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YK 511.6

He6Gonvmas monorpagust C. Jlenra mocesimeHa Bax-
HOMY pasieny coBpeMeHHOR Teopuu uucea. Kpome Tpa-
IHLHOHHOTO MaTepHa/la, OHA BKJIOYaeT DHAJ TIyBOKHX
pesyabTaToOB, He OCBEULABIIXXCS paHee B MOHOTpad-
yecKolt JauTepatype. KHHra MOXKeT CAYXKHTb XODOIIHM
BBEJICHHEM B TeOpHIO mNOJe#d KaaccoB U apUPMeTHKY
JuHedHHX rpynn. OHa TpejcTaBaAfeT HHTepec IS
MaTEMaTHKOB PAa3JHYHLIX CIelHaJbHOCTeH.

Pedaxyusa sumepamypel no mamemamudecKkum HayKam

-———

—

NMPEIMCJIOBHE

[{lenp 3TOH KHHMMH — HM3JIOKHTE OCHOBHBIE KJIaCcCHUECKHE
pe3yJIbTaThl aare6pandeckod H aHAJHTHYECKOH TEODHH UHCEN.
H3-3a orcyTcTBHSI B JuTeparype TpefyeMoro MartepHajsa MHe
IPHILIOCH BKJIIOYHTD 3JieMeHThl aJre0panyecKol TEOPHH B OHY
u3 rnaB kuurd (7], omHako B BecbMa OTPBIBOYHOM BHJE.
[TosTOMY 5T cues MOJME3HBIM AAaTh 3JeCh 6osee MOJHOE H3JIOXKe-
HHe, crmocoOHOe, KPOMe BCEro NpOYEro, CJYKHUTb BBeJEeHHEM
K 3anucaM cemMHHapa AptHHa — TeHita mo Teopun mnoJeit
kaaccoB [3]. _

C npyro#i CTOPOHHI, IIOMHMO KJAaCCHUECKOH TEOPHH HEJIoro
3aMbIKaHHS, AHCKPETHO HODMHDOBAHHEIX KoJel, AHpdepeHTb
H JHCKPHMMHAHTA, 5T JONOJHUI TEOPEMEI O €IMHHIAX U O UHCAE
KJIaCCOB H3BECTHOH OLEHKOH MHHKOBCKOrO I/ JUCKPHMH-
HaHTa, a K NpHHajjexamed ApTHHYy H Y3HIICY OleHKe
YHCJa 3JIEMEHTOB B Napajsenoronax no6aBuJ 6ojee TOUHYIO
acumnrtoruueckyro ¢opmyay. Ob6a 3TH pe3ysabTaTa HMEIOT
KOJIHUECTBEHHBIH Xapakrtep (B OTJHYHE OT KauyeCTBEHHOU
TOYKH 3DEeHHsI, KOTOpOH s mHpHAepXuBaacs B Kuure [7]).

UeTblpe raaBel, MOCBSIIEHHBIE aHAJHTHYECKOH TEOpUH
yHkceJl, BOCIPOH3BOAAT 6e3 CyIleCTBEHHBIX H3MeHeHHH clenyio-
mue yeTbipe onmyO/JHKOBaHHEIE W HeONyO/HKOBaHHbIe paboTHI,
MOCBSIHIeHHBIE A3eTa-GYHKIUHA H L-PYyHKIHSIM YHCIOBLIX MOJIEH,

Hucceprauusi TefiTa, Bce elle HeonyOJHKOBaHHas (M3JI0O-
xkeHa B ra. VII).

TeopeMbl O NJIOTHOCTH IPOCTBIX HJEaNOB B OOOOCIIEHHBIX
apH(MeTHYeCKHX INpPOTpPeCcCHsiX B BapHaHTe, BO3HHKINEM Ha



6 IIpeducrosue

OfHOM H3 CEMHHAapoB ApTHHAa OKOJO [BEHAANaTH JeT
Hasaz.

Cratest Bpayspa [bl, B koTopo#i xokasaHa BbICKa3aHHast
B KauecTBe NPENMNOJIOXKEHHsT 3HrejieM acuMITOTHUecKast (op-
Myaa log (AR) ~ log dVe.

IMpunapnexamuii Befimo BapuaHT ABHOH (POPMYJIEI B TeEO-
puu npocthix upeanos [10].

B onpepeneHHOM OTHONIEHHH IlJIaH 3TOH KHHTH GoJiee WM
MeHee COBHafaer ¢ miaHoM pabothl [Hanbepra [6], xots,
pasymeercs, H aare6pauuecKdii, H AHATHTHUECKHH acleKTHl

TEOPHH UYHCeJl H3JIOXKeHbl B HX HBIHEHIHEM BHIAC (a TEOPHUA-

nosiell KjaaccoB onyinena). Kuura 'manbepta cofepXuT MHOrO
NpHMepOB H BHIUHCJEHHH, 4TO M cefyaC JejaeT ee UTEHHE
BECbMa MpPHATHHIM. Bce H3JIOXKEHHS TeODHH aJrefpaHuyecKHX
YHCeJ HCIIBITAMH Ha cefe ee BJUsIHHE H BJAHsHHE Kypca ApTrHa|l]
(aTakxke HeonyOGMIHKOBaHHBIX 3anHcell ceMHHapoB ApTHHa). Mul
NpHHHMaeM rJ00abHYI0 TOUKY 3PEHHs H JIHIIb 0 XOAy JeJa
3aHMMaeMCsl JIOKaJbHBIMH TOJSMH, KOTOphle GoJjiee MOJHO
n3yuensl B kuure Ceppa [8]. B none3y npsiMoro rio6anbHoro
MOAXO0JZA K H3YyUeHHIO YHCJIOBHIX MOJIeH MOXKHO CKa3aTb MHOTOE€;
51 Jlaxe BKJIIOUHJI OCHOBHYIO JIEMMY, HCIIOJIb30BaHHYI0 APTHHOM
B €ro IepBOHAayalbHOM JOKa3aTeJlbCTBE 3aKOHA B3aHMHOCTH.
SI majeoch, yTo Garofiaps TOMY UHTATENb CMOXKET IPHOG-
pecTH HEKOTOPYI0O HHTYHIHIO HHOrO Xapakrepa, 4eM IIpH
JpYTHX BapHaHTaX H3JOXKEHHS.

C. Jlene
Heio-Hopk, 1963 r.

[PENBAPUTEJ/IbHLBIE TPEBOBAHWSA

[aapbl | —V 3aMKHYTH B TpeOyrOT OT YHTaTe/s 3HAHUA
JUIIb 3J€MEHTapHOH anreGpel, CKaXeM Ha YypPOBHE TEODHH

Tanya. Kpome TOro, HYXHbl HEKOTOPHE Pe3yJIbTaThl O HOPMH-

popanusix. Mx nmosHble (OPMYJIMPOBKH COJEpKarcs B KHUTE,
a HeCJOXKHBIE JIOKa3aTeJbCTBAd, OTHOCSmHECS COOCTBEHHO
K OCHOBHOMY KYypCY asre6pol, MOXHO HaiTH B E7]. B ra. VI
HCIO/IB3YeTC  fISBIK TEOPETHKO-MHOMXECTBEHHOH TOMOJIOTHH.

B rsaBax, NOCBSIIIEHHBIX aHAJHUTHUECKOH TEODHH YHCe.,
HeOGXOMUM DPAJ CBeJeHu# U3 aHaausa. B ru. VII wucnoab-
3yercsi annmapar aHamusa ®yppe Ha JIOKalIbHO KOMIAKTHBIX
rpynmax. B ra. VIII—X sy)HB JIHIb CTaHAapTHBIE aHaAJH-
THUeCKHEe (aKThl (HEKOTOPble H3 HHX Mhbl JaXKe JOKasbiBaeM),
33 MCKJ/IIOUEHHEM cchlIkH Ha dopmyay [lnanmepens B ra. X.

I[Ipn pokasaTesbCTBE TeopeMbl Bpayspa— 3uressi HCIOJb-
ayercst opMasH3M TeopHH L-pajioB M xapakTepoB. Pesyib-
TaThl, JOKA3aTe/bCTBa KOTOPHIX He TPHBOAATCHA, CHOPMYJH-
pOBaHBI SBHO. H He JOJIXKHBI CMYIIATh YHTATeJIs.

C/I0BO KO0.4b40, €CJAW He OoropopeHo ofpaTHoe, Bcerjaa
03HayaeT KOMMYTaTHBHOE KOJbIO C eJUHHIEH W Ge3 xend-
Tenel nyad. ,

s Beskoro noass K cumBosom K* oGosHauaeTcs ero
MyJIbTHIIHKATHBHAs. TPyIna, a CHMBosioM K—ero aareGpau-
yeckoe 3aMblkanne. [IJIs BCAKOro MHorowiesa f cuMsosoM [’
ofo3Hauaercs JH6O €ro mpoMsBoAHas, JHOG0 €ro ob6pas OTHO-

_CHTEJIbHO HEKOTOPOro romMoMopdHu3Ma; TOYHBIH CMBICJ BCerja

GyleT siceH H3 KOHTEKCTa.

Mb moJibayeMcst ob6osnauenusimu o 1 O. Ilyers f, g—ase
GYHKIHKE BEIIECTBEHHOrO MEPeMEeHHOro, g>0. Msl numem
f=0(g), eciu cymecrsyeT Takag Koucranra C>0, uro
|f (x)| < Cg (x) mpu Bcex JOCTaTOYHO GObIMX X. MeI muimem
f=o0(g), ecom lim [f(x)/g(x)]=0. Hakonem, wMpl mHiLEM

f~g, ecau lim ff (x)/g (x)] =1,



OT IIEPEBOJYHKA

B TekcTe KHHMIH OTCYTCTBOBA/IM JOKAa3aTe/NbCTBA HECKOJb-
KHX pe3y/IbTaTOB BTOPOH TIJaBbl; OHH OBLTH 3aMeHeHbI CChLJI-
KaMH Ha COOTBEeTCTByiollHe Mecta KHuUrd [7]. B pycckom
nepeBOfie 3TH JOKa3aTeJIbCTBA NpPHBEIEHbl MOJHOCTHIO (OHH
OTMeueHbl 3HAYKaMH <«.....p). B CBg3u ¢ 3THM B TeKkCT BHe:
ceHbl HeGOJbLIHE H3MEHEHHs; KPOMe TOrO, HCIPaBJeHbl 3aMe-
ueHHble HEeTOYHOCTH M ONeYaTKH, CIHCOK KOTOpBIX Ji06e3HO

IIpHCJaAad aBTOp.

0. H. Manun

5

F'nasa 1

HEJIBIE AJITEBPAHYECKHE YHCJIA

B 3Toi rJiaBe ONHCAaHLl OCHOBHBIE CBOHCTBA KOJIbIA LEJbIX
anre6paHyecKHX YHceJ B IIPOH3BOJLHOM YHCJOBOM IIOJE
(Bcerga mNpeanoJiaraeTcs, YTO 3TO NOJE HMEET KOHEUHYo
cTelleHb HaJ TOJIEM pauHoHaJdbHHX 4Hces Q). Ciofia BXOAAT
TaKxe OOlHe CBEJeHHs O CTPYKType MPOCTBIX HAeaJsioB.

JokasaTeanCTBa NpOoBoAdTCH B OGojiee oOmell cATyanuu
TOJILKO B TOM CJlyuae, KOrJia HX HeJb3sl COKPATHTbH, MOJb-
3ysiCh CMELHAJbHBIMH CBOACTBAMH HHTEPECYIOIIHX Hac o0bex-
ToB. ITucath Kypc KOMMYTATHBHOM areSps! HE BXOAHJIO B HALTH
HaMepeHHs.

§ 1. Jlokaausauus

ITycte A-—Hekotopoe KoJblo. MyaromuniukamugHoim
nodmuoxcecnmsom B HeM HasbiBaeTcs Ji060e INOAMHOXKECTBO,
cofepxaiiee 1 ¥ BmecTe c mMoOOLIMH JABYMdA 3JIEMEHTAMH X,
y HX npousBejeHuHe xy. Kpome TOoro, Mbl MNOCTOSHHO Oydem
CUHTaTh, 4TO { HE NPHHANJIEXHT NOAMHOXKECTBY.

IMyctb K —mnosie yacTHHX Kosbua A, S— MyJbTHn/HKa-
THBHOE TOAMHOXKeCTBO Kojabua A. CumBojoMm S~'A Mul 6yaeM
0003HauaTL MHOXKECTBO 4acTHHIX BHAa x/s, Tae x€ A, s€S.
OHo ofpa3yeT KoJbLlO, B KOoTopoe A KaHOHHUECKH BKJIaJbl-
BaeTcs.

Ilycts M ectb A-MoAyab, CofepXKallHACA B HEKOTOPOM
nose L (Kotopoe cojepxut moae K). Torma cumsosom SM
0603HaudeTcsi MHOMXKeCTBO 3JIEMEHTOB BHJa U/s, rie vEM
H SES. DTO MHOXKECTBO, OUeBHAHO, ABJsieTcA S*A-MoAfyJseM.
Huorna Mol 6yaeM paccMaTpuBath cayda#, xoraa M — Kosblo,
cojepxamee A B KauecTBe MOAKOJbLA.

Ilyctb p—nmpocTofi uAaean Kogoia A (o onpejiesienHio,
p = A). Jononnenne AN\ P K p B Kosblle A ABJjsercs Toraa



10 Fa. [. Ieawe aazebpauneckue uucaa

MyJIbTHIIJIHKATHBHLIM [TOAMHOMKECTBOM S =S, 3TOr0. KOJbLA,
W Mbl GyJeM mucaTb B 3Tom ciaydae A, Bmecto S7'A.

JIOKQAbHbIM KOABYOM HA3BIBAETCH KOABLLO ¢ eIHHCTBEeH-
HbIM MaKCHMaJbHBIM HJeaJjoM. IlycTb ©—Taxoe KOJbloO,
a m—ero MakCuMaJbHBIA ujean. Torga /060 3JeMEHT
X €0, He JleXKamuid B m, sBJsieTCs eldHUieH (T. e. o6paTHM),
NOTOMY 4TO HHaye IJIaBHBIH HJeaJ X9 colepiaJjcs Obl B HEKO-
TOPOM MakCHMaJIbHOM HJease, He coBnajawouieM ¢ m. Tem
CaMBIM 111 COBMAZaeT C MHOMKECTBOM HeOOPAaTHMBIX 3JEMEHTOB
KoJiblla 0. ‘

BBenennoe Bobie Koapuo A, Jjoxanpno. Hemocpexcr-
BEHHO DpPOBEPETCA, UTO €ro MaKCHMaJbHBH HAean m,
COCTOHMT M3 4YaCTHBIX BHJA X/S, Tle XE€P H sEo\p.

3aMeTuM, 4TO my[1A=1p. JleficTBUTENBHO, BKJIOUEHHE
> oueBHano. O6paTHo, ecqu y=x/s€m, A, rAe XE€P
u SES, To x=3sy€p u s¢p. CnegoBatesvHo, Y€ p.

[Iycte A—HekoTOpoe KOJbLO, S — ero MyJbTHIJUKATHB-
Hoe noaMHoxkecTBo. [lycTh a4’ —wujean B Koabie S7'A. Torza

o' =S NA).
JlefiCTBHTENIbHO, BKJOueHHe D oueBuano. O6paTHo, NycCThb
x€ca'.
[lyctb x=als, rae a€A wu s€S. Torma sx€a' A,
oTKylda x€S™1(a' ) A).

[Ipumenenune onepanuu S~! naer romoMopgHOoe otobpaxKe-

HHUE MYJbTUIJIMKATABHOM CHCTEMBI HJ€aJioB KOJbila A HA My JIb-
TUIJIMKATHBHYIO CHCTEMYy HZeasioB Kojbua S7'A. Drto apy-
rasg (GoOpMyJIUPOBKa TOJBKO YTO JOKAa3aHHBIX CBOHCTB. Ecau
LJs HeKoToporo Hjaeatna ac—A upgean S~'a eIuHHYEH, TO,
OYEBUIHO, MHOXecTBO 4[]S Henmycro. Mel 6yieM rOBOPHTH
B 3TOM CJlydae, 4TO a nepecekaemcs ¢ S.

§ 2. Ueaoe 3ambikaHue

Ilycte A —xkonbUO, X — OPOH3BOJIBHEIE 3JIEMEHT HEKOTO-
poro noas L, copepxkamero A. D/IeMeHT X Ha3bIBaeTCH {eabim
HaJ KOJbiOM A, ecJH BBHIIOJHEHO OZHO U3  CJELYIOMHUX
yCJIOBHH.

1. Cywecmeyem markoll KOHeuHO nopPONCOeHHbUL HeHYy-
sesoly A-modyse ML, umo xMcM.

§ 2. Leaoe 3anvikanue 11

H2. Jaemenm x yoosiemeopsem HeKOMOpPOMYy ypasHe-
Huw euda
X"+ a X" Fay=0

¢ koappuyuenmamu a; € A, 2de n> 1 —uyeaoe uucso. (Takoe
ypaBHeHUe Mbl GyJeM Ha3biBaTb yelbiM.) :

Ha camom pene ob6a 3TH yCJOBHSA SKBHBaJIeHTHH. J[lefi-
CTBHUTEJIbHO, €CJH BHIIOJHeHO ycnaoBue 112, To moaymas M,

NOpOXJAeHHpIH 3saeMeHTamMu I, x, ..., x™1, orob6paxaercs
B ce0sg Npd yMHOXKeHHH Ha X. OOpaTHO, MyCIb CYIIECTBYET
TaKO# HeHYJeBOH MOAyab M =(vy, ..., U,), ut0 xMcM.
Torza

X0 =ayVi+ ... +anpln

XUp =GanyVs+ . . . + QnnUn,

rae a;j EA HepeHOCﬂ 4JICHBl XUy, ..., XUp BIPABO, MOJYyYaEM
OTCI0Ja, YTO olpele/iuTe b
ayu—X Qo PN Ayn
sy Qop—X ... aoan
any Qna vee AQupn—X

paBeH HYJIO. DTO JaeT lieJoe YpaBHEHHE IJs X HaJ KOJb-
oM A.

Ilpeanoxenune 1. Mycmo A—xoabyo, K—ezo nose
Yacmuoblx, x— arzebpaudeckud Had K aaemenm. Cywecmsyem
maKou Henyregold 3aemenm ¢€ A, umo cx yea Hao A.

HoxasatenbcTBo. CymecTByeT HEKOTOpOE ypaBHe-
HHe BHZa :

ap X"+ ... +a,=0,
rie a; €A 1 a, 5 0. YMHOXKHM 3T0 ypaBHeHHe Ha ar—1. Torna
(@nx)" 4 ... +aar—1=0
JaeT HCKOMOE ypaBHEHHe IJi 3JEeMEeHTa a,x Haj A.

[Tycte B—mnekoropoe koisibuo, coaepxamee A. Hasosem
KosbO B yeaoem Hanm A, ecyid BCAKHIM ero ajeMeHT 1ea Hazx A,
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[lpennoxenue 2. Ecau Koayo B yerw nad A
U KOHEe4HO nopoxcOeno kak A-aaeebpa, mo OHO KOHEHHO Nopojc-
OeHo u kak A-modyae. ‘

JoxaszateabcTBO. MOXHO TNpPOBECTH HHAYKUHIO
1O YHUCJY o6pa3y}omnx A-anre6psl B, Tak 4TO JAOCTaTOYHO
paccMOTpeTh cayua#i, Korja B=A [x], rlie X —HEeKOTOpHH
ueabii Hag A snement. Ho Mul yxe y6eIHJHCb, YTO B 3TOM
cayuyae yTBeDXKJAeHHE CIPaBeNJHBO.

[Ipennoxenue 3. IlTyemv AcBcC—mpu koavya.
Ecau B yeno nad A, a C yero nad B, mo C yeao u Hao A.

HokasateanbctBo. Ilyers x€C. DaeMeHT x yHo-
BJIETBOPSIET 1I€JIOMY yDPaBHEHHIO

x"—}—bn_ix"“l—{- “ e +b0:O,

rie b;€B. Togoxum By =A[by, ..., bpy]. Torna no npex-
JIOXKEHHIO 2 Koubilo B, KoHeuHO mnopoxaeHOo Kak A-MoayJb,
a Koublo B, [x] Takke KOHEUHO NMOPOXKAEHO Kak B;-MOAy/b.
CuiefioBaTeJIbHO, 3TO NOCJEJHEe KOJbLO NpeJCTaBJseT coboi
KOHEYHO NOpOXKAEHHbH A-MOJyJb, a TaK Kak yMHOXEHHe
Ha x oToGpaxaeT ero B celsi, TO 3JeMeHT X neJ Haj A.

[Ipennoxeunue 4. Ilyemv AcB—08a koasya, u B
yeao nad A. ITycmo o — Hexomopoii eomomoppusm koavya B
Toeaa koaeyo o (B) yero nad o(A).

JlokasatenbcTBo. [IpAMeHUM © K LIeJOMy YypaBHe--

HHIO0, KOTOPOMY YIOBJIETBOPsieT 3JeMeHT X KoJubna B. B pe-
3yJbTaTe MOJYYHTCS -IeJI0€ yDaBHEHHe MAJs 3JeMeHTa o (x)
HaJ KojbuoM o (A).

STO npejJoXKEHHE YacTO HCIOJb3yeTcs B cJyyae, Korja
0 — H30MOp(hH3M; OHO 0cOGEHHO NOoJE3HO B TeopHH ["asya.

MMpenaoxenue 5. Iyeme A—xoavyo, codepscaue-
ecs 6 nose L. ITycme B — mroocecmso mex 31emetimos noas L,
komopote yeaor #ad A. Toeda B—kKoavyo. (OHo Hasvieaemcs
yeabim 3amoikanuem Koaroya A 8 L.)

NokasaTteasbcTso. Ilyets x, y€ B, u nyctb M, N —
KOHEYHO INOpOXKJAEHHHEe A-MOAyJH, AJs KOToprix xMcM
1 yN<N. Toraa Monyns MN KoHeYHO NOPOXKJIEH H 0ToOpa-
®aeTcsl B ceOsi NPH YMHOXEHHH Ha X L Y U Xy.

- § 2. Henroe sanmvixanué 13

CnencrBue. Ilycme A—koavyo, K—ezo nose uacm-
Hoix, L— Koneurnoe cenapabeavroe pacuiuperue noan K. IMycme
X — aw0bol aremenm noasn L, yeawi nad A. Toeda nopma
u caed asemenma x uz L 8 K yeavr nad A. ILleaw makoice
8ce Ko3pPuyuenmor Henpusooumozo MHO204AEHA Had nosem K,
KOpHeM KOMmOpo2o fBAAeMCA X.

HoxkaszarteanpctTBo. [aa Bcskoro H3omopdusMa o
nons L Hax K snement ox uena Hai A. Ilockosabky HopMa
SBJII€TCS] MPOU3BEJeHHEM 3JIEMEHTOB OX AJs BCeX O, a cje] —
CYMMOH TaKHMX 3J€MeHTOB, TO OHH wuejnl Hajg A. Koaddu-
IMEHTHl XK€ HeMpPHBOJMMOIO ypaBHEHHSI C TOUHOCTBIO JJO 3HaKa
COBMNAJAIOT C 3JIeMEHTAPHLIMH CHMMETPHUECKHMH OYHKUMSIMH
OT 3JIEMEHTOB OX H, 3HAuyHT, TOXe LeJbl Hajg A.

Kosmbuo A HasbiBaetcsl yeao3amkHymoim 6 noae L, ecuu
BCAKHH 3JIEMEHT 3TOTO MOJs, Uedbi#l Hax A, npuHanjgexuT A.
KoJsiblio HasblBaeTCs 4eA03AMKHYMbIM, €CJIH OHO LEJO3aMKHYTO
B CBOeM IOJle YaCTHHIX.

IIpennoxenue 6. ITycmo A—Hemeposo yero3amkhy-
moe KoAbyo, L — Komeunoe cenapabesbroe pacuwiupenue ezo
noas wacmuex K. Toz20a yeroe samoikanue Koavya A 6 nose L
KOHe4HO noposcdeno Had A.

HokasateabctBo. Tak Kak Koabuo A HeTepoBo,
JOCTaTOYHO NPOBEPUTb, YTO €TO I1€JI0€ 3aMEIKAHHE COJEPIKHUTCS
B HEKOTOPOM KOHEYHO MNOpOXKJIeHHOM A-Mopy.Je.

Ilycts wy, ..., w,—JuBelnbil Gasuc pacmupenus L
Hag K. YMHOXHB KaXKjbiH 3JeMeHT w; Ha NOJXONSIIMH 3Je-
MEHT KoJsblia A, MBI, He Tepssi OGMIHOCTH, MOXKEM CUHTaTh,
4TO w; Ueabl Hajg A (mpelJIoxkeHHe 1). Onepatop caena Tr
u3 noas L B K sBastercs K-nuneiinsiM oto6paxenuemM L B K.
OHO HeHyJieBOe: CYWIECTBYET 3JeMEHT x€ L, JJas KOTOpPOro

Tr(x) 0. lna BcsKoro HeHyJ1eBOTO 3JjeMeHTa o€ L QyHK-

uusa Tr(ax) Ha L npuHajfJeXHT MPOCTPAHCTBY, ABOHCTBEH-
Homy L Hap K. DtuM onpepesnsiercss romomopdusm L B JBOM-
CTBeHHOe npocTpaHCcTBO. [TocKoJBKY $ApO Takoro orofpaike-
HHsSi TPUBHa/JbHO, TO L H30OMOPHHO CBOeMy [BOHCTBEHHOMY
NPOCTPAHCTBY, H 3TOT Hsomopcpusm onpelenseTca OUJIMHEHA-
HOH dopMoi

(x, y) ~ Tr (xy).
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[lycts w;, ..., wp—6asuc, ABOACTBEHHBIH K W, ..., Wy,
TaK 4TO

Tr (w{wj) = 0jj.

[Tycth ¢ € A—Tako# HEHyJeBOH 3J€MEHT, 4TO BCE (wj LeJbl
nag A. [lycte snement z€L wuea Hajg A. Torpa Bce sJe-
MEHTH zcw;i W BCe UX caelnl Tr (czwi) uean Hajy A. [Tosoxum

2=bw,+ ...+ byw,,

rae b; € K. Torpa
Tr (czw;i) = cb;

u ¢b; € A, Tak Kak KoJjbuo A uesosamguyto. CienoBaTesbHO,
z cojepxutcsa B A-MopyJe

Aclw + ... + Aclw,. .

IlockoibKYy B KauecTBe z Mbl R3S HpOHSBOJIbeIH 5JIEMEHT
LeJIOTO 3aMbIKaHMs KoJblla A B moJie L, TO 3TO 1eJoe 3aMHbli-
KaHHe COJEPXKHTCSI B HEKOTOPOM KOHEUHO IOPOXKAEHHOM
A-Monysie, 4TO M 3aBepuIaeT [0Ka3aTeJbCTBO.

[Ipenanoxenune 7. Bcakoe koavyo A ¢ 00HOBHAYHbIM
PABAONCEHUEM HQ MHONCUMEAU LeA03AMKHYMO.

HoxasateabcTBOo. [IpeAnosoxXuM, 4TO CYLIECTBYIOT
yacTHoe alb; a,b€ A, uemoe uHax A, W TPOCTOH 3JIeMEHT
p€ A, gotopuiil genut b, HO He peautr a. Has HeKOTOpOI‘O
1eJIoro YHcha . f > 1 umeem

(@/b)" +ap-y (a/b)* "+ ... +ap=

OTKyZa
a"+a,ba® 14 ... +ab"=0.

Tak Kak p aeJut b, oH JoJKeH IeJHTh @", a 3HAuuT, H Q,
4TO NMPOTHBOPEYHUT MPEANONOKEHHIO.

Teopema 1. ITycme A—koavyo ecaasnbix udeanos,
L — koneurnoe cenapabeavroe pacuiuperue e20 noAs 4ACMHbBLX,
umerowee cmenensv n. [ycmoe B—uyenoe 3amovikanue xoavya A
8 L. Toe0a B ssasemcs c80600Hbim A-mo0ysem parea n.

JokasaTenabcTBOo. B Kak MoAysab Haj A He HMeeT
kpyuenHs. CorJiacHo o6iuell TeOpHH KOJell TJIaBHBIX HJ€aJioB,

AN R B gl s i .

§ 3. MIpocmee udeansi _ 16

BCSIKHH KOHEYHO MNOPOXKAeHHBIH MoAy/ab 6e3 KpydeHHs Haj
TaKHM KOJIbLOM CcBOGoZeH. CoBnajeHHe ero paHra co cre-
neubio [L: K] oueBUIHO.

Teopema 1 npuMeHsieTcss K KOJbLY UeJablX uHcea Z.
Bcsikoe kOHeYHOe paCIIHpeHHe MoJisi PalUOHAaJbHBIX uyHcea Q
HasblBaeTcs 4ucaosvim nosem. llemoe 3aMbikanne Koublua Z
B YHCJOBOM nosie K HasbiBaeTCsl KOJBIOM yesblx arzebpau-
4ecKuX 4ucea 5TOTO MOJs1 H 0OGO3HadaeTcss CHMBOJIOM g,
a HHOTJa TaKxXe CHMBOJIOM Og.

[Ipennoxenue 8. [lycmv A—nodkoavyo koaeya B,
14en020 Had A, S— myaremuniukamusrHoe noOMHONCECMBO KOAb-
ya A. Toeda koavyo S7'B yeao nad S7'A. szu A yeso-
3amkrymo, mo u ST'A yero3amkrymo.

HokaszateabctBo. [lycth x€ B, s€ S 1 M—KoHeuHO
nopoxjeHHoli A-Moaynab, Ajas kKoroporo xMcM. Torna
S™M — koHeuHO NOpoXaeHHBH S™'A-MOAYJb, KOTOPBIH OTO-
Gpaxkaetrcst B cefsi mpH yMHOMXKEHHH Ha S™lx, TaK 4TO 3TOT
nocaelHud sJjemenTt ues Hajy S1A. [dasg  jpokasaTeancTBa
BTOPOT'O YTBEPXKJEHUS PACCMOTPHM 3JIEMEHT X H3 NOJIS Yact-
HBIX KoJiblla A, ueawlét Hajy kKojbiioM S'A. OH yaOBJETBO-
psieT ypaBHEHHIO

b
DAL Bt et MLy R = =90,
Sp—1 So
rae b;€A u s;€S. CreloBaTesnbHO, CYIIECTByeT TaKO# 3Je-
MEHT SE€S, /s KOTOporo Sx uesa Hajl A u, 3Ha4uT, NpHHAJ-
JexuT A. TeM caMpM, X TPUHAAJERHT KoJabuy S'A.

CanepctBue. [Tycme B asisemcs yeavim 3amovikaruem
Koavya A 8 Hekomopom pacwuperuu L noas uwacmusix A,
moeda S7B ssasemcs yeavim 3amoikaruem koavya S71A 6 L.

§ 3. [lpocTbie Haeaubl

Ilyetp p—npoctolt umean kosabua A, S=AN p. Has
BCAKOrO KoJsiblia B, copepxainero A, cuMBOJIOM Bp- 0603HauUM
KoJsbuo S™1B.

[Iycrb kKosbuO B comepXHT A, - p— HEKOTOPHIH NPOCTOH
ugeanr B A u P—npocroii ugean B B. Bypem rooputs,
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uro P sesrcum nad p, ecim B () A= p. B 3T0M ciaryuae BIOKeHHE
A— B
HHAYIUDYET BJIOXKeHHEe (aKTOpKOJelr
Alp— B/B
¥ UMEET MECTO KOMMYTATHBHAs JHarpamma
B— B/

A— A

B KOTOPOH TOPH3OHTAJbHLIE CTPEJKH O3HAUAIOT KAHOHUUECKHE
rOMOMOD(H3MBI, 4 BEPTHKAJIbHble — BJOKEHHUS.

Ecan kosbuno B neso Hag A, to B/P neno mag Alp
(npenJioxkenue 4). :

Jlemma Haxkasawma. [Tycms A—rxoavyo, a-—udeax,
coOepacauyutics 80 8cex MaxkcumaivbHolx udearax Koasya A,
M —koneuno noposcdennvii A-modyas. Ecau oM =M, mo
M =0.

Hokasateanctno. IlpoBeneM HHAYKIHMIO NO UHCTY

obpasywouux moayas M. Ilyets w,, ..., w,—HeKoTOpas

cucrema oGpasyomux. CyiecTByeT BhIpaKeHHe BHJA

Wy =W+ . . . + aAmWpy,

rae a; € a. CaegoBaTeibHO,

(1—ay) w, = aw, + . . . + AmWp.

Ecnu Gbl anemenT 1—a; He 6bin obpatuM B A, OH conep-
KaJsics Obl B HEKOTOPOM MakCHMaJjbHOM Hpeane p. Taxk Kak,
0 TPeANOJONKEHHIO, a; € P, Mbl HMegH OBl NPOTHBOpPEUHE.
CJIeJlQBaTeJIbHO, 1—a, obpatum. [lesnss Ha Hero, moJsiyuaew,
4T0 M mopoxaeH yxe m— 1 3jeMeHTaMH, YTO H 3aBepiIaeT
Jl0Ka3aTesbCTBO.

Mpennoxenue 9. Tycms A —koavyo, p—npocmoti
udear, B—roasvyo, codepowawyee A u yeroe nad A. Tozda
pBa;&B u cyuwecmsyem npocmod udeasr ‘PB, sesauyud
Hao .

§ 3. pocmobie udearvt 17

JdokasateancTBo. Mb 3HaeMm, 4TO Bp 1IeJIO Haj Ap
H 4YTO Ap npeJcTaBJseT co6oil JIOKaJbHOE KOJIBLO C MAaKCH-
MaJIbHEIM HJeajioM m.,. QOueBHAHO, YTO
pB, = pA.B=pA.B,—=mB,
M03TOMY JOCTAaTOYHO NPOBEPUTH HAllle NEepBOE YTBEpKJAEHHUE
B cJiyuae, Korja A—JoOKajbHOe KOJblo. Eciau 6bl uaeant pB
coBmafan ¢ B, umeyo 60 MecTo mpeAcTaBJeHHE BHJA

Izaib1+. .. +anbn,

rie a;€p u b;€B. Ilonoxum By=A|by, ..., by]. Toraa
pBy= By, 4 xoablo By B cuay npeisioxenuss 2 apJiseTcs
KOHEYHO NopoxkJeHHBIM A-moaynaeM. CaepoBaTtenabHo, By=0,
4TO HEBO3MOIKHO.

s poKaszaTesbCTBAa BTOPOrO YTBEPKAEHHUS BEPHEMCS
K MepBOHAYaJbHBIM 0003HAUEHHSIM H PACCMOTPHM CJIELYIOUYIO
KOMMYTaTHBHYIO JHarpammy:

B—>Bp

o

A—->A43

B KOTOpOH BCe CTpesIKH O03HA4alOT BJIOXKEHHs. Mpl TOJBKO
4TO YCTAaHOBMJIH, YTO mpo;&BP. CnenoBaTesibHO, HIeaJ

mpBp CONEPXKHUTCSH B HEKOTOPOM MAKCHMaJbHOM Hjieaje N
KOJblla Bp H, 3HAUMUT, MepeceyeHue SJZ(]AP COIEPXKHUT m
ITocKoJIbKY M, MAKCHMAJIEH, TO

m,=MNA,.

Tlosoxum P =N N B. Torga P—npocToit ugean xoJbua B.
PaccMaTtprBasi ero rnepeceueHue ¢ KoJablloM A W JBHTasich
JIByMsl TMyTsIMH 110 KOMMYTATHBHOH auarpamme, ybexjpaemcs,
yro M NA=p u, TakuM 006pa3oM,

BNA=p,

4YTO H CJIEJAOBAJO JOKa3aTb.

P

Sameuasnue. [lycmo koavio B yeao nad A, ab = B—
Herynegol udeanr. Toeda u b () A— Henyaesoil udeaa.

2 c. Jlenr
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I nokasaTesbCTBA 3TOTO PACCMOTPUM HEHYJIEBOH 3Jie-

MeHT bED. DTOT 3/1eMEHT YIOBNETBOPSAET yPABHEHHIO
"+ an 6"+ ... +ay=0,

rae a;€A, ap~0. Ho sneMeHT g, npuHaj/jexkuT nepeceye-
Hio b} A.

I[Ipennoxenwue 10. Tycms A— nodxorsyo xoseya B,
u nycme B yeao nad A. lycme B — npocmoti udear xoavya B,
nescauyuld wad npocmoim udearom P xoasya A. On marxcuma-
AEH 8 MOM U MOAbKO MOM cay4yae, K020a p MaKCumaiex.

HoxasateabctBo. Ilycte p Marcumasen. Torzaa
A/p—nmnone. TeM caMmpIM JOCTATOYHO MMOKa3aTh, YTO KOJbIIO,
Ilesioe Haj noJjeM, fBjaseTcs noseM. K3 aneMeHTapHOH Teo-
pPUH NOJIEH XOpOLIO H3BECTHO, UTO €CJM X IeJ Haja k, To
KOJIBIO £ [x] ABAsieTCS NOJIeM H, CJefloBaTesbHO, X 0OpaTHM
B 3ToM KoJjbue. O6paTHo, nycTh Hiean 8 makcumaJieH B B.
Torpa daktopkosabno B/S sBageTcs mnosneMm, KOTOpOe IeJo
Haj kKoapioM A/p. Ecnau 6u1 A/p He ObLIO NOJieM, TO B 3TOM
KoJsiblle HMeJcs Obl HeHyJseBOH MaKCHMa/bHBIE HAeasa m.
[To npepsoxenuio 9, cymecTBoBaJ OB MAaKCUMAJIbHBIA Haean
M xosmbua B[P, nexamuii Haj m, 4TO NPUBOJUT K IPOTH-
BOPEUHIO.

§ 4. Kuarafickas Teopema 006 ocTaTkax

Kutafickas Teopema o6 octatkax. flycmo A—
KOAbYO, &y, . .., G, — MaKue udeasst, 4mo a; + a; = A npu scex
i==j. [daa moboeo cemeldicmsa Xy, ..., Xn 34EMEHMO8 KO0Ab-
ya A cywecmsyem maxod ssemenm x € A, umo x = x; (mod a;)
npu ecex i.

HdokasatenbcTBo. [IpoBeseM uaayKIM0 1no n. Ilpu
n=2 uMeeMm -
1l =a,+a,,

rjie a;€ a;, TaK 4TO JOCTATOUHO TOJIOKHTb X = Xyt X;Qs.

IlycTp TeopeMma JokasaHa AJsl ceMedctBa M3 n— 1 Hfeana.
Ilna BCsAKOro ¢ HaHAYTCs TaKuWe 3JEMEHTH 4; € dag H b; € a;,
410

ai‘+bi:11 =2

§ 5. Pacuupenusa Taaya 19

n
[Ipousseenue .ﬂzl(ai—l—bi) paBHO 1 W JeXdT B Hpease
1=

k(3 k(3
a; + 'Hz a;, Tak uto a;-+ |[ a;=A. B cuny cnpasenausocTH
1= 1.,=2

TeopeMbl MpPH n = 2, HalJeTcs TaKod sJemeHT y, € A, uTo
Y= 1 (mod a,),

Y, = 0 (mod H a;)-

i=2
AHaJIOTHYHO, HAWAYTCA TAKHE SJEMEHTH Yy, ..., Yn, UTO
Y= l(mOdaj), ijO(modai), l#]

JIuHefiHag KoMGUHAUUS X=XyY1+ ...+ Xy, TOTHAA YJIOBJe-
TBOPSIET HAIIKM TPeOOBAHHSIM.

Eme 'ofHO 3ameuanHe B TOM xXKe Ayxe: pas Joboro
CeMeHCTBa HJealioB 4, ..., A, KOJbIA A CO CBOACTBOM

a+...+a,=A4A

H AJA Jio60ro CceMeHCTBA MOJIOKUTENBHBIX IEABX 4Huces
Vi, «.., Vo HMeeM

a}’l—{—...—}—af‘n:A.

[loKa3aTeabCTBO TPHBHAJIBHO; MHI OCTaBJ/IsIEM €Tr0 B KauecTBe
yOpaKHEHHS.

§ 5. Pacumpenns lanya

IIpexnoxenune 11. Hycmoe A—xoavyo, UeAO3AMKH Y-
moe ¢ cgoem nose wacmuoix K. Ilycme L — xonewnoe pac-
wupernue I'arya noss K ¢ epynnod G. Hycme p — makcu-
manvrbil udear koavya A, a B, £ — npocmote udeanvt yerozo
samoikanus koaeya A 6 nose L, sescawue Had p. To2da
cyujecmeyem asmomoppusm 6 € G, 041 komopozo o = Q.

. HokasareanctBo. Ilpennosoxnm, uto Q=0 npu
BceX 0€G. Torma Q%40 a9 o060 naphl 3eMEHTOB
0,7 €G. CaelloBaTesIbHO, CYINECTBYET TaKOH 3JeMeHT x € B,
410

x = 0 (mod o%R)

x =1 (mod o)

IIpU. BceX O€Q,
npu Bcex o€Q
2*
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(BoCIO/Ib30BATHCST KUTAHCKOH Teopemoit 06 ocrtaTkax). Hopwma
L
Ng (x) = _[I ox

oG

npuHagsexutT Koapny B[()K=A, NocKoJbKy OHO IeJo-
3aMKHYTO, M, 3HA4HT, JexXHuT B uieane L NA=p. Ho x§od
npu Bcex o€ G, Tak 4To O0x ¢ £ npu Bcex o€ G. DTo NPOTH-
BOPEUYHMT TOMY OGCTOATENBCTBY, YTO HOpPMa 3JeMeHTa X IpH-
HaJJIEKHT nepecedeHuio p = () A. _

Jloka/Ju3ysi, MOXKHO H30aBHTbCA OT NPEANOJIOXKEHHS, UYTO
P —MaKCHMaJIbHBIH HJeas; JOCTaTOYHO €ro MPOCTOTHI.

CunenpcrBue. [Tycmbv A — KoabY0, 4e03AMKHYMOE 8 CBOEM
noae wacmuvix K. ITycmo E — koneurnoe cenapabeavroe pac-
wupenue nors K, a B—yeroe samvikanue xoroya A 6 E.

ITycme p — maxcumanronvii udear 6 A. Toeda cywecmsyem

MOAbKO KOHeYHoe 4ucAo npocmoix udeasoé Koavya B, sesca=
wux Hao p.

HokasateabcTBo. Ilycts L-—HauMeHblliee pacmu-
penue ['anya nons K, comepxamee E. IlycTs 94, £,—pas-
JUUHBIE MPOCThle HAeasnl KoJgbla B, jexamue Hag P,
u B, P,—0pocTele HAeaNH LENOr0 3aMblKaHHA KoJbla A
B noqie L, nexamue Hax £,, 9, coorBeTcTBenHo. Torga P, % B,.
TeM caMbiM Halle yTBep:KJEHHE JOCTATOYHO NPOBEPHTH
B caydae, korga E —pacumpenve [anya moas K, a 3To
HeMeJJICHHO BbITEKaeT U3 npeaJsoxenus 11.

[Tyctb Koabiio A 11€7103aMKHYTO B CBOEM NOJe 4acTHHIX K,

M NycTb B-—ero nenoe 3aMblKaHHe B KOHEYHOM DACIIHPEHHH
T'anya L c rpynnoi G. Toraa oB= B pas Bcex 0 €G. Ilyctp
P — HEKOTOpbII MaKCHMaJbHBIH HJeaJs] KoJblla A, B —wmakcu-
MaJbHBI Hiean KoJabha B, Jgexamuit #ajg p. O603HaudM
CHMBOJIOM G‘B noArpynny rpynnsl G, COCTOSILYIO M3 TeX
aBTOMOPU3MOB 0, AJs KoTopuix o =*B. I'pynna G‘B’ ecte-

CTBEHHO, JlefiCTBYeT Ha MoJe KJjaccoB BeiueToB B/ u ocras-
Jager nojnoje A/p HHBapuaHTHbIM. BCiKOMy 3JeMeHTy
o€ Gy Mbl MOXKEM MOCTABHTb B COOTBETCTBHE HEKOTODHIH

aBToMopdusM ¢’ noas B/P Hax A/p, ¥ oToOpaxkeHue
c—0a

HHIYIUPYyeT TOMOMOP(H3M TPyIIIbl G‘B B Tpynmny aBTOMOpP-

¢usmoB noass B/P Ham A/p.
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I'pynna Gg HaseiBaetcs epynnoi pasiodserus uieana P.
Ee nHBapuaHTHOe MOANOJe Mbi OyleM o0003HAYaTb CHMBO-
qom L% v HasbiBaTh mosieM pasacoerus wpeana ‘B. IlycTs
B®—mnenoe samblkanue Koabma A B noie L% ® mycTb
H =P NB* Us npeanoxenus 11 caeayer, uto P—egun-
CTBEHHBIH NPOCTOR HJAeas KoJbua B, sexamuit Hag 2.

I[lyets G= | 0;Gg — pasiioxenne rpynnsl G Ha CMexXHblE
knaccel no noarpymne Gg. Torza mnpocteie  Hieans o;P
B TOYHOCTH COCTABJISIIOT CEMEHCTBO pasJIHUHBIX IPOCTHIX
ujeanoB KoJjblla B, nexauwux Hajg p. B camom jgese, nas
IBYX 5JeMeHTOB 0,T€(G uMeeM oP=1P B TOM H TOJLKO
TOM cJjayudae, Koria tiof =, T. e. Korza r”loEG;B. Tem
CaMbiM 3JIEMEHTbI T, G NPHHAAJEXAT OZHOMY H TOMY XKe

“KJjaccy mod G‘B‘

OueBuaHO, Tpynnoli pasJoKeHHsi DPOCTOro Hieana o
ABJseTCH rpynna GG;Ba‘l.

[Mpeanoxeunune 12. L*—naumenoviuee nodnosre E
noas L, colepxcaujee K u obiadarwuiee mem c80Licmeom, 4mo
B — eduncmeennuiti npocmotl udear xosvya B, sescawyui Had
npocmoim udearom BN E rkoasvya B E.

HNokasarteabcTBoO. [lycts E—noJe, yLOBIETBOPSIO-
lee YC/IOBHIO nNpeanoxenus, H—rpynna Faaya nons L
Hag E. Tlomoxum q=SPNE. Ilo npemnoxenuro 11, Bce
npocThle HAeaJsbl KOJblla B, /examue Haj (, CONpsiKeHH
otHocuTesbHO H. TlockonbKy Takoii upeasa eIMHCTBEH,
AMeHHO ‘B, rpynna H ocTaBjsieT 3TOT HjJeaj HHBAapUAHTHBIM.

CaenosatensHo, H — Gy v E > L. Ho Mbl y:Ke NpoBepHJIH,
yTo camo nose L? o6aagaer chopMy THPOBAHHBIMH CBOACTBAMH.

[Ipennoxenune 13. B npescrux 0b6o3HaueHUAX UMEEM
Alp = B4 (usomopcpusm onpedeasiemcs KAHOHU4ECKUM 840-
ocenuem Alp — BD).

HoxkasarteabctBo. [lyctb o—3gemedT rpynns G,
He npuHanexamui Gg. Torna off 5= P u o7 7= PB. [Tosoxum

0, —o 196 B

Torpa D.65=£. [1IycTb X —NpOU3BOJILHBINA 3JEMEHT KOJIbIla B4,



22 Ta. [. Leavie arcebpauneckue 4ucaa

Toraa cymecTByeT Takoil 3JeMeHT y 3TOrO Kom;ua, uTo
y = x (mod ),

AJs BCeX aBTOMOpGU3MOB ¢ rpymnnbl G, He NpHHALJENKAUIHX
GSB' B uactHOCTH,

y = x (mod 'B),
y = 1(mod o7¥p)

Ans BCEX O, He mpuuHajiexamux Gg. M3 Broporo cpasHeHHs
cjefyeT, 4To '

oy =1 (mod B)

JJisT BCeX oe{G;B. HopMa ssementa y u3 noas LY B K sas-

JseTcss MPOW3BeJleHHeM Y H Ppa3JHYHBIX MHOXHTeNed oy,
UQG;B. Takum o6pa3oM,

NE () =
x (y) = x (mod B).

Ho sT1a HopMa mpuHajjexut noawo K W Jaxe Koaeny A,
TaK KaK OHa SBJSETCS NPOH3BEJEHHEM 3JIEMEHTOB, MEJBIX
Haf A. CaefoBarenbHO, HOCJeAHEE CPAaBHEHHE HMEET MECTO
no MOAYJO £, MOCKOJLKY H X, H HopMa Jjexar B B%. 3to
H eCTb YTBepXKJeHHEe, KOTOPOe MBI XOTE€JH J0Ka3aTh.

Jnsi BCAKOro sjeMeHTa Xx€B 0603HAYUM CHMBOJOM X'

ero obpa3 npu romomopdusme B — B/. Torma o —rtOT
aBToMopdu3M noasi B/B, aas Koroporo

o'x’ = (ox)’.
[Tycts f(X)—MHOrounen ¢ kosdduuneHTamu B KoJblie B.

O6o3nauuM yepe3 f'(X) ero ecrecTBeHHBI 00pa3 OTHOCH-
TEJBHO OMHCAHHOrO roMomopdusMa. VMeHno ecsu

FIX)= b, X™ 4+ ... + by,

FX)=b,X"+...+b

[Ipepnnoxenue 14. [lycme koavyo A yeso3amkHymo
@ céoem nose dacmuuix K, u nycme B— e20 yesoe 3ameikanue
8 KoHeyrom pacwwupenuu I'aaya L smozo noas c epynnod G.
[Tycmo p — Hexomopbil maxcumarsroiti udear kosvya A, B —

TO
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MmaKcumarpbHelli udeas xoasvya B, sedcawjuil nad p. Toeda
nose B/ seasemcs wopmasvroim pacuuperuem noss A/,
a omobpascenue 6 — 0’ unOyyupyem HeKOMopblL 20MOMOP-
¢usm epynner Gy wa epynny TI'arya noan B/B nad Alp.

OorasaTeabcTto. [lomoxkuMm B =B/ u A'=A/p.
Beakuit sjeMenT x’ daktopkoabua B’ aBaseTrcs o6pasom
HeKoToporo aJjeMeHTta x € B. [lpeanonoxuMm, 410 X’ mopo-
XJaeT HEKOTOpoe cenapafe/ibHOE MoJpaclIdpeHHe Kosela B’
Haf A’. TlycTb f— HenpHBOAMMBI MHOrOUJIeH Hajx mojeM K,
KOPHEM KOTOpOTO siBjsiercs x. Tak Kak x mea Haj A, To
KoabbHuHeHTH f NpHHanAexar A, M Bce ocTajbHble KODHH f
neasl Hag A. Tem cambiM MHorousen f(X) pasaaraercs
B KoJiblle B Ha JHHeHAHble MHOXHTEJH

F0) = 1 (X —x).

Ho rToraa

=11 (X—x, '
i=1 _
rie Bce xi NpUHHAAJeXaT Kojbly B’, Tak 4To MHorodjeH f’
pasjaraeTcsi Ha JHHefHble MHOXHTeNH B Koable B’. Tax
Kak u3 paBeHcTBa [(x)=0 caenyer paBeHcTBO [’ (x')=0,
Koablo B’ nopMasbHO Haj A’, W

(A" (') AT K () : K] < [L: K]

Orciofa caelyeT, 4YTO MaKCHMajbHOe cenapabesbHOe MOA-
pacipende KoJbla A' B B’ WMeeT KOHEYHYIO CTeNeHb Hajl
A’, KoTopas orpaHuyeHa creneHbio [L :K] (BOCNOJNb30BaTHCSA
TEOpeMOl O MPUMHTHBHOM 3JIEMEHTe).

OcraeTcst MpOBEpPHTb, YTO OTOOpa)KeHHe ¢ —> ¢’ ompefe-
JsileT HEKOTOpBIA snuMopdusM rpynmsl Geg Ha rpynny [lanya

koabua B’ mag A’. C 3rofi eNbI0 BOCIONb3yeMCs IPHEMOM,
CBOASIIMM HaIly 3ajauyy K CJy4al, Koria ‘P—eauHCTBeH-
HBIH TPOCTOR uJeaJs Kojblia B, nexamuid Haj p. DTOT NpHeM
COCTOHT B 3aMeHe Kojbia B koabnoM B%, uTO MOXHO cle-
JaTh, TaK KaK COOTBETCTBYIOIee [0Jie KJIACCOB BbIUETOB
IpH 3TOM He MeHsieTcsi B cuay npepsoxenus 13. Creposa-
TEJbHO, JAJisi J0Kas3aTeJbCTBA 3MHMOPGHOCTH MOKHO pac-
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cMaTpuBaTh L% B KauecTBe ocHOBHOro moss. K sToli curya-
MK Mbl M XOTeJH CBEeCTH 3ajauy; OyJeM CUHTaTb, UTO
K=18, G =Gy -

[Iycte Tenepp x € B—Takoil 3/1eMeHT, 4TO ero obpas x’
TIOPOXKJAAaeT MaKCHMaJbHOe cenapaGesibHOE MOAPACUIHPEHHE
koabiia B’ Hag A’. Ilyctb [—HenpuBOJMMBIE MHOrOYJIEeH
Haj K, KOpHeM KoToporo sBJseTcs X. Bcsikuil aBToMopdhusm
KoJibila B’ NepeBOAHT X' B HEKOTOPHIH KOpPeHb MHOrouJeHa f
H onpejensieTcss 3THM KOpHeM. [ICJIOXHM x=x,, H NYyCTb
X; — JioOoi KopeHb MHorouseHa f. CymecTByeT TakKoH »3.Je-
MEHT O € G:G‘B’ yto ox=yx;. CheloBatesbHo, 0'x’ = xi.
Tem cambiM aBTOMOpPGH3MBEl KoJabua B’ Hapy A’, uHAyuupo-
BaHHble 3JeMeHTaMH rpynnsl G, TPaH3UTHBHO JeHACTBYIOT Ha
MHOeCTBe KOpHeH MHoroujeHa f’. [103ToMy OHH MHAYLUHPYIOT
MOJIHYIO TPyNINy aBTOMOP(PH3MOB MOJA KJACCOB BBIYUETOB, UTO
u TpeboBajOCh JOKa3aTh.

CanepcrtBue 1. [Tycme A — Ko.40610, eA03AMKH YmOoe 8 C80-
em noae wacmuoix K. Hycme L — koneuroe pacuwuperue I'aaya
noas K, B —yeqoe 3amoicanue Koavya A 6 noae L, p — He-
komopbiti maxcumaoroui udear Koavua A u 9: A — Alp—
karoHuveckutl eomomopgusm. Ilycme, naxoney, Py, P, — 08a
eomomoppusma koavya B e aneebpauueckoe samovikarue noas
Alp, npodorxcaroujee eomomopgusm @. Tozda cywecmsyem
maxotl asmomoppusm ¢ noasi L Had K, umo

Py =1y o0.

HJoxasateabcTBO. dapo otofpaxeHHH Py, P, — IpO-
cThle HAeassl Koabna B, KoTopbie conpsizKeHbl B CHJy Tpel-
aoxenus 11. CrnenoBarensho, B rpynne anya G cymecTByeT
TAaKOH 3JIEMEHT T, 4TO OTOGpaXKeHHs Y; U P, o T HMEIOT OLHO
H To xe sApo. [losToMy, He Tepsis OOGLIHOCTH, MOMKHO CYH-
TaTb, YTO y¥kKe sifipa OToOpaxkeHHH 1, P, COBNAJAOT H paBs-
Hbl PB. IT0 03HAUaeT CymieCTBOBaHHE TAKOro AaBTOMODP(H3Ma
@ : P, (B) — Py (B), uTo ® o P, =1,. B cusay npeasnoxenns 11
CYHLeCTBYET TaKOH 2JieMeHT 0 €Uy, 4T0 ®o Py =P; 0 0. 3to
JI0Ka3blBaeT Tpebyemoe.

3ameuanue. Bo Bcex chopMyHPOBAaHHHIX YTBepHKIe-
HHSIX YCJIOBHE MAaKCHMAJbLHOCTH HJeasja P MOMKHO 3aMeHHTb
yCJOBHEM €ro mpocToThl. [ocTaTouHo JOKa/JH30BaTh N0 P,

$ 6. Hedexundosw kosrvya 25

M BCe JIOKasaTe/bCTBa INepeHocsitcsi Ge3 uaMeneHufl. s
NPHJIOKEHHA K YHCJOBLIM IOJIIM 3TO HECYLIeCTBEHHO, HOO
BCE TPOCThHie HJeajibl B 3TOM CJydae MaKCHMaJbHH.

S1Apo paccMoTpeHHOro Bbille OTOGpaKeHHs

HasplBaeTcs epynnoi uxepyuu upxeana ‘P. OHAa COCTOMT H3
TeX 3JIeMEHTOB rpynnbl G, KOTOpblE HHAYUHPYIOT TPUBHA/Ib-

HbIH aBTOMOPGH3M 1O0JS KJacCOB BbIUETOB. [losie HHBapHAHT-
HBIX 3JIEMEHTOB MAJiA 5TOH MOATPYININBl HAa3bIBaeTCs nolem
uxepyuu u o6o3HayaeTcss cuMBoJioM L.

Canencrsue 2. B ycaosusnx caedcmeus 1 npednosoxcum
ewje, umo P — eduncmeennvii npocmol udeas Koavya B,
nescaugul Had p. [lycme [ (X) — muocouren 6 koavye A[X]|
co cmapuium Kodppuyuenmom 1. I1pednoroswcum, ymo [ xenpu-
sodum 6 koavye K[X] u umo o0un u3 ezo KopHel iexcum
8 Koavye B. Toeda pedyuuposanreiti mrocoyuren [ saeasemcs
CMeneHbro Hekomopozo Henpueodumozo muozodrena 6 A’ [X].

HlokasarteabcTtBo. [lo caeactsuio 1, mio6ble 1Ba
KODHSI MHOrouJieHa f’ conpsikeHbl OTHOCHTEJIbHO HEKOTOPOTro
aBToMOpdH3Ma Koaepua B’ Hag A’, Tak 4TO ' HE MOXKET
passiaraThcsi Ha B3aUMHO INIPOCTble MHOXKHTesaH. [lostomy f’
SIBJISIeTCS1 CTENEHbIO HENPHBOJHUMOIrO MHOrO4JieHa.

CnencTBHe 2- M3BECTHO II0J, Ha3BaHHeM Jemmor [ enseas.
[lo3xke MBI MPHMEHHM €ro K IMOJIHBIM MOJSIM.

§ 6. MenexkunnoBbi Koabiia

[Iyetb o—kosabuo, K—ero mnoJse uacTHbiX. /JpobGroim
udeasom Konaplia o B mosie K Ha3plBaeTcs BCAKHE 0-MOAYJIb 4,
cofepxamuiica B K, AJg KOTOPOro CyLIECTBYeT TaKOH 3Jie-
MeHT c€9, ¢=0, uro ca—o. Ecau Koabuo 9 HETEPOBO,
H3 OmpejeJieHHs cJjelyeT, 4YTO MOAYJb €4, a 3HAUHUT, H &,
KOHEYHO MOPOKIEH.

Teopema 2. [Tycmb o — Hemeposo yes03amKHYmMOE KOAL-
40, Kascobil Henyresol npocmol udeas KOmopoeo MaKCUMA-
sen. Toeda ecaxutl ulear KoAbyA © 00HO3HAYHO PA3La2aemcst
Ha npocmeoie udeaibt, a Hewyiegoie OpobOHble wudearst o6pa-
3yrom epynny no YMHONEHU. ‘
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HoxasaTeanbctTBo. CHauyala MBI JOKaxKeM BTOpOE
yTBepXKIeHHe, craenys Ban pep Bapaeny.

(I) TIycte a=~0—unean B xojbue . Toria cymecrsyer
NPOM3BEJEHUE MNPOCTHIX HIEaJOB, KOTOPOE COAEPHKHUTCI B 4:
p1p2' . pr 4.

IlycTh 3TO He TakK; B CHJIY HETEPOBOCTH KOJbIlAa © CYllie-
CTBYET HEHYJIeBOH HJeas 4, MakKCHMAaJbHBIH BO MHOXKeECTBe
HJeanoB, He COJepXallUX NPOU3BeLEeHHE MNPOCTHIX HIeaJoB.
On He MoxeT ObITb mpocTeiM. CJjie[oOBaTeJbHO, CYLIECTBYIOT
TaKHe 3JIEMeHTHl by, b, €0, uto b,,0,€a, HO b;¢a, b,¢a.
[lonoxum a, = (a, by) ¥ ay=(a,b,). Torga aa, < a U a, == q,
a7 a. Tak Kak a MakcHMajileH B ONHCAHHOM MHOXeCTBe,
HEKOTOphle IIPOM3BENEHHs IPOCTHIX HJeasioB CONEPIKATCS
B @4; H B d,. OOBEI¥HEHHOe NPOM3BEJeHHe TOrJa COLEPIKUTCS
B @, UTO NPHBOAHT K MPOTHBOPEUHIO.

(II) Beaxuil MakCHMasbHBIA HAead P o6paTHM.

[lycte p~l1-—<MHOXKECTBO TexX 3JeMEHTOB x € K, AJs KOTo-
poix xp < o. Torma p~' > op. Mel yrBepkAaeMm, uto pls£o0.
HeficTBUTENBHO, TYCTh A € P, U =~0. PacCMOTpPUM Takoe HaH-
MEHbIIEee YHCJO r, AJs KOTOPOIO CYyUleCTBYeT NpPOH3BeLeHHe

Pr... P (@)= p.
Torja oiuH u3 HAeaN0B P;, CKAXKEM pl,‘ COJEpPXKHTCH B P,

a 3HAYHT, H COBNAJAeT C §, TMOCKOJbKY BCSKHH NPOCTOH.

Haeaj MakcunmaJgeH. [lanee,

Py ... Pr (a)

H, CJEJ0BaTeJbHO, CyIIecTByeT Takoi 3JeMeHT bEpy ... Py,
uro b€ (a). Ho bp < (a), Tax uto bap < » u, cTAJO GHITH,
ba’lep . A rtak KaK bdao, To U ba ¢, UTO JOKasbIBaeT
Hallle yTBEPXKJEHUE.

Hrak, pc pp™'Co. Tak kKak Hugean P MaKcHMaJIeH,
TO 60 h =pp~l, mu6o ppl=op. B mnepBom cayuae BcsKui
3JEeMEeHT HJeana P! npH YMHOXKEHHH [epeBOIUT B cebs
KOHEYHO NOPOXKJEHHHIH 0-MOAYJb P, YTO HEBO3MOKHO, TaK
KaKlAP—lio, a KoapLO o 1esao3aMgHyTo. CJiefoBaTe/bHO,
pl=0p.

(III) aa kaxkOooOro HEHYJEBOrO HAeasa CyilecTBYeT
obpaTHbBI K HeMy ApOOHBIH HAeaJl.

[Tycrs 310 He Tak. Torga CyIIecTBYeT MaKCHMAJbHBHIA
HeoOpaTuMblfi Hgean 4. Mbl yxe y6eluauch, UYTO OH He
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MoxeT OblTh MakCHMaJbHbIM. CJjleoBaTeNbHO, ¢ C P, a=£=P
JJisi HEKOTOPOro MakCHMaJIbHOrO Hjeasa p. Mmeem

acaplcadlco.

Tak kak wuJeaJ a KOHEUHO MOPOXKJEH, PAaBEHCTBO ap l=gq
HE MOXKET HMeTb MecTa, H6o Hjieaa P! He uen Hajg o.
CnepoBatesbHo, HAean ap~! OoJbilie, yeM 4, H NOTOMY UMEET
oOpaTHBIH, KOTOpBIH, OyAyud YMHOMXKEH Ha P, HacT oOpaTHHIH
urean 1Js a. IIpoTuBopeune.

(IV) Tlycte a-—HexKoOTOpHH HeHYJeBOH wujean, a c—
Takoi JpOOHBIA HJeas, 4To a¢=0. Torga ¢=a"! (MHOXe-
CTBO T€X 3JEMEHTOB X € K, HJif KOTOPBHIX X4 o).

OueBuano, uro ¢ a . OGparho, ecam xac»o, TO
Xa¢ ¢ 4, 3HAYUT, X £¢, IIOTOMY UTO 4 =0.

Hakonen, noxkaem, 4TO BCAKHHA HeHYJ/eBOH APOoCHBIA
uiean obpatuM. B camom jgeJse, nycTb a— HEHYJEBOH ApO6-
HHA wHleas. Torga cymecTByeT TAakKOH 3J€MEHT ¢ €9, UTO
caco, U uieaa ca obpatuM. [lycte cab=v»o. Toraa
cb=a"1. D10 AOKa3BIBAET, YTO HEHYJeBble APOOHBIE HIeaJIbl
0o6pasyoT rpymnmny.

Teneps yCTaHOBUM OAHO3HAYHOCTb DPA3JIOXKEHUS HA LPO-
CTHle HJeaJbl. ,

3aMmeTuM cHadaJsa, 4TO BCSIKHH HeHYJIeBOH HJeaJj a PaBeH
MPOU3BEIEHUIO IPOCTHIX UAeaJsoB. MHaue cymecTBoBas Obi Hje-
aJl 4, MAKCHMAaJIbHbIH BO MHOXKECTBE HeaJioB, He 00/1a1al0mui
5TUM CBOHCTBOM; OH H€ MNPOCT, TAK 4YTO ¢ P H az=p, Ile
P — HEKOTOPHH NpocToH HAeana. TorZa qap™lc o ¥ ap™l >,
npuueM BKJwueHHe cTporoe. llostomy wuzgean ap~! pasna-
raeTcsl Ha IMpoCTble Hjeanbl; A00aBUB P, OJy4HM HeKOTOpoe
passioxeHve Hjeasna q.

[lycte mamsl ApoOHBIE HOeansst 4, b. 3amuck al|b o3na-
yaer, 4TO CYIIECTByeT Hjeana ¢, JJs KOTOPOro ac¢= 5. 3to
OTHOILIEHHE PaBHOCUJILHO BKJIIOUEHHIO 4 Db, TaK KaK MOXKHO
NOJIOKHTL ¢ = 4a~1b. .

M3 omnpezeseHust mpocToro ujeasa BHITEKaeT, 4TO €CJIH
plab, To Jymbo p|a, quGo p|b. (B camom pHese, U3 BKJIO-
yeHuss abcC p caepyer, uto Jaubo ac p, Jaubo b p.)
[losromy, paccmaTpuBasi ABa PasJ/ioXKeHHsl HA NPOCThIe HAEaJbl

PiPe oo Pr=q19 . .- Qs
Mbl MOXXeM 3aKJOUHTh, 4TO pi AeJUuT HpaBoe HpOHSBeﬂeHHe,
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TEM CaMbIM JEJIMT OAHH H3 ero COMHOXHUTeJel, CKaxkeM q;,
a 3HauUT, COBNajaeT C q;. YMHoXas Ha p;' ob6e CTOPOHHI
paBeHCTBAa, MO MHAYKUUH YCTaHABJMBAaeM, UYTO f==S H HUTO
NPOCTble MHOMKHUTEJM CJeBa M CIpaBa COBNAJAKOT C TOYHO-
CTBIO 710 NepeCTaHOBKH.

[lycte @—HenyseBo# JpoOHbIE uAean, c¢€ 99— TakoH

HEHYJIeBOH 3JieMeHT, 4TO ca 9. Torma (c)=9p; ... Py
HCa=qy ... qs. [I03TOMY @ mnpeacTaBasieTcsi B BUHJE
a= Gy --- Qs
Pt ..o Pr

(Mbl numem 1/p Bmecto p71). EcaH COKpaTHTb BCe NpOCThIe
KAeanbl, BXOJAsIlHE W B UMCJAUTE/]b, W B 3HAMEHATEJb, NOJY-~
yHBIIE€eCs pa3joxeHHe OyJeT onpelesiTbCs OJHO3HAUHO,

KoJbilo, yaoBJieTBOpsiOllee YCJOBUSAM TeOpeMsl 2, Hasbl-
BaeTcsi Oedexurdoevim Koavyom. Konblo uenbix agarebpau-
4eCKHX YHMCeJ B UYHCJOBOM moJie K saBJseTCs JeleKHHI0BbIM,
IIOTOMY YTO OHO YJOBJIETBOPSIET BCEM TPEM YCJIOBHSM.

B panbuefitiem Bce npoOHble Haeasnnl Mbl OyleM CUHTaTh
HEHYJ/IEBLIMH, €CJIM NMPOTHBHOE HE OTOBOPEHO SBHO.

[Iycte A — leAeKHHJOBO KOJBLO, &— APOGHLIA Hjaeas.
OH npejicraBasercs B BHAE

a=[]»",
P

rAe r,—UeJble YHCJA, H3. KOTOPHIX BCE, KPOME KOHEYHOro
qucaa, PpaBHBlL HyMmo. Yucao ro HasbiBaeTcs nopadkom
Hleasa & OTHOCHTeJbHO Y. Ecau rp>0, O6yleM TOBOPHTD,
4TO P SBJAETCS HYyslem HIeana a; ecju ry<<0-— noawocon.

[lycTb @ —HeHyJ/eBOH 3JeMEeHT MoJisi YacTHHIX KoJibia A.
Mbl MoxeM 06pa3oBaTh APOOHBIH HAeas (a) = Aa U IPHMEHHTD
NOHATHSA TOPSiAKa, HYJsl M [OMIOCA K 3JIEMEHTY d.

[lycts a, b— apoGurie upeanel. OueBuano, yt0 ¢ O b
B TOM H TOJIBKO TOM CJjydae, KoOrja ordpagordpb IJIS BCcex
NPOCTHIX HJAeasoB P. TeM caMbIM MMOJy4YaeTCsl KPUTEpPURd AJid
NPUHANJEIKHOCTH 3Jj1eMeHTa o K JpoGHOMY HAeaJsy ¢ B TePMH-

HaX TIOPAAKOB (paccMmoTpeTb naeasa b= (a)). Bce 310 HeMen-
- JIECHHO MOKa3blBaeT, 4TO AJs JIOObIX ABYX APOGHBIX HJ€aJjIoB

§ 6. Hdedexundossl Koavya 29

a, b uMeeM
a[]1b=ab.

Ecan ordpa:O, 3JIEMEHT O HasblBaeTcsi eduruyeil OTHOCH-
TeJbHO p. B sTOM cayuae 3jieMeHT a sBJAseTcH eIMHHIEH
B JIOKaJIbHOM KOJIbile Ap.

B nanbHefinieM Bce mpocThle HAeaabl Mbl GyAeM CUMTATh
HEeHYJ/IeBbIMH, €CJIH MPOTHBHOE He OTOBOPEHO SBHO.

[Ipeannoxenune 15. Ilycme o-— dedexkurndoso Kkoabyo
C KOHe4HbiM wucaom npocmoix udearos. Toeda 98— K0AbYO
2AQ8HBIX UOeAN08.

HokasarteabctBo. [lycts by, ..., Ps—Bce mpocThie
uaeaan. s Bcsikoro wujaeana
a=pit ... ps==0
BoifepeM 1O 3JIeMeHTY ; €9;, ®; 4 93, W HaligeM Takol
3JIEeMEHT a £ 0, 4YTO
LT
a = ;i (mod b),

rie b— mpousBejleHHe BCeX MNPOCTHIX HAEaJOB B JOCTATOYHO
Gosbmioi  cremeHd. PaccmartpuBas passioxkeHue HjeaJa,
MOPOXKAEHHOTO 3JIEMEHTOM a,

(a)=p& ... pss,

HEMeAJIeHHO yOexjaaeMcs, 4To e;=r; AJs BCeX i H, CJaeflo-
BaTeJIbHO, & = (a).

Npeanomenue 16. Hycmo A—dedexundoso koavyo,
S —e20 myavmunauxamusroe nodmnosxcecmeo. To20a Koabyo
SA mosce dedexurndoso. Omobpascenue

a ~ Slg

onpedeasem 20m0MOpPHu3m epynnsi OpoOHbLx udeanrog korvya A
Ha epynny Opobroix udeasos koavya S'A, a ezo adpo
cocmoum u3 mex 0pobrvix udearos kosvya A, Komopue nepe-
cekawomca ¢ S.

IlokasaTeabCcTBO. Eciu - p mepecekaercas ¢
S, 10 S;,’ =814, notomy uto 1€ S;l. s mobuix aByX
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HjeanoB g, b — A uMeeMm
S71(ab) = (S714) (S71b),

TaKk uTO omnepaus S~' HHAyUHpyeT TOMOMOP(H3M TpPyMIBl
(ApoGHBIX) HJeaJoB.

Ecmn S'a=S8"1A4, 10 1=0/s 141 HEKOTOPHIX 3JIEMEH-
ToB a€a U SES. TlostoMy a=s U a nepecekaercs c S.
ITO J0Ka3blBaeT YTBEPXKJEHHE O siipe roMomopdHusMma.

Hame oroGpaxenue >snUMOpdHO, MOTOMY UTO, KakK OBLIO
nokasaHo B § 1, Bcsakdél daean Kogabua S7'A HMeer BHJ
S7la, rae a—HeKOTOpHE HAeas Kojabua. A. IDTO BepHO,
pasyMeeTcsi, U AJs ApoOHBIX HpieaqoB. Hamme mnpexnsoxenue
JIOKa3aHo. '

I ra6rotm OpobHuim udeasom Mbl OyleM HasplBaTh JpoG-
HBR ujean BHAAa aA, NOPOKAEHHLIH €IHHCTBEHHBIM 3JIEeMEH-
TOM « TNOJs1 4YacTHHiX Kogbua A. Mbl 6yjaeM cUHTATh, YTO
a =0, ecj1 NPOTUBHOE He OTOBOPEHO SIBHO.

Ilycts A — nemexunzpoBo xosbuno. Pakroprpynma Bcex
APOGHBIX MJEajioB 1O MOAYJIO MOATPYINbl 24a8HbIX U0ea.o8
(HeHys1eBbIX) Ha3BIBaeTCs epynnod Kaacco8 udeano8 KoJb-
na A. :

[Ipegnoxenue 17. Ilycme A— Oedexurdoso koasyo,
epynna Kaaccos udeano8 Komopozo koreyHa. ITycmo 4y, . .
..., 8, — OpoOHbIE uldeaabl, npedcmasasioujue 6ce KAQACchl,
u nycme b— Henyresoll ssemenm koavya A, sexcauyuil 8 nepe-
cederuu udeanos a;. Ilycme S — mysvmuniuxamusroe noo-
MHOMecmeo Koavya A, nopoxcOenHoe cmenenamu 3iemenma b.
Toe0a S™1A — koabyo 2aa6Hbix Udeanos.

'NokasaTeabcTBO. Bce Hpeaan 4y, ..., 4, OTOGpa-
KAOTC B eIWHUYHBLINA HJeas romomMopduamMoM S, onucaHHBIM
B npenJoxenuu 16. Tak Kaxk Bcsakuil upeas kosbla A paBeH
MPOU3BEJIEHHIO OJHOTO W3 HJeasoB &; Ha TJIaBHBIH Hpead,
Halll pe3yJbTaT BHITEKaeT H3 SNUMOPGHHOCTH romMomopdu3Mma
B NpeAJoxeHHH 16.

Ecam gBa apoOHBIX HAeana g, b npuHAjJMEXRAT ORHOMY
U TOMy e KJjaccy, MBI IHIIEM

a~Db.

et e e et
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¥ HasblBaeM HUX AuHelHo 3Kkeusasenmrubimu. OueBHIHO, UTO
BCSIKMH JAPOGHBIH Haeas JUHEHHO 5KBHBAJIEHTEH HEKOTOPOMY
HAeasny.

[losxke MBI NOKaKeM, 4YTO YCJOBHE MpelJoxeHHs 17
BLIMOJIHSAETCS [JIs KOJIbIA LeJbIX YHCeJa MoJs anarebpau-
YeCKHX YHCeJ.

7. JIMCKpeTHO HOPMHPOBaHHbIE KOJbHA

ZluckpemHo HOPMUDOBAHHBIM — KOABYOM © Ha3bIBaeTCs
KOJIbII0 TJaBHBIX HJeajioB, UMeloliee eJMHCTBEHHBIH (HEHY-
JNeBOH) mpocroii ujean m. Takoe KoJblo JokaabHOo. Obpa-
3YIOIIMA 3JeMeHT N HAeajna m sBJseTcs eAMHCTBEHHBIM
HENpHBOJHMMBIM 3JIEMEHTOM KOJblia © (C TOUHOCTBIO JO €JH-
HHULBI, pa3yMeeTcst), T.-€. €IHHCTBEHHLIM INPOCTHIM 3J/IEMEH-
TOM, TaK KaK BCSKHH NPOCTOH 3JIEMEHT MOpPOKAAaeT MPOCTON
njieas. IloatoMy B paccmMaTpuBaeMoOM cJydae OJHO3HAUHOCTH
Pa3jIoKeHHs, HMelIasi MecTo B JI00M KOJblle TJIaBHRIX
H/leaJioB, NPUHHMaeT OcOOEHHO NPOCTOH BHA: BCSIKHH HeEHY-
JIeBOH 3JIeMEHT o € 0 NpejcTaBJjseTcsli B Qopme

a=n'u,

rje r—I1leJioe YucJo, U — eAWHHIA B O.

Bcsikoe JMCKPEeTHO HOPMHPOBAaHHOE KOJIbLO — AeLeKHH-
JI0OBO, a BCsIKO€ JIeleKHHA0BO KOJIbIIO ¢ eIHHCTBEHHBIM MaKCH-
MaJbHBIM HJ€aJoM JHCKpeTHO HopmupoBaHo. Ilycte A—
Ae/leKHHJ0BO KOJIbO, P — mpocToil Hiean xoJabia A. Toraa
A, — NMCKPETHO HOPMHPOBaHHOe KOJIBLO, HOO A,=S7'4, rae
S=A\p (cp. mpepsoxeHnue 16).

Tak kak Bce HjeaJibl JHCKPETHO HOPMHPOBAHHOTO KOJIbLIA
rJaBHbIE, BCE OHH SIBJSIOTCSI CTENEHSMH MaKCHMaJbHOTO
Haeana.

[lpu nokasaTesbCcTBe PasjHYHBIX PE3YJbTAaTOB O AeJEeKHH-
JOBBIX KOJIbLIaX YacTO OKa3blBAeTCsl MOJIE3HEIM IPOHU3BOJMTH
JIOKAJIU3aLMI0 OTHOCHTEJNBHO OJHOI'O0 IPOCTOTO HJeasa, UTo
IPUBOJUT K JUCKPETHO HOPMHPOBAaHHOMY Koubny. I1prmepom
MOXKeT CJYXKHTb cJefyiollee MpeAJoKeHHe.

I[Ipennoxenune 18. IIycme A — Oedekundoso Koa6Yo,
M, N—0dsa A-mo0yasn. [las écaxoeo npocmoeo udeara p = A
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noaoscum S, = ANp. Ecau Sy'M = SJIN 0as scex p, mo
McN. ,

IlokasaTeabcTBO. [Iyetb a€M. [das scsikoro by]
CYWEeCTBYIOT TaKHe 3JIEMEHTH Xy EN wn Sp € SP, 4TO0 a =
= xp/sp. [lycTs b—wHnean, nopoxnenuslli Bcemu Sp- 3710
€AMHUYHbLIH HJeas, TaK YToO

1=2) YpSe,

rie Y,€ A, UpHYEM TOJBKO KOHEYHOE YHCJIO 3JEeMEHTOB Yy
OTJINYHO OT HyJsd. [lostomy

a=2ypspa=Y Yp¥p

TaK 4TO A€ N, 4YTO H TPe6OBANOCh NOKA3ATh. )

Besikoe IHCKPeTHO HOPMHpoBaHHOe KoJbio A sBJSeTCs
KOJIbIIOM TJ/IABHBIX MJEAJI0B, TaK 4TO JIOGOH KOHEYHO MOPOK-
JeHHBI A-Moaysmb Ges Kpyuenms M cBoGojeH. Ecau ero
PaHr paBeH 7, a P—IPOcTOH Haeasa xousbma A, To M/pM —
cBOGOAHBIA MOAYJb paHra n mHag A/pA.

[Ipexnoxenue 19. Hycme A — sokasvrole K0.4640,
M — c60600HbuE MOOyab panea n nad A. ITycmy p — maxcu-
manprouli udear romvya A. Tocda M/pM ~— 6eKMoproe npo-
cmpancmeo pasmeprocmu n #ad Alp.

JlokasaTeanbcTBoO. Paccmotpum  Gasuc x4, ..., x,

Monyaa M nam A. Eciu ero sjeMeHTHl JMHEHHO 3aBHCHMEL
mod p, TO CyIecTByeT COOTHOMIEHHE BHIA

2 aixi € pM,
Te a; €A u no Kpafineii mepe ofuH u3 KO3(pPHULHEHTOB a;,
CKaXXeM a,, He IpHHAA/IekHT P. [Hensas Ha a;, noayuaem,
yTo X4 € Axy+ ... 4 Ax, 4+ pM. Tosmoxum

N=M/(Axy+ ...+ Axy,).

Torpa PN =N, TaK uyto N=0 B cuay Jemmnl Hakagma —
NIPOTHBOPEUHE.

[Mycte Tenepy A — penekunioBo KoJIbll0, K —ero mnoue
YacTHbIX, L -—KOHeuHOe cenapae/ibHoe pacimHpenHe nosjs K,
B—uenoe sambikanue xoaeua A B L. [lns Besikoro IPOCTOTO

$ 7. Quekpemno Hopmuposarnnsie KoAbYA 33

uaeaJsa p HMeeT MeCTO pas.nomeﬂne )
PB=Pa ... B (e3> 1)

Ha TpocThle HAeasabl Kojbina B. OueBupgHO, YTO mNpocToOi
urean L < B BXOAHT B 3TO pasjioxeHHe TOTAA H TOJbLKO
TOrfa, Korja OH JIeXKHT Haj p.

[Tycte S = AN\ p; npHUMeHssT K 3TOMY Pa3JIOXKEHHIO ore-
panuto S71, mosyyaeM passoxeHHe Hjpeasa S”'pB B KoJble
S™1B. Ilpocteie uaeannl S™YB; ocraioTcs pasJHYHBIMU.

Uucsio e; Ha3bIBaeTCS UHOEKCOM 6emeAeHus TPOCTOro
uaeana B; Hay p U 0603HAYAeTCsT HHOTrAA cUMBOJioM e (%B;/p).
Ecim A —jioKasbHOE KOJBLIO, TO p = (m)— rJaBHBH HieaJ
(npenJsioxenue 15). Ilycte S; — nononneHue K P; B Koabie B,
H TYCTh Bi:Si"lB:BEBi. Torpa ‘B;—raaBHblE HAead,

NOPOXAEeHHBIH 3JEMEHTOM I;, H
e.
pBi = J'EBi = (J'Eil).

[Ipepynpexpenre: KoJablO B; He 00s3aTeJbHO I11€J10
Hag A,. OHO UeJO B TOM M TOJBKO TOM CJydae, KOTAA

B KOJiblle B cymecTByeT JIMIIb OAMH MPOCTOH HAeaJ, JexKa-

i Hax p. JloKaxHuTe 3TO B KauecTBe YNpasKHEHHS.
[Iycte 3(A)—rpynna papoGHBIX HAEaJoB 1eleKHHAOBA

Kosbua A; sHauemusi K, L, B Te Xe, 4to M Boime. Kmeer

'~ MECTO eCTeCTBEHHOE BJIOXKeHHe

3 (4)— 3(B),

onpeLeneHHOe oToOpaxeHHeM a ~ aB. Mpl BBefieM cefiuac
HEKOTOpPHIH roMoMopdH3M B 0OpaTHOM HanpaBJIEHHH.

[Iycts P < B sexut Hag p; cumBojoM fg man [ (B/p)
MH 6yzeM 0003HauaTh CTeleHb pacuupedus B/P Hap A/yp;
HA30BEM ee CMenexHbro noas Kaaccos aviuemos. HasoBem wxop-

moii N% (B) ugeana P ugean pfi‘;‘ H pacnpocTpaHuM orobpa-

xeHne N Ha BCIO Trpynnmy ApPOGHbIX HEEasoB 10 MYJbTH-
NJIAKAaTHBHOCTH.

[Ipeanoxenue 20. [Tycmos A— Oedexundoso Koabyo,
K—e20 nose wacmuoix, K <= E < L —ec0 koneqnbvie cenapa-
beavroie pacwuperus, A< Bc C—b6awna yeavix 3amoi-
kanutd koavya A 6 noasax E w L. [lycme p — npocmod udeanr
koaoya A, q—mHekomopuli npocmod udeas Koavya B,

3 C. Jlenr
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aexcaugul Had p, a B — nexomopeui npocmod udeas koasvya C,
aescawuti Had q. Toeda

e (B/p) =e (B/a) e (a/p),
[ (B/p)=T(B/a) [ (a/p).

HoxkasateasctBo. OueBugno.
U3 npensoxenus 20 BbiTeKaeT, YTO HOpMa TPaH3HTHBHA,
T. €. 4TO AJsl BCcAKOro ApoGHOro uieana ¢ KoJasua C

NENE (¢) =NE (¢).

Ilpennoxenune 21. ITycmo A—0Oedexundoso Koabyo,

K —eco nose wacmueix, L — Koueuroe cenapabeisbroe pac-
wupenue noas K, B — yeroe sameikanue xoavya A 6 nose L.
Hycmo p—npocmod udear xoasvya A. Toeda

[L:K]= X el -

Bl
JoxasarteabcTBO. JIOKaJu3yeM OTHOCHTEJLHO HIe-
ana p, ymHoxas A u B ma S3'; 3anaua cBOAMTCS K cJyuaso,

Koria A — JHCKpeTHO HODMHPOBaHHOE KOJbIl0. B 3TOM ciyyae
B—cBoGonHbii Moaysan paHra n=[L:K] uwag A, Tak 41O
B/pB — BeKTOpHOE MPOCTPAHCTBO Pa3MEpPHOCTH n Hajx A/p.

Tlycte pB=Pg ... Per. Tak kKak B} DpB aad Kax-

Joro i, TO onpejeJjeH roMoMopdusm
B—> B/pB — B/

H TeM CaMbiM rOMOMOPH3M B MNPAMYI0 CYMMY
r .
B—> B/pB—> [] B/%3.
i=1

Kaxnoe koJbio B/§;i MOXKHO pacCMaTpPHBAaTh KaK BEKTOPHOe

NPOCTPaHCTBO Haj A/P; TO XKe OTHOCHTCS KO BCeH npsMoi
cymMme. Siapo Hamiero roMoMopdH3Ma COCTOMT H3 Te€X 3JeMeH-

TOB KOJblLA B, KOTOpHeE NpHHAAJeXaT BceM HAeanam Pii u,

cJieloBaTesbHO, ujeany pB. Kpome Toro, B cHiy KHTaficKo#
TeopeMbl 006 OCTaTKax 3TOT TOMOMOPHU3M 3nUMOpdEH.
OueBugnHo, oH siBasercs: A/p-roMomopdH3MOM, TakK  4TO
B/pB — npoctpaHcTBO, A/p-H30MOpdHOE MOCTPOEHHOH NpPsIMOR
cymMe.
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Bulyuc/uM Tenepb pasMepHOCTb npocTpaHcTBa B/PR° (P —
OJUH U3 HJeasoB PB;, a e=e;).

[lycte II— obpasyouiuit sjeMeHT uieana B < B. (B cuny
npeaJoxenus 15, P —ruaapusit upean.) Iycts j> 1 — nedoe
uyncao. I'pymny P//PB’* MoxHO paccmaTpuBaTh Kak A/p-
mpocTpaHcTBO, noTomy uto PR’ < P'+. Ymuoxkenue na I/
HHAYLHPYET OTOOpaKeHue

B/;E s EBj/s'Bjﬂ'
OueBugHo, oHO siBaseTcs A/p-romoMopduU3MOM, KOTOPHI
OJJHOBPEMEHHO MOHOMOpdeH H snumopden. CienoBaTenbHo,

npocTpancTBa B/ u PB7/RIH A/p-u30MOpQHEL.
PaccMOTpHM  KOMIO3HIMOHHBIR — psj A/p—npOCTpaHCTBa
B/%B®, cBsizaHHBIA ¢ IENOYKOM

BoPRoP2 ... Pe
A/p-pa3mepHocTh mpoctpancTBa B/, mno onpexesenHio,
paBHa feq. Tem cambiM A/p-pasmepHocTb mpocTpancTBa B/P°
paBHa egqfq, UYTO JOKa3bIBaeT Halle yTBepKienue. Ecsu
ep = f‘B =1 nas Bcex P/p, MBI rOBOPHM, YTO HJeaJ Y 6noAxe

pacnadaemcss B moje L. B 3toM cayuae posHo [L:K]
MPOCTHIX HAeaJsoB. KoJabla B jexar Hag p.

Pasymeetcs, npeasoxenne 21 MOXKHO J0KasaTbh TakKe
B TEPMHHaX aOCOJIIOTHBIX 3HAaUYeHHH U HOPDMHPOBAaHHH, Kak
B [7, ra. I]. Msl npdBeJH 3TOT pPe3yJbTaT 34eCb, 4TOGHI
[I0KAa3aTh CTHJ/HCTHUECKYIO pPa3HHUIY MeXAYy ABYMs TMOAXO-
JaMH K TEeOpHH.

CaepctBue 1. Ilycme a— Opobueii udear kosvya A.

~ Toeoa

N% (aB) = alL: KI,

HoxkasateabnctBo. OyeBujHO.
Canencrsue 2. Ilpednoroscum, amo L — pacuuperue
laaya noas K. Toz0a undexcor esy pastbL 00HoMYy u momy oce

uucay e (042 ecex B |p), a cmenenu fo—o00Homy u momy sce
yucay [ (0aa ecex B|p), max umo ecau

B=(P; ... %R,

efr=[L:K].
3*
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HdoxaszateabctBo. Bce npocthie upeansl R, sexa-
IHE HAaJ P, CONPSIKeHbl MexAy cobol, H, CJeJ0BaTeNbHO,
BCE HMHJAEKCHl BETBJIEHHS M CTENeHH NOoJeH KJacCOB BHIYETOB
coBnajaloT. IlocaenHee paBeHCTBO OYEBHJHO.

CanepcrBue 3. Ilycms cnosa L— pacwuperue [aaya
Had K ¢ epynnoit G, u nycme P — npocmoii udeanr koasvya B,
aescauguil Had A. Tozda

NiB-B= UQG oB=(B; ... B,

ede ducaa e, [, r umerom me e 3HAYEHUS, 4MO U 6 CAE0-
cmeuu 2, a ulean ciaesa paccmampusaemcs Kak 3Siemenm
epynnot 3 (B). Yucao ef pasno nopadky epynnet pasionerus
udeara ‘B, a 4ucao e—nopaoky epynnel UHepyUU.

HJokaszateanbcTBo. [pynma G TpaH3UTHBHO JekH-
CTBYET Ha MHOXKECTBO MNPOCTBIX HAEaJsOB KoJblia B, jexaiux
HaJl P, U MOPSHJOK TPYIIIHI G‘-B paBeH MOPAAKY CTalHOHap-
Ho# nmoxarpynmel. IIpepsnoxenue 14 § 5 pmesnaer Haum yTBep-
JKJEeHHST OYEBHIHBLIMH,

[Ipeanoxenune 22. Ilycmoe A— Odedexundoso koabYyo,
K—eco nose wacmnoix, E — xoneunoe cenapabeasvroe paciiu-
perue noasa K, B—yeaoe sameicanue xoseya A 6 nose E.
ITycme b— eaasnbui Opobroui udeas koasya B, b= (B), == 0.
Toeoa :

NEb— (NE(B)),

20e Hopma cieea— amo Hopma Opobroeo udearq, onpedeneH-
Has 8billie, @ HOPMQ CRPABa —O0Bb6IMHAA HOPMA 3INEMEHMA
noas E.

JokasateabctBo. IlycTh L — HaumeHblee pacuid-
penne [aaya noasi K, comepxamee E. HopmaabHoe otoGpa-
xeHde u3 L B E Hjeana b u sjeMeHTa B COCTOHT B BO3Be-
JIeHMH TOoro W JApyroro- B cremedb [L:E]. Tak kak Hame
yTBepKAEeHHE OTHOCHTCH K paBEeHCTBY JAPOCHBIX MJI€asoB,
JIOCTAaTOYHO Jl0Ka3aTb €ro B cJjydae, Korja L — paciiupeHue
[anya sag K. Ho Torza oHO HeMeAJIeHHO BHITEKAeT U3 CJe-
c¢TBHA 3.

[
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Mpeaaoxenue 23. IHycme A—Ouckpemro HOPMUDPO-
garroe Koavyo, K —eco nose wacmueix, L — konedroe cenapa-
Geavroe pacuupenue nois K, B—uyeaoe samoikanue Korvya A
e noae L. I[pednoaoscum, umo cyujecmseyem eOuHCmeeHHbitl
npocmot udear B xoavya B, iescawuil HA0 MAKCUMAALHOIM
udearom p Koavya A. Iycme P—ssemenm xoavya B, xaacc
goiiemos Komopoeo modR nopoxcdaem nose B/B nad Alp,
u nycmoe 11— asemenm xoavya B, umeougud nopadox 1 ommo-
cumeavno B. Toeda AP, II| =B.

HoxasateabctBo. Ilycte C=A[B, II]; C MOXHO
paccMaTpuBaTth KakK noAMoAynab A-momyas B. B cuny JeMMbr
HaxkasiMa B npuMmeHeHud K daktopmonymo B/C, poctaTouHo
NPOBEPHTb, YTO

pB-+C=B.

Ho pB=%P°, a npoussenenus P'II' mopoxpaoT mnpoctpan-
ctBo B/P¢ Han moseM A/p—3TO mpoBepseTcs Tak e, Kak
B JOKasaTejbcTBe npefjoxenus 21. TeM caMbiM BCAKHH 3Jie-
MEHT X€ B cpaBHHM c JHHeHHOH KoMOHHamue#d BHAa

x = D¢ BT (mod pB),

rae c;; € A. D10 JOKasHBaeT Haule YTBEDXKJIEHHE. _

Haxkonen, o6o61mas paccyXJIeHHs, HCMOJb30BAHHBIE B 1O
Kas3aTeJbCTBe INpeMJOXKeHHs 21, mnosaydaeM  CJeAYHIOIIUH
pe3yJbTar.

MMpeanoxenue 24. Iycmo A—Odedexundoso xoabyo,
a— nenyaesoli udear. Iloaoocum ny,= ordP a. Toeda karoru-
yeckoe omobpaviceriie

A—[J A"
p

undyyupyem usomopgusm Gakmopkoasya A/a ¢ npoussede-
Huem cnpasa.

Hoxka3zaTenbcTBO. DUUMOPHHOCTL OTOOPAXKEHHS Clle-
JyeT U3 KHTa#cKOH TeopeMbl 06 oOcTaTkax; TO, 4YTO SHAPO
COBNafaeT ¢ a4, OYEBHIHO.
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CaegctBue. Tycmo  axmoproasyo Al xomeurno dan
6CAK020 npocmoeo udeara p. O6o3navum cumeosom Na wucio
DAEMEHMOE 6 Koabye Kaaccos evdemos Ala. Tozdg

Na =[] (Np)"P.
P

OtMmeTuM eme, yToO PyHkmmio N MOXKHO MpPOROJKUTE TIO
MYJIbTHIIJIMKATHBHOCTH Ha BCe JPOGHLIE HeaJibl.

Fmasa II

NOIOJHEHUSA

B aToli rsiaBe BBOJAATCS NOMOJIHEHHS YHCJOBHIX MOJEH
OTHOCHTEJIbHO P-aZH4YecKMX TONOJIOTHH, a TaKXe TOIMOJOr i,
HHAYLIHDOBAaHHBIX BJIOXKEHHSIMH YHCJIOBOrO MOJIS B MOJIE Bele-
CTBEHHBIX HJH KOMIJIEKCHBIX HHCeJ.

B kHure [7] 3TOT BONpPOC H3y4aJscsi C TOYKH 3PEHHS
TEOPHH HOPMHPOBAHHHA H OblJ H3J0XKeH B 3aKOHUEHHOM BHUJE.

B § 3 Mbl u3yuum rpy6yio CTPYKTYPY MOJIHHIX IIOJed.
B § 4 u 5 u3/i0XKeHbl OCHOBHHIE CBEJEHUS OTHOCHTENbHO
HEpa3BETBJIEHHBIX M CJa00 pa3BeTBJEHHBIX pacIIHpeHHd.
[To noBOAy TEOPHH BHICIIETO BeTBJEHHS Mbl OTChLJIaeM YHTa-
tTesasd K KHUre Aprtuna— Teiita [3]. B § 4 u 5 ™Mbl 3anuMaeMcs
MOJIHBIMH  JIeIeKHH JOBLIMH  KOJIbIIAMK. "'Mbl BBOJHMM IOHSTHSA
Hepa3BeTBJIEHHOr0, CJab0 pa3BeTBJEHHOTO W BIIOJHE pa3BeT-
BJIEHHOTO Hieaja P Hal P. DTH NOHATHS MOIKHO ONPENETHTh
U rjg06ajbHO, TAK KaK OHHM 3aBHCAT JHIIb OT HHJeKCa BeT-
BJIEHHS] H CTeNeHH M0Jis KJaccoB BolueToB. OJHAKO B JIOKA/Ib-
HOM cJlydae OHM NPHMEHHMBI TaKXXe K paclIHpeHHSM [oJef,
MOTOMY YTO B KaxJAOM KOHEYHOM pacClIHPeHHH OCHOBHOTO
nosiss K uMeeTcs JMIUb ONMH NPOCTOH HAeas ‘B, Jiexamiui

Haj ».
§ 1. Onpepenenuss 4 MONOJHEHUS

[lycts K—nmnone. Hopmuposarnuem monsi K HasbiBaeTcs
BellleCTBEeHHO3HayHasd (yHKuus v Ha K, yAOBJETBOpSIOWas
CIELYIOUIM TPEM YCJOBHSM:

Hl. v(x)>0; v(x)=0 B TOM H TOJBKO TOM CcCJyHae,

gorga x==0. :

H2. v(xy)=v(x)v(y) nnas Beex x, Y€K, '

H3. v(x+y) <v(x)+v(y).
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Cnepcteue. [Tycme paxkmopkoabyo A/p Komeuro oasn
6CAK020 npocmozo udeara p. O6o3nawum cumeorom Na 4ucio
INEMEHMOB 6 KoAabye Kaaccos evidermnos Ala. Toeda

Na =[] (Np)"™.
P

Otmetum eme, uto dynxumio N MOxHO IPOROJKHTE 10
MYJbTHIVIAKATABHOCTH Ha BCE IPOCHBIE HAeaJibl.

I'masa II

MOMOJIHEHUSA

B 3Toil rjaBe BBOAATCS TONOJIHEHHSI YUCJOBHIX TOJEH
OTHOCHTEJIbHO P-afH4ecKMX TOIOJIOTHH, a TakXKe TOMOJOrHH,
HHJYIHPOBAHHBIX BJOXKEHHSIMH 4HCJIOBOTO MOJS B TIOJE Beme—
CTBEHHBIX HJH KOMIIJIEKCHBIX YHCEJ.

B xHure [7] a1OT BOMpOC H3y4ajscs C TOUYKH 3peHHs

- TEOPHH HOPMHPOBAHHH W OblI H3JIOXKEH B 3aKOHUCHHOM BHJE.

B § 3 Mb u3yuuM rpybyio CTPYKTYpPy NOJHBIX [OJIeH.
B § 4 ¥ 5 H310XKeHH OCHOBHHIE€ CBEJEHHS OTHOCHTEJbHO
HepasBeTBJIEHHBIX H CJab0 pa3BeTBJIEHHBIX pPaCLIHPEHHI.
[To moBOAy TEOPUH BHICIIETO BETBJEHHS Mbl OTCHIJIAE€M YHTa-
tTeJis1 K KHUre Apruna— Teiita [3]. B § 4 1 5 Mbl 3aHuMaeMcs
HOJMHBIMH JEAeKHHIOBLIMH KOJIbIAMH. MBI BBOJHM MOHATHSA
HEepa3BeTBJIEHHOr0, CJIa0 Pa3BETBJIEHHOTO H BIIOJHE pa3BeT-
BJIEHHOrO HZeasa P Hajy p. ITH NOHATHS MOKHO ONPENIEJUTh
¥ rJyao6ajibHO, TaK KAaK OHM 3aBHCAT JHIIb OT HHAEKCA BET-
BJIEHHS M CTENeHH TOoJis KJaccoB BhiueToB. OHAaKO B JOKaJb-
HOM cJIyuyae OHM TPUMEHHUMBbl TaKkKe K paculupeHHsM mnoJiei,
IOTOMY UYTO B KaxXJOM KOHEUHOM pacllMpeHHH OCHOBHOTO
nmossi K uMeeTcsi JiMib OAMH IPOCTOH ujean P, Jexauiui
Hazg p.

§ 1. OnpejeneHHss H NMONOJHEHHUS

[Tyets K—none. Hopmuposarnuem nonss K HasbiBaeTcs
BellleCTBEHHO3HAYHAsl (GYHKIHA v Ha K, yJOBJeTBopsIOLLast
CJIELYIOIUM TPEM YCJOBHSIM:

H1l. v(x)>0; v(x)=0 B TOM H TOJBKO TOM cnyqae

gorjga x=~0.

H2. v(xy)=v(x)v(y) &anaa Bcex x, yeK.

H3. v(x+y) <o) +o(y).
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Ecan HOpMupoBaHue BMecTo ycqaosusi H3 ypoBnerBopsier
6oJee CUIbHOMY Tpe6OBaHHIO

H4. v (x4 y)<<max [v(x), v (y)l,

TO OHO HA3BLIBAETCH HEAPXUMED0BbIM.

HopMmuposanwue, aas koroporo v(x)=1 npu Bcex x==0,
Ha3bIBAeTCH mpueuasvHoim. B panbHedineM Mbl OyJeM CUH-
TaTbh, 4YTO BCE pacCMaTpUBaeMble HOPMHPOBAHHS HETPUBHAJIbHEI.

-Tak kak BcsKOe HODMHpOBaHHE I10Js1 ONpPeJessieT B HeM
METPUKY H TeM caMbiM TOIOJIOTHIO, Mbl OOLIY4HO OyjleM
MHCaThb | X |, HJaH npocTto | x| BMecTo v (x).

Mbl OyneM 3aHHMATLCS B OCHOBHOM CJIEAYIOIMMH IIPH-
MepaMH. ' ,

[Tyets K =Q—mnose paunoHaJbHbIX uHcea. OG6biynas
abCco/IIOTHAS BeJHYHHA SBJSETCS HOPMHDOBaHHEM.

J1si KaAOro MmpoCTOro YHCJa p ONpeleeHo p- ajiHuecKoe
HOPMHDPOBaHHE Up =] |pt

p'minly=1/p",

rge r—mo6Goe uesoe 4ucJao, m,n = 0—ueasle uHxcaa,
He JeJisiiyecss Ha p.

[IycTb 0-— IHCKPEeTHO HOPMHPOBAHHOE KOJBIIO C MAaKCH-
MaJbHBIM HJl€aJoM mt, TOPOXKJEHHLIM 3JeMeHTOM 7. Beakui
HeHYJIeBOH 3JIEMEHT o MOJs 4acTHBIX K KoJbla o Npejcra-
BJISIETCS B BHJAE o = ', TJe r— LeJoe YHCJ0, a U — eJUHHUIA
kosbia 0. Hucso r HaswiBaercs nopadkom o. [lyets ¢—mnoso-
XKHUTeJbHOe BellecTBeHHoe uucao, 0 < ¢ << 1. Tlonoxus

al =

MBI ONPEleNHM HEeKOTOpOe HopMHpoBaHHe noJs K (mposepka
TPUBHAJIbHA), KOTOPOE OKAa3biBAaeTCs HeapXHMELOBEIM.

B BbiGOpe KOHCTaHTHI ¢, KOHEYHO, HMeeTCs 3HAYHMTeJNbHBIH
TPOH3BOJ. B 4HC/IOBEIX nosdx Mbl GyAeM MMeTb JieJi0 C JBYMs
BO3MOXKHBIMH BapHaHTaMH BeI6Opa 3TOH KOHCTAHTHL.

[ycte A—uenoe 3aMbikaHHe KoJblia LeJablX yHcen Z
B noJle agare6Gpauyeckux uuces K, u myctb p < A—nmnpocroi
uaeas. IlycTs sseMeHT 7t HMeeT THOPSZOK | OTHOCHTEJBHO P,
M NYyCTb p-—IpPOCTOE YHCJO, NOopoxjawoilee uiaean »()Z.
Torga p=rn°u Ans HeKoTOporo uesoro uucia e >0 U Heko-
TOpoH p-eauHHuUB! u. Ilycth f:fP—CTeHeHb nosist. A/p -Hapg
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Z/pZ. Tlone KmaccoB BblueToB A/p cocTOMT H3 p 37eMeHTOB:
3TO YHCJIO MBI 0603HayaeM cHUMBoJIoM Np. Hiaean p ogHO3HAUHO
onpejesisieT CaelyrOuIHe JBa HOPMHDOBAHHS: TO, AJSI KOTOPOTO

1 1
JPIP?;1 }nlp:m'7

H TO, AJA KOTOPOro

Iy =5 -

Hns Besikoro sjieMeHTa o €K, as40, umeeM

laf,=|alF?

[Tycts L —koHeyHoe pacwupenne moast K, P jexur
Hajl p B KoJblie ajsre6panueckux yucesa B moas L, II—sme-
MEHT, HMEIOmHUA nopsifok | otHocutesbHo P. Torga

PB — ﬂse(gB/P) .

|wlg=[1I I%SB/P)-

MynabTHNIMKATHBHOCTD HHJIEKCOB BETBJEHHSI H CTeleHedl
noJied KJacCoB BBIYETOB IPH paCIUHPEHUAX obecledynBaer
COrJIaCOBAaHHOCTb 3THX ONPejeJsIeHHH NPH TepeXxojie K paciiH-
PEeHHSIM KOHEUHOH CTeNeHH.

Bcakoe npoposxenne p-aJHdeckoro HOPMHPOBaHHSA MoJs Q
Ha 4YHCJI0BOe TNoJie K onpejiesisieTcsi HEKOTOPLIM MPOCThIM Hpea-
JIOM B 11€/10M 3aMblKaHHH A Kosblia Z B K. JleficTBHTE/IbHO, IYCTh
0 —KOJIbII0O JAHHOTO HOPMHPOBAHHSI, M—€ro MaKCHMAaJbHbIHA
uiean: mnepeceueHHe m{]A He MOXKeT CBOJUTBCS K HYJIO
H, CJejoBaTe ]bHO, NpeACTaBJjsieT COOOH HEKOTOPHIf MaKCH-
MaJbHbIH Hlean p. TpHBHaJbHas nNpOBepKa TOrJAa MOKA3bl-
BaeT, 4TO o:AP. Takum cnoco6oM MOJy4alOTCs BCE HOPMH-

poBaHus noss K, HHAYLHPYIOIHE p-aiHdecKHe HOPMHUPOBAHHS
Ha Q, HCXOAS M3 NPHHSITHIX HAMH B KaueCTBE OCHOBHEIX
NOHATHH JEeNeKUHJO0BA KOJbl4 H [EJOro 3AMbIKAHHSA. -
[Tycts K—umncyoBoe nojse. Besikoe Bjoxkenne K B nose
BEIeCTBEHHbIX HJH KOMILIEKCHBIX YHCeJ ONpejeJisieT HeKo-
Topoe HopMHpoaHHe Ha K, KoTopoe HashBaercs COOTBeT=
CTBEHHO 6eujecmeeHHbim UIH KOMNACKCHbIM. :
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MHOXKeCTBO HOPMHpOBaHHI mosa K, cocrosimee U3 p-aju-
yeCKMX HOPMHPOBAHHH | |,, OMHCAHHBIX BBILE, & TAKKE BEILE-
CTBEHHBIX H KOMIIJIEKCHBIX HOPMHDOBAHHH, HA3HIBAETCS KAHO-
nuueckoli cucmemoti W obGosHauaetcsi cumBosoM Mpg. Beime-
CTECHHBIE H KOMIJIEKCHble HODMHpOBaHHsI M3 cHCTeMbi Mg
HA3bIBAIOTCS TaKKe apXumedosoimu.

OueBuaHo, Jio6bie [Ba Pa3HbIX HOPMHPOBAHHA H3 KaHOHH-
YeCcKOH CHCTeMbl HE3aBHCHMBEI B TOM CMEIC/I€, YTO OHH Olpe-
JeNSI0T pasJHyHble TONOJOrHH moas K. Cne}lyrc;)mas{ TeopeMa
0 NPHONHUKEHUH SIBJIACTCA AHAJIOrOM KMTaHCKOH. TeopeMbt 00
ocTaTKax JJisl HOPMHDOBaHHH.

Teopema 1. ITycmo K—nose, |y, ..., | [s—Hempu-
GuQAbHble NONAPHO Hedasucumvie Hopmuposanus K. [Tycmeo
Xy ..., Xs— NPOUBBOAbHOIE INEMEHMbL NOAA K, e>0. Cywe-
cmeyem maxot aaemenm x €K, umo )

lx—x;li<<e
048 8cex i.

«4 JokasartenbcTBO. Ilpexpae BCero OTMETHM, 4TO
AJs MO6BIX ABYX HOPMHDOBAHMH Halllell CHCTEMBI, CKaXeM | 4
w | |, cymecTyer Takoi saement ye€K, uro lyly>1,
lyls<<1. B camom gesie, MOCKOJIBKY 3TH HOPMHPOBAHHS OTpe-
JeNSI0T pasHbie M HeJIHCKPETHbie TOMOJIOrHH, CYIIECTBYET
Takasi TOCJEJ0BATENbHOCTb 3JIEMEHTOB 24, 22, -« -y Zn;

noast K, uto |z; ], << 1, lim | 2; |s=0;}2; [y > no > 0 put Beex i

1— 0 ,
EcJii CyIIecTByeT HHAEKC [ TAKO#H, 4o |2; |y > 1, TO yTBEpKIe-
HHe CIPaBe//INBO; B POTHBHOM cayyae |2y | << | H Ajd nocra-
TOYHO GONBIIOTO k UMeeM | 2;/z% |, > 1 and Beex i, | zi/z|s— 0.
Diement y=zyzy* aas N> No (k) yAOBJIETBOPSET Tpebye-
MBIM yCJIOBHSIM. ‘ ]
Tenepr HHAyKIMeH MO S NOKAaXEeM, YTO MOXKHO HAWTH
saeMent z €K, yIOBIETBOPAIOWKI - HepaBeHCTBAM |z |y > 1

M |z|;j<<1 pns Beex j=2, ..., s. CayuaH s=2 yXe paso-
6pan. Ilyctb siemeHT Z€K ¢ yC/I0BHAMH lz|y>1, |z;1<<1
aas BceX j=2, ..., s—1 yxe mHaiifen. Ecau |zl <1,

to naa Jwoboro 3seMeHta YyEK ¢ \y\s<n1, lyl,>1

M JQJA JOCTaTO4HO OOJBUIMX 71 3JIEMEHT 2'Y YROBJET-

BOpsieT BceM TpeOOBaHUAM. Eciu ke |z]s>1, To, mona-
n

rag t, = umeeM. |fnly—> 1, [fals—> 1, [fa];— 0 mpu

£
14277

MpH 1 —> o,
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j=2,..., §—1, Tak 4YTO MOXKHO TOJIOXHTb Z="F,g IJd
JOCTaTOYHO OOJIBUIOrO 7.

'HJIH BCAKOro 3JieME€HTa <, YIOBJCTBOPAIOIIEro HepaBeH-

AL '
21| =0
' 1+2" ! i

_—> 0 npu n— oo. CnesioBaTe/bHO, AN
; A

ctBaM |z |; >1, |z];<<1 npu j=%i, HMeeM

z'fl
’ 1427
BCAKOro HHAeKca §, 1<Ci<(Ss, MOXHO HaWTH 3JIEMEHT 2j,
CKOJIb YrojHO GJIM3KHH K eJMHHIle B METPHKe | |; H K HYJI0 —
B OCTAJIbHBIX MeTpHKaX. Torja sneMeHT X =zyx, - ... 425X
6JM30K K X; B METPHKE | |;, 4TO JOKa3blBaeT TeopeMy.p

[Tyctb K —uncsioBOe noJ€, U—HEKOTOPOe HOPMHPOBaHHE
(B majpHefileM Bce paccMaTpPUBaeMble HOPMHPOBaHHSI GYAyT
NpHHAJJIEKATh KaHOHHUECKOH cHcTeMe). Tak ke, Kak Belie-
CTBEHHbi€ YHCJIA CTPOSATCH MCXOAS M3 palMOHAJbHHIX, BBO-
JUTCS MornoJiHeHHe moJs K OTHOCHTeJbHO v. PaccMmoTpum
nocaenoBatenbaoctd Komm saementoB noass K. OHu o6pa-
sytor koJbno. [locsenoBaTeIbHOCTH, CXOASMIHECS K HY.IIO,
00pa3yioT MaKCHMaJbHBIH HJeas, PaKTOPKOJBIO N0 KOTOPOMY
apasercsd mnojeM K, Tlose K ecTecTBeHHO BKJaALIBaeTCH
B K, (3/IeMEHTY COMOCTaBJSETCS KJacc MOC/e0BaTeNbHOCTH,
BCe uJIeHbl KOTOPOH DaBHHI 3TOMy 3JjeMmeHTy). HopmupoBanue -
v mona K mpomomkaercsa Ha mnose K, MO HempepbiBHOCTH.
O6uiuHo MBI OTOXJAecTBJsieM mnoJsie K ¢ ero o6pasom B mose K,
H HasniBaeM K, nonoaneruem noas K.

Ecan v—apxuMesioBo HOpMHpOBaHHe, TO K, — I0JIe Beie-
CTBEHHBIX HJIH KOMIJIEKCHBIX YHCEJ.

Ecnn v—Heapxumel0BO HOPMHPOBaHHE, COOTBETCTBYIOIIEE

HEKOTOPOMY MPOCTOMY HfAeady p KoJjbua aJsreOpanueckux
yucesn nons K, To BMecto K, MBI HHOrja Oyjem IHCATb K'p
H HasblBaTb €ro mnoJeMm p-adudeckux uuces. CeHuac Mbl
nogpo6Hee H3YUUM CJayyall ~ P-afHMYeCcCKOro HOPMHPOBAHHS
v ="10,. : ,
[Tyctb A— uenoe 3avMbikanue xoJeua Z B nose K, 1. e.
KOJIbIIO .LesbX ajredpanueckux uncen mous K. O6osHaunm
cumBosioM A, 3amblkanue koabua A B nojse K, Tlycts
x € A,. BpibepeM Tako#l 3jieMeHT y € A, AN KOTOPOro

—yl<ixl. | I=] 1
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Torga |y|=|y—x+x|=|x|, moToMy 4TO Haile HOPMHDO-
BaHME HeapXUMeJOBO. TaK KakK p-afHuecKass HopMa JO60ro
3JieMeHTa KoJsiblla A He mNpeBOCXOJUT |, TO XKe BepHO AJs
3/JIEMEHTOB KoJblla A,. IDTO Ke pacCyXJAeHHe MOKa3blBaerT,
YTO 3aMBblKaHHE HJeaJsla p COCTOHUT M3 3JIEMEHTOB C HOPMOMH
MmeHblle | U 4TO 3jeMeHT x€ K,, He NMpHUHAJJEXKAIIUi KOJb-
ny A,, uMeeT HOpMy GoJblie 1. B uacTHOCTH, HOpMHpOBaHHE U
Ha nmoJie K, U Ha nose K HMeeT OfHYy H Ty Xe OeCKOHEUHYIO
IMKJHYeCKY rpynny 3Hauenuii. [as uo6oro 3JieMedTa
n€ A, UMeUlero nopsioK | OTHOCHTENBHO P, UHCJIO ||
MOopoXKAaeT 3Ty rpynmy. ;

ITycte 8 — Ag-/0KaJIbHOE KOJIBLO Hleana p; P-ajuuecKas
HOpMa BCEX 3JIEMEHTOB KOJ/bllAa © HE INPEBOCXOAHT €JHHHILBI,
MOTOMY UTO MOPSIJAKH 3THX 3JIEMEHTOB OTHOCHUTEJbHO ) HEOT-
punatenbHsl. Cjie0BaTeNbHO, KOJBLIO © JIEXHT B 3aMbIKaHHH
Koabla A H, Gojblie TOro, 3aMbIKaHHA KoJiell » 1 A B noJsie K,
coBnajaloT. DTo oflnee 3aMblKaHHe HA3bIBA€TCS KOJbBLOM
yeavix p-aduseckux ducen nonas K,. Ilyctb m,—marcumaip-
HBIA Hjeas kosbua Ay, P,—3aMbBIKaHHe Hleala p B Kosble Ay.

HMeoT MecTo KaHOHHYECKHEe H30MOP(PH3MHI
Ap/mp - A/P Rasnd Av/pv-

B cuiy CcKa3aHHOrO BCAKHH HEHYJEBOH 3JeMeHT a € K,
npeAacTaB/asgeTcs B BHIe

a=n"u,

rie |u|p= 1, Tak 4TO u sABJsIeTCS €JHHHUIEH B 3aMblKaHHH A,

koabina A. Tem campiM A,—00/1aCTh C OJAHO3HAUHBLIM pasJio-
;KEeHHEM Ha MHOXKHTEJH, HMeEWllasi €JWHCTBEHHBIH MPOCTOH
3JIeMEHT U TOTOMYy MpejCTaBJsiioniast COO0H AHCKPETHO HOp-
MHPOBAaHHOE KOJIBILO. -

[Tyctb L — KoHeuHoe paciuupende moass K, B—uenoe
3aMblKaHHe KoJblia A B noJe L, — npocroit ujeas Kossua B,
Jexamui Hag p. [lycth w—KaHOHHYeCKOe HOPMHDOBaHHe,
COOTBETCTByIOllee Hjaeany B. lmeeT MecTo KOMMYTaTHBHAA
JuarpamMmma '

B— B,

o1,

A— 4
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B KOTOPOH CTDEJKH BBEDXY, BHH3Y H CJI€BAa O3HAUAIOT BJIO-
EHHd, a TpaBas BePTHKa/JbHas CTpeska otobpaxaeT A, Ha
3aMblkanue Kospla A B KoJblie By,. AHajlormunas KomMmyTa-
THUBHAsI AMarpaMma AJ1s1 noJjiefi KJacCOB BBIYETOB BBITJISIIUT TAK:

B/B — Byw/Bw

Alp — Au/py

3/1eCb BepPTHKaJIbHble CTPEJIKH— BJIOKEHHS, a TOPU30OHTAJb-
Hble — H30MOP(HU3MEI.

Ilycrs Ky —3aMeikanne nons K B nose L. Kommosur
LK, aBJsieTCd KOHEUHbIM pacumipenuem nonxs K, comepxa-
mumcsa B L,,. :

<« Ilyctp w4, ..., ©0,— 6a3uc auHefiHOrO MPOCTPAHCTBA
LK, uang K. TlokaxeMm, uTo HHyIMPOBaHHAs HOPMHPOBAaHHEM
w Ttonojqorus noasa LK, < L, coBmajaeT ¢ TONOJOrHel
Ky-npoctpanetBa K0+ ... + Kpe,. [das storo cjaenyer
NPOBEPHTL, 4YTO AJS J0O0H mnocJenoBaTeqbHOCTH Kowmu
B nomae LK,

(v)
x(v)zgl mi—l— PR +§$1V)mn1 S';V)EKUH

NOCJIEI0BATENILHOCTH  KO3(PdHIHEHTOB Eg.") cxogsitca B K.

[lpoBeneM uuaykuuwo mo n. Ilpu n=1 yTBepKAEHHE oye-
BHAHO; MyCTb n>2. JloctaTouno pasoGpath cayuali, Koraa
x— 0 (ecsm 3To He TaK, MOXHO DaCCMOTPeTb MOCJEIOBA-
TEJbHOCTE X(V)— x(2¥)). [IpeAnoJioXuM, uTo 1ocJieIoBaTeb-
nocte £ He cxommtes x Hymo. Torja Asas HekoToporo
uAcia @>0 H A1 GeCKOHEYHO MHOTHX Vv GyleM HMeTb
|| > a. Tlepexofsi K MOAMOC/IeI0BATENbHOCTH, MEL MOXKEM
CUATaTb 3TO HEPABEHCTBO BLINOJIHEHHHIM [Js1 BCeX v. [locJe-
RoBaTeqabHOCTL x(V)/E() cxoaurest k Hymo. Kpome Toro,

V) © 3% £v)
prrrrreiand (1 Vel () S S S LI
T T g

I_IOCJIEILOBaTEJIbHOCTb IIpaBbIX yacTed CXOJHUTCH; U3 HHAYKTHUB~

HOro NpeAroJIoKeHUsi cJAedyeT, YTO mpeaens lim Eﬁ”’/ggv)zni
CYWECTBYIOT npH Bcex i>2. [Toatomy

Wy

— @ =MWy~ . .. 4 Npoy,
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YyTO NPOTHBOPEUHT JHMHEHHOH HE3aBHCHMOCTH 3JEMEHTOB ;.
Orcofa BbiT€KaeT, uto noje LK, moJHo.p

ChejnopaTeabHo, moje LK, 3aMKHyTO H, CTaJjo OBITh,
copnagaer ¢ L,. DTo XKe pacCyXIeHHe, pasyMeeTcCd, NpAMeE-
HAMO K CJy4aio, KOrja v W @ HHAYUHPOBaHbI BJIOXKCHHAMU
B i10Jle BEUIeCTBEHHBIX H KOMIJIEKCHBIX YHCEJI.

llpennoxenue 0. [ycmo K —uucroeoe nose, v—
00HO U3 €20 KAHOHUHuecKux Hopmuposanul, L— Korewroe pac-
wuperue noas K. [ea eroowenus o, T L— K, noas L nao K
UHOYyupylom O00HO U MO e HOPMUPOBAHUE NOAA L & mom
U MOALKO mOM CAy4ae, K020a OHU CONPANCEHbL Had K.

(ConpsixenHoctb Haj K, O3HauaeT CyIMIeCTBOBAHHE H30-
Mopdusma A monst oL-K, Ha moJe tL-K,, TO¥XIeCTBEHHOTO

Ha K,.)

d JokazateancTBo. Ecan BioxeHus o, T cCOnps-
xennl Haj Kp, To HA L OHH HHAYLHPYIOT OJHHAKOBBIE HOp-
MUpOBaHHSI, TIOTOMy YTO HOpMHpoBanHe ¢ K, Ha K, mpoaoJ-
3aeTcs OJHO3HAYHO.

IlokaxeM o6patHoe yTBepxienue. IlycTsb AitlL—ocl—
nekotopbiii K-uzomoppusm. [lokaxeM, 4TO €ro MOXHO INpO-

- nomxuth Jo Kp-uzomoppusma  moneit tL-Kp H oL-K,.

[TocKoJbKY MHOMXeCTBO TL IJIOTHO B 1L -K,, BCIKHHA 3J€MEHT

x€1L-K, npeicraBasercsa B BHJE
x=limtx,, Xx,€E.

[TocKosbKy HOPMHPOBaHHA Ha E, HHJAYHNMPOBaHHBEIC O H T,
COBIAJAlOT, MOCJAEJOBATENbHOCTh ATXn = 0X, CXOAHTCS. O6o-
3HAUHM ee Npejes CHMBOJOM Ax. JIerko mpoBepuThb, 4TO Ax
He 3aBHCHT OT BbI6Opa MOCJEA0BATEIbHOCTH TX,—> X H 4TO
otobpaxente A : tL-Ky—> oL- K, npeicTaBiseT cobo# H30MOp-
¢u3m. OdgeBHIHO, OH OCTaBJf€T IOJE K, uHBapHaHTHHIM. >

D10 mNpeAJoXKeHHe JaeT SCHYIO KapTHHY CTPOCHHS IpO-
JOJKeHHHl HOPMHpOBAaHMA U Ha noje L, BRJiouas apXume-
JIOBBl HOPMHDOBaHHS.

[Tycte K —uKcioBoe TIONE KOHeuHO# cTenend N Haj
nojeM Q, v— HEKOTOpoe HopMUpoBaHHe noas K. CuMBOJIOM
N, 0603HaYHM JIOKaJbHYIO CTENEHb

Nv-= [KU . QD]'

[ —

S

$ 1. Onpedesrenus u nonosxexrus 47

Hmeem
Ny,=N,

vlvo

rie cymMma OepeTcsi IO BCeM NPOJAOJIKEHHSIM U (PHKCHPOBAH-
HOTO HOPMHPOBaHHS Uy moJjs Q.
M3 npepnoxkennss 0 u ompeiesieHHs HOPMBI BBITEKAeT

Caencrsue. Ilycmoe K-—uuciaosoe noie, vy— HeKomo-
poe roprmuposarue u3 cucmemor Mq. Has awobozo saemenma

oK
Il 1al®=(N5 @),

[Iyctb A — nefeKMHIOBO KOJbIO. [pynma ero ApOGHBIX
H[€aJIoB H3omopdHa cBoGojgHOH abeJieBoill rpynne, NOPOXKeH-
HOH mpocTeiMH HIeasaMu. [lycts p—mpocrodl upean, A,—

COOTBETCTBYIOLlee JIOKAJbHOE KOJbLO. ['pynna ero JpoGHbIX
ujeayoB— O6ecKOoHeuHasi uukJjHueckass. OHa mopoxjaeHa Mak-
CHMaJbHBEIM HjeasoM m, Koabua A,. Ilycrb v-— HopmupoBa-

HHE, COOTBETCTBYyOLIee Hieaay P, Ap,— NONOJHEHHE KOJbla A
(unu AP). Torpa A,—Tak¥ke JIeIeKHHIOBO KOJBIIO, a €ro

rpynna Jpo6HbBIX HeaJsoB — 6eCKOHeuHas HUKJIH4ecKast Tpynna,
NOpOoXKJAeHHas HAeasoM P,. TeM camblM ONpefeJieHbl eCTecT-
BeHHBIE OTOOpaXKeHHs

3 (An) = I (4,) = T (A),

nepBoe H3 KOTOPbIX — H30MOP(H3M, a BTOPOE-— BJIOKEHHE.
Haa xpaTKocTH yHOOHO HHOTAA OTOXKAECTBJATDH Yo, m, H P,

0603Hayasi CHMBOJIOM P Jit060# U3 3THX HpeasoB. [1ponsBejente
i _
p=[[p",
p

B KOTOPOM r,—Ie/ible YHCJa, BCe, KPOME KOHEYHOrO 4YHCJa,
paBHBIE HYJIIO, MOXHO Ha3BaTb (OPMANbHOIM UOEAL0OM U B 3aBH-
CHMOCTH OT KOHTEKCTa HHTEpPIPEeTHPOBATh KAK 3JIEMEHT J1060H
w3 rpynn J (4), J(Ap), I (4). Hrean PP HaseBaeTCs P-KOM-
nonenmoti QopmanbHOro HAeasa d ¥ 00O3HAYAETCA CHMBO-
JoM Do. Hncso pr HasbiBaeTcs nopAOKoM WAeana d OTHOCH-
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TeJNbHO P M oGo3HayaeTcs TaK:
rp= ordP D.

HOns mo6Goro HeHyJEBOro 3JieMEeHTa o MOJS YacTHBIX
olHOTO U3 Kojeun A, A, MoxkHO 00pa3oBaTh rjaBHblE APOOHLIE
uneanst aA, oA, unn aAy, NOPSAKH KOTOPEIX OTHOCHTEJBHO P

CcOBMajaiwor ¢ ordP a.
Ons mo6blX IBYX 3JeMeHTOB a, P 3amuch

a = P (mod d)

o3Hauaet, 4rto ord, (a—pf) >ord, . Ecoi a, § npusansexar

HOJII0 YaCTHBHIX KoJsibma A, a D paccmaTpuBaeTcss Kak Jpo6-
HBIR HAeas, TO 3T0—oOblYHOE CpaBHEHMe, O3Havawllee, uTo

pasHocTb a—f rnpuHHajaexut d. Ecaum b =9p’, yno6Ho pac-

cMaTpuBaTh 3TO CPaBHEHHE KaK OTHOCHALleecss OJHOBPEMEHHO
KO BCEM TPeM KOJbIiaM.

Ilycte A — meleKUHI0BO KOJbIO, ) — HEKOTOPHIH MPOCTOH
HJeaJs, U—COOTBETCTByiolee HopmupoBanue. Ilycte A, —
3aMblKaHue KoJiblla A B ronojHeHud K, ero fojs 4acTHHX,
Pp—3aMbIKaHue Hjeasa p B Kosblie A,. Torga A,— QUCKpeT-
HO HOpPMHMPOBaHHOe KoJibio. Jsi so6oro apoGHOro Hjeana ¢
KoJblla A UMeeM TPHBHAJIbHOE COOTHOLUIEHHE

r
P
aAv:pv )

The 1y = ordp a. O6patHo,
pZ’J‘ n A - pr7

ecau r > 0. 3aMblKaHHe APOGHOrO Hjeasa 4 B IOJie YaCTHBIX
Koabna A, paBHO aA,. Bce 3TH yTBepKIeHUsI MPOBEPSIOTCS
TPUBHAJILHO, H MBI OCTaBJIIEM 3Ty [POBEPKY UYHUTATEJIO.

§ 2. MuorouJjieHbl HajJ MOJHBIMH MOJAMH

B stom maparpade wMmbi OyageM cudTtath, 4Yto K — nose,
NI0JIHOE OTHOCHTE/NbHO HEKOTOPOTO HeapXMMeJoBa HOPMHPO-
BaHHMs; CHMBOJIOM & O003HAa4YHM €ro MOJKOJIbIO LEeJbIX YHCel,
T. €. MHOXECTBO 3JIEMEHTOB C HeapXuMeloBoH Hopmod < I.
Her HyxIw npeimonaraTh HOPMHPOBAaHHE JHCKDETHBIM.

el o A

[Ys)

$ 2. MHozogaentn nad nosnbtmu noramu 49

ITycTb P — MakCHMaJIbHBIA Heas KOJAbLa 8. 3aMeTHM, YTO PAA
- ,
2 an,
n={

rie a, €K, cxogurci B TOM H TOJBKO TOM CJy4ae, KOrja

) lim g, =0.
n->00
TakuM 06pa3oM, B 3TOM cJydae jerde obpaliaThCs CO CXO-
JHMOCTbIO, U€M B apXUMEeLOBOM. S
3aliMeMcsi Temepb BONPOCOM  CYIIECTBOBAaHHS KOpHEH
Yy HEKOTOPBIX MHOTOUYJIEHOB B MOJIHBIX MOJISIX.

Tlpennoxenue
HUCAO € YCAOBUEM

1. Hycms m— noroscumenstioe yeroe

mz=%=0 (mod p).

Toz0a Oasn awboeo siemenma XE€P OurHomuarvHeui paod

(1 —l'—x)“m cxo0umea K HeKomopomy KOPHIO cCmeneHy m us3
saemenma 1+ x epynnot U.

HoxkasaTeabcTBo. O4eBHAHO, NOTOMYy UYTO 3HaMe-
Hare/d OHHOMHAJbHBIX KO3(QOHHHHEHTOB He NeNsiTCsd Ha Npo-
CTOe 4YHCJIO p, BXoAsiliee B ujean Z(]p.

Yacto noJje3eH Oojee TOHKHH KPHUTEpPHH CYIIeCTBOBAHHS
KOpHS.

INpeanoanoxenue 2. [ycms [ (X)— mHozouren
¢ koapppuyuenmamnu 6 Koavye o. Ilycmo ag— maxoil asremenm
u3z o, 012 Komopoeao

| F o) | <<IF" (a0) [

(30ece [’ o3nauaem opmaseHyd NPOU3BOOHYIO MHO204.Ae-
Ha ). Toeda nociedosamebrocme

[ (@)

_ I’ (@)
cxo0umes K Hekomopomy KopHio a muozousena f(X) 6 Koab-
ye 8. Kpome moeo,

Qi =0;—

f (ag) <l

o @IS e

4 C. Jlear
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INokasatenabcTBo. [HonoxuM ¢=|f (ao)/f (ag)?|<T1.
HWupykuued MOKaxeM, UYTO

(D Ja:]< 1,
(I11) Iai——ao]gc,

f(a) of

(1) | | <

OueBHHO, YTO H3 3THX TPEX YTBEPHKIEHHH BhITEKaeT Tpe-
6yemuili pesyabtar. Ilpp i=0 oOHM CBOAATCA K YCJIOBHAM
npepoxennus. [lycTh OHM BEPHBl JJIsI HEKOTOPOTO i. Torza

(I) mepaBeHCTBO % <c“i IOKAa3bIBAET, UTO | Qi —
: : 1€ ‘
—a; < <1, TaK uto |y, <1,
(1) | @ppy— 0o | <max {| @iy —a: ], |ai—0o[}=c;

(I1I) B cuay pasjoxeHus Teijopa HMeeM
' g [ (@) [ (@) \?
Flases) = (00)—F (@) H5 48 (Frag)
JJIsT HEKOTOporo PE€ o, W HOpMAa NpaBOM YAaCTH OLEHHBAETCA
YHCJIOM
‘ [ (@)
" (@)
C npyro#i CTOpOHHI, pasJjoxenue Teilsopa A5 [’ (0i44) TOKa-

3bIBAET, YTO
5 (@) | =1 (o) |-

2

Ortcioa HaXoAuM
[ (@itq)

f (@i44)2

yTo M TpebOBaJIOCh. J0Ka3aTh.

i+1
<,

(UutaTenb, uHTepecyomufica 6osee obuiedt (opmy.HpOB-
KOl 3TOro pe3yJbTaTa, MOXKET O00paTHThcs K KHHre BypoOa-
Kku [4].) :

B xauecTse NpHJIOXKEHHs 3aMETHM, YTO B 2-aJHYECKOM
none Q, ypaBHenue x2-+7=0 wnMeeT KOpEHb. Ha camom
neqe aas Jo6oro saemenTa vy = 1 (mod 8) u3 mosst Qp ypas-
Henue x?=Yy HMEeT KOpeHb: JOCTaTOYHO MOJOXKHTE ao= I
B MpelJIOXEeHHH 2.

$ 2. MHuozousrensr HAO NOAHBIMU NOAAMU 51

[lpeanoxenne 2 MPUMEHHMO TaKKe B TPHBHAJILHOM CJIy-
yae, Korja

[ (00) ¥ 0 (mod p),

HO [ (ap) = 0 (mod p). PemeHne coorBeTCTBYIOUIEH LENOYKH
JIUHEHHHIX ypaBHEHHM, HEOOXOAHMOE AJI1 MOCTPOEHHS MOCJe-
JOBaTeJIbHBIX NpUOJNKEHUA K KOpHIO MHOrodJeHa f, GoJiee
TpUBHaJbHO. MOXHO HMHaue OmHCaTh 3Ty CHTYyalHiO, CKa3aB,
YTO 09— [POCTOH KOpPeHb MHOTOuJIeHa [, TIpHUBEAEHHOrO
mod p; Mb! 6yJeM HasblBaTb 3TO YCJIOBHE MpPUSUAAbHbIM CAY-
yaem semmol [enzens.

[Ipennioxkenue 2 mokaspiBaeT TaK¥Ke, 4TO BCsAKasg €AUHU-
ua KoJpHna o, XOCTaTOYHO OJyM3KasA K 1, daBaserca m-i cre-
NEeHbI0, €CJH YHCJO M He JeJHTCHd Ha XapaKTepPUCTHKY
noas K. B caMoM. jejie, JOCTATOYHO PACCMOTPEThL YpaBHEHHE

X" —u=0

H MOJIOXHTb Qo= 1, ecod |u—1|<<|ml2
JokaxeM Temepb OAHY TMOJIE3HYIO JeMMy O NpDHOJHKe-
HUSX B KOHEUHOM pPaCIIHPEHHH.

[Ipennoxenue 3. Iycme o, P—O0s8a ssemenma u3
aazebpauseckoeo s3ameikanui noas K, npusem a cenapabeien
nHad K (B). Ilpednoroscum, umo 041 8cex HemoxcOecmseeHHbIX
uaomopgusmos o noas K (o) nad K umeem mecmo nepaserncmso

|p—a|<<|oa—al
Toz0a K (a) = K (B).

HdokxasateabcTBO. [lOCTATOYHO TPOBEPHTH, YTO
3JIeMeHT o NepexoJuT B ce6s mpH Bcex H3oMopdu3Max MHOJs
K, o) nag K(B). I[lyctp t—Takoit usomopdusm. B cuay
€IMHCTBEHHOCTH MPOJOJKEHH HODMHUPOBAHUH B MOJIHBIX
noJjsx, NpHMeHsis T K P—a, noJydaeMm s BCceX HeETOX-

AE€CTBEHHBIX O

|p—ra|<<|oa—al.
[Tosb3ysce ycsoBHeM npeisioxeHHs, HaXOUM
|ta—a|=|ta—PB+p—a|<<|oa—a|.

Otciofia BHITEKaeT, UTO T — TOXKJECTBEHHOe OTOGpaXKeH¥e Ha
K (B, @), tak uto K (B, o) =K (B), KaK ¥ yTBep*aaJoCh.

4%
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I[Ipennoxenne 3 HasbiBaetcs semmoil Kpacwepa. OHO
[IOJIE3HO TPH OMNKCAaHWH paciuupeHuil nosas K _ o

Teneps OTMETHM HENpPepPHBHOCTH KOPHEH MHOrQUJEHa Kak
dyHKIHEA OT KO3(DGHHLHEHTOB.

Ilyctes f(X)—wmuorouned B Koable K (X) co crapmum
KosbduineHToM 1, :

FX)=T1(X—a)"

—_ero pasi/oxKeHHe B anrefpanyecKoM 3aMblKaHuH mnouas K.
[Tycts cremeHb [ paBHa 7 M BCe KOPHH Q; Pa3JIHYHbL. Kak
O6LIUHO, CHMBOJIOM |g| 0603HAYWM MAaKCHMyM HOPM KO3(-
duimenToB MHOrouJeHa g. OueBHAHO, 9TO KOTAA | g | orpa-
HUUEHO, HOPMbI KOpHEH MHOTOYJIEHa TOMKE OrPaHHYeHbl.

- [IpearnoJsioxuM, UYTO MHOTOUJEH g 6J1H30K K [ B TOM

cMbicJie, 4T0 uHcJo | f — g | maso. Torja ans moGoro KOpHA B

MHOT'OWJIEHa g UHCJIO
[FB)—g®) =1

MaJio, TaK uTO P JoJKeH GbTh GJIH30K K OJHOMY W3 KODHeH
mHorousieHa f. Korja P npubimKaercs, CKaXeM, K KODHIO
o =0,, ero paccTosHHe KO JOGOro JAPYroro KOPHs MHOro-
ujeHa [ NPUOIMKEETCS K PACCTOAHHIO @4 JO 3TOrO KOPHS
H [OTOMY OrpaHHueHo CHu3Y. MOXHO omucaTh 5Ty CHTya-
HHI0, CKasaBs, uTo P npuradaescum Q. ‘

[TycTb MHOrOWIEH g AOCTATOYHO OJIM30K K f,aps,. ‘o Bs—
KOPHH g, TpHHajJexalue a (C y4eToM KDaTHOCTEH); Mbl
yTBepXKAdeM, UTO Torha s=r (r—KpaTHOCTb KOPHS @ MHO-
roujieHa f). ]

Jefic TBETEILHO, HHAUE MOXKHO HalTH MOCJEL0BATENBHOCTD
MHOTOUJIEHOB gy, NPUOJMKAKMUXC K [, y KOTOPHIX TOUHO $

KOpHeH [5(1"), ooy YY) npumapsexar @ W s<=r. Torma Kax-

aeit w3 kopmedl Y, ..., B crpemurcs Kk a. Ho limgy=F,
v
TaK 4TO @ AOJIKeH GhTh KOPHeM KPaTHOCTH § MHOrodJeHa f.

[IporuBopeyne.

B KauecTBe NPUJIOXKEHHs NOJyuaeM

Ipeanomenne 4. Ecau muozouren [ HenpueoOum
u cenapabenen, mo w060 MHO204ACH g, O0CMAMOYHO 6AU3-
xud & f, makoce Henpueodum. (Mot npednoaaeaem, 4mo [ u
g umerom cmapuue Kospuyuenmsl 1 u umo cmeneru ux

$ 3. Hexomopuie pusrempayuu 53

cosnadarom.) [axsee, 0aa 06020 KOPHA o MHO2o4AeHa f
cywecmsyem KopeHo P mHoeodaena g, npuradiexcauiud o, u

K (o) =K ()-

~ HoxkasarteanbcTtBo. Ecam g pocratoyno 6JH30K K f,
TO BC€ €T0.KOPHH NPOCThbie M NPHHAJJIEKAT Pa3HbLIM KOPHAM f.
Ecmu xopeHb P MHOrouJjieHa g AOCTaTOYHO OJIM30K K KOPHIO @
MHOrousieHa f, To JiemMma KpacHepa Heme[JIeHHO MOKAa3blBaEeT,
uto K (o) =K (B). CneinoBatesbHO, MHOrodJieH g HEINPHBO-
MM, TOTOMy YTO €ro CTENeHb COBMaJjaeT CO CTeneHbio f.

CrencrBue. Ilycme K—kxoHeunoe pacuiuperue nois
Q,. Toeda cyujecmeyem marxoe KoHedroe pacuiuperue E noas
Q, codepacawyeecs 8 K, umo [E:Q]=[K:Qp} u E naomno
¢ K, max uwmo K= EQj,. '

INokaszateasctBo. [lycts K=Q,(a), ¥ nycts f—
HENPUBOAUMBIE MHOrodJeH Haja Qp, KOpPHEM KOTOpOro
aBasieTcst o. B KauecTBe g BeOepeM MHOrOYJeH, AOCTATOUHO
Omaskui K f, HO ¢ Ko3dpduuHeHTaMH B moJie Q, H MOJIOKHM
E=Q@). | |

D10 cCielcTBHE ONpaBAbIBaeT ynoTpebJieHHe HA3BaHUSA
p-aduxeckoe nose 1O OTHOWIEHHIO K JIOOOMYy KOHEUHOMY
pacumpentio moast Q,. ILlemoe 3ambikanve KoJbua p-alu-
YeCcKUX udcesa noJa K HMeeT eJUHCTBEHHBLIH MaKCHMaJbHBIR
HJeas, KOTOPbI o603Hauaetcs OykKBOH Y.

§ 3. Hekotopeie duabTpayuu

[lycTb ¢— OMCKPETHO HOPMHPOBaHHOE KOJIBIO C MaKCH-
MaJIbHBIM HjeasioM p, K —ero mnoJie 4acTHBHIX, NMOJHOE OTHO-
CHTEJbHO HODMHPOBaHHs, ONpPeJesIEHHOrO KoabuoM o. [lycTs
n—o0pa3yiomufl sJeMeHT HAeana p. DTu o0O3HAUEHHS COXpa-
HAIOTCS Ha NPOTSIXKEHHWH BCcero naparpada; COOTBETCTBYIOINIEe
KOJIbIlY O HOPMHpPOBaHHE TaKKe mpejanoJaraercsd (QUKCHpO-
BaHHBIM. : ,

3BecTHO, UTO B TONOJIOrHH, ONpeJeJisieMOH HOPMHpPOBa-
HHeM, noarpynnel »" (r=1,2,...) omkxpems. B caMom
Jese, AJasa Joboro sjeMeHTa X €K ¥ Aaa Bcex pEK c yciao-
BHEM |X—y|<<|x| umeem |y|=|x]|. TlosTomMy P"— OTKpBI-
Thle MOATPYNNbl, H HX NepeceyeHHe CBOAUTCS K HYJMO. Tem
CaMbBIM OHM 00pa3syioT (yHJaMeHTaJkHYI0 CHCTEMY OKpecT-
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HocTell Hyasi B noje K (Mbl mojaraeM p0=p 1o omnpefmese-
HUIO).

YMHOXeHHe Ha T omnpejessieT H30MOPGH3M aiAMTHBHOH
rpynnsl p’/p™1 ¢ rpynmno#t o/p.

Eaununpel Kosblia © o6pas’yloT TPynny No yMHOXKEHHIO,
o6o3snauaemyro 6ykBoil U. [lns Bcskoro nejoro uuchaa i > 1
[IOI03KUM

Up=14yp

u Uy=U. Bce U;—rpynnsl, MOTOMY 4TO €CJH X, y € P, TO

(I+x)(14+yp=14+x+y+xycl+p  (@(>1),
(1+x) (1+y) =14+x+y (modp*?),
a pax
(l—x)‘l———l-{—x-{—xz—{—'...

CXOJHUTCS. :

EnuHuns! 06pasyioT OTKPBITOe HOAMHOXECTBO KOJbLA O.

IlycTe 3JeMeHT 7 HMeeT NOPSAOK | OTHOCHTEJNLHO P;
oueBHAHO, Trpynna K* TomosornyeckH M ajnreOpauyecKH H30-
mopdHa npsMomy npousBefenuio {n} X U, rae {mn} — LuKJIH-
yeckasi Ipynmna, NOPOXKJAEHHAs 3JIeMEHTOM .

ITpu KaHOHHYECKOM TOMOMOpP{HU3Me

0 —> 0/p
eJMHHUIEI 0TOGPaXKaloTcsl Ha HEHYJIEBBIE 3JeMeHTH IoJas o/,
a fJpoM HHJYLUHPOBAHHOTO TrOMOMOPdHU3Ma

U— (o/p)*

siBsiercss B TouHocTd rpynna U;. Tem camoim U/U,; = (s/p) *.
Hanee, npu i >1 umeer mecro H30MOpHU3IM

PPt — Ui/Ui,

HHAYIHPOBAHHBIHA 0T06pa>KeHneM Heasna p', KoTopoe 3ajaet-
ca dopmyJioi
x ~ (1 4+x) modU;,,.

To O6CTOATEJBCTBO, YTO 5TO TOMOMOPDH3M C sapoM Pl
[IPoBEPsIeTCsT HEMEAJIEHHO: 3T0 — HAuajo SKCHOHEHLHa bHOrO
oToOpameHHsI,
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Ecnu o/p —KoHeyHOe moJje H3 ¢ 3JEeMEHTOB, TO YHCJIO
5JIeMeHTOB Ipynnbl p'/p**l TakKe paBHO ¢, a UHCJIO 3JEMEH-
toB rpynnsl U/U; paBHO (¢—1).

[Ilpexrnoxenue 5. Ecau nose o/p KOHeuHo, mo ©
u U komnaxkmrel.

JokasaTenbcTBO. © €CTb IPOEKTHBHBIH Ipejed
KOHEUHBIX TPyl o/p*, KOTOPHIH KOMIMAaKTeH (ero MOXKHO pac-
CMaTpPHBaTh KakK 3aMKHYTYIO MOATPYIIY MpPsIMOTO IpoU3Beje-
Hus rpynn o/p"). To ke BepHo aas rpynnel U, kortopas
SIBJISTETCST NPOEKTHBHHIM npefenom rpymn U/U;.

I'pynmsbi U; o6pasyioT yHAaMEHTaJbHYIO CHCTEMY OKPECT-
Hocre#t | B rpynne U.

Tem caMbIM p-ajHueckoe moJie JIOKaJbHO KOMIAKTHO.

Kak oTMeuasoch B mnpeablaymem naparpade, BesKas

‘e[lHHUIIa B P-aJHYEeCKOM [oJe, AOCTaTOuHO O6Ju3Kag XK 1,

siBJsieTcss m-i cTenenbio. IlostoMy Ans mo6oro 1ueJoro mo-

JoXHTeJbHOrO 4yHcsaa m HHAeKe (U :U™) koneuen. Cefuac

Mbl BBIYHCJIMM 3TOT HHAEKC. :
Ham nonajo6urcst ofiHa TeOpPeTHKO-I'PYINIOBasi JeMma.

Jlemma. [Ilycme [—eomomopgpusm KommymamusHol
epynnot A 6 Opyeyrwo epynny, Al —ezo o6pa3, A;— adpo.
I1ycme B— nexomopas nodepynna epynnet B. Toeda

(A:B)y=(A":B)(A;: By)
8 MoM Cmbicae, 4mo ecau 08a U3 8x00aWuUx cro0a UHOeKcos

KOHEYHbl, MO KOHEeYeH U mpemuﬂ, U umeem mecmo 8blnucaH-
HOoe paeseHcmeon.

JHokasaTeabcTBO. ITO—Jerkoe cJeicTBHe oOblu-
HBIX TeopeM O romomopdusmax. Msl ocTaBasieM M0APOGHOCTH
YUTATEJO.

I[Ipeanoxenue 6. [Tyemsv K ecmsv p-adudeckoe noze,
U—epynna edunuy ezo koavya ueavix uucer. Iycms m—
NOAOKCUME NbHOE LjeA0e HUCAO. Toeaa

WU =y (szl)

(K* K*m)__ (K’m: 1)’
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20e K, — epynna Koprell m-u cmenenu U3 eaui-tul,;bl codep-
HAUUXCA 8 noae

JlokasaTeabCTBO. Bropas ¢opmy.aa caelyer Hu3
nepso#i, notomMy uto K* ~Z x U.

JlokasaTeJbCTBO NepBOH GOPMYJibl, CJAeAYIoliee HHXKeE,
B35ITO M3 JeKiwid Aprtuna [l].

Brul6epeM 4HCJO r HACTOJBKO 6OJIbIHHM yto |mmt|>
> |x*|, u paccmorpum rpynny U,. Toria mus .mo6oro
IIEJIOTO X HMMeeM

(1 +xa)" =1 -{—mxn (mod mn’“)
Tem caMeiM, moJaras ord,m =, MONyYHM
Ur =Us,s.

Iycte r, KpoMe TOrO, HACTOJBKO BEUKO, UTO HH OMH us’
KopHel m-i ctTenern wu3 1, Kpome 1, He mpuHamjexut Us.
[TpuMeHHM cqoopmynuposaHHy}o BBILIIE JIEMMY K TIOMOMOpPGH3-
My f(a)=a™ rpynnol eiuHun. B pesysnbTare noayyum

(U :Up) = (U™ Unss) (K 1) = (Zj UU’;,S)) (K% 1).

CaeloBaTeJbHO,

0™ =S5 G (e ) = (U Uy (K D).

3

Ho (U, : Ur+s) = (Np)®, OTKyZa cjaelyeT Haile yTBEpKAEHHE.

§ 4. HepasseTBJseHHble pacilidpeHHs

Mo no-npescremy npednosazaem, wmo K — noarnoe Ouck-
pemHO HOPMUPOBAHHOE NOAe 4HacmHulx Koavya A ¢ maxkcu-
MaAbHBIM udeaaom Y.

[lycts E — KoHeuHoe paciiHpende moas K, B-—uesoe
3aMbiKaHHe kogplia A B nose E. B xosbue B ecTb eauH-
CTBEHHHII NPOCTON Hjeas B, Jexamuit Haj p, H B auckper-
HO HOpPMHpPOBaHO. Ec/ii e — MHJEKC BeTBJICHHS, & [— CTENEHb
noJs KJIACCOB BHIYETOB, HMeeM

ef =1E : K].

(3zecb MBI J0Kas3aJd 3TO PaBEHCTBO TOJIbKO AJIsi cemapa-
OeapHeix paciupenufi E nona K. Tlockosibky Hac HHTEpe-
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cymT MPEUMYIeCTBEHHO YMCJIOBHIE T0Jsl, /AO0Ka3aTeJbCTBO

B o0WieM cJjydae He mNpuUBoAuTCsA. Ecad yrojHo, u4uTaTetb

MOXKeT NoJiaraTb XapakTepucTHkKy noJas K pasHo# (.)
Takum o6pa3oM, e=1 Torga ¥ TOJMBKO TOrAa, KOTAA

(E : K] =[B/% : A/p].

Ecan 310 paBeHCTBO BHLINOJIHEHO, a pacwHpenue. B/ noss
A/p cenapabesbHO, uiean B Ha3BIBAETCS Hepa36emeeHHbuIM
Hal p, a nose E — nepaseemsiennvim pacuuperuemn mnoas K.

[Iycts  @: B—> B/} — KaHOHUUeCKHi roMoMophH3M,
g =P X"+ ...+ Po—MHOrouJIEH C Kos<’p<’puuHeHTaMH B KOJb-
ne B. CumBosioM g® Mbl o6o3HauaeM MHorouneH @ (B,) X"+ .

. +@(fo), nmoayueHHBIH NpUMeHEHHEM romomopdpusma (p
K KoaQ)(’pHuHeHTaM MHOTOYJIeHa g.

Tipennoxeunue 7. [Mycmv E — Koneuroe pacuuuperue
noas K, u nycme udear P nepasgemsaen nad p. Ilycme o'€BY—

maxot asemenm, umo B® =A% (a’), u nycmo a € B— 3aemenm,
024 gomopozo ga = a’. Tozda E =K (a), u 06paz g° K-nenpu-
8o0umozo muozousena g (X), KopHem Komopozo Aeasemcs a,
makace Henpugodum. O6pamno, nycms E =K (a), 2de a—
Kopenb Hexomopozeo muozodsena g (X)EA[X] co cmapuum
Koaggpuyuenmom 1, 06pas Komopozo g® He umeem KpAmHolx

kopnreti. Tozda udeasr P nepassemssen nad p u B® = A% (pa).

HdoxasaTtenbctBo. [lpeanosoxxkuM cHawasma, uTo
niean P HepasserBseH. [lyctb g’ (X) — HenpuBOZUMBIE MHO-

rodjed HaX Kosbinom A®, KOpHEM KoToporo sBJsieTcss a'.
Ilycte @ =o' (mod‘B) —koperp HenpuBogumoro Haj K
mHorousieHa g (X). Torma o wen Hag A u o' sBasercs
KOpDHEM MHoOroujleHa g% Tak dYto g% jesaurcsa Ha g'.
C npyro#i CTOpOHHI,

degg’=[B?: A®] = [E:K] > degpg,

TaK 4ToO. g = g%. [lepBoe yTBepiKieHue [OKa3aHO.

O6paTHO, eCJH 3JEMEHT a yHOBJETBOPSET CHOPMYJIHPO-
BaHHOMY YCJIOBHIO, TO, He Tepsisi OOIIHOCTH, MOXKHO CUHTATh,
4TO A/ COOTBETCTBYIOLIETO HENPHBOJUMOrO MHOro4JeHa
g (X) ero ofpas g® He muMeeT KpaTHbX KopHedl. IIpumenss
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K HauMeHbluleMy pacumpermio [anya noas K, copepikarie-
my E, caeactede 2 npeasoxenus 14 ra. I, § 5, 3akmao-
yaeM, uTO g% sIBJIseTCS CTENeHbIO HeNpPHBOJMMOrQ MHOro4Je-
Ha, a MOTOMY HenpHBOAMM. k3 HepaBeHCTB

[4% (pa) : AP] < [B®: A°] [E K]

TOorjaa cJaeiyer, 4TO B JeACTBUTE/bHOCTH BCIOAY CTOSAT 3HAKH
paBeHCTBA H 4TO

B? = A® (qa).
TpenJioxkenne J0OKasaHo.

[Ipeannoxenue 8. [lycms E —Koueunoe pacwupe-
Hue noaa K.

(I) yemoe EDF>DK; nose E Hepassemsaeno Had K o
mom u moAbKO mom cayyae, Koeoa E nepassemeiseno Hal
F, a F nepassemsieno tad K.

(II) Hycme E nepassemeseno nad K, a K,—Koueunoe
pacwuperue noss K. Toz0a noze EK,; Hepa3sgemeiero
Hao K;.

(1) Hycme E,, E,— KoHeurble HepassemeietHbie paculu-
perus nors K. Tozda nose EE, maxoce HepassemeneHo.

JokaszaTeabcTBo. IlepBoe yTBepkJeHUe BHITEKAET
U3 TOro, 4TO CTENEeHH TMoJiell KJIACCOB BHIUETOB OrPaHHUEHbBI
CTEeNeHsIMH NOJIeH H MYJbTHNJHKATHBHBI [pPH pPacCHIHPEHUSX.
KpoMme Toro, cjeiyeT BOCHOJIb30BATHCS TEM, UTO YTBEp:kKjie-
Hue (I) cnpaBeAsuBO, ecs¥ 3aMEHHTH YCJIOBHE Hepa3BeTBJIEH-
"HOCTH yCJIOBHEM cenapabe/bHOCTH KOHEUHBIX pacHIdpeHHi.
Bropoe yTBepxJIeHUe HEMeJJIEHHO CJEeAYeT H3 NpeJioXKeHHs
7. Tpetbe dopManbHO BHITEKaeT U3 MEPBOr0 H BTOPOTO.

[Ipennoxenue 9. [aa scakozo Koneuroeo pacuiu-

perus E noas K 6 Oannom asceGpauueckom 3sameikanuy K
amozo noas obosnayum cumeosom Bg yesoe zameikarue xoaro-

ya A 8 E. ITycmo A—yeroe samvixanue xosvya A 6 nose

K. Hycms @ —zomomopgusm Koavya A, nepecewerue sdpa
KOmopozo ¢ KaxcOuim u3 Koaey By ssasemca maxcumairotoim
udearom Pg smoeo kosvya. Tozda omobpaxcerue

By ~ Bf
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UHOyyupyem 63auUMHO OOHO3HA4HOE coOmSemcmeue = mexcdy
HepazeemeseHnbimi pacuuperuanu E noas K u cenapabeno-

Houmu pacwuperusmuy noara A°.
IokasaTeabCTBO. YnpakHeHue [AJISI UHTATeJs.

Ecin npepnosioxurs, uto note A® KoHeuHO, Kak 3TO
MMeeT MECTO B TEOPMH uHCes], TO BCe asareGpaHueckKde pac-
IIMPEHUST 3TOTO IOJA cenapabejbHbl M Ja)Ke [HUKJHYHEL.
Ipynna Tanya nopoxjeHa KaHOHMYECKHM aBTOMOPHH3MOM
dpobenuyca o, AJsS KOTOPOro

ox=x1,

roe ¢—4HCJIO 3JIEMEHTOB [NOJs1 KJaccoB BblueToB A/p.
[losToMy BcAKoe KOHeWHOe Hepa3BETBJIEHHOE paCUIHpeHHe
noasg K UUKJHYHO, H B ero rpymnne lajgya HMeeTcs ofHO-
3HaYHO onpejeJieHHbIH aBTOMOphHH3M, HHAYUHDPYIOIHHA o©.
B camom Jese, coOrJacHoO mpeaJoxKenuio 14 ru. | § 5,
rpynna Fanya G Hepa3BeTBJIEHHOrO paCIIMpEHHsI COBNAjaeT
c G‘B’ NOTOMY UYTO CYIIeCTByeT €JIUHCTBEHHBIH MNPOCTOH

JuBH30p ‘B, Jexamuii Hajy p, a rpymnma G‘B H30MopdHa
rpynmne paciiMpeHHs NOJS KJ4CCOB BBIUETOB.

§ 5. Caa6o pasBerBaeHHble PACHIHPEHH A

Mo no-npescremy npednosazaem, umo K — noianoe ouc-
KPemHo HOPMUPOBAHHOE NOAe 4acmublx 0edexur008a KOAbYQ
A ¢ makcumasoroim udeasom Y, 04 KOMOPOZO NOAE KAQCCO8
goiemos Alp cosepuierro.

[Iycts E —KoHeuHoe pacumpende mnoas K, B=Bgp—
neJoe 3aMblkaH#e Kogaeuna A B moge E, P = Prp— Makcu-
MaJbHBIA HAeaa KoJblia B.

Hpnean B HasuBaeTcss 6noane pasgemeseHHbiM HaL ,
eciii [E:K]=e. B sToM ciayuae cTemeHb M0Js KJAacCOB
BbiueTOB paBHa | (notomy uto ef =n). Tak kKak P —enun-
CTBEHHBHIH NPOCTOH HAeas KoJsbna B, Jjexamuit Hafg p, Mbl
6y/JeM TOBOPHTb, YTO noJe E BroJjHe pa3BeTBJeHO Haa K.

[lpennoxenune 10. [Tycme E — Konewnoe pacuiupe-
nue noai K, E,— xomnosum ecex Hepa3sgemeienHbix noo-
pacwupenud noas E. Toeda nose E, nepassemsaero Had K,
g nose E gnoane pazgemégaero Had Ey. '
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HokasateabcTBoO. IlepBoe yTRepxJeHHe cJelyeT
H3 npenJioxenuss 8 mnpeabaymero naparpada. nas nokasa-
TeJbCTBA BTOPOI'O YTBEPXKAEHHUSA paccMOTpPuUM OalliHH

E B/B

| i

lEu "Bu/s'Bu
K A

Ecuu 6bl crenedb pacuiMpeHust MoJisi KJaccoB BHIUETOB B BepX-
HeM 3TaxKe GawmHu Obljia 6oJbilie 1, 3TO pacliMpeHHe MOXHO
661510 6Bl NMOAHSITH JO HEKOTOPOro HepasBeTBJeHHOro Haj E,
noanoas noas E, 4TO NPOTHBOPEYMT MakKCHMaJbHOCTH E,,.
CanefoBaTesibHO, 3Ta_ CTeneHb paBHa 1, Tak yto E BroJiHe
pa3BeTBJeHO Haj Ey. ' _ :

Ilycts E —xoHneuHoe pacmupende noas K. Huean B
HasblBaeTcsl c4abo passemeaeHnbim Han p (a none E —caabo
pasBeTBJIeHHBEIM HajJ K), ecsM XapakTepUCTHKa p IOJs KJac-
COB BhiueTOB A/p He gesuT e. Mpl cefiuac onumeMm cja6o
BIIOJIHE DPa3BETBJIEHHEIE PaCLIHpEHHS.

Npenanoxenue 11. ITycms nose E enoane passem-
aaeno Had K, 11— aaemenm nopsadka 1 omruocumesrsno B.
On ydosaemeopsem ypasueruto Ji3eHuumerina

X+ @, X - ... 4ay,=0,

ede a;€p 0aa 6cex i u ayp==0 (mod p?). O6pamno, ecaxoe
maxoe ypasHenue Henpusooumo, G e20 KOpeHbv noposcoaerm
BNOAHE PA3BEMBAEHHOE PACULLLpeHUe Cmenery e. ‘

HoxasateancTBOo. Bcee comnpaxenunie K II anemen-
Tbl HajJ moJjieM K HUMeIOT OJHY H Ty XKe P-aJuyecKylo HODMY
(13-3a OIHO3HAYHOCTH IIPOJOJIKEH!ST HOPMHPOBAHHAS HA KOHEU-
Huole pacmupenus). ITostoMy Ko3ddHUIHEHTH COOTBETCTBYIO-
ero HenpHBOJUMOIO YypaBHeHHs, KOTOpble sBJATCA ¢op-
MaMH OT KopHe#l, npuHapasexat ufeany B A=p. Iocnexn-
HHH KO3pdULIHEHT gy sIBJEeTCsl MpOU3BedeHHeM 3JeMeHTa 1l
M BCEX €ro COnpskKeHHHX, KOTOpHIX poBHO e. IlosTomy

|ao| = 1T,
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TaK {9TO  @y= M — 3JeMeHT mopsika | OTHOCHTEeJbHO P.
O6paTHO, BcSIKOoe ypaBHeHHe OJf3eHIITeHHa HENPUBOLHMO.
[IpuBeneHHOe BbIIllE pacCyXJeHHE OTHOCHTEJNbHO II MOXKHO
NPUMEHUTb K JoO0MY KOPHIO P 3TOr0 MHOTOYJIeHa, TaK 4YTO
| B|®=m. CaenoBatensHo, e=[K (B): K].

3ameTHM, UTO €CJH pie, TO pacmupeHue cjaGo passeT-
BJIEHO.

[Ipennoxenune 12. ITyemyv E —caabo enosne pas-
gemenennoe pacwuperue noss K. Tozda cywecmsyem 3ie-
menm L€ E nopadka 1 omuocumenrvro P, yoosremeopsouyud
YypasHeruw uda

Xt —n=0,

ede m— Hexomopbill asemenm nopadka | omHocumesvHo P
noaa K. O6pamno, nycme a—awbold adjsemenm  Kosbya
A, e—noaosicumenavroe yesoe wucao, He Oeasuwjeecs Ha p.
Toeda aroboii Kopens YypasHeHus :

Xé—a=0

noposcdaem caabo passemsaennoe pacuiuperue nosa K,

- KOmopoe 8noAHe PA36emB8AEHO, ecAl NOPAOOK OMHOCUMEAbHO P

pemenma a 63auMHO npocm ¢ e.

HoxasatenbctBo. Ilyets f(X)=X®—a, rneacA,ue
He aejutcst Ha p. [lycth a —J/i060H KOpPeHb MHOrouseHa f.
3anuueM a B Bujie a=na'u, Iie r — HEKOTOPOe 11eJ10e YHCIo,
u—eaununa kosabuna A. Toraa K (o) comepxutcs B moJe
K (g, ul/e, =l/e), rpe {—DOPAMHTHUBHBI KODeHb e-H
crenend u3 1. Pacumpenne F =K (, u'/¢) HepasBeTB/IEHO
Hag K, Tak uTO 7 OCTaeTCsi MPOCTHIM 3JIEMEHTOM Hieasa Pr.
Pacuwupenne F (nl/¢) cnaGo BnoJHe pa3BeTBJEHO, TaK YTO
HHJeKC BeTBJeHUA mnoas K (a) Hag K JeJHT HHAEKC BeT-
Baenus nonasa K (G, ul/e, ni/e) map K. Orciopa caenyer, uto
none K (a) cna6o pasBerBjeHo Haj K. Ecam nopsjok aJje-
MEHTa @ OTHOCHTEJIbHO ) B3aUMHO MpPOCT C e, MOXKHO HalTH
JBa UeJbIX 4Hcaa S, f, LJA KOTOpHIX

se4-tr=1.
[Monoxum P=a'n®. DnemenTH B° W T HUMEOT ONUH

H TOT K€ MOPSJOK OTHOCHTENbHO TP, TaK 4TO MHTEpecyou#
HaC MHJEKC BeTBJEHHS He MeHblle e. [losToMy OH paBeH e
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(tak xak [K (a): K]<e), H Hame pacmmpeHHe cjaGo BIOJHE
pasBeTBJIEHO.

OcraeTcsi YCTaHOBHThb, 4YTO BCSKOE BIIOJIHE c.na6o pa3-
BETBJICHHOE pACIiHPeHHEe MOPOXKAEHO KOPDHEM YPaBHEHHs1 BHJA

X—n=0

JJIs1 HEKOTOPOTO MPOCTOrO 3JeMeHTa i ujeana . Huas storo
HaM MOHaJOOHTCS cJlefyiomas JemMma.

Jlemma. Ilycme e— nososcumensroe yesoe 4wucio, He
Oeaaujeecs Ha p. Ilycmo E — KoHeurnoe enoaxe pasgemesnerroe
pacwuperue noas K, my—npocmoii ssemenm udeara p, p—
maxotl sremenm noaa E, daa xomopoeo |P|®=|m,|. Toeda
cyiecmsyem maxot 3iemenm 7 nopadka 1 omuocumesHo P,
4mo - 00ur u3 Kopred ypagrenus X°®—m=0 codepycumcs

8 nose K (B)- .

HoxasaTenbcTBOo. MOXHO MONOXUTL P° = mou, TIE U—
HeKOoTOpas eJMHHINA B KoJjblle B. Tak Kak Halule pacCIiHpeHHe
BIIOJIHE Pa3BETBJIEHO, CTENeHb II0JIs1 KJI4aCCOB BHIUETOB paBHa |

H, 3HA4YHT, CYLIECTByeT Takad e€AuHHLIa Uy€ A, UTO
u = uy (mod P). Ilosaras m = myuy, noaydum
p*=n+nx,
rae x =0 (modP). TeMm cameim
B —m| <|m].

Ilyets f(X)=X®—m u ay ...,

0 — KOPHH 3TOTO MHOFO-
yjieHa. Torja

[F®)|=B—ai] ... [B—cel
Ho |a;|=|PB| npu Bcex i. CnenoBarenbHO, XOTsi Obl aJd
OJHOro 3Ha4YeHUs £, CKaxeM [ =1, HMeeM
[B—ai| <|ayl.
C Jpyroéi CTOpPOHHI,
[F (e |=|ay[*P=]ay—ap] ... | @) —a]

ula;—a;|<]|o,|. D10 nokaseiBaer, 4to AJsi BCex map i, j,
[ 7 j, AIMEeT MeCTO PaBeHCTBO |a; — 0| =| a4 |. B cuay JemMul
Kpachepa otciofia caeayer, uto K (ay) = K (B), uto m Tpe-
6oBaJioCh [I0Ka3aTh.
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Ilpennoxkenne 12 cpasy e noJgydaercss OTCIOAa, €CJIH
MOJIOXKUTE P = .

Ilpennoxenue 13. [Tycmv E — koneuroe pacuiuperue
noas K. Bce ymeepacoenusn npedroncenusn 8 ocmanymcs cnpa-
8e0AUBbIMU, €CAU CA080 HEPABBEMBACHHOE» 6CI00Y 3AMEHUMb
caogamu «caabo passemsieHHoey.

JokasaTeabCTBO. CraHzapTHEIE paccy:XaeHHsI
C MCIO0JIb30BaHHEM MYJIbTHIIJIMKATHBHOCTH HHJEKCA BETBJIEHH S
U npepJioxkeHus 12.

CnencrtBue. [Iycms E — koreunoe pacuuuperue noaa K,
E: —xomnogum ecex eeo caabo pasgemsiexnbix nodpacuiupe-
Hut. Toeda nore E; caabo passemsgiaero Had K, a nose E
gnoane paseemeaero Hao E:, [axee, uwucao |E : E;] A8asemcsa
CMENEnHbI0 XAPaKmepucmuKky p noAs KAACco8 8bi4emos.

JloxasaTteascTBO.
noasa E,

IlycTe e—HHAEKC BeTBJIEHHS

e=-ep,

rjie e, B3auMHO npocto ¢ p. Ilyere II—agement nepsoro
Nopsiika OTHOCHTENBHO Hjeasa P u

B=1II"".

B cuny aemmer nose K (B) comepmuT csiabo pas3BeTBJEHHOE
noJpacIiHpPEeHHe C HHJEKCOM BETBJIEHHsS e,. KOMIO3HT 3TOro
paclIMpeHHss C MaKCHMaJbHBIM Hepa3BeTBJIEHHBIM paciliupe-
HUeM nossi E aBJsieTcs €j1a60 pa3sBeTBJIEHHBEIM paclidpeHueMm F
nossi K, a u3 omnpeieseHuss P cjaeayer, yTo HHJEKC BETBJIE-
Huga nonas E Hajg Flpaser p’. C apyro#i cTOpOHH, noje E
BIIOJIHE pa3BeTBJeHO HaX F (noroMmy uto F cojepxur E,) H,
3Hauut, [E:F]=p? Jlio6oe cinabo pa3BeTBJEHHOE MOApac-
[IHPeHHe noJsd E J0JKHO colepXkaTbCsi B F, HHade €ro
KoMNo3uT ¢ F Ouln Obl csabo pasBeTBJeH Haj F. DTo AOKa-
3BIBaeT CJe/ICTBHE. ‘

Hakonen, Mbl JokaxeM MOJIe3HYIO TeopeMy KOHEUHOCTH
IJIS P-afudecKux MoJieH.

Ilpenanoxenne 14. [Tycms K ecmb p-aduueckoe nose
(koHeunoe pacwupenue noaa Qp). s 6caxozo yeaoeo wucia n
cywiecmseyem AUWb KOHedHOe 4ucao pacwupenuil nosa K
cmenenu, He npegocxodaueli n.
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HdokaszatenabcTBo. Tak Kak CyIecTByeT €IHHCTBEH-
HOe HepasBeTBJIEHHOe paCIIHpeHHe KaXKAOH CTeNeHH, COOT-
BEeTCTBYIOIllee PACIIHPEHHUIO MOJisT KJAaCCOB BLIUETOB, M TaK KakK
BCSIKO€ paCIIMPeHHE MOJydaeTCsl B BHIAE IOCJIeJ0BATENLHOCTH
Hepa3BEeTBJIEHHOTO W BIIOJHE pPa3BETBJIEHHOTO pACIUIHPEHHUS,
JOCTATOYHO [I0Ka3aTb, YTO CYULECTBYeT TOJbKO KOHEUHOE
YHCJIO BNOJIHE PA3BETBJIEHHBIX PACIIHPEHHH JAHHOH CTEIeHH e.
Ho Bce Takue pdcmupeHHsi 3ajaloTCsl KOPHSIMH YpaBHEHHit
ditseHurTefina ' '

Xt ae X1+ ... Fum=0,

rie KodQQHUUMEHTH @; OpHHALJIEXRAT P, a Uy— eJUHHANA
(st — GMKCHPOBaHHBIH INIPOCTOH 3JeMeHT HAeasaa p). IIpsamoe
NpOU3BeJleHHe

PX ... XpxU

ujieasa p, B3sitoro e—1 pa3, W rpynnsl egunun U Kom-
nakTHo. JIro6o# sJieMeHT 3TOH Tpynnbl ONHCHIBAET KOHEWHOE
YHCJIO paCIIMPeHHH CTereHH e (COOTBETCTBYIOUIMX Pa3J/IMuHbLIM
KODHSM YpaBHeHus Of3eHmrefiHa). B cuay Jsiemmel Kpachepa
HEKOTOpasi OKPECTHOCTH JiOGOTro 3JIEeMeHTa OmpejensieT TO XKe
caMoe paclMpeHHe (npejJioxkeHHe 4, § 2), Tak 4YTO KOHeu-
HOCTb YHCJA pacUIMpeHHH cjelyeT U3 KOMOAKTHOCTH.

IF'nmasa III

AHSPEPEHTA U JUCKPUMHHAHT

Hsyuenne puddepeHTH! © IANCKPHMHHAHTA [OCTABJSET
MHGOPMAIMIO O DPa3BeTBJEHHHIX NPOCTHIX HeasaX, a TaKKe
BBOAHT HEKOTOPYIO [BOHCTBEHHOCTb, CYIIECTBEHHYIO Kak
B aJreGpaHueCcKoHd TeOpHH BETBJIECHHS, TaK H B nocJ/Ie 1y OIHX
rjJaBax 00 aHAJHTHYECKOH JBOHCTBEHHOCTH. Kpome Toro, stu
MOHATHA MO3BOJISIOT JaTb XOPOWHKH METOJ BLIYMCJEHHS KOAbIA
IeJIBIX 4YHCeJ B YHCJIOBOM IM0JIe; CM. HHXKe npejJoxkenue 10.

§ 1. Honoanutenbusie MORYIH

Ha nporsxenun storo naparpada A — Jenexunnoso
KONblo, K —ero moJe 4acTHHX, E —KOHeuHOe cenapabesib-
Hoe pacmupeHre nojs K, B-—ienoe 3aMblKaHHe KOJbia
A B E. IlycTs L — HeKOTOpasi alANTHBHAs NOArpynna nos E.
OnpepenuM donosnumenvroe K Hel MHoxcecrnéo L' (otHO-
CHTeJbHO CJiela) KaK COBOKYNHOCTb BceX TeX x€FE, s
KOTOPEIX

Trﬁ (xL) < A.

L' apasieTcst apauTHBHOM rpynnoi. Ecan AL= L, 10 AL’ = ',

Ilycts L, M -—pBe ajmuTuBHBle NOArpynnsl nods E
v LcM. Torna M'< L'.

Kpome TOro, HMEIOT MecTO C/lefyIOmHe YTBepKIEHHS.
[Ipennoxenune 1. [Tycmo wy, ..., w, — 6asuc noss E
Had K, u nycme L= Aw,+ ...+ Aw,. Tozda

L'=Aw,+ ...+ Aw;,

20e {wi}— 6asuc, dsoticmeennbii omHOCUMeAbHO Caedaq.
HNoxasarteabcTBo. Ilycte a€L’, H nycTs

a=aqw + ...+ aqWn,,
5 C. Jenr
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IokasaTeabcTBO. Tak Kak CyleCTByeT €JHHCTBEH-
HOe HepasBeTBJIEHHOE pAaCIIHPEHHe KaXJOH CTemeHH, COOT-
BETCTBYIOIlee DAaCIIMPEHHIO [0JIS KJaCCOB BBHIUETOB, H TaK Kak
BCSIKOE paclUMpeHHe MOoJIy4aeTcsl B BHAE MOCJEeJ0BATENLHOCTH
Hepa3BeTBJEHHOTO H BIIOJIHE pa3BETBJEHHOTO PpACUIHPEHHS,
JOCTATOYHO I[IOKa3aTb, YTO CYIIECTBYEeT TOJbKO KOHEUHOe
YHCJIO BIOJIHE PA3BETBJIEHHBIX PACIIMPEHHH JAHHOH CTEIEHH e.
Ho Bce Takue pacliMpeHHSI 3aJalOTCsl KODHSIMH YpaBHEHHi
Diizenureiina :

X4, X1+ .. +um=0,

rie KO3QGUUMEHTHl @q; MPUHALIEXRAT P, a Uy— EIHHANA
(7t — QUKCHpOBaHHEBIH NPOCTOH saeMeHT uzieana p). llpsamoe
NpoN3BeJieHHe

PpX ... xpxU - | .

Hieana p, B3sAtoro e—1 pas, ¥ rpynns eaunun U kom-
nakTHo. JI1060H 3JieMeHT 3TOH rpynnbl ONHCHIBAeT KOHEYHOE
YHCJIO PACHIMPEHHH CTeleHH e (COOTBETCTBYIOIIMX Pa3JHYHLIM
KODHSIM ypaBHeHus OiideHmtefina). B cuay siemmbl Kpacrepa
HEKOTOpasi OKPECTHOCTBb JIIOOOro 3JleMeHTa OnNpejessieT TO Xe
caMoe pacumiMpeHHe (mnpenJjoxenwe 4, § 2), Tak 4YTO KOHed-
HOCTb YHCJA pacIIHpeHH#l c/aefyeT H3 KOMIAKTHOCTH.

P

P b T

Fmasa [I1

AH®PEPEHTA U JUCKPUMHHAHT

Hsyuenne nuddepeHTsl u IUCKPHMHHAHTA [OCTaBJSET
MHGOPMANMIO O Pa3BETBJIEHHBIX MPOCTBIX HIeasaX, a TaKiKe
BBOJHUT HEKOTOPYIO JBOACTBEHHOCTb, CYIIECTBEHHYIO Kak
B a/jre0paHyecKkoil TEODHH BeTBJIEHHs, TaK H B NOCJEeAY IOIHX
rjaBax 00 aHAJUTHYECKOH JBOHCTBEHHOCTH. Kpome Toro, sTH
NIOHSATHSA MO3BOJISIOT JaTb XOPOIIHH METOJ BLIYMCJEHHS KOJbId
IEJBIX YHCeJl B YHUCJIOBOM I0J€; CM. HHXe npejJoxenue 10.

§ 1. HonoxHuteasusie Mopyu

Ha mnporsxenun storo mnaparpada A — IeneKuHI0BO
KOJIbIO, K —ero moJie yacTHblX, E — KOHEUHOE cenapabeJsib-
Hoe pacumpenne noasa K, B-—1ienoe 3aMbplKaHHe KOJIblld
A B E. Ilycte L — HekOTOpas afiauTHBHAS noArpymnmna noss E.
Onpegennm donoanumessroe k¥ Hefl muonmcecmeo L' (oTHO-

CATENIbHO CJlefid) KaK COBOKYNHOCTb BCeX TeX X€FE, s
KOTOPBIX

Trk (xL) = A.

L’ sBnserca apautusHOl rpynnoi. Ecom AL=L, 10 AL = L',

Ilyete L, M —nBe anmuTHBHBle mOArpynmsl noas E
u LcM. Torpa ML’

Kpome Toro, MMeloT MecTO cleAyiomiue YTBEPXKAEHHS.
[lpennoxenune 1. [Iycmo w,, ..., w,—6asuc noas E
Had K, u nyems L= Aw,+ ...+ Aw,. Tozda

L'=Aw;+ ...+ Awy,

ede {wi}—6asuc, Oeoticmeennsiuli omHocumensto caeda.
HokasateabctTBo. Ilycth €L, u NyCThb

a=aqw + ...+ awy,
5 C. Jlenr
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rie a; €K. Toraa Tr(aw;)=a;, Tak 4T0 q; €A Aas Bcex i.
9ro pokaswiBaer, uto L < Aw,+ ... + Aw,. OGpartHo,

Tr (Awil) =A-Tr (wil) < A,
TaK 4TO OOpaTHOE BKJIOUEHHE TaKKe TPHUBHAJbLHO.

[lockoabKy BCAKMH JApoOHBIH HJeas KoJsabna B 3axat
Mexay AByMs A-mopyasmu tana Aw, 4+ ...+ Aw, aas nog-
xoJsamux 6asucos {w;} noas E Hap K, a Kombio A— He-
TepoBO, NOJyYaeM

CanepgcrtBue. Ecau b—O0pobroui udear koareya B, mo
b’ — moowe Opobroii udear. Kpome moco, B < B'.

[Ipepnoxenue 2. [lyeme E =K (a)— KorHeuHoe cena-
pabeasroe pacuiuperue cmenenu n. [lycmo [— nenpueodumbiii
MHO2041en Hal nosem K, koprem komopoeo seasemcs a, ['—
€20 npous3eooHasn, u

X
T b b X . 4 by X

Toeda 6asuc, deotcmeennbii Kk cmenenwomy 1, a, ..., o™l
cocmoum u3 uucea
_bo a1
ffl@ ™ " fa)”
Hoxkasateasctso. [lyets ay, ..., Gp— paziuunbie

KopHU MHorouJseHa f. Toraa

n r

v f(X) G e

h X_ai-f,(ai)_x, or<n—1.
i=1

Ins pokasaTenbcTBa 060O3HAYMM CUMBOJIOM g (X) pasHOCTB

JeBOH H NpaBof dyactefl 3Toro paBeHcTBa. Torma g— MHoO-

roujieH CcTeneHd He Oonee n— 1, UMEOWUA 1 KOpPHeM:

Qy, ..., Op; noatomy g=0.
MruorouJsenbl S
f(X) af
X—0 i)

BCce COMpSAXEHH Jpyr c apyroMm. Ecnad onpefenuTh cJaep
MHOrOuJjieHa ¢ Ko3(d¢HiHeHTaMH B jloje E Kak MHOrouJeH,
noJiyyaloluics MPUMEHeHHEM OllepaTopa cJjefa K Koadodu-

§ 1. Jonoanumeavuole modyau 67

({THEeHTaM, MBI I[OJYYHM

- f(X) ar ] —Xr
Trl‘x_oL Fay =%
CpaBHHBas KO3(pduUNHeHTH NpH Kaxpoil creneHd X B JeBoH
M MpaBOH 4acTsX 3TOTO PaBEeHCTBA, HAXOIHM

i_ by
Tr (o rdy ) =8

UTO JOKa3blBaeT Halle YTBEpPXKIEHUE.

CnepctBue, [Ipednoromum, umo B=Ala]. Tozda
B’ = B/f’ (a). :

JlokasaTeanbcTBO. [loab3ysichb peKyppeHTHHIMH (Op-
MY J1aMH

bn—i = 1’
bps—abn_y = an_4,
L

y6expaemcsi, uyto. yucaa 1, a, ., a™1 nopoxaaoT Hax A
TO Xe KOJIbIl0, UTO W udchaa by, ..., b, 4. OrCroma Hemel-
JEHHO BhIT€KaeT Halle CJeACTBHE.

[Mpeannoxenue 3. [Iycme A—Ouckpemuo HOPMUPO-
BAHHOE KOAbYO, NYCMb cyujecmeyem eOuHCmeeHHbll npocmoti
udear B 6 koavye B> A, sexmcaujuld HA0 MAKCUMQAALHOIM
ueasom p Koavya A, u nycmos pacuupenue B/ noas Alp
cenapabeavro. Toeda cywecmsyem maxol 3JAeMeHM o€ B,
umo B= Afu]. :

JlokasatenbcTBo. [lyeth P—aaeMent xosbua B,
Kjacc BeiuetoB mod P KoToporo mnopoxpaer noJe B/P nap
A/p. Tlyets f—mHorouner Hapg A co cTapmuM KoahduuueH-
ToM 1, peaykuusi Kotoporo mod p siBJisseTcsl HEIPUBOJHMbBIM
mHOro4sieHoM ¢ KopHeM f (mod ). [Iyere 1l —saement no-
psiika | oTHocuTeJqbHO HAeaja P B KoJble B.

Torna

FR+I=7@R)+/ @)  (modP?)

u [’ (B) 5= 0(modPB). Caenosatenbuo, Jau6o 3jeMeHT a=f,
6o a=Q-+II obnagaer Tem cBOKCTBOM, UTO €ro KJacc

5*
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sergetoB mod B nopoxpaer nose B/ nmag A/p, a B Koable
Ala] cymecTByeT 3JeMEHT Nopsiika 1 oTHochTenbHO SB.
B cuay npegnoxenuss 23 ra. 1, § 7, 3akaiouaeMm, uto
B = Alal.

OTOT pesyJbTaT JOCTABJSET KPUTEPHH BO3MOXKHOCTH
NPEMEHUTH npepoxende 2. OHO NPUMEHMMO, B 44CTHOCTH,

B JIOKaJbHOM CJyyae, Korja Haile JeZeKWHAOBO KOJIbIO
IMOJIHO.

ITpepnoxenue 4. [Tycme b — Opobroii udear koavya B.
Toeoa

b'=BpL
HokasateabcTBO. HMeem
Tr (B'6716) =Tr (B'B) < A4,
Tak uTo B'61 < b’. O6paTHoe BK.IIOUEHHE CTOMIb Ke OHEBH,ILH(;.

Has yno6erBa GOpMYJIMPOBKH CJELYIOMIETO TIPeJIOKEHHS
0003HaY¥M CHMBOJIOM Bp/x MOAyJib, JAONOJHHTENBHBEIH K B.
HMHjekc HyxXeH, NOTOMY 4TO Mbl GYJEM HMETb AeJO GOJIbIIe
4eM C JBYMS MOJISIMH.

[Ipennoxenue 5. [Tyeme E > F o K— cenapabeio-
Hote pacuuperus, C-—yeaoe 3ambikanue Koavya A 6 noae
F, B—uyeaoe samvikanue koavya A ¢ nose E. Toeda

Bg/x = Bg/rCr/x.

HokaszateabcTBo. CHauajla yCTaHOBHM BKJiOYe-
HHe . HmMeem

Tri (Ba/rCirxA) = TriTre (BgrCi/xB) =

= Trk (Cix Trg (BgrB)) = 4,

OTKyJa CjeayeT TpebyeMoe.
O6patHo, nycte B€ Bgk. Toraa

Trk (BB) =Trk (C TrE (BB)) = A
(MoxHo BcraBuTh C, moToMy uto CB=B). Tem caMbm
Trr (BB) = Ciyx

Crjk Trg (BB) = C.

§ 1. Honosnumensnsie modyasu 69

Hpobuni#t C-uaean Cr/x MOKHO BHECTH IMOJ 3HaK onepa-

TOpa Trf}:, MOTOMY 4TO OH cojepxurcs B noje F. Crelosa-
TeJIbHO,

BCrk = Bg/r.

YMHoxkas Ha Cr/x, HaxomuM, 4to P € Cr/xBr/r;, 310 3a-
BEpIIaeT J0KAa3aTeJbCTBO OOPATHOTO BKJIIOUEHHS.

B npexxHux o6o3HaueHHsX ompenenuMm Jdugpgepenmy Dpsa
kak BE/x. M3 AokasanHoro pesysbrara noJydaercs gopmyJa

Pp/cDc/a=Dp/a,

BHIPaXKawoulas myasvmunaukamusrocms dugpepenmot ¢ bawre
pacuiuperull.

Hunddeperra ectb obpamieHde APOGHOrO Hjeana, COZEp-
KAaMIero KOJbHO UeJblX YHCes, H HOTOMy OHa caMa sIBJIsieTcs
HJeajoM.

[Ipennoxenune 6. [Tycmp S— myrvmunaukamugroe
nodmrosxcecmso Koavya A. Toeda

Dg-1p/8-14 = S Dp/a.

HNogkasaTteabcTBo. OueBHIHO.

Ilpennoxenne 6 mno3Bo/sier BHIYHCAATL  AHD(epeHTy
NOKOMIIOHEHTHO, JIOKaJH3ysl OTHOCHTEJbHO NPOCTHIX HIEaNOB.
IIpenmymiecTBO 3TOTO Crioco6a COCTOMT B TOM, 4T0 A sB-

JSETCH KOJIbIIOM IJIaBHHIX H/JleaJsoB.

Buisichum Tenepp, Kak AuddepeHTa BefeT cebs npH
NIONOJIHEHHH M KaK €€ BHIYHUCJASITb YHCTO JIOKAJbHBIMH Cpej-
CTBaMH.

[lonbsysch mpeAsoxeHHeM 6, Mbl MOXKEM CYHTaTb, YTO
A — IUCKPeTHO HOPMHPOBAHHOE KOJIBIO.

[Ipeanoxenue 7. Iycmy A—duckpemHo HOpmuUpO-
8aHHOe KOAbYO, U—e20 Hopmuposéarue, ‘P — npocmoti udeas
Koabya B, aexmcawut nad npocmom udeasom p Koavya A.
[Tycms  wey — HopMuposarue, coomeemcmeytousee udeany B;

Ay, Bw$—coomeemcmeymmue nonoinerusn. Toeda

D B/ABwﬂs =Dz, ;lSIAv'
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HokasaTteabcTBO. Mbl MoXeM BMecto JuddepeHT
paccMaTpHBaTb  MOAYJIM, JONOJHHTEJbHbIE K  KOJbIAM,

[Tockobky nuddepeHTH SBJASIOTCS HAeaJaMH, LOCTATOYHO
YCTaHOBHTB, YTO

ord;B@B/A = OI'dsB @BwsB/Av'
[lycte Tr—onepatop caeja w3 E B K, Try,—oneparop
JoKajbHOro caeja us By, B Ky, rae w— mo6oe HOPMHPOBa-

Hue noas E, unayuupywomee v Ha K. Torma

Tr= X Try

wlv
(xak onepatop Ha E).

[TycTb xEE‘“ﬂs’ H OYCTb Tr“"B (waSE)cAv. BuiGepem
sJeMeHT §€E, OMM3KHA K X OTHOCHTENbHO 'w‘B U 6JaU3KHI
K HyJIO OTHOCHTEJbHO APYTHX HOPMHpoBaHHH w|wv. IlycTsb
y€B. Torma snement Try(Ey) O6MM30K K HYJI0, €CJH
W =Wy, W NPUHALJIERAT Kojbly A, Npu W = Wy, NOTOMY
4TO JIOKAJbHBIA cjel HenpepoiBeH. OTCIOfa BBITEKAEeT, 4YTO

snemeHT Tr (Ey) npuHajpiexur roabny A U, CJef0OBaTeJbHO,
§ JIeKHT B JIOTIOJIHWTEJHHOM MOAyJe B'.

O6parHo, nycTb x€ B’ u yEB“’SB' Ha#inem snement E€ E,
O/IM3KHH K X OTHOCHTEJIbHO wg M B6JM3KHE K HYJIO OTHOCH-
TEJbHO OCTAJNbHBIX HOPMHpoBauHi w|v. Hafizem Takxe
5JIeMEHT M€ B, 6JU3KHA K Yy OTHOCHTEIBHO Wq M OJIH3KHH

Fl; HYJIO OTHOCHTEJNbHO OCTaJbHBHIX HOPDMHPOBAaHMH w|v.
orza '

Tr (En) = Trug (5n) + § Try (EM).
w: ’LU;J;

I'noGanbubiil caen cyaepa JexdT B A. KaxkAbifl 4jeH CyMMb
cupaBa Jexur B A,. CienoBarensHo, Tr“’ﬂs (En) qexur B A,.
TlockosibKy sseMeHTH E, 1) GJIMBKH K X, § COOTBETCTBEHHO,
OTCI0fia BbITEKAeT, 4YTO CJej Trwsp (xy) TNpUHALJEKHUT
ROJBLY Ap. |

[puBefieHHble  pacCYXAEHHS NOKA3blBAIOT, 9TO MHO-
XKecTtBo B’ njaotHO ‘B B;,;B (JI0KaNbHO ~ IOTNOJTHUTENbHBIHR

§ 2. Qugpcpepenma u semsrenue 71

MOJyJIb OTHOCHTEJBHHO CJeJia TrwsB), OTKyJa U cJefyeT Haue
Npe/JI0XKEHHE.

[lycte ® — mudbdepenta kosbua B nag A. C TodkH 3pe-
HUSL (OPMasbHBEIX HJleaoB UMeeT MECTO pas3JioKeHHe

D = |[ Dg.
s

Kaxabifi uaeatl Dg MOKHO UHTEPNPETHPOBATh Kak B-KOMIIO-
HeHTy AnddepenThl Dp/a, AHPHEPEHTH @BﬂS/AS,B (ecma B |p)
wiu Kak fuddepenty Bp sa , TAC W U U-— HOPMHPOBAHUA,
ompeje/eHHble HeanaMy f M P COOTBETCTBEHHO.

O6bLuHO uneal Dp, 4 HA3LIBAIOT 2206a1bH0U Jugghepenmotl,
a Dpy/a,— M0KAWHOU Ouppepenmotl. Mu MoKeM OTOXKIeCT-
BUTb Dp,/a, B Dyg KaK GopMasibHble HAEAILI H B STOM CMbIC/Ie

yTBepXKJaTh, 4TO IJ06asbHast quddepeHTa ABASETCS TPOHU3-
BeJleHHeM JIOKAJbHEIX Au(depeHT.

§ 2. Juddepenta u BerBJIeHHE

B smom napazpage A—0edeKur0060 Koaby0, K—e2o0
nose wacmueix, E—KoneuHoe cenapabeabroe pacuiupenue
noan K, B—yeaoe 3ambikanue Koavya A g nose E. Mot npu-
Mem, Kpome moz0, 4mo 0Af 6CAK020 Npocmozo udeasa » < A
noae Kaaccos eememos A/p cosepuerHO.

Ilpennoxenue 8. [ycme P — npocrmoi udeas Koavya B,
Aesauyull Had P, e — e20 UHOEKC 8emBAeHUA. To2da udear P!
deaum degppepernmy Dpsa. Ecau udear B curbro paseemser,
mo udear B¢ deaum OJugppepermy Dpja. Ecau udean B
He paseemener, mo B ne deaum Dpa- Cywecmeyetn mMoAabKo
KOHe4Hoe 4UCA0 Pa3semsieHHbLX npocmolx udearos. Hakoney,
dugppeperma Dp 4 A6AAEMCA HAUDOALLILM obujum deaumenem
scex udearos (f (), ede a—uyeras obpasywiyas nois E
nad K, a f— coomeemcmeytouyuiii Henpueooumbill MHO204AEH
Had K, KopHem Komopoeo A8AAeMCA O.

NoxasaTeabcTBO. Tak Kak WHBADHAHTBl BETBJCHUA
U aucdepesTs XOpolIo BeyT cebst Py JIoKaau3aliy H 100n0.J1-
HeHMH, TO TePBble YTBEPKAEHHSI MOXKHO AOKA3bIBaTh, CUMTAs,
yT0 K — IOJIHOE MOoJIE. S ,
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HiMesi Jeso ¢ NOJHBIM MOJEeM, MOXKHO NPHUMEHHTH NPeAJso-
XKenue 3, § 1, caeacTBUe U3 NpeJJIOXKEHUS] 2 U NPELJOKEHHE
23 ra. 1, § 7. Ecau upean P nepasseTsiien, 310 gaetr Dp/a=(1).
[Tonb3ysce npeasoxeHueM 5, § 1 (MyJbTHIJIHKAaTHBHOCTH
OTHOCHTE/JIbHO OallHM), Mbl MOMKEM CUYHTaTh TaKkKe, UTO
uaean ‘P BHosaHe pasBeTBJeH. B 3toM cayuae B=A[ll],
rae II—HekoTopoit 3jeMeHT mnopsifika 1 oTHOcHTeJbHO ‘B,
YAOBJIETBOPSIOMWUA YpaBHEeHHIO Ji3eHInTeHHa

FA) =T 4-a, I ... +1=0,

B KOTOpOM a; £EPp, a nEA ¥MeeT NOPsJoK 1 oTHOCHTeJNBHO P.
Torpa

f* (1) = elI*7! (mod %B°),

H TocJ/ie/lHee yTBEPKJeHHe BHITEK3eT U3 OllpeJeseHuH.
BepHeMcsi Tenepp K riobanbHOMy caydaw. [lycts a —1e-
jgas obpasywomas noas E Hag K H f—cooTBeTcTBYOIIUHA
HeNPUBOAHUMBIA MHoroujeH Haj K. Dnement [’ (a) Jenutcs
TOJMBKO Ha KOHEUHOe UYHCJO NPOCTHIX HJealsoB ‘P, ¥ U3 nmpei-
goxenus 7 ra. II, § 4, crnenyer, 4To TONBKO 3TH HpOCTHE
JIeJIMTeJH MOTYT BETBHTbCA (MBI MOXKEM paccMaTpHBaTb a
Kak ofpasymomylo nononnenuss E, Hapg K, ). Tak Kak

p
B Ala], otciona caenyet, uto ®p 4 peaut ([’ (a)). Ocraercs
AOKa3aThb, uTo AuddepenTta cosnajaer ¢ HaHOOJALIIUM OOLIUM
JeNUTeJIeM BCeX TaKHX HJeaJoB. TouHee, AJs1 BCAKOrO
npocToro Hjaeana ‘P CymecTByeT TakKOH 3JEMEHT O, A4
KOTOpOro

ordg ®p/a = ordg (f' (a)).

JoKasaTeabCTBO NpeACTaBJiseT co0ofl ynpaKHEHHe B TEXHHKE
NPUMEHEHHUS] TEOPEMBl O NPUOJHKEHUSIX.

Bce mosyunjoch 6bl cpasy, ecau Obl MBI MOIJIH TOJIOMXKHTb
"B=A[a] aasi HeKOTOporo a. 3TO MOXKHO CJH€JaTh TOJBLKO
JIOKaJbHO. [105TOMY MEI BOCHOJIB3yeMcCs Teopemon ) npné.nn-
KEHHSAX JJIs CBeJleHHs] 33Jaud K JIOKaJIbHOMH.

Ilyets v=1u,, W =Wg. Ilyers {0} npoGeraer Bce pas-
JHYHbIe aBTOMOPGH3MHI noJsi E B aarebGpanyeckoe 3aMblKa-

ne K, noas K,. IlycTb 0, —o0auH M3 TakKUX H30MOP(HH3MOB,
HHAyuupylomud Ha E HopMmHpOBaHHE wg. ILJIsi BCSIKOH 0Opa-

§ 2. Hupdepenma u gemesenue 73

sywomedd o nond E nHax K, sBasollefics KOpPHEM HENPHBO-
JuMoro Haj K MHoroujeHa f, umeem

o, [ (@) =’ (0,0) = H <oia—oa)

ByseM nucaTb 0~ 1, eciH o H T conpsixeHb Haj K,
T. €. eCJM CYIIeCTBYeT Takoi HaoMopduam A moss K, Han Ko,
4yTO T=A0 Ha E.

CorjyiacHo mpejJoxeHnuio 3, § 1, cymecTByer Takod 3Je-
MeHT P € By, uto B,=A, [B]. 3aMeTuM, 4TO BCHKHA 3JIEMEHT
Kosbua By, aocTaTo4HO OJHM3KHA K f, Takxke MOPOKIAET
B, Han A,.

ITycte A mpoGeraet Bce udomopduamel noas K, nagp K.
CymiecTByeT Takofl 3JeMeHT a€ A,, 4To '

|AB—a|=1

1as Bcex A. JleHCTBHTeJIbHO, KJacCh BBIUETOB BCEX CONps-
KEHHBIX 3JEeMEeHTOB AP conpsxkenbl Hax A,/p,. Ecau stu
KJacchl BHUeTOB Bce paBHBl 0, TO MOXHO B3iATb a=1,
unaue a=>0.

[lycts oy, ..., Op —IPEJCTABUTEJH KJACCOB 3KBUBAJIEHT-
HOCTH BJOXKeHHH noJst E B K,. B cuay Teopembl 0 npHOIH-
JKEHHSIX MOXKHO HaHTH TaKo# 3JjeMeHT a € E, A/ KOTOporo

uHCcsI0 | 0,0 —f | oueHb MaJo,
uuc/Ia |0;0— G| OueHb MaJibl OpH £ =& 1.

He Tepsis oOmIHOCTH, MOXKHO CUMTaTh, KpOME€ TOrO, UYTO
sjeMeHT a les Hajg A v uto E =K (a). (Ec/u 3T0 He Tak, cHa-
yaJla YMHOXKHM O Ha 3JIeMeHT KoJbua A, xotophii = 1 (mod p)
M JeJUTCS Ha OGOJbIUHE CTENEeHH JPYIHX MPOCTHIX HJ€aJIOB,
yTOObl CJeaaTh G IeJbIM, a 3aTeM NpuGaBUM =y, rje y—
mobasi nesas obpasyrwouias, a v— A0CTaTO4HO GoJibllioe 1eJioe
4iCJI0. DJeMeHT a4 n¥y GyAeT obpasyiolled.)

Tak Kak sjeMeHT 0,0 6/u30K K [, umeeM B, = A,[0,a],
U, CJel0BaTeJbHO, ero JoJsf B ‘B-KomroHeHTe AuddepeHTH
HUMeeT BHJL

ord;B@Bw/AZ,:ord;B H . (0’1(1.-—0'0.).
. O'V‘O'i
o¥0,
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MBI JOKHBL YCTAHOBUTD, YTO OCTaJ/IbHble MHOKHUTENH HE AAIOT
BKJajJa B P-KOMIOHEHTY. :

[TycTe O He conpsmXeH C 0y Haj K,. [Toaoxum o = Ao,
i==1. Torga ‘

loia——ca|:]01a—-?»6ia|r-]?floia—aiaj:
:|x‘laia——a—l—a——oia|.

Ho uucio |00 —a| ouenb Mano, a A~'0,0 oueHb GJH3KO

k A7f. Tak Kak [AP—a|=1, 10 u[ro@—al|= 1. Cnego-

BateJpHO, |0;0—00|=1. Orciola BbTeKaeT nNOCAeLHEE
yTBepXKACHHE,

§ 3 JlACKpHMMHAHT

Ha nporsixenun sToro mnaparpaga A — aeleKHHIOBO
KoJAbO, K —ero noJje 4acTHHX, E -—KOHeYHoe cenapabeib-
Hoe pacuupenue noJst K crenend n, B—uejoe 3aMbIKaHHe
KoJabua A B moje E. .

Iycte W = (wy, ..., Wa)—JA060€ CEMEHCTBO H3 7 SJ€-
MeHTOB noJjs E. OnpeaenuM OuUCKPUMUHAHM 3TOTO CEMEHCTBA

DE‘/K (W) = det (O'iwj‘)z

KaK KBajpaT ONpEAeNHTeNs: ©; NpoleraeT 7 pPasIUuHBIX
BJIOKEHHH ToAs E B JaHHoe aJjreGpanyeckoe 3aMbIKaHHE
noas K. .

Tycts W u V=(vy, ..., Up)—ABa CEMEUCTBA S5/IEMEHTOB
noasi E; NpeAnooXHM, YTO CYIMeCTByeT MaTpuia X = (xi;)
snementoB nossi K, ans xoropoit W=XV. Toraa

Dg/k (W) = (det X)? Dg/x (V).

Ecnu  Bce sJjeMenthl Matpunmbl X npuHazjaexar A, ToO
u (det X)2€ A. TlosTomy B cJuy4ae, Koraa W u V nopoxjaior
OfMH U TOT e A-Moxyab, MaTpuna X o6paTHMa B KOJIbIE A,
M ee ONpele/uTeNb sBJSeTCA €LHHHUEH B A. Tem cambiM
COOTBETCTBYIOIME ONpeJeJHTeNH OTJHYATCA Ha KBalApar
€THHUIbI.

B uactHOocTH, MpH A =Z (KOJBIO OOBIYHBIX LEJBIX qHCe)
JAHCKPHMHHAHT OJHO3HAYHO OMNpeJeJsieTcs MOAYJIEM. Huckpu-
MHHAHT KOJbIa WeJblx aJdreGpanueckux uumcen [g Kak
Ix-Monynst ByAeT HasblBATbCA NPOCTO OUCKPUMUHANMOM (nau
auckpumuHanToM mons K) @ o6o3HAuaTLCA CHMBOJIOM Dg.

§ 8. Huckpumunanm 75

[Tpeanoxenune 9. [Huckpumuunanum Dy (W) npu-
Hadaescum noao K u Oaxce koavyy A, ecau ace aremermol
cemeticmea W npunadaexcam B. [luckpumunanm omauuer

OM HYAS 8 MOM U MOABKO moM caydae, Koeda cemelicmso W
cocrmasanem 6asuc nosa E rnad K.

HokasateanbcrtBo. [Ipumenenue k det (o;w;) a06oro
u3omMopdusma nosas E vax K nepectaBisieT CTPOKH H MOTOMY-
CBOAUTCS K YMHOXKEHHIO onpejenuTtesss Ha =+ 1; Bo3BejgeHHe
B KBaJpaT U36aBJgeT OT 3TOro MHOXKUTead, Jlad Besko# obpa-
syomeit a noad E Hap K puckpumuHadT Dg/k (1, @, ..., a™?)
eCTb KBajpaT onpejenurtens BangepMoHJa ¥ NOTOMY HE paBeH
HyJ/10. To e OTHOCHUTCS, C/ef0BaTeNbHO, K Jio6oMmy 6asucy V
noass £ Hapg K B Cuay CJle/laHHOTO BHILIE 3aMeUaHHs 00 U3Me-
HEHUH JUCKPHMHHAHTA IPH JUHEHHBIX npeolpa3oBaHusx. Ecau
sJleMeHThbl cemelicTBa W JsiHeHiHO 3aBHCHUMBI HaJ K, AUCKpH-
MHHAHT, OYEBHJHO, paBeH Hy.o. EcJu Bce OHH LeJbl Hal A,
TO H JUCKPHMHHAHT, OUeBHAHO, INpHHAAJEXUT A (uesoe
3aMblKaHHe KoJsbna A B J060M HOPMaJbHOM DPacildpeHHH
noas K, cojepxaueMm £, saBiasercsd KoJabuom). [lpensoxe-
HHe J0Ka3aHo.

ITycte M — cBOOOAHBI MOAYJB PaHra n Hak KoJbLOM A,
cojgepxamuiics B nose E. BeeneM JUCKPUMHHAHT MOAyJss M
KaK JHCKPMMHHAHT J06oro ero A-6asuca; onpejeneHde 0JHO-
3HAYHO C TOYHOCTHIO A0 KBajApaTa eAHHHUNBl KoJbla A.

Ilpeanoxenue 10. [ITyeme M My—c80600n0te
Mmo0yau pawea n Had xoavyom A, codepamcaujueca 8 noae E.
Tocoa Dpgx (My) deaum Dpgx (My) (kax eaasnoui udean).
Ecau 045 nHekomopod edunuybt u € A soinoansemcs pageHcmeo
Dg/x (My) = Dgjx (Mp)u, mo My=M,.

HJokasatenbcTBo. [lepBoe yTBepKAEeHHE OUEBH]HO.
M3 Broporo ycjoBus ciaefyeT, 4TO MaTpHla Nepexona OT

6asuca Monyas M, K 6asucy Moayas M, obpaTtuma B Koable A,
tTak 4t0 M= M,.

Boo6me roBopsi, cymniecTBYIOT ApoOHbIe HAeaJs bl Koabla B,
He sBJsOmMHuecs cBobofubiMH A-Monyasmu. [lostomy ans
mo6oro Apo6Horo Hpeana b Koawbma B cumsosom Dgx (b)
Mbl 0603HauuM A-MOAYJb, MOPOXKAEHHLIH JHCKPHMHHAH-
taMit Dgsx (W) BceBo3MOXKHBIX GasucoB W noas E wuap K,
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npHHagNexamux ugeany b. Moayab Dg/k (b) HasoBeM duckpu-
MmuHanmom 0pobrozo udeasa b. Tak Kak cymecTByeT 3Je-
MeHT c€ A, ¢ =0, c ycnoBueM cb (" B, To JUCKDUMHHAHT $IB-
JNsieTcsl APOOHEIM HJeajoM KoJblua A. ‘

Mpeanoxenue 11. Ilyeme b-—0pobrewi wudeanr
Koasya B, S — myremunauxamusroe no0mrooecmso Kosoya A.
Toz0a

S_IDE/K () = DE/K (S—lb).

HJokasaTteabcTBO. TpuBHa/sbHOE CJEACTBHE oOnpeje-

JEHHH.

DTOT pe3yJbTaT NO3BOJSET NOJb30BaThCH JIOKAJH3alHe:.
Hast Bcsgkoro mpocTtoro Hpeana P A MOXKHO BBIUHCJIHTD
P-KOMIIOHEHTY AHCKPUMHHAHTA, JIOKAJH3Yysl MO p. SHAUUTENb-

HOe [PEHUMYHIIECTBO JIOKAJbHOro cCJjydasi COCTOHT B TOM, HUYTO

A, — IMCKPETHO HOPMHPOBAHHOE KOJbLO, d Ji0GOH APOGHEIH
uiean Koabua B npespamaercsi B CBOGOAHBIA A, -MORYJIb.
Haanee, BP——KOJIbLIO rJIaBHBIX HIeaJoB, HMeollee TOJbKO

KOHeYHOe YHCJO HJealoB, Jexamux Hajx p. Tem cameiM geso
CBOZHUTCSA K NOJCUYETy ompefenurtesell BanaepMonaa.

[lpennoxenune 12. Ilycmoe A—Juckpemrno HOpMu-
posannoe KoAbyo, b—O0pobrel udeasr Koavya B, b= (f),
BeE, B#0. Tozda

Dix (8) = (Vi (8))* Di/x (B).

HokasarteabctTBo. Ilycte W saBaserca A-6asucom
kosbna B. Torpa W Gyner A-6asucom uieana b, H pe3dyb-
TaT CJELYET U3 OIlpeJeseHHH.

C moMouibio Mpolecca JOKaJu3alHd Mbl MOXKEM pacmpo-
CTPaHHTh 3TO MpeNJOXKEHHE Ha CcJaydail He 0053aTesbHO
JIOKaJIbHOTO KOJIbIIA. :

[Ipenanoxenu e 13. Ilycme A— ar0boe Oedexur0oso
K0Aby0, b~ Opobubui udear koasya B. Toz0a

Di/x (8) = (N (5))® D/x (B);
Hopma udeaia onpedesena 6 2a. 1, § 7.

HJoxkasaTeabcTBO. JJ0CTaTOUHO NPOBEPUTH 3TO YTBEp-
XKAeHUe NJs1 BCSAKOH P-KOMIOHEHTH JAHCKPUMHMHAHTa, P—

$ 8. Huckpumunanm 77

mpocTol Hiean Koabua A. [losTomMy MoxHO CYHTaTb, 4TO
A —IMCKPETHO HOPMHPOBAHHOE KOJIbIIO (mpennoxenue 11).

B stom cayuae b= (B), B € E, u TpeGyeMuiit pesyJibTat cjaefyeT
U3 npeasoxenus 23 ra. I, § 7.

Ilpennoxenue 14. Juckpumunanm u OJugppepernma

C8A3AHbL opmyaoLi

N%®p/a = Dgx (B).

HokxasatenbcTBO. B cuay mnpennoxeHus 6, § 1,
H Tpefyoxenns 11 MBI MOXeM CYHTaTth, 4TO A— IHCKPETHO
HOpDMHPOBaHHOE KOJIBLIO M TeM CaMbIM B-—CBOGOAHBIH
A-Monynae. Oas mo6oro A-6asuca W koabna B JUCK PUMH-
HaHT Dg/x (B) nopoxjen snementom Dg/x (W). Iycts W' —
AONOJHUTe/bHBIH K W 6asuc OTHOCHTEJIBHO OmepaTopa ciesa.
Toraa monoanurenbublt Moayns B’ mopoxzaen Han W' Gasu-
com A. Tlostomy Dg/k (B'Y=Dpgx (W)A. Hs onpejeJeHHs
AMCKPHMHHAHTA Gaskca HENOCPeICTBEHHO BHIHO, YTO

Dejx (W) Dg/x (W) =1.

Cuaenoparenbho, Dgjx (B) Dg/k (B') = A. [oaw3yace npex-
Joxenuem 4, § 1, u npensoxenvem 13, noJsyyaeM TpebyeMoe.
Haxkonen, paccMoTpuM KoHeuHoe cenapabesbHoe pacummpe-
nee E nossi K cremenu n; nycte PEE,Bs~0 u E =K (B).

Baenem Ougpepernmy Brx (B) u Ouckpumunanm Dk ()
aJieMenTa B ¢opmyaaMmu

Dk B) = ogd (B —of),
DE/K (ﬁ) ’:DE'/K (1’ ﬁ’ ey ﬁn—l)'
ITpennoxenue 15. Hueem
D/ (B) = (—1)"" "2 NEDp x (8).

NokasaTenbcTBOo. YmpakneHde HAa NepPeCTAaHOBKY
CTPOK ONpeje/uTe N . »



Pnapa IV

KPYTOBBIE 10J14A

DTa rnaBa CAYXHT OJHOBpeMeHHO 1ByM weasm. Oua
JIOCTaBJISIeT MpuUMepsl K oO0lieHd TeopuH H, Kpome Toro, GoJjee
NOJPOGHO OMHCHIBAET IOJIsI JeJeHHsT Kpyra, OT KOTOpPBIX
B 3HAYHTEJbHOH Mepe 3aBUCHT TeOpHs ajreOpaHuecKuX 4HceJs
B nejoM. TpyAHO yKa3aTb TOUHblE TI'PAHULBI 3TOH 3aBHCH-

MOCTH; H3BECTHO, OJIHAKO, 4TO, CKaXkeM, IeHTpaJjbHasi yacTh

JI0Ka3aTeJIbCTB B TEOPHH MOJIeH KJacCOB OTHOCHTCS K KPYyro-
BbiM MOJIIM. XOTAd Mbl He H3JaraeM 3JeCb TEODHIO MoJieH
KJIaCCOB, Mbl NPUBOAHUM JieMMY ApPTHHa, KOTOPYIO OH HCIOJIb-
30BaJl B CBOEM [E€PBOHAYaJbHOM JOKa3aTeJbCTBE 3aKOHA
‘B3aUMHOCTH. JTa JeMMa [peJcTaBjaseT Cco60H XOpomyio
WJIJIIOCTPAIMIO HEKOTOPBIX OOIIMX MPHUHIMIIOB B TEOPHH YHUC-
JIOBbIX MoOJieH. $1 BOCIPOU3BOKY JOKA3aTeNbCTBO ITOH JIEMMBI,
JlaHHOe ApTHHOM OKOJIO [JeCsTH JeT 'Hasaj, Ha CeMHHape
B [IpHHCTOHCKOM YHHBEpCHTETE.

§ 1. Kopiu u3 exdHHnbl

[lycTh @—KoOpeHb n-H CTeNeHH M3 eJWHHNB: o"=1.
Pacmmpenne Q(w) HopMaspHO Hajg Q. B camom peue,
NyCTh ®-—TNPUMHTUBHBIE KOpeHb (T. €. ero IepuoJ paBeH
B TOYHOCTH n), 0—aw060i usomopdpusm noasa Q(w) Han Q.
Toraa (0w)"=o0(0") =1, Tak 4YTO 0w—TaK¥Ke KOpeHb n-H
cTeneHd H3 efuHunbl. CjefoBaTesbHO, 0® = ' AJ5 HEKOTO-
pOro LeJOro yHeaa i =i (0), KOTOpoe onpejie/ieHO OAHO3HAYHO
mod n. [TosTomy mnoJse Q (w) otob6paxkaercss B cebs NpPH NpHU-
MEeHEeHHH O W, 3HAUHT, fBJsETCS HopMajbHbIM Hajy Q. das
Jqio6oro Apyroro usomopduama T noas Q (w) Hal Q umeeM
o0t = oY), Tak KaK o, T—H30MOpdHU3MbI, TO YHCJA i (0),
i (T) B3aUMHO npocThl ¢ #. TeM cambiM oToOpa)keHHe

g ~i(0)

§ /. Kopru u3 edunuysr 79

ABJsieTCA roMomopdusmom rpynnul ['anaya G noas Q (o) Hax Q
B MYJbTHIJIMHKATHBHYIO TPYNNy KJaccoB BhiueToB mod 7,
B3aMMHO MPOCTBIX C 7, M 3TOT roMOMOp(H3M MOHOMOpdeH.
[TopAaaoK 3TOH MYJbTHNJIHKATHBHOH TPYNNBl paBeH @ (1), Tie
¢ —Qynkuua Jiaepa. Huxe Mpl ybepumes, uto [Q (0): Q] =
= ¢ (n). Orcioga 6yjer cjaenoBaTh, uTo rpymnna [laaya pac-
muperns Q (w)/Q omnpenesneHa H3oMOpPPH3IMOM G ~ i (0).

[lyers K-—uo6oe uyuchaoBoe mnosie. I'pynmna Tanya nons
K (®) Han K siBisieTcst moArpynno# rpynmel G; MO3TOMY OHa
abeJieBa.

[Tycte K—umio6Goe uwc/I0BOE 1OJE; QHKCHPYEM €ro aJre6-
panyeckoe samblkanue K. Kpyeosoem pacuuperuem moas K
HasbiBaeTCsl BCSKOe pacIIMpeHHe, cojepxalileecss B OJHOM
n3 nosefi K (®), rie w—KopeHb H3 eAHHHUB (0" =1 Aas
HekoTtoporo n). [lockosbky nose K (w) abeneBo Haj K, BCAKoe
KpyroBoe pacmupenne nojs K abeseBo. ITose K HasbiBaeTcs
Kpyeoebim, €CJH OHO $5IBJSETCA KPYTrOBBIM pacHIHpPEHHEM
noss Q.

Pacemotpum cayuaii K =Q (o).

[lycte p—npocToe yuCJIO, ®— IPUMHTHBHBIA KOpeHb p-H
CTeneHu W3 efuHunbl. Torja w-—KOpeHb MHOrO4J/eHa

XPl=(X—1)(XP 1 ... 1)

CnenoBatesbHo, [Q(0):Q}<<p—1. Mub yTBepxkiaeMm, 4YTO
Q(0):Q]=p—

HeficTBuTebHO, NYCTb n=1—w. Unucao n ueno nHapg Z.

Hanas moboro nesoro 4yucaa i, B3aHMHO MPOCTOTO C p, ®° —

TOX€e IPHMHTHBHBIH KOpeHb p-d CTeNeHH H3 €eJHHHIB, H
| —w?

-1————_1+a)—f— RN

— LeJioe asrebpanyeckoe yucao. Ho o= (o' ')} ans HexoTo-
poro uesoro 4HCJa j, TaK 4TO 3TO OTHOIIEHHE SABJAETCS
eJMHANEH B KOJblle [r uesblx yncea noas K.

IlycTb p—npocToit Hiean Kosbla [g, Jexailui Hax (p), U

FX) =X 14 ... 1.
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Torma w'(i=1, ..., p—1)—Bce kopuu f(X) (u6o 3T0O—
KOpHH MHorodsneHa X?—1), Tak yTo
p—1

F = [1 x—a).

[losTomy
. ot
p=f (=11 1—a.
Oas mo6bix i, j, B3aUMHO IPOCTHIX C p, KaK Mbl yXKe yOelu-
JIUCh, OTHOILEHHE

1 —oi

11—

ABJIsIeTCs e€IWHHIER Kojbila [gx. Bce 3jeMeHTH | — @' umeroT
OIHY H Ty XK€ p-alMyecKylo HOpMy | [=] |, TaK uTO

| [Pt =]p].

Orcioza caefyeT, 94TO HHAEKC BETBJEHHS HJeasa P He MeHbIIe,
ueM p—1. B cuay npemnoxkenus 20 ra. I, § 7, mosyyaem

e,=p—1=[Q(0):Ql.

Kpome Toro, p-—eAMHCTBEHHBIH MPOCTOH HAeas KoJbla [,
Jexkamui HaA (p), ¥ OH BIOJHE pa3BeTBJeH. Tak Kak ®
yIOBJIETBOPSIET TaKXke ypaBHeHHI0 XP—1 =0, sn060e mpocroe
YHCJI0, OTJIHYHOE OT p, Hepas3BeTBJieHO B noJe Q (o), noTtomy
4YTO MpPOU3BOAHASL PpwP~! KeJqUTCS TOMBKO Ha p.

Paccmorpum Tenepp cjyualf cTemeHH IIPOCTOTO 4YHCJA:
m=p", r>0—mneaoe uucao. [loxoxum Y=X"y pac-
CMOTPHM pas3JioKeHHe

X —1=YP—1=(Y —1) (P14 ... 1)
[Tosoxum '

Xr'—1 -
f(X):};r—_r_—'l—=yp e T

Crenenn wmuorousieHa [ pasHa ¢ (p")=(p—1)p™ 1. Ilyctp
O—TIPUMHTHBHBIH KOpeHb p'-H CTelleHH H3 €JUHHMIILI,
" ABJISETCS TPHMHTHBHLIM KODHEM p'-f CTENeHH H3 eQHHHIbI
B TOM H TOJIbKO TOM CJlyyae, KOrja i B3aHMHO IMPOCTO C p.

e e e AR

§ 1. Koprnu us edurnuyw 81

Takum o6pasoM, cymecTByeT @ (p’) IPUMHTHBHBIX KOpHeH
p'-# cTeneHH M3 eJuHUUB. [losTOMy

[ =11 (X=0=]](Xx—u),

rle TepBOe Mpou3BejeHHe OepeTcs 0. BCeM MPUMHTHBHBIM
KOpPHSIM p'-H CTeNeHH M3 €JMHHIbI, a BTOPOE — IO BCEM pa3-
JUYHBIM KJaccaM BbiueToB Z/p"Z, He KpaTHBIM p.
Tak ke, Kak JAJsi KOpHe#i p-H cTeneHu, TIpoBepsieTcH,

YTO OTHOILEHHE .

| —ow?

l—wi _
ABJISETCS eIUHMIeH, ecH 4ucCia [, j B3aUMHO NPOCTH C p.
[Iycte m=1—w. Torga u3 ToxpecTBa

fy=p=[l(1—a

lcp(pr

BbLIT€KAEeT, 4TO

)
=|p|
st JiIo60ro HOPMHPOBAHHS, MPOJOJIXKAIOUErO p-aauuyeckoe

HOpPMHpOBaHHe noJst Q, Tak yTO WAeaJ p BIOJHE Pa3BETBJIEH.
[ToaToMy HMeeT MecCTO

| 7

Teopema 1. IHycme o—npumumuersii kopens p'-l
cmenenu u3 edunuyor, K=Q (). Tozda [K:Ql=9(p")=
={(p—1) pL. Had p sesxcum edurncmeenroili npocmoi udeas p
koavya Ig, u oH enoixe paseemesen. Bce ocmaasteie npo-
cmeote udeanvt xKoavya Iy Hepassemeserol.

DTOT pesysabTaT MOXKHO OGOOIIUTDL CJEAYIONIUM 05pasoM.

Teopema 2. ilycme m—noaoxcumessroe yenoe 4ucio,
© — npumumueHeoi Kopers m-i cmenexu u3 edunuysl. Tozda

Q@) :Ql=9(m). B nose Q(w) eemsamcs mosbko me

npocmoie 4ucia p, komopeie deaam m. [lycme

m=pi... p;s
— pasaogsiceHue m 8 npousseferue cmenerel npocmolx ducea,
O ; — npUMUMuUEHbIL KopeHs p'i-ii cmenenu u3 eduruupl. Toz0a
Q((D):Q_((Di, e s ey (I)s) =Q((D1) .« .Q((Ds).
HoxaszareasctBo. Ilyers g(X)=X"—1. Toraa
® —KopeHb ypaBHerusa g(X)=0, a g’ (0)=me™ ! peaurcs
6 C. Jlenr
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Ha [OpocThle uHcaa, jAensmue m. [lostomy Jmo6oe apyroe
MPOCTOe YHCJO HepasBeTB/aeHO B noje Q(w). [Has Beakoro
j>1 none Q(w;) abeneBo Hajg Q, a ero mnepeceueHue
¢ Q(wy4y ..., ®j—) paBHO Q, NMOTOMYy 4YTO p; BIIOJIHE pa3BeT-
BJeHO B noje Q(w;) M He pasBeTBJEHO B APYroM MoJIe.
[TosToMy cTenenb pacumpents Q (o, ..., ®;) noasa Q (@, ...

..., ®j—y) paBHa @ (p'J). DTO [OKasLIBaeT TeopeMmy.

[Tycts G—rpynna Fanya noas Q(e) Haz Q. Torga Jio-
6ol aBTOMOP(QH3M G 3TOr0 MNoJs OTOOpaxkaeT & Ha HEKOTO-
pHIfi IPUMHUTHBHBIH KOPeHb ', { B3aHMMHO NpocTo ¢ m. Tak
Kak [Q(0):Q]=¢(m), TO Aaa J/moOOro TaKoro i cyile-
cTByeT 6€G c yc/oBHeM 0@ = o'. Takum o6pasom, rpynna G
u3oMopdHa MYJIbTUNJMKATHBHOH TpyIllle KJaccoB BHIUETOB
KoJablla Z/mZ, B3aMMHO MOpPOCTHIX C m. 3aMeTHM elle, 4YTO
JJsi JOOBIX ABYX IOJIOXKHTEJbHHIX B3aHMHO MPOCTHIX IEJbIX
qucesJ m,n MU COOTBETCTBYIOMUX MPUMHUTHBHBIX KOPHEH

U3 eJUHULB! §,, {m uMeeM Q (L) NQ (Tn)=Q.

Teopema 3. Ilycme ®—npumumuenbii Kopene p-i
cmenenu u3 edunuybt, K=Q (0). Tozda Ix=1Z o). Juckpu-
munanm noan K pasen

Dy = po' " Gr=r=b),

20e 3HAK MURYC OMHocumca K caywasm p'=4 uw p=
= 3 (mod 4), nawoc—K 0CMANbHbLIM CAYLAAM.

HoxasaTteabctBo. OrpanuuuMcs cJaydaeM r=1;

NPHHIHI JOKas3aTe/bCTBa B o0meM cJaydae TOT ¥e. Hraxk,
®—KOpeHb p-H CcTeneHd U3 eAUHHIBI; NycTb B=7Z[w].
[ast nokasaTeabcTBa TOro, uTo B =[x, AOCTaTOYHO mNpOBe-
pHTh, 4TO AMCKPUMMHAHTH KoJjen B u [x coBnajaioor kak
Z-upeann (npeanoxeune 10 ra. III, § 3). A 310 jocta-
TOYHO TPOBEPUTH JIOKAJbHO AJS KaxKJAOTO MPOCTOrO uYUC/a.
Bce npoctele umcsaa, KpoMe p, He DPasBeTBJEHBl H NOTOMY
He BHOCST BKJaJa B JHCKPDUMHUHAHT HH OJHOTO H3 KoJer [,
B. Yucso p BriosHe pa3BeTBJIEHO; NOJAb3YSACh NpelJoxKe-
Huem 23 ra. I, § 7, szakmouaeM, uto Sp'B=S;YUg,
‘rae Sp,—JononHesHe K uieaay (p) Koawua Z. Crepgosa-
TEJIbHO, P-KOMIIOHEHTH JHUCKPHUMHHAHTOB B 00OHX cCJyuasx
oauHakoBbl. [losToMy B=I[g. YTBep:KJAeHHE O TOUHOM 3Ha-
YeHUH JUCKPUMHHAHTA [OJNy4aeTcs NPSMbIM BEIUHCJIEHHEM AHC-

§ 1. Kopuu uz edunuyn ‘ 83

KPHMHHAHTa 3JIEMEHTa ® C Y4eTOM 3HaKa. JTO He COCTABJsET
TPYAHOCTH (BOCIOJIb30BaThCA MpeAJoxenneM 15 ro. 111, § 3).

Hasa paéo'pbl C NMPOH3BOJIbHBIM COCTaBHBIM IE€JbIM YHCJIOM /M1
HaM MOHAJOGUTCA OIMH OOLIME De3yJbTaT.

Teopema 4. Ilyeme K, E—06a wuciosvix noas.
IIpednoaoscum, umo onu aunelino paszderenst (smo osnauaem,
4mo 041 awbozo 6asuca w,, ..., w, noaa K xad Q u 4106020
basuca vy, ..., vy noas E nad Q cucmema {w;v;} cocma-
gasem Oasuc noas KE nad Q) 4 umo ux Ouckpumunanmor
azaumro npocmoi. Tozda

Igg=Iglg
Dgg = DgDg.

HokasatenbcTBO. U3 OCHOBHBIX CBOHCTB Jupde-
PEHTHl caelyeT, 4To Auddepenta Dyg,q paBHA

Dke/kPr/a = Drr/eDE -

Ho 1uddepentst ®gpq u Dg/q Bsanmmuo npocTei (Kak
HJeasl KOJIbla Igg). To ®e BepHo pas APYTHX JABYX MHO-
xuTesed. CieloBaTelbHO,

Pxe/e=DVr U  Dggx= De/q.

ITyecte W —6asuc kombna Ix Han Z, V—6asuc Komwua [
Haj Z. V3 npuBe/leHHOTO 3aMEYaHHs CJeLyeT, YTO AONOJHH-
TebHbIi K W Gasuc W', koropmifi mopoxnaer uueas Dia,
NMOPOKAAET. TaKKe HAean Di'g/z. IT0 MOAYJAb, IONOJHE-
TeJbHb K Igyp Hap [g. :

Beps cHoBa ponosmuTenbhbill Mogy.s, noayvaem, uyro W
NOpOXKAaeT KoAbLUO [gy Hax Ip. ITo HoKasbiBaeT yTBepxKie-
HHE O KOJbUAX LeJbX 9YHuCes. YTBepKIEHHE O IHCKDHMH-
HaHTaX Mbl OCTAaBJIIEM WYHTATeNO B KAueCTBe yIPaKHEHHS.

Cnencrsu e. ITycme m— nososxcumevroe yenoe qucio,
O—nPUMUMUBHLIL KOPerb m-U cmenenu u3 edunuysl. Tozda
Z 0] — yeroe samsicarue Koavya Z & nose Q (»)

6%
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NokasatenbcTBO. (OueBHAHO, KOMIO3UT  KOJeI
IeJBIX 4YHCeJ KPYTrOBBIX I10JIeH, CTEeNeHH KOTOPHX SIBJSIOTCS
CTENEeHsIMH TMPOCTHIX YHCeJ, AeJAIMX m, YIOBJETBOPSIET
YCJIOBHSIM TeopeMbl 4. '

§ 2. KpaapaTuuHbie noas

Pacipennst cTenenu 2 noJis pallMOHAJbHEIX YHCEJ TaKKe
JIOCTaBJISIIOT MHTEPECHble IPHMEpHI. ;
Teopema 5. [Iycms m—Henyresoe yeaoe 4ucao,

He Oeasweecs Ha keadpam npocmozo, K=Q (Y m). Ecau

=2 um m= 3(mod4), mo [l, V'm] cocmasisem 6asuc
koavya Ig wad Z. Ecau m =1 (mod 4), mo maxum 6Gasucom
ABAACMCA CUCTEeMA

(1A,

JokaszaTeabcTBO. YnpaxHeHue. Jas Toro 4ToOHI
3JIEMEHT x—l—yl/m c x,y€Q 6ba uen Hag Z, HeOOGXOIAUMO
¥ JOCTaTOYHO, 4TOOHI €ro HOpMa M Ccjiej] mpHHanjgexamu Z.
C nomolLbio 3TOro cooGpakKeHHsi JErko IPOBEPUTh YTBEPKAEe-
HHE TEOPEMBI.

Hanpuamep, npu m= —3 uucJjo

1+y —3
2

ABJAETCA KYOUUECKHM KODHEM M3 eIUHULELL. [103TOMY - OHO

neJgo Haa Z.

[Ipexxne d4em JoKa3blBaTh CJAELYIOUMH pe3yabTart, cie-
JlaeM HECKOJIbKO 3aMeYaHHH O KOHEUHBIX MOJIsAX.

[Iyets F;—KoHeuHoe mosie M3 ¢ 3/1€MEHTOB, Ile §—cCTe-
IMeHb HEeYeTHOro MpocTOro yucaa p. MysabTUnaukaTuBHAs
rpynna Fj nukmavusa ¥ uMeer nopsiok g— 1. Tlostomy

® ., *¥2\
(FL:Fi) =2.
Jnsi 06010 HEHYJIEBOTO LEJOT0 YHCJA V TIOJOXKUM
v = x%(mod p),

< v ) 1, ecJIH

p/ | —1, ecmm v==x%(modp).
DTo—ornpeleseHue CAMBOJA JlexaHIpa, KOTOPbIi 3aBHUCHT
JUMINb OT KJ/acca BblMeToB v (mod p).

e

§ 2. Keadpamuuneie noss 85

3 3ameuanmus 06 HHZEKce CJelyeT, UTO YHCJIO BHIUETOB
paBHO YMCJY HEBBIUETOB.

Teopema 6. [lyecmo T—npumumueroii KOpexsb cmene-
HU p u3 edunuybl,
_ _ £Y N
S %‘J \Up > &%,

20e CyMMQ 83AmMA NO HeHyiesbim Kaaccam ebiemos ‘mod p.

Toeda
#=(5)»

Kasdoe readpamuuroe pacuuperue nors Q asisemca gpy-
208bIM NOAEM.

HokasatenbcTBo. [locrennee yTBepxaeHue HeMex-
JIEHHO BEITEKAeT M3 SBHOIO MNpeACTaBJEHUs YHCJIA -+ p Kak
kBazipata B moJe Q (). 1o npencraBieHHe nosydaeTcs Tak:

#=3 (e
v,

Koria v mpoberaeT BCe HeHYyJeBbe KJacChl, a i (DHKCHPO-
BaHO, VW TOXe rpoOeraer Bce HEHYJEBHIE KJacChl. 3aMeHsiss V
Ha VQ, HaXOAUM

82=VZu (1*;_2> tn (VH):,;L (%) C‘_L (v—.l—1)=
S 3 (e
n v —1 w

Ho 148+ ... +¢*71=0, Tak 4To BHYyTpPEHHAS CyMMa MO [
cnpaBa paBHa — 1. CurenoBaresbHo,

S:=(F)e=D+(=n ¥ ()=
v —1
_ —1 X vy [/ —1
*P(‘p—>+% ()=

yTO M TpeboBaJIOCh [I0KA3aTh.
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Tem cambim mose Q () p) comepxurca qu6o B mnoJe
Q (g, ¥V —1), mmu6o B mose Q(f) B 3aBHCHMOCTH OT 3HaKa

—1 .
CHMBOJIA <—-p—-> . B J1eHCTBHTEJbHOCTH BCAKOe - abesieBo pac-

mypeHHe nojs Q sBageTcs KPYroBbIM, 4YTO, OJHAKO, COpasjo
TpyAHee JOKa3aTb (cM. [3]). dro—Teopema Kponekepa.

§ 3. CumBoa AprHHa

[lyctb k—uncaoBoe nose, K — pacmupenue ['anya ¢ rpyn-
nod G. Ilycte p—nmpocToit waean KoJabua [, P — npoctoit
Haean Koabna [z, snexamui Hag p. [lose KaaccoB BbIYETOB
I»/p KOHEUHO M uMeeT, N0 omnpejeneHHo, NP 3j1eMEeHTOB.
CymecTByeT eIHHCTBEHHBIH aBTOMopqousM o' moms Ix/P
Hag Ix/p, AAs KOTOpOTO ox — X3P npH Bcex X € [x/P.

[Tycte uiean B HepasBerBsen Hajg p. CorJsacHO mnpenJo-
xeHHo 14 ra. I, § 5, B rpynne pasnoxkeHus G‘B CyllecTByer
e/IMHCTBEHHBIH 3JIEMEHT O, MHJVUHPYIOUHHA ¢ Ha mnoje KJaac-
COB BBIYETOB. JTOT 3JieMeHT oGo3HadaeTcst cumBoJoM (B, K/k).

[Iycte £ —apyrofi mpocTod HAeas, JexallMld Hanx P,
u v = . Toraa snementnl (2, K/k) n (P, K/R) conpaxensl
B rpynne G. CaenoBatenbno, ecau noje K abeseBo Han k,
rpyrmbl passoxkeHuss G u Gp cosnajawtr U (P, K/k)=

= (R, K/k). Tem campiM 3710T 3Jement rpynnsl Gy onpele-

JieH OJHO3HA4YHO; OH 0GO3HAuaeTCs CHMBOJIOM
(p, K/k)

MU Has3bIBACTCHI CUMBOAOM Apmuna (uau a8mMoOMOp@HUIMOM
®dpobenuyca) upeana p B rpynne G. Ero MOXHO oOTOXKIe-
CTBJIATh C COOTBETCTBYIOINUM aBTOMOPGH3MOM pacIIHpeHUs
NOJIST KJIAaCCOB BHIUETOB.

B xayecTBe npumepa paccmorpuM nosit B=Q u K=Q (§,),
rae m> | — ueJjoe 4uca0, §p,-—— NPUMUTHBHLIN KOpEHb H3 €JH-
HHIBL cTeneHH m. [lycTe p—mpoctoe uyucJo, He JAeJdliee m.
Ono uepasBeTBaeHo B mnose K. Tlosoxum o= (p, K/Q).
Torpa o, =Ch.

3akoH B3auMHOCTH ApTHHA NO3BOJISET ONpPEAE/HTb BCe P,
HMeompe QUKCHpOBaHHBIA cuMBosal AprtuHa. [asi pacmupe-
Hufl Q ({m) cuMBos ApTHHA 3aBHCHT OT KJacca BLIUETOB
p(modm). AnajnoruuysHoe yTBepXKJeHHe HMeeTcs B OOmeM

§ 4. Jemma Apmuna 87

cayuyae, HO Mbl He OyieM BXOAHTb B nojpoGHoctd. OrpaHu-
YUMCS JOKa3aTeJbCTBOM CJEAYIONero pesyJbTaTta.

[Ipennoxenune 1. I[Tycms k—yucrosoe nose, K—eeo
abeaeeo pacuiuperue, E—rKonednoe pacuiuperue, p—npo-
cmot udear Koavya g, nepaseemsaennvil 6 nose KE. ITycme
q— udeaa Koavya g, rescawyud Had . Tozda ozparnuverue
asmomoppusma (4, KE/E) na nose K paswo (p, K/k)f, 20e
[ — cmenens 1048 KAACCO8 Bbivemoa:

f=Ugla:Ig/p].

HdoxasateabctBo. [lycts P smexur Hax uaeasom p
B KoJblie [, £ nexuT Haj q B Kosble [gx. Toraa agas mo6oro

Ixe/R
IK/(B//\IE/Q
\Ik/P :

sJeMeHTa X € Igp/D 4 aBTOMOp®H3Ma ¢ = (q, KE/L ) uMeeM

ox=x"4. Orpanuuenue ¢ Ha K, OUEBHIHO, NpHHAIJIEKHT
rpynmne pasJjoxenus Hpeana M sABasdercd f-H CTeNeHbIO
aBToMopdu3ma (p, K/k) B cuiy onpeneseHus.

3aMeTHM, 4TO 3TOT pPe3yJbTAaT MOXKHO NpeJCTaBHTL B Bn,ue

(p, K/k) = (NEp, K/k), ecau 1m0 MYJbTHIIHKATHBHOCTH pac-
NPOCTPAHHThL HA HJeaJsbl OnpeleJieHHe CHMBOJAa ApTHHa.

§ 4. Jlemma AprtHna

D10 JeMMa O CyOIeCTBOBAHHH HEKOTOPLIX CHElUaJbHBIX
KpYroBuIX noJjiedl. Ham nonago6siTcsl BCrioMoraTesibHEE pe3yJib-
TaThl, OTHOCAMINECS K 3JEMEHTAapHOH TEOpHM UYHCes; HUXKe-
cjaepyomue Jjemmbl 1 —3 npunaanexar Ban pep Bapaeny.

Jlemma 1. Iyeme a, r—yeavie 4ucaa, a>1, r>0;
g-—npocmoe 4ucio, ’
’ —-1
ot 1‘—1 .

Ecau npocmoe wucao p Oeaum odnospemenno T u wucao
a1, mo p=gq. Ecau q deaum T, mo q deaum a? —1.
Hakoney, ecau q=>2 uau r>1, mo T ==0(mod ¢%.

T =
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JokasaTteabcTBO. MMmeem
T=(a""—1)"" 4@ —1)

W3 3TOro TOXKJECTBA CJAEAYIOT BCE HAIM YTBEPKJIEHHUS IpH
g>>2; eCqd g=2, TO

T=@@ "—1)+42,

—2

+ ... 4q.

4TO TakXke Jaer Tpebyemoe.

Jlemma 2. Iyems a,r,q umeiom me xe 3HA4eHus,
umo & aemme 1. Cyzqecmeyem npocmoe 4ucio p, maxoe, 4mo
nopsadok a(mod p) pasex q'.

HdokasateabctBo. efictBureqpHo, T>qg u ¢*{T.
[lTosToMy cylecTByeT RpOCTOE UHCJIO p=~=gq, Aenasmee T,

r—1
HO He JeJadqiiee aq? —1. OHO W gBJsIETCS HMCKOMBIM.

Jdemma 3. Iycme n=qugl ... g — noi0%uUmebHOE
yeaoe uucro, a>>1-—uyesoe 4ucro. MosHo Hadmu makoe
yenroe 4ucao -

M= pyP1P2P; - - - PsPss

20e Py, Py, -« .y Psy Ps— PASAULHBLE npocmole 4ucia, 4mo
nopadox a(modm) Oeaumcs Ha n W, Kpome mMoz0, cyuje-

cmsyem noaoxcumebroe 4ucao b, nopsadox komopoeo modm
deaumcs Ha n, npuyem a, b Hesasucumbv. 8 epynne 8biemos -

mod m. Moocno Hadmu ckoab Yyeo00HO Ooavuiue npocmbie
qucaa Pi, Pi, YO08AEMEOPAOULUE IMUM YCAOBUAM.

HoxkasateanctBo. Ilycts M —Goabioe 1iesoe Yueo.
BriGepeM Takoe IeJioe 4HCJO ri=r;, YTO

gt > M.
[To npeablAyiel JeMme, CyIECTBYEeT TaKO€ MPOCTOe YHCJIO Py,
4TO MOPAJOK BhiueTa a(mod p;) paBeH

*
1
.,

[TIo Toli Xe JemMMme MOXKHO HAHTH TakKoe NPOCTOE YHCJO py,
4TO NOPSIIOK BHYeTa a(mod p;) paBeH

giitt.

§ 4. denna Apmuna 89

3ameHuM yHcsa0 M umciaom pyp;M WM NPOJOJIKHM 3Ty Npo-
Ieypy, NPHMEHSAS €€ K 7y, ...

MyabTHNIMKAaTHBHAS Tpynna KJaccos BoiyeToB mod m,
B3aHMHO [OPOCTHIX C m, SBJSETCA INPAMBIM [POU3BEAEHHEM
rpynn xJaccoB BeieToB mod py, mod p;, mod py, ... . Ilycts
a;— ofpa3yionias rpynnsl KJjaaccoB Bu4eToB mod p;, oj — TO Xe
1asi p;. He Tepsis oOIIHOCTH, MOMKHO CUMTATh, YTO YHCJO @
paBHO

* , *
a(lpl—“/"l)if a;(Pi;—l)/fI;T'*'i aips—i)/qgs a; (:Ds—i)/q;s-i-i.
TlosoxuM ToOrja

¥*
b— a(m 1)/«1{1 o agps—i)/q;s )

bBes Tpyna npoBepsieTcs, uy10 b yHOBJETBOPSET TpeGyeMbIM
YCJIOBHSIM.

Jlemma 4. Ilycms K — abeseso pacuiuperue 4ucio8020
nosna k, S—KoHeuHnOe MHONCeCmB0 -npocmbix yucenr. llycmeo
n=|[K: k], p—npocmoii udear xosvya I, Hepaseemererntoiil
8 nose K. Cywecmayem yeaoe 4ucio m, 83AUMHO Npocmoe
C P u c uucramu u3 MHoxcecmea S, Komopoe yaos/zemsopﬂem
CACOYIOWUM YCAOBUAM.

(1) Iopadok cumeom Apmuna (9, k (Ln)/k) Ceaumcea na n.

(2) KNk (Lm) =

(3) Cywecmeyem aemomopd)usm T noan k (m) HaO k, He
sasucauui om (9, k (Cn)/k), nopadok komopoeo desumcs Ha n.

HokasateanbcTBO. Bocnompdyemcs Jemmod 3 npH
a=Np. MoxHO B3fiITb m, KOTOpPOE JeJHTCS JIMINL HA AOCTa-
TO4HO GoJbiuMe npocThie yucda; torga KN Q(Ey) = Q, H yCJI0-
BHE (2) OyAeT BHINOJHEHO. Flo10XHM o =(p, k(Lm)/k). Toraa

GCm - ;‘ma

u ycaobue (1) Toxke BhINOJHEHO. Haxkonen, BhGepem b, Kax
B JemMMe 3, H omnpejejuM T GHOpMyJIoH

TCm:CEn
10 gaet ycaosue (3).

Jlemma Aprtuna. [ycms k—quciosoe nose, K — e20
KOHe1HOe yuKAuYeckoe pacuiuperue, S — KOHeuHoe MHONHCECmEo
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npocmoix aucea. ITycme p— npocmoti udear koavya Iy. Toeoa
cywjecmeyem yeaoe HUCAO M, 63AUMHO npocmoe cO 8Cemu
wucaamu MHoxcecnea S, U makoe Koueuwoe pacuwiupenue E
noasa k, umo

(1y KNE =k;

(2) K(Gn)=E (&m) u KNk (Lm)=4;

(3) » enoane pacnadaemcs 6. E.

HokasaTteabcTBo. CxeMa BKJIWOUEHHH HHTEPECYIOMHUX
Hac NoJIeH:

E(t) = K1)

KE
K/)\E
\k

BuiGepeM m, Kak B mpeiblayiiel JemMe, W NOJOXKHM { = {m.
Ipynna Taaya moast K ({) Hal k sBJsAeTCS OPSMBbIM IPOH3-
BejenneM rpynnel G noas K Han kR u rpynnsl noas k(%)
Haa k. Ilyctb o—obpasyiowas rpynnel G, T—3JeMeHT,
CyIIleCTBOBAHHE KOTOPOrO yTBEpXKJAaercs B MpeAblAyIleid Jem-
Me, H—noarpynna rpynnsi [anya noas K (L) man k, no-
pOXJeHHas aJjemeHTaMu ¢ X T H (P, K/k) X (p, k(L)/R).

- I'pynna H copepxut saemeHT (p, K ()/R) ¥, 3HA4UT, N0
ONpENENICHUIO, COAEPKHUT TPYNNy Das3/IOKeHUs HAeana p B-UO-
ae K (). Ecau E coBmajaer ¢ moseM [{-HHBapHAHTHBIX 3Jie-
MEHTOB, TO Mjeas] ) BIOJIHE pacmajaeTcst B moJe E.

C zapyroil cTopoHbl, oueBHAHO, H [1G X 1 COCTOHT M3 eI~
HMYHOTO 3JeMeHTa. Ho G X 1—mnoxarpynna asTOMOPGHH3MOB
noas K ({), ocraBasiiomass HHBapHaHTHOH B TOYHOCTH MoOJe
k (2). TToatomy mone k& (§) E = E (§) nonxuo coBnafats ¢ K (7).
STo joKasbiBaeT JeMMy ApTHHA.

Ona ucnosb3yeTtcsi cjenyomumM obpasoM. Ilyers Mbl ymeeM
ONIHCHLIBATh CHMBOJ ApTHHA B KpPyroBbix noJsx. Torja jiemma
JaeT CPeJCTBO CBOAMTL H3yueHHEe CHMBOJA ApTHHA B LHUKJIH-
YECKHX PpacCUIMPeHHsIX K €ero HM3y4eHHIO B KDYroBbIX MOJSX.
IelicTBUTENBLHO, C MOMOUIbIO NpeAJoXeHHs | mpeablayllero
naparpaa Mbl MOXKeM CNYCTHTbCs OT pacmupenus KE/E
K pacumpensio K/k.

Faasa V

ITAPAJUIEJIQOTOIIbI

Ara rJiaBa COJEPXKUT KOJHUECTBEHHble pe3yJ/bTaThli O pac-
npejieJIeHHH 3JIEMEHTOB YHCJIOBOTO IIOJISE B MapaJjijiesoTonax.

Peupr HIeT 0 nojcuere KOJAMYeCTBA JEMEHTOB @ B YHCJIO-
BOM IIOJie R, YIOBJIETBOPSIIOMIUX HAOOpPY HEpaBeHCTB, MO OJHO-
My JJst KaxkJoro HopMmupoBaHHs. OKasbiBaeTcs, 4TO 3TO KO-
JIMYeCTBO aCHMITOTHYECKH pPaBHO oOBeMy obJactd (B moj-
XOJSIIIEM [IPOCTPAHCTBE), ONpe/leIEeHHOH STUMH HepaBEHCTBaMH.

3ateM Mbl BOCIpPOH3BejeM NpHHAJJIeKAallyi0 MHHKOBCKOMY
KJIaCCHUECKYIO TEOPHIO €JMHHI[ U AUCKPHMHHAHTa 4YHCJIOBOTO
noJsl ¥ BBIYHCJIMM KOHCTaHTy MUHKOBCKOrO.

§ 1. Popmysa npousBejeHus

[lycte M—KaHOHMYeCKasi CHCTeMa HOPMHPOBaHHH moJs
panuoHanbHBIX ydcesa Q. [ast moboro sneMenTa a €Q, a=%=0,

HMeeM
H |al,=1.
'DEMQ

JleAcTBUTEJIBHO, NYCTh CHaudaJja o = [— IIPOCTOE YHCJO, TOra

¥y __{ 1, ecam ps~l, p— IOpocToe UHCJIO,
b= 1/p, ecmu p=IL.

EnMHCTBEHHOE apXHMEJOBO HODMHDOBAaHHE JJs KPaTKOCTH
OyleT HasbiBaTbCs bOeckouedrobim: POPMyJia IPOU3BECHHS Bep-
Ha Aas [, notoMy uTo |l|o=1[. OTcloga ciaefyer mo MyJb-
THNJHKATHBHOCTH CIPaBeJJiMBOCTb TOH POPMYJIbl JJs modoro
sJeMeHTa Trpynne Q¥

Ilyctp #—KoHeuHoe pacmupende noJsi Q, M,—cucrema
HOPMHDOBAHHH MOJis %, NPOJLOJKAIOIIKX HOPMHPOBAHHSA CH-
cremol Mgq. W3 caexctsus mnpepsmoxenus 0 ra. II, § 1,
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npocmoix uucea. Ilycmo p— npocmoi udear koavya In. Tozoa
cyujecmeyem yeaoe 4ucao M, 63AUMHO 1pocHmoe CO 6cemu
qucaamu mHoxcecmsa S, U makoe Koweuroe pacuwuperue E
noas k, umo

(1) KNE =k;

(2) K (Gm) =E (Em) 4 KNk (Gm) =F;

(3) b enoane pacnadaemcs 6. E.

NokasateabcTBo. Cxema BKJAOUEHHH HHTEPECYIOMMX
Hac IoJeH:

E(5) = K()
|

/ KE\E
=, /

Buifepem m, Kak B NpeAplfylled JeMmMMe, H MOJIOXKHM = Cm-
Ipynna Tanya moass K (§) Hay k sABJAsercsl NPsiIMbIM IPOHU3-
BeflenweM rpynnel G mons K Hap k u rpynmel noas k()
Haj -k. IlycTs o—oGpasyomast rpynnsl G, T— 3J€MeHT,
CYLIECTBOBaHHE KOTOPOrO yTBEPXJA€TCs B APENBIAYIIEH JieM-
Me, H—mnoarpynna rpynnsl lanya nons K (C) mag k, mo-
poX/eHHas 3JeMeHTaMH 0 X T H (p, K/k) X (p, k (L)/k).

Ipynna H copepxut siemest (p, K(f)/k) u, snauut, mno
ONpeJIe/IEHHIO, COAEPKUT TPYNNy PasJOKeHHs Hjeala P B 1I0-
ae K(¢). Ecau E coBnajaer ¢ nojem [{-HHBapuaHTHBIX 3Jie-
MEHTOB, TO Hjeas] P BIOJHe pacmajaercs B mnoje E.

C apyro#t ctopoubl, oueBHAHO, [ 1G X 1 cOCTOMT U3 enH-
HHYHOTO 3JeMmeHTa. Ho G X |—mnoarpynna aBTOMOP(QU3MOB
nons K (§), ocraBasiiomias HHBaPHAHTHOH B TOYHOCTH IoJIe
k (¢). Tlostomy none k (§) E = E (%) nosxHo cosnagats ¢ K (£).
ATo J0Ka3biBaeT neMMy ApTHHA.

Ona ucnosb3yercst ciefylomuM o6pasom. IlycTs Mb yMeeM
ONMCHIBaTH CHMBOJ ApTHHa B KpyroBnXx noJsx. Toraga jsemma
JaeT CpeJCTBO CBOJAMTL H3yueHHE CHMBOJIa APTHHA B HKJIH-
YecKHX pacCIIHpPeHHsiX K €ero H3y4eHHI0 B KPYTOBBIX MOJISX.
JlelicTBUTENbHO, C TIOMOWILIO NPEeAJOXKeHHd | mpeibiayilero
maparpadba Mbl MOXKEM CIyCTHTbCsi OT pacwupenns KE/E
K pacumpenno K/k.

Fnasa V

NAPAJIJIEJIOTOINbI

Sta ryiaBa CONEPKHT KOJHMUECTBEHHblE PE3YJbTaThl O pac-
npejesieHHH 3JIeMEHTOB YHMCJIOBOTO MOJisT B NapasjesoTonax.

Peub uper o mojcueTe KoJHYeCTBAa 3JEMEHTOB @ B UHCJO-
BOM Tri0Jle R, yAOBJIETBOPSIIOUIHX HaGopy HEPABEHCTB, MO OJHO-
My AJd Kaxjaoro HopmupoBaHHs. Oxa3biBaercs, 4TO 3TO KO-
JIMYECTBO ACHMIITOTHYECKH paBHO o0beMy obsactd (B MOA-
XOJAsLEeM IPOCTPAHCTBE), ONpeje/eHHOH STHMH HepaBEHCTBAMH.

3aTeM MBI BOCIPOH3BeJieM NpHHAAekKAN Y0 MUHKOBCKOMY
KJIaCCHYECKYI0 TEOPHIO €JMHHUIl M JUCKPUMHHAHTA YHCJIOBOTO
nosisl M BBIYHCAUM KOHCTaHTY MHHKOBCKOrO.

§ 1. dopmysa nmpousBeleHHs

Ilyctb Mo—KaHOHHUeCKasi CHCTeMa HOPMHPOBAHHH TNOJs
panuoHanbHbIX uncena Q. das moboro ajementa a €Q, a =40,

HMeeM
I Jal=1.
‘DEMQ

JeficTBUTENILHO, NYCTh CHauasJa a = [— POCTOE YUCJIO, TOTJa
N { 1, ecyau p=~=1., p—rmpocToe YUCJIO,
P71 Up, ecom p=I.

EluHCcTBeHHOE apXuMeJ0BO HODMHpPOBaHHE AJsS KPaTKOCTH
OyZAeT HasbiBaTbCsl Geckoneurbim: GopMyJia POU3BEleHHS Bep-
Ha 1Jas [, notomy 410 |/|o=1{. OTcioma cleayer no MyJb-
THIIMKATHBHOCTH CIPABEAJIMBOCTL 3TOH dopMyJibl 11 J060ro
3JIeMeHTa Tpynnsl Q*.

Ilyete k—xoHeuHoe pacmupende noas Q, M,-—cucrema
HOPMHPOBaHHA N0 K, NPOJOJIKAIOUMX HOPMHPOBAHHSI CH-
cremol Mq. U3 caexcrBus mnpeanoxenus 0 ra. II, § 1,
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mosiydaeM JJisl Jio0oro sjeMeHnra o € k*

L= [ [ING@ = 1] ] lape=
”OEMQ "’oEMQ v N

= EII—JI lallr= Il]u [ &l

veMy, VEM

Tem caMbIM 3eCh TakXke HMeeT MecTo (opMyJ/a MpOH3BeLe-
HHsl C KPaTHOCTSIMU

No=1ky: Qvo]-

JJis1 BCIKOrO YHCJOBOrO MoJsi £ CUMBOJIOM So 0003HAUHM
MOJIMHOXKECTBO AapXUMEJOBLIX HOPMHPOBaHMH cHcTeMbl M
OfGosnauuM uyepes r,, r, YACJO BEIIECTBEHHLIX H KOMILJIEKC-
HbIX HOPMHPOBaHHH COOTBETCTBeHHO. Torpa .

fi—l—zfzr—-[k:Q];

5Ty cTeneHb o6o3HauuM OykBoi N. IloJsioxuMm, Kpome TOro,
r=ry+r,—1. JlokaspbHassi crenedr N, paBHa |, ecqu v—
BellleCTBEHHOe HOPMHPOBaHUE, 2-—eCJH KOMIJIEKCHOe.
Tenepb Mpl [OKaxKeM KJjacCHYeCKHE yTBEpPXKJEHHS O KO-
HEYHOCTH YHCJIA KJIacCOB H YHCJa 00pa3yiolUluX Irpynn eJuHUIL.
Haunem c umcina knaccos. ITokaxeMm, urto cywecmsyem
koncmanma C, 3Q8ucawias moasko om noas k u makas, 4mo
JAs 6CAK020 HeHYyneoe0 udeaaa a4 8 €20 Kaacce AUHelHoU
akeusarenmuocmu cywecmeyem udear b ¢ ycaosuem Nbp < C.
Orcioza caeayer, YTO YHCJIO KJACCOB HJeasoB KOHEUHO,
NOTOMY 4YTO CYULEeCTBYET TOJbKO KOHEUHOe YHCJO HJeaqoB
C OrpaHMYeHHbIMM HOpMaMHu (B camMOM JjeJie, CYMmECTBYeT
TOJILKO KOHEYHOE YHCJO MPOCTHIX YHCEeJ, OrpaHHUYeHHBIX JaH-
HOH KOHCTaHTOH, a A/ KaXJOro mpoCTOoro 4HcCja p B KOJb-
e /p eCTb TOJBKO KOHEUHOE YHCJO NPOCTHIX meanos Je-
Kamux Hal p).
Ilycts @y, ... oy—0asuc xoabua I, wag Z, S— MHO-
JKECTBO 3JEMEHTOB 3TOrO KOJbIAd, HMEIIHRX BHJ

a0+ .. . + ayoy,
Tle @;—IeJble YHCJaa C YCJOBHEM

0<La < (Na) /N 1.

§ 1. dopmysra npoussedenus ' 93

MuoxectBo S couepxur Gonee dyeM Na saementoB. [lo-
5TOMY CYUIECTBYIOT TaKHe pasJM4Hble 3JeMeHTH a, BE S,
pasHOCTb KOTOPHIX &— P =F oroGpaxaeTcs B HYJb IPH FOMO-
MopdH3me

]k%H]k/ 01d

(cp. npeanoxenue 24 ra. I, § 7). Orcioga BbITEKaeT cCylile-
CTBOBaHHe HJeasna b co cBoictBoM () =ab. C apyroit cro-
POHEI, OLIEHHM HOpPMY

Ne® =[Tlewp+ ... +evol

1/N

rae 0<c; < (Na) / ~+ 1. OueBHEHO, cyulecTByeT Takas KOH-
CcTaHTa C (3aBHCAIIA OT MaKCHMyMa apXHMeOBLIX HODMHPO-
BaHHH 3J1IEMEHTOB ®; H OT cteneHd N), 4To

| Ng (8)|<C-Na.

[Tonbaysce npepsoxenuem 22 ra. I, § 7, moayuaem, 4to
Nb<C u b~ a1, no ompepenenuo. STO JOKA3BIBAaET HALI
pe3yJbTarT.

Tenepp JoKaKeM TeopeMy O eJHHHLAX, CJELYys CTATbe
Aptuna—¥Yafinica. Haunem ¢ HekoTOpPBIX OGIIHX MOHSITHIA.

Hasosem Mj-Ousu3opom ¢ BellecTBEHHOSHAUHYIO (QYHK-
MO, ONpe/IeIEHHYI0 Ha MHOMXKeCTBe HOPMHUPOBaHH# v¢E M,
H YJOBJIETBOPAIOMIYIO CJAEAYIOMHUM YCJOBHSIM:

(1) c(v)>0 mna Bcex vEMy; -

(2) ¢(v)=1 nna Bcex, KpoMe KOHEYHOTO uyucaa U E My;

(3) eciy U— QMCKPETHOE HOPMHpOBaHHE, TO B moJe &
CyulecTByeT TaKOH 3JIEMEHT @, 4TO ¢ (v) =] a|,.

Huoraa BMecto ¢ (v) Mbl OyAeM mHcaTb |c¢ |, HJH Cy; KDOME
TOTO, MNpH CYLLeCTBOBAHHH (GOPMYJibI [POM3BENEHHs] C KpaT-
HOCTAMH N, MOJIOKHM

el =e )"

HasoseM k-6eausurofi vau npocto BeJqUUHHONH M ,-IHBH30pa ¢
YHCJIO

IICszﬂc(v)N”.
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CumBoJioM L (¢) 0603HaYHM MHOMKECTBO TaKHX 3JIEMEHTOB
X €k, utOo AJa BceX UE M, HUMeeT MeCTO HepaBEeHCTBO

| x o < ¢().

Kaxaufi sjneMeHT a€ k* onpefensier HeKOTOpHH M,-1HBH-
30p, 3HaueHHE KOTOPOrO HA HOPMHPOBAaHHH U DaBHO |al,.
[Ipoussenenne nByX M,-1UBH30DPOB sBJsieTCs Mp-AHBH3OPOM,
H aJs mo6oro Mg-auBH30pa ¢ JHBH30D a¢ ONpejesisieTcsl pa-
BEHCTBOM ‘

(ac) (v) = [ @l (v).
BBuny ¢opmyJbl 1poH3BelleHHS HMeeM
[acfla=1¢]lx-

MHaue roBopsi, BeJIMYHHEI AHBH30POB ¢ H GC COBMAajaloT.

[Ipn moboM a€k* wmuoxectBa L(ac) u L (c) HaxopsTcs
B KAHOHMYECKOM B3aHMHO OJHO3HAYHOM COOTBETCTBHH, KOTO-
poe 3ajaetcs oToGpajKeHHEM

X ~ax, x€L(c).

Yucao ajeMeHTOB MHOMXKecTBa L (¢) of03HAuUUM CHMBOJIOM
A (c). Torpa
A (ac) =A(c).

Ecan npeicraButh cebe,  4YTO HepaBeHCTBA, OIHCHIBA-

fOllHe ¢, onpejesdiOT AIIMK, BCe peGpa KOTOPOro, KpOMe
KOHEYHOr0 4YHCJAa HX, HMeT JJuHy 1, uHcjo A(c) 6yner

KOJINUECTBOM 3JIEMEHTOB M0Jifl, NMONAJAIoMIUX B 3TOT SUIMK.
BesnunHy AMBH30pa ¢ MOXHO HHTEPIPETHPOBATHL KaK OOBEM
smpKka. Mpl JokKaxeM cefuac, 4TO KOJIHUECTBO 3JIEMEHTOB
B sIlIHKe NPHOJHIKEHHO paBHO ero oGweMy. B ciaenyrouiem
naparpage Mbl MOJYUYHM APYTHM METOAOM 0o0Jjiee CHJIBHBIH
aCHMNTOTHYECKHH pe3yJibTar.

Teopema 0. [Tycms k—uucaceoe nose. Cyujecmeyrom
makue 06a wucaa ¢y, ¢, >0, 3asucawue moasko om noasn k,
umo 0as mobozo My-dususopa ¢ umeem

cillell <A (©<supll, cleal.

HokxasateabctBo. [IpegnosioxuM, 4T0 BO MHOXKe-
ctBe M, cyuectByeT XoTd Obl OfHO KOMIJIEKCHOE HOPMHPO-

§ 1. dopmyasa npoussederun 95

BaunHe v, OTOXKIECTBHUM k,,o C KOMIIJIEKCHOH [JIOCKOCTLIO

H pacCMOTPHM KBaJpaT C I[l€eHTPOM B HadaJe H CTOPOHaMH
pauHbl 2¢(vp). [lycTe m-—Takoe nesoe yHcs0, YTO

m<A@)e<m+1.

He orpannumBasi OOIIHOCTH, MBI MOXKEM CUHMTaTh, 4TO
m =0, Tak yto m> 1. PasobbeM KaxXAyl CTOPOHY KBajpa-
Ta Ha m DPaBHbIX yacTeld, MOCTPOMB, TaKUM obpasom, m? Ma-
JEHbKHX KBaJIpaTOB BHYTPH GOJIBIIOTO.

[Tpoekuusi MHOXecTBa L (¢) Ha k,, cOlepXHTCA B 00Jb-
oM KBajpaTe; TaK Kak OHAa COCTOHUT OoJiee ueM H3 m?
3JIEMEHTOB, TO CYLIECTBYIOT Pa3/HUHbIE 3JieMeHTH ¥, Y€ L (c),
Nonajaromte B OJHH M TOT Xe MaJieHbKHi KBazpat. [losaTomy

2y2
iy by 2L

Ons moboro [pyroro apxuMejoBa HOPMHPOBAHHS H3 CHCTe-
MBI M; HMeeM

| x— 1 b < 2 (0),
a jpasi moboro HeapxuMenoBa U—
| x—yl<c(v).

Bepﬂ NpOH3BeJECHHE NO BCEM U, INOJydaeM

C [
1= ]—[ |x._y|va<_3%,
vth

rle C3—HEKoTopas KoHCTaHTa. Tak kKak (m-1)2<4m?,
BEpXHSSI OIEHKAa I0JIyyaeTcsl HeMeJJIeHHO.

Ecsan B cucteMe M, HeT HH OZHOIO KOMIIJIEKCHOTO HOp-
MHDOBaHH#, NeHCTBYeM aHAJOrHYHO, MOJIb3YSICh BellecTBEH-
HblM HODMHDOBaHHEM U, W pa36HBas HHTEPBaJ C CepeiHHOH
B HayaJle KOODAHHAT W JJHHH 2¢(vp) HA m pPaBHHIX YacTed,
rie

m<A()<m+ 1.
Ilocsie sTOro mpumeHsieM NpexKHee pacCyXJeHHe.

IokaxeM Tenepb HHXKHIOIW OLEHKY. [lycTh @y, ..., Oy—
6asuc koJsbia I, Hag Z. I'losoxum ’

Co= N sup | ; |,
v, 1
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rie BepxHssi rpaHb OepeTcs 1O BCEM apXUMMeIOBBEIM HOPMHU-
poBaHHsIM U B cHCTeMe My M mo i. DTO—UHCJO, 3aBHCSMEE
TOJIBKO OT k.

[lyctb ¢— panubift Mp-1uBusop. B cuay Tteopemsi o mnpw-
OMUXKEHHsIX CYIIeCTBYeT TaKOH 3JeMeHT a € k*, uTo

co<]ac lo < 2¢9

JJis1 BCSIKOTO apxnweﬂ,OBa HODMHPOBaHHSI U B cucTeMe M,.
BribepeM Takoe mnesoe uucao afZ, a =<0, 4Tofbl OTHOCH-
TeJbHO BCeX HeapXHMeJOBblX HOPMHPOBaHMH v € M, nHBH3Op
aac 6ot no HopMe < 1. [ast 3TOro HY3KHO, YTOOBI YHCJO a
JIeTHJIOCh HAa JOCTATOYHO MHOTO- MPOCTHIX UHCEJ B JOCTATOYHO
BLICOKHX CTeleHsX. YUHThIBas, YTO HH A(c), HH ||c|x He me-
HAIOTCS NpPH YMHOXKEHHH ¢ Ha 3JeMeHThl TPYymnel k*, Mul
MOXeM [O03TOMY, He OrpaHHYHBas OOGIIHOCTH, CUHTATb, YTO
Haml Mp-JIMBH30D YAOBJIETBOPSIET HEPaBEHCTBAM -

colah<[th<2e0]al,
rie a€Z—HeKoTopoe NOJIONKHTEIbHOE [e/I0e YHCJIO.
Ham ciefyer BHIACHHTb, KaKHE 5JEMEHTbl TMONALAIOT

B MHOxecTBO L (c). C 3Tof Lesbi0 PaCCMOTPUM CHauaJia MHO-
KecTBO L 37eMeHTOB KoJbla [, HMEWIIHX BHJI

Q0+ . .. +anoy,

rae a;€Z, 0<<a;<a. MHoxecrBo L coaep:ut O6ojee uem

a®¥ sJeMeHTOB.

Kax/joe HeapxHMeJOBO HOPMHpOBaHHe B cHcTeme My cooT-

BETCTBYeT HEKOTOPOMY IIpOCTOMY HAeaqy » KoJbua /.
Hcnonb3yss TpeThbe YCJOBHe B onpeflejeHUH M,-auBusopa,
MBI MOXeM OueBHIHEIM 0O0pasoM BBECTH MOHSITHE INOpsAKA
ord¢. ITonoxum ny==ord,c. AxgutiBHas rpymnmna

Ik/H Pnp

COCTOHUT H3 H(Np)"*o 371eMeHTOB. PaccMoTpuM o6pas MHOXKe-
CTBa L OTHOCHTEJbHO KAHOHMYECKOrO0 IOMOMOpPQH3MA KOJbIA
Ir B 31y apgauTuBHy0 rpynny. CyumiecTByeT NOAMHOXKECTBO L’
MHOXKecTBa L, cojepiKailee 1Mo KpafiHel Mepe

al

[ Ne)

§ 1. dopmyaa npoussedenus 97

3JIEMEHTOB, HMEIOIIMX OAHH H TOT ke obpa3. DurcHpyeMm
OJHH 3JIeMEHT x€ L', U nycTb y npoGeraetT BCe OCTaNlbHBIE
sjeMeHTel. Torpa ajs /mo6oro HeapxXHMefOBa HOPMHPOBAHHUS U
B cuctreMe M, noaydyaem

[x—yl<c(v),
NOTOMY YTO ordp (x—y)> Ordpc. Ecau e v apxumejoBo,
HMeeT MeCTO OYyeBHJHas OUEHKa
lx—yl,<colalp<ce(v)..

[losromy aaeMeHTHl X—y NpHHAAJEXKAT MHOXKecTBY L (¢).
CuieioBaTebHO,

Ae) >

Hakonen, sametum, uto
= T] lag>c, g {13

V] v, v]o,

rje npoussefeHHe 6epeTcs MO apXHMeJOBLIM HOPMHPOBAaHHAM,
a cy— JIETKO BBIYHCJ/sieMasl KOHCTAaHTa, H YTO

=[l¢lles

Np P
rje v-—HeapXHMeJOBO HOPMHpOBaHHE, COOTBETCTBYOUIEE P.

PaccmatpuBasi moJiHOe NpOM3BElEHHE [0 BCeM HOPMHPOBa-
HHSIM, NOJydaeM TpeGyeMyi0 OLEHKY CHH3Y.

[lycts k—uucaoBoe moJje, S—KOHEYHOe MOJMHOMKECTBO
cucteMsl My, cofepiKamiee BCe apXUMefOBH HOPMHPOBAHHUS.
[TycTb s—KOJHYECTBO 3JeMeHTOB MHoxecTBa S. Onpepenum
MHOKECTBO S-eQuHuly, kg KaK TPYNIy TeX 3JEeMEHTOB H3 k*,
AJIsT KOTOPHIX NpPH Bcex v4S

lal,=1.

Soo-€IMHHIEI HA3bIBAIOTCA! TAKXKE MPOCTO €IHHHLAMH IMOJS k.
Crtporo roBopsi, 3T0 eAUHHUIBl (OOpaTHMble 3JIEMEHTHI) KOJIb-
a ajare6paHdyecKux UeJbX uHcea /.

PaccMmoTpum ciaepywomee oto6pakerue rpynnsl ks B s-Mep-
HOE €BKJIHA0BO IPOCTPAHCTBO:

x ~ (log|l %y, ..., log | x]j)
7 cC. Jlenr
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u 0003HAUHM €ro CHUMBOJIOM
log : ks —> RS,

B cuay dopmysiel npousBeieHust 06pas rpynibl £, COAEPKUTCS
B THIEPIJIOCKOCTH, OMpeje/sieMOd ypaBHEHHeM

§1++Es:0

Caref0BaTe/IbHO, Pa3MEpPHOCTbL 3TOrO 006pa3a He MPEBOCXOAUT
s—1. _

TeopemMa 0 epuHHmaX YyTBepx)jaaeT, uTo 06pa3
log (ks) sAsasemca (s— l)-mepHoil peulemkolil & npPocmpax-
cmee R®.

PemeTka — 310 AucKpeTHas noArpymnmna npoctpaHcTBa RY;
yTBEpKACHHE O pa3MepHOCTH O3HayaeT, YTO HATIHYTOe Ha
3Ty PeIeTKYy JIHHeHHoe NPOCTPAHCTBO COBNAJaeT C ONHCaH-
HOH Bblle runepmnJockocteio. OTcioja, B 4acTHOCTH, CJle-
ayet, uto log (ks) — cBoGoanas aGeseBa rpymnmnacs— 1 obpa-
sywomed. fAapo orobpaxeHnus log, oueBHAHO, COCTOUT U3 KOP-
Hell W3 eJUHHLBI NOJs k2, MOTOMY Y4TO OHO SIBJASIETCSt TPynno#,
5JIeMEHTHl KOTOPOH OrpaHvuYeHbl MO abCOJIIOTHOH BEJHUHHE,
TaK 4TO 3Ta Tpylla KOHEYHa.

B kauecTBe cieicTBUS H3 TEOpPEeMBl O €AMHHUAX TOJYyYaeM.

Ilycmo k—qucaosoe nose, S — KoHeHHOE MHONXCECMBO HOD-
muposanuil cucmeme. My, coldepacauyee 6ce apxumedosol

Hopmuposarus. Toeda ¢axmopepynna kg no modyaw nod-

epynnol. KOpHed u3 eduHuybi noas k searsemcs c600600HOU
abeaegoll epynnoii ¢ s obpasyrouumu, 20e S—4qUCA0 3NEMEH-
mos MHozcecmea S.

3aMeTHM, OJHAKO, UTO TeOpeMa O eiWHHuaxX jAaeT OoJblie,
ueM 3TO CJeicTBHe. B JeficTBHTEJNBHOCTH OHA PaBHOCHJbHA
HEKOTOPOMY YTBEPXKJEHUIO O KOMMNAKTHOCTH, KOTOpPOE MBI
npuBejeM B ra. VI, § 3. _

JokaxeM Tenepb TeopeMy O €AMHHIAX.

OTmeTuM mipexjJe BCero, 4To B J000H OrpaHUYEHHOH
o6JslacTi npocTpaHcTBa R® MOKeT HaxoJUTbCS TOJBLKO KOHEU-
HOe YHCJO 3JIEMEHTOB rpynnel log (kg). B camom gene, ecau
log (x) mpuHaiJexXRUT Takod o0O6JacTH, TO HOPMB X H BCeX
€ro CONPAXKEHHBIX OrpaHUuYeHbl, a TOrJa X MOKeT ObITb KOp-
HeM OJHOTO M3 KOHEYHOro YHuCJia ypaBHeHHH creneHd < [k: Q]
HaJl mnoJjeM Q, motoMy uTo KOaddUIHEHTAMH KaxKJAOTr0 TaKOro
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YPaBHEHHUst SABJSIOTCS 3JIEMEHTApHEE CHMMETpPHUecKue (yHK-
UMM OT X M BCEX €ro compsxeHHbX. [1o xopouo ussectHoMy
CBOHCTBY €BKJIMJI0BA IIPOCTPAHCTBA, JOKA3aTeNbCTBO KOTOPOTO
Mbl HAaNOMHMM B KOHUE, OTciofa cJaelyer, 4to log (kg)
SIBJIITCS  JUCKPETHOH KOHEYHO INOPOXKAEHHOH MNOArpyImol
npocTpancTBa R°. Mpl jomKHB JOKa3aTb, 4TO ee pasMep-
HOCTb paBHa s— .

C 3Toll 1e/bI0 NMOKaXkeM CHayaja, yToO AJs JO6Oro JaH-
HOTO HHJeKca [ B rpymne log(kg) CymecTByeT TakoH BEKTOP
(8, ..., &), uT0 §; >0, a £;<<0 npu j=s=i. Ilocae atoro
Mbl YCTAaHOBHM, 4TO S— ] BEKTOPOB TAaKOro THNA JHHEHHO
He3aBUCHMBl Haj R.

Ham nonajnoburcsi caeaywonias

Jlemma. [aa moboeo nopmuposarus vy My mosxcro
Hadmu makoe qucao c(vg) >0, umo 048 ecaxoeo My-Ousu-
3opa ¢ cywecmeyem siemenm PEk* ¢ ycaoguem

I<<[[Bell < ¢ (o)
015 6cex v==Uy, UEMp.

HokasaTeabcTBo. [lyctb ¢, —KOHCTaHTa H3 Teo-
pembt 0. Tlonoxum co=1, ecanm vy— apxuMe0BO HOPMHpO-
BaHHe, H Co = NPy, €CJIH Uy COOTBETCTBYET NPOCTOMY HJeay Po.
[Iycte ¢’ aBasierca Mj-AHBH30POM, OTJMHAIOMIUMCS OT ¢
TOJIBKO B Uy U TAKHM, UTO

1 | c
oS Hk<c—2 .

Takoii 1MBU3OD MOMHO BHIGpaTb, MOTOMY 4YTO €CJH U,
apXUMeJl0BO, TO Up-KOMIIOHEHTY JAMBH30pPa MOXKHO MEHSTb
KaK yTrOJHO, a €CJH HeapXHMejOBO, TO TDYyNNa 3HaueHHil
COCTOMT u3 creneHed Npy, dto B cuay BuiGopa ¢, Takke
no3BoJisieT 100UTbca TpebyeMmoro. [losioxuM ¢ (vy) = cylcy.

B cuny teopemb 0 A (c') > 1, Tak uTo cyllecTByeT sJe-
MeHT a =0, a €L (¢). HMHaue rosops,

lalo<Ic Iy

AJsi BceX v € M. Tlonoxum B = 1/a. Torpa BemosnseTcs JeBoe
HepaBeHCTBO JeMMEl. [aiee,

. — __IBe” lx Py — e
1B lo= 7 per i B =i
w=v .
T*
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gy Bcex u€Mpg. TlpousBeneHHe B3TO MO BceM w € My,
w==v. Tak Kak ¢’ OTJIHUAaeTCs1 OT ¢ TOJbKO B Uy, MBI JOKa-
3aJ4 M 1paBoe HEPaBEHCTBO.

BepueMcss Kk JOKa3atesbcTBY TeopeMbl. Ecan v 4 S, To
rpynna 3HaueHUH v-— OecKOHeUHasl LUHUKJHYecKas, NOPOXKIeH-
Hasi 4yHcJoM Np, ¥ CylmecTByeT TOJNBKO KOHEUHOE YHCJIO Ipo-
CTHIX HJeajoB P C YCJOBHEM

Np < ¢ (vp).

CoiezoBaTesIbHO, CYINECTBYeT Takas KOHe4Hasi cucTeMa Hop-
mupoBanui S’ D S, 4To npu v ¢S’ uMeeM

1=|Bello=1!81l

fJJ,e P BriOpaH, kak B Jemme. [lajee, BeJHYHHH
IBello=11Blo, vES'—S,

MOTYT MNpPHHHUMATh TOJBKO KOHEUHOE MHOMKECTBO 3HAu€HHH.
[Iycrs By, , pr—Bce 3TH 3Hauenus. [Has mro6oro AMBH-
30pa ¢ H moéoro 3JIEMEHTAa ﬁ yJAOBJIETBOPSIIOWErO JIEMMe,
nMmeeM

18 1lo =185l

25 HekoTtoporo j mpd Bcex v€ES’'—S. Orciona BbITeKaer,
uto f=Pu, ucks. HOILCTaBJlHH 5TO B HEPaBEHCTBO JIEMMHI,
HaXO0JUM

_c(vg)

Fueflo< 1Billo

MpH BCeX U£Uy, UEMy. Tak kak saeMeHTHl fy, ...
(GUKCHPOBAHE, H3MEHHM ¢ Tak, uToObl ¢ (v)=1 mpu ve{S
¢ (v) oyenp BesqMKO NpH Beex v € S. Toraa HopMa || u ||, oueHb
Masia npu BceX UES, v~y B cuay dopmyam npoussepe-
HUs HopMa | u[|s, AOJNKHA OBITH BeJHKa. ITO JOKa3biBaeT
Hallle MepBoe YTBEPKJAEHHE.

WTak, MB HallId TaKHe 3JEeMEHTH X,
4TO MaTpHIa 3HAKOB BEKTOPOB

logxy=(811, -..s Eis)

lngs 1—(§s—1,11 v oy Bomt, s)

<y Xsq E k81
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HMEEeT BH],
+ - — = =
—_— 3 — .. = —
- — 4+ .= =
_ -
[lyers Yy, ..., Y,—cTON6UB MAaTPHUIEI, COCTABJIEHHOH

u3 KoopZuHaT. [lokaxkeM, uTO nepBbie s — 1 H3 HHUX JHHEHHO
He3aBucuMul Haf R. [lpeamosioxum, uTo HMeeT MecTo COOT-
HOLIIEHHE

aY,+ oo +as4Ys =0,

B KOTOPOM He Bce Ko3pdHUHeHTH HyJeBbe. MoxHO cuu-
TaTh, 4To @; >0 ¥ a,;>a; npu Bcex j. PaccmarpuBas coor-
BETCTBYIOULYIO' JIHHEHHYI0 KOMOHMHAIMIO 3JI€MEHTOB IepBO#
CTPOKH, NOJyuaeM

O0=ay+aky+ ... +asik, 1>
>afy+aifpt ... taiy, o=
=ay (§y+En+ ... +§1, s-1))

noroMy 410 §;;<<0 npu j=2,
NPOU3BeIeHH S ~

., s—1. Ho mo ¢opmyue

Ein+Eint ... +E1, 54 >0.

MBI NPHULIM K TPOTHBOPEYHIO.

Haa ynobcTBa uuTaTessi BOCIPOU3BEJEM JOKa3aTeJbCTBO
TOTO, 4TO AMCKPETHasi MOATrpyNna eBKJHAOBAa NPOCTPAHCTBA
sBJsieTcsl cBOOOJHOH abejyieBod rpynnod. IIpoBenem HHAYK-
M0 10 Pa3MEpPHOCTH MOATPYNNHI, T. €. N0 MAaKCHMAJbHOMY
YUCJY €€ 3JEeMEHTOB, JHuHeliHo He3aBUCHMBEIX Haj R.

[Iycts I'—Ttakas noarpynna, §,, , &m — MakKCHMaJb-
Hasi CHCTeMa HEe3aBHCHMHIX BEKTOpOB B He#l. Ilycth I'y— mon-
rpynna rpynnel I', coaepxamiasics B IOANPOCTPAaHCTBE, HATS-
HyTOM Ha &y, ..., Em-4. 110 HHAYKTHBHOMY NpeANOJONKEHHIO,
MOMKHO CYHTaTh, 4TO JIOGOH 3JeMeHT rpynnel 'y siBAseTcs
eJIOYHCJIEHHON JIMHeAHON KoMOHHaueld BeKTOpoB &y, .. ., Emy.

PaccMoTpum noamHoxkectBO T Bcex BekTopoB § €T BHaa

- - - §=a1§1+. .- +am§m,
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rle a;—BelllecTBeHHble KO3(PGdHUUIHEHTH, VJOBJETBOPSIOIINE
HepaBeHCTBaM

0<a;<<1, i=1, ..., m—1,
OT0 MHOXKecTBO orpanuueno. Ilyctb &, —BekTop H3 3TOrO

MHOXeCTBa C HaMMEHBIIHM HEHYJEBBIM MOCJeJHHM Ko3ddu-
IIUEHTOM

Em = b1§1 + ...+ bmgm-

Hagas ¢ aw€oro BekTopa § rpynnsl I', Mbl MOXKeM nono-
opaTb uesable KO3QPHUUUEHTB Cy, ..., C,m TaKHM 006pasoMm,
4TOOBl BEKTOP

§=F—cmbm—Ci&1— ... —Cm-1Em—1

Jgexan B T, a KoadduuueHt npu &y O6b1 < by, ¥ > 0. T0r,ua'

3TOoT KO3(pdUIMEeHT fosKeH ObITh HYJIEBBIM, a 3JeMeHT &' npu-
HajaaexkuT mnoarpynne I'y. ITo AoKasbiBaeT Hall pe3yJabTar.

§ 2. Touku pemreTKH B mapaJJjejorornax

B sTom naparpadge Mel JOKaxkeM CJAEAYIONIEE YTOYHEHHE
teopemnl 0.

Teopema 1. [Tycmes k——uucnoeoé noxse, (k;Q]=N.

[Hoaomcum
1 (2m)'2
R= 1, .
| Dy |2

Toeda 0aa aw0b60o20 My-0ususopa ¢ Koaudecmeo A(c) sremer-
moe ¢ obaacmu L (¢) donycxaem oyeHky

M) =Bzl clla+O(lcllm™),

Hnaue eosopsa, cywecmsyrom maxue Koucmarnmot by, by >0,
sasucsujie moavko om k, umo npu ||c|[p>> b, umeem

A () —Ba| ¢lla| < by (| lA~™).

l|ella — 0.

HokaszarteabcTBo. HauyneM ¢ HEKOTOPBIX 3aMeuaHUH
0 Mp-nuBuszopax. Hns Bcskoro Mp-auBH30pa ¢ CyllecTByeT
Tako# JApOoOHBIH ujpeas @ Koabna [, 4YTO aEa B TOM

§ 2. Touku pewemku 8 napassesomonax 103

H TOJBKO TOM dCJjaydae, Korja
o], < c(vy)

AJd BCeX TNPOCTBIX HJeastoB P (C [,. DTO HeMeAJEeHHO BhLITe-
KaeT u3 onpejejenuii. Takum o6pasoM, MHOxKecTBO L (c)
COCTOHT H3 TeX 3JIeMEHTOB HJeasa da, KOTOpbie YIOBJIETBO-
PAIOT HEKOTOPHIM HEPaBEHCTBAM OTHOCHMTEJBHO apXHMeLOBBIX
HOpMHpOBaHHH. Mpl OyleM ToOBOPHTb, UYTO HJeaJ G C6A3aH
¢ AMBH30POM C. 7

s Besikoro sjgeMeHnta B¢€kR* umeeMm A (fc)=A(c). Cae-
JI0BaTE€JbHO, MPH BBIUHCJIEHHH A (€) JAHBH30D ¢ MOXKHO YMHO-
AKHTb Ha Ji060 3JeMeHT Tpymnbl k*.

Msl yxXe 3HaeMm, 4TO rpymnna KJaccoB HJeaJoB KoJabla /g
Koneuna. Ilyets ay, ..., ap—HJeaJnbl, NpejcTaBJsOIIHE
5JEMEHTH 3TOH TPyNmbl. YMHOXKas ¢ HAa NOAXOAAUHH 3je-
MEHT H3 k* Mbl MOXKEM CYHTAaTb, 4TO JApOOCHBIH HAeaJa 4,
CBfI3aHHBIH C ¢, paBeH OJHOMYy H3 HJeaJjoB 4;.

ITycte ¢ —HeKOTOPBIH M,-IIMBH30D, @ — CBA3aHHLIH C HUM
ApoOHBIH ujean. Torza

1 N
”CHh:m H Cvl’,
V€S
re MB NHIIEM C, BMECTO ¢ (V) AJs yOpolleHHss 0603HaueHHH.
Jdemwma 1. [Tycme ceasanrbii ¢ ¢ O0pobrul udeas a
paser OOHOMY U3 54eMEHMO8 (PUKCUPOBAHHOU CUCMmEeMbL nped-

cmasumeaell a;. Toeda cywecmgyem maxas eOUHUUA U KOAb-
ya Iy, umo 0aa ecex VE S umeem

e () eI < ue o <o () | ¢ Y,

2de ¢, (R), ¢, (k) — dee noiogcumervHbie KOHCMAHMyl, 306UCA-
e moabKo om R.

NokaszaTteabcTBo. Ilycts V=] cl, co=c, (VNa)~/N
148 Bcex vES,. Torma

PaccmorpuM BeKTOp
log (¢)y=(..., logllCollos «)oeSe



104 Ta. V. Hapaassresomons

Tak Kak BeKTOpbI, COOTBETCTBYIOIME €AMHHLAM, O00pa3yioT
peleTKy MaKCHMaJIbHOH pasMEepPHOCTH B THIEPHJIOCKOCTH,
COCTOsIIEH M3 BEKTOPOB C HYJEBOH CyMMOH KOOpAMHAT, TO
CyLIecTByeT Takas efHWHHOa 4, 4TO

| log (¢') —log (u™) | << cs (k),

rie c;(k)-—HeKoTopasi KOHCTaHTa, a abCoJIOTHOe 3HaueHHe
BEKTOpa—ero eBKJuaoBa pauHa. Ortcioga caepyer, 4TO
log (uc) — BeKTOp OrpaHMUEHHON AJMHHBI. MHaue roeops, cyile-
CTBYIOT TaKHe KOHCTaHTH ¢, ¢; >0, uTO :

| ucy b < G5

a5 BceX UE€ Sew. Mbl mosyuaeM yTBepxkK/JeHHE JIEMMbI, MOJA-
CTaBJIdsl ClOJla 3HaueHHe Cy.

; N
PaccMOTpHM €BKJIHAOBO mpocTpaHcTBO R, kotopoe Mbi.

QTOXKAECTBUM C

T %

V€S,

NOTOMY 4TO 3TO — [POH3BEJEHHE 7y BEIIECTBEHHBIX IIPSMBIX
H r'y KOMIJIEKCHBIX IJIOCKOCTEH U ry+ 2ro = N. Kaxauid ugean
KoJabua [, mpejicTaBseH pemleTKOH paHra N B 3TOM IpoOCTpaH-
CTBE, €CJId BJIOXHTb B HETO KOJIbLO [z AHAroHa/bHO. HepaBeH-
CTBa, HaJIOXKEHHbIE Mp-THBH30POM B HOPMHPOBAHUAX U € S,
OTpe eS0T HEKOTOPYIO 06J1aCTh B 3TOM €BKJIMJ0BOM I1POCTpaH-
ctBe. Hama 3apgaya TeM cambiM CBOAMTCA K CJeAyloimed.

Hana pewerka L panra N B N-MepHOM €BKJIHAOBOM I[IPO-
cTpanctBe. JoKas3aTb, uTO NPH HEKOTOPHIX YCJIOBHAX YHCJIO
TOUEK TaKOH PELIeTKH B NapaJJieJoTone NPHOJHAKEHHO DaBHO
o6beMy napaJuiesnorona. OTHM MH H 3aiiMeMcd.

Ilycts &y, ..., Ey— IMHEHHO HE3aBHCHMBIE BEKTOPHI NPO-
CTpaHCTBa RN [lopoxzennass uMu abeJsieBa rpynma siBageTCs
pewetkoii. [lo onpenenenuto, @yndamenmasoroli o06aacmor
pelIeTKH HaseiBaeTcs Jiofoe (H3MepUMOe) MHOXKECTBO, 00Ja-
jaiolllee TeM CBOACTBOM, YTO BCAKHI BeXKTOp mpocTpanctsa RY
CPaBHHUM pOBHO C OJHHM BEKTOPOM 3TOr0 MHOXKeCTBa IO
MOAYJ/IO pemleTKH. Mbl B KauecTBe (yHJaMEHTaJbHOH 00J1acTH
Bcerja OyieM BbIOHMpaTh MHOXKeCTBO F TO4eK BHJA

e+ .- FinEy
¢ 0Lt < 1. - '
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[lyers ¢ ectb Mp-auBusop. CumBosioM P, 0603HaUMM MHO-
eCTBO BEKTOPOB NPOCTPAHCTBa :

H kD: RNv

vES
yIOBJIETBOPSIIOLUINX HEPaBEHCTBAM
[Xb <t Aa9 BcexX UE Sw.

OTO MHOXKECTBO HA3bIBAETCS NAPAAAEAOMONOM, COOTBETCTBYIO-
MMM JUBH30DPY ¢ (Ha 6eCKOHEYHOCTH).

O6Go3HauUM CHMBOJIOM 11 (¢) KOJMUECTBO TAKHUX 3JEMEH-
TOB x peweTkd L, uto F,< P, rae Fy—caBur objacta F
Ha x. CuMBOJIOM m (¢) 0603HAUUM YHUCJO TE€X TOUEK peleT-
KM L, 0Js1 KoTopmX mnepeceuenue F, (| P, Hemycro.

[Iyctb [ (¢) —uHucJO TOUeK pelweTKH B napaJesnorone Pe.
OueBHAHO, YTO

n(¢) Vol (F) < Vol (P)) < m(c) Vol (F),

rae Vol o3Hauaer o6beM B €BKJHJOBOM IPOCTPaHCTBE.
EanHcTBEeHHOH TOUKOH pemieTkH, monajawmouiedi B F,, fB-
asietcst x. Tloatomy

nO<i@<m().

[okaxeM Tenepbp OJHY TEOpeMy O pelieTKax B [POCTPaH-

' N
ctBe R,

Teopewma 2. [Tycme ¢ npobeeaem muoscecmeo makux M-
O0ueu3opos, 4mo 045 6Cex UE Seo UMEIOM Mecmo HepaseHcmea

¢s Vol (Po)''N < ¢, < e Vol (PN

C HeKOmopoiMU (UKCUPOBAHHbIMU  NOAOHCUMEAbHOIMU  KOH-
cmanmamu Ce, ¢7. [1ycmo L — ukcuposannas pewemka npo-
cmpancmea RY. Tozda dasn ecex ¢ ¢ ycaosuem Vol (Pe)>c’
umeem

Vol (P¢)

l((‘) = —Va—u})— + ¢’ VOI'(Pc)i’_i/N,

ede ¢', ¢" 3asucam moavko om cg, C; U L.
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.JdoxkasarteabcTBO. J[0CTATOYHO NPOBEPHUTH, YTO pas-
HOCTb m (¢) —n (c) OrpaHHuYeHa BeJHUYUMHOH nopsmxa B!7YN,
rae B=Vol(P,).

Ecau cpsur F, dyHaameHTansbHOH obnactu F He cojep-
xKuTcst B P, HO mepecekaercs ¢ P, To OH nepecekaercs

c rpanuinefi obsactd P, (oTpe3oK mTpAMOH MexAy JioGol
TOYKOH B nepecedeHdd Fx(|P, H mo6o#i Toukolf B F, He
cojlepxaieficss B P, coiepXKuTcsi B Fx B CHJIy BbIIYKJOCTH
F. u nepecekaercs ¢ rpanuuei P.). TTonoxum

P.= [] D,
VES,

rae D,—3aMKHyTbIl OTPE30K HJIM 3aMKHYTBIH Kpyr pajuyca
¢y B 3aBHCHMOCTH OT TOTO, $BJISIeTCS ¥ BeIleCTBEHHHIM HJIH.
KOMIJIEKCHbIM. COOTBETCTBEHHO TpaHuua o6aacTd D, COCTOHUT
M3 ABYX TOYEK HJIH OKDPYXKHOCTH M

C”Pc =Uvo‘€5w [aDvo X H DU}'
E S
ITosToMy pasMepHocTh rpaHuisl paBia N — 1. [locraToyHO
JlaTb BEPXHIOIO OLEHKY HYXKHOrO HaMm BHa IJs1 KOJHYeCcTBa
caABuroB F., nepeceKarmomUXCS ¢ MHOMKECTBOM ‘

aDvo X H DU’
VY

NIOTOMY 4YTO TPaHHIIA COCTOMT camoe GoJibiiee H3 N KYCKOB
TaKkoro Buja. Mbl crenaeM 3To, napamMeTpusysl TpaHHLY
¢ MOMOINGI OTOOPAaXKEHHs, YaCTHble NPOU3BOJAHBIE KOTOPOTO
YAOBJIETBOPAIOT MOAXOAAMINM oneHKkaM. Hamomuum, uto ags
.mo6oro JiddepeHnEpyeMoro oTo6paKeHHs ¢ C NPOU3BOJHOH
@’ M ]IS BCAKHX JBYX BEKTOPOB Yy, @ HMEET MeCTo Hepa-
BEHCTBO

o) — o) |<|9 |y

rAe | |—eBKJHIOBa HOPMa BEKTOPOB, -4 |¢ | — MaKCHMyM
HOPMbl NTPOM3BOJHOH OT ¢ Ha OTpe3Ke MeXAy Y U Z (3TO Teo-
peMa O cpeaHeMm). .

Onpene/um napaMeTpH3anHUiO

Q: J AN P_c.’
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orobpaxaiomyio N-MepHblil Ky6 ¢ €AHHHYHEIMH pefpaM¥ Ha
P, ¢ nomompbio caepymomux ¢opmysa. i BemiecTBEHHOTO
NOJI0KHM

t~2cv<t——%>, 0< <.

1T KOMIJIEKCHOTO U, IOJBb3YACh NOJIAPHLIMH ~ KOOpJHHAa-
TaMH, TOJIOXKHM

0<ugl,

U, 0) ~ (cou, 210
(1)"‘(01. )1 Ogegl.
Kampaast yacTHast NPOM3BOLHAsT OTOGDaXKEHHs ¢ OrpaHHYeHa
BeJMUYHMHOH 2¢, HaH 2nc,. [loaTomy cymectByer TaKas KOH-
cranta cg=2nNcy, uto | @’ | ceBYY. '

I'panuna obnactu P, napamerpusoBana (N — 1)-MepHbIMH

kyGamu ¥ ~!. Pas6us Kam)me pe6po Ky6a ma [BYY] orpes-
KOB OJMHAKOBOH JUIMHBI, Mbl IOJIYYHM passOKeHHe Kyba
JL AT
1/NN—1
[B]

. . :
MaJeHbKHX KyOMKOB guamerpa << (N — 1)7%/[Bl/M. Jluametp
ofpasa KakAOr0 M3 TaKUX KYOWKOB NpPH OTOODAXKEHHH @
He INPeBOCXOJUT BEJHUYHHO! )

(N—1)'/

~ (BN 8 BN < ¢,

Uucno capuroB Fy, X€ L, nepecekalomuxcsi ¢ 06JacTbio
JuaMeTpa < (¢g, OTFPaHMYEHO KOHCTAHTOH (¢, S3aBHCAUIEH
TOJIBKO OT ¢y M OT AHaMeTpa o6saactu F. Ilostomy ¢-oGpas
ao6oro KyGHKa mepecekaercs ¢ He 60Jiee UeM ¢,y CABHTAMH
obnacty F Ha TOYKH peuleTKH. Tak KakK BCero uMeercs

[BN=Y/N] ky6ukos, To obpas ¢ (I"~!) nepecekaercs ¢ me
GoJsiee uyeM cm[B(N—i)/N] caBuramMM obgsactd F. ['panuna
obsacTH P, cocTodT H3 He GoJjiee ueM N--KYCKOB, KaxKabli

H3 KOTOpHIX napamerpusyercs (N — 1)-mepHuiM KyGom. Orcro-
Ja CJeJyeT Halla Teopema.

B cnepyromelt semme BbluHc/eH 06BeM (yHaaMeHTaIbHOMN
objacTH HAeasa 4 Kojela [, = paccMaTpuBaeMoro: Kak
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peilleTKa B €BKJHJI0BOM IIPOCTPAHCTBE

=[] k.

VES»

Jlemma 2. ITycmo a—udear Koavua uyeavlx 4ucenr noas
k, F—c¢yndamenmasvnaa obaacme 0as a, paccmampueae-
moeo Kak pewemxa ¢ Ry. Toeda

Vol (F) =27"2| Dasq (a) [¥2.

HoxasareabcrtBo. Ilyeth a4, ..., ay—310 Z-6Gasuc
Hjeana &; Oy, ..., Or — BEIECTBEHHblE BJONEHHS NOJA k;

Tyy «++y Tr, H HX CONPANKEHHbIE — KOMIUIEKCHbIE BJIOXKEHHUS.
Beskuii sneMeHT a € & oToGpaxaercsi Ha BEKTOp BHAA

(o4, ..., Or, 0y T, ..., 'c,za).
[Tyctb
Tie=x;+V —1y;

rie Xj, Yy;—BElleCTBEHHble KOOPJAMHATHI HA KOMILJIEKCHOMH
nyockocTd C. Tem cambim

Tjav=xjv—|-]/:—iij, v=1, ..., N.

JIMCKDHMHHAHT Hjeaa a Kak Z-MoflyJisl paBeH KBajipaTy onpe-
JeJTUTENS

010.1 L 0’10.N

Xyt iy .. Xan+ian

Xy—ilY1y ... Xon—IsN

3aMeHHB KaXAyl0 Napy CONpSKEHHbIX CTPOK Mapoi, COCTOs-
e M3 HX CYMMEI ¥ _Pa3’HOCTH, HAXOJHM, YTO. C TOUHOCTHIQ

§ 2. Touxu pewemxu 8 napassesomonax 109

A0 3HaKa 3TOT OonpelaedquTe/lb paBeH

Oiai . s & GiaN

X11 . 0w e xiN
ore

Yu .. N

B cBoo ouepeab mnocaeaHHH oOnpejlesHTeNlb COCTaBJIeH H3
KoopiiuHaT 0as3uca peIIeTKH @, Pa3jOoXKEeHHOTO MO KaHOHH-
YeCKOH OpPTOHOPMHPOBAaHHOH cHCTeMe O6pasyolHx MNPOCTPaH-

crea RY. ITostomy

V[ Dae (@] = 2 Vol (F),

4yTOo U TpebGOBaJIOCh AOKa3aTh.

Tlokaxkem Tenepb, KaK H3 TeopeMbl 2 MNOJy4aeTcs Teo-
pemMa 1. Kak Mbl yKe y6eiu/uch, MOXKHO CYHTaTh, YTO JJIf
paccmaTpuBaeMoro M,-IHBH30pa BHINOJIHEHH YCJIOBHA Teope-
MBI 2 H YTO CBSI3aHHBHIH C HHUM HJeas & NPHHAJJEXKHT OJHOMY
H3 KOHEYHOTo YHcJia IpeJcTaBHTeJieH BCeX KJIACCOB HJI€ajIoB.

Jlna Bcsikoro Mp-nHBH30pa ¢ HMEeM

Vol (Py= [I 2 [I (med)=2"ar]] ¢,

v BelecTs. ¥ KOMOJI. VESw
Vol (F)=2""Na}/Dx|,
OTKyJha

Vol (P¢) 271 (2m)"2
Vol (F) - | Dy, k1/2 [C Hk7

YTO H JAOKAa3bLiBAa€T TEOPEMY 1.



110 Ta. V. Hapaaresomonn

§ 3. Beiuncaenne:-oaHOro o6nema

HaudeM c HexkoTOpHX 3aMeyaHMfi O BHINYKJABIX Tejaax
B npocrparctBe R™. ITycTh W 03HAaYaeT OGHIUHYIO Mepy B R".
TloamuoxectBo C — RN naswiBaeTcs goinyk.aoim, eca s
JIOOBIX 1ByX TouekK X, y €C Bce TOUKH BHJA
tx+(1_t)y’ 0L,

ToXe npHHajgnaexaT C (MHBIMH CJIOBaMM, OTpPe30K, COelH-
HSIOWHUA X ¥ Yy, npuHaaaexur C).

MHoxkecTBO C Ha3sbiBaeTCs CUMMEMPUYHbIM (OTHOCHTEIHHO
HayaJja KOOpJHWHAT), ecJiM M3 Toro, uro x€C, cjaeayer, uTo
—x€C. o

Teopema 3. Ilycmo L— pewemka pasmeprocmu N

6 npocmpancmee R", u nycme C— 3amxrymoe evinyx.ioe
cumMMempu4Hoe nodmHodKecmeo 3mozo npocmpancmea. Ecau

w (C) > 2" (F),

20e F— pyndamenmarvraa obaacme pewemku L, mo 6 C
Co0epoicUmecs HeHYaesas MOUKa pellemKu.

JoxkasarteabcTBo. CHauaja JOKaxeM TeopeMy B CJy-

yae cTpororo HepasenctBa p(C)>> 2" (F).
Torpa B MHoxkecTBe 27C comepxkarcsi fBe pasjHuYHble
TOYKH, Pa3HOCTb KOTOPHIX NpHHaAJexRUT L. [leficTBUTENbHO,

’ c=y (%cn.F;O .

Tak Kak MHOXKeCTBa énpaBa romnapHo He HEPECEKHIOTCH', nmMeeM
1 1 l
b (3€)=2u(3enF)=2n((5)-07)-
= xEL x€L.

Ho p (271C)=2"Nu(C). Tlostomy wmHomectBa (27'C)_x (| F
He MOTyT INONapHO He IepeceKaTbCss—3TO MPOTHBOPEYH-
Jo Obl OPUHATOMY HepaBeHCTBY a4s Mepbl F. Takum obpa-
30M, CYIIEeCTBYIOT TaKHe BEKTODHl ¥, Y, € C, uTo

1 1

T Y1 X =5 Yo Xy,

rae X, szL, xi#x?

§ 3. Buoiuucarenue 00nozo obvema 111

Torna 271 (y,—y,) € L. Ho no cummerpuu u3 y,€C cJje-
IyeT, uto —yYy,€ C, Tak uTO B CHJIy BbINyKJOCTH 271 (y,—
—Y5) €C, uTO H TpebOBaJOCh N0OKa3aThb.

Tpexnonomum Tenepb, uto p(C)>2Yu(F). Has Bes-
Koro ¢ >0

B ((1+2) C)>p(C)>2"n(F),

Tak uTo B TeJie (1 4 ¢) C cyliecTBYIOT HeHyJleBble TOUKH pelleT-
ku. Ilonaras € — 0, HaxoauM, 4yTo XOTH OBl OJHa M3 HHX
JoJxHa ocraBaTthesi B C.

Hama caenyromas 3agaua COCTOUT B BBIYUCJ/IEHHH o;moro
obnema.

Jdemma 3. [Tycme
RY = [[ ks,

VESw

ef0e cpedu Mmuoxcumeneld k, umeemcs ry 6eLYeCMEEHHbIX, T
Komnaexcuoix, N =r,+2r,. Hasa ecakoeo 4ucsa a>0 o0b6o-
3xauum OGykeod A swvinykaoe meao, 3a0QHHOE HepPaBeHCMEOM

2 Nu|zp|<a

vES,

Toe0a eeo o6wvem V. ,,(a) pasen

Vi, rg (@) = 27477 (2m)* - 0.

J_I oKasatTtTeJabCTBO. Hpe}K;Le BCero oO4YeBHJHO, 4YTO
Ny, s
V?’l, re (a) =a Vrl, re (1)’
TdK Kd4dK

S No|2o| =2+ o+l 2n |+

VES

+|zr1+1 |+ | Zri+1 [+ s +] zr1+r2]+lzri+rz l
Tenepp 3aMeHHM KOMILJIEKCHbiE [E€PEMEHHBIE  Zr1i,
y Zri4ry TOJSAPHBIMM KOODJAMHATaMH.

Mul xotuM BolunCJHTB o6beM Vi ,,(1). Bmecto (2;, 2;)
Hcroab3yeM mnoJspHble KoopiuHatel 0<L0;<<2n u u;>0.
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HuMeem
Vig vy (1) = S Urgt - Hrpprg iy - .. dity, dttryq -

. du,1+,-2 d9,1+1 . e d9r1+,~2,
rfie uHTerpan Gepercs M0 06JacTH
lug |+ .ot |+ 201+ oo+ 284 <L
3HaueHUe UHTErpaja He U3MEHUTCS, €CJH OrPAHHYHTBCH

HHTErpupoBaHHeM MO o6JiacTH, I'e Bce u4; >0, U yMHOXHTb
uHTerpan Ha 2.
CresnaeMm 3aMeHy mNepeMeHHBIX 2u,_w,, 2du; =dw; npu
r1+ 1<j<ry+r,. Uarerpan npHoGpeTaeT BHJ
24 (2m) Wy, ry (1),

rjpe
er) re (b) = S ur1+i DY ur1+r2 dui PO dur1+r2,

a 00/1aCTb HHTErPHPOBAHUSI OINpejeJsieTcss HepaBeHCTBAMH
u; >0 npu Bcex [ H
Ui+ .o g, < b.

Ho

er, g (b) = bNer, ra (1)
WnTterpupoBanue no du; Mexay 0 u 1 MOXHO cjeJaTh BHeI-
HHM. DTO jaeT

1 .

1
Woyyra (D)= \ Wret, (1 =) dity =y Wit 1 (1)
0

(TpUBHAaJbHOE HHTErpUPOBaHME ¥ OJHOPOAHOCTS). [0 HHAYKILUH,
U30aBJsAfACh OT IEPBBLIX ry IT€PEMEHHBIX, HaXOAUM

1
Wi, ra (1) TNWN—L) .. (N—=ri¥1) Wo, ra (1)-

Amnanoruuto

!
Wo,n (1) = { £, (1 —t)e-2dt W0, 1, (1.
0

$ 4. Konwcmanma Muukosckoeo 113

CHoBa HHTErpupysd, Io I/IHII,YKLLI/IH HOJIquEM

WO,rg(l) WO, (1)

(2r N (2r2)' ’

CuaegoBaTebHo,

1

WTI, rz(l) = NI

OTKY/Ja H BhiTeKaeT TpeGyemoe 3Hayenue jajsa V, ..

§ 4. Koucrauta MunkoBckoro

ITycte k—pacumpenne noas Q crenenn N, a—wujean
KOJIblla LeJBlX 49Hces [p, paccMaTpuBaeMblii Kak pelieTka
B npoctpaHctBe RY. Brifepem uHcao a, ¢urypupywomiee
B JeMMe 3, TaK, 4YToObl 00beM OMUCAHHOH TaM 006JacTH GbLI
He Menbme 2N-xpaTHOro obbeMa (yHAaMeHTaJbHOH 00/acTH
peweTkd ¢. O6Go3HauuM uepe3 dp aGCOJNIOTHYIO BEJNHUHHY
JUCKPUMHHAHTa Dp; TOrja JOCTATOYHO IOJIOXKHTH

al¥ — N 4rzg—r2Nad,/?

(cm. nemmy 2, § 2). Tlo Teopeme 3, B Takok oBaacTH cojiep-

XKHTC HeHyJeBasd TOYKA DeIUEeTKH, T. €. CYIIECTBYeT 3J1eMeHT
aca, as=0, ¢ ycaoBueM

o]+ ... —HGNa[ga
[TockosbKy cpefiHee reoMeTpHUECKOE He NIPEBOCXOJIUT CPELHETO
apupMeTHUECKOro, HMeeM

| N (o) p/Ng‘ﬁﬁi:ﬁ-iﬁ‘_li‘},

OTKyJa
N
| VB (@) | < 2o = 2L sram—raNady2,
N! N
Haanee,
(a) =ab,

rje b— HeKOTOpHE HaeaJ. HoaTomyv
| N§ (@) | = NaNb.

Cokpamasi Ha Ng, mosywsaem cjeylOmuil pesyJbTar.

8 cC. Jlenr
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Teopema 4. B awobom xaacce udeanos cyuiecmeyem
udeas b, HOPMA KOMOPO20 02PAHUYEHA HePABEHCMBOM
5 . 1
NbgChdh“,
2de Cp — koncmanma Munkosckozo:

N! 4 \r2
CaenctBHe. Modyas duckpumunanma dy éceeda Goaviue

eQunuybt. Bceeda cyujecmeyem npocmoe wucao, padgemenertoe
8 nose k.

NokasateabcTBo. Tak kak Nb> 1, uMeem

ro N2N 2N
> (5) e > () G-

[lpu N =2 noayuaem d > 9/4>>1. Hame yTBepx/eHHe Oyner
J0Ka3aHO, eCJId Mbl TPOBEPHM, 4TO N0C/eL0BATEJNbHOCTD YHCEJ

n \N NZN
<T> (V12
MOHOTOHHO yGhBaet. JlocTaToyHo paccMOTpeTb 4acTHOe ABYX
nocJefoBaTeJNbHBIX 4yhceJ/; TPUBHAJbHBIH MMOJACYET JOKAa3piBaeT
TpebyeMoe. o
Cnepyroulyo TabJHIy 3HayeHHH KOHCTAHTDHI MunkoBckoro
s 3anucaJ Ha Jekuuax ApTHHa 12 jer Hasap.

/4 \r2 NI

N ry Ty K? N—N
9 0 1 0,63661

2 0 0,5

1 1 0,28299
3 3 0 : 0,22222
B 0 2 0,15198
4 2 1 0,11937
4 0 0,09375
1 2 0,06225
5 3 l 0,04889
5 0 0,0384

colepKHTCA Hpean b

§ 4. Koncmanma Munkosckozo 115

s 6oapmux N TeopeMa MHHKOBCKOro JaeT HEpaBEHCTBO
dy > (1/N) (me?/4)N.

3aKOHUHUM 5TO OOCY¥XJeHHe NPHMEpOM,. KOTOphIH ApPTHH
oueHp Jiobua. PaccMorpuMm MHorouseH f(X)=X5?—X41.
JuckpuMuHaHT A KopHsi MHorouseHa X5+ aX -4 0b paBen
55b% + 28q5. B Hamem ciyuae '

A =2869=19-151;

KaX bl MpPOCTOH Je/MTe/] b BXOJHUT B IIEPBOH CTENEHU.

[lycte a—Kopens' MHorousesa f(X) u k=Q(a). Dae-
meHT o uet Hajg Z. Tak kKak wmHorouseH f(X) HenpuBOAAM
no MoayJio 5, oH HempuBoauM H Hajg Z (u Hajg Q), u k—
noJse natod creneHd Haa Q. Jduckpumubant Z-mopyas Z[al
He COJEPKHT KBaJpaTHbIX MHOXKHTeJeHd, MO3TOMY OH COBIa-
naet ¢ D([z), 6o oH mMoxer oTsmuatecsi OT D ([) Tosabko
Ha KBajpat ueJsoro yucsaa. CaegoBarensHo, Z[a]=1, B cuay
npegnosoxenus 10 ra. III, § 3.

Hetpyzano nokasarb, yto rpynno# ['ajya 3Toro MHOrouJsieHa
SIBJISIETCS] BCSL CUMMETpHUecKasi Ipynna, Tak 4TO MoJie pas-
goxenuss K umeer Han Q crenenn 120.

B cuay teopeMbl MHHKOBCKOrO B KaXJ0M KJacce HlleaJjop
MOH <C4 (TpUBHaJIbHAs OpeHKa
C TOMOILBIO TAOJHYHOrO0 3HAYEHHS KOHCTaHTHI MPIHKOBCKoro)_
Tak xak sTa HOpMd — 1l€JI0€ YHCJIO, OHA JI0JIKHA OBITh papHa 1,
2 nma 3. Conyuait Np =2 uan Np =3 BO3MOXKEH JHIL pjg
NPOCTOro HjeaJsia P; TOrja CTeneHb MNOJS KJACCOB BLiyeTOB
In/p Hap Z/pZ ponkHa ObITh paBHAa eIMHHIIE, TAK YTO MHOrO-
YieH [ JIOMKEH MMeTb KODeHb Mo MOAYJMo 2 HiH 3. [IpsMoe
BLIUHCJICHHE NIOKAa3bIBaeT, UTO 3TO He TakK. OcTaeTcd elggcTReH-
Hast BOSMOXHOCTb: Nb=1; no Torpa b=(1) H—o0, uypo! —
BCAKHMU HJeasl OKas3biBaeTcsl I'IaBHLIM. KOJBUO UeNnix yucej
SIBJsIeTCd KOJbUOM IJIABHBIX HJA€aJIOB.

Kak saMeTus1 ApTHH, MOXKHO [10Ka3aTh, yTO [10J1€ pasnoxKe Hust

HepasseTBJMeHo wHan paciunpennem Q()/D)=Q()19-151).
OTO JaeT NpHUMeD HEePa3BeTBJEHHOrO DACIIHPEHHS C HKOCa-
3ApaJjbHO# rpynnoll. APTHH yKasaa ofHaX[n, 4TO AJg Jo60ro
HOpMaJsIbHOro pacmupenust K 4ucsioBoro mons k ¢ rpymmoi
l'anya G cymectByeT G6eCKOHEYHO MHOrO KOHEUHBIX paciIHpe-
Huii E noaa k, takux, uro K () E =k, a komnosutr KE Hepas-
BeTBJeH Haj E. YToObl mosyuuTh Takoe noJe E, f0CTaTOYHO
NOCTPOHUTH pacCHIMDEHHE, KOTOpoe JIOKaJbHO IOrJOaeT Bee

8*
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BeTBJeHusa nosss K (3To HakJajabiBaeT Ha E KOHe4HOE YHCJIO
YCJIOBHH, KOTOPBHIM MOKHO YAOBJIETBOPHTb B CHJIy TEOPEMBI
0 npubJHIKeHUH). 3aTeM HyXKHO obecneyuTs, ytobu E () K = k;
C 3TOH 1leJibl0 MOXKHO, HanpHMep, BOCMNOJb30BaThCs TEOPEeMOH
O CYILECTBOBaHMH M MJIOTHOCTH NPOCTHIX HJeaJsioB C 3aJaHHLIM
CUMBOJIOM ApTHHa, KOTopast OyjeTr JAOKazaHa mno3xke. Mul
OCTaBJIsIEM 3TO YMTATEI0 B KauecTBe YIpaXKHEHHs.

B kauecTBe nocsefHero NpHJOXKEHHS TeopeMhl MUHKOB-
CKOro JIOKaxKeM CJeAYIOIMHHA pe3yJ/bTar.

Teopewma 5. [llycms k—uucaosoe nose, dp— modyas
e2o duckpumunanma, N, =[k:Q]. Toz0a omrnowernue Np/logd,
02PAHUYEHO HQ MHOXCecmee ecex yucaosvlx nosetl k==Q. Kpome
moeo, cyujecmeyem moAbKO KOHedHOe 4ucao nosed k ¢ 3adam-
HbiM 3HaYeHUuemM OUCKPUMUHAHMA.

I lokasaTteabcTBO. [lepBoe yTBepxkieHHe NoJydaeTcs
H3 TPUBHAJbLHOH OIEHKH KOHCTaHTH MHHKOBCKOr0; MBI OCTaB-
JifieM TPOBEPKY uHTaTesio. TeM caMbiM, €CJAH AUCKPHUMHHAHT
OI'PaHHUECH, CTEleHb MOJI TOXe orpaHuueHa. CjeloBaTeJIbHO,
AJisi ROKa3aTe/ibCTBa BTOPOrO YTBEPHACHHS HYKHO YCTAHOBUTE
KOHEUHOCTb UMcJIa noJsielt B 3ajaHHOH cTenenn N C JaHHBIM
3HauyeHHeM MOAYJs AUCKPHMHHaHTa d.
Paccmorpum N- MepHoe eBKJIHI0BO NPOCTPAHCTBO

II k.

VES

[IpeamosoxuM, UTO CYILECTBYeT XOTh OJHO KOMILJIEKCHOE

HOpMHpOBaHHe ¥p. PaccMmoTpum o6sacTh, onpefeeHHYIO
HepaBeHCTBAMMU:

| 2op— 2vy | < Cyd™e,
- 1
Izvo+zvo|<*2—,
>
|z <5,  vFEO,

rae C,—GoJabmasi KOHCTaHTa, 3aBHcAmast ot N. 3jecb CUM-
BOJIOM 2, O0O3HaueH 3JIeMeHT moJsa R, KOTOPOe OTOXKJAe-
ctBasercss ¢ C umu R.

Orta 006/acTh BHIIYKJAa H CHMMETPHYHA OTHOCHTEJLHO
HayaJia koopjauHaT. CleoBaTe/NibHO, OHA JOJIKHA COLEPKATb
HeHyJieBOH szaeMeHT a € [,. Tak kak abcoJ/iioTHass BeJaUYHHA

§ 4. Kowcrmamma Munrosckozo 117

HOpMBl @ (OYAYYH HEHYJIEBHIM [eJbIM YHCJOM) HE MeHbIIe
eIMHHUIB, H3 MepBOTO HepaBeHCTBA 1yeT, YTO MOZYJb
MHUMOH 4YacTH uyucJja o 6oJblie HYﬂ/HCﬂéﬁe}lOBaTeﬂbHO JiBa
CONpsIXKEHHBIX K O YHCJd, COOTBETCTBYIOIHE HOPMHPOBAHHUIO Up,
pa3iuMuHbl. KpoMe TOro, umcjo @ He cOBNAajaeT HH C OJHHUM
H3 OCTaJbHBIX CONPAMKEHHBIX, HOO ero v-HOpMa OTJIHYaeTCs
OT U-HOPM NPH BCeX U == U, CJlefl0BaTeNIbHO, O TNOPOXKAZET
noJe k Haj Q. KoadduunenTs ero ypasueHus: Haj Z sBJSIOTCS
3JeMEHTapHBIMH CHMMETPHUECKUMH (QYHKIIMAMH OT o H BCEX
COTMPSIXEHHBIX K €; IO3TOMY OHH OrpaHHUEHBbI BEJMUYMHOH,
3aBUCsINEeH JHIIbL OT a H N. Takux ypaBHeHHH HMeeTcs
KOHEYHOe YMCJIO, UYTO H JOKashblBaeT Hall Pe3yJbTaT B 3TOM
caydae.

Ecnu Bce HOPDMHMPOBAHHUSI BelleCTBEHHBI, J0KAa3aTe/bCTBO
eme npome, HOO TOrja MOMKHO 3aMEHMTH MEPBYIO Napy He-

PaBEHCTB yCJIOBHEM

I zvo ‘ < C1d1/2,

COXpanHuB OCTaJibHbIE PACCYIKIEHHU.



T'napa VI

HAENH W AJLEJH

B KJjaccuuecKoH TEOpHH -UHCJOBOE I0JIe MOrpyXKaercs
B NpsMOe MPOH3BeJeHHe ero MOMOJHEHHH 1O BCEM apXxuMezo-
BbLIM HOPMHPOBAHHSM, T. €. B €BKJIMJOBO npocTpaHcTBO. CpaB-
HUTeJbHO HEJABHO (TOuHee, ¢ Toro BpeMmeHH, Kak [lesasne
BBes ujead B 1936 r., a Belinp BCKOpe mnocJse 5TOro Jail
J0Ka3aTeqbCcTBO TeopeMbl Puvana — Poxa B TepMuHaXx ajeneit)
BEISICHHJIOCH, 4TO yAOOHEe pacCMaTpHBATh MPAMOE IIPOM3Beje-
HHe N0 BCEM HOPMHpPOBAHHMSAM, BKJIOUasd p-ajJHuecKHe, XOTSH
¥ HakJaAbiBaTb HEKOTOPble OrpPaHHYEHHs Ha KOMIOHEHTH!
(cM. HHXe). JTa rJaBa COAEPKHT JIMIIDb CaMble 3JeMeHTapHbIe
cpefieHns 00 HAendax H ajensx (KOHCTPYKIHH, YYHTHIBAIOMIHE
MYJIbTHIJIAKATHBHYIO H a1 JHTHBHYIO CTPYKTYPbl COOTBETCTBEH-
HO) ¥ HX TONOJIOTHAX. B o00oMX ciyuasx MBI JOKaselBaeM
HEKOTOPYIO TEOpeMy KOMIIAaKTHOCTH H CTPOMM (YHAaMEHTaJjb-
HY10 o6sacTb. XOTA MO3Ke Mbl OyAeM MOJb30BAThCA CyHie-

CTBOBaHHEM (YHAAMEHTANbHBEIX O0JacTed, 3HAHHE HX TOYHOTO

BUJa HAM He MOHaJ00HuTCH.

i1 BCAKOM IPyNNOBOH CXeMbl HaJ KOJIBIOM LeJIbIX YHCel
[, 4UCJIOBOTO MMOJISI MOMKHO pPacCMOTPeTb €€ TOYKH C KOOpJH-
HaTaMHd B KOJble ajeJield H IMONBTaTbCA AOKAa3aTh aHaJorud-
Hble Pe3yAbTaThl. ITOT MOAXOJ NPHBORHT K apH(QMETHUECKO#
TEOpUH ajreGpaMyecKHX TPYINN, KOTOPOH Mbl 31eCh He 6ynem
sanumatbca. OrpaHuuMMcs yKasaHHeM Ha TO, YTO HJEJH
OKa3blBAIOTCH TOYKAMH CXeMbl MYJbTHIJMKATHBHOH TPYIIILI
HaJ KOJILLOM ajened.

§ 1. OrpaHuyedHble NMPsSMblE MPOH3BEACHHS

[lycts k—uncaoBoe nose. s BCAKOrO HOPMHPOBAHHA U
noas k (Mbl mojpasyMeBaeM, UTO OHO HHAYUUPYET OJHO
M3 CTaHJAPTHHIX HOPMHpPOBaHHH [oJs Q) ompejeseHo MomoJ-

§ 1. Ozepanudennsie npamvie npoussedenus ' 119

HeHHoe nNoJie k,, KOTOpoe MOMKeT ObTh BELIeCTBEHHBIM, KOM-
MJIeKCHBIM HJH p-afuuecKuM. COOTBETCTBYIOMHH 3MHUTET NPH-
MeHseTCsl U K HOPMHDOBAHUIO U.

W apnutuBHag rpynna k, (o6o3HauaemMass HHOTAA CHMBO-
JoM k3), ¥ MyJbTHNJIMKATHBHAS TPyNna kj JIOKAJbHO KOM-
NakTHbI. B p-aguueckoM cjydae KaKAasd U3 HHX COLEPIKHUT
KOMITAKTHYIO MOATPYINY P-aAHYECKUX LieJbIX YHCes U P-ajfu-
UeCKUX eJHHHL, COOTBETCTBEHHO.

Onumem o060lyI0 KOHCTPYKUMIO, MO3BOJSIOMLYI0 BBECTH
OrPaHHUYEHHOE IpSAMOe [POM3BeJeHHe TPyNN TaKOro THUIlA.

[lyets {v} —HEKOTOpOe MHOXKECTBO HHJEKCOB, U IyCTh
JJIS KaXJ0ro v 3ajaHa JIOKaJbHO KOMIAKTHAas KOMMYTaTHBHAs
rpynna G,. Tlycts, panee, AJs BceX, KPOMe€ KOHEUHOTO YUC/IA
HHAEKCOB U, B rpymnne G, 3adpuKCHPOBaHA OTKPbITAs KOMILJIEKC-
Has noarpynna H,. OeparuueHnoim npambim npousgedexuem
rpynn G, OTHOCUTENBHO NMOArpynn H, HaswiBaeTcs noArpynna G
IPSAMOrO npoussefieHusi rpynn (,, cOCTOAINAs U3 3JEMEHTOB,
BC€ KOMIIOHEHTH KOTOPBHIX, KpOMe KOHEUHOTO YHCJa HX,
npuHapaexar Ho.

[lycth S — KOHEUHOe MHOXKECTBO MHJIEKCOB v, cCOAepxKaliee

 BCe U, AnA KOTOpHX H, He onpepenena. CumpoJsom (g 060-

3HAUUM NOATPYNNY TeX 3JeMeHTOB TIpynnsl (, KOMIIOHEHTHI
KOTOPBIX npuHaanexatr M, npu v¢ S. Toraa

Gs= ]G, x [] H»
vES v S
— IpsiMOe  IIPOH3BeJieHHe JIOKAJbHO KOMIAKTHBEIX TPy,
13 KOTOPbIX BCe, KPOME KOHE@UHOI'0 YHCJIa, KOMNAKTHH. [losToMy
(s — JIOKaJIbHO KOMMAaKTHAas rpymma (B TOMNOJIOTHH ITPOU3Bejle-
HufA); BBefleM Ha ( JIOKAJbHO KOMIAKTHYIO TOIOJIOTHIO,
B KOTOpO# Kaxkjas rpynna (g OTKpHITA.
I'omomopdusm G, — (G, orobpaxamomuii G, HA U-KOMIO-
HEeHTY, ABJseTcs BJoKeHHeM (, KaK 3aMKHYTOH MNOATPYIIIHI.
OrpauuuenHoe npouspefeHHe afJIHTHBHLIX TPymOn k, OT-
HOCHTEJbHO NOATPYNN JIOKAJbHBIX LEJAbIX YHCeN 0, (KOTOpBie
onpejeJieHpl JHIIb JJA P-afHY€CKAX HOPMHPOBaHHH v:vp)
HasbIBaeTcs rpynnod adesedl mons k U o6O3HAUaeTcss CHMBO-
JoM A, uiu npocto A. DseMeHTH rpynnel Ag HasblBaoTCS
S-adeaamu.
OrpannueHHOe NpPOM3BeAEHHE MYJbTHIIHKATHBHLIX TPy
k3 oTHocHTenpHO mMOArpynn eAmHUL U, KoJbLa o, Ha3bBAETCS
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rpynnol udeqed noas k H 0603Haqach51 CHMBOJIOM Jp HJH
npocto J. (Tomosiorusi rpyniel Hjesned He COBNajaer ¢ TONO-
Joruefi, HHIYLUHPOBAHHOH Ha HJIEAAX KakK I0JMHOXeCTBe
afienedl!) DaeMenTsl rpynnbl J, HasblBawTcAd S-udeaamu.

[Tone k£ BKaajgpiBaeTcs B TPynNy ajejeil 1o JHATOHAJH.
JleficTBHTENbHO, BCAKHH 3JEMEHT « €k sBJseTcd P-ajvue-
CKHM ILeJBIM [JIS BCeX, KPOMe KOHEYHOro yHcja p, TaK uTo,
BKJIaJblBasi 0 B KaxK[oe M3 Nojed k, Mbl IpeBpamiaeM BeK-
Top (@, a, &, ...) B ajeb.

AHaJoruuHO MyJbTHNIMKATHBHAS IPynna £2* BKJajbIBaeTCs
B Ipynny ujesei, NOTOMy 4YTO HEHYJIEBOH 3JIEMEHT MoJd R
sIBJISIeTCS] P-aJUuecKol eJuHHIeH ANs BceX, KPOMe€ KOHEeYHO-
ro 4ucnaa p.

Onepatop cJefla MOXHO INepeHecTH Ha ajead. [lycTb
E-—koHeuHoe paciuupeHue noas k, x €Ag, x= (Xyp), @ € Mxg.
Ilo ompejeseHHIO, U-KOMIOHEHTa cJaefa Trh (x) paBHa

Z Try (xw)-

wlo

Caejn apasieTcd ajeqeM noas k.

[Togo6HEIM 3Ke 06pa3oM MOXKHO BBeCTH Hopmy N% (a)
uaeas a= (ay) noas E, onpejlesnB ee v-KOMIOHEHTY KakK

H Ny (aw)-

wiv

DTH OmpeJeseHHs] COBNAJAIOT ¢ OOLIYHLIMH TMOHSITHSIMH HOp-
Mbl H CJeZa 3JeMeHTOB MoJs Ha nNoAMHOXKecTBax kc A
u k* < J. UHBIME cJoBaMH, cjelyioliue JAHarpaMMbl KOMMY-
TATUBHHI:

ECS Ay E*SJy
Try Tr N} N
k2 Ay =

Teopema 1. Adoumusnas 2epynna k es0oceHa Kax
duckpemnan nodzpynna epynnet adesetd A. Myassmuniuxa-
musraa epynna R* 8aosceHa Kak OuckpemHnas nodepynna
epynnet udeseil J.

HokxasarteabctBo. Ilycth a€k. DbBausocts a k Hy-
JIO B TONOJIOTHH ajeJiedl O3HadyaeT, 4To |a|,<<1 paa Becex,
KpOMe€ KOHEYHOr0 uHCja HOPMHPOBAaHHA U, H |al|, OYeHb
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MaJibl JJIS KOHEYHOro MHOXeCTBa HOpMHpoBanu#i v. M3 dop-
MyJbl [pou3BejleHds1 cjaefyeT, uyto TorAa a=0. Iloatomy
0 — M30/IMpOBaHHBIA 3JeMeHT NoArpynnsl 2 B rpymnne A; 3To
H o3HauaeT, 4To k AHcKpetHa B A. To Xe paccyxjaeHue
B NPUMEHEHHH K 3JIeMeHTy a € k*, Oauskomy K 1, nokasw-
BaeT, YTO MOArpymnna k* puckpetHa B J.

§ 2. Apean

3aMeTuM, 4TO €CJM ONpefeJuTh YMHOMXKEHHEe aJiesiedl mno-
KOMIIOHEHTHO, OHHM O0pasyioT TOMOJOTHYECKOE KOJbLO (C Je-
JUTENSIME HYyJsi). YMHOXEHHE WHJess a Ha ajeib X JaeT
afieab ax. OtobpaxeHue

he: A — A,

onpejeJieHHOe IJs BCAKOro Hiens a ¢GopMyJoin h, (x)=ax,
SIBJISIETCS TOIOJIOTHYECKUM JIMHEHHBIM aBTOMOPGHU3MOM aAdu-
THBHOH rpynnsl KoJblia A Ha cebs.

OGo3HauuM CHUMBOJIOM S, NOAMHOXKECTBO apPXHUMEJOBBIX
HODMHPOBaHH# B KaHOHHMYECKOH CHCTeMeé HOPMHpPOBaHHH M.

Teopema 2. Hmeenm
k+As =A.
Paxmopepynna A/k xomnaxmna.

HJdokasateabcTBo. IlepBoe yTBepkJIeHHe O3Hayaer,
YTO AJS BCSIKOTO ajiesIsi X CyLLeCTBYeT TakOH 3JeMeHT o€ k,
4TO ajieslb X — 0 HMeeT Iiejible KOMIIOHEHTHl N0 BCeM JHCK-
PETHLIM HOPMHMPCBAHHAM v. JTO— npocToe obobinenue KuTaii-
CKoll TeopeMbl 06 OCTaTKax, KOTOpoe MOXKHO J0OKa3aTh, Ha-
npumep, Tak. IlycTp x€ A, m—TaKoe 1e/joe panHoHaIbHOE
YHCJIO, YTO mMX HMeeT IeJible KOMIOHEHTHl 10 BCeM AMUCKpET-
HplM HOpMHMpOBaHMAM v. IlycTb S-—MHOXKECTBO MOPOCTHIX
ujeanoB p C [, Aeaamux m. B mose k cymectByeT sJe-
MEHT @, YAOBJIETBOPSIOIUH CpaBHEHHIM

mx .= a (mod p¥)

LJs BceX PES, rie v—Kak yrojHo O6oJbilIoe 1esi0e YHCJIO
(3T0 caemyeT U3 OGBLIYHOH KHTaHCKOH TeopeMbl 06 OCTAaTKax).
Torga saemeHT x—a/m OyleT p-uesn OJs BCeX P, €CaH v
JIOCTATOYHO BEJIHKO,



122 Ca. VI. Hieau u adesru

[Tone k£ MOXHO NOrpy3uTH B €BKJHJOBO MPOCTPAHCTBO

I &=R".

vESoo

Ilpu sTOoM nesable uucna [, oGpa3yloT pelleTKy paHra
N =[k:Q] B 3TOM TIpocTpaHCTBE.

Jlos foKasaTesbCTBA KOMNAKTHOCTH QakTtoprpynmnbl  A/k
3aMeTHM, uTo Jto60H 3jeMeHT x € A CABHTOM HaA YHCJO H3 R
MOXKHO mepeBectd B Ag . [locse storo, casumys Ha uesoe
YHCJO U3 [p MOJYYEeHHBIH 3JIEMEHT U3 Asm, MOXHO JOOMTBLCSH
TOTO, YTOObl €ro KOMIIOHEHTH TIpH BCeX ¥ E S, OblIU Orpa-
HUYEHbl, NOTOMY UTO Lesble yHcJa 06pa3yloT peueTKy Mak-
cuMasbHOro panra. CjepoBaTesbHO, B KaxKAOM KJjacce ¢ak-
toprpynnsl A/k uMeeTcss TNpeAcCTaBUTE b, COJAep:Kamuiics B
KOMIAKTHOM MOAMHOXeCTBe rpymnel Ag_. OT0 o03Hauaer,

uyTo axkToprpynna A/k KOMNaKTHa.
Ha camoM nene sierko mocTpouTh (yHAaMEHTaJbHYIO 00-
JacTb AJA 3TOH TPYIIIHL.

Teopema 3. Ilycme ®,, ..., oy—6asuc koavya ye-
abix wucea Iy noas k nad Z. Ilycme F.,— nodmnoscecmeo
npoussederusn :

{1 %o

vES,,

cocmosAauiee U3 eefcmopoe suda Ztm, c 0Lt <<l Toeda
MHOMCECmeo

F= H Oy X Fos
vesm

npedcmasasiem coboll tpyﬂaameﬂmaﬂbnyro o6aacme 048 epyn-
not A mod k.

JokaszarteabCTBO. Bcarulh sjeMeHT x€A MOXKHO
nepeBecTH B As CABHTOM Ha 23JileMeHT noJs k, KOTOpbIH
onpefie/ieH OXHO3HAUHO 1O MOAYJIO ;.

Ecou Mbl Tpebyem, uTOGLI KOODIHHATHI f; JI€KAJdH B IO-
JYOTKPBITHX HHTepBanax 0<{f{; <1, To 3TO ycJoBHE orpe-
JeNifeT CHABHT yXKe COBCEM OJHO3HAUHO.
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- § 3. Unean

B sTom naparpade Mbl mpoBefeM aHaJIOTMYHOE HCCJENO-
BaHWe JJil MYJIbTHIJIHKATHBHBIX HIeJeH.

Ilycts S-—m060e KOHEUHOE MHOMKECTBO HOPMUPOBAHHH
B cHcTeMe Mj, cojepikaillee NMOAMHOMXECTBO S, apXuMeno-
BbIX HOPMHPOBAHHH.

JlJis BCAKOTO P-aJMuecKOro HOpPMHMpoOBaHMs o€ M, omnpe-
JIeJIEHO KOJIbIO P-aJMYyeCKHX IeJblX UYHCes ©, M MOArpymnna
enuadn U, 3toro Kosbua. O6Ge 3TH rpynfibl KOMMNAKTHBI.

KOMIIOHEHThl BCAKOrO WeJsl INPUHANJEXKAT Trpynnam kj;
BCE, KPOME KOHEYUHOTO YHCJa M3 HHUX, NpUHAAJENaT AaxKe
U, TTonoxum

lalls=1asl

lafl=llal.= [] llalb-

DEMk

Tak Kak Bce uJIeHBl 3TOrO IPOU3BEJIeHHs, KPOME KOHEUHOIo
ygcJa, paBHbl 1, OHO OJHO3HAuUHO omnpezeseHo. [anee, orto-
OpakeHue

a ~ |lal|

orpeessieT TOMOMOPHH3M )
J — R*

rpynnsl J Ha MYJbTHIJIHKATHBHYIO TPYIINY IOJOXHTE/IbHbIX
BelllecTBeHHBIX uuces. OueBHAHO, 3TOT OMOMOP(HU3M Hempe-
PblBeH, a ero spoM fBJAETCS 3aMKHyTas NOArpymmna rpymn-
mpl J, KOTOopyio Mbl 0603Hauum JO.

B cuny dopmyasl npousBefeHuMss k* copepxurcs B J°
B KauecTB€ 3aMKHYTOH AHMCKDETHOH MNOArPYIIIbI.

MoXHO BBECTH eCTECTBEHHBI# romomopdusm rpymmsl J
Ha rpymnny ApoGHbIX uJeasoB Kosbla [. [edicTBATEBbHO,
IJIs. BCSIKOTO UIedsl a = (a,) KOMIIOHEHTHl @, MpHHAJN/Ie)KaT
k,, Tak 4TO MOXKHO ONpPEJeJMTb MOPANOK Q, OTHOCHTEJBHO
P, €CJM U eCcTb P-aJHuecKoe HOPMHPOBaHHe. ITOT MOPALOK
paBeH IEeJIOMY YHCJY rp, KOTOPOE OIpele/sieTCsl H3 PaBeHCT-
Ba

o
Ay = ﬂvvu,
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rje m,—npoCTOH 3JleMeHT, 4 —eauHHua rpynnel U,. [lo-
JIOXKHM

rp= ordP a.

Torpa r,=1 jpas nMouTH BCEX U, ¥ TeM CaMbIM BbIpaXKeHHE

H pordpa

P

npeAcTaBaseT co6oil JpoOHBIE Hueas, o003HAuaeMbIA TaKKe

cuMBosioM (a). Oto6paxeHue
a4 -~ (a) =H pordpa

IBJI€TCA roMoMOpGH3MOM rpynmel J Ha Trpynny JApPoOHBIX
uzeasnos J(k), sApo Kotoporo paBHo Jg_.

dyeMeHT moJia k*, paccMaTpHBaeMbli KaK HJeNb, Hasbl-
BaeTcsl eAasHbiM ulesem. C HUM cBA3aH TJIaBHBIR HOead.
CniefoBaTesbHO, ONMHCAHHOE BRILE OTOOpa*KeHHE HHIYLHPYET
romoMopdusM rpynnel J/k* Ha rpynmy KJsaccoB HJAeaJoB.
daxrtoprpynna J/k* HaspiBaeTcs rpymno# kaaccos udesed u
o6o3Hauaercss cuUMBoJioM Cp (uyam C, eciiM OuUeBHJHO, Kakoe
noje k umeercs B BuAy). OHa coaepXuT 3aMKHYTYI0 1OA-
rpynny C} = JO/k*.

[Iycte S—KoHeuHOe NOAMHOXeCTBO cucTeMbl Mpy; co-
nepxamee So. Jg ABAAETCH OTKPHITOR MOArPyNNOH TPyHIIBI
J, a J§—otkpuiToif moarpynnoi rpynmel J°. Ilepeceuenue

Js k*

Mbl 6yjgeM 0603HauaThb CHMBOJIOM kg H HaswlBaThb TIPYNIOH
S-edunuy. OHa, OYEeBHJHO, SIBJSETCS JUCKPETHOH MOATpyn-
no#t rpymnsl Js. Ilpu S =S oHa coBnagaer ¢ rpynmno#t enu-
HUIL KOJIbIA UEeNbIX 4uces [z, T. €. ¢ MHOXECTBOM TeX 3Je-
MEHTOB «a € k*, s KOTOpHX |a,|=1 npu v ¢ Sw. PakTop-
rpynna Jg/ks HasplBaeTcsi IPyNnod xaaccos S-udeaeii n 060-
3HadaetTcsi cuMBosioM Cg. OnpeznesieHH eCTeCTBEHHBlE BJIO-
KEHUS

Cs — C, s — CY -
NpH KOTODBIX ME€Hblllag TpyIa OTOﬁpa}KaETCH Ha OTKPLITYIO

H 3aMKHYTYy1O noarpynny OoJgbiiedl rpynnsl (3TO NpoBepseT-
Cs HemocpeJACTBEHHO). B Tepmunax wujesedl nepsoe oToGpa-
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eHHe HHIYUHPOBAHO BJIOMKEHHAMH
JsSJ,
kNJs=ksSk,
Jslks S Ik
M HMEeT MeCTO H30MOP(H3M TOMOJOTHYECKHX TPy
J/IkR*Jg ~ C/Cg.

IIppy S=S8, rpymna J/k*Js. wu3oMopdHa rpynme KJaccoB
ujeasoB (ApOCHEIX) H MOTOMY KOHeuHa. CJiefoBaTeJbHO, NpH
mo6om S rpynna J/k*Js=C/Cg KoHeuHa, MOTOMY 4YTO OHa
ABjsgerca romoMopbHbiM o6pa3om rpynmel C/Cg,. B uactzO-
CTH, k*Jg., MOXKHO paccMaTpHBaTb Kak siApO ToMOMOpdH3Ma
rpynnel J Ha rpynny KJjaccoB uieasoB. I'pynny k*Jg MOXHO
MHTEPNPETHPOBaTh NMOAOOHBIM XKe 00pasoM Kak sjJpo TOMO-
MOpPH3MAa Ha TIPYyNNy KJIAaCCOB HJAeaJsoB, MNPEACTaBJEHHBIX
HjeaslaMH, B3aHMMHO NPOCTEIMH C S (B OYEBHAHOM CMBICJIE).

Teopema 4. akmopepynna J°/k* = C°® komnakmna. To
sce OMHOCUMCS K epynnam J%ks 0aa a06020 KoHeuHO20
muoxcecnea S o Sq

Hok asateabctBO. Ilycts
P:J — RF
—O0TOOpaKeHHe, CTaBslee B COOTBETCTBHE KaXKJIOMY HIEJIO
a aucjo P(a)=|lal]. Tak Kak P (k*)=1, MOXKHO CUHTaThb,

4yTo 1 ompegesneHo Ha J/k*. Ero aapom saBasierca rpymnna C°.
JLns BcAKOro BellecTBEHHOro uHcsaa @ >0 mnojoxum CP =

=@ 1(0). MuoxecrBo C° TomoJiornueckn usomopduo C°. B
CaMOM [JeJie, PacCMOTDHM HAEJb

a=0e"", ..., 0", 1,1, ..)

¢ KoMnoHeHTamH Q!/N B apXuMeAOBHIX HOPMHPOBAHHSIX H | —
B ocTajbHbIX. Torzga ¢ (a,)=¢ u C®=4a,C’ TlosTomy noc-

TaTOYHO JOKa3aTb, 4YTO MIJd HEKOTOPOro Q MHOXKECTBO c*
KOMIIAKTHO,

Jlemma. Mooxro natimu makyro Koncmanmy cy (k) >0,
4mo 0aa Q>>c, u 6cex a€ JP cywecmeyem maxoil saemenm
ack®* amo 1< aall, <0 npu ecex vE M.
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JokasaTtenbcTBo. CoraacHo teopeme 0 § 1, ru. V,
CyliecTByeT TakoH 3JjemMeHT a € k*, uro

et <|al,
Ans Becex v€ My, Orciofa BHITEKAlOT HepPaBEHCTBA
1< aalf,

JJs BCE€X U H, CJaeJoBaTeJIbHO, AJs1 BCAKOro 0

HG I H”aa”w <'i_‘Q,
[leal,
WwFED

4T0 H TPebOBaJIOCh.

JJast p-ajuuecKHX HOPMUPOBAHMH U= v, 3HaueHHs | aa |,
HMEIOT BHJ

., 1/Np, 1, Np, (Np)3, ...,

H JIHMDb JJIsi KOHEYHOTO uHcJa HAEaJioB P HMEeT MeCTO He-
paBeHcTBO Np < 0. Brifepem uncio @>>c,, Kak B JeMmMe.
H3 cpenanHoro sameuaHusi BhITEKaer cymeCTBOBaHne TaKoro
MHOXecCTBa S, 4TO

1<||oaly<e, vES,
|aal,=1, v§S.

[lyers X < J—NOAMHOXKECTBO, ONpeJe/NIeHHOEe 3THMH Hepa-
BedcTBaMH. OHO HMeeT BHJ

“ (KoJIBIO B kY) X H Us.

vES vg¢S

Kaxbli MHOXWTENb B 3TOM [MPOH3BEJIEHHH KOMIAKTEH (KaXK-
Jloe KOJIbII0O —3TO MHOXKECTBO 4HCeJs ¢ HOPMOH MeXay |l u g).
CanenoBaTeibHO, MHOXKeCTBO X KOMMakTHO. [1pu KaHOHHYec-
KOM TIOMOMOp¢H3ME

J— C

X oTobpaxaercsi HA KOMIAKTHOE IOJMHOXeCTBO rpynnu C,
cogepxkamee C°. CuenoBaresbno, C° KOMIAKTHO, 4TO M Tpe-
6oBasoCh JoOKaszaTb. KOMNakKTHOCTb (akToprpynne Jg/kg mo-
JAydaeTcsi HEMEAJIEHHO.

194
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W3 komnakTHOCTH rpynns J%/k* MOXKHO BbIBECTH Teope-
My O eIHHHUAX, He TIO0Jb3ysCh COOOpPaXKEHHSIMH, HBJO0XKEH-
HeIME B KoHile § 1 rai. V. ¥YKaxewm, Kak 3TO jesaeTcs.

[lycts gaHo MHOXKecTBO S D S, cocrosliee H3 S 3Je-
MeHToB. PaccMoTpuM JsorapadmHUecKoe oTOOparKeHHe

IOng —_— Rs’

(covs Qo o o)~ (o, logllalle, - . 2 )vese
I'pynna J§ orobpaxaercs B TunepmJaockocTb f1°71, sajan-
HYIO ypaBHeHHeM

B+ ... +E=0.

I'pynna kg oToOpaxkaeTrcs Ha AMCKPETHYIO MNOATPynmy Impo-
crpanctBa R®. JleficTBHTENbHO, B KaXJOM OrpaHH4YeHHOM
MOAMHOXKeCTBE NMPOCTpaHCTBA R® copepXuTca TOJBKO KOHEU-
HOEe UHCJO 3JeMeHTOB rpymnnel log (kg). (910 oveBHIHO, HOO
OTpaHHYeHHOE MHOXKECTBO Olpele/IFeTcs HepaBeHCTBAMH,
HaJIOXKEHHBIMH HAa JIOKAaJbHBIE HOPMBl 3JIeMEHTa 1oJsd &
H TNOTOMY Ha KO3h@UIHEHTH ypaBHeHHs HajJ Z, KOpHEM
KOTOPOTO $IBJISETCS 3TOT 3JIEMEHT.)

Teopema 5. O6pas log(ks) sasasemcsa Oduckpemuol
nodepynnoti panea s— 1 npocmparcmsa H3™1.

HJokasartenbcTBO. 3aMeTHM CHayaJja, uYTO IIPOCT-
panctBo [°"! nopoxjeHo Haj R Bektopamu log(J§), mnoto-
My 4TO S— 1 KOMIOHEHT HJess H3 MHOXKECTBAa S MOXKHO
BEIOpAaTh IPOU3BOJILHEIMH, a 3aTeM IoJoOpaTh NOCIELHION
(apx¥MeloBY) KOMTIOHEHTY Tak, 4ToOb CcymMMa JOrapugmosn
6pla HyJseBoii. [lycte W-—noanpocTpaHCTBO, MOPOXKAEHHOE
BekTOopamu log (kg). PaccMOTpyM HenpepeIBHBIH FOMOMOPdH3M

J&/ks — K= YW.

Ero o6pas nopoxpaaer H*/W xkak BeKTOpHOE MPOCTpPaHCTBO
Hag R. Ho sTo— HenpepbBHBIA 06pa3 KOMIIAKTHOIO MHO-
JKeCTBa; CJeJoBaTesJbHO, OH -KoMmakTeH. OTClOJa BLITEKaerT,
uro W = H*1, yto u TpeGoBa/sOCh JAOKA3aTh.
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slnpo snorapudmHuecKoro oToOOpameHHsT COCTOUT B TOY-
HOCTH H3 KOpHeH H3 eJHHHIbl, COJAepXKallMXcs B MoJe
k, moToMy 4YTO OHO NpeACTaBJsieT COOOH MOArpPyHIY, COCTOS-
ILyI0 M3 3JIEMEHTOB, BCE€ HODPMHI -KOTOPHIX OIpPaHHUYEHBbI, TaK
4TO 3Ta MOATPYNNa KOHEYHA.

Omnuirem HekoTopyw (yHAAMEHTaJbHYW 00/acTb JJs
rpynnel J/k*; oHa noHaA0OHTCA HaM AJs BHUHUCJEHHH.

BribepeM OfHO HODMHpPOBaHHE U, E So H 0003HAYMM uepes3
S& JomosHeHHe K v,. OrpaHHueHHe JorapHQMHUECKOTO
orobpaxkeHusi Ha J§., OynreM oGo3HauaTh OykBo# [. OTobpa-
XKeHHe

1:J%., — R

ABJsIETCS] TOMOMOPGhH3MOM Ha r-MepHOe €BKJHJ0BO IPOCTPaH-
CTBO, r="r,;-+r,—1. OnuMopdHOCTb CJeLyeT U3 TOro, 4TO r

KOMIIOHEHT HJeJ U3 MHOXeCTBA S, MOXKHO BbIOpaTh IIpoO-

H3BOJIbHO, a 3aTeM NoJ00paTh OCTABILIYIOCS KOMIIOHEHTY Tak,
uTOOH Hjesab nomnaJg B JO.

Ilycere {&;} (i=1, ..., r)—06asuc Trpynnnl eJHHUI TIO
MOJlyJII0 KOpHel u3 eAuHHIbl. Torjga BeKTopHl [ (g;) 06pasyioT
6asuc mpoctpanctea R”, um s Bcsikoro 3gaemeHTa b€ Ji.

HMeeM
{ (b) = Z Zil (Si),

rle BelleCTBEHHble UHMCJa z; ONpeje]eHbl OfHO3HA4YHO. IIycTb
P —nmapaanenoron B r-MepHOM IPOCTPAaHCTBe, HATSIHYTHIA Ha
BeKTOpH! [ (g;), T. €. P — MHOXKeCTBO BEKTOPOB BHJA '

Z Zil (Si)

¢ 0<z; << 1. Ilycrs, nanee, w—4uUCJIO KOPDHEH H3 €IHHHIIHI,
cojepxkaruxcs B mose k. O6osnaunm cumBosoM E° moaMHo-
XKeCTBO Bcex uaenedl b€ [™1(P), aas woropeix 0<Larg by, <<
< 2n/w. Ilyctp, Aanee, A—mnOPSALOK TPYNIBL KJACCOB HJe-
ajqos, b, ..., 6™ _—sjementsl rpymnsl J°, ¢ KOTOPHIMH
CBsi3aHBl MjeaJbl, NPEACTABJAIOIIHE Bce KJaccel. Mmeer mec-
TO CJeAYIOHH pe3yJbTar.

Teop e’Ma 6. IModmrnoncecmso E epynnoe J°
E%5() | ... | E%bt

agasemca pyndamenmasroll o6aacmsio smotl epynnet mod k*.

1w

HdokaszateancTBo. [eas mo6oit uieisb bEJ"\la ol-
HO3HAYHO ONpele/eHHBIH HAeab b(), MBl MOxeM IOGHTbCH,
4TOObl CBSI3AHHBIA ¢ HHM HIeas OblJ TJIaBHBHIM. YMHOMKAas Ha
3JIEMEHT TIOJIs, Mbl NPeBpPaTHM 3TOT TJaBHBIH HIead B elu-
HUYHBIA; HAENb, CJIE0BAaTe/IbHO, NONAAET B Tpymny J3..
YMHOXKEHHE Ha NOAXOISAILYIO eJHHWIY CABHraetT HIeIb B
It (P), a 3aTeM yMHOMKeHHE HAa COOTBETCTBYIOWIMA KODEHb
M3 eJMHHUbl I03BOJISIET HCIPABHTb apryMeHT arg by, Tak,
4To0Bl Hienb nomad B E°. OueBHAHO, pe3yJbTaT onpeieseH
OJHO3HAa4YHO. 3TO JOKAa3blBaeT HAUIy TEOpeEMY.

§ 3. Hadeau




Fnasa VI

®YHKUHOHAJIbHOE YPABHEHHE

Mbl HauHeM C TEODHH JBOMCTBEHHOCTH JJ5 JOKaJbHBIX
nosied, T. €. TONOJHEHMH YHMCJOBBIX TOJEH OTHOCHTEJLHO
HeKOTOpOro HopMuposanusd. B § 1 comepxkuTcs aAJAMTHBHAS
Teopusi, a B § 2—MYJ/bTHIJIHKATHBHAS; o6e OHH HCNOJb-
3yloTcA B JaJbHEHIIeM.

B § 3 mpl ycTaHaBJuBaeM JIOKaJlbHOE byHKUMOHAJIBLHOE .
ypaBHeH#e, a B § 4 TMpPOBOAMM HEKOTOpLIE ﬂoxaange
BLIKJIAJKH W BBIUHCJIAEM Clienualbhbie A3eTa-QYHKIHH, KOTO-
pule u ynorpeSasorcst NpPaKTHIECKH. B § 5 obcyxnraercd
Mepa Xaapa ¥ HHTErpypoBaHWe Ha OrpaHMHEHHBIX IPSIMBbI X
npousBefeHHs X, a B § 6'CTpouTCA ~ ANAUTHBHAS rjo6ajbHas
ABoficTBenHOCTb. OCHOBHOfi pE3yJbTAT COCTOUT B TOM, 4TO
rpynoa ajesei JABOACTBEHHA CaMOH ceGe, a alQUTHBHASA
JUCKpeTHasi TPyNNa ToJs k, BJOXKEeHHas B Ipynny aiejed,
qBJISIeTCS B Hell COGCTBEHHBIM OPTOrOHAJbHBLIM AONOJHEHHEM.
TeM caMblM K 3TOH CHTyalMd MOXHO [PHMEHHTb dopmyay
I[lyaccona (uto # Jesiaercst B § 7), U3 KOTOPOH HEMENJIEHHO
nosiydaercst GyHKIMOHANbHOE ypaBHEHHE JJIA L-psinos B a6-
ctpakTHOH ¢opme. Ha camom jene Mbl HOJYydaeM GoJibLIe
(kaK 4 B KJaCCHYECKOM caydae), NOTOMy 4YTO L-psA mnpel-
cTaBJseTcsl B BHJe BCIOAY CXOAALIEToCH HHTerpajna nJuoc
NpoCcTOdl dWJeH, BBUIE/AIOMMHA BOSMOXKHbIE [POCTHIE TIOJTIOCHL
B Toukax s=1 mm s=0.

Hakonen, B § 8 Mbl Bbiudc/sieM B sBHOM BHIE 0OBEKThHI,
durypupyomue B § 7, 0 HPUBOLMM Ha0op TOXKAECTB, NOJIE3-
HBIX B NOCJEAYIOIUX MPUJIOKEHHAX. .

VYcJIOBUMCS OTHOCHTEJbHO HEKOTOPHIX ob603Ha4YeHUH. D’,Jm
BCSKON JIOKAaJbHO KOMMAKTHOH KOMMYTATMBHOH TDYTIBI G
cumBosiom Inv (G) oBo3HauaeTcss MHOXKECTBO HeENPEPbIBHBIX
KOMIJIEKCHO3HAuHbIX GyHKuuit f Ha G, KOTOpHEe IpHHalJe-
®aT L,(G) 4 06JajfaioT TeM CBOWCTBOM, 4TO HX npeoGpaso-
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BaHue Dypbe [ TOKe HeNpepeiBHO U mnpuHangexut L, (G)
Hast stux QyHKuui uMeet MecTto opmyJa obpamens Dypoe,
€CcJId MBI HajlexamuM (M OJHO3HAYHBIM) 06pa3oM BblGepeM
Mepy Xaapa Ha G B 3aBUCHUMOCTH OT Mepnl Xaapa Ha G.
Takasa napa mep OyieT Ha3bIBaTbCA 63AUMHO 080UCMEEHHOU;
B Haled TeOpUH aAAUTHBHBIE MEPHI IOCTOAHHO OYAyT B3aHUMHO
IBOHCTBEHHBIMH.

Mbl 6yzeM 4YacTO mMOJIL30BATBCA TeM OOCTOSITENLCTBOM,

4TO JJIS BCSIKOTO XapakKTepa X Ha KOMNAKTHOH rpynne G
HMeeT MECTO TOMXKJAECTBO

S x (%) dx= {Mepa G, econ y=id,
G 0, ecan  y=~id.

BBUAY TPUBHAJNBLHOCTH 3TOr0 (akTa HANOMHHM €ro JoKasa-
TesabcTBO. Ecam § == id, cywmectByer Takoil sgemenTt y € G,

JJsi kotoporo ¥ (y)=~1. CnBuras G Ha y, 4UTO HEe MeHdAeT
MepBI, NOJy4aeM

xde={ x(c+pde=y() { %00 ax.
G G G
Brluyrtas ¥ nosbaydack TeM, 4To ¥ (y) == 1, naxonum tpeGyemoe.

§ 1. JlokasbHas ajAuTHBHAS IBOHCTBEHHOCTh

ITyctb k = k, 03HAUaeT MONOJIHEHHE YUCJIOBOTO MOJS OTHO-
cuTesIbHO HOpMHpoBaHus v. Ilojie k, HasbIBaeTCS A0KQAALHOIM.
Ono saBasiercs JuGO BenleCTBEHHBIM, JUOO KOMIJIEKCHBIM,
JuOO P-aAuvyecKuM; TOT XKe SMUTeT OTHocUTcs K v. CHMBO-
jom | |, o6o3Hauaercsi HOPMHpOBaHHWE, HHAyUHpYiOmee OGBIY-
Hyl0 aGCOJIIOTHYIO BeJIMUMHY HA MOJie BelleCTBEHHBIX uHces,
ecJqM U apXHUMeJoBO, M p-aJiuuecKoe HOPMUDOBaHUE | p [, = 1/p,
ecsd v sBJsiercs p-agudeckuM. Ilycte Ny = [k, 1 Qp] — J0KAIb-
Has cTeneHb. Mel mosaraem

% llo=1x]"

Eciau v ecTb p-ajuueckoe HOPMHpOBaHHe, a Np—UHCJIO 3Je€-
MEHTOB MOJs KJacCOB BHUETOB 8/P, TO

I llp =1l = (ND)™,
roe v :ordp_x.

g%
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Ilycts cHayasna k=Q,. BBeleM HEKOTOPHI HETPHBHAJb-

HBI XapaKTep aJJMTHBHOH (JIOKaJbHO KOMIAKTHOM) IPynmbl &.
EcJsu v— BellleCTBEHHOE HOPMHPOBaHHE, TOJIOXKHM

Ao (x) = —x (mod 1).

Ecau u— p-aadueckoe HOpMHpOBaHHe, Z, U Qp—KOJIbUO
IeJIBIX p-aJMueCKHX UYHCEN M MOoJie BCeX p-aJMUeCKuX YHCel
COOTBETCTBEHHO, TO CYUIECTBYeT KaHOHHMYECKOe BJIOXKEHHE
dakroprpynn Qp/Z,—> Q/Z; o6pa3 3TOro BJIOXKEHHS — KJ1aCChl
palMOHAJbHLIX UYHCEJ, 3HAMEHaTeJd KOTOPHIX  SIBJISIOTCH
crenensivi p. Baoxum rpynny Q/Z B rpymny R/Z (Bemiect-
BenHblXx gucesm mod 1) u ompelesuM romomMopdH3M Ay Kak
KOMIIO3HIHIO BCEX 3THX OTOOpPAXKeHHH:

xO:Qp'%Qp/Zp'_) (al/Z‘9 R/Z.

IInsi BCSKOrO KOHEUHOro .pacilihpeHHsi B nojs Q, CHMBO-

JIOM Tr=Tr3 0603HauHUM oOMepaTop CcJeJa ¥ PacCMOTPHM
0

oToGpaxKeHHe
A=RAgoTr.

OHo siB/IsieTcs HeNpPEPLIBHBIM HETPHBHAJIbHBIM TOMOMOP(H3MOM
noJsi k B Ipynmy BemiecTBEeHHBIX uxces mod 1.

Teopema 1. Ilycme k— roxarvroe noze. Tozda 6uau-

HeliHoe omobpadiceriie
(x’ y) ~ e2:rti7\.(xy)

onpedeasem usgomopusm addumuenod epynnvt nois k c ee
cobcmeeHHoll epynnotl Xapaxmepos.

JlokazaTeabcTBO. Jlerko mpoBepHThb, 4TO 3TO CNAapH-
BaHHe HeNpephBHO, a 06a ero siipa TPHBHAJbLHBI. JTHM onpe-
JleJISIeTCsi ecTeCTBeHHOe OTOGpaxKeHHe IPyNnbl k& B TPynmy k;
OHO HENpephHBHO M MOHOMOPdHO, a 06pas ero BCIOAY MJIOTEH.
B efiCTBUTEJbHOCTH OHO SBJIIETCA H30MOPPH3MOM; B CaMOM
NleJle, ecJH XapakTep Ay, ONpeAeseMuldi GopMyJIo#

)"x (y) — e2:rti7\.(xy)’
O0JIM30K K eJIHMHHIe, OH J0JXeH INPHHHMATb 6auskue K 1

3HaYeHHs] Ha GOJIbIIOM KOMIAKTHOM IOAMHOXKECTBE NOJS K.
Orciofia HeMe[JIEHHO NOJIydaeTcs, UTO 3JEMEHT X HOJXKeH
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O6biTh 6/1M30K K HyJ0. B CBOIO ouepeib 3TO oO3HauyaeT, 4TO
o6pa3 k B rpynne XapakTepoB TPYNIbl £ TOJOH ¥ TOTOMY
3aMkHyT. CrejoBaTesibHO, OTOGpaKeHHe STUMOPGHO |, 3HAYHT,
SBJISIETCS H30MOPPU3MOM.

Mu Gyfem mosb30BaThCsl TOH Mepod Xaapa Ha rpynme &,
KoTopasd ABONCTBeHHa camol ceGe. KMeHHO, mosoxum:
dx—obbluHas Mepa Jlebera Ha BellecTBEHHOH IPSIMOH,
ecJii k— BelleCTBEHHOE TIOJIE;
dx—yJABoeHHas obblyHasi Mepa JleGera, ecau k— KoMII-
JIEKCHAs TJOCKOCTb;
dx—wMepa, OTHOCHTEJNbHO KOTOPOH KOJBLO 0 LEJbIX YHCE
nons k umeer mepy (ND)~Y2, ecau k— p-aguueckoe
noJje.
3nece, Kak o6bluHO, D =D, —J0oKajbHAs AudepenTa, T. e.
Takod ujeas, uto D! sABifeTCH OPTOrOHAJLHBEIM JOMOJIHE-
HHeM K D OTHOCHTEJbHO CMApHBaHHS, OMPEAEJEHHOTO B TEO-
peme 1.
[ moboii mepor Xaapa p Ha k u 06020 Hewyiesoeo
aremenma a€k* noana k umeem

1 (ao) = [l a | (o)

uau, cumeoauvecku, d(ax)=|alldx.

Hame yTBepxjeHne OueBHAHO B apXHMEJOBOM CJyyae.
Ecau v— p-aguueckoe HOPMHpOBaHHe, NOCTATOYHO POBEPHTH
ero CrnpaBeJJIMBOCTb AJiA NPOCTOrO 3JEMeHTa a=mx. B stoM
caydyae MHIEKC OTKpPHITOH moarpynnbl e paBeH Qp. Orciona
caenyer tpebyemoe.

Teopema 2. Onpedesum o6pas Pypoe f pyrKyuu
f€Li(k) popmyaroi

F) =\ Foe-maendy,
Toez0a npu Hawem 8vbibope mepot hopmyaa obpawjenu s umeem sud
3
f(x)=F(—x)
0aa ecex f€lnv (k).

JokasaTeabcTBO. J0CTaTouHO yCTAHOBHTBL 3TY (oOp-
MYJly JJis OJHOM HEeTpUBHAJ/bHOW (YHKUHH, HOQ, K3K H3Be-

e
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CTHO M3 abcTpakTHoro anagusa Pypee, dopmysa obpauienus
BCerja MMeeT TakOH BUJA C TOYHOCTBIO 10 MOCTOSHHOTO MHO-
xKuTe . [ BelecTBEHHOTO MHOJs k MOXKHO PacCMOTPETh
[ (x) =e—"** nns KoMmjaekcHoro—f (x) =e=2%*2" nna p-agu-
4eCKOro — XapakKTepPUCTHUeCK Y0 PYHKUHIO KoJabua o. Jera/u
BBIUHCJIEHHS Mbl OCTaBJsieM uuTatesio (cp. § 4).

§ 2. JlokaabHasi MyJbTHNJIMKATHBHASI TEOPHS

[pynno#t edunuy U, =U Haiiero JokaJabHOro MOJS Hasbi-

BaeTcs AAPO roMoMopdusMma

a~|al
rpynnsl  k*. Ecau v ecTh p-ajHueckoe HOPMHPOBaHMUE,
U aBasieTcsi KOMIIAKTHOH W OTKPBLITOH TOATPYMIIOH; KOMIAaKTHA.
OHa B JIO060OM cJyyae.

Ksasuxapaxmepom rpynnnl k* HasbiBaeTcs BCAKHHA Hempe-
PHIBHBIE TOMOMOPGH3M ¢ 3TOH TPYNIbl B MYJbTHIJIMKATHBHYIO
TPynny KOMIJIEKCHBIX uYHces. TeM caMblM XapaKTep— 3TO
KBa3WxapakTep, 3HAUEHHs] KOTOPOro Mo aOCOJIOTHOH BeJH-
YuHe paBHBI eauHulle. KBasuxapakTep Has3blBaeTCsi Hepassem-
gaeHHnbim, ecau Ha U oH TpHBHaJeH.

I[Ipeanoxenue 1. Hepassemsietnbie Keasuxapaxmeps.
npedcmasgasom coboli omobpadcenus suda

¢ (@) =alf = etosen,

ede s— ar0boe komnaexcroe 4ucao. OHO OOHO3HA4HO onpede-
AEHO, eCAUu U-—apxumedo80 HOPMUPOBAHUE, U C MOYHOCHLLIO
0o yeao20 kpamrozo 2ni/log Np, ecau v asasemes p-aduveckum.

JJokaszaTeJbCTBO. 3HaueHHe HEPa3BETBJEHHOTO KBa-
3UXapaKTepa 3aBHCHT TOJNBKO OT || a||. Bocnoab3yemes e, uTo

B*~UxR* u k*a~UXLZ
B apXWMeJOBOM H pP-aJHyeCKOM cJydasX COOTBETCTBEHHO.
Bo BTOPOM CcJydya€ pasJgoxKeHHue olIpefeasaeTcss, KOHEYHO,

HekaHoHuyeckd. OHO 3ajaeTcss BHIGOPOM 3JEMEHTA It [I€PBOTO
nopsilka W NpeACTaBJEHHEM BCSKOTO 3JeMeHTa a € k* B BUIe

a=mu,

raie r—ueJjoe 4yucJo, ud—eIuHuna. OTCIO,U,a CJelyeT Hame
yTBEPKIAEHHE.
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OrpanuueHde Ji060TO KBasWxapakTepa ¢ Ha Tpynny
elHHULl OIpellejseT HEKOTOPLIH XapakTep 3TOH TpyNmsbl,
NMOTOMYy 4TO OHa KoMmaktHa. O6GpaTHO, IJs BCAKOTO Xapak-
Tepa x Tpynnsl k* QyHkuua

c(@)=x(@)|lalf

npejCTaBJisieT co00H KBasHxapakTep.
Ecan v—apxumenoBo HOpPMHUpOBaHHME, TO JIOOOH Xapak-
Tep y TPyINbBl k* MOXKHO NpeACTaBUTbL B BHJE

x@ = (a7 )" Il

rae m=m,(y)—uesaoe uHcao, paBHoe 0 wmau 1, ecium v
BEeIIeCTBEHHOE; ¢ = ¢, ())/ BelleCTBEHHOe UYHCJO; M H @
OJHO3HAYHO OTpeJeJieHbl /XapakTeEPOM .-

Ecau v ecth p-agudeckoe HOPMHPOBAaHHE, TO NOATPYIIBL
1 4 pv(v>0) ob6pasyor HyHAaMEHTAIbHYIO CHCTEMY OKpecT-
Hoctell exunuisl B rpynne U. Ilostomy so6ofi KBasuxapak-
Tep ¢ JOJIK€H Ha OJHOH W3 3THX TOATPYNN OHITh €JUHHY-
HbiM. [lycTh m — HauMeHblee IleJl0oe YHCJO, JJsI KOTOpPOTo
c(l+4+p»™ =1. Hrean

fp:‘fp,xzpm

MBI HasoBeM eedyuium udeasom Xapakrtepa c¢. (Ecam m =0,
To =0, 1O omnpeje/eHHIO.)

Hucno my () uwau ord,fy=m B apXHMeNOBOM H HeapXH-
MeJOBOM CJyyYasiX COOTBETCTBEHHO Mbl OyJeM OAHHAKOBO
Ha3biBATb CIMENnexblo 6emaieHus KBa3HXapakTepa ¢ M Xapak-
Tepa .

3adUKCHPOBAB MPOCTOH 3JEMEHT T B P-aUYecKOM cjaydae
H COOTBETCTBYyIOLlee pasJioKeHHe

R*~UxR" um k*~UXZ,
MB OyneM cHMBoJIOM @’ 0603HayaTb U-KOMIIOHEHTY 3JieMeHTa
a€k* (rak uto a’=al|al|, ecan v-—apXHMeJ0BO), a CHMBO-
JoM ¢’ —orpanuuende ¢ ua U. DJjeMeHTapHble CBOHCTBA
rpynn R* u Z noxasbiBaioT, uTO

Ilpennoxenue 2. Keasuxapaxmepamu epynnor k*
ABNAUOMCA BCEBOIMOYCHble 0mOOpascenus 8uda

a~cl@)=c @)]alp,
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ede ¢’ —arobod xapaxmep epynnet U, 00HO3Ha4HO onpedenet-
Hol kKeasduxapaxmepom c. Komnaexcroe yucao s onpedessiemes
npedaosceruem 1. o

BeuiecTBeHHas 4aCTh 4HCJa S, BBELEHHOTO B HIpejJjoxe-
HUH 2, O HO3HAYHO OINpeJe/IfeTCsA KBa3uxapaktepoM. Mul 6y ieMm
Ha3bIBaTb €€ BeujecmeeHnoly 4acmer0 3TOTO KBasHXapakTepa
1 o6o3HauaTh cHMBOJOM Re (c).

BepHemca Ttenepb K Mepe Xaapa. Ecau ¢ysknus g (a)
npuHagnexut npoctpadctsy C.(k*) HempepblBHBIX (yHKIHH
Ha kR* C KOMIAKTHBEIM HOCHTesJeM, TO GYHKUHA g (x)] x|
npuHaAnexHT npoctpaHcTBy C,(k*—0)=C.(k—0). Caeno-
' BaTE€JbHO, MBI MOXKeM ONpPeJe/JHTb HeTPHBHAJbHBEH (YHKIHO-
Han Ha C.(k*) dopmy.on

g~ S g(x)|[ x| tdx.
S Yl

OueBUAHO, OH HHBAPHAHTEH OTHOCHTEJBHO MYJbTHIIHKATHB-
HBIX CIBHIOB H IOJIOXKHTEJNEH, a cJeJoBaTeJbHO, COOTBET-
CTByeT Hekotopod Mepe Xaapa. Ilepexoms Kk mnpegeny,
noayyaem

[Tpennoxenue 3. Pynxyua g(a) npunadiexcum npo-
cmparcmgy Ly (k*) 6 mom u moavko mom cayuae, xoezda
pynkyus g (x) |l x|t npunadaescum npocmparncmsy Ly (k—0).
s makux Qyukyul umeem mecino moxcoecmso

Vg@adia= { g(x)) x| dx,
h* k-0

20e dia—eouueynomanyman mepa Xaapa Ha epynne k¥,
a dx—mepa Ha addumusHol epynne k.

Ha camom gnene Ham OyaeTr yjo6Hée noJb30BaThHCS MEpOH
Xaapa Ha k*, oT/MYamOLIEHCs OT ONHCAHHOH B P-aAHYeCKOM
clydae HEKOTODHIM MHOXKHTEJEeM Tak, 4yToOnl Mepa rpymnst U
nouTH Bcerja Oblia paBHA eJUHHIE. TeM CaMbIM Mbl MIOJOXKHM

d*a=

€CJu U—apXumMeJ0Bo,

d*a —

= Np—TTal ’ ecml‘ v — p-ajH4eckKoe,
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Ilpeannoxenne 4. B p-aduueckom cay4ae Sd*az

1 U
= (ND)™

JokasarenbcTBO. Pe3yipTaT nonyuaercss Hemex-
JIEHHO M3 Onpeje/ieHHs aiJWTHBHOH Mepsl Xaapa, [JaHHOTO
B § 1, ecan yuects, uto '|al|=1 npu a €U u yro U =10 \_p.

§ 3. JlokanbHoe ¢yHKUHORANBLHOE YypaBHeHHe

B stom naparpade f(x)— HekoTopas KOMIJEKCHO3HAuYHAsl
¢yuknus Ha k*, [(a)—ee orpannuenne Ha k*. Mel paccmaT-
puBaeM (QYHKUHH, KOTOpble YAOBJETBOPSIOT CJeLYIOUHM
YCJIOBHAM:

JIl,-f (x) ¥ f(x) HenpepHIBHLL U NpHHAAJexXKaT NPOCTPAH-

ctBy’ Ly (B7). .

J2,-f(a)||a||® u f(a)]|a]|® npu o >0 npunaniexar npo-

cTpaHcTBY L, (kB*).

Ha wmnoxectse mnap (f, ¢), cocrosimux u3 GyHKumE f

- M KBasuxapakrTepa ¢, omnpelesuM {-GOyHKIHMIO, moJaras

t(f, o= F@)c(@da

Ecim kBasuxapakTep ¢ 3afan B BHLe c(a)=7y(a)| al®, rae

¥ — HEKOTOpHIA XapakTep TPynnbl £*, Mbl GyJieM M0Jb30BaThCS
TaKKe 3alHCbIo

e 1 9= [@r@|alf da.

[lpu dukcupoBaHHBIX ) H [ [3eTa-QOYHKIUHIO MOKHO paccMart-
puBaTh Kak OYHKUMIO OJHOH KOMIJIEKCHOH IepeMeHHOH,
KOTopas B CHJIy YCJOBHH, HaJOXeHHHX Ha f, rosomopdHa
npa Re(s)>0 (uan Re(c) > 0). B sTolt 0o6/1aCcTH, KaK JETKO
BHAETH, MOXKHO BHOCHTb JH(}epeHUHPOBaHHE T110J 3HAK
uHTerpaia. HasoBem KBasuXapakTepol ¢, C, JK8UBAACHMI-

HbIMU, €CIH ¢, (@) =c, (a) || a Hsi AJI HEKOTOPOr'0 KOMIIJIEKCHOTO
yucaa s;. Ha KaX[oM Kiacce sKBHBAJIEHTHOCTH KBa3HXapaK-
TEPOB [13eTa-QYHKIHMS SBJISETCS KOMIJIEKCHO3HAYHOH (YHK-
LHed; sICHO, YT CJelyeT NOHHMATh - [0J €€ AHAJHTHICCKHM
IPOLOJIKEHHEM, :



138 Fa. VII. @yuxyuonasvnoe ypasuenue : /

.

Ilast moGoro KBasuxapakTepa ¢ HOMOXKEM ¢ (a) = || al ¢™¥( (@).

PyHKIHOHAAbHOE YypaBHeHHEe OyJeT Cﬂe)lCTBHeM OCHOBHO#M
JIEMMHI.

Jlemma. [as moboeo keasuxapakmepa ¢ 6 obaacmu

0<<Re(c)<<1 u moboix Osyx pyuxyut f, g, ydosremsops-
roujux ycaoguam Jl,, J12,, umeem

L(F otg o)=t(f, Ot(g, o).

HokasatenbctBo. Ilpoussenenue §(f, ¢) (g, ¢)
MOXKHO TIDEICTABUTb B BHJe aOCOMIOTHO CXOJSIIEroCs JBOH-
HOro WHTerpasa no k¥ x k*:

ng“”é@ﬂﬁw*mbuwawa

Tak kak Mepa HWHBapHaHTA OTHOCHTEJBbHO AaBTOMOP(H3Ma
(a, b)— (a, ab), TO 3TOT UHTErpan paBeH

{§ 7@ g @byeab|dradre.

[loncraBasis ciofa ompejenenne (QyHKIUM g H MYJbTHIIH-
KaTUBHBIX Mep d*ad*bh, HaxoiuMm (C TOYHOCTBIO JO JIerKo
BBIUHCJIHMOrO NIOCTOSIHHOTO MHOKHTEJIS)

)| § F@ g () emiresidxdade.

OTo BbIpaXKeHAE CHMMETPHYHO OTHOCHTENbHO f U g, uTo -

U Jl0KasplBaeT JIEMMY.

Ecim MBI cMOKeM JOKa3aTh CyUIECTBOBAHHE XOTA Gbl O/IHOM
dynkuuu f, gas xoropoh ( (f, );&0 orciofa Oyner cJe-
JoBaThb, - uTo oTHomenue (f, ¢)/t(F, ¢) ompemeneno oHo-
3HaYHO W He 3aBUCHUT OT f. Mpl 0003Ha4HUM 3TO OTHOLICHHE
CHMBOJIOM @ (C), a B cJAeAyiolmeM Inaparpade IJs KaxKIoro
KJacca 3KBHBaJIEHTHOCTH KBa3uXapaKTepoB HaJ JOKa/JAbHbIM
oJieM IIOCTPOMM (PYHKIHIO f, AJ KOTOpPOH Q (C) OIpefeJsieHo.
Orciona OyaeT cienoBaTh

Teopema 3. [sema-¢pynkyus Oonyckaem aHaAUMU-
yeckoe npodoaxcenue Ha o0baacmb 6Cex Keasuxapaxmepos,
onpedessiemoe PYHKYUOHANbHOLM YpasHeruem 8ula

L =0, o)

§ 4. Jokasvuoie soiiucrenusn 139

Mmuoscumensv Q(c), He 3asucauwutl om [, aeasemca mepomopg-
Holl ¢ynxyuel, Komopas onpedessemcs QYHKUYUOHANbHOIM
ypasreruem 6 obracmu 0 << Re (c) << u anamumuyecku npo-
doaoaemcsa HQ 8Ce Keasuxapaxmepb.

M3 ¢yHKIHOHAJBLHOrO ypaBHEHHS MOJAYUalOTCs CJAEAYIO-
mye CcBoHcTBa (YHKUHH Q(c) (MX MpoBepPKa TPUBHAJbLHA,
U MBI OCTaBJISIeM €e 4HTaTeJo):

—1)

De@=%75""

2) e(c)=c(—1)e(o),

3) npu Re(c)=1/2 umeem |o(c)|=1.

B cuenyrouieM naparpade Mbl yKaxKeM JAJA  KaXKJOro
KJacca KBa3WXapakTepPOB BeCOBYW QYHKUHIO f., KOTOpas
NPUAAET JOKaJbHOH J3eTa-GyHKUHMH OOLYHBIA BHJ H, B 4aCT-
HOCTH, MO3BOJISIET BBIUHCJUTHL MHOXKHTENb Q (C).

§ 4. JlokajbHble BBIYHCJAEHH S

U-—apXuMeI0BO HOpPMHpOBaHME. Mpbl HOJb3yeMcs Cjaeny-
IOWUMH 0003HAYECHUSIMH

x— ki-nepemeHHas; a— kj-niepeMenHas;

dx—N,-KpaTHas Mepa JleGera; d*a=dal||a]|.

JIro6oii xapakTep 7 TpynmBl k; MNpeICTaBJsSeTCS B BHJE

x@=(757)" lal™,

lal /.

rie m=m, (%) 4 ¢ =¢,()). Eca¥ v — BemecTBeHHOE HOPMH-
poBanue, To m=0 um 1. Tlonoxum, panee:

S = o (x) = No (s + i@) +|m|,
So=Ny(1—5—ig)+|m|.
B BemecTBeHHOM cJyuae |
[x, v (x) = x"e—"x2,

B xomniexcHoM cJaydae

\%

-

[AL}‘"‘H&—Z”WI2 ecii  m>0
2m
f}t v( =

k—x'"‘\e““\’“'2 ecii  m<0.

N
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3ametnM, 49TO BHIGpaHHEE HaMH OYHKIOWH [y , 3aBHCST
TOJILKO OT m, TaK YTO MX MOXHO 0603Ha4aThb CHMBOJIAMH
fm=[m . Hanee, nna moGoro KBasuxapakTepa ¢, KOTOPOMY
COOTBETCTBYeT Ha IPyNNe eIHHHL XapaKTep Y, Mbl NHIIEM [,
BMECTO [y.

Teopema 4. B onucaunbix ob6osnatenrusx 0a8 6cex
ksasuxapakmepos c (a) =y (a)l| all® umerom mecmo ¢hopmyasi:

fm (x) =1i™If_p (x) (ecqu v BeleCTBEHHO, TO [_p = fm),
& (fer €) =T (Fx, o0 %» 8) = (Nom) 02T (5,/2), -
E(fer ) =5(fx,m %o 1—8) =011 (Nom) o T (5,/2).

Jloka3aTeabCcTBO. B BellecTBEHHOM CJiyyae MepBOe
yTBepXKJeHHe npoBepsieTcsl 6e3 TPyJa, H Mbl OCTaBJIsIEM 3Ty
MPOBEPKY YHTATEJIO.

[lpu pokasatennctBe ¢opmys Aas A3eTa-QYHKUUA B Be-
leCTBEHHOM CJiyuae Mbl HECKOJIbKO pa3 IMOJIb3yeMcs olpe-
JlesleHHeM raMma-(yHKLHH:

I'(s)= S e tut1 dz;.
0

BoluucsieHus 37ech COBCeM: JIeTKHE, H MBI TaKXe OCTaBJjsieM
HX YHTATEJIO.

B kommyieKcHOM cJjydae J[OKa3aTeJbCTBO [€PBOro TOXK-
JecTBa cjerka cjaoxHee. CHauaja Mbl JokakeM ¢opMmyJay
ANst fm mpd m >0 WEAYKuHMeH o m. B cooTBeTCTBHM C KJjac-
CHYeCKUMH 0GO3HaYeHHSIMH DACCMOTPUM KOMIIJIEKCHYIO Ilepe-
MEHHYI0

2=x-4iy=red.

[Ipu m=0 pa3oObem uHTerpas Pypre Ha ABA BeleCTBEH-
HblX HHTErpaja H BOCHOJIb3yeMCsl KJacCHYecKo# QopmyJion

[oe)
S e—n:u2+2n:ixu du = e—nx2.
-0

'

§ 4. Jlokasrbubte aotuucaerus 141

Ilycte MBI yXe JoOKa3asJd Hamie TOXKAECTBO JJS HEKO-
toporo m> 0, Tak 4TO

S fm (@) e=27A (20) doy = i ™f_, (2).

Pa3}1€.ﬂﬂﬂ BEHIeCTBEHHYIO H MHHMYIO 4YacTH, I0Jy4acM

[ee) [ee)
, S S (1 — i)™ g2 (ua-+oR)+ini (xu—y0)9 dyy dy—

—0o0 —0

= (™ (x+ iy)™e—2m @),

[Tonoxum D = (4ni)™1 [0/0x -+ i (0/0y)] u npumeHum oneparop D
K o0eMM 4acTsM ToxJecTBa (3TO JIErKOo, IOTOMY uTO B CHJY
aHaJUTHYHOCTH (yHKuuH 2™ uMeeM D (x-iy)™=0). B pe-
3yJbTaTe NOJYUYHTCS Halle yTBepXKAeHHe Aas m- 1. Obmui
HIar WHAYKLUHH TeM CaMbIM IIPOBEJIEH.

Jns foKasaTesnbCTBa Haulero ToxAecta npu m<<0 cie-
AyeT paccMoTpeTb npeobpasoBanHe Dypbe yxe [J0Ka3aHHOH

dopmy It
fom (@) =171 (2)

H ydecTb, uTo [(2)=f(—2).

Ilpun fokasatenbcTBe GOpPMYJ Aas A3eTa-OYHKUHHA MOXKHO
CYHTaTb, HE OrpaHHuuBasi oOOmHOCTH, uTO @ =0, a xapak-
Tep y HUMeeT BHUL Cy (a)=e™0. Torga

€ (fmsCm, S)=

fm (@) cm (@) || a|* d*a =

L

g 27T ImI =22 9 dr df =

oty

(r2)ls—1) + 1 m /2 g—2r3 g (72),

Il
S8 S8

OTKy Ja Tpe6YEMOC TOXKAECTBO HEMEJJICHHO NoJiyyaeTcda 3amMe-

A

HOH nepeMeHHBIX. PyHKuMsa { (f, ¢) mocJje 3Toro BHUHCASETCS
C NOMOIIBIO [1€DBOTO yTBEPXKAEHHS TEOPEMbl H ONpejeseHHH.
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v— p-aauyeckoe HopMmupoBaHHe. Mul nonbayemes cie-
AyoIUMH 0003HaUeHUSIMHU:

x — kf-nepeMennas; a — kj-nepeMeHHan;

dx—Mepa, OTHOCHTEJNbHO KOTOPOH d*q— N da
/ —1/g. =G Tal "
Mepa o paBua (ND)-Yz; Np—1 |fall
CHMBOJIOM My, ,=m 00603HauaeTcsi INOPSAJLOK BEeAYIETO
wieasa xapakTepa y, Tak uTo m>0. Kak ¥ B apXAMe10BOM

caydae, GyHKOuA fy , OyJeT 3aBUCETb TOJBKO OT 3TOTO
[[eJIOTO YHCJIA; MUMEHHO, MOJOXKHM:

e27ih (x), [X E C’D—lﬁcl,’
fm (X) = { 0, x ¢ @_179_61 -

(D H fy oTHOCATCS, KOHEYHO, K D). .
Ona yno6ctBa Oymem nucath Dy BMeLTO Dfy-

[Ipennoxenue H. Hmeem
. _l(N@)”2 (Nfy), x=1(mod fx),
fm (%) = 0, F x == 1 (mod fx).

JoxazaTeabCTBO. ITO HEMEAJIEHHO CJleyeT U3 TOTO
06CTOSITEIbCTBA, YTO MHTErPaj OT TPUBHAJIBLHOTO XapakTepa
0 KoMmnakTHo# rpynne G paBeH i (G), a OT HETPHBHAJD-
Horo— HyJs0. (Posb KOMNakTHOA rpynnbl B HameM cJydae
urpaet (®y)71.)

Ommemum, umo [,—xapaxmepucmudeckas (QynKyua
epynnee D71, a fo— (ND)/2-kpamnas xapaxmepucmuueckas
Gyrkyus epynnot 9.

BoiuncsauM - Tenepp B SIBHOM BHJAE A3€Ta-QYHKIHIO [J4
HEepa3BeTBJIEHHbIX XapaKTepoB. EcJsu xapakTep Y HepasBeT-
BJIEH, 3HaueHHe Y (1) He 3aBHUCHT OT BbIOOpa IPOCTOTO 3Jie-
MeHTa T, H Mbl OyJeM nHcaTb NmpocTo Y (P).

Teopema 5. [Tycmv y-—Hepaseemeéiernbili xapakmep

epynnot k*, f—xapakmepucmuveckas pynkyus udeasa p°.
Toeda

(ND)~2y (p)* (Np) ™"
L(f, % 9) 1) :
Nps

§ 4. JlokareHoie sbrucierus 143

JHokasaTeabcTBO. B HecJOXHOM MOJCYETE HUCIOJb-
3yeTcsi onpeleJieHUe MYJbTUIJIMKATHBHOA Mepsl Xaapa uepes
alJATHBHYIO, a HMHTErpaJ nOpeicTaB/sieTcss B BHJE CYMMBbI
HHTErpaJoB Mo KoJblaM pY\p¥+1, riae v medsercs oT #
1o oco. Ha kaxjaom TakoM KoJblie ||al|® mocTosiHHa, a § (a) =

=y (m¥), moToMy 4TO XapakTep Y Hepa3BeTBJieH. [leranu
MEl OCTaBJASIEM YHTATEJIO.

Caencrtsue 1. Hmeem

' _(NDys /2
& (for %o ) =TT R

& 1
& (For Xor l_s):l_:_]@:r

HokaszatenbcTBo. [IpHMeHuTn TeopeMy K n=
= —ord® B nepBoM cayyae ¥ K n=0—Bo BTOpOM.

CunepnctBue 2. Ilyecms vy — HepassemgieHHbil xapak-

.mep epynnor kK*, [,= fy— xapakmepucmudeckas @yHKyus

epynnot 1. Toeda

_ (ND)F ey (@)
C(f(}i X’ S)'_’ I_X(P)
Nps

—— 1
E(or A 1 —5) = [—%—1(p) Np—1 °

3aMeTuM, YTO /15 HEPa3BETBJIEHHBIX XapaKTepOB B 3Ha-
MeHaTeJie  JA3eTa-(QyHKLUUH CTOHT OOBIYHOE  BRIpAaXKEeHHE
1 —y (p) (Np)™. OTo He Tak A/ pPa3BETBJEHHHIX XapaKTepOB.

Teopema 6. [Tycme m—Hekomopeili npocmod 9aemerm,
X — xapakmep epynnot k*, m>0—nopadok eeo e6edyuiezo
udeasa, {e}—cucmema edunuy, npedcmasumeneti KAaccog
U/(1 +1x). Horomcum o(y)=ord (Dy) u
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ITycme, Oaxee, c(a)=vy (a)| al. Toe@ab
& (Fms €) =8 (fm %> 8) = (ND2)* p (1 +12) T (1),
2de T(x) = 2\ (xn) (en~° ). [laee,

L (Frms ©) =5 (s %, 1—5) = (ND)2 (Nf) (1 + )

3ameuaHue: mepa w—3To, pasyMmeercs, d*a, a ® B 060-
3HaueHun 2ni—3,1416... .

HoxkasarteabcTBo. [lo onpexresenuo,

— S ¥, °_° ’

Lim )= | n@x@lal*da= S (v § nia) (@) da,
oy —o (1) ,

rae Ay—koabno pV\ pvti. Mel yTBepKaaeMm, 4TO Bce UJeHHI

B 3TOH CyMMe, KpOMe [epBOro, PaBHH HYJIO.

Caywaid 1. v> —ord®. Torga n(a)=1 HAa Ay H HHTe-
pecyromui Hac HHTerpaj HMeeT BHA

S x (@)d*a= S x (an¥) d*a =y (V) S x (a) d*a.
U

v U

9To—HyJb, NOTOMy YTO XapaKTep y HeTpusHajeH Ha U.-

Caysatli 2. —ord® >v> —ord ® —ord fx. (ST1OT Ccayuai
MOXKeT MNpPeJCTaBHTbCA JHIIb NpH m >>1.) HToObl cnpaBUTbLCS
¢ HHM, pasoObeM A, Ha HemepecekarolHecs MNOAMHOXKeCTBA
Bufa a,+®1=g, (1 +Dp~v). Ha kaxkioMm TakoM mOA-
MHOXecTBe (YHKIHSI A TOCTOSIHHA H paBHAa A (g,), a Haml
HHTerpaJ paBeH

n@ | x@dwa
ag+P—1

OGpamenue ero B HyJb CJejyeT H3 TOTO, 9TO MYJbTHIJIH-
KATHBHLIM CJBUIOM 3TOT HHTErpaj MOXHO NPEBPATHTb B HH-
Terpan mo rpymme 1 ®71p—v, Ha KOTOPOH Hall XxapakTep
HeTpHBHAJIEH.

§ 5. Ozparudennvie npamwvie npousgedeHun - 145

TeM caMbIM HbJIyqaeM
Clfm % ) =(ND2* | (@ (@) d*e.

)

[TpeBpaTuTh 3TO BbipakeHHe B (HOpMyJy, BBIIHCAHHYIO B yc-
JIOBUH TeopeMbl, He MpeAcTaBiadeT TPyAa.

Jast BeluHCJIeHHST (PYHKIIHH & (fms ¥, 1 —s) caeagyer Boc-
NO/Ib30BATLCS TEM, YTO | MPEACTaBJsteT coGoii (ND)Y2 (Nfx)-
KPaTHYI0 XapaKTepHCTHYeCcKYi (GYHKIMIO rpynnsl 1+ fy,
a ¢ynkuua 7 l(a)|a|*® Ha 3TON moArpynme paBHa .
Otciola HeMelJIeHHO moJyuaeMm TpebyeMmoe.

ClelcTBHe. ycmes c(a) =y (a)||al|®, e0e x— xapak-
mep ¢ eedyujum udearom § nopadka m>>0. Toz0a

, @ (c) = (ND)*~*2 (Nf)~2 v (X),
a qucao (Nf)—Y2x(y) no modyato pasto 1.

HoxasarteancTBo. IlepBoe yTBepxKAeHHe CJeAyeT
U3 onpefeqeHHss Q(c) Kak OTHOWIEHHS COOTBETCTBYIOMHX
n3eta-¢pyHKuMA. i JokasaTesbcTBa BTOPOTO CJeAyeT IMOJIO-
XKUTh S=1/; M BOCIOJNBL30BATbCS TeM, uTO Npu Re(c)=1/,
uMeeM |o(c)|=1.

§ 5. OrpaHnyeHHble npsMbie NMPOH3BEAEHHS

B npexppiayulefi rsaBe Mbl H3YUYMJH TOIOJIOTHIO OrPaHH-
YeHHBbIX NPAMBIX NPOU3BeJeHHHA H, B YaCTHOCTH, Tpynn Hie-
Jedl U ajeneff. 3jech Mbl 3afimemcsi Mepod Xaapa H ABOM-
CTBeHHOCTbIO TlOHTpsIrHHA.

Ilyete {v} —nponsBosbHOE MHOXKeCTBO HHAeKcoB, (U,—
JIOKaJIbHO KOMIIaKTHasi KOMMyTaTuBHas rpynmna; H, < G,—
KOMIAKTHAsl OTKpbITas MOATPYNNA, 3aJaHHas JJs BCeX, KpoMme
KOHEUHOTO YHcJa HHIEKCOB U.

Kesasuxapakmepom  orpaHuueHHOro mpousBefeHus G
rpynn G, Ha3blBaeTCA €ro HempepelBHbIA romoMopdusm
B rpynny C*.

OrpaHuueHHe KBa3uxapakTepac rpynnst G Ha noarpynmny G,
o003HAYaeTcs CHMBOJIOM C,. B cuay HenpepniBHocTH Ha G
roMoMop(du3sM ¢, TpHBHAJeH Ha BCeX, KpOMe KOHeYHOro uHcJa
rpynn H,; 3TO cJjeiyeT H3 TOro, 4T0 MYJbTHIJIHKATHBHAS

10 c. Jlenr
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TPynna KOMIIJIEKCHBIX YHCEJ He COAEpPXKHUT HeTPHBHAJbHBIX
MOATPYNI B MaJIOH OKPECTHOCTH elAMHHUBI. [lasee, HMeer
MecTo QopMmyia

c (a) = I;J_[ Cv:(av),

MOTOMY U4YTO BCE, KPOME KOHEUHOr0 UYHCJa 4YJIEHOB 3TOTO
npousBeleHusl, paBHH 1.

O6paTHO, ecsiu 3ajlaH Ha0Op KBa3uXapaKTEPOB ¢, rpymnn G,,
obpaiaonuxcsa B.1' Ha BceX, KpoMe KOHEYHOrO YHCJA MOJA-
rpynn H,, HX IpoH3BeleHHe ompejeJisieT KBa3sHXapakTep ¢
rpynnsl G. ‘

OTMeTHM, 4TO ¢ sBJIIETCSI XapakTePpoM B TOM H TOJIbKO
TOM cJiyuae, KOTAa ¢, AJsl BCeX U SIBJISETCS XapaKTepoM.

[lycts G—rpynna xapaktepoB rpynnsl G, Hl-—opro-

roHaJIbHOE JIONOJIHEHHe 3aMKHYyTol noArpynnsl H < G, cocrosi-

ulee H3 XapakTepoB, TpHBHaiabHeiXx Ha H. Hwmewr wmecto
€CTEeCTBEHHbIE H30MOP(H3MBI

GHL~H u (G/H)" ~ HL.

B namem wacTHOM cJyuae OrpaHHUEHHHBIX NPSAMBIX NpO-
H3BEJIEHHH JIETKO NPOBEPHUTH CJEAYIOILYIO TEOpEMY.

Teopema 7. Oeparuuennoe npamoe npousgederue

epynn G, omrocumeabHo nodepynn Hi (kKomopee Komnakmro:
8 cuay Komnakmuo-Ouckpemrotl deodcmgerHocmu), ecme-
CMEEHHO  U30MOPEPHO, monoaoceudecku U aseebpaudecku,

epynne xapaxmepos G epynnot G.
Stor u3oMopdu3M, pasymMeercs, 3ajaeTcsa PopMyJioH

xX= HXIr

Mepa Xaapa. [Ipeanonoxum, uTo Ha Kaxao# u3 rpynn G,
BeIGpaHa Mepa Xaapa da,, OTHOCHTEJILHO KOTOpOH noArpynna H,
HMeeT Mepy | gas noutH Bcex u. Mb XOTHM ompejesuThb
mepy Xaapa Ha rpymne G, AJsi KOTOPOH B HEKOTOPOM CMBbI-
cie da=||da,. C 3T0ff Heabi0 MpPHBJEYEM OTKPHITHE MOJ-
rpynns Gg, sBJSIOMHECS TPOM3BeJeHHEM JIOKAJbHO KOM-
NAaKTHBIX TPYMNI, H3 KOTOPHIX MOYTH BCe KOMMNAKTHH. Ha rpyn-
nax Gg MOKHO ONpelesHTb IJ00aJbHYI0 Mepy KakK NpOH3Be-
AeHHe JokanabHbelx. Ha rpymne G cymiecTByeT eIMHCTBEHHas

S

§ 5. Ocpanuuennwie npamsie npoussedernus 147

Mepa Xaapa Hda,,, HHAYUHMPYIOmMasd Ha KaxXJIOH H3 mnoj-
rpynn Gg 3TO NpoH3BefeHHe Mep (npoBepka TPHBHAJbHA).

Jlemma. [an ecaxod ¢pynxyuu f(a) na epynne G umeem

Xf(a)dazlismgf(a)da

G Gg

npu_ oinoAHerRuu 00020 u3 d8yx ycaosuli:

1) ¢pynxyua f(a) usmepuma u HeompuyameavHa, 6 3mom
CAY4ae --co  BKAIOYAEMCA 8 HUCAO OQONYCIMUMBIX 3HAYEHLL
uLnmezpanos; '

2) [(a) €L, (G); & amom cayuae 3navenuamu unmezpaios
ABASUOMCA KOMNACKCHbIE 4UCAA. :

HokasateabcTBo. B o6oux caydasx Sf(a)da

NpEeACTaBsieT COO0OH npefest HHTErPaJoB MO BCEM GOJbLIHM
KOMIIAKTHBIM NOAMHOXKECTBaM rpynnel G, a JiioGoli KOMMIAKT
CollepxKuTCS B ofHOH M3 noarpynn Gs.

Teopema 8. Mycme 04n kamdozo undexca v 3adang
Henpepbishan pynkyua fo € Ly (G,), Komopas 042 noumu ecex v
pasia 1 na H,. Horoxcum

F@=1]7,(a)

Ha G (npoussedenue @ Oelicmeumensrocmu KOHe4Ho). Pynk-
yusn [ nenpepwsna. Ecau, kpome mozo,

IT § 1o (@) 1day=1im TT § 1/, (@) |da,
v PES
Koxeuro, mo f(a)€L, (G) u -
{ F@da=T] § fo () das.
G v G,

HoxaszaTeabcro. OueBugho.

Ilpeo6pasosanue dyppe. Mu COXpaHsieM MpexHHe 060-
3HAUYeHHs; § — epeMeHHbIH 3JJeMEHT TPYIIBI G. Ilycts dE,—

Mepa Ha rpymne G, ABOHCTBeHHAass X Mepe da, Ha G,.
ITyete f, (a,) —xapakTepucTHuecKas QynxuMs noarpynns H,.

10*
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Ee npeoGpasoBanue ®@ypoe
fv (Ev) = 8 fv (av) Ev (av) dav

) L
PaBHO XapaKTePHCTHUECKOH (YHKIHH MOATpPYIIIbl Hy, yMHO-
JKEeHHOH Ha Mepy rpymmbl H,.
M3 dopMmysibl oOpallleHdsi O3TOMY CJe/lyeT, 4TO

(fa)(§ )=t

H, Hé—

TaK 4TO Mepa TPYIIIbI HY nas noutn Bcex v paBHa 1. Tem
caMbIM MBI MOXKEM ONpelesuTh obalbHYO Mepy

dg =[] d&..

.Teopema 9. Ilycmo [»(as)€ Ly (Gy)—Hnenpepbisrivie
pynkyuu, npuRadexauue NPOCMPAHCcMaan Inv (Gy) coom-

gemcmeerno (m. e. o€ Ly (Gp)). Ilpednoaoocum, Kpome moeo,
amo f, 048 noumu ecex v cosnadaem C xapakmepucmude-

kol ynkyueti nodepynnot H,. Toeda PYyrKYua
f(a)=1[1s (@)

npunadrescum npocmparcmey Inv (G), u

fE&=1IIf -

JlokasaTeabcTBO. [lpuMenas TeopeMy 8 K QyHKIHA

f (a)c (a) =H fo (@) ¢y (ay), TOMyuaem, UTO npeo6GpasoBaHue

Oypbe MpPOH3BEJeHHS JOKANBHHX (QYHKIHA COBNAJaCT C MPo-

uaBelleHHeM X npeoGpasoBanuil ypbe. [TocKobKY fr€ Inv (Gy),

oTciofa cJaenyert, uto f,€Inv (G,) npu BCcex U. st nouTH

" . -

Bcex U (YHKUHS [, COBHNajaeT C XapakTePHCTHIECKOH

yHKnUeH MOArpyIIbL Hi. Caeposatesnno, f[€L((G) H,
crano 6bith, f€ Inv(G).

CaeicTBHE. Mepa dg:H_dg,, deoticmeenna k || da,.
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§ 6. I'noGanbHas agAUTHBHAS ABOHCTBEHHOCTb.
Teopema Pumana—Poxa

[Iycte k-—uHucjoBoe mosie (KOHEYHOE pacIIHpeHHe IOJIS
panyoHanbHBIX uucesa Q). Ero mnomojHeHHe OTHOCHTEJBHO
HOPMHpOBaHUA U 0603Ha4YaeTcHd CHUMBOJIOM k,, H BCe 06O3Ha-
UeHHsI, OTHOCHUIHeCcs K JOKaJbHbiM OObekTam B § 1—4,
coxpaHsioTCs ¢ foGaBjeHueM HMHIEKCa U WM P B p-aauue-
CKOM cCJy4ae: 0y, Ay, SDP, || llo» co 1 1. WL .

Kak Mbl y:xke oTMeuasu, rpynma adesed mnonsi k mupen-
cTaBJsieT COOOH JIOKaJbHO KOMIAKTHYIO TPYNIY — Oorpa-
HUYCHHOE TpsSMOe Ipou3BejieHHe TPyNN R; OTHOCHUTEJbHO
KOMIIAKTHBIX MOATPYII O,, ONpPELeJeHHsIX JJisi HeapXuMejo-

BbIX HOpMupoBaHu#. CHMBOJIOM
x=(..., %y ...)

Mbl 6yZemM 0003HAUaTb MepeMeHHB# 5JeMeHT TPYINbl ajeJsel
Ap=A. PaccmoTpuM HenpepuBHBIE TOMOMOpP(H3M

M (x) = 2 g (%)

rpynibi A B ¢akToprpynmy BelleCTBeHHbIX uyHucea mod Z.
Kom6uHanusi TeopeMul 7 C TeOpHe#d JOKaJbHOH ABOUCTBEH-
HOCTH B HauleM cJjydae JaeT CJEAYIOIUA pe3yJbTart.

Teopema 10. Cnapusanue

(x’ y> :[I eZniAv (x,4,,) — eZm’k (xy)
v

onpedeasiem usomopuam epynnot adeaeii ¢ 08oticmeeHHoU K Hell
epynnoii.

Hawa caepyroomas 3anaua— Jo0KasaTb, YTO aJJHUTHBHAS
rpynna nojs k, BJIOXKeHHas B A AuHaroHasibHO:

a—(a, o, @, ...),

SIBJISETCS CBOMM COOCTBEHHBIM OPTOTOHAJbHBIM JIOTIOJHEHHEM.
Mrl 6yjem yacTo mHcaTh R BMeCcTO kY.

Teopema 11. Addumusenas epynna k coenadaem
CO CE0UM OpMOZOHANbHbIM OONOAHEHUEM OMHOCUMEAbHO Onu-
cannod Osotcmeenrocmu.
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JokasareancTBo. CHauasa MokKa)eM, 4TO rpynna k
OpTOroHafNbHa camoii cefe. IDTO O3HAYaeT, 49TO IPH XECR

uMeeM 2 A, (x)=0. JI9 mons pauMOHAJBHBIX - yHcen k=Q
nocJefHsAs QopMynaa mpoBepsieTCs HeMeNJeHHO (HCIOMb30-
BATb pAasJjoKeHWe palUOHAJBHOTO 4¥c/aa B CyMMy Jpobed,
3HaAMEeHATeJH KOTOPHIX SIBJSIOTCS CTENEeHSIMH IPOCTHIX YUce).
[Iycte Tenepb k— KOHeuHoe ' pacuMpenue mnoas Q, a Tr,,
cooTBeTCTBeHHO Tr, 03HauaeT omepaTop JOKAaJbHOrQ, COOT-
BETCTBEHHO rJobajbHoro, cJeja. Tor/:La ,

va,,<x)=2 D A (Tryp (x Zx (1),

w v|w

‘Tae y=vlszrv (x)=Tr (x),‘ a w npoberaeT Bce HOPMHPOBa-

HHA Noasi Q. DTHM Hame yTBepPXKJEHHEe CBOJUTCS K CJAyYaio

noss Q, rje OHO yXKe INPOBEPEHO.

Takum oGpa3oM, Mbl YCTaHOBHJH, uTO Rl D k. Tak kak
daktoprpynna A/k xomMmakTHa, TO rpynma k-l auckpeTHa.
[Tockoabky ¢akToprpynna k-Ll/k OJHOBpEMEHHO AMCKpETHA
H KOMIIAKTHA, OHA JOJXKHA OHTh KoHeuna. Ho kL, odeBuamo,
ABJISIETCS. BEKTOPHBIM IpocTpaHCTBOM Haf k. CllenoBaTenbHO,
kLl =k, uem u 3aBepmiaeTcs [J0Ka3aTeJbCTBO TEOPEMEL.

[Ipennoxenue 6. [Tycmo muoxcecmso Fo, onpedenero
KaK 8 Yycaosuu meopemot 3 ea. VI, § 2. ITpu Hawem Bbt50pe

mepoL 06vem Fo, paser dy*

HJokasateabcTtBo. HecloxHpl nojcuer onpeneu-
Tesns. HamomHuM, 9TO Mepa, COOTBETCTBYIOMIAA KOMILJIEKC-~
HBEIM U, SIBJIsIeTCS YIBOEHHOH Mépo# JleGera.

Ilpepnnoxenue 7. Paccmompum  noOmnoscecmso
epynnot Ay , g

= [] 90X Fo.
2 ¢ 500

Ezo mepa pasna 1.

JokasaTeabrcTBO. JTO CJeAyeT H3 TOro, 4TO IIpH
HaureM BbiGope Mep dx, Mepa NOArpymNnHl o, paBHa (NDy)~/z

npH U= vy,

§ 6. Teopema Pumana — Poxa 151

Teneps Mbl yKe B COCTOSIHMH IPUMEHHThL JABOHCTBEHHOCTDL
TeopeMul 11 K Teopwu HMHTErpupoBaHHS.

Huxecnenyomue paccyXIeHUs, 1O CYIMECTBY, OTHOCATCA
K JIIOOOH JIOKAJbHO KOMIIAKTHOH KOMMyTaTHBHOf/'I rpynmne
C BBIJCJIEHHOH 3aMKHYTOH noAarpymmo#t. OAHAaKO AJA Coxpa-
HeHHa 0003Ha4yeHMH, KOTOpble OyAyT HCIOJIb30BaThCS B TIpH-
JOXEHHAX, Mbl JlaeM JOKa3aTeJbCTBO JMIIbL B CJydae IBOH-
CTBeHHOH ce6e KOMMYTAaTHBHOH rpynnel A ¢ 3afaHHOH Juc-
KPETHOH 3aMKHYTOH MOATrpyNNod Kk, KOTOpas CoOBHajgaer
CO CBOMM OPTOrOHAJIbHBIM JIONOJHEeHHeM. Torja HHTerpasa
OT QYHKUMH IO k paBeH CyMMe ee 3HAUeHHWH II0 BCEM 3Jle-
MeHTaM k. CXOZHMOCTL B 3TOM CJydae, pasyMeeTcs, O3Ha-
4yaeT a6COJIIOTHYIO CXOIMMOCTb. Dyjiem mpeamnosnaratb, Kpome
TOro, 94To Mepa Ha A JBoiCcTBenHa camol ceGe.

®opmyaa Ilyaccona. [Tycme [~ Henpepowsras
pyuxkyus, npuradiescauas npocmpancmey L, (A). IIpedno-
N0HCUM, 4IMO CYMMa

2 f(x+a

ack

pasHoOMepHO cxo0umcs 0af 6cex X, NPUHAOAeHAUUX HEKO-
MOPOMY KOMNAKMHOMY NOOMHOXCECMBY 2pynnbi A, U 4mo cymma

2 fla)

ach

2 fla)= 3 f(a).
agh agh

HokasatenbcTBo. Ha ¢akroprpynne A/k BBexem
Takyio Mepy db, 4To6Bl HMesna MecTo dopMmy.Ja

S Sf((l-l-b)dadb=gf(a)da,
A

A/R R

cxodumcsa. Tozda

rge do COOTBETCTBYET CYMMHDOBaHHIO MO k, a da — jaHHad
Mepa Ha rpymnne A.

Ilomoxum g(x):S [(x+a)da. Mb yTBepxkiaeM, uTO
R

g(a)=f (o) npu.Bcex a€k. B camom gene, oGosHauasi cuM-
BOJIOM (,) CKaJspHOE TIPOM3BEJCHHE 3JeMEHTa TIPYIILl
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¥ XapakTepa W yUYHTBHIBas, 4TO

, (A/R)* =kl =k,
HaxoJum ’

— Sf(b—}—a)(b'—}—a, B) da db,
A/R R )
Tak Kak {(a, f) =1, no npeanosoxenuio. asee,

g® =\ @ B da=F@).

A

Kpome Toro, Mepa Ha A jBoiicTBeHHa camoi cebe. Cuire-
J0BaTeJIbHO, dopmy.ay obpameHusi Pypbe MOXKHO NMPHMEHHTb

AJd BbIUHCJEHHA 3HAYEHHA g B HY.IE. YTBep}K)leHI/Ie TE€OpPEMbI
g P

HeMeLJIEHHO cienyeT u3 onpefeneHus g(0).

B kuaccuueckoit Teopnu dopMmyaa [lyaccona npumensiercs
K JUCKpPEeTHOM moArpynne Z Trpynnsl BeleCTBEHHBIX YHCEJ.
Mrl 6yjeM NpUMEHATbL ee K rpyImine ajedes,

Ha caMoM gene Ham mnoHalobutcs ¢opmyaa Ilyaccona
[JIsI MyJbTUIJIMKATUBHO CABHHYTOH (pyHKIMH f. ‘

Teopema Pumana—Poxa. [Ipednosoocum, =mo
pyukyus f(x) yoosiemsopsem ciredyroujum Yyca08UAM:
. [(x) Henpepbisna u npunadiesxcum NPOCMPAHCMEY
L, (A). '
2. Pd D, fla(x+a)), 20e.a—udew, x —adens, pasHo-
. ack

MepHO cxo0umcs, Ko20a a, X MEHAIMCA 6 HeKOmopbix KoM~
nakmuelx nodmHoxcecmeax epynn udeseldl u adeset coom-
8eMmMCMBEEenHo.

3. Pad Y, f(aw) cxodumcs 011 ecex udeseti a. Toeda

ack
1 X ()= 2 e

[l &l agr ack
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HNokasarteabcTBo. Pynkuusa g(x)=f(ax) ynoBirer-
BOpSieT YCJIOBHfAIM npuMeHMMocTH ¢opMysnsl [lyaccona: sTto
BBITEKaeT M3 COOTHOLIEHHS

gW=arf(5)-

Otciona oueBHAHBEIM 00pa3oM cJeAyeT Halle yTBepKAEHHE,

§ 7. I'o6anbHoe (yHKUMOHANBHOE YPaBHEHHE

B MyJbTHNJIMKATHBHON TEOPHH MBI pacCMaTpPHBaeM pymmy
nienedl J=J, Kak oOrpaHHueHHOe IpsMOe IIPOH3BeJeHHe
JIOKaJIbHBIX MYJbTHIJIMKATHBHBIX TPYNN K; OTHOCHTEJIBbHO
noarpynn exunun, U, u npumeHsiem § 5. KsasuxapakTephl,
MHTepecyiomye Hac, GYAYyT TPUBHAJIbLHBI JJs NOYTH BeexX U,,
T. €. HepasBeTBJIEHBbl JJisl MOUYTH BCEX 0.

Ham O6yaer yno6ro paccMaTpuBaTh J Kak HEKOTOpoe
IpsIMOe NpOU3BeJieHHe (TOHOJIOTHYecKkoe H aJsreGpaHuecKoe).
Broxum B J Tpynny MNOJOXHUTEJNLHBIX BEIIECTBEHHHIX 4YH-
cea R* ¢ nomoubio oTobpaxkeHus

f—> (HUN, N L L L)

(kommoHeHTa tY/N pasi KaxZOro apxuMeJOBa HOPMHPOBAHHUS
u 1 —pasa Bcex OCTaNbHBIX). ITO OTOOpaxKeHHE COXpaHSET
HOPMY, TaK Kak

M Ny=N=[k:Q].
VES
OueBHAHO, 4YTO
J~R*x Jo,

T. €. BCSKMH HJeJb d MOXKHO €JHHCTBEHHBIM CHQCOﬁOM
NIpeACTaBUTh B BHJAE€ IIPDOU3BEAECHHUSA

a=tb,

rie tERT u bEJ, U 3TO pa3jokeHue HenpepelBHO. Ha
rpynne JO cymecTByeT OZHO3HAYHO OmpejeseHHas Mepa d*b,
TaKas, 4To (popMaJsbHO

dra=d*ox 2L
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BBeeM OZHO OTpaHHYEHHME HAa KBa3HUXapaKTephl, KOTODHI-
MU Mbi 6yZeM I0Jb30BaThCs B JanibHeimeM. Lydem ciumame,
4TO OHH TPHBHAJbHH Ha k*. Torga MX MOXKHO paccMaTpH-
BaThb KaK KBa3uXapakTeph epynne: kaaccos udeseil Cp = Jp/k*.
Takue xapakrepbl HaswbiBaloTcsl xapakmepamu [exke. Ilo-
CKOJIbKY rpynna Ji/k* = Cj KoMOnakTHa, orpaHH4eHHe JiIOGOro
KBasuxapakTepa Ha Hee sBJsIeTCS] XapakTepoM. TeM caMbIM
CHTyallusi MOXOXKa Ha JIOKaJbHYIO (apxuMmegnoBy). Ecau kBa-
3uxapakTep ¢ TpuBHaneH Ha C}, TO '

c(@=lal’

rjge S— HEKOTOpoe KOMIJIEKCHOe 4YHCIO, OJAHO3HA4YHO OIpe-
JeJIeHHOE KBa3HXapaKTepoM. ,ZIJIH IIPOU3BOJIbHOI'O KBasHuxa-

paKTepa ¢ CyHleCTByeT €IUHCTBEHHOE BelECTBEHHOE UHCJIO O,

Takoe, 4to |c(a)]|=|{a||°. OHo Ha3bBaeTcs BelecTBEHHOH
yacTbl0 KBa3uWxapakTrepa ¢ H 0003HauaeTcss CHMBOJIOM Re( c).
Jlas mo6oro xapakTepa y rpynnsl Cp npousBefeHue ¥ (a)l a|l®
npeAcTaBasieT cO00H KBa3HXapakTep, H o6paTHO, JIOGOH KBa-
3MXapakTep MOXKHO NPeICTaBUTb B TaKOM BHJe (XapakTep ¥,
OJIHAKO, OTpejie/leH He OJHO3HA4YHO, a C TOYHOCTBIO JO MHO-
®uTtens Buma || a|*).

HHorga yno6HO HOpMaJsuM30BaTbh XapakTepsl rpynmsl Cg,
noTpeGoBaB, 4TOObl OHU ObIIM TPHBHAJbHB Ha moarpymme R*

(Bpimie  GbLIO  OTpefleIeHO ee KaHOHMYECKOe BJIOXKEHHE).

OuyeBHJHO, 3TO yCJIOBHE PaBHOCHJBLHO GopMy.ie

2 No@s (1) =0.

€S

Besikuil KBa3uXapakTep ¢ OJHO3HAYHO onpezLeJmeT Tak HOpMa-
JIM30BaHHBIA XapakTep, Ajas Kortoporo c(a)=+y(a)| a|?:

Kak u B JIOKaJIbHOH TEOPHH, MOJOKHUM c( —Hch
tak uTo ¢(a)=X"(a) | a|* =y (a)|la|*® (upu onucanHOk
HOPMaJIM3aluH).

Mbl OMOJIHMM KOHCTPYKUHMIO, NPEANIECTBOBABIIYI0 GOPMY-
auposke TeopeMbl 6 ri. VI, § 3, BbHUHUC/IEHHEM MepEHI.

Kak npexne, GHKCHpyeM apXMMeNOBO HOPMHPOBAHHE Up
H 1oJaraeM Seo= Sew—Uq, ¥ =r1+7ry— L.

ITyctb €4 ..., 8 — TaKHe eNMHHUIBI, YTO BEKTOPHI l(g;)
MOPOXJAIOT BCIO pemeTKy OTH eJIUHHIB Ha3bIBAlOTCHA
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MOJyJII0O TMOATPYNNH KOpHe#d M3 exuHunbl. Onpepeaurenb
det (log || &; |o),

B KoTOpoM {=1, ..., r, a UESL, C TOYHOCTBIO J[O 3HAaKa
paBeH 00beMy (PyHAAMEHTaJbHOTO Napasjesorona P B €BKJIU-
JIOBOM IpoCcTpaHcTBe. Ero aGcosoTHasi BeJMYMHA HAasbIBaeTCs
peeyaamopom moasi k W 0603HAuaeTcsi CUMBOJOM R = Rj.
Uepes d = d; Mbl 0603HayaeM aOCOJIIOTHYIO BEJIHUUHY JTHCKPH-
MHHAaHTA.

[Tpeannoxenune 8 Mepa mnomecmsa [ (P) pasxa

T (2m)"2
d’iz/2

(omobpasicerue | onpedesero 6 doxasameascmee meopemvl 6
ea. VI, § 3).

HoxasarenbctBoOo. Ilyetb Q—epuHuuHBIE  KyO
B r-MePHOM IpocTpaHcTBe. Tak Kak !/ —romoMopdusm, nmeem

Mepa [=1(P)  O6wvem P ~R
Mepa (-1(Q)” O6weM Q ~

[TosTOMy JOCTaTOYHO BHIYMCAUTL Mepy [™1(Q); MBI ocTaB/sieM
5TO B KaueCTBe HETPYMHOTO YIPaxKHEHHs YHTATEeNO (BOCIOJb-
30BaThCsl ONpeJieleHHEM MYJIbTHIJIHKATHBHOH MepH).

IIpennoxenue 9. Mepa ¢pyndamenmanerols o6racmu E
0aa akmopepynner JO/R* pasna

o (2m)2 AR
uvd,ii/2

(0603Hauenus, kax 6 meopeme 6 ea. VI, § 3).

IlokaszaTteabCcTBO. TpHBHANBHOE CJIEACTBHE TIPEMJIO-
KeHHUs 8.

Mul npubiuKaeMcs K KOHIY Halero nyrelnectBud. s
onpefesneHus I100aJbHOH A3eTa-QyHKIHH pacCMOTPHM (YyHK-
nud [ Ha rpymnmne ajesel, yAOBJETBOPSIOUIHE CJEILYOIIUM
YCJIOBUSM: ‘

J1. f(x) u 'f(x) HeNpepHBHH ‘M NpUHajjexar L, (A),

T. €. f€lnv(A).
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J12. Cymmel Zh fla(x+a) u Zh fla(x+a)) cxomsres
ag ag

a6CoJIIOTHO H PaBHOMEPHO, KOrJla 4 U X MEHSIOTCH
B KOMIaKTHBIX [MOJMHOXKeCTBaX TIpyONl HAeqel
H afiejieil COOTBETCTBEHHO. '
J13. Oyuxuun f(a)|a|® u f (a)||al|® npu 0>1 npunag-
JIeXaT [IPOCTPAHCTBY
OTmMeTuM, YTO BHINOJIHEHHE MePBBIX ABYX YCJOBHH 0Ge-
creyuBaeT NPHMeHHMOCTb TeopeMbl Pumana — Poxa k ¢yHk-
UM TAKOro Tdna. Tperbe yCJaOBHe HEOOXOAHMO HaM JJsi
onpenenenus js3era-pyukuuu. Kaxkpo# ¢yHKUuMH [ cOOTBeT-
CTByeT J3eTa- (pyHKuuﬁ Ha MHOXECTBE -KBa3HXapaKTepoB
¢ ¢ Re(c)>1,

t(f,0) = f@c(a)ata,

raé HHTerpaJs Oepercs mo rpynme ugeaed. Ilycre c(a) =
=y (a)| al]*, Torna

(9= F@u@lialfda.

(Mbl Bce BpeMs mpeanosaraeM, 4YTO paccMaTpHBaeMble
KBa3WXapakTepsl W XapakTepol TpHBHaJbHBI Ha k*.) Korga
xapakTep % (HKCHPOBaH, A3eTa-(pYHKLHS CTAHOBUTCA (PYHK-
nueld OojHOro napaMerpa s; H3 ycjaoBus JI3 cienyer, 4To oHa
ronoMopdua B obaactu Re(¢)>1.

Teopema 12. Beakyw 0sema-pynKiyuto moxcHo anaau- -

muuecku npodoaxcume HQ 064acmb 6CeX KBA3UXAPAKMEpOs
epynnbe J/R*. Ilpodoascennan ¢yukyus 00HO3HAUHA U 2040-

moppra  ecrody, kpome c(a)=1 u c(a)=|al, 2de ona-

umeem npocmete noatocel ¢ ebiemamu —xf (0) u —i—xf 0)
COOMBEMcmeerHo; 30ecn ® — 00vem pyrndamenmarvrol 06.racmu
Oaa Jimod k*. Kpome moeo, umeem mecmo HyHKyUOHAAbHOE
ypasHerue

20e E(a)=||a|\c‘1 (a).

JdokasareabctrBo. HMmeeMm

thao= | T@c@dat | [@e@da

Jlajl<1 . a2t
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Bropoii uHTerpas, o4ueBHAHO, CXOJUTCH  AJA JIOOOro Belle-
CTBEHHOro 3HaueHHs Re(c), nMoToMy uYTO OH CXOAPTCH MNPH
Re(c) >0y, rae o,—HeKoTOpPOE 4HCJIO, H TeM GoJjee CXO-
autes npu Re (c) < 0y. 3aliMmemcst npeo6pa3oBaHHeM IMepPBOTO
HHTerpana; JoKaxeM CJeJyIOMMH pe3y.bTarT.

Teopema 13. Hycme npu tERY umeem c(t)=*¢°,
u nycme Y -—xapakmep epynner J°, uHOYyyuposanHuil Kea3u-
xapakmepom c¢. Tozda

tho= | t@c@da+t
lall>t

f‘(a)c(a) d*a+ 8, [“f(Ol) »f (o)

+

llaliz4
ede 8y, =0 uau 1 6 3asucumocmu om moeo, mpusuaier Uil
Hem xapaxmep Y, UHOYYUPOBAHNBIL K8A3UXAPAKMEPOM C HA
nodepynne J°. Oba unmeepaisa cxodamcs npu &cex ¢ p(ZBHO-
MepHO 8 Kaxdou noaoce oy Re(c)< oy.

PaBHoMepHast CXOAMMOCTb MHTErpaJjioB B IOJIOCE OuUeBHJHA
U3 CJle/laHHBIX Bbllle 3aMeuaHuil. [lasee, moOKaxkeM, Kak

- U3 3TOH QopMyJbl _clenyer (YHKIHOHANBHOE . YPaBHEHHE.

3amenuM (f, ¢) Ha (f ) B BHpameHHH CIpaBa. YuTeM, 4TO
~ A

FO)=f(—0)=f(0) u [(a)=f(—a). 3amena nepeMeHHOH
BO BTOPOM HHTerpaJjie BbifiejisieT MHOXKUTedb ¢(—1), HO ¢
TpuBHasNeH Ha k*. CrepoBatenbHo, 3aMena (f, ¢) Ha (f, c) He
MeHsieT BbIPaXKEHHs CIIPaBa—3TO M eCTb (YHKUHOHAJIbHOE
ypaBHEHHe,

Ocraetcsi mnpeoGpasoBate HHTerpaa 1mo |lal||<1 Tak,
4yToGEl MONYuuTh TpeGyeMoe BblpaXKeHHe. 3aluilieM T[pYNNy
nieseil B KayecTBe INPOU3BEJEHHS:

' J=J° X R*.
bBynem, Kpome TOro, cuuTaTh XapakTep HOPMAJ/H30BAHHBIM
TaK, 4To6nl ¢ (f)=1¢°. I BCcSKOro (UKCHPOBAaHHOrO 3Haue-
HUA [ HMeeM

S f (tb) ¢ (tb) d*b+ f (0) S c(tb)d*b=
E

Je

=3 { revyees) a*+1 (0) { cpyare.

aER* uE E
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Ilonb3ysicb HHBADHAHTHOCTBIO MEPHl OTHOCHTEJIBHO MYJbTH-
NJIMKATHBHEIX CIABHIOB H TeM, u4To c(a)=1 npu a€k*,
npeo6pasyeM 3TO BhIpaXKEHHE TaK: _

3 {Fatbye a1 § cteyave.
E

ack* E

Cpo#icTBO JI2 mosBo/IfileT MEHSTb MECTAMH CYMMHDOBaHHE
H HHTEerDHPOBaHHe; IMOJb3ysACh 3aTeM TeopeMoidl PumaHa-—
Poxa, Haxomum

S S F(atb) ¢ (t6) d*b= S N f(%)ﬁé(tb)d*b.
E ach E ok .
Ecau 6bl MB Hayaju C BblpaKeHHs

S F(¢716) ¢ (¢726) d*b + f (0) S ¢ (£71b) d*b,

Jo E

cliesa/li 3aMeHy nepeMeHnod b-—-b7l, coxpaHsOmyO Mepy,
M 3aTeM MpOH3BEeJH Te XKe INpeoOpa3oBaHHs, UYTO M BHILIE,
B pesy/bTaTe MOJYYHJOCh OBl TO Ke CaMoe BhIpaxKeHHe.
HHaye roBopsi, uMeeT MECTO TOXIECTBO

S [ (tb) c (¢b) d*b+ [ (0) S ¢ (¢b)d*b =

JO E

= retyc @by aro 1) e oy avo.

J° E
3ametum Teneps, uTo ¢ (tb)=c (¢)c (b) =1°c (b), oTKyHa

S c(tb)d*b=[ xt*,  ecou c¢(a)=|alf,
E 0, €CJIM ¢ HeTpUBHAJIeH Ha JO.

(MBIl cHOBa mO/Ib3yeMCsl TEM, YTO HHTeTpasJ IO KOMIAKTHOH
rpynne OT HETPUBHAJBHOTO XapaKTepa paBeH HYJO, a OT
TPHUBHAJIBHOTO XapakTepa — Mepe TPYIIHL. )

Teneppb cieflyeT MPOHHTErpPHPOBATL HAIle TOXKAECTBO IO f
or 0 1o 1 ¥ saMeHuTsb cnpaBa {7l Ha f, a TIpefiesTbl HHTETPH-
poBanus—Ha (1, co). J10 mact ¢opMmyay TeopeMbl 13, yem
¥ 33aKaHYMBAETCS J0Ka3aTeJbCTBO.
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§ 8. I'moGaabHbie BHIYHCICHHS

Ileas »3TOro maparpada — BHIBECTH HEKOTODHIE SIBHEHIE
dopmyJibl A5 rJjobajbHBEIX A3eTa-QYHKUHMH, NOJe3HLEe B IPH-
JoxXeHHSIX. B KauecTBe BecoBOH (yHKUHH Mbl OyAeM HCHOJb-
30BaTh HEKOTOPYIO (QYHKUMIO gy, TECHO CBSI3aHHYIO C QYHK-
nueft fy. O6e OHH SIBJASIOTCS [POH3BEJEHHSIMH JOKAJbHBIX
(byHKUMH; I0Ka3aTeJbCTBO CXOJHMOCTH 3TOTO IIPOH3BEAEHHS
npd ¢ > 1 Oyner jaHO B cjefywomed rJjaBe. Mu JOMKHBI
NOJYEPKHYTb, 4YTO, HECMOTPS Ha €ro NpocToTy (3TO— KJACCH-
YeCKHH pe3yJsbTaT), OHO MpejcTaBJsieT COGOH NOC/JeIHHMH
Ilar B yCTaHOBJIEHHH TOro, YTO TeopeMa 12 HemycTa M OpH-
MeHHMa K KJacCHYeCKMM J3eTa-QyHKUHAM H L-QyHKIUAM.

[Ipennoxenune 10. ITycme g (x)=f(bx); moeda
g(y) =617 (y/b), T(g, c)=c(b)L(F, o).
HoxasaTteanrcTBO. HemocpencTteeHHoe — cJ/eACTBHE

onpejeJieHu .

DTOT pesy/bTAT HMEET MECTO W B JIOKAJbHOM, H B TIJO-
6aJpHOM cJyyae, T. e. Aas rpynn ki u J,. Pasymeercs,
B JoKaJbHOH rpynme || ||=] |l»; @ b o3HayaeT .1H6O 3/1eMeHT
rpynnel k3, 160 HIAEJb.

BBenem HekoTopele 0Go3HaueHHs. [lJs1 BCAKOrO Xapak-
Tepa Y MOJIOXKHM

Dy=Dfx, dx=NDs.

Ecmu g =14, T0 dy=d; coBnajgaer ¢ aGCOMIOTHOH BeJHYHHOH

JUCKDUMHHAHTa uHcJjoBoro mnoJas k. Ilomo6Hble ke o6GosHa-

YeHHUs] HCNOAB3YIOTCA B JOKAJBHOM cJaydae (¢ Jo0aBJieHHEM

HHJEKCa P).
ITycms v—apxumedoso Hopmuposauue, N =I[k:Q]. Tlo-
JIOXKHM

81,0 (%)= [x,» (d;/sz) (an)]mv(x”/z’

rae fy,»—yHKUMA, onpelejeHHas B § 4.
ITycmo v — p-aduueckoe Hopmuposarue. Tlon0xKHuM

1 .
gx,v(x)—mfx,v(x)-
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Kak ofbiuso, TOjpa3yMeBaeTcs, UYTO JJs Hepa3BETBJEHHBIX
XapakTepoB fy, v——Dv U 1-+4+fxp =05, TaK UYTO Mepa 3TOro
MHOKeCTBa DaBHA d 12 Nanee,

gr (=111, (). |
B uacTHOCTH, €c/H Y =79, TO A apXMMEJOBHIX U HMeeM
1/2N
g0, (X) = fo, o (d&'*" %),
a Aas P-agudyecKux —

go,v(X)= défzfo, v (%),
rae dP.= NC;DP.

3ameTuM, 4TO (GYHKIUS gy NMOIydaeTcs H3 [y C MOMOMLIBIO
cABUra (AJ1f1 apXHUMENOBEHIX U) H YMHOXKEHHS Ha KOHCTAHTY,
e/ b KOTOPOTO— yCTPAHHTb HEKOTOphie JIMIIHHE MHOXHTeH

A
B BbIpaXKEHHAX JJs J3eTa-QYHKUMH OT [y H [x.
Haunem co cJseaylomero 3ameuaHusl.

[Ipennoxenue 11. Hycmb X = Yo— MPUBLANbHOIL
xapakmep. Tozda ¢yukyuu g, u g0 HeOMpPUUAMENbHYL, U

8o (0) = g0 (0) = d/ (2m) ™.

,U,oxasaTeanTBo
orpefesieHUH.

HEHOCPEACTBEH HO cCJegyeT us3

Ilpennoxenue 12. Ilyemv b—udeab, Komnowermot

KOMOPO20 OMHOCUMeAbHO apxumedogbix ~v pastbl by =dy™,

a 023 Heapxumedogoix bP:n"vP, ede vy=ord,®. T 020a
Noll=1.u -

2o (¥) = g0 (b%).

HokasaTeancTBO. Jlerko cieayer u3 mnpejsoXeHUs
10 4 ABHOro BBIpaXKeHUss g, uyepes fo.

[lycte 7y —xapaktep rpynnsl Cp, P—TpoCcTOH HAead,
Hepa3BeTB/J€HHBIH OTHOCHTENbHO Y. Torja 3HaueHue ¥y Ha
Hjese, HMEIOMEM B KauecTBe P-KOMIIOHEHTBI IIPOCTOH 3JIeMeHT
T, a B KayecTBe OCTAJbHBIX KOMIOHEHT— 1, He 3aBHCHT OT
BeiGopa m. IlycTh y (P)—3TO 3HaueHuWe, U MyCTb Sy—MHO-
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JKeCTBO BCEX P, Pa3BeTBJEHHBIX OTHOCHTEJbLHO Y. [TosioKuM

Lis,y)= ] —5=
P@S - NpS
Hanee, mycThb :

Ags, x)=(2*@m)™ dx)s/2vE[SI T (s0/2) L (s, )5

HarlOMHHM, 4YTO
So=5p (%) = Ny (54 i@s (%)) 4 | mo (%) |-

Teopema 14. [Iycme xapakmep y HOpMAAU306aH MAK,
4mo

S Nogo (1) =0
vesoo
Toeda |
Lot 9= I w00 I @27
pgsSy

20e O—cymma quces @, (x) no ecem Komniexcuoim v. Kpome
moeo,

¢ (éx, )—c, 1 —s)=A(l—s, %) (fo)i/Z [MQI®
20e M= D1 |my(x)]; smu evipaswenus cosnadatom.

vES

NokasateabcTBo. Ciaenyer cobpaTb BOEIHHO JIOKAJb-
Hble pe3ysbTaTsl H3 § 4, yuecTh mnpennoxenue 10 u mpous-
BEeCTH HEOOXOJHUMBle COKpaIlleHHS.

Ecan samenutb gy Ha (Nfy)'%, 1o Gymkmas A(s, x)
n J3eTa- (byHKupm GyAyT OTJMYATHCS OT TelEPelIHuX Ha MHO-
KHT€Ib, paBHBH 1 1Mo a6COMOTHOHA BeHYHHE; TO XK€ OTHO-
cutest K A (1—s, %)- .

CaepctBue 1. Hmeem mecmo @QyHKyUOHAAbHOE Ypas-
HeHue euda

14 ('X.) A (S., X) =A (1 —5, ;(.—)v
20e W (y) —Kkorncmarnma, no abcoMomHol eeaudune pasnan l:

—i®D. —1/72 -i
W (1) =47"%i~™ (Nfy) ngfp <x>P¢lex (D7)
11 C. Jleur
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HoxasaTeabcTBO. M3 /noKanbHBIX pe3ynabtaToB § 4
H3BECTHO, 4TO YHCJO T, (X) 1O aGCOMOTHOM BeJHUHHE DABHO

1/2
(fo, p) /2, yunThiBas 3TO, HYMHO NPOH3BECTH COKpPAMEHHS
B paBeHCTBe

Lg% 8) =L (gr %> 1—5).

CanencrBue 2. [lycms y— urcuposaroul xapaxmep.
Honoxmum A (s)=A(s, x). Toeda

A@sy=A(I—s)u(x),

20e qucao u(y) no abcoromuoll 8erusure pasHo 1.
IokasateabcTBO. TpHUBHANbLHBEIA NMOACYET C HCHOJb-
30BaHHEM TOXKJAECTBA

As, D)=A(s x)-
CnenctBue 3. Ioaoocum Aq(s)=Al(s, xo). Tozda

Ao (5) =L (8or Ko» 8) = (27 22=Nedp)*I™1 (s/2) I"2 (5) La (s)
u

Ay (5) =Ao (1 —5).
[Ipennoxenue 13. Iycme
2" (2m) 2hR
n= wdl/z

~—06vem pynOamenmanrsrotl  obaacmu  epynnet Ji mod k*.
Boem gpynxyuu §(go, S) =18 (g0» Xo» S) 8 mouxe s=1 pasen
dy? (2m) "2, a gbiem pynkyuu Ly (s) 6 amod mouxe pasex x.

IlokasaTeabcTBO. J3HaueHue BolueTa byHKIMH
€ (Zo, Yo, S) MOJyUaeTcd H3 TeopeMbl 12, a a3eTa-dyHKIMH—
U3 CJeACTBUA 3, B KOTOPOM HYXHO mosoxuTb I (1/2)=m'/2
U yuecTh, uto I'(l)=1.

Teopewma 15. [sema-pynxyuro moxcro npedcmasume
8 eule uxm.zpaira

g(gm S)=V S go(a (”a”s—|—”a[ll $ d*a+ M3'0(0)

s(s—
lla|l=1

§ 8. l'robansnvie sbiuucsrenus 163

HokazateabcTBo. JOCTaTOYHG MOACTABUTL B HHTE-
rpajipHoe BblpaxkeHHe Teopemul 13, § 7, dopMmyay mnpegso-
xenust 10, yuectb, uto ||b||=1, U BOCmO/Ib30BaTLCH HHBA-
PHAHTHOCTBIO MYJbTHIJIHKATHBHOH MBI OTHOCHTEIbHO MYJIb-
THIJIHKATUBHOI'O CJABHra.

Mgt uenosb3yeM sTy QopMy.ly B IOKas3aTesbCTBe TeopeMbl
bBpayspa —3uress, oTMETUB, YTO NpH BElIECTBEHHBIX § HHTe-

rPaJbHBIH 4Y/leH HEOTPHIATEeJeH, TaK KakK go> 0.

11*



Fnasa VIII

NMJIOTHOCTb TMPOCTbIX HAEAJIOB
U TAYBEPOBA TEOPEMA

B sroii rnaBe Mbl jokaxkeM TayGepoBy Teopemy HKkeapa
(cM. TakXe KHHry Yuazepa o mnpeobpasoBanud Jlansaca)
M TeopeMy O IJOTHOCTH [POCTHIX HJeasloB B 00OOIIEHHBIX
apUdMeTHUECKHX MPOrpeccHsiX, COOTBETCTBYIOIIHX XapaKTepaM
lekke. TaybepoBa Teopema JaeT He TOJbKO ILJIOTHOCTH
IPOCTHIX HJIeasoB B JAHHBIX KJaccax, HO TaKiKe IMJOTHOCTH
MPOCTHIX HJ€asNoB, ONpejesNeHHbM 00pa3oM paclpejeseHHbIX
B N-MepHOM €BKJIHJOBOM IIPOCTpPaHCTBe.

Kak sameTHT uHTaTe/b, H3 TayOepOBOH TEODEMbI BLITEKAeT
pe3ysJbTaT 00 acCHMITOTHYECKOM IIOBEJEHHH KO3(h(pHIHeHTOB
psaaa JlupuxJse, KOTOpbIH HMeeT IPOCTOH TMOJIOC, CKaXkeM
B Touke d > | (rje d — ueJoe 4nci0), H rooMopdeH B 0CTagb-
HBIX Toukax ¢ Re(s)>d. Ecau Beiuer B TOuke d paBeH I,
TO CJIBHUT apryMeHTa NPHUBOAMT K OllEHKE CYMM THIa '

> na,.
n<<x

CyMMHpOBaHHe HJIH HHTErpHpPOBAaHHE IO 4acTsAM IIOKa3biBaeT,
YTO M3 aCHMITOTHKH | @, ~ X cienyer ), nla, ~ x*1/(d+ 1).
nIx - ondx
DTOT pesyJbTaT MOMKHO IPHUMEHHTb K A3eTa-()yHKIHH MHO-
roobpasusi, 3aJlaHHOTO Haj KOJbLUOM IeJblX ajreGpanuecKux
YHCes YMCJOBOrO noJisg. Peayuupys modp no mnoutd BceM p
4 npuMeHsss oueHkH Jlenra—Befins (Number of points of
varieties in finite fields, Amer. J. Math. (1954), 819—827),
MOXHO yO6eAuTbCs, 4YTO J3eTa-QYHKIOUS AaHAJUTHUHA IpH
Re(s)>d, rae d—pasMepHOCTb paccMaTPHBAEMOr0 MHOr006-

pasusi, ¥ MOTOMY MOJKHO IPHMEHHTb TayGepOBY TeopeMmy.

$§ 1. Humeepaa Jupuxare 165

§ 1. Hnrerpan JdupuxJe

Ilycts @ (x) —BemecTBeHHast GYHKUMA C OrpaHHUEHHOH
BapHalKed HA BCAKOM KOHEUHOM NOJAMHTEpBaJe TIONYNpPIMOH
0<x << oo. Kiace ¢ynguni

oo

(1) F(s)={ e do ()

0

(s=0+it)

COJEPKHT, B YACTHOCTH, pPAAbl [lupHXJie, ecJH B KauecTBe
@ (x) BHIOPaTH TOAXOAAILYIO CTYNEHYaTyl0 (YHKUHIO. Mbi
3aiiMeMCsl 9TUM T03Xke; TOKa GyneM paGoTaTh C HHTErpajoM.

[IpeAnoIoXuM, dTO [/ HEKOTOPOro (HKCHPOBAHHOTO

3Ha4YeHHs S, PyHKUIHUS
Y

g() = e==do (x)
0

orpanvyeHa Ha mouynpsiMoil 0y << oo. Ilyets 0 yy << 4.
Hmeem

Yo Yo
S es*de (x) = S e—(8—s0) Xe—80% dp (x) =
¥y Y
: v,

. Yy -
=0 =g () |+ (s —s0) { e--owzg () dx.

u y1

Ouesnano, yto Korza Re(s—s,)>e>>0 u Korga 3Haue-
g Ls—sol

0—0)
HOMepHO Manja. [lostomy wuHTerpaa (1) cxomuTcs AJsl 3THX
3HayeHHUH s.

ITocko/IbKY TIpeAnoJioKeHne O CXOLUMOCTH g (y) BBINOJ-
HJETCS, €CJH B KauyecTBe S; B3STb TOYKY CXOJAMMOCTH HHTe-
rpana (1), orciona BeiTekaeT, uTo (1) CXOAMTCA B MOJYIJIO-
CKOCTH CIIpaBa OT HEKOTOPOH BepTHKAJbHOH MpSIMOH, W IIpH-
TOM paBHOMEDHO B JIIOOOM KOMIIAKTHOM MOJMHOXECTBE 5TOH

Yy
NONYTJIOCKOCTH. [lockonbKy dyHKuH Se'sxd(p (x) ana/m-

0
THYHBI, HHTerpan (l) aHaJuTHYeH BHYTPH MOJYIJIOCKOCTH.

HH OTpaHMYEeHbl, JieBasl 4acTb TIPH GOJBIIHX Y, paB-
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[IpeanonoxuM Tenepb, 410 @ (x) >0 u uro HHTerpast (1)
CXOAUTCA JJsi HEKOTOPOro BEUECTBEHHOrO uHCaIa Sy > 0.

Hurerpupys auddepesuuan d (e7**¢ (x)), noayuaem
13 g

@ | e do()=—9O+e @+s | ep(rdi=
0 0

' ;
— — @ (0) + e—(s—50) Eg=s0kgp (E) + 5 S e—(s=50) %g=s0%gy (1) .
0

[ToJOXXHB B 0EPBOH CTpPOKE S=3S;, Mbl yOeAuMCs, 4TO Hall
HHTErpaJ OTPaHHYEH H 4TO [Ba NOCJIEJHUX CJaraeMuiX CrnpaBa
HeoTpHIATeNbHE. TeMm cambiM GyHKnus e—%&g () orpanu-
yega no E. Orciona BeiTekaeT, uto npu Re(s) > s,

(3) F)=—¢ (O +s | e (ndx
0

(yTBepXKeHNe O CYyUleCTBOBAHHM HHTErpaJjia CpaBa, KOHEUHO,
10/ pa3yMeBaeTcs).

§ 2. TayGepora Teopema Hkeapa

B sroM mnaparpade Mbl mpeAnoJiaraeM, 4To @ (x)— MOHO-
TOHHO Bospactawumas ¢yakuusas U @ (x)=0 npu x<O0.
TMonoxum

H(x)=¢e"p (x)-
MoHoTOHHOCTH @ O3HauaeT, 4TO
H(x) > H(x))exr—*2  OpH x> X4.

Jlas  3agadHoro A >0 paccMOTpDHM KJIacC MOHOTOHHO
BO3PACTAIOUINX cpyHKunﬁ 9 (x), 9 (x) =0 npu x< 0, obnagarwo-
XX CJEeNYIOUIHMH CBOHCTBAaMH:

1. Uurerpan (1) cxogurcs npu Re( )>1.

2. Has Besikoro € >0, s= 14 &-if, NOJOKUM

he () =f(s)—
Mur tpeGyem, utoGel mpeaen h (f)=lim A, () cymecTBO-
—0

g
BaJ paBHOMEpHO IO { Ha oTpeske |f|< 2MA (csefoBaTe/bHO,
dyHkuus h (f) HempepeiBHa Ha 3TOM OTpe3Ke).
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Tay6epoBa TeopeMa ycmawasiusaem Cyuiecmeosa-
Hue makux 08yx pyukyud Py (A) u P,(A) om nepemennoi A,
umo 048 A060d (YHKYUL ¢ U3 PAcCCMAMPUBAEMOZ0 KAACCA
umenom MeCmo HepaseHcmea

Py (k) > 1lm H (y) > lim H (y) > P, (A) >0
y—00

u, Kpome moeo,

Ao Ao

Ecau ussecmno, umo ¢hynxyus ¢ (x) npuradirexcum onu-

CanHoMy Kaaccy Oaa écex h, mo

lim e™" (x) = 1.
X—>00 ]
HimesHo 3Ty QopMmysy Mbl HCHONB3yeM B NPUJIOKEHHUSX.
Jokaxem TayGepoBy Teopemy. YmcJso 7, 1o onpejeseHuo,

paBHO
oo

sin2vp
“:S = dv>0

—C0

(41O coBmajaeT ¢ OOLIYHLIM 3HAYEHHUEM I).
JlemMma. B ciopmyaruposannsix npednosonesuax umeem

i (a2

JHoxasateanwbctBo. Ilonarasgs s=1+¢e-if u ucno/n-
3ya dopmyay (3), HaXOILI/IM

he(t)——l 1 <f(
1

= S e~V (x) dx — = 5 (H (x)—1) e—ex—itz dx,
0 V]

[ee)
VYUTHIBAsI, YTO g e=G-D=xdyx=1/(s—1). Tem cambm
0

=! _im | (x)—— 1) e—ex—itx g x

g—»co

he (2)
S

Oy

paBHOMEepHO Ha oTpeske {f|<2A an qucnpOBaHHOM g,



168 2. VIII. [Taomuocmoe npocmoix udearoé u maybeposa meopema

Hama caepytomas nesab — BeiBecTH Qopmyay (6) (cM.
HHKe). YMHOXHM [OC/eJHee COOTHOUIeHHe Ha (QYHKIHIO
e (1 —|#|/20) u npounTerpupyem mo f or —2i 10 2A.
CnpaBa Mbl MOXeM TOMEHSATb MECTaMH HHTETPHPOBaHHE U Npe-
JleabHBA nepexol. Ilosaras

Fay = (1 -0y 2e0=L

HaAXO0JHM
'2ql.

\ €eF, (t)dt=
—2A

= lim ZS}“ et <1 [tl > [ ( H(x)—1) e—sx—”xdx] dt.

Eoro0 _oa
HuTterpupoBanua (06a N0 KOHEYHHIM OTPe3KaM) MOXKHO mepe-

CTaBHTb. JTO JaeT
2A
(4) g ¢F, (f) dt =
—2A
25
:S(H(x)—l ) e—ex S (1—M etv-1tdt | dx.
! |

BuyTpeHHu# HHTErpaJ cnpaBa GepeTcsi B 3JeMEHTapHbIX (yHK-
nusax. Hveem

23 22
—S%<1 ——[;Tl> gily—x)t gt — 9 § (1 —%) cos ((y — x) t) dt.

3amena nepeMeHHblX U UHTErpPUpPOBaHHE MO 4YaCTsAM JAae€T

sin? (A (y—x))

2 =T —nr

Tem camplm uHTerpas (4) paseH

2 <)
it _ __ X Sln (A‘ (y_x))
) Sme ”Fs(t)dt_QS)(H( )— oo St dx.
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x

_ex SIN% (A (y—x))
I/IHTerpaH e ex L
.S A (y—x)®

OoH ompejeneH yxe npu e==0. [lpubaBasia ero K ofeum
4acTaM paBeHCTBa (D), HaxXoauM :
22

© | eF, (di2 | eex SO0 g
3 ) A (g—)

dx cylmecTByeT, MOTOMY 4YTO

—2 S H (x) e—e= ——Sm; ((;“ (yTx)) dx.
0

Tenepr mnepeiifieM K npefeny npu &— 0. YUro npoucxomur
C JIeBOH 4YacTbio npu & —> 0?
ITepBrift HHTerpas cxomurcs K -
22

g SUUF (1) dt,
—2A
rae F (¢) — HernpepolBHAs DYHKLHUSA ( _12% h(t)s_]’ 60

CXOBHMOCTb Hg (1) —> A () paBHOMEpHa.
OcTaTouHHH 4J€H BTOPOro HHTErpaja OLEHHBAETCS BeJu-
YHHOH

¢ —gx SN2 A (y—x) sin2 A (y—x)
J e G S g 0

KoTopass MaJia npH O6osabliMX § paBHOMepHO mo &. [asee,
npu e —0

g 3
x SiN? A (y—x) * sin2 A (y—x)
e St e \ gt dx

CJIE}].OBaTeJIbHO, npejaed BTOpOI'O HHTEr'paJia paBEH

Ay
sin? A (y—x) ¢ sin2y
S Ty de= ) T dv

Yro npomcxoaut ¢ npasoil yacTeio ¢opmyssl (6)? Msbl goka-
3a/i, 4To ee Inpejes npu e — 0 cymecTtByeT. [loaunTterpasn-
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Has (YHKIMS [10JOXKHTeJIbHa M Bo3pacraer nipu &—> 0.

[TosTomy uHTErpaJ
£

in2 A(y—
S-H(x) e*exil;(yh(_yx)ﬁdx
0

MeHbIIle 3TOro mpejesa Inpu BceX & >> (. 3HAUHT, H HHTErpaJ

3

sin? A (y—x)
S H (%) = y—r 4%
0 ~

He GoJblie rnpeaeJa. CJ'Ie)lOBaTeJIbHO,

[se]

sin2 A (y—x)
§ H(x) R—1 dx

cymecTByeT. Ero ocTaTOuHBIE 4JeH MaJ, HO Gosbuie OCTa-
TOYHOrO uJjeHa HHTerpaja B IpaBoil wyacTu paBeHcTBa (6).
CiepoBaTeJbHO, HpejeJ NPaBOd YacTH paBeH

fa'e] Ay
sin2A (y—x) o __ v\ sin?v
SH(x)-—————w_x)2 dx = g H(y x} S )
0 -_—0
CanejoBaTeJbHO,
2 i sin2v
7\ evr@ydi+e | o do—
—9% —

o Ca(y )iy,

—_00

UTo mpoHCXOAHT C 3TUM pPaBeHCTBOM, Korja y—> co? [lepBoiit
HHTerpaj cJjeBa sBJjsieTcs Kosdduuuentom Pypbe Hempe-
poiBHOH (yHKIMH F (f) H, cJeJoBaTesNbHO, CTPEMHTCSH K HYJIIO
no jJeMme Pumana — JleGera. Bropoit mHTerpas cjeBa cTpe-
MHTC K N. DTO JOKa3biBaeT JeEeMMY.

Terepp MEI npUMEHHM ee. 3aMeTHM, YTO IIPH U > Ay

umeem H (y ——%} =0, TaK 4TO

tim § # (y=2) o

axdeel
¥ -0

§ 2. Taybeposa meopema Hreapa ‘ 171

Hauunnas ¢ storo MecTta, J0OKa3aTeJbCTBO CTaHOBHUTCS ¢op-
MasabHbIM. Hjes BBIBojga 0oGoMX HepaBeHCTB COCTOMT B pac-
CMOTPEHHH HHTETpaJja B KOHEUHBIX IpeJe]aX, 3aBHCAIHX OT A.

OTMeTHM, YTO TNOAMHTETpajbHAst QYHKIUS HEOTPHIA-

' TeJbHA. YMeHbillasg 00JacCTb HHTETPpUPOBAHUS, NOJAYHAEM

Vi
- in2
lim g H(y—%) sf;vdvgn.
N

[Tosb3ysicb MOHOTOHHOCTBIO (YHKIHH ¢ W COOTBETCTBYIOIHM

'HEPABEHCTBOM JJs1 f, HaX0UM, UTO B MHTEPBaJie [—— VA, Vﬂ

H(y——%})H(y _71)?)3—2/10?.

Tem cambpiM
VA

EH(y—ﬁ:)e*Z/”_ g Ei?}#dvgn.

ITockOMbKY A (PHKCHPOBAHO, MOXKHO 3aMeHHTb y Ha y -+ 1/} A.

[ToaTomy
B Va
mH @< _p oy
Y00 VA
sin2v
S P dv
. —Vi
u lim P;(A)=1. IlepBasg mnojoBuHa Tay6epoBOil TeopeMbl
A—co
JOKasaHa.

M3 mee yxe caenyer, uto dymknus H (y) orpaHuueHa.
[Toatomy -

[o°¢] 2 fe o)

‘ v sin2v sin2 v
SH(y———x—> 2 dvgcg = dv,
Vy
H 5TOT MHHTErpajg CTPeMHTCS K HYJIO, KOrja y— co. TeM
CaMblM

vy

Vi _
(8) im { #(y—3) S do=n.

Yy

hat 4
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(Met Gepem B kauecTBe mnpejesna HHTerpHpoBaHHs |y Tak,
uT06Bl y— /Yy —> co npu y—> c0.) Ec/IH 4YHCJO Yy JOCTATOYHO

BeJHKO, TO H (y) << 2P, (A). Tlostomy H < y —1> B ¢opmy-

Je (8) oleHHBaeTcsi cBepXy BesuuuHoR 2P, (L) mpu mocra-
TOYHO OOJIbLIUX Y.
Ilosoxum tenepn

b=—2P ()+VA

H 3aMeHHM 00/1aCTb HHTETDHPOBAHHSI B COOTHOLIEHHH (8) mpu
Gonpiwmnx y Ha (—b, b). OcraTounbiMuH dsneHamu GyAyT

v sin2¢p 1 9P ()
S H< ——T>_52__d <2Pi (M) S e dv=__1b(_l
H
% 4 sin2 Vy 1 2P, (M) .
v
’ b
[ToaTomy
b
4P1 S (”‘*/ Smzvd >

—b

CHoOBa M3 MOHOTOHHOCTH noJgydyaeMm, 4TO Ha 3TOM HHTepéane

1 (o) en (5-3).

b

M—{—hmH(y—l— >e2b/ SSlnzvdv>n.

—
Yy—+ _b

TeM caMmbIM

4P,

3amenss y Ha y— b/A, a uHTerpaj—4HCJIOM T, UMeeM
4P, (A
lim H (y) > e—2b/A (1 ‘ )> P, (A

Y-

OuesupHo, uyto lim P, (A) = 1. TayGepoBa Teopema JOKa3aHa.
A—co

§ 3. Taybeposa meopema dan pados Jupuxae 173

§ 3..Tay6ep03a Teopema AJs psaaoB Jupuxie

Ean/n _Ea e—slogn

BEU€CTBEHHBIMH HEOTPHIATENbHBIMH KO3(hHIHEHTAMH @y, KO-
Topeii cxoauTcsi npH Re(s)>>1 u perynspeH Ha npsmMoi
Re(s)=1, 3a HCKJWOUEHHeM TOYKH S=1, TrJe OH HMeeT
IIOJIIOC TIEPBOTO MOpsiiKa ¢ BbldeToM 1.

B uHTerpanbHOM npeacTaBsieHHH 3TOoro psifa ¢ (x) sfBAA-
eTcd cTyneHuatod ¢yHKUHeH, KoTopasi B HyJe paBHa 0, a B
TOYKAaX X = logn CKaukoM YBeJIMUHBaeTCH Ha @,. TeM caMbM

P (x)= 2 ap.

log n<x

Ilycts f —psap Hdupuxae c

O6o3Hayast cumBoJoM @ (x) PyHKIHIO O (x)= 2“’“ HMeeM
@ (x) =0 (*) umn O(x)=e¢ (logx). DPynkuus f(s) yroie-
TBOPSAET YCJOBHSM TayOepoBOH TeopeMbl NIpH BCeEX A, H, cJe-
JIOBaTeNbHO,

lim —x(—x) =1,

X—>00

Mur nokaxem, Kak opMasbHBIM MPHEMOM MOXKHO 00600-

v O (x) ~ x.

UIMTb 3TO YyTBepXJAeHHe Ha OoJjlee WIMPOKHH KJacc pslioB

Hupuxae.

Teopema 1. IHycms [ (s)— pyrkyusn, onpederennas
gbitue; g(s)=>) bp/n’—pad Jlupuxie ¢ KOMNAEKCHbIMU KO-
agpuyuenmamu by, yoossemsopsoujumu Hepasencmsy | by | <
< Ca, 041 Hexomopot Koxcmanme: C. Ilpednoaosxcum, 4mo
pad g (s) cxodumcsa npu Re(s) >1 u peeyaapen na npamou
Re (s) =1, 603moxcHO 3a uckiawoHeHuem noawca nepeoco no-
padka c eoiemom o 8 mouke s=1. [loromum W (x)=
= ) bp. Tozoa ¥ (x) ~ ax.

n<x

HokasarteabcTBo. EcTecTBeHHOo, Mbl NoJaraeM o =
=0, ecau B Touke s=1 HeT nouwocal).

1) 1, ecrecTBenHo, YyTBepXKAEHHE TeOpeMHl B 5TOM cJyuae JOJKHO

YUTAThCSA I—ng—~ 0, a He ¥ (x) ~ 0. —ﬂpu,u. nepes.



174 T'a. V111. Daomuocme npocmeix udearos u maybeposa meopema

[lycts kosdbunments b, BellecTBeHHHl. Toria @yukius
(Cf+4-8)/(C+-a) naa pocraToyro Gosbiux C yAOBJAETBOpSiET
TeM XKe YCJOBUSM, 4To H f(s). Orcioja Hame yTBepKIeHHE
noJlyyaeTcst HeMeJJIeHHO.

Ecau xoshduuueHTH b, KOMMJIEKCHEI, NOJOXKHM

- gh(s)= Z-b—n/ns,

(S) H 3aMeTHM, 4TO

g=5 (g+g") +5 =5

i

TaK 410 g*(s) =

OueBuiHO, OTCIOZA CJefyeT Hale yTBepxmeHHe A g (s).
s TeopeMsl O pacnmpefiesleHHH TIPOCTBIX HJeasoB Ham

HYXHO 3HAaTh aCHMITOTHYECKOEe MOBEJeHHE IPYrod CyMMBbl.

Chopmy.upyeM TpeOyeMBIH pe3yJbTaT OTAENbHO.

I[Ipennoxenune 1. ITycmo b, (n=2, 3,
nocedo8ameAbHOCHb KOMNACKCHbLX HLUCeA, 4mO

..)—makas

N)= ib,, = aN o (N)

04 HEKOMOpo2o KOmnAekcHozo ducia o. Tozda

N
B b N N
”(N)*ZZ logn & logN‘+o<logN>‘
n=

llokasaTeabcTBo. Ilonaras ¥ (1)=0, umeem b, =
=¥ (n)— ¥ (n—1) npu n> 2. CrenoBareJsbHO,

N
: ¥ (n)—%¥(n—1)
n(N):E log n 2 lo

n=2

2 log n—l—l)

logN + 2 ¥(n )< logn =~ Tog ( n+l)>

[TosTOMY HOCTATOYHO MOKa3aTh, YTO NMOCJENHAS CyMMa HMeeT
nopsjox o (N/log N).

\

§ 4. Hexomopeie meopemts o cxodumoctu 175

®yukuusa ¥ (n) oueHuBaeTcs cBepxy BeauunHOH Cn; Kpo-

Me TOro,
1 1 LY

S S °g< += )

log n log(n+1) — log(n)log (n+1)

CnepnoBare/ibHO, [OCTATOYHO NPOBEPHUTH, YTO
N—1

§<1og1n)2 :°<10ZN> :

Paso6eeM 3Ty cymmy Ha JABe, mo 2<{n<<N'2 u o N2
L<n<<N. IT0 JacT OUeHKY

N2 N

(log2)2 " (1og N'/2)2”’
KoTopasi, oueBHJHO, ecTb 0(N/log N). dokasartesibcTBO 3a-
KOHUEHO.

I/n
(logn)? *

<

§ 4. Hexoropbie Teopembl 0 CXOXHMOCTH

[IycTb k—KOHEYHOE pacCIIHpeHHe TIOJS PpalUOHAJIbHBIX
yhces Q crenenu [k:Q]=N. [llycts p npoGeraer mNpoCThie
Hleasbl Kosbla [x, P|p, cTeneHb Hieasa P paBHa fP, Np =

’p
=p ". NMeem

S fp<N
plp

CuMBoJIOM % O6GO3HAuaeTCst MyJ/bTHIJIHKaTHBHAas (YHKIHS
Ha MHOXKeCTBe HJeaJoB MoJil £ ¢ KOMIIJIEKCHBIMH 3Ha4YeHHs-
MH, JJs1 KoTopo# Ju6o |y (p)|=1, qmbo ¥ (p)=0. Hynernie
3HAYeHHs MbI BKJ/IOyaeM AJsi yno0CTBa: HHOTAA HYXKHO HC-
KJIIOYHTb M3 PaCCMOTPEHHS HEKOTOpble HJeasibl. '

Waeansl 3anucBIBAIOTCS MYJIbTHIIMKATHBHO; - OYKBOH ¢

0003HAYaOTCS LieJIble HAaeaJibl,

v
a=[[p%  %,>0,

vp =0 pus Bcex p, xpoMe KoHeyHoro uucJsa. Ilo ompegesne-

HHIO0, UMeeM ¥ (ab) =y (a) % (b). PyHKOHS Y C ONHCAHHLIMH
CBOAICTBAMH Ha3blBaeTCsl 000OUeHHbIM XAPaAKMepPoM.
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KaxaoMy 0606lIeHHOMY XapakTepy Y MOCTaBHM B COOT-

BETCTBHEe €ro L-psia: :

QX (a) |
L(s, x)= 255 :H'lj(g-
a p Nps
O6o6uieHHbIH XapakTep, NpPHHMMAKOWME 3HaueHuss 1 s
BCEeX P, HA3BIBAGTCS MPUBUAAbHbIM Xxapakmepom W 0003Ha-
yaeTcst y,. COOTBETCTBYIOIIHH eMy L-pAA sBJsieTcs J3eTa-
¢dyukuuen {p(s) noas k. Ilokaxewm, uto psan Hupuxae L (s, x)
cxoautcsl ipu Re(s) > 1. :
[lpu k=Q

npeAcTaBisieT coboli oOhiuHY0 A3era-pyHKuuio. MHTerpans-
HBIH KPUTEpUHl MOKa3blBaeT, 4TO 3TOT PAJ abCOMOTHO CXO-
auTcst pu Re(s)>1 u paBHoMepHo—npd Re(s)>1-+¢e ¢
JodbsiM & > 0. Orcioga caenyer, 4to psif

< logn
(1) D e

n=2 .
cxoauTcs abcosoTHO npH Re(s) >1/2 u paBHOMEpHO — IIPH
Re(s)>1/2+e. :

UTo6bl yCTAaHOBHUTb CXOJHUMOCTh B OOlIEM cJydae, Mbl

O6yaeM cpaBHHBaThb L-pAl c A3eTa-QyHKIHEH HWJIH C . ps-
JoMm (1).

IlpuMenuB k npousBejeHu (GopMasJbHO omnepaTop Jora-
pH(dpMHYECKOH NPOU3BOJHOH

_ dlog F=F'[F,
HOJYYHM

—dlog L (s, x) = 3] (logNp)x (p™) Np~™,
p,m

rae cymma OepeTcst O BCEM INPOCTHIM HAeaJaM H BCEM Iie-
JblM urcaaMm m>0. Ecau Mbl J0KaxeM, 4TOo 3TOT psf ab-
COMIOTHO cxoauTcsi mpH Re (s) > 1, oTcioga 6yneT cael0BaTh,
4TO psaf Aas L (s, ) Toxe cxopuTcs abCOMIOTHO, H ¢OPMab-
Hoe Jorapudpmuyeckoe JHddepeHuHpOBaHHe 3aKOHHO JJIs
CXONSIMXCS PSAJOB.

§ 4. Hexomopue meopemor o cxodumocmu 177

Ho psan dlog L(s, y) MaxkopupyeTcsl mOWIEHHO psALOM

—d log Ch(O’) = 2 (log Np) Np—mo —_ 2 2 ap, P~ ™o,
p.m p m={
rae
ap,m= D fplog p<N log p,
ip

fplm

p

[ee]

H, 3HaUUT, pagom N > >l log(p) p~™°. Ecam orpaHHunTbCS
p m=1

TOJILKO TEMH P, 115 KOTOPHIX f, > 1, BTOPyw CyMMy MOXKHO

HaudHaTe ¢ m=2. CyMMHpDysl T€OMETpPHUECKHE NPOIPECCHH,
NoJIyyaem:

Teopema 2. [Tycmoe k—uucaogoe nose, y— 0606uyer-
Holl xapakmep. Pad L(s, y) cxodumcs abcomomHo npu
Re ($)>1 u pasnomepro npu Re(s)>1+4e. Hdasee, npous-

8ederue
1
H X-(p)

fp>1 I— Nps

cxodumca abcomomno npu Re(s)>1/2 u pasromepro npu
Re(s) > 1/2+e.
OueBHIHO, TOJBKO MPOCTbie IMBH3OPH CTENeHH fo=1

BHOCAIT BKJIad B HYJIH H MOJJIOCH! {-hyHKIMH npa Re (s) > 1/2.

Teopema 3. Ilpednoroscum, umo ¢ynxyua L (s, o)
umeem noaioc nepgoco nopadka 6 mouxke s=1. [Tycmo y—
00o6ujernbul  xapakmep, Y % yo. Ecau y2=%yo, npumen,
Kpome moeo, umo ¢pynxyuu L (s, x) u L(s, %) 20r0mopgrvL
8 okpecmHocmu mouku s=1; ecau oce Y= yo, Npumem, 4mo
pynryuw L (s, xo) u L(s, %) eoaromoprer npu Re (s) >1—8
0as Hekomopozo 8 >0 ec0dy, 3a uUCKOueHUeM NPOCMO20
noaoca gyrryuu L (s, o) 6 mouxe s=1. Toeda L (1, y) 7= 0.

HokasateabctBo. [Iycty L (1, x)=0; a1s Bemect-
BEHHOTO S>> 1 uMmeeM

Lis, p=exp( 3 nzid ) »
p,m

12 ¢. JNenr
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rae exp (x)=e*. PaccmorpuM ¢yHKIHIO
[(s)=L3(s, o) L*(s, x) L (s, ¥*) =
344% (p™) %2 (3™
:exp<2 +4X (P™) %2 (¥ ))'

mNp™ms

P, m
Torna
344 cos 0+ cos 20

[Fe) | =exp | 3T :
p»m

rae O =argy (p™). Tak kak 3-+4 cos 8- cos 202> 0, orciona
caenyet, 4to |f(s)|>1 npu Re(s) >1. Ilpenmosnoxum, 4to
y2=~ yo. Ecam L (1, x)=0, o dpyskuua f(s) ron1xKHa HMETH
HyJb B Touke s=1. CoOTBETCTBYWOWHH pAJ TpPeACTABIACT
3Ty ¢yHKuMio npd Re(s)>1, u Tak Kak [ HemnpepsiBHa B
Touke S= |, OHA JO/IKHA CTPEeMHTbCS K HYJIO npH s —> 1.
[IpotuBopeune.
Ecan y%= yo, paccMOTpHM (YHKIHIO

LGs, m)Ls, n—exp ( NEEED Y.
prm ,

Bripaxenue moJ 3HAKOM 3KCMOHEHTHl IIPEACTABJAET cobon

psj JupuxJe C HeOTpHIATENbHEIMH KO3(DGHIHEHTaMH, KOTOPBIA

MaxKOpHPYeT psA

2
2 S
pm -
pacxofsiuicss npa s= 1/2 (kak Jorapud™m A3eTa-QyHKIHH).
to. npoTHBOpeuuTl) caepywomed Jemme o pagax [dupuxae
C HEOTPHIATEJbHBIMH KO3(p(hHIIHeHTaMH. :

JTemma 1. Hycms f(s)= Dl ann™—pad Hupuxae ¢ He-
OMPULAMebHBIMU BeujecCmEerHbLML KOd(ppuyuernmamu, cxo0s-
wuiica npu Re(s) > oo. [Tycme, xpome mozo, pynxyus f(s)
conomoppra & mouke o, Toeda pad cxodumcs npu

1) ITpoTuBopeune cBsisaHo ¢ mpeamonoxenneM L (1, %) =0, u3 xo-
TOpOro B CHJY YCJOBHE Teopembl cJefoBaio Obl, 4TO (yHKIUA
L (s, %o) L (s, %) ronomopbHa npu s=1. —ITpun. nepes.

$§ 5. Haomuocmu - 179

Re (s) > o0¢— 98 041 wHexomopoco 6 >0 (u, caedosamenvno,
npedcmagasem [ (s) 8 amoil Ooavuiedl noAYnA0CKOCMLL).

HoxasateabctBo. Ilycts &> 0—mocraroyso wMma-
jgoe uHcjo. IlpousBensi cOBHr, MBI MOXKEM CUHTATh, YTO
go=0. Ilpu 0<<o<Cd umeem

o) = D, a,e—(0—0) log (n)p~0 log (n)
(0) né e )
n

" q
3aMeHMM SKCIOHEHTH ¢ pamamu 2| 2¥/vl. Tak Kak Bce Ko-
v

5hQHIHEHTb [0JOXHTEJbHB, CYMMHDOBAaHHS 2, ) MOKHO

n v
noMeHATb MecTamu. llosyunTcs passoxenne ¢yHKUMH f B cTe-
IeHHOH psiji B OKpeCTHOCTH O, cxojsuuics mnpu o= — 26.
DTOT CTeNeHHOH psif MOXHO CHOBa mpeBpaTHTb B psj du-
puxJe B mnojoce —28<0<Cd, oTKyJa u ciaenyer, uTO 3TOT
psn cxomutcsi mpu Re(s)> —3d.

§ 5. IlnoTHOCTH

[lycte y-—xapaktep ['eKke, T. e. XapakTep Tpynnel
KJaccoB upesiedl noss k. Eciu on HepasBeTBJEH B KOHEUHOM
IIPOCTOM HAease p, T. e. obpamaercs B HyJb Ha rpymnme
JIOKAJIbHBIX €IHHHUIL UP, TO ¥, (np) =1y (b) npencrasaser cobGok

GYHKIOHMIO TOJMBKO OT P, H MBI MOXKEM BBeCTH (YHKIHIO

1
o=l
Np*

rle IpOM3BeJiIeHHE paCIpPOCTPAaHEHO Ha Bce P, B KOTOPHIX
xapakrep y HepasBeTBJeH. M3 pesyabtaros ra. VII caenyer,
4TO TakKOH L-pAj yAOBJETBOPSET YCJOBHSIM, cOpMYJ/HpPOBaH-
HbIM B TpejpiAyllleM naparpade, ¥ yCJIOBHSAM NPHMEHHMOCTH
Tay0epOBOH TEOpeMBI.

Ilycte x> 0; cuMBosoM P, 0603HauMM MHOXECTBO IpO-
CThIX HJeajoB Cc ycaoBueM Np<x, a cumBojgoM A, — MHO-
KeCTBO LeJbX ueanoB ¢ ycaoBueM Na<{x. [lag Bcsikoro
KOHEYHOr0 MHOXEeCTBa MPOCTHIX HAEJOB S 0GO3HAYHM CHM-

8
BojioM A7 MHOXKECTBO TeX IeJbIX HAEAJOB &, KOTOPblE B3a-
MMHO TPOCTHl € S # AJs KOTOpeix Na<{x; aHaJOTMYHBIH

3
cMblct umeet Px.
12%
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B kauecTse uacTHOro cayuas TayGepoBOl Teopembl NOJY-
yaeM:

Teopema 4. ITycme o—sbiwem 0dzema-hynxyuu G ()
8 mouke 1. [ycmeo n(A3) u n(Pg)—uucio 31emenmos MmHo-
scecme AS u P, coomsemcmeenro. Hmerom mecmo caedyrwoujue
acumnmomudeckue hopmyaod:
s
n (Az) ~ afx,
n (P,) ~ x/log x,
ede p=[] (1 — 1/Np).
pes
B camom pene, BbueT B Touke | (yHKUMH, KOTOpas mo-
Jaydaetcsl U3 {p(S) ONMycKaHHeM MHOXHTeJeH, OTHOCSIUXCS

K sJjemenTam S, paBen aff. Orciopa ciepnyer nepeoe yTBep--

xKpenue. [{as pokasatenbCcTBa BTOPOrO NIPUMEHHM TayOepoBy
TeopeMy K JorapuhMHuecKOH IpOH3BOJHOH JA3eTa-(pyHKIHH

S\ log Np
&l Npms °

p,m

Pazo6bem 3Ty cymmy, Kak OObIYHO, Ha JBe: OJHY IO BCeM
p u m=1, gpyryio—no m>1. Bropas cymMmMa He BHOCHT
BKJajfa B BbiueT B Touke !, a mepmBas cymma

2 log Np
Nps
P

npencrapiser cobod psany  Hdupuxae 2 b,/n®, rme b,=0,
ecJU n He fBJSETCS CTelleHblo mpocTtoro uucaa. Mas xax-
JIOTO 1[€JIOT0 YHCJIA N> 2 0603HAaYUM CHMBOJIOM W (71) YHCJIO
upeayoB p, i xoropeix Np=n. Torga b,=p(n)logn.
Boiger  jorapudmuueckod  mpou3BOAHON  GyHKUIHH T (S)
B Touke s=1 pasen l. B cuny teopembi 1 moayuaem

Z bn ~ X.
n<x
Jns1 3aBepieHHsT JOKA3aTeJbCTBA OCTA€TCS NPHMEHHTb Npea-
Joxenue 1.
3afimeMcsl Temepb BOIIPOCOM O DPAaBHOMEPHOCTH pacnpese-
JIEHUSI TIPOCTBHIX HJEeaJIOB.

§ 5. [Thomnocmu 181

[TIycTb G —KOMIAKTHAsA KOMMyTaTHBHas rpymma. [lyctb
F = |J Fr —o6beiuHeHWe KOHEYHHIX IOAMHOXKecTB F,, r=1,
2, ... u F,cF,,,. PaccMoTpuM HeKOoTOpoe oTOOpaKeHHEe
A:F — G. Mpb 6yleM roBOpUTb, YTO MHOXKeCTBO F A-pas-
HOMepHO pacnpelesedo B rpynne G, ecau JJisi BCSKOroO Xa-
pakTepa y 3TOH IpyIIbI
lim —— Sy o (8) = S 5.
a0 1 (F7)
§er, G

Hanomuuwm, uto Sx: 1, ectt = o, u 0, ecaum ¥ =% yo.
G
Mp npumem Ge3 JoKasaTenbCTBa, YTO BCAKAs Hempe-
poiBHAs (YHKLHS HAa KOMIIAKTHOH TpyIle JAONyCKaeT paBHO-
MepHOe TPUO/HIKEHHE JHHEHHbIMM KOMOWHAIMAMHM XapakTe-
POB C KOMILIEKCHBIMU K03((UIIHEHTaAMHU.
Hasosem BeinectBennyo ¢yukmuio [ Ha G donycmumoi,

€CJIH CYUTEeCTBYIOT TAKHE€ IMMOCJIENOBATEJbHOCTH BEHIECTBEHHBIX

HenpepulBHEIX (QyBKUME {g,}, {h,}, uTO
gn<f<hm

gn, hn cXomfTCS K f, COOTBETCTBEHHO MOHOTOHHO BO3pacrast
u yObiBasi, U, KpOMe TOTO,

| (gn—hn) — 0
G
npxH n —> oo.
KomnsiekcHast ¢pyHKOMS Ha3blBaeTcsl DOMYCTHMOH, €CJH ee
BELIECTBEHHAS] M MHHMAsl YacCTH JONYCTHMBI.
Eciu MHOXecTBO F A-paBHOMEDHO pacrpejeJieHO B IpyI-
ne G, a f—mobas jponyctumas ¢yHKmus Ha G, TO

lim e 3 For®={ 1.
EEFr G

r-»co

ITO HeMeJJIeHHO CJeAyeT H3 pAcCMOTPEHHS pPaBHOMEPHBIX
npub/vKeHud QyHKUMM [ JIuHEeAHbIMM KOMOMHAIUSIMM Xapak-
tepoB. Ha mpaktHke B KkauecTBe [ Gepercs XapaKTepHCTH-
yeckasi (YHKUMS TOAXOASIMX MNOAMHOXKeCTB rpynnu Q.
Ecau, nanpumep, G KOHEYHa, PaCCMOTPUM XapPAKTEPUCTHUEC-

Kyl0 (YHKLUHUIO f OLHOrO 3JIEMEHTa; TOrZa S f=1/n(G).
G
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Bce uHTepecyomue Hac TeopeMbl O PaBHOMEDHOM pacipe-
JleJIeHHH BBITEKAIOT M3 CJeAYIOmiero pe3dyJbTaTa.

Teopema 5. [Tycme y— rHopmasuzosannbili xapaxmep
Texxe, § 5=%0, S — KOHe4HOE MHONCECMEO npocmblx 10eanos,
codepacauiee ace udeanvl, eae ¥ passemsaex. Toz0a

hm n(As) > % (8)=0,

aAs

1
5 2 1) =0

lim

roofl

HdokxasaTeapcTBO. Pe3dyapTaT noayyaercs HeMel-
JeHHo. B camom gese, Mbl 3HaeM, 4TO L-psig rosoMopden
B Touke | W He ofpamaercs B Heil B HyJsb. CJel0oBaTe/bHO,
BblueThl L-psila U ero NpPOH3BOZHOH pPaBHBI HYJIO M Hame
yTBEDXKAEHHe cJjefyeT H3 TeopeMbl 1 W mpeasoxenusa 1 co-
OTBETCTBEHHO.

[lycts J=Jp—rpynna upenedt nmoas k. Ilycts S—ko-
HEUHOE MHOXXECTBO HODMHDOBAaHHH, CoAepXkallee apXHMeNOBHI
HOpMHpOBaHus, JS—mnoarpynma rpynnel J, cocTosmas u3

I/IlleJIeﬁ, KOMIIOHEHTbLI KOTOpPHIX SABJAKTCA €AHHHUAMH BHE S :

u 1 B S. He crenyer cmemmBath 3Ty NOATPYNNy € HOATrpPYII-
noit Jg, 3JeMEHTH KOTOPOH HMEIOT KOMMOHEHTaMH €IMHHIIE!
BHe S ¥ 4TO0 yrogHo—B S. [lo HenpepeiBHOCTH, BCAKHH
XapakTep TPyNnsl KJacCoB HAeJiefi CTAHOBHTCHA TPHBHAJIbHBIM
Ha OAHOH U3 moArpynn JS; Kpome TOro, OH TpPHBHAJEH Ha
MyJ/bTHIJIMKATUBHOA Trpynne k* mosas k, BJOXEHHOH B J.
[lycts G—KommnakTuasi rpymnna, A:J/k*JS — G — HemnpepoiB-
HBlH romoMopduam. Torga aas mo6oro xapakrepa §y CPYIIb!
G ¢yHKuua y oA sBAsSeTCHd XapaKTepoM TIPYNNbl KJaccoB
ugeJselt, T. e. xapakrepoM ['ekke. MuoxectBo PS mnpocteix
HJeaJioB, He NpPHHAJAJIeXKallUX S, MOXKHO CJ/eLyIOnHM obpa-
3oM norpysutb B J/E*JS. TlycThb 7—3JeMeHT mnepBOro Imo-
PALKA OTHOCHTEJbHO HAeana p4¢S. DToMy 3JeMeHTY COOT-
‘BETCTBYeT HJeJib, y KOTOpPOro p-KOMIIOHEHTAa paBHa X, a Oc-
tTanbHble — 1. Kiace m no momymo k*JS He 3aBHCHT OT
BbIOOpa NPOCTOrO 3JeMEHTa; OToOpaKeHHe, CTaBsllee B COOT-
BETCTBHE HJeaJsy P 3TOT KJacc, omnpejeJseT HHTepecyiollee

§ 5. IMromnocmu : 183

Hac BJjoxeHue PS B J/k*JS. (Mbl MoxkeM TaKXKe MOCTA4BHTb

B COOTBETCTBHe HJeaJy p uiesp nl. D10 U GygeT caeJaHO

B IOCJIEAYIOMHUX HpUMepax, 4ToObl He PacXOXHThCSl C KJac-

CHYECKHM OIMCaHHeM JJI1 apXMMeJOBbIX HOPMHPOBaHHI.)
F'omomopdusm A HHLYIHDPYeT HEKOTopoe oTto6paKeHue

P8 — @, u 43 npefblaylied TEOPeMbl CJAEAYeT, YTO MHOXKe-

cTBO PS }» -paBHOMEPHO pacnpefiejeHo B rpynne G.
[TopBeeM HTOrH 3TOr0 OGCYKAECHHS.

Teopema 6. [lycmo P — mHoxcecmeo npocmuix udeanos,
1:P — J,—omobpancenue, xomopoe onpedessemcs max.
Has kamdozo udeara p evibepem npocmoli 3sremenm JtPEkZ‘P

u 0003HaquUM cumeoaom T (P) udesv, 8ce KOMNOMEHMbL KOMO-
pozo, Kpome v,-il, pasrol 1, a vy~ pasta wx,. Muoscecmso P

npedcmasum kaxk obveOurerue nodmuoscecms P., tocmos-
wux u3 mex p, 022 komopoix Np<r. Ilycmos G— komnaxm-
Has Kommymamuenas epynna, O :Jy — G—Henpepbigubill
anumoppuam, 20po Komopoeo codepxcum k*, HoO He colep-
scum J°, A=a 1. Toeda mHoscecmgo P k—paeﬂomepno pacnpe-
deaeno 6 epynne G.

MoxkHo, HampuMep, NOJOKHTb G = J/k*Jg (3TO — KoHeyHas
rpynmna), a B KadecTBe A B3siTb KAHOHHYECKHH rOMOMOpPGhH3M.
STO JacT paBHOMEepHOE paclpejeJieHHe IPOCTHIX HJeaJoB B
S-knaccax wupeasoB. OcraBiasieM YHTATEII0 B KauecTBe
yIpa>XHEeHHsI BLIBOZ PaBHOMEPHOIO paclipefleJIeHHsT HPOCTHIX
HAeaJsoB B  OOBIYHBIX apH(pMemquKHx nporpeccusx (reopema
Hupuxae).

PaccMotpuMm, HaKOHeu, rayccoBo moae k=Q (). Ilycts
S COCTOMT W3 apXMMeAoBa HOpPMHpOBaHHs. Hmeem

JIERJS o k% (21, 4i),

rae kY — MyJbTHIVIAKATHBHAsl TPYINa KOMIJIEKCHBIX UHCeEJ.
Wpeannl MOXKHO paccMaTpHBaThb Kak TOUYKH IIePBOTO KBal-
paHTa rayccoBoil HJOCKOCTH. beps B KauecTBe A ‘pajuaJb-
HYIO MPOEKUHIO HA €JHHHYHYIO OKPYKHOCTb, NOJYYHM paB-
HOMepHOe paclpeje/ieHHe HJIeasoB M IPOCTHIX HJEaJoB
B ceKTopax.



Tnanasa IX

TEOPEMA BPAY3PA—3WUTEJId

C T1OMOMLIbIO HMHTETpPaJbHBIX BbipaxKeHHH J3eTa-PyHKUHHA
MOXKHO TIOJIYUHTb HEKOTOPHIE OLEHKH JJI5 €€ BLUeTa H BbIBECTH
H3 HHX OJIHH AaCHMITOTHUECKHH pe3yJbTaT, CBS3LIBAOWHAMH
UHCJIO KJIACCOB, PEryJATOp H AHCKPHMHHAHT YHCJIOBOTO MOJIS.
QopMyJIHPOBKA 3TOTO pe3yJ/bTaTa TaKOBA.

Ilycme k npobezaem nocaedosamerbHocme 4UCA08bLX noaell, -

Hopmanrvrbix Had Q, cmeneno N komopbix u abcoaromuasn
geauuuna  Ouckpumurnanma d  Yyoo8AEMBOPAIOM  YCAOBUIO
N/logd — 0. Toeda

log (hR) ~ logd'/z.

Bornpoc 0 He06XOAUMOCTH YCJIOBHS HOPMAJIbHOCTH H IIPeNoJio-
xenuss N/logd— 0 cBsisaH, C OJHOH CTOPOHBI, C THITOTE30H
AptuHa o HeabeseBbIX L-psinaXx, a C APYrod — C KJacCHUECKOH
3ajauefi O CYIUECTBOBAHHH OECKOHEUHBIX Hepa3BETBJIEHHLIX
pacummpenuiil). B camom pese, korga K mnpoGeraer Hepas-
BeTBJIEHHbHIE paclMpeHuss HoJs k£, oTHoueHue Ng/logdg
0CTaeTCsi MOCTOSIHHBIM.

3aMeTdM, uTO JMCKPUMHHAHT moas k=Q(f), rae {—
KOpeHb U3 e[MHHUBI NPOCTOR CTEeNeHH p, paBeH dp=p’?
TaK 4uTO Halle yTBepXKJeHHe NPUMEHHMO K 3THM noJsaMm. To xke
OTHOCHTCA K OamHe noJied KopHeil p™-# cremeHu u3 1.

. BBuay atoro usyuenue mnosepenusi N/logd mnpexacrabiser
3HaunTebHbIA HHTepec. Mbl 6yleM NOJb30BAaTbCS, MO Cylle-
CTBY, 3JIeMEHTAaPHLIM YTBepXKJAeHHEM 00 OTPAHHUEHHOCTH YHCJIa
N/log d Ha MHOXecTBe 4HCJOBHIX moJed k== Q(N>1). Iro
HeMeJIJIeHHO BbITeKaeT H3 TeopeMbl MHHKOBCKOro o cylle-
CTBOBAHHH B KaXJOM KJacce HJeajoB LeJoro Hjueasna a

1) CymecrBoranHe GeCKOHEUHbIX HEpa3BeTBJAEHHHX pacurdpeHufl Gblro
HeJaBHo Jokasano E. losnomom u M. Wadpapesuuem {11}.—Tpun. nepes.

§ 1. Bepxnan oyeuxa 0sn swdema 185

¢ HopMoHi Na<{Cyd/z, rge Cy—KOHCTaHTa MHHKOBCKOrO.
W3Biekad kopeHb crenenn N u3 ofenx wyacTell HepaBeHCTBA'
H N0Jb3yACch TeM, uTo | < Na, mocJie HeCJIOXKHOrO BBLIUHCJIE-
HHs HaxopuM, uto N/logd < C, rie C— HeKOTOpas KOHCTAHTA.

§ 1. Bepxusas ouenka ajas BbiueTa

JJemma 1. Cywecmeyem makas abcorOmHas KOHCMAH-
ma c¢,, 4mo HepaseHcmeo

w (k) <V (1+a)¥dy®® (N=[k:Q))
umeem mecmo OAR 8CeX Hucaoevlx noset u ecex a> 1.

HdokasarteabcTtBo. llonb3yscy caeacTBueM 3 H3
Teopembl 14 u Teopemoit 15 (rs. VII) u yuuTbiBasi, 4TO MHTE-
rpaJibHble BBIpaXKeHHS! HJIs JA3eTa-QyHKUHH HeOTPHUATENbHBL
IIpH BEIIECTBEHHBIX §, TIOJIyYaeM JJsi S > | HepaBeHCTRBO

1/2 Tz
—2r s/apr i ik
(272 2= Ng, ) /A (%) [2() Cu(s) > % -575:—)_ '

[MTomoxum s=1-4 a™!. Muoxurequ I' paBHOMepHO orpanuue- -

Hol; useHbl ¢ U dy 130 HOJTYYaloTCsl OUEBHAHBIM 00pa3oM; H3
HpeJICTaBJIeHI/IH A3eTa-GOyHKIUA B BUJE NPOU3BENECHUS HaXOAUM

a(1+3)<te(1+3) <0+
Ato naet TpebyeMblif pe3yJbTart.
JJemma 2. Cywecmeyem maxas KoHCMAHmMaA C,, 4MO
015 scex k=%~Q umeemn
log (AR)/log (d'?) < ¢

Ecau k npobezcaem nocaedosameavrocme noaeti, 048 Komopod
N/logd — 0, mo

/7 log AR 1
Tim | (-1 ] <o
Iogd /2 N
JokasaTeabcTBO. DBocrnosb3dyemcss  3JeMeHTapHOH
OLIEHKOH, COTJIaCHO KOTOPOH YHCJO W KODHEH M3 eJMHHUILI

B YHCJOBOM TII0Ji€ Kk He MpPeBOCXOAMT c;N2, rie c;—abco-
moTHasi KoHcrawta. ([losle KopHEH CTeNmeHH n M3 eJHHHILL

IN
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uMeeT Hax Q cTemeHb @ (n); TOrAa, YYMThIBas, 4YTO

@ (p")=(p—1) p"' u @ (mn)=e (m) @ (n) A1 B3aUMHO NPOCTHIX
m, n, TNoJyyaeM HeOOXOAMMYI0 OLEHKY [/ 7 B TepMHHaX

9 (n).)

U3 nemmbl | u q)opmynbl LI % HaXOllI/IM

log AR

W—I< og d 1/2 10g(01(1+a))+ + 1
[lonaras o =1, nojgyuaem nepBoe YyTBepxkieHue. 3adHKCH-
DPyeM o H pacCMOTPHM Hauly IOCJEJOBATENbHOCTb MOJIEH;
eCJH @ JOCTaTOUHO BEJHKO, TO AJs BCeX TMoJieil, KpoMe Ko-
HEYHOTO YMCJAa HX, JeBasg 4YacTb He IPEBOCXO4HT o ! e,
rle € MOXHO CJeJIaThb CKOJIb YTOJHO MaJibiM.

d1 - loges.

§ 2. Huxusa ouenka Ajs BbYETa

Jlemma 3. ITycmes sy— seujecmeerroe wucao, 0 << so<< 1.
H pednoaoscum, umo G (go, So) <0 (uau, umo mo e camoe,
Cr (s0) < 0). Tozoa

% (k) > 8o (1 — sp) 2 "e—4nNg o= /2,

HNokasateabcTBo. B cuay teopemn 15 ra. VII,
§ 8, umeeM i
_%go(0) > S gO (a 'a ”Sod*

So (1-—30) ol

YMeHbIIMM 06J1aCTb UHTETPUPOBAHUS O P:[]Pl,, rae P,—
MHOXeCTBo eiuHul, U, A/ HeapXHUMENOBHX U U 00J1acThb

< lad ™" <

AJs1 apXMMeJOBEHIX U. 3HaueHHe HHTerpaja NpH 3TOM YMeHb-
MTCA; HHTerpaa no P paBeH NPOH3BEJCHHIO JIOKAJIbHBIX
MHTSrpajioB, KOTOPhie Mbl cefyac BBIYHCJIHM.

[Tycts v ecTh P- aJuecKoe HOpMHpOBaHHe Torpa go,o=
—dl/zfo,v M, 3HAYHT, go,v—d fo,,, ecTb d-KpaTHasi — Xapak-
TepuCTHYeCKass GYHKUHMS MHOXECTBA ay. HoaTomy B 3TOM
C/Iyuae HHTepeCYIIUH Hac JIOKa/JbHBIH HHTErpaJ paBeH

S éo, »(a) d*a=d*,

Py

NepeMeHHOR 2 = a,d

§ 2. Huocnasa oyenxa Oasn sviyema 187

Ilycth Temepb u—apxuMefoBo. Bocnoan3yeMes npepJio-
xkenneM 9 ru. VII, § 8, uro6nl BelpasuTh g uepe3 [. 3ameHa
—1/2

/*N npespamaer muTerpan mo P, B

a8\ fo, o (2) 7z,

rae obJjacTh HHTerpupoBaHus umeer Buj 1< | 2|, <2. 3a-
MEHHM fo »(2) HHXKHe#l rpaHbl0 3TOH (GYHKUHM B 00JacTH
HHTETPUPOBAHHUS, HMEHHO YHCJOM e~ 4% B BellleCTBEHHOM CJYy-
yae u (1/2n)e—4—pB kommsekcHOM. Mepa o6sacTi paBHa
log2 u 2mlog2 cooTBeTCTBEHHO. ITO.JaeT AJsl HHTerpaja
OLEHKY CHH3y BHJA

|| /2N |50~ Ve~ og 2.

IlponsBesieniie mo BCceM HOPMHPOBAHHAM IPUBOAUT K He-
paBeHCTBY

xd /% (2m) 7" > 50 (1 — o) d/2d 0™ 2e—4mN (1og 2)Y,

rie Mbl ToJb3yeMcst uucjoM N BMecTo ry +r,. Ouenka B ¢op-
MYJHDOBKE JIEMMHl SIBJISIETCSI HEKOTOPBIM OCJaGJIeHHEM 3TOTO
HepaBeHCTBA.

Hama uesp cocToMT B JOKa3aTesNbCTBE — CJjeTylolled
TEOPEMBI.

Teopema 1. Mycms & > 0. Cyujecmsyem makoe 4ucio
c,(e), umo Oan ecex nosed k, Hopmassrbix Had Q, umeem

‘MeCmO HepaseHcimeo

% (k) > ¢, (e)"di®

HJokaszarteabcTBo. [loap3ysachy runoresoli Pumana,
Mbl MOTJIH Obl H30aBHThLCS OT YCJIOBHS HOPMaJIbHOCTH. B camom
Jlesle, B pacCyKAEHHSX MPHUXOJUTCH pas3juyaTh JBa cJyuas.

Cayuad 1. [1na BceX HOpMAaJbHHIX NoJieH & QyHKUHs {y (S)
He ofpailaeTcsi B HyJb AJs BeLIeCTBEHHHIX S B HHTepBaJe

l—e/N<<s<1.

W3 uHTerpanbHOro mpejpcTaBseHHs TOrAa CJEyeT, 4T
n3eTa-¢pyHKUMs oTpuuaTenbHa BOsm3W oT 1 cuesa. Crego-
BaTesabHo, (;(l—e/N)<<{0, w, nmonaras, Sy=1—¢/N
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B JleMMe 3, HaxoauM Tpefyemoe. DT0 Ke paccyKaeHHe NPOXOLHT

B a8 noneit k, He SBJISIOMHMXCA HOPMAJbHBIMA.

Cayuad 2. CymecTByeT Takoe HOpMaJabHOe PacIIHpeHHe £,
noist Q crenend Ny, 4TO {p,(So) =0 ans HEKOTOpOro Bellle-
CTBEHHOTO 3HAY€HHSI Sp, YAOBJETBOPSIOIIEIO HEPaBeHCTBAM
1—8/N0<So<1.

Hrolsl cHpaBHTLCA C THM CJyYaeM, HAM NpPHAETCS Mpef-
NpUHATE OGXOAHOM NyTh uepe3 Teopuw L-psinos. B cuepyio-
IieM naparpade Mbl JOKaKeM TaKOH pe3yJbTarT.

Teopema 2. Cywecmeyem maxas koncmawma cs, umo

0as 6cex wucaoevix noseil k u Hopmarsueix pacuupenud K -

noas k umeem mecmo HepaseHcmeo
K)/u (B) < cN&—Na Ng—N, 1/2¢
% (K)/% (k) < cy (14a) (dx/dy)
0as moboix a>1. .
[Ipumem moka sTy Teopemy. Ham mnomapmo6utcs eme cie-

Aywowas ¢dyHaamenTtanbHas JgemMMa Bpayspa, foKasaTesbCTBO
KOTOPOH NPHBEJEHO B IPHJIONKEHHH.

JTemma. Ilycme G—Konewrasn epynna, yreq — xapaxmep
ee peayasproeo npedcmaerenusn. Cywecmsyrom maxue yuku-
weckue nodepynnor H;=z=1, noaoscumenrvrowe payuonaisroe
uucaa h; u oOHomeprvie xapaxmepe: b;=~=1 epynn H;, umo

H *
Kreg = Yo T 2 Ay,
ede 36e3004ka o3nauaem UHOYYUPOBAHHBLL Xapaxmep.

Mbl BocmoOsIb3yeMCsl 3TOH JeMMOH HECKOJIbKO pa3. das

Hayaja OTMETHM, 4YTO ecJd mnose K HOpMmaJbHO Haj k
H Lz (So) =0 R HEKOTOpOro s;, TO TakXe (g (So) = 0. (Hus
pacumpeHdi, He SBJIAILIMXCS HOPMaJbHBIMH, BOIIPOC OCTAETCS
OTKPBITBIM. KOHe4HO, oTBeT csiejoBas Gbl U3 runote3 Apruna.)
Mgl ucnonezyem dopmysay ApraHa

L () =T (9) [TL (s, 7, K/RY™;
BXOAfillKe B Hee L-psfpl saBjsioTcs aGeseBbiMH L-psjamu
THIA, H3y4yeHHoOro B ra. VII. '

Teneps mpucTymum K pas3Gopy BToporo cayuas. Yucso s,
HyJb JA3eTa-OYHKIMH Mexay |—e/No 1 1 B guCKpUMHHAHT
nosisi Ry MOXKHO CYMTaTb (YHKUHSIMH TOJBKO OT €. IlycTe
k —HopmanbHOe pacmmpeHue nosis Q. [omoxum K = kk,.
Torza nose K HopMaJIbHO Haj kg H, CIeJ0BATENBbHO, Lk (So) = 0.

§ 3. Cpasnernue 8biveMmos 8 HOPMANOHHX PACULUPEHUAX 189

Tlo gemme 3,

x (K) > s (1 —50) 27V ke* g1 —501/2,

DJleMeHTapHasi OlleHKa JaeT
Ng<NoNi,  dg<di°d)®,
OTKYyJza :
d;{'(i—so)ﬂ > dl—{B/2No > d/;e/zdo—aNh/ZNO,
H MBI TOJy4aeM

% (K) > c5 () ""rdy */2.

B cuny Teopemsl 2, cBsi3biBaiomiedt BbiyeThl B moaax k2 u K,
nosaarasi a = N,/e, nojayyaeM HepaBeHCTBO

% (k) > % (K) cs () Nrdy 2.

M3 mocsenHux AByx HepaBeHCTB cJjefyeT Teopema l.

§ 3. CpaBHenHe BBHIYETOB B HOPMAJbHBIX PaCUIHPEHHSX

Hamelt nesivio Tenepn siBsisieTCs JOKa3aTe/JbCTBO TeoOpe-
mbl 2. Onsitb BocnoJsb3yeMcst semmoft Bpayspa o mnpencras-
JIEHHAX TPYNI U Pa3JoXKEeHHeM A3eTa-(QyHKUHMH:

Cr (5) =L () [T L (s, w3, Kylk)™.

Besikuft L-psip B 3ToM pa3JjioxkeHHH umeeT BHJ L (s, P;), rne
\{; — HEeTPUBHAJIbHBIA XapaKTep TI'PYNNbl KJACCOB HIEJEH I0Js
K;. Nmeem

® (K)/x (k) =[] L (1, ).

MHoxuTtem cnpaBa KOHEUHBI H3-32 HETPUBHAJBLHOCTH Xapak-
TEPOB ;.

HaM HyXHO omeHuTb cBepxy Beauuussl | L (1, ¢;)|. Or-
METHM, YTO ;-— XapakTepbl KOHEUHOro MOpsiKa.

Jlemma 4. [lycme k—uucaogoe nose, =% 1— xapak-
mep KoHedynoz2o nopadka epynner Cy, a> 1. Tozda

[L (1, 9) | < (1 4oy
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HokasateancTBOo. B o6osHauenusx ra. VII, § 8,

HMeeM

C(glb’ q)v 1):
= | s@v@la|aart

a1zt a1

v (@) (a)d*a

I[IpsiMo#i moacueT mnokaswiBaeT, 4to |gy|<|gy|. D10 maer
BEPXHIOIO OLEHKY :

]C(gﬂh q)v l)|<2

{la{j=t

lgv (@) ]lalfd* (@) <

<2(gol %o 8) (s>1).

Ham xapakTep HepasBeTBJIeH OTHOCHTE]bHO KOMIJIEKCHBIX
HopmupoBanuii v. [lycTb v —uncjo pasBeTBieHHBIX Belle-
CTBEHHBIX HOPMHPOBAHHH, U =r,—v. [los0xHuM

() (3

Hecnoxmaﬂ OILICHKAa JIOKaJIbHBIX HHTErpaJIOB H NpejcTaB/JeHHe
A3eTa- (pyHKU.I/IH B BHJe I'IpOI/ISBe,U.eHHH JIOKAJbHBIX MHOXKHUTE-
JeH JaioT HEPaBEHCTBO

dif* 27T a™E T (1, 9) | L (1, ) <
C<2(dyP e MRP T (s, ¥) La ()

npu s> 1. Tosaras s=14a™ u noJb3ysch Toi Xe TpH-

BHAJIbHOA ONEHKOH jA3eTa-QyHKUHH, 4TO H B § 1, mosiydaem
HEPaBEHCTBO JIEMMBI.
[Tos0xumM

NJ == [KJ . Q]
anMeHI/IM JEeMMY 4 K moJasMm Kj H XapakTepam 1pj. 310
Aaet

% (K)/n (k) < Tleg 3 (1 4 o)V gli'®e,

J
Jaujee,

Ng =N;+ 2INjh;.
OTO TOXKJECTBO MNOJYYAeTCs, eCJd YMHOXKHTb Ha [k:Q] 3Ha-

YeHHE XapakTtepa peryJspHoro mnpeictasienus G (K/k)

§ 4. Oxonuanue Jdoxasamessctea 191

B efuHule. OTciofa u u3 gopmyanl ApTHHA AJS JHCKPHMH-
HanTa (cM. [3]) cpasy ke noJayvaem

dg=dpTldy .
J

(IlpoBectn Bbiuuc/eHUe AJas AudPepeHTH, NOJb3YAChH €e
MYJBTHIJMKAaTUBHOCTbIO B OGamusax pacumpeHnii.) M3 stux
Pa3JIOKEHHH CTeNeHM M JUCKPHMHHAHTa HEMeIJIEHHO CJefyeT
Tpe6yeMasl OLleHKA OTHOILUEHHS BHIUETOB.

H1st yno6cTBa uMTaTe s NPUBEJEM J0Ka3aTeJbCTBO (op-

" MYJIBl pa3/10KeHHu s JMCKpUMUHaHTa. CorsacHo dopmyJe ApTiHa,

HMEeM
A
Dg/r = Ng/x (®rm) =Nk /n (Dkinte;)
YMHOXKHMM 00e 4acTH 3TOro paBeHCTBA Ha

Ni/r (Drjq) = Dhg”?

H BOCMOJIB3YEMCA TOXAECTBOM AJ4 crenenefi. 3to Aaet

A
Ni/r (Dk/q) = Dr/QlINK /1 (Dk j/q To;)

BasaB Hopmy Np/q OT 00eHx uyacredi 3TOro paBeHCTBA, MOJY-
quM TpebyeMoe.

§ 4. OxoHyaHue H0Ka3aTeabCTBA

Huxnusasa rpanudna Ajs BbideTa, noayueHHas B § 2, npu-
BOAUT K HepaBEHCTBY BHAA

log (AR) — log d4/* > — Nc, (8) — 2& log di/>.

Kak MBbl yxe oTMeuasu, oTHouleHHe N/logd orpanHHueHO Ha
MHOXKECTBe BC€X WYHCJOBHX [oJeH, OTJIHYHBIX oT Q. 310
M03BOJIAET CJEeAYIOUMM O06pa3oM JOMNOJHHTb MepBoe yTBep-
XKJeHHe JeMMHB 2.

Teopema 3. Cyuwecmsyem maxas KOHCMAHMA Cg, 4MO
0415 ecex noseid k, HopmaasHoix HAO Q, umeem mecmo Hepa-
BEHCM B0

| log (hR) | > c5 log d!/2.
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Hauee, ecin k npoGeraeT HEKOTOPYI MOCJ/eAOBATENbHOCT
NoJIeH, HOPMaNbLHBIX HafZ Q, aas Kotopodt N/logd — 0, us
NpeAbIyllero HepaBeHCTBA BLITEKAeT, UTO

lim [log (AR)/logd!/2] > 1 —2e.
' KoMGHHHPYST 3TOT peaysbTaT ¢ JieMMO 2, nosayuaem:

Teopema 4. IHycms k npobezaem HeKomopyr nocie-

dosammeasHocme noaed, HopmasbHolx Had Q, 0aa xomopoil
N/logd— 0. Tozda

log (Rh) ~ log di/2.

HeTPYILHO OUEHUTL JHCKPUMWHAHT HAUMEHbILIEro HOp-

MaJIbHOTO paclIHpeHHsi k', COZEpIKallero JAHHOE UYHCJIOBOE
nose k/Q:

dp <di "%, ’
raie N'=[k’:Q]. Tlpumensss Teopemy 2 k nomsam £’ u k
H noJjarasi a==e/2, ¢ <?1/2, naxoaum
% (k) > % () co (8)™™ dit.

C apyro#i cTopomel, Teopema | B npHMeHeHHH K noso A’
Jaer
~N’ ,—
n (k') >c.(e)”" di?,
TaK YTO

Rh/d\? > cig (e) N di?

log (Rh) —log d'/2> — N’cyg () — 2¢ log ds-.
Ouenupas dp uepes d, Kak Bbile, noJyyaeMm, HakoHell,

log(RR) 7 L e49 ()
[logdi/z 1]N, > — 2.

Hwcso mosieft ¢ orpaHHYEHHBIM IHCKPHMHHAHTOM KOHEUHO.
Jleast uwactb nocselHero HepaBeHCTBa orpaHHYeHa ‘CHH3Y
M HE MMEeT OTPHIIaTe/bHLIX NpelebHBIX 3HAYeHHH, Korga &
mpoGeraeT BCe YHCJOBHIE NOJIsA, OTIHUHbE 0T Q. U3 jemmur 2
C/JIeJyeT Halll OCHOBHOH pe3yJ/bTar.

Teopema 5. [Tycme k npobezaem ece uucrossie noas,
omautnbte om Q, N’'—cmenens Had Q Haumenswezo HOp-

pusoxcenue — aemma bBpayspa 193

MaabHo20 noas k', codepocaweeo k. Toz20a mHoxcecmso 3rna-
YeHuil B8eAUdUHbL

log (Rh) _ 4 ] 1

log dl/2 N’

02PAHUYEHO U umeem cgoed edurcmaenHol npedeabrol moukou 0.

CaenctBue. [lycms k npobecaem uucnogvie noas
gurcuposannod cmenenu N nad nosem Q. Toeda umeem
MeCcmo acumnmomuyeckass gopmyaa

log (hR) ~log d!/?

npu d — oo.

HdokaszateabcTBo. OueBdHO, yunThiBas, yto d’ <L d!.

[Mpuaoxenne — Jemma Bpayapa

B 3TOM NpuJIOXKEHHH MBI JIOKaXKeM JIEMMY O TpyNHOBHIX
XapakTepax, KOTopas HEOJAHOKPAaTHO HCIOJIb30Basach B 3TOH
raaBe. Huxecsnenywomwum usnoxenueM s o6s3an Ceppy (oHO
sigJsieTcsl nepepaboTkoil paccyxkjeHuii bpayspa).

Ilycts G —Koneynas rpynna. CuMBojiom lg oGo3HauuMm
TPUBHAJILHBIH XapakTep, CHMBOJIOM rg— XapakTep peryJsp-
HOT'O TpEJCTaBJEHHS H MOJOXHUM Ug =rg— lg. s Bcakoh
noarpynnsl /G u Bcsikoro xapakTepa ¢ rpynnsl H CHM-
BoJIOM V* 0003HayuM MHAYUHPOBaHHBIH XapakTep rpynns G.

[lycts A —nuk/mueckas rpynmna nopsiika a. Onpepennm
¢yHkuuo 04 Ha A CiaefyOIUMH YCJOBHSIMH:

a, ecJu o— obpasywinaa rpynns A,

0200)=1 ¢ 4 IIPOTHBHOM CJIy4ae.

Tlomoxum Ay=¢(a)ra—09. (p—dyHKUHsT  Diisepa);
Ays=0, eciu a=1. Hyxusoifi HaM pe3yJbTaT COAEPKUTCSH
B JBYX IpeLJOKEeHHsX.

I[Tpeananoxenne 1. [ycmv G —rxoneunasn epynna
nopaoka g. Tozda '

-, ’ 4_uG:—;‘_2 }"jh

20e cymma 634ma no 8cem YUKAUHECKUM NoO2pynnam . ezpyn-
-not G.

13 C. Jenr
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~HokaszateabcTBo. Hasa mobbix ABYX GyHKUHH 7, P.

Ha G onpefeseHO OGBIYHOE CKaJISIPHOE MPOU3BEAECHHE

W, %)e =§ M (o) % (0).

gEG

[lycTs '\ — nponasosbHas (yHKuust Ha G. Torza
P> gua) = (b gra)— (¥ glay =g (D — 2 ¥ (o)
g
C Ipyro#i CTOpOHBI, NOJB3YSICh TEM CTAHIAPTHBIM (AKTOM,
4TO. ONEPATOp, NePeBOASMMA XapaKTep HOATPYNIbl B HHAY-

HHPOBAHHLIA XapaKTep BCEH TPYIINbl, CONpPSKEH C ONEPATOPOM
‘OrpaHHYeHHs HA NOATPYMNIy, MOJydaeM

Dby MY =D (LA, Aa) =D (W] A, (@) ra—04)=
A - A A

o o6p. A . O€EG

=Se@b(M—X+ X ap©)=g¢()— X %
A A

Caef0BaTe/1bHO, .QYHKIUHA B 06enX 4acTsIX JOKA3LIBAEMOIO
PaBEHCTBA HMEIOT OAMHAKOBBIE CKAaJspHblE NPOH3BEJEHHS

¢ mobo# ¢yHKuueHd M mnoToMy coBnajaior. Ilpemnoxenue

JI0Ka3aHo. :

MMpenaoxenne 2. Ecau A=={1}, mo ¢ynxyus A,
Aeasemca AuHednol KombuHnayueld HenpusoOuMblx Hempu-
BUAAbHBIX XApaKmepos epynnboi A C UeabiMu NOAOKUMEAb-
HbMU KO3(ppuyuenmamu.

HlokasateabcTBo. Ecau = mnopsagok IHKIHYeCKOH
rpynnst A TPOCT, TO B CHJY NPeJIOXKeHHs | MeeM Ay = gu 4,
u TpeOyeMblil pe3y/bTaT CJAeAyeT H3 H3BECTHOH CTPYKTYpH
pery/sipHoro npejacTaBJeHHs.

[nsi nokasaTeabCcTBa yTBEPXKJAEeHHss B oOmleM cJjyuae
JAOCTATOUYHO YCTAHOBUTb, 4TO KO3pPuuueHTH DPypbe PyHK-
MK A, OTHOCHTEJIBbHO J0GOrO XapakTepa NEpBOH CTeNeHH
SBJISIIOTCS] HEOTPULATEJBHEIMU UeIbMH yncami. [lyets ¢ —
XapakTep NepBO# CTeNeHH. BuIUHC/ASA CKaJsipHOe NPOH3Beje-
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HHE OTHOCHTEJILHO A, noJiydyaeMm

W, xA>=<p(a')xp(l)—G§p ¥ (0) =
=q(a)— 2 P(o)= 0% (1 —1 (o).

o 06p.

Cymma D) (o), B3ATass 1O BCEM ofpasyiomuM rpynnsl A,
SIBJIAETCS LEJBIM aJ/Ire0pauyecKuM 4YHCJIOM, KOTOpOe K TOMY
¥e palMOHA/MBbHO (N0 Psfy 3JEMEeHTAPHHIX COOGparKeHHit).
Hajiee, ecqm 1 HeTpUBHAJEH, BEIUECTBEHHBIE YACTH BCEX
yuces | —1p(0) HOJIOKUTEJbHB, KOrAa ¢ HE eCTb eIUHHY-
HbIH 9JIEMEHT, ¥ DaBHBl HYMIO B NPOTHBHOM cJaydae. Tem
CaMbiM pacCMaTpUBaeMasi CyMMa SIBJAETCA IleJbIM ITOJOXKH-
TeTbHBIM 4HCJIOM. [ TpHBHATBHOTO XapakTepa 1 OHa,
OYeBHJHO, paBHa HyJo. [IpeasoxeHHe HOKa3aHO.

13*
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SIBHBIE ¢O0PMY/JIbl

Mu caenyem wusnoxenuio Befing [10]. OTMeTuM, uTO
JIOTHUECKasl CTPYKTypa [L0Ka3aTeJbCTB Ype3BbIYaHHO IMPOCTa.
Hcnosb3yioTcss TOJMBKO cJaefyiomue pe3yJbTaThl apudMeTH-
4eCKOro IpPOHCXOXJEHHS.

OrpaHnyeHHOCTb BeJHUYHHH | L (S)| B KaxIoH moJyI.o-
ckoctd Re(s)>1+-a, a>0.
OyHKIHOHA/bHOE ypaBHEHHE JJs1 GyHKIuH A (S).

OrpanuyeHHOCTb QyHKIMHA A (S) B /110608 10J10Ce 0 K 0 0y
C HCKJ/IOUYEHHBIMH OKPECTHOCTSIMH TMOJIOCOB. IDTO CJeAyeT
U3 OCBbIUHBIX MHTETPaJbHBEIX TpeJCTaBJEHHH.

OcranbHble pacCyXJeHHs HMEIOT aHAJUTHUECKHH Xapak-
Tep. B uyacTHOCTH, MBI IOCTOSIHHO MOJb3yeMcsi GopmyJioH

CrupauHra, ONHMCBHIBAIOIIEH  aCHMITOTHUECKOE = IOBEJEHHE

raMMa-QyHkuud. CJiefiyeT OTMETHTb, YTO HaM IIPHXOAHTCS

OlleHHBaThb DpsAJ Hpeobpa3oBanuéi Pypbe H HEKOTOpHIE OIpe- -

JleJIeHHblE WHTETrpaJibl.

OcCHOBHOH pe3yJibTaT COCTOHUT B TOM, YTO CyMMa 3Hauye-
HUH HEKOTOpOH GYHKUMH Ha CTeleHsX MPOCTHIX HEaJOB,
N0 CyIleCTBY, COBNajaeT C CyMMOH 3HaYeHHH ee Ipeobpaso-
BaHus MensHHa B HyAsX A3eTa-pynkuuu. TouHasi dopmyJiH-
poBKa cojepxuTcs B § 3.

OjHa yacTb J0Ka3aTe/bCTBA OCHOBaHA HAa TeXHHKe npeolpa-
soBaHuii @Dypbe pacnpenenenuéi. 9 o6s3anH JI. [lIBapny
3a Te COOOpaKeHHsi, KOTOPble HCTIOJIb3YIOTCH B JOKA3aTebCTBE
npefyoxenuss 4, § 5 (u3noxeHue Beilsil B COOTBETCTBYIO-
IIeM MecTe HACTOJBKO CKAaTO, YTO €ro XOX eJBa JH MOXKHO
IIPOCJIe RUTD).

YuTateni0, KOTOPHIE 3aXOueT MOyNpaXKHATBHCS, Mbl COBE-
TyeM OOOOIIMTb TeopeMbl M3 KHUTH [12] Ha cuaywafi L-pspoB
C NPOU3BOJbHBIM XapakTepoMm [ekke.

§ 1. Bedepumpaccoso pasaoscenue L-pada 197

§ 1. BeiiepiitpaccoBo pasnoxenune L-psana

B 3Toii rJaee Mbl 6yieM NOCTOSIHHO NOJb30BATHCS PE3yJib-
ratamu 1. VI, § 8. Ilycte k& — uncioBoe moJe, ¥ — Xapak-
Tep rpynnel KjaaccoB uuened, dy =N (Dfy). [Toroxum A=

=272 Ndy u
GO (S’ X) = A8/2 = GO (S’ 7?)’
G, (s, %) =T (s/2) (mnsi apxuMenoBHIX V),

THE Sp= Sy () =% (No(s+ipy) + |my|. Ilasee, cumBosIOM

L (s, %) o6o3HayaeTcss NPOM3BeJCHHE OOLIYHBIX MHOXKHTeJeH
10 BCEM J, OTHOCHTEJbHO KOTOPbIX ) Hepa3BeTBJIEH.
®OyukuA

A(s, %) =Go(s, %) ILGo (s, %) L (s, %) = A(s)

yIOBJETBOPsieT (YHKIHOHAJBHOMY YDaBHEHHIO BHAA

WA, x)=A(—s, x)
HJIHU

As)=A(I—s)u(x),

rae udcaa W (y) u « () mo aGcostOTHOH Be/HYHHE PaBHHI 1.
Kak o6biuHO, cumBoJ Oy o3HauaeT 1 gas y=1y%o 1 0—
B OCTaJbHBIX CJy4asiX.
Mot xomum Ookasame, wmo

[s (s—1)1°xA (s)

aeanemcs yeaol ¢ynkyuell nopsadka 1 ¥ moroMmy, IO CTaH-
JapTHOH ofmel TeopeMe TeOpPHH (QYHKUMH KOMIJIEKCHOH
TiepeMeHHOH, pasJjaraercsi B NPOM3BeJeHHE BHIA

A(s)=ae” [s(s— 1)]—6x H <1 _%) es/o,

rie o npoGeraer Bce HYJH QyHKIHH A (S) ¢ HX KPaTHOCTSMH,
a a 1 b—KoHcraHTH,
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Ham npupercs ouneHHBATH raMMa-MHOXKHTEJIH C. IOMOIIbIO
dopmy.abel CTHp/HHTA

1 1 R P
logT (s) = (s— ) logs—s + log 2+ { £t 4y,
0

rmge
Py(x)=[x]—x+

— nuJoo6pasHas QyHkuusA. MHTerpaibHbIl dJieH AOMYCKaeT
oueHky O(1/|s|) paBHOMepHO B JIOGOM CeKTope BHAa

—n+é<Largs<<n—3§, 8§ > 0.

CiiefioBaTeIbHO, AJs JTOGOTO (PHKCHPOBAHHOTO KOMILIEKCHOTO
YHCJa @ B TAKOM CEKTOpe HMeeT MeCTO DaBHOMEpHAs acHMIl:
ToTHYecKass dopMmyJia

log'(s+a)= <s+a—%> log’s—s#—% log 2a + O (1/]s}).

B wacTHOCTH, ec/M a BellleCTBEeHHO, moJaras r=|s| u 0=
=arg s, HaxoJuM, 4TO .

| T (s+ a) | = ro+a—1/2¢—10g—0 (257)1/20(1/7)

pPaBHOMEDHO B ONHCAHHOM CeKTope. AHAJOTHYHO JJIsl BElLlecT-
BEHHBIX @ U ¢ HMeeM

[T (s+a-+ip) | = rota—t/2e—10-00—0 (257)1/2¢0(1/r),

OGosHauuM CHMBOJIOM ( (s) IpOM3BeJeHHE MHOXKHTETEH G,
u Gy, T. e., MO cymecTBy, ramma-mHoxutenedt. OueBHAHO,

uto |G (s) | :O(e's'HB) JJisi Jmo6oro & >0 B MOJYNJIOCKOCTH
o> 1. Jlajgee, U3 npeiacraBnenHus L (s) B Buie nNpoH3Bele-
HUS SICHO, YTO 3Ta (YHKIHMA OrpaHUuYeHa B MOJYNJOCKOCTH
0> 1+a npu moGoM BelleCTBEHHOM a > 0. CiefloBaTe bHO,

A@S)=0 (el +B) B TaKOH IOJYIJIOCKOCTH.

@yHKIMOHAJNBHOE YDAaBHEHHE JaeT Taxym XKe OLEHKY
B MOJYTIOCKOCTH o —a.

C zapyro#t cTOpOHHI, Hpe,Z[CTaB.HeHPIe A (s) B BHIE CyMMHl
JBYX HHTErpaJjoB, CXOJSAHIUXCS IpH BCEX S, U WieHa, OIHCHI-
BAIOIEro IMOJIIOChl B To4Kax s(s-— 1), MOKaskIBaE€T, UTO 3Ta
yHKIMS OrpaHAYEHa B KaXKJOH M0J0Ce 0y < 0 <K 0y, 338 HCKJIIO-

§ 2. Ouenxa Qynxyuu A'/A 199

YeHHEM OKpeCcTHOCTeHd mouocoB s=0, 1, Korja oHH HMeTCH,

T.- €. TIpH Y = %o- MBI NOKaXkeM TeM CaMbIM, 4YTO TpeOyeMas
OlleHKa MMeeT MeCTO INpPH BCeX S, 3a HUCKJ/IOYEHHEM TaKHX
OKpecTHOCTeH, W, 3HAUHUT, NMOPAAOK GyHKuuH A (s) paBeH 1.

§ 2. Ouenka dynkuuu A’'/A

Ham nonanobsarcsa jgBe JeMMH H3 Teopudn (YHKIHH KOM-
MJIEKCHOH NepeMeHHOH.

Jlemma 1. Ilycmo ¢pynkyusa [(s) eoromopipra 6 noay-
noasoce 0y, K00y, t>t>0. [Iycme 0aq Hee npu t— o
6 amot obaacmu cnpasedauda oyenka O (&), 20e ¢ >0—
HeKOmopasa KOHCMAHmMa, @ HA KPasx 0 =0y U 0 = Oy — OYeHKA
| f(s)| =0 (tM), ede M — Hnexomopoe nososcumessHoe yesoe
yucno. Toz0a oyeurka f(s)=O0 (tM) umeem mecmo 6o aceli
obaacmu. .

HDokasatenbctBo. PaccmarpuBas ¢ynkuumio f(s)/sM
BMecTO [ (S), MBl MOXeM CYHTaThb, UTO [ OrpaHHUEHA Ha Kpasx

TIOJIYIIOJIOCHI. ﬂOKa}KeM 4TO Torja OHa orpaHvudeHa BO BCeH

noaynoJjoce. B camom Jesie, paccMOTpHM QYHKLHIO g (S)=
=f(s) gies? 11 Hekortoporo A = 149, rae 8 > 0 gocraTouHo

maso. Torfa npu GoOJIbLIHX ¢ HMeeM

lg (s)|< Bect—eth sin A0,

rie B — HekoTopas KOHCTaHTa, a O =args. CueloBaTebHo,

GyHKIMA g (S) orpaHHYeHa KOHCTAHTOH B Ha rOpPH30HTAJILHOM

oTpe3ke f=1, (AJ5 JOCTaTOYHO OOJIBUINX f,) MEXIY KpasMH
MOJIYHOJIOCH G =0; H 0= 0,.

Ha BepTHKa/lbHBIX CTOPOHAaX MpPSIMOYTOJNBHHKA, 3aTEHEH-
HOrO Ha depTexe, (QYHKIOUA g (S) orpaHuueHa, MOTOMY YTO
f(s) orpanmuena u e—e*sinA8 < |, U3 orpaHMUEHHOCTH (YHK-
LMK g (S) Ha rpaHHIe NPSIMOYTONbHUKA C/IeyeT ee OrpaHHUYEH-
HOCTb BO BCEM TMPSIMOYTOJNbHHKE; Ha CaMOM JeJie OLEeHKa
| g (s)] << B roauTCs M AJIs1 BHYTPEHHHUX TOYEK. HoaTomy, CHOBA

noJaras r=|s|, uMeeM
lf(s) \ B l e—wsk | < Besr sin A9
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BHYTPH TIPAMOYTOJbHHKA. Tak Kak 3Ta OLEHKAa TOfUTCA MpH
Bcex €>0, 10 |f(s)|<<B BHYTPH UPAMOYrOJbHHKA, YTO
H Jaer tpebyemoe.

IlokasaHHas JeMMa H3BeCTHa noJ HaSBaHPleM TeOpeMbI

2]

)
Q

Jdemma 2. ITycme dJyHICL{u}Z f(z) eozzo.uopdma 8 Kpyee
l2—20|<<R u umeem no kpailneii mepe n Hyred 8 Kpyeze
|2—20| <r <R (cuumas rascOoui Hyse cMOALKO pa3, KAK0ea
€20 Kpamuocms).

ITycme, kpome mozo, f(2)=0. Tozda

[(R—nr)/rI® < B/|(20) ],
ede B— maxcumym modyasn | f(2)| e Goarswom rpyee.
JokasaTtedabcTBO. MoXHO cuHTaTh, 4T0 25=0.
ITycts.

=iI=11 (z—ai) 9 (2),

rie a;—HyJd ¢QyHKUMH [ B MeHbiueM Kpyre. Torja B 60Jb-
IIOM Kpyre, O4E€BH]HO,

lo @) <[ (@) /(R—r)"<BI(R—T1)"

Tak ®ak ja;|<r mpu Bcex i, To TpeGyemoe HEpaBEHCTBO
noJy4aeTcsl OTCI0Ja, €CJIH MOJOXKHTb 2= 0.
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BepueMcs K L-psanam. [lonoxum
Ly (s)=s(s—1)L(s).

PaccmoTpuM modsiocy 0y << 0 << 1 << 0,. Mot ymeepacdaen, umo
045 Hekomopozo yeao20 uwucia M 6 smol noaoce umeem
mecmo oyenka Ly (s)=0 (|t M).

Ons foKa3aTesJbCTBAa 3aMeTHM, UYTO

|Li(s)|=1s(s = 1) L(s)|=Is(s—1) G(s)"G (1 —5) L (1—3)|

B CHJIY QYHKIIMOHAJBLHOrO ypaBHeHus. BHyTpH moJocsl $yHK-
uusa A (s) orpaHuHueHa, 3TO CJelyeT H3 €€ HHTerpaJbHOro
npeacTan/eHus. C OMOIIbIO aCHMIITOTHKH AJ151 FraMMa-QyHKIMH
OTCIOZa CJejfyeT, 4TO BHYTpH moJocs L, (s)=0 (e¢'tl), rue
¢ — HeKoTopast KoOHcTaHTa. [anee, npH o= o0, QyHKUHA L (s)
OrpaHHY€Ha; 3TO BHAHO H3 ee NpeACTaBJEeHUS B BUJE NPOU3-
BeJeHus. To ke BepHo Aasg L(l—s) npu o=0, B cCHIy
dyHKUHOHANBHOTO ypaBHeHus. Ilyctb a, b — duKcHpOBaHHbIE
KOMIIJIEKCHBble 4HCJa; W3 pesyabTaToB § 1 caexyer, urto
[IC(s+a)/T(b—s)|=0(tM) (ans wekotoporo M, 3aBucA-
imero ot a, b) BHYTpH mosiochl (W60 MHOXKHTENH BHIa e~ !9
cokpamalorcs). Cob6upast BMECTE BCE 3TH OLLEHKH, MOJydaeM,
uro L;(s)=0(|¢[*) Ha Kpasgx 0=0, H 0=0,, ecau M
JOCTaTOYHO BeJHKO. TpeOyeMmull pe3yJbTaT Tenepb CJAeAYeT
U3 Jemmsl 1.

[IpumMenss JeMMy 2 K mape KPyroB IOCTOSSHHBIX pPajHyCOB
¢ neHtpoM l-+a- it npu dukcupoBanHom a >0, noaydaem

[Ipeannoxenune 1. Yucro nysred gpynkyuu A (s) (cos-
nadarwouiee ¢ yucaom rHyreld dyukyuu L (S)) 6 npamoyzoae-
nuke 0ol u T<<|t|<T+ 1 oyenusaemces kax O (log T).

Cunencrsue. Cyujecmeyrom makoe 4ucao o u makas
nocaedosamesoHocme Huces Tp, m<Tp<<m-+1, |m|>2,
umo y ¢yuxyuu A (s) xHem Hy/zeu HU 8 00HOL 20pu30Hmans-
Hol noaoce suda

S G

BepHeMcsi K passoxeHHI0 Befiepiutpacca. Buuucass pas-
HOCTb €ro JIOrTapu(@MHYECKHX [POH3BOAHLHIX B JBYX TOouKax
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S, Sp, HaXOXHM . :
A'JA (5)— AN /A (80) =

. 1 1 1 1. 1 1
\:,Z <s~fco._so—co>—6x <?+s—l—?ow—so——l> ’
n)

[Ipennoxenue 2. [Tycmo:0 <<a<l,m— L{e/zoeuucxzo;
|m|>2. Hycmb §s=0+iTh, 20e. ——a<o<1+a a 4ucao Tm
evlbparo, xKax eoiue. Tozda e

|A'/A (s) | < B(log|m)?,

20e xoHcmanma B sasucum om a, HO He 3asucum om m.u ©.

JlokasaTeidbcTBo. IlotoxuM So=1-+4a+iT, #H
_ co=ﬁ—{-_ty. Co ‘
HMmMeem

| ATA (s)— A’ /A (s0) | Z’(S_SO‘S {—}-Bi,

rie B; — KOHCTaHTa, OLI€HHBAIONIAs BolpaXkeHHe CIPaBa OT CHM-
BoJsia Oy. CyMMa OLlEHHBAaeTCH TakK:

2\ o '< (a+1—0) ZI
[1pd Hammx npennonomeHnax ,
(1 +a—B)*+(Tn—y)* >+ (Tm—V)".

C npyrot#t CTOpOHbI nonarasi b= d/log|m| (MO}KHO CUHTaTb,
utro b< 1), HaxoxuM

1
(So—ﬁ))l ’

150"'—60|2

|S—ml2>(Tm~Y)2>%(Tm*—v)2+§b2>

> 5 b [a* + (Tm—y)?),

notomy uto 0<<a<1. CaenoBaTennHo,

1 _
@+ (T—v)2 ’

| AA(S) = A () | < Bt 2@+1—0) 5

(0]

=

e

§ 3. Ocnosnaa cymma 203

Kpome Toro,

3! 1 (@a+1) 3 1 -
" @+ (Tp—y)? =~  a? m' (a+ 124+ (Tm—y)2 "’

Ml cpaBHHM 3TO BhIpaXKeHHE C OHEHKOH i Re(A’/A (so))
H yuTeM, uTo Re (A'/A(so <|A/A (So0) |-

I/IMeeM
A (s0) — 17 _g, (L !
A/A (s0) | =8 (ot
BemecTBeHHAs 4acTh CpellHeH CyMMBl paBHa

~_ 14a—p B
2[ (1_|_a._ 2:_(]‘ . 2 + ﬁ2+Y2:’:

H IIOTOMY OHa HE MCHBIIIE

a
% (I+aP+(Tm—y)?"

M3 »sTolf oOneHKH TpeOyeMbiil pe3yJbTaT NOJY4YaeTcs HEMeJ-
JIEHHO C IOMOIIbI0 CJeLVIOHIEro yTBEPXKAEHHS.

[Ipe ANOXKeHHE 3. ITycmo a>0. Pynxyusa L'/L (s)
oepanudena Ha npamoid Re (s)=1-a; kpome moeo,

I/T' (s) =log s+ O (/] s [3),
koeda Re(s)=14a u |s|—co. |

HokasarteabctBo. [leppoe yTBepKIACHHE CJIeAyeET
U3 npeAcTaB/eHHst L-QyHKUMH B BUJE NPOU3BEIEHHS, & BTO-
poe —u3 q)opmynbl CTI/IpJII/IHI‘a (Mpou3BOfHAsl OT HHTerpaJa
JlaeT OCTATOUHBIA uJieH). ‘ '

§ 3. OcnosHasi cymma

[Tycts F (x) —KOMIJIEKCHO3HAUHAsL QYHKUMS Ha BEIIECT-
BEHHOH INpPAMOH, [Ji1 KOTOPOH CYyHeCTBYyeT TaKas KOHCTaHTa
a’' >0, uro. QyHKUHS -

F (x) et2tani=1
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npuHaniexutT nupocrpaHctBy &,. Torza mpeoGpa3oBaHue

MeJmua
~+oo

@ (s) = S F (x) ets—1/2 4

—00

npeicTaBiseT co6oi ¢yHKuMIO, TrojoMopdHy0 B Jo6o#H
nogoce —a<Lo<Ll+ta, rae 0<<a<<a'. Jasa nauasa Mbl
MpejNoJOXKNM, KpoMe TOro, 4TO B KaXAOH Tako# moJoce
¥MeeT MecTO paBHoMmepHas oueHka @ (s)=o(1/(log|t|)?
(mo3xke Mbl yCUJIHM TpeOOBaHHA). 74

[Tycts T > 2. KosmuecTBo HyJe# dyHKuuu A (s), MHEMad
YaCTh KOTOPHIX JIEXHT MexAy T H O/uxKafluM 4ucjaoM T,
(cM. npeppiaymui mnaparpad), ouenmBaercss kak O (log T);
TO K€ OTHOCHTCS K KOJHMUYEeCTBY HyJed MexAy — 7T u O.H-
xafimuM uucjaoM T;. Cymma 2@ (@) mo 3THM HYyJAM CTpe:
'MHUTCS1 K HyJO, Korjga T —co.

Paccvorpum uHTerpan or ¢yekuun @ (s)dlog A(s) mo
MPSIMOYTrONbHUKY, OrPaHUYEHHOMY IPAMBIMH 0= —a, 0=
=1+a, t=Tnp, t=T,;. B cuny npeajoxenuss 2 HHTerpaj
M0 TOPU30HTAJbLHBIM CTOPOHAM CTPEMHTCS K HYJIO IIpH
T—>co, 3T0 cJeiyeT u3 ycJjoBui, HanoxeHHbx Ha .
O6o3nauas depe3 o (1) apautuBHyo rpynny dyHkuu# ot T,
cTpemsamuxcsd K Hyawo, Korpga 1/T— 0, B cuay d¢opMyJst
BBLIYETOB' MOJy4aeM cJjeiylomue cpaBHeHdss mod o (1):

—5 0O +OWI+_ N D)=

1 |
= S @ (s)d log A (s) =
rpaHuTAa
NPAMOYIOJIbHHKA
| t+atiTm . —a+iTm
=5 O(s)dlogA(s)— 5z | D(s)dlogA(s) =
14T, —a+iT,
) 1+a+iTm )
=5 @ (s)dlog A (s)—
14a+tiT,
) —a-}—;iTm
—o | @OdlgA(l—s, yY)=
,—g-}—iT?l .

§ 3. Ocnosnasf cymma 205
| {+atiT
=5 O (s)dlog A (s)+
i+a—iT
—a—1iT
+ g S ®(s)dlog A(1—s, 1)

—a+iT

Ha nmocsegHeM miare Mbl [OJBb3YEMCS OLIEHKOH MpeAJo-
JKeHUsl 3, U3 KOTOPOH cJjenyeT, uToO HHTerpasbl mo (Tpm, T)

u (T;, —T) ctpemsitca K Hyqw npu T —ico.
l+a+iTm
T +1+a+iT
-a - j ; T+a
o Z 1
Iva+(T;
‘1' +1+a-eT

UToOH! OLLEHATh MOJIYYHBIIHECS HHTErpajibi, Mbl BOCIOJb-
3yeMcsl npeicTaBieHneM A B Buje mnpousselenns. [losxydar-
Csl TPH THNA HHTErpajoB, COOTBETCTBYIOUINX MHOXKHTEJIAM
Gy, G, u L. [lanee, Mbl npuMeM, uto byukuust F yaosJer-
BOpsAeT CJELYIOUHM JONOJHUTEbHBIM YCJOBHSIM:

(A) F HenpepbiBHa BMecTe CO CBOeH MPOM3BOJAHOH BCIOAY,

KpOMe KOHEUHOro 4Huc/a To4yeK a;, rAe F (x) u npousBojHas
F’ (x) ¥MeIOT pasphiBbl TOJILKO MEPBOr0 poja, MpHYEM

F (a3) = - [F (s +0) + F (a—O)].
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(b) as Hexoroporo' uncsa b >0 HMEIOT MECTO OLEHKH
BHJA
F(x)=0 (e=(1/24b) 1 = 1),
F' (x) =0 (e—(1/2+0) I=1)
npH | x | —> co. '
M3 atux ycaosuil caenyer, uto D (s)=0(|?|!) paBHO-
MepHO B nojsioce —a' Lol +4a’, econ 0<<a’ <<b. [Noato-

My HpPIBeILeHHbIﬁ BblII€ NoACYEeT NPHMEHHM, €CJH 0<a<

<a <bwua<l. .

HnTterpansl mo mnpsiMeiM 6=1-}a U 0= —a Mbl CBEJEM
K HHTerpaJjam no npsmod ¢=1/2. HamuM oxoHuaTeqbHBIM
pesyabTaToM OyjeT caelyomas

SIBnan dopmyana. Hycme pyukyusa F(x) yoosiemeo-
psem ycaosusam (A) u (B); nycme @ —npeobpasosarue Mea-
auna pyusyuuw F. Cymma D) @ (0), pacnpocmparenas Ha
ece Hyau o =Pp-+iy pyukyuu L (s), ydosremeoparowue yciro-
suam 0P uly|<<T, cmpemumcs K 'rexomopomy npe-
Oeay npu T —> oo, u smom npedes pasex

<

lim ) @ (w) =08 S F (x) (/2 + e=*/2) dx -+ F (0) log A—

T2 y1<r “w
~ 3 e 0 ()" F (log N™) 1 (9)~" F (log Np=")) -+
P,n

Ny ¢ /i
+ D 52 U (Fo),

DES,

2de F, (x):F(x)e"i“’vx, a qu.—él)yuchuoua/t, Komopoid 6y-
dem onucarn 8 § 5.
Ecan B kauectBe F B3siTb QYHKIHIO

0 nppy  x<<0u x>logy,
e’’2 mpu O0<<x<<logy,

rfe y>>1-—Hekoropoe (HKCHUPOBAHHOE UHCJO, MOJYYUTCS
kJaccuyeckas dopmysa ({12], ra. IV). Tounyio dopmy.un-
POBKY pe3yJibTaTa OCTaBJsieM 4HTaresio. OTMETHM, YTO yCJIo-
Busd (A) u (B) B aTOM ciyuae, OU€BHJIHO, YJIOBJETBOPSIOTCH,
a B CyMMe [0 §,7 OCTalOTCA TOJBKO YJIEHEl € NOJIOXKHTENbHbI-
MH 1. '

F(x)=

194

§ 4. Bowucreniie cymmbi: riepsga uacino 207

§ 4. Bbluncaenue CyMMbi: nepBasi 4acTtb

B name#i siBHOH -~ dopMyJie -HHTerpajg (C MHOXKHTeJeM Oy)
nosiBJisieTCsl O4eBHAHBIM [o6pasoM Kak cymma @ (0) -+ (1).
Jlast Toro uTo6Bl MOJYUHTbL OCTaJbHbIE CJlaraeMole, BOC-

[0JIb3yeMCS TOXKIECTBOM
d log A=dlog Go+dlog L+ ; d log G,
VESx
¥ BLIYHCAHM COOTBETCTBYIOMHE HHTErpajbl OTACIBHO Jst

KaxKJOro H3 TpeX CJaraeMbix.
Haunem ¢ G,. Hmeem

d ' {
L 10gGyls) =4 log A, 5 log Gy(1—s) = — 5 log A

TTockoJbKy Mbl HHTETDHPYeM rosioMOphHYi0 (YHKIHMIO, KOH-
Typ MHTETPHPOBaHHS MOXKHO CIBHHYTb Ha IPAMYIO o=1/2
H Oé'bElIHHPITb 063 HHTErpaJia B OAHH

1/244iT
log 4 S @ (s) ds.

2mi
1/2—4iT

CrenaeM TNOACTaHOBKY S=1/2-+it, ds=idt wu mnepeiiieM
K npefeny npu T —> co. @opmyJa obpamendus QPypbe MpH-
MEHHMa B JAHHOM cJjydae, I103TOMy npejesioM OyleT BeJH-
yuna F (0) log A, 910 H Tpe6oBaJjoCk.

Tenepr npounterpupyem dlog L. Haunem c uHTerpaja
no npsamo# o=1-+a. TpHBHANLHLIH NOACYET NPHBOAMT K Bbi-
pakeHHIO :

+T o )
T Jad Bt

rage

Hy ()= 1:7%172_9 x (P)* F (u + log Np™) eti/2+a)u,

Mosp3ysich CyliecTBOBAHHEM TakOH KoHcTauThl C, 4TO

|F(x)_|<Ce-<1/2+b) EXN
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HaXoJuM

2C log Np
4
|y, (W) < Nprita) ©
DTa OUEHKA MOKA3bIBAET, YTO PAA D) H; . (W) cxoautea ab-
COJIIOTHO H DaBHOMEDHO H OlpeJiesiseT HEKOTOpY (yHKUHIO
H* (1), npuHaj/Iexaiyio NPOCTPAaHCTBY £,.

[Tono6Hoe Ke BBIUHCJEHHE [ HHTerpaja Io rIpHMOH

0=—a W OUeHKa JJi QyHKUHH
o (8) =RET 5 ()" F (14— log Np") e=Ct/24e

NPUBOAAT K A&HAJOTHUHOMY Ppsazny. HO.HO}KPIM Hy n(u)=
—H+ o)+ Hy (). Menss mecramu CyMMHPOBaHHe H MH-

TerpnpOBaHHe, HaxXoJMM, UTO CyMMa HHTerpaJioB oT dloglL
paBHa :

+T ®
e ~STdt—S°°H(u) ¢t tdu.

®yuxuusa [ (u) HenpepwiBHA BMecTe CO CBOell NPOU3BOAHOH
BCIOAY, KpoMe Touek o; 4 log Np™, rie v Hee H y ee mpo-
H3BOJHOH HMEIOTCA Pas3pblBbl NEepBOTO pojAa (HAaNOMHHM, UTO
KOJIHYEeCTBO TAaKMX UHCeJ @; KOHeuHo). Tak Kak, KpoMe TOoro,
B TOMKaX paspoiBa 3HaueHWe OQyHKuuH H () paBHO noJy-
CyMMe ee MpejeJsibHBIX 3HAueHWH, TO MOXHO NPHMEHHTb Qop-
Myay obpamenuss Dypbe, Tak yTo npu T —> co Hall HHTer-

paJa ctpemurcs K npegeny — H (0). Tak nogsaseTcs cymma

no p,n B NPaBOH 4acTH SIBHOH (POPMYJIBL.

§ 5. BuiuucJaeHHe cyMMBbl: BTOpas 4acrh

TlepexopuM K nociepnemy wieny. Jlasi KaxXJOro v Ml
JOJIKHBl BBIYHCJMTb HHTerpasa oT dlogG,. OTMeruM, uro
y ¢yurumn G,/G, HeT MNOJIOCOB B TNOJYIVIOCKOCTH ¢ >0
H 49TO JJa Hee HMeeT MecTo onenka O(log|t|) B mobo#
noJioce C BhHIPe3aHHBIMH OKPeCTHOCTAMH mnoJjcoB. Chenoa-
TeJIbHO, HHTerpaJ ot 1 +a—iT po 1 -+a-iT oranyaercss OT
uHTerpasa ot 1/2—iT po 1/2-+iT ua o(l). IlogoGubiM xke
paccyxkjeHueMm, 3aMmeHsii S HA l—s, MBI MOXeM NDEBPATHTb

§ 5. Butucsenue cymmo: 6mopas 4acms 209
HHTErpas 1[0 NpsAMON 0 = ~—a B HHTErpaJ no npsiMoll ¢ = 1/2.
Tlonyuaem
1/244T
(1) 5 @ (s) [d 10g Gy (5, %) —d log G, (1—s, x)].
1/2—iT

[MogctaBasia ciofa (opMyJbi, onpepessomue G,, HaXOLUM,
yto uHTerpaJa (1) paseH
1/244T"

NQD—T{? S (D(S)[FI/F<1VU(S+iq)2U)+ImDi>+
+F//1~\ <NU(1—‘S’—2“PU)+}mU]>] dS-

/24T
I[Tpor3BesieM 3ameHy NepeMeHHbIX: nojaras s=1/24- it — iy,
ds = idt, mosyuaeM

4T —
@ 2§ oL tit—ig, ) [/ @)+ @14

roe 2= (N, (1/2+ it)+|m,|)/2.
TTonoxum

o(t) =@ (5 it—igy )

Fu(x) _F (x) e™ "%,

C nomoLbl0 OGLIYHON 3aMeHbI NePeMeHHOH HaXOomuM

Py (£) = S F, (x) e'**dx,

npuueM ¢ynxkuua F, yaosietBopser ycnopuam (A) u (B).
OnpeznennM bYHKIKUIO

1
Ny 5 4it )+ |my)
q(t)sRer'/F( <2 2> )

TTocaenuuii uHTErpas (2) MOXHO TOrja NpeacTaBuTb B BHJE
T

(3) 5o { o 1) Yo (9 .

17, 14 c. Jdenr
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®ynruma P, (f) npu | ¢ |—> oo gouyckaer ouenky O (1/ ¢ ),
MO3TOMY OHA NpHMHAMJEXHT npoctpancTBy L. M3 dopmysn
CTHpJMHra CJelyeT, 4To ' :

U, (6) = log | ¢[ 4 gv (1),

rae g,€%,. CrenoBareqibHO, MH HE MOXKEM HH Hemocpel-
CTBEHHO NpUMeHHTb Qopmyay [lnanmepensi, HH paccMOTpPeThb
HUHTErpasl OT — oo J0 — co 6e3 CnenuaJbHOro A0Kas3aTesbCT-
Ba cxogumocTtd. [losToMy Hama 3agaya COCTOMT B OmpaBja-
HuH ofobumieHHOH ¢opMyJnl [lnaHimepenss B MHTepecylomiem
Hac cJyudae.
B KoHUe KOHIIOB MBI JOKa)KeM CyllecTBOBaHHe mpenesa
T
lim S o (1) Us (£) dt.
T— I
Jas sToro HaM TOHAJOOSATCS HEKOTOphle pesyJbTaThl U3
GYHKUHMOHAJIBLHOTO aHaJH3a.
YcnoBumesi va Oypymiee, uTo
o +T
S = lim S
N T—oo =7 '
Mul 6yaem Bmnpeab ccbliateess Ha kuury [leapma [13].
PaccmoTpuM JiMHeHHOe NPOCTPAHCTBO TeX GYHKIHH Ha
BEIeCTBEHHOH NPsSIMOH, KOTOpble OrpaHHYeHbl, HelpepbIBHAI
H YIOBJETBOPSIOT HEKOTOPOMY YCJOBHIO Jlumiinma paBHOMep-
HO Ha BCSIKOM KOMMAKTHOM NOIMHOXKeCTBe. DTO NPOCTPAHCTBO
Mbl HaszoBeM npoctpaHcTBoM OHJI-dyHKuuH.
JIuHeliHOE NpPOCTPAaHCTBO, NOpOXKAEHHOE 3THMH QYHKLIHAMU
H XapaKTePHCTHYECKUMH (PYHKLHSIMH BCEBO3MOXKHBIX HHTEpBa-
JIOB, KOHIbl KOTOPBHIX OT.HYHB OT O, Ha3oBeM MPOCTPAHCT-
Bom noymu OHJI-byukuuii. Bce Takne QyHKUMH HellPePLIBHLI
B Hy.Je.
OnpenenuM  ¢yHKOwoHan W Ha 1npoOCTpPaHCTBE MOYTH
OH/JI-¢pyukuuil, nonaras
(o)
W (B) = lim [ S
A—co

—C0

l—e"“x‘l B (x)dx—2p (0)log 4 | .

| e®/2 _g— /2

Paaymee*rca, MBI JOJI)KHBI ONpaBjaTh 3TO OIpeJeJIeHHE.

§ 5. Bowucaenue cymmes: smopaa wacme 211

Jlemma 3. Ha npocmpancmee noumuy OHJI- .
onucannbii npedea cyujecmeyem. Pyt

IlokasatenbcTBO. B OKpecTHOCTH Hyns1 sHamenatenn

lex/2 __e—x/2 l

BegeT cebs, kak |x|(mod x%). IlostomMy pmocratouno moka-
3aThb Halie yTBepXK/CHHE, 3aMEHHB 3TOT 3HaMeHaTesb Ha | x|,
a f —Ha dyHKIHIO, GBICTPO CTPEMSILYIOCS K HYJIKO OPH X —> cO.

HayneM ¢ paccMOTpeHHsI XapaKTEPHCTHUECKOH OYHKIHH
uaTepBata. Ecam Touka 0 He JIeXUT B 3TOM HHTepBaJse, TO
npejiesi, OYEBHAHO, CymecTByeT. B mpoTHBHOM ciydae Mol
IPHXOIUM K HeoOXOAMMOCTH PacCMOTPETb HHTerpasj BHIA

b

—Ax
o)== —dx, b0, 4> 1.
0

Mb moxeM auddepeHUHpPOBATH MOJ 3HAKOM HHTErpasa; CyM-
Tasg AJ OPOCTOTHI, 4To b= 1, uMeeM

1 e

@ ()=~ -

[Tostomy ¢ (A) = log A+ uHTerpaa, CXOAAIMHACA K HEKOTO-
pomy npenesy npH A-—> co. Orciofa CjenyeT, uTO uJieH
2P (0) log A yHHUTOXKaeT PaCXOAUMOCTb.

[ycts Teneps §—OHJI-dyukuus, GeicTpo cTpeMsmascs
K Hymo Ha OeckoneunocTH. OHa mpejicraBsieTcss B BHIE
CYyMMBbl YeTHOA ¥ HEUYeTHOH GYHKUMHA; MOXKHO OrPaHHUHTLCS
paccMOTpeHHeM 4YeTHBIX (YHKUMH, KOTOpHie B HyJe ofpa-
WAIOTCS B HYJb (AOCTATOYHO BbIYECTb XaPaKTEPUCTHUECKYIO
QYHKUMIO HHTepBaja C HeHTPOM B HyJe). Torxa dynkuus
P (x)/| x| orpanuyeHa B HEKOTOPOH OKPECTHOCTH HayaJa, TaK
4TO HHTErpaJ

[—e—rix) L&) 4y
At

CTPEMHTCSI K HEKOTOPOMY Ipefeny npu A— co. [lanee, 4jen
2f(0)logA paBen Hy/JQIO, TaK 4YTO Hame yTBEPKICHHE
B 3TOM CJyuyae CIIpaBelJ/HBO. :

14*
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[lycts Tenepn B-—mnpousposnbHas OHJ]—Q)yHKuHﬁ. I/IMe_eM
B(x) =B (x)—P(0)+B (0 )

OTKyZa IIo JUHEeAHOCTH noJyuaeMm

vE=sown+ | R0 _ax

CxozuMocTh moC/TeqHEro WHTerpasia oueBupaHa. Octiofa
caenyer

Jdemma 4. Jlra awoboid OHJI-pynxyuu B umeem
(W) <C(]B]|+1ip.P),

20e C—dgurcuposannas kowcmauwma, a lip; p— koHcmanma
Junwuya 043 HeKomopozo KOMNAKMHO20 uHMepeaia, codep-
oHcauieso Hyao.

Ionb3ysce 3Toft eMMO#, MBI MOMKEM YCTAHOBHTL HEKO-
TOpPOE CBOKCTBO HeNpPepLIBHOCTH (yHKuwuoHasa W.

Jlemma 5. ITycme {B,}— nocredosamervrnocms OHJI-
pynryuil, cxodauwanca k Hexomopol OHI-pynxyuu B. I1peod-
noaoxcum, umo pynkyuu {B,} pasHomepHo oepanuuersl u 4mo
HQ KacOOM KOMNAKMHOM MHOXCECMEe CXO00UMOCHL PABHO-
MepHa, a Kowcmanwmer Jlunwuya dynkyud B, paeuomepuo
oeparuuenst. Toeda W (B,) cxooumca k W (P).

HdokasarteabcTtBo. [asg Kaxkioro n uMeeMm

Br () =Bn (x) —Bn (0) + B (0).

[TocnenoBarenbHocTs P, (0) cxomutcs k P (0). Hdoxasaresn-
CTBO T€M CaMblM CBOJHUTCS K PacCMOTPEHHIO ' CYMMBI HHTeE-
rpaJos

S Bn (x)—Bn (0) Bn )] dx

Iex/z ——x/2 [

0 OTpe3KaM
|x1,

<A,

g,

A
A

| x

N N
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<

rie & >0 mocrtaTouso Majno, a A Beauko. Ilpu Gombmux A
IepBLIH HHTErpaJ MaJ H43-3a S5KCIIOHeHTbl B 3HAaMeHaTeJe.
[lpn mManblX & MOCJeJHHH HHTErpasJ MaJ H3-3a CyliecTBOBa-
HHSI DABHOMEPHOH OIEeHKH JJs KoHcTaHT JImnmmwna. Cpep-
HHil HHTerpas Torza 6JH30K K COOTBETCTBYIOLLEMY HHTerpaJy
or ¢gyskumud P (x)—p (0). Jlemma nokasana.

IOna mo6oit OHJI-pyHKumd P u aas a060ro uyMcaa y
0603Ha4HUM CUMBOJIOM P, dyHKUHIO B, (x) =P (x 4 y). 3 BrIlIE-
ckasaHHoro caenyert, uro W (B,) Kak ¢yHKUHSA OT y Henpe-
pbiBHA.

[Tyctb {0,} — HeKoTOpas nNoCJefOBaTENbHOCTb peryJsipH-
ayromux (yHKUHHE, T. e. 6ecKoHeuHO JAuddepeHUHPYEMbIX
HEeOTpHUATEbHLIX (YHKLUUH C KOMHOAKTHHIM HOCHTEJEM, CTH-
THBAIOUIUMCS K HYJII0; RHTErpaJ OT KaXJAoH QYHKIUH paBeH .
Jlerko mpoBepsieTcs, UTO MOCJEJOBATEJIbHOCTb CBEPTOK {P*Qn}
CXOJMUTCA K P H yCJIOBHS JIeMMHl 5 BHIOJHEHHI.

Oaa mobofi dyHKMK B cuMBoJIOM B~ 0603HAYNM (PYHKIHIO

B~ (9) =B(—9).
Hmeer mecTo
JJemma 6. Ilycme {0.}— nexomopoe pezyaspusyroujee
cemericmso. Toeda nocaedosamervrocme pynxyuii W ((B*0n)z)
cxodumcsa Kk W (Px) pasHomepno HG 6CAKOM KOMNAKMHOM
MHOICecmee.
Orciofa BbITEKAET

JJemma 7. Dynkyuonar W asasemcs pacnpedeseruem.
ITycme B — nexomopas OHJI-pyuxyus. Ceepmxa W u Tp
(pacnpedesenue, npedcmasienroe pynxyuet ) npedcmagisemeca
pyrxyued, 3naverue komopold ¢ mouke x passo W (Bz); e cum-
s0AuMeCKOL 3anucu

(WxTp) (x) =W (Bz)-
Ima pyrkyus HenpepouisHa.

HokasateabcrtBo. Ilycts T — pacnpepesense, npeji-
CTaBJeHHOe BHE HEKOTOPOro KOMNAKTHOTO MHOXecTBa GYHK-
uMe#i, KOTOpas 3KCHOHEHUHAJbHO CTPEMHTCS K HYJIO Ha
6eCKOHEYHOCTH, a O — HEKOTopasl orpaHudeHHas C®-QyHKUHUSA.
Teopus pacnpepnesneHufi’ ycTaHaBJIHBAeT, YTO B 3TOM CJyuae
pacrpejesienue

TxTq
15 c. Jenr
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npeacrasjeHo ¢yskuued T (oz). DTOT pe3y/abTaT MOKHO

IPUMEHHTb K (PYHKUMAM P#Q,, YTO JOKAa3bIBaeT HAIY JEeMMY

(cM. [13], Teopema XI ra. VI, § 4, u dopmyna (VI, 1; 2)).
Teneps chopMmyaupyeM aHajsor JemMmbl 7 AJAS TOYTH

OHJI-dpyHKUH. :

Jlemma 8. Ilycmb vy — xapakmepucmuyeckas QyHKyus
UHMepeana, HU OOUR U3 KOHUO8 KOMOPO20 He A8AAemcs
nyrem. Toeda pacnpedesenue W=Ty npedcmasseHo Hekomo-
poti C®-gpynxyuell 6 oxpecmHocmu Kaxn 0ol MOUKU, 3Q UCKAIO-

YeHUeM KOHY08 uHmepseaird. 3Hadenue smoi Gywkyuu 8 ma-

Kot mouke x pasuo W (yz).

JokaszaTenbcTBO. DTO ClAefyeT H3 OOMHUX CBOHCTB

CBEpPTKH pacnpejeneHuii (cM., Hamnpumep, [13], ra. VI, Teo-
pema III, § 3, u Teopema XI, § 4).

CnepcrtBue. Iycmoe F— noumu OHJI-¢pynxyus, nenpe-
poeras 8 uyse. Tozéd pacnpedesernue W+Tr npedcmasaerno
nexomopoti C®-ynxyued 6 oxkpecmuocmu 060l  modku
Henpepoisrocmu pynxyuu F; ee 3nauenue 6 nHyre paeuo

W (F).

I'Iepen,ueM TeNnepp K pPACCMOTPEHHIO HeKOTOprX crenyualJb-

HBIX CBOMCTB ramma-¢QyHKIIHH.
M3 ee BeliepmitpaccoBa pasnomeﬂnﬂ cne,uyeT q)opmyna

L

(cMm. mmo6oil yuebHuk). Ilosoxum z=1/2+4if © paccMOTPHM
BEIleCTBEHHBIE YaCTH, YYHTBHIBAS, UYTO

. 1
y—Blll_rLlo(l—}—. .—}——A/T—logM>.
Orcioga mosydyaem
M n+%
Y (f)= lim | logM — | = lim YUy (¥),
e go (n+ %>2+t2 Moo

rje cumMBosioM Y, 0603HaueHa QYHKIHUSA B KBAPATHBIX CKOOKaX.

e A etk

[y
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Jlemma 9. Cxodumocms k npedervrot gpyunxyuu pagHo-
MEpHA Ha Kaxcoom xomnaxmuom mroscecmee. Kpome moeo,

| Uae (1) | < Clog | £]

npu ecex |t|>2, 20e C—Hetcomopaﬂ KOHCmanma, He 3a6u-
cawjaa om M. :

HoxasatenbcTBo. [lepBoe yTBepX/JeHHE OUEBHIHO.
Ons pokasaTesbCTBa BTOPOrO 3aMETHM, YTO OOMMA 4YJeH
CyMMBl B BbIpaXeHHMH Aas1 Uy orpaHudeH crmsy BeJIMUMHON

"+2 o !
(ntg) 4o ntg

Ilycts ¢ >0. Tlpy M <t dyHguua Yy orpanuueHa Besu-
uygHO# log M < Iogt I'Ipn M>t umeeM

Z Z log M —log z‘—'constf

n=0

910 cHOBa JaeT Tpebyemoe.

C storo mecra u Jo KOHIA maparpada YCJIOBHMCS HOp-
MaJH30BaTh mpeoOpasoBanue @ypbe ClelyOHUM o6pa30M
Hnsa noaxoAsmiero kJacca QyHKUHH [ MONOXHM

Ny teo
fo= {1 it .

—C0

CuMBoJioM (, ) ycJoBuMCs 0G03HAYaThb  aHAJIOTHUHbLIA HHTe-

- TpaJjl OT NpOU3BeleHHA (PYHKUHH, CTOAUMX B CKOOKax, Korjia

OH HMeeT cMbica. Toraa gopmyary ITranwepesrs paa HEKOTO-
poro Kjaacca yHKuu# f, g MOMKHO 3amucaTb B BHJE

(- &=, &
a opmyay obpamienus Pyppe—
; = 2nf~.
Hpeo6pa303aﬂuem Dypee q)yHKupm [ MBI BHIpelb Ha3biBaeMm

dyrKumio f.
15%
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IIpeo6pasoBanue Pypre Pyunruuu
a
a2

JIETKO BBIYHCJHTh, HHTETPHPYS 1O NOJYOKPYKHOCTH (BeEpX-
Hefl npy x <0 ¥ HuxHeHd npu x> 0). Ilostomy, moaaras

Yar = log M+ gar,
HAXOJHM
-—M |x|
—=2]

l—e

éM (X) = —n x/2

| e*/2—e

[Ipeo6pasoBanne Pypbe mnocrosinHoM ¢yHKUMH | mpeacra-
BJseT co0ol pacnpejeJienue

1 =29omé,
rae 6 —dynkuuonan 6 (f)=f(0). Orciona caenyer
Jlemma 10. Hmeem
Ty=Y= —aW

8 CMbicie meopul pacnpedesenuil. ;

HJokasareabcTBo. H3 yciaoBHS oOrpaHHYEHHOCTH
JeMMul 9 cjaeayer, urto mpefea npeoGpasoBanuit Pypbe paseH -
npeoGpasoBannio Pypre mnpenena (Bocmoan3oBaThes [13],
npumep 3 u3 ra. VII, § 7).

Hamelt uenario sBasercs JA0OKa3aTeJbCTBO CJCAYIOILErO
YTBEPKACHHUA.

IIpeannoxenue 4. I[Iycme F—ynxyus, ydosremeo-
parowan ycaosusm (A) u (B). [Toroxcum

Y= F".
Toz0a wucao (¢, Y) cyujecmsyem u pasro

ap, Uy = lim (F, Uyy),
M-—co

m. e. 8 cuay aemmor 10 (P, 9y = —aW (F).
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Hokasarteabctso. Ilpeacrasnenne pynkuun F B BHJe
CyMMBbI 4YeTHOH H HEYeTHOH (PyHKUHH

F(X) x)‘l’F(‘—x) + F(x)""QF (‘_x)

onpefnesserT nofo0HOe Ke IpelCTaBjeHHe TNpeoOpa3OBaHHUsA
®ypre. [loaToMy ROCTATOYHO NPOBEPHTH HAlle YTBEPKIECHHE
OTHENbHO JJIS1 YeTHBIX ¥ HedeTHHIX yHKumid. Pynruus Y (f)
yeTHa; NO3TOMY /s HeueTHnlXx F uHTerpan (¢, U) obpa-
maetcd B HyJb. [Ipefen cnpaBa ToXe paBeH HYJO, NOTOMY

YTO KaMJBIH 4eH paBeH HYJO, TaK 4YTO Hallle YTBEDXKJEHHE

B 5TOM CJIy4ae TPHBHAJbHO.

byneMm cuntaTth Tenepn, 4To F—dyeTHas (YHKUHA; B 4aCT-
HOCTH, OHa HeNpepbiBHA B HyJe.

Mub nokaxeM mnpeasoxenue 4 pnas GoJsiee IIMPOKOTrO
KJaacca ¢yukumit. Umenno, nycte dynkuus F ynoBjeTBOpSET
CJIEZYIOIUM YCJIOBHSM:

(1) F—uernas noutu OHJI-pyrkuus;

(2) F npunapseXuT mpocTpaHcTBy &,, Auddepenunpyema

. BCOJy, KpOME€ TOUEK paspbiBa, H €€ IMpPOH3BOAHAsI TOXKE

NPHHAAJIERHT s,
Bcesikasi uetHasi pyHRUHMSA, yAOBJAeTBOpsiomas ycJaoBusM (A)
u (B), yaosaeTBopsier Takxke ycjoBuam (1) u (2).

Jlemma 11. ITycme, kax obbwmno, Ty— pacnpedesenue,
npedcmasaentoe ynkyuel f. Toeda

T"bq = TQ*TF-

HokasaTeabcTBo. IJTO CjelyeT H3 TEOPHH pacipe-
nenenuit u yciaosudt (1) m (2), nmotomy yto W —6bicTpo yObI-
Baromas QyHkuusA, a Ty— ymepeHHoe pacnpejenenue ([13],

teopeMa XV ra. VII, § 8).

Coryacio Jemmam 7 u 8, pacnpenenenwne WxTp mpen-
CTaBJEHO HEKOTOPO# (yHKIUMeH, HenpepbiBHOH BCIOJY, Kpome
TO4YeK pa3phiBa ¢yHKUuH F.

Ilpencrasum F B BHIE CYMMBI OHJI—(I)yHKuHH B m

xapax’repncmqecxnx . dysxumii  unTepanoB F=f+4 Dl
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M3 ycaosust (2) Torga ciesyer, uTo § HMeeT BHJ

_ sinayt | h(¢ : f
pO)= e, mB L B

v

TA€ Cy, @y —KOHCTAaHTH, Ay 0 H hE€L,.
Tak kak npou3sesenne 1Byx dyHKumi us &, npuHaaJje-
KUT &, OTCIOa BHITEKAeT, uTO

POU ()= 3 ey B0 10g | £+ £ (8),

tie k(t) €.
DYHK UK
in 4yt
smta IOg l t l

npu >0 ocuuampyor mpu ¢ —s co. Orciofa clenyer, uto
HHTErpaJ :

+T
lim S ¥ () U (f) dt

CXOLUTCH, MOAOGHO TOMYy ‘KaK CXOAMTCS SHAKONEPEMEHHbI
psA, YJEHB KOTOpOro mo alCoJIIOTHOM BeJHYHHE MOHOTOHHO
CTpPeMSATCA K HYJIO.

IlpeoGpasosanne ®ypre dyukuun YU

+co
‘\ Y ()Y (2) e—it=dt

MOXHO BBIYHCJIHTb, UHTETPUDPYS OTAEJIBHO K (f) U uJeHHl BHIA

M2 1og (1

IIpH yCJIOBHH, 4TO X == 4 Ay TP JIIOGOM v (3TUM OGecleyd-
BAETCA pABHOMEpHAs CXOAMMOCTb HHTerpaita Dypwe B He-
KOTOPOH OKDECTHOCTH TOYKM X). TeM caMmbiM 310 mHpeobpa3zo-
Bande Pypse mpexacrasaser coboi HETPEPLIBHYI0 QYHKUMIO,
ONPENE/ICHHYIO BHE TOYEK -+ dy. .
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®ynkuus YU npencrasaser pacnpefenenne Ty, npeodpa-
3oBaHue Pypbe KOTOPOro (KaK pacnpejeseHHs) ONpeae/sercs
gemmoit 11. Kpome Toro, mmeer mecro .. o
~Jlemma 12. MMycme f=vY. Bcrody, sa uckiwodenuen
moyex <+ ay, pacnpedeserue f‘f npedcmasAero HenpepuiBHoL
pynkyued :
+oo
S F(t)e=it=dt,

—_Q0

JlokasaTteabcTBo. Ilycte A-—KOMINakTHEIH OTpe30K
—T<t<T, u nyctb f,—mnpou3BeleHne QYHKIMU [ Ha Xa-
pakTepHCTHYecKYI0 ¢yHKUMIO 3TOro orpeska. Hame yrtsep-
XKJIeHHe CIPaBEAJMBO st o BMecTO f. Tem cambim Ty, cTpe-

ry
mutcsad K Ty KaK yMepeHHOe pacrnpejesiende, a Ty, CTPeMHTCS

K T; Kak yMepeHHOE pacrpejeJieHHe H, CTajo OblTb, Kak

pacnpene/jeHne B OKPECTHOCTH KaxKIOH TOUKH x4 +a,. Ho

HHTErpaJ, onpejesiomud Ty , CXONUTCS K

+oo
| S f(t) e—it= d

-—Q0

DaBHOMEPHO (M 3HAUWT, KaK pacrpejesieHHe) Ha KaxkaoM
KOMIIAKTHOM MHOXKECTBe, He cojepikameM Touek =+ a,. Cie-

JOBaTeNbHO, pacnpejejieHue 7T; NOpeACTaBJIEHO 3THM HHTe-
rpajioM B COOTBETCTBYMOIIEH 06J/aCTH.

Pacnpenenenus Tyy, Ta«Tw coBmagaior (remma 11),
H Ka¥J0e M3 HUX INpPEJCTABJEHO HENpepLIBHOH OQYyHKIHeH,
3aJaHHO# MHTErpaJioM, BCIOLY, KPOME KOHEYHOro yHcJia TOueK.,
Tem cameiM cooTBeTCTBYIOmMe (QYHKUHH HOJXKHH COBHAAAThH
TIOYTH BCIOAY H, 3HAYUT, BCIOZY. B vyacTHOCTH, MX 3HayeHHs
B TOYKe HyJb paBHHl. [losmb3ysch creictBHeM H3 JeMMnl 8,
noslyyaeM [0Ka3aTeJbCTBO MpPeAJNOXKeHH: 4.

Paccyxpennsi, nposefieHHble Beie AJs dyHrmmu Y (f),
MOXHO NpOBeCTH A5 ¢yHKuMH U, c napamerpamy Ny, |my|,
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C 37Ol wenbl0 pacCMOTPUM (GYHKIHOHAJ

oo
Wo@®)=lim [ { (1—e*1=)K, (x)B (x) dx—2B(0) logA ] ,

rae K, (x) onpenessiercst gopmy.iamu
S172=lmy )1 x|

Ky (x)= npu N,=1,

e —e=%|
e——1/2 ]mvx 1

Ko (x) = Tex2_e—>/2| mpH Ny =2.

[Togo6HO TOMY KaK MBl BHIYHCJIHIIH npeoépasoBaHHe dypre
dbyukuud Y (£), MOXKHO BBIYHCJIHTD npeo6pasoBaHne Dypre
¢ysruun Y. PesyabraT nosayuyaercsl c/eLylOmHi.

JMemma 13. Hpeo6pasoeauue Pypoe Pynxyuu Y, pasto

qv:: ‘-m th
Cofupast Bce cjaraeMmble BOEIHHO, MOJyyaeM

Ilpepnnoxenune 5. [locaedusan cymma 8 8ol ¢hop-

Mmyase umeem 8ud

> 2011(1: =— W(F)
vES vES '
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