbl REDUCE-2 u okouso
285000 6aiitos o6bekTHoro LISP-xojga mocie KoMIHJAALHHA
(ffitch & Norman, 1977). O6e sTn wudPBEl He BKJIOYAOT QCHOB-
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Hylo uacth cucrembl REDUCE-2. 3ta nporpamma uuterpuposa-
HHS1 paclpOCTPaHSIETCH TEHEPb € HCCIEA0BATENLCKHMH LEJdsSMH
Bmecre ¢ cucreMoit REDUCE-2 u onepaunonnoli cucremoir MTS.

Jlioty — Hazens. B HacTosuuii MOMeHT npouenypa AJas 3J-
JUNTHYeCKHX  KpuBoix (HAWTU_IIOPANTOK_SJIJIUMIITUUE-
CKWW, omucauHas B r1. 7) He Hcnoan3yer Teopemy Jloorma —
Harena (cm. ra. 7), xorna kpusasi u JHBH30D 3JIIMNTHYECKHE U
ONpeAe/eHbl Haja pallHOHAJbHBIMH YHCJIAMH, a NPHMEHSeT BMe-
CTO 3TOro aGCOMIOTHYIO OleHKy 12, HafifeHylo MasypoMm (cm.
ra. 5). Ilpuunna storo mcropHyeckasi: oleHKa Masypa Gnina
peasyusoBaHa ropasno paspiue. B peficTBUTeNbHOCTH, KaK moKa-
3blBAaET NpHMep 7 M3 NPHIONKEHHS 2, HCIOJNb30BAHHE TeopeMbl
Jliotia — Harens (61arogaps KoTopoil Mbl MoxeM OIpepeNUTD,
€CTb JIN Yy HAaC AMBH30D C KpYydYeHHeM) HaMHoro GoJtee sddek-
THBHG B CJly4ae, KOTAa y HAc HeT JHBH30pa C KPyuyeHHEM, T. e.
B CJaydae JorapudMuuecKoil HEHHTErpHPYEMOCTH.

HEOBXOOHUMBIE NOMNOJIHUTEJbHBIE NMPOHEAYPBI

HroOBl mpeBpaTHTH MMEWILYIOCS celfyac nporpaMMy B [OJ-
HYIO OPAKTHUYECE:! MPHMEHHMYIO CHCTEMY WHTErPHDOBAHHsI aJjire-
GpanveckKux QyHKUHH, HYXKHO MHOFO JOMOJHUTEbHBIX NpoHeayp,
B TOM 9HCJe CJAELYIOLIHE:

1. Ilpeo6pasoBanne KOMIUIEKCHBIX JIOrapH(pMOB B o0paTHbIe
TPHIOHOMETPHYECKHE (DYHKIHH.

2. D¢ dekTHBHOE BHIYKC/IEHHe HAHGOJBLIX OGUIHX KeJHTelel
(cm. pasa. 3 mpusoxenus 1), :

3. ®akropusamus (CM. pasi. b NpHJIOKeHHs 1).

4. O deKTHBHOE BBIYHCIEHHE Pe3y JIbTaHTOB.

5. Bonee o0603pumas pacmewatka CJIOKHBIX pesyabTaTos,
BKJ/IIOUAS NMOBTOPAIOUINECS IJIHHHBIE sinpa (cM. pasa. | mpuio-
KeHust 1).

6. Pauunonanusauus onepupoBaHHS ¢ JHHeHHBIMH ypaBHe-
HUSIMH, : :

7. DBPHCTHYECKOE NMPeOGPAa30BaHHE MOJBIHTErPAIbHONO BhbIpa-
KeHHS.

8. ®akTOpH3aUMs Hal MOJSIMH ajireGpanduecKHX YHCell

Mbr omuuieM HHKe HEKOTOPHE H3 HHX UyTh NOAPOGHee.

Obparnsie Tpuzonomerpuueckue pynryuu. KoMmniekcube Jo-
rapuMbl KaxyTCsi HEECTeCTBEHHBIMH MHOTHM JIOAAM, TeM Go-
Jlee 4TO OGBIYHBIE TaGJUILI HHTErPAJIOB NOUTH BCErAa Aai0T CBOH
OTBETbl B TEPMHHAX OOPATHBIX TPHIOHOMETPHYECKHX H runep6o-
andeckux QyHkumit. [TostoMy Gblso 6bl MPUSTHO, ecsin Gbl Jiora-
PHOMHYECKYIO YacThb OTBETA MOJKHO OBIIO BHIPA3HTh B TAKOM
BHAE, XOTs B pANe CAy4YaeB ee NOYTH HABEPHAKA Jyylle OCTaB-
JATb B JIOTapH(PMHUECKOH (popMe (cM. npumepnt 4 u 5 us npH-
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Gonnye-
goxenusa 2). Ogun u3 cayuaes, Korja obGpartHble runep

CKHe (DYHKLUM BHIIVISAAT NPHBbIUHEe,— 3TO NpuMep 1 U3 mpHuIo-
xenusi 2, rae wudterpan or 1/SQRT(X2—1) nau B BuAe
LOG (SQRT(X2— 1)+ X), B T0 BpeMs KaK MHOrae TaG/HUBl HH-
terpajo pawot Arch(X).

Pesyabranto.. B mpolecce passioiKeHHsi Ha MHOXFTEIH Hal
anre6paudecKUMH pacIIMPEHHSIMH TO0JIEH HaM HYXKHO sﬁ;nc.nmb
pesyavranthl (Trager, 1976, aaroput™ BECKB_HO }; eM.
takxke airoputvm BECKB_HOPMA B npunoxenun 3, a TaKxe
ra. 2 u pasa. 5 B mpusoxenuu 1. AJIPOPATM, KOTOPHIH ecTb y
MeHsi cefiuac, uypessbiuaiino rpy6. OH wucnosibayer onpezleJIedHne
pe3yJbTaHTa KaK ONpeJlelluTes]ss MaTpuubl (van der Waerden,
1975, c¢. 84) u aaropurmb (Lipson, 1969) BquHCJIeHI/I9‘}17é)Hpe}1e-
nutenedi, uvewmneca B cucteMe REDUCE (Hearn, 1973). Kak
ormeueno B pabore (Norman, 1978b), umeioTcsi ropasjo Jaydinue
aaroputMel (Collins, 1971). Kosine3s nokaswiBaer, 4To ABa 361.71-
ropuT™Ma (06a HaMHOrO JIyulle HAIero) MOryT pasJIanTbécﬂ o-
nee ueM B 10 pas mo 3arpayHBaeMOMy BpEMeEHH. 310 — 0bJ1acTb
KOMIIbIOTEPHO# aareGpsl, B KOTOPOH BCe elle HabJogaercs cy-
1IeCTBEHBIH NpOrpecc, U HMeeTcs HOBBIH a/NrODUTM, ocnos:immgm
Ha paborte (Zippel, 1979), KOTOpHI, BHAUMO, CTOHT TOrO, YTOOHI
HCCJIEIOBATD €ro.

Junednsie ypasrenus. HylHelIHAS BepChs MPOTPaMMBbl COAep-
*KUT He MeHee!) B HaGopoB mpouUeAYp AJS pelleHHs JHHEHHBIX

aBHEHHMH. . .
P (a) HaGop anist Haxox/aeHHs! JIMHEHHBIX 3aBHCHMOCTEH B aJ-

ropurmax PENYKUMA_K_LIEJIOMY_BA3BHCY u PEIVK-
LIUI_K_-HOPMAJIbHOMY_BA3UCY.
(b) HaGop, nyxusiit B anropurme KOYTC nns Haxoxnenus

(by i y yJHa.

HKIUWH, HMEIOUler H }KHbIelj

(C) I’laéop 103BOJIAIOIINHY PAa3J0XKHUTh BBIYETHl IO 6a3ncy
b

- OTODHIH OHY NOPOXKAAIOT.
¢ Mfél)ynlf{l,agop I,Z)IJISI ucrnosb3oBanusa B anropurve AJITEBPAU-

YECKAS-YACTbD.

1) KpoMe TOro, airOpHTM TPaHCUEHACHTHOTO HHTerDHPOBAHHA (g\lxgnTne?Ir;
& Moore, 1977) colepXuT euie 2, H Iporpamma pch.:TIO}KeHHH Ha M}IIQEI;IUCE
o6biuno BKJouaeT eimle opdy (Berlenkamp, 1967). Cama cucrema REDUCE
(Hearn, 1973) copepXuT Takyw NpouUeRypy, 0CHC§33HHYIO Ha 6M§£one a.nrgé cea
(Lipson, 1969), Bo oHa, K cOXaJeHH:, 6ecnoneoﬂa2 npu pabote ¢ mgan,
uecKHMH BhipaXeHHAMH. Kak GHUIO OTMeUelo B I 2, ng LOJIKHB YMeH >
cTeneHy ajnre6panyeckHx BhipaXKeHuil B mpolecce npeo paaosagug Manﬂgl “
JHHeAHBIX ypaBHEHHH, OAHAKO DEaNH30BAHHLIA MeTou,2mvxeeT o6iue qu’r .
anropuT™MOM EBKJAHAA, KOTODHI, KaK NMOKA3aHo B M. 2, MOXeT He cpa oraT:
EC/IH YMEHDBLUAIOTCA CTeleHH aire0PaHyecKHX BHIPAXEHHH, TaK Kak BO BXOJ
HOB WHGOPMALHK HEKOTOPOro WIAra MOTYT MNPHCYTCTBOBATL WUEHBI, KOTOpbie
MOryT HEOXKHAAHHO HCYE3HYTH HA BHIXOAE.
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(e) Hab6op aus pewenns nunefinbix ypas /i v"
TOH%OFO HaXx0XIeHUus ypaBHeHHH HHKapyap—}g;i:cHe’l H(%};«(H?J); AGJI);i :
© ;g, OHH MMEIOT TOHKHe OT/IHYHs APYT OT Apyra. Hanpumep, |

A J2KeH cuntath, 4T0 SQRT(A) He mMeer HHuero obiiery
CS , B TO BPEMA Kak OCTaJbHbIE JOJIKHE OTOMIECTBASTH
(SQRT(A))2 ¢ A. Nasee, (c) paboraer ¢ meabIMu 9HCJAMH, B TO

BpeMs Kak oCTa/bHBEIE NMPOLEAYPH pafoTaloT ¢ pauHOHAJNbHBIMH
yHKUMAME uaH MHOrOWwJeHaMH. JlOMOJHHTENBHOE OCJOKHEHHe
COCTOHT B TOM, 4YTO (&) AOJIKEH BHAABaTb NePBYIO JHHEHHYIO
8aBHCHMOCTb, B TO BPeMsl KaK OCTaJbHbIE€ NPOUEAypHI 06qu};{O
;OCTaB.HeHbI B NPELNOJIOKEHHH, YTO MOXKHO NEPEecTaB/sATb CTPO-
Bg ;{}?}ﬁ yroaro. [lanee, cuctemMa B (c) wacTo umeer (mouth)
P 0 TPEyroJbHYI0 MaTpHLY M NOTOMY, HaBepHO, TpeGyer
CHeluaJbHOrO aJropuTMa. ’ d
PaccmaTpuBaeMble 3ajaun pelIeHHsT JUHEHHBIX ypaBHeHHH
MOTYT HMEThb Das/HYHBIA pu3dMep M G0sbLIOH Pasbpoc B cTemeHH
paspexeHHocTH. ITostomy npouenypsl noxHE 30dekTHBHO pa-
6oTaTh ¢ HEGOJILLIAMH CHCTEMaMH (HHaye TPUBHAJbHEIE 3aa£qn
noTpeGyIOT HECOPa3MepPHOro BpeMeHH), pabOTaTh c paspexeH-
HBHIMH CHCTEMAMH C NMOMOIIbIO Pa3PEXEHHBIX aJrOPHTMOB (HH;HG
HEKOTOpBIC 3a/aYH OKaXYTCs NPAKTHYECKH HEPas3pellHMbIMH —
CM. TIOACTPOYHOE NMpHMEYaHHe K NPUMePy 4 M3 IpHIONKeHHs 2)
H CHPaBJATBCA 3a Pa3yMHOE BPeMsI C HepasPexKeHHLIMHM CHCTe-
MaMu cpeaHero pasMmepa (GoJibllHe HepaspeKeHHbIE cncrebe
BEPOSITHO, HEBOSMOXKHH B JI0GOM caygae). Do Tpebyer, pepo-
AATHO, KAKOT0-TO «MeTaairopuTMa», KOTOPHIH 0603peBaer ’sa vy
H BHIGHPAET B 3aBHCHMOCTH OT Hee MCIOMb3yeMBIH aJro I/ITM%IalIy
MOCPEACTBEHHBIA MeTOJ HCKJoueHHa aycca mus He6OJIIIlLUH); o
CTeM, Da3pexKeHHbHl aJropuT™M (BO3MOXKHO, HPaBHJIO Kpavxecn_
H QJITOPRTM JJs paspexeHHBIX onpeleautestedi (Smit 19716)p%
aHaJIH30M, TNO3BOJISIIOIAM H36eXaTh MHOTOKPATHOrO 1a,b1,t114cne}mL
OXHOTO H TOTO e MHHOPa) WJIH afaNnTHPOBaHHEBIH (‘iesﬂpoﬁm,;ii
meron (Lipson, 1969). BoaMokHO, HYKeH elle chnelHagpbHbI MI
ByJab AJst paGoThl ¢ paspexKeHHBIMH CTPOKaMH HepaspexeHH i
MaTpuLBl (CM. ciefyloliee MOACTPOYHOE npuMeyaHune)., .
Ho u 3710 eme me Bce: TpebyioTcsi pasauunble Kommu mpo-
Uelyphl A/l MHOTOUJICHOB, LENBIX YHCEJ H PallHOHAMBbHHIX ¢ g
IHH, 2 TaKXe B 3aBHCHMOCTH OT TOTO, IPOHU3BOIHTCH mmyHK-
ynpolleHue creneneli aare6panueckHx BeIpaxeHuil. Tak Kak uMeT
€TCs JIMIUb KOHeYHOe YHCJIO BO3MOXKHBIX ciyuaeB (He Gosee qeeM-
32, na u oHm He Bce HYXKHH Ha CaMOM feJe), To TE€OPHTHYe-
CKM JOCTATOYHO HCMOJb30BaTh crpaternio MODE_REDUCE
(Hearn, 1976), npu xotopoifl onMH H TOT Xxe yqacmx_ HCXOAHOH
IporpaMMbl Komnuinposascs 6u 6 pas. OnHako s aymaro, uto
LeHCTBHUTRJIBHO [UHAMHYECKAs CHCTeMa Bpoje SCRA'i"CH-
PAD/370, npeanoxennofi B cratee (Jenks, 1979), 6bira 6b 6
1ee ehdekTuBHOA M o6ecneunsa 6bl GO/bIIYIO ru61<’ocn> e

Jonoanurensnoie npoyedypot 17

[lporpamma, HanHcaHHas B HACTOfUlee BpeMs AJsd 3alaud
(b), 4acTo TPATHT OUeHb MHONO BpeMEHH Ha DaclO3HaBAHHE
HepaspelinMOCTH CHCTeMbl, XOTs OHA K COJAEPIKHT HEKOTOPbIE
npOCTHIE YJydlleHHs ') 10 CpaBHEHHIO €O CTaHAapTHHIM HCKJIO-
yeHueM Lo [ayccy, npeiHasHaueHHble /11 yCKOpeHHs €€ paboTsl
Ha pa3pexKeHHbIX HJIH YaCTHYHO PaspEKEHHBIX CHCTeMax ypas-
genufl. Tak Kak H2pa3pelinMoCTb CHCTEMB, paccMaTpHBaeMon
8 nyHkTe (b), KBUBaJeHTHa HEyAaYHOMY 3aBEpLUENHIO AJrOPHT-
ma KoyTca, 3TO MOXKeET IPOUCXOAHTb AOBOJbHO 4acCTO. [lo sToi
NpUYMHE s BCTABHJ MOAYJSPHYIO NIPOBEpKY, 4yTo6H y6eduThesA
B Pa3peulnMOCTH YPaBHEHWH [O MOAYJIO HEKOTOPOro IpocToro
ypeJa 40 TOTO, KaK jejaercd IONBITKAa pelluTh ero B HAacTos-
WeM OCHOBHOM foJe. DTo, OYEeBHIHO, HYXKHO Obino OBl CleaaTh
W 475 BCeX CHCTeM, peulalolluX JHHeifHble ypaBHeHHs, OLHaKo
YCWJIHS, KOTOPble MPHIIOCH Obl 3aTPATHTbL HA AOMONHUTE/LHYIO
3-KpaTHy0 peaju3alliio, NO-BHAHMOMY, NEPEBEIIHBAIOT BO3MOK-
ublfl Boiurpeil. C ApYrofl CTOPOHBI, €CJH Obl OfHa peaausanus
MOIJIa CIPAaBHTbCA €O BCeMH 3aJauaMH peLICHHA JNUHeAHBIX
ypaBHeHHH, TO 3Ta NMPOCTas MPOBEPKa 6blsia 6Bl fOCTYNHA A5
BCEX HHX.

dra MOAyJAsApHas NPoBepPKa B HACTOAILee BPEMs HCTOJb3yeTcs
AMIUb JUISL TIOJIyUeHHst OTBeTa «jia — HeT», HO H3 ee pesy/bTaToB
MOXKHO H3BJeub Goablie uHpopMauuu. Hanpumep, ucrnosnsys He-
KOTOphle WJEH H3 TEOPHH BEPOATHOCTHBIX aJArOPHTMOB (Zippel,
1979), Mbl MOXKeM CKa3aTb, 4TO HYJeBElE KOMIOHEHTHL B MOAY-
JASIPHOM DEIUEHHH, BEPOSATHO, NPEJCTABJIOT HYJH B HACTOHILEM
pemenun. [lostomMy mepen TeM, Kak pelrath oflLyIo 3axady, HaM
c/lefyeT NOCMOYDETh, HET JU PellleHus, B KOTOpPOM BCe STH 3.je-
MEHTH JeHCTBHTENbHO paBHbl Hymo. K coxaneHuio, €C/H Takoro
pelleHHs HET, TO Mbl He MOXEM yTBEpXKAaTh, UTO HCXOMHAd CH-
cTeMa HepaspelwuMa, a JOJIKHBEI MONBITATbCs PEUIHTL 3Ty 60J1b-
wyio cucteMy. TeM He MeHee SKOHOMHA, BEpOsATHO, Obijaa 6bl 3Ha-

YuTEJILHOH.

Japucrudeckue npeobpasosanu nodslHTE2pAAbHOZ0 8blpasice-
wus. ViMeeTcs HECKOJbKO CIOcoGoB MpeoGpasoBaTb BXOAHHIE
JaHHBIc TPOrpaMMbl HHTErpHPOBAHHA, uT0Gbl YCKOPHTH BBIIOJI-
HeHpe 3TO mporpaMMel. [lpocTefinluM H3 HHX SBJSETCH, BEPO-
SITHO, YKa3aHHasd B KOHILle NIpuMepa 2 u3 npuaoxkenus 6 same-
Ha A Ha B2, KoTOopas YCKOpseT BLINOJHEHHE NpOrpaMMBl NpH-
mepuo Ha 10 %.

Bouee TOHKHH npuMep — HHTErpUPOBAHHE hyHRUIUH
1/SQRT(X? 4 1)+ 100/SQRT (X2 - 10000). Ona umeer BbIve-

1y OcHoBHOe H3 HHX — [IpeABAPHTEJbHEI MPOCMOTP ¢ LeJsio BHOopa ca-
MOM paspemeHHOR CTPOKH A/ 6amKafillero HCK/OueHUs, I3TO 03HAYaeT, B
YACTHOCTH, YTO CTPOKH, HMEIOIlHe eAHHCTBEHHBIA HeHy/eBOH SJeMEHT, aBTOMa-
THYeCKH HCKJIOUAlOTCS NEpBLIMH 'H TNOITOMY He CTPajaioT OT «BCTABOK»

(Smit, 1978).
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ol 99, 101, —99, —10] B uyeTbipex MJeHcax, JeKallHX Ha '(’)ec- :

KOHEUHOCTH. Bbluuciienns B moxoxux ciyuadx GBUIH paccMOT-
peHbl B npuMepe 8 u3 npusioxenus 2. Ecin 6B Mbl mONBITanuCh
TIDOHHTETPHPOBATh CHayaJjia OLHO M3 CJAaraeMblX, TO CMOIJIH Obi
3TO ‘clesath 3a 868 Mc, a HHTErpHpOBAHHE OCTATKA 3aHSJIO Gbl
IPHMEPHO CTOJLKO Ke BPEMEHH, UTO JaeT CyMM4pHOe BpeMs
MeHee 2 c. Me, oanHako, He MOKeM NPOH3BOJBHO Da3GUBATH
MOALIHTErpAbHOE BbIDAXKeHHe Ha ciaraeMble, TaK KaK eciH f(x)
u g(x) He MHTErpPHPYEMEHI, TO CyMMa f - g Bce. elle MOXKET GbITh
HHTEerpupyema. :

ITostoMy xopomrasi mporpaMma. HHTErpHPOBAHHS HCKajia Gbi
B MOABIHTErpaJbHOM BHIDAXKEHHH HHTETPHPYeMble YacTHYHbIe
cnaraemble. Haiins, ona y6upana 66 HX H NbITasach Gbl PellUTh
OCTaBIIYIOCS MEHBIUYIO 3ajady.

Pasaooicenue na mHoMcutesu Had nossmu anrzebpaudeckux
wuces. Haw noaxos k pasnoxennio GBI OCHOBaH Ha pabore
(Trager, 1976) (cM. rai. 2), H, HACKOJIBKO MHe H3BECTHO, He cy-
WECTBYeT HHOrO aJrOPHTMa HHTETDHPOBAHHS Hal anireGpamye-
CKHMH pacliMpeHusMu ofuiero Buaa. s passoxenus man mo-
JSAMH aJre6panyecKHX UHCeJ uMeeTcsl 0606luenne (Wang, 1976)
CXeMbl DA3JIONKeHHs Haj uelbiMu uynciamu (Wang & Rotschild
1975). Cm. rakxe crarbio (Weinberger & Rotschild 1976),
Ecau cymectsyer moixoisiuee HeGOJIbIIOE NPOCTOE YHCAO. 3TOT
METOJl He HaMHOrO MejJleHHee, 4eM Da3/oKeHHE TOrO e Mio-
roweHa OT MHOTHX TePEeMEeHHBIX Hajl LeJBIMH yHCJaaMA. Ecan ke
TaKOro NPOCTOro 4YHC/Ia He CYHIeCTBYeT, TO MeTon Bama na-
MHOro MeHee 3¢ pexruBeH, n kaxercs (Trager, 1976), uto on Te-
mepb peann3oBas A 3TOro cayyas ajnroputm Tpeiirepa.

HostoMy B 1ensix sGHeKTHBHOCTH Mbl NOMKHBI GBUIH Gl He-
nosnb3oBaTh Meroj Bama tam, rae oH HemocpeacTBenHo npuMe-
HHM (CM. Takxe KOMMeHTapuu K anroputvy AJIT_MHOXU-
TEJIb_2 B npuaoxenuu 3). Tenepewnsss cxema Pasa0KeHus
(cM. pasn. 5 npuioxenus 1) He MOAXOAMT ANS Tako# ajanrta-
LuH, TaK KaK OHA He HCNOJb3YeT p-alHYeCKHe MeTOAB pPaboThi
(Wang & Rotschild, 1975). Bepcus, paspaGareiBaemas Hopwma-
HoM ¥ Mypom (Norman, 1978b), ocHoBaHa Ha mpunamiexamey
Bany (Wang, 1978) ycoBepuieHcTsoBaHuH ajaropurMa Bana p -
Poruunbaa, 1 MHe He BIOJHE SICHO, KAK MOXKHO MPHCNOCOGHTD
3TH YCOBEpIIEHCTBOBAHHSA K CJYYalo NoJiedl aare6panmyeckux uyu-
ceqa. HanbHefimas paGota B 3TO#l o6JaacTy, HaBepHAKa, Cylle-
CTBEHHO YCKOPHT NPOLECC MHTErDHPOBAHHA BO MHOTHX BamHLIX
cayuasx.

BbIBOAbI AJi CUCTEM AJITEBPAHUYECKHX BBIYUCJIEHUR

B sTOM pasjesie MBI XOTHM cO6paTh BMECTe BCE BHICKA3aHHbLE
B 3TOH MOHOrpagpuu coobparxkeHHs, OTHOCALIHeCS K IPOEKTHPO-
BaHHIO H DeajH3allHH CHCTeM KOMIbIOTePHOH aareGpbl, u ce-

Cuctemsl aszebpauneckux soiuucieHutt : 119

JaTh HECKOJIbKO 3aMeuyaHuil, KOTOPBIMH AOJXKEeH DYKOBOJCTBO-
BaTbCS CO31aTeqb JI000H Takod cucTeMbl B OyayuleM. 3aech
MMeIOTCs JBa acmekTa: coo0paeHus, cnelHpHUeCKHe AJSA HH-
TerpHpoBaHus (0COGEHHO B NPHMEHEHHH K aireGpanieckum
(GYHKIHAM), H cO00paKeHHs, KOTOpbIe, 110 MOeMY MHEHHIO, HMEIOT
OTHOILIEHHE K peasu3ailuu J60ro 60JbLIONO aJropHTMA.

OnHo u3 06WHX cOOGpaXKeHHH, OTHOCALIMXCA K aJjrebpaude-
CKHM CHCTEMAaM M BO3HHKHIMX B pe3yJIbTaTe Peaju3aliH ONHCHI-
BaeMoil 3/eCb CMCTeMbl HHTErpHpOBAHHMS, 3aKjalouaercd B HeoO-
XOJHMMOCTH «H30IIPEHHBIX aJrOPHTMOB», TAKHX, KaK p-ajHvyecKHe
meroxan (Yun, 1976) uian metoanl paGoTHl ¢ Pa3peKEHHBIMH MaT-
puamu (Smit, 1976). MoxHO HanucaTh BecbMa pe3yJ/IbTaTUBHYIO
CHCTEMY, HCIOJIb3yeMYyl0 MaTeMaTHKaMH M HayyHbIMH DPabOTHH-
kamu (Hanpumep, REDUCE-2 (Hearn, 1973)) u He Hcnosb3yio-
LIyI0 YIOMSIHYTBHIX METOJOB, OAHAKO TaKas CHCTeMa He NOJAXOAHMT
JJIS HALIMX Ledefi (CM. IpUMEPH B pasi. 3 W b npujoxenus 1).
Kpome TOro, 3TH aJrOPUTMBI B IiC;IOM BeCbMa IJAHHBL ') H TPYAHBI.

OnHO H3 BOSHHKAMIIHX CIEHHAJbHBIX cOOOpaKeHHH Kacaercs
aareGpauueckux BhipaxeHuil. Okasasoch, uto REDUCE-2 tpya-
HO TNPHCHOCOOGHTb K OIEDHPOBAHHMIO C HHMH, H KaxKeTcs (B TOH
CTeleHH, B KaKOi MOXHO yKa3aTb OJHY KOHKDETHYI NpPHYHHY),
YTO 3TO TMPOHCXOAHT IIOTOMY, YTO O HHX He AyMaJjH [pH NPOeK-
THpoBaHuK cHcTeMHl. TlosTomy mwGas Gynymias anrebpandeckas
cucTeMa AOJKHA, HO-MOEMY, VUHTHBaTe IpoGJeMBl OHepHPOBa-
Husl ¢ aJreG6paHyecKHMH BBHIDAXKEHHSMH Ha CTaJHH HPOEKTHPO-
BaHusl, YTOOH OHM BIHMCHIBAJHCh B OOLIYl0 CTPYKTYpy 3TO# CH-
CTEMBI. ‘
Kak y:Ke yIOMSIHYTO paHbilie (Hanpumep, BBILIe NPH PaccMoT-
PEeHHUH JIMHEHHBIX ypaBHEHHI), Ka)KeTCsd, 4TO CHCTeMbl KOMIIbIO-
TepHOH aare6pH HEJIOCTATOYHO I'MOKH: NPOEKTHUPOBLUMK CO3A2ET
HeKOTOpblii (PHKCHPOBAHHBIA CIHCOK OCHOBHBIX THIOB ?), a BCIO .
pa6oTy 1o A06GaBJeHHIO HOBOrO THNA NPHXOAHTCS NPOAEJbIBATEH
CaMOMY IN0J/1b30BaTeNI0. B 4acTHOCTH, HAa/lHYMe pelIaTessl CHCTeM
JIMHeHHLIX ypaBHeHHHI He O3HayYaeT, YTO €ro MOXKHO NPUMEHATDH
IS MHOTOUJICHOB HJIM JJIsi 9JM€MEHTOB KOHEUHbIX noJjed. 1o Be-

1) XoTf 4MeJIO CTPOK HCXONHOHA NPOrpaMMbl — BPAA JIH XOpoluas Mepa
C/I0KHOCTH, TPYAHO NpeicTaBuTh cee ayumyio mepy. ITostomy mbl npuBesem
HekoTOpble IMdPH B  IOITBepXKAeHHe 3TOro  coobpawenns. Cucrema
REDUCE-2 (Hearn, 1973) comep:xut okojo 2000 crpox Ha sisbke npempo-
ueccopa W okoso 5500 cTpok asreGpamueckoit cucTemsl, 1500 u3 KoTOpEIX
NpHHAANEKAT «HaKeTy NMPOrpamMM jisi (H3UKH BBICOKHX DHEPTHii», KOTOPHI He
HMeeT OTHOLIEHHS K Hauleil 3ajave. UepHOBasi BepCHS CHCTeMB! AJIs p-afuye-
CKOFO DA3/OXKeHus H HaXOXJeHHs Haubosbliero obuiero semurens (Norman,
1978b) 3anumaer ceifuac okono 3500 cTpox H, BEpOSTHO, CTAHET INJIUHHEE,
Korga OyneT SaKOHUEHa.

2y B cayyae cucremet REDUCE-2 om cocrour us TunoB ARRAY,
MATRIX, STANDARD FORM (r.e. muorourtern), STANDARD QUOTIENT
(. e. paumnonamsuas ¢ynkuusa) u PREFIX FORM (cayxur mis npexpcrasne-
HHSl HeyNpPOLIEHHbIX BhHIPAXKEHHH). '
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AeT K AyGJHPOBAHMIO 1 AeJlaeT PealH3aLUIO HOBOTO ajqrOPUTMA, ;
HCIIO/Ib3YIOLLEro HOBLIE THIBl NaHHBIX, G0Jee YyTOMHTENbHOH, yeM 4

HeOOX0AUMO.

Celluac paspabarbiBaoTcst ABa GOMbLIHX HPOeKTa, CBI3aHHBIX
¢ 9ToH  3apaueil,— MODE_REDUCE  (Hearn, 1976) =&
SCRATCHPAD/370 (Jenks, 1979) (Jenks & Davenport, 1980).
O6a atn nmoaxoxa, KOTOpEIE MOXKHO rpy6o oxapakTepH30BaTh Kak
OCHOBAHHBIE COOTBETCTBEHHO HA CTATHYECKOM H NHHAMMYECKOM
4HAJIU3e, NOJIKHBl HPUBECTH K GOJIbIIOH SKOHOMHH B 3TOH 3ajnaue.
Baxwuofi uccienoBarensckolt sagaueii 6buia 6ol peannsauus cH-
CTeMbl HHTETPUPOBAHHA HA OJHOH H3 3THX cHCTEM. DTO HOKA3aJ0
OLl, ONPaBAbIBAIOT JIH 3TH CHCTEMBl BO3JiaraeMble HA HHX Ha-

ACHABI, M MOCTYKHIO OB OPYAHEM OYAYLIHX HCCAEAOBAHHE HHTE-
TPHUPOBAHHS.

BYLYUWUE TEOPETHYECKHE MCCJELOBAHUY

Baxmnas o6macth 6yayuiux uccsenoBanuiit — aaroputm Koyt-
ca. Ouenb uacto (ocoGeHHO ecan oGpabaTbiBaeMblii  1uBH30p
HMeeT GOJIbIIHE MOPSIAKH B HECKOJUbLKHX IIeficax) cJhayuaercs,
4TO MPOMEXKYTOUHbIE BhIpAaXKEHHs B airoputme Koyrca HamHoro
GoJblie, 4eM OKOHYATeNbHBIH OTBeT. STo MOKeT MNPOABJIATLCS
B TOM, 4TO GOJBIUMHCTBO (DYHKUUH u3 HOpMaJbHOrO. UeJoro Ga-
3uca (1. e. cmHCKa QYHKLHER C NOMOCAMH He Xyxe, 4eM y pac-
CMaTpUBAE€MOTr0 JHBH30Da) MOXKET MMeTb IJiHHHeHINIHe BhIpae-
HHs, a OTBET MOXKET ObiThb YyThb JIM He CaMOH MaJieHbKOH H3 5TUX
ynxuni. Io-Bunumomy, orciona caenyer, uro aaropurm Koyr-
ca— He 00s13aTeJbHO HAHJYYIHH METOA HaXOMKIEHHs GbyHKUHH
C HYXXHBIMH HYJSIMH H TOJIIOCAMH, HO 51 HE NPEeICTaBJsilo, Kak
MOXKHO 6blJ10 6Bl AefaTh Jydlue.

C npexbLyluM TecHO cBsi3au Bonpoc: Kak noaro pa6oraer
anroputm Koyrca? ¥V Mens Her ceifuac BpeMeHHOTrO anasmsa
STOr0 aIrOpPHTMa ITaBHBIM 00pPA30M NOTOMY, 4TO HET OYeBH-
HOrO MeTOLa, NMPeACKa3blBAKOIIEro [0 BXOAY YHUCJO IIATOB pe-
AYKUMH HH 1JI1 KOHEYHBIX MUIEACOB, HH Ha GEeCKOHEUHOCTH.

Ewe onun Bompoc B cBsian ¢ aaropurmom Koyrca chopmyanu-
poBaH B ra. 3: HyxeH Ju war 3? OuyeBHAHO, 4TO aJTOpHTM
cran Obl aKKypaTHee B T€ODETHUECKOM OTHOIUGHHH K paboran 6bl
CYWIECTBEHHO GLICTpee, €caH OB yXaJOCh NOKA3aTh, YTO 3TOT
LIar He HyXXeH DK YCNOBHAX, BEINIOJIHEHHS KOTOPHIX Mbl BCerna
MOKeM JOGHTbCA. §1 HECKOJIBKO MPOABMEYJICS B STOM HanpaeJje-
HHH, HO MHE elle NPEACTOHT MHOIO CAENAaTh.

Ecau cynuts no ra. 8, To umeercs MmaJio XODOIIHX METOJ0B
paboThl HaA NOJSAMH KJacCOB BHIYETOB. B KayecTme OTBeTa Tam
NPEeAI0KeHO GecXHUTPOCTHOE MEPEuHC/IeHHe, HO OYEeBHIHO, 4TO B
5TOH 006J1aCTH HYXKHHEl HaJbHeHIIHe HCCaeL0BANHMS,

B ra. 5 ckasano o Tom, uTo Teopus MHTETPDUPOBAHHST HMeeT
CBA3H C TeopHeM HempepbIBHEIX ApoGeil (Chebyshev, 1857, 1860).
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Ona uMeeT coBpemeHuble npuioxenus (Schinzel, 1962), K(RXO-
pbie MOXHO HCINIOJb30BaTh BMecTe ¢ pesyibratom Masypa (Ma-
ur, 1977) 1158 nocTpoeHUs] COBEPIIEHHO HOBOTI'O, XOTH H HECKOJb-
KO CNelHaJH3HPOBAHHOrO, ajJropuTMa HHTerpnpOBaHus{.“Oquuu-
HO, 4TO MOPEJACTOAT JAalbHeHllde HCCJAeNOBAHHS CBS3eH MexXIy
Ms 06/1acTAMHU.

ﬂByBamHaﬂ 06/iacTb, I'le NPEAJOXEHHBIA aNroOpUTM He CJHUI-
KOM VIOBJIETBOPHTENEH, — 3TO BONPOC O KPHBBIX pozaa 6oabmie |
Hajl TOJAMH anreGpanuecKux uHces (BKJIOYas noje palmioHaldb-
fIBIX unces). B cayuae KpUBBHIX HajJ TpaHCUEHAEGHTHHIMH MOJSMH
y Hac ecTb HccaepoBaHuss Manuna (cM. . 6)0, KOTOpHe N03BO-
JSII0T HAM y3HATb, HMeeT JIH AHBH30D KOHeUHEHIH NMOPSIOK. B cay-
yae KpUBHX poAa | Haja mossMu aare6panyecKHx 4YHCeJ MB MO-
JKeM HCIOJIb30BaTh AJTOPHTM J]IOTLI_HUAI“EJII) (ra. 7)0, uTOGH
OnpefieNuTh, IMeeT JIH AHBH30D KOHCUHBLIH MOPSAOK, H HAHTH 3TOT
nopsinok. Ho B ocTanpHBIX ¢ilydyasix HaM NPHXOAHTCS BBIYUC/ATH
rpasuly (3ayacTyio HaMHOro GoJbIIyIO, HeM nymo)cu 3aTeM
NpOBEPATh BCE JIMBH20PH BIJIOTb A0 3TOH I'DaHHIBL I/ITyaH.Hﬂ-
6biia 6bl ropasno Jyyire, ecau Ob y Hac GBI MeXaHH3M, NpoBe
psiromnft 6e3 Takoro nepe6opa, UMeeT JH TAKOH NHBH30p KOHEY-
HBIH DOPANOK.

PACILUUPEHUE HA TPAHCUHEHJEHTHBIE ®YHKIUH

Kak yxe ckasano B ri. 1, mpo6GjeMa HHTErpHPOBaHUA gucro
TPaHCUEHJeHTHHX (QyHKUMA Oblja pelleHa TEOPeTHYECKH 1907.711ee
10 ner nasax (Risch, 1969); cm. rakxke (Moses, 1967, ),
(Norman & Moore, 1977) u o630p B pabore (Norman & Daven-
port, 1979). B Hactosmeli MoHorpaduu nokasaHo, Kax petraercs
3ajaua WHTErPHPOBAHHMS YMCTO anrebpaunveckux OQYHKUHHA, H
6oJbuIaf yacThb HEOOXOJLHMOro INpPOIPAMMHDOBAHHS YyXe [po-

IeJsaHa. :
Taxkum 06pasoM, BO3HHKAET BONPOC O CMEIUAHHBIX (QYHKIHAX,

KOTOPbIE TPAHCI 'HEHTHH, HO He UHCTO TPAHCUEHAEHTHBI, HANpH-
mep 1+ logx uau !)

log(Wa+ /b —x)/A/1T—x) (b —x%)(a—7x)

((Caviness, 1978), npusemeno B cratbe (Davenport, 1979c)).

1) 3ameTuM, 9TO HEJIETKO DELIMTH, WMeeT JH (QYHKUHMA TakoR Bj. MoXHO,
HanpHMep, MOAyMarb, uro QyHkmua sinx + +/1 —sin?x e ﬂBJmeT;::e ;HSI:
TpaHCUEHAEHTHOH, HO ee MOXKHO 3amlucaTb B BHie Sinx -+ cosx, a 3 B
pasuTb uepes tg(x/2). 10 cocTaB/AET LeayIO0 OOJACTh CTPYKTYDHEIX TeopaHa
{(Epstein, 1979) wiu (Rothstein & Caviness, 1979), xotopas TecHO cBS3
¢ sajayell HHTErpHPOBAHHA.
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Teopema 1 (JluyBunan')). Iycre F— duggepenyuarsroel
nose ¢ arzebpaudecku 3amKHyTOLM nosem wxoHcTant K. Ilycro f 3
aescur 8 F u g ssementrapen nad F, npunem g’ =f. Toeda ume- :
., Ve us F u ¢, ..., ¢ us K, raxue, uro f=1

10TCA Vo, vy, ..

’ v;
=v0+zci—,vf: T. e. g=V0+ZC,-logv,-.

Mub MoxKeM Ha3BaTb Vo PAYUOHAALHOL 4ACTHIO HHTeTpaJja, a
OCTaNbHYIO CyMMy a02apugpmuyeckod wacroio. (dTa TepMHHOJO-
THsi HECKOJIbKO WHasl, 4eM B rJ. 4, rae vo Oblia HasBaHa aJre-
Opanyeckoil wactbio. IIpHunHA B TOM, 4TO vy PaLHOHAIBLHO OTHO-
CHTEJLHO OJHOWIEHOB, BXOAALIMX B f, KoTopble B ri. 4 Bceraa
. Obliin anre6panyecKuMH, a Teneph MOTYT GBITh U TPaHCUEHIEeHT-
HBIMH.)

Ecau mbl sHaem sorapudmuveckyio wacts, To PAaLHOHAJNbHYIO
4acTb MOXKHO HalTH C MOMOLIbI0 0006WIeHHs MeTonoB Pua ?)
(Risch, 1969), peanusoannoro Mosecom (Moses, 1967, 1971);
cM. takxke (Norman & Moore, 1977)). Kak u B ru. 4, rnaBHas
npo6JjeMa — HaXoXK/JAeHHe JOrapupMHUecKOil TYacTH.

Jlorapudmuyeckas yactb onpenenserTcss BHIUETAMH MOJBIHTE-
rPajIbHOTO BBIDAXKEHHA TOYHO TaK K€, KaK H paHblle, HO 370
NIOABIHTErpa/ibHOE BhIPAXKEHHE ONPEAENEeHO yiKe He Haj KPHUBOH,
a Haj TPOH3BOJbHLIM MHOrooGpasueM. Hampuwmep, Bhipakenne

log (1 + VT ) + Y Elex

cleayer paccmarpuBath. Kak Z -+ V/W B mone {K(X,Y,Z,V,
W)|Y2=1+ X2, V2=1+ W}. Teopus JAHUBH30POB HajJ NpPOH3-
BOJIbHBIMH MHOTOOOpAa3HsiIMH TOpas3jio MeHee paspaboTaHa, ueM
HajJ KPUBBIMH, H 5 He BHXKY HHKAKOrO IOAXOAa K 060GIIeHHIO
aJrOPHTMOB M3 3TOH MoOHOrpadMu Ha NPOH3BOJLHBIE MHOr006-
pasus.

Onnako 4acTo ciydaercs, uTO MHOTOOGpAa3He MOXKHO pac-
CMaTpHBaTh KakK MPOH3Be/leHHe KPHBOH M THIEPIIOCKOCTH, a
TUICHCHI, B KOTOPLIX ONpeAeNeHsl NMBH30Phl, MOXKHO DacCMaTpH-
BAaTb KaK NPOM3BEJEHHS TOYEK HA KPUBOH M TOl JKe caMol rumep-
MJIOCKOCTH. B s10M cayuae mam nocratouHo paboraTs mpocrto
Ha KPHBOH, H DAacCyxkieHHs, NpUBeJeHHble B 5TOH MOHOrpadusy,
BCe ellle TrOAATCA.

) B dopmysnposke Puma (Risch, 1970). Ocuosnas TeopeMa, Ha KOTOpOH
OcHOBaHa Bes 3Ta pabora (cwm. ra. 4) noayuena Pumem B KauecTBe cJencTBHS
3TOH TeopeMbl.

) B crmeunanbHOM ciayuae, Koraa asdre6panueckoe pacitupense — 310 Ipo-
CTO NpHCOeLHHeHLe palHKa/la, MOXeT [0KkasaTscs, uyro Mertoas Tpeiirepa

(Trager, 1979) Ges ycuanit 0606imaioTesi HA cay4ail cMeIAHHBIX HHTErpaJoB. . §
OnHaxo NOKa YTO 3TH MeTombl OGECHEYHBAIOT TCIBKO anre6panuecKyl0 4acTb, 4

H g CYATal0, UYTO JIOI‘apHCle/I‘{eCKaﬂ H4acTb ropasno Tpyauee.
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lpunep 1. log(va 4+ 4/b—x)/A/(1—x)(0—x)(@a—x)
(Caviness, 1978). TTonoxum ¢2=A u y> =b — x, Tak 4TO NOA-
HIHTETPAJbHOE  BHpaxKeHHe mnpuruMaer Bug log(c+ y) X
X(VO =0 —P)(E—b+y)) . Ono He umeer BLIYETOB.
(9TO HeTPHBHAJILHO, €CJH HCNOJB30BATh YHCTO BHIUHC/IHTEIbHBIH
NoAX0M, HO MOXKHO NPHMEHHUTb K KOPHIO KBaleaTHOyMy MEXAaHHU3M
pasnoxenus Iloouszo.) IlosToMy noaniHTerpasbHOe BBIPAXKEHHe
YUCTO palMOHaJbHO (KaK (YHKUHA OT y, Jorapupma u KBaapart-
HOTO KOPHSI) B B J€ACTBHTEJNBHOCTH HEHMHTEPHPYEMO. :

Ipumep 2. PaccmorpuM ¢yHKIHIO

logx(*+yx® — )+ y P+ 2 —x)+ 2+ 23 —-2x2—x 1
x(g+x) (=1

rae y?=x*— 1. dra ¢yHKIHUA uMeeT BHUETH =1 B ABYX rulep-
MJIOCKOCTAX, JexKalluX HajJ x = GeCKOHeuHOCTb. Takum oépasoM
(cp. mpumep 1 u3 npunoxenus 2), stTa QpyHKUMs HMeeT jorapud-
Muueckyo dacth log(y + x). Torna palMOHA/IbHAs 4aCTh paBHa
log(x)+y, u Bcsi GyHKLHS HHTerpupyema. B AeHCTBHTELHOCTH
Mosi nporpamma, pa6oras BmecTe ¢ nporpammo#i Hopmana wu
Mypa (Norman & Moore, 1977), cnocoGHa NpOMHTErPUPOBATD €€,

Ipumep 3. PaccMOTPHM NMOABIHTErPaJbHYIO QYHKUHIO

log?x yx*+ (log x +1) (yx2 — y + x* — x7)
x (log x + y) (x2 — 1)

rie, Kak H panbuie, y?==x?— 1. IloxpiHTerpanpHass QGyHKUIHA
UMeeT BhlYeThl == | Ha ABYX THIEPIJIOCKOCTAX y == log(x). Mul
MO3KeM TOrAa 3aKJIOYWTh, YTO JOrapHdMHuYeckasd 4acTb HOJXKHA
6ot paBua log(log(x)-y), naxe HECMOTPS Ha TO H4TO awbas
[ONBITKA MOJYYHTb 3TO NyTeM BHIUHCJAEHMH [OJKHa Oblia O,
BEPOSITHO, ONHPATbC HA 3BPHUCTUKH, HANpUMep Ha 3aMeHy
log(x) BepaxeHneM z=y + log(x). Mb MoxeMm 3ateM mnouy-
YUTh, 4TO anre6panyeckas 4acTb AOJKHa OHTb paBHa ylog(x).

Mpumep 4. K npeapaymuM NpHMepaMm CMeIIaHHBIX HHTerpa-
JIOB MOKHO OLIJIO NOJOMTH C MOMOUIBID CTDaTeruH, OHHCAHHOH
Bblllle, H METOJ0B Hacrosilell moHorpaduu. 51 He BHXKY croco6oB
peuruTh TakuM o6pasom »ToT npumep. Pacemorpum log(y +
-+ log?x), rie y?=x2— 1, Kak ¥ B [ABYX NPEABAYIIHX HpHMe-
pax. [IpousBonnas 37o# QyHKUHH pPaBHA

2log x (k2 — 1)+ yx?
x(x2—1) (log2x—y) "

PaccMoTpuM 3ajauy ee HHTerpupoBanus. C  HHTYHTHBHOH
TOYKH 3peHHs, OBITb MOXKET, H Pe30HHO PacCMOTPeTh WJeH BHAA
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log(log?x + y), Ho MBI nbiTaeMcs HafiTH AICOPHTMHYECKHE, 4 He §
SBpHCTHUECKHE MeToAHl. [lonkiHTerpanbHas GYHKUHS HMeeT Bbi- |
4eT Ha NOAMHOrooGpasuu log?(x) = MHOroo6pasus y2==x2—1.

Briuer paBen = 1 B 3aBHCHMOCTH OT TOrO, Ha KaKOH YacTH MHO-
roo6pasusi Mbl HaXOAHMCS, CO CIeNHATbHLIMYH 3HAYCHHSIMH B TOY-
Kax x ==+ l. XOT# MOKHO M3YUHTb 3Ty CHTYaUMIO H 3aKJIIOYHTD,
uro log?(x)+ y uMeeT HyXHLle HYJH H NOJIOCA, S He BUXY B
HaCTOAIIHA MOMEHT, KaK MOXHO Oblio Ob cejaTh 9TOT ILATL
QJTOPUTMHYECKH. - '

BHIbl HEHHTETPHPYEMOCTH

HNmeercs nBa pas/MYHbIX BHAA HEUHTETPHPYEMOCTH, KOTOpbBIE
MOTYT BBbISIBHTBCS MNpPH IONBITKE HHTETPHPOBAHUSA anreépanqe-

ckux QyHkuui. Ilepsuift, KOTOPEI M Ha30BeM rozapugmuueckod - §

HeurTezpupyemoCTo0, BOSHAKAET, KOTa MBl HMeeM IHBH30p Gec-
KOHEYHOro MOpsiJKa, TaK YTO BBHIYETHl NOJBIHTErpajibHOH (yHK-
UMH HeJb3sl y4eCTb B HMHTErpaje ¢ NOMOIIbIO Jorapudma. Bro-
poil, Ha3bIBaeMbIll a.2ebpaudecKkol HeuURTezpuUpPyemMoCTso, BO3HH-
XaeT, KOrja MBI MOXeM HaHTH JorapHGMHYECKYI0 4HacTb, HO
(YHKIHS BCe-TaKH He HHTErpupyeMma.

IIpocroii mpumep anre6panueckofi HEHHTErPHPYEMOCTH aaeT
npuMep 2 U3 IPHJIOXKEHHs 2, THe MOABIHTErpaJbHOE BHIPaKEeHHE
SIBJISIETCS B JEHCTBHTENbHOCTH AHDGepeHInHasoM nepBoro pona
Ha cBoeHl onpeneaswouleli anre6panueckoii KpuBoH. B o6mem
ciayuae, KOria GyHkUus anre6paHyecKd HeHHTErpHPYeMa, MBI MO-
xeM BbHIOpaTh QYHKUMIO, HMEIOIIYI0 KaK MOXKHO 6OJblile HYXKHBIX
OTpHUATeNbHBIX Koadduuuentos Iliomso (cM. amropurm HA-
XOXIEHHE _AJITEBPAMYECKOW. YACTU B ra. 4), u toraa
ocTaToK OyAeT MHHHMAJbLHOH B HEKOTOPOM CMHIC/IE ajre6pamue-
CXoft yacThi0. B wacTHOM cyiyyae SJ/IHITHYECKHX KPHBEHIX HMeeTCs
paspa6oraunas teopus (Whittaker & Watson, 1927) rakux as-
AUNTUHECKUX UHTE2PAA08, KOTOPOH MOKHO 6YJeT BOCHIOJNb3OBATH-
csi, ecad npeo6pasoBaTh KPUBYIO K CT2HAAPTHOMY BHAY (aJjro-
putv ®OPMA_BEWEPIITPACCA B rn. 5). CrenoBarensHo, B
5TOM YaCTHOM CJyuae MBI MOXKEM CBECTH HesJeMeHTApHYI0 aJl-
re6pavyeckyl0 yactb K MOJIe3HOH cTaHAdpTHOH ¢opme. Hure-
pecHo Oblio OB 3HaTh, HACKOJBKO 3TO HAGJIONEHHe NOAAAeTcCs
0000IIeHHI0 U KaKOBa ero cBsA3b ¢ paboroit (Ng, 1974).

B npumepe 7 u3 npusioxenus 2 uMeercs NpHMep JiOrapHpMu-
YeCKOH HEHHTEerpHpyeMOCTH. DTOT HHTErpas upe3BbluaiiHO HHTepe-
ced, u60 om Beaer ce6fi B TOYHOCTH, Kak JOrapudm (B TOM
CMBICJIE, YTO €r0 NMPOH3BOAHAS eCTb AH(depeHuHas BTOPOro po-
na), Ho sorapupmom He sapasiercs. OueBHAHO, YTO TAKOTO poOAa
(GYHKIHH 33CJYXHUBAIOT AaJbHellIero HCCAeL0BaHus.
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PE3IOME

B HacrosiMA MOMEHT CyLIeCTBYeT aJTOPHTM HHTETpHPOBa-
nusl anare6panueckKux (YHKUHH W IporpaMma, peajusymolias cy-
[L[ECTBEHHYIO €ro 4acTb, AOCTATOUHYIO AJS TOTO, qroémoonpoaepr-
HyTb runotedy Xapau (cM. Hauajo ra. 4). Jlo nonHo# peanusa-
nEA eume He GJH3KO, HO TPYAHOCTH, [O-BHAHMOMY, HMEOT CKOpee
MpaKTHUECKHH, 4€M TEOPeTHYECKHH XapakTep. B aByx mpeawiny-
KX pa3fesnax Mbl BHAENH, 9TO MOXKHO PaclIHpATb aJrOPHTM B
HANPABJEHHH TPAHCLEHAEHTHHX (YHKUHHA, U eCTb MeCcTo AJsA 06-
o6llleHUs] Hallero onpejejeHus 9JeMeHTAPHOCTH, BKJIOYAIOIIEro
SJIJHNTHYECKHE HHTErpaJbl. )
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W3MEHEHHUS, BHECEHHBIE B CHCTEMY REDUCE-2

B 3TOM npHJIOKEHUH OMHCaHB pa3jHuHbie H3MEHEHHS, KOTO-
peie norpeboBajioch BHecTH B cuctreMy REDUCE-2 (Bepcus map-
Ta 1978 r.), yT06H OHa NMOJAEpKHBAJa CHCTEMY HHTEIPHPOBa-
HHsl, ONMHCaHHYI0 B Hawmell MmoHorpaguu. OHH ONHCaHBl 31eCh HE
Ias Toro, utoGbl NPHBJEYh BHHMAaHHE K KaKHM-TO HELOCTATKaM
cucreMol REDUCE-2, a ana Toro, 4rto6bl BBISIBUTb TPYAHOCTH,
OXKHJAIOIHe TOro, KTO OYyleT peasu30BaTh aJrOPHTMBI HHTErpH-
poBaHus, onHcaHHble B 3TOH MoHorpaduu. CTOUT OTMETHTh, UTO
NONBLITKY aBTOPA peajH30BaTh 3TH AATOPHTMBEL ¢ NOMOLIBI CH-
crembl  SCRATCHPAD (Griesmer et al.,, 1975) manu xepTBoii
ropasio XyALINX HpobJeM.

Baxnoe mnousatne cucreMsl REDUCE-2—nonsatue sapa
(Hearn, 1973, ra. 5), KoTopoe AJsf HAlIKX HeJell MBI MOXeM
OTOX/IECTBUTL C TMepeMeHHOH WJIM YIPOILEeHHBIM !) MpHMeHeHHeM
onepatopa (T. e. cTpykrypoit Bpome SQRT(2) man LOG(X)).

1. PACTIEYATKA

B npouenypy neuatn BnpaxkeHu#t cucreMsl REDUCE-2 6bin
BHeCeHH H3MeHeHHsi, yTOOB cTpykTypa (SQRT-1) neyaranacn B
Buze i, a He Kak SQRT(— 1). 2710 cyviecTBEeHHO COKPaTH/IO MHO-
rue BhIpaxeHusi 0 00/eruuso ux uTeHHe. DTO He HYXKHO B CTaH-
naptHoii Bepcnn REDUCE-2, rak kak tam c I paGoraior xak
C He3aBUCHMOH IepeMeHHOH, YAOBJETBOPAWIICH pPaBeHCTBY
I2=-—1 (cM. HHXKe pa3l. 4).

Iaxe mocse BHECEHHS 3TOr0 H3MeHeHsl pacneyaTKa MHOTHX
BLIDA:KEHHUH 3aHHMaJsia M0 HEeCKOJbKO CTPAHHL, 3aHATHIX B GOJb-
ofi cTerneHH MNOBTOPAWOIIEHCS pacnedyaTKOd OJHOIO W TOTO Xe
CJIOKHOTO KBaJpaTHOIO KOpHsA. B AeHCcTBHTeNbHOCTH nepBas Mo-

1} Tepmun «ynpoctutb» (simplify) nmeer B cmereme REDUCE-2 (kak n

B Gosblled YACTH XKOMNbIOTEPHOH anre6pbl) crenuanbusii cmuica. B REDUCE-2
yHposieRHe — 3T0 crneunduyeckas onepauusi, UeNbi0 KOTOPOH fBJIAeTCA Npeob- |

pa3oBaHHe BHIPAXKEHHH B HEKOTODPYIO CTAHAAPTHYIO (OPMY, KOTOpas NOJKHA
6LITh KAHOHHMYeCKOl. B wyacTHOCTH, ¢ KaXAbiM omepaTtopoM (Hampumep, SQRT,
LOG) cBfizaHa cBOs Tpoleaypa YNpOLIeHHS, KOTOpas JOJXKHA Npeobpa3oBhi-
BaTh Ji060e NPHMEHeHHMe 3TOTO OmNepaTopa X cTaHAaprHoi -¢opme. Huxe, B

pasa. 4, ME NOAPOGHO paccMaTpuBaeM YOPOLIAOUIYI0 Npoueaypy Ais SQRT. ;

A
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nplTka HaiiTh Qynkuuo X(7) (cm. npuMep 4 u3 npuiaoxeHus 2)
notpeGoBasa GoJjee 5 ¢ BpeMeHH LEHTPaJbHOIO Ipoleccopa
TOJIBKO Ha TO, YTOOB HaleyaTaTb NPOMENKYTOYHOE BbipaKeHHe,
Gosiee MPOCTOE, YeM OKOHYaTeJbHBI OTBeT. Torpa mpolelypbt
neuatu cucreMbt REDUCE-2 noaseprauch panbHeiliell Moaudu-
Kallu{, mnocie kotopoil BuipaxkeHHe Buga SQRT(...), pasuoe
NpeIlecTByIolleMy HaneyaTaHHOMY (KakK 4acTh TOH ke dopmy-
JIbl) BBIPaXKEHHIO TAKOI'0 BHJA, 3aMeHsIeTCsl Ha CHMBOJ «lastsqri».
[Tpumep 4 u3 npunoxenus 2, rae Bcrpeuaercs SQRT (A2 4 X2),
COJAePIKUT YOeAHTEAbHYIO HJMIOCTPAUHIO IOJIE3HOCTH 3TOH MOIH-
(puKanuu.

Ha camoM nene 310 pelieHue He CJOHMIIKOM XOpOLIO B CHTya-
LHH, KOTJa B BhIpayKeHHH NPUCYTCTBYeT HECKOJbKO KBalApaTHBIX
kKopHell. Hanpumep, BHIpaxeHue ‘

SQRT (A? 4 X%)*K 4 SQRT (A% + X?)«X 4 SQRT (A)*A +
4+ SQRT (A) + SQRT(A? + X?)

6bl710 6B HameyaTaHo B BHJE
SQRT (A% 4 X%)*A 4 lastsqrt«X 4+ SQRT (A)*A +
‘ + lastsqrt + SQRT (A2 + X3,

Hamuoro npennouturenbHee (HO W ropasmo TpyaHee!) mas
peajusaliuM B cyuecTBywued crpyktype cucreMsl REDUCE)
apyroii ¢opmar, Koraa Kaxjaoe BhipaxeHHe Buza SQRT(...),
BcTpeuaioneecss Gosiee 1 pasa, 3aMeHSIeTCS CHMBOJIOM Bpoje
«ansl», a B KOHLE BhIPa)KeHHs MeYaTaercs CIMCOK TAaKHX 060-
3HaueHn#. Torxa npuBeieHHHIH BBIIEe ApuMep OBl OBl Hameya-
TaH B BHJE

ansl«A -+ ansl=X + ans2x4 - ans2 - ansl
rae ansl = SQRT (A% + X?)
ans2 = SQRT(A).

2. JHOGPEPEHUUPOBAHHUE

[Mponeaypel auddepeHnHpOBaHHS,; HMEIIHECS B CHCTeMe
REDUCE-2, noanepxuBaioT?2) cOHCOK Map, COCTOSIIHX M3 sapa
(oTnMuHOrO OT aroMa) H ero NpOW3BOAHON, uTOGH H36€KATDH
MHOTOKPATHOI'O BBIYHCJIHHS NPOU3BOAHOH OJHOrO H TOrO e
aapa (KoTopoe MOXeT ObITb BecbMa CJIOXHBIM BhIpaxkKeHHeM).

1) Tem He menee npod. Xépu (Hearn) peanusosan stor moaxox B Bep-
cuu cucteMsl REDUCE or 15 anpas 1979 r. (enocpeacTBeHHO caenyomieit
3a Bepcueil, KOTOpasg B HACTOSIHH MOMEHT HCIO/Ib3YeTCA B CHCTeMe HHTerpH-
poBanus). 51 uMes BO3MOXHOCTb 06paGOTaTh HEKOTOPHE HHTErPAJIHl ¢ IOMOLIBIO
3Toit HoBO# Bepcun cucreMet REDUCE, u npumep 5 u3 npusoxennsa 2 mi-
JIOCTPHPYET pe3yJbTar. :

ITo-moeMy sTa uepra 6bIa ycTpaHesa M3 HDOCJAeNHEH BepCHH CUCTEMB
REDUCE-2 kak pas 110 TeM NpPHUHHAM, KOTOpble yKa3aHbl HHXKe,
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[lepsuifi HepocTaTOK TaKOro MNOAX0/4a, ¢ Halled TOYKH 3PEHHS, 3
CBSI3aH C TeM, 4TO aJTOPHTM HHTerpHpPOBaHHs TpeGyer GOJBIIOTO f

yncsia Aud¢epeHUHPOBaHUH, 3aYacTyi0 B pas3fHuHBIX IJjeficax,
TaK YTO OJHO H TO Ke BBIpa:KeHHe OYJeT MpeJCTaBJEHO M0-pas-
HoMmy (mampumep, B Buae SQRT(X—2) npu X=0, Ho
SQRT(1 — 2X)/SQRT(X) Ha Geckoneunoctu). IIcatomy sKoHO-
MHS He CTOJIb BeIHKa, KaK MOXKHO OBLLIO HalesiThCs, B TO BpeMs
KaK [JI XpPaHeHHd CIINCKa HYyxeH 60JbHION 00beM MaMiaTH (B OX-
HOM cayyae notpeboBajsioch go 40 kGaiit, uTo osHaugajo Ob Ha
mamune IBM 370/165, ycraHoBiennodi B KemGpuaxckoMm yHu-
BEPCHTeTe, yBeJnueHHe apeHaHOH miuatsl Ha 12 %), Topasao Go-
Jlee cepbe3HHIl HEeJOCTAaTOK COCTOHT B TOM, 4TO npu AubdepeH-
IUPOBAHMM MAHHOTO fiApa BCeria BLILAETCS OMUH H TOT XKe OT-
BET, XOTd B NPOMEKYTKE MOTJIH H3MEHHTbCS 3aBHCHMOCTH MeX-
Ly HepeMeHHBIMH. DTO MOXKeT OHTh OYeHb HeyLOGHO NpH BHIYHC-
JeHud omnepatopos ['aycca — Manuna (onucauwHoMm B . 6), Tax
KaK IpPH 3TOM X WHOTAA 3aBHCHT OT 4, a WHOrja Her. B cmuy
9THX [PHUYMH YNOMSAHYTHIH CIMcOK nap OHa yJajeH U3 NaKeTa
nporpamMm auddepennuposanus B cicreMe REDUCE-2,

[Taker mporpamMm Ana paborhl ¢ omepaTopoMm ['aycca — Ma-
HUHA NOPOXKJaeT ewle OAHO TpeGoBaHHE, KOTOPOe NOBEJIO K H3-
MEHEHHI0 B IaKere mnporpamm JAu(@depeHIUPOBaHHS B CHCTeMe
REDUCE-2. Ecan x — nepeMeHHas] HHTETPHPOBAHUSA M U — <«Ha-
pamerp MaHnHa», TO HHOrZa MBH XOTHM BBIYHCJISATH IPOHU3BOL-
HBIE€ C YUETOM 3aBHCHMOCTZ X OT 4. Ecam x — mepemenHas (a ue
GYHKUMA), TO 3TO HEBO3MOXHO B CTAaHAApPTHOH cHCTeMe
REDUCE-2. Jlo6aBJieBne 3TOH BO3MOKHOCTH noTpe6GoBajso BBe-
IIeH¥s JOTIOJHHTEbHLIX NPOBEPOK B MaKeT mporpaMm auddepeH-
HYPOBaHHUSA, U 3TO OBIIO CHAeNaHo,

3. HAUBOJIbIIUE OBILUE AEJSHUTEJH

[Taker mnporpamMm [AJasi HaxOxJIeHHs Haubojbulero obiuLero
nennteasi, peanusoBaHubifl B cucreMe REDUCE-2 B nacrosmee
BpeMsl, HCIOJb3yeT MOAMGDHIUPOBAHHEIA METOL NOJHHOMHAILHBIX
ocratkoB (Hearn, 1979). Xora 3T0 mouTH HaBepHOe HAHJYYIUHH
aJrOpPUTM JJ1 LIHPOKOrO Kpyra 3ajay, OH BCE JKe MOXKeT [Mo-
TpeGoBaTh He0603PMMOrO BpeMeHH, 4TOObl paclo3HaTh B3aHM-
HYI0 MNPOCTOTY [ABYX MHOTOY/IeHOB (OCOGEHHO OT HECKOJbKHX
MEepPEeMEeHHBIX). ;

Kak 6bio 3ameueno (Norman, 1978b), umerorcsa ropasio 6o-
Jee 3(PeKTHBHBIE METOAB! DeLICHHMS 3TOH 3amauM, H st OHPHMEHHI
nepsyio crpareruio HopmaHna — BBejleHHe MpeABaPUTENLHOH MO-
Ay ApHOM NPOBepKH ') Ha B3aUMHYIO NPOCTOTY 1O oGparieHus K
npoueaypaM HaxoxjaeHus H.0.1. B cucreme REDUCE-2. B cu-

1y 9 Gnaropapen n-py HopmaHy 3a paspewlene HCNOnb3OBATb ero npo-
rpaMMmy AJis 3TOH LieJii U 33 TOMOULb B ee PeaJsH3allHu.
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creMe, umewuedcs B KemGpuiaxe, BHYHC/AeHHE [0 MOAYJIO,
MeHbIIeMy 224, BHINOJIHAETCS OCOGEHHO JeIleBO, H «MAaJOBEpPOST-
HO», YTOGHl CTOJIb GOJIbLIIOE NPOCTOE YHCJIO OKa3aaoch Heyaau-
HoiM (Zippel, 1979). 1 me peanusoBas BTopoit merox Hopmana
(MOJTHOCTRIO p-afnyeckuit HauGoJibIUME OOLIMH e/ HTesb, T. €.
EZGCD (Yun, 1973)), Ttak kKak B HaHHHH MOMeHT!) B
REDUCE-2 mer peasnu3auud ¢ MHOTMMH IepeMEHHBIMH. YiKe
IEepBHIA MeTOJ NO3BOJISAET CBeCTH A0 | ¢ BpeMs BHLIYHCJeHHH, KO-
Topeie B cranaaptHoll cictreMe REDUCE wme 3axkanuuBamwTcs 3a
30 ¢ (u KOHIa WM He BUJHO).

4. AITEBPAUYECKHE BbIPA)XEHU A

Kak yxe ckasaHo B Il 2, 06pab0Tka ajreGpanueckux BhIpa-
xeHu#t B cranpaprHoit cucreMe REDUCE-2 memocrarouna aas

HaIUX LeJed, TaK KaK HaM (IIOYTH) BCe BPeMsl HYXKHBI KAaHOHH-

ueckue BbipaxkeHusl. Jlo6GaBiieHHble MHOM MeTOAB PaGoTH ¢ aJ-
reGpaHYeCKHMH BBIPAXKEHHSMH IOJHBl JIHIUb [Jis BHIPa’KeHHi,
NOPOXJEHHHIX ¢ momoulbio onepanuit SQRT (Broxeuus kpajgpart-
HbIX KODHeH JONYCKaloTCsA), HO HCIIOJb30BaHHbIE NPHHLHIBI JO-
nyckawT o6oflleHHe Ha asareGpaWuyecKHe BBHIPaxKeHHS OOGLIEro
BHjIA. ’

Ilns paGoTH ¢ BHIPAXKEHHSIMH, COAEPKALUIUME aare6pandeckue
BeJHYHHbB, B Hallefl cHCTeMe HHTErPHUPOBAHHA HUMEIOTCH aHAaJOTH
cranfiapTibix REDUCE-2-byukuuii 119 06paBoTku BhpaxeHHH
(manpumep, npoueaypa ADDSQ cioxeHus ABYX pamHOHAJbHBIX
¢oyukumii, npoueaypa MULTF nepemHoxeHHs ABYX MHOroue-
HOB), ofecmeunBalOllMe KaHOHWUECKY® (opMy pesyJsbraTa (Tak
UTO HHKaKas ajre6panyeckasl BeJHUYHHA He BCTpeyaeTcs B Cre-
nend, Gosiblliell MIH PaBHOH ee NMOPSIKY, H HH B KAKOM BhIpaie-
HHH 3HaMeHaTesb He COLEPIKHT COGCTBEHHO ajre6paHuecKHX Be-
JHYHH, T. €. BEJHYHH, ONpeleJsieMBIX KaK KODHH YDaBHEHHH).
Jloruueckasi CTpyKTypa STHX NpoHepyp (MMeHa KOTOPHIX 06pa-
3y10TCA NyTeM NPUIHCHIBAHHA % CePelH K CTAHAAPTHLIM HMeHaM
cucreMbl REDUCE) cocrout u3 BhizoBa crangaptaoii REDUCE-
OYHKUHE ¢ NoclelylIuM npuMeHeHHeM ¢yuxknuii SUBS2Q
(umn SUBS2F) n SQRT2TOP. B cucreme REDUCE-2 dynxuun
SUBS2Q u SUBS2F ocyulecTBgI0T NpaBHIa IOACTRHOBKH BPoJie

FOR ALL X LET SQRT(X) ## 2= X,

VHHUTOXKAsl TAKMM 06pasoM BCe BXOXK/EHHS KBaJAPATHHIX KOpHeH,
BozBoauMBIX B cTeneHdn. SQRT2TOP —srto sokanbHas mpo-
uexypa, KOTOpas yCTpPaHsfeT cOOGCTBEHHO ajreGpauyeckKde BLIPA-
KEHUA NyTeM YMHOMKEHHS UHCJAHMTE/]s M 3HAMEeHaTe/ls Ha Bhpa-
JKeHue, CONpPSKEeHHOe 3HaMeHaTeIO.

1) Onmako rakast peainsauust nuwercs B KeMODHIXCKOM yHUBepcHTeTe
(Norman, 1978b), n s mageiocs, uro CMOTY NoayyHTh ee B Oamxaiiimem 6y-
nylueM.

& 3ax. 366
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B neHCTBHUTENLHOCTH 3TU NPOLEAYPH PabOTAIOT HEe COBCEM Ta-
KHM 00pa3oM, a MBITAlOTCH CIPABHTHCS CO CTENEHAMH ajreGpan-
YEeCKHX BEJHYHH [0 Mepe MX BO3HHKHOBEHHUS, BMECTO TOIO 4YTOOHI
HaKal/JIuBaTh HX Y NHITaThC M36aBHTbCA OT HHX motoM. Cienyer
OTMETHTb, YTO 3ITOT HECKOJbKO COMHHTEJbHBIH Y4acTOK Mpo-
rpaMMH jendeT paGoTy, 3KBHBAJEHTHYIO ONHCAHHOH B NPeRbILY-
tiemM af3alle, a HCHOJb3YETCS] HCKJIOYHTENBHO M3 COOGpaXKeHH#
apdekruBHocTH. Takas peanusauns anreOpaHuecKHX BeJHYUH
BMeCTO NPAMOJHHEHHOro crnocoba, ONHCAHHOTO B NpeAbIAyIIeH
TJaBe, 4acTO MOXKeT C3KOHOMHTb A0 50 9% paGouero BpeMeHH
M jaxe 6o/blle B cJyYasiX, 1€ HMEeTCs BJIOKEHHOCTh (npumep 6
U3 NpHIOXKeHHs 2). DTo OOBACHAETCS TEM, YTO B HEKOTODPHIX
caydasix TpPAMOJMHeHHas peanusanus AoJxHa o6GpabGaTeBaTh
BLIDAKEHHS HECKOJIbKO Pas, 4ToObl YCTPAHHTb Te CTENEeHH BHYT-
PEHHHX KBaJApaTHBIX KODHeH, KOTOpble BO3HMKAIOT H3-3a yCTpa-
HEeHHUS BHELIHHX KBaAPATHBIX KOPHEH.

5. PA3JIO)KEHUE HA MHO)XHUTEJIH

- PasnoxeHue MHOrOWIEHOB Ha MHOXHTEJIH BaxKHO [JIsl HMHTe-
TPHPOBaHUA H KaK COCTAaBHAA YacThb PaGOTH ¢ ajre6paHiecKHMH
BHIpAXKEHHAMH (CM. pasi. 0 HHKe), H AJS ONpeNeJNeHHs MOJIOCOB
¥ HyJed GyHKIHHA. B nocsaejnnem ciyyae Mbl NOHHMaeM pasJo-
JKEHHE Ha MHOKHTENH HECKOJbKO HEOOBIYHO, TaK Kak Cleayer
IpeAyCMOTPeTb DPAaCIIHPEHHE OCHOBHOTO I0JISl, YTOOH MOJYYHThH
Bce HyaHu u nojioca. Hanpumep, x2— 2 He packnagbiBaeTcs Ha
MHOXKHTEJIH Haj UeJBIMH uHciaMH, HO 1/(x2—2) umeer qo-

JI0ca B TOUKaxX = 4/2.

OueBuiHOE® pellleHHE COCTOMT B TOM, 4TOGBI B3AThb CTAHAAPT-
HYIO IPOTPAMMY pa3jiOXkeHHs MHOTOUJEHOB OT MHOTHX IepeMeH-
HBIX HaJ LeJBIMH uncnamu (Wang, 1978), no6asurs meron Tpeii-
repa, 4To6B pacHpoCTPaHHTL Pa3jioOkKeHHe Ha caydall anrebpau-
yeckux BenwudH ((Trager, 1976),cm. Takke ri1.2),H npesycMoT-
peTh paclllipeHHe OCHOBHOTO NOJS KOPHAMH JI060r0 MHOrOYJ/IeHa,
KOTOPHIHl He pasjaraercss B TEKyLIEM OCHOBHOM HOJIe.

K coxanenuo, B REDUCE-2 ner nmakera nporpamm ajs pas-
JOXKEeHUsT Ha MHoxurtend. K cuactbio, i ¢MOr N0O3aHMCTBOBATH
nager, paspaGorauneii a-pom A. U Hopmanom u wmuccuc
I1. M. A, Myp B paMKax ux paboThl O HHTErPHPOBAHUIO TPAHC-
engenTHnx ¢yHKui (Norman & Moore, 1977)!) u wucnosanso-
BaTb e€ro B CBOeH MpOorpaMMe HHTErpHPOBaHUA. DTOT HAKET He
Bcerja packKjaAbiBaeT MHOLOY/IEHH cTeleHH, 60JblIel yeM 4, HO
BCEra packJaAblBaeT MHOTOUJIEHH OT OJHOU mepeMeHHOH. B tex

1) §1 6naromapen n-py Hopmany u muccic Myp 3a paspellieHHe HCIOJb-
30BaTh HX MOAYJb H TOMOHb B €ro MOAKMOYEHHH K MOMM HpPOrpaMmMam.
51 npusnatenen taxxke n-py [II. Jlamy us «Bappoys Kopnopeiiun», kotopsoiii BHec
HECKOJIbKO YCOBEePLIEHCTBOBAHMH B 3TOT makeT nporpamm, u npod. A. U. Xépny,
KOTOPHI} COOOILHI MHE O HHX.
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PEAKHX C/yyasiX, KOr4a MHE€ HYXHO ObLIO passioKeHHe MHOTO-
yjleHOB 00Jlee BHICOKOH cTeneHH, s JHGO packaajplBaJd HX Ha
MHOXHTEJIH BPYUHYIO, Ju60 HcnoJb3oBan cucremy MACSYMA
(Bogen et al, 1977), 4To6b mnOJy4HTL pa3jiokKeHHE, a 3aTeM
BCTABJISJI €r0 BPYUYHYIO B [POTPaMMy HHTETPHPOBAHHS, OCHO-
BaHHy10O Ha cucreme REDUCE-2. ,

51 Haje10Ch, YTO CKOPO CMOTY HCIOJIB30BATH HOBHIH NaKeT 1po-
TPaMM PasJIOKEHHsI Ha MHOXHTENH, paspabaThiBaeMBlll TEMH ke
apropamn (Norman, 1978b), KOTOpHIi CMOMXeET pasJoXHTb JIO-
Okle MHOrOY/eHBl M GyAeT BO MHOTHX caydyasix paboTaTh 3HAUU-
TeJbHO OBICTPee, YeM HBIHELIHSIS peasH3alus.

6. EIHMHCTBEHHOCTDb AJITEBPAHYECKHUX BBIPA)KEHUH

B ra. 2 o6bsicHEHO, KAK BaXXHO, YTO6H HOBHE anrebpaunye-
CKHE BBIPaXKEHHsl CO3JaBAJHChb TOJbKO TOrAa, KOrZa Al pac-
CMaTpPHBAeMOH BEJHYHHBI HET BHIPAXKEHHS B CTAPBIX TEPMHHAX, —
B TIPOTHBHOM cCJjiydyae Mbl yXKe He OyAeM HMETh KaHOHHUYECKHX
BoipaxkeHnd. Hanpumep, ecan SQRT(2) yxe cywecrtsyer, To
Ham He paspemaercs co3fatb SQRT(8), Tak kak sty Beauuuny
MOXHO 3anucaTth B BHAe 2% SQRT (2). Tak kak HbHewHsas pea-
Jau3anus paboTaer TONLKO ¢ aire6paHyecKHMH BeJIHYHHAMH, Bbi-
PasMMBIMH Uepe3 KBaJpAaTHbHle KODHH, TO HYXKHas NporpaMma
ojopmiera B Buae npouenyps (SIMPSQRT), xotopas o6ecie-
YHBaeT BBINOJIHeHHe TpeGyeMblX YCJOBHH Ais Jio6oro SQRT-BH-

* paxeHus.

K coxaneHulo, 3ajjaua yca0XHAETCH H3-32 OTMEYEHHOH B 1. 2
HEOOXONNMOCTH JeJaTh 3TO <JOKaJbHO» (T. €. OTIZEJbHO B KaXK-
IOM IuIeiice).

Hast storo mpouepype SIMPSQRT npuxoaurtes moamepiu-
BaTh cnHucOK Beex SQRT, onpenesiennslx B KaxA0M nJeiice, u npH
KaXJOM BbI30B€ HAaXOJHTb HYXHbIH eH cnucok. PakTHuecKHe
BBIYHMCJIEHUS B GOJIbLION CTENEeHH COOTBETCTBYIOT ONHCAHHUIO, LAH-
HOMY B INI. 2 (HEKOTOpble M3 aJTOPHTMOB NPHBEAEHH B MPHJIO-
*eHuu 3), — 910 anropurMe Tpeiirepa (Trager, 1976), 3a xoro-
PbIMH CJIEAYeT pasjoKeHHe Ha MHOXHTenH (cM. Bume). Tak Kak
3TH OMNeEpalHd MOTYT OKas3aTbCH YPe3BLIYAHHG TPYLOEMKUMH !},
B NaKere NPOrpaMM HHTErPHPOBAHHUS HMEETCSt BO3MOXHOCTH OT-
KJIOYHTh GO/IbLIYIO 4acTh 3THX mpoBepok. OUeBHAHO, YTO ecJaH’
IporpaMMa BBIJA€T HHTErpalj, He Aesas NPOBEPOK, TO MOJYUEH-
HOe BHIpaxenHe (KOTOPOe MOXET COJAEPXKaTh JHMHEHHO 3aBHCH-
Mble aareOpaMuecKHe BBIPAXKEHHS) NeACTBUTENbHO SBJSNETCS
uHterpanom. JlosToMy mnosnas npoBepka Heo6XOAHMMA JIHIIE
B cayyae, KOrAa NporpaMma CYHTaer, 4To 6e3 Hee (QYHKUMA He
HHTErpUpyema.

') Iposepka pasfoXKUMOCTH KBAaLPATHUHONO BHIPAXKEHHS HAA MOJAEM, CO-
AepxallHM 4 He3aBHCUMBIX KBaJPATHBIX KODHs, BKJIOYAeT DAsjOXKeHHe MHO-
TouseHa cTenenn 32.

n*
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INPUMEPDI

Mul co6panu 37ech HECKOJIbKO NPHMepOB paboThl pa3HUHBIX
aJropUTMOB, OMHCAHHBIX B 3TOH MoHOrpacduH. XoTs BCe METOABI
H3J/I0K€HBl BO BIIOJIHE CTAHJAPTHOH MaTteMaTH4ecKoH ¢opMe, cie-
IyeT MOAYepKHYThb, YTO C STHMH NpUMepPaMU CIPAaBHJIHCH MALIUH-
HBle TIporpaMmbl, paGoTamnide, no CYILECTBY, B MOJHOM COOT-
BETCTBHH C OIIMCAHMSIMH, NAHHLIMH B 3TOH MOHOrpadHi.

MPHUMEP 1. IPOCTOE JIOTAPH®MHUYECKOE BHIPA)KEHUE

PaccMOTpHM 3ajady WHTerpupoBaHHs (GyHKuun 1/4/X2 —4.
IMoxpiHTerpasibHoe BEIpaxKeHHe MOXKET HMeTb BHIUETH B TOUKaX
42 uau Ha GeckoHeuHOCTH. B TO Bpemsi Kak paccMaTpHBaemas
¢yukuug oT X uMmeer noJjca B TOYKAX -2, noablHTErpalbHoe
BhipaxkeHne (paccMaTpHBaeMoe Kak AuddepeHunnasn) HX He
umeer. JleficTButenpHo, X — 2 He sBJSeTCH JOKAJbHBIM Mapa-
MeTpoM npu X =2, W MH [OJKHB BHPa3uThb AUddepeHunan
uepes 4/X — 2 (0Go3nauum ero uepes Y), uto naer d¥//Y%+ 4,
Tak Kak dX = YdY. B naeificax, nexaumux Haja GeCKOHEYHOCTBIO,
cuTyanust obpaTHas: GyHKIMA He HMeeT noJiwca, a guddeper-
uuaJ ero umeeT. eficTBuTenbpHO, X He ABJISAETCA TaM JIOKAJbHBIM
napaMerpoM, a 1/X (o6o3HauHM ero uepes Z) sABjasieTcs, H mocie
saMeHH jauddepeHnHan npuHHMaer BuUL —dZ[/Zx+/1 — 472
M ¥MeeT BHUETH -] B JByX paccMaTpHBaeMHIX IJjeHcax.

3ru BbYeTH 00pa3yoT |-MepHHIl Z-MOAyJb, MO3TOMY MBI
XOTHM HafiTd (QYHKIHIO ¢ HYJASMH nopsanka -=1 B nByx nJjeficax,
Jexauux Hajn OeckoHeyHocThlo. Tak kak aaroputm Koytca He
PELIUT 5Ty 3ajauy HeNOCPEeACTBEHHO, Mbl JeJHM BCIO 3ajlauy Ha X
H wieM QYHKHHMH C HYyJAMH nopsiaka —1 B ABYX nieficax, jexa-
ux Haj Toukoit 0, ¥ Hy/ b mopsjaka 2 B OZHOM U3 IJeHcoB, Je-
Kalux Haji GeckoHeyHOCThIO (M HyJb fopaika 0 B gpyrom).

Ucxopusili Gasuc — a0 {1, A/X®—4}. 3aTeM MBl JOJKHH
pasgenuTh KaXKABA sneMeHT 6asuca Ha X, UYTOOB NOJNYYHTDL
uensl 6asuc, 1 B AEHCTBHTEJNBHOCTH — 3TO HOPMAJIbHHIA IeJbIH
6asuc. Torga 6a3uc MHOXKecTBa (PYHKUHH, MMEIONINX [OJOCA HE

XyXe yKa3aHHHIX (T. e. —1 B 000HX mjeficax, JeXallkuxX Hal °;

uyaeM), ectb {1, /X, /X¥ —4/X}. Mbl xoTuM HaiiTH Ty JHHe-
HYIO KOMGHHAIHIO 3TUX (QYHKLHH, KOTOPas UMeeT HYJb MOPAAKA 2
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B OIHOM M3 [JIEHCOB, JieXallHX Haj OeCKOHEYHOCThIO. IDTO —

dyuxins (4/XT — 4 + X)/X. 3aTeM MBl ZOJKHBI YMHOXHTb 3TO
BhipaxeHue Ha X (Tak Kak JeqHyH Ha X paHblie) H MOJyYaem
(GYHKUUIO C HYXHBIMH HYJSMH H MOJIOCAMH. DTO BbIYHCIEHHE
3ansno 403 mc, u3 Kotopnix 80 Mc GBLIO 3aTpauyeHO Ha YMHOXKe-
HHe H JejeHue Ha X AJd NpHBeJeHHs 3alauyd K BHAY, MOAXOMS-
leMy AJsi NpHMeHeHHst aaroputMa Koyrca.

My nMeeM, TakuM o0O0pasoM, JOrapupMHUECKYIO YacTb
log(X 4+ 4/X2—4),a ee IIPOM3BOJHAsA paBHA HCXOAHOH IOABIHTE-
rpasbHoH (QyHKIHH, TAaK 49TO 3ajada pelueHa. Obiuiee BpeMs, 3a-
TPpauyeHHOE Ha 3TO HHTErpHUpOBaHHeE, paBHANOCH 868 Mc, BKJIIOUAS
Bce BpeMsl, 3aTpaueHHoe Ha aJjroputM Koyrca. IToBropHEIE 3a-
NyCKH NPHMEPHO B OJHO H TO Ke BpeMs JHS!) HDalOT pasHULy
+3,5 % no 3arpaueHHOMY BpeMeHH HEHTPAJLHOTO NPOIleccopa.
ITpu samene uucsia 4 Ha Apyrue NoJHBIE KBAApPaTH 3aTpauyeHHOE
BpeMsi, 110 CylleCTBy, He MeHSJIOCh, HO 3aMeHa 4 Ha 2 mpuBesa K
yBeJHYCHHIO BpeMeHH npuMepHo Ha 12 %. 3rto obcrosATesnbcTBO
MOXKHO OODBACHHTh TeM (AaKTOM, YTO IporpamMma HOJXKHA YUecThb

BO3MO2KHOCTb BHIYETOB B == '\/2 , TaK 4YTO OHA [A0JI2KHA IOCTPOHUTDH

anre6panueckoe BHpaxeHHe 4/ 2 H paboTaTh ¢ HUM. DTO 0OBAC-
HeHHe - NOATBepXKAaeT H TOT (hakT, YTO- HA [IarH AajropuTMa
Koyrca 6bisi0 3aTpayeHO MOYTH B TOYHOCTH TO Ke BpeMH.

Ecau Mbl paccmorpuM renepsh 1/4/2XZ —1, To xoj BHIYHC-
JeHus: 6yleT HEeCKOJbKO HHBIM, HECMOTPS Ha TO YTO HHTerpaJ
UMeeT, MO CYLecTBY, TOT e BHJ. 3[eCh BHUETH PaBHH

+4/2/2 u Bce pasnoxenns ITiomso comepxar /2. 3ro
ycaoXHeHYe TIPHBEJO K TOMY, YTO Inar ajroputma Koyrca 3aHan
tenepb 530 Mc, a Bce uHTerpHpoBaHMe 3ausyio 1590 Mc, T. e
BBOe OoJblie.

Ha crp. 134—136 Mbl npuBOAUM TEKCT, BHIIAHHLIH Halle# Npo-
rpaMMol (TOYHee, BEepCHH, KOTOpas medaTtaer 60Jblloe KoJjHde-
CTBO OPOMEXYTOUHBEIX Pe3yJbTaTOB H HaBJIOEeHUH).

DPHUMEP 2. 1/SQRT ((X#+2 — 1}(Xxs2 — K#%2))
STO — THUNMYHBIH 9JJMNTHYECKUR HHTerpasd, KOTOpHIH, KakK

XODOIIO H3BECTHO, HEHHTErPUpyeM B 3JeMEeHTapHbIX (YHKUHAX,

ecan K 7= +1. OIuddepennnan dX/+/(X2 — 1) (X2 — K?) wmor 6ul
HMeTh IIOJI0Ca TOJMBLKO B Ielcax, JeXalux Haji 6eCKOHeUHOCThIO,

1) U TeM caMmbiM, KaK Mbl HajeeMcs, NPH NPUMEePHO OXHHAKOBOH 3arpysxe
MallHHEL. DTO CYMECTBEHHO AJIA OLEHOK BPEMEHH, TaK Kak OHH IOJYUeHH H3
CTATHCTHKH OIEPAUMOHHOA CHCTEMBl, a NPHMeHseMEle IIPH 3TOM METOAb MOJ-
cCyeTa BpPeMeHH HHOTZA OTHOCAT BpeMsi 06paGOTKHM MPepbIBAHHA 33 CUYeT 3a-
Nayd, KOTOpas BHIIOJHA/MACH, KOJa MPOH3OLULIO mpephiBaHue. Ilostomy ymo-
MAHYTLIE OHEHKH BPEMEHH 3aBUCAT AO HEeKOTODOH CTeNeHH OT 3arpys3kH Ma-
UIHHBL,
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INT(1/SQRT (X*%2-4) ,X) ;

WITH 'NEW' FUNCTIONS :

( (SQRT (PLUS (EXPT X 2) (MINUS 4))) X)
NINEACH, B KOTOPBIX MOTYT BbITh ITOJIOCA

( (QUOTIENT 1 X) (PLUS X.2) (PLUS X (MINUS 2)))
BUDPEPEHUMAIN [IOCIE NEPHEOI NOACTAHOBKM PABEH.

2
( - 1)/(SQRT( - 4*X + 1)*X)

BhRIYETHI B
PABHBI
{(({(X QUOTIENT 1 X)
((SQRT (PLUS (MINUS (TIMES &4 (EXPT X 2})) 1))
SQRT
(PLUS (MINUS (TIMES 4 (EXPT X 2))) 1)))

({X QUOTIENT 1 X))

-1
1)
{ ((X QUOTIENT 1 X) _
((SQRT (PLUS (MINUS (TIMES 4 (EXPT X 2))) 1))
MINUS
(SQRT (PLUS (MINUS (TIMES 4 (EXPT X 2))) 1)3))
1 .
1))
LAPPEPEHUMAI IIOCHE HEPBOM NMOIACTAHOBKY PABEH

1/(SQRT(X ~ 4)*SQRT (X))
NP PEPEHUMAN TNOCHE NEPBOM TMOACTAHOBKM PABEH
1/(SQRT (X + 4)*SQRT (X))

}«LA)?ITM.CPYHKLIMK) C HVYJISMM TIOPSS KA (-1 1)
B
(((X QUOTIENT 1 X)
((SQRT (PLUS (MINUS (TIMES 4 (EXPT X 2))) 1))
SQRT
(PLUS (MINUS (TIMES 4 (EXPT X 2))) 1))
((X QUOTIENT 1 X)
((SQRT (PLUS (MINUS (TIMES 4 (EXPT X 2))) 1))
MINUS
(SQRT (PLUS (MINUS (TIMES 4 (EXPT X 2))) 1)))))
HAATU. PYHKUMK C HYJIAMU NOPAAKA : (-1 -1 2)
B
(((X . X)
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((SQRT (PLUS (EXPT X 2) (MINUS 4)))
SORT
(PLUS (EXPT X 2) (MINUS 4))))
((X . X)
((SQRT (PLUS (EXPT X 2) (MINUS 4)))
MINUS
(SQRT (PLUS (EXPT X 2) (MINUS 4)))))
((X QUOTIENT 1 X)
((SQRT (PLUS (MINUS (TIMES 4 (EXPT X 2))) 1))
MINUS '

(SQRT (PLUS (MINUS (TIMES 4 (EXPT X 2))) 1)))))

KOPHM HA 5TOM KPUBOM:
((SQRT (PLUS (EXPT X 2) (MINUS 4)))

(SORT (PLUS (MINUS (TIMES 4 (EXPT X 2))) 1)))
HCXOOHBIA BABKC TIPOCTPAHCTBA M (X}

2
SQRT(X - 4)

1

PEOVKUKMA K UEJOMY BA3UCY B
((X . X))
MATPUUA NEPEJI WATOM PELYKLUU :
E<(((((SQRT -1) . 1) . 2))
<1 . 1), 01 . 1)%
PEAYKUMA K HOPMAJIDHOMY LEJOMY BA3HCY
€O CIERYIOWMUMY KOPHSIMU JIEXAIMMHM HA FECKOHEYHOCTH :
((SQRT (PLUS (MINUS (TIMES 4 (EXPT X 2))) 1)))
BBIYMCIEHHUE

2
SQRT( - 4%X + 1)

D (CCUSQRT 1) L 1) . =2))

%<0,0%>

(L. D=1 0 D>
BBIYMCIIEHUE

X .

%<1, 1%>

<O LD, 00 D

MATPUUA NEPEN WIAI'OM PEAVKIUHM HA BECKOHEYHOCTM PABHAS
<UL 0,00 L D%

<O LD, -1 L D

BA3HC PYHKIINN, UMEOIINX B TOYHOCTH HYXHbBIE TONIOCA

2
SQRT(X - 4)/X

1) %>
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1/X
HYXHO PEIIMTL YPABHEHHA

CTPOKA HOMEP 0
-1

0

CTPOKA HOMEP 1
0

0
1

CTPOKA HOMEP 2
1

1
OTBET, NOJIYYEHHBUA MOGHE PEUISHUS JMHERHLIX YPABHEHMA

2 .
(BQRT (X~ 4) + %) /X

- (BPEMS PABQTBI AJITOPMTMA KOVTCA 396 MUJUIMCEKYHJH)
JIQTAPNSM TIOWIE PACWMPEREMA PABEH

2
BORT(X =~ 4) +%

BHYTPEHHfIi PABOTA JAET

2
"LOG(SQRT(X =- 4) + X)

¢ NPOM3BOAHOM

, 2 2 2 3 \
(SQRT(X - 4)*X + X - 4)/(lastsqrt*x - 4%¢lastsqrt + X -~ 4%X)

(3ATPAYEHHOE BPEMSA 868 MMUIIMCEKYHA)

2
LOG (SQRT(X —4) + X)
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+1 u £K. PaccmarpuBas cHauana mieHc Hajg GeCKOHEUHOCTBHIO,
nonoxum Y ==1/X, tak 4ro Y — nokanbubii napamerp Ha Gec-
KoHeuHOCTH. Torja noJbIHTerpaJibHOe BhIpaKeHHe IPUHHHMAeT BHL

(—aYPN ("~ 1) (¥ — k) =—dv/v/(1 -V’ (1— K7,
& 3TO  BBHIPaX€HHe  OYEBHJHBIM 00pPa3oM  KOHEUHO IIPH
Y=10 (1. e. mpu GeckoHeunoMm X). B KaxKioM H3 OCTaJbHBIX
I1eficoB (T. e. KopHe# pajuKa/na) 0603HAUMM X-KOpeHb yepes Y.

Toraa  nopbimterpanbhoe  Bhipaxenne paBHo  dY/+/YII,
rae IT—mpousBeseHne ocTajbHBHIX 3 ujgeHoB. Il He HMeer
HH HyJeH, HH mnoaocoB, nmpu Y =0, Tak Kak Bce KODHH
pasiuuHEl (4eM H oObsicHAeTcA TO, YTO K == 41 — 0cobHlit cay-
Yait). [onoxum tenepp Z2 =Y, Tak uT0 Z — JIOKA/bHBIA Napa-
MeTp. (Y He Oyner JOKaJbHEIM MapaMeTpoM, Tak KaK B Halle
BEIpaxenne BXogut /Y .) IToasHTerpanbHoe BEIpaXKEeHHe NPUMET
torna Bun (2Z dZ)/(Z +/npoussenenue ) = 2dZ 4/ mpousBenenne
H TeM CaMbIM He uMeeT noJsioca B Z == 0. :

Tax xak moAbIHTETrpaJbHOE BhipaXKeHHe He HMeeT HOJIOCOB, TO
OHO He HMeeT M BHIUETOB, a NOTOMY HHTerpan (ecidu OH 3JieMeH-
TapeH) He HMMeeT JOrapHPMHUECKOH 4YacTH, T. e. JOJKeH OBITh
4hcTo  anrebpaudyeckuM. Odra asarebpaudeckas (GYHKUHS He
JOJIKHA MMeTh KOHEUHHIX IOJIOCOB (HHaue uX HMeaa OH U ee
NPOU3BOAHASN, a MBI TOJBLKO HTO IIOKAa3aJH, 4TO 3TO He Taxk)
H J0JIXXHA HMeTb IIOJIOC MOPAAKA He Bhilite 1 Ha 6eCKOHEUHOCTH.

JIEAOBATEJNBHO, MHTErpaJ (ecjo¥ OH 3JjeMEHTapeH) HMeeT BHJ
a + bX, u, tuddepeHnHpys, Jerko yCMOTPeTb, YTO STOTO He MO-
xeT OnThb. [ToaToMy paccmarpuBaeMasi GYHKIMA He HMeeT 3Je-
MEHTAPHOTO HHTerpaJa.

NPAMEP 3. IPUMEP C KPYUEHHEM

Paccmorpum GYHKIHIO 3YX2/2(Y+ 1) (X84 1), rie
Y=\/X3+1 . Ona — mpoussoxnass or LOG(1 + Y) u 6naa
BbiGpaHa, 4TOGH 110Kas3aTh, YTO TPHUBHAJIbHBle HA BHA HHTErpaJibl
MOTYyT MoTpe6oBaTh H3OLIPEHHOTrO amnapara.

IMonviHTErpanbHOE BBHIPA’KEHHE MOTJIO OBl MMeTh BHIUETH HAa
Geckoneunoctd, B 0 ¥ B n060M H3 KOpHeH ypaBHeHHS - Y2 ==
= X3+ 1 =0. B gefcTBUTEJLHOCTH OHO. MMe€eT BHYeT —3 HA
6eCKOHEUHOCTH, KOTOpas sIBJASETCSt TOYKOH BETBJIEHUA ¢ HHIEK-
COM BeTBJIGHHS 2, U UMeeT BblUeT 3 B OJHOM M3 MJEHCOB, JexKa- -
mux nag 0, Ho He B apyroM. Ha nokanbHO HecHHryJsipHO#H MO-
JenaH, rae OeCKOHEYHOCTh He SBJSETCS TOUKOH BeTBJICHHS,
HMeIOTCS JBa Iuleiica, Jexaline HajJ OeCKOHEUHOCThLIO, B OJHOM
M3 KOTOPHIX NOJBbIHTErpajbHOe BLHIpaKeHHe HMeeT BHYeT —3/2.
CrnenoBaTesbHO, MBI MOXKeEM paccMOTpeTh r|, paBHoe 3/2,
W uMeeMm IHBH30p D, comep:kawiu¥l OLHH H3 Miefie0B, JeXaimlux
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Hap 0 (m obosHauaeMbli B fgaJjbHediieM uepes 0-), ¢ KpaT-
HOCTBIO 2 W OJHH pAa3BeTBJEHHBIH mjelic Ha GeCKOHEYHOCTH
€ KpaTHOCTbIO —1. B TepMuHax HecuHry.asipHO# Mojnenu (Ha KpH-
Bo# Y2 = X% 1) mbl umeem 0- ¢ KpaTHOCTbIO 2 W ABa mJjeiica,
JIeXKaIUHX HaJl 6eCKOHeYHOCThI0 (0603HauuM uX uyepe3 [+ u [—),
C KPaTHOCTBIO —1 KaXALIH. _

B neficTeuTenbHocTH AMBH3OP D He fABAsleTCA JHHEHHO SKBH-
BaJIEHTHHIM HYJAI0 B cHay aaroputMa KoyTca, Tak Kak eqdH-
CTBeHHasA GYHKUHSA, uMeloulas nojawca nopsaka —1 B [+ u [—,
HO He MMeIOIast HHKaKHX JPYTHX MOJIOCOB, —3To X, a ee, oue-
BHAHO, HeJb3S1 34CTABHTb HWMeTb Hyab nopsijaka 2 B 0+. Mul He
MOXEM HCIIOJIb30BaTh ajropHTM KoyTca HemocpeicTBeHHO, TakK
Kak MileM (QYHKLUHH C M0J1I0CaMU Ha 6eCKOHEUHOCTH. MBI JOJIXKHE
cHayajla paccMOTpeTh 3a7auy HAXOXAeHHS (YHKIHHA C [OJII0COM
nopsgaxa 1 B 0— u nyJsem nopsigka | B 04, a 3aTeM YMHOXKHTb

3TH ¢GYHKUHMH Ha X, YTOGH CHOBa MOJIYYHTb QYHKIHH, HMEOLIHe

Te XKe HYJIH H NOJI0Ca, YTO H AUBH30p D.

Tak kak Y2 = X3+ 1 —sanuntuueckass kpusas (OHa HMeeT
OJHH JIHHEHHO He3aBHCHUMHIE auddepennyuan mnepsBoro poia,
a umenHo 1/Y), ompeneneHHas Haj palHOHANbHBIMH YHCJIAMH,
U Tak Kak D omnpejesneH HajJ pPalHOHAJBHBIMH UHCJIaMH, MB MO-
JKE€M HCIIOJIb30BaTh rpaHuny Masypa!l) Ha KpyueHHe 3JJIHNTH-
YeCKHX KPHBBIX HaJl PallUOHAJbHBIMH uHcaaMu (cM. ri. 5). Cie-
JI0BaTeNbHO, MB JNOJXKHH nepebupare 2D, 3D, ..., 10D, 12D,
NOKa He HaTKHeMCSl Ha KpaTHOe, fBJfAIOLLeecs JHBH30POM HEKO-
Topo#i pynkuuu, 2D He rogutcs, HO 3D AeACTBHTENbHO ABJIAETCS
JHBH3OpOM yHKIMH 2Y 4 X3 4 2.

CreaoBarenbHO, JjorapudMHYecKast 4acTh paBHa

S Flog @V 4 X0 4 o)— e @A X049

Ecin Mb npopuddepenuupyem 310 BBIpaXkenue, To obHapy-
XKHM, YTO Pe3yJbTAT PaBeH HCXOAHOH WHTerpupyeMoii (yHKIIHH,
a 3HAYHT, ajrebpanyeckodl uyacTH HeT. 3aMeTHM, 4TO B KOHIE
Yy Hac MOJYYHJOCh BhHIDaXKeHHe, He BIIOJIHE COBMajaioliee ¢ QyHK-
nueli, KOTopylo Mul auddepeHuupoBaiy B Hayaje, HO B AeldCTBH-
TeJbHOCTH 3TH JBa BHIpaXKeHHs NPEACTABIAIOT OZHY H Ty Xe
¢yHkuno. 310 BHUMCAeHHe 3aHANO0 5191 Mc Ha KeMGpHIXKCKOR

') 3ameruM, 4To A/ aHaJOrHuHol 3ajauu ¢ Y% = X% 8, koropyw Jerko
MOXHO npeo6pa3oBaTh B PACCMAaTPHUBAEMYIO, He BBINOJHEHH YCJIOBHS TpHMeHH-
MOCTH TpaHuubl Masypa, Tak Kak B 9TOM cJyuae AHBH30D yXe He OydeT onpes
AeJeH Haj TOJEM pAaNMOHAaJbHBIX UHCed, XOTS KPHBAas BCe elle OnpeneneHa
Hajx ateM moseM. Ham mpumtoch 6Bl paclIMpHTH Hallle noJie KOHCTAHT KBAf-
patHblM KOpHeM K3 2. Takyio 3ajauy MOXHO PeIliNTb ¢ IOMOLILIO AJATOPHTMA
JIIOTLH_HATEJIb (cM. 1. 7), HWIH Mbl MOXeM MONBITATbCA HaKTH OLEHKY
KpYyueHHs) 3TOH 3JIMNTHYeCKOH KDPHBOM HAZ DACUIMDEHHBIM MOJeM. DTOT yacr-

HBIf Caywail paccMOTpeH B IV 8 Kak NMpHMep paGoThl Haj NOAAMH aarebpan-
YeCKHX YHced.
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mamune IBM370/165 (naoc 3.97 ¢ ua cGopky Mycopa), u3

KOTOphIX Ha 3 mrara anroputMa KoyTca npuXoauTcsi COOTBET-
crBedHo 400, 403 u 530 Mmc.

MPUMEP 4. MOJLYJISIPHASL KPUBAS X(7)

Kak ormeueno B pabore (Tate, 1974, c. 198), Touka (0, 0)
HMeeT NOpPSAAOK 7 Ha KPUBOH y* + (1 +d — d?)xy + (A2 — dB) y=
= x4 (d®*— d®) x?, KoTopas OYAET 3JJMNTHYECKOH, eciu ee
auckpumunaut d’(d —1)7(d® — 84% + 5d + 1) otauuen or mHyas.
Mer MoxeM npeo6pasoBaTh ee K Gosiee CTaHZapPTHOMY BHAY,
H TOrja MOJyYHM YTBepXIeHHe, 4TO Touka P = (0, d®— d?)
HMeeT NOpsafoK 7 Ha KPHBOH y? = x3 4 x2(1 4- 2d + 342 — 643
+ d*) + 4xd? (1 — 4d? + 2d4°) + 16d*(1 — d)2, koTopas NMOYTH Ha-
XONUTCS B KaHOHHYecKOH ¢opme Befiepuitpacca. Touka —2P
ectb (d(d—1), d(d—1)%), u, KaK NOKa3bHIBAIOT 3JIEMEHTapHbIE
TEOPETUKO-TPYNNOBLIE PACCYXKAEHUS, OHA TOXE HMEET HOPSIAOK 7.
JluBusop, cocTosiiiuil H3 3TOH TOYKH € KPATHOCTBIO —7 H Becko-
HEUHOCTH C KPAaTHOCTBIO 7, SIBJISIETCSl NMO3TOMY FJIABHBIM H COOT-
BEeTCTBYeT (PYHKHHH

Gx,y)=x"T7

{yd® +2ydx +y® + yx +d*+ d* (Bx — 1) + d* (3 — 2%) +
+ d? (8 — 4x% — 2x) + d (— 313 — 3x2) — 33 — x2)}

YTO MOXKHO 32METHTb, €CJIH MPHMEHHTb K 3TOH TOYKE aJrOpPHUTM
Koytcal).

MBI MO3TOMY XOTHM PacCMOTPETh HHTEIrPHPOBAaHHE IPOU3BOJ-
Hoi or log G, koropas (BeruuciaeHa cucreMofi?) REDUCE-2)
paBHa

') OTo —ellle OAUH NPHMED 3HAUHTEJbHEIX BHIUHCJIUTENbHEX TPyAHOCTeR,
OKpYXalolHX 3Ty obiacTtb. IIpuMeHenne asroputMa Koyrca ajisi Haxoxiuesus
$yHKLH#A, HMeomMUX HYXHHe nojoca, norpe6osano 417 ¢ (4184 ¢ na c6opx
mycopa) npn onepatuBHok naMmare 650K na xkemGpumxkckoii IBM 370/165.
Peuenue chcreMbl (JMHeHHBIX ypaBueHHHE 14 Ha 7) AJIs HOJNyueHHSA ellle W HyX-
HEIX HyJell He TONBKO He 3aKOHUHJOCH 3a crenyiomie 517 ¢, HO ¥ 3anoJHUMO
BCIO MMeBUIYIOCA NMaMATh uHcjaamu nopsigka 102490 — xosgduunentamu mnpome-
®yTOuHblX BeIpaxkeHu#. [lepenncansass BepcHA MpOrpaMMEBl pellleHus JHHeAHBX
ypaBHeHHH, KOTOpas cHayaJla MCKa/la pa3pexeHHbie CTONGUH U CHEUHaJbHLIM
o0pasoM oOpabaThiBajia HX, CMOrJa DeIUHTh JHHefiHHe ypaBHEHHS, IO Cylle-
ctBy, 3a Bpemsa 0. 3To Hab/0ieHHe CBSI3aHO C PACCYXK/JGHHAMH H3 CTaThH
(Wang & Minamikawa, 1976), rae cpaBHHBajHcb Ge3npo6HHe MeTOAM THOA
Bapefica (Lipson, 1969), aHaJornunbie NpeAbIAYiUell peasu3alHH, W MeTOLH,
KOTOphle HINYT Pa3pexXeHHYIO CTPYKTYpY. ]

%) Bepcus cucremnt REDUCE-2, Ha x0TOpo# OcHOBaHa omuchiBaeMas 5Aech
CHCTeMa HHTerpHPOBAHHSA, HMeeT JOKaJbHYIO MOAMGHKAUHIO (CM. TPHIOKe-
HHe 1), B peaysbTaTe KOTOpOH Bhipaxenue «lastsqrt» newataercst BMmecto JIO-
Goro kBaaparHoro xopus SQRT, KOTODHI cOBManaeT ¢ HENOCPEACTBEHHO Mpej-
wectByiomnM SQRT B ToM e camom Bupaxenuu. [lycTb umratens mnpen-
craBur cebe, KaK BHINJAeN0 Obl NPHBOLHMOE HIXKe BhlpaxKeHHe, ecJH OB 3Tta
mMonaudukauus He GHJa BBeAeHA,
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( = 7*SQRT(

2 2
+ 3*%D *X

7
D *X + 14%
- 7%*lasts
*lastsqrt*

lastsqrt#*D ]

lastsqrt*D

lastsgrt*D

lastsqrt*X

74D~ 23%

6
+ 150%D *

T74%D *X

4 3
102*D *X
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Koyrca (1. e. npoBepka, sIBJISIETCS JIH JHBH30P TJIaBHBIM) 3aHAN
6 c, BoluncjeHHe nuddepeHnUaNOB NEPBOTO poja 3aHAdo 2 c¢!l),
BTOpo#l Iuar no axropurmy Koyrca (t. e. o6paGorka AuBH3Opa
2D) sansn 18 ¢ u Tperumit mar anropurMa Koyrca ucuepnaj Bce
oTBeJleHHOEe BpeMs uepe3 200 c.

B uacrHOM cayuae d =2 paccmarpuBaerca Touka (0, 4),
uMmelouas NOpAnoK 7 Ha KpuBOH y? = 4x3— 15x2 4 8x 4 16.
CunenoBaTe/bHO, AHBH30DP, COCTOSIMIMH H3 mJefica, OTBeyaolIero
3TOH TouKe P, ¢ KpaTHOCTBIO — | M miefica Haj GeCKOHEYHO yja-
JeHHo#l Touko#t O c KpaTHOCThIO | —3To AMBH30p mopsAnka 7.
Mpl npumensiem anroputm Koyrca, uToO6B HalTH (GYHKUIUIO,
COOTBETCTBYIOLLYIO 3TOMY JAHBH30DY, YMHOXEHHOMY Ha 7,—
ato o¢yukuus G{x, y) = (—yx®—Syx — 4y + 5x3 — x2 — 24x —
— 16) /«7, umelomiast nosioc nopsjika 7 B Touke P H Hysap 0o-
psaika 7 B 3TOM NJeHce Haja O€CKOHEUHO YyAaJeHHOH TOUYKOH
(onun pasBeTBJEHHBIH miefic UMeeTcs Hal GECKOHEUHOCTHIO).

3aTteM MBI MoxXKeM npoaudGepeHIHPOBATL 3Ty GYHKIHIO H [O-
THITaThC CHOBA NPOUHTEIPHPOBATHL ee, YTOOBI NMPOBEPHTHL Mpa-
BHJBHOCTL HaHIelt ajare6panueckodl TreoMeTpPHH XoTs Obl AJA
KpuBbIX poia 1. OTMeTHM, 4TO KPHBAsl SJJHMNTHYHA HAJ PaLHO-
HaJbHHIMH YHCJAAMH, TAK YTO MBI MOXeM NPHMEHHTb OLEeHKy Ma-
3ypa Ha KpydyeHHe. B neHACTBHTEJLHOCTH MBI MOXKEM TakXe HpH-
MeHHTh TecT KaJid, HCMOJB3YIOUIHI ONpefeJHTeNH, H, KaK yxe
CKa3aHO B IJ. 5, 3TO NpPHUBOAHWT K CYHIeCTBEHHOH 3KOHOMHH
ofulero BpeMeHHW Ha BBIYMCJEHHE 3TOro HHTerpana, KOTopoe Bee
eme cocrabaseT BecoMmbie 40 ¢ UeHTpPaJBLHOTO Mpoueccopa (mawc
20 ¢ Ha cGopky Mycopa npu paboTe B ONepaTHBHOH NaMSATH
550K 6aiir va IBM 370/165).

APUMEP 5. HHTETPAJI YEBbIIIEBA

B cBoeit cratbe (Chebyshev, 1857) o LenHeix Apo6fAX WM HH-
TerpUPOBAHHH [CEBJAOIHITHYICCKHX (yHKRuMH UYebnilie pac-
CMOTpeJ clefyOmHuA HHTerpa:

2X6 4-4X54-7X* —3X3 —X?—8X —8 dx
S @X2— 124/ X 4X3 +2X2 41

IMonbiHTErpasibHOe BbIpaXKeHHe HMeeT 4 BblYeTa, paBHble 5/2
(H0 1pH HAaHBHOM  BBIUHC/JEHHH MOJYYHTCS  BbIpaXKeHHe
SQRT (4 » SQRT (2) - 9) # (10 = SQRT (2) — 5) /14, ecan He 3ame-
TuTh, uTo 4+ SQRT(2)+ 9 dBasercs UTOJHBIM KBaZpaToM B
Q(q/2 ); nompoGHoctH sTHX 3ajau cM. B 1. 2). OxassiBaeTcs,

') Ilpu stoM samycke 3ajadn fe ycnoadanca amroputm HAUTH ITOPY-
JOK—IIO—MAHUHY, tak kak BbluucieHde G0 NpPOBEAEHO paHbiie (CM.
ra. 6) # uHaue cAesasio OB BBIYHCJEHHE B LEJNOM HEAONYCTHMO KOPOrOCTOA-
KM,
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YTO HYXKHHIH [JHBH30D HMeeT MOPAJOK 5, W 5D — 510 AMBH3OP
DYHKIIHH

A(X)Y — B (X)
C (X

rae A(X)=1023X® 4 4104X7 + 5084X5 + 2182X> - 805X* +
_ + 624X% 4 10X2 - 28X,
B (X)=1025X" 4 6138X° 4 12307X® + 10 188X7 -+ 4503X6 +
+ 3134X5 4 1589X* -+ 140X° + 176X% 4 2,
C (X)=32X'"— 80X®+ 80X® — 40X* -+ 10X2 — 1, u

Y= /X 432X F 1

XoTs KpHBas, onpejiesedHast KoopaunaraMu X u Y, aBjasercs
SJIJIMNTHYECKOH M ONpeleNisioliee ypaBHEHUe HMeeT palHOHAJb-
Hble KO @HIHEHTH, MBI He MOXEeM NPHMEHHTb OleHKY Masypa,
TAK KaK BHYETb INOJLIHTErPaJbHOTO BBIPAXKeHHs (a 3HAUHT,
H paccMaTpHBaeMblli AMBH30p) JexaTr Hajg X =212 y X =
= —2-1/2, 'a 3HauuT, NAUBH30D He ONpeje/eH Haj pPalHOHAIb-
HBIMH uHcamMH. Korga reopeTHYecKne NOJIOMKEHHS IV 7 ellle He
ObLIM peasin30BaHbl, elle He O6bIJIO NMPOrpaMMbl, HAaXOIsEH rpa-
HHIy KPYYE€HHs, O3TOMY HaM HPHILIOCH YIOBJETBOPHTLCH dYac-
THUHBIM BLIYHC/JEHHEM, KOTOPOe OKAaHUHBAETCS W JaeT HHTerpaJ,
ecIH (YHKUHMS HHTerpHpyeMa, HO MOXKeT HHKOTJa He 3aKOH-
YUTHCH, €CJIH OHA He HHTErpupyema,

[TosTomy Mul nepe6Hpanu 1O oOuepeld BCEBO3MOMKHBIE MO-
PALKKM AMBH30Pa, ¥ BHIUMCJEHHA mokKasanw, uro D, 2D, 3D, 4D
He SIBJISIOTCA JHHEHHO KBHBAJIEHTHHIMH HYJIO, a 5D sBasercs.
Bech aToT nponecc (He HcnoJb3oBaBliuii Merona Kaau, onucan-
HOro B ra. b) 3aHsaa 75.6c (+438.5c cGopku Mycopa) Ha KeMm-
6punxckoit 1BM370/165 B oneparuBHo#t namstu 650K Gait.
Hnatepecho otMerurts, uto 30 ¢ 3 3Toro BpeMeHu GhLIO 3aTpa-
YeHO Ha pelleHHe JHHEeAHBX ypaBHEHHHA (CM. Takxke MOACTPOUHOE
npuMeuyaHue K NPENbAYIIEMY NPUMeEPY), ONpelde/sOUHX JHHe-
HYI0 KOMOWHAUHIO 3JIEMEHTOB Halllero HOPMAaJLHOrO HesJoro 6a-
3HCa, HMEIYI0 HyKHbIe HYJH.

D70 maer HaMm pellieHHe B BHIE

A(X)Y — B (X)
eXLny log( cx
D@XT—1) 2

rie A, B, C onpemenenn Bbille H Y2 = X*-}4X342X2 | 1.
3amerumM, 4TO pellleHHe camoro UeOnieBa MMeeT Ty xe aJureb-
panvyecKyio YacThb, UTO ¥ Hallle, HO ero JjorapudMuyeckas 4acrb
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uMeeT Kospduuuest 1/4, H, cienoBaTesbHO, apryMeHTr Jora-
pu¢pMa paBeH, N0 CYLIECTBY, KBaAPATy HAILero apryMmexra.
Koraa 6vun peanuzosan anropurm JIIOTLI_HATEJD us ro. 7,
6bli10 OBICTPO OGHApPYKEHO, YTO TOUKa, KOTOpass OwlJia cyMMo#H
‘WUICHOB IMBH30pd, HMesia INOPSAOK 5 (Tak kak 4P = —P),
H TOSTOMY HAM HyXHO OhLJIO NPOBepATh TOMLKO 5D. Hurepecho
OTMETHUTDH, HTO 3TO BHIYHCIEHHE 3aHSJIO 3HAYHTEJNbHO GOJIbIIe
BpeMeHH, 4eM N0 BKJOYeHHa mupoueaypu JIIOTLI_HATEJIb,
XOT M HENOHSTHO, O KAaKOH CTeNeHH 3TO MPOCTO OTpazkaer
pasinune B oGbeMe HACTPOHKH, KoTopas norpeboBanach s

STHX JBYX IiporpamM. Pasymeercs, n06aBjeHHe MpOLEAYPHL

JIIOTU_HATEJIb naer yBepeHHOCTb B TOM, 4TO eCJH JHBH30D
HMeeT GECKOHEUHBIH NOPAJOK, TO MBI 06 3TOM y3HaeM.

OTOT mnpuMep OB CHOBa NPONYyIiEH Ha BEPCHH CHCTEMBI
REDUCE or 15 anpeas 1979 r., koTopasi mosBoseT megarars
COKpallennble 0603HAYSHHS MOABBIPAXKEHHH, H MBI MpHJIaraem
TEKCT, OTMEYAaTAHHLIH NPH 9TOM 3amycke!), YTOGH NPOXEMOH-
CTPHPOBATh PabOTy MPOrPaMMBI B CJOXKHOM ciaydae. 37ech O
YCTaHOBJIEH O0ojlee HM3KHUH YpOBEHb IeYaTH ‘coobuIeHul, YeM
B npuMepe 1, npHBeZEHHOM BBIE, TAK KAK HHaYe pe3y/IbTaTH
Gblu OBl ellle JJHHHee, ueM Tenepb. MBI IPHBOAMM CHauasa
TEKCT, HANEYaTAHHLIA IPH 3allyCKe NPOrPaMME!, B KOTODOH wiar
AVBHU30P_B_®YHKUHIO 6bur peaiin3oBan B BHAe Bh30BA
aaroput™Ma Koyrca ¢ 3ajgaHubiMu mosiocamu, sa KOTOPHIMH CJle-
AoBajia peausalHs BCeX HyJieil B BHJe JIMHEHHBIX OrpaHHYeHHH,

INT ((2*X**E+AXXHKSHTHX* R~ THXH X3 X KK 20K -8 ) (2%X%%2-14 %% {-2) /
SQRT (X**4+4%X**342%X%%241) , %) ; i

TNIBACHI, B KOTOPHIX MOTYT BBITEH TONIOUA

X=BeCcKOoHeYHOCTD '

X=-1

X=JIraQoM KopeHs PyHKLHH
3 2

c= X - 3%X 4 2%X - 1

=

( - SORT(2))/2

K=

8QRT(2) /2

HOBOE MHOMECTBO BEIYETOB COCTOMT 43
( - 5)/2

$/2

( = 5)/2

') C ucnonbsosanuem 700K 6aitros onepaTHBHON mamsiTH oH saman 108 ¢
ILIoe AOMOJHKTeNbHEE 75 e. Ha cGOpKy Mycopa H 3arpysKy nporpaMmel.
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5/2

HAWTH PYHKUMIO ¢ HYIAMKN TOPALKA ;(1 -1 1 ~1)
OKA3AJIOCH HEROSMOXKHEIM 103

(BPEMS AJNIOPMTMA KOVTCA 4020 MUJINUCEKYHH)

HATH AUPPEPEHIMATILI TIEPBOTO POLA HA KPMBOM, ONPENENEHHOR MHOTOYZEHOM

4 3 2
X o+ 4*X o+ 2¥%X .+ 1
IMPPEPEHIMAIBI PABHEI
1/ANS1
I'HE
4 3 2
BNS1 := SQRT(X + 4%X + 2%X + 1)

HARTY $OPMY BEMEPMTPACCA: IJIf DITHITHYECKON KPHBOR, ONPEARAEHHOM! MHOTOYIEHOM !

ANS? -
TLE
4 3 2
ANS1 := SQRT(X + 4%X + 2#X .+ 1)
HAMTY PYHKUMIO ¢ HYJAMM NOPARKA : (~3)
DYHKUNS PABHA
3 2 3
(2*ANS1*X + ANS1 + 2¥X + 5%X )/X
THE -
4 3 2
ANS1T := SQRT(X + 4%X + 2*¢X + 1)
HANTH PYHKIUHIO C HYNAMMK TOPANKA : (-2)
@YHUHA PABHA
2 2
{(ANST + X+ 2*X)/X
rAE
4 3 2
ANS1 1= SQRT(X + 4%X + 2*%X + 1)
CTAHJAAPTHAR POPMA KMEET BAN Y*¥2 =
3
X -~ 12*X + 38
TOYKA , MCCNEAYEMAS ‘HA KPYYEHUE,
(-2)

- 3%SQRT(2)*SQRT(3)
TOYKA MMEET NOPALOK - NEJMTEND YHCIA S
TOYKA B NEMCTBUTENBPHOCTY MMEET NOPAZOK §
HANTH SYHKLMIO C HYISMHA TIOPALKA : ($ =5 5 -5)
(BPEMS ANTOPHTMA KOYTCA 72940 MUILTMCEKYHI)
AVBM3OP UMEET TTOPSAOK 5
JIOTAPH DM PACWIMPEHUS PABEH
ANS1
TAE
4 3 2 8
ANS1 :=*NTHROOT( (1023*SQRT(X + 4*X + 2*#X + 1)*X + 4104%
4 3 2 7 4 3 2
SQRT(X + 4%X + 2%X + 1)%X + SO84%SORT(X . + 4%X + 2%X + 1)#
3 4 3 2 8 4 3
X+ 2182#SQRT(X + 4%X -+ 2%¥X + 1)*X + B0OS5#SQRT(X + 4*X + 2
2 4 4 3 2 3 4 .
*X  + 1)*%X + 624%SQRT(X + 4%X + 2%X + 1)*X + 10%SQRT(X + 4
3 2 2 4 3 2 10
X+ 2%X  + 1)*¥X  + 28*SQRT(X + 4*X + 2*X + 1)¥X -~ 1025*X -
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9 8 7 6 5 4
= 6138%X - 12307#X - 10188%x - 4503%X  ~ 3134%X - 1589%x
3 2 10 8 6 4

2
= 176%X - 2)/(32%X = 80*X + 80*X - 40*X + 10*X

- 140%X
- 1,5)
BHYTPEHHSS PABOTA AAET
( ~ ANS1 + ANS2)/2
THE

4 3 2 8
ANS2 .:= LOG(1023%SQRT (X + 4%X -+ 2%X  +71)*X .+ 4T04%SQRT (X
3 2 7 4 3 2 6
+ AKX 4 2%X 4 1) xX 4 5084*SQRT (X + 4*X + 2%X + 1)*X  + 2182%
4 3 2 5 4 3 2 4
SORT(X + 4%X 4+ 2%X 4 . 1)%X + BO5%SORT(X . + 4%X + 2%X + 1) *X
4 3 2 3 4 3 2
+ 624%SQRT(X + 4*X  + 2%X + 1)*X  + 10*SQRT(X + 4*X + 2*X  + 1
2 4 3 o2 10 9
)*X 4+ 28¥SQRT(X + 4%X + 2%+ 1) *X. -~ 1025*x — 6138%X - 12307
8 7 6 5 4 3 2
*¥X = 10188¥X - 4503%X = 3134*x - 1589*X - 140%x - 176%x 2 2)
10 8 6 4 2
LOG (32*X ~ 80*X + B0*X - 40*x + 10*X - 1)

4

ANS1 :=
C TPOM3BOZHOM

12 11 10
( ~ B150*¥ANST*X - 41953¥ANST*X - 111707+ANS1#x - 165629%ANS 1+
9 8 7 6
X = 164107*ANST*X ~ 112635%ANS14#X - 56725%ANS|1*X
5 4 3 2
¥ = 12879%ANS1*X - 1860%ANST*X - 1244%ANST*X - 10%ANSIsX - 14w
‘ 14 13 12 11 10
ANST + €13B%X  + 54291%X  + 189417#X  + 35045a%x  + 442796*x
9 8 7 6 5
+ 392574%X  + 261828%X + 153172%% + 87512%x +.33251%X  + 10019
4 3 2 14 13
TX O A9TBAX 4 210%X 4 196%X)/(2046*ANST*X  + 16392%ANS1#X 4
12 11 10 9
+ 53256*ANST#X  + 17902%ANST1#X - 6102*ANS 1#x
8 7 : 6 5
T 2324%ANSTHX -~ 5316%ANST*X - 7326*ANST#X - 2138*ANSI*X -
4 3 2 , 16
OTTXANST*X. - G24*ANST*X - 10%ANST*X - 28%ANST#X - 2050%x -
15 14 13 12 11
20876%X -~ 76793%X = 133146%X - 102879%X - 23628%x 4 18
10 9 8 7 6 5

*X + 1756*X  + 18604*%X + 14716%X + 4531*%X + 3822%X +,1583%
4 3 2

X+ 148*X + 176%*X + 2)

-~ 30723*%ANS1%*

46069*%ANS 1*X
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H 4 3 2
ANST := SQRT(X + 4%X + 2%X + 1)

OBHAPYXKEHHBIE NOTEHUYANBHBIE COKPAIEHMSA
(3ATPAYEHHOE BPEMSA 1034783 Mmmngaxymx) . \ ,

( - 2*LOG(32*X10 - 80*X + 80*X - gO*X + 10*X -~ 1)*X + L02(32*
X1O - 80*X8 + 8O*X6 - 40*X4 + 10*X = ;) + 2*20G(1023;SQRT(X + 4%
X3 + 2*X2 + 1)*X8 + 4104:;SQRT(X4 + 4*X 4+ 2%X 3+ 1)*X2 + 5084;SQRT
(x4 + 4*x3 + 2*x2 + 1)*x2 + 2182:SQRT(X_ + a*x4 + 2*x3 + 1)*2 +
805*SQRT(X4 + A*X3 + 2*¥X  + 1;*X + 6§A*SQRT(X + 2*X + §*X + ;)
*X3 + ‘IO*SQRT(X4 + 4*X3 + 2*%X 4+ 1)*X 8+ 28*SQRT(§ + 4*X 2 2%¥

+ 1)*X -~ TOZS*X10 - 6138;X9'— 12327*X - ;0188*x - 4503*X ;
3134*X5 - 1589*Xa - 140%X - 176:X - 2;*X -.SOG(1023;SQRT(X + 4
*X3 + 2*X2 + ‘l)*X8 + 4i04*SQ§T(X + 4*X  + i*x + ;)*X +25084* .
SQRT(X4 + 4*x3 + 2*X2 + 1)*§ + 21BZ*SQRT(X + 4*2 + 2*§ + 1);x

+ 805*SQRT(X4 + 4*x3 + 2*x; + 1)*2 + 624;SQRT(X. + 4*2 + 2*§

+ 1)*x3 + 10*SQRT(X4 + 4%X  + ;*x + 1)*x8 + 28*SQRT;X + 4% 6+
2*X2 + 1)*X - 1025*X10 - 6138*%X - 12;07*X - 10188%X 4_ 4503;X

- 3134*X5 - 1589*X4 - 140*X3 - 1;6*X - 2) + 2*§QRT(¥’ + 4%X + 2
;xz + 1) *X +-SQRT(X4 + a*x3 + 26K 4+ 1))/(2%(2%X = 1))

CTHJIH C HCHOJIb30BAHHEM aJIro-

orjla 3TOT NpUMep MpPOIY

pmlljta JUBU30P_B_®YHKIUIO, onucanxoro B ria. 3, 6I>IJ§I:I

OTIeuaTaHHbIH

em japyroro Buaa. Teker,

HOJIyUeHBl OTBEThl COBC Orneuatakibtit
HBENeH HIXKe, MpHUeM 3aM , ,

TIpH 3TOM 3allycke, Ip Ho, 410, XOTA
tMa Koyrca Hax AHBH30OPO

BpeMs pabOThl aJropH : 1 IbHO

BeJIMUHHH), OOLL
umepHo ao 37 % crapo#
YMeHbIIUI0Ch (Hp 2 HE), obiuee
Ha 12,3 %, uro MOXKH
BpeMsl YBEJIHUH/IOCh MPHMepHO Ha 12, )
pgﬁ Ha¥ﬂmxoﬁ OOBACHUTDL CJAYYAHHBIME QIYKTyaUHusMH. DTO Bhl
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3BaHO GoJiee CJIOXKHBIM BHAOM JOrapU(pMHYECKOH 4YacTH, H3-3a
uero ee nup¢depeHunpoBanue 3aHsio 10 C, @ ee BBIUHTAHHE U3
IIEPBOHAYANLHOIO MHTerpaja (BKJIOYABIIee HpHBeJeHHE K 06-
IeMy 3HaMeHareqw0) 3aHsio 20 ¢. Bua stoil Jorapu(pMudecKolt
JaCTH OueHb HHTEPECEH, XOTs H HesCHO, JIyullle JH OH, yeM OZLHH
TPOMajHHIA JIorapH®M, NONYYEHHHH OT IpeAbIAYLIero 3amycka.

Y:=(2*x**6+4*x**5+7*x**a—3*x**3—x*x—8*x—8}/
((2*X**2—1)**Z*SQRT(X*¥4+4*X**3+2*X**2+1));
6 '5 4 3 2 4
Y o:= (2%X 4 4%X 4+ 7xx - 3xx - X
2 4 2
¥+ 1)k (4*X - 4%y o+ 1))
INT(Y,X); '
TNENCLT, B KOTOPBIX MOTYT BbITh TIONK)CA
X=0eCKOHEYHOCTb
X=-1
X=m1060i KopeHb DYHKRL MM
3 2
- X - 3%X 4 2%% - 1

3
= B¥X ~ 8)/(SQRT(X + 4%X + 2

X=
{ ~ SQRT(2))/2

X=
SQRT(2) /2

HOBOE MHOXMECTBO BLIYETOB COCTOMT U3
(- 5)/2 B .

5/2
( - 5)/2

5/2

HAUTY $YHNKUMIO ¢ ByIaMy TOPAIKA :(1 1 -1 -1)

OKABATIOCH HEBQSMOXHLIM 103 ;

(BPEMS " AJITOPHTMA. KOVTCA 4403 MUIIIMCERYHEEI)

HAATY OUP PEPEHUUANL! DEPBOTQ PORA HA KPMEOJ, ONPEAENERHON MHOIOYIIEHOM 3

4 3 2 -

X 4+ 4%X  + 2%xX 4+ 1

IMPPEPEHINANL! PABHEI ;

1/ANS1

THAE
4 3 2
ANS1 := SQRT(X + 4%X + 2%X  + 1)

HAATU. POPMY BEMEPIITPACCA Ang 3

Hpumep 5

149

TIMITHYECKOA KPYBOM, ONPEAENENHOA MHOTOLIEHOM g

ANS1
g
4 3 2
ANS?1 := SQRT(X + 4%X + 2%X + 1)
HAKTH PYHKUOMIO C HVISAMK NOPAAKA  : (-3)
S VHKUUT PABHA

-3 2 3
{(2*ANS1%#X + ANS1 + 2%% + 5%X )/X
'l
: 4 3 2
ANS1 := SQRT(X + 4*X + 28X + 1)
HAUTH PYHKIUID C HYNAMU TOPANRA s (~2)
PYHKIMS PABHA
2 2
(ANS1 + X + 2#*X)/X
T'JE . 5 )
ANS1 := SORT(X + 4%X + 2%X + 1)

CTAHIAPTHAS ODMA WMBET BUJ Y**2 =
3

X - 12%X + 38 ) ;

TOMKA , UCCHEAYEMAST HA. KPYYEHUE,

(-2)

— 3*SQRT(2) *SQRT(3)
TOYKA UMEET NOPALOK - AENMTEND YMCIIA 5§
TOYKA B AEMCTBUTENBHOCTU MMEET IOPALOK 5
PABOTA HA AMBU30PE :(5 5 -5 =5)
" B
X=
SQRT (2) /2
B . TINEVCE +
‘xe
(- SQRT(2))/2
'B NMAENCE +
X=
-SQRT(2) /2
B TINENMCE -
X=
"( - SQRT(2))/2
B TINEWCE - . .
HARTH PYHKLMIO € RYNSMI NOPTAKA & (-1 =1 1)
BAMEHEHO HOJIIOCOM
‘X=|

- SQRT(2) + 2
B TNENCE -
b PA3
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HAWTHM PYHKUMUIO C HYJIIMM TIOPANKA: (-2 1)
3AMEHEHO TIQJI}QCOM

X=

SQRT(2) + 2
B INEWCE +
2 PA3A

HAWTHY DPYHKLUHMIO C HYISMK NOPAARA: (-1 ~1 1)
3AMEHEHO TONIOCOM

X=

SQRT(2) /2

B MIIEACE —

1 PA3

HAMTN PYHKUMIO C HYISMH IOPAOKA:: (2 -1 =1)
(BPEMS AJITOPUTMA KOYTCA 27197 MUANKCEKYH)
JAWBM3OP MMEET TIOPAAOK 5

JIOTAPHS$M PACIUMPEHMS PABEH

3

2

4

ANS1
T'RE
4
ANS1 := NTHROOT(( - 731*SQRT (X + 4%*X  + 2%X + 1) *SQRT (2) *X
4 3 2 4
= 71492%SQRT (X + 4%X + 2#X + 1) *SQRT (2) + 70030*SQRT (X + 4
3 2 4 3

2

X + 2%X 4+ 1)*X + T41522%SQRT (X + 4%X + 2%X + 1) + 40957

3 2

SQRT(2)*X + 174250%SQRT(2)*X + 122871*3SQRT (2)

3 2
) - 90874%X - 403722#x

3 2

*X = 50648*3SQRT (2

2

- 272622%X + 61070) /(SQRT(2) *X + 4*

4 3

SQRT (2) #X + 2%SQRT(2) + 2%X + 8*x + 4*X)*( - 2*SQRT(X + 4%X
2 2
+ 2*X  + 1) + SQRT(2)*X + 2*SQRT(2)) /(X + 4*X + 2)%

4

4

2

2

3 2

- 448K -

3 2

+ 1)*SQRT(2) - 19fSQRT(X + 4*X 4+ 2»x

+ 38%X ~ 5

. 4 3 2
(10*SQRT(X + 4*X «+ 2*X  + 1)*SQRT(2) + 17%SQRT(X + 4%X + 2#%
2
+ 1) 4 A*SQRT(2)*X + 16%SQRT(2)*X - 2*SQRT(2) - 11%x
. 2 2
39)/(2%SQRT(2) *X + 4*SORT(2) - X =- 4%X - 6) »
4 3 2
( - 4*SQRT(X + 4%X + 2%
2
+ 1) + 16*SQRT(2)*X 4 8*SQRT (2) #X - 6*SQRT(2) + 29%x
2 5
V(2% - 1) ,5)
EHY.TPEHHAS PAEOTA. JAET
(6*LOG((-1)) -~ 2%ANS1 - ANS2 + ANS3 -

ANS7 + ANS8)/2

S*ANS4 ~ 2%ANS5 + 5%ANS6 + 28 ;
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s 4 3 2
ANSS8 ;= LOG (731%#SQRT (2) *SQRT (X + 4%X + 2#%X ; 1)*X + 71492%
4 3 2 . .
*X 4+ 2%X + 1) - 40957*SQRT{2)*X - 174250*SQRT
‘SQRT(g)*SQRT(X + 4%X + 1) ! s
(2)*X -~ 122871*SQRT(2)*X + 50648%*SQRT(2) -~ 70030*SQRT (X 3+'4*x +
4 3 2
2
‘2%X  + 1)%X - 141522%SQRT(X + 4%X + 2*X + 1) + 90874*X + 403722
2 .
£X 4+ 272622*X - 61070)
: 4 3 2
ANS7 1= LOG(10*SQRT(2)*SQRT(X + 4*X + 2%#X + 1) ; 4*SQRT (2)
4 3 2
2 -
#X + 16*SQRT(2)%X ~ 2*SORT(2) + 17*SQRT(X + 4*X + 2*X + 1) 11
2 -
*X - 44%X - 39)° B ‘
* 4 3 2 _
ANS6 := LOG(4*SQRT(2)*SQRT(X + 4%X + 2#X + 1) ; 16*SQRT (2)
4 3
2 , , i
#X -~ 8#SQRT(2)*X + 6*SQRT(2) + 19%SQRT(X + 4*X + 2*X + 1) 29%
2
X - 38%X + 5); s
ANSS 3= LOG(2*SQRT(2)*X + 4*SQRT(2) - X =~ 4%X - 6)
2 ;
= * -
ANS4 3= LOG(2*X 1) . s )
ANS3 := LOG(SQRT(2)*X + 2*SQRT(2) - 2*SQRT(X + 4*X + 2*X
+ 1)) _
ANS2 1= LOG(SQRT(2) + 2#%X)
So2
"ANS1 := LOG(X + 4*X + 2)
. TPOU3BOJIHOM :
c‘ 1; . 6 5 a 3
(ANS1*(6*X + 5%X + 7))/(2*X + 8%X + 3*X - 4%X =~ 1)
TOE. .
4 3 - 2 ‘
ANS1 := SQRT(X + 4*X + 2*X + 1)
OBHAPYKEHHBIE TNOTEHUMAJIGHLIE COKPAIEHMA
(3ATPAYEHHOE BPEMS 121778 MUNNUCEKYHA) .

2 2 2
( - 4%LOG(X + 4%X + 2)*X + 2#LOG(X + 4*X + 2) - 2*LOG(SQRT(2) +
2 *SQRT(2) - 2%
2*X)*X + LOG(SQRT(2) + 2%X) + 2*LOG(SQRT(2)*X + 2*SQ
4 3 2 2

SQRT(X + 4%#X + 2%X + 1))*X — LOG(SQRT(2)*X + 2%SQRT(2) - 2%
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4 3 2 2 2 2
SORT(X + 4%X + 2%X + 1)) = 10%LOG(2#X -~ 1)*X  + 5#L0G(2¢X - 1. .
) = 4*LOG (2%SQRT(2) *X + 4%SQRT(2) - x2 - 4% - e)tx2 + 2%L0G (2% |
BORT(2) *X + 4%SQRT(2) =~ X'2 - 4%% - 6) ¥ 10*LOG(4‘SQRT(2)*SQRT(X4

+ 4*x3 + 2*x2 +1) - 16*5QRT(2)*x2 - B¥*SQRT(2)#X + 6*SQRT(2) + 19
wSQRT(xa + 4*x3 + 2*x2 + 1) - 29*x2 - 38*X + 5)*x2 - S*Loé(A*SQRT(
2)*SQRT(X4 + 4*x3 + 2*x2 + 1) - 16*SQRT(2)*X? - B*SQRT(2)*X + &%
BQRT(2) + 19*SQRT(x4 + a*x3 + 2*x2 + 1) - 29*x2 - 38%X + 5) + 4%
Loc;(m*SQRT(zHSQRT(x4 + 4*x3 + 2*x2 + 1) + 4*SQRT(2)*X2 + - 16*SQRP
.(2)*x - 2¥SQRT(2) + 17*SQRT(X4 + 4*x3 + 2*x2 + 1) - 11*x2 - 44%%

- ;9)*x2 - 2*LOG(10*SQRT(2)*SQRT(X4 + 4*x3 + 2*x2 + 1) + 4%*SQRT(2
’j#x + 16%SQRT(2)*X = 2%SQRT(2) + 17*SQRT(x4 + 4#x3 +'2*x2 +1) -
.11*x2 ~-44%X - 39) + 2*LOG(731*SQRT(2)*SQRT(XQ-+ awga + 2tx2 + 1)
X + 71492*SQRT(2)*3QRT(X4 + 4*x3 +.2*x2 + 1) - 40957*SQRT(2)*X3 -
1742&50*@,@1&'1-(2)wx-2 = 122871%SQRT(2)*X + 50648%SQRT(2) - 70030%SQRT{

4 3 - 2 I3 3 2 :

X+ A¥X 4 2#X 4 1)%X ~ 141522#5QRT(X + 4%X + 2%X + 1) +
90274*x3 + 403722*x2 + 272622*x - 61070)*X2 - LOG(731*SQR§(2)*SQRT
(X +-4tx3 + 2*x2 + 1)*X + 71492*5QRT(2)*$QRT(X4 + 4*x3 + 2*#2 +1
) - 40957*SQRT(2)*X3 - 174250*SQRT(2)*X2 ~ 122871%SQRT(2) *X +
52648*SQ§T(2) -‘7003O*SQRT(X4‘+ 4*x3 + 2*x2 + 1) %X ~ 141522%SQRT(
X + 4%X + 2*x2 + 1) + 90874*X3 + 403722*x2 + 272622%% - 61070)

+ 12*LOG((-1))*X2 ~ 6%LOG({=1)) + 2*SQRT(X? 4 Atx? +‘g*x27+A1)*x
+ SQRE(X + w62 s M7an(ang - )
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NMPHUMEP 6. BJO)KEHHBIE BbIPA)KEHHU S
Cnenyomuii npuMeép B3sT u3 pacnpocTPaHeHHOH TaGJHLb

‘unrerpanos (Bois, 1961), u nostoMy MOXKHO cKa3aTbh, 4TO OH

Gosee «peanncTuueH», 4eM NpeAbIIyLIHe NPHMEpH, NOCTPOEeHHbIe
AJIsT MIVIIOCTPAUHH DABJIHYHBIX KOHKPETHBIX TOJOKeHHH. WHTe-

rpupyemMas GOYHKUHA HMeeT BHJ f\/X—I—f\/AQ—i—)F/X, T. €. co-
ACPIKUT BJIOXKEHHbIe KBAaJApaTHble KOPHHM (B CBOeM HBIHELIHeM
NpPELCTaBJIEHNH, C KOTOPLIM, BEPOATHO, JIerde BCero paboTaTth
H KOTOpOE€, HECOMHEHHO, NOCTYNHee /sl NOHHMAHUS, YeM Hpel-
CTaBJIeHHE Yepe3 NPUMHTHBHBIA 3/JeMEHT ¢ HOMOLIBI0 MHHHMAJL-
Horo MHorouseHa). IlpeicTaB/ienne ¢ HeCKONLKHMH NepeMeHHbI-
MU 1 310l dyHKuuu OyneT umerb Bua Z/X, rie 2=X4+Y
M Y?=A24 X2 B 10 BpeMs Kak NDUMHTHBHOe IpejacTaB/IeHHe
ans Z umeer Bu1 Z*— 2X72 — A2 = ().

HonpinTerpanbHoe BHIpaXKeHHe HMEET BHIUETI VA, i 4/A
-—«\/A, —i4/A B uerhpex nneicax, Jgexalmux Hag 0, u He
uMeeT GoJiblie HHKAKHX BHIYETOB. DTH BHIYETH o6pasyioT 2-mep-
HBH Z-MOAyJb, TOSTOMY HYXHO DAacCMOTPETH JABA PasJIHYHBIX
auBu3opa. O6a oHH MMEIOT Ha caMoM jeJe NOpsiioK 1, u coot-
BETCTBYIOIlHe HM OYHKUMH (HalieHHEHE aJrOPHTMOM Koyrca,
€OOTBETCTBEHHO, 33 3.52 u 3.66 c.) TaxkoBH:

(—YZ A +YA—ZANA + Z/Z X+ /X u
(—YZiJA — YA+ Zi /A + Zi /A X + 22)/X

(BbluncaenHe mo aaroputmy KoyTca 3aHsiio 3.52 n 3.66 c.).
ITocne Toro kak oTi ABa MOrapudMa BHYTEHH H3 HHTerpasna,
OT TOJABIHTErpasbHOR (PYHKUHH OCTaeTcs

Z(YX -+ A2+ X?)
Y+ A2+ Y+«X2+ A2+ X -+ X3

a uHTerpan sroit QyHkuuu pasen 2Z. CilejoBaTeNbHO, Bech HH-
Terpan paBeH

a(l+i)log(—yza +ya—za+/a +2+/a x+a?) +
+a(l—}—i)log(—yzix/a—-—ya—]—zi\/a_a—l—zir\/a-x—}-aQ)~
—+a (1 4i)log x + 2z.
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OT0 BEIpaXKeHHe AJS HHTErpPaja CHILHO OTIHYAETCS OT BHI-
paxenus B CTaHAapTHOH Tabmune (Bois, 1961), Tak kak mocaen-
Hee BEIDaXKEHO Yepe3 oGpaTHBe TPHIOHOMeETpPHUYECKHe:.(DYHKIIHH.
 Eue uHTepecHee, uTo 3TH BHIpaKeHHSI He SKBHBAJIEHTHEL (naxe
€CJH Y4YecTb, 4TO MPOH3BO/JHAS KOHCTAHTH paBHa 0). B gefi-
CTBHTEJbHOCTH B CTAaHAapPTHOH Talsule MOMeLleH HeBEPHHIH OT-
BET — HHTerpaJ ot Gpyukuuu Z/Y.

Becb npouecc wmuTerpupoBamus samsa 12 c., Bkaouas gBa
uara anroputma Koyrca u Bpewmst, koTopoe norpe6oBanoch s
TOro, 4YTOGH 06paboTaTh Bce asrefpanueckue BHIpAXEHHsI U
MPOBEDHTL MX Ha He3aBHCHMOCTb. Kpome Toro, Bepcus mpo-
rpaMMsl, nocrasiseMasi BMecTe ¢ cuctemodt REDUCE-2 (u me
MpejHa3HaYeHHasA N8 HCCNeNOBaHHH MO npoG/ieMe HHTerpHpo-
BaHHA a/re6panyeckux BHIPAXKEHHI), COAEPIKUT pAas3JHUHBE 3B-
PHCTHUECKHE Da3jielibl, KOTOPLIE 3aYacTyIO J4l0T el BO3MOXKHOCTD
«yrajatb» NpaBHJbHBIA OTBeT, He lesast Bcell paGotel. M3 atoit
BEPCHH yJa/leHbl MHOTHE «IHAarHOCTHUeCKHe» COOOIIEHHS, H OHa
AesaeT He TaK MHOrO MPOBEPOK HAa BHYTPEHHIOW NpAaBHJILHOCTD.
BaxHO OTMETHTb, YTO 3TH H3MeHEHHS HE BJHAIOT Ha MOJTHOTY
pesyqpTata paboThl NPOrpaMMBl H He O3HAYAIOT, UTO OHA MOJKET
O0BABHTE KAKYI0-TO HHTErPHPYEMYIO (BYHKIHIO HEHHTEr pHpyeMoii;
OHH TPOCTO OTPaKAaIOT PasHHIY Mex1y NPOrpaMMaMH, MPHCIO-
COGJIGHHBIMH /ISl HCCJIe10BATebCKHX PAGOT M IS TP aKTHUECKOH
sxcnayaraunn. IlocraBisiemast BepCHS NUPOrpaMMEl B3sJia 3TOT
uHTerpan 3a 1.55 c.

B sKCmuyaTauHOHHOR BepCHH mpOrpaMMH caIenyer, BEPOSTHO,
CAenaTh ellle OJHO. H3MeHeHHe — BCTaBHTh NPOBEPKY CYIIECTBO-
BaHusA MeHee «J0POTHX> BBIpAXKEHHH A5 ajreGpandecKHX BeJiH-
YMH B TeX CJydasx, KOrla HX JIerko MoxHO Haiitu. Hanpmuwmep,
B ONMCAHHOM BbllIe NMPHMEPe HaM YAaCTO BCTPEUaeTCss KBaapart-
HBI/i KOPeHb M3 A, n paboTaTh ¢ 3TUM aire6panuecKuM BHIpaKe-
HHEM NPHXOAHTCS BechMa OCTOPOxHO (cM. . 2). Ecau 661 Mu
Bcioay 3aMenuan A Ha B2 1o sTa mpobaemMa He BO3HHKJIA Gbl,
H MOXHO OBIO OBl OXKHAATb, YTO MpPOrpamMma Gyaer paborath
OplcTpee. B HameM cayuae MoOKHO GBLIO 6B OXHAAaTh, YTO 9KO-
HOMHS cocTaBHT okoJio 10 % oT o6iero BpeMeny.

NMPUMEP 7. JIOTAPUOMUYECKU HEWHTErPUPYEMAS ®OYHKLUSA

PaccvoTpum 3amauy mHTerpupoBanus (yHKUMH 1/Y=X, rpe
¥Y?= X3 —3X24- X 4 1.. TloguHTerpanbuoe BBHIDajKE€HHE eCThb
nupdepenunan TpeThero poaa H HMeeT BHUETH =1 B JIBYX
nieficax, Jexkamux uag X =0. B geficTBUTeJILHOCTH IJeHCHI,
Jexamupe Haa X =0, UMelOT GeCKOHeUHBIH NMOPANOK Ha 3JJIHII-
THYECKOH KPHBOH, M TNporpaMma oGHAPYXKHBAeT 5TO, MBITAACh
npuMeHUTh anroputm Koyrca k auBuszopam D, D2, ..., DI° Diz,
Tak Kak HH ONMH M3 3THX NHBH30POB He IJIABHEIH, MB MOKEM
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HCTOJIb30BaTh OUEeHKY Masypa u 3aK/I04HTh, UTO HHKAKOe HEHY-
JleBoe KpaTHOe 3TOTO JIHBH30pa He SBJIAETCS [JIaBHBIM AHBH30-
POM, H cJefoBaTeNbHO (GYHKUHS He HHTerpupyema. 3aMeTuM,
4TO HMeeTCs OTJIHYHE OT NMPHBEAEHHOIO BHILHE NpuMepa 2, rie He
611710 BLI4eTOB. 31eCh MBI HMeeM BBLIUETH, HO He MOXKEM HaiTH
JorapudM, KOTOpHH NMOopoAna Obl BX nociae NUpdepeHLHPOBaHHUS.

HurerpupoBanne 3ansiio 57,4 cekyHAH, ©3 KoTophix 1l npu-
MeHeHHH aJaroputma Koyrtca 3ansino 0.5, 1.1, 1.3, 1.8, 2.3, 3.3,
4.0, 54, 6.5, 94 u 15.4 ¢. coorBercTBeHHO. [locaenHee npuMeHe-
Hue ajaroputma Koyrtca (x auBm3opy 12D) nopoausio ciaemyio-
nlee MHOXeCTBO (YHKUMH B KadyecTBe O6a3mca IPOCTPaHCTBa
(QyHKL U, HMEIOIMX HYXKHbIE HOJIIOCH,

3 2

(645874611285230135623656233817549083880*SQRT(X = 3*X  + X + 1)#%X

4
+ 126138337392550826553734563041284369888*lastsqrt*X -

3

‘1716496198848775432900079488936638638592*lastsqrt*x -

2

v264366112672565270849916395223433129984*1astsqrt*x +

1059002518088361565121876239232681719808*lastsqrt*X +
383047054317859708337698142489458630656*lastsqrt +

7
267088026983715424094921823683103840001*X +

6
465162773628884682455314935369884569800*%X -~

5
2253610682756379002381041473931584384648%X -

4
330309532751911649696040040039618069408*X +

3
3066809088286454744454857763284048545536%X  +

2
357316316894906514337737757152462544896*X . -

1250526045247291419290725310477411035136*X -

5
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7
383047054317859708337698142489458630656) /X

3
1716496198848775432900079488936638638592*lastsqrt*x -

3 2 5

- 2
(645874611285230135623656233817549083880*SQRT(X - 3%X + X + 1)*X

264366112672565270849916395223433129984*lastsqrt*x +

4

. . 1059002518088361565121876239232681719808*1astsqrt*x +
+ 126138337392550826553734563041284369888*la$tsqrt*x -

3 383047054317859708337698142489458630656*last5qrt +

1716496198848775432900079488936638638592*lastsqrt*x._— 7

5 267088026983715424094921823683103840001%X +

264366112672565270849916395223433129984*1astsqrt*x + 6

1059002518088361565121876239232681719808% 1astsqrtsx + A4651627736288846824553149353698845698004X -
5

383047054317859708337698142489458630656*1astsqrt +
2253610682756379002381041473931584384648%X -

7

267088026983715424094921823683103840001%X + 4

330309532751911649696040040039618069408%X + -
6 ‘
465162773628884682455314935369884569800%X - 3
3066809088286454744454857763284048545536%X 4+
5
2253610682756379002381041473931584384648%X ~ ' 2
, 357316316894906514337737757152462544896%X -
4
330309532751911649696040040039618069408%X  + 1250526045247291419290725310477411035136%X -
3
30668090882864547444548577632840485455364% -+

9
383047054317859708337698142489458630656) /X

2
357316316894906514337737757152462544896%X -~

3 2 5
(645874611285230135623656233817549083880%SQRT (X ~ 3*X + X + 1) *X
1250526045247291419290725310477411035136%X ~ 4

8 + 126138337392550826553734563041284369888*lastsqrt*x -~

383047054317859708337698142489458630656) /X 3

3 5 . 5 1716496198848775432900079488936638638592%lastsqrt*x -
(645874611285230135623656233817549083880*SQRT(X - 3%X + X + 1) *X 2

4 264366112672565270849916395223433129984*lastsqrt*x +

+ 1261383373925 9888 t*X - :
a 337392550826553734563041284369868* Last sqrt+x 1059002518088361565121876239232681719808% LastsqrtX +
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5

383047054317859708337698142489458630656*1astsqrt + 2253610682756379002381041473931584384648%X ~

7

4
267088026983715424094921823683103840001%X +,

330309532751911649696040040039618069408%X +

6
465162773628884682455314935369884569800%X -

3
3066809088286454744454857763284048545536*X  +

5
225367T0682756379002381041473931584384648%X -

2
357316316894906514337737757152462544896%X -

4
330309532751911649696040040039618069408%X  +

1250526045247291419290725310477411035136%X -

3 383047054317859708337698142489458630656)/X11

3066809088286454744454857763284048545536%X + ) 3 5 5

2 (645874611285230135623656233817549083880*SQRT (X = 3*X + X + 1)*X

357316316894906514337737757152462544896%X -~ 4

1250526045247291419290725310477411035136%X . ~ + 126138337392550826553734563041284369888%lastsqri*X =
3

1716496198848775432900079488936638638592*lastsqrt*x -

10
383047054317859708337698142489458630656) /X

2

3 2 264366112672565270849916395223433129984*lastsqrt*x +

(645874611285230135623656233817549083880*SQRT(X - 3*X + X + 1)*X

1059002518088361565121876239232681719808*lastsqrt*X +
4
+ 126138337392550826553734563041284369888% lastsqrt*x = 383047054317859708337698142489458630656%lastsqrt +

3

7
1716496198848775432900079488936638638592*lqstsqrt*x -

267088026983715424094921823683103840001*X +

2

. 6
264366112672565270849916395223433429984*lastsqrt*X. +

465162773628884682455314935369884569800*X —
1059002518088361565121876239232681719808‘lastsqrt*x + 5
2253610682756379002381041473931584384648*X -
383047054317859708337698142489458630656*lastsqrt +
. 4
7 330309532751911649696040040039618069408*X  +
267088026983715424094921823683103840001*X . +
3
6 3066809088286454744454857763284048545536%X  +
465162773628884682455314935369884569800%X =
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2
357316316894906514337737757152462544896%X -

1250526045247291419290725310477411035136%X -

12
383047054317859708337698142489458630656)/X

3 2 5
( = 2316186053639990532%SQORT(X =~ 3%X + X + 1)*x -~

4
35486480838630350280*1astsqrt*X - 34287025200284602624*lastsqrte

3 2
X + 47330709012277142016*lastsqrt*x + 59834813484366611456%

lastsqrt*X + 15684088745312724992*lastsqrt - 16342827998351920001%

6 -5 4
X - 28462807885868569800%X + B2009784546149012824%X +

3 2
87267876128018823680%X ~ 51761471543327269632%X -

7
€7676857857022973952+X - 16684088745312724992) /X

3 2 5
{ ~ 2316186053639990532%SQRT(X =~ 3#X + X + 1)*X -

4
35486480838630350280*1astsgrt*x - 34287025200284602624*1astsqrt*

3 ' 2
X+ 47330709012277142016%lastsqrt*X + 59834813484366611456%

lastsqrt*x + 15684088745312724992*1astsqrt - 16342827998351920001%

6 5 4
X ~ 28462807885868569800*X + 82009784546149012824%*X +

3 . 2
87267876128018823680%X - 51761471543327269632%X

8
67676857857022973952*% - 15684088745312724992) /X

Npumep 7 7 ] 161

3 2 ' 5
( = 2316186053639990532*SQRT (X - 3*X + X + 1)%X -~

4
35486480838630350280%lastsqre*x - 34287025200284602624*lastsqrt*

3 B . . . * * 2 .
X + 47330709012277142016%lastsqrt*x + 59834813484366611456%
lastsqrt*x + 15684088745312724992*lastsqrt - 1634282799835]920001*

6 o ‘ 5 4
X - 284628078B85868569800%X + 82009784546149012824%X +

3 2
87267876128018823680%X = 517614715433272696324% =

-

9
5684088748312724992) /%

67676857857022973952*X.- 1

“ 3 2 5
( - 2316186053639990532#SQRT (X = 3*X + X + 1Nex =

35486480838630350280*lastsqrt*x - 34287025200284602624%1astsqrt*
3 e e . g v
X+ 47330709012277142016%1lastsqrttX + 59834813484366611456*

lastsqri*x + 15684088745312724992*lastsqrt - 16342827998351920001#

6

e 5 4
X - 28462807885868569800%X

+ 82009784546149012824%X  +

3 L 2
87267876128018823680*X =~ 5176147154332M69632+% =

‘ 10
67676857857022973952%X ~ 15684088745312724992) /X

3 2 5
{ - 2316186053639990532%SQRT(X = 3%X + X + 1)%X =

4
35486480838630350280*lqstsqrt*x - 34287025200284602624*1&5t@qrt’

8 3ax. 388
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3 2
X+ 47330709012277142016*lastsqrt*X + 59834813484366611456%

lastsqrt*X + 15684088745312724992%lastsqrt - 16342827998351920001#

6 B ~ 5 ’ a - 4
X - 28462807885868569800*%X + 82009784546149012824%X +

3 2

87267876128018823680*X ~ 51761471543327269632#%X% -

“ [

. s p . 3 o # ; 11
67676857857022973952*X - 15684088745312724992) /%

‘ ; 3 2 5
( ~ 2316186053639990532*SQRT(X - 3*X + X + 1)*X =

a
35486480838630350280*lastsqrt*X - 34287025200284602624%lastsqrts

3 ot . . . ~ » 2 Do
X+ 47330709012277142016*1lastsqrt*X + %59834813484366611456%

lastsqrt*X + 19684088745312724992%lastsqrt - 16342827998351920001#

6

) 5
X -~ 28462807885868569800*X

-~ 4 »
+ 82009784546149012824*%X +

3 ) 2
87267876128018823680*X -~ 51761471543327269632%X -

B . 12
€7676857857022973952#X ~ 15684088745312724992) /X

He cymectByer auHefiHO! KOMOHMHALMM STHX (GYHKIHH, HMe-
foled HYXHBIA HyJb KPaTHOCTH 12, MOTOMYy 3TOT AMBH30p AeH-
CTBUTEJbHO HErJaBHBIH. . '

Pasmep sTux BHIpaeHH#l B CpaBHeHHH C HCXOAHOH NOIBIHTe-
rpajibHO#l (QyHKUHMeH MOKa3hiBaeT, KaK CHJALHO 3TOT AaJITOPUTM
CTPajaer oT «pasbyxaHHs NMPOMEKYTOUHHIX BhIpa:KeHHH». CTOHUT
3aMeTHTh, YTO e€cJH OBl MBI HCNOJB30BajH TecT Jliorma — Ha-
rejas (cM. ra1. 7), TO HeMelJEHHO y3Hasu Gbl, 4TO paccMaTpH-
BaeMHH JHBH30D He HMeeT KpyueHHs. ITY BO3IMOMKHOCTb MOBHI-

weHns 3QQEKTUBHOCTH BEPOATHO CJENyeT HCIOJb30BATh INpH
peasnsanyu,
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NPUMEP 8. CYMMA JABYX ®YHKLHH

Paccmorpum uHterpan or 1/f-+k/g, rae k—KoHCTaHTa,
f=4/X2—1, g=+/X*—4. TloablHTerpajpHoe BbIpaKeHHE
HMeeT BHUeTH - 1 4= % B 4 nJaeficax, JexKalux Ha GeCKOHEUHO-
cru. TlosToMy, ecan UHCJIO k2 He pPalHOHa/bHO, TO NPOCTPAHCTBO
BHIUETOB ABYMEpHO H JIOTapH(pMHUECKast 4acTh ABNACTCS CYMMOH
ABYX WIEHOB, OJMH H3 KOTOphx cootsetctByer 1/f, apyroi 1/g.

Ecau k pauuonannho (7. e. paBHO p/q, rie p,q— ledble), TO
NPOCTPAHCTBO BHUETOB OJHOMepHO ¢ 6Gasucom 1/g, a xoadpou-
LIHeHTH BBLIYETOB PaBHBl == (p = ¢). EcIH p H ¢ HEYCTHH, TO
' p£ g Bceria YeTHO M B KauecTBe (asnca MOXKHO B3fTb 3J€-
MeHT 2/¢. B jeficTBuUTeNbHOCTH Clyyan 1/q w 2/q pasiauuHbl, H
Mbl PACCMOTPHM HX OTHEJBHO.

Paccmorpum cayuait 1/g u mpuBeleM pesyJbTaThl 3amycka ¢
HeNOCPeACTBEHHBIM HCTIONIb30BaHHEeM anroput™a Koytea, 3a-
TeM — C Hcroab3osBanueM ajnroputma JHMBH30P_B_®VYHK-
1IUIO, uro6bl NoKasaTh, KaK B HEKOTOPBIX CcJAydasxX NpPHMeHeHHe
STOTO YJIYUIIEHHOTO METOAa MOXET yCKOpHTb pabory  AaTh Go-
Jee OCMBICJIEHHBIH pe3yJbTar,

INT (1/SORT (X¥*2-1)+10/SQRT (X*%2-3) ,X) 3

HIENCLI, B KOTOPBIX MOI'YT EBITE NOJIOCA
¥='6ECKOHEYHOCTHU :

X=-1

X=1

X=2

X=-2 .

HANTY PYHKUUIO C HYMSMM TOPSHKA :(-11 9 -9 11)

| HAKTK PYHKIMIO C HYTIAMM TOPAAKA :(-11 =11 -11 -11 20 2 22)

(BPEMS. AICOPHTMA KOYTCA 42316 MUINIMCEKVHA)
JIOTAPU$PM PACUIMPEHMST PABREH ;
9 7 .
- ANST*ANS2*X 4 J*ANST*ANS2*X - 271*ANST1*ANS2*X + 20%ANST*ANS2
6
3 : 10 8
X -~ SHANST*ANS2*#X ~ ANST#X  + B*ANS1*X — 21*ANS1*X + 20%ANST*
2 10 8 6 4
~ EXANS1%X ~ ANS2*X + 10*ANS2*X — 35%ANS2*X + SO*ANS2#X = |
2 11 9 7 5 3
*ANS2#X + 2*%ANS2 - X + 10*X ~ 35%X + 30%X ~ 25%X + 2%X
TAE

6&
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2
ANS2 := SQRT(X =~ 1)
2
ANS1 := SQRT(X - 4)
BHYTPEHHSIA PAFOTA JAET
LOG((-1)) + ANS1 + ANS2
I'IE
2 9 2 7 3
ANS2 := LOG(SQRT(X =~ 4)%X - 8%SQRT(X =~ 4)%X + 21%*SQRT (X
5 - 2’ 3 2 10 8
= 4)*X - 20%SQRT(X = 4)%X + S*SQRT(X - 4)%X + X - 10*X + 35
6. 4 2
¥X - 50%X + 25%X - 2)
2
ANS1 := LOG(SQRT(X = 1) + X)
C NIPOM3BOAHOM
12 10 8
(T1*ANS1*ANS2#X - 122%ANST*ANS2%X  + 503*ANST*ANS2*X =~ 954%ANS1
6 4 = 2
*ANS2*X  + B835*ANST*ANS2%X - 200*ANST1*ANS2*X + 20*ANS1#ANS2 + 11
13 11 . 9 7 )
®ANSIHX  ~ 123%ANST#X  + SIS*ANS1*X = 1007*ANS1#X + 939%ANS 1%
"5 3 - 13 1
X - 375*ANST*X  + 40*ANS1*X + 11%ANS2*X - T44*ANS2%X  + 725%
9 7 5 3
ANS2#X - 1760*ANS2%X + 2115%ANS2*¥X - 1152%ANS2%X + 208%ANS2%X
14 12 10 8 6 . 4
+ 11X - 14B%X 4+ 739%X - 1835%X 4+ 2305%X - 1377*X  + 310%
2 13 1 9
X - 8)/(ANS1*ANS2%X - 13*ANST1*ANS2*X  + 65%ANS1*ANS2*X -~ 1574 -
7 5 3
ANST*ANS2*X + 189*ANST*ANS2*X - 105*ANS1*ANS2%X + 20%
14 12 10
ANST*ANS2¥X + ANS1¥X =~ 13*ANS1*X  + 65*ANS1*X - 157s
8 6 4 2
ANST*X + 189%ANST1#X - 105*ANST#X + 20%ANS1#X + ANS2*
14 12 10 8
X~ IB*ANS2%X  + B9*ANS2*X - 265%ANS2*X + 415*%ANS2#
6 4 2 18 13
<X - 327*ANS2*X + 110%ANS2*X - B*ANS2 + X - 15#X 4+
1M 9 7 5 3
) BOEX - 265%X + 415%X - 327%X + 110%X - 8*X)
TRE
2
ANS2 := SQRT(X =~ 1)
2

f&NSJ i= SQRT(X =~ 4)
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{3ATPAYEHHOE BPEMSA 47144 MUANUCERYHIBI)
2 ‘ : 2 9 2 7
LOG(SQRT(X =~ 1) + X) + LOG(SQRT(X - 4)*X =~ B*¥SQRT(X = 4)*X +
2 g 2 3 2 10
271*SQRT(X =~ 4)*%X .~ 20%SQRT(X =~ 4)*X + B*SQRT(X =~ 4)*% + X
8 6 4 2

10%X  + 35%X =~ 50%X + 25%X = 2) + LOG((~1))

Teneph ubnonbayem anroputM AKBU3IDP _PYHKUUK

INT(1/8QRT(X**2=-1)+10/4QRT (X **2-4) ,X) 3
NAENCEI, B KOTOPBIX MOLYT EBITH HOJIOCA
X= 6ecKoHeyHoCcTH

K=-1

X=1

X=2

H=-2 :
PABOTA C AMBM30POM.: (11 9 -9 -11H)
B )

Xz 6@CKOHEYHOGTD ==

X = 6ECKOKEYHOCTD +

K = 6eckoHEYHOCTh -+

X= 6@CKOHEYHOCTD ++

ARATH PYHKLMK C HYIAMY DOPSAKA
HAUTH PYHKINK C HYJISMM TIOPSAKA
3AMEHEHO HA ITONIOG

K= 68CKOHEYHOCTD + =

9 PA3 . )
HAVUTY $PYHKHUMIO ¢ HYASAMM NOPAAKA (2 -2)

HAWTY PYHKUMIO C HYJIAMM TIOPAOKA (-2 -2 -2 =2 4 2 3}
(BPEMST AJITOPUTMA KOYTCA 2948 MUIIUCEKYH)

JIOTAFUPM PACIIMPEHKA PABEK

(-1 -1h
s(=1 =1 =1 =12 1)

ANS1
THE
g 2 2 2 3
ANS1 (= SQRT(X =~ 1)#*SQRT(X =~ 4) + SQRT(X = 1)%*K + SQRT(X
2 2 9
= A)*X + X *SQRT(X = 4) + X
BHYTPEHHAS PAFOTA BAET
ANS1 + 10%ANS2
THE ’
2
ANS2 1= LOG(SQRT(X = 4) + %)
]
ANS1 s= LOG(SQRT(X = 1) + X)

¢ MPQM3BOAHON



166 Ipunoxcenue 2. Mpumepo

3 ' 4 2
(11*ANST*ANS2*X - 14*ANST*ANS2*X + 11*ANST1%X - 15¥ANS1*X + 4%
' 4 2 5 3 ;
BNS1 + T11#ANS2#X =~ S4*ANS2%¥X + LO*ANS2 + 11¥X - 55%X + 44%%)/{
) 4 2 5 ‘
ANST*ANS2#X - 5*ANST*ANS2*X + A*ANST*ANS2 + ANS1%X - S*ANS*
3 5 3 6 4
X+ 4*ANST*X + ANS2%X ~ S*ANS2%*X + 4%ANS2*%X + X =~ S#X + 4%
2
X )
e h
2

ANS2 := SQRT(X =~ 1)
2
ANS1 := SQRT(X - 4)
(3ATPAYEHHOE BPEMSA 6107 MUNIMCEKYHT)
2 2
LOG(SQRT(X =~ 1) + X) + 10*LOG(SQRT(X = 4) + X)

Cayuafi «2/g» cnoxHee, TaK Kak JTHBU30OD, 3a/aHHBIH BhIYe-
TaMH, HMeeT TOPSAOK 2, T. e. D — HersaBubli, a 20 rJuaBHbIH.
Oznako aHanus jauBH3opa 2D coBmajaer ¢ npHBeleHHBIM BHIIIE
anajuaoM JnuBH30pa D. B uacTHocTH, 0H 3akaHuHBaeTcsl ro-
pasio ObiCTpee, ecau Henoabsyercs anaroputm JHUBU3OP_B-

®YHKLIMIO,

. ' Npuaoxenne 8

AJITOPUTMB]I PABOTHI
C AJNITEBPAHMYECKHMH BbIPA)KEHHSMH

D10 npuiokeHUe CONEPKHUT PasSJIHUHBIE AJTOPHTMbL, NMPEAHA-
8HaueHHBle 1451 paboThl ¢ anre6paHYecKHMMH BHIpaxeHHAMH 0O6-
mero BuAa. MHorme M3 HHX MOXKHO HaliTH (IpaBjia, B BapuaH-
TaX, PacCUMTAHHBIX Ha IpeJcTaBleHHe Uepe3 NPHMUTHBHBIA 3Je-
ment) B ctathe (Trager, 1976).

Cnenyer OTMETHTb, YTO MHOTHE H3 HHX He BCErla AaloT HyX:
HHIl Pesy/bTaT BO BCEX NOJSIX KOHEUHOH XapaktepHcTHKH. Oue-
BH/HO, 4TO a/jre6panyecKne aJrOPHTME HaJ KOHEYHHIMH IOJIAMH
Tpe6yIOT JasbHeIlIHX HHTEHCHBHBIX HCC/EN0BaHHA.

BECKB_HOPMA 1)

Bxox: K: moJse xapakTepucTHku p (Bo3MoxkHO, 0).
A: amre6pauueckuit »sneMedt Han K, onpeaenseMbilt
MHOTOWIeHOM P. '
F(X,A): muorounex nan K(A), e conepxamufi KBaa-
paToB.
Buxon: JIu6o orBer HEVJIAUA (cM. nOACTPOYHOe NpHMedaHue),
au6o
S: N0J0KHTENBHOE LeJI0e THCJO.
G(X,A) :=F(X—SAA).
R(X) :=NORM(G(X,A)): GeckpagpaTHHi MHOrouJeH
naa K.
Hopma 6epercst oTHocHTeabHo pacmupenus K(A)/K.
(1] 8:=
G(X,A) :=F(X,A).
[2] R(X):== Pesyanrant (Pa(Y), G(X, Y), Y).
D10 — pesyabTaT G ¥ MHHHMAaJLHOTO MHOTOWIeHa Aas A,
B3ATHIH OTHOCHTENbHO (PHKTHBHON mepeMeHHOH Y.

1) Cocrapnen no obpasuy aaropurda SQFR_NORM u3 paGots (Trager,
1976). PasHuua B TOM, YTO Mbl XOTHM IPHMEHATH €ro B cjlyuae, KOria OCHOB-
HOe IIOJle MMeeT KOHEUHYIO XapaKTepuCTHKY. B aTom cayuae aaroputM He 001-

"3aTeJbHO 3aBepIIHT DaGoTy YCNeWHOo, H MOXeT uHoraa BuaaTh orser HE- -

VIIAUA. Torza BHUHCJEHHSI NPHXOAMTCA NPEKPATHTb, HO 3TO He oueHb 5a6o-
THT HAC, TaK K4K MOXET IPOM30HTH JIUIIb A4 KOHeUHOrO MHOXKECTBA MPOCTHIX
upces. Mu OTChUIaeM uMTaTeds K craTbe Tpeiirepa 3a moiapoBHOCTSAMH AOKa-
8aTeJbCTBA KOPPEKTHOCTH 3TOrO aJrOpPUTMA.
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(3] Ecan R(X) =PA3JIO}KEHI/IE_BECKBAILPATHOE (R(X)),
TO BbIZaTh oTBeT (S, G,R).

[4] S:=8 41 ‘
G(X,A) :=G(X—A,A).
[5] Eciu S oranuno or nyas
TO mepeiiTu K [2].
- DT0 MOMKET He BHIIOJNHHTLCS TOJBKO B MOJIE HeHYJIeBOH

XapaKTepHUCTHKH, TaK Kak S-——‘HOHO}KHTeﬂbHOG IeJioe
qUCHO0.

[6] Brlaath otBer HEYJIAUA.

AJIT_®AKTOPU3ALIMS

Bxox F (X): MHOrousnen man K(A,, ..., 4)).
K: uncro tpancuennentHoe mode.
Ap ooy Ayt cnHcok anrebpanyeckux BRIpaxeHu#l, rae A,

HMEeT HENPHBOAHUMBIH MHHHMAJbHBIH MHOLO-
ured P; map K (A, ..., A;_p).

Beixon: cnucok muoxuTenefi muorouwsena F ¢ mux KPaTHOCTSIMH.
Ecan nosne umeer koneunyio XapaKTEePUCTHKY, TO NPOLeay-
pa Moxer Bbxath oTBer HEVIAYA, noxasmBatomuii,

9TO OAUH K3 BHYTPEHHHX AJITOPUTMOB HE€ CMOT pa60TaTb
B 3TOM KOHEUHOM IIOJIe.

[1] L:= PA3JIO)KEHUE_BECKBAJIPATHOE (F)
[2] OTBET := NIL.
[3] Hast I=1, ..., aauma L nenars A
[8.1] A:= AJIT_®@AKTOPU3ALIUA_2(L(]), K, Ay, ..., An).
[3.2] Eciu A =HEYJIAUA,
TO BHAaTh otBer HEYJIAUA
[3.3] Huas kaxmoro B us A gesaTh:
[3.3.1] OTBET := (B#xI)-OTBET.

BOSBe}IeHHe B CTelleHb 3J€eCb YUCTO CUMBOJIHYECKO€; OHO

NOKa3piBaeT, YTO MHOXKHTeJb B Bxomur B F ¢ Kpar-
HOCTLIO I, '

[4] Boizams orser OTBET,
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AJIr_®AKTOPH3ALHA 21)

Bxox: F(X): 6eckpanparusiii muorounen "ag K(A, ..., Ay).
K: Uuncto TpaHUeHIEHTHOE HOJe. . A
Ay, ..., A Cruucox anre6panu.c 4x BHIpa)KeHHH, rie A;
UMeeT HeNpHBOAUMEIL MHHUMAJbHBHIH MHOMOYIEH P, nan
K(Ah ey Al—l)' . . F

Brixon: Cnucok MHOXKHTeJefi MHorodsena F.

(1] (S, G, R):= BECKB_-HOPMA (K(Ay, ..., An1), An, F).

dror war Moxer (HO JAumb B ciayuae, koraa K umeer
KOHEYHYI0 XapakKTepHCTHKY) JaTb OTBET HEY,U,A;IIS.
B aTOoM cayuae H aJTOPHTM B LEJIOM Jaer OTBET -
YIOAUA, :
[2] Eciun=1
L:= ®AKTOP (R(X))
I/Igacl)qe L:=AJIT_®AKTOPHU3ALIHUA-2 (R(X),K, Ay ...
ey An—.]). ) i
— DeKYPCUBHBIH - LIar npoiecca (akTOPH3AUUH: anaro-
?;gM C%XI%PFOP ACHOJb3YyeTCsl TOrAa, KOrhAa Her aJxr2e-
fpanueckux 3aBHCHMOCTEH, KOTOpble HYXKHO paspewmarb ).
3] Ecau Huuna (L)=1
TO BHIAATH ogeT Ii
4] HOas xkaxporo H us L nenats
%4?1] H(X,An): =mn.0.a. (H(X),G(X,An)).
[4.2] G(X,An) :=G(X,An) /H(X, An).
[4.3] H(X,An) :=H(X+ SAn, An).
[56] Beimats otset L.

IPUMUTUBHDBIN _SJIEMEHT 8)
Bxoa: K: mose

A A, MHOXECTBO 3/€MEHTOB aJjrefpanyeckoro 3a-
Mb,IKaHI/IH moas K, rome A; onpenessercs MHOIOYJIEHOM
P; (X) man moaem K(A; ..., ALy :

) 3ta npoueaypa aHajoruuyHa ajiropuTMy ALG-I;ég;gOl}smngaécgbelmé
(Trager, 1976), HO OHa DeKypCHBHA, Tak Kak NpeiHA3N ena i palorys ¢
HpeACTABJCHHEM aiTefpanueckux BhIpaXeHHH CO MHOTUMH I pasnox(eymsi Ona
T DT o o MOGHM. HeATAGpAIHCORII OCHOBIEN TO-

HOXHTEJH
Jell;?w 2%%24;“2;11?1“1\4141114 xapaxg)&e]pnchmfg‘76Ta11§1r;e8 )anropmmu [OCTPOEHE ¢ TIO-
-afMYeCKUX METOA0B ang, , . -
Mom‘?)lon ?Jlxl;qge, koraa K umeeT XapakTepHCTHKY 0 u BCe A;;;:::?:z:;_
CKHe LigJble UHCAA, BO3MOXHO yayullleHHe; MBl MOXeM HCHOJIHCe.H o
HEGYAb aJCOPHTM DPa3NoMKEeHHs: Haj NOAAMU anre%pladnqelagglxg))( q , P
TOT, KOTOpHI NpHBeles B cTatbe (Wang & RotscleI,MITIV.E ELEMENT s

8) DvoT aNTOPHTM AHAJOTHYUEH AJTOPHTMY f -ELEMENT  iis
craten (Trager, 1976), Ho OH mpejaHasHayeH AJaA pabOTHl BJal 151;16 BIICHHA
CcO MHOTHMH [epeMEeHHbIMH, OH TakKXe cilgg}?g:oB;})pei:gf::;eﬂnm 2 goﬂmcﬂ

a/JeMeHTa B TepMHHAX H .
gpiﬁg’r;{g?xggoxmeqnoﬁ XapaKkTepPHCTHKH, 1 S‘aKaHlmBZAe.’I‘ paGory, ecnyé)lgg?é:e-
THBaeT onucannbli sbite asgroput BECKB_HOPMA; nocnenuee m e
TPOH3OATH JIMINb AJls KOHEYHOr0 MHOMECTBA NPOCTHIX HHCE
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Beixon: R (X): mMunuMasbubii  MuOrowiex ISl NPHMHTHBHOTO
snementa X moas K(A,, ..., A,) nax K
X: npexcrabienne (Co MHOrEMH HnepeMeHHBIMH) 3TOr0
9/JI€MEHTa KaK sJjemeHta noas K (A, ..., A,)
Qi (X): npencrassenue snementa A, yepe3 NPUMHTHBHBL
3JIEeMEHT. DTO — palHOHAJbHbIE ¢ynkuun or X
Han K.
1] Eecmnn=1
T0 BbiAaTh oTBeT (P;(X), A, P;(X)).

21 (R, X/, (Q/ (X’))g—— NNPUMUTHUBHbBIM DJIEMEHT

(Kr AI: ve ey An-l)-
9T0 JaeT HAM NPHMHTHBHOe NpeicTaB/jeHue AJs NOJI,
TIOPOKICHHOTO 3neMeHTaMu Ay, ..., An_;. OTH OTBeTH He

GYyyT 'HENOCDPEACTBEHHO BKJIOYEHH B KayecTBe KOMIIO-
HEHT OKOHYATEJLHOTO OTBeTa, TaK KAaK NPH A06aBAEHHH
dJeMeHTa A, NPHMHTHBHHIH 5/eMeHT X H3MeHHTCH U 3Ha-
L9AT MIPHAETCA U3MEHHTh MHOrou/eHs Q;(X).
Ecan xapakrepucruka noas K oramusa or HYJd, TO
9TOT HIal MOXKeT BblAaTh otBer HEYIAUA. B srom cay-
Jac M OTBET BBIUMC/IEHHs.B LesoM Gyser HEYJAUA.
[3] (S, G, R):= BECKB_HOPMA (K, X/, Py).
3aMeTuM, uTO ec/aM B Hallem NPeACTaBACHAH CO MHOTHMH
IE€PEMEHHLIMA BCTPEYA/IHCh BOMKEHHbIE BbIPAKeHHs, TO B
P.n moryr Bxozuts HEKOTOpble H3 MpeALIeCTBYIOIIHX A
B stom cayuwae mx cieayer samenuts [pefCTaBACHHAMHI
yepe3 X/, T. e. MHOTOYJIeHaAMH P/ (X").
3aMeTHM TakKxKe, YTO 3TOT IIAT MOKeET nate orBer HE-
YIAYA, ecnu xapaxkrepucTaka moss K ornnuna or nyas,
W ECIH 5TO NPOH3OHJET, TO MBI HE CMOXKEM MPOLOJIIKHTS
STO BBIUHC/IEHHe (HakKe eCH NPHUMUTHBHEIH 3JeMeHT B
AefiCTBUTEJbHOCTH CYLLECTBYeT).
[4] Z:=B/A, rae AX’ —B =n.0. 1. (G(X, X), R'(X)).

OTO BBIYHCJIEHHE BBHINOJHSETCS B K(X), rae X —kopens -

MHorousneHa R, a X’ paccmarpuBaercs kak nepeMeHHas
MHOTOY/IEHOB, N/ KOTOPHIX HAXOZMTCA HAUGOJBIIHE 0f-
UIHH fenuTeb.
Z — 310 mpesicTasienue X’ uepes X.

5] Qu(X) :=X—SszZ
9710 oTpaxaer Tor (akT, uTo X = A, -+ $+X’.

[6] Hasii=1, ..., n— 1 genars:

[6.1] Q, (X):=IToxcraBuTs (Q (X, X'-—>Z),

OTOT LUKJ TOPOKIaer Bce MHOTOYJIeHb!, ONpeAeasIOLHe
A; uepes X.

[[7] Brizats ozBer (R(X), An+ S#X’, (Qi)).

Anzopurmst m

PA3JIOXKEHUE.BECKBAJZLIPATHOE?)

Bxoa: R(X): MHOrousieH HaJA HEKOTODEIM OCHOBHHM mnojem K.
Buxon: (Ri(X),..., Ra(X))

rjae
i=n

R(X)= J:[IR:(X)i

1 R; B3aUMHO IIPOCTH H He COAEPKAaT KBajipaToB.
[1] Ecau crenens (R)=1, 10 BHlAATL OTBeT R.
{2] R":=dR/dX
Kak (opMasbHasi NPOU3BOAHAS MHOTOYJIEHOB
"=20, 10
3 ECS?ORmome,T NPON3OHTH MWL B TOM CJIyYae, KOTNa Kax-
nblii onHOWJeH B R sABasierca p-fi crTemeHblo no X, rﬂe-
p — xapaktepucTuka noasi K, Tak kak R uMmeer nonoyz:;ypll
TeJbHYIO CTeNeHb. B 4acTHOCTH, 9TO HE MOXKET NPOHU30HTH,

ecan K umeer xapakrtepuky O.
B.1 R:=REX)" | =

IMonaraeM R" == _Z‘baiX", rae R=§Oa,X p

H p —XapakTepuctuka moJus K. ' .
[3.2] L:==PA3JIO)KEHHME_BECKBAIIPATHOE (R")
[3

r LS .
3l ?;félaLT’b r?gﬁgf?{aefcﬂ u3 L BcTaBKON (p— 1) HyJell mepel
KaXIbIM 37eMeHTOM L B KauecTBe yKasaHHf Ha TO, UTO
MBI XOTHM DPasJioxkuTb R = R'P, :
[4] R” =mn.0.x. (R, R').
[6] Ecan R” —snement moas K

TO BHLAaTbh OTBET R.
B sTom cayuae R GecKBaApaTHBII H MBI IPOCTO BHA2eM

€ro B KayecTBe OTBETA.

[6.1] M[1] := (R/R")/u.0.1. (R”,R/R").

OtTBer Hakan/uBaeTcs B Bektope M. BaMemM,u YTO XOTH
saemedT M|[1] BuhuucAseTcs Kak 4acTHOe, B AeHcCTBHTe/b-
HOCTH OH siBJsieTcsi MHorousieHoM nmo X Hang K.

16.2] R:=R/M[I]

Mbl HCKIIOUaEM MHOXKHTeJH H3 R 1mo Mepe HX HaxoOx-

17 L:liHIgﬂA.SJIO)KEHI/IE..BECKBAJIPATHOE (R”).

1) DroT adropHTM PAa3IOKEHHS MHOTOWICHOB Ha nénoxmen:éazeoggzézg:
XKallue KBAaApATOB, MOUTH HABEDHAKA He ODHTHHAJIEH, uu;;c;se;m coben-
HOCTb, KOTODYIO s HE CMOr HalTH B 3JeMEeHTapHbIX TeKC X, ro gnepamﬁ
pP-MH CTEMEHAMH IO MOAYJIO npoc:grgnt:ggﬁiﬂp. Sl yBepes,

3HAI0 APYTo .
e gglg}szﬂaen,cgﬁb&e BCI)(bEKTIEgIHHﬁ aJrOPUTM IJsi ToJel xa%am;%xcgﬁnﬂg
(rakoht cm. B crarbe (Yun, 1977b)), HO Gosiee 3¢ PeKTUBHBIN ajropu?
o6obuiaeTcs TaK Jerko Ha IOJAA NPOCTOf XapaKTepHCTHKH.
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[8] Husi 1=2, ... nenarsp:

I_Io TeX MOP, NOKa He HCYepnaloTcs HEHyJIeBble 5JIeMeHTh
cnucka L. .

[8.1] Ecaum pllI,
o M[I] :=L[I]
: Huave M[I+ 1] :=L]|I]
[8.2] Ecaum p|I,
T0 R:=R/L[I]#s]
Huave R:=R/L[I]#«(1+ 1).
[9] Ecau R — snement noas K
To BEIZaTL OTBET M.
[10] Oust I==p,2p, ..., nenats:
SDTOT WHKJ, KOTOPHIl BHIIOJHSETCA TOJbKO B cayuae He-
HyJeBOH XapaKTepHCTHKH, HyXKeH N5 NPEOLOJICHHS He-
l)I,OplasyMEHHﬁ, BBI3BAHHBIX CMeLIeHHEM MHOXHTeNdel YP y
o+
[10.1] R’ :=m.0.a. (R, M(I)).
[10.2] M[I+ 1] :=R’.
10.3] M[I] :== M[I] /R".
110.4] R:=R/R".
11] Bouinath orBer M.

’

Jlemma 1. Onucannoui soiue arzopurm 3asepuiaer pabory.

Hokaszareavcreo. EpuHcTBeHHHLH C1oco6, KOTOPHIM 5TOT aJ- -

TOPHTM MOKET 3alMK/HTBCSA — 3T0 GecKOHewHas pekypeus. Ho
€C/IH OH BhI3bIBaeT caM ce6si Ha lare 3.2, TO OH yMeHbLIAET CTe-
IIEHb CBOETO apryMeHTa He MeHee YeM B p Pas3, a eCJH OH BBI3bi-
Baer cefs Ha ware 7, TO Mbl HMeeM deg (R"”)=deg(u.0.1.(R,
R’)) << deg(R’) < deg(R), Tak uro CTeleHb — CTPOro yGHIBAIO-

Was nesounciaenHas ¢yHkuus. Cjel0BaTe bHO PEKYPCHS KOHeu-

Ha, U aJIrOPHTM 3aBepliaer paGoTy.

Teopema 2. Ascopurm seidaer npasuivusili orser.

Hoxasarenscrso. Tlycts R (X) = H} R; (X)". Mu moxem cun-

TaThb, YTO CTemeHb MHorouneHa R (X) Gosabwie 1, Tak xax wHaye
sajaya TpupHanbHa. Hemosbsys npeabiaymyio semmy, Gyaem
paccyx1aTh ¢ NOMOILbIO MHAYKIHH IO CTENleHH MHOTOujieHa R.
Ecin R(X) ects p-1 crenenn (rae p — XapaKTepUCTHKA OCHOB-
Horo moast), 10 R'(X)==0 u anroput™M uepexopur x wary 3.

Torpa R” ectb KopeHb p-il cTemeHu H3 R u aJropuT™M paboraer
IIPaBHJIBHO.

Ecan R He ectb p-si cTenenb, To
R (X)=) iR, (XY

im]

R (X)
Ri(X)’
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=TI R )", T=T[ R;(X). Torna R”=n. 0. x (R, R')=
Il i=1

i=n
, r T
SH.0.0. (T, lei (X) _RT(_)T)_)

i=1

-
Yz Ttoro uro R; B3aUMHO NPOCTH, MH nonyqaeGM, ;&%rgﬂgd-

CTBEHHO BO3MOXKHBiE MHOMKHUTEJNH IOCJeLHEro Hgn(r%gdp) o6

mero AeauTeNs — 3To Te R, AJsi KOTOPHX @ == .

n
. ir
foBaTesNbHO, R” = I__[l R;(X)", rne
=

., i, ecan i|p,
"=li—1s NIPOTHBHOM cJyuae.

{=n )
| neauTeseM i), H
Torna R/R” ectb iI;[lR,(X) (p He sBaAAETCA 11e-

11 ects Toraa Ry(X). N
M[3]aTeM Mbl MOYKEM MO0Jy4YHTh CBOOOAHOE OT[%aazIL(pgg;?a JIx)::;gro
" — W jeJaeTcs Ha Liare . L ,

uue R HMEeHHO 9TO o,
f{Kneeﬂbl puna Rep(X)*® u Repy1 (X)*PH! Opinu cMeLIIeIaH% B a]gnb:xe-
KaK W Te M Apyrue HMEIT Tenepb noxa;esaTeJleK J;I).Ha u};are o

” fayT ¢ okasarejeMm kp, U 1L

Hue R” onu 06a BOHAYT € Lol
Nipou3BeieT HeoGXOAHMbBIA oT60op, TaK KaK Rekpti ()st?sa:; e
TOUHBIE MHOMHTeNb, a Rep(X) He nact. D10 10K RN
PeKTHOCTb ADYrofi BeTBH aJropuTMa, & 3HAUHT H opH" ”

LeJIOM.
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