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Jlunelineie guddepennuansisie onepatopst, Hafimapx M. A,

Kunra nocesimeHa ocHoBaM TeopHH OGHIKHOBEHHEIX JHHeHRHHX nuddepen-
IHaAbHBIX ONEPaTOPOB H HEKOTOPHM ee HpuaokeHHsM. OHA COCTOHT H3 ABYX
yacteH.

B OGosee 3/neMeHTapHOH NEPBOH YAaCTH M3MADKEHH!: OCHOBHHE IIOHATHA H
OCHOBHBIe 3ajfaux Teopuu aubdepeHLUAJNLHBEIX ONEPATOPOR, ACHMITOTHYECKOE
noBefeHue COOCTBeHHBIX 3HAueHHH U coGCTBeHHBIX (DYHAKUHE H TeopeMa o pas-
JIOKEHANH 10 COOCTBEHHBIM H INPHCOGJAMHEHHBIM OYHKUWAM, 0000UleHHsT STHX
pe3yanTaToB Ha JAH(p¢epeHLUHaNbHBIE ONepaTopsl B INPOCTPAHCTBE BEKTOP-
Gyukuuii. B OCHOBHOM 3HeCh HPHMEHSIOTCI KJacCHYyeCKHe METOJbl, B YaCTHOCTH,
MeTOABl TEOPHH aHaJHTHUYECKHX (GYHKLHH.

Bo Bropoll wacTH ykasaHHBle MeTOAB COYETAIOTCA € MeTOfaMH GyHK-
LHOHAJbHOTO aHaau3a. B Hel H370xeHbl: Heo6XOAHMbBIE CBEACHHST H3 TEOPHH
JIHHeHHBIX OMEePaTOPOB B T'HABOEPTOBOM NPOCTPaHCTBe B YAOOHOH A/ jajbHeii-
mero QopMe, OCHOBHble (GaKThHl TEOPHH CHMMETPHUYECKHX JHPDepeHInadbHbIX
OmepaTopoB M HX pacllHpPeHHH, CHeKTpaibHAas TEOPHS CAMOCOIDSIKEHHBIX Ofe-
paTopoB, pasjHuHble TeopeMbl 00 HHAeKce gedeKTa M CIEKTPE 9THX OIEPaToOpoOB,
peirenne oOpaTHON 3azayH CHEKTPATbHOTO aHalH3a AJAA ONEPaTOPOB BTOPOrO
nopsaxa.

[To cpaBmeHuio ¢ NepBHIM H3ZAHHEM KHHId H3J)KEeHHE BO MHOTHX MECTax
nepepaboTano M AOMOJHEHO HOBBIMH DE3YJbTAaTaMH M MHOTOUMCJIEHHBIMH JHTE-
PaTYPHBIMM YKAa3aHHSMH O DAa3/JHYHBIX YCHJISHUSIX pAla TeopeM B OCHOBHOM
texcre. JloOGasjen pan HOBHIX HpuUMepOB, 3HAudTEsHO pacwupeHa Gubinorpa-
¢usi u Bruoueno [Jobasrenne «Hecamocoupsaxkendsidn pudbepeHiHa bHER
ONepaTtop BTOPOrO NOPAAKA HA NOAYOCH» O CHHIYASIDHBIX HECAMOCONDPSXKEHHHBIX
ofiepaTopax BTOPOTo NOPSAKA.

B kuwure 18 puc., 6uba. 384 nasBauus.
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NPEOUCJOBUE KO BTOPOMY H3OAHHIO

3a 14 Jser, mpollednrHX moc/Je BuIXOAAa B CBET NEePBOTO H3Ha-
HHlsl 3TOH KHHIH, H3Jaraemas B HeHl Teopusi oforaTH/aach MHOIHMH
HOBBIMH JOCTHKEHHSMH.

ABTop cTpeMu/ica B KakoH-TO Mepe 0Tpa3mb 3TH AOCTUYKEHHUS
BO BTOPOM H3AAHWUH KHUI'H H B TO XK€ BpeMs COXPaHUTb 3JeMeH-
TAPHOCTb M JOCTYNHOCThH H3JOXKEHHS. DTO MocjeaHee 00CTOATENb-
CTBO, 4 TaKke OrpaHuyenusd Ha o0beM KHUI'M 3aCTaBHJIH aBTOpA
B GOJBIIHHCTBE CJy4aeB NPHUBOAHTL QPOPMYJIHPOBKH HOBLIX Pe3yJib-
TaTOB MJIH KpaTKue JuTepaTypHble yKasaHus. ABTOp moJjaraer,
uyTO 3TH JWTepaTypHble YKasaHHS, a TaKKe 3HayHTeJbHO pacllH-
pennast O6ubauorpadusi naayT BO3MOXKHOCTb YHTATEN0 OPHEHTH-
pOBAaThCA B COBPEMEHHEIX BONPOCAX TEOPHH.

[Ipy mnoAroToBKe BTOPOr0 H3AAHHA BO MHOTHX MeCTax OBl
VJYYIIEH HJIH 3aMEHeH JIPYruM UePBOHAYaJbHBIH TeKCT; NPH 3TOM
OBlH yuTeHb! u3MeHeHHst W jioDaBJeHust, CleJaHHbE B HEMELKOM
N aMepPHKAHCKOM H3JaHHUSIX KHHIH.

B paGore Hax BTOpHIM u3iaHueM aBTopy nomoraa B. 3. Jlauue,
¥ 3Ta NOMOWb BBHIULIA 32 PaMKH OObIUHBIX 00s3aHHOCTEHA penak-
Topa; Kpome Toro, B. . Jlaaue vanucaa [Ho6asieHue I, B xoTo-
POM U3JOXKEHH pe3ysabTaThl aBTOPa IO CHeKTPaJbHOH TeopuH
HeCaMOCONPSIKEeHHBIX CHHATYJASPHHIX AHQdepeHUnaJbHBIX OonepaTo-
POB, JomnoJHeHHble ucenegosanuamu B, D, JIsuue, a Takke npopede-
pUPOBaHBl HEKOTOpLIE pe3yJabTaTh HApPYrHX aBTOPOB. 3a 3Ty
NOMOWL H 3a THIATeJNbHOE peJlaKTHPOBaHUE PYKONHCH aBTOp
npusocut B. 3. Jlanue rayGokyo 6sarofapHOCTb.

ABTOp HCKpeHHe mnpH3HaTeJeH BCeM KoJ/JeraM, YKa3aBUIUM
Ha coAepiKallluecs B TepBOM H3AaHHH ONeyaTKM KU HETOUHOCTH.
OcoGeuno asTop npusnarensen I'. M. Keceabmany u ®@. C. Pode-
beKeToBy 3a 1leHHbBIE COBETHIL.

Mockea M. A. Haiimnapk
oxTsiOpn 1968 r.
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H3 NPEJIHCJOBHA K MEPBOMY H3JAHMIO

Myorue BONPOCH MaTeMaTHueCKoH (H3UKHM NPUBOAAT K 3ajaue
onpejeieHnst COOCTBEHHHIX aHauenn#i u coOCTBeHHBIX (YyHKIHIT
auddepeHUHaIbHBIX ONEePaTOPOB H PA3JOXKEHHST NPOU3BOILHON
¢GyHKUHH B PsA (nu  uHTErpas) mo CcoGCTBEHHBIM (GYHKIHAM.
Tak, HanpHMep, K TAxKoro poja BonpocaM HPHXOAAT BCernaa, mpH-
mensist MeTos DPypbe NI HAXOXKAECHHS pellieHust Auddepenuuan-
HOrO YDaBHEHHS B YaCTHHX ITPOH3BOJHBIX, YIOBJIETBOPAIOIIErO
NAHHBIM Ha4aJbHBIM H KpaeBolM ycaoBusiM. [lostomy muddepen-
JHaJbHble ONEPAaTOPBHl NpPHBJAEKAAH M IPHBAeKAlOT OOJbILOE BHH-
MaHHe M HMeeTCst MHOTO paboT, MM NOCBSIMEHHEIX.

BoJBUIMHCTBO M3 3THX PalOT MOCBALEHO CHOPMYAUPORAHHON
BHILIE OCHOBHOH npobseMe — cleKTpaibHOMY aHaausy nubdepen-
[HaJbHBIX ONEPATOPOB, T. €, HCCAESNOBAHHIO CMEKTPA H pasoxKe-
HHIO 3aM3HHOH (QyHKuUMY TO cobcTBeHHBIM (ynxkuuaM aAnddepen-
puansHoro oneparopa. OcobeHHO BO3POC HHTEPEC K 3ToH npobieve
B NOCJAeAHHE JecATHJETHS B CBA3M ¢ pasBUTHEM KBaHTOBOH
MexaHuKH. CnekTpasbHBl aHaJn3 AuddepeHnHaNbHbIX ONepaToOpOB
AABAAETCA OCHOBHBIM MAaTeMaTHYECKYM afmdpatoM [pH pelieHHH
MHOTHX 3a/la4 KBaHTOBOH Mexanuku. [lpu »TOoM 3aupocsl KBaHTo-
BOH -MeXaHHKH TpeDyIoT jAeTajbHOTO HCCJeJoBaHHS TaK HashiBae-
MBIX CHHIYJASPHLIX JAnpdepeHLHAIBHBIX ONepaTopoB, HANpHMep,
onepaTopos, 3aLaHHLIX B OeckoHeyHOM HHTepBaje. Takue onepa-
TOpH MOrYyT, BooOllle TOBOPS, HMETh He TOJbXO MHCKPETHHI, HO
H CIUIOIIHOH CIEeKTp, B CBH3M C YeM pasjoKeHHe 110 X COOCTBEH-
HHM (yHKnuaM B o0meM cayuyae npeacTaBJigercsi B BHAE HRTe-
rpana CrHibTbeca.

Crenyer ormeTrnTh, uTO 3a IOCJeAHee BpeMsi HauboJee cyuie-
CTBEHHble pe3yJbTaThl B 3THX BONpPOCAX ObLIM MOJYYeHb COBeT-
CKHMH MareMaTHKaMH. TakHe pe3ynbTaThl, KakK J0KAa3aTeshCTBO
CYIIECTBOBAHHA pa3joXKenust Mo coOCTBEHHBIM (YHKUHAM CHHTY-
JIAPHOTO CaMOCOUPSIKEHHOTO ONepaTopa MPOU3BOJBHOTO UeTHOTO
nopsinka, pewenne ob6partod zamayu Ulrypma — Jluysuaas (cm.
raasy VIII), nmonsora co6eTBeHHBIX W NPHCOEAHHEHHBIX (GYHKUUH
JUIT IIMPOKHX KJI4CCOB HECcaMOCONPSIKEHHHBX AuddepeHiinaibibix
OnepaTopoB H MHOTHE JPYrHe, HOJHOCTBIO HJH TOYTH IMOJHOCTHIO
NpHHafAeKaT COBETCKHM MaTeMaTHKaM.

Onnako, mecMOTpss Ha 3TH (yHIaMeHTa/bHBE De3yJabTaThl,
npobreMy CueKTPaJbHOrO pasfoKenus AuddepeHnualpHbX oOre-
paropos eme Hesb3d cuMTaTh HCUEpPUAHHOH. 3ZKech B TNePBYIO
OYepear cJaelyeT ykasaTh Ha 3azayy oOnpelieseHHsT KDPaTHOCTH
SeKTpa n unjekca Aedexra AuddepeHLHaNLHOrO ONEPaTOPAa B 3aBH-
CHMOCTH ©T CBOHCTR ero Ko3hdHUUEeHTOB, Ha BOWPOC O NpaBHJIeE
?TGOpa H HOPpMHPOBKH MHHHM&/bHOH CHCTEMDbI COOCTBEHHBLIX (YHK-
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UMil B HenpepuBHOM CleKTpe; ocofeHHO Mano paspaboTaHul 3TH
BONPOCHL [JIs cJydyas orneparopa, MOPOXKAECHHOIO CHCTeMOH And-
¢depennuaabHBIX BbipaxeHuid, T. e. AHddepeHunHasbHOrO oOnepa-
TOpa B MpOCTpaHCTBe BeKTOp-QyHKUuA (cm. raaBe V. uw VII),

He wmeHee BakHa M HHTepecHa 3aJ4aya DPa3JIOKEHHS MO COG-
CTBEHHHIM (GYHKHHAM HecaMoCOnpAXeHHoro aHdEepeHnHaIbHOIO
omeparopa; AJs cJaydad peryasapHoro anddepeHUUANTbHOrO Bhipa-
JKeHHsT (M BooGHie Hepery/sipHLIX KpaeBHIX YCJOBHH) 3Ta 3ajaua
CYUleCTBEHHO NpoJABHHYTa B Hezpassedl pabore M. B. Kesawina
(cm. Kennvim {1]), cayuail xe HecaMOCONPAKEHHOrO CHHIYJISIPHOrO
g PepeHuMadbHOTO BLIPaXKCHHsA A0 NMOCJELHEr0 BPEeMEHH He Obl
NpeaMeTOM HCCaAeTOBaHKH.

B Hacrosiilefl KHUre M3jaraercs TeOPHS JAHHEHIHBIX OOBIKHOBEH-
HbIX JH@depeduuanbEBIX ONepaTOPOB TPOU3BOJBLHOIO NOPSAKA.
B Knure mupoKo HCHOJBL3YIOTCS HUASH H PEe3yabTaThl GYHKUHOHADL-
HOro aHaaW3a, rJIaBHLIM 00pa3oM TEOpHA JHHEeHHHX ONepaTopos
B rHJAbGepTOBOM IpocTpaxcTBe. JIJsi ya06CTBA YHTaTeAs BCE HEOO-
XOAHMbIE cBeletdd H3 (YHKUHOHAJAbHOIO aHaaH3a NPHBOASTCH
B CaMO#l KHHTe, TaK YTo, KaK nogaraeT aBTop, KHHra JOCTYIHA [IUHPO-
KOMY Kpyry udTaresecli. MHorue BOIPOCH TeOPHH JHHe[HBIX Iud-
GepeHUHAILHEIX ONEPATOPOB MOMKHO H3/1araTh H He MOJb3YACH
byHKIMOHAIbHEIM aHau3oM. OIHAKO aBTOP He CYUTAeT LeJeco-
06pasHbIM TaKoe H3J0XeHHe, HOO TOJbKO NPH HCHOML30BAHHH HAEH
U MeTOAO0B (BYHKIHOHAJIbHOIO aHaJaH3a BO3MOKHO rJy0OKOE MOHH-
ManHe TEOPHH, & TaKxe noJyyeHue Hanbosee oOUIUX Pe3yaLTATOB.

Kuura coctont u3 asyx uacreil. B uactu nepsol, KoTopyio
MOKHO HasBaTb 3JjeMeHTapHOil Teopuell anddepeHuHaJLHEX Olle-
PaToOPOB, TNpUMEHEHHE MeTOACB (YHKUHMOHAJLHOTO aHa/jH34 CBE-
JAeHO K MHHUMYMY. B Helt ussaraercs Teopust AnddepenilnanbHbix
OllePATOPOB B KOHEUHOM HHTEDBAJE, BKJYAA TEOPHUI0 HECAMOCOo-
NpsKeHHBIX AuddepedunanbHEIX ONEPaTOPOB, NPH YCJOBHA JOCTA-
TOUHOH TJaZKOCTH HX Ko3phuHuuedToB. [ad ee NoInMasud oOT
yuTarTe st TpebyloTCa JHIUIb CaMble 3JeMEHTAPHbIE CBEAEHHT U3 Teo-
pHH OGBHIKHOBEHHBIX AH(depeHUHalbHBIX U HHTErPAJbHLIX YPaBHe-
HHH U TeopHu (YHKIUHE KOMIJEKCHOrO IePeMeHHOro.

Bropast yactb KHUrM nocBstieda H3JI0KEHHIO Teopun Aubde-
peHuHaIbHLIX OIlepaTopOB Kak ONePaTOpoOB B THJAbGEPTOBOM mpo-
cTpaHcrre. 31ech OT YHTATEJs!, B IONO/IHEHHE K YKA3aHHOMY BBILIE,
TpeGyercsl emle 3HaHHe CAMBIX OCHOBHBIX CBeJedHH M3 TeOpHH
nirerpana JleGera.

Amtop Bhipaxkaer Gaaromapuocts M. Y. Bumnky, mpounras-
WeMy KHHIY B PYKONHCH M cAeaaBliedy PN LeiHBIX 3aMeYaHuil.

Mockpa . A, Haiima
uioas 1962 1, M pr



YACTb IMMEPBAY

3JIEMEHTAPHAS TEOPUA
JMHENHDBIX NU®PEPEHLUAJbHBLIX ONMEPATOPOB

TJABA 1
OCHOBHBIE MMOHSATHA U NPEIJIOXEHHUSA

§ 1. Onpejenenue U OCHOBHbIe CBOHCTBA JIMHEHWHOTO
auddepenuanbLHOro omneparopa

1. O6Gumee onpeneneHHe JHHEHHOr0 MPOCTPAHCTBA M JHHEHHOrO
oneparopa. Jluretnbim npICTPAHCTEOM HA3BIBAETCS COBOKYIHOCTh
R 3j1eMeHTOB X, Y, ..., Takas, 4ro:

1°. B R onpedeaena cymma x-+y awboix 08Yyx 3ssemeHTO8
x, Yy € R, obaadarowyjan caedyrowumt CeOUCTEAMY:

a)) ey X, y=R, 10 x+ysR;

6)) x+y=y-+ux;

B) (x+y)+z=x+(y+2)

r) B R cyutecrByer «Hy.aeBo#» sjgement 0, Takol, uTo AJs
BceX xE R x4+ 0=1x.

2°. B R onpz0eneno npoussedeniie Ax 3aemenTa X HQ 4ucao i,
obradarwee credyouiumnu ceolicTeamu:

a,) ecam x &= R, To AxE R;

0y) A(ux) = () x;

By l-x=u;

ry) 0-x=0 (cneBa—uncao 0, cupaBa— HYJIEBOH 3JeMEHT);

Rg) A(x +y) = rx + Ay; '

€y) (A+p)x=12x+px.

ITpu stom agemenr (~1)x ofosnauaercs uepes —x. B cuay
CBOHCTB By), €y) H TI'y)

x+(—x)=(1+(-1))x=0x=0.

dieMeHTH X, Y, ... NPOCTPaHCTBA R HA3KLIBAIOTCH €ro 8eKTopaMi.

OrmeruM, uTO B 3TOM onpelesieHHH COBePIIEHHO Oe3pa3auyHa
npupoaa 3JieMeHTOB X, Y, ...; TOYHO TaK ke 0e3pasjiuuHo, Kak
HMEHHO onpeneJHTb CYMMY X+ Yy H TIDOM3BEJeHHe B5JeMEHTA X
Ha 4yneao A, Tpebyercd TOJbKO, YTOGH 5TH NOHSTHSE YAOBJETBO-
PAJMA BCeM HepeunCJCHHBIM Bhille YCa0BHAM. [losToMy Kakabi#
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pas, KOrja BCTpedalorTcs jBe OMNepanuy, YA0BAETBOPSAIOUIHE 3THM
YCJIOBHAM, Mbl BIPaBe CUMTATh UX ONEPAUHAMH CJAOKEHHS U yMHO-
KeHHMst Ha 4YHCJI0, a COBOKYMHOCTb 3/I€MEHTOB, AJS KOTOPHIX 3TH
onepaluy olpefeseHsl, JHHEAHBIM [IPOCTPAHCTBOM.

Ecin B npocrpancTBe R jponyckaercsi YMHOXKeHHe Ha ji06oe
JeficTBUTEIbHUE 4YHCJO0, TO R Hasmpaercd AefcTBUTENBHBIM TNpoO-
CTPAHCTBOM; eCJIH XKe JONyCcKaeTcs YMHOXeHHe Ha Jio6oe KoMnaeKc-
HOe YHCJa0, To R HasblBaeTcs KOMIJeKCHBIM mpocTpaHcTBoM. Ecan
He CJeJaHO HUKaKUX OTOBOPOK, Ml OyneM CYHTAaThb R KoMIJeKc-
HHIM ITIpocTpaHcTsoM. Beipaxenne BHIAa A+ A+ ... +A,x,
HasbiBaeTCH AuHelnol KomOunayuell BEKTOPOB Xy, Xo «.., X3
JguHeliHasg KOMOUHALNA HA3bIBAETCS TPUBIAALHOLU, €CJH BCE dHcJaa
Aty Ay, ..., Ay PaBHBI HYJIO, U HETPUBILAALHOL B IPOTHBHOM CJyuae.
BexTopu x, Xy, ..., X, HA3BIBAIOTCS AUHEIHO 3QBUCUMbIMU, €CJIH
HEKOTOpast MX HeTpUBHaJbHas JunedHas KomOuHauMs pasHa
HYJIO, H AUHEIHO He3asucumbsimu, ecjad TaKOoH JuHelAHOH KoM6uHa-
MU He CYIILEeCTBYeT.

TIpocTpancTBO R Ha3bIBAETCS KOHE4HOMEPHbIM W TIPUTOM n-Mep-
HBIM, €CJIM B HeM €CTb 1 N He OoJiee n JMHEHHO HE3aBHCHMBIX BeK-
TOPOB; TAKHE A BEKTOPOB HA3LIBAOTCst Torjga 6asucom B R,

Ecsin e B R ecTh CKOJIBKO YrOMLHO JHHEHHO HE3aBMCHMBIX BeK-
TOPOB, TO R HasuiBaercss Geckomeunomepuvim. YHacts R’ mpoct-
pancTBa R HA3LIBAETCA €r0 HOONPOCTPAHCTEOM, €CJH BeSKas JHHel-
Had KOMOUHAIHUST 3JeMEHTOB H3 R’ ecTh Takxe »sjeMeHT u3z R’.

ITycts D — HeKoTOpoe MOJMHOXECTBO B JIHHEHHOM IPOCT-
paHcrBe R. Beskas ¢yukuus A, Koropast KaxAOMy 3JeMeHTy X
M3 D CTAaBUT B COOTBETCTBHE HEKOTOPHIA 3JeMeHT x’ = A(x) us R,
HashlBACTCA oneparopom B mpocTpaHcTBe R ¢ obJaacTbio onpeje-
JeHHs D,

Hacrto, Koraa 370 He MOKET MNPHBECTH K HeLOPasyMeHHIO,
BMecTo A (x) numyr Ax.

Ecan uwano Oyaer moadepkuyts, yto D ecTh o6JacTh onpeje-
JieHHst HMeHHO omepatopa A, To Mbl OyjAeM nucaTh D, BMecTo D.

CoBokynHocTs Bcex BeKTOpoB Ax, x & D, HaswBaeTcsl 06.4aCT610
snavenud onepatopa A u obosnauaerca uepes N, uan vepes AD,.

Boofuie, ecin & — npousBoJabHOe MHOKECTBO, To A& 06o3Ha-
yaeT COBOKYNHOCTh BCeX BeKTopoB Ax, x& &, T. €. MHOXECTBO
BCeX BEKTOPOB, KOTOPHIE [O0JYYalOTCA MpU TPHUMEHEHHH oOmepa-
Topa A KO BCeM BEKTOpaM MHOKecTBa &.

Oncparop A HasmiBaeTcss aunerdnbim, ecau D ,— NOANPOCT-
PaHCTBO M ewId AAs JIOOLIX BEKTOPOB X, y = D, u 115 aioboro
yucaa A

A(hx) = AAx,
Ax+y)=Ax + Ay.
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Jlsa oneparopa A u B 8 npoctpancrae R cqurarorés cosnadaro-
wyumy T020a U TOABKO T020@, K020Q OHU UMEIOT O0RY U Ty XMe
o6.aacTe onpedenenus D u :

Ax = Bx

dan scex xED.

Onepatop AHa3bBalOT pacuiuperuem onepatopa B u nuduiyr
Ao B win BT A, ecit Dy DDy u ecan Ha Dy omepaTophl
A u B coBmajnaioT, T. €.

Ax = Bx npu moboM x & Dp.

B sToM cJyuae oneparop B HaswiBaeTcs TaKKe CymeHuem onepa-
ropa A Ha Dg.

B paJgbHefimeM Mbpl OylIeM paccMaTPHBATh TOJBKO JHHEHHBIE
omeparopbl W He OyleM 3TOro orosapuBarb 0co0o, TaK uTO Tep-
MHH «omepaTop» OyjaeT Bcerfja o03HA4aTh <«JHHEHHBIH ONEPATOpP».

2, Jiuneiinpie U depeHnaabHble BRIPAKEHHS. Jurelinoimn dug-
(pepenyuansHoL M BblpAXNCEHUEM HA3HIBACTCA BbIpaXKeHHe BUAA

L) =poX)y™ +p () ye=b+ ... +p,(x)y. (n

dyukund  po(x), pi(x), ..., p,(x) HaswiBalOTCA KOIPPuyuen-
Tami, a udcao n nopsdkom AudbepeHNHAaTLHOrO BHIPAKEHUS.
. 1
B satoii rjaaBe Mbl OyjdeM npeAnonarartb, uto QyHKUHU PR
0
pi1(x), py(x), ..., pa(x) HempepslBHEl B (BUKCHPOBAHHOM KOHEYHOM
HuTepBase [a, b], a B HeKOTOPHIX caydasix OyleM HaKJIaAbIBAThH
Ha HUX elle JIONOJHUTENbHBIE YCJIOBHS.

OGosHauuM uepes c™ COBOKYIHOCTb Bcex GYHKUHN ¥ (X),
HMEIOUHX HeNmpephiBHBE MPOU3BOJHBIE A0 N-TO HOPSiJKA BKJIOUH-
TeJIbHO B (UKCHPOBAHHOM 3aMKHYTOM KOHEUHOM HHTepBase [a, b].

Haa moboit dyskuuy gy onpegenaeHo auddepenunaipaoe
Bripaxenue [(y), sBasiiouleecs HeNnpephlBHOH ¢yHKumed HaA oOT-
peske [a, b).

3. Kpaesnie ycaorus. OGosHauum uepes
U Yo ooer 05 4y, G oy gD ®)

3HayeHuss GyHKUMM y H ee NePBHX # — | MPOM3BOAHBIX B TOUKAX @
H b coorsercTBenno. [anee, oGo3nauum uepes U (y) Juueiinymo
bopmy ornocnrensno nepemennmx (2), tax uto U (y) umeer BHA

VA= 0, g/ ooe 0, 027+ Bty + Bt F o+ B O
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Ecan samano ueckoneko takux ¢opm U,(y), v=1, 2, ..., m, 10
paBeucTBa

U, =0, v=1,2, ..., m (4)

Ha3bIBAOTCA Kpaesuvimu ycaosuiamu.

OGosHaunM uyepe3 D COBOKYNHOCTh BCeX GYHKIMH yEC(”),
YAOBJETBOPSAIOIINX KpPaeBhIM ycCJOBHSIM BHAa (4).

OueBugHo, uTo ® ecTb AuHeH#HOE NMOATPOCTPAHCTEO B c™, pu-
yeM ® wmoxer cosnagats ¢ C gumb Toria, Koria ycaosus (4)
OTCYTCTBYIOT.

Ilycte 3amaHo HekoTopoe AH((depeHIHanbHOe Bhipakenne [ (y)
H HekoTopoe MHoroo6pasue D, onpesneseHHoe YCJaOBHSIMH Buaa (4).
Kaxpgo# OyHKIMH y&D nocTaBHM B COOTBETCTBHE (QYHKIHIO
u=1I[(y). D10 coOTBeTCTBHE eCTb JHHEHHBIH OmEpPATOP ¢ 06AACTHIO
omnpenenenns D. O6o3nauuM ero uepes L. Takum o6pasoM, ecad
y=D u ecau u=1[(y), o, N0 onpefeseHurd omnepatopa L,

u=>Ly.

Onepatop L HasbiBaeTcs duppepenyuairsnoin oneparopom, nopoxic-
Oennoim Ougppepenyuareroim  sopanenuerm [(y) u Kpaesoimu
yeaosuanu (4).

Takum oOpasoM, W 3To B pajbHefimiem OyaeT BecbhbMa cylle-
CTBEHHO, OOHO Ut TOo e Oudepenyuarstoe 8uipaxcerue modicer
nopooaoars pasausnsie Judeperyuaisusie ONeparops. 8 3068UCH~
moctu or 8vo160p1 Kpaesolx ycaosguii (4).

Ecau, B uacTHOCTH, yc/10BHsS (4) OTCYTCTBYIOT, TO HOJyYaeTcsl
nuddeperunaibubil onepaTop ¢ obacTeio onpeeneHus D =C™,
Mbl oGosnauuM ero yepes L;. OH sB.sieTcs, OYEBHIHO, pacuiupe-
HHEM BcexX JPYTHX OmeparTopoB L, NOPOXKAEHHHIX TeM Xe AHG-
¢bepeHnuaJbHBIM BBRIpaxkeHuem [ (y).

OxasbiBaercsl, OAHAKO, YTO BO MHOTHX BONpocax YAo6HO pac-
CMATPHBaTh He TOJBKO 3TOT HamboJiee UIHPOKO OIpefleieHHHH orne-
paTop L;, HO ¥ ONHCAHHBIE BlUIE OMEPATOPH], KOTOPHE ABJAAITCS
cyxKeHHeM omeparopa L.

Hexkoropuie us dopm U,(y) MoryT oxasaTbCsi JHHEAHBIMH KOM-
OunauusMy ocTadbHbix. Toraa cooTBeTcTBywllee Takoi dopue
paBeHerBo U, {y)=0 siBAsieTcs CJaeACTBHEM OCTAJbHBIX H MOXKET
OwiTe oTOpowiero. Mosromy. popmur U, (y) MoxHO ¢ caMoro HauaJga
CUHTaTh JHHEHAHO He3aBHCHMBIMH. Kak H3BeCTHO, 3TO 03Hayaer,
YTO DaHr MAaTpHIUB, COCTABJeHHOH #u3 Ko3hduuuentos 3THX hopm,
JoJKeH OBITh paBeH M.

Ecau m =2n, To paBeHcTBa (4) BO3MOKHB! JIMIUb TOrA4, KOTJA

ya.—__—y;::: - =y£]"‘”=yb=y;= . =y§7”'l)=0.
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JlndepeHuHATbHEI ONEPaTop, NOPOXKAEHHIH STHMH YCIOBHAMY,
o6osnaunm uepes Lo

KpaeBuM YCJIOBHSIM MOXHO MNDHAATH elue CJEAYIOUIYI0 IEOMETPHYECKYIO
TpaKTOBKY: OyAeM KpPaTko o6o3nauarth OYKBOH 1) BCIO COBOKYHHOCTb (2), Tak 4ro

V4 - -
n:(ya, Ygr oo yfz” b, Yps y;, cen yg‘ ”).

OueBHAHO, 1) MOXKHO DacCMaTPUBATL KAK BEKTOP 27-MEPHOrO NPOCTPAHCTBA Ryp.
VYeaosust (4) BELAEIAIOT H3 3TOTO NMPOCTPAHCTBA HEKOTOPOE MOANPOCTPAHCTBO IN
pa3MepHOCTH 21 — m. DTH YC/IOBHS 03HAUAIOT, UTO BEKTOP 1}, COOTBETCTBYIOMIKH
dYHKIUH ¥, OJIKEH NPHHAJICKATb NMOANPOCTDAHCTBY Mm.

4, OpHopoaHnas Kpaesad 3ajgaua. O0nopadnoii kpaesoil 3ad0aueti
gaseiBaeTcsl 3ajaua onpejesdeHds Gynkuuud y us C™W, ynossaerso-
pAlomwed yCJAOBHAM:

I(y)=0, (5)
U,(y)=0, v=1,2,..., m. 6)

Iycrs L — onepartop, nopoxaeHHull JuddepeHinaJbHBIM BhIpaxe-
sueM [(y) n ycaoBusmu (6); Torna ofHOpoAHAs KpaeBas 3ajaua
CBOAMTCH K HaXoXJaeHHIO B obJacTH onpenenenuss ® oneparopa L
(QyHKIEH ¥, Ha KOTOPO#l 3TOT onlepaTop ofpallaeTcs B HYJb.

OueBuzHO, BcfAKas OJHODOLHAS KpaeBas 3ajaua HMeeT Io
KpaliHed Mepe OJHO pelieHHe, HMeHHO y == 0. DT0 peuieHHe Ha3bl-
BaeTcs TpusuaasvHoim. OHa MOXeT, ONHAKO, HMETb elle JApyrue
«HeTPUBHAJbHBIE» DElICHHH, T. €. perenus: gy == 0.

BrisicHuM, TpH KaKHX YCJIOBHSX OJNHOPOJAHAR KpaeBas 3anada
HMEET HETPUBHAJbHbIE PEUICHHUS.

Myers y1, yoy -+ .5 Yn— JMHEHHO HE3aBHCHMBlE DelleHHst AUd-
depennnanbuoro ypasnenust [(y)=0. Kak H3pecTHO u3 Teopuu
JMHEHHLIX NuddepeHInanbHBIX ypaBHeHu# (cMm., Hanpumep, Crena-
HOB [1]), Bcsikoe peutenue ypasHenus [(y) =0, B TOM uucJ/ie pemle-
HHe KpaeBOH 3alauM, JOJKHO HMETb BUJ

y=cyi+ oo+ ... FCuY,

rae ¢, ¢y, ..., C,— HEKOTOpHe nocTosiuHble. IloJAcTaBasiga 3TO
Bhipaxkenune Aad y B ycaoBua (6), MOJyuHM CHCTEMY JIHMHEHHBIX
OLHOPOJHBIX YDPaBHEHHUN

U, (y)+ Uy (y)+ ... +c,Uy (y,)=0, )I
cUs (y)) +cUs (yo)+ ... +¢,Us (y,) =0, } )
0 )

U (9) + c2Up (92) +

v+ Un(y,) =
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A onpefeneHHs MOCTOSIHHBIX Cj, Co ..., C, OO003HAUHM uepe3 r
PaHT MaTpHILI
Uy (y) Ui (g ... Ui (4)
U={U2g) Uy ... Us (4 . (8)

Um(yl) Um(!/2) s Um(.’/n)
Torna ypaBHeuusi (7) UMEIOT 7 — r He3aBHCHMBIX peLIEHHH OTHOCH-
TeJABHO C), Cg, ..., Cy, KOTOPHIM COOTBETCTBYIOT 74 — ' He3aBHCHMEIX
peunieHH#l y KpaeBO# 3ajnaud.

Takum o6pasom:

1. Ecau pane marpuyor U pasen r, To 00HOpoOHAS Kpaesas
sadaua umeer 8 TOYHOCTU N —T He3ABUCUMbLY peulenull.

B uactHoCTH:

1I. a) OJdnopodnas kpaesasa 3adaua UmeeT HETPUBUAIbHOE
pewernue To20a U ToAbKo To2da, Kozda pane r marpuyst U smensuue
nopadka n dugepenyuaibroeo oneparopa.

6) Ecau m <n, 10 00HopoOHras kpaesas 3adaua umeer werpu-
BUAABHOE pellerue.

B) Ecau m =n, 7O 00HOpOORAA Kpaesas 3a0aua UMeeT Herpu-
8UQAbHOE peuwleHue To20a U TOABKO TO20aQ, Ko2da onpedeaurens
(8 aTom caynae xksadparnoil) marpuyer U pasen uyiio.

OrMmeruM, uto pane marpuyst U ne 3asucur or seibopa ¢pynda-
MENTQAABHOU  CUCTeMb. Yy, ..., U JleHCTBUTeJBHO, Hepexox OT
OJHON TaKOH CHCTEMH Y, ..., Y, K Apyro# 7, ..., #, ocyule-
CTBJASICTCS JIHHEHHBIM npeobpasoBaHHEM

n

Py Al .

yiz.Z{aijyj) l=1, 2’---7 n,
]:

olnpenesnTeJb KOTOporo O:I‘JII/Iqu OT HYyJIA.
Tax kak 1npu 3TOM nepexole Matpuua U yMHOKaeTcd Ha
marpuny (a;;) i, j=1, ..., n, To panr marpuus U He u3MeHseTCH.
Panr marpuun U HasuwBaeTcss paneom kpaesol 3adauu.
Onsopoaunas KpaeBas 3ajaua fonyckaer cieayiouee ofobuenne. [Tycrs Uy (y),
Uaty), ..., Un(y) —anuelino HesaBHCHMBIE JIMHeHHBle HenpepbiBHBE (YHKIHO-
waas *) B C™, n nycrs I{y) — nuddepennnansHOe BHIPaXeHHe A-TO NOPAAKA.
O6o6uwennoid 0dHopoduoil kpaesoil sadaued GyieM Ha3pBaTh 3ajady onpe-
JeqeHHss (QYHKIHH Y, YAOBJASTBODPAWILEH YCIOBHAM
l(y)zov Uv(!/)=0, 'V=1, 27'r~7 n.

OueBHAHO, 4YTO. PE3VJAbTATH 3TOPO OYHKTA MNOJHOCTLIO NEPEHOCHTCH Ha cayuafi
0000:ueHHO KpaeBOH 3aauy.

fl
*) B kauecTBe HODMH B C™ moxno B3ATH lyl= Z max ly'k) (x) |
f=0 S Xh
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Hexortophle uacTHble caydad of0oGuieHHOR KpaeBOH 3agavd paccMOTPEHH
g paborax Tamapkuna {cm. Tamapkun [3]) n apyrux asropos (cm. Cwmorop-
sepekait [1] 1 Kamke [1]), u. I, § 5, rne npusesena moppobuas aureparypa),
go B oO0wWell MOCTAHOBKE OHa 110 CHX NOP He pacCcMaTpHBAJIach.

5. dopmyna Jlarpanxka; conpsukeHHoe auddepeHuHanbHOE
puipaxenne. Ilpeanosoxum Ttenepp, uro KodhPuHUEHTH p,(x),
k=01, 2, ..., n, iupdepeHlNaILHOIO BHIPANKEHUST
d"y
dx®

dn~1y
H{y) = po(x) + o) —+ ... +p.(X)y
dx

HMeloT B HHTepBaJse [a, b] HenpeprBHBIE NMpouU3BOAHLIE M0 (1 — k)-TO
nopsiika BKJIOUHTENbHO.

IlycTh ¥ ¥ 2 — 1Be TPOU3BOJLHBIE GYHKUHH H3 c, Wnrerpu-
pysi R pas mo uacTaM, MOAYYHM *)

b
[ Pa-s2y® dx =1pos2y®™ — (paa2) y*2 + ...
a

b
. (B x=b -
o A DT P®) 0L, 1 [ g (pakdPdr. (9)

TMonoxum 3gech k=n, n—1, ..., 0 1 npocyMMHpyeM TOJyUEHHBIE
paBeHCTBa; MBI NpHAeM Toraa k QopwmyJe
b

b
Jtwzds=P@m 0+ [ yT R dx, (10)
rre a a

I'(2)=(=1)"(p2)™ + (= )" (5:2)" " +
+ (=1 (p2)" T+ .. + paz, (11)
u P(n, {)— HekoTopas Ou/MHeliHas (OpMAa OTHOCHTEJNLHO Mepe-
MEHHBIX
N U Voo on U0 Gy G e 55
= (Za, 2, e, zszﬂ—l), 2y z;, cee, zg““)_
Hubdepennyansuoe Bripamenue I*(2), onpeaetennoe dopmyaoit (11),

Ha3blBaeTCa conpancennoim K inddeperinaabaomy Buipaxenuo [ (y).
®opmyna (10) nasmBaercs popmyaol Jazparmca.

¥} 2 obosnawaeT KOMIJIEKCHOE UHCAO, CONPSIKEHHOE K 2, WJIH — QYHK-
o, 3Haq)eﬁux KOTOPOH SIBASIOTCA CONDSKEHHBIMH K COOTBETCTBYIOUIHM 3Haye-
HUSM 2 (x). ) )

2 M. A Hagimapk
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IlpuMenss npefblAYLUIHE DPACCYIKAEHHA K HHTErpaty
b
fl*(z) - gdx,
a
MBI npujeM K ¢opMmyJe BUAA

b b

[t@-gdx=Qm 0+ [z -G dx.

a a

CrepoBarennto, AuddepernnabHoe Buipaxenne [(y) sBasercs
*
CONPsXKEHHBIM K [ (2):

I (y)=1(y).

Ipyrumu caosamu, Oupdepenyuarsnoie soipancenus [(y) n I (y)
conpaxcers. Opye dpyey.

W3 onpenesnenns (11) compsikeHHOro BBIpaXKEHHsS HeNOCpeN-
CTBEHHO BUJHO, 4TO

(h+ 1) =11+ I, (12)
U, €CJAH A — uucsao,
(My = Ar. (13)

Jdubpdepenunanpuoe Boipakenne [(y) HAZHBALTCH CAMOCONPSL-
ascennoim, ecan ["(y)y=1I[(y). Us (12) u (13) crenyer

111. a) Cymma camoconpsascertoix Quppepenyuaibubix soLpasice-
HUtl ecT6 TAKMCe CAMOCONPANCEHHOE QU pepery LA IbHOE Bbl paNceHue,

0) lIpoussedenue camoconpascennoeo Judppepenyuaisnozo ol
pasienuss HQ BEULECTBEHHOE 4UCAO eCTb TAKICE CAMOCONPANCCHHOE
oughgepenyuaibHoz 6v pascerue.

Hafinem ofmuit BHA Bcex camMoconpsiKeHHHIX AUPdepeHUHab-
HbIX BhIpamenni. N

IV. Bcakoe camoconpamucennoe ougpgepenyuaionoe ol panxcenue
ecTe cymma Ouddepenyuansrolx soipaxcerull suda

g, . -
b (g)= (g™ Loyt (9) = 5 [ipg™) + ipy) ™™,

2de p — QyYHKyUA, NPUHLMAOWAR TOALKO BEL{ECTBEHHbLE SHAYCHILA.
HdoxasareanbcrBo. PaccMorpum uuTerpaJni

b b
[ wrzde, [ by (g)zdx,

rie g, 2 C'™; HTErpuUpys HO YACTAM, JErKo YOAMTBCH B TOM,
410 loy(y), lay-1(y) — camoconpsikennsie AnddepeniHalbHEe BbIpa-
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xenns. [103TOMy cymMa Beipamenuit Buaa lo,(y) u lpy_;(y) ecrn
raKke caMocounpspKenHoe Nuddeperunanbuoe BHpaKeHHe.
ITyctb, 00paTHO,
[g) = poy™ + piy™D+ ... + puy
— caMmoconpsixennoe nudpdepeHunasbHOE BbIDAXKEHHE, A0KAKEM,
yro [(y) ectb cymMma BhlpaxeHH#t BUAA loy(y) 1 Loy ().

[To ompexenenuio, [(y) HONKHO cOBNAAAThb C COMNPSKEHHBIM
BHIpAXKeHHEM

I ()= (=1 Go)™” + (= )" ()" "+ ...+ pay=
= (= 1" fy® + [(= 1) npy + (= 1) ] yrn .
OTCIOlIa, B YAaCTHOCTH, CJACAYET, UTO
po=(—1)" py. (14)

[lycts n uerwo, n=2u; torga u3 (14) caeayer, uro pg= py,
T. €. po NIPHHUMAET TOJbLKO BelleCTBeHHLIE 3HAYEHHS.
Boiuutas 43 [(y) caMOCOMpPSNKEHHOE BhipaxKeHnue

Ly (y) = (poym))(“) = py™ + pplyei 4 L,

MOJYYHM CaMOCOnpsiKenHoe Bupaxenue [ (y) — Iy, (y) nopsaka n — 1.

[lycre n neuverso, n=2u—1; Torma us (l4) caenyer, uyro
po= — po. CilenoBaTenbHo, p;=ip, T1e p NPHHUMAET TOJLKO Belie-
CTBEHHbIE 3HaueHHs. Buluntas U3 (y) caMoCOnpsaKeHHOE BhIPaKeHHe

byt (95) = 5 L(ipy®)™ + (ipy®)* ™) =
, Lo o Loy
=@p) YD+ S aip'y®2 4 = poy™ + 5 npgy) +

TOJTYYHM CAMOCOTPsIKeHHOe Bripaxenue [ (y) — Iy, (y) nopsinka n— 1.

W3 3THX paccyXIeHHH cJaelyeT, 4TO, BHIYUTAA IOCIENOBATEIbHO
u3 ! (y) camoconpsxennble BEPaXkenus BUAA Iy, (y) 1 [y, (y), MOXKHO
B KOHIIe KOHLOB MOJIYYATH CAMOCONPSiKEHHOe BbIpaKeHHE HYJIEBOro
nopsiika, cosnanawoumee ¢ lo(y)= py, rae p — Bemecrsennas QyHK-
uug. ITpennoxenue [V Tem caMbiM [oKasaHo.

Ecnn, B wactnoctH, !(y)— camoconpsixennoe nuddepeHinaibs
HOe BHIpaXkeHue ¢ BeLIECTBEHHHIMH KoddduluHenTaMu, TO OHO He
MOXKET MMeTh cjaaraeMoix BuAa Iy, ;(y). CnenoBaresnHo,

V. Beakoe camoconpsasennoe Ouddep ryuaisroe soipadcerie
C BeULECTBEHHBIMU KOIPPuYUeHTam 0633aTeAbHO 4ETHO2O NOPAIKA
u umeer eud

Ly = (poy™)™ + (01 )" + .+ (pusrt) + pub,
ede py, Pi, ..., Py — BeUjeCTBeRHbLE PYHKLLIL.

2*
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6. ConpsikeHHble Kpaesbie YC/HOBHsS; CONPAXEHHBIH ONepaTop.
Itycrs Uy, « .., Uy — auHefino HedaBHCUMbIe GOPMBL NEPEMEHHBIX i,
Yo oo Y90, gy i, o0 Yy, nonosanM MX TPH m < 21 KAKHMH-
uubyae ¢opmamu U, ..., Uy, 1Ko nuHelHO He3aBHCHMOH cu-
crempl 2n ¢popm Uy, Uy, ..., Us,. B cuay nuuefiHON He3aRUCHMOCTH
3THX QOpM TepeMenHue ¥, yo, ..., ¥V, y,, ¥y, ..., Y~ Moxo
BLIPA3UTb B BUJAE JHHEHHHIX KoMOuHaumid ¢dopm Uy, U, ..., U,,.

IMoacraBuM sTH BhIpaxeHdd B OHJAuBeHHYIO dopmy P (1, [)
B ¢opmyne Jlarpamxka (cMm. ¢opmyay (10)). Torna P(n, §) craner

JMHeHHOH oJHOpoxHON ¢opmol or nepemeHHnlx Uy, U, ..., U,,.
Kosdpdununents npu nepemennux Uy, U,, ..., Uy, apagiorcs Jnsel-
HBIMH OJHODOAHBLIMH (POPMaMH OT NepeMeHHbIX Z,, 2., ..., 207,
Ry Zps o0 ey 207D O603nauuM atH GopMBL Yepes

Van V2n—h R Vl

cootBercTBeHHO. Torja dopmyna Jlarpauska nepennuietcs B BHe
b b

f l(y) Zdx = U]VQn"'r UQVQn_]+ e H UQnV] + f _l/l* (z)dx. (15)

a
Dopmot Vi, Vo, ..., Vo, suneiino nesasucumet.

Jus 1oKkasaTesabCcTBa 3TOTO  YTBePKIEHHS 3aMeTHM Tpexie
Bcero, uro ¢opma P (v, {) nosayuaercss B pe3yJbTare NMPUMEHEHUS
ABOHHOHA MNOJCTAHOBKH, OTBedaOUIed 3HAYCHHAM X=q WU X =0).
CaejgoBaTesbHO, OHA HMEET BHJ,

P(n, §)=P,(n, ) —P,(n, {),

rae P,(m, 2) u P, (n, {) conepxar sanavenus bynkuui g, ¢, ..., ynb;
2, 2, ..., 27V ToJbKO IPH X=a WM TOJBKO NPH X =D COOTBeT-
CTBEHHO. .
ITosromy Mmarpuueii dopmu P (n, §) Gyner
—-A, O |
o a ) (16)

e A, 1 A, — Marpuus GopMel P, (n, &) u P, (n, §) cooTBETCTBEHHO,
a 0—mynesas marpuua.

Ho n3 ¢opmyaer (9) HemocpeAcTBeHHO BHAHO, UTO Kawk/Ads U3
Marpul, A, A, UMeeT BHI

. .. . (‘"l)n_‘lpo
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rae po caeayer 6path npu x=@a u x=b COOTBETCTBEHHO. Oe-
MeHTBl 5TOH MATPHIL, CTOSIL{ME HAJ AMArOHaJbio, He BLITHCAHBI,
raK Kak WX 3HaueHdst cediuac He wurpawoT pouan. CaenoBaresbHO,
onpefesuTeJb KaXJIoil W3 HHX Or/uueH or Hyas. B cuay (16)
orciolla 3aKJiouaeM, uTo onpedeaureas ¢opmur P(n, L) Takxe
OTJHUYEH OT HYyJd.

[Tepexoj, OT WEPEMEHHBIX Y,, Yo, <., Y20, gy, y,, ..., ypP
-k unepemenuniM U, Uy, ..., Uy, ectb auneilinoe npeoGpasoBanue
¢ ompejeJnTeseM, OTJAMYHLIM OT Hyad. [lostoMmy omnpeaeaurens
marpuubl GopMel P B nepeMeHHBIX

U, Uy ..., U

4

Moz, 2

on ey ROz L, 2D
rakxke orauueH or Hyas. Ho 3ra marpuua ecrb ogHOBpeMenHo
marpuua koadpdunuenton dopM Vo, Vo,y, ..., V. CilefoBareanHo,
3td GOPMBl JUHEHAHO HE3aBUCHMBL.

Kpaespie yca0BHSA '
V=0, V2=0: ) V2n~m=0 (17)

(a Takxe BcsIKMe KpaeBhie YCJOBHSI, WM 3KBHBAJEHTHBIE) HA3hI-
BAIOTCSI CONPANCEHMHbIMI K KDPAeBLIM YCJIOBUSM

U,=0, Uy=0, ..., Up,=0. (18)

KpaeBnie ycsi0BuSI Ha3HIBAIOTCS  CAMOCONPANCCHHOLMIL, €CJAH OHH
5KBHMBAJEHTHH CBOHM COMPAMKEHHHM YCJOBHAM.

Ouddepennnanbunii onepatop, nopoxkaeHHué Bupakennem [ (y)
U KpaesbiMU ycnoBusaMH (17), HaswBaeTCsi conpasgcernoim K onepa-
Topy L, nopoxpaeHHoMy BoipaxenneMm I(y) u KpaeRuIMH yCia0-
Busamy (18). Omepatop, conpsikenubl K L, o6o3nauaerca uepes L°,

W3 cdopmyau (15) u KpaeBux ycaosuil (17) u (18) caenyer,
uT0 d48 oneparopos L u L™ umeer mecro pagseucrso

fb_Ly-édx=fby-Z‘de. (19)

BBejeM cokpaliennoe oGosHauernne
b

, 2= | y(0) 2 () dx:

Torpa pasedctBo (19) mpumer BHA
(Ly, 2)=(y, L"2). (20)
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W3 onpefiesienust CONPSIKEHHOro ONepaTopa CjeAyeT, 4To one-
parop L ssanercs conpsowennum k L7

L"=L.

Onepatop L HaswBaercs CaMOCOND AICCHHLIM, €CIH L =L.

M3 ompenesenuss oneparopa L° ciemyer:

Oneparop L camoconpsscennoti roeda u 104650 T020a, K020a
OH NOPOXCOQETCA CaAMOCONPANCEHHOIM Oupdeperyuaisnoim aoLpa-
giCeHUeM U CAMOCONPANCCHHBLMIL KPOLBbIMIL YCA0BUAMU.

B cayuyae camoconpsxennoro onepartopa L dopmyaa (20) npu-

HUMAaeT BHA
(Ly, 2)=(y, L2). 21)

7. ConpsxenHas kpaepas 3anauya. Ecan L™ — oneparop, conps-
JKeHHBH K L, To OJHOpOJHAA KpaeBas 3agaya

L'z=0 (22)

Ha3bIBAETCS CONPANCEHHOL K OLHOPOAHOH KpaeBoil 3anaue
Ly=0. (23)
DoJsee moapo6HO Kpaemas 3ajnaya (22) 3anucLIBaeTCsl B BHJIE
I'(z)=0, (24)
Vol2)=0, wv=1,2,..., 2n—~m, (25)

rae ['(2) — nunbdepennnaspioe BrpaxKeHue, conpaxennoe x [ (y),
a (25) — kpaesple yC/10BHA, COMPSKEHHbIE K YCJIOBHSIM, NOPOIK A0~
muM omepatop L.

Hafiiem cooTnouenne Mexay paHrOM HCXOAHOH H CONpPSKEH-
HOHl 3ajau.

Ilyets 2y, 2y, ..., 2,— JUHEHAHO HE3aBUCHMBIE DENIEHHS ypaB-
Henust ["(2)=0 u nycTs r’ — paHr MarpuuH
(Viz) ... Vizw
Wz ... V2<z,,) g (26)
Vara(@) s V(e

Torpa coupsi:kenuas Kpaesas safauda (24), (25) uMeer B TOUHOCTH
n —r’ He3aRUCHUMBEIX peleHUH.

C apyrofi cropoHH, ecau y — aw0oe pelueHue HCXOAHOH Kpae-
poli 3agaum (23), To npu 2z =2, HHTerpasan B (opMy.e Jlarpauxa
ofpawtaTted B HyJab., Kpome toro, U {(y)=...=U,(y)=0. Cue-
JlOBaTeJ/IbHO, B 3TOM cayuae dopwmysaa Jlarpamwxka HOpHUMeT BHA

Umnt (y> V2n-m (Zv) oo+ U2n (y) v, (zv) =0,
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Monaras sgech v=1, 2, ..., n, noayanm, 4to GopmMel Uy (1), ...
., Usy(y) yIOBJIETBOPSIIOT CHCTEME yDaBHEHHH

Uit ) Vanem 20+ o0 + Usu () Vi (2) =0,
Um+l (!/) V2n—m (22) + oo+ U2n (!/) Vl (2'2) = 0, (27)
Uit () Von-m (Za) + oo+ Uga (9) V1 (20) =0.

DTa CHCTeMa HMeeT Mo KpaliHell Mepe n — r He3aBHCHMHX pelleHnit,
aMelHO Ui () s Usn(yp), j=1,2, ..., n—r, TA€ Yy, ooy Ypoy—
auHefino HesasucuMbie pemeHus 3agausu  (23). CuepnoBarenbo,
paHr martpulsl cucremsr (27) <<2n—m—(n—r)=n—m+r. Ho
maTpuina cucteMsl (27) ¢ TOUHOCTBIO L0 HOPSAKA CTPOK H CTOJABLC B

_COBMAjaer ¢ MarpHuel (23), Tak uro

r<{n—m-+r. (23)

Hoka)keM, 4TO 37eChb HMeeT MeCTo 3Hak pamencrsa. as atoro
3aMeTHM, HTO pacCMatTpuBaeMbie JBE KPAEBHIE 3alaud SABJASIOTCH
B32MMHO COINDSIKEHHBIMH JAPYT K APYTY; MOITOMY HX MOXKHO MOMe-
HBATL poJsiMH. [IpH 3TOM ' U r MEHAIOTCH POJSAMH, a # NePEXOAUT
B 2n — m; CJAeAOBATENbHO, r < an—(2n—m)+r/, 1. e.

r<<m—n-+r’. (29)
CpasnuBas (28) u (29), noayunm
rr=n—m-+r. (30)

V1. Pane r xpaesoli 3adauu €813aH € PAHEOM T’ CONPANCCHHOL
3adaqu cooTHowlenuem r’' =n—m+r. EclH, B 4aCTHOCTH, m =&,
to u3 Qopmyant (30) cienyer, uro r’ =r. Takum obpasom:

VII. Ecau 4ucao Hesqsucumblx Kpaesetx ycAosuti pasHo no-
padky dugpdepenyuansnozo sipascerus, TO paue Kpaegol sadauu
cognadaer ¢ paneom conpiscennoll kpaesod zadauu.

B yacrHoctu:

VIIL. Ecau wucio Hesasucumvix Kpaegvlx ycaAo8uli pasqo no-
padky Ougdepenyuarsnoeo BoLpaneRus U ecau COOTEETCT8YIOWAs
00HOPOOHAR KPA28af 300a4a UMEST AWWb TPUBUAAbHOE p2uienie,
TO CONPANCeHHAA Kpaesas 3a0aua TaKwe umeeT AUlls TPUSUAAbHOE
pewenue.

HeKOTopre AONOJHHTEJbHBIE CBEeJEHHA N0 MaTepuHaay 3TOro naparpad)a
MOXHO Ha#tH B riaBe X kHurd Koxpguurron u Jlesumcon [1].

3[[6‘21) Mbl pacCMOTpeaAv 3anauy ¢ KPaeBuiMU YC/JOBHUAMH, KOTIpbIE 3aaawnTcd
Ha XoHnax uaTepBasa [a, b]. Tlpencrasisior TaxXKe HHTEpPeC 3a1aid C Kpae-
BbhIiMU YCIOBUAMH B NPOH3BOJILHBIX 1 TOYKAX HHTEePBaaA {a, b] ITo nHOBOARY 3THX,
Tak Ha3blBaeMbiX A-TOUEUHBIX 3akay CM., HaupuMep, riapy [V kuura Cancone [1].
OTMGTHM, utd R-TOULUYHAs 3alava sIBJAMETCS YaCTHbIM chaydaem 0606LLL€HHOI‘;I
Kpaepoil sapaun, chopmynupoBasnoi B Komue n, 4°,
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§ 2. CoGcTBeHHbIe 3HAYeHHS M COGCTBeHHbIE DYHKUMH
anddepenuHanpLHOro oneparopa

1. Onpeneaenre co6CTBEHHOTO 3HAYEeHHS M cOGCTBeHHOH dyHK-
uun, Yucao A HasbiBaeTcst cOOCT8EeHHOLM 3HAuenuem onepatopa L,
ecnu B obJjacTH onpefreneruss D onepatopa L cyumecrByeT QyHK-
uua y s= 0, Takas, 4to

Ly=Ay. (1)

Dra hyskuna y HasbBaercs cobcreenHol pyuxyuel oneparopa L,
cooTsercraytouiell coOCTEeHHOMY 3HARERUN A.
Mycrs [{y) u
Ui@)=0, ..., Un(y)=0 (2)

— mnddepeHuHaIbHOE BHIpa)KeHNe H KPaeBhle YCJIOBHS, TOPOKIAK0-
wne onepatop L. Tak xak cobcrBeHHAst QYHKUUSA y AOJNKHA TPH-
HajasexxkaTe ofsacTu ompeneneHus onepaTtopa L, TO oHa AOJKHA
yAoBJEeTBOPATL yeaoBusMm (2). Kpome Ttoro, Ly=1I1(y), cregosa-

TeqanHo, H3 (1) uMeeM
Hp=1hy. @)
Taxkum obpaszom:
Cobcrsennbie 3nauenun oneparopa L cyre Te 3Hayenus napa-
merpa A, npu Koropeix 00HOPOOHaAR Kpaesas sadaud

Ly)=21y, Uy(y)=0, v=1,2, ..., m, (4)

UMEET HETPUBUQAbHBIE PEUIeRUS; 3TU HETPUBUAABHbIE pPEUleHUs
ABARIOTCH COOTBETCTBYIOWUMY COOCTBEHHLIMU DYRKYUAMU.
Jlnnefinass koMOuHAUUS COOCTBEHHBIX QVHKIHH, COOTBETCTBYIO-
IIHX OXHOMY M TOMY JKe COOCTBEHHOMY 3HAUEHHIO A, ecTh TaKiKe
co6cTBeHHas GyHKUMA, cooTBeTcTByIOUIad A. JleficTBUTEILHO, €CJaH

Ly, =hky, v Ly, = Ayy,
TO TaKxXe )
L{ciy + eap) = Ae iy + coy0)

IpH JOOBIX NOCTOSHHBIX €, Cy. ,

Tak kak onHoposHoe ypaBHenue (3) mpu ZaHHOM A HMeeT He
Gostee n - NuHeHHO HE3aBHCHMEIX pelIEHUH, TO OTCIOAA CJAERyeT, uTO
COBOKYNHOCTY 8Cex COOCTBEHHBLX = (PYHKYUIL, COOTBETCTBYIOULLY
OOHOMY U TOMY e CODCTBEHHOMY 3HAHEHUIND, eCTb KOHEeYHOMEepHOoe
HPOCTPAHCTEO pasmepHocTu <L n. Pa3aMepHOCTb 2T0ro NpOCTpaHCcTBa
€CTb MNPOCTO HHUCJO JHHelHO He3aBHCHMLIX pelleHHH KpaeBol 3a-
naun (4) mpu JaHHOM COGCTBEHHOM 3HAUEHHH A; 3TO UHCJIO HA3H-
BAeTCH KPATHOCTH!0 COOCTBEHHOTO 3HAUeHHS.

Haiinem ycaosus, onpenensiomue cobcrentsie sHauenus. O6o-

3HaYuM HEpes
yl(xr }‘/)z yg(X, A’); Ty yt@(x> K) (5.)
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¢yHAAMEHTAJBHYIO CHCTeMY pemenuit auddepennunanpuoro ypas-
genns (3), ONpPe/e/IeHHYI0 HAYA/JBHEIMH YCAOBHAMU

0 mpu j=£w,
(v-1) -
ij (a’ ;“) { 1 an j —_ V, (6)
LHv=1 2 ..., n

Hs ofuminx TeopeM O pelleHHAX JIHHeHHHX AuddepeHIHatbHbX
ypaBHeHuH BRITEKaeT, 4TO 45 MoGoro GUKCHPOBANHOrO 3HAUCHHS X
#3 [a, b] ynxkuuu (5) OyAyT LeAHIMA aHAAUTHUYECKHAMH PYHRIHAMHK
napaMerpa A.

Corsaco pesyabratam n° 4 § 1 xpaeast sanaua (4) Toraa
H TOJBKO TOrZa MMeeT HETPHBHAJbHOE pEIeHHe, KOLAA PAaur r

MATPHIBI
Ulg)) .. Uilys)
U=!{ + . . . . .. ..
Um(y,) Um(yn)
MeHbIIe A.

Ectn m<n, 10 u r<n; B 3TOM cayuae KpaeBas 3afaua (4)
MMeeT HeTDHBMAJIBLHOE DelieHHe NpPH JIOGOM 3HAYEHHH A

Caenosateabno, npu m<n aw0b6oe 3navenue A seasercs cob-
CTBEHHBIM.

Ecau m>n, rto pasr Marpuuw U 6yjger Mewbuie n Toraa
TOJBKO TOTAQ, KOTAA BCE ONPEACJHTENH 7-TO NOpajka MaTpuius U
paBHRl Hymo. Ho Xaxasii ¥3 3TUX onpejaeuTeseft ecTh lenas
aHaJauTHYeCKass OyHKuua or A. [To3TOMYy RO3MOXKHE TOJbKO cJe-
RyOHIne CJay4aH:

1°. Bce onpedeaureau n-eo nopsdsa marpuyer W roxmdecraenno
1asHbL Hyrio. B arom cayuae a06oe 3Havenue A no-npescHemy
18a5eTCR cOOCTBEHHBIM.

2% Xors bor 00un us onpederureneti n-2o nopadra smarpuyor U
te ABaneTcA TONOeCTeHHbIM Hyarem. B 3ToM cayuae cobersen-
'BIMH  3HQYEHHAMH MOTYT ObITh JIMIIL HYJH 3TOrO ONpereHTess
! pUTOM Te, /st KOTOPHIX 00paIIaloTCss B HYJAb BCE OCTAJbHBIE
MPEfeNUTeNH A-TO nopsiika Marpuns M.

Ho nenas ¢yukuus, ne paBmas wymo, nmeeT ne Gosee cyer-
OF0 uncsa wHynedt (4 MOKET WX BOBCE He HMETh), KOTOpbE IpH
TOM He HMeIOT KOHeuHOH mnpefenbHOll Toukn. CaenoBaTeabHo,
cayuae 2° oneparop L umeer we bonee cuernoeo aucaa cober-
PHNbLX sHauenutdl (M MOXET HX BOBCE HE HMeTh), KOTOpbie npu
FOM He MO2yT UMeT6b KOHe4HOU npedesvrol Touku.

Obvennusin Bce 5TH cayuan, Mbl nOaydYaeM CACAYIOULYIO Al
*PHATHBY

L Ian scsixozo Oupgepenyuansnoeo oneparopa L unmeror
eCTO TOALKO Ccaedyrowue 08¢ 80IMONHOCTU.,
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1°. Beakoe wucao h ecrs cobergennoe suavenue oneparopa L.

2°. Mnowmecrso cobereennnix snauwenuti oneparopa L ne 6oaee
yem CHETHO (8 HACTHOCTWU, OHO MO¥ceT ObiTb RNYCTLLM) U He uMeeT
KOHEHHBLX NpedessHblx TOUeK,

Hawnboanmuit untepec npeicramJser cayyallt m=n. B panb-
HefIeM, ec/Id 3TO CHeHHaJLHO HE OroBOpeHo, Mhul GyjxeM paccMa-
TPUBATL TOJABKO 3TOT cayuail.

Tonoxum npu m==n

Ui(g) ... Uiys)
A= )
Un(yl) Un (yn)

B cuay mpeamayuiero A(A)~— nenas aHaauTHuecKas GyHKIHS
nepemennoro A. OHa HaswblBaeTcs xapakTepuctTudeckum onpedeau-
resem oneparopa L (a Takxe xKpaemoit sanmaun Ly=0).

Tlpennaylune pacCy:KACHHA NPUBOJAAT B 5TOM cJaydae K cJje-
LYIOILHM NPeANOKeHHAM:

11. Cob6creennvie 3nauenus oneparopar L cyre Hyau @ynk-
yuuw A(A). Ecau ¢ynkyus A(M) romdecrsenno pasna Hyaw, TO
8CAKOE HUCAO A eCTy cobcT8enHOe 3Ha4eHue oneparopa L.

Ecau ¢ynxyusa A(A) e obpawjaercs To#OeCT8EHHO 8 HYyAb,
70 oneparop L umeer He 60.4ee CHETHO20 HUCAA COOCTBEHHbIX 3HQA-
yenull, KOTOpble npu 3TOM HE MO2YT UMETd KOHedHOL npedeabHol
TOUKLL,

Ecan, B uacrtroctu, dyukuus A(A) He uMeer HyJeH, To ome-
patop L He uMeeT COGCTBEHHBIX 3HAUEHHH.

CobcTBeHHOR 3HaueHHe A MOXKeT ObITb KpPaTHbIM HyJaeM (QYHK-
nun A(A).

111, Ecau Ay ectos nyas xaparrepucruyeckoeo onpedeaureas A (L)
KPATHOCTU Vv, TO KPATHOCTH CODCTBEHHO20 3HAYeHUs Ay He npesoc-
xodur v *).

Hoxraszateabctro. IlycTe r — panr MaTpuubl ONpexeUTEs
A(Ag); Torma KpPAaTHOCTL COOCTBEHHOTO 3HAUEHHA Ay €CThb 71—,
C Apyrofl CTOpPOHBI, H3 M3BECTHOTO HpaBHJAA AUGQepeHlUUHpOBAHNKSA
onpesieautesell BLITEKAeT, UTO NPH A = A, BCE UPOH3BOJHEIE Ompe-
neaurenas A(R) no {(n—r—1)ro mnopsaka BKAOUNTEJbHO o6pa-
WATC B HYJb. Tark Kak Ag— HyJb KPaTHOCTH v, TO OTCI0IA 3a-
KaouaeM, uto n—r— 1 <{v—1; caexosareabHo, n—r < v.

Ecau, B uacraocery, v=1, 10 n~r < 1; ¢ apyroft cTopouw,
n—r>=1, n6o A(ky)=0; caenosareabHo, n—r = 1. Mbl npuxosnm
K CAeAYIOUIeMY pesyJbTary:

*) Bosiee rounas cnekTpansHad XapakTEPHCTHKA UHCAZ ¥ LASTCS B BPEATd-
xerund VI n® 3 (em. crp. 29)
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IV, Ecau Ry ecTe npocrod HYyas xapaxTepucTueckozo onpe-
geauress A(A), TO KpATHOCTo cOOCTBeHHO20 BHaueHus hy onepa-
ropa L pasua edunuye.
CoO6CTBEHHOE 3HAUCHHE HA3LIBAGTCH APOCTHIM, €CJAH OHO ABJAETCS
npOCToLM HYJEM XapaKTepPHCTHYECKOro onpefesutens A (A).

2. Paznuunsie 0Go6BCHMS 3a7a4%H O COGCTBEHHBIX 3HAYEHHAX. B NPHJIOKEHUsIX
BCTpEHaoTCH HHOTAA Gosiee obuiHe 3afain O COGCTBEHHBIX 3HAHEHHAX JHHEHHOTO
audPepennyanbHoro oneparopa. PaccMoTpum, maupumep, cleayioumnii cayuai.

Kosppuyuentor auneiinoeo Oupgepenyuarsrozo evipaxcenus [ (y) u, so0s-
moscHo, Kpaesoix yeaosud Uy (y) =0, v=1,2,..., n, 308ucar oT HekoTopozo
Kosnrexchozo napamerpa h. Onpedeayrs Te snasenun k, dis KOTOPux Kpaeeasn
sadava

{y)=0, Uy(y)=0,v=1,2,...,n1, (8)

umeer HETPUBLAAbHOE peulenue Y.

OTH 3HAUCHHA NAPAMeTPa A HA3LIBAIOTCH COGCTEEHMMbLMI 3HAYEHUAMU KPle-
ot 3adaxu (8), a COOTBETCTBYIOMHNE HETPHBHAILHEIE PellleHHs Yy —ee cobcT8en-
HOLME Dy RRyuR ML,

Paccyxnas tak xe, Kak u B 1° |, CTPOHM XapakTepHCTHUECKHH Onpeie-
aurens A (A) no dopmyse (7); coGereennoinu snawenuamu 6yoyr wyau onpede-
aureasn A (A

Ecsn xospduunentnt Buipamenus [ (y) #4 kpaeBHX ycaosul OyAyr amaqd-
THYCCKHMH QYHKIMAMH TapaMeTpa A, DPeryaspHuiMH B HeKoTopo# obaacth &
A-muockocTH, TO M onpepeautens A(A) Gymer amanuTmueckolf dyuxumesi A,
peryasiproit B obaactr . I105TOMY HMEOT MeCTO CaeLyIOIHe ABE BO3MOKHOCTH:

1°0 A (AM)==0 8 obaacra €; toraa kKaxpgoe uncao A = & ecTh cofcTBeHHOE
3HaueHye.

2°. A(A)=%£0; ro20a 6 obaactu & cywecrsyer He 6oaee cueTHoZO wucaa
cobeTéennsis anadenttil, Ke UMeowHx npedersuoix Touex exyrTpu obaactu &.

Ecau, 8 wactnocTH, KO3 Puunentn Bupaxkenus ! {y) u dopm Uy {y) — neaste
aHamuTHYeCKHEe DYHKUMM A, To U A (A) — Hesast QYHKIUSA; CICI0BATLILHO, B 5T0M
CIydae CCTAIOTCH CHPABEINUBBHIMH NPENJIOKEHHs, CHOPMYAHPOBAHHLIE B KOHIE
1° 2. HauGonee yacro Berpevaercs 1ot caywaii, koraa ! (y) =1, (y) + A Ly (y), rie
() u Ly (y), a raxke dopmm Uy (y) or A e saBucaT. B sToM cayiae Ko3g-
bunments BHpaxennst [(y) SBANIOTCH JANHEHHBIMH (caenoBaTeNbHO, LEJIHME)
pyHKu#sMU napamerpa A. Ciel0BaTENbHO, U B 5TOM clydae CIpaBeIUBL Ipel-
IoxeHust, cpopmMyanporaunse B n° 1.

OTMeTM caeaylowkii BAXHBIE UACTHHE cayuaft  ofobuwennolt  sazavum
¥ COGCTBEHHBIX 3HaUEHHAX:

L+ Al (y) =0, Uy()=0,v=1,2 ..., n,

ze 1), I;— camoconpsiRennbe audbepenunanbube Bupaxennus, a Uy (y)=0,
=1,2, ..., n,— caMocONpsKEHHBIE KPAa€RHIE YCAOBHS MO OTHOIUCHHIO K KX~
OMy H3 gudpepenumanbunix BupakeHnd [ (y), L (y). 1y 3anawy noxpobua
acemorpea O. Kamke (cm. Kamre [1--3]).

3. Npucoenuunenuste GyHKUHH. PaccMOTPHM 0600WeHHYI0 3anaty Ha coG-
TBEHHBIE 3HAYEHHS
Hy)=0, Uy(=0, v=1,2 ..., 1

KOTOpo# kosPpuuments anpdeperunanshoro supamenns ! (y) n dopm Uy, (1)
MAOTCA aRanurTHdeckuMu GyuxunaMu napamerpa A. IlycTh Ag — coBeTmenmoe
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agauenue, a ¢ (x) — cooTBeTCTBYIOM AT coGerBerran Gynkuus sroft sagaun. Cu-
creMa ¢yuruui @) (x), ®2(x), ..., @z (¥) HasbBaeTca yenoukod Gynxyuii, npu-

coedunernolx K co0CT8eHNOd dynkyuu §(x), ecan OYHKUHH Qg @y, ..., @4, TAE
@ = @, YAOBJTBOPAIOT IPH A=Ay AuddepeHuuanpHbiM ypaBHEHUAM
1 a! 1 69
! F— —(Qg-t)F oo F— —— () =0, ¢=0, ..., & 9
(vg) 1 on (Pg-1) Y Po q 5 (9)
H KpaeBblM YCJIOBHAM
1 oU 1 370y
Uy (@g) +— =2 (gg-1) + ... +— ) =0, 10
v {®q TR (Pg-1 Y {90 (10)

. g=0, ..., By v=1, ..., n.
a9l 09U
3nech G_Aq oGosnauaer puddepenuuanpioe BbpaxKeHHe, a o6o3Hauaer

kpaesyio dopmy ¢ kKoadduumeHTaMH, DaBHBHIMH [POH3ROAHBIM NOPsiAKa ¢ IO
nepeMeuHOH A or cooTBeTcTBYIOWMX Koddduuuentor [ u Uy.

Jdemma A, Iyere npu a<<x<<b ¢pyncyun O (x, A) pasaazaerca 8 cre-
nennol pad

@ (x, &) =0 (x) + @5 () A ~Ao) + @2 (¥) (A — A0)* + ..., (1

cxo0auuiics 8 nexoTopoill oKpecTHOCTU Touku Ay Has Toeo 4robut pyunkyuu
P> 91> -+ -» P yOosaersopasn ypasuenuam (9) w (10), Heobxodumo u docra-
TO4HO, 4TOOL Ao Gola0 npu a <L x < b nysrem xparnoctu > k kawdoid us ¢ynx-
yuit 1(®)y u Uy (D), ..., Uy (D).

HoxasarteabcTso. Jlesas uacts (9) pasua xosddunuenty npu (A — Aq)?
B pazmoxennn [ (D) no creneHsiMm A — Ag; aHAJOTHUHO OBCTOHT A€JO C JeBOi
yacteo (10).

Jdemma B. Hycre ¢yuryuu ¢y, ..., 92 ydosaersopsor ypasnenuo (9),
a pynxyun O(x, 1) onpedeasercs gopmyaoii (11). Ecau y(x, A) — pe-
wenue ypasuenun I (y) =0 (a < x < b), ydosaersopsiowee npu x=a Tem e
HawaabHo  ycaosuss, uro u pyuxyus O (x, X), 10 8 passomenusx Qyuxkyui
y{x, &) u ®(x, &) no crenenam h— Ay nepsvie k+ 1 usenos cosnadasor.

JoxasareascrBo. [To ycaosuio

Hy(x, 1)) =0,
¥ (a, )=0@ (a, ), ¢=0, ..., n—1L }

Tak xak ®@ (a, 7»0)=q)6‘” (a), T0 B cuay TeopeMH eAMHCTBEHHOCTH IJs pelne-

aafl auddepenunanubix ypasuenndt, y (x, rg) = @p (x). CoBnanenne cieryouHx
K03 QHIMEHTOB Pa3JOKEHHH JOKA3BRAETCS! AHANOTHUHBIM CHOCOBOM C NOMOILBIO
cootHoumeHul, Noayuaemux u3 {12) puddepennuposannem no A.
Canencraue. Hycre pynryusn y (x, &) ydosaeraopser ycaosuam remmst b
u, kKpome 1620, @y, @y, ..., Qp ydossereopsror ycaosunm (9) u (10). Toada Ag
Aeasercs nyrem Kparsocru >k xawdoid us gyskyud Uy (y), ..., Un ().
Bynem rosopuTh, uTO coOcTBeHHan OQYHKIMT @, (X) HMeeT KparxocTy i,
eC/H CYILEeCTBYET UENoYKa M3 NPHCOCAHHEHUbIX K Hefl QyHKuui, cocrosuwas us
my— 1 Gyuxuuf, Ho HeT TakOd UENOUKH, cocTosied U3 my QyHKUMH.
V. Ecau hg— nyare ¢yncyuu A (A) kparnoctd m, T0 KPATHOCTH 0601 c0b-
creennotl (pynkyul, oreewatowell Ay, He npesocxodur m.
JdokasaTteasctno. Ilycrb @p(x)— cobcrBennas GyHkuus (oTBEUAIO-
masn Ag) KPaTHOCTH g, k=rmy— | u ¢ (x), ..., ¢z (x) — cooTBETCTBYIOWAs €~
nouxa npucoenHeHHbX Qyaxuui. Moromum g, (¥, A)=y(x, A), rae y{x, A)—

(12)
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d',yﬂxuun, yaosJjeTBoOpsioulas ycaosuaM gemmul B, O6oaunaunm vepes y, (x, A), ...
., yn(x, A), kaxkue-anGo ¢yukuuw, obpasyioune Bmecre ¢ g, (x, A) ¢yHna-
;ueu'ranbnyro cucteMy pewenuil ypasuenus ! (y) =0 B OKPECTHOCTH TOUKH A = Ay.
B cuay NpebAyLIero ClelcTBUd Ay Gyner wyJem KpaTHOCTA > B COOTBeTCTBYIO-
mero onpenenutens A (&) (cM. (7). Crenoratennho, £ < m, T. e my << m.
Tlycte Teneps @y — COGCTBENHAA QYHRIUA MAKCHMAABLHOR KPATHOCTH; Qp — o6~
creenHas (QYHKUMST MaKCHMaJbHOH XDaTHOCTH cpean coBCTBeHHMBIX tpynxunno,
auueAHO HE3ABHCHMBIX OT @; BOOGIe @; — COGCTBeHUAS ByHKUMA MAKCHMAAbHONK
KPATHOCTH CPeH COBCTBEHHBIX dyHKiuH, pHHEAHO He3ABH CHMBIX OT @y, Py, .+ . ., Pjs.
OueBHAHO, 4TO ODwee MHCAO TaKHX (QYHKUHE PaBHO KPATHOCTH P COGCTBEHHOrO
suauerns Ao OG03MAUMM yepes m; KPATHOCTL COBCTBEHHON (HYRKLHH @;, a uepes

q)]l’ (pr) saey (P/, ﬂll'-!

— COOTBETCTBYIOIWIYI0 LENOYKY NpHCOeAHHeHRHX oynkunit. M3 camoro onpege-
JIGHHS UHCEJN Mj BEITEKAeT, yTo

My 2= My 22 ... 2 My,
Monyuennas cucreMa ¢GyHKIME
q>f’ (p!'h (pf27 vy (pf: m]'—l’ ]=I) 2’ e Py
Ha3BBARTCA KAHOHUHCCKOU CUCTeMO COBCTEEHHbIX U npucoedUHEeHRbLY yHKYUL.
VI. Cynma «parnocred m,+my+ ... TNy pABHA KPATHOCTU HYAR Ag

Pyrnryuu A (R):
my+myt ... Fmy=m.

-Hoxasareancrro. ITyers y;(x, A) —peweuns ypamuenns [ (y)=0,
yROBIETBODAIOUIHE HPU X =@ TeM K€ HAYaAbHHM YCJIOBHAM, 4TO H (QYyHKUUA

@i (0) + @11 () (b= Ao+ oo + Qimyoy () (= Rg) ™"

’

‘=1, ..., p, u aycts QYHRHMHH ypiy (x, A), ..., yn(x, A) oOpasyior BMecre
P x, A), .., yp (X, X)) dyHIZaMemTaMBUYIO CHCTEMY peulenuit ypaBHeHHs
"(y) =0 B okpecTHOCTH TOUKH Ao. I1pH mOMOWH Gynxuna gy (x, A), ..., yn(x, A)

0pasyem onpelennteas A (A). Tax KaK B cuay caencrsus u3 jgemm A u B Ao
IBIAETCS HyJeM KPaTHOCTH > /m; SJ€MEHTOB i-T0 cToadua onpegenurens A (1)
pHi=1, ..., pTO MZm+ ... + mp rae M — KPATHOCTb Ag KAK KopHs A (A).
112 noxasareabcrba o6partiore HepasencTBA NOMOKHM

A =(A—a)" M A (2)

NPEANION0KHM, UTO, BONPEK HAUIEMY YTBePMAeHH©, Ay (Ay) =0. Torga cyme-
TRYET TaKoe j, 4T0 CTO/MORH C HOMEPOM | ONpefednTests A; (Ay) SBAAETCH JH-
eRHOR KoMGuHamuell CTONOLOB C HOMepOM > j- Obosnauum gepes @jig, ..., Gy
JOTBETCTBYIOWHE KO3(OMUMEHTH 3TOH JMuHeAHOR KOMOHHA HE ¥ NOJOMHM

y (x5, Ay =yg; (% M)~ D aifii (x, ),
i>j

i (e A= (= 2)" " gy (x, A). i >
}4 9TOM Mbl CynTaeM, uT0 m;==0 xas [ > p. ITpu TakoM onpejesenun dyHKuun
(x, A) uncao Ay fBAferTCH wynaem ookt kpathoetn dynkunu ! (y (x, A)) (sTa
FHKIYA TOXKAECTBEHHO PABHA HYJIO) H KODHEM KPATHOCTH > mj-+ | dyrkuun
v(9), v=1, ..., n. CregoBaresbho, B cu1y sgeMmb A ¥ (x, Ag) sBAsIETCSH €OB-
Beuroll dynkuue#t xparmocrn = mj+ 1. lpu j<<p s10 IPOTHROPEYHT TOMY,
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yTo cOGCTBeHHHE (YHKUNYU, AMHEHHO He3aBHCHMBIE OT @y, ..., §j-;, HMEIOT KPaT-
HOCTh < mj. IIpn | > p 370 O3Hawaer, 4TO uMeeTes COGCTBEeHHAR QYHKLHA,
JIMHEHHO He3aBUCHMAA OT @y, ..., Qp, UTO TOXKE HEBO3IMOKHO,

Ipepnoxenue VI o3nayaer, uTo KaHOHUYeCKAas CHCTeMa COOCTBEHHBIX H
npHCOBAUHEHHBX YHKUMA MOpPOXKAaeT NOANPOCTPAHCTBO, PA3MEPHOCTL KOTOPOro
paBHa KPaTHOCTH KOPHST Ay onpeneaureas A (A) (u6o Jerko Buaers, Yto CoO-
CTBEHHBIE H I[IPHCOENUHeHHble (YHKIMH KAHOHUYECKOH CHCTEeMBl JHHEHHO He3a-
BUCHMEL), TAK YTO NPHCOeNUHEHHbe GOYHKIHHU JROUNOJMHAIOT MHOXeCTBO COOCTBEH-
HEIX GYHKLUHH KO NPOCTPAHCTBA HYXKHON PasMEepPHOCTH.

Teoprsa npucoegHHEHHBX (GYHKUUH SIBISETCA aHAJNOTOM TEOPHH 3JeMeHTap-
HBIX feadTe]ed JuHeHHBIX ONEPATOPOB B KOHEYHOMEDHOM HpPOCTpaHcTBe (CM.,
Teantanx [1]). Ilpusenennasn 3aech TEOPHS NPHCOENHHEHHBIX OYHKUMA NPHHAA-
aexur M, B. Keappury (em. Kenawuu [1]).

4, CoortHouieHNe MeXJIy COGCTBEHHBIMH 3HAYEHHSAMH H €00~
CTBEHHBIMM @YHKUMAMH CONDSXKEHHLIX ONEpaTopoB ¥),

Teopema 1. Ecau *—cobcrsentnoe 3suauenue oneparopa L
KpaTHOCTW p, TO X — COOCT8eHHOE 3HAHEHUEe CONPAMEHHO2O Onepa-
Topa L™ Toli me xparnocru p.

Hoxaszareabcrtro. [lycts oneparop L nopoxpaercs IuQ-
(bepeHuHaNBHEIM BhipakenueM [ (y) ¥ YCJAOBHSIMH

U\J(y)zov V=1,2,-~-,m,
a onepatop L"— Bhipakenuem [*(y) U yCAOBHAMU
Vo) =0, v=1,2,..., n

L) =1(y)~ Ly;

() =1 (9)—%y.
Ecan A -—cobcTBeHHoe 3HadeHde omneparopa L KpaTHOCTH p, TO
KpaeBaf 3ajava
ll(y)=0’ Uv(y)zo’ 'V:,'l’ 2)-'-, I,

BEMeeT p JHHeHHO HE3aBHCHMBHIX pelIeHHH.
B cuay pesyabraros n° 7 § 1 (npensnoxenue VII) orciona cae-
AyeT, YTO CONpPSIKEHHAs KpaeBas 3afada

L()=0, Vy(g)=0, v=1,2,..., n,

TaK:Ke MMEET p JHHEeHHO HE3aBUCHMBIX pelleHwufi. JTO 03HAUaeT,
yto A ecTh COOCTBeHHOe 3HaueHuWe omeparopa L KpaTHOCTH p.

Odpe ¢yHkuun y(x) H 2 (x) Ha3BLIBAIOTCA OPTO20HAALHOIMIU,
ecan **) (y, 2)=0.

TTonoxHuM

TOornAa

*) HamomuHaeMm, YTO Temepb PAacCMATPUBALTCA TOABKO caydalf m = n.
b

#%) Hanomunaem, 4to (y, 2) ofosHauaeT MHTErpals f y (x) 2 (x)dx.

a
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Teopema 2. Colcrgennsie ¢ynkyuu oneparopos L u L*,
coorsercTayiouue CoOCTBeRHbLM SHAuenusm A u p coorsercrsenno,
OpTO2OHAAbHYL, ecAll A= |i.

HJorkasatenbcTBO. IlycTs y—coGeTBennas ¢yHkuus omne-
paropa L, COOTBETCTBYIOIAsi COOCTBEHHOMY 3HAYEHHIO A, a 2 — CO6-

crBeHHas Qymxuusa oneparopa L, coOTBeTCTBYIOMIAs co6CTBEHHOMY
3HaUeHNI0 W, DTO 3HAUWUT, UTO

Ly=hy

L'z =ypz.
Otciona

(Ly, 2)=(ry, 2)=2(y, 2),
(y, L'2)=(y, p2)=p(y, 2).

Ho (Ly, 2)=(y, L'2) (cm. (20) n° 6 § 1); NO3TOMY, BHIUHTAsA M0O-
YJIeHHO NpPe/ipilyuiHe AR DABEHCTBA, NOJYyUYHM

=)y, 2)=0.

Ipn A 5= i orciona caenyer, uto {y, 2)=0, T. e. GYHKIMGE § # 2
OPTOTOHAJIBHBI,

5. CoGcTREeRHblE 3HAYCHHS M COGCTBEHHBIE GyHKUHA camoco-
HUPAXEHHOTO OnepaTopa.

Teopewma 3. Bee cobersennsie snacenus camoconpascennozo
oneparopa Oeticrsure Avrer.

Hoxasareabcrso. Ecan L — camoconpskeHHbLH oneparop,
ro (Ly, 2)=(y, Lz); B wacTHOCTH,

(Ly, y)={y, Ly).

C apyroit cropoust, (y, Ly)=(Ly, y); caenosaressuo, (Ly, y)
X¢Th AeHCTBHTENBHOE YHCJIO.

Hyers temeps A — coGerBennoe anauenye onepartopa L, a y — co-
TBETCTBYIOIIAS  coGcTBennas  ¢ynkuus. Torma wus paBeHcTBa
“Y=»Ay caenyer, uro (Ly, y)=A(y, y). Tak kak (y, y)>0,
t (Ly, y) — neficTBUTEIbHOE YMCI0, TO H

A = ’_(-L[j, ¥)
(. o)
~ AeHCTBUTEMbHOE YHCJIO.
H3 rteopem 2 u 3 nonyuaem
AepcTBue. CobeTeennble YHKYLUL CAMOCONPANECHHO20 One-
@ropa, coorsercTeyroujie PABAUYHBLM COBCTBOHHLM BHQUEHUAM,
pProconaasube,
Co6ersennre  dyuxiun, COOTBETCTBYIOIIHE OJHOMY H TOMY
‘€ COGCTBEHHOMY B3HAUEHHIO, MOJKHO TaKiKe BHIOpaTe B3aHMHO
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OpTOTOHAJbHHIMH. I/ 5TOr0 JOCTATOUHO B NOANPOCTPAHCTBE BCex
cOOCTBeHHBIX (YyHKLMH, COOTBETCTBYIOIIHX OMHOMY H TOMY Xe
cOOCTBEHHOMY 3HauyeHHlo, BHOpaTb oproroHa/eHui Gazuc. B pe-
3yJ/bTaTe MEl MOJYYUM OPTOrOHAJNbHYIO CHCTEMY COOCTBEHHBIX (VHK-
nuit omeparopa L.

6. Ipumepwt sénaq Ha COOCTBEHHbIE 3HAYEHUA.
1 =y =y yO)=y(l); ¥ (O)=y(l) (13)
Oo6wee pemenue auddepeHunasbLHOrO ypaBHenus: '
y=Acos VAx + Bsin VAx.
[Toncrasasii B KpaeBhe YCJOBHS, JErko HafigeM, yro cobCTBeH-

0 HbBIMH 3HAYeHHAMH OYAyT
7 Ay =(2nn), n=0,1,2, 3,...
[Tpu n =0 cobcTBeHHOMY 3HAYEHHIO A, OT-
P BEUAIOT JiBe JHHeAHO He3aBUCHMbE CO00-

cTBeHHBle PYHKUHUH
cos (2nnx), sin(2nanx);

caejpoBaTesbHO, A, npu n =0 ecTb ABy-
KpaTHoe coOCTBeHHOe 3HaueHHe. [lpu n=0
cOoGCTBEHNOMY 3HaueHHKW Ay= (0 oTBeuaer
¢ TOUYHOCTBIO O NOCTOAHHOTO MHOXKUTeJH

el TOALKO OfHA cOOCTBeHHAdA OYHKUHA y==1;

" cae10BATENbHO, 3TO COOCTBEHHOE 3HAUEHHE
0JHOKpATHO.

z 2) IMlpogoabubldl H3ruG cTepxKHS

Puc. 1. C OLHHM 3aXKaTbIM H BTOPH M CBO-

60LIHB M KOHIOM. Paccmorpum crep-
JKeHb JNHHE [, ONMH KoHnel Kotoporo x =/ (puc. 1) s3axar,
a sropoit x =0 cBoSofien. K cBoGoanomMy Kouuy x =0 npusoxena
CcXHMamollas cuja P, HanpaB/deHHAd BAOJb OCH CTEPXKHSL

M3BecTHo, 4TO NnpH KOCTATOUHO MaJbIX 3HAYeHHUsX P HpPAMO-
AuHefiHas dopMa CTepKHs ABJAAETCH YCTOHUHUBOM.

OjaHako cyllecTByeT Takoe KpHUTHUeCKoe 3HadeHue P, cuami P,
uro npu P > P, npsMoJuHelinas ‘PopMa CTepkKHH HEYCTOHUMBA H
cTepxeHb uarudaercs.

Paccmorpum Hauano sToro H3ruba; APYrHMH CJOBaMU, pac-
CMOTPHM IOJIOXKEHHEe PaBHOBECHSA, MaJo.OTJaHualouleecs OT NPSIMO-
JguHeliHoro (puc. 2). ‘

Torna ypaBHeHHe H30CHYTOH OCH CTepPXKHS ¥ == y(x) HMeeT BHU]

Py=— Ely”, (14)
rae [ — akcuaasHBId MOMEHT ceuenns crepxus, £ -~ monyas IOnra.
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6

fleflCTBUTE/IbHO, JI€BAs W IpaBas YACTH YPaBHEHHS MPeACTaB-

,v;gib;i’ W3ruGaouil MOMEHT B CeUeHHH CTEPXKHsSI HA DACCTOSHHH X
auana (cM., nanpumep, THMOIIEHKO ().

ot HE . "
“ PaccMOTPUM HaHOOJee MPOCTOH CJYYail O/IROPONHOTO CTPKHS

) _ _ P
HOCTOSHHOTO ceueHus; roria EI = const. Monaras A= &7, noay-

gy FpaBnesne _ ,
~y' =1y (15) 7 !
Ma MepTexa BHJHO, uTO dyuxius y(x) X
yHOBAICTBOPSET YCIOBUSIM ! p
(=0, y(H=0. (16) ;
M mpuxoiuM K 3anaue (15), (16) o coG- :
cTBeHHbIX sHadeHusix. [Toacrabasisg 8 ycuo- :
pyg. (16) ofwee peenne \
yzAcos\/XxJ.—Bsin Vix ' )
L=
ypasuenns (15), nafinem, uro A =0, - 7777
cos VA1 =0. Orciona
Wl :(,"\
on—1 \?
7\.:(-—51-——31) , I’L:l, 2, 3,... Puc. 2

AtH coGCTBEHHLIE 3HAUYEHHS MPOCTBIE H MM COOTBETCTBYIOT OG-
cTBeHHble QYHKIHY

2n — 1

“y(x)=Bsin-

23 b; Ps
nx.

2 4fz) () ()

CobeTBEeHHBIM 3Haue-
HHSIM COOTBETCTBYIOT KpH-
THUECKHE HaTPys3KH

2n—1\2

P, =El (25,

a cofcTReHHble  (YHKIUH
ONpenesioT ¢ TOYHOCTHIO
N0 MHOXKHTeJNs: COOTBET-

cTByOIME HOPMBI paBHO- 7 A 7 77
Becus crepxkHs (puc. 3).
B cayuae cTepxus ¢ ne-
peMeHHHIM ceueHHeM (HJH
HeONHOpOLHOrO cTepKHs) EI ecth ¢yuruus ot x. Iloaaras
WEI) =p(x), npumem K cjeayioumeid 3ajaue O COGCTBEHHBIX

Puc. 3.

3 M. A Heaitmapx
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3HAYeHHAX:
—y"=Po(x)y, y0)=0, y()=0.

B ofbumeMm cayyae mpousBoabHOH (QYHKUHE P{X) BO3MOXKHO TOJbLKG
TIPUOJAHKEHHOE BhiYHCJ/AEHHE COOCTBEHHBIX 3HAUCHHH H COBCTBEHHLX
(OyHKUHH.

3) llponoapusl i H3ru6 CTepXKHS C ONHHM 3aXKa-
THIM H BTODBHBIM MAPHUPHO 3aKPEeNJEeHHHNM KOHILO M.
B stoMm cayuae B Touke x =0 nosBAfeTcss TOPU3OHTAJbHAS CHaa
peakuuu H (puc. 4). TlosTomy mnsrubarouini

P MoMeHT M = Py — Hx = — Ely”. Nuddepen-
B UHPYst ABa pa3a 3TO PaBCHCTBO, NOJYUdEM:
¥ H (Ely”yY" = — Py". (17)

[Ipn stoM ¢ynxruusT y(X) ZOMKHA YIOBJIETBO-
PATh KPAeBHIM YCJIOBHAM

y(0)=0, y"(0)=0, y()=0, y({®)=0. (18)

JeficTBHTeIbIIO, NIEPBOE H TPETHE YCJAOBUA

OUeBHJAHLI, BTOPOE O3HAHaeT, uTo B TOuke x = ()

nsrufalonii MOMeHT paBed HymMo, uo 3aKpen-

z=1 JeHHe B 5TOH Touke MIAPHHPHO; HOCJAeLHee

777 yeaoBHe cJleyeT H3 TOTO, YTO KoHen x =/ 3a-

\ JKaT, CJel0BaTesNbHO, KacareqabHas COBHagaeT
¢ ocelo Ox.

Puc. 4. Mu nmpuxoauM K obobulexHoft sagaue (17),

(18) 0 coBCTBEHHBIX 3HAUCHUAX.
Mycts, nanpumep, EI =const; nosnoxkum P :El=k?% xpome
TOrO, NOJOXKHM Aasa npoctoTbl [ = 1. Torga ypasnenue (17) nepe-
nuiueTcs B BHAE

gV =~ By (19)
Ero o6wmuit unrerpan mpu k=0 umeeT BuJ
y=A+ Bx+ Ccoskx + Dsinkx. (20)

W3 xkpaeswx ycaosuit (18) sterko caenyer, uro A=C=0 u wuro0
co6cTBEHHbIE 3HAYEHHsI CYTh KODHH YPaBHEHHS

tgk==~k.

Ounn onpenendTes Kak abGClUCCB TOYEK TepecedeHus KPUBHIX
(puc. 5)
y=tgx u y=x.

3T coGCTREHHBIC 3HAUCHUS NMPOCTEHIC; HM COOTBETCTBYIOT COOCTBEH-
Hble (YHKIHH

y=sinkx — xsink.
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Tlpn k=0 ofuiaM HHTerpagoM auddepeHUHaNbHOT0 YPaBHEHKHA

6ynet
g y=A+ Bx+ Cx?+ D3, @
Jlerko BUICTD, UTO KPAeBHIE YC/IOBHs (18) yjoBneTBOpAIOTCR JHIL
opr A= B=C=D=0; cienoaresnto, £=0 He sBagerca co6-
CTBEHHHIM 3HAUEHHEM.

)  yV=—Fky" g0 =y"0)=y(l)=y(1)=0.

Ecnu k=0, 1o obwnit unrerpan (21) auddeperunansHoro ypas-
HeHHS] Y/JOBJETBODAET 3THM KDaeBHM VYCJOBHAM JHUIb [PH
A=B=C=D=0. Ecan k%0, to obuwuii unrerpan (20) aud-
(pepeHLUHATBHOTO  yPAaBHEHUS

rTaKKe VAOBJETBODSET 3THM y=tgk
KpAeBHIM YCAOBHAM JIHIUD DU
A=B=C=D=0. Caegona-
TeJBHO, PACCMATPUBACMAA 3a-
daua He umeer cOOCTBEHHbLX
3HQUerull.

B) yV=—kY"

y(0) = ¥ (O) =" (0) = y(1) = 0. |
Kax u Buoe, yGexmaemcs A
B TOM, uTO £ =0 He aABJseTCH
co6CTBeHHBIM 3HaueHueM. [To- £ ~ P
cTaBJss NP R=~=0 obwni uH-
Terpan (20) nuddeperunann-
HOrO YpaBHEHHA B KpaeBhle
YCJIOBHS, TIOJAYYHM

sink = k.

To ypaBueHyue UMeeT TOJIBKO Puc. 5.
KOMILJIEKCHHE KODHH, OTJIHY-
Hnie oT k£=0. CuenoBatenwpHo, paccmarpusceman szadaya umeer
TOAbKO KOMRACKCHbLE COOCTBEHHDLE 3HOYEHIS.

6) CobcrBennre KoseGauus 3aKpenJeHHOH CTPY HEL
YpaBuenue CBOGOAHBLIX MaJsiblX MONEPEYHEIX KOJeGaHHI CTPYHH
IMeeT BHUL

(137

NI
5

0% 4 0%
I
‘Ae u=u(x, t)— cMelleHHe TOUKK CTPYHH C abCUHccofl X B Mo-
f€HT ¢ ¥ q— HeKOTOpAsl KOHCTAHTA.
Cobcreennpimu Konebanusmi CTPYHb. HA3LIBAIOTCH peHIEHHS
'‘PaBHeHHn (22) Buaa

u=u(x, t)=y(x)sin(awt + q). (23)

(22)

3*
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Moacrasnsas 8 (22), noayuum, uto ¢yuxkuus y(x) yroBjaerBOpsieT
JuddepeHIIHAIbHOMY YPaBHEHHIO

Y’ + 0’y =0, (24)
Ecoi nsuHa CTPyHB pPaBHA elHMHHLe, TO (pHc. 6) ycsoBHe 3akper-
y JeHHsI HA KOHLAX 3aluileTcs B BHJE
y(@)=yg(1)=0. (25)
Mu npuxoinM X sanaue (24), (25) o co6-
e CTBEHHHIX 3HAUCHHSX.
0!. P IMoacrasaaa B Kpaesbie ycaoBust (25)

o0uHHA HHTErpaJa
Puc. 6. y=Acoswx+ Bsinex
ypasHenus: (24), nonyuum A=0, sinw=0. Otciona
o=nn, n=1 23, ...
Takum o6pa3oM, cOOCTBEHHLIMHY 3HAUCHHAMH 6y,fiy1‘
@?=(nnp,  n=1,2 3, ...

It cobeTBeHHBIE 3HAYEHHA IMPOCTEIE M MM COOTBETCTBYIOT OG-
CTBEHHbBIE (PYHKUHH
Yp(x)=B,sinnnx.

B paccmarpuBaemoM cayuyae coOCTBeHHble 3HA4eHHS ¥ cOO-
CTBECHHLIC (p}’HKU.HH HMET IHNpOoCTOE MeXaHnuvecKoe 3HaucHue.
C TOYHOCTHLIO JO TMOCTOAHHOI'O MHOXKHTeJ coBcTReHHBle 3HAUCHUSA
CyTh KBaApaThl YacTOT, a COGCTBeHHBble (YHKIHH — aMIIUTY/HbIE
byHKIHE COOCTBEHHBIX KoaeOaHHi.

OauuM H3 rVaBHLIX HCTOUHHKOB 3a74ad Ha COGCTBEHHBIE 3HAUeUHS SIBJSIOTCS
cMelmanHble 3agaud Aan aubdepeHUHANBHBX ypaBHeHuH B MaCTHLIX NPOH3BOJ-
ubix {cm. ran 1L, § 5, n®1). Ecau rtakas cmemaHHas 3ajava JONYCKaeT «OT/IE-
JIeHHE NepeMenHbiX», To efi MoxeT OblTh nOCTaBAeNa B COOTBCTCTBHC «CIICKTPallb-
Has» 3afaua Ha CoOCTBeHHHe 3HaueHus. B yacTHocTu, ecaw aundepennuanpioe
yDaBHeHHe M KDACBLIE YCJOBHS CMellanuofi 3azaun copep:kar AanddepeHunpo-
BaHHEe He TOJBKO IO NPOCTPANCTBEHHON KOOPAMHaTE, HO H NO BpeMend f, To
COOTBETCTBYIOWAN CHEKTpasbHast 3agada Oyaer oGoHumeunoit 3ajaueli Ha
co0cTBeHHble 3Hauenus B cMmuicae n°n® 2 uy 3. [lo nosoay olumux npHuLHIOB
NOCTPOeHUS! CHEKTPANbHHIX 3ajay CM., Hanpumep, Pacynos [1].

§ 3. dyukuus puna
auHeitHoro nuddepenunansHoro oneparopa
1. OGuiee onpeneneHue oGparHoro oneparopa. Onepatop B

Ha3bIBAaeTCst 00pATHOIM NO OTHOWEHWO K oneparopy™) A, ecau
obsnacTs omnpefenenus Dy omepatopa B commajgaer c¢ 06JacTbio

*) A u B saecw He npean0aaraoTCs JAHHeHHBIMH,
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snauennit M, onepatopa A ¥ ecau Aas BCex xE Dy
B(Ax)=x.

o -1
O6patunit omepatop o6osnayaercst yepes A . CiaenosarennHo,
AAs Joboro x & D,

A7 (Ax) = x. (1)

o -1
I. Ecau oneparop A umeer obparusid, 1o u oneparop A
umeer obparusiit, npudem

(4" = A

HefictBuTespHo, paBencTro (1) nokaswiBaeT, uTo obaacTh 3Hauc-
o =1
nuii M -, omepatopa A7 cosnanaer c obaacTeio onpeiesenns D,

onepatopa A. anee, npumensiss onepatop A x oGeum yactam (1)
u nosaras y= Ax, nonyuaem

AAy =y ()

nas peex yeWN, =D -1, IT0 Kak pas u o3nauaer, yto A obpaten
-1
KA.

-1 -1
Il. Ecau oneparop A auween uw A cywjectayer, 1o A~ auneen.
Heiictsutennno, ecau ¥, ¥, & D, -1=MN,, 10

Al Ay + 0,47 ) = AA7 Y + G AA™ gy = ayyy + s

nostomy @A™y + @A gy = A7 (g, + o).
Y. Oneparop A umeer obparuetii T020a u TOA0KO T0204,
koeda ypasHeHue
Ax=0 (3)

UMEET eOUHCTEEHHOE LTPUHBHATBHOE» peuienite x = 0.

o a1 -1
Tlycte onepatop A umeer ofpatunit A . [lpumenss A~ k ofeum
yactaM (3), noayunm x =0; c/leg0BaTe bH0, YCAOBHE HeOGXOAUMO.
ITycts, o6partio, ono BumoHeHo. Torga npu jawoGoMm y& M, ypas-
HeHHe
Ax=y (4)

HMeeT eC/lHCTaelHoe peluedne x € D,. JlellcTBUTENRHO, B CHIY
yeaoBus y &M, takoe peiiienne cyigectsyeT. OHO ¢IHHCTBEHHO,
6o ecan rakke Ax =y, 10 A(x —xy=10. Tlo ycaosno nocaennee
PaBeHCTBO BO3MOXKHO JHUIb ApH x—x'=0, T. e. npuH x=x"
Kaxznomy aneMmenty y& R, nocraBum B COOTBETCTBHE peleNHE X
ypaBHenust (4). Jlerko BuaeTsh, YTO 3TO COOTBETCTBHE €CTh oOle-
patop, ofpaTumii ¥ onepartopy A.
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2. 3apaua obpawmennn auddepenunansiore onepatopa. [lycrs
L — nupdepenunanbublil oneparop, NOPoxKAHANH fuddeperanaln-
HbIM BbIpaXMeHHeM

1(y) = polx )d = Fm(X)d et o+ p(x)y
H KpaeBblMI/I y(‘,JlOBKSiMH
Uv(y):':oy v=}y 2. . a ey n.

ITpennoaoxuM, ¥To COOTBETCTBYIOWAST OLHOPOAHAA KpaeBas 3a-
nada Ly =0 uMeeT TOJbKO TPHBHAJBHOe peluieHue y = 0. JTo 03Ha-
yaer, 4TO AJA JJoO0H (QyHIaMeHTanLHOH CHCTCMbI PelieHHH y,
Yor ++-» Yo YpaBHenus [ (y) =0 paur marpunp

Uily) Uiy ... Uil(y,)
Uz(./l) U, (yz) Uz (Jn)

rz(yl) U (!JQ) U (!/n)

paBeH n, cJael0BaTeNbHO,
detfUi(yplly, jo1 0, n # 0 (5)

o ~1
Toraa B cuay Il n.°l oneparop L umeer obpatumii L™, obnacts
onpejeJieHns KOTOpPOro cosmajgaeT ¢ ofJjacTelo 3HaueHuit onepa-

o s -1
Topa L. Hawa 3anava-— naifitn aBubift Bua onmepatopa L™ . Mu

-1 =

yBiAuM, 4To L ccTh HHTerpasbHbH OHepaTop ¢ HeNpPEPBIBHBIM
AAPOM; 3TO AApO HasbiBaercs @yuxkyued [puna oneparopa L.
Huxe Oymer gaHo siBHOe BHpaxeHue xjasi gyHkuuu [puua.

3. Moctpoenne pynkunu I'puna. Pynxyueil Fpuna oneparopa L
HaswiBaeTca QyHkuus G (x, E), yROBIeTBOpsIOU(as CJ/AEAYIOMHM
YCJAOBUSIM:

1°0 G (x, E) nenpepuigna u umeer HenpepovigHvie npou3godHvle
no x 0o {n—2)-20 nopadka exatouuresbno 045 6cex sHazeHuil x
u & u3 unrepsasa la, bl.

2°. lIpu awbom gurcuposannom & u3 unrepsaaa [a, b] ¢ynk-
yua G (x, &) umeer nenpepsienoie npousgodunsie (n — 1)-eo u n-20 no-
padka no x 8 kasdom us uurepsaaros [a, &) u (§, b], npusen

i
npoussodnas (n— 1)-eo nopadka umeer npu x==E CKa4ok Po (E) -
0
n-1 a 1
G(E+0, g)—w—-—b(é 0, E)*'-
25 (8)

()
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3°. B kamdom u3 unrepsasos [a, &) u (&, b] ¢ynkyua G (x, ),
paccmarpusaemas Kok Gyakyus or x, yoosaersopaer YpUusHeHiro
((GY=0 u kpaesotm ycaosuam U (G)=0, v=1,2 ..., n.

Teopewma . Ecau kpaesas 3adaua Ly==0 umeer anwe tpu-
suaAabHoe pewenue, To oneparop L umeer o0HYy u TOAbKO O0HY
pynryuro I'puna.

HoxkaaateawvctBo. Ilyets ¥y, ..., y, — Invefino HezaBuCH-
mule penienHs ypapuenus [(y)=0. Tax kax B untepsase [a, &)
OyHRIAS G YIOBJETBOPSET 3TOMY € YPaBHEHHIO, TO JOJKHO GHITH

Gx, &)=ay(0)+ ... +auy,(x) nmpu a<<x<E,
TAE a;, Qg ..., (,— HEKOTOPHe PYHKIHH OT &, auajJorHuHoO
G, B)=buy ()+ ... +by,(x) npn E<x<b.

YecaoBusi HenpepuBHOCTH GyHkuud G (x, &) u ee mepBoix n— 2 npo-
HABOJAHLIX NP x=¢§ nawoT

{alyl (g) + .0+ Aplln (g)] - [b!y! (g) + ...+ bn.’/n (g)} = 0,
layi®+ ... +a G —[byE+ ... +by,E)]=0,

[a g2 €+ ... +a,y0 (§)]~ [b GER ) + ..+ by (E)] =0

n_

G(E+0, g — GE—0,8)=

a ycnom{e 3anuiIeTea

n~ ox -1 (E)

B BUHJIE

@y E)+ . Fa g E] - [byrV @)+ L by (E)] =
1

- o (B) °
[MToaoxum .
e, =0,—ay v=1, 82 ..., m
TOr/la 3TH YCJAOBHSl 3aMUUIYTCA B BU/IE CHCTCMBl YPARNEHWUI
iy (B)+ o ey, (B)=0
ey )+ .. ey (B)=0,
U@+ . eyt () =0 ©

1
po(8) 7

e E) L eyl (E) =

ONIpeNeINTeNb KOTOPOil eCcTh BPOHCKNAH QYHIAAMENTAALHON CHCTEMEL
Yts v vy Yp BPH X =F o, CJE/OBATEABHO, OTJIHUCH OF HYJL.
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[Mosromy cucreMa (6) ogHO3HAYHO onpedessieT GYHKUHH c,,. [as
onpepesenus OGyHKUHE a, ¥ b, BOCHOJb3yeMCS KPAeBLIMH YCJIO-
Busimu; sanuuieM ¢opmy U,(y) B Buze

Uy (y) =U,, (y) + Uvb (y)s (7)
rae U, (y)—cyMMa BCeX cJaraeMbiX, COAEPKALHX ¥, Yoy ..oy Y07,
a U,,(y) — cymma Bcex claraeMbix, COAEPKAWMUX ¥y, Yy, . .., Y0,

Torna
Us(G)=a Uy (yD+ ... +a.Usuly)+0,U s (y)+ ... +0,U,, (y,)=0.
[Toxcrasasia CloAa BMECTO @y HX BHIDAXKEHHSA a4y = b, —cy, NOJIYUHM:
blUvb(yl)+ cae +anvb(yn)+ )
(b= Usaly) + oo +(bp—¢,) Uyaly,)=0.
Orciona B cuay (7)
blUs(g)+ ... +0,Us () =clUsa () + - +eUsalys).  (8)

[pu v=1, 2, ..., n paBencrso_(8) npexacrasaser coGoil cucreMy
YPaBHEHHH OTHOCHTENBLHO by, ..., b,, onpejesute/r KOTOPOit OTaH-
yeH OT Hyast, corjacHo yciopuio (B). Crenosarennno, cucTeMa
ypaBHeHHit (8) uMeeT eIMHCTBEHHOE peIlEHHE OTHOCHTEJBHO
by, by, ..., b,. Ho Torna dopmyam a,=b,—c, oxnosnayno onpe-
JeJsI0T QYHKUHH a,. TeMm caMBIM CYHICCTBOBAHUE H e AUHCTBEHHOCTD
¢byHkuun I'pHHA AOKAasaH.L.

4. O6pamenne auddepenunansHOro onepartopa NpH NOMOLIH
dyukumn Tpuna. Ilycre ypaBhenue Ly =0 nmeeT TOABKO TPHBUAJIDL-
Hoe pemenue y=0, Tak uto cylwectsyer oGpatunii omeparop L~
(em. n° 1). Ecau L7 f=y, 10

Ly=F. 9)
3To o3nauaet, uTo QYHKUHS y €CTh pEIIEHHE YDABHEHHS
Hy) =T, (10)

YAOBJIETBOPSIIOLIEE YCAOBUAM
U,(y)=0, v=1, 2 ..., n (11

IlokaxkeM, uTO 5TO pellleHHe cyulecTByeT Ans Jwoboil QyHk-
nuu f(x), HenmpepniBHOA B HHTepmaste [a, b], U onpejensiercs npu
nomomwu ¢yukuun [puna. HmenHo, uMeeT Mecto caeayiomas
TeopeMa:

Teopema 2. Ecau ypasnenue Ly=0 wumeer 10a6K0 Tpu-
guaasHoe pewenue, 1o 04a aw06oi Gyuryuu f(x), Henpepoisrol
8 uurepsase [a, b], cywecreyer pewenue ypasuenus Ly=Ff. 3ro
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pewenue 3adaeTcs popmyaoi
b
y(x)= [ Gx, B @) de, (12)

20e G (x, &) — pynxyun Ipuna oneparopa L.

HoxkaszateancTBo. Ilycte yéx)— GyHkuus, ompenenenHas
dopmyaoit (12). Iokaxem, uro 3ra ¢yHkuus y(x) yZOB/IeTBOpseT
yeaosusm (10) u (11), crepoBaTenbHo, €CTh pellleHHe YPaBHEHHS
Ly={f. Tak xak ¢ynxkuus G (x, &) uMmeeT HeNpephBHbIE NPOU3BOJL-
HHe Ao (n—2)-T0 nopsiika BKJAOUMTENbHO, To B (opmyae (12)
MOXHO nn—2 pasa AuddepeHunpoBaTL N0 X NOJ 3HAKOM HHTE-
rpasa. Takum oGpasow,

b

=] TeDiga, w=12.,n-2 (1)

a
npuueM ¢yHkuns y (x) u ee npoussoausie y™» (x) 1o (n—2)-ro mopanxa
n~t
BKJIOYHTEJNBHO HenpepuBHB B HHTepBage [a, b]. ®yuxuus Ey=y
X
HMeeT paspbiB npH x =§, [TosToMY AJsl HAXOXKICHHA TPOH3BOLHBIX
YD (x) u y™(x) Hebas yxke Ge3 BCSKHX OroBopok nuddepenun-
poBaTth NOJ 3HAKOM HHTerpasa. 3amuuieM nostroMy dopmyay (13)
npu k=n-2 B Bulle

goos ()= [ L0 ey ag f P08 j g ae

a

"B KaxJ10M H3 HHTepBaJoB (a, x) M (x, b) HOABHTErpanbHas (yHK-
" Iuf ¥ ee NPOH3BOAHAS HO X HETPEPHIBHBL; MOITOMY, AR depeHuupys
Mo x MOJ 3HAKOM MHTerpaja u 1o BepxHeMy (COOTBETCTBEHHO HUK-
HeMY) mpeesy X, MoJyunMm

§ni (x) = f.,_._%gx_g,_f(g) dE + [ML fx) +
E=x~0

dx axn"?

x § < 26 (x,
+ f T iga- TR e g

n-2

B custy HenpepbIBHOCTH NDPOH3RO/AHOMN npu &= x BHeHHTe-

axn—Z
I‘paﬂbﬂb}e YJE€HbBl B3aHMHO YHHUTOXAIOTCH b1

x b
Yo (x) = j‘wi(i) dt + j hég,,gc—g)—f(é)dE (15)

g |
a
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b
. dn—lG , ) -
ywwﬂzngﬁéiﬂa%. (16)

Huddepenuupys dopmyay (15) eue pas, aHaJOrHUHO HPEAbL-
Aymemy Haijaes

- n~1 %
Y™ (x) = J a” Ga(xn £) F(e) dE + [Ltfy(:r"él},u ‘Of(x).}.

y g__()_%_g_)f( )dgm[é.'ig_(&_@.} (). (7)
B X E=x+0

X

B cuay ycaosus 2° B onpenenenuyu pyuknnun [puna

[gf‘c(x,g)] ~[a“"a(x,g)] 1.
FYEL axn! g Pa(¥)

noyromy (opmyay (17) MoxHo nepenucaTb B BHJe
b

y) = [ LEED f a4 (o). (18)

a

®opmur U, (y) conepxar Toabko suauenust Gyunkuun y(x) u ee
OPOH3BOAHEYX 1O {n— 1)-To nopazaka BKJIOUYHTEALHO TIPH X = H
x =b; noyromy u3z {12, {(13) n {16) caenyer, uro
&

Us)= | Us(G) ] ©)dg=0,

a

160 no onpefenenno pyukunu Fpuna U, (G)=0. Tem camnM jloxa-
3aHO, uTo GyHKRUHSA y(x) yHoBaeTBOpHAET KpaesBuiMm ycaosuam (11).
JokaxeM, uTo oHa VioBJeTBopseT Takwxke ypasaeuuto [(y)=/F.
MMoncrasasa B I (y) Beipaxenns (12), (13), (16) u (18) pas dyux-
unu y(x) ¥ ee NPOU3IBOJAHBIX, HailgeM, 4TO
b

L) = [ HG) (&) dg +T (v),

a

Ho wunrerpaa B stoil nocaeaneli dopmyJse paBeH HyJ0, H60 1O
yeaoBuio dynkuus G{x, £), paccmaTpuBaemas Kak (yHKIHS OT X,
YAOBJAETBOPSiET OJEOPOAHOMY ypaBHewHio [(y) =0 B Kaxaom
H3 uutepsatos (a, &) u (&, b). TeM camMbiM TeopeMma 2 HoKa3aHa.
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Onepartop A, onpejle/leHHB PaBEHCTBOM
h
Af(x)= [ K(x, ©f(®) de,

HA3LIBACTCH UHTe2PaAsHbLM oneparopom ¢ adpom K (x, E).

Teopema 2 o3uauaer, uro oneparop L~ ecrs umrezpansmoLi
oneparop ¢ sdpom G(x, y).

5. dynkums [puna conpsxenHoro onepatopa. Ecin oneparop L
umeer obpardetéf, To B cuay VIII 0° 7 § ! compskenunii onepa-
top L7 takike umeer obpatauit. [lostomy omeparop L* rakxke
umeer ¢ynknuio I'puna; o6o3nauum ee uepes H(x, &

Halizem cooTHOIEHNE MeXny <pyHKum1MH I'pura G {x, &) 1

Hix, &) 0mepaTopos L u L. Tonoxum L™ f=q, L"'g = 1. Tortla
f= L<p, g=L"p, u pasencrso*) (g, Lt}))"—(ltp, P) nepemzmerca

B BHJAe :
(L7 @)= L 'g).

AT0 03HAUZET, 4TO
b

b b b
[Jot 9f@etdras=[ [ 1@TE Daddeds

a a a

AJsl TIPOH3BOJIbHLIX HenpepuBHBIX (yHxuui [{x) u g(x). Orciona
CACAYCT, UTO

G(x, &)=H(E, x). (19)

Snpa G u H, cBasaunbie cootHomnenneM (19), waswmpalorcst conps-
scennbimit. Takum obpasom:

I11. Conpamennoin dpye Apyey Jdudgpepenyuarshoin onepa-
TOPaMm COOTBETCTBYIOT CONnpsdcenHste (ynkyuu [puxa.

Ecau, B wactrnoctu, onepatop L camoconpsukennplii, 1o L™= L;
caenonateanto, H (x, E)= G (x, &).

IMosromy coornowenue (19) nepemimercs B Bije

G(x, =G x). (20)

flnpo, ynowmaereopawuice yeaosuio (20), nasamBaeTCst apsMUTOBH AL,
Takum o6pasom:

IV. @ynkyusn I'puna camoconpamennozo Jduddepeuyuaibnoo
oneparopa A8AAeTCH 3P MUTO8bIM AOPOM,

*) Cwm. (20), n° 6 § L.
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6. KpaeBnie 3ajmaud, coJepmKallHe napameTrp, H CBeJeHHE HX
K HHTErpaJbHOMY YypasHeHHI0. Bo MHOrHX Bonpocax NpHUXOMIHTCS
paccMaTpHBaTh KpaeByl 3alauy BHAA

I(y)=hy+[(x), 21
Ugy)=0, w~=1,2, ..., n, (22)

rae A—mHekoTopmit mnapamerp, a f(x)—s3alaHHas HenpepLIBHAs
¢byskiusa or x. Eeau L —oneparop, nopoxaeHunlt auddepen-
UMaJbHEM BHpaxkenueM /(y) ¥ KpaeBuiMu ycaoBusamu (22), 1o 3TY
3aauy MOXKHO 3anucaTh B BH/e

Ly=2Ay+f. (23)
B uvactHocTH, npu f=0 3T0 ypaBHeHHe MPHHHMAET BHI
Ly=Ay. (24)
OHO 3KBHUBAJEHTHO OJHODOAHOH Kpaepoit 3ajaue
Hy)=ty; U, (y)=0, ~»=1,2,...,n (25)

3nauenus A, JAJsi KOTOPHIX ypasHeHue {24) umeer HeTpHBHAMABHOE
pelieHHe y, SBAAITCSH COOCT8eAHbIMU 3HAxeHuamu onepatopa L
(v kpaeBoll 3ajaum (25)), a 3TH HETPHBHAJBHHIE DellieHHS —
COOTBETCTRYIOIUMH COOCTBEHHbIMIL (HYHKYUAMU.

TlpeanonoxumM, urto onepatop L uMeeT oOparTHHIil L™ nycrs
G (x, ;)—coomeTCTByxomaﬂ ¢yuknus [puna. IIpumensis onepa-
top L'k obeum yactsam (23), noayuum:

y=AL""y+ g, (26)
rae g = L7'f. Pasencrso (26) osnauaer, uro

b
Yy =4[ G(x, By @ dE+g(x), (27)

CJe10BaTeNbHO!

V. Ecau duptpepenyuarsnoe soipancerie 1(y) umeer npu kpae-

soix ycaoguax U,(y)=0, v=1, 2, ..., n, ¢pyuxyuro I'puna G (x, E),
TO Kpaesas 3adaxa

Hy)=ry+f(x), Uy(y)=0
IKGUBANCHTHA UNTEZPALOHOMY YDABHEHILIO

b
yW=2[Gx, By@dE+g(x)

ede

b
g=[Gx, 9@ dE
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B uzacrroctu, odHopodHas kpaesas 3adava
Hy)=hy, Ui(y=0, i=1,2 ..., n,

IKBUBANEHTHA OOROPOOHOMY UNTESPAABHOMY YPABHEHILID
b
y() =2 Gx, Yyt 28)
; |

Tak kak G (x, &) — HenmpepuiBHOE SIAPO, TO K HHTErpasbHOMY
ypaBHeHHIO IipuMeHuma Teopus @Ppearossma (cM., Hanpumep,
Terponckuit {1]). TlosTomy onuHopoanoe unHTerpasbHOe Yypasue-
Hue (28) umeer He OGoJee CUETHOTO YHC/Aa cob TBEHHBIX 3HayeHui
Ay, Aoy Mg, ..., HE MMEWOIIMX KOHEUHOW Npefesn»HOR TouKu.

Jns Bcex 3HayeHHH A, OTJIMUYHBIX OT COGCTBEHHBIX 3HAYEHHH,
HeonHOpOAHOE YypaBHeHHe (27) uMeeT pelleHne npH 060 Henpe-
puiBHOM mpaBo#t wacTh g(x). 3To pewmeHHe 3ajaercs QopmyJioi

b
g =2 [ T(x, & D g di+g (), (29)

rae I'(x, & A)— pesoabsenta sinpa G (x, &). Ilpn sTom aas qo6uik
dukcupoBauHpX 3uavenu#l x u £ w3 uurvepsasa [a, b] T(x, E, 1)
asJjsiercss MepoMopdHOR dyHKUHeH oT A, Mo/ocaMH KOTOPOH MoOryT
OBiTh JiKillb COGCTBEHHBIE 3HAYEHHSI OAHOPOAHOIO HHTETPAJBLHOIO
ypaBHeHus.

Tlepexonst oT HHTErpasibHEIX YPaBHEHH{I K COOTBETCTBYIOLINM
KpaeBLIM 3a4/ayaM, MBI MDHXOZHM K CJEAVIOUHM pe3yJnTaTam:

VI. Ecau Jduggpepenyuaaovnoe ypasuenue [(y)=0 umeer npu
kpaessix yeaosuax U,(y)=0, v=1, 2,..., a, auwes rpusuarsroe
peutene, To: '

a) Oduopodnan kpaesas 3adaxa

Iy =hy; Uy(y)=0, ~v=1,2,...,n,
umeer ne BGOACE CHETHO2O MHONCECTEA CODCTGOHNBIX 3HAUEHL
A'ly A'2, KZB; ey
He uMerowux KOHeyHol npedensHoll TouKu.

6) Jlas 6rex 3nadenuli A, OTAU4HbBIX OT COOCTB8EHHOLX 3HAYEHU,
HeodHoOpoOHasn kpaesas 3adava

Hyy=r+f, U,(n=0, ~»=1,2 ..., n

umeer pewerue npu 6ot HenpeposHoll Pyukyuu f(x).

Bnpouewm, npeanoxenune VI, a) 6uao namu nosyueso s n° 1 § 2
(e3 MOMOLM HHTErpaJbHLIX ypaBHEHHH; NpPUMeHss PACCYKAEHHS
n® 1§ 2, MoxHO TakXe moayuuTe npeanoxkenne VI, 6).
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7. dyuxkuna TFpuna omepatopa L—AL Tlycts no-npexseMmy
[ — onepaTtop, NOPOXKAeHHHH BHpaxenneM I{y} M ycaoOBUIMH
Uyn=0, v=1, 2, ..., n. Haligem Bppaxkenue najs ¢yHKUUH
I‘puaa oneparopa L —Al; RPYrdMH cJjiosam#, ofpaTuM omneparop
L—Al
O6o3naynm vepes y, =y, (x, A),v=1,2, ..., n, cHCTEMY peure-
HUH ypaBHeHHs [ (y) = Ay, YAOBJAETBOPAIOILYIO HauaMbHBM yCJAOBHAM
0 npu jsEwv,
@ ={] T
e npH = wv.
TlpuMeHsiss K YpaBHEHHIO
Hy)—ry=f

MeTOJ BapHAaUHH NMPOH3IBOJBLHHX TOCTOSAHHBIX, NOJYUHM

v =3 clu, 0 + f f(&)()yv %) W"(S})dg, (302)

V=] V=]

a Takxe
n
y(x) = EC"yv (x)— [f(g)(Ew ’)da‘ (306)
Vex] v=1}
3mecs Cf, ..., C;, C7, CJ, ..., C/ —nocrosinble, W — Bpoucknau
dyskuul Yy, ..., Yoo
T o BN |
W= y(ln—Q) y(2n~2$ v y(’f-m )
W Yz v Yn
a W, W, ..., W,— anre6panueckue JONOJHEHHS JEMEHTOB ero

nepBofl CTPOKH. Basis OJAyCyMMY JIeBBIX M npaBeix uactefl B {30a)
u (306), noayunm

v =3 Cun () + f glx, Of @ ds, @31

V==l
rae C, — nocrosiuunie, a
pi(x) ) .. oga(x)

fln 9 g | 7O WO U@ )

............

i (€) Yo (E) - YalE)
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npHYeM 3HaK «-+» Gepercs npu x>E, a «—» npu x<E. Iorpe-
fyeM Temepb, uToOn GyHKuust y B (31) ynoBJeTBOPsiNa KpaenniM

yeaosusam U, (y)=0, v=1, 2, ..., n, T. e. 6bl/ia peliesueM Kpae-
BOH 3ajauu
I =ry+f, Uyy=0, ~=1,2,..., n.

JTO 03Hayaer, uTo

ZC Uy (y,)+ff(§)u (g) d& = 0;

i=1

peman 9TH YypaBHeHHs oTHOcCHTeabHO C; u moacrasasa B (31),
MOAYYHM

b
gy =[G & M@, (33)
rie ¢ .
Gx, & M= A & 2, (34)
a
; Uiy Uilys) ... Uy (y,)
Ay =] U@ Usly) ... Ua(yn) (35)
Un(yl) Un(yQ) LY Un(yn)
H
nix) o ga(x) glx, B)
/ Hix, g 2= Uilg) ... Udlgn) Uilg) | (36)

............

Un(gl) Un(yn) Un(g)

Ecan A He saB/sieTcs COOCTBEHHBIM 3HaueHHeM oneparopa L, To
A(A) == 0 u dopmyasl (33), (34) umelor cmuica. Popuyaa (33) noka-
aniBaer, uto G(x, & A) ecth ¢ynkuus [prua onepartopa L — Al.
Taxum o6pa30M

VII. @ynxyus I'puna G(x, &, A) oneparopa L — Al onpede-
aserca gopmyranu (32), (34}, (35), (36).

8. Anaantnueckas npupona ¢yukumu I'puna onepatopa L—Al-
Pynkuun A(A) u Hix, & A) B dopmyaax (35), (36) sasasorcs,
OYEeBHJIHO, LEJBIMH aHaNUTHYECKHMH OYHKLUHMSIMH HapaMerpa A.
Tlostomy na (34) caenyer:

VI, @ynxkyua Fpuna G{x, &, A) oneparopa L—171 ecrs mepo-
moppras pynkyus napamerpa k, ee noancamu mozyr HolTe AUULE
cobcreennble 3naqenus oneparopa L.
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ITycts Ay — npocroit Hyas dyHkuuu A(A). Torna Ay MoxeT ObiTh
TOJILKO NMPOCTHIM nomocoM ¢yukuuu G (x, &, A), Tak uto

G(x, &, =21 g’ +Gi(x, &, ), 37)

rne G,(x, g A) peryJsipHa B OKPeCTHOCTH TOUKH Ay,

ECJIH 4 BoOGuie ue ocobas Touka ¢ynkunu G (x, E, A), TO
caenyeT cuurats R{x, §)=0.

Cor/aacHo N3BeCTHOH q)opMyJIe TEOPHH BEIUETOB

. n H(x, & )

Rix, B =(=1)"—Fm5
Ho B paanoxenuu onpenenurens H(x, £, A) no aieMenTaM nepso#t
cTpokH Kosdhduunent npu g(x, &) ects A(A)=0; caeaoBaTesbHo,
dyukuna R{x, &) u ee mepBnle A NPOU3BOJAHBIX HENPEPHIBHEI NO
COBOKYIHOCTH TepeMeHHBX X, £ B KBajapare a <. x, E<CH. [anee,
u3 (36) Boitekaer, uto R(x, ) ecTh Junefinas KoMOuHalus (PYHK-

uuit y, (x), ..., y,(x); ciegopatesbHO, npH GUKCHPOBAHHOM § OHa
YIAOBJETBOPACT ypaBHEHHIO -
[(R)— 2R =0.

Uz dopmyam (36) suaHo rtakxke, uto H(x, E, A), a moromy u
R(x, &) npu dbukcupoBaHHOM E yIOBJETBOPAET KpaeBbIM YCJIOBHAM.

Takum obpasom, R(x, &) ectb cob6cTBeHHAs (QYHKUHS oOnepa-
TOpa L, cOOTBeTCTBYOINAST COOCTBEHHOMY 3HaueHHIO Ay, Ho Tak kax
Ao — npocroft Hyas GyHkuuu A(L), TO eMy OTBeuaeT ¢ TOYHOCTBIO
L0 MHOXHTEJsl, He 3aBHCAILEN0 OT X, TOJABKO OJlHA cobCTBeHHAs
Gyuxung y,(x) arepators L. [TosTony Domxwun fure

R(x, &)= a(t) g, (x). (38)

Honoxum temepy G*(x, & A) =G (§, x, 4); Torna G*(x, & A) —
dyukuus I‘pmxa oneparopa L — Xl
C apyro#t cropoHn, 43 papeHcTBa (37) 3ak/i0yaeM, uTo

G'(r, & =% ""+G(g % 0.

IMostomy R(E, x) upu dukcuposaHHOM E ecTb coGCcTBeHHass PyHK-
uMs onepartopa L°, COOTBeTCTBYIOULasi COGCTBEHHOMY 3HAaueHHIO X,.
CaenoBaresbHo, 0oGo3Hauass uepes 2,(x) OJHY H3 TakHX QyHKIHH,
HMeeM

R, x)=5b() 2 (x).

Orcona

R(x, &) =b(x) 2, ().
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Cpasnusag 31y dopmyay c (38}, moayuaem

R(x, &) =cyo(x) 20 (). (39)
Octaetcs ONpele/HTL NOCTOSIHHYIO C.
M3 (37) u (39) caenyer, uto
b

(=% [ Glx, & Myp(®)d=

a
b b

=epo(®) [ o ® 2@ dE+(h—20) [ Gi(x, & W@ ds  (40)

Wuterpas B NOCAE/HEM CJaraeMOM eCTb peryasipuas QyHKuus
napaMeTpa A B OKDeCTHOCTH TOUKH Ay cJeoBaTenbHo, us (40)
3aKJ0YaeM, u4To

b

b
lim (A =) [ G(x, & W)y @dt=con(x) [ 5@ %@ d (41)

A>2
a

C apyroit CTOpOHHI,
(L=21) go= (R — ) o,

OTKYyAa
1

Ao — 2 S0

Tax xak G(x, & A) ectb dyukums [puua onepatopa L —Al, To
MOCJ/ie/lHee PABEHCTBO MOXKHO HEPEHCATh B BHIE

(L =1y yo=

b
Lot 5 My @ ds = (o).
a

Houxcrasasa B {41), noayuyum, uro

« b
~ 4o () =cyo (%) [ ho(®) 2018) dt;

orcwona
H
£ e B ’
[ @zt
CJI¢/l0BATEJIbHO, ‘
_ R(x, g)_____ ~ = yo(X) 20(3)

[noznEa
Orciona u3 (37) caenyer ’

4 M. A. Hafimapk
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IX. Ecau hg— npocroti nyase pynxyuie A(L), 10

Gx, & V)= — o () 2 (£) +Gi(n & N, (42)
(= ko) j 4o () 70 (E) dE

2de Gi(x, &, A) pecyaapHa 8 OKPECTHOCTU TOYKU hy.
Haunboaee npocro sra ¢GopMmysa BBHIDJISAHT, €CJAH (QYHKUUH
Yo(x) u 2¢(x) mponopMHpOBaTh TakK, 4TO

. b
[n®z@e=1.
Torna ¢
G(x, & A) = ~M+G (x, & A). (43)

9. Cayuait kpatHoro noaioca ¢ynkumu [puna, [lpeaviaywne pesyaoTartw
MOXHO 06061iuTh Ha cayyail KpaTHOro HyJAn Ay Gyuxnuu A(A); B s10M Cayuae A,
ecTh, BooBule roBopsi, KparHblil nomoc yuxunu Ipuna G (x, § A). Mu 6yaem
Tenepb cuntarh, yro G (x, E, A) ecth ¢yuxuus [pusa kpaesoit 3agauu

l(!/)"o, UV ("/)=O’ V== ]7 2: ceay 11, (44)

B KOTOpOH kKoad¢uuuentsl andepeHtmansaoro supaxenus ! (y) n gopm Uy (1)
CYyTb leJble aHaJHTHYeCKHe (QYHKUMH napamerpa A; ¢yuxuus I'puna oneparopa
L — Al apuasercs, OueBHIHO, YaCTHBIM cayyaem Taxkol dyuxkuun G (x, E, A). Or-
MEeTHM, YTO BCe pe3yJbTarhl n°n° 7 — 8 NOJMHOCTBIO NepeHocsaTcs Ha 2T0T Gojee
obunii cayya#t; npu sTom nmoX yy(x, A), ya(x, A), ..., ya(x, A) caeayer reunepnb
NoHEMaTh GYHAAMEeHTAMLHYIO cHCTeMY peuwenuil ypasuenust [ (y) =0, yrosnie-
TBOPAIOWHX TEM XK€ HauYaJbHbHIM YCJIOBHAM :

(\M) (a, 4) = {1 npu k=wv,

0 npu kv

Urak, nycrs Ay — nostoc v-ro nopsinka ¢yukuus puna G (x, & A) xpaesoif
3anayk (44); caenoBaTENbHO,

Rix, & + Ri{x, &) + Ry (x, E)
v v-1
(A — o) (A — A} A=A

rae ¢yukuus G, (x, £, A) perynspHa B OKDeCTHOCTH TOUKH Ag.

{ipn Q)nxcnpoaanﬂom &t oyukunus G (x, E, A) yAOBJETBOPSET YPaBHCHHI®
1{Gy =0 B ramnoM u3 uurepsajos la, &) u (§, b]. Ilogcrasana BMecTo QyHK-
uun G ee Bpipaxenne u3 (45), HoNyunM, yTo NpH A =2,

G(x,§ A)=

+ Gl (x’ gr l)r (45)

l(R)=
L(Ry) +~+ (R)=0
.....f’.".x.... (46)
1 a! 1 vl
- —_— - .. 0
[Rymi) + o= —- (Ry-s) + i W
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Kpoume Ttoro, u3 ¢opuya (34) n (36) BuiTekaeT, 4TO TPU (HKCHPOBaHHOM E

Qyuxnnn R {x, §), Ry(x, E), ..., Ry_y (x, E) yOBACTBOPSIOT KPACBNM YCAOBRAM
| 67U,

EEZ_W(RH-IJ):O, Ro=R, p=01, ..., v=1,¢=1,2 ..., i {47)
p=0

npa A= Aq Ilonrsysach cooTHowennsimu (46) u (47) n onpenenennem xauonuue-
¢Kkoff CHCTeMBl COGCTBEHHHIX M TNPHCOGAHHEHHHX ¢yHkuui (n° 3 § 2), MoxHO
yOenHTLCH B CHPABEMJIHBOCTH CAGAYIOUIEr0 NPEJONEHHS, KOTOPOE MH PUBOLHM
Ges pokasateancrsa (cM. Keagwbim [1]).

X. Iaasran wacrs Gynxyun puna 8 okpecruocru nyas Ay gyuxyun & (R)
umeer sud

2 { 27 (8 v (0 . 27 (5) yj1 (2) 4+ 27, (® 7 (x) N

AU )™ W
21 (&) yp mjm1 (W) + 210 @) i mpma (W) + oo F2, i (B) 9 (x) }
+
A7 '
20e ’
yfv yflv nesy !/[, m)'-l; ]a], 2, vey Dy

~— NPOU3BOALHAA KAHOHUYECKAR CUCTEMA COBCTBEHHbIX U NPUCOETUHEHHBIX PynK-
yuil paccmarpusaemol kpaesod zadawu, a

Zf, Z]Iv"" z/y Mj—l) .’—":lv 27‘-'7 o,

~— nadaexcauium 06PA3OM HOPMUPOBONNASL KAHOHUMECKAA CUCTEMA COGCTBEHNOLE
U npucoeduHeHRbLX YRKLUE conpamendoi Kpaesoii sadaui.

4#



'TABA I

ACHMIITOTHYECKOE NMOBENEHHE COBCTBEHHBIX
3HAYEHHM W COBCTBEHHbIX ¢YHKLHH

A PA3JIO)XEHHE MO COBCTBEHHBIM ¢YHKUIHAM
AUP®PEPEHLUHAJIBHOIO ONMEPATOPA

§ 4. AcuMnToTHKA COOGCTBEHHBIX 3HAYEHMH M COOCTBEHHBIX
GyHKuMi npu GoNbUIMX 3HAYEHHAX |A |

1. Mocranoska 3azayu. [Ipu GosabumiHX 3HAUeHHAX | A| MOKHO
nath NpHOJHKeHHEe (MMEHHO, ACHMOTOTHYeCKHe) (QOPMYJBl A4
coOCTBeHHHIX 3HAueHUN W cofcTBeHHHIX GyHKUMH nudbepeHIIHa b
Horo oreparopa. OTH GOPMYJE He TOJBKO IPEACTABJISIOT HHTEpEC
camu mo cebe, HO H MPHMEHSIOTCS TaKXKe B PAsJHYHBIX BONpOCAX
Teopun AU DepeHIIHANBHBX ONEPATOPOB.

OkasmBaetcst, uTo npu GoJblioM | A| moBeleHHe cOGCTBEHHHIX
3HAUEHHH M coOCTBeHHHX (YHKIMHE B nepBoM NpUOJIHKEHHH Ta-
Koe e, KaK H B cJgyuae BecbMa IIPOCTOTO OMepaTtopa, NMOPoxKAeH-

dy
dx*

s BEIBOJAA acHMATOTHYECKHX (opMmyJ Mel cHauajga ofpa-
THMCSA K ACHMHATOTHYECKOMY IIOBeleHHI0 NpH 6oabmux |A| peme-
i ypaBuenust [(y)=Ay. Iloacrasasa saTeM aCUMITOTHUECKHe
BBIPAXKEHHs 115 3THX perieHuil B ypaBHenne A (A)=0 (cm. n° 1 § 2),
Mbl HafiieM acHMITOTHUECKHE BBIpaXKeHHs AJas cOOCTBEHHBIX 3Ha-

Horo pHGepeHInaNbHLIM BHIpaxKeHnuneM [ (y) =

yeHNnH. L]
IMonoxum A= — p" Torxa ypaBHeHHe [(y)= Ay s3anuuercs
B BHIe
Ly +p"y=0 (1)
HJIH noAapolHee *)
n n-1
in +pi(x) an_f 4+ s () y+e"y=0. (2)

*) [las OPOCTOTH MBI moJiaraeM 31echb pgo{x) = 1; no nosoxy cayuas
po(x) #= 1 em. n° 11, 6).
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He mapyumas OBGIIHOCTH, MOXKHO cyHTarbh, uro p;lx)=0. [ei-
CTBHTEJbHO, €can p;(x) % 0, To, moJaras

3
~-— | pxdx,
y=e * 7T

MB OpHBeleM ypaBHeHue (2) X BHAY

H

dng n=2x~

~ d ~ ~ ~
o P (x) =L+ o P ()0 =0
x dx

¢ TeM ke 3HauenneM p. Ilpu stoMm Py (x), ..., p,(x)—TakKke He-
JIpephIBHEIE dynkuuu or x B uMHTEpBase [a, b]. [Jdanee, He Hapy-
{ias OGLIHOCTH, MOXHO CUMTaTh, uTo HHTepBasa [a, 8] ects [0, 1].
P6wui cayuaid Jerko CBOJAHTCA K 3TOMY MOJACTaHOBKOH

x=a+(b—a)t.

- ACHMITOTHUECKOe TOBejlenHe pemlenuit ypasuenns [(y) +p"y=0
3aBHCHT OT TOro, B KaKOH YacTH KOMIJICKCHOH MNJOCKOCTH HaXo-
CAMTCA TOYKa Q.

2. OGaactu S u 7. PasoGheM BCIO KOMILIEKCHYIO P-IIJIOCKOCTB
Ea 2n cexkropoe S,, v=0, 1, 2, ..., 2n— 1, onpenenseMbXx Hepa-
BeHCTBOM (pHc. 7)

s <argp<UEDEL ()
Huxe MB YBHAHM, UTO aCHUMITO-
tHueckue GOpPMYJBl A peleHui
Y ypaBHeRHS (2) CYLECTBEHHO 3a-
‘BHCSIT OT TOro, B KaKOM HMEHHO
‘M3 CeKTOpOB S, HaXOJIHuTCH Q.

"~ O6osHauum yepes

@1, By, W3, «.., Oy

o

BCe PasHYHBlE KODHH n-H CTENeHH
ns —1.

B nanbHefimem HaMm IoHAnO-
~6uTcst caeaylomee CBOHCTBO Cek- Puc. 7.
TopoB S,:
1. s kamdoeo cextopa S, cyuiecrsyer Taxoe pacnoaoenue
LHucen @, @y ..., O, 4TO 04 8CeX P& S, B6INOAHANTCA Hepa-
“8encTea *)

Rpo) SR(poy) < ... Koo, (4)

*) R (2) obozHavaeT AeHCTBHTE/BHYIO YACTh KOMIIEKCHOIO UYHCIA 2.
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HJoxasareabcTBo. HepaBeHerBa (4) NOCTAaTOUYHO [J0KA3aThb
TOJIBKO [J KakuX-HHOYAb [BYX cocelHHX cekropos. JleicTBu-
TeJbHO, 0003HAUHM uepe3 & KakKOH-HMOyAb KOpeHb n-H CTeNeHU H3
e IMHHUILbL! i

g=e " ,
YMHOXKEHHE HA € MepPeBOAMT ceKTop S, B JPyrofi cekrop, mosep-

o 2mf
HyTEIl Ha yrom —-—. [laiee, uncia

el elo,, ..., elo,

OTJIMMAXOTCA OT UHCeJI @, Oy, ..., ®, TOJBKO MOPSAIKOM. Ecan

NI03TOMY HepaBeHCTBa (4) HMEIOT MeCTO JJisi HEKOTOPOro cektopa S,
TO, 3aMHCAB MX B BHIE

R(pe-elo) <R(pe-elwy) < ... <NR(pe - elwy,),

IoJyyaeM aHaJOrHUYHble HepaBEHCTBA JJd APYroro cexropa, nosep-
2lm

HYTOr0 Ha yroa =—.
HMrak, nocrartouno 1oxasaTh Halle yTBepPKAGHHE AJf ABYX CO-
CeJHHX CEeKTODOB, Hampumep JJsi

SQn—l 144 SO- '
ITycrs, Hampumep, n HEUETHO:

7 n=2u—1. TlepenymepyeMm uucmaa
% // W T;:(, 4TO yHery

J

%

’//

f

21
% arg o, =m, argo,=mn+-—,

2n 4n
arg @y =g ——-, argm4=n+—n—,

4m 7
ArgW; =n— ==, ..., ATGO, = -,

pf \
//J M YMHOXHM KaKoe-HHOYAb YHCJIO

o= S,,., nocjenosareqbHO HA

Puc. &, @y, ..., ©p TOrLa I[0JYYCHHbIE

TOYKH Py, Pg» .. .s P, PACHOJOKATCH

TaK, Kak IokasaHo Ha puc. 8. ITosromy HepaBeHcrBa (4) Anas o6-
JacTH Sy,-; F€OMETPHUECKH COBEDLIEHHO OYEBHIHHI *).

*) Herpyguo TakXke H aHaJWTHYECKH TNPOBEPHTh CIPaBEIJMBOCTH Hepa-
pencts (4). IMoaaras p =re*®, umeem, nanpumep, npi p & Sy

’ 2
R (pw)) =R (pe,) =r cos (<p+rn)—rcos(q>+n+——;E )=
L I
=2rsln7 sm(q>+n+ n)<0,

7 . 1
n6o 2n—7<q)< 21, u noromy sin (cp+rc+7)<0. Mui npeaocTaB/geM UH-
TaTeqI0 aHAJOTHUHYIO [IPOBEPKY OCTa/IbHLIX HepaBeHCTB (4).
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AHaJOTHYHO OHU JOKA3HBAOTCA JJs 06JacTH Sg X aHAJOTHUHO
paccmaTpUBaercs cjyualt yeTHOTO fl.

B nanbHeiimeMm HaM YyaoGHo Oyjer paccMaTpHBaTh obsactH
Gosee O6ILEro BHAA, KOTOpblE MOJyUaAlOTCA H3 CEKTOPA S, CABUrOM
—>p+¢, Te ¢ — GUKCHPOBAHHOE KOMIIEKCHOE UHC/IO. ITH HOBHIE
cexTopH (¢ BepIIMHOH B TOUKE p= — ¢) Mp Oynem ofo3HauaThb
yepe3 Ty

Tak kak mepexox of S, K T, OCymecTB/JseTCs CABHIOM
p—>p -+, TO LIS STHX HOBBIX CEKTOPOB T uepaBeHcTBa (4) nepe-
[UIIyTCS B BHAE

R(p+c)o)<R((p+0) o)< ... <R((0+0)oy,). (5)
B naJgbnefimeM Mbi OyieM CUMTaTh, YTO 0 HAXOJAHMTCA B HEKO-
Topoii (UKCHPOBAHHOH 06/1aCTH T, 4 4TO uHuCJa ®, 3aHYMEePOBAHHI

rak, uroGbl BO Bcelt ofsactd T, BBHIOJHAMMCh HEDPAaBEHCTBA (5).
O6nactn S, 1 T, Mbl Oyjaem OpPOCTO Ha3hHBATDL obgacramu S u T.

3. Ceepenne ypasneunsi [(y) +0"y=0 k unrerpo-guddepen-
UMAJbHOMY YpABHeHHI0. BLIBOJL acHMITOTHYECKHX (QOPMYJ OCHO-
Bau Ha CBEIEHHU YDPaBHEHHS

L(y)+0"y=0 (6)

K HEKOTOPOMY 3KBUBAJEHTHOMY MHTerpo-aud pepeHinaspHoMy ypas-
HEHHIO, KOTOPOE MOJMydaeTcs CAeAYIOLMM 06pasoM: NOJOXKHM

my)=py™ 7+ .o+ pay; (7)
torfa ypasueune (6) MoxHo Gyjer mepenucaTb B BHAE
Y™ +o"y=—m(y). (8)

OnHopofHOe YpaBHEHHE y™ +p"y=0 nmeer QyHIaMEHTAJbHYIO
cucTeMy pelleHHi

epmlx’ epmzx’ o, epmnx;
nostoMy, paccMarpuBas (8) Kak HEOJHODOJHOE YpaBHeHHE ¢ Tpa-
BOft wyacTbio m (y) ¥ NPHMEHsis MeETOJ, BapHAalHH MNPOU3BOJNbHEIX
HOCTOSAHHEIX, NMOJYUHM yDaBHEHHE

FOF 4L e +

4 0701 &9 p0,, (£-8)

b e e mi()dg, )

0 ne

y=cle lx

3KBHBaJieHTHOEe ypaBHeHHIO (8).
Tpu stoM ¢y, ..., €, — IPOH3BOJNbHEIE TNOCTOSIHHBIE, KOTOPbHIE
MOryT saBuceTb OT p, a mg(y) ob6osmauaer sHaueHue m(y) NpH
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x=E¢. IlogoxkuM JJas HEKOTOpOro (DHKCHpOBaHHOrO £k, k=1,
2, ..., n, ,

ci=c npu j=1, 2, , R,

i
e PO (10)
c = ——f T mg(y)dg opu j=k+4 1, n.

Torpa ypasuenue (9) nmepemuiuercss B BHJE

0w, x

y= 1" R + cpe™nt 4

o ffmx €, o) my (9) dt ~ her sz £ o)mg (9) 3, (1)
rjie .
Ki(x, & 0)= 2 0, Ky(x, & p)= Ek] 1coqe>”“’0‘“‘“§’. (12)
a=1 a=k+

Ypasueuue (11) spisiercs, oueBHAHO, HHTErpPo-1HO DepeHIHaANLHBIM
ypaBHEHHEM OTHOCHTEJbHO Yy; M3 HEro ¥ OYyAyT NOJYUYEeHH aCHMII-
TOTHYCCKHE (DOPMYJIBL

4, JlemMa 0 cuCTeMe HHTErpafbHbIX ypaBHeHHI.
Jlemma 1. ITycre daHa cucTema UHTE2PAAbHLLX YpasHeHul

r b
=f )+ X [ Ay (x & Ny ©ds,  i=1,2,...,r, (13)
=la
ede: ]
1) ¢pynryuu f;(x) Henpepoisnor 8 unrepsase [a, bl;
npu Kaxdom urcuposannom A ¢pyuxyuu A;;(x, & M) He-
npepoisrsr npu a < x <t E<x<b;
3) npu Qurcuposannoix x 1 § (a<<x, E<D) A;j(x, & A)— pe-
2YASPHbLE QHAAUTUYECKUe yHKyuu napamerpa A,
4) cywecrsyror nocrosnusie R u C, taxue, 4ro npu |A|>R

| Ay (x, & VIS T
80 scem Keadpare a < x, E<b.

Tozda npu docmTOtmo G6oaswom Ry u | A|> Ry cucrema (13)
umMeerT O0HO u TOAbKO 00HO pewenue yY;(x)=y;(x, A); npu sron
y:{x, ) asa210TCca anasuTudecKUMU DYHKYUAMU napameTpa A,
pecyaaproimu npu 1A | >Ry, u*)

b6, N=Fi(1)+0 () npu &> co. (14)

]

A
*) Bripaxenue O ;,7? ofo3nauaer PYHKUMIO Buia f(xk ) ,raelf(x A)ILC

mpr a <K x << b, | A1 > Ry u HekoTophix MOCTOAHHHX C ¥ R,
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JlokasarteabcTBo. Ecanm cncrema (13) nmeer pewenne
yi(x), i=1, 2, ..., r, TO, IPUMEHSsT METOJ TOCJeL0BATEJbHEIX
[0JCTaHOBOK, nonyth-

y:(x)—fz<x>+ZJAu<x &, M, (6 de+

j=la

.....................

—
i
e
o>

4 H
.+ E J J. Aii, ()C, El’ }‘) Aj”_,jn(gn—l’ Em K)X

a

X [, En)d& ... d&,+
b

r b
+ 2 [ s f Aijl(X, &, }“) cre Ajnj,u_l(gm Entts }‘4) X
jl ""1n+1=l a a

X Yjpey Gne) A&« .o dEpy.
TMonoxum B=max|y;(x)|, a<<x<<h, i=1,2, ..., r. Tlpu |A|=R
nocjAeRHee CaaraeMoe Ho MOILy.)HO He TIPEeBOCXOIHT

0 Inﬂ [(6—a)Cr]™'B

H, ClefoBaTeNbHO, cTpeMuTest K 0 upu n-—> 0o, ecau |A|> Ry, Tie
Ry=max{R, (b—a)Cr}.

Tosromy dyuxuusa y;(x)=y;(x, A) ecTb cymMma psina
o b

J A (x, & M (B)dE+

a

[4*

Yelx, M)=J(x) +

#

/ \'
_Il__

i

Aijl(x7 gh )L)Afxiz(gl’ gzi }')ffz (§2)d§l d§2+

QL_‘W
R i

i, ja=1

OGpatuo, Jerko BuAeTb, uUTo B KaxAo#h obsactu |A|>=>R,> R,
A< x < b, 3TOT Psifi CXORUTCS PAaBHOMEPHO M MPEACTABJSET COGOFE
pewenne cucremn (13). Otciona Bhitekaer dopmyna (14) u pery:
JSpHOCTD QyuKuMil y; (x, A) upu |A|> R,.
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5. Acumnroruueckue ((OpMyJanl IJd pelleHHH ypaBHeHHSH
1(y) +p"y=0. Ilpexnae Bcero HaM INOHANOGATCA OLEHKH /S siAep
K, 1 Ko B ypaBHeHusx (11) u HX NIpOU3BOAHBIX.

Jdemwma 2. Cywecrsyer xoucranra C, Takas, 410 04s 8cex
p=T umewr MecTo HepaseHcTsa

laa Ki(x, & 0)|<Clolkle™ "] npn 0<E<x <1, (15a)
l 5 Ky (x, &, p)|<cmV(n—k>(e”“’k°‘”§’l npr 0 <x <E 1, (156)
v=90,1, 2, 3, ...
JokxasateabcTBo. Bufepem KoHcTaHTy C Tak, 4ToOHI
|erCrm ¥ < C (16)
nas Bcex j, k=1, ..., n u Bcex x u E us uurepsana [0, 1]; aro

BO3MOXHO, u60 JeBas uacTb (16) ecTs HenpeprBHAsT QyHKUHSA Ie-
pemeHHBIX ¥ U E. Ecau p= T, To U3 HepaBeHCTB (D) caeayer, uTo
npu a< k

R (p(’)a) <R (pﬁ)a +(po + c) (0 — (‘)a) )
oTClofa 3akJjaiouaeMm, uto npn 0<CE<Ca<C1

| % (x-8) ‘ < ! 1Pt 00 (9f=0g) ] (=9 <C [ "% (%) [

(Tostomy (cm. (12))
PN >
Py Ki(x, &, p)‘= 0 i e WV < CRlp [V |7 Y|,

a=1

Tak uro Hepasedcrso (15a) moxasano.

AHaJslornuHo JoKasniBaercs HepaBeHcTno (156).

Teopema 1. Ecau dyuxyuu p,, ..., p, Henpepolguot *) 8 uu-
repsase |0, 1], To 60 scaxoil obractu T KOmnACKCHOLE P-RAOCKOCTU
ypasrerue

YO+ oyt s paa + pay F oy =0

umeer n AUHEUHO-HEe3A8UCUMbIX petieHutl Yy, Yo, .. -y Yp Pe2YAAP-
notx  ornocureasno p<T  npu |p| docrarouno OGoasuiom u

*) B me#lcTBHTEJILHOCTH, KAK BHAHO M3 H3/J1araeMoOro HHXKE J0Ka3aTe/bCTBa,
3aKJI0MEHHE TEOPEMBl OCTaeTCsl BEePHHIM [JJI7 [POH3BOJBHLIX QYHKUHH pg, «.., Pu,
cymmupyemsix B unrepsaiae [0, 1]
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§008.4€T80PAIOULLLY COOTHOULCHUAM
yk=e°“’k"[1+0(%)],
el ol)
dx Flog+0 L an

dn_[ Yy n-1 pa 1
T T i kx © (h>]
P p e [mk +0 ik

HoxasateJabcTso. [Ipexnonoxkum, uto ypasuenue (6) nmeer
- pELICHHE Y, TAKOE, UTO

c;=0mpu vk, ¢, =1

Takum o6pasom,

1
B e [ K, & p)ma () di -
0
1

T rp®T J Ko (x, &, p)mg(ys) dE. (18a)

Onddepenunpys 70 paBeHCTBO 1 — 1 pas, NOJAyYHM BMECTe ¢ HC-
XOIHBIM DABEHCTBOM CHCTeMY ¥)

dvyk v vV 00Lx I i 'K (x, & p)
=p e ¥ + J 2t m dg —
de” P O l’lpn—l ; ax'v &,(.’/k) §

3
1 v * b
- | s m (g ds, (180)

v=0,1,2, ..., n—1.

ITonoxum B (186)

v
a’y 4 k Py x

—_— 19
d}C p e z ’V’ ( )

*) Pesyaprar nudrdepeHUMPOBAHHS TO BEPXHEMY U HUKHEMY Npenenam
B CyMMe JaeT HyJb; 3TO BHAHO, eCad AUDQPepeHLHPOBATH MO BEPXHEMY lpejeny
muterpan B (9), u6o @)+ ... +o) =0upn v=1, 2, ..., n—~1,
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roraa g QYyHKUHHA 2p, = 2y, (X, ) MBI IOJIYyUHM CHCTEMY ypaB-
HEHUH

1 -, (x-8) —v 0 K| (x, E,
2, 0) =0l o [ ey ERE B0 )6y L, )+
0

1 . 1
+dp- Ps (g) 2k, n-3 (§, P) + .. +Eﬂ—~2pn (g) ZkO(gx p)] dg—'
i
. " e, -t ~v YKy (x, &, 0)
no )} e e ax"

[P2(®) 24,2 & 9)+

1 1
+ 01O 260 O F oo g P @20 0)|dE (20)
IMoaoxum, npaJjee,
( _1_ e—O‘Dk (x“%)p—v—a+‘l 3K, (x, E, 9

5 Pa(E) mpu E<x,
n dx
Kkva(x, E, P)=

Y g v
_Le"pmk (x‘b)p v-a+2 0 Kza(/:; gv P) pu(g) an §>x’

R=1,2 ...,n v=0,1,2 ..., n—=1 a=2, 3, ..., 1

torpa cucreMa (20) nepenuuiercst B BHIE

1

1
2, (x, p) = o) to f Krve (X5 & 0) 240 (&, p) dE. (21
a=2 0

[Ipu ¢ukcupoBannoMm k£ u v=0, 1, 2, ..., n— 1 oHa sABJAsETCH CH-
CTeMOH UHTerpabHLIX YpaBHeHHH OTHOCHTEbHO QYHKUMI 2, (X, p),
v=0, 1, 2, ..., n—1. Us npeanayuiell n1eMMbl BbTeKaeT, 4To Bce
Gyukuun Kpy, (x, &, p) orpanuvens. ITostomy kK cucreme (21) npu-
meunMa Jemma | n°4, Ha ocHoBaHWM 3TOH JeMMui cucteMma (21)
MMEET OJHO H TOJIBKO OJHO DELIEHHE Zpy, = Zgy (X, P), aHAJHTHUECCKOE
OTHOCHTeJILHO p, HpHUYEM

1
2, (x, 0)=0)+ 0 (3) . (22)
Orcrona u us (19) HemocpeacTBEHHO CaeAylOT cooTHomenus (17).
W3 stux coorHomieHud BriTekaeT, 4To QyHKUuH y, k=1,2, ..., n

JIUHEHHO HEe3aBUCHMHI.

Ocraercs HKOKa3aTb, UTO cyILeCTBYeT peileHHne yr(x, A) ypas-
wenust (6), yaosnersopsiouee ypasHeruio (18a);, mas sroro focra-
TOYHO I10Ka3aTb, YTO, KAKOBLI OBl HH OBLIM HOCTOAHHOLLE (T. €. He
3aBuCsmKE OT p) ¢}, cyuecTsyer pemeHHe y ypaBHeHHus (6), ygoBJe-
TBoOpsioiee (11) mpu STHX 3HAUEHHAX C,
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Pasenctba (10) npeiacrasasior co6oil JHHEHHOE npeoOpasoBaHue
ot ¢; K ¢} (saMETHM, uTO y, a CJICJOBATEIBHO, H BhIpAKEHHE Mg (y)
B npaBoll yacTy (10) nunefino 3aBHCHT *) OT ¢y, ..., c,). OueBHIHO,
JOCTaTOUHO Jl0Ka3arh, UTO ompelenntess npeobpasosanus (10) npn
JocTaTOYHO GosbIoM o], p & T, OT/IMYEH OT HYyAst; B TAKOM CJy-
yae ypasuenus (10) MOXKHO DEUIMTb OTHOCHTE/]BHO ¢; MPH IYPOH3-
BOJIBHO 3aJlaHHBIX ¢). Pewmenne y ypasuenus (6), niu, uro TO Xe,

ypaBHEHHS (9), COOTBeTCTBYIOIIEE 3TUM 3HAUCHHSM c; Oyner
torja UCKOMBIM.

¥ Ho ecau onpenesutesnp npeobpasosanust (10) pasen uyjo 11s
‘¢KoJIb YrofHO OGosbwiux |p|, p & T, TO aasa 3TUX 3HAueHul p ypas-
pgenns (10) uMEOT HeTPUBHAJbHbBIE PEUIEHHS OTHOCHTEJNBHO C; TDH
G=c= ... = ¢/ =0. CoorpercTBywmas (yHKUHMa y Oyjer, cje-
JOBATEJbHO, HETPHBHAJLHLIM pelIeHHeM YpaBHEHHUS

X 1
e [ Kl 6 om @ di——i [ Kl 8 oo me )z, (29)
0 x

Y=

Koropoe mosyuaercss u3 (I11) mpu ¢j=cj= ... =c¢/,=0.
HokaxewM, 4ro 3T0 HeBo3MoxHo. Huddepenuupys (23) n—1 pas

B noJiaras

&y v opw,x .

—==pe tz, v=0,1,..., n—1, (24)

dx

noJayunM JJs QYUKUMH 2, CHCTeMY YVpaBHEeHHI

X

I v _~vo, (-5 'K, (5, &, )
2y (¥, p)= — fp PR )h———‘axvg & x

9

X0 2Py (B) 202 (&, O+ ... 4+ pa(& )20 (&, 0)} dE—
1

1 ~v_~tw, (-8 9"K; (x, &, p)

npn—l ./(p e axv ><

X

X {0 2Py () 242 (& 0)+ .. + pn(E) 20 (8, p)}dE.  (20)

Hycrs
m(p)= max |z,(x, ),
0<{x<1
v=0,..., n—1,
—_—
*) D10 caegyer H3 TOro, UTO MHTErPan B Mparoi uactu (9) M €ro mpous-
Bogunie 5o (n— 1)-To mnopsjgka BKJOYUTENALHO OOPAINAOTCS B HYJb TMPH X =0

H OTOMY ¢y, ..., Cp CBA32HH JHHEHHHMH COOTHOWEHMAMH ¢ y (0), ..., g1 (0),
OT KOTOPHX SaBHCHT B CBOW0 Ouepeas JHHeHNo Kawioe peitenne ypasuedi (6).
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npuMeHss aAeMMy 2 K npaBoH uactu (25), mosyudMm OLEHKY

1
_1~ { pn |
|2y (x, p)l<[n|pl Ckof(lpzl+ oo+ ’pln_z)dEJr

1
nlpl

1
C(n—k)of(lp2|+ ot lL’;::L,)da]m(m.

Tak Kak JeBas yacThb JOCTHTAaeT CBoero Makcumyma m(p), To
OTCIOAA CJAeLYeT, UTO

1

_c [pal G
m (p) << m (p) o] OM pold oo, F lp|,1_2)d§<m(p) mE

rae C;— HeKOoTopas KOHCTAaHTA.
IMpn Gospuiux |p| 3TO HEPABEHCTBO BO3MOMKHO, TOJBKO €CJIH
m(p)=0; crenoBaTespHO, 2,(X, p)=0. Orcoga B cuay (24) npu

v=0 y=0, u TeopeMa NOJHOCTLIO LOKa-
-3aHa.
s, 5, 3aMeuanue. YpaBHeHHe
nMeeT (yHJaMeHTaAbHYIO CHCTEMY pelle-
HU#
3, S ©
2 4 U,=e™"*, k=1,2,..., n
®opmyant (17) mokaseBaloT, uTO pere-
Puc. 9. HAA Yp B TeopeMe | anmpoOKCHMHDYIOTCA

sTuMu byHKuuAMA Uy,
JpyruMu cjioBaMH, Ajst 6OJBUIMX || B ypaBHeHHH

YO+ py P+ o py ety =0
CYILIECTBEHHYIO POJib HFPAIOT TOJNBKO NEPBOE U NMOCEHee CJaraeMule.
B cayuae ypaBHeHus BTOporo mnopsiaika y” -+ p(x)y+p’y=0
HMeloTCs yeThipe objactH S (puc. 9); B CHJY NOKa3aHHOH TEOPeMEI

B KaXJIOH H3 HHX eCTb JIHHEeHHO He3aBHCHMBIe DeIeHHS Y, Y,
KOTOpPbIE MOXKHO ACHMOTOTHYECKH NPEACTABHTL B BHJE

m=e]1+0(2)],

Ya= e [L+o(4)]
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EcJsil p BELIECTBEHHO M IOJOYXKHTENbHO, TO 3TH PEIUCHHS MOMKHO
3aMeHWTb HX JHHEHHBIMH KOMOHHALUAMH

_yL;—y“’— = cos (px)+ O (%) ,
Nl ;.” =sin(px)+ O (%) .

12

6. YTouHenne acuMnroTHueckHx dopmyr. Ecan kosbduuuenrs ps, ..., pn
nu(p(pepeHLlHaJIbHOI‘O BBIPAXKEHUA HE TOJNbKO HENpPEepPbLIBHbI, HO HMEIOT TaKXe He-
npepHBHBE NPOU3BOJHbIE N0 HEKOTOPOTO MOPS/AKA M, TO NONyYEHHBIE ACHMNTO-
ruyeckHe QOPMYJIbl MOXKHO YTOYHHTD.

Iyctb, HanpuMep, KO3(PQHUHMEHT p, (E) HMeeT HeNpepHIBHYIO NEPBYIO OpO-

; .
H3BOJHYIO Py (E).

[TogcTasuM B mpaByw 4acTb (18a) BMECTO (YHKIHMH ¥, M ee NPOH3BOIHHIX

poipaxenns us (17). Torga, npumensas ouenkn (15a) u (156) npu v =0, moayuum

X

1 owpk n-2

g s fzq (. & 0) " oy py(2) dt —
0

1

1 wpt n~2 1
-5 f Ky (& 0, @ a5 +0 () £ (ap)

X
Ho B cuay (12)

X

f Ky (5, & 0) €™ py (8) dE =

0
k=1 x i
L (2 oy f &0 O D) ey e 4y J p2 (8) dﬁ)v
a=1 0

0
HpHYeM, HHTETPHPYS IIO YaCTsiM M NPHHUMAs BO BHHMaHHE HepaBeHcTBa (5), Jerko

1
y6enuTbCs B TOM, UTO IEPBOE caaracMoe B ckoOxax ecth O (E . Takum oGpasom,

.f Ky (x, & p) & ™¥p, (2) dg = ™% L‘)k f ps (8) dE+ 0 (%)]
0 0

H aHaJOIM4YHO
1

( Ky(x, & p)e

v
X

"0, (@) dg = "0 ().

IMoacrasans stu Brpaxenns B (26), moayunm

, 1
y, =% [1 + ;’/"Op»(i)Jro(?)], @7)
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npuMeHss aeMMy 2 K npaBoH uactu (25), moayudM OLEHKY

1
_1~ | pnl
[ 2y (x, p)l<[n|pl Ckof(!sz st ’pln_g)dg-i-

1
nlpl

1
C(n—k)of(lp2|+ ot ,L’j:_'Q)da]m@)-

Tax Kkak JieBasg uacTb JOCTHIAeT CBOEro MakcuMmyma m(p), To
OTCIOAA CJAELYeT, UTO

1

_c [pnl _Ci_
m (p) << m(p) o] OM pol+ .o+ lp|,1.2)d§<m(p) e

rae C;— HeKoTopas KOHCTAaHTA.
IMpn Gosabuiux |p| 3TO HEPABEHCTBO BO3MOMKHO, TOJBKO €CJIH
m(p)=0; caeloBaTenbHO, 2,(¥, p)=0. Orcioxa B cuay (24) mpu

v=0 y=0, u TeopeMa NOJHOCTLIO LOKa-
-3aHa.
s, 5, 3aMeuanue, YpaBHeHHe
| U™ +0"U =0
nMeeT (yHJaMeHTaAbHYIO CHCTEMY pelle-
HU#
3, S ©
e 4 U= ™", k=1,2, ..., n.
®opmyanl (17) mokaseBaloT, uTO pelie-
Puc. 9. HAS Yp B TeopeMe | anmpoKCHMHDYIOTCA

sTuMu GyHKuuAMA Uy,
Jpyrumu c/aoBaMH, AJjs GosbliuX |p| B ypaBHeHHH

Y+ poy D + Lo+ puy+pty =0
CYILIECTBEHHYIO POJib HFPAIOT TOJNBKO NEPBOE U NMOCEHee cJaraeMole.
B cayuae ypaBHeHus BTOpOro mopsiika y” -+ p(x)y+p’y=0
HMeloTCs yeThipe obuactH S (puc. 9); B CHJY NOKa3aHHOH TEOPEMEI

B KaxXJOH H3 HHX eCTb JHHEHO HE3aBHCHMBlE DELIeHHS Yy, Yo,
KOTOpble MOXKHO aCHMOTOTHYECKH NPEeJCTABHTb B BHIE

y1=e"""[1+0(%)],

Ya= e [Lro(g)]-
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EcJil p BELECTBEHHO M IMOJOYXKHTENbHO, TO 3TH PEIUEHHS MOMKHO
3aMEHWTh HX JHHEHHBIMH KOMOHHALUSIMH

1
—y%y—"’— =cos(px)+ O (—) )
0
Yi1—Ys _ i
o =sin(px)+ O (p)
6. YTouHenne acHMnToTHUeckMX (opmys. Ecan kosbduunentst py, ..., pn

nuq)(pepeHLU/laJH)HOI‘O BBIpAXKEHHA HE TOJBKO HenpepLIBHBI, HO HMEIOT TaKKe He-
npephBHbE NPOU3BOAHLIE RO HEKOTOPOLO HOPAAKA M, TO MONYUYEHHBIE aCHMITO-
ruyeckHe GOPMYJIbI MOXKHO YTOUHHTD.

Myctb, HanpuMep, KO3(pdHUHMEHT p, (E) HMeeT HeNpepHIBHYIO NEPBYIO Opo-

; .

H3BOJIHYIO Do (E).

[TogcTaBuM B mpaByw 4acTb (18a) BMECTO (YHKIHMH ¥, M €e NPOH3BOIHHIX
pupaxenns us (17). Torga, npumensas ouenkn (15a) u (156) npu v =0, moayuum

X
1 0wt n-2

gm0 4L le (6, & 0) ™0, (2) dE —
np s

1

- 7113 J Ky (x, &, p) emkgmz'2p2 (8)dE+ O (

X

1 o
F) SR (26)
Ho B cuay (12)

X

I Ky (5, & 0) &% b,y (8) d =

0
k=1 x ;
L (Z oy f &0 0 D) ey e 4y J p2 (8) dﬁ)v
=] 0

0
puyeM, HHTETPHPYH IO YAaCTAM H NPHHEMAs BO BHHMaHHE HepaBeHcTBa (B), Jerko

1
y6enuTbcs B TOM, UTO IEPBOE caaracMoe B ckoGkax ecth O (E . Takum oGpasom,

f Ki(x & 0) epmkgpz (8) dg = %" 'fok f P (BYdE+ O (é‘)]
0 0

H aHaJOrM4HO
1

f Ky (3, & 0) ¢ %p, (8) dg = "0 (%)
% /
[Moncrapass stu BEpakenns B (26), noayunm

, 1
e ) A
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JHHEeHHHIMHN KOMOHHALHAMH, MOXHO JIOGUTBCA TOr'O, 4TO MAaKCH-
MaJsbhoe uncsao ¢popM nmopsigka n — 1 6yner < 2. OcragbHbie QOpME
HMeIoT MNOpPANOK s{n—2; npuMeHss K ¢dopmam nopaika n—2
TOT K€ NpHeM, CBeJIeM HX UYHCJA0 K MHHHMYyMy H T. I.

Onucandbie onepauly HasLIBAIOTCA HOPMUPOBKOL KPAessLX Yc ao-
guil, a TOJYyueHHbe B pe3yJabTaTe KpaeBble YCJOBHS Ha3bBaIOTCH
Hopmupogannsimy, V13 cnoco6a uX MOCTPOEHHUS CJAeLyeT, YTO HODMU-
posarHole Kpaessle ycAa08us OOAINCHbL UMETH U0

Us()=Uw(y) + Uy, (y) =0, (35)
rje
k -1
Uy (9) = a g™ + Z a4, (36)
kv—l
Uy (9) =By + 2Byt (37)

n—1>k>k> ... 2k >0, ka<k,

npHueM IJIsi KaskJOro 3HA4eHHs HHAEKCA v XOTs Obl OJHO U3 YHCeJ
Oy, Py OTJIHYHO OT HYJIA.

8. PeryaspHbie Kpaesble ycaoBus. PaccMoTpuM GHKCHPOBAHHYIO
obaactb S,; H Kaxk Bple, 3aHyMepyeM ), ®g, ..., ©, TaK, 4TO
npu pE S, ‘

Rpo) <R pay) < ... <R(pw,).

B nanpuefimieM HaMm ynoGHO OyZeT BLLAEJAHTH KJACC KPaeBHIX
yCJIOBHH, KOTOpHIE HA3BIBAIOTCH pe2yAsipHbimu. DTOT KJacC ompe-
JessieTcsl pa3/MyYHbLIM 006pa3oM B 3aBHCHMOCTH OT Toro, 6yaeT Jiu n
HEUETHLBIM WJW YEeTHBHIM:

a) n HeyeTHO; n=2u—1.

Hopuuposantote xpaesoe ycaosus (35) Hazeisarorcs peayasp-
Hotmu, ecau wucaa 6y u 0, onpedesenrbie paseHcT8OM

k k
(Zl(s)l‘ cea @ (DMLI
ko k k.
a0t ... a0% (0,4 sB) ek Bob, ... Bk
0+ 0,5 = 2] u-~1 (2 ﬂ?) m pindTHS] 2| (38)

L T T T R O )

(@, + sB)op  Bob, ... ok

k k k k, k
n n n
Q.o"... aon (an +sf,) o, L0 e BLo)

OTAUHHBL OT HYAA.
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8}

6) n 4e THO; n=2p.

Hopuuposarnsie kpaesoie ycaosus (35) waseigatorca peeyrsp-
HoMi, ecau uucaa 8_y u 0, onpedenennsie pagencreom
Bt 6+ 05 =

1
b 1 %
aof ... o,of, (o + sB,) o . [3,) of Bk, ... B ok
L
N

@, +
2,y &, k
+ BZ) muﬂ ﬁ2mu§-2 o BQ(’)r;

a,0f ... aof, (a,+ sBy) o ( e,

P T T T e . P o v .

k k k 1 £ ’ b
a,0"... ¢or (¢ 4+sp,)osn (an + ?Bn) o1 B0k .. 5,00

(39)

OTAUMHBL OT HYAA.
Dro onpenesieHHe PETrYATPHOCTH HE 3a8UcuT OT 8bibopa 06.aactu S,
npi nomowu Koropoii GbLAu 3aHYMEPOBAHbL HUCAA ©p.

Has Toro uTo0bH »TO NOKA3aTh, BepHeMcss K n°2 u BCIOMHHM, YTO pac-
HOMOKEHHS YHCEN Oy, OTBEYAIOLIHE PA3AHUHBIM objacTsiM Sy, MoryT ObTh moay-
geHB YMHOMEHHEM HA KODEHb CTENeHH £ W3 eAMHMULl H3 [ABYX OCHOBHBIX
pacroitoxenull, oTBeuaomux, Hanpumep, obaacram S, 1 Syy-y. Ho ecau B coot-
HomenuaXx {(38) nau (39) Bce ®y YMHOXKHTH Ha OOL{HH MHOXHTENb, PaBHHH NO
MOAYA) EQHHHLE, TO M uyucaa 0 yMHOXKATCS Ha OJHH H TOT K€ MHOXKHUTeNb,
paBHHIA IO MOAYXIO eAnHHIE. B yacTHOCTH, COXpAHSIET CBOE 3HAYEHHE OTHOIICHHE
6, : 0y, cootperctrenno 8,:6,:6_;, a nosTomy ocTanmytcs Gea WaMEHEHHS KODHH
ypaBreuuss & +0,=0, wam coorsercrpenno 0,524 0,8 +0_;=0; 3ruM MH
BOCIOAL3YEMCH enle B JaJjbHelIneM,

TakuM ofpasoM, ocTaeTcs NPOCIednTbh, KakK MeHsoTcs dncaa © mpu nepe-
xolle OoT KaxoH-HHOYAb OJAHON 00JaCTH Sy C YeTHHIM vV K KAKOH-HUOYAb ApYyrod
obaactu Sy, ¢ veyernHm V. OTMeTEM, YTO XOTH NPH 3TOM Nepexoe NOo-TpexKHeMY
Kaxpaoe H3 yucen O ymHOXKaeTcs Ha onpeledeHHOe WHCIO, PABHOE 11O MOAYJIQ
elMHHIE, OIHAKO Temepsb, BooOIIE roBOpdA, He BCe O ymHOXKAWOTCS Ha OJUH
H TOT Xe MHOMXKHTEb.

Pacemorpum cmadara cayuall meueThoro a.

1 4. 267
Mpy n=2p ~1 uncna P,=¢ k=0, £1,..., =(u—1) asasorea
BCEMH KOPHSMH cTemend n u3 — 1. B caywae o6aact Syy., nepasencTra (4)
OYNyT BHIOJHATLCH, €CAH B KauecTBE uuCea Oy, ..., ®p NPHHATH HUCAA Py

(o] CJIEAYIOmHM pacnonoXeHueM HHAeKCa:
0, +1, =1, +2, =2, ..., + (=1, —{(u—1),

2 B cayuae obnactu Sy —

0, =1, +1, =2, +2,..., —(u—1), +(u—1).
B cuny (39) . .
s 1 k By
‘ aof ..oy o, ... B,
T T
k & £ k
0" a0, Beyt .. Bao,?

5*
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TaK e BHIVIAAMT onpejenuteasb aJs 8y, ¢ Tofdl AL pasHulell, YTO B pu-M CTOAOLe
caenyer aamenuTs o, Ha B,. fycts uncna 8) u 8, Bruncaenst nas obnactn Sy, 5

;

COOTBETCTBYIOIIME yuCja, HafifenHsle B obaact Sy, o6osnaunm uepes By u B,

OvyepugHo, uto O, u B, mMoxkHo moayudth u3 0, u 0, nepecrasasia B cooTBer-

CTBYIOIIHX ONDEJEJNUTEeNsIX YHCAA @p COOTBETCTBEHHO BO BTOPOM H TpeTheM

cToJ0Lax, B 4eTBEPTOM H B MHATOM crosbuax u T. a. CooTBeTcTByMOUIEE H3Me-

HeHue unceXx 0, u 0, Merko BHISICHWTL NyTeM PaCCMOTPEHHs CJAENYIOLIHX CXeM:
aj) pyeTHoO, n=4q— 1.

6 |la a o a a o g ... 8 B
0,1, -1, ..,g9g—~1, —(g—1,q9, —q,....29—1, —(2¢—1)
6, la o o o a B B ... p B
a,) w HeueTHO, u=2¢+1, n=4¢+1
Glea a...a a B g ... B B
0,1, ~1...,q —q, qg+1, —(g+1),...,2¢g —2¢
6laa a...ac f B [ ... B P
3nech, ¢ OnHOH CTOPOHH, YKa3aHO PpacrnogoXKeHne P-HHIEKCOB AT GHCEN
@y, ..., Oy B croabuax onpefenutens 0, ¢ Apyro# cTOpoHH, ¢ NOMOMIbIO GYKB ©
i B yKasaHo, Ha Kaxoke H3 COOTBETCTBYIOUHX UHCET Oy, «.., On UIH By, ..., Bu
]

ymHoxkaercss panuoe ;% Ilpn nepexone ot Sy K Sy ClEAyeT CTPOKY HH-
nekcos (0, 1, —1,...) s3amenurn crtpokoit (0, —1, +1,...) u ocrasurp 0e3
u3aMeHeHHs1 «(a, f§)-pacupeznenenuey, .

ITocko/bKY B Cayyae a,) TO MPHBOJHT IOUNPOCTY K IePeCTaHOBKe cTonb10B
B 0, a B caydae a,) —s B, To

6,=—0, mpu n=4g9—1,
6, =0, npu n=4g+ 1.

Jlias HaxomAeHus OCTaAbHLIX COOTHOUICHWA OyAeM paccyXparb CJIeAYIOLIHM
ofpasom.
omil

IMpu ymHOXKEHMH Ha €=¢ " cucTeMa THCEN ®f, ..., ®; IEPCXOJHT cama
B cefs, TIpHYeM [POHCXOLHT Takas HepPecTaHOBKA STHX UHCENT, UTO K KawkJIOMY
Y-uaaekcy k poGaBasercs [ w k k -+ [ joGaBisercs HEKOTOPOe YHC/IO, KpaTHoe 7,
ecan |k + 1) okaswiBaercs > p — 1. Takum o6pasoM (mpu = —1n n=4g—1),
H3 CTPOKH WHJEKCOR
e Q a 6 B

0L —-1L...,9—-1, ~@g~-1,q¢.—q, qg+1,..., —(2¢—1)

HOJIyYaeTcs CTpPoKa
e Q@ a a B B..
~1,0, -2, 1, -3, ...,¢—2, —q,g—1, —(g+1), ¢, .

v (2¢-2), 2¢—-1.
IMocaepnas crpoxka Moxer GuiTh npuBejeHa X BUAY
. o a a B...
0, -L 1, -2, +2,...,—(g—g—1t, —q, g, ..., —(2¢g—1), 29 -1,

orpesaomemy 0y, B; ¢ nomompio nepecTaHoBOK mepBHX 2¢ — | map uuces. Otcoaa
BHITEKAET, YTo
-
B (kb e Ay
n

0p=—c¢ ”"eo opin n=4g—1
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J AmBA0THIRO

c - (kl+"'+kn) . .
e 0, = 0, npu n=4g+1. ‘
Temepr SCHO, UTO OMPeJieIeHHe PErYAsPHOCTH He 3aBUCHT OT BHIOOpA 06ACTH.

Kpome T0T0, OKa3HBACTCH, TO:
I. Kopru ypaswenus 0. +0,=0 #e menswrea npu nepexode or S, & S,

npa'v="'(m°d2); npu nepexode or Syyr K Sy onu  yMHOM@OTCA HO

B (gt o 4Ry

n , npugem anak +(—) coorsercreyer n=4q +1 (n=4q -~ 1).
Q6o3Hayasi yepes g“) 74 §(2) KOPHH, oOTBeuaoume Sy € vV COOTBETCTBEHHO

HegeTHHM H YeTHBIM, MBI HMeeM

_ omi
* T(kl+ s

R
A ”)g(” npu n=4q * 1.

Bibayuae derHoro n, n=2p, uMeercs Gosee YAOGHLIA NyTh, NPUBOAAWIMN K LeJH.
T 4 EL
~4%nepp Bce KOpHH CTemeHn n m3 —1 HMeOT RHA Yp=e T, k=%,
%85 ., ' (n—1), ¥ MH HDO-NpeXHEMY MOMKeM OXdPaKTePH3OBATh- KAKI0€ pAac-
MOZOMEHAE UHCEA O, ..., By 2 CACNOBATENbHO, W BHOOp obgactu Sy, cOOTBeT:
crayomeli cTpokofi WP-uHIekcos. B peayasrare gns obaactefl Sgp-q, So S MH
HOAYYHM ClleLyHOuIHe CTPOKH: o ’

I, -1, 3 -3,..., n—1, —(n—1),
=1, 1, =3, 3..., — (=D, . oon—1,
i —~1, -8 1, =5, 3, —7, &, very, —(n—1), n—3, n—1.

BymeM pasfnuaTh ABA CJayuas:
< 0q) p=2g, n=4q. - -
Crpoka g Sy MOXKeT OHTH NOJAYUEHA M3 CTPOKU Jasi S,, ecnd HOMEHITD
MecTaMH ,BTOpOR H TpeTuil, 4YerBeprThii H HATHH, ..., (n—2)-# u (n—1)-i sxe-
MeHTHl. Ecan nmostoMy B ompepeamtene (39), cocramfeqHoM ans S, mepectraBHTH

COOFBETCTBEHHO CTOJGLH ¥, KPOME TOTO, 3aMeHHTb § Ha 5> TO MOAYYHM onpese-
.

Jurean (39), cocraraeHHbd Aas o6aactd S,. BBHAY TOro, 9T0 UHCJIO TAKHX nepe-

CTaHOBOK (2¢ — 1) meuerno, 10 D;(s)= ~ Dy (;), rae Dy (s) — onpenenn-

Teab. (39), eocrapaenublt gan obaacta Sy.
G2 u=2g+1, n=4g+2.
‘3TOM cJlyyae aHAMOTHUHEM CMOCOGOM HAXOLHM

Dyn-y {s)=— Dy (‘i‘)

Fig

Takum o6pazom, u B cayuae uetHoro n ompeiesenue pery/sipEoCTH He 3aBH-
CHT OT BHGOpa o6gactn Sy. KpoMe TOrO, OTMeTHM CleiyIioLiee.
I TTpu usmenenun v na wernoe caazaemoe xoprnu £ u &7 keadparuozo
Wasnenur Dy, (s) =0 (orsenaromezo  pecyraproin - KpREBOLIM-. YCAOBUAM) HE

1
MERRIOTCR; npu nepexode oT 4eTHO20 V K HEYETHOMY OHW nepexodsr a T
o H; Hakomell, eule OfHO 3amevanue. Ecuu BCe dHCAa Oy, ..., G, By ..o Pre=
ASRCTRHTE LN L, TO npu mepexolde OT Sy, K S, uucna ¥ nepexoisT B KOM-
SCHO conpskeHnbie. CEKOBATEIbHO, B 5TOM CIY%4e HEFABHCHMOCTh ONPeAg:
WA peryaspuoctn 0T Bufopa Sy ycMaTpuBaeTcs HRNOCDPEJCTBEHHO,

e,

den
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PaccMOTPHM HEKOTOPLIE IPUMEDPHI PEryAAPHBIX KPaeBhIX YCAOBHY,
a) YcaoBus tuna llrypma npu ueTHOM n(n=2y).
Tak HasbiBaloTCs KpaeBhHe YCJIOBHA BHAA

k—-l

Up(y) =y + Ea W5 =0,

, k—l (40)
U” (y) = g j) 1 Zﬁ”ym
i=1 2, ...,
rie
n—1=ki>k> ... >k>0 n—1=k>k> ... >kE>0

37eCb TNOJOBHHA YC/JAOBUH CONEDXKUT 3HaueHUA OGYHKUHM y H ee
IPOH3BOJHEIX TOJBKO B Touke x =0, a NOJOBUHA — TOJHKO B TOUKe
x=1.

B stoM cayuae *)

k E % E
of ..L0f oF  of, 0 ... 0
k E k k
n M B u
. o .. ek e o, 0 0
-1 4 4 7
—=4+ 0+ 0s==% K1 R k
s - I - { [ 1{?
0 ... 0 so/ —o. ol, ... 0
4 1 ¥ %4 34
Bo— W u b
0 ... 0 sof Tobk of...0]
Cc1eJ0BAaTeNbHO,
90 = 0,
’ ’ ’
k B. 3 A k )
@ L., ok g o oL e
1 n-1 mu+l u 0)u+2 (Dn
=+ - - . . e (41)
k B k, k/ b,
M i i u i n
o ...of% of ot ol ... 0
7 Y4
o ... ok ol ... oM
1 [ 1 n
B-l = 4 L e e e . . (42)
3 14 4
o .. e || o ... o
! 18 w+l n

l) 3nax =+ IIoJyHaeTesi n0ToOMy, 4TQ CTPOKH 34eCh paCHOJIO}KEHhI HE B TAKOM

mopaaxe, Kak B popmy.e (39)
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Bee onpezneanrent B dopmynax (41) n (42) oTAHYHL OT Hyas;
énepoBaTenbto, ycaosusn tuna llltypma peeyaapno*). IokakeM,
‘ganpuMep (cuuTas JUISL ONPEAeJeHHOCTH v=2n —1), uTo He paBen

HYJIO ONPE/IeNHTEb

4 k k
OF .08 o
o = L N ;
k k L3
w "
o .. ol of

' A& OCTaJbHBIX Olpe/lesiuTesell N0OKa3arTe/bCTBO MPOBOJIHTCS aHa-
JOTHYHO.

‘i JIpexkJie BCEro 3aMETHM, UTO TOUKH O, ..., @y.|, Oy JeXKar
Ha OJHOH MOJNYOKDYXHOCTH (paaHyca eAHHULIA, ¢ LEHTPOM B TOUKe
HYJb). OTO BHITEKAeT HENOCPeACTBEHHO H3 MX onpejeseHns (cM. (4)
n. 2). IosToMy, ¢ TOUHOCTBIO KO NMOPSAKA CJIELOBAHHS 3/1€MEHTOB,

HOC/eI0BATENbHOCT (@), ..., Oy.y, ©,4) COBIALAET C NOC/IEAOBA-

ﬂ i —g_n_ (u_l)

i
TEJbHOCThIO (p, pe *,..., pe * ), rjie p— HEROTOPOE Yucao,

21
o i ~—k
paBHOE 110 MOJYJIIO €IHHHIIE. CJIe,U;OBaTeJIbHO, noJsarase " I = aj,

MhI HMEEM

I

Tak kak nce k; pasmuuam um 0<Chk;<Kn-~—1, To cpenu uucen
@, ..., O, HET OJMHAKOBLIX, & MO3TOMy G 7= 0.

3ameruM emle, uTO NMOCKOIbKY 0,=0, TO ycaoBHS Hitypma
Ycurenno pecyaspHol B TOM CMEICJe, uTo 65— 46,0_ %= 0.

'6) YenosHa mMepHOAMUYECKOTO THNA. TaK HA3IBATCA
yesaoBus Bupa

U=y ~y"=0, v=0,1,2, ..., n—-L

Yeaosus nepuoduueckoeo TUnQ peeyasipHol.
———
Ha *) B nepBOM H3MaHHH 3TOH KHHI'W COmepxkanoch GoJee ciaaboe yTBepIeHue,

BO3MOXHOCTb TPHBEJEGHHOrO 3ReCh YTOUHEHWS AaBTOPY JioGe3HO0 yKasad
+ M. Keceapman,
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Hefictsurenbio, IpH n ueTHOM (n =2u)
9,

e + 60 + BIS =
1 1 I—s -+ 1 1
1
=4 O 0y, (D“(l Opt1 ( ’;) ®y+2 ©, | _
n-1 n-1 n=l{] — n-1 _I_ n-1 n—1
of .. er it (l—s) el pol KT N 0T
-+ u—g@-_%
rie C —onpelennte]b BaniepmMoHia uHces @, .... O, H CJA€L0-
Bateasuo, C # 0.
Orciona
Bp==2x2C; 0,=0_,==xC=0(;
T. €. YCJOBHSl pPETYJSIPHHI. '
~ Ilpu n nedverHOM (n=2u-1)
Bo+ 918 =7 '
: 1 ... 1 S 1 S
-+ ® ...(Dfl_l ‘.(1.“8?(1)” (0u+|..: '(Dn. =‘_tC(1—~S)
aoft .. (nﬁ:{, (1 ,—s)rmﬁ“ mﬁ+} NS

Orciofia BUJHO, UTO H B 3TOM CJydae YCJOBHS DEryJsipHHI.

B) KpaeBue ycnoBus npu n=2. Haubosee obmue Kpae-
Bble YCJOBHS LPH A =2 HMEIT BHL '

ayy + by + agyy + boy, =0, 1)

¢Yo+ dyy; + CoYy + doy, = 0. (

‘PaccMoTpuM caeAyiolne CaYYaH:
1) ayd,—bc; # 0. Pemasn (43) OTHOCHTENBHO Y, M Y|, MOMKHO
TPUBECTH YCJIOBHSA K BHIY - 7
Yo+ 04, + oy, =0,
Y1 T Oy 8, + O, = 0.
B stoMm cayyae
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‘cAelOBATENBHO,
‘eael B=0, O,=—1, 0 =1,
3@ €. yCJOBHA DEryJsPHBL.

o) qd,—bic;=0,1a,{+[6,/>0. B stom cayuae ycaosus (43)
JOKHO TPHBECTH K BHAY

- ayy+ b,y + ay,+ by, =0,

Colfo + doyr = 0,
1 4
E (a; + sb)o, — (a, + ?bl) @,
9'_1 o . -
~L 4+ 8;+0;s = 1 =
5 Co+sd0 Co+_s“d0
o 1
f{E% : = W) (blCO + aldg) (S + ?) -+ 2(&100 + bldO) ®;

;IﬁgﬂM 06pa3oM, YCJIOBHS DeryJsipHH, €C/u
o ' bico+ a,dy 5= 0.

3) ay=by=c¢,=d;=0. Tak kak dopmnl (43) DOMKHEl GhITH He-
’{‘éapx—lcﬂMbIMH. TO B 3TOM cJyuae aod,— boco 7= 0; c/epoBaTesbHO,
"ft?.irosm (43) 5KBHBAJIEHTHBI YCJIOBHAM B

Y%=0, y;=0.
0 bl )
—;—1+90+9,S== s i =——3S,
S

‘Orciona

N

T. €. YCJOBHA pEryJsipHbl.
- Hrak, npu n=2 ycarosus (43) peeyrapuel 6 caedyroumux cay-
qanx:

l) aldl - b101 = 0;

2) ayd;—bic; =0, | ay | +15,1>0, bicy+ aydy # 0;

3) a1=b1=01=d1=0, Cl()dc.'—bocoﬁé 0.

9. AcuMnTOTHKA COOCTBEHHBIX 3HaueHui. PesyinTate n° 5 gaor
BO3MOXHOCTh YCTAHOBUThH CyILIECTBOBAHHE GECUHCJIECHHOTO MHOMKe-
‘€TBA COGCTBEHHBIX 3HAueHH AuddepeHnnasbHOTO omeparopa, Io-
POXKACHHOTO PeTYJNsPHBIMH KDaeBbIMH YCJOBHSAMH, H IIOAYYHTH
ACHMOTOTHYECKHE BLIPAKEHHS /s STHX COGCTBEHHBIX 3HAUECHHH NPH
60/IbIIKX 3HAUCHHSAX HX Moy, OKa3piBaeTcs, UTO IVIaBHBIE YJISHDI
‘STHX BRIDaMEHHIl He 3aBHCAT OT BHAA AubdepeHlHatbHOrO BBIpa-
KERHS ¥ KpaeBBIX YCJIO0BHH, MNOpOXAAOWAX AHOGEpPeHIHAIbHbI
Oueparop. [Ipu sToM cyuwlecTBeHHYIO POJb HIPAIOT TOMBKO YHCAA

o, 8, 1 0,, 9,, 6_), onpexesenuke TIPH JAHHHIX KPAeBHIX YCJAOBHSX
.Q‘?PMynaMH (38) 1 (39) A5t HEYETHOTO U YETHOrO 71 COOTBETCTREHHO.
Teopeme 2 wHmme MBI mpeAnogaraeM (d 1Js KPaTKOCTH He
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OroBapHBaeM 3TOI'0 B YCJOBHH TeopeMnl), 4TO KO3(QHUHEHTH pac-
cMaTtpuBaeMoro AnddepeHIHaNLHOTO BHIPAKEHHS HETIPEPEIBHLL B HH-~
tepsage [0, 1]. 3amerum, 01HAKO, 4TO HaKTHUYECKH BCE PE3YJbTaTh
TOTO NMYHKTA OCTAlOTCSI BePHBIMH M TOrja, Korpa kosdpdHuuuenTty
nuddepeHIHaNbHOrO Bh PaXKeHH ST — IPOH3BOJIbHbIE QYHKIIUU, CYMMHU-
pyeMuie B uaTepBase [0, 1].

Teopema 2. CobOcreennvie sunavernus Oughpepenyuaionozo
oneparopa n-eo nopadka e unrepsase |0, 1], nopomdennozo pezy-
ASPHBIMU Kpaesuimu ycaosuamu, obpasyror dse beckoHedHsle no-
caedosarensroctu Ay, M (k=N, N+1, N+2, ...), ede N — ne-
KoTopoe yeaoe 4ucao.

ITpu newerHom ™) n, n=4qg—1,

A = (— Q)" [1 —%Jro (ki)] (442)
AL = (2kni)" [1 + ”—‘2’%3 +0()]. (446)
a 04s HeweTHO20 n, n=4q+1,
= @kai) [ 1+ %;1_) +0 (%)] , (442)
Al = (= 2kmi)" [1 - L‘;‘k—i(zi +0 (kL)] (446")

ede £V y 8@ — onpedesennsie panee kopru ypasrenus 0.+ 0,=0,
orgeuarouyezo o6aactu S, ¢ v, COOTBETCTBEHHO HEHETHLIM UL YETHOLM.

IIpu wernom n, n=2u, u 83.-49_181 = 0

M= (= 1) @k [1 5 B +o(%)] (452)
M= (=D @ [ = 8 0 ()], (456)

ede ¥ u t” —KOpHU ypasHeHUs
8,87 + 6,8 -+ 0_, =0, (46)

orgeuarowezo obaacru Sy, npudem sepxnuli 3nax 8 gpopuyaax (45)
COOTBETCTBYET 4ETHOMY, O HUNCHULL — He1eTHOMY \.

Hakoney, npu wernom n, n=2p, u 65— 46_,6, =0

Ay =(—1)”(2kn)"[1 —”—::-lt%é+o(;§/—z)], (472)
Ay = (= 1) (2kn)" [1 - “;‘f +0 (kL,)] (476)

*) 3necs Ing§ obosnauaer kakoe-Hubyan (uUKCHPOBAHHOE 3HAYEHHE HATY-
panpHOrO Jorapupma.
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e & — (0s0tinoil) xopets ypasrenus (46), orgenaroujeeo obaacru S,
7 66,00p BEPXHE2O LAl HuKHHezo snaxa & gopmyrax (47) caedyer
npou3soduTs MO TAKOMY dCe Npasuy, Kak 8 (45).

B nepsblx Tpex CAYy1asx 6ce cOOCTBEHHbLE 3HAYEHUS, HA4UHAR
¢ HEKOTOPO20, MPOCTbie, 4 8 4eT8ePTOM, — HQUUHAA € HEKOTOPOZO,
npocreLe, Uil OsyKkparuvLe. .

"IlokasaTeabcTBo. Pasdepem cnauana cayyall HeUeTHOrO 1;
nyCTh n=2pn~1. PaccmorpuMm ¢ukcuposanuyo obaacte T; myctsb
yHcAa © 3aHYMepOBAHH Tak, uTo npu p& T

RBllp+o)o)<R(proe)< ... <KR(p+c)o,) (48

[Tonoxum
pe=(+0)o, k=1,2, ..., n (49)

Toukd Py, P2 ..., Pn JI€KAT HA OKPYKHOCTH pajmyca |p+c| na
. 2 2,
OZHHAKOBOM YIJOBOM DACCTOSIHHM %=§ﬁT Apyr OT Apyra; no-

3TOMy Ha NpaBoil 3aMKHYTOH IOJYOKpY¥K- 7
(P
u

HOCTH HX He GoJbule, yeM W. IleficTBUTENB-
HO, €CJIH HX TaM §bl10 Obl 10 MeHblllell Mepe
p+1, To MB mpumax Obl K NPOTHBOpEUHU- P,

BoMy HepaseHcTBy (puc. 10)

2
n= o1 u>m,
160 yrioBas Mepa INOJYOKPYKHOCTH €CTh T, f%
Orciona u3 HepaBeHCTB (48) cuaexpyer, uTo /
no Kpahiueli Mepe nepsbe u— 1 Touex g, 2

P2 -+, Py-1 AOJUKHB HaXOAHTHCS B JIEBOH Puc. 10.
OTKPHITOR NOJYIJIOCKOCTH, aHAJOTHYHO IIO-
caennne p—1 TOUEK Puuiy Pyt + .., Poy~1 HAXOASATCH B TNPABOW
OTKPHITOH NOJyn/aockocTd. JpyreaMu c/aoBam,
RED<0,  REI<O, ..., R(,-) <0, (50a)
m(§u+l)>0’ gR(épﬁZ) >01 o0 ey 2ﬁ(F~)2;14—-1)>0- (506)

Ecau p— co, ocrasasce e obaacru T, 10 seswie wacTu (50a)
u (505) CTPeMATCA K — 00 U ~+ OO0 COOTBETCTBEHHO.

HefictrBuTennuo, Eﬁ(ﬁu-l), HanpuMep, He 6yJeT CTpeMHTbCH K — 00
JIMIMb TOrAa, KOTHAA YIVIOBOE PACCTOSIHHE MEXIY Pu-1 M OTpHIa-
TeJIBHOM WM MOJIOXKHTE IbHON MHHMOH [OJIYOChIO CTPEMUTCS K HYJIO,
HO Torna mpu pocratouno Goabwiom |pl, Ha ayre

5 —e<argp< g te
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pasmecTsitest p+ 1 TOueK Py, Py, ..., Pp. OTCIOAA CJEAYET, uTo

nn+ 2e > 2“”1

IIpH CKOJb YyTroJHO MajoM €2>0, u4TO HeBO3MOKHO.
s jl0Kka3aHHOTO HAMH yTBEPXK/ICHUSA BBITEKaeT, 4TO IIPH p —> oo,
psT,
a) €1 sxcnomenyuaoHO CTPeMUTCS K HYAl0, ecau i<u
6) e axcnonenyuaibHoO crpemurcsz K beckoneuHocTu, ecau j >,
Cormacio TeopeMe 1 n° 5 B obsnactu T HMEETCs 1 HE3aBuCH-

MBIX peuleHufl ¥y, Yo ..., Y, ypaBuenus [(y)+ p"y =0, Takux, uro
m=e 1+ 0[],
y, = pe”F* [mk + 0 (?” , 51)

- 1
.’/Zl 1) —p" Lpf@,¥ [O)Z_l +0 (E)]
CocraBuM TNpH TNOMOLIM 3THX pelleHHH ompelenurenab A(A) =
= det(U,(y;); mo HokasauHomy B n° 1 § 2 cofcTBeHHble aHaue-
HHSI CYTb HYJH 3TOLO ONpeleJHTes.

[Tosromy safimeMcsa omnpeneaurenem A (A).
J1a KpaTKocTH BBejieM 00O3HauYeHHe

[a]=a+0(%).

[Toncrasasas supaxenust (51) B HopMmuposauusie dopmur U, (y),
HMeeM

Uso(0) = (p0)" [ay + 0 ()] = (e )" [o]

Ui ()= (o0 )" e [B, + O (]| = (o v e™i 18],
OTKy /12 o
Us () = Uso (4)) + Uy () = (00,)"™ {[ay] + ¢/ [B,1}.

Ho ecin j<p, To Qynkuus

_ - e =71 gP;
SKCIIOHEHLHaJbHO yObiBaeT NmpH p—> oo, p & T; cJael0BaTeNbHO,
- Uv(yj)=(p(‘)j)kv lay] mpu j<y. (62a)
Anasnornuno
Us () = (p@))"v ™ [B,] mpn j>p. (520)
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# akonell,

Uy (g) = (00,)* {[a,] + € [B,]). (528)
Tlo4cTaBUM BCe STH BHIDAKCHHS B ypaBHeHue
A=det(U,(y))=0 (53)
‘cokpathM Ha obume Muoxutenn pf1, p2, ..., p* cTpok u € Cus,
LT T e"n mocaennnx croabuos onpemeautess A(A). Toraa
.§70 yDABHEHHE 3ANHIIETCS B BHAE
Ay=0,
e
1k
[o] oft ... [ ] ofty ([o) + e [8]) of [B] 0k, ... [B,] o
. k k
A= 2] (012---[%]0)”“’.1(% >m2 Bo] 2 ...[ﬁﬂmﬁ?

..........................

[an] (Dfn e [an] (’)ﬁzl <[an] + e“"’u [Bn]) mﬁn [ﬁn] mﬁ’ll v tﬁn] (’)in

Cornacno onpepenenuto uucen B, u 0; (cM. (38) n° 8) uz dop-
My.m;x (54) BBITEKaeT, uTO

Ao =[60] + " [8,].
‘Ec.nn 0 eCTh KOpeHb ypaBHeHHs Ag=0, TO

(6]
16,

e(l(!)u = —

, 8, +0 (- ’
oo 2l ivolgis o) o

$00 B cmay peryJsipHOCTH KpaeBhIX YCJAOBHH 603&0 0, % 0,
I'Ioa'romy

1 . 1 o
P*a;{lﬂoH?karO(;)}, k=0, =1, £2,... (56)
Hoxaxem Tenepb, UTO JEHCTBHTEJBHO CYINECTBYIOT HYJH (YHK-

un A, onpenensemule dopmynoi (56).
Ionoxum

Pr= (Qkﬂl + Ing &); (57)
Nl‘lla cooTHomenne (56) nepenuulercs B Bujie

p_pk+o(p), k=1, 2, ... (58)
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OueBHIHO, YTO YHCJAA Pp PACIOJONKEHH HapasyenbHO GUCCeK-
tpuce obsactu T, W NOTOMY BO3MOXKEH TOJLKO OJMH BHIGOP 3Haka
LeJOro uucjga k, Tak uto AJa jgaHHol o6aacth T umesaa k Jquto
TONLKO NONOKHTENbHB, ARG0 TONBKO OTPHUATEbHH. Bosee Touno:

a) Illpu n=4g—1:
ans obnactu T ¢ yeTHBIM HWHAEKCOM cJenyer 6parth k>0, a gas
o6aactd T ¢ HeueTHHM HHAeKcoM k<0,

a;) Ilpu n=4g+ 1:
ons obsactd T ¢ ueTHHIM HHIEKCOM cJueayer Opars k<0, a mmas
ob6aactu T ¢ HeueTHHIM HHAeKcoM k>0,

Onuiem Tenepb OKOJIO KaXI0# TOUKH P OKpYxHOCTh I', omBOrO
H TOro e pazxuyca r. B cuiy ToJabKO uTO CKasaHHOro, npH k 10-
CTATOYHO GOJBIIOM, 3TH OKPYXKHOCTH GYIYT LEJHKOM HAXOAHTbCS
B ob6sactu T. YpaBueuue (B3) sKBHBaJeHTHO ypaBHenuio (55); Tax

Kak E=¢"%", To 370 mocsiefHee MOXKHO NEPENHCAThb B BHJE
P — 1 - 0 (%) =0, (59)
Bre oxpyrcnocrei Ty ¢pynxyus
f=e ) _ ] =% () |

O2paHrUdenHa CHU3Y NOAOHUTEAbHBIM 4ucaom. JeHACTBHTEJBHO,
L= BBeJleM HOBYIO IepPEMEHHYIO (,
— noJaras

D /W/ @, (p — po) =¢.
’ T
k™™ e

=-m u okpyxkeocru I, nepeiigyr

Puc. 11. B okpyxuoctu I, Toro ke pa-

Juyca r BOKPYT Touek Gp = 2kmi.

Tak xak [=[(l)— nepuomnueckas QYHKUUS C NEPHOAOM 2mi, TO
JOCTATOYHO [0KAa3aTh e€e OrpaHHYEHHOCTb CHH3Y B obJacti D, orpa-
HUYEHHOH mpAMbIMH JIL = = m u okpyxuoctbio I (puc. 11). Ho
B 3ToH ofmacty QyHKuus f({) He obpaiiaercs B Hysab, u npu | RE |

nocrarouno GoubuwoM (| Mg |> N) yskuus () orpanuyena cuumsy,
u6o

lim [f(§)]|= oo,
R, > + o0
lim |f@)|=1.
RE > — oo
Orciona caefilyer Hame yTBepxKaeHne. M3 Hero sak.aiouaem, yro

OpH JHOCTaTouyHo OGoJsblioM |p| ¢yHKUMS A He HMeeT HyJed BHe
okpy:xuocredt I'y.
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TMycts m— munavym dyuxkunn | e C8) — [ wa [y rak xax
ga Ty 0—pe=re’, To m ue samucur or k. Ha stoit ke oxpyx-
3 1
poCTH ?0 (—E>I<m opH AoCTaTouHo GolbiwioM [p|. B cuay unasecr-

goit TeopeMbl Pymie (cm., Ranpumep, TlpuBajos [1]), orciona cie-
‘gver, uro ypasrenne (59) umeer Buyrpu [, cToabko Xke kopueii,
'cKOMbKO HX TaM uMmeer ypasmenne ¢°n(P%)—1=0, 1. e. Touno
OfHH KODeHb, KOTOpbIii 0603HAUHM uepe3 Pj. .

B cuay (56)
;=—1——{2kni+ln0§+0(—l,—)};

Ct)Pl Op

€ APYroil CTODOHHI, B CHJY 3TOH XKe GOPMYJibl

o(Z)oft)

ostomy
0 = 5 {2i + 1ot + 0 ()},
AN
=21+ fhro ()} 0

Ecau tenepp npumenuts dopmyay (60) K Kaxiaoi uz oGia-
crel T u yuectb BLICKa3aHHHE PaHee COOGpa)KEHHH OTHOCHTENbHO
Bhi6opa sHaKa k, TO MOC/IE BO3BELEHHS B A-I0 CTEeNeHb TOJYMATCs
B TOYHOCTH GopMyun (44).

Ilpocrora sTuX COGCTBEHHHX 3HAYeHHH NMPH JOCTATOUHO G0JIb-
moM |k| BuiTekaeT u3 TOrO, UTO, 5O AOKA3aHHOMY BHIILE, OHH
ABAAIOTCA MPOCTHIMH HYJAMH onpenesntesss A(A).

Hepefinem Temeps K cayuaio werHoro n; nycts n=2u. Pac-
CMOTPUM CHOBa (UKCHPOBAHHYIO 06sacTh T, AJS KOTOPOH HMEIOT
MecTo HepaBeHcTBa (48). Paccyxkpmaa Tak ke, kaK H B Cayuae
HEYETHOro 7, HPHAEM K BHEIBOLY, YTO

Rp)<0, Rp)<0, ..., Rp,-))<0O, (61)
% (pu+2) > 0, sR (pu+3) > 0: LS ] R (pn) > 01 (62)

npuuem Jiesnie uacTH uepaBeHeTB (61) u (62) cTpemarcs coorBercT-
BEHHO K — oo M -+ 0o, Korja p—> 00, ocraBasch B nauuoit obnacry 7T,

Orciona, Kak B B ciyuae HeUeTHOTO A, 3aK/I0OYaeM, UTO
B oGnactu T

Uyy)=(po)=~o] o j<p—1,

63
Uy(y) =(po) e [B] mpn j=p+2 (©3)
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H, KpoMe ToOro, .
: Uv (yu) = (pmu) v {[av] + epmp' [ﬁv]}) (643)
Uv (yuﬂ) = (pmuﬂ)kv {[av] + epmuﬂ [ﬁv]} (646)

YpaBHeHue ueTHOH cremenn @" 4 1 =0 BMecTe ¢ KOpHEM ®; COMep-
KHUT TaKXKe KOpeHb — g, OTCIOAA H H3 HepaBeHCTB (48) caenyer,

“YTO ~
m(ﬁu)go’ sR(pu,+l)>0
Hu

O = =0y W= —=0On1, +..r O == Oy
Tlosromy (646) mMoxHO mepemucarb B BHE
U (ger) = (0@y,1) (o] + ™ [B,]}. (645)

Moxcrasasis B ypasreHue A =0 sopawenus (63), (64) n1s U, (y))
W TIpou3BeNA COKpAIleHHs, NOJNYYHM ypaBHeHHe BHJa

Ay=0, (65)
rjgpe
A= det (4, B), (66)
[“ “’H [al Oy 1] u’ {[e] + ™ [ﬁl]}l
A= [az"’);z] e [0‘2%31] 2 {[o] + e B,]) |,
[o07] .. [“nm ] o ([@,] + ¢ [B,]} )
o {[o] +e” [ﬁl ous] --o [Boy]
B= mﬁil {[@] + ™ l52mﬁ+2] ‘ [62‘% ]
(0511 {[an] + e—pmu [ﬁn]} [ﬁn u+2 e [ﬁnmin“

ITo onpenenenno uncea 6, 0, 0_; (cMm. (39) n°8)
Ao =10g] + [0, ™ +[0_,] ™,

CJIeI0BATEIBHO,
ey = [8,] €% + [0 epm“ +[0-] = 0,6 + e + 6., + O ( o ) ,
(67)
160 B cuay coornomenus R(p,) <0
emu]=leau“e”“"u[< e,

T. e. Oyskuus e’’» orpannyena B obaactu T.
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PaccMOTPHM KBajApaTHOe ypaBHeHHe
0,87 + 05t -+ 6., = 0; (68)
‘—;nyc‘Tb‘ g u E” —ero KOPHH, TaK UTO
BIE +0E+0.,=0(E—-E)(E-E).
%T(‘,ma '(67) IepenyileTcss B BUJIE
ity =0, ("%~ ¥) (" — ")+ 0 (5. (69)
- ¥pasHeHus ,
‘ - =0, u—-t"=0
HMEIOT COOTBETCTBEHHO KOPHH
0, =— (ln &+ 2kni) Py =-— (an £” + 2kni), (70)
k=0, =1, *2, 1—3,
Ias Hac uHTepec NpeACTaBJALIOT TOJLKO Te U3 HHUX, KOTOPbie

‘exar BHYTpu oOgactu T. OTMeTHM, uTO 3TH KOpPHH pacroJa-
rajoTCs Ha NpsIMOH, NMapasJenpHOR cropone cekTopa S (puc. 12),

3 (n=4q) o -c (n=4g+2)
a) 4)

Pue. 12,
HeitctButenbHo, 6ygeM [as ONPefeNeHHOCTH MpeANOJIaTaTh, UTO
paccMaTpuBaeMbIM CEKTOpOM sBJsercss obmaacte S, Torma
0,=—1{ie " 0pu n=A4q,
o, = npu n=4qg + 2.
CrenosaresbHo,
in in
Pr=en (ilng& —2kn), py=e" ({1n,&” —2kn) mpu n=4q
H
pp=—iln & + 2m, f);’——zln " +2kn npn n=4qg+2.

Orciona Takke BBITeKaeT, uTO npu n=4qg Bce KopHH ¢ k<0,
a npu n=4q+2 Bce Kopuu ¢ k>0 sjexar BHyTpH objactd T,

6 M. A. Haiimapg
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Ha MOJIOXKHUTEJBHOM PACCTOSTHHH OT ee TPAaHHIIB, eCad TOJbKO Haj-
JexaumuM o6GpazoM BHIOpPaTh BepHIHHY p==— ¢ 3T0d o6JacTu,
B nepsom M3 3THX CJAYyuYaeB MBI 3aMeHUM k£ Ha — k; B peay./ibTaTe
IIOJIYUHM MOCJE/I0BATENbHOCTH

p;=—0—)1;—(1n0§’:r-2kni), o7 —-——(ln e F2%kni) k=1, 2, ..., (70a)

npuHagaexaumige o6nacth Ty NpH yCJOBHH, 4TO B Clydae n=4q
6epeTcs1 Bepxmm 3HaK, a B caydae n=4q + 2 — auxHuil. Ucmosan-
3ysa p,, P, W npuHaMas BO BHuMaHue (69), MoxHO mpeoGpasoBaTh

ypaBHeHHe A;=0 K BHAY

[elerek) 1] [ ) _ 1] 4 0 (L) =0 (71)
Y
Oxkosio kaxaoil H3 TOuEK py, py (kR=1, 2, ...) omumeM OKpyX-

HocTh cooTBeTcTBeHHO I, u 'y ogmoro u Toro e panuyca. Ilpu
JOCTATOYHO MAJIOM  3TH OKDYIKHOCTH OYIYT COMEPIKATHCH LEJHKOM
B obuaactu T,.

ITpuMenss, Kak ¥ B cJayyae HeUeTHOTo #n, Teopemy Pyie, npu
npocratouno GosasuwoMm ||, p & T, 3ak/a0uaeM, YTO NMPH JOCTATOYHO
OoabwoM | p | ypaBHeHHe Ay=0 MOXKeT HMETb HYJIH TOJbKO BHYTDH

T u TY n nputoM HMMeeT HX CTOJbKO, CKOJIBKO HX TaM HMeer
ypaBHeHHe

Lo (-08) _ 1] [oon Os8) _ ] o, (72)

Ilycts remeps 05— 46,0, % 0; Toraa ¥ # t”; caenoBaTeJbHO,
yncaa p, H p,, a notomy u kpyru I'y u T'Y ormuner apyr or apyra.

B kaxzaom H3 3THX Kpyros ypaBHeHue (72), a 3HAuUuT, ¥ ypab-
nenne A,=0, HMeeT B TOYHOCTH OJMH KOpeHb, 0003HAUHM 3TH
KODHH uepe3 p; U {, COOTBETCTBEHHO.

4
o
B xpyre I muoxurean em“( p’@)—l OTpaHUYEH CHH3Y; B CHJY
14
(71) orciona caenyer, uro B kpyre I'; ypaBHenue A =0 3KBHBa-

JIEHTHO yPaBHEHHIO
e (o-et) _ 1=0 (i) .

TTosToMmy

U aHaJOrHuyHO
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OTciojlla, Kak U B cJyuyae HEYETHOro n, NOJydaercs

b= 21108 10 ()]s

i
@y 2k

gpasornuHas Qopmysa nMmeeT Mecto anaa pj. BosBoxs Temeps
g n-l0 CTeNeHb, MPUXOAUM K dopmynam (45).

CaenyeT MONUEPKHYTh, 4TO paccMoTpenue obmaactu T, ¢ Hever-
HBIM HHIEKCOM R He NpHBeleT K HOBOH MOC/IeL0BATENLHOCTH COG-
cTBeHHUIX 3HaueHHH. [leHcTBHTE/NIbHO, ecjaH INPH n=4q BMecCTo
gb6aactu T, paccMmaTpuBaTh MNOAXOAsInylo ob6gaacts Ty, To & W E”

: . i
nepefiAyT B & H g7, a MX aorapubmMbl —B — Ingg u — Ingt”

¢ TOUHOCTBIO JO cJjaraemoro BHAa 2kmi, C npyrof#l cTOpoHH, Kak
BuTEKaeT M3 paccMoTpeHuid n° 8, OAHOBPEMEHHO ®, 3aMeHseTCsH

na — ©,. Tenepb TouUKH miu(ln0 ¥ + 2kni) npunannexar obaactu T

anmb npun k>0, a sTo o3HauaeT, uTo NpH U= 4v B dopmyaax (70)
caeayeT B3aTb 3Hak mawoc. [loatomy pj, a Takike p; OCTAOTCA
6e3 m3meHenusi. IlockoJbky B 3T0 e BpeMsi ypaBHenue (71) ymHo-
¥KaeTCs JHUIb Ha HEKOTOPOe YHMCJO, TO (), Py COXPAHSIOT NpekKHHe
gnavenusa. Heuto noxoGHoe mpoHCXOXMT UpH 7 =4¢g + 2, Xoria Mu
nepexoaum ot obaactu Ty K obsactu T,,_,. Takum obpasom, AJjs
Goablunx | o) uncna (45) HBJAIOTCH €LUHCTBEHHBIMH COOGCTBEHHBIMHU
3HaueHHsIMH omnepartopa L.
~ Tlycre rtemeps 03—406_, =0. Torma E =t%"; ciegoBare/bHO,
p.=0, u xpyru I, I'/ cosnanawor. TlostoMy ypasuenue Ag=0
HMeeT B KaxXJOM TakOM KDYre B TOYHOCTH ABa KOPHs, KOTODHe
B OTHEJbHBIX YaCTHBIX CJAYy4asfX MOIYT CJAMTLCA B OJMH ABOHHOMN
KOpeHb,

ITycts §p~—o0xuH H3 3THX ABYX KopHel., Ypasuenue (71) npn-
HAMAaeT B JaHHOM CJyyae BUI

[ (8) _ 1) 1 0 ( ) ~0.

|-

Orciona

A o( ‘_)=0,
Viel
C1enoBaTeLHO,

et o)

Bossons o6e yacTH 3TOr0 COOTHONIEHHS! B A-10 CTENeHb, MPH-
Xonum Kk dopmyaam (47).

3ameuyanue. Ecau kosdpduumentu py(x), ..., p,(x) nMeoT
HenmpephiBHble NPOH3BOAHBIE [0 HEKOTOPOro MNOPSIAKA, TO MOMKHQ

6*
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tiosnyuuth GoJjee TouHbie acHMITOTHUecKHe QOPMYJBI, cCofAepxKalijie
1

foJ/iee BHICOKHE CTeNeHH r (cm., nanpumep, bupkrod [2], Jlanrep

I1—10], Tamapxun [1—3]).

10. AcumnToTuka coGcTBeHHbIX (yHKuni. ITpumenuM Teneps pe-
3yabTaThl n°n® & ¥ 9 K HaXOKAEHHIO ACHMITOTHUECKHX (GOpPMY.1
JJ1si COOCTBeHHBIX (GyHKUMHA npx GONBMINX MO MOAYJIO COGCTBEHHBIX
3HAUEHHSIX. :

Ilpu sToM MBI CHOBa npennoJgaraeM, uro L — anddepeHiinanbuuii
oneparop B uuTeppage [0, 1], mopoxaeHHbl AU dePeHLUHATBHEIM
BhHIpaXKEHHEM C HENPePLIBHBIMH KO3(h(PULHEHTAMH H peryJsipHbIMY
KPaeBbLIMH YCJOBHSIMH.

[lycte 4y, Yo, ..., Y, — IHHEHHO He3aBUCHMEIE DPeIHIEHHS YpaB-
nenusa [(y)+ p"y =0, yAosaeTBOpsiomize cooTHomenusiM (17) B me-
koTopo# obsaactu T (cM. n° 5 Teopema 1); coGcTBennas QyHKLHSA y,
COOTBETCTBYIOLIAs JAHHOMY 3HAUEHHIO A= — p" poaxHa OHTL
JuHeAnOH KOMOHHauue# QYHKUME yi, Yo, ..., Yp:

y=cit Yot oo+ ColYns

K03(hGHINEHTH KOTOPOH €y Tb HETPUBHAJNbHEIE PEIIEHHsT OJHOPOLHOM
CHCTEMBI

Uv(!/l)01+ UV(y2)02+ "'+Uv(yn)cn=0’ V;I, 2, ey .

CnenoBaTenbHo, OHE TIPONOPIIMOHAJBHE aarebpanyeckum 001
HEeHUSIM KaKOH-HHUOyAb CTPOKH oONpeleJHuTens 3TOfl CHCTEMBI *),
Tlostomy

14 Yo v Yn
Y= Us(y) Us(ys) ... Us(yn) , (73)
Un (!/1) Un(yfz) LU Un(yn)

€CJH He Bce MMHODHl 3JIeMEHTOB MEPBOIl CTPOKH 5TOrO ONpejenu-
Tesisl PaBHbl HyJIO. (B IpPOTHBHOM cuayuae y, Y, ..., Y, CAeAyeT
TOMECTHTb B TOH CTPOKe, He BCe MHHOPH 3JEMEHTOB KOTOPOil
paBHBI HYJIO.)

PaccMOTpUM OTAEALHO CJAYYAH HEUETHOTO M uYeTHOTO 7.

a) n neuerno; n=2u—1. Iloxcrasasa s (73) BmecTo y;,
Uy(y;) wx Bupaxenus u3 (17) u (52) u paspenuB nNosyueHsoe
BepAKEHHE Ha HecylneCTBeHHHe MHOKHTean o2, p®s, . ., o'n,

*) Pagu mpocTOTH ME paccMaTpPHBAeM JIHUIb NMPOCThie COGCTBelHule 3HAue-
HHA: JUIA HUX PAHT MaTphubl (u; (yj)) pasen n— I
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T N e, moyuuM (HEHOPMUPOBAHHYIO) COBCTBEHHYIO dyHuk-
HHIO Yo'

B Yo = det (Xl’ X2)’ (74)
rae

, eI L. 1] " 1] ]

x, = | %] R ([“]+e ”[Bz]) o,

o]0 o (g ol (o] + e, ]) ol

e@&)uﬂ(x'l)[l] . ep&)n (x-l)[I]l
X2 —_ [52] H+1 [ [BQ] mi?
el e

~ Jlas mocTatodno GOJplHX | A| UHCNO P NOJIKHO COBIALATH C ONHUM
H3 uucesq p, HaAH o, Jexawux B obaactu T. Takum oGpasow,

nas obaactu T ¢ HequHbIM HHJIEKCOM
p=1p, = ™ [+2km+1n0§(”+0< )]

a 1Js o6jacth T ¢ 4eTHBIM HHIEKCOM —
- ~~.___L[—— ; @ (_L\
P=0y =4 F2kni+ Ing?+ O )]

Ajs BceX HATypaJbHbIX R, HauHHasl C HEKOTOPOro, IIpHYeM Bepx-
HMH 3HaK coOTBeTCTBYeT n=4¢—1, a HUKHUHE COOTBETCTBYET
n=4q+ 1. Ilosaras

PP 1 ;
o = —@(+ Zhni +1n V), o = o (2kni + Iny £2),

HMeeM

_ o, I

B0 +0(4), o7 =02+0(+)
Ovuesnno,

epwvx__epkm xsepk N [I]

K6o

E) = tho( L)+ (o)) +... ~1+0 (L) =111

B uacrHoctn, ”h = =PI [ < E[1].
Hopcrasass ste Bupaxendus 8 (74), MOJyuuM CJeAyOlLyiO
bopmyny nas COOTBETCTBYIOIIHX cOOCTBEHHLIX QYHKUHA y = y,",
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o=1, 2, orBeyalOmHuX COOCTBEHHHIM 3HAuEHHAM A,, A ompe-
neasieMbiM Qopmyaamu (44)
g9 = det (X(), X)) 75)
rue
o 0@y o 0@y
1% [1]...e 1% *[1] e Wk [1] ]
X [(xQ] of .. [oy] of, [a +§BQ]

Ik =

L ) .

[o,] @i ... '[a;,] ;n";_l [a +§ﬁ]

(0)

a1 R e )
X9 = [(32] ok, ... [[32] ok :
[B,,] "’ﬁ’lx e [Ber

k=N, N+1,...; N—pgocrarouno 6oJ/billoe HATypaJjbHOE UHC/O,
aoc=1, 2.

6) n ueTHOo; n=2u. IloBTOpsia mpeABAYLIHe pacCyKIeHHUS,
NOJy4YHM JiB€ MOCJEeI0BATENILHOCTH COOCTBEHHBHIX (YHKUMH, COOT-
BETCTBYIOLIMX COOCTBEHHHIM 3HaueHusaM A, u A7, CoOcTBeHHOMY

3HAUEHHIO A; OTBeuaeT cOOCTBEHHas (YHKUHS

Y= det(Xiz, Xos), (76)
rae
I s L) e“"u"%x [1]

X, = [a2J of ... [0‘2] col’iZ_1 [“2+§’(32] o [a + g, ﬁz} O
[@,] o ... [@,] msﬁl [a, +&B,] coﬁn [an + % B ]mﬁ'ilj
ecou+2p; (x~1) [l] . emnolk(x-l) [1] )

tum| Blok .. oY .

[ﬁnJ 0512 v [ﬁn] min J

®opmysa nast cobcTBeHHOH (YHKUMH Y, , COOTBETCTByWOUIEH A,
noJjyuaercsi, ecau B (76) BMecto p), ¥ & noacrasuth p; # §7.

OcoGenHo npocTo BHTAAAST 3TH Gopmydan apu n=2. Ecju,
Hanpumep, o0/1acTbio I ABJAdeICA NepBpll KBaAPaHT P-NJIOCKOCTH,
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10 ©, =10 Ouu= —i, H popmyaa (76) B 5TOM cayuae MMeeT BUJ

= (=025 et Lo+ O () —2e ™ (v 0 (5}

Ay

PesysbraThl, M3JOXKeHHHe B 3TOM mnaparpade, IPHHAZIEKAT B OCHOBHOM
pupkrody (cm. Bupxrod [1—-3]); meron nokasaTenncTsa TeopeMel 1 mpunan-
gexur Croyny (em. Croym [1]). .

Teopema | porasana Bupkrogom npu Gosee oBMIHX MPEANOJOKEHHIX; HMEHHO,
ko3 bulHeHTsl pp, k=2, 3, ..., N MOrYyT OLITb AaHAJHTHYECKHMH (YHKIHIMH
napameTpa P, LONYCKAIOUMY PasJokKeHue

e (%, 0) = ) agy (x) p~V
v=0

B OKPECTHOCTH O@CKOHEUHO YHA/ICHHOH TOUKM (MOMKHO IPELTMONONKHTL JaXKe, UTO
9TO DPAa3JIOXKEHHE HMEeT MECTO B aCHMITOTHYeCKOM cMeicae). [Ipu 3TOM moHsTHE
‘“o6aacteil S u T o6oGiuaercs, a BMmecto dopmya (17) nmoayuaioresi GopMyJs Buga

X
P | wy, (@ dt
pmed w0 +0(H)]
k P/

rae @, (%), ..., @, (x) —KOPHH ypaBHEHHS
W+ ap_q, o (x) @™ L+ ag (x)=0,

a u,(x) —nexoropsie Gyukums or x, ompepexseMeie PopMabHOR MOACTAHOB-
xofl y, B Auddepenurassioe ypanHeHHe,

11, Pasaununsie 0GoGuenus acumnroTudeckux dopmya. a) Cay-
Yall NMPOH3BOJNBHOrO HHTepBaJga. IDTOT cayyaldl CBOAUTCH
K OpenbaylieMy noxcraHoBkodl x=a+t(b—a), 01, Coor-
BETCTBeHHO 3ToMy B dopmyanax (I7) u (75)—(78) caenyer BMeCTO £
;:2 , a B dopmynax (44)—(47) ana coOGCTBEHHbIX
3HAYEHHA BMECTO T IIOACTaBHTH

JIONCTaBUTH

n
b—a "’

6) Kpaesas sapgaua L(y)=»rpy. Tlycrs dyukuusa p(x)
HeNpepLHIBHA M COXpaHseT 3HAK B MHTepBaJe [a, b]; He Hapymad
'00WHOCTH, MOXHO cuuTaTh, uto p(x)>0. B nmpoTusHOM cayuae
MOXHO 3aMeHHTb A M p HAa —A ¥ —p. BBefeM HOByIO NepeMeH-
HYI0 {, noJsaras

t=—- ] Vo®as, "
rpe ¢

h= f 1757) dx. (78)
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B nepemeHHOH { kpaeBas 3ajada Ly = Apy 3anuumercsi B BHje
Liy=»4iy, rae L,—oneparop B HHTepBaste 0<{!/<{l, KoTophi
TOJIyuaeTcst IePEeXoAoM K TNepeMeHHOH ¢ ¥ jeseHueM Ha p(x).
K stomy omeparopy L, npumennaMsl dopmyan (17), (75), (76).
[TopcraBasisi B HEX BMecTo ¢ ero BbipakeHHe (77), HOJYUHM COOT-
BeTcTBYIOWHE QOpPMYJH MjA paccMarpHBaeMol KpaeBoH samauu.
@opMysbl A/ COOCTBEHHHIX 3HAYEHHH MOJYwalOTCss NPH 3TOM,
ecan B (44) —(47) BMECTO m MOXCTABHTH —— |

Jlnfmdx

3HauuTe bHbBIe OCHOKHEHHA NPEACTABNACT TOT cAydail, xorga dyukuus p (x)
MOXKeT 06pamaTbcs B HYJab B HEKOTODBIX TOUKaX HHTepBasa (a, b). dror cayuai
H pasuuuHble ero o60o6uenns ObJIH IpeiMeTOM MHOTOYHCJIEHHHIX HCCJAeN0BaHui
P. Jlanrepa (cm. Jlawrep [1—10]) u apyrux aBTOpoB (cM. 0630pHYK CTAThIO
Jlaurep [4]), noceauiennyo cayuaw n=2).

Haubosee ofwmue pesyastatsl B 9TOM HanpasJieHuH noaydenst B. C. ITyraue-
BbiM (cM. ITyraues [1]).

B) S. JI. Tamapxun (cm. Tamapkus [1—3]) noayuusn acumnrToTHuecKHe BHL-
paxeHuss AJNA COGCTBEHHHIX 3uaueHull oGoluieHHON KpaeBofl 3anaun

Y4 pi (e, Ay e, M =0, Uy () =0, v=1,2 ..., 1,

rae  pg(x, A)— MHOrouneH oOTHOCHTeIbHO A cremedn k, a ko3QbUUHEHTH
dopm Uy (¥) cyThb MHOrOUIEHH OTHOCHTEJABLHO A CTENEHH A,

Eue OGosee obimue pesyabraThl (H NPUTOM Takke 11 AubdepeHIHaIbHbIX
onepaTo]pOB B YacTHHIX npousponHuix) noayuensr M. B. Keagbmmem (cm. Kea-
auiur [1]).

§ 5. Pa3noxeHHe M0 COGCTBEHHBIM (YHKLUHAM

1. 3agava oGocHoBanusi merona Pypee. PemeHue ypaBHenuil
B YaCTHHIX NPOU3BOJAHBIX MO MeTOAY Pypbe NPHBOIHT K BaKHOH
3ajave: PA3JOXKEHHIO 3aNaHHON (QYHKIHH 1O cOOCTBeHHBIM (yHK-
nuaM aupdepeHnnaJbHBIX ONEPaTOPOB.

IlycTts, nanpumep, TpebyeTcs HaHTH pelleHHe ypaBHeHM
%u n-l
ot

L b pa(u, a<x<h, (1)

axn—l

"u
= TP (x)

YAOBJETBOPAIOIIEE HAYAJIBHBIM YCAOBHSIM

. au —
who=f (G|~ @
¥ KPaeBhIM yCJOBUSM
n—jl 9 n;l v
u u .
. (Y o j=1,2, ... @
V%QGIV< axY )x:a + v}__:oﬁ/v ( ax¥ )«Fb J ! ( )
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ByleM HCKaTbh peluieHue YypabHenus (1), ymposJeTBopsiouiee
KpaeBBIM YCJIOBHAM (3) B BHUIE
u =y (x){Acos pt + B sin pt). 4)
Moxncrasasa B (1) u (3), noayunm, uro ¢ynxkuus y(x) yaonie-
TBOpPAET nli(bQ)epeHuHaanOMy ypaBHeHmo

L(y) = (x) < ot P y=—pYy (5)

d”_

# KpaeBBIM YCJIOBHSM
n—1

U,(y)EE ,Vy‘v“r}‘ﬁ W =0. (6)

V=0

© Ecuau, caenosareqabHo, Y50, To y eCTb co6cTBeHHAasdA GYHKUUS
gpaeBoit sanauu (5), (6), cooTBeTcTByIOUlas COOCTBEHHOMY 3Haue-
a2
HHIO — p~.
Ilycte
— p? — p? 2
pp p2) "‘,173, .
~ Bce cOOCTBCHHBIE 3HAUEHUA 3TOH 3amauf, a
y1(x), y2(x), ys(x),

~ COOTBETCTBYIOLIHE cOOCTBeHHble (YHKUHH; NpPH 3TOM Kax1oe
coO6CTBeHHOE 3HAyeHHe IOBTOPSIETCS CTOJBKO Pas, CKOJIBKO eMy
COOTBETCTBYET JINHEHHO He3aBUCUMHIX COGCTBeHHHX (yHKUME. Toraa
6ecKoHeuHbIA psaj

2 n (X) (4, cos p,t + B, sin p,t)

no kpafinei Mepe QopmadbHO YjAoBJeTBOpsieT ypaBHeHuio (1) u
KpaeBbiM ycaoBusaM (3). Ocraercs yAOBJeTBOPHTb HauaJbHEIM
yc.noanﬂM [ToxcTanoBka B mepBoe HayasJbHOE YCJOBHE AaeT

Z Ay (x); (7)

370 TocJefHee PaABEHCTBO HpeILCTaBJmeT coGolt pasjioKeHue 3aian-
BOW dynxuud f(x) B psAM N0 COGCTBEHHHIM (QYHKUHAM KpaeBoi
Sanaumu.
- Takum o6pasoM, Bompoch oGocHoBaHus MeToxa Pypne Henmo-
CPelCTBEHHO NPUBOAAT K CJeNYIOMEeH npobieMe: npu KaKux ycao-
8unx- 3adaunas Qyukyus [(x) pasasazaerca e pad no cobcreex-
Boly chynxyuam danuol Kpaesol zadadu.

Han6o.ee mpocTo 3Ta npobiema periaercs B ciydae camoco.
npsixenno# Kpaepo#i 3ajaun, T. €. B c/yyae. KOrja Bhipaxenue ! (y)
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u kpaesnle ycaosua U;(y)=0, j=1, 2, ..., n mopoxaawor camo-
conpsi:keHHblH AuQPepeHnnalbHEIA onmeparop.

2. Cayya# camoconpsiKeHHOro omepartopa. [lycrs L — camo-
conpsKeHHBH nHddepeHuMaNbHLIA onepaTop, NMOPOXKAEHHBIH AUD-
depeHHanbHEIM  BhIpakenneM [(y) H KpaeBLIMH YCJIOBHSIMH

U;j(y)=0, j=1, 2, ..., n. He napymas o61IHOCTH, MOXKHO CUHTATh,
uto Ly =0 aumsb npu y=0, T. e. ¥TOo KpaeBas 3ajsaua
l(!/)=0, U,(y)=0» ]=1’ 2,---, n (8)

UMeeT JMIb TPUBHAJbHOe pemeHne y==0. JledcTBHTeILHO, B mMpo-
THBHOM CJlyuyae NOCTaTOYHO 3aMeHHTb [ (y) BepaxenueMm [(y)— cy,
rpe ¢ —Jawo6oe UYHCJI0, OTJHYHOE OT BceX COGCTBEHHHBIX 3HAUeHHH
onepatopa L. Takoe uncjo 3aBeJoMO CyLIeCTBYeT, HBo camo-
conpsXeHHBI! omepaTop HMeeT He O6oJsiee CUYETHOTO MHOKECTBA
CcOOCTBEHHBIX 3HaueHuf.

Ho ecan KpaeBas 3anaua (8) mMeeT JIHIIb TPHBHAJbHLIE pelle-
uusg, To oueparop L umeer ¢ynxkuumio I'puna*) G (x, &), Kotopas
ABJISETCS 3PMHTOBBIM AAPOM. PaccMOTPHM NPOH3BOJBLHYIO (BYHK-
maio  f(x) u3 o6Jjactu ompeleseHUst onepatopa L; 310 03Hauaer,
yro ¢yHKuHa [(x) uMeeT HempephIBHHIE MPOU3IBOLHHE [0 A-TO
Nopsiika BKJ/IOYHTEJNbHO H YJAOBJETBOPSET KpaeBbIM ycaoBusiM (6).
IMonoxuM

Lf=nh,

b

fo)=[ G(x, OrE

a

TOTr L4

T. e. GyHKIUA f(x) npejcraBisercss «KHCTOKOOGPA3HO» MPH MOMOIILY
HenpepuBHOrO sigpa G (x, §).

Ha ocnoBanum teopemw I'min6epra — LImuara us Teopuu HH-
TerpanbHHX ypaBHeHHH (cM., uanpumep, Ilerposckuit [1]) bynk-
uMIo f(X) MOXHO Pas/OXXHTb B PaBHOMEDHO CXOASILIMHACH Pl mo
co6cTBeHHBIM  QyuKnuaM saapa G (x, ). Ho, kak ™Mbl BHJean
(cm. n° 6 § 3), saxpo G(x, &) n onepaTop L HMEIOT ONHH U Te XKe
cob6cTBennne pynkuuH. Tem caMbIM JIOKa3aHa cJaeAyioLlas TeopeMa.

Teopema ). Beaxkas ¢yuryus u3 obaactu onpedesenus
CaMOCORPANCEHHO20 OUdhepeHyuaisHoz0 onepaTopa pa3iaeaercs
8 pasHomepHo cxolawuiics o060bujennoiti pad Dypse no cober-
BEHHOIM QYHKYUAM 3T020 OHepaTopa.

Hanomuum, uyrto ofsacth onpepesnenns auddepeninaibuoro
omeparopa n-ro MOPSAKa COCTOHT H3 BceX (YHKIHH, KOTOpBIE

*) Cm. § 3, n°n° 1—6.
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gMeI0T B JIaHHOM HHTepBaJie HenpepLIBHHIE NPOH3BOJHLIE 10 A-TO
- IOpALKa BXJAIOUHTCALHO N YAOBJETBOPSIOT KpaeBHIM YCAOBHSIM,
NOPOXAAIOLNM JaHHHHE oneparop. CJjel0BaTeNbHO, B peAbAyLel
TeopeMe peub HIET HMEHHO O TaKHX prHKHPIHX.

Tak kak oGnacTb omnpefeseHHs onepatopa L naotHa B L2 (a, b), 1o ua
TeopeMbl | HENOCPENCTBEHHO IOJyYaeM

Caencraue. Cobcrsennvie GYHKYUU CAMOCONDPANCEHHOZO Sugpdepen-
ylaabro20 oneparopa ob6pasyroT noiryio cuctemy e L? (a, b).

Ecan coGereennbie Qynkuun y; {x), yp (), ... Bufpansl Tak, ¥To oHu ofpa-
SYIOT OPTOHOPMAJIBHYIO CHCTEMY, TO K03dpduuneHTH A, B (7) onpemesiorest mno
dopmyaam ,

An=Goo) = [ F@ T drn n=1,23,...

H HMeeT MeCTO paBeHcTBO Ilapcemams

b co
[1fwra =N 1a.n

n=1
Teopema | ocraerca BepHo# B cayuae Gosiee ofmedt CaMOCONPNKEHHON
KpaeBol 3amauyn
' l(.’/)—")“p(x)y:o: UV(y)=01 'V=l, 210"1 n,
ecad  GyHruus P (x) HempepelBHAa M NOJOXKHTeNbHA B HuTepsare [a, b], ubo

B sToM cayuae ¢yukuus [puna G (x, E) ecTb 5pMHTOB OIePaTop B NpocTpaH-
ctse N dyHkmuK f(x) co cKaJIAPHEIM IPOU3BELEHHEM

b
(it = [ h () R o () de ©

(T. e. ABASETCA TAK HASLIBAGMBIM cummerpusiupyemvim sdpos). TIpu sToM aas
Kospduuuentos Pypne A, moayuaores GopMyJs

b
Av=( o) = [ 1) 1a o (4) a,

rae gy (x), yo(x), ... —monHas cucTeMa COGCTBEHHHX (YHKIHI oneparopa L,
OPTOHOPMAaJbHAS B CMbICAe CKAMSPHOro mpoussemexus (9).

E. Kamke ocanabua ycnosue p (¥) > 0, saMenus ero ycaoBueM p (x) >0 u,
KPOM€ TOro, elie OJHHM OrPaHHYEHHEM.

E. Kamke o6o6mun Takxe Teopemy | Ha cayualt caMoconpsiKeHHOM KpaeBoi
sanaun /i (y) + My () =0, Uy (y) =0, v=1, 2, ..., n OPH HEKOTOPHX ROMONHH-
TJbHLIX MPEANONOKEHHAX OTHOCHTENbHO AH(D(ePeHUNAILHOTO BEPaKenus /o ()
H paccmMaTpHBaeMbIX KpaeBHX ycaosuil (cM. Kamke [1]).

3. Passoxenmne no coGcTBeHHBIM (yHKUHAM AHDDepeHIHANb-
HOTO omepaTopa, NOPOMKAEHHOr0 pEryJasipHHIMH KPAaEBBIMM ycCJO-
BusiMu. PaccyXaeHnst B n1° 2 HempHMEHHMSBI, €CJH oneparop L He
SIBJSAETCA  CAMOCONPsIKEHHBIM. [To3TOMY MBI TpHMEHHM Tenephb
Apyro#i - MeToJi, OCHOBAHHBLIH HA AHAJHTHYECKHX CBOHCTBAX dyHK-
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uun I'puna omepatopa L —AJ u Ha acHMINTOTHYECKHX dopMyJax,
noayuenusix B § 4. Ilpu sToM MBI 6yaeM mnpeamoJarath, uTo
L —onepaTop, NOPOXK/AEHHBIA PEryJsAPHBIMH KDaeBLHIMH YCJIOBHSIMUE;
KpoMme Toro, Kak W B n° 2, Mbl OyjeM INpeimnogarath *), 4To A =0
He sBJsieTcsi COGCTBEHHBIM 3HaueHHeM omepartopa L, cJaeiosa-
TeJbHo, omepatop L umeer ¢yuxkumiwo [puna G (x, E).

PaceMoTpuM B KOMIJIEKCHOH A-IIJIOCKOCTH TOC/€L0BaTEJbHOCTh
okpyxuoctet I'y, k=1, 2, ..., ¢ o6wuM LeHTPOM B Hauaje KOOp-
JHHAT, o6JafaloIluX CaAeAYIIIUMH CBOHCTBAMH:

1°. Paduyc R, oxpymnocru T, Heoepanuuenno eospacraer
npu k— oo.

2°. Cyupecrsyer noA0MUTEAbHOE wUCAO O, Taxkoe, 4TO MPOOG-
pasel P, 8 SyU S, cobcraennnix 3unavenuii oneparopa L npu or-
obpaxcenun A= — " naxodsrca 0as docraroyno 6orsvuux k Ha
paccroskuu Z=98 or npoobpasos kaxdotl uz oxpysucrocred [,

B cuny jgoxkasadHnx B n° 9 § 4 acuMnroTHuecKux cBOHCTB
CoOCTBEHHBIX 3HaueHHH Takue okpyxuoctu I'y cymwecrsyior. Iycts
G(x, s, A)— oynxuus ['puna omeparopa L —Al; B 4aCTHOCTH
G(x, s, 0)=G(x, s) ectp ¢ynxkuus ['puHa omeparopa L.

1

G (x, s, M) dh
Pacemotpum  muTerpan  [p= 5 ¢ ——————; NpHMeHAS
. I‘k
K HEMY TeopeMy O BblueTax, HnoJydaeM
mp
H
=G (x, 5) + ¥ Tl (10)
v
=1

rie H,(x, s)—Boiuer oyuxumuu G (x, S, A) OTHOCHUTENbHO €€ IO-
Jca A, (KOTOPHIH MBI IpejIoaaraeM 3fech NPOCTHM), & #l,— YHCJIO
5THX moaocoB B Kpyre [, IMokaxew, uto

tim 7,=0, lim Z6%9 _
k>0 k> oo )4

0 (11)

U TPUTOM DaBHOMEPHO OTHOCHTEJLHO X W S W3 UurepBana [a, b].
B cuay (10) orcioga Oynrer cJjefoBaTh, UYTO HMeeT MECTO pas-
JIOKEeHHe

G(x, 5)= — Y vles) ;ji s)

v=1

B Psaj, DABHOMEPHO CXOAsI{MACS OTHOCHTEJNbHO X W S M3 HHTep-
Bana [a, b].

*} M3 paccyxnierus B Hauale 1° 2 B H3 aCHMNTOTHUECKHX (opMmyn Aas
COOCTBeHHHIX 3HAYeHHH cJaefyeT, Yr0o 23T0 NPEANOJIOKEHHe He Hapyuaer
oOUiHOCT H.



] § 5. PA3JIOXKEHUE MO COBCTBEHHBIM GYHKUUWAM 93

Jle#cTBHTEIbHO, M3 ACHMITOTHYeCKHX (OpMyJa /st coGCTBEH-
HpiX - 3HAUEHHMH BBITEKaeT, UTO KpPyryu I', moxno BuGparth Takum
.06pa3oM, uTO

2K My — my <4

JloKasaTeabCTBO mepBoro coorHoueHus (11) ocHoBaHo Ha cJje-
yrouiedt aemume:

Jdevmua 1. Ha okpyxrocrax Ty ¢pynkyus G (x, s, ) ydos.e-
TBOpAET HepaseHcTsy

M

n—-1 ?

[G(x, s, W< (12)

igde M — nexoropas nocroanHas.

. JHorkasareabcTBho. TTosoxuMm 7»—~p, TOrja upH Hax-
‘giexalieM BhGope argp okpyxuocts I, mepeiiier B ayry yp ok-
gy’mﬂocm C 1LEeHTPOM B HauaJe KOOpPAHHAT H € LEeHTPabHBIM

2
yrJoM —=, TPOXOAAWYIO B ABYX COCEAHHX obaactsax Sg S; KoM-

maekcHOH p-nutockocTH. JIast ToKasaTenbcTsa HepaBencrsa (12) mpu-
menuM dopmyan (32)—(34) n° 7 § 3; npu sTOM yAoGHO Oyher
PaccMoOTpPeTh OTAENIbHO CJOydYal YeTHOro

H HeUYeTHOro A.
a) n HeueTHo; n=2u—1. Iycre
YHCHA @), @y, ..., ©, 3aHYMEpPOBAHBI
TaK, uTo AJa p € Sy %"
Rlpo) <N (pw) <. .. <R (pwy). ’
fTorna npu pe S, %
%(pﬁ)l)go, ey m(p(ﬂ )<O } 3 1/
Rpay.) =0, ..., R(po,)>=0. (13) Puc. 13.

Mycts Y, Ta uacTh IYyrH y,, KOTOpas Haxonutcs B obmactd S; u
Ha xoropolt M(p®,)<<O, a vy, —Ta ee wacTb, KOTOPAR TAKXKE Ha-
xonutcst B ofnactu So u Ha Kortopoit R (pw,)>>0 (puc. 13). Ouenum
yukuuo G (x, & A) Ha xyre y,, mas uero BocmoJbayemcst ¢op-

Mysnamu (32)—(36) n® 7 § 3. OGosnaunm uepes W, aareGpauuec-
Koe momonHenue ssemeHTa y"~U B ompepesnutene

PEE BNE) L. g @)
YN X Y

0 w® .. n®
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U NOJOXKHM
Wy @)
200 = P (14)

Torna dopmyaa (32) n° 7 § 3 nepenumiercs B BHjAE

g(x, &) =% L x) 2y (§). (15)

CoraacHo Teopeme | n° 5 § 4 nmpu p= S,

g @ =% o], j=1,2 ..., v=0,1,2 ...,n—1;

moACTABHM 3TH BhIpa’keHHs B ([4) M COKpaTHM uMC/IHMTENb M 3Ha-

2 -2 1N}
MeHaTesb Ha 0, P, ..., ", &%, &, ., ", Mu noayuum
00 1
2 @)= [Bﬁ”], (16)
rie
n-l gnel n=1
ol erl L. et
n-2 n-2 n-2
6== m, 65 N @n ,
1 1 |

a f, —ajreGpanyeckoe JONOJHEHHE 3JeMEeHTa @7 ! B 3TOM ompe-
Jeanrene. Iloatomy

2@,&_{0 npu j=0, I, 2, n—2, (17)
1 npu j=n-—1.

Cucrema (17) nMmeer eJHHCTBeHHOe pellleHHe; € ADPYTrOH CTOPOHBI,

()]
OH4 Y/OBJIETBOPSIETCH MPH % = — ——, ubo "= —1. Ciuenosa-
y n w0y

B

resbHo, (16) npuuumaer By
2, (@)= =0, v= 1,2, n (18)
N3 dopmyan (15) u dopmyan (32) § 3 cuenyer, uro

Us(@)=—5 X Uw(y) 2, + QZUMy,z(g). (19)

i=1

Paccmorpum dyukunio G(x, &, &) npun x>§ (B cayuae x < §
pacCcy)KAeHHs aHaJoruyHbl), Torga B Qopmyse (15) ciaepyer B3sATh
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gHak «+». YMuokum 1-i, 2-i, ..., p-ii cronden OMpeJeIHTe 15
H (x, & 7») ¢durypupywoiero B uucaurese GopmyJs (34) n° 7 § 3 na

‘-——21({-‘,) 222@), cees ; 2,(8), a (w+1)-i, (042081, ..., n-it croa-

1 1
el — HA —— zu,,[ &), — 5 Zpsa &, ..., — 5 2n (&) cooTBETCTBEHHO

u npubaBuM K nocJjeaHemMy croabuny. Torpa sjaeMenTaMu mocJegHero
croJbna OyayT

[
g x) 2;(8),

n
2 U2 0~ j 2 Uw(y)2;E), v=1, 2,

B cuay dopmya (17) u (52) § 4 u dopmyan (18) st saeMeHTH
MOKHO NlepenucarTb B BHJIE

u
1 1 ea,, (x=8)
;;pn—_lpo=—-@m2 & " [o,],

v=]

j=1 =+1

n
1 (-8 k&, ) By [ ok 7
== T Zeml Vofv [ —Bofvt] + 2 A amv+]j.

Kpome toro, kKax 6bi0 mokasano B n°n°® 5 u 9 § 4, uMeor Mecto
acumnrornyeckue (OpPMYJbl

y=e€"v"[1], v=1,2,

ka[avme] npu j=1,2, ..., n—1,
U, () = ka([avmﬁV]+emu[§vmﬁV]) npu j=p,
pkvem] [ﬁvm?v] npu j=u-+1, p+2, ...,

n

AW =T1 o* 1T & ([65]+ e [0,])
v=1 j=n+1

Honcrasum st BhIpaxkeHus B dopmyay (34) § 3, B KoTopoil H3Me-
HeH yKasaHHbIM BBHIIIE CHOCOGOM MNocjaefHHA CTOAGen B Olpeiesu-
_Tene H(x, E, A), u pacnpenesuM MHOXKHTe M 3HaMeHaTeasa A (A) cae-
Ry o6pasom. Ha p®v pasnennm (v + 1)-io cTpoKy, Ha e/ pasne-
auMm  j-i cromben (j=p+1, p+2,..., n), Ha 1 —nocaenuui
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cronber, u na [0g] + e"#[0,] — p-it croaben. Torma dopmy.a (34)
§ 3 npumer BHA

Gx, & A=
o (1] L. — 1L L T P,
[601 +e O [e,]
| coh] ‘(o (a1]+e “[B]) T b
= = T [ 19 ] [Bo]+€ 0, [8]} [ﬂlmn] I
[anmlicn] <[G ]+e [5n]) . [Bn“):l] P,
[66] + €% [6)]

B cuay ycaosui (13) Bce 3KCHOHEHTH B MOCJAEAHEM ONpeleJHTee
HMeIOT Ha Jyre Yy, He IOJIOXHTE/IbHYIO JefCTBHTEJbHYIO YacTb;

KpoMme Toro, u3 pesyabraroB n° 9 § 4 (crp. 78) caenyer, u4TO 3Ha-
menaresb [Bo] + €% [6,] ma myrax y, orpanuuen CHH3Y OAHHM H
TeM xe uncsaoM. OTclofla cjaelyeT, UTO BCe 3JEMEHTH 3TOrO Ompe-
JlenuTes OTPAHHYEHbl HA Jyrax y,, CJAeI0BaTe/bHO, H Bech Ompe-
JeJUTeNb OTDAHHYEH HA 5THX Ayrax.

Takum obpasom, Ha ayrax vy

16 (x, 8 1)< ”f (20)

rie M — HeKOTOpasi KOHCTaHTa.
JokaxkeM Tenepb, 4TO TaKOe e HEPABEHCTBO HMeeT MeCTO Ha
Ayrax vy, . [as aToro 10CTaTOYHO B OHpe,ELeJIHTeJIe H(x g, A) saze-

MEHTH TepBHIX W — | CTOJ6IOB YMHOXKHTL Ha zl (&), 42 @), ...

! ! '
coor g€ @ wro, (pAl)ro, ... nro —mHa = 5 2, (8),

1 !
5 2 ), ..., — 5% (2) coorBeTcTBEHHO M MPHGABHTE K MOC/Ie-

HeMy croadny. [ToBropsist mpe IBIAYIIINE PACCY K AEHH S, JIETKO YOe ANTh-
sl B CIPABEJUIMBOCTH HepaBeHCTBa (20) Takke M Ha ayrax vj.

Tem cambim (20) moxa3aHo Ha yacTH Y.+ Yp AYTH y,, JAexauei
B obsactH S,. Ho npeaminyuiue paccykIeHHsi IPHMEHHMBI, oOue-
BHAHO, K J1060H u3 obaacrelt S,; ciaegosateabHo, (20) nmeer MecTo
TaK¥XKe Ha YacTH AYTU Vg, Jexaiiell B obsactd S|, H TeM caMbiM
Ha Becell ayre y,. [lepexons or p x A, mosyyaeM HepaseHcTBO (12),
U JeMMa B ¢Jaydae HEYETHOIO n JoKazaHa.
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6) n YETHO; n=2pn. ITOT cjayuall OTJHYAETCS OT npeab ay-
{ero JHIb TeM, YTO B JBYX croabuax, u-M u (u+ 1)-M, noas.ssiores

gHaMeHaTeJs ‘ , ,
(e —[g] u e [1]—[E"],

orpaHHYEHHBIE CHA3Y Ha Jyre y,; nostomy HepaBencTso (12) umeer
MecTo Ha jyre Y,. AHAJOTHYHO OHO /0KAa3hIBA€TCS HA JyTe Vi

3ameuanune, VM3 nokasareancrBa JemMMmbl | BUAHO, 4TO OLeH-
ka (12) nmeer MecTO npH JocTaTouHo GoJablinx 1A | B ofmactu Qs
moJyueHHo#l M3 A-uocKocTH BeIGpachiBaHHeM 00DPasoB  KPYroB
{p— 0| < 0 npn oroGpaxenuu A= — p".

IMoab3ysick A0KA3aHHOH JeMMOH M 3THM 3aMeuyaHHeM, MBl IIOJY-
YUM OUEHKH

1 M M
el < gp oo 2 Re =0
er1 Rk Rfcn
Hp (2, 5) 1 n-1 _an nM(S
I~_—— m f np G(x, S, p)dp |}"kl’
=g | =0

3 KoTopeix HenocpeacrTsenuo caexayer (11). Tem cammm (cm.
ctp. 92 —93) nokasana

Teopema 2. Dyuxyua Ipuna G(x, &) Oupdepenyuarsnozo
onepatopa L, nopoocdennoeo peeyasipHol MU KPAe8bLMU YCAOBUAMLL,
pasaaeaercs 8 pasHomepHo cxodawuiics pad

G (x, s)= 2 Hv(" LLCACR N 21)

Hanomuum, uro H,(x, &) 0603Haqae'r Buiuet GyHRuu# G(x, &, A)
OTHOCHTE/IbHO ee MOJI0Ca A, H UTO BCe MOJIOCH A, HNPEANMOJAaranTcs
IPOCTLIMA.

Ecsu Bce cofcrpennie sHauenus omneparopa L — NpocTeie HYJTH
dyuxuma A(X), 1o (eM. n° 8 § 3) — H,(x, E) =y, (x) 2, (&), rue
Yy (x), z,(x)—cobGeroennunie ¢yHkuH oT omepartopos L u L7,
COOTBETCTBYIO UIHE COGCTBQHIIbIM aHayeHHAM A, H A, H NPOHOPMH-

poBaHHBIE Tak, YTO *) { gy (x) 2y (¥) dx = 1.
4
TlpuMenssi K 5TOMy cJaydyaio TeopeMy 2, moJyuaem:
Teopema 3. Ecau ace cobcrsennvie snauenus oneparopa L,
ROPONOEHKO20 pecyAIPHBLMU KPAesbiMiL YCAOBUAMU, CYT6 HPO-
crote Hyau Gynkyuu A, To 04 eco gynkyuu Ipuna umeer mecro

*) B mmxecseayomnx teopeMax 3 u 4 370 yC/I0BHE HOPMUPOBKH CUHTAETCH
BBHINOJHEHHBIM.

7 M. A Haiimapu
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pasaoocenite 8 pasHoMepHo cxodawutics psd

G <x, Z Yv (x) Z\’ ) . (22)

M3 s710#l TeOpeMBl JIETKO Tenepn MOJYUHTh TeOpeMy O pasJoxe-
HHH 3ajlandoll dyukuuu f(x). .
. Teopema 4. [lycroe L —oneparop, nopoxdennoitt pecyasp-
Houmu Kpaesoimu ycaosgusamu. Ilycre sce eco cobersennole 3Ha-
yenua cyro npocreie Hyauw Qynxyuu A. Toeda scaxas dynxyus
f(x) u3s obaacru onpedeaenuss oneparopa L pasaraeaercs 6 pas-
HOMepHO cxo0auuiicss pad no e2o coOGCTBCHHbIM (DUHKLUAM
o0
=2 oy, (),
v=]
1

= [tz @,

0

ede y,(x), 2,(x)— cobcreennsvie pynxkyuu oneparopos L, L*, orge-
waroue COBLTBCHROLM SHAYEHIAN Ay Ay COOTBOTCTBELHHO.
JoxasarTeabcTno. IToaoxum Lf h, torga

1
i

)= G B nE)ds

0

IMoncraBum crona Bmecto dyukunu G (x, E) ee pasaoxeuune (22).
B cniy paBioMepHOW CXOAMMOCTH MOC/ELHErO MOJKHO HHTErpHpO-
BaTh nouscHuo. Cnerosarednto,

fx )-—\}‘lam x),
rie
1

“VZALV [ h(g)z, () da:x_\,(h’ 20:117 (L}, 2,)=
. 4]
= L2 =G ) = (20

Teopema 4 ocTaBasieT OTKPHITLIM BONPOC O BO3MOMKHOCTH PaIIOKEHHT
B psifi MO coOcTBeHHBM (QyHKIWMsIM onepatopa L (yHKUME, He NpHHAAIEKAUIHX
oflacTH OmpededeHnst 3TOro oneparopa. B cayuae cavoconpsikenHoro one-
patopa L. B cooTeeTcTBuH ¢)>  cjeacTRuMeM w3 n° 2, kaxkpaas yukous
[ & L% (a, b) pazanaraercd B cxoxswmica B cpeAneM KBaapaTHYHOM Psj NO cO6-
CTBEHHBIM (QYHKIUAM, 1PUdeM B CB#3H € OPTOrOHAIBHOCTLIO COGCTBeHRBIX (Y HK-
it cnpasemaino paserctBo [Tapcenaas., s necaMoconpsi:KeHHHX OnepaTopon
I'. M. Keceabmanom {I] w B. TI. Muxaftnosuim {1] Gol1 moayded caeymoitiid
pesyabTat. Ecau onepuarop L nopoxcdaercs pecyiapasiii Kpaesolmi YcaogusMu,
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npuses 8 CAYHQE HETHOZO 1L GHLNOANAETCA JOROAHUTEALHO YCAOGUE 63 —~ 48, - 0_, #0,

70 cOBCTBeHHbIE U RpUCOeTUHeHRe QYHKLUL 3TO20 OftepaTopa 06pasyor Gasuc
Pucca 6 npocrparcrae Ly (a. b) *).

‘ IMonsitne Gasuca Pucca Ouno mreseno H. K. Bapu (em., manpusmep, ToxGepr
u Kpeitu [1]). TTosicnuwm, uro Gasucom Pucca B L2 (a, b) HaswBaercs Taxas noa-

Haf B 9TOM IIPOCTPAHCTRe TMOCJHEJOBATENLHOCTE BYHKUHH @ @y, ..., 4TO a5
gaxnoil Qyuxuuu | < L2 (a, b)

oo b ?

2 N

F(x)@n(x) dx| < o
f n=1la
oo

¥ IS KaXIOH 1OCAe/0BATENbHOCTH UHCEN €y, €y, ... TAKOM, UTO Z | en? < oo,
‘ n=|

cywecTByeT Takaa GyHkuus [ Ly (a, b), uto
b
J fXY@n(X)dx=cn n=1. 2 ...
a

.Ec.rm {q),,}f;l — Gasnc Pucca, 70 CYleCTBYeT €IHHCTBEHHAA (10CA€103aTeMbHOCTD
N’ﬂ):;l’ ofpasyioilas BMecTe ¢ {q)n};il GUOPTOrOHATbAYIO CHCTEMY:
b
(e, P = f ok (x) b7 (x) dx:{

a

0 npn kb 5£1,
I npn k=1

MocaenoBarensocts {Pn),. | TakKe sasercs Gaswcom Pucca. [Tpu stoM nas
Kaxjgofl ¢yukuny f= L, (a, &)

oo

f(x)= 2 an@n(x), an={{ Pa), n=12 ...,

n=|

PHe pAj CXOAHTCA B cpejiHem kwanpatuudoM. Kpome toro, crnpamenanBa cie-
Aylouas ABYyCTOPDOHHAA OLEHKa, 3aMensiiowias paBeHcTBo [lapceBads:

b . o0 b
mj |f(x)|2dx<21an12<Mf1f(x) 2 dx,
a =] a

rae m u M — HeKOTOpHe NOJMOXKHTeJbHbie 4WCaa, He 3aBHCsume oT GyHKIMH f.
Ecan {@n})7 | — nocie10BaTenbHOCTb COGCTBEHHBIX W MPHCOCNHHEHHEX (Y HK-

' o
uuit nudpepenunaipuoro onepatopa L, To {Yn},~; — moCAenOBATENBHOCTH OG-

CTBEHHHIX 1 npucoennueHnnx GyHxuui omeparopa L*.
Ormernm, uro Gaanc Pueca smaseTcs 6asucoM Ge3yc/OBHON CXORXHMOCTH **)
# 4TO, C/Ie[0BATEJbHO, OMEPATOPH, COGCTBEHHBIE H IPHCOELHHEHHBIE 3SJEMEHTH

*) Hanomunwm, uro-yeaonue 9(2) —40,.0_; = 0 BHMOJHSACTCH, HANpUMEP. Ans

Kpaesux yejorubt tnia llltypma (em. n° 8 § 4),
**) D10 o3mayaeT, YTO CXOMMOCTD He HADYWIAETCH NPH NEePECTAHOBKE €AeH B
pana (em. Feawdanp [3]).

7*
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KOTOpHIX o6pasywoT Gasuc Pucca, sBasiores cuektpaibHbiMH B cMbicae H. Tay-
popaa (cm. Jdandopa [1]).

HenocpeactBenno k teopeMe 4 npumbikaior peayJsbratel M. Croyna, cpabhu-
BaIHe CXOAMMOCTb pasjoxenull mo cobcrsedHHBIM (yHRUMAM AuddepeHInaL-
Horo omeparopa L co cxoxumoctbio psaga ®ypee (em. Croyu [1]).

4. PasnoxeHne no coOCTBEHHbIM (YVHKUMAM B CJydae HeperyJaspHhIX Kpae-
BBIX yCJOBMHA. B ciyuae HeperyasipHbIX KpaeBblX YCJIOBHH pasjokKeHHe nmo col-
CTBeHHHIM QynknuaM obnafaer pajaom cnemaduueckux ocobennoctelt. ITo saTomy
BONMPOCY MMEETCs AOBOJBHO ofmnpHast JuTepartypa.

[Tpexpae Bcero OCTAaHOBHMCS Ha lncciaenoBaunsix Yopaa (cM. Yopn [1-—4]).
JI. Yopa wuccaejnoBan pasjoxeHue 0o coOcTBeHHbIM QYHKLHsIM onepartopa L,
cooTBercTByoero gudgdepeHunalbHOMY Bhipaxenuio [ (y) = Yy (HeperyJsipHbIM)
KpaeBeiM yeaosusM 4 (0) = ... = 4 (0) = y (1) = 0. On noxasax, uro B paBHoO-
MEPHO CXOnsumecs Psabl N0 COOCTBEHHBIM (QYHKILHSIM MOTYT pasJjararbCsi TOJbKO
(GYHKIHY, YIOBJETBOPSIOUIHE HEKOTOPHIM YCJOBHSIM aHaJHUTHUHOCTH, a CJeA0oBa-
TeJBHO, AaJeKo He Bce QyHkiuu u3 obmactu onpeieteHus oneparopa L. Cayuail
Gosiee OGLIIX HeperyaspHbIX KpaeBblX ycaoBuit JI. Yopa paccmoTpen Juib a.s
anddepeHanbHbX BhIpaXKeHUH TpeThero nopsaaka.

B pabore M. B. Kesaniua (Kenpoir {1]) nosyders acumuroTuueckue $op-
MyJHl A8 cOOCTBeHHBIX 3HaueHHR onepartopa L, nopomxaaemoro muddepenunan-
upM BhipaxenneM [ (y)=y™ u pacnapaoumMEcs KPAacBLIMH YCJOBHSMH, T. e.
TaKHMH KDaeBBIMH YCIOBHSIMH, KOTOPEE COAepXKAT 3HAueHHss (GYHKIHH TOJbKO
B OJHOM HJIH TOJIBKO B ApyroM koxue uuTepsasa. A. I1. Xpomos (cm. Xpomon [2])
pacrnpocTpaHuJ acHMITOTHUeCKHe ¢opmyant M. B. Keanbima pias coScTBeHHBIX
upcesa Ha caydal Gojee obuero auddepeHUHaNbLHOrO BhpaxkeHus [ (y) = y(”)—i-
+ ps (x) y‘”‘2)+ ... +pu(x)y n nHawen Te KJacCH (YHKUHH, KOTOPHE MOTYT
pa3naratbCs B PaBHOMEPHO CXOISLIHECH PSIABI 110 COGCTBEHHBIM H NPHCOEANHEH-
HHIM QYHKIHAM COOTBETCTBYIWOUlero onepatopa L.

[TpuBeseM 6e3 nokasateibcTBAa (OPMYJIHPOBKY HEKOTOPHIX Pe3yJnTaToB
A. TI. Xpomona. Jas 3T0oro Ham noHaioOuTCs NOHATHE (-aHAJHTHIECKOH (yHK-
uuy, BBegennoe M. K. @are [1]. ®yukuua f(x), x =(0, 1), nasmiBaercs [-aua-
AUTUYECKOL], €CAIN OHa JONycKaeT GeCKOHednoe mpuMeHenue onepaunu ! (31ech

L) =y"™ +ps (x) ¥ Y+ ... + pn(x) y) ¥ yAOBIETBOPSET HepaBeHCTBAM BUAA
d \¢ |
() 70 en| <o n gyt
p=0,12...,¢=01,...,n—1

(3a BO3MOXHHIM HCKJIOUeHHeM ¢ =p=0) B moGoM npomexytke [a, B] < (0, 1);
npu s1toM C — NOCTOAHHANA, 3aBucaman Juwb ot [, f, @ u . OTmernM, uTo cBOIi-
¢TBa [-aHaJnTHYeCKHX OYHKUMH BO MHOTOM aHANOTHMYHH CBOHCTBAM OGBIYHLIX
aHaIUTHYeCKHX $YHKUHH.

Iycre {Qr (x)};;"=l ~— [IOCICA0BATEALHOCT BCEX COGCTBEHHLIX H MPHCOEAUHEH-

HbIX GyHKUME onepaTopa L, nopoxaaemoro auddepeHunanssHuM Brpaxernuem / (i)
H pacnajalliuMHCs KPaeBLIMH YCJIOBHSAMH BHAA

n—1
wj (=2 o™ (©) =0 npu j=1, ..., m,

v=0

n—1
up ()= Boy™ (=0 mpu j=m+1, ..., n
v=0

rie | <m < n. A. I1. XpomoBy npHHajjgexaT CACAYIOLIAE YTBEPKACHHS,
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“
oo
Ecau pad Y| ar@i (%) CX0OUTCR DABHOMEPHO HA HEKOTOPOM NpOMEIYTKE
. P
xo ©11 S0, D, 10
; [xo a)l padot
o 4 \é )
—_ =0,1,2 ...;g9g=1, ..., n—
Yoo(H) @wpmo gt
k=1

#x00ATCA ABCOMOTHO 1 pABHOMEPHO KA scaxom npomexcyrxe [0, a) = [0, x));
oo

6) cymna [(x) pada 2 arPr (x) n8.anercsa [-anaautuqeckoti (8 cmoicae aze)

o k=1
‘Dynryuets; - :

8) gpynxyuu f(x), [(F(x)) B (f(x)), ... ydosaersopsnior Kpaessin yciosuan
npu x =

Oé6parno, ecau cymmupyemas e unrepsase (0, 1) ¢pynxyus [ (x) Agasercsa
l-anaauruveckoii 8 npomedcyrke [0, a), 0 <a <1, u ¢pyuxyuu f(x), {(J(x)),
B(f(x)), ... ydosaersopsior kpaesvin yeaosuam npu x =0, ro [ (x) pasaaeaercs
8 pAad no cucrene {Qp (x)};’;l, PABHOMEPHO CXOOAUUICA HA BCAKOM NPOMEICYTKE

[0, 8] = [0, a) N[0, R), 2de uucao R onpedeaserca us pusescrsa

T —1 1 d \ken lkin]
— = lim {—— ( ) }
x=0

R k>c0 k! dx
K stM peayabratam 6.1H3ky pesyapTathl B. dbeprapna (eM. 6eprapyr {1—3]).
B uacthocTu, B. D6eprapa- paccmorpea onepatop L, cooTBeTCTRYIO:H#A pacna-
JAOmBMCS KPAeBLIM  YCJAOBHSAM, B INpPeAnosoxeHus, uTo xos3hduluentu py (x)
nubdepenunansroro supaxenus [(y) rosomopduu B kpyre [x]| <1 koMm-
miekcHON x-muockocTH. OH  10Kasan, 4TO W3 PaBHOMEePHOH CXOAHMOCTH psAAa
o0
E apPr (x) Ha mpoMexyTKe [xo, ¥,] BhHITEKaeT paBHOMEpPHAST CXOAHMOCThL 3TOTO
Rl
pina (a caenoBaTesbHO, PETYJSAPHOCTb €ro CyMMbI) B KaxAOH 3aMKHYTOH MOA-
061aCTH OTKPHITOrO NPaBUJILHOIO MHOIOYI'ONBHAKA C BePUIHHAMH B TOUKAX

71 (f (x))

2umt
cos 2
Xp——e " s v=1,...,n

1
oS —
n

B Cyyae, KOrga YHCJAO KPAeBLIX YCIOBHA B TOYKe x =1 4YeTHO W pPaBHO 2%, H
B TOYKax
2+
cos ———— ¥ ..
n n

b
COS ——
1

B Clyuae, xorna 510 YMCAO HeweTHo H pamHo 2 + 1.

0 NOBOLY MONOJHHTEJNLHBX ¢BeleHnit it ureparypst oM. rakxe: Komminr
TOR u Jlesucon [1], Pacynos [1], [2] Fongunc [1], Mwexcon |l], Kuauo-
By (1], 3endepr [11.
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5. Cayuait kpatHoro noJawoca ¢yakuuu ['puna; m-kparHas nmoanora. Paccyg.-
TpuM 0600IEeHHYIO 3ajauy O COOCTBENHBIX 3HAYCHHAX

Ly =0, (23)
Uy () =0, v=1,2, ..., n (24)
nycTh
Ay Aoy Ag,y oe

— BCe coOCTBenHble 3HaueHuaA STOH 3ajfatv. ITH COOCTBCHHBIE 3HAYEHHS MOryT,
BoOG11e FOBOPS, ObITh KPATHBIMU BYJIAMH X3PaKTePHCTHYECKOrO Onpefeantes A (A),
CHeOBATRNBHO, KpaTHBMU nomiocaMu Qyuxkmuu Tpuua. Tlycts A — oqHo u3 stix
cOGCTBEHHBIX 3HadeHuH, a ‘

Y Y5 vevs Ygm1

— 1enouka COGCTBEHHOM M NpHCOeIHHeHHHIX (YHKUufl, BXOAAWAA B COCTAB Ka-
HOHHYECKOH CHCTEMEl, COOTBeTCTByIel 3TOoMy cobcTBeqHoMy 3Havenuio. [lo-
CTPOHM m cHcTeM (yHRLuR

¢“”={iﬁ—J‘@ +y Loy +yliﬂ v=0,1,2 m—1
dx® BTTR-1 k! t=0’ IR '
Kaxnan H3 Takux cHcreMm

y(v,O)’ y(v, 1)’ . y(v, q=h
HasblBaeTCsl npoussodnod yenoukod, OTBedalolIel HCXOLHOR LENOUKE ¥, Yy, - .., Yg-1.

Cucrema Bcex cOOCTBeHHBIX M HpHCOeXHHeHHbIX (YHKUMA KpaeBo#l 3ajaun
(23), (24) waswiBaercst m-KparHo noAxod, e€can BCAKYIO cHeTeMy m yuxiumit
{fi, for -.s [}, xamias u3 KOTOPHIX HMeeT HenpepbiBHBIE MPOH3BOAHEE 0
n-TO NOPSLKA BKAIOUATENLHO H YAOBJETBOPsieT KpaeBbiM ycaoBusaiM (61), mMoxHO
NPeJACTaBHThL KaK Mpejea /M DPABHOMEePHO CXOAALUIMXCS HNOC/ICAOBATEIbHOCTEN
KOHEGUHBIX JHHEHHBIX KOMOWHAUuM

N (), (v
2 e

= lim
f‘v N> o0 ik
¢ ko3 bdulieHTaMu, He 3aBHCALIMMH OT V.

Paccyxnenus n° 3 B COeJMHEHNH C HEKOTOPHIMH TOHKHMH DE3YJIbTATAMH TEO-
pud aHajgnTHqeckux QyHKHuA u ¢ QopmysoH s riaBHOR uacTu ¢yHKIuH [puHa
(cM. n° 9 § 3) naroT BO3MOMKHOCTH YCTaHOBHTL CAeAYIOINYIO OGLIYIO TEOpeMy, KO-
TOPYIO Mbl MPHUBOLHM 0€3 N0Ka3aTeqabCTB.

Teopema 5 (M. B. Keangsun [1]). Tycre

L) =5 +p (6, M) g™+ o+ pax, 1) +27 g,

km
ede p,, (x, A) — muozousen ornocuteasbno A crenenu <T’ u nYcrs Kpaegovle

-

ycro6us umerorT 8uo

n
Dol =0 j=t 2. p
k=1

n
;?Jﬁfk.r/}f“%o‘ f=ptLp+2...n
=1
0<p<n,
wau
!/“3‘=!/§;'3), k=0; l, 2""’”'_1‘

a
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Yoeda cucTema cobcTBenHbIX U NPUCOeTUHEHHOIX HYHKYLLT coorgercrayrouier
xpaesoil sadauu M-KPATHO NOAHA.

B, H. Busuret m A, C. Mapkyc jokasanm, 4o Teopema 5 ocTaercs cnpa-

BepanBOll TAKHKeE B CIyyae PEryAPHLIX Kpaesux YCJOBHUH, NPHYEM JJs YeTHOTO n
,@eﬁye'rc;{ yroGul 85+ 46,0_;. Kpome 10r0, OHA OCTAeTCH cnpasea npoil B cayyae

OOWMX CAMOCONDHKEHHBX KPAeBHX YCIOBHH (YacTHBIM CJAyYaeM  KOTOPBIX
gpAAIOTCA YCIOBHA MEPHOHYeCKOro TuMa, Qurypupyowne B Teopeme 5 (eM. Bu-
awrelt u Mapkye [{] n Mapkyc (n ). .

Hapsay ¢ paccMOTpeHHOH B 3Tofl Faame 3ajauell pasjioyKeHdst nmo coGCTBeH-
gy YHKUHAM 60JI6IION MuTEPeC MPeACTaBAAOT Tak HasbiBaeMule o0paTHHe
saup CTEKTPAAbHONO aHAMH3A, B KOTOPEX TPeSyercd onpelesnts iuddepeH-
QIpHBA ONepartop, 3HaA Te HJAH APYyrue €ero chnekTpaJjbHbIe XaPaKTePHCTHKH
ggpuMep, COOCTBCHHBIE 3HAYEHUS M HOPMbL COOCTBEHHBIX QYHKIUNH, yIOBAETBO-
JouMX HM3BECTHBIM HaYaabHbIM YCaOBHsIM). J10 NOBOMY Da3nHUHBIX 4CIEKTOB
ix sapau cM. Jlerurad [1], Facuimos n Jlesuran [1] u JlefiGenson [1—3].




FrJIABA Il

JUOPPEPEHLIHAJIDBHBIE ONEPATOPHI
B NPOCTPAHCTBE BEKTOP-®YHKIHUNH

§ 6. OcHOBHBIE MOHATHS

1. JIuHeiinpie pudrdepeHnnaldbHble BHIPAKEHUS B OPOCTPAHCTRE
BekTop-dyHkumii. Ilyctb R, oBo3HauaeT m-MepHOe KOMIJIEKCHOE
BEKTOPHOE [IPOCTPAHCTBO; MOMKHO CUHTATh, UTO 3JeMeHTamil (KBek-
TOPAMH») ITOTO MPOCTPAHCTBA SBJSIOTCH BCEBO3MOMXKHBIE CHCTEMEI

y=(yl’ Yos oo vy ym)

H3 # KOMIJIEKCHBIX UYHCEJ.

DyHkuHM y=y(x), 3HAUCHHAMU KOTOPHIX SABJTIOTCS HE 4YHCJA,
a BeKTOpHl M3 R,, HasWBaWTCA GeKkTOp-hynkyusamu. Taxkum obpa-
30M, BEKTOD-(QYHKUHUSA €CTb IIPOCTO CHCTEMa M YHCJIOBLIX (BYyHKIINA

!/(x)=(!/1 (X), yQ(x)v cvvs YUm ()C));

Kax/1asa aucaoBas QYHKUHS Yy (X) HA3LIBAETCS KOMHOHEHTOL 8eKTOD-
Pynryuu y(x).

OyHKUHSA y(X) HA3LIBAETCS HenpepuieHoil B TOUKE X, €CJH BCe
ee KOMIIOHEHTHI HENDEPHIBHH B 3TOH TOUKe.

dyukuusi y(x) Hasvizaercsl dugepenyupyesoil, ecan Kaxkaas
M3 ec KOMIIOHEHT HMEeT MPOH3BOJHYIO, MPHUEM 110 ONpEje/eHHUI0

¥ (x)=(y (x), y5(x), ..., ¥, (%))

Amnagornuno ONPeALJAOTCS NTPOH3BOAHBIE BLICHIIIX TOPALKOB. Jlerxo
BHAETb, YTO HPHU 3TOM

(y+zy=y +2, My=Ny+iy, (y, 2=, 2)+{y, 2),
rae

(y, 2)= kgl e (x) 2 (x).
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Hapsfy ¢ BeKTOp-OYHKUHAMH Mbl OyleM DacCMAaTpPUBATH ole-
paTopHEIe dyukunn A(x), sHaAUCHHSAMH KOTOPHIX SBJAIOTCS JHHEH-
“jple ONEPATOPH B MPOCTPAHCTBE R,. DTH ONepaTopbl MOMKHO Hpei-
¢TaBUTh IIPH TOMOWH KBaipaTHeX MaTpuil A(x)=(a; (x)) m-ro
HOpAZKA, 3JEMEHTAMH KOTODHIX SBJSIOTCA WUHC/IOBHE (YHKIHH.
B nasbpHefilleM MBI He OyAeM Je/naTbh DAa3/IHUNS MKy OnepaTo-

aMi ¥ COOTBETCTBYIOUIMMH MAaTpPHIAMH.

[To cymecTBy omeparopHble GYHKIHH CYTb TaKyke BEKTOPHBIE
¢yuKuua, 160 COBOKYIHOCTH BCEX JIMHEHHBIX ONMEPATOPOB €CTb BEK-
TOpHOE TIPOCTPAHCTBO pasmepHoctn m? B cBsizu ¢ atHM omeparop-
pas OYHKUHA A(x) HasbIBaeTCsA HenpepulsHOll 8 TOUKe X, €CJH BCe
yHKIUA aj(x) HENPEPBIBHBL B TOUKe Xg, M Judppepenyupyemor
B TouKe X, €CM Bce QYHKUHMHU aj (X) Oudppepenyupyemor 8 TOUKE X
Flpu sTom A’(x) no onpeleseHHIO 3a1aeTCA MaTpULleH, s/eMeHTAMH
KOTOPO# ABJISIIOTCS a;k(x). JIerko BUIETH, uTO TPH 3TOM

(A+BY =4+ F, (AAY =NA+ rA,
(ABY = A’B+ AB’, (Ay)y =Ay+ Ay'.

OGosuauyum Tenepb uepes C™ COBOKYMHOCTL BCEX BeKTOP-(PyHK-
mwilt y(x), MMeoUMX HenpepPBBHEIE NPOU3BOJHBIE JO 7-TO HOPSIKA
BRJIIOUHTENLHO B (GUKCHPOBAHHOM HHTepBaJe [a, b]. Tlyers Py (x),
Pi(x), ..., P,(x)—onepatoprbie QyHKUHH, HENpepLIBHbHE B 3TOM
KHTepB)aJIe, npuueM det Py(x) = 0 B unrepBase [a, b]. Bupakenue
BHJa *

Hy)=Po(x)y™ + P (x) y" D + ... + P, (x)y (1)

HA3BLIBAETCS AUHCUHbIM OuppepenyuaibHoLM BbLPANCEHUEM 8 NPC-
CTPaHETBe BEKTOP-PYHKUUL.

Ono omnpenesero ags Jo60H BeKTOP-QyHKIMH yx)ec” u
npenacrasJsger coGoit BexTOp-GYHKLHIO, HENPEPHBHYIO B HHTEDBaJje
fa, b]. Usnaraemast mmxe Teopusi Takux AnddepeHIHAIbHBIX Bbi-
pPaxeHu#l U COOTBETCTBYIOIIUX UM JH((pepeHIHaNbHBIX ONePATOPOB
bopMasbHO aHaJOTHYHA M3JOKEHHOH B NPeABAYINHX naparpadax
TEOpHH JHHEHHBIX XUt depeHIHAJLHEIX OIePATOPOB B MPOCTPAHCTRE
YHCJOBHIX (PYHKUMH,

OrtmeruM, uto mo cymectBy [(y) ects cucreMa m auddepen-
HUHAJbHBEIX BEIPAXKEHHH £-TO MOPSJAKA, 3aBHCAINAST OT M YHCJIOBHIX
bynkunii g (x), v, (%), ..., y.(x). PaccMorpuM, HanmpuMep, Ipu
n=1 pnipaxenue

)=y +Px)y
O
. ¥) Bupawenne Buna Pj(x) y("_]) o6osnayaer pesyJabTAT NPHMEHEHHS oOle-
paropa P (x) x mekropy y"* P (x).
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M PasjoXKUM BeKTOP-OyHKIMIO z = {(y) Ha cocTaBJsIOLIME, 04aras

)=y, L), .., L(y).
Torpa

L =9+ 2Pu®ys j=1,2, ..., m,
k=1
rie Pj,(x)— sneMeHT Marpuus P (x).

2. Kpaesnie ycaoBusi. OGo3HayuM uepes

Yar Yoo =0 UG5 Yoo Ypo -oon Y77
3HAYEHHA BeKTOp-QYHKUHMH W ee MNepBbXx 7 — 1 TPOU3BONHBIX
B TOUKaX @ M b COOTBETCTBEHHO, TAK UTO [, ..., Y= — BekTOpH
B npocrpaHcTBe R,. [Tonoxum
Uly)=
=AYy, t Ay + ... +A,_y*V+ By, + By, -+ ... +B _yeh,

(2)

rie Ao ..., A, By By, ..., B, — QuKcHpoBaHHLIE JHHEHHblE
orepaTopsl B R,. Ecau samano Hecko.qbko Takux ¢opm U, (y),
Uy(4), ..., Uy(y), 10 paBencrsa Bula

Uilp)=0, Uy(y)=0, ..., Uy(y)=0 3

HAa3BIBAIOTCSL KPAesbl MU YCAOBUALMIL.

O603HauuM yepes D COBOKYMHOCTh BCeX QYHKUHH yEC("), y10-
BJAeTBOPsitlowux ycaosusiM (3). Ilycts L —omepatop c ofJaacThio
onpezesenus D, onpeieseHHHA LT y & D paBEHCTBOM

Ly=1(y)

L HasuBaeTcss OudpepenyiaisHblm OnepaTopom, HOPOIOEHHLIM
duppepenyuarsrvim soipasceruen L(y) u kpaesoimu yearosusmnu (3).
[Monoxum

UV (!/) = A\’,Oya Tt ‘4\7, n—lygznal) + Bv, o¥s + oo Bv, n—1’/§,"_1);
v=1, 2, ..., q. i
OueBHIHO, IPH Ompeje/eHHH D MOKHO CUHTaTh, uTo dopmur U, (y)
JINHEHHO HEe3aBHCHMBI, TO 03HAaudeT, YTO PaHI MaTpPHIBI
A, oooy Ay ueyy, Bilo ooy By o
o By, pm

. . .

.AQO’ LU 2, n—1» BzOv L

Aq'\)v LR ] Aq. n-1s BqO? DR Bq. n-1
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OCTABJEHHON M3 MaTpuLl Ay, By, pased mq, u6o kaxaas dopma
¥/, (y) AMeeT M KOMIIOHEHT.
“"" B naapHelimieM Mpl TJIaBHBIM 00pasoM OyieM paccMaTpHBAaTh

f"gayqaﬁ g=n.

%" 3, OpHOpoaHOe OmepaTopHoe ypaBHeHMe. Paccmorpum onHo-
fpop,uoe yparHeHue

I(Y)=Py(x) Y74 Pi(x) Y™+ ... 4P, (x)Y =0 (4)

. QTHOCHTEJ/IbHO HEW3BECTHOH onepatoproil pynkuuu ¥ (x). ITpu stowm,
“kak H BhHe, TmpejnoJaraetcs, uro Py(x), ..., P,(x) HeTpepLIBHE!
g uto det Py(x) =0 B duKcupoBanuom uHTepBase [a, b].
- OTMmeruM npocrediine CBOHCTBA pelEHHN 39TOro ypaBHEHHS;
OHH aHAJIOTHYHbBI CBOACTBAM pelleHHi 0OBIYHOrO O HOPOHOrO ypas-
HeHHs n-To TOpPSAKA.

Pewernuss Yy, Yy, ..., Y, YDABHeHHSI Ha3HBAIOTCH AUHPLHO He-
3a6UCUMbI MUY, €CJIT TOXKJECTBO

YiICi+YCot+ ... +Y,C,=0

upu nocrostnHeix oneparopax C;, C,, ..., C, BO3MOXHO, TOJBKO
ecin C;=Cy= ... =C,=0, 4 3a8ucumblMy B IPOTHBHOM cJIyyae.
Pewenus Y, ..., Y, aunelino Hezasucumvt 1020a U1 TOALKO

1020a, Koeda onpedeAaurenrb mMATPULbL
Yl Y2 + e Yﬂ,

14

Y! Yo ... Y5

-1 (n- -1
YRy e

cocrasaennoi us marpuy YV, orauuen or nyasn. Ecau pewenus
Yi, Yy, ..., Y, auneiino nesasucumol, o 8cskoe Opyeoe pewenue Y
umeer eud

g VY=Y Ci+Y,Co+ ... +Y,C,. (5)

> CaenoBarenibHo, gopmyara (5) onpedeaser obuwyuii unrepar
ypasuenus (4). )

Ecan Y — pemenne ypasmenns (4), a ¢ — puKcHpOBaHHBIH NO-
CTOAHHBIA BeKTOp, TO, mosaras y(x)=Y(x)c¢, moayyuMm penieHue
YpaBHenus /(y)=0. Yro6L B 3TOM yGeiuThCH, AOCTATOYHO TpPH-
MeHHTL o0e uacTu (4) K BeKTOpy c.

Orciona n us Qopmyan (5) Jerko sakaouaem:

Beskoe pewenue ypasuenus {(y)=0 umeer sud

y=Yic,+Yeeo+ ... +Y,c, (6)

TRe ¢y, ¢y, ..., €, — NPOU3BOJAbLHLIE [IOCTOSIHHBIE BEKTOPL H3 R,
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4. OpHoponHas Kpaepasi 3agavya. O IHOPOZHON KpaeBolt 3amauef
HasbiBaeTCsl 3ajJa4a OIpeleJeHHs BeKTOP-(QYHKIHH Y, YAOBJETBO-
pAOLIeH YCJAOBUAM BHAA

I{y)=0, (7)
Uy(y)=0, v=1,2,..., n (8)
PaccmoTpum MaTpHLy
Ui(Y) Ui(Yy) ... Ui(Yy)

U= U2(Y1) . U2 (YQ) .' U2 (Yn) (9)

U, (Y) U (Y2) . Uy (Yn)

13 pesysabraTtoB n° 3 BhiTeKaeT, UTO:

1. O0nopodnasn spaesas sadaxa (7), (8) umeer Herpusuarsroe
pewenue toeda u ToAbko Toeda, koeda onpedeaurers marpuyor U
paser HYaw.

5. ®opmyaa Jlarpanxka; conpsikeHHoe nuddepeHUHAIBHOE BbI-
paxenne., OGosHauum yepes (y, 2) cKa/spHOE NPOHU3BEJCHUE BEK-
TOpOB Yy, 2 = R,,. MHTerpupys no gactam, MOJYUHAM:

[t@, 2de=P 0+ [, @) ax, (10)
a a
rae P (v, £) — 6unnueiinaa dopma or
N=(Ygp Yo -+ > Y&V Yy Yoo -y YY)
u
E=(24 2 - 0s 207D, 2y, 25, .00, 207D)
1 rae¥)

I @)= (=0 (Pe)” (=1 (P + ...+ Pz, (11)

Jlupdepennuanbhoe Bhipaxenue [ (2) HasbiBaeTCsl conpagcen-
woem K [(2). ®opmyaa (10) vaswBaercs opmyroi Jaepamsca.
Huddepenunanbioe BoipakeHue [ (y) Ha3bIBACTCH CAMOCONPANCEH-
nom, ecan I (y)=1(y).

IToBTopsia paccyxkaeHns n°5H § 1, MOXKHO moayunTh cjelyloliee
obiiee BoIpa)KeHHE JUiss CaMOCONpPAXKEHHOro auddepeHlnanssHOro
BHIPAKECHUS:

*) Ecan A ={ap,) — xBanpaTHas MaTpuua m-ro nopsaka, 1o A* oGosnavaer

CORPAMEHHYIO MATPUYY, T. €. MATPUILY B = (bpy), Takyo, 4t0 bpy = dqp. Marpuua
HasbiBaerca spmurosor, ecan A* = A,
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[I. Becakoe camoconpsfisicennoe Jdugppepenyuarsrnoe svipanene
ecTs CYMMQ CAMOCONPANCEHHIX Ouppepenyuarstolx gotpasceruil
euda

; 1q,. . ; . -
Loy(®) =Py, Loyt (1) =5 [Py~ + (iPy™) "),

z0e P =P (x)—oneparopuas Qynkyus, 8ce 3HA4EHUS KOTOPOL
ABASIOTCS 3P MUTOBLI MU MaTpuyamy 8 R,.

6. ConpsxkeHHble KpaeBble YCAOBUS; CONPSIKEHHbLIH omeparop.
JlomoaHAM Kak-HHOyAb JHHeHHO HezaBucuMmble dopmu Uy, ..., U,
mo mnoJHOH cHcteMmbl Uy, U,, ..., Uy, neszaBucuMwuix ¢opm. [lo-
BTOpsasl paccyxaenns n°6 § 1, moxHo mpeobpasoBarh QGopMmyay
Jlarpaska K BHAY

b b
[ W), 2dx=(Un Vo) +(Un Vo) oo+ Uan Vi) + [ (5, 1)) dx,

¢ ¢ (12)
rae Vi, Vo, ..., Vy, —HE3aBUCHMEIE (OPMBI OT IEPEMEHHBIX

4 -
2 20y e, 20D 2

z o 2,

4
br “pr v

Kpaesnie yc/0BHs
V,=0, v=1,2, ..., n, (13)

a TakXe YCJO0BHsi, UM 3KBHBAJICHTHbIC, HA3BIBAIOTCA CONPANCECH-
HbiMU K KDPAECBLIM YCJAOBHAM

U,=0, v=1,2,..., n (14)

Onepatop, nopoxkienusfl guddepeHHanbHBIM BHpax)enueM i (y)
H KpaeBHIMH ycaosusaMu (13), HaswiBaercs conpsocennsim K onepa-
Topy L, mopoxIeHHOMY AuddepeHIHasbHEM BhipaxenueM [(y) u
KpaeBrIMH ycJjoBHsamu (14).

Omneparop, conpsizkeHHn#t K L, o6o3nauaercs uepes L. W3 dop-
Mmyas (12) caemyer, uto dasn onepatopos L u L° umeer mecto
pasencTso

b b
[y, 2)dx = [y, L2)ax. (15)

O6patno, ecn auddepennnasbuuii onepatop L, yaoBIeTBOpseT

YCAOBHUIO
b

b
f (Ly, 2)dx = J (y, L2)dx

u
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st seex Qyugiuil gy, 2 U3 OOJIaCTEI/X onpejeacHus ONEPATOPOB L
u L, coorseTcTBenHo, 10 L=
Onpenennm ang Bekrop-Qynknuil y(x) ckasaspHoe IPOH3BEICHUE
{y, 2), nosaras
b

(W, 2 = [ (y(x0), 2(x)dx.

a

Torna ¢opmyaa (15) mepenuuercs B BUAE

(Ly, 2)={y, L2). (16)

Oneparop L nassiBaetcst camoconpocennsim, ecan L™= L. JIpyrumu

cjaoBamMi, onepatop L caMoconpsiKeHHBII, €CJaH OH TNOPOXKLaeTCs

CaMOCONPIKEHHBM JHD(GepeHIHadbHbBIM BHPAXKEeHHEM H CaMoCo-
NPAKEHHBIMH KPAEBHIMH YCJIOBHAMH.

Jast camoconpsi:keHHoro onepatopa L pasexnctso (16) npumet BUL

(Ly, 2) =y, L2).

OnHoposanas kpaerasi 3aiaua L*z = 0 HasuiBaeTcs conpamcernoll
K OJHODPOJHOH KpaeBo#t 3ajauye Ly=0.

Paccyxnasn, kak B n°7 § 1, noayuaem:

Pane 00nopodnoli kpaesol 3adawu cosnadaer ¢ paneom conps-
scennotl 00nopodnold Kpaesot 3alautl.

B uactHoCTH:

O0nopodnas kpaesas 3a0aua UMEET HeTPUBUAABLHOE pelleniie
roeda u TOAbKO T020a, Ko2da COnpAdNCeHHAs Kkpaesas 3adawa
UMEET HETPUBUANBHOE pelicHUue.

7. CoOcTBeHHBle 3Ha4eHHA H COGCTBeHHble PYHKUMH audde-
peHlMasbHOro omepatopa. Hucso A Ha3blBAeTCS cOGCTBEHMbLM 3HA-
yenues onepatopa L, ecau B obxsacTH onpeseqaenus P onmepa-
topa L cyinecTByer BekTop-¢pyukunusa y==0, Takas, yTo

Ly=2Ay.

Ora GyHKUMS y HaswiBaerca coOcTBennol (Jynkyuell, coorser-
creyroweit (wan orsewaoujeil) coGCTBEHHOMY 3HALEHUIO A.

Bee ocHoBHuIe npesoxkenns n°n® 1, 4 u 5 § 2 ocraiores cnpa-
BeAJMBBEIMH JJI51 ONePATOPOR B MPOCTPANCTBE BEKTOP-QyHKUHH.

B uacrroctn, colcTBeHHble 3HAUEHHSl CYyTb HYJH Xapakrepu-
CTHYECKOI'O OIlpeAeuTe/ s

Uy(Yy) ... Uy ()
A= . ... (17)
Un(yl) Un(yn)l

rae Y, Yy ..., Y, -~ aMHelino He3aBHCHMELIE DEIICHHA OneparTop-
noro ypasseuus [(Y)—AY =0,
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DTH pelienns MOMXKHO BHOpaTh Tak, YTOOH OHM ObUIM LeALIMH
aHAJMUTHYECKHMH ONEpPATOPHBIMH (QYHKUMAMH IHapameTpa A, no-
stoMy A (A) —Takxke uejas aHAJHTHUECKAS GOYHKUMA, H Npeaio-
wenne 1 n°l § 2 ocraercst BepHLIM B pPacCMATPUBAEMOM cJjvuae,

Ha stor cayuaift nepeHocuTCs TaKKe Bee cka3anHoe B n° 2 § 2 orHocuTEALHO
o600UIeHHOH 3azaund O coOCTBeHHEIX 3HAayeuudaX. OrmeruM, 4to o6HyHan 3anavua
0 cOOCTBEHHBIX 3HAUEHHAX B [IPOCTPAHCTBE BeKTOP-PyHKUUHA 3KBUBANHTHA HEKO-
zopoft 06o0uiennol 3aKade 0 COSCTBEHHAX SHAYCHWAX AJIA CKAJAAPHBIX (yHKUHH.
PaccMOTpUM, Hanpumep, 3a74a4y O COOCTBeHHBIX 3HAYEHHSX

—g—%-{-A(x)y:Ay, 0<Cx <, (18)
y (0)=y (1), (19)

rae ¥ — BeRTOP-QYHKUMA B JBYMepPHOM mpoctpaHcTae Ry g (x)={y, (x), ¥, (1)},
H ri1e A(x)—oneparop B TOM NPOCTPAHCTBE, ONpejescHHHA MaTpuiei

16~y o)

A y={y, (x), p(x) yy (),

cnefoBateabHo, 3anaua (18), (19) B xoOpPIHHATHOA 3amACH WMeeT BT

Taxum oGpasowm,

dy, () e ]
~d—x'+yz (x) =14y, (x), i
d i (20)
Y2 v
e TP 5 x) =2y (x), j
Y1 (O =y, (1}, (0) =y, (1. (1)
ITpopudpdepennupyenm mepsoe u3 ypasuenuit {20); 43 moayueHHOrD paseHcTBA
Ly dyy o dy
di® " dx T " dx
u ypasrHeHud (20) uckiiouuM ¥, U % My noayuuM AugdeperimaanHoe ypas-
HeHHe
A2y dy, 2 ) - 29
a’x2 2M dx +[}" ~—p()‘)] yl_o (..,.)

s gypxkune gy, B ocway nepsoro us ypaseeru#t (20) kpaessle ycorosas (21)
nepenHmyTes B BUAL
g1 () =y, (1),

) } (23)

Takum ofpasom, nexonHas 3anaua sKBIBAIRHTHA caelyoTel oGobinerHol 3agaue
O COGCTBEHHBIX 3HAUEHHAX:

AP

4%y

dx?
- o [dy - [ﬂr._ ]
11 (0) = g1 (1); [ P ?vy;Lgo =~ Ayal .

x=1

d
—27»%+W—p(x)]yl=0,
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D10 3ameuaHue MO3BOJSET BO MHOTHX CIydasX CBOJHTb 0GOOUICHHYIO 3aiauy
0 COGCTBEHHBIX 3HAYEHHSIX B NPOCTPAHCTBE CKAIAPHBIX HJAH BEKTOPULIX OYHKImi
K HexoTopoft ApyroH oOuLMHOH 3aLaye O COGCTBEHHBIX 3HAYCHHAX B NpOCTpai-
CTBE BEKTOP-(PYHKLHH.

ITo noBoay oGoBieHHON 3ajaun Ha COGCTBEHHHIE 3HAUCHUS B NPOCTPAHCTRe
Bektop-Qpynkuui cm. taxke JKaanosuu [1] m Pacynos {1, 2].

8. Cayuah onepatopa nepsoro mopsjaka. HauGosee npocto
OLpee/sioTCsT CcOGCTBEHHblE 3HaueHHsT M COOCTBeHHBlE (GYHKUHH
B cJayuae nuddepeHnHaspHoro oneparopa L nepBoro Nopsiika.
Ilycte 3TOT oOmeparop mopoxkiaaeTcsa Aup@epeHIHAJbHBIM BHIpa-

KeHueMm
)=y +Px)y (24)
U KpaeBbIMH yCJIOBI/IﬂMI/I
Ay, + By, =0. (25)

Hafigem coOcrbenunle 3uavenns W coOCTBeHHble (QYHKIHH olepa-
topa L. Inaa sroro nafijem cuauasna obulee peillieHHe ypaBHEHHS

¥+ Plx)y=Ahy. (26)

[Mosokum y=eMz; noacrasasst 8 (26), HOJyuuM, yTO 2 YJIOBJe-
TBOPSIET YPaBHEHHIO

Z+P(x)z=0. (27)
Kaxnomy BekTopy ¢ & R, MOCTABUM B COOTBETCTBUE pellieHue Z (x)
3TOT'O yPABHEHHH, YAOBJETBOPAIOLIEE HAUANLHOM / YCJAOBHUIO 2 |x=a=c.
B cuny enuHCTBEHHOCTH TAaKOro pellleHHsT COOTBETCTBHE

¢—>z(x)

ondosuauno. Kpome toro, oHo, oueBUAHO, JHHEHHO! ecau ¢, —> 2, (x)
H Co—>29(x), TO Ac+pcy—> Az (x) +p2y(x) 1A NMPOH3BOJBHBIX

yuces A, p. CrepoBaresbHo, Opu KaXKJAoM (QHUKCHDOBAHHOM X 3TO
COOTBETCTBHE OlpejenseT JuHedubil oneparop Q (x):

z2(x)=Qx) ¢

IpH 3TOM, IO caMoMy olpeleendio oneparopa Q(x), Q(a)c=c.
ITosTomy of6inee pemenne ypasueHus (26) uMeer BuJ,

y=e**Q(x)c, (28)

rie ¢ — NPOU3BOJbHBIA BeKTOp U3 R,.
ITogcraBuM aro BRIpa)enue B KpaeBoe ycjaoBHe (25); mocae
COKpalueHUs] Ha e Mbl mosyuum ’

[A+ et o BQ(b)]c=0. (29)
Paccmorpum 0600meHHyio 3anady Ha coGCTBeHHble 3HAUCHHS
[A+uBQ(b)]c=0 (30)
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. -gas omepatopos A n BQ(b) B KOHEUHOMEDPHOM MPOCTPAHCTBE R,,.
“Tlyctb Wi, Ugi - .., W, — BCE COOCTBeHHbIE SHAYEHMs, KaMKJOe H3
“KOTOPHIX NOBTOPSETCH CTOJBKO pas, KaKoBa €ro KpaTHOCTh, a
“¢ys €y -+ Cr— COOTBETCTBYIOULNE JHHEHHO He3aBHCUMbe COGCTBeH-
“4ple BEKTOPH 3Toi 3ajaud. Pasencrtso (29) npu ¢==0 osnauaer,
‘gro et % ecTb CcOGCTBEHHOE 3HAUEHHE, & € — COOTBETCTBYIOUIMH
coGerBeHHBH BekTOp 3amaun (30).

CrepoBare/bHO, 6ce colcreennsie 3Havenus oneparopa L

“ymeror 8ud

b_la(lnuj+2km), i=1,2, ..., k=0 %1, £2 +3,.. .

j,:

UM COOTBETCTBYIOT COOCTBEHHbLE (YHKYUU
1
[——-— (Inp -+2k:n:i)] X
Z f
el b-a Q (x) c;.

UceaenoBauuss Muornx asTopoB (oM., mampumep, Bupkrod u Jlaurep [1])
pocBsilenH OoJiee o0uwiell 3ajaye 0 COGCTBEHHBIX 3HAUEHUSTX

Y P y=20 Wy, 31)

Ay, + By, =0, (32)

rie P(x), Q (x) —omepaTopHnle QYHKIKH, HenmpepoleHble B HHTepBame [a, b)].

Orxocsurecs Kk 3TOH# 3ajaue pesyapTars DopMy ipyiQTes Haubosee HPOCTO
B TOM cJjyuae, KOraa npu jiro6oM x u3 uHrepsana [a, b} Bce KOPHH [y, Uy, . v, Wi
XapPaKTePHCTHYECKOTO ypaBHeHus oneparopa Q (x) pasauussl. B stom cayuae
OPH KaXKAOM X HX MOXHO [epPeHyMepoBaTh TaK, 4YTOOH (QyHKUMH (4, (x),
R2(x), ..., prm {x) Owam HenpepoiBHm. IloaToMy cymecTsyer neocobennas *)
matpuna S (x), rakas, uto '

STHx) P (x) S (x) = M (x),

rae M (x) — nuaromainHAas MaTPHUA ¢ [UACOHAJILHBIMU SJTeMEHTAMH [ (1),
pa(x), ..., Ba(x). :
Mpennonoxum, uro Q (x) — anddepennupyemMan Gyukuus B uurepsaie [a, bl.
Torpa S(x) u M (x) Takxke andpdepennupyemst. [Toraras B (31)
y=S(x)4,
Mbl IPUBeJEM 5TO ypaBHEHHe K BULY

D+ Bwo=amin g,

rae
Pxy=81(x) S (x) + ST (x) P (x) S ().

Mostomy moxmno cpasy cuurats, uto MaTpuua Q (x) Anaronassua. OkassBaercs,
UTO mpu Gosbluux |A | noseseHHe pewenufi ypasuenus (31) nmpuMmepro Takoe XKe,
RaK H ypaBHeHus

dy

-d-x*=7VQ () y.

_&N‘*_
*} To ects Takas, uro det S (x)%0.

8 M. 4, Hafimapk
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Tounee, cyuiecTByer ¢yngamenrtansias Marpuua Y (x) #3 pelleHuil ypavie-
Hua (31), AJs KOTOpoH

. [YO o (—)1;\)] exaf Q® dx,

rae Y, (x)— HekoTopas, He 3aBucswas OT A MaTpulla. IDTOT Pe3yJabTatr Aaer
BO3MOKHOCTb NOJYYHTh ACUMITOTHYeCKHe (POPMY.B 1a1 COGCTBEHHBIX 3Hadenuif
u COGCTBEHHBIX GYHKIHA, a TakKe BLIBSCTH TEOPEMY. O DasjOXKeHH# IO ¢ob-
CTBeHHLIM (PYHKIMAM KpaeBOHA 3ajauu, aHaJOTHYHO TOMY, Kak 3TO GhiI0 Chenano
B §§ 4 u 5 (nogpobuee cm. Bupkrod u Jlaurep [1])

§ 7. d)yuxunﬂ I'puHa puddepeHHAILHOrO Oneparopa

1. O6pawmenne nuddepeHunansHoro oneparopa. I[lycts L audg-
depeHnHanbHHIA omepaTop, JIs KOTOPOro KpaeBas sagaua Ly=0
HMeeT JHUIb TpHBHA/bHOe pelneHue. Torga onepatop L umeer

obpaTunlii L™". Tlokamxewm, uro L™ ects HHTerpaJbHB oneparop,
AP0 KOTOPOTO €cTb oneparopuasi (QyHKUHS JABYX IepPeMEeHHEIX,
dra ¢yHKUMS HaseiBaeTcs ryrxyuert puna ounepartopa.

Henocpencreennoe onpejesedue ¢yuxunun [puHa B paccma-
TPHBAEMOM CJyuae AaHAaJIOTHYHO omnpejenennio ¢yukuua [ puna,
paunomy B n° 3 § 3. ©@ynkyueil I'puna oneparopa [ HaswBaeTcs
oneparopuas ¢yukuua G (x, ) nepeMeHHHX X, §, yLOBJIETBOPSIO-
1ast CJAeAYOUHM yCJIOBHUAM:

1°. Kaxcdoe suauenue pynkyuu G(x, &) ecto aunetinwl one-
parop 8 npocrpancree R,,.

2°. @ynkyus G (x, &) HenpepovigHa 1 uMeeT HenpepvlBHble HPO-
uszgodusie no x do (n — 2)-2o0 nopadka sxarouuTeAbHO € Keadpare
assx, ED.

3°. ITpu ar0bom pukcuposarnom snarenuu & us unrepsaia (a, b)
pynxyun G (x, &) umeer nenpepusisrvle npoussodnsie {(n—1)-eo u
n-20 nopadka no x e xamdom us unrepsasos la, &) u (&, bl
ITpoussodnas (n— 1}-eo0 nopadka umeer npu x==E cxka4ok, pas-

notti [Py (8)] 7

an—l
axn—l

GE+0, 8~ G =0, O =[P

4°, [Tpu ¢purcuposannon & us unrepsara (a, b) pynryus G (x, &)
(paccmarpusaeman Kax @yukyus 0T x) ydosaersopseT onepaTrop-
Homy ypasuenuro 1(G)=0 s xamOom u3 unrepsaios [a, &), (€, 0]
u kpaesoim ycaosuam U, (G)=0, v=1, 2, ..., n onpedernroujums
oneparop L.
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«  TlosTopsia paccyxienus: n°n® 3—5 § 3, npuxoguMm K ciaeiylo-
UM De3yAbTaTaM:

*'Teopema 1. Ecau xpaesan sadawa Ly=0 unmeer rorsxko
FpusuarbiOe peluerue, TO oneparop L umeer odny u T0asK0 o0y
gynryuto I'puna.

ST Teopema 2. Ecau kpaesas safaua Ly=0 umeer T0sbKO
FpuUGUAAbHOE peuierue, TO 048 11060k HenpepoLeHotl BeKTOD-PYHK-
"‘gau f(x) ypasuenue Ly =] umeer 00Ho 1 T0AbKO OOHO pelierue.
“Bro peuwienue 3adaercs Gopmyaoi *)

b
y)={ Glx, 9FEE (1)

~Teopema 2 o03Hauaer, 4TO L™ ecto uHTe2paAbHLLll  oneparop
¢ adpon G (x, E).

dnpo G*'{x, E)=[G (E, x)]* nasniBaeTca conpamcenHoim K APy
~G{x, £). fAxpo HasnBaeTca 3pMUTO8biM, €CAH OHO COBIIajaer
¢ conpsikeHnpim sapom: G (x, E)=[G (&, x)]". lipu sToM ocTawTes
B cuse upennoxenus Il u IV n® 5 § 3, a rakke Bce mnpesso-
xenus n° 6 § 3.

2. dyukuus [puna omeparopa L — Al. Hailinem Buipaxenne
Aas Qyukuny I'puna ouneparopa L—Al. Ilyers Y, =V, (x, %) —
‘Kakas-auOynp (GyniaMeHTalbHAs cuCTEMa pellieHHil ypaBHeHus
1(Y)=AY.

BriGepeM ee Tak (4ro Bcerza BO3MOXKHO), uToGH Y, (%, A) Gbhuan
HeJIBIMH aHAJUTHYCCKHMH MATPHUYHBIMH (YHKIHSAMH napamerpa A.
O6osnaunM uepes | W | onpelgeanteab MaTpHILb

(n~1 (n~1)
| SIS A4
(n~2) ‘n~2)
w=|Y ~...7Y , (2)
Yy ... Y,
a uepes V., v=1, 2, ..., n,— MaTpUIly mMm-TO HOPSAKA, COCTAB-
JIeHHYI0 u3 aqare0pandyeckKux HONOJHEHHH 3JeMeHTOB MaTpullul Y,
B onpeneautese | W | [lanee, oGosnauum uepes W, v=1,2, ..., n,
Martpuny, TpaHCHOHHPOBAHRYW K V.,

——

*) Mpu daxcuposadusix £ n & G (x, &)/ (§) o6osHauaer pesyabTar mpHMe-
Henusi omeparopa G (x, §) K Bekropy f ().

8§*
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Tlonoxnm
1
Zy=1w7 W @)

;—Z V() Z,(8) mpr E<x,
gx, &= :
3

},. V) Z,(®) mpu E>x,

rpe W, — marpuiia m-ro Inopsjixa.
I. @yuxyua Tpuna G(x, &, A) .oneparopa L — Al 3adaercs
popmyroi

G(x’ & 7“)=g(x1 & }")'—i%lyj(x) ijUv(g)' (5)

IlokasatenscTBO  QopMyabl (D)  aHAJOTHYHO JOKA3aTebCTBY
dbopmyasr (34) n° 7 § 3. Ilpumensia kK ypaBHeHHIO [(y)—Ay=f
METOJ| BapHaL¥H NPOH3BOJIBHLIX MOCTOSAHHBIX, MBI MOJYUHM AJSI €ro
pelleHHsa y (bopMyny

y= ZY (x) ey +jg<x e, M () de (6)

aHAJOTHYHYIO Q)opMyJIe (31) n° 7 § 3, npuuem ¢, 3meCh MOCTOSIH-
Hple BeKTOPH. [lOACTARJASIS 3TO BHpakeude [AJsd y B Kpaenhie
yeaosust Uy (y)=0, v=1, 2, ..., n, MBl HallieM 3TH BEKTOPHl Cy;
noAcTAaBAsAA 3aTeM B (6) BhIpameuus AJS ¢, MB OpuieM K ¢op-
myJae (5). OGosHaunM uepes A ompelenuTesb Mmatpuunt U; Torma

1

ij - K‘ Vjv’ (7)
rae V ;, — TPAaHCIOHHPOBAHHAS K MATpHIE m-TO MOpPsiAKa, COCTaB-
JIEHHOH U3 aJreGpanyecKnx AOMOJHEHHH ss1eMeHTOB MaTpuun U, (Y )

B onpeaenutese A, marpuna. Popmysa (5) nepenuinercss B B

G, & N=g(x, & N—5 X V,(0)V,Us(0). (8)

i, v=1
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3. Anaaurnyeckas npupoga ¢yHkuun I'puna onmepatopa L —Al,
dyurxuun Y, (x), a caenoBarenpno, u g(x, & 4), V,, u Uy(g), A,
ABJISIIOTCA [LEJIBIMH  aHaJuTHYeCKHMU (YHKUMSMH mapameTpa A.
TloatoMy H3 (8) cruenyer:

[1. Qynryus I'puna oneparopa L —2Al ecte wmepomoppuas
MATPUYHAS QynKkyus napamerpa A; ee noarcamu mozyr 6OotTé
roask0 cobcrsennsle 3Hauenus oneparopa L.

PaccmoTpuM noppobHee TOT caygai, korjga Aq— IPOCTOH HYJb
dynxuun A,

ITycTs 2(x)—coGcTBeHRas QYHKIIUS CONPsIKEHHOro oliepaTopa L,
COOTBETCTBYIOLIAST COGCTBEHHOMY 3HAUCHHIO Ay; O0O3HAUHM uepes

y(x)2* (&) marpuuy c aaemeHTamu y(x)z; (). Torna, momnaysce
pesyJpTaTaMH n°2 H noBTOpAs paccyxnendas n° 8 § 3, saxio-

yaeM, 4T0:
111. Ecau My~ npocroti nyis pynxyuu A(A), To

Glr, & = ——2ZE 46y, g ), ©)
(2 — ) j (9, 2)dx

e0e G (x, & A) peeyaapna 8 okpecTHOCTU ToukU Ay Ecan,
B YaCTHOCTH,

fb(y, 2)dx =1,

TO
Glr, & N==L2ZE 65, ¢ 0. (10)

®ynxunu 'puHa nuddepeHuuanbHEX ONEPAaTOPOB NEPBOrO MOPAAKA B APO-
cTpaHcTBe BeKTOp-OYHKIME M3ywanuch B paGorax: ByHuukuit [1, 2], Boxep [1],
Bupkrod u Jlamrep (1], Bauce [1].

§ 8. AcuMNTOTHKA COGCTBEHHMBIX 3HAYEHHI
JuddepeHnuaspbHOr0 omeparopa

1. Mocranorka sagaum, B § 4 6uI0 MOAPOGHO H3YUEHO ACHM-
OTOTHYECKOe IIOBeNeHHe cOOCTBEHHBIX 3HAuUeHMH M COOCTBEHHBIX
byskuuit nuddepenynalbHOTO ONepaTopa B MPOCTPAHCTBE CKAJsp-
HHX (QyHKIMH.

[Mosyuennrie pesysnbTaThl ObMM 3aTeM TNPHMeHeHH B § 5 jpas
NOJy4YeHHsI OoOWHX TeOpeM O PasJyokKeHHH mo COOCTBEHHHM (YHK-
nusM. B sToM nmaparpade MBI paccMOTPHM aHAJOTHUHYIO 3afauy
00 acCHMITOTHYECKOM IOBEJEHHH COGCTBeHHHIX 3HAUEHHI M COO-
CTBeHHBLIX QYHKUKH AuddepeHuIHanbHOTO oNepaTopa B NPOCTPaH-
.CTB& BEKTOp-(QyHKUHH,
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Hdna peuleHus >Tol 3ajaud cHavasa M3yuaeTcss ACHMITOTHYe-
CKoe ToBeJleHHe pelueHHH MaTpPHUHOTO ypaBHEHHH

IY)+p"Y =0 (1)

npu Gosnbmux 3HaueHHax |pl. ITpu stoM, xak u B § 4, cyme-
CTBEHHYIO pOJIb HrpaeT pasbHeHHe KOMIIIEKCHON p-IIJIOCKOCTH Ha
obaactu S, (nan T,) (cM. n°2 § 4).

Hasi npocTOTHl H3JIOXKEHHST MBI paCCMOTPHM cayyall Py(x) =1,
T4K 4YTO

[(V)=Y"4py®P 4 . 4Py (2)

Huxe OynyT yxasansl BO3MOXKHbEe OOOOLICHHSI TOJYyUEHHBIX
pesyabrTatoB nmpu Py(x)s=1. Kpome Toro, He Hapymas o6LIHOCTH,
MOXKHO cunTaTh, uto P;=0. [leficTBNTENLHO, B MPOTHBHOM cJjyvyae,

moxHO B ypasHennu (1) cpenars mogcranosky Y =UY, rje
U — xakoe-nu0yab pelleHHe MaTPHUHOTO ypaBHeHus U’ + % PU =0,
YIOBJIETBOPAIOIIEE YCJAOBHIO

‘ det U==0.

Torma aast ¥ nosyunm ypasnenue suga [(Y)-+p"Y =0, B koTopom
KoopduinenT npu ye pPaBeH HyJIO.

Hakoneu, moxHO cuurath, uto a=0, b=1, T. e. uro pac-
cmatpusaemelii uutepsan ects [0, 1] (em, n° 1 § 4).

2. AcHMIITOTHKA pelleHHH MaTpuuHoro ypagHedus [ (V)+ oV =0
npa GoabioM |9} Hrak, nyers

IY)=Y"+pP,y"? 4+ ... +P,Y; (3)
paccMOTPHM MaTpHUYHOE ypaBHeHHe
1(Y)+o"Y =0. (4)

[Tpumensaa K 3TOMy YypaBHEHHUIO IO CYIECTBY Te Ke PacCyykJeHusd,
yto ¥ B n°5 § 4, MpuUXOAUM K Cleayiomeid Teopeme.

Teopema 1. Ecau marpuunsie ¢pynkuuu Py, ..., P, nenpe-
potsnor *) 6 unrepsaae [0, 1], ro marpuunoe ypasnenue

Y? 4+ pY"™? 4 . 4PV 4V =0

80 scaKkoil obaactu T KOMRAEKCHOU P-RAOCKOCTU UMEeT N AUHELHO
nezasucumotx peutenuti Y, Yy, ..., Y,, anaauruuecxkux ornocu-
resvno p=T u ydosaergopsowux npu p<=T u |p| docrarouno

*) B nefictBuTeNbHOCTH TeopeMa OCTAaeTCsl BepHOR I MPOU3BOJLIHBIX
MarpuuHbx QyHKUHd Py, ..., Py, cymmupyesoix B uurepsane [0, 1].



] § 8 ACHMIITOTHKA COBCTBEHHLIX 3HAURHMII o
6OALLUIOM COOTHOWEHUAM *)

Yk=e“”k-”[1+o( )}

1
Y

. )] ’ (5)

an-ly - , - 1
7d_;n__l_g:pn 1P [COZ g O(;)]

T

(1
Tlpn 3ToM O(F) ofo3HauaeT Marpuly BuIa A(xé; o), rre

A(x, p)— MarpuuHass GYHKOHA, BCE 3AEMEHTH KOTODOH yAOBJIE-
TBOPSIOT YCJOBHSAM BHJA

[ Ay (x, ISM mpr lpl=R, 0<x<I,

a M ¥ R— HekoTophe TOCTOSHHEIE, He 3apucdule ot x. Ecan
dysknun P (x) He TOJBKO HeNpepuiBHLI, HO TaKKe JOCTAaTOUHOE
yucso pas AudepeHuupyeMsl, 10 acuMurorudeckue GopMyan (5)
MOXKHO YTOUHHTh H HOJYYHTb (OPMYJinl BHAA

O Y Y 1
Ve=e™ (14 Tl S oy el g o]
W aHaJOoTHYHble GOPMYJIBl U POU3BOLAHBIX Y9, v=1,2,...,n—1

(noapoGuee cMm. n°6 § 4).

3. Hopmuposka xpaesnix ycaosmit, [lycts U, (y) =0, v=1,
2, ..., n,—Kpaessle yCJIOBUS, ONpejessioline AaHHB nuddepen-
IHaJbHBH onepaTtop.

UYucsao k HasoBeM nopadkom oopmu U (y), ecau sra dopma
CONEPKAT X0TA Obl oXuH U3 BeKTopoB y¥ n y®, Ho He comepmuT
BekTopoB ¥ u y™ npu v>k.

Pacemorpum  dopmut U, (y) nopaska n—1, ecam TaKkoBHe
HMEIOTCSI; OHM HMEIT BUJ

U,(y)= Av, n-1 ygz—l) + Bv, n—lygn-l) + .

Ipamoyrossuans matpuua (A, ,-1, By, n-1) EMEET m CTPOK H 2m
croabnoB. Ho MakcuManabHoe uyucsao JUHeHHO He3aBHCHMBIX CTPOK
M3 2m »>JeMEHTOB €CThb 2m; TO3TOMY, 3aMEHssl, eCJu HYXKHO,
cTpokn B dopmax nopsaaxa n— 1 ux JUHeHHBIMU KOMOHHANIMAMHA,
MOXHO JOOGHTbCs TOro, uTo dopM nopsaka n— 1 Oyaer ne Gojblue
ABYX.

-_-—

*) 3aech I 06o3uayaer eLMHHYHYIO MATPUIly M-TO IOPAAKA.
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Ilpumenas X ocraBmuMcs opmMaM TOT Ke TNPHEM, MBI HOCJe
KOHEYHOTO 4YHC/JAA TaKHX IHATOB NPHBEAEM KDAeBLIE YCJOBHy
K BHAY

Uy (y)=Uwly) + Uy (y) =0, (6)
rae
k-l
Uy (9) = Avyék") + 20 Ay,
j=
byl (7)
le (!/) = vang) + jgo BV}"I/SD’
n—=1>kZk>=... 2k =20, ky,<k,
npuueM xots 6w oama w3 wmarpun A,, B, v=1, 2, ..., n, or1-

JHYHA OT HYJEBOH.

Onucanuple ONepallHH Ha3bBATCA HOPMUPOGKOLU KPAEBHIX
VCJOBHE, a NOJyUeHHBe B pe3ysabTarTe KpaeBble YCJAOBHA BHAA
(7) — HopMuUpOBAHHLI MU KPQEBLLMU YCAOBUAMIL.

4, PeryaapHele KpaeBble ycaoBus. Paccmorpum (uKcupoBaH-
Hylo o6jacth Sp M 3aHyMepyeM ®;, ®g, ..., ®, TakK, 4TOOBl NpU
pE S, 6nli10

Rpo) <R(poy) < ... <N (poy,).

Janprefimine acuMmmnTotTHyeckue (QopMmyJasl OyayT BLIBEIEHB IS
KJacca KpaeBHIX YCJAOBHI, KOTOPblE€ HA30BEM pe2yAspHoiMi. DTOT
KJacC OmlpexesseTcs pasJHuHbBIM 00pa3oM B 3aBUCHMOCTH QT TOTO,
OyneT Ju n YeTHBIM HJH HeueTHBIM:

a) n HeueTHO; n=2u—1. Hopmuposannvie kpaesvie ycao-
susn (6) nasvearorcs pecyaspuvimu, ecau wucaa 6y u 6,, onpede-
ACHHbIE PABEHCTBOM

90+613+ e ‘I‘em8m=

i B R r k
Aol ... Aok (A +sB)ei  Boeb, ... Bok
Al ... Ao, (A,+sBy)ek Bk ... Bk

| 2% 205 (A o) Of; 2%u+1 2% (8a)
k k k k k
Ao .. Aenr (A +sBles Ben ... Baor

OTAUMHLL OT HYAS.

6) n ueTHO; n=2u. Hopmuposaunoie Kpaesvie ycaosus (6)
HA3LIBAIOTCS pPeeyAIpHbLMiL, ecau wucara O_, u 0,, onpedeiexnbie
pPABEHCTBOM

QS 4 O_pys™ .. 4 8,8" = det (4, B), (86)
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ede
{Aoh ... Aok, (4 +sB)ok 1
A= Aok ... Ak (A, + sB,) of ,
LA o ... Anmﬁfil (A, +sB,) mﬁﬂ
1 h
(4 + 1 B)ek, B, ... Bok
1
B = <A2 +< Bg) ok, Byok, ... Byok ’
! \ ok k k
(An + < Bu)ofn, Bofa, ... Bol

OTAUHHBL OT HYAS.

JIerko BUIeTh, YTO 3TO onpefesieHHe PEryJasipHOCTH He 3aBUCHT
oT BhIGOpa obGaactu S,. HedicreuredpHo, uncaa 6, 1 8, (coorser-
cTBeHHO O_, u 0,,) SBJIAIOTCA OMNpeNeJHTESAMH, KOTOPhE I0JY-
yaoTCs W3 omnpeaeneHud aadg uuces 6, paccmorpeHnmix 8 § 4,
sameHolt a, u P, Marpunama A, u B, IlostoMy ¢ uaMeHeHHEM
ob6sactn S, onu npeoOpasyloTcst IO NMpPeXHUM NpasBHiaM. B uact-
HOCTH, [Js1 HEYCTHOrO # OHU YMHOMKAIOTCS HA MHOMKHTeb, PABHBIA
no Moay/o l. I 4eTHOro n MOMHO MOBTOPHTL 0e3 CyLIecTBEeH-
HEX H3MeHeHul Boikaaakd u3 n° 8 § 4. Tlpu srom oxasvinaercs,
yro npH mepexole or Sy K S; (mau Sy,_)) KOPHH YDaBHEHHUSE

s+ ... +0,8"=0
MEHAIT CBOU 3HAYCHUS HA 06paTHbIe. ﬂ,JIH HEUeTHOIr'o 1 Mbl UMEECM
IBa KJacca ypaBHeHHH

B+ 8is+ ... +0,8"=0

C COOTBETCTBCHHO DABHBIMH KOPHAMU BHYTPU Ka)XAOro - KJaacca.

Hasg S; ¢ HeweTHmIM k£ NoJayualolifecst KOPHH 0003HAUUM Uepes

{ 1 2 2
E,(]), ches gfn’, a aas S ¢ 4eTHHIM k — uepes gﬁ’, U

5. AcuMNTOTHKA COGCTBEHHbIX 3HadeHuit. B Bompocax acuMm-

TOTHYECKOTO MOBEeAEHHH COOCTBEHHBIX 3HAUEHHH CYUIECTBEHHYIO
poJb HrpaeT ypapHenue
0, + 05 + 40,8 =10 (9a)
Opu # HEUeTHOM H
O 8™ 40 8" L +0,8"=0 (90)

Ipy n yeTHOM, FAc uucia 0, Owan oupepedenu 8 n° 4,
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Ecan kpaeBoble ycJ0BHS pPerynsipHbl, TO BCe KOPHH 3THX ypaB-
HeHuA ortanudsl oTr O u oo,

B coenyomeil TeopeMe Mbi NpepnosaraeM (d st KPaTKOCTH
He OroBapuBaeM 3TOTO B YCJAOBHH TeOpeMbl), uTO K03(p(PUUHEHTL!
paccmarpuBaeMoro AndQepeHHa bHONO BBIPAXKEHHS — HEIlPePhiB-
Hule MaTpHulnie QYHKOMM B uuteppane [0, 1]. 3amernm, ojnako,
uTo $aKTHUECKH BCE PE3YJAbTAThl TOTO NYHKTA OCTAIOTCA BEDHBIMH
u Torna, koraa KosbhduuueHTH AHPPePEeHIHATBHOIO BHPAKEHHS
IPOH3BOJALHBlE cyMMHpYeMble GyHKIMH B murtepsane [0, 1].

Teopema 2. [lycte L —dupppepenyuarsnoili oneparop n-zo
nopadka e untepsade (0, 1), noporcdennoiil peeysnpHbimis KPaesetmu
ycaoBuAMiL.

[pu newernom n Kaxcdomy npocrony ropuio &, a rakwce
Kamdomy npocromy xopuio EP orgewaer nocaedosaresnoctrs cob-

1
CTBEHHHOLX SHAUEHIL COOT8ETCTBEeHHO Mc} u Ak,, payeM

PRLRAL 1
Ay = (F 2kni)" { == 7{%’-4«0(@—)},

nge"? !
M = (% 2kmi)" {1i~"-2%;%-+o(ﬁ)}.

(10a)

30eco sepxruil anak coorsercrayer n=4qg—1, a nuxcnui —n=4g+1.
B cayuae r-xparuslx Koprei gg.l'» waw P no.aywaercs ronocae-

dosare.16HoCTell COBCTBEHHbLY 3HAYeHULL, YOOBALTOPAIOWUX ACUMA-
roruneckum opmyiam

PRI ( 1\
(1) Uof
by = (F 2kai)” { oemi T O k‘””)%'

I n P /]
AZ = (= ka')"'l l + ZZg{ —FOK/{H./, >},
Py I+

i=1ie fot 1, ..., ]‘O”f’f—l,

‘11a)

nputes npednoaazaeTcs, 4To
(V) = = £V
io E vhr-1t

Botoop snaxa & (11a) noduunen romy e npasuay, uro u 6 {op-
nyae {10a).

Hpu wernom n waxcdomy npocromy xopaio & ypaswenna (96)
daa obaacri Sy coorsercieyer ROC.1e008ATEALHOCTS COOCTGIHHOLX
3Ha4eHll

b= (ki) {15 2518 4 0 ()1, (106)

Okmi
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“20e éepxHull 3HAK COOTBETCTBYET n=4q, a HUNCHUL coorsercrayer
n=4qg + 2. Kascdomy r-spatnomy kopuio & ypasuenus (96) coor-
gercrsyer r nocaedoBarenbHocTel COOCTBEHHbLY 3HAYeHUL

il nlng I
D = (o) {1+ Z;ﬁig*‘o(wﬁ)}’ (116)

ji=1, ..., r

¢ 8bl6OpOM BHAKQ NO NPENHEMY NPAsULY.

[Ipu kparxom Kopue § HeKOTOpsie U3 hy;, oTeetarowue sromy &,
MOZYT €O6nacts, 00pasys 00HO KpaTHoe cobCTéernOe 3nauenue.
Hpu I Al docrarouno 6Goasvwom oneparop L ne umeer Huxkakux
-dpyeux CcOOCTBEHHLLX 3HA4eHULl u KpaTHOCT6 cO6CT8EHHO20 3Ha-
weHus hyj pasna uucay cosnadaouyux ¢ HUM COOCTBEHHLIX 3HA-
yenuil 8 gopmyrax (11a), (116), caedosaressno, ne npesocxodur
KparHoCcTy coOT8eTCT8Yyouee0 Kopaa & ypasuenus (9).

JdoxasareabcTBO. PaccmoTpuMm cHadasa cayuafl Heuer-
Horo n; mycrth n=2u— 1. Paccmorpum dukcnposannyio obaacts T
NyCcTh UYHCJA ©), Oy, ..., O, 3aHyMEPOBAHB Tak, uTo Hpu p& 7

R(p+ceo)<R(pFrde)<... <R((p+c)w,)

Mpumensia GopMyan (5) n°2 u MoBTOPAs pacCyXAeHHA NpH HOKa-
3aTesbcTBe TeopeMnl 2 n°9 § 4, noayuum

Uy(Y) =(po)~[A,)]  npn j<up, ]‘
Uy(Y))=(pw)" e [B,] npn j>up, } (12)
Uy (Y,) = (oo, )v {[A v1+e“°u 8. )

TlogcraBuM Bce 5TH BhIpakeHus B ypaBHeHme A =0; u3 onpe-
Ienenus (8a) unces 8, BbITeKaer, uTO MoC/]Ae COKpamenus Ha pF,

p*2, ..., o, s, ..., " 910 ypaBHenne mpHMeT BHJ
[60) -+ [6,] " + [6,] €™ 4 ... +[8,] ™’ =0.

Orciona M U3 pacCykKIeHHH, aHAJOTMYHBIX PAaCCYKACHHAM
B Joka3aTesabcTBe TeopeMbl 2 n° 9 § 4 caeAyioT Bce yTBEPKAEHHS
TeopeMul.

ApaJsiornusgo paccMaTpHBaercs cjaydalt 4eTHOro A.

[Moas3ysck teopesmamu [ n 2, MOKHO MOAYUHTH ACHMITOTHUYECKHE (BOPMYJTH
Aast coGersendnx Pyunkuui. Mbl pe 6yaeM noApoOHO OCTAHABJAMBATHLCS HA 3TOM
Bompoce.
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§ 9. PasaoxeHue N0 COGCTBEHHBIM (YHKLUHAM
InddepenunasbHoro onepatTopa

1. Cryuait camoconpsixeHHOro auddepeHnnanLHOTO onepaTopa.
ITycts L — camoconpsi:keHHbH nuddepennalbHbi onepaTop B mpo-
cTpaHcTBe BekTOop-Gyukuu#., IToBTopsAs paccyxienus n° 2 § 5,
NPUXOJAUM K cJaefylollell Teopeme:

Teopema 1. Beaxas sexkrop-gpynxyus uz obaacru onpede-
ACHUA CAMOCORPANCeHH020 onepatopa L pasaazaercs 8 pasHo-
Mmepro cxo0auyuiics 0000wennni pad Pypse no cobcreexnbim
GpyHKy UM 3TO20 Oneparopa.

Ecan y, (x), yo(x), ... —opToHOpMAJbHA cHCTeMA COGCTBEHHEIX
({hynkuufi oneparopa L, orBeyalolux BceM ero CoGCTBEHHHIM 3Ha-
YeHUSAM, TO 3TO Da3/J0XKeHHe HMeeT BHJ

Hﬂﬁ%%wwx (1)

rine
b
= [ (), ga () dx. @)

Hamomunw eme pas, uro f(x) # y,(x) — BexkTOp-HYHKIUUH; €CJH,
NO3TOMY, MOJOMXHTh
) ={fi(x), f2(x), ..., [m ()
yn ()C) :{ynl (JC), /n? (X), veey Jnm (x)}a n= 1> 2, 3» se ey

TO pasiokende (1) 3KBMBA/JEHTHO CHCTEME Pas3/IoXKEHHI B PaBHO-
MEPHO CXOASILHECH DPSibl

fj()()r- %: Cnynj(x), ,’=1, 2, ey, M,

€ o0RumMu u Temu e KoappuyuenTamu c,.
U3 reopemrl 1 caenyer, uto ¢ynxyuu y,(x), y2(x), y;(x), .
O6pa3Y}OT NOJIHYI0 OPTOHOPMAJIbHYIO CHCTEMY B l'IpOCTpaHC’l‘Be

L (a, b) Beex H3MePHMNX BekTop-QyHKUHH [(X), yLOBJIETBOPSIO-
LIHX YCJOBHIO *)

[l P ax <+ co.

Orciona

o

b
[lrarax=Y1c.r, @)

sl

*) 3necs |f (x)]4 o6osnauaer cxaanpublii KBagpaT BEKTOPa.
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e ,
eo= [ (F(x), yalx))ds.

®opMy/IHl PA3NOKEHUS TIO coQCTBeHHbIM GbYyHKUuAM B OECKOHEUHOMEPHOM
* ppocTpaHcTBe BeKTOP-QYBKUUA ¢ OeCKOHEYHBLIM WYHCJIOM KOMIOHEHT MOJyYeHb
‘g pabore Pode-Bekeron [1]. Tockoabky B TOM Cayuae HaGOp COGCTBEHHBIX
‘@yHKIHA MOXKET 0Ka3aThCA He JMCKPETHLIM, @ HeNpPePLIBHEIM, TO B GOpMyJe,
" gpagorudHoi (1), BMECTO CyMMBI HPHXOAKTCHA NHCATE HHTErpA.

2. Passnoxenre no coGcTBeHHBM GyHKUnAM nuddepennuain-
 HOTO ONEPATOpPA, MOPOKJEHHOIO peryJsipHbIMH XPAaeBbLIMH YCHAO-
“puamu. Paccyxjenuss B n° | HenmpuMCHHMSE, ecaH omeparop L
He SIBJASETCS CAMOCOIPSIKEHHBIM.

[TosTOoMy Mbl IpUMEHHM Tenepb APYrol MeTold, OCHOBAHHHIH
Ha aHaJHTHYeCKHX cBoicrBax ¢yuxkuuud ['puna omepatopa L — AJ
M Ha aCHMNTOTHYECKHX (opMmysax, nonyueHusix B § 8. Ilpu stom
Myl OyjeM npepnosaraTb, 4YTO KpaeBbie YCJOBHsS, MOPOXKAoLIMe
oneparop L, peryJsipHnl; Kpome TOro, MOXHO, He Hapywas o61u-
HOCTH, CYMTaTh, UYTO KpaeBasi 3ajgada Ly=0 HMeeT TOJIbKO TpH-
BHasbHOe pemenne y=0. Torma omeparop L umeerT QyHKUHIO
I'pusa G (x, £). Kak u B n° 3 § b, paccmorpum moc/egoBaTeib-

HOCcTb OKpywxHocTeld 'y, k=1, 2, ..., ¢ uentpoM B Hayajge KOOp-
AHHAT, OOJajawllyio TeMH Ke cBofcTBamu 1° 2° uro u Ha
crp. 92.

B cuny noxasauHmx B n°5 § 8 acuMnTOTHMUECKHX CBOHCTB
9THX cOOCTBEHHEIX 3HAYEHHH TaKHe OKPYKHOCTH CYILeCTBYIOT.
Ilycts G (x, &, A) — dyukuus Tpuna oneparopa L — Al; B gacr-
HoctH, G (x, &, 0)=G (x, §) ectb ¢yukuus ['puna oneparopa L.
PaccmoTpum uurerpad
k= omi

I ¢ G M)
L § LESh g, (4)
k

JTemma. Ha oxpyunocrax T, ¢uuxyus G(x, & A) ydosaer-
80pAET HepasencTay
M
[Glx, & VIS —5= (3)

n-17?

A"

ede M — nekoropas nocrosannas.

HokasateabcTro*). IMomoxnm A= —p™ Torga npu Haja-
Jexamem BriGope argp Kpyr ['x mepefizer B ayry vy, OKpysKHOCTH
-—

*) Us storo nokasatesherBa BHAHO, uTo oneHka (5) HMEET MECTO A BCEX
AbcTatoqHo Goxswnx | A | 3 obnactedt Qy (cM. ctp. 92).
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21
¢ LEHTPAJHHBIM YIVIOM —=, MPOXOSWIYIO B JIBYX COCEAHHX OG-
gactax S; u S, KOMILIEKcHOH p-maockocTu. OneHuM ynRIng

G(x, & A) Ha gyre vy, Ilycth uncaa o), @y, ..., ©, 3aHYMEPOBany
TakK, 4T0 Npu p & S,
Rpo) <N (pog) < ... <R (poy).
BocnonbsyeMc;{ (bopMyJIaMH n°® 2 § 7 JIH G (x, &, A) u moucranuy
B 3TH Qopmysnl HalineHHue B n°2 § 8 acHMNTOTUUECKHE BhIpaike-
Hus A Y;(x, A). Mel noayunm:
— 1
Zy(8) =™ e [— o,1], (6)

cJjenoBaTesbHo, B cuay (4) n°2 § 7,

glx, 5= ‘m()pW“B JUL (7)

2np foayt

npuueM 3HaK «—>» Geperca npd E<<x U «+>» npu £> x.
JanbHeHLIyI0 uYacTb J0OKas3aTesqbCTBAa YAOOHO BeCTH OT/I&JbHO
ILJsi 1 YeTHOTO M A HEYeTHOro.
IlycTe cHavana n nHeueTHo; n =21 — 1; Torxa npu p < 8§, Gyier
Rpo) <O, ..., (oo, <O, }
gﬁ (p(‘ou+l) > O’ oeey R (pmn) > 0.

O6osHauum uepes y, Ty 4acTb AYTH Y,, KOTOPAas HaXOAHTCS B 00-
agacty Sy u Ha kxoropoit N(pw,) <0, a uepes y; — Ty ee uyacTs,
KoTopas Haxonautcs B Sy u Ha Kotopoi R(pw,) = 0. OueHHM dbyuk-
uaio G (x, &, A) Ha nyre y,. Ilosmbsysice dopmysiamu (12) n°b § 8§,
JIETKO NOKa3aTb, YTO

Yj(x)wjv=o(j;) Ha V). 9)

(8)

Has moayueHust oleHKd Ha Yy, ¢ynxnumn G (x, §, L) mpeobpasyeu

cHauaja ee Buipaxenne B dopmyae (5) n°2 § 7. B cuay dop-
Myasl (4) n°2 § 7 nas g(x, £)

L=

m@———Eymﬂ@xm1> 3 D ¥a(l) Z, @)

a

Ll

CJIe0BaTe/AbHO,

Uy(@) =5 3 [Usi (Vo) = Uso (Ya)] Zo (2.

Q]
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I'IepermmeM 9TO BLIDAXKECHHE B BHAE
n

U, (@)= 2 (= Uy (Vo) + 2U (Y] Z, (2) +

+a )_] Uy (Yo) = 2U 5 (Y )] Zo (8) =
a= pH—l

fi

‘V Uy (Vo) Zy >+EUV,(YG\ZG(~)+

o= l
1 S ~
+5 2, YD Z,(6) ~ 3
=u+ o= u+l
‘Ho B cuay (6) npu ag_u
k\l
Uy (Ya) Zy (E) =L - @ytlpro, (-5 [Bv];

no o
oTciofa ¥ u3 (8) BHITEKaeT, 4TO
1
Un(Yy) Z,(E) =0 (7_7‘:1—)
p v

AHanoruuHo 1pH @ >p

UV\(Y Z(x( )=O<"g:j, _1\);
p V)
nostomy (10) mepenuicres B BiAe
: L\ v e
U'v(g) = - _2_ E (’]V(ya) Zu (g) +

a=]
n

7 }J U (V) Z,(8) 4 o(

Mogcrarasia 310 Bupameune 8 dopmyay (5) n°2 § 7

G(x, E, 1), noayuuwm:
Gx, &, ) =u(x, &, )+

n

Ny mz@-1 }‘ V(0 Zy©+ 0 =

= P=a

n6o 1o OlpeeJeHITIO O6paTHOH MaTpuin

\% ijUv(Yu) == éjul

—b =
-kl

127

(10)

(1)

1A

(12)
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H, KpoMe TOro, B cuay (9)

Y (x) W, - 0(—-;:7)”0(-‘%)'

Y
KoMOunupys (12) c (4) n°2 § 7, npugem K dopmyaam:

"
‘Y, ) Z, (a)+o( _1) npH £ < x;
Gx, &g, M=y " ) (13)
V'V (x )40( _l)an§>x.
j=u+

Ho B ey (8) M acHMOTOTHUeCKHX dopumya aaa Y;(x) u Z;(¢)
Ha ayre y, npu E<<x

1 u

Vyze=-——Vie]e ¥ =0(-—=),

/A—-Jl j (%) Z;(€) o1 %{ e (pn—l)
H IIpH §> X

M rze=- )‘ [,] 75 0(—‘—])

f=u+! : /—u+l -0

B coeaunennn ¢ (13) sTo nact tpeGyeMoe COOTHOUIEHHE

Glx, & 2)=0 (—p—l-l)

Ha ayre v,

AnascruyHo 3TO COOTHOLIGHHE JOKa3biBaeTCs Ha Ayre y, ¥ na
TOW YacTh LYTH Vg, KOoTopas Haxoautcs B obaacta S,.

Tem caMbIM B Cayuae HeYeTHOro n JeMMa JOKazdHa.

B cayuae geTHOro # oHa AOKa3hkiBAETCH COBEPIIEHHO aHAJIOTHYHO.
IIpy moMolu 3TOH JeMMB TOUHO Tak XKe, Kak 0 5 n°3 § 5, mxo-
KA3BIBAKTCS CJELYIOIIHE TEOPEMHI,

Teopema 2. Dyuxyus Fpuna G(x, &) Jupdepenyuarsroo
Oneparopa, nOPONCOCHHOZ0 PeayAAPHOIMIL KPQACBbLMU YCAOBUAMU,
pasarqeacrea 8 pad

o E) = — ‘1 _H_‘_LV:@_
G(x 8)=— ¥ 2

’

PABHOMEPHO CXOOAWUIIC RO KPAURCT Mepe nplu HeKoTopoi epyn-
nupogke e2o waenos. [lpu srom I, (x, §) obosnanaer soiuer gyni-
yuu G{x, &, A) OTHOCUTEABHO RO.IOCA Ay,

Teopevma 3. Ecau ace cobOcrgennsie 3uaienus oneparopa L,
ROPONCOCHHOCO PEeYAAPHOIMU KPUCGBIMU YCAOBUAMU, CYTO NPOCTOLE
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nyau PyHEYUL A(A), ro eco ¢ynxyun I'puna G(x, &) pa3aaeaercs
8 pad
N W2
G (X, g) - vgl -—7"\7—.’

pasHomepro cxodaujuics no kpaiued mepe npu Hekoropod epyn-
nuposke ezo waenos. Ilpu arom y,(x), 2y(x)— cobcreennvie ¢ynx-
yuu oneparopos L u L*, orgewarouue co6CcT8eHHbLM 3HAYEHUAM b,
u A, €COOTBETCTBEHHO *).

HanomuuM, uTo ecnau

Yy (X) = (yvl ()C), Yvo (x): voos Yum (X) )
2y (JC) = (Zvl ()C), 2v2 ()« oy Zym :X) ),

10 y,(x)2,(§) ecTp MaTpHLA C 3JeMeHTaMH yvk(x)z"\,] ;).

Teopema 4. [lycre L —oneparop, nopoxcdenrsiii pecyaap-
HOLMIL KDAeBblMU YCA0BUAMU, 8Ce COGCTBEHHbIE 3HAYEHUS KOTOPO20
cyre npoctole Hyau ynkyuu A. Toeda ecakas 6eKTOp-PyHKyUS
f(x) us obaacru onpederenus oneparopa L pasaazaercs 8 psd
no coOCTBEHHbIM QYHKUUAM

o0

x b
)= Yol ey= [ (F @), 2,6)ds,
0

V=1

PABHOMEPHO cx00Awuiica no kpaiinell mepe npu HexoTopolu epyn-
nuposke e20 waernos. Ilpu arom y,(x), 2,(x)— cobcreennnie pynk-
yuu oneparopos L u L*, oreewaroujue coOCTBEHHOIM 3HALEHUAM
Ay, Ay COOTBETCTBEHHO *).

Jlns mpoCcTOTH M3JI0XKEHHA Mbl OTPAaHHYHJIHCh TOJLKO ciayyaeM OGbIYHON 3a-
Jauy Ha cCOGCTBeHHBle 3HAyeHHS H COBCeM He paccMartpuBaju OGOGUIEHHYIO 3a-
Rauy Ly=AMy, B vacTHocTH, 3anauy Ly=AB(x)y. B srtoii nocnenueii sanaue
OPH HeKOTODHIX OrpaHuuyeHdssx Ha B (x) MOXHO cuuTarh, §TO Martpuua B (x)
IuaronanbHa ¢ HenpPePLIBHLIMH PA3/HYHBIMU AHATOHAJLHBIMH 3JeMeHTaMu W (x),
Ba(x), ..., pn(x) (cm. n°8 § 6). Torra aas pemeHHil COOTBETCTBYIOUIETo AHd-
¢depeHnHaJLHOrO yPaBHEHHS H A/ COOCTBEHHBIX 3HAUEHHH MOJYUAOTCA ACHMITO-

X
of uy tat
THueCKde (GOPMYJb, B KOTOPHX pOJib Muoxuateas e’®j¥® yrpaor e @ .

ATH bopMyJan MOTYT GHITH HCMOAB3OBAHE A NOJYUeHHs pa3JOKeHuli mo cob-

*) 314 coberBennbie PYHKUAM CUXTAOTCH HOPMUPOBAHHLIMU TAK, UTO
b
f(z/v (x), 2y (x) ) dx = 1.
a

9 M. A Haitmapk
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u, KpoMe Toro, B cuay (9)

Y (x) W, - 0(7::7)”0(-‘%)'

o
Kom6uuupys (12) c (4) n°2 § 7, npugem K dopmyaam:

n
1Y, Z(E)+O( _I)HpH§<x;
Gx, & W=y"" (13)
) Y, (x (&) + O( —1) opu &> x.
f=u+1

Ho = ey (8) M acHMOTOTHUeCKHX dopumya aaa V;(x) 1 Z;(g)
Ha ﬂ,yre y, npu E<x

18
N 1 \ ((ﬂ (x— :1 I
x)Z; —_ =0 ,
3 6= = e Nlo e (=)
H IpH §> X
\ Y026 )‘ (011 = 0 (=),
/»u+l /—u+1 \ P

B coeaunennn ¢ (13) aro pact TpeGyemoe COOTHOLIEHHE

Gx, & 2)=0 (—QJ-T)

Ha ayre v,

AnascruyHo 3TO COOTHOLIEGHHE JOKa3biBaeTCs Ha Ayre y, ¥ na
TOR uvacTu AYTH Vg, KoTopas Haxoautes B obaacta S.

Tem caMbIM B cayuae HEYETHOro # JEMMa JoKasaHa.

B cayuae 4eTHOro # oHa AOKa3biBAETCH COBEPIIEHHO aHAJIOTHYHO.
ITpy moMomiu 3TOH JeMMH TOYUHO Tak XKe, Kak 0 5 n°3 § 5, mxo-
KA3BIBAKTCST CJELYIOIIHE TEOPEMHI,

Teopewma 2. Dyukyus Ipuna G(x, &) Ouggepenyuanrsrozo
Oneparopa, NOPONIEHHO20 PERYAIPHOIMI KPACBLIMU YCAOBUAMIL,
pasarqeaerca 8 pad

e E) = — ‘ﬁfﬁﬂfgg
G(x. t) -

’

PABHOMEPHO CXOOAWUIIC RO KPAURCT mepe npl HeKoTopoi epyn-
nupogke eeo waenos. [pu srom I, (x, ) obosnanaer goiuer gyni-
yuu G{x, &, A) OTHOCUTEABHO RO.IOCA .

Teopewma 3. Ecau ace cobcraennsle 3uaienus oneparopa L,
ROPONCOCHHOSO PEeYAAPHOIMU KPUCGBIMU YCAOBUAMU, CYTO NPOCTOLE



21 § 9. PA3NNIOJKEHHUE MO COBCTBEHHBIM OYHKIIMAM 129

Hyau ynryuu A(), To eco pynxyus puna G (x, E) pasraeaercs

8 pAao
Y Uy (%) 25 (E)
G (x, §)=,2—M—',

v=1

pasHoMepHo cxodaujuiics no Kpaiinell mepe npu mekoropoi epyn-
nuposke ezo uaenos. Ilpu arom y,(x), 2,(x) — cobergennsie Gyrx-
yuu oneparopos L u L*, orgewaioujue cobcTeennsim 3Hauenusm A,
u A, €COOTBETCTBEHHO*).

HanomuuM, uTo ecan

Yy (x) = (yvl (x)v Yvo (x)’ coos Yvm (X) )
2y ()C) = (Zvl ()C), 2y2 (X), vees Bym :X) ),

10 Y, (%) 2, (E) ecTp MaTpuua ¢ 3JeMeHTaMH Yy () 2, ¢).

Teopema 4. [Iycre L —oneparop, nopowdennunili peeyrap-
HbLMU KDAesbLMU YCAOBUAMU, B8Ce COOCTBEHHbIE 3HAYEHUS KOTOPO20
cyre npocteie Hyau Gpynkyuu A. Toeda scakas eeKTop-pyHKyus
f(x) us obaacru onpedeaenus oneparopa L pasaacaercs e psad
no coOCTBEeHHbIM QYHKUUAM

(e~

X b
)= Newa ey=[ (F@) 2,)az,
0

v=1

pasHomepro cxodawuiica no kpaiinell mepe npu HekoTopoi epyn-
nuposke ez2o 4aenos. [Ipu arom y,(x), 2,(x)— cobcraennsie gynk-
yuu oneparopos L u L*, oreeuarouyie coGCTeennbim 3HAMEHUAM
Ay, A, cooTeercraenno *).

g mpoCTOTH H3JIOXKEHHSA MBI OTPAHHYMAHCH TOJLKO cayuaeM o6nuHOfl 3a-
Aaud Ha COGCTBeHHBIE 3HAYEHHSI H COBCEM He paccMaTpuBatu 06OGUIEHHYIO 3a-
Rauy Ly=AMy, B uactHocTH, 3anauy Ly=AB(x)y. B stoil nocaenneit sagaue
TPH HeKOTOPHIX OrpanuueHHsiXx Ha B (x) MOXHO cuuTarh, 4T0 Matpuna B (x)
ARaronaspHa ¢ HENMpPepPLIBHEIMH PAa3JMYHBIMU AHArOHAJLHBIMH 3JeMeHTaMu Uy (X),
B2 (x), ..., pn(x) (cv. n°8 § 6). Torga nmas peileRuii COOTRETCTBYIONIETO Lud-
(epennHabHOro yPaBHeHHs U AJs COOCTREHHHX 3HAUEHHRA MOJYYAIOTCA ACHMITO-

x
pf By (8 at

THYeCKHEe (HOPMYJH, B KOTOPHX poab Muoxureas ef? %9 yrpapr e ¢ .

dTH {opMysab! MOTYT GHTH HCIOJB3OBAHB I ROJAYIEHHS DA3JONKEHHH 1O cob-

—

*) Dtu coberBeHHble (QYHKUMH CUHTAOTCS HOPMHPOBAHHEIMH TaK, 4TO
b
f (yv (x), 2y (x) ) dx = 1.
a

9 M. A Haitmapk
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u, Kpome Toro, B cuay (9)

Y (x) W, - 0(7::7)”0(-‘%)'

o
Kom6uuupys (12) c (4) n°2 § 7, npugem K dopmyaam:

n
1Y, VZ, (E)—}»O( _1) npu &< x;
Gx, g W=y""" (13)
l %‘HY, x)Z;(8)+ O( —1) npu > x.
i

Ho B ey (8) u acumnrotuueckux ¢opmya aas Y;(x) u Z;()
Ha ayre y;, npu E<<x
91 R I
LYJ()C)Z](E):——npn—_“Z[ ]]e((x)](\ =O(pn_‘),

P : i=1

U Ipu E>x
\ Y026 = )‘ [0,] "1 0(—‘—])
/»wl /—u+l . P

B coenunenun ¢ (13) ato gact TpeGyemoe COOTHOLIEHHE

Gx, & 2)=0 (—Q—I-T)

Ha ayre v,
AHaJICTHYHO 3TO COOTHOIIGHHE AOKA3biBaeTcs Ha Ayre Y, 4 na

TOll yacTu IYTH Vg, KoTopas Haxoautcss B obgactu S,.

Tem caMBHM B Cayuae HEYeTHOro n JeMMa JOKazaHa.

B cayuae 4eTHOro # oHa AOKa3biBAETCH COBEPIIEHHO aHAJIOTHYHO.
IIpy moMoIiu 3TOH JeMMH TOYHO Tak e, Kak 0 5 n°3 § 5, mxo-
KA3BIBAKOTCST CJELYIOIIHE TEOPEMBI,

Teopewma 2. Dyukyus Ipuna G(x, &) Ougpgepenyuanrsrozo
Oneparopa, NOPONIEHHO2O PERYAIPHOIMU KpPACBbIMU YCAOBUAMIL,
pasaaeaeres 8 pso

oo
Y Hy (x, 8)
Glx. 0=— ¥ MulB8
N asar] Aoy
Ao
PABHOMEPHO CXO0awWuiics no Kpalincli mepe npu Hekoropoll epyn-
nuposke eeo waenos. [lpu arom H,(x, &) obosnanaer sotuer ynk-
yuu G{x, &, ) orHocureasHo no.toca i,
Teopewma 3. Ecau ace coGcraeHnble sHavenus oneparopa L,
ROPONOCHHOSO PEeYAAPHOIMU KPUCGBIMU YCAOBUAMU, CYTO NPOCTOLE
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nyau pynxyuu A(R), To ezo ¢pynxyus I'puna G (x, &) pasiazaercsa

8 pAao
> 4y (1) 20 (8)
G (x, §)=,2—M—',

v=1

pasroMepro cxodauuics no Kpainell mepe npu mekoropoi epyn-
nuposke ezo uaenos. Ilpu arom y,(x), z,(x) — cobergennsie Gyrx-
yuu oneparopos L u L*, orgewaioujue cobcTeennbim 3Hauenusm A,
# A, COOTBETCTBEHHO *).

HanomunM, uTo ecan

Yy (x) = (yvl (JC), Yo (x)’ cvor Yvm (X) )
2y ()C) = (Zvl ()C), 2y2 (X), vees Bym :X) ),

10 Y, (%) 2, (E) ecTp MaTpuua ¢ 3JeMEHTaMH Yy () 2 ¢).

Teopema 4. [Tycre L —oneparop, nopowdennuiii peeyrap-
HbLMU KDAesbLMU YCA0BUAMU, 8Ce COOCTBEHHbIE 3HAYEHUS KOTOPO20
cyre npoctoie Hyau Gpynkyuu A. Toeda scakas eKTop-pyHKyus
f(x) us obracru onpedeaenus oneparopa L pasaacaercs e pad
no coOCTB8eHHbIM DYHKUUAM

(e~

x b
)= Newea ey=[ (F@) 2,)az,
0

v=1

pasHomepro cxodawuiica no kpainel mepe npu HekoTopou epyn-
nuposke ez20 4aenos. [Ipu arom y,(x), 2,(x)— cobcraennsie Gynk-
yuu oneparopos L u L*, oreewarouyue coGCTeennbiM 3HAYEHUAM
hy, X, coorsercraenno *).

J19 mpoCTOTH H3JIOXKEHHSI MBI OTPAHHYMAHCH TOJLKO cayuaeM o6HuHOfl 3a-
Aaud Ha COGCTBeHHBIE 3HAYEHHSI H COBCEeM He paccMaTpuBai 06OGUIEHHYIO 3a-
Aauy Ly=2AMy, B uactHoctn, 3anauy Ly=AB(x)y. B stoil nocaesneit 3agaue
TPH HeKOTOPHIX OrpaHuueHHsiX Ha B (x) MOXHO cuuTarh, 4TO Martpuna B (x)
ARaronaspHa ¢ HeNMpPepPLIBHEIMH Pa3JMYHBIMU AHATOHAJLHBIMH 3JeMeHTaMu Uy (X),
Ba(x), ..., pn(x) (cv. n°8 § 6). Torga nmas peileRuii COOTRETCTBYIONIETO Lud-
(bepennnanbHoro ypaBHeHHs | AJS COOCTREHHHX 3HAUEHHRA MOJYYAIOTCA ACHMITO-

x
pf By (8 at

THUECKHEe (GOPMYJH, B KOTOPHX poab Muoxureas eP?;j*~9 yrpaior e ¢ .

dTH {opMyss! MOTYT GHTb HCIOJB3OBAHB I ROJAYIEHHS DA3JONKEHHH 10 cob-

—

*) Otu coBeTBeHHble PYHKUMH CYATAIOTCH HODMHPOBAHHBIMH TaK, UTO
b
f (4 (), 2y (x) ) dx = L.
a

9 M. A Haitmapk
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DTO TOANPOCTPAHCTBO HA3BIBAETCS OPTOCOHAAGHOLM JLOTO/He-
nueM K S B R u o6osHauaercss uepes R —S.

MHOXecTBO BeKTOPOB HAa3BLIBAETCH OPTOCOHAALHOL CUCTeMOL,
eCJH KaX/ble [Ba DPa3JHUYHBIX BEKTOpA 3TOr0 MHOMXECTBA OPTOro-
HAJbHHL.

BekTop X HasbiBaeTCs HOpmuposarHeim, ecan |x|=1. Ecay

x # 0, To BeKTOp Y=Ta % OyneT yke HopMHpoBaHHBIM. [Tepexox

OT X K Yy Ha3bBaeTcss Hopmuposxol gexrtopa x. OpToroHasbHas
CHUCTeMa, BCe BEKTOPH KOTOPOH HOPMHPOBAHBI, HAa3biBaeTCA OpTO-
HOPMAAbHOL CUCTEMOH.
Ecan e — 3jieMeHT OPTOHOPMAJBbHOM CHCTEMB, TO CKaJspHOE
NpoH3BeIeHIE
a=(x, e)

Ha3bIBAeTCsl Koaghpuyuentom DPypve 8eKTopa x OTHOCUTEAbHO 3.e-
MeHTa e.

OproHopMaJbHAsl CHCTEMAa HA3BIBAGTCS MOAHOL, eCjay He Cylile-
CTBYeT BEKTOPa, He PaBHOTO HYJIO, OPTOTOHAJbHOTO KO BCEM BeK-
TOpaM CcHCTEMBl. JIpYyruMu CJ0BaMH, IOJHOTA CHCTEMB O3HAU4er,
4TO 3Ty CHCTEMY He/b3sl PACWIMPUTh A0 OoJee MIHPOKOH OPTOHOP-
MaJbHOH CHCTEMBl NMyTeM HPHCOEIHHEHHS HOBEIX 32JIEMEHTOB.

[TonHOE WpeArnIL6epTOBO NPOCTPAHCTBO, B KOTOPOM CYIIECTBYET
KOHEYHAs HJIH CYETHAS *) MOJHAsl OPTOHOPMAJbHAS CHCTEMA, HA3bl-
BaeTcsi eussbeprosuim npocrTpancrsom. T 1ab0ePTOBO IPACTPAHCTBO
Mut OyneM oObliuHO oGo3HadaTh OyKBOH &.

Beakas opronopmassnas cucrema 8 euasbeprosom RpoOCTPaH-
CT8E KOHEHYHA WAL CHETHQ.

Ecau ey, e, €3, ... — NOAHAR OPTOHOPMAAGHAA cucTema 8 9,
10 gcakutl gekrop x € § moucHo npedcrasurs 6 sude

X =0+ Oy + Qyeg+ ...,
2de o, = (x, ey). Tlpn s1OM

(x, y)=k§lak6k’ o = (x, ey), ﬁk=(y) ex).

B uacrnoctu, |x 1= 2o
Py

Ipumepw. 1. IllpoctpancTBo /% OGosnauum uepes /2
COBOKYITHOCTh BCEX YHCJIOBHIX TIOCJENOBaTe]bHOCTEH

x={X], X9, X3, ...),

*) B Gosee ofuieM ompeneseHHH T'uab0epTOBa NPOCTPAHCTBA 3TO YCJOBHE
CYIIECTBOBAHHS CYETHOH NOJHOH OPTOHOPMAaJbHOH CHCTEMBl He HakJ/iaJblBaeTcs;
ONHAKO B jaNbHeReM HaM ToHAZO0ATCH MWL THALOEPTOBHl MPOCTPAHCTBA,
YJOBJETBOPSIQUINE ITOMY YC/OBHIQ
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y/OBJIETBOPSIIONIHX Y C/IOBHIO
gllx,,12<+oo. (1

Kaxnyio TaKyIO [IOCJIENOBATE/NbHOCTD 6y11eM Ha3bIBaTb BEKTOPOM
npOCTpaHCTBa 2. Oﬂpeﬂ,e./'IHM aefdcTBysl ¢ TAKHMH BEeKTOpaMHu, I1o-
Jgaras LJas

x:(xla Xa, xﬁ,'--); y:(yh Yo, yS"")’ X, yEl2’
7\,)(7: (}\lxl, )JCQ, }vx.\;, . .),

x+y=0+y, xoF Yo, X5+ Ys, .. .)

ITpu 5TOM Ax M x + y Takxe NpHHALJexaT [%, T.e. yIOBIECTBOPSIOT
ycaoBHIO (1), DTO OueBHMIHO B OTHOLIGHMH AX, a s X+ y cie-
‘AyeT H3 HEePaBEHCTRA

lxe+yr P20 xp P41 yp ).

OnpeneﬂnM Tenepb B [? cKaJsipHOe npomBeaeHne noJsiaras
s x, ys»?

(x, y)= Exkyk
DTOT pan cxoxurced abeosaoTHo, HOO
_ 1
lxege | <S5 (D P41 g2 )

Jlerko BHIeTb, uTO /2 — rH/ab6epTOBO MPOCTPAHCTBO.

2. Mpocrpaunctso L%(a, b). OGoswauum uepes L2%(a, b)
COBOKYIHOCTb BCeX (YHKUHE f(x), H3MEPHMBIX M C CyMMHPyeMBIM
KBafipaToM B (UKCHDOBaHHOM HHTepBaJse (a, b), KOHEYHOM HJH
6e¢CKOHEUHOM; NpH 3TOM 3HaudeHHAMH OYHKRUHH f{x} MOryT Guth
Jofble KoMIIeKCHBle uucaa. Kaxaylo Takyio (YyHKUHIO Mbl OyleM
CUHTaTh BeKTOpoM npocrpaHcrtBa L?(a, b) U jaBe Takue QyHKUHH
OymeM CUMTATH PABHBIMH BEKTOpPAMH TOTAA ¥ TOJBKO TOTAA, KOTAA
OHH OTJIMYAIOTCS APYT OT APyra TOIBKO HAa MHOKECTBE MEpB HY.Jb.

OnpesesnM AefCTBUS YMHOXKEHHs HA YHC/IO H CJAOKEHHA KaK
YMHOXeHHe (QYHKLHK HA YHCJIO H CJAOKEeHHe (QYHKUHH.

Onpepennv nanee B L%(a, b) ckaaspHoe npousBeneHue, moJa-
ras aasa f(x), g(x)= L%{a, b),

b

(f, g=f x) g (x) dx.

Mozxkno nokasare, uro L*(a, b)— runpGepTroBO HPOCTPAHCTBO.
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[IpoctpanctBo L?(a, b) GymeT B HajbHeillieM UrPaTbh BaxkHyio
poJb. VimenHo Bce auddepenunanbubie onepaTopsl Mul OyjaeM pac-
cMaTpuBaTh Kak onepatopn B LZ(a, b).

2. JluHellnbie QyHKUHOHAAB B 9. DPyukyuonusom B § Has-
BaeTcs Bcesakas (ysxkuus [ (x), ompejeseHHass HA HEKOTOPOM [MOX-
MHOXKECTBE B 9 M NPHHUMAIOIIAS UHCJIOBBE 3HAUEHHSI.

®yukunonas [ (x), sagaunuil Ha JuHeiiHOM npocTpancTee M= §
Ha3bIBAETCSl AUHEUHbLM, €CJTH

1°, [ {(Ax +py) =M (x) +nl{y) nns Beex x, y=M u BCEX KoM-
IJIEKCHEIX A H .

Jlunefinbii GYHKIHOHAJM HA3LIBAGTCS O2PAHUYCHHOIM, €CIH

[ I(x)|<<Clx]| gaa Bcex x=M, rae C — HekoTOpast no-
CTOSIHHAS.

Jlerko BuJETh, YTO OrpaHHYEHHOCTHb JHHEHHOro QyHKIHOHAJA4
PaBHOCH/IbHA €TO HENPEPHIBHOCTH.

Beakuii oepanudennoii auneiinoidi gpynxyuonar l(x) 8 © moomro
npedcrasurs u npurom edurncreentsin obpazom e aude [ (x) = (x, y),
ede y — HeKkoTOPOLIL UKCUPOBANHOLLL 8EKTOP U3

Ecau e,, e, €5, ... — IPOU3BOJIbHAS TOJHAs OPTOHOPM ajabHas
cucreMa B 9, TO BEKTOp y onpeleaurcs no dopmyJe

=kEl e, rae 0,=1[(ey).

CXOHMOCTh 3TOTO psijla JIETKO CJAelyeT H3 ycaoBus 2°%*).

3. OrpaHunuednble omepatopel. Ormnepatop A, onperefeHHH
BO BCEM IPOCTPAHCTBE §, HA3HIBAETCS OZPAHUUEHHBIM, €CIH CyLie-
ctByer uncao C, Takoe, uto |Ax |<KC| x| aas Bcex x = 9.

Haumenpmee u3 Takux uyucen C HasblBaeTca Hopmoi orpadu-
ueHHOTO omepaTtopa A u ofosnauaeTcst uyepes | A|.

Beakuli oepanuuennsii oneparop A nenpepoiger; ecau x,— x,
T0 |Ax — Ax, |=|A(x—x)|<Clx—x,]—0, 1. e. Ax,— Ax.

Cymmoti A+ B orpannueHHHIX omepaTopoB A M B HaswiBaercs
onepaTop, onpejesaeHuni pasencTrsoM (A + B) x = Ax + Bx. [Tpous-
sedenuem AA orpanvueHHoro omneparopa A Ha 4HCJIO A HA3HBAaeTCs
onepatop, onpenedennbii paBeHCTBOM (AA)x = A(Ax).

*) HeficrBaTtesbio, B cuiay yeaoBHa 2° gas mo0Goro HaTypanbHOTO 1 HMeeM

n n 2
2 [ {(er) |2 =1 (Z,z(ek) ek> =C<Z |1 (er) F) ,  oTkyna
k k=1 i

’

n
D iler) er
k=1

&
i \4 2 ||

'
M |1 (er) 12) <c.
1
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[Ipu TaxoM ompefeNeHHH THX AeHCTBHI orpaHuueHHbie omepa-
topul 00pasyloT BekTopHoe mpocTpanctBo (cm. n°l § I).

Kpome Toro, |[AA|=|All|Aln |A+BI<|Al+]B].

[Tpoussedenuen AB orpaHHueHHHIX omnepaTopoB A u B Hasb-
paeTcsl Omnepartop, onpejeJdeHHBE paBeHcTBOM (AB)x = A(Bx) nasa
Beex X E 9.

.. Jlerko mpoBeputh, uto npu 3toM A(B+C)=AB+AC, (A+B)C=
=AC+BC u |AB|<| Al B

OTMeTHM, uTo, BOOOIIE roBops, AB #= BA.

Eciu AB=BA, to onepatoper A u B HasbBawTcA nepecra-
HOBOUHbIMIL,

- Oneparop [, onpeaeneHHnl paBeHCTBOM [x = x, Ha3biBaeTcs
eJuHU4HOLM onepaTopom; odveBulHO, [ - A=A .1=A.

Jlsisg BCAKOTO OrpaHuuYeHHOTO omepatopa A cyllecTByeT eguH-
CTBEHHLIH orpaHuuenHblii onepatop A*, Tako#, uro (Ax, y)={(x, A"Y)
ang Bcex x, y= 9. ror oneparop A" HasLIBaeTCA CONpPANEH-
Hom K A.

: W3 3roro omnpeneJsieHHs CONPSIZKEHHOTO OMepaTopa BHITEKaeT,
uro A=A, (A) ' =1A", (A+ B)'=A"+ B*, (AB)'=B*A", | A" |=| A\
OrpaHuueHHH onepaTop A HasmBaeTcs apmurosoim, eciun A™ = A.

4. OnepaTopsl NPOEKTHPOBAHHHA. Bcsakoe 3amxHyroe nodnpo-
CTPAHCTBO 2UAb0EPTOBA HPOCTPANCTBA % Npu TOM de onpedenerult
OedicTaull, 4To 1 80 8Cem § ecTs Takwce 2uAb6epTOBO NPOCT PAHCTEO.

Ecau M — 3amxnyroe nodnpocrpancreo ¢ H, 10 ecakuii eek-
TOP X MOWHO npedcrasurs i npu-

TomM edunHcTeenHoim 06pas3om 8 eu-
de*) x=x" + x”, e20e ¥ &M,
ax” LM z s

Bekrtop x’ HasmBaerca npoex-

yueii sektopa x na M

TToHAiTHe mnpoexnud AONYCKaeT OCO- 0 z’
GeHHO NPOCTYI0 HHTEPUPETALMIO B TpPex-
MEepHOM NIPOCTPAHCTBE.

Ilyers,  nanmpumep, 9 — coBOKym-
HOCTH BCEX BeKTOPOB, NMPOXOAAIIHX Uepe3 Puc. 15.

HayuaJo KOOpPAHHAT H JeXaluuX B OXHOH

mrockocta 7 (puc. 15). Torpa dopmysa x = x’+ x” npejcrabaser co6ofl pasfio-
JKeHHe BEKTOpa X Ha JBe cocrapjsomue ¥’ u x”, U3 KOTOPLX NepBasg JEKHT
B IJIOCKOCTH T, a Bropas L m.

CieoBareqibHO, B 3TOM cjydyae AaHHOE HaMH OIpefeseHHe MPOeKLHH COBNa
Kaer ¢ OOLIYHLIM ONpejeseHHeM MPOEKIHW BEKTOPa HA MJIOCKOCTD.

*) 310 npeisoOKeHHe HOCHT Ha3BaHHE TEOPEMbl OF OPTOrOHaAbHON MpOeKIHH
¥ HMeeT BaXKHOC 3HAUCHHE B TEOPHH TMJRGEPTOBA NMPOCTPAHCTBA K ee [PHJIOKE-
Hagx. Ero pokasatenbeTBO HeTPUBHANBLHO, a NPELNOJIOKEHHE 0O 3aMKHYTOCTH
Ropmpocrpanctea I ABasAeTca CYWIECTBEHHEM. '
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Kaxnomy Bektopy x oTHeceM ero mpoekuuio x’ ma M. IToay-
YeHHOEe COOTBETCTBHE €CTh ONepaTop B £; 0603HAUMM €ro uepes P,
TaK 4TO N0 onpefefeHuio Px=x’. Onepatop P Ha3nBaeTcst one-
paropom npoexruposanus ua M. Ecau Hy)HO NOAUEPKHYTh, UTO P
€cThb OIepaTop HPOEKTHPOBAHHA uMeHHO Ha M, To nHmWyT P,
BmecTo P.

M3 onpeneseHus npoekIUH BhITekaeT, uto | Px |<{|x|; caeno-
BaTe/IbHO, ONEPATOP NPOEKTUPOBAHUS O02PAHUYeH; KPOMe TOro,
H3 ONpeje/ieHHs] JerKO 3akKJIOUHTb, UTO BCAKUIL Oneparop npoex-
Tuposanus P apmuros u ydosaereopser ycaosuro P?= P; o6parHo,
gcaKull 3pmuTO8 Oneparop, YOoBAETBOPAIOWUL 3TOMY YCAOBUIO,
eCcTb 0neparop NPOeKTUPOBAHUR.

Ecan M, Wy, ..., M, — HecKoJABKO NOANPOCTPAHCTB, TO
M+ M, + ... +M, oBGosHauaeT COBOKYMHOCTH BCEX BEKTOPOB
x=x1+%+ ... +x5 0 5, EM, ro =Wy, ..., x,=M,.

Hanee, npu M) DM, obosnaunm uepes M, — M, coBokynuoCTL
Bcex BekTopoB x & M, oproronanbueix k M.

JIerko npoBEpHTL CHPAaBeLJINBOCTL CJAEIYIOUIMX VTBEPKIEHHI:

[.  Coornowenue M, LM, sxsusarentno  cooTHOWEHUIO
Py, Py,=0 (B 310M ciyuae onepaTopel P, U Py, HA3bIBAKOTCA
OpTO20HAABHbIMU); npU ITOM Py 4 Py, = Pam,.

II. Coornowenue My > M, sxeusarentrno Kawdomy us coorHo-
wenutl: Py Pm, = Py,Pm, = P, | Pux |<<|Pux |, xE9; npu sromn
Py, — Py, = Py,

YcnoBuMcst nucath Puy, > Py, ¥ TakKe Py, <P, ecin MW, > M,
u My 5= W,

Ecin I — saMKHyTOE NOANPOCTPAHCTBO, TO OUEBHIHO, YTO Pu
H I — Py cyTh omepatophl npoekTHpoBaHus Ha M u Ha H— WM
COOTBETCTBEHHO; OTCIOAA BHITeKaeT, uro H —(H— M) =M.

5. H3omerpuueckne omepatopbl. Oneparop U HasbiBaercs uszo-
merpuueckun, ecan (Ux, Uy)=(x, y) nas Bcex*) x, y=Dy.

Msomerpnueckuii oneparop U Ha3LIBAETCS YHUTAPHOIM, €CJH
ero ofJgacTu ONpelesIeHHST H H3MEHEHHS COBIANAIOT CO BCEM MpPo-
CTPaHCTBOM 9.

Oepanuuennnii oneparop U ynurapen 10200 4 T0A6K0 T020Q,
koeda U'U=UU"=1,

6. JlelicTBrs C IPON3BOJBLHBIMY Oneparopamu. I[1poussedenuem AA
oneparopa A Ha 4ucao A Ha3bIBAETCsl Oomepartop, 06.acTh OMpeje-
JICHH ST KOTOPOTO COBIAfaeT ¢ 4, npuueM (Ad)x = A(Ax) s xE D ,.

Cymmoii A+ B onepatopoB A u B HaswBaeTcs oneparop, 06/1aCTh
onpeJe/eHust Kotoporo ectb D41 Dy, npuueM (A+ B)x = Ax + Bx
1 x €D, Dp.

*) Hanomuum, uro @A oGosHauaer obactb ompejeNeHHa omeparopa A,
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[Ipoussedenuem AB oneparopos A H B HaseBaeTcss omepatop,
ONpE/ICNeHHBI CAeYIOMHM 06pa3oM: D ,p COCTOUT H3 T€X H TOJBKO
tex BeKTOpoB x € Dpg, aaa KoTophx Bx D, Ilpu stom (AB)x =
= A(Bx) nas x ED 5.

§ 11. Hexotopsie ofmue NOHATAS M NPEANOKEHHA TEOPHH
JHHEHHBIX ONEPATOPOBR B I'HMJIbLOGEPTOBOM NPOCTPAHCTBE

1. llpamas cymma ruab6epToBEIX npoctTpaHers. [lyers nauno

HECKOJLKO THJBOEPTOBBIX NMPOCTPAHCTB 9, Pq, ..., 9,. ObozHaunm
yepe3 § COBOKYIHOCTb BCEX CHCTEM X = {X;, Xy, ..., X,}, Tle x; = D,
weEDy, ..., x, =9, OnpeseanMm B & HeHCTBHA C/A0KEHHA U
YMHOYKEHHSI Ha UHMCJIO, nOJaras
Mxy, xo, vy xad={Axy, Axy, ..., Ax},

(X5, %20 oo s Xad+{Un Yoo s Yd={x1+ Y1, Xo+ Yo, -o oy X+ Yok
Ilanee, onpelesuM B & cKajspHOe NpPOU3BEeJeHHe, noJaras

({xl’ Xoy ouy xn}a (yl’ Yoy « v vy yn}) = (xlv yl) + (JC2, y2) S R o (xm yn).

Ilpn TakoM omnpeje/ieHHH AEHCTBHH M CKaJsPHOIO IPOHIBEICHHS £
ecTb TUJAbOEPTOBO TNPOCTPaHCTBO. (MBI NpepocTas/sieM UHMTATeJIO
J0Ka3aTeJIbCTBO 3TOT0 MPOCTOrO Npea/oXKeHus.)

[TosryueHHOE MPOCTPAHCTBO § HA3LIBACTCS NPLMOL CYMmOL PO~

crpaHeTB 9, 9y, ..., 9, U 0603HAYaeTCA uepes
ODi+De+ ...+ D,
OTMeTHM, UYTO HEKOTOphe H3 INPOCTPAHCTB 9y, Py, ..., 9, HIn

Ja)Ke Bce MOLYT COBIIafaTh APYT ¢ APYTOM; Tak, Hanpumep, 9 + 9
COCTOMT H3 BCeX Tap {X;, Xo}, TIe X, EH 0 HLED.

2. Tpadux omepartopa. Ilycth Temepr A —omepatop B 9 He
ob6si3aTesbHO JnHeHnbil. COBOKymHOCTb Beex map {x, Ax}, x= D,
B npsMoid cymme § + § HasmBaercs epagukom ouepatropa A u
oGosHayaercs wepes B ,.

ITousitue rpaduxa omeparopa fBAAETCH ecTeCTBeHHHM 0606ienHeM 0BHYHOrO
OOHATHA rpaduka (GYHKUHH OLHOrO [AeACTBHTENbHOrO mHepeMeHHOrS g =f{x).
Hyenno, o0etanbifl rpadHK ecTh He 4TO HHOE, KAK COBOKYIHOCTD BeeX Touek (x, [ (x))
IJIOCKOCTH, KOTOPYK) MOXHO paccMarpuBaTh Kak NPpSIMYI0O CYMMY IABYX OAHOMEp-
HBIX npoCTPAaHCTB.

OueBuaHO, uTO ABa ONEpATOpa COBNAZAIOT TOrJa H TOJBKO
TOrja, Korja HX rpaduku COBHAJalof.

I. Mnoxecreo S 9+ 102da u torsko 102da 6yder epadu-
Kom HekoTOpoeo oneparopa, koeda u3 coorHowenui {x, y}< S,
{x, ¥}=S caedyer y=1y'.

HeticTBuTenbHO, BCsiKHA TpaduK y10BAETBOPSIET 3TOMY yCJAOBHIO,
u60 y = Ax, ecau {x, y} & B 4; 06PATHG, €CJIH 3TO YCIOBHE BLITIONHEHO,
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TO paBeHcTBO y = Ax onpejedaser onepatop A, rpadHKOM KOTOPOro
cayxut S. Jlerko Takxe BHAETb, 4TO oneparop A auneen rocdq
u Ttoasko Toeda, koeda ezo epagux By ecTs nodnpocTparcTso

8 H+9.

3. 3amKHyTble omepaTophl; 3aMbiKaHHe onepartopa. Ouepatop A
HA3LIBAETCSA 3AMKHYTbLM, €Clad ero rpaduk B, 3aMKHYT B & + .
Takum o06pasoM, 3aMKHYTOCTb oneparopa A 03HAYAET, UTO M3
COOTHOIIIEHHH
an;DA’ {xnv Axn}—'){x) y}

caepyer cootHomenue {x, yy=B,, 1. e. x& D, u y=Ax. Hpyrumu
CJIOBAMHY, 3AMKHYTOCTS oneparopa A 03HauaeT, 4TO 13 COOTHOUIEH L]
=Dy x,—x, Ax,—y
c1e0Y10T COOTHOWEeHUS
xED, 0 y=Ax.

1. Beakuil auneiinoii oepanuuennslii oneparop, onpedeaeHublil
80 8CeM NPOCTPAHCTBE ), 3AMKHYT.

[efcTBUTE/IbHO, TAKOH# ONepaTop HENPEPLIBEH H NOTOMY YiKe U3
COOTHOMIEHUST X,—> X CJejlyer cooTHolleHue *) Ax,—> Ax. Ecau
nosToMy Ax,—>y, To Ax=y.

Yurtarteqas Jerko y0eAUTCH TaKXKe B CIPABEeAJHBOCTH CJeAVIOULHX
npeaJIoXKeHu !

III. Ecau oneparop A samgnyr, To oneparop A— Al rakxoe
BAMKHYT.

-1
IV. Ecau oneparop A 3amgnyr u oneparop A~ cyujecrsyer,
-1
TO oneparop A raxe 3AMKHYT.

Ecan onepatop A He 3aMKHYT, TO IO ONpeeJeHHIO €ro rpa-
dur B, ue samruyT B $ + 9. Ecan 3ambikanne B, MHOxecTBa B,
B 9+ 9 ectb Takxke rpaduk HeKOTOPOro oleparopa, TO 3TOT Olle-
paTtop HasmBaeTcst 3amoikanuem oneparopa A u obosnauaeTcs

uepes A. B 3TOoM cayuae roopdT Takxke, 4ro omepatop A mony-
cKaeT saMmbiKauue. TakuM ofpasoM, MO ONpele/eHHIO

B: =3, (1)

OueBUAHO, A eCTov MUHUMAABHOC 3AMKHYTOE pACUUpeHue onepa-
Topa A.

Jlerko Takxe cHOpPMYJIHPOBATH YCJOBHE CYLICCTBOBAHHA 3aMbl-
KaHus, He I0Jb3ysiCh MOHsATHeM rpaduka. Muoxecrso B ,, kotopoe
JOJIKHO OBITH TrpaHKOM HEKOTOpOro oneparopa, COCTOHT H3 3Je-
mentoB Buaa {x, Ax}, x&D,, ¥ HX UpeJe/0B; N03TOMY:

*) B 3TOM COCTOHT OT/AHUHME HenmpepbiBHOCTH OT 3aMkHyrocTH. Ecau onepa-
Top A 3aMKHYT, TO 3 X, X ¥, & @A, Boolie He ¢JIejlyer, 4To Axn CXOJUTCH.
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V. Oneparop A Jdonyckaer samsikanue A T02da U TOABKO
roeda, K020a U3 .COOTHOULEHUL

x, €D, %D, x —x x,—>x Av,—>y, Ax,—>y

caedyer, uto y=y'. B srom cayuae o6aacte onpedesenus Vi
SAMBIKQHUS COCTOUT U3 TeX U TOABKO TeX B8eKTOPO8 X, 04 KOTOPbLX
cywyecrsyer nocaedosareasnocts x, <D, ydosaersopawouas ycao-
BUAM: Xn—> X, Ax, cxodurca. Ilpu arom

Ax = lim Ax,.
n-> o

4. ConpsikeHnnii onepatop. MuoxectBo SC % HasbiBaeTCs
nAOTHbBIM B 9, ecH ero 3aMbLIKAHHE COBIALAaeT ¢ 9.

Hodnpocrpancreo S naorno 8 § roeda u roasko T0eda, Kozda
8 © He cywecTsyeT HenlN€8020 BEKTOPL OPTOSOHAALHOZO K S.

HefictBUTeNbHO, 3aMBIKaHHe S eCTh 3aMKHYTO€ IO POCTPAHCTBO
B 9. Ecim AL S, To B cusy HenpepelBHOCTH CKaJsApHOrO NPOH3Be-
nenust Takke £ L S. Tostomy, ecau S maotao B 9, 10 A L S=9,
B yacTHocTH h 1 A cnenosarenbro, h=0. O6paTno, ecau S we-
mJa0THO B 9, 10 S $ u —S cosepKHT HeHyJieBble BEKTODA,
opToroHaJbHbBE K S.

PaccmoTpuM npousBodbHHE JuHEeHHBT onepatop A, obiaacTs
onpejeieHust Kotoporo maotaa B 9. OGosznauuM uepes D coso-
KyHHOCTh BCEX TAKUX BEKTOPOB Y, YTO NpPH HEKOTOPOM Z&EH
(3aBucsLAM, BooGile roBOpPS, OT y)

(Ax, y) =(x, 2)

aast Beex x& D, Ormerum, urto peeria 0= D", Tak utro D” ne

* - - *
nycro. Ompenenun onepatop A” ¢ 06.1acTbio onpelenenus Dy = D",
nogaras qias y<=D

A'y==z.

droT oneparop A’ HasbBaerces conpasceHuvis *) K omeparopy A.
Bexkrtop 2 onnosHauno onpepessiercs BektopoMm ye& D', JeHcTBu-
TeJNbHO, eC/IH TaKXKe

(Ax, ) =(x, 2),

*) BreneHHoe HaMu 3jeCh ONPejie/IeHUe CONPAKEHHOO OnMepaTopa He coBma-
naer ¢ onpefetenueM n°6 § 1. JInddepennuansuuit oneparop, conpsKeHHbI
B CMbicde onpefeerHs n°6 § 1, HA3LIBAOT YACTO OPHMAALHO CONPANCEHHBIM
AJsE TOTO 4TOGBl OTJHYHTE €0 OT COMPSAKEHHOLO ONEPATOPA B CMBIC/IE BBEAEH:
HOTO 3JleCh ONIpe/eIeHHs.
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10 (x, 2—2’)=0, T. e. BEKTOP 2 — 2’ OPTOrOHaJIeH K OGJIACTH OMpe-
neaennss D, omeparopa A. Taxk kaxk moc/efHsis IJIOTHA B 9, To
3T0 BO3MOMKHO JHUIb TOTAA, Korja 2—2' =0, T. e. 2=2".

Takum o00pazom, HCXOAHOE IIPEANOJOMKEeHHe O MJOTHOCTH D,
ABJSIETCST BECBMA CYILECTBEHHBIM; €CJH OHO He BHIIOJAHSETCS, To
HeJ/b351 OJLHO3HAUHO ONPEeJNHTb CONPSAKEHHBIH Omeparop.

VI. Ecau oneparop A umeer obparneui A™ w ecau ®, u D,

naoTHEL 8 &), TO
—\* =1
(A7) =47 2)
Hoxasareancrso. Hpn x&D,, y&D -1

(x, y)=(A""Ax, y)=(4x, (A7) y);
5T0 O3HayaeT, uTo .
(A_l) yE Dpx

"
A y=y. )
C apyroit cTopoHbl, NpH X ED -1, Y& D

(x, y)=(A447'x, y)=(4""x, A'y);
OTCIOLa
A*ye':b(lq—l)*
H .
(A Ay=y. (4)

Pagenctsa (3) u (4) mMoKaswBaloT, YTO ONEPATOP (A")* ABJTETCH
=1

OOpATHBIM K AT, T e (a™) =(A*) .

Yurateab JIerKO MPOBEPUT TaKkKe CJeAylOLlHe CBOHCTBA CONps-
KEHHOTO omnepaTopa (IpUd 3TOM HpejnoJaraercs, 4To o6aacTy ompe-
JeJIeHHA BCEX PACCMAaTPHBAEMBIX ONEPATOPOB MJIOTHH B H):

a) (LA)" =A%

6) ecoiu A< B, 10 A">B"

B) (A+B)' D A"+ B,

r) (AB)"> B*A%;

o) (A+ A1) =A"+ il

ConpsikeHHBIH olepaTop MOMKHO TaKXKe ONHCATb NpPH [OMOUIH
rpaduxka. Onpenenum pas storo omepatop U B 9+ 9, nosaras

Ulx, y} = {iy, —ix}.

Jlerko yGeautbess B ToMm, uTo U — yHuTapuwiil omepatop B § + 9,
YIOBJIETBOPSIOMA YCI0BHIO

U?=1, (5)



4] § 1. HEKOTOPBLIE OBUIME TMOHATHA W IPEAJOXEHNA 143

[TpuMeHuM Ko BceM BekTopaM rpaduka B, oneparop U; Ml
NOJyUHM MHOXKeCTBO Bcex nap {iAx, —ix}, x & Dy, obosHaunMm ero
7
yepes B,. Torna
4
Byr=(H+ D) — By, (6)

T. e. epagux oneparopa A’ ecrs oproconassHoe donoiredle
8 § + 9 muomecrsa By, JIeHCTBHTENBHO, 3TO OPTOTOHAMBHOE L0TOM-
HeHHe COCTOMT M3 TeX H TOJbKO TeX map {y, 2}, KOTOpHe yJ0BJe-
TBOPSAIOT YCJAOBHIO

({iAxa - I:X}, {yv Z})=
maa Bcex x=D,. Ho 370 yenoBue 3KBUBAJEHTHO YCJIOBHIO
(Ax, y)—(x, 2)=0
OTKyZa
y=Dy, z=A4%, {y, 2)=By.
Tak Kak BCsKOe OPTOroHa/bHOE JOMOJHEHHE €CTh 3aMKHyTO®
NOANPOCTPAHCTBO, TO H3 (6) caenyer, uto A®— gceeda aunetinoitt
3AMKHYTHLL oneparop.

JoxaxeM Temepb caefyiollee BajKHOE NpelJOKeHHe:
VII. Ecau auneinoui oneparop A ¢ naoTnot 00aqcTsto onpe-

deaenusn Oonyckaer samwvikanue A, 10

A" = A (7)
Ecau, 8 uwacrrnocru, oneparop A 3amMKHYT, TO
A=A, (8)

HdoxasarteabcTBo. U3 (6) cneayer, uro
—, .
Ba=(H+ D) — By
TlpuMenuM Ko BceM BeKTOpaM B JeBOH ¥ mpaBoiffl yacTax
nocsieiHero cootwoulenus oneparop U. Tak kak U?=1, 1o onepa-
top U ortobpakaer %A Ha %A, KpOMe TOro, IIo onpeneneﬂmo %A*
yuutapumit omeparop U orobpakaer By na Bjye, H, NOTOMY,
/
(9 +9)—Byr na (H+9)— Bje.
CreoBaTesIbHO, MBI MOJAYYUM COOTHOLIEHHE
2y ~ 7
By=(D+ )~ By~ (9

Ono osnauaer, uro B, ects rpadpuk omeparopa A”; c npyroit
croponsl, B, Kak saMplKanue MHoxecTBa B, ecTb rpadux omepa-
topa A. Cuaenosateanno, A" =A. Ecau omepatop A samkmyT,

T0Ad=Au A" =4,
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Onepatop A HnasbiBaerca aspmurossim, ecau (Ax, y)=(x, Ay)
JJsl BceX X, y=D,.

VIII. Cobcreennsie 3nawenus spmurosa oneparopa A Oelicrau-
TeasHbt. CobcTgennble 8eKTOpbl 3pmuTOosa oneparopi A, orgeyaro-
e pasaudHoimM COOCTBEHHbIM 3HAYERUAM, OPTO2OHAAbHbL. JlOKa3a-
TeJBCTBO IIEPBOTO YTBEPXKAEHHS aHAJOIMUYHO [0KA3aTedbCTBY Teo-
pembl 3n°. 5 § 2. [las nokas3aTenbCcTBA BTOPOTO 3aMETHM, uTO
ecau Ax;=Mhx, u Axy=lyxs, 10 Ay (x;, Xo) = (Axy, x9)=(x,, Ax,) =
= ho(x], X2). OTcr01a (A — Ag) (X1, x2) = 0, cieioBaTesbHO, (X, X3) = 0,
eCJIH )\1] = )\/2.

DpMUTOB OmepaTop ¢ 06JaCThi0 ONpeJleNeHHs, MJIOTHOH B ),
HA3bIBACTCH CumMMeTpudeckum oneparopom. OueBHHo, onepartop A
¢ MWIOTHOH B § 06/acTbIO ONpenesieHHst OyAeT CHMMETPHUYECKHM
TOrJa H TOJBKO TOUAa, KOTAa

Ac A (10)

Tak Kak conpsXeHHHl omepatop 3amkuyT, To H3 (10) 3akjmwo-
yaeM, UTO CuUMMETpU4ecKuil oneparop OOnYycKaer 3amviKaxue.

Oneparop A ¢ NJIOTHOR B § 06/1aCThIO ONpeLe/qeHHs HA3bIBAETCH
camoconpaxcenroim, ecin A= A",

W3 sToro omnpeje/neHHst HEMOCPEACTBEHHO BHTEKAET, UTO CAMO-
CONPANCEHHBIL Oneparop 3AMKHYT.

Huxe wmbl yvBuauMm (cMm. §§ 15—18), uro BBenenune 3xech
MOHSITHSI MTPAIOT BeChbMa BAXKHYI DOJIb B TeOPHH AuddepeHnalb-
HBIX ONepaTopoB B THJAbOEpPTOBOM NIpPOCTPAHCTBE,

§ 12, CnekTpanbHplii aHAJIH3 CAMOCONPSIKEHHLIX ONEpPATOPOB

1. CnektpaapHad dyHkuusa. Cnexrpaisroil @ynkyued wnasbl-
BaeTCsl BCsiKas onepatopHas Qynkuus P, AefcTBHTeJBHOro mapa-
MeTpa A, obJjajamnias CJAeIyIOUHMH CBOHCTBAMH:

1°. IIpu a0b6om 3nawenuu b P, ecte oneparop npoexkruposanus.

2°. PA<< P, npu A

3°. Hpu aobou x<=9

lim |Pyx|=0, lim |Pyx—x|=0.
A>—-o0 A>+oo’

4. [Ipu awbom x =9 pynkyus Pyx senp:>poiéna cnpasa, T. e.

lim } Pyex — Pyx |=0.
e>+0

M3 cBoiicTBa 2° nerko BLITEKAeT, 4TO A5 JO60T0 BekTOpa X & H
CYLIECTBYIOT IpejeJnl

lim Pyx =P, ox, lHm Pux =P, x.
h>p—-0 A>p+0
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Ycaosue 4° o3navaer, 4TO Py,o=P,; OHO He sB/ISETCA CylLLeCTBEH~

HBIM H TpEJCTaBJsieT CoO0H TOJBKO HOPMHPOBKY CHEKTPaJbHOH
dyukuud. - Ectu dyukuus P, yjosieTBopsier ycaoBusm 1°, 2°, 3°,
HO He YJOBJETBOPsieT YCJOBHIO 4°, TO JOCTATOYHO €€ 3aMEHHUTb

’ /
dyukumedt Py =Pi. Toraa o¢ynkuus Pj Gyner ynoBJETBOpsTDH
BceM ycaoBuaM 1°—4°. B Hekoropmix caywasx ynoGHo Gyner BMe-
CTO CIEKTPaJbHOH GyHKUHMH P,, HempephIBHOHA cnpaBa, paccMarpr-
BaTh CHEKTPaJbHYI0 (YHKLHIO, HENPEPLIBHYIO CJeBa; 3TO DPaBHG-

™ 7
cuabHO 3aMeHe GyHKUMH Pj ¢yHKuuel Pj = Pj.
B npanbHeHmem Mbl OyJdeM MHO0JIb30BaThCAd CJAEAYIOUIHMH 060-
3HAUEHHSAMH: ecau A 0003HAuyaeT OIMH H3 HHTEPBAJIOB

(o, B), [a, B), (o, Bl, [o, Bl
T0 Pa Gy/AeT COOTBETCTBEHHO 0003HAUYATh
Pﬂ—O—Paﬂ)’ Pﬁ—o" Pa-Ov P[5+0'—Pa+0, P[3+0 = Pyo.
B cuay ycaoBus 4° 5TH Pa3HOCTH MOMKHO TaKXKe IepenucaTb B BHAE
Pﬁ—O—Pa’ PB—O_P(I—OY Pﬁ“‘Pa, Pﬁ—P(l—OY
B YaCTHOCTH, Hpu A = (a, f]
Pa=Pp~P..
B cuny npeanoxenus I1 n° 4 § 10 u cBoiictea 2° Pa — one-

patop npoekTHpoBaHHusi. JIerKo Tak:Ke NPOBEPHUTh, YTO
L. Ecau unrepsaast Ay, Ay, ..., A, nonapro He nepecexkarorcs, To

PAL.PA!.=0 npun i j. (1)

2. MHTerpansl no cneKTpaabHoil GpyHKuun, ITpn MOMOLIH CreKT-
PanbHOH (YHKIHH MOXHO IHOCTPOHTb HHTEerpaj, aHaJorduyubiil
uuTerpany CTHibTbeca *).

IMycerb f(A) — npoussoabHas unca0Bast GyHKUHs, HENPEPLIBHAS **)
B HEKOTOPOM HHTepBaJje [a, b]. PasoObeM uutepnan (a, b] Kakumu-
HHOYb TOUKAMH JeJeHHsT A, Ag, ..., A, | HA HHTEDBAJH

A=, M), i=1,2, ..., n, h=a, A,=0b,
H COCTaBHM CyMMYy

S=X1E)Ps

rhe §; — Mpou3BOJbHAS TOUKA HHTepBaga A;.

*) O6 wunrerpame CruibrTbeca cM., Hanpumep, Wlunos [1], Harancon [1]
Hau Cwmupros [I].

**) MoHO TaK¥ke ecTeCTBEHHBIM 06pa30oM 0006LWIMTL paceMATPUBAEMOE HAMU
HOllsiTHE HHTErpajla Ha HEKOTOpHE KJjacchl PaspuiBHBX ¢yHKIHE (em. § 21).
Onnako 374 0606uIeHHsT HAM IIOKAa He NOHaf06ATCH,

10 M. A. Haiimapg
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dra cymMMa S ecTh orpaHuueHHe JHHeHHBIT omepartop B .
HeTpyauo pokasaTh, YToO IPU HeOTPAaHHUEHHOM YMeHbIIEHUU IJHH
BCeX HHTepBaJIOB A; cyMMa S cTpeMHTCA [0 HOpMe ONepartopa
K OJHOMY H TOMy e mnpeneabHoMy omepatopy /. Tounm#l cMmbic.
3TOTO YTBEPXKJEHHsSI COCTOUT B CJACAYIOUIEM:

II. Kakxoso 6bi nu 6via0 €>0, cyujecrayer Takoe wucao § >0,
yro Awbaa cymma S, 041 KoTOpOU OAUHbL BCEX UHIEPBa.os8 A,
menbute O, yoos.aersopser HepaseHcTsy

|S—11<e. 2)

Onepatop [ HaswBaercss uureepaiom ¢yuxyuu f(i) no dP, u
o0o3HavaeTCs

b
[f@yap,. (3)

Hs cyutecrBoBanusa uHTerpata (3) cielyeT TakiKe CyllecTBOBA-
liHe uHTerpaja

b
[ Frdpx, @)

KOTOPHIHl MOXHO ONpENeJIHTE KaK HPeAesa CYyMMEl

n

o= Zf(gi)PAix=Sx.

i=]
b

AT1oT npejes paBeH Pe3yJbTATy HPHMEHEHHS OIeparopa [ [ () dP,
a
K BEKTOpPY X; UTOOBI B 3TOM YGeAHTbCsl, JOCTATOYHO 3aMETHTDb, UTO
U3 HepaBeHcTBa (2) caenyeT HepaBeHCTBO | Sx —Ix|[<e|x|, 1. e.
HepaBeHcTBO |0 —[x [<eg| x|
OrMeTuM, 4TO HMeeT MecTo GopMmyJia
b

b .
= [1F M PdIPcP= [ IFQ)Fd(Px, ¥, (B)

a

2

b
[tmyap,x

npaBad uacTh KOTOPOH ecTh 0OObIUHBIA HHTerpas CTHabTbeca. ITa
thopMyaa noJayqaeTcs lepexofoM K Npejeay B OUCBHAHOM DPABEHCTRE

2 n

=i§lf(§i)\2\PAix]2=

n

2 FE)Psx

i=

| Sxf=

_ N
2HE (P v ©
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Ecan Temepb ¢yHKuust f(A) HempepeiBHA [JIs1 BCeX 3HAUEHHH A,
TO MOXHO OHpEIe/HTh HHTerpals

[ FydP,x (7)

- 00

KaK mpenesa uurerpana (4) npw a-—> —oo u b— oo,

B cuay kKputrepust cxoaumoctd Komu u dopmyast (5) uurerpas (7)
cyllecTBYeT TOrjia M TOJBKO TOrAa, KOrja CyulecTBYeT OGBIYHEBIN
pHTerpan CTHAbTHECE

[ 17 Fa P, (®)

Ilpu aToM
2

[ Fydryx| = [11OIPdIPxP. ©)

dra mnocaeAHas QopmyJa noJgydaercss u3 (5) npejesbHHIM Iepexo-
JOM Tpu q@-—> — oo, b—> + o0,

3. OcHoBHag cmekTpajapHasi Teopema, PaccMorpum cHauaxa
caenyioHi npuMep. IlycTs 3allaHO KOHEUHOE YHCJO MOMapHO OPTO-
rOHaJbHLIX OlepaTOPOB NPOeKTHpPOBaHMA Q, Qs ..., @,, B CyMMe
COCTABJSIOUINX €JHHHIY:

Q,Q]=O npu 175], Q1+Q2+...+Qn=1.

ITyers, kKpoMe TOro, 3aMaHO KOHEUHOE MHOMECTBO  YHCEJ
Ay g, .., Ay, 3aHYMEPOBAHHBIX TaK, YTO

M<h< ... <A,
OmnpenennM «crynenuaryio» QyHKuuio P,, mosaras

Py = Z Qr;

hp <A

3lleCb CyMMa COCTOMT H3 TeX M TOJIBKO TeX cjaraeMuix Py, ajs
KOTOpEIX A, < A. PaccMOTpuM HHTerpan

A= [ nap, (10)
Jlerko BujeTh, uTO 3TOT HHTerpad GaKkTHYECKH DABEH CyMMe
n
A =kEi MeQr (11)

10*
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H, CJejloBaTesbHO, NpeACTaBJasgeT co00H omnepaTop ¢ COGCTBEHHHIME
3HAYEHUSMH Ap. I1pH 5TOM COOTBETCTBYIOUIMMHM COOCTBEHHBIMH THOJI-
NPOCTPAHCTBAMHU SIBJSIOTCS IOANPOCTPAHCTBA, HA KOTOPHE MPo-
eKTHPYIOT omnepatopu Q. Takum o6pasom, dopmyna (11) ssasercs
npeacTaBjeHueM omzparopa A B auaroHasbHol ¢opMme.

B KoHneyHOMepHOM INPOCTPAHCTBE BCSIKMH 3PMHTOB oneparop A
MOXKHO TPHBECTH K AMAroHa/JbHOMY BHAY H, CJIeJOBAaTeJbHO, IJs
HEro MOXKHO IOCTPOHTB «CTyINeHYaTyio» (QyHKUHio P,, Takyilo, uTo
umeer Mecto ¢opmyaa (11).

OxkasbiBaeTcsi, 4T0 W B rUAb0epTOBOM TPOCTpaHCTBE JJS BCS-
KOTO CaMOCOIPSXKEHHOTO OIepaTopa HMEeeT MECTO NPejCTaBJeHHe,
ananornunoe (10), HO ToOsBKO Temepb P, MOXeT GbITh IPOU3BOb-
HOM crexTpanbHOH dyHKIHell He ofsA3arenbHO cryneHyatofl. Hpy-
TUMH CJOBaMy, HMEET MecTO CJeAyKllas TeopeMa.

Teopewma 1. Jaa seakoeo camoconpascennozo oneparopa A
cyuwiecreyer 00HQ 1 TOABKO OOHQ CHEKTPAAbHAA (QyHKyus P,,
ob6aadarowasn caedyrowumy C8oLCcTAMU:

1} Bexrop x Tto020a u roasko Toeda npumadaexcur odiactu
onpedesenus oneparopa A, K02da €xo0uUTCs UHTE2PaAA

J1npdI PP, (12)

2) [Tpu arom ycaosuu i .
Ax = jthAx, (13)

U, €1e008aresHo, _:
|AxP= [14Pd|PxP. (14)

Obparno, scsakuil oneparop A, onpedesenmusii ycaosusamu 1)
u 2) npu nomouwju HeKOTOpol crnekTpassHol GyHKyuu P,, ecrs
CaMOCONPAINCEHKbLE oneparop.

Ecau oneparop A oepanuuer, 170 8CAKULL 02pPAHUYEHHbI OHe-
parop B, nepecranogounwii ¢ A, nepecranosgouen c P,.

4, Mpusogumeccts, ITycts M — 3aMKHYTOE NOANPOCTPAHCTBO B D,
a P —omnepatop mnpoektuposanusi Ha M. ByaeMm rosoputh, uto
nodnpocrpancrso M npusodur oneparop A, ecan u3 x=D, cae-
AyeT, 4To Takke Px &P, u

APx = PAx.

II1. Oepanuuennviii oneparop A, onpedeaennsiti 80 8cem
npocrparcrse, Toe0a U TOABKO T020Q npuUBOOUTCS ROORPOCTPAH-
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creon M, Koeda OH nepecTaHo8O4er ¢ ONepaToPoOM HPOCKTUPOSA-
Hus P Ha 370 nodnpocTpancrseo *).

3710 yTBepKAEHHE HeloCPeJICTBEHHO CJedyeT H3 caMoro onpe-
fesleHUs] TIPHBOJHMOCTH.

1V. 3aunknyroe nodnpocrpancrso M roeda u roasko Toeda
npusodur camoconpscennsiti oneparop A, koeda oneparop npo-
exTuposanus Py nepecranosouen co cnexTparsroll gyuxyuel P,
oneparopa A hpu ecex 3HAHEHUAX A.

5. OnucaHHe cmeKTpa CaMOCONMPSXKEHHOr0 OneparTopa MpPH MNo-
MOIIM €ro chexkTpajbHod dyHxuuu. YUucao A HaswiBaeTcs peey-
aaproll Touxoil onepatopa A, ecau oneparop R, = (A4 — 1) cyme-
CTBYET, Ollpefie/ied BO BCEM IPOCTPAHCTBE ¥ M orpanHucH. B sTom
caydae omepatop R, HaswiBaeTcs pesoassenroli onepatopa A. Co-
BOKYIHOCTb BCEX HeperyJsipHBIX Touexk A onepartopa A HasbiBaeTcs
cnekrpom A u oBosnauvaercss S(A). OueBumHO, COGCTBEHHOE 3HA-
yeHHe A omepaTopa NPHHAAJEXHT ero CHekTpy, HOo rTorjga omnepa-

top (A — A1) He cymecTayer. COBOKYMHOCTb BCEX COGCTBEHHBIX 3HA-
yeHWH Ha3bIBAGTCSH TOYEUHbIM CHEKTPOM OTlepaTopa A U o603HaUaeTCs
S,(A). B cayuae camoconpsiKeHHoro omnepartopa A 3aMbiKaHue
mHoxkecTBa S (A)— S,(A) HaspiBaeTCss HenpepoleHbiM CHeKTpor A
u ofo3nauaetcs **) uepes S,(A). [lonuepkHeM, uTO IpH TaKoM
ONpe/leJIeHUN TMepeceyeHHe TOUYEYHOrO M HENPephBHOrO CHeKTpa
MOXKET 0Kas3aThCsl HeHmycTulM (CM. mpuMmep, 6) n° 2 § 24).

Ecan onepatop A camoconpsikeHHBIH, TO €ro coGCTBEHHBE
BeKTOPHI, OTBeUaloliife pPa3/HYHBIM COGCTBEHHBIM 3HAUEHHSM, OPTO-
rOHAJbHL U NOTOMY 06pasyloT KOHeyHOoe HJIH CUETHOEe MHOKECTBO
{cm. n° 1 § 10).

CnenoBaretbHO, TOUEUHBIH CHEKTD CAMOCONPANCEHHO20 Ofie-
paropa ecTe KOHeuHOe UAU CHeTHOe MHONCECTBO BeUjeCTBEHHbLX
yucean.

Besikoe HeseuyecT8eHHOE HUCAO A eCT6 pecyAipHas TOHKQ CaMO-
conpsscerno2o oneparopa A u

0

(A— Ay = f

— 00

dP,
w—A

, (15)

ede P, —cnextpaasnas ¢pynkyus oneparopa A.

*) Uan, uto To Ke camoe, KOTAA MOAMPOCTPAHCTBO Wi H ero OpTOTOHANBHOE
ponosinenne § — IR uuBapuaHTHB OTHOCHTEALHO omepaTopa A.

**) Ilas wmawnx norpeGHocTel Takaa kKaaccubHKAlMA TOUEK CIeKTPa ABJAETCH
nocrarouncit. ITo nosony Gosee TOHKOE kaacCHukaluu CM., Hanpumep, [an-
¢opa u Hisapu [1] wian Tosaatepr [1]).
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JedicTeutesibHO, nHTerpas B mpaBoil uacTH (15) cyuiecTByer n
IJst Joboro BekTOpa X, TaK Kak

oo 2 oo i
dPux | J d|Pyux® ! j o L 2
|2 = T St ) AP B lef (16)

CJIGILOBaTeJleO, 3TOT HHTErpasa ecTh OFpaHHQEHHbIﬁ oneparop,

. ~1 o1
KOTOPLIH, KaK JIerko BHIAeTh, paBen (A — Al)". Y3 nepasenctsa (16)
BHITEKAeT, 4TO

1
| R < (17)
Kpome Toro, us dopmyas (15) caenyer, uto
(R)" =R,. (18)

Jlerko Takke MpOBepHTb, uTO R;, — R, =(la~M) R, R, .

Teopema 2. [Tycrs P)— cnexrparsnan ¢pynkyus camoconps-
oceHHo20 onepatopa A.

1) Bewjecrsennoe wucao Ay toeda u TOABKO TO20Q A8AfETCA
peeyaaproll Toukol oneparopa A, ko2da ¢ynkyus P, nocroamna
8 HEeKOTOPOl OKPECTHOCTU TOYKU My,

2) Beujecrgennoe wuucao ry roeda u TOALKO T0204 A848€TCHA
cobcreenroim 3Haveruen oneparopa A, Koeda Prwo— Py, 7 0.
B arom cayuae PWO—PA0 eCcTs oneparop NPOeKTUPOBaHUs Ha
cobcrgennoe  noOnpocTpancTso oneparopa A, rOOTBETCTBYUee
COOCTBEHHOMY BHAUEHUI Ay,

HoxkaszarteabcrBo. JoxkaxeM yTBepxienue 1), mjs uero
6yaeM HCXOAUTb M3 (OPMYJIBI

oo

(A= Al) x P = J(k—-ko)zd(ka, x) npn x=D, (19

- 00

KOTopasi HeNOoCPeICTBEHHO CJeAyeT H3 OCHOBHOH CIEKTpaJbHOM
TeopeMHl.

Ilycte ¢yskuua P, DOCTOsHHA B OKpecTHOCTH |A—2Ap|<e
TOUKH A, Torza dopmyaa (19) mpumer BUA

}\.0—8 [

A=ty x P = | (h=20Pd(Pyx, )+ [ (=2l d(Pyx, x)>

—o hote
ho—e o

>e? j d(Pyx, x)+ ~[d(P,h,\c, x)|=e]x]
—00 Aote

Ho u3 3TOro HepameHCTBA MOXHO JIETKO BHIBECTH, 4YTO Omepa-
Top (A — Ag/)™! cyliecTByeT, OrpaHHUEH K ONpEJeJeH BO BCEM MpO-
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CTPAHCTBE *); c/JIeLOBaTeLHO, Ay — peryasipHas Touka oneparopa A. -
OG6paTHO, TycTb Ay — PeryJ/ispHasi TOYka omepatopa A; Toraa oie-

-1
patop (A— 1) cymecTByer u orpaHuued. [loc/iefgHee o3Hauaer,
WTO HMeeT MEeCTO HepaBeHCTBO

la=2D"yl<Clyl
[Monarast sfecb (A-— Aod)™! Y =X, NOJYYHM, YTO
[x [<SCI(A—Aod) x|, (20)
TlokaxeM, uto QyHKIHSA P, MOCTOSIHHA B OKPECTHOCTH | A — Ag| <—(17
TOUKH Ay [1pellloIoKMM NMPOTHBHOE; TOTAA MOXKHO BLIOPATH I0JIO-
JKHUTeJbHOE YUCJIO n<—C—, Tak, YTO ONepaToOP
P = Pyjn— Pin

orauyer oT nyJas. Ho B TakoMm cayuae CyHmIeCTBYyeT BEKTOD x 70,
IJ8 KoToporo Px = x; cjeposatesabio, dopmysaa (19) naer

ho+m Aotm
(A=tal)xf= [ (—2Pd(Px D<nt [ d(Px, 0=
A=m Ay=m

1 2
= PxP=n|xP<mlxl

Tocseninee Ke HepaBEHCTBO MPOTHBOPeudT HepaseHCTBY (20).

Jokaxem Tenepb yrBepkaenune 2). Ilyers Ay — cobeTBenHOE
3HaueHne oneparopa A, a X — COOTBETCTBYIOUIHH cOOCTBEHHEIH
BekTop. B Takom cayuae B cuay (19)

o]

0=1(A=Al)xF= [(A=1Pd(Px, x),

-~ 00

4TO BO3MOXKHO JIHIIb TOTHd, Koria ¢yHrkuus (P,x, X) NOCTOSIHHA
npu A<Ay U A>Ay, T. €. Korja

0 npun A <Ay,
Pyx, x ={ 21
(Pax, x) fx P mpu A A, (1)
*) B stom, BnpoueM, MOXHO Takxke YOSINThCHA, HOJB3YACH opMydot
oo 7»0—-8 00
_ -1 1 . 1 1
(A=2ph) = J—K—AO ap, = j = dP,\+hf—-———A_MdP,\,

—00 —c0 o€

Ex}%nocpencmeﬂuo BHITeKaoliell B3 nocrosncTBa (QYHKUMH Pj) B HuTEpBAJE
90— &, }\10"!‘8).
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[Tocseansis ¢opmyJsa nokaspBaeT, 4TO
| (Prgro— Pa) x BP=((Piq+o—Pi) x, x) =] x50,

Tak 4t0 Pigq0— Py, # 0. OnHoBpemenHo ¢opmyna (21) osnauaer,
uto X ={(Piq0— Pa,) %, T. €. x NPHHAJJIEKHUT NOANPOCTPAHCTBY, Ha
KOTOpOe MpOeKTHpyeT onepatop Pio — P,

O6patuo, nycTb Pa+0— Pi, 70 1 mycts x = (Paq+0— Pi)x 0.
Torna

Pix=Pi(Prso—Pr)x=(Prs0—Pr)x=x mnpu A>l

Pix =Py (Pigo—Pir)x=0 npu A<M,

a noToMy

oo

(A=tl)xP= | (A =20Pd (Pyx, %) =0.

— 00

ITocnenHee paBeHCTBO 0O3HAuyaeT, 4TO X — COOCTBEHHBIH BEKTOp, CO-
OTBETCTBYIOHIHH cOOGCTBEHHOMY 3HaueHHIO Aq. TeM caMmbiM yTBep-
XKJIeHHe 2) NOJHOCTBIO JOKAa3aHo.

§ 13. BrnosHe EenpephiBHbE ONepaTophi

1. KoMnakTHeie MHOXecTBa, MHOXeCTBO M B NOJHOM HODMH-
pPOBAHHOM *) TNpOCTpaHCTBe R HA3hIBAETCS KOMAAKTHObIM, €CJIH H3
BCAKOH OeCKOHEUYHOH NOC/Iel0BATENbHOCTH X, 3JE€MEHTOB MHOXKE-
cTBa M MOXHO BBIIEJNHTb CXOAsAUylocs (B cMbicje HOPMEL B R)
[O/1M0C/IeL0BATENBHOCTD.

I. B xoneunomeprnom eskaudogom npocrpancree R acaroe
02PAHUHEHHOE MHONCECTBO KOMNAKTHO.

DTO yTBepXKJIeHHEe HeINOCPeJACTBEHHO BHITEKAET H3 TEOPeMBb
Bosabpnano — Befiepmpacca, uo, ecan x, — orpaHHueHHas IocJie-
J0BaTeJbHOCTh B R, TO OT/AeJbHble KOMIOHEHTH 3JEMEHTOB X,
006pasyIoT orpaHHUYEHHbIE YHCJAOBHE MOCJAENLOBATENBHOCTH.

B GeckoHeYHOMEDHOM CJiydae 3TO YTBEpDKIEHHE YXKe HEBEPHO:

11. B beckoneunomeprom aurpsbeprosom npocrparcree edunuy-
Has chepa S nekomnakTha **). JleficTBUTENbHO, BCAKAA GeCKOHEU-
Has OPTOHOPMaJbHAst CHCTeMa

€], €9, €3y ...

*) Cm. crp. 132.

**) Hlapom ¢ UEHTPOM X H PagUyCOM r HA3bIBAeTCH COBOKYIHOCTb 3JeMen-
TOB x TakHX, 4To {x — xo| <r, a c¢epod — COBOKYNHOCTb 3/JEMEHTOB X TakKHX,
uto {x —xo|l=r. IIpa x,=0; r=1 nojyuyaerca COOTBETCTBEHHO eQuA uyHbL
wap u eQuruuHan chepa,
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n $ npuHaLIeXKHT enuHUYHOA chepe S M BcAKas ee NMOANOCTENO-
BaTeJbHOCTh PacXonHuTCs, MO0

le/—ek}=1/§ apn [k,

2. Kpurepuit KomMmaktHocTH. MHOoXecTBO E HODPMHPOBAHHOIO
[IPOCTPAHCTBA HA3LIBAETCH €-CeTbi0 A MHOXecTBa M Toro xe
IpOCTPAHCTBA, €CIH I Jlo6oro sjementa x €M Haiigerca sJe-
MeHT y MHoxecTBa E, OTCTOSIIIMA OT x MEHbIIe 4eM Ha E.

" Teopema 1. Mwuoxcecrso M nOAHO20 HOPMUPOBAHHOZO N PO-
crpancréa R Komnaxtrno Toeda u 10a6K0 T020a, Ko2d0a 0an 2106020
e>0 8 R cywecrsyer kKoneunasn e-cers 0an mHoxcecraa M.

HokaszarenbcTBO cM., Hanpumep, B kaure llusos [1], ra. II.

Caencraue. MrowecTeao M noanozo HOpmuposanHoz2o npo-
cTpancrea R xomnaxTHo To2da u TOAbKO TO20a, Koeda 0an Ato-
6020 £€>0 8 R cyuwecrsyer KomnaxrTuas e-ceTo dan mroxecrea M.

HokaszarteabcTBo. HeodxoauMocTs oueBuaHa, H60 COrJIaCHO
TeopeMe 1 cyliecTByeT na)ke KOHeuHas e-ceTb [Js1 MHOXKecTBa R.

£
JloKaxeM JI0CTaTOYHOCTb. IlycTh E — KoMnakTHas 5-CeTh s M;
£
2
crBa E. Torpa F — KoHeuyHas e-ceTh AJa M. JlefCTBUTEbHO, €CJaH

o g
xE=M, To cyuecTsyeT ajieMeHT y& E, Tako#, uTo Ix——yl<?,

COrJ1acHO TeopeMe 1 CyIeCTBYyeT KOHE€UHas ceTb F /s MHOXKe-

. &
U 31eMeHT & F, Tako#, uto | y—=z2 | < 5 > C/1eJl0BATe/bHO, lx—2z|<e.
Ha ocHoBanuu TeopeMm 1 oTcioja sakiaouaeM, uTo M KOMIIAKTHO,

3. OnpeneseHHe M OCHOBHBIE CBOMCTBA BMOJIHE HeNpPEpPHLIBHOTIO
onepatopa. Onepatop A Ha3bIBAETCA BNOAHE HENPEPBIBHBIM, ECJH
OH IepeBOJHT BCAKOC OIPDAHHYCHHOE MHOMECTBO B KOMIAKTHOE
MHOXEeCTBO.

I11. Besakuii snoane Henpepoisnoill oneparop oeparuden. Hefi-
CTBHTEJNbHO, B MNPOTHBHOM CJjydae CyILecTBOBana Gnl HoOCJen0Ba-
TeJIbHOCTb X,, TaKas, UYTO

lxnl"_—l) len|>n,
n onepartop A nepeBojus Obl OrpaHHYEHHOE MHOXKECTBO {x,} B He-
KOMIIaKTHOE MHOXecTBo {Ax,}.

IV. Ecau oneparop A enoane wuenpepwiger, a oneparop B
6cmdy onpedeaen 8 R u oepamuyen, To oneparopst AB u BA
8110.AHE HENnpepvLaHbL.

JdokasareabctBo. [Iyets {x,} —orpannuennas nocsaenona-
TeabHOCTb. M3 Hee MOXKHO BHIICAHTH MOANOCAENOBATENBHOCTD (X7},
TaKyI0, 4TO {Ax;} CXOJHTCS; BBHIY Orpas€HueHHOCTH oflepaTopa B
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nocJjen0BaTe bHOCTs {BAx,} Takxe cxoaurca. CaenoBaTesIbHO, ome-
parop BA BroJHe neupepeiBed. [lanee, noc/ejposate/bHoCTb {Byx,)
OrpaHuyeHa; [0ITOMY mnocaeloBaTebHocTh {ABx,} KoMmmakTua;
3TO 03HAyYaeT, 4TO omnepaTop AB BIosHE HempephBeH,

AHajIOrHYHO MOXKHO [0Kas3aTb, UTO

V. Ecau A,, Ay—6noane nenpepoigHbie oneparopot, 7o oA, +
+ a,A, — gnoane renpepotsnblii oneparop.

V1. Oepanudennoui auneitnoii oneparop, onpederennoiii ecrody
8 9, snoane nenpepoigen 10200 U TOAbKO TO020a, K020a onepa-
Top A'A snoane nenpepoise.

HoxasatenbcTBo. HeobxonuMocTe ecTb yacTHBIH cayuail
npepioxenuss IV; nostoMy AoKaxeM HOCTATOYHOCThb. IIycTh ome-
parop A’A BIOJHe HenpephlB€H H NYCTb {X,} — orpaudyenHas rmo-
cJieIOBATEAbHOCTh: | X, |<C. W3 Hee MOXKHO BHLIEJHTb NMOANOC/E-
MOBATENbHOCT X, Takylo, uto {A'Ax)} cxoaurcs. Ho torza

| Ax — Ax) P =(A(x, = x3), A(x),—x7,)) =
= (WA= A, ) <| A, — A A || 5= 1, | <
<2CIA*AXZ_A*Amme—>O npu n, m—0,

Tak uTO IOC/eA0BaTeabHOCTb {Ax,} cxomuTcsi. ITo 03HAuaer, urto
onepaTop A BIIOJIHE HelpepbIBEH.

VII. Ecau oneparop A snoine Henpepoigen, To oneparop A
TaKdice 6nOAHE Henpepoiser. DTO yTBCPXKJIEHHE CJENYeT M3 Ipej-
noxenusi VI, n6o omepatop (A")"A"= AA™ BuosiHe HempephiBeH.

VIII. Ecau A, —nocaedo8aressHoCTs BROAHE HENPePbIEHLLY
oneparopos, TaKas, 4ro

|A—=A,|->0 npu n— oo,

TO onepatop A Takvce 8noAHE HEUpephHBEH. )
IlokasateabctBo. Ilyeth K=K,—1map B $ paguyca c;
noJoxuM €,=|A— A,lc. Torna npr x&K

[(A=-A)x|<|A-A,lc=¢,

CJIeI0BATENBHO, KOMIAKTHOe MHOXecTBO A,K o6pasyer g,-ceTh
nas mHoxectBa AK. Tak xak e,— (0 mopu n— oo, TO Ha OCHOBa-
HHU caedcTBUs u3 TeopeMbl 1 n° 2 mHoxectBo AK KOMIakTHO;
9TO 03HAYAeT, 4YTo omepatop A BHOJIHE HeNpephiBEH.

IX. Ecau

oo

2 lapk<+ oo, (1)

i, k=l
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ro oneparop A e npocrpancree 2, onpedeennoiii ¢opmyaoil

A{xi}"-:yis yi:kgx ApXp, i=1, 2, 3, ey (2)

gnoAHe Henpepvlaex.

JlokasaTeabcTBo. O6GosnaunMm uepes A, onepartop, KOTO-
puiii BeKTOp X ={X|, Xp, X3 ...} TepeBoAHT B BekTOp Y =
={yy, -++» Us» 0, 0, ...}, re uncia y, onpenensiorcss QGopmy-
noit (2). OnepaTop An NepeBOAHT BCAKOE OrpaHHYEHHOE MHOMKECTBO
NpOCTPAHCTBA [? B OrPaHHUYEHHOE MHOYXKECTBO f1-MePHOTO eBK/IHL0B2
NpOCTPAHCTBA, H IOTOMY KOMIAKTHOE B CHJY npeAsoxkenus I n® I;
caeloBatesNbHo, omepatop A, BroJaHe HenpepuiBeH. C  Apyroi
CTOPOHBI,

o

(A—A)xf= 2 [y =

i=n+l
0 0 %
-3 Eathk[< 2 2la il 2l b
L—-n+1 i=n+l k=1 k=1
oTcroia
(o] (o)
IA-AnI<_E+] kZIIaikI2—>0 IpH > oo
i=n =

H OCTaeTCs NPUMeHHTb npeianoxenue VIII.
- @yukuns K (s, ), a<<s, t<b, HasuiBaercs a0pom I'uarvbepra—
I mudra, ecau

b b
[ [1K(s, tyPdsdt< + oo, (3)

Ilpu sToM wuurepsan (a, b)) MokeT GHITb KOHEUHBIM HJH OCKO-
HEUHBIM.

X. Ecau K (s, t)—a0po T'uasbepra — [l mudra, ro uxrezpais-
Houi oneparop & L?(a, b), nepesodauuii ¢pynxyuro f(s)=L%(a, b) 6

b
g(s)= [ K(s, it

8NOAHE Henpepoigew.
Hoxkasateabctso. Ilyete @,=¢q,(s), n=1,2, 3, ..., —
No/Has OpPTOHOpManbHas cuctema B L*(a, b). ‘
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ITonaras

b
o=, 90 = | F(s) @u(9) ds,

b
ve=(g, o0 = | g () pu(s) ds,

b b
aw= | [ K(s, g () e (D) ds, dt,

a

Mbl H30MeTpHUYecKH oToGpasuM L%(a, b) Ha [?, npuueM nam HHTe-
rpajbHBLI ONepaTop mnepeiifeT B OHepaTrop B mpOCTPAHCTRE 2,
onpeneseHssld GopMyaaMu (2).

Yenosue (3) mepeiiferT npu 3ToM B ycaosHe (1); cienoBaTenbHo,
TOT ONeparop, a INOTOMY M HCXOAHBIH omeparop BIOJHE He-
NpepPLIBHHL.

4, CneKTp 3pMMTOBA BMOJHE HeMmpepHIBHOIO omeparopa,

Teopema 2. Touku cnexkTpa 3pmMuTO8Q BnOANE Henpepoi-
BHO20 Oneparopa, OTAUYHbLE OT HYAl, MO2YT GbiT6 TOALKO COO-
CTBEHHbIMU 3HAYEHUAMU KAXODOe KOHe4HOU KPaTHOCTU, U ux npe-
deasrnotl Toukod moxer OuTe TO0A6KO 4ucao A=0. Obparno,
apmuros oneparop, obaadaowjuii 3TUMU CBOLCT8AMIU, BMOAHE
Henpepsi8en.

HorxasareabcTBo. [lyeTh A —3pMHTOB BHOJHE Henpe-
PHIBHHEI omepaTop, P, —ero cHeKkTpaabHas (QYHKUHA, A — 0AuH
M3 HuHTEpBaJOB (—o00, —e), (e, ©) &¢>0, a Ms— 3amruyTOE
NOANPOCTPAHCTBO, HA KOTOPOE NPOEKTHPyeT Pa. ITO NOANpO-
CTPAHCTBO MHBApPHAHTHO OTHOCHTeNBbHO A; TycTh Aa — cyXKeHHe
onepatropa A Ha IM,. OueBuiauo, omepatop Aa TakkKe BIOJIHE
HellpepbiBed; ¢ APYrof CTOPOHBL, OH HMeeT OrpaHHYeHHHIH oGpart-
uniit Aa', HOTOMY corJacHO Hpeanoxenuo 1V enuHHuHb ole-
patop I = AxAx BuonHe HempepniBer B Ma. )

OTOT e MHHMUYHBIH OMepaTOP He H3MEHsEeT, KOHEUHO, €IHHHUHYIO
chepy B M4, ¢ gpyrodt CTOPOHB, OH JOJNKEH €€ MePeBOIUTH
B KOMIakTHoe MHoxkecTBo. Takum o6pasom, elunuHasi cdepa.
B M, xomnakrHa; ciaenoBarenbHo, Ma koneuHoMepno (em. 11 n° 1).
Orciona crefyeT yTBepXKJeHHE TeOPeMbl OTHOCHTEIBHO CIIEKTpa
oneparopa A.

O6parHo, mycTh cnekTp omeparopa A ofgajgaeT yKa3aHHBIMH
B 3T0# Teopeme cBolicTeaMu. Torma xaxaoe u3 noAnpocTpancTs Wy
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KOHEUHOMEPHO H motroMy npu e >0 onepatop
e -

[ rap,+ [ nap,
€

griosiHe -HernpepuBeH (H60 ero 06sacTb H3Me ieHHS KOHEYHOMEpHA).
Tax xak | A — A¢|-—>0 npu e—0, 1o onepatop A TaK:kKe BIOJHE
HenpepbiBeH Ha OCHOBaHHH npefaoxenus VIIIL

§ 14, PacuminpeHus CHMMeTPHYECKOro oneparopa

1. Mocranoska 3apaun. OJHa M3 OCHOBHBIX 3aJay TeOpPHH
CHMMeTPHUECKHX ONEPATOPOB COCTOHT B ONHCAHHH BCEX TeX pac-
WHpeHHA JaHHOTO CHMMETPHYECKOro omeparopa A, KOTOpbie CaMH
ABJAAIOTCA CHMMETPDHUYECCKHMH ONepaTopaMH. YacTHBIM cayvyaeM
3TOll 3ajauM fABJAETCA BLISICHEHHE YCJOBHH, NPH KOTOPLIX oOfHe-
paTop HMEET CAMOCONPSXKEHHbIE DPacClINpEeHnsd, H OIHCAHHUE B TAKOM
cJjyuae BCeX CAMOCOMPSIKEHHBIX PacIIMpeHHH, OTJAHYHBIX OT A.

Ecin B — cuMMeTpHueckoe pacllMpeHHe CHMMETPHYECKOro ome-
paropa A

AcC B, 10 B*C A*.
Ho B —cuMMeTpuyeckHii onepatop, T. e. B C B*; nostomy

A< B < B* < A%, (1)

TaK UTO 6CAKOe CuUMMETpu4eckoe pacuwuperue oneparopa A
A6AAeTCA CYymeHuem oneparopa A*.

CuMMeTpuueckuil onepaTop A Ha3bBIBAeTCH MAKCUMAALHBIM,
€cJIM OH He uMeeT CHMMETpHYeCKHX pacuiipeHHu#, oT/nuHblX oT A.

Beaxuii camoconpsascennnili oneparop A ecTe MaKcumaabHbll
cummerpuneckuii oneparop. JeHRcTBuTeNbHO, B 3TOM cayuae A" =A
H dopmyaa (1) mokasmiBaer, uTo B=A, T. €. 4T0 BCAKOE CHMMe-
TpHYeckoe pacwupenune B oneparopa A coBmapaer ¢ A.

Huxe mbr yBuaum (cM. n° 8), 4To cymiecTBYIOT MaKCHMaJbHBIE,
HO He CaMOCOUDSKEHHbBIE OMEePaTOPHI.

2. JledekTHBiE MOANPOCTPAHCTBA CHMMETPHYECKOI'O OMepaTopa.
Ilycts A — cuMMeTpHUECKHH ONnepaTop ¥ NYCTh A — HPOH3BOJIBHOE
HepellecTBeHHOe unca10. O6o3nauum uepes Nz u Ry obsactu 3ma-
yeHuii omeparopoB A—Al u A— Al coorBercTBenHo. OUeBHIHO,
uto Rz u Ry — nognpocrtpanctsa B 9, He 0653aTEJIBHO 3AMKHYTHIE.
Ux -oproromanbunie monoguenus $H—R; u H— N, nasmpBaiorcea
Oeextrnoimu nodnpocrpancreanmu onepatopa A u 0603HAUANTCH
yepes Nz 1 My COOTBETCTBEHHO, TaK UTO

Bp=0—T, M=9—Ry,
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I. Hegexruoie nodnpocrpancrea Th u Ny cyre cobcreenusie
nodnpocrpancrea oneparopa A*, orgeqarowjue COOCTEEHHLIM 3HQ-
yeHusm A U A COOTBETCTBEHHO.

HNoxkaszaTtenbcTBo. Ecan x& N, To s aoboro BekTopa
ye Dy

(Ay— hy, x)=0, B ¢)
T. €.
(Ay, x)=(y, ix). (3)

Mo onpenenenno oneparopa A°, 310 o3mauvaer, uro x & Dy« n
A'x=1%x. OOparHo, ecau A’x=71x, T0 Mast JawGOro BeKTOpa
y= D, uMeeT MeCTO paBeHCTBO (3), 5KBHBAJEHTHOE PaBEHCTBY (2),
T. e. xE N, :

Huxe (cM. n°8) Oymer BhisicHeHAa poJib JAe(DeKTHHX HOAMPO-
CTPAHCTB B TEOPHAX pPaCUIHPEHHH CHMMETPHYECKHX ONEpaTopoB.

3. Mpeo6pasoanne Kaam. Ilycte A — cummerpuueckuii onepa-
TOP H NYCThb A — NPOU3BOJILHOE HeBellecTBeHHOe yncao. Onepatop

V=(A—A) (A=A~ (4)

HasbiBaeTcs npeobpasosanuem Kaau oneparopa A.

ITo ompefeseHle HUMeeT CMBICJ, OO HeBEIECTBEHHOE WHCJO A
He MOXeT ObThb COOCTBEHHHIM SHaUEHHEM 3PMHTOBa omepatopa A
(em. VIII n° 4 § 11), a motomy (A—AI)" cymecrsyer.

YcTaHOBUM HeKOTOpPBle IIPOCTHIE CBOWMCTBA omeparopa V.

Teopemal. 1) [Tpeobpasosanue Kaau V cummerpuseckozo
oneparopa A ecTe usomerpuyeckuii oneparop ¢ 0b6aacTer0 onpe-
Oeaenus M5 u obaacreio suanenui R,.

2) Mnomcecreo saementos Vy—y, y= Dy, naorno g 9.

3) Beakuil usomerpuueckuii oneparop V., ydosaersopartoujuli
yeaosuro 2), ecto npeobpasosanue Kaau HEKOTOPO20 CUMMETPU-
Yeckoeo oneparopa.

HokasateabcrtBo. 1) Beakuit BekTop y u3 Dy poaxen,
OYeBUIHO, MpHHaAnexath Nz, Obparno, ecan y=MN;, To onepa-
top (A=) npumennm kK y u (A—11)'y=D, Cirenosa-
TeqbHO, omepaTop A— Al nmpumenum k BekTopy (A—X1)7'y. dro
osHayaer, uto y & BD,. TeM caMbiM H0Ka3aHO, UTO

®V = ER;:.

Tlycts x — NpoOM3BOJBLHLIA BEKTOP 3 ofJactu onpefleseHus D,
oueparopa A; NOJOXHM

y=(A—il)x, (5)
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Toraa
ysD, n Vy=(A—-Al)x; 6)

caenoBatenbHo, obmacTh suauenudl omeparopa V coemagaer ¢ |,
Kpome TOrO,

[VyR=[(A=A)xP=((A=Al)x, (A=Al x)=
=(Ax, Ax)—A(Ax, x)~A(x, Ax)+|AP(x, x),
lyP=1(A—21) x P =((A—11)x, (A=A1)x)=
=(Ax, Ax)—A(Ax, x)—ir(x, Ax) +| AP (x, x);
yuuTsiBas paBeHcTBO (Ax, x)=(x, Ax), MB NOJy4HM OTCIORA
[VyP=Ilyf,
7. e. V — u3oMeTpuuecKuil oneparop.
2) s dopmya (5) n (6) BLITeKaeT, uTO
y=Vy=0>2—-%)x,
¥ noToMy MHOXKecTBO R,y Bcex BeKTOpoB y—Vy, y =D, copna-
aeT C MHOXKECTBOM D4, MJOTHHIM B §.

3) Ilycte V — usoMeTpHuecKHH omepaTop, YAOBJETBOPSAIOMIHA
yCJAOBHIO 2). ITOT ONepaTop He HMeeT COOCTBEHHOro 3HAUYEHHS,
paBHOro eJHHMIE, T. €. PaBeHCTBO y=Vy BO3MOXKHO JHIOb NPH
y=0. leficTBHTe/IbHO, B NPOTHBHOM CJayuae, AJs jaio6oro BeKTopa
zeE Dy,

(VZ—Z, y)::(Vz, y)'-(Z, _1/)=(V2, Vy)“(% y)=0,
T. €. BeKTop y %= 0 OpTOroHaJeH K IJIOTHOMY B $ MHoKecTBY R,p,

YTO HEBO3MOXKHO. Ilo3ToMy cyllecTByeT omeparop (1=V)". Tlo-
JIOKUM

A=1—-3V)1-V)" 7)

H JoKaxeM, uTo A — cuMMeTpuueckH#i omepartop, npeoGpasoBaHue
Kanu xoroporo cosmamaer ¢ V. Quesunuo, onepatop A MOXKHO
TaKKe ONpeLeauTh caeayouum obpasom: Dy =Ry u qas y= Dy,

Aly—Vy)=ry~1iVy.

B cuay yenosus 2) orciona Bumno, uto D, naotHo B . Kpome
TOrO, NPH Yy, ¥y < Dy

(A= VyD)s yo—=Vyo)=Oy—MVyy, yo—Vy=-
=M+ y) =2V, y2) = Ay, Vo),
(wi=Vy), Aly—Vya)) =0, =Vy, g —IVys) =
=+ 1) (Y, y2) —A VY, ) — Ay, Vi
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TaK 4To
(Al = Vy)s yo=Vy) =y = Vuy), Alga—Vyy)).

INostoMy A — cuMMeTpHuecKHH OmepaTop.
Hakonen, nonaras x=y—Vy, y = D,, uMeem

Ax=ry—iVy.
Otcona

Ax—2x=(A—-A)y, Ax—lx=(A—-RN)Vy.

DT paBeHCTBA NMOKasuBaloT, uTo V — npeobGpasosanne Koam ome-
patopa A.

V3 noKasaHHOH TeopeMpl HEMOCPeNCTBEHHO CJEAyeT

Teopema 2. [Iycre A,, Ay— cummerpuneckue oneparopes,
aVy, Vo—ux npeobpasosanua Kaau. Oneparop A, 70200 U T026K0
To20a f8AReTCA pacuwiuperuem oneparopa A;, koeda oneparop V,
ecTs pacwupenue oneparopa V.

Teopema 2 OyneT Hamu Hcnosab3oBaHa B n°8 nas pellenus
OCHOBHOH 3afauu 3TOro naparpada — ONUCAHUS BCEX CHMMeETpHue-
CKHX pacHIHPEeHHH JaHHOro CHMMETPUUECKOro Omepartopa.

Teopema 3. Cummerpuseckuii oneparop A 3amxuyr roeda
1 ToavKO TO20a, Ko2da e2o npeobpasosanue Kaau V — samkryro
oneparop. Ilocaednee umeer mecro ro2da u ToasK0 To2da, Ko2da
Rz u Ry — samkuyToe nodnpocrpancrsa.

JdoxasateabcTBo. Ilycte omepatop A 3aMKHYT H OyCTh
10C/1eJOBATENbHOCTD

yn=(A—Z'1)xn’ xneDAa

CXOIHTCS K HEKOTOPOMY BEKTODY y. B cusy usomerpun onepatopa V
NOCJEe0BATENLHOCTD

Vy,=(A—2Al)x,

TaKXe CXOAHUTCH K HEKOTOpOMY BeKTOpy z. Ho Torna

xn=x—_‘7< ~ Vi)~ o (4 —2),

Ax, = x_—x‘ (AYn— AV y) > m (Ay — 22);
OTCIOLA, VUNTHIBAR 3aMKHYTOCTh onepartopa A, saxkaiyaem, 4To
y—2&D,, Aly—2)=>ry—2Az,
cJen0BaTe/ibHo,

y= Ay ~2)~ Ay —2)] = Re.
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TeM caMBIM J0Ka3aHo, 4To onepatop V u noimpocrtpaserso iy
saMKHyTH; Toraa M, Takke 3aMKHYTO KaK H30MeTpHYe CKUA 06pa3
3aMKHyTOro noanpocrpancraa ;.

[TpuMeHAs aHAJOTHYHBIE PACCYKACHHUS, MOXHO NOKAa3aTh, YTO
H3 3aMKHYTOCTH omepartopa V, uaum nomupocrpancrBa i, caexyer
3aMKHYTOCTb omneparopa A.

4, ObGaacTe onpejejeHHus conpsikeHHOro onepatopa. Iloanpo-

crpanctea M, My, ..., M, HasbiBawOTCS AUHEIHO He3aBUCUMbIMIL,
ec/Ii PaBEHCTBO

)C[“f"XQJ(‘-..—l‘Xn:O, Xkemtk,kzl, 2, ..., n,
BO3MOXKHO JHUb NIPH X=X, = .., =x,=0.

Ecan My, My, ..., M,, uHeilHO HE3ABUCHMEI, TO COBOKYIHOCTH
BceX cyMM X+ Xo+ ... + Xx,, X, = I, naspsaeTcs nPAMOL cym-
moii nopnpoctpancts M, My, ..., M, u obosnauaerca M, +

.+ M,. Ouenngro, M+ ... + M — rakkKe NOANPOCTPAHCTRO.

Ecau nodnpicrpancrsa My, My, ..., M, auneiino nesasucumor,
TO 8caKull exrop x us ux npamot cymmor MW+ MWy + .. + M,
npedcraganerca eCUHCTBEHHLIM 00pasom 8 sude

X=x1F %o+ ... +x0 x, =W, k=1,2, ..., n.
JIeACTBUTENLHO, €CJH TaKKe
x=x{+x+ ... +x, x;ezi))?k, k=1,2 ..., n,
TO
— v — 4T ! —
0=(% —x+ (%= x)+ ... +(x,—~x),
npuueM

x,—x,eM, k=12, ..., n
B cuny Jsuneiinofi HesaBucumoctd noanpocrpancts M, My, ...
.., M, oTCIOA BBITEKAET, UTO x,—x, =0, x,=x,, k=1,2, .. n.

Teopema 4. Ecau A—samkuyroui cummerpuueckuil onepa-
Top, T0 nodnpocrparcrea Da, Nz, I aunelino nesasucumovr u ux
npaman cymma coenadaer ¢ Dy

Dar=Da + RNz + . (8)

HorasaTenabcTBoO. JloKaxeMm cHAuasa JHHEHHYI0O HE3aBH-
CHMOCTb. IlycTh

x+y+z=0, x&D,, yeI zaN. (9)
Ipumensis k obenm uactsam onepatop A"~ X/, noiydHM
(A=) x+(A—-R2)y=0. (10)

(A—Al)x&Ns, (A=) y = Ny

Ho

11 M. A, Haiimapk
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TAK Ka¥ 5TH MNOANPOCTPAHCTBA OPTOTOHAJBHBE, TO paseHcTBO (10)
BO3MOMKHO JHIIb TOrja, Korjia

(A—2Ax=0, kl-X)y—-—O;

ciaenoBateabno, Korga x=0, y=0 (x=0, 6o HeBellecTBeHHOE
YHCJI0 A He MOKeT ObITh COOCTBEHHBIM 3HAUEHHEM CHMMETPHYECKOro
onepatopa A). Otciona u u3 (9) sakmouaeM, uto Takke z =0,

HokaxkeM Teneps dopmyay (8). Kaxjoe us noanpocrpancts D,
Nz, Ny comepxutTess B Dgx; n03TOMY

D DD+ T+ Ny (1)

Octaercss A0Ka3aTh, UTO, 0OPATHO, KaXKAbIHL BEKTOP 4 & g+ MOKHO
Ope/iCTaBUTh B BHIE

u=x+y+z, x&9g yEM 2z (12)

Tak kak oneparop A samkuyT, TO Mz~ 3amMKHyTOE HOAMpOCTpaH-
ctBO. 1o onpenenennio, Nz — ero opToroHanbHoe JONOJNHEHHE; CIeL0-
BATEJLHO,

R+ Ny = 9. (13)

3To o03HauaeT, UYTO BCAKHA BEKTOP UE § MOXKHO HpPENCTAaBHTDH
B BHJE

v="0v+0v",

rie o' & Rz, v” = Ny, [pumenum 570 TpeicTaBIeHnHe K BEKTOPY
*
=(A"=Xl)u. Tak kak v & Nz, 10

"=(A-1)x, xE=D,
IMosnoxkum, kKpome Toro,
V=A=-Ny ysN
Mu nmosyuum
(A" =INu=(A—=)x+ A=A y=(A"—Al)(x +y),

u6o A'y= Ay, A'x = Ax.
Orciona

A=) (u—x—y =0,
cJiefoBaTeaLu0, noJgaragqa 2=U—X—1, HMeeM
z=u—x—ysh.

Tem camwim mnpesncrassenue (8) mokazaHo.
Teopema 4 gaer nosanoe onucanue omeparopa A°, u6o

A'u= Ax + hy + 2. (14)
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W3 TeopeMbl 4 HeNocpeACTBEHHO MOJyyYaeM

CaenpctBue 1. 3amxuyroul cummerpuueckuli oneparop
A8AAETCA CAMOCORDANCEHHbIM TO20a U TOAbKO TO20a, Koeda oba
eco Oegpextnuie nodnpoctparcrea pasusr (0), T. e. COCTOAT TOAbKO
43 HYAEBOZO INEMEHTA NPOCTPANCTEA. :

IeitcrButenbHo, dopmyia (8) moxasbBaeT, YTO B 5TOM U TOJBKO
B 3ToM cayuae Dy« = Dy, _

L .
5. ®opmyaa ¢on Hedmana. Paccmorpum pasnoxenue (8) upu
A=—1i:

DVar = Da+ N + Ty

OHO 03HAUAEeT, YTO BCAKNHA BeKTOp x € D4+ MpeacTaB/seTes eIuH-

cTBEHHHIM 00pa3oM B BHjE
x=x"+x"+x% =D, R, =i,

JlokaxeM, 4TO TOrga
J(A%, x)=|x*P—|x" P (15)

Sra ¢dopMyJia HaswBaeTcH (opmuyasoii gon Helimana.
Jans ee BHBOJA JOCTAaTOYHO 3aMETHTb, UTO

(Ax%, x~+ x)=(x°, A"(x" +x9))=(x°, —ix~ +ix"),
H NOTOMY '
(A%, x)=(Ax"—ix~+ix*, 22+ x +x) =
= (Ax% 2+ (x° —ix™+ix*)+(—ix~+ix*, 2O)—ilx P+ilxt P —
—i(x7, XN FIx", x)=(Ax0 X0+ 2R[(x°, —ix~ +ix*)+
+ilxt, N +il e, P—x P

Orciona Bhitekaer dopmyaa (15), u6o nepsble aBa CAaraeMbix
BEUIECTBEHHB, a MOCJeJHee UHCTO MHHMO.

Paso6hem Bce MmuoxkecTBo Dy Ha mogMmuoxkecrsa G*, 67, GO
Ha KOTOPHIX COOTBETCTBEeHHO J(A"x, x) Gosblle, MeHbILIEC HJIH PABHO
HYJIO.

IL. Bexrop x us D+ npunadaemcur 6*, 6 yau € & zasucu-
MocTu or T020, Oyder au |x* PP —|x" | 6oasuie, menoie Ul PABHO
HY 210,

JTo yTBepkKJIEHHE HENOCPEICTREHHO BhITeKaeT u3 hopMydw (15).

1. Hmeror mecro coorroutenusn

D=6, R EU{0}, N, <Cry{o0}. (16m

(3necs {0} o6osnauaer MHOXECTBO, COCTOSIIIee H3 OJHOTO TOJbKCE
Hysneeoro saementa O mpocrpanctsa 9, a & (J{0). 6+ ({0} — reo-
PeTHKO-MHOXKeCTBEHHble CyMMbl MHOXecTsB €, €F ¢ MHOXe-
creom {0}.)

11*
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HefictBuresbho, ecin x&D,, 10 x*=x"=0, H mnotomy
| x*2P—|x"=0. Ecau ke x #+ 0, x =N, To x*=0, x* =0, x =y,
u notomy |xtP—|x =—]x<0.

AnanoruyHo paccmaTpuBaeTcst cayyai x & ;.

6. PasmepHocts mo moayao. Ilycrs I u N — nBa moumpo-
cTpancTsa B 9. UHCI0 n HA3LIBAETCH PA3MEPHOCTBIO TOANPOCTPaH-
ctBa N no modyawo M, ecin B N umeerca n v ne Gosee . BEKTOPOB,
HUKaKas JuHellHasd KOMOHHAUHA KOTOPHIX, KpoMe KoMOHHAIWNH
¢ HyJeBHMH KOy bHuKHenTamMu, He npuHaatexur M. Pasmeprnocts N
no moaymo M obosnauum uepes dimny N B oTauune oT 0OLIKHOBEH-
HO# pasMepHocTH, obo3nauaemolt dim M.

Tak nHanmpumep, uz dopmyan (8) caexyer, uTo

dlm% D u=n;+ny,

rie ny, n;—pasmeprnoctd M uw M, coorsercrsenHo. Ortciona,
B YACTHOCTH, BHJHO, UTO A; + A, HE 3aBHCHT OT A, ubo Ds» 1 Py
OT A He 3aBICHT.

[Mycrs Teneps & — npousBosbHoe MHokecTBO B 9, a M — no-
npexHeMy TOANPOCTPAHCTBO B 9.

YenosuMcsi roBoputh, uto © onpedeaser pasmeprocTs no no
nodyaro M, ecam n ects pasmepHocts no mMoAy o M MakcHMalb-
Horo mnonupocrpanctsa B & () {0}.

IV. ITycte m u n—pasmepioctu nodnpocrpancrs N_; u N,
cooTeercreento; tozda muoxcecraa GF, & onpedeastor pasmep-
HOCTU M U N no modyarwo D,.

JdoxazateabctBo. B cuay (16) sTa pasmepHOCTb = m H
7 COOTBETCTBEHHO; IIO9TOMY JIOCTAaTOUHO N0KAa3aTh oOpaTHble Hepa-
BeHcra. Jlokawem 3to, nanpumep, maa €*; aas € nokasatean-
CTBO aHaJoruuno. Ecam m = oo, TO npexwplayilee HePaBeHCTBO
NepexofHT B PaBeHCTBO; MOTOMY HYKHO TOJBKO PACCMOTPETh CJy-
yal KOHEUHOTO M. )

[Ipexrnosoxum, 4To BONpeKH yTBepkienuio B €% ects m -+ 1
JNHEeHHO HEe3aBUCHMBIX BEKTOPOB Xy, Xo, ..., X4y, TAKHX, UTO BCH-
Kasi UX HeHyJeBas JuHefiHas KoMOuHauua copepxkurcs B G*, Ho
He cozepxuTces B D, Tak kak E* < Dy+, To KaxkAubi#l U3 3THX
BEKTOPOB MOXKHO IpelCTaBHTh B BHIE

x; =x‘;+ X7+ x}, x‘;es D, X e N, e RN,
Tak kak dim%N_;=m, To Bektopn xf, j=1, 2, ..., m+1, -
HeHAHO 3aBHCHMBI; TaKHM 00pa3oM, CYILIECTBYIOT UUCHAA Cf, ..., Cmuls
He BCE paBHBIE HYJAIO H TaKHe, UTO

+ + + =
cxf+exr + oo+, x0,, =0
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oI aa
HO TORA m+1

o=+,
=

rjae
A m+1 m+1

=X cxieEd, x=dexie N

j=1 i=1
[Mocxenee HeBO3MOXHO, ubo B cuay 11 x4+ x =6 npu x =0
i m+1
g4 °+x =6 npu x =0, a 10 IPeANONOKEHHIO Zc,x,e@
j=t
V. Ecau >0, a f—npoussorsroe seujecrsennoe 4ucio, 1o
degexrroie noonpocrpancrea MN_;, N; oneparopos A u B =aA+p!
UMEIOT COOTBETCTEEHHO OOUHAKOBYIO pPA3IMEPHOCTS.
JokazaTeabcTBO. ITO yTBEPKIEHNE HENOCPEICTBEHHO BhIl-
tekaer u3 npepsaoxenns IV, nbo D, =Dy n MuOKecTBa (\'r,*
A O00HX OTNepaTopoB OAHH H Te Ke.
Teopema 5. [Ipu awbom Komniexchom b u3 sepxueri noay-
naockocru
- . d1m m;; = dlm .(.R—i, dlm S’Ex = dim SRi.

. Hokasareancrso. Tonomum A= ¢ + it; no yeaosuio > 0.
O6oanaunm uepes 9, N, medexrbe HOIPOCTPAHCTRA oneparopa

1
B == A— % 1. Torza, Kak J€rko BHLETH,
M=N;, =90

[TostoMy yTBepK/eHUe TeOopeMbl €CTh HENOCPEACTBEHHOE C/IEACTBUE
npencioxenuss V.

7. Hupekc gedexra. TMosoxnm
m=dim®;, n=dimR_,.

[Tapz uncen (m, n) naswiBaercs undexcom depesTa CHMMETpHUE-
CKOrG onepatopa A, a CaMH 4ucla m U n —ero OedekTHBIMUL Yil-
cAQMU.

Cornacro teopeme 5 nmpu JA >0 Takxe
m=dimMNn, n=dimR;.
s cnencrust n° 4 siTekaet:
CBamkHyTOUL cumMmeTpULecKull Oneparop AGAAETCA CAMOCORPS—

HeHHotm. TO20a U TOABKO T020a, Koeda eza - undexc Oegexras
ecrs (0,0).

OrMmeTum eme cneny}omy}o TeopeMy:
Teopewma 6. Ecau A~ samkuyroul cummerpudeckuii, a B-—
O2panuuennoi  3pmMuUTO8 oneparop, onpedeneHHbil 60 . BCeI
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npocrpancree 9, to oneparopet A u A+ B umewr o0un u TOT
ace undexc degexra.
JoxasateascTBO. M3 cooTHouenus

(A+B)=A"+B
c/eyeT, uTo
Q(/HB)* = }}A*
U IpH X & Dyx

((A+B) x, x)={A"+ B)x, x)=(A"x, x)+(Bx, x).

TlosTomy
J(A+B)x, x)=3(Ax, x),

160 (Bx, x) Bemecrsenno. Ho toraa muoxecrsa 6%, 6™ nas ome-
patopoB A u A+ B OXHH H Te Xe; CJeJ0BaTeJbHO, YTBEPKAEHHE
TeopeMbl BHITeKaeT 3 mpenjoxenns IV n° 6.

8. OmMcanne CHMMETPHYECKHX paclIHpeHUHd JNaHHOrO CHMMe-
TpHueckoro onepartopa *), Teopema 2 n°3 naet BO3MOXKHOCTb BechMa
NpPOCTO ONUCATh CHMMETPHUECKHE PACIIHPEeHHs NAHHOrO CHMMETPH-
ueckoro omnepatopa A. Mo 6yneM paccMATPHUBATbh TOJbLKO 3aMKHY-
THlE CHMMeTpuueckde pacmupenus. Kax/joe Takoe pacuiupeHue
SIBJsIETCST OJLHOBPEMEHHO pacuiupeHHeM 3aMbikanua A oneparopa A.
ITosToMmy, He Hapyiiasi OOU[HOCTH, MOXHO CYHTaTh, 4YTO yxe A—
3aMKHYTHIH CHMMeTpPHYECKHH omepaTop.

Tlyets A — 3aMKHYTHI cuMMeTpruueckuit oneparop, A” — ero saMk-
HyTOe cHMMeTpuyeckoe pacuupenue. Ob6osnaunm depes V u V'’ npe-
obpasoBauus Kasan omepatopos A H A’; Torga

VacVv,
CJel0BaTe IbHO,
@VC‘DV', mvcmvl.
Moaoxum
B=Dy —Dy, =Ry —Ry;
TaK Kak
B, QLN,
TO

PR, Q.
OmnpeneanM, nanee, omepatop U, moaaras
Ux=V'x gaa xe%P. (17)

Tak kak V'’ usomerpHueckn otobpaxkaer Dy na Ry u Dyr — na Ry,
TO OH TakXe H3oMeTpHuecKH oTobGpaxkaer P nma Q. B cuay (17)

*) Ilpyrofi meToj BHBOLA TEOpEM HACTOSIEro Nn° yuraTelb MOXeT HaHTH
8- kHure Haugopa u Llsapu [2].



8] § 14. PACUIMPEHUA CHUMMETPHUECKOIO ONEPATOPA 167

oTo o3HauaeT, uto U — usomerpuseckuii oneparop ¢ 06.aacrsio onpe-
Jeaenun B u 3uavenud Q. O6paTHo, NyCTh 3a1aH [POU3BOJLHLI
psoMeTpuyeckuil onepatop U ¢ obaacteio onpepenekds P < Ny u
snavennit Q < M.

MNonaras ms yE Dy, z=P

Vigy+z2)=Vy+ Uz,

Mbl TOJYYHM H30METPHUECKHiH omepatop V', KOTOpLil sBaAsAeTCS pac-
mEpeHHeM oneparopa V u, cjeosaTeibo, npeobpasoBanneM Kaau
HeKOTOPOTro 3aMKHYTOTO CHMMETPHYECKOTr0 pacliperus onepaTopa A.
Jlerko onucaTth 370 paciuupenne A’ HEMOCPeACTBEHHO NpPHU NOMOILH
oneparopa U.

HefctButesibHO, B cuay Teopemil | n°3 ©y cocTour u3 Beex
BEKTOpPOB :

¥=+)-Vy+=@W+2~Vy+Uz)=y—~Vy +2—-Us,
rae y< D, z&P. Ho Bektopu x =y —Vy, y = D, npoberaior

B TOUHOCTH 06JacTh onpefesnennst D, onepatopa A; caeloBaTe/bHO,
®4 COCTOUT U3 BCEX BEKTOPOB

=x+z2-Uz, x&D, 2=
Tak Kak
AcA, zed;, UzeN,

TO
Ay =Ax + rz—AUz.

W3 camoro onpenenenuss onepatopa A cieiayer, uTo ero fde-
(GexkTHHIMH HOANPOCTPAHCTBAMH GyayT

R =N, —P, N =N, —Q.

Mpr mpuxoguM K cienymolleil TeopeMme.

Teopewma 7. Beakoe samxuyroe cummerpuueckoe pacuitipe-
Hue A Jannoeo 3amkryroco cummerpuweckozo oneparopa A onpe-
Oeasercs wexoropuim usomerpuueckum oneparopom U, obaactu
onpedenenus u 3HA4eHull KOTOPO2O CYTb 3AMKHYToLE NOORPOCTPaH-
crea P Ny u Q =N, coorsercreenno.

ITpu srom Dy ecrs cOB0KYRHOCTL 8CeX 6eKTOPOS

X=x+2—-Uz x=D, z=P (18)

A'x' = Ax + hz — Uz (19)m

O6parno, 015 scskoeo Takoeo oneparopa U gopmyre (18), (19m
OnpedeasioT HEKOTOPOE BUMKHYTOL CUMMETPUYECKOe pacuiiperue A™
oneparopa A. [pu srom Oepexrroimi ROONPOCTPARCTBAMIL One—

paropa A" 6ydyr
N=N,—-P, RN =N -—-9. - (202
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Hau6Gonee BakeH ToT cayuail, Korga A’ —camoconpsaxeHHoe
pacuinpenne oneparopa A. B cuay cuaeactBus 1 B n°4 pacuuupe-
e A’ TOTAa # TOJBKO TOoTjAa OYyAET CaMOCONPSIKEHHBIM Oneparo-
pom, korna ;= (0), %] =(0), T. e. Koraa

PB=Nz, Q=M.

Hns cyliecTroBaHusi Takoro omepatopa U HeoOXOAHMO U JocTa-
TOYHO, uTOOBl moinpocTpanctsa It u Iz MMeJH OJHHAKOBYIO pas-
MepHOCTb. MBI NPUXOAMM K CJEAVIOUIEMY De3yJabTaty.

Teopewma 8. Pacwupenue A’ 10eda u roa6k0 T0200 A845€TCH
camoconpsucennoin, Koeda 0064acTu onpedeseHus U 3HA4eHUull
oneparopa U cosncdaror ¢ M u Ny coorsercrsento.

Oneparop A umeer camoconpsxennsie pacuiuperus toeda u
T048K0 TO20a, Koela eeo OepexrHvie nodnpoctparcrsa Ny u Ny,
UMeT 00UHQKOBYIO PA3MEPHOCTS, T. e. Koeda e20 undekc degexra
umeer sud (n, n).

Oco6eHHO nPOCTO ONUCHIBAIOTCS CHMMETPHYECKHE DPacCUIMPeHHSs
B TOM cJayuae, korga Nz u My KoHeuHoMepHEL. [l CyIIeCTBOBaHHS
CaMOCONPSIKEHHOTO paciiupennss 00a NOANPOCTPAHCTBA JLOJIKHBI
HMETb O/IHHAKOBYIO Pa3MEPHOCTb — 0603HauuM ee yepes n. Bribepem
B M; kakoii- }méyﬂb opToHopMaJIbem Gasuc e, €y, ..., €,, a B My
OPTOHOPMANbLULIA Gasuc ef, e}, ..., €.

Torna Besikuil BekTOp 2 & N; MMeeT BUJ
z=0e;+5et ..o +Lnlns

jlajlee BCIKMH H3oMmerpuueckufl oneparop U ¢ o6.acThio omnpefe-
geuns Ny u usMenenua Ny 3angaercst GopMmyJoi

Uz—Z(Eu,kc)

j=1
rae u=(u;,)— yuurapuas Marpuua. [lostomy 6 paccmarpusaemon
caywae Dy coCcTOUT U3 8cex BEKTOPOE:

X =x+ ngek 2(}; u!kgk) XE}D%" ' 2n

j=1

A = x+k?l§kek—?» Z(Z u,k;) (22)

Ecan HYI ofH0 H3 jedeKTHHX noanpocrparcts Nz, M = (0), 1
corjlacHo Teopeme 7 onepaTop A HOMycKaeT HeTpHBHAJBHOE pac-
mrnpenne A’. Tlostowmy:

V1. 3amkHyroii cummerpuweckuti oneparop A marcumaier
roeda u TOABKO TO2da, Ko2da xors 6oL 00HO u3 e20 JegheKTHulX
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nodnpocTpancTs PasHo (0), 7. e. koe0a eeo unlekc deghexra ecro
(0, n) uau (n, 0).

B 4yacTHOCTH:

V1. Pacwupenue A" maxkcumaasHo rTo2da u TOALKO T0204Q,
xoz0a P=Nz uan Q="N,;.
T V111, Ecau degextnoie nodnpoctparcrsa Ny, Ny KoneunomepHaol
4 0OURAKOBOL PA3MEPHOCTU, TO BCAKOE MAKCUMQLbHOE paciilpe-
Hue ABASeTCs CAMOCONDAHCeHHbiM.

8a. Pacmupenns ¢ BHX0oA0M ¥u3 ruapGeproBa mpocrtpancrsa. B stom n° Mbl
coobuyM 6e3 K0KasaTesbCTB HEKOTOPHE CBeJEHHA MO TaK Ha3wmBaeMol o6obuen-
HOU Teopuil CUMMETPUHECKUX pacuiupenuii.

Q6o6uennol cnekTpaastol Qynxyuerr B ruAb0epTOBOM npocTpaHcTBe § Ha-
3BBAETCA OneparopHas PyHKuus Fj peficTBUTENHHOTO NapaMerpa A, obrapaiouias
CJAeRYIOIAMH CBOMCTBAMH.

i°. Tipu Ay > A pasHoctb F), — F; #BJAETCH OrPAHMUCHHBIM MOJOKHTEb-

HHM onepatopoM *),
2°. Fy o =F) RaA Bcex BeweCTBeHHHX A.

3° Ilpu qoboM x & H
lim |Fxi{=0, lim |{Fjx—x|=0.
A>—o0 A>+oo

Iycrs § — noAnpocTPancTBO THiALOEPTORA TPOCTPAHCTBA o*. ycTb P{—-

(oGuiynast) cnekTpaJdbHas (QYyHKUUSA B ®% (em. n° 1 § 19), a P* —oneparop opro-
rOHAJLHOTO NPOEKTHPOBAHUA B E)J' Ha 9.
HeTpysHo npoBepuTs, 4to cy:keune F, omeparopa PTPY ua npocrpancrso
D y 2 I3 p J

apasgerci o06o06meHHOH cnekTpansHoll QyHKIUe B 3TOM IPOCTpPaHCTRE,
OIHAKO OTHIOAb HE TPUBHAJBHO, YTO CIPABEAIUBO OOpaTHOE yTBepxKaeHue. Mmenio
HMeeT MeCTO cJaeAyiolias TeopeMa. Has kawdod ofobujennorl crexTpaisrol
Pynryuu Fy 6 cuasbeprosom npocrpancrse  cyuecrsyer raxoe eursfeproso

+ +

RPOCTPARCTEO § DD u TaKas obn4HAA CHeKTPAAbHAR (PYHKYUR P}: e 9, 4ro
+

Fy, pasro cymenuto na O oneparopa P+P‘f, 20e P" — oneparop oproeonaibrozo

npoeKkTuposarusn 8 Sb+ Ha 9.
O6oGwennyio cnektpaibayio Gynkuuio Fj HasoneMm cnexTpaivuoll ¢ynxyued
cummerpuseckozo oneparopa A (¢ 006aCTbio OnpejeseHus @A, WJIOTHOH B {)),

eCHH JJAs JoOuX [ & ;’DA i g & cnpaBenyauBel HOPMYIIbL

ro= [kl 0, 14112~ [ 122 (Faf. .

OTH GOPMYJH HATOMMHAIOT HHTETPAALHOE NPEACTABJCHHE CAMOCONPsIKEHHOTO

oneparopa, onucaunoe B n° 3 § 12. OxasniBaeTcs, uTo kaxdoli cummerpudeckul

. oneparop ob6aadaer 0606ujeHHol cnexkrparsroll dynxyued. TlocTpoenue Takoi
GYHKIMY MOXKeT GHITL BLINOJHEHO CAeaylomumM o6pasom.
o o +

CumMerpuruecknil (camoconpsikenusil) onepatop B”, ¢ ofnacrsio onpeaese-

Hust @B+, moTHO# B ruIhGepTOBOM npocTpancTse H' O §, HazoBeM cHMMETDU-

*) Orpaunuenuuii onepatop A Ha3HBACTCH noLoKUTEAbHoLM, eCTH (AX, ¥) =20
Aks peex x € 9, ‘ . :
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yeckuM (CaMOCONPSIKEHHBIM) pacwiupenyesn onepartopa A, KeACTBYOIErO B I'itib-
GepTOBOM NPOCTPAHCTBE §, ¢ 8oix000M u3 npocrpancrea §, ecau Dp, D ZDA "

B*f=Af anm mcex f=D,. Moxno nokasats, 470 CaMOCONPAKEHHL e

PACIIYPEHHS] C BEIXOJZOM H3 IDOCTPAHCTBA CYLIECTBYIOT H B TOM CaAyYae, KOrxa

ne(ekTHHE YuCaa onepatopa A He paRHHE APYL APYrY, T. €. TakHe CaMoCOnps-

WEHHBIE PACLIMPEHHs CyliecTBYOT Beerga. Ilyers A — cummerpudeckult oneparop

B © n BY — xaxoe-nmbo camoconpsikennoe pacumuperue A (Ge3 BHXO4A HJH C BH-
+ +

xonom u3 ). Hyers PX—CI‘.EKTpaJIbHaH dynknus B, a P° —onepatop optoro-

HaJILHOTO MPOEKTHPOBAHHA B o' Ha 9. Torma cyxenue F, omneparopa P+P;4
Ha § sBJsieTCA CleKTPaJbHOH ¢yHKuued omeparopa A, u eciu GpaTbh BCe BO3-
MOXKHble pacuupenns B ¢ BHxozoM Ha npoctpaHcTBa § onepatopa A, TO TakHM
nyTeM NOJY4alOTCs BCe CneKTpaJbHbie OYHKIHH omepartopa A.

CuMmerpuuecknit onepatop obJajzaer eJHHCTBeHHOH o6obuenuoi
cnexTpanbHol GyHKuUMeH TOrAa U TOJbKO TOIAA, KOTAa OH SIBJAAETCH MAKCHMAJIBHBIM.

C nonsaTHeM 0fo0uieHHofl cnekTpasdbHodl DYHKUWH CHMMeTDPHUECKOro omepa-
TOpa TECHO CBSI3AHO NMOHATHe 0bobujennoil pesoassentsl. OGOGIEHHON Pe30Jb-
BeHTOH cuMMeTpHYeckoro onepartopa A HasplBaercss omepartopuas ¢yHKuus R
KOMIJIEKCHOr0 llapaMmeTpa A, JZomycKaloilas lpejacTaB/ieHHe BHIA

Rif =P (B*—m1¥) '}, feg,

. :
rae B —kakoe-1u60 caMocompsiKeHHOe paclidpende oneparopa A, nocTpoen-
+ gt -
Hoe, Boofe TORODS, ¢ BHXOAOM #3 B §', |7 —exunuvnuit omeparop 8 Y,
+ .
P* — no-npexueMy ouepatop OpTOrOHANLHOTO npoekTHpoBanus B § Ha 9. Oxa-
aniBaeTcs, uTo oneparopuan gyuxyus Ry (3A = 0) asaserca obobujennoti pe-
30468eHTOl cummeTpuseckozo oneparopa A roeda u roasko to2da, Koeda oxa
donyckaer npedcrasgieque 8uda

Ry )= [LOD g e,

2de Fy — 06o6ugennas cnextpaasiad gyuryua oneparopa A.
Hanoxennas ageck Teopus npunasgaexutr M. A. Haiimapxy (em. Halimapk [2],
a rakxke Axwuesep u [yasman [1], Hags [1]). OGoGmenue Teopuy Ha cayyail Tak
Ha3blBaeMbiX HOpPMaJbHBIX pactiupedunil gano B padore Bupuyk u Kogauurron [1].
BaxHhas 3agaya onucaHHS BcCeX OGOOUEHHBIX pPE30JbBEHT 3aJaHHOro
CHMMETPHYECKOro oneparopa A B TepMHHaX HCXOJHOT O NpocTpaHcTBa §
6uta pewrena A, B, Hlrpaycom (em. Wlrpayc [1]).

9. CrieKTpPBl CaMOCONPAMKEHHBIX PacClIMpPeHHH CHMMETPHYECKOro
onepartopa. Uucjo A HA3BIBAETC TOYKOL pe2yiapHoco Tuna one-
patopa A, ecau cymectByeT uucao k=£k(A)>0, Takoe, uro ais

Bcex x& D,
(A=M)x|Zk|x]. (23)

OueBnano, nepabeHcTBO (23) o3Hauaer, uTo o6paTHBIH omeparop
(A—A1)" cywecTByer W orpaHMueH; OAHAKO €ro o0.1acTh Ompeje-
JIeHHS1 MOKeT H He COBHAajZaTb CO BCEM MPOCTPAHCTBOM.

B yactrOCTH, cOGCTBeHHbIe 3HAUECHHA onepaTopa A He ABASOTCS
ero TOUKaMH PeryJispHOTO THIA.
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COBOKYNIHOCTb BCEX TOUEK DPEeryaAgpHOro Tumna onepartopa A Ha-
3LIBAETCS ETO f104eM Pe2YAipPHOCTIL.

1X. [Toare peeyraprOCTI BCAK020 AUHENHO20 oneparopa A ecrs
OTKPBITOE MHONCECTBO.

HoxaszateabcTBO. IlycTsb Ay—TOYKa peryJisipHOro THma

1 ,
oneparopa A. Torza mnpu M——Aolgég—gk(%) HrxeED,

HA=M) I HA=Rl)x |~ A=l x>
> (k(2) = 8) x 1= 5 ()| x1;

TakyM 0o0pasoM, Kakjioe U3 3naueHult A B okpecrnocTd | A— Ay <Ko
TOYKH Ay €CTb TOUKA DeryJapHOro THIA.
X. Ecau A —cummerpuneckuil oneparop, TO 8CaKoe Hegeuje-
CTBEHHOE HUCLO NPURAOAEHUT €20 RO PeSYALPHOCTI.
HeHcTBHTENIBHO, MONOKAM A =0 + it, v 0 0 BBeReM nJs Kpar-
KoctH obosnavenne B=A-—ocl. Onepatop B 5pMHTOB H NOTOMY
npu x <D,

A=A xP=|Bx~itx P=(Bx —itx, Bx —itx) =
=(Bx, Bx)+ it [(Bx, x)—(x, Bx)] +1%(x, x)=|Bx P+ 2| x %
cae10BaTebHO,
HA-M)x P12 x P

Beagas perynspras Touka *) A onepatopa A yNoBIETBOPHET, Que-
BH/IHO, HEPABEHCTBY (23); MOSTOMY 8CAKaf pecyasapHas TOUKQ One-
paropa ecTs eeo Touka peezyasaprozo Tuna. O6partuoe, Boofie,
HEBEPHO; TOYKA PEryJsipHOro THIIA JHLIL TOTAA SIBJAAETCH PeryJsp-
HOl TOUKOH onepatopa A, Koraa obaacTs onpefeneHHus oneparopa

(A~21)" ects Bee npoctpancTBo 9. TakuM obpasoM, nose pezy-
AAPHOCTY  ONEPATOPa COOepicur 8ce e2o pecyaspusbie TOYKU, HO
MOXET COJepkaThb TaKKe TOYKH CIeKTpa 3TOro oneparopa. Tak,
HanpuMep, BCe HEBEUIECTBEHHBIE UHCIa A ABJAITCA TOYKAMY ClIeKTpa
HE MAKCHMAa/bHOTO CHMMETPHYECKOro oflepaTopa W B TO K€ BpeMs
TPUHAJNEKAT €r0 MO0 PeryAsipHOCTH (cM. npenjoxkenne X).

Hononuenue B CreKTpe NOAR PeryJAspHOCTH HASHBAETCS 20poM
cnekTpa oneparopa. B cuay TOAbKO YTO CK23aHHOTO HAPO CHEKTpa
€CTb YacTh CHeKTpa, BOOOILE TOBOPA, CO BCEM CNEKTPOM HE CORIa-
Rawmas. OQraKo B c/yuae caMOCONPSKEHHOTO ONepaTopa NOHSTHe
TOUKH DPEryJasapHOro THIA M PEryJaspHOH TOYKH COBMALAIOT, TaK UTO
AAPO CIEKTpa CAMOCONPSIKEHHOrO OmNeparopa COBNAAaeT ¢ ero
CIIEKTpPOM. :

*) Cm. 05 § 12
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Hagnm Tenmepb KJaaccH@HUKALHIO TOUeK, OO0PA3YyIOUWHX HAADPO
CIeKTpa CHMMETPHUECKOro onepartopa. f1Apo clekTpa COACPIKHT BCe
cobGCcTBEHHBIE 3HAYeHHA ONepaTopa, Tak YTO TOoUeyHasi 4acTh CHEKTpa
e TUKOM NpPHHAJIJIEKHUT ero supy.

Ecsu A — coGcTBeHHOE 3HAYEHHE CHMMETPHYEecKoro oneparopa A,
a M, — coorBeTCTBYOILEE COOCTBEHHOE MOJNPOCTPAHCTBO, TO IOJ-
npoctpaucteo P — M, wnHBapuaHTHO oTHOCcHTeabHO A. O6G03HAUHM
yepes A, cyxenue omnepartopa A B —M,. Ito onpenenenue one-
paropa A, Mbl pacmpocTpaHHM W Ha TOT cJayuyail, Koraa A He
ABASIETCS COOCTBGHHBIM 3HAueHHeM, CcuHTas, uTo Torga A, = A.
CorslacHo caMoMy ompefe/eHuio oneparopa A, npu JwoGoM sHaye-
HUH A cyluecTByer o6paTubiit omeparop (A, —Al)”". CoBOKymHOCTb
BCEX TeX 3HAUeHHH A, A1 KOTOPHX 3TOT OGpAaTHHIl oneparop He-
orpaHuueH, MPHHALNEKHT, OUEBUAHO, AAPY CMEKTpa; 3Ta COBOKYI-
HOCTb HA3bIBAGTCHA HenpepslaHoli wacreio anpa crnekrpa. Taxkum
0o6pa3oM, BcAKash TOUKA sjipa CIEKTpa NPHHAANEKHT JHGO ero To-
4YeyHOH yacTH, JHOO €ro HEMpepblBHOH yacTH, Jub0 UM oOeHM.

Ecau A’ — cuMMeTpHUeCKOe pacilHpeHHe CHMMETpPHUECKOro ore-
patopa A, TO AP0 CHeKTpa omepatopa A’ coLep:KHT ALPO CHEKTpa
onepartopa A; npH 3ToM KaxkKAaad H3 yacTeff (TouyeuHass H Hempe-
pEIBHAsI) siipa COeKTpa omepaTtopa A’ COAEPKHT COOTBETCTBYIOIIYIO
4acCTh siApa criekTpa omepartopa A.

Paccmorpum ToT uwacTunifl cayua#, Korja o6a nedeKTHHIX uHcaa
onepatopa A KOHeYHH.

Dopmyanl (21) u (22) aas pacuinpenuil IOKA3HBAOT, UYTO B 3TOM

c/Jyyae pasMepHOCTb NOANPOCTPAHCTBA (;l;,-—M)IDE/ 10 MOJIYJIO
A

(A}——M)ibg KOHeYHa; CJel0BaTeNbHO, OMepaTophl (}T;»——M)‘1 "

(AA~M)_l OrpaHHYeHbl HJH HeOrpaHUuUeHbl OAHOBPEMEHHO. 10
03HAYAET, UYTO NPH CUMMETPUHECKOM PACUIUPCHUL CUMMETPULECKO20
oneparopa A ¢ KOHeuHbiMu OeQeKTHbLMU HUCAAMU HenpepsiéHas
%acTe A0pa eeo CnekTpa He usmensercs. B yacTHocTH, Ml mpH-
XOAHM K CJeAVIOLLEH TeopeMe:

Teopema 9. Bce camoconpssicennoie pacuupenus 3amMKHY-
TO20 CUMMETPUHECKO20 ONepaTropa ¢ pPABHbIMU U KOHEe4HbLMU Oe-
(peKTHLI MU wucaaMU UMEIOT OOUH U TOT JiKe HEnpepulnblll crexkTp.

[TepefiieM Tenepb K pacCMOTPEHHIO TOYEYHOH YaCTH s11pa CleKTpa.

Teopewma 10. [Tpu pacwupenuu 3a MKHYTO20 CUMMET pUHECKO20
oneparopa ¢ KoHeyuoim undexcom Oepexkra (m, m) do camoconps-
MHCEHHO20 ONEPATOPA KPATHOCTL Kando20 e20 cobCTeenH020 3Haye-
HUSL MOXCET NOBbICUTLCA He 6oaee yem Ha m eOuHuy, 8 4ACTHOCTL,
HOBble CODCTGEHHbIE BHAYEHUR UMEIOT KPATHOCTb, He Npeeocxods-

wyio m.
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JNoxasaTeabcTBO. [lyeTs A — 3aMKHYTHIH CHUMMETPUYECKUH
onepaTop ¢ KOHEUHbIM HHICKCOM fedexTa (m, m), a A”—ero camo-
cONpAXKEHHOE paciluperue. [lyctb, magee, A— cobGcTBeHHOE 3Haye-
Hie KpATHOCTH p omepartopa A.

060304aunM Yepe3 p + ¢ ero KpaTHOCTh KaK COGCTREHHOrO SHa-

genua onepatopa A’ ¥ HPeANOJONKHM, 4TO ¢ >> M.
.. ‘BpifepeM JHHEAHO HE3aBACHMYIO CHCTEMY pElIeHHH X, X, ...
weer Xpy Xpils + o o5 Xprg YPABHEHNS A'x — dx =0 Tak, urolut x, & D,
npu k=1, 2, ..., p. Tak Kak pasmepuocTs Dy no moaymo D,
paBHa f1, a g>>m, TO CYLECTBYIOT YHC/Ia O, HE BCE DABHBIE HYJIIO,
TakKne, 4TO

alpo + ... “} aqx,,+q = ®A'
Ho TOra BEKTOD X =X, ... +QyX,., €CTh CcOOGCTBEHHBIA BeK-
Top onepartopa A, COOTBETCTBYOWUHA A K JIHHEHHO He3aBUCHMBIH
OT Xj, X2, ..., X, 3TO 03HAY3ET, 4YTO BOMPEKH NPeION0KeHHIO

KpaTHOCTh cOOCTBEHHOrO 3Hauenus A onmepatopa A Buiue p.

~ 10. PactBop aByX nopaupoctpaHcTB, [lanbHefiinue TeopeMbl
O CHeKTpe OCHOBAHB HA BAXKHOM MOHATHH PacTBOpa ABYX MO/~
npocTpaHcTB, BBeAennniM M. I'. Kpelinom n M. A. KpacHocenbckum
(cM. Kpeitn u Kpacnocensckuit {1]). To NOHATHE MBI HCIIOJIB3YEM
TaKxe 19 ycuaenust teopeMul 5 n° 6, Ilyers I, M, — nBa samk-
HYTHIX TOJNPOCTPaHCTBA, a P, P,— omepaTtopsl NPOEKTHPOBAHHS
Ha PM;, M, cooTBETCTBEHHO; PACTEOPOM ITHX TOMNPOCTPAHCTB Ha-
3biBaeTcsi HopMa pasuoctH P, — P, Pacrsop M, u My, mer 0603-
HauuMm uepes 6(WM,, MW,).
Taxkum oOpasoM, N0 onpeeleHHIo,

W3 »roro OIpeaesieHns BhiTeKaeT, 4To
8(H—W), H—My) =06(M,, My), (25)

TaK Kak

OTmernn, uTo BCETAa :
O (M, M) < 1. (263

HefictruTenbHO, npn J11060M BekTOpe X9 BeKTOpH Py (1 —P)) X
(I — Py) P,x opTorona/ibHu B UX Pa3HOCTL paBHa (Py~ P)) X; OTCIO 14
CJaeLyeT, UTO
[(Pe=P)x P=1Py(I ~P)x P+ U ~P)Pix P
< =P)xP+|PxP=|xP (272
u notomy | Py — Py 1. o
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OTMmeTHM, uTO B HepaBeHcTe (26) HaBepHO WMEET MECTO 3HaK
paBeHCTRA, €CJaM OLHO W3 NOANPOCTPAHCTB COAEPKHT OTIHUHHIH
OT HyJd BeKTOP, OPTOTOHAJBHBEII KO BTOPOMY NOANPOCTDAHCTBY.
JeficTBUTEILHO, €CJHU, HaNpHMep,

x50, xeM, x LM,

T0 Px = x, Pox =0, unoromy | (P, — Py) x | =| x|, orkyzna| P,— Py [=1.
Teopema 11. Ecau 8 (M, M) <1, 10

dim Sntl = dim ﬂ)tg.

ﬂ oKaszaTrTeJgbCTBO. ,ZIOCTaTOIIHO A0oKasarh, 4TO U3 Hepa-
BC€HCTBaA
dim M, > dim M,

caefyeT cyimlectBoBanne B M, OTIHYHOTO OT HYJs BEKTOPa, OPTO-

ronaabioro K P, Jlas 3Toro paccMOTPUM MOANPOCTPAHCTBO *)
N = PM,. Ouesunno, R M, u

dim R << dim M, < dim M,

tak uto N 7= My, Tlostomy B M, cymecTsyer BeKTOp ¥ 5% 0, OpTO-
ronagbHui K N = Py|; sTOT BeKTOP OpTOrOHANEH TakKe K M, — N,
néo P, — N L M,.

MoXHO [aTh ewle JIPyroe ONpefie/ieHue PacTROPA JABYX HOANPO-
crpaucTB. [TosoxuM aas 3TOro

dlzsup '(I'—Pl)x’, dg’:Sup I(I'—Pz)xl. (28)
e, I xl ey [x]
X0 X0
Torna
0 (M, M) =max{d,, dJ}. (29)

Hns nokaszatennctsa dopmyan (29) samerum, uto B cuay (27)
0 (M;, My) = sup L2=Pxl _
xe9

| x|

x#0
up VIPEU= PO U =PI P o
x=9H | x|
X %0
IMosTomy
(M, My)> sup LIP2 A= PO FTT=PIPP _
x e, fx
e [ (I =Py x|
= WPy xl
g S T
x50

*) Kak o6uiuno, 9 ofo3radaer 3aMbikanue MHOXKecrsa R,
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n6o npu x = M,
(I=P)x=0, (I=P)Px=(I~Pyx.
Anasoruuto, 0 (I, Py) > d|; caenosaresbHo,
8 (M, My) > max{d,, dy}.

Ias LoKasaresbCTBa OOPATHONO HEPABEHCTBA 3aMETHM, UTO,
o ONpefeNeHHI0 uHucaa dy,
|1 =P)PxP<<di|Px] (31)
Kpome toro,
[Po(I = P)x F=(Po{! =P x, Py({ =P x)=
=Pyl =Ppx, (I=P)x)=(P:(I—P))x, (I ~P ) x)=
=((I~P)P;(I~=P)x, I =P)x)<
SIUT=PY P (I =P xlI(1—P)x);
cJie/loBaTeNbHO, 110 ONpelenNenuio uucaa dy,
| Po( =P x PPy (I =P xll(I =P x).
Orcioga
[P =P xlSd | (1 —Pyxl.
Ua storo wuepaseHcTBa U u3 (31) sakaouaem, uTo
{(1 ~P)P x| +|P,(] ~Pl)x}2<d§}P1x}2+dﬂ(I —-P)xP<
Smax (df, di} ([ Pyx P4 |({ — P)) x }) = max {3, d2)1x P,
u dopmyaa (30) maer 0(W,, Wy) << max{d,, ds}.

[Tycrs Teneps A — Npou3BOJbHOE UHCI0, BEIIeCTBEHHOE UM Hebe-
WecTBeHHOe; o8o3nauuM uepes N, OpTOroHaIbHOE [HONOJHEHHE
K R, Tonmpocrpancteo N, Mul 6yneMm HaspBaTh deexrHbim
noonpocTPAHCTBOM CHMMeTpHUYeCKoro omepatopa A Takke B TOM
cJIyyae, Korja A — BeujecTBEHHOE YHC/AO, 3 PA3MEPHOCTH 17, MO
npocrpauctsa Wy — Jepenrnowm wucaom onepatopa A.

Teopewma 12. B0Oas c8R3HOI KOMNOHEHTOL NOASL PLRYAIPHOCTIL
CUMMETPU"eCKO20 Oneparopa OegeKTHOE HUCAO H; OCTARETCA hO-
CTORHMbLM.

HorasatensctBo. OGo3Hayum uepes I' 31y cBAsHyio KOM-
MIOHEHTY, 4 yepes P, ~— onepaTop npoekTupoBanns na MN,. JokamkeM,

YTO AN KAXKIAOH TOUKH Ay € I' cymecTByeT oKpecTHOCTD | A — Ay | << O
npurangexawas I', B xoropoi

oM, M)<L,

Ha ocnopanyun TeopeMm 11 orciona MoxHO GyfieT ciesath BEBOJL
YTO B pAacCMaTPHBAEMOH OKPECTHOCTH #a = My, HOCAE YETO JErKC
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YCTAHOBHUTb MOCTOSIHCTBO 7, BAoJb [, mosbaysce semmoit Tefine —
Bopeas.

Wrax, nycts AT, u nycTh IAst BceX BeKTOPOB X & Dy w
wekoroporo ¢ >0

[(A—Rl) x[Z=clx .
Tlonoxum 6=%c; Torga mpu |A— Ay |<dn x=D,
(A=A x| =] (A~ Aol) £ + (A~ ko) x|>>
>1(A=dol)x|=1A=20ll x> 5l x|

C npyro#i ctopounl, I— P, ecTh onepaTop MpPOGKTHPOBAHUS Ha
ofsacTs 3Havenui omeparopa A — Ayl; caenoBatensHo, npu y = N,
uiyl=1

Hy, (A=A D))}

_ (g, (A=A x+ (A=A ¥)] _
I(I—P}‘O)y]_xsEuTPA |(A—7»01)x| —‘XSEUSE)A I(A—kol)xl =
x50 x5=0
lclxl Lclxl
- 1A =2l (g, %) 3 3 _ 1
=S T meh el S S ATl TS elal 8
~4
x =0 x50

6o y L (A— Al)x. Anasoruuno npu y= Ny,

B _ Ny (A=A %) ] [y, (A= Agl)x + (Mg —A) x)] _
[(1=Pyl xsggA “TASAD A *xsggA (A=Al %]
x#0 x#0

1
(A=2o [ 1(r) _ 3°1¥L

= SU 3 -
ety TA=M)x] SN2 7703
££0 3

Orciona n u3 Gopmyasl (29) sakawyaeMm, 4To

0T, o) <5 -

Teopema noxasana.

Tak xax BepxHfsl H HHXKHSA WOJYIJIOCKOCTH MDHHAAJIENKAT
TOJIO PEryJsiPHOCTH CHMMETPHUYECKOTO OIlepaTopa, To U3 TeopeMbl 12
KaK uYacTHBH cayuafi BriTeKaeT Teopema b n° 0.

U3 370i1 Ke TeopeMbl BHITEKAIOT:

CanemcrBue 2. Ecau Hexoropas Touka Xy 8eueCT8EHHOL
ocl NPUHAOAEHUT ROAKO PEeYALPHOCTU CUMMETPUYECKo20 onepa-
TO0pa, T0 006G €20 OepeKkTHbIX HUCAQ pABHbL fli,, CAed08aTeLbHO,
eeo undexc Oegexra umeer 8ud (na,, n).

HeficTBHTeNBHO, B 3TOM cJayyae ofe IOJYIJIOCKOCTH BMeCTe
C HEKOTOpOH OKDEeCTHOCThIO pAaccMaTpUBAEMOH TOUKH A¢ Beuiect-
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peHHOM OCH TPHHAAJMNEXKAT OJAHON U TOH Ke CRAHOM KOMIOHEHTE
[i0JIs PEryJIsIPHOCTH ONEePATOPa, BAOJL KOTOPOH AedekTHoe YUCao fa,
JOJKHO OBITh NOCTOSHHBIM.

Crnencrsue 3. [lycte A — 3amrnyroui cummerpuweckuti one-
parop ¢ undexcom depexra (m, m). Ecau npu wexoropom setye-
CTBEHHOM 3Haueruu hy deexTHoe HUCAO Ni, MEHbWE M, TO Ay
NPUHAOAEHUT CREKTPY BCAKOO CaAMOCONPANEHHO20 pacuuperus A’
oneparopa A. Ecau, kpome 1020, Ay HE A6ALETCA COOCTBEHMbIM
anaweHnuenm oneparopa A, To Ay npuHaOaemUT HenpepsLeHOL YacTu
cnexTpa camoconpamcernoeo pacuiupenus A’

JleficTBUTENBHO, Ay TPHHAAJEKHUT SAAPY CHeKTpa omnepartopa A
H ROTOMY CHeKTpy oneparopa A’, HGO B TNPOTHBHOM cayuae
‘Bul10 OBl M3, =m Ha ocHOBaHuUM TeopeMsl 12. Ecam mnpn asToM
YHCAO Ag He ABJAsieTCs COOCTBEHHBEIM 3HAYeHHEM olepaTopa A, TO
OHO NpPHHAJJIEXKUT HenpepbLiBHOH YacTH sgApa clekTpa 3Toro ore-
paTopa, a 3HAUHT, HENMpephBHOH uacT crnekrpa omepatopa A'.

Teopema 13. Hycre A —3zamxnyToili cummerpuueckut one-
patop ¢ koueyuolm undexcom Oepexra (m, m). Ecau A detcr-
BUTCABHAS TOYKA PeeyAsipHO20 Tund oneparopa A, TO cyujecrgyer
camoconpsxcennoe pacuupenue A oneparopa A, 04 KoTopoeo A
-ecT6 COOCTBEHHOE 3HAYEHUE KPATHOCTU L.

Hoxasareancrso. [Tycrs I, — coBGeTBeHHOE NOLMPOCTPAH-
cTBO omepatopa A, COOTBETCTBYIOlee COOCTBEHHOMY 3HaUeHHIO A.
B cuay caenctBua 2 u3 Teopembl 12 pasMepHocth I, paBHa m.
Onpeneaum onepatop A’, monaras Dy =Da+I n Ax=A%
a8 ¥ < Dy, Jlerko nposeputs, uro A’ — cuMMeTpHUYecKdd onepa-
TOP; TaK Kak pasMepHocTs D mo Mopyaw Dy pasra m, 1o A" —
caMoconpsKeHHrli onepatop. OueBnaro, Ny — cobcTBEHHOE NOA-
IpocTpaHcTBO oneparopa A’, coOTBeTCTBYIOILEE COOCTBEHHOMY 3HA-
YEHHIO A, TaK YTO KPATHOCTBL IOCJeLHero kak co6CTBEHHOrO 3paue-
Husl oneparopa A’ paBHa m.

Teopema 14, Ecau A —3aMrHyToili cummerpuyeckut one-
parop ¢ Koneunwm undexcom Oegexra (m, m), a h— deilcTeu-
TeAbHOC 4iCA0, He NpuHadexauee ToweyHOMY CHEKTpYy onepa-
ropa A, 10 wucao peweruil ypasHeHus

Ax—2x=0

He npegocxodur nt.

HdokasareabcTBo., [lycte T —To XKe, uro M B J0Kasza-
reqIbCTBe TeopeMul 13; mocrponM cHoBa omepatop A’, noaaras
Oy =D4+M u Ax=A'% nas x =Dy . Torga A — cummerpu-
1eCKoe pacmHperHe onepatopa A, U TOTOMY pasMepHOCTh Da
10 MoAys0 Dy HE IPEBOCXOAMT ML.

Teopema 15. ITycre A — 3amxnyToui cummerpuveckuii one-
rarop ¢ undexcom degpexra (m, m); ecau conpascennvii oneparop A

12 M. A. Haimapk
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uMeeT geujecTéennoe coOCTeenHoe 3HaYerue A, TO CYULeCT8YeT camo-
conpamennoe pacwuperue A’ oneparopa A, 945 KOTOpPO20 1 Takxce
ABAACTCA COBCTBEHHLIM 3HAYCHIECM.

HokasarteabcTBo. [Tyers Ny — coberBenHoe mMoANmpocTpan-
cTBO omeparopa A°, COOTBETCTByHOUee COOCTBEHHOMY 3HAUEHHIO A.
OnpeneauM omnepatop B, nosaaras

®B=§DA+93A,
B(X1+X2)=Ax1+7\/x2, X e iDA, XQEER;V.

Jlerko npoBepuThb, UTO B -~ CHMMeTpPHUECKHH ONeparop C paBHEIMH
JeheKTHBIMH YHC/JAaMH; €T0 CaMOCOIpPSKeHHOe pacluhpeHHe Oyner
TAKXKe pacuiupeHuHeM omnepatopa A, IJas KoToporo A ecTb cober-
BEHHOe 3HAUEHHE,

11. PacuiupeHus noayorpaHuyeHHoro oneparopa. Cummerpu-
yeckHi omneparop A HasblBAETCS HOAYOSPAHUYEHHBIM CHU3Y, €CJu
CyLIeCTBYeT UMCJO 1, TaKoe, uTO IpH Jo060M BekTOope x &€ D,

(Ax, x)=m|x B, (32)

H NOAYOSPAHUHEHHbIM C8epXY, eCJH CYIIECTBYeT uHcJa0 M, Takoe,
4yTO NpH JI0OOM BeKTOpe x € Dy

(Ax, x) < Mlx (33)

YacTHBIM C/IyyaeM IOJYOrpPaHHUEHHOTO CHH3Y ONepaTopa siB/Isercs
MOJIOXKHUTEJNBHEIH CHMMETPHUECKHHA OIepaTtop; OH YJIOBJETBOPSET
yeaosuio (32) npu m =0.

C Japyroii CTODOHBI, H3yyeHHE BCKOrO MHOJYOTPAHHYEHHOTO
oneparopa CBOJUTCH K H3YYEHHIO II0JIOXKHTEJNBHOIO OIEPATOpa;
JeHCTBHTENBHO, JOCTATOYHO MepefiTH OT omepatopa A K omepartopy

B=A—ml
B cayuae omepartopa A, MOJyOrpaHHUEHHOrO CHU3Y, H K ONEpaTopy
B=MI—-A

B cjydae onepartopa A, HOJYOrpaHMuYCHHOTO CBEPXY.

Ecin A — mOM0KUTEABHBH CHMMETPHUECKH OmepaTop, TO OTPHU-
natesbHas I10JyOCh NPHHAAMEKHT IOJI0 €ro peryaspHocTH, HOO
npu A<On x&=D,

(A=A xB=]|Ax =20 (Ax, x)+ 22 |x P =M |x

Orciona Ha OCHOBAHMH CJEACTBHS 2 M3 TeopeMnl 12 BwITeKaer, uTO
NOAOKHCUTE AbHBLIL CUMMETPUECKULL OnepaTOp UMeeT paBHble HedeKT-
Hble uncsia. B cuay cKazaHHOro BHILIE 3TO NPENJOXKEHHE OCTAETCH
BePHBIM JUIs1 J100Or0 IOJIYOrpaHHYEHHOTO Omeparopa.
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Teopema 16. Ecau A— nosoomuressnoui 3amkryroui cum-
meTputeckuil oneparop ¢ Koweutvim undekcom degexra (n, n), To
OTPUYATEALRAR HACTS CNEKTPA BCAKO20 €20 CAMOCONDANCCHHOO pac-
wupenus MogceT COCTOSTb AUMlb U3 KOHEYHO20 4UCAA OTpUla-
TeAbHOLX COOCTBEHHbLX 3HA4eRutl, CymMma KpaTHOCTEU KOTOpbLX
He npesocxo0ur n.

JNokasareabcTBo. Ilyete A’ — camoconpsikeHHoe paciiu-
penne omepatopa A, a Pj — ero cnekTpajbHas QyHKIHS.

OGo3HaunM uyepe3 It MOANPOCTPAHCTBO, HA KOTOPOE MPOEKTHPYET
onepatop Po=P_o—P_,. OueBuano, na N cnekrp omeparopa A’
orpuniateses, a na $—N on wneorpunareses. ITostomy Teopema
GyneT 1A0Ka3aHa, eCAd Mbl yCTAHOBHM, UYTO

dim R < n.
ITpennosoXKuM NPOTHBHOE: NYCThH
dim N > n; (34)

TaK Kak pasMepHocTs Dy mo moaymo Dy pasHa n, To uz (34)
caenyer, uto B N ecTh BekTOp x 7= 0, npuHanexamuit D, Ho
5TO HEBO3MOXKHO, OO0 omepatop A INOJOKHTeJeH, B TO BpeMs
kak A’ B N orpunarenen.

Caencrsue 4. Ecau cummerpuueckuii oneparop A ¢ xowey-
Hoim undekcom Oegexra (n, n) yoosaersopser 00HOMY U3 YCA08uil

(Ax7 x)>m{x125 XE@A,
uiu
(Axa x) <M|x 12’ X e ®A!

TO 4QCTb CREKTPA BCAK020 CAMOCONPANCCHHOLO pPACUIUPEeHUs One-
paropa A, pacnoaodicennas nesee m, COOTBETCTEEHHO npasee M,
MONHCET COCTOATH AUNLL U3 KOHEYHO20 4UCAL COOCTBEHHbLY 3HOYEHull,
CYMMQA KPATHOCTEll KOTOPbIX He npesocxodur n.

Has noxasaTenbcTBa AOCTaTOYHO NPUMEHUTHL TeopeMy 16 K omc-
paropy A—ml, coorBercTBeHHO MI — A.

Pesyaprarel n°n°9—11 npumagnexar B ocuosioM M. T'. Kpekiny (cm.
Kpeiin [3]); rteopema 12n°10 — M. T. Kpeitny u M. A. KpacHoceasckomy,

Tio mosoxy o6o6iienus NoHATHS pacTBopa Ha CJay4Yad IOANPOCTPAHCTB HOPMHU-
PoBaHHOro npocrpancTsa cM. I'oxGepr n Mapkyc [1], Kato [1].

2*



rTABAYV

CHMMETPHYECKHE NUOPEPEHUHAJBHBIE
ONEPATOPBI

§ 15. OcHOBHbIE MOHATHS

1. Camoconpsketnble AuddepeHUHANbHBIE BbipaxkeHusd. Brime
Obio mokasano (cM. n® 5 § 1), 4TOo Besikoe caMoconpsKeHHoe
JudbepeHnaJbHOE BRIPAYKEHHe C BeIIECTBEHHBIMH WU JAOCTATOUHOE
49Hueya0 pas AuddepeHUHpyeMBIMH KOY(P(GUUHMEHTAMH MOXKHO INpej-
CTaBHTh B BHje

L) = (=" (poy™)™ + (= D" (g™ "+ .. 4 pay. (1)

O6parHo, ecan KaxJIbi H3 <03bdHLUHEHTOB p,_p{x) BemecTBen
H HMeeT IIPOM3BOJHBEIE 10 k-ro [OpAAKa BKJIOYHTEJNBLHO, TO, pac-
kKpuiBasg B (1) cKOOKM, MBI [OJYYHM CaMOCOMNpsiKeHHOe AnuddepeH-
[[Ha/JbHOE BHIpaXKeHHe BHJA

Goy®® + iy + L+ Gony.

Onnako B H3jgaraeMoil HHKe TEODHH HeT HYKJIH JesaTh TaKoe
IpeAlIoJOXKeHHe 0 AudpepeHnnpyeMOCTH Ko3(p(QULHEHTOB,

Mpt Oyaem HcXOLuTh U3 GoJee 00LIer0 NPeANON0KEeH s, KOTOPOe
COCTOHT B CJAEAYIOILEM:

Ecau (a, b)— uurepsas, e rKoropom paccmarpusaercs Ougp-
pepenyuarsnoe sopascerue l(y), 10 Gynxkyuu

1

mv pl(x)v LR pn(x) (2)

usmepumot 8 unrepsare (a, b) w cymmupyemst @ Kaxmdom ezo0
3aMKHYTOM Komewnom nodeintepsane fo, .

Beiony B nagabneifimmeM Myl OyJdeM CYHTaTh 3TO YCJIOBHE BLIIOJM-
HEHHBIM M He OyleM ero yxe Kaxk/JAblH pas oroBapuBarh.

[Tpu 3TOM He HCKJIOYaeTcs TOT caydad, korxa uurtepsada (a, D)
0ecKOHeueH, TakK 4TO MOMKeT OLTh @ =.— o0 HJH b= + oo,
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Ecan, C/e10BATeIbHO, XOTb OJHA U3 QYHKWMH po, ..., Py HE Hubdepenun-
pyema, TO -BBIDAKEHUC [(y) yxe Heap3s cBectd K 0ObYHOMY nudepeHuyan-
Homy Bhpaxennio. UToGbr noUEPKHYTH 5T0 06CTOATEBCTRO, Bhipaxkenne ! (y)
fiaanBaIOT B JHTEpaType Keasuduppepernyuaronoimn soipasceruen ). M, oqHaKo,
6yjieM ero mo-npexuemy naswisath JudhepeHIHaIbHEM BHPAKCHHEM.

"B cBsiau ¢ TeopHeH MapKOBCKHX MPOIECCOB, & TaKXKe HEKOTOPHIMH BO-
ppocam TeopHH KoueGauHit npescrasasior unrepec oGoCGuiennble nnpdepen-
[ManbHEE BEIPAKEHHS BHIA

x+0

”y):*”de—m OR fy(s)dms) ,

c+0

rae M (x) —neyGosaomas  $yukuug, Q (1) — pasmocts ABYX HeyGuBaiouux
yHKLHRA, a Yy — npaBas npoussoxnas GywkuuH y.

CnekTpajbHass TeOPHs OMepaTOPOB, MOPOKAAEMLIX TAaKHMH 0606ie HHBIMH
aubdepeHnHaIbHBIME  BHPaxKeHUsIMH, paccmarpuBasack M. I'. KpelinoM, Per-
aepom # M. C. Kauem. HauGosee noamoe unsnoxeHwe, a rtakxe noapobuas
6ubauorpadus cogepxarca B cratbe Kaun M. C. [1] (cM. Takxe Atkuncon [1]).

Bripaxenue [ (y) HasbIBaeTCA peeyAaspHbim, ecau unatepsad (a, b)

KoHeueH u ecad QyHKUuH ’;ﬁ;), pi(x), ..., pn(x) cyMMupyeMu
BO BceM mHTepBaJse (a, b). B mporuBHoM cayuae Bripaxenue [ (y)
Ha3bIBACTCH CUHEYAAPHBLM.
- Ilpu sToM JeBHIH KOHEH @ HAas3LIBaeTCs peeyasipHbim, €CH
a>— oo u ecan QyHkuun (2) cyMMHpyeMbl B KaX/[10M HHTepBaJe
[a, B], B<b. B npoTuBHOM cJayuae KOHEIl @ Ha3bLIBACTCH CUHY-
ASPHOLM. JIDYyTHMH C/JI0BAMH, KOHELl @ CHHTYJSPEH, €CJIH @ = — 00
HJH €CJIH ¢ KOHEUYHO, HO YCJOBHE CYMMHPYEMOCTH K03(bHIIHEHTOB
He BBHINOJIHsIETC B HHTepBaJe BHAA [a, B).

Anasornuno ompeflesisieTcss MOHATHE PEryJsipHOCTH HJH CHHIY-
JSPHOCTH JJIsi 1paBoro Koniia b,

OueBugHo, Beipaxkenue [ (y) pery/aspHo Torjia # TOJbKO TOra,
Korja o6a KOHIA a H b DeryJsipHH.

2. Keasunpoussoausie. PyHKUHA y, Aag Kotopofl [(y) umeer
CMBICJI, MOXeT W He HMeTb BCEX NPOM3BOAHLIX L0 2A-TO MOPALKA;

*) Ciiepyer oTMETHTB, YTO MOXKHO paccMaTpuBaTh eie Oosee ofmue AHG-
GepeHIHaIbHble BHPAXKEHHSA ¢ NPOU3BOALHBIME KOMIUIEKCHHIMH K03 dHIHEHTAMH
(rakue Bmpaxenns paccmorpern J. Illumom u dpeputoM). OfHAKO M
OTpaHHYuMCA  TOJNBKO  AUDpepeHLHANbHHIMH  BBIPAXKEHHSMH, OUHCAHHBIMH
B TEKCTe. -

OtMerum Takxe, uTo B pabGore Balinman [1] Hnsyuaercs cnexkTpaibHas Teo-
PHA oOmepaTtopoB, NOPOXKAEHHHX aHddepeHUHAILHEIMH BHIPAXKEHHAMY BHIA
I{y) =r(Lx) - E‘i—p(x) %}‘Z—+ g (x) y}, a< x<b, B ruap6epToOBOM HPOCTPAH-

cTBE Lf (a, b) dyuxuufi, uuTErpUPyeMBIX ¢ KBajgpaToM B uHTepBage (@, b) or-
HOCHTeJIBHO Beca r (x) > 0.
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3TO CBS3aHO C TeM, 4YTO KOYODHUUEHTH py, ..., P, MOTYT OhiTh
HenupdepenunpyeMpMu, I103TOMy BMECTO MPOU3BOAHMIX ¥/, . . ., y@n
ynoGHO paccMaTpuBATh TaK Ha3BBaeMble K8A3UNPOU3B00HbLe
GOYHKUHHE ¢, KOTODblEe ONpeAeJHIOTCs chaeaylouumM obpazom.
Ksasunpou3goOHoimi ynKyuL Y, COOTBETCTBYOUUMY BbLPAXCe-

nuto L (y), nasegarorcs pyukyuw y, ¢, .. g2 onpedersemsie
popuyrani .
YH = Z npH k=1,2,...,n—1,]
dx l
d*y
Y™ = po g > % (3)
dn‘ky d
[n+k] — ——(yl), k=1, 2, ..., & l
y P dx"F dx (v ) J
Kpome Toro, mias yaoGCTBA TOJOKHM
4O =y,

M3 asroro ompeneseHnss KBasHIPOH3BOLHLIX HENMOCPEICTBEHHO
BHITEKAET, UTO

L(y) =y, (4)

Mgyl GysfieM cyuTaTh, 4TO BRIpaxkenue [(y) HMeeT CMBICA AJaS HaH-

HOH (QYHRUMA Y, €CAW BCE KBA3UNPOM3BOAHBIE (YHKUHHM gy

10 (2n—1)-ro mopsika BKJIOYHTENBHO CYLIECTBYIOT H aGCOJIOTHO

HeMpepLIBHE B KaXKJ0M KOHEUHOM mnojblHTepBane [a, B] uuTepBasa
[a, b].

3. dopmyna Jlarpanxa. [lycte y u 22— gBe Qynxuuu, Kas
KOTOPHIX BLIpaxkeHHe ! umeeT cMbics. Torza

y) 2=yl (B) =1y, 2], (5)
rjge

n
ly, 2] = Z {ylr-11202n-k1 _ pl2n-k] Fle-11}, (6)
k=1

Dopmyaa (5) naswiBaercss gopuyaoi Jazparsca. B ee crnpapesiu-
BOCTH Jerko yOeiuTbes, Anddepennupys obe uactd (6) u 10Jb-
aysiCh COOTHOIICHHAMHU

) Y2l = (y),
Ey[kﬂ]:y[k], k=1,2, ..., n—1,
d 1
— yin-1] = —_ ,ln]
dx y Po y=h
Ljerii=p B e h=1,2, L

HeNOCPEeACTBEHHO CJAEAYIOIUMH H3 (3).
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Hurterpupyst o6e gacti (5) B KoHeunoM HuTepBaue [a, f] = (a, b),
noJiydnm roxcdecrgo Jlazpansca 8 unreeparbHol gopme

B B
Jl(y)édx— f yl(2) dx =y, z]ﬁ, (7)

a 3

rie [y, 218 ecTn paswocTs 3sHauenm#t ¢ynkuuu [y, 2] npm x=p
a x=0a,

§ 16. O600meHHbIe duHelHble MU depeHUManbHble ypaBHEHHS

ITycts [ (y) — no-npexkHeMy nu¢pdepeHnnasbHOe BHIpaXkeHHe,
onpefeaenHoe B § 15. ‘
YpaBHenue BUla
Ly)=g(x) (1)

MOKHO paccMaTpuBaTb Kak o6obuleHue OGLIYHOrO JHHEHHOrO AHd-
(depeHINAJILHOIO YPaBHeHHs C npasoil yacteo g(x). Mub ero
no-mpexueMy OyleM HasbBaTh JHHeHHBIM JUdbhepeHIHANBHBEIM
ypaBHEHHEM *).

VpaBuenue (1) HasbBaeTcss 00HOpPoOHbiM, ecln g (x)=0, U He-
00HOpPOOHBIM — B TIPOTHBHOM CJyuae.

3anauelr sroro maparpaga OyAeT BHIACHEHHE OOIIHX CBOHCTB
peiueHuil ypaBHenus (1); okasbiBaeTcs, UTO IPH 3TOM COXPaHAKTCH
BCe XapaKTepHble uepTsl TEOPHH JIHHEHHBIX AuddepeHunaNbHBIX
ypaBHeHHH.

Kak u B 0OHnYHOH Teopuu JHHeHHHX NHDdepeHNHAIBHBIX YPaB-
HeHHH, Mbl HAYHEM C TEOPEMBb! CYUIECTBOBAHUS H €JHHCTBEHHOCTH
pellleHHsi JJf CHCTEMBl ypaBHEHHH mepsoro mopsaka. Takywo cu-
cTeMy YI0OHO paccMaTpHBaTh KaK OAHO ypaBHEHHE NePBOTO NMOPSAKA
B NpocTpaHcTBe BekTop-QyHKUHH (cM. § 6).

1. ¥pasHenne mepsoro mopsigka B mpocTpaHcTBe BeKTOp-yHK-
uMu. PaccMoTpuMm ypaBHeHUe

= AWy +1 (), @)
rae  f(x)={f (x), fa(x), ..., fo(x)} —3anannas, a y(x)={y (),
Ys(x), ..., y,(x)} —HCKOMaa BEKTOP-PYHKIHA CO 3HAYECHHUAMH H3

(GHKCHPOBAHHOTO KOHEYHOMEDHOrO BEKTOPHOTO MPOCTPAHCTBA R,;
IpHu sToM A (x) — 3agaHHas onepaTopHasi, T. €. MaTpUuHas, QYHKLHS,
3HAYEHHs1 KOTOPOH CYTh JHHeHHble omepaTopw B R,, T. €. MATPHIH
n-ro nopsaka. Bekrop-pyHKuus y(x) HasbIBaeTCs  pellleHHeM

*) B nuTeparype Takue ypaBHEHUS HA3LIBAKTCH HHOTAA KBasuzuddepen-
UHAJABHBIME YPaBHEHHSIMY,
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ypaBHeHHst (2), ec/an oHa abCOMIOTHO HENpepHBHA B KAXKJIOM KOHey-
HOM noxwiHTepsadne [o, B] unrepsana (a, b) u moutu BCOAY B (a, b)
YIOBJIETBOPSIET 3TOMY ypaBHeHuo. IIpn 3ToM BekTOp-QYHKIHS ¥ (x)
HA3HIBAETCST aBCOAIOTHO HEnpepui8HOLl, ©CJIH KaXKIas ee KOODAH-
HaTa y,(x) abcoaoTHo HenpepuiBHa. OTHOCHTENLHO PeHICHHH ypas-
HeHHsl (2) HMeeT MecTO CJedyIlias Teopema.

Teopema 1. ITycre pynryuu A(x)=(a;,{x)), j,k=1,2,...,n

Fxy={1(x), fa(x), ..., [.(x)) yOosaersopsror ycarosusam:
1° @ynkyuu  a;(x), fel(x), j, k=1, 2, ..., n, usmepumol
8 unrepsaae (a, b).
2°. Dynryuu
[Ax) ], 17 (x)]

cymmupyemot ¥) 8 KAuOOM KOHEHHOM BAMKHYTOM ROABIHTepsaie
la, B] unrepsara (a, b).

Ecau r020a xy— npoussossnoe wucao us unrepsasa (a, b),
a Yo — npoussoasHblll 8eKTop u3 R,, TO cyujecrsyer 00HO U TOABKO
00HO pewenue y(x) ypasnenus (2), ydosaersopsioujee Yycioslro

Yleer, = Yo )

HokasarteabcTBo. Ilycts dyHKRuHs y(x) yHOBJIeTBOpSIET
ypaBHenHIo (2) u ycaoBuio (3). Muterpupys ypasHenue (2) oT x;
JO X U YUUThIBAst ycjoBHe (3), moJyyum

y(x)= ﬂ+j [A@®)y©) +](©)]de 0

ITpu sToM wuHTerpaj B mpaBofl wacTu (4) cyuwecTByeT, 6o (PyHK-
uusi y(E) abcoqOTHO HENPEPEIBHA, CJE0BATE/bHO, OrpaHHYeHa
B UHTepBaJde [xy, x].

Takum o06pasoMm, BcsKoe pelieHHe ypaBHeHHs (2), yaoBJaeTBO-
paoouiee ycsaoBHIO (3), ecTb Takxe pemieHHe ypaBueHHs (4). Oue-
BHJIHO, UTO M 06paTHO, BCSIKOe pelleHHe ypaBHeHUs (4) ecTh pemre-

*) 3mecy |f(x){, | A(x)] 0603HauUAOT COOTBETCTBEHHO HOPMY BekTopa [ (x)
u HOpMy omepatopa A (x) (upu ¢UKCHPOBAHHOM X) B KOHeYHOMEDHOM EBKJH-
noBoM mpocrtpanctse R,. OueBuiHBIE HepaBEHCTBA

e G <T@ I D 1),
j=1
la,.koc)|<|A(x)|<sz“l|a,k(x)|

NOKa3LBaloOT, YTO YC/IOBHE 2° 3KBHBAJEHTHO CaeAyiomieMy ycioBHio: 2. Pynkyuu
fk (x), @ (), ky f=1, 2, ..., n, cyumupyenot 8 KanooMm KOHEUHOM 3AMKHYTOM

nodeinrepsase |a, B] uareppana (a, b),
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pHe ypaBHeHus (2), ynosueTBopsomee ycgaosuio (3). Ilostomy
BMECTO COBOKYIIHOCTH ypaBHeHHs (2) u ycuoBusi (3) MOXKHO pac-
cMOTpeTb ypaBHeHHE (4).

. s peltieHuss ypaBHeHus (4) 6yAeM NpPUMEHSITb OGLIUHBIA METOL
gocJefoBaTe/bHbBIX NPUOAHIKEeHHH, noJarast

. Yo (x) = Y, 5)
Yo =0+ [[A@ 1@ +]@1ds,  n=0,1,23 ... (§

Xo

B 0ocTarouno manom unTepsase, codeprcauyem TOYKYy X, ROCAE-
008aTeAbHOCTL Y, (X) cxoduTcs pasHoMepHo K pewienuro y(x) ypas-
nenus (4).

OueBHHO, JOCTATOUHO JOKA3aTh 3TO YTBEPKICHHe MJs HHTED-
BaJjia, OJ(HUM H3 KOHLIOB KOTODOI'O SIBJISETCSl TOYKA Xy, HOO HHTep-
Baj, BHYTPH KOTODOTO HAXOZHUTCSl X, €CTb OObeIuHeHHe ABYX
TAaKHX HHTEPBAJIOB.

Paccmorpum, Hampumep, uuTepsan BHAA [xg, x| (v<x) n
HOJIOXKHM

Mn= xglfi(x]yn-ﬂ (x)_yn(x) |’ (7)
g=[14(x)|ax. ®)

Xy
WUs pasencts (6) caeayer, uro
X

Yt (¥) = 4 () = [ A @) [0 (6) — yumr (]

X

HO3TOMY TIPH Xy <L X <L X,

X
| Yr (0= 9 () 1< My [ 1 A8)[dE< My
Xo
Ho nepas wacts npunumaer sHaueHHe M, IPH HEKOTOPOM 3HAYC-
_HHH X; CJIe[J0BATEJbHO,
M, < gM,_,.
OTkyna
Mn<M0qn;
Paccmotpum psan

Yo (%) + 191 (%) = yo (O] + [y (X) — 1 (O] + ... (9)

B cuay mpeabiyliero HepaBeHCTBA OH MaMOPHUpPYeTCs MO HOpMe,
HauuHas co 2-T0 WIeHa reoMeTpHUYecKoll mporpeccueii

MQ"I‘Moq'i"Mqu”*‘ “ e
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Cuenosatesbro, psai (9) aGCoMOTHO CXOAUTCS O HOPME TpU ¢ < 1.
C npyro#i cropouni, u3 omnpeleseHus (8) uucaa g ciaelyer, uTo ¢
MOXKeT OBITb CKOJIb YrOAHO MaJblM, B UACTHOCTH MeHbille e€HHHILH,
npu x;, JAocTaToyHo OJau3koM K x; CJenoBaTesbHO, NMPH TAKOM
BHIGOpe umucaa x; psf (9) CXOZUTcs MO HOPMe PaBHOMEPHO, T. e.
T0C/IeI0BATRABHOCTE Y, (X¥) CXOMUTCS MO HOPME PABHOMEPHO B HH-
TepBaJse [Xy, X;] K HekoTopo# GyHkuuu y(x).

ITepexozst B (6) K mpexesay, HOJyYdM, 4TO 3Ta MpejesabHas
BeKTOp-byHKINs ¥ (X) YAOBJEeTBOPsieT ypasHenuio (4). dtum poka-
3aHO CYIIEeCTBOBAHHE peIIeHHS B HHTepBagde [Xy, X;]. Jokaxem
Teneph eAUHCTBEHHOCTb PElIeHHsA B 3TOM UHTepBaJe. [Ipeanososknu,
uTO Hapsily ¢ peuleHHeMm y(x) ypasienue (4) HMeeT B HHTEpBaje
[xo» X;] ewe oxamo pemenne 2(x). Torma, BLIUNTAH HOUJIGHHO
paBeHcTBa

g0 =g+ [[A@ 9O + 2@,

2()=yo+ [ [4©) 2(0) + g @) dt,

HOJNYYHM
g =20 = [ A®ly©® -2 @) ds (10)
IMonoxum B
p= max |y(x)—2z(x)}; (1
XS XK X

ecau y(x)==z(x), to p>0. U3 (10) caenyer, uto

ly(x)—2() <p [1A@de=pg<p.

Xo

3710 HepaBEeHCTBO BHIMOJHSIETCH M AJf MaKCHMAaJbHOTO 3Haue-
vua p Bepaxenus |y(x)—2z(x)], 1. e. p<p, 4TO HEBO3MOKHO.
CaenoBaTe bHO, y(x)= 2 (X), H €AHHCTBEHHOCTh PEIIEHHs] B HHTEp-
Base [x, x;] nokazana. Temepb yiKe JIerko NOJHOCTHIO J0KA3aTh
TeopeMy. Beakufl koHeurwlfl uaTepsas [, f] < (a, b) MoxHO pasbuTh
HAa KOHeuyHOe UYHCJAO HHTEPBAJNOB [, O4], [dag Kaxaoro
H3 KOTOPHIX

Cpi

[A@E)1de<];

Gz

o JA0KaszanHHoMy BbllIC B Kaka10M H3 3THX HHTECPBAJIOB HMEIOT
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MecTO TeODPeMa CyLIeCTBOBaHMA M eIHHCTBEHHOCTh pelieHus. [lo-
9TOMY DElIeHHe CYIIeCTBYET W eJMHCTBEHHO B WHTepBaJe [a;, o],
coLepXameM TOuky Xo. Ho Torpa ouo CyiecTByeT W OJHO3HAUHO
onpele/seTCs B JBYX COCEJHHX HHTePBadax H T. A. JTH pac-
CyX/eHHs TOKa3blBalOT, YTO TeOopeMa BEPHA BO BCAKOM KOHed-
wom uHtepsane [a, B] =(a, b), caemoBare/bHO, BO BCeM HHTep-

pazae (a, b).

2. TeopemMa CylleCTBOBAHHS H eIMHCTBEHHOCTH peLIEHHS ypaB-
nenns I(y) =1.

Teopema 2. Ecau ¢pynxyus f(x) usmepuma 6 unrepsase
(a, b) u cymmypyema 6 kaxdom KomeuHom unrepsare [a, Bl(a, b),
10, KAKogoL ObL Hu OblAlL KOMRAEKCHBLE HUCAQ Co, €y, ..., Cop_y U
kaxosa Ob. Hu OGviaa BHYTPeHHAS TO4KA X, unrepsasa (a, b),
ypasuenue ®) [(y)=f umeer 8 unrepsase (a, b) 00HO u TOAbKO
o0no pewenue y(x), yodosaergopsarouiee Yycaosusm

A ems, = Cis R=0,1,2, ..., 2n—1.

JloxasarteabcTBo. PaccMOTpUM CHCTeMy ypaBHeHH mep-
BOTO IOpfAJKa

Ay _
ax ~ ¥
[1]
ay_ _
.
dy[n_2] [n~1
= = ]
dx y
[n-1]
dy _ 1 y["]
dx Po ’
(12)
dy[n] [n-1 1 ’
d = Py = glne,
dy[n+l] _
T —_ p2y[n 2] e y[n+2],
[2r=2]
W e
x
dy[Qt’L—l]
@ =Pyl
*) Tlpn sTOoM, XoOHeUHO, NMPeANONAraeTCH, YTO KO3pOHUMEHTH Pg, Piy v+ .y Ph

YROBJACTBOPSIIOT YeaosusaM n° 1§ 15. HanomunaeM, 4To Mbl pas HaBCerja cYnTaeM
STH YCAOBHS BHIIOJHEHHEIMH. '
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B cuay ¢opmya (3) u (4) n°2 § 15 cucrema (12) skBHBaseHTHA
ypasuenuwo I (y)=f, npuuem opynxuun yll, g2 ., 421 gapisiorcy
HOC/MeLOBATEAbHBIMH KBA3HIPOU3BOAHKIMU (QYHKIHH Y.

C npyro#i cropousr, cuctemy (12) moxkHo samucaTh B Buie (2).
JefcTBUTEIbHO, BBeJeM BeKTOP-PYHKUHH

g:(y’ y[l]’ y[21, Ceey y[Qn—Ql’ y[Qn-l])’
f=(0,0,...,0,])
¥ MaTpuuHyio GyHKUHIO
01 0
1 0
L
Po
A(x)= ,
) P -1
P2
Pn-1 -1
Pn 0

1 . '
rue N HaXOAUTCH Ha TMepeceueHdH n-fi CTPOKK u n + l-ro cronbua
0

H TAe Ha BCeX HE34NOJHEHHBIX MeCTax HaXOAsATCHd HyJIH.
Torna cucrema (12) sanumercst B BHIE

L=amg+f (13)

Ho no npeanosnoxennio KosdbUIHEHTH Pg, Pyy - .., P YAOBJIETBO-

pstoT yeaousam n°l §-15; orcioga 3akmogaeM, uTo MaTpuia A (x)

VAOBJETBOpSET ycaoBuaM Teopemb 1. CienosaTeqbHO, ypaBHe-

Hue (13) umeer B (a, b) OHO H TONBKO OJHO pelLIeHHE, yHOBJE-

TBOPSAIOIIee HAYaJbHOMY YCJAOBHIO

Jley, = Ho

rae B -
!/0=(C, Ciy Cos - v vy CZn—I)-

OTHM 3aBepuIaeTCsl JOKA3aTeJbCTBO TeopeMbl 2.

3ameuaunune 1. Teopema 2 ocraercs, ouesudHo, 8 cuire, ecau
Xo— pecyaapHoili koney unrepsasa (a, b) npu ycaosuu, 4T0 GyHK-
yus f(x) cymmupyema 8 xaxdom kowewnom uwrepsase [a, x,| <
o (av b) ((l 2 xO)’ -
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~ 3awmeuanne 2. Teopema 2 ocraerca 6 cuie, ecau ypaswe-
que L(y) =T samenurs ypasmenuen

, Iy) —ry =],
20e A — npoussonsHblL KOMRAEKCHbIE napamerp.
-, 3, CpoiicTBa peueHunii oxHopoaHoro ypasHennd. Iloansysce

TeopeMoil 2 n°2, MOXKHO Oes TPyaa BLIBeCTH CBOACTBA pelueHui
OAHOPOJAHOrO ypaBHEHHs

H{y) =0, (14)

sBasiolMecs o00OLeHHEM U3BECTHBIX CBOHCTB OGLIYHBIX OJHOPOJ-
HHIX ypaBHeHHH.

Tlycts
Yty Yoy -+« Yon
— peurerusi ypasuenns (14). Onpenenanrens
7 Y coe You
| 1 1
we| ]
yen-il gzt glon-)
HaskBaeTcst onpedeautenem BpoHckozo STHX pelleHui.
Teopema 3. Ecau pewenus Y, Yo «-.» Yoo OOHOPOIHOZ0

ypasrenus (14) auneiino sasucumv, 10 UX onpedeaurens Bpow-
cko2o TowmcdecrsenHo paeen Hyato 6 unrepsase {(a, b). ObparHo,
ecau IToT Onpedeaurens pasen Hyato xora bbl 8 00HOU TOYKe

unrepsaaa (a, b), TO pewenus Yy, Y ..., Yon AUHEIHO 3ABUCUMDL.
HokaszareasctBo. Ilyets y, yo ..., Yoy JAHHEHHO 3aBH-
CHMBL, T. €. CYLIECTBYIOT NOCTOSIHHBIE €y, C3, - .., Caq, HE BCE PABHBIE

HYyJ0, Takue, 4TO
CiYi+ CoYat oo FCotpn=0 B (a, b). (15)

Bepst xBasunpoussonnsie obeux uacteir (15) no (2n — 1)-ro nopaska
BKJIOYHTEIBHO, TOJIYYUM

11 —
ey eyl .o e, gl =0,

e e e e e e e N (16)
R S L +02ny2““ =0.

. Pasencrra (15)—(16) sBasioTCsi cUCTeMOH OXHOPOLHLIX ypaB-
HEeHHH OTHOCHTENLHO (1, Ca, ..., Cop, HMeEOLIEH HETPHBHAJbHOE
pellleHHe; cJaeL0BaTeNbHO, OnpeAe uTes]b 9TOH CHCTEMBI, KOTOPHIH
H ecThb KaK pa3 onpeneauTes]r BpPOHCKOro, paseH HyJIO.
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O6paTHO, NyCThb 3TOT ONpeAe/]HTeJNb PaBeH HYJIO IPH X = x,
TJe xo—TouKa uHTepBaJda (a, b). Torpa BoaMoxKHO BHIOpPATh NOCTOSH-
HHIE €|, Cgy ..., €9y, HE BCE paBHhlE HYyJI0, TaK, UYTOObH pPaBEHCTRa
(15) — (16) BumosHsiuch B Touke X, Ho Torza byHnruus

y=ciyi+cofot+ ... + Conlhon

ecTh pellienue ypashenusi [(y) =0, ynoB/IeTBOpPAIOILEe HAYAMBHBIM
YCJ0BHAM

y[k] lx=x0:;01 k=0’ 11 2\ R 2ﬂ—1 (17)

B cH/y eZWHCTBEHHOCTH TaKOro peuedus (teopema 2 n°2) y=0
B uuTepBase (@, b), HOO TOXKIECTBEHHHIH HYab TaKKe ecTb pelle-
uue ypasHeHus: [(y) =0, ynosaerBopsioutee ycaosusM (17), 1. e.

pelleHust Yy, ..., Y, JHHEeHHO 3aBHCHMHI.
JIerko nocTpouTh JIMHEHHO HE3aBHCHUMYI0 CHCTeMYy pelleHuH
Y1, Yo -..» Yo, OLHODOJHOrO ypaBHeHHd. JocraTouHo BHOpaTh

CUCTEMY pemeHm"I, YAOBJACTBOPAIOIINX HAYaAJbHLIM YCJAOBHUAM BHAA

yh [x%:aik, i k=1,2, ..., 2n,

rge onpejenuTesb MaTPHub (a;,) OTanueH OT Hyas. Beskast HHeHHO
He3aBHCUMas CUCTeMa PeleHHH ¥, ¥ ..., Ys, OLHOPOLHOTO ypaB-
HEHUs1 HasbiBaeTCs (PyHOaAMenTarbHOL.

Teopema 4. Bcesakoe pewenue 0dHopoOH0O2O YpasHeHUS €CTs
Aunelinas kKomOunayus pewenusi Kakot yeoOHO UKCUPOBAKHOL
pyndamenTarenoil cucTemsl.

HoxkazarteascTtBo. Ilycts ¥y, Yoy ..., Yo, — KaKaA-HHOYID
(yHIaMeHTa/bHAsa CHCTeMa DelleHHul, a y — Kakoe-HuUOyIb pelienue
ONHOPOJHOro ypaBHeHusi. BribepeM nocTostHHBEE Cy, Co, ..., Co, TAK,

uTo0bl B (QUKCHDOBAaHHOH TouKke X, mHTepBaJsa (a, b) ObLIO:

y=ciy+ ... + Conlion,

W =cyl+ ... +e, 44, (18)

. L S

y[Qn-I] — C]y[IQn—l] + ...+ CQny‘[ZQn_l

Io
n
210 BO3MOXKHO, u0o paBeHcTBa (18) mpm x=x, NpeACTaBJsIOT
co0oll cHCTeMY YpaBHEHHH OTHOCHTEJIBbHO €y, Cg, ..., Cgy, OIpPEIE-
JIHTeJIb KOTOpOH ecTb ompelenutens Bpouckoro ¢gyHzamenTa bHOHR

CHCTEMB! Y1, Yoy ..y Yo, U, CAELOBATENbHO, OTJAHUYEH OT Hyas. Ho
paBenctBa (18) osnauawT, uto QyHKUHH

y v it ... +Conlhon
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CyTh PEIIEHHS ONHODOIHOTO yDABHEHHS, Y/OBIETBOPSAIOLINE OJHHM
§ TeM K€ HauaJbHBIM YCJOBHSIM; B CHJY €NHHCTBEHHOCTH TAaKOIo
pelueHHst

y=cy+ ... +coyo, B untepBase (a, b).

TeopeMa 4 o03HAuaeT, UTO COBOKYRHOCTH 8cex peuleHull 00Ho-
podnoeo ypasrenus L(y) =0 nopadka 2n ecre auneirnoe npocTpas-
CTB0 PA3MEPHOCTL 2.

3aMeuaHue. Bce peayasrarsi 97020 RYHKTA OCTAKTCHE 8ep-
wotmu & 048 00HOPOOHO20 YypasHenus

1(y)—ry =0,

20e A — npoussonsubiil KoMmnaekcuoll napamerp.

JleficTBHTEJbHO, TIPH BHIBOLE 3THX Pe3yJbTATOB MBI ONUpAHCh
Ha TeopeMy 2, KOTOpas OCTaeTCA BEPHON, €caH 3aMEeHUTh ypaBHe-
une I(y)=] ypavuenmem [(y)—Ay=7] (cM. sameuanue 2 B n°2).

4. Pemenus HEOQHOPONHOro ypaBHeHMsl. Peurenne Heonxoporn-
HOro ypaBHeHHs [(y)=] MOXKHO HaWTH, IPUMEHsAST HALJeKAUIHM
006pa3oM BHJOM3MCHEHHBIH METOJL BapHallMM MPOU3BOJBHEIX MHO-
CTOSIHHBIX.

[Tycts

Y (X), yQ(x)v vy Yon ()C)
— QyHIaMeHTasbHas cucTeMa peIeHHH OXHOPOIHOrO YPAaBHEHHS
I(y)=0. Pemenne ypasuenust [(y)=[ GyzieMm uckaTb B BluIe

g)=c (x)y, (x) + ... 4+ con(¥) o, (%), (19)
rie GyHRuHK ¢ (x), ..., Co,(X) YNOBJIETBOPAIOT YCJAOBHAM

() y ()+ ...+ ¢ (%)y,, (x)=0, l

cr(x) i x)+ ...+ c;n(x)yglnl(x)=0, [ (20)
ey () g (x) 4+ L. ) (x) g (x) = 0. J‘

Honcrasnsia (19) B ypasnenne I(y)=f u yuuTsisas pasencrsa (20),
TOJYYHM

ci(x) i)+ ... ) (x) g (x) = f. (21)

n

Papencrsa (20)—(21) npencrasasior coGoit CHCTEMY JIMHEAHBIX
YpaBHeHHH oTHOCHTebHO Cf (X), ..., ¢}, (x). Pemas ux, naitgesm, uro

WYy oo Ypop Ypppp -+ 00 4,)
’ N 2n+% 1 k-1 k+] 1)
Ck (X) ( l) W(yh Yoy ooy y2fl) f’ (22)

rae W(uy, uy, ..., u,) o6o3nauaet onpenegntesp BpoHckoro (s cMbic-
Jae ompenesenus n°3) GyHKUMH Uy, Uy, ... i,
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[Tosoxum
w WYy ooos Yoo Ypupp o o0 Uy
_(__ 1\2n+2 1 k=1’ Tk+1 2n/ .
Uk (x) —-( 1) W gy, Yoy vy Yan) ’ (23)
Torga B cuay (22)
X
() =ar+ [0, @OF©dEs, k=12, ..., 2n.

%
IMoacrasassa sta Bolpaskenusi B Qopmyay (19), npuxoanm K cie-
AYIOIeMy pesyJ/bTaty.
Obujee pewenue HeoOnopoduozo ypasuenus [(y)={ umneer suo

2n

700 =Y awe () + X5 (x) [ 0.0 ] (&) e, (24)
k=1

k=1 Yo

ede Yy Usy .., Yn— QyHOamenTassuas cucrema peuienuid o0rno-
podnoeo ypasuenus [(y)=0, a,, ay, ..., Qo — NPOUZBOALHBLE HO-
crosunbie, a ¢yuryun vy{x), k=1, 2, ..., 2n, onpedeasiorcs
no gopmyian (23).

OueBHAHO, 3TOT pesyJbTaT OCTaeTCsl BEPHHBIM, eCJM ypaBHeHus
[(y)=Tf, {(y)=0 3aMeHHTb COOTBETCTBEHHO ypaBHeHUsMU [(y)— Ay=],

1(y)— hy = 0.

§ 17. Onepartopsl, NOPOKAEHHbIE CAMOCONPHKEHHBIMH
IudepeHIHATLHBIMUE BBIpAXKEHUAMH

1. Omeparop L. ITycts (y) oGosHauaeT caMmoconpskenHoe aud-
(epeHuHanbHOEe BEIPAXKEHHE, pPacCMaTpHBaeMoe B HHTepBade (a, b);
4yToOb mepedTH OT BHIpaxeHus [(y) K omnepartopy, BBeAeM THJL-
6eproBo mpoctpancTBo L2(a, b), T. e. IPOCTPAHCTBO RCEX H3IMEpii-
MbIX QYHKIUI y(x) ¢ CyMMUPYeMEIM KBaADaTOM B uHTepBaJe {a, b}
{em. n°1 § 10); nast KpaTKOCTH 00O3HAUMM 5TO HPOCTPAHCTBO
uepes §. [Jasnee, o6o3maunM uepes D COBOKYNHOCTb BCeX (VHK-
unit y(x) u3 9, BCe KBa3UNPOH3BOLHBIE KOTOPHX 10 (21— 1)ro
IOpsIiKa BKJIOUMTEJIbHO aOCOJIOTHO HENMPEPHIBHEI, a4 KBasWIpous-
BogHas y?" mpHHAANEIKUT NPOCTPAHCTBY 9.

Ouesuano, » ectb Juuefinoe Muorootpasue*) B 9.

Omnpeneaunm omepatep L B 9 caeaywomum oépasoMm: 06.4acre
onpederenus oneparcpi L ecro ® u das y =D

Ly=1(y). (1)
OueBunHo D -~ MakKcuMagabHoe MHorooGpazue B 9, Ha KOTOPOM
MOXHO TakuM o6pasoM omnpelenuTs onepartop. HeficTBuTe bHO,

*) Tepmun Jmuefiiioe Mroroodpasue 3gech U Huke ofo3HAYACT noANpocTpal-
CTBO, BOOOLLE TOBOPH, HE 3aMKHYTOE.



3 S 17. OMEPATOPDI, NMOPOKAEHHBIE CAMOCONPSIKEN. BLIPAKEHHAMMI (g3

tpeGoBanue abCOJIIOTHOH HeNpepPBIBHOCTH KBAa3HIPOU3BOJHLIX yl¥i,
k=1,2,..., 2n—1, HeoOxonUMO /1114 TOrO, 4TOOB BHIpakenne [ (y)
ameno cmbica: TpeGosanne Y =[(y) = $ neobxonumo aas Toro,
gTo6H BhIpaKesue [(y) onpeiensno omepatop B 9.

Hue MBI YBHIHM, 4TO L €CThb 3aMKHYTHIl OleparTop ¢ IJIOT-
HoH O06J1ACTbIO Onpefe/eHus;; HMEHHO, Mbl IOKaXkeM, YTo Omepa-
Top L sABJsETCS COMPAKEHHBM K HEKOTOPOMY CHMMETPHYECKOMY
onepaTopy, KOTOPEH Gy1eT MOCTPOEH B CJEAYIOUEM NYHKTE.

B nacrosimell Kuure Mbl paccMaTpPHBaeM ONEPaTOpPH, MOPOKIAeMHe CaMo-
compAKEHHEIM AnddeperinaibHEM BHPAKEHHEM B Tiab6epTOBOM [IPOCTPAHCTRE

L, (@, b). HexoTopuie cnekTpadbhbie cBOHCTBA ONepaTopoB, HOPOKaaeMblX JHHEH-
ppiva A depeHuaNbHEMIE BRIPAXKCHHAMHY B ONpeieNeHHBIX APYrax HOPMHPO-

BaHHHX NPOCTPaHCTRAX, Hanpumep npocrpancrsax LP (a, b), p == 1, pacemoTpenn
B kuure [oapGepr [1].

4 - ’

2. Onepatop Lo Ofosnaunm uepes Dy cOBOKYNHOCTH BCeX QYHK-
umuit ¥ H3 D, PaBHBIX HYJI0 BHE KAKOTO-HHGY/b KOHEUHOTo *) MHTEp-
Baaa [a, B] < (a, b), BOOGUIE TOBOPS, PasJUUHOTO sl PA3JUUHLIX

4

© -~ 4
ynxuui y(x). O6osnauum uepes Ly cyxenue omeparopa L Ha D
4
IIpyruMmyu caoBami, Lo ecTh oneparop, 06aacTb OlpejgeaeHHsT KOTO-
4
poro ecthb gy, npHueMm

) Ly ="Ly=1(y) (2)
Ly < Dy
TakuM 06pasoM, Mo ompefieJeHHIO oneparopa L
Ly L. (3)

v ’
OTMeTHM HEKOTOpbIe CBOiCTBA oneparopa Lo

o I'4
V. das arobux pyukyuil y =Dy, 2=D umeer mecro coor-
HOWCHUE
4
(Loy, 2)=(y, La). (4)
HeficturenHo, nyeTs [a, f] — KoHeuHHIl nuTepBal, coaepxK amuncst
B untepsase (a, b), BHe Kotoporo dyHkuus y(x) ofpamiaercs
B HyJb. B cuiy HeNmpepeIBHOCTA (QYHKIHMH y(X) H ee KBA3UIPOH3-
Bopuux y#l(x), k=1, 2,..., 2n—1, sra QYHKIHS ¥ 3TH KBasu-
MPOM3BOJIHBIE OOpallalTes TakKXKe B HY/db HA KOHIAX HHTep-
BaJsa [a, B].
. IMosTtomy, mpumenss dopmyay Jarpauxa (7) n°3 § 15 x dynx-
oMM g, 2 u HatepBaJdy lo, B, noayuum
B p
| lpzdx= [ y-[@)dx, ()
a a
*) Ecan caw unrepsaa (a, b) koHeUeH, TO wHTEpBaa |a, B] rakixe komeuen
H T}‘e6OBaHH€ O €ro KOHEeYHOCTHd SBJAETCH H3JMUHIHAM; OHO CyLU,eCTBGHHO JHUUIR
TOr44, Korpa wHTepBasd (a, b) GeckOHEUECH.

13 M. A. Haiimapk
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n6o BHEHHTerpaJsbHasi 4acTb 3ToH GopMyJasl OyIeT paBHA HYJ.
Tak kak ¢yskuun [(y) u y paBub HyJio BHe [a, 8], To B pameu-
crBe (5) HHTerpupopanue 1o [o, f] MOKHO 3aMEHUTH HHTErPUPORa-
uueM no (a, b). Cnenosatesnbuo, pasenctso (5) osxauaer, uto

(L), 2=y, 1(2)).

4
ITo ompenenenuto omnepatopos Ly M L 3TO paBeHCTBO 3KBHBA-
JeutHo (4).
OueBunHo, paBeHcTBO (4) o3nauaer, 4TO

/*
Lcly- (6)
14
II’. Oneparop Ly sapmuros.
Heilictautensyo, cooTHouietue (4) MMeer, B 4aCTHOCTH, MECTO

’ s 4 4
npH yE D, 2D, 160 Dy ®. Ho rtorpa Lz = Loz, u cooTHo-
menue (4) nepenuuieTcss B BHJe

(Loy, 2)=(y, Loz)- (7)

o o 4
HNansnefinivie cBoficTBa oneparopa Lo mpowie BCEro NHOJAYyYATH,
paccMOTpeB CHauaJa peryJsipHbldl cayuyail.

3. Omeparop L, B peryasipom cnyyae. [Tycts auddeperunas-
Hoe BhIpaxkeHHe [(y) peryaspuo B uHTepBasge [a, b|. OGosnaunwm
yepea Dy COBOKYMHOCTh BceX QYHKUHHA y(x) u3 D, ynosierBapsaio-
HINX YCJOBUAM

Y, =yW| _, =0, k=0,1,2, ..., 22— 1. (8)
OueBuaHoO,
Do = Do. (9)

O6osnauum, lasee, uepes L, cyxenue omeparopa L Ha By apy-
TUMH ca0BaMH, L, ects oneparop ¢ obaacteio onpedesenus Dy u
oas ysD,

Loy = Ly.
Takum 06pasoM, 1Mo caMoMy onpeneeHHIo omepatopoB Lo, Lo u L
LycLy= L. (10)

OTMeTuM Tenmeph ciaefyiomue cBoficTBa omepatopa Lo
I. Jas awboix ssementos y= Dy, 2D umeer mecro coor-
Howenue '

(Loy, 2)=(y, L2). (11)
I1. Oneparop Ly apmutos, 7. e. das a1w06oix ssementos y, 2D,
(Loy, 2)=(y, L¢2). (12)
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BuBOA 3THX CBOMCTB HHYEM, IO CyLieCTBY, HE OTJHUAETCA OT BB~

/ z ’
pona csoitets I u I oneparopa Lo cCyuleCTBeHHBIMH 3/€Chb fiB-
agotes yeaosua (8) nas saementos y & B, CoorHowenne (11)

o3HayaeT, 4ToO .
. NanpHelimipe cBOWCTBA onepatopa L, OCHOBAHH Ha CACAYIOMUX

JeMMax:
“JNemma 1. Hycro sopascenue 1(y) peeyrspuno 8 unrepsaae

[a, 8] u nycrs [(x)— @pynkyus uz O =L*(a, b). Ypasnenue
Hy)=f (14)

umeer peuterue y(x), ydosaersopaowee yciosusm .

' g =g =0, k=0 1,..., 2u—1, (15)

roeda u TOABKO TOo20a, Koe@a dynxyun f{x) oprozonassua xo
scem petuerusm 00ropoOro20 ypasuerus 1(y)=0.

Hoxrasareabcrtso. OGo3nauum uepes y(x) pelmeHHe ypas-
wennst [(y)=[, ynosjeTsopsioulee ycaoBHAM

gH =0, k=012 ..., 22 ~1; (16)
corviacHo teopeMe 2 n° 2 § 16 Takoe pelleHHe CymlecTBYeT M MpH-
TOM TOJIbKO OZHO. [lanee, 0603HauynM uepesd 2y, 2y, ..., 2y, QyHAA-

MEHTANbHYI0 CHCTEMY pelleHHH OJHOPOZHOro ypaBHenus [ (z) =0,
YAOBJETROPAOIWYIO YCAOBHAM

1] ={O apit v 3=k,
Vo li=a L1 mpm v==~k.

ITpumensin k¥ dynruuam y(x) u z,(x) Toxnecrso Jlarpamxa,

Oy YU M
(. 2)=((9), 2)=ly, 2.+ (y, [(z)). (18)

Ho I(2,)=0. Kpome Toro, B cuxy yeosuit (16) [y, 2,y = 0.
Crienosarteabno, dopmyaa (18) npumer Bux

(17)

n

(f, zv) - [y, z\’lx:b —_— kgl {y[k—l]z—[\’zn-k] — y[Qn—-k]éE]k—Il}x*b =
{.__y[Qn-V](b) upu v=1, 2,..., I’L—I, n, 19
y[Qn-V](b) npu v=n+1, ey 2/1,-—1,2” ( )

(npu 3TOM Mb MCHOIB3OBAAM dopmyay (6) n° 3 § 156 mas [y, 2] u
cootnomerns (17)). M3 cooruomennti (19) cpasy caemyer yTsep-
MHenne vemMms: paseHctsa y*) =0, k=0, I, ..., 2a—1,

13*
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BBITOAHAIOTCS TOrAA U TOJABKO Toraa, Xorja (f, z,) =0, v=0, 1, ...
..., 2n—1, 1. e. xorna ¢yHkuus [(z) oproroHaldnHa KO Bcewm
byuxuusM GyHIaMeHTaMbHOH CHCTeMBI pelueHnll ypaBaenus [ (2)=0.

O6o03naunM uepes I COBOKYMHOCTb BCEX PEIICHME ypaBHEHUs
I(z)=0. Tak Kak Bce 3TH pPEUICHUS — HENPephIBHbIE (YHKIHH
B untepraJse [a, b], To Bce onu mpunaanexar LZ(a, b). Cnenosa-
teabno, M H. B cuay teopemn 3 n° 3 § 16 M ecrs koweyro-
MepHOE ROONPOCTPAHCTBO 6 ¥ pazmepHocTi 2n.

OgosnaunM jpagee uepes Ny obsacts MaMeHeHuss omnepaTopa L.
Pemenne y(x) ypabuenus [ (y) = f, yrosaersopsiowiee ycaosusm (15),
ecTh sneMenT u3 Dy; caenosatesasHo, [ (y)=Lyy. [Tostomy cymie-
CTBOBaHHE TakKoro peleHus y(x) oswmauaer, uto [ M, Jokasau-
Has JeMMa yTBep:KJIaeT, UTo 3JeMeHT | npocTpaucTea 9 = L2(a, b)
TOTJa H TOMbKO Torja npuHantexur M, Korga oH oproronasen
Kk W; apyrumu caosamy,

H=N,+ M. (20)
JleMMma 2. Kakosot 6ot Hu Owvian wucaa
Qg Opy vy Qop s By B ety Boness
cywectsyer pyHkyua y E D, y0osaereopaouias yci08UAM
g =y, YR =B, k=0, 1,2,..., 2n—1, 21
HoxasateabcTBo. JlokaxkeM cHauasa JeMMy A5 4YaCTHOTO
cayvyasi, Kornpa Bce uHmcaa oy j=0, 1, ..., 2n—1, paBub HyJI0.

ITyctb [(x) — npOH3BOJLHBIH 3JeMeHT H3 9, yI0BJICTBOPAIONIHM
YCAOBHAM

~Bopy mpu v=1,2, ..., n—1, n,
(7, zv>={ ” _ (22)
Bou—y TpUu v=n-+1,..., 2n—1, 2n,
rae zy, v=1,2, ..., 2n—1, —Ta ke QyHLaMeHTaNbHA CHCTEMA,

YTO M B JOKaszaTeabcTBe JeMMbl 1. Takoii snemeHT | cyuiecTByer
n nputoM naxe B M. JleHcTBHTE/ILHO, €C/IH NOJOKHTh

2n
f= 2 Oy,
V=1

TO ycaosus (22) GyAyT CHCTEMOH ypaBHEHMH OTHOCHTENBHO IO-
CTOAHHBIX Qy, Oy, ..., Oy, ONPEAEJAUTENb KOTOPOH €CTb Olpejefu-
Tesb [pama suHCHHO He3aBHCHMBIX QYHKUHA 25, 29 + .., Zon
CJIELOBATEBHO, OTJIHUEH OT HYJIA,

O6osnaunm uepes v pewmeHne ypasaenus [(v)=/f, y1oBJeTBO-
psloliee HayaJbHBIM YCJOBHAM

ok =0, k=0,1,2,...,2n— 1L (23)
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Toraa
i v[kl|x=b=l3k, k=0,1,2, ..., 2n—1.

B caMoM Jene, HpuMenss K v W K 2, dopmyny Jlarpanxa,
AOJTYYAM
(F, 2) =L (v), 20) = (v, I(z)) + v, )]y — [v, 2y]a (24)
Ho [(z,) =0; xpome Toro, B cuay ycaorui (23) [u, 2], = 0. danee,
B CHJIy YCJOBHI (17)
—o?VI(p) npn v=1,2, ..., n—1, n,
[o, 2"]”={ v2-vi(p) upu v=n-+1,..., 2n—1, 2n

(em. Takxe (19)); mosromy ma yesgoesit (22) n dopmyaw (24) sa-
kaouaeM, uto olfl| =B, k=0, 1,2, ..., 2n—1L
Hrtax, mMp moctpouan ¢yHkunio v & D, Takyw, uto

v =0, v¥| _ =B k=0,1,..., 20— L

Ananoruvyso MeHsist posisiMH @ M b, MOKHO NOCTPOHTH (YHKILHIO
we D, Takyw, uto

ol | =a,, 0¥, =0, k=0, 1,..., 2n— L.

QyHRIkA § = v -+ w Oyjer torga ¢Qyuxkuuefi u3 D, yAOBJICTBOPAIO-
niefi ycaoBusam (21).

II1. O6aacre D, onpedesenns oneparopa L, naotha 8 9.

Ham nyXHO 10Ka3aTh, 4T0 BCAKHI 3J4€MeHT /A, OPTOTOHAMLHBIN
K Dy, paBen Hymo. [lycts A — Takoil snement, tak uto (4, y) =0
A Beex y & B, OGo3naunm uepes 2 (x¥) Kakoe-HHOyAb pelleHHe
ypaBuenus [(2)=h. B cuay caoiictBa | nas awoboro asneMenta
yE=E7D, yner

(2, Loy) = (Lz, y) =l (2), y)=(h, y)=0,

T. €. bynKuus 2 (x) oproronansna K Ny Ho torna ns popmyan (20)
3akaouaeM, uyro z < IM; caenosarensro, h=1[(2)=0, uto 1 Tpedo-
BAJIOCh NOKa34aTh.
Us I1 u I caenyer, uto Lo— cummerpuyecxuil oneparop.
IV. Oneparop L ssaserca conpsomennom k oneparopy Lg, T. €.

L=Le (25)
*
Buiwe b0 nokasano (cm. (13)), uro L < Lg. Tosromy nocra-
TO4HO nOKa3aTh 0OpaTHOe BKJIOUEHHE, T. €. UTO
L>Ly (26)
.
Tyets g — npoussosbubii sMeMent w3 oGaacti onpeienesns T
EY *
oneparopa Lg; nosoxuM Log = A.



198 I'J, V. CUMMETPUUYECKHE JH®PEPEHUHAJNLHDBIE OMEPATOPBI £

OGosHauuM uepe3 2z (x) Kakoe-HuOyAb pelleHHe ypaBHeHus [ (2)=f;
TaKoe pelleHye CyniecTByer corjiacHo TeopeMe 2 n° 2 § 16. Torma
s Jio6oro sjeMeHTa y & g

(h, ) =), y) =(Lz, y)=(2, Loy). (27)
C nmpyrofi CTOPOHEI, MO ONpPEE/CHHIO CONPSNKEHHOIO OnepaTopa
(h, y)=(Log. v) = (g, Loy)- (28)
Buigutast nousenuo paserctsa (27) u (28), mosayunmm, uto
(zﬂg’ L()_l/) =0

T. €. 3/7eMeHT 2 — g OpTOoroHa/eH K o6jacTH HaMeHenus M, omnepa-
topa Lo Orciona, yuuThiBass dopmyay (20), saxkawouyaeM, uro
z—ge=M.
Ho M <= D; caenomarensno, z—ge&D. Tak kak z& D, 710
Takxe g & . Kpome toro, L{z— g)=0, sHauur,
Lg=Lz=h=Log;

TeM caMuM BxJwouenne (26) noxasano.
V. Oneparop L, sgasercs conpsycennsls K oneparopy L, T. e.

Lo=1L" (29)
W3 mokas3aHHOTO CoOTHOIIewHus (2b) zakjawuaeM, 4To

L =Ly o L (30)
ﬂO3TOMy JOCTATOUYHO A0Ka3aTh O6paTHO€ BKJIIOUEHHUE
L L, (3D

Ilpumensnst omepainmio # K O0eHMM UYacTsM COOTHOWIeHHs Ly L,

HafigeM, uto L' < Lo, B cnay dopmyan (25) 370 nocsexHee cooT-
HOllleHWe MOXKHO FiepenucaTh B BHIE

L= L. (32)

HyCTb Tenepb 2 — vJeMeHT H3 obaacTin ompenenenns D ome-
patopa L. B cuay (32) z&=D u L’z= Lz Tlo onpefeneHHio ome-
patopa L" nas awo6oro ajeMmeuta y<= D

(L*z, y)=(z, Ly),

(Lz, y)=(z, Ly).
C npyro# cropousi, no dopmyae Jlarpawxa

(Lz, Y =1z, yl. + (2 Ly)
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cJe10BaTe/IbHO, ,
[z, y],=0 (33)

s MOBOH dyskuun y & D, Ho coramacuo semMme 2 dyHkunmw y E D
MOKHO BHODATb TaK, uToOul 3HAYeHHS

y{kl }):=a’ y[&]lx=b’ k:o’ }’ R Qn_l’

6uin Kakumu yroano. ITostomy pasenctso (33) BO3MOXKHO JHIb
Torja, Korjaa
& — P - _ _
28 =0, 2| =0, £=0,1,..., 2n—1,

4. e. 2D, Orcioga u usz (32) sakaouaem, uro L« L, Tem
‘¢aMpiM CcOOTHOIUeHue (23) n0KasaHo.

" M3 mpeanoxerns V BHTeKaeT, uto Lg— 3amiHyrotl cummerpu-
deckull oneparop.

OnpefenuM Teneps HHieKe Aedexta onepatopa L.

V1. Hudexe Odegpexra oneparopa Ly ecrs (2n, 2n).

ITyers A~ NPOM3BOJIbLHOE KOMIJIEKCHOE YHCJO H3 BepXHed mnoJy-
mrockoctd. Torna nepBoe nedeKTHOE YHCAO eCTh HO OlUpeaeeHHIo
YMCA0 JMHeHHO - He3aBHCHMBIX 3JEMEHTOB 2 & 9, yNOBJETBOpSIO-
HIHX. YPABHEHHUIO .
S Loz = Az,
T. €. YDABHEHHIO

Lz=Az.

Jpyrumu cfiopamu, 3T0 €CTh UHCAO JHHeHHO He3aBUCHMBIX PeINeHH
ypaBHEHHS
[{2)= Az,

H60 Kaxjoe Takoe pentenHe 2 (x), OyAyuH HenpepLIBHBIMH B HHTED-
Bage [a, b}, npunagnexnt L2(a, b)=9. Ho, Kak O6uiao noxasaxo
B.n° 3 § 16, 570 uncao pasuo 2n. Caegosatennho, nepsoe gedeKt-
Hoe uyHesio paBHO 27, Bropoe ZedexTHoe UHCJO WOJIyUaeTesl NpH
nepexone ot A K A; 3HAYAT, OHO TakXKe pPaBHO 2n,

O6mnenunsas Bce noMyueHHbIE Bhillle Pe3yAbTaThl, TPHXOAHM K CJIe-
Ayouled TeopeMe:

Teopema 1. Oneparop Ly ecrs samxnyroiti cummerpuveckud
oneparop ¢ undexcom Odegexra (2n, 2n); oneparop L seaserca
conpsicennoin Kk oneparopy Lg:

.
Lo=L.
!
B sakmouenue ycranosum coorHomenue mexiy Lo H Lo.
VIL. Oneparop L, ecrs samvixanue oneparopa L,

#3R

Lo=Lo=1Lo . (34)
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W3 coornoments (cm. (10))
4
Lo Ly
HETIOCPESCTBEHHO CJeNlyeT, YTO H
ol g
Lo= Lg;
O3TOMY JIOCTaTOYHO AOKAa3aThb o6paTHOE BKJ/OUEHHE
7
Lo D Lo.
ITycts A = [a, B] o6o3nauaer GUKCHPOBAHHBIA 3AMKHYTHIH HHTEPBA,
3aK/JIOYEHHHA BHYTpPH HHTepBagaa (a, b), U mnycrts Da = L2 (a, p).
Juddepennnanpioe BeipaxKenue [(y) MOXKHO, OUEBHIHO, DaccMa-
TPHBATh B HHTepBase [a, Bl; oHO GyZeT B 5TOM uHTepBajge pery-

aspHbiM. COOTBETCTBYIOLIHE ONEPaTOPbl 0003HAUHM yepes Lo a H L4,
Torpa mo jgokasaHHOMY Bhille

Lo a=La. (35)

C Apyroii CTOPOHHL, MPOCTPAHCTBO 4 MOKHO BJIOKHTE B D, CUHTa7,
uTo BHE HHTepBasa A QyHKUMA ¥ (x) & Ha paBHA Hyai0. Tem cambiu
ofsacTb onpedeneHnss Do A omneparopa Lo A CTAHET YacThio D, HGO
TIpH T4KOM PacnpocTpaHeHHH QYHKIHH y €& Do, A 34 Mpejesasl HHTep-
Baja A HeNpephlBHOCTh KBasumpoussoaunix y*l, k=0, 1, 2, ...
..., 2n— 1, ne napymwaerca. bBojee Toro, Tak pacmpocTpaHeHnas
(byHKLLI;Iﬂ y 13 Do, A OyJeT TorAa NpuHamgiexarh Ly [losToMy, ecau

7
z2& Py, TO

(Lyz o) = (z, Loy) (36)

aas Beex y& Do a. Ho tak kak y(x)=0 BHe A, To cKaaspHoe
npoussefienne B (36) BhIpaxkaeTcss B BHJAE HHTErPAJOB [0 HHTEp-
Bajy A, T. €. siBJAsleTCs CKaJsPHBIM MNpoHsBeienneM B Da. O6o-
3Hauas 3TH CKaJspHble NDPOH3BEIeHHs HHAEKCOM A, MBI MOXeM
nepenucatb (36) B Buue

((L<,) Z)A» !/)A = (2a, Lo, al)a. (37)
[Tpu stom (LS z)A, za ofosHavaloT GyHKIIHU L'sz v z, paccmarpu-

BaeMbie TOJLKO B nHTepBase A. Pamencrso (37) uMeer Mecrto aas
BCex y & Do, a; Ce10BATEJBHO,

* s
ZAESDO,A:—-ZDA

(Li2)y=Lazy=((2)),.
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.. .Tak KaK 3TH COOTHOIIEHHs HMEIT MecTo /s J00ro HHTep-
pasga A, TO MBI 3aKJIOUAEM, UTO

re®; Liz=1(2) =Lz

TeM caMbIM JOKa3aHO, uTO

, Ly =L
Orciofa B cuny V
. L(;** - L* il Lo,
r. e (em. VI, n° 4 § 1)
L{) o L.

DTHM 3aBepIIaeTcsl J0Kas3aTe/bCTBO mpennoxenuns VII.

4, Onepatop L, B cuHrysasipHom cayuae. B cuuryaspuom cay-
yae HENOCPEACTBEHHOE oOlpejesenwe onepatopa L, NpH TOMOUH
FPaHHYHBIX YCJOBHH, aHaJOTHYBBLIX ycsaoBusMm (8), oxaswiBaeTcsd,
BooOIle TOBOPS, HEBO3MOXKHBIM.

. Mpl mosToMy onpefenHM Teneps omepatop Ly APYTHM TyTeM,
HCXOJA H3 omepartopa Lo (cm. n° 2).

- IMpexne Bcero OTMETHM CJeAyIOHIUE CBOIiCTBa omepaTopa Lo:

IV, Ob6aacre onpedeaenus Do oneparopa Ly naotha @ 9.
OueBHIHO, JOCTATOYHO JI0KAa3aTh, YTO BCAKHI aJaeMeHT h(x) & 9,
opToroHanbubit K Do, paBen Hymo. IIyetb fi(x) —Takofl sieMent
¥ nycts A=[a, B] — duKcHpoBaAHHBIH 3aMKHYTHI HHTEpBaJ, LEJH-
KOM cofepxkaiyuiica B unrepsaJe (a, b). Beakuil saeMent y & Do, a
MOXKHO paccMaTpHBATh KaK 3/7eMeHT H3 Do CJIeL0BaTeIbYO,
h opToronaJien K Dy, o (10 TOBOAY 0603HAUCHHH CM. 0KA3aTEJAbCTBO
npeasnoxenua VII n° 3). Ho no gokaszaunomy B n° 3 (mpeisoze-
nue III) Dy 4 naotHo B Ha; caenoparesnbno, pynkuus h(x), pac-
CMaTpuBaeMast B HHTepBaje A, No/KHA OblTh pPaBHA HYJIO TOUYTH
BCIOAY B A.

B cuay npoussoabHocTH unTepBaaa A < (a, b) oTciona caenyer,
uTo h(x)=0 nourn BCOAY B (a, b).

s nokasamnoro mupemioxenus IV w us npemnowenuss I/
(cM. n° 2) Brrrekaer, uro Lo— tummerpuzeckuii oneparop.

CaenoBarennno, on gomyckaeT 3aMbIKaHHE.

4 ~
3ambikanue oneparopa Lo o6osnauum wepes Ly, 1. e.
7
L():Lo.
Us 9TOTO ompefeseHus 3akJwuaeM, UTo L, — 3aMKHYTHIH Cumite-
Tpuweckuil oneparop; B peryispHOM cJyuae 3TO ONPeIe/IeHNE
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omeparopa Ly cornacyercs ¢ NpexKHHM ero OHpeflei€HHEM B Ciuy
npegaoxenus Vil n° 3.

PaccMoTpuM Tenepb HEKOTODble CBOHCTBA omepatopa L, u erg
CBS3b C ollepaTopoM L.

1. Oneparop L asaserca conpsyennoism x oneparopy Ly, 7. e,

Lo=L. (38)

=y 4 I* *
Taxk xak Lo= Lo, To Ly = Lo; m09TOMY JIOCTATOYHO J0KAa3aTh, 4Tq
*®
’

Lo = L.
Ho, kak 6nisi0 mokasauno, B n° 2 {cMm. (6))
*
7
L o LO )
O3TOMY OCTAETCS A0KAa3aTh 00PaTHOE BKJHOUEHHE
/*
LD L.
JoKa3ateJbCTBO 3TOT0  MOCJEAHEr0o BKJIOUEHHS HAIOMHHACT
JloKasaTeJabCTBO Tpejnoxenus VII n® 3.
¥
TTycTh 2 — NpoU3BONBLH LI 3JEMEHT M3 00JaCTH OfpejeeHus D
Ed

oneparopa Ly wu nycts A =la, Bl — bukcuporaHunii KoHeunwil
UHTEpBAaJ, LIeJHKOM ColepxKaluiicss BHYTpU MHTepBasta (a, b). ITo-
BTODSIS PACCYXXAEHHA, LIPHBEJEHHbIe B J0KAa3aTe/NbCTBE MpelsoxKe-
wusa VII n° 3, nosayunum

((l“g"z)m y>A =(2 Ly a¥)a

[l BCeX Yy & DO’ A OTcrona sakmwouaeM, 410 2, & D, u uTO
(L72)y =Lz, = (2)),.
BBumy npousBosbHOCTH HatepBata A (a, b)
2e® u Liz=1()=Lz
3TO O3HAYAeT, 4TO
L(')* oL

W3 nokazanHoro npengaoxenus | ciaenyer, uro oneparop L
BAMKHYT.

II. Hudekc degexra oneparopa Ly umeer sud *)(m, m), rie
0m<{2n.

*) M. M. TnasaMaH Ha npsaMepax mokasald, YTO BO3MOKHO J000e 3Haye-
gue m Mexay O # 2n (cm. Ugasman [2]).
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[Tyctb A — NMPOH3BOJLHOE YHCJIO H3 BepXHeH MOJYMJIOCKOCTH.
“Foraa nepBoe AdedeKTHOe uuCca0 — 0003HAUHM €ro uepes m — ecThb
gigcJ10 JIHHEAHO HE3aBHCHMBIX 3JICMEHTOB 2 MPOCTpaHcTBa 9, yao-
fﬁ;}érsopﬂ}omnx ypaBHeHno Loz=Az, T. e. ypaBHEHHIO L2=U7kz.
“JipyruMu CJOBAMH, UHCJIO /M €CTh MAKCHMAJbHOE YACJO JHHEHHO
He3aBHCHMBIX DelieHui ypaBHenns [ (z) = Az, npuHajnexamux npo-
CTPaHCTBY $=12%(a, b). Ho ofinee urcao Bcex BoobIile JHHEHHO
" He3aBHCHMBLIX DPelleHHH 3TOro ypaBHeHHs1 PaBHO 27; HEKOTOPHE H3
gHX MOTYT OKasaThCsl He ¢ HHTerpupyeMelM KBajapaTtoM B (a, b).
Mostomy m < 2n.

~ Tak xak Bce Koa@DULUHEHTH Py, Py, ..., P, B AUDbepeHIIHaNb-
‘HOM BbIpaXKeHHH [(y) TO YCJOBHIO ACHCTBHTE/BHHL, TO KakIOMYy

pemenio 2 (x) ypasHenus [(y)= Ay cooTBeTcTBYeT pemreHne 2 (x)

atoro ypasHennst. Ecau npu stom z(x)L2%(a, b), 10 2 (x)=L?(a, b),
n o6patHo. TlosToMy 00a sedeKTHEIX YHCAA APYT APYry PABHEL.
OObejinudast BCe 3TH pe3yabTaThl, MPUXOAHM K CJEYIOIeH
TeopeMme:
“Teopewma 2. Oneparop L, ecro 3amknyTolll cummerpuvecKkut
oneparop ¢ undekcom Jdegexra suda (m, m), ede 0< m < 2n.
Oneparop L ssaserca conpsisennoim Kk oneputopy Ly, 1. e.

Lo=L.

Brirte Mbl onpenesnnan onepatop Lo Kak 3aMblKaHHe olepa-
Topa Lo; AaidM Termepb Jpyroe Gojee HENOCPeICTBEHHOE OTpejle-
Jenue onepatopa Lo Jlasg sToro cnepsa clesaeM cJenyioniee
3aMeyaHue:

HI. Hdan awboix deyx ssementos y, 2D cywecrsyror
ly, 2], = lim [y, 2], |y, 2], = lim [y, 2].

Lox>a x->b

Ipumenum dopmyny Jlarpanxa K QYHKUHAM y u 2 B HHTep-

Base [a, B] = {a, b): _

B B

[twzdx=1y, 2~ 1y, 2L+ | y- TG dx. (39)
a

o

Hanucannpe 3necs muterpansl umeor npegea npu p— b; nostomy
U3 (39) BhiTekaer, yTO CymecTByeT Takxke lim [y, Z]B. Anagoruuno,
B>b

Cymectsyer lim [y, 2], Tlepexoas B (39) k npesneay npu a— a,
a->a -
B— b, noayunu

b ' b
[ zdc=1y, 2l =1y, 2L+ [ 4i@ dx. (40)

a

Popuyaa (40) umeer mecro das aroboix osyx ¢pynryur y, z &< D,



904 ra. V. CUMMETPUUECKUE AUGGEPEHUUANBHBIE ONEPATOPL! {3

[V. O6aacre onpedeaenus D, oneparopa L, cocroutr uz rey
u 1016K0 Tex pynkyuld y & D, Koropoie y00BACTEOPIIOT YCA061IK

[y’ 2]1;"‘[% 2](120 (41)

0asn gcex pynkyull ze D,
Tax kak onepatop L, 3aMkHyT, To B cuay (38)

Lo=1Lo =L".

TTostoMy ®, COCTOMT M3 TeX W TOJALKO TexX Ppyuruui y & D, Koro-
0 y ]
pHie YAOBJIETBOPSIIOT COOTHOUIEHHIO

(y, Lz)=(Ly, 2) (42)

Las Bcex GyHkuui z&D. B cuay dopmyan (40) 270 cooTHomre-
HHE 3KBHBAJEHTHO COOTHoIueHHo (41).

Ilpenoxenue 1V MOXKHO YyCHJAUTH ciaeAyouuM obpaszoMm. Ofo-
3HaupM uepes I, jAedekTHOe MNOANPOCTPAHCTBO omepaTtopa L, co-
OTBETCTBYIOIEE HepelllecTBeHHOMY uucay A. Ouesuano, N, ectob
COBOKYIHOCTb BceX pewlenu#t ypaBHeHusd [(y)—Ay =0, npunas-
JeK annx

H=1%(a, b).

V. Ofaacrs onpedenenus D, oneparopa L, €OCTOUT us rex
u T0A6KO Tex ynkyul y & D, Koropele ApU GUKCUPOSANHOM He-
8euyecT8eHHOM b yO0o8ACTBOPAIOT YCAOBUIO

.[yv (p]b_' [y’ (p}a =0 (43>

0asa scex pynxyuil ¢ < I + N;.

Tak kak Y+ Ny =D, 10 yeqaonue (43) Heobxonumo. OGpatho,
nyctb yceaoBude (43) BHIOJHEHO; JAOKaxeM, uTo Torjga ye Y.
B cuay npendoxenus IV L0cTaToOuHO J0KA3aThb, UTO BHINOJHSETCH
yeaonne (41). Besaxyio QyHKLHIO 2 & D MOXKHO NPEJACTABUTD B BH/JIE

2=+, HEDYD, g+
{cm. n° 4 § 14). Tak xak y&€ D, y, =D, T0
o, vils— 1y, y1la=0

B cuay npeajoxenus IV, Orciona u us (43) HemocpeAcTBeHHO
BLITECKAET, 4YTO

[y’ Z]b— [yr 2](1:0'

5. Cayuait onHoro cusryaspuoro koHua. Ecau aspectdo, uto
OJHH H3 KOHUOB HHTepBaJga (a, b) peryaspen, a BTOpoil CHHIYaapeH,
TO pesyabrTatsl N° 4 MOKHO YCHJHUTD.

DyAeM AJs ONpeeqeHHOCTH CYHTATh, UTO KOHEL @ peryJsipeH,
a4 b CuHryJsIpeH; DPOTHBONOJOMKHLIA cJyuail paccmMaTpHBaeTCs
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‘anasoruUHO (eT0 MOWKHO TaKiKe CBECTH K paceMarpuBaeMoMy cJy:
walo TMOACTaHOBKOH Xx;= — x). Torza uMeer MecTo cuaeiylouiee
npefJoKeHe:

VI. O6aacre onpedesenuss ®, oneparopa L, cocrour u3 rei
u TOABKO Tex ¢ynkyuwil y& D, Koropeie ydosaersoparor c.aedyro-
wum YCAOBUSLM:

1) ¥ e =0, k=0, 1, 2, ..., 2n—1,

2) ly, zlp=0 0daa scex z&= D,

IloxaxeM neoGxoaumMocTh 5TuX yeaosuil. Ilyets y & Dy u nyers
z— Gynkuna u3 D, paBnad HYJIO BHE KOHEUHOrO HHTepBaJja
[a, pl<(a, b). B cuay upesnoxenus 1V n° 4

ly, 2ly— 1y, 2la=0.
Tak Kak 2(x)=0 BHc untepnasa [a, f], To [y, 2],=0; nosTomy

ly, 2],=0 (44)
aas aiobolt Takofl dynkunu z(x). 3wavenusi Takoll pynkuun z(x)
u ee KBasunpoussoanbix 2 (x), k=1, 2, ..., 2n—~1, npu x=a

MOryT ObITb KakuMmM yrozho (cM. jemmy 2 n° 3); nosToMy pasen-
¢80 (44) BO3MOXKHO JHIIL TOTLA, KOrja

g, =0, k=0,1,2 ..., 2n—1.

Orcrona [y, 2], =0 ana moboit dyukuun y & D; yeaosue (41) npu-
Metr nostomy Bui ly, 2],=0 nas qoGolt dyukumn zE D, Tem
caMblM JloKazaHa HeoOxoauMmocTb ycaosuil 1) u 2). O6patHo, ecan
3TH YCJOBHS BLITTOJHSIOTCH, TO, OueBHAHO, (41) umeeT MecTo; cije-
JoBaTenbio, y & D,

B cuay V n° 4 ycaosue 2) B npennoxennti VI MOKHO 0C/1a6uTh,
HOTPeGOBAB TOJHKO, UTOOH [y, 2], = 0 mjs Bcex dynxkuuil z& %, + N,

VIL. Hulexc Oegexra oneparopa L, ¢ 00num pezyrsproim
U BTOPbLM CUHRYASPHOLM KOHLOM UmeeT sud (m, m), e0e n<m<2n.

Paccympas, kak B n0KasaTeqbeTBe Ipefnoxenus 11 n° 4, sa-
KJ0UaeM, 4TO HYXKHO TOJBKO N0KasaTh HepPaBeHCTBO n < m. s
STOrO BOCHOJIb3yeMCsl H3BECTHBIM DAas3/OKEHHEM B NPSIMYIO CyMMy

D =D+ Nk Ry (45)

B cuny sToro passoxennsi MakcuManbHOE GHCJAO 3JEMEHTOB
M3 D, nuEeliHO He3ABUCHMBIX 10 MOAyo Dy paBno 2m. TMosTomy
AOCTAaTOYHO [0KAa3aTh, YTO B ® CYIECTBYET 2/ 3JIEMEHTOB JMHEHHO
HE3AaBHCUMBIX N0 MOAYJIO Dy; ACRCTBHTENbHO, B TAKOM CJjyuae 3TO
UHCII0 21 He NpeBHILAET MUKCUMAALHO20 YHCAA IJIEMEHTOB U3 D,
JUHEHHO He3aBHCHMBIX 1O MOAyato Dy, T. €. 2n < 2m. Ho Takumu
2n snementamu sapasioTCs JA00HE 27 byuruUni Yy, Yos oo Yoo
M3 D, y10BAETBOPAIOUIHX yCJAOBHIM

det (y'u‘""' (a)) = (), (46)
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JleICTBHTENABHO, €CJIH
CiyyF Coypt oot o+ Conlan = Dy,

TO B CHJY YyCJjaoBHS 1) B mpeanoxkennu VI KOXKHO 6BITD

c ¥ (a) + ey (a) 4 ... F ey gl (a)=0, k=0,1,2, ..., 2n~1.
Dra cHCTeMAa OJIHOPOJHBIX YPABHEHHH OTHOCHTENBHO €y, Cy, - .., Cy,
HMeeT TOJbKO TPUBHAJIBHOE PpEIIeHHE ¢ =Cp= ... =Cy, =0, u6o

ee ompelesuTesb corgacuo (46) otauuen ot Hysq.

Briuncienue uHIeKca nedekra omnepaTtopa L, ¢ ABYMSI CHHIy-
JISIDHBIMH KOHILAMH MOJKHO CBECTH K BBIUHCJICHHIO HHAeKca JedekTa
B ciydae OJHOro CHHLYJsipHOro KoHua. JleficTBHTeqhHO, TycTh
¢ — NPOH3BOJIbHOE YHCJ/IO M3 HHTepBanaa (a, b); ofo3Haunm yepes Lj
u Ly omepatopmt Lo, TOpOXKACHHbE TeM e AH(pbepeHIHa b
BoipaxenueM [(y) B wuHTepBasnax (a, ¢) 4 (¢, b) COOTBETCTBEHHO.
Ouennguo, Ly u Ly GyAyT yXe omepaTopaMH C OIHHM CHHTYJI51D-
HBIM KOHLOM X¥=a H X =) COOTBETCTBEHHO.

VIII. Jegpexruoe wuwucao, deflL, oneparopa L, onpedenserca
pop myaoti

def Lo = def Lg + def Ly — 2n. (47

4
HokaszareabctBo. Cysum onepatop Lo, Hajaras Ha QyHK-
uuu f &’ NONOJSHUTEJBHBIE YCAOBHUS:

vl (c) = 0, v=0,1,2, ..., 2n—1. (48)

[TosnyueHHHH B pesyJwTaTe olepaTop oGo3Hauum yepes A’, a ero
3aMblKaHue uepes A.

OueBnano, mpu 3aMbBKaHAu yeaosusa (48) coxpansiioTest A4
Bcex ¢yukiuuil f & Dy, u notoMy B Dy, CYLIECTBYIOT B TOYHOCTH 21
JIHHEAHO He3aBHCHMBIX (YHKHHH, HHKaxKas KOMOHHALHS KOTOPLIX,
3a HCKJIOYeHUEM HYJAeBOH, He MpuHafJIexuT D, DTO os3HavaeT, uTo

dimg , ®r, = 2n;

cienosateanio (eM. n°n’6—8 § 14),
def A = def Ly+ 2n.
C npyro#t croponsl, omepaTop A ecTb mpsiMas CyMMa ofnepa-
ropos Ly u Lg, U notoMmy
def A = lef L5 + def L3.

CpaBHeHHe 3TOr0 PaBEHCTBA C MPEABIAYLLHM NPHUBOAMT K (dop-
mMyae (47).

3ameuanune B cayvae quddeperiunasbroro onepartopa BTOPOro nopsKa
(n=1) ¢ opHuM peryasipubiM H BTOPBIM HEPETYASPHHIM KCHIAMH JOKa3aHHOE
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Sxoeo oneparopa pasen (1, 1) uau (2, 2). Ileppuil ciyvali HassiBaeTcs caywaes
nedebHOLL TO4KU, BTOPOH - cayvaen npeae/zbl-zoeo Kpyea. DTa TePMHUHOJOIHA
fi@gaana ¢ METOLOM BJOJKEHHHX OKDYXHOCTeH, IPH momomu Koroporo Belan
%g’pume.n kK cpoel anbrepHatuBe (nmoapouo 06 stom cm. Jlesutan [2] ).
. Tlmrasch 0606uuTh 3Ty ajbrepHaTtuBy Beiis, B. Bunpay [1] aas n=2 u
W [lun [1—4] aas m060ro # owHOOYHO TPUWLTH K BHBOLY, YTO HHAGKC nedekTa
%Gery qubo (n, n), mu6o (2n, 2n). M. M. I'naaman (cM. Paasman [2]), nokasaun,
§T0 9TOT Pe3yJbTaT omuboueH M 4YTO B JIeHCTBUTENBHOCTH B HHAeKCe Nedexra
7 4m, m) BO3MOKHO Jdiofce 3HaueHve m, 3aKJIOYEHHOE MEXIY 7 u 2n.
"7 3arem B paCote OpJioBa [1] 6bly mafiien kJace ONePaTopoB ¢ AHAJHTHUE-
‘exumH k0304 HuHeHTaMH, NedeKTHBIE YHCJIA KOTOPBIX ONPeNesfAIoTCH KaK YHCJIO
“gopHelt HEKOTOPOro 3¢ eKTRBHO BBIIHCHIBAEMOrO MHOrcujena, a B pabore Heii-
mapk [1l] moxasano, uto 3TOT pesyastar OpJioBa 0CTaeTcsd COPaBEMJFBbIM JJA
BeaHaJUTHYeCKHNX K09¢(HIHeHTOB, YAOBIETBOPSIOMNX ACHMITOTHYECKHM YCJI0-
BUAM NpH x —> o, o6obmatomum ycaosus OpJaosa.
. Hnneke pedexrta oneparopa Lg, nopoxjgaeMcro audbdepeHiHalbibiM BbIpa-
.enueM [ (y) NDOM3BOJILHOIO MOPSJAKA C KOM I e K CH b MU Koshdulltenramy,
wsyyancs B paGorax Isepura [1, 2]. B paGore DBepura [2] passura teopus,
" aHaJIOTHUHASL TeODHHM MpPEeJeJbHOTO Kpyra H upejeabnofi Touku Bedns, pas
CaMOCOIPSKEHHBX AHGGepeHIaMbHEX BHIPAXKeHNH Y@TBePTOrO0 MOPSAKA,

%E;{omeﬂne VII npuBoaut K caeaywinell asvrepraruse Beias: undexc degexra

§ 18. CamoconpsKenHble paciiHpeHus onepartopa Lo

1, OnucaHue caMOCONPAKEHHBIX paclMpeHwit omepatopa L.
3apaueil aToro naparpada sBJAAETCH H3yUeHHE CaMOCOUPAKEHHBIX
oneparopos A, SIBASOWHXCH pactupenusny AAGdepedilnalbHOro
onepartopa Lg:

H> L. )

3ameTuM, uYTO NpUMeHss omepauuio * K obemM wactsM (1), Mbr
HOMTy4uM

H <L ©)

[TosTomy camoconpskenuwie pacmupenus H onepatopa L mnos-
HOCTBIO ONpefensaoTcs 3ajaHueM HX O00JAcTH OmpefeseHds Dy,
KOTOpast AOJKHA YAOBJAETBOPATb COOTHOIUEHHAM

Dy Dy D. 3)

OtMeTnM 01HO cBOHCTBO Dy, HENOCPEICTBEHHO cJelylolee U3 ompe-
AeJIEHUs: CaMOCONPSIKEHHOrO ONepaTopa:

- Teopewma 1. Jluneiinoe mnozoo6pasue ' 8 § ro2da u Tossko
T020a asasercs 06.4acTor0 onpedeenus HeKOTOPO2O CaMOCOnps-

HenHoeo pacwupenus oneparopa Ly, koeda B ydosaersopser
Ycao6unm:

) Do = D;
2) 0aa awbox dsyx ¢pyukyuti y, z& D

[v: 21—y, 21, =0;



208 rJa V. CHMMETPHUECKHUE AH®PEPEHIIMAJLIIBIE OIMEPATOPLI [

3) sesikan PyHkyun z uz D, y0osaeTgopaouias YcaAosuw
[!/’ Z]b_-[.lh Z]a=0,

O0aa scex y= npunadaexur .

HorkaszaTeabcTBo. OueBUIHO, 06JACTb OUpEJEJCHHS BCH-
KOTO CaMOCONPSI:KeHHOTO pacluHpeHHsl omepaTopa L, AOJKHA yi0-
BJETBOPSITh yCJa0BHIO 1). ByaeMm Tenepb CUHTaTh 3TO YCJAOBHE Bul-
NoJJHEHHHIM W 0003HauuM uepe3 [{ cyxenue onepatopa L ua 3,
[ycts y u 2 — nBe dyuxuud 13 D. B cuay (40) n° 4 § 17 pasencrro

[y, 2ls—1y, 2]l =0
SKBUBAJIEHTHO paBeHCTBy
(Ly, z)=(y, L2).

ITosTomy ycaoBue 2) o3HauaeT, uTo onepatop 1 cHMMeTPHYeCKI.
Jlanee, ycaoBue 3) o3HawaeT: ecqau AAs BCeX y & T/

(Ly, 2)=(y, L2),
(Hy, 2)=(y, L2),

To z &Y, caeropatesabHo, Lz = Hz. Ho 3To xak pa3 u o3navaer,
uTo otiepatop H camMoconpsikeHnslil. TeM caMbIM TeopeMa | fokasaHa.
st onvcanns Bcex MHOKeCTB Dy BOCIO/NB3yeMCs Pe3yJ/ibTaTamMu
TEOPHH paclINPeHHH cUMMeTpHUeCKHX omepaTtopos (cM. § 14).
IMyers N, obo3nauaerT npedeKTHOE MOIIPOCTPAHCTBO OHEpa-
Topa L,, COOTBETCTByWIIEE A, H MYCThb

@1 (%), @a(x)s oo ts (%)
— opronopmanbnniii 6azuc B MN,. Toraa QpyHKuHU
—@1(x), —@a(x), ..., —Pp(x)

o6pasyioT opToHOpMaabubil 6asuc B N;. [TpuMenas obuyio Teopuio
pacluHpeHHi CHMMeTpHUeckHX omnepaTopos (cm. n° 8 § 14, dop-
mysaa (21)), npuxoauM K cjieryolulelt Teopeme:

Teopewma 2. Beakoe camoconpsacennoe pacuupenue H one-
paropa Ly ¢ undexcom depexra (m, m) onpedeasercs caedyoujum
obpaszom npu nomowu HekorTopoli yHurapxol marpuysr u=(u,.)
m-ro nopadka:

Ob.aacre onpedenenus Dy ecTs cOBOKYNHOCTE 8cex Pynryuil z(x)
suoa

2(x) =y (x)+ ¥ (x), (4)

ede y(x) =Dy, a $(x)— auneldrnas koumbunayus Qyrriyui

Py (%) = @y (x)Jr?;]l gy (£),  w=1,2, 0, m. (5)
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96parHo, BCAKAL TAKAR MATPUKQ u =(u,,) onpedeaser onucau-
M BbLULE CIOCOBOM HEKOTOpOe camoconpasicernoe pacuupenue H
snepaTopa Ly. Ycranosaennoe Ttaxum obpazom coorsercraue
wexcdy H u u 83aumno 00HO3HAUHO.
. PaciiupeHHe f{, COOTBETCTByIOmIeE YHHTAPHON MaTpHLe U, MHl
Synem B fanbselimiem ofosnauath uepes L.

Caenyionias TeopeMa XapakTepH3yeT o00JacTb oOmnpeje/IeHis

otiepaTopa L, 1npu NOMOULW TPAHHUHBIX YCJIOBHA.

“Teopewma 3. Obaacre onpedesenus iDLu oneparopa L, ecrs

gégotcynﬂomb scex Qyuryutl y =D, ydosaereopRiouiux yYoAo8uam

) ly, wu]b—[y’ ’lbu]a=0, =12 ..., m, (6)
20e

; m L

’un (x):(pu (x)'!—\?:luvucpv(x)’ p=1,2, ..., m.

Hoxasateabcrso. [lyets y =D ; Tak Kak TakKe $, =D, ,
TO

' (Lays b)) = (g, Laby)s
T. €.

(Ly, %)=y, L)

Orcwona n w3 dopmyau (40) n° 4 § 17 npu 2 =1, cuaenyer coor-
gourenue (6).
O6partuo, mycts ¢yHKUuS 2(x) H3 D yROBJIECTBOPsIET YCJIO-

Buio (6); Torna
[y’ Z]b - [y> Z]a =0 (7)

Hast o6oi dyHKuun yEiDLu. JleficTRUTE/IbHO, BCAKAsi Takas
OYHKLUA § HMEeT BHX

m
y=Yo+ v;l Cyy, Yo &= ;.
B cuay IV n° 4 § 17

v, %olo — Y, #la=0;

no3ToMy coorrouienne (7) HeMOCPENCTBEHHO CaeNyeT 13 yeaoBHii (6).
Usa coorHomenus (7) ¥ TeopeMbl | BHITEKaeT, uToO 2D, , u Teo-

peMa 3 nokasaua. _
Teopeme 3 mokHo mpuaaTs eme caeywmyo Gopmy, HHOrAA
fonee yrobuylo AJs MPUIOKeHHI:

- Teopewma 4. O6.aacrs onpederenus D,, scaxozo camoconps-
Meernozo pacwupenus L, oneparopa Ly ¢ undescom degpexra (m, m)
eCT6 cosorynHocTs 6cex Gyuryull y{x) us D, ydosaersoparouux
ycaosuam

[y; m'k]b——[yy Jvk]azoy k:l, 27 sy M, (SF

14 M. A, Haiimapg
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2de Wy, Wy, .. .,. W, — HEKOTOPbLte Pynkyuu u3 D, AuHellno nesq-
sucumbie 10 Mo0yA0 By, Takue, 4To

[wj, Welp = [w;, wel, =0, i k=1,2, ..., m (9
Ob6parno, Kakogol Obl Hu OblAl QYHKYUL W), Wy, ..., W, U3 D,

AUREIHO Hesasucumbie no mModyrw Dy u yooeaeTeoparouue coor-
nowenuam (9), cosoxynnocte ecex pynxyui y(x) uz ®, yoosierso-
paownx  ycaosuam (8), ecrs obaacre onpedeseHus HEKOTOPO2o
COMOCONPANCLHHO20 pacwupenus oneparopa Ly,
Hoxrasareabctso. Obnacts onpesesenns D, oneparopa L,

COCTOUT M3 JIHHEHHBIX KOMOHHAUHH 3JEeMEHTOB § € Dy U 1y, =1,

2, ..., m (cm. teopemy 2). CrexoBaTenbi0o, pasMepHOCTb JDLu
no mMopymo P, paBHa m. IJTO O3HAYAET, UTO B D, CYIIECTBYIOT
m 3JEMEHTOB @[, Wy, ..., Wy, JUHEHHO HE3ABHCHMBIX OTHOCH-

TeABHO By (3THMH 3JeMeHTAM# MOTYT, B UYACTHOCTH, OBITH 1,

P2, - r )
[ToBTopsifn paccy:K/[AeHHsI, HNpPOBeJeHHbIE MNPH J0Ka3aTeabCTBe
TeopeMbl 3, IPHXOLHM K BLIBOAY, 4TO D COCTOHT U3 BCeX (YHK-

unit y u3 D, YIOBJECTBOPAOUINX KPACBHM YCAOBHAM
[y, w;ly—1{y, w1, =0, =42, ..., m (10)

Tak xak camy QyHKuMH W, npHHANIEKAT D, , TO H 04U yLOBJE-
TBOps0T yciaoBusM (10), T. e.

[wg, w;], — [w,, w;],=0, i k=1,2,..., m. (11)
[lyers, of6patHo, B D Bulpaun Kakue yroano QYHKIHH w,
Wy, ..., Wy, YAOBJAETBOpsioUIMe ycaoBuaM (l1); agoxkaxem, uTo

Toraa kpaesoe ycaosusa (10) onpedeasror wexoropoe camoconps-
agcernoe pacuuperue L, oneparopa L.

OrtmetTuM fpexnae Bcero, uro yciuosus (10) nwnelino HezaBH-
cHMBl. JefiCTBUTENbHO, NYCTh HMeeT MECTO COOTHOIIEHHE

m
kEl o ({y, wily — [y, wele) =0
m
nas Beex y <= D, [Tonaras z= Zakwk, Mbl CMOXKEM TepenHcarThb
E=1

5TO COOTHOUICHHE B Buje
[5/’ 2]17 - [!/’ Z]a =0.
B cuay wmpensoxenns IV n° 4 § 17 orcioga caenyer, uto ajeMeHT
n
2= ;1 W, TPHHAAJEKHT Dy, TAK KAK JEMEHTH @, Wa, ..., Wy,

JHHEHHO He3aBHCHMBI 10 MOLYJI0 Dy, 3TO BO3MOKHO JHIUIb TOTAA,
Korja ay=0y= ... =a,=0,
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O6osuaunM depe3s D CcoBOKYNHOCTL Bcex ¢yuruui y(x) ns D,
B/0BNCTBOPAIONINX YCAOBUSAM (10). Paamepuocts D 1o moayao D,

‘@Bﬂa m, uGo D BrfeasieTcst H3 D nyTeM HaMOKEHHA . JHHEHHO
3aBUCUMBIX YCJIOBI/IH
O6osznaunM, pasee, ueped B’ COBOKYNHOCTL Beex GyuKuuil y(x)

BHA2

”m
y=y0+j§cjwj, (12)

‘rAe c;~— TPOU3BOJIbHbBIE NOCTOsIHHLIE, A Yy & D,
<. Jokaxem, uTO _
' =D, (13)
B cuay (1) v npeanoxenuna 1V n® 4 § 17 Bcakas ¢pyuxuns uz D'
yrosJaersopaer ycaoruaM (10); caexopatesibyo,

DD (14)
C npyrofl cTopoHH, pasMepHOCTE ¥’ 1O MoAyalo ¥y, OUEBHIHO,
paBHa Mm; Tak Kak D, 0O JOKA3AHHOMY Bbillle, HMEET Ty e pas-

MepHOCTE no Moxymo By T0 Bryovenne (14) BO3MOKHO Mulub
TOrZa, Korja
P =D.

Hokamem tenepb, 410 D’ YIORAETBOPAET BCEM YCAOBHAM TEO-
pemetr 1. Ouesnnno, ycaosre 1) Bumosueno. [Magee, B cuay (11)
¥ npeisnokenuss IV n° 4 § 17 seaxue ase dynxuuu y, 2D’ yaos-
AETBOPAIOT COOTHOMIEHHID

[y’ z]b—[y’ 2’]a=‘~'0. (15)
Cienonaresbio, ycjaoBHe 2) Takke Bhoaueno, HaKorel, W3 coor-
sowenus (13) BuTexkaer, uro BesKas dyukuusa 2 us D, yaosaer-
BopawoUias ycuoBuio (15) s Beex y & T, TakKe npunamiexur O
AeRcTBHTE/IbHO, 2(X), B YaCTHOCTH, YAOBJETBOpser ycaosuio (15)
npu y=w; j=1, 2, ..., 2n, cnenosaresrHo, z(x)& D =72’ rak
4TO ycaoBue 3) TakKe BLITOJTHeRO. Ha ocuosauuu Teopemn |
OTCIONA 3aKA0uaeM, 4to VD ecTh 00JaCTh ONpPeeNeHHs HEKOTOPOTO
CaMOCONPSKEHHOrO paculupensss onepatopa L, W Teopema HoKa-
3aHa.

Yenonus (6), a Takke ycaoBusl (8) MOXKHO paccMaTPHUBATh KAk
Kpaephie yCJIOBUHS N5 onpefenenus otepatopa L,. Booblie rosops
TH YCJIOBMs 3aBMCSHT OT MHOrooGpasus D, U3 KOTOPOro BLIGH—
patorcsd QYHKUHH §, (COOTBETCTBEHHO W,), CJAEAOBATENbHO, 3aBHCAT
or nuddepeHnanbHOrO BBIPaXKeHUs l(y) OaHako B HEKOTOPbIXS
YACTHHIX CAYUAHX KPAeBHE VCJAORHH MOXKHO 3a1aBaTh HE3ABHCHME
OT BuIpa:KeHHA [(y); OTMETHM 3TH YacTilble CAydaH.

Ag*
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2, KpaeBble ycaoBHs B caydae peryaspHoro auddepeHuuany-
Horo omeparopa. B sroM nyHKTe Mbl O6yLeM HUpeAnosarats, yrg
muddepenunanbioe Beipakenue ! (y) nopsaaka 2n peryasipHo B uy-
tepBaJe [a, b]. Torna L,— cummeTpuuecKuil omepaTop ¢ UHIEKCOM
nedexra (2n, 2n) (cm. n° 3 § 17). Ero camoconpsieHHbie paciuy-
peHHUsE MOXHO ONHCATh CJAeAYIOIHM ofpasom:

Teopema 5. Beaxoe camoconpsiennoe pacuupenue L, one-
paropa Ly onpedenserca AUHEHO He3ABUCUMbLMU KPAEBLLMU YT 10-
suamu auda

2n 2n
kZI oy, ¢y (a) + kZI Bj ey (0) =0, k=1,2,...,2n, (16)
npusen

n n
Zx ®j Ok, onovil — VZI A, 9n-y+10g, v =
V= =

b=

n
B vBe.znvet = ZBronveiBry  (17)

v

Obpartro, scakue auxellno neaasucu mote Kpaessie ycrosus euda (16),
yOosaergopsaoujue cootHouenusm (17), onpedeasror Hexkoropoe
camoconpsscennoe pacuupenue L, oneparopa L.
HoxkaszateabcTso. IlpuMmesum Kk onmeparopy L, Teopemy
41° 1. B nannom cayuae m=2n. [lycTs obnacts onpelenenns o,

CaMOCONPSIKeHHOTO pacmupenns L, oneparopa L, 3ajaeTcs coracHo

TeopeMe 4 3JEMEHTAMH W], @, ..., Wy, L[IOJOKAM
a’,‘, P @[]Zn~k} (a): aj_ ner s T @S'n—k] (CZ), }
By o= — @ M), B, =@ M), | (18)
i=1,2 .., m k=1,2 ... 80 |

Torna ycaoBus (8) u cootHomenust (9) nepenuiIyTcs cOOTBETCTBEHHO
B Baze (16) u (17); upu aTom H3 JHHEHHON HE3aBHCHMOCTH 3Je-
MEHTOB W, Wg, ..., Wy, CJEAyeT JIHHEHHAS HE3aBHCHMOCTb YCJO-
Buit (16) u obpatHo (cM. TO 3TOMY NOBOAY A0KA3ATEJNbCTBO TCO-
pemer 4 n° 1 crp. 210).

O6paTHO, MycTh 3a/aHbl JHHEHHO He3aBUCHIMBIE KpaeBble yCa0-
Bia (16), ynosnersopsawowne cootHomenusm (17). Coraacno aemme
2n° 3§17 B D cylWecTBYIOT 3MEMEHTH @), Wy, ..., Wy,, YAOBIE-
TBOpAOLIHe yeaoBHaM (18); wo torma (16) u (17) sanumyTes cooT-
BercTBeHHO B BHIe (8) u (9). Caciosateanno, yeaosus (16) suie-
JSI0T 0GJMACTh ONpeeeHHss HEKOTOPOrQ caMoCONpsKeHHOro pac-
wupedus oneparopa Ly,
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¢i'3, Cayuali onepartopa ¢ uHnekcom aedexra (1, 7)u ¢ OLHUM cUH~
“pyAAPHBIM KOHLOM, B atom cayuae Kpaeshie yCJoBHsi TAKIKe MOKHO
_aanucath B (opme, He saBucsuleli oT AndQepennnaibHOro Bhipa-
“JKeHus.
[Tpexe BCEro JoKayKeM CJELYIOMLYIO JeMMy.

. Jlemma. Ecau Ly~ oneparop underxca dedexra (n, n) ¢ 0dnum
CUHRYAAPHOIM KOHYOM b 1t BTOPOLM pecyAipHOlM KOHYOM @, TO 0%
106bLx AeMEHTO8 ¥, 2 D

[y, 2], =0. (19)

JlokasaTeabcTBoO. Ilycts A =[a, B] — npoussoabHLI KoHeu-
HBH HHTEPBAJ, Coaepxkamuiica B uutepsasne [a, b). Toraa Bhipa-
wenne I(y) peryaspuo B uuTeppase A. Bwibepem B Da GyHKUHH
21, 29, + s Zoq TAK, UTOOWI

(k=11 { bompn v=k, 20
S h=a T 0 npn v &, (=0)
N =00 k=1,2,.., 2 (21)

B cuay aemmnt 2 n° 3 § 17 rakne dynkmun z, cymectsyior. [1po-
JOJDKHM HX 3a npelesasl HHTepBaja la, B}, cumras uX paBHLIMU
HyJ 0 0pu B<x <b.
B uyacrnocery,

Z[Vk‘”|x=b =0, k=1, 2,..., 2nu. (22)
Torna Gyrkuun 2, CTAHYT JAeMeuTaMi Muoroobpasus . Io yeao-
B0 mpjaexc jAedekrta onepatopa Ly ecTb (n, 1); CJAe10BATENLHO,
pasmeprHocTs D no moayJao D, pasua 2n. C gpyrofl CTOPOHHI, U3
(20) nerko 3aKkJOUNTL, YUTO.PYHHIMH 2, 25, ..., Zg, JHHEHHO He-
3aBUCHMH no Mozyaw By Ilostomy BCAKYIO GyHKUHIO 4 H3 D
MOKHO NDPEJCTABHTL B BH/E

2n
y=1y + 2‘, @2y, (23)
V=
Tie Yo =Dy, a a,— nocrosinnsie. Ho B cuay [V n° 4 § 17
[UO: 2]b= 0
H, KpoMe Toro, B cuay (22) raxkxe
{2z, 2], =0, =1, 2, ..., 21,

Orciona u wn3 (23) memocpeictnenuo caeayer cooTHolenue (19).

Corstacho s1oii aemme Bupamenus ly, Yulo [0 @Welp [@) walp
B hopmyanposkax Teopem 3 u 4 n° 1 6yayT pasum uy.io. [losromy
B paccmarpusaeMoM cayuae TeopeMbl 3 u 4 (dopMyJupyOTCA cUe-
Aywouim oGpasoM.
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Teopema 3. Obaacre onpedeaenus Br, oneparopa L, ecr
COBOKYRHOCTL 6Cex Qyrkyul y & D, ydosaeTsoparoux yciosusy
ly, wu]a:O» p=1,2,...,n, (24)

ale
n

b (£) = @, (x) + Z Uy (x), p=1,2,..., n (25)

Teopema 4. Obaacre onpedesenus D 8cAK020 camoco-
u

npaxcennoeo pacwuperus L, oneparopa L, ects cosokynnocrs
scex pynxyutl y(x) us D, yoosrersopaOUUx Yci08UAM

ly, welo =0, k=1, 2, ..., n, (26)
ede wy, Wy, ..., W,—HeKkoTOpoie GyHkyuu u3 D, auuelino neaa-
sucumole no modyaw By u Taxue, 4ro

[w), wele=0, j, k=1,2,..., n. (27)
Obparno, kakoger 06t HU Oblau GyHKyUU @\, @e, ..., W, u3 D,

AuHelino Hezasucumoie no modyrwo Dy u ydogarersoparwwue coor-
rowenusm (27), cosoxynuocre ecex gyaxyuil y(x) uz D, ydosae-
Teopaowux ycaosuam (26), ecte o6aacts onpedesenus HeKOTOPo2o
CAMOCORPANCCHHO20 pacuiperis oneparopa L.

Takum oOpasoM, B paccMaTpHBaeMOM ciyuae D —Bolieasercs

NPH MOMOLIH KpaeBulx ycJaoBuil (24) mau (26) ToasKO B TOYKE q.
Jasnee, uMeeT MecTo Teopema, aHaJjoruyHas Tteopeme 5.

Teopema 5. Beakoe camoconpsoennoe pacwupenue L, one-
paropa Ly onpedeasierca AUHEIHO He3a8UCUMbL MIL KPACBLMU YCAGC-
suamu suda

2n
Doyt Na) =0, j=1,2, ..., 1, (28)
=1

npuuem

n n
Z aiv va’k, n-v+l T VZI u'/',2n—v+la'k,v =0’ j» k= lv 2: veey ML (29)
Obparno, ecaxue auretino neszasucumvie ycaosus suda (28), yoo-
gaersoparoujue yeaosuam (29), onpedeastor nekoropoe camoconps-
scennoe pacuiperue oneparopa L.

HoxkasateascTBo 3Tof nocsefHell TeopeMbl aHajoOrvyHO JOKa-
3aTebCTBY TeopeMsl b n° 2 u ocroBano Ha Teopeme 4. Ilyers me-
KOTODOE CaMOCOTpSiKEHHOE pacCllupeHue onpejessercs (CoraactHo
Teopeme 4') sjeMentaMH @W,, W, ..., W, lloJaarasa

@, , =@k (q), — @ Ma), 4 k=1,2,...,n (30)

ik O e =
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'.Mbl sanuuieM Kpaesbie ycaoBus (26) B Buae (28), a coorHoie-
‘nud (27)~ B Buje (29). O6partno, Kpaesrie ycaoBus (28) u cooTHo-
peHHs (29) moxHO s3anucaTh B BHAe (26) m coorBercTBeHHO (27),
B3AB B KauecTBe GyHKIUA @, @y, ..., W, JIOObe QYHKUUA U3 D,
yAOBJIETBOPAIONIHE yCJIOBHHM (30). Taxue (hYHKIUH CYIIeCTBYIOT
‘p cwiy JeMmsl 2 n° 3 § 17. HelicTBUTeNIBHO, AOCTATOYHO IIpHMe-
- §WTb 3Ty JeMMy K KakoMy-HuOyAw nutepsany {a, B] < [a, b], vano-
#KHUB HA QYHKIHA ©, AONOJHHTE/JbHHE TPeGOoBaHU

wl| =0, k=1,2, ..., 2,

)C=‘
H cuuTas QYHKUHHA @, TOXKIECTBEHHO PABHBIMH HYJIO 1pH f < x < b.

4, BewecTBeHnsnie pacmupenns. Jluuednslii oneparop B L2(a, b)
HA3LIBACTCH BEU{CCTBEHHBIM, ECJIH!
1°. O6aacts omnpeienenuda U, omeparopa A BmecTe € KaKAOH
A

dyHKuued f(x) COLEPKHT KOMTJIEKCHO conpsiKeHuyo GbyakuHio f(x).

2°. Onepatop A NepeBOAHUT KOMIJIEKCHO COMPSIKEHHBIE JPyT
K Apyry OYHKUMH B KOMIJIEKCHO CONpSKEHHbE APYT K JAPYry
bynkuuy, Apyrumu cjiosamu, ecan Af(x)= g (x), To Af(x =g {x).

Jas nanbuefiiiero siBAsSeTCS BeChMa CYIECTBEHHBIM TO 00CTOA-
TeNbCTBO, YTO CPeIH CaMOCONPMKEeHHbIX pacurHpeHuit oneparopa L,
HMeIOTCsl BellleCTBeHHbie ofiepatopnl. Caenyomas TeopeMa JRaer
ONUCAHHE BCEX TaKHX BEIECTBEHHHIX CAMOCONPSIKEHHBIX paciinpe-
HHH onepatopa L.

Teopewma 6. Camoconpsmennoe pacuupenue L, onepiropa Ly
ABARETCA BeuecTs8enHblM T020a U TO.46KO To2da, Koeda coorger-
CT8YIOWAA YHUTAPHAS MATPUYA U CUMMETPDUYHA, T. €.

ujk=uk]-. (31)

. HokasarteabcTBo. OTMETHM TpEXKIE BCEro, UTO B AAHHOM
cayvae Hy*KHO (paKTHUECKH 3a6OTHTHCS TOJIBLKO O COOMIONEHHH YCaA0-
BuA 1°. [leficTBHTE/IbHO, BBUAY BeUIECTBEHHOCTH KO3 QHLUHEHTOB
Po P1, ..., p, onepatop L, OYEBHJHO, sABJSNETCH BeleCTBEHHBIM
onepatopom. llosromy yecnosme 2° ciaenyer u3 yesaosus 1° B cuay
cootHomennsn L, L. Teneph sierko HaliTH ycJjoBue BeUIECTBEHHOCTH
AaHHOrO caMOCONpsKeHHOro pacumupenyus L, onepatopa Ly Co-
riacuo teopeme 2 n° 1 iDLu COCTOUT H3 BCEX 3JIeMEHTOB BHOA

f= y+ Mél Oy [@u (x) + VSI uvum] s (32)

TAe y =Dy, a @, — NPOH3BOJbHBIE NOCTOSTHHLIE,
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Pacumupenue L, BeUleCTBEHHO TOrAa W TOJLKO TOrJAa, KOria ’DL
fyneT colepxaTh Takxe Bce QYHKIUU

f=9+ Z{ Gy [% (x) + )gll Py <X)] ; (33)
T. e, Koraa 3TH QYHKUMH f MOKHO 3anucath B Buje (32). Ho ecan
f: g+ H‘/El [cpu (JC) + A-J uvucpv (JC J (34)

— Takas 3anuch 3jdeMenrta f, To us cpaseuns (33) u (34) Boite-
Kaer, uTo

i=19, (35)

0, = ugl Uy Oy, (36)
rf%

CAL“ = ‘:; ﬁ“v(_lv (37)

HefictBurennno, BuunTas noustenuo (33) u (34), nmoayunm

m m m
w~m+[\2} (a - >¢] [ (AM -2 amv)cpu} = 0.
= p - v
Buipaxkennst, 3aKJOUEHHBIE B KBajpaTHHIE CKOOKH, TipHHaijie-
KaT cooTBRercTBeHHO Dy, T u Ny, Tak Kax stu mMuorooGpasns
JUHelHO He3aBUCHUMB, TO KaXXA0€ W3 3THX BLIDAXKEHUN pPaBHO HYJIO;
OTCIONA, YUHTLIBAS HE3ABHCHMOCTE 3J€MEHTOB §y H y, NOJIYUHM
COOTHOMIENIH S (35), (36) u (37). Ho marpuua u yHurapHa (4'u =
= yu" = 1[); nosromy us (37) sax/JaouaeM, 4TO

m
— N P
a\, = 2&1 u\‘uaus
W=

U cpaBHeHue 3TOr0 paBeHCTBA ¢ (36) maer (BBHAY UpPOU3BOJBHOCTH
K03 buIHenTOB §),)

Uy = Uy
OueBuHO, BCE 3TH DPACCYIKIEHHS MOXKHO 006paTHTh, TaK UTO ycCJO-
Bre (31) He TOJIBKO HEOOXOAHMO, HO H JOCTATOUHO [Jf BElLeCTBEH-
HocTH pacwupenus L.

§ 19. Pe3oabBeHTsl camMOCONPsKEHHbIX pacluupeHuii oneparopa L,

[TepefireM Tenepn K H3yHeHHIO pPe30JbLBEHT CAMOCONPSIKEHHBIX.
pacuiupenuii oneparopa Ly 0KasnpaeTcsi, 9TO 3TH DE3OJLBEHTH
ABASIOTCS  HHTErpaJhbHBIMA  oflepaTopaMu. 3ajauefl HaCTOAHIErO
naparpagpa OyaeT Jo0Kazale.apCTBO 3TOro (paTa, a TAKKe ycTd-
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“gopJieHHe CBSI3W MEKIy KJacCOM siipa TaKoTo onepatopa W MHIEK-
weoMm Aedexra omepartopa L.

. 1. Hekoropnbie aemmbl. OG03HaUHM uepe3 ' COBOKYIMHOCTh Beex
$pyukuui f(x) ¢ cymmupyembiy KBAJAPATOM B HEKOTOPOM KOHEUHOM
. garepsane A=[a, Bl <(a, b) (xoTopnifi MOXKeT OLITH Pa3NAUHLIM
aasa pasaudHbix Gyuxiuil f(x)) ¥ paBHEX Hy/mo Bue A. OTMerum,
9TO TMPOCTPAHCTBO Ha MPu (GUKCHPOBAHHOM A MOKHO PACCMATpH-
paTh Kak uactp 9
Pa =,

“ecan QyHRUHIO f(Xx) € Ha cunTath paBHOf Hymo BHe A. B mann-
gefilieM HAM TOHAAOOATCS CJAEAYIOHHE JIEMMBL:

Jlemma 1. Pesoassenta R, 8CaK020 @euyecT8eHHO20 CAMOCH-
‘npancenno2o oneparopa H y0osaeTsopaer cooTHOUIEHI

Rig=Rg. (1)

JokasarenbcTBO. B cnny BewmecTBeHHOCTH onepartopa H
n3 [ Dy caenyer, uTo Takxe f &= Dy n

’ (H = M)f = Hf ~ 3] = Hf — 3f = (H =317,
[Tonarasa snech f== R;g, moayuum

CJenoBaTenbuo,

Tax kKax R; = R;, To oTcioga

Rig = Rzg = @

Jlemma 2. [Tycre pesoaseenTa R, HEKOTOpPO2O 8ewyecrsennozo
camoconpsxcenroeo oneparopa H das ecex gynxkyutl g & &Y onpe-
deasercs opmyroii

b
Rig= | K(x, s, ) g (s)ds, )

a
2de adpo K(x, s, L) nenpepsieno npu
a<x, s<b, xFs.

Kt s, A)=K(s, t, &). (3)

Hokasareabcrso. Iloassysice cootnomenuem (1), 3ax.o-
qaeM, 4To AJd JIOOHX g, h & &

(Rig, h)={Rig, h)=(g, Rik)

Toeda
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UJad B c?my (2)

b b 5 b
ffK(x, s, h)g(s)h(x)dxds=jjg (YK (s, x, Mh(x)dxds.

a a

Bauny mnpoussoJbHOCTH (QYHKLHEA g, he@’ OTCIO/la Herocpes-
CTBEHHO CJeayeT cooTHouleHue (3).

Jlemma 3. Gyuxyuu y,(x), yolx), ..., Yy (x) auneiino uesa-
sucumbl T020a U TOABKO To2da, Kkoeda npu Hekoropom evibope
HUCER X|y Xoy <oy Xp

det (yj (xk))j' k=1, ..., n #* 0. (4)

HoxazarteancTBo. JokaxeM cHauaj a A0OCTATOUYHOCTh 3TOr0
yeaoBus, M3 toxpgectsa

c1yy (X) + coyo (X)+ oo F ey (x)=0
MBI 3aKJwydaeMm, 4TOo, B 4aCTHOCTH,

iy () +caya (X)) + ..+ cpy, (x) =0,

Y (xn) 1 CaYs (xn) + ... s (xn) =0
B cuay ycaoBus (4) 3Ta cucreMa OJHODOJHBIX YpaBHEHHH HMeeT
TOJBKO TPUBHAJIBHOE peIleHHe ¢, =¢Cy= ... =¢,=0; caenoBa-
TeabHo, OyHRUMH ¥, {x), (x), ..., y,(x) JAUHENiHO HE3aBUCHMBL
OuesnyiHO, AJd AOKasarTeJbcTBa HeoOGXOAWMOCTH ycJaoBHs (4) mo-

CTATOUYHO YCTAHOBHUTH, YTO €CJH MpH arobom Bbléope qucen xi,
Ky vony X

det (yj(xk))jy k=1, ..., rL=O’ (5)

To dysruan y, (x), ya(x), ..., Y,(x) nuHeliHO 3ABUCUMH.

HoxamxeM »3To mocJefHee YTBepKIEHHE MO HHAYKUHH. [aa
OJlHOH YHKIHHK OHO oueBHIHO. [IyCTh OHO yIKe YCTAHOBJEHO AJIs
n—1 o¢ysxuu#; TpeGyercst ero AoKaszaTh aas n QyHkuui., Ecan
Ipu JI000M BBIGOpE UHCEJ Xo, ..., Xp

det (y; (xe)); gos ... n =0,

TO B CHJIY HHAYKTHBHOTO NMPEANON0KEHHST GYHKLIHH Yy (X), ..., Y, (X),
a motoMy M yuruuu g, (x), yo(x), ..., y,{(x) 1UHEAHO 3aBUCHMHIL
Ecau ke npu HEKOTOPOM BHIGOPE UHCEN Xy, X3, ..., X,, HAUPHMED
mpu x, = x5, x,=x0, ..., x, =x7,

det (4,(%8)), 1. n 7 O
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go, noaarast B (5) x,=x, x,=xJ, ..., x, = x% u pasnaras ompe-
gesiaTe b 10 SJEMEHTaM NepBOH CTPOKH, MOJYuHM

ciyi (%) + oo (X)+ .. Fepy, (x) =0,

pre Cp, C2» +- -1 Cp— NOCTOSIHHBIE H
' - 0
¢, = det (yf (xk))]‘, k=2, .. n # 0.

Crie0BaTeJbHO, (QYHKIHH Y (%), y2(x), ..., yYo(x) JMHEHHO 3aBH-
CHMBL.

2, Cayya#i oneparopa ¢ peryJasipuniM KoHLoM. [lepeiinem Teneps
K- HEMOCPEeJCTBEHHOMY H3YUEHHIO pe30JBBEHT CaMOCOIPSIKEHHBIX
“pacummpennil omepartopa Lo Tlpu sToM Mpl paccMoTpum cHavasa
10T 6GoJiee MpocTol cayuail, XKorjna xoTs Okl OJHH U3 KOHIIOB HHTEp-
pana (a, b) peryaspen (a BTODOH peryJssipeH HJM CHHTYJSIPEH).
QOueBHAHO, He Hapyuias OBIIHOCTH, MOXHO CYHTATh, UTO KOHeN a
peryJisipeH. DTO ycJoBHe Mbl Oy/leM CUHTATbh BHIIOJHEHHBIM Ha IpPo-
TXKEHHH BCEro 3TOro NYHKTA H He GyleM ero yXe oroBapUBAaTh.

Teopema 1. Pesoassenta R, 400020 Ccamoconpsicennozo
pacwuperus oneparopa L, ecrs uureepaasuull oneparop, 10po
K {x, s, A} Koropozo y008reT80pRET YCAOBUAM

b b

j;K(x, s, W Pds < oo, .[IK(x, s, M) Pdx < oo. (6)

‘B cayuae oneparopa Ly ¢ undexcomn degpexra (2n,2n) 2dpo K (x, s, A)
asanercs adpom I'uasbepra — Il nudra, 1. e.

b b
[ j{}((x, 8, M) Rdx ds < oo. @)

HoxazareabcTBo. JokakeM cHauajla yTBEPKIEHHE Teo-
0
PEMBI it De30/bBEHTH R) KAaKOTro-HHOYAb BEIIeCTBEHHOTO CaMo-

0
conpsixkennoro pactunpenus L, omepartopa Lo Ilyets A=[a, 8] —
uxcuposanumit konexuntit unTepan < [a, b). Moaoxum gas f&Ha

0
y=Ruif;
TOrZa y ecTh pellieHHe YpaBHEHMS

Ly)—ry=1{.
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Caenosatenntio (cMm. dopuyay (24) n° 4 § 16), y umeer Bug

2n

yx) = N (v) + Y ) f vs (8) F (2) dg ®)

k=1 k=]

(M 37eCh MOAGKUIAN Xy = ).
IMycts (m, m) — nungexe gedexrta oneparopa Ly BniGepem ¢yu-
JaMeHTaNbHYI0 CHCTeMY peIleHud Yy, Yo, ..., Yo, YPABHEHHS

Hy) =2y =0

TaK, 4ToOb GYHKLHH Yy, Yo, - .., Y, OpHHAZACKAIN O = L2(a, b)
(T. e. OwwIM ¢ CYMMHDyeMLIM KBaapaToM B uHTepBase (a, H)),
a oCTajbHble QYHKUHH Ypats -+ .1 Yo, BMECTE CO BCEMH HX HEHyJe-
BLIMH JIHHEAHBIMH KOMOMHAIMAMH He NpHHagiexann L% (a, b). [pu
x>f uuTerpan B npapoii uyacTu dopmyssl (8) GyIeT TOCTOSHHBIM
H PaBHbIM

f

[ o @F () a
CJIeIOBATENLHO, TIpH X > f
21 B
y(x) = Z [(lk + J. Uk (g)f(g)dEJ Ye (x).

k=]

Tak xax dynxnua y(x) nomxua npunagaexars L2(a, b), To dbynx-
WHH Yppi (X), .., Yo, (X) HEe JOJKHE y4yacTBOBATH B 3TOH NOCJEA-
Hell NMUHEHHOH KOMOMUALMH, T. €. AOJKHO ObiTh

f

~ [w@®F@®de npn k=m+1, m+2, ..., 2. (9

a

=

TToncTaBasis 310 BpraX{eHHe B (8), monyuum

Rif=y(x Z Ur ( x)f ve () f (B) dE + iakyk(x)—l-

k=m-1 k=1

1 3

x
1

+ Y00 [ 0,®f@de (10)

= | a

&
I

OnpefenauM Tefleph TOCTOSHHBIE ¢, O9, ..., Op. 1IYCTh @,
Wy, ..., Wy — 3JIEMEHTL MUOT0O0pasug D, onpeses vm}omne {cMm. Teo-

pemy 4 n° 1 § 18) paccmarpuBaemoe pacmupenne L.
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Tak KaK y & IDLo, TO JOJ/DKHG GBITh
. w
[y’ w/]Z=O> j=1)2)"') nt. (11)

:BbIHHIHeM nOApoGHell 3To yCJOBHE; COTVIACHO CaMOMy CHOCOBY
mennn ypasuennst I{y)— iy =[ no MeToxy BapHalUuH IHPOH3BOJIb-
HBIX TOCTOSIHHHIX (cM. (20) n° 4 § 16)
2n

2n x

U = P a1 () + X ) [ 0u©1©
k=1 k=1 a
v=0,1,2,..., 2n—1;

‘C/EA0BATEJLHO,

2n % -
ly, wj} = 2 [ak + j v (B)f () dE ] {ye, @],

k=]

2n b
ly, wil, = 2 [ak + f v () (8) d%} (g5, @ s,

k=1
2n
[y: wj]a = kgl a}a [yks wj]a-

Honcrakaas sti Buipamenus B yeaosust (11) u yuurnsas dop-
Myabl (9), mosyuuM CucTeMy ypaBHEHHH
m m b

Yoolyn o=~ Nigs vl [ 0076 a2~
R} k=1 a
2n b
= X el [ wn@i@dE =12 ..., m (12
k=m+1 a

OTHQCUTENBHO G, Uy, ..., O,. ONpefesuTeab 3700 CHCTEMH OTNH-
9eH oT Hyas. JelcTBUTeNBHO, B HPOTUBHOM csyuae OLHOPOAHAH
CHCTeMa
o i
b .
kZlck[yk, w,],=0, j=12 ..., m, .

AMERT HeTPUBHAJLHOE DPELICHHE OTHOCHTENbHO iy Cay +vvy € Ho

m
foria ¢yuknus §= X euyp yAOBAETBOPSIET YCIOBHAM

k=1

¢
[.17» 20: ]=1, 2,..., m,
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c/iefloBaTe/biO, NpHHALJIeRHT D o. Ilocsennee HEBOSMOXKHO mpy
u
g0, n6o j& N, a 310 mocaennee NOANPOCTPAHCTBO U D o yin-
u

HeliHo He3aBucHMH (cM. n° 4 § 14).
Pemas cuctemy (12), moayuum

w= [ f@mEd k=12 .., m,

rae h,(E) — perieHne CHCTEMBL

2n

S hulse @ =~ Xl o h®— 3 v ©lu . (3

Tax xak, Mo [OKazaHHOMY BLiIle, ONpeneUTe]b 3TOH ToCJAe Hel
CHCTEMB OTJMUYCH OT HyJs, a (OyYHKUHH U () HENpPepuIBHBI B HH-
TepsaJge [@, b), To u GyHKRuHH Ay (E) HENpEepPEIBHEL B 9TOM HHTep-
Baje. Honcrasass B dopmyay (10) smecto 4, k=1, 2, ..., m,
HX BBIPAXKEHHA, NOJYUHM

Rif=y= 2 5 () [ [00(8) + he (©)1F (&) dg +

a

+2,yk(x> jhk@)f(a) dg — 2 yk(xka(g)f(g)da (14)

k=m+1
HonomnM Tenepb

I % (x) by (8) — Z yk(x ) v (§) mpn x <E, I
Ko, & 2)=1 ", t (15)
| 20600 1 (9 + 0 9] upn x> % |

rorna dopmyna (14) npnMeT BUJ,

L RY= j Ko(x, & M) ds,

T. e. R} na ¢pynryusx f<§ ecto unrezparvubil oneparop ¢ ad-

pom Ko(x, &, A). CienoBarte/bHO, B CHJy OrPaHUUEHHOCTH 3ITOrO
oneparopa *)

B
Rif=Lim [ Ko(x, & W] (E)dE
f>b .

*) Cumsoa l.i.m. o6o3mauaer mpejen B cmbicae HopMsl B L% (a, b).
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gast JI000H bynxunu [ 9. TlosTomMy Mbl goKakeM, uto R} — un-

erpaJIbeIu omepaTop BO BCeM IIPOCTPAHCTBE %) € TeM JKe fAPOM
% (x, & A), ec/H IIOKaKeM, YTO HHTErpaJ

j Ko(x, & #)[(2)ds

‘dxonuTcs B OOBIUHOM CMBICJe jast BceX x H3 [a, b). Ilas sroro,
4§ CBOIO Ouepellb, AOCTATOUHO [0KA3aTh, 4TO AJA BCeX x u3 [a, b)

b
- [ 1Ko (x, & M PdE< + o, (16)
¥Ipun dukcupoBanHom § u x>E snpo Ky(x, & A) ects auuefinas
gomOuHaUuA QYHKUMH Yy, Yg, ..., Ym, NPpHHALICKAHX O = L2(a, b)

{eM. HEKHIOWO Qopmydy (15)). HoaTOMy
b

[ 1Koz, & 1)

a

2dx < + oo. (17)

’Tenepb MBI BOCHOJIbS}’eMCH BEIIECTBEHHOCTHIO PACCMATPUBAEMOrO

pacuxpenns LY. slapo Ko(x, & A) yI0OBIETBOPSACT BCEM yCJOBHAM
aeMMbl 2 n°l; cienoBaTe/sbHO, OHO CHMMETPHUYHO

Kolx, & A)=Ky(&, x, A);

nosromy HHTerpanst B (16) u (17) coBmazamoT M H3 JoKasauHoil
€XOJIMMOCTH BTOPOr0 CJeAyeT CXOAHMOCTb MepBoro. TeM caMmeM
nepsoe yTBep}K,ZleHHe TEOPeMBI JIOKA3aHO JJIs BEIeCTBEHHOr0 pac-
mmpenns L.
' lloxameM /A 5TOTO  PACHIHPEHHS BTOPOE YTBEPWKIEHHE Teo-
peMbl. IIpexxie Bcero mokaskeM, uTo IpH JIO0OM HHAeKce nedexra
_oneparopa L, ¢yukuuun v, k=m+1, ..., 22, u h, k=1,
» «-., m, npunaggaexar L%(a, b), 15 dero cHoBa BO(,I'IOJIbS}e‘VICF{
CBOACTBOM CHMMeETpHYHOCTH siipa Ko(x, &, A). D10 cBOHCTRO 03Ha-
9aeT, yro

m 2n
2 Y (%) y, () — E k() 0, () = 231 (06 (¥) + 7 (0)] 9 (B). (18)
‘ BblﬁepeM qygesaa Xy, Xy, ..., ¥y, TaK, YTOObl Obl1 OTJIHUEH OT HYJIst
OﬂpeﬂenHTeﬂb
det(yg(x,), k, j=1,2, ..., 2n

OTO BOIMONKHO B CHJIY JIMHEAHON HE3ABHCHMOCTH byHKUHA gy,
Y2 ..., Y2, (M. nemmv 3 n° 1). Tlomaras B (18) x=x; j=1,
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2, ..., 2n, IONYYHM CHCTEMY YpaBHEHHH

él e (x;) ke (B) —k=§+lyk (x;) v, (8) =

=k§ [op(x)+ by (D ye(B), j=1,2,..., 2n,

u3 KoTopoit GyHRUHH he(E), k=1, 2, ..., m, 0,(¢), k=m -1,

m-+2,...,2n, onpeleaal0Tca KaK JHHelHble KOMGHHALHA BYHKIK]
Y€ s Yn(B),

npusanexkamux L*(a, b). Caenosareasno, pynkunn hy(E) n v, 3]
tTakxke upunaanexar L?(a, b).

Tenepn yxe JeTKo [0Ka3aTb BTOPOe YTBEPIKAEHHE TeOPEeMH,
Ilycte muaekc aedexkra onepartopa Ly ectb {21, 2n), T. e. m =2y,
DTO 03HAYaeT, 4TO Bce OYHKUHH ¥y, Yo, - .., Yo, NPHHALICKAT
L%(a, b). ToabKko 4T0 JOKasaHHOe yTBEPKJEHHE Temephb O3HAUaer,
uTo BCe GYHKUMA Ay, hy, ..., hy, Takke npunagiexar LZ(a, b).
dopmyana (15) aaa saxpa Ky(x, & A) mpumer tenepb BHJ

[ 2n
kglyk (x) hy (B) npu x<g,

KO(x? g, 7“):: on
| 2 v () e (®) + 0 @] mpn x>,

B cuay Bepxue#dt yactu 3710H dopMmyJin
b b

[dx [1Ko(e, & MPdE< +oo,
a B CHJIY HIDKHEH ee uacTH

b X

[ dx [1Ko(x, & 2)Pdz < + oo,

a a

160 BHYTpEHHUH HHTerpasJ CYIIECTBYET H ecTh JHHefiHas KoMOu-

Hallusl TPOM3BENEHHH Yy, (x)y,(X), CyMMMpyeMBIX BBHAY NpHuHA4l-
JexHOCTH comuoxuTened k L%(a, b). TMostoMy Takxe

b b
[ 1Ko 5, & MPdxde< +oo,

M TeopeMa MOJHOCTbIO AOKa3aHa M BEIIeCTBEHHBIX pacIiHperHuii.
[Tepeiiiem Tenepb K MPOM3BOJILHOMY CAMOCONPSIKEHHOMY pacuii-
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genuto onepatopa L, Ilyern L, —rtakoe pacuipenne, a R, —ero
- pesoJibBeHTa. Cpasuum Bektopsl y = R,f u y°= R)f, rae f~npous-
“posbHBI djeMeHT u3 LP(a, b). OGa OHu SBJATIOTCA pelleHHSIMH
OMHOTO H TOTO K€ HEOJLHOPOIHOr0 ypaBHEHHs [ (y)— Ay =], caeno-
paTeqbHO, HX PasHocTh y—y° ecTb peuieHHe OJHOPOJHOIO ypas-
genuda [(y)—*y=0. [Tostomy

2n
R,f=Rf + kz:‘l @l

TMocaenuss AuHelHas KOMOUHALMsS A0JAXKHA NpUHaLiexaTh L2 (a, b),
u6o R,f n R%‘fE—LQ(a, b); B COOTBETCTBHH € HAWIUM BHOGOPOM
GyHAAMEHTANLHOH CHCTEMBl ¥y, Yoy -+, Yopn ITO BOSMONKHO JIHIUIb
rTorjga, Korana

Oy = Oppo = ... =0, =0,
CnenoBaTe bHO,

R,f= R + El &\, (19)

llocroanusie @ 8 3roii nocaelueil hopmyre 284810TCA 02paxi-
qeHHo My AUHeI LMY pyrkyuonarami 6 L%*(a, b). JefcTBuTenbHO,
ymHOXxKast obe yactH (19) ckanapro wa y, j=1, 2, ..., m, mno-
JYYHM CHCTeMy ypaBHeHHH

m

da (g, y)=Rf =R}, y), =12 ..., m, (20)
[ i i

k=

OTHOCHTEJBHO O, ¥y, ..., Q,, ONpeAeauTejJb KOTOpPOH ecTb oIlpe-
Jeauresib I'paMa JIHHENHO HE3aBHCHMBIX QYHKIHA &, Yos v Ym)
CJIe/0BATeNbLHO, OTJHUEH OT HyJad. Pelienne o, k=1, 2, ... m,

3TOH CHCTeMBbl BBIpAXKaeTcs B BHAE JHUHEHHOH KOMGHHALUH ee
° *
mpaBbix uacredl ((R, — R;)f, y;), koTopwie B CHJY OrpaHHYeHHOCTH

oneparopos R, # R, SABJAAIOTCS OrpaHHYEHHBIMU JHHEHHBHIMH (QyHK-

uuonanamu B L%(a, b). TakuM 006pasoM, yucia o, TaKxke sBJSIOTCS
OrpaHHYeHHBIMH JuHeHHEIMH ¢(yHKuKHOHasamu B L%(a, b). [Tostomy
B L%*(a, b) cywectsyior dyHKuad*) Ay, Hg ..., Hy, Takue, 4TO

b

w=(, )= [ 1@Oh®d, k=12 ..., m

a

——————

*) IMoabsysics KpaeBHIMH YCJAOBUSAMH [4. w;]Z=O, j=1 2 ..., n onpene

JMIOMMMHK JaHHOe pacwupenne L,, MOXHO elle noxkasath, 4T0 GyHKUIUA fig ()
Henpepoisnot B untepBade [a, b] (cp. aHaJOrHUHOe paccyXjieHde Ha cTp. 222).

18 M. A, Hafimapk
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[Tongctasass 3TH BhipaxeHusi B Gopmyay (19), moayuum

m b
Rif = ROf+ Yo (%) | 1(8) i (B)
k=1 a

by m )
Rif = [ [Kolx, & M)+ X0 ()3 (@ [ F(2) k.

k=1

Sta nocneguns GopMyaa MOKA3blBAeT, 4TO R, €CTh HHTErpaJsbHbIA
OTepaTop ¢ ALpoM

K(x, & M) =Kolx, &, 7~)+k§ Yr (x) g (B)- 21

B cuay cBoficTB (yHKIUI y, U h, nocaeqHsisi CyMMa €CTb BBEIPO-
skjaennoe sapo 'mabbepra — LlldMuara. Ortciona M M3 A0OKa3aHHEIX
csoficTB simpa Ky(x, §, A) HeMen/ieHHO CJeAYIOT BCe YTBeDXKIACHHSA
TEOP:MBl OTHOCHTE/BHO sipa K (x, &, A).

Gamevanue. 1. Paccyxaenue B KOHIlE AOKAa3aTeJbCTBa TeO-
peMbl | nOKa3biBaeT, UTO pe30Ab8eHTb. 08YX CAMOCORPANCEHHBLY
pacwupenuli oneparopa Ly orauuarorcs Opye or Opyea caazae-
MbLM, KOTOPOE SBASETCS UHTeePAAbHbLM ONepaToOpoOM C BbLpOXCOeH-
Hotm s0pom uasbepra — I mudra.

3ameuanue 2. M3 nokazaHHO! TeopeMbl, B Y4aCTHOCTH, CJe-
nyetT: ecau undexc Oegexra oneparopa L, ecte (2n, 2n), TO pe-
30468€HTA BCAKO20 €20 CAMOCONPANEHHO2O PACUUPEHUs ecTb
BNOANE HERPEPBIBHBIIL Oneparop; ¢1e008aTeAsHO, CREKTP 8CAK020
CAMOCONPANCEHHOZO pacuupenus oneparopa Lo wucto duckperen *).

3ameuanne 3. B n®8a§ 14 6o nasnokeHs OCHOBHBIE CBe-
JIeHHSI TI0 TEODUH pacIuHpeHuil C BBIXOAOM H3 TrHJbOeprosa Npo-
crpaHcTBa. B npuMenenun K auddepeHunasbHoMy onepartopy Lg
3TH BOTPOCH paccMmartpuBaauch A. B. Hlrpaycom. B uacrrocry,
HM J0Ka3aHo, YTO TeopeMa ! ocraercsi cnpaBeAJHBOH H B TOM
cayuae, Korja R, ofo3nauaeT OG0OIEHHYIO Pe30JbBEHTY oOlepa-
topa Lo (cM. Itpayc [2]). OxaswiBaercs, uyTo KaxkJA0e CaMOCOIPS-
KEHHOE pacmupenne omeparopa L, ¢ swxomoMm us L?(a, b) nopo-
KJaeT B 3TOM NPOCTPAHCTBE HEKOTOPYH KpaeBylo 3ajady, ¢ Kpae-
BEIMH YCJOBHSIMH, 3aBHcsiiuumu oT napamerpa. A. B. Hltpayc nax
OnHcaHue Bcex TaKuX KpaeBmX ycaosuil (eM. takxke Ilrtpayc [3]).

3. Cayuait onepaTopa ¢ AByMS CHHTYJASPHbBIMH KOHUAMH. B cay-
yae oneparopa Lo, ¢ 0syms cuneyaapHoimu KOHyamu Teopema I

*) TMocaeanee o3nauaer (cMm. Huxe 1° 5 § 24), uTo CneKTP COCTOHT u3 CyeT-
HOro MHOXKeCTBa COGCTBEHHBIX 3HaueHHH, KOHETHOH KpPATHOCTH C €JHHCTBeHHOH
npefensHol TOUKOH Ha GeCKOHeUHOCTH.
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ocTaercs NOAHOCTHR 8 Cu e, L'/leaOBClTe/leO, OCTANOTCA TAKME Bep-
Hotmi 3ameqanus 1 u 2 k Hell.

JInst 1OoKa3aTesbCTBA 3TOTO YTBEPKJEHUS 0003HAUUM uepes m”,
m* u m febekTune umcaa omepatopos Lo, Lo u Lo, NOPOXKAeH-~
HHIX JaHHBIM And¢depeHLHa bHBIM BhipaxeuueM / (y) B HHTepBaJax
(a, ¢), (¢, b) n (a, b) COOTBETCTBEHHO; MNpPH STOM ¢ oGo3Hadaer
JI06yI0 BHYTPEHHIOI TOYKY HHTepBasa (a, b) (cm. crp. 206). Ha
ocHOBaHMH Tupeastoxenua VIII n° 5 § 17

m=n+p,
mt=n+m-—p, 0Kp<n.

BribepeM (yHIAMEHTANbHYIO CHCTeMY pelieHuH ypabuenus [(y) —
— Ay =0 Tax, uro6bl mepBhie /M H3 3THX peHieHHUN
Y, Yoo -+ Unm

npunagnexanu L?(a, b). Dty peuwenns npuHHAaLIENK AT, KOHEUHO, H
L*(a, c); Tak KaK o6llee YHCJIO JUHEHHO He3aBUCHMBIX pelleHHI,
npunagiexauux L*(a, c¢), paBuo m™=n+ p, To B (2n — m)-MepHuoit
JUHeHHOH o0o/IouKe ocTaJbHBIX 27— m pellleHHH ¢GyHAAMEHTAb-
HOH cHCTeMBl JOJKHO ObTh m™ —m =n -+ p—m JuHEHHO He3aBHu-
CHMHIX pemenufi, npuHamtexamux L%(a, c); 0603HauuM nx uepes

Ym+ls Ymiar -+« yn+p~

Anasornuno B To#l Ke (21 — m)-MepHO# AHHEHHON 060JI0UKe LOKHO
6biTb m*" ~—m=n—p JUHEHHO HE3aBHCHUMBLIX pelleHHH, MpHHalJe-
wauux L2(c, b); obo3naunm HX uepes

yn+p+17 yn+[1+27 ooy Youe
OyHKIHH
Ym+ts Ymegy -« s yn+p’ yn+p+1’ yn+p+2y <y Yon

JuHefiHo He3aBHCHMBL. JefCTBUTEJbHO, €CJad Gbl HMEJNO MECTO
COOTHOILIEHHE

CorriYm+1 + ...+ CripYntp -+ Coipr1Yn+prl “+ ... + Coplfon = O,
B KOTOpDOM He BCe KOD(PUIHEHTH ¢, PaBHb HYJIO, TO QYHKIHT

CmetYmei T oo T Cuipline, = — Cotpeillnepet — oo — Conlfon #=0

npusaanexana 6ul u LZ(a, ¢) u L?(c, b), crepoBaTebHo, NPHHAL-
nexana 6el L%(a, b). Tlocaennee neso3moxno, H60 Toraa aedexr-
HOe uuc/a0 omneparopa Lo 60 6n1 Gossiue m. CrenoBaTesbLHO,
dyHKIHH

Yis oo os Yms Ymats + 0 o» Ynrpy Yniptis + o0y Yon

15*
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06pa3yloT (hyHIaMEHTaJbHYI0 CHCTeMYy pelueHHil ypaBHeHHs [(y)—
— Ay =0. Tlycts Temepp R} — pe3osibBeHTa KaKOrO-HHOYIb Belye-

CTBEHHOTO pacUIpeHus Lu onepatopa Lo ¥ nycTh [& i, rpe
A =[a, B] — koneunwii nHTEpBAJ, COfEPKAIMACA B uHTepBae (a, b).
Torpa *), xak 1 B n° 2,

2n 2n x
0= Yy () + Y00 (1) [ 0@ F (B & (22)
IMpr x<a = . a '
[o@®f@az=0;
cJeJ0BaTe/ibHoO, ’

n
Rif = ,;2, ap s ().

Tax Kak npu sToM pomkHo GObiTe RYf & L%(a, b) = L*(a, ¢), 10
Opspr1 = Opiprg = ... =0y, = 0.

Aunanoruuno, paccMmatpuBas dopmyay (22) mpu x >B, sar/awuaew,
uTo

ak=—ka(§)f(§)d§ npu - k=m+1, m+2, ..., n-+p.

Haxonew, paccyxnas, Kak # B n° 2 (cMm. cTp. 221 —222), naxonuw,
4To

b
o= [[@®h@®ds k=12 .., m

rae GyHKUMH h,(E) HenmpepwiBHE B uHTepBate (a, b). Tomcrasasas
B (22) aTH BBIpaXKEHHs IAA TOCTOAHHBIX O, IMOJLYUUM

[4
R = [ Kolx, & M1 (®)ds,
rie @

KO(x g, )=

n+p

Zyk (DVhe@® = 2 1e(x)0 @) mpn x<§,
= r—r—z 2n (23)
Ejyk(x) 0 (&) + he (B)] + §p+lyk(x) v (8) mpu x>E.

*) OUrypupyolLHi 31ech HHTErpak CYIECTBYET, ubo [ & § 5, caenopaTesbHO,
uHTerpas QaxkTHuecKH OepeTcst M0 HeKOTopoMy uHTepsaay [a, x] (o > a).
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ol

"Ma sroit Popmyan aas aapa Ko(x, & A) sakmouaem, uro

b
J1Ko(x, & WP dx <+ oo;

ok

‘ejlelOBATE/IBHO, B CHJY CHMMETPHH 3TOr0 f1pa (cM. memmy 2 n° 1)
:.j-;faxme

2

b
[1Ko(x, & M Paz< + .

JlaabHellHe paccykKIeHUs COBEPIUEHHO aHaJOTHUHE COOTBETCTBYIO-
‘mefl yacTH JIOKasaTesJbcTBa TeopeMbl | n° 2, # Mbl IpefocTaB/seM
'mx moapobHOe IPOBEJeHHe YHTATeJIO.

4., O6mue TeopeMbl O CHEKTpe CAMOCONMPSIKEHHBIX pacIIHpe-
uuft oneparopa Ly Tax kax Ly— cHMMeTpHYecKHH ollepaTop ¢ Ko-
'HeuHBHIM HHAeKcOM JnedekTa, TO corjacHo obuieil Teopeme 9 n° 9
§ 14 umeer Mecto caenyoulas TeopeMa:

«~ Teopema 2. Bce camoconpsaicennsie pacuwupenus L, onepa-
‘Topa Ly umeor ofun u TOT 2ice HenpepsLBHbLll CREKTD.

- Janee, npumensas caeiactsue 3 n° 10 § 14, mpuxonum K cie-
~RyloueMy pesyJabTarty.

Teopema 3. Ecau npu eseujecTseHHOM 3HAYEHUU A 4UCAO
AUREIHO He3aBUCUMbLY petieHull ypasHenus

L(y) = Ay,

npunadaexcaujux L2%(a, b), menbwe OegpexTHoco 4ucaa onepa-
ropa Ly, T0 310 3HaueHue A npurad.aewur 0py CnexTpa onepa-
Topa Lo Caedosareasto, ecau 3ro 3nauenue h He Asaferci co6-
CT8eHMbIM 3HAYerUeM onepaTopa Lo, 10 0HO npunad.texcur nenpe-
PBIBHOL waCTU CREKTPA 8CAKO20 CAMOCORPINEHHO20 pacuiupenus L,
oneparopa L, I[lociednee 06CTOATeABCTBO UMeeT MeCTO 8ce2da,
@€ OOUH U3 KOHLO08 a4 uau b pezyasped.

B cuay nurtuposannoro suime cuaenctBus 3 (cM. n° 10 § 14)
B Jl0Ka3aTesbCTBE HYKAAeTCHd JHIUb TocaelHee yTepxiaenne. Ho
co6crTBeHHan (yHKLUUA onepatopa Lo € PEryJsapHBIM KOHLOM X =&
JoskHa OuTh pemenneM ypasHenus [(y)=Ay, npuuagrexaumm Dy ,
T. €. Y/JIOBJIETBOPSIIOIUM YCJAOBHSIM

yM(a@)=0, v=0,1,2,...,2n—1;
STO RoaMoO¥KHO aulb npu y = 0.

CaenoBartensuo, oneparop L, mo Kpaiineft mepe ¢ odnus pe-
CYAAPHOLM KOHIOM HE umeeT cOOCTBeHHLIX 3HA4eHUl.
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Ecaun upu stoM onepartop L, peryssipeH MJAH CCJAH €TO HHAEKC
nedexta ectb (21, 2n), TO CNEKTP KaXKAOTO H3 €0 CaMOCONpSIKEH-
HBIX pacIuHpeHnit upcTo AHcKpereH. OTClola Ha OCHOBAHHH TEO-
pembl 3 3akJOvYaeM, YTO TNPH J0GOM BELECTBEHHOM 3HAUEHHH A
YHCJA0 JAHHEHHO He3aBUCHMBIX pelileHHil ypaBHeHnus [(y) = Ay, npu-
panaexkamux L2(a, b), panuo 2n. OGpaTHo, ecam 3TO IocjaefHee
00CTOSITEILCTBO HMEET MECTO, TO B CHJay TeopeMmbr 14 n° 10 § 14
nedekTHoe uHcao omnepartopa L, 6ydeT GoJbllle HJANW PaBHO 27 H
noroMy paBHo 2n. Takum oOpasom, HMeeT MeCTO

Teopewma 4. Jas 1020 utobsr oneparop L, ¢ pecyaspHoim
Konyom umen undesc depexra (2n, 2n), Heobxodumo, 4T0bLL NpU
Ar0bom sewgecTeenHom 3Havenuu A ypasHenue [(y)= Ay umeso 2n
pewenuti, npunadiemawyux L%(a, b), u docrarouro, uTobeL 5TO
ypasHenue umero 2n pewenui, npunadienawux L?(a, b) xors 6o
npu OOHOM BEUeCTBEHHOM 3HAUEHUU M.

Ilpy n=1 3ra TeopeMa Onl1a ycTaHoBjeua Befem (cM.
Beitiap [1]).

B sakmoueHue 1OKAXKeEM erie CJCNYIOULYI0 TeopeMy M.T. Kpetina
(cM. Kpeita [3]).

Teopewma 5. Ecau py(x)>0 u ecan oneparop L, peeyaspen,
TO 3TOT ONeparop HOAYOSPAHUYEH CHU3Y; cAed08aTeAbHO, OTpUya-
TEABHASA HACTH CHEKTPA BCAKO20 €20 CAMOCONPANCEHHO20 pacuii-
PeHUs COCTOUT U3 KOHEHHO20 HUCAQ OTPULATEAbHbIX COOCT8EHHbLLX
3HaQUeHull KOHeqHOU KpaTHOCTU.

Hokasarteasctso. Haga y= D,

Yy (a) =y (b)=0, k=0,1,2, ..., 202—1,

B NOTOMY, HHTErpHpys no uacrdm, HMEEM
n b

(Loy, y) = 2 J D (X} yn P (x) Pdx.

k=0 a
Tlosoxum \
(X‘—g) -! —
= npH § KL X,
v (x, a>=¥ G PSS (24)
{ 0 npu £ x,
H

n b
HE m=— Y [ pe()vilr, ®oelx, ndw.
k=1 a
Ty y = 9y,
b -
P 0) = [ v, 8 (8) e

23
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:Z,’E(CM (3) n° 2 § 15), u moromy

: b b
(n d§ {n n _d45 _dn_
L, 9= f’y P jafH(g’ WYY 2

(25)

- OGosnauuM uepes D runbGepToBO MpoCTpancTBO GyHKLUA f(x) co
CKaJsAPHBIM TIPOH3BeleHHEM

b

(F1, Toh “J Iy (x) Fe () ) ——dx.

a

B npoctpanctee 9 paccMOTPUM HHTerpaJbHbIil onepatop H ¢ He-
A ),

BHBIM SIAPOM
N pepHIBH ApoM — =

b

iy = [ L&)y

OYeBHJHO, omnepaTtop H BhoJjHe HenpepbiBeH H, KaK Jerko mnpose-
PHTh, 3PMUTOB.

[Tycte ¥y, Po, Py, ... —~DO7HAST OPTOHOPMAJIbHAA CHCTEMA cOB-
CTBeHHBIX QYHKIUHH, a W), to, M3, ... — COOTBETCTBYIOLIHE COOCTREH-
Hble sHaueHus omnepatopa H. Tornma

(Ho, @), =k§ wel (@, ba); P

Ho p,—>0 npu k- + co, u moToMy, HaynHas C HEKOTOPOro HO-
Mepa k, 6yaer p,<1. Ilycrs pp, <1 upm k> N; Torma mpu

(@, &)1 =0, k=1,2,..., N,
6yner

(H‘P» (p)] = Z ukl (CP, ‘I)k)l |2 < 2 l(q)a lpk)l l2
{=k+i j=k+]

(Ho, ¢); (9, o). (26)

Cysum rtenepp MHorooGpasue Dy, uoaunHHB QyHKUHIO y S Dy,
MONOJIHUTEJLHBIM YCAOBHSAM

(y[n]’ wk)l=0’ k=1,2,..., Ar;
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IyCThb D o6osnauaer MHoroo0pasue Bcex QyHKuUuid y u3 D, yno-
BJIETBODSIIOUIHX 5THM ycaoBusaM. B cuay (26) npu y =D

b b
(g i () — 35 AN (g gl
”H(a, ) 4 () T 5~ = (11, i, <

b
[y (e 2 98

< (@, g = |

orciofa, yuntosas GopMmyay (25), sak/aouaeM, 4To NpH § & D
(Loy, ) =0,

T. e. Ha MHorooOpaspu D omepaTop L, NOJyOrpaHUYeH CHH3Y.

C npyrofl cTopoHEBI, pa3MEpPHOCTb MHOroofpasus ., 10 MOLYJIO D
KoHeuna (MMeHHO, paBHa N), cJjaefgoBaTenabHo, L, MOAyOrpaHHYeH
CHH3Y Ha BceM MHoroo6pasunm Dp,. [locjennee yTBep:KAeHHE Teo-
pPeMbl HelloCPelCTBEHHO BBITeKaeT w3 caeiactBust 4 n° 11 § 14.
Pesyapratel §§ [7—19 mnpunamnexar B ocHosuom M. M. Mraszmany [1-3]

u M. T. Kpeitny [3, 5, 6]. JIpyrofi moAXox X ONUCAHHIO pe30JbBeHT auddepen-
uuajbHbX onepatopoB cMm. Handopa u sapu [2].



FrJ1IABA VI

CNEKTPAJIbHBIM AHAJIU3 NJUPPEPEHIHANDBHBIX
ONNEPATOPOB

§ 20. KpaTHOCTb CHeKTpa CaMOCONPSIKEHHOTO OmepatTopa

1. Oneparopnl ¢ OPOCTHIM CHEKTPOM. B KOHEUHOMEPHOM eBKJIU-
JIOBOM [POCTPAHCTBE CIEKTP 3IPMHTOBA ONepParopa HAa3bIBAETCH
APOCTbIM, €CNU KPATHOCTH KdZK/JOrO ero COOCTBEHHOTO 3HAYEHHS
paBHa eiuunue. OnHAKO 5TO ONpeleneHHe HeAb3s1 IepeHecTH
Ha NPOHM3BOJIbHBIE CAMOCONPSIKEHHBIE ONEPATOPLl B IHALOEPTOBOM
HpocTpaHcTse, HOO CHeKTp TAKUX ONepaTopoB COCTOUT, Boobie
TOBODPS, He TOJIKO W3 COOCTBEHHBIX 3HAUeHHH.

Urobul npHiTH K OHpENeJeHHIO NPOCTOTH CHEKTpa B obuieM
cayudae, clejaeM caenyioliee saMeuanue. I1ycts A — 3pMuTOB omne-
paTop B H-MepPHOM NpocTpaHCTBe R,; A, Ay ..., A,—ero co6-
CTBEHHBIE 3HAueHUsT (KOTOpBle HpeiNoJaraeM NPOCTHIME), PACHoJO-
JXEHHBIe B IOpsAKe BO3PACTAHHA

M<h< ... <Ay,

a P, —ero cuekrpansnas ¢pyukuusa. OHa npejcrapisieT cofodl «cTy-
NeHuaTyo» QyHKLHIO CO CKauKaMu

Py, = Pr-0n Pir,— Prg0, vy Pr,— Pa o
KOTOpLIE SIBJISIOTCS ONMEepaTopaMy NPOEKTHPOBAHUA HA OJHOMEpHBIE
cobeTBEHHBle moAmpocTpancTBa oneparopa A. BuifepeM B 3THX
NOANpOCTPAUCTBAX eAHHUUHBIE BEKTOPH e, €, ..., €, COOTBET-

CTBEHHO; 3TH BeKTOpbl 00p&a3yloT OPTOHOPMAJbHLIA 6Gasuc B R,
PacemorpuM GuUKCHPOBaHHBIH BeKTOD

X=02 4+ Aoty + ... +a.e,,
rjjle BCe uucjaa o, OTJAHUHB OT HYyJad; TOrAA
(P}”i — Pxi—o)x = a;e;,
OTKyJla BHIHO, UTO JHHefinas 060/40YKa BEKTOpPOB (vai—Pki—O)x:
i=1, 2,..., n, €CTh BC& HPOCTPAHCTBO R,
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Ecsu e cnekTp onepartopa A HempocToii, HanpuMmep A, OBy-
KpaTHO (A1 =Ag), TO P, — Pa-o €CTb ONepaTop NPOEKTHPOBAHHSN
Ha JByMepHoe coOcTBeHHOe moampocTpancTBo M, cooTBerTcTBYIO-
iee A;. Ecau ey, ey, ..., €, — NO-IPEKHEMY OPTOHOPMAIbHLIN Gasnc
13 coOCTBEHHBIX BEKTOPOB omeparopa A, npuuem e, e; < I, To

(P2, — Pj,—0) X = aye; + doey

M, OYEBHUAHO, JuHelHas 000/104Ka BCeX BEKTOPOB (Phl.—P;,i_o)x

He OyjeT cojep:xaTh Toro Bekropa us M, KoTOpwIH opToroxasen
K ae) + dgey. OTH coobpaxeHnHs NPUBOAAT K CJAeLyIOIIeMy o0iemy
OnpejeseHHIO OomepaTopa C HPOCTHIM CIEKTPOM.

Cnekrp CamMOCORPANCEHHO20 ONEPATOPQ 8 NPOCTPAHCTEE &) Ha-
3bi8aeTCA MPOCTOLM, €CAU 8 § CyuwecTsyer 8eKTOp X, TAKOU, 4To
Auneiinas 06oaouka scex 8exkTopos Pax naotHa 8 9. Besxuil Ta-
KOH BEKTOp X Ha3bIBAGTCSI NMOPONIAOUiUM BEKTOPOM.

I. Mycre A — camoconpscennolii oneparop 8 % ¢ npocToim
cnexkTpom, P, — eeo cnekrparsHan ¢yukyus, a x — nopoxdarouyuti
sexrop. Toeda co8OKYNHOCTE BCEX BEKTOPOS

y= | o) apyx,
A

2de ¢ (A)— npoussoasHas KYCOYHO Henpepuieras (Pyukyus, a A —
npOU3BOABHBUL UHTEPBAA, HAOTHA 8 §

JlokaszaTenbCcTBO. IDTa COBOKYMHOCTb JHHEHHA H cojep-
JKUT BCE€ BEKTODHI

Pax = J 1. dP,x
A

(npn @(A)=1 B uHTepBaJe A), CJeL0BaTebHO, OHA ILJIOTHA B ¥,
H60 X — NOPOXKJIAIOIHA BEKTOD.

2. Mpocrpancteo L) u onepatop A,. PaccMoTpuM dukcupo-
BaHHYIO BelllecTBeHHYIO HeyObpBawulyie dyHKuU 6 (), onpenenen-
HYIO U HENPEpLIBHYIO CHipaBa AJs BCEX BEUIeCTBEHHBIX 3HAUeHHH A.
Besikyro Takyo GyHKLHIO Mb OyieM B gadbHellmeM HaswBaThb
Gynxyueti pacnpedeserss.

Tlpr nmomomy Tako# ¢yHKIUM 0(A) MOKHO ONpPEIe/HTL MOHM-
THe Mepbl — Mbl OyZJeM ee Ha3bBaTb O-MepOil, — aHAJIOTHYHOE Mepe
Jle6era. o-mepo#i ¢(A) KoneuHoro HHTepBasa A =(a, 8] Mbi Gymem
HaseiBaTh pasnocts 0(A)=o0(f) — o (v); Hanee, o-mepoll o (A’) MHO-
¥ecTBa A’, COCTOfUIEro H3 KOHEYHOrO HJH CUETHOrO UHCJAA 110+
MapHO HemepeceKaruUIuXcsl HHTePBAJOB

Ai=(ai’ Bi]’ i=1, 2,3, ey
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Ha3bIBaeTCs CyMMa psija
o(A)+o(A)+Fo(A)+ ...,

ecJii 3TOT Psijfl CXOAHTCHA, U + 00, €CJM OH PacXoiuTes.

Ecsin Tenepb A — IPOH3BOJIBHOE MHOMKECTBO BEIIECTBEHHBIX UH-
ces, TO paccMaTPHBAIOTCH BCEBO3MOXKHBIE MHOXKecTBa A/, co-
CTOSIIIME H3 KOHEUHOrO HJH CUETHOTO uYHC/Ia NONApHO Hemepece-
KAIOILMXCst MHTEPBAJIOB M MOKPHIBAIOILHX MHOXKecTBO A, Huxuss
rpanb Mep o0 (A’) TakHX MHOXKECTB A’ Ha3HLIBAETCS BHewHell mepor
MuOxXecTBa A H obo3HauaeTcs uepes o, (A).

[MTosb3ysick 3TuM MOHATHEM BHelllHEeH MepBl, MOXKHO jaJee oIlpe-
HeJNHTb IOHATHE O-U3MEPUMOCTU ¥ O-mepb, MHOXKECTBA, a TaKxke
NOHSITHSL C-usmepumoli ¢ynkyuu f(A), aHaJOTHUYHO TOMY KaK 3TO
Jenaetcst B Teopuu Mepn JleOera *). Ilist o-uaMepHMbix GyHKUMH
MOXKHO JaJjee ONpeles]uTb HHTerpal

b
[ 1y do (),

aHaJIOTHUHBIH OGBIYHOMY HMHTerpasy Jlebera; HyHO TOJBKO B OBbLIU-
HOM onpejesneHud unrerpana JleGera sameHuTb JeberoBy wmepy
MHOXEeCTBa €ro 6-MepoH.

O6o3HauyuM Temepb yepes L: COBOKYIHOCTb BCEX O-H3MEPHMBIX
¢yuxuuit [(4), Takux, 4TO

00

[ 1F @) Pdo ()< + oo;

—00

1Be GYHKLMH f[, f, U3 Lo GyaeM cunTaTh paBHBIMH, eCan f; (A) 7= [4(A)

2 o
TOJIBKO Ha MHOMKeCTBe O-Mephl HyJab. Omnpegenum B Ly AeHcTBHA
CJIOJKEHHSI W YMHOMKEHHsT Ha UHCJIO, KaK CJOXeHHe (QYHKUHH u

o 2
yMHOKeHHe (QyHKUHME Ha uHcao. [lajee, onpenenuM B Ly ckajdapHOe
poH3BeJieHHe, MoJgaras

o= [ (MM do ).

IIpu takom onpedesenuu OelicTsuil u ckaaaprnozo npoussedenus
L% — cunvbeproso npocTpancreo.

JloKkasareqbCTBO 3TOrO YTBEPXK/AEHHSI 1O CYIUECTBY  MaJo
OTJIHYaeTCsl OT  [0Kas3aTeJbCTBA  AHAJOrMYHOTO  YTBEPKAEHHS

*) OTMeTuM, UTO ecau 7\,0-—’1‘0‘{}{3 paspeiBa ¢yHKIHH O (A), TO Mepa «HH-
TepBana» [Ag, Agl, cocrosiiero us omHolt TouKH Ag, Gyset ¢ (Ag) — o (g —0) 5~ 0.



236 [I'J1. VI. CIIEKTPAJILHBIFM AHAJINM3 JUOPEPCHUHAJLIILIX OMEPATOPOB |2

ornocuresbho L2(a, b) (cM., nanpumep, Axuesep u I'iasman [1] n® 12
ra. ).

Ecan o(A)=2%, — oo <Aoo, T0O L?,=L2(— 00, 00), eCJd XKe
a npu A<a,
o(M)=1 A mpu a<<A<),
b mpn A,

2 2
To Ls=L"(a, b). Ecau, nakomeu, o(A)—crynenyaras QyHKUHsS
CO CUETHHLIM JHCJAOM CKA4KOB, PABHBIX €AUHUIE, TO, KaK Jerko Bu-

mets, Lo =1* (cm. mpumep 1 n° 1 § 10).

3aMmeuanne 1. ManoxenHoe Buliie ompenejenie HHTerpajia Jerko pace
NpOCTPaHHTh HA TOT cayuad, xorpa O (A) — npousposbHas (QYHKHUA ¢ OTPaHH-
YeHHON Bapuauuell B KOHeUHOM HuHTepBase [a, b). Tlycrs cmauana sta Qysruus
BeIlleCTBEHHA, TOT/1a €€ MOJKHO NIPeICTaBUTh B BuAe pasHocTd O (A) == 0, (A) — 0y (1)
JIBYX OrpanuueHHbx HeyOnBaouwnx bynkuuil o (1), 0, (A). o onpenenenuo

b b b
[T domy=[ 1@ do o)~ [ 1 do, ),

a a

b
TpUYeM MBl CYHTaeM, 4TO f f(A) do (A) cymectyer TOrAA U TOILKO TOTAA, KOTAA
a

CYIECTBYIOT WHTErpanbl
b b
[foydo . [ £0)do, o).
a a

Ecau Teneps o (A) = oy (A) +ioy (), rie o, (A), 0q (A) — BemteeTReHHEE DYHKIEY
¢ orpaHnueHHoff Bapuaumeil B unteppade [q, b], T0 10 OmpeneJeHHIO MOJAraeM

b b b
[ferasm= [ 1@rdosm+i [ 1) do, ),

a
b

ITpn atoM MBI cuuTaeM, 47O ff(?») do (M) cyumecTByer TOrga M TOMBKO TOTAA,

a
Korjga CyuecTBYIOT HHTErpaJibl

b 4
[1oyas ), [ 10)do 0.
a a
Onpenenum Temepb B L: omnepatop A caenyoumuM o0pasoM:
DA COCTOHT M3 TeX U TOJbKO TeX dynkumit J(A) u3 L, 115 KOTO-
pHX Af(A) € L%, npuuem

AT (A) = Af ().
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DTOT ONePATOP HA3BIBAETCH 0NEPATONOM YMHONCCHIUS HO HE3Q8UCU-
myr nepemernnyro. Ecau HyXno OyneT NOLYEPKHYTh, UTO OH €CTh
onepaTop B L%, To Mbl OyneMm mucath A; BMecTo A. JloKaskeM,
9YTO 3TOT ONEPATOP CAMOCONPSIKEHHBIN; JJS 3TOr0 AOCTATOUHO [O-
Ka3aTb, YTO ONMepaTrop A JOIyCKaeT WHTErpajbHOe MHpeacTaBn/eHHe
IpH MOMOLIM HEKOTOpPoIl cnexTpanbHoi ¢pyukuuu P,. Ho, xax Jaerko
NpOBepHTh, oONepatopHasd (yHKUus P,, onpelensieMas (GopMyJaoH

[/‘(7;) opu A< Ay,
P;.J(?»)=1 0 mpn A1y (1)

OyleT creKTpa/abHOH (YHKUHEH, OCYIIEeCTBJASAIOLIEH 3TO WHTErpasb-
HOe TIpeACTaBJCHHE,

Cnexrp oneparopa A npocrodi. B kauectBe MOpOKAAI0IIErO
BEKTODA MOJKHO B3ATh J100yI0 OyHKIMIO *) x (L) & L5, ONIHUHYIO
OT HyJIs BCIOAY, 3a HCKJIOUYEHHEM pa3Be MHOMKECTBA G-Mepnl HYJb.
JeficTBHTebHO, U3 dopmyasl (1) BhTekaeT, 4To

kzz cePa,x (M) = q (M) x (4),

rie ¢ (A)— QyHkuusi, paBaas c, ua A,. C apyrofi CTOpoHBI, Jerko
MOoKas3aTb, UTO TakHe (yHKUHH ¢ (4)x (A) o6pasywT MmIOTHOE MHO-
KecTBO B Lo

3ameuanue 2. HaubGosee yanoduo Obiio Gul B3siTe x (A) =1,
— oo <A<+ o0, u6o Torma q(A)x(A)=g(A), a ¢yukuun gq(A)
06pasyloT MHOMKECTBO, IJIOTHOe B Li. Omuako ¢ynkuus x(A)==1
MOXKeT He npuHaiiexarh La (ecan o(— 00)= — oo wan o+ o) =
= + 00), XOTst A/ JIIOGOrO KOHEUHOr'O UHTepBa/sa (yHKILHs

1 nopu A4,

PM:{ 0 mpu AEA

2
npuHaAJexuT Ly, B stom cayuae ¢yuruus x(A) =1 naswiBaercs
necobecreennoim  nopoxcdarowum sexkropom. OOluee onpereseHHe
HecOoOGCTBEHHOrO NMOPOKLAOIIero BeKTopa ¢M. B n° 7.

3. Kanonuueckas ¢opma caMoCOnpsaXKeHHOro OMepaTopa ¢ mpo-
ctoiM crnektpoM. Caenymoinas TeopeMa MOKasslBaeT, 4TO B IPElbl-
IyiueM IpHMepe MO0 CYUIeCTBY ONMCAHBI BCE CaMOCOIpPSi/KeHHBIQ
ONepaTophl € NPOCTHIM CHEKTPOM:

Teopema 1. [Hycre A—camoconpsamcennoiii oneparop 8
® ¢ npocroim cnekrpom, P, —eeo cnexkTpaibnas QyHKyus,

*) JlokasateqbCTBO CYIIECTBOBAHHSI TakoH (YHKUHH NpeaoCTaBJAsSeM yHTa-
Teno,
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X — nopoxcdarnuiuti 8eKTop t
o (M) =(Px, x).

Toeda cyujectsyer u3omerpuieckoe oToOpavceHile NPOCTPanCTéa D

Ha L: npu koropom A nepexodur e Ag.

JdokasareascTso. OGosHauyuM yepe3d & COBOKYMHOCTL BCEX
byukuuil [(A) — KycOUHO HeNpepBIBHBIX M PABHBIX HYJIO BHE KO-
HEYHOTO HHTepBata A(cBoero aas Kamkjaol ¢yuxaun f(A)); oue-

BuaHo, & muordo B L. Tpun <& cymecTsyer

y= [ 1P (2)

—00

H TpHHAJJIEXHT Dy, IPH 3TOM

o0

Ay= [ 2} () dP, (x) 3)

) K8
lyP= [1f()Pd (P, x)= jlf )P do (2 (4)
| AgP= [ 2217 () Pdo (). ()

O6osnauuM uepes © MHOKECTBO BCEX BEKTOPOB y Bula (2);
corsacuo npengoxenno [ n°l muoxecrso & miaorHo B 9. Hs (4)
BhITEKaeT, uyto Gopmyaa (2) ycranaBiauBaeT H30METPHUECKOE OTO-
Opaxenne & Ha S; 310 0TOGPAKEHHE MOMKHO IPOAOIKHTL 10 H30-
METpPHUYeCKOro oToOpa’keHHs 3aMBIKAHHH STHX MHOXKECTB, T. €.

O W30OMETPHYECKOro oTodpaxennss Ly na 9. YkasanHoe npomoJ-
JKeHHe ocyulecTBJseTcs CJaelAylomuM obpasoMm. Ecau fELﬁ, TO
CYILIecTBYeT MOCJeAOBATENbHOCTS [, & R, cxomsulasics K [ B cMblcJe
HOPMBbI B Lﬁ, ubo | miaoTHO B L%. CooTBeTcTByIOULasl MOCJE10BA-
TEJIBHOCTh

o0

Y= | Fa(B)dPyx

- 00

CXOAMUTCH B CMbIC/IE HOPMBI B §); ee Mpejies eCTeCTBEHHO 0603HAUNTD
yepes

[ 100 P, 6)
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Dra nocnennsis ¢opMmynaa ycTaHaBJAMBaeT H30MeTPHYECKOoe OTOOpa-
wenue L2 ua 9. O6osnaunm qepes Acu A CYXEHHsT OnepaTopoB
Agu A na & u S cooTBeTcTBeHHO. JIerko BHJETb, 4TO HX 3aMbi-
Kauus cosnanaioT ¢ A; u A coorBercTBexHo. B cuay (3) moctpoen-
HOe BhIllE H30MeTpHUYecKoe oToOpakenue nepeBodut Al B A’, a cue-
posatensHo, U Ay B A. Teopema nokasaua.

1I. Hycre A—oneparop ¢ npocroim cnekrpom. To2da Touku
cnekrpa oneparopa A cosnadanr ¢ Toukamu pocra gynkyuu o (L)
8 4QCTHOCTU, cOGCTBeHHble SHauenus oneparopa A cosnadaror
¢ rowKamiu paspoisa Qyaryud o ().

HelicTBHTeIbHO, 3TO YTBEpK/IEHHE JIErKO NMPOBEPHTh AJA Ole-
patopa Ag; B cHJay TeopeMbl | OHO cHpaBelJHMBO TakKke JJs Olle-
paropa A.

4. OneparTopbl ¢ KOHeWHOKpaTHbiM cnektpoM. [IycTe A — camo-
conpsiKeHHbll onepatop B 9, a P, —ero cuekTpaabHas (GyHKUHS;

BEKTOPHl Xy, X9, ..., X, Ha3bIBATCA nopoudarouum Oa3ucom s
oneparopa A, ecaum JHHeHHAs 000J0UKA MHOMKECTBA BCEX BEKTO-
poB Paxs, k=1, 2, ..., n, niotia B 9

Cnekrp oneparopa A HasbiBaeTCss n-KPATHBIM, €CJH A €CTh MHU-
HHMAJbHOE YHCJ0 BeKTOPOB, O0pasyoIIMX NopoxAatlouuii 0asuc;
COOTBETCTBYIOIIHA Oa3NC HAa3bIBACTCA MUHUMAABHOLM HOPOHO IO~
wum 6a3ucom.

5. Mpocrpancto L’ n onepaTop As, COOTBETCTBYIOU{HE MZ TPt~
HOii ¢yHKuMuM pacnpejedenvsi. PaccMOTpuUM  (HUKCHPOBAHHYIO
MAaTpHUHYl0 QYHKUHIO

0(A)=(0;r(R), —oo<A<oo, i, k=1,2, ..., m,

06/1a1aI0LIYI0 CAeLYIOUINMH CBOHCTBAMH.

1°. IIpu aobom sewjecreennom sHavesuu & o (L) ecro apmurosca
MATPUYQ.

2°. Ipu A<p pasuocts o(u)— o (R) ecre noaoxurearsno onpe-
JenenHasn marpuyda.

3°. Bee ¢ynxyuu o,,(X) Henpepoistol cnpasa.

Beakylo Takylo ¢yHKuuio o (A} Mbl OyaeM B jgaJjpHefiieM Ha-
3BIBATh MaTpu4Holl ynkyuell pacnpedesenus.

Tak Kax JHAaroHa bHbBE 3JMEMEHTH HOJOXKHTENbHO ONpeie/eHHOM
MAaTpHIBI HEOTPHLATeJbHB,, TO H3 YycjaoBuHH 1°—3° BriTexaeT, UTO
KaXXIbIH JHaroHa/ bHbIH 3/1eMeHT 0;;(A) ecTb BemecTBeHHAs HeyOH-
Bajomass QyHKUHSA, a Kak1asg QYHKIUSA 0, (A) MMeeT orpaHuueHHYIO
BapHalHI0 B KaX/0M KOHeUHOM HHTepsase. [locsenHee yTBepKie-
HHe BBITEKAET H3 HEPABEHCTB

21N (07, (8)) |05 (8) + 00 (B), 21300, (8)) <0 (A) + 041 (A),
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KOTOpble SIBJISIIOTCSA HENOCPeACTBEHHbIM CJAeACTBHEM HEOTpHllaTeJb-
HOCTH KBajApaTUUHOH (OpMEL

0 (M &P+ 0, (A) 850 + 05 (A) E 8 + 05 (A) & 2

ITycts & ofo3HauaeT COBOKYNHOCTh BCEX OTPAHHUEHHBIX KYCOYHO
nenpephiBHbIX BeKTOP-OYHKUHH [(A)={f, (4), fa(A), ..., [ (A)}, paB-
HBIX HYJIO BHE HEKOTOPOTO KOHEUHOro HHTEpBaJja (CBOEro AJs Kaxk-
nofi Gyuknuu). Onperenum B & yMHOKeHHEe HA UHCJIO H CJAOKEHHE
oOBIYHLIM 06pasoM; KpoMe Toro, ompefeauM B & cKaaspHoe Mpou3s-
Bellenne, mojaras aas [, g =&

o= Y [H® g do,®).
f, k=1 —o00

OueBnaHO, & cTaHeT Torjga NPeArH/abGEPTOBHIM MPOCTPAHCTBOM *);
npH 3TOM JBe (QYHKIUH [ U g He CUNTAIOTCA PASJHUHBLIMH BEKTO-
pamu mnpocrpauctBa &, ecau (f—g, [—g)=0. [Tonoauenue mnpo-
cTpancTBa ! ecTb ruabGEPTOBO NPOCTPAHCTBO; MBI €0 O003HAYMM
uepea L5. Momxuo omucars L3 Takuu 00pa3oM, 4TO BCEMH €ro 3Jje-
MeHTaMH OyAyT HeKOTophie BeKTOD-pyuKuuu., (CM. IO 3TOMY IOBOLY

2
paboty Kan [2] **). Ham, onHako, Takoe omucaHue NMpoCTpaHCTBA Lg
He ToHa100uTCA.

Onpenesnm B & omeparop Ag, moaaras ias [ &
Aof (A) = Af (M) ={Af, (A), Af2(R), ..., Am (M)}

’ . 2
OueBunno, Ag— cUMMeTpHYeCKHIl onepaTop B Lg; €ro 3aMbika-
Hue 0003HAUUM uepe3 A

Oneparop Ag— camoconpsicennniii; uTo0bH B 3TOM yGeauThes,
JOCTATOYHO 10KAa3aTh, YTO OH JIOMyCKaeT WHTerpaJsibHoe MpeacTaB-
JIEHH: TPH NOMOIIM HEKOTOPOH chmeKTpatbHo# ¢yHKIUM P, (cM. Teo-
pemy 1 n°3 § 12). Ho, xax serko Bujerh, Tako# CHeKTpabHOH
¢byuxuned Oyger omeparopHas byHkUua P,, onpeneseHHas ¢op-
MYJ10H

F(A) mpn A<y,

Pif (7”)2{ 0 nmpu AZ=h @

Kparnocrs cnexkrpa oneparopa Ay we npesocxodur nopadka m
marpuyst o. A J10KasaTe bCTBA 3TOrO YTBEDPKAEHHS AOCTATOUHO

*} Cm. n® 1 § 10.
#*} Anpuopn HeiCHO, UTO HONOJHEHHE HOPMUPOBAHHOTO NPOCTPAHCTRA (PYHK-
nud Moxer OHITh peanu30oBaHO B BHAE LPOCTPAHCIBA (pyHKLIHﬁ.
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2 s o
yKaszaTh B Ly mopoxaaloluil 6as3uc, COCTOSIIIMA W3 m BEKTOP-
¢ynkuuii. Takum 6asucoMm OyAyT, HaAnpumep, BeKTOP-QYHKUHH

fl(x')={fl( Ov ] 0}7 ]

() ={ 0, m) } g (®)
f’”‘?» *{ 0 0, fm 7»)} J
rae ¢yaxnun i (A), fo(A), ..., fm(k) OTJWUYHBl OT HYJASI AJs1 BCeX
BEIIeCTBEHHBIX 3HAUeHHH A, OTPAaHWUEHH B HHTEepBaJe (— 00, o),
H, KPOME TOTO, MOAYMHeHH ycaosuio [, (A)E L2, k=1, 2, ..., m.
3amevanune. [Ipoue Bcero mogaoxuth B (8)
ha) =h®)= ... =LA =1
OIHAKO COOTBETCTBYIomHe BeKTOp-pyukuuu f'(A), FF(A), ..., [™(})
MOrYT He NPUHAJJIeXKaTb Ly. B stou caydae «Iopoxxiaarolui oa-
auc», oTBevalomuit Takomy BHGopy f1(A), ..., "™ (A) sBasercs

HecobcTsennvim (em. n'7).

6. Obmas kaHoHuyeckas GopMa CaMOCONPSIKEHHOTO Omepa-
TOpPA C N-KPATHBIM COEKTPOM.

Teopewma 2. [Tycre A— camoconpsancennoii oneparop 8 9
€ N-KpaTHoIM CREKTPOM, Py — e20 cnekTpaivHas QYHKYUR, a Xy, Xo, ...

.y Xy — Munumansuoti nopoxcdarouiuti 6asuc. Iloaroocun

0x(A) = (Pyxj, Xp); 0 (A)=(0;x(R). (9)
Toeda gopmyara

g

yeranasausaer usomerpuvecxoe orobpaxcenue Lo Ha 9, npu Koro-
pom oneparop A, nepexodur 8 onepatop A.
HoxasateabcrtBo. Ecan fe &, 1o wmarerpan (10) nmeer
CMEICJ H HpeACTaBJAseT HeKoTOphil BeKTop y = ©. O6o3HayuM ye-
pes & COBOKYMHOCTb BCEX TaKUX BEKTOPOB y. Muoxectso © naotHo
B 9, 060 OHO JIHHEAHO U COAEPKUT BCe BEKTOPH Paxy, j=1,2,..., n.
(Fr(A)=0 nmaa k#j f;(A)=1 paa AsA; [;(A)=0 gaa AEA;

N7 () Py (10)

k=1

HalOMHHM, 4YTO Xy, Xy, ..., X,—Nopoxpawimui 6asuc). Ecau
fe &, 10
lyP= f )‘w VR d (P ) = ( Zf, ) o () do i ()
—o0 j, k=l —o0 f, =]

crefoBaTenbHo, Gopmyna (10) ycramaBaHBaeT H30METPHUECKOE
. = 2
oroGpaxenne & Ha &, Tak kak & u © nuoTan B Lg 1 $ cooTBeT-

16 M. A, Haimapyg
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CTB€HHO, TO 3TO 0T06pameﬂne npoagoaxKaercda €JUHCTBECHHBIM 06pa-

2
30M 10 H30METPHUeCKOro orobpaxkeunss Ly Ha 9; IpH TOM HHTe-
rpai B (10) caeayeT onpefenuTb Kak mpejes TOC/I€AOBATE/IbHOCTH

)

B kotopoit fM(M) =& u Y > B cmbicae HOpMbI B L3, Oqesmxno,
€ =D, Obosnauum uepes A’ u A’ cyxeuuss onepatopoB A u

Ha & M & COOTBETCTBEHHO; TOIJa 3aMBIKaHHs STHX onepaTopOB
coemagaioT ¢ A u A. C apyrofl cropousl, npu y=<

Y (L) dP,x,,

it VS

J =

fo 1 (1) P, .

k=1

3ta dopMmy/aa MOKa3pBAeT, YTO Halle H3OMeTpHueckoe oTobpaxe-
une mnepesoaut A’ B A’ u, caenosartenbno, A B A. Teopema no-
kasana. M3 3Toil TeopeMbl BLITeKaeT, 4To cnexkrp oneparopa A
cocrour u3 Toyek pocra ¢yaxkyun o{r), npusem cob6CTBEHHLIMU
SHAUEHUAMU ABASLIOTCA TOYKU Paspsoléa 370l GyHKyuu.

ITO YTBePKAEGHHE HENOCPEACTBEHHO CJAeAyeT H3 CaMOoro ompe-
JeJieHusi onepartopa Ag.

7. HecobGcTBenupiil mopoxaawmui 6asuc. B n°n® 2 u 5 Mbl Bu-
JleJIH, 4TO B psAfie CJAy4aeB MOXeT oKa3arhcs yJA00HBIM BHIGOP He-
coO0CTBEHHOTO Nopokatuiero 0asuca.

HJaanm Tenepb ofuiee onpelieseHne Takoro 6asuca W BLIICHHM,
KaK JJIsl HeTO HajJe:KdT H3MEeHHThL TeopeMbl | u 2.

a) Ciyuailt onepatopa c npocThM cuekrpoM. [Iycrts
A — caMOCOTpSKEHHBH omepaTop B 9, a P, —ero cnekTpaabHas
dbynkuua.

Hecobergennoim noposcdaroujum saremenTom oneparopa A Ha-
3618aeTCS BCAKASL (PYHKYUS XA WHTEpBama A CO 3HAUEHHAMH H3 9,
yAOBJAETBOPAIOIIAN CAEIYIOIUM YCJIOBHAM:

1°. Ecau Ay S Ag, 70 Paxa,=xa,.

2°. Jlunetinas 060404Ka 8CEX 8eKTOPOB XA NAOTHA 8 §.

W3 csoiicTBa 1° BrITEKaeT, uTo:

3°. Ecau unrepsaavt Ay u Ay ne nepecexarorca, 10 xa, L xa, u

XA+A, = XA, + Xaq

OGosuauuM uepes & coBokymHocts Beex GyHkuuil f(A) KycouHo
HENpephIBHBIX M PAaBHBIX HYJ/IO BHE HEKOTOPOrQ KOHEYHOTO HHTep-
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Bana. Ecau [(A)& & u [(A)=0 Bue A, To cywecTByeT nHTerpaJ *)
y= [F)dx, = [ 1@)aPrxa.
-_—00 A

B cuay csoiicTBa 2° COBOKYHHOCTb BCeX TAKHX BEKTOPOB Y
obpasyer MHOXecTBO &, WIOTHOE B 9.
1TontoxumM
o(A)=]xaf,

Torfaa o(A)— agauTuBHas GYHKUHS wuHTepBasa A, ubo ecadm HH-
TepBaJbl A; U Ay He NepecekawTes, To Xa, L Xa, ¥ moTOMY

[xasn,P=1xa+xa, P={xaf+]xaR2

JlajbHefiiee paccyXAeHHe B J0Ka3aTe/bCTBe TeopeMbl | mOBTO-
psieTCSl [OYTH JOCJIOBHO; Mbl NIPUXOAHM K CJeLylolleHd Teopeme:

Teopema I’. Hycre A—camoconpsocennoili oneparop 8 9,
045 KOTOPO20 CyujecTayer HecoGeTaernbLl NOPONOarouill 8eKTOP X .

Moaoxcun **) o (A)=|x, . Toeda ¢popmyra
y= [1(dx,

ycranasausaer usomerpuieckoe orobpascenue Ly Ha 9, npu koro-
pom A; nepexodur s A. CuenosatesbHo, A ecrs oneparop ¢ npo-
CToLM CHEKTPOM.

0) Cnyuail kparnoro cuekrtpa. [lyctb choBa A — camo-
CONpsIKEeHHBIH onepatop B 9, a P, — ero cHekrpaabHasi GyHKLHS.
Hecobcrsennoim nopoxcdarouyum Gasucom oneparopa A HasniBaeTcs

cucreMa QyHkuui x'A, xQA, ..., X} CO 3HAYEHHAMH U3 5, obaanaio-
mas cJaelylolUMH CBOACTBaMU:

1° Ecau A=A, To Pyxk =xk, k=1,2, ..., n

2°, Jlunetinas o6oaouka scex eekropos xk, k=1, 2, ..., n,

naoria 8 9.
PaccyxaeHusi, aHaJOrHuUHbie MNPEABIAYIIHM, IDUBOAAT K CJe-
nyoued Teopeme:

m
*) Ilepsslil B3 sTHX HHTerpasoB 0603HAyaeT Mpefet CYMME Zf(p,k) Xa,

k=l
A= Ap-1, Ml BeSDe, Mo<Mi<. . .<Am, A= (Lo, ], mpu max (Ap—hp-1)—>0.

W3 cBofictBa 1° caenyer, 4TO 9TOT MEPBBIH HHTErpaJ pPaBeH BTOPOMY.
**) Ilpn nmomowm o (A) MOXHO nocrpouTh O (A), mHoaarasi, Hanpumep,
0 (A) = sign Ao (A) mpu A=(0, A].

16*
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Teopema 2. Hycre A—camoconpsxenusul oneparop 8 9,
048 KOTOpOo20 CcyujecTsyer HecoOCT3eHHoL nopoxcdarowud 6asuc
xi, x4, ..., x%. [Toaowmum

0 =(x% &), v, k=1, ..., n

Toeda opmyara
y= [ Mr(dx

—00 k=]

YCTAHA8AUBALT UBOMETPULECKOe oTOOpaxcenue Ly na 9, npu KoTo-
pom oneparop A, nepexodur e oneparop A. Caedosareisvro,
KPAaTHOCTs chekTpa oneparopa A He agoiwe .

§ 21, PazsjoxenHe no coOc1BeHHbBIM (GYHKUHAM

B § 5 6p1a pemeHa 3alZava O pasJOKEHHHM 3aj7aHHON (yHK-
uuy 1o coGcTBeHHBIM (QyHKLHAM JAuddepeHIHaNIbHOTO onepaTtopa
IJisi TOTO cJydas, KOrjga CcooTBeTcTByloilee auddepeHnnamsHoe
BBIpA’KeHHe PEeryJsipHO B paccMaTpUBAeMOM KOHEUHOM HHTepBaJe.

CoorsercTBylomas TeopeMma Jomnyckaer ofoflieHHe Ha chayuail
IIPOU3BOJLHOTO (He 0653aTE/BHO PEryaspHOr0) CaMOCOMPsKEeHHOTO
Inddepenianpuoro oneparopa *). OgHaKo B ciyuae HeperyJsp-
HOTO OHepaTopa BMeCTO pasjIoXeHHs B DPAJL MOXKET NOJYYUTbCA
passioKeHHe 8 uHrezpaA MO COOCTBEHHBIM (YHKLHSAM AHAJOrHYHO
TOMY, Kak B cJyuae Hemepuognueckoid ¢yukuuu f(x), saganzofl
B uHTepBaje (—oo, 00), BMECTO pasjoxeHHs ¢ pad Dypse noay-
yaeTcsl pasiokeHue g uxreepas Dypoe.

ITo 06CTOATENLCTBO BLI3BAHO TE€M, UTO CIEKTP HEperyJspHOro
JudPepeHnnasbHOro oneparopa MOXeT COAepKaTh HelpephIBHYIO
4acTb.

1. Hanpagasilomne ¢yHKIHOHAJAb, BHIBOA TeopeMbl O pasJo-
KEHHN 110 COOCTBeHHBIM (QYHKIMIM caMmoconpaxKeHdoro auddepen-
[HaJLHOrO OMEPaTOPa Mbl MOJYUYHM, NPHMEHAd NpHHAAJeKalUHi
M. T. Kpefiny (cm. Kpeiin [1, 2]) merod wanpasaswouwjux ¢yxk-
HUOHA 08,

Ilycts (a, b) oGosmauaer wuHTepBa (KoHeYHplH MM GeCKOHEU-
HEIf), B KOTOPOM 3a/1aHO HEKOTOPOE CaMOCOIpsSUKeHHoe JudQepen-
nuasbHoe Boipaxenue [(y). Kak u B § 17, L, Oyner oGosnauath
«MMHHMAJBHBIAY 3aMKHYTHIH CHMMeTDHUECKHMH ONepaTop, INOpOK-
HeHHB aTHM AHpdepernMa/bHBIM BRpaXeHHeM, a L, — HeKoTopoe
CcaMOCONPsIKeHHOe pacllUpeHHe onepartopa L.

*) TTo noBoAy pasaoXKeHdst Mo COGCTBEHHBIM O(YHKLMAM CHHLYJSPHLIX
necamoconpscennolx nuddepenunanslinix oneparopos M. Jobasaenue I.
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OGosuaunm, najee, depes ¥’ COBOKYMHOCTL Bcex yHKIHA
u3 L*(a, b), paBHbIX HYJIO BHE HEKOTOPOro uuTepsada [, ] < (a, b)
(cBoero mas KaxaoH (yHKIUM).

[Tycth
yy=y;(x, &), j=1,..., 2n, (1)
— QyHIaMeHTaIbHAsl CHCTEMA DellleHHil YpaBHEHHA
I{y) = Ay,
YAOBJIETBOPAOUAsI HaYaJbHBIM YCJOBHAM
40 D=Ly o Tk )

rae  xo— dukcupoBanuas Touka *) wunrepsana (a, b), a yg.”'],
v=1, 2, ..., n, 0603Ha4aCT V-10 KBA3UNIPOU3BOAHYIO (DYHKIHH ;.
OueBunno, QyHKIHH y; OYAYyT LEJIHIMH aHAJIUTHYCCKUMH (YyHK-

oUsAMY napaMerpa A NpH KaKAOM (QHUKCHDOBAHHOM 3HAYEHHH X,
[Monoxum Aas GyHKUHH [ §'

b
O, W= [ [y lr, Bdx, j=1,2,...,20.  (3)

SlcHo, uto @, — nuHeliHbe **) QyHKUHOHAH B 9} 5TH OYHKUMOHAJIBL
Mpl OyIeM HA3LIBATL HANPABASOUUMY PYHKyuoHasany audde-
pennnaJjbHoro Beipaxenus [(y). Tlpumedenue HanpaBJSIOMHX
{ yHKIIMOHA/IOB OCHOBAHO Ha CJAEAYIONIUX MpPeaJIOKEHHSX,

I. Hanpasasrowue @ynxyuonars. D;(f, 1) obaadator caedyro-
UMY CeOICTBAMIL

1°. ©,(f, A) npu ¢uxcuposannoti pynkyuu [ ' ecro yenas
anaAuTudeckas Qynkyuas napamerpa A.

2°, Ecau 0as nekoropoll pynkyuu [ § u nekoropozo eeuye-
CTBCHHORO 3HAUEHUSL A UMEIOT MECTO PAGEeHCTEA

(Dj(f» )")=0; j=1)2:---’ Qn, (4)

TO ypasHenue
(L=M)o=f (5)

umeer peuienie ¢, npuradiexawee 9.

*) Ecau onun u3 xOHUOB uHTepBasa (a, b) peryaspes, TO B KauecTBe X,
MOKHO B3fITb 3TOT Pery/spHbIH KOHEL,
**) Cm. n°2 § 10.
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3°. Ecau f=D N, 10 npu awbon sewecrgennon A
O (Lf, 1) =2D,(, ).

Joxasateabctno. Csofictso 1° ouesuano, u mnoromy
HY>XJalTcd B I0KasaTeJbCTBe TOJbKO cBofictBa 2° m 3°.

Jlokaxem cHauasna csoictBo 2°. Ilyeth f& & u nyers [f=[(x)
ofpamaerTess B HyJdb BHe uurepsana {a, ] <(a, ). Ycnosue (4)
Oo3Havaer, 4ro (YHKUHUS [ OPTOrOHA/bHA KO BCEM PELIEHHSM OJHO-
poanoro ypasnenus [(y)— Ay=0. CorsnacHo anemme 1 n° 3 § 17
ypaBHenune (5) uMeeT 110TOMY pellleHHe @, ONpele/eHHOE B HHTep-
BaJie [a, f] H yROBJETBOpSIIOIIEE YCJIOBHIM

e a)=¢MP)=0, wv=0,1,..., 2n—1.
Ho Torma B cuiy TeopeMbl eIHHCTBEHHOCTH (cM. n° 2 § 16) sto
pellenve ¢ MOMKHO OHTH PABHO HyJ IO BHE MHTepBasa [a, f].
CaofictBo 3° HEeNoCpeACTBEHHO MOJYYaeTCs H3  CJedylo el
LeNOoYKH PaBeHCTB:
b

b
O (Lf, M= [ 1Py (e Wdx=Thyle+ [ fy)de=

a
b
= [ fy;de =20 (y,, 1),
a

uoo I(y;)=4y; n [f, yj]z=0-
II. Jan arbozo koneynoezo uurepsaaa la, ] cywecrsyer g &'
cucrema Qyakyuil hy, Py, ..., $ou, TAKAR, 4TO ORpedeaurens

D(A)=det(@; (s, A)), j, k=1, ..., 2n,

He obpawaercs 8 HYyab 8 uxrepsate a <L A <p.
Hokasarenbctso. Ilycts Ag— GUKCHPOBAHHAS TOYKA HHTep-
Bana [a, B] u mycrs f, ..., ¢§ — dyuxuun us §’, rakme, uro

det (D, (), %)) 0.
Ecsu Bo BCeM HHTepBaJe [a, PB] ompenenuTes
Dy (h) = det (D, (), 4))

OTJIHYEH OT HYJIf, TO MOXKHO MOJNOXHTb ¢, =), k=1, 2, ..., 2n.
Ecsin Xe B HEKOTOPOH Touke A,

Dy (A) = det (D, (f, 4,))=0,

TO CYLIeCTBYIOT TaKHe 4yuc/ja 0O, HE BCE DaBHLIe HYJIO, UTO

2n
20, 2)a,=0, =12, ..., .
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Tlosaras .
— 0
x=oy +aps+ ... + ainpgn,

Mbl HMeeM Torna

D, (x, A)=0, j=1,2,..., 2n.
OTclofa Ha OCHOBAHMH | 3ak/lOyaeM, YTO ypaBHeHHE
Lp—App=y

uMeeT pemelne p = 9.
[pumensis pynkunonas ©; k obeuM uyacTsM 3TOro paBeHCTBA
M MNoJb3ysch npensoxennem I (cBoiicTso 3°), noayuaem

(A— 7"1)([)1' (p, )= (Dj (% M)

C/elOBATEIbHO,
(I’j (% A1)
D0, )= —5—5— (6)

[lycTs, rampumep, a, # 0; Toraa MoxHo cuutath a;=1. Onpese-
auteab Dy(A) He H3MEHUT CBOEH BEJAHUYUHB, €CAH OGYHKIHIO P

3aMEHUTb GyHKLHEeH
r=y+ayd+ ... +o, 4.

Orciona u us dpopmyan (6) saxkiwouaeM, yTo, 3aMeHnnB gajaee PyHx-
nuio ¥, Qyuxiueil P, Mbl nepeigem ot onpeneautenass Dy(A) K onpe-

JeJIHTeNI0
Dq (1)
A=Ay’

DI(A’)=

Onpeneanteas D;(A) mo-mpexHeMmy OTJIHUYEH OT HYJsA NOpH A=A,
a npn A=A, HUMeeT KOpeHb KPAaTHOCTH, Ha €AUHHILY MeHblek,
yeM Dy(A). Tak kKak auHaguTtudeckas Oynkuus Dg(A) %= 0 umeer
B KOHeUHOM uHTepBaje [a, f] ToabKO KOHEUHOe UHCJIO HYyJIeH,
KamXAblll KOHeYyHOH KpaTHOCTH, TO TOCJe KOHeUHOro 4YMCja TaKuX
IIaroB Mbl NPHAEM K HEKOTOPOMY ompeneautenaio D (A), oTanuHOMY
OT HyJisl BO BceM uHTepBaJge [a, PB].

Teopewma 1. [Iycre [a, B]— koueunsi unTepsas, a
Y1, Yoo+ ., Yo, — cucrema Gpynkyui 8 &', rakan, uro onpedeaures

det (@, (pg, 1))

oTAu4en OT HYyas 8 unrepsase [a, B].
Hycrys Oanee P, —cnexrpassnas ¢yuxkyus oneparopa L,, a

g1 8o -+ +» Gon — PYHKyUU, OnpedesenHble PABEHCTEAMU
B 2n
A
gv=[ X Uy (1) dPy, (7)

n ksl
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ede Q= (Q,(A) — marpuya, obparnas marpuye
Q=@ (e, 1)), j, k=1,2,..., 2n. (8)

Toeda dan awboii pynkyuu | & & u aoboco unrepsaia N < [a, ]
umeer mecro opmyira

2n
Paf=[ X, 1) dPg,. )
A vl

JoxaszaTeabcTBo. [1og0XKHUM

2n
Fi(f, 2)= ,231 Qi (2) D (f, 2); (10)
CJe0BATE/bLHO,
Cp(F, 1) = (Dk (. M F;(F, M) (11)
IMoanexamas AokasaTeabeTBy Gopmyaa (9) skBuBasteHtHa GopmyJie
?n1 .
Paf= [ X F;(F #)dPy,. (12)
A j==1

Yro6ul B 3TOM YOeAUThCS, HOCTATOYHO NoAcTaBHTb B (9) BMecro
byukuni g, X BeHpaxkeHus (7).
Iaa pokasaresbcrsa QopMyant (12) paccMOTpuUM s/eMeHT
w 2n

hy = j apri— [ Y F; (1 W dPyy

a j=1

OUeBHAHO, [LOCTATOUHO AOKa3aTbh, YTO OH PaBeH HYJIO 145 BCeX W,
o<W fB; A9 3TOro, B CBOIO OuYepejab, JOCTATOUHO YCTAHOBHTE,
uTo, KakoBa Obl HH Oblia GyHKINA @ S &Y,

L 2n

(i @)= jdw O — [ NF,(F Dd Py, 9)=0  (13)

a =1

npn a <L p<<B. Ho npu p=a paeescrso (13) uMeeT MecTo; no3TOMY

JOCTAaTOYHO TIIOKa3aTh, 4YTO JAJAs BeeX M, ¢ LU <P, cymwecrnyer
d

_d-;f(hl“ @) U uTO

d
_d'u_(hu’ P)=0 mpu e pu<pP.

NIPOH3BOJHAs

B cuny nepasencTsa

h+vq)—h)q) 2
oo D2 Cu D o Vs =y Pl P
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a8 3TOro JOoCTaTO4YHO A0Ka3aTh, 4UYTO

. 1
lim— | fyes— 7y P =
50 82 +0 u,’

[TosoXUM JJisi KPATKOCTH

P = Pp,+6 - Pu;
TOT 4

WD o

Vs —hal =g | Pi= | N, WPy | <

2

1

<7 Plf"‘EF/‘(f, H)‘lﬂj] +
_ 2»n]=1 ;_J,:Fé on
1PN F G we~ | Y E D APy (1)
j=1 noof=1

OuenuM cHayajsa MepBOe W3 THX cJjaraeMbiX. [ToJoxHM pas
KpaTKoCTH

w=f= 3 F;(, 0y (15)

Toraa B cuay (11)

ch(w1 I-L = (Dg f M 2 F; (f: (Dk(‘pj’ H)=0-

CornnacHo mpeasiomesnio 1 0Tciofa BbHITEKAeT CYNIECTBOBAHHE
byHRUNE v E §, Tako#, uro
w =L, U —uv;
[Ipr srom JsuGo
(PM——PH_O)U:()’

JaH60 | ABJSETCS COGCTBEHHBIM 3HA4YeHHeM omepartopa L, ¢ cob-
cTBeHHOH Qyukuuen (P, — P,o)v. B mocnennem cayudae, nosaras

5=v—(Pu—Pu—0)v>
Mbl moayunM (yHKNMIO O, npunafjexantyio MuoxecTBy Dy , mis
KOTOPOH TO-JIpeXXHeMy BHIIOJHSETCA PAaBEHCTBO

w=L,0 —ud
H, KpoMe TOro,
' (Py,—Pu0)0=0. (16)
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OueBnnno, (16) umeer mecTo n B nepsoM cayuae npu o = v.- s
cootHoueHus (16) BrTekaer, uto dyukuusi | P,0 | asasercs Hellpe-
puiBHO# npn A =p. [lostomy
1 1 ~ ~
*grlpw12=V|P(LuU'—l‘«U)l2=
u+o
1 =y - -
=57 f [A—~uPd(P,d, 3)<|PFP—>0 npu 6—0.
n
Bropoe caaraemoe B (14) mepennmem B BHje
B+ o,

%J.EMﬂﬁm—ﬂ@MM&%-

i=1

Ero kBazpat He OoJablie yem

2n utd
2N [ 1R W= Fy G MEI Py, =

f=te on W+0

=N (1R G w-F, G Rl P P,
=t u
rie .
Py=1;— (Pu - Pu-o)\P,‘-

Jle#cTBUTENBHO,

P’DIJ _{P)\"lb] npH }“<p‘,
a Py —(Py—Pyo)p; upu Azp,

a B NOCJEJHHX [ABYX HHTerpajax HOABIHTErpasbHas GYHKUMS HpH
A=p HempepblBHA W paBHaA HYJIO; cJAeJ0BaTeJbHO, 064 TH HHTe-
rpasa pasHbl. TaxuMm o0pa3oM, KBajpaT BTODPOIO CJAAraeMoro He
6ospuie uyeMm

2n

C 2 M| P, P,

j=1
: ar. (f, »)
rie M; obossauaeT MAaKCHMYyM MOAYJSA (YHKIHK #— npu A,
MeHsomemMes Mexay p v p+ 0. Ho nocrenusst cymma crpemutes
K Hysio npn & — 0 B custy nenpepriBroctd Gyukunn | Py, | npu A=p.

2. ®opmyasl o6pauieHud,

Teopema 2. Tycre Ly— munumarsrotii cummerpuseckuii onepa-
TOp, noposxcdennslii Oupgepenytiarsnbin sopascertem I (y) 8 unrep-
saxe (a, b), L,—ezco camoconpsmenrnoe pacwupenue, a

u(x, A), ua(x, &), ..., to,(x, A)
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— pewenust ypasnenus I(y)= Ly, ydosiersopaioujlie HA4AI6HbIM
ycrosuam

| j =
u[“‘”l =J =Y a<<x,<b.

PE npH  j#= v,
Toeda cyujecrsyeT marpudnas Qyukyus pacnpedeseHus *)

o(M)=(0;,(A), j, k=1,2,..., 2n,
TaKas, 410 (hopmybL
;) = [ 1(x)u; (x, ) dx, (17)
fo= [ X o ulx, Vdoy () (18)
—oo f, k=1

OCYULeCTBARIOT B3AUMHO 0DpaTHbIe U3OMETpUHecKue OTo6pascenus
2 2 2 2

L*{a, b) Ha L u Ly na L™ (a, b) coorsercreenno, nepesodsujue
Opyz 8 Opyea oneparopor A u A, ITpu 3ToM unrezpaier 6 ¢op-

2 2
myaax (17) u (18) cxodarca 6 cmotcae merpuxu 6 Ly u L (a, b)
COOTBETCTBEHHO U

oo  2n
Q —_—
[1FwPde= [ Y 0,0 eu(h)do (3. (19)
a —oo j, k=1

HJorkasaTteabcrBo. Ilycts |a, B] —KoHeyHBId HHTEpBAJ,
a Gyukuun gy, P, u f—Te ke, uTo H B TeopeMe . DyHKUHUH
gy =gy (x) 3aBuCAT, oueBHAHO, OT BhiGopa HHTepBasaa A= [a, B];
YTOOBL 3TO MO/UEPKHYTh, Mbl OyieM mucaTh g, , BMecto g . Ha mep-
BBIA B3I/ KaKercs, yTo 3TH (QYHKLUHUH 3aBUCAT ele OT BHOOpa

bysruuh Py, Pg, .. ., Po,. JdoKawemM, uTo B geficTBUTENbHOCTH QYHK-
LHU g, OT BeI6OpA cpyHKum“[ Y1, o ..., o, He saBucaT. Ilycrs
dysroun i, Yo, ..., Py, 3aMeHEHB QYHKUHAMH P;, Do, ..., Doy,

IJIs1 KOTOPbIX TaKkKe .
det (D; (g, 4)) =0

Bo BceM uHTepBate A. O6osuaunm uepes Q=(£§,~k(7\.)) MaTpuuy,

06paTHYIO ManHue (@; (be, A)), TaK utoO

L ) Qs (A {1 TP J = 20
b0 D= o iy (20)
[Toaoxum 5 s

=] 2 o (2) APy (21)

*) Onperetenue Matpuunoi q)ymamu pacnpeseseHuss u omneparopa Ag
¢M. B n° 5 § 20,
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Tpe6yercst fokasaTh, uto g, = g,. [Ipumenss dopmyay (9) x dyuk-
uun P, BMecto [ u K uuHrepsaay AN =la, A], a <A<P, moayuum
A 2n
- N .
(P),— Po) b= J. Z D; (Pe, M) dPg;.
o j=1
[Moncrasiss 310 BHpaxeHue B dopmyay (21) ¥4 yuuTeIBass COOTHO-
wenns (20), HaﬁﬂeM 41O
B
o= | ECDWMMQm@Wﬁ& Jdm& g
a k, j=1
Dynuryuu
i a 8, a0 o> 8o A
obpasyror HecobcTaernoill nopoxcdarowuli 6asuc dasn oneparopa L,
(cm. n® 7 § 20). [leficteurtenso, ua dopmyast (7) 1is GyHKINHA gy A
caenyet, uto npu A A

PAgvA gVA’ V=1, 2,---,277,;
KpoMe Toro, Gopmyna (9) mnokaswBaer, uTo JHHeiflHAA 06OJIOUKA

GyHKUHT gy, A TJIOTHA B 9, noo ¢yuxunu P,f, f& 9 obpasyor
MHOXeCTBO, miothoe B 9. [Tosoxum

0, (A)=(g, a» &4 a) v k=1,2,..., 2n
Coraaceo Teopeme 2/ n° 7 § 20 dopmyaa
© 2n
[ Yo,mae,, (22)
—o0 v=|

onpeienseT M3oMeTpHiIecKoe orofpaxenne O —>f mpoctpancTBa Le
Ha = L%(a, b), KoTOpOe mepeBOAUT omepaTop A, B omepatop L,.
Ilpu stom uHTerpan B (22) cxoautcs B cMbicsae HopMmul B L2(a, b).

[Tepefizem Temephr K N0OKa3aTeJbCTBY OCHOBHOIO YTBEPXKAEHHS
TeopeMsl. Ma cBoiicts dynkuni g, , caepyer, uro ¢popmyay (9)
MOXHO 3alluCaTb B BHAE

Pyuf= [ Y0, Vdg,, [=¥.

A7 v=]

Pacuupsis HeorpaHudeHHO wuHTepBan A/, Ha#geM, uto npu [ §

o 2n

[ Yo ndg, (23)

~-00 V=]
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Cpasuenune dopmya (22) u (23) nokasviBaer, yto npH HawweM H30-
MeTpuueckoMm oToOpaxennun O —>f ¢yHruuam f& §’ orseuaer Bek-
TOP-PYHKIUS

D) ={D,(A), D (A, ..., Dy, (M)},
re

b
Oy (M) =Dy}, M) = [ ) u, (e, dx, v=1,2, ..., 20 (24)
a
Tlyets  Temeps f=f(x)—npoussonbuas dyuxuua us L2(a, b);
BriflepeM uHcaa O, B, Takue, uro a<{a,<p,<b u a,—q,
B, — b mpu m— co. TlosoxKuM
; (x)_{ Fx) mpu x & [ay, B,
7L 0 mpu ¥ E oy, Bl
toraa f,<=9 u f,—f B cMuicae Hopmuy B L2(a, b). Pyukinusm f,
OPH HaleM H30METPHUECKOM cooTBeTcTBHH (D —> [ 0TBeualT Bex-
TOP-QYHKIWH

D" (2) = {OF (1), DFM), ..., OF N,
rue ;
OF ()= (F, = | T uy(x, 2)dx. (25)

am

B cuay usomerpuu coortBeTcTBHSI (D —>f cXOAMMOCTH B TPOCTpaH-
cTBe § IOCAENOBATEJNBHOCTH [, BJEUET 3a COBOH CXOAMMOCTb
B CMLIC/JIe HOPMBHl B L5 nocaenosarenbuoctn O™ (A) K wexkoTOpOMy
anementy @ (1) ={D; (1), Dy (X), ..., Dy, (M)} npocTpancrsa L.
Beuay dopmysanl (25) ecTECTBEHHO TOJIOXKHTD
b
O, (M =0y(F, M= [ [ uy(x, Ndx, v=1,2, ..., 21, (26)

a

TAaK 4TO CXOMUMOCTH HHTerpasos (26) cienyeT moHMMaTh B CMBIC/E
HOpMBI B L5. TeM caMbiM JOKa3aHO YTBEPKACHHE TeOPeMBl OTHOCH-
TeapHo Qopmyasl (17). Ho u3 aToro yTBepXjieHns cJjeiyeT, yTo
mpu f, g€9, ¢, (M) =0,(f, A) u ¢,(A)=D,(g, A) umeer Mecro
dopmyna (obGobuienHoe paBeHCTBO [lapceBass)

b o«  2n
(10 e@dx= [ Y 0,0 T do, (. (27)
a —oo j, k=1

[Tpu g ={ u3 nee moayyaercs ¢popmyaa (19).
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JokaxeM Tenepb, UTO Hallle H30MeTpuueckoe otoOpaxkenue D —> f
daxtauecku 3agaerca ¢opmymaoli (18); TeM caMblM YTBepxKIeHHe
TeopeMbl OyAeT IOJHOCTBIO JOKA3aHO.

HNas stoit uean nosoxum 8 (27)

1 nmpu xe&(a, f],
0 mpu x&E (e, ],

g(x)={ a<a<B<b; (28)

Torna . 5
e ()= [ g () up(x, M dx= [ uy(x, 1) do,

a

u dopmyna (27) npuMer BHI

B o
[fwdx= | Eqa,m[ [ ustr, x)dx]do,-km.

—oo f, k=1

[Tycte cnavana GyHKnHH @;(A) HempepsvIBHBI M PABHH HYJIO
BHE HEKOTOPOro KOHEYHOTO HHTepBaJja; TOrJa B IpaBofl YacTH
nocJe/IHer0 PaBEHCTBA MOMXKHO U3MEHUTh NOPSAOK MHTErPHPOBAHUS,
6o mnuterpax no do;,(A) gaxTHUecKM pPacHPOCTPAHEH TOJBKO Ha
KoHeuHblH unrepBant. Takum obpasow,

o0

8 B 2n
[iwde=[dc [ ¥ 0,0 ule, 1)doy @),

o o —o0 j, k=l

U Tak Kak uHTepsaj [o, B] nponssoneﬂ, TO

o0

fo= | 2 @5 (1) g (x, 2) dojp ()

—oo j, k=1
JIT MOYTH BceX 3HaueHuwil x & (a, b).
Ecan renmepb @ (A) ={p (%), ®2(%), ..., @, (X)}— npousBoibubIi
3JeMeHT U3 Ly, TO CyLIeCTBYeT IOC/EL0BATENBHOCTb BEKTOP-DYHK-
wuit @™ (A) = {of"(A), @2 (A), ..., o (A)}, HenpepeIBHHIX H PaBHBIX

HyJIIO BHE KOHEYHOI0 MHTEpBaJia, KoTopast CXOnuTces K ¢ (A) B cMbICae

2
HopMel B L5. Hame nsomerpuueckoe cooTBeTcTBHE ¢ —> [ IEepEeBOLHT
ee B I0C/eJOBaTeNbHOCTD

B = [ Y or®u,(x, 2do, (), (29)
—oo j, k=]

CXOpfilylocs B cMbIc]Ie HopMbl B L?(a, b) K ¢yukuun f(x), coot-
BeTCTBYIOLLEH QyHKUEE @ (A).
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HWrak, npaBas 4acTb (23) cxoautcsa B L2(a, b) npn m — oo} ee
npejes ecTb Mo ONpe/e]eHHI0 HHTerpaJ

[o5]

2n
[ Y o0 ute, Bydag, ),

—oo [, k=1

cxoaswmiica B cMbicie Hopmbl B L2(a, b). Ilostomy, nepexons
B (23) K nperesy npu m-—> oo, HalifeM, uTo

= f 2 @i () uy (x, X) do (1),

—o0 j, k=1

ueM ¥ 3aBepliaeTcs J0Kas3aTebCTBO TEOPEMBI.
®dyukuus o (), YZOBJIETBODAIOILAS YCIOBHSIM TeOPEME! 2, Ha3hl-
BaeTCs CnekTpaasnol ¢yikyueil pacnpedesenus oneparopa L,.
Caencrsue 1. Kparnocrs cnexkrpa oneparopa L ne npeso-
cxodur 2n.
HLokasaTteabctTBo. JlelicTButennHo, onepatop L mnmeer
HeCOGCTBEHHbIH MOPOKNAIOUMI 6A3NC g, 1 &y ps -+« Bay -
Caencreue 2. [lyere Lo, L, o (A)=(0,;,(A)), u(x, &)
Te oice, yto U 8 Teopeme 2. Tozda:
a) Cnekrparsnas ¢yukyus P, oneparopa I onpedeissercs

no gopmyae A n
PEE = [ N 0,000, (x, bydoy, ), (30)
—oo [, k=1

u das arw0bo2o kouewHo2o unrTeépsasa A oneparop Pa ecTs UHTe-
2parbHbLll oneparop ¢ ﬂapom

Pix, g A= [ E we (%, M) ;& 1) do (). (1)

A, k=1
6) Hdas pesoassentor (L,—wly' oneparopa L, u ee adpa
G (x, &, n) umeror mecro zmTeepa A6HbLE NPEOCTABACHUS:

(L =1 ()= J 5Dl @)

—00 j, k=1

00

2n
OV, (x, A ug (&, A
Grgw= [ N BP9 EH 40 0y, @y

—oo ], k=1
® 2
\ (x, Ay u; (y, 4)
fcu LwOE g = | Y LD e ), (30
—oo f, k=1

I 5= 0.
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IIpu arom unureepar & (32) cxodurcs pasHomepHo OTHOCU-
TeAbHO X 8 Kaxdom KoHewnom unrepsase |a, B] < (a, b), unreepaa
8 (33) cxodurcs 8 cmvicae Hopmot 8 L2 (a, b) oTHoCUTe 1610 KaCO020
U3 NnepemMeHHblX X, & npu (PUKCUPOBAHHOM 6TOPOM nepemMeHHoOM;
unteepar 8 (34) cxodurcs pasHomepHo no co8oKynHocTu obeux
nepemernolx X, y 8 Kawdom KoHeunom Ksadpare a<lx, y<P,
[a, B8] =< (a, b).

HokasareabcTBo. MsoMerpuueckoe oToOpaskenne ¢— f,
MOCTPOEHHOE MNPU J0KAa3aTeJbCTBE TeOpeMbl 2, MEPEeBOAUT oOlepa-
top As B onepatop L. Ho omeparop A, ecTh omepartop yMHOKe-
HMST Ha A, W TOTOMY AJS €ro CHeKTpasbHOl QYHKIMH H €ro
Pe30JbBEHTEl HMeeM

@; (1) mpn A <A,

PAOCP/W={ 0  nmpu A4,

-1 @y (A) Pan (A)
(g =)™ {1 (B, oy (W = { P B

M3 31X dopMy/aT HemocpeAcTBeHHO moavuawTes dopmyas (30)
u (32). Uz ¢popmyas (30) sakaiouaem, uto

2n

Paf @)= | X o;(Wusle, Moy ()=

A ], k=1
Qn b
=/ Y [j/ ®u,, x)da]uk(»c 1) do(3),  (35)

A ], k=1
u6o

b
o0 = [ 1®u 1 de.

[ycts dyuxnus f(x) ofpamniaeTcess B HYJAb BHE KOHEUHOTO HHTEp-
pasa [a, Bl<(a, b). Torga B (35) MOXKHO H3MEHHTh MNOPSLOK
MHTEr pUpPOBAHUS, TAK UTO

b 2n .
Paf ()= [1 [ 3 wele, Duy e A)do,-kw}f(g)da.
a A, k=l

TeMm cambIM nokaszana ¢opmyaa (31).

Jaa nokasatesbeTBa QopMyan (33) samerum (cm. § 19), urto
npH Jio6oM ¢QuUKcHpPOBAaHHOM 3HAaueHuM x supo G (x, &, p), pac-
cMaTpuBaeMoe Kak ¢yHkuuss ot §, mnpuHagiexur L2(a, b).
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[Tpumensia TeopeMy 2 K 3TOA (QyHKUUH, 3aKJiOYaeM, 4TO

oo

Gle, &w= [ D 06 A Wug(E 2)doy (),

—o |, k=1

rae

b
(e, W= [ Gx, & Bu, @ 2 dE,

1 noToMy Aas JioGol ¢yukuuu f(&) = L%(a, b)

oo

b 2n
[ e wi®d= [ ¥ 0,0 %lx, 4 wdoy ).

~0 f, k=1
C ZApyrofi CTOPOHH!, IO ONpeJe/eHHI0 SAAPA Pe30JbBEHTHI,

[t & wI®de=(La—p)" F (),

TaK 4TO (bopmyna (32) naer

)
fG(x W) de = j Y 055 4,
—oo |, k=l
CpaBHe}me aro#t dopmyanl ¢ (37) noxaswBaer, YTO
u, (x, A)

"pk(xx A, l’l')= A— 1 )

257

(36)

(37)

IOACTAHOBKA 3TOT0 BHpaxKeHHs B (36) mpHBoAMT K mnoanexaBieit

nokasateabcTBy dopmyse (33).

ITpumenum Teneps 0000umieHHOe paBeHCTBO [Tapcesadsn (em. (27))

K GyHKUMAM
[E)=0G(x, & n), g@=0G(@,E& n);
TOoraa
@ () =Dy f, )= 22

uy (4, A
wk(}“)=®k(g, }")= k}y_u’ ?

" oéoémeunoe PaBEeHCTBO HapceBanﬂ paer

u; (%, A uy, (y, 1)

f 0t TG E D= | 3 UEIELD 4,09,

—00 |, k=1
JleBasi uactb »TOTO paBeHcTBa €CTh AAPO OlepaTopa

Ru (Ru)" = RuRg,

17 M. A. Hafmapk

(38)
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nb0 pesosLBEeHTa Ru CaMOCOIIPAXKEHHOrO omneparopa L, YAOBJETBO-
psieT COOTHOILUEHHIO
*
(Ru) = Rﬂ

(cM. n°5 § 12). Takum ofpasom, sneBas uactb popmy.an (38) pasua

j G(x, & 1) G5 y, B)dE;

cJaefoBaTeIbHO, 3Ta (dopMysa CoBmajgaeT ¢ cpopMyJIon (34). Tlpm
y=x (bopMyﬂa (38) mpuuuMaeT BHA

uy (x, ) uy (x, A
flG(x ST I LU L W

—_00 / k=]
JHlokaxkeM Tenepb paBHOMEpHYIO CXOIHMMOCTh HHTerpasa B (32).
Ha ocuosanuu nepapencrsa Komu ~ ByHsaxkosckoro u gopmyJbt (39)
N, ( ) 2
R _
| )‘ P e, 2 do ()] <

N, ikl

f Z @5 (M) @ () do (1) f Z M ujlzx Y 4, ()=

Moo k= Nl i k=1
N,
- S o mamde, f:c(x g, u) P,
Ny |, k=1
Bropoii MHOXKHTeJb €CTh HENPepeBHAS (YHKUHS OT X B HHTEp-

Base (a, b) 1 1OTOMy OrpaHMYeH B KaxJI0M KOHEYHOM HHTepBaJe
la, Bl <(a, b); mnepBLIi MHOXKHTEJIb CTPEMHTCSS K HYJI0 IpH

2
Ny, No—> +o00 u Ny, Ng— —o0, ubo fL" (a, b), caegosaresbo,
2
@& Ly, H NOTOMY HHTETpas

o  2n
j —

[N 0,05 W doy )

—00 |, k=1
cxoantes. OTCIOAa HEMOCPENCTBEHHO CJe/yeT Halle yTBep:KAeHHE
OTHOCHTe/JLHO HHTerpasa B dopmyne (32). YTBep:kieHue OTHOCH-
Te/IbHO HHTerpana B dopmyJe (33) oueBHAHO.

Jas  pokasaTesbCTBAa pPaBHOMEPHOH CXOAHMOCTH HHTerpaJa

B Qopmyae (34) sameruM, uTo AJs J060ro HHTEpBada A

b
J‘ 2‘ u; (xl,}" —”k (x, A) doj, M < J‘I G (x, & ) dt.
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b
KpoMme Toro, GyHKIHSA flG (x, & A) PdE HenpepbiBHA B HHTepBaJe

a
a<x<b. llostomy, upumeHnsin Kk dopmyae (39) rteopemy lunu
(cM., uanpumep, ITerpoBckuit [1]), MBI 3aK.ai0uaeMm, 4TO HHTErpad

2n

3 4 (x, 1) g (x, 1)
[y aBe D o0 (40)

% i, k=1

CXOANTCA PaBHOMEPHO OTHOCHTEJNBHO X B KaXKJOM KOHEYHOM HHTEp-
BaJje [a, ] < (a, b). YTBepxieHHe OTHOCHTEJbHO HHTerpaJa B Ipa-
BO# yacTu (34) Tenepb HeMOCPEICTBEHHO MOJYUAETCS H3 HEPABEHCTBA
Komu — ByHaKoBCKOrO!:

PO e 0y (1) ’
S (v, A) g, (g, A
¥ et s | <
Ny i, k=1
EO3 w0 iy (2 O w0, 1)
Y 4 L A g (X Ay Ay (y,
< | X s donm) | XN i dos ),
N, i k=1 Ni o j, k=1

Dopmyay (34) MOKHO Take 3amucars uHaue. Ee jeBas uacTb
ecTh stpo omnepatopa RuRp; coriacHo QYHKUMOHA/ILHOMY ypaBHe-
HHIO Jl1s pesosbBeHTH (cM. n°5 § 12) sTor omeparop pased ome-

patopy — i m (R.— Rp), aapo KOTOPOTO €cTh

I
u— i

[Gx, & W—G(x & )

Taknm ofpasom, dopmysaa (34) npuauyaer BHT

~ _ ~ ~ o, (v, M) (B A
Gle, & W=C(r & D=@W—p) | X e dou (3.

—~o00 {, k=1

BeeneM 105 KpaTKoOCTH 000O3HAYEHHE

i ) L
—g [G (X, gv P«) - G (x7 §9 “')] = 'I\ ()C, §7 IJ»), (41)
TaK uTo
® oy
SO, (o M) g (5 A
Kix, & w=v | -%‘1 Sl —den (), (42)
rie T=Ju. "

ir*
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Cnencrpue 3. B obeux wacrax pasencrea (42) u npuron
8 npasoll 4acTu nod 3HAKOM UHTEepaAa MOXCHO 6pate nociedosq-
TeabHble Keasunpou3sodusie no x u § do (2n—1)-c0 nopadka
sKArouuTe AbHO. [loayuennble 8 pe3yasTaTe uurTeZpais. cxodarcs
PABHOMEPHO NO COBOKYNHOCTU nepemenHolx x, & 8 kamdom xoHey-
Hom ksadpare a < x, £<B, [a, B] =(a, b).

HorkasateabcTBo. OO60o3HaunmM JJs KpPaTKOCTH  uepes
G;y(x, &, n) 1 K;y(x, & p) xBasunpoussoansie dyukuuit G (x, &, p)
u K(x, &, n) jro nopsizka Mo X u v-ro mopsiika no E.

Hpu 0<<j<<2n—1, 0<v<<2n—1 8ce ksasunpoussoduoe
Ky (x, &, 1) nenpepoisrol 1o co8oKynHocTu 0beux nepemesnsix x, &
8 ksadpare a<x, §<b.

Je#icTBuTesnbHO, M3 mocTpoenns sipa G (x, &, p) BHTEKAeT, uTo
OHO HMMeeT BHJ

2n

D (B u(x) mpn x<E,

'/j (x) ’é) u‘) = n
k2=11 we(B)up(x) npn x=§,

TAe Uy, Uy, Wy — pelleHHst ypaBHeuusa [ (y)= Wy, yAO0BJeTBOPAOIIUE
yCJIOBHAM

2n 2n
k;l v, (&) ubl(e) — k§[ w, (&) ul1(g) =

{ 0 npu v=0,1, ..., 2n—2,

(— 1" apn v=2n-—1.

Beps mocsenoBaTesbHble KBa3UIPOU3BO/AHble 06eHX yacTeli moc/ies-
Hero paBeHCTBA, MOMKHO JETKO yGelHTbes, U4TO BooGlle

n n f 0 npy j+v+#=2n—1,
ol () ul(g) — 3 wlil (&) ulv ={

hm1 F b & k§1 ¢ ® ) (=~ npu j+v=2n-—1.
OTo o3HayaeT, YTO KBasdNpoH3BoAHBle G j,(x, & W) HempepuBHAI
B KBajpare o <L x, E<(f, ecau j+ v5=2n — |, H UMEIOT HA AHATOHAJH
x=E ckauok, paBHbiit (— )"}, ecnu j+v=2n—1. Tak Kak TuM
e CBOHCTBOM 006/1a/1al0T H KBasHIpou3BoaHbe Gy (X, &, {i), To pas-
Hoetd 20K,y (%, & w) =Gy (x, & W) — Gy (x, E ) HenpepbBHL|
B KBanpate o x, § KB,
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[Mycts Temepp st onperenednoctd v>0. Ha dopmyas (42)
gaKJ0uaeM, uTo

_,:T{K(x, X, W—K(x, x+h, p) = K(x+h, x, )+K(x+h x+h )=

% 9pn
N [u, (x+ B, A —u, (x, MY Ju; (x + 8, A) ~u, (x, )
j z [k k ”‘/—]Jl;hz ] ] dek(iv)}

k=1

1 ),

J‘ [te (x+ 1, 7»)——uk(x,7»)][uj(x+h A)—u;(x, A
[A—pi2h?

=l

rae A——npomBoanuﬁ KOHEYHHIi MHTepBaJl.
ITepexoist B 5TOM HepaBeHCTBe K Mpejesny cHauasna npu A-> 0,
a 3ateM npu A—>(— 00, oo), mosyunM

©  9p ’
ul (x, )u (x, &)
Kilx, x, )= J‘ 2 ”k—‘_m—"d(’jk(}")=
—00 f, k=]
R u” )um(x, A)
= [ N A D e, @)
~00 j, k=]

H60 TPOH3BOJAHLIE NEePBOro MOPsAKAa COBHAZAIOT € KBA3WNPOHS3-
BoAHbIMH. Ha ocHoBanuu HepaBenctsa Kouwrv —bByHsxoBckoro or-
clofia 3akaouaeM, yTo npH v=0u v=1

N: g, 2’

i W (x, ) uM (5, 1)

J [ A= le do’jk(l) <
Ny. |, k=1
Nean oy il Neoon oy v]
wd (x, Ay u!l (x, 3) v wy (g A) e (g, A)
<f E : i F do,-k(x)_f Y 2 M_;P do (W<
Ny j, k=1 N, |, k=1
. N,y 2n v] ]
1 3 uy (g, Muy (g, A)
<tKule, xow | B LIS g, (0
Ny |, k=1

Ho ¢ynkuus K, (x, x, p) HenpepniBHa, a noToMy orpaniueHa
B uHHTepBane [a, B]; kKpome Toro, B cuay (39) u (43) mpu v=0 u
v=1 nuterpan

2n

. v v
Y ow (g My (y, D)
Y o o)

- 1, k?‘_



262 I'J1. VI. CHEKTPAJILHBIMT AHAJIM3 OHPPEPEHUHWAJBHBIX OIMEPATOPOB |2

cxonutesi. IlosToMy mu3 mocsefHero HepaBeHCTBA BLITEKAET, uTQ
npy v=10, v=1 1 GOUKCHPOBAHHOM y HHTErpa.

v 0y v]
N uy (x, A)uj Ty, &)
f }J IA— m |2 dek (}‘1)

—oo |, k=|

CXOJIHTCS PABHOMEPHO OTHOCHTENbHO X B wHHTepBajte [o, B
B TAaKoM cJayuae paBeHCTBO (42) moxkno audQepeHUHPOBATL MO X
MO 3HAKOM HHTerpaja, Tak uto

(e, M uy (8, A)
KlO(xv g “ =T J X k [ 2 — ujlz ij()")-
—oo f, k=1

TloBTOpsis 9TH pacCyXKIeHHs, Mbl yOekJaemcss B COPaBEIJIHBOCTH
paBeHCTBA

u[ ]( , [q] (g, 1)
Kt s wme [ S BBl D 40 6y

—oo f, k=1

npu v, ¢=0, 1. B uacrtHoctu, npu v=0, |

LA v
' 4e (6 A ug (x, A)
Kolo e w=c [ 3 HERTED 45 )
—oo j, k=1

Ha ocnoBanun Teopemn JIHHH 3TOT MoOCJEIHHHA HHTErpas CXOAHTCS
PaBHOMEpHO; HO TOrla, NO/B3YACh HepaBeHCTBOM Komwn — Byus-
KOBCKOro, Jerko y0e uTbCAd B PABHOMEpPHON CXOIMMOCTH HHTerpaja
B (44) B kBagpate a < x, E<B.

IMpumensis npeAbAymuil npHeM K paBeHcTBy (44) upu v, ¢ =0, 1,
Mbl y0exkJgaeMmMcs B €ro cupaBelawBocTH H npu v, ¢=0, I, 2.
IloBTOpsis 5TO pacCyKAeHHe, MBI JOKaxeM paBeHCTBO (44) npu
v, g=0, 1, 2, ..., n—1. Jlaabueiimine paccyXaeHus CcJjaelyeT
HECKOJ/IbKO BHIOH3MEHHUTH, HGO KBA3UNPOM3BOAHBIE NPU Vv >1 HJH
g >n He COBNAJalT ¢ Npou3BoAHEIMH. Tak, manpumep, IJst no1y-
yeHust Gopmy.n (44) npu v=n u g=n ymHOXHM Ha [p,(x)]* obe
YacTH HepPABEHCTBA

62Kn_1, =1
dx Ot ey =

00

f 24 = mz—[ w1 (x, 7”)] = (6 (e, W) doje (3),

KoTropoe noJsyuaercs uz (44) npu v=g=n-—1 Tak XKe, KaK He-
paseHcTBO (43) noayuaerca u3 (42),
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Mul MOJyYUM TOTAA HepaBeHCTBo

(x, A) u["] (x, A)
Knn X, )C) J }d | & — le do’jk(}")’

—oo f k=l

K KOTODOMY CHOBA MOMKHO NPHMEHHTb NpPEeJBIAYIIHE DacCyXKIeHHs,
n6o dyuxnus K,,(x, x) senpepuisHa. CienoBaTesbHO, MOXHO J0-
Ka3aTh PaBHOMEpHYIO CXOAMMOCThL HHTerpaJa B (44) mpu v, g<n
n ofHOM (HKCHPOBAHHOM TNEPEMEHHOM, M3 KOTODOH yXKe cJieayer
caMo paBeHCTBO (44) npu v, <.

Jle#CTBUTEJILHO, NOJOXKHM, Hampumep,

o2 ln-11
ul* (x, M)l (&, A)
St g w=v | N S g, ),

—oco f, k=1

YMHOXKHM ofe 4acTH 3TOro paBeHCTBa Ha H IPOHHTErpHpyeM

po (x)

IO X B HEKOTOPOM KoueyHoM HHTepBase A [a, #]. Tak kax
1

pynruus PNE) cyMMHpyeMa B A, TO HHTerPHPOBAHHE MOXKHO TpPO-
1]

HM3BECTH IIOJ 3HAaKOM DABHOMEPHO CXOJMILerocsi MHTerpaJsa *) no
do,(A). YuureiBasi npu stoMm dopmyay (44), mas v=n-—1,
g=n—1 MH noJayunm

fp o S & wdr =

% 9n

=T f X T2 — le A”k—ll(x }“)u[n- (&, )u)do'jk(k)—
=TAKH‘1.n-l(x$ g? P«),

—co ], k=1
*} Mb noabsyeMces 3gech CJIeLLYIO{L[HM npentoKeHueM.
Ecau unrezpan

f f(x, ) do (3)

~— 00

‘cxo0urca pagHomepHo oTHocuTeasHo x 8 uuTepsaie [a, Bl, a Qynkyus g (x)
CYyMmupyema 8 Tom unTepsaie, To .
-~ oo - o

B 8
fg(x) ff(x, x)da(x)de= f [fg(x)f(x, h)dx]do(?»).

—_00
‘Hrabn B sTOM yGennthes, BuGepem nitepsaa A= (N, N,) 1ax, uto

f f(x, A)do (A)

<e npy as<x <P

Torpa B ! B
fg(x)[fﬂx, x)do(x)]dx <e[lgwiar
A

a [+3
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rae Aulr-ll(x, A), AK,_, ,-1(x, & p)—mpupamenus mo x B HuTep-
Bane A dyuknuit u{"Y, K - OTcrona

0Kn-1, n-1 .
Ox ’

n-1, n-

1
—— S, E w=r
o) (x, & w)
¢jaeaoBaTeJibHO,

S(x» E, ”)=TKrL, n-1 (JC, E’ l"’)-

TeMm cambiM dopMysa (44) mokasana npu v=n, ¢g=n— 1. Auamo-
THYHO OHA JOKas3biBaeTcs NpH v 2n—1, ¢<{2n—1.

3ameuanue. Ecan cnekTp onepatopa L nuckpeTeH, To (pyHK-
IHsi pacnpeieneHus o(A) siBasgeTCA CTYyNeHYATOH, HMeEWLIER cyer-
HOe UYHCJIO CKAuKOB B TOUKAX

AL Aoy Ag, ol

SIBJSIIOIUXCA BCEBO3MOXHBIMH COGCTBEHHBIMH 3HAYEHHAMH 3TOrO
onepatopa. Popmyanr (18) n (17) npumyr Torga Buj

F6)= 5 3 [0003) = 00 0= Ols (5, )9, (), (45

rie b
@ (k)= [ F(6)u;(x, Ay dx.

C apyro#i cropoHsl, u3 ¢opmy.asl (30) sakaiouaeM, uTO
2n

(P1,— Pi~0) [ (x) = i kE=l (66 (hy) — 0 (Ay — O)] 1t (x, Ay) @ (Ry)

ecTb coOOCTBeHHass (YHKLHSA, OTBevaloulas CcoGCTBEHHOMY 3Haue-
nuio A,. Ho mpu ¢QukcupoBannom v uucaa @;(A,) Moryr GhiTb
COBepIIeHHO MPOH3BOJBHBIMH; MO3TOMY (GYHKLHH

2n
@ () = 2[00 (A) = 6 (Ay = O)] 1y (x, A,)
k=1

ABJIAIOTCA Takke COOCTBEHHBIMH (YHKIMSIMH, OTBEYAMIUMH cO0G-
CTBEHHOMY 3Ha4ueHHIO A,. Popmyna (45) npuHHMaeT BHJ
o 2
f(x)= Z 2 (Pj(}"v) O)jv(x)’
v=1 j=1
H, CJeloBaTeJIbHO, Mpe/ACTaBJseT coboil pasioxkenne QyHKUHH [ ()
B Pl mo CoOCTBeHHBIM (QYHKuuaM onepaTopa L, cXoasiuiics
B cMbicae Hopmbl B L%(a, b).
Taxkum obpasom, ¢dopmyna (18) npeacrasaser co6oii 06o6uieHHe
TaKOro pasJoXeHHs AJs c/Aydasi HEMpPepHIBHOTO CIIEKTpa.
[Tomo6Ho TOMy Kak passiokKeHHe B Psifl 10 COGCTBEHHBIM (YHK-
LHAM MOXHO paccMaTpuBaTh Kak o6O0OLIeHHE pa3fioXKeHHs B paAld
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@ypve, bopmyay (18) MoXHO paccMaTpuBaThb Kak o600LleHHble
pas/oKeHHs B HHTerpaJ ®ypoe. Takum obpasom, B3aHMHO oGpart-
upie dopmyanl (17) u (18) sBasioTest oGoblieHHeM B3aMMHO 0fpart-
HBIX MHTETrpajbHBIX mpeobpasoBauuil Pypoe.

A) B. M. Jleruran (cw. Jlesuran [2] w [3]) mpeamoxua saementapioe
0Ka3aTeJbCTBO ¥} CylecTBOBanus (ynkumu O (A), OCYWeCTBISIOMWEll B3aHMHO
o6parHbie OTOGPakKeHns (17) u (18). TIpuBeneM 3TO AOKA3aTeJLCTRO.

JAst TMpOCTOTHL PacCy X AeHHS JONMOJTHHTENbHO NPEANOJIONKAM, UYTO (PyHK-
i po (x), p1(x)s ..., pa(x) nocTaTousoe yucao pas HerpepHBHO AHMdEDEHIH-
pyemb B HHTepBajte (a, b). Pewenns u].(x, A) ypaeHenus /(y) = Ay BuGepem

Teneps, Tax, 4To
1 npu j==&

(=1) ) =
" “W){0nwj¢h

Mycrs @yHKUuA f(x) uMeeT HENpPepHIBHHE NPOU3BOAHHE 10 (27)-r0 mopAAKa
BKJIOYHTEJBHO H ofpauwiaercss B Hy/lb BHe HEKOTOPOTO KOHEUHOFO HHTepBasa
[0, B] < (a, b).

Paccmorpum oneparop L, B nurepsaje [a, ], onpenesennsiii gaHuabiM aud-
depeHnUaNbHEM BHpa)enueM [(y) ¥ Kakumu-Hufyib CaMOCONPSIKEHHBIMH Kpae-
BHMH YCJOBHSIMH Ha KOHIAX 3Toro HHTepBana. Omneparop L; peryssped. ITycts
{ym (x)} —monHas oOpTOHOpMAaJbHAasd cucreMa COGCTBEHHBX (YHKUWH,
aMy, Ag, ..., —~COOTBETCTBYIOLL'Te COBCTBEHHBI® 3HaudeHust oneparopa L;. Irtu
QyHKUHE SBASIOTCA JHHOHHEMH KoMOWHauusmu yHKuui u; (x, A), Tagk wuro

MOXKHO IIOJIOXKHTH

k=1, 2...., 2n. (46)

2n
U (0) = 2 @™, (x, A). (47)
i=1
B cuay paBesctBa [IlapceBans, /[0Ka3aHHOrO JJS DPEryJaspHBIX OMEPaToOpPOB
Bn°2§5

o | B

b B 2
f|f(x)|2dx=f|f<x)lzdx=2 _ff(x)ym(x)dx - Y+ ).
a o l

m=1i0 Lmlgu |7‘m]>”
Ho coranacno ¢opmyse Jlarpanxa

B B B
jf(x) Ym (x) dx=%mff(x)Llymdx=—h17f!(f) Y dx,
a a «
H nMoToMy
f 2
Y [ rw | <
Ppl>nla
f 2 B
<;]2— 2 f’(f)ym(x)dx <—”I—2fll(f)l2dx. (48)
[t >nia o

*) Mo nomoxy oB0GiueHHs 3TOM0 1OKA3aTENBLCTBA Ha onepaTopsl B nNpocCT-
pancrpe (6ecxor{eqaomep}mx) BekTOp-Pyurnuit cM. Pode-Bekeros [1]
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CaegoBaTesbHO, 3Ta CyMMa CTPeMHTCA K HYJIO mpu u—> oco. Iloacramass,
najee, BMECTO QYHKUUH ym (x) ee Bupaxesue u3 (47), noayuum

f 2
Y @ mea

%] <ula

i 2n 3 B
- Y Yl [ 0wy e A dx [ 100 g (50 2 de =
11 [v4

]S gk=1

uw  2n
N —

= Y 0,05 @ doy, 05 08), (49)

—u j, k=1

rae o603HaueHo

[ - X o™ wpu 1<,
0= h, >0

0 (3 0 f) = (50)

a™af™ apn A>0.
[ 0<hp<h

Hpu urcuposannom p eapuayuu ¢ynryiil ik (A; o, B) oepanuqenst ¢ unrep-
sase (—p, B) PABHOMEPHO OTHOCUTEAbHO C., P.
Jast 10Ka3aTesnbeTBA paccMOTPHM GYHKUAH v (x, h), uMeommue HenpepLIBHHE

HpOHSBOILHbIe o (2[1)'1’0 nopﬂm{a BKJIIOYHTEJbHO, PaBHbIe HYyJd10 BHe HHTepBaJIa
(x9, Xo+ A) u Takue, uro
X0+h
v, (6 £) >0, f o, B dx=1. 1)
Xo

ITpumensis K QYHKUHAM vgz'l) (x, h) pasenctBo Ilapcepaas wu uuTerpupys

110 4acTaAM, IOAYyUnM

Xot+h o Ixoth 2
J {vﬁf‘l) (x, h)}2 dx = 2 f vg"’_l) (x, ) y,, (x)dx| =
Xo m=11x,
oo | xg+h 2
Y
- 2‘ 0, (6, h) gV (0) dx | (52)
m=1{xg

C apyroft cropons, us (46), (51) u mempepmiaiocTd (yHKUMH uﬁ-é) {(x, A),
I, k=1,2, ..., 2n, nerko crenyer, 4TO MPH AOCTATOUHO MAaOM A
xofh
3 - 1
(&-1)
3> | v m o) > S
Xo
xo;{—h

| op o 1) a0 () x| <

Xo

1

W—_ﬁ npu ]?’:k
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Torpa
to+h 2 o Xo+h 2
oV (x, )y, (x) dx| = E al™ j v (6, 1) 670 (x, A)dx | =
X 1=l %o
on Xoth 2
a )
= )‘ l aﬁ.”” F f v, (x, h) us.k n (x Ay dx| +
j=1 Xo
xot+h Xo+h
+29 )‘ (m) g (m) f v (6 B) ¥ (x, ) dx f v (6 A) Y (x, Ay di >
i>i Xo Xo
mpe____ 3 2 (m) (m) ) 2 }J
|a ]bn(?n—1)2 Ia HO. |> I 15/2 l
i>i
u60
2 2 [a<’“>|ya‘"‘>l<(2n—1 |a("‘)|2

Orcona u u3 (52) sakaouaeM, YTO

Xot+h 3 2n
{ e (x, lz)} % X !a”") [2—~12—ﬂ E Ela(f") ]2.

- [ [ <8 P <n i=1

ITonarast speck k=1, 2, ..., 2n u cyMMuUpys [OJNyUeHHble HepaBeHCTBA, HafineM,
910

on Xtk

Y[ e nfarn

k=1 xo

>_L 2 l(m) 2——224 P ilayﬂ)lQ:%{QEn }:‘ I“ﬁem)lg'
b= <uj=

k=1 |Ay,|<u k=1 Ay [<u

CrrepoBarenbHo,

2n xoth
Z Z o™ P<8 2 J (o) (x, m))2ax
k=1 “‘ I<p. k=1 x,

B nocienmem nepapencTse npamas uacth He 3aBdcHT OT @ H B. CJe0BaTenbHN,
Haille yTBepiKAeHue AOKa3aHO At QYHKIMA 0, (A; a, B); ans ik (4; a, p) oHO
Teneph BhTeKaeT u3 Hepamencrsa Komu — Bynskosekoro.

- Tonbsyacs nepsoit reopemoit Xeamn {em. Cmumpuos [l ra I, n° 12 was
Harancon 1], ra. VIII), serko YCTaHOBHTB, YTO A HEKOTOPOH MOCAe10BATA L
HOCTH sHayeHui @, B, yAOBJeTBOpsOMed ycaoBH0 & —>a, f > b, cy - Tayer
npenennnas MaTpuyHas QyHKLHS g (A) = lim Ok (A; o, B). Ilepexoas B (43)
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K Ipejely, NOJb3ysich OLEHKOH (52) M npumeHast BTOPYW TeopeMy Xesw, mul
3akJouaeM, 4T

b 2n oo
[Uwra= 3 [ 0,05 ®do, 0.

j, k=1 =00

ITpu momouy stoff GopMyJIsl JErKO MoKaszath, 4To paseHcTBo (I17) ocymecTsiser
usoMeTpuueckoe oTobpaxaenne L2 (a, b) B L?,, a pasencrBo (18) — a6patnoe

usoMerpuueckoe oro6paxenne, OTMeTHM, UYTO 5TO JOKA34aTENbCTBO BBIACHSIET
CMBIC/T CHeKTPaabBO# (PyHKLUMH pacnpegenenust o (A) = (ij (A)). HefcrBurensno,

Kax Bunuo u3 popmya (49) u (50), dyuruus (O'jk (A; o, B)), a motomy u (cjk )
OCYLIECTBJISET HOPMHPOBKY PyHKLHI u; (x, A), BOOGuIe rOBOPS, He HOPMHPOBAHHEIX.

Bompoc o TOM, MOXHO il NPHEMOM, ONUCAHHHIM B 3TOM JOKa3aTeJbCTBe,
NOJYYUTh BCE CHEKTpaabHble (QYHKIME pacupepejends o (A), OTBeyamlyHe Bce-
BO3MOXKHBIM CaMOCONMpPSKEHHHIM pacurnpennssmM L, onepatopa L, (Brawouas pac-
wupenusi ¢ BExoaoM us L% (g, b)), a Takxke BOnpoc 0 TOM, KAaK 3THM NPHEMOM
NOJNYYHTh CIEKTPaJbHYI0 (YHKUHMIO DacmpefeseHusi, OTBEUAINYI0 A2 HHOMY
pacmupennio Ly, usyuamucs C. A. Opsosnim (eMm. Opaos [2, 3]).

B) Ormerum, 4TO €O BpeMeHH NePBOr0 H34aHAs HACTOSAIEH KHHATH TeXHHKa
BbiBOZA (opMyJs ofpaleHHs A/ Pa3JuuYHBIX KOHKPETHLIX OIIEPATOPOB 3HAUH-
TeJabHO pa3Buiack. UCTaHOBHMCS Ha 3TOM HECKOJNBKO Gosiee mOAPOGHO.

3ajafHMcss BOMPOCOM O TOM, YTO CYWIECTBEHHO HOBOTO B KOHKPETHOM CJyuae
omeparopa L, pnoGaBaser TeopeMa 2 § 21 (teopema o dopmysaax obGpamenus)
K TeopeMe 2 n° 6 § 20 (1eopeme 06 ofelf KaHOHHYECKOH GopMe caMoconpsixKeH-
HOro oleparopa ¢ f-KPaTHHIM cnekTpoM). Kak He TpyaHO BuIeTh, OTBET Ha 3TOT
BONPOC COCTOMT B cJeayoumeM. B Teopeme o dopmy.sax oGpamenust yKasauo
KOBKDeTHOe AaHa/JHTHYeCKOe BhIPAXKEHHE JJIS H30OMETPUYECKOro OTOOpaXKeHHs
NPoOCTpaHCTBA L2(a, b) Ha npocrpaHcTBO L(2,, OpPH KOTOPOM paccMaTpHBaeMblit
onepatop L, mepexogut B omepatop Ag 31O oTOGpaKeHHe 3aJaeTCA MOCpex-
ctBoM ¢opmyan (17). IpacvatpuBascs x gopmyaam (17), Jerko ysicHHTb, B ueMm
3aKJIoyaeTcA TPYAHOCTL nocTpoerHs Gopmys ofpaieHus B paMkax o6uei
a6CTPAaKTHOA TeOPHH THIb0epTOBa nmpocTpancrsa. JederBureasto, dopmyan (17)
cozepxar pemenus #j(x, A) ypaBHeHus [ (y)=»Ay, KoTOphle, BOOGIIE rOBOPH,
He TOJbKO He NPHHALJMekKaT 06/acTH OIpejeseHHs @L onepatopa L, HO u He

u
o0s3anbl GbTE 3JdeMeHTaMH ruibGeproBa npocrpancrsa L? (a, b). Hanpumep, ecan
Ly — camoconpsikennblli onepatop, nopoxpaemuit B npocrpancrse L% (— oo, 00)
auddepenimamsunm Bupaxennem [(y) =iy, 10 u(x, A)=e"* S L2 (=~ oo, oo)
Ans BcexX A. Pewalomee sHauenne 115 npeojosieHusl YKa3aHHOR 31eCh TPYAHOCTH
umena padora M. M. I'ensdanga u A. I'. Kocriovenko (cm. Teandang u Kocerio-
uenko [1]). HMx Meton, Tak HasniBaeMuIl METOX OCHAU4eHUs euisbepTosa npo-
CTPaHcTEQ, B OOLIMX Yeprax 3aKJouaercs B CJeLYIoleM.

B ruap6eprosoM npocrpancrse H BuiGupaerca HekOTOpoe JHHelHOE
naoTHoe nogmuoxecrso ®. B nogmuoxecTso @ BBOAMTCS HOBOE Onpejese-
HHE TNOHATUA TNpelena Tak, uToOH U3 cxopuMocTH B O BelTeKasa CXOLUMOCTH
B cMbicqe Hopmbl H H urobn mpocrpamctBo @ O6bo noaHeiM. OGo3nauum
geped ¥ mpocTPaHCTBO BeeX JiHHEHHBIX HENPEPHBHHX PYHKUHOHAJIOB NPOCTpPAH-
crBa @. Tak xax @ C H, 70 ¢ ToyHoCTBIO K0 H3OMOP(H3Ma HMEET MECTO BKJIOYE-
e H @’ (cu. Teopemy 06 ofuieM Brje JHHERHOr0 HENPEPHBHOrO GYHKLHO-
Hajaa B rusbOeprosom mpocrpancrse n® 2 § 10). Takum o6pasoy,

o Hc; (%)
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BKJOUEHHS HOCHAT HE TOJIBKO TEOPETHKO-MHOMECTBEHHH, HO H TOMOJIOTH-

gecknll XapaKTeP: CXOLMMOCT, B cMHcTe D BJEUET CXONHMOCTh 10 HOpME B H,
a-u3 CXOMUMOCTH B H BLTeKaeT cXofuMocTs COOTBTCTBYIOUEH MOCILOBATMS-
pocti GyHkuuonanos #3 @' B kaxnoi Toyke ®. Llenouka mpocrpancrs @, H, @,
061afaolHX YKa3aHHHIMH BHIUE CBOMCTBAMH, HA3BIBACTCH OCHAUIEHHbIM 2Uunb-
GepTOBLIM npocTPaAHCTBOM. .
-~ ITycte Temeps A — caMOCONpPsiXKeHHLA oneparop B FuALGEPTOBOM NpOCTpaH-
erse H C mpOCTHM clleKTpOM (pan mpocTort). Ilycre Py — cnekrpanbuas Gyux-
uus oneparopa A, g-kaxofi-mbo nopoxpaounil srement, o (A)=(Pg, g).
[TpeAnONIOXKHM CHAYala, uTo CAEKTP A WHCTO AHCKPETEH U uTo Ag, Ag, ... — BCE
co6cTBeHHbIE 3HaueHHd sToro omepartopa. Torxa, kak HeTPyAHO BuieTh, A
Kaxjaoro A cyuectsyeT (B cmbicie HOpmbl H) npeaex

u, = dPhg/dG r)= AI}ffo (Prean — P1) g/lo (A + AL) — o (M)].

Fpu aToM oKasbiBaeTcs, uTo 4) =0, €can A He NPUHALIEKUT CHEKTPY, H 4TO
SMeMEHTH U , U , ... OOPasyiT MOJHYIO CHCTeMY COGCTBEHHBIX BEKTOPOB olle-

paropa A. Kpome Toro, poab dopmy. (17) MOryr BHIOMHATL COOTHOLIEHHS
@ (A)=(f, up), rae Kpyrure ckobku 0603HAYAIOT CKadapHOe Mpou3BeieHHe B H
u = H. TlpeanonoxuM Tenepp, 4To CYLEeCTBYeT TOUKa Ag cmekTpa A, He siBJAIO-
manca coGCTBEHHLIM 3HayeHneM 3Toro oneparopa. Torna npu A=A, npoussonsas
dP;g/do (M) He cywectByer B mpoctpancrBe . OnHako eciu ocHauenue (x)
BHIIOJHEHO <HalJeXallnM» o6pPa3oM, TO sTa IPOU3BOLHAH CywieCTByeT B Gojee
_pmpokoM mnpocrpanctBe O dPjg/do (M) =u);=@’. Ilpn stoM okasuBaercs,
YTO #) SBJISACTCH «0606uUieHHOM COOCTBERNbIM INEMEHTOM? (TOYHee, COBCTBEHHBIM
yHKUHOHaOM) oneparopa A B caeayoueM cMuicae: 4y (Af) = Auy () nna Bcex
?)E(D (npeanonaraeTcsl BHIIOAHEHHBIM YCJoBHE @C@A). Teneps poue  Gop-
Mya (17) mMoxer BHIIONHATH cooTHouweHue ¢ (A) = uy (f), f=.

B untnposannofi meume paGore M. M. Feavdpaun u A. T'. Kocriouenko go-
Kasaly, YTO AJfA KaXKJOro CaMOCONPAXeHHOro omepatopa A <«Hapjexatiee»
OCHalieHHe MOXeT OulTh mnocTpoeHo. IIpu 3ToM moJayueHHast cucrema 0Go6UIEH-
HHX CcOGCTBEHHHIX 3/eMeHTOB up =dPj/do(A) oxasnimaercs noawoi u oprozo-
H@AbHOZ B TOM CMBICJIE, yTO 147 Kaxiaoro fe @ (wanoMHuM, uro @ niotHo B H)
umeer Mecro o6obuienHoe paseHcTBO [TapceBasst

1= [ s () 2 do (3. (x4)

Peayasratr M. M. Tempdanga u A. T. KoCTIOUEHKO CTHMYJHDOBAJ MHOSIBJEHHE
BHAUUTE/IbHOIO KOJIHYeCTBAa PaloT, NMOCBALUEHHBIX CBSI3aHHON C HUM TeMAaTHKe.
OrMeTnM, 4T0, B uACTHOCTH, BecbMa CYWeCTBEHHHIM SIBJISETCS BONPOC O TOM,
HaCKOJbKO HIHPOKHM MOXHO BmI6paTh npocrpaticreso @< SDACH. Hefictau-

TeIbHO, ueM [Iupe 3TO IPOCTPAHCTBO, TeM yxe mnpocrpanctso &, a caepoBa-
TeJbHO, TeM GoJblue y Hac CBeAHHH O npupoie oBoOieHHHX COGCTBEHHHIX 3Je-
MEHTOB, 4, B sTOoM HanpaB/ieHHH BechMa BaiKHbe DE3y/IbTaTH ObLIM MOJYYEHHI
10. M. Bepesanckum n . M. Kaunem (cu. Bepesauckuil [1—3] u Kau [1-3]).
O6crosiTesibioe na/ioKenne BONPOCOB, CBA3AHHBHIX € HPOLEAYPOll OCHAIIEHUH,
UHTaTeqb MoXKeT HafiTh B MoGOH u3 caenyloliMX MOHorpaduil: Bepeaanckuii [4],
Feasbang n Uluaos [1], Teandana u Banenkun [1], Mopen [1).

3 JAPYrMX MeTOA0B BbBoAAa (OPMyJa oOpalieHHs OTMETHM elle ocylue-
cTBaeHHLA B. M. JleBuraHoM MeToZ KOHEYHOPA3HOCTHOM ammpPOKCHMAUMH JHd-
depenunanbioro Boipamenus co celleHHeM K JHHEHHbIM aare6panyeckHM ypas-
HeHusiM, a Takxke wmerod M. M. empdanna nast ypasHenuit ¢ nepuoguuecKHMH
Kosdduumenravu (cMm. mnpunoxenns I w VIII x kuure Turumapuw {1], a Takxke
Teasdang [2]).

POMe TOro, OTMETHM, UTO /I CAMOCONPSAKEHHLIX ONepPATOPOB BTOPOrG MO~
PAAKa dopmyas o6pauieHus MOryT OMTb BHBeJEHL € HOMOLBIO MeToxa M. Pucca
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pacliupeHus NO3UTHBHBX OYHKIHOHAMOB, H3 mnoctpoenHolt - B. A, Mapyenko
CIEKTPaIbHON TEODHH HecaMoCOnmpaAXeHHHx onepatopo (cm. Mapuenko [4],
Pote-Bereros [1}).

B sakaiouyeHHe 3aMeTHM, YTO MOJXHO NOCTPOMTh (opMYyJbl o6palleHHs, aHna-
aornunbie Gopmyaam (17), (18), oreuawuue caMoconpsiKeHHOMY DPacHIMPeHHIo
MHHUMaJBHOI'O CHMMETpPHYeCKoro onepatopa Ly ¢ BB X0 O M H3 NPOCTPAHCTBa
L% (a, b) (em. n° 8a § 14). Oxuaro B sToM cayuae obpas L?(a, b) npu coorper-
CTBYIOIEM M30MeTPHueCKoM oTobpaxenns He miored B Lg. ITo aTomy nosony
eM. Wrpaye [2].

3. Cayuai#i oaHoro peryaspsHoro koHua. Ilopoxpatoumit Gasuc
g a» 8y ar +-» 8op o0 UOCTPOEHHBI IIPH J0KA3aTeAbCTBE Teo-
peMul 2, He siBJiAeTCA, BOOOWE TOBOPS, MHHUMAJABHBIM, W NOTOMY
B HEKOTOPBIX cJyuasix IOPSAOK MaTpuuHOll (YHKLUH pacrnpenee-
HHUA MoKeT ObITh NOHHMXKeH *). Ilpumepom sBjiseTcss TOT CJayual,
KOrJa OJMH M3 KOHLUOB HHTepBana (@, b), Hanpumep X =a, pery-
JISIPEH.

PaccmoTpuM CcHavafa TOT ciayuail, Korjia HHAEKC jgedeKTa one-
patopa L, ectb {(n, n). 0603*Haqm1 yepes Dy 1 D obaactu onpe-
JeseHust onepatopoB Lo U Lo= L cooTBeTcTBeHHO. Besikoe camo-
conpsxKenHoe pacmupenue L, onepatopa L, ompepesasieTcss Kpae-
BBIMH YCJOBHSIMH BHJA

[% wk]a:O, kzl, 2, ey 1 (53)
rie @, @y, ..., @, — OYHKIMH H3 D, JIHHEHHO HE3ABHCHMBIE IO
MOZY /110 ®0 H YIOBJACTBOPAIOLLNE COOTHOWIEHHAM

[w;, welo=0, j, k=1,2,...,n (54)

(cm. n° 3 § 18).

*) Onpene/sienne MHHMUMAJbHOrO HOPOXKAaloulero 06asuca A9 Pas3JduHbIX
kaaccoB gHddepenunaJbHEX ONEPaTOPOB, a CJAelOBATEJIbHO, H KPATHOCTH HX
CTIEKTpa B 3aBHCHMOCTH OT CBOHCTB KO3(DdHIHeHTOB AH(QepeHIHATbHOIO BhIPa-
KEHHs1 sIBAsSeTcsl OAHOH W3 BaXHeHIIMX 3ajay B Teopud AnddepeHUd ajbHBIX
oneparopoB (cum. nmpegucaosue, ¢rp. 9—10).

OrmeTnM HeKOTODHIE pe3yJbTaThl, CBs3aHHHE ¢ 3Tol 3ajavefl. M, C. Kan
BBHISICHHJI, KaK 3aBUCHT KPaTHOCTb CIeKTpa auddepeHNnasbHOr0 oneparopa BTo-
poro mopsigka, AeHCTByloinero B mpocrpaHctse L2 (a, b), oT cBOiicTB cnekTpasb-
HBX QynRkunit anddeperannaJsHEX ONePATOPOB, NOPOMKAEHHBIX B NPOCTPAHCTBAX
L*(a, ¢) u L2 (c, b) Tem xe auddepeHUnanbHBIM BHIPAXKEHHEM, YTO H HCXOLHBI
oneparop (¢ — nPou3BOJLHAS BHYTPEHHAA TOuKa uHTepBaaa (g, b) ). A. B. Hlrpayc
H3yyas KPAaTHOCTh CIeKTPa CaMOCONPsAXKeHHOro auddepeHInasbHOr0 oneparopa
NPOH3BOJBHOTO UETHOrO mopsiaxa 2n. MM moayveHs! ycjoBus, gocTatouHble AJs
TOTO, 4TOGE KPaTHOCTh CleKTpa Onljia MeHblle ueM 24 B Cjayyae JBYX CHHIYasip-
HEHIX KOHLOB H MEHblue ueM 7 B CJyuae OJHOTO CHHLYJSPHOro KoHua (cm. n® 2
§ 21, caepcreue 1 u reopemy 2° Hacrosimiero n°). TIpH 3ToM KPaTHOCTL CHeKTPa
B npomexyTke [u, f] oleHnBaercs B MpeanosoxkeHHH, uTo AdddeperiHannHOE
ypaenenne [(y)=>Ay mumeer aas Bcex A< [a, f] peweHus ¢ ompeneaeHHbIM
aCHMITOTHYECKHM IOBeJeHHeM BOJH3M cuHryaspubix xoHnos (cm. Kaw [3, 4] #
Hirpaye {4]).
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OGo3HauuM uepes
wi(x, A, us(x, ), oo, u,(x, A) (55)

KarHe-HUOYAb JHHEHHO He3aBHCHMbIE PelleHHs ypaBHenHs [ (y) = Ay,
ABJAIONLHECS LEeJBMH AHAJUTHUECKHMH QYHKIHSIMH MapaMeTpa A
H yAOBIETBOpsioulHe ycaosuam (53):

[u;, @ela=0, , k=1,2, ..., n (56)

[Tycts §’ o6o3HauaeT COBOKYNHOCTb BCexX Qynkuuil f(x) uz L*(a, b),
06palaloliXCst B HYJb BHE HEKOTOPOro KOHEYHOTO HHTEepBasa
[a, a], a<<a<b (cBoero nas Kaxmod QGyHKuuu).
[Tpu nomomn GynKuMiA u;(x, A) nocTpouM B 9 QYHKIHOHAIHL,
nosarasi npu f& 9’
b
O, W= [ fWu;lx, Wdx, j=1,2 .., 0  (7)

a

HokaxeM, uto aTu QyHryuoHaaot (HeCMOTPS Ha TO, UTO HX
TONMBKO 1) yoosaersoparoT ycaosuam 1°, 2°, 3° npedaowenus I,
OueBuIHO, HYXKJAlOTCAd B J0Kas3aTeqbCTBE TOJBKO cBoifictBa 2°
u 3°. Hrak, nycrs f(x)=0 BHe untepBasa [a, a], a<a<b,
H 1IyCThb

b
©,G, M= [ FWu; e, )de=0, j=1,2 ..., n (58

O6o3nauuM uepe3 @(x), a << x << Q, peulenue ypaBHEHHs
He)—to=f a<x<oq,
YIOBJIETBOPSIOIEE YCAOBUAM
ot (@)=0, £=0,1,...,2n—1; (59)

TaKoe pelleHHe CYLIecTBYeT H MPHTOM TOALKO ofAHO (cM. n° 2 § 16).
HokaxeM, uTo oHO yAoBJeTBopseT ycaosuio (53). Ilpumenss To-
XKHecTBO Jlarpanxa, HMeeMm

b
0=, (F, M= | [1(9) = Al u; (x, Hydx =

b b
= f @) u; (x, A)dx—?uj @(x)u;(x, Adx=

a
b

b
~ [ o lw)de—2 Jou, e, Ayde i [o, ull=lo, ul, (60)

a
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uéo
l(uj) = ku,-

H, B CHJy cooTHouieHHH (59),
[(P, uj]a=0-
C npyrofl cTOpoHH, BEKTODPHI
w, = {0l (a), @}!(a), ..., wl@(a)), k=1,2,..., n,

ABJAIOTCS TOJHON JHHEHHO He3aBHCHMOHN CHCTeMOH pellneHHd ypas-
Heuusi (56). TTosTomy us cooTHomenuit (60) sakaiouaeMm, yTo BEKTOp

o= {¢"(a), ¢"(a), ..., @1 (a)}

ecTb JHHelHas KOMGHHAUMS BEKTOPOB wj,. B cuay (54) Kaxawii
M3 3THX BEKTOPOB, a NOTOMY H HX JHHefiHa® KOMOWHAUHS @ YI0-
BJeTBOpstOT ycaoBusam (53). [lpopomxkas temeps ¢yHKUHIO ¢ (X)
3a npelean HHTepBaga [a, a] npu momouy ycaoBus @(x)=0 npu
a<x<b u yuuTeiBas cooTHouweHHs (59), MBl HOJYYHUM (PYHKIHIO
(p(x)EDLu. CnenoBateqbHo, 3Ta GYHKUHS TOPUHHALMEKHT € H
eCTh pellieHHe ypaBHeHHUd

Lgo—2tp=F.
CeoifictBo 2° nokasaho.
Ilas BHIBOAA cBolicTBa 3° NpHMEHHM CHOBAa TOXAECTBO Jlar-
panxa. Ilpu fed, , fe§
b b
O (L, M= [ 1P u;(e, Ndx=~1F, ula+ [ fllu)de=
a

a

b
= —[f wjla+ 2 [ fujdx=—[f ula+20; (], 2.

C npyroii cToponsl, dopmy.nt (54) u (56) nokashBalT, 4TO BEKTOPH
U= {uE,OI (a), u;ll(a), . u[2n—l](a)}

CyTb JIMHefiHbie KOMOUHALHH BEKTOpPoB w,. OTCl0aa caeayer, uTo
lf, ula=0, j=1,2,..., n, w60 f&D,, n notomy [f, we]=0,
k=1, 2, ..., n. Takum obpaso™, @;(L,f, »)=AD;(f, 1), u cBoii-
cTB0 3° Takxe JA0Ka3aHo.

Bce ocranpHbe paccyxnaeHHs n°n® 1 w 2 onupaoTcs TOJbKO
HA 3TH TPU cBOHCTBAa. BMecTo TeopeMbl 2 MBI NOJYYHM TOrZAa
CJHEAYIOUIYIO TeopeMy:

Teopema 2. ITycre Koney x = a unrepsnra (a, b) peeyarapen
u nycrs undexc degexra oneparopa Ly ects (n, n). Mycrs, daaee,
L, — camoconpsocennoe pacuuperue oneparopa Ly, onpede.aennoe
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¢paesoblmi YCAOBUAMI (53). Cywgecrsyer marpuynas pynkyus pac-
npedenenus

0'(7\,)'—‘(0'1'/3()»)), j, k=1, 2, coey 1
rakas, 4ro gopmyioet
b
0; M= [ u;(e, Ndx, j=1,2 ..., 1 (61)
u ’ .
Tx) = j q>,~ (1) g (x, 1) do (2) (62)

-0 I,

ycranaf;/tuaaror BIAUNMHO o6parnsle u3omeTpuLecKie 0TobpaNceHus
L(a, b) na L2 u L% na L (a, b) coorsercrsento, nepesodsiuyue dpye
8 dpyea oneparops L, u A, Caedosaressro, KpATHOCT6 CReKTpa
oneparopa L, ne npeeocxoaur n.

Hpu ITOM u,(x A), j=1,2,..., n, 0603na4aer nPouU3BOALHYIO
AUHEIHO HEe3aBUCUMYIO CUCT(—ZMJ pemeuuﬁ ypasHenus 1{y)—~iy=0,
AGAAIOULUXCA YCALIMU AHAAUTULECKUMI (QYHKYUAMU napameTpa A
u ydosaergoparouux ycaosuan (53).

OueBunHO, cjaeacTBusa 2 u 3 u3 TeopeMbl 2 n° 2 MOJHOCTHIO

2n
OCTAIOTCSt B CHJle, €CJH TOJBKO BO Bcex GopmyJsax CyMMbl >
JR=1
n" ]
3aMeHUThL CyMMaMH Z u ecau mox up{x, &), k=1,2,..., n,

i, k=1
TNOHHMATb JHHEHHO HE3aBUCHMYI0 CUCTEMY pelleHUH ypaBHeHHS
I{y) = Ay, ABAAIOWHXC UEJHIMH AHANHTHYECKHMH QYHKUHSMH Ta-
pameTpa A M YAOBJETBOPSIOWHX ycaoBHaM (53).
Han6osee npocro dopmyaupyercs sTa TeopeMa B caydae aud-
depennnapHoro onepatopa L, ¢ uugekcoM aedekra (1,1), nopox-
Jennoro nuddepeHuHabHEIM BhipaKeHHeM BTOPOTO TOpPSAKA:

l(y)——dx (p dx)+qy

Besikoe camoconpsikennoe pacuinpenue onepatopa L, onpejeasercs
TOrJAa KpaeBbIM YCJOBHEM BHIA

PY —~0Y le=a =0, (63)
re 0 — npousBo/IbHOE BeluecTBeHHoe uyHCao (cMm. n° 3 § 18); obo-

‘'3HAYUM vyepe3 Ly pacmupeHHe, oTBeuamwlnee gaHHoMmy 0. [lycts
Uy, uy— nBa pemeHdsi ypaBHenusa [(y) — Ay =0, yi0BJeTBOPAIOILHE

18 M. A, Hajimapg
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Haua/JbHBIM yCJAOBHAM:
= ’ —
u, ‘x=9 =1, pu 1x=0 0,

t, \x=0 =0, puf }szl =1.

Torra ¢yHxuus
wix, A)=1u;(x, &)+ 0uy(x, 1)

ecth peuenne ypaeuenusn [(y)— Ay=0, ylosiaeTBopsioLice yeiao-
Buio (63). B paccmatpuBaeMom cayuae n =1, H NOoTOMY QYHKIHs
pacrnpesesenus ABasgercs uucaoBoil yukuueit o (i), Crenosaresbro,
dopmyasl obpamenust (61) u (62) IpUHUMAIOT BHA

b
o) = [ F(x)u(x, 2)dx, (64)

f0)= [ o0 uls, 1)do). (65)

-0

Dopmyaer (64) u (65) ycranasausaroT 83aumuo o6paTHvle U30Me-
TpuYecKue oTobpancents L*(a, b) na L% u L2 na L’ (a, b) — nepe-
sodawue dpye 8 Opyea oneparopel Lo u Ay [Tpu sTom unteepaas
8 gpopmyarax (64) u (65) cxodarca 8 cmoicae HOpMOL 8 L:u L*a, b)
COOTBETCTBEHHO.

U3 storo mpensoxenus cjaeayer, uto oneparop Ly umeer npo-
crotl ChekTp.

Mrr paccMotTpesn cayualt omepartopa L, ¢ HHAeKcoM fAedekTa
(n, n). IlycTs Temnepsb ero HEJAekc Aederta ectsb (m, m), rie m > n.
Torna ycaosus (53) onpenessioT 3aMKHYyTOe CHMMETpHUecKoe (HO
YK€ HecaMocomlpsiKeHHoe) pacuiupenne L, oneparopa Lg, ecan

TOJBKO (YHKIMH @, @, ..., @, KpoMme yciosuil (54), yros.e-
TBOPAIOT ellje YCJIOBHSIM
[wp, W], =0, j,k=1,2,..., n (66)

Bcesikoe camoconpsixkeHHOe pacmiupenune L, omeparopa L, ecth,
KaK JIerKo BHIETh, pPAaclIMpeHHe HCKOAHOTO omepartopa L, HO, oue-
BHIHO, YyXe He IpOH3BOJbHOe Takoe pacmupenue. OGo3HauuM
yepe3 P, crnexkTpanbHyilo GyHKUHIO onepaTtopa L, BcCe paccyxkiae-
HUs n°n® 2 w 3 ocraioTcsl CnpaBefJHBEIMH B IIDHMEHEHHH K 3TOH
cnekTpanbHoii QyHKnHH. B wacTHOCTH, OCTAWOTCA BEDHHIMH TeO-
peMa 2’ M cieiaCTBHe M3 Hee, €CJH TOJBKO B HHX 3aMEHHTh oOlle-
patop L, omepartopom L, Tax kax yciosus (53) ocCTaBasioT
eille 1pou3BoJs B BuiGope omepatopa L, To 6ymeT CYUEeCTBOBAThH
He OAHA, a OeCUHCJEHHOe MHOYKECTBO PAa3iHuHbLIX (YHKUHH pac-
npefesenns o (k), AJst KOTOPLIX crpaBejauBel dpopmyan (61) u (62),
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pbo OHH YUACTBYIOT B HMHTETpasbHOM NpeACTaB/JeHHN PE30JbBEHT
pasaudrvix onepartopos L, Huxe mbl yBuamm (cM. n° 4), uro
B cayuae onepatopa Ly ¢ unaekcom nedexTa (n, 1) 9T0Oro yixe GbTh
He ‘MOXKeT, T. €. UTO AJIfl ZaHHeIX QYHKIHA u,(x, 4), ..., u,(x, A)
CYWECTBYET TO.16KO O0HA (QyHKUMst pacnpenesenus o ().

OnucaHHbll BHIle nprueM noctpoedus ¢yHkuu#t o (A) nmpu nomownu camo-
COMPAKEHHHX pacwupennit L, ue paer onucamus ecex ¢yHkuui o (A) npu
¢uxcHpoBanHoii cnereme u, (x, A), ... Up(x, A). Takoe omnucaHue mnoJyyaercs,
ecau KpoMme pacmmpennil L, paceMoTperh GoJsiee 06uiHe CaMOCONPSIKEHHBIE pac-
wuperns oneparopa L, ¢ BEIXOZOM 3a mpejenbl HCXOAHOro npoctpanctsa L? (a, b)
(cm. mo stoMmy mosoxy n° 8a § 14 u paborw Hadivapx [1--3], Kpeitn {3, 4] n
HIrpayc [1, 2]).

4. ®opmyasl AJa8 cneKTpajbHON (QYHKUMH pacnpeiencHus,

a) Cniyuall o0HOTO peryJsApHOTro KoHIa. [Iycth Aas
ONpe/leJIeHHOCTH KOHEL[ ¢ PperyJasipeH; PaccMOTPHM CHauajga ToT
cayyal, Korjaa HHjAekc jAedekrta omepaTopa Ly ectb (1, n).

OGosuaunM mo-mpexHeMy depes L, caMoOCONpPsiKEHHOe paclliu-
peune omnepatopa Ly, nopoxpensoe ycjosHsaMu (53), u nycTb
G(x, & p)—anpo peso/bieHTs omepatopa L,. Ilpu duxcuposan-
HOM £ »TO A/pO, paccMaTpuBaeMoe Kak (YHKUHMA OT X, yAOBJe-
TBOpsieT KpaeBbIM ycaoBusiM (53) W moToMy mpu a <, x < & ecTb
JuHelHas KoMOHHauMs QYHKUMH g (X, p):

G (x, &, u)=k§uk(x, wWeeE w npr x<E (67a)

CJlelOBATE/IbHO, B CHJY cooTHomerus G (&, x, w=G(x, &, )

G (x, &, u)=k§gk<x, iug(§, @) mpu x>=&  (670)

Ouenunno, GyBKUMH g4 (¥, i) TakKe gBAAIOTCS PeLICHHAMH ypas-
Henua [(y)=upy. Ilpn dukcupoBansom x sgpo G (x, §, u), pac-
cMaTpuBaeMoe Kak (YHRUHA oT &, npunanaexur L?(a, b); orciona
U U3 ¢popmyan (67a) jerko sax/iouaeM (CM. IO 3TOMY IOBOAY
222 § 19), u4ro kamdas us Pynkyuii g, (¢, W) npunadiescur
(a, b).
3anumem Temepb Kpaeswie ycJaoBus (53) B Buie

2n
kZ o; Ryt Ua)=0, j=1,2,...,n, (68)
=1

TaK 4To uyucJa O;p YAOBJECTBOPAIOT YCJIOBUAM

n
1 — — .
Z(aj,vak,%—vﬂ_aj,2n~v+lak,v)=0: I k= 1) 21 sy

o= ]

18*
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(cm. n° 3 § 18). IIpeanosoxkuM AJs OMpeLeseHHOCTH, UTO
det (ak 2n—v+l)k val 7& 0. (69)

ey

Torna ypaBHeHm{ (68) MOXKHO pemHTb OTHOCHTeJBHO Yyl (q),
yntil(a), ..., y?+1(a), u caegoBaTesbHO, yca0BHst (68) MOKHO
nepenucaTb B BHE

n
g (@)= X Byi-N(a), w=n, n+l,...,22—1. (70)
=1

OueBnpHo, uyucaa yi-(a), j=1, 2, ..., n, MoryT GHTb IPH 3TOM
COBEPINEHHO NPOU3BOJILHEIMH, €CJH TOJbKO BhGpaTh uHcaa YVl (a)
no dopmysnam (70). Tlomumnum Temepp Qynkuuu u;(x, A),
j=1, 2, ..., n, ycaosusaM

G@={ g e oy vl 2
’ O an j#’v, ] 1 vy s
TaK 4TO

u;a\ﬂ(a):ﬁvk’ v=n,n+1, ..., 20—1, (72)

H TIOJIOKHM
M, (wW=gvWa,p; v k=1,2 ..., n

Slcuo, uto M, () — aHanuTHUeCKHe (DYHKLUH NEePEMEHHOTo [, pe-
TyJaspubie B KaxAof u3 mosaymaockocteit Iu>0, Iu <0, Marpuua

M (M) = (ka (”’))

Ha3blBaeTCsd XxapakTepucruueckoid marpuyed onepatopa L, U3
dopmyuntl (67a) 3akjayaeM, uTo

Gq—l. v-1 (a - 0’ a+ 07 “‘) = qu (l")!

npuyeM H3 (676) U HempepeIBHOCTH HA NMACOHAJH X ==§ KBa3HIPO-
H3BOJHBIX

G y(x, &), j,v=01,...,n—-1
¢byuxkuun G (x, £, 1) BLITEKAeT, 4TO

My (D) =Mpy(u), 1 e M(p)=(MW). (73)
C npyroit cropousl, corJaacHo (44)
qu'v— (a—o (l‘f"O “)—Gq—l v—l(a_oaa"l'o) l]')=

& lamn [v-11 0

N wl T (e, M) u " (e, ) _ do,, (A)

e | Y e L dou) = -0 [
—00 f, k=1 —o0
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‘[03TOMY

[ doyg ()
Mo~ My @ = =) [ 720

pnn B cuay (73)
-\ [ dovg (M)
My )= M@ = (= i) | T (74)

[TpuMeHsia K 3TOMYy paBeHCTBY ¢opMyay obpauiends CTHAL-

theca (M. 106aBJeHNe 2), MBI IPUXOAMM K CJIeYIOLIeMy pesyJibTaTy.

Teopema 3. Pynkyun pacnpedesenus a(A)=(0;,(1)) sopa-

aaercs ttepes XAPAKTePpUCTUYECK Yo MaTpuyy M (p) = (M (n))
no gopmyae *) "
+

~

o(})=lim lim L | M@+ ie)ar, (75)
8

8> +0e>+40
i {]

SM (1) = 5 [M (1) — (M () )'].

Ecan renepy ycaosue (69) He BhimoJHseTcss, To 0603HAYHM uYepe3

Qi Goy oo o5 Qny 1< @< ... <{g, HOMEDPA TeX CTOAOILOB MaTpPHIbI
T R S 1
L N+ P
A1 KOTOPHIX
a[‘ql . e . a]qn
#-0. (76)
Un, g, + « + Ong,
O6osnauum nanee 4EPes Vi, Vor vy Yy V< Vo< ... <V, HOMEpA,
JonoJisA0ILMe HOMepA ¢y, §o, ..., §, A0 1, 2, ..., 21, 0 NOAUHHHUM

¢yHKLIUY u, (x, A) yc/aoBHAM

u[vk_’](a)={ 1 npn ]:= Ve,
! 0 npu j=#wv,.

*) B moapoGuoit sanucu dopmysa (75) umeer mug
A+6

1 .
oje (M) =6£n:0 el;r?ko CrT of [Mjg (M +ie) — Mpj (A +ie)] dA.
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Marpuia M (u) ¢ sieMenramu
Mjk (w)= gLVj_l] (a,

Ha3bIBaeTCs TOrAA Xapaxrepucruweckol marpuyed onepatopa L.,
coorsercreyroujetl cucteme UHOEKCo8 qy, Gay .., Gu-

Ipexpiayiune paccyXAeHHsl OCTAIOTCA NPUMEHHMBIMH H K 3TOMy
cayuaio, Tak uTO M JUISL STOTO C/yuas TeopeMa 3 ocTaercs Crpa-
BeJIJIHBOH.

M3 reopemsl 3 3ak/aouaeM, 4To 8 cayxae oneparopa Ly ¢ undex-
com depexra (n, n) ¢ynkyus pacnpederenus o (A) = (0, (1))
00HO3HauHO onpedenserca npu 3a0annbix  GPynkyuax u,(x, 1),
s (x, A), ..., uy(x, A).

Ecsau renepp Ly~ omeparop ¢ unjekcom necdekra (m, m), m > n,
TO NpeALIAYyLINe PaccyKAeHNs 0CTaloTes B cuJe, ecin nmoj G (x, E, w)
MOHMMAaTh PO PE30JbBEHTH CAMOCOIPSIKEHHOrO paclIHpeHus: L,
oneparopa L, (cM. ctp. 274). PasjnunpiM TakuM pACIMPEHHSIM
GyAyT oTBeuaTh pPA3JHUYHbIE XAPAKTEPHCTHYECKHe MAaTpHUB M (i),
KOTOpble GyZyT I10-NPEeXKHEMY CBA3AHB C COOTBETCTBYIOUMY (YHK-
uusMu pacnpefesenus dopmyaoi (75).

Mosicuum emwe st GopMyasl A8 cjayyas oneparopa BTODOro
nopaznka (n = 1), onpeznesiensHoro AuddepeHiinatbHEIM BHPAXKEHHEM
l(y)=—§;(p%i—)+qy, a<x<b,

C peryJsapHbM KOHLIOM X = a.

Ilycts wunAeKec pedeKTa COOTBETCTBYIOIIEro omeparopa Ly
ectp (1,1); ero camoconpsizkenHble pacluipeHus Ly Ompenensiiores
KpaeBbIMH YCJAOBHSIMH:

y(a)—0y(a)=0, 8=6.

IIpennosoxumM, 4T0 6 KOHEUHO, TOrja MOXKHO NPOHOPMHPOBAThH
pewenne u(x, A) ypaBuenust [ (y)= Ay, nonaras

u(a, =1, (77a)

ulll(a, 2)=0. (776)

OueBuano, Lg— BelleCTBEHHBIH OMepaTop, H HO3TOMY €ro pesoJib-
BEHTA €CThb OMNepaTop ¢ CHMMETPHYECKUM SIAPOM; CJeAOBATENLHO,
B paccMaTpHBaeMOM cJjyuae

3HAUHT,

_ v, g W opn x<E,
G(xy g, “’)_ —_———
g(x, Wu(, w nopu x=E,

HpHYeM H3 COOTHOUIeHH:
Gig(x, x+0, p)—Gp(x, x—0, =1
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caenyer, 4TO

ull(x, Welx, w)—glx, Wulx, p)=1. (78)
PoJsb XapaKTEPHCTHUECKOH MAaTpHUB HIPaeT YapakTepucTuveckas
pyHry Ul

M(w) =g (a, n) (79)
cootHowedue (73) nepenuinercs B BHIE
M ()= M (). (80)
ITonarag B (78) x =qa, nadinem, uro
6g (a, p)—gla, p=1. (81)
IMyers v(x, A)— peinenne ypasHenus [(y)= Ay, ylioBieTBoOpsiolIee
yCJOBHAM
v(a, )=0, olll(a, 1)=—1. (82)

Torpa u3 (81) sakawuaeMm, 410
0lg(a, ) —ola, WI—[egM(a, W) —o(a, w]=0;
cpaBHeHHe 3TOrO yca0BHA ¢ (77a), (776) mokasnBaer, 4ToO
g, m—olx, w=I[g(a, w—vla, wWalx w,
caeoBareqbH0, B cuay (79) u (82)

g(x, W—ovlx, W= M uix, w.
Orciona
gy, w=o(x, W)+ M) u(x, w. (83)

Taxkum obpasom, 8 caywae oneparopa Ly c undexcom degpexra (1,1)
xapakrepuctuueckan pyuryus M (u) edurncreennsin 0bpaszomn onpe-
Oeanerca Hawaavhumu yerosusmy (77a), (776), (82) u dono.anu-
TEAbHOIM [JCAOBUEM

vlx, W)+ M@ ulx, pyeLli(a, b).
Ilpn stom dopmyaa (75) nmpuunMaeT BUX
40
o(A)= lim lim —%j IM (A + ie) i wd)

6>+0e>+0 8

B cayuae ke onepatopa L, ¢ mugekcom fnedekra (2,2) 3t ycio-
BUfl yxKe He OyAYT OJHO3HAYUHO ONpeAesdTh XapaKTePHCTHUECKYIO
bynxuuio M (p) n taknx GyHrRuui Gyzer cyumecTBoBaTh GecUHCJIeH-
Hoe MHoxecTBO. Ilpu a9TOM s COOTBETCTBYIOIUHX (QYHKIHH
pacmpenesenus o(A) mMo-mpelKHEMY OCTaeTCsi CrnpaBeiauBoi ¢op-
myJaa (84),
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6) Popmyna AJNA PYHKUNHKU pPacnpefeeHUss B 06-

mem cayuae. Ilycre Teneps uy(x, A), uy(x, A), ..., Ug, (x, A) —
peltennst ypasHeHHst [(y)= Ay, YIOBJETBOPSIOLIHE YCJAOBHIM
I mpu k=w
uiv-11 = ’
ke {0 npu kv,

kR,v=1,2,..., 2n, a<c<b.

O6o3nauynm uepes G (x, & @) AAp0O pPe30JbBEHTH CAMOCOIPSIKEH-
Horo pacmupeHus L, omeparopa L, marpuua M (1) ¢ ajaeMeHTaMu
MjppW) =Gy, g1 (c—=0, c+0, p), j, k=1,2,..., 2n,
HasblBaeTCsl xapakrepucrudeckod marpuyeii oneparopa L,, coor-

BETCTBYIOIEH ARaHHOH cucTeMe uj, ..., Uy,. K3 cBolicTBa dnpa
G (x, &, \) BHITEKaer, 4To

M () = My, (w).
Bocnonbayemcst Tenepp caeactBueM 3 u3 Teopemul 2 n°2. Iloaa-
ras B ¢opmyJe
qu(x’ g, U)_qu(x: g )=

TN M Ml A
=w-p [ Y L do ()

—00 j k=1

E=c¢+0, x=c—0, HallieM, yuuTBIBAsl HayaJbHHE YCJAOBHS,

— do g, (1)
Mjp (W) ~ Mpj () = (n— ) _‘l_kiz—
J 1A —pl
ITpumensaa Qopmyay obpauennss CTuabTbeca, IPUXOLHM K CICAYIO-
IEeMy pesyJbTary. .

Teopema 3. Dyukyus pacnpederenusn o (k)= (c;, (1)) sopa-
scaercs uepez xapakrepuctuweckyro marpuyy M (p)= (M ;x(W))
no dopmy.e

AL+6

o= lim lim L | SM(A+ie)dh, j, k=1, 2, ..., 2.
;

0>+0e>40 T

Onuolt u3 HHTepecHHIX 3a/ay SBJALTCH H3YUEHHEe ACHMOTOTHUECKORO ROBe:
nennst Oyukunn o (A) npu Gosbwux 3uavennax |A|. YacTHeM cayuaem 3Tolt
8ajlauM SIBJSETCH H3YyYeHHe ACHMITOTHKY JHUCKDPETHOTO CHEKTPa NpH GOJLIIHX
anadenusx |A| B 3aBrcuMOCTH OT CBOHCTB Ko3(hdHIHEHTOR pHu(depenInaIpHOTO
Bopamenus. [lns onepaTopoR BTOPOrG HOPAAKA CYMECTREHHBIE PE3yJAbTATH
06 acHMOTOTHYeCKOM MoBefeHWu GyHKIuH o (A) noaysenm B. M. Jleuranom
(cm. Jlesutan [4]) u B. A. Mapuenxko (ecM. Mapyenko [1]). Cwm. Takxe Muas [1]
u Taprman [10], rae paccmaTpuBaeTcs aguMUITOTHKA LUCKPETHONO CHEKTPA.
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Boaee ofwelt 3ajavefi {oxBaTwBalomiel Xaxk vYacTHHH cayyall uayvenne
'aCHMOTOTHKH COOCTBEHHBIX OYHKUHA IHCKPETHOLO CHEKTPA) ABJSETCH H3YdeHHe
aCHMOTOTHUECKOTO TOBEJEHHS CIEKTPAJLHOrO SIAPa, T. €. AAPA HHTEPadbHOrO
onepatopa P, (cM. caenctsue 2a n°2 § 21). DTa 3ajaua KA OfepaTopos BTO-

-poro MOPs/IKA H3yuaaach B. M. Jlesnranom, a sareM B. A. Mapuenko, a gas
onepaTopoB NPOK3BOJbHOTO yerHoro nopsaka — A. I'. KocTiouenko. IMoayyennsie
tpH STOM De3y/IbTATH MCHOJNB3OBAINCh [Jsl LOKA3ATENBCTBA TEOPEM O DABIO-
CXOAHMOCTH, JIOKaJbHOH CXGAHMOCTH, CyMMHpYeMoCTdH n auddepenunpyemocts
paanomeﬂnﬁ no codcreennniM GynkuuaM. Tak, B. M. Jleeutan nokasaa, uro
pasHOCTb MEXAY Pas/oNKeHHeM N0 COOCTBEHHBIM (YHKIMAM CaMOCONPSKEHHOTO
AnddepeHiHaIbHOTO OfepaTopa BTOPOTO NOPSI/AKA H PAITONKEHHEM B KJACCHUe-
cKHil Kocunyc-uHTerpad ®ypbe CTPeMHTCS DaBHOMEDHO K HYJIO B KaXKAOM KO-
HeyHOM MHTEepBaJe H3aMeHeHHS He3aBHUCHMOH nepemeHHOH. [lo ykazaHHEIM 3nech
ponpocam cM. Xaap [1], Croyn [2], Tutumapu [1] (Bkaoyast npasioxenus k atoi
kuure), Jlesuran [6], Mapuenxo (2], Jlesuranw u Caprcan [l], Capresn [1},
Koctiouenko [1, 2], Xaaunosa [1], Pode-Bekeros [5].

K sanaue u3ydeuus acHMHNTOTHKH KHCKDETHOI'O CIEKTPAa NPHMBIKAET BOMPOC,
cBA3aHHBIA C TMOHATHEeM cJaela omepatopa. Tak kak nud(epeniluansHbie omepa-
TOPHl HE OTPAHWYEHH!, TO JUIA HUX IOHATUE C/Iefa B OOLIUHOM CMLIC/IE HE HMeeT
cmbicsia. OJlHAKO B HEKOTOPHIX CAYYasiX PasHOCTh ABYX TAKHX ONEPaTOPOB MOIKeT
0Ka3aThCA ONEPATOPOM, HMEIOWHM KouewHbl! caex. Kpome roro, B HekoTOphX
CAYYanx PAAB, MOCPEACTBOM KOTOPHX MOXKHO (OPMAAbHO BEIPA3HThH CAel, AOMY-
CKAIOT peryiaspusailnio, noJoGHYIO PerysispH3alHu PacXOAALHXCS HecoOcTBeH-
HHX HHTErpajsos MerofoMm Anamapa. DTH, a Tak¥Ke cMeXHble BONDPOCH H3YYanCh
8 padorax: Huku#t [l —3], Ceavdann [4], T'eantann u Jlesuran [1], Tacwi-
moB [1], I'acuimoB u Jlesurau [2], Kocriouenko [2], Jlesuran [7], JIunekuii u
Caposununit {1], A6aykanuipes [1}, Llesuenko [1, 2].

AcumnToTHYECKOE NOBEjeHHe COOCTBEHHHX 3HayeHHH H cneKTpatbuod dyHK-
uuH pacnpeferends s safgaud UItypma — JlnyBuaas B npocTpancrse BekTOp-
Oynkuuft (co suauzenusiMd B aGCTPaKTHOM TMJLGEPTOBOM NPOCTPAHCTBE) H3yua-
Jocs B padorax: Pode-Beketon [1] n Kocriovenko u Jlesuran [1]. B nocsrenneit
paboTe paccMoTpeH cayuyai, Koraa KosdduuumenTht AHOGbepeHUHAILHEX ypaRHe-
HHA ABJSIOTCA oMepaTopaMmH, oODATHBIMH K BIIOJIHE HENDPEPHIBHEIM.

5. NMpumepnl. 1) TpuronomMeTprueckue PyHKIIHAYU.
PaccmorpuM auddepenunanbioe BhipaXKkeHue
Hy)=—y", 0Kx< oo,
YpaBuenne
—y' =iy
HMeeT JIHHeHAHO He3aBHCHMHE penieHust
1-f 1-1

—X -—— X
h=e 2 s Yp=¢€ ¥2 ’

-

H3 KOTOPHLIX MepBoe He TNPUHAMJICIKHT, a BTOpOe MpHHALJIe-
®ut L2(0, o0); caenoBaTtenbHO, HHAEKC AedeKTa COOTBETCTBYIO-
mero omeparopa L, ects (1,1). Ero camoconpsikeHHbe pacuinpe-
HHst L, onpejeJsioTCsl TPaHNYHBIMH YCJAOBHAAMH BHAA

¥ (0) =0y (0). (85)
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Pemenne u(x, A) ypanHenns
I{y) = Ay,
yAOBJIETBOPSAIOLLIEE 3TOMY YC/AOBHIO, HMEET BHJ

u(x, A)=cossx+ O sin sx, s=V4; (86)
Vs

175l BTOPOrO pellleRHs v (X, A), YAOBJIETBOPSIOUIEr0 YCAOBHAM
U(O’ 7\’)=O’ U’(O, 7“)=_1:
nMeeM
1 .
v{x, A)=— — sinsx. (87)

Orciona npu Jpu >0

o( )+ M (W (e, 1) = {M ()] 5 = g |+ 5yt €V
+H{uw[g+ m_lefa] = Sate VR (8

Tax kak dynxkunsa v(x, f)+ M (n)u(x, B) JoMKHA TpHHAAIEKATDH
L?(0, o), TO HOMKHO GHIThH

1 0 1
M3 =)t O

n6o e-iVix = L2(0, o), a el Virex L2(0, o).
Taxum o6pasom,

M) == (89)

OTKy7a
A

6(M)=C+ lim—lf“s

e>+07 4 ~ 0—iV A +ie
g

dx. (90)

M3 sTolt dopmyan 3axaiouaeM, uTo ecau 0>=0, To

6(X)=0 npu A<0, (1)
’ ]/7"—

Ecan ke 86<0, 10

, A
o (7»)=—ﬂ—(];—+e—27 npu A >0

H B TOuke Ay= — 0% pyHKuua o (A) uMeeT CKayoK
0 (Aot 0) = 0 (o) = — 29,
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‘ocTaBaHCb MOCTOSIHHOH B KaX/JA0M H3 HHTEpBaaoB (— 0o, Ag)
(ho» 0). Taxum o6pasom, Gopmyabl 0GpaLIEHHS HMEIOT BHI:
a) Ilpu 6220

D (L) = f f(x) { cos{(V hx)+ —l% sin (Vxx)}dx,
b

1 e — 3] — V‘"}‘;
=— A 4+ ——=sin (V1 x .
f(x) “Of D ( ){cos(l/kx) T sin (3 kx)} e dh
[pu 6 =0 3TH QopMy/bHl NpeaCcTaBAAIOT co00i Kaaccnyeckue gop
MyJabl obpaulenus Pypbe 1m0 KOCHHyCAaM.
6) Iipr 80

Oj f (x){cos(\/?»_x) + V—ex_—sin (V& x) }dx s A>=0,

DAY=
j F(x) e dx ot A= — 02
0
0 ; aas A<0, A7=— 0%
F(x) = —200D (— 02) ™ +
1 & o 9 _ Vi
— / ——sin(V
+ nffl)(k){cos(y Kx)+]/,)_b_sm(1, Ax}} T dh

0

Ecau rpannynoe yc/oBHe, ONpejessiioinee AaHHOE €aMOCOmps
KEHHOe pacliHpeHyie, HMeeT BHJ

TO COOTBETCTBYIOIIHEe (DOPMYJabnl oOOpaueHHss MLl IOJYUYHM, Tnepe
X04a K Mfpepeny npH 8-> co:

_ - L sin{VA x)
CD(?»)-J Fl) = d,

f(x)= % Jﬂ @) sin (V7 x) di;
0

OHH mpeACTaBAAT Kjaaccuyeckue dopmyJibl obpamenus ®ypbe I
cunycam, . ‘
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CooTBercTBytoee paBeHcTBO [TapceBans uMeer ciieayOuuii Buy:
2 1 2 /7
f]f(x)ldx=;f|(l)(k)l VT da (922)
0 0

2) ®yuruunu Becceunsa. PaccmorpuMm Ttenepp auddepen-
[#aabHOE BhipaKeHHe
1

2
ViTg

Hy)=—y"+ y, v=0. (93)

x2

Ero ecTecTBeHHO pPaccMOTPETh B KamAOM U3 CAEAVIOIUX TPEX HH-
TepBaJIoOB:

a) 0<x <1, OAMH CHHIYJAApHBIE KoHel x =0;

B) 1<Cx <+ oo, OAMH CUHTYJSPHBIHA KoHel X = + oo}

y) 0<x <+ oo; ABa CHHIYJAPHBIX KoHHa ¥x=0 n x= + oo,

OO6umui HuTerpasj ypaBHEHHSH

I(y)=y (94)
npu A= 0 HMeeT BHA

g6 N=AVxl,(cVA)+BVxY,(x V1), (95)
rie Iy(2), Yy(z)~ ¢yskuun Becceas I-ro u 2-ro pona coorser-
CTBeHHO. Mbl GyjaeM cuuTath, uTo IA>0 u x>0. 3Havenue VA
BhIOepeM Tak, uTo O0<arg 1/3:<—321. Tlonaras z=t¢ A, Mmb Gy-
JeM TOria HMeTb

O<argz<-g-.

Ho nas 3Tux suauvenn#t 2 (Zaxe npu |argz|{<m u2—> 00) HMEIOT
MeCTO aCHMITOTHUeCKHE (DOPMYJIBI

L@+t~ L (-39,
1V<z)—iyv<z)~1/n3§e"<z‘le‘4&>,

H NOTOMY nepBas M3 3THX GyHKUHH, paccMaTpHBaeMas Kak QyHK-
uus OT X, NPHHA/JEXHT, a BTOpasi He npuHaanexur L2(1, oo).

Takum o0paszom, B cayyae HHTepsana (1, oo) ungexkc npedexra
onepa(Tlo?)a Ly, 1OPOXKAEHHQTO ,umpq)epeﬂunanbubm BHIpAXKEHHEM (93),
ecTh (1,1),
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.. HahigeM Teneph HHIeKC AedexkTa omepatopa L, B cayuae a).
: np" z2—0
)

_l_ z\+-'2-
2@~ Brarn
¢ Jpyro# CTODOHHI,

1

22Y,(2) € L2(0, 1) npu v>1,

z_;Yv(z)EB(O, 1) mpu 0<<v< 1.
CrnefoBaTeJbHO, B caydyae @) MHAeKc fedekTa omeparopa Ly ecTh
(2,2) mpu 0<Cv <,

(1,1) mpu v= L.
[Mpumensia Tenepdb obinyio dopmyay (47) n° 5 § 17, sakaiouaewm,
4yTO B CJyuae y) HHAekc jdedekTa onepartopa Ly ecTsb
(1,1) mpu 0<Cv< 1,
(0,0) mpu v=1.
Boimniem Tenepb cooTBeTCTByoOIHEe GOpMYJbH ofpalieHHUs::

a) Murepsaa (0, 1); v=1. IlycTs KpaeBoe yciaoBue B TOUKe
x=1ects y| _,=0. IlpocThie BHKJAAKH NOKA3LIBAIOT, YTO B 3TOM

cayuae
L)

M (p) = —Vu_m

dta Oyukuus MepomopdHa, M IOTOMY CIeKTp omepatopa Lg
B paccMaTpHBaeMOM ciayyae AHcKpeTeH. CoGCTBeHHbIE 3HAUYEHHS A,
CYThb MOJIOCH 3TOH (QYHKLHMH, a COOTBETCTBYIOL[HMH HOPMHPOBaH-
HBIMH QYHKIHAMH OyAyT
" Vi, I,(V4,)

Pasnoxenne no co6cTBeHHHIM (YHKUMAM NPUHHMAET BHA

)= 3] 2 e J ViLEVR)®d

Ono uasniBaercs psadon Dypve — becceas.
Ananoruunoe pasnokeHne B PAX NMOJy4aeTCa B Cayuae obwero
Kpaesoro ycaosust y' +0yl,_,=0; 370 pasnoxenye Ha3bIBaeTCH

Toraa padom Pypse — Junu,
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I5

B) Uurtepraa (1, o). Ilycts kpaeBoe yc/ioBHe B TOUKE X ==
umeeT Buj y,_, =0; Toraa

—~ 1, (V) + iy (V)
MW == Ve s e

U pasjoxeHne M0 COOCTBEHHBIM (GYHKUHASIM HMMeeT BHJ

fl= [ yebdBe D VbV L0 g gyan, (o)
0

2(Z(VA)+Y2(VR))
rje

00

V= [ Vel,GVR (VD)= VLD Fde o7)

!

Dopmyanr (96), (97) HazwiBaQTCH opmyramu obpawenus Bebepa,
v) HurepBaa (0, co); vZ==1. CooTBeTCTBYIOLIEE PaA3JIOKeH e
IO COOCTBEHHBIM (YHKUHUSIM HMEeT BUJ

Foy= [ Vi, (eVa)ar [ VELE VD@ de

OHo HasbiBaeTcst popmyaoi Xarnkeas.



rTABA VII

HCCJENOBAHUE HHAEKCA NE®EKTA U CHNEKTPA
JHPPEPEHIMUAJIBHBIX OITEPATOPOB B 3BABUCHUMOCTH
OT NOBEJEHHUA UX KO3PPULIHEHTOB

§ 22. AcumnroTuxka peuteHud AU depeHiUaNbubIX ypaBHEHHH
npu GONBIIMX 3HAYEHHAX aApPryMeHTa

OnHOH H3 OCHOBHBIX 3ajayu B TeOPHH JHHeHHHEX AuddepeHin-
aJbHBIX OIEePaTOPOB fBJAETCH HCCJAENOBAHHE HX CIEKTpa, a TaKkKe
olpedesieHHe HX HHIeKca AedeKTa B 3aBHCHMOCTH OT IOBeLeHUS
Ko3hduuneHToB AUGPepeHIHaAbHOIO BHLIPAXKEHHS NPH X —> a WJIH
x—b. llycrs, nanpumep, paccmatpuBaercsi AHDPeperunansHOe
BhIpaXKeHHe [{y) ¢ OLHHUM DEryJSipHBIM KOHLOM X=a H BTODHIM
CHHTYJISIDHHIM KOHIIOM X = b H IYCTb MJIs ONpeleseHHOCTH a =0,
b= oo, Torna oTBeT Ha MOCTABJEHHLIE BLIILE BOMPOCH 34BHCHT OT
noBeflenysl peilienuil ypaBuenuii [ (y) = Ay mpu x —> oo,

1. AcuMnOTOTHXKA peileHHH CUCTEMBI JNHEHHBIX TH( dhepeHunaanb-
HBIX ypaBHeHH#l nepBoro mopsjaka. PaccMoTpuM cucremy

dy " .
~j=wj(x)yj-’.-201k(x)yk, i=1,2, ..., n (N
k=1

X

Henass Te wuANM HHHE [OPEINOJNOKEHHT OTHOCHTENbHO (QYHKIHI
Wg, Cpjy MHl MOJyHaeM DPa3JHUHBIE De3yabTaThl O IOBEJIEHHH pe-
IeHHH 3TOH CHCTEMBI NIPH X —> 00,

a) Cayuait cymMmmupyeMunx ¢yrnxuui, Pacemorpum
CHayajsa TOT cayuyall, KOrja BHINOJHSAIOTCH CJACAYIOIIHE YCJOBHA:

1° Dynuxyuu w;(x) cymmupyemol 6 KaAOOM KOHELHOM UH-
repgase [0, al, a>0.

2°. Dynryuu cp;(x) cymmupyemor 6 unrepgase [0, o),
HoxaxeM caeAyomyo JeMMy:
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Jlemma 1. [Tycre ebinoanenst ycaosus 1° w 2° u nycrs,
Kpome TO20,

a) w,;(x)=0 npu Hexoropom i,
B) npu x, docrarouro 60451OM (x> x), pynryuu Nw, (),
jF=I, He MeHAIT 3HaK.

Toeda cucrema (1) umeer pewenue, ydosrersopsrouee yc ao-
8uaM

1 npu j=i,

len;lcyj (x)={ 0 npu js4i. (2)

HorkasatenbctBo. IlpeanosiokuM, 4Yto Takoe pelleHHe
CYIeCTBYeT U mepenuieM cuctemy (1) B Buze

dyj .
gxi—w () y Ecjk(x)yk, =1,2, ..., n 3)

PaccmarpuBas xaxjioe us 3THX ypaBHeHHH KaK yDaBHeHHe rmep-

n
BOTO MOPsSiiKa C NpaBOi 4acThio chk(x)yk, HadzeM
£=1

fw,(ﬂ)d% . fw;(
pe=]¢ S oue|aret 5w

B YACTHOCTH, NPH f=1{ B CHJAY YCJOBHS @)

J-[X clk g)yk E)J d§+cl. (5)

x.
Brenem o6Go3Hauenue

R () =u;(x), x;= Ju,(x)dx (6)

*a

H MOJIOXHM
X; =00, ¢JieloBaTeabHO, ¢; =1,
Xj= 00, CJIeAOBATENbHO, ¢;=0 npH jFi U x; > — o0,
x;=T npu j#i u ;= —oco,
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rae uncao 7' OynerT BeiGpaHo B JadbHedmeM. Mbl HOJAYUHM jaa
dynkuuu y;(x) cuCTeMy MHTerpaJbHbIX YpaBHEHHH

T n

(0 =1= [ | Vew @ e @ )dg,

x Lk=]

e Cjk (g) Ye (E) } dg

X k=1

_ - (7)
IpH j5=i U %;> — 00,

X X
foi®@a o fo ) a T
yj(x)=cjeT -+ ( e chk(g)yk(g) ‘dg
T k=1 -
NpH j==i U %;= —o0o0,

Unrerpasabl oT X A0 00 B HePBHIX ABYX CJAYYasX CXOLSTCH, HOO
n

B cuay (2) dyuxuuu chk (€) y» (£) cymmupyembl B untepsade |0, co)
k=1

H, KpoMe TOro,

13 g

- (3 3 = u;(E,)dE
e Juitoa :exf 1) 1<{ I npn u;(x)>0,
- e~ npu uj(x)<0§

M3 mocJe/Heli OUEHKH cJaelyeT TaKXKe, UYTO HHTErPasJ BO BTOPOM
PaBeHCTBE CXOAHUTCS PABHOMEPHO OTHOCHTENLHO X. Takum obpasom,
HCROMOE pelleHHe CHCTeMBl JAOJKHO YAORJETBOPAThL cucreMe (7).

Odpario, nycts y;— pemenne cuctemul (7), rae ¢; u ' — npous-

n
BOJIbHBL, ¥ UPHTOM TakKoe, yTO BCe QYHKLUH chk (x) yp (x) cymmu-
k=1

pyemsl B HHTepBase [x,, o).
Huddepeunnpys obe uwactu (7), ybexxnaeMcss B TOM, 4To QYyHK-
uuu y; ynosaersopsioT cucreme (1). Jlokaxes, yto 3TH QyHKuMH

yROBaeTBOpPsiloT yeaosuio (2). Mz nepBeix aByx pasencts B (7)
CleAyeT, 4TO

limy; (x)=1,

X—> 00

limy;(x)=0npu j7=i, #; > —oc
x>0

19 M. A. Hatmapx
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Paccmorpum tenepb ¢yHkuuH y;(x) mOpH j¥=i, x;= — oo. Torag
u;(x)<<0 npu x = xg, H M03TOMY

X X

Jeieoa)  Jujee,
e’ —e® <1,
[wj0a]  [owa
eT :eT -0 npu X -— oo, (8)
Kpowme Toro, npu T<x;<x
fojEpee o T
et chk ) yr (B) 1 de | <<
T | k=1 A
J
i Y (8,) 4%, ”j 7
<|[et N e @ [dz|+
T L=t |
f _ -
x w; ()45, ”1 7
+1 ) et N ®u) |a|<
X P k=] _
X
Jujey @ e a S
Set T Xen@u@lde+ [ [ Nen@o@ d  ©
T k=1 € E—1|

BriGepeM x; HacTOMBLKO GOJbILHM, UTOGHI

J 2,( Cinr I:),/k(

H 3aTeM X HacTOJbKO OOJAbUIHM, 4TOOH TaKxke
X
[RITEES
ex < e,

Torpa us (9) noayuaem, uto

dg <,

n

Ecﬂe@)yk(i) A <e (f

k=1 - T

n

Nen® e
k=1

X
2 [wpe)a g
J et

T

dg+1j

5Ta OLeHKa B coelnHenun ¢ (8) mokasnBaeT, uTo. u B paccMmart-
pusaeMom caydae y;(x)—> 0 npu x— oo,

\.
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W3 npeAuAyUlX PacCy:KAEHHH BHTEKACT, YTO AGCTATOUHO JO-
KaszaTb cyulecTBosande pemeHust cHcTeMmul (7). [Ipumenum mas
5TOH LEJNH MeTOoJ TNocJaejoBaTe ] bHbX Npubankenuil, nosaras

ycl,0)=(),

RS
g () =1 - f }_‘Cik (&) yp» (&) 1d§,
x Lk=l .
< _L;wf (2)d5, | 'y m
g (W= — [ e* Yo, @y e |d
X Lk=1 )
npu j#=i, n;> — oo,
) (10)
[w;@a fw, (20 ds, T, T
y)('n+1) (x) = CjeT + J e% 2‘ y(n) (&) 1d
T k= A
npu j<%i, ;= — oo,

JoxaxeM, uto npH T JOCTATOUHO GOJbLLIOM MOC/JIEL0BATELHOCTD
ygﬂ)(x) CXONHTCH PaBHOMEPHO B KaxJ0M KOHEUHOM HHTepBaJe

[T, a] (¢>T) k pemenuto y;(x) cucremr (7). [Tosoxum

M,= sup (4 (0) = g ()] ab
I<ji<n

= ) d 12

lg]aﬁnk)‘l Tf leje(x)| dx (12)

H o6o3Hauum vuepes y nauboJbuiee cpeiH TeX |x;|, KOTOpbIe
KOHEUHHI,
Ha (10) caenyer, uto npu x =T

|4 () — 5o (x)| J},w ]|y @ -y @) |dE<M,c (13)

x k=1
H ecau j==i, n;> — oo:

g
(“1 Spdg

2 (2)]] 4 (&) -y (8) | de.

|50 () — i () | < | e
X
Ecan npu stom u;(x) >0 naa x> T, TO

4
- a3y a2,
X

e <1,

19*
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U [NOTOMY TaKXke
ly(rﬁ-l)(x)_y(n) (x)l M C (143)

Ecmu xe u;(x)<<O ans x>T, To BBUAY yCJAOBHA %;> — oo
tHCI0 %; KOHeyHO M < 0; mostomy

13 oo
- ,( uj () dg, - f uj (8) dg,
e * <Le T =e e’ (146)
H
| (1) = 4 (¥) | < Mce. (14n)
Pacemorpum rTernepb cayua#h j¥<i, %;= —oo; Torna npu x =T

|50 (0 — g (9] <

<[ et Nl @] @ -y ® [ds<M,e, (15)

60 B paccmaTpuBaeMoM cayuae u;(§)< 0, u notromy

uj (81) a8,
es 1.

=

Tak kak nepasencrsa (13), (14), (15) umeror Merro mpu x >T n
e¥>1, 1o

Mo sSMyceY, n=1, 2,3, ...,
CJICI0BATEJILHO,
M, <M, (cen)™.
ITostomy psn

5, (6) =40 (1) + [50 (1) = 4 (O] + [#2 () — 5 ()] + ... (16)

CXOAHUTCS PaBHOMEDHO B HHTepBaJse [T, oo), eciu ToJabko ce¥ <1,
T. €. ecaH ¢<e™Y; B cHJy ompefesaenus (12) uucaa ¢ 3to Hepa-
BEHCTBO BHINIOJHAETCS NpH I JOCTATOUHO 0OOJBIIOM.

Orciona serko BeiBecTH, 4To cymma y;(x), j=1, 2, ..., n,
psaga (16) ecth pemenne cucreMsl (7), H JemMMa | HDOJAHOCTBIO A0-
KasaHa,

Teopema 1. [Tycre pynxyuu wp(x) cymmupyemor 8 xandon
soneunom untepsane [0, o}, >0, a pyuxyuu c,;(x) cymmupyemno.
8 unrepsaae [0, oo); nycrs, dasee, npu x, QoCTATOUHO 6OABUOM
(xZ=X), nu odna us Qyukyui R(w;—w,) He menser 3Hax.
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Toz0a cucrema (1) umeer n wacTholXx pewenuii suda
X
[ w; @ az
Y=y lx)=nulx)e ) Lhi=12 ...,8 (17)

20e mj; (x) — pynxyuu, Henpepoignote 8 unrepsase [0, oo) u ydo-
8AETBOPAIOULUE YCAOBUAM

¥ { 1 mpu j=1 8
xl_inmnji(x)— 0 npu jo£i. (18)
HokazaTteabcTBo, [log0xuM
X
w; &) dt
yi(x)=mn; (x)e’ v J=12,...,n. (19)

[MoxcraBasst 3TU Bulpakenuss B (1), MbI MOJyddM st QYHKUHHA 1)
cHCTEMY
dnji

dx =[w](x)_ ( )]let_l_\ cjk(x)ntéi? ]:1) 2, L] na (20)

k=1

KoTopasi npu (UKCHPOBAHHOM I yLLOBJIETBOpﬂeT BCEM YCJOBHAM
aemMmbl 1. TlosToMy OHa uMeeT pelleHHe ;:(X), yAOBJeTBOPSAIO-
mee ycaoBuio (18). [losarasi B dopmy.re (19) nocaeaoBaTeabHO
i=1, 2, ..., n, MBl HOJYUUM A PelieHHH, yIOBJCTBOPAOUINX BCEM
YCJIOBHAM TEOPEMHI.

W3 pokaszartesscrBa BHIHO, UTO TeOpPeMa OCTaeTCA CHOPaBEeIJdBOH, ecid B HH-

terpase (17) samenuTh HuKkHEH npegesq 0 OPOH3BOJBHEIM HOJOXKHTEAbHBIM
YHCAOM.

B HEKOTOPBIX CAYyUAAX DPUXOAUTCA HMCTh MA€J40 € CHCTEMaMH
dy _

KOTOPHIE XOTS W HE YIOBJETBOPSIOT YCJAOBUSAM TeopeMbl 1, HO
MOryT ObITh I[pHUBEAECHBI K TAKOH CHCTéMe I[ICACTAHOBKOH# BHJIA
y=B(x)z. Paccmorpum HauboJiee Ba)KHpe CJAy4ad TaKOro IpH-
BeJlEeHHS.

Teopema 2. [Iycre

Ax) = Ay (x) + A, (x), (22)

npusem snementor marpuy *y Aj(x) u A, (x) cymmupyenot 8 unrep-
sase [0, o0), a marpuya Ay(co) He umeer KPATHOLX COOCTEEHHBLY

Y 4 o
*) Hamomuum, uto Aj(x) oGosnauaer Marpully, 3JeMeHTsl KOTOPOH sBJATIOTCS
NPOH3BOAHHMH COOTBETCTBYIOIHX 3JeMeHTOB Matpuunl Aq (x) {cM. n° 1 § 6).
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snawenuil *). ITycre daasee B(x) — marpuya, onpedesennas ycao-
suem

Ay (%) B (x) = B (x) W (x), (23)
20e W (x)— duaeonarsnas marpuya. Toeda nodcraroexa
y=B(x)z (24)
npueodur ypasweuue (21) k sudy
2 =W+ CWlz, (25)

ede npu docrarouno Goarsuwiom x, sremenrs: marpuyoe W (k) ne-
npepoiebl, a 3sementsr marpuyor C(x) cymmupyemor 6 unrep-
sase [x,, oo).

JoxasarteabcTBo. 3 cyMMHPYEMOCTH 37€MEHTOB MaTPHIILL
A{(x) BhITekaloT HempepLiBHOCTb MaTpuub A,(¥) H cymecTBoBa-

HHe npeneJda
AO (OO) = llm AO (x).
X > oo

Tak kak marpuua A,(o0) He uMeeT KpaTHHX COGCTBEHHBIX 3Haye-
HHH, TO CYIIECTBYeT HHTEPBAJ [X;, ©0), B KoTopoM wmatrpuua A,{(x)
He HMeeT KpaTHBIX COOGCTBeHHBIX 3HaueHu#. Ee coGcrBeHHBIE 3HA-
yeyus OYAYT MOITOMY HENpPEePBIBHBIME (GYHKIHAMH B HHTEpPBAJC
[x5, o). Ilycre W (x) Auarona/JbHasi MaTpHIla, AHATOHAJbHBIMU
3JIEMEHTAMH KOTOPOH SBJISIIOTCH 3TH COOCTBEHHBIE 3HauYeHHS @ (X),
Wy (x), ..., w,(x), 3amncanHble B KAaKOM YroJAHO mopsaxke. Papen-
c180 (23) 03HauaeT, YTO MOCJAELOBATEAbHEIE CTOMOIL MATPHLLE B (x)
SIBJISIIOTCS COOCTBEHHBIMH BEKTOPaMu MaTpuisl A, (x), oTBevanuumMu
COGCTBEHHBIM 3HAUYeHHsIM W, (x), wy(x), ..., w,(x) cooTBeTCTBEHHO.
Tak xax 3T coOCTBeHHBIE 3HAYCHUA BCE PA3JUUHB, TO B HHTEp-
BaJje [xg, oo)

det B(x)s=0 (26)

A paHr martpuubl A;(x)— wg(x)! pasen n—1. ITostomy B Ka-
yecTBe k-ro cTosi6a MaTpuub B (X) MOXHO B3siTh anreGpanueckue
JONOJHEHHS 37JeMeHTOB k-ro cTosbua MaTpuubl Ay(x) — w,(x) 1.
Tlpu Taxkom BBHIGOpe Bece aJjieMeHTH Matpuunl B(x) Oyayt Henpe-
PHIBHBIMH (D YHKUHSIMH B HHTepBaJde [xp, ©0), H HX Ipelesa IpH
X > 00 onmpefeauT MaTpuly B (co), k-it croubel Kotopo#l ecThb
coOCTBeHHBIH BeKTOp MAaTpulb Ay(oc), COOTBETCTBYWOIIHH cOBCT-
BeHHOMY 3HAYEHHIO W, (o0). [To yc/a0BHIO 3TH COGCTBeHHHIE 3HA-
YeHHMA PA3JHYHBI, H MOTOMY TaKxe

det B{x) 5= 0; (27)

*) Cayuail, korga marpuua A, (co) uMeer KpaTHble COGCTBEHHLIE 3HAYEHHS,
paccMoTpenn B paGoTe esinan [1].
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-1
caepoBatesbHo, Gynkuns (det B(x)) HenpepeiBHa H orpanuueHa

-1
p uHTEpBaJe [xy, oo). Ho Torna matpuua [B(x)] cyulectsyer u
BCe ee 2JEeMeHTH OrpaHUueHBl B HHTEpPBaJe [X, ©00). BoimoasuM
Tenepb B ypPaBHEHUH

AU 14, (x) + A, (¥)]y

MOACTAHOBKY Yy = B (x)2. Mbl nosyuum

dB d
“oz+ B =(A+ A Bz

Orciona
(BB +B"AB~B" 1)z,
Ho B cuay (23) B'A,B =W, TO3TOMY
=(W+C)z,
rie
c=B"48-B"2

OcraeTcst ZokKasaThb, uTo Bce agaeMeHTH Marpuubsl C =C (x) cywm-
MHpYyeMBl B uHTepBase [x, oo). CyMMHPyeMOCTH B3JEMEHTOB Tep-
BOTO CJ1araeMoro HelOCPeJCTBEHHO CJAE/AYeT U3 JOKA3aHHBIX CBOHCTR
MaTpuii B'uB u mpejanoaaraeMol CyMMHPYEMOCTH 3JEeMEHTOB
MAaTpUIBl A;; NO3TOMY oOCTaercs M[AOKa3aThb CYyMMHDPYeMOCTb BCeX

3J1eMeHTOB MATpHIH
-1 dB

B

[JIsT yero B CBOIO Ouepefib MOCTATOUYHO YCTAHOBHTH CYMMHDPYEMOCTD

dB -1
3JeMEHTOB MaTPULL ——, H6O 3JeMEeHTH MaTpPHIlLl B orpaHHyeHHl.

dx
Kaxnpiii sneMeHT b;, maTpuisi B ecTh onpenenuTenb HOPsiAKa
n—1, cocTaBJeHHbI U3 SJMEMEHTOB BHIAA O (X) H ap (x) — w; (X),

TIe aj, — aneMeHTH MaTpuuul A,. Ho, mo ycaosuio, dyukunu aj, (x)
CYMMUDYEMBl B [Xj, 00); €C/JH [0TOMY MBI MOKameM, uTO ¥ (hyHK-
uH w)(x) cyMMHpyeMEl B 3TOM HHTepsaJje, To b}, (x) Gymer cym-

MOH TpOU3BeNeHHI CYyMMHpPYeMOH NPOM3BOAHON OIHOTO H3 MHO-
Hutened a,(x), app(x)—w;(x), HA JApyrHe TakHe MHOXHTE/H,

OrpaHHYEHHLiE B WHTEDBAJE [Xg O0); CJELOBATENbHO, CYMMHpYe-
MocTh QyHKuMi b, (x) Oyner nokasana. Mrax, octraercd ycTaHo-
BUTb cymmupyemocth Gynkuud w/(x). Ho w,(x) ects KopeHb xa-

PaKTepPHUCTHUECKOTO YPABHEHHSA
F(w, x)=w"4+o0,(x) " 4 ... +0,(x}=0 (28)
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matpubl Ay, Ero xosdouumenrtn @ (x), ..., a,(x) sBasIOTCSH
CyMMO#l MHHOpPOB MaTpHLH Ay, ¥ TOTOMY HX IIPOH3BOAHBIE CyM-
MHpPYeMBI B [xy, oo). Ho Toraa

Fo(w, x)  al (ef™'+ ... +0,(x)
Fo(@p %) Fo(@p %)

npuueM UYHCAHTEb nocJefHell LpobH cyMMHpyeM, HOO QYHKIHA
w;(x) orpaHHyeHa B [x;, ©0); 3HameHATe/Jb YKe OTpPaHHUYEH CHHU3Y,
u00 KopHH ypaBheHusl (28) pas/iuunbl B HHTepBajde [X;, ©0), a HX
npeflesibl IPH X —> 00 TaKKe pasauunbl. ITostoMy QyHKuny @’ (x)cym-
MHDYeMHl B HHTepBaJe [X,, ©0), U TeopeMa 2 [0Ka3aHa.
YcioBUsl TeOpeMbl 2, B UaCTHOCTH, BHIMOJHSIOTCH, €cau A, —
NOCTOSIHHASL MaTpHIla C pPasjJHUHBIMA COOCTBEHHBIMH 3HAYEHHSIMH,
a A;(x)— maTtpunia ¢ CyMMHDPYEMbIMH 3JeMeHTaMH,
Canenacteue 1. Ecau 8 donoarnenue x ycaosusam teopemor 2
lim R (w; (x) —wp(x)) =0 nan i==k, i=1,2,..., n (29

x> 00

w(x)=—

»

10 cuctema (21) umeer n auneiino Hesasucumoblx peuteruli suda

fwk ®at
pi=us=e®  Nbutnal, k=12 .0 (0

ede b, (x)—asemenror marpuyet B(x), a n(x)— pynxyuu, ydo-
B8AETBOPSIOUUE YCAOBUAM
. I npu i=~k,

0 npu is=k.

JdoxasareabcTBo. B cuay (29) npu x, nocratouHo GoJb-
woM, dyuxmun N (w;(x) — w, (X)) coxpaHsioT 3UaK B HHTEpBaJe
[%g, ©0), u moToMy K npeoGpasoBaHHOMY ypaBHeHHIO (25) MOXKHO
npuMeHdTs TeopeMy 1. Takum of6pasoM, 370 ypaBHeHHE HMEeT 7
JUHEHHO He3aBHCHMbIX pelleHHH BHIA

)}Lffgoﬂik (x) ={ (31)

X

[wp@az

X

Zj=2p=e? N, (%),
rae GyHKIHH 15 (x) yaosaetsopsiioT ycaosuio (31). Torma sexTop-
byHKiHA y, = Bz, Gymer pelteHneM ypasrenus (21) Buga (30).
3amevyanue. Ecan, B vactHocTH, Ay — NOCTOSIHHASI MaTpHIA,

coOCTBEHHBIE 3HAUEHHUS O;, Pg, +.., O, KOTOPOH HMEIT pa3JHUHbIE
BellleCTBEHHEIE YACTH, TO

Zj=2p= e ("_xo)njk (x).
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B paabHeimeM Ham Oyler yaoOHO MHpeacTaBUTh Mmartpuiy A
g BUAE CYMMul Tpex caaraeMeix A= A,+ A, + A,, cBoHCTBa KOTO-
pHIX TPH X —> 00 OYLyT CYLUIECTBEHHO PA3JHYHBEL,

OnpeneanuM mnochefosarenbHo Matpuusl B, W, X, X, X

ypaBHeHHﬂMH
(A + A)B=BW, (32)
_1 dA; + .
XW— WX, =(B1GLB), =0, 1, (33)
XW—WX=—X,, (34)

rie W — nmaronanenast marpuua, a C* o6osnauaer marpuny C,
B KOTOPOH JAHdroHaJbHLIE 3/eMEHTHl 3aMeHeHB HyJgamu. [lpu
9TOM JONOJHUTEJNbHO noTpebyeM, YTOGH IMATOHAJNbHBIE 3JEMEHTHI

aB
MaTpHIl B'l—ax—, Xo, X\, X Obim paBHB Hyaio. Eciau Torza mart-

puna Ao+ A, uMeeT pasinyHble COOCTBEHHbIC 3HAYEHHA H €CJH
3aJaThCS ONMPEAEJeHHBIM MOPSAAKOM 3THX COGCTBEHHBIX 3HaueHUH
H4 TIJIaBHOH AuaroHaau Matpuubl W, TO HepeunucJeHHBIMH BbILIE
ycaoBusiMu Marpuubnl W, X, X, X onpereasioTcsi OLHO3HAUHO
¢ TOYHOCTBIO [0 INOCTOSIHHBIX JHATOHAJbHEIX MHoXHTesdel. Tax,
HanpHMeD, eC/H MOJOKHTb X = (x;z), Xy = (X¢;), TO paBencTBo (34)
03HAYAET, uTO
X (Wp =~ W;) = — X

Orciofa npH i = k OLHO3HAUHO ONPENEJNSIOTCS MEMEHTH X;, Mat-
puubt X npu pauHeix W u X, Anasornuno u3 (33) oLHO3HAYHO
ompeneadoTcs Matpuubl X, ¥ X, upu nanuwmix Ay, A;, B u W.
Uro KacaeTcss MaTpHIEl B, TO NpH 3aJaHHOM NOPSJKe IHArOHAJb-
HHIX 3jeMeHTOB B W oHa ompegessieTcs yc/aoBueM (32) 01HO3HAUHO
€ TOYHOCTBIO /10 IIPOH3BOJIBHOTO MPABOTO AXATOHAJBLHOTO MHOXKHTES.
JIpyruMH cJoBaMH, e€caH B — Kakoe-HHOYAbL OXHO pelreHue ypas-

Henus (32) npu mannoMm W, To BCsiKoe Apyroe pelleHde B uHMeer

Bui B=Bd, rae O--npoussosbHAsg JAHaroHasbHad MaTpHLA.
Ho Torza

dB

LBy g i
Tx——dxé_l_de’ B =068

H, CJIef0OBaTeJILHO,

~1dB _ _1,-1dB dd
B . 6 B e E‘.

= 187!
dx dx(?)'(3

-1 dB P
'Z= = Q. TpeGosanue paBeHCTBA HYJIIO

d
MosoxuM nus KpaTKocTH B r
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~_1 dB
JAMArOHAJbHBIX 3JEMEHTOB MaTpHIb B~ —— NpHBEAET K ypas-

dx
HEHHAM o
L
Qut 45 2y =% (35)
OTKy 12
X
- [eu®az
6,’ =c;e % ,

rIe ¢; — IpOH3BOJbHEE mocTosinHble. C/enoBaTebHO, MaTpHia Q
oTIpeAesuTCH yCaoBHEM (3D) OAHO3HAUHO C TOUHOCTBIO LO NMPABOro
JMaroHaJ/JbHOIO MHOXKHTEJsE

¢, 0 0...0
0 Co 0...0
0 0 0...c,

H moToMmy Martpuunl X, X;, X Takxke OyAyT ompele/ieHH ¢ Tou-
HOCTBIO J0 TMOCTOSIHHBIX JHAroHaJbHBIX MHOMKHTeJel.
Teopema 3. lycre A=Ay+ A+ Ay u nycre npu Jdocra-
TOYHO GOABUIOM Xy 8CE 31eMEeHTHL MATPUY
dX

S XX, Xy, B'AB - (36)

cymmupyemsl 8 UKTEpBare |x, o), a

det [/ + X (o0)] 5~ 0. (37)

Toecda nodcranoska

y=B(l+X)z (38)
npusodur ypasHerue

dy _

K 8udy

dz

d—x=(W/+ C)z, (40)

ede C — marpuya, 8ce >AEMEHTbL KOTOPOU CYMMUPYEMbL 8 HHTED-
saxe [xg, o) npu xy 00cTATOUHO GOABUIOM.

HoxasareasctBo. Cnenas B ypasuenun (39) mozcra-
HOBKY (38) u yuuThiBas (32), moayuum:

U +X 2+ B v B+ X)E =
=(Ao+ A+ A) B+ X)z = (BW + A:B)(I + X) 2,
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orcrona
(1 + X =[(W+B" 48 - BT EVu+ 00—

B cuay (34)
W+ X)=W+WX= W+XW+X0—(I+X)W4 Xo. (42)

Ha#izeM eile BripaxeHue gjas B~ 22 . Huddepenunpys cootuole-
mue (32), nosyunm
A+ A) B+ (4, + A) B’ =B'W+ BW,
OTKYyAa
(Ag+A)B'=B'W+BW' — (Aj+ A))B.
YmHOXas c/aeBa obe YacTH NOCJeHEro pPaBeHCTBA Hi

WB (4, + A) " =B,
HOJyYIM

WB'B ' =B'B'W+ W — B~ (4; + A}) B. (43)

Tak kak W’ -—juaronanpHast MaTpulia, To U3 paseHcTs (43) u (33)
BHITEKAET, UTO

(B'B'W—-WwB'B) = \
=B AW+ ADBf =(Xo+ X)W —W (Xo+ X). (44)

Ionoxum 1
- ’
B B =@, Xo+Xi=).

®opmyaa (44) oznavaer, uTo
ﬁjk(wj—wk)‘—‘%jk(wj—wk) npu  jF=k
H, CJeI0BaTENbHO,
Bie=wn;, npun js=k.

-1 ’
Ho, no ycaoBuio, inaronanbubie sneMenTs Matpui B B u Xo+ X
PaBHE! HyJIO, [HO3TOMY

B'B =X, + Xi. (45)

Moxcrasass B ypaBuenue (41) seipaxenusn (42) u (45), M npu-
BefeM ero K BHIY

(4 X2 [(1 4+ D)W+ Xo+ (B 4B = X = X)) (1 + X) — 25| 2=
[0+ 0 W+ (B 4B~ X) U + 2 —XoX — 2K,
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OTciona
dz

rae
€ =1+ X7 [(B7 4B~ X) (1 + X) = XX — ]

Ho B cuay ycioBuil, HaloXeHHBIX Ha Matpuuy X (em. (37)), Bce
saementsr Martpuil (I +X) u (I +X)™' orpasnuenn B HHTepBaJIe
[xo, ©) npu x, nocratouno Gouabmom. OTciola, YYHTHBAs CyM-
MHPYEMOCTb 3JeMeHTOB Matpul (36), sakmiouaeM, 4To Bce 3Je-
MeHTH Martpullll € CyMMHpYeMBl B HHTepBaJe [X, o).

6) Cayuait cp(x)—>0 npu x— oco. Ilycte dynkunu wy(x),
cj (X) HempepLIBHBHI B HEKOTOPOM HHTepBane [Xg, ©0) H mycTh

lim ¢y (x)=0, j, k=1,2, ..., n. (46)
x>0

Mnu noka)keM, uYTO B 9TOM CJydae TNpPH H3BECTHHIX OTPAHHYEHHSX
Ha GYHKIHH @ (X) aCHMITOTHUECKOE 110BeJeHHe PELIeHHH CHCTeMbl
npu x—> oo OyjAeT Takoe ¥Xe, Kak H pellleHHHd CHCTEeMBI
dyj .
— =w;(x)y;, j=1,2,..., n 47)
JlokaxkeM cHauaja CAEAYIOULYIO JEeMMY.
Jlemma 2. [lycre xpome ycaosusn (46) suinoanserca yciaosue

R(w)>R(we)+c npn x>=x, k=2, 3,...,n,  (48)
ede ¢ — HekoTopas noaowcutessras nocrosunas. Toeda cucrema (1)
UMEET Pewenue Yy, Ys, - .., Yu, TAKOE, 4TO
lim &=0, k=2 3, ..., n, (49)
X—>00 Y1
u
. (4
lim (— - wl) =0, (50)
x->o00 VY1
JloxasarteasncTBo. BrifepeM wuucio Xx;>x, H CHCTEMY
uucea 1My, Mo, - .., Ny TAKYIO, UTO
I > !> .0 >0, 61
Paccmorpum pemenue cuctemsl (1), ynOB/IETBOPSIONIEE YCAOBHSIM
Yi="mp Y2=My ...y Ya=MNa OPH X=X (52)

MEr goKaxeM, 4TO ecaM YHCAO X BHIGPAHO JOCTATOYHO GOJBIIHM,
TO 3TO pelleHHe Oyler ob6sanaTh TpeOGyeMbIMH CBOACTBAMH, T. €.
Gyner ynoBaeTBopaTh ycaoBusim (49) u (50).
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Ymuoxas obe uactu (1) Ha j;, mosyunm

n
ggi=w;lyf = €Y

oTCI0Ja

|R(F97) — R(w)) ]y, [P| =

n n
9%(2‘_; cikgjyk) <k§ |c;4Y .Y, |- (53)
Ho
e 0P = e W) = i, + v, =20 (0,07

Mo3TOMY HepaBeHCTBO (D3) MOXKHO mepenHcaTbh B BUJE

n

—E|c,ky,ykl Sy =R @) g < Y il (54)
k=1

BriGepeM x; HACTOJABKO BO/BLIAM, 4TOSHL NPH X = X,
c
| Cir (x) |<§ ’

torfia u3 (H54) moayuum
=5 Dl <y loP-R@) 1y <5 Xl 69
k=1 k=

Ho 1no ycaosuio (em. (51) u (52)) npn x = x,
Ly P>ye B k=23, ..., n (56)

JOKaxKeM, UTO 3TO HEDABEHCTBO OCTAETCS TakXKe BepHHM npH
x> x. [lpeanosokuM npOTHBHOE; OGO3HAUMM uEPe3 Xy HYDKHIOW
rpaub TeX 3HAueHHA x, JAAs KoTopeix (56) He uMeer MecTa.
IMycte v onno W3 3Hauenuil HHAeKca k=2, 1Js KoTopuXx (56) me
UMeeT MecTa IPH X = Xy; TOrja

Fyi(x) =1y (%) |21 g (%) ] mpr k=41, v, (87)
IMpu s1OM
d
el <glwne| . (58)

X=X2
HeficTBuTeLHO, M3 TPOTHBOMOJNOKHOrO HepaBeHcTBA H 3 (57)
ciaenosano Ovl, uto | gy |<|y, | 0pu x¥ < Xy, HO MOCTATOUHO GJAHIKOM
K X3, a4 3TO NMPOTHBOPEYUT ONPEIEJEHHIO YHCJA Xo. 3aMETHM, HTO
Y1(x9)%0, udo B mporusroM cayuae u3 (57) caeoBano Ol

=y=...=y,=0 1mpu x=x,
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Ho Torpa B cuaty TeopeMbl €IUHCTBEHHOCTH s Au(depeHunaip-
HbIX YpaBHEHHH Yy =y,=...=y,=0, B 4aCTHOCTH,
Y1=yYo=...=y,=0 npu x=x,
YTO MPOTHUBOPEUHT YCJa0BHIO (56).
W3 nepasencts (55), (57) " (58) BHITEKAET, YTO TPH X = X,
R(w) P~ <l <y d Lo P <
1 .
Lyl gy PN (@) [, P+ Sy P,
H IOTOMY NPH X = X,
Rw) 1y P—R(w) g F<cly P
Ho Torga mpu x = x, Takxe
R{w) -R(w,)<c

u6o y,(xo) 5 0; mocsieliee e HEPABEHCTBO IPOTHBOPEUHT yCJI0-
BHIO (48).
HUrak nokasano, uTo npu x == X,

Ly 1>y, k=23, ..., n (59)

Ho Ttoraa, pasaeaus Ha y; o0e uacta (1) npu j=1, moayuum

OLLeHKY
n
’/1
L Je,k L x>,
k 1

3 KoTopoil B cuay (46) BhITeKaer, uTo

/
Y
lim (———- w )—0.
X > oo Yy
Jlokaxem Tellepb, 4TO

lim 2 =0, k=23, ..., n.

r>c0 Y1

[IpeAno/sokuM NPOTHBHOE,; HyCTb 0PN HeKOTOPOM v 7= 1

lim |4
X—>o0 1

=0>0. (60)

Torna CyIiecTBYIOT CKOJib yTOLHO 0oJblIMe 3HAYCHUS X, AJ5 KOTO-
PbIX OZXHOBPEMEHHO
ca

- . (61)

I R N N
.’/1]>2’ dx | y,
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JleHCTBHTE/IbHO, HEPABEHCTBO

Ay P o

dx | 2
He MOXeT BLIIOJUATLCS, HAYMHAS C HEKOTOPoro 3naidenus x (ma-
‘npuMep, x =>§), ubo rtorga mnpu X =& Mu uMeay Oul
2

Yo [P o 08 (0 ] Yv
- —— (X —=E) 4| =
' ol STz Y Y1 1x=§
H, CJAel0BATENbHO,
yy |?
.| T T mpn x—> 7 o0,
g1

yTo HeBO3MO:xHO. [lo3ToMy ROJIKHBI CyleCTBOBaTh CKOJb YTOLHO
GosbliNe 3HAYeHHST X, HaNpuMep

nglv E?! §3a -"-_>+OO’
IJsl KOTOPBIX BLIIOJIHKETCS NMPOTHROIOJOKHOE HEPABEHCTBO

4
dx

2 ca

2

v
Y

Ecnn Teneps —ZV—

1
TOpOro, TO JAJsf 3Hauenuil x=E§, §, &, ..., HAUMHAST C HEKOTO-

poro, 6yAyT BHIMOJHsThCs 00a HepaBedcrBa (61). ITosToMy ocraercs
paccMoTpeTh TOT cayuaif, Korja CYIlleCTBYIOT CKOJAb YIOAHO 00Jb-
HIHe 3HAYeHHst X, IJsi KOTOPBIX

2
a »
>~§— AJd BCeX 3HAYeHHH XY, HayHHasg € HEKOo-

Yy |?

i

<5 (62)

Iycte x=E—omHO u3 Takux auauenuii. Mz (60) caeayer, uto
cpenm uyHucenr X >E CYIWECTBYeT HaWMmedbilee ¥ =X >, Ana KoTo-

2 3o -
poro %"- = [Huas storo suauenns X=X Bo BCfKoM cJjyyae
1
d | yv P
dx Y >0,
HOO B NPOTHBHOM cJayuae Obl1H Onl 3HauyeHus x <X, LOCTATOYHO
- 2 3a
6nmskne K X, a5 KOTOPHIX I—Zl >~4—~, uTo BBHIY yeaosus (62)
1
OPOTHBOpeUHT omperesieHulo uucaa X¥. Ho Ttorjpa mpu X=X
yv |2 3a o d | yy |2 ca
Yy 4 2’ dx Y >0> 2 "

Takum o6pasom, B J0GoM ciyuae HepaseHcTsa (61) BrmouAKTCA
LISl CKOJIb YyroAHo GosbliMX 3HaueHuil x. Ho

d HV'Q 1 d fyv> d

— | IV [ T 2 _ 4 2
de Ly |~ g2 dxlyv] (o1 dx}!/zl,
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H [OTOMY 43 HepaBeHCTB (D4) MOXKHO 3aAKJIOUUTH, YTO
1 d

2 1 1 d
N A'S % — AN —%
7 dx | 0 + N (w, —wy) m }yllz (2 Ax lJv l(w lyx ()
lyvlz( 2 _ % 2) Y| Cvetvi O | vy
T Ty F\2 dx Ly P =R (wp)|y, | Q;“l % +;;—‘1 —T,

Orcrona, yuuToiBas uepasencTBa (48), (61) u (59), npuxomnm
K BHIBOAY, UYTO CYIIECTBYIOT CKOJIb YLOJAHO GoJbIUHE 3HAYEHHS X,

JUIST KOTOPBIX
n n
o ~
2 < Wlewl+ Ylcwl
k=1 k=1

a 3TO HEPAaBEHCTBO NPOTHBODPEUHT ycaoBuio (46). Tem camnim co-
oTnolueHus (49) TakXe JTOKa3aHhl,
Jlokasauuast neMMa JomycKaeT caeipyiollee o6ofLIcHHe.

Teopema 4. llycre gpynryuu w;(x), c;,(x) nenpepoisrol npu
X=Xy U nYycTs

lim ¢y, (x)=0, j, k=1,2,..., n, (63)
k> oo
R(wy) —R(wp)>e, k=1,2, ... n—1, (64)
2de C — HCKOTOPAS NOAOMCUTENAbHASL KOHCTAHTAQ. Toeda cucrema
dyj CY .
—L=wyt Yo 0= 2 .0, (65)

k=1
uMeeT N AUHEUHO He3ABUCUMBLX peluenil]
N=Y1e(X), Yo=Y (X) ..., Yn=Yne(x), k=1,2,3,...,n, (66)
y0082eTBOPAIOUUY YCAOBUAM

lim £ =0 npu j#k j, k=1, 2, ..., n; (67)
x>0 Yk
1im(ﬁ—wk) 0, k=1,9 ..., n (68)
x->o00 \YkE

HoxazarteabcTBo. IIpuMeHHM MeTOJ NOJHOH MaTeMaTH-
ueckodl HHAYKUHH. [Ipn n=1 cucrema (65) umeeT Buz

dy

v [@ +cnly

U [OTOMY AJsi BCSKOTO ee pelieHus y == 0
1 dy

; dx—w1=cu—+0 npu  x— oo,
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- QcrajbHble Ke YTBEPKAEHUsI TEOPeMBl B 3TOM ciayuae GeccolepKa-

reabHBl. TIpelNOJOKUM Tenepb, UTO TeopeMa BepHA AJsI CHCTeMBbl
n—~1 ypaBHeHHH OTHOCHTeJbHO # — | HeH3BECTHHIX GYHKUHH; HO-

gaxeM, UTO OHa TOrJa BepHA IJIst CHCTEMbI 7 YDABHEHMH OTHOCH-

TeJbHO 1 HEH3BECTHBIX (DYHKIHH.
CorJiacHo JeMMe 2 cyliecTByeT pellleHHe

Ni=4H Yo=Y ooy Yn=Yn (69)
cucteMu (6D), Takoe, uTo

m 28 =0 mpu k>1 (70)
x>0 Y11
J
Ji_,nl(ﬁﬁwl)zo' (71)
BBeneM HOBLIe NEpPEeMEHHBIE U, 2;, 2y, ..., Z,.y, 110JATAH
H1=Un J udx,

yz=y21fudx+21, }
Yn = Yni J. de+2n—1, J
Toraa cacreMa (65) mepeiifer B

yufudx-ky“u- lyllfudxsz Cialn _fuder}_‘clkzk N

k=2

y?,fudx{—y”u—kzj | w].yjljudx—szj 1—[—2 €l fudx+

n
+chk2k—l: ]=2, 3,..., n.

Ho rak kak Oymkunm i, Yap, ..., Yp ABJASIOTCH pelleHueM Cu-
cremur (65), To wuseHsl, coAepKamiue Judx, B3aUMHO YHHYTO-
EATCA, H MLl OAYYUM

. n
yn = g‘oclkzk—la (73)
gt =we,  + Ezc,.kzk_p i=2,38 ..., n (74

20 M. A, Haiimapx
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TMoacrapasas B (74) BMecTO GYHKIHUH 4 ee BhipaKeHue us3 (73),
OpUAeM K CHCTeMe

n
2z =wgz_ + ’g?Ejkzk_[, i=2,3,...,n, (75)
rae
~ Ui ,
Cie=Cjp— 7 Cw | k=2,3,..., n. (76)
Ilpu stoM B cuay (63) u (70)
lim¢;,=0, |, £=2,3,...,n,
X >0

Tak 4TO cucreMa (72) ynOBJETROpPsieT BCEM YCJIOBHSIM TEOPEMBL,
CorsiacHO HHIYKTHBHOMY TIPEAINOJIOMKEHHIO OHA HMeeT # — | au-
HelHO He3aBRHCHUMBIX peIleHu#

21=21p R2=20p c-er Bn-1=2p,x k=1,2,..., n—1, (7T7)

TaKUX, UTO

lim = =0 mpn j#£k, k=12, 01, (78
x>0
H
I' Z),ak . _
im (22— wn =0, k=1,2, .., n—1 (79)
X=> 00

JloxaxeM, uTO NMpH MOMOIUM 3THX GYHKUHH 2Z;, MOXHO IOCTPOHTH
n—1 Junefino He3aBHCUMBIX pemeHuH cucreMsl (65), KoTophie
BMecTe ¢ pelneHueM (69) OyAyT yIOBJETBOPSATh BCeM TPeGOBAHUAM
TeopeMbl. OGO3HAUHM uepe3 i, (QYHKIHMIO 4, OTBEUAOILylO perie-
HUIO 2] =2y, TaK 4TO

n
Yy = \2201\,2\,_1, B (80)
Torxa us (63) u (78) BuITeKaeT, yToO
: Yiug —
jl_)rroxo o 0. (81)

C npyro#i ctopoun, B cuay (71) u (79)

/7 4
Ju ki
T W e T Phat e, k=1,2,...,n—1,
rie
lime; =0, limeg,, =0, &£=1,2,..., n—1.

x>0 X—>oo
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Orcionia
X X
f(wl+e 1) @t f(wk“* Bpyy)dt
Yu=ce” v Rk = Crer8” v =0, 0,
'y NOTOMY B CHJy ycuaoBHs (64)
) X X
' - J‘m(wﬁ'El"‘”kﬂ"g k1) 48 “f[”m (817 gy1)]dt
2kl | | Lkt |, < | &L | g .
Yn ¢ 1
6 R ‘
{Ipn x, JAocratouHo GosibmoM Gyjer .t(sl—ek+1)<?c H, cJaeno-
BaTe/bHO,
B 1
2kk Chyt | 5 Cloe~x)
‘ Y ' 1 ’ (82)

0o

Ho Torpa cymiecTByeT HHTerpas J‘ llzk’:"',l dx, a 3nauur, B cu1y (81)
1

o0
)

CYIleCTBYeT TaKKe J | ugldx. IToaTomy, noab3ysics hopmymamu (72),
Mbl MOXKE€M IOCTPOHTBH CJAEAYIOIINEe pelIeHHA!:

0

Y, pe1= — Y11 j ty, dE,

X

Yo, k1= _yzle U, d§ + 2y, (83)

D S Y

oo

Yo, b1 = —Ym j Ug dg +Zn-1, ks

cucreMur (65).

Jokaxem, YTO 5TH pELIEHHs YLOBJETBOPSIOT YCJIOBHAM (67
H (68). Mb nmeem

0

fukdg

=—lim .
Zrk

Yn

Hncnutens n smamenarens nocaegdeil ApobH CTPEMATCH K HYJK
IpH x — oo (cM. (82)), v moroMmy, npuMeHas upasuao Jlomutaas

lim Y1, bty
X > 00 kk X > o000

20*
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TIONTYYHM
Yn up
lim 2B o fim — % fim R
> Z X*“’:L(i@) ¥>e Zge U
dx \ yy e Yn

Coraaco (81), (71) u (79) npn x — oo uHcaHTes b TOCKERHEH LPOGH
CTPEMHUTCH K HYJIIO, & 3HAMEHATEJNb CKOJb YIOAHO MAJO OTJIHYAETCH
OT QYHKIHH Wy — W), OTPAHHYECHHOH CHH3Y 1O ycJ0BHIO (cM. (64)).
CJefoBaTeJbHO,
lim Lkl — 0 k=1,2, ..., n—1. (84)
x>0 pp
Orciona, yunthiBas coortnomenus (83), (70) u (78), npu v>1
MOJIYUHM

[=+)

Yvy j u, dg
. . . 2V
Ilm M:—_ .~.hm __x____+ hrn M_:
x>0 ZRk x> 00 kk x>0 Zpp
T Yvi Y1, ket . Rv-1, b _ 0 mpn v—1s%k,
= lim (2. kel jjp Dbk o (85)
x> y]] zkk x> 00 zkk 1 npu v—1= k,
Tak uTo npu v*E=k+1
Yv, k41 .
. ) . < 0
lim Lkl o fim R — _ 9, (86)
x>0 Ypet, ket x>0 Ypay, ket 1
Zer
Ho Torga u3 COOTHOHIEHHS
v . y
Kk
R P
Yek e Y
¥ ycaoBus (63) BHITEKaeT, yTo
7’
. Yrr
lim (——— —w,|=0.
x>0 \ Yrr
Hna 3aBeplueHHs! 10Ka3aTeJbcTBA OCTAETCH 3aMeTHTh, YTO
Ya Ye <« Yin Y o ... 0
v 2 cee 2 -
Yo Yoo Yon | = Y 11 Lon=l | 2£(),
Ynt Yna <<+ Ynn Yt Zp-1,1 «« Zn-t, -t
TaK 4TO MOCTPOEHHBIE HAMM  DEIIEHHA Yy, Ysks «+vs UYnks

k=1, 2, ..., n, JHHeHHO HE3aBHCHUMHLL.
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OTMeTHM CJAeAYIOUIHH YacTHBIH ciaydall TeopeMbl 4.

Cnencrteue 2. [Tycte (ynkyuu cj,(x) HenpepoisHe, npu
X=Xy U CTPEeMATCA K HYAW APU X —> 00 U NYCTH O, Do, ..., P —
TaKUEe 4UCAQ, 4TO

Rp)>R(p)> ... >R(p,). (87)
Toeda cucrema
n
y;=pkyk+]§ckjyj, k=1,2, ..., n, (88)
“UMeeT 1 AUHEUHO He3aBUCUMBLY petieHiil
=Yk Yo~ Yops v+ s Yn=Ynk
TAKUX, 4TO
. Yir . .
lim —*==0 nopu js=k | k=1,2,..., 8, (89)
x>0 Ypp
u .Y
lim =9, k=1,2,..., 1 (90)
x>0 Ypp

Crnencreue 3. Kakoso 6vl v 66140 NOAOKUTEABHOE HUCAO E,
0A8 pewienuli, NOCTPOCHHLLX & caedcTeuu 2, umerT mecTo coor-
HouleHUs

. Ypr _

tim =, @
lim—2e _ o (92)
£ > 00 e(pk—e) X M

HJoxasarteabcTBo. M3 (90) crenyer, uro
r
Yrr
Yer

= 0p 1 &4,

rie e,—>0 mpu x—> oo, OTc0Aa
X

f (Pptep) dt
Yrr = Cre® , Cp5#0.

KaxoBo Grr Hy 6bla10 uncsao &> 0, MOXKHO BHOPATh X; HACTOJBKO
6OJBLIIEM, YTOGH
lepl<e’<e mpu x=x, k=1,2, ..., n.
Torna
| Cpl el CIETE2) L gy | <K Cp | ™ ORI (51,



310 JI. VII. UCCJIIEAOBAHHE MHOEKCA NE®EKTA M CIIEKTPA [t

cJIeloBATEJbHO,
Ypp

ey ey | < Crene o),
e

Ypr

_— >C e(S—E’) (-x—xl)'
) ey | = Cr

Coornomenus (91) u (92) HemocpeACTBEHHO CJCAYIOT H3 3STHX
OLIEHOK.
OTMeTHM Telnepb HEKOTOPHIE CAYUYAH MPUBEICHHS OOLIell CH CTEMBI

I = Ay (93)

K Buay (65) nau (88).
Teopema 5. ITycre 8 cucreme (93) sce snemenror marpuyor A
HenpepoleHbl NpU X == Xg U NYcTe cyuiecreyer npedea

A(oo)= lim A(x). (94)
X >+t
ITycrs, Kpome To20, COOCTEEHHbIE BHAYCHUS Oy, Py, ..., P, MATPULSL
A(o0) ydosaersoparor ycaosuam
Rip) >Nl > ... >%(py). (95)
Toz0a cuctema (93) umeer n AuHelino He3a8UCUMbLY pelLenull
Y=Yy Yo=1Yars +« s Yn= Ynrs k=1, 2, 3,..., n,
TaK{X, 4TO
4
. Yir
lim -~ =p, k=12 ...,
> oo y]k Pk | n, (96)

npu HexoropeiX suauenusnx j=j(k).

JloxaszateabcTBO. B cuny ycnosus (95) Bce cobeTBeHHBE
3HAYCHHS Py, P2y - .., Pp MATPHUB A (00) PA3MHUHKL, U TOTOMY Cyllle-
CTByeT MaTpuua B, KoTopas HPUBOZHT Marpuuy A (o) K auaro-
HaJbHOMY BHIY; ILPYyTHMH CJOBAaMH,

B'A(c0) B=P, (97)
rie
01 0...0
S %)
0 0...p0,
ITonoxkum B cucteme (93) y = Bz; MBI noJayuum
dz __
BW—ABZ,

dz -1
4 = B ABz. (99)
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Ho

; B'AB=B"4(0)B+ B [A— A()|B=P+C,
“rae
C=B"[A~ A(c0)]B. (100
- CucreMa (99) mpumet TOrZA BUJ

dz

w=P+0)e

HJH TOApOoOHeit

dz N
_lix—kzpkzk+26kfzf, k=1,2, ..., n (101)

j=1

TIpu stom u3 (100) u (94) BHiTeKaer, uts

lim ¢(x)=0,
X > o0
T. €
lim ¢, (x)=0, |, k=1,2,..., n.
X > oo

CorsiacHo caencTBuo 2 cucreMma (101) umeeT n auHefiHo HE3aBU-
CHUMEIX pPellleHHH

21=215 Ra=2%, +u.y Zp=2pup» k=1,2,..., n,
TaKHX, 4TO
2.
lim % =0 upn j+k (102)
X -»00 “kp
H
2/
lim % =, (103)
x>0 Ppp

CooTHouleHle y = Bz onpefesieT Torga n JHHeHHO He3aBHCHMBIX
pelieHHH ‘

yj=yjk=i§bjizik’ j,k=1,2,...,n,
cucteMnul (93). B cuny (102) u (103)
.

lim === =1b,, 104

x~>n:o Fhi Ik ( )
a 3Hauur,

!/,'k nW

Hm —== 3 a;; (o) by,
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C npyroil cropouel, cooTHolleHue (97), 3amucaHHoe B BHIe

A(o0) B=BP,
o3Hauaer, uTo

n
gl aj; () by = b jkPrs

TakK 4To
’

lim Zi%
x>0 Zpp
Otmerum, uro detB =0, u OOTOMYy HH OXHH H3 CTOJGNOB
MaTpHLL B He COCTOHT M3 OJAHUX HyJeH. DTO o3HAYaeT, uTO IIPH
mobom k cymectTsyer uHjekc j=j(k), Takolt, uto b, #*= 0. Hus
sroro 3nadyedus j u3 (104) u (105) caemyer, uto
U4

= b j104- (105)

Yir

lim = Pg.
ik
Teopewma 6. ITyers A(x)=Ay(x)+ A, (x), u nycrs
Ay (x) B(x) = B(x) W (x),
ede W (x)— Ouaeonarsnan marpuya. Ecau 8ce 3nementsl MaTpuy bl
B"IAIB—B_I% CTPEMATCA K HYAI NPU X —> 00, TO NOOCTAHOBKA

y= B (x)z npusodur cucremy

I — (A + Ay (106)
dx
K eudy .
ade
lim ¢, (x)=0. (108)
X > 0

HoxasarteabctTso. Iloxcranoska y=B(x)z HpuUBOLUT
cuctemy (106) x Bungy (107), rae
-1 dB

C=B"AB-B" = (109)

(cM. IDokasartenbcTBO TeopeMbl 2). OTCIOZA M H3 YCJIOBHSL TEOPEMH
TOTYAC BBITEKAET, UTO
lim ¢ (x) =0. (110)
x>

2. AcuMnToTHKA pelteHui JuHeiHOro qud depeHHaILHOrO ypaB-
HeHns 2n-ro nopsinka. PaceMorpum nupdepeHinaibHOe ypaBHeHHE

n dn dny n~1 dn—l dn—ly )
— —_— - —_— —+... =LAy,
Ly)=(-1) v (Po dx,,)+( 1) s (pl )T +pny(“ﬁ)
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THE Pos Pis +++» Pnp— BELIECTBeHHHE QYHKUHH, ONPE/leIeHHbIe B HHTe -
~paae [0, oo0), A—npousBosbHOe KoMIJIeKcHoe uncgo. IIpeamoso-
© KHM elue, uto po(x) %= 0 B wuurepBajse [0, oo). Torma cucrema
“(cp. n° 2 § 16)

-2] [n=1]
%y_ =y, %’/L S d-’/[;" — yln-11, dyd” =L,
|3 x X x Po
[n+1]
dg[”]_ = pyyn=1— ylnt1), dyd” = poyln=2 — ylns2 (112)
X X
dy[Qﬂ"2] dl/[QrL"l]

oy T dx = pn-1ym_!/[2n—”, T=(pn—}\‘)y

“skBHBaJeHnTHa ypashenHuwo (l111). Beenem BexTop-dynKuiio

~

.’?=(!/, y“l, ym, cees len‘2J, y[Qn—l])
H MAaTpHLY . )
1
0
= J
A= o 0 —1 (113)
. —1
pn_}\f 0

1 .
(—p—- Ha lepeceueHUn n-¥ cTpoku u 1+ l-ro crosnbua; Bce neorme-
0

YEHHBIE 3JeMeHTbl PaBHbI Hymo). Torna cucrema (112) sanumercs
B BHIE
9~ Alx)§ (114)
dx Y-

[Tpencrasasisi Tenepb pasauuHeiM o6pasom Matpuuy A(x) B Buie
CYMMBl ABYX HJIH TPeX MATpHI H npuMensis Kk cucreMe (114) reo-
peMer n° 1, MBI NOAYYAM PA3JHUYHBIE TNPEAJOIKEHHS O NOBEAEHHH
pemenn#t cucremnt (114), a csnenosareabno u ypasuenus (111),
B 3aBHCUMOCTH OT [OBeAeHHS KOYDODHUIHEHTOB P, P, +-+» P
Ipu x — oo,

a) [Ipumernenns teopemu 2. [Mosoxum

1 1
E=‘70+a_0’ Pe=¢qr+ar, k=1,2,...,n,

Tae ap, a;, ..., a, — HEKOTOpbIE MOCTOsIHHbIE, NpHueM ag 5= 0.
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[2

B COOTBETCTBHH € 3THM paBEHCTBOM MBI MOJYYUM pa3GHeHue

A = AO + Al)
rie
0 1 0
3 .
0o L
Ay = do , (115)
a, 0 —1
L
an — A 0
0 0
0 4,
A] = q] O ] (1 16)
qn 0
ypaBHeHHe /1 ONpefeseHHsl COGCTBEHHBIX 3HAUYeHMi MaTpuub A,
HMeET BHJ,
-p 1 0
[— p N
. .0
.o -0,
al . ay .
. R— |
Ay — M —-p
HJH, PaCKPbLIBAsl ONPE/EJTHTE/Ib:
a™ — a,p* 7 + axp™ ' — ... +(—1)"(a,—24)=0.

[1pennosokuM, YTO KOPHM 5TOTO ypaBHEHHs HMEIOT pasJHUYHbE

BCIIECTBCHHbBIE HacTH,

pe AT0A0KUM

jpadee,

4TOo  QyHKUKYU
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o Q1» - +» Gn CYMMHDYEMBI B HHTEpBase (0, o). Toraa K cucreme

di ~
L =(A+ A (117)

pUMEHHMB TeopeMa 2 u cJencTBHE H3 Hee.

Mycte W — amaroHanbHas MaTpuila H3 COOCTBEHHBIX 3HAueHUH
Pts P2y - --» Pp MATPHILBI Ay u nycTb NOCTOsiHHAst MaTpulla B 1pu-
BOJUT MaTpuly Ay K AHAroHAJBHOMY BHIY

Ay=B"'WB.
Torga moacTaHoBKa jj = Bz upusoaut cucremy (117) x Buay

dz .

Fri (W+C)e,
npuueM BCe 3J1eMeHTH MaTpHls C CyMMHPyeMHl B HHTepBaJe [0, co).
Ha ocnoBanun TeopeMmbl | »3Ta NocjaenHsiss cHCTeMa HMeeT 21
peleHu:

21 =Rk Re=29hs +++s R9n =200,k

TaKHUX, 4TO
2jp = €% (x), (118)
rie
I { I nmpu j==4k,
o TV ()= 0 mpu =k

OuyeBHAHO, MOXHO CHYHTATb, YTO BCE 3JEMEHTH HepPBOH CTPOKH
Matpulibl B paBHb exuuuue. [ToacraHoBka §= Bz mepeBonuT sTH
peilieHHst B pelleHns cucTeMbl (117); WX mepBble KOMIOHEHTHI

(119)

2n 2n
yk:ElbUij=jzlz'ik, kzl’ 2a--'y 2”,
i= p
aBJsloTcst pemeHusivu ypasuenus (111). Ha ocuosanuum cootido-
menndt (118) u (119)
Y, = e [1 + o (1)].

Takum o6pa3oM, MBI J0Kasaau CJACIYIOIYI TeopeMy.
Teopema 7. ITycrs

1 1

’p_():a—3+q0’ P1=al+‘71,---, pn=an+qn7
npusem yHaxuuu Gy Gy, ..., G, U ROCTOAHHBIE Qg Ay, ..., U,
Yy008.ACTBOPAIOT YCAOBUAM:
1) ¢pynryuu qq, qi, ..., q, cymmupyemsr 8 uurepsase [0, oo);

9) ao # 0;
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3) KopHU 01, Py ..., P, YPABHEHUS
a? — a2+ ... +(=1)"(a,—4)=0

UMEIOT PA3AUYHbLE BeUieCTBEHHbIE HACTU.
Toeda ypasnernue

e dnr ( dny) _ -t dn—l ( dn—ly) , _
(=1 == Ape o)+ (07— (P )+ o Ty =Ry
umeer 2n pewenutl y=y,, k=1, 2, ..., 2n, Takux, 470 npu x — oo

ye=e*[14+0(1)], k=12 ..., 2n.

3amMeuanune. [lpervpayuiue pacCyKaeHUst TPUMEHUMBI TaKKe
K YpaBHEHHIO

d"y dn—ly
dx"* P dx"!

Po + ... +py=>ry, (120)
TaK YTO HMeeT MeCTO CJeAyIollee NpeasoxKeHHe.
ITycrs
1.
Po [}
npusem PYHKYUL Go, Gy, .., §n CYMMUPYEemsl 8 unTepsade [0, oo},
ay=0, u 8ce kopHu ypasweuusn aP"+a "+ ... +a,p+a,—A=0
umeror pasiuurole eeujecréenHote uactu. Toeda ypasnerue (120)
umeer n pewtenutl y=1y,, k=1, 2, ..., n, Tagux, 470 npu x — oo

ge=e*[1+0(1)], k=12, ..., n

Mgl npefocTaBaseM YHTATENIO JOKa3aTeALCTBO 3TOrO N1PeIJOKEHHS.
ITosoxum rteneps

+q0, Pr=ap+ g,

A = AO + AI,
rjie




2) § 22. ACHMMITTOTHKA TP BOJIbIIMX 3HAYEHUAX APTYMEHTA 317

Pn-t

Pn

I
[puyeM B MaTpHUE AO JIEMEHT —p——- HaXOAHTCSd Ha TepecCHeHHH
0

n-i CTpOKH H n -+ [-To croabla, a BCe HEOTMEUEHHBIE 3JE€MEHTHI
B ofenx MaTpuilax paBHbI HY.JIO.
B cOOTBETCTBHH ¢ YCJAOBHEM TeopeMbl 2 Mbl NIPEANOJiaraeM, uTo

Ly p(’)

GYHKUHH (— | = — —, Py, P2, ..., Py CYMMHDYEMbl B HHTEp-
Po Py

paqae (0, oo). Haiinem marpuust W, B. B cuiy (23) nuaronanabine

37€MEHTH MaTpHibl W cyTh colcTBeHHBle 3HAYEHHS MaTpuubl Ay,

C/e0BaTe/NbHO, KOPHU XaPaKTePHCTHUECKOTO YDABHEHHS

—w 1

—w

—A —w

IpHYeM B 3TOM ONpeAeJaUTeJNe BCe HEOTMEUEHHHIE MEeCTa 3aHATH
Hy1aMH. PackpeiBasg ero mo Teopeme Jlamiaca B Buie CYMMBE
npoussefeHufl MHHODOB MNEPBHIX £ CTPOK H IOCAELHHX 7 CTPOK.
HOJIyYHM VPABHEHHE

w2 — (= 1) 2 =0, (121)

2
Po
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1 ’
[To ycaosuwo, QyHKLHA (p—) cyMMHpyeMa B HHTepBaJje (X oo)
o )
H MOTOMY CYLIECTBYeT

©o

. 1 1 1 4
xIerolo po (x) - Po (xo) + j (Po (X)) dx.

Xo

[IpennosoxuM, uto stor mpepen 0. Torma cyumecTByeT Takike
po(o0) = lim po(x) =0
X [+ o]

M, CJefOBaTe/]bHO, IPH X, AOCTATOUHO GOJBIIOM, po(X) coxpanser
3HaK B HHTepBaJe [x,, o).

PaccMoTpuMm TOT caydail, Koria pg(x)>0 B uurepnadae [xy, oo);
IIPOTHBOMOJIOXKHBH cJydall CBOAHTCA K 3TOMY 3aMeHOH B ypaBHe-
HUM A H py Ha —A H —p,. Torga Bce pemenus ypasHeHus (121)
OyAyT HMETh BH]

w;=u;p, ji=1,2,..., 2n, (122)
rie
1

2n
‘/Po »
a W, Mg ..., Hg, — BCE PA3JHUHBIE KODHH 2n-i creneHn u3 (—1)"A.

OueBuaHO, YyCJOBHS TeopeMBl 2 GyIyT BHIOJHEHH, HOO C00-
CTBEHHEIMH 3HAUEHHAMH MaTpHUB Ag(co)} 6yayT

1
wj(°°)=llj9(°°)=l‘«j"2’n*—'—;

V po ()
OHH, OUEBHJIHO, BCE PAa3JIHUHEI.

Ut06bl TPHMEHHTD 3TY TEOPEMY, BEIUKHCJANM MaTpHuy B. M3 ypas-
Henust AoB =BW (cm. (23) n° 1) caenyer, 4ro mocsefoBaTe/bHbE
CTOJIOLB 3TOH MATPHLHL CYTh COGCTBEHHBIE BEKTOPH MATPHIB Ay,
COOTBETCTBYIOIIHE COGCTBEHHBIM 3HAYCHUAM W), Wy, ..., Wy,. | AKHUM
06pasoM, 3JeMeHTH R-To cToa6Lia CYyTh HETPHBHAJbHBIE pPEIIeHHS
OJHOPOAHOH CHCTEMBI

— Wpbyp + e =0,
— wkbgk + bgk = O,

.

o= , (123)

1
~ Wgbpp + N bpi1,r=0,
0

= Webpst, = buso =0,

— Wpbynoi, p — bon, . =0.
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Pemasi NOCJe10BaTEJbHO 9TH ypaBHEHHS, HAHIEM, UTO

= = = 72 = pphi—!
bl,k_ék, bzyk—wkék, by, = w3, ..., bn’k wi ™y,
. . n —_ e n+l
i 1= PoWidp by = — p@E*S,,
. n+2 _(__ 1yt on-1
boys 1= Po@3 ™0y oy by, = (=1)"" pwi-ls,,

rae 8, 7= 0 ocTaeTcs COBEPIICHHO NMPOH3BOMBHHIM. OTCIOAA, YUHTHI-
pasi gopmyay (122), noayunm, uto

B = PES, (124)
rie P — jvarona/jbHas MaTpHia C [HaroOHaJbHBIMH 3JeMeHTaMu
P1=11 P2=P: P3=p27'--1 Pn=pn-17 Pn+l=p09n:} (125)
Pro=—pop™"', ..., Pyy=(—1)"" pe™,
0 — AnaroHanbHasl MaTpHUA C 3aeMeHTaMH O, Oy ..., Oy, a
[ 1 |
Wy Mo v Moy
E=] p u2o...opd . (126)
[H%n—l ugn—l . ugz—lj
[Tonoxum B dopmyse (124) =1, 7. e.
B=PE,; (127)
B CHJY CBOHCTB (yHKIHH po(X) B2e 3/eMEHTH MaTPHILL %, a
3HAYUT, H MaTpUIH
dB _ap
de ~ dx 7
CyMMHpyeMBl, a seMenTn Matpuiy B u B = E'P™" orpaunuenu

B HHTepBane [x,, o). [Tosromy k marpuuam A, A, B, W upu-
MEHHMA TeopeMa 2; MOJCTAHOBKA

i= Bz (128)
IPHBOJUT CHCTEMY
4 _
ax Y
K BHAY
4z _twac (129
dx —( 4 )21 )
rie snemeHTol MaTpullbl C=C (x) cyMMHpyeMBl B HHTepBaJge [X,, o).
Iyctb Temeps uuciIo A TakoBO, YTO BCe KOPHH [y, Wy, . . . » Mop HMEIOT

PasiuyHble BELICCTBEHHBIE YacTH; Torfa B cuay (122) dyuxuus
R(w; (%) =@y (x)) =p (x) R, — pe)
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OyAyT COXpaHaThb 3HAK B HuHTepBagne [Xy, ©). CuenoBaTemnno,
k cucreme (129) npumenmma Teopema 1. DTa cucrema wumeer
2n JIMHEHHO HE3aBUCHMBIX pelleHUH

21=21p 29=29 .5 2on =204 b k=1,2, ..., 2n,
TaKux, 4To
Zjp = euk'Elek,

rie

i { I nmpu ==k,

i e

x»nlon’k 0 mpu £k
" TIe

X
1
Voo (O

IIpeo6pasoBauue j= Bz mNepeBONHT 3TH DpeEIIEHUS B HEKOTOPLIE
dij ~
pelleHHst cuCTeMbl - =Aj. Yuwresag dopmyay (127) nas

MaTpullsl B H HcxomHylo 3anuch (112) sTolt mocsaenHell CHCTeMBI,
IPHXOIHUM K CJAEAYIOUIEMY De3yJbTATy,
Teopema 8. Ecau ¢pyuxyuu

1 I4
(o
cymmupyemor 8 unrepsate [0, o) u ecau lim py(x)>0, 710
ypasnenue e
n - -1
(—U"ﬁ(ﬁo %)Jr(—l)”“ d‘i;_ll (p, d‘inn_l>+ cor Fpay=hy
uMeeT 2n AUHEHO He3Q8UCUMBLY PeULeHull Y, UYs, + ..y Yop» TAKUX,

yTo npu x-—» oo
gp=e"[1+ o ()],
Yo = npe" [1 -+ 0 (1),
yi”‘” pe "M [ o (D) |
# = puip"e [+ o (1), 10
gt = pou’,ﬁ“p"”e”kg [L+o(U)],

yl[:n"]= (_I)fl 5p0“/2€n Ip?n ] “‘kE[l +O(1)] J




i § 22. ACUMNITOTHKA MPH BOJBIUMX 3HAYEHUSAX APTYMEHTA 321

ede Y% v=1, 2, ..., 2n—1,— Keasunpoussolnoe pynryui Yy,
e — 6C€ pasAULHbLE KOPHU (2n)-d crenenu uz (—1)"A, Jdedicrsu-
TeAbHbLE 4ACTU KOTOPbIX NPeOnoaQearoTCa pPasiudusimi, a

X

1 1
=% > §=f2n_dt. (131)
VPD *o Vpo(t)
6) [Ipumenenne teopeMn 3. Ilosoxkum
, A=Ay+ A+ A,
rae
0 0...0
A=[0 0o.. 0] (132)
pn 0 ... 0
0 |
1
L
A= Po ) (133)
- —l1
—1
—A 0
0
0
P
Ay = 134
? P2 (134)
Pn-t
0

Haitnem coorsercrsyromue Marpuuwmr W, B, X, X,, X;. Hua-
TOHaJIbHLIE 3JeMeHTBl MaTpuubl W cyTh coGCTBEHHBIE 3SHAYEHHS

21 M. A, Haimapk
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Matpuisl Ay + Aj; €1ef0BaTeNbHO, OHU SBJISAIOTCH KODPHAMH ypas-
HeHUus

—w 1 0
—w . .
. . .
L
0 —1
Pn — A — W

Beruucasist 3T0T onpefenutean (cM. crp. 317), moayudM ypaBHeHuHe

w2ﬂ+(~—1)"~&‘p:—l=0. (136)

OGosnauum uyepes p=p(x) uaMepuMyio QyHKIHIO *), KOoTOpast Nnpu
Jo60M 3HaueHHH X SIBJISETCS ONHAM H3 KOpHed (2n)-# cremeHu

us (—1)* &%@—; TOrja pelleHMsMu ypasHeHHs (136) Gyayt
[}
w;=¢p, i=1,2,..., 2n, (137)
rie e, &, ..., &, —BCe Da3JIHUHbe KOPHH 2n1-ii CTENEHH H3 elH-

HuObel. Haiinem Temepb Matpuuy B. [To onpenesaenuio
(A4)+ A)) B=BW;
NMOBTOPSAS Te Ke paccyXJeHHs, uTo ¥ Ha cTp. 319, mosyuum
B = PE}, : (138)
rie P — auaroHajbHas MaTpulla ¢ JAHATOHAJLHBIMH 3JeMEeHTaMH
P=1, Py=0p, P3=pzv"" Pn=pﬂ—]’ Pn+l=p()pn’]
Ppg=— pOan’ ! (139)
+2 n-l1 2n~1 ]
Puia=pop™? ...y Pon=(—=1)"" pep™", J

*) Ecn dyHkuuu p,, p, HenpepuiBHb, a (QYHKUHM py H p,—A He ofpa-
IMAaKnTCAd B HYJb NPH AOCTATOYHO OOJNBIIOM X, TO MOXKHO 3aZaThCs KaKHM-
HuOyab 3HauyeHHeM KOPHA IHPH (HKCHPOBAHHOM 3HAYGHMH X H IOTPeGoBaTb,
yT00bl QyHKIUSA O (¥) OhJua HenpepbiBHOH. DTHMH YCJOBUSAMH OHa ONpPEFEIHTCH
OAHO3HAaYHO.
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6 — guaroHaJjbHas MaTpHila C JHAaroHa/JbHbIMH 3JE€MEHTaMHu

8y, 02 ..., Ogp,
a
: 1 1 ... 1
€ & . €9,
= 2 2 o
E=]| & e ... & |. (140)
on-1  p2n-1 2n~1
\8‘ 82" cen &g

Tisss onpeneseHHA MaTpHIE O BOCHOAb3YeMCH JONOJHHTEJbHBLIM
yCJIOBPIEM, COTJIACHO KOTOPOMY AHAroHaJbHbLiE 3/EMEHTHl MaTpPHLbI

B'£= nomkHB 6bITh PaBHH HYJIO.
Jlmp(bepeﬂunpyﬂ cootHomeHne (138) u ymHOXas ofe uactu
-1 =l =1 p-t o
NoJYUEHHOTO pesyJbTata Ha B =08 L 'P™!, maitzem, uto

-1 dB _ (1 -1 dP -1 dé
B = E™! -Eé+4d R

Arta MaTpHLIA HMeeT Te XKe IHAroOHaJAbHble 3JIEMEHTHI, UYTO H MaTpHIa

887" Lyt =ppt L gy Lo (141)

H NOTOMY /[HaroHaJbHHE 3JIeMeHTH MOC/AefHed MOJIKHE OhITh
paBupl Hy.0. Ho, Kak Jerko npoBepHTh,

[ 1 g2n-t g2n-2 e ]
| 1 e I

2n—1 2n-2
1 & e ... 8y

2n-1 2n-2
[1 el gln "'esz

Mo3TOMy YyC/I0BHe OGpalleHHss B HYJb JHAroHa/JbHLIX 3JEMEHTOB
MatpuuH (141) mpumer BuT
2n

3N g L P 1 9%
el By @ %k T E a0
T. e "
LG 1 dP; 1 dsy

on P; dx T8 dr T

Pemast 310 auddepenunanvhoe ypasrenne, naiiieMm, uTQ
1
6R=CR(P1P2 Pzr;) 2;1.!

2*
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rle C,— NPOU3BOJIbHLIE TOCTOSIHHBIE, YUHTbiBasg Bhlpaxedus (139)
IJIsi DMaroHaJbHBIX 3JeMeHTOB Py, ..., Py,, MBI NOJYYHM
Bl
— 2 2
0, =c,p Py 2
Takum ob6pasowm,
21 1
d=p ? p,’c,
rie ¢ —IOCTOsIHHAsA AMaroHaJbHas martpuua. Iloxcrasaas B (138),
NOJIYYHM CJlelyIOliHe BhHIDAXKeHHS 1Js B:

2n-1 1

B=p ¥ p,?PC, (142)

rae C = Ec—nocTosiHHasi MaTpuua.
Hailigem Teneps matpuuy X, BBenem oGosHaueHus:

Xo=(x2), Xi=(xf), C=(cpw), C'=(ch),
=), B =(bjw);
torpa u3 (33) mpu i=0, (142), (132) u (139) noayuum
(0) (w - w) pnb] 2nb pn i 2nP_1PICIk

n=1 _ _1.—(n-
=P, (=1 pglo™m0c] p.e

Orcona B cuay (137)
Pn

XO?\,p

SOa (143)

rie S,— noctrosinHas marpuuna. Ho toraa us (34) Jerko BHIBOLUM,
uTo

’
Py
(A—=pa)o

rie S —noctosHHas Marpuia.
Hanee, u3 (33) npu i=1 BHTekaeT, 4UTO

X= S, (144)

Po

(0] — = — ’
(0, — @) 3 binbosr, =
p/ U,
0 7 -1 ~0 4
= — —5 CinPn Pu1Cns1, g = — — PCjnCn+1, k;
Po Po
CJIEL0BATIBHO,
V4
Po
Xx=_"‘“SI, (145)

Po
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e S,——nocro;mHaﬂ marpuua. Hakouen, moassysice dopmynamu
(134) (137) u (139), serko yGeauThcss B TOM, uTO

B AB=poTi+ 5 Tot o+ 20T, (146)
rae Ty Ty ooy Ty — MOCTOSHHBIE MATpHLUHL
DopMyJIH (143)-«(146) NOKa3bIBAalOT, YTO YCJOBHS TeopeMhl 3
6yAyT YROBJETBODEHDI, €C/H (PyHKUHH
,2

7y P I T > Prni
T=payo’ A=p)?p’ (h=pa)p®’ po’ pop’ pep’ """ pop??
' (147)
CyMMHDyeMbl B HEKOTOPOM HHTepBaJe [, ©0) W ecu
. Py 1
S e | <T3T (148)

SToT mpenes CylecTByeT BBHAY BhiTeKaiolueit u3 (147) cymmupye-
"
=)o
Ouenum Hopmy [ S| Marpuus S. Ilyers s9%,, s, — aieMeHTH
matpul S® n S. OueBHiHO, MOXHO cudTaTh ¢ = 1. Torga C = E;
Cef0BaTebHO, YUMTHIBAs Bhipaxenuss Aas E u E', noayuum

MOCTH TIDOU3BOIHOH (GyHKIHH

0 npu i = &,
s@ =i n-1 .
ik - (—'1) & .
o ei—e, b i #* k.
Orciona u n3 onpeleseHnss mMatpunsl X 3akjaiouaeM, YTo
[ 0 npu I =k,
Sip=1} (=1)" & :
2n  (ep—g;)? mpn i F R,
H HOTOMY
RS I 2n—1)2
" — n
ISP < ,
@n)* 4 fe,—e ' T 2n)a,
is=k

PAE 4y, — NJIMHA CTOPOHBI MPABHJIBHOIC 2A-YrOJbHHKA, BIHCAHHOIO
B OKpyxHOCThL paiuyca eanmnuua. CiaeloBaTeqbHO,

Von—1

=

‘/Qnagq

SIS
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14

P
W3 cymMMupyeMOCTH (YHKUUH 70— BHITEKaeT, YTO CYILeCTByeT
0

Po (x)

11m In| po(x) | = In| po(xg) | + f A (x)

M 1IIOTOMY CYILIECTBYET TaKxkKe
[ po(00) [= lim | po(x) |+ 0.
X > 00

Orciona caenyer, 4To cyMMupyeMocTh ¢yHKuuii (147) skBHBaenTHA
CYMMHDPYyeMOCTH (YHKLUHHA

—l—-—-l— —2_1_ _.1___1_
ALy A AL A A A ”—°, ]I
Po
_t _3 _2n3 i
Pl“"_PnI 2”1 p2|}\'_pn' 2"»---a pn—ll}‘/—pn‘ 2n . J
(149)

IIpennonoxuM, KpoMe TOTO, YTO MPH X JOCTATOYHO GOJBLIIOM
(x = x,), BemlecTBeHHas yacTb KaxAoH u3 dynkuui

W, —w, =p(e;—e)

coxpaHseT 3Hak. IIpuMeHsiss TeopeMbl 1 u 3 u moJan3ysacs ¢opmy-
Jo#t AJafi MaTpuusl B u cBolictBamu MmarpuyHod ¢byHKuuu X (x),
HOPHXOJHM K CJeLYIOIeMy pe3yJhTaTy.

Teopema 9. [Tycre npu OocTaro4Ho GOALWOM Xy (PYHKYUL

—l—-l— —Q—L _1_1_
A R A S AR I A
1 2n-3

p -
0 ] pl(}" pn) 2n’ Pz(}" pn) 2n <oy Pa-t (K_Pn) 2n

cymmupyemo. 8 untepsase [x, o0), a seujecTeHHble HACTU QYHK-
yut
1
;= wp=ilh— p,)?" (e; — &),

20e e;, j=1,...,2n, —8ce pazauunsie kopru (2n)-ii crenenu u3 edu-
HUYybL, COXPAHAIOT 3HAK 8 3TOM uHnTepsare. ITycTs, Kpome 1020,
1 9 A2
~1= Von ay
P Pu(h=py) Von =1’

20e a5, — 0AUHA CTOPOHBL NPABUALHOZO 2R-Y2ON6HUKA, BRUCAHHOZO
8 eOUHUYHYIO OKPYICHOCTG,
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Tozda ypasuenue l(y)=DMAy umeer 2n AuHeldHO He3asuCUMBLX
pemeﬂuu y=yp i=1, 2, ..., n, rakux, 410 npy x— + oo
_n—l 1 :
y=0 7 po el [l+ay+o(l)],

R _Eot L
yﬁ”‘P T p, 28’_99/1%[1-;—(1“-!-0(1)],

2n—~1 1

ysn—-l]___p 2 pO 28” lpnl €, ll+a/nl+0(l)]
2ol 1 151

=0T T o2 "eal§[1+ajn+o(l)], (151)

2n—1

»'}1“” =—f '"2_“8;1+1p0 an “i? [l + al ni1 T O (1)]

2n—1

yll“’""” (— 1)”‘lp_ 2 e?”“lp0 p et [1+0 5t o(l)],

j=1,2,..., 2n, J

20e a;, — HEKOTOpbIe NOCTOAHHbLE *)

4 ~ 20 —__7»——
J pdx = j (— 1) 2P gy (152)
Xo

u 2de y[i”, ceey y[]?"‘”—neaaunpouaeodubte pynryuu y, **).

OTMeTHM BaXKHbIE YACTHBIE CJYyYad, HNPH KOTOPHIX oOCyLIie-
€TBJISIOTCST YCJIOBUSI TeopeMBl 9:
. 1) Ecan A — HeBemecTBeHHOE YHCJIO, TO BBUAY BelleCTBEHHOCTH
byskuun p,(x) Muoxurean A— p,(x) orpannuen cuusy. Caenosa-
TeJbHO, B 3TOM cJyuae Ajas cyMmupyemocTH ¢ynkuuu (149) mo-
CTaTOYHA CyMMUpyeMOCTh (PYHKIHi

I

L, Y, Pl WPe o Pir Pa e Py (153)
*) B cuaty (38), (140), (142) u (144)
2n gk v . P,
o= 3 (] 0 0 o) = fim L

k=]

**) B a1oii TeopeMe acHMNTOTHKZ pelueHHH onpenedsercs Juub Koadhu-
uAeHTamu Po U pn. Dosee ToHKHe TeopeMHl, B KOTOPHIX aCHMITOTHKa onpeje-
AfeTCHA MOBeAeHHEM BCeX KO3(QHUHEHTOB, MoayueHH B paGorax Pexopok [1-4].
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Ecuin, KpoMe Toro, GyHKuus p,(X) orpaHiuena B MHTepBaJe [X;, oo),
TO 3TO MOCJE/Hee YCAOBHe HEe TOJBKO JOCTATOYHO, HO U HeoGXodumo
oasa cymmupyeMmoctd ¢yuxuuii (149). Ycnosue (150) Gymer Toraa
BLINOJIHEHO, €CJH

Vﬂ[ﬂ ]+_I_
li £ (%) ] < e | JA | 28,
lim [, () | < 5= 1 9% (154)
2) Tyets | p, (x)|— o0 npu x —> co; Torma
lim A=pn _ —1,
x>0 Pn

H TOTOMY CyMMHpyemocTb ¢yHKuni (149) skBuBasleHTHA CyMMu-
pyeMocTH QYyHKIHH
1 1 /

” —1- 5 ’ 2 3y ’ v
pn]pnl 2n’ pnzlpﬂJ Qn, pﬂ]pn, 2ﬂpO
1 3 2n-3

pl]pn,—?n-’ pQIpnl—%’ veny pn—]'pnl* 2n .

Kpome Toro,

2n —
Pa 2n P P
a 3HA4YuT,

T
ey=we= )/ 0T a1 Lo (H)]
0 n n

[TpennoJsoxkuM Telleps, uTo OYHKIHS p,(Xx), caefoBaresbio U QyHK-

o 1 28

Ilycte mAs  ompeneseHHOCTH (—1)"'l Pr~0 npu x>x, Ecau

P (155)

CoXpaHsieT 3HaK INpH JOCTATOYHO GOJBIIOM X.

R(e;~e,) # 0, TO M3 npeAbAyLIEH (bopMym:.I CJeNyeT, UTo

2 p———
R(o;— )=} (1" B R~ +0() (150

H NIOTOMY COXpaHfeT 3HAK NPH AOCTATOUHO GOJbIIOM X.
Ecan xe N(e;—e,) =0, To J(e;~e,) %0 &

2n
Rl —w) =) (- )72 5 3B 3@ —e) (o) (157

cjlefoBaTeJbHO, H B sToM caydae R(w;—w,) coxpanser sHaK
OpH X A0CTAaTOYHO GOJIbIIOM,
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: . 1
Cayuait (—1)* Lrn <0 paccMarpuBaeTCsl aHAJOTHYHO; NPH 3TOM

pmecto Qopmya (156) u (157) caemyer paccMarpuBaTh (HOPMYJIH

m(w,~wk)—]/ Lo | (e —e) (1 +0(1), R(ej—ef) #0, (156)

2n
iw,— w0 = | 2] o 2L 3 (e e (L +o(1), R(E—ep) =0,
(157)

rie €, — BCe pasJHuHble KODHH (2n)-it cTenenn uz —1.
I/ITaK ecau 11m pnlx) =+ co uau hm Pn(x) = — oo, TO yHx-

yuu R(w; —wk) ]=/&k, COXPAHSAIOT snarc npu docrarouno 60a6-
wom Xx.

PaccMoTpuM Tenepb TOT cayuafl, Koraa | p,{x)|— oo npy x — oo
n Qysknuu p/(x), p7(x) He MEHAIT 3HAK B HHTepBaJe [x, 00);

nyCTh, KpOMe TOrO, IPH X —> 00

= 0(|p,[) 0<a<l+g-. (158)

Torga upejnea B Jjepoit uactu (150) paBen nymio. OTcloga ciaenyer,
yro ycaosue (150) BEIMOJHEHO M YTO Bce MNOCTOSHHBIE O, B ¢op-
’

mynax (151) paBusl wymo. Ecau, kpome Toro, ¢hyHKIHS Po CyM-
0
mupyema, 10 H QyHKUHA p; cymMupyeMma (CM. cTp. 326) u moTomy
TaKXe CyMMHpyeMa (QyHKIuS
I

’ ey
polp.l g

6o B cuay (I58) mpousBeneHHe NePBHIX IBYX MHOMKHTEJeH orpa-
HHYEHO IIpw X —> co,

[lycte nns onpepesnensocTn p/, >>0; Torga B cuJy yCJIOBHA
[Pn(x)|—> 00 Gymer Takke p,>0 NOpPH X MOCTATOYHO GOJIbUIOM
(x> x,). TTostomy, yuuThBast ycuosue (158), moayuaem, uTo

N
f” Ipn‘ Q”dX“JP’:p? Q”dr— (fpp 2”dx)
1

Xg
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1
Tak kak 0<a<l + 5,;» TO mNOCTeJHee BHIPAXKEHHE OrPaHHYeHo;
CJ1e0BATENbHO, CYIIECTBYeT HHTeI‘paJI

fp (o) a.

AHaJIOTHYHO MOXKHO IIOKa3aTb, YTO 3TOT HHTErpaJ CyulecTBYeT HpH
p, < 0. Ho Toraa us coorHoueHus

fp [Pl Tdx=pllp,| +(1+§;)fpnlpnl "dx
Xo X

CJe/lyeT, UTO CyLIeCTBYeT TaKkKe PIHTel"paJI

Treind ™ Far

Hbo

____1_. a_]....._l_
(p;lpn! l 2")x_N =0(lpnl 2")x=N*0 npu N — co.

Taxkum o6paszowm:
Ecau npu docrarouno 6Goasuwiom x,
14
1) pynkyuu p;, p, He MeHAIOT 3HAK 8 unTepsase [xo, 00),
2) ¢pynryuu
’ 1 3 2n—3
Po -2

2o PPl palpul 2 s paailpal

cymmupyemsl 6 unrepgase [x,, o0) u ecau npu x-—» + oo
3) [pn(x)|— o0,
7 a I
4) p,=0(]p,|"), 0<a<1+ o

TO 8Ce Ycao8us Teopemol 9 BbLNOAHAIOTCA U NOTOMY UMEIOT MeCTO
acumnroTuseckue gopmyast (151), npuuen sce 0y, =0,

B) [IpuMeHeHuEe TeopeMBH 5.

Teopema 10. ITycte npu AocTaTo4Ho 6OABWOM Xo PYHKYUU

Po» P1» P2 -++» Pn

HenpepoleHbL 8 UHTepeaie [x, oo) U RYCTb CYULECTBYIOT KOHEHUHbLE
npedenst

ap= lim py, a;= lim py, ..., a,= lim p,, (159)
X > 00 x> oo X > 00
npuwem ay 7= 0. Ecau sewecTaenroie 4actu Kopreil 0y, 0o, ..., Don

YypasHenus
(=) app™ + (= 1)""ap™+ ... —a, 0 +a,—A=0 (160)
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oTAauunbl Opye or dpyea, 10 YypasHenue

. dﬂ dny -1 d/l—l dn-]
(= 0z (ot )+ 0 i () o =t

dxﬁ,—l

Cpueer 20 AUHEUIHO He3aBUCUMBLY peutenull

E Y Yoy + o0y y2n:
‘raKux, 410 ,
lim 2 ~p (161)
x> Yk ke -
-C a1e008areasHO, npu A06OM NOAONUTENLHOM €
lim —2 _— =0, lim —% =, (162)

‘o PE)T A CRDF:

JdokasaTeabcTBo. B cuay ycaoBuil TeopeMbl

0 1 0
. 1 0
_ L
A (OO) = o :
h a, —1
ap-y - =1
Ap—h 0
‘CO6CTBeHHBIEe 3HAYECHHA 3TOMH MAaTpHULDL. 6yllyT KOpHSIMH YPaBHeHHUA
—p 1
. 1
L
ao
al __p . l = 0.
Ap-y —1
a, — A —p




332 I'’1. VII. HCCJIELOBAHUE MHIEKCA HE®EKTA H CIEKTPA [2

PackpriBas mocjefuuil onpefesauTe b, NOJTYUYHM ypaBHEHHE

(=1 ag0™ + (= 1) a0™+ ... —a,0’+ (g, — 1) =0.
ITo ycnoBuio BCE €r0 KOPHH Py, P2, - -+, P2n HMEIOT PA3/IHUHEIE Be-
IIeCTBEHHbIE YacTH; AaJjee, B CHJY YCJAOBHs
pp 0...0
BraEB=| 0
0 0...0,

(cm. (97)) croabubl MaTpuisl B yAOBJETBOPSIOT OLHOPOAHOH CH-
cTeMe ypaBHeHHH
~ Prebix + b2 =0,
— Prboe + b3 =0,
(an - ?“) b]k - pkb2n, = 0.
B 9THX ypaBHEHHSX MOXKHO MOJOXHTb by, = 1; Torga ocTa/bHble
5JE€MEHTHl bog, ..., Doy, p ONPEHESIOTCS €IUHCTBEHHBIM OGPa3’OM..
YTBepxkaenne teopeMsl 10 HemOCPe[CTBEHHO C/lEAyeT M3 3TOTO
06CTOSATe/IbLCTBA U TEOPEMHl 5.

3ameuanune. B HeKOTOPHIX Ciaydasix MPHUXOAUTCA pPacCMaTpH-
BaThb ypaBHEHUE

Py + oy + ..+ pay =Ay. (163)
ycry pynxyuu py, py, ..., Pn YOOBAETBOPAIOT Tem Ke YcAao-
suAMm, 410 U 8 Teopeme 9, U NYcTb KOPHIL Py, Poy o .., Pn YPABHEHUA
g+ a4 ... +{a,—A)=0 (164)
umeror oTaudtsie Opye or dpyea eeujecrsennoie wacty. Tozda ypas-
newue (163) umeer n AUHEIIHO HE3ABUCUMBIX PEULEHUL Y1, Ysy « v vy Yns

TAKUX, 4TO

’
. Yo _
,BL“L v Ok

Caedosarensno, npu a1060M ROAOHCUTEALHOM €

i .___yk__= i .__.-yk = =
tim plie =0, i =, A=L 2 im0

JloKa3aTenbCTBO 3TOrO YTBEPKICHHS aHAJOTHYHO N0KAa3aTeabCTBY
Teopemn 10.

Teopemnt 1—3 u 8 u 9 mnpunaanexar WU. M. Panonoprty
{cm. Panonopr {1, 2], Teopemnt 4 u 5 Tleppony (cm. Tleppon [1]).
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§ 23. Huaexc gedekta nupdepeHnnanILHOro omeparopa

PaccmorpuMm auddepenunalbHoe BhHIpaKeHUe

anr 4ar - dn—-l dn—l
L) = (=1 = (b )+ (-0 2 (0 28 4 4y ()
B HHTepBane [0, -+ o), rue

1
Hy Prs -5 Pn

— BellleCTBeHHBIe (YHKLIHH, CyMMHDyeMEle B KaXJOM KOHEYHOM
uurtepBane [0, a], a>0. B npanpuefimem B sToM naparpade Mb
6yJlemM CHHTATh 3TO YCJOBUE BHINOJHEHHEIM H He GyieM ero GoJblie
oroBapuBaTh. Kak Obuio noxkasauo B § 17, 5To Bhipaxeunue omnpe-
JessieT 3aMKHYTBIA cHMMeTpuueckufl onepatop L, ¢ wumekcom je-
dbexkra (m, m), rae n<<m<<2n. UHcgao m eCTb 4YUCJAO JHHEHHO
He3aBUCHMLIX peLleHHH ypaBHeHUst

I(y)=1~y, 3Ir+*0, S (@)

npunajgiexamux L2(0, o).

AcuMnToTHUeCKHE BbIpaXKEHHS [J51 pelleHHH ypaBHenus (1), mo-
ayueHuble B § 22, naioT Tenepb BO3MOXKHOCTb A0Ka3aTh HEKOTOpble
TeopeMbl 00 HHAekce Hedekta onepatopa Lo B 3Tux Tteopemax
BHISICHSIETCS, KaKHM 06pa3oM HHIAeKC JedeKTa 3aBHCHAT OT IOBejle-
HUS K)oa(quuﬂemos Pos P1s + ooy Pn AU DepeHIHANBHOrO BEIpAKE-
HHA *),

1. HameHeHue koagduuueHta p, Ha orpaHHuyeHHOe cjaraemoe.

OGoanauum uepe3 ¢(x) H3MEPHMYIO BELIECTBEHHYIO (QYHKUHIO, Cy-
IeCTBEHHO OrpaHHyeHHYI0 B uHTepBaJge (0, + oo),

Teopewma 1. [Tpu npubassenuu k p,(x) pynkyuu q(x) ux-
Oexc Odegexra oneparopa Ly He usmensercs.

JokasaTeabCcTBO. YKa3aHHOe NpHOGaB/JIeHHE DaBHOCHJLHO
npuGaBseHu0 K L, onepaTopa yMHOXeHHs Ha $yHKUM0O g (x), orpa-
HHYEHHOTO B CHJY CIeJaHHBIX NPENMOJIOXKEHHH OTHOCHTENBHO ¢ (x).
Beuny BemtecTBeHHOCTH ¢YyHKIMH ¢(x) 3TOT oOmepaTop Takke
3PMHTOB, a TpuOaBJieHUe OrpaHAUEHHOrO 3PMHTOBA omepaTopa
K CHMMETPHYECKOMY OlepaTopy He H3MeHseT #HAekca Hedekra
(cMm. Teopemy 6 n° 7 § 14).

2, NMpumenenue teopemut 7 § 22,
Teopewma 2. Ecau cywecrsyror nocroanHoie ay %= 0, ay, ..., Ay,
TaKue, 4T0 QYHKYUU
1 1
—E—E! Pr—81 o vy Pyp— 4y

*) Pesyambratel n°n® 1—7 npunagmexar astopy (cM. Hafimapx [4]); ux mo-
ApoOHELIe A0Ka3aTeIbCTBA OMyOJNKOBAHEl BIEPBLHIE B I€PBOM H3JAHHH 3TOH KHHULH.
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cymmupyemst 8 unrepsase (0, o), To undexc OJdedexra onepa-
ropa Ly ecrs (n, n).

JokasarteanbcTBO. BhfepeM HeBellleCTBEHHOE YHCJAO A, Ta-
KO€, UTO BCE KOPHH @i, 03, ..., Py, YPABHEHHH

ag? — a,p 2+ ... +(—1)"(a,—1)=0 (3)

HMEIOT pasJiHuHble BellecTBeHHBE wacTd. CorsacHo Teopeme 7 § 22

ypaBHeHue [(y)=Ay ameer 2n peweHuil y=y,, k=1, 2, ..., 2n,
TaKHX, 4TO NIPH X —> + 00

yr=e* {1+ o (1)) (4)

PacnosiouM u#esaa @, 0y, .., Py, B NOpsifiKe yObIBAHHS HX Be-

LIECTBEHHKIX YacTeH:
R(p)>R(pa)> ... >R(pyn). (5)

Tak kKak ypasHeHue (3) COAEpPNKHT TOJNBKO HYETHHE CTENEHH O,
TO OLHOBPEMEHHO C P, €ro KopHeM OyHIeT TaK:ke — p,; 03TOMY
KODHH 0y, P2, ..., 0, HMEIOT MOJIOXKHTEJBHYIO BEIECTBEHHYIO YACTb,
a KOPHH Quip, Pnigs -..» Dop — OTpULIATE/]BHYI0 uacTh. OTcioga
Ha OCHOBAHUH dopmynl (4) 3akiouaeM, YTO GYHKUHHA Y(, Yo, ..., YUn
He GynyT npuHagtexats L?(0, o), a GYHKUHH Yuip, ..., Yo, BCE
npuHagitexar L%(0, o). KpoMme Toro, Hukakas JHHeilHas KoMOu-
Hauus Y=cy,-+ClYp+ ... +Cuy,, B KOTOPOH He BCce Koaddu-
IHEHTH PaBHB HYyJIO, He MOXeT npuHammexatsh L2(0, oo). Heii-
CTBUTE/IbHO, U3 cooTHOmEeHu# (4) u (D) BHITEKAET, 4TO

—%;—‘——»0 npy x—>+ oo, k=1,2,...,2n—~1.
Ecan nostomy c¢,—mnepBuii ¥3 KO3(QPHUHEHTOB ¢y, €y ..., Cp,

He paBHBIH HyJO, TO

Ciyr+ColYa+ oo FCpln=1Cylyy+ ContYynr + .. Ty, =

=cyyy [l +o(1)]
H, cJenoBaTenbHO, He npuHaniexur L2(0, o). Ho Toraa Juneii-
Hasg KoMOMHaIua

i+ oo FCalYpF CnilYna oo Coplion

6yner npunapgexate L2(0, o©) Torma W TONBKO TOTAAa, KOrjaa
¢;= ... =C,=0. JT0 KaK pas H O3HauyaeT, UTO UHJIeKC Ae(eKTa
oneparopa Ly ectb (n, n).

3. MpumeneHue Teopemnl 8 § 22,
Teopema 3. Ecau ¢pynxyuu

(p%),’ P P2, v o5 Py
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cymmupyemor 8 unrepsare [0, o) u ecan lim py(x)>0, 10 one-
X >+

parop L, umeer undexc degpexra (n, n).
JJokasatTeabcTBo. [losowum

)|

Vpo (1)

(cymecTBOBaHHE 3TOro npefena OGbLIO YCTAHOBJAEHO NpH JOKasa-
TeabcTBe Teopembl 8 § 22); B cuay ycaosust TeopeMmnl ¢ > 0. Ilycts
HeBellleCTBEHHOE YHCAO0 A BHIOPAHO TAK, YTO KOPHH Wi, Ho, ..., Ho,
2n-# crenenu u3 (—1)°A MMeOT pasiMuHbie BellecTBeHHbIE YacTH.
Beuay Toro, uTo uMcsna W, — KOPHM UYeTHoH cremeHu, uMeercs
B TOYHOCTH 7 KODHel ¢ NMOJIOXHTEJbHOH BeIeCTBEHHOW YacThio H
n KOPHEH ¢ OTPHLATEJbHOH BeIleCTBEHHOH YacThio. PacnofomuM
HX B nopajke yObBaHus HX BellleCTBeHHBIX uacTeli, TAK UTO

Rp) >R > oo >RE)>0>R(We) > oo >R (1)
Cornacrno Teopeme 8 § 22 ypamuenue [{y) = Ay umeer 2n Junefino

¢= lim
X > 0

HE3ABHCUMBIX peIUeHHH Y, k=1, 2, ..., 2n, TaKuX, uTO 1pHu
X—> + oo

Y= e"**[1 + 0 (1)],
TAe

X
{
t= [ ot
*o Vpo ()

Ilo onpenfeseHHIo uucaa ¢, KaxkoBo Obl HM ObLIO NOJONKHUTEILHOE
YHCJIO & NPH X J0CTaTouHo OosbluoM (x 2= xg)

(c—e)(x — x) <E<(c+e){x— x);

B JaJpHeHmeM MH Oyaem cuurtath €< ¢, Tak uto ¢ —&>0. Torna
OpH X == X

,_2’2_ =P (M) [ 4 o ()] = " e Men) € 11y o (1),
Yr+1
H ToTOMY
‘ !/;;1 <e'm (Hk—uk+})(c—3)xll + 0(1)],
TaK 4TO
lim |21} q 6”
x>+l Yk 6
3ameTuM Tenepeb, U4TO HH ofHA M3 GYHKUMEH 4y, Yo, ..., Y, HE NPU—

Hanaexur L2(0, oo). eficTBuTeasHo, npu k< n 6yaer K (ue) >0
B HOTOMY

[ypl=e" R[4 o (1)] > & P 0511 4 o (1)),
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a 3TO TMOCJe[Hee BLIpa)KeHHe CTPEMHTCS K -+o0o [pH X —> + oo,
[ToBTopasa paccyXjAeHHs, NPHUBEJEHHBIE B KOHLE A0Ka3ate/bCTBa
TeopeMbl 2, 3akJouaeM, 4To HHAeKC AedexkTa omepartopa L, ecTb
(n, n).
Teopemy 3 MOXHO 0006IIHTE CAeAYIOUWIUM O6Pa3oM.
Teopema 3. [ycre svinoaneror ycaosgus:

(P))l ( )
s Fl’ p ’ n—1»

cymmupyemsv. 8 unrepsaae [0, oo);
2) hm Po(x)>0;

3) pn(X) = p(x)+ qx);

4) ynkyus q(x) usMePUMA U CYULECTBEHHO 02PAHUYEHA G UH-
repsase [0, oo).

Toezda oneparop L, umeer undekc degexra (n, n).

HoxaszateabcTBo. OGosHaunM depes L7 omeparop, Hnopo-

SKAEHHBIH AH(pQepeHLHaIbHEIM BHpaXKeHHeM

, an duy ! n—l dn—ly
Py =17 dx" (Po dx")+( " dx™! <p; dx'rl)_{-

—dix(pn ! dx)+py

Ha ocuoBanun Teopemsl | uuuexc nedexkra omeparopa L, cosna-
AaeT ¢ uHaeKcoM nedeKta omepatopa Lo, paBHEM (7, n) Ho Teo-
peme 3.

CaencrBue. [Ipu rex se npednoioienusy OTHOCUTEAbHO
q(x) oneparop Ly, noposxcdennoiti dudhpepenyuaronsl s soLpasdcenuem

Hy) = (=1 =+ g () g,
X
umeer undexc degexra (n, n).
HeftctBHTeIbHO, QYHKIHH
Po= 1’ pr= ... =pn~IEO’ Pn=

VAOBJIETBOPSIIOT BCEM YCJOBHAM TeopeMbl 3.

4. Tlpnmenenne teopemn 9 § 22.

Teopewma 4. [Tycrs BoinoAHeHbl YcA0BUA:

1) [ pa(x)|—> 00 npu x—> + co;

2) p!, p He menser 3HaK 6 unrepsa.ie [x,, + o) npu docra-
TOYHO 0OABUIOM Xy;
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3) npu x—> + oo

’ 1 .
pn=0(\pn]a), 0<a<1+%; {7
4) pynxyun
po ! _3 _2n=3
,pllpnl gl pal P Papal

cymmupyemot 6 unrepgaae [0, + oo);
5) lm py{x)>0%).
X > + o0

Toeda, ecau p,(x)—>+ 0o npu x—> + oo, 10 underxc degekra
oneparopa L, ecre (n, n).

Ecau oce pn(x)—>-—o0 npu x-—>+ oo, 10 undexc Oegexra
oneparopa Ly ecte (n+1, n+ 1) uau (n, n) 8 3asucumocry or roeo,
byder au unTE2PALA

1+ !

[ 1ol "5 ae (8)

cxo0uTsca wAl pacxodursca **).
HokasateascrtBo. Coraacso TeopeMe 9 § 22 ypaBHeHue

Hy)=2(y)

HMeeT 21 JHHEAHO HE3aBHCHMBIX pewreHud y;, j=1, 2, ..., 2n,
TakuX, YTo OpH X —> 4 00
2n~1 I

gi=0 2 p ¢ [L+o(D], j=1,2 ..., 21, )
rie
N v
p=]/(—1)”"’—p”—, (10)
Pe
X
= | pdr, BT
Xo
a g, &, ..., 8, — BCE PA3NHUHBIE KOPHU 271-{ CTENECHH U3 €IHHULIHL.

*} YcaoBue 5) B AeliCcTBHTEJIBHOCTH sIBJASETC HOPMHUPOBKOH, uG0 H3 cyMMHu-
N U4
. Po .
pyeMocty byHKUMA s clIejyeT, 4TO CyiiecTByeT npesen lim  py =0 (cMm.
0 x>+ o0

crp. 326). Ilosromy, ecin HT Po <0, 10, mepexeas or [{y) k —I(y), Mu
x>+ oo
Y'IIOBJIeTBopHM ycaoBuwo 5).

**) TeopeMa, cojlepkailas YCJIOBHs, AOCTATOYHBIE A TOro, UTOGH HHAEKC
Aedexra Obi1 paBeH (n+k, n+ k), rae 0 << k<< n, notyyena B pabore Peno-
piok [1]. Dr1a TeopeMa ocHoBaHa Ha Gojee ofWHX acHMETOTMYeCKHX (opmynax,
Haiinennbix M. B. ®enopiokom (cM. Takxke ®enopiok [4]).

22 M. A. HaiiMapk
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Tlpu sTOM arge BLIOUPAeTCa TaK, 4TOObl OH OBl HeMPepLIBHOI
¢yHKuueit or x H

0, ecanu (_1)n~lpn>0v
lim argp= '

x>+ 0 —2—%, ecan (—1)""'p, <0.

He napyuwas oOHmIHOCTH, MOXHO C4yuTath, uto lim p,=1. Hei-
x>+ o

CTBHTE/NBHO, B IPOTHBHOM cCJyuae MOXHO [(y) YMHOXKHUTb Ha

. -1
( im pg) ", uro He uaMeHuT mHAeKkca Aedekra omeparopa L.
x>+ o

o -1
PaccMoTpuM cHauajda ToT cayuaii, Koraa (—1)" p,=|p,|>0

-1 .
NPH JOCTATOUHO O6OJBLIOM X, [logoxum (—1)""A=iv, rie v —
BenlecTBeHHoe uucao. Torjpa npu x — + o

2n

— i 1

p=vnhq1———-—+o(7>u+omm, (12)
2n|p, | P

rae o, (1) BeulecTBeHHO.

3auyMepyeMm 4YHCIA €, €, ..., &, B NOPAJKe YOLIBAHHS HX

BELIeCTBEHHBIX YacTel:
L=3(e) >R(ey) = R(ex) >N(ey) =MN(es) > ... >R(ey,-) =

=% (62n—1) >N (8211) =—1
KpoMe Toro, HyMepauuio BubepeM Takyio, uToGsl npu N (e;) =N (g;,,)
o110 I (€)) > I (€)11)- ‘

Ecan n — neueTHoe uHC/IO, TO MepBEE A7 CPefH 3THX uucea Oy-
YT TIOJOXHTEJbHEIMH, 4 OCTaJibHblE A OTPHUILATENbHBIMY, €CJu 1
WETHO, TO CPeAH 3THX YHCeJ IepBee 1 — | TN0/J0XKHTEJbHH, IO-
caeqHne n—1 OTpHIATEJbHH H [ABa NPOMEXKYTOYHHIX, HMEHHO

R(e,) u R(e,e1), paBub wymo. IMycrs N (e;) > 0; Toraa n3 (12) Bo-
TEKaeT, UTo

2n___
g;p=¢; VIpalll+o0(1)],
H MOTOMY

2n
REp)=V1paR(e)Ll+ o) (13)

BuiGepem x, B ¢dopmyae (l1) HacToabKO GOJBLIIMM, YTOGHI 1pH
x>x, 6b10 |0 (1) |<e, rie 0<e<l. Toraa

Riep)>Vip, | Re)(1—e),
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‘M TOTOMY

x X 2n
’J%(ajg)=:}t(ajjpd.’c)>?h‘( Bl 1~—8)J Vipa.ldx.

Xo Xo

OTciofa Npu X > X

2n~1 X on
lyj1>1pal ¥ exo{ﬁ(e,)(l—e)f lenla’x}(l—-e)- (14)

‘Ho B cuay yciosus (7)

x 1
flpnlﬁdx>c

Xo

x 1
—_——a
J | pul®  prdx|=

Xo

l
1+ —a
lpn| 2" T
=c-* 1 =c] pnl " + ¢y, (15)
I+ g—o

Xo
The ¢, ¢, Co— HEKQTOpBIE MOCTOsIuHBE H ¢, ¢; > 0. IlosToMmy u3 (14)
3aKJI04aeM, 4YTO

2n-1

- +o—ma
[g;1>1—e)pal * eXp{ﬂ?(ej)(I—S)[CllpnI o +02]}—*+°°

npu x — + co. CuefoBartenbHo, IpH R(e;) >0 pynxyus y; ne 6y-
der ¢ uHTeepupyeMbm Keadparom 8 umntepsase [0, + oo). Ilyctsb
tenepb R (e;) =0 (kak Mbl BuAeNU BBHIE, ITOT CaAyYall BO3MOKEH
TOJIbKO NpPH ueTHOM n). Torma &;= % i; nyctb, Hampumep, &;=i.
Ilpumensis cuoBa ¢Qopmyay (12), waxomsum, uto

1

2@_____ . o
R(e,0)=R(ip) = VIpal 5571+ 0 (D] =cl pal " [1+0(1),

rie
X

= 2n ° (16)

IToBenenue QyHKkUUU y; Npu GOJLIIMX 3HAUEHHSIX ¥ OyHeT Temephb
34aBHCeTb OT TOrO, CXOJHUTCA HJIH PACXOLMTCA UHTErpas

1—~j | p Y 4. (17)

IlpeanosoxkuM cHawana, YTO 3TOT HHTerpan cxopurcs. IlycTs
>0, caenoBaTeabHoO, c>0 BriGepem cHOBaA X, HACTOJ/ILKO GOJBILHM,

22
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ytobel Tpu x> %, Obio [o(l)|<e, rae 0<e<1. Toraa us (9)
u (12) aak/aiouaem, 4TO

1
[y, <l pal 2P ER) (1)<

1

1 e ~lHo
<{pn! "’”eXp{2C(1+e)f1pn| dx b (1 +e)<

1 !

<Ipa " exp {2c<1+s> ] lpnr‘*Tndx}(we), (18)

H [OTOMYy HHTerpalt

[1y,pdx
cxonnrea. Ilpu e;=—i
X _1+_l_
el —2c(1—e)f1pn| 2n dx R
Iy112<lpn| e % <[pnl n,
Tak u4To H B 3TOM cayuae y; < L*(0, o). Hrak, npu Re) =
= N(e;) =0 0be pynxyuu y;, y;., 6yoyr ¢ cymmupyemovim K8ad-
purom, ecau urreepaa (17) cxodurcs.

[Tyctp Teneps sToT MHTerpaJs pacxoaurcs. [losaras cHoBa t>> 0,
¢>0, g; =i, umeem

(yj(2>(1~8)[pnl 2"exp{2c(1—ef|pn 2"a!x},
Xo
H [OTOMY

X

1
f{y,lgd’c>~—exp{20(l—s)f|pn 2”dx}

Xo Xo Xo

DTo nocjaelHee BbIPAXKEHHE CTPEMHTCST K +oo INpH X —> + oo,
Eciu xe €;=—1i, to npu 1>0 6yzer ¢ <0, u noromy

1
fly,Ide< l+e)f|pn T exp{Qc(l—a)flpn o dx}d —

X

H

1
1 145
=§£—&L—f—)e)—exp{20(l—e)f|pnl 2"dx}

X0 Xo
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BBHILY OTPHIATEJBbHOCTH MOKasaTesast 3TO IMOCJAeJHEe BHIPAKEHHE
nmeeT KOHEUHH mpefes npu x-—> + oo. CiefoBaTesnbHo, npu
R(e,)=NR(e;s) =0 cpedu pynxyuid y; u y;. odna 6yder, a sro-
pas He 6yder ¢ cymmupyemoim Ksadparom, ecau uureepan (17)
pacxoourcs.
[lycts Temepb R (e;) < 0. IToBropsas Te XKe paccyXAeHus, 4To u
npy BBIBOAe HepaBeHcTBa (14), mafizeM, uTo B 3ToM cayuae

1 x 1
|yj|-°-<<1+e)lpn|‘”*ﬂexp{23%(6;)(1—8) [1pa1 dx]<

1

x 1
<(1+e)] pul” T exp { M) (1—e) [Ip, I”Hi’_"dx} ;

CJEeA0BAaTeJIbHO,

X

X % .
1 —1 4
jlyj|2dx<—2—m(w—;-(i:;)-exp{23ﬂ(sj)(l—e) [1p. 7" dx}

X0

Beunay otpuuaresnbHocTh R(e;) 5To BhipaxkeHHe B J11060M cayuae
HMeeT KOHEYHBIH mpejesa npuH x—> -+ oo,

Takum obpasom, npu R(e)<0 ¢yukyus y; npunadisemur
L*(0, oo).

CpaBauM MeXAy coGofi pasiuunbie QyHKUMH y;, j=1, 2,
..., o+ 1. Ilycts cuavana R(e;) >N (e;). Torma npu x> x,

} J4+1
f

¥ 1
<exp{m(8j+x—8j)(1 —g) J.lpn jon dx}(l + e),

a 5TO ToC/eJHee BLIPAXKEHHEe CTPEMHTCH K HYJIO MpH X —> + oo,
ITycte teneps R (e;) =R (e;y); Torna e;—ey =i, rae ® >0. Pac-
CMOTpPHM cHepBa TOT cJayuai, korga uurterpaa (17) pacxompures.
Paccyxjas Tak ke, Kak H IpH BhiBoJe HepaBeHncrBa (18), naiizem,
uro npu (—1)*" A=it, 1>0,

!

Iy1+l <exp{—a‘flpn 2"dx}(l+e),

rae a>0. B cuay npexnosaraeMofi pacxoguMocTH Huterpaaa (17)
nocJelHee BHIpAXKEHHe CTPEeMUTCA K HyJaio 1ipu x—> + co. Ilpexn-
NONIOWHM Temepb, uTo HHTerpan (17) cxoaurca., [Ipumenss
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dopmyay (12), sakmouaem, uto npu tv>0

Yy
Yin

=e% [l 4 o(l)]=ei®teo ) =

X 1_ X B _l__
= exp {im len[?" (1+n)dx+x flp,,l "o [14+o(1)]dx+o(1),

T/e % — HeKOTopaf MoJOoXHTeJbHas MOCTOsIHHASN, a 1 =0 (1); caeno-
BaTeJbHO,

¥ 1
arg = [ 1p, 1% (1+m)dsx. (19)
Y1 o

Ilpu mocraTouHo G6OJBLIIOM X, NOIbIHTerpajbHas (QYHKUHS I0JI0-
JKMTeJbHA H, KpOMe TOro, CTDeMHTCA K -+ 0o; HO3TOMY HpH
]
Jj+1

IlycTe a — npousBoJibHOE KOMIJIEKCHOE YHCJIO, He PaBHOE HYJO.
Hoxkaxewm, yTo JuHeHHAsA KOMOMHAUMs y;+ ay;, He OyleT c HH-
TerpupyeMeIM KBajpaToM B HHTepsaje [0, + oo). [Iyets S (pn <<
<L arg 2 s<C¢m) — NPOH3BOJIBHBIA CEKTOP KOMIJIEKCHOH IJIOCKOCTH,
He colepxaumui TOukd —a. OG6o3HauuM uyepe3 A, COBOKYIHOCTD
BCeX TeX 3HaueHH# x, AJf KOTOPHIX

X —+ oo arg BO3pacTaeT U CTPEMHUTCHA K -+ 00,

(2k+(p)n<arg?y—’—<(2k+xb)n, k=1,2, 3, ...
1

Y

i+l
XOAHUTCH B CEKTOpe Su NOTOMY HAXOAHTCHA HA pPACCTOAHHH OT —a,
O'paHHUYECHHOM CHH3Y IIOJIOXKHTEJbHBIM YUCJIOM, T. €.

OueBHIHO, A, — 3aMKHYTHIH uHTepBaJd. [Ipn x & A, Touka Ha-

' b + a| =6,

Y141

rae 8 — noJoxurenbHad mocrosinHasa. Ho Torna

. 2 i
—y’—+a] dx > 8* J | 401 Pdx;
Y AL

[1y+ agbds= [1yur
A B
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cJefoBaTesibHO, B chuiay (14) mpu R(e; ) >0

[19;+ ey Pdx>
g

el S
>(1—e76 [1pal 2ﬂexp{2ﬂ%<e,-+l)<1—s> [ 1pal® dx]dx>

*o

1 x 1
> (1= P 8] poe” j|pn|2nexp{2m<s,~+l)<1~s> fspnf%dx}dx.
Ak EN

(20)

rie p,, o6o3HauaeT 3HaueHWe (PYHKUHU p, Ha TIPaBOM KOHUE HH-
TepBana A,.
BoiGepem x, HacToabKO 60JbLIMM, YTOOH B (19) IpH X 2= x,
6b1710 | | < e, a 3aTeM k HACTOJIBKO GOJIBIINM, YTOOH A, C [xg, + o0).
Torpa us (20) sakJaouaemM, uTo
62
[ 19+ aupo P> (1= e g

Ay

- 1
X flp [ (1+n)eXP{2R(8;+1)1+SJlpnl2" (1+n)dx]d =

*y

- |
l eXp{B ||Pn12”(1+n)dx},
Ay v

Xo

- lpnkl
rjae
62 (1 —¢)

A= "R

" I—¢
B= QQR(SjH)m .
OTCIOILa, o oIpejeneHHuI0 HHTepBaJIa Ak,

f|y,+ay,+1 P> 2
Ay

B
rae Bl—ﬂm—.

C apyroil croponsl, H3 HepaBenctBa (15) BbITeKaeT, Y10

[eBl (2+0) __ gB, @+0)], (21)

X -_1_ E4 —_1__
| Pa()P<c [1pa™ dx<c, [1p, ™ (14 dx,
Xo Xo

rpe

=Tt B=l4+g—a>0,
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[losacTaB/sist clola BMECTO X NpaBblil KOHel HHTepBaJja A, MONYUHM
I Pt 1‘)’<%(2k +P)u=cy(2k + ), cy= %‘ﬂ?

CJe0BATENbHO,

1
| P I > 32k +9) 8.
Orcrona ¥ u3 (21) sakawouaem, uTo

1
[1g)+ ayju P du> A, @k +§) 7B b2 [| — g5 601,
Ay
rne
Al = A83.

Ho npaBas wacThb mnoc/efHEro HEPABEHCTBA CTPEMHUTCA K + oo
npH R—> + oo; mo3ToMy GYHKUHS Y, + ay;.; He OyaeT ¢ CyMMHpYe-
MbIM KBaApaToM B uHTepBaJje [0, -+ oo).

[pennonoxum Tenepsb cHoBa, 4yTo HHTerpaa (l17) pacxoanTes.
Torpa ¢yHKHHA Yy, Yo, ..., Y, HE OYAYT € CyMMHPyeMHIM KBaJ-
patoM B HHTepBaJfe [0, co). PaccMOTpHM NpPOH3BOJILHYIO JHF eftHYIO
KOMOHHAUHUIO y=C1Y; + Cotp+ ... + CuY,, B KOTOpOIl He Bce Ko3(-
(bULHEeHTH pABHBI HYJIO; MOKaXKeM, uTO OHA Takke He Oyner
C MHTErpupyeMblM KBajpatom B HHTepBase [0, + oo). Tlyers ¢;—
nepBbifi cpeiu KoaQQUIKEHTOB ¢y, €3, ..., €4, HE DAaBHHH HYyJIO;
TOTAa

y=ciy;+tcplm+ ... Feuy=y;lc;+o(l), (22)

160 N0 ROKa3aHHOMY BBIIE B pacCMaTpHBAeMOM CJy4ae BCE OTHO-
HIEHH A

dimt, - iz In

’ sevy

Y U Yy
CTPeMSITCA K HyJIO TpH x — + oo. M3 (22) BhiTeKaeT, 4TO y He TpH-
Hapaexkur L2(0, oo). DTOT pesy.bTaT 03HAYAET, YyTO B paccMaTpH-
BaeMOM cJyuae HHIeKc Aedekra omepatopa L, ecTsh (n, n).

Paccmotpum Tenepb ToT cayuyali, Koraa uarterpaa (17) cxonutes,
a n weuerHo. Toraa QyHKUUH Y, Vs, ..., Y, He OYLYT NpPUHAAIE-
*katb L2(0, oo).

HokaxeMm, 4To 3THM Ke cpolicTBOM of/ajnaeT jobas AuHeHHAs
KOMOUHALMSA y = C Y, + CoYfo+ ... + CuY,, B KOTOpOIl He Bce KO3p-
duUMeHTH ¢j, Cg, ..., ¢, paBHb Hymo. [lycTs c¢;—mepshii cpenn
3THX K03 dHUUHEHTOB, He paBHHA Hymwo. Ecan SR(ej)>’Ji(sj+,) Uau
R(e;) =N(e;, ), HO ¢;,; =0, To yTBEPKIEHUE JOKA3HIBACTCS TaK Ke,
KaK H B IpelbAylIeM cayyae. PaccMOTpUM UO3ITOMY TOT cayuyai,
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korga N(e;) =N(e;,)) u ¢y 5 0. Torna

i+ Yi

y=cppl B+ + o (1)

€y Yin
H IpH k HATYPaJbHOM H AOCTATOYHO 6OJbHIOM (QYHKIHS B KBaj-
paTHBIX CKOOKaX OrpaHHYeHa CHU3Yy Ha HHTepBaJe A,, MOCTPOCHHOM
i+l

j

g a=

Sy Y +o(1)]>d>o

€ Yjui
Ho Ttorna

[1ypde>1c;Pd? 1y Pax.
A B

TlocnienHee e BHIpaXKeHHE, KaK Mbl BHAEJH BHIIIE, CTPEMHTCA
K -+ 00 IpH X — + 00; CJAeOBATEIbHO, H B 3TOM caydae y & L2(0, co).

TakuMm o6pazoM, 8 cayuae cxodumocru uxrezpasa (17), o
npu n HewerHom undexc Oegpexra oneparopa L, no-npescremy
ects (n, n).

[Tyetsh Tenepb uuTerpas (17) no-upexueMy cXogUTCs, HO 7 4ETHO.
Torpa npu v>0 OYHKUUH Y., Ynsr, « ..y Yon OYAYT BCE MPHHAJLJIE-
xats L°(0, o0), a yi, Yo -+.s Yooy He OYAYT HpPHHAANEKATDH
L%(0, o). TloBTOpsisi IpeABIAYIIHE pacCy KAeHHs, YOeKIaeMCs B TOM,
4YTO JIHHeHHast KoMOuHauusd ¢ ¥+ ... + C,1Y,-; MOXKeT IpUHA-
gexate L%(0, oo) guumb Torga, xoraa ¢;= ... =c,;=0. Caeno-
BaTe/JIbHO, B 3TOM cJydae HHIeKC nedekTa oneparopa L, Oyier
(n+1, n+1). Takum o6pasoM, TeopeMma IM[OJHOCTHIO AOKA3aHA

B TOM CJay4Yae, KOrja (-—1)”—1p,,>0 IpH X JOCTATOUHO GOJBLIIOM.
Ipeanonoknm Teneps, uto (—1)*™' p, <0 npu KocTaTOUHO GOADL-
IOM X, TaK 4TO
n-1
(—1) Po=—1pul

Torma, nonaras
oo
;=

-l .
(=D)""A=—it, nw=e 20,
HaligeM, uto

2n
p=vmu[1 5 |+o(—12~)](1 + 0, (1)).
[Tonoxum ! "
E;=%8,, ji=1, 2, , 2n,
H 3aHyYMepyeMm uucJaa &), €5, ..., & TaKuM o0pasoM, 4To

R (e) =9 (e)) > N(ef) =M(EY> ... >h(ef)=N(EL) (23)
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Ecau n yeTtHo, TO n NEPBHX Cpeld 3THX uHcea GYAYT I0JOXKH-
TeJIbHBI, a MOCJeAHHE # OTPHILATEIbHE,

Ecan xXe n HeweTHO, To n— 1 NEePBRIX CPelH YHCEN HOJOXKH-
TeJbHbI, IIOC/HAEAHHE #— 1 OTpUUATENbHH, a n-e¢ H n+ l-e paBHL

HYJIIO.
IlosToMy npuMeHsis NpeblAyLiHe pacCyXJAeHHs K uHc/IaM &,
€, ..., €, BMECTO &, €, ..., & U MEHfd POIAMH B 3THX paccCy-

KIEHUSIX CJMydad YeTHOTO M HEUETHOTO #, NOJAYYaeM H0Ka3aTesb-
CTBO TeopeMHl H aas ciyuas (—1)*" Pn—>— 00,

BaMmeuanue 1. 3akmouenue TeopeMbi 3 OCTaeTcsi BePHHIM,
ecau K Qyuxituu p,(x), y10B/I€TBOPA0OUIEH YCAOBHAM 3TOH TeopeMbl,
npHOaBHTb NMPOHU3BOJIBHYIO H3MEPUMYIO GYHKUHIO ¢ (X), CYLIECTBEHHO
OrpaHHyeHHYI0 B HATepBane [xj, + o) HPH A0OCTATOYHO GOJbIIOM X,
(cM. Teopemy 1).

Gameuanue 2. Ilpy n=1 u p,=1 M npuxomum K cJje-
AyOWEMYy peay/bTaTy AJs olepaTtopa BTOPOro MOpsiAKa.

Hycrs npu docrarouno 6orsuom xo gyukyuu p’(x), p”(x) co-
XpauarT 3HAK U npu X —> + oo

p’=0Qp, 20e 0<a<—‘;’—.

Toeda, ecau p~>+ oo npu x>+ co, 0 oneparop L,, nopoxcden-
Kot Juppepenyuarsroim soipasceruem

Hy)=—y"+ py,

8 unrepsase [0, oo) umeer undexc degexra (1, 1). Ecau oxce
p—>—00, TO 3TOT oneparop umeer uHdexc Oepexta (2, 2) uau
(1, 1) 8 3asucunocru or roeo, 6yder au uHrezpar

oo

fiplﬁédx

£x00uUTHCs HAU pacxodurscs.
B nanabuefimenm (cM. n° 8) 3TOT peayantaT OyIeT YCHJEH.

5. Mpumenenne Teopemn 10 § 22,

Teopema 5. Hycre npu docrarouno 6oasuwom %, QyHKyLL
Pos Pir -+ P HERpepPolBHbL 8 UNHTEPBANE [Xy, + 00) U NYCTs cyuye-
crayroT npedent

lim py=ay lm py=a,..., lim p,=a, (24)
X> + 0o x>+ 00 xX-» + o0
npugem lim pg <= 0. Toeda undexc Jegpexra oneparopa Ly ecTs
PR

(n, n).
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HokaszateabcTBO. BrifepeM HeBelleCTREHHOE YUCAO A,
Takoe, 4TO BCe KODHH Py, Po, ..., Py, YPABHEHUA

(— D) agp? + (— l)”_l mp? 2+ .. da, =M (25)

HMEIOT pAa3jiMuHble BeUleCTBEHHHIE YaCTH. 3aHyMepyeM 3TH KOpPHHU
TaK, 4Tro
Rip)>R)> ... >R(pyn). (26)

Iepsote n U3 aTHX uncen R{p,) OyAyT MOJOKHTEJNbHB, a NOCHeN-
HHe n OTpHiaTe]bHb. BrlepeM nogoXUTeNAbHOE YHCJO €, TAKOE, YTO

R{pe) = R (0r41) > 2e, k=1,2,..., 2n—1L (27)

Cornacuo teopeme 10 § 22 ypanuenue [ (y) = Ay numeet 2n nuneliHO
HE3aBHCHMBIX pPEIeHUH Y, Ys ..., You, TAKUX, UTO

lim -—%_ = oo, (28)

lim - & 0. (29)

x>+ oo e(pk%) *

Ha 3tux coorHowenuii ¥ ycaosus (27) BuiTekaer, uTo
y.
«j*-‘ﬁo opu  x —> - oo. {30)
j

Kpome Toro, npu 1 <<k<n M(p,—e)>0, Tar uto e+ = 1%(0, o).

YunteiBas (28), MBI 3aKJ/I04aeM OTCIOLA, YTO OVHKUMA Uy, Ys, -- ., Yp
e npuyanaexart L,{(0, o). Anajgormyro us (29) BuTexkaer, 4To
GYHKUHH Ypin, ..., Yy € Ly(0, 0). Kpome Toro, coortnomense (30)
TMOKAa3hBaeT, UTo QYHKUUSA €Y + ... F Conljz, MOKET IPHHALIEK AT
L, (0, o) muums Torna, koraa ¢, =...=c,=0. 310 03HauaeT, UTO
HHAeKC nedekTa omepaTtopa L, ecTh (1, n).

CnenctBue. Ilyers ynxkyuu py piy ..., Py T HE, XTO

u 6 Teopeme 5, a PYHKYUA P, CYUECTBEHHO O2paHUYEHA 8 UHTep-
sare [0, oo). Toeda undexc degexra oneparopa L, ecro (n, n).
ITo cyeCTBHE HEMOCPEACTBEHHO BHITeKaeT H3 TeopeM | u 5.

6. Munexc nedexra omeparopa stoporo mopsaka. Jas nud-
(pepeHIHAILHBIX OMEPATOPOB BTOPOTO MOPSAKA MPeIbIAYIIHe Peadyib-
TaTel MOryT ObiTh 3HAYHTEJNbHO YCHJEHH,
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Onnoit us naubosee oOWINX 3nech sBJAAETCH *)

Teopema 6 (JleBuncon [1]). Hycre p(x)>0, u nycre M (x) —
noaoxcurervHas Heyboisarouwjas  Ouhpepenyupyeman pyuxyus
TQKAR, 4TO UNTE2PAA

00

dx
—= =+ o0 31
% 31)
H -
- pM’
< o
MTycrs dasee dasn scex GocTarowHo OOAbUILX 3HAUEHUI X
g(x)> — KM (x), (33)

2de K — noaosmcureavnas nocrosnnas. Toeda undexce Oegerra
oneparopa Ly, noposcdennozo Qupdepenyuarstioin sotpaxenuem

d d
()=~ (pE)+an  0<s<oo, (34)
ecrs (1, 1).
HokxasaTeabcTBo. Jocrarouno noKa3aTh, YTO ypaBHEHHE

—%(p‘;—i)+qy=0

umeeT xoTa Oul OJHO pelieHue, He mpuHajnaexaulee L?(0, oo). Ecan
§ — BElleCTBEHHOE pellleHHe 5TOr0 ypPaBHEHHsI, TO

-9y _ _ (py)y
M M

*) Boaee o6mmit pesynwrar moaydaen Cupcom {enm. Cupe [1]), a sarem
B. B, Jlugckum pas omnepaTopoB B HPOCTPaHCTBE BeKTOP-QYHKUAR (cM. JIug-
ckuft [1]). Chopuymupyem teopemy Jluackoro.

flycre P (x) — ksadparnan spmurosa marpuya nopsadxa k. Hpednoroocun,
4ro (P (x)h, h) = —q(x) (h, h) a8 awbozo nocrosinnozo sexropa h, npugem

g (x) — nenpepoisnas pyuryus, ydosaersoparouas ycaosuan q(x) >8>0 u
(=]

j [q ()] dx < . Kpome Tto020, npednoaomcun, «ro q (x) aubo MonoTowHwa,

0

aubo Ougpepenyupyena u lim lg (H)ig H132 < . To2da npu awbom He-
{>w

seujecTeennom A cucrema —y” + P{x)y= Ay umeer Touno k AuHeiiHO He3a8U-
cumslx pewenuill ¢ uxrezpupyemsin xsaoparom sa noayocu (0, o).

B paGore Jlumckui#l [1] monyyeHo Takke ycioBHe, HOCTAaTOYHOE IJIT TOTO,
4yToOH Bce pemenns cucTeMsl — y” + P (x) y= Ay Gulaiu MHTErpHPYEMB ¢ KBal-
patoM Ha moJyocH (0, o).

OrmeTnM Takke, uto B paGore Pode-Bekeros [2], nonyueno oGoSuienue
teopeMel Cupca, OCHOBaHHOe Ha 3aMeHe HEPABEHCTB AJA KO3(QuuneHToB Hnd-
¢depeHnuas bHOro BHpAaXCEHHA HEPABEHCTBAMH IS 3HadeHu#f 3TOro Bhpaenus
A3 QUEATHHX (YHKUHAX.
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Hnrterpupysi ofe 4acTH NOCJAeAHEro PaBeHCTBA, MOJIYUYHM
X X 2 X

7 IA/lI
+ %—dx~ PYIY .

pyy’
dx = — 22 e

M M

a a a a

[IpennosioxuM, uto y & L2(0, oo); Torza B cmiy yeaosHs (33)

2
— f —‘x’l—dx<]< ijdx<K f yldx.
a a a
TlosToMy cylliecTByeT nocTosHHasi K;, TaKasl, uToO

X

~ 4 ’
K1>—f~yi+fpy de— | P ax. (35)

a

JloxaxeM Temepb, yTO ecaH pemenue y & L*(0, o), To uHTerpas

b 2
py’
f Nl dx
a

cxoanTes. [1pennoJIoKHM NPOTHBHOE; MycTb ITOT HHTErpaJd pacxo-

aurca. Torna QyHKuus
X

H (x) = ﬂj(T dx (36)

a

MOJIOKUTE/IbHA, BO3pacTaeT H CTPEMHTCH K -+ oo npu x— + oo,
IIpHMensiss HepaBeHCTBO DYHSAKOBCKOTO H MOJL3YSCH yc/aoBueM (32)
npn JOCTaTO4YHO GOABIIOM & H X > @, uMeeM

pyyM dx <K2 lyj V M‘dx

a
{

s
2 » 2 2 o
<K2<fyzdx> (Ji’fw—dx) <K;VH®),

riie K,— HekOTOpas NMOCTOAHHAA, a
1

= 7
K=K, (f ¥ dx)

TlosTomy u3 (35) sakawouaeM, yTo

Ki>H(x) =2 g VH ),
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Tak xak H(x)— + oo npH x— + oo, TO 1OCJAeJHee HEPABEHCTRBO
MOX€eT HMeTh MeCTO JHIUb TOrAa, KOrna

pyy’
m >0

T. €. KOrja y ¥ y OJHOrO 3HaKa NpPH AOCTAaTOuHO GojbiioM x. Ho
TOTJA NpH X JOCTAaTOUHO 6OJbIIOM |y | BO3paACTaeT, CASAOBATENBHO,
y He Moxer npuraanexarts L?(0, oo). MrTak, noxasaHo, uro mpu
ye L?(0, oo) unrerpan (36) cxopures,

[TpenmnonoKum Tenepb, UTO Yy, Y, — ABA JUHEHHO HE3ABHCUMBIX
BellleCTBEHHLIX pellieHHst ypaBHeHus (34). Torna

P (yly; - !/ny) =,

rape ¢ — IIOCTOsAAHHAsA, HE paBHadA HYJIO. Orcrona

i
2ty —1 oy =
Rl A 2 ik (37)

Ecan y, & L?(0, o) n y, < L?(0, o), To B CHJY TOJIBKO UTO JA0Ka-

3aHHOTO HKIIHH 2y, L npunapnexar L2(0, o). ITo-
y Y M Y2 1P

5TOMY JeBas, a 3HAUUT W mnpasasi, yacrb (37) cyMMHpyeMa B HH-
tepane (0, co); mocsaeHee MPOTHBOPEYHT ycaoBHIO (31).

YacTHHIM cJayyaeM J0KA3aHHOH TeOpeMbl SIBJSIOTCHA CJAEAVIOUHE
teopeMbl ['aptmaHa u Bunrtuepa (cm. Taprman w Bunthep [3, 7])
06 omeparope Lo, NOpPOXKAeHHOM AH(epeHLHaNbHbBIM BBIPAKEHHEM
Hy)=—yv" +qy.

1. Ecau npu docrarouno 6oasuiom x

g(x)>—Kx?, K>0, (38)

T0 uHdekc Oeghexra oneparopa L, ecrs (1, 1).
HeficTBUTEIBHO, XOCTATOYHO HOJIOXKHUTb B TeopeMe ©
pxy=1, M(x)=x2
OueBuano, yeaosus (31), (32) u (33) GyayT TOrna BHIIOJIHEHH.

[1. Ecau npu nexoropeix nocrosaunx ¢ >0, K>0u c<x;<x,
BbINOAHACTCSA HEPABEHCTAO

g(x9) — g(x))> — K(xy— %)), (39)

ro undexc Oegexra oneparopa Ly ecre (1, 1).
B camom nese, mosaras B (39) x,=x M QHUKCHPYS X|, HMeeM

q(x)> — K(x —x;)+ q(xy);
CJ/eA0BaTebHO, HPH X AOCTATOYHO 6OJBIIOM
q (x) > = le;
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rae K| — HekoTopast Apyrast INOJOXKHTeNbHAsl NOCTOsiHHAA. Teneps
ocTaeTcsi TOJNBKO MPUMEHHTb TeopeMy 6 npu p=1, M(x)=x.

Beakas ¢ynkuus ¢ (x), orpanHueHHas CHH3Y, YAOBJETBOpSET,
. oueBHJIHO, yca0BHIO (38). Mpl npHXOAMM K CJIEAYIOLIEMY pe3yJib-
rary I'. Befina (cm. Bedan [1]).

Ecau ¢pynxyus g(x) oepanusena crusdy, 10 uHlexc Oeghesra
oneparopa Ly, noposcdennoeo dupdepenyuarbroim sbipasceruem
Hy)=—y" +qy, 0<x<oo, ecro (1, 1).

" OTMeTHM elle CJeaylolllee MPOCTOE NpeiaoKeHue,

Teopewma 7 {[larasm {1]). Ecau g L%(0, o), 10 undexc
degexra oneparopa Ly ecrs (1, 1),

HokxasarteabctBo. [ocraTouHo mMOKa3aTh, YTO ypaBHEHHe

-y +qy=0 (40)

He HMMeeT JBYX JHHEHHO He3aBMCHMHIX BelleCTBEHHBIX pelueHui,
npunagnexaumx L2(0, o), Ecam y—rtaroe peuenne, T0 B Cuiy
- ycioBust g < L%(0, o0) ¢yHrRuus y” =gy CymMMHpyeMa; caeloBa-
TeJbHO, CYLIeCTBYET Ipejest

o0
Hm ¢ =y (x) + f y’dx.
x>+ o
Xo
Orciofa BHTeKaeT, 4T0 (yHKuMs y orpasudeHa npu x — + oo,
IlycTs Tenepb y;, Y, — ABa JHHEHHO HE3aBHCHMBIX BeLIeCTBEHHHIX
petitenusi ypaBHeuus (40); rtoraa

Yy, — Yoy, =c 5= 0.

Ecmu y,, y,& L?(0, o), To y| u y, orpanHYeHs H, CleI0BATEILHO,
byukuna gy, — yiy, =c¢ % 0 TaKkike npunagnexur L?(0, oo}, uro
HEBO3MOKHO.

§ 24. HccnepoBanue cnekrpa auddepeHUHANBHOTO OMEPaTOpa

Onnolt M3 BakHelmMX npo6/ieM Teopuu AU depeHUHATbHBIX
ONepaTopoB sBJsETCA CJAeAYIOWHi Bompoc:

Karxum obpasom cnexrp camoconpssentsix pacuiupenuii one-
paropa L, 3asucut or nosedenus KO3IppuyuenTos cOOTEeTCT8YIO-
we20 OupepenyuarbHo20 BoLPANEHUA?

Has cayuas nuddepernuasHOTO oneparopa BTOPOro mopsiAka
3Ta 3ajada Obl1a TPeIMETOM MHCCJACAOBAHHH MHOTHX aBTOPOB,
OCHOBHEIE Pe3yJbTATHl KOTOPHIX coGpanbl B Kuure Tutumapuia [1].
Ws uccnenoBanuit Gosee MO3JHHUX aBTOPOB yKaxKeM paGoTsl BuHT-
nepa, [latHaMa, Yoaneua n aprmana. OnHuM K3 HanGoJee CHABHBIX
alech sBasgercst pedyabrar A. M. Moauanosa [1] (cm. Huxe n° §).



352 TJ1. VII. UICCAEAOBAHHUE MHILEKCA JE®EKTA U CIIEKTPA [l

Has anddeperinaabHblX ONEPATOPOB BLICIKX NOPSAAKOB BONPoC
JOJTOE BpeMsi OCTABAJCH OTKPHITHIM, U JHUIL CPABHUTEABHO He-
naBHO nosiBHJHCh paGoTel Pamonmopra u [masmana (cm. naamay
[3, 4]), B KOTOpHIX HOJNyyeH pafd pe3y.IbTaToB O cleKTpe AHdde-
peHIHaJbHBIX ONepaTOPOB BRICIIHX MOpAAKoB. OQHAKO Bce 3TH pa-
GoThl AaJeKo He HCuepmbiBaloT mpobaemy (cMm. Takxe Penopiok [4]).

OrMeTuM, YyTO BHe PAMOK HACTOsILIEH KHHTH OCTAJUCh METOIH
abcTpakTHOH TeOpHH BO3MYILEHHH, KOTOPHIE ¢ YCIeXOM MPHMEHsIoTes
K 3ajlaye HCCJeJ0BAHUA CHNEKTPa H IMOCTPOEHHS CIEKTPasbHBIX
pasioxennii. B cBasu ¢ sTuM cm., Hanpumep, I'tasman [1], Bup-
mau [1, 2], Kato [I, 2], Opunpuxc [2, 3].

1., MMpumedenne wmerona pacmennenns *), Ilycts L, mo-mpex-
HeMy o0o3HauaeT MHHHMAJbHHIA 3aMKHYTHIH CUMMeTpHuecKHH ore-
paTop, NopoxAeHHbIH AuddepeHiuanbubIM BopakenueMm [(y) B mn-
tepBagae (a, b), KoHeuHOM uJad GeckoueyHoM. OG6Go3HauuM CHOBA
yepes ¥’ COBOKYNHOCTb BceX GVHKuHil [(x) us L2?(a, b), paBHBIX
HYJIIO BHE HEKOTOPOr0 KOHEUHOro HHTepBada [«, Bl<(a, b), ¥ nonoxum
IUIST KPaTKOCTH

Do=Dr,, Do=9H" Do (1)

7 4
OGo3nauum jgaJnee uepes Lo cyxenue omepatTopa Lo Ha By, Tak
7/
yTo Lo ectp 3amblikanue omepatopa Lo (cM. n° 4 § 17)

Lo= L. (2)
CysuM Temepb Do, HAKIAALIBAS JONOJHHTEIbHbIE YCJIOBHS
y™(c) =0, v=0,1,2, ..., 2n—1,

rie c¢- QuxkcupoBanHas Touyka HHTepmasa (a, b); MHorooGpasue,
TOJYueHHOE B pesyJbTaTe 3TOTO CyKeHHS, 0603HAuMM uyepes D -

Pacwenaenues oneparopa Lo 8 Touxe ¢ uurepaasa (a, b) ua-
3bIBaeTCs cyxenHe Ly omepaTopa Lo Ha Dy . OueBHIHO, onepatop Lg
ecTb NpAMas cyMMa ONepaTopoB **) L] u L; B NpPOCTPAHCTBAX

*) Bosee nozpoGHbie cBeZeHHST O METOAE pACUIENIeHHT M er0 TPHMeHEHHSX
yuraTeqb Moxket Hafty B kKuure I'masmanm [1].

**) Mpaman cymma A; 3 A, aByx onepartopos A,, Ay B 1poCTpancTBax §i, Hr
eCTh M0 ONpeJes]eHH0 onepaTop B npocrpadcree )+ O, Beex nap {x,x,),
X1 € 91, ¥2 & Py, Ero obsiacts omepejneneHus ecTh COBOKYIHOCTh BCEX Map
{*v X} x| & mA,’ xo&= Dy , npuuem

(A1 B Ay) {x1, %2} = {A1x1, Agxs}

Jlerko Bupmets, uto ecmu A, u A, — caMoconpsiKeHHME oneparops, 1o 4,54, —
TaKkKe CaMOoCONpPSXKeHHEH omeparop.
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L%*(a, ¢), L*(c, b), MOPOKT€HHBIX B 3THX MPOCTPAHCTBAX AHAJIO-

4
FHYHO ONepaTopy Ly TeM ke anddepedinansHbIM BupaKetnem [ (4).
Mbl 3TO OBCTOSITENILCTBO 3aMUINEM B BUAE

Ly =L1¢B Ls. (3)
Orciona, mepexoliss K 3aMBIKaHUSIM, 3aKJAIOYAEM, 4TO
Ly = L1 Lo, (4)
rae Ly ¥ Ly— 3aMbIKauHst ONepaTopon Liu Ly
Li=Li, L;=Ls.

Ecsau Tenepnp pacmmMpuTth onepatopsl L, U L, 10 CaMOCONPIXKEHHBIX
onepatopos L, , u L, , B mpoctpancteax L2(a, ¢) u L?(c, b), 7o
npsMas cymma

A=L,,®B Lz,u

GyeT CaMOCONPAKEHHBIM paciipenneM Lg. CnekTp omepatopa A
6yneT, OYCBHAHO, TEOPETHKO-MHOMKECTBEHHOH CyMMOH CIIEKTDOB
onepatopos L, , n Ly .

C apyroit ctopoubl, HHAekc fedexta omepatopa Ly KOHEUeH,
H IOTOMY BCE €ro CaMoCOnpsAEeHHbIe pacCIiiHpPEHHS HMET OAHMH
H TOT K€ HEMPEPHBHEI cnexTp (cM. Teopemy 9 n® 9 § 14), Takuwu
paclIPEeHHsIMH  SIBJASIOTCH Kak omeparop A, Tax ¥ BCSKOE CaMo-
conpspKeHHoe paciuupenue L, onepartopa Ly; caeaoBaTeqbHo, He-
npephBBHBIE YACTH chneKkTpa obonx onepatopos A u L, cornagaior.
Mpr npuxoauM K cjaenyiollell Teopeme.

Teopema 1. Heapepoiernag uwacrs Cnexrpa 8CaK020 camoco-
NPANCEHHO20 pacwuperus oneparopa Ly ects Teoperuxo-muoxce-
CTBEHHAA CYMMQ HENPePLIBHLIX 4acTell CHeKTpos oneparopos L ,
u Ly ., nOAyueHHblx npu pacuieniaenuu oneparopa L.

Ha 3Tolit TeopeMe OCHOBAHO JIOKARATENLCTRO CIAEAVIOUWIUX TEOPeM.

TeopeMa 2. Ecau xoHney a peeyaspes u ecau

lim p, (x)= + oo, (5)
x>b

po(x)>03 pl(x)>07 ey pn—l(x)>01 (6)
TO CHEKTD B8CAKO20 CAMOCORPANECHHO20 paciwuuperus L, onepa-
ropa Ly 8 unrepsaae (a, b), nopowdennozo Oudpepettytiarsmopi M
BOLPAHCCHICM
d" 47 e i dn-l
l(y)=(~1)"—(po y>+(—1) 1 (pl ———”—)-F oo Py

dx™ dx" dxm dx™!

duckperen.

23 MU A llafimapk
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Jdokasateanctpo. Ilycte N — IPOU3BOJIBHOE MOJIOKHTEN b~
HOe YHCJI0; B CHJY ycjaoBus (B) uvca0 ¢ MOXKHO BbHIGpPaTh Tak, 4TO

pn(X)>N npu c<x<b. (7)

Unrerpupyss no wacTaAM M yuwTeiBas ycjosus (6), waiigeMm, uto
’

npn y = Yy,
b b

Ly, 9)= [ L) Gdx= [ (pol y® P+ pil g™ Pt oo+ poy |y B+
¢

¢

b
+ Py Pdx=N [lyPde=N(y, ).

TakuM o06pasoM, omepaTop Lj, a Cjlef0BATEeJbHO M €r0 3aMbi-
Kanue L, orpanuyed cHu3y uucaoM N. Ho rorga mnoayoch
(— oo <A< N) He COAEPKHT HENpPepLIBHOH UaCTH CMeKTpa CaMo-
CONpPsXKEHHOro pacwupenusi L, , omepatopa L, (cm. n° 11 § 14).
C npyroit cTopoHBl, omepaTop L; perysapeH M IOTOMY CIEKTp
JIO6OTO €ro CaMoCONpPSIKEHHOro paciupenus L, , nuckperen. Mrak,
nojayocb — 00 <A <CN He CONEPKHT HENPEepPHIBHOA UacTH CMEKTpa
onepatopa A=1L, B L, ,.

Ha ocHoBaHum TeopeMs! | 3THM Ke CBOHCTBOM ofsanaeT BCKoe
caMoconpsizKeHHoe pacluxpenue L, omepatopa L, Tak xax uncio N
IPOM3BOJbHO, TO CIEKTp onepartopa L, Boofile He COAEPKHUT He-
IPepLIBHOA YacTH, W Teopeva J0Ka3aHa. IDTO Ke paccykieHue
NPHUBOAUT K cjenylollell Teopeme.

Teopema 3. [lycre xoney a peeyaapen, u AYcTs

lim p, (x)= A.
x>b
ITycre Oanee py(x)>0, u nycre 0aa 3uauenuii x, docrarouno

bauskux K b,
p(x)=0, ..., p, () =0

Toz0a 8 untepsase (—~ oo, A) mogcer Hax00uUTsCA TOALKO JucKpeT-
HAf 4aCTb CNeKTPa BCAK020 CAMOCONPANCEHHO20 pacuupenus L,
oneparopa L, u npedensnoli T04K0l wacTu cnexTpa, 3aKAI04EHHOL
8 unrepsase (— oo, A), moxer 6ourd TOALKO Touka A= A.
HoxasatTeabcTBo. Pacuenum onepatop Ly Takodl TOYKOH ¢,
yTo npu c<x<bh
Pn (x) > A—e

pl(x)>0, ey pn—l(x)>0-

u

Torna
(Lsy, y)>(A~e)(y, y);
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c/e10BaTe/NbHO, 4AaCTh CNekTpa onepaTopa L, HaXoAsascst B HH-
tepBaJje {— co, A — &), MOKeT COCTOATh TOJIbKO U3 KOHEUHOrO 4YHC/IA
COOCTBEHHBIX 3HAYEHHH, KaxJoe — KOHeuHOH kpaTHocTH. C apyroi
CTODOHBI, omnepaTtop L, PeryasipeH H OrpaHuyeH CcHH3Y, ubo p, >0
(cm. Teopemy 5 n° 4 § 19); mostomy ero CmeKTp AMCKpeTeH; Iipe-
JeNbHOH TOYKOH clekTpa omnepatopa L;, MOXeT GHTb TOJBKO
A=+ oco. ¥TBepiK/JeHHe TeopeMbl 3 Temepb HENOCPEACTBEHHO cJe-
AyeT U3 TeopeMsl 1 *).

B cieayomux AByX TeopeMax peub GyjaeT HATH 06 omepaTope L,
NOPOXKACHHOM AHGPepeHuHaIBHBIM BHPaKEHHEM

Hy)= (=1

OTH TeopeMbl MOJY4YalTCs NMyTeM KOMOMHHDOBaHHs TeopeM | u 3
€O CJAEYIOLMIHMH JIeMMaMHy,

Jlemma 1. llycrs 6 unrepsare A= (Ay— 98, Ag+ 6) codeprmurcs
TOABKO KOHEUHOE YICAO CODCTBEHHOIX 3HAYEHULL CAMOCOADANCHHO20
oneparopa A, npudem KpPaTHOCTU 8CeX 3ITUX COOCTBEeHHbIX 3Haye-
Hutl Koueunbr. [las Toeo wrober uurepsaa A e coldepacanr Touex
HenpepvisHoz2o cnekTpa oneparopa A, Heobxodumo u GocTaToyHo,
4T00bl CYULeCcTB06AA0 TaKOe KOHeynomepHoe nodnpoctparcreo M,
Y10

d?ny
dx™

+q(x)y.

HA—2D)FI>08]f] nas Bcex fE D, N(H—M). (8)

HokasateascrBo. O6GosHauuMm vepes P, CHeKTPaabuyIO
¢ynkuuo onepatopa A. Torma ans Bcex [ D,

(A=21)[P= [ |A=2Pd (P, P

JlokaxxeM cHauaJsa HeoGXoauMocTb ycsaoBus (8). Ilpenmosoxum,
YTO CHEKTp A B HHTepBase A COCTOUT JHIIb M3 COBCTBEHHBIX 3Ha-
ueHn## W uyTO uUpsAMas cymma N CcoGCTBEHHBIX MOANPOCTPAHCTB,
OTBEUAIOLUX 3THM COOCTBEHHHIM 3HAYCHHSM, HMeeT KOHEUHYI0 pas-
MepHOoCTh. Ecay f & D, — npou3BoJbHBIA 3/1€MEHT, OPTOrOHAJbHBIH
noxanpocrpaucTsy N, 1O

A=) FP= [ 1a=%Pd(Pf, H>8I 1P,
[ A—hel > 6

H, TakuM obpasoM, ycaosue (8) Buimoausercs npu M =N,

*) Teopema 2 mosyuaercd u3 TeopeMbl 3 npu A= + 0o; OJHOBpPEMEHIIO
BHIHO, UTO B 3TOM cJy4ae eAMHCTBEHHOH TpelesbHOH TOUKOH CleKrpa SABJAETCH
+ oo,

23
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JocTtaTtounocTs yciaopus (8) Oynem A0KasnBaTh OT IMPOTUBHOIO,
[IpednosioXkuM, uTO KOHEUHOMEpHOe nojlipocTpanctso M, mas
KOTOPOTO 3TO YCJOBHE BHIIOJHSIETCS, CYLLECTBYET M 4TO, BOIpeKH
YTBEPK/ICHUIO JeMMBl, HHTEPBAJ A COMEDPKUT TOUKHU HENPEPBHIBHOTO
cnekrpa onepartopa A. Torma mnoaunpocrpanctso P (A) 9 sasiasercs
GeckoHeuHoMepHbiM. [TomoxuM I = P (A) M. Tak xag M koHeuHo-
mepHo u M < P(A) D, to cymecrsyer B P(A)D axement f, % 0,
oproronaapubiit M. Oueuano, fo s D4N(H—M) u

I(A*kol)fo [= f”v‘“ v0 Qd(PAfo’ f0)<62lfo |2»
A

YTO NPOTUBOPEUHT HEPaBEHCTRY (8),

3ameuaHnne Kk semMe |. M npuBenenHoro BhHIle joKasa-
TeJbCTBA JOCTATOYHOCTH BHITEKAET CJaeyloliiee yTeepxaenne. Ecau
ycaosue (8) 8bLnOAHACTCA 04 HEKOTOPO2O KOHEYUHOMEPHO20 nod-
npocrpancrsa M, ro nodnpocrparcrso P (A)D Koneuromepro u,
c1e008aTeAbHO, UHTEP8AA N He codepicuT TO4EK HEnpepbisHOZOo
cnexTpa oneparopa A.

Jlemwma 2. [Tyeroe unrepsar [hy— 8, Ao+ 8] He codepacur rouer
CRERTPQ CAMOCONPANCCHHO20 oneparopa A, 3a UCKAIOHEHUEM Pa3se
KOHEHHO20 HUCAQ COOCTBeHHbLY 3Hauenull, Kaxdoe — KOHeuHOU KpaT-
HOCTU, W NYcTs Q — 02PARUYEHHLIL pmuUTO8 Oneparop, ydos.ie-
TEOPAOWUIL YCA08UHIO

Q<< <8,

Toeda Touxka My He nNPUHAOACHUT HENPEPLIBHOL 41acTU CHeKTpa
oneparopa A+ Q.

HoxasareanctBo. [Iycts A, Ay, ..., A, —BCe cOBCTREHHBIE
sHaueHus onepartopa A B unrepsase [A;—8, Ay+8], a My, W, ..., M —

COOTBETCTBYIOII[HE CcOGCTBEHHbBIE noAnpoCcTpancTna. Ilo ycJa0BHIO,
HX nOpsaMasg Ccymma

%=9)31+5l)22+ o v +ﬁ)’£p

KoneunoMepHa. Cy:xenue omeparopa A Ha NOANPOCTpaHCTBO £ — M
He HMeeT CIeKTpa B HHTepBasie [Ay— 0, Ay+8]. CuaenoBare.sHo,
i €D N0 — W)

| Af = Rof [> 817 1.
Torga pns Tex ke BEKTOPOB [
| (A+ Q) =l |Z] AF = Rof | = QF I> (6 = 80)! [ I,

Tak 4TO OCTaeTCs NPUMEHHThb 3amevanue kK Jjgemme 1.
Teopewma 4. [Tycre xoney a peeyaapen u nycrs b=oco. Ecau

lim | g(x)|=M, ro scakuil unrTepsas NOAONUTEALHOU ROAYOCHL,
X >R
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dauna xoropozo b6oasue 2M, codepacur Touku Henpepvlenol wacru
CHEKTPa 1100020 CaMOCOnpANenHo20 pacuupenus L, oneparopa L.

HokaszarteabcTBo. [IycTh BONPEKH YTBEPXKICHHIO TEOPEMEL
uHtepBan [Ay—9, A+ 8] mosyocw A >0 He COAEPKHUT TOUEK He-
npepulBHONH wacTH crnekTpa oneparopa L, npuuem d > M. Torna
opH J000M paculenjeHHH 3TOT HHTepBaJ He OyaeT colepkath
HeNpeprIBHOA YacTH CHEKTpa CAMOCONPSKEHHOr0 PACHIBPEHHS ole-
patopa L, Brifepem TouKy pacluenjeHHs ¢ TakK, UTOObI

lgx)ISKM+e<d mnpu x>c.

Ha ocHOBaH#H JeMMBl 2 THM ke CBOHCTBOM JOJIKEeH TOrga o6Ja-
aTb oneparop, NOPOXKAeHHbH AudoepeHUHANLHBIM BBIpAXKEeHHEM
I (y) =(=1)*y®, 4TO HEBO3MOKHO, GO HENPEPLIBHAS UACTD CIIEKTPA
5TOTO MNOCJeLHEro OnepaTopa IOKPHIBAET BCIO NOJOXKUTENbHYIO
MOy OCh.
B yactHocTH, npu M =0 MBI IPUXOZHM K CIEAYIOLIEMY DE3YJIBTATY:
Cunencreue 1. ITycte Kouey a peeyaspen u nycrs b= oo,

ecaw lim g(x)=0, T0 8ca NOAOKUTEALHAS NOAYOCH NOKPLITA He-
X >0

npepuiaroll acTeto cnexrpa oneparopa L.
W3 teopemnbl 4 mogydaem Takxe
Cnencteue 2. [lycre KoHey a peeyrsaped u nycrs b = oo;
ecau
lim g(x)=p<oo, lim g(x)=0> — oo,
X > ¥ > o

X >00

“ 1
TO BCAKUI UHTEPEAA NOAYOCU b > & (o + o), dauna xoropozo 6orsuie

p — O, co0epacuT TO4KU Henpepol8HOLl 1acTu cnekrpa oneparopa L,.
JleficTBHTe/IbHO, 3aMeHHB QyHKIHIO ¢ (x) ¢yHKUHEeR g, (x) =

= Q(x)——;“(p-l-c?), IOJYYHM, UTO
T i
lim ]qu)]:;(p—o).
x>0

ITosToMy sOCTATOYHO HPUMEHHTh TeopeMy 4 K  OHeparopy
Li—5(+o)l. ’

Teopembr 1 u 4 (v cnemcTsust w3 rteopemsl 4), a Takxe TeopeMa 2 MpH
po=1, pp=py,=... =p,; =0 6bau noaydensr M. M. @irasmanom {cM.
Taasman {3]).

2. Cayuaft cyMMuUpYyeMbIX KO3()HMIUHEHTOB,
Teopewma b. Mycre ¢pynxyuu

(o) i) P2 .o pal)
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cymmupyemo. 8 unrepsase [0, o), u nycre
lim pg(x) > 0. 9
X > oo

Toeda Henpepoi8HAs 4ACT6 CREKTPI 8CAKO20 CAMOCONPANCEHHO20
pacwupenus L, oneparopa L, 3anoauser 6¢t0 HOAONUTEAbHYK
noayoce A==0, a Ha orpuyaressnoll noayocu A<<0 moxer waxo-
Odurecs TOAbKO OuckpeTHas wuacre cnekrpa oneparopa L, Ipu
arom Ha noayocu A >0 Taruce moeyr HaxoOuTsCa TOYKU OUCKpeT-
HO20 cnexkTpa oneparopa L.

JdoxasareabcTBo. JlokaxeMm TeopeMy NJs Caydyas Hedyer-
HOTO n; CJy4all YeTHOrO K pacCMaTpHUBAETCs AHAJOTHYHO.

PaccMoTpuM CHauaJja penieHHst ypaBHeHHs!

Iy)=
npu A<0. Ha ocHoBanun TeopeMbl 8 n°2 § 22 3To ypaBHenue
HMeeT 2n JIMHEHHO HEe3aBHCHMBIX PeUIeHUH Yy, Yo, ..., Yo, TAKHX,
4TO
PM=t,5"0 e 1 +o(1)], (10)
v=0,1,2,..., 2n—1,
rae
_ { 1 npu v<ca-—1,
Vo l=1)""p, npu v>=n,
X
E=E(x)= j V) dx, (11
2n
=VIal, (12)
a ), @, ..., Gy, —BCE Da3JHYHble KOPHH 2n1-H CTENeHH H3 eju-
HHIBI; Mbl OyleM CUHTaTb 3TH KOPHH DPaCHOJOXKEHHBIMH TaK, YTo

— 1 =R(0)<R(op) =R(a) <R(o)= ... <R(ag)=1. (13)

Tak kak n HeueTHo, To mepsbie n cpeau uucesa R(w;) Gyayr orTpu-
1aTeJbHBIMH, 4 INOCJeNHHEe A1 — NOJNOKUTebHBIMU. Cile0BaTeNRHO,

cpeln OYHKUHE Yy, Yo, ..., Yo, NEpPBHE N 6y11yT NpUHAAJEXATh,
a moc/segHHe n He GyayT npuHagaexars L%(0, oo); mnpu 3ToM
HYKaKasl JHHeHHasd KOMOMHAUHS OYHKUHE Y,i1, Ypig, «:-» You, OT-

JHYHAas OT HyJeBOH, TaKKe He 6yner npuHaagexaTb L?(0, oo)
(cM. mo sTomy moBoay n°3 § 23).

CorjyacHo teopeme 3 n°3 § 23 unmekc nedexra omepatopa L,
NOPOXKAEHHOTo IH(depeHNINalbHBIM BHPAKEHHEM

dar d"y a1 d"7! a"ly .
L) = (=1 (o T8 (- 1 L2 (5 £+ 4

dx"” dx™ !
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ectb (n, n); CJaeLOBaTeNbHO, BCAKOE CaMOCONPSIMEHHOE Dacliupe-
uve L, omepatopa L; ompelesisieTcsi KpaeBbIMH YCJOBHSIMH BHIa

2n
Doy (0)=0, j=1,2, ..., 1, (14)
k=1
npuueM (cM. n° 3 § 18)
n n
21 ®jy0g, 2n-vi1 = VZI Qj onvetOpy =0, j, k=1,2 ..., n (15)
LVES =

Hailigem coGcTBeHHble 3HaueHHs A oneparopa L,, pPacnoJosKeHHble
Ha orpunateabHoll noayocu A<0. CoorBeTcTByOIasi COGCTBeHHAsN
dyskuna y(x, s) Homkua npunagiexatbh L?(0, co) u noromy

MOXKeT ObiTh JTHHEHHOH KOMOHHAUNEH TONBKO QYHKUHA ¥y, Yo, ..., Y.
Takum o6pasoMm, H0MKHO OHITH
n
y(x’ S)=]Zl C}'yj(xr 7")1 (16)

npuueM Gynkuus y(x, s) 10JKHA yIOBJAETBOPATH ycaoBuaM (14).
Takum o6pasoM, 10/1KHO OBHITH

n

}jl Aj(s)ey=0, j=1,2,..., n, (17)

V=
rjie

2n
Ajy ()= 2 a0, 1), (18)

Cucrema (17) mnMeeT wHeTpPHBHaAbHOE pelleHME OTHOCHTEJbHO
€1, €y ..., €, TOTAA H TOJBKO TOrAA, KOrJa 06paniaeTcsi B HyJ/b ofpe-
e TuTe/ b

A (s) oo Apls)
(19)
Ani(8) « o Agals)

Ilycts sy, So, 83, ... —HYJH 3TOrO onpemesauTess. CoOOTBETCT-
BylolllHie COOCTBeHHBIE (DYHKUHH HMEWT TOTAA BHJL

D (s) =

Ui (X) =y (x, sp) =1§1 Ciell; (%, Sp),

The Cypy Coxy - v5 Cqp— HETPHBHAJIBHOE pellieHHe cHcTeMbl (17) mpu
§ =S, KpaTHOCTb COOTBETCTBYIOWIEr0 COGCTBEHHOrO 3HAUCHUS
A= — s}* onpenenseTcs NpPH ITOM DPAHTOM MATPHIUBI OMpeLeH-

Tess (D(S) B Touke S =s§,.

HoxaxeM Teneps, 4TO OTPHILATEAbHOE YHCJO A, HE COBHAAA0LIEE
HH C OIHMM H3 3THX COOCTBEHHBIX 3HaUeHHH, He NPHHAAMEKHT
CnekTpy onepatopa L, T. e, 4TO JJs TaKoro - 3HAYEHHH A
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pesoabBenta R, =(L,—Al)™" ects OrpaHHYeHHHE omepatop. [Ipu
3TOM, HE HapyIuas o0UIHOCTH, MOXKHO CUHTATh, uTo L, — BellecTreH-
HOE paciuupeHne oneparopa Lo, 160 HempepbIBHBIH CHEKTP He 3aBUCHT
oT BoIfopa pacuupena L,. K TakoMy caydalo noJHOCTBIO npu-
MeHuMBl paccyxjierust n° 2 § 19 npu mocrpoesun siapa omepa-
Topa R, AJS HEBEIEeCTBEHHOIO A; CYLIECTBEHHBLIM 37€Ch SIBJSETCH
TO OOCTOATE/IBCTBO, YTO XOTA B HAIIEM CJAyYae A BEI[ECTBEHHO
(A< 0), nHo ompenesuTesan cucTeMst (12) n°2 § 19 coBnagaer ¢ D (s)
H [OTOMY OTJHYeH OT HyJas (HGO A He ecTh COGCTBEHHOE 3HAYEHHe
omeparopa L,). Tlpumensas uwxuniolo dopmyay (15) n°2 § 19 u
YUHTEIBAS BEIECTBEHHOCTb PACHIHPEHHS L, Mbl 3aKM0UdEeM, 4TO R,
€CTb MHTErDa/bHBIll ONepaTop ¢ CHMMETPHUECKHM SIAPOM
n

2 [f1e (x) -+ v, ()] e () mpu  x <4,

K(x, t,0)=1 """ | (20)
k; Ye () [he () + v, () mpu x>2
ITpu sToM Gynruuu f, (x) npunannexar L2(0, co), a dyuxuun v, (x)
ONpeJieNIAIOTCS H3 CHCTEMBI ypaBHEHHI
v ()i (X) + ..o+ U, (%) g, (%) =0,
v () AN x) + L o, () gl (x) =0,
0,86 . o () i (1) 20, v
0, () g2 () ..+ vy, (6) gf2 () = |
H notromy B cuay ¢dopmya (10)
v, (X) = [1 +o(1)], k=1, 2, ..., 2n, (22)

rlie ¢y — HEKOTODHE MOCTOSTHHBIE,
TakuM o6pasom, cledyeT AOKas3aTh, YTO ONEpATOP, OIpe/eseH-
Hblit agpom K (x, £, A), orpannuen. [IpeacTaBuM 3To 44po B BuAe

K(xr t: 7")=K0 (x7 t’ }") + 211\’]('61 t» }“))
j=
ruoe
2 () g () mpn x <,
KO(x’ t» 7\')= n
X @ helt) o x

>
v;(x)y;(f) npu x <<
x =

K“'““={wumAn mpi
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‘Tak Kak oOysxkumn hg(x), y.(x), k=1, 2, ..., n, npunagiexar
L?(0, ), T0 Ky (x, ¢, A) ectb aapo I'mabbepra — llIMuaTa u notomy
ompelessieT orpaHHueHHH omepatop. OcTaerca J0Kas3aTh, uTO
Kaxpoe H3 anep K;(x, {, A) onpefensieT orpaHHYEHHBIH omepaTop,
T. €. uTo Jjs JoGoit dyurunu [(x) = L2(0, o0) umeer MecTo Hepa-
BEHCTBO

o

0

rie C —uHekoropas mocrosunasg. B cuiay (23) 3To HepaBeHCTBO
03HAYaeT, uTo

Of,

2

oo

[ Kt @at

0

de < C* [ () pat,
0

2 oo

dx < CQJ [F ()P dt.

e f t)f(f)dt+v<x)fy,<t)it>dt

(24)

Ho mn3 acumnrtortuueckux ¢dopmya (10) u (22) shiTekaer, uro
ly;(x0) v, (D1 Crexp{[E(x) — & ()] sRw}, (25a)
o () y; < Crexp{[E(H) —E(x)] sha}, (256)

21
rae C)—HeKoTopast NOCTOfAHHAsA. Tak Kak (pyHKIUA Vp(;1 (x) umeer
' MOJIOXKHTEJIbHBIH Tpees IpU X —> -+ 00, TO OHA OrpaHvyeHa CHHU3Y;

ycTh
2n
Vi, (x)>a

Torna npu x; < %,
Xz 2n

) —E(e)= [ Vg (dx>aln—x);

X1

nostomy, yuuThBasg, uTo M(0;)<0 u mojarad IJAS KPaTKOCTH
—B; = asRo;, ua (252) u (2566) Mb 3aKa0YaeM, HTO

Ly (x) 0, (1) 1<Ce® ™ npn x>t (26a)
10; () y;()1<Ce™ ™ mpu t>x, (266)

rae B;>0. U3 sTux omenox caexyer, 4to JeBas uacTb (24) He
IPEeBOCXOLHUT

o0 X % ?
cij [e-ﬁfx [ 1@ 1at+ e | e‘ﬁfflf(mdt] dx

0 0 *
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H TTOTOMY [J0CTAaTOYHO A0KAa3aTb HEPABEHCTBO

oo X ] 12 o0
| {e“ﬁix [ Pty rde+efir | e"’f’|f(t)|dzJ de < C? [ |f(t)Pat,
0 . 0 X 0

(27)
Has a0l Leau paceMoTpuM AnddepeHUHaNbHbIE ONepPaToOp BTOPOro
nopaaka L B untepsase [0, oo), nopoxaennbiii AndbepeHnasbubimM

BoipaxenneM [(y)= — y” u kpaeBniMm ycaoBueM ¥ (0)=0. ror
OIEpaTOp — MOJIOKHTEIBHO ONPEILEeNEHHBIH *), H IOTOMY €ro pesoJib-

BeHTa R, ecTb OUpaHHYEHHBIH omepaTop JJs BCeX OTPHIlATeJNbHBIX
anaueHnil A. Beiuncasis 3Ty pesonsBeHTy 1no dopmyaam (20) u (21)
npH A= — f?, Mbl Ha#HJeM, YTO OHA SIBJIETCS HHTErPajJbHLIM Olle-

paTopoM ¢ fApoM
K(x, t, ) =Ko(x, t, )+ K, (x, £, b,
rae
Ko(x, t, 3)= — _Qé_je—ﬁ, (x+t)
——e—ﬁ/ (x~1)

K t,y={
Y i — P9 npn t>x
U 28 )

npu t<x,

Tak kak Ky(x, £, A) ects siipo [uanbepra — UImuara, To U3 orpanu-
YEHHOCTH Pe30JbBeHTH R, 1pH A= — B7 BhiTekaer, uto K, (¥, #, A)

onpejesseT orpaHHuedHbI# HHTErpasbHbli onepaTop. DTO O3HAYaeT,

yTo AJst Jobo#i ¢yukumn f(x) & L?(0, co) HMeeT MeCTO HepaBeH-

CTBO BHJA

’ ’ X - 2 <

%J e v | (L) dt + &P f ePif(t)dt| dx < C? f | F(1) P dt.

®y it x 6

3amenus B HeM Qyukuuwo [(¢) dyuxuuei |f(¢)| (Takxe npunamie-

waiedt L2(0, o)), Mb npugeM K HepaBeHCTBY BHAa (27) **).
Taxum o6pasom, saupo K(x, {, A) ompenesnsieT oOrpaHHYeHHBIH

onepartop. CJjenoBaTe/ bHO, HA OTPHIATEABHOH NOayocH A <) MOXKeT

HAaXOAHTbCS TOJBKO JHCKDeTHash 4yacTh CHEKTpa ofepartopa L.
Hccnenyem Temepb CHEKTpP Ha NMOJOXKHUTE/IbHOH mosyocu A>0.

i aToro paccMOTpuUM peiltleHHs ypaBHenus [ (y)= Ay upa A > 0.

910 ypaBHeHHe HMeeT 2n JIHHEHHO He3aBHCHMBIX pelleHHH

*) Cm. npumep 1 n°5 § 21.
**) [To moBOAy APYroro AoKasaTesbeTBa cM. crp. 462.
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Yi» Y2 -+ +» Yo, YAOBJETBOpsiOWAX  cooTHomeHuam (10), rae
®), O, ..., @y, 0603HAYAIOT TeNepb BCe pA3/JIHYHBIE KOPHU 2n-d cTe-
nenu u3 — 1. PacnosioXuM 3TH XKOpHM Tak, uTo

R(o) =R (o) <TR(0) =R(0)< ... <R(e,)=0=
=R (mn-f-l) < R ((’)n+2) <. <R (m2n~l) =R (U)?n)'

Otciofa BHAHO, UYTO QYHKUHMHA Y, ..., Y,-; IPHHALIENKAT, & QYHK-
WHH Yy Ynats ««-s Yo, He mpuHammekat L?(0, co). [lokaxeM, UTO
npH A >0 HHKakas JHHefiHas KOMOHHAUMS

Y=Cplfpn+ CosiYni+ ... F Conliag

@ym&unu Yns Ypeis ++ +» Yo, OTJHUHAS OT HY/1€BOH, HE NMPUHAJJIEKHUT
L#(0, oo); Ha ocHoBaHUH TeopeMbl 3 n° 4 § 19 oTciona 6yner caeno-
BaTh, YTO KAXKAOE NOJOKUTEJALHOE 3HAUCHHE A MPUHANJIEKHT Henpe-
pPHBHOMY CHeKTpy, H0O UHCJaO JHHeHHO HE3aBHCHMBIX pelieHHH
ypaBHeHHd

ly = Ay,
npunaanexamux L2(0, co), 6yser Menblne fedeKTHOTO UHCIA Ole-
patopa Ly Ecan XoTa Obt ofiuH H3 KOSD(HHUHEHTOB Cpio, - .., Cop

OT/IHYeH OT HYJf, TO yEL2(0 00); B 3TOM MOKHO ybeauThbes,
nosTopsAst paccyxkjenna n°3 § 23 (crp. 334). Ocraertest paccmo-
TpeTh TOT Cayuai, Korja

¢, 70, 70, Chpo=Chz3= ... =09, =0.
Hama qnHefiHast KOMGUHAUHA HMeeT TOTAA BHJ
Y= Cplfn + CpatYnst.

Ipennosoxum cHavana, 4To |cugl3=lc, |, mycrs, Haupumep,
| ¢pe1i>]Cnl. Torma

Cn+t Yn Cn+1
lyl— CnynH( + yn+1>’_! !/n+1 [1 +0(1)]>
Cn+l —
=>leal |52 = | g )“+0(1>1
= le ([ 22— 1+ 0 (D)1 +o(1)]
"H notomy y & L%(0, o). ITpeanoso)uM Temepb, UTO | Cnyy =]yl
TorAa
Lntl _ 80

Cn
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rae 0 — sewecrsennoe uucio. Iostomy, npumensst Gpopmyns (10),
HMeeM

lyl=lc,l C”“+ y” [14+0(1)]=

_IC ”eze+ estE(x)[l o

()]l[1+0(1)]—
el‘[sg R LT L P T
cos[sg(x)—-—]+o(1)} [1+o(1)]. (28

Oyuknus §(x) = \/pg‘ (x) nMeeT KoHEYHbIl MOJOKHTeNbHBI Mpe-
mesa NpU X —> + 00 U MOTOMY orpaHquHa CBePXy; MyCTh

fo(l)|<e u E(x)= Vp (x)<d mpn x>>x,

Torma us (28) sakjaiouaeM, uTo

0o

f ly Pdx=4]c, P f {cos [sg(x)——g—}—}-o(l)}?[l +o(D)]dx>

Xg

o0

>4_'”6’i(1 e)? [ coss ‘g(x)——}+0(1)} Flv)yde=

=%l—2(1_8)2 f{coss( —g—\}—}-o(l)}

2[0n| —g)? 2 f [cosE+o ()P dE= + oo,
k=ko (2k-%)ﬂ:

Tak UTO W B HTOM cJayuae JuHeHHAs KoMOGHHAIHs

Y= Cylly + Cpi1lfnst

ye npunamiaexut L2(0, oo). TeM caMbiM [0Ka3aHO yTBep:KIeHHE
TeOLeMBl B OTHOCHTEJBHO HempepeBHOR 4YacTH CHEeKTpa.

Huxke Mbl yBHAUM (CM. HUXKe NpuMep 0)), uTo L, MOKeT HMeTh
MOJ0KHUTeJIbHEE COGCTBEHHBIE 3HAYEeHHS, BLISCHHM, KOrja 3TO BO3-
MoxHo. [TonokuUM AJs1 3TOH IHeJH

n+1

y(x, b)= ’§1¢k () yulx, 4), s=VIal (29)
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~p nonGepeM Koa(Q(HUMEHTH @ (S) Tak, uTobnl ¢yHukuusa y(x, s)
y/I0BJIETBOPSIIA KPAeBLIM yCIOBHAM (14). TloacraBass BeIpa)KeHmust

“nas y(x, §) B 9TH YCJAOBUSA, TOJAYUHM IS @y, oy . o5 QPuep CHCTEMY
 oAHOPOJHLIX YpaBHEHHIT
n+l
3 Bl =0, i=1,2,.... 1,
rAe 2n
n ~ )
By (s)= %x a, g0, 1), A=sn, (30)

.CoenosatesbHo, 3Ta CACTEMA HMeeT HEeTPUBHAJBHOE pelaeHue. Ecau
He BCe oOmpejeauTe]u

Bi, g (8) oo By ani(s) By (8) ... By g (s)
Y, (s)= Bi?,'lm(s) oo By nii(s) B (s) ---‘Bz, 2-1(8) (31)

Bn. k+1 (S> e Bn, n+l (S) Bnl (?) LR Bn, k-1 (S)
o6pama}oTc91 B HYJb, TO MOKHO I10JIOXKHTDL

pe(s)=YWu(s), k=1,2,..., n+1,
TaK UTO
n+1
y(x, x)=k21 W, (s) g (x, A), A= s2m, (32)

Ecan e Bce ¢yukunn W, (s) ToxkJecTBeHHO paBHB HYMI0, TO
B KauecTBe OYHKUHI ¢4 (S) MOXKHO aHAJOTHUHBIM 00DA30M B3SIThb
HEKOTODbie ONpeJesNHTe/IH HU3IIEro MOPsiAKa MaTpHubl (B, (s)), He

BCE PaBHble TOXKAECTBEHHO HYyM0. Takue onpeleauTe/H CyUIECTBYIOT,
160 B IPOTHBHOM CJiydae J1000e MOJ0KUTeIbHOe 3HaYeHHe A OBIJI0 Obl
coGCTBEHHBIM 3HAUeHHEM onepaTtopa L, 4To HeBo3aMoxHo. ITo 3Toii e
UpHUHHE He MOJKeT OblTh OJHOBPeMeHHO @, (8)==0, @,.(s)=0,
00 KaxKJAoe 3HAUYCHHE S, IS KOTOPOro ¢, (s)=0, @, (s)=0 n ne
BCe OCTasbHBIE @ (S) PaBHBEI HYJIO, ONpeeaseT GYHKUH y(Xx, L) &
€ L*(0, o), KOTOpAast, CJAeLOBATE/IBHO, SIBJASAETCS COBCTBEHHON ]y iiK-
umedt omeparopa L,, orseualolledi coOGCTBEHHOMY 3HAUEHHIO A = §%7,
O6paTHO, TOJBKO NPH @, (S) = @py; (s) =0 uucao A =s>* 6yler cod-
CTBEHHBIM 3HaueHHeM onepaTopa L, HOO TOJbKO B 3TOM Cayuae
y(x, )= L*(0, o). Takum o6pasoM, noA0HCUTE AbHbLE CODCTRCHHbLE
3Hauenusa oneparopa L, onpedersiorca obugumu nyaamu Qynsyui
Pn(8)s Ppir (8).

puMepsn: a) OmepaTop BTOpOro mopsiika. Pac-
CMOTpUM omepaTop Ly, onpeiesedHbl nuddepeHlHadbHbIM BLIpa-
XKeHHueM

d?y
W)= — g +ax)y, 0<x<+ oo,
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H KpaeBblM YyCJOBHEM
y'(0) -6y (0)=0,

npuueM byukunsi g (x) cymmupyema B unrtepsaJe (0, o). Ha ocuo-

BaHHH TeopeMsl 3 N°3 § 23 uHIeKc gedeKTa COOTBETCTBYIOLLEro

oneparopa Lgectb (1, 1) n motomy Ly — camoconpsixKeHHbiH onepartop.
ITpu A <0 acumntoTnueckue Gopmyas (10) npuHuUMAaLT BUA

yy=es* [l +o(l)], yj=—se*[l+o(l)],
y=e*[1+o(l)], yj=se*[1+0(1)],

rae s= V| A|. OueBuano, y, & L2(0, o), yo= L2(0, o), u noToMy
co6cTBeHHOH (yHKUHeH onepatopa L,, COOTBeTCTBYIOINed HeEKO-
TOPOMY COGCTBEHHOMY 3HAYEHHIO, MOXKeT 6bITh ToJbKO y,. OTciona
3aKJ/JioudeM, YTO COOCTBEHHBIMH 3HAYEHHSAMH SBJSIOTCA KODHH
YPABHEHHUS

y1(0, ) — 6y, (0, A)=0.

Ipu A>0
y]=ei”[l+o(1)], y{———ise"”‘[l—i—o(l)],
yy=e"*[1 +o(l)], y,= —ise~s*[1+o0(1)],

rie s=V A. Hukakan auHeiiHAas KOMOUHALHS 5THX bynxuuii,
OTIMYHAS OT HyJeBofl, He MoXer npuHagiexarb L%*(0, oo), u
HOTOMY:

Ecau ¢ynkyun q(x) cymmupyema e unrepsase (0, o), 10
cnekTp oneparopa Lo Henpepol8eH HA NOACHUTEALHOU ROAYOCU
A>0 u moncer OviT6 TOALKO OUCKPETHBIM HQ OTPULATEALHOL NOAY-
ocu 1< 0. Takum obpasom, B caydae onepatopa Ly BTOPOro nopsaka
NoJIOXHTe bHAsl Nodayocb A>0 He COIEPKHT TOUEK AHCKPETHOrO
CNeKTpa.

6) [IpuMep NMONOXKHUTENHhHOTO COGCTBEHHOTO 3Ha-
uenusa, llpy n>1 nonoxuredbnas moayoch A>0 MoxeT yxe
colep:KaTh KpOMe HeNpPepLIBHOH YacTH NHCKPETHYIO 4acTb CIEKTpa
onepatopa L,. IleficTBuTesibHO, nycTh onepatop L, MOpPOKLaeTcs
AH(¢epeHnHaNbHEIM BhIpakKeHHeM

dty
y) ==

H KPaeBbHIMH YCJOBHSIMH
y(0)+y”(0)=0,
y”(0)+y(0)=0.

On umeer colcTBenHy0 (YHKUHIO y =™, COOTBETCTBYIOIIYIO IIO-
JIOXKHTEJbHOMY COGCTBEHHOMY 3HaueHHIo A = l.



2] § 24. UCCJEAOBAHHE CIHEKTPA UWPPEPEHUHAJBHOIO OMEPATOPA 367

B) IlpuMep passioXkeHus no co6CTBEHHB M ¢yHK-
nusiM. Acumnrorvueckue Qopmyan (10) malOT TakKe BO3IMOXK-
HOCTb TOJYYHTh Pas/okKeHHe MO COOCTBEHHHIM (YHKUHSAM omepa-
Topa L, W ONpefe/lTh NPH 3TOM CIEKTPa/bHYKW GYHKIHIO pac-
npenenenus o (A).

J1st IPOCTOTHI H3JIOKEHHS MBI JOMNOJIHHTEJBHO [PeRNOIOKUM,
yTo L, — BeulecTBeHHOE pacliMpeHde omepatopa L, M uto onpee-
aurean O(s) u W, (s) (cm. (19) u (31)) me obpamaioTcs B Hyab
Anisl MOJOKUTE/IbHBIX 3HAUYeHHH s. Kpome Toro, Mbl NpoHOpMHpPyeM
anpdepernnasbHOe BLIDaXKEHHE Tak, 4TO

lim po(x)=1. (33)
X > oo

B cnay BeuleCcTBeHHOCTH paciiupenus L, ducsia o, OIpenelsio-

lMe Kpaepble YCJIOBHS, MOKHO BbLIOPaTh BelleCTBEHHBIMH; MPH
TakoM BuGope *)

11)’” (S) = i IP‘)“L-H (S)) S > O,

Ile 3HAaK = 3aBHCHT OT uyeTHOCTH n. [IpoHopMupyeM byukiui0
y(x, A), mocTpoennyio npu A >0, noaaras

_ I Te (s) _ I Wy (s)

=) o =V % el 6
[+ ¥, (s) Wy (s)]? '

Pacemorpum Tenepp npH A >0 dyHKuMH

n

z;(x, 7»)=’§16,~k(%)yk (%, A) + Ynijurs (35)
i=1,2, ..., n—1,

i noabepeM Ko pHUHEHTH €5 (A) Tak, 4yTOOB Kamaast M3 GyHKUHH
z;(x, &) ynosnerBopana KpaeswiM ycaoBusM (14). Ilpu ¢dukcupo-
BaHHOM j MBI NOJYYHM JJs1 3THX KO3((HUHEHTOB CHCTEMy ypas-
HEHMH, olpejesiHTe/]b KOTOPOH €CTh

Vo0

cae/loBaTeIbHO, (QYHKUHHM Z;(X, A) ONpeRensioTcs €IHHCTBEHHBIM
ofpasom. Pacemorpum, gasee, KpaeByio 3ajfauy

Ly)=hy, A>0, (36)
glajvy[v—u 0=0, j=1,2 ..., 1, (37)
g =0, k=1,2, ..., n (38)

*) Jlerko BujeTh, uTo npu s >0 u n yetHoM y, (x, s) =y, (x, 5), HO y, (x, s) =
=y3 (%, 8)y « v o5 Yn (%, S) = Yns1 (%, 5). Ectu ke s >0 u 7 HeueTHo, TO ¥, (X, s)=
=Yy (%, 8); - ooy Yn (X, §) = Ynyy (%, 5).
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B koHeusoMm HuHTepBaJge (0, b). Kaxkpaa wus odyuaxuuit y(x, 2),
zy(x, M), ..., 2,.1(x, &), a sHaunT, ¥ uUX JuHellHasa KoMOWHAUHs

G, N=y(x, M)+ vy M)z (x, A+ o+ Ve (M) 2o (x, 4),

ecTb perueHde ypasHeHHus (36), yaoBaeTBopswliee ycaoBHIO (37).
CobcTBeHHble 3HaueHuss u coOcTBenHble QyHKUMM Hallieli Kpaepoi
3a7laYH MBl TOJYUYUM, HOAuMHAA QYHKDUIO §(x, A) ycaosuam (38).
MBI HOJyuUHM CHCTEMY YpaBHEHHUI

y(b, M)+ vi(W)z (b, M)+ ... v (W) 2, (b, 1) =0,
y(b, 1)+ Y, () 2[1'](17, Mt oo+ Yoo () zL‘ll (b, ) =0, (39)
yrl(b, M)+ v (W) (b, M)+ Ly, ()20, 4)=0;
c/ael0BaTe/bHO, 3TH COOCTBEHHBlE SHAUEHHS OIPEJead0TCs H3 ypaB-
HEeHHS

y(b, 1) 20 (b, A) ...z (B, A) ’
yiib, n)  AM(h, ) L 20 (b, 2) _o. (40)
yi(b, 2) 2(h, A) ... 2Ani(b, A) l

Ecnin A —oaumn u3 xopHeit ypasHenusi (40), 1o Kos(puumeHTH
Vi(A), ..., Va-1(}), onpefessiioliie COOTBETCTBYIOUIYIO COOCTBEHHYIO
dbyuxnumio, Moxuo OygeT nafiTu, peinas, Hanpumep, nepsbie 7 — 1
ypaBHeHuit (39).

Bocnosnbsyemcs Temeps acHMOTOTHYCCKHMH Qopmynamu (10).
OueBunHo,

2; (x, M) = ePnri+rSE [1+0(1)]

U BooOuLe

0 (2=, sl P[] 4o (1], (41)

n+j+l

i=12 ...,n—1 v=12, ..., 2n.

Ananoruuno, yunteiBas ¢opmyan (29) u (34), umeem

1
2m !

ylx, &) =@ueist = e it 4 o(l)=
) = 2@, sin (st +x%)+o(l), rae |§,|=

rie % =x(s)— HenpepelBHAsi QYHKLHUS OT S.
Kpowme Toro,

v
y™M (x, 7»)=25v¢n%sin(s§+%)+o(l), v=0,1,2,...,2n—1. (42)
05
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TlonctaBassi 3TH Bhipa)Keuust B ypasuenue (40) u orépackizas Mio-
KHTEH, OTJIHYHbIE OT HYJd, Mbl IIPHBEAEM 3TO YPaBHEHHE K BHAY

sin (s +#) + 0 (1) =0, (43)
e b 2n
E=E(0)= [ Vp; (x) ax, (44)

0

a o(l)—>0 upu b-— oo,
Ecau s, ocraBdasice B (QHKCHPDOBAHHOM KOHEYHOM OTpe3Ke, W3-

25
MEHHTCS Ha ¢y, TO UPH LOCTATOUHO goabiiom b (a 3Hauur, W

E(b)) sin(st +%) mo kpalinefl Mepe ABaXKJAbl H3IMEHHT 3HAK, HOO
dysKIHsS % ==%(s) HenpepbiBHA, a St uaMeHuTcsa na 2mw. Caenosa-
TeNbHO, TPH JOCTATOYHO GOJBIUHX O BCsl JeBas Y4acTh MO KpaitHei
Mepe ABaKAb M3MennT 3Hak. OTcloja 3akmaouaeM, uTo A ABYX
MOC/Ie10BaTeNbHBIX MOM0KHUTENbHBX COOCTBEHHBIX 3HAaUCHHI

M=t A =sen (0<ahy < gy <P < 00)
pamlell KpaeBoll 3a4auH Sg — Sp=o0(l) npu bh—oo. Ho roraa
%(Sgyy) —%(sp) = o(l) mpu b — o0 B cHIy HENpPEepHIBHOCTH (YyHKIIUH
%(8), u O3TOMY H3 (43) cjeayer, 4To

E(D) [Sps1 — sel =+ n(Spr) = n(se) +o(D)=n+o0(1). (45)

[Toncrasasasg nanee acHMITOTHYECKHE BbipaxkeHus (41) u (42) B ypas-
Henus (39), nafizeM, uto

Vi (R) =0 (e mri™ PN =12 ..., n—1. (46)
ITH OUEHKH IOKAaskBawT, 4To npH 0<K{x<bh
g, M=y, Dy @A)z (6, D+ o0+ (M) 2, (x, A) =
=2, sin(sE+x)+0(1) -;—ni] 0 (e"“’n+i+ls[g ®)-% Wy,
H [OTOMY =

b
RN 2 g, L _b
,é(b)ojlly(x, A)Pdx = = T +o(1).

Yuuruvisan HOpMupOBKY (33), uMeem

b
W-——I—I-O(l),

24 M. A. Hajimapg
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H NIOTOMY
b
i ~ 1 i
mé(ly(x, M Ede =4 o() (47)

Bce 3TH OlleHKH paBHOMEDHBI OTHOCHTEJNBLHO COOCTBEHHHIX 3HAUEHHH,
3aKJIIOUEHHBIX B JII00OM KOHEUHOM HHTepBajte < AP, 0<a<<p.
PaccmoTpum Teneps npou3BoJibHY0 HyHKIHIO [(X), HeIpepbIBHYIO
BMeCTe CO CBOMMH KBAa3HIPOH3BOAHBIMH 10 2A-TO NOPHAKA BKJIO-
YHTeJbHO, PABHYI0 HYJAI0 BHe HEKOTOPOTO KOHEYHOTO HHTepBaJa
[0, a] u ynoBJeTBOpsOIIYI0 KpaeBHIM YCa0BHAM (14); mosoxum

B b a-1] b 2
(@8 b)=Y, [m(x, M) |2de [ 1) 5, M)dx| , (48)
A lo
rile uueaa k u k” onpeaensioTcs YCJOBHSIMH
hpa<a, pz=a, Ay KB, Apsr>B.
W3 ouenok (41), (45), (46) u {47) 3ak/aioyaem, uTO
I{a, B, b)=
g | @ - n—1 y 2
—_ E J‘ f (x) |y(x, }\/k) + 2 O (e—(on+i+1S[§ (b)-E(x)]) dx ><
k=& | 0 : =1 i
o(l)
X {Sk+l—sk+ g(b)],
H MOTOMY
lim I (a, B, b)= J’ | F(s) P ds, (49)
b>o o
rie
a
F(s)=[F)y(x, Mdx, n=sn, (50)
0
a

2n - 2n
s=Va, s"=VB.
AHasornuyHo MOXKHO [0Ka3aTh, uTo Hpd o <B<0

lim 1 (a, B, b)=0. (51)
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C npyroii CTOPOHBI, NPHMEHsA HepaBeHCTBO Deccessi, nMeem
2

[ 1090 aax| <

-1

b
I(—oo, =N, )= 3, Uly(x, xk)de]

Ap<—-NLloO
b -1]| a 2
<ﬁ‘2- E ki[jly(x, Kk)iz’a’x} (f(x)y(x, A dx| =
rp<—N Lo 0
b - 2
- 3 {J;y(x ) de} fuf)y(x, M) di| <
hp<—N

a

<3 J1mra 6o
0
U aHaJOTHYHO

1

I(N, + oo, b)gwjll(f) [dx. (62)
0

YVuuTeiass Bce 5TH OUEHKH H paBeHcTBO IlapceBass (em. n° 2 § 5)
Iasi KpaeBo# 3ajaun B KoHeuyHoM wHTepBaJe (0, b)

I(= o0, + o, b)= [ }(x)Pdx, (53)
0
MBI 3aKJl0YaeM, 4YTO CYLIE€CTBYET Ipelen
Ci=1lim lim I (—e, ¢, b) (54)
E>0Q b>oo
H 4TO
(1 Pde=[1F(9)F ds+C, (55)
0 0
rje
¢
F(s)= | f(x)y(x, 2)dx. (56)

0

OueBupHO, Cy MOXKET OTJIMYATHLCS OT HYJS JHIb TOTHA, KOTJAa Ome-
patop L, uMeeT coOCTBeHHoe 3HaueHHne A = 0. Mu npuxoium K cije-
Aylollied TeopeMe.

Teopema 6. ITycre oneparop Ly Tor sice, 410 1 8 Teopenme b,
a L,—eeo geujccreéennoe pacwupenue, He umernoujee AUCKpPeTHO20
crnekrTpa.

24%
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Toeda hopmyant

F(s)=[ 1@ y(x, s*)ds, (57)

P = [ F(s)ylx, s)ds (58)
¢
OCYUeCTBASIOT B3AUMHO OOPATHbIE U3OMETPULECKUe OTOOPANCeHIS
npocrpancrea L*{0, o) ¢pynxyuil f(x) na npocrpancreo L*(0, o)
pyuxyuti F(s), Tax uro

[1H@) P dx= [1F(s)pds. (59)
0 0

Credosareasro, oneparop L, umeer npocroii cnexrp.

3. Cayvait p,(x)— + oo,
Teopema 7. Iycrs 8oinoaneHsbl YCAOBIU:
1) po(x) =+ 00 npu x —>+ oo}
2) p,, p, #e mewawr 3Haka 6 uxTepsase [xg, o) npu docra-
TOUHO OOABLULIOM Xg)
3) npu x>+ o0
p,=0(p. 1) 0<a<l+-t;

4) pyurkyuu

Py L 3 _n-3
o pilpal %, polpal 2, ooty Puctl pul 2

cymmupyemol 8 unrepsaae [0, + oo);

B) lim po{x)=1.

X >+

Toeda cnekTp 8cAK020 CAMOCORPANCEHHO20 pactuupenus L, one-
paropa L Quckperen.

Hokasarteancrno. Pacemorpum ypasHenue [(y)=Ay, riae
A — BemecTBeHHOe uwucgo. Corsacuo teopeMe 9 § 22 (cM. 3ameuanue
K aToli TeopeMe B Koulle 2) 6) n°2 § 22) sto ypasueHue umeer 2n
JIMHEHHO He3aBHCHMBIX pemieHud y; j=1, 2, ..., 21, Takux, urto
npu x-»>+ oo

] )3
yizpn2+4neib[1+o(1)], (60)

= j§V(—1>"“ﬂ$ ds, (61)

Xo

rae
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a &, €, ..., &, — BCE PA3JNUHBIE KOPHU 2n-f CTENEHH M3 €LHHMILHL.
3anymepyeM uHcaa €; Tax, 4TO

=R () <Rey) = Ne) < ... <N(eyy)=
=R (o) <Rles) = 1. (62)

[Iycts nna onpejenennoctd n Heuetno. CJayua#t yeTHOro n pac-
cMaTpuBaeTcs COBeplIeHHO aHaJgoruyHo. Torja mepBsle f cpefn
ypces Re }) OTPHLATEJNbHEl, [OC/ICLHHE 7 MOJOMKHUTENbHHE. [lo Teo-

peme 4 n° 4 § 23 unnekc gedexra omeparopa Ly ects (1, n), u
TOTOMY BCAKOE €ro CaMOCONPIKEHHOe paciinpenue L, 3amaercs
KpaeBbIMH ycaoBusiMu (14) (cm. n® 3 § 18).

Paccyxenusi B AoKasatenbCTBe TeopeMmbl 4 n° 4 § 23 npume-
HHMB TaKxe K HallleMy cJyval BeIIeCTBEHHOTO A, Tak u4rto
GYHKUHH 4y, Yo, ..., Y, OpuHAmaexkar L2(0, o), a ¢yHKIHH
Yntl> Ynigs - - +» Yoo U HHKAKASA HX HeHyJeBas JUHEHHAs] KOMOUHALHUS
He npuHapiexar L2(0, oo). ITostomy coGcTBeHHbIe 3HAYEHHS Omepa-
Topa L, cyTb Te 3HAUEHHs A, IJAA KOTOPbIX GYHKIHA y=ciy, -+ ...

.+ ¢,y, ynoBaetBopser ycaoBuaM (14), 1. e. 113 KOTOpHX OfHO-
poAHast cucreMma

n

2 Ap(e=0, j=1,2 ..., n, (63)
k

rje
2n

Z,w 10, &) (64)

yv=1

¥MeeT HeTpHBHAJbHOe penteHne. CJ/le0BaTesbHO, COOCTBEHHBIE 3HA-
yeHHUdA ONpele daIoTCA Kak HyJu (QYHKUHH

Ay (d) ... Aln(l)
DAY= . .. ... . (65)
Anl (}“) L nn (7")

JlokaxkeM Tenepb, uTo onepatop L, He umeeT HeTIPEPLIBHOTO CTIeKTpa,

7. e. yro npu @ (1) 7= 0 onmepartop (L, —Al)”' orpannuen.

[ToBTOpAsi paccykjieHue, NPUBEIEHHOE B LOKA34ATEJNbCTRE TEO-
pemel 5 (cm. ctp. 359, 360), MBI BMOHM, UYTO AOCTATOYHO YCTAHO-
BATh COPaBeIJIHBOCTh HepaBeHCTBA BHIA

oo

[|o [ 0,070t + 0,0 fy;(t)f(t)drfdmcz [1r@ra,
4] 0 X 0

(66)
i=12,...,n,
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aas moboit yHkuuu f{(x) = L2(0, o). Ho us ypasnenuit (21) nas
dyuxkuuit v;(x) u acumnrotuueckux dopmyn (151) § 22 caeayer,

YTo NpU X —>+ oo
2n—~1

v=cp, ™ e T [l+o(1)]

rjpe ¢; — HEKOTOPHIC nocrostuHble. Tak Kak Pn—>+ 0o IpH x —> 4 co,

TO M3 3THX aCHMITOTHYeckuX ¢opmya u u3 (61) BhiTekaer, 4TO
Tpu xg AOCTATOYHO GOJBLIOM

|j,(X)U](t)]<Ce i opu x>t > x,
[v;(9) y; (1< Ce™i % npu t>x>x,.

[lyrem Haagexaliero nopbopa C, MOXHO AOGHTHCH TOrO, UTO 3TH
HepaBeHCTBA OyAyT BHINOJHAThCS npu x>t>=0u {>x2>=0 coor-
BeTCTBeHHO. Ho Torza H3 sTHX HepaBeHCTB H H3 HepaBeHctsa (27)
MBI NOJNYyYMM HepaBeHCTBO (66) Tak e, kak u Ha cTp. 361 —362,
TeMm caMbIM JOKa3aHa AHCKPETHOCTb CHeKTpa omepatopa L.

4. Cayuaii p,(x) — — oo,

Teopema 8. [Tycre svinoanenst ycaosus:

1) pp(x)—>—o00 npu x>+ oo;

2) p,, p, He MeHAOT 3HaK 6 uurepsase {x, o) npu Jocra-
TOUHO OOALUWIOM Xy,

3) npu x—+ o

=0(p.f), 0<a<i+ops

4) pynryuu
p 1 3 2n 3

Oy pllpn, 1p2]pnl_2_na---’ pn—l]pnl D

cymmupyemvl 8 unrepeae [xq, + oo) npu AocTarouno 60aswom Xy,
5) lim py(x)=1;
X->+oo

6) unreepanr

f l 2n dx
acxodurcs.
Toeda nenpepoisnas wacTs CHEKTPO BCAKO20 CAMOCONPINCEHHOZO
woacuupenun L, oneparopa Ly sanoanser 8cio OelicTeuTeAsnyIo 0Cs.
HokasareancTBo. DyleM mno-mpexHeMy CUHTaTh A Heyer-
BHEIM H 0003HAYUM Temepb uepe3 ©;, Oy, ..., Wg, BCE Pa3IHUHbIE
=OpHH 2n-i cTenmeHu H3 —1, pacmojolkeHHbIe TaK, 4TO

R (o) =R (o) <R () =R(a) < ... <R(0z,-1) =R(0g,). (67)
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Cpenu 3THX 4uceJ nepsple f1— 1 OyAyT OTPHLATEJbHBIMH, HOC/E-
Hue 7 — 1 NOJOXUTEJbHEIMH, a

ol

R (mn) =N (mnﬂ) =0,
TaK 4YTO MOXKHO CUHTATh

O, =1, @u=—1L

Acumnrotnyeckue GoOpMyJbl MBI Teneph 3AMHINEM B BHAE

1 1
y=0 2 T M o (], j=1,2 ..., 2 (68)
rje
X 9n i )
wl +
n=| }/f’f—g— dx (69)
H N
n A
o=l S (70)

ITo Teopeme 4 n° 4 § 23 unznekc nedekra onepartopa Ly ects (n, n).
Tak kak R(0;)<0 npu j<n u R(w;)>0 npa j>n, 10 Oynkuun
Y1s Yas - - Yn-y npuHaggexar L2(0, o), a GYHKUHE Ypuei, Ynsoy . . .
««.s Yo, ¥ HUKAKAs HX HeHyJeBas JuHeHHAsd XoMOMHALMA He mpH-
Haagaexar L2(0, oo). DTo NOKa3LIBAETCST TOYHO TAK ¥Ke, KAK U COOT-
BETCTBYIOLICE YTBePXKICHHE B J0KAa3aTe/bCTBe TeopeMul 4 n° 4 § 23.
Tak kax
S
Ya =| pn] i ein [1 + 0(1)11
2n—1

Yna =l Pn rT e=in [1 + 0(1)]1

TO OPH JOCTATOUHO GOJIBILIOM X, H X = X,
1

) 1
ly.P=(1—28)| p,| 2,
1
P LI
[ Ynat 12>(1 “S)I,Unl n,

M3 sTux HepaBeHCTB H yc/aoBHA 6) 3akaiouaeM, uTo QYyHKIME Y,
Yae1 He mpuHaggewar L2(0, oo). dasibHelne paccyxJeHUsi aHa-

JIOTHYHBl paccyXJeHusM B n° 2, B).
n+1

Monoxnm cuoBa *) y(x, A)y= 2 @ (M) g (x, A), rae xosdpduin-
k=1

eHTBI @ (S) BEIGpAHBI Tak, 4TOOb QYHKUMA y(x, A) yAOBJIETBOPsIA
KPAeBLIM 'YCJIOBHSIM B Touke x =0, ompefeasiiomiuM omepatop L.

*) 3mech H Huxe MBI u3MeusieM OGO3HateHns M muweM @p (A), ¥i(A)
BMecTO @ (s) u Wi (s).
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Tak Kak HeNnpepuiBHBIA CHEKTP He 3aBHUCHT OT BHIfOpa pacluHpe-
Hua [, TO JOCTATOUHO JOKAa3aTp YTBEDXK/AEGHHE TeOPEMbl M5
Kakoro-HuGyAb OLHOrO TAKOrO pacmupeHus. MEul ee jgokaxkem
AJsi BelileCTBEHHOTO pacIIHpeHHs L, u IPMTOM JJs TOTO cJaydas,
gorga He Bce onpepeautean ¥, (em. ¢opmyay (31)) ToxaecTBeHHO
paBHbl HyJio. Takue pacIIMpeHHsa cyuiecTBYOT. JleficTBHTe/IbHO,
cpenu onpejesuTesell n-To NOPsAKa MAaTpPHIEL

g (0, Ay U0, &) ... yRe-11(0, 2)

¥, (0, 2) (0, 2) ... yB21(0, &)
XOTs1 OBl OJAUH OTJAHYEH OT TOXKIEeCTBEHHOro HYyJ, u6o B IpOTHUR-
HOM cJayuae OblI Obl paBeH HYJIO IIPH BCeX A ONpefenuTtens Bpow-

CKOro JIMHEHHO He3aBHCUMBIX GQVHKUHA ¢y, Yo, ..., Yo, LIyCTh OT-
JUYeH OT TOXKAECTBEHHOrO HyJs OnpefesinTes b 5ToH MaTpHIH
C HOMEpaMH CTONOLOB V|, Vg, ..., Vv, (0Kvi << .. < v, < 2n).

PaccmoTpuM Torja BelileCTBEHHOe pacluupeHue L, omepartopa Ly,
ONpeJeJeHHOe KPAEBLIMH YCJIOBHSIMH

o, =0, %, 2)=0, ..., g0, 1)=0
TaK 4YTO B paCCManHBaeMOM cnyt{ae

{0 npu  vsEvy,
Jovtl I upy v=w,

B, (%)= yl"#1 (0, a),
¥ TIIOTOMY He OyJAeT TOXIECTBEHHBIM HyJeM OIpeAeaHTENb
g, ay L. R0, a)
YooM= ... .. ... ...
yl"lo, ) ... gl (0, )
[Tostoxum, Kax u B n° 2,

1 Ty (A) YA
?\. — & k
@ (4) wm V¥, (A ¥, A) ]/ o | Wan (W]

Oyuxuusa y(x, 1) 6yzer Torxa onpegeseHa AJs BceX 3HAUEHHH s,
He ABJsionxces nyaamu ¢yakumu W, (A). Jlajee BBeaeM CHOBA
B paccMOTpeHHe (QYHKIHH

z]'(x, }") 2 C]k yk (x }")+yn+1+l
]-1, 2,..., n—1,
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yaoBJIETBOpPSIOLIHE yeoBUsM (14), u Kpaesylo 3anauy
L) =1,
é}lajvyt\=-l!(0)=0, i=1,2 ..., n,
y(b)y=0, k=1, 2, ..., n,
pelleHHs KOTOpPOH MBI CHOBA OyAeM HCKaTh B Buje
Glo, D=y, N+ v ale, M+ oo v, (A) 2,00 (x, A).
Msl nosmyuum aas Gynkuuit y;(A) cucremy ypasuenuit (39), a mas

cOOCTBEHHBIX 3HAYEHUH Hawehl KpaeBoh 3anaum — ypasnenne (40).
Acumnrornueckue GopMyan aas GYHKIu zg.V] (x, &) Mbl 3anHiueM

Tenepb B BHAE
1 2v-1

&Nk, A =orip 2 W e [ 4o (1) (71a)
npu v=1,2, ..., nu
v-1} ven-1 v-1 2L |
zr M =(=1)"" onge 2 e W T+ 0(1)] (716)
nmpu v=n+1, n+2, ..., 2n.
Ianee,

1
. 5+ . -
yx, M) =230 2 * [sin(m+x)+oM)], [§.l=[q,l,
H Booduie

IR Ll By RPNV
g (x, A) = 24,0 PR [; — sin(n+w)+o(l)] (72a)
"

npu v=1, 2, ..., n,

+

1 ov-l
- \Wen=l~ TG ot
y[v 1 (x, ;\’)=2(_1)x I(Pnp 2" Tdn [anv_l sin (T]—I—M) - o(l)} (7206)

opu v=n-+1, ..., 2n, rge % =2x (1) — Henpepoiuas QYHKUHS OT X
B Ka)XAOM KOHEUHOM HHTepBajde & < A <P, He colepKalueM HyJel
yuxm W, (2).

TToacraBasisi 3T BeIpakenust B ypasHenne (40} u orépachiBast
MHOXKHTE/IH, OTJAHYHble OT HYJsl, Mbl IpHBEAEM €ro npu b-—>+ oo

K BHAY

sin(M+%)+o(1)=0, (73)
rie .
n=n(b, M=f}/ —if%ﬂ—dx. (74)

0

Iyers o, f] — GukcupoBaHdbfi KOHeUHbI HHTePBAJ, B KOTOPOM
Her nyJefi ¢pyukuuu ¥, (), u nycts Ag Agy — ABa NOCJAENOBA-
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TeJbHHX COOCTBEHHHIX 3HAUeHHUsT Hallell KpaeBOil 3ajayH, NpHHAX-
aexawmue [a, §]. Torna

Ay~ Ap=o0(l) npa b-> oo,
HefictauTenbHo, B cuay (74), ycaoBusa 1) u HempepnBHOCTH (yHK-

wad % (A) B [a, B] nas xaxkaoro A, a<{A < P, cymecTsyeT Takoe
gucJao u> A, u<f, uto

n(b, p) + % @) —n(b, A) —x=(A)=2xn. (75a)
(b, W—n(b, &) =2n-—%(u) +x (%),

b 2n p———— on ——————
ToalFw _ iP_LU_] o
df [ o ]/ o dx =2rn—n{p) + % (A),

cJje/10BaTeJ/IbHO,

Orcrona

T. €.

b L
(;x~7v)f Lo | d ‘ -

2n-1 -2 N =1
O (pnl+w) 2 +(lpal+m) 2 (Upal + M2 + . 4 (Ipgl +25) 27

=2n —x%(u) +%(A). (756)

Tak Kak No ycJOBHIO HHTErpan

o0 -+_1—
[1pale) 1777 ax

pacxoArTs, po—>1 npu x— + oo, a x{u), »(A) orpanuueHn, To
H3 (756) sakmovaeM, uto p—A=o0(l) npu b—>oo. C apyroit cro-
pOHBI, NIIPH JOCTATOYHO OoJsbIIHX b JeBast yacTh (73) mo kpaiinei
Mepe fBa pa3a MeHseT 3HAK B HuTepBaje [A, p] u motomy umeer
TaMm o Kpafined Mepe ABa HyJsi. TakuM o0pasoM, Npu AOCTATOUHO
OosbINX b uHCaa Ag, Agy 3aKJIOUCHB B HHTepBaJse BHaa [A, pl,
CJI€A0BATENBHO, NOAABHO Apy—Ap=0(1). Orciona % (A, ) —x(Ay) =
=0(l), n noromy us (73) 3akawuaeM, 4To

N (b, Aes) =M (b, M) =n+o0(1).

[ToBTOpsia Temeph paccyXxieHHe, MpPOBEJEHHOE MPH BHBOJAE COOT-
nomennsa (756), sakaoyaeM, 4To
(Per1 — M) X
b 1
>< i p02n dx —
2n~1 2n-2 1 2n—1

Upnl + 200 2 U pal +hie0) 2 (Ipal+2e) ™ 4.t Upal+As) 27
=5 +o(l),

6
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H COOTHOUIECHHE Apy — A, =0(l) maer

Aprt — Ao = — m+0(1)1 ; upu b—>+oco. (76)

Sl o
f(ipn(x){—klk) " o2t dx
0

Janee, u3 ypasuennii (39) u acumnroruvecknx gopmya (71) u (72)
BBITEKAET, YTO

Y (A) =0 (e i@ MY im0y (77)

CJ€10BaATCJAbHO,
1 n 1t

—_—

1
g(x’ }“) _ 2¢)np 7 sin (7] + %) + Z 0 (e"’)n+]—1 &, M)-n (x, M])p 2"
=1

(78)
HafimeM Temepb acHMNTOTHUECKOE BhIpaXKeHUe JJs
b
(176 pas
0
b L
fp 2n dx
0
IIpenBapuTesbHO AOKa)KeM, UTO NP b —> oo
b !
[ p\HW cos (2n+2x)dx =0 (1) (79)
0

PaBHOMEDHO OTHOCHTEJBHO 3HAUEHHH A, HAXOASAWUXCA B (GUKCHPO-
BaHHOM KOHeuHOM wHHrepBajde o< A<P. Ilycts A, — uHTepBaJs,
Ha KOTOpOM
km E+ 1=
PR A
Torja

b
rP gt

J 0 +Wcos @2n+2%)dx =

<

m 1 . _ _]
=2 fp A cos (2n+ 2} dx + J o QT cos (2n+2n)dx,

k=14 :
k Bmet
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rjle m ~— YACJI0 HHTePBaMOoB Ay, yKAaArBaOUHXCS B HHTepBaJe (0, ),

4
a Ap+1—ocraBmasica uyacTh uHTepsasaa [0, b). Tlocsennee pasen-
CTBO MOMKHO TNepenucath B BHIE

b

1
[ p—H?—” cos (2n+2%) dx =
0

(k+1) 7T
m=1 2 £
1N f poleostlde | 1, mﬂf polcostlds _
7 (=D (Toalim T2 D AR
=0 £ mit
2 2

3

-1
1 \ (—])kpo (xz) + 1_(__ l)m+1 (“Umﬂpo (Xm+1)

_—:_‘Zk O(IPn(xk)H-x) Ton Gad) 1+ 2) sin g (b),

i

rae £(b)— sHauenne OyHKUMH E=2n+2% npu x=05h, a x,— He-
KoTopas Touka uHTepBasa A,. Otciona cjeiyer cootHourenue (79),
u6o npum JOCTaTOuHO O0JbIIOM k UJeHbl NOoCJAe[HeH CYMMBbI IO
aGCcoMOTHOH BesnuuHe yOHBAIOT H CTPEMSITCS K HYJIO IPH k—> 0o,
Tak xak oOyekuHs p~'(x) orpaHuyeHa HpPH JAOCTATOUHO GOJIb-
wux x (x == x,), To
b 1
f e One ey 1 B2, mp*“r?n ds | <
Xo
n ()

<c | expf—R(0 )b, ) —nl} dn=

N (xo)
= ¢’ [1 —exp{— N (@m ;1) [1(b, 1) —n(xo, M} =o0(1) mpu b —> + 0.
Dtu ouenku u popmyaa (78) maiot
b 1

—I+—

b
J]g(x, M) 12 dx 4] @n |2 fp " §in2 (n + x) dx
0

5 1 = 5 T +o(l)=

—1+2— P B)
[ o Tdx J o " dx
0 0

T b 1 '1"0(1),
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T. €.

oo ] I
u6o HHTErpast [p " dx, Tak ¥e Kak U HHTerpaf f [ Pl gED dx,
0 0
PACXOIUTCH.

Bce 3TH OUEHKH DaBHOMEDHBI OTHOCHTEJNBHO COOCTBEHHHIX 3Ha-
ueHHH A =), DPACIONONKEHHHX B JMOGOM KOHEUHOM HHTEpBaJe, He
conepxamem Hyae#d dyukuun W, (A).

Iycth Tenmepp f(x)— QyHKuHUS, UMeoUIasi HENPEPHIBHEE KBA3H-
IPOH3BOJAHEIE 0 2A1-TO NOPALKA BKJNUYHTEJBHO H paBHAs HYJIO
BHe HEKOTOPOro KOHewHoro HHTepBaJa [0, al, n nyets a <{A<{f —
KOHEeUHBLIl HHTEpBaJ, He coiepxauwuit nymaeit ¢ymkuun ¥, (A).
Honoxum

-1 a 2

@B o)=Y “I (£, M) I2dx] [0 5 (e M)ax| . 6D

a{kkg(i 0

W3 acumnrotudeckux dopmya (76), (77) u (80) zarmoyaem, uTo
npu b—> 4 oo

a 2
(@, . b=+ fﬂx)y(x, M) dx| (e —25) o0 (1)
a<kk<ﬁ
M TOTOMY
lim 1(a, B, )= [|F Q)P an, (82)
b>+oo n o
rie
a
F()= | f(x) y(x, ¥ dx. (83)
0
ITycTs Ay, Ag, Ag, ... — Bce coOCTBeHHBle 3HaueHHs omepatopa L,
Kaz/0e H3 KOTOPHIX NOBTOPSIETCSl CTOIBKO pas, KAKOBA €ro Kpar-
HOCTb, a y((x), Yp(x), y2(x), ... — COOTBETCTBYIOUIHE OPTOHOPMH-

pPoBaHHLIE C06CTBeHHbIe (byHKLUH,
IloBTopsist 1O CyINECTBY Te K& paccyXaeHus, uto u B n° 2, B),
MBI NPUXOAMM K. CJeAVIOLIEMV paBeHCTBY, CHNpaBeLJUBOMY s
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mo6oit dyukuun f(x) & L2(0, oo):

[11rde=2 [1Foypars Nick (84)
rje ’ o bt
Cp= J f(x) e (x) dx. (85)
0

®opmyaa (84) osnauaer, uTo CIEeKTPaabHas QGyHRUHSA pacupenese-
Hus1 o (A) omepartopa L, HempepbiBHA H Bo3pacraeT BO BCeX TOU-
KaxX A-OCH, OTJMUHHIX OT COGCTBEHHBIX 3HaueHHit onepartopa L,
TeM caMHM TeopeMma 8 gokasana. OfHOBPEMEHHO NMOJYYEHO DaBeH-
ctBo Ilapcemasss aJjsi omepatopa L, B pacCMaTpuBaeMoM cJyuae.
Kpome Toro, u3 JOKa3aTe]hCTBA TEODEMBl BHITEKAaeT, UTO TOYKAMU
duckpernozo cnekrpa moeyr OwTs Autis Hyauw Gynkyuy V., ().

B cayuae omepatopa L, BTOpOro mopsiixa TeopeMy 8 MOXKHO
YCHJHTb; HMEHHO HMEeT MeCTO

Teopema 9. [Tycto 8o1noaHEHbL YEAOBUR:

1) g(x)—>—o00 npu x— + oo;

2) ¢’, " He MeHAWT 3HAK 8 uxrTepsase [xy + o) npu docra-
TOYHO OOABUIOM Xy,

3) npu x— -+ o©

g’ =0 (q%), o<a<3,
a

4y pynryus p? cymmupyema 8 uUHTepsase |xy, +0°) npu
JocTaToHHO 60ABWOM X,

5) lim p(x)=1;

X—>-+o00
6) unreepax

e 1
[1a()I? dx
pacxodurcs.

Toeda cnexkrp 8cakoeo camoconpscernozo pacuupenus Lg
oneparopa L, nopoacdennozo Oupdeperyuarbiolm soLpanceruem

d dy)
l(y)——d—x(p ic) T 99
Henpepoigen Ha 8cetl ocu.

HoxasareabcTBo. Cornacio TeopeMe 8 HOCTATOYHO AOKA-
3aTh, YTO onepatop Lg He UMeeT JHCKpPeTHoro cnekTpa. Ilasa sToro
B CBOIO Ouepejb MOCTATOYHO YCTAHOBHTh, uro ¢yHkuus ¥, (4)
(B mannom cayuae o¢yuguusi W,(A)) He ofpaumraerca B HyJb HH
IpU KAaKOM BeillecTBeHHOM 3HaueHuH A. Ho ecun

y(x, =T, y(x, Y+ ¥, (R) ya(x, M),
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TO M3 KPaeBOTO yCJAOBHS
yM (0, 1)~ 0y (0, ) =0,

OINpefe/IAloIero onepaTrop LG’ Mbl 3dakKJgryaeM, 4TO MOKHO I0JiO-
KHATDb

‘Fl (7") = y[21] (0» }") - 9.’/2 (0) }"):
¥, (A) =— [y[l” (0, &) -8y, (0, ?»)]

Tax Kaxk npu BelwlecTBeHHOM A y,(x, A) =y, (x, &), To
Vi (A)=—Yy(A) (86)
C npyroit cropoun, ¢ynkuun ¥, (A) u ¥, (L) He mMoryr oxmoBpe-
MeHHO o6pauatbhcsi B HYJb, HG60 H3 PABEHCTB
W (A)=y}1(0, 1) — 8y, (0, 1) =0,
W, () = — [41(0, &) — 0y, (0, X)| = 0

CJeyeT, 4TO PaBeH HYJIO0 OMNpejesauTes]b BpoHckoro
W=y, (0, 1) gJ1(0, 1) — 4,(0, 1) 4" (0, X).

HoxaxeM, uTo 3To HeBO3MOXKHO. I3 acumnrorHueckux gopmys (68)
npu n=1

1 ]
yi=p ‘eM[l4+o()], yo=p e[l +0(1)],
1 1

yi=ipeM [l +o(l)], yy=—ip e [1 +o(1)]
MBI 3aKJlouaeM, uTo
W=—2i[1+0(1)];
TaKk Kak W oT x ue 3asucur, to 0(l)=0Hu
W=—2{0.

Orciofa u u3 coorHoleHust (86) BhITEKAET, uTo Kawkaas U3 (byHK-
uuit ¥y (4), W,(h) otudna oT Hyas /s BCeX BELIECTBEHHBIX 3Ha-
YeHHH A.

Teopema 10. [Tycre pynxyuu py, py, ..., p, Yy0oe.1€T80pAIOT
ycaosuam 1) —5) reopemvr 8 u nycrs unrezpanr

1

(1,17 dx (87)

cxodurca. Toeda cnexTp BCAKOZO CAMOCORDPANEHHO20 pactuupe-
Hus L, oneparopa L, duckperen, a pesoassenra R, oneparopa L,
80 gcex TouKkax peayaaprocTu A ecte a0po uasbepra — I mudra.
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HoxkaszartenbcrBo. CoraacHo Teopeme 4 n° 4 § 23 B pac-
cMaTpuBaeMoM caydae MHAeKc Aedekra omneparopa L, ectbh {(n+ 1,
n+1). CiresoBaresibHo, BCSKOE CAMOCONPSIKEHHOE DaclIHpeHue [,
onepatopa L, onpejesseTcss KPaeBLHIMH YCJOBHIMH BH/LA

ly, wk]go=0, k=1,2, ..., n+1, (88)
rie W), @y, ..., Wyy — GYHKUHH U3 00JMACTH ONpelenenns D ome-
patopa Lo, Takue, uto

[w;, o]y =0, i, k=12 ..., n+1 (89)

(cm. n° 1 § 18).

C napyroil cTopoHbl, U3 cXojuMOCTH HHTerpasa (87) sakaiouaeM,
YTO MPH BELIECTBEHHOM A DEUICHHS Yi, Yoy - ..y Ynyy YPABHEHHUS
[(y) = Ly, onpenesnennue popmyaamu (68), nmpunasmexkar L2(0, oo).
Paccysxnasl, Kak U B A0Ka3aTe/]bCTBe TeOpeMbl 8, Mbl 3aK/I0UaeM,
4yTO COOCTBeHHbIe 3HaueHHs omneparopa L, cyThb HYJIH (GYHKLEH

o0
(1, yil [0, Ynnilo
Ty=] - .

o0 [e]

[ynﬂ’ !/1]0 oo [ynH» ynH]o
Jokaxkem Ternepb, uro ecan W (i) = 0, To Touka A He mpHHAT-
JEXKHUT cnekTpy omeparopa L, T. e. uTo pesosabBeHTa R; ecTh
orpanuveHusli oneparop. OueBHAHO, 39TO JOCTATOYHO [I0KAa3arTh
JJst BellleCcTBeHHOro pacwupenusa [, omeparopa L, Ho B Takom
cayvyae pe3oqbBeHTa R, ecTb HHTErpasbHBI Oleparop ¢ siapom

n+1

gl e (5) [ (x) + 0 ()] npun x <s,
K(X’ S5 }\')2 n:—I
| 2 nlho o) npnx>s

npuuem ¢Gyukiun Ay (x) npunaanexat L*(0, oo).

Hokaxewm, uto siapo K(x, s, A) ects ssapo 'nasbepra—Mmunra;
TEeM CaMBbIM YTBeDXKJeHHe TeopeMnl OyaerT NOJHOCTHIO J0Ka3aHo.
[Toaoxum

o
0

2 Y (s) by (x) npu x<s,

) Y (%) by (s) npH x>,

=1

y;(s)v;(x) npu x<s,
(x)v;(s) npu x>,

i=1,2, ..., n+1,
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TaK 4To
n+l

K(x, s, )= (xsx)+21<xsx)

Tak kak K(x, s, A) ects aunpo ['uanbepra — lllmuira, To socra-
TOYHO YCTAaHOBHTDL, 4TO Kaxjoe u3 sigep K;(x, s, A), j=1, 2,

., n+1, ectp aapo I'manbepra — llmuzara.

Bynem mo-npexHeMy CUYHTATh 7 HEYETHBIM; CJAYYaAl 4eTHOrO n
paccMaTpHBAeTCs aHaJOTHYHO.

W3 acumurothueckux dopmya (68) u ypasueauil (21) szarawo-
yaem, 4TO

1 1 1 1

gi=1p 2 Fe M L+ o(D], vy=c;l pal 2 e M1+ o(1)],
=12, ..., n+1,

rle ¢;— HEKOTOphle MOCTOsIHHbBIE, a 5)t(mj)<0. [Tostomy

Tfl](j(x, s, A)Pdx ds=
00

= [ [1ym 0 Pdrds+ [ [10;(x) 5,090 Pds ds<
0 0 0 x
1 X 1

| pa) [ d j [ pa ()] exp (20 (0,) [n () —=n(s)]} ds +

|

+ [ 1pa) [ dx [ 1p,(9)[ 2 exp 20 (o) [n(s) = (x)] ds § <
0 x

J

<A

e,
S, 3

I 1

(1o dx [ 1 07 a5+
0

0

<A

———— e,

1 e 1
+ f | pa (0] dx f | pals) ds}=
0

{ 2
(len(x T dx) < + oo,

u6o nocnemmﬁ HHTErpaJd no yCJOBHIO CXOLHUTCA.

Teopemnr 5, 6, 8 U mepBas wacTh Teopemsl 10 nokazaum . M. Panonoprom
(cm. Pamonopr [3]), npu p (x) =1 teopema 9 umeercss v Turumapwa (eM. Trru-
maput [1]), a Takxe y B. M. Jlesurana (cM. Jlemurad [2]). B npuBeierHoft
3nech o0Lel (GOPMYJTUPOBKE 3TH TEOPEMbI, a TakxkKe TeopeMa 7 onyOJ/JHKOBAHB
BIEpPBble B NePBOM H3JaHHU 3TOH KHHIU.

25 M. A. Haiimapk
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5. Kpurepnii JHckperHOCTH cnekTpa JuddepeHunalnioro
oneparopa BTOPOro mopsaka. CnekTp omneparopa A HasbiBaeTcs
4ucTo OUCKPEeTHBIM, €CJIH OH COCTOMT H3 CUETHOrO0 MHOXKECTBA Col-
CTBEHHBIX 3HAYEHUH C eAHHCTBEHHOU NpefejbHOR TOUKOU Ha Gec-
KOHEUHOCTH.

Hesabo 3TOr0 MyHKTA SIBJSETCS MOJYUEHUE YCJIOBHH, HeoGXo-
JUMBIX W JOCTATOMHBIX [HJs TOro, 4YToOLl CIEeKTP omeparopa L[
BTOpOrO MNOpsijiKa, onpeiedaeHHoro audbdepeHnnasbHEM BBIPaKe-
HUEM

d?y
lY=—Z7+ax)y, —oo<x<oo, (90)
6bl1 UHCTO JAUCKpeTeH; IIpH 3TOM IIpejnoJaraercs, 4To (yHKIas
g (x) orpaHnyeHa CHH3Y.

YHoMAHYTHle YCJAOBUS MOJYydYdlOTCH H3 chacAyloulefl mpoctoit
TeopeMbl Peanuxa (cM. Pesuux [2]).

Teopema 1l. [lycre A — camoconpsokennoii oneparop e 9,
Y0084eTB0PAIOWUIL YCA08UIO

(Ag, @) = (0, @) (91)

0aa 8cex aementos ¢ = D, Cnexrp oneparopa A 4ucro Ouckpe-
TeH T020da U TOABKO T020d, K020a MHONCECTB0 BCeX 8eKTOPO8 ¢ U3 D 4,
Yy0081eTBOPAIOWIX YCAOBUIO

(Ag, ) <1, (92)
KOMAGKTHO.

HorkasaTeabcTro. M3 ycaosus (91) BHTekaeT, uTo oOle-
patop B = A onpejlenen Bo BceM MPOCTpPAHCTBE § M oOrpaHHueH
[BY <[]

115 Beex P & 9. O6osnaunm yepes & MHOKECTBO BCEX BEKTOPOB
1

¢ =D, yrosaersopsawmux ycjaosuio (92). [Noaaras*) A=A2 o,
MBI MOXKeM INepenHcaTh 5TO HEpaBEHCTBO B BHJE
(h, )< 1. (93)
1
CuenoBateabHo, onepatop A? oro6pakaer MuOKecTBo & Ha He-
KOTOpOe IOAMHOXecTBO § eaunndsoro mapa & MHOxKecTBO Beex

[e)

*) Ecan A — nostokuTe bHO onpefedelHbilt omepatop u A= | A dP; — ero

0
CneKkTpaJdbHOe INpeicTaBleHHe, To VA obosnauaer oneparop, onpejeeHHbH
o ¢]

dopmyaoit VA = [V?»—dP;,. [TogpoGuee c¢M., HampiuMep, B Kikre Axuesep,

Inasman [1].
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BeKTOpOB Ah, A & [, naotio B 9. JlelicTBUTEbHO, €C/H BEKTOp g
OpTOroHAJICH KO BCeM BeKTopaM A, h& §, To

4 1 ‘)
0=1(g, Mz)=(g, AAZ2 q>)= (Azg, Ag).
Tak Kak MHOXKeCTBO BceX BekTopoB Ag, @ & € coBnanaer ¢ D, n
1

notomy miaoTHo B 9, 10 A2g =0, a snaunt g=0. Orcioaa cie-
LyeT, 4TO MHOJKECTBO {§ IJIOTHO B €JHHHYHOM niape &, u motomy
1 1

MHOxKecTBa B2® W B2& KOMMNAKTHBI WUJAH He KOMIAKTHH OJHO-

BpEMEeHHO.
!

Hrak, ecin € koMmakTHO, To B2{ KOMmakTHO, T. e. omepa-
1

Top B? mepeBOAMT eMHHYHBI IIap, a MOTOMY H BCSIKOE OrpaHH-
YeHHOe MHOXECTBEO B KOMIIAaKTHOE MHOXKECTBO. DTO 03HayaeT, 4To
1

onepatop B?, a 3HAYMT M omepaTop B, BMNOJHE HempepLBEH; CJe-

0BaTeabHO, crekTp omepatopa A = B~! uncto auckperen, OGpaTHo,

eCJIH CIEKTp omepaTopa A 4ucTO JHCKpeTeH, TO onepaTop B BHOJHE
1

HelpepblBeH; C/aeJ0BaTenbHO, MHOXecTBO B28, a moroMy u MHO-
1
kecTBo 6 = B?{ KOMIIaKTHBHI.
ITpumennM 5Ty TeopeMy K omepartopy Lo, onpeneseHHOMY JHD-
tdepenunanpiaeiM BopaxeHueM (90). Tlyers dyuxkuus g{x) orpauu-
yeHa CHH3y; TOTLa, He Hapyuias OOUIHOCTH, MOXHO CUHTAThb, UTO

g(x) =1 (94)

Halinem cravasa nHaekc nedekra onepatopa Lg; cOrsiacHo TeopeMe
Beitas (cM. n° 6 § 23) omepatopn Lo u Lg, onpejeseHHbe TeM
)Xe AHQohepeHIHAJbHEIM BBIPAXKEHHEM Ha KaxJOH H3 noJayocel
(—o0, 0), (0, ), umetoT unaerc nederra (1, 1). Tlpumenss dop-
myay (47) n° 5 § 17, mbl 3akjawuaeM, uto uHdexc Oegexra one-
paropa Ly ecto (0, 0), T. e. Ly— camoconpsoennsiii oneparop,

H MB MOXEM IOJOXKHTb L0=L;=L. O6osnauum uepe3 ¥’ coBoO-
KYNHOCTh Bcex GVHKuMA u3 D, paBHBIX HYJAW0 BHE HEKOTOPOTro
KOHEUHCTD HHTepBasa (CBOEro AJs KaxIo# Gyukunu), a yepes L’ —
cyxenue onepatopa L Ha D’. Torma samblkaHHe omepaTopa L’
coBnajnaetr ¢ Ly=1L

: L'=Ly=L (95)
{cm. n® 4 § 17).

25*
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Ecan y e D/, To, HHTErpHpPYs 110 4aCTAM, HAXOAHM
fere] (s o3

Ly, 9= (—y"g+qlyPrde= [y F+qlyPds.  (96)

—00 —00

Orcioga B cuay ycjaosus (94)

L'y, y) =y, y).

OueBUAHO, 3TO HEPABEHCTBO COXPAHAETCH NPH MEPEXOAE K 3aAMBI-
Kauuio L onepatopa L/, Tak uTo

Ly, )=, v). (97)

Ecan y — npoussoibrast ¢yHKUHs u3 Dy, 10 B cuay (95) cyue-
CTBYET IOCJIE10BaTebHOCTh ¥, & D', Takas, uTO B CMBICJE HOPMBI
B L?(— o0, o0)

Yo=Y, L'y, —>Ly  nupu n— oo.

CootHourenue (96} GyaeT Toraa cupaBelJUBO NPH ¥ = Y,; TIePEX0OAst
K Ipeleay, NOJYYHM COOTHOIIEHHe

o0

(Ly, y)= [y P+qlyPdx. (98)

-—0C

[IpnMeHeHune TeopeMer 11 mpuBOAHMT K cJelyloLIEMY De3yJabTaTy:

Teopema 12. Ecau q(x) =1, ro cnexrp oneparopa L wucro
ducxpeTeu roeda w TOAbKO Toe0a, Koeda muoncecT8o & grex (PyHk-
yuil y(x) us 9, abcoaioTHO Henpepvienbly 6 KAHOOM KOHEUHOM
unrepsaie u yO008AETBOPAIOULUX ICA0BUIO

JUyP+qiypas<i, (99)

KOMNAKTHO.
Yr106B NONYUNTb OTCIOAA KpPHTePUH NHCKPETHOCTH CIeKTpa
B TepMHHAX OYHKUIHHM ¢(X), JOKaXkKeM cHAuafaa CAeAYIOIIHe JeMMBI:
JTemma 1. Mnomecrso €, pynkyuii y(x), pasnoix nyro sHe
KOHeuHo2o unrepsasd [— a, a] u ylosaersopsarowux npu purcu-
POBAHHOM € HepaseHCTsYy

[Qyr+iyp ax<e, (100)

KOMRAKTHO 8 camovicae nopmet 8 L2(— a, a).
Hoxkasarteabctso. Oynxkuun
innx
cpn(x)=~2;e a,n=0, =1, =2, =3,...,
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06pasyioT MOJHYI0 OPTOHOpPMaJibHywo cucTemy B L*(— a, a). [Tycts
¢, — Kosbbunuent Pypbe GyHKUHH y(X) OTHOCHTEJBHO ¢, (x);
torja uepaseHcTBO (100) sKBHBa/JeHTHO HePaBEHCTRBY *)

oo

2
Y |cn|2(“2’; +1)<en (101)
n=—o
Orcona
Y e <y (102)
n \nzkz-
n>k?

O6o3nauuM yepes mk KOHEUHOMEDpHOE NOANPOCTPAHCTBO, HATAHYTOE

HA QYHKUMH Q_p, Popirs - .-, Qp; U€PE3 Qg ,— map paguyca ¢ B Iy
H IOJNOXKHM

Hepagenctso (102) osuauaer, 410 Q, €CTh £,-CETb sl MHOKECTBA )
Tak Kak Q. xomnakTHo (cm. n° 1 § 13), a €,—0 npu k— oo,
To # © KOMIIAKTHO HA OCHOBAHHH CJEACTBHA U3 TeopeMbr 1 n° 2 § 13.

Jdemma 2. ITycte X — muoxcecT8o yskyuii y(x) npocrpan-
crea L2(— oo, o0), ydosaeTaopaowx Yca08UAM:

D [y P+iygPde<

daa scex y= 2;
2) daa ecaxoeo >0 cywecrsyer a>1, rakoe, 4ro

~ N
[1ypac+ [1yPdr<e?
_oo :

Oan scex pynrkyull y e E,
To20a MHONCECTBO 2 KOMRAKTHO 8 CMbiCcAe HOpMbL 8 L2 (— 00, 00).

o0
*) Has byskuu#t gy (x), AoCTAaTOYHO MIAAKHX, PasjoxeHHe Y= Z Cn®n
fn=—00
MOXHO Au(pdepeHUPOBATh NOWIEHHO, H NOTOMY /JJf TakuX OYHKIMH HMeer
MECTO pPaBeHCTBO

oo

f(ly’l"’+ly|2)dx= Z len P (igiﬂ)-

n=-—00

PaccmarpuBast ero JeBYI H NPaBYio YACTH K4K KBAipaT HOPMBl Aa1d QYHKLuil
y (x) u nocaenoBaTesbHocTeH {c,} COOTBETCTBREHHO, Mbl MOXKEM NPOLOIKHTH
NOMyYeHHOE H30MeTPHUECKOe CooTBeTCTBUE MeXay ¥ (x) u {cq} Ha COROKYOHOCTH
BceX QYHKUME y (x), yAOBJIeTBOpsoWHX ycaoBHio (100).
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JokaszateabcTso. PaccMoTpuM QyHKUHIO

l npu 0<CTx<Ca — I,
0, (— x)=0,(x)= a—x—{;sin%(cw—x) npt a—1<<x<< q,
0 OpH x 2= a.

Jta QYHKIHUS HeNnpepnLlBHA H HMeeT HENpPephIBHEIC NPOH3BO/IHbIE
IO BTOPOro HOPAAKA BKJAIOUHTENbHO, NpUYEM

0<Co,(x)< 1.

VMHOXKHB KakIylo QYHKUHIO y & Z Ha @, (X), MBI MOJAYYHM ceMefi-
¢TBO Z, byHKUull 2z =w,y, colepxaumeecs B &, npu ¢=3. Iei-
CTBUTEJBHO,

2" |=loy + oy <y |+21yl,

lz|<tyl
H [OTOMY
[z P+lzhdr< [@lyp+9lyPds <

<9 [y P+lyPde<o.

CiaenoBarenpHo, &, KOMIAKTHO KaK yacTh KOMIIAKTHOI'O MHO-
wectBa S,. JlokaxkeM, uTo OpH J06oM ¢>0 X, ofpasyeT e-ceThb
Aast £, ecAu @ J0CTAaTOYHO BEJIHKO; B CHJY CJEJICTBHS M3 TEOPEMBI
1 n°2 § 13 nemma 2 Gyner moxasana. Ho 3T0 HenocpeicTBEHHO
BBITEKaeT H3 ycJI0BHs 2), Hbo

o —a+1 oo
[lo—owpde< | 1ypax+ [lyPar<e
—oo — 00 a—1

Jlemma 3. [ycre q(x)=1. Cemeciicreo & ¢ynxyuti y(x),
onpedeaennoe nepasercrsom (99), nexomnaxrtho 10200 U TOAGKO
roeda, Ko2da cyuject8yior nocaedosareasrocts {7} nHenepecexaro-
wuxces orpe3kos o0unakosol Gaunst D u nocroannas C, rakue, 41o

{q(x)dx<c, n=1,9 3, ... (103)

‘@n

Hoxasateabcrto. [lyets Boimosneno yeaosue (103); no-
KaxeM, YTO < HeKOMNakTHO. Ilomoxkum

I
asin—=(x—a npp x = %,
Yn (%) = p =) P " (104)

0 : npH ¥ & 7,
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T a, — JAeBHIl KOoHell oTpeska &, a ¢ — HEKOTOPAs NMOCTOSHHAS,
dyHKUHA Y, (X) TOMAPHO B3aMMHO OPTOTOHAJbHBI H

[y, (x)[<a, (105)
“ynde—iaz (106)

$'l

[TostoMy, yuuteiBas ycgaozue (103), nmeem

[Quip+alpas<e(i+c),

TaK 4TO NpH
2 B
o= (_QD + C)

bynkunu y, (x) npunangnexar MuHoxectsy . C apyroit cTopouwl,
GyHKnH y,(x) 06pasyloT HEKOMIAKTHOE MHOMKECTBO, HOO B CHJIY
(105) nx HOpPMBI OJAHHAKOBH H OHH B3aHMHO ODPTOTOHAJLHBL} IO-
3TOMY MHOXKECTBO & TaKxke HEKOMIaKTHO.

[Tycts, obpaTHo, MHOKeCTBO & HEKOMNOAKTHO, IOKAXEM, uTQ
CYLIEeCTBYeT MOC/Ie10BaTeJbHOCTh OTPe3koB &, YIOBACTBOPSIO A
ycaoBHAM JeMMbl. Ha ocHoBaHMH JeMMBL 2 CYIIECTBYET MOJONKH-
TeJbHOE HHCJIO &, Takoe, 4To Aas Jmoboro N >1 Haiizerca ¢yuk-
uns y cemeficrsa &, ya0BJAETBOPAIOUIAT HEPABEHCTBY

-N

[ 1yrax+ [lyPdx>e. (107)
N

- 00

ITpu stomM e<1, m6o u3 nepasenctBa (99) u ycaoBus ¢q(x)=>1
BHITEKAET, UTO

[1ypds<.

Paso6eem noaynpsimeie (— oo, — N), (N, + o) ma orpesku &
AauHbl D. Torpa mo KpaiiHeil Mepe JJs ONHOrO H3 3THX OTPE3KOB

[Gyetgivmac< flywx (108)
@

JleficTBHTENbHO, eCaM 6Bl A5 BCEX 3THX OTPE3KOB BLINOJHANOCH
TPOTHBOINOJIOKHOE HEPaBEHCTBO, TO, CJAOKHB BCE STH HCPABEHCTBA
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H yu4nToiBas HepaBeHCTBO (99), Mbl NOJYyuYHJIH Obl

—-N o
1>%<f|ﬂ%x+lehM)
— 00 N
a 3To mpoTHBopeuut ycuaosuio (107).

Wrak, paas awboro D uafigerca ortpesok & aaunsl D, pacno-
JoXeHuwil BHe HHTepBasa (— N, N), Mjs KOTOPOro BHIIOJHEHO
gepaseHcTBO (108).

[TponopmupyeM Tenepb GYHKUHIO y, mojaras *)

fﬁdx=D; (109)
F

toraa us (108) sakmawouaeMm, uTo

»

| Gy e+alyPde<
@D

2, (110)

Pasenctso (103) mokaselBaeT, YTO cyilecTByeT uuenao E& &, pas
KOTOPOTo

ly€)|=1.

Ouenum Tenepb cHuay Gyukuuio |y(x)| na orpeske F. [Ipumensas
K NpaBod uacTH TOXKIeCTBa

y()—y@® = [ ytdt
13

HepaBeHCTBO DyHsikoBCKOro, HMeeM
2 3 ’ 12 12 D?
ly ()= y@F<D [ 1y Pdt<D [ (ly P+qlyPrde<—.
£ §7)
CJaenoBaTeJbHO,

w-y@I<y 2.

Jo cux mop D 6HJIO Npous3BOJbHO; BbiOepeM €ero Temepb, MoJa-

1
ras D2=Xs. Toraa

() -y @)1< 5,

*) To ecTh mepefizem OT y K HOBOH (GYHKIHH Ay, KOTOPYIO MBI cHOBa 060-
3HAYUM uepe3 y H AJsi KOTOPOH BhmoaHeHo (109); oueBuamo, Hepasenctso (108)
IpH 3TOM He HapyuUIHTCH.
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H [103TOMY, Y4HTHIBas paseHcTBO |y (&)= 1, Mpl 3akJmaiouaeMm, 4To

s

BCIOLy HAa oTpeske Z.
W3 nepasenctsa (110) Temepb BHITEKaeT, uTO

1 1
T@fqu§2l/s"’

2
[gar <y
L/

Tak kKak N Ipou3BoJbHO, a D 3aBHCHT TOJbKO OT €& TO MOKHO
HaHTH CUETHOE MHOXECTBO HENepeceKaoIUXCs OTPE3KOB € ITHM
CBOHCTBOM, M JeMMa 3 jo0Kasaua.

KomGHuUDYST Telepb 3Ty JeMMy ¢ TeopeMoit 12, MBI mpuxojinM
K cjeayioleMy KpUTepHIO JHCKPETHOCTH CreKTpa *).

Teopema 13 (A. M. Moauanos [1]). ITycre ¢pynxyus q(x)
oepanuyena cHusy. Cnekrp oneparopa L, onpedeaennoco Jug-
heperyuaibHbiM BbLPANCEHIEM

d?y
Hy) =~ G +al)y, —oo<xloo,

wucto Quckperen 1o20a u ToAsKO T02da, Ko20a 0A% At06020 puk-

CUPOBAHHOCO qucaa a
x+a

lim f g{x)dx = oo,
x—)oox

B npeamaywelf TeopeMe OrpaHHYeHHOCTh CHE3Y (yHKUuM ¢ (x) rapauTu-
pyer caMoCOnpsiKeHHOCTh onepatopa L. ITostomy BO3HHKAaeT caenyouwuil Bo-
npoc. Heab3st s B 3TOH TeopeMe 3aMEHHTb YCJOBHE OrpaHHYeHHOCTH QYHKIHH
g (x) GoJiee cnabBIM yCaOBHEM, IPH KOTOPOM omeparTop L octaerca caMocomnpi-
KEHHBIM.

B csa3H ¢ »THM BompocoM mnpusegeM Ge3 xOKasaTeJbCTBA CJASLYIOMIYIO
Teopemy P. C. Memarmaosa (cm. Wemaruaos [1]). [Tyers A (A) — Haumens-
wee cOBCTBEHHOR BHAYEHUE ONepaAToOpa, nopoXceHHo20 8 (KoHedHoM) uHTepsase A
Supgepenyuarsnoim  soipaxenuen —y” +q(x)y w Hysestimu  2pAHULHBIMU
ycaosuamu Ha kouyax A. Iycre L — oneparop, nopoxcdennoii srum oce Ougph-
epenyuarbusim goipaxcenuem 8 npocrparcrge L? (—oo, o). [Jas nosayoepatu-
weRHOCTU U QuckpeTHocTu cnektpa oneparopa L neob6xodumo u docrarouro,
urobor qucto A (A) crpemunocs k& beckoneunocru, Koada uutepsanr A yxoour
8 BeCKOHEYHOCTb, COXpanas €800 dauny. [[an o0HOL Auwbd ROAYOZPAHULEHHOCTH
oneparopa L neo6xodumoeim u doctarounwm seaserca ycaosue: ini A (A)>—oo,
2de HUNCHAS 2PAH6 PACAPOCTPAHACTCA HE BCEB03MONCHblE uHTepsasst N oduHa-
Kogod dautst.

*) Tlo noBopy ApPYr¥X nNpPUSHAKOB JHCKPETHOCTH CHEKTpa cM. paboThi:
. C, Kag u M, T'. Kpeita [1] u Bupman [1].
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H3-3a orpanuvyeHHOCTH o6beMa B HACTOSUIYIO KHUTY HE BOULIO HCCJAENOBA-
HHE CIIeKTPa B ciayuae NepHoJuuecKHX KoadouineuTos. C TAKHM HCCIEIOBAHHEM
uuTaTeNh MOJKET O3HAKOMUThCs, Hanpumep, mo raase XXI kauru Tutumapuw [1]
{cm. Takxke B sToft Knure npuaoxenue VIII). 3nece Bosuuxaer uncto Hempe-
PHIBHBIH CHEKTD, COCTOSAIHA H3 GECKOHEUHOro YMCJAa HHTEPBANOB, pPasdgeNeHHBIX
nponyckamu (Takynamu). B ciyuae HelepHoIHUECKOTO BO3MYUIEHHS KOadhbUlHe-
TOB, JOCTATOYHO MaJoOro IpH X -> = 00, B KaKAOH H3 JAKYH MOXKeT NMOSBHTLCS
KOHEUHO€ HJH GECKOHeYHOe KOJHUYeCTBO COGCTBEHHRIX 3HAUEHHA ¢ NpegedbHBIMH
TOYKAMH TOJAbKO Ha Koulax Jakyn. ITo stomy mosony cu. [nasmau [4] u Pode-
Bekertor [3,4].

6. IIpuMepbl W3 KBAHTOBON MeXAHHKM.

a) OcHOBHBIC N0NTOXKEHHsSI KBAHTOBON MeXaHHUKHU¥).
O6biuHble npe/cTaBJ/eHAs] KJAACCHYECKOH MEeXaHHKH HelpUMEeHHMBI
K H3Y4YeHHIO TaKHX OOBEKTOB, KaK 3JEeKTPOHH, NO3HTPOHH, Hel-
TPOHB!, WJu OOJee CAOKHBIX, KaK, HANPUMED, ATOMHL.

Takne 00beKTEl HA3BIBAIOTCHA KBAHTOBOMEXAHUHECKUML CuCTe-
manu. Ilyets S ~KBanToBOMEXaHHYecKasi cuCTeMa M NYCTh 11010~
JKeHHe CHCTeMbl S 3a/aeTcfl . KOOPAHHATAMY ¢, (o ..., {5 HX
COBOKYNHOCTb Mbl OyaeM NpeAcTaBJATb cebe KaK TOUKY ¢ n-Mep-
HOro TpocTpancrBa R,. Jas KpaTKocTH TOYKY ¢ MBI GyleM Ha-
3hBATL kKoopdusaroi cuctemsl S. Uepes dg Mbl ofo3HauuM sJe-
MeHT of0bheMa B IpPOCTpaHCcTBe R,.

OcHOBHOIl NPUHIKN KBAHTOBOM MeXaHHKH COCTOHT B TOM, UTO
KaXkJloe COCTOsIHHE CHCTeMBl S 3ajaeTcst HeKoTopoli, BOoOILE KOM-
naekcHoll ¢ynxunefi ¥ (g) Touku g, KoTopas Ha3LIBAETCH 80AHOBOL
Gynrxyueri cucremsl S.

Cocrosisue, xoTopoe 3ajgaercs yuruueil ¥, mpr 6ynem KpaTko
Has3wBaTbh coctosnnem W,

DuspueckHil CMLIC] BOJHOBOH (YHKLHH COCTOMT B CJAEAYIOUIEM:
[¥(q) Pdq ecrs sepoarnocrs 1020, 4TO 8 paccmaTpusaemom co-
crosnun W koopdunara q cucremwr S naxodurcs 8 saemenredq
soKkpye Touku q. Jpyrumu cjaoBamu, xeadpar modyan |W(q)P
B0AHOBOU PYHKYUU €cTo NAOTHOCTH BePOATHOCTU KOOPIUHATOL g
cucrensr S g cocrosnuu W. Uro xacaercs aprymenta ¢yuknuun ¥,
TO OH HENOCPeACTBEHHOrO (HH3WUECKOr0 CMEIC/IAa He HMEeT.

HauGosee npocroit Bua cHopMysHpOBaHHBIA BbIlIe ITPHHIMII
NpHHHMAET TOrja, Korjga CHCTEMA COCTOHUT H3 OAHOH 4YacTHIH,
HampuaMep aJckK pora. B srom cayuae | W (g) P dg ectb BepositHOCTD
TOro, 4T0 B coctoannn W 37eRTpOH HaxoAuTCA B ageMeHTe dg
BOKDYT' TOUKH 4.

*) Hanaraemble HuKe CBeAEHHS U3 KBAHTOBGH MEXaHUKH He NpETEHAYOT Ha
noaHoTy. ME He HMe3M Takxe BO3MOKHOCTH OCTAHABJIHBATECA 3A€CH Ha 3KCHe-
PHMEHTAJABHOH CTOPOHE paccMATPUBAEMHX BONPOCOB. [ToApobHOE U MOJAHOE U3J0-
JKeHue KBAHTOBOH MeXaHMKH HHTATeNb HalWer B CHEHHANbHBIX PYKOBOACTBAX.
(Cm., nanpumep, Buoxumnes [1, 2], Jlanpay u Jlupumn (1], Maxku {1} niu
Heifiman [1]).
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Taxum 06pa3oM, KBAHTOBOMEXaHHUECKOE OIMCAHUE COCTOSIHUS
CHCTEMBI SIBJAACTCH 8EPOSTHOCTHuIM (WAM, KaK eile TOBOPAT, Cra-
TUCTUYECKUM) ONUCAHUECM.

Tak kak | W (g)? ecTb naOTHOCTL BEPOSATHOCTH, TO JOJIKHO
OBITD

[1¥ (g Fdg=1, (111)

rle BHTerpupoBanue BeAeTCs NHO BeeMy npoctpancrtsy R,. Ofo-
3Hauasi yepes  ruabGepTOBO NpoCTpaHCTBO Beex Gynknuia ¥ (g)
¢ HWHTErpHPYeMBIM KBaJpaTOM, MBI MOXEM CKa3aTh, YTO BOJHO-
Bple (DYHKUHHM HaxoJATci Ha eIHHHYHOH cdepe mpocTpaHctsa 9.

KBaHTOBas MexaHHKa NMPUMEHsSIET CTAaTHCTHUECKHH CIoco6 onHca-
HUSL HE TOJBKO K KOOpPAMHaTaM ¢; CHCTEMEl, HO W KO BceM
Apyrum (QH3HYECKHM BeJHyHHAM. IDTO JOCTHraeTCs CJAeAYIOIHM
o6pasoM: Besikas Qusnveckas BedHYHHA 3a7aeTCs HEKOTOPHM ca-
MOCONPSAXKEHHBIM OllepaTOPOM B ONpPeJe]eHHOM BBIILE NpPOCTpaH-
cree . Mbl He GyJeM OCTAHABJAHBATBCS HA TOM, KaK CTPOSITCS
9TH ONepaTopnl AJS KOHKDETHHX (DH3HUECKHMX BEJHUHH; OTMETHM
TOJIBKO, YTO ONEpPATOPOM, OTBEUAILIHM KOOPAHHATE §; CHCTEMBI S,
AIBJACTCH ONEPATOD YMHOMKeHHA HA ¢;. Ecam, HanpuMep, HEKOTO-
pas ¢usuyecKas BeJMUHHA g 3ajaeTcd NPH MOMOINH onepartopa A,
To (H3MYECKHH CMBIC] 3TOr0 OOCTORTEABCTBA COCTOHT B CJEAYIO-
meM. Ilyctb cucreMa S HaxoAHTCs B HEKOTOpPoM cocTosgnd W u
nycts ¥ & D, torma (AY, W) ects maTemaTnueckoe oxugaHue
BeJUUMHE @ B 3TOM cocTosHHd. OBGo3HauuM uepes P, cuekTpaJb-
Hylo ¢yukuuo oneparopa A; toraa (PaW¥, W) ects» BeposTHOCTB
TOFO, 4TO B cocroduur W snadeHue BeNHYUHH ¢ HAXOAMTCS B Hi-
tepsage A. [pyrumu caosamu, (P,W, W) ecro ¢yuxyus pacnpe-
Oenenus geaudunst a B cocrosunn Y. OcHoBuast cnekrpaabHas
TeopeMa

AV, W)= [ 2d(P, ¥, ¥) (112)

- 00

HHTePIpeTHPYETCH 3Aech KAaK H3BECTHOE HHTErpaJbHOe MpeicTa-
BJICHHE MATEeMAaTHUeCKOTO OXMJAAHHA IIPH NOMOUIM (YHKIHH pac-
npefenenud. OTCIOKA BHITEKAET, YTO BO3MOXHBIMH 3HAYEHHAMH
BeJHYHHbl @ ABJAIOTCS TOUKH DOCTA CIEKTPaJdbHON (GyHKuHu P,
T. €. TOYKH cuekrpa omeparopa A.

Ecan, B wacrHocru, W ecth coberBennast dyukuus oneparopa A,
oTBeyalouias coBCTBEHHOMY 3HAUEHHIO Ay, TO, OUEBHIHO,

0 mpu A<<X,

¥ ¥y =
(PL’ ) {1 npu A= A
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710 o3uauaetr, yto B cocTodunn W BesHuHHA @ ¢ BEPOATHOCTDIO,
paBHOll eAWHHIe, NPHHHMAET 3HAUEHHe, DPABHOe Ay, T. €. UTO B coO-
crosiund W snaueHye BeJHUMHEL @ €CTb B TOUHOCTH Ay Ilvers,
nanpumep, cuektp onepatopa A muckperes u ¥, ¥y, W5, ... —noa-
Hasi OPTOHOPMAJIbHAS CHCTEMa ero COOGCTBeHHBIX (YHKUME, a A,
Ao, Mgy ... — COOTBETCTBYIOILHE COOCTREHHbIe 3HAYEHHUS; TOTAA BO3-
MOXCHBle 3HAYCHWUS BeJHYMHbLL a 00pas3yloT [AUCKDETHYIO CHCTEMY
A1, Ay, hg, ... Beanuuna a npuHHMaeTr 3TH 3HAUYCHHA JUIIL B CO-
crostunsx Wy, W, Wi, ... coorBercrBeHso. Bo BcAkoM Japyrom
COCTOSIHHM MOXHO 3aZaTh TOJIbKO (GYHKIHIO PACUpeTe/eHUs Besid-
unnbl a. Ecnn W — npousBosibHOe COCTOSIHHE CHCTEMEI, TO, pasiia-
ras ¥ no opronopmasbuoi#t cucreme W, Wy, W, ..., umeenm

qu 21lcnlp.n’ an(\{f, \lfn)
frams
ITpu srom (112) npumer BUA
(AY, ¥) = Xh,lc, B
n=1

CaeJOBaTeNbHO, |€, P ecTh BeposSTHOCTH TOrO, 4TO B cocTostHHH W
BeJIMUHHA ¢ paBHA A, *).

OZnHoN N3 BaXHEHHX BeJMHUHH SBJAAETCH 3SHEPrAf CHCTEMBI;
COOTBETCTBYIOIIHA ONepaTop HA3LIBACTCSI ONEPIATOPIM 3HeEpeuu H
oGosnayvaercss oObyno uepes H. COCTOSHHSI CHCTEMBI, ONpeaeJeH-
Hble COOCTBEHHBLIMH (DYHKUMAMH ONEpaTopa 3HEPTHH, HA3bIBAIOTCH
CTAYUOHAPHOIMU COCTOAHUAMY CUCTEMBL, & COOTBETCTBYIOLIHE cob-
CTBEHHLIE 3HAYEHUS — COOTBETCTBYIOIMMHU YPOBHAMU 3HEPIUL.

C TeueHHeM BpeMeHM COCTOSIHMe KBAHTOBOMEXaHHUYECKOH CH-
CTEMBl MOXKET U3MEHSThCS, B COOTBETCTBHH C YeM BOJIHOBas (yHK-
LM eCTh, BOOOLLE TOBODH, Takke (YHKUHUS BPEMeHH f:

V=", 1)
OK&SbIBaeTCH, YTO 3aKOH €€ H3MEHEeHHd ¢ TeueHUeM BpCMEHH
(T. €. 3aKOH U3MecHEeHUud COCTOSAHUSA CI/ICTEMbI) 3ajaeTrcsd ypaBHeHUueM
., oY

rjie fH —omnepaTop »Hepruu **), a A — Tax HasLBaeMas AOCTOAH-
Has [laanka, uMeOmasi pPasMEpPHOCTb JeHCTBHS M paBHas

*) 3nech mpeanmoJaraercsl, uTo A, — MPoCTOe COGCTBEHHOE 3HaueHHe ofiepa-
Topa A; ecin Xe A, — KDaTHOE COGCTBEHHOE 3HAUEHHE, TO YNOMSHYTas BepOsiT-
HOCTh PABHA CYMME BCeX |Cp|?% AR KOTOPHIX COOTBETCTBYIOUIHE Ap DPABHBI An.

**) Pasymeercs1, mox HY 3gech cieayer noHnMaTh pesyJbTaT MpUMeHeHHUS
oneparopa H k ¢yuruuu ¥, paccmarpuBaeMofl kak QyHKUuA OT q.
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~27
1,064 . 107 ape.cex. Otrcioa, B 44CTHOCTH, BRITekaeT, YTo cra-
HHOHApPHBIE COCTOAHHA CHCTEMbl, OTBEHAIIIHE TOYKaAM Ek AHCKpeT-
HOTO CHeKTpa oneparopa H, onpelesioTcs NPH NOMOLIH BOJIHOBLIX
byHxuul

Wolg y=e * Fy(g), k=1, 2 3,

rae P, — cooTBeTCTBylomHe coOcTBeHHble QyHKUMH onepatopa f.
Bo wmHorux cayuasix omepartop sHeprum f{ ecTv anddepeHunann-
HBll onepaTop, OOLIKHOBEHHBLIH MJH B YACTHHIX [POUIBOAHBIX.
ITostoMy peleHHe OCHOBHBIX 3ajla4 KBAaHTOBOH MeXaHHKH CBA3AHO
C HCCAeLOBAHHEM CHEKTPa omnepaTopa H M ¢ pasjoskeHHeM HaH-
Ho# (QYHKUHH MO COOCTREHHHBIM QYHKUHAM 3TOTG OneparTopa.

HanGonee mnpocto BurasauT ypasHende (113) B toM caydae,
Korja AaHHas cucTeMa S COCTOHT M3 OJHOA dYacTHUb (Hampuwmep,
sqektTpona). Boauomast dynxkums W ects Torma dymkuus koop-
HMHAT Xy, X9, X3 UYACTHIBI H BpeMeHH f. OkasmiBaeTcs, 4TO npH
sToM ypaBHenHne (113) mpuHumaer BHA

ih G = = 5 AT+ Ulxi, 3 ) ¥, (i14)

rae p—Mmacca yactuusl, U (x|, Xy X3)— ee moTeHUHA bHAsT SHEDPLHs
Bo BHelnHeM mnoJe, a AY oGoswauaer pesyabrar npuMededust K ¥
onepatopa Jlannaca. VYpapueunme (114) nasuiBaeTcsi ypasuexuem
Ul peduncepa (¢ Bpemenem).

Takum o0pa3om, B cayuyae OAHOH YacTHIHI onepaTop H onpe-

gensercss AHQQpepeHNHAIbHBIM BrlpaxeHneM [ ()= — ——A\b+ U,

H COOTBETCTByIOlllee YpPaBHEHHe U ONpele/eHHst CO6CTB€HHbIX
(QYHKUMH HMeeT BHA

hZ
— g M+ Uy = Ev. (115)

JTO ypaBHEHHE TaKkXKe HaspBaeTca ypasHenuem Il pedunzepa
{Bes BpemeHn).

Mpul orpaHnuuMcs 3THM KPaTKHM H3J0KeHHeM OOIMUX HoJoxe-
HH KBaHTOBOH MEXaHHKH M mepefijeM Tellepb K PacCMOTPEHHIO
KOHKDETHBIX N1pUMEepOB.

6) OnnoMepHnoe yparueHnue llipenuurepa. Paccmor-
pUM TOT UYacTHBP cJayua#l, Korxa moTeHuHa/nbHas sHeprua U
HMeeT BHJ,

Ulxy, x9, x3) = U, (x1) + Us(xo) + Us(xy).

Torpa k ypasuenuwo (115) npumennm meron ®ypbe; cobeTBeHHble
byukuun P (x;, X5, X;) MOKHO HCKATb B BHIE

B (xg, Xo, X3) = Py (x1) P (x2) Y3 (x3).
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Ypasuenue (115) pacnanaeTca TPy 3TOM Ha TPH YDABHEHHs

2“' dx 2 + (x )\pt Et‘pu

rae E; — nekotopsie nocTossHHble. Tak Kak BCe TPH YPABHEHHS UMEKOT
OJHH M TOT Xe BHJ, TO MOXKHO ONYCTHTB HHAEKC { M PaccMOTpeTh

ypaBHeHHe o g
— 5 T F U0 = Eb. (116)

Ono wHasbiBaetcs odHomepubim ypasneruem Il pedunzepa. Oue-
BHJHO, Takoe e YypaBHEHHe IOJYYHTCS, €CJAH YacTHIlA MOXKET
HaXOJAHThC TOJBKO Ha (GHKCHPOBAHHOH IPSIMOH, NMpUYeM ee HoO-
TEHIHAJNbHAS JHEPrHd 3aBUCHT JIMMIb OT KOOPAMHATH Ha 3Toll
upamoii. [Tostomy yparuenue (116) wasviBaercs elle ypaswenuem
00HOMepHO20 O8UNCeHUs 4QCTUYbL, ¥ O YACTHIlE TOBOPST, 4TO OHA
cosepuiaerT o0HOMepHOe Osuvicerue BOJb 3TOH NPAMOH.
Beesem obo3nauenne

FEUW=pl0, HEE=n (117)
torga ypaBuenue (116) mepenuurercss B Buae
d?
—Z 4 p ()= . (118)
O6o3gauum uepes L onepaTop, NOPOXKAeHHEI Imcp(bepeHuHaanth
BoIpakenueMm [ (P) = — 1p + p(x)¢ B uHTepBane (— oo, ). K Hemy

IIPUMEHHMEBl BCe pesyanaTbx n°n® 1—5. B uacTHoCTH, NMpUMeHsSs
K HeMy paccyxaeHuss n°n°® | u 2, MOXKHO NOKas3aTb, uTo: 1) ecau
lim p(x)=M, To Ha moamyocm A>M cmekTp 3TOro omnepaTopa

X->too

MoKeT OBITb TOJNBKO JHCKPeTHBIM; 2) ecan lim p(x)= + oo, TO
X>£

crneKTp onepartopa L auckperTeH; 3) ecan lim p(x)=0, To Hempe-
x> too

pHIBHAs YaCTh CIeKTpa omnepaTopa L 3amoJsHsfeT BCKO I10JOXKHU-

TeJbHYI IIOyOCh, 4 Ha OTPHLATEJbHOH NOJYOCH MOXKeT HaXo-

JHTbCA TOIbKO AMCKPETHAs 4acTh CIEKTpa oltepatopa L; aHajoruunoe

npejJioKeHHe HMeeT MecTo, eciH OGYHKUHA p(x) cyMMupyeMma

B uHTepBaje (— oo, oo),

OtmeTuM cjepywollee Baxuoe ofcrosTeabctso. CoGeTBeHHad
oyuxunsa 1§ (x), BooOlle TOBOPS, OTAUUHA OT HYJAA TaKkKe JJs TeX
3HAYeHHH x, Aas KoTopux E << U (x). DTo 03HauaeT, 4TO C BEPOST-
HOCTBIO, OTJHUHOH OT HyJd, YAcTHI[A MOXKET HaXOoJAuThCd B 06-
JacTH, onpefesenHol HepasencTBoM E < U (x). B kuaaccuueckoit
MeXaHHKe 3TO HEeBO3MOXHO, HO0 HepaBeHcTBo £ <<U(x) osHa-
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yano OB, UTO KHHETHYECKAas 3HEprusi oTpuLaTesbHa. B KBaHTOBOMH
MeXaHuKe Mbl K 3TOMY NPOTHBOPEUHIO HE NPHXOAHM NOTOMY, UTO
ec1d B PacCMaTPHBAEMOM COCTOSIHHM YacTHUA MOXKET HaXQJUThCs
Juuib BOJHM3HM HEKOTOPO! TOYKH NPOCTPAHCTBA, TO B 3TOM COCTOS-
HUH €ee KHHETHYECKas 3HEPrHst He HMeeT 3HaueHus, OJH3KOro
K OMNpelejgeHHOMY, a CTATHCTHYECKH paciipejesseTcs 10 BCed Io-
JOKHTENbHOH IOJyOCH.

B) OnuomMeprnoe ypaBHeHue llpegunurepa B cay-
Jae DOTeHIHAaJAbHOro 6apbepa. IlycTs mHoTeHIHAAbHAS
sueprua U obOpamaerca B GeckoHeuHocTh IpH X< 0; 3TO o3Hauaer,
YTO 4YacTHIla He MOXKeT HAXOAMUThCS HAa OTPHUATENbHOH MOJYOCH
u notoMy Y =0 npu x< 0. Touka x =0 Ha3BHIBAETCH HOTEHUUAAb-
Hoim G6apsepom. OueBHLHO, Mbl MOMXEM OTPaHHYHTBCS paccMOTpe-
HueM ypaBHenusi (118) Ha NosoXHTeNbHON TOJAYOCH, HAJOXKHB HA
$YHKIHIO ) KpaeBoe YCJOBHE

$(0)=0. (119)

Jpyrumu cioBamu, 3ajayua CBOANTCH K PACCMOTPeHHIO onepartopa L,
TOPOXKJIEHHOTO HamiuM Au(GepeHHaNbHBEIM BbipaxenueM [(¢p) =
= —” + p(x)} ¥ KpaeBrM ycaosueM *) (119). OueBuiso, K s3ToMy
onepaTopy NPHMEHHMBI BCe NPENJIOKeHHsl, OTHOCAINeCs K Onepa-
TOpAM BTOPOTO NOPSAKa Ha MOJYOCH.

r) OguomepHoe ypaBuenne Hlpenuurepa B cay-
yae HOTeHNHaAbHOH sMbl. [lpenmnosioxkum Temeps, 4To Ha
JeficTBUTENbHOH OCH HMeeTcss JABa NOTeHIHAaJbHLIX Gapbepa, Ha-
npuMep B ToukaxXx x=0 B X==@, TaK 4TO NOTEHUHA/JIbHAs IHE[IHS
Geckoneuna npd x<<0 M x>a, W vacTHIA MOKET HAXOJIHTHCA
Toibko B uHTepsase (0, a). Taxkoe moJsie HasLIBACTCS NOTEHLLAAbL-
noii amoii (c OGeCKOHEUHO BHICOKMUMH creHkamu), [ToBTopsist pac-
CYKJEHHS] NYHKTAa B), MH 3aKJl0YaeM, 4YTO HUCCJENOBAHHE ITOrO
cayuass CBf3aHO C paccMoTpenueM pudodepeHnuasbHoro onepa-
Topa L, nopoxZeHHOro AH(GepeHUHaNbHBIM Bripakeunem I () =
= —¢”+ p(x)¢y B nureppage (0, a) U KpaeBHIMH YCJAOBHSMH **)

¥ (0)=1p(a)=0. (120)

B cuny peryaspHocTu oneparopa L ero cnekTp NHCKPeTeH H UMeeT
eJJHHCTBEHHYI0 NpeleabHYI0 TOUKY Ha OeCKOHEeYHOCTH.

PaccMoTpuM, HampuMmep, TOT CJAyyail, Korja NOTeHIMaJbHast
sHeprusi paBHa HyJio B uHTepBase (0, a). 3agaua cBOAMTCH Torza
K HaXO0XK/JEHHIO PeLIeHHH ypaBHeHH:S

— )" =M,

*) Tlpu 3TOM mpennoJaraeTcd, 4to KOHel[ X

=0 peryaspen
**) Ilpn 2ToM npepnogaraercs, 4To KOHUB X =0 y

X =@ peryJsipHhl.
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ynoaetBopsiiomnx  yeaosusim  (120). Ho ofwufi HTErpan 3Toro
yYpaBHEHHS eCTh

p=Asin(VA x +a).

Yenosue $(0)=0 naer a=0. Torna ycaosne P (a)=0 sangmercs

B muze AsinVia=0. Ho As40, ubo coGcrsennas (GyHKLHS He

paBHA TOXIECTBEHHO HYJIO; NMO3TOMY Via=unn, n=1,2,3, ...,

TaK 4YTO COOCTBEHHBIMH 3HAUEHUSAMH HAIIErO ONEPATOpa ABJAITCH
n?n?

7\%:-—“2—-, n=1, 2, 3,
CoOTBETCTBYIOIUMK COOCTReHHBIMK $YHKIHAMA OyRyT
ba () = A, sin 225

YpoBHU sHepruu E,, oTBeuaolllHe 3THM COOCTBEHHLBIM 3HAUEHHUM,
onpejeasTcs Toraa us Qopmyas (117), a umenno:
24242
En=Tgim, n=1,23, ...

n) JluHefHHHA ocUUAAATOD. JurelHoIM OCYUALITOPOM
B KJACCHYeCKOH MexaHHKe Ha3blBAeTCs MAaTepHaJbHAs TOUKA,
coBepriamInas MaJele KonebaHus BHoJb NpsaMoil *) nom pedct-
BHEM CHJIBI, NPONOPUHOHAJBHOH OTKJOHEHHIO YaCTULHL OT (QUKCH-
poBaHHOH TOUKH HPAMOH H HAOpaBJeHHOH B CTOPOHY, NPOTUBO-
MOJOXKHYIO OTKJOHEHUIO. THUIHUHBIM H[PUMEpOM #BASIOTCS KoJje-
Ganusl MaTepHaJbHOR TOUKH, MOJABENIeHHOM Ha TpPyXKuHe {ecin
npenedpeus CUMOH TSIKECTH).

Ecan 0003Ha4uTh uepe3 X YNOMAHYTOE OTKJIOHEHHE, TO JJA
CUJH f, NeHCTBYOUEH Ha 4acTHLy, MBI MOJYUHUM BhIpaxkeHHe

[=—kx;
CJIe10BATEIbHO, NOTCHIHAJILHON 3Heprueil wacTuubl OyaeT
kx? ;
U= - - (121)

Kak H3BecTHO, NOJA JeficTBHeM 3TOH CHJBI f uacTHIA COBepliaeTr
rapMOHHYecKHe KoJsebaHus OKoJo Touku X = 0.

ITycTe Temepb 3ajaHa KBaHTOBOMeXaHHUeCKas YacTHIE, COBep-
maoomas OfAHOMepHoe ABMKenue Baosab ocu 0Ox. Ilo anmanoruu
C AaHHLIM BBIIIE ONpeje/eHMEM TaKas UacCTH1la HA3BIBAeTCHT AuHel-

*) MoxHo naTb HecKosbko Oodee 06:lee onpejedeHue JUHEHHOTO OCLHA-
aatopa. B pedCTBHTeNBHOCTH CyiiecTBeHHA He NPAMOJHHEHHOCTb ABHIKEHHS,
TpefyeTcsl ToJBKO, 4ToOn wacTHHa obaanana ojHolt cremessio cBoboAn. Hawm,
0/1HaKo, 370 fosee ofiuee onpejeneHHe He MOHAAQOMTCH,
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Ho(M OCUUAAATOPOM, €CAU ee MOTeHINAJbHAS 3HEPrusi 3agaercs
. o kx?
To#t e dopmynoft (121): U=—2—.

TaxkuM o0pasom, sl JMHEHHOrO OCUHJJIATOPA OLHOMEPHOE
ypasuenre Llpenunrepa npumer Bup

h? g2 1
_Q_uad—;f~+3kx2\p=5«p. (122)

Ypannuente (122) nasplBaeTca ypasreHuem AUHELHO20 OCYUAASTOPA.
B nannom cayuae U(x)=cx*— +oo mpu x—> =00, a noTomy
CIIEKTP COOTBETCTBYlOLlero omnepatopa L auckpered. Bmpouem, Mot
B 9TOM cefiuac yOelnMCs M HEMOCPEJCTBEHHO, TAaK KAaK ONPeresuM
HeNoCPeACTBEHHO CODCTBEHHBIE 3HAUEHHS H COGCTBeiHbe (YHKUHH
onepatopa L. Hdua sTolt nenn ciaenaem B ypasHenun (122) nox-
CTAHOBKY

4 o 1
k ~5 e
e=x) 5. v=e? %) (123)
U 7ocJe IPOCThIX BBLIKJAANOK INPHBEAEM 3TO VYpaBHEHHE K BULY
W — 281+ 2ny, =0, (124)

rae .
_E w 1

Ho, kxak /erko npoBepdTb, NPH LEJOM HEOTPHLLATEJbHOM 3HAYCHHH
napameTpa 1, ypaBuenuio (124) ymOBAETBOPAIOT TAK Ha3biBaeMbie
MHOToUJeHb UYeOnlnesa — dpmura *)

0 A
Hy(®)=(=1)"e? 5, n=0, 1,2 ...

°

B cuay (123) coorsercTByomne (GyHKEHE P, OVAYT HMETh BHA

_Yin % e
P (%) =c,e 2 Hn(x ;/-ﬁ’;—), n=0,1, 2, ...,
1 YPOBHU 3SHEPIUH

En:(n+—;-‘]/11/f——§—-, n=0,12 ...

13 HM3BeCTHOrO CBOACTBA NOJHOTH MHOJKECTBA MHOTOWJIEeHOB Ye-
JpllIeBd — IPMHTA MOXKHO 3aKJIOUdTh, 4TO QyHKUHH P, (x) obpa-
YIOT TIOJIHYIO OPTOHODPMAaJIbAYI0 cHcTeMy B L2(—o0, -+ 00) u noromMy
IOJIHYIO cHCTEMY COoOCTBeHHMX ¢yHkui oneparopa L. Ilostomy
OeKTp onepaTopa L [HCKPETEH H COCTOMT W3 NMPOCTHIX COOCTBEH-
bIX 3HAUYCHHUH.

*) Cwm., nanpumep, Kypaur n Tnawbepr [1], cTp. 84 u 456—458,

26 M. A. Haitmapg
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e) JiBuxkeuue B KyJoHOBOM nouae. OnpHoli H3 3anau
KBAHTOBOH MeXdHUKH $BJSETCS H3yueHHe ypoBHeH sHEPrHH H CTa-
LHOHAPHBIX COCTOSTHHH CHCTEMBl HECKOJBKUX B3aMMOJEHCTBYIOHINX
ApYyrT ¢ ApyroM vacTHi., MBI OrpaHHYHMCA pPacCMOTPEHHEM YacT-
HOTO cJayuasi 3TOH 3ajaud, UMEHHO CJyuas BYX B3aHMOJEHCTBYIO-
WIUX YacTHH. DTy TNOCJEIHIOI 3afauy MOMKHO caeaylouiuM obpa-
30M CBeCTH K 3ajaue o6 oJHOH wacTHIe.

IlycTs Wy, Mg~ Macchl YaCTHI, a ry, rp — HX DPAAHYCBHI-BEKTODHI;
OKa3blBaeTCsl, UTO OIEepaTop 3HepPrud H Halled CHCTeMbl ofpe-
fenasercss GopmyJsion

oo h? U
H\P——“'Q—u—l—AﬂP_'Q_H;Ale'}‘ (f)¢y

rie A, Ap—oneparope Jlannaca mo KOOpAHHATAM TOJbKO NepBOi
H TOJBKO BTOPOM 4acTHIB cOOTBeTcTBeHHO, a U (r) — nmorenuuaJb-
Hasl SHEPI'Hs] CHCTEMBl, 3ABUCSINAS TOJBKO OT PACCTOSHUS I MEXKAY
YaCTHIAMH H XapaKTepuayollas gzaumodelicTéue MeXAy YaCTH-
naMu. Beenem BMecTo ry M ry HOBHlE NlepeMeHHBIE R U r, moJaras

_ Wit pore
R pyt+pe

TdK 4TO r—PAaAHyC-BEKTOP BTOPOH UYaCTHIIBI OTHOCHTE/JbHO TEPBOIL,
a R —paauyc-BeKTOp UeHTpa HMHEPLHH YacTHI. Jlerko mpoBepHTb,
YTO B 3THX HOBHIX HEPEeMEHHHX onepaTtop H mpuMer BUL
H M A~ L2 A+ U
= = e——— p — — )
b B+ CRP T g AV A
rie Ag u A, —oneparopn Jlamsaca OTHOCHTE/IbHO MPOEKUUH BeK-
Wite

TOpOB R u r cooTBeTCTBeHHO, a H=—ﬂT“TaK Ha3biBacMasa
1 2

TnpHuBeAeHHAs Macca. Mbl BHAMM, 4TO B HOBBIX MEpEMEHHBIX Ofe-
patop H npefcTaBsercs B Bmlhe2 CyMMBl ABYX ollepaTopoB Hp=
i Y e Agp 1 Hyp= — WA,lIJ-l— U(r)¥, H3 KOTOPBIX mep-
BBl ecThb omepartop, JeficTByloumufl mHa ¢yHKOHIO OT R, a BTO-
poét —Ha (QYHKIHIO OT r.

CaenmoBaTesbHO, INpH  oUpeleseHHH COOCTBEHHBIX (QYHKILHIH
omeparopa H MOXHO TPUMEHHTb MeTox Pypbe H HCKATb 3TH
coGcTBeHHBle GYHKUHH B BuIe NpousBejpeHuil P =, (r) Py (R), rue
P; — cobcTBenHas (GyHKuus omnepatopa ff;, a 1, — cobcTBeHHAs
bynkuus omeparopa Ho.

IlepBaa cobcTBeHHast (YHKLUHSL OIHCHIBAET CTalMOHApPHOE CO-
CTOsiHHE CBOGOMHOA uacTHUbl *) ¢ Maccoli W, + Wy, NMOMeLleHHOH
B IIeHTPe HHepUHH CHCTeMBl (T. €. OmIpeje/isieT 3aKOH ABHKEHHS

r=ro—ry,

?

¥) To ecTh yacTulbl, He HaXOAAMIEHCH BO BHEWIHEM IOJE,
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LIEHTpa MHHEPIIMH CHCTeMbl); BTopasi — CTALLHOHADHOE COCTOSTHHE
YyaCTHLBl € TPHMBEJCHHOH Maccoli W B moJe ¢ noteHunasom U (r)
M 10 CYUIeCTBY XapakTepH3yeT OTHOCHTEJNbHOE [BHXKEHHE UaCTHII.
He ocTaHaB/aHBaschb Ha OTHOCHTE/bHO IHPOCTOM BOIpOCE O CTa-
IHOHADHBIX COCTOSHMAX CBOOOJHOM YacTHIB, MBI oGpaTHMCs
K H3YUeHHIO CTALHOHADHBIX COCTOSIHHUI YACTHLLI B IOJE C NOTeH-
uuagaom U (r).

ITpu >TOM MBI OrpaHHYHMCH TeM BaXKHBIM YacTHBIM CJyyaeM,
Korja B3auMOJedCTBHe MeX1y oO0eHMH 4HacTHIAMH XapakTepH-
ayerc 3akonoMm Kynouna. Kak wussectuo, Ttorma dyukuua U (r)

nMmeeT BHI

Ur)=+-<,

r

rje C — HeKOTOpas HOJIOXKHTENbHAs] NOCTOSIHHAS, a4 3HAKHM =+ co-
OTBETCTBYIOT OTTAJKHBAHHIO M MPHTSIKEHHIO YaCTUL COOTBETCTBEHHO,
Mu ocraHoBUMcS ToxpoOHee Ha cJydae NPHTAXKEHMA U JHIIb
BKpaTlle YyKa)eM, KaK MH3MEHAIOTCA IOJYyUYeHHbie pesy/abTaThl
B CJyuae OTTAJKUBAHUA., YDaBHeHHe JJs OlpejeseHHs coOcTBeH-
HBIX 3HaueHHH U coOCTBeHHBIX (QYHKIuH omepaTopa H, 3anuiuercs

TOTAa B BH/E \
5 M= S p= Ey. (126)

Tak kaxk U 3aBHCHT TOJBKO OT r, TC 31ech YHRoOHO mepeliTh
K chepuyeckuM KoopauHaTaM. OOosnauas cdepuyeckue Koopiu-
HaTbl uepe3 r, O, @ W MOJB3YSACh H3BECTHHIM BHIPAXKEHHEM IS
oneparopa Jlansaca B cdepuyeckuX KOOPAHHATAX, Mbl MEepenyiIem
ypasHeHnne (126) B Buze

KT8 (509 d o 1 o2y c
—W[ar(Q H—sme 00 (Sme )+sin26 Tp?]m—r—\p?Ew)'
127

K >sToMy mGciaeaneMy ypaBHEHHIO TpHMeHHM MeTod Dypbe, Tak
uTo COGCTREHHYIO (YHKLIHIO { MOXHO HCKATh B BHJE NPOH3BEJE-
HuA coOcTBeHHBIX (YHKUHA Y u f, onpene/ieHHBIX yPaBHEHHAMH

1 0

ayY 1 0%y
sin 0 6_9( sin 0 55 )+ sinZ6 0¢? =3, (128)
h? 0 Of
=57 [ (" 3+ 4] == B (129)

Tak kak sgeMeHT o6beMa B chepHUECKHX KOOPAMHATAX €CTb

r’sin®drdbdg, To ypaBHenue (128) cuaenyer paccmaTpuBaTh

B I'uibOepTOBOM NpocTpaHcTBe §y dyuxuui Y (8, ¢) ¢ xsappa-
1 n

TOM HOPMBI fsinedef [Y (0, ¢)’dg, a ypaBnenue (129)—B
0

0

26*
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ru/ibGepToBOM mpocTpaHcTse §; dyHKUui f(r) ¢ KBaApaTOM HOPMEL

=]

er\/‘(r) Rdr.

0

Kak u3BecTHO M3 TeOpHU AapoBbix GYHKUHA (cM., Hanpumep,
Kypanr, T'uasbept [1], ra. VII), co6cTBennble 3Hauenus A, omnpe-
JfeJsieMble ypaBHeHueM (128), umewor Bug A= —[({+1), rae [ —
MPOH3BOJIBHOE LEJOe HeOoTpHIaTesbHOe uucao. KaxaoMmy Takomy
coBCTBEHHOMY 3HAUEHWI0 OTBedaeT B TOYHOCTH 2/ -+ 1 B3auMHO
OpPTOTOHAJbHBIX H HOPMHPOBAHHBIX COOCTBEHHBIX (QYHKIHH

Yim (0, @), =1, —I+1, ...,

OHH HA3BIBAIOTCS WAPOBLIMU PYHKyUIMUL *).
O6parumca Temepb k ypaBHenuo (129). B cuay toabko uto

CK43aHHOTO B HEM CJAeAyeT MOJO0XKHTh A= — [{/+1). BweiOpas
2 3
B KauecTBe €JMHUI[ Macchl, OJHHL W BpEMEHH L, :—C H g COOT-
BeTCTBEHHO, MBI NPHBeAEeM 3TO ypaBHEHHe K BH/Y
10 (.0, LU+ I
2r2 or (r 0r)+ 2r? __r-f_Ef' (130)

[lycte L —onepaTop, NOPOKAEGHHBIH JIeBOH 4YacTbio ypaBHe-
1

uus (130). Ecaun B ypaBHenuu (130) mosoxutrhb fz—r—u, TO AJS1 U

MBIl MOJYYHM ypaBHEHHE

duw  [L(+1) 2
_E{—i_‘[—rz—"—'T]u:QEu,
B KOTOPOM
p(r)=l(1r—tl)——%->0 npu r-> oo,
p(r)— + oo npu r—0.

Ha ocHOBaHHM MPelb AYUIHX Pe3yJAbTATOB OTCI0JA JETKO 3aKJ/I0UHTh,
utO ONepaTop L caMOCOMPSKEeHHBIi M 4YTO €ro CHeKTP Ha OTpHla-
TeJbHOH NOJAYOCH MOXeT ObITh TOJNBKO JUCKPETHHM, TOTAA Kak
BCSl TOJOXKHTesbHAs I0Jyoch IIOKDHTA HEIPEPHEIBHOA UaCThio
CIEKTPA 3TOTO oNeparopa. BmpoueM, K 3TUM Xe pesyabTarTaM Ml
IpuaeM ceHuac MHBIM IyTeM, NpPHUEM MBI HeloCcpe/CTBEeHHO oInpe-
JeJuM CIeKTp oOmeparopa L H COOTBeTCTBYIOUIME COOGCTBEHHEIE
GyHKIHH.

*) K mapoBEIM QyHKUUSAM MOKHO ecTecTBeHHmIM o06pasoMm npufith, paccMmar-
pHBasA HENPHBOIMMBE JHHEHHBIE NpejCTaBJeHHs TPyNns BpalleHuH wapa. ITu
NMpeACTaBACHUA HWIpalOT BAaXHYK pOJb B KBaHTOBOH mexanuke. IlogpofHee 00
srom cM. Teapdang, Munaoc u Hlanupo [1] wan Buaeuxun [1].
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Tlonoxum B (130)

n=—me=, 0=, f=ple Yu; (131)

npud 3ToM Mbl cuutaeM n>0, ecan E<O0un= — _]/—‘;Té—’ ecsn £>0.
Ypasuenune (130) npeobpasyercsd Torna K BUAY

pw” +(2+2—-p)w' +(n—1—1)w=0. (132)

OnuuM 43 pemeHUll 5TOrO ypaBHEHUS SBJASETCS BHIPOXKIEHHAS
runepreoMeTpuyeckas (QyHKLHSA

w=F(—n+1+1, 20+2, p), (133)
rue 2
1
F(q, v, p)=1+%-%+————$£$11;-§—!+... (134)

Kak cneayer u3 Teopun Takux ¢ynxkuui (cm., Hanpumep, Kypaur,
CunsGepr [1]), pemenno w ypasuenus (132) Toraa M TOJBKO
0

Torfa orseuaeT dyHkuus f=p'e 2w, ynoBieTBoOpsIOLLAs YCJI0BHIO
KOHEUHOCTH HODMBI

oo

[l pdr <o, (135)

0

KOrja 3TO peNIeHHe eCTh BLIPOKIEHHAS! THIEepPreOMeTpHYecKast
bynkuns (133), a—n+/+1—1uenoe orpuuaTeqbHOE YHCIO HAU
Hyib. B 2TOM csayuae Hauta BHIPOXKJAEHHAS THIEPreoMeTpHYecKast
QyHKUHMs CBOJAMTCS K MHOTOUWJeHy cTemeHH n—I—1, KoTOpHI
C TOYHOCTBIO [0 YHCJOBOI'O MHOXHTEJS eCcTb 0000UIeHHBIH MHOro-
uyjneH YeOniueBa — Jlareppa:

! d¥ —0 v-k
Li(p) = —T——e" ("™, wv=n+4+1, k=2+1 (I
Takum o6pa3oM, AJA9 TOYEK AHUCKPETHOTO CIEKTPa YHCJO 1
B (131) 10/KHO OBITb LEJBIM NOJIOMHTEIbHBIM, H MOTOMY COOT-
BETCTBYIOLIIHE YDOBHH SHEPTHH ONpelensioTcss GopMy/iol

Ey=—5y, n=1,23, ... (137)

CooTBeTCTBYIOIHE CTaLMOHAPHBIE COCTOSHUS YaCTHIBL OmpejleJs-
I0TCH BOJIHOBBIMH (DYHKIIHSIMH

Putm {r, 6, @) =fn (I’) Y1m (6, @) (138)
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[Ipu stom u3 dopmya (131) n (136) BhiTekaer, uro

,
(2 N\ e 2r
—_ g n —_ —_—
Fu (1) =c,pe ( n) Ln+l< n)’
rie C,;— IOCTOsiHHASA, ompejeaseMast (C TOYHOCTBIO /IO MHOXH-
Tessl, MO MOAYJIO PaBHOrO eJMHHLE *)) YCJIOBHEM HODMHPOBKH
oo

frﬂf(r) Pdr=1. Tak kak poaxkHo Owmrb —n+1+1<C0, TO
0

I<<n—1; caenoBaTe/lbHO, BO3MOXHBIMH 3HaueHHAMHU [ npu GUKCH-
poBaHHoM n sBjsiioTes [=0, 1, 2, ..., n— 1. Ilpn dukcnposan-
HBIX 1 u [ uMeercs eme 2/ -+ 1 Bo3MOKHOCTEH AJAA m; MO3TOMY
IaHHOMY ypoBHIO E, 0TBeuaeT

n—1
QI+ 1)=n?
1=0

JHHEHHO HE3aBHCHMBIX BOJIHOBBIX OVHKUHH Y, (r, 8, @), T. e.
KpaTHOCTb coOCTBEHHOrO 3HaueHusi £, omepatopa H ecth n
Uucaa n, [, m NOJHOCTBIO ONpPeAeSsiioT QYHKUHIO Yy (r, 0, ¢),
T. €. IIOJHOCTbIO ONpeReasioT CTALHOHAPHOE COCTOSIHHE YACTHILHL,
Ony HasBIBAIOTCS 21QBHbIM KBAKTOBbIM HUCAOM, ABUMYTAALHOLM
KBAHTOBHIM HUCAOM U MASHUTHOIM KBAHTOBBIM HUCAOM COOTBET-
CTBEHHO.

He ocranaB/iuBasch NoApoOHO Ha PACCMOTPEHHH HeNPepLIBHOTO
CHeKTpa, MBI CQOPMyJHDYEM TOJNBKO OKOHYATEJbHBIH pe3ysbTar
(KOTOpPBII MOXKHO HOJYUYHTb, TOJIb3ySICh H3BECTHHIMH ACHMIITOTH-
yeckHMH QopMysaMu Ansa pelleHuil ypaBHeHus (132) **)).

Tlosaarasa k= \/—:‘ZQE_, E >0, caenosarensHo, n = —%, o = 2ikr,

Mb IIOJNYUHM CcJefylolllee BBIpaKeHHe IJisi coOCTBEHHOH (YHKIHH
onmepatopa L:

(1) = gy (k) e F (£ 4141, 2042, 2ikr). (139)

I+ N1
Ecan npoHopMupoBaTh 3Ty QYHKIHIO, moJaras
—_— 1
o .
ck=]/?ke2klf‘(l+l—%)1, (140)

*) MoxHo nokasaTb (cM., nanpuMep, Jlaunay u JluBmuy [[]), uto npu najg-
JexailleM BbiGOPe 3TOr0 MHOMXKHTENS
_ 24 /T=I=D]
ST S PETNE

#*) TToppo6uee cM. Jlanpay u Jlupwuu [1] uan Jlesnran [2)].
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10 (opMmyna pasaoxenus Qyukuud f(r)E$; n0 co6CTBEHHBIM
¢byuknusaM oneparopa L OyaeT umeTh BHA )

F() = Y eadu(r) + [ @1 (6 fua(r) b, (141)
—_ n=1 0
ew= | 1) fu (r)r2dr, (142)
0
o (k)= [ 1) fu(r)rdr. (143)

0

ITpn stom B ofmem cayyae NMpous3BosbHOR QyHKUHH f&EH; cXo-
AuMocTb mpaBoil uwacth (141) mMeer MecTo B cMbicsie HOPMEI B D,
a cxomumocts B (142) n (143) B cMbicae HOpM

e

2 o 2
M), | (1o prde |,
¢

n=1

H UMeeT MeCTO PaBEHCTBO

0o oo 00

frzlf(r) Pdr = E[ Cul P+ fqul(k) Pdk.
0 0

n=I

B cuay mnpenpinyiiero cob6cTBeHHBle (YHKUMH omepatopa H mo-
JAyvaioTcss M3 COOCTBEHHBIX (GyHKUHE onepatopa L yMHOKenneM
Ha Y,,(0, 9). Ho npu cdurcupoBansom E >0 (u, sumauur, £>0)
uygcsao !/ MOMeT NPHHHMATb [IPOH3BOJIbHBIE LeJble HEeOTPHIATel] b-
Hble 3Hauehusa. OTCloga BBHITEKAET, YTO COOTBETCTBYIOILHE TOUKH
CIVIOLIHOrO CHeKTPa onepatopa 3SHEpPTHH Bce GecKoHeuHOH KparT-
HOCTH. Jlerko Tax:ke BBIIHCATh Pa3/jioXKeHHe MO COBCTBEHHBIM
¢byukuusaM omepatopa H; MBI IIpelIOCTaBJAEM YHTATENO BLIBOJL
COOTBETCTBYIOULUX (GOpMYI.

Mpl paccmoTpenu caydall KyJOHOBA NOJS MPUTSkKeHUA. B cay-
4yae [oJs OTTAJKHBAHHMA  JAYCKDETHBHH CMeKTp OTCYTCTBYET,
a CIJOLWHOH CIEKTp NONpPEeKHeMY IOKPHIBAET BCIO MOJOKHTEABHYIO
nosayochb. Pasioxenue no coGcTBeHHBIM GbyHKuusM onepatopa L
aHajoruuno dQopmyae (141), Ho mepmoe caaraemoe (oTBeuaBizee
paHee JHCKPeTHOMY CIIeKTDPy) B HeM Telepb OTCYyTCTBYeT.

*) Onpenenenne npocrpaHersa §i cM. Ha crp. 404




TJTABA VIl
OBPATHAY 3AJAYA HWITYPMA — JIMYBU A

B Taxk HasbBaeMBIX OépaTHbIX 3ajavax ChnekXTpaJbHOro aHaanuia
Tpe6yeTc;1 OTNpeae/NHTh ONmepaTop MO HEKOTOPHIM 33aLaHHbLIM CIeK-
TpaJibHbIM XapakTEepUCTHKAM 3TOro omnepartopa. K 3azauaM TakKoro
THIIa TPUBOAAT, B HACTHOCTH, HEKQTODHIE BONPOCH KBAHTOBOH Mexa-
HUKH, HampuMep OIpeJe/]eHHe BHYTPHATOMHBIX CHJ [0 3aJAaHHbIM
YPOBHSIM 3HEPIHM, T. €. O CIEKTPY, KOTOPBIH MOXKeT OHITh HalleH
IKCNEPHUMEHTAJALHO.

B sto#i rnase Mbl paccmMorpuM ofpatHylo 3amauy IlTtypma —
JInyBuLAs1, KoTopasi GOPMyJSHPYETCS CJeAYIOLIHM 00pa3oM.

Hana cnexrpassnas Pynkyus pacnpedesenusn o (k) Ougdgepen-
YUAAbHOZO oneparopa 8Topozo nopadka, onpedeaurs 3TOT one-
parop.

Bueperie ofpatHast 3ajaua Owmaa mocraBaeHa B. A. AmGapuymstHoM (cM.
AmGapuywmsu [1]). B mpocreitmelt nocTanopke 3anaua 3ak/aoyaeTcs B TOM, UTOOb
onpeaesaHTh omeparop, 3#as ero cmektp. OLHAKO B TakoH HOCTaHOBKe 3ajada
sipJisileTcsl HeonpejeJNeHHOH: OJXHOrO CIeKTpa HeROCTATOYHO JJIS onpeaeseHus
oneparopa (cm. Jleswrcon [2]). TeopeMa eQuHCTBEHHOCTH JJsi CPOPMYIUPOBaH-
Holt Bme oOpartHo#i 3agaun Iltypma — Jluyezanst BhnepBee Oblsa I0JyueHa
B. A. Mapuenko (cM. Mapuerko {1]), a ee mounoe pewenne pana M. M. [eun-
¢ann u B. M. Jlesuran (cm. Teandang n Jlesuran [2]).

Hacrosiias riasa moceslieHa W3J0XKeHHI0 3Toro pewmenus *). B koule raasu

6yllyT JlaHbl HEKOTOPHIE PAa3bACHEHHUA OTHOCUTEJBHO JPYTLHX BO3MOXHBIX MOCTa-
HOBOK o6paTme 3aauy H COOTBETCTBYKOIWIUE JATEPATYPHBIC YKa3aHHUs.

§ 25. Oproronaausupylomue sapa

1. Onpenenenne oproroHanausupylomux sigep. Ilycrs 3anan qud-
tdepennuaibHelil onepatop Ly npu nomouiM aub@epeHHaIbHOrO
BHIDAXKEHUS

Hy)=—y"+qx)y, 0<x<+ oo, (1)

H KPAaeBOro yCJOBHSA
y'(0) =6y (0) = 0. (2)

*) Bre pamok HacTosimel KHwri ocrajuch (yHIaMeHTadbHble Pe3y.bTaThl
M. T. Kpeiina, yrounsionise, B 9acTHOCTH, OCHOBHYIO TeopeMy n° 5 § 26 (cm.
M. T. Kpein [10, 11, 12]),
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Mubl Gyziem mpednoJarath, uTo QyHKuus ¢ (X) HenpephBHA HA BCei
noayocn 0 <{x < 4 oo. O6osuauum uepes u;(x, A) U u, (x, A) pelue-

HHUA ypaBHEHHS
H{y)= Ay, (3)

YAOBJETBOPSAIOIIHE HAYAJbHBIM YCJAOBHAM
u 0, »)=1, ui(0, 2)=0,

uy (0, 3)=0, u}(0, 2)=1,

H NOJOKHM
@(x, A)=u(x, 1)+ Ouy (x, 4). (4)

OuesupnHo, ¢yuxuus @ (x, A) Oyer peweHnem ypaBuenus (3), yao-
BJIETBOPSAIOIIUM KPaeBOMYy Yyca0BHIO (2).

Kak 6w10 mokazaHo B § 21, cyuiecTByeT chnekTpasibHas (QYHK-
uus pacnpeneseHusi o(A), takasd, uTo GoOpMyJbl

F) =[x el 2dx, (5)

F) = [ FRg(x, 1)do(n) (6)

YCTaHABJMBAIOT B3aHMHO OOpaTHHIE H30METPHUECKHE OTOOpAKeHHs
L*(0, ) na Ly u Ly na L*(0, o), IPH KOTOPHIX 0mepatop Lg
nepexoAHUT B onepatrop A, yMHOXeHUs Ha A. Jta dyskuus o(A)
OyIeT eIMHCTBEHHOH MJIH HET B 3aBHCHMOCTH OT TOro, OyneT Ju Lg
CaMOCONPAKEHHBM HJIH HeCaMOCONPAXKEHHBIM CHMMETPHUECKHM olie-
patopoM. Iloc/esiHee B CBOIO ouepefib omnpeneasiercsi TeM, OVAeT JK
HHIAEKC pedeKTa CHMMETPHUYECKOTO omepatopa L, IOPOKAEHHOrO
nuddepennna bibiM BhipakeuneM [ (y), paseu (1,1) uau (2,2).

[IpennonoxkuM Tenepnb, uto cyiiecrsyer pyukuus K (x, {), 1 <lx,
HMelollasi HellpephBHEIE YacTHHIE JIPOM3BOAHBIE L0 BTOPOrO MOPS/AKA
BKJIOUHTEJIBHO, TaKasi, yTo *)

@ (x, M) =cos Y Ax+ . K (x, t)cos VA tdt. (7)
0

*) @opmyaa (7) npencranisier cofofl KOHTHHYABIBIH aHAJNOT TPOLECCA OPTO-
roHaJju3aluu (cM., HanpuMmep, Deabann [1]); sgecy dynkuns ¢ (x, A) noayuaercs
OyTeM «opToroHajgusauun» Gysruun cos ' At mo «mecy» o (A). Tlo 3ToMy mosony
cM. Takxe Buaenkun [2].

CooTHomeHus, CBA3HBAIONINE PELIEHNs JBYX PA3JIHYHLIX YpaBHEHHH BTOPOroO
nopsaka (¢ 3ajaHHBIMH HAYaJbHBIMH YCJAOBHAMH) IDHHSNTO HA3BIBATH ONEPATO-
pamu npeodpasosanuf. CoorHoutenue (7) sSBJASETCS ONEPaTOPOM IPeobpas3oBaHus,
HOCTPOEHHBIM M ypaBHeHust — y” = Ay un ypapuenus (3). Obwas Teopust omepa-
TopoB mnpeoOpasopanuss passuta B pabore MapueHko [3] (cM. TakKe KHuTY
JleBuran [1]).
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BuisichiM, Kakue ycjoBHs c/IeAyeT HaJloXHTh HAa ¢yHKuuw K (x, {),

utoObl yHKUHA @ (x, A), onpenenennas dopmyaoi (7), Geiia peure-

HHeM ypaBHeHHs (3), yHOBJETBOpPsLOIKM yca0BHO (2). Juddepen-

nupysa ABaxabl obe yactu (7), HMeeMm

@” (x, &)= —Acos YV Ax+ iK—I%—’fc—)cos Ax—VAK(x, x)sin ]/Zx%—
X

oK (x, 1) - [ 9K (x, 1) —
+TLX cos Vix+ J 5= cos Vit di;
0

C JApyro# CTOPOHMI, HHTErPHPYS IABaXKAbl MO YacTsM, MOJyuaeM

AJ K(x, Heos Vatdt=Vhsin VhxK (x, x)+
0 . .

9K (x, 1} T _iK(x_,t)‘ J 0K (x, 1) _
T ‘t=x €os ka ot o ) T o COs Vitdt.
(]

ITopcTaBuM 2TH BbIpaXKeHHs B ypasHeuue (3) W npusegeM nogo6-
Hble UJeHBl; MBI OpHIEM K COOTHOILEHHIO

dK (x, x) Y 0K (x, 1) IK (x, 1) =
——d—x—‘ CcOSs ‘/7»)6 + ( EY; + ax )t=x COS V}\,X —

0K (x, 1) e
I T M g{x)cos Vix+

PK =
+f[a—x[§—7§——-q(x)1((x, t)}cos\/ktdt=0.
0

M3 sToro cooTHOIeHHs BbITEKAeT CJAEAYIOUIUH DPe3y.bTaT:
I. @yuryus K (x, t) ydosaersopser dugpdpepenyuarsrnony ypas-
HeHIIo

K (x, ¢ 9K (x, 1)

9%t ) '“Q(x)K(x, t)z_at_z_— (8)
u yecaoeuim (
OK (x, t)
T . (9)
dK(x,x) __ 1
0 5 4x) (10)

B camom Jesie, HeTPYyAHO BHIETb, YTO €CJIH TPH HEKOTOPOM
dbukcuposannoM x>0 u npu Bcex p=0

a+Jf(t)cosptdtercospx-—-O, (%)
0



1] § 25. OPTOFOHAJIH3HUPYIOULHE S/IPA 411

TO
a=0, b=0 u [(H)=0 nmpr O0<t<x.

. LA
JleficTBUTEAbHO, MONAaras B DPAaBEHCTBE (*) p=pn=<2nn+§)x A
rAc n— HaTypaJbHOE HHCJAO, Mbl HOJTYyYHM

a+ f f(f)cosp,tdt=0.
0

Tak kak B cuay JeMMbl Pumana — JleGera uHTerpaJ cJjeBa CTpe-

MHUTCH K HYJIO npH p,—> oo, 10 a=0. [lonaras Temepb B pameH-

ctBe (*) p=p,=x"'2nn U paccyxkpas aHAJOTHYHO NpeJHAYLIEMY,
X

MBI HaXOAUM, 4To b =0 1 uro f f(t)cosptdt =0 npu p>0. Orcrona,
0

B CHJIy TeopeMbl eIMHCTBEHHOCTH A/ KOCHHYyC-IpeoOpasoBaHus
Qypbe, BrITexkaeT, yTo [({)=0 npu 0<t<x.

M3 suipakenns (4) auas oynkuun @ (x, ) u dopmyan (7) mbl
3aKJouaeM TakKiKe, 4TO

8=¢"(0, A)= [— Vasin VA x+ K (x, x)cos Vix+

X

+ (Mcos W“t] =K (0, 0),

o x
) x=0

u noromy dopmyna (10) maer
X

K(x, =0+~ [ gat. (11)

0

JIerko BHAETH, UTO COPaBeUIMBO Takke OOpaTHOE yTBEpKACHUE

I'. Ecau ¢pynrxyus K (x, t) ydosasersopaer dugdepenyuarbromny
ypasuenuro (8) u xpaesom ycrosuam (9) u (11), 10 Pynkyus
@(x, A), onpedessemasn coorHoweHuem (7), A8afeTCI peuleruen
Judepenyuaronoeo ypasrenus (3).

1. Ecau ¢pynryus q{x) umeer nenpeputenyto npoussoonyo, To
ypasuenue (8) umeer 00nO U TOABKO 0010 peuterue (ONpeneNeHHOe
npu ¢ << x), yoosaersopsroujee kpaesoin ycaoguas (9) u (11). Urobnr
B 3TOM y6eAuThes, NOCTATOYHO NPUMEHWTH K 3TON 3afaue MeTOL
Pumana (cM., nanpumep, CMupuoB, Kypc Bblciuelt MaTeMaTHKH,
. 1V, o 11D).

Tem cambiM pokaszano cyuecrBosanue ¢Gyukuuu K (x, t), yro-
BJeTBOpsIONIE] cooTHOLIeHHUIO (7). PaccmaTpuBas 3TO COOTHOLIEHHE
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Kak YHTerpaJbHoe ypaBHeHue BouabTeppa OTHOCHTE/BHO COS VM
U peulasi 3TO ypaBHeHHe, TOJYUYHM

cos Vix=gq(x, H— [ Ki(x, ot 1. (12)
0

Paceyxpas, Kak ¥ Bbilile, MOXKHO H0OKa3aTh, YTO
II. @ynkyus K;(x, t) ydosaersopser OJughpeperyuarsrony
YPABHEHUIO

K, (x,t 9? , 1
L LTy e

u ycaosusm

(S —0K,) =0,

=

TR @

Kiln =045 | g()dx

0

dyuskuuyn K (x, £) u K,(x, {) Ha3bIBAIOTCA OPTOCOHAAUUPYIOULUMLL
a0pamu.

Gopmyasl (7) u (12) Obin Hamu BhiBeAeHH npu A>0; HO oHA
BepHBl Takke u npu A<0, ubo ux JeBasg U mpaBas YacTH — aHa-
JUTHYeCKHe (QYHKLHH OT A.

Jlanee, npu BEIBOJle MBl HpeANOarau, uto GyHxiug ¢ (x) umeer
HenpepuBHYIO Npou3BoaHyio. IlycTs Tenepp dyHkuHs ¢ (x) npocro
HenpepriBHA. PaccMOTPUM MOCIEA0BATENBHOCTh HENpephBHO AH(D-
dbepenuupyeMbXx GyHKUHE ¢, (X), paBHOMEePHO cxojsiylocs K g(x)
B HeKOTOpoM KoHeuHoM uHTepBane [0, a). CooTBercTBymlliasi Io-
crefoBarTenvHocTs K, (X, f) cxonurest Torna X K (x, f) paBHOMepHO
B obgactu 0<{f<Cx<{qg, a NMOTOMY TMOCJENOBATEABHOCTh @, (X)
cxoauted X @(x) paBHomepHo B HHTepBaJge [0, a]. V3 ypaBueHus

oy (x, )+ (A—q,(x)p,(x, A)=0

3aKJ/I04YaeM, 4YTo NOCJACAOBaATENbHOCTD qJ;z/ TaKXKe€ CXOAUTCA paBHO-
MEPHO, W IIOTOMY HMECT MeCTO ypaBHEHHE

¢” (%, W+ —q(x))glx, 1) =0

B uHrepsase [0, a]. BBuay npou3BoJILHOCTH 3TOro WHTEpBaJja MHo-
cjleJHee ypaBHEHHE HMeeT MeCTO BO BceM HMHTepBaJse 0L x < + oo,

Ecsin u3BeCTHO oproroHasusupyioiiee siapo, to Qopmyaa (7)
onpeflessieT GYHKIHIO (X, A); TeM caMbBIM onpejessercsa u GYHK-
nus g(x), ubo

Vid ,A’
=)= — G
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TakuM o6pasoM, Hallla OCHOBHAfA 3a/a4a CBOAMUTCS K ONpeAeaeHHI0
aapa K(x, f). Ee pemenue OyneT OCHOBAHO HA BLHIBOLE M HCCJe-
JOBAaHUN MHTErpaJbHOrO ypaBHeHHA Mias byHkuuu K (x, f).

2. HenuneiiHce HHTerpajpHoe ypaBHeHne aast pyukuuu K (x,1).
WUnterpupys obe gactu pasenctBa (12) mo x or 0 50 x 4 MeHud
B II)AaBOH YacTH TIOPSIJOK HHTETPHPOBAHHS, HMEEM

X

Ve g x
SVEs [t mat— [ glt, ndt [ KiGw, 0du=
} K g ;

x X
= J.Cp(f, 7»)[1 — | K (u, t)du] dt.
0 £ i
sin VA x
Va

ecTh npeo6pasosanne Pypoe 1m0 cobeTreHHo byHkunu ¢ (1, ) ome-
partopa Ly caeayomeit dyakuua ot &

f

f
@ (x, t):{l

{ 0 npu > x.

Orciona HAa OCHOBAHWM pPaBeHcTBa IlapceBass 3akJa0UaeM, YTC
npH y<suXx

ITpn ¢HUKCHPOBAHHOM X 3TO PaBeHCTBO O3HAUaer, yTo *)

X
1 -le(u, f)du upu t={x,
¢

o Y

. e . e
f sin Ax;ml Ay do(h) = (q)(x, HO(y, t)dt =
o Yy 14 X ‘ Yy Y
=fdt— ‘ dt [Kl(u, t)du—fdtj-Kl(u, Hdt+
0 6 f g £

y X y
+ (dt jK,(u, t)duJ-KI(v, Hdv. (13
0o ¢

Tak kak mpaBas YacThb 3TOIO PABEHCTBA MMEET CMBIC/I NPH X =Y
TO CYILECTBYET HHTErpaJ

f sirﬁg}—»x do (1),

sinV A x sh Vm x

*y Tpu A <0 noxn caelyeT NOHHMATh »T[[—,.ﬂ,—
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a ¢JAea0BaTeJNbHO, H I/IHTeI‘paJI
0 —
fsh?lflklx

7 do ().

—00

IToaToMy cyuiecTBYeT Takxke *)
0

f ch me do (A).

— o0

[Tpumenum Tteniepb paBeHCTBO IlapceBasss Jast Kaaccuueckoro

unrerpana ®ypne no cos YAt k dyHkuuH

[, y)={

ee npeoGpazoBanue Pypoe ecth
y

Tidt=S"Vhy
!wﬂ/ L

1 mpu 1<y,
0 npu >y,

CrrefloBaTe/IbHO, HA OCHOBAHMH paBeHcTBa [TapceBans (cM

npu y<<x

oo

y

i 2 inVixsinVay —
[ar=2 [snVhesinVhy 4(y7),
0

0

u popmyay (13) MOXKHO mepenucarb B BHJE

oo

fsin Vxxhsin nyd‘l,‘()b)=
N A ¢
= Jat | K, t)du—J dt | Ki(u, ) du+
0 t 0 t
y X y

+fdt j Ki(u, t)du 1 Ki(v, )dv, y<x,

o

0 t t
rle [
2 S—
o(A)—=V A npn A>=0,
c) =1 ) —— p =
( o(A) npu A <0.

.n°5§21)

(14)

(15)

*) CyimecTBOBAaHHE 3TOTO NOCJAENHEr0 HHTerpaJa Opuio nokasado B. A. Map-

yenko APyruM mytem (cm. Mapienko [1]).
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ITonoxum

ool

FU%y%=.fganxganydTM% (16)

A

- 00

npaBast yactb (14), a moromy n dymxuus F(x, y) HMeT HpPous-
2
BOJHYIO —0%:;. IMonaras
‘ Flx, y)=-2L (17)
Y dx dy

1 nuddepennupysa obe uactu (14) mo x U y, UPUXOAHM K cJieldyo-
HIeMY pesyJbTaTy.

IV. @yuryus K, (x, t) npu y < x ydosaersopser neaunetinomy
UHTE2PANLHOMY YPABHEHILIO

e, )= — Ki(x, o)+ [ Kix, DK (y, B)dt. (18)
0

3. JluneitHoe uHTerpaanrHoe ypaBHeHue 1as pyHkunu K(x, y).
V. @ynxyus K(x, y) npu y<<x ydoeaersopser AuneiHoMYy
UHTE2 PAALHOMY YPABHEHUIO

Te, 9+ [ K(x 9)f(s, p)ds+K(x, y)=0. (19)
0

HJoxkaszarteanbcTBo. [lokaxkeMm cuauana, 4to npu b <y <
< a<x (QyHKLHU

x y
1P(7~)=J(P(f, A)dt wu m(?»)=fcosV)Ttdt
a b
oproronadban no mepe do (i), T. e. uTo

oo I x " y
I qua(t, 2) dtJ [j cos VXtdt] do (1) = 0. (20)

—oo b-g b
[Ipumensis popmyay (12), umeem

Y

o= |

b

y

cos Vitdt= [ q(t, x)dt-jdtfxl(t, $) (s, Ayds=
b 0

b

Y b Y 4 Y
=jq>(t, Wdt— [ (s, 2)ds [ K,(t, s)dt - |, l)dstl(t, s)dt;
b 0 b b s
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5TO PABEHCTBO O3HauaeT, 4TO ® (i) ecTb Tpeobpasosanne Dypbe
no ¢ (f, &) dyuxuuu, pasuoil Hymo BHe uHTepBana (0, y). C npyroi
cTopoHbl, § (1) ecTb aHasornuHoe npeoGpasoranue dypoe Pyukiny,
paBHOfi Hy/m0 BHe uutepBana (a, x). Taxk Kax uHTepBaan (0, 1)
u (@, x) He mepeKpuIBaIOTCH, TO cooTHOUeHNe (20) HenocpeCTBeHHO
BbITEKaeT M3 paBeHcTBa [lapceBassi. Bhipasum Tenmeps B sTOoM

cooTHomenun @ (f, A) uepes cos VAt mo dopmyse (7); Mbl HMeeM
TOr 1

X X a X
[cp(t, A)df= | cos VA tdt+ { cos Visds (K(t, s) dt -+

J
a a 0 a

X R 4
+ f cos V& sds J K (t, s)dt,
1 cootHomenue (20) mpumer BHZ

{ffevne]
‘n

s
B
—00

[

| cos Vs ds} do (A)+
b

+ [fcos Visds fo(t, s)dt -+

+ J cos VA sds J; K(t, s)dtJ [I cos V'hs dsJ do(A)=0. (21)
a s -b

BBenem a5 kpatkocTn 0003HAUEHU S

J’K(t, s)dt mpu 0<{s<aq,
Hx, s)=1{ * (22)
fK(t, s)dt mpu a<Cs<x,

0 0pE  S>X;

rorga (21) mepenumerca B BuJe

T [f cos Vs ds] [Jy cos V'As ds-

—o Lag b

do (M) +

14

+ J [( cos ViAsH (x, s) a’sJ {J cos Vs dsJ do(r)=0. (23)
00 -0 b

[o]



3] § 2. OPTOFOHAJMIUPYVIOULHE SULPA 417

Ho B cuay d¢opmyan -Ilapcesans Aasf KJAaCCHUECKOro HHTe-
rpana Pypbe

2z OJSO ‘ f cos V7 s ds] {J?cos Vs ds] d(V7)=0;

a b

BLIUNTASE 5TO DABEHCTBO H3 (23) u Bemomuuast Gopmyay aas 1(A)
(cm. (15)), moayuum

x Y
J cos Vis ds] [J cos Vs ds] dt () +

-a -b

0 [

J

-—n0

oo

+ Jﬁ [OJ cos VTSH (x, s)ds]

— o -

T4
»

J

-b

cos Vis ds] dt(2) +

o - oo y '
+_i_ J J cos VA sH (x, s) ds] [‘f cos Vi s dsl d(V2)=0. (24)
¢ L -b .
Taxk kak
Fx, y)=| - xxsmV v (),
T0

f [f cos Vs a’sJ {f cos Vs ds] dv(A)=
oo -b =

a

. f (sin V& x—sin Vaa)(sinV 2 y—sinVAb)
- A

dv (3) =

=F(x, y)—F(x, b)—F(a, y) + F(a, b).
HManee, npuMensasi paBeHctso IlapceBams Ajas KiaccHueckoro HH-
terpana ®ypbe u yunthiBas Qopmyay (22), saxaiouaem, uTo

00

¥

- U cos YV AsH (x, s) a’sjl [ ' cos Vs ds] d(Yn) =
6 Lo b .

0

[S\]

y ¢

= | Hix, 9ds= | ds | Kt 9t
b b a

27 M. A. Heaiimapk
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PaceMoTpuM Temeps BTOpoe caaraemoe B ¢opmyJte (24); Tak kKak

oH
Hx, x)=0 1 55 OrpaHdyeHa, To, HHTETPHPYs MO 4YacTAM H

MeHsAsd 3aTeM NOPAAOK HHTCTrPUPOBAHMS, NOJAYUHM

o (-
»

J

—0c

[s5)

Y

Jp cos VAsH (x, s) ds} [I cos VXsds] dt(A) =

-0 b

4

cos VisH (x, s) s] [J cos VXsdsJ dt(d) =

b

f i IH sml %S ds][ s-in]/xyl;;inlf)Tb

]dr(x) -

oH
= af SoIF (s, y)—F(s, b)lds.  (25)
0
HHTerprﬂ CHOBA MO 4acTdAM M MCEH#As 3aTeM TIOPALOK -HHTET pu-
poBanud, MOJYUYHM [Jid NOCJIEJHEro HHTerpaJa BbIpa)eHHe

X

[ e, 9[2Gn ooy
0

t

.Jf JK(f S)[OF(S y) _ OF (s, b)] s

Js
0

TMostomy ¢dopmyaa (24) npumer Bun
Fix, y)— F(x, b)— Fla, y)+ F{a, b)+

x t

+Jﬂdt JGK(t, 5) [(’”;S’ e L +fds K(t, 5)dt =0,
; |

a

JuddepeHinpoBaiue 3TOro paBeHCTBA 1O X H y Jaer

9%F
dx 0y

‘ o F
+ | K(v, 9555 ds + K (x, 9) =0,
; |

fe, o)+ [ Kx 9)F(s, y)ds + K (x, y)=0.
0
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§ 26. Pemenue o6patnoii 3agauu lltypma— JinyBuans

1. YcnoBus Ha cnexTpanbHylo ¢yHkuuio pacnpepenenuns. 06-
paTHMcs Temeph K pemieHuio obpatHod 3zanaud. Mrtax, mycTh fdana
HeyObiBaowasa QyHKuusa o (A); TpebyeTcss BBIICHHTb, CYLIECTBYeT
JH juddepeHuHabHbHN onepaTop L, BTOPOTO HOpSifKa, CHEKTpPasib-
HOHi (PYHKIHEH KOTOpOro oHa sIBJsETCH, H HAHTH 3TOT omepartop,
€CJIM OH cylilecTByeT. ITy 3ajauy MBI PelllHM B INPeNNOJIOKEHHH,
uyTo QYHKUHs O (A) YLOBJETBOPACT CJACAYIOUIHM yCJIOBHSIM:

A) Hpu 11060m BewgecT8EHHOM X CYUECTBYET UHTE2PAA

0

f VT Tx dg (1), (1)

B) Ecau noaoxcurs
[ o () —-% Vi nupy A>0,

T(A) =14

(2)
[ o (M) npu A <0,

0o

TO UHT=2paA J A7 cos VAxdr(h) cyuecrayer 0.4 scex x =0 u npu

I
x=0 pynkyus

o0

ate)= [ 2VEL 4o o) 3)
I
umMeer HenpepolHble NpoussolHsie 00 4eT8EPTO20 NOPAOKA BKAK-
YUTEABHO.
[. Ecau ¢pynxyus q(x) senpepoisno Oudpeperyupyema npu
x>0, 10 ycaosue A) neo6xolumo Faa paspewumocry 00parnol

3adauu *).
dT0 yTBepKAeHHe OO AoKasaHo B n°2 § 25,

*) YcaoBue B) HeoGxXoaumo A5 paspewruMocTH 06paTHOH 3agaud JHUb MpU
x5 0. Haxe RJIA CKOJb YroaHo raajkoit ¢oyHKUuWH ¢ (x) npu x =0 mpoussox-
Hble @ (X) MOryT CYLIeCTBOBATH JIHIIb Kak oJHOCTOpoHHHe. Hanpumep (Ha aror
npumep ykazan asropy @. C. Pogs-Bekero), ciiekTpasibHas GYHKUUA

-% (VA +arctgVa) mpn 4>0,

0 apn A <0

OTBeuaeT aHaauTHYecKoH (YHKLMH ¢ (¥) M B TO XKe BpeMs, 31ech
1

o’ (x)=—e ¥+ f cos V7 xdt (0,
1}

o (A)=

Tak 4T0 @’ (0) CyllecTByeT Juljp KAK OJHOCTOPOHHAA [POUBOAHAT.

err
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11. Ecau ¢ynkyus o(A) ydosaersopser ycaosuam A) u bB), 1o
PynKyua

< . /— . lared
Pl )= | SRLEESERL 4o ) (4

-—00
umeeT HenpepolBHbLe 4ACTHLe RPOU38OJHbIe G0 YeTgepToeo nopadka
srarouurersto npu x =0 u y=0.
JleiicTBUTEIBLHO, B CHJY yeaoBHS A) PyHKLuUA
1

Filx, g)= | SVEEIVEY 47 ) (5a)

—0
UMeeT HelpepbIBHbIE UeTBEPTHe MPOU3BOJHBIE. B cuay yciaorus B)
TO K€ BEPHO AJ5 (PYHKIUHU

-
Falx, )= | SHLESE 2 Y o), (56)

1

nocKoabKy (cM. (3))

Fy(x, ) =5 lalx— ) —alx+ y). (6)

2. HccaepoBaHue JHHEAHOr0 MHTErpaJbHOro YpaBHEHHS JJs
opTOroHaau3npylowmwero sapa. [lycte Tenepb 3agana pyHkius o(A),
yAoBJeTBOpsiloliast ycaoBuaM A) u B). B sToMmM nyHkTe Mb emie
JONOJHATENbHO TIPeJNOJI0KHM, uYTo (QyHKIHS O(A) HMeeT B He-
KOTOPOM KOHEYHOM HHTepBaJe OeCKOHeYHOe YHC/IO0 TOYeK pocTa
H HCKJIOYHM, TakKMM o0pasoM, caydail YHCTO AHCKPETHOrO CIEKTPa.
DTo J0ONOJIHHTE/JBbHOE YCJ0BHe OyAeT HaMH HCHOJb30BAHO TOJBKO
IPH AOKAa3aTeqbCTBE HMXKecjeayiollero npeasoxenns I1I. B mans-
nefiiem {cM. n°6) MBI ykaxkeM, Kak mnupeguoxenue III, a suauwur,
H Bce IOCJSAyIOLIHe pe3yJbTATHl PACIPOCTPAHSIOTCA Ha chayuaf
YHCTO AHCKDETHOLO CHEKTPa.

IMocrpoum no o (A) pyukuunio F(x, y) no dopmy.e (4) 1 noa0xKHM

2
F5, ) = 50 (7)
B cuny II ¢yuxyua f(x, y) umeer Henpepsigrbie npoussodusie
Jo 8T0p020 NOPAOKQA BKAIOHUTEALHO.
1. ITpu ¢urcuposanHom X unTeepaibrHOe YpasHerue
X -
Fie, )+ [y, 9K (x, s)ds+ K (x, y) =0 ®
0

OTHOCUTeAbHO HeussecTHOU pynxyuu K (x, y) umeer pewenue y
RPUTOM TOABKO OOHO.
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HoxasateabcTBo. Kak ussectHo (cm., Hanpumep, [lerpos-
ckuit [1]) Ans paspemiuMoCTH HHTerpasbHoro ypasHeuns (8) (mpu
(MKCHPOBAHHOM X) JOCTATOYHO, YTOGHI COMPSIKEHHOE OJHOPOAHOE
ypaBHEHHE

[T, h(s)ds+h(g)=0 (9)

HMeJIO JIHIIb TPHBHAJbHOE pelleuwe.
[lycts h(y) — HEKOTOpOe pelleHHe 3TOTO ypPaBHeHHs. ¥ MHOKAs

ofe uvactu (9) ua A(y) u HHTerpupys no y ot 0 Ao X, moayynm,
4TO TOrAa

[ [#s pyn()hy)dsdy + [ v (g)dy=o.
0 0 0

Mostomy JAocrarouno pokasarb, yro upH h(y)==0 Kksiapatuu-
Hasa Qopma

1= [ s prs)h(gdsdy+ [ 1 (g)dy
0

=
<>

NOJI0KUTENbHA.

[Tpeanmosnoxum cHauana, uro ¢ysxuus A(y) ynoBaeTBopseT
cneayroumM yC.HOBHHMJ

1) h(x)=0;

2) # (y) Her[pepbmﬂa B HuTepBase 0y <x.

Tak kak f(y, s)= TO, MHTErpUpys MO YacTAM H MOJb-

d2F
61/0 i
3yach ycjdoBueM 1), HalineM, uto

X X

n

1y= [ Rydy+ [ | Flg, sy ) (s) dy ds =
0

X

T

P 3
— ) 2 ’ , sinVFXy sin VA s .
~[n Wy | ffz () 1 (s) dy ds £ L2 b RS o)

f==1

X X oo

2 . , o }
00 v

X 5]
.

= (R dy+ | @ (ydo )~ f G*(a(y7), (0
0 0

e OO
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rie
X x

G ()= j s‘”l}/:t W () di = (cos V7 th(b) dt. (11)
0

Ho B cuay pasencta [lapceansi jiisi K/JIaCCHUECKOTO HHTErpana

Oypre

2 [amd(VT)= | # s,
0 (]
n noromy u3 (10) sak/mouaem, uro
1= [ G*0)do (2. (12)

Ecan mostomy J(h)=0, 1o u G(A)=0 Bo Bcex TOuKax pocra
dyHkoun 0 (A), KoTopule Mo HAweMy JONOJHUTEJNbHOMY I1peliloJio-
KEeHHI0O HMelOT KOHeuHYlo NpejejbHYIO TOuKy. [Tocaennee BO3MOXKHO
JHUIb Toraa, Korga G (A)=0, u6o B cuay (11) G (A)— nesas aua-
JutHveckast Gyskuusa. Takum ob6pa3oM, H3 paBenctBa J(h)=
BHITEKAET, 4TO

X

j h(fycos VA tdt=0
.. 0
IJs BcexX A; cJaefosaTenbHo, A ()= 0. *

ITycts Teneps h(y) — byukuus, HenpepriBHas B nutepsaine [0, x],

He yjoBJjeTBopsitomast yeaosuaMm 1) u 2). Toraa cymecrsyeT nocae-
JI0oBaTeNbHOCTh OGOYHKUHE A, (Yy), YAOBJETBOPAIOIIUX YCJOBHAM 1)
H 2), cxoasiasics K h(y) B cmbicae HopMbl B L2(0, x). OueBHiHo,

lim J (h,) = J ()

n->00
H TOTOMY
J(B) = lim j G2 () do (L),
n-> oo
rTne

Go()= [ hy(g)cos V7 ydy.
0

Tak xak h,(y)— h(y) B cMbicae HopMet B L2(0, x), T0 G,(A)—~> G (A)
PaBHOMepHO HA KaXjaoM HHTepBane [—a, a]. Ilostomy, eciu
J(h)=0, 1. e.

lim | G} (4)do (1) =0,
nr
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TO TAKXKe

0= lim [ G 0ydo)= [ 6> (1) do ()

—a

H B CUHJY HpOH3BOJIbHOCTH qyucJga a
[ G20y dor)=0;

-0

no3ToMy HOJXKHO OuiTh G (A)==0; oTcioda cHOBa 3aKJO4YaeM, 4To
h(y) = 0. |

Tak kax ¢yskuus f(x, y) HempepuBHa, To H pelrerue K (x, y)
ypaBuerus (8) ecTb HenpephiBHAast (PyHKUHMs DepeMeHHoro y. Kpome
TOr0, U3 ITOTO YPABHEHHs CJENYeT, UTO ec/M CYmecTBYIOT Hempe-

(r=1,2, ..., n), TO CYILECTBYIOT TaKxKe

'K (x, y)
T (I‘=1, 2, ey n).
HNcenenoBanne CBOMCTB 3TOro peuieHust Kak (YHKIHH IepBOro
apryMeHTa OCHOBAHO Ha cCjeAylowied JeMmume.
Jiemma. Ilycre 8 unreeparsHOM YpasHeruu

pHiBHbIe NPOH3BOAHME -7

HeMpepLIBHEE MPOH3BOIHBIE

g(x, A)=h(x, )+ [ H(x, y, @) h(y, a)dy (13)

a0po H(x, y, a) u c80600Hb1L waen g (X, a) ABAAIOTCA Henpepvis-
HOoLMU  (PYHKYUAMU 1O COBOKYMHOCTU HE3ABUCUMBLX NEPEMEHHBIX
i napamerpa a.

Ecau conpamcennoe o00HOpOOHOE YypasHewue umeer Auls Tpu-
BLOADHOE PEHLBHIE NPU 4 = Oy, TO 8 HEKOTOPOLL OKPECTHOCTU TOYKU
peuwenue h(x, a) eduncrsenno u npu 0 x <1 ssasnercs uenpe-
poigroll Qynkyuell nepemennotx X u a. Ecau oce H u g umeror
n HenpepoL8HbLX NPOU3BOOHBLX NO A, TO CTOABKO JHCE Herpepoi8HblX
npouseolueix no a umeer pewenue h(x, a)*).

JokasaTteabcTBo. [losoxUM

H(x,y, a)=H(x, y, ap)+ H,(x, y, a);
eCJJH a HaxXoIAuTCcsA B HA0OCTAaTOYHO MaJIOI‘;I OerCTHOCTH TOYKHU Qo,

to | Hi(x, y, a)|<e nas Bcex 3HaueHHdl x, y B KBajpare 0<Cx,
y < l. Tlepenumem ypasueune (13) B oneparopuoil dopme

g=h+ Hh=(1+4+ H)h+ H,h;

*) [Mocaeanee yTBepxjeHde ocTasTecd CHPABEIJIMBHIM jfaxKe B TOM Caydae
Koria mpoHu3BoiHsie oT A uMeroT paspbiedl 1-ro poja BaOAb NPAMOH X =Y.
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npuMeHsis K o6euM ero uactaM ouepatop {1+ Hy)™', noayuum
-1 -1
(I1+Hy) g=h+(1+Hy) Hh. (14)

Hopma omepatopa (! +H0)_ H, wmenbpue l(l +H0)' la H IOTOMY
ee MOXKHO CUHTaTb CKOJb YLOJHO MaJjiofi; cJel0BaTelbHO, K ypas-
Henuwo (14) HpPIMeHHM MeTOJI ToCJel0BaTe/bHBX IIPHOJIHKEHHI,
U JeMMa JoKasaHa.

UTtoObl NPHMEHHTDL 3Ty JeMMY K YpaBHEHHIO (8), 3aMeHHUM B HEM §
Ha SX H y Ha yx. Mul NOJyYHM ypaBHeHHe

1

Flx, yx)+ x J K (x, sx)f(sx, yx)ds + K (x, yx)=
0

¢ saapom xf(sx, yx) u cBoGoAHEIM usteHoM f(x, yx). OueBHjHO,
3TO yDaBHEHHe YNOBJIETBOPsET YCJAOBHAM JeMMH OpH JiO6OM 3Ha-
YeHHH X,, U TOTOMY

IV. Pewenue K(x, y) ypasnenus (8) ecrv nenpepvignan ¢pyuk-
yus no cogoKynHocTu nepemennolx X, y npu 0<Cy<Kx u x>0
U UMEeT CTOAbLKO 0ike HenpepoleHbix NpPOuU3BOONbLY, CKOALKO UX
umeer ¢gyuxyun [(x, y).

3. dyukuua ¢ (x, A) u paseHcrso Ilapcesans aas mee, IIpu
nomomyu pemenua K (x, y) ypaBHenus (8) noctpouM Tenepb GyHK-

o @(x, A), nonaras
x

o(x, =cos V7 x+ [ K(x, f)cos V7 tat. (15)
0

V. Han awboti gynxyuu f(t) & L?(0, co) unreepan
F = [ t)et, 1 at (16)
0

2
cxodurcs 6 cmvicae Hopmot 8 Ls. Ilpu strom umeer mecro pasen-
crao Ilapcesaan

ﬂFmFma (1i@yEar, (17)

u 80006uje O0an npoussaasnslx fi, foe= L2(0, o),

[ Fia) Fodo 0y = [ () 2 at. (18)
~o 0
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INokasaTteabcTBo. Jlokakem c¢Hadasna paseHcTBo [lapce-
paas (18) Ass XxapaxkTepucTHYeCKHMX (YHKIHH HHTePB3JOB

‘{1 nps t{e|a, x|,
fri)= 0 npu t&la, xl, a<*
1 npu telb, yl,
0=y o o g 0<w

X

X y
Fi) = [o(t, aat, F0)= ot N,
b

a
¥ nojJexaliee A0Ka3aTes bCTBY paBeHCTBO [lapceBavs npuUMeT BHA
@ [ ¢ ) @
| {jw, Hat] [ o, K)dtidd(k)=ffl(t)fz(t)dt- (19)
]

—00 a

b

[TosioXKUM A/5i KPATKOCTH

=
5
1
=
o
=
[es]
N
%}
N
or

HiE, v, 8)= (20)

X
fK(t, sydft npu §<{s<vx,
S

0 npH s>«

H paccMOTpuM JeBylo uyacte (19); obo3znauas ee yepes J u noab-
sysce Qopmynoit (15), umeem

B I ‘
J= { f(p(t 2) dtJ}l jcp(t, A)dtjdo(k):
) a b
= f {fcos V—}:ta’t}}{fyc sVItdt}da(x)Jr
-0 la b
+ f{{ fcos\/htdt}{ ‘MH(b Y, s)cos\/}.sds}d(r(l
s r{fH(a X, s)coslfksds]}[chothtdt]dc(A)—%
~00 0 jib J
+ \ {fH(a x, s)cos lsds}}{{_j H(b,y, s)cosl/_)»—sds}da(k).
-0 0 Q
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O6osnauum uepe3 J, Jo, J3, J4 3TH UeTHIpC cJlaTaeMBIX H BLIYHCAHM
KaX[I0€e H3 HUX OT/EJbHO.

[Moabsysice dopmyJioit (2), onpenesenneM (GyHKUHH F(x Yy) u
paseHcTtBoM Ilapcesasis A/ KJacCHYECKOro HHTerpasa CDypbe
nMeeM

Y

I = F{a cos YA tdt]!J cos V'Ttdt}dc(l)=

l
be—g B

cosl/xtdt}{{fcos thdt}dr(x)+
(o VT }{fcosw:tdt}d(vm:

= F(x, )= F(@, )~ F(x, )+ F(a, 5)+ [ Fi(0) o (x) dx
0

Ianee, noap3ysicb cHOBa paBeHcTBOM [lapcesasst AAd KaaccH-

uyeckoro uHTerpana ®Pypee, a Taxxe dopmyaod (25) n°3 § 25,
NOJIyuYuM

- f!fﬂ(a, X, §)cos VXsds“fcos V?»tdt}do( A) =
—00 b

Il
|

y)— F (s, b)]ds+fH(a X, s)ds~

=fH(a, X, s)[aF((;;y) — aFf;s’ b)]ds+ J‘H(a, x, s)ds,
b B :

rie B o6osuadaer ofumyio uyacte uuTepsagos [0, x] u [b, y].
AHaJIOrHYHO

o /).C B "
Iy= f [ cos ]/AmJ{l

~a

4

,;I H (b, y, s)cos V & sds }do W)=
0

' Hb, g, S)[oms X) M(()‘i’a)}ds%—'(H(b, 4 s)ds,
A
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rie A—obwaa uacts uurepsatos [0, y] u [a, x]. Hakoneu, npu
ysx

I, = f!fH(a,x,s)cos V?»_sds]i

e

ot

Yy

f H(b,y,s)cos VXS ds } do(A)=

Vi

L Rp—

el el
+321 J !fH(a x,s)cos VAsds !

b 4

MHTEFPHPYH B NEPBOM cJjaraeMoM IO 4acTsaM H NPUMEHss KO BTO-
poMy cJjaraeMoMy DaBeHCTBO fIapceBaJm A8 KaaCCHYeCKOro uhudtre-

rpana Pypbe, nmoayuum
x Yy
oH (a, x, &) sin VA E ]! AH (b, y, s)sin V&
dg ¢ =
ds ; s

s 9% Vi 1K
+ [ Ha, x, sYH (b, y, s)ds=

0

X i
fdg‘dfl(axgaﬁ(qu
0

fH(b y,s)cothsds}d(\/A)

I
dsJ}dr(?»)—i—

14
b @,wds+ff1w,ms>ﬁ<mywwds=
x y Yy

=fH(a,x,§)d§jH(bt s) GEOS)d +J (a, x,s) H(b, y,s)ds
0 0

Takum ogpazowm, %
=+ LI+ D= | flOf () dt+ M (x, ),
rae 0

M(x, 9)=F (x, y) = F(a, y) = F(x, b) + F(a, b) +
+J H(b, y, s)ds+ ‘ H(a, x, s)ds +

+JH((Z X, S)[(?Fsy) aF(s b)]d +

¥

ﬁub%g[ﬁsx’ ”f”]m+|ﬂaxswub%)m+
0

X !I

+iHmwnadJiHb%s) gS’d.
U

(]
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HokamxeM, uro M(x, y)=0; tem cameiM dopmyaa (19) Gyner
2

Hai T oM
RoKasaHa. HaiaeM Las 9Toro 5=

to mnepeceueHne A uuTepsaJsoB [0, y], [a, x] saubo mycto, auGo
ecTb HHTEDBAJ [a@, y], mO3TOMY

. Tak kak, 1m0 yCJ0BHIO, I <X X,

a
E;Af H (b, y, s)ds_=0.

HNaunee, npu y<<x B=1|b, y], u noTomy

o -0 -
axayéfH(a, X, §)ds= 5 H(a, x, y)=K(x, y).

ITosbsysice sTHMH QopMmynamu H onpeneaendeM ¢ynkuuu f(x, y),
HalzeM, 4YTO

gy = [ O+ K 9+ [ K, 9)FGs, gds+
0

Yy Y
+ [ K(y, )1 (s, ©)ds+ [ K(x, $)K(y, s)ds+
0 0

14

+ | K(s, 948 [ Ky, 9)]E s)ds =
0

o

0
x

=1 )+ K@ )+ [ K 9)f(s, g)ds+

0
14

+ [ Ky, o) [Fs, )+ K(x, )+ [ K(x, 9T (& s)dt|ds=0,

0 - 0

X

u00 no ycsoBHIO QyHKUHA K (¥, y) eCTb pelIeHHE HHTErpaJbHOro
ypasHenus (8).

2

Hrax, %=0. Kpome rtoro, us dopmyaw aaa M(x, y) He-
NnOCpeICTReHHO BHAHO, uTo M (a, y)= M (x, b)=0; ciaegoBaTeJbHoO,
M(x, y)=0.

W3 nokasannoit dopmydsn (19) caeayer cnpaBeisHBOCTL PaBEH-
crBa IlapceBans Il KOHEUHBIX JUHEHHBIX KOMOHHAUHMHA XapakTe-
pHcTHYeCKMX (YHKIHH; Tak KaK 3TH GYHKIHH 06pasdyloT MJIOTHOe
muoxecTBo B L?(0, o), To paBencrBo [lapceBasns HuMeeT MeCTo
Ads Beex ¢ynkuufi u3 L?(0, o), u TeopeMa jAoKasaua,



4) § 26. PELIEHHME OBPATHOW 3ANAYM WITYPMA — JIMYBHJIY 429

4, dudpdeperunannHoe ypaBHeHHe Ads GYHKUHH @ (X, A).
VI. @ynryus ¢ (x, A), onpedesennas ¢opmyaoii (15), ecrs pe-
wenue Quthgepenyuarbnoeo ypasrenus suda

— Y+ q(x)y =2y, 21
y008.1eTBOPAIOULLE HALAALHBIM YCAOBUAM
y(0)=1, ¢ (0)=K(0, 0), (22)

2de q{x)—HekoTOpas Henpepvi8HAf (DYHKYUS.
HoxasateabcTro. PaccmarpuBasg gopmyay (15) kaxk ypas-

Hende BosabTeppa OTHOCHTEJIbHO COS V?ux U pelias 3TO ypaBHeHHe,
HalijgeM, 4TO

cos Vax=¢q(x, A)— f K (x, s)o(s, A)ds, (23)
0

rae GyHkuus K, (x, S) HMeeT HenpepuiBHBE NMPOH3BOJIHBIE BTOPOTO
nopsaKa.

YmHOXKUM Temepb oGe uacti pasencTsa (15) Ha cos V' Af; Mbl
Oy4UM

@ (x, A)cos Vit -———;— [cos VAa(x+ 1)+ cos VA (x~ t)] +

+%fK%sﬂwﬂﬁ®+ﬁ+wM@@—Md&

Ioacrasass cioga BMecTo cos } A (x = 1), cos VA (s = #) ux Bhpa-
XKeHHs H3 Gopmyast (23), MB mpuieM K CJeAYIOLIEeMY COOTHOLIe-
HHIO!

@(x, A)cos VAt =
x;i—t

[plx+1, W+elx—t, M+ | Wolx, £, s)o(s, Nds, (24)

0

=1
T2

rae Wo(x, ¢, s)— nexoropas GYHKIMS, ABHOE BhIpa)eHHe KOTOPOH
HaM He noHagobuTcs. OTMeTHM TOJBKO, 4TO 3Ta (YHKLHA BhHpa-
xkaercsi uepes pyuxuuu K (X, y), K,(x, y) 4 HX HHTerpaJnl H No-
TOMY HenpepriBHa npu s<Cx +{. llonaras

Wolx, £, s) npu s<Cx+¢,

0 npH S$>x+ 1, (25)

Wx, t, s)={
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MBl MOYKEM nepenucats opmyay (24) B Bujae

@ (x, A)cos | At =

=é[cp(x+ t, A+ o(x—t, 7»)]+fW(x, t, s)g(s, A)ds. (26)
0

Jokaxewm, 4To npu pocraTouHo majom f ¢yukuus W(x, ¢, s)
CHMMeTpHYHa OTHOCHTEJNbHO NepeMeHHHX x u s. Jlas 3To# neaw
npouHTerpupyeMm ofe uacTtu (26) mo x OT a 10 y, YMHOKHM 06e
z

4acTH NMOJYUYEHHOIO paBeHCTBA Ha f(p(s, A)ds wu npounTerpupyem
b

3ateM 10 do(A); MBIl TpUAeM K COOTHOWIEHHIO

o< z

fcos VXt!fcp(x, x)dx”j'w(s, A)ds}da(x)—_-

b

— 00

= ﬂl ya’xfu’/(x,t s) g (s, x)ds}{f(p(s l)dS}dG(?v%r
a 0

.0 y+t z
+5 f! f(p(x, A)dx + fcp(x, x)dfo(p(s, k)ds}dc(k).(??)
b

—00 l att a—t

BuiGepem a, b Tak, utobnl uHTepBasb (a, y) u (b, 2) He Tepece-
KaJqHuch; Torja mpu f, JHOCTATOYHO MaJjoM (f<{e), HUHTepBaJH
(axt, yxt) n (b, z) Takke He Oyayr mnepecekarscs. OTciona
Ha ocHoBadHM paseHcTtsa Ilapceraas mma @(x, A) (cm. V n°3)
3aKJlouaeM, 4TO BTOpOe cJjaraeMoe B npaBoit yactu (27) pasHo
Hy 0. MeHss Tenepb NOPsJlOK HHTErPHPOBAHHS B MEpBOM caarae-
MOM, MBI MO/KEM NepernHcaTh 3TO COOTHOLIEHHE B BHAE

fcos Vat { fycp(x, A) dx}{ f(p(s, A)ds}dd(?»)—i—
—o0 a b

o0

+ fcos V)Tt{f"p(x, Z,)dx}{f@(s, A)ds}dc(k)=

— 00

flfocp(s A) dst(x, t, s dxl{jcp(s x)ds}do(x) (28)

—x 0

TlepBoe coaraeMoe B JieBOH UACTH STOTO PABEHCTBA €CTh byHKLuS
TONLKO MEpPeMEHHHX y M ¢, 00603rauum ero uepes M (y, f); BTOpOE
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c/laraeMoe eCTb CHMMeTpHUHAasi QYHKUMA HepeMeHHBLIX y U 2, 06o-
3HauuM ero uepes N (y, f, 2).

Ha ocnosannn pasenctsa I[lapceBans aas ¢(x, A) (cM. V n° 3)
npasasi uacte (28) paBha
z y
[as| Wi, t, s)dx,

a

b

H NOTOMY 3TO PABCHCTBO MPUMET BHI
z Yy
My, D+ Ny, 4 2)= [ds [ W(x, 1, 5)dx.
b a

B3sB cMellaHHYIO TNPOM3BOJBYIO 1O y M Z 0T ofeHux uactefl mo-
CJeJHEro paBeHCTBA, MOJYUHM
3N (y, t, 2)
t = >
Wy, 1, 2) 3y 07
Taxk kak ¢yskuus N(y, f, 2) cuMMeTpPHUHA OTHOCHTE/bHO Hepe-
MeHHBX y H 2, To ¢yHkuus Wy, £, 2) oGaagaer TeM *Ke CBOIi-
CTBOM.
Ho Wi(x, ¢, s)=0 npu x+{<s;, B cHay cuHMMeTpuu >ToH
dyrxkuun takxe Wix, ¢, s)=0 npu s+{<x, T. e. npn s<x—1.
IloaroMy ¢opmyay (26) MOXHO nepenucaTb B BHJAE

o(x, Meos Vit= o+t A)+olc—1, A+

x+t

-

+ | Wit 5)gls, Mds. (29)
) .

X—

Briutem u3 oGenx uyacTed 3TOro mnocaeiHero paBeHcTBa ¢ (x, A) H
pasienuM 3aTeM Ha #% MBI NMOJYYHM

cp(x, }») cos l/t?;t~l - Q(x+1, A)—?wé,;; M4+ole—t 1) +
x4t v
+ 7 f W(x, t, s)q(s, A)ds. (30)
x—t

A .
TIpn #— 0 nerast uacTb CTpeMurTes x——Q-(p(x, A), a mepBuil uien

o 1
npaBod 4acTH — K —2—cp” (x, A); mosToMy CyliecTByeT TaKwke

x+t

n

il_ir(l)t—lz J Wix, t, s)g(s, 2)ds,
x—=i
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Haiizem stor npejea. Pasnaras ¢ynkuuio ¢(x, A) no dopmy.e
Teftnopa, mosywnm

(s, W=0gx, N+(s=x) ¢ (x, A+ 0((s—x));

¢caen0BarTeJIbHoO,
X+t xj-t
[ Wt e Nds=qx ) [ Wix t, s)ds+
Xt x—i
x:H
+¢WLA)J@~XHVW,LSMS+OU% (31)
X~

Ho nmpu x—t{s<Cx+t ¢yukuus W (x, {, s) HenpepniBHa, ro-
3TOMY
Wi, t, )=Wi(x, ¢, x)+o0(l).

IMoacraBasia 310 Bhpaxkende B (31), Mbl 3aK/I042eM, UTO
x+t

Jﬁ Wi, t, s)o(s, A ds=

x—t

x+t x4t
=qx, 2) | W(x, t, s)ds+¢ (x, A) J (s —x){W(x, £, x)+
x~t x—t
xft
Lo(l)}ds+o () =q(x, &) J W(x, t, s)ds+o(1?),
x?t et
6o ] (s —x)W{x, t, x)ds=0; clei0BaTENLHO,
x—t
xjt x+t
1
7 Wi(x, t, s)o(s, MYds=¢(x, h);—z f W(x, ¢, s)ds + o(1). (32)
x—t x-t
TTosoxuMm
xft
g()=~2lim% | W 4, 5)ds; (33)
t>0 o

B CHJY COOTHOLIeHHs (32) 3TOT NpefeJs CyLiecTBYeT.
Ilepexonss B pasenctBe (30) k npegeny npu f—>0, moaydum

A 1, 1
50 A=50"(x, -5 49 gl 1)

¢ (x, B+ {A—g(x)}ex, B)=0, (34)
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Tem caMbIM MBI L0Ka3aJH, 4TO OYHKUHS ¢ (X, A) yIOB/eTBopsieT
nuddepenunasbiomy ypasuenuio tyna (21). Iokaxcem, 4T0 (GyHK-
uus g (x) wenpeprmsua. Ma (34) caeayer, uto

_ - (p//(x' A/)
h=q(8)= =<

Ho upu dukcHpoBaHHOM ¥ 3HaMeHaTeab ¢ (x, A) He MoKeT Tokier
CTBEHHO GbITb PaBHBEIM HYJIO; CJIeJ0BATEJNbHO, NpH JNI060M 3Haue-
HUH X CYLIECTBYeT TaKoe 3HAaueHue A, Aas Koroporo ¢(x, A) =0,
[Tostomy ¢yHKUMS ¢ (X) HenmpephiBHA.

Haxonen, u3 ¢opmyaw (15) HemocpeacTBeHHO C/AEAyeT, 4TO

90, A)=1, ¢(0, A)=K(0, 0),
u npeanoxenne VI mosHOCTbIO 10KasaHo.

Kak yxe orMeualoch paHbule, B HacToAleH IiaBe Mbl B OCHOBHOM CJeiyeM
pabore Feabbana u Jlesurau [1]. H. Jlesuucou pedepupys sty paGoTy npeg-
JOMUWIA  yNPOLIEHHe JoKa3aresbeTBa Ipendoxenns VI, ocuosanxoe Ha caegyio-
1eM 3aMeqaHnH.

Pewenue K (x, y) unrecpaasnozo ypisuenus (8) ydosaersopser duppepen-
YUAABHOMY YPLBHEHUID

14 7”7
K —9(0)K—K,, =0, (A)
d

2de ¢ (x)=2 —— K (x, x).

Orciona, ma ocnopaHnn npeftoxenus I’ (em. n° 1 § 25) aerko moayunts
npepaoxenne VI.

Jlns 10Ka3aTeqbCTBA C/eJaHHOTO 3aMeuaHHs, Paid POCTOTH, I1PEIN0JI0KHM,
gro ¢yukuna f(x, y), 3ananHas ¢GopMysaolt (7), HMeeT HeNpepriBHLIE BTOPLIE
npoussojHble. Herpyauo Bugers, uto *)

Foe (5 9) =T, (2, 9, (B)
Fo (5 ) o =Fp (5, ) 1,20 =0. (B)
TMonoxum
L(sg) =1 (v )+ [ [y K (5, 5) ds+K (5, g).
Torna ’

X

Lhotss =Fee (5 9 + [ 10 ) KL (6 ) ds +F (5 0 KL (5, 8) Jguy +
0

+F 0 DK (5 )+ (0 ) e K (5, x)+ K (5 0)
u 8 cuay (B)

X
Ly, )=t 9+ [ 1,6 9K (6, 9) ds + K (5, 9)
Q

¥) HefictBureanto, f(x, y) =—;— fax+y O+ (ix—yl, 0L

28 M. A, Haiimapx
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Wnterpupys 3Jecb MO 4acTAM H NpHHUMas BO BHAMauue cooTHowenus (B), mnui
Haliem

Ly, (%, 9) = [ (5, 9)+ 17 (4 %) K (%, ) = F (g, 0) KL (2, 8) |, +

X

+ r [y, ) Kg (v, s)ds + K, (x, ).
0

Ecau K(x, y) — peiuenue unrerpaannord ypasuenus (8), 1o L (x, y) = 0, a 1o-
3TOMY TaKiKe

Ly —qx)L—L) =0.

o 14 ”
MoxcraBasns cioga Halpennsie Hamu 3Hauenus L. u L

yu MBI [IOJYHHM

X

M(x, )+ ff(y, §) M (¢, s)ds =0, ()
0

rne M(x, y) ofo3nauaer /2By wacTh ypasuenwa (A). Tax Kak ofHOpOAHOE
uHTerpasibnoe ypaeHenue ([') He uMeeT He:uyaeBBIX peireHuil (cM. npenjoxe-
aue I1I), to M(x, y) = 0, uro u TpeboBajoCh AOKXA3aTh. ’

®. C. Pode-BexkeToB 3amerus, 4TO TO Ke paccysKieHHe NMPOXOJIHT H TOTAA,
Korda mpd x =y npoussoause f(x, y) nMmeior paspms l-ro popa. drum jony-
I(CHHEM OXBaTBHIBAIOTCH BCe cayyad, Koria kosddaudeHt ¢ (x) uckomoro ypas-
HeHHS HenpephiBHO Aubpdepenuupyer. 3aech Npt BLYUCACHUH L;'y (x, ¥) HyxHO

X y X

P

npeACTaBHTh [ B BHie J +f H yYecTb, YTO
0 Y

’ ’ ’
f_c (%, ¥ ,X=y—0 = iy (x, ») 'x=y+0v f; (v, v |x=£/_0 = fx (x, v) lx=y+0’

Tak Kax f(x, y)={(y, x), nocne 4ero oKkoHYATeNbHOE BLIPAMKEHHE A L;’y (x, ¥)

ocranercs npexuuM. Ecan f(x, y) ToabKO opHOKpaTHO auddepeHwnpyeMa npH
X ¥ I, TO MOXHO [IOKa3aTh, UTO U B 3TOM caydae K (x, y) sBaAsieTcs opTOroHa-
ausupyromny aapoM. aa storo caeayer annpoxkcumupoBats [ (x, 0) mocsenoBa-
TeABHOCTBIO JABaXKAn AuddepenunpyeMux byuxuui [, (x, 0), ouperenurs fq (x, y)

1
KaK o [fnlx+y O)+fnllx—yl 0)] u K, (x, y) — Kak pelieAHe COOTBETCTBYIO-

ero HHTErPAJLHOrO YpaBHeHHA ¢ SAPOM fn (X, y) M COBEPIIMTH OpefedbHBIH
nepexol NpH n—» oo,

5. OcnoBnas Teopema. KoMmGuuupys mupemnoxenns III, IV, V
u VI, npuxoanm x caenyowefl Teopeme.

Teopema. Ecau neyboigarouas ¢ynskyus o(d) ydosierso-
paer ycaosusam A) u B) n° | u ecau mruoxcecrso ee rouex pocra
umeer xora 6vL 0OOHY KOHEUHYIO NPe0eAbHYI0 TOUKY, TO CYyecTayer
JupgepenyuarsHolii oneparop 8Topoeo NOPAOKA U NPUTOM MOABKO
00UH, onpedeneHHsbll HeKOTOpoiM OuppeperyuarsroLm  oLpaxce-
Huem

Hy)=—y"+q(x)y, 0<x<+ oo,
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C HenpepoigHuiM KosppuyuenrTomn q(x) u Kpaesoim ycaosuen suda
y(0)—0y(0)=0,

0aa koropozo o (X) ecTv cnekTpaasHas Pyuxkyua pacnpedesenus.
Ipu srom Qynkyus q(x) u uucao 6 onpedersercs no gopmyram

) =580 9= K(0, 0),

2de K (x, y)— pewernue unreepaissroco ypasHenus (8).

3amMeuauune 1. Bo Bcex npeabAYLIHX PpacCy>KIEHHAX Mbl
npeanoaarann 6 KOHeuHBIM; ecaH 0= oo, T. e. KpaeBoe YCJOBHE
uMeet BHA y(0) =0, To BO BCeX NpeABAYIUHX pacCcyXAeHUAX yHK-
nuio @(x, A) cieayeT 3aMeHHTb ¢>yﬂxuneﬁ

) = sinV Ax

. /'—
T | Lx, t) SnVM 4y

X, A =
¥ =
ITpu stoMm L(x, f) yJgoBJeTBOpsieT TOMYy Ke YpaBHEHHIO, UTO H
K (x, t), Ho [(x, y) ecTb cMeliaHHAs NpPOU3BOJHAsA MO X U Y yHK-
LUK

(e o] _ _ B /-—
Fx, )= ( (1 - cos V?»x);“(zl cos } Ly) dt (h),
rjie
3

0 (1)~ 5= A% npn 23>0,
0'(;\,) npu }v<0

B ocranpHOM Bce paccy:AeHHs ocrailoTcs 6e3 CyIeCTBEHHBIX H3-
MeHeHHH, ¥ OCHOBHAsl TeopeMa OCTaeTcsl CIpaBe/LlHBOH.

3ameuanune 2. Yeaosus A) u B) gBaAsioTCs, OUEBHIHO, YCJIO-
BHAMU Ha 0 (A) OpH A— = 0o; OHM, HANPHMED, BHIOJHAIOTCSH, €CJH
t©(A) =0 BHe HEKOTOPOTO KOHEUHOro HHTEPBada. DTG TNOKAa3LIBAET,
uto QyHKUUS o (A) moomcer ObiTe npoussossHOl 8 A1060M KOHEHHOM
uurepease. JDYrHMH caoBaMU: kakoea Obl MU OblAQ O2pAHUYCH-
Haa Heybovisarouwian ¢ynxyus o (A) 8 koHeunom unTepease [a, b),
UMerOUas 8 3TOM UHTepsase OecKOHeYHOe HUCAO TOHeK pocTa,
cyuwjecrayer Ougepenyuansueii oneparop eropozo nopadka,
CNeKTPpassHas Gynkyus pacnpedesenus Koropozo cosnadaer ¢ ¢ (A)
8 uHntepsaae |a, bl.

T{(A) =

3ameuanue 3. B pabore I'acnimos u Jleuran [1] nokasano caeaywouee
yTouHeHHe OCHOBHOH TeOpeMbl.

Has Toro uto6nl Hey6nBaoWas $ynkuus o (A) Obina cnexTpadbHol GyHK-
nuet pacmpejesenuss onepatopa Lg, nopoxaennoro nuddepeHiunaisHHM Bopa-
wenueM [ (y) = — y” + g (x) y n xpaeBbiM yciosHeM y (0) =0y (0), rge dyHkuus
28*
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g (x) UMeeT NPOU3BOLHYIO NOPSIAKA M, CYMMHDPYEMYI0 B KaXKJAOM KOHEUHOM HH-
tepBage noayocn (0, o0), HeOGXOZHMO M JOCTATOYHO BHIMOJAHEHHE CJACAYIOLLHX
yCIOBHH:

a) Ilycers f & L2 (0, o), f(x) =0 ans mocrarouno GOJIbmuX X u

C(A)=| f(x)cos VR xdx

Ecau

jtcmtﬁdo(x)=0,

10 f(x) = 0.
6) ITycts
N

@, (x)= j cos Vs dt (1),

—_—00

rie T(A) ompenmensiercs, KaK M paublle, popmysaolt (2). Hurerpan (I)N (x) cymte-
cTByeT # 1npu N ->oco orpaHuded H cxoautcss kK ¢yHriun @ (x), umewoirel

(m - 1)-10 TpOU3BOAHYIO, CYMMHUPYEMYK B KaX/JIOM KOHEYHOM HHTepBaJe, mpH-
yem O (0)=10

6, Cayvyait yMcTo aucKkpeTHOro cmnexktpa. Ecau dyukuus o(A)
HMeeT CUETHOE MHOMXKECTBO TOYEK pOCTa C €IMHCTBEHHON Mpelesib-
HOH TOUKOA Ha OECKOHEUHOCTH, TO AJSl DPa3peliHMOCTH oOpaTHOH
3aja4d HA 3TO MHOXeCTBO CJeAyeT HaJOXHTh JONOJHHTEJbHOE
orpannuente. He npupoas moapoGHBIX pacCyXAeHHH, MBI TOJBKO
chopMyIHpyeM OKOHUATeNbHBIH pesyabTat. /s 3Tol uean BBegeMm
HCHATHE AA0THOCTU MHOXecTBa. IIycTh E — HEKOTOpOE MHOXKECTBO
BeHjecTBeHHBIX uMces; ofo3Haunm uepe3 N (E) uuciao sjeMentos
MHOXKeCTBa £, 3aKJoueHHbX B HHTepBase (— N, N); toria n.aor-
HOCT610 MHOXcecTsa E HasbiBaeTCsi YHCJIO

p= lim %
N > oo

Ocrnosrnan Teopema n° D OCTAETCS BEPHOW L 8 CAydae HUCTO
JuckperHoeo cnexkrpa, ecay e20 naoTHocTs beckoneurna. (oxasa-
TEJIBCTBO cM, B pabGore leandang u Jlesurau [1]).

7. Paszauuynbie oGoOuwieHusi ocHOBHO# Teopembl. a) Cayuait
KOHe4YHOro UHTepBaJaa. llyets L —omepaTop BTOpOro Io-
psaka B uurepBade (0, [), peryaspunidi npu x =0 (dyuxuus q(x)
HempepbiBHA B MHTepBaJse 0 < x </). Bce mpeAbaymmine pesyJ/bTaThl
oCTalOTCS B 3TOM CJyuae BepHBIMM, ec/au ycJaoBHs A) u B) same-
HHTh CJeLYIOUIHMH YCJOBHSMH:
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A Hasn kamdozo x <2l cywecrsyer

00

f ch VIA|xdo ().

-~ 00

b’) ®ynkyus

oo

a(x)= f o8 AY }I;'Tx do (A)
i

UMEeT HEeRPepLlBHYIO ~ 4eT8epTyio NPOou3BOOHYI0 8 UHTepsa.e
0<Sx < 2L

6) Cnyuait kmaccuuecko# sagaun Mlrypma—Jlny-
Buaasa. Ilyets L —perysnspHbli olepaTop BTODOro mnopsiika
B untepBane (0, /) (dyuxkuus ¢ (x) HempeprlBHAa B 3aMKHYTOM
untepsane [0, []); Toria L moayorpaHuueH cHu3y (cM. n° 4 § 19).
3aMeHss, ecad HYXKHO, L Ha L +cl, MB MoxKeM cuuTath L nmojo-
SKHUTEJIBHO ONpe/eIeHHBIM.

O6parnas 3adaqa 8 3TOM CAyLAe paspeuiuma, ecau

p{A)=

}"ﬂ

L7

L
}\p/z’

N

rae Ay, O — ROAONCUTEABHBLE HUC AL, NOOLUHEHHBLE ACHMATOTULECKUM
- 7 (1) l !
Gopmuyram VM = n+ 0 (7) y On=7g T+ 0 (7) , W ecJu BHINOJ-

Heno ycaosne B’) m. a)*),
B) Caiyua#t HHTepBaJga (—oo, 4 00). Teneps cnekTpasnbuas
GYHKLHS  paclpejie/ieHHss ecTb MaTpHuHasi QYHKUHA BTOPOro

LopsaKa
on(h) o)
o) = <021 (A) oy (M)

a ycJoBHe, aHAJOTHYHOoe ycao3uaM A) u B), okaselBaercd cacayio-
mum (eM. Baox [1]).

*) o nomoay moApoOHLIX MOKA3aTeJbCTB B cayuasix a) u 6) cM. [eandang
n Jlepnran [1] nmu TaceiMos u Jlesuran [1]. B nocregneft paGore umeercs
Teopema, Cofepikaimas Heo6xoAuMble W JOCTATOYHbIE VCJAOBHS AJMS TOro, 4TOOHI
HeyObiBaomass QyHKRuus o (A) Oblia cnekTpasbHolt GyHKUHeH pacnpefeneHus
peryasipHoro oneparopa L, cooTseTcTByoWero QyHKUHH ¢ (x), uMeolesl cymMma-
pyeMylo NPOH3BOAHYIO 3aJaHHOrO NMOPSjKA m,
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a) [Monoxum

pi{x, A)=cos VXx, P (x, k)=§i—”—]—/_~7”—x—,
Vi
_+1 0
VA
1 npn A>=0,
()= 0 oga) PE
o (i) opu A <0.

ﬂ/lﬂ NPOU3BONLHOBLY X U Y UHTEepQAA

=] 2 X y
Fix, p= | X {fp,»(s, x)ds]}{j.pk(s, %)ds}drjk(l)

—oo j, k=110 J

cxodurcsa, npudenm Qynxkyua F(x, y) umeer Henpepoiensie 4acTHble
npoussodHbe no X u Y 00 TpeTse2o NOPAOKA BKAIOHUTEALHO.

OZnHako Tenepb, B OTJAHYHE OT cJayuas IIOJYOCH, YCJOBHE Q)
He sIBJISIETCA JOCTATOUHBIM J1s pa3pelluMocTH ofpaTHoll samauu,
Kak nokasaa ®. C. Pode-Bekeros (cM. Poge-Bekeros [5]), B cay-
yae Bceli ocH HeOOXO/JHMO eille BHIIOJHEHHE CJEAYIOUIer0 yCJAOBUH
ajrebpanueckoro xapaxrepa:

f) [Tonoxum

00

]Wlk(z): ‘] ij_%i—(ii’ k=1’ 2)
=
My (2) = | (m* 1+A2)d029(7»)+a,

NpHUEM UHCJO Q ONpejesieTcs YC/JIOBHEM
Y on ,
Mgp(2)=5tVz—>0 npn z->ico.

L aa 8cex HeseuyecT8eHHuLX 3HAUEHUL 2
1
Mi1(2) Myy (2) = Mo (2 = — 1

ITo moBony oGoOuieHust 3THX pe3ysnbTaToB Ha CJayuyadl onepa-
TOPOB B NpoCTpaHcTse BeKTOp-Gynxkuuu cM. Baox [1] u Poge-be-
ketos [1].

r) Onpenenenne ypaBHeuus HUlrypMma—JiuyBuaasn
no asym cunexTpau (cm. M. I, Kpeitn [7, 8, 9]). PaCCMOTpHM
AndpepenuyasbaOe VpaBHeHHe

-y +qgx)y=31y, O0<<x<m,

=
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u 1Ba Habopa KpaeBbIX YCJOBHIl
¥ (0)— hy(0)=0, y(n)+ Hy(®)=0, k=1, 2,

pasjuuHLIX B Touke O W OJAMHAKOBLIX B TOUKe 7. A, 7= A,
B paGore 'actimos u JleBuran [l] xokasana caenylolnast Teo-
pema. Jan rTo20 41066t 08€ NnOCAEA0BATEALHOCTU NEPeNCHAIon

1 2
wuxca 4ucea (! ))n o (A( ))n o Oblau nocaedosarensrocramu co6-

CTBEHHbIX 3HAYEHULl HANUCAHHLIX Bblule Kpaesulx 3ada4 ¢ (pyuk-
yuetd q(x), cymmupyemolr 6 unrepcare (0, xm), Heobxo0umo u
docrarouno, 4Toder npu n—> oo

MW=+ a®ao(l), k=1, 2,

ede aM == a®, u urober Pyrryus

A9 30

D(x) = 2 2[ o (” cos V?f?x—cosnx]

UMEAQ CYMMUDYEMYIO APOUBBOOHYIO,

Otmerum, uto B pabore ['acmimos u Jlesuran [1] paccMmoTpena
TaK)e 3aJavya oNpejieJieHHs] CHHTYJasIpHOTO ypaBHeunsa UItypma —
JInyBuJisi mo [ABYM CHOEKTPAM TpH YCAOBHAX, oOecleuHBaioux
JHCKPeTHOCTb CHeKTpoR. [lo MOBO1ly AaHaJOrHuHOH 3agaud AJs
ypasHenus [lItypma — JInyBu/jis Ha KOHEUHOM HHTEpBaJe H C 0CO-
GeHHOCTBIO Ha OJHOM U3 KoHloB cM. [acuimos [2].

A) O6partHada 3anaua Ags cucTeMmu Hdupaxa. Pac-
CMOTPHM CHCTeMY ypaBHeHHH [lupaka, HMEIOILYIO CJAeAYIOIHA BHI:

[ 0 Fi“ p (x) )\
+
fl _4 <q<x> r(x/

X

)
' yl i
M} =0, 0<<rx< oo,
J' Y

rae p(x), q(x), r (x) — BeleCTBEHHBIE JIOKAJBHO CYMMHpYyeMble QyHK-
IHH. BOCCTAHOBJEHHEM 3TOH CHCTEMBl [0 COOTBETCTBYIOLIEH chek-
TpaJjbHOfl (GYHKLHH paclpele/eHHsi 3aHMMaJiHCh MHOTHE aBTOPHL.
Hau6oJsiee mosnble pesyabTaTel cojepxaTcs B pabore ['ackiMOB H
Jlepuran [3]. M. I'. TaceimoB u B. M. JleBuran pgokasaau cJte-
Iylolllee yTBepxKIeHHe, [lan Toeo urobor Heybwisarowias (Gyuk-
yus o(A) Gotaa cnexTpassnol yuxyuel pacnpedesenus CucTemol
Jdupaka, ¢ KOIPOUUUCHTAMU, UMCIOWUML M AOKAN6HO CyMMUpYe-
MBLX Npou3so0HsiX, Heo0XoduMmo u 00CTATO4HO, 4TOObL BHLLNOAHS-
AUCH caedyrouyue Yycaogus;



440 TJl. VIII. OBPATHAY 3AIAYA UITYPMA — JIHYBUJJIA 7

A) Mycte gy, g = L*(0, ), g,(x)=gy(x)=0 011 docraroqna
boavuux x U

G 0) = [ g (x)sin2x = gy (x) cos ax] dx.
0
Ecau

[1emPao) =0,

70 g (x)=g;(x)=0.
B) Tpu N — oo unreepaa

( sinix\ :
Dy (x, y) = f — cos iy /j (sinAy, —cosAy)d (0(7») -— 7&)
ogpanuyen u cxo0uTcs U eco npedes umeer M AOKAABHO CYMMU-
pyemoix nPOU3BOOHBLX.

Cucrema [dupaka omnpeiecasercss no cBoel clHeKkTpaabHOR QyHK-
LY pacnpejie/eHdst HeoTHO3HAYHO. OJMHAKO HEOAHO3HAYHOCTh
MoxeT OBITb ycTpaHeHa, eC/]H paccMaTpuBaTb cHcTeMmbl [lupaka
(a Taxk’Ke KpaeBble yCJ0BHs NpH X = 0), npuBe/eHHbE K HEKOTOPOMY
KaHoHHYecKoMy BHay. Tak ke kak u B of6paTHo#t 3anave lltypma —
JIMyBHJ/ISL, Uit BOCCTAHOBJAEHHA cucTeMbl Jupaka pewraioT HHTe-
rpanbHoe ypaBHeHHe MJIsi COOTBETCTBYIOUIETO OpPTOTOHAJIM3HDYIO-
wero sipa. SIApoM HHTerpajibHOrO YpaBHEHHS CAYKHT QYHKLHS

Q)(x, y) = A}me(DN (X, y)

B uutuposanuoii Buie pabore M. . Taceimosa u B. M. JleBu-
TaHa pacCMOTpeH TaKxke cJayya#, koraa kodbQuiueHTh CHCTEMBI
0o0/1alaloT HEMHTerpupyeMofl 0CoGeHHOCTbIO B HY.Je.

e) O6paTHas 3ajavya KBAaHTOBOH TeopUH pacced-
Hus. PacemorpuMm kpaesywo 3amauwy

—y"tqy="~ry, 0<Lx<oo, (I)
y(0)=0, (I1)
¢ BelecTZeHHBIM IIOTEHLUHAN0M> ¢ (X), YIOBACT30ISIOUHM YCIOBHIO

oo

f;&lq(x)]dx<oo. (I11)

0

W3 ycnosua (III) BuiTekaeT, uTo HempepuIBHBHI CIOEKTP 3ajJaul
(I) = (IT) (. e. cmekTp oTseuamwiuero ell oneparopa L, neficTayio-
uero B npocrpatctee L2(0, o)) zamosuser noayoch A >0, a cob-
CTBeHHBlE 3HAUYEHHSA OTPHILATEJBHLI H HX MHOMKECTBO KOHEuLHO
(cp. npumep a) n° 2 § 24).
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IMyets Q(x, p)— peitenue ypasuenus (I) npu A=p% yaosue-
TBOpsiloUlee HauasbHoMYy Yycaosuio (II). Pemenne Q(x, p) mMoxuo
(YMHOKeHHEM Ha MHOXKHTeJb, He 3aBHCALIAH OT x) MPOHOPMHpO-
BaTb TakK, uToObl Pa3JioKeHHe MO cOOCTBEHHBLIM (QYHKIUHSAM KpaeBoi
sapgaud (I)— (II) sanuceiBajoch B BHAe

o

)= Y00 ) Qx 001 4 | 20, 912 (v, p)dp,
k=1 Q
rjae

oo

Qf, M= | F0)Qx, p)dx,

0

app=Vh, Imp,>0wu 4, ..., Ay — cobcTBeHHBEe 3Hayenus. Jlas
TaK HOPMHPOBAHHBIX COOCTBEHHBIX (QYHKIHH HMEIOT MECTO CJaelylo-
lide acHMIOTOTHYECKHE (QopMyJiBl, cHpaBefJHBLIe TIPH X —> oo,

Q(x, p)=s(p)eiw — e i 4 o(1), — oo < p<< oo,
Qx, pr) =€ [Mp+0(1)], k=1,..., o

3aech  §(p)— KOMIIEKCHOSHAYHAs (Q/HKRHSA, VAOBJAETBOPSIOUAN
yeaosusaMm |s(p)l=1, s(p)s(—p)=1, —oo<p< oo, HasbiBaemasn
pynkyued pacceanus Kpaesoh 3agauu (I)—(II). Hucaa My, ..., M,
HeOTPHLATeJIbHEl ¥ HAa3bIBAIOTCH HOPMUPOBOUHbIMU MHONCUTEAAMIU.
CoBOKymnHOCTb, cocTOfillast H3 QYHKUHH paccessudsi s(p) cob-

CTBEHHBIX 3HAYeHHH A}, ..., A, H HODMHPOBOYHLIX MHOMHTeJel
M,, ..., M,, naseiBaeTcsi JaumHeimu paccesnus KpPaeBoHd 3agauu
(I —(1Dn.

B npumenennn k kpaeBoil 3anaue (I)—(II) o6patnas 3anaua
TEOPHH  DACCEsiHHA  [OMyCKaeT CJAeAYIOULyl0 MaTeMaTHUecKyio
bopmynuposky. Hssectnor daunvie paccesnus s(P), Ay, ..., hg
M,, ..., My onpedeaurs norenyuan q(x).

Dta 3aja4ya MoxkeT ObITh peleHa cjeAyoliuM o6pasom. Bresem
DYHKILHIO

oo

- a
)= | so)~ 1] dp— ¥ Mye'™s

-0 k=1

H PACCMOTDHM HHTErpajibHOe ypaBHEHHe

E(x, t)— J R, ) (w6 du=f(x+1).
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OxkasblBaeTcst, 4t0 MPH Kax/AoM x == 0 3To HHTerpaJjbHOe ypaBHe-
HHe HMeeT eJHHCTBeHHoe pelneHue k(x, !) ¥ 4To cClpaseiJHBa
tbopmMyJia
d
q(X)Z —QEk(x, JC).

OtmeTuM, 4TO peilenue R (x, f) siBaseTCs OPTOTOHATH3HPYIOUIHM
AApOM B cJenyiomeM cMbicae. [Tosoxuam

yle, p)=eto+ [ k(x, e at;
X

dyukuusa y(x, p) sBasercsa peuleHuem ypasaenus (I) npm A = p2
OTMeTHM TaxkKe, UTO AaHHLIE PACCEdHHA HeJb3st BHOUPATb mpous-
BOJIBHO, OHHM JOJDKHLL Y/AOBJIETBOPSTh OHpPeLeJNeHHBIM YCJOBUAM
COTr1aCOBAHHOCTH.

OcroBonosaraiowye pe3ynbTaTel N0 00paTHON 3ajfaue Teopuu
paccesiius AJs  kpaesoil 3agaun (1) —(Il) comepxkarcs B KHHure
Arpanosuu u Mapuenko [1]. Tlpa 3TOM HceaeloBaHHe BejeTcst
cpasy B mpoctpaHcTse BekTop-dyHkuuil. B o63opuoit crathe Pan-
aeeB [1] usnoxkeHnl pasinuHbie MOAXOIB K OGPATHBIM 3ajayaM H,
B YACTHOCTH, H3yY€Ha CBsS3b MEX]Y OCHOBHBIMH HHTErPaJbHbIMH
ypaBHeHussMH obGpatHofi 3agaun Lltypma — JInyBuias H o6paTHol
3ajayd TeOpHH paccesinud. B 3Tofl craThe comep:KuTcs o6mupHAan
Gubanorpadusi, B AONOJHEHHE K KOTOPOA MBI yKayKeM Ha BaxKHble
pab6otnl Pemxe [1, 2], kuury Aandapo u Pemxe [I] n pabory
I'aceivos [3]. Cayuail motennnaga g(x) ¢ ocobeHHoCTbIO TIpu X —> 0
nopstiKa Bhlme x~? H3ydascs B pabore Pode-Bekeros u Xpuctos [1].

OG6parTHas 3ajaya TeOpPHH paccesiHHd 1Js CHCTeMb Jlupaka
BTOPOTO TMOpPsifKa paccmoTpena B pabote [acwimon u Jlesuran [4],
a s cucTeMbl JlMpaka NpPOM3BOJIBHOIO YETHOro ToOpsijKa —
B pabore Tacwimon [4].



OJOBABJEHHUE I

HECAMOCONPA)XEHHbIN NHOPEPEHLUHAJBbHBIN
ONEPATOP BTOPOI'O NOPAAKA HA MOJIYOCH

B. 3. Janue

Pacemorpum auddepenimansioe shipaxenue
Hy)=—y"+px)y, 0<x<oo, (1)

¢ KoabpuuneHToM p(x), SIBIAAIOMUMCT KOMOJEKCHO3HauHOH
¢yukuuet, cymMmHpyeMoli B kKaxpaoMm uurepsane (0, a), a>0.
Ouddepennnanpiomy Bhipaxennio (1) W rpaHHYHOMY YCJAOBHIO *)

y(0)=0 (2)

[OCTABHM B COOTBETCTBHe omepaTop L, deHcTByloumiui B ruabbep-
ToBOoM npocTpaHcTBe L#(0, oo). B xauecTse 06s1acTH ompeneseHHs
5TOro omepaTopa MH NpPHHHMAaeM MHOXecTBO B, Bcex dyHxuuii f,
HMEIOILUX NMPOH3BOAHYIO [/, aBCOMIOTHO HENPepPLIBHYIO B KaXJAOM
unrepsade [0, a], a>0, rakux, uto f, [(f)e L*(0, ) n [(0)=0.
Ipu fe D, Mol monaraem Lf=I[(f). Tax onmpenenenusifi onepa-
Top L paBeH 3aMHKaHHIO omepaTopa L', samzanHoro ¢opmysoi
L’f=1(f) ma JHocTaTouHOo TJNaAKUX OQYHKLUAX, PABHBIX HYJIO
B OKpecTHOCTH Touek x¥=0 # x=o0 (cp. n° 4 § 17). ITockoabky
Mbl He npennosaraem, 4ro Imp(x)=0, 1o aubdepenuuabuoe
soipaxenue (1) u BMecTe ¢ HHM onepatop L He SIBJIAIOTCS CaMo-
COTPSXKEHHBIMH.

B nacrosiiieM po6apJjeHHH Mbl HCCJELyeM CIEKTP, MOCTPOHM
Pe30/ibBEHTY, a TaKxkKe CIeKTpasbHOe Dasioxkenwe, OTBevalouiee
ompe/le/leHHOMY BBILIe OnepaTtopy L, B Mpeano/ioxeHuu, 4To QyHK-
uusa p(x) (cm. (1)) «moctaTtouno ObICTPO yObBaET MPH X —> 0O».

*) WcnospayeMble HHXKE MeETOAB NPUMEHHMBI TakXe B Cay4ae TPAHUUHOTO
yenosust Buaa  (0)— 6y (0) =0, rae O — npoussoabHOE KOMIJCKCHOE® 4HCIO.
Monyvaomuecs npr  3TOM  pesysbTaThl MOZOOHL pe3yabpraram, H3JaraeMpiy
B 3TOM R00aBJEHHH, C o
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BBujay Toro, uto aGCTpakTHAsi TEOPHS HECAMOCOMPSKEHHbIX
onepaTtopoB paspaboTaHa MOKA HEIOCTATOUHO, TO Mbl HE CMOXKEM
caefoBaTh cxemMaM raasbl VI M BHIHYXKIEHB! HCC/e10BaTh Omepa-
Top L wuenocpefctedHo. OTMeTHM, 4TO pe3yJbraThl, NOJYYa0-
I(HeCs] B CAMOCOIPSIXKEHHOM M HECAMOCOIPSIXKEHHOM cJyuae, Cyle-
CTBEHHO pasjauuHbl. Tak, B HECaMOCONpPSI)KEHHOM cJyuyae CIeK-
TpaJbHOE Pa3JOKeHHE BBIPAXKACTCsI HE NOCPEJICTBOM HHTErpaJa
CTubTheca, a € TNOMOIIBK HAJNeXKAlHM CIOCOGOM peryJspH-
30BAHHOTO pacxojsiyerocs uHTerpasaa. [Ipd 3ToM pasjokeHHe
npousBoJbHOi pynkunu u3 L2(0, oo) cxomurtecs no HopMe Goaee
cnaboit, yeMm nopma L2(0, oo). MeloTca u apyrue cneundpuyeckue
OTJHYHA, O HHUX OyJeT CKA3aHO B COOTBETCTBYKWIIEM MeCTe.

§ 27. Hekoropsie pemenus ypaBhenus [ (y) =21y

Paccmotpum auddepenunaibioe ypaBHeHHe
H(y) = Ay, (3)

rae [(y) onpenensiercs dopmyaoii (1), a A — KoMmiekcHH# mapa-
MeTp. Ham OGyayT HyXHBbI pellleHHsi ypaBHeHus (3), v10BJeTBOPsiiO-
l{He oTpefesieHHBIM HavuaJdbHbIM yeaoBusaM npH x = 0 uun obsanato-
llige ompeje/IeHHBIM acCHMITOTHYECKHM MOBEIEHHEM IpH X —> 00,

1. Pewennss S(x, A) u c(x, A). OGosnauuM uepes s(x, A) u
c(x, A) peweHus ypaBHenus (3), yIOBJETBOPSIOLIHE HAUAJIbIBIM
YCAOBUSAM

s(0, 1)=0, s.(0,A)=1,

4
c(0, A)=1, ¢, (0, 4)=0. i)
sinx VA
VI
c(x, A)=cosx V. B obuiem clIyuae CylleCTBOBaHHE H €JHHCT-
BEHHOCTb 3THUX pelleHH# obecneunBaercss rteopemoit 2 § 16. Ilo-
CKOJIbKY HaudaJbHble YCJI0BUs (4) He 3aBUCAT OT A, TO AJA KaXKJIOro
x>0 s(x, &) u c(x, &) sABaAgOTCS TEABIMH OYHKUHAMH OT A.

Jlerko BHaeThb, uto Tpu p ¥ 0 pynxuns s(x, ) ynosneTBOpsieT
HHTErpaJbHOMY YpPaBHEHHIO

OtMetuMm, uTo B cayyae, Korga p{x)=0, s(x, A=

X

s(x, p?)= Smpxp + f =n (xp_ 28 h () s (e o) de.
0

IMonaras smech s(x, p?) =p-le”i*z(x, p), MBl MOJIYYHM

2(x, p) =sin xpe’ + % f sin(x —§) pe! 9P p () 2 (5, p) 5.
0
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[Mpeanosoxum, 4to Imp=0 u, caejoBarenbHo, |sinxpe*|< I
nast Bcex x = 0. Torna

x

[z(x, )| <I+ , [p(E)z(E, p)idE. (5)
0

p(x)]

X

1+|—p—J [P (&) 2 (& o) |dg

¥ 3aTeM TPOUHTErpHpyeM 0O X B [peje]ax oOr O 10 x,. Mu no-
JYYHM

VYMHOoXUM ofe yactu HepaserctBa (D) Ha

X Xy
[plln [l + [ Iptorz(y, p)ldx] < [Ip(o)ldx,
0 0
V13 aTOro HepaBeHCTBA K HepaBeHcTsa (5) 3aKmouaeM, uto | z(x, p)| <
X

<exp%f|p(§)ld§. TeMm caMbiM JOKaszaHa

Jdemma 1. fTpu Imp 220, p = 0, dasg acex x == 0 goinoanserca
HEPABEHCTRO

—g—frp@nduwnp
los(x, p){<<e °

2. Pewrenne e (x, 0). Hauunas ¢ storo mecra, MH 6yJeM npel-
nosararb, uto QyHKLHS p (x) CyMMHpyeMa Ha Bcell moayocH (0, oo),
H BBeleM o0o3HaueHHE

o(x)= [ Ip@®lds, x>0. (6)

X

Teopewma 1. ¥pasHenue [(y) = p?y umeer pewenue y = e(x, p),
yodosaersopsioujee UHTEZPANbHOMY YPABHERUIO

o0

elx, p)= et — | SR p (e, p) dE ™
npu Imp>=0, p#0, u
T <1, (8)

s Kamdoeo 8 >0 npu x— oo
e(x, p)=e [l +o(1],
e; (x, p)=e™[ip + o (1)] }
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pastHomepro 8 obaacru Imp =0, |e|= 6. Kpose roeo, npu Imp>=0
np—>o00

e(x, o) =em[1+0(1)],
el (x, p)= ipeix")[l +0 (%ﬂ

pasrcyepro no x 2= 0. Jag kamdoeo x =0 pewenue e{x, p) He-
npepbigHo no p npu Imp=0, p %0 u eosomoppro no p npu
Imp>0.

NokasareabcTBo. JIerko MpoBepUTh, UTO eC/H pelleHHe
ypaBHenust (7) CyiiecTByeT, TO OHO YJIOBJETBOPSieT ypaBHEHHIO
[(y) = p%y. TlpeoOpasyem ypaBuenue (7) ¢ MOMOLIbIO MOJACTAHOBKH
e{x, p)=e"Te(x, p), Mo TOJYUYHM

(10)

oo

el 0) =1+ [ [#E0—1p@e phdz (11

X

Hoxax(em, uyro pemenHe ypaBHeuus (11) mMoxuo waiith B BHIe
(x, )= Za (x, p), rae

g lx, p)=1, ey (x, p)=

o0

1 .

= g [ 1e# 00— 1] p (@)e, (&, o)z, v=0, 1. 2, ...
X

YuureBas, uto |e2 & 00— 1|2 upu E=x u Imp=>=0, ¢ mno-

MOLBI0O HHIAYKLHH HAaX01HM, YTO
e (x, 9)I< g%, ~=0,1,2, ..
rie g ofosHauaeT JeBYI yacTh HepaBencrsa (8). CrepoBartesbHo,

npu <1 pan e,(x, p) CXOAUTCS 1 €ro cyMMma ¢(x, p) pasuo-
MEPHO OTpaHHueHa MpH X —> oo B KaxoH obaactu Imp>=0, [p |>6.
OcraBuivecss feTany JOKa3aTesbCTBa CTAHIAPTHHL.

Teopewma 2. Ecau cxodurcs umreepan

o0

o ()= [ Elp@)lds, x>0, (12)

A

To peuenue e(x, p) ypasnedusn I(y) =p®y cywecrayer rax xe npu
o =0. OHO moscer boiTe npedcragaeno 8 eude
e(x,p)=e+ | k(x, Hetdt, x=0, Imp=0, (13)
%



31 § 27. HEROTOPHIE PEMIEHNS YPABHEHHS [ )=ty 447

ede a0po k(x, t) umeer HenpepoieHbie npou3sodHsie no x u t
u yoosaersopser HepaseHcrsam (cm. (6) u (12))

| [k (x, t¢<—em<x>a(";’), (14)
|, 0 kL(x D] < g | p (55 [+ 500 (55 o, (15)
0<Cx (<o,

HokaszatenbcTBO TeopeMH 2 MMeeTcss B KHHrax: ArpaHoBuu
u Mapuenko [I] n JleBurtan {l]. OTmeruM, uto upeacTaBJeHuHe
puaa (13) snepBrie BBen B. §. Jleud (cM. Jlesuu [l u 2]).

3. Pewenue e (x, p) PemeHHe e(x, p) coorBeTCTByET peme-
HHIO eix® ypaBHeHHS — y” =p%. Tloctpoum Tenepb pemienue é(x, p)
ypasuenHs l(z/) 02y, COOTBETCTBYIOLEe pELICHHIO €™ ypasHe-
Hust — y” =p%. C 5TOH Ne/bl0 PACCMOTPHM HHTErpajbHOE ypaB-

HEeHHe
X

or, = etm— o [ eronp ot o) dz -
—55 | #Ep e 0)dt a<r<oo,  (16)

x

re @ — HEeKOTOPOe IIOJIOKHUTEJNbHOEe UHCHO. JIerko BHAETh, YTO
pewenne é(x, p) ypaBuenus (16), ecsn oHO cyllecTByeT, YIOBJeT-
BOpsieT Takxke AnddeperunanbHoMy ypasHeHuwo [ (y)=p?%. Ilpe-
o0pasys ypasHueHue (16) ¢ noMoOIUbIO MOLCTAHOBKH

é(x, p)=e e (x, p), (17)
TIOJYyUu M

(x, 0)= 1+ [ 0 )8, 0)dg+

jp BeE p)de (18)

X
IMonoxum
X

(x, )= 1, By (x, 0)= 5 [ 699p ()2, (&, p)ds +

1
2ip

X

+ p(g)év(g: p)dg’ 'V=0, 1’ 2’ LB
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B npeanosnoxennn, 4ro Imp >0, 13 3TuX peKyppeHTHHIX (Gopmy.a
JIETKO BBIBECTH OLEHKY

[&y (x, pi&[ p“)J, v=0, 1,2

IMockoabky o(x}—>0 npun x— oo (cM. (6)), To a4 Kaxkgoro 6 >0
CyLiecTBYeT HacTOJbKO OoJibiiioe a >0, uto o(a)/d<<1 wu, caeno-
BAaTeJbHO, PSL Ze\, (x, p) cxoauTCcst paBHOMepHO B odaactu Im p>>0,
[p|=6, x>>aqa, npuueMm ero cyMMa paBHOMEPHO orpaHHueHa.
Tenepb yixe HeTPYAHO AOKA3aTh cjelyiollee YTBEPIKAEHHE.

Teopewma 3. [Jusa xamdoeo >0 cywecrsyeT Taxkoe docra-
rouno Goasuoe a=as>0, uro ypasnenue l(y) =p%y umeer pewe-
Hue y=é(x, p), ydosaergoparouee uHTe2PALLHOMY YpasHenito (17)
g obaactu x 2 a, Imo =0, 1p|2=208. Cywecrsyer taskoe docrarouro
6oaswoe Cy>0, 410 8 ykaszannotl 06aacTu

[é(x, p)|<< Coe¥Ime. (19)
Kpome 1020, 048 kamdozo «>0, npu x— oo
é(x, p)=e*[l +0(1)],

&, (x, p) = e[~ ip+ (1)), (20)
pasromepro 8 obaactu Imp = a, [p|>=8. Petuenue é(x, 0) eoao-
MopHo no p 8 obaactu Imp>0 lpl>=9, u npu |p|— o pae-
HomepHO oTHocuteasro x =0,

élx, p)y=e i [l + 0(%)],

é' (x, pj=— ipe‘i’“’[l +0 (—1—)]. @h
x 4 P/

C nomoulbio HHTerpaibHoro ypasueHus (16) dyukiuus é(x, p)
onpejenasieTcA JHL NpU X _>=>a. B jgaabielimem Mbl OyaeMm pac-
cMarpuBaTh GVHKUHIO A(x, p) Kak 3alaHHYI Ha noJayocw x =0,
HpOllOJI)KaH ee B uHTepBal 0<{x<{a KaK pelleHHe ypaBHEHHS
Ly) =

paCCMOTpHM Teneps cayuyaii p=0. IIpu stom Oyaem mpeamo-
Jarath, u4to cxoputcs uaterpaa (12), T. e. uro o,(x)<oo. Kak
BLITEKAET U3 TeopeMhl 2, B 3TOM cayuae ypaBHeHue [ (y) =0 umeer
orpaHuuenHoe (Ipn x—>00) pemenne y=e{x, 0). Tloctpoum ne-
OrpaHWuYeHHOe pelleHHe 3Toro ypaBHenus y=4é(x, 0). C sroif
Le/bl0 PACCMOTPHM HHTErpajibHOE YpaBHeHHe

oQ

E(x, O=x—x| pEeE 0)ds— [ep®EE 0dt,  (22)

X a
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rie @ — HeKOTOpoe IIOJIOKHTe/] bHOe uyMceJio. HeTpyAHO NpPOBEpUTS,
yTO pelieHue ypaBHeHHs (22) ynoBJeTBOpsieT TaKXKe ypaBHEHHIO
I{y)=0. Tlocsie NOJACTAHOBKH

& (x, 0)=xé (x) (23)

ypaBHeHHe (22) npeoGpasyeTcs K BHALY

t=1-[pEe@a-1[e@i@da @)
ITon0xuM * ¢

Bo(x) =1, &y, (x)=

=- [w@u®a-1[@Es@da v=0 1.2 ..

X

M3 3TuX pekyppeHTHHX (OPMYJ € MOMOWIBIO HHIYKIHH JErKo
MOXKHO BBIBECTH OLEHKY (cM. (12))

&y, (0)I<[20,(a)] x>a.

CrnepoBaTeqbHO, €CJAH YHCJAO @ SBJSETCA JOCTATOYHO GOJIBINHM,
To 20,(a)<1, psan D&, (x) cxomuTes U ero cymma &(x) ynosner-
BopsieT ypaBHenuio (24). OrTciofa Jierko BHIBECTH Ccjelyloliee
yTBEPKAEHUE.

Teopema 4. Hycre unteepaa (12) cxodurca. Tozda ypas-
nenue l(y)=0 umeer pewenue y==~&(x, 0), onpedersemoe pop-
myroii (23), ede pynxyua &(x) oepanuuera npu x— oo, Ecau sxe
npu Hexoropom Y>>0 cxodurcs uureepaa

ory ()= [ E*V1 p (¥)]de, (25)
0 npu x—>» oo )

é(x, 0)=x[l4+0((x™),
M( )=x| _( )] (26)
& (x, 0)=1+0(x).

4. Bpouckuan pewennit € (%, ) u e (x, p). s acummroru-
yeckux paBeHcTs (9) u (20) BriTeKaeT, uTO AJas1 BPOHCKHAHA (PYHK-
uuil e(x, p) U é(x, p) cUpaBelJMBO CjaefyiOllee COOTHOLIeHHE:

w(e, )= —2ip[l+o0(1)], x—> o0,

29 M. A Hahmapk
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Tax kak ypasHenue [(y)=p’y He COLEPKHT Yy, TO BPOHCKHAH
sgech He 3aBHCHT oT X u 0{l)=0. CinenosareJbHo,

wle, é)=—2ip, Imp>0, [p[=06. (27)

B 5TOM NMOArOTOBHTEJIbHOM maparpade MEl CAEAOBAJH B OCHOBHOM pabore
Haiimapx [9].

§ 28. CnekTp ¥ pesosbneHTa omepartopa L

HanoMHUM HEKOTODHE ONpefeseHus.

Ilycte A — nuHelHBIH onepaTop, AeHCTBYIOUHHA B ruabbepTOBOM
NpOCTPaHCTBE &), ¢ TMJIOTHOH obsacTbio ompefetenust D, Cob-
CT8eHHble 3HA4eHUs A —3TO Te KOMIJIEKCHEIE YHCaa A, JUid KO-
Topux omnepatop A-—Al He sABiIfeTcs B3aHMHO OJHO3HAUYHBIM.
IJast BCex 1pouHxX 3HaueHufi A cyutectByer omepatop (A —Al)™l,
3ToT omepaTop, paccMaTpuBaeMhii Kak (yHKUHA nmapamerpa 2,
Ha3blBAIOT pe304s8enToll omepatopa A. Pe30ab8eHTHuIM MMHONCe-
CT80M A Ha3bIBAETCS] COBOKYNHOCTb BCEX Te€X KOMILJIEKCHBIX uHuce. A,

anst koropeix (A —Al)™ cymecTByer M sBASETCS OpAHHUCHHBIM
onepaTopoM, ompejleJeHHHIM Ha BceM mpoctpaHctBe £. omo.-
HeHHEe pPe30JIbBEHTHOTO MHOXKECTBA B KOMIJIEKCHOH IJIOCKOCTH
HaswBaeTcd cnexkrpon onepatopa A. OueBuaHo, COOCTBEHHBIE
3HAUYEHHsT TIPHHANJEKAT CHeKTPY. HenpepoigHoim cnekrpom Hasbl-
BaeTcsl COBOKYIHOCTb TeX TodeK A crnekrpa oneparopa A, AJs
KOTOPHIX pe3onbBenta (A —Al)™' cymiecTsyer, HMeeT mIOTHYIO B £
00/1aCTh ONpEJeJeHUsI, OAHAKO SIBJSIETCSl HEOrpaHHUeHHBHIM oOlle-
paTopoM.

B »stom mnaparpade MB onpemeJquM COOCTBEHHBIE 3HAUYEHHS,
HENPEpPLIBHBIA CIHEKTP ¥ PE30JbBEHTHOE MHOMXKECTBO omepartopa L,
nopoxgenuoro B L2(0, o) auddepenuuanvHeiM Boipaxkennem (1)
¥ TPaHHYHBIM ycJoBHeM (2). Eciu He OroBopeHO NPOTHBHOE, ME
IpeAnoJIaraeM JHIIb, YTO

x>

flp(x)[dx<oo. (28)

0

Kak # B npepstayweM naparpade, Ms clefyeMm B OCHoBHOM paGore Haii-
mapk [9] *).

1. CoGcTBéHHbIe 3HAueHHus onepaTtopa L, Tlonoxum
é(x,p)=e(x, —p), Imp=0, (29)

*) HekoTopble MaJOCYUIECTBEHHBIE IeTaldd YTOUHEHBI.
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rie e(x, p)—pemeHne ypaBHeHHsa [(y)=p?y, ONMHCAHHOE B TeO-
peme 1 § 27. Paccyxkpas, Kak npu BbBoAe Gopmyuasl (27), Mul
HaxoLuM
, w (e, &)= — 2ip, Imp=20, (30)

rae w (e, &) —BpoHcKHaH GyHKUuiE e (x, p), &(x, p).

[. Oneparop L He umeer nosoyuresbHolx COGCTBEHHBIX 3HA-
yenuil.

HoxasarteabctBo. M3 dopmyan (30) BeTekaer, uro npu
4> 0 obwee pemenre ypasHenns [ (y) = Ay umeer Bup y = Ce (x,p)+
+ Coe(x, —p), Te p= ]/7». B cuny (9) M umeem y= Cei®® +
+ Coemi* + o (1). Jlerko BHAETb, uYTO Takas OYHKUHS HH 14
Kakux 3Hauenudt C, m C, He mnpusaggaexutr L2(0, oo), MOCKOAbKY
€e TJaBHAsl YacTb HEPHOAHYHA,

II. Ecau npu nexoropom y>0 cxodurca uwnreepar (25), To
wucro 0 roxe ne asaserca cobcTeenHbiM 3HaveHuem oneparopa L.

IleficTBHTEJIBHO, B cHJy TeopeM 2 u 4 ofluee pelleHue ypas-
Henus [(y)=0 umeer B 3TOM cayuae BuL y= C;+ Cox [l + 0 (x7V)]
1 He npunaniexur L2(0, co) HH ang Kakux suavenuit C, u C,.

PaccmoTpuM Tenepb KOMIJIEKCHblE HETOJOMKHTEJIbHEIE 3HAUe-
Hust A. Tak xak ofmee pewenue ypasaenus [(y)= Ay, yrosjer-
BOpHAIONlee TPAHUUHOMY YeiaoBHIO (2), umeer BHA Yy =Cs(x, 1)
(cM. (4)), To A siBasieTcst COOCTBEHHBIM 3HAuenWem orneparopa L
TOrfla M TOJbKO TOTAa, koraa s(x, A)& L?(0, oo). Ilpunumasn
BO BHHManue (4) u (27), Mbl HaXomUM

s(x, p7) = 2loletn p>27pe(p)e(x’ O, Imp>0, [p[>3, (31)

rae
e{py=e(0, p) (32)

é(p)=2¢(0, p). (33)

II1. Zlaa 1020 urober A =0 Ovia0 cobcTeenHoim 3HAYUEHUEM
oneparopa L, neobxodumo n docraroyno, 4robut

A=p% Imp>0, e(p)=0. (34)

HNokaszareabcTBo. B cuny (9) u (20) e(x, p) =L2(0, o),
aé(x, p)&L*(0, oo). CaenoBareqanno, B cuay (31) s{(x, p?)=L2(0, )
Torjma ¥ TOJABKO Torga, Koria e(p)=0.

[V. Mnoocecteo cobcreennsix 3uauenuli oneparopa L oepanu-
yeHo, He Ooaee wem C4eTHO, a e20 npedefbHble TOYKU MO2YT Has
x00ursca T0ABKO HA noayocu A==Q.

HeiicTBureanro, B cuay (10), npy Imp>=0, p— o

e(p)=l+0(—é—). (35)

20*
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Cnenosare/sbHo, MHOXKECTBO KOpHeH ypaBHeHus e(p)=0 orpanu-
yeHo B noaymiaockoctd Imp>0. Tak Kak B 3Tod NOAymIOCKOCTH
dyskuus e(p)=e(0, p) roromopdpua (cm. Teopemy 1 § 27), o
MHOXKECTBO €€ KopHell He 6o/iee ueM CYETHO H MOXET HMETb mpe-
IenbHple TOYKH Jumb HA ocH Imp=0. Teneppr mpemnoxenue IV
BuTekaer u3 1.

2. HenpepoiBHbiii cneKkTp U pesosbBenta oneparopa L. [lpen-
BAPHTEJBHO JIOKakKeM Cjelyloliiee yTBepPXKAECHHE.
Jlemma 1. Jas xamdozo 1>0 popmyass

x

Af (x) = e [ ev¥ (2) d,
0

oo

Bof () =™ [ et (8) dt

X

onpedeasntor 6 npocrparcree L2(0, o) auneiinvie wenpepoignoLe
oneparopst, npudem

1 1
||A°[|<7’ ”Bo“<—7—.

Hoxasarteapctso. Ilyers fe L2(0, o) u g=Af. Torxa

x/2 x
1g(x)|<e-w[f et () g+ fe‘glf(§)|d§]<

0 x/2

Tx 172 ' " 2Tx Tx\ 112 3 2
<e-fx[(‘32;1) (flf(&)J2d§> e Qge")'(fli@)l?dg) J
0 X

/2

U NOTOMY
g(x)=>0 nmpu x—> oo, (36)
Kpowme Toro,

g(0=0, LY o _1g(x)+(x),

cjeaoBaTebHO,

dl,;gi}(cx)l2 - _Qﬂg(x)F-pf(x)m-i—m)g(x)-

WuTerpupys o6e yacTH HocJelHEro paBeHCTBAa oT 0 0 oo W yuu-
TeiBast (36), sakaioyaeM, YTO

0= -2 [1g () Pdx+ [ f(x) gV dx + [ T g (x) dx.
qQ Q : Q
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Otciona ¢ moMolupio HepaBeHcTBAa Kol — ByHAKOBCKOro Mul Ha-
xoauMm, uto [gli<<eHfll. VrBep®aenue JgemMbl, Kacamouleecs
onepaTtopa B, AOKa3blBaeTCsl aHAJOTHUHO.

Teopema 1. Bece nucaa % suda h=p% Imp>0, e(p) %0
npuHadaexar pe3os68eHTHOMY MHO¥cecT8Y oneparopa L. Pe3oas-

=1
genra Ry=(L—Al)" ssasercs unrezpasHeim oneparopon

Rif (9)= [ R(x, & %) (8) ds (37)
0

¢ adpom \
\ { £lx 0) s (& 0%) pe) (spgg, 0°) npu O0<E<yx,
R(x, & p )={, (38)

s(x, p)e(E p)
1 < (o) npu x<§<<oo.

A s kamdoeo 6 >0 cywyecrsyer rakoe Cy>0, uro

C
TmemE npu Imp>0, |p|=6. (39)
JokasateabcTno. [lomoxum y=(A+ B)f, rue

X o

A =58 [ s (e 00 @ ds, Bi ()= 58D | e, 0)f () de.
0 X

I Rez 1<

HeTpyaHo NpOBepUTH, UTO ¥ YAOBJETBOPSET AR(P(DepeHIHATLHOMY
ypaBHenuo I{y)=p’y + [ u rpannunomy ycaosuio y(0)=0, Tak
uto y=R,f. Tenepb BOCHOJb3yeMCS CJAEAVIOMIUMH OL@HKAMU:

fps(x, ) I<Coe™, le(x, p)ISKCye™™, t=Imp>0, |p[=8. (40)

IlepBast us ounenok (40) BoiTekaer u3 Jemmsl 1 n° 1 § 27, a BrO-

pasti —u3 cootHomenns (9). Ha ocuoranuu ouenok (40) u semmul 1

HacToswero n° 3akJaoyaeM, 4TO
Cs

A< ———) R

H, TaKuM o6pasoM, TeopeMa AOKasaHa.

Teopema 2. Haa ramdoeo r>0 cywecreyer rakoe ¢, >0,
410

Cs

1Bl 1ooTe

?

C,
le(p)|VImp
dan scex p u3 obaacru Imp>0, |p|<r. B wacrnocru,
I Ry Il = oo (42)
ecau A npuHadaexmur pesonbeeHTHOMY MHOxcecTsYy u h-—>hy>0.

| Res > (41
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NokasateabcTBo. I[Iyets fo(x)=s(x, p) mpu 0<x<b
U f,(x)=0 npu b<x<oo. Torma f,& L?(0, o0) u Rpf,(x) =
=/ f,IRe(x, p)fe(p) npu b<x<oo (cM. (37), (38)). TTosTomy

oo

l szfb|12>éflszf(x) pdy =Ll f|e (x, o) Pd.

Brifepem b =bs; HacTobKO 6OJbIIHM, uTOOH Hpu b <x << oo,
Imp=>=0, |p|>0 BHNoJsHANOCE HEPABEHCTBO | e (x, p) | > e ™ (370

BO3MOXHO B cuay (9)). Torna Ile(x, p)Pdx=e %8t n

Il iplle”™
2= =,
| Rzl o) 2V

Jlanee \
1folP= [ 15 (x, 0?) Pdx>0,
0

a Tak Kak MocJe[HHH MUHTerpas siBJjsieTcsl HeNpepblBHOH dyHKIueH
oT p, TO B KaxjoMm noaykpyre Imp=0, |p|<(r, 3TOT HHTerpaa
OrpAaHHYEH CHM3Y IIOJOXHTEeJbHOH KoHcTaHTOH. TeopeMa AoKasaHa.
W3 coortHolienns (42) BHTeKaeT, 4TO Bes modayoch A== 0 mpu-
HaJJIeXXHT CIeKTpy omeparopa L. JefcTBUTeNbHO, HA DE30/bBEHT-
HOM MHOXECTBe pe30JbBeHTa SBJAETCA aHaJUTHUeCKOH (YHKIMeH
nmapamMeTpa A, a NO3TOMY ee HOpMAa JIOKaJbHO OrpaHHueHa.
V. Bce qucaa A>0 (a 8 ycaosunx npedaoncenus 11, sce wucaa
== 0) npunadaexcar HenpepoisHomy cnextpy oneparopa L.
lloxa3aTeJ1bCTBo HoctaToudo nokasaTh, uto mpu A >0
06JI&CTE> sHavenusi M, _, oneparopa L —Al miorHa B mpocTpaHcrBe
L%(0, o0), T. e. UTO OPTOrOHAJbHOE MONO/IHEHHE MHOKeCTBa N,
COCTOHT H3 OJIHOTO JIHIIb HyJ1eBOro 3jaemeHta. OnHako opTOro-
HaJbHOe jpollosHenne M, ,; coBmafaeT ¢ NPOCTPAHCTBOM pemeHHn
ypaBHeHHS L*f=4f. Herpynno Bumerb, uro omepatop L, comps-
XKeHHBIH c omepaTopoM L, Mopoxaaercs Lm(pq)epeﬂunanbﬂbm BbI-
paxenneM {"(y)= —y” + p(x)y v rpaunuusim ycaosueM y(0)=
CrenoBaTesbHO, B cuay npemnoxenus I, uncaa A>0 He moryT
ObiTh COGCTBEHHBIMH 3HAUCHUAMY omepartopa L°, uro H TpeGoBaioch
J0Ka3aTh,

§ 29, Paanoxenue no raaBHbiM GyHKuHAM onepartopa L

B srom naparpade SyneT nmocTpoeHo pasioxKeHHe NO coGcTBEH-
HBIM ¥ TpUCOEAHHEHHBIM OyHKuuaM (cM. n°®3 § 2) omeparopa L.
B ornnuHe 0T caMOCONPAXKEHHOTQ cayuast, 3TO pasfoxkenue GyaeT
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BbIpayKaTbCs HE C MOMOILIO HHTErpasa CTH.}IbTbeca, a MOCPEeACTBOM
peryadpu3oBaHHOro 3Hauenusd pacxoisilierocsd HHTerpasJna.

1. JonoauurensHoe orpanuuenue. B srom naparpade Mu 6ygeM
BCIOLY HpeNNoJaraTh, 4TO BHIIOJHAETCH CjAeAVIOUlee AOIOJHUTENb-
Hoe orpaHuuenue: cywecreyer rakoe >0, u4ro

o0
f x| p(x) |dx < oo, (43)
0

rae p(x)—Kosddunnent guddepenunanntoro Beipaskenns (1). Hs
ycaoBust (43) BbITEKaeT, uTo

o(5)= [1p@IdE<Cets, o1(x)= [ Elp(E)1dE<Coes, (44)

rie 0<e’ <e, a C u Cy — nosiokuTeabHLIEe NOCTOSIHHBIE, CJenoBa-
TesibHO, ouenkH (14) u (I5) MOXKHO YCHIMTDH CAeAYIOUIEM 06pa3oOM:
X+t

lk(x, )1<Ce 2, 3 (45)
e 0] e G pl< 3o (2504 ce G0 g

anech 0Ky <Cfi<oo, a C— HEKOTOPOE MOJOKHTEJILHOE UHCJIO.
[. Aas kamdoco x =0 pynkyus

elx, p)=et®+ [ k(x, et dt (47)

u, 8 wactHoctu, pynkyus e(p)=e(0, p) coromoppret no p 8 noay-
naockocte Imp> —eg/2.

HefictButenpho, ecau Imp> —e/2, To B cuay oueskn (45)
HHTerpas B mpaBod uactu (47), a Takxe HHTErpas, NOJyYeHHBI
H3 Hero QopmanabHbM AHP(epeHIHpPOBAHUEM O P, CXOAHTCH.

OTMeTnM, 4TO B CHJY €AHHCTBEHHOCTH aHAJHTHYECKOTO MPOMOJ-
Keuus, QyHKuusa e(x, ) yLOBJETBOPSIET HHTErpajsbHOMY YypaBHe-
Hulo (7) He TOJLKO B MoJynsockoctd Im p>>0, no u npu Im p> —¢/2.
Orciona BhITEKaeT, uTo y = e (X, p) A84AeTCA peuleniem ypasHenis
Hy)=0% npu 0<x<oo, Imp> —¢/2. B KauecTBe CJEACTBHS
noJgydaeM

II. ¥Ypasuenue [{y) = p*(y) umeer ¢ nosoce | Imp |<e/2 ¢pynda-
MEHTAAbHYI0 cucTemy pewenuil y, = e(x,p), yo=2(x,p) =e(x, —p),
npuuem

w (e, &)= —2ip, |Imp|<s, (48)

ede w (e, &) — sponckuan pyrkyuil e u & (cp. ¢ (30)).
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Ormerum eine, uto Tenepb ¢Qopmyay (31) MOKHO KONOJHHUTH
caeyoIei:
o e(—pelx,p)—e(p)elx, —p)
N (x1 0 )_ Q[P ’

lImp|<-;—. (49)

Yeaosue (43) 6mio BBeseno B pabore Haitmapx [9].

2. CuHryasipHele 4HCJ4 M CHeKTpajabHble OCOGEHHOCTH omepa-
topa L. Cuneyaaproimu 4ucaamu ounepatopa L Mbl GyneM Hashl-
BaTb KODHH Q, ypaBHeHHa e(p)=0, yZOBJETBOPSIIHE YCJIOBUAM
pr = 0, Imp,=0.

111, Mnoocecrso curneyasproix wucea oneparopa L (ydosaereo-
pawwezo 00n0AHUTEAbHOMY Oeparuteruro (43)) KoHeuHO.

JokasaTe/bCTBO BHITEKAET HEMOCPEACTBEHHO U3 NpeAJoKeHns I,
cooTHoweHnsi (35) M aHanuTHuHOCTH GYHKUME e (p) B MOJyNJIO-
ckoctu Imp> — /2.

HeBeulecTBeHHble CHHIYJsipHBlE uHcaa o0003HAUYHM  uepes

Pt -+« Po, @ BELLECTBEHHBIE — UEPE3 gy, - - -5 Pg- Taxkuum ob6pasom,
Imp,>0 mpu k=1,..., qa,
Or p (50)
Imp,=0 npu k=a+1,...,8.

Kparnoers m; KopHA p, ypasHeHust e(p)=0 6y11eM Ha3LHBaTh
KPATHOCTHI0 CUHEYAAPHOLO HUCAQ Pp, B =1,
B cooTBeTCTBHH € HpeAJOKeHHeM III § 28 yncsaa A, = o3,

k=1, ..., a gaBaawTcsa coOCTBeHHBIMH 3HAUEHHSIMH onepartopa L,
U APYyrux coOCTBEHHBIX 3HAUeHHH 3TOT omeparTop He HMeer. Uucaa
A,=p; kR=0a+1,..., B MH Ha30BeM CHeKTPaLbHbLMI OCOBEHNO-

cramu oneparopa L. M3 mnpepnoxenus V § 28 Boltekaer, uTO
CIeKTpaJbHble OCOOGGHHOCTH SBJSIOTCS TOYKAMH HeNPepPHIBHOIO
CIEKTPa.

Ocofasi poJib, IPHHANAEKAIIAST TOUKAM Agaty « ..y Ag, Ovna BnepBHE OOHA-

pyxena B pabore Hafimapk [9]. Cam TepMuH «cumexTpajbHas 0COGEHHOCTbY ObLI
BBegex nosxke B pabore IllBapu [2]. [era/pHOMY HCCMeOBAHHIO ONEPATOPOB
CO CIEeKTPaJbHHIMH OCOOEHHOCTSIMH NOCBsAIeHH paGoTh Jlanue [2—6] u Ilas-
aos [1-3].

Herpyano nposeputh, uTo B cayude, korza Imp (x) =0, npu Imp=0
HMeeT MecCTO paBeHcTBO € (p) =e (— p). OTco/la BHTEKAET, YTO CAMOCONPAHCEH-
noti oneparop L we umeer cnexrpairstoix ocobennocreri. JleCTBUTENBHO, B CUIY
paBencrsa (48), ecan p 5= 0, e(p) 0, To e(-— p) %= 0.

3ameuanue. B panpHedmem (cm. n°5 § 30) GymerT omucaHo penienue
o0paTHOH 3ajau¥ CIEKTPAJbHOrO aHa/iuda [Jjs omepatopa L M, B 4aCTHOCTH,
OyleT H3/0XKeH METOH, IO3BOJIALIMA CTPOUT onepaTtopsl L ¢ 3afaHHBIMH CIIEK-
TPANBHBIMU OCOOEHHOCTAMH M COOGCTBEHHBIMH 3HAUEHHAMH 3a1aHHOH KPaTHOCTH.
3aech, OrpaHMUMMCH TPHMEPOM OepaTopa CO CHeKTPasbHOH OCOGEHHOCTBIO,
OCHOBAHHHM Ha CJeJyIleM IPOCTOM 3aMeYaHHH.

Eecan B anddepenunansuom suipaxeHun [(y) kospuunent p (x) pasen

HYJMO NIPH x>b, TO npu x>b pewexue e (x, p) ypasuenuns [ (y) = p?y pasHo et*P,
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: b o) = it . iph
a NO3TOMY Y/OBJETBOPsAET HauaJbHHM ycaonuam e (b, p) = ', e, (b, p) = ipe*®”.
IIycts Tenmeps 0o = 0 — IPOH3BOJIbHOE BelleCTBEHHOe YHCJO, a @ (¥) — QyHKIMA,
JIBaxAH HenpepuBHO Aupdepenuupyeman npu 0<Xx <<b u ynoBIeTBOpAOMAL
YCIOBHAM

9(0)=0, @(b)=eb ¢ (b)=ipee™®®,

9" (x)
9 (x)
BHAHO, 4TO IpPH TaKOM BHGOPe p (X) BHIIOJHAETCS PABEHCTBO e (X, Pp) = @ (x)
npd 0<{x<Ch u, B uactHOCTH, e (Po) =@ (0)=0. [Tosromy cooTBeTCTBYIOUIU
onepaTtop L HMeer yHCJO Py CBOH cHeKTpaJbHOd 0coBGeHHOCTHIO.

3ameruM, uto ecau Kpaepoe ycaoBue y (0)=0 3aMenuTh yCJloBuEM BHIA
y (0)=06 y(0), To npu p(x) =0 u uncro Muumom O uucio — i® OGymer cmek-
TPaJbHOH 0COOEHHOCTRIO COOTBETCTBYIONErO omepaTopa L.

MMogoxum p (x) = +p(2, mpu 0Cx<Ch u p(x)=0upn b < x < oo, Oue-

3. Tnapnble ¢yHxkuun onepatopa L. U3 coornoumenni (45) u
(47) BHiTeKaer, uTO

d m
e (x, 0) = (45) e (x, P& L2(0, ) (51)
npy Imp>0 u m=0,1, 2, ...

CiiefoBaTesnbHO, TpUHHMAas Bo BHUMauue dopmyay (31) u yuyu-

ThBAs, uTO €™ (o) =0 npu k=1,..., @ m=0, ..., mpy—1, Mbl
BHJHUM, UTO
s (e, 24) = ()" s 6, W1,y & L2(0, ) (52)
an » M lp=n,,
npu k=1, ..., a0, m=0, ..., mp—1,

rle M, — KPaTHOCTb CHHTYJSPHOTO uHcaa P,, a A,=p;. QyKuuu
sm(x, M), B=1, ..., a, m=0, ..., my~1 Mbl OyjAeM HasHBATh
2AQBHOIMU PYHRKYUAMU TOYeyH020 cnekTpa oneparopa L. Tlpu sTom
s(x, hg) — coBeTBenHas GyHkuMs, a s (x, Ay, ..., s (x, &) —
npucoeluHenHble GYHKLAH, OTBevalolive CcOOCTBEHHOMY 3Haye-
Huw A, Takum 06pa3oM, UHCJO 11, OKA3bIBAETCH HJIHHOH UEHOYKH
rnaBHBIX QyHKLUHH (0TBevaloliux Ag) WM, KaK TOBOPHAT, ateedpau-
4eckoll KpaTHOCT6H0 COOCTBEHHOrO 3HAUECHUSA Ay,

Oyaxgur s(x, ), A>0, Mpr OyjeM HA3HIBATh 22a8HLIMY (DYHK-
yuamu Henpepoignoeo cnexrpa oneparopa L. TloiuepkHewm, 4TO
9TH (YHKUHM He SBJASIOTCA 3JEeMEHTAMH TuaAbOepTOBd [POCTPAaH-
crBa L2?(0, o).

J15l mOCTpOeHUsT CNIeKTPAJIBHLIX Pa3Ji0KeHHi, 0TBeUanIlux one-
patopy L,HaM noHanobarca erte Qyukuuu s (x, A,) k=a+1, ..., 8,
m=0,..., my—1, xoropeie Mbl OyxeM Ha3biBaTb 2AABMbIMU
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pyHKyuAMU CnekTparsHblx ocobennocrel oneparopa L *). Ykaxeun
OUEHKY AAA 3THX (YHKUHH.
W3 coornowenud (45), (47) Mul 3akKjoyaeM, 4YTo

[ ™ (x, p) |
0Ssl o (TF )"

<o, Imp=0, m=0,1,2 ..., (53)

npu sToM e =(d/dp)™ e. CienoBarebno, B cuay (49)

~ (m) A
sup E(T();)—"‘)—l<oo’ 4>0, m=0,1,2, ..., (5b4)

0Ky < oo

rae s ={d/d)\)" s.

4. Pa3noxeHue siIpa pe30AbBEHTHI NO TAABHHIM (YHKUHAM.
OGosnaunm uepes I'p . KOHTYD B KOMIJIEKCHOM A-IIOCKOCTH, CO-
CTAaBJICHHHIA U3 Chaepyioliux ayr: 1) us nyrn Cp , OKPYXKHOCTH

[Al=R, He comepxalllefi Touex A,
YIOBJAETBOPSAIOMIHX HEPABEHCTBAM
I ImA <7, ReA>0; 2) u3 nyru ¢,
cocTosillelt H3 ToYeK A, AJIA KOTO-
pux|Al=mn u Rel<0; 3) us orpes-
KOB, TapaJ/JsenbHbx ocd ImA =0,
imA=¢ COCIHUSIONHNX KOHLB AYT Cp o H Cy

5"’:’7
K/_ > (puc. 16). Konur I ODHEeHTH-~
\%\ _ . 16). yp Toy o0p

\R611=0

pyeM Tak, uTo6H npu ero o6xoje
B TOJIOXKHTE/JIbHOM HAIlpaBJIEeHHH
Touka A =0 ocraBanach crnpana.

PaccmoTpnM npouseoabHyI0 TOY-
KY 2 }3 pe30JbBeHTHOr0 MHO-
xectea omepaTopa R u BnbepeMm
HACTONBKO GoabuIoe R ¥ HACTONBKO
Majoe N> 0, uro6el TOYKU 2, Ay, ..., A, OKa3ajucb BHyTPH (T. €.
c1eBa oT) kourypa Ip . TTosoxum

Puc. 16.

: 1 R(x, & M)
Ifon=gz f “hoz
Trom
rae R(x, & A)— saapo pesoabBedTH omepartopa L. M3 dopmyast (38)
BBITEKaeT, 4ro GyHKUHA R (X,E; A) aHaJIHTHUHA BHYTpH KoHTypa I'p

U He HMeeT TaM JPpyrux ocoOeHHOCTeH, KpOMe TMOJIOCOB A, ..., Ay,

*) ChmekTpanbHoe pA3JIONKEHHE C UPHBJCUEHHEM N PHCOELHHEH HE X
dynkiuii Henpeps BHOTO CHEKTPA GblI0 NOJYYEHO, NO-BHAHMOMY, BIEpBhE
B paborte [Tasnom [2] (cm. Taxxe ITamsos [3] ),
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KPaTHOCTH KOTOPHIX DaBHbI COOTBETCTBEHHO My, ..., Mg I1103TOMY
o
. ! Rix, & %)
Ign=R(x, & 2)+ 2‘ Resy o, =3 =5 (55)

k=1

Tlpunumasi BO BHHMaHHe HayaJ/bHble YCJOBHS (4), MBI HAXOMUM, UTO
e(x, 0)=e/(0, p) s (x, 0% +e(0, p)c(x, 0%, Imp>— 2. (56)

CuoefoBaTeqbHO, yuuThHIBasg, uTo c(x, A)— uwenass GyHKUUs or A,

MBI MoOxeM Hepenucatb ¢opMyay (38) B caeayiolieM BHe:

e, (0, V'2)
e(Y'%)
ateck Im VA >0, a MHorotoune o6o3nauaer Heayo  QpYHKIHIO

ot 4. Ilosnoxum

R(x, & &)= s(x, MsE Mt (57)

(A—2g)™ (0, V'I)
(my—=1t (V) ’
3Iech MBI TOXe cuuraeM, uto Im V7T>0. [TpuMeHsnsi H3BECTHBIE

dopMyJIBl A BBIYHC/IEHHS BHIYETOB, MBI MOXeM TeNepb mepe-
nucaTh paseHcTBo (B5) B BUAE

R(x, & z)=1R:n+)§{(£~)mk”Mk(x)fﬁ‘—’%’§§’—’i} . (59)

A=A.k

My ()= —

E=1, ..., (58)

[lpeacrasum Tenepb uurterpan Ip , B Apyrom suae, nedopmu-

pys HaAJeXKalIHM 06pa3oM KOHTYD HHTerpupoBanusd. IIpexe scero,
u3 cootHowenuni (35), (38) n (40) BrTekaeT, 4TO Aas GOABHIAX A

. C
| R(x, & 7»)!<~—-—~1Vm, (60)
rie C=C(x, £ >0. Craenopatensno, apu R — oo

J‘ R(x, & M) dr—0
A—z ’
CRr,
TloaTomy
_ 1 [ REN :
Iin=57 J as g, 61)
r’ﬂ
rae 'y —xoutyp, cocrapiennbifi M3 NOJYOKPYKHOCTH €, H JBYX
Jydeii, MPOBENEHHBIX H3 KOHIOB ¢, nNapajaqaeqpHo ocu Imi=0
(puc. 17).
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BocnosbayeMcsl Tenepb CAEAYIONIHM IPeAJOKEHHEM.,
Jlemma 1. Yucao 0 e mooer Goire KopHem KpATHOCTU Bbliue
nepsotl ypaguenus e(p)=
JlokazaTenbCTBO BHITEKAeT HEMOCPEJCTBEHHO W3  COOTHOIIe-
uus (48), Tak kak u3 (46) u (47) caenyer, uTo QYHKUHA e’ (0, p)
rojoMopdHa npu Imp> — /2,
A Ha ocnoBauun semmur 1 u ¢op-
MyJbl (57) MBI 3akJloyaeM, 4TO IpH
n—>+0

N - f Rin®M 4o 0. (69)

" Pue. 17. paCCMOTpHM paspe3 KOMILJIEKC-

HOH A-NIJIOCKOCTH BJOJb  TIOJYOCH

A>0. VYcaoBuMcs TOBOpPUTH, UTO CHEKTPaibHAasi OCOGEHHOCTb
A, =05, e(p,)=0 sexur Ha BepxseM (HHXKHEM) Kpaio 3TOTO pas-
pesa, ecan p, >0 (p, <0). (HanmoMuum, uto B cHay paBenctsa (48)
us [ Imp|<e/2, p # 0, e(p) =0 BuTekaer e(— p) 7= 0.) U3 kaxno#
TOYKH A, Ha BepXHeM (HHXHeM) Kpaio paspe3a OINHIIEM IOJYy-
OKPYXKHOCTh |A—Ag|=9, ImA>=0 (ImA<O0), npuueM & BhGepeM
HACTOJIBKO MaJIBIM, YTOOLI FOPU3OHTAJbHBIE JHAMETPHEl IOCTPOEHHBIX
NOJYOKPY)KHOCTel] IIONapHO He TMepecekasjuch H He COJepiKaju
Touky 0. 3arteMm oGosnauuMm uepe3 I' koutyp, mosyuyeHHbt U3 mOJy-
och A=>0 3aMeHOH [AMaMeTPOB NOCTPOCHHHIX MOJYOKPYKHOCTeH

Puc. 18.

5TUMH MOJYOKpY:KHOocTsAMu (puc. 18). Haxouell, o6o3Haunm uepes
( 'X)P Ty HeNpephIBHYIO BiO/Ib KOHTypa [’ BeTBb KBaZpaTHOrO KOpHS,
KoTtopasi y/J0BJieTBOPAET YCJOBHIO: \/7»>0 npu A>0 (1. e.
Re(V'4).>0 npu rT).

Teopema 1. Juasa kawmdoit Touku z, npunadarencaueli pe3ons-

BEHTHOMY MHOXcecTay oneparopa L, cnpasedauso caedyroujee pas-
AOsiCeRUe A0pQA Pe30Ab8eHTbL 3T020 ORePaTopd HO €20 2A0BMbIM

Gynryuam:
[ sx, 2)s(EA) (V) dn

) 1
R & N=g | = e s +

I
/a d mk'l s{x, M) s (&, 7»)} .
+l§{(m—) O G
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adece My (A) onpedeaserca opmynroii (58), a unreepas 8 npasoii
yacru (63) cxodurcsi abCOAIOTHO U PABHOMEPHO OTHOCUTEABHO X
u E, menswwuxca 6 awbom roneunom unrepsase 0 x<a,
0<CE b, u 2, mensowemcs 8 41060l KOMNAKTHOL 4acTU pe3onb-
BEHTHO20 MHOJCECT8A.

OokxasarteabcTBo. Conocrasiasia cooTHomenus (61) u (62),
ncnosab3yss ¢Gopmyay (57) M n3BecTHhie CBOHCTBA KOHTYDHBIX HHTeE-
rpajioB OT aHAJHTHUYECKHX (QYHKUUH, HAXOAHM, YTO

_1_“8;(0, (Vi) e (o —(V}T)P)] s(x, A) s (& A)
2t e (VX)) e(- (V) A—z

[MosTomy B cuay (48) Buipaxenne [ , PaBHO MHTETpajy B NpaBoit

yactn (63). Takum o6pasoM, dopmyaa (63) BeITeKaeT U3 paBeH-
crBa (59). Ha ocnosanuu ouenok (40) Mpl 3aksgaiouaem, 4to s
LOCTAaTOUYHO GOJbIIHX A>=0

s(x, A) s (& A) Vi
A—z e(VR)e(=VR)

YTO J0KazhnBaeT abCoJIOTHYIO H paBHOMEDHYIO CXOLHMOCTb HHTe-
rpaja B npaBoit uacTtu (63).

Ig y= dh.

{<Ai, (64)

Teopema | Guina nosydena uepBsie 8 paGote Hafimapk [9]. (B srtoit paGore
tdopmysa (63) s3anucana B HeCKOJIBKO JPYTHX OOO3HAYeHUSIX H NPHUMEHHTENBHO
K kpaesoMmy ycaosuio Buaa y’ (0) =0y (0).) [Ipusenennoe B pabore Hakimapx [9]
JloKa3aTeJbCTBO TeopeMul | HamomuHaer BniBog B. M. Jlesutana passoxenust 1o
co6CTBeHHBIM QYHKIHAM camoconpsikesHoro nuddepenuuansnoro onepartopa
(em. n° 2 § 21) B TOM OTHOWEHHH, YTO OHO COZEPXKUT NPELEJbHBI Mepexoi npu
b > oo pna oneparopa Ly, nopoxiaensoro npubdepeHluansHEM BhpaXeHuem (1)
B KoHeuHoM HHTepBasde (0, b) (4 HEKOTOPDHIMH KPAEBHIMH YCJIOBHSIMH Ha KOHLAX
sroro uHTepBana). OJHAKO B HECAMOCONPSAXKEHHOM cilaydyae A9 OBOCHOBAHHS
npeneIbHOro Mepexojia He yxaercsl BOCHOJb30BAaThCA Teopemamu Xerd. B cpsizn
¢ atuM B pabore Hafimapk [9] agaa oGocdonanust MpefennpHOro Nepexojga MpH-
BJIeYEHB HEKOTOphle TOHKHe CBOHCTBa oneparopa L, takue, Kax, Hampumep, mo-
Beflenne sapa pesosbBenth (Ly— A1)~ npa b —> oo, HpeicTaBAAIHe CcaMoO-
CTOATENbHLIA HHTEPEC.

Texnuka KOHTYDHOTO MHTerPHPOBAHHSA, WCNOJH3OBAHHAS 3/€Ch AJ BHIBOAA
dopmyas (63), BcTpeuaercs BechMa yacto (cM., HanpuMmep, n° 3 § 5 wau n° 2 § 9).

5. [IpeoGpasosanue popmyasl pazaoxedus. Ecau A He sBageTCS
coOCTBEHHBIM 3HaueHMeM omnepartopa L, To npu x—>oc ¢yHK-

aust s (x, A) pacteT Kak exp (xl Im VM) TTockosbKY MOMYOKPY K-
HOCTH, TIOCPEACTBOM KOTOpHIX KouTyp I' o6xomuT chnekTpa/pHbie
OCOOEHHOCTH, MOXHO BBHIOpaTh CKOJb YFOAHO MaJbIMH, TO MOXKHO
JOGHTLCS TOro, YTOGH MOJAHHTerpaJbHas GyHriua B (63) upn A =T
HMeJa CKOJIb YroAHO MaJblil NoKasaTedbHbl pOCT OpH X, £— oo,
B cBA3M ¢ 3THM eCTECTBEHHO NOILITaThCst INpeo6GpasoBaTh Gop-
myJay (63) Tak, uTOGB KOHTYPOM HHTECPHPOBAHHS CTa/a HOJYOCH
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A==0 u utoOH NMoAHHTerpasbHast QYHKIHS pocsa MeAJeHHee, ueM
SKCIIOHEHTA.

C sTofi menblo 0603HAYMM ueped Bj;(A) Kakue-1u6o OQyHxiuH,
3aflaHHble Ha nmoayocH A >0 W B HEKOTOPOH OKpecTHOCTH (HA A-Oi0-
CKOCTH) CHEKTPAJbHEIX OCOOEHHOCTEH Agyy, ..., Ag. IloTpeGyem Bbl-
HOJMHEHUs CJAELYOIIHX YCJIOBHI:

a) Qysakunn Byg;(A) usMepumbl Ha moJayocH A=0 u

sup (1 +4)%| By; (2) | < o0 (65)
A0

6) dynkunu  Bg;(A) ronoMopdHB B  OKPeCTHOCTH  TOUYEK
Ao H
atly ¢ ¢ 0y B

d } —{1 npu j=j, k=~F,
— 1 Bp; (A = 66
{(dk} e () Mg | 0 B OCTaJbHBIX Cay4asX, (%8)
k, F=a+1,...,8, j=0,..., mp—1, j,::O?“"mk"—l'

TIpumepoM GyHKUMEH, YAOBJAETBOPAIOIIMX YKA3AHHBIM BHILIC
YCIOBUAM, MOTYT CAYKHTH

(A = Ag)!
AT mpu A=A, <8,
Bk,(x)=! i P ¢ (67)
[l o npu (A —24,|>9,

rage 8> 0-— HAacToNbKO Majoe YHCJHO0, UTO O-OKPECTHOCTH TOYEK
Agaly v os Aﬂ NIONAPHO He NepeceKaloTcs H He COAepXKaT TOUKY HYJb,
Jlajiee MOJIOXKUM

B mp—1
[BOWI =)~ X F By (1) OV () (68)

anech @ (A)— npousBosbHast GYHKuusA, IS KOTOpOH npaBas uacTb
(68) umeer cmuica. B cuny (66) kaxnoe us uncens Ay, 6yaer KOpHeM
ypaBaerusi [BD (A)] = 0 kpaTHOCTH He MeHbIue my, k=0 + 1, . B

BocnosibayeMcsi cBOACTBOM HE3aBHCHMOCTH OT KOHTypa HHTe-
TPHPOBAHHS MHTerpaja OT AHANHTHYECKOH (YHKUHM H NPEACTaBHM
HHTErPaJ B Hpasoli uactu dopmydas (63) B Buue

[s<x,x>s<z,m VB
P A~z e(Ya)e(~V2)

- -JT[B e P e

B mp—
Bri W) (VA )pan Dstnnsen ]
k%x ,go f e(Vi)e(=V7) l(dl) TL‘H%, (68a)

-+
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CXOJAMMOCTb WHTErpasioB 1o Koutypy I' anmecs ofecneunBaercs
yeaoBueM (65).
Beenem Teneps QyHKuuio My (A), yAOBJIETBOPAIOMYID YCJAOBHIO

Ljt(my—~1={)1 [ By WV A)pda

M () = — (m,— 1)1 Ff Vv 9

H B OCTa/JbHOM NIPOU3BOJBHYIO.
Torpa BTOpoe caaraeMoe B mUPaBol uacty paBeHcTBa (68a)
MOXKHO 3auucaTh B BHAE
B +
[ d ! s(x, M) s (& A)
Y ()" s )
rehy,

E=a+l '

n dopmynaa (63) mpuHuMaeT BUL

00

=L 506 M) s (8, A) VEdh
R &2 nOHB Az }e(me(—ﬁ)+

B mueeen) o

k=1

azecs V22>0, a muTerpan CXoAHTes aBCOMOTHO M PAaBHOMEPHO
B KaXno# KoHeuHo#l obGjacTy usMeHeHust X, & u 2 (MpuHanIexa-
HIET0 PEe30JbBEHTHOMY MHOMKECTBY).

Meroj «peryaspusaanuu» pacXofsllierocsi MHTErpaJsa

fos(x, ) s (E, A) V& dx
A—k e(VR)e(—VR)’

KOTOPHIM MBl 3/1eCh BOCMOJb30BAJIHCh, 3aUMCTBOBAH U3 padorn Jlsuue [3).

6. L-npeo6pa3osanne Pypoe. Tenepb Mbl mepefijieM K 3ajaue
Pa3jIoXKeHHd MO TIJ1aBHBIM (QYHKIUAM omnepaTopa L NpPOM3BOJBHOM
¢dynxuun & L*(0, co). C 3Tol ueablo paccMOTPHM CHAuaJa COOT-
BETCTBYWOIlee oGoOMiernue npeobpaszoBaunns Pypoe.

Jlemma 2. Cywecrsyer raxoe wucao C >0, uro 0aa xandoil
unurnot *) pynxyuu e L*(0, o)

[ist meVEA<C [ 17 ()P dx, 1)
0 0

*) ®yukuuo f(x), 0 < x < oo, MH HashRaeM (QUHUTHOH, ecJH CyiUIeCTByeET
Takoe a > 0, uro f(x)=0 npu x > a.
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ede

[+ -]

s(f, V= [ F(x)s(x, 2)dx. (72)

0

JHoxasaTeabcTso. ITogoxum

t
k()= [ k(x, O] (x)dx. (73)
0
B cuay (45)

et ¢t ex
[kF (1< Ce ™ [ &7 |f(x)dx,
Q

OTKyJla, KaK Jerko BHJeTb, BhHITeKaeT, yTo | 4 & sBasercs JHHei-
HBIM OHepaTOpOM, OTOBPAXKAIIIMM NPOCTPaHCTBO Lo(0, o0) Ha cebs
(B3aMMHO OJHO3HAYHO H) HENpPepHIBHO.

B cuny dopmyan (49)

2ips (f, p*)=e(—p)e(f, o) —elp)e (F, — o),
rae

oo

ef, )= [ f(x)elx, pdx=[ (1 + R fl(x)etwdx  (74)
0

0

(cM. dopmyay (47)). Tlostomy, npuMensis pasenctso IlapceBans
(nnst kamaccuyeckoro npeobpasoBauusi Dypbe), MBI MOJYIHM

[1os(t 09 Bdo<C [ 111+ R)fl(x) P dx,
—o0 0

rge C — HEKOTOpOe NOJIOKHTEJbHOE uHCa0. BBHIY OTMeueHHOH
BbIllE HENpepBIBHOCTH omepaTopa |- %2 mociejHee HepPaBeHCTBO
5KBUBAJIEHTHO YTBEPKAEHHIO JEMMBEIL.

Onpenenenne 1. B cuay geMMmu 2 nas Kaxjoll (yHKUHE
fe Ly (0, oo} mpenen

4
s(f, )= lim j Flx)s(x, A)dx (75)
>®y

CYIIECTBYET B CJELYIOUEM CMBICJe:
3 2

[ st )= [ s(x, Mf(x)dx| VEdL—>0
0 | Q
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npn E—>oo. KpoMme Toro, B cuay BKJAwueHdd (52) Aaa xaxkjaoi
dyurunn f& L2(0, oo) cXOAATCA MHTErpaJibl

SO (F, )= [ F(x)st™ (x, ) dx (76)

m=0,..., my—1, k=1,..., a.

COBOKYNHOCTb, COCTaBJeHHYI H3 unperenaa (75) wu unurerpa-
JgoB (76), Mbl GyneM HasweBaTb L-npeobpasosanuem Pypese pynk-
yuu f L%(0, co).

IToxuepkuem, uto unucao s™ (f, A;) Heab3sa paccMaTpuBaTh Kak
aHauyeHHe TNpousBoAHOH (mopsiika m) orT dysruuu s(f, A) B Touke
A=A, [HelicTBuTenbHO, TaK Kak OGyHKuus s(x, A) npu A=A,
SKCIIOHEHIINAAbHO pacTeT NPH X —» 00, TO NpHU A 5= A, u A, GIH3KOM
K Ag, BoOOUIe rosops, s(f, A} He ompeneneno.

Onenka (71) mo HempepeIBHOCTH DaCIpPOCTpaHsAETCsT HA Bce
fe L%*(0, o). Ham nonano6utcs HeKoTopoe 06061eHHe 5TOH OLeHKH.

Jdemma 3. Ecau f (14 %) F(x) P dx < o0, 10 Ppynryus s (f, A)
(1}

umeer npoussoduyro nopsadka v—1, abcOAOTHO HenpepsleHYO
8 KawcOom koHeunom uwrepsase noayocu A>0. [Has xasxdozo
yeaoeo v =0 cywecrsyer raxce wucao C,>0, 4ro

Tl e

JokasaTeabcTBO MOA06HO JoKasaTebcTBY JeMMul 2. Hapo
JIHLIb JOMOJHUTEJBbHO BOCIIOJIL30BATHCA TeM, uTo AHpdepeHinpo-
BaHHO (06buHOr0) mpeobpasoBanus Pypbe COOTBETCTBYET yMHOKE-
HYe Ha He3aBHCHMoOe IepeMeHHOe NpeobpasyeMof (DYHKIHH.

do<C[l0+xffar. @)
0

7. PasnoxeHne B mpocrpancree f1,. Uepes H, mb 6yaeM o6o-
3HayaThb TuABOEpTOBO IpocTpascTBo GyHkUHA [(x), 0<<x < o0,
¢ HOpMOH

00 e
nfnv=<fl(1+x)vf<x)12dx> , v=0, =1, 2, ... (78
0

OtMmetuM, yro Hy= L%(0, o) u urto npocrpanctso H_, usomopdHo
OpPOCTPAHCTBY JMHEHHBIX HeNpepPLBHEIX (YHKUHOHAJOB, 3aLaHHBIX

7%
Ha npocrpaHctee Huvi Hoyv ~ Hyy ). Wmenno, aus  Kaxkioro

*) TpocTpancTBO JuHEHHHIX HenpePrIBHbIX GYHKUMOHAIOB 33aHHHX Ha NpQ-
crpanctse X, o6osHavawT o6HUHO cMMBoOJgoM X',

30 M. A, Haiimapg
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dyukuuonana f & Hiy cymectsyer Takas ¢yukuusa [ (x) n3 H_,,
yTo aJd BceX fe& H,,

P = [ F)F () dx; (79)
0

9TO BBITEKAET OUEBUIHHIM 00pasoM M3 TeopeMbl 06 oflLleM Bujie
JHHeHHOro HempepsiBHOro (yHKUMOHAJIA B HpocTpaHcTBe L?(0, o)
(em. n° 2 § 10).

O6o3naunm uepe3 my HauGOJBIIYIO H3 KPATHOCTEHR CHEKTpaJib-
HLIX ocofeHHOCTel omepatopa L:

mo=max (Mmgs1, - ., Mg, (80)
H TIOJIOXKHUM
H+=Hm0+1; H~=H-(mo+l)' (81)
OueBnjaHo,
H, < L2(0, ) < H. (82)
H AJs Bcex fE H,
I Z=UF =071 (83)
anech | f|=I7ll,— nopma L*(0, ), a Ifll. =I7l. ., —HOPME H .

OTMeTuM, 4TO NPOCTPAHCTBO H_ COAEPIKUT BCe IJaBHble QYHKLUHU
CHeKTpaJbHLIX ocobenHocTell. J[eACTBHTENBHO, B CHJAY OleHOK (54)

smNx, e H., m=1,2, ..., iA>0. (84)

PacemoTtpuM npoussosbHyo ¢yskuuo f & H,. B cuay seMMbr 3
oyukuusa s(f, A), A>0, nonyckaer my+ 1 KpaTHoe nuddepeniy-
poeanue no A. CjenoBaTesbHO, MOXHO 00paszoBaTh BbIparKeHHe
[Bs(f, A)s(x, A)] (cMm. (68)). ITosoxuMm

Vada

1= e(Yi)e(-V1)

f [Bs(f, A)s(x, A)] +
0

L
n

[ =

+ {(%)f"’“'l My () s (F, 2) s (x, 7»)} 5 (85)

b= 5

e
L

snech My (A) — e xe dyukuun, uro 1 B bopmyne (70). Kpome Toro,

npu A=»Xx;, k=1, ..., @, «IpousBOAHYIO» (%)ms(f, A) caenyer
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nouumath kKak uuciao s (f, A,), onpeaesseMoe paBeHCTBOM
(76) *).

Jlemma 4. Dopmyra (85) onpedenser oneparop I, wenpe-
poisHo orobpasxcarowjuti H, 6 H_:

MHEI.<CIl, feH,. (86)

HNoxkaszateabcTBo. Jliua onpegeneHHocTH OyjaeM CYHMTATD,
yro (GyHKUMH Bg;(A) 3afaHel cooTHomeHusMH (67). OGosnaunum
uepe3 A, 8-0KpecTHOCTb TOUKH A, (Ha moayock A>0), a uepes A,
0603HAYNM HacTb MoayocH A >0, moJyueHHy0 OTGpACHIBAHHEM H3
Hee HHTEPBAJNOB Ay, ..., Ag. Temepp Qopmysa (68) npumumaer
cJleIYIOINUI BUA:

D) mpu A A,

[BO®)] = | w57

A
Lo [ o—wr o yay mpn e n, @
Mg
( k=a+1,..., B

Ilpy 3TOM MBI BOCIIOJIb30BAJHCh HHTETpanbHON dopmofl ocTaTou-
Horo waena ¢opmyas Tedsopa. Ilosoxum

14f (x) =

1 J‘ V& dh

=— | [Bs(f, A)s(x, A = =, =

v J s Dot M Gy k=0 ekl p
u ofo3HauuM uepe3d /; BTopoe ¢jaraeMoe B IPaBOH uacTH (85j.
Tak kag [=Iy+ 1+ ... +1|3 414, TO HaM AOCTATOUHO AOKA34Tb
HeTPEPHIBHOCTL KaXKIO0TO U3 omepatopos lo, [y, ..., Iy Iz B OT-
JIe/IbHOCTH,

[Tpoute Bcero oOcTOHT nejo ¢ onepartopoM [, DTo KoHeuHo-
MepHBIH omlepaTop, KOTOPHEIH B cuay BkJwueHui (52) u (84) u uso-
Mop¢uama npoctpaHcTB H_ M H pehicrByer us H, B H_ (Tounee,

u3 Hip, B H-m) H HEOpepHIBEH OTHOCHTEJNBHO  HOPM 3THX
IPOCTPAHCTB.

m
*) «ITpousBonmaa» {(%) s(f, M) }h L k=1,...,a,m=0,.., my, —1,
=k

BO3HHKAeT B mpaBofl 4acTu (85) B pesysnrare (GopMaALHOrO NPHMEHEHHS Npa-
Buia JlefiGuuna aas audepeHUUpPOBAHUS NPOUsBeenns. BCioay B fasbHefilmen,
Tje 3Ta <IPOM3BOJAHAR» BO3HYKAaeT B aHAJOCHUHOA CHTYALMH, OHA NOHHMAETCS
B YKa3aHHOM 3JieChb CMbIC/e,

30*
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B cuay (87) npu k=a-+1, ..., p Mb HMeeM

L (x) = 1 J’ VA di

7 re v
&

X Trs—1Dt J (A — )™ (;f’—) [s(f, w) s (x, )] dp.

mk—l

Mensist 3flech NOPSIIOK MHTEIPHPOBAHHS, Mbl TOJYYHM

Mptd Ryt
11 6) = 5ot f duj ()™ 50, ws (e, W] X
W

X 0= ‘hde”xk_f (&) X

-1 Vi d)
X[Sf M)S()C IJ')](A' H) (]/x)e(_ ]/x) }"

Ilpuuumas Bo Bummanme, uto e(VA )e(— VA ) =(h—Ap)™ ¢y (1),
rae Y, (A) rojgomopdua B oKpecTHOCTH A=A, u P(Ag) ¥ 0, u uto

by +d 1 Ay +d
g\ -
[ C=t g [ %t — (=2, B>
(=)™ A=t
B it 88)
™ F o (
i——*a"dkg fm=ln6—ln(kk—u), u'<)‘/k’
A (A —2) -0

MH TPUXOAHM B BHIBOLY, UTO [,f(x) MOXKHO mpeicTaBUTb B BHJE

Li ()= | 2 Qe (5, 1) (F, ),

Ap m=0

rle B CHJY OILEHOK (54) 1 (88)

Jos [

OGosnauas uepes Ci, JeBY0 yacTb NOCJELHEro HePaBeHCTBa; MEl

HMeeM
my
I741.< Y, ckm{ [1stmf, ) P du}’&

m=0 Ak

amg (x, p) 2

(I + )mg")']




a1 § 99. PA3JIONKEHUE 1O FAABHBIM GYHKLUSIM ONEPATOPA L 469

Orcwofa Ha ocuosauuu (77) noayvaem
N << CellFl,,,, <Celfll,, k=oa+1,...,8,

rfie C,— HEKoTOpble MOJIOKHTEJNbHLEIE YHCJIA.
Ocranock paccmortpers onepatop [y B cuay (87) Mu umeem
(o]

VA dx
10 =% [ o050, W3t )i

rie yo{A) — xapakrepucruueckad (QpyrRKHHsS MHOXecTBa A, Baemen
o6o3Hauenue

U XM os(f, p)

o e@e(—p 00

Torna B cuny (77)
[le@Pdo<C, [ 1 (x)Pax,
—00 0

rie Cy— HEKOTOPOE HOJIONKHUTEJbHOe uucao. Kpome Toro,

I (x)= [ 2ips (x, p*) ¢ () dp.

IToatoMy, BBOAA O003HAUEHHE

e(— o))~ (—p)]=19(p),
HMEeM .

oo

[ 1o Pdo<Ci [1F () Pdx, Cp>0,
0

-—00

u B cuay (49)

I ()= [ e(x, 0) ¥ (o) dop.

HaxoHnel, BOCIOJb3yeMCsl cOoOTHOmeHneM (47). Mul nofyuum

Iof (x) = f (o) eodp + j k(x, dt [ b(p)et® dt.

OTcioga Ha ocHOBaHMH papeHcTBa [Tapcesansi (ass oOBIYHOTO P
oGpasoBanus Pypne) U oueHku (45) Aas saapa k(x, ¢) sakaoyaer
4TO

[Udmpdr<cd [17mprds, ci>o.
0 0
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Takum oGpasom (cM. (83)),
NI <IIFISCIIFI<CON L,

YTo 3aBeplliaeT AOKA3aTeJbCTBO JIeMMbl B IPEANOJIOXKEHHH, YTO
¢GyHkuHM By;(A) 3anauel cootHomenuem (67). JloxasaTeqbCTBO
B oflieM cJyuae BbIT€KaeT M3 TOro, YTO IPH 3aMeHe ORLHHUX (PYHK-
unit By, (A) apyrumu TakuMu QYHKIUAMH (YAOBJICTBOPSIOIUUMH BCEM
Tpe6yeMBIM YCJIOBHSIM), HepBoe cJjaraeMoe B IpaBod dvacrta (85)
MEHSIeTCSl JIHIIb Ha KOHEUHOMEPHLIH omepaTop, HENPEepbiBHBIA H3
H.B H_

Tenepb M»ul ImoKaxeM, 4To omepartop /, 3alaHblil (opmy.oi
(85), sBasieTcsi (axkTHUECKH BJOXKEHHEM NPOCTPaHCTBA H, B mpo-
crpatcTBo H_. ViMenHo, uMeeT MecTo cJenyiolllee yTBepiKIeHHe.

Teopema 2. [as rkamooi ¢pynryuu f< H, (cM. (81)) cnpa-
8e0AUB0 caedyroujee pA3AONCEHUE NO 2AABHOIM (PYHKYUSM Oonepa-
ropa L:

oo

_ L Vi d
=5 1850, )00 0l iy +

B -
+I§{(%) CML0)s (W s(x, x)}mk, (88)

npusem unreepaa e gopmyse (88’) cxodurcs no nopme npocrpau-
crea H_.
HokasaTeabcTBO. B cuny gemmel 4 Ham ,ZLOCTEITO'{HO JL0-
Kasatb, UTO
ITx)y=f(x), 0<x<oo, (89)

Aaa Kaxao# duuuTHO# dyskuuu [ < L?(0, o). donyctum, yTo
7EL2(O ©0), a g - Npou3BOJibHAA QYHKUMS, YAOBAETBOPAIOUIAS
YCIOBHAM

g L2(0, og)s gx)=0 npu x>a, Jg(x)s(x, 2)dx=0; (90)

OpH 3TOM @ — KaKoe-HUOYAb TOJOXUTEJSbHOE YHCJAO, a 2 — KaKoe-
HUOYIb YHMCI0 M3 Pe30JbBEHTHOrO MHOXKECTBA oneparopa L. Y3
coomomeﬂnn (37), (38) u (90) BhITEKaeT, uTo

Rg()=0 mpn x>a. 91)

Uz cbopwynbl Jlarpanxa aas auddepeHuua buoro seipamenus (1)
{cM. n°5 § 1) J1ierko BBIBECTH, uTO

, A)
s(Rg, 2) =SB,
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a mostomy (cM. (85))

[ 1 (st M) s(g, ) V4 d
!lfw)Réﬁwdx”amJ[B e P e

B
N[ [ ! s(f,Ms(g,m}
+ B e pzen ]

CpaBHHBasi 3TO pPaBeHCTBO C paBeHCcTBOM (70), MBI HAXOZWM, UTC

[ 17 ()= 17 (x)] Rg (x) dz =o.
0

Hyers Fi)— 1] () 0
— <x<a,
[(l'j)f]“(")={ox ' EI;E a<i<io.

Yunrhiead (91), ¢ nomMoursio Gopmyast Jlarpauxa U3 mpeablyLlerc
paBEHCTBA HAXOAMM

[ RA1 =Dl (9 g (x)dx =0,
0

Tak Kak g(x)— npousBoJibHast GYHKLHS, YIOBJIETBOPAIOILAS YCIO-
BusiM (90), To (uo Teopeme 06 OpTOTOHAJLHONH NPOEKIIHMH, CM. n° 4
§ 10) .

R A1 = Dfla(s)=cs(x, 2), 0<x<a,
rae ¢ — HekoTopoe yucao. [Ipumenss Kk o0enM dacTM TOCJAEHETOQ
paBeHCTBa omepauuio [(-)— =21, noayuum

(=Dl (x)=0, 0<x<a.

B cuay mpousBoabHOCTH a cooThoulenue (89) noxasawo.
Teopema 2 nyGuHkyeTcst 3jech BrepBhle.

8. PazioxeHue no raaBHuIM QyHKUMAM B npoctpanctee L2 (0, oo),
O6o3nauum uepes Jf(x) uHTerpasn B npaBo#l yacTH (85) u MmoJoXKHM

VA dh
e(Wi)e(=V2)~

B unrerpase J!, B oTamyne or uHTerpaJa J, onepauust B npuHme-
nsiercs ne K npoussegenuio S(f, A)s{x, ), a ToabKo auMWb K PYHK-
nun s{x, A). Tosromy unrerpan J! cywectsyer npu Gosee cnabbix
npefnofomeHnnAX, yem J. MMenno, Kak HeTpyAHO BHAETh, HHTerpaa J*

n=t [ 1Bs (e s, 0 92)
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cxoAuTest 1Mo HopMe H_p, (cMm. (78), (80)) mas kaxaol dbyHKunu
fe L3(0, oo). HanineM pasnocts J — J'. [ljis onpeneseHHocTH OyaeM
npeamosarath, uTo GyHKunu B,;(A) 3amanbl cooTHomeHusMu (67),

Ilpupep:kuBasch Tex xe 0003HAUeHUH, UTO U OPH [A0Ka3aTe/bCTBE
JeMMbl 4, MBI HMeeM

J=T=lp+ ... +1p

rae

mk—l n
I ()=~ f{ () s msen] Lo

__0 R

k mp—1 V__
. (A — xk A dh
) 3 s ) }ewme(—m'
k=a+l, e B

3jecb MBI I[IOKa HpexmoJaraeM, uro f& H,. B cuay dopmyan
Teftnopa
mp~1

s(f, 1= Es (7, d) 2

mrwﬁlmwlwﬁwm

MbBH HMeeM
mk-—l —
1 (}\, Ae)™ V}v di
J _— stm) A — —
o () nAJ mE:O b ) = S Ye (V) <

1 my,—1 (m
X“(m—kjl—)hf(h_l‘«) gl &) (f, w)dp +
k

[ N a0 a0 m) Gt LA

TAe a,,(A) — HeKoTopble MHOTOUYJIEHB. B mepsoM cjaaraeMoM cipana

H3MEHHM NOpPSIIOK WHTErpupoBaHHf. Paccyxpas Tak Xe, KaK mpH
JoKasaTeJbCcTBe JeMMbl 4, Mbl yOexjaaeMcs, 4YTO OCOGEHHOCTD
B TOUKe Ay, cBsisaHHas co sHameHateaeM e()A )e(— V1 ), nora-
mwaercst (ocTaercs gorapudmudeckasi ocoGeHHOCTD), a MO3TOMY 3HAK
CYMMBI IO 1 MOXKHO NOCTaBHTh BIepean HHTerpasa mo p. Cie-
JIOBAaTeJTbHO,

Ap pog<mp-l

mk—l

Jef (x) = 2 by () s (x, M)y
m=Q
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rae by, (f) — aunelinsle dyuknuonasast or f. Bonpoc o Henmpepwip-
HOCTH 3THX (YHKIMOHAJOB Mbl OCTABHM NOKa B cTOpoHe. Takuwm
o6pasoM, Mbl JOKasaJH, YTo npH f& f,

B my—1
I =1 = X 3 ban (57 (x, 2. ©9)

Teopema 3. Cyujecrsyror Taxkue Aunelnole QYHKYUOHAAbL
Mpm(f), sadannsie 8 L*(0, oo) u HenpepoigHoie nO HOpMe 3T020
npocrpanctea, 4ro 0as kasdoi Gynkyuu e L2(0, o) umeer
mecro caedywuiee CReKTPasbHOe Pa3A0HeHUE:

V' da
Ae(—=VR)
my—1

B
+2 2 M (F) 8™ (x, A).  (94)

k=1 m=0

L
f(x)=—5;0J[Bs(x, M s (f, Me(V +

Hureepar 8 gopmyare (94) cxodurca no nopme H_p, (cm. (78), 80)).

HokasateabcTBO. [lycts cHavana f& H,. Torga B cuay
coornomenus (93) dopmyna (88) MoxkeT GrTh 3anucaHa B BHje (94),
rae Mgy, (f) — HeKoTOpble auHefnbe GyukuuoHaasl or f. JlokaxeMm
HempepeBHOCTh 3THX QYHKIHOHAA0B. IIpexje Bcero, MeToiOM Jo-
KasaTeJecTBa JeMMHB 4 Jerko yGeiuthes, 4To J! — HenpephiBHHINA
onepatop u3 L?(0, o) B H_p, I[l0o3TOMY BTODOE ciaraeMoe B Tpa-
Bo#t uwactu (94), Kak pasnocts f(x)— J'f(x), ABaseTcs JNHHeHAHBIM
HenpepbIBHEIM onepaTopom u3 L%(0, oo) B H_p, *). Tak Kak ¢yuk-
uun s (x, A), k=1,..., 8, m=0, ..., my—1, nuHeliHO He3a-
BHCHMBl ¥ TpHHAAJE)KaT NpocTpaHcTBy H_m, (cM. (52) n (84)), 10
OTCIOJla BHITEKAaeT HEMPEPLIBHOCTb PYHKUHOHANOB My, (f) mo HOpMe
L%(0, ). dopmysa (94) no mnocrpoenuro BepHa Aas QYHKIHE [
u3 H,. [lo HenpepLIBHOCTH OHa pacmpocTpaHseTcss Ha (QYHKIMHA
ua L?(0, oo).

3ameuanne. Ha mepBuifi B3risig MOXeT IOKasaThCsd, UTO
Aas onpefenenus dymknuu f us L2(0, o0) ¢ nomouswo ¢opmyast
(94) rtpebyercst 3namme ¢yurkuun s(f, ), A>0, H Bcex uncen
M)y, E=1,...,B m=0,..., my—1. B jeficTBuTeqbHOCTH
3HaHUe 3HaueHHH QyHKUHOHANOB My, (f) npu k>a (1. e. dyHKLHO-
HAJIOB, OTBEUAIOLUIHX CHEKTPAJbHLIM OCOGEHHOCTSIM) He 005a3aTe I bHO.
Bosee Toro, 3TH mocjejHue 3HAYEHHs He/Ib3d 3a4aBaTh. POHM3-
BOJIbHO: OHH Olpe/lesIAIOTCA OJHO3HAUHO 3ajanueM yHKuuu s (f, 1),
A>0, uuncen My, (f), k=1, ..., 9, m=0, ..., mpy—1. B caMoum

*) Hanomuum, uto |fll_,, <Ifll.
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JeJse, pacCMOTPHM CJelyiollee BhIpaKeHHe:

e

. ) mp+1
st st s B F M ()59, 1)

(95)

B Boipaxkenun (95) uuTerpas, a TaKkkKe KakIoe CJaraemoe moj
3HaKOM JBOHHOH CyMMHl, 0puHamjaexar H-n. Kak Herpyauo Bu-
1eTb, QYHKIUN $U (X, Az) B 3TOM BHIDAXKEHHH JUHEHHO HE3ABHCHUMEL
no mopymo L*(0, co) (cM. n° 6 § 14). TlosTomy sHanenus pynk-
yuonaros Mg, (f) npu k=a41, ..., 8, m=0, ..., m,—1, oduo-
arauno onpedeaarorcs caedyrouumn Tpebosanuem: cymma (95)
npunadaexcur npocrpaxcrey L*(0, oo). Jlaa kakmofi ¢yukuuu
fe L*(0, o) 370 TpeGoBaHWEe BHIIOMHAETCA B CHJIY CaMoil dop-
myasl (94) 1 BRAouenuil (52).

ITockosbKy
N mk;l ('11 d \™
Y X Mas™ )= XA () M@ s s, n)
k=1 m=90 k=1 v=hy

TO H3 MPeAblAYIIEero BuTeKaeT, uto Kamdas pynkyus f us L0, oo)
o0Hosnauno onpedeaserca ceoum L-npeobpasosanuem Dypse u
uto opmysa (94) cayseur popmyaol obpausenus daa L-npeodpa-
sosanus Dypse 8 npocrpancrge L?(0, oo).

Tpexnonoxny, uro omeparop L He nMeeT crmekTpaJibHbX o0coGeHHOCTES

Toraa onepauns [B ...] B dopmyse (88) me myxua u 31a PopMysIa npHHUMAET
caAelYIOIHA BHA:

R VT
Ve —vn

a e
XA mwmsinseal L e
an -
k=1 v =tp

®opumysa (96) Gorta moaydera mnepasie B pabore Haftmapk [9] *). ITpi srom
IpeAnoaaranocs, uTo fe@LﬂL‘ (0, o). Kpowme Toro, OCKOJIbKY paccMarpH-
BaJCs cayuald, KOrza CnekTPaJbHEIX OCOGeHHOCTeH HeT, To yeaomue (43) same-

= .

f@hifﬂﬁwﬂmm
e

i
0

HAGock Gogiee caaGuiM yeAoBHEM ‘. (1 +x2) |p (x)1dx < 0. 3arem B paBore

0
Jlesnn [2] ann omepatopa L Ges cnekrpaibmelx ocobemnocted, dopumyaa (96)
Oplia jokasaHa JUist NPOH3BOJMbHHIX ¢yBkuu# f uz LZ? (0, oo). [okazaTe/ncto

*) B padore Haiimapx [9], dopmyna (96) sauncana mpumenutessuo k ciay-
yato Kpaesoro yaiosua y (0) —8y(0) =0 u B Hecko/bKO APYriX 0GO3HAUCHHSX.
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onupasoch Ha npencrasaenune (13) pewenns e (¥, p) ¢ HOMOULBI OPTOrOHAJNIH-
pylowero sinpa k(x, f).

; Teopema 3 i 3aMeualHe, ciaefyioniee 3a Hel, noaBHJNCh B 3aMeTKe JIanume [3],
ITo moBoAy 0KA3aTeJhCTBA STOH TEOPEMBl METOAOM, OTJHWUHBIM OT 3[AECH H3J0-
xKeHHoro, cm. JIsnue [4].

9. MnuorooGpasue £); pasnoxeHne, CXOAAWEECS NO HOpMe
L? (0, o). Paajoxenne HO IJaBHEIM (YHKUHAM onepartopa L,
BeIpaxaoueecs Qopmyaoit (94), cxoxurea mo Hopme H-_,, Gosee
cnaGoi, yem HOpMa npoctpaHctBa L2(0, o). Temepb Mbl yKameMm
kaace 9 takux ¢yuguuil e L2(0, o), pasaoxeHHe KOTOPHX HE
HyXJaeTcss B PETYJsIDH3ALHM M cXOoAuTCs no Hopme L2(0, oco).
VimenHo, uepe3 § Mbl 0603HAYHM COBOKYIHOCTb BCEX TeX QYHKIHI
fe L3(0, o), Aas1 KOTOPHIX BBHINOJHSETCS YCJAOBHE

os{f, p%) 2
l] L dp < co. (97)

OtrmeTHM, 4TO B cayyae oneparopa L 0e3 CHeKTpasbHBIX 0CO-
GeHHOCTEH, MHOXKeCTBO ¥ coBmamaeT ¢ mnpocTpanctsoMm LZ(0, oo).
3To BHITeKaeT U3 oueHok (35) u (77).

IV. Jas roeo urober ¢pynxyus f< H, (cm. (81)) npunadaie-
wara mrozoobpasuno 9, reobxodumo u docrarouno, uTobbL

As(m)(f, Ay=0 nopu k=a41l,..., 8, m=0,..., my—1,

HelicTBuTeibHO, B CHAY JeMMbl 3 11 KaXI0R QYHKIHE [ < H,
dyuxuns s(f, ), A>0, umeer (aGCONIOTHO) HENPEPHIBHYIO IPOU3-
BOJHYIO NOPAAKA Mg = max (Mg, ..., Mmg). [MosTomy sas rtakoi
dynkunn [ ycaosue (97) BuNoansieTcs TOrZa B TOJALKO TOTAa,
KOTAa KaxJas CHeKTpaabHad OCO0eHHOCTb Ag ABJSETCT KOpPHEM
KpaTHOCTH == m, dyvuknun s(f, ). :

V. Han rascdoti pyuxyuu f< H, (VD pazioscenue no 2aagubism
pynuxyusm oneparopa L sanucwsaerca e sude (96).

ITO HemocpelcTBeHHoe cJhaengrsde npefsnoxedus 1V u Teo-
pempt 2. [eflcTBuTenpHO, u3 mpejanoxenus IV u dopmyn (68)
BhiTeKaeT, 4to nupu f& H, N9

, B 9)ste Ml=s(f Wst, 1)
S ] et nste ] =0
k=gl =hy,

V1. Mnowecreo ¢ururnoix ¢yukyud [=9 naotno @ npo-
crpancree L2(0, o), ‘
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JleficTBHTeNbHO, TAaK Kak Kaxjaas ¢uautTHas obyukuus [ us
L?(0, o0) mpuHAAJEXKHUT OPOCTPAHCTBY H,, TO B CHJIy MNpeAJOkKe-
Hua 1V Takas QyHKUMS DpHHAAJIEKHT MHOrooGpasuio § Toraa u
TOJMbKO TOrZa, Koraa

f F(x) s™ (%, Ag)dx =0
(¥}

IS KaXJIo#l IJIaBHOH (PYHKIMH CIEKTpaJbHBIX 0CoGeHHOCTel.

Iyets fp— npoussosbnas ¢ynkuus us L2(0, oo), oproronann-
Hasi BceM (QUHHTHbIM GyHKuusM u3 9. Tak kak, B uactHocTH, f,
SBJSIETCS OPTOrOHAJBHON TeM OQYHKIMAM U3 $, KOTOpHE paBHb
HYJI0 BHe (PHKCHPOBAHHOTO KoHeuHoro uuTepmadga (0, a), To, yUuTH-
Bas, UTO OPTOTOHAJBHOE JONOJHEHHE OPTOTOHAJILHOTO AOMOJHEHHS
KOHEUYHOMEpPHOT0 MOINPOCTPAHCTBA COBHALAeT € 9STHM NOANpO-
CTPAHCTBOM, 3aKJ/wouydeM, UTo B Ka)kaoM muurepsase (0, a) dyuk-
uus fy, sBasercd JHHeAHOH KoMOuHauued GyHruuid s (x, A,).
W3-3a nyuHeiHON HE3aBHCHMOCTH TOC/AEHHX, KO3DPUIUEHTH JHuHeH-
HbIX KOMOMHAUHUH, O KOTOPBHIX HJAeT peub, OT @ He 3aBUCAT, TaK
uTo fy sBAseTCst JMHeHHON KoMGuHauuef dyHkuui s (x, A,) Ha
Bcell noayocu (0, o0). Ho odyukuun s (x, A;) Takke JuHEeHHO
HesaBHCHMBl 10 MoayJsio L2(0, oo) u, caenoBaTesbHO, MOCJEaHEe
BO3MOXKHO JHIIL B TOM cJayuae, Korga fo=0, uto u TpeGoBasoch
JoKas3aTh.

Teopema 4. Mnoecoobpasue $ naotho 8 npocTpawcree
L2(0, o0). a5 kancooi pynkyuu f = 9 cnpasedausa dopmyisa (96),
npuxem unreepas 8 aroli popmyae cxodurca no Hopme L2(0, o).

HdokasaTenabcTBo. IlepBoe yTBepXKjeHHE TEOpEMHl BhITE-
KaeT n3 npepaoxeuus VI. B cuay dopmynst (49) uurerpan, co-
Jepxamuiicst B mpaBofl uactu (96), MoXKeT GHITb IpeJCTABJEH B BUJE

oo

1 ps (f, 0% ps (f, p%)
?" .[[ e(p) e(xa P)“‘ 9('—p) e(x: _p)] dp'

- 00

Orciofa, Ha ocHOBaHuH ycaoBus (97) u dopmyusl (47), MB 3aKJII0-
yaeM, 4TO AJsi Kaxgod QyHKUMH [ $ onm cXomuTes 1Mo HoOpMme
Ly (0, o0) *),

HOast npoussosbHOod ¢yHRuun [f& 9 obosnaunm uepes If(x)
npaBylo uacTb popmyan {96). Hama szanauva sakJawouaeTcss B TOM,
uTo3bl noxkasaTh, uto If=f. C 3TOH ue/sbl0 3aMeTHM, UYTO [Js

*) Hawa apryMeHTauus omupaercd Ha Teopemy IliaHinepeas AJs Kiaaccuye-
ckoro npeobpasosanus Oypbe. ‘
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Kaxno#i QUHUTHOH PYyHKOHH g

o0
»

[ VA dA
g Wds=2| s, g n—Alldh
of J Ve (V7

+2 {( )mk_le () s(f, 1) s (g, A)}H . (98)
Y 7

[TpennonoXuM JOMOJHUTEJBbHO, 4TO GHHUTHAA (GYHKUMA g Tpu-

HajJaexKdT MHoroo6pasuio 9. Torna g= H,. 1D, nu B cuay V aas

Hee chpaseanuBa ¢opmynaa suia (96). Orciona BbITEKaeT, uTo
o0

WHTEerpaJs (f(x)g(x) dx Toxe paBen npaso# uacTa (98), Tak uTO
0

oo

J Ui =Flg (x)dx=o0.

<

Orciona Ha ocHoBaHuu VI sakjwouaem, uro If=Ff.

TeopeMa 4 noxa3ana HECKOJNbKO ApPYyruMu cnocoGamu B paGoTax JisgHue
[2 u 4]

10, O6o6mennoe papencrBo Ilapcepans. Cuenyoulee npeaJso-
¥eHHe OyJeT WIpaTh BAXKHYIO DOJb B jajbHefilleM.

Teopema 5. Jan awbox ¢ynkyui f 9 u ge L0, )
cnpasedauso caedyroujee pasencrso [lapcesaas:

oo

_1 V a da
Ojf(x)g(x)dx R

XA st vs@ w69
k=1 Tk

Hokasateabctso. Ecan f€H, a g= L2(0, oo)— punur-
Has (GyHku#s, To paBeHcTBO (99) moayuaeTcs OUEBHAHHIM COCOGOM
us gopmyast (96). dasi Toro uToOH PACHPOCTPAHUTH 3TO PaBEeH-
CTBO Ha He(UHHTHble (OYHKUMH g, 3aMETHM IpexJe BCero, 4To

V% dr
s(f, A)s(g, 4 = =
Js ) Ve

0
X (f, o? 9 Yoy o0 Ve
os (i, p¥
<(Jw | dp) (_ims(g, p?)f?dp) . (100)

<
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B cayuae, xorga €e(0)=0, npasyioo uyacTs Hepasenctsa (100) mu
3aMEHHM CJEAYIOLHM BBEIpaKeHUEeM:

o] s R s
o%s (f, 0% 2 ( ; 2 12
JlEra=niz dp) \*£|<p+z>s<g,p)xdp . (100a)

Tpu f& H, B cuay yeaosus (97), nmepsbill U3 MHTErpaoB B Npa-
Bo#i wactu (100) (uan (100a)) cxonurca *). ITosToMy Ha OCHOBaHHH
JeMMBl 3 Mbl 3aKJOYaeM, UTO NOpaBaf 4YacTb paBeHCTBA (99)
SBJIAETCS MUHEeHHBIM HENPEPLIBHBIM pyHKuHOHAA0M oT g & L2 (0, oo)
4TQ0 W TpeBoBaJOCh AOKA3aTh.

[Tockonbky MHOrooGpasue 9 mioTHo B mpoctpatctse L2(0, oo),
TO HA OCHOBAHUH 0006uleHHOrO paBeHcTBa [lapceBans (99) Mm
BTOPUYHO MPHUXOJHM K BHIBOAY O TOM, UTO Kaxjaaa GyHKuusg [ 43
L#(0, o0) onHO3HAUHO oOmnpeje/aseTcss CBOUM L-lpeodpasoBanuem
®ypbe (cM. 3aMeuaHHe K TeopeMme 3).

§ 30. L-npeoGpasoBatne ®ypre ymepeHHO
pactymux ¢yHKuui

Pasnoxkenue no riaaBHHM (QYyHKuUSM onepartopa L, BHpaxao-
weecss dopmysoit (94), comepkuT raasHne byukuuan s™(x, i)
CIEeKTPaJJbHBIX OCOOEHHOCTEH Ay, He SBJIAIOIIHECH 3JCMEHTAMH Mpo-
CTpaHCTBA L?(0, o). B cBsA3W ¢ 3THM NpeNCTABAAETCA eCTeCTBEH-
HOH 3ajaua pacnpocTpanenus L-npeo6pasoBanusa Oypbe Ha KaIaccH
bynkuuit, 6onee mupokue ueM L2(0, o0), M MOCTPOEHHS B 3THUX
Kaaccax pas/joxeHUH 0O Iv1aBHBIM (QyHKUMAM omepatopa L. Kak
H B cayuae KJaaccHueckoro npeo6pasoBanuss Dypbe, 3TO A0CTH-
raercs ¢ HpUBJEUYEHHEM MOHSTHI H METOAOB TeopHU OOOOLICHHBIX
¢yuruuil **). [Ipn sToM HabM0LaeTcs CIeAYIOINE 3aMedaTe/IbHbIH
sddext: npu BHIXOJE H3 mpocTpancTBa L2(0, 0o) L-mpeofpasosanne
®yphe nepecTaer OLITH B3AHMHO OJHO3HAUHBIM. IMeHHO, OHO paRHO
HY/QI0 Ha JuHeHHBIX KOMOMHALMSIX MJIABHBIX (QYHKIHH COEKTPAaJb-
HBIX OcoOeHHOCTeH,

OcofeHHO 3/7eMEHTAPHO MOXKHO pacnpocTpaHuTh L-npeobpaso-
Banue Pypre HA Kjacc yMepeHHO pacTymux ¢ynxuuit. ITo nmosony
pacnpoctpanenus L-npeoOpasorayusg Pypne Ha OGojiee IUIHPOKHE
Kaaccel cM. Jlsuue [2 u 4]

*) HanomuuM, uto e(—p) %0, ecu p =0 u e (p) =0. Kpome Toro, Ha-
noMuuM, uTo p=0 He MoXKeT OHTh KODHEM KPAaTHOCTH > 1 PyHKUHNH e (o).

¥*) Jlna uTeHHA HacTOfWEro naparpada 3HAKOMCTBO C TeOPHeH OGOGIEHHEIX
tbyHKuHd He 06A3aTeNLHO.
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1. O6pa3 muorooGpasus $ npu L-npeoGpasosanun dypse
. (npocrpancteo &), ITycTs § oGo3HauaeT QYHKIHUIO, KOTOpas Kax-
po# Touke A >0 HenpepLiBHOrO cIeKTpa omnepatopa L (3a uckiwo-
yeHWeM, OBITb MOXKET, MHOXKeCTBA TOoYeK JHHeHHOM Je0eroBoil Mepht
HyJib) CTaBHT B COOTBeTCTBHe HHCJ0 E(A), a KaxA0H TOuKe
Aplk=1, ..., @) TodeuHoro clekTpa omepaTopa L cTaBuT B coor-
BeTCTBHE HEKOTOPYIO moc/enoBateabnocts unced & (Ag) = (E¥ (1), ...
o BT (). Taxyo dysruMio Mbl OyieM Ha3LBaTh (pynxyuer
3a0axuoli Ha cnekTpe oneparopa L.

OueBnpHo, L-npeoGpaszoBanue Pypbe NPou3BoJbHON (yHKIMH
fe L?(0, o) Mbl MOXKeM paccMaTpuBaTh Kak (YHKIHIO Sf, 3amaH-
HYI0 Ha CIeKTpe omepatopa L H yNOBAETBOPAWUIYIO CJAEAYIOLLUM
COOTHOIIEHNAM:

»

sf (&) =s(f, L) moutn BCOLY npu A >0,
Sf (}"k) = (S (f’ }"k)v ceey S(mk—r) (f’ }"k) )v k = 1,

OGo3nauum uepes ® ruabGepToBO NPOCTPAHCTBO GyHKUMH &,
3aJaHHLIX Ha CIeKTpe oNepaTopa L, ¢ HopMmoH

5] = “ 0% ()
° o e (p)

R P
@i +lelg (1) [ ™
k=1 { [=0

B cuay yeaosus (97) sf&® gas kaxpoirt ¢ymxuun e 9.
Onuaxko crpaBefJuBo Gosee CHJBHOE TPEIAOKEHHE,

Teopema 1. L-npeobpasosanue Pypse [—>sf sasasercs
83AUMHO OOHO3HAUYHBIM OTOOpadcerem mHozoobpasus © Ha npo-
crpancrgo ®. Obparnoe npeobpasosanue 3adaercs Gopmyaol

s () =+ [ 85, g AL

VRe—vn T

%

+g{(%)”’k“ My (W)EQ) s (x, x)} ). (103)

HoxasarteabcTBo. Jocrarouno 10KasatTh, 4To [/ KaKILOro
£ ® cymecrsyer Takas ¢yukuus f< L#(0, o), uto sf=E, T. e.

s(f, 4)=E&(A) mourn Bcroay npu A>0 (104)

*) 3necs «pudodepeHunpoBayues 1o A Mbl IOHUMAEM TaK XKe, Kak H B Gop-
myae (85).
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u
S(m)(f’ xk)=§(m)(xk), E=1,...,a, m=0,..., m,— 1. (105)

JefcTBUTeNbHO, ecan Takasd QYHKIUs [ cyLlecTByeT, TO OHA exHH-
cTBeHHa (CM. 3aMeuaHue K TeopeMme 3 § 29) U B CHJY KOHEUHOCTH
Hopmbl (102) oma yposserBopser yeaoBuio (97), Tak urto [ §.

ITpex e Bcero 3ameTuM, UTO I KaxAoH Oyukuun e ®
uHTerpas B dopmyne (103) cxonurcss mo mopme L*(0, o), Urobu
B 3TOM yGeIuThCsl, AOCTATOYHO BCIMIOMHHTH [JOKA34TEJAbCTBO CXOIH-
MOCTH HHTerpasa B ¢opmysae (96) (cM. H0Ka3aTeJbCTBO Teo-
pemnl 4 § 29). CuenosatesibHo, npu &< ® mpaBas wacts dop-
myJse (104) npexacrasiseT co6ol HekoTopylo GyHKUHW f(x), mpu-
Hamgexawyio L%(0, oo). Ocraerca nposepuTb, 4TO 3Ta (GYHKIHS
yAoBJerBopsieT cootHomeHusM (104), (105).

C sr10#l nesblo, 0603HAYHM Yepe3 g HPOU3BOABHYID (QHHMTHYIO
dysknmio u3 9, yMHOKHM Ha g (x)dx 06e uacTu paBeHCTBA, ompe-
nensiioiero  ¢ynxkuuio f(x), ¥ npoHHTErpHpyeM 10 06sacTH
0<x<oo. CpaBHuBasg pe3yabTaT ¢ OGOOLIEHHHIM DPABEHCTBOM
ITapceBaas (99), Mbl moJyuuM :

1 : Vadar
— | Is(f, )—EM)]s(g, V)—F7= —— +
6[ ° @ N0y v

a

+2{(‘%)mk—1 MM Is(F, »)—~EM)]s (g, x)}h _=0. (106)
k=1 =g
Mosoxum B(A)=(A—2,)" ... (A= 25)™ u oGosnauum vepes E (p)

KocuHyc-peobpasoBadue Pypbe Kakoi-aubo puuutHo#l Gecko-
HeuHo nfud bepenuunpyemon ¢yuxkuuu. Torga oas Kaxmoro .

a>0 ypaBHeHHe
s (8w 0%) =B (0% E (p) cos ap (107)

onpesieaser GUHATHYIO (YHKLHIO g, < $. DTO BHTEKAET H3 Teo-
pembl Bunepa u Ilssu (cm., manpumep, lumos {1], ctp. 361) u
npencras/ieHus Gyukuuu §(x, A) DOCPEACTBOM COOTBETCTBYIOIIETO
oproroHaausupylomero siapa (cm. n° 1 § 25, dopmyana (7)). Us
pasercts (106) u (107) BmTeKaer, uro

2 2 p*B (p?) '
s(f, — E(p) —/——F——cosapdp=0
f[ (F: 0%) =B £ (0) S{o77(= oy COS G0 dp
s Beex o> 0. Tak kKak K03 PUUMEHT TIPU COS 4P siBJsgeTCs 31eCh
ueTHOH (QYHKLHEH 0T p, HHTErpUPyeMOH C KBajparoM B 006.1acTH
— 00 < p< 00, TO 3TOT KO3 P HIHEHT paBeH HYJIO (IOYTH BCIOLY) H,
caeoBaTeqbHO, BHIOJHAETCS cooTHoleHne (104),
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Ecin temepb (yHKUHIO g ONpeleJsiTh ¢ HOMOIIbIO ypaBHe-
HUH Buma

B (p® E
S(g, p2)=‘(-p(2p_)lk)(r?z)v k=1, ceay @, m=0, ooy mk—l,

TO, VUHTHIBAs JIETKO NpOBepsieMble HEPABEHCTBA
M) 70, k=1,...,a

M paccykias aHaJOTM4YHO INpeNblAylleMy, HeTpPyaHO y6eluThcd,
YTO BBINOJHSIOTCS Takxke cooTHoueHus (105).

2. TpocTpaHcTBa OCHOBHBIX QyHKuUHi (mpocTpanctea £ u G).
OGosHaunM uepe3 §, MHOKeCcTBO Becex dyukuuit fe L2(0, oo), mus
KOTODBIX KOHEYHBI BCE HOPMBI

o Y

ufuv={j|(1 +xfFdey, v=0,1,2,... (108)
0

B KOTOpbie YAOBJIETBOPAIOT YCJNOBHAM

s (f, M)=0, k=a+1,...,8 m=0,..., my—1. (109)
QuesunHo, 9, < H.

O6osnauusm Takke yepes @, MHoKecTBO Tex yHkuuid £, 3anaH-
HBIX Ha CHeKTpe omeparopa L, KoTopbie MMEIOT KOHEUHbe HOPMH

v s 5 A
|a|v=21 (&) exon| aot +

=0 l -0

a [ me=1 s
+E{k2|§""’(kk)l”i, v=0, 1,2, ... (110)

k=1 m=0

U YAOBJAETBOPSIOT YCJIOBHAM

tM ) =0, k=a+1,...,B m=0,..., me—1. (111)

Ouerupno, & < ©.

ByzeM roBOpHUTb, UTO nocaedosareabrocts Gpynkyull f, & $, cxo-
Ourca K gyuxyuu <, ecan [f,—fll,— 0 opu n— o pas Becex
LEJLX HEOTPHIATENbHBIX V. AHAJOTHYHO ¢ moMoupio HopMm (110)
onpeseaseM cxoiumocts B npocrpanctse @, Ouesnino, uro unpu
TAKOM OIpe/e/IeHHH CXOLHMOCTH npocrpancrea 9, u &, noans.
DJeMeHTH 9THX TNPOCTPAHCTB Mb OyAeM Ha3blsaTbh OCHOBHBIMU
QYHKYUAMU.

81 M. A, Hafimapx
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B nasbrefimiemM HaM MOHafoGHTCH cJaeAyIOlLee 3/aeMEHTapHOe
npenJoxeHue ¥),

Jlemma 1. Ha wmnoxecrse ¢ynxkyuil ¢, ydosaersopsitoujux
YcA08U0

¢ (0)=0, m=0,...,j-—1, (112)
Kanoasa HopMma
v et 2
2
e
lel PANApn dxj (113)

Mmaxcopupyercsa **) HexkoTopoli HOPMOI
v [ o 2
Icp|v=0§i flw“”(x)Fdx} (114)

JJokasateabcTBo. QueBHJAHO, AOCTATOYHO JOKa3aTb, UTO
Kaxjaas (moay)uopMa ***)
( 4 )" P (x)
dx xf

L

MaKopHpyeTCs HeKOoTopoi HopMo# (114). Onmako nosynopma (115)
He OoJibllle yeM V2 A, Tae
(L)“ 9 (x)
dx x

B cnay ycnosnﬂ (111) mpn p>j

2

dx }'/’ (115)

A, = max
Ix1<1

X

(1) i *
2 O (0 ol A J (x — " o™ (¢) dt.
(u—l) s

)C by
Orcona
n—1 a x
d U(p(x)__ Y e % e RVt B T
(Zx—) F= ¥ a0 x o Wb | (=17 TP (9,

T=j+0 =0 0

*) B pabore Jlsuue {4} L-upeoGpasosanue ®ypne pacnpocTpausercs Ha
GyHKLHEH C JIOKQJbHO HHTETPHPYEMBIM KBaapaToM. Tam BMeCTO J1eMMbl | mpHIIIOCH
BOCHIONMBL30BaThest oauuM HepasencrBov C. H. Bepuimrefina mas nesasix QyHKUHI.

**) Mol rosopuM, uto HopMa || @ll; Mmaxopupyerca Hopmoi || @lla, ecau
cymectByer Takoe uncao C, uto [ @l; <KC || @ ll, aas Bcex @. ITocnegnee ycaosne
He TOJbKO JOCTaTOyHo, HO H HEoGXOZHMO AJsl TOro, 4To0nl M3 CXOLHMOCTH NO
Hopme || - ||, BHITekana cxoguMocTh mo Hopme |-, (cM., nanpumep, JliocTepHuk
n CoGoses [1]).

#x%) TloyHOpMa ONMPELeNAeTCs TeMH Ke aKCHOMaMH, 4TO H HOpMa, 38 OHUM
HCKJIIOYEHHeM: 3JeMeHT, NMOJYHOPMa KOTOPOrO paBHa HYJIO, He oﬁnsaﬂ pas-
HSTBCA HYJIO.
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rae kosdduuneHTH a, u b, He 3aBucAT OoT QyHKuUUH ¢. BosbMewm
u=2j, torna upu |x |1

X
x-[-0+% J‘ (X —_ t)u'l"‘f cp(l—l) (f) di| <
0

1
-1

< [x "7 max | @® (£) |<< max | @™ (#) |,
u 1t <1 1t

a To3TOMY
A< A (197 O+ ... +1g%7(0)])+ max g2 (1),

rie Aj;, He 3aBUCHT OT @. Tak Kak mnpaBasi uacTb [OCJEIHEro
HEePaBEHCTBa Maxopupyercss Hekotopoii Hopmoilt (114), To snemMa
IoKa3aHa.

Teopewma 2. L-npeobpasosanue Pypse [—sf seazercs
B3AUMHO OOHOZHAYHOIM U B3AUMHO HENpPepbiBHbLM OTODpaNceniem
OCHOBHO20 NMPOCTPAHCTBA §y HA OCHOBHOE nPOCTpancTeo .

IlokaszateabcTBO. Ecau fe 9y, To B cuay nepasencts (77)
n cootnowenuii (109) sfe<=®, Kpome toro, us uepasencts (77)
BLHITEKAET, YTO OTOGpaXkeHHe § MpocTpaHcTBa §y B npocTpancTBo
HempephHBHO (B CMBICJe CXOAHMOCTH Mo BceM HopMaM (108) u (110)
OJLHOBPEMEHHO).

O6partho, nycth = §;. Ilockoasky ®;, < ®, To Ha ocHOBaHHH
Teopembl | MBI 3akjaiouaeM, uTo f=s"'f cyuecTsyeT u uro [ = 9.
[MokaxeM, uto GaxTtuuecku [& 9, Hasa storo nocraTouHo mpo-
BEpHTh, UTO KOHeuHH Bce HopMH (108) dyukuun f. IefictBuTenbho,
nockoabky 9, H,, 1o coorHomenus (109) 6yayT BhIIOJHATbCA
aBToMaTHuYecku (cM. mpeasoxenue IV n® 9 § 29).

Has toro uto6n noKa3aThb KoHewHoCTh Bcex Hopm (108) dynx-
nuu f=s"1g, E = ®,;, npexie BCero 3aMeTHM, UYTO KaxKAash HOpMa

o [ mp—! Yz
l§|;=}]i _H(:;%)G%&‘,’%zdp + 31 Y™l (e
g=0{ —o0 k=] | m=0

MaxkopupyeTcst HekoTopofi HopMo# (110). 370 oueBUAHO B cHJIY
aemMmbl 1. anee BocnmoabdyeMcs ¢dopmyso#t (103). OGosunauas
yepe3 h(x) ¢yuxumio, (o6niuHoe) mpeoGpasoBanHHe Pypbe KOTOpOi

paBHO pf((;);) , MBI MOXeM NpeJCTaBHUTb HHTerpaJs B dopmyae (103)

B CJeAYIOILEM BHJE:

o2h(x)+2 [ k(x, Halt)at; (117)

a1*
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IJsL STOFO JOCTaTOUHO BOCHOJb30BaThesi (hopmysamu (47) u (49).
Tak kak Bce HOpMbl (116) QyHKUHMM & KOHEUHHl, TO NPOU3BOA-
2

Hble BCeX MNOPHAJKOB OT —‘)—?((—ST)— HHTErpUpyeMbl € KBaApaToM IpH
— 00 L p<<oo, [Tockoabky AupdepeHIHPOBAHHIO NpPeo6pa3oBaHus
dypbe COOTBETCTBYET YMHOKeHHE (YHKIMHM Ha He3aBHCHMOe lepe-
MeHHOe, TO [|A|l,< oo masa Bcex v (cM. (108)). B cuay ouenku (45)
9TUM Xe CBoficTROM oOsafaeT uHterpaa (I17), a caegosaresnbho,
KoHeunbl Bce HOpMBI (108) dyuKiuu, paBHo#l Bhpaxkenuio (117).
Kak BbITEKaeT M3 HHKECAENYIOIIEro 3aMeyaHHs, CyMMa B HpaBoi
yactu (103) sBaserca dyHkuMed, Jis KoTopoHl Bce Hopmbl (108)
Takxe KoHeunbl. Ilostomy [[s7'E|,<oo mpu v=0, 1, 2, ..., ecau
te= 6, ,

Hrak nokasano, urto s: f— sf siBasieTcst HenmpepbBHBIM B3aHMHO
OIHO3HAUHBIM OTOGparXkenueM NPOCTPaHCTBA P, Ha npocTpancTBo ©.
Tak kak npocTpancTBa 9, u ®; mosuel, 10 o6paTHoe oToGparkeHHe
TOXE HEeNpPEPLIBHO.

3aMmeudanue. [iasuble PYnkyuu TOYEYHO20 ChnexkTpa npu-
Hadaewar npocTpancrey 9.

HefictuTebHO, TaK KakK L-mpeo6pasoanne Pypbe B3anMuo
OZHO3HAYHO Ha MHorooGpasum 9 (cMm. Teopemy 1), To L-npeo6pa-
3opanne Pypbe KakIOH r1aBHOH (QYHKIHHM TOYEYHOro CHEKTpa
pPaBHO HYJIO Ha HENpepuiBHOM ClekTpe A =0, a n03TOMY IJiaBHbHE
GYHKIMM TOUEYHOTO CIEKTpa YAOBJETBOPSAIOT cooTHolenusm (109).

Hanee, nas KaxAoro coOCTBEHHOro 3HaueHHs A, B cuay dop-

Myasl (31) u paBeHCTB em (V) =0

" _Jd\m e(Vi)elx, V)
s )(x’ Kk)_(dk) e(ﬁ) - ’

[

m=0, ey mk-—]..

Caenosateabno, dyuguuu s (x, A), k=1, ..., 0, m=0, ...
...y Mp—1, 3KCIOHEHIHAJBHO YOLIBAIOT NMPH X-—>00 K NOITOMY
HMeIT KoHeuHwle HopMHI (108).

3. ¥YMepenno pactymue pyHruud, O603HauuM uepes § MHOKe-
cTB0 $GyHKUUE F, AJs KOTOPHIX CYLLECTBYeT TaKO€ HATypaJbHOe
v=v(F), 4uTo HOpMa .
1

f2
9

Fe) _P° dx} (118)

(I +x)Y

[oo
1AL =1 |
L5

siBasieTcst KoHeuno#f. Pyuxkuumu u3 § MbB GyjgeM HasbiBaTb yae-
PEeHHO PacTyuyumu.
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Kaxpoit ymepenHo pactyue# dyuxuun F cooTBeTcTayeT QyHK-
uHoHaa PF, 3afaHdbli Ha [POCTPAHCTBE OCHOBHBIX (ysKuui P,

dhopmynoi
PF(f)= [ 1) F (x) dx. (119)

Ouepnino, pyHKUKOHAA PF ABAATC JHHEHHAM H HENPEPLIBHLIM *)
[PF(DIIFILIEL, (120)

Jdemwma 2. HHycrs F—ymepenno pacrywas dynxyus. s
7020 4TObObL cooTsercTeytowull eii ¢yunxyuonar PF Goia pasen
HYyAto, 1Hesbxo0umo u Gocrarouno, yTober F boiaa aunednod Kom-
bunayuell eara8HbLY QYRAKYUL CREeKTPIABHbIX 0COOeHHOCTell onepa-
Topa L, r. e., 4TOGBL

B mk-l
Flo)= > 1 2 ChmS™ (%, hp), (121)
=a+1 m=10

20e Cp, — HEKOTOPbLE NOCTOSIMMbLE.

3ameTuM, uTO, KaK BbiTeKaeT H3 uHepaBencts (54), riasHble
GYyHKIMA cneKkTpaabHbIX 0COGEHHOCTEH ABJSAIOTCS YMEPEHHO pacry-
muMH. [as JoKasaTeqbCcTBa JeMMBl 2 HaM NOHAZOOHTCH CAEAYIO-
lee NpeasoKeHue,

Jdemuma 3. Hycre @, @, ..., ¢y € L2(0, co) u
J?o(P(x)cPk(JC)dX=0 npu k=1, ..., y. (122)
0
Cyujecreyer nocredosarensHocTs Gynkyutl b, 0418 KOTOpbLL:
gl = fo|<1+x)"mpn<x> [ dx < oo (123)
0
npu v=0, 1, 2, ...;
[ ) @r (1) dx =0 (124)
0
npu k=1,..., v, n=1,2, ..,

[ 10 ()~ e () Pdx— 0, n—> oo,
0

*) HerpynHo mokasath, 4To AJA KaXAOTO JUHeHHOro HempepeiBHOTO (yHK-
wHoHaJa f, 3ajaHuoro Ha §,, cyiuecrsyer takas Qyuxuns F & §, uro f'=PF,
OpHako 370 yTsepKiedHe HaM He NOH3TOOHTEH,
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HJokxasarteabctso. He orpaununBas o6LHOCTb, MOKHO
CYNTATh, YTO NPH AOCTATOUHO GosbuiOM @ >0 GyHKUHH @, ..., @y
auHeliHo HesaBHcuMB B umHTepBaje (0, a). Ycuaoue (123) Gyxer,
OUYEBHIHO, BHINOJHATLCA, €C/H B KauecTse VP, Mbl BO3bMeM (DUHHT-
uble ¢ynrunu u3 L2(0, o). TlombrtaeMcsi HalTH 3TH (QyHKUMH
B BHJE

v
Py, (%) = q’(x)—g_a e (x) 1mpn 0<x<n,
0 mpu  n<x< oo,

Ilnsa Toro utoGHl YAOBJAETBOPUTH paseHcTsaM (124), MBI HOJIKHH
noTpe6oBaTh, 4TOOLI

—

Y n n
Eaknfcw(xwk(x) dx = f@(x)cm(x)dx, i=L ...
0 0

k=1

. J P SIIOTCS U3 3TOH
Ilpu. noctatouHo OGoOAbIIOM A1 4YHCJAA A, ONpelen

CHCTEMH OJHO3HAUHO, T4K KakK B CHJAY JHHEHHON He3aBHCHMOCTH
dyskuud @, ..., @, ONpefesNHTes]b CHCTeMB He paBeH HYJIIO.

HerpyaHo BuIeTb, uTO BcaeicTBHe yeaoBHH (122) ap,— 0 npu
n— oo, a nosToMy ¥, — @ no Hopme L%(0, oo).
HokasarteabcTBo aeMMHu 2. Ecou f=$,, a F—kakas-
aubo H3 rJiaBHBIX GYHKUHH COEeKTPaJbHBIX OCOGEHHOCTeH, To
PF(f)=0 B cuny ycaosuii (109). O6paTHo, IPEANOJIOKHM, 4TO F
ABJIsIeTC] YMepeHHOo pactymefl ¢ynxuueii H uytro PF=0. [lycts
v — HacTOJMIbKO OoJibllloe Ilesioe UHCJO0, uTo GyHRuuu Fo(x) =

=(L4+)7Fx) 1 @um(x)=(1+2)"s"(x, &), k=a+1,..., B,
m=0, ..., my— 1 npunamnexar L2(0, o). U3 toro, uro PF =
BLITEKAET, YTO
f @ (x) Folx)dx =0 (125)
0
JUIS KaXkA0H GYHKUHH @, YLO3JETBOPAIOIEH COOTHOLIEHHAM
j¢(x)¢km(x)dx=0, k=a+1,...,8 m=0,..., my—1, (126)
g .
H Aas kotopoi [@f,<oo mpu v=0, 1, 2,... Ha ocHoBaHun

JeMMBl 3 MBI 3aKJiouaeM, uTo paseHcTBo (125) BuillosHseTcss A
Bcex Gynkuui @ & L2(0, o), yAOBAETBOPAIOUIHX COOTHOIIEHHSAM
(126). CaenosaTenbHo, TaK KaK OPTOTOHAJbHOE NONOJHEHHE ODPTO-
FOHAJIbHOTO JIONOJIHEHHS] KOHEUHOMEPHOro HOJINDPOCTPAHCTBA COB-
najgaerT ¢ 3THUM DOANPOCTPAHCTBOM, QYHKUHUA [ siBjageTcs JHHeH-
HOH KoMOuHanuei QyHRUHA @gp, UTO H Tpe6013anoc1> J0Ka3aTb,



4] § 30. L-NMPEOBPA3OBANIE ¢YPLE YMEPEINHO PACTYILUIX ®YHKINM 487

4. Pacnpocrpanenre L-npeoGpasosanusi ®yphe HA ymepeHHO
pacrymue ¢GyHkuuu, JluneHdHble HenpepbiBHBHE (YHKIHOHAIDI,
3ajaHHple Ha NMPOCTPAHCTBAX OCHOBHBIX (QYHKLUMH, NPHHATO Hasbl-
BaTb 0006ujennoimu pynkyuanu. Mbl GyreM paccMaTpHBATh MPo-
cTpaHcTBa 0600UIeHHBIX (QYHKUHUI Do u ®, cocTosiuHe 3 JHHEH-
HBIX HeNnpephBHBIX (YHKUHOHAJOB, 3aJaHHBIX Ha NPOCTPAHCTBAX
$y u ©; cooTBETCTBEHHO.

[lycts [/ € §] — npoussosbHas o6o6mensas GyHkuus, a sg —
ob6patHoe L-npeobpasoBanue Pypbe NPoH3BOJILHONH OCHOBHOR PyHK-
u £ = ®y (eM. dopmyay (103)). Toraa cooTHouerne

sfPE)=F(s78) (127)

onpeaeasier 0000uleHHYIO (YHKUHIO sffE@f). JelicTBUTENBHO,
B cuJay TeopeMbl 2 omepaTop s! oToGpaxkaer HenpepbiBHO ®,
Ha $p, a [/—mno yc/J0BHIO HeNpepbBHHN GYHKUUOHAJ Ha 9.
Cunenys metojam Teopuu o6o6uleHHBIX (YHKIHMH (cM., Hanpumep,
Iunos [2]), MBI DpUHHMaeM CJaedyiOlilee oNpele/eHHe,

Onpepenenue 1. L-npeoGpasosannem Pyphe 0606meHHOMN
bynkuun f & 7 naseiBaerca ob6obumennas ¢yukuus sf’ & @,
salauHas ¢dopmysoi (127).

Kak BuiTekaeT U3 HepaseHcTs (120),

PFe9, mpun FE§ (128)

(cm. (119)). 310 Mo3BOJIAET HAM NPHHATH CJAEAYIOlEe ONpee/eHHe.
Onpenenenne 2. L-npeoGpazoBanueM Pypbe yMepeHHo
pacrywed ¢dyekuun F & § HaspBaercs o6obuieHHas QYHKIKs
SPF & &,
Taxknm obpasowm, Anaa Bcex E= @), Fe §.

oo

SPF (&)= [ s&(x) F(x)dx = PF (s71%). (129)

0

Teopewma 3. Jaa 1020 uro~vl L-npeobpasosanue dypoe SPF
ymepenno pactywed Gyukyuu FEF pasnarocs Hyawo, Heobxo-
Qumo u Odocrarouno, 4robor F 6biaa aunelinoti Kombunayueli
2AQBHbLX QYHKYULL CReKTpaAbHbIX OcobenHocTell, T. e. yTobbl 3Ta
Pynkyus donyckara npedcrasaesue guda (121).

HoxkaszarteabcTBo. Tak kak, coriacHo Teopeme 2,
s™! B3auMHO ofHO3HAUHO oToGpaxkaer ®, Ha 9;, To omepaTop S
SIBAsIeTCS  B3aHMHO  OJHO3HAUHEIM  oTo6paxennem § Ha O

CaenosarenbHo, u3 pasenctsa SPF = 0 BhiTekaer paBenctso PF=0,
H Halle yTBepXKJEeHHE SIB/AACTCH CJEJCTBHEM JEMMBbi 2,
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3ameuaHne Pesyabrar, colepXalluicsa B TeopeMe 3, MOXHo 000CHO-
BaTh He BIOJHEe CTpOro, HO GoJee HArJIsAAHO CJAEAYIOIIHM 06PA30OM.

Ecmy A, — cnekTpamsHas ocoGeHHOCTb, T. e. Ak=p;‘;>0, Hoe(pg)=0,
To B cuay (49)
%)

e{—p
s (x, lk)=—(—2ip—k-— e (%, pp) = cye (%, pg)

yers Imp>0 u p—>p, Torna e(x, p) xak GyHKUMSE OT X NPHHAAJCKUT
L2 (0, o) u
cre (x, p) > s (x, Ap)

PAaBHOMEPHO B KaXXAOM KOHEUHOM HHTepBaje H3MeHeHHs X, B cBasm ¢ aTHM
L-npeoGpasoBanve Pypoe rsaBHoi ¢yukuuu s(x, Ap) cnexTpasibHoli ocoben-
HOCTH Ap eCTeCTBEHHO PaccMaTpPHBaTb KAaK NIpefea NpH P —> p, L-mpeoGpasora-
nust Oypoe QyHkuHE cre (x, p) (CymecTayolero B 06HYHOM cMbicse npu [m p > 0).
IMpumensis Gopmyay Ipuna ana guddepenunanbHoro Brpaxkends (1), Mbl Haif-
JieM, 4TO

__elp)
Je(x, p) s (x, A)dx T
H, CJeJloBaTeNAbHO,
L 0 npu A == Ag,
lim fe(x, )s(x, A)de=1{ € (p (130)
P>pp 3 e —Qkali opu A = Ap.

Tak Kak Ap—TOUKa HENpPeDHIBHOTO CMEKTpa, TO HaljeHHb mnpejlen sBJIfeTCA
Iy

¢dyuxuuefi, SKBHBAJEHTHOA HYJIO MO OTHOMIEHMIO K «CIEKTPaJbHON Mepe» oie-

paropa L. IeficTBuTeJbHO, HA HeNpepuBHOM clekTpe A =>0 cuekTpasabHas Mepa

oneparopa L paBHa — Vi dn
ne(Vi)e(-Vi)
B TouKe A =Ap momoc NopsfKa mp, HeCYLIECTBEHHO, TaK Kak NOJIOC Ap Iora-
maercs. B caMoM perme, pnas Kaxiok ocHOBHOH OyHKUHH [& 9, Touka Ap
saBaseTca HyJeM o¢yekunH s(f, A) kpaTHoctH = my (cM. coorHowenus (109),
NPOJMKTOBAHHHE NpPHPOROH o6oGuwiennoro pamencrsa [lapcesans (99) ).

Ecau Ap— co6eTBenHoe 3HayenHe, TO cooTHomrenne (130) ocTaercs BepHBIM.
OjHaKO Ha TOYEYHOM CIEKTDE «CHEKTpPAaJbHAS Mepa» OJHOTOUEYHOrO MHOMKECTBA
He paBHa HyMo. Iloatomy, eciu e’(pk)a&O (r. e. m,=1), 10 npenex (130)
He aBasercd QyHxuued, skpupasenTHOM HyJIO. :

Haxonen, paccMOTDHM TOYKY A, HENPEDHIBHOFO CIEKTPA, HE ABJSAOINYIOCA
CeKTPaJbHOR 0COGEHHOCTHIO; lo=p§>0, e(xpy) #0. B cuny dopmyas (49)
MH HMeeM

. To, uTo n/I0THOCTH 3TOf MepH HMeeT

s (6 ho) = lim (TR0 € (x Boie) —e(pg) e (% =0y Hi2)
e->+0 2ip,
Paccyxknas aHaJOrHYHO TNpPeAbLAYIIEMY, MH HalifieM, uro L-mpeoGpasoBanue

®ypoe QyHkuHE s (¥, A;) «paBHO» HyMO NIpH A 7 Ay B GECKOHETHOCTH NpH
A= Ag T. € nponopuuoHaabro O-gynkuun Jupaxa (cM., Hanpumep, [lugos [2]),
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Tak kak L2(0, o) =§, 10 aaa Kam ol ¢yukunn u3 L2(0, co)
MBbl pacroJiaraeM IBYMsi onpenesenusimu L-npeo6pasoBannsa Pypoe.
BolicHMM, Kakas CymiecTByeT cBsisb Mexay sF u SPF npu
FeL2(0, co).

O6Gosnauum uepe3 ) mMuoxectBo Gyuruuil YV, 3amanubix Ha cnek-
Tpe oneparopa L (cM. n°1) m ynoBJETBOPSIOUWINX YCJAOBHIO

00

[16Y ()P dp < co. (131)

Kaxpo#l ¢yeKUHE V& Y) MBI MOXEM [OCTAaBHTb B COOTBETCTBHE
4 o o
(,’pyﬂxunox-xan 1Y = ®y, 3anaunuii Gopmyoi

Va di
””g“fw WY mye v+

+E{(_7§%)mk Mk(K)E(K)Y(k)}L'k, te®, (132)
k=1

HenpepnisrocTs ¢yHkuuonadaa IY oraocuresnsao cxonumoctu B ®,
(cM. n°2) BLITEKaeT H3 HepPaBEHCTB

il

00 1/2
pE(p"’)
<o |21

-0

Vi dh
[rovm et

1/2 oo 1/2
2 2 r
T ]dp) (anY(pm?dp) <

e(p)e(—p)

-0

(MBI BOCIOJIB30BAIHCD ycaoBuem (131) m Tem, uTO e(—— pk)#O
npu k=a+1,..., p C(Y)— N0JOXKHTENbHOE YHCJIO) M H3 TOTO>
yTo Kaxnas Hopma (116) maxopupyercs Hekotopo#l Hopmoit (110)s
econ £ &= ®. Herpynuo Buaers, yto Y =0, eciu Y& ) u [IY =0.
Takum ob6paszom, npeobpasosanue Il sgaserca e3aumuo 00KO-
3naunbLM oTOOpascenuem %) 8 ®q.

B cuny ouenku (77) (cayuapt v=0) mis raxkao# ¢yHKUHH
FeL*(0, o) ¢yukuusa sF ynorgerBopsier ycsiosuio (131), a mo-
atoMy sFe& ). Dro nossossieT HaM 3amnucatb o6o0ieHHOe paBeH-
crBo Ilapcerass (99) B caegyiomeM BHje:

ff(x)F(x)dx:IIsF(sf) npu fe 9, FeL2(0, o).
[



;190 JIOBABJNEHUE 1 I5

B uacruoctu (cm. (119)),
PF(})=TIsF (sf) npu &, F L0, o).

IMosarast 3fech sf=§E W cpasuuBas ¢ paseHcTBoM (129), Mu
naxonum, uro SPF(E)=1lsF(§) maa Bcex ¢ =®, u, Takum obpa-
3oM, Aaa Bcex F e L2(0, oo):

SPF =1IsF, (132))

rae Il — nupefinoe B3aWMHO onEO3HauHoe orobGpaxende. B stom
cMblcae L-npeobpasosanue Pypse SP, paccmarpusaemoe HaA yme-
PeHMO pacTyujux hyukyuax, aganercs npodosicenuem L-npeobpa-
3osanus Pypse s, paccmarpusaemozo na npocrpancree L2 (0, oo) *).

Kak orMeyanocs B n°l § 5, 3ajata pasioxenuss n0 rJasBibiM QyHKUHSM
BO3HHKAaeT B CBfA3M ¢ 3ajavedl oSocHoBanus Meroxna Dypee. B cBAsu ¢ stum
BO3HWKaeT BOMPOC O TOM, MOXeET JIH Da3BHTas 34ecCh Teopusa L-mpeobpasoBanus
Qypbe yMepeHHO pacTywHux OYHKUHA ObiTh HCHOONK30BAHA JIS TAKOHR UeJH.
[TosoxKuTeabHEIH OTBeT Ha 3TOT Bompoc gaercs B paGore JIsnue [2], rae Teopus
L-npeoGpasopanns Pypbe ucrnonbsyercs AJAA NOCTPOSHHS ONEPAILHOHHOIO HCYH-

u
cnenus QyHxuui or oneparopa L. 3atem Ha DpuMepax ypaBHEHHH E—=Lu H
0%u

572—-——Lu r0xa3aHo, KaK 3TO OllepalHOHHOE HCYHC/ICHHE MOMHO HCIOJb30BATh

JUIS. HCCJ2JI0BAHHA KOPPEKTHOCTH CMELIAHHBIX 33124 B KJAACCAX 3XCIOHEHUHAJIbHO
pactymux Oyukuuit. ViHTepecHo oTMeTHTb, YTO NOTEpPs B3aWMHON OJHO3HAYHOCTH
L-npeo6pasosanuemM Pypne nocsie Boixoga u3 L2 (0, o) He MewaeT Bcem HYX-
HHM nocTpoenusaM. B pabore Jlsuue [4] mocTpoeHO OmepanMOHHOE HCYHCJSHHE
¢dyukuuii or omeparopa L, neHcTRYoINero Ha JOKAaJbHO HATerpupyemuie $yHKIHH
(C MPOH3BOJLHLIM MOPALKOM POCTA HPH X —> 00).

5. Hexoropnie apyrue peayabprarhl. OGo6meHus, 3xecs GYAYT H3N0KeHH Ges
JI0Ka3aTeJbCTB HEKOTOPHEIE ADYTHe Pe3y/abTaThl O TeOPHH CHHIYJSIPHBIX HeCaMo-
CONPHAXKEHHBX AH(QOEPEHIHAIBHLIX ONEPATOPOR.

A) Teopus onmepartopa L.

a) Hpyeue npednoaomenus orHocureavro gynxyuu p (x). Ilpu mocTpoenuu
H3JOKEHHOH BRblIe TEODHH CYLIECTBEHHO HCHOJB30BAJOCH TO OGCTOSTENLCTRO,
yto (yukuus e (p)=e (0, p) nomycKaeT aHAJIHTHYECKOe NPOAOJIKEHHE BHH3 OF
npamoiit Im p=0. D10 06CTOATENBCTBO BHITEKAJIO H3 NONOJIHUTENLHOTO OrpaHi-

o)

YeHUs: J e |p (x) |dx < co. OmHAKO CyeCTBOBAHHE HYMKHOTO AHAJIHTHUECKOTQ

0
npoao/Kenus MoxKeT OHTb IOJNyyeHO Kak CJIeJACTBHE IPYyrux ycJaoBuil (cm.
Jlsinne [4]).
ITyers X o303Hauaer 00JacTh B KOMNBEKCHOH X-IJIOCKOCTH, COCTOALLYIO
U3 TakKHAX TOuex x = pe‘¥, mas KoTopHx p > Po U] 9| <@y rae py H @, — Hexo-
TOpHE noJOXKHTeNbHBIe gucaa. [Ipeanosoxum, yto dyuxkuus p (x) onpenesena

*) Herpyano noxasaTh, 4TO UPH ECTECTBEHHOM ONJEAENCHUH CXOAHUMOCTH
B 970 mpojO/UKenHe SABJACTCA TaKKe NPOIONKSHAEM [0 HENpPepbiBHOCTH
(B 910M cayuae L% (0, co) siB/AeTCA MJQTHOR YaCTBIO ).
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B obaactu (0, o) X, cymmupyema Ha noayocu (0, co), rojsovopdua s ofna-
ctu X H ya0BJAeTBOPSET HEPABEHCTBY BHAA
A
lp (x)l <'I——F, xe=X. (133)
x

Ecan B mepasenctBe (133) a>2, 10 aan kaxioro x =0 ¢yuxian e(x, p)
(cm. n°2 § 27) nomyckaer nporosKeHHe M3 noJaymaockocTd Imp >0 B 06-
nacrs S, coctoaumylo u3 Tex touex p =|p| %, mas korepsix |p|>0 u -, <
<1<, TpHYeM MNPOJOJKEHHEe sBAAeTCS TronOMOPHHBIM 10 p B o6aacin S.
IMpu »stoM past ysrunu e(x, p) ocraercd COpaBeAJHBHM I[PeACTaBIeHHe
suna (13) c Hajg’eXKalluM CABUFOM B KOMIIEKCHYIO X-NJIOCKOCTh KOHTypa HuTe-
rpuposanus. OxasbiBaeTcsd, UTO B YKA3aHHBIX BbIUIE NPELNOJOKEHHUSIX, OPTOro-
Hanuaupyiomee aiapo k(x, {) (cm. (13) ) nonyckaer aHaJHTHYECKOE HPOAOJNKE-
HHE NO OGEUM nepeMeHHBIM X u f.

Ecau B Hepamenctse ([33) 0 >2, To MHOXKECTBO CAHTYJAPH:IX YHCET one-
paropa L orpanmsueno, ne €osee yeM CYeTHO M ero npefefibHON TOIKOH MOKeT
6bire TONbKO TOuka P =0. Ecau xe B HepaBencrBe (133) a > 3, 10 MHOKecTBO
CHHTYJASIPHBIX uHceJ omepartopa L KOHEYHO H Ha 3TOT cayuall mepenocuTcst BCS
teopust, nanoxennan s §§ 27 — 30,

V3noxeHHHH Bhllie Pe3ysbTaT, KACAIOWHUACH YCI0BUHA CYETHOCTH M KOHey-
HOCTH MHOMKECTBA CHHTYJADHHIX yuces oieparopa L 6ma oBobuen B paBore

. . +1)
Kpanosoit [1] ma cayuali, korza p(x)=—7-+q(x) # g (x) peryaspHa
B GecKOHeyHO YRaJIeHHOM TOYKe. .

6) Oneparop L u reopus cnexrpansustx oneparopos. s Kamaoro uaMepu-
MOro MOJAMHOXKecTBA A crneKkTpa omeparopa L, 3aMblkaHue KOTOPOTO HE COAEPKHT
CREKTPAJILHHX 0COOEHHOCTEH, NOJOXKHM

1 VA dh
P(A)f(x)=— s(fyA)s (x, ) ———F+—5—— +
LN e(Vi)e(-Vh)
3 d mk—l v
Y @) mesenswn] L s
hpe A ]
k=1,...,0

Boo6uie romops, P (A) He siBagercss CaMOCONPSIXKEHHBIM ONEPATOPOM, OAHAKO
3T0 — OrpaHHYeRHOe HieMnoTenTHoe npeoGpasopanue (1. e. P (A)2 =P (A)). Cue-
HoBaTeqbHo, P (A) SIBASeTCS OnepaTopoM KKOCOTO» NPOEKTHPORAHHS B TOM CMEICJE,
gTo Bee MpocTpaHcTBo L2 (0, o0) npeactaBAMO B BHAE NPSIMOA CYMMB
Hpy+ Gy, toe Hy =P (A) LE0, ), Gp={1 =P (A)] L2(0, o0), n ecan f=h-+ g,
heHy, g= Gy, 0o A=P(A)f. Oneparopuaa d¢yuxuus P(A) MuoxecTBa A
HrpaeT MO OTHOIIEHHIO K oNlepaTopy L poab, aHaqoOTHYHYIO CHEKTPabHOH (yHK-
IHH B TEOPHH CaMCCOOPSIKEHHBIX onmepatopoB (cM. n® 1 § 12). .

ITycrs oneparop L He uMeer crekTpasibHBIX ocobenuocteil. Moxuo noka-
3aTh (3TOT Pe3YAbTAT CoflePXuTcs HesBHO B paGote B. §1. Jlepuna [2], cm. Taxxke
KecemsMman [2]), uro B aToM cayuae sup | P (A) || < oo n uto onepartop L, pac-
cMaTpuBaeMblil Ha mopnpocrpaucrtee Ho=P ([0, o)) L2 (0, o0), mopoben camo-
CONPSAXKEHHOMY ONepaTopy, TOUHee, CYUIECTBYET TaKoe JUHERHOEe B3aUMHO OJHO-
3Ha4YHOe ¥ HenpepuRHoe oTobpaxkenue U mnpocrpancrsa H, ua L?(0, o), gro
ULcU_1=A, rie L,—oneparop L, paccMarpusaeMull auib Ha (HHBADHAHTHOM)
nognpocrpancrse Hy, a A —onepatop YMHOXEHMS Ha HE3aBHCHMOE INiepeMeqHoe
B npocrpaictBe L2(0, 00) (em. n°2 § 20). ITockoabky. NOANPOCTPAHCTRO
[L =P (A)]L* (0, o) xoneunomepuo, To 0TCIOJa BHTEKAeT, To oneparop L Ges
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CREKTPAAbHOIX 0COBEHHOCTE RBARLTCA CNEKTPAABHBLM onepaTopos 8 cumoicae dan-
popda (cv. Haudopn [1] wnre Haiimapk [7]). Huas onepartopa L, nmewoluero
CleKTPaJbHEe 0COGCHHOCTH, 3TH YTBePKAEHHS YiKe HepepHB. DTO CBA3AHO C TeM
00CTOATENBCTBOM, YTO

1P (A} )] - oo, (135)

KOTZlA PacCTosiHHe OT MHOXecTBa A 10 MHOXKECTBA CUEKTPaJbHBIX 0COGEHHOCTEeH
crpemutcs K Hymio. TeM ne wmenee MoKHO 0xasath, uto omepatop L (uMeiownit
CIeKTpaTbHble 0COOEHHOCTH) ABAAETA OGOGLICHHBIM CHEXTPAIbHBIM 0mepatopoM
B CMBICJ€ ONpeneaeHust, BBefeHHoro B patore Jlaume [1]. B wacrthoctw, oH fo-
nycxaeT NPEACTaBJAEHHE

L= f AP (dA), (136)

rae uuterpan GepeTcs MO CHEKTPY H NOHWMAETCH B HEKOTOPOM €CTeCTBEHHOM

eMbicaie. Kpome Toro, uMeer Mecta cootnowemde Buga UL.U'=A, oxpnaxo
-1

teneps oneparopsl U u U™ neorpannvenswie (cm. Jlraue {2] ).

B) Obparnas 3a0a4a cnekrparsHo2o anaiusa das oneparopa L. 31ech Mm
6yzeM paccMaTPHBATh TOJbKO TAKHE OMepaTophl L, KOTOpPEE YAOBJETBOPSIOT 10-
o

MOJIHUTEeNLHOMY OrDAaHHYEHHIO J e p(x)] dx < co. Mul no-npexueMy 6yugem

0
Noab30BaTEC  oBo3navenuamu e{p)=e(0, p), é(p)=42(0, p), rae efx, p) u
é (x, p) — pewenns ypasuenus I(y)=p?y, mocTpoesHsle B n°n’ 2 u 3 § 27.
®yuxuuo

e(—p)
s{p) =———~ 137
(o) =— ) (137)
OyneM HasblBaTL Qyukyuel paccesnun oneparopa L, a MHOrouJeHsl
iz &(p) i ,
P (x)=ie Res ———e¢ , k=1,...,q, 138
k (x) 2 (o) b=0, (138)

— HOpMUPOBOYHLIMU MHO204aeHany. OKasbipaercs, YTo omepaTop L omHO3HAUHO
onpejeisieTcs cBoefi pyHKLueH paccesiHus s(p), HeBeuecTBEHHM M H CHE-
TYJSPHBIMH YUCJAAMH Q1 ..., Pg H HODMHDPOBOUHHMH MHorouienavu Py, ..., Pq.
Bce aTH BesHUMHBI IOMKHH YZOBACTBOPSTL HEKOTOPHLIM YCJIDBHAM COMIACOBaH-
HocTH. IIpelnoJoxKuM, 4TO YCJOBUS COIMIACOBAHHOCTH BBIIOJJHEHB!, H OJOKUM

+o0+4i0

¢4
. ix0
F) =5 f [s(0) =11 dp— Y, P ) e %, (139)
—o0+ibd k=1
rae § — noJoXKuTeTbHOE YHCJI0, MeRbinee Im py, k=1, ..., a. Torga aaa Kamaoro
x>0 unterpannHoe ypasHenne Dpearossma
k(x,t):jk(x,u)f(u+t)du+f(x+;) (140)
X
HMeeT eHHCTBeHHOe peltenue k (x, f). Pewan sto ypasnenue u noaaras
d
ple)==2——k(x x) (141)
Mbl onpefleiiM xuddepeHnnantsHoe Bupaxkenne [ (y) = — y” +p(x)y, a sunaunt,

Takxke omeparop L. IfogpoGuoe usqokenne copepmures B paGore Jlgnuye [5]
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r) Crpysrypa muoxecréa cnextpasshpix ocobennocred. Bonpocam crpoenus
MHOXKECTBA CHHTYJASAPHBIX HHCEN M, B YA4CTHOCTH, MHOXKECTBA CHEKTPAJILHLIX 0OCO-
Gennocrel nocsimens HekoTopsie paborst B. C. ITasnosa (em. [Tasiaos [1—3]).
WM pokasano, yTo AJ% KOHEYHOCTH MHOXKECTBA CHHIYJARPHBIX 4uced onepartopa L
JOCTATOYHO, UTOoOH npu HekoTopoM € > 0

sup  Ip (1)1eV ¥ < oo, (142)
Kr<oo

DT0 yc/aoBHe ABIAETCA TOYHBIM B TOM CMeIC/e, 4TO 3ameHa J x B (142) na P
cPp< o He ofecrneYnBaeT KOHEUHOCTH MHOMKECTBA CHHIYASPHBEIX UHCes.

Ecaun ycnonne (142) samenuts TpeGoBanyem Go/ee MeAJeHHOTO yOuBanus p (x)
NpH X —> 00, TO CTPOCHHE MHOKECTBA CHHTYJNAPHBIX UHCEJ MOMKET CTATh 3HayH-
TebHO GoJiee CJIOXKHBIM, B UACTHOCTH OHO MOXKET HMeTb CBOeH npegesbuoit Tou-
Kofi moGyio Hanmepes 3aN4HHYIO TOYKY BeulecTBeHHON oci. B pabore IManmaos [3)

o0

JIOKA3biBACTCH, YTO ecJl f (I +x)%lp (x)] dx < o0, TO MHOKECTBO CIEKTPAILHBIX

0
0co0eHHOCTER OrpaHHYeHO, 3AMKHYTO, HMEET MepYy HYJb H YIOBJAETBOPSET YCAOBUIO

Zlﬂflv[”vf>’"°°:

rae [y — HATEpBaJBl, CMEXKHBIE C MHOMKECTBOM CHEKTPaJbHhX OcofeHHoCTel,
{ly| —nnuna uHTepBana ly U CYMMHPOBaHHE BEJAETCS MO BCEM KOHEUHBIM [y.
CoGcrRenHbie 3HaueHHs oneparopa L, 3aHyMepOBAHHbLE C YIETOM KPATHOCTH, YAO-

BJIETROPAIOT YCJOBHIO
2 ImV 2y < .

OrmeruM, uro B pabore IlaBnos [3] nosydeHs Teopembl passoXeHUs 1O
TaaBHEIM QYHKIuAM Omeparopa L mpu Gosee ciaGhX OrpaHHYeHHUsIX, YeM YCJIO-
Bue (43). -

) Oneparop wna éced ocu u oneparops ssicuux nopadxos. Usnoxkennas
BHIIE TeopHs Onlna oGobuleHa Ha caydafl omepatopa BTOPOrO MOPsiIKa Ha BeceH
ociu B paborax Kewmn {1, 2] n Baamak [I, 2]. Hekotopsie pesyqabTaTsl TeOpHH
o6o0ieHs Ha cayyail OmepaTOpPOB BHICIIHX NOPAAKOB M OMEPATOPOB B MPOCTPaH-
cTBe BeKTOp-(Qynkuuit B paborax ®Pynraxos [1], KaGanosa [1], Kemn [2], Tuma-
aucaamos [1].

M. T. 'acbiMOB nOMy4Yns PpasqokKeHHe IO IMIABHHIM (YHKIMSM Omeparopa
¢ 0cOGeHHOCTbIO B HyJe BHAA [ ({+ 1} ™2, NOPOMKIEHHOrO Ha MNOJYOCH KOHEHOM
uad OeckOHeyHOH CcHCTeMOH AuddepenunanbHbHX ypaBHEHHH BTOPOro MNOpsAaKa
(cm. Tacrimonr [5, 6] ).

Cnekrpanbnasa Teopema Mapuenko. 31eck Mbl H3JA0KHM
6e3 Jl0Ka3aTe/bCTB HEKOTOPHIE Pe3yAbTaThl, NMoJdydyerunie B pabore Mapuenko [4],

Hanomunwm, uyto neaas Gyunkuua F (A) naseiBaercst GpyHKUUEH 3Kcnonenyuanb-
Hozo THIA, ecyH cywecTByioT Takue ¢ >0 u C (0) >0, uTo AAA BCEX KOMIUIEKC-
HHX A

IF (1) |<C (o) e A1, (143)

Tounaq HuXHIA TpaHb uyucesd O, 4 XoTopwmx (143) BHIMOJHSETCS, Ha3bBaercs
crenensio F (M),

OGo3nauum yepes Z COBOKYNHOCTb BCEX HeJBIX YeTHBIX (yHKInA 5KcmoueH-
UHAJLHOTO THMA, CYMMHPYEMBIX Ha OcH — oo <4 < oo. CoBOKymnocts Z Mbl
6ypeM paccMarpHBaTh KaK JHHEHHOE INPOCTPAHCTBO ¢ OOBIVHBIM Olpepe/ieHueM
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CAOXKEHHUS! ¥ YMHOXKEHHS Ha UHCI0. ByjgeM TroBOPUTBH, YTO MOCAEIORATEALHOCTH
{F,} = Z cxoputest ¥ Qyuxkuuu FeZ, ecau

lim | |FaA)—F ()| dA=0 (144)
n-»oo %
H sup o, < ©0; 37ech g, — crenenb dyukunu Fp, n=1, 2, ... Yepea Z’ Mu 06o-
n

3HAYMM TPOCTPAHCTBO BCeX JIHHEHHHX (YHKIHOHAJIOB, 3aJaHHHX Ha Z, Hempe-
PHIBHBIX OTHOCHTEJBHO TOJBKO 4TO BBEJEHHOH CXOXHMOCTH.

[Tyets p (x) —npousBoibHAR KOMIEKCHO3HAUHAS (YHKUHSA, CyMMupyeMas
Ha KaXI0M KOHEeuUHOM uHTepsate moayocu (0, o), u nycts 6 — nponasoib-
Hoe Kommiiexchoe uucio. OGosHauum uepes o (x, p) peutenne nubdepeHunams-

HOr0 ypaBHEHHS
=y +p(x)y=pty, (145)

Y/OBJETBOpSIOIEe HAauaJdbHBIM ycaoBusMm @ (0, p) =1, o):c 0, p) =0, a nostomy
TaKKe KPaeBoOMY YCJIOBHIO
§(0) -8y (0)=0. . (146)

Kaxpoit dmuunrhHoll dyukuun [ L2(0, oo) mocrasuM B COOTBETCTBHE ee
o-npeobpasosanue @ (f, p), mosaras

o( 0= [ ()0 p)d (147)
0

OxaaziBaercs, 4to Aast moGok napu ¢uantamx dyuxuudl f, g u3 L2 (0, o) npo-
H3BeJeHHe HX O-npeo6pasoBaHuli npuHagiaexur npoctpaHctBy Z: o(f, A) X
X @{g, A)= Z. CnektpasbHas TeopeMa B. A. MapueHKo COCTOHT B cJeAyiOUIEM.
Kawdoi kpaesoit 3adaqe (145), (146) coorsercreyer Taxoit ¢yuxyuonasr R < 7/,
470 0an Mobbix uuurneix pynkyui f, g us L2 (0, oo)

o0

[ 1) g () dx=R o (. ) 0 (g A)) (148)

o

0

dyukuuonan R = Z’ uasoseM nosutrusuum, ecan R [F (A)] >0 nns xaxnof

8YHKH.HH F e Z, ynosnersopsomesi yeaosuio F(V ) >0 npu —oo < p < oo,
Ka3nBaeTcd, uto daa kaxdoeo nosurusHozo pysxyuonara R & 2’ cywecrayer
Takas Heybusarowan pyukyus o (p), 4ro

00

Rla (. 1) 0 (@ M= | o, 0)o (g 0 do (o)

00

s aoboix Gunurnoix f, g & L2 (0, o). C apyrot CTOPOHH, HETPY/HO N0KA3aTh,
uyTo "B cJayyae BelwecTBeHHHX p(x) u 0 dynkuuonan R, conepxauufics
B paBeHcTBe (148), aBJsercs Mo3uTHBHLIM. TakuM 06pa3oM, nomyyeHuoe B raase VI
pasercreo [lapceBans ¥

[ 10 g ds= [l 0 0 0 do )
0 -0

a9 caMOCONPSXKEHHBX AuddepeHIuatbULIX ONepaTOPOB (BTOPOro mopsiaxa)
OKa3blBaeTCAd YacTHHIM caydaem Gosee obwiero pasexcrea llapcesasrn— Map-



51 § 30. L-[IPEOLPA3OBAHME &YPLE YMEPEHHO PACTYIMHX ¢yukuup 495
yenko (148). dyukuuouan R, colepxKamuficsa B 3TOM paBeHCTBE, HA3HIBAIOT
o6o6uennoll cnekTpaabrod gynxyued 3anaun (145), (146). -

B paGore Mapuenko {4] noayuyeHbl ycJoBHS, HEOGXOAHMblE H JOCTATOUHBLIE
A5 Toro, ytoGul GYHKUHOHAA R & Z’ Guiy 0606LeHHOd CreKTPatbHON dhyHKIUHed
HeKOTOpON 3anmaud Buia (145), (146) u nan anropudm, mossoAstOWIKA 1O 3anaH-
HOH 0600mentofi cnekTpananHoi Gy HKuyMu onpeeants p (x) u 6 (cM. (145), (146))
(T. e. naHo moaHoe peweHue oOpaTHOH 3anauu CNEKTPaJbHOIO aHAJIH3a MO 0606-
HIeHHOfl CmekTpaJbHOH (QyHKUHH).

B cayuae, korma ¢yukuus Im p (x) orpanuvena npn 0 < x < oo, 06001ieH-
HYIO CeKTpanbHyio GyHKuuio R MOKHO mpelCTaBsTh B BHAE HEKOTOPOro HHTer-
pasa 110 KOHTYpY, OXBATHIBAIOLIEMY CIEKTP 3afaud. B HeKOTOPHIX CAydasX KOHTYP
UHTErpHPOBAHUS Y1aeTCH CTIHYTh Ha CHEKTP ¥ HOMYYHTH pPasioeHHe O MMaBHBIM
GYHKUHAM KJAACCHYECKOro Tama.

OTMeTuM, 4TO Hjesi, B COOTBETCTBHH C KOTOPOH POJb CHEKTPadbHOH QyHKIHM
HeCAMOCOINPSIKEHHOrO OepaTopa JAOJIXKEeH MIpaTth JHUHeHUE{l HenpepuIBHHH (yHK-
I{HOHAJ, 3aJaHHBIA Ha COOTBETCTBYIOUEM JIMHEAHOM TOMOJIOTAYECKOM HPOCTPaH-
cTBe, Oblia npeviokeda takxe K. DoswieM, a 3ateM H MHOIHMH ADYTHMH aBTO-
pamn (em. @ositn [1]). K. dosm passBua 3Ty niew ZAf a6CTPEKTHO 3aJaHHBLIX,
BOOOIIE TOBODPS, He nHpdepeHunasbEuX onepaTopor. [Toapobrnoe wnsmoxenue
OTHOCHIIErocsl CloJi@ Kpyra BONMPOCOB uurtarteab Haljer B kKHure Kosoxkoaps
u Qosm [1].

O6o6uienne Teopuu Mapuenko Ha GeckoHeuHble cHCTEMB AnddepeHIHANBHBIX
ypaBHeHHH BTOpOro mopsiaka GuJo modyyeHo B paGote Pode-Bekeros [1]. B pa-
Gote ["acnimos [5] naercsi o0GoGuenne teopun MapueHko Ha caydvail, xorzaa
¢GyHKIHA p (x) uMeeT B Hyae ocoGenHocrs Bupa [ ([ 1) x~2 Tlpu stom BaxHY0
POJIb HTPaeT COOTBETCTByolilee 0GoGiieHre TeopeM 00 OpPTOrOHaJMHIHPYIOUIHX
sipax, u3noxenHux B § 25. Hekotophie pesyabraTsl Teopun MapueHko pacnpo-
cTpaHeHHl Ha cayuad KpaeBo# 3ajaud Ha Bcelt oci B paborax Pynrakos[2]
u Baamax [1].

B)CHAHTYJAApDHHEE HECAMOCONPRKEHHB € ONEPATOP Bl € YHCTO
LHCKPETHHM CHeKTpoM HanoMaum, 4To cmekTp omnepaTopa HasHBaeTcs
YHCTO JHCKDETHHIM, €CJH OH COCTOHT H3 CHETHOTO HHC/J2 H3OJHPOBAHHHX TOUEK
¢ eIMHCTBEHHOH NpefeJbHOH TOUKOH Ha 6eCKOHeYHOCTH, NPHUEM Kax/OH TOUKe
CMEKTPa OTBEYAeT KOHEUHOMEPHOe HHBAPHAHTHOE MpocTpaHcTBO. Becbma cuabHLe
NPU3HAKH AUCKPETHOCTH CHEKTPA CHHIYJAPHHX HeCcaMocOIpsKeHHbIX OnepaTopoB
BTOpOro mopsiaka npuHaidexar B. B. Jlugckomy. Ilpuseneu cresyiomue pesyJib-
TaThl, NPHHAAJeKalHe 9ToMy asTopy (em. JIupckui 3, 4]).

ITyctes L —omepaTop, nopoXAaeMmulii B T'HJIL0ePTOBOM  NPOCTPAHCTBE
L? (~ o0, c©0) puddepeHIHanbHLIM BHPAKEHHEM

Hy)=—y"+ (g (x)+ir(x)) v, (149)

rae ¢ (x) u r(x)~ BemecrBennosHaynpie ¢pyskuud. Ecau dynkyusn ¢ (x) asasercs
02PAHUYEHNOL CHU3Y 8 KAXAOM KOHEeUHOM uKrepeare u g (x) >+ oo npu |x|-—>» oo,
ro {(npu awbom nogedenuu r(x)) oneparop L umeer snoane wuenpepsisryo
pe30Ab8EHTY U, 8 HACTHOCTU, wlCTO QuckpeTHuid chexTp. DTO Ke yTBePKJEeHHE
ocraeTcil B CcHJe IpH JioOoM moseleHHH ¢ (x), ecad r (x) >+ 00 uAM — o0 NPH
x| — co. Huxecienywouiee npejjoxkenne o006iaer KpuTepuil LHCKPETHOCTH
A. M. MonuanoBa (cM. n°5 § 24) na Hecamoconpsikenuulii ciayuait. [Tycro ¢ynk-
yus q{(x) oepanuuena cnusy, a Pyukyus r(x) noayoepanuuennas. Tozda 0ia
ROAHOL HenpepsBHOCTH pe3oassexTst oneparopa L neo6xodumo u docrarouso,
yTo6boL 045 410601 n0CcAeA0BATEALHOCTH HenepeceKarowjuxca unrepsasos {Dn}
odunarosol Oauny
[@@+r@ D) dr>e

o

Dy

xoeda untepsaa Dy yxodur @ Geckoneunocrs.
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HanoMHuM, 4TO CHCTEMa 2JeMEHTOB TIHJIbGepPTOBA NPOCTPAHCTBA § HA3bI-
BaeT¢sl MOJIHOH, ec/H 3aMmbiKaHue ee JHHeHHOH oGOJIOYKH coBmaxaer ¢ . B xa-
YeCTBE MPHMEPA TeOPeMbl O IOJHOTE CHCTEMbl COGCTBEHHBLIX H NMPHCOETMHEHHBIX
3JIEMEHTOB CHHTYJIAPHOIO HeCcaMOCONpAXKEeHHOro Aud(epeHUUAILHOTO OnepaTopa
npuBeneM ciepyiouuit pesyasrat (em. Jlugckuit [4] ).

ITycro npu nexoropom o >0 .

m L@ s
[x|>o |x]*

Tozda dan noanoret 8 L?(— 00, 00) cucTemsr cOGCTBEHHOLE U APUCOCAUHEHHbLX
pynryui oneparopa L, nopoacdennoeo Ouppepenyuaronsin suipaxenuen (149),
Heobxodumo u GocTaro4no, 4Tobel

im 21,
jx]>00 ¢ (x)

ITo BonpocaM TEOPHH HECAMOCONMPAKEHHBIX ONEPATOPOB € YHCTO THCKPETHHIM
cnekTpoM cM. Taxxe paGorst: Ilsapu [1], Hafimapx {10], Annaxsepauen [1—3],
Qenopiok [4].

) Hexotopme apyrue pesyabTaTh. IIpuMepoM Hecamoconps-
WeHHBX AHD(EPeHIaNbHbIX ONePATOPOR C HENPEPLIBHBIM CHEKTPOM BHE Bele-
CTB2HHOR OCH fBJAIOTCS ONEPATOPH € KOMIIEKCHO3HAYHLIMH MEPHOIHYECKHMH
kospdunuentaMu. HekoToprie cBOACTBA TaKHUX ONEPaTOPOB UCCJIENOBAHE B pafoTe
Pode-Bexkeros [3].

ITyete L —omneparop, nopoxienHn B L2 (— oo, o) pudpdepeHunanbruim
BHPaXKEHHEM

L =po () g™+ ... +palx)y

¢ KOMJEKCHO3HauHbIMH K03QduuueHTaMu nepuona o, npuueM p,{(x) == 0,
- 00 < x < oco. OKa3uIBaercs, uTo onepatop L HMeeT YHCTO HenpepHBHLIA CrexkTp,
KOTODBIH COBMALaeT € MHOXKECTBOM TeX 3HaueHud A, M KOTODHIX ypPaBHEHHE
I{y) = Ay uwmeeT pemenue, OrpaHuyzHHOE MPH — oo < x < oo, Ilpu 3TOM cmekTp
ap00 COCTOHT H3 KOHEYHOIO 4HCJAA aHAJHTHYCCKHX Ayr, JuGo nycrt, aubo 3amoJ-
HAeT BCiO A-IJIOCKOCTB. Ecii po(x) =const, TO ABa MOCJAeXHHX CAyuas HeBO3-
MOXHEL PesosibBeHTa L sB/IAETCA HHTErPANBLHBIM OonepatopoM ¢ sapov Kapaemana.
B cayuae puddepeHunasbHOrO BHpaXkeHHst [ BTOPOro mopsiika u p,(x) =1
pesosbBenTHOe MHOXKecTBO (cMm. § 28) omepatropa L CBSI3HO TOTAA W TOALKO
Torja, korna Re P =0, rge

o
P J Py (x) dx.
0

B cayuae onmepatopa L, nopoxzernoro B L?(0, co) anddepenunanbubim
BoipaxkeHHeM [ (y) BTOpOro MNOPAAKA ¢ NEPHOTHYECKHMH KO3 HIHeHTaMH
(po(x)=1) m HEKOTOPHM RpaeBHM YCJOBUEM NPH x =0, XapPakTep Henpepus-
HOr0 CrleKTpa cOXpaHsAeTcd, NDHYEM OrpaHHueHHble HENPePHIBHEIM CIEKTPOM
BHYTPEHHHE 00JacTy B3anOJHAITCH CIMOWb COGCTBEHHBIMH SHAYEHWSIMH [pH
ReP <0 n ocratounnm cnektpom *) npu Re P > 0. Bosmoxusl emme n3onupo-
BaHHBIE COGCTBEHHbIE 3HAUCHHS H TOYKH OCTATOUHOIO CHEKTpA.

ITo mosoay omeparopoB ¢ HEPHOAHUECKUMH KOSGDHUMEHTAMH CM. TaKKe
Mak-Tapgei [1].

*) Touka A HaswBaercsi TOYKOH OCTATOYHOrO CrekTpa omepatopa L, ecam A
He sBJseTcas COGCTBEHHHM 3HAueHHeM H o6JacTh 3HaweHHd omeparopa L — Al
He IJIOTHA B IPOCTPAHCTBE,
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B Teopun HecaMOCONpPSIKEHHHX ONePaTOPOB € HEHIPEPHIBHHIM CIEKTPOM
H3BeCTHble YyCIeXd AOCTETHYTH MeToaamu Teopun Bosmyuenufl. Ecau npu Bos-
MYIIEHHH AMCKPETHOI'O CIIeKTPA 3ajaua 3aKJI04aeTcsi B TOM, UTOOLL NPOCJCLHTD,
KaK BO3MylleHHe MeHAeT cOOCTBeHHble 3HAUEHHS H COOTBETCTBYIOL{HE COGCTBEH-
Hbl€ BEKTOPbl, TO B CJydae HENPEPLIBHOTO CHEKTPA M3YUYaercs BOMPOC O TOM,
MOXHO JIH YCTAHOBUTH N0j00HE BO3MYIIEHHONO OMNEpPATOPA C HEBO3MYIUIEHHHIM.

HauGoJsee nosibie pe3yJbTaThl B 3TOM HanpasJenuu (IJs1 HECAMOCOIPSIKEH-
HBIX OllepaTopoB) JAOCTHTHYTH B Hejgasuel pabore Karo [2]. Tam xe moxuo
HafiTh AagpHefiine JurepaTypHule ykaszanus. Kaxk cienctBhue M3 mocTpoenHoi
uM obuieii aberpakthoil Teopuy, T. Karo mogyuna crepyiowuit pesyasrar. IMyctn
L (x) — oneparop, nopoxkieHHslfi B L2 (0, oo} anddepenunaibinm Bblpa}KEEIHelM

e N T
—y”" +xp(x)y u kpaesrm ycaopueM g (0)=0. Econ jx| < J xlp(x)ldxe ],
0
TO CYIIECTBYWT TakHe TonomMopdHEe mo x oneparop-oyuruun W (x) u
W (x)]"l, yro L (x)=W (x) L (0) [W (x)]_l. YkasaHuas 374eCh OUEHKA IJA KOM-
MJIEKCHOTO NlApaMeTpa X SIBJASEeTCH ONTHMAaNbHOM.

JuckperueiM anajnorom audepeHunatbHeX ONEParopoB ABARTCH PasHOCT-
HHe onepaTopnl. K clexTpaibHOR TEOPHH CaMOCONPSIKEHHHX PA3HOCTHBIX OHepa-
TOPOB MOXHO NMOAOHTH TaK e, K&K H K CaMOCONpsKeHHHM guddepeHuHatbHbM
onepaTopaM, ¢ MNOMOIUBIO OOUIMX METOROB TEOPHH (CAMOCONPHMKEHHBIX) omepa-
TOPOB B TWib0epTOBOM npocTpancrse (cM., HanpuMep, Bepesanckuit [4]). B cay-
yae pa3sHOCTHHIX HECAMOCONPSIJKEHHHIX ONepaToOpOB HHOTLA BO3MOXKHO NpUMEHEHHE
METO/IOB, Pa3BHTHIX B 5ToM JoGaBaenuu. Tak, B paote Jlaute [6] paccmorpen
oneparop L; nopoxaeHHbi B IPOCTPAHCTBE [y NOCASAOBATENBHOCTER Y= (Y, Yo, ...)

¢ mopmoti || =(E| v ]2)1/2 Pa3HOCTHLIM BbipaiKeHHeM
1
=g W+ 8 =04

Jj=1, 2,..., H KpaeBHM YCJIOBHeM yp=0y, ¢ KOMUJeKCHEIMH by, by, ... u 0.
[Ipy HapneXamux OrpaHUYEHHAX Ha YObLBaHHe uHcead b; HCCJASNORAH CIEKT
j Y

¥ Pe30JMbBEHTA H TOCTPCEHO pAa3/IOXKEeHHe 0 IJIaBHEM 3JeMeHTaM. Ilpu sToMm
O0HAPYKEHO CYIUIeCTBOBaHHe CHEKTPAJbHBIX OCOGEHHOCTEH M BCEX CBS3aHHBIX
¢ HuMH coeuuduueckux spsennil. PasHoctuslii omepatop L siBasercss mpumepom
OTPAHHUYEHHOI O ONEPaToOpa CO CHEKTPAJbHBIM DA3JOKEHHEM, BhIpaXKaio-
INUMCSl PEryJsipH3OBAHHBIM 3HAYCHHEM DPACXOASILIEroCs HHTErpa’a.

Kaace KpaeBbX ycCJIOBHE, NOPOKAAIOUIMX HECAMOCONPSKEHHHE ONEPATODH,
obnajaonine jaxe AOCTAaTOYHO 3aKOHOMEPHLIMH CHEKTPAJbHBIMHM CBOHCTBAMH,
SIBJISIETCSI CYUleCTBEHHO GO/lee LIHPOKHM, YeM KJAAcC CAMOCONPAKEHHHX KPaeBHIX
yeqaosuit *). B paborax Aanana M. Kpasna (cm. Kpasma [1—5] nayuaerca ome-
parop L, mopoxnensnii B L2(0, o) nudpepenmuanbuny BHpakenuem / (y) =
= —y” 4+ p(X) y H TPAHUYHBIM YCJOBUEM BHIA

[ K@) 50 dx =By ) +ay © =0,
0

rie K(x) € L2(0, o0), a2+ |p[2>0. Ecau K (x), p(x) & L' (0, o0) u 0% 0,
TO CTPOEHHE CNEKTpPa TaKOe IKe, KaK B ciyyae Kpaesoro ycjosus y(0)=0
(cM. § 28). B uactHocTH, cOOCTBeHHbIe 3HAUEHHs 00pa3yloT He GoJee yeMm CUETHOE
OrpAHHYEHHOE MHOXKECTBO C [PefeabiLIMM TOMKAMH TOJbKO Ha noayocs A >0

*) Cm. n°4 § L

32 M. A, Haiimapk
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(3aM0JHEHHON HENnpPePLIBHEIM CIEKTPOM) H ONPEAEeJsIOTCS COOTHOMIEHHAMM A = p?,
Imp>0u

oo

[ K () e (x.p) dx—Be (0, p) +ae, 0, p) =0,
0

rre e(x, p) — Oyukius, Beemesnas B n°2 § 27. Omepartop L* conpsxenHblit
¢ oneparopoM L, mopoikjaercsl BblpaKeHHEM
, —— 2(0) ==
l*(z):—z”+p(x)z+—a—1<(x)
H xpaeBbiM yegaosueM Bz (0)— a2z’ (0)=0. [lpy HEKOTOPHIX OrPaHHUEHHSX MO-
CTPOCHO DPa3J/IoXKeHHe MO TJIABHBIM QyHKIUsM onepartopa L.

Haunsii B 9TOM J00aB/IEHHH 0G30D IO TEOPHH CHHTYJSPHHIX HECAMOCOMPS-
JKEHHBIX OOLIKHOBeHHBIX JAuddepeHuna bHEIX ONEPATOPOB He INpeTeHAYeT Ha
nosrory. JomnosHdTe/bHblE CBELEHHA M JHTSPATYyPy MOMKHO HAHTH B CTATHAX:
Haundopa [1], Hoasd [1], Keagwix u Jugcknit [1], Haiimapx [11].



JOBABJEHHUE II
$OPMYJIA OBPALIEHHSA CTHJIBTBECA

ITyets o (A) — koMmiekcHass (QyHKUHS orpanudesHo#d Bapuaillud
Ha Bced BelecTBEHHOH ocu — oo < A << oo. [ToJ0KHM

00

C do(d)
¢@= | T3 (1)

Hapu 2=0+iv
_ signt g —9(® _ 1 jt]do())
Yo, 1) =—7 2i T n f()-0)+12' (2)

—_—0

Caenyouias TeopeMa jaeT Bhlpaxenue Qyuxkiuu o (i) uepes
VP (o, T).

Teopena 1. Ecau a u b—rouru Henpepsi8HOCTU (pPyHK~
yuu o(A), ro

b
o (b) — o (a) = — lim jq;(o, 7) do. (3)

Hoxasateascrtno. He gapymwas oGUIHOCTH, MOKHO CUHTATD,
yro o(— o0)=0. Wurerpupys rtorna B (2) mo yactam, HNOJYUHM

1 [ o
—p(@ =7 | ax(mf'a%?)"““)d’“:

.. It} )
W ao (}—02+ 7)o () dh.
IMpounterpupyeM ofe uyacTd NOCJENHETO pABEHCTBA 10 ¢ B Ipe:
Jejqaax or a 4o b u BBeAEM ofo3HaueHne
oo

1
J(T, X} =% j —(}»—_—%gl—;—{;cr(/l) dahi. (4

32¢
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Mbl nosyuum

o3

fa’%‘%—r (2) d2. —

s J‘ * _,a"72]+ ) ()\') dh =1 (T, b) —J (T, (l). (5)

Hoxkaxewm, uto
lirr(l) I(z, By=0(b), lim J(z, a)=o0o(a); (6)
>

>0

TEM cCaMbiM TeopeMa OyjeT AoKasaHa. Tak Kak

) =l
e J. FEET dh=1,

TO
Iz, b)—o( f(k_‘b;‘HQ (1) dr— Lo (v) f e i =
=3 | et -cwia. @

[lycts 3amano £>0; BriGepem 8 >0 Tak, uto
lo(h+b)—o(b)|<3 mpu |A|<S.

D10 BO3MOXKHO, U60 ¢GyHKIHMa o(A) HenpepsiBHA npu A =0b. [anee
BelGepeM umucsao M, rakoe, uro | o(A)|<c M. Torna

1 7] e (17l ,_=&
v | ok len-sona| < [Film=5  @®
L [T _ am [ {=y _
nlh]fmmﬁl (+b) c(b)ml SR L A T

= —%i (325— —arctg -S—) (9)

IMpu ¢uxcuposangoM & u T— 0 3To mocsefHee BhipaXeHwe cTpe-
MHTCAl K HYJII0; OTciofa u3 oueHkH (8) u u3 (7) MblL 3aKJaiouaeM, 4To

lim J(x, b)=0(b);
T->0
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AHAJIOTHYHO JOKAa3LIBAETCS, UTO
lim J (z, a) =0 {(a).
>0

Dopmyaa (3) HaswiBaeTcs popmyaroi obpawerus CTuasTseca.
Ecan o (1) — Bemectennas Qynkuns, 10 ¢ (2) =g (2) u dopmy.aa
obpamenus: (3) mpHMeT BHI

b
5(0)—0(@=—lim L [ 3(o@}do.

a

Teopema 2 (reopema enuncTBeHnoctd). Ecau 6,(A) u oy (A)—
dse pyukyuw ¢ oepaHuuennol sapuayueil Ha acell 8elyecT8enmoll
ocu — oo <A< 00 u ecau 0458 8CeX HEBEULECTBEMHbIX 3HAYEHUL 2

0 oc
f doy (1) f do, (1)

Z—A z—2

- DO - 00

0 0(L) — 0y (A) = const.
Hoxkasateabctro. Coraacio Teopeme 1 B Toukax Hempe-
peiBHOCTH ofenx ¢yuxuuil o (M), o6,(h)

01(6) — o,(a) = 04(b) — 62 (a),

cJe10BaTe/bHO, 3TH CIJYHKLLHH MOTYT OTJHYATbCA TOJBKO IMOCTOSIH-
HBIM CJaraeMbiM.
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AsumyTansHOe KBaHTOBoe uucio 406

AcumnroTHRa pelrenul AuHefiHoro Aud-
dhepeHllHaNbHOTO ypaBHeHus 287

— co6cTBeHHBIX 3Haueuudt 52, 73, 117

— — o¢yukuuin 52, 84

Acumnroruyeckne dopmynasr 330

AcummToTHUECKOE  TIOBC/EHHE
TpaJapHOTO sapa 281

CIieK-

Basuc (2

— 0Ge3ycnoBHOl cxopuMoctdH 99
— nopoxjawuni 239, 270

~ — HecoOcTBeHHBIT 242, 252

— Pucca 99

Bapsep notenunanpubift 399
Beckoneynomeproe npocrpaHcTso 12

BeGepa dopmysa obpalenus 286

Bekrtop, Hopma 132

~— HODPMHUDORaHHBIA 134

—, HopMHpOBKa 134

— nopoxaawmuit 234

— — HecoOcTBeHHBIN 243

—, mpoeknusa 137

BextopHoe JauieiiHoe npocrpadcrso 11

Bexrtop-dyrkuun  AuppepeHyupoBaHHe
104

— KoMmmonenta 104

— HemnpephbiBHocTh 104

Bexrop-dyukuuit mpoctpatctso 104

Bektopbl optoronaibusie 133

BeposTHOCTH maoTHocTh 394

Bemecrsentdble paciuupenua 215

BemmectBeHHBIE caMoconpaAXeHHHH one-
parop 217

Baanmogeiicrpue 402

Bosmyuennii merox 497

-— Teopus 352

BonuoBaa ¢hyuxuma 394

Bponckoro onpegenurtenn 189, 449

TuasBepra-lvuara sapo 155, 219, 363

F'uabbeproBo mpoctpancreo 131, 139,
268

Funepreomerpuueckaa ¢yukuus 405

[naBubie dyHKuKM 457

I'padux oneparopa 139

puna dyuxuns 36—51, 90, 92, 97, 102,
114—117, 128, 129

— — CONpPSKEHHOTO omnepartopa 43

HBuxenue B KyJoHOBOM node 402

JdedektHoe nmoanpocTpaHcTso 157, 168,
169

— ypeao 175, 176

HuckperHasa 4acTh crnekTpa 354

Huckpernoctn cnektpa xkpurepuil 386

HuckperHslil cnektp 149, 264, 358, 371,
372, 382, 383

HnddepenuuansHoro BhBIpaXeHUs KO-
st punnenTn 13

— — mnopsnok 13

— omepatopa COOCTBEHHBHE 3HAUEHHS

— — — dyukuun 24, 125

— — cnekTp 351

Indgpepenunansioe Bhpaxkeyue B npo-
crpanctBe BekTOp-QyHKIMi 105

— — peryasphoe 181

— — caMoconpsixkennoe 13, 108, 180

— — cuHryasproe 18]

— — conpsixkennoe 17, 18, 108

Iuddepenuuanpunit onepatop 14, 212

— — B 6ecKoHEYHOMEpHOM [pocTpaH-
cTBe BekTop-pyukuuii 130

— — BTOpOro mopsAiaKa 434

Huddepenuupoanne BeKTOP-(QYyHKIHH
104

Envnnunas cdepa 152
Envuuuuniit omepatop 137
— map 152
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3aBUCHMOCTL JHHefiHas 12

3aMKHyToe CHMMETDHUYECKOE Dacliupe-
Hite 167

3aMKHYTHIl onmepaTop 140, 143

— CHMMETDHUYeCKHH onepatop 161—168,
199, 203

3amblikaHue onepartopa 140

3Hauennus coberBennble 400

H3omerpuuecknii  onepatop 138, 158,
167

Hzomerpriveckoe otobpaxenue 251, 273,
372

WMupeke nederta 165, 168—169, 177,

199—-205, 213, 219,
346—351, 366, 387
~— -— QNepaTopa ¢ KOMMJICKCHBIMH KO-

stbduunerramu 207
Huterpasnbioe xpaesoe ycaosue 497

230, 333337,

Keasupudbdepenunansbie  ypaBHeHHs
183

KBasunpoussoausie 181

KeantoBas Teopusi paccestus 440

KBaHtoBoMexaHHueckas cucrema 394

Knaccnueckan sagaua Wltypma — Jluy-
puaas 437

KomnakTtHas e-cets 153

KoMmnakTtoe MHoxecTBo 152,
386--388

Komnoueura sextop-dyukuna 104

Konen peryaspusii 181, 219, 229, 230

— cudryaspaeiil 181, 213, 226

Koneuynasn e-cets 153

KoHeyHoMepHOe NOANPOCTpPaHCTBO 12

KoHeyHopa3HoCTHOI anmnpoKcuManuu
merton 269

Komu—DByHsikosckoro Hepasenctso 131

KoaddunueHTnl nudhepeHUHaNbHOTO
BbipaxkeHus 13

— nepuoanyeckue 496

— dypove Bektopa 134

Kpaesasi 3anaua n-toveunas 24

— — oguopoanas 14, 24, 44, 45
108—110

~- — cMmewansas 36

— — comnpsixKeHHan 22

Kpaesoi sazaun paur 16, 23, 110

Kpaesnie ycaosus 13, 106, 112

— — uHTerpanbioe 497

— — HoOpMHpOBaHuble 66

~- —, HopMHpPOBKa 66

— — nepuojpnueckoro Tuna 71, 103

— — pacnagatoomecs 100, 101

153,

Kpaesvie ycaosus peryaspupie 66, 72,
73, 91, 97, 98, 122130

— -— camoconpsKeHibe 21

— — conpsixkexnble 20, 21, 109

— — tuna rypma 70

KpaTHocTh coGeTBeHHOro 3mavenns 26

— colcTBenHON Qyukunu 28

-— cnexktpa 240, 244 255, 273

— _70 AR epennBanLioro  onepatopa

Kpurepnit jnckperiocern cnexktpa 386
Ksau npeo6pasopanie 158

Jlarpanka dopmyna 17, 108, 109, 182
l-ananuTuyeckas dyukuus 100
JluHeiiHan 3asucumocts 12

— KoMOuHauus 12

— He3aBHCHMOCTL 12

JlnHelino  He3aBMCHMble TNOANPOCTpAH-
crea 161

JlunefiHoro  ocuuaaaropa ypaBHeHue
401

Jlunefinoe BekTopHOoe npocrpancTso |1
Jlunedinelil onepartop 12

— ocunaastop 400

L-npeo6pasosanue Pypbe 463

MaruuTtHoe xBautosoe uncao 406

MakcHMaLHBE  CHMMETPHYECKH  olte-
patop 157, 168

MapuyeHko cnekTpasbias TeopeMa 493

Marpuua xapakrepucTuueckas 276

Matpuunas ¢ynxups 437

— — pacnpeaeaenus 239, 251, 273

Meros  KOHeYHOPA3HOCTHON arlpoKCH-
Mauun 269

— ocHautenus 268

— paculenaeHus 352

MuHuManbublil  NOPOKAAIOUIKI
239, 270

Muorouwien UeGpiiiea — Jlarrepa 405

— Uebbimena — Ipmura 401

MuoskectBa oproroHanpHbeie 133

MuoxectBo  KomnakTtHoe 152,
386—388

— mioTHoe 141

—, NJaoTHOCTh 436

Gasuc

153,

Hanpasasiouiue ¢yukumoHanul 244

Heiimana ¢dopmyna 163

Henonuoe npoctpancteo 133

HenpepoiBuasi wacto cnektpa 177, 229,
353—358
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HenpepoiBiaa yacTh siapa cnektpa 172

HenpepbiBHocTs BekTOp-dyHKUHN 104

Henpepoisrmit  cnektp 149, 264, 450,
452

Hepagencreo Komn—Dbynskosckoro 131

Hecamoconpsixennbiit CHHTYJSAPUBLH
onepartop 443

— — — Ha Bcelt ocu 493

HecoGcrBenunliit  nopoxaawiunii 6asic
24]1—244

— — eexvop 237, 243

— — 3jeMeHT 242

Hopma Bexrtopa 132

— orpaHMueHHoro omepatopa 136

Hopmuposannoe npoctpascrso 132

HopmupoBanusie kpaepbie ycaosus 66,
120

Hopmuposanunii Bexktop 134
Hopmuposka sektopa 134
— Kpaesblx ycaosuit 66, (20

O6aactp 3Havenuii 12

— onpenesenus 12

— § 53

— 7T 53

O6obwennas pesoqaspenrta 170

— crnekTpajdsHas $yuxuus 169, 494

O6oGiiennoe pasenctso  [lapcesaust
253, 477, 494

— paclinpeHue onepatopa 169

O6o6iennple  aaHeilnsle  aHbdgepeH-
yuanbhble ypasHenus 183

— coGcTBEHHBIe 3JdeMelThl 269

O6parHas 3alaya B KOHEYHOM MHTEp-
pane 437

— — M5 HEecaMOCONPSXKEeHHOro ofe-
paropa 492

— — — cHcTtembl Jupaka 439

— —— KBAHTOBOH TEOPHM  PACCedHHS
440

— ~— [0 AByM crekrpaM 438

— — llIrypma — Jluysuans 408, 419

OGpaTHBI onepaTop 36

O6pamenust popmyast 250

OrpaHuyYeHHBIX ONepaTOPOB MPOM3BeAe-
nue 137

— — cymma 136

OpnoMepHoe ypasHenune Hlpenumrepa
397—401

OanopoaHas Kpaepas 3ajgaua
44 45, 108—110

— — — conpsaXKenHaa 22

OaHopoaHOE OlePaTOPHOE YpaBHEHHE
107

Onepatop 12

14, 24,
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Onepatop BeluecTBeHHbil
JKeHHbll 217

— BRoJIHEe HenpepbiBHbll 152, 153, 155

— B NPOCTPaHCTBe  BEKTOP-(hYHKIUMH

caMocoInpsi-

auddepennnanvhni 14, 212

— BTOpoOro nopsiaxa 434

enuHuyEny 137

3aMKHyTHIH 140

nsomerpuueckuit 138, 158, 167

JHHeAHBIH 12

obpaTHbll 36

— orpanuuennsit 136, 137

— noJjiyorpasvueHHuiii 178

— — cBepxy 178

— — cuusy 178, 230

— npeobpaszopanusa 409, 446

—- npoexTuposaHus 137

- pasHocTibi 497

— peryaspinii 230

— ¢ JIBYMA CHHTYJAPHBIMH
226

— cameconpsiKennsi 22, 90, 110, 157—

169

Frrrrn

KOHIlaMHK

— cumMerpuyeckuit 144, 157, 171,
250

— — 3aMkHyTHIl 161—168, 199, 203

— — MakcHMmaapHbull 157, 168

HeCaMOCONPIKEHHbIH

141,

~—- CHHTYJSIPHBIH
443

— conpsixennplil 21,
203

— cnektpadasHetii 100, 491

~- ¢ peryJspupM KoHuom 219

- yuurapHui 138

~- sHeprun 396, 407

— spmurtoB 137, 144, 156

Oneparopa rpadux 139

3aMmbikanue 140

npousBeleHne Ha yncjao 137, 138

pacwupenne 13

pacuienaesue 352

perysasipHast Touka 149

pesonbBetita 149, 217, 255, 383

caen 281

cofcTBeHHbIe 3Havenust 24

criektp 366, 401

cyxenne 13

TOYKH criekTpa [49

OnepaTopHoe  OJHOPO/HOE YpaBHEHHUE
107

OnepatopoB npoussenenne 139

— npamas cymMma 352

— cymma 138

Onepatopbl nepecraHoBounbie 137

Onpenenntenas Bponckoro 189

— xapakrepuctHueckuil 26, 27

109, 199,
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Op:QoOrOHanmnpyromne aapa 408, 412,

OprtoroHaabHas cucrema 134

— — monHas 134

— — coBcTBeHHBIX DyHKuUn# 124

— — — ~ omnepartopa 32

Oproronansioe pomnondenne 134

Oproronanbuble Bexktopsl 133

— MHOxKecTBa 133

Oc;ﬁagmeﬁne runsBeprToBa MPOCTPAHCTBA

Ocnanienus meronx 268

Ocuuanarop auueinsi 400

Orobpaxendne  H30MeTpHYeCKoe
273, 372

251,

Mapcesans — Mapuenko papesctso 494

[TapceBans pasenctso 91, 253, 265,
332

[TepectanoBoutble oneparopbl 137

[Tepuonnueckre Kosbhprnuentol 384,
496

ITeproanyeckoro T¥na KpaeBble yCJI0-
us 71, 103

IMnanka nocrosntan 396

IMaotHoe MHoXecTBO 141

[Inotnocts BeposiTHocTH 394

— MHoxkecrBa 436

[Toanpocrpaucts pactsop 173

[Monnpoctpauctea JuuefiHo He3aBuCH-
Mble 161

[MoanpocrpanctBo 12

— negekTtHOe 157, 168, 169

[TosuTHBHBIX (PYHKHHOHAMOB pacuIHpe-
uue 270

[one orrankuBanus 407

— peryaspuoctd 171177

[Tonmuast oproHopMaasuast cuctema (34

[Toanora m-kparHas 102

[Moayorpannuenneii onepatop 178

— — cBepxy 178

— — cHu3y 178, 230

[Tononuenne npocrpanctea 133

[Mopoxnawowmui 6asuc 239, 270

— — MHHHMaJbHBIR 239

— — HecobcTBenubily 237, 241244

— BekTop 234

— 3J1eMEeHT HecoGCTBeHHbIl 242

Hopspok auddepeHnHanbHOro BLIpae-
uus 13

[Toctoaunaa lnanka 396

[Moreduunanpuas siMma 399

[Motennuanbuetit 6apeep 399

[MpearuapGeproBo  MPOCTPAHCTBO
240

[TpeoGpazopanue Kaan 158

131,

[Tpusonumocts 148

[pucoenunenusie GyHkuun 27

[Tpoektuposanua onepatop 137

[Ipoexkuus sextopa 137

IIponssenenne orpaHnueHHHIX oONEpaTto-
pos 137

— onepaTtopa Ha udcao 137, 138

— onepartopoB 139

[Ipoctoit cnektp 242, 274, 372

[TIpoctpancTeo GeckoHeunoMmepHoe 12

— BekTOp-byHKuuiA 104

ruab6eproso 131

KoneunomepHoe 12

Iy 134

Lo(a, b) 135

JAuHelHoe BeKTopHoe 11

wenonHoe 133

HopMHpOBaHHoe 132

n-mephoe 12

noauoe 133

— HopMupoBaHHoe 153

npearuanbeproso 131, 240

Mpamass CcyMMa TrHIbOEPTOBBHIX NPO-
crpaHers 139

— —— AByX onepatopoB 352

T O O B

Pasencreo Tlapcemaas 91, 253, 265,
382

— — obo6ennoe 477

— Tapcepans — Mapuenko 494

Pasrocxoaumocts 281

Pasoxense 1o cOGCTBEHBIM (DYHKIHAM
88, 124, 244, 367, 407

— faapa pe3odbBeHTH 458

PasMepnocts nmo Moaynwo 164

PasuocTuniil omepatop 497

Panr kpaesoit saxaun 16, 23, 110

Pacnpepenenus ¢yuxnus 264—281

PacrBop moanpoctpancts 173

— — HOPMHPOBAHHOTO  MPOCTPAHCTBA

Pacmupenne onepatopa 13

— — 3amMKuyToe 167

— — camocomnpsKenHoe 207—-216, 229,
230

— — cummerpuueckoe 157, 166

Pacumpenns BeutectseHHnie 215

— ¢ BHIXOZOM H3 THJILOEpPTOBa
cTpadctea 169

—. cuMMeTpUueckoro omeparopa 157

Paciensnedue onepatopa 352

Pacmengaennss Meton 352

Pery/isipuzoBaHHBIl  cJej
281

Perynspuas touka 171

— — onepatopa 149

npo-

oneparopa
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Pervadapuoro Tuna touxka 171

Peryaspuoe Brpamenne 181

Peryasipruoctn noae 171

Peryasipisie kpaespie yciosus 66, 72,
73, 91, 97, 122130

Perynsipubiit xonen 181, 219, 229, 230

— onepartop 230, 244

Pe3onbBenta 450

— obo6wennas 170

— onepatopa 149, 217, 255, 383

—, pasJjoxenue  Hapa 0O  TIaBHLIM
dbyukugam 458

PesonbBentoe mHoxecTBo 450

PesonibBeHTHl caMOcOnpAKCHHBIX pac-
wnpenni 216, 219

Pucca Gasuc 99

Psig ®ypse — Becceast 285

— Gypre — Huun 285

CamoconpsizkeRHoro oneparopa cofcr-
BeHHble 3Havedys 31

— — — byakunn 31

Camoconpsikennoe aHddepernuanbioe
Boipaxenne 18, 108, 180

— pacmpenne 207216, 229, 230, 250

CaMoconpsiKeHHbIE  KDAeBble  YCJI0BHS
21

CamoconpsKeHHpli
116, 144—169

— — BeulecTBeHHBIY 217

o-usmepuMas QyHkuusa 235

o-n3mMepuMocTh 235

o-Mepa 235

CuMMeTpHUECKHH
171, 172, 250

— — 3aMKHyTHIt 161—168 199, 203

— —, pacuiupenue 157

CummeTpuyeckoe pacwupenve 157, 166

CuurynspHoe soipaxenue 181

Cusryaspabie yncaa 456

Cuuryaspubslii kowen 181, 213, 226

CucreMa KBaHTOBOMeXaHHueckass 394

~- opToroHajsHag 134

CucTeMbl CTallHOHApHOE cocTosiHde 396

CkanspHoe npouspenenne 131

Cnen oneparopa 281

Cwmeurannas 3anaua 36

Coberpentas dysxknus 90

Co6erBennbie  3HaueHust 27, 156, 230,
400

— —, acumnrotuka 52, 73, 117

— —, KpaTHOCTh 27

— — onepaTtopa 24—27 44, 122, 123,
128, 129

— — — auddeperunaasioro 24

— — — caMoconpaxeuuoro 31

onepatop 22, 90,

onepartop 144, 157,

Co6eTBenlible 3HAYEHUST ONEPATOPOB cO
npsokeHHbx 30

~— ¢dynkuun 44, 400, 404

— —, acuMnroTHka 92, 84

— — jaudbepennuaibrora
24, 125

— —,KpaTHOCTL 28

— — onepartopa 129

— —, pasiiokKeHne 1o HuMm 88, 124, 244,
367, 407

— — CaMOCOmpsXKeHHoro onepatopa 3l

— — conpsiKeHHbX onepatopoB 30

— 3JIeMeHTH o0o0iennHe 269

ConpsikenHaa kpaepas 3ajgaua 22

Conpsxentoe aubdepeHUHAIbHOE BbI-
paxenne 17, 18, 108

— dAxpo 43

Conpsixensnie kpaenhie ycaobus 20, 21,
109

Conpsxeunsfi onepatop 21, 109, 141,
199, 203

— —, coberBennple 3Hauennst 30

— —, — byukuun 30

— — ¢byHkuua [pusa 43

Cnekrp 170, 177, 408, 450

—, AUCKpeTHasn uactb 354

— nMcKpeTHblt 149, 264, 358, 371, 372,
382, 383

— nuddepetunanpioro oneparopa 351

—, HCC/IE0BaHHe B CJy4ae TepHOjHYe-
cxux xoabbunuentos 394

—, knaccuduganusi touek 149

—, KpaTHocTe 240, 244, 255, 273

—, HegpepuiBHasn vacth 177, 229, 353—
358

— n-kparani 239

— nenpepuieHbii 149, 264, 450, 452

— onepatopa 366, 393, 404

— upoctoll 242, 274, 372

— CAMOCONPSKEHHRIX pacliidpesii 229,
353, 372, 382, 383

— upeTo  AuckperHuiit 386, 388, 393,
436, 495

— 3pMMTOBA  BIIOJHE
onepatopa 156

—, anpo 171

CnekrpanpHas teopeMa 147

— — Mapuenko 493

— Gyukuns 144, 255

— — HECAMOCONpSKEHIOro onepaTopa
491

— — 060Bumennas 169, 494

— — pacnpegenednst 255,
408, 419, 435, 437

CrexkTpafpioro sapa acuUMIITOTHYECKOE
nosenenne 281

Crexrpanpupie onepatoper 100, 491

oneparopa

HENPEPHIBHOTO

275, 367,
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CnexTtpanbHpie ocoGenunoctn 456

CrekTpanbHeIX  0COGeHHOCTER MHOXKe-
crtBo 493

CrauHoHAapHBIE cOCTOAHHA cHCreMbl 396

CrunbTheca ¢opMyaa ofpawenus 277,
501

Cymma onepartopos 138

— — orpaHu4eHHbIX 136

— npAMas TruJbOEpTOBBLIX NPOCTPAHCTE
139

Coepa ennnuunas 152

Teopema o paBHocxoaumocTtu 281

— 00 opToroHaJbHoll npoekuun 137
— cnekTpajbHas 147

Teopus Bo3myileHH#i 352

Touex cnektpa kJaccupukaugna 149
Touka peryaspnas 171

— — oneparopa 149

— peryasipHoro tuma 171, 177

— cnekTpa GeckoHeyilofl Kparnoctu 407
— -— omnepatopa 149

Yunrapublit onepatop 138

YpaBHeHHe  JHHEHHOTO
401

— 0/JHOMEPHOro ABHKEHHS uyacTHI 39§

— onepaTtopHoe onaHopoaHoe 107

— [llpenunrepa 397

— — oAHoMepHoe 398

YposHu sHepruum 396, 400, 40!

Yeaosus kpaepnle 13, 106, 212

OCHHJLIATOPA

®opmyaa Jlarpanxka 17, 108, 109, 182

— Hefimana 163

— obpawenust BeGepa 286

— — Cruaptheca 277, 501

— Xauxkeas 286

Gopmyas acumnrotHueckiie 330

— ofpaiienns 250

— — Oypoe 283

dyakunn ymepeHHo pacryluue 478, 484

dynxuuonan 136

dynxuHoHaab Hampapasioune 244

@yugupa BosaHosas 394

— runepreoMerpiueckas 405

— TI'puna 36—51, 90—97, 102,
117, 128, 129

— — compsAXKeHHoro oneparopa 43

— l-anaantuyeckas 100

— Marpuunas 437

— pacnpejenenus 264--281

— — Beaxuunn 395

14—

Oynkuns  pacnpenesexus
239, 251, 273

- -— cnekTpaspHas 255, 275, 367, 408,
419, 435, 437

— o-usmepumast 235

— chexTpaapHana 144—149, 255

— Xxapakrepucrideckas 279

— wapopas 404

®dypbe — beccenss psajg 285

®ypbe — duun psig 285

Dypoe dopmyan obpauenns 283

MaTpHuasy

Xankens dopmyaa 286

XapaktepucTHuecKas MaTpHUa
280

— ¢dyukuus 279

XapakrepucTiueckuil
26—27

276—
onpe;le/IHTe b

Henouka ¢yuxuiii, NPUCOLIHHCHHBIX K
coficteentofl dyuxuiu 28

Ye6uiera — Jlareppa muorousen 405
YebbimieBa — Ipmuta MHoroysen 401
Yucao jedektHoe 175, 176, 296

- KBaHTOBOe a3uMyTaabHoe 406

— — raasHoe 406

— — wumarsHutsoe 4C6

Map 152

— eAMHHUHBIE 152

[Haporas dyukuus 404

[lIpenuHrepa ypaBHeHue 397

[IIrypma — JIuysnuasas kaaccuueckad 2a-
naua 437

— o0OpaTHas 3ajgaua 408, 419

Auepruu omneparop 396, 407

— yposHu 396, 400, 401
Ipmutos oneparop 137, 144, 156
Apmutoso sapo 43, 90

Siapa oprorouamusipyioiine 408, 412,
420

Aapo Tmasbepra — muara 155, 219,
383

-— conpsixkeHHoe 43

— cnektpa 171

— apmuToBo 43, 90

SIma noreHuuanpHas 399
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