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NPEOUCHOBHUE

[ Ipensiaraemasi BHUMaHHUIO YUTATENS] KHU-
ra ajpecoBaHa VYuUTeJAsIM MaTeMAaTUKH
CTaplUHUX KJIaCCOB U MOCBAlIEHA JBYM pas-
JesiaM IIKOJIBHOrO Kypca MaTeMaTHKH, a
HMEHHO MeTOAY MaTeMaTHUYeCKOH HHIYK-
LM U KOMOMHaATopuKe. Marepuas KHHUTH
H3Jjaraercss Ha OoJiee BBICOKOM Hay4HOM
ypOBHE U B 60JiblIeM 00bEME, UEM ITO NIPENY-
CMOTPEHO LIKOJIbHOH IPOrpaMmoOHd, YTO
Oyner cnoco6CTBOBATbh BOOPYIKEHHIO YYH-
TeJNs AOCTATOYHO IVIYOOKHUM 3HAHHEM IIpe-
[0JaBaeMbIX BOIIPOCOB. PaccMoTpeHa CBA3E
MeToJa maTeMaTHYeCKOM HHAYKIHH C akK-
CUOMATUKOHU MHOKECTBA HaTypaJibHBIX YH-
ceJsl, poJib HHAVKUMH B MaTeMaTHKe U T. H.
H3nokeHue KOMOHMHATODHKH BeIeTca Ha
TEOPETUKO-MHOKEeCTBEHHOH OCHOBE, YTO OT-
BeyaeT COBPEMEHHOMY TMIOAXOAY K 3TOH
00J1aCTH MaTeMaTuKH.

ABTOp MNPOCHT MNPHUCHELIATL 3aMeyaHusd
O BO3MOXKHBIX HeJOCTaTKaX 3TOU KHHIH
o ajapecy: MockBa, 3-U npoesg MapbHHOH
pouy, 41, usparenbctBo «llpocselienue»,
pelaKiUHad MaTeMaTUKH,

H. BuaenKun



S 1. METOD MATEMATHYECKOI
WH LY KLU MK

1. Denykupa v ueAykuHa. OLHOH H3 OT-
JUYUTEJNBHLIX 4YepT MATEeMATHKH H TaKHX HayK, Kak TeopeTHyecKas
MEXaHUKa, TeoperHuyeckass GU3MKaA, MaTeMaTHyeCKas JIHHTBHUCTHKA,
IBJISIeTCA JEAVKTHBHOE IOCTPOEHHE TEOPUH, NIPHU KOTOPOM BCE YTBEp-
>KJIeHHU 51 BBIBOASATCH U3 HECKOJIbKHMX OCHOBHEIX I10JIOXKE€HHH, Ha3bIBaeMbIX
aKCHOMaMH, C ITOMOIIbIO AEAVKLHUH, T. €. JIOTHUECKOro BEIBOAA (CaMo
CJIOBO 0edyKyusa TNO-PYCCKU O3HAYaeT BLIBOA). AKCcuoMamiy Ha3bIBAIOT
BbICKAa3hIRAHHUSA, 3a/1a101I1e CBOMCTBA OCHOBHLIX MOHATHH JAaHHOH TEOpHH
H OTHOIIEHUH MeXXJY 3THMH MNOHATUIMH.

B Teuenne GoJiee yeM JABYX ThICAYENETHH 00pas3iioM JedYKTHBHOIO
IIOCTPpOeHHs Teopuun Oblna kKHura «Hauanas, nanucanuass B III Beke
IO Halllel 3phl JgpeBHerpeueckum reomerpom EBxiumom. Ilo atomy 06-
pasily MHCAJHUCh HE TOJBKO MaTeMaTHyeCKHe COUliHEeHHS, HO U PUI0copd-
ckue tpakrtatbl. OJHAKO Mo3jHeHIlas KPUTHKA BCKPHLIA HEJNOYETH B
H3J0eHud EBKJAHIA, NMOKasana, 4yTo Hapsay ¢ ABHO ChOPMYJHUPOBAH-
HBIMH aKCHOMaMH OH HCII0JbL30BaJJ HArJgIHO OUSBHUAHLIE YTBEDPXKAEHHS,
He (QUrypUDPVYIOIHE B CIHUCKe akcHuoM. JautesbHas paboTa MHOTHX
[IOKOJIEHHH TeOMeTPOB, BaKHLIM 3TallOM KOTOPOH ObLIO IOCTPOEHHE
B Hayase XIX Bexa H. M. JlobaueBckuM HEEeBKJINJAGBOU TeOMETPHH,
3aBeplingach B KoHue X1X Beka co3jaHueM IOJHCH aKCHOMATHKH IeO-
MeTpuU. B KHHUre Hemeunkoro Maremaruxa . I'uniabbepra «OcHoBaHuS
reOMeTPUHU» 34 OCHOBHLIE TOHATHUA NPHHATBl MO4Ka, npamas, Hao-
CKOCMmb, a 3a OCHOBHLIE OTHOLIEGHHS MEXAY HUMH npuradirexcamso, ae-
swcamo mexncdy, ovums korepysnmHoumu. Ceidlyac B IHKOJAE NPHMEHSIETCS
MHasi CHCTeMa aKCHOM, B KOTOPOH 3a OCHOBHBIE MOHSATHS MPUHSATHI 1104~
Ka, npamas, NA0CKOCHIb, paccmosrue, a IOHATHE KOHI'P YSHTHOCTH CTPO-
UTCS Ha 6a3e 3THX OCHOBHBIX IOHATHH.

Onuako, Kakag Obl cUcTeMa akCHOM HHU Oblia 1oJioKeHa B OCHOBY Ieo-
METPUH, NOCJIe TOr0 KaK aKCHOMEI C(POPMYJIHPOBAHBI, BCE OCTaJIbHbIE T'e0-
METPpHUYECKHE MOHATHA U TEOPEMbl JOJKHBI CTPOHUTbCSA HA HX OCHOBE,
IIpu nokasaresnbCTBE TEOPEM YiKe HeJb3s CCHLIAThCs Ha Pe3yJbTaThl H3-
MEpEeHHs JJUH CTOPOH U BEJIHYHUH YIVIOB KOHKPETHBIX TPEYTOJbHUKOB,
BCe JOJIXKHO BBIBOAMTHCS JENYKTHBHO, Ha OCHOBE YHCTOH JIOTHKH.
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AHaMOrH4YHO 3TOMY Obla IOCTPOEHA aKCHOMaTHKa apHpMETHKH,
OCHOBaHHaf Ha OTHOLUEHHUH caedosamsb 3a. U 31echb faxKe Takue OYEBH]L-
Hble YTBEPKIECHHUSA, KAK CYMMQA He MEHACMCS Npu nepecmanogke Caaza-
eMblX, TIOJYUUJIH CTPOroe A0Kas3aTeJIbCTBO, OCHOBAHHO@ Ha 3TOH CHCTe-
M€ aKCHOM.

OpHako JIeAYKLHA HE HABJAETCSA €IHHCTBEHHLIM METOJO0M HayyHOro
MBILLJIEHHA. YK€ B BBIYHC/IHTEJNbHOH MaTeMaTHKe He BCerja yAaercs
CTPOrO JI0Ka3arb, YTO BLIYUC/JAHTENbHBIE NPOLLECCHl CXOASATCSH H HX IPH-
MEHHMOCTb OOOCHOBLIBAETCH TEM, UTO OHH JalOT, KaK NPaBUJIO, Pe3yJb-
TaThl, NOATBEpPKJaeMble NMPAaKTHKOH. LElle 1Hpe UCNOAb3YeTCs arnediJsl-
IHA K HaOJMIONEHHIO H ONBITY B TAKUX HAYKaX, KakK (PU3UKa, XHMHS,
6uoJiorusi. B HUX HapaAy ¢ JeiyKUKHEHd IUPOKO HCHOAb3YIOTCSA HHAYK-
TUBHBIE paccyxaenus. CJI0BO uHOyKyua No-pyCCKU O3HAUYAeT HaBeJleHHe,
a UHOYKMUBHbIMI HA3HIBAIOT BLIBOJABI, CJleJlaHHbIE HA OCHOBe HabJ0Je-
HHH, ONBITOB, T. €. NOJIYUEHHBIE NYTEM 3aKJ/IOUEeHUA OT YaCTHOIO K 00-
[LIEMY.

Hanpumep, mMbl Kaxabll geHb HabawogaeM, 4to CoJIHIIE BOCXOAHT C
BOCTOKA. 1103TOMY MO:KHO OBITL YBEpPEHHBLIM, YTO U 3aBTPa OHO MNOSBHT-
csl Ha BOCTOKe, a He Ha 3amaje. JTOT BBIBOJ MHI JiejlaeM, He Ipuberas
HH K KaKHM NPEIIOJIOXKEeHHsIM 0 npuunHe jaBu:keHus CoJsiHUa 1o Heoy
(boJsiee TOro, CamO 3TO JABHIKEHHE OKA3bIBAETCA KaxKYIIUMCS, IOCKOJb-
Ky Ha caMOM Jiese JBHXKeTcsl 3eMHOH Lap). M Tem He mMeHee 3TOT UHAYK-
THBHEIA BBIBOJ, TPAaBUJBHO OIKCEIBAET Te HaOMIOJeHHA, KOTOPhIE MEH
IPOBEJIEM 3aBTpa. .

PoJsib HHAYKTHBHBLIX BBIBOJOB B 3KCIEPUMEHTAJILHBIX HAayKaX OYEHb
pequka. OHH JAlOT T€ IOJOXKEHHA, U3 KOTOPBIX IOTOM IyTeM AelYK-
WY JeJatoTcs JajbHerIlIne YyMO3aKiwueHus. M xorsa Teoperuyeckast Me-
XaHHKa OCHOBBLIBAETCS Ha TPpeX 3aKOHaX JBH:KeHUA HbloToHa, caMU 3TH
3aKOHBbl fABHJHCH pPe3yJabTatoM IJyOOKOr0 NPOAYMBbIBAHUA ONBITHBIX
JAHHBIX, B YaCTHOCTH 3aKOHOB Kemepa ABHKE€HHA NJIAHET, BHIBEJEI:-
HbIX HM IIpH 00paboTKe MHOTrOJieTHUX HaOJIIoJeHUH JaTCKOro acTpoHoMAa
Tuxo bpare. HaGaionenne, UHAYKIHUS OKa3bIBAOTCA IOJE3HLIMH H B
nanbHedlleM A8 YTOUHEHHS CAeJaHHBIX NpeanosoxeHuu. llocse onbi-
TOB MankKesbCOHA 10 U3MEPEHUIO CKOPOCTU CBeTa B ABUIKVIIEHCS Cpene
OKa3aJoch HecOXOJAHMBIM YTOUHUTH 3aKOHBI (DU3HKH, CO3JaTb TEOPHIO
OTHOCHUTEJ/JILHOCTH.

B MarematHke poJb HHAVKUHH B 3HAYHTEJBLHOH CTEIIEHH COCTOUT
B TOM, YTO OHA JEXHT B OCHOBe BhIOHpaeMOoH akcuomatuk. llocue
TOIO KaK JJIUTeJbHas INPaKTUKA IokasaJsa, YTO NpsAMOH NYThb BCerjha
KOpoYe KPHBOTO HWJIH JIOMAaHOTO, €CTeCTBEHHO ObLIO C(QOpMYJIHPOBATh
aKCHUOMY: 048 arobolx mpex mouek A, B u C 6binoansaemes Hepasercmeo
IAB| + |BC| > |AC|. Jlexaiiee B OCHOBe apH(PMETUKH IOHATHE
caecosame 3a TOXKE MOSIBUJIOCh NPH HAOJMIOAEHUAX 3a CTpoeM COJAar,
Kopabsied M JPYrHUMH YHNOpAJOYEHHBIMH MHOXKECTBaMH.

He caenyer, ogHako, AyMaTb, YTO 3THM HCUYEPIBLIBAETCS POJb HHAYK-
MM B MaremaTHke. Pasymeercs, MBIl HE JOJXKHHB 3KCIEPUMEHTAJBHO
[IPOBEPATL TEOPEMbl, JOTHYECKH BbIBEJICHHLIE H3 aKCHOM: €CJU IpH
BEIBOJE He OBbLIO CAEJAHO JIOTHYECKUX OLIHOOK, TO OHH IIOCTOJbKY
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BepHBI, NMOCKOJIbKY UCTHHHBI NPUHATHIE HaMH aKCHOMEI. Ho u3 nannoH
CHCTEeMBbl aKCHOM MOXXHO BBIBECTH OU€Hb MHOIO yTBepxKaeHuH. M orGop
TeX YTBepKAEeHHH, KOTOpble HAl0 JOKasbiBaTb, BHOBb [OJCKa3bIBAeTCH
HHAyKiueld. MMeHHO OHa INO3BOJISIET OTJAENHTH IIOJIE3BHBIE TEOPEMBI OT
6ecriosle3HbiX, YKa3blBaeT, KakUe TeopeMbl MOTYT OKa3aTbCs BEpPHLIMH,
W JlaxKe TToMoraeT HaMeTUThb IyTb J0oKasare/bcTBa. Kax npasuJjio, cnpa-
BeIJIUBOCTb TEOpPEeMbl CHayajaa JAesaeTcsd OUYeBUJHOU U3 omnbiTa U Harasij-
HBIX COOOpaxKeHUHU W JIMILIL [OTOM [OJIYYaeT AeAYKTHBHOE MNOATBEPKAE-
Hye. JIMub nocJjie Toro, Kak Ha MHOTOUMCJEHHLIX NpuMepax yoeauJucCh,
yTO CyMMa 4YHCes He H3MEHSeTCs IPH IepecTaHOBKEe cJiaraeMhblX, BO3-
HHKJa NOTPEOHOCTb BBIBECTH 3TO YTBEPIKIECHHE U3 aKCHOM apU(METHKH.

MuayKTHBHBIE PACCYKAEHHUSA LIMPOKO UCIIOJAb30BaJ B CBOUX HCC/Ie-
JIOBAHUSX 110 TEOPHH 4yHcesa ujeH IlerepOyprckoil Akajaemuu Hayk Be-
nukuit marematuk X VIII Beka Jleonapn dusep. OH nucan: «[Tokaxercs
HeMaJO IapaJoKcaJbHbIM TMPHUIIUCKHIBATL 00JIbIIOE 3HaueHHe HabJIIo-
JIEHHUSIM Jaxe B TOM 4YacTh MareMaTH4YeCKUX HayK, KoTopasd OOBIUHO
Ha3bIBaeTCs YHCTOH MaTeMaTHKOH, TaK KaK CYILIeCTBYET pacIlpoCTpaHeH-
HOe MHeHHe, YTO HalJIoJeHUs] OrpaHHYUBaOTCHd (PU3HUECKUMH OOBEKTa-
MH, KOTOpble BO3JEHCTBYIOT Ha Hallu 4yBCTBA... OQHAKO B JEHCTBHU-
TEeJbHOCTH, KaK A 3JeCh MOKaxy, IpUBENA OUEHb BEeCKHE JOBOJHI,
CBOMCTBA YHCEJI, U3BECTHbIE CEerojHs, N0 00J/bIlIeH YaCTH OblIH OTKPHITHL
MyTeM HaOJIIONEHUS U OTKPLITHI 33J0Jr0 IO TOr0, KaK HUX HCTHHHOCTEH
Oblj1a IOATBEP2KIeHA CTPOTUMHU JJOKa3aTeJabCTBaMu. kiMeercs faxke MHOTO
CBOHCTB YHCeJ, C KOTOPBIMH Mbl XOPOLIO 3HAKOMBI, HO KOTOPhbIE MBI BCE
ellle He B COCTOSIHMHU J0ka3aTb, TOJAbLKO HAOJIIONEHUA NPUBEJH HAC K UX
IO3HAHHUIO... ITOT BHJ 3HAHUS, KOTOPOE MOAKPEIIAETCA TOJbKO HabIIO-
NIEHUSIMM U BCe ellle He J0Kas3aHo, cJeayeT TUATEeJNbHO OTJAHYaTh OT
HCTUHBI, OHO, KaK Mbl OOBIYHO TOBOpPUM, IpHOOpETaeTrcs HUHAYKIHEH.
OnHako Mbl BHAEIH CJaydad, Korja npocrass MHAYKIUSA Besa K olIHOKe.
[IosTOMY MBI JOJI3KHBI NPOSABJIATE OOJBIIYIO OCTOPOXKHOCTb, YTOOBI He
NPUHATh 34 HUCTUHHBIE TaKHe CBOHCTBA 4YHCEJ, KOTOPBIE MBI OTKPBLIH
nyTeM HaOJMIOAEHUSA U KOTOPHIE MOAKPeIIAIOTCA OLHOH JUIUb UHAYKIUEH,
B nencTBUTE/NBHOCTH MBI JOJIXKHBI [10/1b30BAaThCSl TAKUM OTKPBITHEM, KaK
BO3MOXKHOCTbIO 00Jiee TOUHO HCCJAeN0BATh 3TH OTKPLIThIE CBOHUCTBA U

JIOKa3aTb HX WJH OINPOBEPTHYTh, B 00OHX CJAy4YasiX Mbl JOJ2KHBI Ha-
VUHUTBCHA KOe-ueMy I0JIE3HOMYY.

2. Ilonnas uuaykuusi. Kak oTrMeueHO B MNpHBEJEHHOM BbIIIE BBI-
cKasbiBaHUHU Jl. Duiiepa, UHAYKIMA MOXKET NPUBECTH U K OLIMOOYHBLIM

BeIBOJaM. Hanpumep, ppannysckuid marematuk X VII Beka [Ibep ®Pepma,
paccMaTpuBas 4Hc/ia

2! 11 =522+ 1=17, 2 + | = 257, 2" + 1 = 65537,
npUiles K BBIBOAY, YTO NPH JIOOOM HaTypaJbHOM 3HAUEHHH 71 YHCJIO

22" 1 apasiercs npocThiM. IIpoBepuTh crnpapenBOCTb 3TOTO YTBEP-
XJIEHUA TIPH 1 = D OH He CMOT, TaK KaK He CyMeJl BhIICHUTb, UMEET JIH

yucyo 2°2 + 1 HeTpuBHaJbHBIE aeauTesH. Ho Juepy ynajoch IOKa-
3aTh, YTO 3TO UHCJAO Aeautrcsa Ha 641.
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B teopuu umcen nokasbiBaercs, YTO €cjJd p — MPOCTOE YUCJIO, TO
-1 _
2°7" — 1 mesutcs Ha p. Ho HHM 1715 OJHOrO M3 NPOCTHIX YHCEJ, MEHb-
-1
mux 1000, 2°7" — 1 ne penutcs Ha p?. IlosTomy BO3HHMKJA THIIOTE3a,

4TO BOOGIIE HH [Jis OAHOTO MPOCTOTO YHCAa p unejo 297 — 1 He JesHT-
ca Ha p®. OnHako okasanoch, yto 2'93-1 — | nenurca ma 10932, Cy-
[I[eCTBYIOT MPUMEPHI, KOTJa 4HC/0, ONpoBeprarouiee runore3y, HacTodb-
KO BEJUKO, YTO HAWUTH ero InepebopoM IMpPAKTHUECKH HEBO3MOXKHO.
Hanpumep, nepBoe 3HaueHHe A Takoe, yTo 4ucjo 991a% 4 1 saBasiercd
TOUHBIM KBajJpaToM, HacuuThIBaeT 29 1ecATHYHEIX 3HAKOB. [losatomy, ec-
JU 6B KTO-HHOYAb chopMyJHpoBas runoresy: uucao 991n* 4 1 nukoeda
He ABAAEMCs MOYHbIM Keaopamom, TO IJ ONPOBEPKEHUSA 3TOTO YTBEp-
JKJIEHHS eMy NMpHULIoCh OBl epedparh CTONAb MHOTO YHCEJ, YTO 3TO OKa-
3a/710Cb OBl He TMOJA CHJAY caMOM OBICTPOAEHUCTBYIOUIEH BBIUUCJIUTEJIHLHOH
MallliHe (pa3dyMeeTrcsl, ONpoBeprarouiee TUIoTe3y YHCIO OBLIO HauAEHO
HHBIM TIYTEM).

M3 cka3aHHOrO BHIE CJEAYeT, UTO YraJlaHHBIM C MOMOIILBIO HHIYK-
[MH Pe3yJbTaT MNOAJIEKUT AEeIYKTUBHOMY JOKas3aresabCcTBY. B HekoTO-
PBHIX CJAy4YasiXx TakKoe J0Kas3aTeJbCTBO MOXKHO IPOBECTH, pasolOpaB Ko-
HEUHOe YHCJIO CJAYYaeB, UCUEPNBLIBAIOLINX BCE BO3SMOXKHOCTH.

Hanpumep, uToOBl J0Ka3aTb YTBEPXKIEHHUE: 045 4100020 NPABUALHOZO
MHO202pAHHUKA cnpasedauso coomuouwerue B — P + I = 2, ede B —
uucao e2o eepuiurn, P — pebep u I’ — epareidi, 1ocTaTOYHO PacCMOTPETH
NATh CJAy4yaeB: TeTpaslp, OKTasAp, KyO, noAeKasap, UKocasJgp — JAPY-
X TPaBHJbHBIX MHOTOTPAHHMKOB He CYIEeCTBYeT. A JJisd 3THX IMATH
cJy4aeB YTBEP:KIEHHE NPOBEPAETCA C MOMOLIbIO CJjeNYIolieH TaOMHIbI:

Ha3spanue Uucino Unceao Yucno
BepIUHH pebep rpasen
TeTpasap 4 6 4
OKTasap 6 12 8
Kyo0 8 12 6
Jlonexkasap 20 30 12
Hxkocasap 12 30 20

B camom jpene, AJs BCeX NATH MHOTOTPAHHUKOB MMeeM B — P -
+ I = 2.

Takoil meron mnepebopa KOHEYHOI'O 4YHCJAA CJAYYaeB, HCUEPILIBAIC-
[IIUX BCE BO3MOXKHOCTH, HasblBaeTcsi noaHou unodykyueti. HecMoTps Ha
CBOe Ha3BaHHe, 3TOT METOJ SIBJASETCA Ha CaMOM JieJie He HHIYKTHBHBIM,
a JeIVKTUBHBIM — IIPUMEHssl €ro, Mbl ONIHpaeMcsl Ha obujue noJoKeHus
JIOTHKH, TIO3BOJIAIOIIHUE pacyJIeHATh OOIUHA CJIy4yald HAa KOHEYHOE YHCJIO
YacTHBIX CJy4aeB H paccMaTpUBaTbhb HX 10 OTAECJLHOCTH.

3. Meroj matemaTHuyecKOM HHAYKUMH., MeTon MOMHOH HMHAYKUUH
HMeeT BeCbMa OTrpaHHUYEHHYIO 00/1acTh NPHMEHUMOCTH B MaTeMaTHKe.
Kak npaBujio, MaTeMaTHYeCKHe YTBEPXKAEHUS Kacalorcss 6eCKOHEYHOrO
MHOKeCTBa OOBEKTOB (HanpHUMep, BCEX HaTypa/JbHBIX YHCEJ, BCEX
IPOCTBIX YHCEJ, BC€X MHOTOrpaHHUKOB M T. A.), U nepebpaTb BCE 3TH
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OOBEKTHI OKA3hIBAETCS HEBO3MOXKHBIM. HO CyIIecTByeT MeToJ paccy:k/e-
HUS, 3aMEHAIOLIUNH HEOCYIIeCTBUMBIN rnepebop OECKOHEYHOrO0 MHOKECTBa
cJy4aes JI0Ka3aTeJbCTBOM TOT0, YTO €CJIM JaHHOE YTBEPKAEHUEe UCTUHHO
B OLHOM CJyyae, TO OHO OKaxKeTcsd UCTUHHbLIM U B CJAEAVIOUIEM 3a HHUM
ciayyae. Tako# MeTon paccyKaeHHs Ha3bIBAETCS MamemMamuseckoll uHOyK-
yuer UJIX paccykIeHueMm or n K n -+ 1.

Mojenbio MaTeMaTHYeCKOH HHAYKIHH MOMKET CJAYKUTh CJeNVIoIee
paccyxaenue: «llpununnoit xaxyierocsi Bocxoga CoJiHIa Ha BOCTOKE
SIBJISIETCSI CYTOYHOE BpalueHue 3eMau Bokpyr ocu. Ecau cerogns CosHue
B30ILJIO Ha BOCTOKeE, TO uepe3 cyTKH 3emas U CosHIe CHOBA OKaXYTCA
B TOM XK€ CaMOM I10JI0KE€HHHU, U MBI BHOBB OyJ1eM HadJ/II0aTh TO XKe camoe
sBjaeHHe. o Ttorna Mbl GyneMm Hab/0naTh €ro CHYCTs elie CYTKH, a
[IOTOM €lle yepe3 CYTKH M TAaKUM 00pasoM YBHIHM €ro Kaxjaoe yTpo».

HeroyHoCTb 3TOTO paccyrkaeHusl 3aKJIOUaeTcs B TOM, YTO B HeM He
YUUTBIBAIOTCA JBUKeHHe 3eMJU Mo opbuTe, MEHSIollee 4Yac BOCXO0Ja
CoJiHIla, U3MEHEHHE CKOPOCTH BpalleHus 3emau U T. 1. Ho B Maremaruke
TaKas CXeMa pacCyxXKJIeHHA 4YacTO OKas3biBaercsa mnoJiesHod. byneM,
HalpHMep, BBIUHC/AATE IOC/SI0BATE/IbHbIE CYMMBI HEUETHBIX UYHCEJ:
I, 1 +3, 1 4+3-+5 1+ 3+ 5+ 7. Mel nonyuum uucaa 1, 4, 9,
10, sBasIOIIMECA KBaapaTaMHu HarypadbHbIX uncesa 1, 2, 3, 4. MoxHo
O2KHJaTh, 4YTO, NPHOABUB K cyMMe 1 + 3 + O + 7 caenyioliee HEUeTHOE
YHCJI0, 9, MOJIYyYUM KBajapar yucaa 5, 1. e. 25. M neficrBurenpHo, 1 -
+ 3+ 0+ 7+ 9= 25. Urak, MBl jpesaeM rumnoresy, 41o AJs JIO-
O00ro HaTypaJIbHOrO Yuc/ia 1 HCTUHHHO PaBEHCTBO

I +3+ 0+ ...+ (@n — 1) = n (1)

Kak yxe oTMmeuasoch BbIllle, TMOC/AeJ0BaTeJbHBIA Tepebop Hary-
paJbHBIX YHCEJA He JacCT JA0Ka3aTe/bCTBa 3TOHW THMOTE3hl, TaK Kak,
CKOJILKO Obl YHCEJ Mbl HM MPOBEPHJH, BCErjJa OCTAeTCS BO3MOXKHOCTD,
YTO CPE€AH OCTaBILUHXCSI YHCEJI €CTh Takoe, AJs1 KOTOPOTO paBeHCTBO (1)
He BBINOJIHsAETCA. HaM HYXXHO NPOBECTH paccyxkJeHHe, KOTOPOe ObLIO
OBl aHaJIOrOM CJIOB «yepe3 CYTKH 3emisl U CoMHUE OKaxXKyTCS B TOM Ke
CaMOM IIOJIOXKEHHH, U MBI OyjaeM HaOJI0JaTh TO K€ caMoe SIBJEHHEY.
FHuEIMH cjioBaMH, HaM HajO JA0OKas3aThb, YTO €CJIH

| +3F5F ...+ (2 —1) = k2, (2)

TO TaKO€ K€ PaBEHCTBO OyJeT ClIpaBeJIMBO U NpU J00aBJ€HHUU K JeBOoH
YyacTH PaBEHCTBA CJIEAYIOLLEro HeyeTHoro yucnaa 2k + 1 u onHOBpeMeH-
HOH 3aMmeHe npaBoil yactd Ha (B -+ 1)%, T. e.
l+-3+0+ ...1T Ek—1)+ Lk + 1) = (& + 1) (3)
Mrak, noxkasareJbCTBO CIIPaBeAJIMBOCTH paBeHcTBa (1) He TOJbKO
s ydcen n = 1, 2, 3, 4, HO ¥ A4 BCeX HATYPaJIbHBLIX YHUCEJ CBOJUTCS
K TOMY, 4YTOOBI JJOKa3aTh CJEAVIOLLEE YVTBEPKIEHHE: ecal UCMUHHO pa-
6eHCmeBo (2), mo ucmurHo u pasercmso (3). PaBeHCTBO (3), HCTHHHOCTD
KOTOPOr0 MBI XOTHM JOKa3arb, MOXKHO IIepenucarb CJeayoimum
oOpasoMm:

1 +3+5+...+@k—D]+2%+1==48+2%+1.




Ho, mo mnpennono)xenuio, KBagpaTHyIO0 CKOGKY B JIeBOH 4YacTH paBeH-
CTBAa MOKHO 3aMeHUTb Ha k°. B pesysabraTe nogyyaeM TOXKIECTBO
R* -2k + 1 = R+ 2k + 1. .

HMrak, paBencrBo (1) uCTHHHO npu n = 1, a U3 €ro HCTUHHOCTHU TPH

= R BBIT€KAeT, YTO OHO HUCTHHHO W npu n = k + 1. Ho Torma us

ero HCTHHHOCTH NIpH n = 1 cjaexyer, 4YTO OHO HCTHHHO NpH n = 1 +
+ 1 = 2, a Toria oHo uctuHHO npu n =2 4+ 1 =3, nmpu n = 3 +
+ 1 = 4 u BooOlle npu Bcex HaATypaJbHLIX 3HAYEHUAX 1.

Kak ¥ Bce J0Ka3aTejbCTBa METOJOM MaTeMaTHUYeCKOH HHIVKLUHH,
[IPOBEAEHHOE PACCYXKAEHHE COCTOUT U3 CJIEAVIOIUX YacTeu:

1) Ha ocHoBe paaﬁopa HECKOJIbKUX YaCTHBIX CJIY4aeB qaopmy.)mpy-

£TCHY VIRed)l) DOANMY THNAR L {OTARNATA BIQEIE ;!’
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TTAQ {
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P =
v,

_ pasibHOe YHCJIO 7 (CPEIM STHX YACTHHIX CJIyYaeB QUTYPUDPYET U 1 = 1)

2) JIOKA3bIBAGTCS, UYTO eCJAU yTBepxKieHue 71 (n) CHpaBeNJHBO INPH

= Rk, TO OHO CIIpaBeAINBO U NpU n = k + 1.

A [10CJIE 3TOr0 pPACCYKAAIOT TaK: TaK KaK JaHHOEe YTBepXKJeHHEe
HCTUHHO TNPH # = |, TO OHO MCTHUHHO WU MNPU N = 2, HO TOTrJa OHO HC-
THHHO NIIpH n = 3, npu n = 4 U BOOOIIE NPHU BCEX HATypaJIbHBEIX 3Ha-
YEHUSAX N.

B 1mkoJie, K COXKaJIeHUIO, He Bcerja IpujaeTcs JOJKHOE 3HaueHHe
MepBOH YacTd, T. €. OOYUYEHHUIO IIKOJbHHUKOB HCKYCCTBY JeJaTh HHIVK-
THUBHBIE IpennooxeHusa. IIpy takom, Oojiee dopmaJbHOM MNOAXOJE
METOJ MaTeMaTHYeCKOH HHAVKUHUHU CTAHOBHUTCH JHIIbL CHOCOO0OM JOKa-
3aTe/IbCTBa 3apaHee chOpMYJHUPOBAHHBIX YTBEp:KIEHUH, a He 3aBepliia-
IOLIUM 3TAIOM Ha NYTH K OTKPBLITUIO HOBBLIX UCTHH. B 3TOM c/ayyae n0Ka-
3aTe/JbCTBO HAYMHAIOT C TOrO, YTO IIPOBEPAIOT HUCTHHHOCThL YTBEpPKJe-
Hua 1T (n) npu n = 1.

4. Metox martemaTHyeCKOH HMHAVKUMM H akcuombl Ileano. Kak
U B CJyd4yae MOJHOA HHAVKIIUHM, Ha3BaHHE Memo0 MamemamuyuecKou
uHOyKyuy OOMaHUUBO — Ha CaMOM JieJie 3TOT MEeTOJ SBJISeTCS JeNYKTHB-
HEIM U JaeT CTPOroe J0Ka3aTeJbCTBO YTBEPKAEHHUSAM, YraJaHHBIM C
[IOMOLIBI0O MHAVKIHUU. TakuM o6pa3oMm, METOJ MaTeMaTHYECKOH HHIYK-
LUU ABJASETCA OJHOU U3 (POPM MATEMATHUYECKOI'0 PacCyKIeHHS.

BrisCHUM Ternepb OCHOBY 3Toro merona. IlpoBojas nokasaresbCTBa
METOJIOM MaTeMaTHYeCKOM HHIAYKLHH, MBI TOBOPUJIM: €CJU YTBEpIKIe-
HUEe CIIpaBeIJIUBO AJIA 11 = 1, TO OHO CIIpaBeAJUuBO A n = 2, n = 3
HT.X., a 3HAYUT, OHO CIIpaBeAJIUBO A/ BCeX HaTypaJ/bHLIX 3HAUECHUH N
IIpy 3TOM mnOHATHE HATypa/JbHOIO YHUC/JAA CUHTAJOCh CaMO COOOH oye-
BUIHBIM, He TpeOyIoIUM pa3bsACHeHUA. Ho B COBpeMeHHOH MaTeMaTHKe
He JONYCKaeTCs UCIIOJb30BaHHEe TAKHX caMo COOOH OUYeBHAHEIX IMOHS-
THH. Kaxjoe NnoHaTHe JOJXKHO OBITh JIMOO OmnpeneseHO Ha OCHOBE pa-
Hee U3BECTHBRIX IMOHATHH, JUOO BBEAEHO aKCHOMATHYECKH (T. €. IyTeM
yKa3aHHsd BbICKa3bIBAHUM, KacalOUIMXCS 3TOro IOHATHSA, U3 KOTOPHIX
JJOTHYECKH BBIBOAATCS BCE OCTaJbHbIE €ro CBOHCTBA).



Jinsi apudMETHKH TAKHMMH HCXOIAHBIMH IOHATHAMH SIBJSAIOTCA: edu-
Huya, HamypaibHoe 4ucao U caedosames 3a, a OCHOBHBIMH CBOHCTBaMH
5TUX  TIOHATHU — AKCHOMBI, JlaHHBIe WUTaJbAHCKHM MAaTEeMaTHKOM
J1. I1eano. DTH aKCHOMB TAKOBHI:

1) 025 KQXHCA020 HAMYPANLHOSO YUCAQ N CYUECMBYem 00HO U MOAbKO
00HO CACOYIOUee 34 HUM HAMYPAALHOE YUCAO. IMO YUCA0 NPUHAMO 000~
sHauame n't;

2) eQuHUyQ ABAAEMCA HAMYPANLHUIM YUCAOM, NPUHEM OHA HeE Ce-
Oyem Hu 3a KAKUM HQAMYPANbHBIM YUCAOM;

3) HU 00HO HamypasbHoe HUCAO He Caedyem 3a 08YMS PASAUHHBIMU HQ-
MYypasbHbIMU YUCAAMU;

4) ecan MmHoxmcecmso A codepacum edunuyy U eémecme ¢ KasiCObiM
uuciom k codepacum credyrouiee 3a Hum wucao k', mo A codepacum éce
HAmMypaabHble 4UcAq.

UerBepTyio akcuoMy Ileano HasuBawoT axcuomod mamemamuuec-
Kol UHOYKUUW — UMEHHO Ha HeH OCHOBAH MeTOoJ MaTeMaTHYECKOH HH-
NVKIHH. B caMoM pene, mycTh BbICKasbiBaHue 71(1) UCTHHHO, a H3 HC-
THUHHOCTH BBICKa3biBaHUA 7T(R) caeayer HCTHHHOCTh BBICKA3blBaHHS
T (k + 1). O6o3nayum uepes A MHOXKECTBO Te€X HaTypaJbHBIX YHCEJ,
1718 KoTophix HCTHHHO T (n). Ilo npennosnoxenuto 1 € A (BhICKa3hBa-
HYe HCTHHHO mpH n = 1), a u3 & € A cnenyer ' € A (ecau T (n) uc-
TUHHO TNpU n = k, TO OHO UCTHHHO U npu n =k =k + 1). Ho B
CHJY aKCHOMH (4) OTCIOfla cyieiyer, 4To A COBNAJaeT ¢ MHOXKECTBOM BCEX
HaTypaJbHBIX uYucen. 3HayuT, T (1) UCTHHHO I/l BCeX HaTypaJbHbIX
yHcesa A.

[IpuBeneM npuMep HCIONL30OBAHUS MATEeMAaTHUECKOH HMHAYKIHH 1/
I0Ka3aTeJbCTBa CBOHCTB HaTYpaJbHBLIX 4HCell.

Jlas 2106020 HamypaabHoz2o wucaia n, Kpome 1, cywecmeyem npeouie-
Ceyroulee emy 4ucao m, T. €. maKoe 4uca0, 4mo m' = n. .

B camom jpene, 0603Ha4uM yepe3 A MHOXKECTBO, MOJydyaeMoe OOb-
enuHeHneM | ¥ MHOXKeCTBA BCeX HaTypaJibHBIX 4YuCes, HMEIOUX TNpej-
mectByomye yucaa. Ilo nocrpoenuio mHoxectBo A coxepxkutr 1. [la-
aee, nyctb B € A. Torna k' € A, NOCKOJNBKY V &' e€CThb NpeuiecTBYOLHHA
snemeHT k. Utak, 1 € A n u3 k£ € A cnenyer k'€ A. Ilostomy A cOB-
najaeT Co MHOXKECTBOM BCEX HATYypadbHLIX 4Hces]. 3TO U 3HAYHT, YTO
BCE HaTypaJibHEIE YHCaa, KpoMe 1, HMetor npenluectsytomue. (M3 akcu-
OMBl 3 CJIEIYET, YTO TaKoe IMpeAllecTBYIOUee YHCJAO0 €XHHCTBEHHO.)

MaremMaTHueckasd HHAYKUHSA HUCIOJAb3YyeTcs AJAf onpenesieHus CJo-
’KeHUsI H YMHOXXEHHS HaTypaJdbHBIX YHucesa, AJs 10Ka3aTeJbCTBA CBOUCTB
9TUX omnepaiui. Ha ee ocHOBe BBOASITCS OTHOILUEHHS Ooabuie U MeHblle
H JIOKA3biBAIOTCS CBOHCTBA 3THX OTHOILEHHH. MHB He NMPOBOAUM COOTBET-

CTBYIOIUMX JAOKa3aTeJbCTB, KOTOpHEe H3JlaraloT B MNEJHHCTHTYTax.
[TocKOJIBKY B LIKOJILHOH MaTeMaTrHKe oliepallid Hajl HAaTypaNbHEIMH YHC-

JaMH H HX CBOHCTBA M3y4alOT MHAYKTHBHO — AaBaTh 3TH JOKa3aTe/b-
CTBa B HaUaJIbHOH M JaxKe B CpeIHEH IIKOJIE HEBO3MOXHO.,

1 Yycao n’, caenywoinee 3a n, 0603HaYalOT Takxe n -+ 1.
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OTMETHM ellle OJHO BaXXHOE€ CBOHCTBO MHOKECTBa HATYpaJbHBIX
yHCeJ, TaKKe JNOKashbIBaeMoe C IOMOIIbI0 MaTeMaTHYeCKOH HWHIYKIIHH.

B a06om Henycmom nOOMHONCECMBE MHONXCECEA HAMYPAAbHbLX YUCEN
eCmb HAUMEHbLUIEe YUCO.

JTO YTBEpXK/JEHHE HAa3bIBAlOT CBOMCTBOM MOAMOL ynopA0oHeHHOCmU
MHO>KE€CTBa HaTypaJIbHBIX 4yHces. V3 3Toro cBoiicTBa BHITEKAET CJELYIO-
[ee yTBepIKIeHHe, SKBHBAJEHTHOE aKCHOME MareMaTHYeCKO# HHAYKIIHH,
HO HMHOrja 6oJsiee ynoOHOE MPH NPOBEJEHUH JOKa3aTeNbCTB.

Ecau T (n) uemunno npu n = 1, a us moeo, umo oHo ucmuHHo npu
ecex n< k, caedyem, umo oHO ucmunHo u npu n = k, mo T (n) ucmur-
HO 0451 8CexX HAMYPAAbHbIX 3HAUEHULL 1.

B camom jpene, o603HauuM yepe3 A MOJMHOXKECTBO HaTypasbHBIX
yucea, A8 KoTopelx 1 (n) a0x)HO. Ecau 370 MOAMHOXKECTBO HEIMYCTO,
TO OHO COJEPKUT HaUMEHbIIee YHUCJIO B. DTUM YUCJIOM HE MOKET OBhITh 1,
TaK Kak no ycnaosuio 7 (1) uctunHO. 3HauuTt, £ > 1. HO nockosbky
kR — HauMeHblllee 4HCJI0, A Koroporo 7T (n) JIOKHO, TO AJS1 BceX
n< k T (n) MCTUHHO, a TOTJa IO YCJOBHIO TEOPEMBI OHO AOJIXKHO OBITh
HCTHHHO U nIpU 1 = R. MBI IPUULIH K NPOTHBOPEUHIO — OJHOBPEMEHHO
OKa3aJ/10Cb, 4TO 71" (k) uctuHHO U T (k) JIO2KHO. DTO NPOTHBOPEUHE IOKa-
3bIBAE€T, YTO Halle npeamnogoxxeHue (A He MycToe MHOXKECTBO) JIOXKHO.
3HauuT, A — IyCTOe€ MHOXKECTBO, T. €. HeT HaTypaJibHbhX YHceJ, I
KOTOpbIX T (n) JI0:KHO. IDT0 U 03Hauaer, 4yto T (n) HUCTHHHO I/ BCEX
HaTypaJbHbIX YHCeJ 1.

9. Meros mMartemMaTU4yeCKOH HHAYKUHMH M BbIYMCJAEHHE CYMM H npo-
usBeaeHud. Ilo-BuauMomy, €CTeCTBEHHBIM MOMEHTOM BBeJEHHSI METOJa
MaTeMaTHYECKOH HHAVKIHUH B LIKOJE MOIJIO Obl OKa3aThCsd H3YyYyeHHE
[Iporpeccud u mnocnaegoBatenbHocTed. Ilporpeccuu onpepensiorcsa pe-
KYPPEHMHbIMU COOMHOUEHUAMU, T. €. COOTHOLIEHHSIMH, NO3BOJSIONIUMH
HaHTH CJAEAYIOUUH YJeH IIOC/IEeI0BaTe/JbHOCTH 10 OAHOMY HJIM HECKOJIb-
KHUM IpEAbIAYIIUM ee ujleHaM. ApHdmeTHuecKass nporpeccus 3anaercs
PEKYPPEHTHBIM COOTHOLIEHHUEM a,.; = A, + d, a reoMeTpuyecKas Inpo-
rpeccHsi — PEeKYpPpPEHTHBIM COOTHoleHueM b,., = b,qg. HUHBIMH cJ0-
BaMH, CaMO OIIpele/IeHUE 3TUX NPOTrpPeCcCHH AAeTCsA C IOMOIILbI0O HHAYK-
HHH OT n K n + 1. IloaTtoMy U GONBIIMHCTBO (POPMYJI, OTHOCAIIUXCA K
IIpoOrpeccHsaM, OblLIO OBl 1eseco00pa3sHO BBHIBOAUTHL IPH IOMOLIH METOAA
MaTeMaTHYeCKOH HHIYKIHH.

Hanpumep, npu BeiBome ¢opMyJibl 00LIEro 4YjeHa apH(bMeTHUeCKOH
[IPOrpeccUH 3amedaeM, 4YTO

azzal’l"d, a3:a2+d=a1+2d, alma3+d=a1+3d.

ITH (OpMYJIbl NMO3BOJSAIOT NPEANOJIOXKUTh, YTO AJA JKO0ro HaTypasb-
HOI'O YHUCJa 1 HCTUHHO PaBEHCTBO

a, = a, + (n — 1) d. (1)

JlokaxeMm ero ¢ nomouibi0 MateMaTHuyeckoi HHAYKUHH. [Ipun = 1 OHO
MCTHHHO, IIOCKOJIBKY W @, H aq; + (n — 1)d npu n = 1 paBHH aj.
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[ Ipennosioxkum Teneps, 4to @, = a, + (kR — 1) d. Torna
PaBeHCTBO (2) MOXKHO Mepenucarb Tak:

1 =0y + [(k+ 1) — 1] d.

[lonyueHHoe paBeHCTBO sBJsieTcsl HE YeM HHBIM, KaK paBeHcTBOM (1)
npu n = k + 1. HMrak, paBeHcrBo (1) uctunHO mpu n = 1, a U3 ero
HCTUHHOCTH IIPH © = k CJAeAYeT, 4TO OHO HCTHHHO U NHpH n = k -+ 1.
3HauuT, OHO UCTHHHO NPH BCEX HATypa/JbHBIX 3HAYEHHSAX 7.

Toyno Tak e nokasbiBaeTcs, 4To OOLIUH Y/€H TreOMeTPHYECKOH
[IPOTPECCHH BHIpaxkaercs (popMyJioH

bn = blqn_l'

BriBeneM Tenepp ¢ NMOMOILLBIO MAareMaTHYeCKOH HUHAYKIHH (POPMYJIbL
1T CYMM 4JIEHOB apH(PMETHUYECKOH H TeOMETPHUUYECKOH IpOorpeccHi.
J111 apudMeTHUEeCKOH IIPOrpeccHyd HMeeMm:

Se=a,+a+ ... Fa,=a, + (q, +4d) + ... +[a, +
+ n—1)dl=na;+d[l +24 ... + (n — 1)].

Takum o6pasoM, HaM HaZ0 BEIBECTH GOpMYay AJasi cyMmbl 1 4 2 + ...

... + (n — 1) nepBoIX n — 1 HarypanbHbIX yuces, O603HAYUM CYMMY
[IEPBLIX 7 HATYPaJbHBIX YUCE Yepes S, .
Kimeem:

0 =2-1=22,=2(1+2=6=2-3,
9% =2(1+2+3)=12=3-4, 25, =2(1 +2+3 + 4)
— 90 =4 - 5. ‘

IJTOTO JOCTAaTO4YHO, YTOOB! CJie/aTh NPEANOoJOKEHUe UHAYKUHH: 28,
=nn -+ 1), 1. e.

|

f

5 — .{_’Lﬁ_”_‘_é_':_})_ (3)

n (n+1)

e

[IockosbKy §; = 1, a npu n = 1 Toxke paBHo 1, To Halue

IpeAIoIoKeHHe HCTUHHO npU 7 = ], IlycTh OHO UCTHHHO IpU 1 = &,
T. €. NYCTh

S,=142+4+ ... +k= —E-(—lf-éi"—l—)-.

Torna uMeewm:
Sh+1:(1+2+.u+k)+(k+l)=sh+(k+1):
k(T 1) _ (R+1)(k+2)
=— + k41 —

[TosiyueHHOE paBeHCTBO €CThb paBeHCTBO (3) npu n = R + 1. [loaw3yscek
METOJIOM MaTeMaTHYeCKOH HHIAYKUUH, Mbl JOKasaaud Qopmyay (3).
(n—1)n

Takum obpasoM, S,_, = ;

, @ IOTOMY

| 2



S,=na, +d[l +2+3+ ...+ —1)]=na +ds,, =

-’3—-(-’-1—:—-1-)—d m-—g-[Qal-[—(n-—l)d].

= 1na
S

Tak kaK 2q; + (n — 1) d = a; + a,, TO 3Ty POPMYyJay MOXKHO Nepenu-
CaTh CJAELYIOUIHUM 00pasoM:

S — n(ay + ap)
n 5 .

AHajiorHYyHO BHIBOAHTCSA (OpMyJia JJISI CYMMBI 4J€HOB TeoMeTpHye-

ckod nporpeccuu. CHayasa 3aMeyaeM, YTO B CUJAY (POpMyJ COKpaLLEH-
HOI'O YMHOXKEHHS HMEeeM:

2 1
Sy =0y + by =10, + b9 =b, (1 —]—q)=b1qq_1

(MBI CUHTaeM, 4YTO g=~=1) wu

83=b1+bz+b3=b1+b14+b1q2:bl(l+q+C]2)=—“‘blq3“1.

g — 1
[TocKObKY M S; MOXKHO 3amucaTh B BHAE S, = b, = b, 1= : , TO IpH-
q c——
q" — 1

XOAUM K HHAYKTUBHOMY [MpEeAIOJOKeHHo: S, = b, . PaBeHCTBO

g — 1

R R+1
g~ — 1 5 gttt — |
Sk+1=Sh+b!t-%1:bl q—-—l +b1(] :bl q-—-—-1

[N03BOJISIET clenaTh nepexon oT R K k -+ 1. IlpenocraBnsieM uuraresto
caMOMY MPOBECTH JeTajH J0Ka3aTesbCTBa.

Meto1 mMareMaTHYeCcKOW UHAYKLUH MO3BOJISIET BLIBOAUTL U (DOPMYJIbL
JUI MHOTHX JpYrux cymMM. BriBenem, Hanpumep, C MOMOILBIO 3TOrO Me-
Tofa GopmyJay Ajas1 CyMMbl KBaApaToB MEPBHIX # HATypa/JbHBLIX YHCEJI:

Sn___l2+22+...+n2:—'3—(—’3-i"—26(—2—'1—t1—)-. (4)

[Ipu n = 1 o6e uactu paBeHcTBa (4) npuHHMalOT 3HaueHne 1. Takum

obpasoM, pu n = 1 310 paBeHCTBO BulnoaHAeTcA. [lycTb paBeHCTBO
(4) UCTUHHO NIpU 1 = k:

S, = 12422 - . k2= k(R - l)égk-l- 1) .

Torna

Sp1=DP+22 L LR (k1) =
k(k+1)(2k+ 1) 2 __ (R+D[REk+ D46k +1]
— = k= T

(k+ 1)@k 4+ Th+6)  (k+1)(k+[2(k + 1) + 1]

0 6
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[IpaBasi yacTb NOJIYYEHHOIO paBeHCTBA fBJISETCS IIPaBOH 4YacThIO pa-
perctBa (4) npu n = k -+ 1. Hrak, paBencrso (4) HCTHHHO NpH n = |,
a U3 ero UCTUHHOCTH IIpH 71 = R CJIelyeT, YTO OHO BEPHO H NIPU 11 = K +
-+ 1. 3HauuT, B CHWJYy MeToJa MAaTeMaTHUYECKOH HHAYKIHH OHO HCTHHHO
IpH BCEX 3HAUEHHAX A.

[IpepocraBisieM yuTaresaio JokKa3aTh PaBEHCTBO:

nn-+1)13

1° +-2°4 ... 4+ nd m[———(—-—;—:——}-] .
Muorjga GniBaer, yto TLlaTeJbHOE M3YyUYeHHe JOKa3aTe]bCcTBa, MOJY-
YEeHHOT0 C IIOMOIIbI0 MAaTEMATHUYECKOH HHIYKIUHUH, I103BOJAET HAUTU

6oJiee KOPOTKOE J0KAa3aTeJbCTBO TOH ke (opMyJbl. PaBeHCTBA

! ] l | 2 ] l ] 3

1.2 2 3 1.2 2.3 ' 3.4 4
HpHBOlUIT K HH,U,YKTI/IBHO‘VIy npeﬂnommeﬂmo'
] n
S — .
! + + +n(n+1) n -1 (9)
1 1 1 1
[ToCKOJMBKY & = — = 1 il TO paBeHCTBO (D) BEPHO mNpH
n =1, IlycTts OHO BepHo npn n = k:
1 b
S, = — _ "
£ = T "o —l—k(k—]—l) kA
Torna
S :....l_._}_.__}_. - _}_..___._____..__.] 4 l .
AL T 2.3 0T Re+D) T (RED(RE2)

Y S N S S S e . ne A
R+ D (k+2) R + 1 (k+1)(E+2 (k1) EF2)
Rl

+1)+1"

OTKYJa B CHJIYy MaTeMaTHYeCKOH MHAYKUHH I0Jy4yaeM, 4yTo (D) BepHO IpH
BCEX HATypaJbHBIX 3HAUEHUSX 1.
[lenTpasIbHEIM MECTOM 3TOI'O BBIBOJA SIBUJIOCH TOXKJIECTBO

n 1 k-1
k—l—l +Dk+2 k42
T. €.
1 R

(& + 1) (& 4+ 2) k41 k42
Ero MOXXHO HenoCpeJCTBEHHO BLIBECTH CJEAYIOLIUM 00pa3oM:

o (k+2)-—(k—|—1)= 1]
(k4 1) (k4 2) (R + 1) (k+2) E41 k42
A Torja paBeHCTBO (D) npome II,OKaSbIBaeTCH TaK'
S, = —
+ -I— . e + N =

14



] ! I I 1 1
“T-___2_+2 3+m+n n41

JIerko BHAETh, 4YTO CYMMa WJIEHOB 3TOrO PsAfa, 3a HCKJIIOUEHHEM MEPBOro
U TOCJIeHEr0, PaBHA HYJIIO U IIOTOMY

§ —1——— _ —_"

C noMolipbio MaTeMaTHUYECKOH HHAVKIIHH MOXKHO NOJyd4athb H QOpMY-
JIBl JJIA npou3BefeHuu. llycThb

P, = (ufﬂp—g)"(~$%n>z

K3 paseHctB

1 1 3 41
;?d“lzizai,gz(_mﬂumﬂzi:__,
4 4 22 4 9 6 2.3
{ VW15 4+
4 9 16 8 24
n -+ 1
JesaeM HHAYVKTUBHOE MpPEANOJIOKeHHe, 4Yyto P, == ; Jloka3zare/ib-
n

CTBO IPEJOCTaBJsIEM 3aKOHUUTDH YHUTaTeJlIo.

6. Jloka3aTeJbCTBO TOXJECTB U HEPABEHCTB C MOMOIbI0 MATEMATH-
yeCKOH HHAYKUUU. MeToa MaTreMaTHUeCKOH HHAYKUHH NO3BOJsET IOKa-
3bIBaTh TOXKJECTBAa M HepaBEeHCTBA, OJHA WJM o0e YyaCcTU KOTOPHIX 3aBH-
CAT OT HaTypaJbHOro uyHcjaa n. Hanpumep, MOXKHO cHayaJsa yOeqUTHCS,
YTO JIOKa3bIBaeMOE TOKJEeCTBO MUCTHHHO IIPHU # = ], a MOTOM 3alucarh
ero npu n = k + 1 4 npu n = k ¥ BBHIUECTb COOTBETCTBYIOLIHE YaCTH
[0J1y4EeHHBIX TOKJECTB. Ecau Npu 3TOM TOJYYUTCSA, YTO PA3HOCTD JIEBbIX
yacTed TOXKJeCTBa paBHA PA3HOCTHU MNPABBLIX YacTed, TO U3 UCTHHHOCTH
NIOKa3bIBAEMOTO TOXKJEeCTBa NpU n = k OyleT cJeioBaTb €ro HCTHH-
HOCTb NpU n = k -+ 1, a TeM caMbIM B CUJYy MATEMATHUYECKON HHAYKILHH
H [IPH BCeX 3HAYEHUAX 1.

Jokaxem, HanpuMep, 4TO npn J1000M 1 UCTHHHO TO}KlleCTBO

l— et = —— o ()

2n — 1 2n n -+ 1 n+2

l i _
IIpu n = 1 oo npunumaer Buxg 1 — — = — U NMOTOMY CIIpaBEAJIUBO.

2 2
3anuiueM Tenepb JOKa3biBaeMoe TOXKIECTBO NpU n = Kk 4+ 1 U npu

n =k:

S R 1 1 1 1
| —— o~ — 2 —— =
T3 4+' +Qk----l 2% +1  2(k+ 1)
1 1
— + o = +2k+1+k+2 (2)
1 1
| — e —— L= L2 (3)

9 ' 3 4 % —1 2% k41 2%



Briyutasd COOTBETCTBYIOLIME YaCTH TOXKIECTB APYr U3 Apyra, NpHXOAUM
K HCTUHHOMY PaBE€HCTBY

1 ] ]

o 1 ] 1
%k +1  2¢k+1) 2641 2%4+2 k41
3HAuHuT, €CAH HCTUHHO paBeHCTBO (3), TO HCTHHHO W pPaBeHCTBO (2),
a IOTOMY B CHJIYy MareMaTH4eCKOH HHAYKUHUH ToxKaecTBo (1) cnpasen-
JJUBO JIJIS1 BCE€X 3HAUYEHHH n.
B apyrux caydasix OKasbiBaeTcsi MOJIE€3HO pas3feqauTh APYr HaA ApPY-
ra COOTBETCTBVIOIIHME YaCTH JOKA3biBaeMbIX TOxKJeCTB. Hamnpumep, TOXK-

JIE€ECTBO 1 | | N
( -_-&_)(1-——5-)... (1-—-—;-1-5)—-—-— = (4)

cpa3y JOKa3blBaeTcsi, €CJd 3anucartb ero npu n =k -+ 1 u npu n = k
M 3aMETHTb, YTO OTHOLUEHHE JIeBbIX U OTHOLUEHHE MpaBbiX yacreid Mmojay-

UeHHBIX PaBeHCTB HWMEET BUJL

k(k+2)
(k412
IIpu nokasarenbcTBe HEPABEHCTB HUCIIOJNB3VIOT CBOHCTBA HEPABEHCTB.
JlokaxeM, Hanpumep, uro ecan 0 < a < b, TO 15 JIO60ro HaTypaJb-
HOrO 3HaueHHs 1 HCTUHHO HepaBeHCTBO a< b". Ilpu n =1 -cupa-
BEJIMBOCTb JIOKA3hIBAEMOrO HEepaBeHCTBA Cpa3y BLITEKAeT U3 YCJIOBHUS.
IIycte BepHO, uto a*<< b*. Tak kak @ >0 u b > 0, ToO MB MOXKeM
YMHOXKHTH 00€ 4acTH 3TOr0 HEPAaBEHCTBA Ha COOTBETCTBVIOUIHE YACTH He-
paBeHcTBa a < b, KOTOpOE UCTHHHO 10 YCJOBHIO, U NIOJYUHTb TpebyeMoe
HepaBeHCTBO a**T1 < b*+1, [locse 3TOro BBHIBOAHMM IO MaTeMaTHYECKOH
UHIYKUHMH, 4yTO "< b" 1Jia BCeX HaTypaJIbHBLIX yucesa 7.
TouyHO Tax ke JoKashBaeTcd C/AeAVIollee YTBepKIeHHe, Ha3biBaeMoe

HEPABEHCIMBOM DepHYIIU:
Ecau x > —1, mo 0aa 6cex HamypaseHoix 3HAYEHUL N UCIMUHHO He-

DQBEHCMEO
(1 -+ x)* > 1+ nx. (D)

B camom pgese, nmpu n = 1 HMeeM HUCTHHHOE HepaBeHCTBO 1 + x >
> 1+ x. Ilycte (1 4 x)* > 1 4 kx. Tak kak no ycjoBuio 1 + x >
> 0, TO 3T0O HEPaBEHCTBO HE H3MEHHUT CMBIC/A NPH YMHOXKEHHU 06eHX
yacted Ha 1 + x. Ilosnyuaem

(1405 (14 ko) (1 42), win (1425 14 (& 1) x + ks
Tak kak kx? > 0, To OTClOJla BBITEKAET:

(1 + x> 1+ (k+ 1),

OTKYZa B CUJIy MaTeMaTH4YeCKOM MHAYKUUH BBIBOAUM, UYTO HEPABEHCTBO
(D) HCTHHHO I/ BCeX HarypaJ/lbHLIX 7.

7. Metoa maremaTHMuecKOi MHIAYKUMH H AeaumocTb uuceda. C ro-
MOLIBIO METOJla MaTeMaTHYeCKOH HHAYKUHHM MOXKHO JOKa3hiBaTh pas-
JIMYHbIE YTBEPKJAECHHA, Kacaroumuecs JA€JHMOCTH HaTypaJ/ibHBIX YHCE/I.
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HayHeM c JokasaTeslbCTBA OCHOBHOH TeopeMbl apHU(METHKH HaTy-
panbHLIX Yuces: aroboe HamyparbHoe 4ucao n, 6oavwee 1, aubo sersemcs
npocmelm, AUOO pasaazaemcs 8 npousgedeHue NpPocmolx 4ucens, npuqem
08Q pPA3A0NCEHUSL OMAUMQIOMCA OpYe om Opyea AUub NOPIOKOM MHONMCHU-
meaed.

CHayasla JOKaxeM CYIEeCTBOBAHHE Pa3J/IOKEHHS Ha IPOCTHIE MHO-
xurtesd. Ilpu n = 2 umeem npocroe yucsio 2, a NOTOMYy Hallle yTBep kK jie-
HUe UCTHHHO. llycTh Jt060e HarypaJibHOE YMCJIO 7, MeHbllee k, Jubo
[pocroe, JUOO pasdJjaraercd Ha NPOCThIe MHOXKHUTeNH. Jloka)KeMm, 4TO
TOTJla ¥ CaMO YUCJIO £ 160 npocroe, MU60 passaraercs Ha NpocThie MHO-
xkutenu. Ecau k npocroe, To Haule yTBep:KAeHHEe HCTHHHO. Ecnn ke k—
COCTaBHOE YHCJO, TO B = ab, rje a ¥ b — HarypaJbHbEe YHcJa, MEHb-
mue k. 1o npeanosioxkeHUo 3TH YHUCJ/IA pasfaraloTcs Ha MPOoCThie MHO-
JKUTEIH. 3aMeHAA UX 3TUMH Pas3JOXKEeHUSIMH, TOJYUYaeM pasJoxKEHHE
Ha NPOCThIE MHOXKUTEIH yHcaa k.

Hrak, Teopema O CYILIECTBOBAHHH Pa3J/IOXKEHHS HA NMPOCThIE MHOXKH-
T€JH HUCTHHHA NpPHU n = 2, a U3 €€ UCTUHHOCTU JJI BCEX HaTypaJbHHX
YuCes, MEHBIIUX k, cjeayer, 4TO OHA UCTHHHA W IpH k. 3HAUHUT, OHA
HCTHHHA IIPH BCeX HATYpPaJIbHBLIX 3HaueHUsAX n, 6oapmux 1.

A Tenepb HOKaXeM €JHHCTBEHHOCTb (C TOYHOCTBIO JIO MOPfJAKa MHO-
KUTEJIEH) pas3JjoKeHUA Ha NPOCThle MHOXKUTeNU. [l 3TOro HaM IOHa-
JNOOUTCS CJIEAVIOeEe CBOHCTBO IIPOCTBEIX YHCEJI: €CJH HarypaJbHoe
YUCJIO 1 JeJUTCA Ha NPOCTOE YHUCJIO p, TO B JiIOOOM pas/OXKEeHHH N Ha
[IPOCTHIE MHOXKHTEJNH OJUH U3 MHOXKUTeJEeH paBeH p. B camom jeue,
€c/I¥ n JeNMuTcIs Ha p M n = ¢q; ... 4,, TA€ Gy, ..., §,, — TPOCThLIE YUCJIA,
TO B CHJIy CBOHCTB IIPOCTBIX YMCEJ OIAMH H3 MHOXKUTENEH ¢y, ..., (.,
HallpUMep ¢,, JOJI2KEH AEJUTCA Ha p; a TaK Kak ¢, — IPOCTOE YUCJIO, TO
OH JIOJIXKEH COBIIaIaTth C p.

Ilpu n = 2 nosyvyaeM IpOCTOE YMUCJIO 2, KOTOpPOE€, OUEBHUIHO, HE
HMEET UHBIX Pa3JIoKEHUH Ha NPoCThle MHOKUTeIH. I1ycTh Bce HATYypab-
Hble YHUCJa 1, MEHbllIHEe R, UMEIOT €JUHCTBEHHOEe pas3J/ioxKeHHe Ha Ipo-
CTble MHOXKHUTENU. Ecau R — npocToe uucao, TO OHO He pas3Jsaraercs
Ha MHOXXHTEJNH U JJI1 HEro TeopeMa €JUHCTBEHHOCTU PAas3JioXKEHHUS MC-
THHHaA. Ecau xe k — cocraBHOE 4HCJO, TO OHO JEJUTCH XOTs OH Ha
OJIHO MPOCTOE YUCJO p, OTJHYHOE OT k. Toraa B yo6oe pasaoKeHHe Yuc-
Ja k Ha NMpOoCThble MHOXUTEJU BXOAUT MHOXKUTENDL p. VIHBIMHM c/0BaMH,
J1000€ pasJioxKeHHe k Ha INpPOCThble MHOXHTENH HMeeT BHL R = pX

X g vev G,y THE (g ... G, — Pa3JIOKEHHE HA NIPOCTHIE MHOXKHUTEJNH YHCJIA

R R
—. Tak kak — — HarypaJbHOe uucJjo, 6oabiuee 1, HO MeHbllee &,

p P
OHO IIO IIPEANOJIOXKEHHIO MMeeT €NMHCTBEHHOE PasjoxKeHHe Ha MPOCThHE

MHOXKUTEJNH. A Torja u k uMeeT eIUHCTBEHHOE pasJioxeHue. B cuay me-
TOJa MaTeMaTHYeCKOU HHAYKUHUH Hallle yTBep:iKJIeHHE NOKa3aHo.

Caenyiollee yTBEpXKIEHUE MOXKHO CPaBHHUTEJNBLHO MNMPOCTO JOKa3aThb
U HerocpeacTBeHHO. 1lokaxeM, KaK OHO MoJyyaercsi ¢ NOMOLIbIO METOAA
MaTeMaTHYeCKOH UHIYKIHH.

Ecau n — namypasbHoe 4ucao, mo 4ucio n* — n vemHoe.
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[Ipu n = | Halme yTBepXKAEHHE HCTHHHO: 12 — 1 = 0 — uerHOE
gucJao. [Ipeanonoxum, uto k* — k& — detHoe uyucao. Tak Kak (& + 1) —
— (k+ 1) — (k* — k) = 2k, a 2k — ueTHOe yHucy0, T0 U (B + 1)2 —
— (k -+ 1) uerHoe. Hrak, ueTHOCTb n® — n JoOKasaHa IpH n = 1, a
M3 YeTHOCTH k* — k BbiBeJleHa 4yeTHOCTb (B + 1)2 — (kB -+ 1). 3Hauur,
n® — N YeTHO INPU BCEX HaTypaJbHLIX 3HAUEHUAAX N. '

TouHO Tak Ke JOKashiBaercs, YTO n° — n JEJUTCS Ha 3 IpH BCeX
HaTypaNbHbBIX 3HaUeHUAX 7. llpu 5TOM MBI HcnoJb3yeM TOT (pakT, YTo
(k + 1P — (&g + 1) — (B° — k) = 3k® 4+ 3k peaurcs Ha 3.

PaccmoTpeHHble npuUMephl NIPUBOAAT K TNPEAINONOKEHHIO HHAYKIIHH,
yTo n™ — n Bcerja aeaurcst Ha m. Ho yxke npumep m =4, n = 3
ONpoBepraer 3to yTBepxkKjeHue: 3* — 3 = 78 He xenurca Ha 4. Ilpu
m = D CHOBa RoOJIyuyaeM, YTO n° — n JeJHTCH Ha O (Z0Ka3aTesibCTBO
3TOrO YTBep:KAeHus onupaercs Ha popmyay OuHoMma Hrulorona). Uucna
2, 3 u 5 npocrele. IToaTOMYy YTOUHHMM THIOTE3Y: éwpaxcerue nP — n,
e0e p — npocmoe 4ucao, 0eaumcs Ha p. IJ10 yTBepxKieHHe (M a J a f
Teopema ®Pepma) HCTHHHO JJIA BCEX MPOCTHIX YUCEN p U BCEX
HaTypaJbHbIX 4Hcea n. Ero 10Ka3areabCTBO NPOBOAUTCS METOJOM MaTe-
MaTHYeCcKON MHAYKUHH C HCIO/b30BaHHEM (POopMYyJbl OMHOMa HbIOTOHA

(cM. ¢, 35; 36).




§ 2. KOMBUHATOPHKA

1. KomOunaropusie 3agauu. Ha npak-
TUKE YacTO NPHXOAUTCS BHIOUPATH U3 HEKOTOPOrO MHOXKeCTBAa OOBLEKTOB
MOJMHOXKeCTBa 3J1eMEHTOB, 00/1a1a0UX TeMHU HJIH HHBIMH CBOHCTBaMH,
pacnoJiaratb 3JeMeHThbl OJHOTO HJIH HECKOJbKHX MHOXKECTB B OIIpeJie/IeH-
HOM nopsake u T. A. Hanpumep, Mactepy NPUXOAUTCA pacnpenelifith
pasjidyHble BHAH pPabOT MexXK1Yy padOYUMH, arpoHOMY — pasMellaTh
CEJIbCKOXO03SIHCTBEHHbIE KYJbTYPbl Ha HECKOMbKHUX MOJSAX, OPHLEPY —
BHIOUPATh K3 COJMAAT B3BOAA Hapanx H T. H.

IlockoabKy B TaKHX 3ajadax peydb HAET O TeX HJH HHBIX KOMOHHa-
UAX OOBEKTOB, HX Ha3MBAalOT KombOuHamopHeimu 3adavamu. O6J1acThb
MaTeMaTHKH, B KOTOpPOH H3y4aloTCd KoMOWHATOpPHBIE 33Ja4ydH, Has3H-
BalOT KomburHamopuxotd. KoMGHHAaTOPHKY MOXHO paccMaTpHBaTh Kak
YacTb TEOPHH MHOKEeCTB — JitI0OyI0 KOMOMHATOPHYIO 3ajayy MOKHO
CBECTH K 3ajJlaye O KOHEUYHBIX MHOXECTBAX U HX OTOOpaXKeHHAX.

Pasnnyalor HecKOJIbKO YpOBHEH pelleHHsA KOMOMHATOPHHIX 3ajad.
HavanbpHbIM ypoBHEM fIBJISAETCS MOUCK XOTA OBl OJHOTO PacHoJIOXKEHH
O0BEKTOB, 00J3Jalollero 3aJaHHbIMU CBOHCTBAMH (HanpHMep, OTHIC-
KaHHe TaKoro pacroJIOXKeHHUs1 JeCATH TOYEK Ha MATH OTpe3kax, IPH KO-
TOPOM HA Ka)KJOM OTPe3Ke JIEXKHUT [0 YeThlpe TOYKH, HJIH TAKOro pacrio-
JIOXEHUSI BOCbMH (pep3ed Ha IIaXMaTHOH JOCKe, IIPH KOTOPOM OHH He
obtoT Apyr apyra). MHoraa ypaerca gokasarb, 4TO AaHHasi KOMOHMHATOP-
Has 3aj7laya He HUMeeT pelleHUdaA (Hanpumep, Heab3ss pacnoJoxuTbh 10
IHapoB B 9 ypHax Tak, YToOH B KaxK/J0H YpHE OB/IO He GoJee OJHOoro Iia-
pa — XOTHA OHl B OZHOH H3 YDH OKaxKeTcA He MeHee ABYX LuapoB). Ecau
KOMOHHATOpHAsA 3ajaya HMEeT HECKOJIbKO pelUeHHH, TO BO3HHKAeT
BOIIPOC O IIOJCYeTe YHCJAa TaKHX pelleHHH, 00 ONHcaHHU BCceX DelIeHHH
JaHHOH 3ajaud. Hakouen, uacto ObiBa-
€T, YTO pasJHYHLIE pellleHHda JaHHOH
KOMOHHATOPHOH 3a1ayd OTJAHYAlOTCH
APyr OT JApyra HEKOTOPBLIMH I1apaMer-
pamH. B 3TOM Ciyyae BO3HHKAaer mpo-
OsieMa OTBLICKaHHSI ONTHMAJbHOrO Ba-
pHaHTa pelleHHA TaKOH 3ajauH.
llycre, Hanpumep, nyreluecTBeH-
HHUK XOueT BhI€XaThb H3 TIopoja A,
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noceTutb ropojga B, C u D, nocsae yero BepHyThcs B ropox A. Ha pu-
cyHike | u3oOpaxkeHa cxeMma IyTed, CBA3BIBAIOLIHX 3TH ropoga. Pas-
JIMYHbIe BapHAHTHl NyTeleCTBUA OT/JAUYAIOTCA APYr OT JApyra MnopsAaakoM
noceleHusa ropogos B, C u D. CyuecTByer 1ecTb BAPHUAHTOB MyTelLle-
cTBUdA. B tabmuue | ykasaHbl 3TH BapuaHTbl M AJHHA KaxJOro IYTH:

[yTs HauHa nytu [Tyt JdanHa nytu
ABCDA 1550 ACDBA 1300
ABDCA 1300 ADBCA 1450
ACBDA 1450 ADCBA 1550

VI3 sto#l TaGauubl BHAHO, YTO KpardahuuMu sasasworca nytd ACDBA
n ABDCA, orsinuatomyecs Apyr OT Apyra JHUIUb HalpaBJeHHEM JIBHU-
KEHHUS.

KoMOuHaTopHble 3aja4d Ha OINTUMHU3ALHUI0O NPUXOAUTCH pellaTh
MacTepy, cTpemsileMycsd K OBbICTpPeHlleMy BBIOJHEHUIO 3aJaHUA Ha
JIAHHOM KOJIMUECTBE CTAaHKOB, arpoHOMY, CTpemslleMycsl K HauBhICHIEH
YPOXKAWHOCTH Ha JaHHBIX MOJAAX, H T. [.

B 3TOH KHHUre MBI pacCMOTPHUM JIMIIL BOINPOC O IOACYETE YucJaa pe-
IIeHHH KOMOMHATOPHOU 3aJayd. IJTOT pasjes KOMOMHATOPUKH, HA3hLIBa-
eMbIH meopueti nepeducaeruti, TeCHO CBsI3aH C TEOpHeH BEpPOSATHOCTEH.
Bo MHOrux cjyyasix NpH BBIYUCJEHUH BEPOATHOCTH HAHHOTO COOBITHSA
HaJ0 HauTH oOllee YHCJA0 BO3MOXKHEIX BADUAHTOB W YHUCJIO OJ1aronpHsT-
HBIX BapHaHTOB, a OTBICKAHHE YMCJ/a BApPHAHTOB JIEJIaeTCSl HAa OCHOBE
KOMOHHATOPHBIX METO/OB.

2. [IpaBuao cymMmbl, XapakTepHOH 4YepTOH MaTeMaTHYECKOro aHa-
Ju3a MpakKTHYECKUX 3ajJad sBJjsercs abcrparupoBaHue, T. €. OTBJeue-
HUE OT KOHKDPETHBIX YepT, BHIABJEHHUE IMIYOUHHOI'O COJAEpKaHHfA, oOlle-
ro A/ 3ajJa4, BHelUHEe OTJIMYAKUUXCA APYr OT Apyra. D10 NPHBOIHUT
K TOCTPOEHHUIO Mmamemamuueckol mooeiu 3ajadyv, K BBEIEHHUIO OOLIUX
MOHSITHH, OXBATBIBAIOIIUX pa3/MYyHble YyacTHHIE CjydYau, MOAOGHO TOMY,
KaK IOHSTHE TeOMeTPHUYECKOH (PUI'yphl OXBATHIBAET KOHKPETHBLIE Tpe-
YVroJbHUKH, MPAMOYTOJAbHUKH, Tpamneuud, OKPYKHOCTH H T. .

Brille roBOpuJOCh, YTO KOMOHMHATOPHUKA TECHO CBA3aHA C TeopHeH
KOHEUHbIX MHOXKeCTB. TakKHe MOHATHSA TEOPHUH MHOIKECTB, KaK NOOMHO-
2CECmB0, 00BEOUHEHUE MHONCECMB, NepeceveHue MHONHecme, HU3ydaemble
celyac B CpeIHEH LIKOJe, OKa3blBAalOTCS BeCbMa II0JIE3HBIMH IIPU pe-
IIIeHHW KOMOHWHATOPHBIX 3ajay.

O603HauUM YHCJIO 3JIEMEHTOB KOHEYHOro MHoxkecTBa A uepes3 n (A4),
a MHOXKECTBO, COCTOfIEEe U3 m 3JEMEHTOB, HA30BEM Hl-MHONMCECTIBOM.
Hanpumep, A = {a, b, ¢, d, e, [} aBasercs 6-MHOKecTBOM U 11 (A) = 6.

PaccmorpuM ciienyollyio KOMOMHATOPHYIO 3a1ayy:

CK0AbKO dremenmos codepxcumcs 8 obwvedureruu A |J B k-muoowe-
cmea A u m-mroxcecmsa B?

Dra 3ajJaya HMeeT OJHO3HAa4yHOoEe pelleHue JHIIb B CJaydae, KOria
mHoxecTBa A u B He nepecekarorcs, 1. e. A [} B = . B stoM cay-
qae MHOoxkecTBo A |J B comep:KHUT k& -+ m 3/1eMEHTOB (HampuMep, eciu

A = {a: b, ¢, d}: B = {8, f: g}1 TOAUB:' {a: b: ¢, d, e, f: g} CO-
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nepKUT 4 -+ 3 = 7 aaemeHTOB). Takum 06pa3oM, CIIpaBeaJUBO CJIEAYIO-
[Iee YTBEPKJEHHUE:
Ecau mromcecmsea A u B kKoweuner, npuvem A (| B = &, mo

n((A U B) =n(4)+ n (B). (1)

DT0 OYEBHAHOE YTBEpXKIEHHE Ha3HIBAIOT B KOMOMHATODHKE npa-

eUNOM CYmmbl. Ero GOpMYJaHPYIOT Takxke CJAENYIOUHM 00pas3oMm:

- Ecau o mooxcHo evibpame k cnocobamu, a p — m cnocobamu, npuyem
A10608 cnocob evlbopa a. omautaemcs om 100020 cnocoba seibopa B, mo

ebloop «oL uau B» mosxcHO cOesame k + m cnocobamu.

Hanpumep, ecau Ha Tapeske Jjexar 8 a06J0K U 6 rpyll, TO OLUH
[JIOA MOKHO BHIOpaTh 8 + 6 = 14 cnocobamu.

Ci0:xHee 0OCTOUT J1eJ10, €C/IH TepecedeHne MHOXKeCTB A U B Hemycro.
Hanpumep, o6benuHenne muHoxects A = {a, b, ¢, d, e} u B = {d,
e, [, g} coctout nullb U3 cemu aznementoB: A |J B = {a, b, ¢, d, e,
[, g}, a He U3 5 + 4 = 9 31eMeHTOB. ITO OOBSCHSAETCS TEM, UTO 3JIe-
MeHThl d U e TipuHaaaexar H A u B, a B oobenrHenne A |J B 314 3Je-
MEHTHI BXOAAT JIMIIb OOUH pa3 (AJ9 MHOXKECTB He MMeeT CMHbICJIa T'OBO-
PUTb, YTO HEKOTODBIM 3JIEMEHT BXOAHMT B HUX HECKOJBLKO pas). [lostomy
U3 CYMMBI O + 4 NPHXOAHMTCS BBIYECTH 2, T. €. YHCJIO 3JIeMEHTOB Mepe-
ceuenuss A (| B. BooOwe nasg JoObIX ABYX KOHEUYHBIX MHOMKECTB A
H B nmeer MeCTO PaBEHCTBO:

nAU B)=n(A)+nB)—n@A N B). (2)

Takum o6pasoM, UYHCJIO 3JEMEHTOB B OOBEIHHEHHH JBYX KOHEUHBLIX
MHOKECTB PaBHO CYMMeE YHCeJ 3JIEMEHTOB B Ka*KJIOM U3 HUX, YMEHbIIIEH-
HOH Ha YHCJIO 3JIEMEHTOB B IepeceyeHuH 3THX MHOKECTB.

AHaJIOTHYHO pacCMaTPUBAETCA BOIPOC O YHCJE 3JEMEHTOB B 06be-
JUHEHHH HECKOJIbKUX KOHEUYHBIX MHOXKeCTB. Ecau a3t MHoOxkecTBa A,
..., A, monapHo He nepecekaiorcsl (1. €. eciu A; (| A; = < npu i 7
=~ ), TO CIpPaBeJJIUBO PaBEHCTBO

n (Al U o U Am) = 1 (Al) + oo T 1 (Am)a (3)

JIeFKO JIOKasblBaeMoe C IIOMOLUBIO MaTeMaTHYeCKOH HHIYKUHMU II0 m.

Kak ¥ npu m = 2, cJIoxkHee OOCTOHT JeJI0, €CJIH NONapHLIe nepeceyeHu T MHO-
kecTB A1, ..., Ay MOTYT OLITh HE MYCTHL. B 3TOM ciyyae uMeeT MeCTo cuelylomiee
paBeHCTBO, obobwarouiee COOTHOWEHHE (2):

n(Ai 4. U.-Udm)=nA)+n(Ay) + ... +n(d,) —n 1)
ﬂ Az) — N (Al n A3) — vse == N (Al ﬂ Am) —_—vee — 1 (Am*-l n Am) +
'J(‘ I (Al ﬂ Az n Aa) + o0 + ('--'----'-l)k"""":l 7l (Ai1 ﬂ cre n Aik)-}— +

+ (—=1)"—1n (A, n ﬂ A ) (4)

B sty opmyay, KpoMme caMux MHOXKecTB Ay, A,, ..., A,,, BXOAAT HX BCEBO3-
MO:KHbIE MepeceyeHus no jsa, no TPH, ..., IO m, NPUYEM €CJH YHCJO Iepeceka-
eMblX MHOKECTB HEYE€THO, TO COOTBETCTBYIOIIlEE CJAaraeMoe BXOJHT B IIPaByIlo 4acThb
paBeHCcTBa (4) co 3HaKoM IJoc (B 3ToM cayuyae (—1)*—1 = 1), a ecau 4HcJIO me-
pecekaeMblX MHOXECTB YeTHO, TO COOTBETCTBYlOllee CJaraemMoe mnoJsyyaer 3Hak
MHHYC (B 3TOM cayuae (—1)F71 = —]),
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[TocKOJMIbBKY B PaBeHCTBO (4) BXOAST nepeceyeHMss MHOXKeCTB Ai, ..., A,
T. €. OHO YYHTBHIBAeT, KaK 3TH MHOXeCTBa INepPeKPhIBAIOTCA APYr C APYroMm, ero
Ha3bIBAIOT opmysold nepexpoimuil WIN Dopmyasod 6KArOUeHUUd U UCKATOMCHUL.
Mul npuBeleM NoKa3aTeabcTBO dopmyanl (4) HHUXe, a ceityuaC NOKaXeM, Kak ee
DPHMEHSIOT A/l pelleHu s 3ajavy.

CKOAMbKO HenoseK yuacmeosanro 8 npozyaske, ecau ussecmuo, umo 16 u3 Hux
e3aau ¢ coboud 6ymepbpodel ¢ semuurold, 24 — ¢ Korbacod, 15 — ¢ cotpom, 11 —
u ¢ semuunod u ¢ xoabacoti, 8 — u ¢ semuunott u ¢ cepom, 12 — u ¢ Koabacoti u ¢
coipom, 6 — bymepOpodoL ecex mpex eudos, a b smecmo 6ymep6po0oe 6384uU ¢ coboll
RUPOHKLL?P

O6o3naunMm yeped A MHOXKECTBO YYaCTHHKOB, B3fBIIHX ¢ co00i OyTepOpOXRHI
¢ BeTYHHOH, Yepe3d B — ¢ kKosbacoii u yepe3 C — ¢ ceipoM. Torpa yc/joBHsa 3allayH
MOKHO 3amHucaTb Tak:

n(A) = 16, n (B) = 24, n (C) = 15,
n(A(B)=1,n(ANC)=8, n(B} €)= 12,
n(Ad ) B[] C =6,

n (D) = 5,

rie yepes D o6o3HayeHO MHOMXKECTBO YYACTHUKOB, B3sIBIIHX ¢ co0Oi BMecTO OY-
Tep6ponoB nupoxku. HadtigeM n (A |J B |J C), T. e. 4uC/aI0 YYaCTHHKOB NpOry.Ji-
KH, B3gBIIUX C co00# OAHH HJH HECKOJIbKO BHIOB OyTepOponos. Ilo dopmyae (4)
noJiyqyaeM:

AUBUO=nA@)+nB) +n(C)—nANB —n(d[C)—
_,?((BHC)-HJ-n)(Aﬁ(B)ﬂ c?-f-—-)16+n:>f4)+ T Pl L et

3Hauut, 6yTepOpoan B3AaH ¢ coboit 30 yesoBEK, a Bcero B MPOTyJKE y4acTBOBAJH
30 + 5 = 35 ueJsoBek.

Ha pucynke 2 pgaHa cxema, rpaduuyecKu H3obpazkawinas yc/J0BHS 3ajayH.
Taxue cxembl Has3wBalwT Juazpammanu Jdrepa — Benna. OHH HIHPOKO NPHMEHH-
IOTCS JJ151 PEeUIeHHs caMblX pa3HooOpa3HBIX 3aJay, CBSA3AHHBIX C KOHEYHBIMH MHO-
XKeCTBaMH, MaTeMaTHYeCKOH JJOTUKOH M T. 1. C noMoibio Takofi JHarpaMMbl MOK-
HO pelIHuTh Hamy 3ajauy, He npuberass K dopmyJie BRJAWYEHUH M HCKJIOYEHHH.
s 3Toro samerum, yto 00J1aCTh, 3aHyMepoBaHHas pUMCKOH HuPpon VIII, co-
orBeTcTByeT MHOXecTBY A (] B ()| C, 2 noromy cofepxutT 6 3aemeHTOB. OGbe-
punenue obnacredt VII u VIII n3obpaxkaer mHoxectso A () B u notomy cojep-
KUT 11 ssnementoB. Ilockosnbky B obmactu VIII comep:xkutcsa 6 37eMeHTOB, a 3TH
o6/1acTH He nepecekaroTcsi, To B o6nactu VII comepxkutcsa 5 3aeMeHTOB. AHAaJO-
rHYHO HAaXOAUM, 4TOo B oOJgacTH VI coxepxuTcs 2 sjeMenTa, B 064actd V — 6
9J1eMeHTOB. Tenepn paccMoTpuM obgaacTH, HMmelouide Homepa II, VI, VII wu
VIII. Mx oOGnennneHHeM sIBJAAETCS MHOXKECTBO A, cojlepikaliee Mo ycJoBHIO 16
snemeHToB. Ho o6peannenue obnaacreit VI, VII u VIII coaepxur 2 -+ 5
-+ 6 = 13 sneMeHTOB, a noToMy Ha jpoJio o6sactd Il ocraerca 3 sanementa. Tak
Xe HaxoAuM, yrto obaactb IIl comepxur 7 sneMenroB, a ob6Jgactb IV — Bcero
OJHH 3JIeMEHT.

Ho o6benuHenue obaacreit 11, 111,
IV, V, VI, VII u VI1II sBasercs MHO-
xecTBoM A4 |J B {J C. lockoabky atu
00J1aCTH MONapHO He NepeceKaloTcs, To
YHCAO 3JIEMEHTOB BO MHOXecTBe A |)
) BlJ C pasuo 3+ 7+ 1+ 6+
+ 2 4+ 0+ 6 = 30. Mnl cuoBa nojy-
yuau, yron (A |y B |J €C) = 30, 1. e.
yTO 6yTepOponnl B3siaH ¢ coboit 30 ye-
aosek. O6aacth | wunacbpaxxaer MHO-
ecTBo D JaiojeH, 3axBaTHBULIHX H-
POXXKH, a MNPAMOYroJibHHK — BCex
YYaCTHHKOB nporyakH. Tak kaxk
n(D)=>5, 1o oblee YHCA0 YYACTHHUKOB
Puc. 2 NPOryJKu pasHo 35.

A
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3. Koprexu. IHe Bcerza ynaercs cocraBHTh MaTeMaTHYECKVIO
MOJleJIb KOMOHHATOPHOH 3aJadH, HCNOJAb3Yys JIHMIUIb YIIOMSHYTHIE BhIIIE
NOHSATHS TEOPUH MHOXKECTB. BO MHOrHX KOMGHHATOpPHBIX 3ajadax Cy-
IIECTBEHHYIO POJIb HrpaeT MOpsIOK 3/eMeHTOB (HanmpuMep, Mop oK
00paboTKH JleTa/ld Ha Pas/IMYHbIX CTaHKax, MOPsJAOK COJAAT B CTPOIO
H T. [A.), B TO BpeMs Kak JJis MHOXKECTB NOPSIOK 3JeMEHTOB DOJIH
He urpaer. llasee, 4acTo BO3HUKAIOT KOMOMHATOPHBIE 3a7aud, B KOTO-
PbIX HEKOTOPHIE 3JIEMEHTHI CJAEJYET CUHTATHL HEPa3JIHUYUMBbIMH, TOXK-
JeCTBEeHHHIMH (KaK, HanpHMep, JBe Oejble IAllKH H3 ONHOIO H TOTO e
KOMIIJIEKTA, JIB€ aBTOMALUUHBI ONHON M TOH Ke MapKH, LBeTa U Troja
BbIyckKa U T. A.). [losToMy BO3HHKaeT HEOOXOJHMOCTH BBECTH HOBOE
MaTeMaTHYeCKOe NOHATHE, KOTOPOE€ MOMXHO ObLIO Obl HCIOJL30BaTh H
B TAaKHX 3ajauax. JTHUM IOHATHEM SIBJSETCS «KOPTEkK» (HJH, KaK ero
eLlle Ha3bIBAIOT, «CJOBOY», «-MEPHBIH BEKTODY).

[lycte naHo nekortopoe mHOXKecTBO X. Bo3pMem MHOXXecTBO Hary-
paibHbIX yucea N, = {1, 2, ..., n} 1 3agaiuM HEKOTOpOe OTOOp a’KEeHHE
MHOKeCTBa N, BO MHOXKeCTBO X. 3TO 3HAUWUT, YTO YHCJAY 1 cTaBUTCA B
COOTBETCTBHE 3JIEMEHT X; € X, UHCIAY 2 — 3JeMeHT X, € X, ..., YHCJIY
n — 3JIEMEHT x, € X. B pesynabrare Mbl nojgydaeM Habop X, Xo, ...,
X, 3JEMEHTOB MHOXeCTBa X, B KOTODHLIH HEKOTOpHIE 3JeMEHTH MO-
'YT BXOAHTb HECKOJIbKO pa3 (BeAb NpuU orobpaxkeHuun N, B X Moxer
C/IYYHUTHCS, UTO PA3JIMYHBIM UYHUCJIAM OTBEYaeT OJAHH U TOT XKe 3JEMEHT
MHOKecTBa X). Pacrnosiaras ssemeHThl 3TOro Habopa 1o MOPSAKY HO-
MEpPOB, Mbl IIOJYYaeM Kopmexc (Xy, ..., Xp) AJUHBL 11, COCTABJEHHBIH H3
371eMeHTOB MHOxKectBa X. CJ/I0BO «KOpTexk» MO-PpaHIy3CKH O3HAYaeT
TOP2KECTBEHHOE IIeCTBHe (MHOrJAa U IMO-PYCCKU TOBOPSIT «CBaJeGHHII
KOPTEXK», «KOPTEXK aBTOMAIIMH» H T. A.). daAeMeHT x,, 1 < k < n, Ha-
3bIBAIOT R-H KOMNOHenmoUu WJIH Kk-H KOOpAHHATOH KopTexKa (X, ..., X.).

Koprexu nauHbl 2 Ha3bIBalOT napamu (TOYHEE roBOpPSA, YIOPSALOYEH-
HBEIMU TlapaMH), a KOPTe:KH AJMHHB 3 — mpolikamu. VIHOTJa H KOPTEXKH
JAJIUHBL 1 HasbIBalOT n-xkamu. llpuMepamMu KopTexeH MOTYT CJAYKHTh

cJI0Ba (KOPTEXKH, COCTaBJIeHHBEIE U3 OYKB andaBuTa), JAECATHYHBIE 3a-
[MHCH 4HceJ (KOPTeXH, COCTaBJEHHBIE U3 LUbp) H T. 1.

JIBa xoprexa (X, ..., X,) 4 (yy, ..., ¥,,) CUUTAIOT PAGHLIMLL, €CJIH OHH
HMEOT OJAMHAKOBYIO AJHHY, NIpUYEeM HX KOMIIOHEHTHI, HMEIOLIHe OJHHA-
KOBble HOMepa, paBHbl. MBI OyneM 0003HauaTb KOPTEXKH I'PEUECKUMH
O0ykBamu. Mrak, ecaun a = (x;, ..., x,) ¥ p = (y1, «.., ¥,,), TO & = B
B TOM H TOJBKO B TOM CJydae, KOTja n = m U X, = Y, JIJS Bcex R,

| < k< n.Hanpuwmep, eciin o0 = (22, 32, 42), B = ()16, /81, 1/ 256),

o & = f, Tak Kak 22 = }/16, 32 = }/81, 42 = }/256. Koprexn
(@, b, ¢) u (a, b, ¢, a) HE paBHBl, TaK KaK HMEIOT Pa3/IHUHVIO JJIHHY.
Koprexu (a, b, ¢) u (b, a, ¢) UMEIOT OAUHAKOBYIO IJIHHY H COCTOSIT W3
ONHMX H T€X K€ 3JIEeMEHTOB, HO OHU He paBHBHI, TaK KaK MOPSJOK HX
KOMMOHEHT Pa3J/HyueH.

KoMnonenramMu koptexka MOTYT GHITb MHOXECTBA, KOPTEXKH U T. .
Hanpumep, xoprexu ({a, b}, c, d) u ({b, a}, ¢, d) paBuH, TaK KaK MHO-
xecTBa {a, b} u {b, a} coBnajaor (145 MHOMKECTB IOPSIOK 3/JIEMEHTOB
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He UrPaeT PoJH), a KaptexH ((a, b),c, d) u ((b, a), ¢, d) pasnuuHbl, Tax
KaK pas3JHYHbl KOpTexH (a, b) u (b, a), aBasioupecss X MepBbIMH KOM-

MOHEHTaMH.
Kopre:x, He colepixaliuil HU OJHOH KOMIIOHEHTHI (T. €. KOPTeX JJ/IH-

HBl HYJIb), Ha3blBaeTcA nycmuim U oO603Havaercd ().
[IonuepkHeM elie pa3s OTJINYUSA MOHATUA KOpPTEXKa OT NOHATHS MHO-
XKeCTBa:

a) 8 MHoOJCECmBe NopsooK 3AeMEHMO8 He uepaem poiu, a Kopmesxu,
OMAUMAIOUUECA NOPAJKOM INCMEHMO8, pa3auuHblL 0Qice 8 mom cay4ae,
K020Q OHU uMmetom O0UH 1l Mmom e CoCmas;

0) 6 MHOJceCmBe 8ce 3aeMeHmbl Pa3AudHb. (HA OLHUH 3JIEMEHT HE MOXKET
BXOJHTh BO MHOXKECTBO ABaXKIbl), @ 8 Kopmejte KOMNOHEHIbL MOocymt

noBMmMopAmMsCAi.

4, lekapTOBO MNPOH3BeleHHe MHOMKECTB. Pa3melueHUsl C MOBTOpe-

Husamu, OO06LIHMM TTIOHATHE KOopTexa U OyAeM paccMaTpHBATh KOPTEXKH,
KOMIIOHEHTHl KOTOPBIX MpHHAJ/AeXKaT pasJUYHBIM MHOXKeCTBaM. KIHbIMU

cJIOBaMHM, 3ajajuM MHoxecTBa Xy, ..., X, H PaCCMOTPUM TaKue HaOOpPHI
o = (X, ..., X,) 3JIEMEHTOB 3THX MHOXECTB, UTO X, € X,, 1 < k < n.

MHoO2KecTBO, cOCTOSIIee M3 TAKHUX KOpPTEXKeH, Ha3biBaloT Ge/fapmoebm
npouseeaenueM mHoxcecms Xy, ..., X,. Er0 0003HaUaoT X, . X X,.

Hanpumep, ecan X; = {a, b c} X, = {1, 2}, 10 ﬂ,EdeTOBO npo-
H3BejeHHe X; X X COCTOUT M3 ILIECTH map:

(@, 1), (@, 2), (b, 1), ©,2), 1), (, 2).

JIlekapToBO ke npousBegeHHe X, X X; TOXKe COCTOMT H3 LIECTH Iap,
KOMITOHEHTBl KOTOPBIX HAYT B HHOM NOPSAJKeE:

(1, a), (1, b), (1,0, 2, a), 2, b), (2, ¢).
Takum obpa3oM, MHOxkecTBa X; X Xy U Xg X Xy, BOOOLIE roBopA,
pasJuuHbl: X; X Xg 5= Xy X X,;. llpuHatTo cuutarb, 4YTo €CJAU XOTH
Obl OTHO U3 MHOXKECTB X;, Xo MNYCTO, TO U UX JAEKAPTOBO IPOU3BEACHUE
[yCTO:
X]_ X @ — @ X X2: Qj.

Hadinem umcsao 3/eMeHTOB JeKapToBa IpoussefeHuss X X Y B
ciayyae, korza X SBJAseTCA KR-MHOXKECTBOM, a Y — m-MHOXKECTBOM.
[Tyete X = {x4, ..., x,}, a Y = {yy, ..., y,,}. HekapToBO npousBeje-
Hue X X Y cocrout u3 map (x;, y;). MIX MOXKHO pacro/ioxHuTh C/IEAYIO-
UM 00pa3oM:

(xl’ )’1): (xlv )’z), soey (xli )’m),
(Xz, yl)’ (xz, Y2), ¢y (xz, )’m),

MBI mosyunJu k CTPOK 1O m map B Kaxaod crpoke. Orciona cienyer,
yro ofllee YHCJg0 Tnap, BxoaAwMx B X XY, paBHo km, T. e.

n (X)n (Y). MapiMd cioBamH, MMEET MECTO cienymroias gopmy.ia:
n(X XY)=n(X)n(Y). (1)
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OHa BbIpaxKaeT NpaBUJO NPOU3BEJEHHS:

Qucao aremenmos 8 0eKapmogom NpPOU3E0CHUL KOHEUHbIX MHOXCeCmas
X u Y pasHo npousse0erHurto 4ucia nemeHmos muoxcecmea X u uucaia
NEMEHMO8 MHOxMcecmea Y .

C noMolpi0 MeToJa MaTeMaTHUUeCKOH HHAYKIHH JIerKo OOOOIIHUTD
3TO MPABUJIO HA CJAyYad NMPOU3BENEHUS HECKOJbKHX MHOXKecTB. FiMeHHO
npu Jo0oM m BepHa dopMyJaa

n(Xy X oo X X ) =1 (X)) et (X.). (2)

B camoMm jsesie, Mbl yiKe J0oKasaJu 3Ty dopmyay aada m = 2. Ilpen-
[10JIOXKHUM, YTO €€ CIPaBeIJIMBOCTb Yy2Ke JOoKasaHa A8 m = Kk:

n(Xy X ... X X,)=n(X,) ..n(X,).

BosbmeM Teneps MHOXKeCTBa Xi, ..., Xp, Xpt+1. /1I000H KOPTEXK NJIHHBL
kE + 1 U3 sj1eMeHTOB 3THX MHOXKECTB HMeeT BUI:

(X1, ooy Xp Xo41), DRe x; € X, 1 IR AL

[ToctaBUM B COOTBETCTBHE KaXKAOMY TaKOMY KOpTexy napy ((Xy, ...

.oy Xp)s Xp41), COCTOALLYIO U3 KOpTEKA (X1, ..., X,) € X; X ... X X,
M 3JIeMeHTa X, 4, € X,y,. [lo npaBusny npoussenenus Ljasg m = 2 4UCJIO
TaKuX nap paBHo n (X; X ... X X,) n (X,.,;). Ho no npeanosoxeHuio

( (Xl X e X Xk) = N (Xl) oo N (X}z):

H TIOTOMY YHUCJIO Nlap paccMaTPpHBAeMOro BHAA PaBHO
n(Xy) oo 1 (Xp) 0 (X pia).

[IocKO/IbKY CyLIEeCTBYeT B3aUMHO OJHO3HAQYHOE COOTBETCTBHE MeEXKAY
napam Buaa ((xy, ..., Xp), Xp11) 4 KOpTEXKAMU BUAA (X1, ..., X, , Xp11),
TO YMCJO 3JAEMEHTOB JeKaproBa MNpousBeseHUaA X; X ... X X,
TOXKE PABHO 7 (X;) ... 1 (X,1,):

I (X]_ XKoeee X Xk.Jr]_) = N (X]_) cos 11 (Xk‘f‘]-)'

Ho 3To u ectb popmyaia (2) ana m = k + 1.

Mrak, MBI J0Kasa/Ju COpaBelIMBOCTb (POPMYJbLl (2) npu m = 2
H 13 ee CIpaBeJJ/IMBOCTH IIPU M = R BBIBEJH, YTO OHA BEpHA U [IPU M =
= k -+ 1. Orciona caegyer, 4to 3ta ¢dopMyJ/a BepHaA MJiA BCeX m > 2.

B KOMOMHATOpUKE IIPABUJIO IPOU3BENEHUS OOBLIYHO (POPMYJIHP VIOT
CJIeAVIOLUM 00pa3oMm:

Ecau sremenm o mooxcHo evibpame R cnocobamu, a remenm [j —
m cnocobamu, mo napy (a, P) moxcHo evtbpams km cnocobamu.

Muorpa pns pelleHUs 3anay NPUXOAUTCA IOJL30BATHCA - 0000IIEH-
HBIM NPaBHJIOM INIpOH3BEJeHHs. A HMEHHO OBIBaeT, YTo pas3/UYHbie Ba-
PHaHTHl BbIOOpA 3JieMEeHTa [} omnpenensiorcs yxke CHeJaHHBIM BHEIGOpPOM
9JIeMEHTa @, HO IIOCJe KaxKJAOro BbIOOpa 3JeMEHTa O 3JeMEHT [} MOXKHO
BbIOpaTh OJHHM H TEM 2Ke YHCJIOM crnocoboB. M B 3TOM ciaydae 4HC/IO
crioco0oB BHIOpaTh napy (@, P) paBHO km, rae k — 4YHUCJO CIIOCOOOB
BLIOpATb 3JIEMEHT G, a M — YHCJO CIOCOO0B BHIOpAThb 3JE€MEHT [) MoC-
Jieé TOro, Kak 3JeMEHT o. BhIOpaH.



[1pumep. HaiizeM uncio cjioB JJIHHBI 4, COCTaBJNEHHBIX H3 33
6YyKB pycckoro ajdaBHTa, H TaKHX, YTO JIHOObe JBE COCelHHEe OYKBHI
3THX CJIOB Pas3JIHYHH (JONYCKaeTCs CJIOBO «XaTa», HO HE JOIyCKaloTCs
cJioBa «Beep» UM «6ocey). IIpy 3TOM MBI Hapsny cO CJIOBAMH, HMEMOLLU-
MH CMBICJI, JIONyCKaeM U Takue OeCCMBIC/IEHHBIE COYETaHHsI OYKB, Kak
«aDHI», «TOCO» U T. A. B 3TOH 33jaye mepBy10 OyKBY CJIOBA MOXKHO BbI-
6paTh 33 cnoco6amH. Ho mocse Toro, Kak oHa BbIOpaHa, CJELYIOULYIO
6YKBY MOXKHO BBHIOpaTh JHMIb 32 croco6amMu (IMOBTOPHUTH BHIOPAHHYIO
6YKBY yKe Henb3sl). Tperbsl 6ykBa JO/KHA OHITH OTJHYHA OT BTOPOH
(XOTSl H MOXKET COBIMajaThb C MepPBOH), a IOTOMY €€ MOXKHO BbIOpAThb TOXKe
32 crioco6aMH, paBHO Kak H ueTBepTy10. [TosaTomy obuiee YHCIO CIOCOOO0B
BoiGopa paBHO 33 - 32 - 32 - 32 = 1 081 344.

C nomouibio opMyasl (2) Jerko peluTh Takylo 3ajgauy:

Hatimu uucao 6cex kopmescetl OruHbl R, COCMABACHHbIX U3 INEMEHIMNO6
m-MHoxHcecmea X.

HckoMoe uMc/IO paBHO YHUCJAY KOpPTEXKEH B JEKapTOBOM IIpOHU3BeJe-
pud X X ... X X, cozepxaweMm m MHoxutenaedd. Ilo ¢opmyne (2)
[10J1yYyaeM: ‘

n(X X .. X X)=n(X)...n(X).

s annus semmm——., P ——_

k pas k pa3s
Ho n (X) = m, a noromy n (X X ... X X) = m*~.

HUrak, uucso kKopmeosceid Oaurbl R, COCHQBAEHHbIX U3 3INEMEHIMOB
m-mHoocecmea X, pasHo mk=.

Hanpumep, u3 33 GyKB pycckoro ajdaBuTa MOXKHO COCTaBHTh 337
cJIOB JUIMHHI 2 (aa, a6, aB, ..., ad, Oa, ..., 15), 33° cJ0B AJAUHB 3, 33°
caoB aauHb 4 U T. 1. Touno Tak xke u3 10 nudp O, 1, 2, 3, 4, 5, 6, 7,
8, 9 MoxHo cocrasuth 10? aBysnaunnix HomepoB (00, 01, ..., 99), 10°
TpEeX3HAYHEIX HOMEpPOB U T. .

Kopre:ku JJuHB kB, COCTaBJIEHHblE M3 3JIEMEHTOB M-MHOXKECTBa,
HA3bIBAIOM DPABMEWUEHUAMI C NOBMOPEHUAMU U3 M 3JIEMEHTOB IO R, a

k
HX yHcao ofo3HayaloT A (0T (ppaHIy3CcKOro cJjoBsa arrangement —

pasMellleHde; yepTa INOCTaBJEHA CBepXy, 4TOOB OTJHYATh 3TH pa3me-

ILIEHUA OT pasMellleHHH 6e3 MOBTOPEHUH, KOTOpPhIe MBI pacCMOTPUM O3] -
Hee). Takum o6pasom,

Z——

A = mF, (3)

5. Uncno oroOpaxeHMd K-MHOXKeCTBA B IMI-MHOMXECTBO. BhiBeleH-
Hasl Bbllle opMyJia JJs1 YUC/Aa KOPTE:KeH IMO3BOJSET peliaTh pasJiny-
Hble 3ajayd KOMOHWHATODHKH. BCNOMHUM, YTO KOPTeX IJHWHBI R U3
9JIEMEHTOB m-MHOXKeCcTBa Y — 3TO oOToOpaxeHue MHoxecrBa N, =
= {1, 2, ..., £} B Y. I'loaTroMy uHc/IO m* TaKuX KOpTexkeHd PaBHO YHUCIY
oTo0paxKeHHH MHoOxKecTBa N, B m-MHOXecTBO Y. OueBHJIHO, TAKUM XKe
OYJAeT 4HC/Io OTOOpaxkKeHH# J1000ro k-MHOXKECTBa B J1000€ 1-MHO2KECTBO.
HMtak, MBI J0oKasanau, 4TO 4ucA0 omobpadsceruil R-muoacecmea X
8 M-mMHoocecmso Y pasHo mk=,

Hanpumep, ecan £ = 3, m = 2, 10 uMeeM 2° = 8 oroGpaxKeHHH.
Eciau xe k= 2, m = 3, 1o uMeeM 3° = 9 orobpa:keHutl.
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[lonnyuyeHHBIH pe3yJIbTaT MOXKHO
chopmMysHpoBaTE H HHBIM 00pa- e
30M. ECJ/IM CUUTATH 3JIeMEHTHI MHO-
KeCTBa X «IpeIMEeTaMu», a 3J1€MEH-

THI MHOKECTBA Y —<e&AIHKAMUY», TO

NMPpH KaxXJOM OTOOpaXeHHH ¢
MHOXKecTBa X BO MHOXKECTBO Y °
IPOMCXOJHUT pacnpejeseHue npe- 2
METOB 10 fAlUKaM (HEKOTOpbIE Puc. 3

SIIIUKH MOTYT IIPH 3TOM OKa3arThb-

CAd MYCTbIMH, IIOCKOJIBKY MOXKeET

0Ka3aThCsl, YTO B 3JeMEeHT ¥y € Y He oToOpaxaercs HH OQHH 3JIEMEHT
MHO:KectBa X). Hampumep, ecnin MHOXKECTBO X COCTOHT H3 3JIeMEH-
ToB {a, b, ¢, d, e, [, g, h}, a mHOXecTBO Y — H3 uHcen I,
2, 3, 4 u otoOpaxeHue @ 3anaeTcss CXeMOH, IOKa3aHHOH Ha pHCYHKe 3,
TO B MEPBLIA SILIUK MOMajfaloT 3jJeMeHTH @, ¢ U d, BO BTOPOH SAIMHK —
3JIEMEHTHI b, e, [, B UeTBEPThI AIHK — 3JIEMEHTHl g M A, a TPeTHH SHIHK
octaercs NycThiM. IlocKOJIBKY uHc/I0 OoTOOpaKEeHHH k-MHOXKECTBa X B
m-MHOXeCTBO Y paBHO mF, TO U 4qucaro pacnpedeserult R pasiudHoix
npeomemos no m pasiudHbim aujukam (HEKOTopble fAINIHKH MOTYT OKa-
3aThCsl NYCTHIMH) pagHo mk,

IDTOT pe3yJbTaT MNO3BOJIieT HAHNTU YHCJAO TOJMHOXKECTB #1-MHOXKeE-
crea X. B camom pene, Bo3bMmeM ABa uyucsia O M 1 (M, ecyiH yrojHo,
nBa simuka). KaxaoMy noamMHoxkecTBy A MHOMXKECTBA X COOTBETCTBYET
otob6pa:kenue @ MuHoxecrBa X BO mHoxkectBo {0; 1}, Npu KOTOpPOM 3iJie-
MeHTE H3 A otobpaxatorcst B 1, a ocranbHble 3jeMeHTEl — B 0. TakHM
obpa3oM, CYIIeCTBYeT B3aHMHO OJJHO3HAYHOE COOTBETCTBHE MEKAY
NOJMHOKECTBAMHU MHOXKecTBa X H OTOOpa*KE€HHSMH 3TOr0 MHOXKECTBA
B 2-muoxkectBo {0; 1}. Ho umcsno atux orobpaxeHuin paBHo 27, rue
1 — YUCJIO 3JEMEHTOB MHOXecTBa X. 3HAUHT, H #UCAO NODMHONCECTE
n-muoxcecmea X pasHo 2°.

B kauectBe npumepa paccmotrpum 3-muoxectBo X = {a, b, c}.
OHo no/ikHO HMeTh 2° = 8 noamuoxkectB. Mmu aBaswrca &, {a},
{b}, {c}, {a, b}, {a, c}, {b,c} u {a, b, c}.

YTBepKAEHHE O YHCJ/e NNOAMHOXKECTB 1-MHOXKECTBA MOXXHO JI0Ka3aTh,
HCIIOJIb3 YA MeToJ MareMatHueckoil MHAYKUHHU. [lpu n = 1 oHO HCTHEH-
HO, TakK Kak 2! = 2, a l-mHoxecTBo {a} HUMeeT B2 MOAMHOXECTBA —
caMo MHOxKecTBO {a} H nmycroe mHOXecTBO . llpermosioxum teneps,
YTO YyTBEp2KJAE€HHE CNpaBeAJUBO NPH A = k, T. €. YTO KR-MHOXECTBO
X = {xq, ..., X, } uMeeT 2% noamuoxecTB. [IpUCOEIHHUB KO MHOXKECTBY X
3JIEMEHT Xy, NOAyudM (B + 1)-MHOXeCTBO Y = (X3, ..., Xz Xpi1}-
JI1060e U3 MOJMHOXKECTB MHOXKeCTBA Y JIMOO HE COAEPKUT HOBOIrO 3Je-
MEHTa X,,;, JKOO COLAEPXKUT €ro. B nepBoM caydyae OHO sIBJISIETCS TOA-
MHOXXEeCTBOM k-MHOxKecTBa X. UHCJAO0 TaKHX IOAMHOXECTB paBHO 2%,
Bo BTOpoM cJayuae, or6pachiBasi 3J€MEHT X, ;, CHOBA [0JYy4aeM MOAMHO-
KEeCTBO MHOxecTBa X. blTak, 4Hc/0 NOAMHOXKECTB BTOPOro BHJA PABHO
YHCJY TOAMHOXKECTB MEPBOro BHAa, T. €. paBHO 2%. Ho Torjaa oOliee
YHCJIO NOJAMHOXKECTB MHOXKecTBa Y paBHO 2F - 2F = 2R+l
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HTtak, Mbl JOKasaJH, YTO Hallle yTBEPKIAEHHE HUCTHHHO IpuU n = 1,
a U3 ero UCTHHHOCTH NPH n = Kk BBHIBEJIH, UTO OHO UCTUHHO U NPU N =

= k -+ 1. 3HauuT, OHO BEPHO MpPH BCEX 3HAUEHHAX A.

6. YnopsajaouyeHHble MHOXecTBa. Pa3melienus 0e3 nosropenud. Obpa-
30BaHHE KOPTEKeH MOKHO HaIVIAHO NNPEACTAaBUTD ce6e ceLYIOLIIUM 06pa-
30M. I10JIOKHM 3JIeMEHThl MHOXXECTBA X B MeELIOK U OyJeM HU3BJEKaTb
WX W3 HEro OJIMH 3a Jp yTUM, 3alIUCHIBATh U3BJEUECHHBIH 3JIeMEHT U KJI1aCThb
o6paTtHOo B MelloK. Iloc/ie Toro Kaxk Mbl caesaeM i U3BJIEUEHHH, MOJY-
yiM OJHMH K3 KOPTEXKEeH AJHUHBI M, COCTOALLUMX H3 3JEMEHTOB MHOXKe-
cTBa X.

[IpenmnoJioxKUM Tenepb, YTO MBI HE BO3BpAalllaéM H3BJICUEHHBIE 3JI€-
MeHTBl 00paTHO B MeLUOK. Toraa B moJiy4eHHOM KOpTEXe He OYIeTr Io-
BTOP AIIOLIHXCA 3JieMeHTOB. OH Oyner COCTOAATb H3 /M Pas/UyHBIX 3Jie-
MEHTOB, pacllOJIOKEHHBIX B OIIpelle/IeHHOM Mopsjke. lakKHe KOpTexkKH
Ha3bIBAIOT YHNOPACOUEHHbIMU MHOMCecmeamy (HATIOMHHUM, YTO BO MHOXKe-
CTBE HET JBYX OJHMHAKOBBIX 3J€MeHTOB). Takum o06pa3oM, MHOXKECTBO
Ha3bIBAETCSl YIIOPSJAOUYEHHBIM, €CJIH €ro 3JeMEeHTHl PacloJOXKEHHl B OIl-
peJleJIEHHOM MOpsAKe. IDTOT MOPSJAOK IPOLLE BCEro 3a4artb, 3aHYMepo-
BaB 3JIEMEHTHl JAHHOTO MHOXKECTBA. JJIEMEHT, MMOJYUHUBIUMHA HOMep &,
0603HauuM X,. lloayuuBlieecs ynopsloyeHHOE MHOXKECTBO 00O3Haya-
0T (X1, ..., X,). B pajbHerieM Mbl OyleM nucarb X; < X; €CJIH 3Je-
MEHT X; NPEALIECTBYET 3JIEMEHTY X;, T. €., €ecnu t < J.

OIHO M TO K& MHOKECTBO MOXKHO YNOPSAA0YUTH Pa3HUUHBIMH CIIOCO-
6amMu (Hanpumep, MHOXKECTBO IUKOJBHUKOB B KJlaCcC€ MOXKHO YIOpSAIO-
YUTh N0 BO3pacry, MO poCTy, IO Becy, MO aJaBUTYy H JaxkKe M0 CTOJb
cAyyadHOMY TIpPH3HAKy, Kak BpeMs e€ro npuxona B wWkKoay 1 cew-
T6p5). '

Ecan 3agano n-mHOXKecTBO X U m < 1, TO MOXKHO COCTaBHTb pas-
JUUYHBIE YIOPSJAOUYEHHEBIE M-MHOXKECTBA, B KOTOpPHIE BXOIAT JHIIBL 3Je-
MEHTEl MHOxkectBa X. Hanpumep, u3 ajemeHTOB MHOXKecTBa {a, b, ¢, d}
MO2KHO COCTaBHTb 12 ynopsiioueHHBIX 2-MHOKECTB:

(a’ b)’ (a’ C), (a’ d)’ (b? a)’ (b’ C)’ (b’ d)’
(C’ a)’ (C’ b)’ (c’ d)’ (d’ a)’ (d’ b)’ (d’ C)'

YTopsl0UeHHEIE M1-MHOXKECTBA, COCTOSAIIHE H3 3JIEMEHTOB 71-MHOXKECTBA
X, HaA3bIBAOT YHOPAOOUEHHBIMU H-NOOMHONCECMBAMU STOTO MHONCECMBA
UNH pasmewieHuamu 6e3 nosemopeHuil U3 n 3jeMeHToB Io m. Mx uucao

ob6osHayator A”. Haiinem ¢opMyay, Boipaxawomyro A" uepes

nu m.

KTak, nycTh 3aaHO 1-MHOXKECTBO X. ¥ TIOPAJ0YEHHOE #-T10IMHOKeE-
CTBO MOXKHO NOJYYHUTh, BHIOHpasA U3 X IIOOYEPEJHO 3JEMEHTH Xq, ...
..., X,. HO B KauecTBe mnepBOro 3sjseMeHTa Xx; MOXHO BHIOpaTh JI000
H3 1 3JIEMEHTOB MHOxKecTBa X. [losToMy TakoH BBEIOOP MOKET OBLITh IIPO-
H3BeJleH n cnocobamu. llocsie Toro Kak nepBbid 3J1eMEHT BBIOpaH, BTO-
POH 3JIEMEHT MOXKHO BBEIOpaTh JMlb #— 1 cnoco6aMu (MO2KHO B3SITh
JI000H 3JIEMEHT, HMCKJIouas yxKe BblOpaHHBIH). Ilocsie BbiGopa nepBhIX
[IBYX 3J/IEMEHTOB OCTAOTCH JIHIIb ## — 2 BO3MOXKHOCTH BBHIOpATb TPETHUI
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sneMeHT H T. A. llocnenuuit, m-i snemeHT MOXKHO BBIGparTh n — m -+ 1
crioco0aMH — BeJlb JJO HEro y:ke BHIOpaHbl m — 1 3JeMEeHT, a NOTOMY
OCTaJoCh Julllb # — (m — 1) = n — m -+ 1 3/1eMeHTOB.

[lo npaBu/1y mnpousBeAeHHS (CM. C. 25) moJiyyaeMm, 4YTO YHCJO YIIO-
PANOYEHHBIX M-NOJMHOKECTB f-MHOXeCTBa X paBHO IPOH3BEIEHHIO

gyucea n, n—1, ., n—m+1, r.e. n(n—1) .. @0 —m+ 1.
M&bI f0Ka3au, TaKUM 06pa3oM, 4TO .
m
A =nmn-—1)..Mn—m-+1). (1)
[IpousBejeHUe MepBLIX 7 HATypaJbHBIX yucea, 1. e. b - 2. ... - n,
Ha3bIBaIOT n-ghakmopuas U obo3Hayvator n!. Ilpoussenenue n (n — 1) ..

... (0 — m —+ 1) MOxKHO 3amnucarb B BUJE ApPOOH
nin—1)..(n—m-+1)@n—m)..1

’

(n—m)... 1
|
T. e. B BUle ———— . WTak, MBI JOKAa3a/H, 4TO
(n — m)l
|
A" = 1 %
i1 (n . m)' ( )
B yactHocTH, npu m = 0 nojy4aeM U3 QopmyJbl (2)
0 n!
A =" 3)

OTO 03HAa4yaeT, UYTO CYILUECTBYET €IUHCTBEHHOE YIIOPAJOUYEHHOE MHOXKe-
CTBO JUIMHBI 0 — NYCTOHU KOPTEXK, HE UMEIOIUMHA HU OJHOH KOMIIOHEHTHI.

7. NlepectanoBkn 0e3 nosropenuii. PaccmMoTpuM Tenepn passny-
Hbhle YIOpANOYHBAHUA JAHHOrO n-MHOXKectBa X. llosydyaemble mnpu
5TOM YIIOPSJOYEHHBIE MHOXKEeCTBAa OTJHMYAIOTCA JAPYr OT Apyra JHIb
MOPAAKOM BXOJAIIMX B HHX 3JIeMEHTOB. VX HashIBalOT nepecmanoska-
My 6e3 nosmoperulli u3 n dLemenmos, a uxX 4ucjao obosnayawr P,. Ha-
npumep, Pg = 6, TaKk KaK H3 TpeX 3JEMEHTOB a, b, ¢ MOXKXHO COCTABUTE
[IECTb TePeCTaHOBOK:

(aa b, C): (a: ¢, b), (b, d, C)a (by C, CZ), (Cs a, b), (C, b, a)-

O6mas dopmyaa gasa P, noayyaerca u3 ¢opmydast (1) m. 6. Hei-
CTBHTEJIbHO, NepecTaHOBKa 0e3 IOBTOPEHHH H3 71 3JIEMEHTOB — 3TO TO
Ke caMoe, 4TO pasMelleHue 6e3 IMOBTOPEHUHM U3 11 3JIEMEHTOB IO 1.
[TosToMy pJist OTbICKaHuUSI P, J0CTaroYHO IOJIOXKHUTb B ¢opmynae (1)
n. 6 m = n. Ilonyuaem:

P=A"=nn—1)..(n—n+1)=n (1)
Hrak, P, = nl. llonaras B Qopmyne (2) 1. 6 m=n, nosyyaem:
n!
Pn“"" 5r (2)
CpaBauBas paBeHcTrBa (1) m (2), npuxomum K BhEIBoAy, 4to 0! = 1.

Ha nepBbId B3IVIIL 3TO pPABEHCTBO KaxeTcsd IapajokcanbHbiM. Ho
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JJs1 BCEX n > 2 clpaBeAduBO paBeHCTBO nl = (n — 1) n. Ecau no-
TpeboBaTh, YTOOBI 3TO pPAaBEHCTBO ObNIO CNPABEAJIMBO U MpPH 1 = 1],
70 noayuyuM 1l =0!.1, orkyaa BHOBb cjiefyeT, 4TO €CTECTBEHHO IO-
JoXuTh 0! = 1.

llpuseaem Tabdauuy snauenus n! npu 1 < n < 10.

n!

] 1 O 720
2 2 7 0040
3 6 8 40320
4 24 9 362880
5 | 129 10 26233300

8*. ¥YnopsajgoueHHble MOJMHOXECTBA M OOpatumble OTOOpPAXEHHUA.
Orto6paxeHue ¢ MHOXKecTBa X BO MHOXXECTBO Y HasbIBAIOT 0Opamumbim,
ecJIM PasJIMYHbIM 3JIEMEHTaM MHOXKeCTBa X COOTBETCTBYIOT pasJ/idYyHbIe
9JIEMEHTHl MHOXKECTBA Y, T. €. €CJH H3 Xy = Xy CJIeAYeT ¢ (x;) 7~
=% @ (x2) (puc. 4). Kaxzaomy ob6paruMoMy OTOOpaKEHHUIO ¢ MHOXKECTBA
N_ = {l, 2, ..., m} B 1-MHOXKeCTBO Y COOTBETCTBYET YIIOPANOYEHHOE
M-TIOJMHOKECTBO MHOXKECTBA Y, COCTOSALIEE U3 3JIEMEHTOB Y =
= ¢ (1), ..., ¥, = ¢ (m) (BCc€ 3TH 3JEMEHTHl pa3/IMYHHl B CUJIYy oOpa-
TUMOCTH @). OOpaTtHO, Kaxaoe VYHnopsijoueHHOe mM-II0JMHOXKECTBO
(1, .y ¥,,) MHOXeCTBA Y omnpeznenasier obparHmoe oTobpaxkeHue N
B Y, nnpu kKotopoM @ (R) = y,.

X Bmecto N, MOXKHO B3ATb JI100O€ #M-MHO-
X, :»oyg xxectBo X. Takum obpasom, uucio obpamu-

{  Mbx omobpaxcenuud m-mHoxcecmea X 8
n-MHOMCECMBO Y PABHO HUCAY YNOPAOOUEHHBIX

X ———————=9y, m-nodmnoscecmg 8 Y, m. e. A",

Fcim m=n, TO0 Jdi060e 06paTHMOE
otobpaxeHue X B Y ABJAAETCA B3aUMHO OJHO-
J  3HaAyYHBLIM COOTBETCTBUEM Mexay X " Y
(puc. b). I'lostoMy uucao 63aumro 00HO3HOU-
HblX ~ COOMBEMCMBUl  MENC0Yy  N-MHOMCECHT
gom X W n-mHoucecmeom Y pasto P,
Puc. 4 T. €. nl,

9. Coyeranung 6e3 noBropenuid, OgHoH M3
Ba)KHEHIIHX 3aa4 KOMOHHATOPHUKH SBJACTCH
IIOJICUET YHUCJA mM-TIOJMHOKECTB /1-MHOXKECT-
Ba X. Takue HeymnopsaouyeHHbIE IOAMHOXKe-
CTBAa HAa3BIBAIOTCsl COHEmAQHUAMU Oe3 noemo-
peHuu "3 n 3JE€MEHTOB IO m, a HX YHCJIO

({
o6o3HavaloT C ' (0T (paHIly3CKOrO CJIOBa

combinalson — coyeraHue). Hanpumep, H3
97eMeHTOB O-MHOXectBa X = {q, b, c, d, e}
MOX{HO COCTaBUTb CJAejyIOLlHE 2-NOAMHOXKE-




?'(I;Bae} {{c:i l;}j e, ¢}, {a, d}, {a, e}, {b,c}, {b,d}, {b,e}, {c, d},

Yucjgo 3tuX noamHoxkecTB paBHo 10. 3Hauur, (,‘52 — 10. OTmerum,
0
yro C_ = 1 — Kaxjoe MHOxKecTBO X HMMeeT JiHlb ogHO 0-mogMHOKe-

CTBO, a HMEHHO IyCTOe MHOXKecTBo. [laJee, Ctlz = N — B #-MHOKEeCTBe

= {Xy, ..., X, } COJAEPKHUTCH N ONHO3JEMEHTHHIX MOJMHOMKECTB, T. €.
oaAMHOXKecTB BHAA {x;}, 1 < i L n.

BriBenem ¢opmyay, Bolpaxaiomyio C° uepes n U m. IlycTb u3

9JIEMEHTOB 7-MHOXKecTBa X COCTaBJIeHBI BCe m-IIOAMHOKecTBa. YIIO-
pPAJOYHM BCEMH CIIOCOGAMH KarKJ0e H3 3THUX IOAMHOXKECTB. MBI noJy-
YUM, U NIPUTOM JIHIUbL 10 OMHOMY pa3y, Bce YNopsiJoYeHHEIE /m-I1I0JMHO-

xecTBa n-muoxecrsa X. Mx uucno, xak Mbl 3HaeM, paBHo A7. Ho
qHC/I0 m-TIoAMHOXKecTB B X paBHO C)' , a Kax/0e H3 HHX MOXKHO YIIO-
pANouUTh P, = m! cnoco6amy. 3Ha4uT, MMeeT MECTO paBeHCTBO A =

t

A

= m! C” . U3 Hero Bmtekaer, uro C" = m""' . 3ameHfi1 B TMOJY-
3 m n!
yeHHO! (opmyse A™ ero BhpaKeHHeM el [0JIYYaEM:
n—m).
m n!

C, =—— (1)

m! (n—m)!

10*. CTporo MOHOTOHHBIE oroﬁp(ameﬂnﬂ [Iyctp X — ynopsjgouyeH-
HOE mM-MHOXECTBO, a ¥ — ynopsdaoueHHoe n-MHoxecTB0o. Otobpaxenue
¢ MHOXKEeCTBa X B Y Ha3HBACTCS CMpPO20 MOHOMOHHbIM, €CJIU H3 X; <
<< x; cnenyer @ (x;) < @ (x;). MiHnMH cjoBaMH, CTPOTO MOHOTOHHDIe
OT06pa}K8HHH OOpaTHMBI H COXPaHSAIOT MOP ALOK. Ha PHCYHKEe O H300pa-
JKEHO CTPOro MOHOTOHHOE OTOoOpa)KeHHe MHOXecTBa X = (X1, X3, Xj)
B Y = (Yyu, Y2 Y3 Yar ¥s)-

Kaxnoe ynopsiioueHHOe MHOXKECTBO HMeeT €AHHCTBEHHOE CTPOro

MOHOTOHHOE OTOOpakeHHe Ha cebs1, a HMEHHO TOMKAeCTBEHHOEe 0ToOpa-
XKeHue, OCTaBJIsAIOnee BCE 3JeMEHTH HeNoJBUXKHBIMH, MPHU JIIOOOM ApY-
roM oToOpaxKeHHH X Ha Y NOPAAOK 3JeMeH-
TOB H3MeHsieTcs. AHAJIOTHYHO [0KasbiBaercs, X 4 '
YTO CYLIECTBYET €QUHCTBEHHOE CTPOrO0 MO- Ao Y
HOTOHHOE OTOOpaKeHHe rn-MHOXKecTBa X Ha
n-MHOXKECTBO Y, a HMEHHO OoToOparKeHue,
IDH KOTOPOM nepBini’r sjieMeHT B X otobpa-
JKaeTcsl Ha NepBbIH 3JieMeHT B Y, BTODOH
3JIeMeHT — Ha BTOpOH, ..., N-H — HA N-H.

Haligem Tenepp 4YHCJIO0 CTPOTrO MOHOTOH-
HBIX OTOOpaXKEeHUH YIOPSAOYEHHOro M-MHO-
XKecTBa X B YIOPSJ0YEHHOE H-MHOXKECTBO Y.
JIto6oe m-noamMHOXKecTBO A B Y ynopsagouye-
HO, NIPHYEM CYILECTBYET €IUHCTBEHHOE CTPOTO
MOHOTOHHOg oToOpaxeHue X Ha A. O6paTtHo,

KaxKJIoMy CTpOro MOHOTOHHOMY OTOOD a:KeHHIO Puc. 6
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X B Y cooTBercTBYEeT m-NOJMHOXKECTBO B Y, cocrosiiee u3 o06pasoB
9JIeMeHTOB X INpPH 3TOM oToOpaxKeHHU. TakuM o6pa3oM, YHCJIO CTPO-
ro MOHOTOHHBIX OTOOpaxKeHHH X B Y paBHO UYHCJAY M-TIOJMHOKECTB B

Y,1.e.C .
Hrak, uucao cmpoeo MmOHOMOHHLIX 0mobpasceHuli ynopAadoueHHozo
m-mroxcecmea X 6 ynopadouerroe n-mroxcecmeo Y pasuo CT,.

11. CBoiictBa umcen C,. Uucana C;, BhpaxKawollye KOJHYECTBO
M-TI0JJMHOXKECTB B f1-MHOXKeCTBe X, 00/1ajaloT LEJbIM pAJOM 3ameya-
TeJbHBIX CBOMCTB. IDTH CBOHCTBA BBIpAXKatOT Pa3/JIMYHBIE COOTHOLIEHHUS
MEXKAY NOAMHOXKeCcTBaMH MHoxKecTBa X. KIX MOXKHO JOKasblBaTh, He-

nocpeCcTBeHHo Hexons u3 dopmyasl gas C',. Ho Gonee copepxxareib-
HBIMH SIBJISIIOTCA JOKa3aTeJbCTBA, ONHUpAIOIMecss Ha TeOPETHKO-MHOXKe-

CTBEHHBIE pacCyKIeHUA.
1) Ectn 0 <m < n vuyudeaa m U n ueable, TO BEpPHO PaBEHCTBO

Cm . Cn-—m (1)
I T 11 .

C nomomnipto dopmyanl (1) m. 9 310 yTBep:KIeHHUE J0Ka3blBaeTcs
cpasy. [lelicTBHUTEJIBHO,

Cn-—-m __ __________{1_1___________ __ _____fﬂ____ __ Cm
n n—m\[n—@m—m)  (n—m)! m! v

CMbIC/T 3TOTO YTBEPKAEHHA COCTOUT B cJeaylomeM. Kaxnomy
M-TIOAMHOXKeCcTBY A n-MHOXKeCcTBa X COOTBETCTBYET OJHO3HAYHO OIpe-
NieJieHHoe (1 — m)-TOAMHO2KECTBO B X, moJjyuyaeMoe H3 X ylajeHHeM
BCeX 5JE€MEHTOB MoaMHoxectBa A. D10 (n — m)-NIOAMHOXKECTBO HA3LI-
BaloT donoareHuem K A B X. Ilpu stom Jato6oe (n — m)-1oJMHOKECTBO
B X ABJIETCH JOIOJHEHUEM OJIHOIO U TOJbKO OJHOTO /M-II0JIMHOKECTBA.
3HAuUUT, CYIIECTBYeT B3aUMHO OJHO3HAQYHOE COOTBETCTBHE MEXKIY
mM-NIOJAMHOKECTBAaMU U (N — m)-IIOAMHOXKECTBAMU, & TIIOTOMY YHCJO
m-TIOJJMHOKECTB PAaBHO YUCAY (1 — m)-TIOAMHOXKECTB. JTO YyTBepKe-
HHe U BhIpa)aercs paBeHcTBOM (1).

2) Jnsa awoboro nesaoro yucaa n 2> 0 BEpHO paBEHCTBO

0 1 R n n
Cn+Cn+---+Cn+-"+Cnm2' (2)
B camoM nene, Mbl JoKa3aJd B II. O, UTO o0llee 4YHCJ0 MOIMHOMKECTB
n-mHoxectBa X pasBHO 2". Ho m1060e nogMHOXKECTBO #-MHOKECTBa CO-

JIEPKUT Kk 3JIeMEeHTOB, TAe Rk — nejoe uucao, takoe, yto 0 < & K n.
k

Tak kak 4ucgao k-nogmMHOKeCTB B X paBHO C; , TO MO NPABUNY CYMMBI

oblee YUCJA0 TNOAMHOXKECTB M-MHOXKECTBA PaBHO Cn 4+ C, + ... +

+ Ci + ... + Cr. CpaBHuBasi 1Ba NOJIYYMBIUMXCA 3HAueHUS JJIf
yHcJa BceX NOIAMHOXKECTB B X, IOJYYaeM PaBeHCTBO (2).
3) Haa aobbix m u n, makux, 4mo 0 < m < n, 66pHO PaseHcmeo:

Cr =Co +C,. 3)

M sro paBeHCTBO HETPYAHO NOJYUYHTH C NoMouibio ¢opmydasl (1)
n. 9. B camom zene, Tak Kak

c—'e (=D _ (n=Dm
=l m— 1@ —m)  ml(n—m)
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H Cm (n — 1)! _ (n— D (n — m)

=l i n—m—1) ml(n— m)!
TO, MIOJCTAB/AA 3TH 3HAYEHHS B IPaBylo 4acTb (opMyJbl (3), MOJyUaeM:
Cm—-l 4 C™ (n—1)lm i (n —1)! (n-——m)

n—1

’

|

ml(n —m)! m! (n — m)!
__ n—Nm+n—m __ n! __Cm
m! (n — m)! m' (n—m)!
PaBeHCTBO (3) ﬂOKaE’.aHO. Ormerum, uTo npu m = 0 nosayyaeMm pa-
BEHCTBO C0 n--1 + Ch—;. Tak xak C° Ch_i = 1, TO caeny-

eT noNoXHUTb Croy = 0. AHAJOTHYHO CJIeI[yeT nonoxur C, = 0
npu m > n. Torna paBeHcTBO (3) OKa3biBaeTcsl BEPHLIM H NPH m = H.

llpuBeneM BTopoii BEIBOJ paBeHCTBA (3), BCKPBIBAIOLIUH €ro Teope-
THKO-MHOXXECTBEHHBIH CMBIC/I. BblIe/JUM OAUH U3 3JIEMEHTOB #-MHOXKE-
cTBa X, HallpUMep 3JIeMEHT a. Toraa Bce m-MogMHOXKecTBa X pasOu-
BAlOTCsA Ha JBa KJjiacca: NepBbLIM COCTOUT U3 IOJAMHOXKECTB, He COJepKa-
[I{UX 3JIEMEHTa @, a BTOPOH — U3 MOAMHOXKECTB, COJEpKaluxX 3TOT
ssaeMeHT. Ho ecam m-nogMHOKeCTBO He COLEp:KHUT 3JeMeHTa a, TO QHO
ABJISIETCS NONMHOXKecTBOM (n — 1)-mHOxkKecTBa X', nmosyuaemoro us X
ylaleHueM sjemeHta a. llostromMy uucjI0o m-1OJMHOXKECTB I1€pBOro

Klacca PAaBHO YMCJAy m-TNOAMHOXKecTB MHoxkectBa X', T. e. Ch_y.

HaiineM Tenepp 4ucaI0 m-noJgMHOXKECTB BTOPOro KJacca. Bce 3TH MOA-
MHOXKECTBA COJepiKaT 3JIeMeHT a. LEcau HCKJIOUHTHL U3 HUX 3TOT 3Je-
MEHT, TO roJiyyarcsi (m — 1)-moaMHOXKecTBa, He cojep:xainye a (Ha-
npumep, H3 3-noaMmHoXKectBa {a, b, ¢} MOJAYYHTCA 2-NOJMHOXKECTBO
{c, d}). ™1 (m — 1)-mogMHO>KeCcTBa He COJEepKaT 3JeMeHTa aq, U Io-
TOMY OHH COCTOSIT M3 3JeMeHTOB (1 — 1)-MHOxkecTBa X', CriefioBaTeb-

HO, YUCJO IOAMHOMKECTB BTOPOTO KJacca paBHO yucay (m — 1)-1ox-

—1
MHOKecTB (n — 1)-mHoxkectBa X', T. e. Cpy.

IlockoMbKY Kakjaoe m-NOJAMHOXKECTBO JIMOO COAEPKUT 3JIEMEHT a,

JU00 HE COIEPKUT €ro, OHO INPHUHAIJIEKUT JUOO NepBoMYy, JIHOO BTOPO-
MY KJaccy. 3HayMT, 10 NpaBUJIY CYMMEI Iosy4yaeM, 4to uncio C, Bcex

m—1

]
m-noaMHoxkects B X pasHo Cr—; + Cn—y . Iostomy C, = Cr; + Cr= -

12. Tpeyroabuuk Ilackans. ToxaectBo (3) nNpeAblAyHIEro NYyHK-

m m—1
Ta NO3BOJISIET BBIYHCINATL 3uHauenns Co, snas C,—; u (. VHbiMu
CJIOBAMH, C TIOMOILBIO 3TOI'0 TOXKIECTBA MOKHO IIOCJI€N0OBATE/IbHO BhIYHC-

aate C7' cHavana mpu n = 0, sareM npu 1 =1, npu n =2 U T. X
Brlyncsenuss yaoO6HO 3anuchkiBaTb B BHAE TPEYroJbHOH TaOJHIbL:
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\ _ 0
B (n + 1)-it crpoke TaGmmusl mo mopsaky croar umcaa C, , C,
., C" . Tlpu aToM C, = C" =1, a ocra;bHble YHCJA3 BBYHCISIOTCS

m—1 m
no gopmyse (3) m. 11. Ilockombky C, —, u C ", pacnojaraiorcsi B
9TOH TaOJHIle CTPOKOH BEIIEe, UYeM C’: , 1 HaAXonsATCSA B 3TOH CTPOKE

cJleBa U CIIpaBa OT Hero, To /s nodayyeHusi C)' Hajo CJIOKHUTb Haxojs-

Mecs cJeBa U ClipaBa OT Hero yucJja npeasiayien crpoku. Hanpumep,
sHauyeHue 10 B 1ecToH CTpOKe MBI IOJIYYHJH, CJAOXKHB yucaa 4 U 6
NIATOH CTPOKH.

Takyio TpeyrosbHyo TabJUIly Ha3bIBAalOT TpeyroJbHuKoM Ilackass
no MMeHH ¢panny3ckoro maremMaruka bJiasa Ilackansa (1623—1662), B
TpyAaX KOTOPOrO OHa BCTpeyaercd. JT0 Ha3BaHHE HCTOPUYECKH HETOY-
HO, TaK KaK TaKyIo TaO/ULYy 3HaJAH yxkKe apabckHe MaTeMaTHKH [Hsica-
e Kamm u Omap Xauawm, xusiive B XIII Beke, a u3 eBpomneickux
yueHbIX C Hel0 Obl1 3HaKOM HTaNbAHCKUH MeXaHHK U mareMathk Hu-
kosio Tapranpsi (1500—1557). IlosatoMy TOuHee Ha3bLIBATHL 9Ty TAOJHILY
apudmemuiecKum mpeyonbHUKOM.

13. bunom Hbiorona. Hucna, crodmue B cTpokax apudmerunyec-
KOTO TpeyroJibHHKa, BCTPeyaloTcs MPH BO3BEIEHHU B CTelleHb JByuJe-
Ha a + b. Hanpumep,

(a + b)? = a® + 2ab + b3,
(@ + b)® = a® + 3a°b + 3ab®* + b3,

Ho koadduuuentst 1, 2, 1 — 310 umncaa, crosiliie B TPETbed CTPOKE
0 A1 A2
Tabmuudl 1, 1.e. C,,C,, C5,al, 3,3, 1 — yucaa, crosinue B 4eTBep-

. . , 0 Al A2 3
TOH CcTpOKe ToH Xke Tabauudl, T. €. C,, C,, C;, C,.

JTO 3aMeuyaHue JesaeT eCTeCTBEHHOU THIIoTe3y, 4YTO AJA JI0O0ro
n UCTUHHO PaBEHCTBO

(a+b)=C, a" 4 C.a* b + ... + Cla»** - ... 4-C'bn. (1)

[IpoBenem pokasaresibCTBO paBeHcTBa (1) ¢ nmomolpbio Meroza mare-
MATHYECKOH HHAYKIHH.

[Ipu n = 1 pasencrBo (l) npuHumaer Bujg a + b = C? a C} b
0 1
H HCTHHHO, nockosbky C;, = C, = I.
[Ipenanosioxum teneps, 4YTo paBeHCTBO (1) AoKa3aHO NpH n = m, T. €.

(a _I_ b)m —_— ngam + C’lnam-—lb ._'_. —{— C;am“kbk + cos —I— C”r;bm. (2)

Hrtobb! n0Ka3aTh HCTHHHOCTb 3TOTC PaBEHCTBA NPU n = m -+ 1, yMHO-
XKHM o0e yactu (2) Ha a + b. MBI noayyum:

(a 4 b))+l = (C?nam—!— C,l,nam" 1 4 ... + C’f’na*’"“kb’z + ... +C7b™) (a +
+b)=C, amt14- (C) + Clyamb + ... + (CE + C*7') am—#+1pt | 4
+ C7 bm+1,
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B camom pene, a™*tlp% moxer mosyuuThes B JABYX CJAyYasX —

k —1,m—k+1pk—1
npu ymHoxennd C. a™* b* Ha a u npu ymHOXeHuu Cr @™ *+1b

Ha b. A Tenepb BCIIOMHHM, 4TO

0 A0 m __ ~ml k f—1 k
Cm—-Cm+1--l,Cm—-Cm+l—-l,aCm+Cm =Cm+1.
Mu1 noJsyuaem:

(a + b)ymtl = ng+1am+l +C. | amb 4 ...+

m-i-1
k m41—k Lk m-+1gm41
+C, 1,0 b* + ... + €, o™,
[lonyunBiieecss paBeHCTBO €CTb HE YTO HHO€, KakK paBeHCTBO (1) mpH

n=m-+ l.

Mrak, Mbl gokasanau, uto cdopmysaa (1) Bepua npu n = 1, a u3 ee
CIIPaBEIJIUBOCTH IIPU 1 == m BBLIBEJIU, YTO OHA UCTHHHA U NpU n=m-+1.
- 3JHAYMUT, OHA BepHA NpPH BceX HaTypaJbHBIX 3HAYEHHUSX A.

GOopmyay (1) HasweiBawT GopMynoH 6buroma Heromoxa, XOTs1 oOHaA
Obls1a HM3BecTHa 3a10Jr0 a0 HbplotoHa yxke ynomuHaBlieMycs [Hsica-
nuHy Kawmw, a takxke Ilackanio v apyrum. 3acayra HbelOTOHA COCTOHT
B TOM, YTO OH Halliest 0606uenne gopmydasl (1) Ha ciaydyald HeUeJbIX IO-
KasareJieH.

C nomoiipto GopMysbl 6MHOMa HbloTOHA MOXKHO MOJSTYYHTh MHOTHE

H3 NOKa3aHHLIX paHee CBOHCTB YHCeJ Cﬁ , @ TaK»Ke BBhIBECTH HHEIE CBOH-
CTBa 3TUX uucesa. Hanpumep, noaaras a = b = 1, noayuaem:

"=C'+C +..+C +..+C (3)
(cM. opmyay (2) n. 10). A ecnu noaoxutb a = 1, b = —1, 10 6yznem
HMCTb
0=C —C, + C —..+ (—DC* + ...+ (=])C".

VIHBIMH coioBaMH,
' +C +C+..=C +C + C + ... (4)

Mg MOKeEM Tenepb AaTh JOKa3aTeJbCTBO QOPMYJBl NEPEKPHTHH (CM. m. 2).
Jlns 3Toro mnojcuuTaeM, KaKOH BKJad JaeT B IPaBylO yacTb QopMyJbl (4) m. 2
Kaxabiil asneMeHT obbeguHenuss Ai |J ... |J A, IlycTb 3TOT 3jieMeHT BXOJIHT,
Hanpumep, Bo MHoxecTtBa A1, ..., Ap Toriga oH mo 0JHOMY pasy YYHUTLIBAETCS B
caaraeMeix n (Ap), 1<i<ek n(4; (| 4), 1<, j<k i |, ..,

n (A; (] . (14g). Ho umcno cnaraemvix Buma n (4;), 1 < i <<k pasHo C}z,

Bujga n (4; () 4j), 1 <i, j<<k, i=j, paBHO Cﬁ H T. J. YJUTHIBAss 3HaKH
3THX CJlaraeMuix, rnojJyyaem, 4YTo BKJal AZAaHHOrO 3JieMeHTa B INpaByl0 4acTb ¢op-
MyJbl (4) . 2 paBeH:

1 2 3 —1,R

Ho no ¢opmyJae (4) sTa cymma pasHa Cp’, T. €. 1. 3HauuT, npaBass yacth Gopmy-
Jbl (4) 0. 2 paBHA CyMMe TaKOro KoJiHyecTBa €JHHHUI, CKOJbLKO 3JIEMEHTOB BO MHO-
xectee Ay |J A U ... U A, VHbiME caoBamu, oHa pasHa n (Ar |J .. UAm)
YTO H TpebOoBaAOCh JOKa3aTh.

C nomombio GopMyanl 6unomMa HbioToOHAa MOXHO AOKa3aTb Maldyio TeopeMy

Qepma: eclH p — NpocToe yEeao, To n° — n jpeaurcs Ha p. B caMoM Jene, npu
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n = 1 310 yTBepKAEeHHE cpaBefJuBO, Tak Kak 1P — | = 0 geaurcsa Ha p. Ilycts
yxe A0Ka3aHo, 4to kP — k neauntcs Ha p. HToOH JOKasaTb JeNHMOCTb Ha p YHC-

ana (8 + 1)?» — (& + 1), paccMOTpHM Pa3HOCThH
1+ DP — (k+ 1) — (RP — k).
PackpriBas (R 1+ 1)P no ¢dopmyne 6uHoma HproToHa, nosyunm:

4+ 1P —E+ 1) —E —k) = (k + DP—k — 1 = C, kP +
+ CokP2 4 .. CO 'k, (5)
Ho npu 1 << j < p uMeeMm:
Cf __ P (p—1). . . (p—j+1) |
1 - 2... ]
[Tocko/aibKY YHCJIO p NMpPOCTOE, OHO HE JeJUTCS HHM Ha OAHO H3 uucen 1, 2, ..., j,
CTOSIIMX B 3HaMeHaTese. [lo3Tomy Cg neautcss Ha p npu 1 << j < p. Ho Torpa

BCe cJlaraeMble B NMpaBOH 4YacTH paBeHCTBa (D) jgenasTca HA p, a4 3HAYUT, H JeBad

gacThb AeJquTcs Ha p. [TOCKOJBKY B CHNy NPEANOJIOKEHH S k’ — k penutcs Ha p,

o u (R -+ 1)P — (& + 1) neaunrca na p.

Htak, nequMocTe n? — n Ha p J0Ka3aHa npu n = 1, a U3 JeJUMOCTH kP — £
Ha p caenyet, uto u (& + 1)P — (k + 1) neautca Ha p. 3HaYuT, nP — n JeJUTCA
Ha p NPH BCEX HATypaJbHBIX 3HAYEHUSAX M.

14. IlepecraHoBku ¢ noBtopeHusimu. Koprexu (a, b, a, a, b) u
(b, a, b, a, a) pa3aN4Hbl, HO UMEIOT OIUH H TOT Ke COCcTaB — B 00a KopTe-
Xa BXOAAT TPU OYKBHI @ U JBe OYKBBI b. ¥ TOUHUM MOHSATHE COCTABA KOP-
TexKa. [1ycTb o0 — KOPTEeXK JJIMHEI 11, COCTABJACHHBIN U3 3/IeMEHTOB f1-MHO-
xecrBa X. [lepenymepyem anementbl MHoxKectBa X: X = {xq, ..., X }.
Torna kaxagomy uucay k, 1 < & < m, COOTBETCTBYET YHUCJO 1,, TOKa-
3bIBalolllee, CKOJBKO pa3 3JeMeHT X, BCTPEYaeTcs CPeAH KOMIIOHEHT
KopTexa o. BreinmuchlBas 1o nopsigKy 3TU YHUC/a, [10Jy4aeM HOBBIH KOp-
TexX (ny, ..., 1), KOTOPbIfi U HA3BIBAIOT COCMAagoM Kopmedxca o. Hanpu-
Mep, eciit X = {x;, X2, X3, X4}, @ & = (X3, X3, X1, X4, X3, X1), TO KOP-
TexX o. uMmeeT cocras (3, 0, 2, 1).

JIBa KopTexa, MMeIliHe OAUH U TOT 3KE€ COCTaB, MOTI'YT OTJHUYATHCS
JPYT OT Apyra JUIIb NOPAAKOM KOMIIOHEHT. VIX Ha3bIBAIOT nepecmanosKa-
MU C NoBMopeHuamu JaHHOrO cocraBa. Pellium cienyonyo KoMGHHATOD-
HYIO 32J1a4Y:

Haidmu uucao nepecmarHo80K € NOBMOPEHUAMU, UMEOUUX COCMAS
(fll, Moy, .o, nm).

[Ipexxne yeM peluaTh 3Ty 3agayy B oOlleM BHJE, PACCMOTPHM YacT-
HEIA Cayyall — HalJgeM YHUCJIO TMEepPecTaHOBOK C MOBTOPEHHSIMH H3 OYKB
a, a, a, b, b, ¢, c. CHayas1a nepeHyMepyeM 3TH OVKBBI: ay, Ay, A3, Uy,
b,, C;, C2. Tak Kak Iocje HyMepauud Bce OYKBBHI CTaldd pas3JHYHBI (MBI
MOXKEM Tenepb OTJHYHUTh @; OT ag), TO H3 HUX MOXKHO COCTaBUTHL 7! Ie-
PECTAHOBOK, rje 7 = 3 + 2 + 2. Ecau creperb B Ka)KIoH H3 3THX
[IEpeCTaHOBOK 3HAYKHU NpPH OYKBaX, TO IOJYYaTCA IEepPecTaHOBKH C [10-
BTOpeHusiMd U3 OYKB a, aq, a, b, b, ¢, ¢. Hanpumep, U3 mepecTaHOBKH
(a1, by, C3, ¢4, as, by, ay) moayuum (a, b, ¢, ¢, a, b, a). [1Ipu 3TOM OHA 1
Ta K€ MEepecTaHOBKA C IOBTOPEHUAMM II0JIy4aeTcsl HEeCKOJbKO pas.
Hanpumep, nepecraHoBka ¢ noBropeHusiMu (a, a, a, b, b, ¢, ¢) noayyaer-
CAd M3 BCceX MepecTaHOBOK OVKB @, da, Az, by, bs, €1, C5, B KOTOPBIX HA
[MePBbIX TPEX MeCTax CTOAT OVKBHl @;, as, Qg (B JIOOOM MOpPsiAKe), HA
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YeTBEPTOM H NSITOM MecTe — OYKBHl b; U b, (B J060OM MOpALKE), a
[LIECTOE U CEAbMOE MECTa 3aHMMalOT OYKBHI ¢; H C,. Ho GYKBH a4, a,, a4
MOXKHO nepecraB/siTh 3! crnocob6aMu, GYKBH b,, b, — 2! crnoco6aMH H

OYKBHI ¢;, €3 — 2! cnoco6amu. I1ocKONBKY 3TH CIOCOGEI MOXKHO NPOHU3-
BOJIbHBIM 00pa3oM KOMOHMHHDPOBaTh JAPYr ¢ APYroM, TO NOJydYaeM, HTO
(@, a, a, b, b, ¢, c) moayvaerca u3 3! - 2! - 2! mepecraHoBOK G6yKB
ay, Az, Ag, by, by, €1, €3. CTOMBKUMH Ke CIIOCOOAMH MOKET [OJIYUUTHCH JIO-
Oas Jpyrasi mepecTaHoBKa C NOBTOpeHUAMU OVKB a, aq, a, b, b, ¢, c.
3HAYUT, YUCJIO pas3/IMYHBEIX NEPECTaHOBOK C MMOBTOPEHHSAMU B 3! - 2! - 2!
pa3 MeHblle OOUIero 4uc/ja NepecTaHoBOK ceMU OYKB @;, as, Qg, by,

bs, €1, C3, T. €. PABHO
7!

— = 210.
3. 21 - 2
TouHo Tak ke pasbupaercss OOMUH cJAydYad: KOJHYECTBO
P (ny, ny, ..., n,) NEPECTaHOBOK C IOBTOPEHHSIMH, HUMEIOIIUX COCTaB
(ny, Ny, ..., N,), BEIpAKaeTCs GOpMYJIOH:
ny+ Ny + ... +np,)!
Py, Ny e , 1) = LT l2T - T 0m) (1)
nyl - nglong,! ]
!
Hanpumep, 6YKBHI ¢/10Ba « MHCCUCUNINY MOXKHO ITEPECTaBAATD T

= 2020 cnocobami.
N3 ¢opmyanl (1) BuiTeKaer, uto n — k GYKB @ U £ 6YKB b MOXHO
n!

—————e crnocobamu. Ho 3to UUCJ/JIO PABHO Ch " 3Ha-
kI (n—k)! P "

[epecTaBJIsATh

UHT, YUCJIO IEPECTAHOBOK C ITOBTOPEHHUSIMHU cocTaBa (n — &, k) paBHO C: :
k

Pn—=k, k)=°0C,. (2)

DTO yTBEpPKIEHHE MOXKHO BBHIBECTH M HE CChIIasiCh Ha obuiyio ¢op-

myay (1). B camom jene, sawobas mepecTaHOBKa C IOBTOPEHHSIMH H3

n — k OYKB a 1 & 6YKB b 0HO3HAUHO ompejensieTcsl BEIGOPOM MeCT, Ha
KOTOPHIX cToAT OYyKBBI b. Ho obwee uucso Mecr pasHo (n — k) + kB =

= n, a OYKBBl b 3aHUMAIOT K MeCT, U 3TH MeCTa MOXKHO BHIOPAaTh Cﬁ

criocobamd.

OrmetruM, 4TO (opmyJsay OMHOMA HblOTOHA MOXKHO JOKasarb, BOC-
[10/1b30BABLUUChL paBeHCTBOM (2). B camoM jeJjie, 3anuileM BBIpaXKeHHe
(@ + b)" caepyrowum obpasom:

@+ 0)"=(a+b)(a—+b)..(a+D).

M
n pas

A Ternepb pacKpoeM CKOOKH, BHIIIUCHIBAS MHOXKHTENH B MOPSAKE HX IIO-
sjeHusi. Hanpumep, (@ + b)° 3anuiueM B BHIE:

(@ -+ b) (@ -+ b) =aa -+ ab + ba + bb,
a (a + b)° — B BHAE:

@+ b) @+ 0b)(a-+ b) = aaa + aab + aba + abb
-+ baa + bab + bba -+ bbb.
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fIcHO, UTO cJlaraemMbié B IpaBoH 4acTH GYIyT BCEBO3MOKHBIMH IepecTa-
HOBKAaMH C TOBTOPEHHSMH AJHHBL # H3 O6YKB a H b. YTo6Hl NpHBECTH
o00HbIE WIEHH, HYXKHO HAHTH YHCJ/IO NIePpECTaHOBOK, HMEIOIMX 3aZaH-
HBIH coctaB. Ho, Kak MBI BUAEIH, YHCJIO NIEepecTaHOBOK cocTaBa (n — &,

1 R n—R hi _ - . -
k) paBHO hC" . [Tostomy ciaraemoe a*~* b® BXOZUT B CYMMY € KO3((DHIH
eatoM C, . B pesyabrare mnosayyaem ¢opmyJay OuHOMa HploToHA:

@+ b =0C an+ ...+ Ciar*k bk ...+ C" b

Il

[IpuBeieHHOE AROKa3aTesbCTBO 0€3 H3MEHEHHH IepeHOCUTCA Ha Cly-
yaii HeCKOJIbKHX CJlaraeMblX. Paccyxiaas TOYHO TakK e, KakK H BHIIIE,

ybexaaeMcs, 4TO
(X + . +Xx,)"= Z P(ny, ., ny)xh..xim

rie CyMMHpPOBaHHE pPacnpOCTpaHEHO Ha Bce KOpPTeXd (4, ..., N,),
TaKue, 4YTo #; =+ ... +— N, = H.

15. CoyeraHua ¢ NOBTOPEHUSAMH. B npebAyLIeM NYHKTE Mbl HaUIIH
YHUCJIO KOPTEXKeH JAaHHOIro cocraBa. Hakaem Temepb YUCIO pa3IUUYHBIX
COCTABOB, KOTOPHIE MOTYT HMEThb KOPTEXKH JJIHHH 71, COCTOSLIHE U3 3JIe-
MEHTOB m-MHOKecTBa X. KaxKablii TakOU COCTaB SIBJAAETCA KOPTEKEM,
COCTOALIMM M3 M 4Yucea Hy, ..., #,, TaKHX, YTO 1y + ... + B, = 1.
Ero MoxxHO 3anucarhb B BUJE KOPTeXKa U3 HYJIeH U eUHULl, 3aMEHUB KaxK-
JIOE YUCJIO COOTBETCTBYIOLIUM YHCJOM €IUHHI| U MOCTaBUB HYJb IOC/E
KaxXJ0M TPpYINNbBl eJUHUL, Kpome MocJenHen. Hanpumep, BMECTO KOP-
Texa (4, 2, 1) moxxsHo Hanucarp (1, 1, 1, 1,0, 1, 1, O, 1), a BMecTO KOp-
Texa (2, 0, 0, 3) — xoptexk (1, 1, 0, O, O, 1, 1, 1). Uucao equnui, BXo-
ASAMIUX B TMOJYYEHHBIE KOPTEXKH, PaBHO My + My - ... + 1, = N,
a 4ucio HyJied paBHo m — 1. IlosToMy umc/0 pa3/IMUHBEIX KOPTEXKEH Ta-

KOro BHJAA PABHO YHCJY IE€PECTAaHOBOK C NMOBTOPEHHAMH H3 1 €IUHHL H
m — 1 nyneii, . e. P(n,m—1). HoP(n,m—1)=C, ., ..
Kltak, MBI J0Ka3aJ/ju, 4TO 4UCAO COCMABO8 Kopmexcel 0AUHbL N, KOM-
NOHEHMbL KOMOpPbIX NPUHAOAeHam OaHHOMY  M-MHOXMCECMBY, PABHO
n
Crtm—t-
Pa3inuHble cCOCTaBH KOPTeXKEeH AJHHEI # H3 3JIeMEHTOB M MHOKEeCTBa
Ha3bIBAlOT TaKXKE COHEMAaHUAMU C NOBMOPEHUAMU U3 m 3JIEMEHTOB IIO A.

Mx uucsio o6o3Hauator C .

%
Mbl nokasamy, yro €, = C, . .

16. Peiienne komOMHATOpHBIX 3apay. Ilpu pelieHWH KOHKDETHOH
KOMOMHATOPHOHN 3aJaud HAJ0 CHayajia BHIACHHTb, HE pellaeTcs JIM OHa
HEeMOCPEACTBEHHO IpHMEHEeHHEeM MpaBUJl CYMMBI H TIpou3BelneHus. Eciu
TAKO€ pELIeHHEe OKAaXKeTCHA 3aTPYAHUTENbHBIM, TO CJIEAYET COCTABHTH
MaTeMaTHYECKYIO CXeMY pelllaeMOH 3a/1auH, BHIAICHUB, HIET JIH B HEH peyb
O COCTaBJ/JI€HHUH IMOAMHONKECTB HJIH KOPTEXKeH, HONYCTHMBI HJAH HET IOo-
BTOpPEHHUS.

IIpuBenem npuMepsl pelieHHs1 KOMOHHATOPHBIX 3ajad.
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Puc. 7

1. U3 eopoda A 6 eopod B eedym nsame dopoe, a u3 eopoda B 8 eo-
pod C — mpu dopoeu. CKoavko nymet, npoxooaujux 4epes B, sedym us
A e C? .

Kaxxaplii myTh HCKOMOT'O BHJAA 3ajaercs napou (a, b), rae a — onuH
M3 NyTeH, coequuaomnx A U B, a b — OAUH U3 NyTEH, COEAHHSIOILUX
B u C. Tak Kak Mo ycJOBUIO @ MOXHO BBHIOpAarh NATLIO criocobaMH, a
b — tpemsi cnocobamu, TO mnapy (@, b) MOXKHO 1O NPABUJY NPOH3BE-
JeHus1 BHIOpaTth O - 3 = 15 cnocobam4.

Pelmnenue 3ajaun Moxker OblThb OoJiee HarJdgaHbIM, €CJH COCTABUTH
cxeMy, H300pakeHHYI0 Ha pUCYHKe 7. 31eCh PUMCKHE HUPpPHl — HO-
Mepa nyteid us A B B, a apabckue — Homepa nyred us B B C.

2. Croavkumu cnocobamu MOKCHO 6blOpame 2AQCHYO U CO2AACHYIO
OyKebL U3 CA08Q «NOAKAN?

B sTtoM cJsioBe nBe rsacHble OYKBHL M TPU corsacHele. Ilo npasuay
IIpOU3BeNeHNs BBHIOOp MoxXKeT ObiTh ciesad 2 - 3 = 6 cnocobamu.

3. Hmeemcss 6 nap nepuamox passudrslx pasmepos. CKOAbKUMU
crnocobamu MONHCHO 8blbpams U3 HUX O0HY Nepyamxy Ha JAesYyto pYyKy u
O0HY nepuamky Ha Npasyro pyky max, 4mobsl amu nepuamxu Obiau
DABAULHBIX paA3Mepos?

JTy 3alauy TOoXKe MOXKHO pelldTb [0 MNpaBHJy IPOU3BEIEHHUS.
[lepyuaTka Ha JeBYIO pYKY MOXeT ObITb BHIOpaHa ILUECTbIO CIIOCOOAMH.
[Iocnre Toro kak oHa BEIOpaHa, IepyaTkKy Ha IPaBYI0 PYKY MOXKHO
BhIOpaTh JIMIIb HATBIO CcnocobaMu (pasMephbl MepyaToK JOJIXKHBI OBITH
pasubiMu). Ilosatomy Bcero umeem 6 - 5 = 30 cnocoGoB BrIGOpA.

JIpyroid crnoco6 pelleHUs 3TOH 3a4auydl OCHOBaH Ha (opMyJe JJ
pasMellleHUH 6e3 noBTopeHui. Kaxkiapiii BHIOOp MOXKHO 3aJarh INapoH
pa3JuyHbiX yucea (aq, b), rae 1 a6, 1 b6 Hueno rakux

nap pasuo A, = 6 - 5 = 30.

4, CroavKumu cnocobamu MOxcHO cocmasums paae, COCMOAUWUUL U3
mpex 20PU30OHIMANbHBLX NOAOC PA3AUMHBIX UBEMO08, €CAU UMEEmCsa marme-
PUQA NAMU PA3AUYHBIX UEEm06?

O06o03HauUM IATb HMEIOUUXCHA UBeTOB OYKBaMH a, b, ¢, d, e. Torna
J10004 (1ar «3aliu(pOBLIBAETCHA» KOPTEXKEM U3 TpeX Pa3/IMyHBEIX OYKB.
IlosToMy uKC/I0 1aroB paBHO UYUC/Y pasMellleHUH 6e3 MOBTOPEHUH H3

5nm0o3, T.e. A, =5.4.3=60.

5. CKOAbKUMU CROCOGAML MONCHO COCIMABUMb Yembipexysemrbolll ghaae
U3 SOPUBOMMANGHLIX NOAOC, UMES Yemmipe PASAUHHbLIX yeema?
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B stom cayuae pasjauuHble uiard OTJHYalTCA APYT OT ApYyra JUllb
nopsiAKkoM LBETOB. VX uMc/0 paBHO 4HC/IYy NEepecTaHOBOK H3 yerhipex

9JieMeHTOB, T. €. P, = 4! = 24.

6. /3 Koao0sbt, codepocawied o2 kapmet, sviiysn 10 kapm. CroroKu-
MU PABAUMHBIMU CROCODAMU IMO MONCHO cOeaamb? B CKOAbKUX CAYUAAX
cpedu smux Kapm oxkascemca xoms 66t 00uH mys? B ckorsKux cayuasx
OKQXcemces posHO O00uH mys? B ckoaekux caywasx — posHo 4 mysa?

Kaxxaplii BbIOOp KapT M3 KoJsojbl ecThb BeIOOp 10-MHO2KecTBa M3 O2-
MHOXKECTBA. DTO MOKeT OBITh CHEJIaHO

Co— % _ 52-51:59.49-48-47-46-45-44-43
52101 42! 1.2.3.4.5.6.7-8-9-10
criocobaMi.

Haiitu uncao cnoco6oB, kKorna cpeldd BBIOpAHHBIX KapT €CTh XOTH
OH OJMH TYy3, Ha NepBBIH B3IJIAJ CJ0KHEe — HaJ0 pasbuparb cayuai,
Korja €CTb pOBHO OJUH Ty3, POBHO JBa Ty3a, POBHO TPH Ty3a, POBHO
yeTblpe Ty3a. Ho mnpoiie HauTH cHaya/jla, B CKOJbKUX cCJyyadgx Cpenu
BHIOpAHHBIX KapT HET HH OJHOIO Ty3a — BO BCEX OCTAJIbHBIX cJayyasax
Oyner xora Obl OfUH TYy3. Ho ecnu cpeau BLIOpAHHBIX KApPT HET HH OJHO-
ro Ty3a, TO BEIOOp COBepllaJicsd He U3 02, a U3 48 KapT (Bcex KapT, Kpome

10
TY30B), a IIOTOMY YHCJIO TakKuX BhIGOpoB paBHO C,,. CienoBaTesbHoO,

' 10 10
XoTs Obl oauH 1y3 6yner B C,, — C,; cayyasx.

Uto6nl HaliTH, B CKOJBKHX c/jaydasix OyJeT POBHO OAHH Ty3, pPaso-
6beM onepanuio BbIOOpa KapT Ha JiBe — CHayaJjia BhIOHPAIOT U3 YeThipex

TY30B OJHH TY3 — 3TO MOIKHO CJHeJ/aTh C}; ciocobamMr. A [OTOM H3

9
ocraBlIMxcs 48 Kapt BeiGepeM 9, uro MoxKHO caenatb C,, crocobam.
[To npaBuny npou3BejeHus MOJy4YaeM, YTO BeChb BLHIOOD MOXKHO CHEJaTh
C, - C,. croco6aMmH.

Hakonen, BEHIOOD, colepzKalUUH 4YeThIpe Ty3a, MOXKHO CAeJaTh ng

criocobamMu — Hajo B3ATb 4 Ty3a U BHIOpaATh eile 6 kapt H3 43.

1. B nexomopom eocydapcmee He 06ia0 08yx acumenrell ¢ 00UHAKOBbIM
rHabopom 3ybos. Karxosa mooscem Obimb HAUOOALULIAA YUCIEHHOCML HACe-
nerus 2ocyoapcmea (Haubodiblilee YUCJI0 3y00B paBHO 32)7

KaxnoMy XuUTesio rocylapcrsa COOTBETCTBYET NOJAMHOKECTBO MHO-
XectBa X, cocrofuiero U3 32 3y0oB, MOKasbiBarolllee, KaKOB Habop 3Y-
60B y 3TOro xkurtess. OO6uiee YUCIO NOAMHOKECTB 32-MHOXKECTBA PaBHO
2°¢, 3HauuT, B rocylapcTBe He MOKET ObITh GoJblue, yeM 232 xuresed.
8. Ilycmo py, ..., p,, — pasauunsie npocmeoie uucia. CKoabKo Oeau-

meaed umeem 4ucao q = p¥i ... p%m, ede o, ..., A, — HEKOMOpble HQ-

mypaarbHble wucia (Heautean 1 U g BKJKOYAOTCH)?
Kax¢uplii e TuTesIb 4ucia ¢ UMeeT BUA pY1 ... phm e 0 < B, <
<< 2 | <0< m. 3HauuT, nokasarenab f; MOXKET MpUHUMATh o; -+ 1

3HayeHud. Ho Torma no mnpaBu/ly NPOU3BEIEHHS UYHCJIO KOPTEKEH
By, ..., P,,) (a TeM cambIM W uyucaO JenuTesed g) paBHO (o, + 1) ...

oo (a4 1).

9. CKoabkumu cnocobamu moxcHo paccmasums beavie cueypol (2 Ko-
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HA, 2 CA0HQA, 2 aadbu, epas u KOPOAS) HA nepeott AUHUU WAXMAMHOLL
0ocKU?

B 310l 3ajaye Hag0 HAWTH YHCJAO KOPTEKeH IJIHHBL 8, HMEIOMX
3aflaHHbId cocTas (2, 2, 2, 1, 1). Uneno takux xoprexkeit (T. e. mepecra-
HOBOK C MOBTOPEHUSMU) PaBHO:

P (262,21, 1):—..—.-—_-——-—-§-!_-____-___ = 5040.
20 20 201 T

10. [Iamuadyamo 3anymeposanHHbix OUAIUAPOHBIX WAPOE Pa3A0Jce-
Hol no wecmu aysam. CKOAbKUMU CHOCODAMU 3MO MONCHO coeaams?

IlocraBum kaxpomy uucay or 1 10 15 B cooTBeTCTBHE HOMED JIY3HI,
B KOTOPYIO IOJIOXKEH lliap, HOMep Miapa paBeH 3ToMmy uucay. Ilosy-
YUM KOPTEXK IJHHEL 15, cocTaBaeHHbid U3 uudp 1, 2, 3, 4, b, 6 (HomepoB
ay3). Hucao takux koprexkeidl paBHo 6'°.

11. CKoavkumu cnocobamu MOMHO paccmasumes Ha 32 4HepHoLX hHo-
29X waxmamHol docku 12 bervtx u 12 uephax watiex?

- 2
[Tosst 11t Genbix Miamiek MoxkHO BuGpars C,. crocobami. Ilocae

3TOr0 Oocraercsd 20 noJsied, U3 KOTOPHIX MOKHO C 12% crioco6aMu BHIGpATh
osis JJis YepHEIX Lialliek. Bcero nmoJsydyaem

JepnianlniFhillniinh
e e e S e
. ]

ci2. C12 — 39! 20! 32!
12! . 20! 12! . 8! 12! - 12! . 8]
CI1I0CO0O0B. .
12. Croabkumu cnocobamu moxcHo cocmasume Habop u3 8 nupoxc-
HblX, ecau umeemcsa 4 copma NUPOUCHbLX?

[ lockoaibKy B 3TOH 3anaue MOPsiJOK NMHPOKHBIX HE HUrpaeT PoJiH, TO
Kax bl Habop 3ajaercd KopTexeM AJMUHBL 8 U3 4 3/1eMeHTOB (Ha3BaHHH
COPTOB NHPOXKHBIX), NPUYeM IOPSAAOK KOMIIOHEHT KOpTe:xa He Hrpa-
eT posd. MHBIMU c/ioBaMM, HaM HaJ0 HAWTH YHUCJO Pa3/JUYHBIX COCTABOB

TaKHX KOpTeKeH. A 370 YHCJIO PaBHO YUCJAY COYETaHUH C NNOBTOPEHHAMU
o \

M3 4 a71eMeHTOB 10 8, T. €. C, = Cfl, = 165, 3Hauur, cyuectsyer 165

pasJHYHBIX HabOPOB.

17. KomGunatopubie 3ajaud reomeTpHueckoro cojepxanus. Cy-
1IeCTBYeT MHOrO KOMOHHATOPHBIX 3aja4y, UMEIOUIHX IeOMeTPHUYECKGE CO-
Jiep:KaHye, HanpHMmep 3ajaud Ha IOACYeT 4MCJa JHaroHajJeH MHOro-
YrOoJbHHKA, YHCJIA TOYEK TIIepeceyeHusi HECKOJNbKHX TMPSAMBIX HIH
OKpYy:KHOCTEeH U T. A. [lokaxem pelieHne HeKOTOPHIX 3a/la4 TAKOro THIA.

1. Ha naockocmu nposedero n npamolx, nputses HUKaxue 0se u3 Hux
He NnaparieavHebl U HUKAKUe mpu He nepecekaomcs 6 O0HOU ImoHKe.
CKoAbKO mouex nepeceqeruss umerom amu npamoie?

Kaxnass ToYka nepeceyeHHsi OJHO3HAUHO ONpeae/asieTcsl NapoH
POXOAAIHUX Yepe3 Hee npaAMbIX. [IpH 3TOM NMOPAAOK NPSIMBIX POJIM HE
urpaer. IlostoMy Hckomoe unc/I0 TOYEK NepecedyeHusi paBHO YHCIY COYe-

TaHUU U3 1 1o JBa, T. €. Ci .

2. Haimu 4ucio mouex nepecewerus ouazoHaietl, rexcaujux 6Hympu
BLINYKN020 N-YSONbHUKQA, €CAU HUKQKUE mpu U3 HUX He nepecekaromces 8
00HOU mouKe,

4]



Ecan B3aTh J00ble YeThipe BepIUHHEI
MHOTOYTOJIbHHKA, TO 4Yepe3 HHUX MOKHO Ipo-
BECTH uyeThipe nuaroHasqdu (puc. 8), HUMelolue
JIB€ TOYKH hepeceyeHust (Kpome BepiuuH). K3
3TUX TOUEK JIMUIbL OJHA JIEKHT BHYTPHU MHOTO-
YyroJibHUKa. 3HAYUT, Jarobasd BHYTPEeHHAA TOU-
Ka TIepeceyeHusa aMaroHaJjsied  OJHO3HAYHO
onpene/isercss BHIOOPOM YETBEpPKH BepILIHH,
IpUYEM TOPSAOK BEPUIHH pPOJIH HE MUIpaer.
Mrak, yuc/a0 Takux uyerBepok (a TeM CaMbiM
U BHYTPEHHHUX TOUEK IlepeceyeHuss JHaroHa-

o 4
Jen) pabHo C .

Pruc. 8 3. Ha o0HOUl U3 napaisresbHolx npamoix

aunutl ommeueno 10 mouex, a Ha dpyeoti — 7

mouex. Kaocoas mouka oonoti npamoil co-

eduHena ¢ Kasxcootl mouxoil Opyeold npsamoud. Hailidume wuucro moyex
nepecevueHusl NOAYHUeHHbLX OMPe3Kos8, €CAll HUKAKue mpu OmpesKa He
umerom obuieti mouky (o6mHye TOYKH Ha KOHILAX OTPE3KOB He CUMTAIOTCS).
CrenaB pUCYHOK, MBI yOexKaaeMcsi, 4TO Jito0asi TOYKa IepeceueHus
onpeneaserca OAHO3HAYHO, ecJH 3aJaTh napy TOUEK Ha OJHOH IpAMOH
H Iapy TOYeK Ha BTOpOH npsamMou. lIpu 3ToOM NoOpALOK TOUEK Ha NP AMBIX
poJiu He urpaer. lloaromy B 060UX cayuasx peub UJET O BLIOOPE MTOJIMHO-

9

xkectB. Ho u3 10-mHOXKecTBa MOXKHO BhIOparb (), 2-NOIAMHOXKECTB, a
9

U3 7/-MHOXKecTBa — (7 2-noaMHOxKecTB. Ilo npaBu/1y npousBeneHHs IIO-

~_/

2
JyyaeM, 4to obliee yuc/o Touek nepeceyeHus pasHo C, - C, ,T. e. 945.

18. Hekoropbie nousitug Tteopusn BeposTHoOcTeH. CoObITHE, KOTO-
poe MOXKET IIPOU3OHUTH WJIH He NPOU30UTH, HA3KLIBAIOT CJAYUYaHHBIM COOHI-
THeM. lIpuMepaMu Takux COOBITMH SABJSIOTCA TMOMNaJaHHE CTPeJIKa B
MHUILEHb NPH NaHHOM BBLICTpEJIe, H3BJIEUCHHE Ty3a MUK U3 KOJIOAbI KapT,
BLIMI'DBILI JaHHOIO OHJIeTa B OYEPEJHOM PO3BITpHIlLe JoTepeH, 6paKOBaH-
HOCTh JJAHHOH JeraJjii U T. A. K3yueHue oTnenbHO B3SATOro Cjy4alHOI'O
COOBITHSI HE MOXKeT OBITb NpeAMeTOM HayyHOH TEOpHH — HeJb3sl, Ha-
NpuMep, Hay4yHO I@peJcKasarb, Kakue Homepa «CHOPTJIOTO» OKaXKYTCS
BbINTPBIIIHBIMH B JAHHOM THUpaxe. Ho ecau npoucxoisT mnocJienoBa-
T€JbHbIE HCIBITAHUSA, NPHYEM HCXOJ KazxKJIOr0 HUCIBLITAHHA CJydYaeH, TO
BbISIBJISIIOTCSI OIIpeJe/IeHHbIe 3aKOHOMEPHOCTH, IO3BOJSIOMIHE [e/aTh
KOJIMYECTBEHHbIE NpeAcKasaHus. Hanpumep, ecau 6pocuth 1200 pas
HIpaJbHYIO KOCTh, HMEIOLLYIO (POPMY KyDOa M H3TOTOBJIEHHYIO JOCTATOU-
HO TOYHO, TO C BLICOKOHM CTeIleHblO JIOCTOBEPHOCTH MOXKHO CKa3aTb, UTO
BbiaieHHe 1ecTH o4ykoB Oosiee 300 pa3 BecbMa MaJIOBEPOSITHO — He-
H3MepHUMO 0oJbllle MIAHCOB, YTO LIecTh OYKOB Buinaayt or 150 mo 250
pa3. ToyHO Tak ke NpH 3aJaHHOH TEXHOJIOTHH H3TOTOBJICHUA AeTaJielt
MO2KHO YKasaTb 4YHCJO, K KOTOpOMY OyzaeTr OJIM30K TMpOLeHT OpakOBaH-
HbIX JeTaned B OoJiblioH naptvH usgenuid, Ilpu 3ToM, uem GoJiblIe TIPO-

BeépsieMasd napTusi H3JeJHH, TEeM pPe3yJbTaT 3KCNepHUMEHTa OKaXKeTcs
O/inxke K TEOpPeTHYeCKH NpeJCKa3aHHOMY. '
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OmplT 1oOKasan, 4to Boofile AAS MHOTHMX CJAyY4alHBIX COOBLITHIA
MOXKHO yKa3aTb YHCJIO p, Ha3bIBAEMOE 8epOosammMoCbl0 3TOro CoObITHS
H oO/iajaroliee CJAELYIOIIUM CBOACTBOM: €C/JIH IPOMU3BOJUTCS CEpHS H3
N HUCnbITaHUH, TO MpU OOJBIIMX 3HAUeHHsIX N npumepHo B pN ciaydasx
[IPOU3OHIET 3TO COObITHE. YICHO, UTO YHC/I0 p MameHsieTcss oT 0 go 1 —
COOLITHE HE MOXKET MPOH30HTH MeHee HyJss pa3 u Gojee N pas.

- KM3yueHnnem CBOHCTB BEpOSITHOCTEH, NpaBHJI, [O KOTOPbIM, 3Hasl Be-
POSITHOCTH OJHHX COOBLITHH, MOXKHO HAaHTH BEPOSITHOCTH APYTHX CCOBI-
THH, 3aHUMaeTCsl pa3fes] MaTeMaTHKH, HasblBaeMBIH meopuell 6eposm-
nocmetl. [1onoOHO TOMY KakK reoMeTpusi HU3yuyaeT HE KOHKpeTHbLIe TeJia
(MAY, A4p0 U T. A.), a HJ€ATU3UPOBAHHBIE TCEOMeTphuyecKHe Teja (Ha-
[IPUMEp, 11ap), TeOpHUs BEPOATHOCTEHM H3yudeT MaTeMaTHUECKHEe CXEMHI,
HeaTUu3uPYIOIHe KOHKPEeTHbIE cayyarHblie coObITHS. K Tak ke, Kak reo-
METPHSA TElNepb CTPOUTCS HA OCHOBE CHUCTEMbl aKCHOM, TEOpHUS BEPOST-
HOCTEH MPHUHSJIA COBPEMEHHWIH BHJ JHILb Iocjae Toro, Kak B 1933 r.
A. H. KosmoropoB co3pan ee akcHOMAaTHKy. DTa aKCHOMATHKA HMEET
BeCcbMa OOLLMM XapakTep M OXBATBHIBAET KaK CJayudad, KOrja COOBLITHS
MOTYT HMEThb JIMILIb KOHEUHOE YHC/JIO HCXOAO0B (Hampumep, OpocaHue
UrpaJlbHOM KOCTH WM HU3BJ/IEUEHHE KapThl M3 KOJIOABI), TaK U COOBLITHSA
c OECKOHEUHBIM MHOXKECTBOM HCXOJ0B (HanpHMep, H3MEPeHHe JJHHBI JeTa-
JIH, €C/TH CYUTATh, YTO 3TO U3MEPEHNE MOXKHO CAE/ATh CKOJIb YTOAHO TOYHO).

MbI u3J0KUM 37eCh JHIIb HOHATHSI, OTHOCHAIIHUECH K COOBITHSM C
KOHEUHBIM 4YKUC/IOM MCX0H0B. OCHOBHBIM IOHSTHEM TEOPHH SIBJSIETCS
npocmpancmeo aaremenmaprslx coboumuil. Tak Ha3bIBAIOT KOHEUHOE MHO-
JKECTBO X, COCTOsIlILEE H3 KOHEYHOrO 4HcJa 3JEeMEHTOB (3JeMeHTapHbIX
COOBITHH) X, ..., X,, IIPUUEM KAXKAOMY COOBITHIO X, CCOTBETCTBYET He-
OTpPHULIATE/IbHOE YUCJO p (X,), HA3bIBaeMOe €ro gepoamrocmsio. Ilpu 3ToM
TpeOyercss, yToObl CyMMa 3THX YHCEJ] PaBHSIACL €IMHHUILE:

ip(xk) = 1.

h=l

CoObiTHeM Mbl Ha3oBeM JiroOoe mnoAMHOXKecTBo A < X, a BeposT-
HOCTbIO COOBITHSI A — CyMMY BepOSITHOCTEH 3JeMeHTapHbIX COOLITHH,
[IpUHAJJIeKAUX 3TOMY IIOJMHOKeCTBY. Kak H J/noOble MHOXKecTBa,
COOBITHSA, COJEpKallhecs B JAHHOM IPOCTPAHCTBE X, MOXKHO Iepece-
KaTb U OOBEeNUHATHL, a IS KaXKIOro coObITHA A MOXKHO HAXOIUTH €ro
JIONIOJIHEHYE. DTO JONOJIHEHHE B TEOPDHH BEPOSITHOCTEH HAa3BIBAIOT Hpo-

mugonoroxcHoiM cobvimuem u obosHadaioT A. Eciaun BepositHocTh A

paBHa p, TO BeposTHOCTb A paBHa 1 — p. [IBa cobbITHSA, UMEIOLIHE ITY-
CTOe IepeceyeHHe, Has3bIBAIOT HeCOBMeCTHBIMU. (CoOBbITHE, BEPOSITHOCTD
KOTOpPOro paBHa 1, HashBalOT JOCTOBEPHBLIM, a COOLITHE, BEPOSITHOCTh
KOTOpDOrO paBHA HYJIO, — HEBO3MOXKHBIM. Ecau Bce 3JieMeHTapHbIe
CJy4yaHhHble COOBITHSI HMEIOT MOJIOXKUTEJNbHYIO BEPOSTHOCTh (T. €. cpenH
HUX HET HEBO3MOXKHBIX), TO JOCTOBEPHBIM COOBITHEM SIBJSIETCS JIHIUD
COOBITHE X, @ HEBO3MOXKHBIM JIULIb NyCToe cOObITHE .

IlossicHum ckasannoe npumepamu. IlycTh mnpoBoguTCs HEKOTOpOE
HCIIBITaHHE, KOTOpPO€ MOZKET HMETb 1 pPas3JHYHBIX HCXOJ0B, IpHYEM
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HHKAKHEe JIBAa HCXO0Ja HEe MOTYT NOABUTBLCA OJHOBpeMeHHo. Torja Kax-
JIOMY BO3MOXXHOMY MCXOAY HCNBITAHHA COOTBETCTBYET 3JIEMEHT B HpO-
CTpaHCTBE COOBITHH, T. €. 3JIeMEHTapHoe cJjyyadHoe cobOuiTHe. Hanpu-
Mep, NnpH OpOCaHHH HrpajbHOH KOCTH TaKHMH 3JIEMEHTaMH SBJIAIOTCS
osiBJIEHUEe OJHOro, ABYX, TpeX, ueThipeX, MNATH HJAH IIECTH OUYKOB.
MHpIMH cJIOBaMH, B 3TOM cJsyd4ae X COCTOHT H3 ILIECTH 3JIEMEHTOB. A
COOLITUSIMH MOTYT OBITh: MOSIBJIEHHE YETHOTO 4YMCJ/Ja OYKOB (T. €. IOA-
MHOxecTBO {2, 4, 6}), nmoAB/NeHHe 4YUCIa OYKOB, HE MPEBOCXOASIILErO
Tpex (moaMHoxkecTBO {1, 2, 3}), U T. A.

Hapsiny ¢ oTaenbHBIMH HCIBITAHUAMH PacCMaTPHBAIOT CEPHH HCIIbI-
TaHUH, HalpUMEP HECKOJLKO OPOCAHHUH KOCTH, HECKOJIbKO BBICTDEJIOB
H T. 1. B 3TOM cjiyyae npocTpaHCTBO COOBITHH JJisl CEpHHU fBJAAETCH Je-
KapTOBLIM NPOU3BEAEHUEM NPOCTPAHCTB COOBITHH JJisi KaXXAOro HCILI-
TaHUA HJH HEKOTOPBIM MOJANPOCTPAHCTBOM 3TOro npocrpancrsa. llycrs,
HanpuMep, B MelIKe JIeXKaT 1 OAMHAKOBLIX IIapOB, IIOMEYEHHBIX YHC/a-
MU OT 1 10 n. Kaxjoe UCHbITaHHE COCTOUT B HU3BJCUEHHH OLHOIO Luapa.
Ecayd nocjie Ka:KJIoro HU3BJEUEHHA luap Bo3Bpauiaercad ofpaTrHo, To
oTyeT 00 k M3BJIeyeHHUSIX HMeeT GopMy KopTexa {Xi, ..., X,}, d/JIEMEH-
TaMH KOTODOIo SBJAAIOTCA yucaa oT 1 Jo n. B sToM cayvyae npocTpaH-
CTBOM 3JI€EMEHTAPHBIX COOBITHH fBJsAETCA X* — JeKapTOBO IpPOH3BeE-
neHue R sk3emmaspoB mHoxectBa X = {l, ..., n}. Ecian xKe BHIHYTHIHA
[Iap He BO3Bpallaercss o6paTrHO, TO IOJYYATcsd HE IPOHU3BOJIBHBIE KOP-
TeXKH, a YNOpsAJOYEHHBIE MHOXKECTBA, TaK KaK YyHc/ja He MOTyT IOBTO-
PATHhCA. 31eChb MPOCTPAHCTBO COOGBITUH — NOAMHOXKECTBO JE€KAapTOBa
[IPOU3BEICHHA.

PasymeeTcsl, COCTaBHTb NPOCTPAHCTBO COOLITHH JIMIUL 4YaCTb JeJa,
HaJO elie VY3HaTb BePOSATHOCTb KaxJAOro 32JeMEHTAapHOro COOBITHSI.
B onHHX c/jyyasix BEPOSITHOCTH OINpeNeasioT CTaTHCTHYecKd. Hampu-
Mep, NMyTeM HaOJMI0JeHHHA MOXKHO HAUTH BEPOATHOCTL TOrO, YTO JaHHBIH
CTPEJICK NONaAeT B MHILEHb, YTO JAHHBIA pabounil 1acT He 6oJiee OLHOTO
npoueHta 6paxoOBaHHOU NMPOAVKIIUM U T. A. B Apyrux cayuyadgx BepoAT-
HOCTH ONDEILASAIOT U3 ceobpaxeHul cuMMmeTpuu. Hanpuwmep, npu 6poca-
HUH KOCTH, HMEKWIIEHd KYOHUECKYIO (pOPMY M BIOJIHE OJAHOPOIHOH, €cTe-
CTBEHHO CYUTATb BCE HCXO/bl pPABHOBEPOSITHEIMH. A TaK Kak 00Llee YHCIIOo
HCXOJOB PAaBHO LUECTH U CYMMa BE€POATHOCTEH paBHa e€NuHHUE, TO Be-

POSITHOCTb NOSBJEHHS KaMAOrO 5JeMEHTAPHOIrO COGBITHSI PaBHA —
0

Touno Tak xXe u3 coo6paxkeHUH CHMMETPHUH BLIBOAMM, YTO BEPOSATHOCTD

- 1
BLIHYTb M3 IOJIHOH KOJIOABI KapT KopoJas Tped paBHa— W T. A. He

02

CJACAYET, OAHAKO, AYyMaTb, 4YTO 3JIEMEHTAPHLIE CJAYYaHHBIE COOBITUSA
BCErja paBHOBEPOATHLI. LECJiH, HallpHMep, HCILITBIBAETCH JeTajib, TO
€CTh JBa HCXOJa — JA€Tajb rojHa HJH OHA OpakOBaHHA, H 3TH HCXOIM
OTHIOJAb HE ABJIAKTCA PaBHOBEPOSTHBIMH.

Ecan mpoH3BOAMTCSl CEpPHA HCOBITAHUH M MOXHO CYUTATD HCXON
KaX/0ro CJENYIOIEro HCIbITAHHA He 3aBUCAINMM OT HCXOJa NMpPeNbIny-
[Ilero UCNBITaHHSA (3TO HMEET MEeCTO, HanpuMep, NpH CTpeab6e B MUILIEHD

6e3 NPUCTPE/IKH HJIH NP H3BJICYEHHH LIAPOB U3 MeLIKa C IOCAEAYIOMUM
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BO3BpallleHHEM), TO 3a BEPOSATHOCTh KopTexa (Xy, ..., X,) NPUHHUMAIOT
MPOU3BEJEHHE BEPOSITHOCTEH HCXOAOB Xy, ..., Xp, T. €. YUHCJO P (Xy) ...
... p (xp). Hanpumep, ecsu cTpesloK MMeeT BEPOSITHOCTh p IIONACTh B
MHILEHb, TO BEPOSAATHOCTb TOTO, YTO OH IOMaJeT NepBLle JBa pasa H Ipo-
MaxHeTcsl B TPETHH pa3, paBHa p°g, rjae ¢ = 1 — p — BepOATHOCTD
IpoMaxa, BEpPOATHOCTb XKeé TpeX INpoMaxoB pasHa ¢° = (1 — p)3.

M3 naHHOro BhHILIE ONPEIEJEHUS] BEPOSITHOCTH BHITEKAET CJELYIO-
l[lee NPaBUJIO ee BBIYHCJIEHHS, Ha3blBaeMOe NMPAaBHJIOM CYMMBI: €CJH CO-
6vitHsa A u B HecoBmecTHH (T. e.eciM A [\ B = ), T0p (A |J B) =
= p (A) + p (B). 270 npaBu/JO JOKa3biBAeTCA IIOYTH TaX Ke, Kak
IPAaBUJIO CYMMbl B KOMOWHATOPHKE, TOJAbKO BMECTO NOJACYETA 3JEMEHTOB
HaJ0 CKJIaAbIBAaTh BEDOSITHOCTH.

Ecnau ke nepeceyenue cobuitiit A u B Henycro, TO CIpaBelUBO
PaBeHCTBO

pAUB)=p@A)+pB)—pAN B) (1)

KOTOpOe aHaJIOTHYHO opmyJe (Z) B 1. 2.
Halinem, Hanpumep, BeposiTHOCTb TOTO, YTO BhITAllCHHAS U3 MOJHON
KOJIOJIBI KapTa OKaxKercsl MUKOH HJM KapTUHKOU (BaJieTOM, JaMOi, KO-

poseM HJaU TYy30M). TaK Kak BepOATHOCTb BBHITALUTL JOOVIO KapTy

1 o
paBHAa — , a YHCJO IHK B MNOJHOH KOJ0JE pPaBHO 13, TO BePOSATHOCTb

52
13 1

cobbiTuss A (U3BJieyeHa NHKA) paBHA == Uncno KapTHHOK pai-
JL

HO 16 (o ueThipe B KaxKJA0H MACTH), H BEPOSITHOCTb COOLITUSA B (H3B.Je-

16 4
yceHa KapTuHKa) paBHa — = —. Ho Beposat”HocTh cobuitia A | B

02 1o
I 1

OTIHYHA OT — +- — » TaK KaK cobuiTHss A U B HMeIOT HenmycToe mnepe-

CEYeHHE — MOXKET CJYUYHUTBhCS, UTO BHITALIEHHAA KapTa ABJSETCA OJHO-
BPpEMEHHO M ITHKOH U KapTHHKOH (BaJsieT MUK, JaMma MUK, KOPOJIb IHK,
Ty3 nuk). MuoxecrBo A [) B cOCTOUT U3 YeThIpex 3J1eMeHTOB H MOTOMY

p (A (] B) = ‘g% == T% OkoHuareJbHO 10 ¢opmyJae (1) moayuyaem:
1 4 1 20
AUB) = — 4+ — — — = —.
p (AU ) 4 T 13 13 H2

19. IlpumeHeHHe KOMOMHATOPDHKM K BBIYKCJAEHHIO BepOSiTHOCTEH.
IIpuBeseM HECKONBKO NMPHUMEPOB BBIYHCJIEHHS BEPOSITHOCTEH C MOMOIILbIO
dopMyJa AAs1 COUeTaHlH, pa3MEUleHWd MU MepecTaHOBOK.

[Tpumep 1. Ilycrs mMenmox comep:kKHUT OAMHAKOBHIE MO pa3mepam
U MarepuaJsy wapel, nomeyenunle yucaamu ot 1 no 90. M3 meika BoiTa-
CKMBAlOT KakKHe-TO O IapoB. KakoBa BeposiTHOCTb, UYTO CPEAH 3STHX
[1apOB OAUH InomeuyeH yucsaom 90?

OJICMEHTAPHBEIM COOBITHEM B 3TOH 3ajaye sBJSETCA H3BJEUEHHE
JJAaHHOH MNATEPKU LIapeoB (Hanpumep, NSTH WIapoB ¢ yucaamu 24, 39,
42, 64, 383). Kaxnaa Takas nsarepka saBJsieTcs 5-NOAMHOMKECTBOM B
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90-MHOKECTBe, a MOTOMY UX UYHCJIO PABHO CZO. [lockoabKY Bce 3TH M-

TepKH UMEIOT OHY U TY K€ BEPOSATHOCTD I[IoABJIEHHA, TO BEPOSTHOCTD II0O-

. l . _
qBJIEHUS] KasKAOH NATEPKH paBHAa —. Tenepb HaiaeM, CKOJbKO 3Ji€-

5
C9

MEHTAPHBIX COOLITHH BXOLHT B COObITHE A (OAHH 13 NATH IAPOB MOME-
yeH yucsaoMm 90). MBI MOXkeM cuHTaTh, YTO 3TOT 1Iap 3apaHee H3BJIeYeH
M3 Melika, a MoToM U3 ocTaBluHXca 89 LiapoB H3BJIEKAIOT elle 4 mapa.

4 4
dto MOxHO crenatb (g, crmocobamu. 3HAuYHT, HaM Hago CJ0KHTh (g

1_
yHceJs, KaXKloe U3 KOTOPhIX PaBHO —, T. €., MPOLIE roBOPs, YMHOKHUTD

5
CQO

l |
. llosnyuaeM, 4yTto UCKOMasi BepOATHOCTb €CTh

—— Ha (!
8

5 9
Cgo

2 85! - 4! . 90| 18

[Tpumep 2. M3 npyna, B kotopom muasator 40 myK, BLUIOBHJIHU

b LYK, MOMETHJIH UX U NYCTUJIH o6paTHO B npyld. Bo BTOpoH pas BHI-
aoBusn 9 myk. KakoBa BepOATHOCTb, YTO CPeAH HUX OKaKYTCS POBHO

JiBe NTOMEYEHHBIE [IYKU? ;
B sToll 3anaue 3jeMeHTApHBIM COOBITUEM ABJISETCA H3BJICUECHHE

9-nogMuokectBa U3 40-mMHOXKecTBa. 3HAUMT, MPOCTPAHCTBO 3JIEMEHTap-

. 9 .
HBIX cOOBITUH coxepkUT C,, 3/JeMEHTOB, KaK[Abll H3 KOTOPHIX HMEET

l .
BEPOSITHOCTb —-. Haigem, CKOJIBKO 3THX 9-MOAMHOXKECTB COJAEpKAT

C40

POBHO JiBe€ IOMEUeHHbIe LYKHU, BRIOOp ABYX LIYK U3 MATH MOXKHO CJe-
natb C> cnoco6amu. [locse storo Hazxo eue BHIGpaTh 7 MyK H3 35 He-

o 8
NoMeUeHHbIX. 10 MOXKHO caenatb C,. crnocobamu. Ilo mpasuay rmpo-

2 7
u3BerieHus nosnydaem C, - C,, CrnocoGOB BHLIOBa, IPH KOTOPHIX OKa-
)KETCS1 POBHO JiB€ IMOMEYEHHBIE IIYKH. 3HAUUT, HCKOMas BEePOATHOCTb

paBHA .
Cg - Cis
Cao
BooOule, ecaun Y saBasgercsi m-IOAMHOXKECTBOM B H-MHOKecTBe X

H U3 X BbIGHDPAIOT R-TIOJMHOKECTBO A, TO BEPOATHOCTb TOrO, YTO CPEAH
BLIGpAHHBIX 3JIEMEHTOB COAEP:KHUTCS POBHO 7 3JIeMEHTOB M3 Y, paBHa:

R
cr . Ch—

n—r

Cr

p(4) =

[Ipumep 3. M3 kopoOku, coaepxallieH KapTOukH ¢ OyKBaMu
0, H, K, b, Haylauy U3BJIEKAIOT OJHY KapTOYyKy 3a APYrOH H pacroJiaraior
B nopsiike u3pjedenusi. KakoBa BepOATHOCTb, YTO B pPe€3yJbTaTe MOJY-
YUTCSl CJIOBO «KOHb»?
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31eChb 3JIeMEHTapHBIM COOLITHEM SIBJASETCS PacloJioXKeHUe U3BJeYeH-
HBIX KapTOuYeK B onpenesieHHOM nopsanke. Ho 4 kapToukd MOKHO yIops-

No4YuTh P, = 24 crioco6aMu. BeposTHOCTh KaxKIoro U3 3THX CHNOCOOOB

paBHa Q}Z' I lockosbKY JIMIIB B OHOM CJ1y4ae noJyuyaercs CJOBO «KOHbY,
TO BEPOSITHOCTb MOJIYUHTb 3TO CJOBO PaBHA LN
24
IIpumep 4. M3 kKopodku, coaepskaimeil KapToyku ¢ OyKBaMH
a,x,o0,p,p,m,m, U3BJIEKAIOT OJHY 3a APYrou OYKBHl U pacnoJiaraior B
nopsijke H3BJeueHHsA. KakoBa BepOSTHOCTb, YTO MOJYUYHTCA CJI0BO
«TPAKTOP»?
Tak kak ofliee yuc/J0 KapTOUEeK PaBHO 7, TO UX MOXKHO YIOPSJIO-
yuth /! crnocobamu. Ilockosabky 06e OYKBH m U 00€ OYKBHEl p MOKHO
MEHSThL MECTaMH, He HU3MeHfs CJOBa, TO CJOBO TPAKTOP TMOJYUYHUTCS

4
21 + 21 = 4 pasza. Mckomasi BepOATHOCTh paBHA s Muauye ToT X)e pe-

3YJbTAT MOXKHO OBLJIO Obl NONIYUUTL, 3aMETUB, UTO B PE3YJILTATE HU3BJIEYe-
HUS KapTOYeK MBI II0JIyYaeM NepecTaHOBKY C IMOBTOPEHHSIMHU COCTaBa
(2, 2, 1, 1, 1), npuueM Bce TakHe NepecTaAHOBKH HMEIOT ONHY H Ty XKe
BEPOATHOCTBL. TaK KaK YHCJO 3THX NepecTaHoBoK paBHo P (2, 2, 1, 1, 1),
TO BEPOSITHOCTb Ka»KJOH U3 TNEepecTaHOBOK PAaBHA

1 4
P2,2,1,1,1) 7

[Ipumep O. M3 ypHul, comepkaiueid OeJbld U YepHBIA IIapHI,
H3BJEKalOT 1iap, 3aluCchiBAalOT €ro UBET U Bo3Bpaumalor B ypHy. lloc-
Je n HN3BJIeUeHHH NoJiydaeM KOPTEXK IJIMHBI 1 U3 OYKB 6 U 4. KakoBa
BEPOSAATHOCTh, YTO OH COAEPXKHT R OYKB 67

B 3toM ciayyae 3/JeMEHTApHBIM COOBITHEM ABJSAETCA TOJyYEeHHE
33/laHHOTO KOpTeXa JJIMHE 1, IPUYEM BCE TAaKHE KOPTEXKH HUMEIOT OAHY
H Ty Xe BepoATHOCTb., Ho 4uca0 KopTexked IJIMHEL #1, B KOTOPbie BXO-
AAT OYKBH 6 M 4, paBHO 2" (3TO YHUCJO pPa3MelleHHH C MOBTOPEHUAMH

& R
U3 JBYX 3JeMeHTOB no n, c¢. 27). M3 stux koprexed C coxepiar

kR pa3 6ykBy 6 (c. 30). 3Hauur, BepOATHOCTH TOrO, YTO INOJYYEHHEIH
CF
KOPTEXK CONEpPKHUT B OYKB O, paBHA "'é{'sz .
Ecau Obl B 3a7aue peub Ljla O CTPEJKE, CHEJNABLIEM # BHICTPEJIOB,
npHYeM BEPOSAATHOCTh NONAafaHHUs MPHU KaxKAOM BEICTpeJie paBHA p, TO

BEPOATHOCTb NMOMajaHuA Oblia 6ul pasHa C. p* (1 — p)*.
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