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ModorpadHusi yueGHOro XapakTepa 110 KJaCCHYEeCKQH TEOPHH HoMuynpo-
cTeix ajgre6p JIH; HanHcaHa aMeDHKAaHCKHMH MaTeMaTHKaMH. JAs 4TeHHA
KHHI'H JOCTATOYHO 3HAHHS OCHOB AHHefiHOW anrefpuol H aHajJu3a. Marepuas
TIATeJbHO OTOOPaH; HapSAy € KJACCHYECKHMH Pe3yJbTaTaMH BKJIIOUEHR Hoame.
H3BeCTHRIE JHIIb TIO KYPHAJIbHHM TYGJIHKALHUIM.
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OT PEIJAKTOPA TITEPEBOIJA

Sra KHHra [OCBSLlEHa KJIACCHYECKOMY pa3fie]ly COBPeMeHHOH MaTeMaTHKH, CBsI3aH-
HoMy ¢ HmeHamMd B. Kuwaaunra, 3. Kaprana, I'. Beflin 1 BHIKPHUCTAJJIH30BaBLIEMYCS
K cepepuHe Haniero croderTHs. OCHOBHEIM ZOCTHXXEHHEM TEODHH SBJSETCA INOJHAS
KJacCHPHKANUSA TNMPOCTEIX aare6p JIM Hal MOJISIMH KOMIVIEKCHBIX H BeLLECTBEHHBIX
yHCceJ, NMOCPEeACTBOM KOTODOH JOCTHIaeTc TaKKe KJIACCHOHKANUsA CBS3HRIX NMPOCTHX
BEIIeCTBEHHBIX Tpynn JIH U CBA3HHX cummeTpuqecxnx PHMaHOBBIX IPOCTPAHCTB
(3. Kapran). :

[pepnaraemMasi BHUMAHHIO YHTATeJNsl KHHTA OTJIHYAETCH 3HAUUTEJBHBIMH METOMLH-
YeCKHMH NOCTOMHCTBaMH. DTO OJHOBPEMEHHO 3JeMeHTapHHH yueGHHK H CrelHajbHast
MOHOrpacusi, COLePKallast H3JIOXKEHHe PAa BONPOCOB, OCBELIABINHXCH A0 CHX NOP
TOJbKO B XKypPHaJeHOH auTteparype. Ciona OTHOCATCS: KOrOMOJOTHH anre6p Jlu,
ap¢unHbie rpynnsl Befins, aBTOMOpdH3MbI MpocThX aareGp JIu, KJjaccHHKaUHS
MaKCHMaNbHHIX MOAAAre6D MaKCHMAaJbHOTO DAaHTra B KOMIAKTHBIX NPOCTHIX ajrefpax
JIu, peranbHas KJacCH(HKALMA NPOCTHIX BellecTBeHHHX aare6p JIu. OrpanuueHHe
KJIACCHYECKHMH IIOJAMH KOMIVIEKCHHIX M BEIIECTBEHHHIX YHCEA MO3BOJWJIO CHEJaTb
H3JIOXKeHHe 6ojiee NPO3PAayHHIM H 3aBePINEHHKIM M BKJIOUMTh COOTBETCTBYIOWIMH
mMaTepHaJa MO CBSI3H C JHHeHHHIMH rpynmamH Jlu.

MOXHO HagesIThCs, YTO KHHTa OKaXKeTCs MOJe3HOH WIHPOKOMY KPYTy YHTAaTeNed,
HHTEPECYIOMHMXCS KaK OCHOBaMH TEODUH, TaK H ee ChelHalbHEIMH pasne.nalvm H MHOQro-

THCJEHHBIMA anJIO}KeHHxMH.
H. XKeaobenko




MNMPEIMCJ/IOBHE

lenab 3TOH KHHTH — [aTh H3JI0KeHHe TOH 4acTH TeopHH aaredp JIH, koTopasa HanGoJee
TeCHO cBfi3aHa ¢ Teopuell rpynn JIu, Mayuenue anre6p Jlu 661710 Hasarto C. JIy HMEHHO
B CBA3H ¢ Ipymnamu JI4, M ¢ Tex mOp 3TH ABe 0GJI4CTH MPOAOIKAIOT BAHATH APYT Ha
apyra. CpaBHHTEJbHO HeJAaBHO Ha Pa3BHTHE TeOPHHU  aarefp JIu crasa OKa3weBaTb
BAMAHHE TEOPHA ajarefpavuyecKHx TIPYmNI; B TJaBe § HacTOMIIeli KHHTH BBOAATCH
B paccMOTpeHHe KaK IpPynnul JIx, Tak B ajare6paHyeckHe TPYNNLI, H OHH HIPaIOT
CYIIECTBEHHYIO POJIb B nocjaeAywomux raasax. OJHAKO OCHOBHOe BHHMaHHe B KHHTe
yieneHo aiare6pam JId, H IPH M3/0XKEHUH TEOPETHKO-FPYNIOBOH YacTH MmaTepHala
MHl OFPAaHHYHJIHCh TOJBKO CAMBIMM BaMHLIMH MOMEHTAMH.

B raaBax 1—4 passHBaetcs ofumasi TeopHs anre6p JIu, BKIoyas KJIaCCHQHKALHIO
KOMIUIEKCHBIX IOJYIPOCTHIX afare6p JIH, CymecTBOBaHHE TOYHBIX NPEACTABJEHHH H
pasnoxenus JleBu, Kapraua u Mpacasel. Hawr noxxon aare6panuyeH, H OT YHTaTeNd
TpebyeTcs JHIIL XOpOLiee 3HaHWe JHHeHHOH ajreGprl. B riaBe 5 cTpoHTCA. anmmapar
JHCKPETHBIX TPYNI, CBS3aHHWX C CHCTEMAMH KOpPHe#,

B rnaBe 6 Ha coeHe BhepBble [IOSIBJsfETCSs T€OPHSA TPYNN, a HMEHHO jfaeTcs J0-
CTAaTOYHO IOJTHOE H He3aBUCHMOe BBeJeHHe B TeopHw rpynn JIH. Hawrefi nesabio B sToM
riaBse sBJsgeTCHd I106albHAA peanH3alHs. pe3yabpTaTos raap 1—4, T. e. HX HHTepnpe-
TALUHS B BHAE DPe3yJLbTaToB o rpynnax Jlu. B raaee 7 omHCHIBAIOTCA HEIPHUBOAMMBIE
KOMIIJIEKCHbIE H BEelleCTBEHHble NPeACTABJEHHS MOJYIPOCTHX anreGp JIn. Haxoneun,
rnasa 8 CONEPKHT ROMHYIO KJIAacCHOHKANMIO BeIeCTBeHHBIX MPOCTHX aiareSp JIn.

B KHMry BKJIIOYeHHl YNPaXKHEHHS pAaaJIHYHOH CTenmenH TpyiaHocTd. i 3Ko-
HOMHH MeCTa De3yJbTaThl YHNPaxKHEHHH HHOTAA HCMOJbL3YIOTCA NPH JA0Ka3aTesbCTBE
TeopeMm.

IpuBopHMasA B KOHIE KHHTH GHOMHOrpadus NpeaHasHAyeHA CIYKHTb MyTEBOAH-
TeJleM NO uMeroweics JHTEpaType, HO HHKOHM o0pasoM He NpeTeHAyeT Ha MOJHOTY.
Tlpd CCHJAKAX HA JUTEPATYPY B TEKCTE HCNOAB3YeTCA TONLKO (amuiaus astopal.

Mbl T1y60oKO MpH3HATEJNbHE LEJOMY PARY JHL 3a GOJBMOA TPYA, B pe3yabrate
KOTOPOro 3Ta KHHra CMOIJia BHIATH B cBeT. B oco6ennocTy HaM XoueTcs no61arofapHThb
r-xky Pou Jlaif, orneyaraswyio PyKOmHCh, r-Xy JHHY Mait BpsutoH, noarorosu-
BIIYI0 PYKONHCH K HaGopy, H A-poB XsH-Jlyna Jlasm u Puuapaa BpaurtoHa, npoun-
TABWHX KOPPEKTYPY H CAEAABIIHX MHOrO NOJE3HEIX 3aMeqaHHA.

- Mopuxynu 'omo
Dpsnx d. pocexanc

' B wkpanpatHelx ckofkax. CooTsercTBenHo B GHOAHMOrpaduH OTMEU@HE:
Te paGoTw., HA KQTOPElE HMEITCA CCHIIKH B TeKCTe.-—[Tpusm. ped.

Taasa |

OBLIASI TEOPHUSI AJITEBP JIH

1.1. OcHOBHbie NMOHATHS H oNpeaeeHHs

[yets P — none. [log gexmoprowm npocmpancmeon Hal P vbl Gyem,
ecJIH He OTFOBOPEHO MPOTHBHOE, NMOJAPa3yMeBaTbh BEKTOPHOE NMPOCTPaH-
CTBO KoHeunol pasmeprnocmu. Ecam A — BEKTOPHOE NPOCTPAHCTBO
Hag P, To Bcskoe GuiMHelHoe oTo6paxkenue f: A X A — A HasbiBa-
eTcs ymHoxncenuem B A, a A — aacebpod orHOCUTENBHO f. Kak 06bI4HO,
aas X 1 Y us A emecro f (X, Y) mbi Gyaem nucartb npocto XY
[Tycts A — HexkoTopasi (uKcHpOBaHHas aare6pa W Eq, ..., E, —
KaKof-HHOyab ee Gasuc. DneMeHTH ¢, € P, onpelessieMbie paBeH-

CTBaMM

n
E\E; = El CijuErs
Ha3BLIBAIOTCH CMPYKMYPHHIMU KOHCMAHMamy anreGpbi A OTHOCHTENLHO
Gasuca E,, ..., E,. YmHOXeH#e B A IOJHOCTbIO 3aJaeTCH ITHMH
KOHCTAHTaMH.

Anre6pa A HasbiBaercs accoyuamusnod, ecan X (YZ) = (XY) Z
ans Beex X, Y u Z us A. Anrebpa A HasniBaercs aazebpod Jlu, ecau
BBINIOJMHSIOTCS CAEIYIOHE ABa YCJIOBHA:

XX =0 (anmuxommymamusHocmo),
XYDH)+YZX)+ Z2(XY)=20 (moscdecmso SIKobu).
M3 ycJ0BHSI aHTHKOMMYTATHBHOCTH CJAELYET, YTO

=X+ VNX+YV)=XX+ XY +YX+YY
— XY + YX

M, shaunt, XY = —Y X. OGpatHo, ecau XY = —Y X nns Bcex
X, Y us A, To XX = 0, npu ycaoBuu uto char P (XapakTepHCTHKa
nons P) =+ 2. 55
[lycTs cHoBa A — mpousBosibHas anrebpa. BexTopHOe MOANPO-
cTpaHcTBo B B A HasmBaeTcs nodaaze6por B A, ecnmu B sBasercs
anre6pofi OTHOCHTENBHO OMpefleJleHHoro B A YMHOXKEHHS, T. €. €CJH
XY € Buaascex X, Y € B.
Jlast MmoGbix ABYX MOAMHOXecTB B u C anredpbl A MOJNOKHM
k
BC =Y a;X;X;: k — npou3BOJbHOE HAaTypaJbHOE UHCJIO,
=1 Xi E Bayi E C’ai E P




8 Fa. 1. Obwos meopus areebp Jlu

INomanre6pa B HaswiBaeTcss udeaaom anrebpol A, ecim AB < B
u BA < B. B ciyuae korna A — anre6pa JIu, 10CTATOUHO BBLITIOJHE-
HUsSI OAHOTO H3 3THX YCJAOBHH (BBHAY aHTHKOMMYTATHBHOCTH).

Ilycts maHbl anre6pa A u ee uiean B. PakTOPNpoOCTpaHCTBO
A/B (B cMbicjie BEeKTOPHBIX IPOCTPAHCTB) siBIAETCS  aJreGpod OTHO-
CHTENbHO (KODPEKTHO OMNPEIeNeHHOr0, KaK HeTPYJHO IIPOBEpPHTH)
YMHOMXKEHH S

(X + B (Y +B) =XY+B X, Y ¢ A

Dra anre6pa HaswiBaercs gaxmopascebpold A mno B u oGosHauaercs
takxke uepe3s A/B.

[lyctb A u A’ — anre6put Hax P. JluHeliHoe oToOpawkeHue g:

A — A’ HasbiBaercsi zomomoppusmom, ecau g (XY) = g (X) g (Y)

~ans Bcex X, Y € A. MuoxkectBo (X € A: g (X) == 0] HaswmBaercs
adpom romoMopHaMa g u ofosHauaercss uepe3 ker g; oueBHAHO, YTO
3T0 — Hiean B A. BceaxkHil B3aHMHO-OJHO3HAYHBIE romMomopgusMm A
Ha A’ HasnBaeTcsl usomopguimom. Ecau cyllecTByeT H3oMOphHU3M A
Ha A’, 1o roBopsar, uto A u A’ usomopdHe, ¥ numyr A = A’.

CraHpapTHhEle TeopeMbl O TOMOMOPGHM3Max cHpaBeiJIHBH H HAJs
anre6p. [Ipexne Bcero, ecau g — romomoppusm A Ha A, TO
Alker g = A’. Janee, ecnim B — upean, a C — npousBoJbHas
noganare6pa B A, o B+ C={X+Y: X € B, Y € C} — nozn-
anre6pa B A, B—wunean 8 B+ C, BN C— uneans Cu (B +
+ C)/B=C/B N C.

Hsomopdusm anareGpel Ha cebs HA3BIBAETCA €€ Q8MOMODHUIMOM.
MuoxecTBo Bcex aBTOMOpGH3moB aire6pul A ofpasyer rpynny,
KoTopast o6osHauaercsa Aut (A) ¥ Ha3BIBaeTcs epynnod asmomoppusmos
anre6pe A.

[IpuBenem npumepdbl anre6p JIu. Huxke Mbl o603Havyaem uepes P
asrebpavyecKoe 3aMuiKaHnue nouas P. OrMmeruM, uro ecad char P = 0,
TO €ro NMpoCTOe NMOAMOJE MOXKHO OTOX/JECTBHTL C NOJEM PalHOHAIbHBIX
yucea Q.

1. ITyctb A — mpoH3BoJbHast acconuaTHBHas anareGpa. Bsoas
HOBoe (cko6ouroe) yMuHoweHue Ha A mo dopmyae [X, V] = XY —
— Y X, Ml npeBpaiiaeM BEKTOPHOe NpPOCTPAaHCTBO A B anareGpy Jld.
Hcxoas u3 astoro npumepa, Mbl B JajdbHeHiieM OyaeM o6o3HayaTh
yMHOMKeHHEe B anare6pax Jlu uepes [X, Y']. B aroii 3amucu yciaoBue
AHTHKOMMYTATHBHOCTH H TOMXKAECTBO S$IKOGH NPUHHUMAIOT COOTBET-
CTBEHHO BHJ,

X, X]1=0u [X,[Y, Z]] + IV, [Z, X]] + {Z, X, Y]] =0.

2. Ilycte V — BeKTOpHOE npocTpaHcTBO HaA P H e, ..., ¢, — ero
6asuc. O6o3nauuM vuyepe3 gl(V) accouuaruBHyio anarebpy Bcex
SHAOMOPGhH3MOB (NHHEHHBIX oTOOpa)KeHHH B cebs1) mpocTpaHcTBa V.

1.1. OcHosHbie nOHAMUAR W onpedeseHus 9

Hasa sesikoro s 43 gl (V) mosmoxum
n.

‘Sefzkg Sk i€r (Skf € P),j=1, 2,..,n,

(Sey,..-,58,) == (€q,+..+€n)

IMycts gl(n, P) oGo3HauaeT accOUMAaTHBHYIO anre6py BCeX MaTpHIL

" pasmepa n X n Haj P. Toraa ortoGpaxeHue

' Si1---S1n
gl(V) 3 s1—>S=|....|€glnP)
Sp1---Snn

siBJsierca u3oMopduamom anre6p. Takum obpasoM, BoiGHpas 6Gasuc
B V, Mbl MOMeM OTOXJecTBJIAThL anre6psr gl (n, P) u gl (V).

CornacHo npumepy 1, aare6pn gl (V) (u gl (n, P)) cyTb anreGpbl
JI4 OTHOCHTEJNBbHO CKODOUHOTO YMHOXKEHHUsI. Mbl 6y/leM HHOT@ HCIOJb-
soBath cuMBoa End (V) aasi oGo3HayeHHs accoyuamusrotl anceGpol
al (V). .

3. BaxHywo posab B TeopuM aare6p Jld Hrpaer cjaenyolHH uaean
anre6put gl (n, P):

gl(n,P)={S € gl (n,P): tr S=0},

rae tr (s;,) = sy -+ Sag + ... & Sy, Auretpa Jlu 8 (n, P) HasmBa-
eTcs cneyuarbroll auxelinod aacebpoid Jlu .

4. Opmoeconarvras areebpa Jlu:

v(n,P)=1S€gl(n,P) S+*!S=0}
rae 'S o603HauaeT MaTpPHUY, TPAHCIOHHPOBAHHYIO K S.

5. Mycre [/, — eannuuHag mXm-MaTpuua 4
0 Iy
J - ( - ]mA 0 )
Anre6pa

&y (m,P) = (S€gl(2m,P): tSJ 4+ JS = 0}

HaspIBaeTCsl cumnaiekmuseckoll areebpol Jlu.

6. Ilyctb A 1 B —.gBe anre6pnl JIu. BekTopHOE NPOCTPAHCTBO
A®B={X,Y); XCA,Y € B} snaserca aarefpoil Jlu oTHO-
~HTENBHO YMHOXEHHS

[(le Yl), (X21 Y2)] = ([le X2]! [Y11 Y2])'
Ity anrebpy Jlu A @ B HasbIBAOT npamol cymmor anredp Jlu Au B.

L Anre6py Jlu gl (V) (uau gl (n, P)) HaspBaloT OOLI4HO noaHod auredHod
Q4ae6pod JAu. — [Tpun. Pe(?. ‘
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[Tpocmod aszebpoti HazpiBaeTcs anarebpa A, umelollas JHIUb JBa
nneana, {0} u A, u ypoBieTBopswouas ycuaoBuio A2 = AA == 0.
Tloagnee mMbl mokaxkem, uto ecaH char P = 0, to Bce aareSpnl Jlu
g(n,Py (n>2), 0(n,P) (n=3unun=0>5 u 8@mP) (m=1)
npocTel. AnreGpbl 3 3THX GeCKOHEYHBIX KJACCOB NMPOCThIX anre6p Jlu
Ha3bIBAWOTCS KaaccuvecKumu aaeebpamu Ju.

Yupaxuenne 1. [Tyctb A — anre6pa, o6aajatomas TakuMm 6Gasucom (£, ..., En},

s KoToporo £, E; = f h—1 CijkEr. Tlokasath, uto A sBasierca aare6poi JIu B Tom
W TOABKO TOM CJiyyae, KOTJa CNPABEJHBH CJEIYIOUIHE DPABEHCTBa:

bk +cjie =0,

n
Z (cistCiks + CjstChis + Ckstbijs) =0
s=]1
aas Beex i, j, k=1, ..., n.
YnpaxHenne 2. Hailtu pasmepHocTy aare6pel gl (n, P) M KnaccHueckux ajareép Jlu.

Ynpaxnenne 3. Juopgepernyuposarues areebpsi A Ha3bIBaeTCs BCAKOe JHHEHHOE
ora6paxenne 8&: A — A, Takoe uto § (ab) = (8a) b -+ a (8b) nna Bcex a, b € A.
Jokasath, 4TO MHOXKeCTBO BCeX AU(depeHUHPOBaHUHA airefpbl A ABJsAeTcs (JTHeBOM)
nopasareépost B gl (A4).

1.2. [Ipeacrasaenuns aaredp JIu

[1ycte V — BeKTOpHOE NpOoCTpaHCTBO Haj nojeM P u L — anarebpa
JIu Haj HekoTopbiM moinojeM P moas P. Beskui romomopdusm f
us L B anre6py g¢l(V), paccmaTpuBaemyw Kak aJjrebpa Jlu Hajg P,
HasbiBaeTcsl npedcmagaenuem areebpor  Jlu L.

Takum obpasom, TipeacTaBjeHue anredpul JIu L — 310 oTobpaxe-
uue f: L — gl (V), yzoBaerBopsiouee CJAeAYIOWHM YCJIOBHSIM:

f(aX + bY) = af (X) + bf (V),
FOX, Y =11 (X), fNI=FX)FEF)—TF)[&X)

ansiecex X, Y € Lua, b € P. Mu 6yjieM HHOTZa 0603HaYaTh TaKoe
npeiactassaeHue yepes (V, f) uau npocro uepes f i B cayvyasix, KOria sTo
He MOXKeT NPHUBECTH K Hejopa3yMmeHHio, nucaTh Xv Bmecto [ (X) v
(3mece X € L, v € V).

Cpenu npeacraBjeHn#t faHHO¥ anre6phl JIM L ecTb 0JHO 0cOGEHHO
BaxkHoe. JTO — eCcTeCTBEHHOe JAelicTBHe anre6pnl L Ha camoii cefe,.
no3BoJisiouiee nepethopMyJIHpPOBATh Pe3yJbTaThl TEOPHH IIpeAcTaBJle-
Hufl B BuOe yTBepkKAeHHH O cTpyKType anre6pni L. TouHee, mycTh
L — aare6pa Jlu unax nonem P. aa xaxuoro siemeHta X € L
onpeleanM sHuomoptbuam ad X € gl (L) dopmynod ad X (V) =

= [X, Y], Y € L. Tak kak

(X, Y], Z] = (X, [V, z1] — 1Y, IX, Z11

1.2. [Tpedcmasrenus arze6p Ju 11

,umi Beex X,Y,Z € L, 10
ad (IX, Y]) =adX-adY ~—ad Y ad X,
tak uto ad — npeacrasienue aarebpu L. Ono Hasnsaercs npucoedu-

HerHoim npedcmasaenuesm anre6put JIu L, Pacemorpum uaean 2 (L) B L,
safaBaeMuiil hopmyon .

2(L) = ker (ad) = (X €L: [X,¥] =0 nas scex Y €L,

On yaspiBaetcs yewmpons anredpor JIu. [IpucoesrHenHoe npejacrasie-
HUe siBJsieTcsl B3aMMHO-OJHO3HAYHLIM TOTJa H TOJbKO TOTJa, KOrAa
z (L) = 0.

(1.2.1) Mycme (V, f) — npedcmagrenue arcebpor JJu L v X € L.

Mycme L = L (0) @ L (a) €D .- — pasaoderue npocmpancmsa L na
0606wyernbie cobemsennse noonpocmpancmea Indomoppusma  ad X,
a V=VH PV P ... — pasaodicerue V na o06obuierrbie cob-

cmgennsie nodnpocmpancmea ndomopgusma [ (X). Toeda
FIL(@) V) < V(et+h).

3ameyanue. YcaOBHMCH CUHTATh {0} COOCTBEHHBLIM MOAIIPOCTPAHCTBOM,

OTBeYaloUM TeM 4HCJaM, KOTOpbie He sBJASITCA COOCTBEHHBIMH

snauennamu. Hanpumep, B (1.2.1) mbl nmeem V (¢ + A) = 0, ecau

o 4+ A He siBJsieTca COBCTBEHHBbIM 3HaueHHeM Has [ (X).

JoxkasateancTBo. Jas mobbix ¥ € L, v € V

FX)—(@+Mf¥)v=F(ad X —a)Y)v
+ (V) (F(X) —A) v

OTcrofia, MCNOAb3YSt HHAYKIHIO MO R, MOXKHO BbIBECTH, YTO

k
(F(X — @+ M E) o= (5) F(adX = ay=iy)

(=0
(f (X) — Mo
Ecmu Y € L(2) v v € V (), 1o AJs Hekoroporo Homepa j >0
(adX —a)iY =0 u (f(X)—Av=0.
CaesloBatenbHoO,
(F(X) — (o - MPIf (V) v = 0. ] | |
(1.2.2) Mycms L — areebpa Jdu, X € L u L =L0)PHL (@)
P ... — pasaoserue L na 0606uennowe cobemsernbie nodnpocmpancmsa
andomopgpusna ad X. Toeda
) IL(a), LBl <=L (a+ B)
2) L (0) ecms nodasze6pa 8 L, cadepacawsas X.
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Jokasareascrso. BssB 8 (1.2.1) B kauecrBe npexncrasienus (V, f)
npejacraBnenune (L, ad), nonayuuM yTBepskiaeHue l). [lns moxasartenb-
cTBa yTBepxkjenus 2) samernM, uro X € L (0), Tak kaxk [X, X1

=

ITycts Teneps V — BEKTOPHOE IIPOCTPAHCTBO Hax P u X —
HeKoTopoe nojamHoxkecTBo B ¢l (V), EcJH eI UHCTBEHHBIMH IOZANPO-
cTpaHCcTBaMu B V, HHBAPHAHTHBIMH OTHOCHTEJIBHO BCEX 3JIEMEHTOB X,
aasores 0 u V, To ¥ HasblBaeTcd Henpugodumeim. B NpOTHBHOM
cayvyae 2 HaswiBaercss npugodumsim, ECTH LIS KaxIoro X-uHBa-
PHAHTHOTO MoANpocTpaHcTBa W B V cywecTByeT Takoe X-HHBAPHAHT-
goe noanpoctpaHcTso W' B V, uto V = W @ W', To 3 HasmlBaeTcs
snoane npusodumsim. Tpencrasnenue (V, f) anrebpul JIH L HaspiBaeTcs
HENPUBOOUMbLM, NPUBOOUMBIM. WU BNOAHE NPUBOOUMbIM, ECU COOTBET-
CTBYIOLUHM cBO¥cTBOM obusanaer f (L).

JBa npeacrapaerus (Vy, fi) ¥ (V,, fo) anre6psl JIn L HazbiBatoTCH
IKBUBAACH MHBIMIL, ECJIU CYLIECTBYET TAKOH H30MOP(HU3M () BEKTOPHOTO
rnpocTpadcTBa V,; Ha V,, uTo

oh (X)v =3 (X) gv, T.e. ofy (X) o7 = fo (X)

aasi Bcex X € L uwo € V,. OueBunHO, YTO 3TO AeHCTBUTENBHO OTHO-
lIeHHe 3KBUBAJIEHTHOCTH.

[Tycte Tenepn (V, f) — HekoTopoe npelcrtaBjerue aaredpsl JIu L,
1 nyctb W — cofcrBenHoe f (L)-HHBapHAaHTHOE MOXNPOCTPAHCTBO
B V, uMemoliee MaKCHMaJbHYIO BO3MOXHYIO PasMepHOCTb. [IpeacTaBie-
nue (V, f) mopoxknaer HempHBOAMMOE MIpeACTaBjieHuHe aareGpbl L
B npocrpanctee V/W. B camom zeqe, masa X € L v € V noaoxum

fow XY@+ W) =Ff(X)v+ W.

TakuM MyTeM MOKHO SIBHO TOCTPOHTb KOMIIO3HIIHOHHBIHA pspx ans V,
T. €. nocaenoBaTteabHoCcTh 0 = V, E E Ve = V, cocrosmyio H3
f (L)-WHBapHaHTHEIX NOANMPOCTPAHCTB B V, Takyo uto f (L) neficTByeT
HENPHUBOAUMO B KaxAOM H3 dakropnpoctpaHcts V,/V,_ ;. MoxHo
JokasaTb (cM. ynp. 1 H#XKe), 4TO CyLECTByeT npeicTaBjeHue f
anre6pnl L B npsMoH cymme

Vl/vo @.@ Vk/Vk—-l = V’,

OTHOCHTENbLHO KOTOPOTO MHBApPHAHTHBI Bee moAanpocrpancrea V,/V,_
H CYXeHHs KOTOPOro Ha 3TH NOANPOCTPaHCTBA COBMNAAAlOT C TOJbKO

YTO NOCTPOEHHBLIMH NpeictaBjeHusmu. CoryacHo Teopeme JKopaana— -

Fénbaepa, sto npeacrabnenue (V', f') ompeneasercsi anrebpoit L
U npeacrasiedueM (V, f) onHO3HAYHO ¢ TOYUHOCTBIO 10 SKBHBAJEHT-
HocTH. OHO Ha3sLIBAETCS 8MOAHE NPuUBoOUMbLM Npedcmagieruem, accos
yuuposannom ¢ (V, f).

Beibepem 6Gasuc ey, ..., €.} BV Takum o6pasoM, u9TOGH AJ5
Kaxjoro j =1, 2, ..., & BeKTOpH é;, ..., €; 06pa3oBbiBaIu 6aszuc

1.2. Hpedcmasaernun arzebp Jlu 13

npoctpacTBa V; (I < I, < ... < I,). Torma pas X € L aumomop-
¢pusmy f (X) oTBeyaer B 3ToM 6asuce MaTpHLA

Iy ly—1 lg—Ie,y
R
Fi(X) *
Fg (X) ) »
0o “Fu(X)
npHuYeM AHAroHaJibHas 4Yactb
F (X) ' 0
F' (X) = Fy(X) |
0 "Fu(X)

3TOH MaTpHLUbI cooTBeTcTBYET f'. Cile10BaTe/NbHO, MBI MOXKEM OTOXKJECT-
’ -

BHTE V' ¢ V, 1. e. paccMatpuBaTh ' Kax mpeacTaBJIeHHE B UPOCTPAH-

ctee V.

(1.2.3) (J/lemma Ulypa) [Tycmoe V — sexmoproe npocmpancmgo Had

P =P u 2 — nenpusodumoe nodmuosecmgo ¢ gl (V). Ecau sndo-
moppusm. 2 € gl (V) yoosaemsopsiem ycaosuw zs = Sz 04 6cex
s € 2, mo cywecmeyem maxoti saemenm a € P, umo z = al.
HokasareabcrBo. [IycTb a —— KaKoe-HuOYHb COOCTBEHHOE 3HaueHHe
npeobpasoBanus z. Tak kak det (z — al) = 0, To moxnpocTpaHCTBO
U= (z—al) V= V. C npyroff cTOpoHEl, eca# § € I, TO

sU=szz—aV=z—asVc(z—aqV=U.

B cuny HenpusBosumoctd X, U =10, T.e. 2z =al. []

Yupaxnenne 1. Ilycts L — anreSpa JIw, V; u V, — BeKTOpHbIE NPOCTPAHCTBA

Hag P u (Vy, 1), (Vg, o) — npeacrasnennss L. Oast (vy, vy) € Vl@ Vau X € L

nonoxkuM f (X) (01, 03) = (Fy (X) vy, fg(X) vy). Tlokasars, uro (Vl@ Va, ) —

?‘;/)encf're)mnenne agre6pel L. OHo nasuBaercss cymmold npedcmassenuid (Vy, fi) u
2 /3] i

Yopaxunenne 2, ITycte (Vy, fy), (Va, fo) — npeAcraBienuss aare6pnl Jlu L

Hom (Vj3, V1) — BekTOpHOE NPOCTPAaHCTBO BCeX JHHEHAHHIX OTOGpaxeHHH H3 V,

B V. Onpenesnum otoGpamenue f: L — gl (Hom (V,y, Vy)) dopmymoi

FX)u=f1(X) u—ufy (X)

Anst BLcex X €ELwu u € Hom (V,, V). Iokasate, uro f — npejcraBjienne aire-

6pel L.

Yopaxuenne 3. [Tycts (Pr, [) — mpeacrasiesne -aire6psl Jlu L. ITokasats, uToO

f* (X) = — f (X) — Takxe InpencTaBjenHe aireGpol L.

Ynpaxnenune 4. [Tycrs L— anre6pa Jln u X € L. Ilorasate, uto ad X — audde-
peHuupoBanue aiareGpmt L. [Yxasanue: BocnoJb3yHTECH TOXAECTBOM SIko6Hu. }

Ynpaxuenue 5. [Tycte (V, f) — npencrabiedne anre6psr Jlm u [ --upean B L.
[Toxasath, uwro f({) V ecrb L-HHBapHaHTHOe moAupocTpancteo B V. [¥kasanue:

FXOFM) = [FX), FMI+ (¥ FX0.]
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Ynpaxnenne 6. IIycts (Vy, fy) u (Va, fa) — npeacrasnenns anreSpm Jip L. Jaa
X € L onpegeaum f(X) € gl(Vy ® V) cooTHOmeHHem :

F(X) (0, @va) =, (X) v, @02 +0, Q[ (X) vy

(vy € Vi, vy € V,). Ilokasats, uto (V1® Vo, f) ectb mpencrapienne anreGpur L.
OHno HaswmBaercst npoussederuem npedemassenuti (Vy, fi) u (Va, fa).

Ynpaxnenne 7. [Tycts (V. f1) u (Va, fa) - npeacrasieHus aarefpsl JIu L n
X € L. Ilpexnonoxum, uto V, == @avl(a) HV,= @sz (B) — pasmoxeHusn
npoctpadcTe V; H V, Ha 0006IeHHbie COOCTBEHHBIE MOANPOCTPAHCTBA 3HAOMOPDHHS-
MOB f; (X) H fy (X) coorBeTcTBenHO. [Tyers (Vy ® Vs, f) — npon3peseHue npejacra-
Baennt (Vy, f1) v (V,, f) (yup. 6). [Tokasate, yto

v1®vz:€9< S vl(a>®vz<ﬁ>>

Y \at+p=v
€CTb pasJaoxeHue npocrpanctsa Vi, @ V, Ha 06Go6lieHHBle COGCTBEHHBIE MOANPO-
cTpancTBa sujaomopeuama [ (X). [Vrasuwue: nokaxure, uTo
fe

(730 =t 60 (o @ o= 3 ()0 - o ® (1 00)
i=0

— B)'o,. 1

¥Ynpaxuenne 8. ITycrs 3} — uenpuBopumoe noumHoxectso 3 gi(m, R) # z-—

cummerpuyHas mMatpuua u3 gl (m, R). Ecau 2s = sz 1is Bcex s € Z, To z = al

npu #Hekotopom a & R. [¥kasanue. 3to cllefyer H3 BeweCTBEHHOCTH COGCTBEHHBIX
3HayeHHH MaTpHUbI 2. PDAKTHYECKH AOCTATOYHO OJHOTO BELIECTBEHHOT'O COGCTBEHHOTO
3HayeHHuA. ]

1.3. HuabnmoTeHTHbIe aareGpul Jin

(1.3.1) ycme L — ancebpa JJu u A, B — udeasn ¢ L. Tozda {A,
Bl — maxwe udear 8 L.

HdokasateabcTso. Beakui saeMedt u3s [A, B] MoxHo 3anucath B BUAE
Y Xy, Y], tme X; € A, Y, € B. Eciu Z — npou3BoJIbHBIH
3J1eMeHT u3. L, To, B cuay ToxkAecTBa Axobu,

(1) [Z’ (Z [XLYL])] = Z [[Z’Xila Y;] ﬁlﬁ Z [Xf’ [nyt]]

Tak kak A u B — ugeanwl, 10 {Z, X;1 € Au [Z,Y;] € B. Cnenosa-
TeJbHO, IIparad 4acTb paBeHcTBa (1) mpeacraBiiser coGOH 3JeMeHT
us [A4, Bl. ]

Hcnoassya (1.3.1), onpegeum mo HHAYKIHH OCJAEL0BATENbHOCTD
L% uneanoB B L:

Y=L, L*= (L, L1, ..., L* = [L*, L]
Ota nocsenoBateabHocTh L' D L? D L° ... HaswBaeTcsl ybwusawouel
yenmpaabrot nocaedosamenvrocmory anrebpu Jlu L. Ecau L*F =0

NpH HEKOTOpPOM k&, To anre6py L HaskIBaWOT Huavnomenmwuoli. B ToMm

U SIS ST
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yacTHOM cayuae, Korga L? = 0, anre6pa L HaseiBaercs abenegoll.
OuesngHo, 4To L abeneBa TOrAa ¥ TOJbKO TOrAa, KOTAA 2z (L) = L.
Tlanee, ecan L* =0, TO L1 = 2z (L), TaK uTo 8cAKAA HeHyaresasn
HUABNOMEHMAAA aAzebpa umeem Henyresot Uenmp.

AGenesbl anre6pel JIH Jerko CTPOUTh H HEHHTEPECHO H3y4aThb.
dAaKTHIECKH, ecaH V — BEKTOPHOE NPOCTPAHCTBO Hal P, TO MOXHO-
npespaTHTh V B abeneBy anreGpy JI, HOJOXKHB [0, w] = 0 gast Beex:
v, w € V. HunpnoreuTHole anrebpel JId NpeacTaBisioT coboii cie-
AYIOULYI0 TIO TPYAHOCTH CTYNEHbKY TMOCIE abeseBnix anre6p Jlu.
B stom naparpade Mbl H3YYHM HX CTPOeHHE, W 4ero HaMm 6éyner
Heo6XoquMa OfHA TeopeMa TEOPHH HPeACTaBJEHUH (1.3.4). Buauane
yCTAHOBUM [1Ba BCMOMOI'aTe/bHBIX pe3y./bTara.

(1.3.2) [Tycms V — gexmopHoe NpOCMpAancmso u L —nodc’z?/zaeépa
g gl (V). Iycmb saemenm s € L Husbnomenmer, T. €. S$° = 0.
To20a snemenm ads €gl (L) makae Hurbrnomenmen.

JlokasaTenbcTBo. [Ipexie uyeM HAYHHATD [OKa3aTeNbCTBO, HAINOM-
auM, yto gl (V) — aarebpa JId OTHOCHTEJNBHO CKOGOUHOIO YMHOXKeE-
uusa: s, {1 = st — ts. Tlycts Tenepp ¢ € L. Torza

(ads) t = st —ts, (ads)® { — st — 2sts + ts?

U Booéme
i .
{ad s)it = Z (— l')f"" < i > sitsi—e,
(=0
B wactHocTd, ecau s¢ =0, 10 (ads)* = 0. [

(1.3.3) Ipednoaoxcum, umo L — areebpa Jdu, [ — udear 6 L u
(V, f) — npedcmasaenue arcebpor L. Tozda nodnpocmparcmgo W
= v € V; [v =0} unsapuanmno OMHOCUMEIbHO L.

JlokazateabctBo. Ilycte X € L, Yy € I, v € W. Tax gaK
FFX) =Ff(lY, XD+ (X)), 1 f(¥)f(X)o = f (LY,
XDo+fXfMuv=0ufX)ve W.0

(1.3.4) Hycmo L — (auesa) nodanzebpa 6 gl (V), cocmoawjas us

nunbromenmuo snemenmos. Tozda cyuwecmsyem saemenm U € v,
maxotd ywmo v s= 0u Lv = 0.

JlokasaTteabcTBo. [IpumenuM nHAyKumio no dim L. Ecau dim L = 1,
To L — Ps, rhe s HuabmoTeHTeH. CyllecTBYeT LEJO€ YHC/IO k >,k 1,
st kotoporo s¢ 5= 0, mo s¥+1 = 0. Toraa s aw6oro v € sV
umeem sv = 0. ,

[Ipeanosoxkum tenepb, 4TO dim L > |, u nyctb /1 — coGeTBeH-
Has nojaireSpa B L, uMewoilas MaKCHMaJbHYI0 BO3MOXHYIO pasme’p-
wocts, Jlokamxem cnepsa, yto dim H = dim L — 1 u H ectp npean
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B L. B camom gene, tak xak (ad H) H — H, to 8 L/H onpejeneHo
npencrasienne (L/H, f) anrebpn H: '

F)(t+ H = (ads)t+ H = 1[s, t] + H

ana s € H, t ¢ L. Beuny (1.3.2) Bce sugoMopdusMel f (s) HuJIbMO-
TenTHE. [anee, dim f (H) < dim H, u, 3HauuT, 00 APeRNONOKEHHIO
HHAYKUHH CYMECTBYET TaKOH 3JeMEHT S, € L, sy % H, uto [ (H) (sy—+
+ H) = H, 1.e. |H, s,] = H. Cnegosatenbuo, Ps, ¢ H —noa-
anre6pa B L, ctporo copepxamasi H. BBULY NIPEANONOKEHAA O MAKCH-
MaslbHOCTH nofanrebpul H, [ — Ps, H. Orcrona crenyer, uto H —
Hiean B L. :

Iyere W = {v € V; Hv =0}. B cuay (1.3.3), W spasiercs
L-uuBapuanTHBIM MOAMpPOCTpaHCTBOM B V H, no [IPeATIONOKEHHIO
MHAYKUHH, He paBHO 0. EcaM v — HeHysneBo#t anement uz W, nas
KOTOporo s =0, 10 Lv = 0. []

Ilycte L — mopanreGpa (JTu) B gl (V), Kaxupld s1eMenT KOTODPO#

HUJIBMIOTEHTeH, ¥ nycte 0 < V, f E Ve = V — KOMNO3HUYOH-
HBIH psfl Las V. HUs (1.3.4) uemeinenuo caengyer, 4to dim(V,/V,_ ) =
= 1u LV, = V,_,. Tlepedpasupys 3T0oT pakT B TepMuHAX HOAXOMS-
mero Gasuca B V, mosydaeMm cleAywoOWHE pe3ysbTar:
(1.3.5) Ilyemo L — nodarcebpa (JIu) @ gl (V), raxndwui sazmenm
Komopotl Hunrvnomenmen. Cyuecmsyem maxoi 6asuc e, ..., e, npo-
cmpancmea 'V, wmo LV, =V, ,, tae V, = Pe, B -  Pe, npu
=1, ..., nuV,=0. B

B raxom 6asuce ¢, ..., ¢, Bce SHAOMOPH3IMBI H3 L npexcrasist-
OTCA n X n-MaTpRUAMH, MMEIONIHMH HYJM Ha TJMaBHOH AHMATOHAJAH I
Huxke. OGO3HAYHM MHOXKECTBO BCEX TAKHX MaTpPHIL yepes u (n, P).
Ilonanredpa L B gl (V) COCTOHT U3 HHJILNIOTEHTHBIX 3J€MEHTOB TOILA
H TOJMIbKO TOrA4, KOrZa CYLWIECTBYET HEBBIPOKIEHHAs MaTpHua s,
Anst KOTOpo# sLs™! < u (n, P) (ynp. 3).

(1.3.6) ITycme V—eexmoproe npocmparcmso pasmeprocmu n, ¢ L —
nodaszebpa 6 gl (V), cocmomuan u3 HubROmMeHmHoix 31emermos.

Toeda t, ... t, = O dan 206bix t, ..., t, € L.
HokasarenbcTBo. CoxpaHsis 0603HAUEHHS U3 (1.3.5), MoxHO 3anucaTth
(tte . )V =1, ... L (tV)ct .. titVo,= ...=0.0

(1.3.7) (Teopema Swrens) I[Tycme L — aneebpa JIu. Ecau 3n00-
mophusm ad X uusvnomenmen 0in sascdozo X € L, mo L — nuae-
nomenmnran areebpa Ju.

HNokazareabctBo. [lycts dim L = n. [lpumensas (1.3.6) k aare6pe
ad L ={ad X; X € L} < gl (L), monysaem ad X; ... ad X, = 0

il
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A mobeix Xy, ..., X, € L. CnegoBarenbHo, fias awboro Y € L
umeeM [X;, [X,, ..., [X,, Y] .. 11=0mu L*1 = 0. ] -

(1.3.8) Ecau nodascebpa L ¢ gl (V) cocmoum u3 RUAbNOMEHMHbLX
snemenmog, mo L — nusbnomenmuas areebpa Jlu.

HMoka3zareabctBo. 10 BoiTekaeT u3 (1.3.2) u (1.3.7). [J

B xawxno# aare6pe Jlu L cyuwecTByeT eIHHCTBEHHBIH MaKcHMaJb-
HBlfi HHUJBIOTEHTHBIH HIeasn N; OKaswlBaeTcs, YTO OH paBeH CcyMMe
BCE€X HHUJbIOTEHTHBIX MJeasoB B L. UTobbl ybeduTbcs B 3TOM, pac-
CMOTPHM TIpex/Je Bcero npou3BoJbHOe NpeictabiaeHue (V, f) anreGpo
L ¥ accouuMpoBaHHOE ¢ HHM BIOJHE NPHBOJHMOE NDeJCTaBJeHHe
(V’', ['). Anrebpa f (L) COCTOUT U3 HHJBLIIOTEHTHHIX 3JIEMEHTOB TOTAA U
ToAbKO Torma, korga [ = 0. [deHACTBHTeNbHO, €CJH BCE 3JEMEHTHI
F(X) € (L) HUIbIOTEeHTHE], TO MOXHO npHMeHuTh (1.3.5) K 3armO-

guTh, uto [° = 0. C gpyro# cropoHsl, nycth 0 = V, & ... SV, =
Py p = oy

= V — xomnosuwuouubii psg aas V. Ecan f' = 0, o f(X) V; <
= V., u f(X)»=0.

(1.3.9) Ilycms L — nodaacebpa & gl (V), H — nodarcebpa & L
uw K — maxod udear e L, umo L = H + K. Ecau H u K cocmoam u3
HUABNOMERMHAHbIX 3HO0MOPPuU3IMO8, MO KaxcObill 3remenm u3 L Huabno-
mermen.

Hoxasateabcreo. Ilyete W = V,/V, , — Kakoe-HuGYAb u3 daKTop-
NPOCTPAHCTB, MOPOKAEHHBIX KOMIMO3HIMOHHBIM DSJAOM NPOCTPAHCTBA
V. Tlosoxkum W' —=lw € W; Kw = 0}. Torma W' =% 0, B cuay
(1.3.4), u LW < W', B cuny (1.3.3). CuoBa npumensis (1.3.4),
Haiiem saement w & W', aas xoroporo Hw = 0 u w = 0. Ciaenosa-
TenbHo, Lw — H, II0cKOJAbKY L nelictByer B W HenpuBoaumo,
W =Pw. T1o3TOMY KaXKJbI}l 3J1eMEHT H3 L eCcTb HHJALIOTEHTHOE JIHHEeMH-
Hoe npeobpa3oBaHue. []

(1.3.10) Illycme L — aacebpa JIu H, K — ee Huabnomenmmoie udeas.
Toeda H + K — Huabnomenmmnetii udear 8 L.

HoxkasareabctBo. Ecau X € Huau X € K, toad X — HHUJBIIOTEHT-
HOe JiuHelHoe npeoGpasoBanue B L. Corsacuo (1.3.9), npeoGpa3oBanue
ad X nuapnorenTHo Agas jwboro X € H + K. U3 teopemnbl JHrens
BrITeKaer, uto f 4+ K — HunbnoreHTHas aarebpa JIu. []

CymMa N BcexX HHJIBNOTEHTHBIX HAeasoB anre6pw Jlu L sBasercs,
cordacHo (1.3.10), HHABNOTEHTHHIM HJAeaJOM H, cJeJ0BaTeNbHO,
HauboJbIIMM HUJABLIOTEHTHHIM HaeadoM B L. DyjaeM HaseBaTh N
HUAb-paduxarom aaredpu L.

(1.3.11) [Tycme V — sexmoproe npocmpancmgo Had P = P, L
— nuabnomenmuas arce6pa JTu u (V, f) — npedcmasgrenue L. Tozda
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cywecmayiom Habop Ay, ..., Ay pynxyutl Ha L co 3navenusamu 8 P u
nabop Vi, ..., V. nodnpocmparcme 8 V, ydosaemeopsouiue ycaoguimn:
D V=Vih.. - P Vs
2) 0an aroboix X E‘ L ui=1, 2, .., k nodnpocmparcmeo V,

codepaicumen 8 0b6obujerHHom cobcmeenHom nodnpocmpancmae npeobpa-
sceanun [ (X), omseuarowem cobemeeHHOMY 3Haweruto A, max 4mo
V: = {v € V: daa xamdoeo X € L naiddemcs yenoe 4ucao e > 0,
maxoe 4mo (f (X) — A; (X))¢ v = 0}.

HokasateapctBo. [Iycte X € L u U — 0606uieHHOe COOGCTBEHHOE
HOANPOCTPAHCTBO 3HAOMOp(pH3Ma f (X), oTBedamwiiee COGCTBEHHOMY
sHavyenuio A. Tak Kak aare6pa L HHALMOTEHTHa, TO, B ODO3HAYEHUSAX
us (1.2.1), L = L (0) u, cnegoBaresbuo, LU < U.

ByaeM nokasmBath (1.3.11) uHgykuued mo dim V. Cayyaii dim V=
= | tpuBuaneH. [lanee, ecqu Kaxibli supomopousm f (X), X € L,
HMeeT TOJbKO ORHO COOGCTBEHHOE€ 3HAaueHHE, TO JOKasbiBaTh HEUero.
Ecan xe pna Hekotoporo X, € L 3sugomMopdusm f (X, umeer (mo
MeHblIeH Mepe) JABa pas3iHYHLIX COOGCTBEHHBIX 3HaYeHMsl, TO, IO-
CKOJIbKY ero o6o6iieHHble COOCTBeHHBIE€ MOANPOCTPAHCTBA HHBAPHAHT-
Hbl OTHOCHTEJbHO L, Mbl MOXeM IPHUMEHHTb MPEANOJOKeHHE HHIYK-
. [

B kakux cayyasx. GyHKuMd Ay, ..., A, w3 (1.3.11) nuuelHmn?
Ecau anre6pa L aGeneBa, To npeo6pas3oBaHust U3 [ (L)|V, umeior
o6l COGCTBEHHBIH BEKTOP H, 3HAYUHT, QYHKUHH A, JuHEHHBI (CM.
ynp. 6). B obmem cayuae, ecau char P = 0, To GYHKUHH A, JTHHEHHBDI
NpH YCJAOBHMU, 4YTO L JIMUIb HUJBLIOTEHTHA. 32T0 O6YJeT AO0Ka3aHo
B (1.4.9), npHueM uaes A0Ka3aTeJbCTBA CHOBA COCTOHT B HaXOXAEHHH
oOlIero co6CTBEHHOTO BEKTOpaA. :

Ynpaxnenne 1. [Tokasats, 4T0 noaanre6pa u roMOMOPQHbLIH 06PA3 HHUABLIOTEHTHOH
aare6psl JIH HHAbLNOTEHTHH. [V KasaHue: f(L)k = f(L%.]

Ynpaxuenwe 2. [Tycts L — anre6pa Jlu u H— ee nomaarebpa. Hopmaausamopom
n (H) mopanre6pni H HasbiBaercs MHOxecTBO {X € L: [X, H]C H}. Tlokasats,
uto nn (H) — nopaareépa B L u H — ugean s n (H). Ecau L uunvnorenta u A == L,

TO HE n (H).

Ynpaxsenue 3. [lycte u(n, P) == {(a;;) € gl(n, P): a;;=0 npu i>= j). Io-
KasaTb, yTo u.(n, P) — uuabnoteHTHad nojaiareépa B gl (n, P). Ilokasatb, nazee,
uto noganre6pa L B gl (7, P) COCTOHT H3 HHJIbNOTEHTHBIX 3JEMEHTOB TOMJA H TOJBLKO
TOrja, KOrina CyUIeCTBYyeT HeBLIPOXKIAEHHass MaTpHUa s € g [ (n, P), Takag uTo
sLs"t < u (n, P).

YnpaxHenue 4. Tloxasatb, uTo Tpexmepnas aiare6pa Jlu L,, onpenensemast coort-

HoweHusIMY Lo = PX;+ PX,-+ PX;, X1, X3l=I[X, X31=01n [X;, X,]

= X3, HHIBIIOTEHTHA, HO He abejeBa. [IoKasaTh, UTO BCSIKaf HHLIOTEHTHAs Heabe-
Jaesa anreGpa Jlu Hap P coaepXHUT noganreGpy, H3oMOpdHYyIOo L.
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Ynpaxuenue 5. [Tycts L — anreGpa JIu. Onpenennm P (L), &= 1, 2, ..., HuAYyK-
THBHO ¢JIEAYIOUHM 06pa3oM:

2t (L) =2z(L), 2*(L)={X¢€ L:[X.L]c " (1)}
IMokaaars, uTo BCe z_’: (L) ~ ugeanw B L H aTO Lf= ¢ forna H TOJLKO TOTAa, KOraa
=1 (L) = L, TocaenopaTenHOCTS

ocar(Lhyca2hc ...
HA3bIBAETCS 4OBPACMAIOWIE EHIMPAALHOU nocaedosamersHocmvlo anredput L.

Ynpaxuenue 6. [IycTb V' — BeKTOpHOe NpOCTPAHCTBO Hax P W S, { — Takue 3Jje-
meHTol H3 gL (V), uto st = fs. [Iokasatb, uTo &1 A € Pu W = {v € V: sv = Av}
BHUIOJIHSIETCsT cooTHOeHWe (W (C W. Mcnoabsys 3TO, H0OKa3aTb, YTO (QYHKUHH A;
n3 (1.3.11) snunefinel, Korga L abeJeBa.

1.4. Paspewnmbie aareSpol JIu

IMycte L — aare6pa MNu. Onpemenum L, k=1, 2, ..., no
MHAYKIKI, nodaras LV = [L, L], L&+D = [L® L] B cuny
(1.3.1), L™ — unean B L; 0oH Ha3piBaeTCsA k-H npoussodHod arzebpoll

anrebpnl L. [lepeyio npousBopHylo aareGpy L) HaspBarT Takxke
Kommymamoprotl areebpod anre6pel L. [locaenopaTesbHOCTL HACAAOB

Lol oL oo
HasbIBaercsl 11pouseodroli nocaedosamesbrocmoio. Anrebpy Jlu L

Ha3bIBAOT padpewumod, ecan L¥ = 0 npu HeKoTOpOoM k.
MoxHO [0KasaTb 10 MHAYKIHMH, 4TO AjadA J1060#H anrebpul Jiu L
BLIMOJIHsIeTCcSA BKAoUeHue L*) — L*+D . JTelictButenbdo, L) = [(2)

0 ONpeAeNeH IO, U ecan L*—D < L* (npeanoyioxeHHe HHAYKUHH), TO
L) — LU= [k=1] = [L&) L] = L{&+1),

ChaenoBaTenbHO, BCsSiKaf HHJAbNOTEHTHas anare6pa JIM paspetunma.
OnHako paspemnMass aiare6pa JIn MoxeT H He ObiTh HHJbIOTEHTHOH
(ymp. 3).

[auppli naparpag HaunHaeTcd C pPsAja 3JeMeHTAapPHBIX pe3yJabTa-
TOB, 11&/1b KOTOPbIX —ONpeaeIHTh pajgukan aiaredpn JIu kKak HaHnGo/b-
IUHHA paspeIunMbIi uaeas. 3aTeM Mbl HECKOJIbKO TIPOJBHHEMCS! B TEODHH
npeacTaB/eHHl paspewumblx anrebp Jlu, nokasaB yTBepXKJAeHHe,
cxomee ¢ (1.3.4).

(1.4.1) ITycmo L — aacebpa Jlu u A — ee ufear. Aircebpa L paspe-
wuma mo2da u moabko mozda, koeda A u L/IA pa3pewunor.

JokasateabctBo. Tak Kak mnojanre6psi ¥ TroMoMop(gHBIE 0Opasbt
paspemnMbix anre6p Jlu paspemumei (ynp. 1), To A u L/A paspeumtnmel,
ecau paspemuMa L. O6paTHo, fonycTuM, 4to A = 0 u (L/A)® = 0,
Torga L™ = A u L&+H = (LD <= AW = 0. ]

(1.4.2) Tycms L — arcebpa JIu, A u B — ee paspewumoe udears.
Toeda udear A -+ B maKoce pa3pewum.
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JokasateanctBo. [Tockombky (A + B)/B == A/(A | B), aare6pn B
H (A -+ B)/B o6e paspewnmsi. ChefoBaTenbHO, U anrebpa A + B
paspeminMa, B cuay (1.4.1). [ :

Uz (1.4.2) caenpyer, uro aarebpa Jlu L coiepxuT HauGo bUIMHA
paspemuMelil U€aJ, paBHbBIA CyMMe BCeX pPaspeliMMBIX Hleanos B L.
3toT uAean HaswiBaeTcs paduxasom anrefpbl Jlu L. Ecau papuxan
anre6pnl L paBex O, To ropopdT, UTO OHA noaynpocma,

(1.4.3) [Tyemv R — paduxaa arzebpoe JIu L. Toea ¢paxmopanrzetpa
L/R noaynpocma. -~

JokasareasctBo. [Ipeanosoxum, yto R,/R — panukan anredpu L/R.
Torna unean R, paspemuum, B cuay (1.4.1). [Tockonbky R, — Hpaead,

To Ry = R. []

(1.4.4) AneeHpa JIu L noaynpocma mozda u moabko imo2dw, Koedda ona
He codepycm HeHyae8utx abescsoix UOealos.

Joxka3zareancTBo. [lonycTuMm, uTo ajdrebpa Jlu He sBJSIeTCA MOAYNPO-
cTofl # R — ee pagukan. Torna R = [R, R], ..., R*+1 _ [R{)]
R*)] — uneann B L, BBuAy (1.3.1). Tak kak R — paspeuinMas
aarebpa, TO CYUIECTBYeT HeJoe Yucao k£ > 0, Takoe utro R £ 0, HO
R*+1) = [R | RM] =0 (Mbl nonaraem RO = R). Toraa R*)
— abeneB upmean B L. Of6paTHoe OUeBHIHO. [] '

Mbl oBpaTumca cefiyac K TeODHUH NPEACTaBJeHHH pa3pelluMbiX
aare6p JIu. OcHoBHOH pe3syabTaT 3Zeck (1.4.6) mOpUHALIEKHT

C. JIn. UTobrl n0Ka3aTh ero, HaM MNPHIAETCS NPEANOJOKHTb, YTO
char P = 0.

(1.4.5) fTycme P — nose xapaxmepucmuxu 0 u V — gexmopnoe
npocmparicmso Had P. [Tyeme L — nodaszebpae gl (V) u A — udean
6 L. Honycmum, 4mo cywecmayem eekmop v =0 ua V, makoii.4mo
Avc Puv. EcauY € A uYv = av, mo 048 awbbix X;, ..., X, € L
UmMeem Mecmo paseHcmao '

YX, oo Xov = aX, X, ... Xs0.
Joka3areascTBo. 3aduxcupyem X € L. Hdas Beakoro Z &€ A ompe-
A€M TIOC/IeN0BATENbHOCTh JMeMeHToB U3 A, mosaras
Zy=12,2,= 12, X1, ..., Z, = 12,,, X1, ...
[Mockonbky Bce Z, npuHamiexaT A, CyLIECTBYIOT 3JeMeHTH q, (Z) €

€ P, Ttakue uro Z,v = a, (Z) v. [lokaxkeM UHAYKUHEH 0[O &k, YTO
k

(1) ZX*0 = E( f )a, (Z) Xt—iv (/e;0~, 1,..)

j=
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s gwoooro Z € A. 310 PaBeHCTBO OYEBHJHO NpH R == 0; J0MyCTHM,
YTO OHO BHIMOJIHEHO NpPH HEKOTOPOM k. 3abHKCHpYeM Y € A. Ham
Halo JA0KasaTb, 4TO

k1
k41 _
Y XY = ZO( ]. ), (¥) Xt+1-1 0,
Tak kax (1) BelmosHsiercst past 7 = Y, = 1y, X, to

L k
(2) leki‘ = Z (f\) a; (Yl) AXI\’-I.U - 2 (f) Qi (Y) X/"w‘iUA
/=0

j=0

Orciona
Y Xk = (Y X+ XY) XPko =Y X 4 XY X'

: k
- 2 <f> Qi+ ()) Xty + 2 (lj) a; (Y) XlE=i+ly

=0 j=0
1

k+

= ((if 1> + (ﬂ) a; (V) X*=i*ly
0

=

‘—0

gyeM (1) ¥ moxasaHo.

Jlanee, npeanoJOXHM, 4TO m — HaH6onbmeeoueJloe YHCJ0, IJ5
KOTOpOro MHoxkecTBo {v, Xv, ..., Xm-1y} .{IHHeHHO-HGSaBI{CHMOLIH
paccmotpuM  mognpocTpanctso U = pu + PXv + ...+ PX™lo.
IMonoxum B = A + PX; Tax Kak A — ugean, To B — nonanare6pa
8 L. Ouepuino, uto X*v € U ans mwoboro uesnoro £ > 0. B caay (1)
OTCIOZa CJIeLyeT, 4To MOANpPOCTPaHcTBO U MHBApHAHTHO OTHOCHTEJIBHO
A, a 3Ha4HT W OTHOCHTeJBHO B.

BosbMeM Teneph NPOU3BOJBbHBIA 3JaeMeHT ¥ € A. Marpuna suuo-
mopdusMma Y|, B Gasuce {v, Xv, ..., X™ v} HMeeT AuaroHasbHee
sJeMeHTH ¢y (Y;) = a;(Y). [losToMy ee cJell paBeH ma, (Y). C mpyroit
cTopombl, Tak Kak ftr (sf) = tr (1s), TO tr Is,t]1 = 0 Ans J106bIX
s, t € gl (V). HoV, = |V, ,, X1 npu j > 1; ssauur, tr (Y, [y) = 0.
MockoabKy char P = 0, oTcloja BuTexaet, uro a; (Y) = Onpnj > 1.
Tosromy, eBuay (1), YX*v = g, (V) X*v.

ToxaxeM Tenepb HHAyKIHe# no g, uto Y X; ... X,v = aX, ... X,
yuuTHIBasi, 4TO cjaydya#fl kK = 1 TOJbKO 4TO HaMH paccMOTpeH. Ecau
E>1uX, .. X =0, To 10Ka3piBaeMoe paBeHCTBO CMPaBEeAIHBO.
B npoTHBHOM Cilyyae BCe CJelyeT W3 ero CIpaBelIUBOCTH MpH k=1,
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nocxoalbxy YX, ... Xw = aX, ... X\v 10 NpeanonoRenHo HHIY K-
LHH, .

(1.4.8) (Teopema JIu) ITyems V' — dexmopnoe npocmpancmeo Had
P = P, char P =0, u nycmo L — paspewiumnas nodaazebpa aszeGpot
%I (V).PToaaa cyljecmeyem eexmop v € V, marxoll uwmo vs£0 u
v < Py, ' '

HAokazareancrro. [Tposesem HAYKIHO 10 dim L. Cnyuait dim L = |
oueBHleH. [lonycTHM, 4TO TeopeMa cnpaBeisHBa IS BCEX paspenru-
MBIX ajre6p JIu, WMerolHx pasmMepHocTs <<n = dim L. [Tockoabky L
paspemnma, L = L) = [2 Tlajgee, Bcsikoe BEKTODHOE MOJIIpO-
CTpaHCcTBO B L, colepxaulee L), spasieTcs ugeasoMm B L; mostomy
Hadnercss uaean N B L, takoit yto dimN =n —1 u N > L1
ITycts saement X € L Taxos, uto L = N -+ PX. Ilo NpeArnoNoxKe-
HHIO HHAYKUHH Hafmerc;l BeKTop v # 0, maas xotoporo Nv < Pu.
[yets U = Y 0PX'v. Coraacuo (1.4.5), mas kaxmoro V € N
Ml umeem Y|, = a(Y) |, rae a(Y) € P u | — ToxagecTseHHOe
oto6paxkenne {/ na ce6s, [TockonbKy U uHBapHaHTIIO OTHOCHTEALHO
X, cymectsyer Bextop u == 0 uz U, Taxoii uto Xu € Pu. Caenoba-
Teqabno, Lu < Pu. []

OcTapruasicst yacTh naparpada Nocssiend cJAeACTBHAM 3TOH Teo
pemui. [Ipexnae pcero 3ameTwM, uto u3 (1.4.6) BHITEKaeT,. yTo eNHH-
CTBEHHBIMH HENpHBOJAHUMBEIMH PEICTaBAEHHAMH Da3peLnMOl aareGphl
JIM Hal nojeM P ABJAIOTCH NPEACTaBJEHHS pa3MepHOCTH |. Bosee
o6uIHM 06pasoM, pacCMOTpeHHe KOMMO3HIHOHHOIO psiia npejcTasJe-
HUA [aeT CJIelyIOHH pe3y bTaT:

(1.4.7) llycmo V — gexmoproe npocmparcmso nad P = P, char P =
= 0, L — paspewunas areebpa Ju u (V, [) — ee npedcmasaenue.
Cyuecneyem 6asuc ey, ..., e, npocmpancmsa V, maxoi 4mo

i
F(Xe; =X f,;(X)e; (X €L
llyems t(n, P) — mHoxcecmso scex BepXHe-MPey2oabHbLx 1 X
mampuy, m.e. t(n, P)={(a;) €gl(n, P): a; =0, i>j]
ITodasreebpa L areebper gl (n, P) paspewuma mozda u morvko moeda,
i(weda QO)HLZ usomoppra  Hexomopoll nodaizcebpe arzebper t (n, P)
LyOp. z).
(1‘4.81 llyeme L — paspewumas ascebpa Ju pasmeprocmu 1 1ad
£ = P uchar P = 0. Cyiyecmsyem nocaedosamersrocme udearos 8 L

L=L, DL, D - 2DLy=0,

marxaa wmo dim L;=jnpuj=0,1, ..., n.
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JokaszaTteabcTBo. [{oCTaro4HO B3fATb KOMNO3HLHMOHHBIA psij Aast (L,
ad). O
(1.4.9) pynryuu A,

JokasateabcTBo. [TocKOIbKY HUJIBIOTEHTHEIE a/1r€0pHl JIH pa3peinmel,
B KaxaoMm moanpocrpanctse V, u3 (1.3.11) MBI MoxKeM BEIGpaTh Gasuc,
0 KoTopoM ropopHTcs B (1.4.7). Torna auaroHaJjbHbi€ 3J€MEHTHl BCEX
matpHil f (X) 6yayT pasHul A; (X). (0

oy Ap u3 (1.3.11) aunednet, ecau char P = Q.

JokazaTenbCTBO HAUIETO CJAENVIOUIEro pe3yJabTaTa 3HAUYMTENbHO
yIpOLIAETC s, €CJH BOCIOJAb30BATHCSI IPHEMOM, H3BECTHBIM I0] Ha3Ba-
HUEM «pacuidpeHHe noJsa kosdpbHuuueHToB». IlosToMy 31ech Msl Jo-
KaXXeM [I0Ka 3TOT pe3yJ/bTaT JUUIL B HaCTHOM CJYyYae, OTJO0XHB OOUIHIE
cayua#d po ynp. 4 § 1.6,

(1.4.10) [Tycme P — noae xapaxmepucmuxu 0. Aareebpa JAu L nad P
paspewiuna moeda u moasko moeda, kozda arzebpa LY nurvnomenmua.

Jokasateabcrso. Ecau L) HuibNoTeHTHa, TO L paspelidMa B CHJIY
(1.4.1), nockoabKy L/L(1) aGeneBa.

O6paTHYIO0 HMIIMIMKALHIO Mbl JOKaXeM TOJAbKO AJs cayyas P = P,
CornacHo (1.4.7), B 3TOM cJyydae MOXKHO BuIOpaTh 6a3uc B L, OTHOCH-
TeJBLHO KOTOpOro Bce mpeobpasoBaHus ad X (X & L) umenoT BepxHe-
TpeyroJnHeie MaTpunsl. ClefgoBaTenbHo, npeofpazosaHue ad [X, V]
oias mo6eix X, Y € L npexacrasisieTcss BepXHe-TPeyroJibHOH MaTpu-
el ¢ HyJAssMH Ha gHaroHaJd H MOTOMY HHJLMOTEHTHO. JTO 03HAYaeT

BBHAY (1.3.7), 4to anreGpa LV HuibmoTeHTHA. (]

B sakaiouenne naparpada ngokaxem reopemy 3. KapraHa o HenpH-
BOAHUMEIX nojanrebpax adnarebpel gl (V). [lpeasapurennHo caesaem
HECKOJ/IbKO 3aMe4YaHHH, BBOASLIUX B Kypc aena. [Tycts V — BekTopHOoe
[IPOCTPAHCTBO HaA noJjieM P XapakTepHCTHKH HyJb, | — TOXIECTBEH-
HOe oToOpazkeHue ¥ Ha ce6st U 3 (V) = Pl. Torma gl (V) asasercs
npsiMOH cyMmolt udeanos 8L (V) u i (V), 1. e.

gl(V)=al(V) @3 (V).
HefictBHreasHo, 3 (V) conmepxkurcsi B ueHTpe aare6pni gl (V) u
notomMy saBJssercs uaeasom. [lanee, ecau s € gl (V), To

§==(s — {trs/dim V) 1) - (tr s/dim V) .
Tax kax P umeer xapakrtepuctuky 0, to 3[(V) } 3 (V) = 0.

(1.4.11) (3. Kapran) ITycmo V — gexmoproe npocmpancmeo Had
P =P, char P=0, u nyemv L — nenpusodumas nodarzebpa
aacebper gl (V). Toed0a L aubo noaynpocma, aubo pasna npamotl
cymme 3 (V) u mexomopoeo noaynpocmozo udeara,
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NoxaszateasnctBo. [Tycte R — panukan anre6pul L. ITockoarky R —
paspemumasi aare6pa, To B cuay (1.4.6) cymiecTByer BekTOp U 5= 0
u3 V, nas koroporo Rv — Puv. Paccmorpum noanpocrpanctso. U B V,
MOPOXKIEHHOE MHOMKECTBOM {58, ... 8v: s; € L, k=10, 1, 2, ...},
$1cHo, yto U HHBapHAaHTHO OTHOCHTE/ILHO L; MO3TOMY, BBHAY HEIpPHBO-
aumoctd L, U = V. Hcnonways (1.4.5), oTcioma Jerko BHIBECTH,
yto ecad r € R, Tor =al (a € P), T.e. R <% (V).

Ecau R = 0, To anre6pa L noaymnpocra. B mpoTHBHOM ciayuae
R=3(WV)cL un L=@WV)NL ®s({). Ho
=~ L/R; cnenosateabHo, & (V) {1 L — noaymnpocras aare6pa. []

¥Ynpaxuenue 1. ITokasats, 4TO mojajreGpel u rOMOMOPHBIE 0o0pa3sbl paspeuIdMbIX
anre6p JIu paspemumsl. {YVxasanue: f(L)(k) = f(L(k))-]

¥npaxuenue 2. TlokasaTb, uto t(n, P) — paspemmmas mnogaarebpa B' gl (n, P).
ITokasats, 4to ecin P = P u char P = 0, to nojanre6pa aare6pu gl (n, P) pas-
pemlHMa TOTjJa W TOJLKO TOTja, KOrja OHa H30MOP(HA HEKOTOpOH mojajrebpe aj-
re6pur t (n, P).

Ynpaxuenue 3. [TokazaTo, uto t (2, P) paspeuiuma, HO He HHJIBIOTEHTHA.

"¥Ynpaxuaenne 4. [TokasaTb, yTO BCAKaf ABYMepHas aare6pa Jiy Hap P u3omopdua
OZHOH H3 CJHeAYIOLHUX JBYX ajretp:

L1:PX1+ PXz, [X17 X2]=0,
L2:PX1+ PXZ? [Xli Xz]:X2.
HOKa3aTb, qTO LZ pa3pemrnmMa, HO H€ HHJBIOTEHTHA.

Ynpaxuenne 5. [Tokasatb, yTo ecau aarebpa L mnpocTta, TO OHa HOJYHOPOCTA h
L= L),

Ynpaxuenne 6. [Tokasatn, uto Teopema JIu neBepHa B ciayvae P == P, paccmotpes
onHoMepuylo anre6py JIu

{ 0 a\, o)
'k<*‘a O)'ae‘}\j’

rie R — noJae BELIECTBEHHBIX YHCEJ.

lepzuEHeHue 7. Tlokazats, uTo npeggoxeuue (1.4.8) wecnpasepanso B ciayuae
P == P, paccMoTpeB anreépy
L =RX, + RX; +RX;, (X1, Xo] =X, [Xps Xl = —Xo, [Xy, X3] =0

H roKa3saB, 4YTO OHa He HMeeT OJHOMePHBIX HJAeaJiOB.

1.5. $®opmbl KuajIHHra H HeBBIPOMAEHHDIE aaredpbi Jiu

ITycts V — BexTopHOe mnpocTpaHcTso Hax P. Cummempuunas
busunelinas gopma Ha V — 310 oTobGpaxenune w: V X V — P (rge
P — HeKoTOpoe pacimiipeHHe noJag P), Takoe 4To

D w(x, y) = oy, x),

2) w OUIMHERHO,

8 (V) =

e st e
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Ecau U — noampocTpaHcTBO B V, TO orpaHH4eHHe cdopMbBl @ Ha
UXU onpenensier GunuHefiHyi0 ¢opMy wy Ha U. Opmozonaabroe
donoanerue ToanpocTpaHcTBa U OTHOCUTEIBHO @ ompele/sercs
dopmyaoi

Ut =|x € Vi w(x, U)y=0}.
Ecan V4 = 0, To w HashwBaeTcs Heebzpomaeuuqd. B stom cayuyae,
KaK MOJKHO IIOKa3aTh, CIpPaBENJUB CJEIYIOIWIHH pe3y/abTaT:

(1.5.1) ITyemy w — HEBLIDONCOEHHAS CUMMEMPUYHAS  Guiurelnas
gopma na V u U — nodnpocmparcmeo 8 V. Toeda
1) dim U + dim U+ = dim V; &
2) wy HeseLpOIOeHHA 8 MOM U MOALKO MOM CAYHAE, koeda U N U+t

ce3

CuMMeTpHuHas GuaxHefiHas QopMa w Ha aare6pe A HasbiBaercsd
uHBapuaHmHoti, eCii w (xy, z) = W (x, yz) pas MOGHX x, Yy, z € A.

(1.5.2) ITycme w — UHBAPUAHMHAS CUMMEMPUHUHAA 6urunelinas gop-
ma Ha aneebpe A. Ecau I — udear 6 A, mo u I+ — udeaan.

JlokasaTeabcTBO. [IpeAnoNoxHM, 4TO X € I-uy € A. das moboro
z € I umeem w (xy, 2) = w (x, yz) = 0. CnepnoBatesbHo, xy € I+,
AHaJIOTMYHO H3 paBeHCTBA W (yx, 2) = W (X, zy) cJaepyer, 4TO Yyx
c I+ 0 A

C ToOuKHM 3DEHHs H3YyYeHHS CTPOEHHsi ajre6p HHBApHAHTHbIE
(GOPMBI BAXKHEI T€M, UTO MX MOXKHO HCIONb30BATH NSl Pa3/OKeHUs
anre6p. IIpexae ueM chopMyIHPOBATh TOUHBIH PE3YJ/IbTAT, HATIOMHHM,
uro asire6pa B mpocra, ecad B* = 0 i eAMHCTBEHHBIMH €€ HleaJamMH
apaswores O u B

(1.5.3) (3. Aprun) [Tyemb A — ancebpa, He UMENOYAR HeHYILBbLX
udeanoe I, das xomopuix I* = 0. Ecau ona obradaem HeBbLPONOeHHOU
unsapuanmuotl cummempuurold Oururelrod dopmoti, mo ee MONXCHO
npedcmagums 8 8ude npPAMol CYMMmbL NPOCMbLX udeanos: A = A,
® ... D Ay 20e AA; =0, i % j. Imo pasroderue e0UHCMBEHHO
¢ mouHoCmbId 00 NOpAOKa CAQ2AeMbix.

JokasarteabcrBo. UToObl 10Ka3aTh CYIHECTBOBAHHE TpeGyeMoro pasJo-
eHus1, nposefieM uHaykuHwo 1o dim A. ITyete [ = 0 — HEKOTOPLIH
MUHHAMAIbLHEE uieaa B A. CoraacHo (1.5.2), I+ — Takxe ujnean B A,
a mockoJabKy [ muHHMazeH, T0 [ [} J+ =0wum I N I+=1. Ho
paseucteo I [} I+ = I HEeBO3MOXKHO. HeiicTBurenbHo, ecau [ < I+,
to w; = 0. [Hanee, I* = [, B CHUly MHHHMAJbHOCTH I. Tlostomy
ecsid a € I, TO

w (e, A) = w (I, A) =w(l, [A) =0,

B MPOTHBOpEUHE C yCJOBHEM HeBHpoXAeHHOCTH w. CiefoBaTesbHoO,
I I+ =20 u, cornacro (1.5.1), A =1 & [+. Kpome Toro, [-I+
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=/ N[+ =0. dopma w ONIPENIeJISIET HEBEIPOXK/ICHHYHO CHMMETp Hu-

Hywo Guinueinyio gopmy Ha JL, [I03TOMY MBI MOXX€M NpHMEHHTH
TPEANOJIOKEHHe HHIYKIUH, ecau [+ == 0,

[Tpeanonoxum Tenepn, uto A = B ‘
npocthle Hueansl. Tak kax B} =4 0, T(; %lA E;ﬁlrie..éci IIBB/A_
# 0. CnenoBaTteibHO, HafigeTcs A;, nas kortoporo B,A, s« 0. Ho éa}:
B, Tak H A, — npocthie Hpeansl, noaromy B, = A,. Orciona BbiTe-
KaeT, yto HaGop {B,| sAB/sETCH mNepecTaHOBKOMH Haéopa A4 0

H Teneps npumenum NOJIyYEHHBIE pe3ysbTaThl K aaredpam JIu.
PEKIE BCEro HaM HYXKHBl HHBAapHAHTHBEE HOPMBDI.

(1.5.4) ITyemo L — aneebpa Jlu — e
Tosta ot D u (V, D ee npedcmaererye.

Bi(X, V) =trf(X)f(Y) (X,Y €L ,
onpedeasem UnBAPUAHMHYIO cummempuunyio buruneldnyio gopmy na L.
HokasareancTBo. 3gech
MHBAapHaHTHOCTH. Ho

Br(lX, Y1, 2) = tr f(IX, YD [ (2) = tr [F (X), F(V)]f(2)
PO FMF@—tcf (¥ F (X7 (2)
teF(X) IF(Y), (@)1 =B (X, Y, Z)).

Cpenu 5THX MHBAPHAHTHBIX $oPM MBI BHL
A€JHM OfHY. 3TO ¢opMma
Bag, HaswiBaemas gopuod Kuriumea air
) e6pel L. |
0603HayaTh ee mpocTo B: P et Gyaen neera
B(X,Y)=trad X-ad ¥ (X, Y € L)

(1.5.5) Mycms L — anzebpa JTu, A — udeanr ¢ L, B u B — ¢opmst

Kurnunea na L u A coom
8emMcmeenHo, a B, — oepanuyenue ¢o
na A. Tozda B, — B', AT bopuee B

,Zloxa;xarenbcrno. Hyere { Xy, ..., X, .
uto { X, ...

BC€ OYEBHAHO, 3a HCKJOYEHHEM pasBe 4To

I

il

., Xp} — Tako# Gasuc B L,
» Xm} ecTh Gasuc B A. Ilpeanooxum, uro

(@d¥) X, =¥ a, (") X, (¥ € L).

Toz,zla a,;(Y)=0npui >m, eciu Y € A, nockoasky A — ugean
B L. CneposarennHo, ans Y, Yy € A MbI uMeem

B{Y,, Y,y = Z lai/' (Y) aj; (Ys)
[, j=

= 2 a,;(YDa,(Y) =B (Y, Y. [

[, j=1
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Aurebpa Jlu L nHasbiBaeTcsi HesblpodcOeHtoli, ecjn ee dopma
Kuaanura seBblpoxaeHHa. HepblpoxaenHble aarebpbl JIn obaagaror
MHOTMMH XOpOiuHMM cBoHcTBamMH. HekoTopnle H3 HHX MBI ceifuac
yCTaHOBHM.

(1.5.6) [Tycme L — nesoposcdennas arzebpa Jlu nad P. Tozda L
noaynpocma U mosem Gvimb PABAONEHA 8 NPAMYIO CYMMY NPOCHIbIX
10eqn08 eOUHCMBEHHBIM C MOYHOCIBIO 00 NOPAOKA Caaeaemslx cnocoGom.

Jlokasareanctso. lis poxkaszareancTBa Toro, 4To L moaynpocra,
JONyCTHM, 4TO0 A -— abeseB upean B L. ITyete {Xq, ..., Xy ..., Xt —
pasuc B L, takoh uro {X, ..., X;n} — Gasuc 8 A. IlycTe, nasee,
7 — npOU3BOJbLHLI 3aseMeHT W3 A u Y € L. Torma ad Y-ad Z
epeBOAMT KaxXkAblH sjgeMeHT X; B 0, eciu 1 < { < m, nocko/bky A
a6esesa. Kpome Toro, ad Y-ad Z nepeBoauT Kaxibli sJjeMeHT X,

-m+-1<j<n, B anemedT u3 A, mnockonbky A — ugean s L.

Orciona caenyer, uto B (Y, Z) = tr (ad Y-ad Z) = 0. ITockosbky YV

OBl BBIOpAH MPOU3BOJBHO, a L HEBHIDOMKAEHHA, MBI 3aKJKOYaeM, UTO
=0, T.e. A = 0. Caegosaresabno, L noaynpocra, seuay (1.4.4).

OcTaJibHBle yTBEpXKJIEHHS HeMelJeHHO cJaenyioT u3 (1.5.3). [

3aberas Brnepel, NpHBENEM ABa pe3yJsbTaTa U3 IJ. 2, Ie paccma-
TPHBAWOTCH JIHWb aJare6pul JIH Hajg mnoJjeM XapakTepUCTHKH O.
A MMEeHHO, MBI JOKAa3bIBAEM TaM, YTO

(2.1.2) L paspewiuma moeda u moavko mozda, koeda B = 0 na L.

(2.1.3) Beaxkaa noaynpocmas aazebpa JIu HesbipodcOerHa.

Otcrwona caenyer, uTo B cayuae char P = () anrebpa L HeBwlpoxKAeHHA
TOrja ¥ TOJILKO TOTa, KOTJla OHAa NnoayripocTa. B 3ToMm cayuae, cornacHo
(1.5.6), L MoXHO Pa3JOXUTb B NPIMYI0 CYMMY NPOCTHIX aJare6p JIH.

Uto H3 ce6s nmpeicTasJsiioT NpocThle aare6pel Jlu wag P? as
P = C npoctele anare6pbl JIH — 3TO KJaaccHueckHe aJre6pel Jlu
BMeCTe C NATBIO «HCKJAIOYHTEJIbHBIMH» ajrebpaMu (3TO [JaBHBIH pe-
gyastar ra. 2). Jas P = R kaaccudukaunus 6yneT pana B ra. 8;
rpy6o rosops, TaM yTBEPKIAETCs, YTO nmpocThie aiare6pel JIn Hag R
MOXKHO NOJIYYHThL C TIOMOLLbI0 OJHOTO H3ALLHOTO ITpHEMa H3 NPOCTHIX
aiare6p Hax C.

Ilycte L — agarebpa JIM Hang moseM P npoOH3BOJIBHON Xapakre-
PHCTHKH. JHAOMOPJHU3M § BEKTODHOro mpocTpaHcTBa L HasmiBaeTcsi
Jutpheperiyuposaruem anre6pei L, eciu .

S(IX, YI) = [8X, Y1+ [X, 8Y] anst Beex X, ¥ € L.

M 6y ieM 0603Ha49aTe MHOMXKECTBO BceX AHDQEpeHLHPOBaHHR aare6phl
L ugepes der (L). Cornacuo ynp. 3§ 1.1 u ynp. 4§ 1.2, der (L) saBasa- .
erca nomaare6poll Jiu B gl (L), coxepxkame#t ad X a8 Kaxzaoro
X € L. Juddepenunposanus susa ad . X HasLIBAWTCH GHYMPLHAUML.
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lonoxum ad (L) = {ad X: X € L}. Jlerko nokasars, uro §-ad X
= id (8X) ;—(f)d X~6011J1ﬂ Bdcex(é € der (L), X € L.’OTcrozla‘cne-
IyeT, 4To a — udean B der (L). Mbl HasoBeM aJsire6 i
eciu der (L) = ad (L) uz (L) = 0.) ° Teopy L noanog,

(1.5.7) Ilyeme L — aneebpa JTu u A — udeas ¢ L. Ecau A noana, mo
cytgecmeyem ulear B 6 L, makod wmo L = A @ B. ’

AokasareabcTBo. Muoxkectso B = (X € L: [X, A] — 0} sBasiercs
Haeas oM B L, B cuay ToxkaecTsa Sl ko6u. Sanaaum fus Kaxnoro X € L
Audpepenurposanne 8 (X) anre6poi A, nonaras 6 (X) = ad X la.
HOCKOJII:Ky A TnojiHa, CyecTBYeT TaKOH 3JeMeHT X, € A, uto
8(X)Y = [X,, Yl msicex ¥ € A. Cnegosarensto, X — X, € B
I:I_[; (71)14 []+ B. C npyroi ctopons, A ) B = 0, nockoisky A | B
(1.5.8) Bcaxas nestuposcdennan arzebpa JTu noana.

JlokasaTeancTso. Ilycts L ~— anre6pa JIu Hag P, HMEIOIasl HeBBIP OK-
AeHHYIO popmy Kunnuura B’'. Tak Kak z (L) COAEPIKHTCH B pajgHKaJe
anre6pel L, 1o, B cuay (1.5.6), z (L) = 0. Ocraercs nokasaTh. uto
ad (L) = der (L). ’
s AAHHOTO nupepeHnupoBanus 8 anareSper L bl TOCTPOHM
anre6py JIu L, raxyio uro dim L = dim L + 1. A HMEHHO HOJIOKHUM

L = |(a, X):a € P, X € LY,
[(@, X), (b, )] = (0, a-8Y — b-6X + [X, Y)).

Torza {(0, X): X € L}:— upean B L, usoMopgueii L. Ilycts B —
¢opma Kuaauara Ha L. Torza L+ ={z€ [: B (z, L) =0} —
HenyJ/eBolf upean s L, B cuny (1.5.2). daiee, orpaHuuenue By ¢popmul
B IBa % HEBLIDOXKIEHHO, B cHay (1.5.5). Orciona caenyer, uto L | L+
=0,L=L@®L+ulL, L+]= 0. Hakonen, nyctb (1,0) = X + Z
ree X € L uZ € L+, Torna aas mo6oro Y € L MH nmeeM '

0, 6Y) = (1, 0), (0, V)] = [(0, X), 0, V)1 = (0, [X, Y],
U6 =adX.[]

Ynpasnenue 1. [Tycrs B — ¢bopma Kuaauara xa 31 (2, P V
¥ » £). Hdokasatsb, uto
= 4tr (XY). [Tokasats, uto B HeBprO)KlleHHa,-eCS'lH cl)lalg P #aT2b. o B

Ynpaxnenue 2. [ITycts L — ABYMepHas wealeneBa aiarebpa Jiu:
L=PX1+ PXg, [Xl’ X2]=X2-

Jokasath, uto L mnosua.

¥npaxuenne 3. [Tokasats, uto ecnn §
. » ( — AHddepeHUHpoBanue anred Jp
To LB Lt w o sL S L™ pax meex k. boer b redeet A Ly
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Ynpamnenne 4. I[Tycts § — audgpepennnpopanye aare6pu Jln L, Hmeomed dopmy
Kuaauura B. Tlokasatb, yTo ‘

B(8X, Y)+ B(X, 8Y) =0 aast scex X, ¥ € L.

¥ npaxneune 5. [lycts L — npocrad aare6pa Jlu vaxg P = P, u nycth w,, w, —
HHBapHAHTHBIE CHMMETPHYHHE GuiauHeHHLIe dopmbl HA L. ECIH w,; HeBLIPOXKJAGHHA,
TO Wy == cw; AJAs HeKoToporo ¢ € P.

Yrasanue. Oas dukcupoBanHoro X € L orob6paxenHe L 3 Y +— wy (X, V)
auHefio. [TocKOMbKY w; HEeBLIPOXKAEHHA, CYIIECTBYET E€IHHCTBEHHBIE 3JEMeHT
X' € L, nas xoroporo ws (X, Y) = wy (X', Y) npu Bcex ¥ € L. OueBHxHO, yTO
oto6paxenue s: X +—> X’ JauneiiHo. Hcnosb3ysi HHBADHAHTHOCTh dopM w; H wj,
npoBepbTe, yTo ad Xo°s = sead X aas- Beex X € L. [logae sToro ocraercss TONBKO

npumenuth aemmy Hlypa (1.2.3).]

1.6. Pacwnpenusi noneil koadguuueHTOB

ITycrs P — HeKoTopoe foJie, cojepkaiuiee P B xauecTBe NoJAnoJs,
u V — BekTOpHOe nmpocTpaHcTBo Hax P. PaccMoTpuM P KakK BEKTOPHOe
NpOCTPAHCTBO Hajx P (pa3MepHOCTh -KOTOPOrO MOXKeT GEITh H 6ecKoHeu-

HOfl) H MOCTPOHM TeH30pHOoe npousBenenne P & V max P. Ilycts
a € P. Tax kak oTo6paxeHHe NpsMOro npoussesenus PX Ve P Q V,
onpejgeieHnoe ¢opmyJoi (b, v) — ab ) v, GuauHeiiHo Hax P, TO
CylliecTBYeT SHAOMOPGH3M ¢ NPOCTPAHCTBA P & V nag P, Takok uto
a (b Quv) = abQ v. lNonaras

ax=@dx npu a€ P, xEPRV,

MBL TIpEBpaTHM jz &> V B BEeKTOpHOE NMPOCTPAHCTBO Hal B. IMpumem
IJ1si TMOJIyUeHHOTO0 TaKHM 06pa3oM BEKTOPHOIO MpOCTpaHCTBa  Haj P
(obweynoTpeburensHoe) o6o3Hauenne VP - -
Ucnosbays paoxenne V D v—>1Q v € VP, MBI MOXEM CUHTATD
V noamuoxectsoM B VP, Ilanee, ecau ey, ..., 6n — 0a3UC TpocTpaH-
ctBa V Hag P, 10 1 & e = ¢, ..., 1 & &n = e — 6a3uc mpocTpal-
crea VP wag P. Ecan W — BEKTOPDHOE MOAMPOCTPAHCTBO B V, TO
BEKTOPHOE NOANPOCTPAHCTBO B VB! nopoxaeHHoe W, MOXKHO oToxIe-

CTBHTL ¢ WP,
Bcsikoe sHHefiHOe oToOpaxKeHHe § H3 V B MPOU3BOJILHOE BEKTOD HOE

npocTpancTso { Hax P npojo/Kaercss A0 JHHEAHOro OTOOpaKeHHs
s VP — UP. A uMmeHHoO:

SP (a8, + -+ ames) =a;s(e)+ - -+ anslen), a € P.
Oro6paxeHue s° OZHO3HAYHO ONpeneJsieTcsd oToOpaxkeHHeM S, H B TeX
cJaydasX, KOrha 3To He MOXeT BHI3BATh NMYTAHHUBL, Mbl OyAeM MHCATb §
BMmecTo s, $lcHo, 4TO '

P Hom (V, U) = Hom (VP, UP )




-
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B uacTHocTH, Gepa V = U, Mbl BHIHM, uro gl (V) moxHo paccma-
TpHBaTh Kak nogMHoxectso B gl (VP) = P & gl (V).

PaccMoTpum Tenepb HexoTopyio anarebpy JIin L Haa nosem P.

Pacmupsas P po P, Mbl NONYUYHM 8eKMOPHOE RPOCIPARCMA0 L? nag P.
Onepanus ymHoxeuust L X L — L mopoxpaeT JHHeliHEIe 0TOOp axe-
Hust L L — L u LP & LP — LP, a TeM caMbM GH/IHHElHHOE
oto6pamenue ymHomenuss LP x LP — LP,
{Xy, ..., X,} — Gasuc L nag P, to

[ a;X,, 2 ijj] = Z a;0;1X;, X;

PakTHUeCKH, eCcaH

A5 Beex a, b, € P. Onpeje/sentoe Tak yMHOMXeHHe Ha L? npespa-
maer LP B anre6py JIu nax P. IlpuBeneM Ges NOKa3aTe/lnCTBA He-
CKOJIBKO (JIETKO NpOBEpsieMBIX) YTBEPXKAEHHI,

1) Ecau H — nodarzebpa 8 L, mo HP — nodaseebpa 8 LF.

2) Ecau H — udeanr 6 L, mo HP — udear & LP.

3) Ecau 8 — Ougpgpeperyuposanue arzebpor L, mo 8P — dudgpgpepen-
yuposanue areebpsr LP. B wacmuocmu, ecau 8 — 8rympenHee Oud-
depenyuposarue, mo maxoso sce u 6F.

4) Ecau A u B — nodnpocmpancmea ¢ L, mo [AP, BF]1 = |4,
B1?, ‘

(1.6.1) Tycme L — ancebpa JAu nad P u P — pacwupenue nors P.
1) Ecau ancebpa L abesesa (cooms. HUABNOMERMHAA, PA3peULina
Ul Hesuipoxcoenna), mo marosa e u LP, u obpamro.

2) Ecau ancebpa LP npocma uau noaynpocma, mo mem e Ce0ti-
cmeom o6aadaem u L. '

HokasareancTBo. B cusy npuBeNeHHOro Bbllle YTBepXKIEHUS 4),
(LGP — (LB )(®) g (LOJP = (LP)R)

Tostomy L siaseTcss abeneBoil (COOTB. HUJBIIOTEHTHOH HJIH paspes
uIMMoti) Torga ¥ TOJbKO TOTA&, KOraa TeM e cBolicTsoM ofJanaer L%,

Ilycre Teneps X,, ..., X, — HexkoTOpu# Gasuc L Hax P, B —
¢opma Kunnunra anre6psi L, a BF — dopma Kuanunra aare6pu LP.
Torna B (X, Y) = BF (X, Y) aas Bcex X, Y € L. IMockoabky
anre6pa L sB/sercs HeBHIPOXKIEHHOH B TOM H TOJbKO TOM CJyuae,
koraa det (B (X, X)) =0, orciona caexyeT, 4To L HeBHIPOXKAEHHA
TOria H TOMBKO Torfia, Koria LP repmpoxjeHHa.

Haxkonen, ecau A — ugean B L, Tako#t uto 0= A %= L, To
0 % AP s LP, CnegoBarennHo, eciu anre6pa LP npocra, To Ta-
Kkopa Ke H L. [anee, ectm A — HeHyJsepoll abener Hzean 8 L, To

RS
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: B B
AP —— HenyJseBo# abeseB Hjleal B LP. [Tostomy ecau aarebpa L
ionynpocra, To u L moaynpocra. 0

B KayecTBe NPHMEHEHHS TNpHeMa pPaCIIHpeHHs HCXOJHOTO TMOJIst
JOKaXKeM ciejylouee YTBEpKICHHE:

(1.6.2) Ecau char P =0 u dim )V > 2, mo_ anzebpa & (V) npocma,
a 3 (V) seanemcs yenmpom ancebpor gl (V). .

JlokazaTeabcTBO. [IpeANO/IONKHM pHauasie, 4ro P =VP. I}o(c&()og%y
anre6pa 8 (V), oueBuAHO, wenpupofuMa u 8l ( ) QI b g ,
u3 Teopembl KapraHa (1.4.11) caenyer, 4TO anre6pa ( x (V};
npocra. Janee, CUMMETpHUHAs GuinHneiinas dopmMa w Ha L),
onpeje/eHHas dopmyJon w (X, Y) = tr XY, I/IHBapI/IaHTHEIl';IP:: eBal
poXzieHHa (ymp. 5). B cuay (1.5.3), 8l (V) SlBJIﬂeTI(_:Iﬂ np;uvéo ye oit
IpOCTHIX HJ€aJOB: AWV)=8,@ S @ - . yCTbTaK]_, o S,Z':
Gasuc mpocTpaHcTaa V, H HyCTb(.S;E %I V) :—br p:lioa s To{*na
= q;e; <j<m), aqFa ( D a m = O..

S =a,se, —{Sls2 +] ooy rile s; € Si. [TocKobKY S %= 0, XOTs 6Bl OJAUH y;s.
3JIEMe1HTOB s, OTJIMUeH oT HyJas. [IpoHsBeds, €CiH Ha,u,o,] n_epguyll‘l(\;;epe
IHIO, MBI M(;}KEM CUHTATh, UTO 5; F= O.bTZK;aK [sy, s} =0, $€;
= be;, | < j < m, A5 HEKOTOPBIX 0; ),

Flll;ennonoj}{mm Tenepb, 4TO ajareépa S, mpHBOAHMA H S, W CCJ‘IZ:
rie W — BEKTOpHOE HOANPOCTPAHCTBO B V, ymosaerpopfmliee y
BUI0 0 s= W = V. (Mbl xoTUM IpHATH K IPOTHBOPEUHIO. ) I'Ic;lcxoé.nal:;}é

% HAOMOPGH3M, CYIIECTBYE

S b ol wro s € P, 1 < j < k). OroT 6a3uc MOXKHO
€1, ..., er B W, TAaKOH UTO §€; € Pei(l <j <R
plaCI]_IHp;Tb Ao Gasuca ey, ..., eém NPOCTPAHCTBA V, sHOHpad 3JI§1L;EH;:
ks ¢, CPend ey, ..., ém. MeHsasA, ecld HAlo, ;)603(1-11aq<e1-} 5 s

M ¢ = pe; (1 <j<m).

eM CUMTATh, UTO &, ..., & — 0a3HC W u $1€; i€i
1\Iél%)z:{y:o.nbxy tr s, = 0,1TO s, umeeT (110 MeHbIEY mepe) ABa paSéIH:I;III{:S
cOGCTBEHHBIX UHCJA, KOTODhIE MBI MOXEM (HOCHE nep@eIH(y&a) pnona-
cyuTaTh PABHBIMH by H bon- BBeae2M %H}.IOMOI[)?)HSBI\? et i (b, /), e
rasi te, = em M te; = 0 mpu j > 2. loraa i, 51l
4TO nsomsgpequa* ycaopnio S$;W < W. CJIEAOBaTeJIM?:O(’V?JIFeg%?mi;
HepHBOAMMA H, IO JeMMe Ilypa (1.2.3), S, o e
caepyetr, uto Sy =0 u &l (V) = S, — mpocras anreopa.
: P 1).

cavuail (P < P) caepyer Tenepb H3 (1.6

yHyCT(b, nakosen, C — HeHTp a/are6pb gl (V). CuoBa mo Jjemme
liypa CP <3 (V)?. Crenosatennto, C = 2 (V). 0

VYapaxuenue 1. Ilycts L - anre6pa Jlu nax P, V — BekTOpHO® npc:crpaﬂcﬁmo Ha
P o P u (V, ) — npencrasjenne anre6pm L. IToxasars, UuToO .TII/IHBI%HEH o6oJiouKa
! ~

muoxecrsa | (L) B gI(VP ) ectb romMoMOpGHBIH o6pas amre6pei L° .

Iljisi BCAKOTO KOMILIEKCHOTO 4HCJIA s nycts s ofosHayaer xomnnexcaogo;np(n-

= MOROKUM S = (5;;). Marpaua S € gl (7,

wenwoe yncao. Jast S = (s”)v € gl (nég o if
) nasniBaeTcs K0COSPMUMOGOL, €ClH .
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Ynpaxnenne 2. [TycTb U (n) — MHOXKECTBO BCE€X KOCO3DMHTOBBIX wmaTpHU H3 ¢l (a1,
C). IMokasats, uto u (n) — anre6pa Jluw wag R, we wusomoppuas gl (n, R) npn
n > 2, Ho :

u (n)C== gl (n, RC=gl(n, C).

[¥kasanue. MHOXecTBO U (1) COCTOHT H3 HOJYADPOCTHIX JIHHEHHBIX mpeo6paso-
Bauuil. Ecain u- (n) comep:KHT mojaiare6py 9, msomopdHyio aarebpe L, u3 ymp. 4
§ 1.4, To anre6pa [, v] == 0 noaxua, coraacHo (1.4.7), cOCTOSITH M3 HHJLIIOTEHT-
HBIX ;MaTpHIl — npoTuBopeune. C apyro#t cropoun, gl (n, R) copepxut L,. Cie-
JOBaTeJbHO, 3TH JBe anreGpel He H30MODQHEI. 3aMETHM TaKiKe, YTO KOMILJEKCHas
JHHelHast oGonouka aareSpu u (n) uau gl (n, R) B g1 (n, C) cosnazaer ¢ gl (n, €).]

Ynpaxuneane 3. ITycrn 8l (n, C) paccmaTpHBaercst kak aare6pa Jlu nan R; oBoanua-
uum ee uepes 3l (n, C)p . [ToKkasats, uto npHd n > 2 aare6pa 3l (n, C)p ects mpocras

aare6pa Jlu uwap R, uwo aare6pa (BI (n, C)p )C) He SIBJSeTCA NpPOCTOMH.

YnpakHenue 4. 3aKOHYHTB JOKa3aTeJbCTBO npelJoxenus (1.4.10).

Ynpaxsnenune 5. [Tokaszats, uto w (X, Y)==tr (X, Y) — HeBbIpOxkAeHHAA CHM-
mMeTpuuHas GunuHefinas wHBapHanTHas ¢opma na 81 (V). [¥rasanue. Ilycts Ey
o6o3navaeT MaTPHIy pa3mepa n X n, y KOTOPO# Ha {, f-M MecTe CTOHT !, a Ha ocrajb-
HEIX MecTax — HyaH. Ecanm w (X, Y) = 0, 1o nyctb Y npoGeraer snavenus E;;,
ik j, 0 Eyp — Eqyq, 141-]

1.7. Aare6pu Jlu pasmepHocTH <3

[as Toro uto6m HalTH Bce ajare6psl JIu L pasMepHocru 3, pac-
CMOTD UM BHaYaJjie HeCKOJIbKO 6oJee 06LIYIO MOCTAHOBKY 3afauH. Bynem
HaswBaTh anrebpy A anmuxommymamusnoi, ecin XX = 0 ansa Bcex
X € A. Ilycts A — aHTHKOMMYTaTHBHast aare6pa u E;, ..., E, —
6azuc B A. Torpa E;E, = 0 u E,E; = —E;E,. Tlostomy, 3azasas
TaGIHIly YMHOMEHHS OTHOCHTETBHO (HKCHPOBAHHOrO 6asuca, A0CTa-
TOYHO YKaselBaThb JIMIIb OJHO H3 mpoussefenuir E.E; unu EE,,
[ 5= j. B panpHefimeM Mbl Oyjlem 3THM MNOJIL30BaThCA.

(1.7.1) 1ycmo A — anmuxommymamusnas areebpa pasmeprocmu < 2.
Toz0a A ssasemcs areebpoli JIu u umeem mecmo o0ur u3 caredyroujux
cAyuQaes:

dim A=1: A4 =0;
dim A=2: (a) AA=0,
(b) A= PE, - PE,, E\E, =E,.

Jokasareancto. [Tpeanonoxum, uto dim A =2 u AA = 0. das
npousBoJibHoOro 6asuca E,, E, B A mbl iMeeM AA = PEE,, 1 MOXHO
BHIGPATH 3/1eMeHT E, Tak, YTOOH BHNOMHAJIOCE paBeHCTBO AA = PE,.
Torpa E,E, = aE,, rae a ¢ P, a = 0. 3amensia E, sjieMeHTOM a™'E,,
npuieM K paseHcTBy EE, = E,. Jlerko BujeThb, 4To TOXAECTBO A KoOH
B A cnpasepnuso. [J
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[Tycts Temeps dim A =3 u Ey, E,, E5 — 6asuc B A. Torpa
marpuna s = (s;;) € gl (3, P), onpeneneHHas paBeHCTBaMHU

Er = E,Ey = syuE; + suEs + sabs,
E? = E E, = sisE1 + 322E2 + $32E3,
E3 = E\E, = 813E1 + S:sEq + s33Fs
WJIH, B MaTPHYHOH 3aMHCH, PaBEHCTBOM
(1) (EY, E?, E®) = (E,kE,, E\E,, E\E)) = (E,, E:, Ey)s,
[1OJHOCTBIO OTIpefeliseT cTpykrypy anre6put A. Ilycts Ey, E,, Ey —
HOBEL{l 6asuc B A, AJs KOTOPOTO
@) (B, B2, B3 = (E,Es, EE,, E\Es) = (E,, Es, Ey)s.
OGo3HAauUM uepe3 a HEBBIPOKAECHHYIO MaTPHIY, YAOBJETBOPSIOILYIO
YCJIOBHIO
(3) (Ey Ey, Ej)= (El, _E,Q’ Ea) a.
Torna
EY = E,E, = (ayE, + anEy + apnEy) (ay,E, -+ @xEs + ayEq) =
= (Aylyy — G23052) E.E, + (A320,5 — Q12035) E.::%El
+ (@222 — 20,5) E B

[Tycts a* = (a’/) —MaTpuua anre6panyecKHX NOTIOJNHEHHH K 3J€eMEeH-
TaM MaTpuubl a. Toraa, O4eBHAHO,

Fl — gllEL + al2E? 4 a13E3;
aHaJOTHYHO

E2? — g?EL + QB2 + aZ3E3,

F3 — g8LFL + a2 2 + a33Es,

O6o3Hayast, KaK OOBYHO, MAaTpHIY, TPAHCMOHHUPOBAHHVIO K a¥*,
uepes ‘a*, nogydaem

@ B B B =@, B B)-a
Hs (1)—(4) creayer, uro §-‘a* = gs. C ApYyTO#l CTODOHH, KaK H3-

BeCTHo, aa* = deta-1, rge | — eanHudHas MaTpHua. 3Hauut, (*a*)™!
= (det a)7!-q. Orcioga BLITe KaeT CJEAYIOUeE yTBEPHKAEHHE:

(1.7.2) Hdse anmuxommymamusnvle arzebpbi, 3a0aHHbIE COOMIHOULE-
nuamy (1) u (2), udomopdro: moeda u moavko moeda, Koeda cyLiecmeyem
HEBbLPOIOEHHA MamMPUYa a, MaKas wmo

S ——_1.;_a45.ta
77 deta :

2 M. Toro, ®. I'pocexatie
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B cayuae dim A = 3 aHTukomMMyTaTHBHas aare6pa yxe He 00s-
3aHa 6bITh anre6poll JIM. ¥Yc/jioBHe B TepMHHAX MaTpPHIH S, IIPH KOTO-
pom A O6yjger aare6poil Jlu, JgaeTcsi CJEAYIOIMHM IIpeNJOXKeHHEM:

(1.7.3) Aumuxommymamusnas arzebpa, 3a0annas coomuouteruen (1),
asasemes. aazebpori JIu moeda u moaseko moeda, xoeda mampuya s*
anreebpauteckux OONOAHERUL K 3NeMEHMAamM MAMPUYbL S CUMMEMPULHA.

JokasareanctBo. [{asa Toro uto6u A Grisa anare6poii JIu, focTaTouHo,
yToOBl TOXKJAECTBO SIKoO6H BHIOJHAJOCHL [AJS 3JeMeHTOB G(a3uca.
C mpyroii CTOpOHBl, TaK KaK BcsikKas OJHOMepHAasi HJH ABYMepHas
aHTHKOMMYTATHBHas aJrebpa fiBaserca ajarebpoi JIu, To B ciayuae,
KOTJla KaKHe-TO M3 3JieMeHTOB X, Y, Z coBnajanT Mexny coboH, Mbl
uMeeM

X Y2y +Y (ZX)+ Z(XY)=0.
CnepoBaTesibHO, HEOOXOJHUMBIM H IOCTAaTOYHBIM YCJIOBHEM TOrO, 4TO
A — auare6pa JIu, CAyKHT PaBeHCTBO

E\Ev + E.E* + E4E? = 0.
C npyroii CTOpOHBI, IPSIMOe BHIYHCJIEHHE JaeT

E E'“+} E,E*+ E,E% = (s — $3) E| (% — s¥) E, +

+ (12— M) E,. ]

Hauunasi ¢ 3toro MecTa ¥ Jo koHLla naparpacda mul OyaeM pac-
CcMaTpUBaTh ajaredpel JIu L pasMepHOCTH 3, 3aAaHHBIE COOTHOUIEHHEM
(1). $lcHo, uro

rank s = dim [L, L1

Cayuwaii 0: rank s = 0. B sToM ciayuae L abejeBa.

Cayuwaii I: ranks = 1w [L, L] = PE,. Ecan snement Eg comep-
KUTCSI B UeHTpe, To E* = E? =0 u E® = aE;. CiejoBaTesnHO,
3ameHsia E;| Ha @ 'E,, mosyuaem
(la) [Ez, E3] - [Es, E]_] == 0, [E]_, Eg] = E3~

MEI yKe 3HaeM, YTO 3TO HHJIBIOTeHTHasl ajare6pa Jlu.

Jlanee, ecniu E,; He NIpHHANJIEXHUT LEHTPY, TO MOXKHO BHIGPAThb
snement E,, nas xkotoporo [E,, Egl = Eg. Torma PE, + PE; —
HeaGeseBa anre6pa JI4 pasMepHOCTH 2, ABJASIOMASACH NOJHOH aJre6pon
(ynp. 2 § 1.5). C gpyroit cropoun, [L, PE, +PE;]=PE; — PE,--
-+ PEg, u notomy PE, + PE; — ugnean B L. Cjiel0BaTeJbHO, B CHIY
(1.5.7), HaiimeTcst Takol smemeHT E;, uro L = PE, & (PE, + PEjy)
ecTb npsiMasi cymMMa HjieasoB. Takum o6pasom,

(1b) [E,, Es3l = Es, [Es, E;1 = [Ey, E;1 = 0.
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Caywai 2. rank s = 2 = dim [L, L). Ecan [L, L] He siBasercs
abeneBoil aareGpoit, To [L, L] — npsiMmoe cjaraemoe H L Ho/kHa
UMeThb CTPYKTYpY (1b), 4TO mpoTHBOpEUUT ycsaoBHIO. 3HAUUT, anredpa
(L, L] aGeneBa. B TakoM ciyuae Mbl MoxeM BeiGpaTth 6asuc Ej, E,,
E,, ngisi xotoporo '

[E21 E3] = Or [Eli E2] = aE2 + BE3’
[Ey, Es] = vE, + 8E,,

a
rie t:( 6) — HeBbIpOXKJeHHasi Marpuma. OGpaTHo, AJA
Y
0 0 0
s=|0 —y —0
0 «a p

MaTpuua $*, OueBHIHO, CHMMETPHUYHA, H S omnpejenaser airebpy JIu.
Jlerko BuieTb, 4To aare6pbl JIM, ompeleseHHble MaTpHuamu ¢ u f,
M30MOP(hHBI TOTAa ¥ TOJBKO TOTAA, KOTAa CYIECTBYIOT HEBBIPOKIEH-
Has Mmarpuna b € gf (2, P) u agement ¢ € PN\ {0}, Taxue uToO
f-= cbth™1. .

Ecau, B yacTHOCcTH, P = P, To MOXHO BHIGpaTh ! B OHOH H3 Cle-
AYOLHUX hopM:

t Lo 0
(22) t=|{, ) a0,
[Ez, E3]=O’ [Ea, E1]=—GE:3; [Ep Ez] ‘{‘ Ez?

@) =} IB) B0,

[E‘Zv E3] == O’ [E31 E1] = ——E:}- [Ep E-&] = E‘.’. + IBEJ

Bce 3tu anre6pel JIM nonapHO HEH30MODQHBL.

Cayuait 3. Ecau maTpuma s HEBBIPOXK/IEHHA, TO B CHJy (OPMYJIbI
ss* = det s-1 oma cummerpuuHa. CJ/I€LOBATeNbHO, X7, j—1Si;Xilf; =
= @ ((xy, X3, X3), (Y1, Yg» Ys)) — HEBLIPOKIEHHAST CHMMETpHUHas OHU-
JnuHelHas ¢opma Ha P3. Nomyctum, yTo char P == 2. Toraa u3 ycuo-
BUA @ (v, v) = O aas Bcex v € P? cienoBaso 6bl, uto @ (v, w) = 0 nas
Bcex U, w € P3, 9410 HeB03MOKHO. [103TOMY MBI MOXKEeM HAHTH JEMEHT
v; € P3, ana xortoporo @ (vy, v;) = 0. U3 (1.5.1) BhiTekaer Temepb,
uyTo P3? = Pu, @ (Pv,)L, npuuem orpaHuueHde ¢opMmel ¢ Ha (Pu,)t
HEBHIPOXKJIEHHO. Paccy/as aHAaJOTHUHBIM OGpPa3oM, MOXKHO HaHTH
TakHe vy, vy € P3, uto ¢ (v, v;) = 0 npu i 7% j. CirefoBaTeJbHO,

2*




36 Ta. 1. Obwas meopus ascebp Ju

BBIMOIHAS NPU HEOOXOZMMOCTH MNOAXOJsIiee JUHeHHOe npeo6pasoBa-
HHE NPOCTPaHcTBa P3, Mbl MOXeM NpeanoaaraTh, YTo '

o 0 0
s=|0 B 0) a B v &P {0}
0 0 %
B cayuae P = P, nonaras B (1.7.9)
Vey 0 0
a = 0 Vya 0 s
0 0 Vap
1 0 0

nosnydaem s = [0 | O} Hrak, B s3TOM cayuae
0 0 1.

(33) [Eﬂ) E3] =E1’ [E3) E]_] =E2; [E17 E?] =;E3'

Has P = R, kax serko nokasarsb,

1 0 0 /1 0 0
Ba, b) s=|0 1 0 Wi s={0 1 0
0 0 1 0 0 —1

iﬂgflﬂél;::lfz’].l‘%{fC&HQ)HHHpOBaTL npu P=R anreépm L, nns xotopuix dim L

Ynpaxnenne 2. Bce aare6pni JIn, oTeeuaiomme cayyamo 3, MPOCTH.
Ynpaxnenwe 3. 0(3, R) == (3a), 80 (2, R) == (3b).

1.8. IMonaare6prr Kaptana m pasnoxeHus
N0 KOPHEBBLIM MOANPOCTPAHCTBAM

Tyers L — anrebpa JIln Hax P. Tlonasre6pa A B L HaswbiBaercs
nodaszebpoii Kapmana, ecnv oHa HUJIBLIOTEHTHA U COBMAfaeT CO CBOHM
HOpMaJiu3aTopoM B L. (HanomHuM, 4To HOpManusatop anrebper H —
sto {X € L: [X, Hl < H})

Ilyctb Teneper P = P u L — anre6pa JIu Hag P. [Tpennonoxum,
uto B L cymectsyer nmogaare6pa Kaprarna. [Tpumenas (1.3.11) x npes-
craByienuio (L, ad) anre6per H, MBI BUAHM, YTO CYLIECTBYIOT pas/Hu-
Hble QYHKUHH o, O, ..., &, U3 H B P W moampocTpaHcTBa L (o),
L (a4), ..., L (op) B L, Takue uto ’

L=L{x)® -+ @ L (o)

H

1.8. [Todaazebpor Kapmana 37

L(x)=1{Y € L: nnn Bcskoro X € H cymecTByeT uesoe
4yucao e > 1, takoe yto (ad X — «; (X))¢Y = 0}.
Tak kax nopanarebpa f1 HUIBMIOTEHTHA, TO AaA Kaxgoro X € H 0606-
ufeHHOe COGCTBeHHOE MOJNPOCTPAHCTBO, OTBeyawllee COGCTBEHHOMY
sgaueHuwo 0, comepxut H. CnenoBaTeJbHO, MBI MOXKEeM CUHTATh, YTO
e =0 ' _
L(ag) =L (0) =1{Y € L: pna moboro X € H cyumecTsyer
uesoe 4hcio e > 1, Takoe uto (ad X)°Y = 0}.
Ecau H 5= L (0), To cyuecTByeT Takol aaeMenT s, € L (0),uto s, & H
u [H, s,] @ H (B cuny mnpennoxenus (1.3.4), npuMeHeHHoOro K
L (0)/H). Ho B TakoM cay4ae S, IpHHAJJIEKHT HOPMAJIU3aTOPy 1OAal-
rebpsl H, coBnajawllleMy [0 NPEANON0KEHHIO ¢ /1, — NpOTUBOpeuHe,
3uauut, H = L (0). .

Nanee, cornacuo (1.2.2), [L (a;), L («;)] comepxutca B 060611eH-
HOM COGCTBEHHOM MOANpOCcTpaHcTBe suaoMopdusma ad X, orseuaro-
lieM cOOGCTBEHHOMY 3HaueHHo o; (X) + o; (X), ang mwboro X € H.
Tax xak L (a; + ;) npeicTaBiserT cOG0H MepeceyeHHE BceX TaKHX
NOAMPOCTPAHCTB, TO

AL (), L{ep)l < L(o; + ).
DYHKIUH Oy, ..., O HA3BIBAIOTCSA KOPHAMU, A Da3JIOKEHHe

L=H@L@)® - & L(w)
— pasnodceruem no KopHesoim nodnpocmparcmsam aare6pul L OTHOCH -
TenpHO f1.
[TopanreGpsr KapraHna cyiiecTByiorT, ecid noje P GeckoHeuyno. [lo-
Ka3aTesJbCTBO 3TOrO MOTPEOyeT HEKOTOPHIX YCHAMH, H Mbl HAYyHeM C
TOTO,. YTO HANIOMHHM CJAEAYIOIHKA (PaKT:

(1.8.1) Iycms V — gexmoproe npocmparcmgo Had P, s & gl (v)
u vy € P [t] — xapaxmepucmuueckuii mrocouser  IHAOMOPPUIMQ
s:y (t) = det (tly — ), ede 1y, — moocdecmsenroe omobpascerue V
Ha ce6a. Honycmum, 4mo ¥ (£) = y; () Xz (£), 20e ¥y, %2 € P [¢] —
B3QUMHO NPOCMbIE MHOZOHACHbL €O cmapuium Koapguyuenmom 1.
Hycme Vi =%, )V u Vy, = 41 (5) V. Toeda

1) Vy u V, cyms s-unsapuanmnsie nodnpocmparncmsa ¢ V u V =
=V, & Vy

2)1 xapaKmepucmudeckutl MmHo204ieH 3HOoOMOpPuUIMA slvi pagen
% (2)- o

Hauunas c storo mecta M 00 KoHIa maparpada Mbel OyAeM npen-
nojaratk, uto P — GeckoHeunoe noJse. Ilycts L — anrebpa Jlu Hag
Pu X, .. X,— 6asuc BL. Ilycts, nanee, P (u) = P (u,, --., u,) 06o-
3HaYaeT MoJie PAlHOHAJBHHX (YHKIHHA OT 7N NMepeMeHHBIX iy, ..., U,
Han P. ITocrpouM anrebpy JIn LP (¥ gan P (u) 4 NOJOXKUM

Xy =, X, 4 -+ +uaX, € LP @,
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OGosnauuM uepes y (f, u) XapaKTepHCTHYECKHH MHOTOUWJEH 3HJO-
mopduaMa ad X,. Torma yx (¢, u) = " + goy (1) "1 4 ... 44 (u)
TRe BCe g; (u) CyTh NOJHHOMEI OT Uy, ..., Uy TaK Kak (ad X ) X

= 0, To g0 (u) = (0. CaexoBaTe/bHO, CYyUIeCTBYET HOMep [, TaKoil uTo
go (1 ) = ... =g 1 () =0mu g (u) % 0. Tlostomy 0 sBasiercst co6-
CTBEHHBIM 3HAUeHHeM KpPaTHOCTH >! JAJsi KaXkAOro sHAoMOpdhH3Ma
ad X (X € L), u ecan g; (ay, ..., @) += 0, To 0 siBaAsieTcst coGCTBEH-
HbIM 3HadYeHHeM KpatHocTd [ mas ad (e, X; + ... + a,X). Takue aje-
MEeHTHl a;X; + ... + a,X, Mbl 6yleM Ha3BIBaTb pecYAipHbimu 3IAe-
menmamy anrebpul L. Tlockonbky mnose P 6eCKOHEUHO, peryJasipHbe
3JIEMEHTBl CYUIECTBYIOT. Takum o6pasoMm, !/ — 3To HauMeHbIIast W3
KpaTHOCTeH coGCTBeHHOro 3Hauenus 0 sufomopdusmoB ad X (X € Ly

uycs0 | Ha3hIBaeTcs paneom anre6pul L: rank L = 1. ITycts P — pac-
mHpeHHe noas P. Jlerko Bumletb, uTo rank L = rank LP.

(1.8.2) Ilycmv P — Geckowneuroe nore, L — ascebpa JIu panea 1
Hao P u X — peayasproui sremenm arcebper L. ITpednoaoscus, wmo
¥ () = t'y* (f), ede y* (0) 5= 0 — xapaxmepucmuueckoti MmHO204NEH
sndomoppusma ad X. [Tycmeo

=y*(ad X)L, L*=(ad X)!L.

Toeda
1) L = Ly @ L* (npamas cymma 6eKmopHbiX npocmpancme);
2) L, ecmb nodaseebpa Kapmaua pasmeprocmu I;
3) [Ly, L*1 = [X, L*] =

JdokasateascTso. Hocxo.nbxy i u y* (f) B3aumHO npoctel (x* (0) =
= 0), Mbl MoxkeM nipuMeHuTh (1.8.1) K sHgOMOpdu3My ad X W 3aKro-
HHTB, uTO L=Lyo L* (X, Ly Lyu [X, L*] = L*. [anee,
x* (z‘) ABJISIETCA xapaKTepucmquKHM MHOTOUJIEHOM 3H110Mop¢msMa
ad X|,, u Tak xak x* (0) 5= 0, 1o (ad X) L* = L*. C npyrofi cTopo-
HBl, ad X |, uUMeeT XapaKTepPHCTHYECKHM MHOTOUJIEHOM ¢!, Mo3ToMy
dim Ly=1mn L, ectb 0606meHHOe COGCTBEHHOE MOANPOCTPAHCTBO
aaa ad X ¢ cobetBeHHBIM 3HauenneM 0. B wactHocTH, X & Ly.
Pacuapum none P no P u paCCMOTpHM pasnoxenue LP=LPg

@ L'P. Tak xax (ad X) L* = L*,
L‘P ( 1) D ;- S L(ak)v

rle &y, ..., Ay — Pa3TUYHbIE COOCTBEHHBHIE 3HAUEHHS 3HIOMOp(dH3IMA
ad XIL*F’ Bee a; oTauunbl ot 0, nockonbky ad X [+ HeBHIPOXKIEH.

Coraacuo (1.2.2), umeem
L8, L8] =1l u [LF, D] =L (ay).

CaepnoBarenbHo, [Lg, Loyl < Ly u [Ly, L*] < L*.
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[Iycte Tenepe Y —— 3/7eMeHT M3 HOPMaJH3aTopa Nojanre6pel L.
Torna [X, Y] € L, u motomy (ad X)*'Y = (ad X)! [X, Y] =
3uauut, ¥ € Ly u L, coBnanaer co CBOMM HOPMAaJu3aTOPOM.

JlokaxkeM, HaKoHell, 4To mojanre6pa L, HujabnoreHtHa. OGosHa-
yum yepes P (v) = P (vy, ..., ¥;) MOJ€ pPAlHOHAABHBIX (PYHKIHH oT [
nepeMeHHbIX Uy, ..., Uy Hax P u noctpoum LP @, [lycte Hy, ..., H —
KaKoH-HUGYyIb Gasuc B Ly H .

H=oH + - +uvH €L .
Tak kak [H,, Lyl = Lyn [H;,, L*] = L*, 10
[H, L§P) b, [H, LPPlcL?O.

[IycTe %o (£, v) ¥ x* (¢, v) — XapaKTepHCTHYECKHE MHOTOU/EHLI Npeos-
pasoBaHHH H|Lp @ H | +p () COOTBETCTBEHHO. 3anHiueM pery.ssp-
0

HHH 3jeMeHT X B Buie X = o+ ... +a;fd;, (a; € P). Torna
x* (0, v) = 0, mocKoAbKY 3Ta GYHKIHUA NPHHUMAeT HEHYJ€BOe 3Ha-
YeHHe NPH U = (ay, ..., ;). C Apyroil CTOPoHHl, U3 TOro uro [P
WMeeT paHr [, cjAeAyeT, 4TO ¥, (£, v) IOJKeH JenuTbcs Ha i, 3Hauur,
Yo (¢, v) = ¥ ¥ rRaxjui saemenr H, = b,H,+...+b,H, € L, ynos-
JerBopser cooTHoweHHwo (ad f,)! L, = 0. CinemoBareabHo, aJaretpa
L, HuabpnorenTHa no teopeme Sureas (1.3.7). []

VYnpaxuenne 1. [TokazaTh, uTO Besikas noganre6pa Kaprana siBaAercsi MakCHMAmb-

(0 & b\
HOI HHABIIOTEHTHOH a/re6Gpoil. (Odpa'moe HeBeDHO: PACCMOTPHTE {(0 O)]i - {(g )})
: / ) 4

VYnpaxuenne 2. [TokazaTb, uTo ecan H — nofanre6pa Kaprana B L, 1o HY — nog-
aareGpa Kaprana s L.

Yapaxnenwe 3. ITycte diag (n, P) = {(s;;) gl (n, P): s” = 0, i 5 j}. ITokasaTs,
yto diag (n, P) smaserca noganreSpoii Kaprana B gl (n, P). [Tokasarb, uto ecsu
snemeHT X € diag (n, P) ameeT pasJHuHble COGCTBEHHBIE 3HAUEHUA, TO OH pery-
JsipeH.

1.9. YHuBepcajbHas o0epTbiBaiowas ajredpa

B stom maparpade Mbl CBsixKeM ¢ KaKAoH anre6pod JIu L HekoTo-
pylo accounatuBHyio anrebpy U (L) (6eckoHeuHOH pasMepHOCTH),
TaKyl 4YTO NpPeNCTaBAEHHSM L B3aHMHO-OJHO3HAYHO COOTBETCTBYIOT
npeacrasienust U (L). A.nre6pa U (L) cayXHT MOUIHBIM CPeICTBOM
H3yYeHUs NpeicTaBJeHHH  aare6per L.

B sToM H caexyrouweM naparpadax Mbl OyleM cUHTaTb, YTO pac-
cMaTpHBaeMble BeKTOpPHBbIe NPOCTPAaHCTBA W a/ire6pbl MOTYT HMETb
0eCKOHEeUHYI0 pa3MepHOCTb (BPEMEHHO OTCTynas OT NPHHATOrOo HaMH
corylalieHus1), 4TO paccMaTpHBaeMble acCONHATHBHEIE aare6pbl UMeIOT
elnHuuy, 0603HaYaeMylo BCerja CHMBOJIOM l, H 4TO TOMOMOP(H3MbI
OJHOH accoUHaTHBHOH a/ire6psl B ApYrvio nepesopar 1 B 1. [das
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JAaHHOrO BEKTOPHOTO NIPOCTPAHCTBA V (BO3MO¥KHO, 66CKOHEUHOMEPHOTO)
Mbl OyleM oGo3HauaTh wepe3 End (V) accounatuBuyio anre6py Beex

ero sugoMop¢pusmos. Tpaktya End (V) kax anre6py JIM 0THOCHTENBHO.

CKOGOUHOrO yMHoeHHs [s, {1 = st — fs, MBIl 6yseM o6o3HauaTh ee
gl (V). Ilpencrasaenue (V, f) accounatuBHOH anreGpbl A — 3TO ro-

momopduam 3 A B End (V), rae V — xoneuromeproe npocTpaHcTso. -

Mgl HayHeM ¢ TOro, 4TO HAOMHHM OCHOBHBIE CBOHCTBA TEH30PHBIX
[POH3BeJeHH .

[Iycte P — mone u Vy, ..., V,, W — BeKTOpHEIE [IpOCTPAHCTBA
Hag P. Besikoe r-nuHeiinoe otoGpaxenHe f: V), X V, X ... x V,
— W omnpeiensieT enuHCTBEHHOe JjuHelHOe OToOpaxenne f[*: V,
Q... V,—~ W, ynosrersopsiomee ycaosu [* (v, Q... Q v,)
=f(v,..,v) naa Bcex v, € V, (i =1, ..,71).

[Tycte V — BexTOopHOe npoctpancTBo Haj P. Tensopras aircebpa
(ce0600nas ancebpa) Hap V, o6GosnauaeMas uepes T (V), — 3TO Bek-
TOPHOE TPOCTPAHCTBO

PaVeaVWe ...’@(V®V®...®V)@

r pas

BMECTE C OnepaiHell YMHOXEHHUs, POJI0MKaIOIel ecTeCTBeHHbIE 0TOG-
paKeHus

V- @NXVR:--R]N—=VR - QV,

r pas s pas r -+ s pas

R BUIX@Q  Qu)—>1,Q - R, RQu, Q- - - Qu,.

Seno, uto T (V) — accounartuBHas amre6pa Han P.

(1.9.1) [lycmb V — sexmoproe npocmpancmeo wad P, A — accoyu-
amugras arzebpa nad P u f: V — A — auneiinoe omobpascerue. Cy-
wecmeyem eduncmeennoli usomoppusm aneebp f*: T (V) — A, npo-
Ooasicarowyud f, maxod 4mo

. f*(Ul®"‘®vr):f(vl) < flv) (v € V).

Hokaszateabcto. Ilyctb f,: V X ... X V (r pas) > A ectb r-nu-
Hel{Hoe oToGpaxkeHHe, OMpeJeneHHOe (GopMYJIOH

fr (UU cor vr) ::f(vl) T f(vr)'

Torna cymecrByer exuHcTBeHHOe suHefiHoe oroOpamxenue fr (V
Q... V) (r pas) - A, IJsT  KOTOpOro fro®... Qv
= [, (01, ..., v,). KomOunupys orobpaxenue f3: P — P, yIOBJETBO-
psoiee ycaosHio fg (1) = 1, ¢ 0TOOpaXKEHHAMH [7, MBI OJAYUIUM JIH-
HeflHO& orobpaxenne f*: T (V) — A. Urobbl x0KasaTh, 4To [* —
FOMOMOpP(}H3M, 10CTaTOYHO MPOBEPHTH, 4TO f* (x &) y) = f* (x) [* (y)
At x =x5 ..0x vy =y & ... y,. Ho 310 cpasy caenyer
U3 onpelenennsa otobpakeHus f*, paBHO KaK H €IUHCTBEHHOCTDL- OTO-
Opaxenus f*. []
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(1.9.2) Tycme 6 € End (V). Toeda cyuwecmsyem edurcmeerroe Oudg-
pepenyuposarue &* ancebper T (V), 0aa komopoeo 8*v = dv npu
v & V.

JokazaTteancTBo. OnpefeanM r-AuHeHHOe OTOGpaKeHHe

8, Vx  xVaVR- - QV,

r pas r pas

rnoJsaras
6,(()], ey Ur):i§101® . ®Uj—1®6vj®vj+l® e ®Ur'

Hanee paccyxpaaeMm, Kak nIpH JQoKasarteabctBe (1.9.1).

[Tycts L — anrebpa JIiu. PaccmarpuBasi Ha L Jullb CTPYKTYPY
BEKTODHOro mpocTpaHcTBa, ofpa3yeM TeH3opHyilo anareépy T (L).
Ilycte I — npBycropouHuit uiean B T (L), NOpOXKIAEHHBIH 3/JeMeHTaMU
XRXRY —-YRX—I1X, Y] nna secex X, Y € L. Ynusepcarvrasn
obepmosarowyan areebpa anre6psl L — 3TO accolHatuBHas agarebpa
T (L) I. Mu1 6ynem o6GosHauate T (L)/I uepe3 U (L), a yMHOKeHHe
B U (L) 3anuceiBath B BuAE (u, v)—> uv (1, v &€ U (L)). Orobpaxe-
uue L — T (L) mopoxpaer gauHeiiHoe oToGpaxenue m: L — U (L).

(1.9.3) [Mycme L — aacebpa JIu nHad P, A — accoyuamuenas aa-
2ebpa Hao P. Ecau [ : L — A — auneiinoe omobpasicerue, yOosaem-
goparowee ycaosuw f(I1X, YN =FX)F ) —F ) [ (X) Oan scex
X,Y € L (m. e [— ecomomopdpusm arzebpor L 6 areebpy JIu A), mo
cywecmsyem eduncmsennbiti comomoppusm f*: U (L) — A, daa komopo-
2o ffomn = f. O6pamrno, ecau f*: U (L) - A — comomopgusm, mo
f*fom: L -~ A — ezomomoppusm aneebp Jiu.

NoxasarenscTBo. JluHeiiHoe oTobGpakenue f: L — A mnpoposxaercs
1o romomopduama aarebp f*: T (L) — A, cormacuo (1.9.1). Hdanee,
a1po roMmoMopdusMa f* comepxHuT [, NOCKOJbKY

PXQY -YRX—[X, YD) =[(X)[T)=F¥)](X)
— X, Y)=0.

CnenoBatesbHo, f* mopoxpaer romomopdusm U (L) — A, obnazna-
o i Tpe6yeMbIM CBOHCTBOM; 3TOT FOMOMOD(MhH3M ONpeJie/ieH OJHO3Hay-
HO, NocKoabKy 7 (L) mopoxnaer U (L). HokasareabcTBO 06paTHOTO
YTBEPIKIEHHS elle NPoIle, H Mbl €ro onycTHM. {]

B tom wactHoM ciyuae, korga A = End (V), rae V — koHeuHo-
MEpHOe BEeKTOPHOe IIPOCTPaHCTBO, npeaaoxente (1.9.3) ycranaBauBaeT
ofellaHHOe B3aHMHO-OJHO3HAYHOE COOTBETCTBHE MEXAY INpeACcTaBJe-
Husmu aare6p L u- U (L),
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(1.9.4) [Tycms L — ancebpa JIu Hao P u & — ee duppepenyiLposa-
nue. Toeda cywecmsyem edurcmeennoe Ouggpeperyuposarue 8% aa-
ee6por U (L), oan komopoeo 6* on = m 0.

JMokasareabctBo. Cornacuo (1.9.2), 6 npoponkaercs A0 HEKOTOPOTO
aubgeperunpoBanus 8* anrebpur T (L). Hanee, npu X, Y € L

FXRQY —Y QX — (X, Y]
= (BXQY L XROY) — Y QX LY Q6X) — (16X, Y]+ [X, 6V
=BXRY —YR6X —[6X, Y]) + (X RO — Y Q X —[X, 6Y]),

T. e. 8*/ — /. Orcropa caenyer, uto 6* nopoxiaer nuddepeHUPo-
BaHue aire6pul U (L), ob6aanamwiee TpeGyeMbiM CBOHCTBOM. []

(1.9.5) ycme L — ancebpa JIu Had nosem P, umerwjan 6asuc
X1, ooy X,,. Mnuosicecmso 8cex 3nemernmos suda .

(%) m(X)7 - m(X,)n,

20e e; — NPOU3BOAbHLIE HEOMPULAMEAbHbIE Yeable Yucaa, obpasyem
6asuc ¢ U (L).

Jas 3KOHOMHMH MecTa MBI JHUIb HAaMeTHM [0Ka3aTeJbCTBO 3TOH
TeopeMbi, H3BECTHOH I10], HAa3BaHUEM rmeopemet [lyankape —b puxeog:
¢a—Bumma. [logpo6Hoe noKa3aTeNbCTBO MOXHO HaHTH, HanpuMep,
B kuure [J/Ikeko6coH ].

HaGpocok pokasarteanctBa. MuomxecTBo m (L) nopoxaaer U (L) H
COCTOHUT U3 JIHHEeHHBIX KOMGHHAUUH 31eMeHToB 1t (X,), ..., 7 (X.). Mbl
XOTHM TOKa3aTh, YTO 3JeMeHT m (X, ) ... n (X, ) u3 U (L) sBisercs
JAHHefHO# KOMOHHALHeHR 3/71eMeHTOB BHAa (%), A KOTOPBIX & + ...
+ e, < k. [JokasarenbcTBO NPOBOAMTCS HMHAYKUHEH MO K, npHUEM
cnyyal £ = 1 ouyeBuzeH. PaccMoTpuMm mar WHAYKUHH & — & + 1
H 3JIeMEHT It (le) 1 1 (Xi/e+1)' JlokaxeM HHAYKUHER MO iy, YTO ITOT
3JIeMeHT NpeJCTaBHM B BHAE JHUHeHHOH KOMOHHAIMH 3JIEMEHTOB BHAA
(%), nn1a KoTophiX ¢ + ... + e, < £+ 1. Ecau {, = |, To npume-

HfeM NpEANO/IOKEHHe WHAYKUMM K admeMeHTy = (X, ) ... 7 (X,
u nonydaem, yro &« (X,) m (X,) ... n (X,,, ) ecTp NuHeliHas KOMGH-

223
HallUs 3JeMeHTOB BHIA
a(X)n(X)1 oo a (X)) e+ ..

+e, < k.

Oast npousBosbHOro i, = i > | Mbl BUAUM cHOBa, uto & (X))
(X)) e m (Xi,,,) fABAsieTCA JNHHeHHOH KOMOMHALHEH 3/1eMeHTOB
BHIa

(X)) (X )T (X ) (XY, e+ L e, < k.
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EcJad B 3TOM BbipaXeHHH { < j, TO Halle YTBEPXKACHHE NOKa3aHO.
B nporuBHOM chaydae i > j H

(X)X )T et (X o= (X)) (X ) m (X ) e (X))
= [ (X)), (XPIm (X)L (X))

4+ a(X)a(X)a (X)L x(X,) .
31ech nepBoe cjaaraemoe IpeAcTaBideT COGOH WHEHHYIO KoMOHUHA-
nuio TPeOYEMOro BHAA, NOCKOJIbKY HAlIe YTREPKIeHHE yiKe L0Ka3aio
g k, a BTOpoe — MOCKOMbKY [ < i.

Jl0Ka3aTeJbCTBO JHHEHHOH HEe3aBHCHMOCTH 3JIEMEHTOB BuAa (%)
NpOBOAHTCS HENOCPEACTBEHHBIM OOpa3oM. Tlycte Zy — MHOMXKECTBO
BCEX HEOTPUIATENbHBIX UENBIX 4Hcea M Z§ — COBOKYNHOCTb BCEX
n-HaGOPOB 3/1eMeHTOB U3 Z,. O6Go3Hauum yepes V" BEKTOPHOE NPOCTPAH-
cTBO BeeX (pyHKUUH U3 Z§ B P, OTIAMYHBIX OT HYJIs JIMIIb B KOHEUHOM
yucse ToueK. Mbl Mo)KeM paccMaTpuBaTh V" Kak MHOXeCTBO BCeX

al A n
KOHEUHBIX CyMM BHJIA Z e ooy (er, ---, €n), THE (€1, ..., €u) € 2y
H e ... e, € P. Bsemem o6osHauenue g; = (0, ..., 0,1, 0,..,0
(1 na i-mM mecte). Pematonmui MOMEHT A0Ka3aTelbCTBA COCTOHT B BBE-

JeHUH YMHOXeHHS B V", OTHOCHTEIbHO KOTOPOTO V" CTaHOBHMTCA ac-
o o .t e
COLMATHBHON aireGpol, mpuuem (e, ..., €,)= &1... &, U €clH

n
[X:, X_f] :kgl C;ijka

TO

n
3

g,8; — €8, = 21 ¢ 8k
=

DTO MOXKHO CeMaTh 110 HHAYKIIMH, B HECKOJbKO npHeMoB. O603HaYUM
nosyueHHyIO anre6py uepes V (L).

Tak kak otob6paxenue f: L — V (L), onpeleneHHOe yCJIOBHAMH
f(X)=c¢, i=1,.., [, aBasercs roMOMOp(H3MOM, TO, COL/IACHO
(1.9.3), cymectByer romomopgpusm f*: U (L) — V (L), Tako# uTo
f* on = f. [lockoabKy

P (o (X)) o (X)) == (e o5 €n)y

JAuHelHasi He3aBHCHUMOCTb 3JeMEeHToB W3 Z7 B V" BJjeuerT 3a coboil
JHHEeHHYIO He3aBUCHMOCTb 3JeMeHTOB BuAa (¥). ]

3ameuanue. Teopema (1.9.5) yTBepKIaeT, B YaCTHOCTH, YTO OTOGpa-
wenue n: L — U (L) B3auMHo-0aHO3HaYHO. Hcnonb3ys 310, Mbl GyleM
B AanbHefimeM oToxpectBaats L ¢ n (L) <= U (L) ¢ noMolbio oTO-
6paxenus . '
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(1.9.6) MTycms L — aneebpa JIunad P. Ecau I uJ — udeaaoes U (L),
umesoujue KOHeUHYo Kopasmeprocms, mo udear 1J makoce umeem xo-
HEYHYI0 KOpA3MepHOCMb. :

JoxkasateanctBo. Ilycte X mpuHagiexuT L. MoKHO Ha#éTH NOJOXKH-
TeJbHBIE Ile/ble YHCJa §, f, TaKHe 4YTO

XS —a, (X1 — o —gy €1,
Xt—b (X1 — oo —by e J
npY HEKOTOPBIX ay, b; € P.CnenoBarenpHo, X% sBasgerca JHHEHHOH
KoMOnHanuell sjgemedtoB 1, X, ..., X1 mo moaymwo upeana [J.
Orciona BhiTekaer, uto Bce X*, & > s -+ f, Takxke gBJIsIOTCA JHHEH-
HBIMH KOMGHHAUUAMH 3JeMeHTOB 1, X, ..., X5*~1 no monymio /J.
Ilyets X, ..., X, — Kako#-HuGyxb 6a3uc B L. KaxkAriil a1eMeHT

(%) ‘Xil s sz"’ e; € Z,,

MOZKHO 3alHcaTh [0 MOAYJIO Hieana /J B Buje JUHeHHON KOMGHHAUHH
3J1€MeHTOB

X X (0<d, s, 4L)

TJie yuc/a s; U {; BeIOpaHbl aHAJOTHYHO npenwinymeMy. Ho sneMeHTbI
-(*) mopoxkaator U (L), B cuay (1.9.5). [

Ynpaxuenne 1. [lycrs L — a6enesa anre6pa JIu pasmeproctd n. Torma aare6pa
U (L) usomopdHa KOJMBLUY MHOTOUIEHOB OT n INEPEMEHHHIX.

Ynpaxnenne 2. AunreGpa U (L) He umeer Aenutesedl Hysd.

1.10. CyuiecTBOBaHHE TOYHBIX NMpPERCTaBJIEHH

Lenr storo maparpada — AOKa3aTeNbCTBO ClEAYIOIEeH TeopeMbl:

(1.10.1) Teopema. [Tycmo L — ancebpa Ju Koueunoil pasmepHocmu
HaO noaem P xapaxmepucmuxu 0 u N — ee nuav-paduxar. Cyuye-
cmgyem moyroe npedcmagaenue (V, [) ascebpo L, marxoe umo f (N)
cocmoum U3 HUALNOMEHMHBX AUHEUHbIX Npeobpasosan .

Jlornunee Gbuio Gbl MOMECTHTL [NOKA3aTeNbCTBO 3TOH TEOPEMBI B
KOHUE I'MI. 3, TaK KaK OHO OCHOBaHO Ha pa3JioKeHHUH JIeBH H HEKOTO-
PHIX pesyabTaTax ri. 2. OpHaKo MBI HIOKaXKeM ee 3Jech, NpeanoJsaras
CNpPaBeAJIMBOCTD YKA3aHHBIX Pe3yJbTaToB, IMOCKOJbBKY }) aTa Teopema
NPEBOCXOAHO HILTIOCTPHPYET 3HAUYEHHe yHHBEPCANbHOH 0GepThIBaio-
el anre6pel U 2) oHa 6yZeT HCNOAb30BaHa JIUIIbL MPH A0Ka3aTelbCcTBe
oaHoro ¢akta o rpynnax Jlu (6.7.1).

HsBecTHO HecKOJIbBKO aokasateabcTB Teopemul (1.10.1), mpunaz-
aexamux WM. O. Apo, 3. Kaprany, Xapum-Uauape, K. VBacase u
ApyruM. Mu 6ynem cnenosarh Mertony X. Llaccenxaysa. Jasa yao6ersa
pasobbeM maparpad Ha 4yeTblpe MYyHKTa. ' ,

i St —
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(A) HauHeM ¢ OZHOTO 3JIEMEHTapHOTO (aKTa TEOpHH aCCOUMATUB-
upix anare6p. (HanmomuuMm, YTO accouHaTHBHBIC ajre6pel Yy Hac Bcerja

cogepxar 1.)

(1.10.2) [Tycms A — accoyquamuenan anzebpa. [as scikozo x € A
onpedeaum L (x), onepamop 1e8020 YMHONCEHUL HA X, opmyaoti
L (x) u= xu npu u € A. Tozda omobpasierue :

A3 x—>L(x) € End(A4)
ecmb 83aUMHO-00HOZHAUHbLL 20MOMODPUIM.
Jlokasateasctso. OrofpaxkeHne L aBjsieTcs TOMOMODP()H3IMOM, [0O-
CKOMBKY AI JMoOBIX X, Y, i € A

Lx)L(y)u=L(x) (yu) = x(yu) = (xy) u =L (xy) u.

Hanee, romomopdusMm L B3aWMHO-OJHO3Ha4YeH, TaK Kak L(x)=20
Baeder L (x) 1 = x = 0. ]

UTO MOKHO CKA3aTh O MPABOM YMHOXEHHH R (x): 4 -~ ux?

B stom cayuae uMeeM R (x) R (y) = R (yx), T. e. R He ABIseTCA
romoMoppuaMom. KocHemcst MONYyTHO BOIIpoca: noueMy s Hac yRo6HO
leBO€ YMHOKeHUe U Hey106HO npaBoe? OTBET MPOCT: NOTOMY HTO MBI 3a-
nuceiBaeM onepartopbl u3 End (A) ciepa. [aBakTe 3anuchiBaTh onepa-
topul n3 End (A) cnpasa, a He cj1e8a, Kak Mbl NPUBLIKJH; eCi oBo3Ha-
yath 06pa3 37eMeHTa y € A nNpu oTOGpaXKeHUH § € End (A) uepes ys,
TO MBI TOJYYHM, YTO OTOGpaxkeHue x — R (X) — roMOMOpPHU3M.

[Mycts L — anreGpa Jlu wag P, U (L) — ee yHuBepcanbHad o6ep-
toiBatowasi anreépa u End (U (L)) ofo3HauaeT acCOUHaTUBHYIO ail-
re6py Bcex JuHeHHBIX NPeo6pa3OBaHHi BEKTODHOTO MPOCTPAHCTBA
U (L). Mbl 3anucbiBaeM 06pas seMeHTa u € U (L) npu oToGpaxkeHny
s € End (U (L)) B Bugme us, T. e. paccMatpuaeM U (L) xax npaBblfl
End (U (L))-monyab. das x, y, u € U (L), onpenensst R (x) dopmy-
JOH uR (x) = ux, umeeM R (x) R (y) = R (xy).

O6o3nauuM uepes U (L)* mpocTpaHcTBO, conpsixenHoe K U (L),
T. e. U (L)* — BeKTOPHOE NpPOCTPAHCTBO, COCTOSAILEE H3 BCEX JIMHEeH-
HbIX oTo6paxennit U (L) B P. dasax,y € U(L)uhr € U (L)* ompe-
nenuM R* (x) paBeHctBoM (R* (x) A) (y) = h (yx). SlcHO, 4TO otobpa-
wenne U (L) 3 x — R* (x) € End (U- (L)*) — roMmomMoppusM.
Onyckas cHMBoJ R*, noJjydaem :

(*) () (y) =r(yx) wpux,y € UL)nre UL"
Takum o6pasom, U (L)* craHoButcs JeBbiM U (L)-MOLYJIEM.

Janee, myctb der (L) o6osHauaeT aiare6py JIH Bcex nuddepeHun-
poBaHu@i aare6pst L. Bynem paccmaTpuBaTh L Kak NpaBbli der (L)-
monyab. Cornacuo (1.9.4), KaxAbll 3JeMeHT § anreGpel der_(L) enuH-
CTBeHHBLIM 06pa3oM MPOLOJIKAeTCa A0 AubbepeHIHpoBaHUs O anreGpel
U (L). das mo6bix 8, 8, € der (L) mut umeeM [0y, 8,1 = 8,0,—0,0,.
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CiielloBaTeNbHO, OTpaHHYeHHe OTOGpaKEHHS [8,, 8,1 Ha L COBNajaer
¢ 8,8, — 8,8, = [8,, 8,]. Takum 06pasoM, ¢ MOMOILBIO H30MOD(GhH3Ma

der (L) 3 6—0 € der (U (L)) anrebpa JIu der (L) Moxer 6HITh BsO-

xeHa B der (U (L)).

(1.10.3) Mycme G — aseebpa Jdu, H — nodanzebpa, a L — udean
6 G, maxkue wmo G = H @ L. [ycmov, dasee, U (L) — yrusepcaronan
obepmoigarowias arcebpa ascebpor L. g X € H obosnauum uepes
8 (X) Oupgepernyuposanue arcebpes U (L), onpedesennoe pasercmeom
Z-8(X) = 1Z, X1 npu Z € L. Toeda ¢opmyra '
PX+Y)=8X)+R(Y)oamm XEH YCL

3adaem comomoppusm us G e gl (U (L)) (m. e. 6 arcebpy End (U (L)),
paccmampugaemyro Kax aszebpa Ju).

Hoxka3sateabctBo. Tak kak R : U(L) 3 y—>R(y) € End (U (L))

— TOMOMODp®H3M, TO R : L Y > R (Y U - )
¢usm aare6p Jiu. > Y — R (Y) € gl(U (L)) — romomop

M3 toxpectBa S1xko6u, CJENYeT, 4TO AJS JHOOBIX X, Xs € H
6 (1Xy, X3l) = [8 (Xy), 6 (Xy)]

Ha L. CrefoBaTe/IbHO, 3TO PaBEHCTBO BLINONHSETCS TOXKIECTBEHHO Ha
U (L). Takum o6pasom,

8:H 3 X+ 8(X) € gl(U(L))
— TOMOMOpdHu3M anrebp JIu.
Hasnee, nyete X € H, Y € Lux € U (L). Torna
x [8(X), R(Y)] = x8(X)- YV — (xY)-8 (X)
= x8 (X)-Y —x8 (X)-Y — x (V8 (X))
= —x Y, X1 =xR (X, Y,
T. e. [8(X), R(Y)] = R (IX, Y1), umu [p (X), p (V)] =
=p (IX, Y]). O

(B) Iyctb V — BekTOpHOE MpocTpaHCTBO Haj P u (V, [} — npexn-
CTaBJIeHHe aare6pul L. ByneM 0603HauaTh npojosKeHHE 3TOTO npes-
CTaBJIeHHd 10 roMomopdusma anreSpur U (L) B End (V) cHoBa uepes f.
(Brioc/ieicTBHH aHaMOrHYHBIE 3aMEYAHUSA Mb Gynem onyckatb.) [lycTs
End (V)* — npocrpancrso, conpsixkennoe k End (V). Tlon npeo-
cmagasoueld PyHKIMeH, acCONMHPOBAHHON C npeacTaBiaeHHeM f, MbI
OyneMm noapasymesate ¢yukumio U (L) — P puna Aof, rne A€
€ End (V)*. OG6osnauum uepes R (f) COBOKYIITHOCTb BCE€X TaKHX
QYHKIHH:

R{f)={hof: A € End (V)*} = U (L)*.

OueBujiHO, 4TO R (f) — KOHEYHOMEPHOe BEKTOPHOE IPOCTPAHCTBO.
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[lycrb x U y nphﬂannema"r U(L), ar € End (V) *. B cuay (¥),
xAof)(y) = Ao (yx) =nr(f(y%) = A (f(y [ (). Ilomoxnm
B (s) = A (sf (x)) mpu s € End (V). Torza

x(hof)=00f wu 6 € End (V*).

Cnenosaresibio, x (Ao f) € R (f), 1. e. R (f) unsapuanmno omro-
cumeavro U (L) mnpu meHCTBUH (). '

(1.10.4) [ycmvo L — aneebpa Jlu nad P, V — gexmoproe npo-
cmpancmeo pasmeprocmu m Had P u (V, f) — npedcmasienue anze6-
pot L. Cywecmeyem 83aumHO-00HOBHAYHbLE 20MOMODPUM

¢=(p, .. om): V—>mR(N=R(OH S - &R (m pas),
maxoud 4mo .

(V) = (%91 (1), -s ¥ P (V)
oas v €V ux€ (L)

Kopoue roBopsi, €cTeCTBEeHHOE INpejicTaBjeHHe ajrebpul L (HJIH
U (L)) B npocTtpancTBe mR (f) coaepHUT naHHoe npejcrasaente (V, f).

HokaszateasctBo. Tak kKak dimV = m < oo, To dim V* = m.
[Iyctb Ay, ..., An — Gasuc B V*. Onpenenum ¢;: V — R (f) dopmynoit

p@x=5({Fxv, xec U,

aasa i =1, ..., m. Ecmu ¢ (v) = (91 (0), .., §m (v)) =0, TO @, (V) (1)=
= A; (v) = 0 s Bcex { u noromy v = 0. CaenoBarenbHo, oTOOpaxe-
HHE (¢ B3aUMHO-OJHO3HAYHO.

Jlanee, nMeeM

(x-¢; () (9) = @, () (y%) = X (F (9x) ),
(@ FE )@ =% F®TE) =2y
=1 ...,mu e (x)v) = (x¢ (©), ..., X¢m (v)). 0

(C) Tlpexne ueM npHCTynaTh K HaHGoJsee CyIIeCTBEHHOH 4YacTH
J0Ka3aTeJqbCcTBa, AOKA)KeM ONHY JIeMMY.

(1.10.5) [lycmo G — aacebpa Jlu, L — ee udeas u (V, ) — ee gnoane
npusodumoe npedcmasienue. Ecaup (L) cocmoum u3 Huabnomenmmuoix
npeobpasosanud, mo P (L) = 0.

JokaszateabcTBo. MoxkHo cuuTath, uTo V & 0. [losomum W = {v
€ V: ¥y (L)v =0}. Hcuo, uto W = 0 (B.cuny (1.3.4)) u ¢ (G) W
< W (B cuay (1.3.3)). BBuay nNoJHOH NPHBOJHUMOCTH CYILECTBYeT
nognpoctpadcteo W' B V, takoe uto V=W W u (G W
< W’. Tak kak miasg kaxzaoro'Y € L orpanduende mnpeo6pasoBaHHSA
Y (Y) Ha W' TakKe HHJIBIOTEHTHO, TO IIPOBEJEHHOE BHIIIE PACCYXKIe-
Hue npumesumo Kk W’'. [Tostomy ecan W' == 0, o W W = 0,
— npotuBopeune. Mrak, W' = 0. ]
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HepeHueM Tenepb K pellalolled YacTH JOKa3aTeadbCTBA.

(1.10.6) (Llaccenxays) B npednoioserunx meopemoi (1.10.3); nycmeo

V, ) — npedcmasrenue ancebpor L, a (V, [')— accoyuuposannoe ¢

HUM enoare npusolumoe npedcmagrernue. donycmun, 4mo [’ (IH, LD
= 0. Toz0a moocro naiimu npedcmasienue (W, F) arzebpee G, ydosae-
meopsowee CAeOYI0UUM YCA0BUAM:

() Vo Wu )= F() na V Oasn 6cex YV € L.
(i)  Obosuauum uepes (W, F') gnoane npusodumoe npedcmagaerue,

accoyuuposarnnoe ¢ F. Toeda ker F' D ker f'.

SIIOI)F’E(CIA{? iug(.woquusm ad X |. wnusvbnomenmen Oas gcex X € H,

Hokasareabcrso. OGo3Hauum npeicTaBjaeHus anre6pel U (L), ot-
BE4alomue npeAcTaBaeHusaM [ u [ anre6pel L, cHoBa uepes [ u f'.
Hanee, o6osHauum uepes / i /' cOOTBETCTBEHHO siapa npeacTaBJgeHuii f

, =, < c

u [’ B U(L). Ilyets 0 = V, = L Ve = V — xomnosuuu-
OHHBIA pAan f(L)-HHBapHaHTHw; HOAIPOCTPAHCTB., 3aMeTHM, 4TO OH
ABJSETCH TaKXKe KOMIO3UUMOHHEIM psinoM f (U (L))-HHBapUaHTHRIX
NIORHPOCTPAHCTB, MOCKOIbKY L nopoxnaer U (L). Ilycts m; =
=dim V; —dim V,; ans j = 1, ..., k. Torna, Bhi6Upast mOAXOMNs-

mHE 6asuc B V, SHAOMOPGHU3MEL f (X), x € ', MOXKHO OZHOBpPEMeHHO
OPHBECTH X BHAY :

1
& "
0,
b
lO Ok ) .
rae 0; oGosHauaeT m; X m;-MaTPHLy, COCTOSIILYIO H3 OIHHX HyJedH,
CHmy A my 4 ..+ my = m. Jas J06BIX Xy, ..., Xm € 1’ MBI HMeeM

Fx-o xm) = f(x;) ... [ (x) = 0, u noTOMY (I < I

[lyets  p: U (G) = End (U (L)) — npofonxenue [IOCTPOEHHOT0O
B (1.10.3) romomopdusma p aarebpet G B ¢l (U (L)). Tak xax I’ —
“aeas B U(L), To I'p (L) = I'L = I'. AHanoruyno u3 papeHcTBa
/ ([,li, L) =0 noayyaem, uto /p (H) < I’. CaenoBarennho, I’p (G)
< I" u noromy (I')"p (G) < (I')". 3maumt, (I')" ecTh o ((@))-uu-
8apuaHTHOE noxnpocrpancTso B U (L). Tlomoxum S = U (L)/(I')™.
Tak xax /' umeer KoHeunywo Kopasmepsocts B U (L), T0, corsacHo
(1.9.6), Tem xe cBoficTBoM oGmanaer (I"Hm.

Hrak, S sBNsiercss KOHEUHOMEDHLIM BEKTOPHBIM [POCTPAHCTBOM H

B To xe Bpema npaseiM U (G)-MOAy/meM. 3TO 03HAYAET, YTO OTOGPaAKe-
Hie ‘

U(@G) 3 x—pq (x) € End (S),
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rae (y + (I')™) po (%) = yp (¥) + ()™ npu y € U (L), 3anaer ue-
KOTOpoe npejicTaBiaeHue (S, p,) aare6put U (G). :

Tlyets R (f) — BeKTOpHOe IIPOCTPAHCTBO BCEX IPENCTABJIAIOLHX
¢hyHKOUH, acCOUMHPOBAHHBEIX ¢ npeiacTaBieHueM f. Ilockoabky (/7)™
< ker f, R (f) MOXHO OTOXJAECTBUTb C HEKOTODHIM MOJNPOCTPAHCTBOM
B S*, conpsixendoMm K S. Ilomoxum W = mS* = S§* @ ... » S*
(m pas). Torpa Mbl HMeeM CJAEAYIOLIYIO TOCAEA0BATENbHOCTE B3aHMHO-
ONHO3HAYHBIX JHHEHHBIX ortobpaxkeHuil: V — mR (f) > mS* = W.
Tosaras (pg (X) B) (5) = u(spo (X)) mas X € G, s € S, p € S*,
Mbl TMOJYYHM HEKOTOpOe mnpeicTaBjaeHde pqg: G — gl (S¥). O6o3na-
yum uepe3 F npeicrasieHue ajrebpel G.B W, 3anaBaemoe dopmyJoi
F=py ®..@® py (m pas). M3 Hailiero TOCTPOEHHUS BLITEKAET,
eeuny (1.10.4), uro (W, F) ynoBsaerBopseT ycaoBHIO (i).

Hanee, nockoabky 0o ((/)™) = 0, T0 pg (I)™) =0 u F (I')™)
= (. CnenoBartennHo, Aas Jwoboro Y u3 noanpoctpanctBa I’ ) L,
cOBMmajalouero ¢ aapoM npexacrasmaenund f': L — gl (V), snnomoppusm
F (Y) HunbnoreHTeH, a sHauut 1 F’ (Y) HuabnoredTed. Tak Kak npen-
cTaBjieHue F’ Brmosue mpuBoiumo, to F’ (Y) = 0, cornacno (1.10.5).
TeM cambiM noxazaho (ii). .

Haxonen, npennosioxum, uTo ad X |, siBJAsiercsi HHUJIbIOTEHTHBLIM
sugomopdusmMoM s kaxaoro X € fA. Ilycre 6 (X) — nuddepen-
uupoBanue anrebpel U (L), ompeleneHHoe dopmymnoit Y -6 (X) =
= [V, Xlnupu Y € L. Aas k=0, 1, 2, ... NONOKHM

Ug(Ly=P + L +L1*+ - +Ltc U(L),

rne L2 = L-L, [} =L%L, ... Torna U, (L)-8(X) < U,(L), u
sHIoMopdu3M 8 (X) HuabnoteHTen Ha Uy (L). C Opyro# CTOPOHEL, MO+
ckonbky (I’)™ HMeeT KOHeuHyio KopasMmepHocTb B U (L), HalzeTcs
Tako# Homep R, uto U, (L) + (I')™ = U (L). CnenoBaTelbHO, Cy-
LECTBYET HATYpadbHOe YucJo r, Aas Kotoporo U (L)-8 (X) < (I'y=
0o (X)" = 0. Orcropa BBITEKaeT, uTo sHAOMOpdU3M @, (X) HHJbIO-
TeHTeH U notomy F (X) HuabmoTeHTeH. MBI BHaenH Takwke, urto F (I
1 L) cOCTOMT U3 HHJbHOTEHTHBIX 3HmoMopduamoB. Ho /' N L —
ugean B G, tak xak [H, I' N L1 [H, Ll I’ nNL wu [L, I
N Ll< I’ N L. Hostomy, cornacuo (1.3.9), F(H + (I’ | L) co-
CTOHT H3 HHUJbIOTEHTHHIX 3HAOMOpOu3moB. Ilockombxky H + I' ) L
— ujean B L, Mbl MOxXeM cHOBa npuMeHHTb (1.10.5) ¥ 3akar0uuThH, YTO

FFH+ I NL)y=0. 0

(D) Tenepb MBI B COCTOSIHMU f0Ka3aTh Teopemy (1.10.1), ecau npu-
MeM 0e3 J0Ka3aTebCTBA CJellyIOllee YTBepiKAEHHE: :

(1.10.7) [Tycmo L — koneunomeprasn arcebpa Jlu nad nosem P xa-
pakmepucmuxu 0, u nycme R — padukar, a N — Huab-paduxan ax-
eebpor L. Toeda

a) [L, Rl = N (2.1.7);
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b) cywecmsyem noaynpocmas nodareebpa S 6 L, makas umo [ —

=S+ R (3.5.1).

CoxpaHsia 0603HAYeHH 51 13-(1.10.7), 0603Hauum euge A )
anre6pel L. SlcHo, uto L > R 5 N > Z. Hpeacgsn:}?:: %Luezfig
anre6pel L vmeer CBOHM aapoM Z. Ecau Ham ypactes NOCTPOHUTDH 1 en-
craBnedue (V, f) anre6per L, TouHoe Ha Z, To npexncTaBnedye (L pa’zdl)
@ (V, ) 6yaer Tounsm ua L. Hanee, ecnu f (N) cocTouT us HHJI,bHO-
TEHTHBIX 3HAOMODP(HU3MOB, TO TEM K€ CBONCTBOM obnagnaer (ad @ f) (N)
HocgponM Npeicrasienne (V, f), ucnonssys (1.10.6) u (1.10.7). .
. dc_Jm Z‘z 0, To moka3biBaTL Heuero. Ipennonoxum No3TOMYy

T0o dim Z = n > 0. HUmeercs macca TOYHBIX NPEACTABJCHH anre6:
per Z. Hanpumep, eciu X1, ..., X, — 6asuc B Z, To

0 a...a,

ZBXZQJXI +oee “T'"anxn—’.fo(x): OO O € gl(n—+ 1,P) |

0 0...0

— TOYHOE€ NpeicTaBJeHHE HUJbHOTEHTHRIMU MaTpullamMd. [Tockoabk
a_.nrlslﬁpa ]\N/ HHJPNOTEHTHA, CYMIECTBYET LENOYKa ee mieanos: V4 :y
o 2)6%0 1NC:... < N, = N, B kotopoii dim (N,/N,;) = 1. Bonee
; )p , N; N,» + PX,, rme X, € N. Honycrum, uro (V,_,,
Niélli T—X HI)EelI%’/I‘aBJIeHHe anreGpu N, ,, oToGpaxarouiee Kaxabiii s.e.
‘ -1 B HHUJIBIIOTEHTHBIH 3HAOMOPGH3IM. B taxom caydae
ACCOLUMHPOBAHHOE BIOJHE MPUBOJAUMOE npeacrasnenue (V; fi1)
TOXNECTBEHHO paBHO 0, W 3HAOMOpPdU3M ad X ln. HHJIbI;;’II‘,eH’Ife:;
Caienosarensno, Beinmomusercs YCJIOBHE H3 I‘IyHKTé—I(iii) npelmox(e:
Hus (1.10.6), u nannoe npexcrasaenune MOXKHO NPOJOJ/IKUTE 10 TAKORO
EpTe()}lD;:TaBJIell;IHH Vi, o) anrebpet Ny, uto f; (X;) = 0. Hocxom;x'y
K HH}‘IH::Ie erf; D ker fi_; = N,_{, 10 fi (N:) = 0w f; (N;) cocrour
OTEHTHBIX 3JleMeHTOB. TakuM 06pa3oM, MOKHO NOCTPOUTH
lpeacraByiende (V,, f,) anre6pn N, 06pas KoToporo f, (N) cocTouT us
HHJIbIIOTEHTHBIX 3HAOMOP(U3MOB H KOTOpO€ TOYHO Hra Z
Hyete dimr (R/N) = s. Brifepem takue 3JIEMEHTH - Y, Y., uro
R=N T PY, + .+ PY, u nonoxum R, =N+ PY s—,l—
+PY; (j=0,1,..5). [Hockonbky [R, R] = IJV, Bce R, — I;AeaJiI;i
B R, oTKyza cieayer, cHopa B cuny (1.10.6), yto m06oe ﬁpeACTaBne-
?:(Sep ;ﬂlr?%p%afjx—(la MOf}’KeT ghITb [IPOAOJIKEHO A0 npeAcTaBaeHHS aJj-
i K Jr =0, To BBHAY (1.10.6), (ii), MoxHO cunTars
;’gop(;:;{:ﬁbm djemedT X u3 N nepeBonutcs ‘B HHMJIBNOTEHTHBIH sHTo-
Hakoneu, nonyuennoe npencras
A0 NPEACTaBJEHHS anreGpH le1 HéoﬂzHH:e ;ﬂie%)b; }?S?plo?%otﬂ:m?\f TC[]H
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MOJYINPOCTBIE AJTEBPbl JIH

B sToit rnape Mbl 6yneM H3yvaTh nodynpocTthie anrebpsl JIH Haj
noJisMH XapakTtepHcTHkU 0. CTpyKTypa M KJIACCHPHKAUMS TaKHX aJj-
re6p JeTaNbHO HCCAENOBaJ/HChb, HAauMHAsl C KOHLA AEBATHAALATOTO
cTonieTusi. BOMbIas 4YacTh H3BECTHBIX PE3Y/AbTATOB OTHOCHTCH K CJaY-
yajo P = P.

Hama nepBasi nenp -— noxkasaTb, yTo ajare6pa JIu Hapj moseMm xa-
pPaxkTepHCTHKH O MoJaynpocTa TOTJa M TOJNBKO TOTAA, KOTJa OHA HEBbI-
poxaenHa. BBupay (1.5.6) 3To nosBoJisieT CBECTH H3yYEHHE MOJYIPO-
cteiX anarebp JIu kK usyueHuto mpoctbix anarebp JiM. OcHOBHON HH-
CTPYMEHT 3]leCb — 3TO Da3JIOXKEHHE 10 KOPHEBBIM MOJMPOCTPAHCTBAM,
nosyyasolileecst NMPH OTpaHHYEHHH NPUCOENMHEHHOTO IpeAcTaBJeHHs
Ha nogaare6py Kaprana. B §§ 2.1—2.6 naetcs Kjaccudukauusa npo-
CThiX anrebp JIu Hax anre6pandyecKH 3aMKHYTHIMH ITOJISIMH XapaKTe-
puctuku 0. OkasbiBaeTcsi, 4TO, ITOMHMO CEMEHCTB KJIACCHYECKHX aJl-
re6p JIM, cyumecTByeT JiuiIb NATH NPOCThIX aarebp Jiu.

Ha npomascenuu 6cetl smod zaa8et npednosazaemcs, 4mo OCHOBHOE
noae P umeem xapaxmiepucmuxy 0.

2.1. Moaynpoctolie aaredpsl JIn

Iycts L — anre6pa JIu vaa P = P, u nycthb
(1) L=LO)@L(a)@D - D L)

— €€ pa3jioKeHHe Ha KOPHEeBble MOANPOCTPAHCTBA OTHOCHTENBHO MOA-
aare6pel Kaprana L (0) = L,. Ilycte V — BeKTOpHO€ NpOCTPAHCTBO
Han P u (V, f) — npeacraBienue anre6pel L. Tak kKak oTo6paxeHHe
Ly 2 X[ (X) € gl (V) saBnsiercss npeacTtaBJeHUEM HHUJbIOTEHT-
HOH anre6pel JIM, TO MBI @OJyuaeM pa3jioxeHde mnpoctpaHcTBa V
B NPSIMYIO CYyMMY «

2) V=VE)@V )@ -,

rae A, (i = 1, 2, ...) — dyuxuuu u3 Ly B P 1 gas moboro X € Lo
npoctpancTBo V (A;) conep:kuTcsi B OGOGIIEHHOM COGCTBEHHOM IOA-
npocTpaHcTee 3HAoMopdHu3Ma f (X), oTBedaromeM cOOGCTBEHHOMY 3Ha-
yeHHo A; (X) (corsacHo (1.3.11)). PYHKUHUH &y, &y, ..., Ay, ..., B CHIY
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b) cywecmeyem noaynpocmas nodanze6
_ SR p ebpa S 6 L, makas umo [ —

CoxpaHsia 0603HaueHus U3 (1.10.7), o603nauum ‘
10.7), ele yepes 7 0
anrebpot L. Scwo, ut0 L S R >SN > Z. HpEIlCTaBJIe}lI)Hg (LLfeI;g))

CTaBnenue (V, f) anre6pur L, Tounoe nHa Z, TO mpelicTaBJeHHe (L, ad)
@ (V, f) 6yner Tounmm na L. Hanee, ecan f (N) cocTout H3 nuabmo-
TEHTHBIX S3HOMOP(HU3MOB, TO TeM 3Ke CBOHCTBOM obaazaer (ad @ f) (N)
ITocTpoum npencraenenue (V, ), Hcnoabays (1.10.6) u (1.10.7). -
wr Edc_Jm ZZ—= 0, To nokaswiBaTh Heuero. IIpennonoxum MO3TOMY

0 dim £ = n > 0. MMeercs Macca TouHpix TpeNCTABIeH I a/red-
pu Z. Hanpumep, ecau X1 ..., X, — 6asuc B Z, 10 '

0 a ...a,

ZaX:[lle—lL—.<._{_aan_‘»‘fO(X): 0 0 .0

0 0...0

—~ TOYHOE MNpEeACTaBJeHHe HHJbNOTeHTHRIMH MaTpuuamu. [Tockonbk
.?_Jlrﬁépa /]:[/ HHJIBIIOTEHTHA, CYIIECTBYET LlelloYKa ee Hﬁeanos: VA =y
no,up<0)6<§o §VC=NC ]\Q£ ;XN, B KoTopoit dim (N,/N, ;) = 1. BoJee
floxpo0 , N, i1 ;» The X, € N. HonyctuM, uro Vi1,
i1 NpeacraBnenue anrebpu N, ,, oTo6paxaroimee Kaxipii sie.
MEHT X_ € N,_, B HUJIbLIOTEHTHDBIH SHIOMOpdH3M. B TakoMm cayuae
aCCOLMHPOBAHHOE BMNOJIHE NPUBOIUMOE npeacraeienue (V) bfif )
TOXECTBeHHO paBHO O, W sHgOMOpduaM ad X, in. HHJIbl';g’II‘éH’I‘Le—HI
CrienoBatensno, BhiMOMHsIeTCS ycJoBHE H3 HyHKTé—l(iii) n elmox(e:
Hus (1.10.6), n nanHoe npexcrabaenue MoxHoO IPOJOJKUTh lJI:)O TaKoro
ﬁpTG:)ILLfTaBJIelI:HH Vi, f) anre6pel N;, uto f; (X;) = 0. ITockoabxky
K HH};I;Ke er fi o ker fi_y = N,_;, 10 fi (N;) = 0w f; (N;) cocrout
TIOTEHTHBIX 3/1eMeHTOB. TaKUM 06pa3oM, MOKHO NOCTPOHUTh
npeicrasnenue (V,, ) anre6pu N, 06pa3 Kotoporo f, (N) cocTouT us
HUJILNIOTEHTHEIX 3HAOMOP()HU3MOB U KOTOpO€ TOYHO Hra Z.

R EI};\([ZTI: dimr (R/N) = s. BriGepem Taxue snemenTh Yi, ..., Y., uto
RO TPVt £ PY,, w nonomum R, = N Py, b
i (4=0,1,..,5s). ockombky IR, R)] = N, Bce R; — upeann

:Hle?, OTK%ILa CIELyeT, cHOBa B cuay (1.10.6), uto moGoe npeacrasJe-
e :n;?e p_si{ R; MOXKeT ObITb NPOLOIKEHO 10 NIPEICTaBJEHHUS aJ-
qTopxIax,leﬁﬁ ?;ex;ael:nfi){= O,A}*o BBUAY (1.10.6), (ii), MoxHO CUHTATH,
U3 nepeBoAU A
NN PEBOIUTCA B HUJIbMOTEHTHLIH SHO-
Haxonen, nonyueunn ' k
O€ npeicrasneHue anareSpul R npo
JOJIZKAeTC ST
A0 NpeicTaBeHus anre6psl L, u6o L — S + R u [S pR] =N CD
, .

€4l(nt1,P)

'1aBa 2
NMNOJYNPOCTBLIE AJITEBPbLI JIH

B sToft rnaBe Mel OymeM H3yuaTh Noaynpoctble anredpel JIH wag
noasMu xapakTepuctukn O. CTpykTypa M kJaccHpUKaLus TaKUX aJ-
refp JeTaJbHO HCCAENOBajJHChb, HayHHAs € KOHLA JA€BATHAAUATOTO
cToJieTHs1. BOsbuias yacTh U3BECTHHIX PE3YJbTATOB OTHOCHTCH K CaY-
gaio P = P.

Hauia nepBas uenb — nokasath, uTo aarebpa JId Hajg nojem xa-
pakrepucTHkH 0 moaynpocta TOria U TOJbKO TOTAA, KOTAa OHA HEBHI-
poxzaenna. Beuay (1.5.6) aTo 1no3BoJsisieT cBeCTH H3yUeHHE IOJYNpPo-
cThix anrebp Jlu K u3ydeHWio npocTbix anre6p JIM. OcCHOBHOH HH-
CTPYMEHT 3]leCb — 3TO Pa3JioXKeHHEe 110 KOPHEBBIM MOANPOCTPaHCTBAM,
noJyuatpllieecss NPH OrpaHUYEHWH NPHCOEAUHEHHOTO Ipe]CTaBJeHH
Ha nopanre6py Kaprana. B §§ 2.1—2.6 naercsi KnaccupuKauus mnpo-
CcThiX anrebp JIu Hajn anrebpanyecKH 3aMKHYTBIMU MOJASIMH Xapakre-
puctukd 0. OxasbiBaeTcsi, YTO, TOMHMO CeMeHCTB KJIACCHYECKHX aJ-
re6p Jlu, cymecTByeT JHUIb NATb NPOCThbIX anrebp JIu.

Ha npomsocenuu eceii amoil 2aa8er npednoaazaemces, 4mo OCHOBHOE
noae P umeem xapaxmepucmuxy 0.

2.1. MNoaynpocrtuie aare6ps JIn

Iycts L — aare6pa Jln vag P = P, 4 nycTh
(1) L=LO)@L(a)D - DL (o)

— €€ pa3JoXKeHUe Ha KOPHEBbie MOJNIPOCTPAHCTBA OTHOCUTEAbHO MOA-
anre6pelr Kaprana L (0) = L,. [Iycts V — BeKTOpHOE MpOCTPAaHCTBO
Hag P u (V, f) — npenacraBnenue anre6pul L. Tak xak otofpa:keHue
Ly 3 X+ f(X) € gl (V) siBAsieTcsi TnpeacTaBAe€HUEM HHUJBIIOTEHT-
Ho#l ajre6Gpbl JIH, TO MBI MoJydaeM pasfoxeHHe npoctpaHcTBa V
B NpSAMYI0 CYMMY

2 V=VA)OVi)D - -,

rae A, (i =1, 2, ...) — @yHKuUH u3 Lo B P u anasa moboro X € Lo
npoctpadcTBo V (A;) cogepxkuTcss B o0oOimeHHOM cOGCTBEHHOM MOZX-
npocTpaHcTBe sHIOMopgusMa f (X), oTBeuaroieM cOOGCTBeHHOMY 3Ha-
yenuo A, (X) (coraacHo (1.3.11)). ®yHxuuu o, a,, ..., Ag, ..., B CHIY
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(1.4.9), nuHelHbl; YHKUHH A, Ha3BIBAlOTCA gecamu anrebpul L oTHO-
cUTenbHO noganaredpbl Kaprana L, (1 npexcraBaenus (V, f)). Pasy-
Meercsi, QYHKUHH &y, ..., O MOXKHO CUMTATb [ONAPHO Pa3jiMUHBIMMY,
[03TOMY CyIllecTByeT Takoi ajemeHT X € L,, uTo Bce uncaa o; (X)
OTJIMYHEL OT HYJST H APYT oT Apyra. [1pu TakoM BeiGope X noanpocTpaH-
ctBa L (@;) coBnajamwT ¢ 0000MEeHHEIMU COOCTBEHHLIMH NIOATIPOCTpaH-
cTtBaMu sHAOMopdu3smMa ad X, oTBeuaOUIUMH COOCTBEHHBIM 3HAYEHH SIM
a; (X). CrenoBarennno, Beuay (1.2.2), [L («;), L («;)] cogepxurca
B COGCTREHHOM NOANPOCTPAHCTBE, OTBevawoimeM cCOOCTBEHHOMY 3Hawue-
Huwo a; (X) + a; (X), 1. e. B L (a; + a;). Takum o6pasom,

3 L@, L@l @tp)

rie o, B — xopuu (uau 0). AnajoruyHoe paccyKaeHue, TOJIbKO C UC-
nosb3osaHueM (1.2.1), naer

@ L@VA Vet
B (3) u (4) no-mpexuemy mnojapasyMesaercsd, uto L

(c
eciu o + B (s%50) He sBastercss kKopHeM, u V (a -+ A)
o + A He sIBASeTCS BecoOM.

+ P =0,
= 0, ecau
(2.1.1) Ecau a u —a — kopru urn o = 0,

X-PEL(C(’)) X_EL(_a)v X0=[X+v X—]ELO

u A —gec, mo A (X,) = ra (X,), re r — HeKOTOpOe palHOHaJbHOE
YHUCJIO, . .

HJoxasareancteo. [IpexmosoxuM cnepBa, yto o« = 0. Tak Kaxk nom- -

aarebpa L, paspemnma, To, coraacHo (1.4.7), f (L) cocTouTt H3 5HR0-
MOPHU3MOB, UMEIOUIHX BepXHe-TPeYroJbHble MATPUIBI OTHOCHTEIbHO
noaxoisimero 6asuca B V, u, 3uaunt, [f (Ly), f(Ly)] cocrour us
HHJIb[IOTEHTHBIX 3HAOMOpGH3MOB. B stom caywae A (X,) = 0, mo-
cKobKy Xo € L§Y = [Lo, Lol

[Tycte Tenmepp a 5= 0. [TopGepem HeOTpUIATENbHBIEC LEABIE UNCAA |
U k, JJisT KOTOPHIX A — jor, ..., A—at, A, A + «, ..., A + ka aBasioTcs
BecaMH oTHocuTesbHO Lo u (V, ), ad — (G + NDau i+ (8 + 1)
TAKOBBIMH He dBJsdAoTcd. [losomuM :

U=V(x~ja)+,..+V(x)+...+V(x+ ker).

Cornacho (4), U unBapuanTHo oTHOcHTeNbHO X,, X _ u L,. [lojoxum
m (i) = dim V (A + ja). Torna

\ . o
trof (Xo) = 2 trvgjo [(Xo) = 2 m () (M ix) (Xo).

(= = —

Loy g _
btk nd
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C ApYro# CTOPOHHI, fax Kak Xo = [X,, X_1, o truf (Xo) = 0. Cne-
noBaTenbHo, Zm (i) (A —+ i) (Xg) =0, 1. &

A (Xo) = —:Zim'—’z)i'l a (Xo). O

9.1.2) ITycmo L — aazebpa Ju wad P u B — ee opra Kui_/zuuza. ’
(A/L26’6[)761 l%/ paspewumna mozda u MmoavKo moeda, koeda B = 0 Ha

LV = [L, L

Jlokasatenbcrso. [IpeinosoxuM, 4TO aare6pa L paspemHMa.‘Pac-
LIHPHAS ToJe kosdhuuuentoB P 1o P, Mbl non%ftiﬁM B CHJY vl.b, 4TO
anarebpa L? paspemuma H LV < (L“»’)P = (L*)". C npyroi c;opo-
yel, corsiacHO Teopeme J1H, MpH HEKOTOPOM BeiGope Gasuca B L° Ma-
rpuusl Beex sugomopdusmos ad X (X € (L") TpeYFOJII;{H‘hI,d ?/pﬂlel\él
UX JHarOHAJbHBIE JIEMEHThHl PaBHBI 0, mostomy tir (ad ad Y)
npu X, Y € (LP)", Creposarensno, B = 0 xa L, >
. Jokaxem 06paTHOE yTBEPXKACHHE. JI)[onyCTgM BHayaJje, uTo P = F.
[yct B = 0 Ha LW Tag kak LYY = Yo, p=0, ..., % (L (),
L@®))u [L(, LEI=L (@ + B), rae {ey, ..., %} — COBOKYI-
HOCTL BCeX KOpHeH, To

Lyn LY =YIL (x), L(—a)l

1
CJ1efl0BaTeNbHO, €C/H MH NPEANONOXHM, 9TO L Z,L( ’”, TO gpunel\ge}g
BBIBOLY, UTO BCSAKHI 3/IEMEHT U3 Lo ABIACTCA auHefinoll KoMOuHAaL
SemenToB BHaa X, u3 (2.1.1). Tonoxum dim L (a;) = n;. Taxk KaK
s kaxporo X € Lo mMaTpuua supomopdusMa ad X OTHOCHTEIBHQ
HeKOTOpOro Gasuca B L TpeyrosbHa H HMEET nUaroHajbHule 371eMEHTH

0, 0,...,0, a (X),...,ocl()ﬁ),...,oik(X),...,ak()ﬁ),

7 (1) pas n (k) pa3

— % n (i) a, (X)* Bui6paB 3JaeMeHT X,, KakK B (2.1.1),
TI%JIB;TI({;(B;,XI)ITO ofi EXlo) (=) rI(E) a (kXO)’ Tae r 2(i) € Q 2(npom‘oe NOA-
nose B P), u B (Xo Xo)=(Xizin(@r () ) o (Xo)* Hoa)EOMy_ %3
paserctBa B (X,, X,) = 0 caenyer, 410 & (Xo) = 0 1 o “(H 05){ ;OM:
i =1, ..., k. [lockoabKYy B)((IHKHI/I aneMesn;Igs {Jo_eclTb nm};eli‘ ae KO-

suga Xo, TO &; = — 1, ..., &, T. e
6——1‘4}1[2,\? T :gﬁrﬁgx:mai amqeépa. "Ho at0 npomsopequ&‘) npeanoJo-
SKEHHIO O TOM, yTo L = LY. Takum obpasoM, L = L"'. Tax kaK
dopma Kunmunra By aareopol LY gpasiercsl orpaHuueHueM (GopMbl B
na LY, to By =0 Ha L® = (L(”)(”. ClenosaTeNbHO, Pas3peruuMoCTb

o

ajare6pel L ycTaHaBAMBaeTCsd HHAYKLHEH IO dim L.
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ITpeanonoxuM, Hakoueu, 4to P == P. Ecau dopma Kuanurra B
paeHa Hymo Ha LY 10 dopma Kunnuura anre6per L7 paBHa HYJ/IIO

na (LD’ = (L) u, snauur, aare6pa L” paspemmma. Cnenoarens-
HO, U L paspemuma. []

(2.1.3) Bcakas noaynpocmas areebpa Jlu He8otponOeHHa.

JokasatedsctBo. Ilycte L — nmoaynpocrtas anrebpa JIM u B — ee
dopma Kuanuura. Torma LY = {X € L: B (X, L) = 0} ecTb umean
B L, B cuay (1.5.2). CaenoBateabHo, popva Kuaauura anrepbl L™
sBAAeTCs orpanHuennem dopmul B na L*. C npyroit ctoponsi, B (L*,

L*) =0. U3 (2.1.2) BbiTexkaeT nostomy, 4To anrebpa L* paspeiiumMa
v, 3HauutT, L* = 0. ] '

Hcnoassys (1.5.6), (1.5.8), (1.6.1) u (2.1.3), Mbl MOxKem AoKa3aTb
C/eNYIOUYIO TeOPEMY O NOJYyNpOCThIX anrebpax JIu:

(2.1.4) Teopema. [Tycmo L — noaynpocman arcebpa Jlu Had P.

1) L pasaacaemcs 8 npamyo cymmy npocmoslx ulearog, npu4em 3mo
pasaoxceriie OOHOBHAYHO € MOYHOCTMbIO 00 NOPAOKA CAQRQEMbLX.

2) Hoearwe u gpaxmoparcebpor arcebpos L noaynpocmet.

3) L= L™,

4) Aazebpa L noana.

B) [las ecakozo pacwupenus P noasn P areebpa L° noaynpocma.

HokasarenbcrBo. YTBepxaeHHst 1) u 3) — 5). yxKe QOKa3aHbI BBHIILE.
Hoxamem 2). Tlyers A — unean B L. Torma A* = (X € L: B (X,
Ay =0 u A A" = C — Takke uneann. Popma Kuanunra an-
rebper C siBasieTcs orpaniyeHneM ¢popmel B Ha C H TOTOMY paBHa HYJIIO.
CnenoBarenbHo, anreépa L paspeumrnMa, B cuay (2.1.2). ITockoapky L
noaynpocra, 1o C = 0, tax uyro dopma Kunnauura aiarebwt A HeBhl-
poxjenHa. Tak kak (A1)t =A, 10 A+ N (A1) = 0, oTkyaa caenyer,
uTo B HeBbIpoxkeHHa Ha A+ . Ho AL = L/A u, 3nauur, pakropanareot-
pa L/A wneBnipoxaenna. [] '

(2.1.5) Tycms L u H — aacebpor JIu nad P u R — paduxaa aazebpot L.

1) Ecau f — eomomopgpusm L na H, mo [ (R) — padukar ans-
eebpor H.

9) L =LY+ R,

HoxkaszareanctBo. 1) Ilycte A — siapo romomop¢uama f. Paxrop-
aare6pa L/(A 4+ R), xak romoMmopdubiii 06pa3 noaynpoctoil anredpbl
Ju L/R, mnonynpocra. Ilockoabky H/f (R) = L/A(A + R)/A
= L/(A 4+ R), 10 anre6pa H/f (R) toxe nonynpocra. [Hanee, f (R)

— paspeivMbiii ugean anrebprl H. CnenosatenrHo, f (R) — pagukan
anre6pul H.
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' L eT CO CBOHM
2) Tak kak anrebpa L/Lf aéerJll)eB/a,(UOI:If LC’OBIII?ES
paauKajioM, H, B CHIY 1), (R + L)LY = Li .

[lycts L — anrebpa Jlu. Besakas nouanr§6pa AB L,LI./lHdBap(PlLa)H"l;l-
pasi OTHOCHUTEAbLHO BceX RuGpepeHuUpOBAHHH anre6pbl L: Cere )4
— A, Ha3bIBaeTCs Xapaxmepucmu4eckon. Xapa;TeppicmléeEKudar (L_
alre6pnl SIBJSIOTCS HI€alaMH. Ias mobeix X, Y. € L K )

§1X, Y1 = [8X, Y]+ IX, Y],

u motomy L' — xapaxTepucTHieckas nojanrebpa.
(2.1.6) Padukan Agrsemcs xapakmepucmu4eckou nodaazebpod.

JlokazateabcTBo. OGO3HAuMM uepes AL opTorox{anbroe lngnon:eH:Te
k A oTHocuTenbHO (opMbl KHJJIHHT B. W3 ynp. %4(1.) ¢ ;13{_10:
yTo ecsm mojanreépa A xapakrepucTHYeckas, TO H TOXKe. .
cKobKy LY’ — XapaKTepHCTHHYECKas nojaareépa, IIOC’I‘aTO‘{ZO JOKa
saTh, wro K = (L'")L cosnajaer c pajHKaioM R aarebpnl L. .
Tak kak B (K, K*¥) < B (L'", K) = 0, To K — paspeiuMblH
’ o
unean (BBuay (2.1.2)). CneloBaTeNbHO, R D K, u, 3HaUAT, JIOCTATOYHO
noxkasaTh, .4to B (L, R) = 0.

[IpennosoxuM BHauane, 9TO P = P. Bribepem Kakylo-HHOYIb
MAaKCHMaJbHYIO LeNouKy HIeanoB B L:

L‘—‘Lk;_:)Lk-—I;E“'ELO::O'

Gpbl L,
aa i =1, 2, ..., k 0603HaUHUM Y€PE3 f, mpeacraB/jeHde aare ’
EH}IYHJ/IPOB&HHOE npHCOEJMHEHHbIM MNpEACTAB/IEHHEM Ha L[/If,,-_Hlénﬂz_
cKOAbKY Mexay L, ; u L, Her uieajos, BCE npeACTaBJeHHA [; nagﬂo
pogumbl. Tak kak f; (R) — paaukal anre6ps f; (L), TO, cOL’ acHo
(1.4.11), f,(R) = Pl;, rne 1, — TOXJeCTBEHHOE npeodpa3osa e
LJL, 1., C Apyrofi cTopoHsi, trf; (L) = 0. CJIe,U,OBaTe-JEb(I;O,a Jlno-
oG X € LV u ¥ € R wmu mueem tr (f (X) f: (V) =0

tomy B (X, V) = Xiatr fi () (V) =0 _
O6wuil caydall Jerko CBOIHTCA K CayHalo P=P. 0

. o L — anzebpa JTu, R — ee paduxaax, N — ee Huavpa-
gtilla;]z) uH%clm_- padukas a€1266pbz L. Toeoa ;Rl = L ﬂVR u Ry
QBAREMCS HUABNOMEHMHOL xapaKmep ucmuieckou nodaseebpoti. ,[Zaﬂi?),
oan ecaxozo npedcmasaenus (V, [) anrcebpet. L 3ﬂaomop§pu3MN F(
nunbnomenmen npu awbonm X € Ry. Kpome mozo, IL, Rlc N.

HNokazareapcrso. M3 paBeHCTBA LY +1)R = L caepyerT, 4To ?n;egg;i
LWL n R = L/R noaynpocTa H LY N R— paape?lemus }lxa-
s L. Crenosatensto, Ry = L™ N1 R. Hocxcumbxy L6 H T—I; s

paKTepuCTHYECKHE I10faIre0phl B L, TeM e cBOHCTBOM 00/13/1aeT H iy

e
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IIpeanonoxum Teneps, uto P — P, L — anre6pa

~— BEKTOpHOE npocTpaHcTso Hag P u V (f) — Hpe,ZLCTpaBJIJg:HeHz?IFePﬁ,pIE/I
L. Tlycts V = .ka o+ 2 Vo = 0 — KOMIO3HIHOHHDI psin ana V.
Has kaxporo | = 1, 2, ..., £ 0603Hauum uepe3 f, mpeacraBieHue
anre6pel L B V,/V, ), unnyunposanmoe I'IpelICTaBJ'ILeHHeM [. U3 ge-
PUBOAHMOCTH npelicTaBnenuit (V,/V,_,, f,) BbTekaer, B cpmy.(.l 4.11)
dTo Bce anrebpwr (f; (L))" noaynpoctsr. Ecou Tenepb 4epes A, Ml
0603HAYHUM SIAPO NPeACTABJIEHHS fi» TO H3 COOTHOMIEHH :

LYVLDNA, 2= (LY + A)/A, = f, (L))

nomyuynM, uto LY N A, > R, u, 3Hauur f: (Ry) = 0. Ore
BREY JARLE) v 1 - Y TC -
TEK%GT Z(X) V.= V., ana mo6oro X € Ry, l’I)‘aK 4TO f()}(oﬁaa:%l
1 1t;pepw;eM K paccMoTpenuio obiyero cayvas. Iycts L — am'eépai
H, V —— BEKTOpHOE NpOCTPaHCTBO Hajm P u (V, f) — npencrasienne

anare6per L. Tlyern X, ..., X, — 6Gasuc B L. Ilonarag a5 mo6bix
, ...,a, € P ' ) ‘

P@aX,+ 4+ a,X) =af (X)+ - +af (Xa),

MBI OTIPENIETHM Npe/icTaB/eH e (VP, 1P anre6pel JIn LP. KommyTaTop-
Ha(ill) ;ﬂreépa anre6per LP coBnagaer c (LP, a palmxa.n ajare6pel
(L) paBeH RP (ynp. 4). CaenoBarenbno, ecan X € R,, T0 3HJI0O-
MOpI(/?PISM f? (X) Huabnorenten, a 3HAYHT, U [ (X) HHJIBIOTEHTEH.

ol TaK,XHaM MSBECTHO, 4TO SHAOMOP(H3M f (X) HUJABMOTEHTeH Aust
. oro € R, ¥ moboro npencrasienus f- B uwacrHoctn, ad X
Rﬂnbnc])\}‘emeﬂ. Orcrona crenyer, uto R, — HHUJILIIOTEHTHLIA HAeas H

1 < N. Ilostomy [L, R1 < IL, L] NR=R cN.|

Ilyets V' — BexToproe NPOCTPAHCTBO Hag P u P — pacwinpenye

;\1&1;{ P. Toraa gl (V) ecTecTBeHHbIM 00pa3oM BKJIaAbIBAETCS ‘B gl (V).
1 ONIYCTHM I0Ka3aTe/bCTBO Cleyrouel TCOpeMbl H3 oblel anreGpm:

(2.1.8) Ecau nodmuoscecingo S aneebpot gl (V) enoane npusodumo, mo
OHO 6noane npueooumo Kax noOmMHoNCeCBo 8 gl (VP), u obpamno.

,(12.6159) Ecau anree6pa JIu L o6radaem 81OAHE NPUBOOUMBIM MOYHLIM
peocmasreruem (V, f), mo ona ssasemesn NPAMOL cYymMmoLi ceoeeo yenmpa
U Hekomopozo noaynpocmozo udeanq. )

ﬁoxasaTeanTBo. Ilpennonoxum cnepsa, yro P — P, L — ajarebpa
CSIH l;{a# 1; H V — BeKkTOpHOe npocTpancTso Hag P. Tlyets V pasjaraer-
e O[(J:TMYIO CYMMYy MHHMMaJlbHbIX HHBAPHAHTHBIX OTHOCHTE/BHO L
7 (X)p ? }:HIICTBQ Vi, ooy Voo Has amo6oro X € L o6osnaunm wuepes
’for,zfa v f)’ s -+, B) orpanuuenue sHIoMopgusMa f (X) na V,.
e Ve €CTb HENPHBOAMMOE NpPeACTaB/eHHe aare6phl L. ITyctp
*i 7 AAPO mpeacTaBseHus f; (i = 1, ..., k). Toraa Ar N .o A4
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= 0. O6o3HauuM qepes R pamukan aare6pmt L. Torma pagukana an-
re6pet f, (L) paBer f, (R) u (f; (L) = Ff, (L'"). B cuay (1.4.11),
(L) N [ (R) =0. CuenoBareabno, L 1 R =@ A, nna Bcex
i, u motomy L*’ N R = 0. Orciloga BbITeKaeT, B cuay (2.1.5), 2), uto
L =LY & R (npsamasi cymma). Ilockompky L = L/R, ajare6pa
L nonynpocra. C apyro#i CTOpOHH, H3 BKJodernust [L, R] < LV -
N R = Ocaenyer, uTo R coAep:KUTCA B IleHTpe. Tak Kak HeHTp Bcerpa
COIEPKUTCS B pajukane, TO R COBNajaer ¢ HEHTPOM.

PaccmorpuM Tenepp ofmuii cayuaii. Ilycts L — aarebpa Jlu u
(V, [) — ee npexncrasaenve. Pacumpum nose KO03(HUIHEHTOB P npo-
crpaHctBa V 1o P u noctponm npoctpatctso VP, Tlycte L — BeKTop-
HOe MPOCTPaHCTBO Hal P, nopoxientoe f (L) B gl (VP). OueBupHo,
yto L ectp anarebpa JIu Hax P. Ecau mHOkecTBO f (L) BroJHE IPHBO-
aumo B gl (V), To, cormacHo (2_.1.8), OHO 00JafaeT TeM K€ CBOHCTBOM
¥ Kak noamHoxecTso B gl (V7). CiepoBaTe/lbHO, CYIIECTBYET NOJY-
npoctofi ugeaa S B L, Takoit yto L = S @ Z, rae Z — LEeHTP L.
Iyets R — papukan aareSper L. Torxa moAnpocTpaHcTBO R, MOpPO-
xpuennoe [ (R) B gl/(VP), ecTs . paspewnmbii ugean B L. 3Hauur,
f(R)y= R <= Z. Kpome toro, f (L") = (f (L))" < L = S. Cie-
aoBatenbHo, f (R) 1 f (L) =0, . e. R N LY = 0. Orciopa Buz-
HO, 4To anre6pa L'V moaynpocra H R — meHTp anre6pu L. (]

Ympaxnenwe 1. Muoxectso « (m) = {(s;) € gV (m, C): s;; + §;;,=0 pas |,
= 1,2, ..., m} o6pasyer aare6py Jlu pasmepnoctu m?* Hag R. Kaxpnas nopaareGpa

. B u (m) apaseTcss npsIMoil cyMmo#l CBOero leHTpa M NOJYNPOCTOTO HieaJa.

[Habpocox dokaszameavcrnsa. Onpenequm cKaasipHoe npoussenerHue B C™ ¢op-
o — ¥ m = . —
MYaolt (@, ..., @), (bl, s b))y = }' 1—18,b;. Torma yerose s = (Sii) € u(m)
MOKHO 3anucaTb B BHIe (sa, b) - (a, sb) = 0 p1a Bcex a, b € T (TRe 3JeMeHTb
C™m paccMaTpHBAKOTCA KaK BEKTOPBL-CTOAOHM). IlycTh ¥ — HEKOTODCE MOAMHOMKE-
cTBO B & (m). Ecau BekTopHOe npoctpancTBo U (C C™ MHBapUAaHTHO OTHOCHTENIBHO Y,
TO €r0 OPTOrOHAJbHOE JOMOJHEeHHe (MO OTHOLIEHHIO K BBEJEHHOMY BBIlIE CKaJAPHOMY
NPOH3BEJCHHIO) TAKXKE HHBAPHAHTHO OTHOCHTeabHO Y. CuefjoBaTenbio, ¥, Bmosne
NIPHBOJHUMO. |
Ynpaxdedne 2. [Tycte L — anre6pa Jlu u B — ee dopma Kunauura. Torna mopm-
aare6pa L+ = {X € L: B (X, L) = 0} coBnagaer ¢ HHJIb-pajuKaioM aareSpsl L.
Sra noganrebpa L~ aBAseTcs XapaKTePHCTHYECKOH, W KaXKAbIH HHUJIBIOTEHTHLIH Heas
anre6pbl L comepxuTes B L.
Ynpaxuenue 3. Pagukan KOMMYyTaTOPHOH aJare6pmi L1) anre6Gponi L pasen nepe’
CeYeHHIO BCeX MaKCHMAaJIbHEIX HpeajoB B L
Ynpaxuenne 4. [lycts L — anre6pa Jlu Hajg P, a R — ee pajukan. laa mmo6oro

pacmHpeHus P nons P panukan aare6pnl Le paBeH RP.
2.2. PasnoxeHne NO KOPHEBLIM MOANPOCTPAHCTBAM

Ilyets ¢ — noaymnpocrtas anre6pa Jlu Hag P = P, B — ee dopma
Kunanausara, h — ee nomanre6pa Kaprana wu

g=b+g@+gP)+ ..., h=g(0),
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C

KECTBO BCeX KopHeli {a, B, ...}; momoxum A — A U {0}.

(2.2.1) Ecauw @, BE K u a+ps£0, mo B (g (), g (B)) = 0.

Rokasareancrso. us X €
g(@) u Y —
-ad Y. Torzna, sBuny (1.2.2). nis m060€mgy({3% IZOJIO)KHM ¢=adx

Tak A—
KaKk A — KoHeyHoe MHOXECTBO, TO A5l HEKOTOPOro JOCTATOYHO

Gobuioro £ Mbli umeem A
60 VER@ERER U g (pfk(a

JmO, OTKYJa ciefyer, 4to of g (y) = 0. [Nockoabky 310 cnpa(Be;J;Hg)cz
AJA BCEX Y, SHIOMOPGH3M O HUJABIOTEHTEH K tro=0. ]

(2.2.2) 1) Ocpanuvenue B ¢o o
pmoL B na B nesvipoxd
2) Auazebpa b abenesa. ’ b poxderiro.

3) A nopomdaem b* (xax sunei
3) Eonsl oo mo(— ¢ E/-LA-/-toe npocmpancmeo).

Mokasareancrso. 1) Ilpennosioxkum, uro H €hu B(H, ) =0

Tak kak, B cuny (2.2.1 =
B2 S Hyhg:().)’ B (H, g (a)) = 0 aaa mo6oro a € A 10

2) 3ameruM, YTO aas MH06mX H, H, €%

Br(Hy, H2)=B(H, H,)— EZ (dim g (o) @ (H,) o (Hy).
axC A

Ecau H, € 5, 10 @ (H,) = 0 Mpu & € A u, suauut, By (H,, H,
= (. CorJyracHo 1), orcrona caenyer, ato H, = 0. ’ C
3) Hycts H, — Takoi SAEMeHT aJireGpel b, uto o (H,) = 0 mas

Bcexa € A, T -
Ho, H, €= 0 oraa B (Hy, H) = 0 nas aio6oro & € g 4, clenoBaTeNb-

4) Ecnu g (—a) — .
3HAUWT, g (oj (z Sf) 0 0. 10, B cunry (2.2.1), B (g (), g (o) = 0 u,
BBenem B § ckansiproe nponssegense no dopmyae

(X, Y)=B(X, V)= é]A (dimg (@) o (X) o (Y) (X, Y ),
x
[Mockoasky dopma Bb HEBLIDOXKIEHHA, IJISl KaXAOro A € b* cyute-
i}‘BYET CAHHCTBEHHHA 3jieMeHT H), € b, Tako# uro A (H) = (H
) Tpu Bcex H €5, D10 nmossonger OlIpeleTUTh HeBprO}K}IEHHOé’
CKaJlspHOe npoHsBeseHne B h* dopmyon ~ ’

(%, u) == (H,, }{‘L>=A’(HLL):M(H7\.) (7"’ neby).
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(2.2.3) {a, a) %= 0 npu o € A.

HNoxkasateanctBo. [JockosbKy anrebpal abenesau ad A-g (@) = g (a),
To, coryacHo (1.4.6), B g (o) Ha#geTcad Tako# 3jaeMeHT E, =4 0, uTo
(ad ) E, < PE,, 1. e. [H, Ey) = a (H)Ey nna Bcex H € b.

. B cuay (2.2.1), naiizetcs takoi anemeHT X € g (—a), uyto B (E,,

X) # 0. He ymenblas oOHIHOCTH, MBI MOKeM CYHTaTb, YT0 B (E,,
X)=1. Torna [E,, X]1€ Ig(a), g(—x)l = b u maa moboro
He¢h

({Eay X), H) = B([Eq, X], H)=B(H, Egl, X)==a(H)B(E,, a(H),

OTKyZa caepyer, uto [E,, X1 = H,.

Tak kak E, € g (), X € g (—a)u Hy = [E,, X1, To, coryacHo
(2.1.1), pna moboro f € A )

B, )y =P (Hy) ==ra(Hy) =ria, a), Tae r£Q.
Honycrum, uto (e, o) = 0. Toraa (B, @) = 0 qna scsxoro f € A

H, caeloBaTeNbHo, o = 0, MocKoabKy A mopoxpaer H*. TeMm cambiM
Mbl TIPHILIH K [POTHBOpeuHio. (]

(2.2.4) dimg (2) = 1| 0aa awboeo a € A. Ecau o € A u ka € A
(k € 2), mo k = %1.

JokaaateancrBo. Kak M npH moxazarteancTBe (2.2.3), BribepeM TakHe
snementol E, € g (a) u X € g (—a), uto [H, E,) = a (H) E, nas
Beex H € hu [Ey, X1 = Hy, v nonoxum

V=PEath+ Xg(—ja)

SIcHo, uto V uuBapuaHTHO orHOcuTenbHo ad Eg, ad X v ad H,. Ilo-
CcKOIbKY [Eq, X1 = Hg, 'To try (ad Hy) = 0. C gpyroét cTOpoOHHI,

try (ad H,) = (1 — 3 jdimg (———joc)) (a, o).
J /

Tak kak {a, a) %0, TO

Y jdimg (—ja) =dimg (—a) + 2dim g (—2a) + - - =1.

7
[Tockonmbky g (—a) 5= 0, orciopa caepyer, uyto dim g (—a) = 1. wu
g (—joy = Ompu j = 2, 3, ... . [lanee, 3amMeHsis oo Ha —0, HAXOJHM,
yro dimg(a) = 1 u g (ja) =0 npu j =2, 3, ... . ]

O6benuHsAs NOJyYeHHBIE BhILIEe Pe3YJbTaThl, 3aK/JAI0UaeM, YTo cnpa-
BeJJIHBA
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(2.2.5) Teopema. B «xamOom u3 (00HOMEPHOLX)
g (o), o € A, moxcro saibpame 6asucHeiii sexkmop E, max, umo

§=0+ PEy+PE o+ PEg{PE g+ ---,

npudem BblNOAHEHbL CAeOYrouiUe YCA0BUSL:

1) nodascebpa b aberesa u |H, Egl = a (H) E4 (¢ € A) npu
A € %, 8 wacmunocmu, ad H ecmov noaynpocmoe auretdroe npeobpaso-
sarue;

2) [Ea,s EB] = NG,BEOHB (Na..ﬂ E P) npu + B #O;

3) [Eq, Eul = —H,u B (Ey, E_y) = —!1 (3nax murnyc neped H,
okaxcemca yoobroim 6 Oarbredituem),

4) ecru o € Auka € Ak € Z), mo k = =%1;

% B(H+ 3 xaba, H+ % $aEq) =B (H, H)—
a€A a€H

2.] xax,-a,r
a€A

(B(H, H)Y=(H, H)= X OL(H)OC(H'));

ocEH
6) 047 awbbix M, p € b*
M= 2 A, oy, o).

aCA

Cefiuac, noxafay#, DOAXONAUIMHA MOMEHT MOJPOGHO pPaccMOTpeTh
Haubosee NIPOCTOM M BaXKHBIA H3 JOCTYIHEBIX  [IDUMEPOB — ajre6py
& (n, P). Hekortopsie dakTopr! 06 310l anrebpe BpeMs OT BpeMEHH YiKe
NOSIBJAJHCL B TEKCTE M B yIpayKHeHMsX, HO LS yAoOCTBA YHTaTEN A
MEI HauHeM C caMOTO HauaJjla H NpeJe Bcero nokaxem, 4To

(2.2.6) Popma Kunaurnea ancebpor 8l (n, P) 3a0aemca gopmyaroi
B (s, ) = 2n tr (s?)

U HesbipowcOeHHa npu n > 2.

Nokasarenbctso. [lockonbky anrebpa 8l (n, P) — uzneaa B gl (n, P),

ee dopma KuanuHra siBasercsa orpaHuuenueM ¢opmbl Kuanuura B
anre6put gt (n, P). '

[TycTh § B ¢ NpHHAA/IERAT al (n, P). Torna

(ad 5)2 t = s, [s, {]] = s% — 2sts 1 ts2.

TlpennonoxumM, 4T0 3HAOMOPOH3IMEL S, ¢ H S*f NPeNCTaBMASIOTCS B HEKO-
TopoM Gasuce martpuuamu (s;;), (¢;) u (u;;) coorsercrBenso. Toraa
Upg = X, iSpiSijliq- Tlo3TOMy cnex 3sumomopdusma ¢+—>s°f paseH

‘g 25y SpiSip=n tr (s*), rae n==dim V. Ananoruuso tr (¢\— ¢s?
= n tr (s%), tr (¢ |— sts) = (ir s)?, uto paBHo O npu s € 8l (n, P).

ik

b

noonpocmpancme
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Wrak, B (s, s) = 2n tr (s*) npu s.€ ol (n, P). Ecau s u s’ npuHajie-
x)art 8l (n, P), TO :

B(s,s’)::%(B(s—{—s’, s+s)—B(s—5¢, s—s))=2ntr (ss’).»

Tak Kak, B cuay (1.6.2), anrebpa 8l (n, P) npocTta, To dopMma B me-
BeIpOXKAeHHA. (]

[lonanre6pa sdiag (n, P), cocrosmas H3 TeX MaTpHL (si,-)H%GII1 (:)L:
P), AJsi KOTOPHIX §;; = 0 npu i 7 j, aGenena. [anee, Heprél,M a I():a-
BEPUTb, YTO sdiag (n, P) coBnajiaer cO CBOHUM HopMannsaTopaBJimeIe
MoM fene, nyctb H = (B;;) € sdiag (n, P) umeer n{)napulg p ke
IMaroHasbHbE 3JeMeHThl. EcCaH 5jeMeHT X €8 (n,H ),H(.))}_)ﬁ -
ayer sdiag (n, P), To MaTpHua [X, H] nunaronansHa. Ho (7, ]x 2
MeHT 3Toil MaTpHUEI paBeH x;; (h;; — ]:L”), U, CJIeJIOBATENbLHO, i(!:BOHM
npH i 5= j. OTciofia BLITEKAET, HUTO sdlag (n, P) coBmajaer co
HOpManu3aTopoM H f{ — pery/sapHuH 3JIEMEHT. st § =

B o603HaueHUAX HACTOSIIETO nglparpa(pa:|< MBI Momel\i ey
= sdiag (n, P). Onpenejanm A, € sdiag(n, P)*, nonaras A; Iy
[TepemHOXKasi MaTPHIBI, HAXOAUM, UTO

[H, E;}] = (h;; — hj)) E;, = *;— }“f)(H)Eij‘

TaguM o6pa3oM, QyHKUHH O H3 (2.2.5) B HameMm Clydae uMeT BAL.

A o— A, ((5=)). Haa a =o; = A; — A; MOXHO B KauecTse Hy
B3ATH I</IanHIly us sdiag (n, P), y KOTOpOH
h,, =1/2n, hj;= —1/2n,

a ocTanbHble sneMenTsl paBHbl 0. Toraa Aas { < | MOYXHO NOJOXHTb
E, = E; n E_q = (—1/2n) E;. |
Ynpaxunenue. [Iycts (V, f) — mpeAcTaBieHune aireGpel g. Torpa f(Eq) — HHLD-

; m_ad E
MOTeHTHHIH sHmoMopduaM mpoctpascrsa V. B uacTHOCTH, suzoMOppHaN . 4€ Ha
HHJBITOTEHTEH.

2.3. o-HOCJAEA0BATENLHOCTD "BECOB

MbI coxpaHsieM 0603Hau€HHs 13 (2.2.5). Iyete (V, ) — anEILCTaI;:
nenne anare6pu g. O6o3HauuM Hepes A COBOKYIIHOCTB ngx BECOB O
Hocuteabto (V, f). OT0O — KOHEYHOE MOAMHOK€eCTBO B h*.

(2.3.1) [pednosoxcun, 4mo o €A MEAUDN L ae& A 7»’1'_03?3
j = 2(h, ay/{o,a) ecmb HeompuyamenbHoe Yeaoe HUCA0 U

€A 6/1}1’ mex u moavko mex i € Z, 045 KOMOPbLX BHLNOAHERO ycaogue
D<i<i].

HMlokasareabcTBO. Bo3bMeM takoii saemedT v 7= 0 u3 }1{(7»), !:)Tozbz
< Pv, ¥ TIOJOXKHM U = (E_g)*fv, k=0, 1, 2,.... Torna v,
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Hu, € V(A — ko). TlomoxuMm v_, = 0 1 uHAYKUUEH [0 k AoKaxeM
hopMYy Bl

(1) Hu,= A —ka)(H)v, nipu HED, |
@  Eavp=—k (0 @) — 5 (k= 1) (@ @))vey, £=0,1,2,....

[Ipu £ = 0 3TH GopMyaHl OUEBHAHH. [LONYCTHM, UTO OHH CNpaBelJHBH
aasa k — 1. Torpa, B cully NpeAnoioKeHusT UHAYKIIHH,

Hu,= HE ,up, =E Hu, ,+[H, E 4] v,
=E oM —(k—1)a)(H)v,, —a(H)E_qv,_,
= (A — k) (H) E_ovp_, = (A — ka) (H) vy,

Eup,=EE Uy, =E Eup, — HUpy
=E, (—-—h<k — Db @)+ 5 (ke — ik — D) (a, @)) vay
— (= (e — D) (Ho) vy
= (— =1} &y + 5k —1){z )
— (k@) + (k= 1) (a2, @)) vpy
=— (kM @) =kl — 1) (2, @))vey.

Tem cambiM cdopmyanl (1) u (2) moxa3aHHI.

[Ipennonoxum Tenepsb, 4to v; %= 0 u v;,; = 0. Toraa, B cuay (2),
npu kB =j+ 1 Ml uMmeem (9\, a)y — (j/2) (@, a) = 0. Cnenosa-
TenpHO, j = 2 (A, a)/{a, a) U A —ja, A —(j—1)e, .., A npu-
Hajjaexar A.

Jlanee DomycTHM, 9TO CYIIECTBYET UeJNoe YHCAO { > 2, Takoe
yto A -+ i € A. B 3TomM cayuae MOXKHO BbIGpaThb [ TaK, YTO
A (i — 1) o & A TTonoxkum A + ie = Ay # —a = B. [TocKoabky
M EAU M+ PBEA TO

2(h, B —2(h @) o
Y, —20=—2i—j=0.

Ho 3T0 HeBo3MoOxHO, 60 j > 0 u i > 2. Mb jpokasanu, TakuM 06-
pasoM, 4to ecau A + io € A gns HexkoToporo nenoro {, 10 i < 0.

JlonycTuMm, HaKoHem, "4TO0 Ay, = A — [l € A JJs HEKOTOPOro
uenoro ! > j. B 3ToM cayyae MBI MOMeM NPEANIONOXKHTbL AOIMOJHH-
TeJbHO, 49TO Ay — o0 & A, TOCKOJBbKY MHOXKecTBO A KoHeuHo. Tak
Kak 2 (Ay, —a)/(—a, —a) = —j -+ 2, To MBI mosyuaeMm A, — (—j
2 (—a) = A + (I —j) @ € A, 94TO HEBO3MOXKHO, H60 [ — j > 0. []
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(2.3.2) [an moboux 3adanno o € A u X € A momno nadmu maxue
HEOMPUUAMeAbHbE Yelbie 4ucad j u k, 4mo _ ‘
DA+ ia € A(i € Z) mozda u moabko moada, xo2da —j < [ < R;
2) B — j = —2(h a)a, a);
3) A — (2 (M, o), a)) o € A,
4) ecau M+ a € A, mo ELV (A) 5= 0. |
Jokasateanctso. 1), 2) IlycTs k& — Haubogbiiiee 1eJN0e UHCAO,  AAA

KoToporo Ay = A + ka € A. Tak Kak Ay + @ & A, TO, Bcuay (2.3.1),
A, — i € A Torma M TOJIBKO TOTAA, KOIAa

. {hg» @) (A, a) 94
0<i<? <a°, ) -—2<a, = -+ 2k.

CrenoBaTebio, A+ i@ =Ad —(k—i)a € A Torma u TOMbKO
Torga, Koria
3) O<hk—icZ® Lo

(o, &)

Ecau monoxuts | = k + 2 (A, a)/{a, a), TO (3) IKBHBAJIEHTHO
HepaBeHCTBaM — | < i < R _

3) dro caexyer 3 ToOro, 4ro —j < —2 (A, a)(a, @) < k.

4) Kax ¥ npH jaoKasaTe]bCcTBE (2.3.1), BO3bMEM IIEMEHT U 7= 0
u3 V (Ay), anga xotoporo bv < Pu, ¥ NOJOXKHM U; = (E_o)v, i =0,
1, 2,.. Torna v, € V(h — i) =V N+ (B — z). o), W B HacT-
Hoctn v, € V (A). Hocxombky 2 (A, a){a, @) =+ k=k= 1,
TO Up, =0 U v, 5= 0. B cuny (2),

Euop = —k ((hoy @) — - (b — 1) (2, ) U
(hoy @) — o (b — 1) o @) = (b, @) + 5k + D (@, @)
= L — R (o) + 5 (kD ()

— -+ (e, @) #0,

orkyna Eq V(A) 5= 0. [
Onpedenerue. 110C1e10BATENLHOCTD
Ah—jo, A —(j— Do, ..y M oo, Mt ka

u3s (2.3.2) 6yjgeM HaspBaThb o-nocaedosamenbrocmoro (BecoB), cOlep-
wauleit A.

Terneps Mbl MOXKeM JONOJHHTb TEOPEMY (2.2.5) HEKOTOpHIMH HO-
BbIMH pe3y/bTaTaMH:
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(2.3.3) 1) Ecau o, B u a+ B € A, mo Ng, g5 0.
2) Ecau o € A u mo € A(m € P), mo m = +1.

HAoxasareancTBo. 1) TTpumensiem (2.3.2), 4), x (V,p = (g, ad)-

2) IpeanonoxuM, uto o € A u ma € A. B cuay (2’.3.2)
2 (ma, @), @) = 2m  sBAsieTcs wenbiM umcaoM. Ecnu m —. e’
Joe, To m = ;—l, B cHay (2.2.4). Ilpeanosoxxum H03TOMY, UYTO
m=1/2+ m' (m" € Z), u nocrapaemcs NPUATH K NPOTHBOPEYHIO.
[lockonbky =me € A, MOXHO CynTaTh, 4TO M > 0 H, 3HAUHT,
m > 0. Ilycts ma + ia (—j < i< k) ects a.-TI0C/IeI0BATENb-
HOCTb, conepxamas ma. Toraa k — j = —2 (me, a)/{a, a) = —2m
= —’1 —2m' uj=2m"+1+k>m >0 CrenoBarenbHo, mo
—m'a = a/2 € A, B nporusopeune c Tem, uTo 2 @/2) € A. )
(2.34) Ecau o € A u b €A, mo(Ma)€Q u (&, a) — noso-
HCUMENbHOe PAYUOHANLHOE YUCAO.

Mokasarteascro. Corsacuo (2.3.2), ecanm A +ia, —j(A o) <i<

< k (o, A), ecTb Q-II0CJIE0BATE/IbHOCTb, COAepKamas A, To
4) (A @) =—((h @) —k (A @) (x, a).
Orciona BhiTekaer Beuay (2.2.5), uro
(@, @) =B}E]A (B, a)? =%B§ (B, @) — k@, )P (a ),
H, 3HauuT, (a, a) = 4.(5§A (G B, ) —E(, on))z)“1 —  noJo-

KHATENLHOE  panHOHalbHOe uHcao. CiefoBaTenbHo, B cuny (4),

(ha) € Q0

OcHoBHEIE Pe3yMBTATHL 0 HeNPHBOJAMMBIX NPEICTAB/ICHAAX aJre6phl
gl (2, P) SBJSIOTCH NPOCTHIMH CJI€ACTBHSIMHU npeiyoxenus 2.3.1.
Ilo 3To#t mpuuMHe Mbl BKAIOUHM uX B JaHHHIHA naparpad, He HOXKH-
AasCb CHCTEMATHYECKOTO0 W3JOMEHHS B TJa. 7.

(2.3.5) Has xaxdozo 1 =0,1,2, ... cywecmsyem eduncmeennoe (¢ mou-
n[ocmbro do IKBUBANEHMHOCIMU) HenpueoOuMOe npedcmasierue fr ancebpor
8L (2, P) pasmeprocmu j + 1. 3mo npedcmasaenue f; areebpeL

80(2, P)=PH, + PE, + PE_,,
3adaemcs gopmyramu

o

JHavk = (57— £) (o @)oo,
(l) E—avk = Ug_q,

Eati=— <k — b+ 1) (2 a0, £ =0
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ede vy, vy, ..., v;} — Oasuc sekmopro20 npocmpancmea V Had P

t vy = vy = 0. Cosokynrocmb N; gecos npedcmagrenus f; omno-
cumenvbro nodasceOpot Kapmana PH, umeem eud

A]-={—21—-ja, (—;—j—— 1)&, C ——Tja}-

JokasateanctBo. [Iycth (V, f) — HenpHBOAHMOE NPEICTABJIEHUE aJ-
re6pui 8l (2, P). Tak Kak MHOXECTBO BECOB OTHOCHTeNbHO PH,
KOHEUHO, TO CYIIECTBYeT BeC A, JJs KOTOPOTro A + o He sABJS€TCSH
BecoM. [lpuMmenuM npemyaoxkende (2.3.1). Bo BBelleHHBIX TpPH ero
JI0OKa3aTeJbCTBE 0003HAUEHHSIX, JIeIKO NpoBepsercs, 4To Ug, ..., U;}
MOpOXKJIaeT HeHyJ/JeBOe HHBApHAHTHOe MoArnpocTpaHcTso W B V.
Tak kak (V,f) Henmpusogumo, To W = V. M3 pasenctBa H, =
—IE,, E_,] caenyer, uto trf (H,)=0, T. e.

(bt =)+ (= ey =+ D (b — 5 ja @) =0,

oTKyla A = jo/2 (3amernM, uto mojanrebpa Kaprana PH, oxnHo-
MepHa).

TakuM o6pasom, MBI yGeIWJHCb, 4TO IJs KaxJoH Da3MepHOCTH
CyllecTBYeT He Gojiee OJHOTO (C TOYHOCTHIO JO SKBHBAJIEHTHOCTH)
HENPHBOAMMOTO MPEACTABJIEHHS f;, TPUYEM 3TO NPEACTABJIEHHE JOJKHO
sagasatbcss Qopmydsamu (1), [Ipsimoe BHIUHC/eHHE MOKa3BIBAET, YTO

“dopmyant (1) AeficTBUTeNBHO 3a1al0T [IpeCcTaBaeHHe anreoprl 8 (2, P).

[TpoBepum, uto oHO HempuBoauMo. Q6O3HAYHM. yepe3 [; BOOAHE NpH-
BOJMMOE IIpeJCTaBJieHHe, accouuupoBaHHoe ¢ f.. Jdomycrum, 91O f;
NPUBOAMMO, TOTAA NPHUBOAUMO H f;. [ToCKONBbKY BCsIKOE HENPHBOAMMOE
npeacrasjetne aaredpot 8l (2, P) ecTs mnpeiacTaBienne BHAA f;,
HMeeM

f}=fa®fb®

C apyroit CTOpOHBI, Kax0€ cOGCTBeHHOE NojinpocTpaseTso ais f; (H,)
ofjHOMepHO, H motomy A, 1 Ay = &, rie uepes A, u A, o0603Ha-
YeHbl MHOKECTBA BECOB MpeACTaBjeHH# [, M [, COOTBETCTBEHHO.
[lockoambky A; = {27Ye, (2 — 1) @, ..., —2"Ya} u A,, A, HMetOT
aHANOTHYHBIN BHJ, 3TO HeBo3MoxHO. CheloBaTesNbHO, npeAcTaBje-
HUe f; HeNmpUBOAMMO. [] :

3ameuanue. Bec 2-'jo npencraBiienus [; HasblBaeTcs coapuium
8ecOM 3TOTO TPeACTaBJEHHS.

Ynpaxuense 1. B § 2.2 mMbl noxasaas, uto KopHsmu amreSput 3( (n, P) cayxar
a;; ==Ag—A; (npu i ==j). Haittn Q;j-110CIEOBATE/IbHOCTH, COMEPKAUIHE Agf.

3 M. Tl'oto, ®. T'pocexanc
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YnpaxHennwe 2. B 8{ (2, P) moxHO B3ATb

g (VA0 01y L /0 0y
“\ 0 —1/4)’ "—(0 0)’ ‘“—(—1/4 0)’

H CTapIiHi BeC COOTBETCTBYIOUIETO (€CTeCTBEHHOro) IpPeACTAaBJCHHS aJreGphl
38l (2, P) paBen a/2.

2.4. dyHaameHTaJbHAS CHCTEMA KOpDHed H m-cucTema

Mul coxpausieM oGosHaugenus §2.2 m 2.3. Ilyets b — BekTOp-
Hoe mnpoctpaHcTBo Haj Q, mopoxkaenHoe A B b¥.

(2.4.1) 1) dimghs = dimph* = rank g.

2) Bce seca npunadaescam Y.

3) Oepanuuenue Guruueinod dopmer {,) 8 )" na bHy ecmo
Q-3Ha4nas noaoxcumeroro-onpedesennas dopma.

JdokasareabcTBo. BriGepem 6asuc o, ..., @; B h¥, cocrosiuii H3
ajemeHToB A (cM. (2.2.2)). Torma (o, a;) € Q, B cuay (2.3.4),
u det ((a;, @;)) 5= 0. Tlyetp A = x0q + -+ + X0, (x; € P) —
Bec. Torma cucreMa JHHEHHBIX ypaBHEHHH

(1) (o, apx, 4. ..+, apx=_%, o), j=1,2, ... [

MMeeT panMoHadbHble Kosddunuenter u det ((a;, ;) 0. Cneno-
BaTeJbHO, Xy, ..., % € Q, T.e. A € Qq, + -+ + Qo;. B wuacr-

HOCTH, o4, ..., @; HopoxkpalT §;. Tak kak, pasymeercsi, HaGop
{&ty, ..., a;} JUHeHHO-He3aBucHM Haj Q < P, To dim by = /.
Hanee, ans b = x060 + - + x, (x; € Q) MBL uMeeM

(A, A)y= 3 (A, o)
agcA

(A, a) =x, (o, o) 4. .

3nauut, (A, A) > 0, n ecnn (A, A) =0, to (A, @) =0 ana Bcex
o € A, otkyza caenyer, uto A = 0. Taxum ob6pasoMm, sTa GUJIHHeH-
Hasi ¢opMa MOJIOKMTENbHO-OMpeAeSeHHa Ha Bp. []

+X1 (“l’ a’) E Q

OGo3naunM uepes D, BeKTOpHOE INpocTpaHCcTBO Hapx , nopox-
JAeHHOE 3jieMenTaMu Ho (@ € A) u3 §. Jlerko BHAETb, 4TO By MONKHO
paccMaTpHBaTh KaK BEKTOPHOE MPOCTPAHCTBO, CONPSIXKEHHOe K [y,
BBepem (Jekcukorpaguueckoe) ymopspouyeHue B Dy, 10 OTHOIIEHHIO
K (UKCHDOBAHHOMY NpOH3BOJbHOMY 6asucy {fy, ..., A;} npocrpan-
cTBa by, mnogmaras Ay > Ay (MAH Ay < ), €CAHM CYIIEeCTBYeT HOMEp &
(0 < b < m-—1), 1aroit uto Ay (Hy) = Ay (Hy), ..., My (Hp) = Ay (Hy)
U Ay (Hpy) > Ay (Heyy). B cayuae xorga A > 0, MBI TOBOPHM, 4TO
3JieMeHT A nosoxuteneH. Chepyiouiee NpelioKeHHe OUEBHIHO.

S
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(2.4.2) 1) Omnowenue > A81MC AUHEUHbIM YROPAOOHEHUEM, M. €.
048 a00bix Ay, hy € By 6bLNOAHAEMCA POBHO OOHO U3 mMpex COOmHouie-
Hud: M < My, Ay = Ay uau Ay > Ao

2) Hz A > Ay caedyem, umo Ay -+ kg > kg + Ay, —h < —Ay
u vy >rky 92 r(>0) € Q.

Tonoxum A+ =la € A: a >0} u A =i{a € Ata <O}
=]—a:a € A*}. Hcho, uto A=A U A u A* 1 A =g.

Onpedesernue. KopeHsb aH3 A* Ha3bIBAETCS NPOCTbLIM, €CJIH €T 0 HeJb34
3anMcaTh B Buie o = P + vy, rae B € A+, y € Ar. (Hanpumep,
Ha¥MMEHbIIHH TMOJIOXKUTEbHbIH KOpeHb INpOCT.)

[TonmHOKecTBO G B 0§ Ha3bIBAETCA 0pMOZOHAAbHOL cucmemol,
eC/IM KaKIbill ero 3JeMeHT oTavyed oT 0 W aaA Jwobeix A, A € G
(A 5= ') Bomoausgercs pasenctso (A, A') = 0. Ecau Mg, ..., Ay —
OpTOroHa/MbHasi cHcTeMa U rhy + - + by =0 (r; € Q), 710
(hiy iy + oo+ rid) = i (A, &) = 0, nostomy r; = 0 Ans Beex
i = 1, ..., k. CnejoBatenbHo, BCAKasg OPTOroHa/jbHAas CHCTEMA JIH-
HelHO-He3aBHCHMa M COJAEp:KUT He OGonee [ (= dim bo) 3JEMEHTOB.
Orclofa BHITEKAeT, UTO CYIIECTBYeT MakCHManbHas OPTOroHaJdbHasi

cHCTeMa, CKaxkeM lej, ..., g;}. Jdas moboro A € by MOJNOKHM
_ (e
A
Toraa (Ay, e;) =0 mpu i =1, ..., j. Tlockorbky {ey, ..., e/} —

MakCHMasbHas OPTOroHajbHasi CHCTEMA, Mbl 3aKJiouaeM, UTo Ay = 0,
T. €. A ABJsgeTcA JHHEHHOH KOMOHHAIUEH 3J1€MEHTOB &y, ..., €;. *I/ITaK,
MBI 0Ka3aJ4 CyYIECTBOBaHHE OPTOrOHaJbHOro 6asmca B fo.
[TockonbKy B — BEKTOpHOE mpocTpaHcTBO Hal Q =R, MoxHO
noctpouth (h5)® = Hz. CkanspHoe MpOU3BEJeHHE B Dy MOKET ObITh
€IHHCTBEHHBIM 06pPa3oM NPOJOJKEHO A0 CKaJAsPHOTO MPOH3BEIeHH
B HR, KOTopoe MbI 0603HauHM TeM ke cuMmBosioM. Ilyctb ey, ..., ¢, —
HEKOTODHIH OpTOroHa/dbHbI 6asuc B By. SlcHo, yTo on Oymer Ga3H-
coM npoctpancTea bp Hax R. CnenoBarenbHo, Ajs A = Nrie (ri €ER)
mbl umeem (A, A) = X ri{e; e) > 0, u u3 (A, A) =0 cienyer,
ut0o A = 0., Takum o6pasoM, pacliHpeHHOe CKansipHOe NPOU3BEAEHHE
B DR MOJOKHTEIbHO-OMPELENEHHO.
. Has A € bg nonoxum ||A] =V (A, A) ¥ nas mobeix Ay (5= 0)
H Ay (5= 0) u3 Hg ompemenum yzoa 8 = L. (A, Ay) MemAY My U A
(0 < 8 < 180°) ycioBueM cos 8- &y [-[Aq | = (M, Ae). B nanbuen-
weM, KOTAA 3TO HaM GyHeT HYKHO, mbl Oydem npednosazams, 4mo ho

| Agamemca nodmmodncecmeom aexaudosa npocmparcmsa br ¢ yxasau-

HOIM  PACULUDEHHOIM CKAAAPHOIM npoussedenuem. Hanpumep,  Aad
HEHYJIeBBIX Ay, Ay € b3 Ml GygeM paccMmarpuBath yroam 2. (A, As)
MeXLY M H Ay '

3*
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Onpedeaenne. B npocrpancrse RY co ckalsapHBIM npoU3BeAeHHEM

]
<(x1’ ey x!), (yl.’ voe ey y£)> = E;xiyi

MOAMHOKECTBO [ Ha3bIBAETCH KOpHeBol cucmemot, ecsu

1) na moboro o € D Mbl uMeeM: o 5= 0 0 Ra 1 D = {Fal;

2) nns mobeix a, p € D Mo umeem: 2 (B, a)/{e, a) € Z u
B-—+ka € D ana Bcex UeNbIX YHCEJ k£, 3aKA0UeHHhXx Mexnay O
u 2 (P, ayia, a. .

B cnyuyae korma He OroBOpPeHO MNPOTHBHOE, MbI NpEeANoJaraeM,
utro D nopoxpaer R'.

OroxpectBuM hp ¢ RY  Coraacuo (2.3.2), mHoxRecTBO A, paccMma-
TPUBAaeMOe KaK NOAMHOXKECTBO B D, VAOBJETBOPSET YCJIOBHIO 2),
a MOIMOUUHMPYS AOKAa3aTeNbCTBO mnpepioxenus (2.3.3), 2), MOXKHO
JOKa3aTb U crnpaBeliiBOCThb ycaoBuda 1). Takum o6pasom, A sagasemces
KopHesol cucmemoll.

(2.4.3) llycmo a u P — pasaudnsie npocmoie kopru. Toeda

1) (@, By <0, m. e. L (x, B) > 90%
2) a—p&EA.

JoxasateasctBo. [Ipennonoxum, uto o« — f € A. Ecim @ — B > 0,
To oo = (@ — P) + B, uT0 NpOTHBOpPEUYHT npocToTe &. Ecan @ — B < 0,
To B = (p —a) + @, cHOBa B TPOTHBOpEUHE C YCJAOBHEM TPOCTOTHI
kKopHst B. CaemoBatennHo, o — [ &€ A. D710 o3HaydaeT, uto P-mociae-
JIOBaTe/IbHOCTh, COAepiKaliast o, paBHa o, a + B, ..., o + kB, rme
k= —2 (a, B)/(B, B). Takum obpasom, (e, B) < 0. []

(2.4.4) O6osrauum uepe3 T COBOKYNHOCMbL 8CeX NPOCMbX KOpHel u3 A
(omrocumeabro HexKOmMopo2o GUKCUPOBAHH020 YROPAOOHEHUS).

1) n = {oy, oy, ..., @;} 0Opasyem 6Gasuc 8 Yo.

2) Ecau B € A+, mo

) B=noy + . ey,
ede n; € Z, n; =0 npu i =1,2, ..., 1

JokaszarteabcTBo. lonycTum, 4To

Iy = o Oy = Oy — o =Py =0,
TAE Iy, ..., Iy, — TOJNOMHUTENbHBE palHOHAJAbHEE YHCIA, A Oy, ...,
Qspy — PASMUYHBIE 3JEMEHTH M3 T. [loJoMuM

V=0 '+rsas=rs+1as+1+- AT - Py

Torma (v, ¥) = X rifee; (@, @) < 0, BBHRY (2.4.3), 1). C apy-
rod CTOpoHHI, ¢y, v) = 0, Tak uto vy = 0. CinejoBarenvHo, ri¢; +
+ ria, = 0. Ho u3 cooTHoweHui r; > 0 u «, > 0 BBEITEKaeT, 4TO

[
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ro; >0 u roy + -+ + rya; >0, — nporuBopeyne. Hrak, 7 —
AUHEHHO-He3aBHCHMAasl CHCTeMA.

TlokaxeM Ttenepsb 2). To uro n nopoxnaaer by, OymeT oTciofa cie-
noBatb. [IpennosioxuM, uto A* = {By, ..., Be}, O < By < .o < Bee
Torma Py € =. JlonycTum, 4TO BCE B, umeior TpeGyemuifi BHUL (*)
npu i < j, 1 paccmorpum B;. Ecou f; € 7, To Bce OueBHAHO. Eciu By
He sBJASETCs MpocThiM KopHeM, To B, =B, + B, (s <j u t < ).
Cie0BaTeNbHO, 110 MNPEeANno/OKEeHHIO HHAYKUuH, P, K B; umeror
BUJI (%), W, 3HAYHT, TeM ke CBOHCTBOM obnapgaer P;. 0

Onpedenenue. TToIMHOKECTBO 7T MHOXKECTBA A HA3BIBAETCS (yHOa-
MenmanbHod cucmemotl KopHel, €CJH .

1) n = {oy, ..., &/} obpasyer GasiHc NPOCTPAHCTBA bo ;

2) ecakoe B € A npedcmagumo 8 8ude

B=ra, +...+noin €7Z),
roe Bce n; > 0 wuau Bee n; < 0. i
CorsiacHO (2.4.4), MHOXECTBO I BCeX NPOCTHIX KOpHeH (OTHOCH-
TeTbHO HEKOTOPOro GHKCHPOBAHHOTO YIOPSNOYEHH:) €CTb (yHHaMeH-
raAbHAas CcHCTeMa KopHefi. TIOKameM, 4TO CHpaBelJHBO OGparTHoe.

(2.4.5) Hycme n = {oy, ..., &;} — PyHOaMermaArbHAR cucmema Kop-
neti. Toeda n cosnadaem ¢ COBOKYNHOCMbIO 6CeX NpPOCIMbLY KopHell om-
HOCUMEABHO HEKOMOpPO2O AeKcUKoepaguyueckoeo ynopadodenus Bo.

Jtokasateanctso. Ilycte Hy, ..., H, — 6asuc B D, onpejeneHHbIH
dopmyaoh a,; (H;) = 8;; (cumBoa Kponekepa). I'ofuTea oTBedaiomee
eMy ynopsaoueHnue. [].

Onpedencrune. BeeneMm B R! o0bldHOE CKANSIPHOE NPOU3BENCHHE
1

(Fpy « - %)y Wy -0 Y)) = 21 XYy
=
TMonMHOKecTBO &t = lay, ..., o} mpocrpancta KR! HasbiBaeTcs mi-cu-
cmemoil, eciiy
1) na6op {oj, ..., o} NHHEHAHO-HE3ABUCHM,;

2) ¢;; = —2{(a;, apf{a;, ;) € Z upui,j=1, 2, ..., |
npuueM ¢;; > 0, ecau i 5= j.

Bynem HaseBaTb ¢;; 2ucaamu Kapmana, a MaTpuuy (c;;) — mam-
puyeti Kapmana. BcesKyo (yHZaMeHTalbHYIO CHCTEMY KODHEH 7

MOXKHO paccMaTpHBaTb KakK M-CHCTEMY. 4

(2.4.6) Tycmov {0y, ..., %} — PyroamenmarorHas cucmema Koprell.
Toeda mHoocecmso (Eq,, ..., E“z’ E““l' . E-“z} noposxcdaem g.
JloxasaTeancTBo. [1ycTb k. — mofanre6pa, NopoxAeHHas SJIEMEHTaMH[
E ia, (i =1, .., 0. Tak gaK [E“z’ Ea[] = — Ha‘_‘n MHOXECTBO {_Ha”
JAHHeHHO-He3aBHCHMO, TO mojanre6pa Kaprana h colepkurcs B k.
JlomycTHM, 9TO CYIIECTBYET 3JeMeHT f € A*, IjIs KOTOpOro Eg & k.
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BosbmeM HauMeHbMMH 3JeMeHT P, 00JafawIUHA 3THM CBOf‘ICTBOM
[Tockonbky P & n, HafinyTes By, Be € A+, Takue uto Py — P = P.
Torna Eﬁ” Eﬁz € ku [Eﬁ., Eﬁz] = Nﬂl,ﬁzE[—} =0, B CHNY (233)
Mut npuusiy k nporuBopeunto. CiaepoBatesnbHo, Eg € & pas awo6oro
B € Ar. AHanoruuno ecaiu y € A, 10 E, € k. [losatomy k£ = g. ]
-CHCTEMA T HAasbiBAeTCH Hepas’Aoxcumoti, eCld HeJb3sl YKa3aTb
[Ba HENYCTHIX €€ MNOJAMHOXKECTBa Ty U Ty, TAKUX 4TO 7, |} My = m,
Nl w, = H (A 0y = 0 A8 MO6bIX o; € Ty, ay € Ty,

(2.4.7) DyrnoamenmaroHas cucmema KOpHel U Hepa3aouma moeda
u moavko moeda, Kozda aireebpa § npocma.

Hokasateapcrso. [Ipexnosoxum, 410 0y, P € © u (a, B) = 0. Mn
sHaeM, 410 P —a & A. Ilyems B, B + 2, ..., B + ko ectb a-mO-
CJiel0BATENbHOCTE, coflepxallas P; Toraa £ = — 2(?), a/(a, a) = 0,
CnegoBatenbto, p + a & n u [Eig Eqpl =

HonyctuMm, 4to 7 = {dy, ..., &, Py, ..., B}, THE (20, B;) =
O6o3nayuM 4Yepes g, mojaqareépy, HOpO}KlLEHHy}O 3JIeMEHTaMH ij
(i=1,..,5, a uepes g, — mopanre6py, nopoxiexHywo E.p
(j =1, ..., 1. ScHo, uro lg,, g, = 0 u g, + g, npeacrasasier co6oH
nogaiare6py, nopoxienuywo {E.q: o € n}. B cuay (2.4.6), a; + a,
= g. CrnegoBaTenbHO, g; U g, — HAeanbl B §, NpHUYEM Higeasa g, INO-
aynpoct. [lockombxky g4, g4 (1 go] = 0, MBl umeem g¢; () go =0
Hg=g; &g, (NpsiMmast cymMMa HAeanoB). ITO AOKa3bBaeT, YTO €CJIH
aarebpa ¢ mpocTa, TO CHCTeMa T HepPasJoxkKHMA.

IokaxeMm o6paTHoe. [IycTh g €BJsETCs NPAMOM CYMMOHA ABYX
HJeasoB ; H (! g =g, ® qz, g 5= 0, H nycte @ € n. Ilpexno-
JOxuM, 9T0 E, = E, + Ey, E, € g, (i = 1,2). Ins H € b umeeM
[H, Eq) = |H, E;1 + [H, E;l = a(H) E1 + a (H) E,. Tak xak
{H, E;]1 € g;,t0 |H, E;]=a(H)E, U3 Toro uro dim g () = 1
u £y, E; € q( a), caeayer, uto E; = 0 uan E, = 0. Takum obpa-
30M, KaXJbli 3JeMeHT E, conep>XUTcsi B OJHOM H3 HpeasoB g,. Kpo-
me Toro, M3 cooTHouwleHus [E,, E_o] = —H, 5= 0 BHITeKaeT, 4TO
ecmu £, € q,, 0 E_, € g, u H, € gL. ﬂonyCTHM, yto E, € g, ©
Ey € q,. Toraa [A,, Egl = (a, B) Eg = 0, u noromy (oc, By = 0.
[Iycs n, = tao € m: E, € g;}, { =1, 2. Ecaw ny = &, TO, cor-
JIaCHO (2 4.6), g, = g — npoTUBOpeune. 3HAUWT, T; 5= & H T, 5=

- .

anaxmel-me 1. Ha#tu cpyﬂnameHTa.ubﬂy}o cHcTeMy KopHelt aas 3l (n, P), n > 2.
[Omsem: a; ;i1 i=1,...,n—1.]

Ynpaxnenre 2. IMycrs By — JiMHeHHO YNOPANOYEHHOE BeKTODHOE NPOCTPAHCTBO
Haj (Q ¢ OTHOLUEHHeM NOPAAKa >, YAOBJAETBOPAIOMEM ycaoeuam 1) u 2) ns (2.4.2).
Torpa > sBaAeTCA JIEKCHKOTPAhHYECKHM YIOPSAOUEHHEM. OTHOCHTEJBHO HEKOTO"
poro Gasuca B D,.

Ynpaxuenue 3. MOXHO [aTh ONpele/]eHHe HEPA3NOKUMOK KODHEBOR CHCTEMBI
aHaJIOTHYHO TOMY, KaK 3T0 GblJIO clejaHo JasA f-cHcreM. [JoxkasaTh aHajJor TeopeMH
(2.4.7) a7 nNPOM3BOJNLHON KOpPHEBOH cHCTeMH A.

2.5. Kaaceupuranus w-cucmen 7!

Ynpaxuenue 4. B onpefesieHHH KODHEBOH CHCTeMBl YCJIOBHE 2) MOMKeET ObiTh 3ame-
HeHo 6Gosiee cJ1abbiM YCJOBHEM

2) pst mobnix o6, B € D Mbl umeeM: 2! ['3 ay{o,a)y € Zup —2 (P, a)a,
a) € D. )

JlokaszatenbcTBO OyleT naHo B §5.1.
2.5. Kuaaccudukauus n-cHcTem

[Be m-cucteMbl T = {a,, ..., oy} U & = {@;, ..., @;} HasBIBaOTCS
sKeusanrenmrbimy (OOO3HAUEHHE: IT =< ), €CJH COOTBETCTBYIOIHE
urcna Kaprana y HHX coBranarmoT. EclH cylecTsyeT mosoxKHTeNLHOE
BelIeCTBEHHOe UHCJIO 7, Takoe 4To @, = ro;, (i = 1,2, ..., 1), To
n = n. Haligem Bce (C TOUHOCTbIO JO 3KBHBAJEHTHOCTH) HepasJo-
>KUMbIE IU-CHCTEMBL. ,

[Myete m = {oy, ..., a;} — HeKoTopass m-cucTema. Mcmoabays
o6o3HaueHune cos af = cos /. (a, B), mMbl uUMeeM npu i & j

4 (a;, aj)?
CiiCji = o, (Z[>L<(ZJ'J,>GI> = 4cos?a,a;.
Tak xaxjcos o;a;|< 1, 10 ¢;5c;; = 0, 1, 2, 3. Tlpeanonoxum, 4To
Fo ] > o]
Cayuair 1: ¢;;c;; = 1. Torma ¢;; = ¢;; = 1, T e.
—2Ce %y = 2(% %)
(aj, a;) (@, ap) '
CnenoBaTenbHoO, ||oc | =]l W3 paBencrBa 4 cos® aa; = 1 Mol
nosnydaem, urto ;. (o, o;) = 120°,
Caywad 2: c;ic;; = 2. AuanoruuHo mpeipiiylleMy uMmeeMm ¢, = 2,
¢ =1, a notomy Ja P =2]a;P 1 . (o, ;) = 135"
Cayuaid 3. cjc, — 3. Uweem ¢;; =3, ¢;; = 1, mosaromy | a |

=3P u L (a“ a;) = 150°.
Cayuwaii 0: c¢;ic;; = 0. Torpa [ (2, o)) =90°u ¢;; = ¢;; = 0,
0JIHAKO o;umﬂax BeKTopOB HUKAKOH HHMOPMALHUKU MbI HE NOJydYaeM.
Huazpamma [donkuna D () cucTeMbl T COCTOHT U3 [ BEpLIHH
(H306paxaeMblX B BHJE MaJeHbLKHX KPYKKOB), IO OJHOH Ha Kaxpuoe
a; € m, M HEKOTOPOro MHOXKEeCTBa OTPE3KOB, COEAHHAIOUIHX 3TH
BepwHHb. Mol npoBoauMm O, 1, 2 MK 3 NHHUH OT &; K O; B COOTBET-
CTBHH C TeM, ¢;;¢;, = 0, 1, 2 unu 3. B cayyasnx 2 u 3 cTpenkoi yka-
3bIBA€TCA COOTHOLUEHHE MNJIHH BEKTOPOB o H a;’. Takum oBpasom,
NEPeYHCIeHHBIM BbIIIE CJAydyasM OTBedaloT JHATPaMMB

0) % )% & o
o 'o LD

(2 o

2) O N d-i 3 U-" d-'/
O—=0 )

1 Crpeska CMOTPHT B TY Ke CTOPOUY, WTO H COOTBETCTBYIOLIMH 3HAK HiepABeH-
crBa. — {Ipum. ped.
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[oBopsIT, 4TO ABa 3/€MeHTa ., B CHCTeMBI Tt c8A3AHbL MEXAY COBOH,
ecad {(«, B) == 0. HOAMHO}KGCTBO D, B D (%) HasbiBaeTCca C6A3HOLM,

ecau AJs awobbix o, § € D; HalAeTcss NOCAeROBATENbHOCTb & = Y,

Vi, s ¥ =P B Dl, Takasd, 4TO 3JeMeHTHl V;, Y., CBA3aHbI MEXAY
cobo#t ana [ = 0, ..., k— 1. fcHo, uto guarpamma D (m) cBs3Ha
TOTAA H TOJBKO TOTAA, KOTJa cHCTeMa 1 HepasgoxuMa. [lanee, ecau
auarpaMmmel D (nt) 1 D (7t) 130MOPGHEL B O4E€BHAHOM CMBICJIE, TO T =% T,
TaK KaK NpPHBEJEHHEIe Bbllle juarpammel 0) — 3) ogHO3HAUHO oOfpe-
AENSI0T 3HAUeHHs ;.

(2.5.1) Han ecakod n-cucmemor s = {0y, ..., &} 4HUCAO nap eepuilH,
cesizauublx Opye ¢ Opyeom, He npesocxodum [ — 1.

Jlokasateancrso. ITycts v = ) oy (/]| o |]) 52 0. HMeenm

{
_ N\ e o, @)
o<y, v = I o T Toy a7 1 2 Z“ :

AR
. 2 {ay, O‘/>
—Z+Z EARETR

—2{a;, o))
NEARET
r.(]

OTKyja
<.

C Apyro# CTOPOHBI, €c/lH @; U &; CBA3aHHI MEXAY cOGOM, To, Mpearno-
naras il ONPEJeNeHHOCTH, 4To o, | > | a; |, Gyzem umerb

—2ay @) —2(a, %) -

e fI-oe; | T =Cci>1.10

3aMeTHM, YTO Kaxaoe NOAMHOXKECTBO Jt-CHCTEMBI MOXHO paccma-
TpHBaTb KAaK J-CHCTEMY.

=

(2.5.2) ITycmv n = {ay, ..., oy} — Hekomopas W-cucmema.
1) D (n) ne umeem yuxkaos, m. e. noOmmuosxcecms oy, ..., o},
maxkux 4mo <a’17 a2> Ea O .y <(Zk 1 ak> ﬁé 0 H <a/?.7 al) 7& 0.
2) Ilycme Dy — cea3noe noamuomecmeo 6 D (n). Ecau a0 € D (n)
u o % Dy, mo cywecmsyem ne 60aee 0dnozo B € Dy, ceasannozo ¢ o.
3) Yepes xancdyro sepuiuny npoxodum we 50/zee mpex 0mpe3Kos.
4) Ecau m Hepaa/zowcu/ua ul=3, moD (n) ne codepacum nod-
MHOoKcecms euda , :

E===0 .

,Zloxaaare.nbcrso. 1) Ecam {ay, ..., o} — OuKJ, T. €. (o, &) 5= 0,
v (Qpg, o) FE 0, (o, o1) = 0, TO m-cHcTeMa {ay, ..., Oy} UMeeT
o KpaiHed Mmepe k nap cBSI3aHHBIX APYT C APYIOM BEpIUHH.
2) Ecnu o cBsizano ¢ By, By € Dy (B = Ba), TO MBI HMe€EM IUKJI.
3) Ilycte f npUHAmAERHT 7T H Q, ..., Gp — BEpUIHHbI, CBSI3aH-
upie ¢ B. Ecau «; ¥ o; cBs3adb Mexay C060H npu i = j, o D (m)
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CONEPKHUT LHKJI, UYTo HeBo3MoxkHOo. CiefoBarempHo, (o, o;) =

npu i, j = 1,2, ..., ku i == j. Ilyctb o, (+0) — BekTOp B HpOCTpaH-

cTBe RA+L, I‘IOpO}KlIEHHOM BeKTOpamH P, oy, ..., @z, YAOBJETBOPSIO-
o . k 2

WHA yeaoBHIO (04, ;) = 0 (1 < i < k). Torma Y 7—gcos’ Por; =1.

Tak xak MHOxecTBO {f, &, ..., ax} JHHEHAHO-HE3aBUCHMO, TO

k
(B, o) 70 u Y 4cos?Po; < 4.
i=1

C apyro# cToponsl, 4 cos? fa; = 1, 2, 3 ecTb 4HCJIO OTPE3KOB, COEAHU-
Haomwux f ¢ o;.
4) Ecau BepiunHsl o U f§ coefuHeHbl TPeMsI OTPe3KaMH, TO, B CHJIY

3), oHH He MOryT ObITb COeAMHEHLI HH C OJHOH ApYyrofl BepmHHOH. []

[Iycts v = {oy, ..., o} — HeKoTopas n-cHCTeMa. [logMHOXecTBO
C = {og, ..., o} HasbiBaeTcsi 00HOPOOHOU yenbvro, €CNH Gy, 14y
=Ci4y,; = lmpu i =1,2, .., k—1, T. e, COOTBETCTByWUIas YacTb
JHATDaMMbl CHCTeMLI HMeeT BHJ

(2.5.3) [lyemv 8 m-cuctmeme T = {ay, ..., %, By, ..., B;} nodmuo-
scecmso C = {aq, ..., ax} ecmov oduopodunas uenv. Toeda daxmop-
cucmema w/C = {e, By, ..., B;}, e0e a = oy + ... oy, maKrme 8-

asiemea n-cucmemoli. Juazpamma D (n/C) noaysaemcs credyouwum
obpasom. Mewdy sepuunamu B, u P, nposodamcs me xce ompesru,
umo u ¢ D (n). Kamdan eepuiuna P, coedunena ¢ D (m) ne bosee dem
¢ 00noll u3 sepuiun o.; ecau Py He coedurnena 8 D (1) Hu ¢ 00HOUE U3 &,
mo Mot He coedunaem P, ¢ o, a ecau Py coedunena ¢ a;, mo coeduHseM
ee ¢ o MOYHO mak xHee, KaK ona Oera coedurnena ¢ o, 8 D (7).

JokazareabcTBo. Ecnu BepuinmHa f, coejuHeHa ¢ o, TO

—2{ay . Ao Bs) . —2(a Bs)
(Bs: Bs) (Bs» Bs)

Tak Kaxlloqfl = ... = |lag]l #u

k=1 &
o -+ el =2 X (e, o) + 2 e

TO, WCMOAb3Ysl paBeHCTBO —2 (o, & )/||a; [P = 1, nonydaem
Pe= (ke — Doy P+ Rl P = | o 1>

Cnenobatenapno, —2 {«, [3,3/(05, a} = —2 {ay, Bollay, o). []

[ o,
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(2.5.4) Oduarpammnl

He mozym Obime nodmuoNcecmeamu oOuacpammor JbHKUHA.

JokasareabcTBOo. PaccMatpuBasi COOTBETCTBYIOULHE (aKTOpAHATDAMMEI,
MOXKHO HaHTH BEDLIHHY, 4Yepe3 KOTopylo mpoxoasaT 4 oTpeska. []

I/ICI'IOJ'IbSyH AOKa3aHHbl€ Bbille€ Je€MMBbI, MbI [TOJYUHM cefiyac KJac-
cm;onxaumo HEepasJOXKHUMBIX TI-CUCTEM C TOYHOCTbIO A0 3IKBHBAJNEHT-

HocTd. B cnydae /=1 cymecTByer TOJNBKO OfiHA AMarpamma
Ilpu [ = 2 uMeem TpH auarpammbl: o—0, O==0 , E=>0
[lpennonoxum tenepb, 4to [ > 3.

Caywaid 1. Juarpamma D (m) comepxutr ©O==0, . Torga oHa

HOJ2KHA HMETb BHI

o, o, g Pt B
Tak xak [oy | = u B, P = =|B: P = 2[ e ff, 70,
MeHs s npu HeO6XOL[I/IMOCTI/I wacmTa6 MBI MOKeM npeanosarartb 4ToO
lee, =1 u|B;F =2. B cuny paBeHcTBa
‘2\0”1.’ CZ"+]> — 1
, o; “2
uMeeM {oy;, o, = —1/2. AHamoruyno B By = —1 n (a, By

= —1. Tlyetb o = 3 i ic; 1 P = }_f=1jﬁ,. Torna

S

S s-1
(o, @) = Z Bl 42 X0l 1) (o, )

i=1

\
I
—

J
J
o

ll
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Ananoruuso (f, [3} =t{#+1),ala ) = —st Cnpyro? CTOPOHEI,
NOCKOMBKY o W P anHelino-nesaBucumbl, (o, B3 < [P B I,

A )

Orciona moaydaeM, uto (s — 1) (t —1) < 2.

[TocKONBKY § M ¢ — NOJOXKHTEJbHBIE YHC/Id, BO3MOXKHbBI JIHIIb
TpH caydas:

1) s =1, a { NpPOHU3BOJIBHO;

2) t =1, a s NIpOU3BOJIBHO;

3)s=1¢= 2

Cayuati 2. JunarpaMma D () He uMeeT NOAMHOKECTB BUAd OO0

Ec/u HY 4epe3 OQHY BEPIIHHY He IPOXOAHT TPEX OTPE3KOB, TO UMEETCSH
€AHHCTBEHHAA BO3MOIKHOCTL!

B nuporuBHom cayyae D (%) poakHaA HMETb BHI

bl o 8 By - By
OO s - it —o—o0
Z‘Yuq
.
Mbl MOJKEM cudTaTh, He Tepsas obuHoctd, uTo ooy | =B, 1 = | v I
=|8)=1us>t>u>2 Tlogoxum

s=1 -1 u-1
= Yia, p=X B, v=2 ke
i=1 j=1 k=1
Torga
1
2

[alf = —s(s— 1), B ==t = 1. |yP= g ula— 1)

(e, 8)5——2-(3—1 B, 6

—_ l — it =1, (v, 6\~——~-——-Hl——l)

Taxk KaK BEKTOpHI &, B ¥ B3aUMHO OPTOTOHAJbHEL, TO HAWJeTCA OpTO-
TOHANbHLIA GasuC ey, ..., ¢; B RY, Tako# 4t0 € = o, &, = P ey = 7.
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I'Iocxonpxy MHOXECTBO {e;, €,, €5, O} /MHHelHO-He3aBUCHMO, HalneTcs
HOMep L > 3, ana xoroporo (9, e;) %= 0. CaenosaresnpHo,

‘
‘5 cos®e,d << ) costed = |.
t"‘l jo=)

C ApYroH CTOPoOHEL,

62 R 6, @)z 1
cost o = e = 7 (1 —
1 1
a cos? B8 == - <1 - T) , cos® 48 = Taxum obpa-

)
) <1, OTKyna L

1 1 1
3“}7(1 )+ (t =)+
- 1 [ 1
Tt > I'Iocxonbxy u>=2, TO ~ + 7> Ha Toro,
49TO § = ¢, cJAenyer, UTO — >—-— T. e ¢t <4 3gayur, t=2
HIH { = 3.
Ecnu t =2, T0 u =2, a s NpoU3BOJBHO.

1 1 ‘
Ecan ¢ = 3, To us HepaBeHCTBa——f— 3 >—;— MBI  TIOJIydaeM,

uto 8 < 6 H, cAemoBaTesabHO, § = 3, 4 unu 5. B rakom cayuae u3
1 1
HEpABEHCTBA —— > ) —— —~ "~ -7 BhITekaer, 410 « = 2. 2370 HC-

HEPTIBIBAET BCE BO3MOXKHOCTH. [10ILITOXKUM NOJNYUYEHHBIE DE3YJIbTAaThl:

(2.5.5) Teopesma. Mycmp r« — Hepaaroxcumasn s-cucmenda. Toeda uae-
pamma loimkuna D (1) cosnadaem ¢ odnoii usz eaedywuwux duazpamm:

A, O—O0—+++ —0—0 IR
5 O——O—— +++ —0==30 (=2
Cy OO+ ot =0 123
Dz O“""O'M‘si——o I >4
E‘{ [ 2NN SRS ]=S,7.H

£ o W, S S
GZ A’ —=N

Hafinem sn-cucremnl, COOTBETCTBYIOUHE AHarpammam A,, B, €, u D,.

1
i

!
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1) A;: TIycth e, ..., €., — OPTOHODMHPOBAHHEI Gasuc B R+,

T. €. (e, €;) = 8;;. TomoxuM o0, = ¢, — ¢;,, (i = 1, 2, ..., I). Torza
Haﬁop {ety, ..., o} nauHeHAHO-He3aBHcUM U (&;, @) =2 (i=1,

2, ..oy 1), (@ Qyy) = —1 ((=1,2, ..., 1—1), (al,a) = 0, ecau
js=i—1, i,i+ 1. Cucrema {al, ey a,} ABJIAETCH  71-CHCTEMOl

c ,zmarpaMMOﬁ A,

2) B, C,, D Tlycrb éy, ..., ¢, — OPTOHOPMHPOBAHHLIN 6asHc
B R Tlonaras a; =e —e. ,, [ =1,2,..,1l—1, u

g By o, = e,

s C; . oy = 2¢,

g Dy oy = e_; + e,
NOJYYHUM ft-CHCTEMBbI C AHarpamMmamu B;, C; u D,.

QaxkTHYeCKH, Bce )IPIaI‘paMMI:I JIbIHKHHA peanu3yroTCs KakK -CH-
CTEMBI.

¥ npaxunenune 1. Hafitu m-cucremsl 1ast Gy u F, (xopowo 6bl 1 uas Eg, E;, Eg).

Ynpaxuenne 2. [Ipeo6pasoBanne, OTBeyamliee HEBHIPOXKIGHHOH MaTpuue 0 113
gl ({, R), nasmBaercsi npeobpazosanuem nodobus, ecnu {(Ou, 90) =r{u, v) (u,

v € RY) 149 HeKOTOPOro MOMOXKHTENbHOrO 7. IIyCTh T = |y, ..., 0y} 1 7t == [ay,
.., iy} — HepasNOXKHUMBEIE Ti-CHCTeMBi. Ecam 71 o= m, T.e.
2y, ) — 240y, G5 —z
i o =%
(o o) (a;, a;)

TO oTo6paxkende O, ompemesennce dopmynoit 0 (¥ x;o;) = L x;0; (x; € R). sap-
ngercs npeoépasoBaHuew noao6ust (1 o6paTHo).

2.6. Knaccudmkauus npocteix aaredp Jin

[IpencraBnsieTcst YMECTHBIM 3aJepiKaTbCsA 3Jech AJsi HeBOJbILOTO
oTcTynJiedusi. Beskas mnomanre6pa Kaprara [aHHOH NONYnpocTOH
anre6pel JIM g onpepessieT pasjioKeHHEe g HO KOPHEBBIM MOANPO-
CTpaHCTBaM H (PyHZAMEHTAJbHYIO CHCTEMY KOpHEH. DTy (PyHIaMeH-
TAJBHYIO CHCTEMY MOXHO PacCMaTpHBAaTh KAaK T-CHCTEMY, H MBI TOJIbKO
YTO 3aBepIIMJH KJacCHhHKAUMIO nocaefnkx. llenp nanHoro na-
parpada — mokasatb, U4TO KJacCHHKAUUs NpocThX anare6p Jlu Han
asrefpanyeckH 3aMKHYTHIM nojieM P xapakTepucTHKH O coBnajaer
¢ kaaccudukanuei m-cucteM (cM. (2.6.6)). Ha nporsxenun sToro
naparpacda g o6o3Hayaer moJynpocTyio anrebpy JIn. Mel coxpaHsiem
0GO3HaueHHs, BBeieHHbie B §§2.4 u 2.5

(2.6.1) Ecau B € A+ u P & n, mo cywecmeyrwom saesenmo, o € T
uy € A+, makue umo § = y + o. [Ipu smom a-nocaedosamerbroctis,
codepacawan B, m. e. colepacawas y, codepmcumcs 8 A*.

HMoxasareasctso. Jonyctum, uto P = moy -+ ... + may (1, > 0).
[ockoabky (B, By =n, (ay, B) -+ +-n; (e, Py — nosoKuTEAbHOE
JHCJI0, TO cyLueCTByer HOMEp i, zum KoToporo #; (@, l3>>') Or-
ciofa cjepyeT BBHAY (2.32), uto P—a; € A, a Tak xaxk n; > 1,
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Mbl 3akmwouaeM, uto P —oa, >0. Ecnu p —ja, =na, +~. .. = (n;
—j)e; 4. ..+ ne € A(j>0), To, NOCKOIbKY €YHIECTBYeT k¥,
a5 ROoToporo f, >0, Mbl umeeM n;, >j u f—jou,>0. [ - .
(2.6.2) [Mycms g — noaynpocmas aacebpa Ju ¢ nodarzebpoii Kap-
mana §, Kopuesoil cucmemold A < Yo u pyndamenmanrerod cucmemoil
n < A. [lycme, Oaree, § — noaynpocmas anrzebpa Jlu ¢ nodareeGpod
Kapmana Y, Kopuesoid cucmemoid A < b, u yndamenmansvrod cu-
cmemotdl 1 < A. Ecau 1 = 1, mo smom udomopdudm donyckaem ecme-
cmeerHoe npodoaxcerue 00 AUHEIHO20 usomoppusma @ u3 bo ma by,
makozo umo ¢ (A) = A u

(@), @) =1, p) 022 A, u € bo.
HoxasareabctBo. [Ipeanosoxum, uTO0 = = |y,

) u
(o aj) _ (8i &p) -
<OC/‘7 OL/) <(l/, (—l/>

npu I, j=1,2, ..., 1,

H 3a]agMM (¢ DaBEHCTBOM
eroy + .o =roe, 4. 40 (1 € Q).

HOas mo6oro snementa f = n,a
ero swcomy | B| dopmymoit | P
+ | n;| u nomoxum A, =1{p € A |B|< s}, s=1,2,... ScHo,
uro A; = {+aa € o} u Ay = A ansa pocTaTOwHO O6OJbIUHX  S.

Ananoruyno onpemenum A,. Jloxaxem HHAYKUHEH N0 S, 4TO @ (A)
= A;. Ilna s = 1 370 oueBHAHO. T109TOMY NPEANONOKHUM, 4TO ¢ (A ;)
= A,_,, 1 IoKaxeM, 4To ¢ (A;) = A, (s > 2). O4eBHaHO, AOCTATOYHO

yCTaHOBUTh, uTO @ (A, | A*) < A. lonyctuMm, uto f§ € A, |B]| = s
u B > 0. Cornacuo (2.6.1), Hafigerca sJ1eMeHT o, € M, AJsi KOTOPOTO
B—o;, =7 € A*. Tax xak y € A;_,, TO N0 NPEANOJIOKEHUIO HH-
aykouu @ (y) € Ag;. Tlyetb v — jou, ..., %, v + & ooy ¥ T RO
eCcTb o,;-IOCJe0BaTeNLHOCTD, COJepKaiias y, H 0ycrb @ (y) — jo ,...
@, o + a, ..., 9 (y) + ka, ectb @,-n0CTENOBATENBHOCTD, CO-
Aepxamas o (y). Tax kak u3 paseHcTBa y = X0, CJeAyer, 4TO
P (V) = Xnsas, 1O
ooy (e, &)

RTINS (@, a;)
Tlpumenss (2.3.2), moayuaem k£ — j = B — J. Ho us npenanonoxe-
HHS WHAYKOHM CJIELyeT, 4YTO j=1. 3nawutr, E=k>=1 u @ (y)

+ o, =9 (P) € A
IL.TIH A0Ka3aTtesbeTBa HALLEro [oCaelHero YTEEeDIKAEHHA Mbl BHaA-
daJje npeianoqoxKumM, 4TO CHCTeMa T HEpa3JoxHuMa. Torma ansa aw00BIX
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o, B u3 m uHalijercst Takas TNOCJAELOBATENBHOCTb Gy = &, Oy, ...,

o, = P B A, uro (o, ot;,) == 0 npu i = 1,2, ..., ¢ — 1. IlockobKy

(G;, &) _ (G Gggny _ Gigys Gigy)

- - 3

{o;, @;) CTIR-7T%Y, [CTRN:TIY,
MOXKHO HalTH r € Q, Takoe uTo (@;, @;) =r{a; a;) A i =1, .
2, ..., t. CnemoBareapHo, (@&, &) = r{a, @) AAd BCeX A H3 .-
Tak kaxk

(8, ;) _ (o, %)

= = - 4

(@ @;) (o a)
0 (&,q,) =r{a;, o) npa i, j= 1,2, ..., 1. 3uauur, (@ (}),

® (W) =rh wy ws h, p € b6 (oM. yup. 2 §2.5).
C npyro#i cropoHsi, coriacio (2.2.5), 6),

(o), o) = 2 (@}), o) (W), ®({)
vea

=rt 3 (A, ), yy =13k, v
YEA

TTostoMmy 72 = r u r = 1. Takum o6pasoM, B Caydae KOria cucrema i

Hepasioxuma, (@ (A), @ (w) = &, w).
EcJjid cHCTeMa it He HePasJjJoXUMa, TO OHA sIBJAseTCA obbeuHeHeM

CBOUX IIONAPHO HEMEPEeCeKAIOUUXCsl HEPA3/IOKHMbIX NOAMHOKECTB
a®?, ., a2, Tlyers By ) 0603HAYAET BEKTOPHOE MOANPOCTPAHCTBO
B b¥, nopoxpmenHoe n'd, [ =1,2, .., u Tak kak us yCI0BHH a(‘_)
€ nd, ol € nl), i = j, caenyer, uto (ol aty =0, to hF
optoroHasbHO K HF (/) U
bF =00 @ ... @b .

[TosToMy Hama 3ajaya Jerko CBOAMTCS K CJyyalo, KOrja cucrema it
HepasJjoxuma. (J

Tenmepb 3aiiMeMcsi HcClegoBaHHeM ducen Ny, g, ONPELEJNEHHbIX
cootnowennem |Eq, Eg) = Ny gEqp npu o, B, o+ f € A Ham
yiKe H3BecTHo, 4To Ny 3 7% 0, B cuay (2.3.3). las ymobcTBa He-
CKOMBKO paciuMpuM ompejeneHue yucend Ng . A HMEHHO MOJOKHM
Ny, = 0, ecau A, p € bg, A =0, =0, A+ p==0uno KpaiHei
Mepe OIMH M3 5JeMEHTOB A, W, A + | He ABJSAETCS KOpHEM. Hanowm-

HuM, 9T0 E, Yy Hac BbIOpaHB Tak, 4To B (Eq, E_y) = —1L.
(2.6.3) 1) Ecau w, B, y — reHyaesbie 3AemermoL U3 bo, yoosaemeo-
parowue ycaoguro o + P+ vy =10, mo '
Nﬂt.ﬁ = N[j. vy = N?, @
2) Ecau o, P, v, 8 napunadaremam A u o+ B+vy+08=0,
a+p=#£0, at+y=0 a+ 80, mo
Nq,ﬂNy,6+N[3, yNa,f)“}‘Nv,_ mNﬁ,G:—O:
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MokasateascrBo. 1) Tak kKak o + B 54 0, B+ v++0, a+ y£0;

T0 Na,p, Ng,y 0 N, o onpeseneusl. Ecan XoTs Obl OZHH U3 3ieMed.

TMOB o, B, v He mnpuHamaexur A, TO Ngp = Ng,, = Ny, o = 0.
bl MOXKeM IO3TOMY NpexnoJjarath, 4To o, P, A. U3 pasencts

B (lEq, Egl, E,) + B (Eg, [E,, E,) =0 ﬂHO‘\J’IyiaEM NS,BB (%T_:,l

Ey) + No, yB (Ep, Eg) = —Ng,p — Ng,, = O. CnenoBarenbHo,
ap = —Ng,y = Ny, o. Adanoruuso Ng , = N, ;.

2) M3 pasenctsa [E,, [Eg, E, 1] + [Eg, [E,, Eqll+ lE,, [Eq,
Eﬁ]] =0 CJIe,]{yeT, 4To Nﬁ, vNa.. B+y -+ N\,, aNﬁ, 6 -+ Noc. BN? a+B
= 0. C apyro#fl cTopoHml, u3 TOTO, uTO 0@ - B+7v +86=0, cae-
AyeT, cornacHo 1), uto Ng gy = Np o = —Ng 5, 4 T. L. 0

(2.3.4) Hpe_@noxzqofcum, umo a, B u a + B npunadaemam A. Ecau
B-+ia (—j<i< k) ecmb o-nocaedosamensrocme KopHett, codep-
wawas B, mo

1 .
My g = Ny N g, _p= T(] + D k(a, a).

HMokasareascrro. [Tycts y = B — jo um v, = (ad EQ)'E,, i=0,1,
2, ... B dopmyJe (2) us gokasarenanbcTBa npenjoxenus (2.3.1) same-
HUM A Ha y, @ HA —q, Rk Ha j -+ 1 & NOJIYYHUM

@dEp) (@d Ea)o; = — (4 1) (¢, —a) — 5 j(@, ) v,
= (j -+ 1)<Y = %!’OL, OL) v, =(j -+ 1)<ﬂ ———;—joc, oc>vj

= (4 Dk (e, a0

(MBI BOCHONIB30OBAJHCH TeM, YTO —2 (B, )/(a, @y = & — ).

Tax xak v, € g (B) u v; %0, T0 v; =rEg (r += 0). Cnegosa-
TenpHo, [E ., [E,, Eyl]=—271 G+ 1)k(a,a) Eg. C npyroit
CTOPOHHI,

[E_oca [Em E[j” = Na. [5N~a., oc+|:’uEB = Na, BN—OL, -ﬁEB'

Mostomy Ma,g = NeygN o, o=~ (j + 1) & (@, @), [

(2.6.5) Hs xamdozo nodnpocmparcmea g () moomno ewbpams sex-
mop E, maxum o6pazom, 4mobo

1) B(Ey, E o) = —1; -

2) NQ,B = N.,a,-[", npu o, B E A,

,ﬂf)l(aSa’l‘eJ]bC’l‘BO. Hast vy € A* nonoxum A, = {o € A: —y <a<C
< v}. pennonoxum, uto ycjioBHe 1) BHIMONHEHO mas BceX oo € A
U 4TO, eciu @, B,@ + P nmpunamitexar A,, 0o N, g = N_q, g

Ecau B A, wainyTcs saeMeHTHl «, B, Takue uTo o - B = W,F_ "

15'/:* Eﬁ, - Nr/.. ﬁEn {E—LL; E--li' == N~C€7 .,|»;E._y,
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To, 0603HAUHB OJAMH M3 KBaApaTHHIX KOpHel u3 Mg, uepes | Mg, p,
TOJIOKHM

, Na,ﬂ ’ N~(1, -B
Ey = ——l/Ma, ﬁEY H ELy, = Vit 13E_x,.
Torﬂa [ECL’ Eﬂ] = i//Ma,ﬂE\’? H ’[E_a, E__ﬂ] = VM“’BE:"V' TaK‘

KakK A/IOL,B == NCL,ﬁN_a, B TO B (E-{;, E,_-y) = B (E'V’ E—‘V) = —1.
[TosTOoMy, H3MeHsst, e€CAH Halo, OOGO03HAUeHHs, MBI MOXEM CYHTATh,
4To Na,ﬁ = N—“i—ﬁ'
Honyctam, yto B A, ecTo eme onHa napa a’, p’, mas koropo#
a’ + B = y. HokaxeM, uto Ny- g = N_q-, . Tlockombky o 4 P
F(—a)+ (—p)=0uaz*a,q #p, a + P %0, Mol MOKeM
npuMeHuTsL (2.6.3), 2):
Noc. BN_OL’, B’ ‘}‘ NB, _rx’Na,_ﬁ’ + N._cc’, aNﬁ. -8 = 0,
N_a, —BN“" ﬁr + N_B’ a’N_.CL. Br + Nal,_a]v_ﬁ,ﬂl = 0
Tax kak &, B,o’, B’, OUEBHIHO, TOJOKHTENLHLI, TO, €CJAH KAKOH-TO
u3 aseMeHToB +(p — a'), +(a@ —p’), (e —a'), +=B —p’)
siBNsieTcss KOpHeM, OH npuHagitexuT A,. CaepoBarenbHo, Ng, o
= N_g o H T. L Kpome Toro, Ng,g = N_,, g5 0. TlosTomy
Noc’,B’ = N_cc’,_ﬁ’-
Taxum o6pasoMm, Hale yTBepKIeHHE MOxKeT ObITh NOJYyYEeHO HH-
AyKIHEH OTHOCHTEJIbHO ymopsaxodeHus B A*. [J

(2.6.6) Teopema. Ilycme g — noaynpocmasn arzebpa Jlu c¢ ¢ynoa-

MeHmanbHoll cucmemoti KopHeld T u § — noaynpocmas azreebpa Jlu
¢ pyHkyuonarbrol cucmemori xopueid m. Ecau m=mn, mo q=zq.

MoxasatenbcTBo. Mbl coxpaHsieM ofo3HaueHus u3 (2.6.2). Onpepennm
JAuHefiHOe oTo6paxeHue O u3 [ B § ycaosuem @ (A) (§ (H)) = A (H)
mpu H €, A € Bg. Slcno, uto @ sABJsAETCA H3OMOPHU3MOM H
O (), 0 (Hy) = (Hy, Hy) npu Hy, Hy € b (8 chay (2.2.5).
I1peanojoxuM, 4YTO

[HsEalza(H)Ea (HEB): [Etxy E-a]z‘_Htx (ae A)»

(Eq, Egl = Ng, pEqip, Nop=N_q, g, e o, B, a4-p € A

Tak kak ¢ (A) = A, To
§=9+PE,+ PE ,+PEg+PE g+ -,
[G(H), Eu]=a(H)Ea (H € b)), [Ea, E_a]:_e(Ha> (aE A)’

N o g oecair o Boa |-B e A

[_L",’,‘_, —Eﬁ! - ‘-/V-::/.? (’»Er/. 52 Nu’-; B
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[Iyers B 4 ja (—j < { < k) ecTh @-1I0C/TIeI0BATENbHOCTh, CO-
repxamast B. Torma ¢ (B)+ip (@) (—f < i < R) 6yner @ (a)-mo-
C/ICAOBATEIBHOCTRIO, colepaxkautell ¢ (B). CaenoparteasHo,

= v .
Noc,BN-a, - = Nr/,, riN -y i ST (/ 7]” 1) k <(Z, @y,

H, 3Hauut, N, g = ilva,g.

C mnoMombd HHAYKLHHM, OCHOBAaHHOH Ha paccMOTpeHHH MHO-
HECTB. A,, KaK B J0KasaTelbCTBe TeopeMul (2.6.5), MBI JOKaxem
CEHdac, 9ro, 3ameHsist HeKoTOpble U3 sjeMeHTOB E,, £_, Ha —E,

— ’

—FE ., MOKHO HOGHTHCA paBeHCTBa Nog = Ng,p. Ilpeanonoxum,
YT0 Ngg = Ng 5, xorma o, B, @ + P_mpunapnexar A,. B cay-

uae, ecaH o+ P =19 u Nyg= —~N, ;5 €DOJTOKEM Ey = —E,,
Ely = —E_y u nonyunm, uro [E,, Egl = —Ng gEy u [E_,, E_;]
= —Ng, B’Eiv. [losromy Mbl MoOXeM cunTaTh, uTO Ny g = IVG 8-
Ecau {a’, B’} — apyras napa, pas KOTOpOH a' - [3" = vy, To,

HCnoaB3yst (2.6.3), 2), MOxHO 110Ka3aTb, YTO No:' g = Ny, g,
AHAJIOTHYHO TOMY, KaK 3TO GbLIO CHEJAHO MpPH J0KA3aTENbCTBE npen-
JIOXeHHs (2.6.5).

Hrak, Mb MoxeM npeanosaarare, 4To Ny g = Ng,p. Torna oro6-

paxenne H — g (H) (H € b u E,— E, (@ € A) onpegeaser
H3OMOpPU3M anrebpel g Ha g. (]

(2.6.7) II yemo § — noxynpocmasn areedpa Jlu ¢ nodaszebpod Kapmarna
b u ,A & Qo — wopresas cucmema. Ilycmeo, danee, O — aunetinoe
npeodpasosanue 6 By, makoe umo ¢ (A) = A. Tozda npeobpasosarue 0
us gl (n), onpedeaernnoce popmyaod

CR)OH) =A(H). HED A,

Mmoocem Goums npedorsceno do asmomoppusma aazebpor g.
ODTO IPSAMO CJAeAyeT H3 JOKA3aTe.ILCTBA Teopemsl (2.6.6).

Ynpawnenue. Jokasats, uTo B airebpe g CYWECTBYET 6a3HC, OTHOCHTEABHO KOTO-
POTO BCE CTPYKTYPHBIE KOHCTAHTLI PalHOHAJbHbI.

[Habpocox doxasamenscmen. [yere ey, ..., a;} — pyHzamen-
TajqbHas CHCTeMa KOpHell. Bribupas mopxomsmue E, H3 g (a), nmoay-
JaeM UCKOMHK 6asuc H, , ..., H“z’ E., E_,, ... (Mcrosip3yeM HHAyK-

uuio, Kak B (2.6.5) u (2.6.6)).1]

2.7. Kuaccuueckue npocrvie anredpnt Jiy

Ha nporsskennun sroro Haparpadga mb GyaeM npeanosaraTe, 4TO
nose P aareSpauuecku 3amxHyTo # char P = 0. Coraacuo § 2.5
H 2.6, KJIaCCHOUKANHUS TPOCTLIX ajare6p Jlu Hag P 6yger 3aBepIlieHa,

s Thag ]
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eCJIM MBI CMOXKeM JJIs KaxJod u3 adarpamm JIniHKHHa, repeduc-
JeHHBIX B (2.5.5), mocTpoHTsh oO/JH4AIOULYIG €10 HPOCTYIO anredpy
Jlu, Taxue anre6pul GhIIH H3BECTHOHl YKE ¢ KOHRA (IPOUIIOTO CTOJE-
THs; no3inee Xapum-Yannpa Haniesd cHCTEMATHYECKHH Crnocod HX
noctpoenusn. (ITogpo6HocTH MoxkHO HaliTu B KHHre [[IxkexoGcod ],
ra, VII,) 3pecs MBI OCTaBJIseM B CTOPOHE «HCKIOUHTE/BHEIE anreGpal
JIH H H3yuaeM JHIIb «KJacCHYECKHe», OTBEYaloniue Juarpammam A,
B[, C[ H Dl. .

O6osnauum uepes E;; maTpuIy, Y KOTOPO# Ha ({, j)-M MeCTe CTOHT 1,
a Ha ocTaabHbIX 0. Hasee, nycTs 1, o603HauaeT eAHHHYHYIO MATPUILLY
u3 gl (n, P). :

(A) Cneyuarvras aunetnas aaeebpa Ju 8L (I -+ 1, P) (I > 1),
IlepeuncsiumM OCHOBHEIE H3 NOJYUYEHHEIX HAMH De3YJLTAaTOB 06 5TOH
aJaregpe.

Jra aarebpa meHcTBYeT Henpusojumo Ha P!+ mpocra M nmeer
pasmepHocTb (I + 1)*> — 1 = [* + 2[. Auarebpa

I+1 :

b =sdiag ({41, P) = {ij v By e e, = 0}
CJy2KHT ee mojasaredpoit Kaprana. bymem nucaro (x,, ..., X;,,) BMe-
cro X} x,E,,. Onpemenum g; € 0* dopmynoi

ElXyy oy X)) =X, L=t - L
Torua

ad (xy, ..., ;) E;; = (x, —x ) E;; (i=5]),

A=le, —eg; %]},

n={a, =g, —e,i=1,..,1[}L
dnemeHT (x4, ..., X;,;) € ) perysaspeH Torjga M TOJNBKO TOTAa, KOTAa

BC€ X; pa3Juumbl. lMewoT MecTo paBeHCTBA
BX,Y)=2(+1)tr XY,

{

Ha‘, =m ,...,0,1,—1,0,...,0) (1 Ha i-M MecTe).

CrenoparenibHO, MBI MOXKEM BHUHCOAHTH (A, @) == B (He, Hy)
=2+ Dtr HaiHmf:
[ 1 P
l + 1 ) T 0 N
{
T SU )
0, |i— ] =7

TakuMm o6pasom, guarpavvod [IelHKHHA cHCTeMbl 7T dBasercd A

[i— il =1

<a{s a]> - ]
1
t
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Janee, paccMOTpHM npejgcTasJeHue
gl(n, P) 3 X — F(X) € gl(gl(n, P)),
F(X)Y =—*tXY —-YX (Y € glin, P))
(cM. ynp. 21 3§1.2) u ana ¢ € gl (n, P) nonoxum
Lp)={X € gl(n, P): f(X)e@=0}.

flcHo, uro [ (@) ects nomasareSpa s gl (n, P). Eciu snements u,
v € P* paccmaTpuBaTh KaK BEKTOPHI-CTOMOUBI, TO ‘uqu sBJAAeTCS
GunuHeHOH ¢opMoi, H, o6paTHO, BcAKas OHMuHelHas ¢opma Ha P
uMeeT Takoil Bui. [losTomy, mnoJaras

¢ (4, v) = ‘ugu,
MBI [IOJTyYaeM, YTO

L(p)=1{X € gl(n, P): ¢(Xu,v)+ ¢ (4, Xv)=0}.
B aTux o6Go3HaueHHAX HMeEEM ‘

{(1n) =0(n, P),

1S y) =8p(n, P) = ¢l (2n, P),

70 1,
=l o)
—1, 0,

Jlis noKasaTenbCcTBa TOTO, YTO 3TH anre6prl MmoJynpocTe, HAM IO-
HaJo6HTCsA CJAeAYIOoUee NpeasoKeHne:

rupe

(2.7.1) Hycms @ — HeGLIPOKOCHHAA CUMMEMPUUHAL UAL KOCOCUM-
mempuunan Guasunelinas gopma na P?. Ecau n = 3, mo [l (¢) Oei-
cmeyem Henpueodumo Ha Pm.

HoxasateabcTBo. [IpennosoxuM, uto ! (p) ocTap/sger MHBAPHUAHTHBHIM
HedyJsieBOe HekoTopoe nojgnpocrpaxHcTBo W, u nycte O0=%=w € W.
Ilycts, nanee, u € (Pw)t. Tak xak ¢opMa @ HeBBIDOKAEHHA, TO
HalgeTcsas sjeMeHT v € P", aas xkoroporo ¢ (v, @) s= 0. Torza
JuHEeHHOe Npeo6pasoBaHue

Xixr—=0o X, 0)v—09 (@, x)u
NPHHALJEKHT [ (P), HOCKOJBKY
?(Xx,y) + ¢ (x, Xy) = ¢ (¢ (x, W) v — ¢ (v, x) u, ¥}
+o (x, @ (y, W) v—9 (v, y) 1)
= — (v, X) ¢ (4, ¥) + ¢ (y, u) P (5, 0) = 0,

B CHTY APEANONIONEHHs O CHMMETPHUYHOCTH HJAH KOCOCHMMETPHYHO-
crn @. Tak kak Xw = —(v, w) u, ¢ (U, w) 50 1 W uHBApHAHTHO
.OTHocHTenvho X, 10 ©u € W, 1. e (Pw)t < W. Orciopa caenyer,

2.7. Kaaccuueckue npocmoe areeOpot Jlu 85

qro dim W > n — 1. Ecau 6u dim W = n — 1, To MBIl HUMeTH Gbl
W = (Pw): u Wi = Pw. [lockoapky dim W = n -1 >21w—
IPOM3BOJIbHEIH HEHYJ/IEBOH BEKTOp H3 W, sto Hepo3MmoxkHo. Ciego-
gaTeabHo, W = P*. [] :

Tak kaxk o (n, P) N Pl, =0, To, B CHIY 2.7.1) u (1.4.11),
anre6pel JIn A

o(n, Py (n=3)u ép(n, P) (n=>2)

nosynpocTel. [lajee, MTOCKOMbKY 0 (n, P) COCTOHT H3 IBYX KOCOCHM-
meTpuueckux Marpuu, dim o (n, P) = n (n — 1)/2.

(B) OpmozorarbHas arzebpa Ju o (21 + 1, P). Ina Toro utobbl
HafiTH nonaare6py KapraHa B ymo6HoH Qopme, Mbl BHAaYa/ne NpH-
semeM  GOpMY lay, (¥, §) = © ioxy, X BHLY @ (X, §) = Xobo
+ Y (%8s + %..§;) ¢ TOMOWBIO JHHEHHOrO npeo6pa3oBaHHs

1

g =Xy, X; == 75 (xi +1 “Tl_xn.:)’

Xiy = —‘}_Q_ (Xi - T’:_l_ xl+1) (1 <i< l)'

JIpyruMH CJOBaMH, MOJOXKHUM

(1, 0 0) (1, 0 0 )
T I '
0 0 1 _\0 V——l ‘i/~——h l
(p_—_—l tl S= _2_1 r2
: I I
‘O 1, O\ ‘O i/'glz ——V — 5L
\ J \

sicio, uto S = 1S, 1. e. S aApssercd OpTOrOHaJBbHOR MAaTpHIEH,
i S'¢S = 1,,,. Jlanee, Jerko BHAETb, 4YTO

0 (20 41, Py =1(131) =S (9) S,
Tax xax [(¢) = {X € gl 21+ 1, P): tXp + ¢X = 0}, ToO

l’O ta tb h a,bEPI,
Hg) == (——b A B ):A,B,CEQI(Z,P),
' ‘ —a C —*A] 'B=—B8, 10 =—"*C

OBo3HaTuM uepes (Xq, ..., X;) 3MEMEHT ajre6put [ (), AJsa KOTOPOTO A
qpJsercst AHATOHAJBLHOH MaTpHuedl ¢ AMAroHalpHBIMH 3JEMEHTaMH
Xy, .. X 2 B, G, a, b pasubl O. [Iycrs b oGo3HauaeT abesneBy aJ-

re6py JIH, COCTOSIYIO M3 BCEX (X0s -+0s X))




_
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Hanee onpenennm

‘E*’z ycsosHem b, =1,

E_, ycioBueM a; == |,

Eg e yciaoBueM B=E, —E;, | ,, .
178/ i Ji

E-(eiﬂ;]) ycaopueM C=E,;, —E; } <),

Ee, e, yciosuem A=E; (i~ j)

(npHueM mpepmoJiaraercsi, 4To ocTasbHble 3/7eMeHTh paBHu 0). Toraa
{Ete, Etsiia/ ({ # j)} sBasercs Gasucom B [ (9) no wmomymo H u
" j ad (xy, ..., X)) Exe, = = x,E e,

*

l ad(xl, caey Xl) (E:tsl:tej) = (ixiixi) Eieiiej'

Orcioga, B 94acTHOCTH, CJedyeT, 4TO HOpMaJu3aTop aarebpwl § cos-
najgaer ¢ He#l camo#, Tak uyro Iy — mopgaarebpa Kaprana. [Hasee,
A = {d4-e;,, e, == ¢; (i 5=])} ecTp xopHeBasas cHCTeMa OTHOCH-

TeJbHO b.
IMonoxum
Q) =8 —— By Ay =28, — &, ..., Xy =& _; — &, Xy =28
Toraa
e g =0, to, o ba (<)),
g, —8 =— (o, + o, + - ) (<),

+e;, = + (&, — &)+ &),
+ (& + &) =% ((e, — &)+ (g, — &) + 2&) _(i = ).

CienoBarenbHO, KaXJAblii KOpeHb SIBJsIETCS JHHEHHOH KOMOHHAIHeH
KOpHed oy, ..., &, C HEOTPHIATENbHBIMH HJH HEIOJOXKHUTENbHBMH
neabiMH KosdounueHtamu. 3Hawut, T = log, ..., a;} — dyHnamen-
TajbHas cUCTeMa KOopHeH.
Hanee, ans mo6oro H = (x4, ..., x;) € ) HMeeM BBHAY (*):
B(H, H) =2 (F a1+ ¥ (i + 0 + 0 — %))
. fok |

=

=2(20—1) ¥ xi =2 — 1) tr H?,

L

| F)—.(-;)l]_—-l-j “J, ey U, 1,—“"‘1, 0, ey 0), i<l‘
H = (1 na i-M mecTe)
oy —“
{ ) N ;
m (07 T O’ 1)v L=

2.7. Kaaccuueckie npocmivie uazebpur Jlu 87

H
—1

22— 1y
(e, a,>:{ @ =0

’

li—jl=1,
li—jl>2,
"TE_—I—- 3 { < «!)
<a[, o‘;‘) == 1 .,
=1’ ‘T
Orciona BHAHO, uTO AMarpamma [IbIHKHHA aarebpul [ () copmajpaer
¢ B,. CnegoBaresibHO, ajrebpa o (21 + 1, P) = [ (¢) npocra. B cuny
yop. 5 § 1.5,
B(X,Y)=(@2l—1)tr XY.
(C) CumnairexmuuecKan areebpa Ju 8p (I, P) (I > 1). Hmeem
sp(l, P)=1{X € gl(2l,P): *XJ, + J, X =0}
A B ) ‘
= : B, C [l,P,B:‘B,C_——-’C}-
{(C __tAl} A’ r e g ( )
CornacHo 3saMmeuanyio, cienylomemy 3a (2.7.1), aare6pa 3y (I, P)
MoJyipocTa H HempHBOIAHMMA AJIs BCeX [ =>2ud (1, P) =8l (2, P).
Haunee,

[+ 1) P
dimsp (1, P) =1+ 2 L550 = =28 - L
[Tosnoxum
X, 0
X,
(%), ooy Xp) == mmmmemmme e __)(1 -------------- ’
0 N
0 0
Eepre) = (E,-,-+Ejz o) =1, D)
0 Ez;~+Ezj\') (G j= 1o
Eerre;=\p 0
Ey 0y
Eﬁi‘s'j — LO —E, ) {1 ==j).
Torzna
ad (x,, .-, %) Exo o, = (—_f':)C[—_FXj)EiEita]..
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Orciopa BHAHO, uTO b = {(xy, ..., x;)} ABAsieTcsa momanre6poist Kap-
TaHa. » '

[TonoxuM oy = &, — &, ..., &, = €&,_, — & U o, = 2g;.

Torﬂa 8 — &y =0 %+ - (<),
8[ _(a‘ +al+1 _I_a—l) (]‘<L)7
=(2 + 8,) =+ ((e; — 81) + (6,: — &) + 2¢.

CnepoBatennHo, n={a,, ..., &,}—dyH1aMeHTa bHas CHCTEMA KOP HEH.

Hna H = (x5, ..., x;) umeeMm:

BUH, H)=2 X (5 +x P +2 D (=)

= 2(21 2) 20 £t = (2L + 2)tr /2,
1 R
T0FD 0,0, ..,0,1,—1,0,..,0), l<l,

Hai — (1 Ha i-M mecTe)
1 . s
m 0, ..., 0, 2), [ =1,
—1 X . . )
|4(z+1)’ [i—jl=1, i<, j</{, -
(e, &; ] I”—]l>/2
1 .
— !
2(1__|_1) b L<“1
(@, @) = 1 .
—TFT o L=F
Orcrona BHAHO, YTO Auarpamma JIpIHKHHA 1A {&,, ..., &;} coBmajgaer

c C, 4 anrebpa 3p (/, P) npocra. CiregopaTe/qbHO, TaKkKe
B(X,Y)= (2 + 2) tr XY.

(D) Opmozonaavrasn arzedopa Jdu o (21, P) (I = 3). Bonbmas gacts
paccyXIeHH, OTHOCHBIIMXCS K anrefpe o (2!~}—1 P), npoxoaut
i 3neck. OTMeTHM TOJILKO. paSJIPI‘{HS{ Mur nmonaraem

1/ TTT
0. 1, Vau V=31
1, 0 ) S= S
! ,
V 711 —V-=u
H mosaydaeM, 4to S¢S = ly, u STH () =0 (2L, P), rue I (p) —
COBOKYITHOCTb MATDHI, BHj4
/A B .
[~ _,A), A,B,C€gl(l,P),'B+B=0,/C+C=0.

2.7. Kaaccuuecxie npocinee aszebpor Jlu 89

Hanee paccmarpusaem [ (g). Ilycts

(X1, oony X)) = e , b=, .., )}

H E.ie e, (i 5= j) ONpeleseHsl aHANOTHYHO MPEBIIYIIEMY.
i—77

Torna
ad (x4, .-, X;) Eis,-tej = (—_l—x,-ixj)Eietie]..

CnegoBatesbHo, § — noganareépa Kaprana

A={teg =+ 1 <i,j<], i ==}
— KopHeBas cHucreMa. [lonaraem

n={a,, AL
a1=81—82, seny al_lsgl_]——gl, al=81—1+81-
U3 dopmyan o
Gt e i<,
s g <
- (@ gy e ), T<E

+(g; +¢&;) =% (e; — &) +(g; — e) 4 (g, +21), i< i,

BHOAHO, UYTO .n——q)szLaMeHTaana;{ CHCTEMA.

Has H = (x,, ..., X;) AMeeM:
B(H, H)= Z(ix Lx =202 —2) ¥ = (2 — ) tr I,
L P
2—@7:—2‘)(0,~-,0,_1,-—1,0,...,0), i<l
H., = (¥)
ai— 1 '——l
m(o,---,o,l,l), L =1,
0, li—jl>2, iz=l, j#I,

—1

2@ —1)’
— 1 R . . .

(o, &)= TI—3)’ li—jl=1, iz={, j&I,

0, i=l—2, il j=1,

L:l_Qa ]:ly

P=j.
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[Ipu [ = 1 ara anerbpa Jlu ogHomepHa. Ilpu [ = 2 umeem ‘a,, Qy)
=0, u auarpamMmoidl JIpIHKHHA SIBJSIETCS o o
CsegoBaTenibHO,

0(4, P)== A, @ A,.

Ecau { > 3, To n Hepasjoxuma u v (2{, P) — npocras anareGpa
tuna D,. 3amerum, uto D; = A,. Vmeem

B(X,Y) = (2 —2) tr XY.

PasMepHOCTH npocTHX anre6p JIM mpeacTaBJieHBl B CJeAYIOEH
rabauuke:

Anregpa Jiu Ay G, Fy | Es E; Eg

By ‘ Cl D.l

PasmepHocTs

(z+1)2_1|212+z

21% 1 21‘3—1'14 52178

133 , 248

Ynpamuenne 1. Tlokasats, uro 81 (2, P) = (3, P)=38p (1, P), v (5, P) == 3p (2,
P), o (6, P)== 8l (3, P).

Ynpaxnenue 2. PasnoxuTs o (4, P) B npAMyI0o CyMMy BCEX NDPOCTLIX HIeaJsoB.

Mpunoxenne. HUckmounrtenbubie aaredpor JIn

Ilycts ¢ — anrebpa Jiu (Hapg P), nopoxkaeHHas (xaxk JHHefiHoe
NPOCTPAHCTBO) MHOKECTBOM {H;, E1p, E’vz—’v: 1 <i,j<3,i%]l,

rne Hy + Hy + H3 =0 u M + Ay + A3 = 0, npuuemM ymHOXeHue
onpegesieHO CJAEAYION[UM 06pasoM:

t . 1 .
[EA,‘,, EA’j] == ——é 3 (l, B k) E"“k’ [E-),i, E""j] == T/?H (l, ], k) E)‘k’
1
V8

[En-njp Er-ry] = — 5 Enpy

1
[En,, E—xl.] = 1_/§E’“z"’“f’

L
[E—Aiy Ex[—x!.] = Vg E-;‘]_,

[Er-ap Eng]l = Ey,,

1
[HI’Y Hj:ltj]:?TZ}—E:tkj, [Hi) Ej:li]:i

. .
[Hl." Ei (M"‘,‘)] == 8 Et (m‘i—}"/)’
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rge i, j, k momapHO PasJHYHBL M W (& i _k) = —1 uau | B 3aBHCH-
MOCTH OT Toro, o6pasyer Ju Tpoika (i, j, k) HeMeTHYIO W/ YETHY
nepecTaHoOBKY TPOHKH (1, 2, 3); naxee,

[Eki;E—).i]:’_‘Hi (l:—Q, 3), [E)“l' E""l]: [’117
= H,—H, i) ==1(2,3) um (3, 1),
[En-ap Enj] H, ; aast (i, )

[Enyotis Eng-r,) = Ho — H;
Bce OCTaJbHbiE NPOU3BEJEHHS DABHBL HYJIO, €clH HX 3Haq6HI/Iﬂﬂ He
[OJ1y9YarTCsl HENoCPeACTBEHHO H3 pUBEAEHHBIX Bmm]_e} dopmy -
Torga g — npocras anrebpa Ju mu h = PH, + P Z\——ﬁee 3§ ”

anre6pa Kaprana. [Tonaras Ay = 8y — Eg, hg = B3 — €1, Ay = &1 8,
nosaydaem

A=le,— &, + (e, 85— 28,) P, 4, 7= 1,2, 3},

n o= {a, = & — &, g = g, + &5 — 284},

tak uyro ¢ — aare6pa JIu THma G,. )
JIs HCK/IIOUHMTENbHEIX aare6p Nu tuna E # F wMb JHIIB BbIGH
lUeM KOpHEBble CHCTeMBl H (yHAaMEHTaJbHBIC CHCTeMBI (HHXe &y,

ued® =g + ..
€y, ..., — HEKOTOpAs OpTOHOPMHPOBAHHAs CHCTEMA 1

€g):
;;: S)A =g, —ep (&gt &g T & — & — & — e £V 28,)/2,
V2% p, oy =1, .., 6},
n=|a;, =& — &, a6:~(—81_82——83+84+85+-86
1V Be,)2: i=1, ..., 513
E.: A=le, — ¢, (8 + &g 1€ +8s— 8~ & av——sw)/Qzlp, ...,8w
5= o, =& — &4y, Hr

=(———81——82—--83—84+85+85+87+88)/2: i=1,..6}%

! Lew —g — _8>;
B 5= (septen = (o0 —6), = (FE0 =0t )
p,q,r=1,~.,8;,
1 .
”:‘{“t=8z“'si+11“s:—‘_’§'3<8’+30+57+88-
Pi=1, .,7};
! +e,eg gy P, =1 ,43,
Fy A={tsp,;¢;epieq,7(iel_ aEE3EEy)t P, ,
1
ﬂ={al=sl,oz2=;—2—(——el——e2+33+84),

' | )
c¢3=82—83,06:§'——:-83——84‘.




Tnaea 3

KOIroMOJIOTUHU AJTEBP JIH
U UX I[PUMEHEHHWE

3.1. Koromoaoruu aareép Jlu

ITycte P — none, L — anre6pa Jlu Hag P, V — BexTopHOoe mpo-
crpaictBo Haxn P u (V,f) — mpencraeienHe aareGpel L. Byznem
HaselBaTh V-xoyensro pasMepHOCTH ¢ ajre6pnl L Bcakoe g-aHHeHHOS
3HakonepeMenHoe oTofpaxeHue ¢: L X... X L — V. Hanomu um,
YTO MOJHJHHEHHOEe OTOGpajKeHHe ¢ HAa3BIBAETCS 3HAKONEPEMEHHbIM
(aabmeprupyowum), ecan ¢ (X, ..., Xg) = 0, B cayuae Korza
X; = X, naa xako#-HHOyAb mapel HHAEKCoB I, j, 1 < i <j < g.
Bamensa X; u X, na X; + X;, mMbl BAAUM, UTO ¢ YIOBJIETBOPSET YC-
JIOBHIO

e

i i ) o j
¢(Xyy over Xiv ooy Xy o BX) 4 C(Xpy ooy Xy ooy Xiy oy Xg) = 0.

ITycts C9 = C7 (L, V) o6o3HauaeT BEKTODHOE NPOCTPAHCTBO BCEX
V-xoueneii paamepHocTH ¢, ¢ = 1, 2, 3, ... . KpomMe Toro, noJjoXum
C* (L, V) = V. OnpenenuM uJsuneilHoe orobpaxenue d: C7 (L, V)
— C* (L, V) (g= 0,1, 2,...) ¢opmy.ramu

de(X)=f(X)c, ectu ¢ € C°(L, V),

. g+l - .
de (‘Xl’ T X'H'l) = Zl (~_ 1)£+1f(‘X[)C(X_U Tt Xi: R ;\(74_.],:’
(1) = oS -~
+ z (— e (X,, X;1, Xy s Xyy o, Xy o, Xogp),

i<

ecad ¢ € CI1(L, V), g >0,

rje mIsNKa O3HayaeT, YTO COOTBETCTBYIONLHA YJjeH JAoJXKeH OBITb
nponyueH., Jlerko Bumetb, uro dc € Ci%1 (L, V).

Hoxaxem, uro dd = 0. C 5T0#l nespio MBI BHa4a/jie BBEJEM Omepa-
Topel O (X) uv (X) g X € L. duaa Kaxjoro g omeparop § (X) —
5T0 3HAOMOp$u3M -npocTpanctea C? (L, V), samanHblfi dopMmynamu

{0(X)e=F(X)c, ectu ¢ € C°(L, V),
O (X)) (Xps ooy X =F[(X)c(Xy, ..., Xp)

2 { :

(2 l — Y oo(Xy, e [X, XL, X)),
=1

ecin ¢ € C1(L, V),g=>0
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onepatop t (X) ——afo fuHefiHoe oToGpaxenue us C7(L, V) B
Ce-1 (L, V) (mpl nonaraem C71(L, V)= 0), sapannoe dopmynamu

L(X)c=0, ecmn ¢ € C°(L, V),

(3) (X)) (Xps ooy Xgg) = (X, Xqy oy Xg),
ecn ¢ € CI(L, V), g=>0.

HenocpencrseHHble BHIYHCJAEHUS JaioT:

@) 8(X)=1(X)d+dov(X),

(B) (X, Y)=0(X)r(¥)—1(¥)8(X)

as go6eix X, Y € L. JlokaxeMm chaeayiollee paBeHCTBO:

6) (X, Y)=08(X)0(¥)—08()0(X)(X,Y € L)

C sroii meawo nodoxum S (X, Y) = 6 (IX, Y]) — (8 (X) 8 (Y)
—8(Y)0 (X)) Ecamc € C°(L, V), To

SK, V)e=Ff(IX, Y)ec—(FX)[X)—=[¥)[(X)c=0.

[pexnonoxum, uro S (X, Y) Cs1 (L, V) = 0. Hna ¢ € C7 (L, V)
u Z € L, npHMeHss MNOBTOPHO (5), HOJy4aeM-

L(Z) (8(X)8 () 0) = (0(X)1(2) —(IX, Z)B(Y)c.
—8(X) (0 (V)@ — (Y, ZD)e—B(Y) 0 IX, ZI — 1 (1Y, [X, ZD)e
—8(X)8(Y)(Z)c—O(Y)L(IX, Zl)e — B (X (Y, Z])c
4 (Y, (X, Z]]) ¢
Tak kak t(Z)c € C' (L, V), To
L(Z) (B (X) B(Y) — 8 (V)8 (X)) ¢
=6(X)8(Y)1(2)c—0(Y)8(X) v 2)e+ (1Y, X, Z1])
— (X, 1Y, Z)) ¢
=0(X, YD (@) c—(l[X, Y], Z)c=1(2) 8 (X, YDhe

CaenoparesibHo, b (Z) (S (X, Y)c) =0 ans Bcex Z, H, 3HAUMT,
S(X,Y)=0. Tem camum (6) HOKasaHo.
JokaxeMm Tenepb HHAYKUHEH IO ¢ Gopmytry

(7) do (X)=6(X)d (X €L)

Haa ¢ € C° (L, V) umeem , _
0 (X) de) (V) = [ (X) (de (Y) —de (IX, Y])

=fXfX)e—F (X, Yhe=F)[(X)c
= (do (X) o) (V)




.

94 . 3. Kozomoaoeuu auecGp Jlu o ux nPUMCHEHIE

[Tpennonoxum Teneps, uto d) (X)c=08(X)depasc € C- (L, V
nBoseMeM ¢ € C7 (L, V). lna ¥ € L, ucnonsays (4)—(8), no(.n}’fimgv}

L(Y) (@0 (X) ~ 0 (X)d)c = (0 (Y) — du () 0 (X) ¢
F (YD) 0 (X) 1 (V) de = 0 (V)0 (X) ¢
A (X, V) —8(X) v (Y) e+ (8(LX, V)
—du (X, Y])e—8(X) (0 (Y) —dv (V)
= (0 (X)d —dB (X)) (. (V) &) = 0.

ITockonbKy Y -— npousBo/ibHbIE 3/1eMeHT anre6pel L, Mbl 3akio-

qaeM, 410 (d6 (X) — 6 (X)d)c=0. T
IOKAa3aHa. (X) d) e aKuM o6pasoM, dopmyaa (7)

Tenepy 6yzem noxasmiBaTe pasencTso

(8) ddc =0 mus ¢ € C7(L, V),
CHOBA NMPHMEHSIST HHAYKUMIO no ¢. Huast ¢ € C° (L, V) umeem

(ddc) (X, ¥) = [ (X) (de (YV)) — [ (Y) (dec (X)) — de (X, V)

=X M) —F¥) X)) —F(IX, Y] c = 0.

Hanee, monycrumM, urto (8) BoinosH — 1 \
c € C(LV). dua X € L,OB ﬁﬁlcyﬂ ?f)ﬂg @,  Roshuen

L (X) (ddc) = (8 (X) — dv (X)) dec

=dB (X)c—d (B (X) —dv (X)) ¢ = dd (L (X)c) =0,
4, 3HauuT, ddc = 0.
Hasosem kouens z € Cv (L, V) koyurkaom, ecau dz = 0. IlycTh
Z7 (L, ) oBo3HAauaeT COBOKYHHOCTb BCEX KOLHK/IOB pasMepHocTH g.
ITooxkum takxke dCo! (L, V) = Be (L, f) (mpoctpaHcTBO Koepa-
Auy). SIcHo, uro Z¢ (L, f) u B9 (L, /) — BexkTOpHBIE HOANIPOCTPAHCTBA
B C7 (L, V), mpuuem Z¢ (L, f) o B7 (L, [), nockoasky dd = 0
DakropnpocTpancTso 29 (L, f)/Be (L,fy=H (L, (g ="0,1,2 )
HA3bIBACTCA NPOCIMPAHCITIBOM —(-MEPHBIX K020 MOA0RUL aJIre6p1;; L
OTHOCHTEJIBHO npeiacTasienus (V, f).

5 l'lpa)I(HeHHe 1. H (L }) = O TOrga H TOJIBKO TOrKa, Korxa us ] = - E
» » ta U (L) v 0 (U [/ )
Cﬂeﬂyel, qT0 v = O. B lIaCIHOC]I’I, H L, ad - O Toraa TOJ (o]

Ynpamnenue 2. Z1 (L, ad) = der (LY, BX(L, ad) = ad (L
re6pa L nomsa Torza M Toabko Toria, Ko(rzza 1’:{3 (L, ad() )= E]f?l}.?aiz?;ﬂ%,. e

YnpaxHenue 3. ITyers V — OLHOMEPHOE BEKTOPHOE NPOCTPAHCTBO, a f — TpUBH-
AJbHOE UpencraBaeHHe, T.e. f= (0. Ofosgayum COOTBETCTBYIOUIHE NPOCTPAHCTBA
KOromoJoruit wepes H? (L, 0). Torza :

HO(L,0) =P, dim HY (L, 0) w=din (L/L11Y),
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[ToKa3aTb, YTO B 3TOM CJy4ae MOKHO, HCIIOJAL3YST TPACCMAHOBO YMHOXeHHe B 2,07 (L,
* L3

P), onpejenuts ymHoxenue B H o (L, 0y = B, ,H7 (L, 0) rax. uto H~ (L, 0) crader

acCOLHATHBHONR aJnreGpoii.

3.2. TIpameHeHHsi TEOPHHM KOTOMOJIOTHii

(A) Moanas npusodumocme. ITycTb V — BEKTOpHOE NPOCTPAHCTBO |
nag nojem P, L — anreSpa Jlu u f: L — gl (V) — ee mnpexcrasnJe-
HHe. [IpeanosoXuM, 4TO CYLIECTBYET BEKTOpHOe HojmnpocrpaHcTso U
B V, takoe uro f (L) U — U. INoa6epeM BEXTOPHOE NOANPOCTPAHCTBO
W < V rak, utobet V = U & W (npamas cymma). Torma ans Jio-
6eix X € L, u € Unwé€W

L ®u=h
D 1 e=g@w+h 0w,

rie g(X)w € U n [, (X)w € W, Tak 4TO MBI EMeeM JUHeHHke
otobpaxenus f;: L — gl (U), fo: L — gl (W) u g: L — Hom (W, U).
H3 Toro uTo [ — npeacTaB/ieHHe, cpasy cJjexyeT, 4To ’

(2) f. ¥ f, — TnpexacTaBJeHHus,

@ (X, Y)=LXg¥)—eM) LX) —f () g(X)
+ g (X) h (V)
fIpuYeM BepHO H o6paTHoe. TodHee:

(3.2.1) Vmeepacderusn (2) u (3) cnpasedauss: moeda u moavko moada,
kKoeda omobpancerue [, onpederernoe popmyramu (1), ecmv nped-
cmasaerue.

[ycts Tenephb W' ~— NPOM3BOJBHOE MOANPOCTPAHCTBO B V, Jo-
nosiuutessHoe ¥ U. Torga W' = (1 + h) W, rge 1 — ToxaecTseH-
Hoe mpeoOpasosanne W u A € Hom (W, U). B camom gene, ecuan
w € W, 10w =u-+ w, rae anementst 4 € U u w € W oxHo-
3HaYHO omnpejesasiorcs 1o w’. [lockonbky oTobGpaxkenue W' 3 w’
—>w € W B3aUMHO-OJHO3HAYHO, MBI MOXEM IOJOXKHTb u = h (w).

(3.2.2) MTpu h € Hom (W, U) nodnpocmpancmso (1 + h) W moeda
u moavko mozda unsapuarmno omrocumeasro f (L), xoefa

@) hofy(X) —f(X)oh=g(X) dan X € L.
JdokasarteabctBo. IIpy w € W u X € L nmeem [ (X) (w + hw)
=gX)w+ o (X)w + f; (X) hw. Tak kax g (X)w + f; (X) hw
CUn[HX)wE W, 10 gX)w+f(X) hw= hfy (X) w, ecn
f(X) (w + hAw) € W’'. O6paTHoe OUEBHAHO. []

(3.2.3) (Ymp. 2 § 1.2) Hoaoscum
FX)ys=F[(X)s —sf,(X) daa X € L us € Hom (W, U).
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Toeda (Hom (W, U), F) — npedcmasrenue arcebpor L.

(3.2.4) Omobpasmenue g w3 Hom (L, Hom (W, U)) = C* (L,
Hom (W, U)) ydosasemeopsem ycarosuro (3) mozda u moibko moeda,
Koeda oxo npuxadsexcum Z' (L, f).

Hoka3zareancTtBo. ViMeeM
@) (X, V)=F(X)g()—F{¥)gX)—g (X, Y)
=X e —g ) (X) — [ (¥) g (X)
+ g (X)fo (V) — g (IX, V).

CnenoBatenbHo, (3) BHIIOJIHSETCS TOrJa H TOJBKO TOTAd, KOTAA
dg=0. [

(3.2.5) ITycmo g € Hom (L, Hom (W, U)). Has mozo umober cytije=
cmeosaao omobpaggerue h, ydosaemsopsarouiee pagerncmsy (4), Heob-
xo0umo u Odocmamodrno, 4mobsl 8oinoAHAA0CE Ycaoeue § € B (L, F).

,Lloi(asa'rem,cmo. Eciu b € Hom (W, U), To
(dh)y (X) = F(X)h = [ (X)h —hf, (X). [

HTak, MHl J0Kasajlu CJAeAVIOmMYI0 TEOPEeMY, HIPAIOULYI0O OCHOBHYIO
pOJIL B [JOKA3aTeJbCTBE MOJMHOH NPHBOAUMOCTH HEKOTOPBIX IIpen-
CTaBJIEeHHHA:

(3.2.6) Teopema. Mycme (V, f) — npedcmasaenue aacebper Jlu L
u U — nodnpocmpancmeo 6 V, unsapuanmroe omnocumeivro [ (L).
Toaoocum [y = fu u fy = fyju. Toeda opmyra

F(X)s = [ (X) s — sy (X),

2de X € L, s € Hom (V/U, U), onpedeasiem nexomopoe npedcmas-
Aenue areebpbr L; ecau A (L, F) = 0, mo Hadlemcsa sekmopuoe no0-
npocmpancmso W' 6 V, maxoe umo V = U @ W' (npamas cymma)
u f(LywWcw.

(B) Pacwupenus ¢ aberestimu sdpamu. Iycte E u L — anre6put
JInu "apg P. Ilpepnosio:kKuM, 4TO CYIIECTBYET CIOPBEKTHBHEIH OMO-
mopduam F:. E — L, snpo kortoporo V = F7' (0) aGesnepo. Jiuuei-
Hoe oToGpaxeHHe r: L — E HasplBaeTcd ceweruem, eciu F or = id,
rge id — ToxpgecTsenHoe oToGpamenue (L Ha cebst). Ompepennm
otoGpaxkenue [ : L — gl (V), monarasa agia X € Luv € V

f(Xyv = Ir(X), vl.
Ecan r’ — gpyroe cewenue, 10 F (r (X) —r' (X)) = X — X =0,

orkypa r (X) —r’ (X) € V u, caenosarenso, [r (X), v] = [r' (X), v},
T. €. [ He 3aBHCHUT oT BHIGOpa r:
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(3.2.7) (V, /) — npedcmasaenue areebpor L.

Hokasateabctso. Jaa X, Y € L novéelV
FXFY)—=FMTX)v
= [r (X), Ir (V), 011 — [r (V), Ir (X), vl
= [[r(X),r ()], vl .
C Apyro# CTOPOHHI, TaK Kak F(r (X, V) — Ir(X),r(Y) ) =0, 10
r(IX, Y1) — [r (X), r (Y)] € V. CrenosarelnHo,
[1r (X), r (V)] ol = Ir (IX, YD), 0l =7 (X, YD o Q.
(3.2.8) Onpedeausm omoGpascerue g: L X L -V gopmyaoii
g(X,Y)=Ilr(X),r, ()1 —r(IX, Y. ,

~ Toeda g € 2% (L, ])-

Mul GyjeMm HaseiBaThb g PAKMOPKOYUKAOM, COOTBETCTBYIOIUM Ce-
YeHUIO I.

JlokasateabcTso. [lo omnpejenenuio, g (X, X) =0, 1. e.g¢€ Cc? (L,
V). Hast aobeix X, Y, Z € L umeem
dg (X, V,Z)=F(X) g (Y, 2)+[(Y)gZ X) + f(2) g X,

Y) —g (X, Yh2) —g (Y, 2}, X) —g(Z, X1, Y)
= [r (X), Ir (v), r )11 — r (X), r (1Y, ZD)

+ r V), Ir (@), r (O = Ir (Y), (12, X)),
i (2, F(X), r NN —r(2), r (X, YDI
—[r (IX, YD, r (D] + r (X, YIZ) —[r (¥, 2]
P OOV -+ (LY, ZY, X 1) — tr (12, X)),

F(V) 4+ r(UZ X1, YD) =0. 0

(3.2.9) Tycme ry W ry — cedenus, a g W g — coomsemcmsyrouiue
paxmoproyuras. Toeda gy — &2 € B* (L, [).

JlokasaTeabcTBo. [loJ10XKHM h(X)y=r (X) —r (X) s X € L.
Torna h € C* (L, V). Das X, Y € L umeem
a(X,V)=InX,nY1l—n (X, YD) = lry (X) + A (X),

m(Y) + B (VD] —r (IX, Y) =X, Y]

= (Iry (X), rs (NT — ra (IX, YI) & (18 (X), 72 (V)
+ Iry (X), h (V)] — A (IX, Y])

= g (X, Y)+dn (X, Y). 0.

4 M. Toro. ®. T'poccxanc
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Onpeoeanenue. Ilycts V — BekTOpHOE npocTpaHcTBO, L — anreGpa
JIn Haj nosneMm P, u nycTtb 3aiaHo npeiacrasieHue (V, f) anrebpur L.

Bynem naswiBaTh pacuiuperuem (anredpol L), npurnadsencaum . {L (V,

N}, Beskylo mapy (E, F), Takywo, uro

1) E — anre6pa JIlu Hax P;

2) F: E— L — snuMopdusy;

3) F-1(0) = V — alGeneB upean 3 L,

4) nns moboro ceuenus r GYHKUUs f, onpefesieHHas PAaBEHCTBOM
F(X)v=I[r(X),vlnma X € Luv € V, coBnafaer c f1aHHBIM NpeJ-
CTaBJIEHHEM.

JlBa pacmupenus (E,, F,) u (E,, F;) HasbBaloTCs 3K8uBaAEHM-
HbLMY, €CJIU CYLIECTBYET TaKoH u3omMopdusm O anre6pul E; Ha E,, uTO
Ov=vmnpunov € VuF,.8=F,.
O6oanauum uepes | L, V, f| MHOXKeCTBO BcexX KJ1acCOB 3KBHBAJIEHT-
HOCTH paciminpeHuii, npunagnexamux (L, (V, fH}.

(3.2.10) Jas aoboeo g € Z% (L, f) cywecmsyem napa (E, F), maxas
4mo g ABAAEMCA (PAKMOPKOYUKAOM, COOMEEMCMBYIOUUM HEKOMOPOMY
CeHer .

HokasateapctBo. B npsamoii cymme £ = L @ V onpeiennm yMHOXe-
HHE (QopMyJIOi

[(X11 vl)v (X2) 02)] = ([Xlr XZ]’ f (Xl) Uy — f (X2 Uy _+~ g (X17 X2))

Torpa E craHoBuTcs aare6poit Jlu, a V — abeneBeiM ujueanoM B E.
Orobpaxenue F : (X, v)~» X sBjaserca romoMopdusmom £ Ha L.
Onpenenum ' ceuenne r, noaaras r (X) = (X, 0). Torma [r (X),
rMI=(X,Y],gX, V) =r(X,Y]) +g(X,Y) [

HCHOJIbByH NOJIy4eHHbIE BBIIIE DE3YJbTATHI, JOKaXKEM CJAEAYIOIYIO
BAXHYIO TE€OpPEMY,

(3.2.11) Teopema. Cywecmsyem e3aumHo-00HO3HAHHOE COOMBEMCMEue
wexcdy |L, V, fl u H2 (L, f).

HMoka3areabctBo. BosbMeM . NpousBoabHHE aJdement us | L, V, f/,
BbIGepeM B 3TOM KJacce 5KBUBAJEHTHOCTH KaKOIO-HUGYIb NMpelCcTaBH-
TeJs ¥ 3afafuMcsl HeKOTOpHIM ceuennem r. CormacHo (3.2.8), sTomy
CEYEHHIO r OTBEUAeT onpeje/eHHbH HakTOPKOILHUKJ g. Ecau pacmupe-
Huda (Ey, Fy) v (E,, F,) 5KBUBAJIEHTHBI, 1} U Iy — CEYEHUS H g1, Zo —
COOTBETCTBYIOIKE KOLHUKJBI, TO, KaK HETPYAHO NPOBEPHUTH, MOINU(H-
nHpys AokasarenbctBo (3.2.9), & — g, € B? (L, f). Tagum o6pasom,
nocrpoeHHoe otobpaxeHue us {L, V, fi B H* (L, f) onpene/neHo Kop-
pexTHo. B cuay (3.2.10), oHO CIOPBEKTHBHO.

[TokaxeM, uYTO 3TO OTOGpa)keHWe B3aHMHO-OJHO3HauyHO. IlycTh
KOILMKJIBl g; COOTBETCTBYIOT C€YEHHUsAM r; pacwupenuft (E;, F)), i =1,
2, w g —g, € B*(V,[). Mbl xotuM J0KasaTh, YTO paCIUHPEHH:
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(E,, Fy) u (E,, F,) 5kBUBa/NeHTHLI. [IpeAnonoxumM, 4to g, — g, = dh,
rne h € C* (L, V) = Hom (L, V).

3ametum, uro E; = r; (L) & V (mpamas cyMMa BEKTOPHBIX I1pPO-
cTpaHcTB) aast { = 1, 2. Onpegenum 6 : E; ~ E, paBEHCTBOM

G)8(n(X)+o)=rnX)+GX) +o)ma X € L,v V.

flcHO, u4To oTo6pakeHue O nuHeitHo O = id Ha V. Eciu ry (X)
+ *r(X)+v)=0, o X =0wu v=0, tak uTo O B3auMHO-OAHO-

sHauno. M3 (8) caenyer takxe, uto F (ry (X) + v) = Fi0 (r; (X)
-+ v) = X. TlostoMy JocTaToyHO HXOKasaTh, 4To O — romomopdusm
agrebp JIu.

Has mobeix X, Y € L uu,v € V uMeem
O(In X))+ u rn (Y)VF+oD)=6(Ip (X)), nMI+f(X)v
—f(¥) v = 8 (@& (X,Y)+rn (X, YD)+ f(X) o—
—fY) w=r, (IX, YD+ & (IX, YD) +&@ (X,Y)
+F XNo—F YV) wp=1In (X), n¥)]—gX,Y)
+AIX, YD +a X, VV+[ (XNDv—f Y)u
(nocnenHee paBedcTBO caenyer us (5)). C apyrofi CTOPOHHI,
@ (X, V) —g (X,Y)=dn (X, Y) =] (X) & (V)
—fY)A(X) —A(IX,Y).
CJaenoBaTeabHO,
0 (I (X) + u, r, (V) + o) = lrg (X), ry (V)] + f(X) B (Y)—
—fTMAEX +FX)v—F)u= I[rX
rn MI+fX) G )+ —F )G X)+
= r, X))+ Ak (X)+ u, r,(Y)+h (Y)+vl=
=00 X +uw, 6(n )+l 0

Onpedenenne. PacuinpeHne HasbIBACTCS PACWLNUMbIM, ECTH OTBeYa-
IOUH eMy (aKTOPKOUKKJ sBiasgeTca Korpanune#d. [as BCAKOro
PACIIEIUMOTO - pACIIMPEHHsT MBI MOXKeM B3sATh g = 0, T. e. BbIOpaTh
ceueHue r, siBJsOLIEeCS H30MOPdHU3MOM asre6p Jlu 1.

(3.2.12) H? (L, ) = 0 moeda u moavko moz0a, ko2da éce pacuiupe-
nus, npunadsexcawue (L, (V, )}, pacuenuns.

1 HMuaye rosops, B 3ToM cayuae E = r (L) & V, rae r (L) — nopaare6pa B L,
usoMopdHas anredpe L. — [lpum. ped.

4%
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3.3. dumomoppnam Kasumupa

Ha nporsxenun sToro mnaparpadga P — NPOU3BOJBHOE ~MOJIE

XapaxkTepucTukd 0, a g — moaympoctasi aiarebpa Jlu Hap P.
[lycte (V, f) — npeacraBienne anre6pnl g. Ilonoxkum By (X,

V)=trf(X)F(Y) mma X, Y € g. B cuay (1.5.4), By — un-

BapuaHTHas OunHHeldHas (opmMa.

(3.3.1) ) Ecau By =0, mof =0 (m.e. f(X) = 00a18cex X € g).
2) Ecau npedcmasrenue [ mouno {(m. e. 63aUMHO-00HO3HAYHO),

mo gopma B; Hesvipoxcdenna.

Hoxasateancto. 1) [Ipenmonoxxkum BHauade, uyto P = P. Ilycts

V — BekTopHoe mnpocTpaHcTBO Hal P, § — nopanre6pa Kaprana
anre6pel g, A = {A, u, ...] — COBOKYNHOCTb BCE€X BECOB IIpEACTa-
Baenus (V, f), accounupoBanunix ¢ b, u V=V (A) & ... — pas-

JIOKE€HHE Ha BeCOBble MOANpPOCTpaHcTBa. Toraa sl Kaxjoro e € A

By (HapHa) = eZA (dim V (M) (A, @),

Iockonbxky (A, @) € Q, u3 pasenctBa B; = 0 caenyer, uto (A,
@) =0 ans Bcex A € A u a € A. CaenoatenpHo, A = {0} u

= V (0). Tlostomy f(E) Vo V(a) =0, 1. e. f(Ey) =0 npu
a € A, u f(Hy) = —If(Ea), [(E.x)] =0. Tak kak sieMeHTH
Hq (¢ € A) mopoxpawr § (Kak BEKTOpHOE INPOCTPAHCTBO), TO

PaccmoTpum Temepn ofmui cay4yai. BospmMeM Kakoe-HUGYIb
anreOpaHuecKH 3aMKHYTOe HoJe P, comep:kaiiee noJse KoahpHLUHEHTOB

npoctpancTBa V, u moctponm anreépy Jlu g° 1 BEKTOPHOE NPOCTPaH-
cteo VF. Tlyems Ey, ..., E, — 6asuc B g. Taxk kak gl (VF) = gl (V)#
> gt (V), To, nonaras

FaEy 4+ oo+ %,E) = xf (E) + .. + %, (Eo) (x; € P),

MBI [1OJIYYHM. IpeACTaBAeHHe (Vﬁ, f anre6bpel g‘;‘ O6o3HauuM 4epes Ef
OuauHeliHyo $opMy Ha g¢¥, COOTBETCTBYIOUIYIO ITOMY IIpeicTaBJie-
Huw. fcuo, uto By (X, Y) = B; (X, Y) ana mobex X, Y € g.

Ecnu f£0, 10 f5%0 u Bf 4.0, Tak kak g - mopoxkjaer g©, TO
H Bf # 0.

2) Tlyets ¢ = {X € g: By (g, X) = 0}. $lcHo, uTo 3TO0 HAean

B ¢. CanenoBaTenbHo, ¢; — noaynpocras anre6pa. O6o3HaduM yepes:
f1 orpaHuuenue npexncrasjeHus [ Ha ¢,. Tak xak (V, f,) — npen-
CTaBjIeHHE noaymnpocToil anrebpei g U Bj = 0, 10, B cuay 1),
f1 = 0. TlockombKy f — TOWHOE mNpeacTaBjeHHe, TO g, = 0. []

Ilyets (V, f) — TouHoe IipeicTaBieHue anreGpol ¢, U 0OYCTb
1> -y Ep— 6asuc B g. TTockoabky dopma Bj HeBLIpOKIeHHA,
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B § MOXKHO BHIOpaTb Takofl 6asuc Fi, ..., Fn, ut0 B (E;, F)) = §;;.
[lonoxum

c= ¥ HEIFF) € gL,

Sugomoppusm C HasbiBaeTcsi 3noomoppusmon Kaszumupa npeiacrasie-

uust (V, ).

(3.3.2) 1) C ne 3a8ucum om évibopa basuca.

2) Cf (X) = f(X) C Oan 6cex X € g.

3) Sndomopgusm C omauter Om HYARL U, eCAu npedcmagierue
(V, f) nenpusodumo, Heguiposder.

Jokasareancrso. 1) [1ycTo El,;.., E uw Fy,.. F,— apyrue nsa
Gasuca B g, ana koTtopux Bj (E,, F;) = §;;. Ilycts
n n
E — __le,[E,, F, = Elf_,.iF,-, e,i.f;; €P.
j= j=

Toraa o
By (ELF)) = LeufeB(EnF) = Lealsy =8

Taxk kak u3 paBencrtsa ‘(¢;,)-(f;;) = 1 (exuHnuHas MaTpHLA) ciaenyer,
qTo (f[j)"(ezj) = 1, MBI HMeEEM . »
2‘ e[sfjs == 6[]‘1
s .

é = Ef (Es)f(Fs) =[Xfisf;sf (Es)f (Fl)
— Y (Dewfjs) FE)FE) = 2 T(E)F(F)=C.
9) Iyers X € g, unyers [X, E;l = Z,a,E,, [F, X1 = Z,b;F,
(aj;, b,; € P). Torna

By (IX.EN, F) = Y auB; (EuF) = ays,
Bf (Eiv [F‘,‘,X]) = ;bijf (‘EiiF’?) = bi]"

CnegoBatenbho, a;; = b;; u moromy [F;, X1 = 3Z;a,F; Janee,

FX) C=3(X) [ (E) f(F) =X (IX, E)) + F(E) [ (X))

R = Sayf (E)) | (F) + Bf (E) [ (X) F(F),

CF (X) = lzf'EEo fF) | (X) = EFEN (1F, XD)

+ FX) F(F)) = Zagf (E) F(F) + EFE)FOFED.
CaegosatenbHo, [ (X) C = Cf (X).
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3) Tak xak trC =23, tr f(E) [(F) = Z,Bf (E;, F) =
T0 C 5% 0.

[Tockoapky f (X) CV =Cf (X) V < CV upu X € q, nb;’mpo- .

ctpaHcrBo CV uHHBapHaHTHO OTHocuTenbHO f(g). Tak kak C % 0,
10 CV % 0. M3 HenpuBOAMMOCTH NpEICTaBIEHUA ClelyeT, YTO CV
= V, 1. e. uto 3u70MOp(U3M C HeBBIPOKJIEH. []

3.4. KoromoJioruu HeTpHBHAJbHBIX
HENPHBOAHMEIX npenc'ran.nenni’l

Mbl no-npexkHeMy npeamosnaraeM, 4to char P = 0 = aJIreépa q
HoJIynpocTa.

(3.4.1) ycmo (V, f) — npeacmae/zeﬂue axcebper §, K € gl (V)
uc € Ck(g, V) (k =0,1, ...). Toeda

1) Kc € Ck (g, V);

k41
2) (K — Kd) (X1, -vor Xawp) = X (=DF(F (X)) K

— KF (X)) ¢ (Xr ooy Xov oer Xiaa)d
) ecau Kf (X) =f (X) K 0ss 6cex X € g, mo do K = Kod.

Joka3aTenabCcTBO. YTBepxKJeHHe |) O4eBHAHO. YTBepxkJeHHE 2) TpH-
BHAJbHO A k=0, a aaa k > 1

dC (Xyr ooy Xpay) = ;(— DFHF(X) el Xpy )+

+Z _1)L+!c([X“X] ceey /)Z

i
i<j

(KdC) (X, v Xpuy) = 5 (— DI KF(X) 0 (s Xy o)+

4+ 3 (= DiH K ([ XXl oy Xiy on Xy 0,

i<j

(AKX, oy Xpw) = 2o(— DHFF(X)Ke(oy Xy o) +

+ Y (= KXy, Xy oy Xy ey Xjy nl).
i<y .

3) cpasy cienyer u3 2). [}
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(3.4.2) Ecau npeacrﬁae/zeﬂue (V, ) nenpusodumo u f =0, mo
Hk(g,f) :0) kzor 17
HokasatenbcTBO. OG03HAYUM Uepes g, AAPO npeiacrabgedus f. Toraa !

g =20, & g, (mpsiMasgs’ cyamma pmeaJIOB) o4 orpa}mr{e}me npencra-
BJeHdss [ Ha ¥y, TouHo. Ilycte E,, ..., E, u Fi, ..., F, — 6asucsr

B (,, ABOHCTBeHHbIE APYT APYTY OTHOCI/ITeJIbHO B;. Torma snmomop-

dusm C = Y 7_\f (E;) f (F,) neBbipoxaen. Ua Toro, uto f (X) C = Cf (X)

ana scex X € gy v f(X) =0 ansa Bcex X € q,, caenyer, uro
[ (X) C = Cf (X) nnst Bcex X € g

[Tockonbky paBeHctBOo H° (g, f) =0 oqeamu-lo TPENNOJIOKHM,
uto k£ = |. HanomunMm, uro aist ¢ € C* (g, V

OX)0) (X, oy X =) e (X;, Xp) — Xc(X

b veny
[Y,X;l, ... X5,
(l(Y)C)(Xl, ..y., Xk_l)SC(Y,XI, ceey Xk)
1 4TO
8 (Y) = dv (Y) + 1 (V) d.
[Tyets ¢ € Z% (g, [). Tlonoxum
h= XFE)(F)c € C1(gV),

Torna

dh = Z(df(Er) —HE)d)v(F)) e+ Z‘f(Ei)dL (F)e.
Tak xak dc =0, o dv (F)c = 0 (F,) c. Tlpamensns Tenépr) (3.4.1),
2) ¢ K = f(E)), noayunm

k
(AR (Xy, oy Xo) = Y0 ) (= )it (F(X ) F(E,) —

=1 j=1

—FEJ O Fyel, Xy )+ Y FEVTE Xy X —

&

& ()
= T o(Xy o IFLX) o X))

! TlpHBONHMO® Jajee DABEHCTBO CIYKHT ONPelefeHHeM Igeana  q. —
Mpum. ped. '
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HMeeM

T 2= DX ) FE) = FE) (X)) v(F ey K, o
=X
= 2;2

~

)R Y a fENEY (. Xh o)

Y apf (B (— V)itie(FL Xy, .., Xy o)

i
!

2 (
3

I

; ]Z }s:ajsif(Es) Cv(Xl’ y _Fii ""),

) ()
}‘_,-f(E,.)Ej:c(Xl, [F[ij], )

f

¥y s}:‘a,-isf(Ei)c(Xl, ce Fyy ).

o
CiefoBaTtennHo,

@hy (X,, ...,Xk):_—[gf(Ei)f(F[)c(Xl,...,Xk)»= Ce(X,, ..., Xp).

Cormaco (3.4.1) ¢ K=C', d (C-'h) = C-dh = ¢, u noTomy
c€ BN 0 '
(3.4.3) [aa xamedozo npedcmasrenus (V, f) aare6pul g

H' (g, /) = 0. '

MokasareancTBo. [Ipexae Bcero nokawxem, uto H! (g, f) = 0, ecau
f=0. Ilyets ¢ € Z' (g, f). Torma

d)(X, Y) = [ (X) ¢ (Y) —[(V)e(X) —c(lX, Y

= — (IX,Y]) =0.

g)ocx%.nbxy g = lg, gl, aTo osnauaer, uto ¢ = 0, tax uro H' (g,
© Ilpumenum Tteneps umgykuuio no dim V. Eciu mnpeicraBienue
(V, [) HenmpuBoaumo, To Haml pe3ysbTar caenyer u3 (3.4.2) U TOMBKO
4TO JOKA3aHHOTO YTBepxkKAeHHs, a ecau dim V = 1, To Beakoe npen-
CTaBJICHHE HENPHUBOAMMO. IIpeinonoum MHO3TOMy, UTO NpejacTaBJe-
nue (V, f) npusopumo u U — moanpocTpaHcTBO B V, yIOBJETBOPSi-
omee yenosuam 0 & U & V, f(g) U= U. Torma (U, fu) u (V/U,
frw), tae fu (X) =f (X)yu fow (X) =F (X)vw npn X € g, —

[Myers [X;, E;] = ZLIajSL-ES. Torﬂ,a. [F,, X;1=Y.a;F, u MBI
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Take MpeAcTaBjeHus anre6pwt g. [1ycTh p — ecTecTBeHHOE 0TOGpA-
kenne V Ha V/U. OGosnauas fy,y uepes f, umeem

pF(X)v)=F(X)pvans X € guv € V.
[lycts ¢ € Z' (g, f). Torma pc € C! (g, V/U). Tak kak
)X, Y)=F(X)c(Y) —[ (V) c(X) —c(IX,Y]) =0,
TO

(@ (pNX, Y) =T (X)pY) —TF (V)(pe)(X) — (p)(1X, Y1) =
=p (F(X) c (V) —f (N e(X) —c(IX, Y]) =
' = 0.

CnenoBatesnbHo, pc € Z' (g, [). Tlo NpeanosOKEHHI0 HHAYKLHHU,
pc € Bt (g, [) u, sHauut, cymectByer Takoi Bekrop 0 € V/U = C° (g,
V/IU), uto f (X) 0 = (d9) X = (pci(X) npu X € g. BriGepeMm Bek-
Top v € V, nas koroporo pv = 0. Torpa pf (X) v = [ (X) pv = (pc)
X)), .e. h (X)=c (X)—F (X)v=(c—dv)(X) € U. Tak gak
dh =dc —ddv=0,Toh € Z' (g, f). C apyroii ctoponsl, h (g) = U
n.notomy A € Z' (g, fy). CHOBa HCNOJB3YS NPEANOJNOKEHHE UHAYK-
UWH, 3aKjaiouaem, uto A € B (g, fy), T. e. A = du i HEKoTOpOro
u € U. CnegoBatensvio, c =h +dv=d (u+v) &€ Bl (g, ). O
W3 (3.2.6) u (3.4.3) BrITekaeT ciaelymwilas TeopeMma:

(3.4.4) Teopema. Bcsaxoe npedcmasienue noaynpocmos ascebpor Jlu
8NnOAHE NpUBOOUMO.

3.5. Pasjoxenus JleBnu

MbI coxpaHseM [peinoJioXKeHHe O TOM, 4TO P HMeeT XapaKTepH-
ctuky 0.

(3.5.1) (3. JleBu) Tycmo L — arzebpa Jlu u R — ee paduxar. Toz0a
cywecmsyem noaynpocmas nodascebpa S ¢ L, maxaa wmo L = S + R.

JokasateabcTBo. lpeanosioxkuM BHauaJsie, 9TO R ABJAAETCS MHHHU-
MaJbHEM HpeatoM B L. Tak kak RM = [R, R] — ugean B L, TO
RM = 0,%T1. e. ugean R abeneB. EcrecTBeuHbll romoMopgusm L
— L/R = g omnpeienser paculdpeHHe NOJYNPOCTOH anrebps Jin
g c a6eneBuiM sgpoMm R. [Tycts (R, f) — cooTBercTByIOLI€e NpeCTa-
BieHue. [TockoabKy R!'— MuHHMAaJbHEIA Hieas, 3TO NpeicTaBaeHHE
HenpuBoaumo. Ecau [ 3= 0, o A2 (g, f) = 0, B cuay (3.4.2), v no-
ToMy, corjacHo (3.2.12), pauHoe pacwinpenue pacimenumo. Ecnn
f=10,710 dim R = | u R coBnagaer ¢ uentpom aiare6pet L. [TosaTomy
npucoeauHeHHoe npexacTaBgenne (L, ad) cayXuT npeicTaBleHHeM
anre6pel L/R = g, OTKYZAa ClelyeT, B CHIY TeopeMsnl (3.4.4), uTO OHO
BroJiHe TipuBoguMO. Takum o6pasom, Hainerca Huean (= HHBapHaHT-
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HOe MOJANpOCTPAHCTBO OTHOcHTeabHO ad (L)) S, mas Kotoporo L =

Tenepp Oylnem jAoKasbiBaTh TeopeMmy B ofuieM Ciaydae, IPHMEHAA .

nuaykuuio no dim R. [Ipeanosioxum, 4yTo R He ABJAseTC MHHHMAJb-
HBIM HJeajsoM, H BbifepeM KaKoH-HUOYIb MHHHUMAJBHBIH uAean- R,
anre6pel L, comepxkamuiics B8 R. Tak kKak R/R, — panukan B L/R,
1 dim (R/R,) < dim R, TO N0 IIpeiroJ/IOKEHHI0 UHAYKUHH HaigeTcs
noaynpocras noganreépa So/R, 8 L/R,, Takasi uto L/R, = Sy/Ry +
+ R/Ry, 7. e. L = 8§, + R. Tak kak R, — pazuxana ajnrebpel S,
u dim R, < dim R, To, CHOBA HCINOJb3ySl TPEANOJONKEHHE HHAVK-
UHH, MOXHO HaHTH NMOJYNPOCTYIO Noganrebpy S, AJasi KOTOpo# Sy =
= S -+ R, u, caegoBarensho, L = S + R. [ .

(3.5.2) [Tyemv L — anrcebpa Jdu u O -— ee Ouggepenyuposariie.
Ecau & nusronomenmno (cxaxmen, 8¢ = 0), mo

oo k—1
& §¢
T il
i=0 =0
— agmomoppusm areebp L.

HokasareabctBo. Mcxonsa us pasedctsa § [X, V] = [6X, VI + [X,
8Y 1, MO:KHO ¢ MoMOLIbI HHAYKUKUH MO m g0Ka3aThb GopMyay
m oo '

smiX Y= Y (M) xeyi=m ¥ [ o x, 2y,

il /!

expd =

=0 z‘—{~]-=m

m=1,2 ..., Y4uTseiBas, UTO B HalUeM c/Jyuyae psdJ KOHEeUeH, MoJy-
4aeM OTCIOAA

expd. [ XY= i i [%]— X,‘Sj—gY}
m=0 i+j=m .

= [Z _‘?-L—Z—GLJI—Y;) = lexp6- X, expd-Y]. 0O

i=0 =0

3ameuyanue. Mul yBAJHUM TO3JHee, 4TO H JJIsl 1IDOH3BOJBHOTO JHdde-

peHuupoBaHuda & pax exp O (CXonHTCA H) ONpesensieT aBTOMOP(PH3M
ecsqdt P =R wmu C

(3.5.3) Tycmv L — aneebpa Jlu u R —ee padukan.

1) (Maavues) Ilycmo g u g — noaynpocmere nodaiszebpo. 6 L
u L=g +R=g+ R Tozda cyuwecmsyem asmomoppusm o
aneebpor L, daa komopozo oq = q.

2) (Toto, Xapum-Yauapa) [Tycme q — MAKCUMAALHAA NOAY-
npocmas nodaseebpa 6 L. Toeda L = g + R.
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JloKka3aTeabCTBO. I) O6o3HauuM uepe3 R, pagukan aare6pn L*
= [L, L] u BuIGepem UeNouyKky HIeajoB

RyDR:2 .. 2R, =0

B L, Takylo uTo Bce aarebpsl R,/R.y, i =1, ..., kB —1, abeseBHl.
Jlns moGoro X € L uepes f; (X) o60o3nayum npeoGpasosanue, HHAY-
uupoBanHoe Ha R;/R,,, TpeobBpasoBaHuem ad X. Tak xak L = g

+ R =g -+ R, 10 mas xaxporo X € ¢ CyllecTByer eMHCTBEHHBIH

ssemerT X € g, Takoit-uro X = X (mod R), 1. e. X — X € R.
Jlanee, orob6paxkenne X — X sABAsercs H3OMOp(uU3MOM ¢ HA §
(HaM HYXKHO npodosxcumb €ro 10 aBTOMOpdH3Ma aire6per L). Tak Kak
Becakasi Mosiympocras mojajre6pa anre6pbi L coAepiKHTCA B L,
0o X —X E€RNLY =Ry (em. (2.1.7)). _

JomycTHM Tenepb, UYTO [J151 HEKOTOPOro [ (1 <! < k) cymecTtByer
HaGop u3 [ smementoB Y; € Ry =R, Y, € Ry, ... Y, € Riy
yIOBJIETBOP SIOIHH YCJIOBUSAM:

(i) xampoe u3 npeoGpasoBanuil ad ¥, HHJIbOOTEHTHO;

(if) eciu o, =exp (adY;,) u X € g, 70 X —o....00X € R,
Ecau [ = k, To Bce goKa3zaHO. [TokaxeM, 4TO €CJIH | < k, TO cyue-
CTBYET aHaJIOrMYHLIH HaGop U3 [ + 1 ajgemenToB. IlycTb T = 0; ... Oy
ue (1X) = X — ©X aas awoboro X € g. Coraaco (ii), ¢ (1X) € R
[TosToMy, 0G03Ha4as yepe3 p eCTeCTBEHHOE 0To6pa>Kuer1e R, —~ R,/R;4
¥ nousaras cy(tX) = pc (vX), Mbl NOJYYHM JIHHEHHOE oToGpaKeHue
u3 tg¢ B R,/R,,,. Jlokaxem, 4T0 ¢; € Zt (vg f).

Tak Kak oTo6paxenue tX — X anre6pel 7g B ¢ ABIAETCA H30-
Mopdu3aMOM, TO A Jwobex X, Y u3 g

T ([X, YY) +c(x [X, V) = [tX + ¢ (1X), tY + ¢ (tY)]

c(rIX, V) = [tX, e zY) 1 — [tY, c (xX) ] + lc (xX), ¢ (tY) ]
Ho [c (tX), c V)] € [RI, RlIl < R;;;, TaK uto

ey (v [X, Y]) = [, (vX) & (xY) — [ (vY) ¢ (TY).

D10 o03HauaeT, 4O ¢; € Z* (g, f). B cuny (3.4.3), HalaeTca 3JeMEHT
Z € R, mas xoroporo ¢, (vX) = —f; (1X) pZ wu noromy c (1X)
— [2,tX] € R,,;. CiegoBare/nHO, ~

X = X + [Z, tX1(mod R;,1)

aas xampgoro X € g. CoraacHo (2.1.7), npeoGpasopaHue ad Z HHJb-
notentHo. Kpome toro, (ad Z)" X € Ry mnpn m = 2,3, ...
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B cuay (3.5.2), 0 = exp (ad Z) — aBTromopdusm anrebper L, u Ans

Xecg - 1 ,
0(tX)=X+adZ-X + 5 (ad2)* X + ...

= X + [Z, X1 (mod R,,,).

CnenoBarenbHo, ¢ (tX) — X € R, ,.,. Takum o6pasoMm, Habop
Yy, ..., Yy, Z takxe ypoBaeTrBopser ycaoBusaM (i) u (ii). Tem cambiM
Halle YTBEpIKIEHHE NOKa3aHo. ’

2) Ilyets  q" — mosnynpocrast nopaare6pa B L. Torma L' = ¢’
+ R — nopaare6pa B L. Ilycte g — moaynpoctasa nozanare6pa,
Takasg uto L = g + R. Tlonmaras L' 1 g = g", umeem L’ = g”
+ R u ¢ NR=0. Iyers [L, L] N R = R{. Torna vafigyrcs
sneMeHTH Y, Yy, ..., Y, _ 1 € Ri, A KOTOpPHIX

exp (ad Y, _,)...exp(ad Y,) ¢" = q’.

Tak kak R{ < R;, To Bce auddepeHuupoBanus ad Y, HHUAbOOTEHTHHI
¥, 3Hauut, exp (ad Y;) — aBTomopdusmbl anrebpsr L. Ilycts g
=exp (adVY,_,) ..exp (adVY,)g. Torma g <gu L=g
-+ R. B uacTHOCTH, ec1d ¢’ -— MakCHMaJbHas MOJYyHpocTast anaredpa,
To g=¢ u L =g + R. ' ,

B kauectBe NpuJIOKeHHsT YKamKeM OJIHH YACTHHIH Cayuyail TeopeMbl
(3.5.3). - *

IIyete V — BekTOpHOe npocTpaHcTBo Haj P. B npoctpancree ero
abduHHEIX TpeobpasoBadHui aff (V) = gl (V) @ V onpenenum cxo-
GoyHee yMHOXKeHHe (GopMyJaoi

I(s, @), (¢ b)) = (st — Is, sb — ta),

roe s, ¢ € gl (V), a a,b € V. (3ameruM, 4T0 Al n X A-MaTpull
s, tu 1 X n-marpuu a, b UMeeT MeCTO paBeHCTBO

ool loon=lo"" 57"

OueBuano, uro aff (V) craHoBuTcst npu atoMm aareGpo# Jlu; oHa Hasbl-
Baercst noanod adeunnoll areebpoii. Nanee, V = 0 & V ectb abenes
urean B aff (V). daement v, € V HasbiBaeTcsi Henodsuscnoll moukol
ana (s, a) € aff (V), ecnn svy + a = 0.

(3.5.4) Beakasa noaynpocmas nodaszebpa ¢ 6 aff (V) umeem obuyyro
HeNnoOBUNCHYIO MOYKY.

HokasateancrBo. Tak kak saff (V) =8 (V) @ V ectb uiean Ko-
pasmepnoctu | B aff (V), 1o ¢ = I[g, g] < saff (V). Kpome Toro,
3l (V) =48l (V) @ 0 — wmaxkcuMmanbHas NOJYOpocTas mnojaareépa,

2.5. Pasaoocenusn Jlesu 109

aV =0 @ V — panukan anre6psi saff (V). B cuay (3.5.3), Hafipercs
TaKofi BeKTOp ¥y € V, 4TO
g < exp ad vl (V).
Tak kak (ad Vy)? = 0, 1o, o6osnaunB exp ad (—uv,) § uepes g’,
MBI [IOJIYYHUM :
g={s+ (sl s € '} = {(s.500): s € g’}
C/leoBaTeqbHO, U, — HEMOjABHKHAs# TOYKa JoOOro 3sJjeMeHra ai-
re6pet g. (]
3ameuanue. TeOpeTHKO-IPYINOBO#M CMBICJI Pe3VJIBTATOB 3TOrO MHapa-
rpaja 6yaeT pasmpsicHed B ©a. 5.
Yopaxusenne. JokazaThb, uTo AAa moOOro npeictasaeHwHs (V, [y anrebpel g
H*@ Hh=0.




Tnasa 4

HNOJIYNIPOCTBIE AJTEBPbI JH
HALQ R U C

4.1. AareGpot JIu nag R u C

[lyete V — BeKkTOpHOE mpocTpaHCTBO pasMepHoctH n Hajxy (. Pac-
CMaTpuBas V Kak BEKTODHOE NPOCTPAHCTBO Haj K, mbl 1OJy9UM
BEKTOPHOE NIPOCTPAHCTBO Vg pasMepHocTH 2n Haj R. Ecau V asisercs
anre6poit (Ju) Han C, 1o Ve Gymer anre6poit (JIu) nag R.

Ilyetb g — anre6pa Jlu pasmepHoctu n nHagy R. Toraa g =C
Dr g ABIAETCA anre6pofl Jlu pasmepHocTH n Han C H HasbIBaeTCs
Komnaekcupurayuer anre6pel g. HMmeer wecto paBeHcTBO ¢ =
@ ig (IpsiMas CymMMa BeKTODHBIX NIPOCTPAHCTB Haf R), H AJs J1106bIX

Xy, ¥y, Xy, Yy € g
[Xy + Yy, Xo + iV,] = (1X,, Xl — 1Y, Vo)) + i (1X,,
~ Yol + 1Y, X,10).
[lyets g — anre6pa JIu nag C. [lonanre6pa ¢ B ER HasH-
Baercst éewecmeeuuozi popmoil  anrebpeol E, ecin g = g + ig
m g ig = 0.B arom ciyyae anredpa g usomopgna g°. Boobuie
TOBOPSA, g MOXKET HMeTh HECKOMbKO HEH3OMOP(MHBIX BELIECTBEHHBIX
dopm (cm. ymp. 2 § 1.6). [Tonoxum o(X+iY)=X —iY g X
Y€ g ¥ HasoseM 0 conpssceruem oTHOCHTENBHO g. ScHo, uTo '

0* =id, o (IU, V]) = [oU, oV, ¢ (al) = ao (U)
A mobuix U, V € gu acC, rue @ o60sHauaer YUCJO, KOMILJIEKC-

~

HO-CONpsiKeHHOe K a. Ecan § — BekTopHOoe TOANPOCTPAHCTBO B g,
TO U o) Toxe.

Has Besxo#t anre6per JIn L 06osHauum yepes Aut (L) rpynny
BCEX ee aBTOMOpdu3MOB. B ofwem caygae Aut (E) < Aut @a),

npuueM ¢ € Aut (Egg), HO 0 & Aut (g). Hasee, mockoabKy 1060
aBTOMODPGH3IM T anre6pel g eIMHCTBEHHBIM 00pa3soM NpOJOJKAETCS
20 aBTOMOpQH3Ma T aare6pui g no dopmyste T (X < i¥) = 7 (X
+ it (Y) (X, Y € g), mb Moxem paccMarpusarts Aut (g) xak noIl.2
rpynny B Aut (g).

4.1.1) Hycme g, u @2 — sewgecmeennble  opmor  anrzebpor ~g, u
nycmo 0y, u 0y — coomsemcmsyrougue conpascenus. Coommowenue
0102 = 0,0, umeem mecmo moeda u moavKo moeda, Koeda Oy, = g
(u 0,8, = g,), u 6 3mom cayqae ' :

9= N 8) @ (G Nig) 2=1(g0 Ng) S (g: N ig).

4.1. Aneebpot JIu rad R u (O [

JokasareanctBo. 3amerum, 4t0 g, = (U € §: o,U = U}. Ecan
08y = g3, TO AN X € g MBIl HMEeM 0,07 = 0,X = 0,0, X u
0,0, (iX) = 0, (—i) 6,.X = i0,0,X = (0,0,X = 0, 0, (iX). ObparHo,
€CNIU 070y = 0,0;, TO Aaa X € g, umeeM 0,0,X = 0,0,X = 0,.X
U noroMy 0;X € g.

Hanee, npeanooxum, uto X, ¥ € g, u X + Y € g;. Ecaum
Opdy = 41, TO Oy (X 4+ i¥Y) =X — (Y € g H, sHauur, X, {V
€ g U

(4.1.2) Mycms g — aacebpa Ju nad R u g — ee Komnaexcuura-

yua. Ecau 00na u3 anreebp g, g, gg NOAYNRpocma, mo éce OHU NOAY-
npocmoi.

HdoxkazateancrBo. B cuay (1.6.1) u (2.4.1), g moaynpocta TOrAa
H TOJbKO TOrZa, KOrja g HOJayHpocTa.
Besakuii abeneB upean B g sBJasieTcs abesieBolM HjeanoM B gg .

Ecau a — a6eneB uaeand B gg, TO €r0 KOMILJIEKCHO-JHHEHHAsT 000-
JIOUKa

(X, + . A @pXea, € C, X, €Ea, k=1,2, ..}
OyneT aGeneBuM HieaaoM B g. []

ITycte V — BEKTOpHOE MNpPOCTPAHCTBO pa3mepHocTH 2n Hai R.
[Tox xomnaexkcrhod cmpyxmypolli Ha V MBI NOHUMAEM 3HAOMOPGH3M
J € gl (V), pas xoroporo J? = —1. Ecau J — KOMILJIEKCHAS CTPYK-
Typa Ha V, To, noaaras (a + bi) X = aX + bJX nnsm a, b € R,
X € V, mul npeBpamniaeM V B BEKTOpPHOE MPOCTPAHCTBO Pa3MEpPHOCTH
n Hag . B cayyae Koraa V ecTb BEKTODHO€ NPOCTPAHCTBO
wan (, yMHOXKEHHE Ha | sABJAAETCA KOMILIEKCHOH CTPYKTYpo#
Ha Vre

[Mycte g — aarebpa Jlu Hag R. KoMmiaexkcHass cTpykTypa J Ha
BEKTODHOM INPOCTPAHCTBE ¢ HAa3BIBACTCSI KOMNAEKCHOU cmpyxkmypot
Ju, ectn Joad X = ad XoJ nas Bcex X € g Ecau Ha g 3a-
JlaHa KOMIIJIeKCHas cTpykTypa JIu J, To ¢ craHoBuTCS anrebpon Jiu
Han . B aTtom cnyuae —J Takike OyLeT KOMIJIEKCHOU CTPYKTYypo# JIu
Ha 4q.

(4.1.3) Iycme g — anrcebpa Jlu nad R ¢ komnaekcrod cmpyxmypoil
Ju J. Obosnauum uepe3 g, u g KomnaeKkcHoie arcebpor Jlu, noayuex-
Hble u3 g esederuem cmpykmyp J u —J coomeemcmsenno. Ecau g,
obaadaem sewecmsennol popmoli, mo g, = gq_.

HokasarteasctBo. [lycTh ¢, — BeulecTBeHHass ¢opma ajrebpnl .
Torga kaxAbld 3JeMEHT M3 § eJHHCTBEHHBIM 06pa3OM 3allHCHIBAeTCs
B Buge X + JY, rne X, Y €gq,. Mul yTBepxkiaem, uTo oToOpaxe-
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ue 8:9,3X + JY — X — JY € g_orobpaxaer g, Ha g_. lefictBu-
TeJbHO, )

0(i (X + JY) = 0 J (X + JY) = 8 (—Y + JX)

= ¥V — JX = —J (X — JY) = i8 (X + JY),

8 (IXy + JY,, Xo+ JY:) = 0 ((1X;, X,} —1Y,, Y,
-+ J(lYL Xz] —+ [le yz]) = [X1, X2]— [Yl,
Yyl —J (Y, X1+ IX;, Y,l) = X, —JY,,

Xy —JY,] = [8(X, + JYy), 0(X,+ JYy)l O

4.2. Ipoctbie aare6poi JIn

(4.2.1) [lycme g — ancebpa JIu na C. Aneebpa gr npocma moeda
u moabKo moeda, koeda areebpa q npocma.

JokasarenbcTBo. OueBHAHO, UTO ecd ajrebpa gg MPOCTa, TO TEM Ke
CBOHCTBOM oOJafaeT M g. :

TlpeanonoxumM, 4to anreGpa g npocra. Cornacso (4.1.2), ge —
noaynpocTaa anreGpa. [Iycte g, — HeHy/eBoO#l ujean B gg , a g —
€ro KOMIJIeKcHasa JuHefiHasa ofomouka B §. Taxk Kak ¢' -—— HeHyJIeBOH
upean B g, 0 ¢ = gq. IlycTh g, — TaKod wupgean B gg, UTO Gp =
= g; @ g,- [lockosmbkry lg;, g,1 = 0, Mbl sakswouyaem, uro g,
go] = 0, oTKyama caeayert, 4to gy = 0. []

(4.2.2) [Tycme § — ancedpa JIu nado C. 06o3nauum epe3 E Kom-
naexcugpurayuo areebpol gg. Ecau g obaadaem sewecmsennoii ghop-

MOU, mo § ecmb NPAMAL cymma 0syx udeanos, KaxncOolli U3 KOMopoLx
usomoppen. g.

Hokasarteanctso. [lycts J M { 0603HaYaOT KOMIJIEKCHBIE CTPYKTYpPH
B § M ¢ cooTBeTcTBeHHO. Toraa

XX Xegl v g ={X—-iJX: XEg}

CyTb uueasnl anreGpbl §, TakHe uTto § = g+ (B y¢-. Jlamee, Jerko
BHJIETb, uTO oOToOpaxenue §I)X — (X —iJX)/2€g  ocyue-
CTBJISIET U30OMODP(HHU3M ajare6p q U g.

O603HauuM uepes g_ anare6py Jlu Hapg C, mosaydaeMyio mpd BBeje-
HHH KOMILIeKCHOH cTpyKTypel JIlu —J Ha gr. CorsmacHo (4.1.3),
g==g_. C Apyro#l cTOpOHEBI, paccCyKJIeHHUsI, aHAAOTHYHLIE NPUBEIEH-
HBIM BBbIle, NOKAa3bBaloT, uTo ¢ =< g+. ChaeposarenbHo, g* =g~. (]

(4.2.3) [Tycme ¢ — npocmas areebpa Ju nad R. Ecau ee xomnaexcu-
puxayus g~ He asagemca npocmod, mo § obaadaem  KOMAAEKCHOU
cempykmypod Jlu,

.

‘HyaTh JBa cJydad.
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Jloka3aTeJbCcTBO. O6o3HauuM uepes O COmpsiKeHHne COTHOCHTeJ'IbHO g.
TlokaxkeM mpexje BCero, 4TO ecau [ — upean B g-, YAOBJETBODA-
omui yeaopuio oh =1h, 10 b= g* HJIH 0. Tak xak g N b —
ugean B g, To Jubo h D g, JaHGO gNh =0. Ecau §H D¢, 10
p=g°. C mpyroit CTODOHBI,  €CJIH X +iYep(X, Y€Eg), 1O
o (X +iY)=X—iYech u, 3HaUUT X, YEh, CnepoBaTenbHO, :
ecin gNH =0, 10 h = 0. . . .
Ecan ¢C He AB/asercs MPoCToi, TO CYUIECTBYeT Hieal t B g%,
rakoit uro 0 = 1t==gC. TTOCKO/IBKY t+~of u INof cym

o-WHBAapUaHTHBE ujealsi B ¢~ H t 4+ of 5= 0, tN ot == g%,
o g~ =1 @ of.

gl"aK kak ¢ = {X€g:X + Y€l ana HexoToporo YEg —
Wgeana B g, NpudeM, OYEBHAHO, g’ =0, TO Mbl NUMeEeM § = g. Ha-

nee, ecni X + iY, u X + (Y, npuHauIexar f a1 Hekorophix X,

Y,, Y,€g, 10 Y;— Y,€fNg =0 u Y, =Y, CaerosatensHo,

MOJKHO OIpeAeNUTh JHHeliHOe OToOpaMeHHe J:g—> g, TaxKoe UTO
f= (X} i/X:XEgl, ot ={X —i/JX:X¢cg}

TTockoabky [X + iJX, Y —iJY] =0 mpu X, YE€g, 10
X,Yl+ lUX,JY1=0, UX, Y= IX,JY]

X +iJX, Y +iJY1=2(IX,Y]+i X, JY)).
Tak KaK ToCJefHee BLIpaXKenne NpHHaANeRUT £, T0 [X,JY]l=J £X,
Y], 1. e. ad XoJ = Joad X. Kpome TOro, M3 DaBeHCTB [J2X,
vl = /X, JY] = —I[X, Y] caenyer, uto J? = —1. Taxum o6pa-
soMm, J ABJsIETCA KOMILIEKCHOH ctpykrypo#l Jlu Ha g. []
[lycth Tenepb ¢ — MpocTas anre6pa Jln Hax R. Mbl Oylem pas-

a) IpearnonoxuM, 4ro g He oGsajaeT HH OJHOMH KOMITJIEKCHOH
crpykrypoit Jin. Torna KOMTIeKCHpHKAIKA g~ aJIurerbI g mpocra,
BBUAY (4.2.3), U § sABJSETCA BENIECTBEHHOH dopMOH HEKOTOPOH Ipo-
croii Anre6pu Jlu Hag C. . .

b) [peanonoxumM, 4to g o6ianaerT KOMIJIEKCHOH ctpykrypo# JIu.
Torga Mbl MOXKEM paccMaTpPUBaTb ¢ KakK anre6py Jlu Hag C, xoTopyio
0603HauuM gc. COTJIacHO (4.2.1), sTa KOMILJIEKCHad anrebpa JIu ac
npocra. W3 ympaxuenus § 2.6 cieayer, d9To Kaxaasd NOJIyNpocTas
aare6pa JIu nMeer BELlECTBEHHYIO ¢opMy, 1mo3TOMY, B CHIY npenJo-
eHusa (4.2.2), IpHMEHEHHOr0 K KOMILJIEKCHOH anre6pe JIM gg, MBI
nuMeeM g€ = @y @ §s, TA€ aare6pa g, usomopdua gc. Ciaenosa-
TeNbHO, €cau g W ¢ — MpocThe anre6pbl Jln Hap C, Takue 4TO
gr =Qr, TO g =g .

(4.2.4) Teopema. [Ipocmote anrzebper JTu nad R moocro pasbume Ha
dea Kaacca.

(i) npocmowe arcebpor JTu nad C, ‘

(ii) gewecmeennbie opmol RPOCMbLX aneebp JIu Hao C.
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Panee Mbl nmpoBesin KjaccudHKaunio upocteix anredp Jiu mag C.
Hx MoxHO 0603HauuTh CAEAYIOUWKM 06pa3oM: '

CA;(!>1), CB,({>2), CC,(I>3), CD,( > 4), CE, CE,,.

CEy, TF,, CG..

Oun nonapyo HensomopdHbl Kak anredps JIu Hag R.- Takum o6pasoM,
3ajaya KJaacCM@uKanHH BceX npoctelx anreGp Jlu Hag R csomutcs
K HaxXOXIAEHHUIO BCEX HEU3OMODPGHEIX BELIECTBEHHBIX (OPM IJIsi KaxK-
Jo# npocto#l anarebpul JIu Hag C.

4.3. KomnakrtHbie aare6pol JIn

[Iycts ¢ — aarebpa Jlu nan R. Iox ckarapusnm npouseederuen
Ha g Mbl Oy1eM MNOHuMaTh OHsuHeHHOe oToOpakenne w:g X g — R,
Takoe, 4to w (X, V) = w (Y, X) ana mobmix X, Y€g u w (X,
X) >0 mpu X =+ 0.

[Iyetb t — nopanre6pa B g. T'0BOPAT, 4TO CKaNApHOE MPOM3-

BelleHHe W uHeapuanmuno ommuocumesvro t (unu t-unsapuanmro),
ec/u

(1) w(lX, Y], 2) 4w, IX,Z]) =0 (Y, Z€y)

A Bcex X€f. B cayuae korja ckansipHoe MpousBeleHHe g-HH-
BaPHaHTHO, €0 Ha3bIBAIOT IPOCTO UHBADUAHMHbLM,
Onpedenenune. Anre6pa Jlu g nan R HaswiBaercs xomnaxmwuoil,
ecM oHa ofsnajaer WHBApHAHTHBIM CKaJsPHBIM IPOH3BELEHHEM.
[lonanre6pa t anre6pbl § Ha3EIBAGTCH KOMNAKMHO BAOMEHHOL B g,
ecau Ha g cyuwecrtsyer f-dHBapHaHTHOE CKaJ/sipPHOE [pPOU3BEJEHHE.

B K" MB paccMaTpuBaeM oOmuHOE CKaJsipHOE IpOH3BeJleHHE
wy ((x), (4:)) = Zxy;. Ilyerb 0 (n) o6osHauaeT OPTOrOHAIbHYIO
anre6py Jlu Hapg R:o(n) = {S€ql (n, R):S + ‘S = 0}. Torna
S€o(n) B TOM U TONBKO TOM clydae, KOTAa w, (xS, y) + w, (x,
yS) = 0 nna x, y€R". Ananoruuno ynp. | § 2.1 MOXKHO MOKa3aTh,
4TO Kaxaoe MOAMHOXKECTBO B 0 (#) BIIONHE MPHBOAHMO.

[Tycts w — cxansipHoe npousBeleHue Ha g§. Mbl MOXKeM HaHTH
OPTOHOPMHPOBAHHBEIX OTHOCHTeJbHO Hero 6asuc Ey, ..., E, w (E,,
E;) = 8;;. C nomowpo cooTBETCTBHA

43 X E;— (x)ER", w(X xE, YyE)=w,((x), (4.)

MOXKHO OTOXJAECTBHTH (3, w) ¢ (R", w,). IIpu 5TOM OTORLECTBACHHH
ycnosue (1) sxkBuBanenTHO yesoBHIO ad X €0 (n). ChenoBaTenbHo,
ecnn w apasercs  f-uHBapranTHBIM,  To {ad X: X €t} — Bnoane
NPHBOAHMOE MHOXKECTBO,

— _ o S
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(4.3.1) Mycme g — aneebpa JIu nad R.

1) IHodanrcebpa t ancebpor @ KOMnAKmMHO 6A0%eHa 8 § moz0a
u moavko moeda, xKoeda cyuwecmsyem 6asuc E, E,, ..., E, 8 g, 0Oaa
KOMmopozo

(F.; (X)) €9 (n) npu XEL,

2e (ad X) E; = Y Iifi; (X) E..

2) Beakas nofascebpa Komnakmuol areebper Jlu Komnaxmua.

3) Becakaa nodascebpa KOMNAKMHO 8A0MEHHOU nodarzebpor Kom-
NAKMHO 8A0HCEHA.

4) Beakas KoMnaxmuo 8A0HeHHAA nodaizebpa KoMnakmma.

5) Ecau asneebpa Jlu xomnaxmua, mo OHQ npedcmaguma & sude
NPAMOLL CYMMbL 080820 UEHMPA i HEKOMOpo20 KOMNAKMAO20 NOAYnpo-
cmozo udeara, u obpammo.

JMokasarenbcTBo. 1)—4) It yTBEpXKAEHUS OUYEBUMAHBI.

5) llycetb g — xomnaxrteas anare6pa Jlu. Toraa ad (g) BioaHe
IIPUBOJMMO H § €CThb NPsiMasi CyMMa HEKOTODBIX MHHHMAJbLHBIX HAe-
aaoB. Tak KaK MUHHUMaJbHBIE Heaabi THO0 POCThL, JHGO OJHOMEPHHI,
TO ¢ ecTb mpsMas cyMMa HEKOTODOro IOJYyNpocToro upeara U u
LeHTpa #:9 = uled. [TlockosabKy = u  siBAseTcd nopanre6poi
B g, 1t TOXE KOMIIaKTeH.

O6patHo, s ao6oit abeneBoil anrebpsl JIH § Besikoe cKassipHOe
npoH3BeleHHe Ha 3 HHBapMaHTHO. [IycTb U; W U, — KOMIAKTHBIE
anre6pol JIM ¢ WHBApHAHTHBIMH CKaJAsiPHBIMH [POH3BEIEHHAMH W,
H W, COOTBeTCTBeHHO. Toraga aare6pa u; @ u, KOMIaKTHa: OHa
oOnajzaer UHBapHAHTHBIM CKaJsipHBIM IIpPOM3BeleHHeM w;, @ w,, onpe-
fensieMbiM hopMynoh

() @ w2)((X1, X,), (Y1, V) = wy (Xy, V1) + 0, (X, V)

aaa Xy, Yi€u, n X,, Vo€ u,.

Tem caMpiM j0Ka3aHo H 08paTHOE
YTBEDKIAEHHE. [] ‘

(4.3.2) Mycme ¢ — noaynpocman aseebpa Ju nad R uw B —ece
popma Kunrunea. aa mozo 4mober areebpa q Obiaa KOMRAKMHOU,
Heobxo0umo u Odocmamouro, 4mober popma B bbira ompuyamenoro-
onpedenennod (m. e. yoosremeopara ycaosuw B (X, X) <0 npu
X == 0).

JokasateabctBo. [lycTb ¢ KOMMAaKTHA U HMeeT OPTOHOPMHPOBAHHEIH
6asuc E;, ..., E, OTHOCHTENIbHO MHBAapHAaHTHOIO CKaJfPHOrO IIPOMS3-
Befenusa. Torma ad X-E;, = X,f,, (X)E;, f; (X)+ [ (X) =0
npu X €g. CaenoBarenbHo,

B(X, X)y=F,, i/ (X)};; (X) ==X, ; (,; (X))* <0.

OfpaTHO, ecan B oTpulaTeJbHO-ONpeleNeHHa, To —B O6yjer Hu-
BADHAHTHBIM CKaJADHBIM NpOH3BeAeHHeM. (]




116  Ta. 4. [Toaynpocmoe aneebpor Jlu nad R u

(4.3.3) Ecau xomnakmuas anrzebpa JIu § obaadaem KomnaeKcHOU
cmpykmypoti JTu, mo ona abeiesaq.

JokasaTenbcTBo. PasioxkuM ¢ B NPAMYI0 CYMMY MOJYIPOCTOrO HAE-

ara u ¥ ueHtpa: ¢ =u ®3. Torma u = {g, gl. Tlyets J —

KOMILJIEKCHasi CTpYKTypa JIu Ha g. [lockoabky Ju = [Jg, gl < u,

TO U o6nagaeT KOMILIEKCHO#H CTpykTypoil JIn. [lokaxeMm, uto u = 0.
Taxk xak Joad X = ad XoJ = ad (JX), 1O

w(/ X, Y], 2)=w(lUX, Y),Z2)=w(V,Z JX) =w(Y,
JZ, X)) = w (X, VI, JZ)

ans awobux X, Y, Z€u. Tlockoabky [u, ul = u, M HMeeMm
w(JX, Y) = w (X, JY). Ilpu oroxaecteaennsu (u, w) ¢ (R", w,)
rae n = dim u, J npeicTaBasieTcs HEKOTOPOH CHMMETPUYHOH MaTpH-
uefi. CisenoBaTenbHO, BCe COGCTBEHHBIE 3HAueHHs1 J BeleCTBEHHHI.
C apyro#i cTopoHbl, U3 paBeHcTBa J? + | = 0 BbITEKaeT, UTO Kaxkaoe
coOcTBeHHOE 3HaueHHe A mpeobpa3oBaHHsA J YIOBJETBOPSIET YpaBHe-
Huwo A? -+ | = 0. D10 HeBo3MOXHO, ecad 1 == 0. []

Tenepp, noab3ysch MeTOAOM, NpHHaAnexamuM [. Be#awo, mno-
CTPOUM KOMNAKTHYIO GOPMY U AJjs Jo60H mONYyNpocTo# ajre6pel JIu
g Hap R. Tlycrb § — mopanreGpa Kaprada B g u A = {£a, =B,

..{ — KopHeBafl cucTeMa oTHocHTesnbHo §. Toraa

§ =+ CEq CEq + CEy+ CE 4+ -,
[H, E.J=a(H)E, npu HEHY,

[Ea, Eql=—Hy, B(Eq, Eo)=—1,

[Eay, Egl =Ny, gEq.p  ectu a, B, a €BEA,

rae No,p = N_o, g U Ny gN_, _p €CcTb NONOXKHTENbHOE PALHOHAJD-
HOe YHCJO0, TaK 4T0 Ny pER..

[Monoxknm §, = ZqcaRH,. Torna mns HEDH, u a€ A uveem

a (H)€ R. 3aduxcupyeMm Kakoe-HHOYAb JeKCHKOrpaduueckoe ymo-
psajoueHHe B A U NOJOXKHM

(@) Co=FEo-+E o So=i(Ex—EL), u=if, - ¥ (RCy | RS,).

>0

Jlokaxkem, 4TO U ABJAsSIETCA KOMIAKTHOH BEIIECTBEHHOH (OpMOH
pist g. Tlpexze Bcero, mMoCKOLKY KOMILJIEKCHO-NMHHEeHHast ofoJiouka
MHOMKecTBa {[), coBnajgaer ¢ [, a KOMILIeKcHO-JiHHeHHas o6oJsouka
mHoxectBa RC, + RS, paBua CE, + CE_,, Mbl BHIHM, uTO 1
HNOPOXKAAET § KaK JIHHEeHHOE MpOCTPaHCTBO, M, OUeBHAHO, dime u
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= dimg g. Janee, u aBaserca anare6pod JIv, Kak BHAHO U3 COOTHO-
meHu A

[lH, Ca]:—‘a(H) Sav [{Ha Salz_a (H)Ca (HEbr)’

[Ccz.a Sa.] - QiHa, '

[Ca, CB] == Noc, Bca+ﬂ "JL Na, _ﬁca-ﬁa .

[Sa, Sﬁ] = _Na. Bca+[3 -+ Na, _Bca—lir NpH a == :L‘B

[Cas S3l =Ny, gSasp — No, pSas

Dnement X = iH + ZgcaxeEs (HED, x, €C) npHHALAEKHT

TOTZAa U TOABKO TOTJAAa, KOrAa ¥, = X_,. B cuay (2.2.5), 5), uMeem
3) B(X, X)=—(H, H)— 3. | Xa 2

xgA

O6o3snauum uepes B’ ¢opmy Kuanunra anareSpol u. Tak kKak u —

" BemecTBeHHas dopma anrebper g, 1o B’ (X, X) = B (X, X) aaa

X €u. Hs (3) cnenyer, uto dopMa B’ OTpHIATENbHO-ONpPEAESEHHA
H anrebpa U KOMNAaKTHa. :

(4.3.4) (T'. Beiip) ITycmv § — noaynpocmasn aseebpa Ju na C.
Toz2da arcebpa Ju u, onpedessieman gopmyramnu (2), A645emes Kom-
nakmuol eewecmeennoll gopmoli airzebpoi §.

Ynpaxnenne 1. Besakass komnakTHasi paspewsumasi anreGpa Jlu aGenesa.

VnpaxHnenune 2. Anre6pa 3u sBaseTcCs KOMNAKTHOH BellectTBenHofi dopmoil an-
reSput 80 (n, C).

VYnpaxsenue 3. Ecnid u — KomnaxTHas npocras anareSpa JIn, TO ee KOMIUIEKCH-
dukanusa u® npocra. [Ywasanue: oM. (4.2.3) u (4.3.3).1]

4.4. I'pynnel aBTomopdu3Mos anare6p JIn

[lyets S = (s;;) npunaaaexur gl (n, C) u M — BemecTBeHHOE

(k)
yucso, Takoe 4tro M > max; ;|s; |. Ilyctb, manee, s;;° oGosHauaeT

R, & —
(i, j)-i saement marpuubl S°, B = 1, 2, ..., rae Ml nojaraem S° = 1
(emuHHYHaa MaTpHua). JlokKaxkeM MHAYKUMEH MO k HEPaBEHCTBO

)y [s®| < (M) k=0, 1, 2,
JlonycTus, 4TO ISff) < (nM)k ({(,j=1,..,n), uMeeM
|0 | = | ¥ s, | < n(nM)* M = (nM)**,
5 K

yeM (1) W noKasaHo.
Hs (1) caenyer, uto psn

o0 &
S[f)
k!

k=0
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PaBHOMEDHO CXOAUTCS Ha COBOKYMHOCTH TeX MaTpHu S, IS KOTOPHIX
max |Spy| < M. IlosTOMY MBI MOXKEM ONpeLeTHTDb

exp S == ET
=0

pas Segl(n, C).

[Tycte V — BekTOpHOE NpPOCTPAHCTBO pasMepHocTd n Haj
(cootB. R). Tlosoxum GL (V) = {s€gl (V): dets=s=0}. ScHo,
yro (L (V) saBAsiercs OTKPLITLIM [OJMHOMKECTBOM MPOCTPAHCTBA

2 ¢ -
gl (V), oroxaectsiennoro ¢ C* (coors. R™), n. MyAbTHIAHKATHBHOM
rpynmnoH.

(4.4.1) Haa s€gl (V) cmenennodi psad
exp 522-’%1—2 1_|_5+_52T_|_...
k=0

cxo0umea (PasHOMEPHO Ha KAHOOM KOMNAKMHOM NOOMHOXCecmae
8 gl (V)), u
1) ecan $,85 = 858, mo
eXp Sy eXp Sy = exp (5; + Sy) = €xp S, eXp 55
2) daa u € GL (V)
‘exp (usut) = uexp u'l ,
3) exXp A8asemca KOMNAEKCHO-(COOMB. BeU{eCNBeHHO-)AHAAUMUeCKOl
Gynkyued uz gl (V) B GL (V);
4) 0aa scakozo s u3 gl (V) omobpamcerue RDx — exp (xs) ecmb
onHomapameTrpuueckas noarpynna ¢ GL (V), m. e. 2aadkoe omobpa-
scerue w eomomoppusm addumusnoii epynnee R 6 GL (V). O6pamno,

gcakas oOHonapamempudeckas nodepynna 8 GL (V) noayuaemea maxum
obpazon. »

llokasaTenbcTBO. YTBep:kjaenue 1) AOKa3biBaeTCs aHAJOTHUHO KJjac-
cyHyecKoMy cjydaio n = 1. Yro kacaetcsl 2), TO JOCTATOYHO 3aMETHUTh,
yto (usu Y = ystu~' gas k£ = 0, 1,.... Hsa 1) Buirekaer, 4TO
exp sexp (—s) = exp 0 = 1 u det (exps) = 0. Takxke B cuay 1),

exp (xs) exp (ys) = exp (x + y) s aaqa x, y €R,
OTKYJa CJELYET, 4TO X — €Xp X$ — OJHOomapaMeTpHuecKasi NOATpynna.
O6patHo, mnpepmosoxum, uro f (x), xER, — onHomapamerph-
yeckas nogrpynna B GL (V). das mawobbix X, h € R nmeem

o Fle k) = () = == (F ) — D f (1)

4.4. I'pynnet asmosmopuasos aaze6p Jlu 119

dF g
7)),

PewnB 370 auddepeHUHANbHOE ypaBHEHHE C Havya/JbHBIM YCJIOBHEM

f () =1, nonyuum
f(x) =exp (xf' (0)). O

Ilycrs g — anrebpa Jlu Han C (coots. K) u Ey, ..., E, — HEKOTO-
pbifi Gasuc B g, ¢ [E;, E;] = Z4¢;xEx. Jast TOT0 uT0OGH Mpeobpaso-
panue o € GL (g) Obio  aBTOMOpdH3MOM ajre6per Jlu g, Heo6Xo-
JUMO M AOCTaTO4HO, uTOGB BHINOJHSAJINCH paBeHcTBa [oE,, oFE;]
= S 0E; (4, j, k=1, .., n). Tlonaras oE; = 2:,,E;, (i =1,
.., 1), TNOJYYHM

(2> X CpahSpiSej == Z CiirStkr (l! jv E=1, ..., ﬂ).

5, q r

CneposatenbHo, rpynma Aut (g) sABISETCA 3aMKHYTOH MOATPYMNOH
B GL (g).

I[Tycts 8 — AuddepenunupoBanue aaredpsl ¢. Moauduuupysa A0-
KasaTeabeTBO (3.5.2), Jerko ybeauthesi, uTo exp &€ Aut (g). 06-
paTHo, ecau exp (xs), x€R, — oxHomapamerprueckas NOArpyina
B Aut (g), To u3 paseHcTBa [exp (xs) X, exp (xs) Y1 = exp (xs)[X,
Y1 caeayer, uto

1
( (exp (xs) — 1) X, exp (xs) Y] - [X, T(exp (xs) — 1) Y}

I
o x

— (exp (xs) — ) [X, Y,
OTKYZa, yCTpemasia X K HyJio, moiydaeM, uto [sx, Y1 4 [X, sV
— s [X,Y], 1. e s ecTh aubbepenunpoBanue anre6pol §. Takum
o6pasoM, Mbl LOKa3a/lu CJIeAYKWHKH pe3y/bTar:

(4.4.2) Ecau 8§ — Ougpgpepenyuposarnue arzebpo g, mo exp (x8),
xER, ssasemea oduonapamempureckod nodepynnol 6 Aut (g),
u obpamno.

Onpedenenue. [lonrpynna B Aut (g), MOpoXKAEHHAs MHOXKECTBOM
{exp 6: 8Cad (q)}, HaswiBaercs npucoedunenHold epynnod ar-
2e6per g W obosHadaerca Ad (g). ABTOMOpQH3M anrebpel ¢ Hasbl-
BAeTCsl BHYMPpPEHHUM, €CTH OH NMpHHaAdexHT Ad (g).

4.4.3. IIycmo g — anrcebpa Ju u 6 — ee asmMomopPusMm.

1) Hycmv B — opma Kuraunea ancebpee . as anbeix X,
Yeg
B (cX, oY) =B (X, V).
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2) Myecms g = g (a) © g (b)) & ... — pasroxmerue Ha 0600wyeH-
Hote cobcmeennbie nodnpocmpancmea npeobpasosanus a. Toeda g (a),
g (b)] = g (ab), omxyda, e wacmnocmu, credyem, 4mo ¢ (1) — nosd-
areebpa. :

HokaszateabctBo. 1) [Tycts E,, ..., E, — 6a23uc B g, u nyctb ad X
X E; = 2f; (X)E (X€g), j=1,..,n
= Z[ff[ (X)-0E; un

B(X, oY) = Y1 [,,;(XN) . (Y)=B(X, Y).
b

2 Oaa X, YEg umeem (0 —ab) [X, Y] = [(6 —a) X,
(c—b Y]+ laX, (c—0b) Y]+ (0 —a) X, bY], u uHAYRUHEH
0 2 MOXKHO JI0OKasaTh, 4UTO

(0 —ab)'[X, Y= Y Wkw‘ (a7 (6 — @)"* X, b (0 — b)"* V).
pHg+r=Fk

Ecmu (0 —a)'X = (0 —8)/ Y = 0,10 (60 —ab)¥ [X,Y]=0.]

4.4.4) ITycme q — aneebpa JIu nad C u p — ee asmomopgusm.

Honycmum, umo cyuecmsyem 6asuc E, ..., E, 6 g, makod 4mo

(3) PE;,=pE;, j=1, ..., n, ,

ede py, ..., P — NOAONHCUMEAbHbIE BewjecmBennble ducaa. Toeda ¢op-
myaa

@  p@E; = () E FER), j=1,..n,
onpedeasiem o0Honapamempurecky nodepynny & Aut (g).

Ecau o€GL (ar) u opol = p (r) das Hexomopoeo rER,
mo op (x) 0t = p (rx) 0aa ecex x € R.

HokazateabcTBo. [IycTb ¢;; — CTPYKTYpHBIE KOHCTAHTBI OTHOCH-
TEJbHO JaHHoro Gasuca: [E;, E;] = 2c,;xEy. JIuHefiHOe npeoGpaso-
BaHHe, 3ajanHoe dopMmyJol (3) npu p; € C, sABJIseTCs roMOMOPdHU3-
MoM (cooTB. AH(pdepeHUUpOBaHUEM) anre6pul JIH TOrAa U TOJBKO
TOT/a, KOTJ4

Cije(pipj — Pr) =0 (coOTB. ¢, (D; + p; — pr) = 0),
i, j, k=1, ..., n.

[losTomy, ecnu ¢opmyaa (3) ¢ p; > 0 3amaer aBTOMOpPHH3M P, TO
opmyna

, (3_E,-=(lnpj)E,-,j=1,...,n,
3agaer guddepennuposande 8. CremoBaTesbHO, ‘0T06pax<'eHHe o (%)

= exp (x, 0), onpeaenenHoe dopmynoi (4), ABAsAETCS OFHONApPAMETPH-
UeCKOH noarpynnoﬁ B GL (). ’ )

Torpa ad (0X)-ok;
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Jlisi NpOH3BOJABHOTO MOJOMKHTEIBHOTO BElIECTBEHHOTo uncia M
paccMOTpHM pasjioxkenne B pai Tednopa

Iny=1InM+4 2—(———1%:1— (’.‘_7‘\_4_{‘_4>
j=1

KoTopoe CXORUTCS TpPH |x — M| < M. BuiGepem M A0CTATOUHO
60JBIIHM, TaK YTOOBl BBHIIONHAJNHCH HEPAaBEHCTBA 2M > p; u 2M

> (pj)’ aas Bcex j. Torga, OUEBHAHO, HMeeM CXOAslIHecs pasJo-
XKEHHUdA

6=1nM—I—i ‘“‘}fﬂ (&7

j=1

r6\= inM -+ i (_1].)”1 (p(r)M_M>j.

i=1

PaccmaTtpuBast 8 M p KaK SJIEMEHTB! H3 gl (ar), mosyuaem

Gag—lzg.lnM.0'1+ i (——1])"” 0(p7MM>iG_1
=1

| & (1)t [ opomt — MY/
—in M 3y A ()
j=1

O (— 1) — M\
— M A (BN s,
=1

i
W, 3mauut, op (xr) 0°! = exp x-(080™!) = exp (rxd) = o (rx). O

Vapaxkuenne 1, Jaa s€gl (V)
exp (ir s) = det (exp 3).

Ynpaxnenne 2. exp: gl (V) — GL (V) sApnsercd IHPHEOMOPHHIMOM HEKOTOPOH
OKDECTHOCTH HYJISA. .

Yupaxknenne 3. Ad (g) — HOpMasapHAT NOArpynna B Aut (g). [¥xazanue: ans
X¢&g u o€Aut(g) uveeM ad (6X)=o0-ad X.071.]

Ynpaxuenne 4. [Tycrs L — anre6pa Jlu Hapg R (coors. C) 1 M — ee noganrebpa.
Kaxpolii BHYTpeHHMH aBTOMOPGhH3M anreGpnl M MOXKET GbITh MPOJNOJIKEH [0 BHY-
TpeHHeTo AaBTOMOP(H3Ma aireOpH L. [¥Yxaszanue: nwo6Goifl BHYTPEHHHH aBTOMOD-
pusm © anre6pel M MOXHO 3amHcath B BHAE O = exp {(ad X;)-exp (ad X,)...
.exp (ad Xpg) ¢ moaxoasmeEMA Xy, ..., XreM.]
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Ynpaxuenne 5. [Tyctb hsym (1) == {se gl (n, Cy. = tS} — COBOKYITHOCTB BCEX
9PMHTOBBIX (CHMMeTPHYHBIX) MaTpull. Kaxkpaaa marpuua S ua hsym (n) mosaympocra,
M BCe ee COGCTBEHHbiE 3HAUEHHS BellecTBeHHH. I1ycTb Hsym (n) — MHOXeCTBO BCeX
MaTpHl, #3 hsym (n), y KOTOpbIX BCe COOCTBEHHEIE 3HAYEHMS NOJIOMKHMTEeNbHEL. Tormi
exp (hsym (n)) < Hsym (n). O6paTHo, MCHOAL3YS TOT K€ METOX UTO H B J0OKasa-
TeJLCTBE Teopembl (4.4.4), MOMKHO MNOCTPOHTH TFOJOMOpOGHOe oTo6paxkeHHe In H3
Hsym (n) B hsym (n), Takoe uro exp (In S} = S. CaenosartensHo, hsym (n) u Hsym (n)
GHroJoMOpdHEL * Apyr APYTY. :

AHanmoruunele pesyasTaTel #MeloT Mecto anf sym (n) = gl (n, R) 1) hsym (n)
n Sym (n) = gl (n, R) (] Hsym (n).

4.5. Pasznoxenun Kaprana. BemecrBennnie ¢opmbi
noaympocteix aare6p Jiu van C

B 3TOM maparpade Mbi HCHOJB3yeM CJeAYIomHe 0603HAYEHHS !

g — nosynpocTas aareépa Jiu Han C,

B — ¢opma Kunnnura anare6pu g,

It — QUKCHpPOBaHHAs KOMIIAKTHas BellecTBeHHas ¢opma aJ-
rebp g~ y

T -— CONpsXeHUHEe B ajare6pe ¢ OTHOCHTEIBHO 1.

Tak kak BcAKHH aBTomMOp(dH3M BelllecTBeHHOH GopME anare6phl Ng,
unu, 6osiee o6mHUM o6pa3oM, BCAKHH H30MOPGU3M MEXKAY ABYMS ee
BeIleCTBEHHEBIMH (OpMaMH, OJHO3HAYHO NPOJOJIKAETCs A0 aBTOMOp-
¢u3Ma Bcefl anreGphi gN, TO MBIl YCJOBHMCH B JAalbHeHIIEM CUYHTATh
TaKHe H30MOpP(PHU3MhbI 3JeMeHTaMH rpynnsl Aut ().

Ilycts L — anrebBpa JIu. Aromopduam o anre6pel L HaswBaeTcsd
ungoaromueneim, ecau o® = 1. Ilyets ¢ — BemecTBeHHaa dopma aj-

re6pel g. Toraa compsizkeHHE OTHOCHTENBHO § SIBJISIETCS HHBOJIIOTHB-
HBIM aBTOMOP(H3MOM anre6phl qg.

(4.5.1) MTycme L — aseebpa JIu u b — ee gopma Kuaaunea. ITycmeo
O — UHBOArOMUBHbLL asmomoppudm arzebpor L. Tozda

L=L.,® L,

L,=(1+ 0L ={XEL: oX = X},

L =( =0 L ={YEL: oY = Y},
npudem ‘
() b(X,Y)=0 npu XEL,, YEL_,
@ L, LicL, [L,LlcL,[L,L1lcL,.

lloxasaye.nsc*rno. Has awboro Z&L umeem Z = —]2- (Z +o2)

+—;—(Z—G.Z)€L+—+—L_, u ouesugHo, uro L, 1L_=0. B cuay

1 Cu. Begenue K ru. 6. — [Tpum. ped.
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(4.4.3), 1), b (X,Y) =10 (6X, oY) =10 (X, —Y) = —b(X,Y),
tak uto b (X, Y) = 0. CooTHowenus (2) cienyioT u3 (4.4.3), 2).

(4.5.2) Mycmo ¢ — eeujecmsennas Gopma anzebpot ~g u G — conpa-

scenue omuocumeavro §. Toz0a Haildemca 00HONGpAMempuUdecKas

nodepynna o (x) asrzebpoi Aut (), maxas 4mo

Q) p 4) = (o0, u ecau nEGL (gr) u mp (4 =p (H M, mo
np (x) = p (x) M 9z ecex x€R; , , ,

(ii) ecau esecmu ofo3uadenue p (1) w = 1w, mo ou =u, m. e.
O uHOYYUpYem UHBONOMUBHLL GBMOMODPUSM KOMNAKMHOL GeLyecmeeH-
Hou ¢hopmbi 1;

(iii) W' =u; @ u., rze up = (1l o),
(ivy g =ul @ nl;
(v) wb=gNu" u iml=gNin.

JlokasareabctBo. ITosoxuMm f (X, Y) = —B (X, 1Y) npu X, Y €g-
Mg X = X, + iXy 7= 0 (Xy, X,€n) umeem: [ (X, X) = —(B (X,
Xs,) + B (X, X5) >0, f (X, Y) nuneino (mag C sasucut oT X
uf(y,X) =/f(X,Y), . e [saBasercs [OJIOXKHTEIbHO-0TIpejeIeHHOH
3PMHTOBOH (opMOil Ha §. 31ech HaM MOHAJO6HTCS MWL TOT JIETKO
mpoBepAeMbli (AKT, YTO MOXKHO HaHTH OPTOHOPMHDOBAHHBLIH 6asuc
E,, ..., E, OTHOCHTeJbHO TakKoH (OPMBbI: f(E,,E) =§,;, u ecmu
n € gl(g) yroBaetBopsier ycaoeuio f (X, Y) = F(X, nY) nas Bcex
X, YEg, To marpuua, MpeCTaBlsiomas 1 OTHOCHTENBHO fasuca
E,, ..., E,, 3pMHTOBa.

Tak Kak o, 1€ Aut @R) u gaa z€C, XE?;
ot (zX) = o0 (2 (1 X)) = z (01X),

to 7 = ot€ Aut (¥). Ha toro, uro o? = 1* =1, cjenyer, 4TO
1! = 10, a 3Ha4HT, BBMAy (4.4.3),1),

f(nX,Y)=—B (nX, 1¥)=—B (X, whY)=—8 (X,
totY) = [ (X, nY).

CaenoBaTenbHo, NpeofpasoBaHHe 1) HPEACTaBIAETCS 3PMHTOBOH Ma-
TpuIell; MOITOMY OHO MOJIYNPOCTO M BCE €ro coécnaem{é,xe 3HAYEHH A
BEIIeCTBEHHBI. 3HAUNT, MBI MOXKXEM NIPUMEHHTh (4.4.4) x M* H ONYUHTD
OoJHONapaMeTPHUYECKYIO MOArpynmy o (x) B Aut gg;),1 A 2KOTopom
p (4) = m?. Ilanee, moCKO/bKY min ! =mn?u !t =m°, MBI 3a-
KJI04aeM, CHOBA HCHoNb3ys (4.4.4), u4To

ne () =p (¥ nu e (x) Tt =0 (—x) msa xER,
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3aMeTuM, 4uTO P (X) U sIBJAsieTC] KOMIAKTHOMH BelleCTBeHHO# (op-
MO# U CONpsiKeHHe OTHOCHTEIbHO O (x) U 3ajaeTcsi (GOpMyJiol T (X)
= p (x) 10 (—x) (xE€R). V3 cooTHOLIEHHH ' .

ot (¥) = op (x) T (—x) = op (—2x) = W in¥p (—2x) = w'p
(4 — 2x),

T (%) 0 =p(x) TP (—x) 0 = p(2x) T0 = p (2x) W' = n7"p (2%
BEITEKaeT, 4yTo 0T (1) = 1 (1) 0, u, coryacuo (4.1.1), gp () u = p (1) u.
Taxk xax orpanuuenue ¢ Ha U = p (1) U — HHBOJIOTHBHBLIH ABTO-
Mopduam anre6pel u’, To uw =ui,@d ul, rme ui= (1 & o)u’.
[Mockonbky u3 ycmoBus X €ui caenyer, uto oX = X, 1.e. X€q,
Mbl uMeeM U C u' {1g. Amnamorunuso u. < u [ig. CnenoBaTenbHo,
wi=u'guul =u"Nig. Haree, g=(gNu) D (gNiu)=ui@inl. J
Onpedeasernue. Ilycts g — noaynpocrass aarebpa Jlu nag R. Pas-
JIOXKEHHE BEKTOPHOFO NPOCTPAaHCTBA ¢ B INpsMYio cymMmy g =Edyp
HasbiBaeTcsl pasdaoxcenuem Kapmana anreGpsl g, ecau CyWeCTByer
KOMTIAKTHAsl BellleCTBeHHas (opMa U’ KOMIJIeKcHHKauuu ¢ aij-
re6pel g, Takas 4To

E=gNu u p=gnin.

Hs (4.5.1) u (4.5.2) oueBuIHEIM 06pasoM BBITEKaeT CJelylollee
YTBepKJeHHe:

(4.5.3) Iycme g — noaynpocmasn aarzebpa Ju nao R.
Toz0a g obaadaem pasaoxenuem Kapmauma. Ecau g=1P p—
makoe pasioscedue, mo

1) omobpamernue v : X +Y+—X—-Y (X EEL Y €yp) sas
asemcs (UHBOMOMUBHbIM) asmomoppumom arzebper §;
2) [ fict [ elcy, Iy plck
3) ora XEt u'tYEy
B(X, X)<<0 (X=0), B(Y, N>=>0 (Y +0), B(X,Y)=0:

4) P+ ip — Komnakmras eewiecmeennas gopma areebpoi g.

[Ipexpe yeM NPOZOMKATHL IOCTPOEHHE TEOPHH, PACCMOTPUM MpH-
mep g = 8l (n, R), g =& (n, C). B kauecTBe KOMNakTHOH Bele-
CTBeHHOH (popMbl anre6phl § MOXKHO B3fTh

w=a8u(n)=1{X €8l(n, C):'X=—X}.

B camoM gene, u’ ecTb nomaare6pa B &l (n, C)g.
Hanee, X € u’ Torga u TOJBKO TOrja, Koraa maTpuna (X 3pMH-
TOBa U HMeeT caen, paBHuH 0. [losToMy passoxkeHue

() Y= =) +5 ¥ +7)
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(Y € &l (n, ©C)) I0OKAa3biBAET, 4TO U (1) ABJAETCS BELECTBEHHOH
dopmoit anre6prr 8 (n, C). CoOGCTBeHHbIE 3HAUEHHS BCAKOH KOCO-
CHMMETPHYHOH MAaTPHIB HMEIOT BHI V—1 r, tne r € R. Ortcrona
caenyer, uro ecan X € & (n), TO

B(X, X)=2ntr(XX) <0

A u  ecTh KOMIakTHag ajaredpa JIu. B3saB B NpelbliylleM OMpejese-
auun g = 8l (n, R) u uw' = &u (n), noayuynm

t={Y €8l(n R):¥V=—V},
p=1{Y €él(n, R:?Y =Y}

Aptomopduam T aarebpe 8l (n, R), onpegesneHHbH - B (4.5.3),
1), — sto oto6paxkenue 1’ (V) = —'Y, Y € 8l (n, R).

(4.5.4) 1) Hycme n; u uy — KOMNAKMHbIE BEL4ECMBEHHbIE dopmet an-
2ebpol E Toe0a cywecmsyem 00HONAPAMEMPUHECKAR nodepynna p (x)

g Aut (g), maxas wmo p (1) u, = u,.
2. Hycme ¢ =1, @ » =ty D Py — pAGAOKHCERUA Kapmana.
Tozda cywecmeyem asmomopgusm 8 € Ad (g), maxod 4mo

0t =%t n Bp, =9
Nlokasateanctso. 1) OGo3nauuM uepes T; CONPsKEHHE OTHOCHTEJILHO

u; (j = 1, 2). CoraacHo (4.5.2), Haiimerca OAHOTMapaMeTpHYECKas
noarpynna p (x) B Aut (g), Takas yro

() ey =(p(Nu, Nw) & E)u N o),
@ e @ = (ww)*

[Mockoabky ¢opMa Kunmunra B oTpHuaTeqbHO-ONpeJiejeHHa HA JIO-
60l KOMIIAKTHOH BemecTBEHHOH (opme, OHa OTPHIATENbHO-ONpPee/IeH-
Ha Ha p (1) 1, ¥ [OJOKHTENbHO-ONpPEleJeHHa Ha (ly, TaK 4UTO
o ()u, N ing = 0. B cury (1), p (1) w, < up; CpaBHHBAA DPAMED-
HOCTH, 3akKJwouaeM, yTo p (1) Uy = u,.

2) IIpepnomoxuM, 4TO u; — KOMNaKTHAs BellecTBeHHas Qopma,
aaa koropodt t; =g N w;, P, =gN My =1, 2. [Tycte 0:—
COIIp I7KEHHE OTHOCHTRNBHO ¢. Tak Kak 01; = 1,0, ] = 1, 2, 1O, B CUATY

(2), o (4) 0 = op (4), u, COIJacHO (4.5.2), (i), o (x) o = op (x),
T.e. p(x)g =g ama x € R. Cuenosarenpno, p (x) — omHomapa-
Merpuueckas noarpynna B Aut (g). Ilomarag o (1) = 6, umeem
0, =0, Ng =0y Ng=uNg==% 1 6p, =00 Nig=
=6u Nig=uwNig="p. [

(4.5.5) Lan 6caxozo0 UHBOMOMUEHOZ0 asmomoppussia G areebpb. U
NOAOHCUM

(*) g(@=(1-+o)uti(l—o)u
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[) g (6) ecmo sewjecmeennan gopma areebpot g u (popMy/za (*)
3adaem pasaoncerue Kapmana aacebpor g (0).

2) Ilycmeo § — eewyecmeennas gopma areeGpol g. Toeda Hauaemc;z‘

UHEOOMUBHbIL  asmomopdusm G areebpol W, maxod wmo g = g (o).

3) HHycmo 0, u 0y — uHEOArOMUBHLIE aemomoquuszubt areebpor .
EC/zu_ g (o) =2 g (03), mo moocHo Haiimu m € Aut (u), 0218 Komopoeo
non ! = o0,, u obpamno.

Hokasateabctso. 1) Hcnoawsys gopmyay (2) us (4.5.1), jerko npo-
BEpPUTh, 4TO ¢ (0) sABJAsETCSH nona.nre6poﬁ OueBHugHO, dim g (0) =
= dimu u g (0) mOpoxAaeT ¢ KaK JHHEHHOoe HpOCTpaHCTBO Hax C.

CnenoBaTtenibHO, g (0) — BellecTBeHHAast QopmMa.

2) Coraacuo (4.5.2), moxkHo Halttu 1 € Ad (~g), AJIsi KO TOpOTO-

= (1 + o) mu+ i (1 — o) M,

rjle ¢y — HHBOJIIOTHBHBIA aBTOMOpP(pH3M anarebpet nu. Torxa n logn—
HHBOJIIOTUBHBIL aBTOMOpduU3M aare6pbl U H

ng(n7toen) =n (1 +n o) u—+in(l —nlom)t
= (1 +0g) M+ (Il —0y) qu = g,

OTKyJla caeiyer, 4To ¢ (N logn) = g.
3) Ilyets f: g (04) — g (0,) — u3omopduam. Toraa

§(0) = (1 +0)u+i(l —o)u=[(1+o)u-tif (1 —o)u

ecTb pasJyoxkeHue KapraHa anre6pel ¢ (05). Cornacuo (4.5.4), 2), cy-
necTByer aBToMopdusm o € Ad (g (05)), AJS KOTOPOTO

fd+opu=p(1-+o)u, f(l—-0c)u=0( —oy)u.

Oas mo6oro X € (1 & 01) u umeeM p X € (1 4= o) u u 007 fX.
[TostoMy  [lpo,07 X = flp (£07X) = £ X = 0,X. Tloaaras
flo =, moaydaem, uto mMo,n ' = 0,. B cuay pasesmctsa (1 =4
+o0;) 4 =mn (1 & 0,) uumeeM mu = u. O6paTHOE yTBEPKAECHUE OUe-~
BHAHO. (]

Ortverum, uto (4.5.5) gaetT ¢opmanbHOe pelleHHe Ccaenyiolledl
3anavu:

3apaua. Hafiti Bce HeH30MOpQHBIE BelIECTBEHHbIE (HOPMBI aJre-
6pBL g. :

Pewieriue. (i) Boibupaem Kakyioo-HHGYAb KOMNAKTHYIO BEIIECTBEH-
ny1o ¢dopmy u. (ii) Ilycte /I obo3HauaeT MHOMKECTBO BCE€X HHBOJIO-
THBHBIX aBTOMOp}H3MOB anre6per 1u.

(iii) OnmpenensieMm OTHOLIEHHE KBUBAJEHTHOCTH ~ B [, moJjaras
g, ~ 02, eCJIH cywecrByer aBromopusm n € Aut (u), Aas KOTOpOI‘O
nom !
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(iv) U3 xaxaoro kJjacca 3KBHBAJEHTHOCTH B [/~ BpiGHpaem 1o
NpencTaBUTeNIO O U CTPOHM ¢ (0).

Kax mbt Bugend B (4.2.4), pemeHue 3ajauu KJAaCCHOUKALHH BCEX
npoctbix aare6p JIm Hal R cBoauTca K pelIeHHIO Mmpeablgylued 3a-
Zaud AJs KamJOd MpocTofi anrebpnl g. Kuaccudukamus, naBaemas
HHXe B IJ. 8, OyleT mojsydeHa KakK pa3 Ha 3TOM IYTH.

YopaxHenue 1. [Iycts g — moayupocras aiarebpa Jlu Hag R u g=% @ p —
pa3noXKenHe BEKTOPHOIO MPOCTPAHCTBA § B NPFAMYIO CYMMY MOANPOCTPAHCTB. Ecmau

oro6paxenne X - Yr—> X —V (X €1, Y € p) sasiasdercs aBTOMOPHHIMOM,
a ¢opma KHJJIHHra OTpHUATEJBLHO-ONpeAeJeHHa Ha b.H HONOMKHTeNbHO-ONpPefeseH-
Ha HA P, TO g =1 @ Y ecThb pasaoenne Kapraua.

Ynpaxuenue 2. Ilycte g= U @ p — pasnoxenne Kaprana a.nreépm g Torna
¥ — MaKCHMaJbHAsi KOMIIAKTHO BJIOKE€HHas nojaareépa B g.

YnpaxHenue 3. gQ = 1 + {1 ecth pasgoxkenue KapraHa.

4.6. ConpsxenHoctp nopaaredp Kaprana

Ham nortpe6yeTcsi cjefylOWHH pe3y/abTaT, JOKA3aTeNbCTBO KO-
Toporo Gyxer naHo B § 6.2.

(4.6.1) IIycmo g — azcebpa JIu nad R (cooms. C), eéce Ougpgepen-
YUpOBAHUR KOMOPOL — 6HYMPEHHUE. Toeda npucoeduHenHas epynna
Ad (g) cosnadaem co csasroti komnonenmoi 6 Aut (g), codepacaweri 1,
U SABAREMCS BAMKHYMbIM 8eL4eCMOeHHO- (COOMB. KOMRAEKCHO-) QHAAUMU-
yeckum noomnozoobpasuem 8 GL (g). Muoocecmso {exp (ad X) : X €
g}, codepocum nexomopyro okpecmnocms edunuuor 6 Ad (g).

(4.6.2)1) Opmoeonanvran epynna O (n) = {S € gl (n, R) !SS=1}
Komnakmua.

2) Ecau u — xomnakmuas noaynpocmasn areebpa Ju, mo Aut (n)
u Ad (n) xomnaxmuuod.

Nokasareabctso. 1) OueBupHo, 9Tto MHOXecTBo O (n) 3aMKHYTO
B gl (n, R). Tak kak mas (s;) € O (n) M umeem 3 (s;)° = 1,
10 |s,,| < 1 u O (n) orpanndeno. .

2) Ilyete B — ¢opma Kuasunra ameﬁpbl u. Torma B orpuua-
TeJNIbHO-OTpeJeseHHa |, B cuay (4.4.3), 1), B (6X, oY) = B (X, Y)
anst mobeix ¢ € Aut (u) X, Y € u. Ilycrs Eq, ..., E, — OpTOHOD-
MHpOBaHHHI Gasuc oTHocuTeabHo — B. Toraa o € Aut (1) npex-
craBasierca matpuued S € O (n). TTockosbky .mHOxecTBO Aut (u)
3amkHyTo B GL (u), TO OHO KOMIIAKTHO, a 3Ha4YHT, H MHOXkecTBO Ad (1)
KOMMaxTHO, B cuay (4.6.1). []

(4.6.3) Iycme w — komnakmuas noaynpocmas arzebpa Jlu.
1) Beakas maxkcumaivnan abereéa nodarzebpa. ASAREMCA nOOQAA-
ee6pod Kapmaua, u obpamro.
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2) Hycme a ub — nodasrcedper Kapmana s u. Toeda cywecms yem
aemomopchusm 0 € Ad (a), maxod wmo Ba = b. :

JokasateabcTBo. Tak Kak Beskast nofanre6pa Kaprana siBagercs .

MAaKCHMaJbHOH HHUJIBIMOTEHTHOH noNaJre6pod H BCAKASA KOMIAKTHAS
paspewmnMasn ajnre6pa JIu abesepa, To Bcskas noganrebpa Kaprana
B U SABJSETCS MaKcuManabHOH abesneBoit nojanre6poii.

[Tycte @ — MakcHManbHasi aGesneBa noganrefpa B u. [Tockosbky
mHOKecTBO {ad X @ X € a} MOXKHO OTOXJECTBHUTb C HEKOTOPHIM IIOA-
mHOzkecTBOM B O (n), OHO BHOJIHE NPHBOJHMO; IIO3TOMY HalgeTcs
BEKTOPDHOE MOANPOCTPAHCTBO I B 1, TAKOE UTO

u=a®w, fa wlcw.

Tak kak nopanrefpa a abejeBa, TO, pacHIMpss noJe KosbhdHuHeHTOB
npoctpaHeTBa w 10 {, MONyYHM pasfioXKeHHE B NPAMYIO CYMMY
mC_____m1® EBTU/:

1 (C-3Haunble MHHelHble GYHKUHOHAMABL Ay, ..., Ay HA @, TaKHe UTO
Aas mo6oro X € a NOANPOCTPAHCTBO W; COAEPXKUTCSA B 0606IIEHHOM
COGCTBEHHOM MNOANPOCTpPaHCTBe npeoGpaszoBanus ad X, oTBedawolem
cobcTBenHOMY 3HauenHo A; (X), j =1, ..., k. JonycTum, uto A ;= 0
Anst Hekoroporo j. Torma MoxHO HaWTH ajaemenT Y (+0) € w,,
st Kotoporo [a, Y1 = 0. Tlonmaras Y = VYV, 4+ iV, (Y, Y, € W),
umeeM [a, Y1 = [a, Y,] =0. Cnenoraresbno, a -+ RY, u
a + RY, — aGeneBnl mopanre6pel B u. ITOCKOABKY a — MaKCH-
ManbHasi afesieBa mopaare6pa, To Y, = Y, = 0, — npoTuBopeuue,
Takum o6pasoMm, MBI ZOKa3aJH, 4To Bce A; oTauunbl OT 0. ITostomy
B a MOXKHO HaHTH 3JemMeHT X,, JJIsA KOTOporo A, (X,) == 0, ...
<oy Ay (Xp) = 0. CaemoBaTenbHO, OTpaHHueHHe npeoGpa3OBaHHUsA
ad X, Ha w- (a 3HAUMT, ¥ HA W) HeBbIpOXKJeHHo. Mrak, MBI 10Ka3a/H,
4TO @ ABJAsieTCs COGCTBEHHBIM IMOANPOCTPAHCTBOM IpeoOpasoBa-
Hua ad X,, oTsevarwinuM coGcTBeHHOMY 3HA4eHHIO 0.

[TIpopomxuM JOKa3aTENbCTBO, HCHOONB3YS METOHA, MPHHAAJIEKA-
wuit Xanty. [Iyere a u b — MakcHMaJbHble abeseBnl nojanretpsl,
H NyCcThb 3JeMeHTH Xy € a, Y, € D TakOBH, 4TO 4@ H b SABIATCS
COGCTBEHHBIMH TIOANPOCTPAaHCTBaMKU TnpeobpasoBanuit ad X, u ad Y,
COOTBETCTBEHHO, OTBEYaIOIIUMH cOGCTBeHHOMY 3HaueHHo 0. O6o3Ha-
uiM yepes B dopmy Kuanunra anrebpu u. Torma B (6X,, Y,) ecTp
HenpepoiBHas ¢yHKuus or 0 € Ad (u). Iloabsysce TeMm, uTo rpynna
Ad (u) xomnakTHa, BuiGepem 3JeMeHT Oy € Ad (u), 118 KOTOpOro
B (0, Xy, Y,) npuHuMaeT makcumaJsbpHoe sHaueHue. I1ycts Z npuHaz-
JeXUT u. [lockoabky exp (xad Z) g, € Ad () (x € R), c¢yukuus
f (x) = B (exp (x ad Z) 0,X,, Y,) docturaer MmakcuMmyma npu x = 0

Tak Kkak o &Xp (x ad Z)y—g = ad Z, TO

% (0) = B({z, 09 Xol, Yo) = B([69Xo, Yy}, Z) =0.
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BBuay unpoussombHocTH Z umeem [0,X,, Yyl = 0. Tlockombky b
€CTb COGCTBEHHOE HOANPOCTPAHCTRO Npeodpasosanus ad Yy, oTBeuaro-
mee COGCTBEHHOMY 3HauyeHHIO 0, 3TO PABEHCTBO 3KBHBAJIEHTHO ycJa0-
BHIO 0,X, € b. ITockonbKy a ecrTb  cobeTBeHHOe NOANPOCTPAHCTBO
npeoGpasosanus ad X,, orBeuaiouee COGCTBEHHOMY 3HAUEHHIO O,

TO Opd SABJNAETCS COGCTBEHHBIM MOANPOCTPAHCTBOM ifisi ad (G X,),

OTBEHAIOIHM COGCTBEHHOMY sHauenuio 0. IlostoMy H3 paBencrsa
[00Xo, B] = O caepyer, uro o,a o b. Anasornuso paBeHCTBO. [ X,,

-1 — -1
05 Yol = 0 Baewer Bruouenue Oop D ab. CregoBatennno, oya = b,

DTo 3aBEpHIaeT JOKA3aTENbCTBO, TAK KaK €CaH (1 — nojanreGpa
Kaprana w 0 € Aut (), 1o u ogq — nojanretpa Kaprana. []

(4-6.4) Ilycms g — noaynpocmasn ancebpa Jlu nad C, by u by —
nodarzebpor Kapmana 6 g. Cywjecmeyem  asmomoppusn 6 € Ad (@),

© 043 Komopozo 0h; = ¥,.

Hokazateabctso. Mcxons us AaHHOH mojanre6psl Kaprama b; =
1, 2), moxuo no dopmynam (2) § 4.3 NOCTPOHTHL KOMIIAKTHYIO Be]LU,eCT-
BeHHYI0O GOpMy u;, TaKyiO 4TO u; (| b;=a; ecTb noxanreépa Kap-
Tana B u;. CoryiacHo (4.5.4), 1), cymectayer aBToMopdH3M M € Ad (g)
AT KOTOpOro Mu, = u,. Toraa ma; — moganre6pa Kaprana B u ,
CornacHo (4.6.3), Hafimercs Tako# aBToMopduaM ¢ € Ad (u,) é:
< Ad (g), yTo ona, = q,. Iosarass 6 — Om, [OMYYHM, UTO 6; =
9. Tak xak b, — KOMUJeKcHAS JHHEHHAS 06OJOYKA aﬂreﬁpulw
i=1,2 10 0 =9, [J. -

3ameuanue. Teope_ma (4.6.4) cupaBeanuBa aas MoGOH anre6pu Jlu

Haj mnoseM P = P xapakTtepHcTHKH 0,

Ynpaxuenue 1. Jokaszats (4.6.3) 6e3 mPENMOIOKEHHS O NOJIyIpOCTOTe aareGpe U
[V xasanue. Ec.rml KOMNAKTHA, T0 g = 1 @ 3, TAe U — NOAYNpPOCTOfi Hpmeas
H 3 — UeHTD aareSpH g. Mcmoansys stor $aKT, Mbl MOXKEM OTOMKLECTBHTL Ad (u)
¢ Ad (9) n npumennts (4.6.1) x Ad (9). JIu6o e MOXKHO BOCHOAB3OBATBCH Tem
GaKTOM, 4TO NPOU3BOJBHAS mojaaredpa KapTaHa (COOTB. MaRCHMAIbHAsS aGeJjeBa
nofajre6pa) axreGpLl § HMeeT BHA a4 -+ 3, rae g — nopaareSpa Kapraya (coots
MaKCHMa/lbHas aeneBa nopaareSpa) B Uu. | ' '

v ] _ 01 ‘ 1 0
npaxHenue 2. [loganrebpm aq=[R 1 0) u 'b=P(O _1) SBJAAIOTCA

nopaarepamu Kaprana 5 81 (2, R). Oznako me c
: . R). YIIECTBYET aBTOMO 0
€ Aut (8L (2, R)), ans xoroporo Ba = b. |Vrasauie: cpaBHHTe pc(gggx;ﬂmﬁee

3HavYeHHsT NpeolpasoBaHu ad( 0 1) H ad( ! 0
—1 0 0 —1) -1

5 M, Toro, ®, I'pocexane
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4.7. Pasznoxenua HUsacasbi

[lyctb g — noaymnpocrass anarebpa Jiu Hay K u § — ee. KOM-

niekcupukauus. B cuay (4.5.2), MOKHO HaHTH KOMIAKTHYIO Beule-’

CTBEHHYI0O GOpMYy W W HHBOJIIOTUBHBIH aBTOMOpPQH3M O ajreSpo u,
TaKHEe YTO

u=t@ilp, g=1DYy,
rie t=({1+o0o)uuayp=i(l—o)u

BriGepeM B. p Kakoe-HUOyAb MaKCHMaJbHOE NOAMHOXECTBO (,
3J eMEHTH KOTOPOTO IOMapHO MEepecTaHOBOYHHI. $ICHO, uTO a OyaeT
BEKTODHBIM IOAMNPOCTPAHCTBOM B P, W, [OCKOJBKY {G — KOMMYTa-
THBHO€ INOAMHOXKECTBO B U, MOXHO HAHTH noganaredpy Kaprana t
ajre6pbl u, mias Kotopo#t ia =t (cornacHo (4.6.3)). Ilycte X —
saeMeHT H3 t. JIas moboro Y € ia umeem [X, Y] =0u [0X, V] =
= —[0X, oYVY]= —0o[X, Y] =0, tak uro [X — 0X, Y] = 0.
TTockombky X — 0X € (1 — o) n, TO, BBHAY MaKCHMAaJILHOCTH ia
KaK KOMMYTaTHBHOTO MHOXKECTBA, X —oX € ia, oTkyra oX € t,
T. €.t MHBapHaHTHa OTHOCHTeJbHO 0. CieloBaTeNbHO, HaHAETCS MOA-
ajierGpa b anare6pwt f, Takas uTo

t=0bdia, bt acy.
Ilycte Hy, ..., H, — Gasuc B au H,,, .
9 =CH,+ - +CH,

‘— mnonanrebpa Kaprana B g.
O603HauHM KOpPHEBYIO CHCTeMY oTHOcHTeNbHO ) uepes A. B cuay
pe3yJIbTaTOB 1. 2 HmeeM

.., H, — 6asuc B ib. Torna

§=2__LH—}— 3, CE,,

aEA
{H, H}=0 npu H, H €Y,
[H, Eql=a(H)E,, aH)eER (=1, ... 1),
[Ea: E_a]z_Ha E it (C(. E A):
[Em EB]:Na.BEa+ﬁ (OL, [3’ a+ﬁ€ A),

Negp=N_q s €R.
OTMeTum, 4TO NOCKOJIBKY ad X (X € u) MOKHO NpeACTaBUTH MATPH-
ueH (S;z), ANt KOTOPOH S;, + 8¢; = 0, TO BCe COOCTBEHHBIE 3HAYEHHS
npeo6pasoBa1-mﬂ ad X — yMCTO MHHMbIE YHC/A, & TOCKOJbKY H; €
€ i, To ad A; WMeeT JIMIIb BEIIECTBEHHEIE CO6CTBeHHbIe 3Haqemm
npu j =1, l
0603Hath gepe3 U’ MHOXKECTBO BCeX 3JIeMEHTOB H3 § BHIa

lel + - +le[ +xaEa+X_mE_a+ ’

e e

g
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rae xy, ..., %, €iR u Xy = x_, npu @ € A, Corsnacuo (4.3.4), v’
SIBJISIETCH KOMIIAKTHOH BEMIECTBEHHOH (GOpMOH anreGphl § CorJIaCHo
(4.5.4), CYLleCTBYeT BHYTPEHHHH aBTOMOP(H3M 6 anreCpur g, L1d Ko-
Toporo 6u’ = u. B cuay (4.6.3), MBI MOKEM TIPENNOJIOKUTL TAKIKE,
4To Bt—tn nw={H + Nuxa"OFE,: H € t, Xo = x_, NI BCEX
a € A}. CaenoBareNbHO, Mbl MOXEM, He MeHSAs OBO3HAYeHHH, OTO- .
JKIECTBUTbL U H U,

Tax kak of = 1), To mafinercs Takoil sHEoMopdu3M f (0) ABOHCT-
BEHHOrO K § BEKTOpHOro mpocTpaHcTBa bB* uto f (6) A = A. as
yRobcTBa sanucH Byaem o6osHauaTsb f () mpocTo uepes o. Mel 3HaeM,
4To

(o) (H) ~a (0H) =a(oH) gas o € A, HE §

0E, € CEq4y-

BBegem sekcukorpaduueckoe ymnopsijioueHue,
Hy, ..., H;, u nojoxum

Ao—{ocEA H)y=0 npu H € a},
= {a € A: oc,»O u oa << 0},
A =la € Aia <0 # oa>0} =—A,.

orpevatoniee 6asucy

4.7. 1) 1) A ssasemca o6Bedunenuem mpex nonapHo Henepecexaro-
wiuxca mroscecms A, A_ u A,.
2) @ € Ay mozda u moavko moeda, Koeda 0o = @, 1 8 IMOM CAYHAL

6E, =E,, 0F_,—=EFE._,
3) Ecawa, BE Aua+B €A moatpc A,

HokazareibcTBO. 3aMETUM NIpexkjie BCEro, 4TO

_a(Hj)1 .i::l’ RERERE r,
((’“)(Hf)"{a(H’j), =r1, ..., 1
1) Ecom o & A,, To Ha#jaeTcss HoMep j < 7, A KOTOPOro
a(H) =..=a(H;,_))=0u a(H)+0.

CuaenoBarenibHO, OO <(c00TB >) 0, xorma a >>(cooTB. <) 0.
2) OueBHuaHO, uTO @ € Ay, T. e. @ (H,) =... = a (H,) = 0, Torga
H TOJALKO TOTAa, Korja oo = . [logoxum

Co=FEy—E o Sy=i(Eq—FE_y) nph a € A.

Eciu a € Ay, T0 E, u E_, (epecTaHOBOYHHLI C JIOOhIM 3J€MEHTOM
u3 a. Iockonbky 0E, = CEgy = CE, u oE_, c: CE_q, MBI HMeeM
[Co — 0Cq, al = 0. Tlockobky Co — 0Cy € (1 =—06) u = ip,
o Cf —0C, € iac r; Tak kKax C, —oCa € CE, + CE_,,
MBl UMeeM C, — oC, = 0. ‘

5*
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Ananoruusgo S, — 0SS, = 0. CnemoBareabHo, OE,
E 4.

3) Ecan o

(4.7.2) (K. HUBacasa) n = (Za€A+ CE,) N g ecmv Huabnomenmuas
nodaarzebpa 6 g, maxaa wmo Hdomoppuam, ad X Husenomenmen 0in
Mmobozo X € n u a + n asasgemca paspewsumod nodascebpoi. Hanee,

=RkRPadn.

B cuny (4.7.1), 3), n = X,c,, CEq — monan-
re6pa B g, H, nockostbky (ad Eq)! Eg < Ejgup (j=1, 2, ...), 3HIO-
mopduam ad X (X € n) nuabnotenten. Orciona c.ne,uyeT B uacT-
HOCTH, YTO T — HHJIbIIOTEHTHAsI anare6pa Jlu, a 3Ha4YHT, HHUABIO-
TenTHa ¥ aiarebpa n. Tak kak la, 1) = 10 [a, 1] =n u, no-
CKOJIbKY anare6pa a aGeneBa, a + n sBJAseTcsa mojanare6poi. Us
cooTHowenust [a + n, a + n] < n caenyer, uro sta nogasareSpa
paspemHMa.

s H € a na € A umeem a (H) € R, tak uto ad H —— moay-
MPOCTOH SHAOMODPGU3M C BEIIECTBEHHHIMH COGCTBEHHBIMH 3HAYEHUSIMH.
ChnegoBateqbHO, a {} n = 0 M gas Kaxiaoro X € a + n Bce cob-
CTBEHHBbIE 3HaueHHsi >3HAoMopdu3Ma ad X BemecTBeHHH. C Apyro#
CTOPOHH, ecan Y € ¥, To, .Kak Mu 3HaeMm, ad Y — moaymnpocToi
SHAOMOPGH3M ¢ YHCTO MHHMBIMH COGCTBEHHBIMH 3Hayenusamu. CiegoBa-
teqbHo, ad () Nad(a+n) =0, T.e. N} (a +n) =0.

Hocxgﬂbxy t+ac g, nocraroyso mnoKaszarb, 4Yro g <t -+
+ a -+ n. Beuay Toro uto g = f - { (I — o) u, MBI MOiKeM orpa-
HUYMBATBCA JOKA3aTeNECTBOM BKIIOUEHHSA [ l—uct+a+
n. Tak kKak u=RiH, + ...+ RiH, + Faso (RCe + RSe) u
ma e € Ag, B couny (4.7.1), 2), oC =Cq u 0Sg = S§,, TO HaMm oc-
Taeress TOJALKO mnoxaszate, uyto i((l—o6)X €¥P+a-+n naaa
X=iH(l1<j<], C,,, So (@ € A,

Oqesmu-xo l(l - 0) iH; E a. Hanee, paa
HeNoCPEeACTBEHHbIH IOJCUeT HaeT

l(l - 0) Coc = (Sa + GSG) + 2i (Eoz. - UE-a):

H, NOCKOABKY AJs moboro o« & A, MH HMeeM —0Oat € A,, TO E; —
0E o €1 Tak Kak Sy +0S, € 1 +o)u=1% 10 i(l —0)
Co €+ n. Amanoruumo nposepsiercs, uto [ (1 — o) Sy € T +
4+n 0

B kauecTBe WJIIOCTPALUUH K H3JIOMKEHHOH TEOPHH pPaCCMOTPHM
npumep g = 8l (n, R), g = & (n, C). 31ech MOXKHO B3ATH

{X €8l(n C) X=—X}.

= FE, nu 0F 4, =

onaaa're.nbc'rno

aoboro a € A,

u=8u(n)=

<0 uofp <0, 00(@+f)=0a+0dp <0.0"

i AT

[

-
‘
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Toraa

= (n, R)={X€§I(nv IIQ) tX=_X}’ .
{X € (x;;) €8l(n, R): x; =0, i+j},
= (x;;) €8l(n, R): x;,;, =0, i>j}.

PasenctBo 8l (n, R) =%+ a+n caenyer us (4.7.2),
JErKo J0Kas3aTb W HENOCPEICTBEHHO.

a = sdiag (n, R) =
n=u(, R)={X

HO e€ro

Ynpaxnenue 1. B ofGosHayeHHsiXx JaHHOrO naparpaga, Ijif BCAKOH IOJAYNpOCTOR
anre6pe Jin g nag C

g=u® Y RH; & Y CEq
a>(_)
eCThb PasyioXcHue HBacasu it §:4 B'R

VYopaxuenne 2. Ecan paccmatpusath o € A xkak C-anaunnil auuediuntii Q)yHKLmo
Han1 Ha noganre6pe Kaprana a + baare6pu g, o (0c) (H) = o (H).




TnaBa D

reyinbl, CBA3AHHBIE C
KOPHEBbIMH CHCTEMAMH

5.1. Bpeneune U 06G03HAUYEHUSHA

HauneM ¢ Toro, 4To KOpoTKO HaIIOMHHM OCHOBHBIE P€3YJIbTAaTHl I'A. 2.

ITycts g — noaynpocrass aare6pa Jlu #Hax C Hu h — ee nogpas-
re6pa Kaprana. ITyctp A — KopHeBas cHcTeMa aare6pel § OTHOCH-
TenbHO H. Torma- A sgBasercs mMOLMHOMECTBOM NpOCTpaHcTBa §H*,

aBoiictBeHHoro K §. [anee, ¢opma Kusasnunra B anrefpbl ¢ HEBH -

POXIEHHA Ha ), H TIO3TOMY A/ MPOHM3BOJBHOrO A € [* MLl MoxeM
. OllpeleJUTh 3JeMeHT H, € b ycaoBaeMm ,
B (H,, H) = A (H) nns Bcex E € D.
BBezeM ckajspHOe MpoH3BefeHHEe (HEBBIPOXKAEHHYIO CHMMETPHUHYIO
O6UMnHeHHYI0 gopMmy) B b*, moaaras
T W=AH)=pH)=B(Hy Hy)) (A, n b

[lycts E — BemiecTBeHHAsT JHHeHHass 000OJOYKa MHOxKecTBa A

B b*: E = ZQEARG. Ecan rank g =dimp=dim p»* =1, 0o E
TaKxkKe uMeeT pasMepHocTs [ Hax R H ckanspHoe nmpoussefeHHe sB-
JSIeTCS TIOJOXKHTENLHO-ONMPENSNeHHbIM, Ha £..

PaccmarpuBaeMasi Kak NMOAMHOXKECTBO INpocTpaHcTBa E KopHeBas
cHCTeMa A yJOBJETBOpsSeT CJAELVIONHM YCJIOBHSM:

() 0 A u Oaa mwoboeo a € A mor umeem Ra I A = j+al.
@) Hdan aobox o, p € A

oD cz yu p-oib® gl

(&%, @) (o, o)

(8) A noposdaem E Kax aumneilnoe npocmpancmeo.

Ias Besikoro A € H omnpenennm anemeHnT S, € gl (E) ycuaoBHeM

SE=t—2{g3kh R€EB.

SIcHO, uTO Sj; — 3TO OTpaxKeHHe OTHOCHTENbHO TIHMEpHJIOCKOCTH
Py, =1{8 € E: (A, §) = 0O} (cm. puc. I). Tlyerb O (E) obGosnauaer
OPTOTOHaNbHYIO TPYNNY 3SBKJHIOBA NpoOCTpaHcTBa E:

O(E)={T € GL (E): (TE, Tm)=(& m) aan § m € E}.
or1r S, 2 O(E), mecnu &, B £ A, 1> S,3 2 A, Bsugy (2).
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Puc. 1.

JloKaxeM, 4TO BCAKOE MOJAMHOKECTBO A mpocTpaHcTBa E, yIOBJAET-

Bopsomee ycaoBusM (1) u (2), yAOBJAETBOpSET CJeNyIOmEM cJ10-
BHIO (2) (cM. ynp. 4 § 2.4): Y 7

(2) Ecau o, B € A, mo B — ka € A dan awbozo yenoeo 4qucaa /e,'
saxao4ennozo mexcdy O u 2 (B, ay/(a, a).

Aokasareascrso. Ilycte @, B € A u @ + +f. Ecin (a, §) =0,
TO AOKasweiBaTh Hedero. [lpexnosoxum BHawane, uro (o, B ) > 0.
Ecmu (o, a) > (B, ), 10 u3 muepasencrs 2(a, a) > (a, a) +
(B, B) >2(a, B) noayuaem 0 < (a, B)(a, a) < 1. Tak kak 2
(e, ﬂ)/(olc, a) € Z, 102, By (o, 2) =1 u p—a = S € A, B
cuny (2). Ecia (B, B) > (@, @), T0 amamoruuno gokasbiBaercs,
uro &« —f§ € A, u motomy fp —a = — (@ — B) € A, corznacHo (1.
Orciona BhiTekaer, uto S, (f—a) = S,p +a € A. CreloBaTebHO,
ecnn (a, B) >0, 0 B—a, Sp +a € A; HNOBTOPSAS 3TO pac-
CyXheuue, sakmiodaem, 4yto B, f —a, B — 2a, ...,S,Bp € A.

Ecau (@, B) <0, To (—a, B) > 0, uTo no3BO/SIET CBECTH 3STOT
cjay4yal K npeabiiyHiemy. {]

HMHorna ObiBaeT yA06HO OMpeeqHTh CKa/IipHOE T[IpOU3BefieHHEe
B 1) popmynoi

(H, H') = L_B(H, H) (H, H €%

S (@

U OTOXIECTBJIATH 3/71eMeHT A € E ¢ snemertom ¢ (A) € b, mis Ko-
TOPOTO

MH)=2a) —T (p(4), H) (H¢Y),
TaK uto H; = 2n }'" 1 ¢ (A). Ilycrs b, — BeuecTBeHHas JIMHEHHas

o6osiouKka mHOXKecTBa {H,: o € A}. Torga ¢ ectv H30MOP(H3M Bek-
TOPHBIX NPOCTPAHCTB

E—}—Iph=t

M w=@®A), o) (&, n€ E).
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YuutnBast 370, Mbl GyJaeM mpuU HeoOXOIMMOCTH ONYCKaTb CHMBOJ @
H paccMaTpHBaTh A KakK NOIMHOXECTBO B b.

Hanee, BBegeM B E KaKoe-HHOYIb JIeKchorpacqueCKoe ynopsaao-
yengHe H 0603HaUUM uepe3 A* MHOXKECTBO BCeX MOJOXKHMTEIbHBIX KOD-
Heii. [To/0XUTENbHBIH KOPEHb o Ha3hIBaeTCsl HPOCTHIM, €CJ/IH €ro Hellb3s
npeJCcTaBUTb B BHIE CYMMH & = B + v, rae B, vy € A*. Ilycts 1 —
MHOKECTBO BCeX MPOCTHIX KopHe#. Torza

(4) n = {a,, ..., a;} obpasyem Gasuc npocmpancmea E.

(B) Ecau P € A, mo p=ma, +...+na;, 20en ; € Z, npusem aubo
éce n; HEOMpuUUAmebroL, AUGO 6Ce 1 nwzomummbﬂbz m.e. 7W—
(,bynaamer-tma/zbnaﬂ cucmema 8 A; o6pamno 8cAKAA 47yu6ameuma/1b-
Haa cucmema 8 A A64AeMCA MHONECMBOM NPOCMbIX KOpHEL OmHOo-
cumeabrHo Hekomopoeo ynopadosenua (cM. (2.4.5)).

B § 2.4 6bLI0 BBEJEHO TaKXKe NMOHSTHE T-CUCTEMBbI KAK MOAMHOXKe-
ctBa {ay, ..., @;} = E, I KOTOPOTO BHINOJHSAIOTCA YCIOBHA:

(6) {ey, ..., &} — 6asuc 8 E.

3] llucvza#cl, = —2 (a,, ocj>/(a/,‘ @,) uyeabl U HeOMpuyameAabHol
npu i J

Mbr HaswbiBaeM ¢;; wicaamu Kapranma, a matpuuy — (¢;;) — Marpuues
Kaprara - _cucTeMbl fay, ..., ol

Bcesikas cpyHnameHTaJIbHaﬂ cucteMa T B A sBJseTCS T-CHUCTEMOH.
Ho, xak 6bi10 MOKa3aHO B IJI. 2, 1Jist JI0GOM 7-CHCTEMBI 7T CYLIECTBYIOT
nosynpocrasi anare6pa Jlu g C mojanre6poit Kaprana b u KopHeBoit
cucreMoii A ¥ dyHAaMeHTanbHAs cUCTeMa % B A, TakWe yTo T = R.
Hlanee, u3 ©t = & caexyer, yto A = A u g =g (cM. (2.6.2) u (2.6.6)).
Dro o3Hayaer, YTO 7 onpefensier § H A

Hamomuum Tenepn KOHCTPYKIHIO KOMNAKTHOH BemECTBEHHOH
dopMel u anrebpul g, onucaHuyio B § 4.3. Ins moboro a &€ A
cylecTByeT 3JjieMeHT E, € g, Tako# 4TO

g=15+ u§€_7A CE,,

(b, 81=0, a()c=R,

(H, El = a(H)Ear  Ear Eol =—Hq € b,
{Eq, Egl = Nq,gEaig npu a, B, a 4B €A,

rape
O#N(I.,B:N—a’—ﬂ E R'
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MuoxectBo {E,: @ € A}, yioBierBopsiouiee NEPEUUCTEHHLIM BhIle

YCJIOBHSM, HaswiBaeTcsi 6asucom Beidas anrebpel g (mo monyawo b).
Ina nansoro Gasuca Befina {E,} nomaare6pa

Al -
w={H 4 N xHy: HEt=V"108, u=1x_4
Ins Bcex a € A}
sIBJIsIETCS] KOMNAKTHOH BemecTBeHHOH (opmol anreGpel g. 3aMeTHm,
YTO, MCIOJb3Ysl ONHCAHHOE BHIIIE OTOXKIECTBJEHHE, MOXKHO HanucaThb

A(=p(A) =t cu.

B aTo#i rnaBe Mel OyneM u3yuaThb PYIINBI 3BKJHIOBBIX IBHKEHHH
npoctpaHncTBa E, cBs3anHble ¢ A. Mpl coxpansieM 0603Haue€HHs HACTOA-
iero naparpaga Ha MNpoTsXKEHHH BCeH TJaBhl. -

Tlocneansa 4acTb r1aBel OCHOBaHA NMPEHMYIIECTBEHHO Ha pafoTax
HUBaxopu u Mauywmorto.

5.2. Tpynnb Beiias

[Iycts E — BEKTOPHOE NPOCTpaHCTBO pasMmepHocTH [ Hax R ¢ mo-
JIOXKHTEJbHO-OIIpele/IeHHBM CKaJIIpHBIM TIpOu3BefeHHeM (, ) H A —
KOpHeBasi cucTteMa B £, T. e.

() 0&AuRa N A={+a}l ana moboroa € A;

(2) w3 rtoro, uro @, P € A, caexyer, uro 2 (P, a)/(a, ay € Z
u S.p €A

(3) A mopoxpaer E.

[TycTs, Kak u Boine, O (E) o603Ha4yaeT OPTOroHaJdbHYIO FPYIHY TPO-
crpaHcTBa E.

Onpedenenne. Tlogrpymna B O (E), NOpoxKAEHHAss MHOKECTBOM
{Se: @ € A}, HaspiBaetcs epynnoti Bedas cucremul A u o603Havaercs
Ad (A). Hanee, rpynna

Aut (AV={T € O(E): TA = A}
HA3bIBACTCSl 2pynnol asmomoppuamos cucmemst A.
(5.2.1) Aut (A) — xoneunaa epynna, u Ad (A) — Hopmasrsras nod-
epynna ¢ Aut (A).

HokasareabctBo. Kaxnoe npeobpasoBanue 7T w3 Aut (A) uanymm-
PYeT HEKOTOPYIO NepecTaHOBKY MHOXKecTBa A, H noToMy Aut (A)
MOXHO OTOXJECTBHTb C COOTBETCTBYIOIIEH NMOArpynnol CHMMeETpHUe-
CKOH TpynIbl KOHEUHOro MHOXecTBa A,
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Ecru T € Aut (A)uoa € A, to TS, Tt = Sy, Tax uro Ad (A) —
HopMasibHast moarpynma B Aut (A). ] ,

IMonoxum
E=FE~_U P
a€A
Onpedesenue. CBSI3HLIE KOMINOHEHTH MHOXecTBa £’ HAa3bIBAIOTCS
Kamepamu Betas.

U3 storo onpeneneHus cpasy cjaeinyeT, 4TO Kaxkaas Kamepa Belas
€CThb OTKpPLITOE JHHEHHO-CBSI3HOE MHOXecCTBO B L.

(6.2.2) 1) Ilyemo W — kamepa Beiaa u T € Aut (A). Toeda u
TW — rxamepa Betira.
2) Hycmo nn = {ay, ..., a,} — dyndamenmaronaa cucmema 8 A.

Tozda mHoxHcecmao

W@)=1{§€ LE:(a, Ey>0, ..., (o, E) =0}
| A8ASEMCA Kamepoil Belira.
Hokasareabctso. 1) Tak kak TP, = Pr,, To TE' = E'. Ilockosb-

ky T npexncraBaser coboi romeomopdusm, TW aABasieTcs CBA3HOH
KOMIIOHEHTOH MHOecTBa E' W, 3HauuT, Kamepod Bedas.

2) Besikoe B € A zanuceiBaercs B BHIE P = noy ...+ nay
(n; € Z), roe KO3(QQUUMEHTBI 1; JHOGO BCE HEMOJOMKHTENbHBI, JHO0
BCE HeoTpHuATeNbHBLl. [loaTomy mitsa § € W (%) mul umeem (P, &) £ 0
nge€E.

OueBuano, 4ro Aas awbbix §, n € W (n) orpesox & + (1 — ) n
(0O <t < 1) cogepxurcst B W (n), T. e. muHoxkecTeo W (m) BhI-
NYKJIO, a 3HAYHUT, CBSI3HO.

[Tycts Teneps £ € W (n) um € EN W (x). Toraa nafigerca Takoi
Homep j, 1 < j < I, uro (a;, n) <O0. Ilockoanky (e, &) >0,
BCAKas KpUBasi, COEIHHAIONIASA § U 1), nepecekaer Paj. CnenoBaTenbHoO,
W (n) ecThb cBA3HAasT KOMIOHEHTa MHOXecTBa E’. [

(6.2.3) [Iycmb ny = {ay, ...

, &y — hynOdamernmareran cucmema 8 A.
Hoaoscum

S;= Saj (I<j<l) uw W(my =W,

D S, .., St — noposdwowyaa cucmema das Ad {(A).

2) ldaa kaxcoot kamepor Betaa W wndiidemcs maxoe np eobpaszo-
sanue S € Ad (A), wmo SW, = W.

3) Beakas ¢ynoamenmanrvras cucmema 6 A ecmb cucmema euda
Smy, 2de S € Ad (A), u, obpamno, Sw, asasemca Gyrdamenmarono t
cucmemor 8 A npu aobom S € Add (A). :
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/5}’1

\\
Puc. 2. " B \7\ ‘

4) Kaxcdoul xopenv B € A moocro sanucame ¢ aude
S;S; .Sy, 20e i j, .., ja=1, ..., |,

121, ig™is
u 043 1060l pyndamenmanrvrod cucmemsr 6 A umeem mecmo paser-
cmgo A = Ad (A) n.

Aokazareabctso. O6osHauum uepes G noarpynny B Add (A), nopox-
IeHHY0 MHOXecTBoM {S;, ..., S;}. :

(a) Hoxaxem npexkne BCero, uto Kaxkuas kamepa Befins W cos-
nagaetr ¢ SW, gn1s nekoroporo S € G.

Ilyete £ € W, u { € W. BuGepem Takoil snement S, € G,
uto || S — & < || SC -~ & ansaBcex S € G, u monoxum Syl — 1.
Honyctum, uto m & W,. Torna Haigercs Homep j, Aasi KOTOPOTLoO
(a;, M) < 0. Crnenosarenbno, § u S;m J1exkar no ogHy CTOPOHY OT TH-
NepIIOCKOCTH P, , @ 1 — 1O JIPYTrylo ee CTOPOHY (puc. 2). 3HAUHT,

J
1€ — Sm| <| & —n|— nporuBopeune. Bosee mnoxpo6HO, BbIGE-
peM B £ OpPTOHODMHDOBAHHBIH 06asuc &, ..., &, B KOTOPOM &, =
a;/le;|. Torna S;g, = —e, u Sie, = e, npH & > 1. IloaoxkuM

= X8 +...+ x8, M = y8, +...+ y,e,. Taxk kax (@;, & >0
H <ajy 'n) <0, TO -xl >O, yl <0 H

“E‘ﬂ”z":(xl "!/1)2"{— Tt “i_(xl —yl)z-
Hs pasercrsa Sp = —the + yo&y +...4 y;&;, monyuaem
18— SmP=(x; +y)* + (o— 4 - -+ + (x;, — g2 <|E—

[

Mbl npuImIM K NPOTHBOpeuHio. TeM caMbM nokKasaHo, uto S, (W) )
W, 5= 5, orkyna caenyer, uto S,W = W,. ,

(b) Tenepr noxaxkem, 4rto IJjsi Jio6oro a € A HafiiyTcd TaKue
@; € 7y 1 S € G, uto Sa = a;.

Bribepem § € P, Tak, uTOGH & & Py npu Beex P 5= 4. Bosb-
MeM € > (0, HacToNbKO MaJgoe, 4To s Besikoro | € U = {¢ € E:
| £ — &| < e} Boimoansiercss HepasenctBo (B, &) (B, m)> 0, T.e.
§ ¥ M J1eXaT B ONHOM H TOM XK€ MOJYNPOCTPAHCTBE, OrpaHHUEHHOM
TUNEPIIOCKOCTBIO Py, npH Bcex B £ +a. OUYeBHAHO, YTO MHOXKECTBO
U =UQNI{L € E: (a, {) >0} cBA3HO M CONEPIKHTCH B HEKOTO-
poit kamepe Bei#na, ckaxem W. B cuay (a), nafizeTcs npeo6paso-

Banue S € @, aasa kotoporo SW = W,.
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Monycrnwm, uto Sat %= 4=a; ans Beex j = 1, ..., /. Torna ais Kax-
gorom € U’ udcna (S7'a;, M) = (a;, SN) H (S7'a,, ) = (a;, SE)

UMEIoT ONHHAKOBHE 3HaKH. C JPYrodl CTOPOHH, M3 COOTHOLIEHHH .

Sn € SU' = SW = W, cneayer, uro (&;, Sw) >0 npu j =1,

2. ..., 1. Dro osunauaer, utro S§ € W,, B NpPOTHBOpEUHE C YCJOBHEM
St € SP, = Ps,. Takum o6pasom, Sa = a; HIH Sa = —a;
s Hekotoporo j. Ecmu Sa = —a;, T0 §;Sa = a;, a S;S €G.

(c) JMokaxem, uto S, € G 1J1s BCEX & € A, orkyna 6yaeTr cjaeno-
BaTh, uto G = Ad (A).

Ilna mo6oro T € Ad (A) umeem TS T™' = Szy. C ApYyro# cTo-
pOHEI, Sa = @; JJIT HEKOTOPOro j H HEKOTOPOro S € G, B cuay (b).
Orciona SSS 1 =S, u So = 87'S;S € G : :

3ameruM, yTo H3 (b) U (c) BEITEKAET 4).

(d) IMycts n = {By, ..., Bi} — PyHAAMEHTa/IbHAS CHCTEMA B A.
Haiizem npeo6pasoBanue S € Ad (A), ans KOTOpOro Sy = T

[TockoabKy W (n) — kamepa BeiJasi, CyllecTBYeT npeo6pasoBa-
aue S € Ad (A), takoe uro SW, = W (w). Otciona cnenyer, 4To A1s
BekTopa & € E Toraa u TOJBKO TOrIa B, H >0 <j<),
korga (Set;, E) =<(a; S >0(l <j< 1). CrenoBarenbHO,
rpanuna MHoxecTBa ‘W (1) COZEpIKHTCS B U{r’:lPSaj H TakKxke B
U5~=1Pﬁ_. 3uauut, Ha6opH {Psa ., --- PSOL[} u (Pg, ..., PB,} ‘COB-

! 1 1
MajgaioT ¢ TOUHOCTbIO 0 nopsinka. Ecau Pﬁf = PSak, t0. Sa, € RB;,
a notoMy Sa, = =+P;. Ho ans moboro & € W, Mbl uMeeM (B;, SE >
0, u us paseHcTBa PB; = —Sa, crenoBaso 6ui, uTo (0rz, B) = (So,
SE) < 0, — mpoTuBOpeune. Takum obpasoM, Sa, = B; u Sty = 7.

(e)Tlyetb T € Aut (A)up € A. Toraa p MOKHO 3anUCaTh B BULE
B = moy + ... + ma;, tak uro TP = nTo; + .. + n,To,, TAE
n; € Z, npuuem au6o Bee n; > 0, mubo Bee n; < 0. CrnenoBaTesbHO,
Trn, — Takxe (QyHIaMeHTaJbHasA CHCTEMA.

[pennioxkeHHe MOJHOCTBIO J0KasaHo. []

Onpedenenue. Ilyctb © — (QyHIaMEHTaJ]bHASA CHCTEMA B A. Tpynna
Aut () = |{S € O (E): Snu = m}

Ha3BIBAETCHA 2pYNnoll asmomop@usmos CUcmemot It.

(5.2.4) Aut (n) — nodepynna ¢ Aut (A), makas wmo
Aut (A) = Ad (A) Aut (at).

NlokasaTeabcTBo. B cuiy (2.6.2), aisa moboro S € Aut (r) mbl umeeM
SA = A.Tlosromy Aut (n) < Aut (A). O6paTo, nyetb T € Aut(4).
Torga Tn — ¢yHAaMeHTa bHass CHCTeMa, W, COTJIACHO (5.2.3), 3),
Sn = Tn ansi Hekotoporo S € Ad (A). CnenosaTenbHO, S™IT €
Aut (m). 0 :
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3ameuyanne. Durypupyomee suiue npoussesenne Ad (A) Aut (m) aB-
asiercsl noaynpamvim, T. €. Ad (A) N Aut (n) = 1. 3Iror dakr Oyger
JIOKa3aH B cJaelywooueM naparpage.

Ynpaxuenune 1. ITycts A (A7) — KOpHEBas CHCTEMA, COOTBETCTBYIOI AN Auarpamme Ay,
,{[[lcmgsa'rb.lq:r: 1r}pynna Ad (A (Al)) H3omopdHA CHMMETPHUECKOH Irpynne MHOXKECTBa

Ynpaxuenaue 2, Haifitu Aut (A (A0)).
Yopaxuenue 3. Ilycts W = SW,, rae S € Ad(A), — xamepa Befiuz. Ecau ona

UHBapHaHTHA OTHOCHTENIBHO npeo6pasoBanust 7' € Aut (A), To 310 npeo6pasoBanune
mepecTaBisieT 3JeMeHTH MHOmecTBa {Soty, ..., Say).

5.3. I'pynna aBTOMOpP(HU3MOB NOJAYNPOCTOMH
aare6pol JIu nag O

[Tycte g — moaynpocrast aarebpa Jlu Hag C, [) — ee moaas-
re6pa Kaprana, A — cOBOKYNHOCTb KOpHeH aJre6pnl g OTHOCH-
TenbHO h U 71 = {@&,, ..., &;} — MHOMKECTBO IPOCTHIX KOpHEH OTHOCH-
TEJbHO HEKOTOPOro ()HKCHPOBAHHOTO YIODSALOYEHHSA. :

O6o3nauum yepes N = N () noarpynny B Aut (g), cocrosmyio
H3 BCeX aBTOMOD(H3MOB O, /sl KOTOPHIX 0 h = [), ¥ moJoxKuM NO =
N 1 Ad (g). :

(5.3.1) Aut(g) = Ad(g)-N,
Aut (g)/Ad (g) = N/N®.

HoxasareabcTBo. [Oas moboro o € Aut (g) nopanre6pa of) Gymer
nonanredbpoit Kaprama B ¢; moaTomy, coraacHo (4.6.4), Haigercs
asTomMopdusm T € Ad (g), Ans kotoporo toh =15, T.e. 10 € N,
oTKyRa ¢ € TN < Ad (g)-N.

Tak kxak Aut (g) = Ad (g)' N, 10
Aut (g)/Ad (g) = (Ad (g)-N)/Ad (g) = N/(N N Ad (g)) = N/N°.

TMonoxum
by = E RH.,, E= Z Ra.
a€ A a€A

(5.3.2) 1) Hycrﬁb 6 € N. Toeda o b, =Y, u, onpede
GL (E) ¢opmyaoil o pedeans 1 (9) €

(f(0)8) (H) =E(c™H) (H €Y, §E€ E),
Mo noayuaem ezomomopusm [ epynnot N na Aut (A).

?) oH) = Hj ) 048 ecex A € E.
3) Adpo eomomopgdpusma | pasro exp (ad b).
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Hdoka3sareancTso. ) [Npumensst ¢ € N kK o6eHM YacTsAM PaBeHCTBA
[H, Ey) = a (H) E4, HaxoguM, uto [0H, 6E,] = a (H) (IE,x, T. €.

[H, 6Egl=a(0" 1H)GE upu HEDY.

MNycts P (H) = e« (07'H). fcHo, uro B € A. Onpenenum f’ (o) €
€ GL (b*) dopmynost  (f (0) §) (H) = E(G 1H) (H € 6 5%).
Torma [ () A = A, a noromy [’ (6) E = E u ob, = §,. Crnenona-
TeJbHO, orpaHuueHue f (o) orobpaxenus f (0) Ha E npHHALTERKHUT
Aut (A). Oas o, 1 € N, a € Au H €Y,

(f (@) ¢ ) @) (H) = (f (v) @) (67'H) = & (v'a" H)
=a ((67)*H) = (f (o7) @) (H).

B cuay (2.6.7), mas kaxporo 7 € Aut (A) cymecTtByeT Takoift
apToMopdusM o aarebpel g, yro of) = h u f (o) = T. CrnenoBaTenbHO,
roMoMopdu3M f CIOpBEKTHBEH. »

2) Tlonoxum [ (0) = S. s awboro- § € E

E(07 H ) = (SE) (Hsp) = (SE, SAy = (E, Ay = §(H,).

3naunt, o YHg = H,, T.e. oH), = Hg,.

3) Ecmu f (0) = 1, To 0 = id va . Tlpumensas ¢ kK oGenm 4acTsM
pasenctBa [H, E,1 = o (H) E,, noayuaem [H, 6E,] = a (H) 0E,.
CrnenoBaTenbHO, O‘Ea = g (a) E, nn1s Hekoroporo ¢ (a) € C.

Tak kak [Ey, E ol = —H, €Y, 1 g@)g(—a)=1, a us
paBenctBa [E,, Egl = Na, BEMB caieyeT, 4To ¢ (a) gP) =g (@ +
B), ectm a, B, 2 +p € A

J_'Loxax(eM YTBEP2KACHHE:

(¥) ecau B=rmoa - +na, €A, 10 9(f)=q(a)" - q(a)"
HCIIOIB3YS HHAYKUMIO mo |P|=|n, +...&+ n|.

B cayuae | B | = 1 aTo yTBepxkiaeHHe oueBHAHO. JlOMyCTHM, 4TO
B € A, |B|l>2u (*) cnpaBemtuBo misi Bcex y € A, c|v| <|BI-
I‘Ipeﬂnonome BHayaJe, uto § > 0. Torza, B cuny (2.6.1), HalayTcs
Takpe y >0ua; € n, 0P = vy + a;. Ecmu § = nyoy +...+ ney,

TO ¥y = Mm%, +...7+ (n; — 1) @; +...4+ mo, H 0O HPEANONOKEHHIO
HHAYKIHH

g =q(@)' .. q@) g (e)
CrneaoBaTebHO,

q @) =q(y)q(e)=q(@)" ... q()"

Iockoabky ¢ (B) 9 (—B) = 1, (*) Buimoanusierest u aas —P. Hrak,
yTBEDXKIEHHE (*) NOKa3aHO.

Tak kak g (¢,) = 0, To cyuiecTByIoT 4ucaa r; € C, Aasi KOTOPHIX
exp r; = q (a&)). Hocxonbxy MHOKECTBO {ocl, ..., G} JIHHEHHO-He-

i
|
;
|
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3aBHCHMO, HAHJeTCA TaKOH ajneMeHT Hy € [, uro a; (Hy) =r; u
notomy exp (a; (Ho)) = g («;). Ilpumenss (%), no.rxyqaeM

exp o (Hy) = g (o) mpu a € A.
Caenosarennho, exp (ad Hg) H = Hnpu H € bu exp (ad Hy) E,

g (@) E, T.e. 0 =exp (ad Hy).
To uro f (exp (ad B)) = 1, oueBumno. ]

3amevanne. M3 2) cienyer, uto ecam oroxnectsute A € E ¢ H, €
€ b wmu ¢ 2n )V —1H, € V—1h, =1, To S cosmagaer ¢ orpasu-
yeHHeM aBTOMOpDdH3Ma ¢ HA [) WK COOTBETCTBEHHO Ha t.

(5.3.3) [ (N% o Ad (A).

HokaszareapcTBo. JlOCTaTOUHO NOKasaTb, YTO JAJsA JW0O60ro o € A
Hadnercss ajemeHT X, € g, Takoh uTto exp (ad X,)h =9 wu
f (exp (ad Xm)) = §,. TMoaoxum

o =exp (ad X).

X=X, = @
Vree—y (BetEo),
HMunykune# no . MOKHO A0Kas3aTh, 4TO
d X)2%kHt f — ()t g2k 20D o
(ad X) (st ket S (Eq — Ec),
(ad X)2%*2 H = (—)k+1 q2es2 <°;$1’2> H,,
. HEb) Ha:—'[ECI.v E-—al: k:O, 1, 2

IToatomy

oH = H + Z 2k+1>' (ad X)2k+1H—]—Z (2k+2), (ad X)2t42 H

£=0Q
,_ a(H)
’—H_{ V2< Z(‘_l)k 2k—}—1)|(E )
ferr St 2
+ (a Z(“I) 2k+2)|
k={)
f:H—fl/—Z—;-aH—)Oz—sm n(E, —F_,) + (O;(]g (cosm — 13 H.,
—H 22U g

(o, @)
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CaenoBarenpro, as & € Eu H € |

(FE (H) =E©H) = E— 2E2q) ()
¥, 3HauuT, [ (07') = S,. Tax xak Sk = 1, 10 f (0) = Se. []
Hnsa s € gl(g) u ¢ € C noxoxum
g(s, ) ={X € g: (s—cl)* X =0}, rae n=dimg.
(5.3.4) [arsn mobozo o € Ad (g)
dimg (0, 1) > rank g = /.
Jlokasareasctso. [Tycts 0 € Ad (g). ITosoxum

¢ (x, 0) = det (x] — 0) = (x — 1) Gy, (0) (x — 1)1+ 4
et (o),

SlcHo, wrO ¢y, ¢y, ..., C,; — roMOMOpdHBE ¢yHKUMH Ha Ad (g).
C ampyroit cropomnl, miust X € ¢ u o = exp (ad X) umeem g (0, 1)
Sg(ad X, 0) u dimg (ad X, 0) > [, orkyna dim g (o, 1) > [ u,
3HAYHT, ¢ (0) = ¢, (0) =+ - = ¢;_, (0) = 0. U3 nocnegnero ytsep-
XpeHusi teopemel (4.6.1) caenyer, uto ¢y, ¢y, ..., ¢;_; PABHH HYJIIO
B HEKOTOPOH OKPECTHOCTH elMHHIbI. Tak kak Ad (g) — cBsisHOe aHa-
JUTHYECKOE MHOrOoOGpasye, TO ¢y, ..., €;_; NOJKHEI ObITh TOXKAECTBEHHO
paBunl Hyaw Ha Ad (g). CrnexoBartesnbHo,

clx, 0)=(x— 1)} ((x—1)"14 .- 4¢,(0)) maa o€ Ad(g). [

(5.3.5) Has amobozo T € Aut (n) naidemca makod asmomopgusm
T€ N, umof(x) =Tug(r, 1) ch.

Mlokasareanctso. TlocKOMBKY OTOGpa)keHHe f: N — Aut (A) ciops-
€KTHBHO, Mbl MOXEM HaHTH 3/7eMeHT T, € N, Ansa koroporo f (1) =
= T. Tak kak Tn = 7w, T0 U3 o > 0 caenyer Ta > 0. Pasioxum

NepecTaHOBKY MHOXecCTBa A, HMHIyUMPOBaHHYI oToGpaxenuem T,
B Npou3BeleHHEe IUKJIOB

Bo Bas - B (01 Yoo o)y

rae TPy = Pa, TPy =Bs, ..., TBr = B1, T¥1= Vs -.- -

HOns moboro o € A umeem [H, wE.]l = a (15'H) 1B, u
o (%' H) = (f (%) @) (H) = (Ta) (H), nostomy tE, = g (Ta). Ho
g (B) = CEg mns Beex B € A. CuegoarensHo, Tog (By) = g (Bs),
To § (B2) = a (Bs), ..., Tog (Bx) = ¢ (By) ¥, 3maumr, noxmpocTpaHCcTBO

ViegB) a4 - +aBp
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HHBAapHaHTHO OTHOCHTEJBHO HpEOépﬂBOBaHHH Ty, HNPpHUYEM CYXKEHHe

3T0r0 mpeoGpasoBaHusi Ha V' 3ajaercs B Gasuce Ey ., ..., Eg, MaTpu-
el BUIa
f0 0 ...0 g
0 0
(1) 4
0 0 - Qe 0

C XapaKTepPHCTHYECKHM MHOTOUWIEHOM X* — g.g,...q;.

Hast moboro H € h aBromopdusm T, -exp (ad H) takke ocTras-
JISIeT TIOANIPOCTPAHCTBO V' Ha MecT€ W NpeNCTaBJ/seTcs] B HEM MaTpH-
ue#t Buna (1), B KoTopoli Bce umcna ¢; 3aMeHsiioTcst HA g, exp f; (H)
M KOTOpasi MMeeT XapaKTePUCTHYECKHH MHOrowneH x* — g,-~-q, X
X exp (X' %5-1B; (H)). Tak Kax Bce KOPHU ; HMEIOT OJIHH H TOT JKe 3HAK,
10 Y P; 0. CnegoBatenbHo, MHOKECTBO (H € Bh: §igs...qx €Xp
(Xp; (H)) = 1} aBaserca o6beiMHEHMEM CUETHOTO YHCJIAa THIEf:-
naockoctedl B hBupa {H € h: X B; (H) = r} ,rreexpr = (g, -qo)".

Hrak, Ka}kIOMy HHKJIY COOTBETCTBYET HEKOTODPOE IOAMHOXECTBO
B b, #aBasiiomieecss OGbhelHHEHUEM CUYETHOIO YMCJA TUIEPIVIOCKOCTeH.
slcHo, uTo Haifinercst snemeHT H, € ), He NpHHAAJEXKAWHHA 3TOMY
obvenuiHeHH0. [losokHM, T = Ty exp (adHy).

ABTOMODP(}H3M T OCTaABJSIET MPOCTPAHCTBO V HA MecTe, H | He AB-
JISIETCS1 KOPHEM XapaKTepHCTHYECKOr0 MHOT'OUJIeHA €ro CyxeHHus na Vv,
TIOCKO/IBKY Gy - g eXp (X B; (Hy)) = 1. Dro cnpaserauBo s
KaxIOTO UUKJAa. 3HAYHT, T HE HMeeT cOOCTBEHHOTO 3HadeHus | B
WHBADUAHTHOM TOAIIPOCTPAHCTBE ZaEACEoc’ T.e. g (t, D) <.

(5.3.6) 1) f (N9 = Ad (A).
2) Ad (A) N Aut (n) = 1.

NokasatenbcTBo. Jlokaxem BHauaJje, uto f (N% N Aut (n) = 1. Jasa
Besikoro T & f(N% N Aut () moxHo, B cuay (5.3.6), HalTH Tako#i
aBTOMOpDU3M T € N, uto f (1) = Tugq(tr,1) = . Tak kak N° <
Ad (g), u anpo romomop¢usma f cogepxurca B Ad (g), Tot € Ad ()
i, BBuny (5.3.4), dim g (v, 1) > rank g. CnenoBareanno, g (v, 1)
= b. Ilockoabky th, = b, u ana mobuix H,, H, € b,

<TH1, THQ)”———B(THI, TH2)=B(H1, H2)=<H17 H2>1

rie uyepes B o6osnadeHa ¢opma KuaauHra, TO OorpaHHueHwe aBTO-
MOp(H3Ma T Ha b, ABJSETCS OPTOrOHAJbHBIM IPe00pa3oBaHHeM C €HH-
CTBEHHBIM COGCTBEHHBIM 3HAYEHHEM 1; CIeI0BaTENbHO, T JOMKHO OLITh
TOXKIECTBEHHBIM npeoGpasoBanuem. Hs toro, yro (T'E) (H) = & (v 1H)
npu H € b, n & € E, Buirekaer, uto T = 1.
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[Tockonbky, B cuay (5.3.3), f (N®) D Ad (A)uf(N% N Aut (n) =1,
Ml uMeeM Ad (A) ] Aut (n) = 1. C npyrofi CTOPOHBI, COTJIACHO
(5.3.4), Aut (A) = Ad (A)-Aut (n) u noromy [ (N = Ad (A). [

Takum 06pa3om, Mbl YCTAaHOBHJIH c.ne,g.ylomylo '1'eopeMy:3

1
(5.3.7) Teopema Aut (g)/Ad (g) = N/N,== Aut (A)/Ad (A) == Aut (n),
20e N = {0 € Aut (g): ohb =19} u N°= N 1 Ad (q).
OrMeTuM, 4TO

cJelyeT M3 CONMpPSXKEHHOCTH mogaiare6p KapraHa,

— H3 CBOHCTB romMoMopdusama f,

[

~— M3 PA3/IOXKEHHS B TIOJYNpPSIMOE NPOU3BeleHHE
Aut (A) == Ad (A)-Aut (n), Ad(A)} Aut () =1.

(1.1 GZ

Mpumep. A;,: o—o— --- -3 ({ = 2). [pynna aBToMOp}pH3MOB 3TOH
JHarpaMmel, OUEBHIHO, TAaKOBa:
Aut(n):{], (al [« 2 ...OL,)}’
Gy Cy_y...Q
i Aut (g)/Ad (g) — rpynna mnopsaka 2.

Yupaxkunenune. [lycts Q H Q@ — xamepu Beitisi (uau dyHZaMeHTaNbHbIE CHCTEMbI

B A). Torza cymecTsyeT eIHHCTBEHHOe npeoGpadoBanne’ S € Ad (A), ana xoroporo
SQ = Q.

5.4. Fpynna aBTOMOp(h)H3MOB KOMIAKTHOH
noaynpoctoi aare6ps Jlu

[TycTh u — KoMmakTHass noJaynpocras aJareépa Jlu u g —
ee KoMmiaekcubHganusa. Mbl MOXKeM CYHTaTb, 4TO

§=5-+ ) CE,,

vEA

w=t+ EO'UR (E, +E_) +Ri(E,— E_,))

-_—{1//~_-1H.+ pX xyE Héi)r, Xy = X_y, IJs Bcex \’EA},
vE€A ‘
Neg,g=N_,, g upn a, PEA.

[TockoabKy anre6pa u sBJseTCs BelleCTBEHHOH (OPMOH anare6phl g,
BCAKHH €€ aBTOMOP(H3M eIUHCTBEHHBIM O0pa30oM NPOJOJXKAeTcs 10
apToMopdH3Ma aare6pel g. [lonbsysace 3TuM, MBI 6yleM paccMaTpH-
BaTh Aut (u) kak moarpynny B Aut (g):

Aut (u) = {0 € Aut (g): ou=1uj.

g
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Mbl coxpaHsieM 0603HAYE€HHA HPeIbLLYUIErO naparpa(pa;“ B YacTHOCTH,
N = {0 € Aut (g): oh=D}.
Tax Kax BCIKHH seMeHT rpynnsl N ocTaBisier Ha mecTe [, a 3HAYHT,
u nojanre6py Kaprana t ajare6pul u, TO
N, = {0 € Aut (u): ot =t} = N 1 Aut ().

Hac GymeT uHTepecoBaTb CyxeHHe roMomopdusma f: N — Aut (A)
Ha N, . OGo3HauuM 3TO CyxXKeHHe uepes f.

[Tycte ¢ € N. Toraa
0E, = q (@) Esq, TAe ¢ () €C, S=[(0).

Us pasenctBa 0 (xoFE, + X_oF o) = g (@) x4Esa + ¢ (—2) ¥ oF _sa
MBI 3aKJIIOUA€M, UTO GU == 1L TOrZa U TOJNIbLKO TOrAa, KOraa g (o) x, =
= g (—&) X_q NPH Xy = X_ 4, T. €. g (2) = ¢ (—a). Hrax:

(5.4.1) Aemomopgpusm ¢ € N npunadrescum N, moeda u morbko
mozda, Kozda q (@) = q (—a) daa ecex o & A.

(5.4.2) Mycms S € Aut (A) u n={ay, ..., o] —f,byuaamenma/zb-
nas cucmema 6 A. Toeda cyujecrmeyem eduncmeenHbul ABMOMOPPUIM
o € N, 0aa komopozo f(0) =S u 0E, = Esq, Ct=1,..1D.
Illpu smom ¢ € N, .

JokasaTeancTBo. Ecau B -F i (—j < i < k) ecTb -nOC/IeN0BaTENb-
HOCTb, cojepxamas B, To SP + iSa (—j < i < k) Gyzer (S, @)-
IoCJe[0BaTeNbHOCTBIO, conepxaineii SB. CnegosatennHo, (N, 8)? =
= (Nsa,sﬁ)z = 271 (] —+ .L) k {(a, oy, T. e. Na, g = -+ NSa. SB+
IlycTs 6 — TaKoii anemeHT U3 N, uro f (6) = S (cm. (5.3.2)). Ilpume-

Hsis 0 K paseHctBaM [E,, E_,1 = —H, u [Eq4, Egl = No, gEasps
OJIy4aeM '

W9 =1,

Na, 8
= — =+ ), ecn a - A.

9@ 0) =55, 5 1@ +h==9C@+P FBe
BuiGepeM snemeHT G, € N, Lns KoToporo f(Gp) = S H ook, =
go (v) Esy. Hanee, nia xaxporo i =1, ..., [ BbiGepeM Mo OHOMY pe-
wennio & € C ypaBHeHHS g, (@;) exp § = 1. TlockoibKy MHO-
KECTBO |Gy, ..., @;} JHHEHHO-HE3aBHCHMO, CYIIECTBYET SJEMEHT

H, €9, mas xotoporo a; (Hy) =& (i =1, 2,...,1). Tlomoxnm
o = 0o exp (ad Hy). Torma ©ELg, = qo (v) €Xp @ (Ho) Esa; = Esa;-
YuurbiBasi dopmyny oE, = g (y) Esy, noaydaeM g (@) ==
g (@) =1. Ha pasencrsa g ()¢ (—e;,) =1 caenyer, uTO
g (—a,) == g (—oa,) = 1. Tak KaK MHOXeCTBO {Eia, ..., Eiq,)
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MOPOXAAeT §, TO aBTOGOPHH3M O OJHO3HAYHO ONPENEsSeTCs YCJo-
BHAMH OEia, = Eysa).

Teneph ybenumcs, 9To ¢ (y) = =1 n1s Bcex y € A. He orpaunuu- .

Basi OOUIHOCTH, MOXKHO CYHTaTh, yTo y > 0. Bysaem gokaswiBaTh Hanle
yTBEpIKJIEHHE HHIYKUHEH OTHOCHTEJNbHO ynopsagouenuda B A*. as
BCAKOrO TOJIOXKHUTEJNLHOIO KOPHA Y & ;. HafinyTes Takoe vy >0
H Takoi HWHAEKC [, 4To y = v’ -+ a,. CneiosartennHo, ¢ (V)
+q ') g (&) = £=¢g (). [Io npeanosoxeHHI0O HHAYKLHH, ¢ (y
4+ 1 ¥, 3Hauyur, ¢ (y) = ~4-1. Orcioga BuiTE€Kaer, uTo ¢ (—Y
= g (y) (60 g (y) g (—y) = 1). [TosTomy, B cuay (5.4.1), 0 € h,.0]
Asromoppuam ¢ us (5.4.2) mur Gynem obGosuauaTh uepe3 W (S)
Y HAa3bLIBATb HOPMAAbHLIM ABMOMODHUIMOM, COOTBETCTBYIOIIHM aBTO-
mopduamy S. ‘

~

—

I
IIFH

(5.4.3) Omobpancenue Aut (w) 3 S1—u (S) € Ny Asagemea  uso-
MOPPUIMOM. )

JdokazarteabctBo. [Iycts S m T npunagnexur Aut (n). Tax kak
Ta; € w,op (S) u(T) Ey, = u(S) Erg, = Esra, = 1 (ST) Eq,.
Caenosarteabso, p (S) p (T) = p (ST). [

[asee HaM NOHAZOGUTCS CJIEAYIOMHMHA pe3yJ/bTart:

Ad (gy N Aut () = Ad (u),

JIOKa3aTeJbCTBO KOTOPOro 6yneT JaHOo B FJ. 6 (cM. (6.4.3)). H3 sToro
pesyabtata 4 (5.4.2) monydaem

Aut (u)/Ad (w) = N, /N?, = Aut (A)/Ad (A),
rie \
Nl=AdwNN,=Ad@NN.
(5.4.4) Teopema. CnpaBeisuBEl paBEHCTBA
Aut (g) = Ad (g)- u (Aut (), Ad ()N s (Aut (1)) = 1,
Aut (u) = Ad () p (Aut (n)), Ad (u)p(Aut (x)) = 1.

HokasareancTBo. HMmeem  Aut (g) = Ad (g)' N, Ad (g N1 N = N°
u fi N — Aut (A) = Ad (A)-Aut (n). Tak xak f(N% = Aut (),
o N = N% p (Aut (n)). 3naunt, Aut (g) = Ad (g)-p (Aut (%))

s Toro, uto orobpaxenue f, : Ny, = Aut (A) Takxe CIOPBEKTHBHO,
clelyeT BTOPOE PaBEHCTBO. []

Beryremum Aut (m) gns Bcex mpocTeiX anre6p Jlu g:

al_ e a O’.l \ V
T ey Aut (JT) = {l , }f_ Zz

al.-.ai
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Aut (n);cnwxmeipnqnaa rpynna Ha {1, 2, 3}

D4 oy Oy, d'3
o .
D, O %3 0% % Aut(m) = {1, (a;%)} =7,
({>5) P
oty
Es “I« Aut () = (1, (@0} (05)] = Z
oy Oy og O
. &3

Bo Bcex ocraibHbix caydasx Aut (w) = I.

¥npaxuenue. Jloxasars, uto ker fu: exp (ad t). [¥kasanue. B cuay (5.4.1),

lg@|=1 nna e € A. TlosToMy npH ROKa3aTeNLCTBE yTBepXKAeHUsT 3) Open-
joxenns (5.3.2) MOXHO Tak BHOPaThb daeMeHT [7g, yToObl BCE wHCIA & (Hg) ObLIH
YHCTO MHHUMEBIMY. ]

5.5. UnBepcua * n ynusepcaabubiii uentp C (A)

I[IycTs A — HeKoTOpAsl KopHeBas cucTema B E. PaccMOTpHM MH-

BEpCHIO IPOCTPAHCTBA £ OTHOCHTENBHO cephi panuyca V' 2 ¢ menTpOM
B HayaJe KOOpAMHAT, T. €. IpeobpasoBaHHe

2)
BekTOpEl A H A* OJMHAKOBO HANPABJIEHb, Y | A)JA* || = 2. Ilostomy
A** = A. Jlanee, 0aa mobox A, p € EN {0} evinoanswomea pasencmea

(A, pry (A W)
A A U T

(2)  (Saw)* = Sp-p*.

JlokasareabcTBo. PaBeHcTBO (1) ycTaHaBJHBaeTCs MPOCTHIM IIOJCYe-
Tom. UTO6L OKasaTb (2), 3ameTum, 4To S; = Sj«. Orciona o4yeBHI-
HeIM 00pa30M CJIELYeT, YTO HHBEPCHS KOMMYTHPYET C OTpaKeHHEM

Sy — V2 (em. puc. 3). )

(5.5.1) ITycmo A — kopuesas cucmema 6 E u 10 = foty, vooy o)} —
Pyndamenmanroras cucmema ¢ A. Toeda ) )
1) A* makoce sasemcs KOpHEEOU CUCMEMOU (HasvBaemotl U H -
sepcH ol k cucmeme A); i
2) n* = {ai, ..., @]} ecmb pyndamenmaroHas cucmemo 6 A%
3) mampuya Kapmana cucmemor B* mpaHcnonuposana K mampuye
Kapmana cucmemor m. -




150 I'a. 5. Ipynnoi, cansannsie ¢ KOPHesvLM CUCEMAMIL

Puc. 3.

HMokasareabctso. 1) ITycts a, P € Abun * o= ca*
. , ) yeTb P* = cot* Ang HEKOTO-
poro ¢ € R. Torma ‘

. 2a* 2co* 2p*
A = (a*, a*) _C(ca*, 2a*) = <B*, B*) :Cﬁ U c= 1.

Hanee, 2(B*, a*)/(a*, a*) =2 (B, a)/(B, B} € Z u (S B)* —

Sqa+P*, B cuny cooTHomenui (1) u (2). B

L] Py
2), 3) MHo_}xeCTBo {ai, ..., a7}, oueBHAHO, JIMHEHHO-HE3aBHCHUMO, H
L] *
o= e ) | ey
T — ~ = ;. .
(%> @1) (CT =

CrienoBatenbHo, m*

e ABJIAETCA JI-CHCTEMOH M (yHAAMEHTaJbHOH CHCTe-
Mo B A*, []

* o .
[lockonbKy MHONKeCTBO m* = {al, ..., @]} JHBelHO-He3aBHUCHMO,

CYLUECTBYIOT BEKTOPH @, ..., ®; U3 F (Ha3blBaeMble dyndamenmans-
HoblMi gecamu), 1JS KOTOPHIX

(0;, a}) = 8;;.
Tak kak n* — ¢yHrameHTaJbHadg cucTemMa B A*, To -
A={[ACE: (A, a*) € Z nas Bcex aCAl =Zo, 4 -+ + Zo,,
TaK uto A — cBoGoxHas abeseBa rpymma.
Has o, B € A umeem (B, a*) = 2 (B, a)/(a, a) € Z u, 3yauwr,

A< A. 1'ch1:_b Az — ajIMTHBHas rpynmna, nopoxieHHas A. SlcHo,
uTo Az = Za’l"—}— e. —}—Za[ < A. Tak kKak MHOXeCTBO {a, ..., a}

JUHEHHO-HE3aBHCHMO, TO Az — MOArPYNNa KOHEUHOTO HHIEKCa B A.
[Tonoxkum

At =A% — [ECE: (E M EZ ana Beex LEA)
_ = Zai -+ ...+ Zaj,
= {ECE: (§ a)E Z nna Bcex al Al
T“ZS1 4,_ %— Zgl.

rae {a;, &;) = §;,. 3 srux onpegenenuit cpasy ciepyer, 4rto AT —
noarpynna B I,

A'L

!
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(5.5.2) A/Az =T/A*. -

Hoxasateabctso. OGosHauuMm uepe3 | anmuTuBHyo rpynny R/Z.
Ilycre A u B — axnuTHBHO 3amHChiBaeMeule abeseBnl rpyrnbl. Ecau
CYILIECTBYeT Takoe GuapnuTHBHOe oToGpaxenue ¢: AXB — T, uro
U3 ycjaoBuA ¢ (a, x) = 0 njas Bcex x € B cuaexnyer, uto a = 0, a u3
ycnoBus @ (y, b) = 0 ana Bcex y € A cnenyer, uto b = 0, TO MBI -
roBopuM, uto A u B o6pasyior opmozorarsryio napy; ecad A u B
o6pasyioT OpPTOrOHAJALHYIO nmapy # rpynna A K TOMY »Ke KOHeuHa,
T0 A= B (cm. [TlontpsruHl).
Hua mobpix A € A uy €T nonoxum

Ay={(A, yymod ZET.

Ecir A = A mod Az u v = ' mod A+, 10
Ay v =M, ¥ =2 =2, )+, y—+") =0 mod Z.

Mer nMeem, TakuM 06pa3oM, KOPPEKTHO onpejeieHHoe GHaijuTHBHOE
oTo6paxeHHe

p: FAJAz X TIAE S (M4 Az, v+ AY) |—>x.y'g T.

HenocpexcTBeHHBI# NOACUET MOKa3blBaeT, uTo rpynnel A/Az u r/a+
o6pasyoT OpPTOrOHAJbHYIO Napy OTHOCHTENBHO @. []

Onpedeaenue. Koneunywo rpynny A/Az = I'/AL mu 6ynem o6o3na-
yath uepes C (A) M Ha3bIBAThL YHUBCPCAAbHLIM UYeHMPOM CHUCTEMEl A.

Tak Kak (a;, a}) == 2 (o, a;)/{a;, a;) = —cj, TO

{
;= — 2 ey (E=1,...,D.
f=1

Kak u3BecTHO, CYIIECTBYIOT LENOUHC/IeHHBIe [X[-MaTpuunbl a u b,
aist KoTopeix det @ = +1, det b = 14 a (—c;;) b ecTb TMaroxanb-
Hasg MaTpuua [e, ..., ¢;], Tie Bce ¢; — HaTypasbHBEIE HHCJA, TIPUYEM ¢,
jJesuTcs Ha e, npu [ = 1, ..., [ — 1. Ha6op us [ aucea (e, ..., )
OJHO3HAaYHO ompeaensieTcd MaTpuied — (c;;) H Ha3HBaeTcH ee uw-
sapuanmom Cmuma. CrpoeHue rpynns A/Az = C (A) onuceiBaercs
dopmynoli C (A) = Z€1 XX Z,, the Z, — UAKIHUECKas Tpynmna
nopsiika e.

(5.5.3) [ycme ey, ..., &) — undapuanm Cumuma mampuys Kap-
mana — (c;;) cucmemor . Tozda

C(’A):Zelx...xZe,.

BripasuM Temepr ®,, ..., ®; 4epe3 &y, ..., &;. [IpeanosOKHM, 4TO
o, =d; o+ ... +d;.
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Tak kaxk (w; a;) = 6;; u (&, o;f) = —¢;;, TO
z
(0, O‘]>—'k4, ik (g, O‘]/—‘ Z dlk(—ck])—al]

CnenoparesibHo, Marpuna d = (d;;) ABJsgerca OoOpaTHOH K MaTpHlie
Kaprana ¢ = — (¢;;).

(5.5.4) o, = dya; +- -+ dyoy,
edz (d;;) — mampuya, obpamnas & mampuye Kapmana —(c;f).

Huxke nis Kaxnoil HepasJoKHMOH CHCTEMBI 7T BBITMCAHHI: ee Ma-
tpuna Kaprasa ¢ (n), onipeneaurens s1ofl marpuuel det ¢ (n) u obpat-
Has Marpuua d (mw) = ¢ (n)™ - Manuuy ¢ (;) MOXXHO BEIYHC/JHUTBL NO
JuarpamMme JIbIHKHHA.

A,
o, o oL
> 1) D ENUORINI det ¢(A) =141
2 -1 0 0 0
=1 2 -1 0 0
0 -1 2 - 0
cl4,) = Lo
0 0...0 -1 2 0
0 -1 2
0 L0 -1 2

4 (-1 -2

. . . . 3 2
-1)2(z-1) 2(1-2) . . . . 6 4
(-212(1-2)13(-2) . . . 9 6

4(L-3) ...

d£41)=7l-—]-

- . . ce. 4(L-3) L.
3 6 9 . ] .. 32| 2(-2)
2 4 . .o20-2) 2(¢-1)
1 2 3. . .. -2 -1

5.5. Hnueepcus * u ynusepcarvrbii yenmp C {A) 153

Hanpumep, aas 1=5

2 -1 0 0 0 5 4 3 2 1\
4 2 -1 0 O 4 [8 6 4] 2 \
da)=—{ 3]6[9]6 3 |
c(A5)= o 1 2 1 0 ’ s/ =76
6 0 -1 2 A \2 4 6 8| 4
B, detc(B) =2
(1> 2) o———g——o——o==>o c(B)) =
= g 2 Sy O
2 44 0 00...0
4 2 1 00 0
0 -1 2 -1 0 0
c(8,)= .
0 0...0 -1 2 -1 0
0 0...0-1]2 -2
0 0 .0 0 (-1 2
2 2 2 2 2 2 2
2 [& 4 4 7 4 4
2|4 [6 8 3 3 6
#(8) =5 2|4 |6 |8 8 8 8
2 |4 |6 |8 - 2(e-2) 2(¢-1)]2(-1)
3 4 -2 !
Cl d —
o o etc(C)=2
(I>3) o

- Martpuna ¢ (C)) TpaHcOHHpPOBaHA K C (B,), a smauurt d (C;) TpaHc-
noHUpoBaHa k d (B))..

. Oyet
D, O G Ohy-2

(l>4) » O——O— - - - o detc(D,)=4
(4
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2 -1 0 0 0\
<12 -1 0 0
0 -1 2 -
(o) = 0. -1
: 0. 0
0. . 0
0. 0
%~ 4 4 2 2
4 8 8 4 4
4 18112 12 6 6
. 1 16... 16 8 8
d(Dz)=4 S O .. .
8 {12 |16.. 4((-2)]2(i-2)]2(¢-2)
4 6  8...2((-2) { (-2
46 8...2(0-2) -2 N4
F, Oy Oy Oy oy detc (Fy) =
2 - 0o 0 2 Z Z\);
-1 2 1 0 3
AL a(F) =
) 0 -2 2 - & 4 8 6 3
0 0 -1 2 2 4 32
o, (o 2
Gy o o° detc (G,) = 1
. . o
N 2 - vo{rTn
e(6,) =(—3 z) a@) =135 1)

5.5. Hneepcua * u ynusepcarsnviti yenmp C (A) 155
N < e =—.3
E; SR, S ey det c (Eg) = 3
/2 -1 0 0 0 0 4 5 6 3 4 2\
-1 2 -1 0 0 0 510 12 6 8 4
0o - 2 -1 -1 0 161218 9 12 6
eE=| ¢ o -1 2 0 o] 93 3 6 9 6 6 3
0 0 -1 0o 2 - 4 8 12 6 10 5
o 0 0 0 -1 2 2 4 6 3 5 4
g
E detc (E;) =2
! Gy Gpr Oz Oy Gg O
2 -1 0 0 0 0 04"
-1 2 0 0
0 -1 2 1 0 0 0
el&p=f 0 0 -1 2 -1 -1 0
0 0 0 2 0 0
o 0 0 -1 0 2 -
0 ‘0 0 0 -1 2
4 5 6 3 4°
8 10 12 6 8
10 15 18 9 12
(&) =+ 12 18 24 12 16

8 12 16 8 12
& 6 8§ 4 6.

ST STV - IY R N
H O H 0O > P
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E, o

I ~
—g g, leteE)=1

D‘, az 043 0-4 967 8

/2 1o 0 0 0 o

/1 2 -1 0 0 0 o

O 1 2z -1 0 0 0 0

c(Eq)= 0 0o -1t 2 = 0 0 O
0 0 0 -1 2 -1 -1 0

0 0 0 0 -1 2 0 0

0 o0 0 40 2z -1

0 o0 0 0 0 -1 2

2 3 4 5 6 3 4 2

5 6 8 10 12 6 8 4

4 8 12 15 18 9 12 6

5 10 15 20 2 12 16 8

d(Ed=| § 12 18 24 30 15 20 10
3 6 9 12 15 8 10 5

4 8 12 16 20 10 14 7

2 4 6 810 5 7 4

3ameuanue. [Iyctb g — moaynpocras anareépa Jlu unag C, §—
ee nogaare6pa Kaprama u A — KopHeBasi cHcTema aJarefpel g OT-

HocHTesILHO g. Kag Mbl yBnaum pasnee, A — 3TO COBOKYMHOCTb BeCOB
Bcex npegcraBaennii anrebpur g, a C(A) — UeHTp YHHBepcaabHOH
Hak puBalomwell rpynnsl Hag Ad (g).

Ympaxuenne 1. By =< C,, C] s=B;, a A1 BceX OCTANbHHX HEPAMOKHMMX CH-
CTeM T M HMeeM It =< ¥, ,

Yupaxdenue 2. Tlopanox rpynnu C (A) pasen det ¢ ().

5.6. Addunnas rpynna Af (4)
u addunnaa rpynna Beiaa Aid(A)

Mtz 3HaenM, uro anrefpa g ABsasgeTCs IPOCTON TOrAa U TOJNBKO. TOTAa,
Korna cucrema A Hepasnoxuma (cM. (2.4.7) v ynp. 3 § 2.4). Yuurs-
Basi 3TO, 8 ocrmasuwietica wacmu 2aag Oydem npednorazame, 4mo A He-
DUBAONUMA. .

Ons mobuix @@ € A u k € Z o6o3naunm wyepes P, , THIEp-
NJI0CKOCTh B E, onpejie/eHHYIO JHuHeAHbM ypaBHEHHEM

(o, E) =k,

5.6. Appunnan epynna Af (A) u apgunnas zpynna Beidan Afd (A) 157

18 -

o
“Z‘

Q0

1 a,k&a

Puc. 4. 5. &

1 npuMeM oGo3HayeHHe Sy, A/ OTPaXKeHHs NPOCTPAHCTBA E orHocu-
TeabHo P, ,. B HamHX npeabaymux oéosnaqenuﬂx, Py, o = Pq
H SG’O == S(Z.'

Hanomuum, uyrto S, 3agaercs dopmyJoi
(1)  Set==Et— (& a*)a, rae o* = 2a/a, ).
UroGel HalTH aHaJOTHYHYIO (OpMyny M Sgq,r BO3bMEM TOUKY
n € Pg £, JJIS KOTOpOH (7;1 1 P4, (puc. 4). Torna m = ca MnpH
HeKOTOp’OM c€ R u (a, m) = k. CrefoBaTejibHo, ¢ = kl{a, a).
QOueBUIHN, .

(528) (Sa 48) = 20m = 2o o = ka;

N03TOMY
(2)  So,iE= Sk 4 ka*.

Has A € E o6osnauum uepes T (A) npeoBpasopanue nepexoca Ha
ABE:T(AE&=E+4 Anpu § € E. [lns N1pOU3BO/IbHOH aNUTHBHOU
nogrpynnel D B E monoxuMm T (D) = {T (A\): M € D}. flcuo, urO
T (E) — 3710 HOpMaJbHas MOATPYNNA IPYMIMEl IBKIHAOBEIX ABHAKCHHH
npocTpaHcTBa E, KOTOPYIO MOXKHO SamHcaTe B BHAE NOAYUDPSAMOro
npoussenenus O (E) T (E) = T (E) O (E). B smux 0603HAUEHUAX
dopmyaa (2) IpUHHMAeET C/IEAYIOWHH BHA:

(@) Sg,r=T (ka*)0 Sq.

Jlanee M HCTONb3YeM 0G03HAueHHs MpefslAyliero mnaparpada.
Iycte S € Aut (A) u y € T' = AL, Tak Kak SA=A, oSy €&ET
H, KpoMe TOTO, :

(3 ST S*=T (S
CnenoBateasno, Aut (A) nopmanusyer T (I') u
Af (A) = Aut (A)-T (T) = T (T)-Aut (4)

v
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ecTb. IPynna 3BKJIHAOBHIX ABH:KeHHH npocrpaHcTBa E. Bynem Hashl-
Bath Af (A) aggunnod epynnod cucmemer A. OueBugHo, Aut (A) N1

N 7T T) =1, Tak YTo HanuCaHHOe BhIlle NPOH3BEACHHE SBJSIETCH .

1Oy 1P AMBIM,
(5.6.1) Op6uma (Af (A)) & awbozo saemenma § E E aoxanreno- 0
HewHa.
JokasaTeabcTBo. MHOXKeCTBO .
Af(Ag= U TMSE= U ({SE+4+y: y€ T}
S € Aut (A) S € Aut (A)

€cThb KOHEeUHOoe oGbelHHEHHE JIOKAJbHO-KOHEUHHIX MOAMHOKECTB 11pO-
ctpaHcTtBa E. (]
M3 dopmyant (2') caenyer, uto S, € T (Ad)-Ad (A) c Af (4)

Onpedenrenue. Tlonrpynna B Af (A), MOPOXKIEHHAsT MHOXKECTBOM
{Se,xt @ € A, B € Z}, uasuiBaetcs agdunnod epynnoi Bedas
cHCTeMbi A B 0Go3Hauaercs Afd (4).
(5.6.2) Afd(A)=T (A+)-Ad(A).
HoxasateabctBo. Tak kKak Ad (A)-A = A, 1o Ad (A) A+ = AL
4 noToMy AJs mwo0ux S € Ad (A), § € AL J
ST (8) S* =T (S8 € T (AX).

CnegoBatensno, 7T (At)-Ad (A) — rpynmna.

Beuny (2), Afd (A) = T (A+)-Ad (A). C apyro#t cTopoHH, H3
cooTHOWEHUH Sg,p = T (ka*)0 Sy H Sq,p Si € Ald (A) caenyer,
yro T (ka*) € Aid (A) [Tostomy T (AL) < Afd (A). [J

O6o3nauuM yepes P COBOKyHHOCTb BCceX TrHmepnjockocteii Pg, s
(@ € A, k€ Z). Tlyctb § € Py sy € Tu S € Aut (A).
Torza

' =k+(y, S EZ

H NOTOMY
4) TWoS) Py r= Pgy, (e + (v, Sa))
CJIeJlOBaTeJIbHO MHOXECTBO P HHBAPDHAHTHO OTHOcHTeNbHO Af (A).
Hanee, us gopmyast (4) caenyer, 4to _
(T (1) 08)Sa, & (T (y) 0 )™ = Ssa, (k+ (v, s23)-
TakuM 06pasoM, Mbl MOJYUHIN CAEAYIOIHA pPe3yabTarT:
(5.6.3) Afd (A) — Hopmassnas nodepynna ¢ Af (A).

O6venunente U, g rez P, » MHBAPHAHTHO OTHOCHTenbHO Af (A),
H MOTOMY TeM Xe CBOHCTBOM oO6JafaeT ero jomnoJjHeHHe E ™\ |J Pqy, s

5.6. Apgunnas zpynia Af (A) u apgunras épynna Bedan Afd (A) 159

Onpedenenue. CBsi3Hbie KOMINOHEHTE MHOXecTBa E N\ | Py, Haskl-

Baiotcs Kaemxamu. COBOKYIHOCTb BceX KJIeTOK oG03HauaeTcs yepes €.
[lyete 1 € E u B, — oTKphiThill wap paguyca 7 > 0 ¢ ueHTpoM
B 1. Torpa pasg a € A, § € B, penruuusa («, &) orpanudena. [lo-
3TOMY CYLIeCTBYeT JIHIIb KOHEUHOe YHCJIO THIepIJIOCKoCTe! BUAA Py, g,
HMEIOUIMX HemycToe nepecedyeHHe ¢ B,. 3HaUHUT, MHOMKecTBO B,
. U Pgq,rOTKpHTO H MI0THO B B,. OTclona ciaenyeT TakoH pe3ynabTaT:

(5.6.4) Mnomecmso E ™\ Ugcy, pezPu, » OMEpoimo u naomno 8 E.
[Myete C € € u U € Af (A). Torna UC — cBsisHass KOMIIOHEHTa
mHoxectBa E N U Pg,p T. . UC — kaetka. CraenoBaTesbHO,
Af (A) pmeficTByer Kak rpynina npeoGpasoBaHHH Ha MHOxecTBe 6.
Ilycts A* 0603HaYaeT MHOXKECTBO IIOJOKHTEIbHBIX KOpHed H3 A
(OTHOCHTENBHO HEKOTOPOTO (HKCHPOBAHHOTO YHopsuoyeHHs B E).
[Mosoxkum

Co=1{E € E: 0<(a, &) <1 nna Bcex a € A*}.

ficHo, uto (¢ — HenmycTOe OTKpHITOE BBIIYKJIOE NOAMHOXKECTBO B

B E_ U Pq,r Tak xak C, cBd3HO, TO Halijercd KaeTka C, pjas Ko-

topo#t Cy <= C. Ecnu C, 5= C, 10 cymecTtByIoT Takde 1 € CHa € A,

yro (&, M) < 0 uau {a, m) > 1. Boibepem mnpousBoapHo & € C,.

ITycts ¥ (£), 0 < ¢ < |, — Kakag-HHOYyIb HempepuiBHas KpuBas B C,

coepunsiomiasg §cn (P (0) = n, ¢ (1) = &). Torma {(a, ¥ ({)) npunu-

Maer 3HaueHHe O HJIH | pH HEKOTOpOM fy, 0 < f, < 1, —— npoTuBope- .
yue. 3HayuT, Cy — KJeTKa. Mul 6y,l1eM~Ha3bIBaTb Co hyrndamenmanorotl
Kaemxod.

O6o3HayuM cTapmHi (0 OTHOIIEHHIO K BeIGpaHHOMY yIlopsjioue-
HHIO) KOpeHb 4epe3 —a, = moy -+ ... + myoey. SlcHo, 4yT0o —a) ecTb
cTapiiHil BeC MPHUCOETHHEHHOro Hpe)lCTaBJIeHPIi{ ajare6pet g, KOTopoe
HeNnpUBOAHUMO, JH60 g mpocTta. C Apyrofl CTOPOHE, KaK Mbl YBHIHM
B (7.2.1), BcAKHH Bec A HEIIPHBOAHMOrO I1peJCTaB/IeHUsl 3aMHChIBAETCS
B BHAE

A= }“0 —_— (kloz.l + + k,a,)

NPH HEKOTOPbIX LEJLIX HEeOTPHIATeNbHbIX k;, rie A, — crapiui BeC
npeiacraBjaeHusa. Tak Kak KaxIblH KOpPeHb o; AB/ISETCS BECOM IpH-
COEJHHEHHOTO TNpPENCTaBJeHHsI H HMEeeT BHI &; = (—a,) — (ko +

. + k), T0 m; > 0. Kpome Toro, ams JI060r0 MOMOMKHTENbHOTO
KOpHi{ Pf = ma, 4+ ... + n,0; BLINOAHSIOTCA HepaBeHCTBa 0<n;<
<m; npu j=1, 2 ...,l

(5.6.5) IIycme A — nepasaomumas xopneaaﬂ cucmema, n — ¢hynoa.
menmaavras cucmema 8 A u —ay — cmapuiuti kopens. Toz0a
~—Qg = mlal + cas + mlal, m’ > O,

u 0aa mobozo P = moy, + ... + na; € A* cnpasgedauser Hepagencmsa
O<ni<m (j=1, .
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A
/ oM
/
/ D,
‘p J Puc. 5.
B wactHocTH, @, OmpejefseTcs MHOXKECTBOM T (a He yropsgoue-
HHEM). '
Uz (5.6.5) caenyer, uro § € C, TorAa W TOJBKO TOrAa, KOrja
0<{a;, &), i=1, ..., [, 1 (—ay & <1

CnepoBarensso, C, BJISETCS OTKPLITHIM CHMILJIEKCOM, OI'paiHueHHbIM
[ 4+ 1 rUnepnaOCKOCTAMH P"‘yo' ey P“p o H P_ao, 1.

Jas ypo6erBa B ocTaBileficss 4acTH IJIaBbl Ml NpHMeM 0Go3Haue-
HHA:

P@1,0=P11"‘1 PGI,O=P’7 P-(lo,].::PO,
S(Zl.():Sl’ c vy Sa1,0=811 S-Go,l_—‘SO'
(5.6.6) 1) Mnoowecmso S, Sy, ..., Si} noposdaem Afd (A).

2) I'pynna Afd (A) Oedcmsyem mpan3umusHo Ha MmHONcCecmEe
G scex kaemok.

JoxkasateabcTBo. Ilycte C — kieTka. BriGepem npoussoabHo A € Co
uv € C. Ilycts R — moarpynna B Afd (A), nopoxjaeHHasi MHOXKECT-
BoM {S,, S, ..., S;}. B cuay (5.6.1), MHOxKeCTBO RV JOKaJlbHO-KO-
HeyHOo. CnegoBaTenbHO, Halilercs sjeMeHT bW € Uv, rne U € R, aas
KoToporo |A — u| < [[A — Vp| npu Bcex V € R. Homyctum, 4TO
p & Co. Torna MOXKHO HafiTH IPaHHYHYIO FHIEPINIOCKOCT P; (j = 0,
1, ..., I) knetku Cy, IO OTHOIIEHHIO K KOTOPOH A H [ JieKaT B PasHBIX
nogynpocTpaHcTBax (puc. ). Paccyxpiasi, KaK NPH AOKasaTelbCTBE
(6.2.3), noayuaem, urto |S;u — A} < |p — Af, — nporuBopeune.
Takum o6pasom, u € Cyu UC = C,. 10 03HauaeT, yto R geficTByeT
TPaH3HTHBHO Ha B. »

[Mycts @ € Auk € Z. Tora runepiockocts’ Py, ; OTpaHHYH-
BaeT HeKoTopyw KJaeTky C. BriGepem npeoGpasoBanue U € R, 1as
kotoporo UC = C,. Torna UP,,,; coBNajaer ¢ HEKOTOpPO#H TpaHHU-
HOH rHnepmockocteio P; kierkH C,. CnegoBatenbHo, US,U™?
coBnagaerc S;u S; = USq,, U' € R. 3uauut, S,,, = U"'S; U €
€ R. 0

(5.6.7) lan ar060o20 m € E Halidemcs makoe npeobpasosarue

U € Aid (4), umo Un € C,, 20e Cy — samukanue gremru Cy:
Co={ECE: O<(ay, &, i=1, ..., 1, 1 —(a, & < 1}.

5.7. I'pynna F (1) u pacwupennas duazpamna Huuruna 161

Hokaszareancrso. Ilycts ry — amamerp kaerku C,. Tak kax Afd (A)
JeHCTBYeT TPaH3UTUBHO HA (&, To Bcakas kaeTka C u3 € Takike mMmeer
auamerp ry. O603HaUMM yepe3 T MHOMKECTBO BCEX KJETOK C, nepece-
KaIOIKXCsl C OTKPHITHIM €IHHHYHBIM mIapoM By ¢ HeHTpoM 1. SlcHo, uTo
KaxJas K/eTka M3 T’ cojaepxutcs B mape Bi., pamuyca 1 + r,
¢ ueHTpoM 1. [lockonbKY 06beM 3TOro mapa KoOHedeH, t’ COIEPKHT |
JIMIIh KOHEUHOe MHOXKECTBO KJeroK. Ilycrth, ckaxem, v = {Cf, ...,
Cet. Torman € By <= G, U ... UC,. CrnexoBatensho, Halifercs Takoii
#Homep j, uto C; 3 m. Tak Kak cyljecTByer npeobpasoBanue U/ €
€ Afd (4), ans kotoporo UC; = Cy, to Un € UC; = C,. ]
Ympaxnenue 1. Haiitn Bepuinnbl dyHAaMeHTanbHOH KJIeTKH C, KaK CHMIJIEKCA.
YnpaxHenne 2. Ecan cucTeMa A pas3jioxuMa, TO MHOMKECTBO

Co=1{5€E: 0<{a, §) < | nas Bcex a € A*)
SIBJIAETCS MPSAMBIM  [TPOH3BEJEHHEM CHMIIJIEKCOB, HO MHOXECTBO

Co=1{8 € E: 0<<({ay, E), —(ap &) <1}
HEOTPaHHUY€HHO.

5.7. Tpynma F(n) m pacumpedHasi amarpamma JbiHKHHa

Ms1 ipeanonaraeM, 4To cHCTEMA KOpHe# A HepasioxKHMa, H coXpa-
HAeM 0003HadyeHHs NpeBIAYIIEro naparpada.

PaceMorpum noarpynny F (x) rpynnst Af (A), sagapaemyo bopmy-
JIOH

F(m)=1{U € Af(A): UCy=Cy}.

Tak xak {Py, Py, ..., P;} — COBOKYNHOCTb BCeX TPaHHUYHBIX THEp-
NJIOCKOCTEH KaeTKH Cy, To Ans awoGoro U € F Mbl HMeeM

UPj = Py,
TA€ 1 — HeKoTopas nepecTaHoBka MHoxkectsa {0, 1, ..., /}. Tlo-
JTOKUM

Ut =St Ly, S€Aut(A), y€T.
B cuay dopmyast (4) § 5.6, UPy, & = Psq, (k+{v. Say)- Chneno-
BaTeJqbHO,
Saj= oy a1 j=0, 1, ..., &,
(Sal.’ Y) = O, eCJIn ]# O, ﬂ:(]) #0

*y

(1

[pu ncenenoBanun npeoGpasosanua U pasbepeM OTAeNbHO ABa cay-
gag.

(i) = (0) = 0. Beuay (1), (See,, v) =0 mpu j=1, 2, ..., L
Taxk kak {3951, ...y So} — Gasuc B E, T0o vy = 0. [lostomy ans Jio-
Goro § € C, Mbl HMeeM (Sa;, SE) = (a;, &) > 0; nockoabKy

6 M. loto, ®. Tpocexane
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Sg = Ut € C,, nonyqaeM Sa; > 0. Takum obpasom, So; = gy ()
npu j =1, ..., [. B atom cayyae U = S € Aut (7). .

(ii) (O = k # 0. Tlonoxum n~' (0) = h 5= 0. Tak Kak <Sa

=0,j=1,2, .., Ak ..., 1, TO (2, ¥) =0 npuL—l2..

, B, ..., | u notomy y = cak, c € Z, tae (g, a; = 8;;. Hony-
CTHM 4TO ¢c=0, T.e. y=0. Torma U = SEAut(),ano-
CKOJIBKY S coxpaHser (pyHIaMeHTATbHYIO KaMepy Beiings W,, 3anan-

V)

HYI0 HepaBeHCTBOM (@;, & > O npu j =1, ..., [, 70 § € Aut (n).
[Toatomy Sag = S (—moy — ... mzaz) = »—mlan 1y — ... —
— MOg 1y = Oy, H MBI CHOBA HMeeM cnyqaﬂ (i). CJ‘IeILOBaTeJIbHO
c5%=0 Odna j=1,2, ...,k ..., 1ln E C, monyyaem
<Sa1; UE) = \/Sa’]y SE) + <Saj, Y> ==\ jy §> =+ <aﬂ5 (l)’ Cek)
]’ -> > 0
[ockoneky U§ € Cy, To Sa; He MOXKET COBNaAaTb ¢ —Oq (j). 1 aKuUM
o6pasom,
Sajztl,ﬂ(j), ]750, ]#h
Janee, momycTum, uto So, == —a,. Toraa aas JjawGoro & € C,

<ak1 UE) - —<Sa01 SE) _I_ <aky Y) == ——<a‘fly E) +Cy

rae 0 < (o, UEY < 1 w0 < —(ag, & <« 1. Ho 310 HeBO3MOXKHO,
TaK KaK ¢ — HeHyJseBoe uenoe uHciao. HMrak, So, = .

M3 paBeHcTtBa —oy = myot; + ... + Mm% caeAyeT Temepb, 4TO
—a, = mSay + ... + mSa,;, T.e.

—mpSay = Y mng ¢y + e
j=1, ..., A,
o
Tak Kak nmpaBas 4yacTb MNOJOXKHTENbHA, TO Sa, = ay U
mh(mal = mey) = p2 ‘ Ay (j) 1 G-
I!

CpaBuHBasg KO3(pHIMEHTE MNpPH <, INOJNYyYaeM mpme == 1, T. e.
my = mg; = 1.
M3 paBeHctBa Sy = o BEITEKAET, UTO

<aky UE) == <CL01 E) +C [IpH E E CO'

TMockoabky 0 << (e, UE) < 1, —1 < (ay, E) « 0, emnHCcTBeHHOe
BO3MOKHOE 3HAueHHe ¢ ecTh 1 U, 3HAUUT, y = &;.

Onpeodesenue. CucreMa 7t = {a,, &y, ..., 0;} Ha3bIBAETCH pACUIUPEH-
HoU yndamenmanvroli cucmemod (comepxaillefi ). [narpamma,
COOTBETCTByMOIIas ft (OHA ONpefensieTcsi aHAJOTMYHO JHarpaMMme CH-
CTEeMBI 71), Ha3bIBAETCS pacuiupennol duazpammodi JoeinKuna.
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INMpumep. A;: = = {oy, ..., o;}. Crapiii KOpeHb paBeH —o, =
= oy + ... + a,. Bce KOpHH HMEIOT OJHHAKOBYIO LJAUHY, H MOKHO
cyuTath, uTo fat;| = 1l mpu j = 0, 1, ..., I. Torza

—2 <a07 a1> = —2 <a0) d’l> =1u <Cl0, a‘j> = Oy

JluarpamMma cucTeMbl 7 TaKOBa:

.y oy Oy

%
Tenmepb paccMOTPHM IpYNNY aBTOMOP(H3MOB CHCTEMBI
Aut (ff) = {S € O (E): S&t = #}.

M3 pasercts (Se;, Sa;)/(Se;, Sa;) = (a;, a ey, ey (j=1, ..

, D _CJIEJlYeT, uTO Sn ABAdETCA T-CHCTEMOH U fpyHnaMeHTaanon cH-
cremoii B A. CnepoBartensHo, B cuay (5.2.3), 3), cymecrByeT npeo6pa-
3oanue S’ € Ad (A), takoe uro Sm = S'm. Tlostomy S-S €
€ Aut (n) < Aut (A) u S € Aut (A). Mrak, MBI IN0OKasaad, uTO
Aut (&) < Aut (A).

Ecan S € Aut (m), To Say = ayu S € Aut (7). Takum obpa3som,
Aut () < Aut (7).

3adMKCcHpyeM MOJNYUYeHHBIE Bbillle Pe3yJabTaThl B BHIE CJAELYIOLETrO
IIPeNNOKEHHS !

(5.7.1) Hdas arwbozo U =T (y) oS € F (n) umeem S € Aut (7).
Ecau S & Aut (n) 4 Soy = ay (R 5= 0), S lay = a,, mo my = my, =
=1, 1O —ay = mo, + ... -+ moy.

(5.7.2) Omobpascerue F@m > U=T{yoS ((y €17,
S € Aul (A)) —= S € Aut (&) sasanemcs usomopguamon epynne. F (1)
na Aut ()

HoxkasarteabcTBo. (a) [peanonoxum, uto T = T (pi&, + ... -+ p&))
€ F(n), rae py, ..., p, € Z. Torpa qaa § € &y

<aj1 T§>:<a]1 §>+pj’ i:l [

Ilockombky (a;, &) u (a; TE) nana,u;.ne}KaT OTKPBITOMY HHTEpBaNy
(0, 1), u3 sroro paBeHcrBa caeayer, uro p, = 0. CrejoBaTenabHO,
AP0 Hamero roMoMopdHaMa TPUBHAJIBHO.

(b) JokaxeM, uTo AJsi KaxJoro mnpeo6pasoBanuss S € Aut (%)
Haimercss Takoi saemeHt y € I, uro T (y) oS € F(n). Ecan
S ¢ Aut(m), o S-€ F (n) U CAeJaHHOE YTBepXKIeHHe OYeBHJHO,

6*
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HonyctuM, uto Say = o, (A= 0) u Sa, = o, lToaoxum U =
= T (g)0S. &£ &€ C, umeem :

(Sar;, UE) = (Sm;, SE) + (Ser;, &) = (a,, B >0 (j> 1, j=h)

(Satg, UE) = (Say, SE) + (ot &,) = (%, &) +1 >0,
(ctg, UE) = (Say, UE) = (tp, &) + (o9, &) =
= (Qp, &) —mp =A%, & — 1 > —1.
CanenoBartenbHo, UE € Cy, T.e. U € F (n). ]
(5.7.3) Af (A) = Afd (A)-F ().

HokasateanctBo. [Iycts U € Af (A). ITonoxum UC, = C. Haiizercs
npeo6pasoBanue V € Ald (A), gas xoroporo VC = C,. CnenoBa-
tenbHo, VUC, = Cy, T.e. VU € F(m) u U € Afd (A) F (n). {]

Ynpaxueune. [1ig BCAKOH HEPa3IOMHMOH CHCTEMBl Tt pacuiupedsas JHarpamma
JIpiHKHHA CBA3HA.

5.8. MlokasarteabctBo paseHcrea F (n) (1 Afd (A) =1

Mul coxpansieM 0603HaueHusl NpeIbAYIUX naparpados.

ITycte C u C’ npuHagiexaT T u P € P. Ecau C u C’ npexat no
OJIHY CTOPOHY OT P, To MbI 6yaeM nucath C ~ C’ mod P; B 1pOTHUBHOM
ciaydae nuimeM C < C' mod P. Tlyets £ € Cu & € C’. ScuHo, uyto

C ~ C' mod P Ttorma u TOJbKO TOTrHa, KOTAA OTPE30K EE' He nepece-
kaercst ¢ P. [Monoxnm A (C, C') = {P € #: C » C' mod P}. Ilo-
CKOJMIBKY OTpe30K EE’ MokKeT mepeceKaTbCsl JHLIb ¢ KOHEYHBIM YHCJIOM
3JIEMEHTOB MHOXKEeCTBa ,@, A (C, C') — xoHeuHoe MHOxecTBO. Ovue-
BugHo, A (C, C'Y=A(C’, C) u
Ul (C, C) =AM (UC, UC’) pna U € Afd (A).

[Tonoxum A (U) = A (UC,, Cy), rae Cy — dhyHAAMEHTaNbHAS KJETKA,
1 o6o3HauuM uepe3 p (U) moutHocTs MHOmecTBa A (U): p (U) ==

= card A (U). Torpa p aeaderca dyukiiveit Ha rpynne Afd (A) co
3HaueHUAMH B 7. M3 onpeneneHus cpasy cJeiyer, UTo

(em. puc. 6),
(1) AUY=U"U

H
p(1) =0, p(S) =1, p(U)=p (U
(5.8.1) Jan U € Afd(A) u i=0,1, ..., I
S A U)NAPY) =4 (SU) 4P}

-
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P
W e
Puc. 6.

JokasareasctBo. [lycte P npuHamitexur A (U-Y)\_{P;}. Torzua
PerMUY=UWNU) (Bcuay (1)) u UP € A(U), 1. e. C,
» UCy mod UP. [Janee, nockoabky P == P;,, 10 S,P = S,P, = P,.

HoxaxeMm, uto S,P € A (S,U'). U3 dopmyar (1) U paBeHCTBa
St = | Burekaer, uto A (S, U™') = S;U~*A (US,). CaenoBarenbHo,
JOCTaTOYHO MOKasaTh, Yyto UP € A (US,). IlpeinonoxuM, 4YTO 3TO
ueBepHo. Torma Co, ~ US;C, mod UP wu, suauur, UC, » US,C,
mod UP, orkyza caeayer, uto Cy° S;C, mod P, T. e,
P € X (S,), a 310 03Hauaer, uto P = P,. MBI NpHUIIJIH K NPOTHBOpe-
yuio. Taxkum obpasom, )

S; AMUMINAPD S A SUH NP
3amensis 3geck U Ha US;, HaXOAuM, 4YTO

S; MSUNNAPY AU NAPL
YMHOXKasi Ha S;, noJydyaem

MSUDNNAPL S A UMHNALD. [

(5.8.2) [Tycme U — anemenm epynno Afd (A). Tozda P; npunadie-
acum 8 mourocmu 00nomy us muoscecms A (U~Y) u A (S, U™Y); npu amom

p(U)—1, ecau P, € A (U™,
pU)+1, ecau P; € A(S;U™).

HNokasareabctBo. (a) Homyctum, uto P, € A(U-YH N A (S, UY).
Torpa U-2C, * C, mod P, u, 3uauutr, Cy, * UC, mod UP,. Touno
takxke S,;U'Cy » Cymod P;, u mnoromy C,* US,C, mod UP,.
CaepoBarempuo, UCy ~ US,Cy mod UP,, 1.e, Cy ~ §,Cy mod P,,
— IPOTHBOpEYHE.

(b) Ecam P, & A (U=Y) U A (S;U-Y), To Cy ~ U-1C,,. S-1UC, ~
~ Cy mod P; u, paccyxKhast aHaJOTHYHO NPEAbIAYIIEMY, JETKO NPHHATH
K TPOTHBODEYHIO.

(¢) Ecmn P, EX(S;UY) u P, € M(U™Y), 1o, B cuny (5.8.1)

p(S;U ) =card (A (S;U) \ {P;}) =card (A (U")  {P;}) =
= p (U — 1.

Bropo#i cnyuait pasbupaercs axanoruuno. (]

Onpeznenum Tenepp Hekotopyw ¢yukuuio g: Afd (A) - Z. Oasa
TOXKIECTBEHHOr0 mnpeo6pasoBaHus 1 mnogoxum g (1) = 0. Tlycts
U € Afd (A) u U 5= 1. Toraga U MOXHO 3anucaTb B BHAE IPOH3BEJie-
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Hua S; S, cor Sipy TRE dy, gy ooy b = =0, 1, [. MHHHMaJbHOE U3
yyce r (no BceBOBMO)KHbIM NpeICTaBJEHU IM U B TaKOM BH/€) Hasbl-

BaeTcst Oaunoil snementa U u o6osHauaercs ¢ (U); pasnoxenue °

U=3S8,..S,mmer=g (U), HasbiBaeTcsi npuseOeHHbiM 6blpadKce-
Huem ansa U.

OueBugHO, 4to ¢ (S)) = 1.
(5.8.3) g (U) = p (U) daa awbozo U € Aid (A).

Jokasateascrso. Ilyete U = S ... S; — npHBeleHHOe Bbipaxe-
uue gaa U. Torma p (S;) = 1 u, cornacuo (5.8.2), p(S:, Si)
<pS:)+1 <2 ..., tmakuro p(U) <r. [} :

(5.8.4) Ecau Afd (A) 5 U1, 10 p (U) > 1.

Jokasareascrso. [lycte U = S; ... S;, — TIpHBEJEHHOE BBIpaXKe-

mue pasa U. [Monoxuam Ul—U—S S, -« Sip UZ—S, . S,
, -Ur = S, (Bce 370 — NpHBEJIEHHBIE Bpra}KEHPIH) ,ZlonyCTHM 4TO

k (U) = . Toma B cuay (5.8.2), P;, € A(S;,U) u, B cn.ny (5.8.1),

Si M (V)N AP = 4 (S, U\ {Py},  mostomy A (S,U) =
= {P;}, T. e. A (Uy) = {P.,}. JokaxeM HHLYKUHEH N0 k yTBepie-

Hue
(A AU ={(Si,_, - - Si,(Py) Siy, - Siy (P,

b (Piea)r Pi )
k =2, ..., r. [IpeanojnoxuM, YTO yTBepxmeHHe (Ak) CIIpaBEeAJHBO,

Ecau Pi, & & (Up), TO, BBHAY (6.8.2), P:, €
u, coraacHo (5.8.1),

k(UkH AN {P"k} —’=S£k(}"(Uk))\{

12K uTo A (Urs1) = SiM (Ux) U {Ps,|. Orciona caenyer, uto crpa-
BElIJIHBO (Akﬂ) Takum o00pa3oM, OCTaJOCh pPacCMOTpeTb CJayuaH
P, €A
k
ILonyCTHM ato P, € M (Ug). Coraacro (A;), Haljercsa HoMep
, 2 <« m< k—1, pas Kotoporo
P-ik:S[k_l S‘.m(P’.m_1)’

OTKYyJa BbITEKaeT, 4TO (ka_l
T. €. Sim_lsf oS

(S Uk) = A (Uk+1)

Py = Sy, A (Up,

. . X S . -1
' S‘m) S‘m_1(S‘k-i T b‘m) -
Siy- CaenoBaTesbHO,

m poy T Pdm o Pl
S,-1 e S"r: (S,-1 oo Si, 1)(S,- - Sy) (S-,-k+1 - SL»’)
Si oo Sip,Siy, - Si, S, oo S_”l an.m:> 27y
- Sfa . S[k-ls[k+1 . S[r npu m=2, .
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B oboux caydasax MbI NoJgydaeM [POTHBOpeUHe ¢ ycaoBueM q (U) = r.
3T0 3aBepluaeT J0Ka3aTeJbCTBO yTBep}K,ILeHHH (Ap) and k=2, ..., r.
Hs (A4,) caenyer, uto

AMU) =2 (S‘r) = {S[r-1 ' Siz (P"1)’ o P

raals

C npyro# cToponnl, A (S,-r) = {Pir]' 3Hayur, P;r COBITa/laeT ¢ OJHOH
W3 THmepmiockocTedt S; . Si, (Pi,_,)- Paccyxnas aunanoruuno
ToMy, KaK 3TO OBbIO CAENaHO BhIlle, IPHXOAHM K MPOTHBOpeunio. {]

(5.8.5) Teopema. 1) Afd (A) N F (n) =
Af (A) = Afd (A)- F (n) — noaynpamoe.
2) Afd (A) Oeticmsyem npocmo mpansumueno Ha €.

1, max u4mo npou3ssedenue

JokasateabctBo. 1) Ecau UC, = Cypna U € Afd (A), To p (U) =0
u, B cuay (5.8.4), U = 1.

2) Eciu UC, = U'Cy,, tmre U, U’ € Aid (4), 10 U-U’
cAfd(ANF(@)=1aU=U"1[

(5.8.6) Has awboeo U € Afd (A)
1) ecau U = 1, mo cywecmsyem Homep i, makoii umo P, € A (U);

2) p (U) = q (V).

ll,oxasaTe.nbcmo 1) Tlyers § € Cy. Ecam P, & A (U) ana Beex
i =0, [, TO OoTpes3okK § (UE) He NepeceKaeT HH OAHOM U3 rumep-

: n.nocxocmn P CnepoBatensuo, UE € C, u, 3mauur, UC, = C,.

[Mostomy U = 1.

(5? Hp(l)meHHM uaaykuuw 1o p (U). Ecan p (U) =0, 7o U =1 u
q praand
[IpeanonoxuM Teneps, UTo p (U) = k > 0. Beuay 1), A (UY) 5 P,
A Hekotoporo Homepa {. [lomoxum V = US,. Torna, COMVIACHO
(6.8.2), p (V) = &k — 1, orkyzna, B cuay npe;mo.nomemm HHIYKIIHH,
g(V)y =k —1. Ilyes V=35, ...§;, — NpUBELEHHOE BbIpazke-
aue qast V. Torna U = §; ... Sik S, u g(U) <k =p(U). Yuu-
thiBas (5.8.3), 3axqioyaem, 4TO p (U) =q ). 0

5.9. BbiuHcieHHe YHMBepCaAbHOTO UEHTpa

(O603Ha4uM 4yepe3 ¢ TOMOMOP(PH3M
AT (A) 3 T()oS =S & Aut (A).

Torga ¢ ' (Ad (A)) = T (T) Ad (A) u
¢t (Ad (A))/Afd (A) = T (T') Ad (A)Y/T (A+) Ad (A)

=T (T)T (AL) =T/AL =C(A).
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C apyro#t cropouni, Af (A) = Ald (A)-F (m) ectb paa.no:»xeﬂue B IIO-
JynpsiMoe IpPOU3BEJEHHE H
@' (Ad (4)) = Afd (8)-(F () N o' (Ad (4))).

I'Io:-nomy

C(A)==F (m) 0 @7 (Ad (A)).
Tak kak, B cuay (5.7.2), orob6pa)keHue ¢ B3aHMHO-OXHO3HAYHO Ha
F (m), 1O

Fm) N o (Ad(A) =@ F (m) N Ad(A) =
CrenoBaTtenbHO,

C (A) = Aut (/) N Ad(A).
s KpaTKoCTH NpuMeM 00603HayeHHe

C(m) = Aut (&) N Ad(A)=C (A).

Tak xak pasiaoxedune Aut (A) = Ad (A)-Aut (n) nonynpsamoe u
Aut (7)) © Aut (n), To MBI HMeeM CJEAYIOMIUE PE3ynabTar:
(5.9.1) C (1) — nopmarvras nodepynna ¢ Aut (%) u

Aut (&) = C (n)- Aut (n), C (m) N Aut (7)) =

— noaynpamoe npoussederue.

. Kak mbl Bugeau B § 5.5, ctpykrypy rpynni C (m) = C (A) MoXHO
BBIUHCJIHUTE ¢ NoMoupio Matpuieli Kaprana. OpHako 3fech Mbl GyaeM
onpeneasats ctpykrypy C (A), ucnoabsyst (5.9.1). B GoabuiHCcTBe
ClydYaeB TaKOH NyTh MpoIle.

A, o —0g =0, + -+ F oy

Aut (%) 0 Ad(A).

Ipu [ =1 umeem Aut (&) = C (n) = {1, (g ay}. Tlpu > 2
rpynna Aut (f), oueBHAHO, NMOpOKAaeTcs NMEpecTaHOBKAMH S; = (g,
Qbpy ey O) H Sy = thz e ) S, umeer nopsiaok £+ 1, a Sy —
nopagok 2, Aut (n) = { Sz} Z, u card Aut () = 2 ({ + 1).

[yctb ey, €1y ..., €, — opTOHopMHpOBaHbeﬁ 6a3uc npocTpaHCTBA
R+, Mpl MoxeM NPHHATH, YTO

a,=¢e_, —e¢ (i=1, , 1), ag=el — g

Ad (A) oToxpecTBisSIeTCS ¢ [PYIINOH BCeX MNepecTaHOBOK BEKTOPOR
€oy €1, ..., € (MpeoBpa3oBaHus S“z COOTBETCTBYIOT TPAHCHO3UIHAM U
nopoxaawor Ad (A)). Tlostomy JanHeliHOe npeoGpa3oBaHHe, onpeje-
JIEHHOe VCJOBHSIMHU

SEO == el’ Sel =€ .- Se!—-l =€, Sel = &,
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npuHagnexur Ad (A) u uHAynupyer mnepectaHoBkY S;. Cnemosa-
TEJNbHO, 81 € C (m). I/IMeeM

= {l Sl, ey Z[+1 H Aut( ) {l SZ}
:> —Cy =0+ 2(Cy - - - -FOLy)
Aut (n , Aut (F&) = C () = {1, (&, &)} = Zs.
C —oy =2, + -+ oy, ﬁ
(l[>3) 0%——07——% ;21———81 0 (1 +oy )+ oy
Aut (n) =1,
~ Qglly . . . Oy —
Aut (7) = C(n)_il (afa}1 ...a,,)}=zf-

;>o— 40<j““ —Qg =0 +2(c, + - oy 2)
+0°z- +a

Iycte © (k) 0GO3HaYaeT CHMMETPHUECKYIO TPYyNny Ha MHO}KeCTBe
{1, 2, ..., k}. IIpu [ = 4 umeem Aut (f) = S (4), a Aut (n) = S (3).
C.ne,zxosaTeano nopsAoK rpynnsl C (1) paBeH HHIEKCY NOArpY bl
©(3) B 6(4) T. e. card C (n) = 4. C 1pyro# CTOpOHbBI, €JUHCTBEHHOMH
HOpMaJibHOM NOArpynno# nopsiika 4 B &(4) saeagerca rpynna Kaeiua,
HsomopHas Z, X Z,. Urak, C () = Z, X Z,.

[Tpu [ > 4 rpynna Aut (n) NOpo¥jaeTcss NOACTaHOBKaMH

Qy ... oc;_z)
Af_g «+ . Oy

S, = (g a,_; & (
Sy = (0t;_y @),

NOPSIAKH KOTOPHIX PaBHbI COOTBETCTBEHHO 4 u 2, a Aut (n) = {1, S,}
"

Aut(@) = (1, Si, Si, Si, Sz, S:S1= 5153, SuSi= SiS5,
5351 = S1Ss}-

Crnenosatenbno, card C (n) = 4. Lentp rpynnsi Aut (%) coBnaaaer

C KOMMYTaHTOM H pased {1, S}). [ockompky rpynna Aut (7)/C (n)
abeneBa, To C (n) > Sf = (otg, 1) (otz-104). 3apukcuposas KakoH-
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HUOYAb OPTOHOPMHPOBAHHKEIA 6asHC e,
TaTh, 4TO

A={ze,de: p, g=1, ... I, p==q},

a-l:el—e-z, a2=6’2—6’3, ..

.., ¢, B RY, MBI MOxeM cum-

G O =e€_  — &, & =e_, +e,
—0y = &, + e,

IIpsMBIM MOZICYETOM YCTAHABJIHBACTCS, YTO OTpaMeHHe S, . MEHseT

MeCTaMH e, H e, W OCTaBJsieT HAa CBOHX MecTaX Bce IpouHe e, a

Sepﬂ,ngp-eq YMHOXKAeT €, H ¢, HA —1, TakXe OCTaBJsId Ha CBOUX

MecTax Bce npouue e,. C/ieoBaTeIbHO, C TOMOLIBIO MPeo6Gpa3oBaHHil H3

Ad (A) MoxHO moNyuHTh Mi06YI0 NEPECTAHOBKY BEKTOPOB ley, ..., €}

H, KDOME TOT0, MOXHO YMHOMXHTb JI060€ YeTHOE YHCJI0 BEKTOPOB Ha —1 .
(i) Ecu 1 HeueTHO, TO OTOGpa)eHue

ey > 8y, > —&, Cy > —L; 9, ..., € > —€

npHHagiaexut Ad (A) u uHgyHHpYeT noAcTaHOBKY S;. ClefoBaTeNbHO,
Cy=11, 8, S5, il =7,
(ii) Ecm [ gerHo, TO oToGpaxkeHHe
e —> —ep, ear—>—e_ |, ..

. e —>—e

npuHagnexutT Ad (A) H cooTBeTcTBYeT NepecTaHOBKE

%y ...
(o) gty (7 )=S:S.

g ... Oy

Ay _g

2 =
CnepoBarensHo, rpynna C (n) mopoxpaeHa 3jemeHTamH Si H S:S3,
a 3HA4HT,

C(n)y=Z, X Zs.

E, o Op O oy O — 0y == 0y + 20t +- 3ty
e © + 20ty + 2005 + 25

&4

™o

Ouesuano, Aut () = &(3) u Aut (n) = & (2) == Z,. CnepoBareibHO,
g Eﬂg — €JIHHCTBEHHasi HopMaJlbHasl HOATpYINa NMopsiika 3, H HOTOMY
n) = Z,.

E7 &5 —Cly = Oy ""' 2a, + 3@'3 + 4o,
. + 2a; + 3o, -+ 20,

i
i
i
0
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Eq

Aut(m)=1 u Aut(f) = C (n)=2Z,.

. 0y =20, + 30, + 4a,
—+ bay + 6a; -+ 3o

T
e > 4
o, Oy Oy Gz Oy Og
Aut (7)) = |
oy Oy Cuy Oy O
Aut (/) = 1.
o&=0—<C

+ 4oy + 20

—a, = 2o, - 4o, -+ 3a, - 20,

—ay = 3a, -+ 22,




I'n1aBa 6
JIMHEWHDBIE TPYNNbI

B macrosmeit rinaBe 6yAyT B OCHOBHOM pacCMaTpUBaThCs 3aMKHYThIE
nmoarpynnel B GL (r, C), Ha3bIBaeMble B 5TOH KHHIE AUHELUHBIMU epyn-
namu. Mbl cuuTaeMm, uTO H3yueHHe aare6p JIM, BO BcsAKOM caydae
B JIyX€ 3TOH KHUTH, JOJXKHO OCHOBEIBAThCS Ha TEOPHH rpymnn JIu HIH
anre6panyeckux rpynn. OQHAKO HEZOCTAaTOK MECTA HE IO3BOJISET
HaM pAa3BUTh AOCTATOYHO IOJHYIO TEOPHIO TakUX rpynn. 34eck Mbl
JaJuM KpaTKu# 0630p raobajepHoil Teopuu anarebp Jlu.

MBI OrpaHHYHBAEMCS JIMHEHHBIMHE TPYIIaMH H3-3a TOTO, YTO B 3TOM
cJaydae MOXKHO OGRICTPO ONHCATHL CBSI3b MeXAY FpYNIaMH W anrefpamu
JIn, He npuBJyiekasi B GOMBUINX 032X TEOPUIO MHOrooOpa3uil Hau anre-
6panueckylo reomerpuio. Uutartesb, 3HAKOMBIH ¢ rpynnaMmy Jlu unau
anrefpavyecKUMH TpYNNaMH, JIETKO CMOXKeT IepeHecTH H3JjaraeMmele
Huxke daktuel Ha Gosee obwui cayyad.

I'mo6Ganbuble acnmexkThl pasnoxeHus Jleeu, Kaprana u I/IBacaBbI u3
ri1. 3 u.4 uanaralorcs 3fech 3JeMeHTAPHBIM 006pa3oM W NOYTH He3aBH-
CHMO OT JPyTHX HCTOUYHUKOB. [IpaBna, B mocsaenneM maparpade raasbl
(§ 6.9), rne mMul faem Teopemy I'. Belns o koMnakTHeiX rpynnax Jlu,
HCIOJb3YIOTCH HEKOTOPBle pe3yabrathl ofwmwell teopuu rpynn JIu.
OnuHako uuTaTeNb, 3HAKOMBIH ¢ cogepxkanueM Kuuru [Illesannel, Ge3
3aTpyAHeHH# pasGepeTcs B MaTepuaJse 3TOro naparpada.

B nanHoil rnaBe HaM NMoHaJoGsITCH 3JEMEHTH TEODHH MHOroobpa-
suii. «[onomopdureiily Gyner y Hac 03HAuaThb «BeIECTBEHHO-AHAJHTH-
yeckHit», a «C-rooMopdHbIi» — «KOMIJIEKCHO-aHAJUTHUYECKUH». Mbl
1€ CMOTIJIH B TOJOMOP(MHOM ciaydyae HaHTH MOAXOASIUKHA TepMHH, COOT-
BETCTBYIOLHH TepMUHY «auddeomMopdubify B C*-ciydyae, H NTOTOMY HC-
NOJB3YEM CJOBO «OUTOJOMOPDHEINY.

6.1. Jlunednble rpynnbl 1 X ajredpbl Jln

[Mycts GL (r, C) o6osHauaer rpynny oGpaTHMBIX MAaTpHU B

B gl (r, C). Dra rpynna siBnsieTcsi CBSI3HBIM (CM. ynp. 3) OTKPBITHIM
nogmHoxkectsoM B gl (r, C) = C™ u HasbIBaercst noAxol auwxelduol
epynnotinan C. Kak Mbl Bugenu B § 4.4, akcnouenyuasvroe omobpasice-
nue exp: gl (r, C) - GL (r, C) o6nagaer cjaenyiomuMH CBOHCTBAMH:
(1)  exp ssasemcs C-eonomopguoim omobpascernuem u C-6ueono-
MOPPHO omobpasxcaen HeKomop Yo oKpecmrocme Hyan & gl (r, C)

-4
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HQ COOMBEMCMBYIOUYIO OKPeCMHOCmb e0uHu4HOG mampuysl 1 =
1, ¢ GL (r, C). )

(2) Ecau [X, Y] =0, Toexp(X + Y) =expX-exp VY.

(3) Haa moboeo X € gI (r, C) omobpascenue R S A r— exp (AX)
ecmp (2nadkas) odnonapamempuueckasn nodepynna B GL (r, C),
u, obpamno, sciakas o0Honapamempu4eckas nodzpynna ¢ GL (r,
C) mosxcermn boume noayuera maxKum o6pasom.

Jlo6aBuM K 3TOMY elle Heckoabko dopmya: aas X, YV € gl (r, O)

, . ’ X Y \m | \
(4) rigrz(exp?-exp?) =exp(X +Y),

d - -

(5) lim <exp—;\%-exp—;l—-exp —X -exp%)mz =-exp[X, Y],

(6) expX-Y.exp(—X)=-exp(ad X)-Y.

JoxasateanctBo. B cpmy (1) JJIst AOCTATOYHO Maaoro & > O HafinyTes
TaKHe 3JeMeHTHl fi, [y, ..., € gl {r, C), 4To pan

F ) =FA+ [LA% +
cxoauTcs MpH [A| < & u
exp (AX)-exp (AY) = exp f (A).

CpaBHHBasa TeHJOPOBCKHE pas3oXKeHHs

oo 20

exp (AX)-exp (AY) = 2 IL' Xine. Z I_" Yini

i==() j=0
=1 (X LYVA 4 (X2 2XY L Y)A2
H

exp/(d) = 1+ Fh -k (B o ()P A -

nonydaem f; = X - Y, f, = (X, YI, 1. e

0| ~

(7)  exp(AX)-exp(AY) = exp (k(X ,‘~Y)+,7;—2 [X, Y]+ )

Hast BCAKOro BelleCTBEHHOro 4HeJa a nycTh [a] o6o3Hadaer Hau-
foJsbliee leaoe tmc.no, He mpeBocxoasiee a. Ilockoabky (exp Z)*
=exp(RZ)mpu k € Z u Z € gl (r, C), Mbl umeem (exp f (?»))[1/”
= exp [1/7»];‘(7») npu 0 < A<e,H 11rr1 HMfA)=HL=X-+Y
Tem cambiM MBI fRoKasaqau (4).
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Paccyxaas aHanoi'wmo, H3 paBeHCTBa
exp (AX)-exp (AY) -exp (—AX)-exp (—AY)

(1—{—(X—{—Y)7»—i—

(1= XA+ 5 (X 2XY £ V)R )

MOJIyyaeM DaBEHCTBO
exp (AX) exp (AY) exp (—AKX) -exp (—AY)=-exp(X, YV]A?+.-")
H dopmyny (6).
Hagonel, MOCKoABKY {(cM. JOKasaTenbcTBo (1.3.2))
k

k . .
v Y — €7 i (VX X =X
(ad X) Y-_Z(—l) ( )X'f YX= kY = Y S
=0 =0
Mbl HMeeM
exp(adX)Y—S‘ Z—T-— _X - =exp X-Y-exp (—X). ]

k 0 i+j=k

Ilycts G — 3amKHyTas MOATpynna (= 3aMKHYTO€ MOAMHOKECTBO
u noarpynna) B GL (r, C). Tlonoxum

g=1{X € ql(r, C): exp(RX) = G}.

Scno, uto M3 X € g caenyer RX < gq. Hanee, B cuay (4) u (5),
ansa aobeix X, Y € g

X+Ycgul[X, Y]Eq.

CnenosarenbHo, g — aare6pa JIlu nag R. Mbl HasoBem g aseebpoil
Ju epynnoe G. Anre6poit JIu rpynnsl GL (r, C) sasasetcs gl (r, C).
Hmess B BHAY H3YUYHTb 3KCIOHEHUMaJbHOE oToGpakeHHe rpymis G,
T. €. oToOpaxkeHHe exp: g — G, JoKaxeM cHayaJja CJEAYIOWYIO JeMMY:

(6.1.1) O603ranum yepes D 3samxHymedi edunuunoui xpye & R™:
D ={v € R™|v] < 1}. Hycme Q — nodmroncecmso 8 D, obaadarw-
wee maxKumu céolcmsamu:

(i) Q 3amkrymo;
(ii) Zv N D < Q 048 awbozo v € Q;

(iii) Q codepacum nocaedosamerbrocmes Uy, Us, ..., 6CE 3NeMEHMbL
Komopod omaudnbt om Hyas, ¢ limv; = 0.
Toeda cyuecmsyem snemenm vy, makoii wmo lvgl = 1 1
Ay €Q npu —1 <A< 1.
HokazateabcTBo. [lonoxuM k; (1 /vl pnst j =1, 2, ... Torna
kv, € Q u lim |k, [l = 1. Hocxonbxy Bce kv, mnpuHamnexar D,

(X2+2XY+Y2)A2J~...) ‘

.
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MOMKHO BBIIEJNHTb H3 {k;v;} cXoasmyroocsa NOANOCAen0BaTeNbHOCTh. He
MeHsAsl 0603HaYeHHU, 6y;1eM CYHTaTh, 4TO lim k;u; = v,. Toraa |v,|| =
luo, € Q. Tlycts 2 NPHHALJIEKAT 3aMKHyT0My unteppany [0, 1].

Tak Kak lim v; = O u lim v;/|v, | = v, TO

lim (Aol o, = A limoyflo, | — lim (o, | — D 0,1 v, = Aoy
CnenoBaTenbHo, Avy, € Q U —Ay, € Q. [

Onpedesenye. [1lyctb M u N — rosoMopdHbEle MHOTOOGpa3Hsl, TakHe
uto N © M (kak mHoxecTsa). ['oBopAT, 4To N sAB/AAETCA 100MHO-
2oobpasuem B M, ecau

a) oroGpaxkeHHe BKJWYeHHsd . N — M rosomopdHo;

b) ans kaxmaoi ToukH p € N cnpaseasuBo paBeHcTBO rank (di),
= dim N, rgpe (d\), — HH(pHHHUTe3UMaJbHOE JHHeHRHOe OTOOpaXKeHHe
B TOYKE p, COOTBETCTBYIOLlEe OTOOPAKEHHIO L.

Ecan K ToMy ke BBIMOJHEHO YCJOBHE

C) TONOJOTHs MHOroo6pasusi N coBnajaer ¢ OTHOCHTEIbHOH TOIO-
Jgorueil N kak nogMHoxkecTBa B M,

TO TOBOPST, UTO N peeyaapro eaoxero B M.

Yc¢aoBHe TOrO, 4YTO JaHHoe MoAMHOXKecTBo N MHoroob6pasus M
SIBJISIETCSL DETYJAPHO BJIOXKEHHBLIM IOAMHOroo6pasneM, JpaeTcs cCJe-
AYIOHIUM TpeNJOKEeHHEM:

(6.1.2) [Iycme M — 20a0MOphHOE MHO2000pa3UE  pASMEPHOCMU M,
r — Hamypaavnoe 4ucao, | < r < m, u N — nodmrnomecmeo ¢ M.
Ecau 0as kamedod mouxku p € N cyuiecmsyem AOKGAbHAS CUCMEMQ
Koopdunam {x,, ..., Xm| HQ MHO2000pa3uu M, onpelesernasn 6 HeKOMo-
pod okpecmuocmu U amod mouku, maxkas 4mo

NnNU= jlq cU: xr+1(q): ':xm(q):O}7

mo .N o6aadaem eduncmsennold cmpykmypot 2040M0pHH020 MHO20006-
pasus, omuocumeroHo Komopoil N cmanosumes pecyasipro A0MCEHHOIM
nodmrozoobpasuem, u ob6pamro.

{CranpapTHOe J0Ka3aTeJbCTBO 3TOTO pe3y/bTaTa MbI NPEJOCTABUM
JHTATeNIo. )

Cinenymomiasi teopeMa IMpejacTaB/isieT cOO0H 4YacTHBIH caydal Teo-
peMbl, NpHHanaexaulelr 3. Kaprany:

(6.1.3) [Iycmo G — 3amxnymas nodepynna 8 GL (r, C). Toeda
1)g =1{X € gl (r, C): exp (RX) < G} ecmv aneebpa JIu nad R;
2) G aganemcs pe2yAspro 8A0ceHHbLM nodmHozo06pasuen 8 GL (r, C);
3) exp: ¢g— G npedcmasrsem coGol 2020Mopghroe omobpadxcerue,
5u20/zomop4moe 8 HeKOMopoU 0KpecmHOCMmU HYAS 8 §; 8 HACMHOCMU,
dim G = dimg
4) omoﬁpawceuue G X G (a b) —ab~" € G eoromopgro,
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MokasareancTBo. BrifepeM BeKTODHOE MOANPOCTPAHCTBO P Hay R
B gl (r, C), Takoe wro gl (r, C) =g -y wu g 1 »=0. Onpege-
auM oroGpaxenue : gl (r, C) - GL (r, C) dopmysaoi '

V(X +Y)=expXexpY (X €g, Y Ey).
Tak kak

WX V)= 1 (X ¥ b (X2 2XY YY)

’

TO OTOGpaeHHe (d\), HEBLIPOKAECHHO, H MOXKHO HANTH TaKYylO OKpecT-
HOCTb gy HYJIS1 B § ¥ TAKYIO OKPECTHOCTb Py HYJIA B P, YTO P GHIOJO-
MOPRHO B gy + Po = {X + ¥V: X € g5, ¥ € p,}.

Mbl yTBep:KaaeM, 4TO cyllecTByeT OKpecTHOCTb U/ TOYKH | B
GL (r, C), copmepxamasica B exp (go) - €Xp (Pp), Jsisi  KoTopof
vnea < exp (90). [elicTBUTENBHO, AOTMYCTHM, YTO 3TO HeBepHO.
Toraa Haligercs Takasi mocneROBaTENbHOCTD 4y, ay, ... B G, 4TO

aj=exp X;-expY,, X; € gy, 05£Y, € y,

H

Ilockonpky exp X;€G, 10 exp Y, =exp (—=X;) q;€EG. Mu wmo-
KEM NpenmnoJsiarath, 4ro P, = D, rae D — 3aMKHYTHH enMHUYHLIH
Kpyr OTHOCHTENbHO moaxonsuero Gasuca B p. Ilosoxum Q = {Y
€ Po: exp Y € G}. Torna ycnoBust npepsnoxenust (6.1.1) BbinosHeHsI
st Q = D. CnenoBatesibHO, CYLIECTBYET HEHVJEBOH 3/JeMeHT Y,€Q,
Ans KoToporo AY,€Q npu —1 < A < 1. [ToCKOMbKY MHOXKECTBO
{exp AY,): —1 < A < 1} nopoxknaer exp (RY,), Ml uMeem
exp RY))cG u Y,Cq— NpOTHBOpeUHe. 3HAUUT, CYLULECTBYET
OKpecTHOCTb U Touku 1, Takas uro UG c exp (g0). Mbl MOxkeMm
TeNepb, He MeHssl OG03HAYEHHH, CYHTATb, YTO

G 1 (exp (gy) - exp (pg)) = exp (g)-

Ilyets @ npunamnexur G. Torma a-exp (d0) exp (¥o) = V ecib
OKPeCTHOCTb TouKH a B GL (r, O)u VNG = a-exp (g,). Otobpaxe-
HHe Voa-exp X-expV — (X, ¥)Egy X ¥, onpenenser JO-
Ka/lbHY0 CcHCTeMY KoopauHat B V, u V() G 3agaercs ycaoBueM Y = 0,
CorniacHo (6.1.2), G sBJISI€TCA DPETYAAPHO BJIOKEHHBHIM MOAMHOTOOG-
pasuem B GL (r, C). : :

Haxkoneu, orobpamenne G X G3(a, b) — ab™*€G roJI0MopdHO
B CHJIy TOTO, YTO OHO rosomopéno Ha GL (r, C). [

Ilon aumednod epynnod Mbl BCIOOY B 5TOH KHUTE 6yleM NMOHHMATh
3amMKHYTyio noarpynny B GL (r, C). Jluneinyio rpynny G < GL (r,
C) OyneM Ha3biBaTb KOMMAECKCHOLU, €CJH OHA SIBASETCS C-rosomMopp-
HbIM ToAMHOTOOGpasuem B GL (r, C). o
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(6.1.4) [Hycine G — aunedinas epynna (6 GL (r, C)) u g — ee areebpa
JIu. das mozo umober epynna G 6biaa KOMRAEKCHOU, HEOOX00UMO U O0-
cmamo4ro, 4mobst g Gbiaa nodaaeedpor areebper gl (r, C) nao C.

HdokasateabcrBo. Ecau g — monaare6pa B gl (r, C) van C, 10 G,
OUeBHNIHO, KOMILIeKcHa., OOpaTHO, MPennoNoKuM, uTo G — KOMILIeKc-
Has JIHHeHHasA rpynna 1 g — ee aiarebpa JIn. Kak MOXHO 10KasaTh,
aas  C-ronomopdHbiX MHOrooGpasuiét U (C-rosoMoOppHBIX NOAMHOTO-
ofpasnii cnpaBefauBa TeopeMa, aHaJjoruuHas (6.1.2). [Tostomy cyue-
CTBYIOT oKpecTHOCTE U/ Touku 1 B GL (r, C) u KoMnyekcHas JIOKaJb-

Has cUCTeMa KOOPAMHAT {X,, ..., Xp2}, onpeleneHHas Ha U, a1s Ko-
TOPBIX

GNU=1{9€el: x (@)= =xe(q) =0}
[Tycte X npuHagnexut g. Toraa HafineTcsi Takoe MOJIOXKHTEIbHOE
yucao &, 4yto X, (exp AX) =0 npu —e < A < e. [lockogabKy

x; (exp (AX)) aBasercst C-ronomophHOH PyHKuUHEH OT A; MbI HMeeM
x; (exp (uX)) = 0 mas Bcex KOMIJIEKCHBIX uucen W ¢ |ul <e.
Orcrona caeayert, yro CX < ¢. [

I'pynna G HaswiBaeTcs (kKomnaexcHod) epynnod Jlu, ecau oHa npea-
craBasier co6oit ((-) romomopdHoe MHOroo6pasHe H oToGpaxKeHHe
G X G3(a, b) > ab’ '€ G siBaserca (C-) rosomMopdHEIM. Bcesakas
(KoMnJIeKcHas1) JIMHefiHaA Tpymna ecTh (KOMIJIeKCcHas) rpynna Jinm.
[Tyets Gy — Komnonenma eduruys: (CBA3HAsT KOMIOHEHTA, COJAEpKa-
mas eauHuuy) rpynnsl JIM G. QueBHaHO, G, ABAAETCST OTKPBITOH H
3aMKHYTOH HopMaJabpHOH noarpynno# B G.

(6.1.5) [Tycms G — aunedinas epynna, a g — ee areebpa Jdu. Toeda
exp (g) nopoxcdaem xomnornenmy edunuys: Gy epynnet G.

HokasarteanctBo. ITycte G, o6osHauaer noarpynny B G, NOpOXKIEH-
Hylo exp (g). $cHo, uto G, cBaA3Ha. [{anee, mockosabKy exp (g) co-
JIEPHT HEKOTOPOE OTKPLITOE IOAMHOXKecTBO B G, MHOXKECTBO a- eXp (g)
c G, npu 11060M a € G; CONEpPKUT HEKOTOPYIO OKPECTHOCTL 3/1€MEHTa
a. CnenosartenbHo, (G, oTKkphiTa. OTCIOAa BBHITEKAET, YTO KaxIBbIH KJjacc
cmexHocTH B (; — OTKpbITOe MHOXKecTBo, a G, = G\U,,¢G1

B (G, — 3amkHuyToe. [lo3TomMy G, sIBJA€TCA KOMIIOHEHTOH eNMHHUUBL. []

(6.1.6) [Tycme G — ceasHas auHeldnas epynna u g — ee aseebpa JIu.
I'pynna G ssasemca abesesgoii mozda u moavko mozda, Koeda aa2ebpa
g abenesa. B amom cayuae IKkcnoHeryuasbHoe omobpaxcerue CropBeK-

musno 1 G = R* X T*, 20e T = R/Z.
Joxa3sareabctBo. Ecn anre6pa g abenesa, TO U3 GopMy.inl
(8) expX-expY =exp(X+Y) mpu X,YE&g

ClelyeT, yTo exp (g) — rpynmna, T. €, exp (g) = G, u rpynna G abe-
JACBA.
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O6patno, ecau rpynna G abenesa, To ans X, YE€gu LER
umeeMm BBHAY (D) '

AX Y —AX —Y \m? ;
| = (exp —, €Xp ——-eXp ———-exp T) =expA[X, Y]
u[X, Y]=0.

[anee, u3 (8) BbITeKaeT, 4yTo OTOGpaKeHHe exp SIBJAAETCH Henpe-
PBIBHBIM TOMOMOP(®H3MOM aiAHTHBHOH rpynnsl ¢ Ha G. [lycte D —
ALPO 3TOro romoMopusma. CylecTByeT Takasi OKPeCTHOCTb g TOUKH 0
B g, uto D1 g, = 0. CnenosareabHo, D) — nuckpeTHasi NoArpymnna,
NopoXKAeHHas MHOxkecTBOM {Xi, ..., X}, KOTopoe JHHeHHO-He3aBU-
cumo, u rpynna ¢/D usomopdpra G. {]

3ameuyanHe. IKCNOHEHIHaJbHOE OToGpa)keHue nepeBoiHT gl (r, R)
B GL (r, R), 1 60oablUMHCTBO U3 NOJYYEHHLIX B HACTOSIIEM Taparpadge
pe3ysbTaTOB IEPEHOCUTCSI Ha 3TOT cayuyail,

[IycTe V — BeKTOpHOE NMpOCTPAHCTBO pa3mepHoOCTH + Haj P = R
uau C. Torma rpynny GL (V) = {s€gql (V): det ss£0} wmoxHo
0TOXKJAecTBUTb ¢ GL (r, P), BH6OpaB npousBoabHHIN 6asuc B V. Cie-
JOBaTe/JbHO, MBI MOYKEM €CTECTBEHHBIM 00pa3oM OTIpeleUTh JHHEHHbIe
rpynnel B GL (V) u ux anre6per JIu.

Ynpaxnenne 1. Ilycrs G; u Gy — aubelinbie rpynnsl 8 GL (r, C) ¢ anre6pamu Jlu
g1 4 ga cooTBercTBeHHO.  Torza aare6podt Jlu rpynnwl Gy [} Gp Gyzxet gy ] g»-

Ynpamxuenne 2, CyulecTeyer Takas okpecTHocTs W Ttouku | B GL (r, C), uro pan
00

na— 3 epm ez

j=1
a6COJIOTHO CXOIUTCS (T. €. KaXKAash KOMIOHEHTd 3TOr0 MATPHUUHOIC pAAd aGCoMIOTHO
cxopHTCsA) AaA BeAkoro a-€ W. Ilpu stom
exp(lna)=a(a € W),
In(exp X) = X (X € In W).
[.Yrca..aarfue: lnom‘aTquo, 4TOGHl BHIMOJNHAMHCH HepaBeHcTBa |a;; — 645 | < 1/r?
npu i, j=1,..,r.

Ynpaxuenne 3. Oro6paxenue exp: gl (r, C) = GL (r, C) cloOpbeKTHBHO, a MOTOMY
rpynmna GL (r, C) cBsisna. [¥xazanue. Mcnonb3ys XopIaHOBY HOPMaJbHYIO GopMY,
CBECTH 3aJady K PAacCMOTpeHHIO 3HJomopdu3ma Buma §l 4+ N € GL (r, C), rme
0=~ E€C u 3vaoMopduam N HUABMNOTEHTEH. 3arTeM ¢ momMouibio opmyant El -+
+ N=CE&(l+ N/ cpecTn ee K cIyuyal YHHIOTEHTHOrO 3IHIOMOP{H3MA. ]

6.2. Kaaccuyeckne JHHeiHble Ipynmnsl
M ajrefpaHvyeckne rpynnbi

Iycts ¢ (v, w) = 'vpw — OunuHelinas ¢opma Ha C', rae ¢ €

€gql(r, C), a v, w€ C’ paccMaTpUBAIOTCA KAaK BEKTOPBI-CTOJOLEI.
Torpa
L(9) = {a€GL (r, C): ¢ (av, aw) = ¢ (v, W)}

= {a€GL (r, C): *agpa = ¢}
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— nuHeHHast rpynna. JlefdcTEUTeNbHO, A MOOBIX a, b € L (¢)
uMeeM ‘(ab™!) @ (ab™ ') = {(b7Y) (fapa) b™' = @, Tak yTo ab '€ L (9);
TO uTo rpynna L (¢) 3aMKHYTa, O4EBHIAHO.

Haiigem anrebpy JIu g rpynnst L (¢). Jas aw6oro X €g

exp (MX)-@-exp (AX) = ¢ (LER).

Bepsi npousBoxnyto no A npu A = 0, noaydaeM 'Xo + ¢X = 0, 1. e,
X €1 (p), B o6o3naueHusx § 2.7. C apyrodl cTopoHul, ecau ‘X¢ +
+ oX =0, To npu AER
. }\,[ AY }\/‘ N
exp (W X)p= B2 (X)) = ¥ g —X) =
= @-exp (

LX)

u exp AX)EL (p), T.e. [(p)=gqg. CnepoBarenbHo, [ (¢) = g.
TMockoabky CI (9) = [ (¢), aunefinad rpynna L (¢) KOMIIJIEKCHA.
Hanee, nas o€gl(r, R) Mbl HuMeeM OuaHHEHHYIO doOpMY

¢* (v, w) = ‘vpw (v, wER); Torna
L(e®) =L (@) NGL (r, R) = {a €GL (r, R): ‘aga = ¢}

ecTp 3aMKHyTast noarpymnna B GL (r, R), umetomas aareépy Jlu

HeR)=T(e)Ngl(r, R)={Xe€gl(r, R): ‘Xo+¢X =0}

ByneM HaswBaTh ortobpaxenue : C' x C" — C noaymopanu-

HeliHot Qopmoil, ecan

P(av + v, w) = ap (v, w) + ¢ @, ©),

P (v, aw + @) = ay (v, @) + ¢ (v, @)
s mobeix v, v, w, @ €C"u a € C, rae @ o6o3HayaeT YHCIO, KOM-
MJIEKCHO-COTIPsSizKEHHOE K &, B 3TOM cayyae MOXXHO HaHTH MaTpHIly
pEgl (r, C), Takyw uTO

P (v, w) = “ow.
Mpbr 6yaeM o603HauaTh p yeped @¥:

P (U, w) = "vqw.
Kax ¢ B cayyae OuIHHEHHBIX (DOPM, JIETKO NIPOBEPAETCS, 4TO

L(¢#) = {a€GL (r, C): ¢* (av, aw) = ¢* (v, w)}

={a€QGL (r, C): *aga = o} '

sBJseTcA (He 06s13aTeIbHO KOMIMJIEKCHOH) JHHeAHOH Tpynmoi H ee
anrebpo#t JIM cayXHuT

Up*) = X Egl(r, T "Xo + X =0}
TakuM 06pasoM, Mbl MOJYYHJAH CJAEAYIOMHHA pesyabTaT:
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(6.2.1) 1) Iyeme ¢ — Ouaunednas uau noaymoparunednas gopma
na C'. Toeda '

L@y =1{acGL({r, O): 9w, aw)= ¢ (v, w)j
ecmv AuReiinas epynna, aazebpoil JIlu xomopou sersemcs
)= {X¢ggl(, O) ¢ (Xv, )+ ¢ (v, Xw)=0}.

B mom cayuae, ko20a ¢ buaunelina, epynna L (¢) Komnirexkcua.
2) Hycmo ¢ €gl (r, R) u of — coomsemcmsyiowas 6Guruneldnas
gopma na R'. Toeda
L(gR) = {a€GL (r, R): ¢* (av, aw) = ¢ (v, w)}
=L{@NGL(, R)

— AUHEHRaa epynna, umenowas csoel aaseebpori Jlu
[(¢R)y={XEgl(r, R): R (Xv, w)+ ¢® (v, Xw)=0}

=[(@)Ngl(r, K).

HMcnonpaysa (6.2.1), MBI MOXEM TOCTPOWTH HECKOJBKO JIMHEHHBIX
rpynn H HX anareép JIu. '

(@ Buasuueitnoe dopmu Ha C'. Ipynna
O(, C)=L{(1,)=14a€GL (r, C): aa =1}
Ha3LIBAETCH KOMNAEKCHOLU 0pmo2oHanbhol zpynnoil; ee anredpoi JIu
SIBJIAETCH
_ o(r, C)={X€egl(r, O)}: *X 4+ X =0}.
I'pynna

0 1
Sp(r, C)=1L(J,), rne Jr=<_1 O’),

HA3BIBACTCH KOMNAEKCHOU CUMNAEKMUYECKOld epynnod; ee anrebpoi Jlu
cayxutT 3p (r, C) (em. § 2.7), ,
Kak O (r, C), Tak u Sp (r, C) — KOMIJIeKCHBIE NTHHEHHBIE I'PYTIIb.
(b)y Tonyrtopanuueituse dopwmu. [pynna

U(r)=L(1F)={a€GL(, C): ‘aga=1)

HasplBaeTCA yHumaprod epynnod. Jaa a = (a;)) €U (r) nmeem

ff=1lan~]2=1 npu j=1, .., r, Tak uto U (r) — KOMNakTHas
rpynna. Asare6pa Jlu rpynnet U (r) — 3T0 anreGpa

W) = (X €ql(r, C) X+ X =0}
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()Bununetiune popmm wa R Ipynna
O(N=0(, R)=L(1]) = {a€GL(, R): ‘aa=1}

HasLBaeTca (BewjecmeenHHol) opmoeonasbrol epynnoti. TlecKOMbKY
O()=0(,C)NU (r) = U (r), oproronanbpHas rpynna KOMIaKkTHa.
Aunre6poit JIn rpynnel O (r) cayxaT ‘

o =olr, ) =1(15) = (X€qt(r, B X+ X —=0f.
I'pynna
Spr, R =L (/)

HA3BLIBAETCH BeLUECMIBEHA O CUMNAEKMUYECKOL epynnotl
Tenepr Hafinem anrebpy JIn Komniexcroi cneyuaabrold AUHEIHOL
epynnot

SL(r, C)=1{a€GL(r, C): det a=1].

Beuny d¢opMyan
det (exp X) = exp (ir X)

(ynp. 1 § 4.4) acuo, uro oHa coBnagaer c & (r, C). B uacTHocry,
rpynna SL (r, C) xoMnnekcHa.

TlpuBenem emie HECKOJIBKO TNPUMEPOB JIMHEHHBIX Tpynm:

SU (r) = SL (r, CYNU (r) — cnequaronas yrumapras
o epynna,
SO (r, C) = SL (r, C)NO (r, C) — Komnaexcuas cneyuarvras
OPMOCOHAALHAS 2pYynna,
SO (r) = SL (r, R)NO (r) — cneyuarvnas opmozonarvHas
epynna,
Sp (r) = U @2 NSp (r, C) — yrnumapraa cumniexkmu4eckas
epynna,

(
SO (p, q) = iaé SL (r, R):

N 0) (= 0‘)E- UHOBQUH LMHASL 0PMOOHANY-
al o Iy a=1 o 1,/ Has epynna.

Mx anareGper JIu HaxoasTca Ge3 Tpyaa (cM. ynp. 2).
O6paTtuMcs Temepb K HECKOJbKO MHOMY KJAacCy JUHEHHBIX TPYIII.

Onpedenernue. Ilycts Pects C umu R. [loarpynna G B GL (r, P)
HA3bIBaeTCsd a2ebpauteckotl, €CIH CYIHIECTBYeT MHOXECTBO MHOTouJIe-
HOB {fy} < P [xyy, %19, ..., X, 1, Tarkoe uro a = (a;;)€GL (r, P)
npuHanIexuT G TOrAa H TOJABKO Toraa, Korja f, (..., a;;, ...) =0
IJS BCeX Q.
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Bcesikas anre6pauueckasi rpynna siBJasieTcsl JHUHeHHOH rpynmo#.
B wuacrtHocTH, ' .
(6.2.2) Bcaxaa anrcebpauueckas epynna 8 GL (r, C) sseasemcs xom:
naexcHoll auxelnold epynnod.

Hoka3zareaserBo. Ilycte G — aareGpanueckas rpynna B QL (r, C)
U g — ee aqre6pa JIu. [lycrs X npunamnexur g. Hdaa p€ C nycts
§;; (u) o3HavaeT (i, j)-10 KomnoHeHTy Matpuusl exp (uX). Toraa
§;, (u) aBaserca C-rojomoppHol pyHKOHEH M, 3Hauut, (C-rosomopp-
HBIMH OYAYT TaKxKe GYHKUHU

Tak xak [, (1) = O npu wER, To [, TONRIAECTBEHHO PABHO HYJIO.
CnenoBatenbno, CXcg. [

dns moboi OGuiuneiinoil dopmsl ¢ Ha C” uau R rpynna L (¢)
siBJAsieTcA anare6panuyeckod TDYMMON.
[IycTb V — BeKTOpHOE MPOCTPAHCTBO pasmepHocTd ruag P ( = C

und R). Tlomrpymna G rpynnel GL (V) = {s€gl (V): det s 5= 0}.

HasblBaeTcsl aacebpaueckoli, ecqay OHA TpeicTaBjasercs aJjrebpanye-
ckoil rpymmoi#t matpun (T. e. anrebpaunudeckoit rpynmnoit B GL (r, C))
OTHOCHTEJBbHO HeKoToporo 6asuca B V. OueBHAHO, CBOUCTBO OBIThb
anre6pauueckofl rpynmnofi He 3aBUCHT OT Beifopa 6asuca.

(6.2.3) [das ecaroti ascebpor A Had C uau R epynna ee asmomoppus-
no6 Aut (A) seasemcsa arcebpauveckod epynnoii 8 GL (A), u areebpa
Ju epynnec Aut (A) cosnadaem ¢ der (4). '

Hdokasateabctso. B (4.4.2) MBI paccMOTpesu TOT cayua#, korma A
saBJasercs anre6poit JIu. OaHaKoO A0Ka3aTEJbCTBO MPOXOAUT AJ4 J1060H
aarebpol. []

[Iycts g — agarebpa Jlu. Hanomuum, uto Ad (g) — 310 rpynna,
nopoxaeHHas exp (ad (g)) (cm. § 4.4).

(6.2.4) ITycmo g — ascebpa Jlu nad C uru R, 0as xomopod der (g)
= ad (g) ~(nanpumep, nycmo § noaynpocma). Toeda  Ad (g)
cosnadaem ¢ komnoHenmod eCunuysor ¢ Aut (g) u ssagemcs aunelinod
epynnot.

Joka3ateapcTBo. IT0 caeayer u3 (6.1.5) n (6.2.3). [
¥Ynpaxkuenne 1. [lycts P (r, C) — MHOMeCTBO BceX BepXHe-TPEYIOJLHBIX MAaTPHLL

u3 GL (r, C). Ilokasats, uto P (r, C) ecTb anreGpauueckas rpymna, aare6poit JIu
KOTOPOH CJIYIKHT

plr. C) = {(a;j)Egql(r: O): a;; =0, [>]}.

¥Ynpaxnenne 2. JlokaszaTth, urto aare6pofi JIn rpynmnst SO (p, g) sBaAercH

A B :
3 (p, q) :{(fB C): A €o(p). C€ov(q), B nponasonbuo}.

6.3, Moaaproe pazaoscerue epynnot GL (r, (C) 183

6.3. TloaspHoe pa3JoxeHHe rpynnbl GL(r,C) -

Huast BCAKOH KOMIIEKCHOH MaTpuubl s 6yaem o6o3HayaTb yepes §
KOMIIJIEKCHO-CONpPSKEHHYI0 MaTpuuy. Ilojoxum s* = {(3) = (%s).
Marpuua s us gl (r, C) Ha3pBaeTcsl spmumogod, eciiu s = s*. Ipmu-
TOBOCTb MATpHUBI § = (S;;) O3HAuaer, YyTO YHC/IA S,; BElIeCTBEHHbI
u's,; = s;;. ClefloBaTeJbHO, MHOKECTBO § (r) BCEX 3DMUTOBBIX MaTpHL
us gl (r, C) obpasyerT BeKTOpHOEe NPOCTPAHCTBO pPa3MEPHOCTH re
nag R. Bysem paccmMaTpuBaTh saemenTe npocTpanctsa 7 xak
BEKTOPHI-CTOJIGIEl M BBElEM B HeM CKa/sIpHOe NpPOU3BEACHHE

T

vw= 3 dw =vw a1 v=(), w=(w,)EC

W cooTBeTcTBylomylo Hopmy |v| = Vv v. mB TepMHHAaX 3TOTO CKa-
asipHOTO TIpou3Benenust onepatop * B gl (r, ) onpenensiercst ¢popmy-
JOH U-sw = s*v-w, B MaTpPHUA S 3PMHTOBA TOrAa H TOJbKO TOTAa,

T

Korla v-sw = sv-w Aas Beex v, wE L.
[lycts s npuHaanexuT § (r) u A — COGCTBEHHOe 3HAYeHHe Ma-

o ~r
Tpuubl s. BoiGepeM HeHyseBo# BekTop e € ', A KOTOPOro se = Ae.
M3 paBeHcTBa se-e = e-se CJAELYyeT, UTO A= A, T.e. AER. [Hauee,
nycTs 3 — Hekoropoe noaMHoxecTso B § (r). Ecam Y ocraaser
r
JaHHOe BeKTOpHoe nojrnpocrpaHctBo V npoctpanctsa C Ha Mecre,
To opToronajbHoe pomonHende V' = {w€C: w V =0}  rakxke
WHBAPHAHTHO OTHOCHTENLHO Y, T. €. ¥} BriosqHe mpuBoAuMo. Orcioaa
cJleflyeT, uTO B cJydae ONHOTOUEUHOTO MHOXKECTBA ) = {S| MOXHO
o N o

HafiTH OPTOHOPMHDOBAaHHbI 6asuc e,, ..., ¢, B U’ (e ¢ =),
takoi uto se, = Ae, (A, ER) mpu i =1, ..., r. Ilyctsb Ay, ..., }»,U
0603HauYaeT AMArOHAJJbHYIO MAaTPHIY, HA I'VITaBHOH AWaroHaJu KOTOPOH

CTOSIT YyUcJaa Ay, ..., A,, H IIYCTb 4 — MaTpHUA, Y KOTopoH i-H cronber
pasen e, i = 1, ..., r. Toraa u ynutapua, T. e. &*u = I,
(#) s=ufr, ..., Ml (A eR).

O6paTHo, BCsiKasi Marpuua BHAa (¥) 3PMHTOBA.

_ DpMUTOBAa MATPHLA S HA3HIBAETCA NOACKHCUMEAbHOL (HIH NOAOKL-
meAabHo-onpedesenrotl), eCii Bce ee COOGCTBEHHbIE 3HAUEHUS TOJIOXKH-
teabuel. [Tycts H (r) 0603HauaeT cCOBOKYMHOCTb BCEX MOJIOMKHUTEIbHbIX
spmutoBeix matpuu B gl (r, C). Muoxectso H (r) oTKpeITO B § (r).
UTo6bi y6eauTbCa B ITOM, AOCTATOYHO JOKA3aTh CJIE1YIOLLee NpeAIo-
KeHue:

(6.3.1) Iycmo a npunadasexmum gl (r, C). Ecau M — cobemeenroe
aHaueHue Mmampuyst a Kpamnocmu k, mo 0aa JocmamoiHo MQAbLX
8 > 0 y awboi mampuybi b, docmamouno 6auskol K a, cywecmsyem
g mownocmu k cobemeennblx snasenull 6 kpyee 12€ C: | z— Al < 6).
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HokasateabcrBo. [lpennosnoxuM BHauase, uTO A ABJAETCA KOpPHEM
MHOro4JIeHa : ’

f@ =7 +az+ - 4a € Tl

MUMEIOILUM KpaTHOCTh k. ITycTh 8 > 0 — uHc/IO, MeHbluee, 4eM pac-
CTOSIHHE OT A IO OCTAJTBHBIX KOPHEH MHOTOUJIeHa f, U IYCTh £ — OKPYX-
HOCTb, 3ajaBaeMasi ypaBHeHHeM |z — A| = 8. Tlockosbky f (2) %= 0
Ha ¢, Mbl uMeeM min {|f ()| z€C} = m > 0. BwibGepem 7y, ...,
v, €C Tag, urobw |yz-! + ... +vy,| <mopu z€ C. Tlpumenum
tenepb Teopemy Pyme. (ITyers f u g npunannexar C [z] u ¢ — xop-
naHoBa 3aMkHytas kpusasa B C. Ecau |f (2)] > |g (2)] Ana Bcex
z2€c¢, TO uucao HyJell GYHKIHUU f BHYTPHU ¢ PaBHO UHCAY HYJdel QyHK-
nuu f -+ g BHYTpH ¢.) M3 3TO#l TeopeMsl cpa3y caeayer, YTO MHOTOUJIeH

h@=2+(a,+y)2 + ... 4= (&, +v,) .

UMeeT POBHO kR HyJeH BHYTPH cC.
[TockobKy BCSiIKoe COGCTBEHHOE 3HAUEHHE MATPHUB a == (a;;)
SIBJIIETCSl KOPHEM €€ XapaKTepHCTHUYECKOro MHOTOYJeHa

det(zlr —-a) =er+a'12r-1+ e _l_a,r,

rie o;, ..., &, — HEKOTOphle MHOTOUWIEeHBl OT a,;, Halia TeopemMa TeM
caMbIM JAOKa3aHa. [} ' '
s 3pMUTOBO# MaTpHUIbE S, 3aaHHON popMyJToH (*), UMeeM

exps=ufexpi, ..., expAJul,

rge exp A; > 0. CuenoBarenbso, exp (b (7)) < H (r).

JHamee, pas J0O0r0 MOJOXUTENbHOIO 4HC/JAa ¢ 0003HAYUM uyepes
H, (r) coBoKynHOCTBb Beex 3eMeHTOB U3 H (r), y KOTOpBIX MAKCHMAab-
Hoe co6cTBeHHOE 3HaueHHe MeHbie 2. Kak U3BeCTHO, CTENeHHOH pAax

Ingz=1Inea + i (—1j)f+1 (2; a),-
: =1

cxomutess B Kpyre {2€Ci|z—a| <a}, u ecmu a <f, TO
In, z = Ing z a5 Bcex 2, Takux 4T |2 — a| <a. Tlpu s = u [u,,
ey Wl @ TE€H, () psn

nes=tna+ 3 S ()

i—1

=u(lngpn, ..., p et
=u[lngu,, ..., Ingu,Jut

a6CoMIIOTHO CXOAUTCS M ONpejenser TroJoMoppHoe oOToOpaKeHHe
In,: Hg (r) - (r). Hanee, ecim a <P, 10 Ings = Ings rmpu

[——
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s€ H, (r). CunenoBaresbHO, KaK ¥ B CJyuyae KOMILIEKCHBIX 4HCed,
MBI HMeeM rosoMopdHoe otobpaxenue In: H (r) — b (r), a1 koToporo
Inoexp = id ua § (r). [TosToOMy exp sBJfeTCS GHTOJIOMOPQHBIM OTO-
Gpaxennem u3 b (r) ma H (r).

(6.3.2) 1) exp: ) (r) — H (r) — buzoromopeproe ciopvexmusroe omo-
Opasicerue, '
9) daa awoboeo a€ H (r) cywecmeyem eduncmeentoul snemenm
bEH (r), maxoi 4mo b* = a (mor nuwem 6 smom caywae b = )’ a).
3) Hi(r) — peeyaspro enoxennoe samkHymoe nodmHozoo6pasue

g GL (r, O).

JlokazateanctBo. 2) Jas a = exp X, rae X€h(r), nOmOKHUM
b = exp (X/2) € H (r). Toraa 6* = a. Ecau (exp Y)? = a aaa ne-
koToporo Y €9 (r), To exp (2Y) = exp X u 2Y = X.

3) JlomycTHM, 4TO a;, dg, ...€ H (r) u ay, = lim q;€GL (r, C).
Torga ay€9H (r) W xaxagoe COGCTBEHHOE 3HAYEHHE A MaTPHUBI Qp
HeoTpHIATeaBHO, corsacHo (6.3.1). Tak xak a,€ GL (r, C), To
A > 0. Craegosateabno, H (r) samxuyro B GL (r, C).

Ilanee, nycrs a npuHaanexut H (r). BeiGepem BeiecTBeHHOE
nognpoctpanctso p B gl(r, C), ana xotoporo

alr, O)=Va's()ia+yp, Valp@Vany=0.

- _
BoabMeM Takyio OKpecTHocTb b Touku O B V'a™'h (r) Va n rakywo
OKPECTHOCTb Py TOUKH 0 B 9, UTO OTOGpaxKeHHe ‘

P By X pod(X, Y)—exp X-expY

gurosoMopdro. Ilockoinky H (r) oTkpmito B § (r), TO, mosaras
P (B X po) = W, MBl MOXeM cuHTaTh, uTo aW no (r) < H ().
KpoMme Toro, Mbl MOXEM NPEANOJIONKHUTb, YTO CTENEHHOH Pl In = In;
abcoaoTHo cxonuTess Ha W.

[Tpu 3THX NPEANOJOKEHHAX AONYCTHM, YTO MATPHLA ab spmuToBa
s Hexotoporo b€ W. Tak xak psAn aas In b cxomures M In b*
— (In b)*, To u3 paBeHcTBa (ab)* = ab (1. e. b* = aba™') noayyaeM
(In b)* = a (In b) a”'. CaenoBaTesbHO,

VagnoVa'=patansFya=(/ann)ya’,
TaK 4to In b€ VZI-*[) ) Va Obpatio, ecmn X € Vo (r) /3, 1o

aexp X €H (r). Takum o6pasom, aW I H (r) = exp (68). Tlockomb-
Ky OTobpaxKeHue

aW Saexp X-expY — (X, Y) €D X%

onpenensier na aW JOKaJbHYIO CHCTEMY KOODAHHAT IJIA GL (r, ©)
1 noamuoxectso aW (| H B aW 3anaerca ycioshem Y = O, MBI 3a-
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kJI04aeM Ha ocHoBaHMH (6.1.2), uto H (r) ecTn peryJisipHo BJIOKEHHOE '

noamHorooBpasue 8 GL (r, C). 1
Tenepp Mbl TOTOBBI K JOKa3aTeJbCTBY CJeAYIOmeH TeopeMbI

(6.3.3) (IlonsspHoe pasnoxeHHe KOMIVIEKCHOH TOJNHOH JHHeHHOH
rpynnet.) Bceakuil saemenm s epynnoe GL (r, C) moscem 6wmo edun-
cmeesnbim 0bpasom 3anucan 8 sude

s =uexp X, 20e ucU((r), XEH (r),

u amum sadaemca buzosomophroe omobpaxcenue mexmdy GL (r, O)
u U(r) X b ().

JlokazareabcrBo. [asa swoboro s€ GL (r, C) »snemeHT s*s 3pMHTOB
U dopMa s*sv-w = sv-sw noJOXKHTENbHO-OnpenesneHna. CiaenoBa-
tenbHo, s*s€ H (r). Tlonoxum V's*s =a€H () 1 u = sal.
Torma uw*u = (@*)'s-sa' =1 u uc U (r).

Hamnee, npexnosioxuMm, u4to wua = o, npuuem u€U (r), a a,
a €H (r). Torma (a') = a’*a’ = a*u*ua = a* u noTomy a = a’,
B.cHay (6.3.2), 2). CenoBaTenbHO, €CAU U Q; = Updy, TIE U; cU(n
Hg;EH @) (j=1,2), 10 (53'u) a, = a, 1 u;'u, €U (r), TaK uTO
@ = a,. DTHM J0Ka3aHa eJHHCTBEHHOCTH paSJIO)KEHHH

Haxkownen, oro6paxenue U (r) X (1) (u, X) - uexp X E GL (r,C)
ro.nomopcpHo H, o6paTHO,

X = T In(s*s) u u=sexp(—X)

— roJyioMopdhHEE GYHKIHE OT 8. []
JlokaxkeM Tenepb TeOpeMy, aHaJIOTHYHYIO TeopeMe (6.3.3), Aaas
rpynnet GL (r, R). Tlycts s npunamaexutr GL (r, R) u

s = ua, the u€ U (r), a& H (r).
Torna a€U (r), acH (r) u s = 3§ = aa. TlosToMy, BBHAY edHH-
CTBEHHOCTH pa3J/IOXKeHHsi, 4 = i U a = 4.

IMTosnoxum.

b Ngl(r. R)y=8(r) u H({rNGL(r, R)=S({).
OueBuaHO, 8 (r) €CTb MHOXECTBO BCE€X CHMMETPHYHBIX MaTpuu B gl (7,
R), a S (r) — MHOXKeCTBO BceX MOJOKHUTENbHBIX MAaTpPUL B 8 (7).
ITockonbky exp (8 (r)) u In (S (r)) COCTOAT U3 BelleCTBEHHBIX MaTpPHII,
Mbl BHAHMM, 4YTO eXp oTobpasxkaer 8 (r) Ha S (r). Kpome Ttoro, U (r)
NGL (r, R) = O (r). TakuM ofpasom, HMeeT MECTO CJelylolias
Teopema:

(6.3.4) (TlossipHoe pasJioKeHHe BELIECTBEHHOH [IOJHON JIMHEHHOH
rpynnni.) Beakud ssemenm s€ GL (r, R) eduncmeennowm obpasom
3anucsisaemcs @ 6ude

s=yexp X, 20e u€O (r), XE3(r),

u smum onpeae/memcﬁ 6uzoromoproe omobpascerue mexncdoy GL (r, R)
u O X&(@).

Ynpaxnenue 1. U (r) — MakcumanbHasd KomnaxktHasa muoarpynna B GL (r, C),
a O (r) — MakcuMajbHas KommakTHas noarpymna B GL (7, R).

VYnpaxHenue 2. [na BCAROro ag S(r) HaligeTcss axemeHT u €O (r), TakoH 4TO
a=u [Ay, .., A ] et (A; > 0).

Yupaxaenne 3. [lycts

F@=as+ a2+ a2*+ ... (g;€0)
— CTemeHHOM DS C pagmycom cxoaumocTH R >0, u myctb s€gl(r, C). [lpen-
MOJIOXHM, 4TO Bce COGCTBEHHHE 3HAueHHs MATPHLsL S MO a6CcoJIIOTHOH BesTHUHHE
menbuie R. Torma psp f (s) = a¢ + a,5+ a,s? +... abcomoTHO cxonutea. [¥xa-
3anue. Mcnonbays XOpAAaHOBY HOPMaJbHYIO $OPMYy MAaTPHLEl S, MOXKHO CBeCTH 3a-
Jady X CIyuaio

A1 0
5= '-'-l €5l(r. €) [AI<R.
0 .L
O6osnauas h-io (QOpMaTbHYI0) NPOU3BOARYio dyrkuKH f uepes f), nmeen
Fy FD @) - ]Z—(r_l)T(ﬁl
o= o T %__?’2%1
PR

C apyro#i CTOPOHBI, PaAHYC CXOAMMOCTH Dsija AJs f(h) pases R.]
Ynpaxnenue 4. JIas BCAKOTO KOMMYTAaTHBHOTO IMOAMHOXecTBa ¥ B 8 (r) cyme-
ctByeT 3aemenT # €O (r), Tako# uTO

u Y ulcdiag(r, R).

6.4. Paszsoxennn KapraHa noJaynpoctbiX JMHEHHBIX TPy

BrauaJe fokaxeM oqHy TeopeMy, npuHamtexamyo K. llesanie.

(6.4.1) [Tycmo G — aazebpaudeckan epynna 8 GL (r, R) u g —ee
ascebpa Jiu. ,

1) Ecau a€S (YNNG, mo Ina€gq

2) Ecau s = ua (€O (r), a€S (r)) uls npul-taa/zeofcum G, mo
u, a€a.

3) Ecau G=1G, mo G= K-exp(p), ede K=0(NG, a
p =8 ()N\g u kak mnoeoobpasue G ecmb npamoe npouseederie
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K X'p. 'pynna K sgasemes maxcumaronod xomnaxmmod nodepynnod
8 G, u ee arzebpa Jlu t cosnadaem c o (NNg. .

Hoxasateabctso. 1) O6o3HayuM yepe3 D (r) noarpynny Bcex aguaro-
HaMbHbIX MaTpHU B GL (r, R). B cuay ynp. 2§ 6.3, Hafinercs siemeHT
b€ O (r), Takoit uto bab ' €D (r). Tak kak bGb™' Takrxke SIBJISIETC S
ajarebpaHvyecKod TPYIINOH, MBI MOXKEM [peanoJiaratb B AaJbHeliineM,
yto a€ D (r). Torna D = D () G ecTb anrebpauveckasi rpymma,

coaepxamas a. Ilyets {fo} @ R [x;, ..., x, ] — MHOXeCTBO MHOrO-

4JICHOB OT 7 NEpPEMEeHHHX Xy, ..., X,, onpeleasomee [. Tak kak

a= [A, ... L, 1€D, 10 fq (M) ..., M) = 0 npu { € Z. Tonoum
Fo@®)=Ffa(exp(indy), ..., exp(tlnd,)) (ER).

Iockonbky f, — MHOTOUMEH, F, MOXHO 3amucaTh B Buie
k

Fo(t)= 21 w;exp (B;), u; B,€ER,

NpHYEM MBI MOXEM CUHTATh, 4TO f; 7= B; M COOTBeTCTBEHHO exp B,
¥ exp §; npu i £ j. Toraa

det ((expB,)imr, ... &: l=0, 1, ..., k1) =0
B CHJy TeopeMsl BaH fep Mongma. Tax Kak

k
Fal) = Y p;(expB)' =0 mpn [=0, 1, ..., b—1,
j=1
TO py = ... =, = 0 H Fy (Y) = 0. Takum 06pa3om, Mbl NOKA3a.H,
yto Ina€g.

2) HMmeem ‘ss = ‘a’una = a2€ S (1) G. B cuny 1), Ina
=2'lna’€g u a€q.

3) YkasaHHOe pasjoxeHue ciaenyer U3 (6.3.4) u 2). Kak samkny-
Tas noArpynna xKoMmnaktHo# rpymnmer O (r) rpynma K KOMNakTHA.
C npyro#t cTopoHsi, Bcsikas noarpynna L rpynnet G, ynoBJeTBopsi-

101lasA  YCJIOBHIO KSL, CONEPXKHT HEKOTOPHIH 3jeMeHT a€ S (r),
a1, a noarpynna, HIOPOXKIEHHAST a, HEe MOXET CcOJepXAaThCs HH
B KaKOM KOMHAKTHOM MHOXECTBE. [] -

Ilyets ¢ — nmonynpocras anare6pa JIn uag R wu

g=1+y
€€ pasnoxenne Kaprana. Kak nokasaHo B § 4.5, oTobpaxeHue T:
X+Y >X—Y (XEE YEY) ectn aBTOMOPHH3M  anreSpel g H
£ i<t (1 vlcy, Iy, plct. ®opma Kuanuara B anre6poi g

ABJIAETCA  OTpHUATEJNbHO-ONpeneeHHOR Ha f X !, [OJOMUTEIBLHO-
onpeneneHHOR Ha p X p, H B (f, p) = 0. ITosoxuM

¢ (U, V)= —B (U, V) ma U, V€g.
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Jlerko BHAETb, YTO (¢ — INOJOXKHTENbHO-ONpeJeNeHHass CHMMETpHUU-
Has OunuHeltnass cdopma. [Iasa mobeix X €2 VED umeem ad Xorv
=t0ad X, adYot= —toad?Y u

¢(ad X-U, V) + ¢ (U, ad X-V) =0,
D V@ vy U V)=, ad Y V).

Iycte £y, ..., E, — Takoi 6asuc B g, uto ¢ (E,, E;) = §,;.
C momobto 3T0r0 6asuca rpynny Aut (g) MOXKHO OTOXKIECTBHTL C He-

_KoTopo# anre6panueckoil rpynnoé B GL (r, R). Jas p€& Aut (g) u

U, V€g nmeem B (pU, pV) = B (U, V) u
¢ (U, V) = =B (U, tV) = —B (U, p'7V)

= ¢ (U, ©p 'pV).

Hcrnonb3ysi YKa3aHHOE BHIlE OTOXKJAECTBJEHHE, 3TO MOXKHO 3alHCAaTh
B BHje ‘p = 1p lp € Aut (g). Takum ob6pasom, “(Aut (g)) = Aut (g).

Anre6pa Jlu der (g) = ad (g) rpynmel Aut (g) oToXKIecTBJasieTCst
¢ Hekotopo# nopaarebpoit B gl (r, R), u us (1) crenyer, uto

ad@®)<o(r) u ad(y)=3(r),

rae ad (f) = {ad X: X€t]. (Mp Gymem HCNOAb30BaTh MNOJOGHBIE
0603HauYeHU U AaJjee, B Te€X CJydYasX KOrAa 3TO He MOXET MPHBECTH
K HefopasyMmenHwo.) IIpumeHsas (6.4.1), HNpHUXOAHM K CJAeIVIOIIEMY
pe3yJabTarTy:

(6.4.2) Iycmo g — noaynpocmas areebpa JJunadR u g =1+ p —
ee pasaoxcerue Kapmana.

1) Pasaoscerue Aut (g) = K- exp (ad (p)) onpedeasiem eoaomopdp-
Hoe pazaoxcerue mHoeoobpasus Aut (g) 8 npamoe npoussedenue K X 9,
2de K — Hekomopas Maxcumaavras Komnakmuas nodepynna 8 Aut (g)
¢ aneebpoit Ju ad (¥).

2) Ad (g) = K, exp (ad (p)), 20e K, — xomnoHenma eduruysi
epynnet K.

JoxkasartenbctBo. 1) M3 coornoinenuit ad (8) < o (r) u ad (p) < & (r)
crenyer, uyro ad (g) (1o (r) = ad (§). Cormacuo ynp. 1 § 6.1, aa-
re6pa JIu rpynnnl K coBnanaer c ad (f). .

2) Tlockouabky, coraacHo (6.2.4), Ad (g) sBasercs KOMIIOHEHTOH
emnnunsl B Aut (g), B passoxennu Aut (g) = K X p efi orBeuaer
CBsI3HAA KOMIIOHeHTa B K X Yy, coaepxkawasn (1, 0). [J

(6.4.3) Hycmos ¢ — noaynpocmasn arcebpa JTu nad C u u — ee Kom-
naxmuan seuwecmeennas dopma. Toeda

Aut(g) =U-exp (V' —1u), Unexp () —lu)=1,
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e0e U — Hekomopas maxcumarbras Komnakmnaa nodepynna ¢ Aut (g),
umeouwan arcebpy Ju ad (v), u :

Ad (g) N Aut (u) = Ad (u),
ede Aut (u) paccmampusaemcs xkax nodepynna e Aut (g).

MokasatenbctBo. PaccmarprBasi g Kak aareopy Jlu gg nan R,
nonyyaem pasioxenue Kaprama ge = u + ) —Iu (ynp. 3 § 2.5).

CnemoBatenbno, Aut (gg) = K-exp (J' —Iu). Tlockonbky anre6poi
Jlu rpynmsl Aut (g) sBasercs ad (g) = ad (gr), MBI HMeeM

K-exp (J/ —Iu) o Aut (g) © K,-exp (V' —Iu), rae K, — xommo-
HeHTa eauHHnLl B K. CiejoBaTesbHO, ‘
Aut(g)=U-exp (Y —Iu), KU DK,
Tax xak anre6po#t JIu rpynnet K, cayxut ad (u), 1o Ko = Ad (u)
u Ad (g) = Ad (u)-exp (4 —Iu).
B cuny (4.6.2), 2), rpynmna Aut (u) xomnakraa. Ho Ad (u) —
MaKcHMa/bHasi KommakTHasi noarpynna B Ad (g); cJefoBaTesbHO,

Ad (g) N Aut () = Ad (u). [

(6.4.4) Larsa scaxod noaynpocmoti nodaacebpor JIu g 6 gl (r, R) cy-
wecmeyem anzebpauxeckas epynna G ¢ GL (r, R), makas umo g s6-
asemces ee areebpod Jlu. Omcroda, 8 wacmuocmu, caedyem, 4o epynna,
noposkdennas exp (g), samxsyma.

JlokasateabctBo. Anre6pa g = g + ig < gl (r, C) ectb KommJjekc-
Hast moJymnpocrast anrebpa Jiu. Hafinem cHauana asarefpanueckyio

rpynny G, anre6pa JIn KoTopoll paBHa g.
[TockonbKy anrebpa g BnoJjHe npuBoiuma (cM. (3.4.4)), MOXHO
HaliTH Takue moampocTpaHcrBa Vy, ..., V. B C’, uto

C'=V,®e ... &V,

H g JeHcTByeT HENPHBOAHMO Ha KaxKioM Hu3 V.
[lycts G¥ — coBokynmHOCTh Bcex anementoB a 3 GL (r, ),
YAOBJIETBOPSIOUHX COOTHOIIEHH SIM

(1) aga™=g,
2) aV, =V, udet(aly)=1npui=1, .., k-

IlokaxeMm, uto G* sBasieTcsi anre6panuecKoi#i rpynnoii. QueBHAHO,
YTO COOTHOWIEHHs1 (2) OIpenensloT HEKOTOpylo anarebpanyecKyio
rpynny. Ilyets {E,, ..., En} — 6asuc B gl (r, C), Ttako# uto (£,
.., Egf — 6asuc B g. [Ina x = (x;;)) €GL (r, C) umeem

rZ
XEpx™ = rgl I (%) Ey,

6.4. Pasaoncenna KapimaHa NOAYRPOCHIbX AUHELHOIX 2pynn 19i

rae f;; (x) — paudoHanbHble QYHKIAH OT Xy, ..., X,. [losTomy
ycJ0BHE:

fii(x) =0 s j < g <i

BbIPAKAeTCsl MOJHHOMHA/NBHLIMU ypaBHeHUsiMH. CilefloBaTesNbHO, pa-
BEHCTBO (1) Toxe ompejesnisieT HEKOTOPYIO ajreGpandyecKyio Tpymmy.
Tem cambiM nokasano, uro G* — ajreGpauueckasi rpymnna. ‘

[lycts g* — asreGpa Jln rpynner G* u X€g*. B cuay dop-
myael (6) § 6.1,

® (&) = exp AX) Y exp (—AX) = (exp (ad A X)) YV
=Y AKX, Y]+ 522X, (X, V4

rie A€R. Ho Beuay (1), ecan Y E gN TO U @ (k)e:é, a 3HA4UT H

Z—i(o) = [X, Y]€gq Takum obpasom, [g* gl =g IlocKoabKy

g* Dg, MOKHO HAaWTH HIeaJ m B g*, Takofl u4TO g* =g@®m (oM.
(1.5.7)). Tlyers Z npunanaexut m. Tak kak [Zly,, Zl,] = 0, To,

no siemme Ilypa (1.2.3), Z|,,€ C1. Capyro# cropous, tr Z|,, = 0,
B cuny (2). CrenoBaTesbHo, Zly,=0wu Z=0. Hrak, g* =§ H
anre6pa Jlu rpynnsl G* coBnanaer c g.

[Monoxum G*(GL (r, R) = G. Torza G — aare6panueckas
rpynna B GL (r, R) u ee anre6pa Jlu pasna g(gl(r, R) = g [0

3ameuanne. JIuHeliHas Tpynna Ha3bBAETCH noaynpocmoy, ecau ee
anrebpa JIu moaympocrta.

(9.4.5) Las ecaxod Komnakmuoid noaynpocmotdi areebpor Ju v 6 gl (r,
C) cyuwecneyem snemenm a€ GL (r, C), maxoid uwmo ana™* < u (r).
310 HemepasneHHo caexyeT u3 (6.7.3) u (6.9.2). ‘

(6.4.6) Teopema. ITycmo ¢ — noaynpocmasn nodarcebpa Jue gl (r, R)
u g=1%+y—ee pasrowenue Kapmana.

1) Cywecmeyem  noaoowumensras — cummempunras mampuyn
b€ GL (r, R), makaa umo

bt =o(r) u bpbr = 8(r).
2) flyemo G w K — nodepynnor ¢ GL (r, R), noposdennvie
exp (g) u exp (f) coomsemcmeento. Toeda G u K — aunetinswe epynnot,

npuuem epynna K Komnaxmua. Beaxudl sremenm x us G moxcem Goims
COUHCMBEHHbIM CROCOBOM 3anucas 8 eude

x=c-exp¥, rne c€K, Yy,

u smum onpedersemcs 6Gueoromopproe omobpascenue uencdy G u

K +».
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Hokazareanctso. 1) Kax mbl Bugeau B § 4.5, anrebpa w==¢ L iy
€gl (r, C) xomnakTHa W moaynpocTta. CoraacHo (6.4.4), Halijercs
snemeHT a& GL (r, C), amns koroporo aua ' < u (r). Henoawvsys
noisipHoe pasjoxenue rpynnel GL (r, C), MOxHO HAUTH TakHe 3Jje-
meutsl dEU(r) u hEH (r), uto a=d} h. Toraa } hu}) k™!
o dW(r)d=u(r). 3anumwem A B Buge h = b + ie, rne b u e —
BelieCTBEHHBIE MaTpHILl. [lockoabky h* = A, matpuua b cumme-
TpuuHa. Jlanee, I‘lOCKOJ‘Ibe MaTpHia A TOJOXKHTEIbHA, TO TNOJOKH-
TenbHa M A, a 3HauMT ¥ b = (h + h)/2.

[lycts Z anHazmeme u. Beuay Toro uto J RZV A T'Cu (r),
Met umeeMm (i hZ) R') 4~V hZ}) B ' =0, oTkyma cieiyeT; uTO
Z*h -+ hZ = 0. CnegoBaTenbHo, 'X (b +ie) - (b +ie) X =0 wu
'Xb + bX =0 pgas .mwoboro XEE  Tlostomy ‘(VbX)V7)
=Vb Yl X Vb=—)bXVD"! 1. e. VXV b '€0(r). Anano-
FHYHO Aast Jo6oro Y €yp umeeM —i'Y (b -+ ie) + (b -+ ie) iV =0
u'Yb = bY. Orciona Mbl 3akaouaem, uto )/ bY |/ b €8(r).

2) B cuay 1), moxHo cunrath, uto fco(r) v p<=38(r). Torna
=%, 'p=9yp u ‘g=g. CorsacHo (6.4.4), cyulecTByeTr TakKas
aareGpaunueckasi rpynna A B GL (r, R), uto G ecTb ee KOMIIOHeHTa
exnuunpl. Tax Kak ‘g =g u ‘(exp Z) = exp (‘Z), 10 G ='G.
Tlockomsky A — anreGpanuecKas Cpynna, TakoBa XKe U ‘A. Creno-
BateabHo, A, = A'A — anre6pauueckas rpynma, cojepxamas G.
Tlanee, ‘A, = A,. B 3Toii cHUTyalHu Mbl MOXEM TPUMeHHUTD (6.4.1). [)

3ameuanue. Pasnoxenune u3 (6.4.2), 2) Ha3wBaeTCsl pasaosceriuem
Kapmana nonynpocto#t nuHeHHOH rpynnul G.

Ynpasuenne. [Tycts Aff (") o6o3nauaer rpynny scex npeo6pasosannit n R guaa
(s, @) EGL {r, B) X E,

rae (s, a) v = sv + a gas vER’. Tloxasars, uTO AfH(R”) MOXKHO OTOXKAECTBHTH
c HeKOTOpod 3amyHyTofi moxprpymmod B GL (r -+ 1, R), noaaras

b 0-C7)

Anre6pott Jlu rpynnet Aff (R7) ssasercsa anre6pa aff (R7), pacemorpennas B § 3.5.
ITycts G —- cBsA3Haa nosympocTas AuHefHas rpymna B Aff (R7) u g — ee anre6pa

JIn. TMokasaTh, yTo G UMEET HEMOABHIKHYIO TOUKY, T. €. CYLUIECTBYET 3/7eMeHT v,y £ R,
TakoH 4Tto (S, @) vy == v, Aasa Bcex (s, @) €G. [¥rasauue: cM. (3.5.4).]

6.5. Ta6anua ymHoxeHus aareGpsi Jlu

[Tycte G — nuneiinas rpynna B GL (r, C) u g — ee anre6pa JIu.
Torna exp (g) mOpOXKJaeT KOMIOHeHTY exuHuusl B G. OpHako anst
npousBoJibHON mojanrebpst Jlu g° < gl (r, ) rpynma, nopoxieH-
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nas exp (g'), BooGLue roBops, He 3aMKHyTa. DB camoM jeJse, AJsl OfHO-
MepHOH aJnre6pel JIH

_p on ) —1 0 )
o= 0 Via)II,

exp (go) — He3aMKHyTasi oAHONapaMeTpHueckas noarpynna B GL (2
C). C xpyro# CTOPOHBI, €C/H g SBJASETCH anre6port JIu HekoTopo#
JUHEHHON rpynnel, To a1 X, Y Eg, A0CTaTouHo OJM3KUX K 0, MHI
uMeeM exp X exp Y Eexp (g). 310oT  (PakT MoxKeT ObiTh 0606meH
Ha MPOU3BOJIbHEIE Nofanre6pnl JIU B gl (r, C)e, # 3T0 u Gyler npen-
MeTOM DacCCMOTPEHHS HacToslero naparpada.

Hns X, YEgl (r, C) noaoxum

() [f(X,Y)=In(exp XexpVY)

o 0o 00 .
(__l)j+l Xk yl I
= 7 TRU o
j=1 k=0 =0

CyuiecTByer Takast okpecTHocTb U Touku O B gl (r, C), uTO cTeneHHOH
psan f (X, Y) a6comorHo cxoautcs npH X, Y& U.
Hanee pas X € gl (r, C) nonoxum

adX adX  (ad X)2 |
@) @)= E =1 2x o B
Crenennolt psg @ (X) MOXKHO 3anucaTh GopMasbHO Kak
9 (X)=2285—,

xorst det (ad X) = 0; sTOT psing cxonurca Aas M060ro X, BBHAY TOTO
YTO YHCJOBOH CTENEHHOH psif

expz—1 z | 22 -
—  ~lTarta o

cxozuTtcst  anst Beex z&C (em. ymp. 3 § 6.3). Taxum obGpaso,
¢ (X) — KOppeKTHO OTlpejeseHHOe JIMHeliHOe mpeoGpa3oBaHHE BeK-
TopHoro mnpoctpauctea gl (r, C).

6.5.1) Jags X, YEg (r, C) u MEC
exp (X - AY) exp (—X) = 1 + 2@ (X) Y -+ O (A2),
exp (—X) exp (X + AY) = 1 + Agp-(—X) ¥ + O (A3),

ede O (M) o6osranaem Hekomopeill crmenennoti pad om A, HAUUHAOULLLCA
c uaena ¢ AR,

7 M. Toto, @. Tpoccxance
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JokazareabcrBo. 3apuxcupyem X &gl (r, ) u  onpeaennm aae-
MeHTs L, R W 0 = ad X aarebpur gl (gl (. {)) dopmynamu LZ

= XZ,RZ=72X nna Zcgl(r, C)u 8 = L — R. fcHo, uTo npe-*

ofpasoBanus L, R n 0 nomapHO nepecTaHoBOuHLI. [Josomxum

m ) » [= <] '4)
=2L1Rm i 2 —('m_—ir—n‘l)Tzlp'
=0 m=0 .
Hmeem

exp (X -LAY) = |+ (X 4-ay)  EEH?

=exp X -+ ApY 40 (?»2).
ITockompky L =R + 06, TO

T D) AL

=0 j=0 k=0

D (HGYIES

— 3 m —{_ 1) ekRm R
b1
k=
Cile10BaTeNLHO,
m
P . ek Rm—k B ei L]
m+Dt g (B+ D1 (m—kl [gm (i1 g1
H
QR R! ,
‘l’:z m—}—nl)l : 2 (z+1)| ZT = p(X)exp R.
m==0 {== =0
TTostomy

VY = (p (X)expR)Y = ¢ (X) YVexp X. -

DTo A0KAa3biBaeT nepBY GopMyay.
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okaxem Tenepb BTOpY10o. B cuny dopmyaw (6) § 6.1,
exp (—X) exp (X + AY)
= exp (—X) exp (X + AY) exp X exp (—X)
= exp ((exp ad (—X)) (X -+ AY)) exp (—X)
= exp (X + X (exp ad (—X)) Y) exp (—X)
1 + A (p (X) exp ad (—X)) Y + O (A%).

Ho umeer mecto pasenctBo ¢ (X) exp ad (—X) = ¢ (—X), azaJjo-
ruyHoe (M JOKasblBaeMoe aHaJIOTHUHO) pPaBeHCTBY )

SX_EL_T__ZZ)_':J aa z€C. [

!

expz — 1

p exp (—z) =

[Mycre dexpyx: gl (r, C) - gl (r, C) o6o3Hauaer WHPHHUTE3H-
MaJbHOE JIHHEHHOE oToGpa)keHHe (MPOU3BOJAHYIO) 3KCIOHEHIHaJb-
HOro orto0payeHHsl B Touke X:

dexpx Y = lim exp (Y + A¥) —exp X
A0 A

U3 (6.5.1) caenyer, uro

(6.5.2) dexpy ¥ = (¢ (X) Y) exp X = exp X (¢ (—X)) ¥

[Tockombxy @ (0) — TOXKAECTBEHHOE OTOOpa:KEeHHE, @ (X) HeBbI-
poxnenHo Aas X, nAocraTouHo Omu3kuxX X 0. Has X, Y, Z€gl (r, O)
u A€ C umeem, B cuay (6.5.1),

exp (X + AX) exp (Y + A2)

=expXexp AX) (1 +r2 (Y)Z + 0 () expY

=exp X (1 +A(X + 9 (¥)2) + 0 () exp Y.
Tonoxum Z = —¢ (V)X 1 p (A) = [ (X + AX, ¥ — A (V)1X).
Torza expp () = exp X (1 + 0 (M) exp ¥ u —gexpp (h) =0
npu A = 0. Tak xax

p )= 2 LD expp () — 1),

j=1

TO —— (0)

HyCTb g — noaanreépa Jlu B gl (r, C)r u {Eq, ..., En} — Ga-
suc g. ITyete X = ¥ x,E, v Y = ¥ y,E, NPUHANNEKHT g; TMOJOKHM

Fle y) =T, 0 %y Yy o Ym) = (X, Y.
T
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MoxHO cunTaTh, 4YTO

@ F=h+h+..
rae [, = . (x, y) — OJHODOAHBI MHOTOU/IEH CTeHeHH %k mo nepe-
MEHHBIM Xq, ..., Xm. B uacTHocTH, fo = 3 y,E,. Tonaras

@ eM)'E = Z; a; (W Ej,
=
noJiyyaem

p(h) = ((1 + M) xg; Y, ~%I§1au(y)x,~)-

3ameTuM, uTo | H a;; MO}KHO ONpefesuTh s (x;) U (¥,), A0OCTaTOYHO
6auskux K 0. PaBeHCcTBO —— (0) 0 BJieueT Temepb PaBeHCTRO

VL= i a,-,~‘<y)§y§x

i=1 £, j=1

[TocKOJbKY Z afk x; = kf,, umeem

kszzxatj(y) flefkla k:17 2’ AR ]

[

rae D o6osnauaer auddepenurnanbHEH OnepaTop

D= Xy (y)’gy—

i
Tak Kakx fo= N y.E;, TO fk—-——D Yy.E; T e
() T (x, y) = (exp D) Xy.E;

[TosToMy, B 4yacTHocTH, [ (x, y) €. TakuM oO6pa3oM, Mhl YCTaHOBHJH
CJAENYIOMYIO TeopeMy:

(6.5.3) /Ira X, Y€ gI (r, C), Odocmamourno Gauskux x 0, sremenm
fF(X,Y)=In (exp X exp Y) codepamcumcs e areebpe JIu, noposcoen-
Hot X u Y.

TeopeMma (6.5.3) mo3BOAsieT HaM CBA3aTh C KaXXIOH JIHEBOH noj-
anre6poit g aare6pot Jlu gl (p, C)g  ronomopduyo ¢yHKHHLO f,
JeficTBYIONYI0 H3 HeKoTopo#l oxpectHocTu ToukH (0, 0)Eg X g B g.
ByneM HasbiBaThb [ mabauyeld ymHoxerus anre6psl Jlu g. Ilpeanoso-
MM, UTO CTPYKTypa ajare6pel Jlu B g 3ajaercd dopmynamu [E;,
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ZkC,,kEk (C;]kEIR) npu i, j=1, ..., m. Torma (ad Y) E,
Zk (E;‘—‘L,k% » H ¢ (Y)|, sagaerca maTpuuei
] +_2_! + -3'1' 4+

rae (j, k)-1 KomnoreHTa maTtpuusl C (0 OTHOIWIEHHIO K Gasucy Ei,.
.., E) paBua ¥,c;x; y;. CnenoBaTe/IbHO, PYHKIMH Q;; 3aBHCAT TOJALKO
OoT {¢;;,}. OTcilona BHITEKaeT cJaeinyilomasi Teopema:

(6.5.4) ITycmo G, u Gy, — aunetinoe epynnot, u 042 i == 1, 2 nycme

g, — aacebpa Ju epynnet G, u FO— mabauya YyMHOMeHus arzebpol
;. lIpednoaoxcum, umo cywecmeyem usomoppuam p arcebpvi gy Ha
ga. Toeda

X, oY) = of'" (X, V)

oaa X, Y € g4, docmamouno 6auskux x 0.
‘KopoTko roBopsi, TabsHLa YMHOXeHHS ajre6pbi JIu 3aBHCHUT
TOJIBKO OT ee CTPYKTYDH ajreGphl JIH.

3ameuanne. s o6oit monanre6pr JIu g B gl (r, C)g rpynma G,
NOpOXKIeHHAsa exp (g), obpasyeT mnoamHoroobGpasue B GL (r, C)
U SBJAETCH TPYNNOH JIM OTHOCHTEJbHO NOAXOASINEH rosoMopdHOi
cTpyKTyphl B G. Takast noarpynna G HasbIBaeTCs C8123HOL nodepynnod
Ju (una anasumuneckoid nodepynnod) 8 GL (r, C). OnHaxko B 3TOH
KHHTe Mbl He G6yleM pacCMaTpHBATb TaKHe TPYINH.

(6.5.5) [Tycmv n — nodaseebpa Jlu 6 gl (r, C)g, cocmoawas u3
Hurbnomenmusix mampuy. Toeda exp (n) ecme aunednas epynna
u omobpascerue exp: n — exp (n) Gueoromopdro.

JokasaTenbcTBO. fyets n(r, C) = {(x;)€gl (r, C): x,;, = 0O
C=NuN(EC ={14+ X:Xen(r,C)}. ScHo, uton (r, C) —
anre6pa Jlu aareGpaumueckoii rpymnul N (r, C). Hanee, kaxk exp X
s Xéen(r, C), Ttak u Inag nna a€ N (r, C) sBasiorcas MHOTIo-
uyneHamH crenedd 7 — 1 o1 X U @ — | COOTBETCTBEHHO H ONPENeNsIoT
6urosoMopdHoe coorBercTBHe Mexay n (r, C) u N (r, O).

B cuay ynp. 3 § 1.3, Mbl Moxem cuuraTh, uro n < n(r, C).
Torna ¢yukuua f (X, Y) = In (exp X exp Y) onpenenena BClofy Ha
n X n. Tak xaxK f ronomopdHa u f (X, Y)En maa X, Y, nocratouxo
6auskux K 0, To f(X, Y)En maa Bcex (X, Y)En X n. Orciona
caenyer, uto exp (n) — rpynna. [TockonbKy ofaarefpa n, O4eBHAHO,
samkHyTa B 1 (r, C), rpynna exp (n) samxuyra 8 N (r, C). [

Ynpaxunenue 1. Jlunefinwe rpynnsl Gy H G, Ha3LIBAIOTCT A0KQAALHO-LUI0OMOPDHOIMU,
€CJiH CymlecTByeT GHTroJoMopgHoe oToSpaxeHwe O HeKOoTopo# oxpectHocTH U enn-
HHLBI B G; HAa HEKOTOPYIO OKPECTHOCTL €AHHHUIH B G4, TAKOE UTO AN JIOGHX ¢, b € U,
ons KoTopeix ab€ U, cnpaBeiyiMBO paBeHCTBO O (ab) == o (a) ¢ (b).  [okasaTs,
uyto G; # Gy JOKQJIBHO-H3OMOPGHBI TOTAAa H TOJIbKO TOrAa, KOrja HX anre6pol Jlu
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g1 ¥ ga u3oMopduel.  [Yxasanue. Ecau G; n G, NOKAABHO-AIOMOPQHH, TO 0* =

= In Oo Oexp saBAseTCH GHrOJAOMODGhHbLIM OTOGpaXKeHHEM HEKOTOPOH OKDECTHOCTH
Touku 0 B aarebpe §; B aare6py §o.. FHcnoneays dopmyas (4) u (5) § 6.1, noka-
3aTth, ut0 0* AX 4 Y)= Ac*X + o*Y u o* ([X, Y])= [0*X, o*Y] nas Ttex
X, YEg; # AER, AAA KOTOPHIX BCe 3TH BhIDAXeHHA onpepenessl. (O6paTtHoe
yTBepKJeHHe HenocpeiAcTBeHHO cienyer u3 (6.5.4).]

Vnpaxnenne 2. [Tycts X npunagtexur gl (r, C). [ars neo6xomuMoe ¥ A0cTaTOY-
HOe yCJIOBHe (B TeDMHMHAX cOGCTBEeHHBIX 3HaueHHH MaTpuun X) Toro, uto det (d exp x

Omeem: cyulecTBYeT napa A, W COOGCTBEHHHIX 3HAYEHHH, /st KOTODHIX A — i)
= on V=11, rae 1€ ZN{0). [¥rasanue. Tlpexpe Bcero, @ (X) HeBHPOXKAEHHO
TOrja H TOJMbKO TOrjaa, korjga adX He uMeeT COGCTBEHHBIX 3HAYEHHH BHAA 2T V—l I,
[€ 7N\ {0}. [anee, ecnin {Ay, ..., Ay} — MHOXKECTBO BceX COGCTBEHHBIX 3HAueHHH

-Matpuiel X, T0 {A;.— A;i [, j= 1, ..., r} ecTb MHOXKECTBO COOCTBEHHBIX 3HAUEHHH
npeo6pasoBanus ad X.]

6.6. Pa3anoxenns HMBacaBbl noaynpocThiX JHHEHHBIX rpynm

Ilycts ¢y, ..., ¢,} — HeKoTopwiil Basuc B C'. Hanomuum ussecr-
Hell MeTon (npoyecc [IImudma) TOCTPOEHHS OPTOHOPMHPOBAHHOH
CHCTEMbI BEKTODOB  (OTHOCHTEJIBHO CKaJsipDHOTO  [POH3BeleHHd

(v,) (w;) = Y v,w,), HCXOA H3 CHCTEMBI C;, Cy, [Ipexae Bcero

noJiaraem
er=ci,
. e1-Co .
—_ c
€q e e, er+ ca,
. e1+Cy . £5-C3 -
=— — ey ¢
és ej ey € ey-e5 2+ Ca
Toraa e;-e; = 0 npu i + j. bByaeM oGoaHauaTb uepes [A,, ..., A,]

r
AuaronadeHyto matpuny (A;0;,). [Hanee, nyctb e, = ele:], i =1,
.., r. Paccmarpupas ssementni npoctpaHctBa (7 kak BeKTOpbI-
cTonbubl, HMeeM

| *
1
(cr, ..., ¢ )==(e1, ..., &)
0 1
1
erli

= (e, -.., e)lleil, --., |
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[To MOCTPOEHHIO 3JIEMEHTHI €1, ..., e, H COOTBETCTBEHHO KOMMOHEHTH
TpeX MaTpHLl B TMPaBOH .YacTH OOCAEAHEro PaBEHCTBA TOJOMOP(HO
3aBHCAT OT ¢y, ..., C,- TTOCKOJUBKY €, -€; == d;,, marpuua (e;, ..., e,)
YHHUTapHa, T. €. (¢, ..., ¢,) € U (r). O6o3nayum yepes D (r) rpyuny
BceX JAMaroHaJbHbplX MaTtpul [Ay, ..., A, ] ¢ nonoxHTeIbHBEIMH A,
l<i<r Odag P=R umu { nonoxum '

N (,P)= {('y,-l«) € GL (r,P): Vi = 0 (i) u Vi1 = Vo2 = ...

= Vrr = 1 lf
OueBugno, D+ (r) N (r, L) — nuHeliHaa rpynna u
D NN C=1,U(nND (N C) =1
CnenoBaTenbHO, NMOJYyU4eHHOE BHILIE pa3JioKeHHe MaTpulibl (¢, ..., ¢,)

€AHHCTBEHHO.
Paccyxpasa aHaJOrHYHO H B cJaydae npocTpadcTBa K7, noaydaem
CNEAVIOUIMA pe3y/bTarT:

(6.6.1) Bceaxuu snemenm epynnoe GL (r, C) mosxcem Goums eduncmaser-
HbiM cnocobom 3anucad 8 aude

[1 %)

I 1

{0 .

20e e € U (r) u éce M, noromumenvusi. Imo onpedersiem pasroxcerue
GL (r, C) xax eoaomopproeo mroeoobpasus ¢ npamoe npousgedeHue
U (r) X D* (#) X N (r, ). I1pu s3mom muozoo6pasue U (r) komnaxmro,
D+ (r) 6ueoromopdro RT u N (r, C) C-6ueoromopprno Crr—10/2,
Ananoeuqroe pasaoscerue dasa epynnee GL (r, R) umeem eud

GL(r, Ry =0 () D* () N (r, R).
Tenepb HaM NOHanoGsTCST HEKOTOPHIE pesyJbTaTel 06 anrebpe

8l (r, C). Ilycte S (r) oBo3HauaeT CHMMETPHUECKYIO TPylny Ha
muoxectse {1, 2, ..., r}. Jaa p € & (r) noaoxum

& () = (Bu(n;),

rae (8;;) = 1,. MaTpuusl § () Ha3LIBAIOT MAMPUYAMU NEPECMAHOBKU.
OueBugno, & (p) € O(r) u : '

O (W) =8 ()8 (v) (u, v € B().
[Tonoxum
oW X =8 (W X6 W' g X € sl (r, 0).
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$IcHo, 4TO Tak onpejeaeHHoe npeobpa3oBanye ¢ (U) ecTh aBTOMopO})Hsm
anarebper 8l (r, O).

O6osnaunm wepes sdiag (r, P) MHOXKeCTBO BceX AMArOHABHBIX
matpuu u3 8l (r, P). OueBugHo, sdiag (r, C) siBnseTcs nojanreGpoi
Kaptana B 8 (r, C) u

(1) O’(p.) [7»1, ceay }»,] = [}»uu),

B wactHOCTH, 0 (u) ocTaBJsier Ha MecTe aarebpy sdiag (r, C). ITyctb
A (r) — cOBOKyNHOCTb BceX KopHeH aare6pnl 8l (r, ) OTHOCHTENBHO
sdiag (r, C). Ilpu nomowmwu oto6paxkeHuss A—> H, MBI MOXKeM OTO-
HAECTBHTh A (r) ¢ HEKOTOpbIM moaMHOxecTBoM B sdiag (r, R):

A () :{eij:_gl‘;—(ei—ei): Z#j},

s }“ll- (r) 1.

raeg; = [0,...,0, 1,0, ..., 0] (i Ha {-M MecTe) (cM. § 2.7), u, corytacHo
ynp. 1 § 5.2, rpynna Befina coBnajaer ¢ CUMMeTpHUECKOH Tpynnoi
8 (r), crapgapTHoO geficTBylouleit Ha sdiag (r, R). C yuerom (1) serxo
BHAETb, YTO rpynna Beins sBasiercsa orpaHuYeHHeM TpYNnsl o (8 (r))
Ha sdiag (r, R). Mbl sHaeM TakKe, YTO KOPHEBOE IMOANPOCTPAHCTBO
CE,, , coBmajgaer c CE,;, rne E;; — matpuna, y Kotopo# (i, j)-s
KOMHOHeHTa paBHa 1, a Bce OCTaJIbeIe paBubl 0.
Oas P =R umun C noaoxum

n(r, P) = {(&,) € gl (r, P): &; =0 (i > )}

SlcHo, uto 1 (r, P) ectb anrebpa Jlu rpynnet N (r, P). Ecau BBecTH

B sdiag (r, K) sunefiHoe ymopsimoueHHe 3>, NpPU KOTOPOM g (7)
= le; (411 i = 1, ..., r — 1} OYZeT COBOKYMNHOCTBHIO BCEX NPOCTBHIX
KOpHEH, To

> CEg=n1(r,C).

8% 0

ITpeanosoxum, 4To > — Kakoe-aubo APYroe ynopsrouenue 4 f (r) —
COBOKYNHOCTb BC€X NPOCTBIX KODHEH OTHOCHTEAbHO 3TOFO YNOpsaoue-
nus. B cuny (5.2.3), Hafinercsi nepectaHoBKa U € & (r) (paccMaTpH-
BaeMasl Kak JUHeliHoe npeolpasoBanue B sdiag (r, C)), ansa koTopoii
us (r) = m, (r). IMockombky B > 0 Bneger pPf > 0 ana B € A (1),
MBI HMeeM

o(u 2 CEg=n(,C).
>0
Hrak, cnpaBennuB Takoi pesyJbrar:

(6.6.2) Lasn mobozo yndpﬂdoueuuﬂ > 8 A(r) cywecmsyem maxas
nepecmarogka W € & (r),

o (X @Eﬂ)—w(u)( T CEy) b (w7 = 7(7,C).

¥
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Tenepp MBI TOTOBBl K [0Ka3aTeJbCTBY CJEAYIOIEH TeopeMsl:

(6.6.3) ITycme g — noaynpocmas areebpa Jlu 6 gl (r, K) u g =1
+ a-+n—ee pasroscenue Heacaser. Tozda cywecmsyem makoi
snemenm s € GL (r, [R), 4mo

sts*co(r), sas!csdiag(r,R), sustcu(r,R).
NokasareasbcrBo. [Iycth g =t + p — pasgoxenune Kaprana aa-

re6pbt g. CoruyacHo (6.4.6), cymectByeT aaemedT b € GL (r, R),
Tako# 4To

btblco(r) u bpbtc8(r).
[ToaTromy MBI 6yaeM npefnoJiaraTb B JajdbHEHLIEM, UYTO
@Qtcol(r) u p=3(@).
ITockoabky a — abeneBa nopasire6pa B ¢ (r), MOXKHO HaHUTH Takoil
asneMeHT u € O, 4ro wuau ' < sdiag (r, R) (ynp. 4 § 6.3). Torna
Wt <o (r) 0 wpu* < 8 (r); NOITOMY MBI MOKEM IIPEANONOKUTE
JIONOJHUTEJNBHO, YTO
(3) a < sdiag (r, R).

[Mycts Hy, ..., H, — xaxkol-HH6yap 6Gasuc B a. Buibepem Hp.g,
..., H,, Tak, uToOh MHOXKECTBO {H1,~..., Hy, ":_’_i']rd] 06pa3oBbI-
BaJo Gasuc B sdiag (r, R). Tlomoxum ¢ = g + V—lg < d (r, C).
[Tycts § — nopanre6pa Kaprana anre6pel ¢, conepxawas a. Torha

§=b+}: CX‘V’
vEA

roie A — KopHeBasi cHcTeMa anre6phl g~ OTHOCHTE&JNBHO MojanareGpel
Kaprana h u [H, X,] =y (H) X, ana H € h. OGosnmauuM uepes
A, COBOKYIHOCTb BCeX KOpHe# y € A, 1151 KOTOPBIX

V() = ... =7y He) =0,
Y (Hy) > 0 npu HekoTopoM ¢ =1, ..., A.
Kak Obto nokasano B § 4.7,

n=gN X CX,

v €A,
Hych > — ynopsigouende B A (r), onpeiensieMoe GasHcoM
{Hy, ..., H,_1]. TlycTb ¢ npuHapIexHuT A, H

2 }\‘”Etl7 }\‘[] E C

l,__

Ipumensia ad H (H € a) X 0o0edM YacTsAM DaBEHCTBA, IIOMYYHM
2 My (H)E,;; = Zx,,eu (HE
i
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CiejoBaTeNpHo, ecaH A, 5= 0, To {55 [ H ¥ (H) = &;; (H) ans Bcex
H € a. B cuny Bb{éopé yropsjaodeHus B A (r),u g;; > 0. Iloaromy
X, € Yp>oCEp. 3HauuT, COrJIACHO (6.6.2), HalineTcs Takas nepe-

cTtaHoBKa p € & (r), 41O
ol X CXv)C‘ll(f,C) u o(ncu(r,R).

v €Ay
C xpyroit croponsl, ¢ () £ o (r) v 0 (p) 8 = sdiag (r, R). O
Jlst Toro 4ToObl MOJY4YHTH TJ10GaNbHbIH BapHAHT TEOPEMbI (6.6.3),
HaM TOHAaf06sTCS HEKOTOpble MOArOTOBUTE/bHbIE DE3YJbTAaTh.

6.6.4) ITucms A u B — ceasubie aunednole 2pynnoe 6 GL (r, C)
1(: aﬁae)épaitu Ju « u b coomsemcmsenno. Ecau la, bl c b, mo AB
= BA u AB — 2pynna.

JlokasateancTBo. [Iyctb X € a' M Y € b. B cuay dopmyan (6)
§ 6.1,

exp X-Y-exp(—X)=exp(ad X) Y =Y 4 [X,Y]
(XX, YN €0

exp X -exp Y -exp (—X) =
= exp (exp X-Y exp (—X)) € exp (0).

[lockoabky exp (a) nopoxpaer A, mrd x € A ™Mbl HMeeM
xexp () x! < exp (b), a mNOCKOABKY €Xp (b) nopoxpaer B, TO
«Bx-1 — B. CnegopatensHo, AB = BA u AB — rpymna. (]

(6.6.5) ITycmo G — ceasnas AuHelnaa ezpynna, K — xomnaxkmuasn
nodepynna, a H — samknyman nodepynna 6 G. Ilycme g, t u § —
ancebpe JIu epynn G, K wu H coomsemcmserHo. Ecau ¢ =1t + b,
mo G = KH = HK

JlokasaTeabctso. IlycTb {x,} — npou3BO/JbHAS MOCAELOBATENDHOCTL
B K, a {y;} — npousBosbHasi NOCJIELOBATENLHOCTL B H, u nycTe
lim x;y; = z € G. [Tockonbxy K KOMIaKTHa, Hafjercsa Takas IOA-
0CJe0BaTeNbHOCTh {X,/] MOCJAEL0BATENbHOCTH {x,}, wro lim x;,
= x, € K. Torga limy; = x;tz € H. CaepoBaTenpHo, 2 ¢ KH
u wmHoxectBo KH 3samxuyTo B G _

BriGepem Tenepb INOANDPOCTPAHCTBO q H h, takoe uto h = (£ N H)
+q, N HN q=0. Tak xak g =t + b, 0 g = t+- a9, t N g
= 0. [lockosbKy oOTOOpakeHHe

txq D (X, Yy—exp XexpV € G

OUroI0MOpGhHO B HajJexallledl OKPeCTHOCTH TOUKH (0, 0), MHOXKECTBO
exp () exp (q), comepxxamieecst B eXp () exp (h), cOmEpHHUT HEKO-
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TOPYIO OKpecTHOCTb efMHHunl B (. [TosTomy mas JoOux x € K n

Yy € H muoxectso x exp (f) exp (§) y © KH sBAsieTcs OKPECTHOCTLIO
Touku xy B (. Cnepomatensno, KH OTkpHTO.

IMockonbky rpynmna G cBsi3Ha, Mel 3akJawoyaeMm, 4to G = KH. []

Tenmeps MBI TFOTOBBI K JOKa3aTeNbCTBY CJAEAYIOMEH TEOpEMEI:

(6.6.6) Teopema. Ilyecmv G — csa3nas noaynpocmas AUHEUHAA
epynna e GL (r,R). Ipu nodxo0awem seibope snemernma s € GL (r, R)
epynna s~ 1Gs codepacum 3amrkuymee nodepynhol

KcO(@), AcD'(r) u NcN(,R),

maxue 4mo 6caKkuil dnemenm x u3 s 'Gs mooem Goimo eQUHCMBEHHOIM
obpasom 3anucan 8 8ule x = XxiX.%5 (xy € K, x, € A, x5 € N),
1 3mo onpedeasiem bucosomopdroe omobpamcerue us3 Gra K X A X N.

Ommemum, 4mo 3KcnoHeryuaastble omobpamenus 8 A u N. 6uzoao-
MOPPHbL.

Joka3zareabcTBo. Mbl coxpansiem o6o3HaueHns us (6.6.3). [Iyctes K —

rpynna, nopoxjennas exp (f). B cuay (6.4.6), ona samxuyta B O (r)
¥ KoMmnakTtHa. Jlamee, Tak KaK OTOOpaKeHHE

diag‘(r,P) 3 [Ayy ooy Al [expA,, ..., exp A,] € D*(r)

6uronomopgro, To A = exp (a) — 3amkHyrtas noarpynna B D+ (r).
CoraacHo (6.5.5), N = exp (n) — samkHyTas noarpynna B N (r, R).
[Tockonbky [a, n] < n, MHOXKecTBo AN sBJsieTcsi TPYNNOH, B CHAY
(6.6.4). Tak xax D+ (r) N (r, R) kak Tomosoruueckoe npocTpaHcTso
ecTb npsmoe nmpoussenenue D (r) X N (r, R), A samkuyro B D+ (r),
a N samguyto B N (r, R), T0 MHoxectBo AN szamkuyrto. Cienoa-
TenbHO, AN — nuHelHass rpynna. [lockoaeky

dim AN =dim A + dim N =dima + dimn
= dim (a + u),

npudeM U & U n cozepxarcs B anrebpe Jlu rpynns AN, MBI BHIUM,
yto ajre6pa Jiu rpynnet AN coBnajgaer ¢ a + A.

Tak kak ¥ + (a + n) = g u K komnaktHa, o G = KAN, B cuny
(6.6.5). [

Ynpaxnenne 1. I[lycrs g — noaynpocras mogaare6pa (waa C) aare6put gl (7, ©)
H G — KOMNJIeKCHas JHHeliHasd rpynma, nopoxjeHsas exp (g). ChopmyanpoBatsb
W [0KA3aTh yTBEPXKJEHHe O pasmoxenusax IIBacaewt rpynnet G B GL (r, C).

Ynpaxnende 2. [lycts |H o6o3mauaer Tteso KBaTepHuonos, T.e. [{= Rl -+ Ri

pemy, aHajgornusyro (6.6.1), aas maTtpru nan H.
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6.7. IMocTpoenne auHeldHON rpymnsl no axredpe Ju .
Tlycts | — anre6pa Jlu nag R. CoraacHo (1.10.1), y Hée cyue-

CTBYeT XOTsl 6B OJHO TOUHOe MNpejcTaBJerne. Lenblo HaCTOSWLEro

naparpada sABJAsfeTCS NPAMOE NOKa3aTeNbCTBO CJEAYIOUEH TEOpEeMEL:

(6.7.1) Haa ecaxot anzebpei JIu | Had R cywecmsyem aunedHas
epynna L, aneebpa Jlu xomopol usomoppra 1.

JokasarenbcTBo. [1ycTb V — BEKTOpDHOE MPOCTPAHCTBO Hal C u
(V, f) — TouHOE mpejcTaBienne anreGpsl I. Bri6upas B V noaxoxs-
Ui 6asvc, MBI MOXKEM CUHTaTb, YTO JJIsi BCEX X el :

_n ‘)
Fy (X)
Ty
(% -
() t(X)= . €ql(r,C),
T
0 Fr(X)
rae Fy, ..., F, — HenpuUBOAHMBIE NPEACTABJIEHN anre6pol [ pasmep-
Hoctedl 4, ..., Iy COOTBETCTBEHHO. [1ycTh L* — rpynna, NOpOXACHHAR
exp (f (I)). Torma aas moboro X € [ maTpuukl F(X), j=0,1,
2, ..., u exp (f (X)) Takxe nmewor Bua (1). Orciona ciepyer, 4To M4
BCKOTO a4 € L* Mbi HMeeM
[f-—r}\— *
F, @
Ty
F, (a)
(2) a= € GL(,C).
e
0 £y (@)]

[ycte [ — BHOJHEe NPUBOAHMOE MpEACTaB/ICHHE anre6per 1, acco-
LHHpOBaHHOE ¢ [
(F,(X) %)
F,(X)

s X €L

lO - F (X)JI
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Cornacuo (1.4.11), F; ([I, I]) aas Kamaoro i sABAseTCS HENPHBOLH-
MoH moayrpocroit aarebpoit Jlu. [lycTe g — MakcHMasNbHas NOMY-
npocras noganre6pa 8 I. B cuny (3.5.3), F; (I, l]1) = F,(g), T. e.
KaxJoe U3 mpejcTaBiaenuil F; onpejensieTr HENPDHBOXUMOE NPEACTABJIE-
HHUe anre6pel g. [{ocKONBKY BCAKoe NpelcTaBileHHe anrebpul ¢ BMOJHE
npuBoauMo (cM. (3.4.4)), nafinetcs saement s € GL (r, C), Takoit uto

(4) [(X)=sf(X)s" mpu X € g

(B cuny teopemnl JKopaana—Iénnaepa). [1ycte G — rpynna, nopo-
xkpenHas exp (f(g)) B GL (r, C). B cuny (6.4.4), oHa samrHyTa.
dasa a € L* noaoxum

(F, (a) 0
F; (a)

{0 F/c (a)]
Slcuo, uTo a—> f' (@) — romomopduam rpynn. M3 (4) BuiTekaer, uTO
6) a=sf(@s! s a € G. ‘

Hanee, mycth 1 -— pagukan aarebpur [V = [I, []. Taxk kak
g=Ig, glal®, 101" =g+ mn, g N n=0, cornacHo (3.5.3),
2). U3 nokaszatesnnctBa TeopeMbl (2.1.7) caeayeT, Kpome TOro, 4TO

f'(n) = 0. Ilostomy N = exp f (n) ectb suHelHas rpymna, B CHAY
(6.5.5), un

fP()=1npgna b € N.

Beuny (6.5.5), GN gBasercsa rpymmno#t, u6o lg, nl < n, a no-
cKoabKY [’ (N) = 1, u3 (6) Beitekaer, uto G = N = 1. Takum obpa-
30M, orobGpaxenne G X N 3 (a, b)+—>ab € GN B3aUMHO-OXHO-
3HayHo M rosomopdHO. C apyroit cropounl, sf’ (ab) st = sf” (a) st
= g u oTobpakeHHe abr—> a HeNpepLIBHO, a MOTOMY HENpEPEIBHO H
otobpaxeHue ab > b, CnepoBatenpHo, rpynna GN romeoMopdHa
G X N; B 4aCTHOCTH, OHa JOKaJbHO-KOMIAKTHA.

[TokaxkeM, uYTO BCsiKas JOKaJibHO-KOMIAKTHas M[oArpynmna A
rpynnel JIu o6sizaTesnbHO 3aMkHyTa. [lockonbky A JI0KajabHO-KOM-
llaKTHA, OHA OTKpBITA B cBoeM 3aMbikanun A. [lasnee, pomosnHenue
A /A rpynnel A B A ecTh oGbefHHEeHHe KJacCOB CMEXHOCTH BHIa
cA (¢ € ANA) u notomy orkpeuito B A. CregoBatenbHo, A saMkHYTa
B A, a 3"auut, A = A.

Urak, GN = LY — nuneilinas rpynna. Ee anre6po#t Jlu Gyzet,
oyeBupno, M =g + n.
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Mycers dim [/ = p. BuifepeM Takue 3JeMEHTH Ly, ..., Ep
yro | = I + RE; + ... + RE,. Ecau, xak OOBIUHO, Ay ois

A, ] oBosHauaeT NUATOHANBHYIO MATPUILY C NHATOHAMbHBIMH S/EMEH-"

Tam# Ay, ..., A,, TO, moOJaras aas MOGHX Ay, ..., Ay € R
FLAD 4 ME + o AE) = (A, A € gl(p,0),

MBI TIOJIYYHM HEKOTOPOe NpejcTaniienue anre6po . OGosnaunm gepes f
CyMMy TOPEACTaBJEHHH [ H [y,

Tak kak R O3 Av—>expf (AE))—>exp A ecrs, TH0CT€L0BATEND-
HOCTb ABYX HENpEepHIBHBIX B3aHMHO-OJHO3HAUHBIX OTOOpaKeHHH H
A —> exXp A — roMeoMop®H3M, TO MHOMKECTBO €Xp | (KE;)) = H; ro-
meomophHO R m  moTOMY JIOKadbHO-KOMnakTHO. CilefloBaTesbHo,
H; — samknyTas noarpynma B GL (r + p, C). .

O6o3nauuM Tenepb yepes LV rpynmy, nopoxaernyioexp f (I'V).
ScHo, 4TO

IR T A WA ST

[ — ‘lL 0 T ) a€ L J'
 uto LM samxuyta B GL (r -+ p,C). s Brmodenns 1E, [0 ] < [
cJENyer, UTO H,L1) — rpynna (cioBa B cuay (6.6.4)). IlosTomy,
HCIIONBL3YS PAaBEHCTBO :

expf(ME)) 0
exp i ,
0 Iy o)
JIETKO MpPOBEPHTh, 4TO LN H =1, otobpasenne LW x H,
S (e, d)y—cd € L H; — romeomopdusv w rpynna LY /A 3amMkHyTa,

exp | (AE;) =

AHaJIorHuHble pacCyKAeHHs NoKasbBa 1,410 L= LW Hy ... Hy —
saMkHyTass moarpynma B GL (r + p, C), romeomopgHas LM
X Hy X ...% H,= L0 %X R, u anrebpa Jlu rpynnet L copna-
naer ¢ T (1). [

MoZHGHUMPYS 3TO LOKA3aTelbCTBO, HETPYIAHO IIOJVYHTb CJelYIo-
niee yTBEpKJAEHHE:

(8.7.2) [an ecakodi anrcebpor JTu 1 nad C cyuwecmeyem KomniekcHas
aunednas epynna L, aree6pa Jdu komopol usomopgra 1.
Uro6bl ABUTaThCs Hafblle, HaM HeOGXOAHM TakKoH pesy/bTar:

(6.7.3) Tycmb A — komnaxmuas nodepynna 6 GL (r, C). Toeda
cywecmeyem aaemenm s € GL (r, C), dag komopoeo sAst < U (r).
Ipusmom, ecau A < GL (r, R), mo moscronodo6pams s ¢ GL (r, ),
maxoe 4mo s As™' < O (r).

(310 cpasy caenyer w3 cymectsoBadust Mepbi Xaapa; cm. [[le-
pagiie] u {[Toutpsrun |.)
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(6.7.4) Jast scakold komnakmuod arcebpor Jlu v cywecmsyem Koa-
nakmdasi aunedras epynna V, aacebpa Jlu xomopoil usomopra v.
Odpamno, areebpa Ju 8caKoll KOMRAKIMHOU AUHEAHOU 2pYNnbl KOMAUWKIN-
Ha.

HJokasareabcrBo. Kak Mbi Bujgead B § 4.3, v = u @ s i1ue 1 -
HEKOTOPbIH KOMITAKTHBIH IONYIPOCTOH Hjleas, a 3 —.LeHTp aare6phl V.

ITockosibky anre6pa u moJsynpocrta, Ad () — JAuHeHHas rpynna
(cMm. (6.2.4.)). Tak KaK u KOMIAKTHA, TO CYULECTBVET CKa/sipHOE MpPO-
H3BeJEHHe ¢ Ha U, WHBAPHAaHTHOe OTHOCHTeNbHO u. [lycth {£, ...,
E,} — 6asuc B u, aas xoroporo ¢ (E;, E;) = §,;. Ilpu rakom
BbiGope 6asnca ad (1) MOXKHO OTOXKAECTBUTL C HEKOTOPOH mnojasre6-
poit B o (r). CnepoBatensHo, Ad (u) < O (r), U, NOCKOJBKY Tpylna
O (r) xomnakTHa, rpynma Ad () Tak:Ke KOMHIAaKTHA.

Ilycte dim z = p. Torjaa mHoxecTBo V BCexX MaTpuu BHAA

a 0 \ .
0w 1y) € GLE+P.C),

Ly s

rge a € Ad (u) u

Ry ooy ot = lexp (V= 1Ay), ..., exp () — 1A,)]
opu A, ..., A, € R,
ABJIsIeTCs] KOMIIAKTHOM JMHEeAHOH rpynno# U ee anrebpa Jlu usomopod-
Ha b. .
O6partHoe oueBugHo B cuny (6.7.3). [

Yupaxknenue 1. [lycth B joxasarenbcTBe Teopembl (6.7.1) saementn £4, ..., Ep
NpHHAJIEXKAT paxuKany anare6pst L. IlokasaTs, yTo cymecTByeT JuHefinas rpynmna R,

romeomopduas RY, anre6pa Jlu KoTopoil coBmagaer ¢ pagukanom aare6pul L. Kpowme
TOTO,

L=GR, GNR=1

u L 6urosomopdHa G X R, rze G — JuHelinas rpymna, nopoxIeHHas exp f ().
310 Raer rio6aibHBIE BapHAHT TeopeMsl (3.5.1).

Ynpaxuenne 2. CBsi3Had JdaHefHad rpynma ¢ KOMOAKTHOH asare6poi Jlu moxer
He ObiTh KOMNAaKTHOH. [¥xasanue: walinute alesieBy HeKOMIAKTHYIO JHHEHHYIO
rpynny. ]

6.8. ®daarospie MHOroo6pasus

B srom naparpade HaM HOHaA06HTCS HOHATHE PaAKMOppOCmpPaHCm-
ga JuHeldHOH rpynnel. Ilyete G < L — 3aMKHyThle NOATPYTNHEBI
B GL (r, C). O6osnauum 4epe3 L/G COBOKYNHOCTb BCe€X JIEBBIX
KJaccoB cMexHoctd: L/G = {aG :a € L}, n depes m — ecTecTBeH-
HY©O mpoekiuio L 5 a+—>aG & L/G. Mbl HasbiBaeM [0IMHOXKeCTBO
B B L/G omxpeimeim, €CA¥ CYNIECTBYET OTKPLITOE MHOXeCTBO A
B L, s1s xoroporo n (A) = B. Jlerko BujeTh, 4ro L/G CTaHOBUTCS
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XaYCJIOpCpOBbIM IIPOCTPAHCTBOM {IpH TakKoM OHPEJIGJIEHHH CeMEHCTBa
OTKPBITBIX MHOXKECTB H 4TO 0T06pa)KeHue

LxLIG> (a, b G)—=abG € L/G

HempepbIBHO H OTKPLITO.

Ilyers g = 1 — anre6pet JIlu rpynn G u L cOOTBETCTBEHHO.
BriGepem moamnpocTpancTBo P B [, Takoeutro [ =g + p, g N » = 0.
Kak u npu JokasatenbcTBe TeopeMbl (6.1.3), MOXKHO HaHTH TaKue
OKPECTHOCTH (o H Po HYJIA B § H P COOTBETCTBEHHO, YTO OTOGparkeHue

P X G D (X, Y)—exp X-expY € L

6uronomopduHo u (exp (Po) exP (g,)) N1 G = exp (go). [Noabepem ok-
DECTHOCTE Py = —Py C Po HYJAsl B P, HaCTOMNBKO Maiyio, HTOGH
(exp (¥))* = exp (p;) exp (go). Torma (exp (%))* Nl G =1, oTkyaa
clefyeT, uTO OToOpa)KkeHue

w3 X—uwn(exp X) € L/G

B3aHMHO-OJHO3HAUHO H sIBJSETCST TOMEOMOD(H3MOM Ha HEKOTOpYIO
OKPECTHOCTb 3jemeHTa n (1) B L/G. CienoBaTeqlbHO, HCHOAb3YsT OTOG-
paxkeHHe, o6paTHOE K OTOOpa)KeHHUIO Py 3 X+ an (exp X), MBI MOXKeM
BBECTH JIOKAJBHYIO CHCTEMY KOOPAHWHAT B OKPECTHOCTH T (a eXp (¥o))
ajeMeHTa « (a). Ornyckas noApoGHOe AOKa3aTeJdbCTBO, CHOpPMYJH-
pyeM caelyOLy0 TeopeMy (YHTATeNb MOXKeT 06paTuTbC;1 K KHHre
[IIeBane ]):

(6.8.1) Hycmo L — auneidnaa zpynna u (G — ee 3amxuymas noo-
epynna. Toeda gaxmopnpocmparcmgo L/G obaadaem 20a0mopProl
cmpykmypol, €02AQCO8AHHOL ¢ monoaceueld GaKmopnpocmpancmea
u makod, wumo L sasasemcs 2oromoppmusim  paccaceruem wad L/G
(m. e. L aokaabuo ycmpoero xax npamoe npousgedenue L/IG na G u
omobpancerue L X LIG S (a, b G) —> abG € L/G 20a0M0ppHO).

B ciyuae korpa L u G xommiekcHsl, L/G 6yner C-ronoMop@HLM
MHOrOO6pa3deM, U Mbl MOXKEM 3aMEeHHTb B NPHBEJIEHHOM Bhllle YT-
BEPMIEHUH «TroJIoMOpdHbIf» Ha «{C-rosoMopdHLIL».

Tenepr HaM HYKeH CJAeLVIOUUH pe3y/bTar:

- (6.8.2) [Tycms G — auneunan epynna, K u H — ee samknymete nood-
epynnot. Ecau K komnakmuna u G = KH, mo omobpascerue
KIKNQNH>a(KN H — aH € G/H clopvesmusio u 6uzoao-
mopgHo (smo moxcro 3anucame max: KH/H = K/(K I H)).

JokasateasctBo. OTobpamxenve K > a+—> afl € G/H HenpephBHO
H CIODBEKTHBHO H HHAYUHUPYeT B3aHMHO-OAHO3HayHoe orobpa-
xeune P us K/(K § H) na G/H. Tlockoawsky rpynna K/(K N H)
KOMUAKTHA, P — SABJASIETCS TOMEOMOP(H3MOM.
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O6o3nauuM uepe3 g, ¥ u b anre6pu Jlu rpynn G, K u H coor-
BeTcTBeHHO. Torma anarebpoit Jlu rpynner K | H Oymer £t N b u

dimt —dim @ N b) =dimg — dim § = dim G/H.

CnegoBateabio, dimg=dimt-+ dimbp —dim@E N H u g=1
-+ b. Bribepem noampoctpaHcTBo p B £, Takoe uto f = (f ) )+ oy

u(E N o N p~OTorﬂauMeemg—b+pbﬂp—O [Toatomy
JUIST JOCTATOYHO MaJIol OKPECTHOCTH Py HYJSI B P U Aas Jwoboro a € K
06a oTo6paxeHust P, > X —>aexp X-H € G/H uypy > X+—>aexp X
x (K 1 H) € K/K N H 6uronomopdusur. [}

Iycts P (r) 0603HauaeT COBOKYNHOCTb BCEX BepXHe-TPeyroJbHBIX
marpun us GL (r, C). Slcuo, uto P (r) — anrebpauyeckasi rpymnmna
H ee anrebpa JIu p (r) coBnajaer ¢ MHOMKECTBOM BCEX BepXHe-Tpey-
rofbHBIX Matpuu. [lycTs, panee, U (r) — rpymnmna BCeX YHUTapHBIX
matpuu u3 GL (r, C), u (r) — anre6pa Jlu rpynnet U () u T (r) —
nogrpynna B U (r), cocrosimiasi M3 BceX JHAarOHaJbHBIX MaTPHIL
ley, ..., 8,1 ¢ |eg] = ... =g | =1.

Tor1a

T(=U@NPwO.

Ias kaxpao# marpuusl X = (x;;) € gl (r, ) sagagum MaTpuuy
= x; ( i) w y; =0 (i <j). Torna
(Y ) € v (r). CaenoBarenbHo, U (r)

na U (r) KoMIakTHa, TO

Y = (y;;), mnomaras Y;;

Y —tY €u() nu X —

+ 9 (r) = gl (r, C). Tak-KaKk rpy
GL(r,O)=U (P,

B cuay (6.6.5), u muoroo6pasus F (r) = GL (r, C)/P (r) u U (r)/T ()
GHrOIOMODGHEL, B CHJTY (6.8.2). Tak kak rpynna P (r) anreGpauyHa
M KOMIUleKcHa, To F (r) ectb C-rosomopdHoe MHOrooGpasne, H NpH-
tToM kKomnakTHoe, u6o U (r)/T (r) xoMnaxTHo.

[Tycte Tenepb q (r) o603HauyaeT COBOKYMHOCTb BCEX HHXKHE-Tpe-
YrOMBHBIX MaTpPHI C HYJIEBbIMH 3M1€MEHTaMH Ha JAuaronaiu. flcuo,
uTo q (r) — HUJABNOTEHTHasi anrebpa Jlu u

Q(r)=-exp(q(r) ={1 +X: X € q(r}}

— anre6pauueckas rpynna B GL (r, C).
Ianee, mas Beskoro a = (q;;) € GL (r, C) nosoxuM

et ay .- .a,
na)= ITdet| ....... )

= aj,. . .q;,
1(r)={a € GL (r, C): n(a) = 0}.

QueBuguo, 1 (r) P (r) = 1 (r).
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(6.8.3)) ) GL(r, ) =Q (NP (r) U () (Quasionkmuoe o06vedu-
He1i?). o

2) L(NPr)y=1().

3) Bearas mampuya o= (u;;) € GL (r, ONUI (r) moxem Goune
eOuncmeennbin 06pasom 3anucana 8 eude ,

@ = (@) M), 2de p(@ € Q) A(a) € P (),

npuiem sremermo. mampuy W (a) u A (a) cymo payuonasree pymk-
duw om a; (i, j =1,...,n.

Mokasateabcrno. [IpoBeseM HHAYKUHIO MO 7. Cayua#t r = | TpuBH-
aJleH.

[lyets a, b, ¢, u d — maTpuus pasMepa (r—1) X (r — 1),
(;/:E 1y 1, 1 X (r—1) n 1 X 1 coorBercrBenno. Ecan det a
, TO

(ra b) (1,_l 0) a b \
¢ d)  \eat 1,/ \0 d—i‘a“b)

(a O)(I,_l aly )
0 1,/\0 d—ca'l)’

1, O)
T leal | ;

1/

: a b . :
najee, ecau (C d) E1(r), To a&&l(r —
TeM cambiM MBI CBENH €710 K cayyawo r — 1. [

%ameqaﬂue. Pasnoxenne w3 (6.8.3) sBasercss 4acTbio pasioxcenus
proa .
GL (r, ©) = UQ (r) sP (r) (mu3blOHKTHOE o0benrHEHHE),

Tlle s npoGeraer Bce MaTPHIUBI EPECTAHOBKH (OMpeieeHHbE B § 6.6).

Hyers § — nonynpocras anrebpa JIu nag C, b — ee noganreGpa
Kaprana 0 B; > B> ... > B > 0 — COBOKYIHOCTh BCE€X IIOJIO-
HHTENbHBIX KODHEH OTHOCHTE/JbHO HEKOTOPOI'0 MHKCHPOBAHHOIO YIIO-
panodenus. [lycte H,, ..., H, — Gasuc B § u {Eiﬁi: i=1, ..., k}

— Oasuc Beiina (em. § 5.1) anrebpbl g mo MonyJaro B. ITosoxkuwm
X[:Egi, i=1, ..k,

Xk+f:va j:l""yly

Xk+l+[:E i—_—‘~l,...,k.

'Bk—i +1°

Toraa {Xi, ..., X, (r =1+ 2k)} — Gasuc B g. Haa yno6ersa
OyneM OTOXAECTBASTH O € gl(g) c marpuueir D € gt (r, C), npex-
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crapasitomeit 6 B Gasuce Xy, ..., X,. Kpome Toro, ang Bestkoft mnopn-
anrebpnl JIu m B gl (#, C)r OymeM ucnoabsoBatb oGo3HaueHHS

ad(m) = lad X1 X € m} <= gl(g) =gl (r, C),
Ad (m) — nogrpynna B GL (r, C), nopoxaennas exp (ad (m)).
[Tonoxum .
p=5+ D CEs, q=3 CE,
>0 >0
slcHo, uTO P M q — nojanTedpsl B g M-
g=q+9 gNpr=0, ad(Q) =q(), ad(» < v ().
[Tockosmbky Aut (g) — anrebpanyeckas rpynna B GL (r, C),

ee xoMmnoHeHTa enuHuibl Ad (g) TakKe siBasercss anreGpanyeckoit
rpynmol, MO H3BECTHOH TeopeMe ajire6panueckoil TEOMETPHH.

(6.8.4) Ad () « Ad (v) — aarecbpaudeckue epynnet, u
Ad (g) = Ad (q)-Ad () U [ (Qudzronkmuoe o6vedunenue),
[-Ad () =1,
ede
I=Ad(g) N 1.
(Ad (p) HasblBaercs nodepynnoi Bopeais 6 Ad (g).)

HMoxkasateascrBo. Pynkuus m C-ronomopdna va Ad (g) u, oueBuaHo,
He paBHa HyJw ToxaectBenHo. CJenoBareanHo, [ = {a € Ad (g):
M (@) = 0} uMeer (TONOJIOTHYECKYIO) pPasMEpHOCTb, He OOJbUIYIO
yem dim Ad (g) — 2. Cnenosarenbhno, mHoxectBo Ad (g)\/ cBsisHO.

Ilycte a npunapiaexutr Ad (g)\/. Torma a MOXHO 3anucaTb
B BHJE

a=yp(@h(a), rie p (@ € Q (N, (e € P (n.

Ilyctb f — MHOTOUJIEH OT n* nepeMeHHBLIX, PaBHLEIM HYJAIO Ha aJre-
6panveckofi rpynne Ad (g). Ecau maTpuua a = (a;;) A0CTAaTOYHO
6auska K 1, 1O ) :

a—=exp(ad X)-exp(adY), X €q, YV € ».

CnegoBarenbHo, W (a) = exp (ad X) u f (n (@)) = 0. Tlockoabky
f o w — panuosanbHas QyHKUMS oT @;; U MHoxectBo Ad (g) \ [
CBsI3HO, MBI 3akJjiouaeM, uTo [ (1 (@)) = O ms Bcex a € Ad (g) ./,
a sHawuT, u (@) € Ad (g). Aunanornuno A (a) € Ad (g). Ilosoxum

Ad(@NQ(=Q, Ad@NPr =~

Torna Ad (g) \\ I = QP, rue Q u P — anre6pauueckue rpyTMns,
comepxauipe Ad (q) u Ad (y) coorBercTBenHO. Tak KaKk NPOCTPAHCTBO
CAd (g) > [ cBasuo u QP romeomopdHo Q@ < P, To Q 1 P cBA3HbLL W
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Q = Ad(g), P = Ad (). _ ’ T
creayer, w0 1 Ad ()& T Ak e g OPO =10

Pacemorpum KOMIAKTHYIO BeIECTBEHHYIO dopMy u aﬂredpm g :
w1t ‘; R (Ep; + E-p;) +Ri (Es, — E-p;) t=ib,.

ITockonbKy % koMmakTHa u nonynpocra, Ad (u) — KoMnakTHas
rpynna (3TO BHITEKAET H3 J0KA3aTeNbCTBA TeopeMul (6.7.4)), u Jaerko
BUICTb, 4TO W 4+ p =q. B cuay (6.6.5) u (6.8.2), umeem

Ad(g) = Ad (1) Ad (p)

Ad ()/Ad (v) = Ad (wy/(Ad (p) N Ad ().

Hokaxem, uto Ad (p) N Ad (w) = Ad (t). Tak xak ajnr
KomMmyTaTHBHa, To Ad (t). — aGenesa rpy(nzia, a 3HavHT, agSJr;:Bof:-
rpynnoi OymeT u ee sambikaHue. COrJacHO (6.1.6), anre6pa JIu t’
STOro 3ameikanusi abeneBa. Tak Kak t — MaKcuManabHasi abesnena
noganre6pa B u, to t' = ad ({) u rpynna Ad (t) samkuyra. Ilo-
CKOJIBKY Asi (ku) KoMnakTHa, T0 H Ad () xomnaktHa. C sapyrofi cro-
pounl, ad (] ,-'=1(CEBI.) — auareGpa JIM, cOCTOSIIAS H3 HHJLIOTEHT-

HBIX JIMHEHAHBIX Npeo6pas3oBaHuil, W

Ad (\él CEBJ-> = exp (ad (/51 CEB/.>>

He COAEPKHT KOMIAKTHBLIX noaArpynm. Jlerko BHJETb, 4TO
Ad(p) = Ad (t)-Ad (3. CEg), Ad(t) N Ad (Y, CEp)=1.

Ilostomy Ad (u) N Ad (p) — komnaxkTHas T
Ad (t). Cnenosarensuo, Ad w N Ad () = Agy(lt])?a’ conepmamas

i Onpeoerenue. [lns Besikoll KOMNaKTHON nosynpocrofi  ajareGpml
Hu

F {u) = Ad (u)/Ad (t)

HA3BIBAETCA (prazo6bim mHo2006paduen,

F (1) sBisercs KoMmakTHBIM C-ronomopdunimM MHOr'ooGpasueM,
IOCKOJBKY OHO Gurosomopduo Ad (g)/Ad ().
Teneps Ham mnonamo6utcs clenymoas JeMMa:

(6.8.5) [Tyeme M — cgasmoe duippepenyupyemoe MHO2006pasue u
S — BamrHymoe nodmmomncecmso e M , makoe umodim § < dim M — 2
ITycme, Odaree, p npumadremum M \_S u y: 00, 11— M — ne-
npepbisran kKpueas, yooeaemgopaH4as Yeaosuso Y (0) =9y (1) = p.
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Toz0a natdemca kKpusas Y, 20MOMONHAR ¥, KOMOpAs Aexcum 8
M S u maxwme yoosaemsopaem ycaosurw ¥’ (0) = ' (1) = p.
(Cum. [Xenaraconl.)

(8.8.8) Teopema. Bceaxoe ¢haazosoe mHozoobpasue F (1) odHocesasHo,

JoxasatenbcTBo. Ad (g) siBasieTcs paccjoeHMeM ¢ Gasoin F (u) u
tunuyabiM croeM Ad (v). TTockosbky /-Ad (p) = [, I ecTb orpanu-
HUYeHue 3Toro paccyaoenusi. O6o3Haunm yepes /* Ga3y 3Toro orpaHu-
veyus: [* = {a Ad (p) € F (u): a € I}. Tak kak dim / < dim [ (u)
— 2, 10

dim /* = dim / — dim Ad (p) < dim F (1) — 2.

[Mockoabky F (u) = (Ad (q) Ad (p))/Ad (») U /* (ausblOHKTHOE 0GB~
efuHeHue) u /* 3aMkHyTto B F (u), a KpoMme TOro, MHOroofpasmue
(Ad (q) Ad (p))/Ad (p) GuronomMopdHO q U ORHOCBA3HO, MBI 3aKJIIO-
yaeM Ha ocHosBaHuu (6.8.5), uto F (u) opHocBs3HO. []

Ynpaxnenue. F (8u (2)) — asymepnas cgepa.

6.9. Teopemn Beiing o KoMpmakTHmIX rpynmax JIu

B sToM ndparpade HaM mnoTpefyroTcs HEKOTODHIE 3JIeMEHTapHbIE
cBefieHus o rpynnax Jlu. Bce Heob6xonuMele onpejesieHHs] H pe3yJb-
TaThl YHTaTeNb MoxeT HaiiTh B [Ilesanne], u Mbl He GyneM KaxkAbl#
pas JenaTk CCHJIKY Ha 3Ty KHuTY. Bce pesyneTaTsl faHHOrO naparpaga
o CcymecTBy npuHaanexar I'. Beimo. )

Mer 3naem, 4TO 8l (2, C) — eguHCTBEHHas C TOYHOCTBIO JO
SKBHBAJEHTHOCTH KOMIJIeKCcHas npocras anreGpa. Jlu panra 1. Ilo-
CKOJNIBKY 8u (2) — KOMUIAaKTHasl BelllecTBeHHas ¢opMa anareGper 8l
(2, C), ona gBasieTcsl eNUHCTBEHHOH KOMMAKTHOH (MOJy)IpOCTOH
anre6poil JIu pasMmepHocty 3, uau panra 1. CssisHas JuHe#Has
rpynma, cooTBercTBylomas 8u (2), — 310 Tpymnna

‘N
su@ =i, Slhuecrptiuk=1y,

romeomopdHass enunuunon chepe B8 C* uan R* u ogHocBsizHasd.
CnenaeM eme oJHO 3aMeyanue nmo nosoay rpynnel SU (2). Has Jio-
Goro X w3z du (2) rpynna exp (RX) komnaktHa. B camom jere,
3aMbikaHue rpymnel exp (RX) — xomnakTHas cBasHas abeneBa rpyn-
na, HO Bcsikasi abeseBa mnogajire6pa B 8u (2) uMeeT pasMepHocTb <.

(6.9.1) (NI‘. Beitne) [Tycmo w — komnaxkmuas noaynpocmas aseebpa
JAu u U — yrusepcarvnas HAKPoi8aouas epynnot Ad (w). Toeda
epynna U Komnakmua.
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MokasareabcrBo. [lycte ¢: U — Ad (1) — HaKphBalOmWUi  romo-
MopdusM. OGosnauuMm uepez T KOMIOHEHTY efuHHinl B ¢~ ! (Ad (1)),
20e t — nopasnre6pa Kaprana anre6pel w u Ad (t) = {exp (ad X):
X € t}. Torma ¢ ! (Ad (1))/T — nuckpeTHas rpymnna H

U/T — U/e™ (Ad (t)) = Ad (2)/Ad (1) = F (u)

— HakphlBatomee oTobpaxkenHe. [TockonbKy F(it) OHHOCBA3HO, 5TO

oTo6paxenue J0MKHO GbTh B3aHMHO-0JJHO3HAYHEIM H ¢~ * (Ad (t)) = T.
[lycts exp of6o3Hauaer 3KCNOHEHIHAaJbHOE oTOOpaXkeHue anreGphl

Jlu u B rpynny Jlu U. Torpa T = exp (t). Myems a4, ..., o, — Ga-
3UC KODHEBOH CHCTEMbI aareGpel g = u® OTHOCHTENbHO MOZAJTre6Gphl
Kaprana ) = t¢. Torna

t=R} —1Hy + -+ + RV — 1H,,

exp(t)=exp (R} —T1Hq)...exp (R} — 1Ha).
Ilycte {Eg} — Gasuc Bebisi. Torpa pas maw6oro Kopus P
=RV — 1Hy+R(Es+Ep) + RV —1(Eg— Ep)

ectb npocrtag aarebpa Jlu ¥ ug = 8u (2). Obosnauum yepes Up
aHaJHTHYeCKYIo noarpynny B U, cooTBeTcTBylomylo ug. CymecTByer
HenpepoIBHBIH romoMopduam u3 SU (2) na Ug. CnenoBartensHo, rpynna

exp (R /' —1 HB), KaK HempephIBHBIH 06pa3 ojHoNapaMeTpHUYECKOH
noarpynnel B SU (2), komnakrtHa. [lostomy kaxkigass H3 rpymnn

exp (R} —1 Ha‘.) KOMIAKTHA H, 3HAuHT, exp () komnaxTHa. Ilo-

CKOJBbKY (akToprpynna Ulexp (t) = F (1) Tax:ke KOMMaKTHa, KOM-
nakTHa u rpynna U. []

3ameTuM, uTo Teopema (6.9.1) momyckaer Takyw nepedopMysu-
POBKY:

(6.9.2) Bceakas ceasnan epynna Jlu, umerouyas KOMRAKMAYHO NOAYNPO-
emywn aszebpy Jlu, Komnaxmua.

[lycth u — KoMIakTHast nosaynpocTas anrebpa Jlu pasMepHo-
CTH r, U nycTb ¢ npuHamaexuT Ad (u). IlockoabKy opTHLATENbHO-
onpenenerHas ¢opma KuanuHra MHBapHaHTHa OTHOCHTENbHO JIMHEH-
HOro npeo6pasoBaHHsi O, 3TO npeoOpasoBaHue . noaynpocto. O6o-
3HayuM 4Yepe3 u (0, 1) coOCcTBEHHOE NOANPOCTPAHCTBO JHHEHHOIO
npeoGpasoBaHusg O, OTBeyalomee COGCTBEHHOMY 3HaueHno 1.
w(o, 1) = {X € v X = X}. Kak # B (5.3.4), umeem

dimu (o, 1) » ranku = /.
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Ml GyjieM HasplBaTb O pPe2YAApPHbIM, €CJH dim u (o, 1) = [. Ilycto
v (B, 0) — XapaKTepUCTHUECKHH MHOrO4JIeH npeo6pasoBaHua 0. -
Hmeem

X (E 0) =det(§l —0) = E— 1)+ % (O E—= DT

A (O (E— 1)
CJlel0BaTeIbHO, aBTOMOPGH3M O DEerysasipeH TOria W TOJBKO TOTAd,
korga x; (0) == 0. TlockosibKy ¥, — TojomMopguas ¢yHKUHMA, He paB-

Has TOKIECTBEHHO HYJIO Ha CBA3HOM MHOroo6pasun Ad (1), MHO-
ECTBO BCEX PETyJAsipHBIX 3JIEMEHTOB OTKPBITO M ILIOTHO B Ad (u).

(6.9.3) Cosokynnocmo 6cex peyAApHbIX SAEMERIMOs  epyniiol Ad (n)
06pasyem OmMKpLIMOe NAOMHOE NOOMHONMCECTBO. Ias 06020 peeyaap-
no20 saemenma o € Ad (W) nodnpocmparcmeo u (0, 1) searsemcs
nodanzebpoii Kapmawa 6 w u o € Ad (u (o, 1)).
JlokasareabcTso. [losoxum m = (6 — 1) w. Torna

u=1ulo, 1) ®m
PaccMOTPUM KOMIIEKCH(HKAUMIO alre6per U

u® = u (o, NC@m".

’ C
SICHO, UTO G MOXHO MNPOAOJKHTb 1O aBTOMOpQH3Ma anre6pel  u-,

KOTOPBbI# Mbl Takxke 0003HauYWM uepes o, H omC = m€. Caenona-
TeapHo, mC passiaraercsi Ha COGCTBEHHBIE MOANPOCTPAHCTBA:

mC = ut (o, M) ~uC(o, p)+ -, raeh =1, nz=1, ...
Tak xak u (o, 1)°=1u" (o, 1), 1o [u (5, )&, u® (o, M) < ut (o, A),
B cuay (4.4.3), 2). Ilostomy
[u(o, 1}, u(o, )j = ulo, 1), fu(o, 1), m] = m.
[lycTh X — peryJsipHbifl S1eMeHT anreGphl Ju u (o, 1). Torzna
u(o, 1)=a @ n,
rie a — nopanrebpa KapraHa B u (o, 1), coxepxamas X, a ==
= (ad X) u (0, 1). Takum 0OpasoMm, HMeeM
u=adn s m,

Ile @, m A WM HHBAPHAHTHBI OTHOCHTENbHO O H ad X. TIocKOABKY
X € u(o, 1), T.e.0X = X, 10 0 0 ad X = ad X ¢ 0. I[lomoxum

o(M) =oexphilad X), A € R.

Tax xak mnpeoGpasoBanue o — l|;; HEBBIPOXKAEHHO, TO H o (N)
—1 |m HeBBLIPOXKJEHHO, €CJAH A JOCTaTOYHO OJH3KO XK 0. Tlyctb
iy --.s Gy — COOCTBEHHBIE 3HAYEHHS CYXKEHHs npeo6pa303aﬂuﬂ adX
Ha n°. BuBepeM A Tak, 4Tobhl | ;A | < 27 past | = 1, ..., h. Torna




216 Ia. 6. Junedrve epynnot

npeo6pasoBanue exp A (adX) — | HeBblpoxieHHO Ha n. Crnenosa-
TenbHO, Ha#fercs A = 0, mas xKoroporo u (o (A), 1) = a. Ua pery-
JSIPHOCTH O caenyer, uto U (0, 1) = a. [lostomy anre6pa u (o, 1)
aGeneBa u dimu (o, 1) = {. CnepoBarenpHo, u (o, 1) — non-
anre6pa KapraHa B u.

C apyro#t cropoHel, ecaH (0 — 1)t = 0 gaa HekoTopoH nogaf-
anre6pel Kaprtana t, To o € exp (ad (t)), B cuay ynpaxkHeHus
K §54 [

(6.9.4) [Tycmo L — ceasnan auxetinas epynna u | — ee arcebpa Jlu.
s x € L umeem xlx* =1, noromum (Adx) Y = xYx ' Oaa
Y € 1. Toeda x+— Adx ecmo eomomoppusm uz L wa Ad (). SHopo
amoeo ecomomopusma (npucoedurnennoeo npedcmagaenus) epynnet L
cosnadaem c ee YeHmpoMm.

HoxazareapctBo. Jas X u Y us |
exp X-Y-exp (—X) =exp (adX) Y £ L

[lycte x npuHapiaexut L. Toraa cymecTByloT Takide 3JeMeHTH
X:, ..., Xy €1, uto  x = exp X, ... exp X,. CnenoBaTejbHO,
(Ad x) Y = exp (ad X;) ... exp (adX,) Y. € I u {Ad x: x € L} cos-
najaer ¢ rpynno#, nopoxnenHodt exp ad (I), r. e. ¢ Ad (f).

Ecau Ad x = 1, to xYx ! = Y H, sHauuT, xexp Yuxl=exp V¥V
nasi Bcex Y € . Tax kax exp (I) nopoxuaer L, To x NpUHALNEKUT
ueHTpy L. O6paTHo, ecan X NIpUHALJMEKHT UeHTpY L, To aast awboro Y
u3 I umeem xexp AYx ! = exp AY. duddepeHuupys obe uacru
a0 A npu A == 0, gonyuum xY ¢! =Y. CinejoBatensuo, siApo 1ipu-
COEJIMHEHHOro MpeACTaBJeHHsI COBMajaeT ¢ UeHTpoM rpynuut L. []

ITyers L — koMmnakTiasi rpynna Jlu M3 teopun lletepa-—-Behus
BHITEKAET, UYTO CYLLECTBYeT JHHeHHas rpynma, (OHrojaomMopdHo)
usomopprasa L. IlycTh u — KoMmMnakTHas mnosynpocras anrebpa Jiu.
CorsacHo (6.9.2), Bcakas cBsizHast rpynna Jid U, uMewwas anre6py
JIn u, komnaxktHa. CjenoBarejbHO, MBI MOXE€M IIpeAnosaraTb, UTO
U — nuHelHas rpynmna.

(6.9.5) (I'. Beduis) [Hycmo U — komnakmuas c8A3HAA NoAYNPOCMAs
epynna Ju. Toela scaxuti ee 31eMenim coOepitumes 8 HeKomopoL Max-
cumarbHoll c8s3H0U abenesol nodepynne. B uacmmuocmu, Ikcnoued-
YUAAbHOE 0MOOPAdteHUe CIOPBEKMUBHO.

JokazateascrBo. (i) Yacmuewd caywad: U = ad (w), rae u noay-
npocta. Ilycte p npuHagiexut Ad (u). Torma mafinercs mnocaeno-
BAaTeJbHOCTb 0y, P, ... PETYJASPHBIX 3JIEMEHTOB, TaKas 4to lim p; =
= p. Ilycte t — Kakasf-HHOYIb (HKCHDOBaHHas MNopjaire6pa Kap-
TaHa anrefpel u. Cormacuo (6.9.3), u(p;, 1) — moganre6pa Kap-
TaHa ¥ p; € exp (ad (u (p;, 1))). B cuay (4.6.3), cymecrBytor aBTO-
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’ L= i 1)’ ]: 1, 2, e
vopduambl 0, € Ad (n), aist KoTophix 6, = u (p;
C gg)yroﬁ, C’Ij‘OpOHbI, aas mobex o € Aut wu X, Y.cu

exp (ad (6X)) oY = oY +[0X, oY ]+ L loX, l0X, oYl + -

= o (exp (ad X)Y)

exp (ad (0X)) = o (exp (adX)) o= ".

nbHO, exp (ad (u(p;, 1)) = exp (ad (8;t)) = 0, (exp (ad (1))
(szleli)Bg.T%d (t) 6,“-"?15 6,‘-1pf8j~ € Ad (t). Tlockoapky rpynna Ad (u)
KOMIAKTHA, Mbl MOXEM NPeiNoJoXHTb, 4To lim 8; = 8,. Torma

~ip0 Ad (1) = exp (ad (1))-

% p('110) %6u4uL(i)myttaL1F.) [lyets  u — anre6pa Jlg rpynnel U. 0603-.
HAYMM 4Yepe3 ¢ NpPHCOeAMHEHHOe TMpPENCTaBJIEHHE TpYIIIBI U, o:
U — Ad (w). Hnasa nwo6oro 3/jeMeHra ¢ H3 U Ha#percs unonam‘eépa
Kaprana t B u, takasa 4TO @ (c) € Ad (t)). C ppyro# CTOpOHBI,
rpynna ¢-* (Ad ()) cBdA3Ha, B CHIY (6.8.6). CrnenoBaTe/IbHO, ¢ CO-
JepxKHTCs B CBSI3HOH a6enepoii rpymme ¢ ' (Ad (). O

[lycts U — cBsisHas JuHeRHas rpynna H U — €€ anre6pa Jlu.
[IpefnonoKUM, YTO U KOMIAKTHAa H MOJTYIpOCTa. [Tycte t — HeKo-
topas nogaare6pa Kapraza B u. Torga T = exp (1) —-—ialyiﬂ_lfl-IYTaH
moarpynna BU. Tak kag T cBssHa H a6enesa, 10 T = 1°, Tme
T= R/Z. Tpynna Jiu T naswiBaercst mopos. OueBuiHo, 4to I'—
MakKcHMaabHBIH TOp B U. U

[Myctb A — MaxkcHMajabHas CBs3Had abenesa moArpymnna B U.
Fe 3aMblKaHHe TakxKe JOMKHO ObITh CBSI3HOH abeqeBOd TIPYMNIOH.
CnenoBaTebHo, noarpynna A 3amkayra. Ilyctb a —ee ajare6pad JIu.
QOueBHjHO, a -— MaKCHMajbHasd aﬁenesarnonanreﬁpa B U M, 3HAYUT,
nopanre6pa Kaprana.  CienosaTeqbHO, CyUIeCTBYeT  JIEMEHT
o € Ad(w), ans KoTOporo 04 = t. IMockonbxy MNPHUCOEJHHEHHOE
npeicTaBJeHHe CIOPBEKTHBHO, HaHAETCA 3J1f:¥eHT x € U, gasa Ko-
toporo x ax~' = t H, CJe10BaTeNbHO, xAx 1 =T.

(6.9.6) Mycmos U — Komnaxmras CeASHAA noaynpocmas Auxelnas
epynna u T — MakcumaabHbiil mop 6 U. Hycmo, daree, N (Tzl—_nop-
masusamop nodepynnet T 6 U: N(T) = {xCE U: xTx* = T}.
Omoncdecmeum Kopresyo cucmemy A anzebpel W~ ¢ coomsemcmsyio-
wum NOOMHOXCECTBOM QA2E0PbL JTu t epynnee T. Toeda omobpascerue
N(T) 3 x+—>9 (x) = Ad x|y undyyupyem usomopusm  Gaxmop-
epynnoe N (T)/T na epynny Bedian Ad (4).

Jokasateasctso. st x € N (T) umeeM (Adx)t = t. Tark xak
Adx € Ad (w), 1o Adx|; € Ad (), B cuay (5.3.6).
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Hanee, ans moboro S € Ad (A) Haligercs BBHAY (5.4.2) aBTo-
Mopism o € Ad (W), Takoil 4TO 0|y = §, a noexo/ibky -oTobpa-
wedne Ad: U — Ad (1) clopbeKTHBHO, HAfleTcsl TAKOH 3JeMeHT
x € U, uro Adx = 0. CaenoBarenbho, (p CIODBEKTHBHO.

3amerum, urto neutp C rpynnbl U comepxutcss B T. B camom
Aene, mo teopeme (6.9.4) mas Begxoro ¢ € C cymlecTBYeT Takoe
y &€ U, uto yey'=c¢€ T.

[Tycte K — sgpo romomopduama . Slcuo, ato K = T. Ilycts 2
npunaanexnt K. Torna (Ad x — 1)t = 0 u, B cuay ynpaxHenus
K §54, Adx =-expad H jgisn Hekotoporo H € t. Tlostomy
Ad (x exp (—H)) =1 u xexp (—H) € C. Tak kag C — T, 10
x € T. Cnenosarenvno, K = T. 0 :

Ynpaxuenne 1. B ycaosusix npepnomxennn (6.9.6) uenrpatusarop C (T) = .
Xy = yx ina BCeX y € T) cosnamaer ¢ T P PCN={xecU:

YHpa)KHeque 2, O606muTs Teopemy (6.9.5) Ha DPOU3BO/IbHEIE KOMIAKTHBIE CBS3-
Hbie JHHEHHbIE TDYIIHL.

Ynpaxunenue 3. [Tosynpocrass cBA3HAs JHHeHHAS rpynna G KOMRNakTHa B TOM H
TOJNBKO TOM CJayuae, Korga ee ajirefpa JIM KomnaKTHa.

[';1aBa 7
HENPHUBOJAUMDIE MPEACTABJIEHUS

7.1. Bpegenue

B npeapiAyluHX IJaBax Yy:xe Oblia INOCTPOEHA 3HAYUTEJNbHAS YacTb
TEOPUH npeicTaBiaennii. B 3ToM naparpade Mbl pacCMOTPHUM MOBTOPHO
HEKOTOpble OCHOBHEIE MOMEHTH H 0006IIHM MX B TAKOM BHAE, KOTOPHIH
6yaer Ham yzaobGeH A48 naJbHeluiero.

ITycte V — BeKTOpHOE NPOCTPAHCTBO (BCEraa ImpeanosiaraeMoe
KOHEUHOMEpPHBIM) Haj moJieM P H g — anarebpa JIn Hax noxmnojem P

noasi P. TlpeacraBienue anreOpel ¢ Ha V — 5370 orobpaxeHue f:
g — gl (V), ynoBnersopsiomee cJaelyIOMHUM YCIOBUAM:

(1) f(aX + bY) = of (X) + bf (V),

2 FUX, YD) = (X)), (V)]

gasisecex X, Y € gua, b € P. Takoe orofpaxkeHnne Mbl YCIOBUJIHUCH
o6o3Hauatb uepe3 (V, f). :

ITycte (V, f) — npencraBnerne anrebpel ¢ 1 V* — npocTpaH-
CTBO, AyanbHoe K V. Jlna Beakoros € gl (V) onpepennm s € gl (V*)
yeaoBueM (fsAh) (v) = A (sv) npu A € V*, v € V. Hmeem ‘sy’s, =
= ?(8,8;). IlosoxuB f* (X) = —*f (X), Mbl NIONYYUM INpeJCTaBIEHHE
(V*, F*), Kotopoe HasbiBaetcsi Oyaserbtm K (V, f) npedcmasasenuenm.

Ecnu (Vy, f) v (Vg, f2) — npencraBienusi aare6pel g, TO MOXKHO
noctpouth HoBole mnpenctasaeHust (Vi @ Vi, 1 @ fo) u (V1 & Vy,
f1 ® f,), nonaras

(f1 @ f2) (X) (v1 -+ vy) = [ (X) o1 + 5 (X) v

(f, & f2) (X) v, Quy) = f1 (X)v, @0, -+0, @ f2 (X)),

Brinoanenue ycnoBuit (1) u (2) npoBepserca 6e3 Tpyaa. ITH NpeaCTaBs-
JIEHHS1 Has3blBalOTC COOTBETCTBEHHO CYMMOH H (TE€H30DHBIM) IPOH3-
BenenueM npexacraBnaenuit (Vy, fy) u (V,, fo).

W3 Besikoro npepcrasienust f: g — gl (V) anreGpel - § MOXKHO
NONYYHUTL TpPEACTaBJeHHe Ha TeHzopHOH aarebpe T (V) npocrtpaH-
ctBa V. J[eficTBHTENbHO,

TV)=P+ TV ---@V -

r=l r pas
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Hanee, ans mo6oro S € Ad (A) Haiizeres BBHAY (9.4.2) amrTo-
vopdus o € Ad (1), takol uTo ol = S, a noekosbKy otobpa-
medie  Ad: U — Ad (1) ciopbekTHBHO, HafiieTcst Takofi SaeMeT
r € U, uro Adx = o. CaexosarenbHo, ¢ CIOPBEKTHBHO.

3ameruM, uto uentp C rpynnbl U cogepxurcs B T. B camom
Aesie, mo Teopeme (6.9.4) ans Besxoro ¢ € C cyulecTBYeT Takoe
y & U, uro yey ' =¢ € T.

ITyete K — sinpo romomopdusma ¢. Scuo, uto K = T. ITyetp 2
npuHanaexut K. Torma (Ad x — 1)t = 0 u, B cuny ynpaxHenus
K § 54, Adx =expad A pmns wmekoroporo H ¢ t. Tlostomy
Ad (x exp (—H)) =1 u xexp (—H) € C. Tak kak C — T, 1o
x € T. CnepoBatesvno, K = T. [] -

Ynpaxnenne 1. B ycjoBHAX NpeiIOKeHUs (6.9.6) uenrpanusarop C(7) = {x € U:
Xy = yx Anas Bcex y € T} cosBnagaer ¢ T.

YHpazmel-gne 2. O606muTs Teopemy (6.9.5) Ha NPOH3BOJbHEIE KOMIAKTHbie CBA3-
HBle JHHeHHBIE TPYIIIHL.

Ynpaxuenne 3. [loaympocras cBssHasi JHHekHas rpynna G KOMNAakTHA B TOM H
TOABKO TOM cJiydae, Korza ee anre6pa JIn KOMNaKTHA.

TaaBsa 7
HENPHBOAUMbBIE HNPEACTABJIEHH S

7.1. BBenenue

B npenppiiymux riaasax yme Oblia [IOCTPOeHA 3HAYUTENbHAS YacTh
TEOPHH NpejcTaBjeHHH. B 3ToM naparpade Mbl pPacCMOTPUM MNOBTOPHO
HEKOTOpble OCHOBHbi€ MOMEHTHI H 0006IHM HX B TAKOM BHJE, KOTOPbIH
Oyrer Ham ynobGeH [Ajas Ja’dbHeHlnero.

[Tycte V — BexTopHOE MPOCTPAHCTBO (Bcerga mnpenmnoJaraemMoe
KOHEUHOMEDPHEIM) Haj moJseM P H g -~ aiarebpa Jlu Hang nopnonem P
noas P. IlpencraBieHue anarebpel ¢ Ha V — 3T0 OTOOpakeHue f:
g — gl (V), yRoBieTBOpslOilee CAEAYIOUWHM YCAOBHSM:

() [(aX + bY) = of (X) + bf (Y),

2 X, YD) =X, FMm]

ansiseex X, Y € gua, b € P. Takoe oto6pakeHHe Mbl YCJIOBHIHCH
ofosnauath uepes (V, f). :

[Mycty (V, f) — npencraBnenne anre6pel ¢ M V* — npocrpal-
cTBO, AyansHoe K V. [las Besikoro s € ¢l (V) onpemenum s € gl (V*)
yeaosueM (fsh) (v) = A (sv) mpu A € V*, v € V. Hmeeum ’s/s, =
= ¥(s,5,). Tlomoxus f* (X) = —/f (X), Mbl nONy4uM MNpelcTaB/eHHE
(V*, F*), kotopoe HasmiBaetTcsi dyaavnbinm K (V, f) npedcmasaenuem.

Ecau (Vy, f1) u (Vs, fo) — npeacTaBieHns aare6pbl g, TO MOXHO
noctpouts HoBhle mnpexnctaBienus (V, @ V,, fi @ fo) v (ViR V,,
fi ® f»), muoaaras

(f1 @ F2) (X) (vy +vo) = [ (X)) vy + F2 (X) 02

(fy ® f2) (X) (1, Qua) =, (X) v, @ vz + vy, @ [ (X) v

Bumnonnenue ycnouit (1) u (2) npoBepsaerca 6e3 Tpyna. ITH NpeACTaB-
JIeHHs] Ha3bIBAaIOTCS COOTBETCTBEHHO CYMMOH M (TEH30DHBIM) INPOH3-
BenenneM mnpexcraBieHust (Vy, f) B (V,, fo).

W3 Bcskoro mnpeacrasienust f: g — gl (V) anare6pel - § MOXHO
NOJNYYUTb NpejcTaBJieHHe Ha TensopHo# aarebpe T (V) mnpoctpan-
ctBa V. IefcTBHTe/NbHO,

TV)=P+YV® -V

r=1 r pas
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M Ha KaXJOM TEH30pHOM npousBefeHud V @ ... ® V uckomoe npen-
CTaBJieHUEe MoJiaraercs paBHbM [ ® ... Q) f. B wacTHOCTH,"

(R @f (X)(ul®---®v,)=i§vl®- Q0 QF (X) v,
®vi+1 ® : '®Ur_

HarnoMHuM Tenepb HekoTopeie $aKThi O BHewHefi anre6pe npo-
crpancrtBa V. Ilo onpenenenuio, sta anare6pa ectb (akTopanrefpa
TeH30pHO# anre6psl T (V) no uaeany /, NOpoKIAEHHOMY BCEMH 3Je-
MeHTaMH Buaa v @ u, v € V. Kuaace :

1, ® - Ru, + I
NpUHATO OfGo3Ha4Yath uepe3s u; A ... A\ v,; r-fi BHeEUHSs CTeNeHb
npocrpanctea V o6osnadaercs uepes A’ (V), a Bcs BHeIUHsAs aJj-
re6pa — uepes A (V). Ecau {vy, ..., v,} — 6asuc B V, 10 MHO-

KECTBO BCE€X 3JIEMEHTOB BHJIAa

Vi A\ NY,, < <<, <o,

ob6pasyer Gasuc B A (V).
I[IpencraBnenue anrebper ¢ Ha T (V) nopoxkpaer npercrabieHHe

Ha A (V). UroGe B 3TOM yGenutbcsi, JOCTaTOYHO NPOBEPHTh, YTO g
otoGpaxaer / B /. Ho

XoQRv)=XoQv+vR Xv
=Xv+0)R(Xv+1v) - Xv® Xv —-vRu.

SlBHan gopMyina aaa pekictsus g Ha A (V) cpasy caeayer us ¢opmyasi
JJIsi TEH30DHOTO MPOHU3BEACHHA MpEeACTaBJeHHH. A HMeHHO,

X‘Ur/\"'/\Ur)=i‘=/:‘lu1/\"'/\vt-1/\xvi/\Uz+z/\"'/\vr-

Hanee, nycte X € g. TIPeANMONOXKHM, UYTO CYIIECTBYeT 6asuc
{v1, ..., va} npoctpanctBa V, Tako#t uto Xv; = g, qn [ = 1, ...,
n NpH HEKOTOPHX @; € P. JdieMeHTH Buaa v; ) v; 06pasyioT 6asuc

BV ® V, u KaxAu# TaKofi 3JeMeHT SBJSercsl cOOCTBEHHBLIM BeKTO-
poMm. [HeficTBUTENBHO, g

X, Qv)) = Xv, Qu;+ v, Qu;
= (a;v;) ®U,‘ +v;Q (ajv)) = (a; + a;) (v, ).

DTOT pe3ysbTaT ecTeCTBEHHBIM 06pasoM oGofmaeTca Ha aeficTBue X
Bo Bcem T (V).
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Ananoruyno o6erout peno ¢ geticrBueM X Ha A (V). Hanpumep,
aJeMeHTHl BUAa v; A v, < j, oGpasyior 6asuc B A% (V) u
X, ANvj) = Xu; N\ ViU A Xv;=(a; +a)v; A v;.

A. KOMTUIEKCHBIE HEMNPUBOJAHUMbBIE HPEJCTABJIEHUA

IIycte | — anrebpa Jlu nag P. Ee npencrasnenue (V, f) nasmn-
BaeTCS KOMNAEKCHbIM npedcmasieruem, ecan V — BeKTopHOe [po-
crpanctBo Hag C. Pacwupsas nonae Kosdpouuuentos P go C, mbl mno-
ayunM u3 [ anre6py JIu [C nang C. Beakuft Gasuc {X,, ..., X, i8I
Gyner Gasucom u B [C nap C. das mo6uX ¢, ..., ¢, € C dopmyna

f: IC 9 Clxl _i._ N Jl—chni——? le (Xl) + L ‘I—Cnf(xn) E gI (V)

onpefensier npeicrabaexye aareSpel [C. [lpeacraBnenue [ Henpu-
BOAHMO, NPHUBOAVMO HJH BHOJIHE NPHUBOAMMO TOTAa H TOJABKO TOTAA,
KOrJa TakKOBHM sABJAseTcs f. :

[IpennonoxuM Tenepb, 4ro [ — aare6pa Jiu Hag C, u nycrts
(V, ) — ee koMmmiekcHoe HenpUBoJUMOE mnpexacTaBjeHue. CoryacHo
(1.4.11), anre6pa [ (I) nubo noaympocra, aubo siBiAsieTcs NPAMOi
CYMMOH HeKOTOpOro mnoJaynpoctoro ugeana u uedrpa Cl. Eciu g —
MaKCHMa/JbHasa Nojaynpocras nojajireépa B I, torga aubo [ ([) =
= f(g), aubo [ (1) =f (g @ Cl, u B oboux cayuasx aaredpa | (g)
HenpusoauMa. 1103TOMy NpH H3y4eHHUM KOMILJIEKCHBIX HENPUBOLUMBIX
OpeJCTaBJAeHUH MBI MOXEM OTPAHHUYHTHCA pPACCMOTPEeHHEeM HENpHBO-
JUMBIX TpeJACTaBJeHHl noaynpocteiX anredp Jim (Hag C). 3amerum
TakxKe, YTO BCsKOe MpeJCTaBJ/eHHe MTOJAYnpOoCcTold anre6ps JIM BHoJHE
npusogumMo (cM. (3.4.4)).

Ilycrs g — nmonynpocras anre6pa Jlu Han C. 3aduKkcupyeM Ka-
Kyo-Hu6ynp ee noganrebpy Kaprana §. Ilyere §* — ayanbHoe k )
MpOCTPaHCTBO, A — MHOXECTBO KOpHell H E — BeKTOpHOE IOAIPO-
crpaHcTBo (Hag R) B h*, nopoxiaenHoe A. B E uMmeeTcs NONOXKUTENb-
HO-ONpeJesieHHOe CKaJdsApHOE MpPOU3BENEeHHE ( , », H BCAKUH Bec
(NpOU3BOILHOTO NIPEACTAaBAEHHA ¢, OTHOCUTENBHO b) A npuHajnexuT E.
Pas u HaBcerza sadukcupyeM HEKOTOpOe JieKCHKorpaduueckoe ymo-
psioyeHHe B E.

[Iycts (V, f) — npeacraBnenue anre6pei g 4 &2 (f) = {A, n, ...} —
COBOKYITHOCTh BCEX pPAa3JIMYHLIX BEeCOB 3TOro mpeiacTaBJsieHusd. Toraa

V=VrWQVwe- -,

rae V (A) mas xaxzporo H € b copepxutcsi B (060o0meHHOM) cobCT-
BEHHOM MNOANpOCTpaHcTBe npeobpasoBaHusa [ (), oTeedarolileM cob-
CTBEHHOMY 3HaueHWIO A (f), U Ha3bBaeTcss A-cobemgeruoim nodnpo-
CMPARCMBOM WUIIN B8eCO8bIM NOONPOCMPAHcmEomM IAHHOTO INpeicTaBJe-
nus. [lanee, HenyJ/eBoit BekTop v € V (A) HaswiBaeTca A-cobcmgerroim
gexmopom (WU eecogoim eexmopon), ecan f (§) v < Cv. CorsacHo
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(1.4.6), nasa KaxJaoro Beca A cyliecTByeT BecoBOH BeKTop. [Tockoabky

Q (/) — KOHeYHOe MHOXKECTBO, B HEM MOXKHO HaHTH HaHOONbUIMA 3Je-

MEHT ® TI0 OTHOIIEHHIO K 3aQHKCHpPOBAaHHOMY YIOPALOYEHHIO B £.

ByaeM HasbBaTb ® Ccmapuium 6ecom W BCAKHH BECOBOH BEKTOD

v € V (0) — cmapwum gecogoim exmopom Aasi npeficrasiaenus (V, f).
HOasa awoboro kopust B € A moaoxum B* = 20/(f, B).

7.2. Crapuse Beca

(7.2.1) [Tycmy g — noaynpocman areebpa Ju nao C, (V, f) — ee
HenpusoOumoe npedcmagaerue u ® — cmapuuil ec 3moeo npedcmag-
aenusn. Toeda

1) 028 Ka#0020 NOAOHUMENbHO20 KOPHA P umeem mecmo pasen-
cmeo EgV (0) =0 u (o, p*) =2 (o, B)/(B, P} ecmb neompu-
yameabroe Yyeaoe Hucao;

2) dim V(o) = 1;

3) daa kaxcdozo eeca h € Q (f) cywecmsyrom rHeompuyamesbroie

yeable Hucaa fy, ..., Ny, MaKue 4mo
A=ow— (o, -+ - +na),
ede {ay, ..., 0} — COBOKYNHOCMb 6CeX NPOCMbLX KOpHel;

4) cywecmsyem 6Gasuc npocmpancmsa V, cocmosuutl u3 8ecosbix
eexmopos, m. e. [ (b) cocmoum u3 noaynpocmeix IHGOMOPPUIMOS.

Jloka3ateabctro. UTto Kacaercs yTBEPXKAEHHS 1), TO J0CTATOUHO
3aMeTHTh, uTO0 ® + B & Q (f), mockosnbky Bec ® — crapmHid. [lo-
stomy EgV (o) @ V (w 4+ B) = 0 u, cornacuo (2.3.2),

/ kY 2w, B
w b= Zmpy =0

Ilpu /10Ka3aTenbCTBE OCTANbHLIX YTBEPKIEHHH MBI HCIIOAb3YEM
yHUBepcalbHYyI0 obeptriBaioulyio aiare6py U (g) amreSpel g. Ilycts
{By, ..., Pr} — coBOKymHOCTE BceX MOJOXHTENALHBHIX KODHEH H
\H,, ..., H} — Gazuc B h. Bribepem B kKadecTBe Gasuca {X,, ...,
X.} B g 6Ga3uc Buia

Egy o Eopy Hyy ooy Hiy Egy ooy By

B cuay (1.9.5), MHOXecTBO Bcex 3/1eMEHTOB BHAA

e e
Xll. X,
rie BCe e, — HeOTpHIaTeJbHBIE - IleNble 4YHCaa, obpasyer ©Hasuc
8 U (g). : ’ -

[lycTs v — crapiunii Becosoit BekTop. Torga &/ (g) v — HemyJe:
BO€ ¢-HHBAapHaHTHOe MmoalupocrpaHcTBe BV, T e U (v = V.
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[TockoabKry E,o,jv =0u Hv < Cu, Mpl BuauM, uto V. nopoxjaercs
ReKTOpPaMU BHIA

0 = (E-g)k. . . (E-p )10 € V(@ — e, — - — efy).

JlokaxxeM HHIAYKIHEH MO m = e; + ... + &, YTO KaXJIblfi TakKOH BeK-
TOp W SBJSETCS BECOBHIM BeKTOpoM. Eciau m = 0, To w = v U Bce

oueBHIHO. B o6umem caydae ponycetum, uto e, > | (I < h < k),

lpiy = ... = e = 0, ¥ 0OJOKUM

hmw—efy — . —ep Py — (e — 1) Br

[To npemnosoxenuio HHAYKUHH HMeeM aas Jworo H € )
H (B - - (E-a,)50) = ([H. E-gy] + E-aH)({E-ay) ..

o (Eog) u)
= (=4 () + A (H)) ((E-p,)" - - - (E-p,)10))

= (0 —ePy — . .. — eyfs) (H) ((E-Bh)e"- .. (E-ﬁl)elv)‘

DTUM J0Ka3aTeAbCTBO NO HHAYKIHH 3aBepLIEHO.

W3 pokasaHHOro cjiepyeT cOpaBeHBOCTb yTBEPXKAeHHH 2) u 4).
IockosbKy Kaxaplil H3 KOpHed [; ecTb- IHHeHHas KOMGHHALMS KOp-
Hed @, ..., @; ¢ HEOTPHUATEJbHBIMH HeJbIMH KO3(DGhHIIHEeHTaMH, MbI
3aKJ109aeM, YTO CIpaBefIHBO H. YyTBepkKieHHe 3). []

ITokaxeM Tenepb, UTO CTapLIMHA BeC HOJMHOCTBIO XapaKTEpH3yer
IpeacTaBJeHHE.

(7.2.2) (3. Kapran) flycmv q — noaynpocmnasn areebpa Ju Had C,
(Vi.f,) u (Vy,[2)— ee nenpusodumee npedcmaesenus. Ecau smu npedcma-
BAEHUS UMeOm 00UHAKOBbe CIMAPUILe 6eCa, MO OHU IKBUBAACHITIHGL.

HMokasareapctBo. IlycTh vu; M Up — cTapllide BecOBble BEKTOPHl B
Vi u V, coqrBeTcTBeHHO. PaccMOTpHM cyMMY 3THX NpeACTaBJeHH
(Vid Vo, [=[1®f) 4 BekTOp v =10, + 10, € V; & V,. Ilycrs
U (g) — yHuBepcasbHass ofepThiBamomias agreGpa anarebpbl g. To-
raa V = U (g) v ecTb HHBapHaHTHOe NOANPOCTPAaHCTBO B V; @ V..
}(375126131;;eM 6asuc {X,, ..., X,} B g, Kak IpPH A0Ka3aTeTbCTBE TeOpPeMbl

-IlpennoJsioxxuM, 410 vy € V. Torpa Haiigercs sjeMeHT 4 3 U (g),
TaKOH 49TO uUU = 0y, T. €. uvy = 0 ¥ uv, = v,. QueBHIHO, YTO U B~
JasieTcst JHUHellHOH KOMOHWHallHeH 3JIeMeHTOB BHa

(Eepy)® - - - (Bopy) s MY HJ1(Eg )1, . (Eg, )%,
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rge BCe a; b;, ¢, — HeoTpHLaTe/bHble Neable yHcaa. Ho nockoabk
ir Yy ¥

E,givl = EBiUQ =0 nmpH [ =1, ..., £, MBIl MOxKeM CUHTaTh, 4YTO .

ecTh JHHeHHAad KOMOHHaIusl 3JeMeHTOB BHJA
. a a b b
(1) (E-g)%- - (E-s)H]1. . HJL

[TpesctaBuM ‘# B BHAe CYMMBbI ABYX cjlaraembix: u = u' + u’, rue
u' — nuHefiHast KOMOUHAIUS TeX 3/eMeHTOB BH1a (1), y KoTophix XoTd
661 onHO a; > 0, a u” — JHHeHHasd KOMGHHALMS 3JeMeHTOB BHJA

(2) H... HJL

PaccMoTpuM Tenepb YypaBHeHHS
uv, + uw'v = uv; =0,
w'vy, + 0y = uv, = v,.

CpaBHHBasi BEKTODH OAMHAaKOBOTO Beca, noJy4aeM, 4to. u'v; = 0
H u'v, = v,. ClieioBaTeNbHO, MBI MOXKeM MNPEANOJOXKHTb, UTO

w=Ncby, ... biyH. . HY,
rae ¢ (by, ..., b)) € C:. Toraa

w; = Y, c(by, ..., b)o(H)r... o(H) "y, =1, 2).
Tlockonbky wvy; = 0 M wuy, = 0,, MBI HMeeM

Y, ..., boH). . . 0H) I=0=1

-— mnporHBopeuHe. CiemnoBaTeslbHO, Uy & V.

Ilpoekuns V; & V, — V, Hapyuupyer g-TOMOMOpPHH3IM  p:
V-V h(X)p W =p(FX)w) npu w € V. Hnpom romomop-
tduama p sisasierca V 1 V,. Tak kak V [ V, npeacrasasier co6oii
g-HHBapHaHTHOe nNOANpPOCTpaHCTBO B V, H v, &€V N Vo + V,,
o V 1 Vy, = 0. CrnenoBarenpHO, p B3aHMHO-oqHO3HaueH. Ho pV
=pWU (@@ v)y=U(g)v, =1V, Tak 4YT0 p cClOpbeKTHBeH. TaKuM
ob6pasoMm, p siBAseTcsi g-H3omopdHsmom H3 V ma V,. Ampajoruuso
V u V, — nsomopduble g-MopyH. (]
¥Ynpaxnaende. [IycTb 11 — KOMNaKkTHaA BellecTseHHasd  ¢opma auare6pe g. Ilpu-

MeHAAsS K U mnpemioxkenue (6.4.5), moxasaTb, urto [ (§) COCTOHT H3 NOJYIPOCTHIX
JIHHEHHBIX Npeo6pa3OBaHHM. .

7.3. Tensopubie Npou3BefeHHs npeAcTaBJeHHH

CorsnacHo (2.1.4), Bcsikag noaymnpocrasi. aiarebpa JIu sBJasiercs
OpsIMOH CyMMOH NDPOCTHIX HIea/lOB H TaKoe pasJokKeHHEe eJHHCTBEHHO
C TOYHOCTBIO O MOPSAAKA ClaraeMbIX.

(7.3.1) [Iycme § — noaynpocman areebpa Jdu nad R wiu C u

1=8,D...08m

7.3. Tensopubie npouseederus npedcmasaenusi 995

— ee pasioxenue Ha npocmeie udeaavt. Jlas i = I, ..., m 0603nq-
aum yepes p; npoekyuro § Ha §;. [Tycmo (V, f) — nenpusodumoe nped-
cmasaen ue anrzebper §. Toz2da 0as kaxcdoeo i cywecmsyem Henp usodumoe
npedcmasneriue (V;, f;) arzebpor g;, marxoe wmo (V, f) ecmo mensop-
Hoe npoudgedenue npedcmasrenui (V,, f, o p,).

[isi foKa3aTesbCTBa 3TOH TeopeMhbl, Jatollell OMHCAHHe HeNpPUBO--
JUMBIX pelCTaBJeHHH a/lre6pbl § B TepMHHaX HeNMPHUBOJHMEIX Npej-
CTaB/leHHA aJjire6p g;, HaM notpefyercs c/elyioliasi TeopeMa, Hasbl-
Baemasi BMecTe ¢ TeopeMoit (1.2.3) nemmod Iypa.

(7.3.2) Hyeme A =gl (r, C) u Bcgl(s, C)— Henpusodumee
MHONECMBA mampuy, u nycme S -— KOMNAEKCHAs I' X s-mampuya,
oaa komopoti AS = SB. Toeda aubo S = 0, aubor = s u det S == 0.

HoxasateanctBo. PaccmarpuBasi 3/ieMeHTHl npoctpaHetBa (F  Kak
BEKTOPHI-CTONIOUbI, HMeeM BKJ/oueHHe A (SC) = SBCs <= SCs. Io-
CKOJIbKY A — HeNnpHBOJHMOE MHOXECTBO, OTCIOJa cJefyeT, YTO
SCs=Cr, ecii S5 0. Ilyerb V = {v €C5: Sv = 0l. Torza
SBV =0 u BV < V 5 C*. Tak Kak MHOXeCTBO B HenpHBOJHMO,
10 V = 0. CaenosarenbHo, S sBjsercd H30MOpH3MOM NpOCTpaH-

ctea Cs ma C7. [
Teopema (7.3.1) HeMejJleHHO BEHITeKaeT M3 ClefyIOUiell TeOpeMbi:

(7.3.1") Hycmo gy u ga — noaynpocmete arcebpor JIu nad R uau C,
g=201 ® g2 u (V, f) — nenpusodumoe npedcmasrerue arzebpo. q.
Toz0a cywecmsyom maxue HenpusoOumeie npedcmasaerus (Vy, )
u (Vy, fo) aneebp g, u g, coomeemcmsenno, 4mo

FIX+Y)=[(X)® 1@ 10 @ f, (V)

0as awboix X € gy u Y € gy, 2de 19 —eQunuunas mampuya 8
gl (V) =1, 2).

JoxkasateabcTpo. [locKosbKy g1 O X+ [ (X) — BnonHe mpHBO-
JHUMOe MNpeJCTaBJeHHe, Mbl MOXKeM CYHTATb, 4TO

( F,(X) 0 )
F(X)

F(X) = € gl(n, ©),

LO TR (X))

rje F; — HenpHBONMMOe TMpejCTaB/JeHHe alreGphl §; pPasMEPHOCTH
hy, i =1, ..., k. lanee, Mbl MOXKeM NpeaNOaarath, 4o F; = ... = F,
np# (I < p < k), a npeacrasnenus F,, p < g, He SKBHBATEHTHH F,.

3 M. Toto, ¢, I'poccxa He
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Mycte S;; cyTs h; X h-MaTpHUbL - ¥

‘ S, - Sw
sz( ....... € gl (n, C).
! Skl P Skk
Ipennonoxum, uro f(X) S = Sf(X) mna Beex X € g Torgaa
S;iF; (X) = F  (X)S;; nmpu i, j=1, .., k. Tlo unemme Ulypa

((1.2.3) u (7.3.2)) vuMeem

S;;=25;1,(5; € C), h=h,, ecan i<puj<p,
"

S;;=0, ecn i <p<juau j <p<<i.

Tenepb npuMeHnM 3T0T pe3ysabTaT K S = f(Y), ¥V € g,. Ecnu
6bl p 5= k, TO H3 cOOTHOWIeHHA S;; = 0 mpH { < p < j c/IenoBaJIo G,
Yro NpeAcTaBieHHe [ mpHBOAMMO. 3HauHT, p = k. BBoxd o603Haue-
Hud [y (X) = F1 (X) n1a X € g1 H fa (V) = (s;) € gl (p, C)
11 Y € gy, HMeeM

FX) =1 (X)® 1y, [¥)=1,® [ ().
[Mpegmosoxum, uto W — HeHyJleBOe COGCTBEHHOE MOANPOCTPAHCTBO
g C?, Takoe ut0 fu (ge) W = W. Torza f(g) (C* @ W)= CF@ W
— npotaBopeuHe. CrnenoBarelbHO, f, — HENPHBOAMMOE NpeicTaBJle-
HHe aarebpbl gs. [J

(.7.3.3) Iycmo g — noaynpocmas areebpa Junad C, (}/, H u (V'
') — ee npedcmasaeHus, umerouyue CMapuiue 6eca ® U ®' COOmeemen-
genno. Tozda V @ V' codepycum makoe g-uHeapuarmroe noonpo-
cmparncmeo W, umo (W, f @ [’ |w) ecmb nenpusodumoe npedcmasae-
HUe CO CMApuum 8ecom o + o'

Jlokasateascteo. Ilyere V=2V () u V' = 5,V (p) — pas-
JoMeHHs pocTpaHcTs V n V' ma Becosble moanpocrtpaHcTsa. Toraa

VeV =X (L VieVw)

v A+p=v

Gymer pasJoxeHHeM mpoctpaHcTBa V & V'’ Ha BecOBHIe MOAIPOCTpaH-
ctBa {cMm. ymp. 7§ 1.2). B uacrHOCTH, @ + o — CTapliHi Bec Ipen-
craienrss [ ® f, u Tak kKak dim V (0) = dim V (0') = 1, 1O
dm (V@ V' ) (o + o) = 1. )

Tlycth v u v — crapluHe BecOBHle BEKTOpH B V m V' coorser-
cTBeHHO, H nycth U (g) — yHHBepcalbHas oOepThiBaiollasi a/reGpa
anre6phl g. llonokum v @ v’ =w 1 W = U (g w. ﬂICHO, yro W
SIBJsETCS §-HHBapHaHTHbIM mopnpocTpaHctsoM B V ® V'. Tlokaxem,
yto W — HenpHuBOjHMBIA g-mMopyab. Ilycts :

W=Wo . .. oW,
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—— pasioxeHHe W Ha HenpHBOAUMBbIE ¢-MOAYJIH, H NYCTb
w=w-+...+w, rie w; € W,

Ona H € ) umeesm H, = (0 + ') (H) w. ITlockoabky Bce W,
MHBapHaHTHBI, MBI 3akJiodaeM, uto Hw; = (0 + o) (H) w,;,, i
=1, ..., r. Tak Kak Becopoe MOANPOCTPAHCTBO mJast ® + ®  OAHO-
MEpHO, TO MOXHO CUHTaTh, 4YTO ®; = w, a W, = ... =@, = 0.
CnepoBaresabho, W = W;. [

[Tycte g — noaynpocrasi anre6pa Jlu Hag C u ) — ee nomaJ-
re6pa KapraHa. B § 5.5 mbl BBeqd aqaHTHBHYIO Tpynny

A={A € E: (A, P*y € Z Aas Bcex P € Al.

IIyers nn = {0y, ..., o} — PyHnameHTanbHas cHUcTeMa B A H
®y, ..., ®; 3ajaHbl ycaoBHeM (w; ;) = 8;. Torma A = Zw,
+ ... + Zw,. Tlon yerouuciennot ¢popmold MbL GyieM NOHHMATb TPO-
H3BOJMBHBIA 3jeMeHT M3 A. [ moboro npexacrasienus (V, f) au-
re6psl g nyctb &2 (f) o603HaYaeT MHOXKECTBO BceX BECOB 3TOrO INpe-
cranenus. Torga @ (f) = A B cuay (2.3.2). O6osHauum uepes 2
ofbeHHeHHe BCeX MHOKecTB 2 (f).

(7.3.4) Onpedesennoe evie MHONecmso $2 sagasemcs nodepynnoll
epynnol - A,

JokasarenbctBo. Ilyets ¢ 3 X+>f(X) € gl (r, C) — npencras-
JeHue anre6pel g. Torma X —> —7 (f (X)) Takxke OyneT ee nmpeacTas-
JeHHeM, KOTOpoe MBI 0G03HauuM uepe3 [* (em. § 7.1). Hcnoabsys
(7.2.1), 6yneM npeanosararb, 410 f () COCTOHT H3 AHArOHaJbHBIX MaT-
puu. Ecau {Ay, Ay, ...} = Q(f), 1O, oueBHgHO, £ (f*) = {—A4,
—Ay, ...}, Hanee, nyctb A € Q (f), A" € Q ('), u nyctb v u v’ —
BecOBble BEKTOpH, OTBevaiomde A H A’ coorBercrBeHHO. Torga
FHYv=AHv u [/ (H)v =N (H)v. Tlosromy (& ) (H)
gv ® ;}’) = A+ A) (H) v®v) CaemoBarenbHo, A+ A € Q
F® ). 0

:1lesouncneHHass ¢opMa A HasbiBaeTcAd OOMUHAHMHOU, eCJU
(A, @y = 0, T. e. ecJlH A HMeeT BHJ :

A=k, ...+ kw, rie Bce k; > 0.
(7.3.5) Llenrouucrennas ¢popma  domunanmua moeda u moabko moeda,
Kozda SA < A Oan ecex S € Ad (A).

JdokasateabcTBo. Ilycte P — nosoxurtenbsblit  Kopedb., Torma
A= Sgh = A — (A, B*) B Baeuer (A, B*) > 0.

Uro6el goKasaTh oGpaTHOE, MOJIOKHM
A= 1{E € E: SE <& ana Bcex S € Ad(A)}.
8% '
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ITyets W, — xamepa Be#ias, omnpepeneHHast CJAeLYIOUIUM 06GpPa3oM:
Wo=1in€ E:(a;, M) >0mnpu i =1, ..., I},

u W, — ee 3ambikaHHe. Mbl BHeH, yto A = W,. Tak Kak rpanuua B
mHOXKecTBa W, comepkHTcs B 0ObeHHEHHH KOHEYHOTO YHcJa rHIep-
nmockocted B £, To B He MOXeT comep:KaTb HHKAKOro (HemycToro)
OTKPHITOrO NOAMHOXKecTBa MHoxectBa W,. ClemoBaTesllbHO, ecau
A 5= W,, To MOXHO HaliTH My € W,, Takoe 410 1y & A. omycrtum,
uto Syne (So € Ad (A)) — Hauboabiuii saeMeHT B Ad (A) ny. To-
ria Sony € A = W,. Ho, nockodbky 7, OpHHaNJeXHT KaMepe
Beitnia W,, aneMeHT Sgr, JO/KeH NpHHan/leXaTb HEKOTOPOH KaMepe

Befina. Iloatomy Spny € W,. ChaemoBatenbno, S, {(W,) = W, u.

So = 1 (B cuay ynpaxHeHHs K § 5.3), YTO DPOTHBOPEUHT YCJIOBHIO
n & A. 0]

Ilycts Ad o603Hauaer MHOMKECTBO BCeX JOMHMHAHTHHIX I[eJOYHC-
JeHHbIX opM. SlcHO, uto Ad o6pasyer mosyrpynny no cJIOKeHHIO:
At + Ad < A4, Cornacro (7.2.1), crapmmii Bec J060r0 HemnpH-
BOIHUMOIO [peACTaBJeHHUs AOMHHaHTeH. OGo3HauHM udepe3 b MHo-
3KeCTBO BCeX CTaplINX BeCOB HENPHBOJAHMBIX npeacTasieHui b B cuny
(7.2.2), MHOXKeCTBO BCeX KJAcCOB 3KBHBAJEHTHOCTH HENpPHBOAMMBIX
npelCTaB/AeHHH afrebphl ¢ HaXOJHTCA BO B3aHMHO-OJHO3HAYHOM CO-
orBeTcTBHH ¢ 2. Cormacho (7.3.3), Q0 o6pasyer mopmoayrpynmy
B A9, MH MoxeM Temepb 3alath CJeAylOH(He BONPOCH:

Bonpoc 1. A = Q7

Bonpoc 2. Ad = Qbp
[Tockoabky Ad mopoxkpaer rpynny A, a € gpasiercss rpynmod, H3
paBeHcTBa AY = QP jomxHO ciegoBath, uTo A = Q.

3. Kapran jgan yrBepgUTeJbHBIH OTBeT Ha BOOPOC 2, a 3HAYHT
H Ha BOOpQC 1|, H3YYHB MO OTAENBHOCTH BCE THIIBI KOMIIEKCHBIX MpPO-
cthiX anre6p Jlu (1913). ITosgHee I'. Beilinp Halllen 10Ka3aTeJabCTBO,
He onHpalolleecss Ha KJacCHQUKAUHOHHYIO TEOPHIO, a OCHOBAaHHOe Ha
NPOBEeJEHHOM HM HCCJeJOBAaHUH KOMOakTHbiX rpyna Jiu (1927).
CpapuurtenbHo HegaBHO K. IlleBanne u Xapum-YUanagpa naau 4HCTO
anreGpaHyieckoe JoxkasaTesbCTBO (1948—51). B HacTosilell KHHre
Mbl JOKa)eM 3TH pe3yJ/bTaThl, HCIONAb3Ys AaHAJMTHYECKHH MeTO[,
6oJiee HJIH MeHee OnH3KHE K Metony [. Beliia. B § 7.4 Gyger noka-
3aHo, 4YT0 A = Q; onupasch Ha 31oT (akT, B § 7.5 MBl MONyYHM
OKOHYaTe/lbHHI pesyabrar Ad = QP pMecTe ¢ HeKOTOpPHIMH (OpMY-
JaMH, TaKxe NpHHamiexawMMH I, Belmio.

(7.3.6) [Ipu dokasameavcméae gopmysvr A4 = Q0 docmamouno pac-
cuompemv caywal, xoeda aszebpa § npocma.

! Wuperc d — ot dominant (aomurarTemit), npaerc h or highest (cTapwuit). —
[Ipuns. peo.

oo b SRR

]
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Bokasateabetso. [lycte g — moaynpocraa adarebpa Jim Hag C,
H IIYCTb

=38, D 30D ... Ogn
— ee pa3J/IoXKeHHe Ha IpocTble Hieasbl. [IycTb, nastee, p;: g — g; —
ecTecTBeHHasi NMpoekUHs H [, — mopanarebpa KapraHna anareGpel g;.
Torpa

h=0, & 0D ... D ha
6yaer nomaare6poit Kaprana anarebpbt g. ITyerb A, — KopHeBas

cucTeMa aareSphbl g, OTHOCHTelbHO. D). Ecau oroxpectuTe f € A,
c pop;: p— C, T0 AcHO, YTO :

A=A UA, U ... UA, (1u3bioHKTHOe oGbeqHHEHHE)
ecTb KOpHeBas cHCTeMa anrebphl g oTHOcHTeabHO b. Ilycts m, — dyH-
naMeHTaiabHast cHcreMa B A;. Torxa

n=n YUn U ..UT?7An

— ¢yHaaMeHTaNbHasA cHcreMa B A. O6o3HauMM uepes A; rpynmy
BCeX Le/IOUHCTeHHBIX GopM asrefpbl g; OTHOCHTeNbHO x,. Torxa
A=A+ M+ ...+ A, (upamas cyMMaldazmHmBHbe rpynm)
6yger aHaJOTHYHOH rpymmoil aast g. IlycTh Ay — MHOXKecTBO BceX
JOMUHAHTHBIX UeloyHcaeHHBIX ¢dopM B A;. Torxa

AC= A LA+ FAY

— MHOXECTBO BCeX TaKHX ¢opMm B A.
Ilycts QY 0603Hauaer MHOXeCTBO BCeX CTapliHX BecOB Ad g

u QP — ananormuHOe MHOMKecTBO s g. Torma QF — Q". B camom
geJe, ecIH ® — CTaplIMH Bec HempUBOAMMOro mpexactasieHds (V, f)
anre6bpel g;,, 10 (V, f O p,) — HenmpuBOAMMOe mpeACTaBlecHHe aJ-
reGphl g, HMelollee CTAPIUHH BeC @ (Mbl OTOXIECTBJSEM ® C ® O p;).

h d .
CiefoBaTebHO, ecld HaM H3BecTHO, uto Q) = A} ana i =1, ...,
m, TO MBl MOXeM 3aKJIuHTb, 4To QM = Ad, ]

7.4. MoayJsb BCeX BeCOB H YHHBepCaJbHBIH LEHTP

(7.4.1) Hycmos L — ceasnan aunednas epynna, a | — ee areebpa ./Iu;
Ecau U noaynpocma, mo uyewmp C epynnet L xoreueu.

JoxkasartenbcTBo. ITocko/abKy [ nosynpocra, Mbl MOXeM CUHTaTh, YTO
Kaxnplil aneMedtT X U3 [ (MM L) spiasieTcss MarpHlled BHAa

(F (X) 0
X = . € gl(r, C),
0 Fi(X)
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rae | 3 X+ F, (X) € gl (r, (i), C)— HenmpHBOJHMOE NpEACTaB-
Jende aarebpel I, =1, ..., kB, u r (1) + ... +r (k) = r. Hanee,
s ao6oro x € L mbi umeeM det (F; (x)) = 1 (cM. noKasaTelbCTBO
npenjioxenns (6.4.4)).

IMycte y npunagiexur C. Toraa [y, 11 =0, B cuny (6.9.4).
CnenoBarenvHo, [F; (y), F; ()] =0, u (mo semme Hlypa (1.2.3))
Fi(Y)=c¢id, (c; € C). Tak xax det F; (y) =1, 1o iV =1
ans i = 1, ..., k. TTostromy nopsigok C He npesocxogur r (1) r (2) ...

C.r (k). [

B sroM mnaparpade MBI mnpeamosiaraeM, 4YTo g -—Inpo.cTad
aare6pa JIu Hag C. 3adbHukcupyem nonaiareépy Kaprana b B g. Ilyctb
A — gopHeBasi cHcTeMa, a {Eg: B € A} — Gasuc Bedtis anre6pbi g.
I'Tosiozxum

t— =T ¥ RH,
BEA

Torna
g=b-+ X CE;

uz{H“‘i“B%AZﬁEﬁ: HeEt, Zg=24 00s P € A}

— KOMIIaKTHafl BellecTBeHHad ¢opMa anareSphl g.
OroxpectBuM E = Y gcaRP ¢ t. mpu nomomu oroGpaxenns

E 3A+—2n)”—1 H, € t. BeeneM B t ckaJsipHOe NpPOHU3BefeHHe
no gopwmyJe '
(H, H') = — g B(H, H') ans H, H' € ¥,
rae B — dopma Kuanuura anrebpel §. SlcHo, 4rto (A, p) = (A, W)
A A, w € E.

Ilycete (V, f) — npencrasiende anrebpel ¢ H £ (f) — MHOXKeCTBO
BCeX BeCOB 3TOrO npejcraBjieHHs. [1ycTb, palee, £ — o6benHHeHHe
Bcex & (f) ¥ A — Mogyab (=ajiuTHBHAA T'PYNNa) BCeX LeI0YHCJIEH-
HeiXx ¢dopm. Torpa 2 sBasercs nogmopysaem B A (cMm. (7.3.4)).

Jaa moboro mogMHOMKecTBa 2 aJreOphl { MOJOKHM

2L ={H €1t{: (0, H) € Z nns Bcex o € 2}.

(7;4.2) Ecau % — samxHymas nodepynna adoumusHod epynnet i,
mo X214 = X. Ecau Z; u X, — samxHymsie nodepynne. 6 t u 2,

i 2, mo It i PIEN
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Joka3 areabcTBo. I1ycth 2, — KOMNOHeHTa eiHHHUBI B 2. Torxa
X, — BeKTOpHOe MNOANPOCTpPaHCTBO B t H (akroprpynna ZIZ/¥, sB-
JsieTcsl JHCKPETHOH MOATPYMNOH BeKTOPHOIO INpOCTpaHcTBa t/3,.
CregoBaTelbHO, MOXKHO HafiTH BEKTOpHBle MOXNpPOCTpaHcTBa V)
(c 6asucom X,, ..., X,) 0 V, anrebpnul t, TakHe 4ytO0 t =23, § V;
@V (V Vo) =(Vy, Zg) = (Vy, 2) =0 v 2 =ZX,+ ... ZX,
+ 3. ° Onpegetum Y, ..., Y,  cooTHomenuamn (X;, Y))
= 8,5, Bp + Vy Y;)=0. Torma {Y,, ..., Y] raxxe oGpazyer
6asHc mnpocrpaHcTBa V.
Tenepb Jierko BHAETH, 4YTO

St=ZY 4. L2V @V,
H -
Sit=ZX, 4. ZXe @ Zo

Ecmn 2, < 2,, 10, odeBupHo, Zi D Zj. Haxkowmen, ecan It
=2}, 10 3, =23} =34l =2, []

(7:4.3) Cywecmsyem mouroe npedcmasaerue [ areebper g, maxoe 4mo
U = exp [ (w) oonocsasto. [aa marozo npedcmagrenusn [:

1) auneidnan epynna G, nopowdernnas exp f (u), odHoceasHa;

2) Q (f) nopoxcdaem modyre L2,

3) adpo omobpameruns t € Xr—>expf(X) Eexpft) =T
paso QL = (H € t: (A, H) € Z 028 scex b € Q};

4) yenmp C epynnor U cosnadaem ¢ yenmpom epynne: G;

5) C =expf(AL) = T, eoe

A+ = (H € t: (B, H) € Z nasa Bcex B € Al;
6) C= AL/QL,

Hokasateabcto. Ilyctb Ad (1) o603HauaeT NpHCOeIHHEHHYIO TPYNNY
anredbpsl u. YHUBepcaJbHas HakpbiBaoomas U rpymnnei  Ad (u)
KoMnakTHa, B cuay (9.6.1). Ho nna Kaxnoét KoMnakTHoO#H rpynnsl JId
K MOXHO HaliTH JHHeHHYIO Trpynny, GUrosoMopdHO efi H3OMOPDHYIO
(cM. [[eBannel). CrepoBaTebHO, MBI MOXeM cuHTaTh, 4to U — JH-
Heilnaa rpynna. [lockonrky U u Ad (1) JnokanibHO-H30MOpOHBI,
anre6pa JIu rpynnel U usomoppHa anrebpe JIn ad (1) (== u) rpynnst
Ad (w) (ynp. 1 § 6.5). Takum o6pasoMm, MBI HMeeM TOYHOE NpeCTaB-
nenne (Cn, f) anarebpst u, Takoe 4to exp f(u) nopoxaaer ogHO-
CBfI3HYIO KOMNakTHYyio rpynny U. B cuny (6.9.5), exp f (1) — rpynna.

‘TlockosbRy g fABJAfieTcd KOMIUIeKcupHKallMeli anrebpot (u), f
MOXHO TIPOJOJIXKHTb [0 TMNpeJCTaBJdeHHs aarebpbl g, KOTOpOe MBI
rakxke o6o3HauuM Yepes f. Tak kak g npocra u f(g) > f (u) %% 0,

TO f-— TOYHOe mnpexacTaBjdeHHe g. Ilockoabky ¢ = u + )/ —1 u —
pasnoxenue KapraHa, JuHefiHass rpynna G, nopoxaeHHas exp f (g),
romeoMopdHa U X u (B cuay (6.4.6)) u nortomy omgHOCcBS3Ha. Tem
caMbIM JOKa3aHO YTBepXjeHHe 1).
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Beuay (7.2.1) MBI MoxeM npeanosaraTh, 4TO f(b) coerout u3
AHaroHanbHeIX Martpuu [A; (H), ..., A, (H)], H € b, tae M; € Q )
miasg BceX {. B wvacrHoctH, gt H €t

fH) =20y =1 (A, H), ..., 20y =T (b, H)],
expf(H)=le(r, H), ..., e, H),

rae e (A, H) = exp 2n )/ —1 (h;, H). CueposareinHo, H)J,pb roMo-
MopgHaMa

t 3 H v exp f{(H)

coBnanaer ¢ Q ()t ={(H €t: (A, H) € Z g1a Bcex A € Q).

;Ilyets [* — HenymeBoe npescraB/ieHHe aareGphi Toraga owmo
ABJACTCA TOYHBIM U cOOTBeTcTBHE f (X) r—> f' (X) (X € g) 3anaer
HsoMop(pu’sM f (@) Ha ' (g). [Tycte G' — smnelinas rpynna, nopoxnen-
Hast exp f’ (g). CornracHo (6.5.4), otoGpaxente exp f (X) —> exp f’ (X),
onpefesieHHoe 1yt X € g, NOCTAaTOYHO GJH3KHX K 0, eCTb JIOKAJbHBIH
HzoMopusm u3 G.B G'. [Tockoabky G OQHOCBA3HA, STOT JIOKaJbHBIH
HSOMOpﬂI)PfSM MOKHO HPOJO/IKHTE A0 FOJIOMOPQHOro roMopduama @
us GHa @', ,ZIJIH;SJIeMeHTOB:X ‘€., AocTaTo4YHO GIU3KHX K 0, MBI HMeeM
paBeHcTBO @ (exp £ (X)) = exp /' (X). Ho 06e ero uacru CYTb TOJIO-
MoppHble OTOGpaXeHHs, ONpeJe/ieHHble BCIOAY Ha g. Ilostomy

@ lexpf(X)) =expf' (X) npu X € g.
Iycre H npumapgexur Q ()L, 1. e. expf (H) = 1. Torpa

exp f' (H) = 1, Ttak uro H € Q (')~ CrnenoBatensHo,  (f)L

< Q (f')L. Hna mo6oro nogMuEOMecTBa X anare6pel t 6ygeM 0603Ha-
qelrb depes I, MOPOMIEHHYIO HM ajAfHTHBHYIO Fpynmy. SICHO, 9TO
2z =2 Ho Q(f)z u Q(f)z, 6yayun noxrpynmamu JIHCKDETHOH
TPy bl A, z2avkHyTH B t. B cuay (7.4.2), Q (fiz = Q H++ o
DR =Q()z. Eean f=0, 10 Q(fz > Q ()= 0].
;ll'ag)HM obpasoM, Q (f)z = Q, H 510 fOKa3bIBaeT yTBepKieHHs 2)

Hokamem 4). Ilyets C — mentp rpymnsl G. Torxa rpynna C
KOHedHa, B cuny (7.4.1), u motomy UC — KoMnakTHas nogrpymnna
B G. Ho B paanoxennu Kaprana G = U exp (/' —1 u) comHO)HTeND
exp (V' =1 U) He COZEPKHT KOMMNaKTHBIX NOArPYNI, OTIUYHEIX OT I;
8HauuT, U — MaKcHMa/lbHasi KOMNakTHas nogrpynna, # U o C.
Hanee, nycts x npuHaggexuT uentpy rpynnsl U. Beugy (6.9.4),
[x, f()] = 0 unoromy [x, F@l=1Ix, fl+V—TIx [
= 0. CrenoBaresibio, x € C. DTUM J0Ka3aHO 4).

Mer ugenu, uto C < T = exp f (£). Ho npy H €t

Ad (exp [ (H))f (Eg) = exp (ad f (H)) [ (Eg) = e (B, H)[(Ep),

H exp f (H) € C Torma u TobKO TOraa, Korjza H € Q (ad)L = AL,
910 K0KaskiBaeT 5), a 6) HeMenJeHHO caenyer u3 5) U 3). [
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Haunrasa ¢ sToro MoMeHTa, MBI npexanoJiaraeM, iTo U — cBs3Has
ONHOCBsI3Has JIHHelHas rpymnma, a u — ee airebpa JIH. DieMenrt
x € U nasbiBaercsl pezyasprbim, eClH COOCTBEHHOE MOAMPOCTPAHCTBO
sugomopdusma Ad x, oTBeyalouiee coOGCTBEHHOMY 3HaueHHIO |, uMeer
pa3MepHocTh [ = rank u. B npOTHBHOM ciydyae x Ha3bIBaeTCs CUH-
eyanproim. ECIU 3JIeMeHT X PeryJsipeH, TO 3/IEMEHT yxy ' TaKXKe pe-
ryJasiped p1s juoboro y € U, Beugy toro uro Ad (yxy™) = (Ady)
(Adx) (Ady)™t. O6o3naunum uepes U MHOXKECTBO BCEX peryJspHHIX
saeMeHTOB B U B mnojoxumM UG = UN UW, TO =T n UO
HTS =TNUY =TT, rie T = exp (}).

(7.4.4) U — samxnymoe nodmnoswecmso 6 U, u dim U® <
< dim U — 3, 20e dim o6o3nauaem moOnoA0UMECKY0 PABMEPHOCHD.
Caedosamenvro, U ecmb c6a3H0e 00HOC8A3HOE 20A0MOPPHOE MHO20-
obpasue.
Joxazarenscrso. Jaa mwo6oro § € A romomopdusm

t 3 Hr—>"exp2n})/—1 B, H) € gl (1. C)

HOpOKIaeT roMoMophH3M
Yg: T Sexp H I exp 2:1:71/:-1— 6, H),

6o {Pt+ o Q1. Tlyers T® — agpo romomopdusma g, ScHo,
yro T®) — 3amkHyTasi nogrpynna pasmepHoctd [ — 1 8 T u T
= UgeaT®.

[Tosoxxkum

Wl =t + R (Ep + E) + RV =T (B — Ep).

dto — noganreépa B u. Ilyers n (W) — ee HOpManH3aTOp B u :
nu®) ={X €u [X,uP] cu®. Mn yreepxknraem, uto n (u'd)
= u®), B camom gene, eciu n (W) S Y = ¥, g Ey (Zy =2_y),
10 [H, Y] = Nyeqp2n V' —1(, H) pEy € uP s Bcex H € t,
Tak 310 2, =0, T.e. ¥ = 0. Tlyerb N (u®) = {x ¢ U: xu®x-!
=u®} " nyecrb R 3 Ei— exp EX (X € u) — ogHomapaMerpH-
yeckass noarpymna B U. Ecnu X npuHagnexur adiareSpe JIu
rpymnel. N (u®), 1o exp & (ad X) u® = u® u {X, u®] < u®,
u ofpatHo. ClenoBareabHo, anrebpa Jlu rpynnsl N (u(®) copnagaer
¢ nu®)=u®, O6o3HauuM uepe3 U®P) KOMIOHEHTY eIHHHULEI

rpynmar N (u®),  Slcro, uto U® — nunelinas rpynma u u® —
ee anrebpa Jlu. Has x € T® umeem [x, u®] = 0, u noromy [x,
U®l =0,

Has gwo6oro x € U prGepeM sJieMedT y € U, Takod uTto
ylxy € T. Torpa ytxy € TS u cyuectsyer f € A, pas KOTO-
poro x € yT®y™, O6osnauuM ¢akropnpoctpaictBo U/U® yepes

-
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F®, Orobpaxenne T® X U 3 (x, y) > yxy™* nopoxiuaer roJio- -

MopdHOoe OTOOpa)<KeHHe
q;(ﬁ): TB) « FB) 9("" yF(B)) [ yxy-l,

BBUAY TOoro urto [7® F®] = 0. CiegoBaresbHo,
U = Y p® (T® x F®r),
pEA

Ho dim T® =[— 1, a dim F® = dim U — [ — 2. Tlostomy
dim (T® x F®) = dim U — 3 H, nockoabKy oToGpaxKeHHe (B
rojomoppHo, dim B (T® X FB®) < dim U — 3. Taxkum obpa-
soMm, dim U® < dim U — 3. Handee, Tak KaK MHoxecrso 7B
X F(B) KoMmakKTHO, TO KOMMaKTeH H ero o6pas ¢® (T® X FBY),
3Hauut, U!S) — 3aMKHYTOe MHOMKECTBO.
M3 TeopHH pa3MepHOCTH cJejyeT Tellepb, 4TO MHOxecTso U()
= UNU®) cBA3HO H OJHOCBSI3HO. []
HaJdiee, OMOKUM
O {HEL: exp HETO}
HcHo, uTO
) = {H € t: (B, H) & Z pas Bcex BE A}

Mycrs ©n = {@y, ..., @;} — PyHAaMeHTaJIbHAA CHCTeMa B A H —qg—
cTapuinii xopenb. Kak Mbl Bupens B § 5.6, DyHnaMenTasbHass KJIeTKa
Co={HELt: (@, H)>0,...,(a;, H)>0 u (—a, H)<< 1}
sBaserca cBA3HOH KomnoHeHToH B t(P). Ilycrs F (u) — dararosoe

MHoroo6pasue U/T. TosomopdHoe oTOoGpakeHHe
Co x UD(H, x)t— x (expH) x™

HHAYIHpYeT ToJoMOpgHOe OToOpaxKeHHe
P Co Xx FW)3(H, xT) 1— x (exp H) xte Utr),

(7.4.5) Hrpurnumesumaroroe auretinoe omobpaxcenue d¥ gy, 11y Hesbl-
poxclenno 8 Kaxcdoi mouxe muoxecmsa Cy, X F (u).

HokaszarteabctBo. [los10xkuM
m———{ 3 zgEg: g€ C u Zg =1z aaa BEA}.

BEA
Torza u =t @®m u gaa mo6oro x € U orobpaxeHHe
F (u)ax exp( EZ ZﬁEﬁ)T |— (zﬂl’ ey zﬂk) € Ck,
BEaA

rae {By, ..., Be} — MHOXKeCTBO BceX NOJIOKHTENbHHIX KOpHeH, onpe-
JensieT KOMILIEKCHYIO JIOKa/lbHYIO CHCTeMy KoopaHHat Ha F (u)

o 20 EY
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B oKpecTHOcTH ToukH xT. 3abukcHpyeM X, € Uwu Hy, € t. Torna
s gqoboro H €t

¥ (Ho+ H, x,exp (X 2Ep)
— xp exp (X zpEp) exp (Ho -+ H) exp (— X zEp) x5'
— xoexp (exp ad (§ 23Ep) (Ho+ H)) x7'-

IloKaxeM Mpesxje BCero, 4to oTo6pakeHHe d eXpy, HeBLIPOXKAEHHO
s awodoro Hy €t Coraacuo (6.5.2),

) ad Ho)2
d expy, X = <1 4 ad2]!1“ -+ (dd3!°) 4+ ) Xexp(H,) nag X €.

Mol MOKeM cuHTaTh, 4T0 3HgomoppHaM dd H, 3anaercsl IHaroHa/lbHOH
MaTpHIeH

50‘»...,0, o V' =1 B, Ho), 200V —1 (s, Ho)»"'].
l
Torpa

i (ad Hoi™t [, | exp2nV/ Iy Ho) 1
i Y VT (B H)

. b
SARSLES
=1 -

exp 2V =1 (—By, Hy) —1 . ]
—2n V:I (B, Hyp)

U, TocKoJbKY (B;, H,) & Z, HM OJAHH H3 QHaroHaJbHBIX 3/EMEHTOB
He paseH 0. [Tostomy npeoGpasoBaHHe 3 (ad Ho)/-1/j! HeBHPOXK-
JeHHO, a 3HAYHT, HEBBIPOXKJEHHHIM fBJIAeTcd H d eXpy,.

Takum o6pa3oM, 3KCNOHeHIHMalbHOe OTOOpaxeHHe U — U ouro-
JIOMOP(HO B HEKOTOPOH OKPECTHOCTH 3J1eMeHTa H,. C apyro# cTOpOHHI,
I/ BCAKOTO BellleCTBEHHOTO §

(exp ad (8 ¥ 23Ep)) (Ho + EH) »
= Hy, - 5(H — 20} =T 52 @, Ho) Ep) +0 (),
H, nockoabky (B;, Hy) 7 0, oToGpaxeHHe
tx C*S (H, (2,)) 1~ (H, (=2 V' —1 B, Ho) z,)) € % o
spJasieTcss JHHeHHBIM H3oMopdusMoM. (I ‘

MBI MOXeM Tellepb J0Ka3aThb OCHOBHYIO T€OpeMY AaHHOrO INapa-
rpaga.

(7.4.6) Omobpamenue P: Co X F (1) 3 (H, xT) 1— x (exp H) x‘(lr‘ﬂe-
asemca Gueoromoprom omobpaxceruem uz Co X F (1) na um,
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HokaszatenbcTBo. JloKaxeM TIpeXjae BCero, 4TO P CIOPBEKTHBHO.
Jas mio6oro y u3 UM HalinyTes TakHe 3jleMeHThl H € tM . nx ¢ U,

uto y = x (exp H) x;'. Ho, xKak Mbl BHAeqH B § 5.6, CyLlecTBYIOT

S € Ad(A) u Hy €A*, ana koropeix H' = SH + H, € C,.
Tak Kak A+ <= Q*, 10 exp Hy = 1 u exp H' = exp SH. CoraacHo
(6.9.8), mMoxHO HaiiTH 3JeMmeHT s € N (7), mas koroporo exp SH
= s} (exp H) s. CrnenosarenbHo, y = xs (exp H') (xs)™.

Ianee, paccMOTPHM MHOXKECTBO BceX NpeoGpasoBaHHH anare6phl t
BUga t D H1—> SH + X, rne S € Ad(A) u X € Q*. Tak kax
i S € Ad (A) mel umeem SQ = Q, B caay (2.3.2), 3), u S — opro-
roHafhHOe TpeobpasoBanHe, To SQt = Q. CienoBaTeJbHO, MHO-
xecteo T (R1) Ad (A) obpasyer rpynmy, rae T (X) (ana X € t)
o603Hauaer IepeHoc H |1— X. Tlonoxum

@ = [neT(Q) Ad (A): mCy = C,}.

Scno, uro @ — nogrpynna rpynnsl F (%) u3 § 5.7; snaunut, @ — Ko-
HeyHasi "abesleea rpynmna. [Ipm 3TOoM oOTOGpaXkeHHe

Oy =T (X) S~ SE€Aut () NAd (A)

B3aHMHO-0JHO3HAYHO,

[To sapannomy @ = T (X) S € @ BHGepeM TaKOH . 3JeMeHT S
€ N(T), uto Ads|y = S. Ecu sT = s'T, 10 s'T = Ts! = Ts'!
= §'7'T. [loaToMy MOKHO ONpejeJHTh GHrOJOMOpPHOe OTOGpaxKeHHe

¢: CoxX Fw)>(H, xT) 1— (¢H, xs'T)ECy x F (u)

MHoroo6pasus C, X F (u) Ha ce6s. D10 OoTOGpaKeHHe ¢ He HUMeeT
HeNOJABHXXHBIX TOYEK, ecJH ¢ = l. [lefiCTBHTe/bHO, H3 paBeHCTBA
xT = xs'T chenyer, uto s € T u S = 1, HO COOTBeTCTBHe @ —> S
B3aMMHO-OfHO3HAaYHO. 3aMeTHM TakKkKe, 4YTO YO = .

Bri6epeM TakHe 3JeMeHTH Hy, ..., H, € t, uto Q- = ZH; + ...
+ ZH,. O6o3Haunm depe3 t(9) MHOXKeCTBO BCeX 3/eMeHTOB & H; + ...
+ &§H, (§, € R) ua t, nna xorophix MHoxecTBo {1, &, ..., &}
NHHeHHO-He3aBHCHMO Haj (). Bcmomunas, uto Q' — agpo oro6pa-
KeHHST exDp: t — T, MBI JIerKO MOXeM YGeIHTbCS B TOM, 4TO exp H
(H € t) Toria ¥ TONBKO TOrga MNOPOXJAaeT IVIOTHYH NOATPYNIY
topa T, Korga H € {9, Jlanee, MHOXecTBO ) maoTHo Bt. B camom
Aese, TOJIOXHM pjs jo6oro Ha6opa [ = (i, . . ., i) € Z',
TaKoOro 4to (iy, ..., ;) 5= (0, ..., 0),

Pi)={2 EH €t if 4+ - i =iy

Torpa t\ t(9 ecTp O6benHHeHUe CUETHOTO MHOXKECTBA THIEPIIOCKO-
credt Buga P (i). O6osHauum C, ) t‘4) uepes C{. Muoxkectso C{d
niaotHo B C,.
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[pennonoxum Tenepb, uto ¢ (H, xT) = ¢ (H', yT) nass H ¢ C{D.
Torna u3 paBeHctBa X exp Hx™ = yexp H'y™' BbiTekaer, uTO
(y'x) T (yx)™ = T. CnepoBatensno, s = y'x € N (T). Tlostomy
Ads|, =S € Ad (A), u mul umeem exp SH = exp H'. Takum 06-
pasom, X = H' — SH ¢ Q*. Tomoxum ¢ = T (X) S. Torza ¢H
=H u ¢ (H, xT) = (H', yT). 4

3abukcupyem saemedt (Hy, x,T) € C{OX F (u). Ilockoabky
$ (= 1) He HMMeeT HeNMOABHXKHBEIX TOUEK, Bce 3jieMeHThl § (Ho, xo7T),
¢ € @, pasnuunbl. CienoBare/lbHO, Hafijiercsl OTKphITas CBS3Has
okpectHocte W toukd (H,, %T), a1a koropoit oW ) §'W = &,
ecd @ = ¢@'. B cuny (7.4.5), MBl MOXKeM CUHTATh K TOMY e, 4TO P |y
crronomopguo. Tosmoxum $W = B u nokaxem, 4Toy™'B = U c,0W.

Ipennonoxum, uto ¢ (X, xT) € B. DBroiGepeM KaKyl-HHOYIb
3aMKHYTYI0 OKpecTHOCTb B, anementa x exp Xx™ B B. Ilyets X,

4y ... — TaKas IMOCAeJOBaTeNbHOCTb 3JeMeHTOB M3 C{d, dro

lim X, =X u xexp X x€B,.

Tak Kak |y 6uroaoMopHO, TO HaHJeTCs 3aMKHYTOE MOAMHOXKECTBO
W, = W, takoe uto YWy = B,. Torza pas Kaxpaoro j CyUleCTBYIOT
(X7, %, T) € W, 1 g, € ®, ms xotophix ¢, (X), x,T) = (X, xT).
Iockoabky rpynna @ KOHeYHa, Mbl MOXKeM HalTH TakKOH 3JeMEeHT @,
YTO, @; = @ sl OecKOHEYHOTO MHOXKeCTBa HOMEpOB j. 3ameHnas
HOC/IEN0BATENBHOCTL X ; COOTBETCTBYIOUle# €e MOANOC/AeN0BaTe b-
HOCTBIO, MBI MOXKeM c4HTaTh, 4T0 (X;, xT) € § W, ans Bcex j. Tak
Kak lim X; = X u W, 3aMKHYTO, TO (X, xT) € §Wy = o W.

HUrak, V7 'B = Uq;Eqﬁ’W/- [TosToMy Kaxjaoe H3 MHOXecTB W
ecTb cBSI3Has KOMIOHeHTa MHoxecTBa P B. ITockoabKy ¥ |y GUro0JO-
MopHO oTOGpaxkaer W Ha B, TO e cIpaBeiiuBO H 14 ¥ lgw. Tak
KaK MHOMKeCTBO 3/J1eMeHTOB BHAA X, eXp Hoxjl, Hy € ng), MJIOTHO
B UM, to UM MOXHO MOKPBITH OTKPHITHIMH MHOXKECTBAaMH, OIpeje-
JSTeMBIMH aHaJOrHYHO MHOXKeCTBY B. DT0 J0Ka3biBaeT, YTO P ~— HaKpHI-
Balollee oToGpaxeHne. Ho U™ ognocesizHo. C/ien0BaTeNbHO, P
B3aHMHO-OJHO3HAYHO. (]

Teopema (7.4.6) ¥MeeT BaxKHble CJeACTBHA:

(7.4.7) Q= A,

M. e. 6CAKOA UCAOYUCAEHHAA (POPMA ABASEMCS 8eCOM HEeKOmopoeo (He-
npuoduUmM0o20) NpedcmasieH us. :

Hokasareabctso. M3 (5.8.5) Ham HsaeCTHo, YTO

Af(A) = F(n) (T (A*) Ad (4)), F (@) n (T (AY) Ad(4) = 1.
Eemn A= Q, 1o ALC QL u T(A*) Ad (8) < T (Q*) Ad (A). Cre- |
poBateabro, F (m) ) T (Q*) Ad (A) = @ 5= 1 — npoTuBOpeyHe.
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(7.4.8) Lenmp odrocessnoll aunednold epynnet, aseebpa JIu Komopoii
cosnadaem ¢ u (uau g), usomopden yrusepcairvromy yernmpy C (A)
uaz §5.5. - .

JokazatenbcTBo. 10 caenyer u3 (7.4.3), 6), u (7.4.7). [

3ameyanne. DBosbluass 4acTb pe3yJbTaToOB 3TOro maparpaga nepe-
HOCHTCA Ha NOJYNpocThie alrelphl g.

Ynpaxnenue 1. [Joxasats (7.4.3) nas noaynpocToll aaredpel g.

Ynpaxuenne 2. Jlokasats (7.4.8) nns nmoaynpoctoit aareGpel g.

7.5. CymecTBOBaHHe HeNPHBOJNHMBIX TNPEeACTAaBJEHMUI.
dopMyaa xapakTepoB M (hOpMyJa pa3MEpPHOCTEH

[Tyctb u — KoMNaKTHast npocTas anare6pa JIH, t— ee
noganre6pa Kaprana. [Iycrb U — cBfisiafg OfHOCBA3Has JHHeHHas
rpymnna, anrebpa JIu kKoropo#i cosmajgaer ¢ u. OGosnauuM exp (t)
yepe3 7. ScHo, uto rpynna U xomnakTtHa U T — MaKcHMaJbHBIH TOp
B U. Ilyctb A — MHOXeCTBO BCeX IleJOYHC/AeHHBIX ¢dopM (BecoB)
Ha t. OrtoxpgecTBHM A ¢ COOTBETCTBYIOUIHM [MOAMHOMECTBOM B {

NMpH TOMOLIH OTOOpaXkeHHs A |— 21}/ —1H,. 3abukcupyeM pa3 H

HaBcerja Kakylo-HHOYAb (yHAaMeHTallbHYI0 CHCTeMY {&y, ..., &}
B KOpDHeBOH cHCTeMe A H IOJOXKHM

H, = (a?“&‘) =i gna [=1,...,1.
L L

Muoxectso {H, ..., H;} obpasyer 6asHc B t, H
Fr=A*=ZH,+ -+ -+ ZH,

ecTb sApO oroGpaxkeHHsa exp: - T. Ilyerb oy, ..., o, — dyHza-
MeHTaslbHBle Beca: (w;, H;) = §,;. Torna

A=Zo, + - + Zo,.

Ilycts F — Hekoropast C-3HayHad QYHKIHSA, OoNpejeleHHasd Ha t.
Ons Beskoro S € Ad (A onpemenum dyHKuHO SF  dopmysoi
(SF) (H) = F (S*H) npu A € t. Oyngunsa F HasblBaerca cummemn-
pU4HOL, COOTBETCTBEHHO aabmeprupytouield (OTHOCHTENbHO TIpYIIIbl
Beiins), ecniu SF = F, coorBerctBeHHO SF = (det S )F a1a Bcex
S € Ad (A). 3amerum, uTO AJs oTpaxeHuH Sy mbl HMeeM det Sy
== ~—1, H, 3Hauut, BoOOUle det S = 1 ana S € Ad (A).

Ilycts f — npeacraBiende anre6pbl . Haszosem dyHruuio 7y,
onpefeneHHy0 GopMyJIoH :

x (H) =% (H)=trexp [(H) (f€Y),
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. _ o '
xapaxmepos TPeJCTaBJIeHHs [. Taxk Kak tr ABA™ = tr B, to aan
3KBUBaJleHTHBIX TIpeiCTaBJ/leHHE [ i [ Mbl UMeeM y; = ¥ B stom
naparpade Mbl lIpHMeM c/lepyioliHe 0Go3HAUEHHST:

e(f) =exp (2n ) —=1) nm EER,
e(H, H)=exp (2nV =1(H, H)) ana H, H'€t.

(7.5.1) Bceaxuil xapaxmep CUMMeMpPUHER.

Jlokasateanctso. ITycts (V, f) — npeacTaBJ/eHde anre6pbl u (MJH
uC = g). ITycrs Q (f) — MHOXKeCTBO BCeX BECOB ITOrO NpeACTaBleHHA
1 V (\) — BecoBoe MOANPOCTPAHCTBO, COOTBETCTBYIOLLEE BECY A e Q).
Torna

v ()= 2 dimV (A e((, H) upn Het.

rER (N

CaenoBaTe/bHO, AOCTAaTOYHO A0Ka3arb, HTO

dim V (A) = dim V (SA) ana S € Ad (D).
Ecan f = 0, TO 3TO OYeBHIHO. Ecau f 0, To | ABJAsieTcAd H30MOp-

pM3MOM M HHAYIHPYeT rOMOMOphH3M TPYNI §: U— U = exp (f (w),
TaKoH 4TO

¢(exp X) = exp f (X) npn X € u
{cM. J10Ka3aTeJbCTBO IpelIOXKeHHs (7.4.2)). HOasa xKaxgoro S H3

Ad (A) BblGepem Takoil >7emeHT s H3 N (T), uto Ads= S Ha t.
Torga ans gawo6oro H € t 4 M060r0 BelUleCTBEHHOTO HHCIa | HMeeM

sexp (uH) st = exp (LSH)

exp (4o () F () @ &™) = @ (5) (exp uf () o5
= exp pf (SH).
6 = 0, HaXxoj¥uM, UYTO
I‘gge?[?;uc;lr(?)li :o ]?(;I?l(;TZnﬂngceg HH%H t.pi_IyCTb v ndeHaﬂ,JIe}KuT
A): f(H)o=2n} =T\ H)yvana H € t. Toraa f (SH) @ (s) v
e (s)f(H)v=2n =1 (A, H) 9 (s) v. 3amenas 3jecb H Ha
“1H, noaydaem :

FH) o) v=2n}—1TQ, STH) ¢ (s)v

= 2n )/ =1 (SA, H) ¢ (s) v.

CJIelIOBaTeJTbHO, @ (s) V (\) = V (SA). Ho To4HO TakxkKe @ () V (SM)
=VQR), Te. o VA =V(SMN. []

| <8k

9]
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B § 7.3 uenouuciaedHast ¢opMa A Oblla Ha3BaHa JOMHHAHTHOM,
ecad SA < A gist Bcex S € Ad (A). Bygem HaswBath dopMy A & A
cmpozo Gomurarmuoil, ecit SA <A pasa scex S € Ad (A), S == 1.

Ona A € A oupepenum dyuxuuio A, dopmynoi

(1) A (Hy= 3 (detS)e(SA, H) npu HEL.
SE Ad (A)

(7.5.2) 1) Qyuryua A, ssrsemcs aromepuupyrowieli.

2) Ecau cywecmayemn S € Ad (A), S 5= 1, 0aa komopozo Sh = i,
mo A, =0

3) Ecau h u p — cmpozo OMUHAHMHAbIE UeAORUCAEHRbIE JOPpMbL, MO
1 1

(2) J .- -J.A;v((piHlaf—...—i—(p,H,)Au (o H, 4+ ...+ H)ydy, .. . dy
0

)

w npu A = u,
_ "0 npu As&p,
20e w — nopadok epynnoet Betirga Ad (A).

HoxazateancTBo. 1) D10 yTBep)KieHHe OYEBHIHBIM 0GpasoM cCJelyeT
U3 oInpelgeseHH . : '
2) HonyctuM, uTO A TpHHAI/IEXHT HEKOTOPOH Kamepe Beilnsa W.
Torpa Sh = A Baeuer SW = W, orkyza (corsiacHO yIpaxXHEHHIO
kK §5.1) S = I, — nporusopeure. Ilostomy 19 Hekoroporo B € A
Mbl umeem (B, A) = 0. Torga
. B

Ho, no onpenenenuto dpyukuHd A;, Ag = (det S) 4, qna S € Ad (A).
Tak kak det S = —1, 10 Ay = —A; u 4, =0

3). Ecii ¢dopma A crporo JOMHHaHTHa, TO Bce Gopmbl SA,
S € Ad (A), nomapuo pasau4Hbel. [efictBHTenbHO, U3 SA = TA
npu S, T € Ad (A) caepyer, yto T'SA =A u TS = L.

ITycts A 0 P — gBe pasHYHble CTPOI'O JOMHHAHTHBIE LeN0UHC/IeH-
uele ¢opmel. Ecan SA = Tu gna Hekortopeix S, 7 € Ad (A), o
H3 A = W caenyer, 4to S == T, a u3 TP SA = u, STu = A cie-
ILYeT, YTO OJIHOBpeMeHHO A < W H W <C A, — mportusopeure. Hrak,
SA 5= Tu pas Bcex S, T € Ad (A). [

Teneph (2) HeMeaJieHHO BbITeKaeT H3 CJEAYIOLIEH 3/J1eMEHTAapHO
npoBepsieMoll (GOpMYJIHL.

1

[eto)eltnde=8, (, i€Z) 0
(] .

e e
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(7.5.3) (o, ®) >0 oarn i, j=1,...,1L

B pasaooceruu o; = d, % 4 ...+ d,o, 6ce xosppuyuenmol d;;
ROA0XC umeabHol, B dacmrocmu, 6CAKAA OOMUHQHMHAR UEAOHUCAEHH AR
gopma >0 0mMHOCUMEAbHO AeKcuKozpagudeckozo yropa0oser us.

JloKa3aTeaLcTBO. Cornacuo (2.2.5), 6),

((’Ji’ (")j) = 2 (B’ (Dl) (B’ mj)'.
BE A

BcsKHil KOpeHb § MOXHO 3anMcaTth B BHIE
Bk * &
B = moy 4 ... + o =nio 4 ... + nro,

rae 4Hcaa nf = 271 (a;, a;) g au60 Bce >0, Jaubo Bce <0. *H(*)STOM}/
B, ®)) (B, 0;) = ninj = 0. Ho g crapliero KOpHS /mioj + ...
—G—’m?‘a}‘ Bece KOS((UIMEHTH ) MOJOKHTENbHBI, COIIACHO (5.6.5).
CrenopaTenbho, (o, ;) > 0. _ .
Tlaniee, TNOCKOMbKY (&;, ;) = 0 mpH I # [, TO ((;J[, wé)
= d[' (a’jy @ ) > 0' HO (u‘jr (’)j) = 2-1 (ot.], aj) > Ov HOSTPMY if > U
Brsikas ~ LOMHHaHTHasi |lLeJouHcleHHass (opma &uMeeTO BHIL
A= ko, + ... + ko, 'Tie 0 <k; € Z. 'Tak ¥ak @; >0, 10
A=0. [
3ameuanue. Ecan aiarefpa i (MM g) He FBJIAETCS MpOCTOH, TO MOXHO

)= 0
TBep¥aaTh JHlb, YTO (O, ;) = 0. ]
Y HPyCTb A* 0603HaUaeT MHOMXKECTBO BCEX MOJOKHTEIbHDLIX 371eMeH

tos usz A. Tloaoxum

3) b= X B

pEar

75.4)8 = @, + 0y + ... T @
EL ) gexzﬂemcﬂ UM UMALDHOLM  9ACMERMOM MHOXecmea 6cex Cmpozo
OQOMUHAHMHBLX YEAOHUCAEHHOLY OpM.
+ r

JlokaaateabcTBo. [1yctb B = M40y 4+ ...+ mo, € At Ecmn p ftgrlc’)
0 S;p=Pp— (B, H)a; >0 (rne S, = S,,), BC/IeNCTBHE TOT

: - ' [, 1o pi. Tak Kak
HeKOTOpble H3 KO3(PhHIHEeHTOR f;, j ¥ i, TMONOMHUTENLHDL.
S, (—a) =0a; 10

Ar=1{Sp: 8>0, ot Uil
CienoBaTe/bHO,

! 1 Ly =8 —a,
556:% 2 Szﬁ—‘g‘o‘i=<6—'§' oct-)———o-ai~6 .
$>0, ﬂ*ai
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ITockoabky (S8, @) = (v, S;o) = —(8, @;), Mbl UMeeM (§ — %, o)
=6, ), 1 e (8, H)=2(8 a)o, ) =1 mpu =1, ... |
CrnemoBaTelbHoO, S

0= 0w, +w, 4+ ... + v,

Ilpenrionoxum Teneps, uto SA* = A* s Hekoroporo S € Ad (A)-
Taxf Kak Wy, = {H € {: (§,H) > 0 19 Bcex B € A*} ‘ectn KaMEepll
Bemm+H SWy= W,, 0 S =1 (cm. § 5.3). Tloatomy, ecu S 5= 1,
T0 SA* cogepXHT XOTH 6Bl OAHH OTpHIATeIbHbIA KOPeHb H I10TOMY
S8 < 6. Urak, 8 — cTporo noMHHaHTHas dopma.

Eemn A = ko, + ... + Bo, 0 <k, € Z) — NOMHHaHTHas Ie-
JouHcTIeHHast GopMa M A < §, TO HepaBeHCTBO £, > 1 He MOMKeT BbI-
[IOMHATHLCA A5 BCeX [ (BBULY TOro 4TO Bee ®, > 0), T, e. CYUlecTBYyeT
HOMep ¢, aas kKoroporo k; = (A, H,) = 0. Cnemosareabno, S.A
=A— (M H)a, =* [ C

PaceMoTpuM - ¢pyHKUHIO

@) DH) =IT(e (+@ 1)) —e(—L
(H) B;o( (w®.m)—e(—56.m)) ey,
(7:5.5) D (H) = Ay (H), rze 6 = ).
g>0
Hoxasareabcrno. ITokaxkem npexje Bcero, Yto YHKHUA D — ajb-
TepHHpYIomas. [l 3TOro gocTaToyHo JoKasatb, uro S,D = —D.
Hoectu > 0 u B = ®%; 70 S; B > 0 H, Kpome Toro, S.a, =—=—q.
CrnenoBaresbHo, o :
(S:D) (H)
= T (e (LS8 H)) —e(—L (s 1
%20)( (76 ) —e(— 558 M) x (e (—+ @, 1))
®;

!
| —e (7 (o, H)}) — —D(H).
Iycrs F — xoueunwiit psiz ®ypbe Ha t:
F(H):_,? c(we(p, H), 0zc(weC,

L Ag

rle Ay — HeKOTOpoe KOHeuHOe noaMHoxecTBO B A. 3aMerum, 4To
MHOXeCTBO {e (U, H): u € A} JHHefiHO-He3aBHCUMO Hax C. Ecau
dyHRUHA F — aJlbTepHHpyOWas, TO

SF (H) = %3 c(we(Spu, H)= X c(n)(det S)e (n, H)
n

= %] c (Sw) (det S) e (Sp, H),
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OTKYyga cieayert, 4yro ¢ (Sp) (det S) = ¢ (u) ana S € Ad (A). B uacer-
HOCTH, Ay UHBapHaHTHO oTHOCHTeNbHO Ad (A). BriGepeM HauGoabLIHi
3eMeHT WU, (i = 1, ..., k) H3 Kaxnofi opGHTH AeficTBHA Ad (A)
Ha A,. Torpa

k

F(H)= X ¢ () Au, (),

(=

npuueM $OpMBI U4, ..., Up MOMKHO CYHTATh CTPOrO AOMHHAHTHEIMH,
seuay (7.5.2).
Ho D (H) = } 4 e (u, H). rae

u:—;—za(ﬁ)ﬁ, elf) = =1,

g>0

i u < §. Cornacuo (7.5.4), H4 ogHa u3 dopM W == § He sABAsAeTCA
CTpOro AOMHHaHTHOH. Tak kKak KospduIHeHT npu e (8, H) pasen 1,
Mbl 3akjaiodaeMm, uyro D (H) = As (H). [

3pech MBI JJIOMKHBI €Ka3aTh HecKOJILKO CJOB O Mepax Xaapa KOM-
nakxtHo# .rpynnel JIu K. Ilyets € (K) — MHOXKeCTBO BceX Hempe-
pbiBHBIX [R-3HayHbIX ¢yHKIHE Ha K. OHO ABJsdercss BeKTOPHBIM
npoctpancteoM Haxn R. Tlox (nesounsapuanmmuoid) mepoii Xaapa
Ha K noHuMaercsi Takoe otobpaxende [: C (K) — R, uto

(i) [ — nunelinbi¥t ¢yHkuuoHan u [ 5% 0;

(ii) ecit F € C(K) u F (x) > 0 ans Bcex x € K, 10 [F > 0;

(iii) pna modeix y € K u F € C (K) onpenenum yF € C (K),
nonarass (yF) (x) = F (y™'x) npu x € K; rorma [F = [ (yF) naa
BceX y € K.

H3aBecTHO, yTO Mepa Xaapa cyilecTByeT U 4To, ec/id [ U [’ — Mepbl
Xaapa Ha K, To [ = ¢I’ 111 HeKOTOPOH NOJIOXHTENbHOH KOHCTAHTHI ¢
(eM. [Iesase]). TTyctb 1 o6o3HauaeT NOCTOAHHYIO GYHKUHIO Ha K,
NMPUHUMAIOUIYIO BO BCeX TOYKaX 3HayeHHe . B caydae kKorma /1 = 1,
Mepa Xaapa / Ha3biBaeTcs HoOpmuposanroi. s Bcsikoi Mepel Xaapa /
M BesKoit (-3HayHoit ¢yukuuu £ = F, + |/ —I1F, (F, € C (K))
nonoxum [ (F, + / —1F,) = IF, + )/ —1IF,.

ByneM o6osHadaTh HODMHpPOBaHHYI0 Mepy Xaapa Ha U OGBIYHBIM

3HaKOM HHTerpaJia jF(x) dx. Tlosaras jaas moGoil (C-3HadHOH
U

HellpepblBHOH ¢yHKmuH F Ha T

1

1
Jo | F(exp (9,H, + ... +9,H) do,. . .dg, =TJF(y) dy,
0 0

MBbl 3ajlaeM HOpPMHpoOBaHHyIO Mepy Xaapa Ha 7.




244 Ta. 7. Henpusodumvie npedcmagrenus

(7.5.6) Laa ecakod Henpepvisrod C-swaunold ¢yuxyuu F na U
1 1 ’
” 1 I3 —— - - .
J F(x)dx:—_wj e j (D(H)D(H)jr (xexp Hx™) dx)
U U

0 0

X d(P] . ‘d(pli

H=e¢H + ... +¢hH,
20e w — nopadox epynne: Ad (A).

Joka3sareabcTBo. Jlerko BHjeTh, YTO IIpaBafl 4YacTb AOKAa3blBaeMOro
paBeHcTBa Kak ¢yHKuusa or F € C (U) ynos/eTBOpAET YCAOBHSAM
(i) — (iii). Onas F = 1 3ta npasas dYacTh paBHa

1 1

[+ D)D) ag,. . .de, =1,

0 0

!
w

B cuny (7.5.5) u (2). CnenoBaTtessHO, OHa onpejenser HOPMHPOBAH-

Hy10 Mepy-Xaapa Ha U. []

O6osnauum depes K (U) MHOxecTBO BceX (C-3HauHBIX HeHpephIB-
HBIX ¢yHKIHH Ha U, piasi korophiX F (xyx™) = F (y) npH Bcex
x,y € U. Dnementsl MHoxectBa K (U) HasmBawoTca ¢yHKyuUAMU
Kaacco8, TOCKOMBbKY 3HadeHHsl pyHkumuM H3 K (U) 3aBHCAT TOMBKO
OT KJacCOB CONpsKeHHBIX 3JeMeHTOB. HMHTerpan (mepa Xaapa)
OT (GYHKIOHH KJjaccoB F onpenenserca (opmyJioi '

1 1
5) [Fw dx_:_ZH - [ F(exp H)D (H) D(H)deg, . . .de,
U 0 0 . .

H=@H + - +qH,

BBUAY (7.5.6).

IMyere CN (T) — coBokynHocTh BceX (C-3HauHBIX HeNpephIBHBIX
dyukuuit Fua T, takux uro F (syst) = F(y)anssy € Tus € N (7).
OueBugno, 4To OTOGpaXKeHHe

K{U) > F—F|r € CN(T)

B3aHMMHO-OJJHO3HAYHO H CIOpBEKTHBHO.

OGosnauuMm, paiee, uyepez CW (1) MHOxKecTBO Bcex (C-3sHauHbBIX
HellpephiBHBIX QYHKUHH F Ha t, HHBapHaHTHBIX OTHOCHTeNbHO addHH-
HOH rpynnel Befins

Afd (A) = T (1) Ad (8),
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T. e. Takux, uto F (8H) = F (H) ana Bcex 6 € Afd (A) u H € .
Torma, KakK 6blJI0 NOKa3aHO, OTOGpaxeHHe
CN(T)> F—Foexp € C¥(})

3aHMHO-OJJHO3HAYHO H CIOPBEKTHBHO.
° B IlaJIIleeI:'IlHEM MBI éyl:;)LeM oroxaectasate K (U) ¢ CV (1) npH -
MOMOIH OTOGpaeHHss Fr—>F O exp M HasblBaTb SJIEMEHTH M3
CW¥ (t) Takxe ¢yHkuusMH KiaccoB. COrsacHO (6), uHTerpam oOT
bYHKHHA KJaccOB OMNpeneNsieTcsl PaBeHCTBOM

1 1

6 [ FH) d4H =~ | - [ F(H)D(H) D) dey, ..., de,
t )} 0
H:'—(P]];]l—‘i—"'—}—(PlHi.

Mycrs (V, f) — npencras/ieHde anre6pbl u. Ero Xapakrep ¥
sapaserca GyHKIHeH KJIaccoB. Ecau f HEMPHBOJHUMO, TO ¥j Hashbl-
BaeTCAd NPUMLMUGHOLM Xapaxmepom. BesKHi XapakTep ¥j. MOXKeT

6bITh 3aldcaH B BHAE
Xf = klel + tte + thfn’

rae k; — HaTypaibHble YHCNa, a Y, — TPHMHTHBHHIC XapaKTephi,

YTO COOTBETCTBYET pasJoXKeHWIO NaHHOrO NpejCTaBJeHHs Ha HellpH-
BoqUMble. MHOXeCTBO BCeX NPHMHMTHBHbIX XapaKTEpOB HE GoJlee ueM
CYeTHO, BBHAY TOro 4TO YHCJIO JOMHHAHTHBIX 1eJIOYHCeHHBIX GopM
He GOJIee UeM CUETHO. B HallMX 0603HaYeHHAX OJIHY U3 OCHOBHABIX TeO-
peM TeOpHH IMerepa—DBeitna MoxHO copMyIHPOBATL cAeny UM

o6pasoM:
(7.5.7) ITycmo {1, Xar ...} — MHOKNCECMBO 6CCX PABAUMHBIX NPUMUS
musnbix xapaxmepos. Tozda

@) [ g () aH =8 npu iy j=1,2, e
t
u ecau 048 Qynkyuu xaaccos F

[ F )3 (Y dH =0 npu ecex | =12 ...
t

o e o s cucTeMa
Kopoue rosops, {x;} -— MOJHas OPTOHOpPMHpOBaHHA
B IpeArH/abGepTOBOM MPOCTPAHCTBE CV (t) OTHOCHTEJIBHO CKaJsApHOTO

IpoM3BeJleHH s, ONpeje/sieMoro HHTErpajoM jdH.
’ £

7.5.8) Teopemas [1ycmo © — OOMUHQHMHAL YEAOYUCAEHRAA gopma.
(Toeaa) cyu;egmeyem nenpusodumoe npedcmasaerue (V, fo) aa2ebpsl u
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(uau g) co cmapwun secom ©. Xapaxmep %, 3M020 Npedcmagrenus

3adaemcs opmyaot :

— Awss () , ~
((89) X@(H)——A%—)—(zpopmy/la xapaxkmepoa),
20e

1
§ =—=— )
2.B>oﬂ

A (Hy= ' (detS)e(Sh, H).

- S ¢ Ad)

Joxasateanctso. [lycts BHauane (V, f) — HellpUBOAHMOe MNpencTas-
JeHHe anreGphl W M ® — ero crapiiM#f Bec. IlycTh ¥ — Xapakrep
npeacrasiends f. [lodoxum pas mo6oro H € t

E(H) = ¢ (H) D (H).

Tak Kak QyHKuus y cHMMeTpuuHas (B cuay (7.5.1)), a D — aabTep-
HHpylollasd, TO H £ — adbrepuupyoowmas ¢yukuusa. Paccyxnas
TaK e, KaK H NpH J0OKa3areJbcTBe TeopeMbl (7.5.5), monydaem

5 .

E(H):’ [!\—r;ICLAui(H)f Ci EC5

rae Wi, ..., M, — pasjuyHble CTPOrO JNOMHHaHTHbie IleJOYHcJeHHbIe
tdopmb, HrypHpylolite B KOHeUHbX pajgaXx ®ypbe, KOTOpble MOJY-
4al0TCsl [IPH pa3/ioKeHHH

dimV () e (2, H)\) [T(e(36.5H)—e(—+6.m)).

(\KEQ(H ! B>0

Torpa @ -+ § 6yser HauGoMbilel U3 eJOUHCIEHHBIX GOPM, BXOASIUX
B 3TH psaasl Pypbe, H HPHTOM CTPOro IOMHHAHTHOH, INOCKOJBKY §
takoBa. ClegoBaTe/IbHO, MBI MOXKeM Npeanojararh, 410 |, = o + &,
Tak kak dim V (0) =1, 0 ¢ = 1. B cuay (2),

1 1
— [ [eE E@ doy. . de =|c, [+l el
0 0

—————

Hon Beupy (7) stoT HHTErpa paBeHJ v (H) y (H) dH = 1. Cuaego-
t

BaTe/bHO, ¢ = ... = ¢, = 0 U Mbl uUMeeM § (H) = A,,s (H). Ilo-

ckoabky D (H) = Ay (H), orciona BhiTeKaeT (8).
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Bynem Tenepb HCXOAHTDb U3 JIOMHHAHTHO#H [ e0YHCIeHHOH dopMBI ©.
Toraa ¢dopma o + § cTporo AOMHHAHTHA. TTonoxum

Yy == Awss .

Tax xak Qynkuuu Ay, 4 D = Ay — albTepHHDYIOLIHE, TO hyHK- .
was Y, cHMMerpHyHa. [lOocKOJbKY KaXiblih 3JEMeHT —TpPYIIBI
T = ZH, - ... + ZH, sBasercsi nepHogoM Kak paf Ay Tax
i ans D, GyHKuHs Y, HHBapHaHTHa OTHOCHTEJBHO T (T'). Caeno-
BaTelbHO, X, — (QYHKIHS KJaccoB. B cuay (2), m1s AOMHHAHTHBIX
leJOUHCIeHHbX GopM ® H o

| %o (H) %0 (H) dH
t
: . '
- I?J o J Agrs (P Hy 4+ T @ H ) Awrve (9, - 4 0. H0)

0 0

x dg,...dp, =0

eciM ® 5= ®'. FEcad Y, He ABJAfercs NPHUMUTUBHBIM XapakTepoM,
TO BCJeACTBHE MOJHOTHl CHCTEMBI NPHMHTHBHBIX XapaKTepOB MBI
umeeM 7, = 0, — nporusopeure. ITuM [OKa3aHO CYIleCTBOBaHHe
HeNpHBOJMMOIO TMpeJCTaBAeHHA C XapaKTepoM Y- Tak KakK Ye —
KoHeunblll pag Pypbe BHAA

o (H)=e (0, H) 4 X ce(u, 0),

rie Bce W, < ®, TO ® — CTApIIMA BeC 3TOTO MpPe/CTaBJeHHUA. 0

(7.5.9) (Popmyna pasMepHocTeil) Pasmepy:tocmb Henpusodumozo nped-
cmasrenus (Vg, fo)y umerowjeeo cmapuun gec ®, pasha

IT (@ + 8. B)
. I
i = B>0 B ade 6§ = — SIS
dimV 1 G B 2 ﬁ;
B>0

NoxasateabcTso. [Lif TOro 9ToOH BHUMCAUTH dim V, = ¥, (0), pac-
cMOTpHM %, (AH), H € t, KaK QYHKUHIO BelleCTBEHHOTO IMapaMe-
tpa A. HMmeem )

e (5B, M) —e (_%(ﬁ, AH)) =2 )/ = Tsinaid (B, H)

=2n )/ =18 MA+00)

H, 3HAQUHT,
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D(H)=(2n )/ ——1)"6210 B. H)A® 40 (A%,

rie k — YMCJIO TOJOXHTeAbHbIX KopHeft. C apyroil croponsl,

Apeg ) = 3 (detS)e (S (@ 9), 18)
SEAd(a)

Y det (S)e (S8, A (@ -+ 8))
=D (oM +8) = (2n V——l)"ﬁn (@48, A
>0
+ 0 (k)k+1_

Ho mnockonpky c¢opma 8 crporo pomuuHaHTHa, TO (B, ) > 0 aas
JIOG0r0 MOJIOKHTEJBbHOTO KOpHA P H

DS = (21 _—1)"511 (8, B) A* + 0 (A*).
>0

l

CrienoBaTebHO,
[T (w+8. B)
o (0)=1i A8) = —B20 .
Yo (0) Ag{)lx(.,( ) ) a
B=0

®opmysa xapakTepoB H GdopMysaa pasMepHOCTefl INpHHajnJexar
. Beimo.

7.6. ®yHpaMeHTaAJbHbIE NIPEACTABJEHHSA
KJaCCHYEeCKHX NpPOCTHIX aareGp Jiu

[. «®yrndamenmansvrole seca

. . . . !
C kaxno# npoctoll KoMmmeKcHOH anrebpodt Jlu tuna A,, B, C

uny D, MBl ¢Bsi3asd B § 2.7 OqHO THIHYECKOe NpeficTaB/eHHe. B Kax-
JIOM cJydYae HMeNach nojpadre6pa KapraHa, cocTosiliast M3 AHAroHalb-

ublx Marpun. Ilycts [x, ..., x,] 0603HauaeT fHArOHATBHYIO MaTPHIY
C 3/MeMeHTaMH X, ..., X, Ha IJIaBHOH QHaroHasH. Torja yKa3aHHBIMH
nopaire6pamu KapraHna sBasiiores  {(xy, ..., X;): x; € C}, rue
[x1’-~'9x[y——(x1+"' —]’-‘X[)] A1t Alr
(Xgy ooy X)) =1 [0, Xy ooy Xy — Xqy oy — X[ AaA By,
[X0s covs X0y — Xgy ooy — X4] msa C, u D,
OnpenenuM ¢;, nonarad €; (X, ..., x;) = x; qaa i = 1, ..., [. Jna A,
Mbl MOJNIOXHM TakXe £, = —(& + ... + ¢). Toria e, ..., & H

(B caryvae A;) g;,, CyTb Beca YIOMSAHYTHIX THIHYECKHX TIpeCTaBAeHHH.
CHcTeMa NpOCTHIX KODHEH T COCTOHT H3 CJAENYIOHHUX 3/eMeHTOB:

Xy =& — 8y ..., Uy =8 _; — &
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1
B — By AMA A,
& s By,
oL, —

£ 281 IJI51 C[,

g, +¢& A D,
B § 5.5 6bl1a npHBefeHa TabnHIla MaTpHIL d (n), ¢ NOMOILIBIO KOTO-
PEIX MBI MOXKEM BBIUHCIATE QYyHIaMeHTafbHbIE Beca ay, ..., O KakK
JTHHejiHble KOMGHHAILLMH KOpHe# @4, ..., ;. BBIpasuM o, uepes &, ...,

g, Hanpumep, B ciaydae A,
oy = o o+ (= Dt + )

e (e =) U= D)+ )

U D = FE) =

AHaJIOTHYHO HUMeeM
Wy = & -+ 8y, ©3 = & T & T &, ..y w, =& + ...+ g
JJISi BCeX THIIOB, BCEro JIMUIb C TPeMs HCK/IIOUEHHAMH:

W, = —%—-(81—{— +8L') A B[ H D[’

1
W= -2—(81+ ey, —g) A Dy

Tlajiee B 3TOM Taparpabe Mbl M3YYHM MO OTAeIbHOCTH MpeICTaB-
JleHHSs, OTBeYalolHe HCKJIIOUHTEIbHEIM H HEHCK/IIOUHTEIbHBIM byH-
LaMeHTaJbHBIM BecaM.

[1.Mpedcmasaenusn 6 npocmparcmee N’ c™

C IOMOIIBIO THIHYECKHX IpEACTaBJeHHH MBI BK/IAJbIBaeM KaXK1YyiO
KJIacCHUEeCKYI0 IPOCTYIO KOMILJIEKCHYIO anre6py Jlm B gl (m, C(},
rne m=1-+1 gnma A, m=2l+1wu gin B, u m=2 gas C,
u D,. TlosToMy KaXnoe THIHYECKOe MpeJCTaBJeHHe HH;I}I;U.preT
npencrabJenie B A’ (C™). PaccMorpuM B HpOCTpaHCTBeuC 6a3}1:lc
ley, ..., em}, THE €; — BECOBOH BEKTOD, COOTBETCTBYIOULHH Becy Aj
j=1,.., m Torna e Nei, A .. N e, (i <ip <. < i,) ecTb

‘ : m v
(M 4+ ... & A; )-BecoBOit BEKTOp B A (C ). TIOCKOABKY Ay ..oy A

1 r . N
MOTYT GBITH paBHBl TOJMbKO =+ (I =1, ..., ), O unu g, cTapmnx
BeC paBeH & -+ ... + ¢, TakaM oGpasoM, /4 J0GOr0 HEeHCKJTIOYH-
TeIbHOro (YHAaMeHTaNbHOrO Beca ®, MOXKHO HaHTH COOTBETCTBYIO-

~m
muit menpusomambii Moxyms V () B A" (C ).
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\
Kak mbi saem, dim A7 (C7) — (m

06pasom:
I+
< r ) s Al’
20 41
dimV (0,) = C ) A B <h,
Ol = (21+1 2 —2r 42
r o —r1g A4 C,
21 '
( r ) A8 D, (r <l - 1).

Crenosarensuo, xas A;, B, D, bl umeem V(0,) = A" (™). Ho

aast C; mpoerpaHetso A7 (O
qas 7~ 1 p A" (C*) npusogumo, 3a HCKJIOYeHHeM cJ1y-

111. Cnunoprewe ﬁpeﬁcmae/zeﬂ us

Haverum xomcrpyxuuio CHHHOPHBEIX MpeNCTaB/eHHH OPTOrOHaJb-

HbIX aare6p JI
5 Kire [gépge; gﬂ, C), 1. e B, uD, Hollpoégocrn MOXKHO HaliTH

Hycte V= Cmu T V)
— TeH30pHas aqarebpa Hag V. IT —
upean B T (V), mopoxkpeHHBIH BeeMu 3nweHTa1£n Bnﬁa yere !

()& (y,) + @) (x)—2 (g + o - XmYm),
(x;), (g;) € Cm.
Aneebpa Kaugpgopda C(m) onpenensiercs Kax $akropanredpa T (W)/1,

:;z;)ecaccouuarnaﬂaﬂ anrebpa ¢ exuuuueit. Ilyers or V- C(m) _
TBEHHAA NIPOEKUHA H {ey, ..., €,} ~— KaHOHHYECKHIl GasHe B C™:

e; = (5;;). Uz onperensio 7

cne;:yeT‘,I . pen WHX COOTHOWEHHH naf areGpul C (m)
Pl =1, ple)o(en) +ple)p(e) =0 (1 k)

M MHOXeCTBO BCeX 5/eMeHTOB BHIa

P (e,.l) 0 (e,-2). o), <l (,

o6pasyer 6Gasuc B C (m). B YaCTHOCTH, OTOOpakKeHHEe P HHBeKTHBHO 1
m

dim C (m) = Z ( ™ ) —om,

r=0

p ) C apyro# CTOPOHEI, 10 (op- -
MYyJ€ pasMepHOCTeH MbI MOXeM BBIYHCIHUTE dim V (e,) cﬁeuyloLLiHM
r
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IMycts End (C#) — accounatusHas anre6pa BCeX KOMILIEKCHBIX
MaTpHIl pasMepa k£ X k. Torpa

C (2n) = End (C?"),
C(2n -+ 1) = End (C?") @ End (C?") (upsiMast cymma Hueanos).
Crenyloluii miar COCTOUT B HaXOXAeHHH nojanrebpoi JIu B C (m),

usomopoHo# o (m -+ 1, C).
O603HauuM uepes E,;; MaTpHly, y KOTOpOH (i, j)-H 31eMeHT pa-

.BeH 1, a ocTalbHble 3jieMeHThl pasHbl ). MHOXeECTBO BCeX 3/1eMeHTOB

BHZa
S;j=£E;—E; (i>})

obpasyer 6Gasuc B o (m -+ 1). TlosTomy
[Si/, Sl = ;81 + 8 ~— 8,156 — 8,551

PaccmoTpum B aarebpe KuHddopaa C (m) saementsl T, ; (i > j),
onpene/seMele Gopmyaamu

Te i =50(€)p(e) mpu m4-1>i>],

1
Tm+1,i: —_ —Q—‘V — lp (e]-).

Jlerko BupeTv, 4TO OToGpaxenue S;;—> T;; (i > j) 3anaer usaomop-
¢dusm anrebprr Jlu o (m + 1, C) B C (m).

CnenoBaTenbHo, anare6pa Jiu B, =0 (2{ + 1, C) pmomyckaer
HEKOTOpoe npexcTaBjenne [ B aiaredpe C (2) = End (C*). Tlo-
ckoabky [ (B;) conepxkut p (C%), accounatuBHass anarebpa, NOPOX-
neunas f (B,), coBnanaer ¢ C (2{), OTKyla CaelyeT, YTo NpeicTaBaeHHe |
HenpHBoAHMo. TakuM NyTeM Mbl IOJ1y9aeM npejcraBaeHne anrebpel B,
COOTBETCTBYIOLLEE BECYy ;.

Ananaoruuno

D;=0(2, C)=C (2 — 1)=End (C*¥") @ End (C¥™),

M Mbl MO)KeM HaHTH JBa HEIPHBOIHMBIX NpeACTaBjeHHs anare6psl D,
pasMepHOCTH 2/-!, COOTBETCTBYIOLLHE BecaM ®; , U ;. DTH npej Tas-
JeHHs1 anre6psi o (n1, C) Ha3BIBAIOTCA CRUHOPHOMI N PeOCMABACH UAMU.

¥npaxuenne. I'pynnum SL (/ + [, C) u SP (/, C) ognocBasubl, a rpynna SO (m, C)
HeopHocBsA3HAa. DyHAameHTaJibHble Beca A THRHOB A H C ABAAITCA JHHEHHBIMH
KOMGHHAUUAMH (OPM Ey, ..., & C [EJBIMH KO(Q(HIHeHTaMH, a AaAA THnoB B u D
3TO HeBepHO. HalTH CBA3bL MEXAY 3THMH IBYMS (aKTamy. .
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B. BELIECTBEHHBIE HENPHBOJAHMMbIE NPEJCTABJIEHHUA
7.7. OcHOBHBIE MOHATHS

B ocrtaBmuxcsa naparpadax 3TOH TiaBbl Mbl H3yUaeM BEHIECTBeH-
Hble HeNPHBOJHMMbIE NMPeICTaBJEeHHA BelleCTBEHHEIX MOTYNPOCThIX as-
re6p JIu. Ilocne Toro kKak B gaHHOM naparpade Mbl BBeleM HYXHEIe
0603HaueHUs H OOCYIHMM TepPMHHOJOTHIO, MH OOpaTHMCS K TeOpeMe
3. Kaprana, Koropass ycTaHaB/JHBaeT B3aHMHO-OJHO3HAYHOe COOT-
BETCTBHE MEXIY BelleCTBeHHBIMH HENPHBOJAUMBIMH IpPEeACTaBJ/EHHIMH
H KOMIIJIEKCHBIMH HelMpPHBOJAUMBIMH rpeiacTaBiaeHHsiMH. [lpu momouiu
3TOTO COOTBETCTBHSI KJAacC BCeX KOMILIEKCHBIX HENPHBONHMBIX Hpen-
CTaBJieHHH pa36HBaeTcss Ha fABa NOAK.aacca. BaxkHbIM MHBapHaHTOM,
TIO3BOJISIIOLIHM Pa3/IHuaTh 3TH TOAKJACCH, CJHYXKHT HHIEKC KOMILIEKC-
HOTO HelIpHBOJHMOTO N peNCcTaBJIeHHS .

Ilycte V u U — BektopHuie npoctpaHctBa Hapy C. Otobpaxke-
e T: V — U Ha3biBaeTcsl noayAuHeiiHbim, €CJIH

T (e, + c.vp) =T (v) + &.T (vy)

IV BCeX Uy, Uy € V H ¢y, ¢ € C. (Kak 06blYHO, MBI 0603HaUaeM

yepe3 ¢ YHCJIO, KOMIIEKCHO CONpsixKeHHOe K ¢. B caydae korga U = C,

noJyJHHeHHOe OTOOpaXKeHHe HA3BIBAETCS noAYyauHelHoiM GYHKYUO-
Haaom).

MuoxectBo V* Bcex nosynauHefHbIX (DYHKUHOHaJdOB Ha V cra-
HOBHUTCSl JIMHEHHBIM NPOCTPAHCTBOM, €CJH BBECTH oOnepaluH
(Ty + Ty) (v) = Tyw + Ty,
€T) (v) = cTv.
Hanee, dim V¥ = dim V. B camom pesne, nycte {ey, ..., e,} — Oa-
suc B V. Onpepenum ¢yHkuuonadel 74y, ..., T, U3 V* noaaras
T, (e)=208;; naa j=1, ..., n.

Torpa muHoxkectBo {7}, ..., T,} Oymer Gasucom mnpoctpaHctBa V¥,
Ilycte V — npocrpaHcTso, aBoiicTBeHHoe (Hag C) x V*, 1. e.
BEKTOPHOE IIPOCTPAHCTBO BCeX KOMILIEKCHBIX JHHEHHBIX QYHKIHO-
HanoB Ha V*. Mel MoxeM ompeieiuTb oToBpaxkenue V — V, v+—>0
dopmysion
7(T) = Tv

a1a Bcex v € V, T € V¥*. D10 orobpaxeHH€ SIBJASETCA B3aHMHO-
ONHO3HAYHBIM NOJMYJIHHEHHBIM OTOOpaxkeHHeM mpocTpaHcTBa V. Ha V.
Hcxonss u3 panuoro nauueiiHoro mnpeobpasoBanusi A: V — V,

MOXKHO OTNpeiesHTs JHHeHoe npeobpasoBanue A: V — V caelyio-
muM obpasom: :

Av = Av
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a5 Beex v € V. Oro6paxenune A —> A sIBJsIETCS B3aHMHO-OJHO3HAY-
HBHIM TIONyJHHEAHBIM OTOOpaxKeHHeM NpOCTpaHCTBa gt (Y) na gt (V).
Nanee,

(4, B] = (A, B

a5t Bcex A, B € gl (V). Ecau {ey, ..., e,} — Gasuc B v, TO ey, e
é,} — 6asuc B V; maTpHuleH npeo6pasoBanus A B 6asuce {&y, ..., é,l
CNYXKHUT MaTpHIA, KOMILIEKCHO-COTIpSKEHHAsi K MATpHie npeobpa-
3oBaHusi A B 6asuce e, ..., €.}

Besikoe BexTopoe npoctpancTo V Hag C mMoxHO paccMarpusarth
KaK BEKTODHOe MPOCTPAHCTBO Haj R; 3T0 BelecTBEHHOe BEKTOPHOE
MpPOCTPAHCTBO Oyner 0603HAYaAThCs Vr. ]

[IycTh g — BemECTBEHHAs! anre6pa Jlu u (V, f) — ee KOMILIEKC
Hoe mpeicTaBieHue. [lonaras

fr(X)v=F(X)v

s Beex X € g, v € V, Mbl ojTyqaeM acCOIMHPOBaHHOE BELLECTBEH-
snoe npencrasaenue (Vg, fr) anreopst g. O6paTHO, BCSIKOE BeLIECTBEH-
Hoe npexacTapienne (£, d) anre6psl g MOPOXIAET KOMILIEKCHOE npen-
craByienne (EC, d°) mpocTo mpH paCIIHPEHHH 1OJA K03(HILHEHTOB.

[Ipexnosnoxum cHoBa, 4To (V, f) — KOMIIIEKCHOE NpeACTaBIECHHE
BemlecTBenHO#l anare6pwl Jlu g. [lonaras

F(X)=F(X)

nasi Bcex X € g, MBI HojydaeM NpEACTABJIEHHE (V, f) anrebpnl
B IPOCTpPaHCTBE V. (3mech CyLleCTBEHHO, 4YTO g — BelleCTBeHHas
aare6pa Jlu.) B aTom caydae oTo6paxeHue vi—> U ONpeNenser g-u30-
MopdbuaM Mexay fr U [r.

pIq:I)yCTb (Vi, f1) 1 (Vg fa) — ABa KOMIIJIEKCHBIX npeicTaB/IeHYs
pemectennofi anre6per Jlu g. Ecmu (Vy, ) usomoppuo (Vy, fa),
TO rOBOPST, uTO npeacraBaenue (Vi, f1) conpsoero X Hpe,I[CTaBJIeHHI}O
(Va, f2), u numyT f; ~ f,. B caydae xoraa fi ~ f1, mpeacTaByeHuE [,
HA3LIBAETCS CAMOCOND ANHCEHHBIM.

7.7.1) Mycmo (Vy, f1) u (Va, [3) — Komniexcuole npeacmaeﬂeuuﬂ
geu;ecrztsenét/wﬁ a/zeelﬁptlu Ju g.2 M pedcmagaenue (Vi, f1) conpamxcero
k (Va, fa) mozda u moarbko mozoa, K020a Ccyuecmsyern 83aUMHO-00HO-

o

sHa4Hoe noayaunetinoe omobpascerue T us V, na V,, makoe 4mo
Toh(X)=hX)oT

npu scex X € g. B wacmuocmu, npedcmasaernue (Vy, f1) camoconpsa-
Keno mo2da u moavko mo2da, Ko2da cyujecmeyem 83AUMHO-00HO3HAY-
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HOe noayaunetlnoe omobpamcenue J npocmpa
nwemsa Vi Ha
maKoe 4mo poctp : eon,

Joh(X)=F(X)oJ
orn 6cex X € g.

gggﬁsarenbcmo. Ecmu Fy ~ [, TO CYILECTBYET. JIMHEHHBIH H30MOp-

S: VI-—>V2,
TaxkoH 4ToO
Sofi(X)=Ff(X)oS
s Bcex X € g. Onpenenum oro6paxenue T: V; — V2 COOTHOILLE-

g;ieM T (vy) = S (vy). fcwo, uro T oBnagaer Tpe6yeMpIMH CBOH-
BaMH.

OGpaTHasi UMOJAHKAHUS LOK
a3biBa€TCs aHaJOTHYHO, NOAPOGHOCT
MBI ONMYCTHM. [] PP !

7.8. Teopema Kaprana

[TycTs g — BemecTBenHas anrebpa Jlu u (E, d) — ee BemecTex -
Hoe npeacraBiexHe. Bypem o6osnauarts uepes {d] kmacc Beex Bele-
CTBEHHLIX MpEACTaBJeHHH, 3KBHBAJIEHTHHIX (T. e. §-U30MOPHBIX)
npeacraBnenuno (E, d). Haaee, nonoxum

R. (&) = {ld): (E, d) menpusogumo u dim E = n}.

Anagoruuno, ecin (V, f) — xommaekcuoe NIPEACTABJICHUE alare6phl g,
TO KJacC BCeX KOMINVIEKCHBIX NPEACTABJAEHH, SKBHBAJEHTHbIX V. H
oGosHavaercst uepes [f]. [TosokuM Takxke ’

Cn (@) = {If1: (V, f) uenpuBomumo u dim V = n}.

Hakonen, oGosmauum uepes [f] kaacc Beex KOMIUVIEKCHBIX Tpef-

C aBJIEHHﬁ alJl eépbl g SKBUBAJ/JIEHTHHBIX JIH60 l’ j (;() l’ )
T y JH
" ( ’ )1 ( H ))

Cn(g) = {[/?I: (V, [) HenpusBoaumo u dim V = n}.

Hro6el copmyanposats Teopemy Kaprana, HaM Hajo pas6utsb
3TH KJIacChl HA MNOJAKJIACChl. A HMEHHO, Mbl NMOJaraem

Cr(g) = {If] € Ch (8): fr npusoaMMO},
n(9) =l € Cal(g): fr HENPHBOAUMO},
7 (@ =1l € Culg): fr HenpHBOAHMO},
Rn(g) = ([d] € R, (g): d° HENPUBOAUMO),

Ra () =] € R (g): d© npusouumo).
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Teopema Kapmana yTBEPKAAET CYILECTBOBAHHE CAEAYIOMUX B3aHMHO-
OJHO3HAUYHbIX COOTBETCTBHH (uepe3 1; o6O3HAYEHB OTOOpaXKeHHs,
KOTOpbie HYKHO 3afaTh):

P
R (g)ZbCf; (q),

11 : 1—“» ~I1
WPy

[Te pBEIl 9Tanm A0KA3aTENbCTBA ITOH TEOPEMBI COCTOHT B TOM, UYTO
C KaXIbIM BEI|eCTBEHHLIM HENPHBOAUMBIM NpEACTaBIEHHEM anrelph! g
Mbl CBSI3bIBAEM HEKOTOPOE KOMILIEKCHOE HEPHBOAHMOE MPEeACTABIEHHE.

A) ITyemo (E, d) — unenpueodumoe sewjecmeennoe npedcmasierue
anrcebper g, daa komopozo npedcmasaenue (EC, dC) maxoce nenpuso-
Oumo. B Kkauecmee , moi bepem omobpascerue, Komopoe kaaccy [d]
omuocum kaacc d€1. Hanree 6ydem nokasano, umo [d®] npunadae-
acum CF (g).

Teneps o6paTHMcsi K CJyd4al HENPHBOAHMOIO BelLIECTBEHHOIO
npeacraBnenust (£, d) anarebpbl ¢, AAA KOTOPOro MNpeICTaBJEHHE
(EF, d°) unpuBogumo. IlocTpoeHHe HENPHUBOAUMOTO KOMIIJIEKCHOTO
npeacTaBaeHHsl, OTBeYaloero InpencraBiesdio (£, d), Mbl HauHeM
C TOro, YTO MAOKAaXKeM CJEAVIOIYIo JeMMY:

(7.8.1) [Tycrmv E — Gewecmeerroe 6eKmopHoe NPpOCMPARCMBo U

U+—>U — noAyaunelinoe omobpamcerue npocmparcmea EC na ceba,

onpedessemoe npaguiom

ly

v=x+V —lyr—sv=1x—}
orn ecex x,y € E. IMMyemv W — Komniekcaoe no0npocmpancnigo
6 E- u

W={ocV we W}

Paseticmeo W = W umeem mecrmo moeda u moavko mozda, xKoeda cyuye-
cmsyem makoe seulecmeenmoe noonpocmparcmso F npocmpancmea E,
4mo :

W=F 4+ =1F=1{x -V —1y: x, y € F}.
B smom caysae F = W ] E.

Hdoxa3sateabctBo. [Ipexje Bcero, H3 oONpeleJeHHA U CJeLyeT, uTO
v = p TOTZa U ToJAbKO Toraa, Korjav € E. Ecaim W = F + |/ —1F,
To W=Wu F =W E. O6patHo, npeanonoxum, uro W = W.
Hns Bcakoro m € W umeem

w— (@t a)+ 12V DV T —a),
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rie w+ @ u V—1 (w— @) npunagmexar W 1 E. Tloaaraem
F=WnE.[ o

[Mpexnonoxum Tenepb, uto (E, d) — BellleCTBEHHOe HENPHBOJH -
Moe INpeAcTaBJeHHe anre6pnl g, Takoe uto (ET, d°) mnpuBomumo.
[Tycte V — npoHu3BOJIbHOE ¢-HHBAPHAHTHOE KOMILJIEKCHOE IOANpPO-
crpaHctBo B EC, oTimunoe ot EC u or 0. KommiekcHoe mnoampo-
crpaictBo W = V + V gBasieTcs g-WHBAapHAHTHRIM M YJOBJIETBO-
psier yeaosuto W = W. CornacHo (7.8.1), cymecTByer BellecTBEHHOE
noanpocTpadctBo F B E, Takoe 4TO

V4 V=F+)V=1Fu F=V+V)nE.

U3 BTOpOrOo paBeHcTBa chaelyeT, uTo F Toxe g-aHBapuanTHo. Tak
kKak V£ 0,10 F=E u V -+ V = EC. AHaJlOTM4HO [0Ka3bBaeTcs,
uro (V (1 V) N E — BellecTBeHHOe ¢-MHBAPUAHTHOE IMOANpPOCTDPAH-
ctBo B £ u (V (1 V) =0 (nockoabky V # EF).

Takum o6pasoM, ecaum mnpexacrasienne (EC, d°) npusogumo, To
CYLILECTBYET g-MHBapHaHTHOE KOMIIJIEKCHOe NMoAnpocTpancTeo V B ET,
IJIsT KOTOPOTO

EC=v4+VuvnvV=o0.

s 1 . -
Orcioga BeITeKaeT, yto dim V = - dim EC. Hanee, V saBasercsa
HENPUBOJUMBIM KOMIIJIEKCHBIM g-MoayneM. HehcTBuTeabHo, ecaun U

€CTh ¢-HHBApPHAHTHOE KOMILIEKCHOe HoAnmpocTpaHcTBe B V u U = 0,

TO TakK e, KakKk H BHIlle, AOKa3biBaeTCA, HUTO
C—U+TuUQnT=0.

[Tostomy dim U =dimV uw U = V.
IIpencrabienus anre6pbl ¢ B npoctpanctsax V u V conpsxennl

OTHOCHTEJbHO OTO6pa)KeHHst v+—>v. [lasee, 3Ta KOHCTPYKUHS OIlpe-
Aejser V OAHO3HAYHO C TOUHOCTBIO 1O COMpsiKeHUs. B caMoM nene,

[IPEANOJIOZKHM, HTO U — co6eTrBenHoe HEHYJEBOE€ (-UHBAPHAHTHOE

KOMIUIEKCHOe noxanpocrpanctBo B EC. Torxa
EC=U4+UnUnNU=0.

Ecau v € V, o0 v = 4 + @ Ana HEKOTOPHIX 3JeMEHTOB u, w & U.
Oro6paxkenue ¢: V — U, 3anaBaeMoe ¢opmynoil ¢ (v) = u, g-HH-
BapuantHo. CieaoBatesibHO, V n3oMopgpHo U (ec/u ¢ B3aMMHO-OJHO-
3gauno) uau U.

CobepeM BMeCTe IIOJYUEHHBIE pE3YJbTAThI:

B) ITycmov (E, d) — nenpusodumoe 8euwgecmsennoe npedcmasaerue
arzebpor g, 044 Komopoeo npedcmasaerue (EC, d) npusodumo. [1ycms
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V — npousseoabroe g-un8apuarmHoe Henysesoe coOCmEeHHoe Komnaexc-
Hoe nodnpocmpancmgo 6 E-. Toeda '

EC=V iV uVpnV=0.
ITpedcmasaenue | arcebper g 8 npocmparcmee V nenpugodumo u onpe-

Oeaeno 00HO3HAYHO ¢ mouHocmbio 00 conpaxcenrul. B Kawecmse P, |
MbL 803bMem omobpaxcenue, Komopoe Kaaccy Id) cmasum 6 coomsem-

cmsue xkaace |f). ITo3dnee 6ydem nokasano, 4mo [f] € Cr (9).

Hraxk, Mbl CBSI3aJIH ¢ KaX/ABIM HEMPUBOAHMBIM BellleCTBEHHBIM IpeJ-
CTaBJjieHHeM anareGphl § HEMPHUBOAHUMOE KOMIIEKCHOE MpeACTaBJEHUE.
Tenepb mMocTaBUM B COOTBETCTBHE KaXKAOMY KOMIIJIEKCHOMY HENpPHBO-
LUMOMY MpPeACTaBIEHHIO BEleCTBEHHOE HENPHBOJUMOE MpeACTaBIEHHE.

IMycts (V, f) — KOMIJIEKCHOE HENMPUBOAMMOE INpeACTaBJeHHE aJ-
re6pul g, Aas1 Kotoporo npeicraBienne (Vg, fr) mpusogumo. Ilycts
E — mpousBoJbHOE BeleCTBEHHOE §-HHBADHAHTHOE HEHYJEBOe oG-
cTBeHHOe noanpoctpauctBo B Vg. Torna E + y —1EW E 1 V —1E
CYTh KOMIIEKCHBIE ¢-WHBapHaHTHble mnoxanpocTpactBa B V. Ilo-
CKOJBKY

E+V —=1£0u ENY —IE=#V,
MBI 3aKJIO4aeM, 4YTO
Ve=E +VZIEw EQN}) ~<IE=O.

. 1 .
B wactHoctH, dim E = 5 dim Vp.

[lpencraBnenne d aare6pbl § B NPOCTPaHCTBe £ HENPUBOAUMO.
B camom aenae, eCcyqiu F— BEIIECTBEHHOE g-HHBapI/IaHTHOQ HEHYJIEBOE
coOCTBEHHOE TOANPOCTPAHCTBO B £, To, paccyxKjaas Tak Ke, Kak H
BhIIIe, MBI IOJYy4aeM

Ve=F4+ )V —1IFu FNJ —1F=0.

CnenoBatenbio, dim F =dimE u F = E.
BemecTBeHHBle npencTaBaeHHs anare6pel g B NpocTpaHcTBax £

u /' _1E H30MOPQHBI — TOT H30MOP(H3M OCYLIECTBJASET OTOGpa-

XKeHue x+—> |/ —Ilx. [Janee, NpuBejgeHHAsT KOHCTPYKIHUS ONpELEsseT
BEIleCTBEHHOE IpeAcTaBaeHHe B E ojHo3HauHO. JleACTBHTELHO,
ecau F — BellecTBEHHOe ¢-MHBADHAHTHOE HEHYJeBoe COGCTBEHHOE
NOJANMpPOCTpaHCTBO B Vg, TO o

Ve=F+ )V —1Fu FQ )y —1F=0.

Ecau v € E, To v =x-+ ) :y Al TOAXOAAmHX X,y € F, u
au6o orobpaxenwe E 3 vr——>x € F, an6o oro6paxenwe E 3 v
=) —1ly € |/ —1F sBasercst g-u30MOP(PH3MOM.

9 M. Toro, @, Tpocexanc
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C) Mycmo (V, f) — komniexcroe HenpusoOumoe npedcmagrerue
areebpor g, 042 Komopoeo npedcmagaenue (Vg, fr) npusodumo.

ITycmo E — npou3goivroe g-uneapuanmnoe Hexwyresoe cobcmsennoe™

sewecmsennoe noonpocmparcmso 8 Vg. Toela
Ve=E+ )V —1E u EN V—1E=0.

Coomsemcmayrouiee seujecmsennoe npeocmasaenue d ar2ebpol g 8 npo-
cmpancmge E HenpugoOumo u onpedeieno 00H03Ha4HO. B kavecmse py
mor Gepem omobpancerue, omnocswee kaaccy [fl xaace 1d). Huore

6ydem noxasaro, «mo [d) € Ry (3).

D) Hyemo (V, f) — nenpusodumoe romnaexcroe npedcmagienue
aneebpor g, 0as komopoeo npedcmasrenue (Vg, fr) HenpusoOuno.
B rauecmse ', mot 803omem omobpaxcerue, komopoe Kaaccy [f] omrnocum

kaacc Ifr). Cetiuac 6ydem noxasano, umo [fg] € Rin (g).

(782) (i) DPyurkyus p, 63aUMHO-00HO3HAYHO omoépao/caem Rn(g)

na Ch (@), a g 83aumno-00HO3HAtHO omobpasicaemn Ch (g) Ha R (g).
Boaee moeo, omobpancerus Py u by 83aumMHO 0OpamrbL.

(ii) DPynkyus P, 63aumHO-00HO3HaAYHO omobpaxcaem IRgn (g) Ha
C,IZI (@), a P, 63aUMHO-00HO3HAYHO  ormobpasicaern Cn () Ha
Rin (9). Boaee moeo, omobpasicenus Yy u Py 63AUMHO 0OpamueL.

HokasateabctBo. (i) Iycts (E, d) € R (g). To onpeﬂ.eneﬂmo npeﬂ,-

CTaBJIEHHE (EC d°) HenpusoguMo. [lokamxeM, uTto [d"] € ci (g)-
YTto6el yIPOCTHTH 3aNHCh, NMONOXKHM V = EC u f = dC. Hpenc*raB-
geuve (Vg, fr) NPHBOAHUMO, HOCKOJABKY

Ve=E-+V —1E, ENV —1E=0,
a E sgsiaserca g- HHBapHaHTHbIM HOAIIpOCTpaHCTBOM B Vp. Orciona
crenyer, uto P, [d] = Ch, (¢) u, coraacHo C),

Yoy [d] = [d].

Hanee, nycrs (V,f) € C,I,( ). CuoBa B cuny C) cymecrByer
g-UHBapHAHTHOE HEHYJeBOe c06CTBeHHoe nopnpocrpancrTso E B Vp,
IS KOTOPOTO

Ve=E-L ) —1Eun EN)Y —1E=0.

OGo3HauuM uepe3 d HeNPHBOLHMOE BelleCTBEHHOE MpeACTaBJEHHE,
HHIYUHPOBaHHOe mnpexacTaBieHHeM fg B E. M3 mocrpoenus cpasy
cnenyer, uto V u3omoppuo EF u d° = f. Dro nokasmlBaer, 4TO

d] € R (g) u
Py [f1 = [f].
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m,
(i) [Iycts BHauaae (E, d) € R, (g). Coramacuo B), cymectByer
KOMIJIEKCHOE g-HHBAPHAHTHOE coGCTBEHHOE MOANPOCTPAHCTBO V B EC,
TaxKoe 4To

Ef=Vv4+V, vaV=0

H TpeicTaBjeHHe [ aareGpel g B NPOCTpPaHCTBE V' HENPHBOAMMO.-
[IpuBeeHHEe BhHIIE COOTHOLIEHHSI MMOKAa3bIBAKOT, UTO

dim E€ = 2dim V.

CneznoBaresqbHO, BeEIIECTBEHHOE NPOCTPAHCTBO E HMEET UYeTHYIO pas-
MEpHOCTb; 0GO3HAaYHM 3Ty pa3MepHOCTb uepes 2n (BMecTo n).

[ToxaxeM, uto (Vg, fr) fBAsSieTC HENPHBOIUMBIM BeIECTBEHHBIM
npejacTaBJeHHeM aare6phl g. B camom nene, ecin 6 Vg comepikano
Kakoe-HHOYIb BelIeCTBEHHOE (-WHBAPHAHTHOE HEHYJE€Boe COGCTBEH-
HOe IMOANPOCTPaHCTBO F, TO

F+PNE

Obl10 Obl COOCTBEHHBIM HEHYJIEBBLIM (-HHBapHAHTHBIM IOAIPOCTpaH-
CTBOM B E, BONPEKH HALIUM NPEANOJOKEHHSAM O I'[pelICTaBJIeHHH (E, d).

310 mnokashiBaer, 4TO P, [d] npm—xa/mex(m cr (9)-

Ocraerca nokasath, uto [fp] = [d] Oro6paxenne ¢: V — E,
3amaBaemoe cdopmynolt ¢ (v) = v + v, R-THHeliHO M B3aHMHO-01-
Ho3HauHo. [Tockonbky dim Ve = dim E, ¢ siBasercs u3oMopduaMoM
npocrpadcTBa Vg Ha E. Kpome ToOro,

pofr=doq,
tak uro [fg] = [d]. Mub mokasaunu, urto

[Tycte Temeps (V,f) € b (). Hns ynoberBa obosHauuM Vs
uyepes E, a fr — uepe3 d. [lo npeanosoxkeHH10, BelleCTBEHHOE MpeN-
craBnenne (E, d) anre6pel ¢ HenpuBoaHMO. OTMETHM, YTO

dim E = dim Vg = 2 dim V

u notomy l[d] € R., (g).
.HHHeHHbIH aBToMopguam @: E — E, onperesneHHBIH ¢opmynou

D (x) = l/ x, yaoBaeTBopsier ycaoBuio D2 = —1. ITpogonxum @
Zo - AuHeHHoro aBTomMopgusma DT mpocTpanctBa EC M TOAOKHM
U,={x € E%: ®°(x)=p —1x},
U.=|{x€ E"% ®°(x)= ) —1x].
¢ cHo, uTO

EC=U,+U_n U, nU.=0.
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Kak 0o0piuHO, MBI 0OGO3HAYaeM KOMILIEKCHOe compsiKeHHe B EC OTHO-
cuteqbHO £ uepes x —>X. Jlerko npoBepuUTh, UTO

DT (%) = DC(x)
¥, 3HAYHT,

U,=U..
Hanee, xomnnexchele noanpoctpanctsa U, u U_. B EC o6a g-uHBa-
PHAHTHBI, NOCKOJbKY @ KoMMyTHDYeT ¢ d = fp. CrepoBaTenbHo,
[d] € Rix (). '

CoraacHo B), KoMIekcHoe mpeacTaBieHue anrebpel g B U,

HenpuBoAHMO; OymeM oGo3HayaTh ero uepes f;. Mbl yTBepxKaaem,

uro If]l = [f;]. HefictBuTenbHo, saeMeHT u = x + | —ly € E°C
JeXHT B U, Toria u TosbKo Torna, korga x = D (y), MOCKOJBKY

O (1) = D (x) + J/ =1D ()

V—_1u=—y+V:-Tx.

CnefoBaTe/NbHO, MBI MOXEM OIPeNeNuTh oToGpaxeHnue ¢: V — U,,
noJiaras ‘

P =0 +V—1y
Ito orobpaxenne R-nunHeidiHO U paxke (C-AUHEHHO, TOCKOJABKY
¢V —Ty) =0 @) =D+ V—1D©
=—y4+V—T0@H=V—19@.
Kpome Toro, ¢ B3aMMO-0JHO3HAYHO H @ Of == f; 0 . C/le10BaTeNBHO,
[f]1 = [fi] u
Yoy [f] = [f]. O

Tem cambiM TeopemMa KapTaHa MOJHOCTBIO A0KAa3aHa.

7.9. HujeKc KOMOJEKCHOro NnpejgcTaBJjeHHsA

Teopema KapTaHa CBOIHT H3y4eHHe BelleCTBEHHBIX HENPHBOIUMBIX
NPEACTABIEHHH K H3YYeHHIO KOMIIJIEKCHBIX HelNpHUBOJUMBIX TIpeICTaB-
nenudi. Ho, ecau 3ajaHO KOMILJIEKCHOE HENPHBOAKMOE MpeICTaBJe-

ure (V, f), Kak MOxHO omnpegenuTh, npHHagAexHT [f] K Ch (@)

Al
utd K C, (g)? B 3ToM naparpade KaxaoMy NpeACTaBIeHHIO [ cTa-
BHTCH B COOTBETCTBHE HEKOTODHLIH HHBADHAHT, HA3LIBAEMEIH €ro HHAEK-

com. 3aTeM mokaswBaercs, uro [f1€ C,. {a) B TOYHOCTH TOrAa, KOrjaa

[ ~ [ u [ umeer ungexc, paeuniii 1. Ha ocHoBe nokasaTeJbCTBa 3TOro
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YTBEPKJAEHHA CTPOSATCS pPa3jHYHble METOAB! BBIICHEHHS TOrO, BHINOJ-
HAIOTCSA JIH yKasaHHbIE YCJOBHSI NI NpeACTaBJeHHs [.

[Tycte g — BemecTBeHHas anareGpa JIu u (V, f) — ee HempuBOAH-
MOe KOMIJIEKCHOE MNpejicTaBieHue, Takoe 4to f ~ f. Kak Mbl 3HaeM
u3 (7.7.1), cymecTByeT B3aHMHO-OJHO3HAUHOE MOJIyJHHeHOoe oToGpa-
xeHue J npocTpaHcTBa V Ha cebsA, YIOBJIETBOPAIOILEE YCJIOBHIO

Jof(X)=Ff(X)oJ

st Bcex X € g. ScHo, uto J? ecTb aBTOMOp(H3M NIpocTpaHcTBa V),
KOMMYTHPVIOIIHA € KaXAbiM InpeoOpasoBanueM [ (X); 3HayuT, N0
aemme Illypa, J? = ¢l, rne ¢ € C. Mb yTBepXjaeM, YTO Ha CaMoOM
gene ¢ € R. JleH#CTBUTENBHO, NYCTh U — MPOHU3BOJLHEIN HEHYJEBOH
aneMeHT mpoctrpaHcrBa V. Toraa

Jv=J (J%) = J (ew) = ¢Jv

J3q = J? (Ju) = cJu;
caefoBateqbHo, ¢ =¢ U ¢ &€ R. B tom cayuae, korga ¢ > 0, roso-
pat, uro npeacrasiaenue (V, f) umeer undexc 1, u numyt v (f) = 1;
B cayuyae korjga ¢ < 0, rosopar, uro (V, f) uMeer undexc —1, u nu-
wyT y (f) = —1. Ecau o — crapuuit Bec npeAcTaBjeHus f, TO Mbl
HHOorAa 6yaeM mucath y (©) Bmecto ¥y (f).

Wupekc npeacraBnenus (V, f) He 3aBHCHT oT BuiGopa J. JleHdCTBH-
TeJAbHO, NycTh J' — JApyroe B3aHMHO-OJHO3HAYHOE [MOJYJIHHEHHOE
oTto6paxeHHe NMpocTpaHcTBa V Ha cebs, AJs KOTOPOro

Jof(X)=Ff(X)olJ'

npu Bcex X € g. ABToMOpduaM J 'J' mpocrpaHcTBa V KOMMYTHPYeT
¢ KaxJpiM mnpeo6pazoBaHuem f (X), H MOTOMY CYHIIECTBYeT YHCJIO
d € C, takoe uro J' = dJ. CuaegoBaTesqbHO, ecCJ/H

(J)E =1
nv € V, to
(J)v =c'v

(J)0 = (dJ)2v = (dJ) (dJ) = ddJ? = ddcv.
D10 NOKasLiBaeT, 4TO '

¢ = dde,
yeM Haule yTBepXKIEeHHE H JOKa3aHo.

(7.9.1) ITycms g — seujecmsenrnan aszebpa Ju u (V, f) — ee nenpu-
godumoe Komnaexcroe npedcmasnenue. Tozda [f] € Cr(g) & mom
u moavko mom caydae, ecau f~F u v () = 1.
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NokasateabcTBo. ITycte [f] € C} (g). Torma, corsacuo -yTBepxie-

Huio C) us § 7.8, cymecrByeT BellecTBeHHOE g-HHBapHaHTHoe OG-

CTBeHHOe NoAnpoctpaHcTBo E mpoctpaHcTBa Vg, Takoe 4To
Ve=E+VZIE u ENV—1E=0.

Hanee, BemecTBeHHOe MNpejcTaBienue d, HHAYIHPOBAaHHOE NpPeLCTaB-
JenueM fp B E, HenpuBozuMo. ChaegoBatesnbHo, V = EC. Ilyctb
J — KOMIJIEKCHOe CONpsiXKeHHe NpocTpaHcTBa V orHocHTenbHo E.
Torga J2 =1, J noayauHefiHO H

Jof(X) =f(X)oJ

a5 kaxporo X € g, B cuay g-dHBapuaHTHocTH E. CiefoBaTenbHO, f~f
uy(f)=1

O6parno, nyctb f~ f u v (f) = 1. CyuecTByer Takoe B3aHMHO-
OIHO3HAYHOe NoayJauHefiHoe otoOpaxkeHHe J mnpocTpaHcTtBa V' Ha
cebsi, uto J2 =1 H

Jof(X) =Ff(X)oJ
aas kaxgoro X € g. Ilojoxum
E={veV:Jv=rl

SIcHo, uTo E — BelleCTBEHHOE g-HHBapHaHTHOE NMOANPOCTPaHCTBO B Vp
H

VT E={peV:Jv=—uv|.
Hauee,

Ve=E+V—1E u ENV—IE=0,
IpHYeM MepBOe pAaBEHCTBO CJeLyeT M3 TOro, 4TO BCAKHH BEKTOp
v € V MO:KHO 3ammucaTb B BHIE

| P l

5 (v 4 Ju) + - (v — Ju).
CuenoBatenbHo, npeacraBaenye (Vg, fr) npusonumo u [f1 € Ch(g). [
(7.9.2) ITycme g — sewjecrnsenHan arcebpa Jlu. [1pednososcum, wmo
cywecmsyom udeanst qy, ..., m 6 §, MaxKue 4mo

3=9; D -+ D gn-

U ==

Tycme p, : g — 4, — coomgemcmsyrwujue npoexyuu, u nycms (V, f) —
KomnaekcHoe Henpusodumoe npedcmasienue aazebpor g, Asafioueecs
mer3opHotm npoussederuem npedcmasaenuld (Vi, fop;). Toeda [ ~ [
8 mom u moabKo 8 mom cay4ae, ecau f; ~ [; 0ag ecex j =1, ..., m.
Laaee,.

yH =v7) ... vFa)
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HoxaszareabctBo. 3ameTHM npexjae Bcero, uto (V, f) sBasercs,
B cuiy (7.3.1), TeH30DHBIM NPOHM3BEIEHHEM KOMIIJIEKCHBIX HENpPHBO-
JUMBIX NIpejicTaBaeHud anre6p g;,. Eciu f ~ f, To cymectByer B3auMHo-
OJIHO3HAYHOE NOJyJHHeHHoe oToOpaxenue J rpocTpanctea V Ha
cebs1, TaKOE 4TO

Jof(X)=f(X)oJ

s Kaxporo X € g. Mpi MoxKeM HamucaThb
J=1® Qm,

rae J; — B3aUMHO-OJHO3HAYHOE MOJyJHHeHHOe OTOOpa:KeHHe Mpo-
cTpaHcTBa V, Ha cebd.

ITyctb Teneppr X € g, toe | < A < m. Torxa
| If(X)U1® tr ®Um= J101® o ®thhA(X)Uh® e ®vam
FXI =0 @ (X)Lt ® - - @ it

Orcoga caenyer, uto
Jhofn(X) =Fu(X)o J,

H

ang moboro X € -g,. Kpome Toro,

JQS_Jf®... ®J2n

v () =)

O6patno, ecau f; ~ f, mas kamxpmoro i = 1, ..., m u J, — coorBer-
CTByIOLIEE MONY/NHHEHHOe oToOpa)keHHe V, Ha ceBs, To 10CTAaTOYHO
MO0 HTh

J=4Q R Jn

yToObl Y6EeXHTBCS B TOM, 4To [ ~ f. [

v ¥ (Fm)-

[Npexbiaymuil pe3ysabTaT CBOLAHT H3yueHHE KOMIIEKCHBIX HelpH-
BOLMMBIX [PENCTABJEHHHA MOJYNPOCTOH aireGphsl ¢ K Cayualo, KOTAa
g — qu60 o@HOMepHAsd BellleCTBeHHasA aleseBa anredpa Jlu, aubo
BelecTBeHHas npocTas aaredpa JIu. Besikoe HenpHBOAHMOE KOMILIEKC-
Hoe npencrasnenve (V, f) onnomepHo#i anreSpni JIu umeer pasmep-
"HocTb 1. CnenmoBartenbHO, Toraa

J~F<=F(X)€ER ans scex X€ g.

([Locratouydo mnoaoxuth Jev = fv.)

B srom cayuae y (f) = 1.
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7.10 KomniexcHbie npeacTaBJeHHs
BEeMECTBEHHBIX MOJYNPOCThIX adarebp JIx

Ha nporsxenuu storo naparpada g Gyner o6o3HauaThb Belue-
CTBEHHYIO IOYNPOCTYio anrebpy JI4, a h — ee noganre6py Kapraua.
Anre6pa JIu gC, nonyueHHas M3 ¢ pacluMpeHHEM OCHOBHOIO OIS,
cofepxHT H* B KauectBe nomaare6pel Kaprana. O6osmauuM Kopue-

BYIO cucTeMy anre6psl §C uepes A. Uepes X —> X GyneM 0603HaUATH
KOMILJIEKCHOE compsixkeHue B ¢ OTHOCHTENbHO g. HanmoMmuuM, uro

X, Y]=[X,¥] u cX=cX
ma X, YV € g6 ucé€C.
Ecmr A :j° — C — KoMIJIEKCHO-IHHEH b _(YHKIHOHAM, TO
MOXHO TNOJIYYUTb HOBBIA JIHHEHHBIH (QyHKIHOHAN A, HoJsaras
A (H) =4 (H)

a1 Bcex H € HC. OrobpakeHne A —> A NONYJHHEHHO.
[Tycts a — kopenb asre6pet §C. Torma & — Takke Kopewb.
B camom gene, ecau

[H, Ejl=a (H)E,,

TO

¥, 3HAYMT,
[H, Eq]=o(H)Ey~=a(H) E,.

(7.10.1) [Ias a106bix KopHetdl o u [3' arzebper H=
@, B) = (a, p).

HoxasateabcrBo. M3 oTMeueHHOro Bblmie (akTa BBITEKaeT, YTO [Jsi
BCAKOTO KOpHAI y aire6pnl H°

iy, ®)=j(¥, & n k(y, 0)=~k(Y, &),

B o6osnaueHHax npemgnoxenust (2.3.1) u (2.3.2). CaemoBaTtenbHno,
B cuay (2.3.4),

(@, a) = 4( S ity @) — k(7 a))?)“

€A
= 4( Y (@, @) —k, 6»2)"
v€a

= 4( 2 Gy @) —Ek(y, d))Z)“=<a, a).
v€a

[ostomy us (2.3.2) cmemyer, uto (&, B) = (a, ). I
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B kawuecTBe HeNOCPEACTBEHHOIrO CJAEACTBUA mpemnoxKenud (7.10.1)

MBI [OJyYaeM, 4TO
(A, By =<(X, w

ISt BcexX A, p € E———ZBGARB, TaK KaK 3TO BeleCTBEHHOE BEK-
TOPHOE HPOCTPAHCTBO NMOpoOXKAaeTcsi MHOXecTBoM A. Eciau ©t — dymn-
JaMeHTaNbHass cicreMa B A, To H ® — (pyHAaMeHTaJALHas CHCTeMa.
CorsacHO ynpaXXHeHHIo B § 5.3, CyliecTByeT eAHHCTBEHHBIH d/1eMeHT S
rpynnel Befissi anre6psl B°, mas koroporo St = m. fcHo, uto oTo-
OpaKeHue o +—> S@ = a¥ sABJASETCA aBTOMODP(PU3IMOM CHCTEMBI T.

UTo6bl NOHSITE, KAK YCTPOEHO OTOOPaXKEHHE & —> o™, DA3JIOKHM g
B MPSIMYIO CYMMY MPOCTBIX HJ€aJIOoB:

§=¢ D - D &

Ilycte b, — noganre6bpa Kaprana B g;, A, — CcOOTBeTCTBYIOLAS
KOpHeBasi cucreMa mnoganre6pu (H,)° B (g,)° U %, — dyuramenrab-
Hasi cucTeMa KopHe#t B A;. BosbMmem mogaare6py Kaprana § B g,
3ajjlaBaeMyl0 GopMyJIod

b:bl@ <o D by
OroxpectBasigs A; OObYHBIM CIIOCOGOM € NOAMHOMXECTBaMH B A, Tak
4To

A=A U .. U A, (1uspioHkTHOe O0ObeAMHEHHE),
BO3bMEM B KauyecTBe T CHCTEMY

A=m UmlU... Um, mcA.

Toraa gns o € 7, umeem @ € 7, U S& € wn,.

Hrak, gnsa Toro 4Tobbl H3YUHTh OTOGpaZKEeHHE o —> a¥ | MBI MOXKEM
BHayaJsIe NPEANOJNOXHUTh, UTO caMa ajlrefpa g siBJAAETCS BEleCTBEHHOMH
npoctoft anrebpoit JIu. 3xech BO3MOXKHE! ABa Caydas.

Cayuaii I: anrebpa g mpocTa, a aiare6pa gC Her. DTy cUTyauHuio
MOXKHO BBIDA3HTh HECKOJbKO HHaue, CKas3aB, YTO IMpeJCTaBJIeHHe
(g, ad) HenpuBomuMo, a (g-, ad®) npusBogumo. Cor1acHO YTBeEpXK-
Jenuio B) u3z § 7.8, cyulecTByeT HenmPHBOAUMOE MOAIPOCTPAHCTBO M
B g%, Takoe 4TO

C=m-m u m m=0.
[Tockonbky
g mlcm u [g° mlcm,

ME[ BHHM, 4TO Mt — MpocToil Haeaa B ¢° u [m, m} = O (cm. (4.2.3)).
Ecmu n — noganre6pa Kapranma B m, To n — mogpanare6pa Kap-
TaHa B M H 1 + n — nogaare6pa Kapraua B gC. Ilycts

b==_(n.-l—n) ng-
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CornacHo (7:8.1),

v =n .
CrepoBatesnbHo, |y sB/sieTcs nosanre6poit Kaprana s g.
Besikas dynpamentaabuas cuerema {oer, ..., a,) nojganreSpel it
B Il MOpoXnaeT (yHAaMeHTaNbHYIO CHCTeMY
foy, « ., @, @, .., a,}

anrebpst g. OTo6paxenie o —> a# — 310 NPOCTO NpOAOJKEeHHE [0

JIHHSﬁHOCTH OTOOpaxkeHHA , —> @,.
ay4al 2: anrebpa g mpocta W agirebpa q-°

pa g- npocra. -Orser aa
3Toro ciayyas 6yaer gam B § 8.7. 4 e ol

[TycTsb cHOBa g — BewecTBeHHas nomynpocrast anre6pa Jiu
3anada, KOTOPYK Mbl ceffyac XOTUM PELIHTb, COCTOMT B TOM, Kak
ONDPELETUTD, SBASETCH MU JaHHOE KOMIJIEKCHOEe HENPUBOUMOe n en-
crasiaenue (V, f) camoconpsikenusiM. Eciu oHo sIBJsieTCH TaKOBFI):IM
HaM Obl XOTEJNOCh TAKXKE BLIYHCJHTH v (). ’

(7.10.2) Hycrvnb (V, F) — nenpusodumoe xomnaiexcroe npeacmaefzeﬁue
sewjecmeernold  noaynpocmor areebper Ju §. Ecau o — cmapuiui
6€C IMOe0 npedcmasienuss (nPoGOANEHHOZ0 HA g%), mo S& (e0e S: o—»
1020 1 e Ha g :
—> a¥) — cmapuui eec npedcmasienus (V. /). B wacmruocmu
b

F~Fe=o0=386.

}ongaaTeanTBo. Ecan A — kakoii-nu6o sec npeacrasienus (V, f)
— — ’ ’
TO A — BeC MpeiacTaB/eHus (V, f), mockoabky wus yCa0BHUS
Ho =\ (H)v

CleyeT, uTo
Ho—=12%(H)o

Hu =14 (H)yo =% (H)%.

]
[Tycts Tenepn {a[}l — (DyHJaMeHTaAbHas cHCTeMa B A, Besakult Bec A
Ipeacrasaenus (V, f) sanuceiBaeTcs B Bujge
{
=0 — Zf ey,
=1

rne n, — HEOTpHIATE/IbHRIE 1ieJiple
qycaa (cM. . :
BEITEKaeT, 4TO ( (7 21)) OTC}OH‘a

_ !

=1
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Ho koraa M npoGeraer MHOXKecTBO Bcex BecoB aqre6pwl b B V, SA
npo6eraer MHOXKECTBO Bcex BecoB aarebpnl § B V (cM. (2.3.2)). [}

Oto6pakeHHe ® —> ¥# = S& nepeBOJUT CTaplUUH Bec B crap-
muil Bec. B camoe jaene, ecqH  — CTapIUHi Bec MNpelCTaBJIEHHS
(V, f), to % — crapmuuii Bec npeictasaenHs (V, f), cornacHo
(7.10.2). [aaee, '

OF¥F = @,

NOCKOJIBKY KaxkJas U3 4acTeH 3TOTO paBeHCTBa — CTapludil Bec mpen-
crasiaenns (V, [).

[Tycts {4, ..., ®;)] — MHOMXKECTBO BceX (pyHIaMEHTANbHBIX BECOB
110 OTHOUIEHHUIO K HEKOTOPOH (yHIaMeHTalbHOH cucTeMe Tt = {ay, ...,
a;}. Tak Kak HHBepcHS * KOMMYTHpYeT C JIIOGBIM OPTOrOHAJbHBIM
npeo6pa3oBaHHEM, TO HMEET MeECTO paBeHCTBO *# = #¥ = oTgRyna
(¢ yuerom Toro, uto (@, aj)=98;) caenyer, uro {(wf, o *)
= (¥, af*) = 8,;. CnemosateqpHO, OTOGpaxeHHe * HHIYIH-
PYeT HEKOTOpYIO NepecTaHOBKY MHOXeCTBa {®y, ..., ).

3anyMmepyeM ¢yHAaMeHTalbHBle Beca cJaiyloliuM o6pasom:

* #* .
W1, ..., O O, ..., O, Oy, . .., O
IIpiy 3TOM IMpearnoJaraercs, 4TO

0 = oF

ana = 2r + 1, ..., [. BcaKU# crapiinii BeC ® MOXKHO 3aIHCaTh

B BHIE
— L : fanF i
®=mo; -+ - + 1,0, + o, + - 4+ n,0;
+ Mopi1 Wiy + e + ;.
Orclofila BHITEKAET 4YTO ® = ®¥F TOrAa M TOJbKO TOTAAa, KOTJAa fiy
= fy, ..., A, = n,;. B 3TOM cayyae
# 2 o
O =m ((1)1 —+ w1 ) S+ A0, (mr+ W, )+ Nop1iGopyy+ « « » -+ 1@,

[TogBenem wutoru. OnpenendTb, BHIIOJIHSIETCH JH COOTHOILUEHHE
f ~ f, MoxHO, NMpOBEpPHB YyCJOBHE ® = ®¥%. IT0 B CBOW OYepelb
MOXHO CcIenaTh, BHIDAa3sHB ® yepe3 (pyHIaMeHTaJbHBe Beca. B cay-
yae kKorja f ~ f, MHIEKC mpeicTaBJeHHS [ MOXHO BBIPA3WTh 4Yepe3
MHIEKCHl BECOB (g, ..., ®;. [l JOKa3aTeJbCTBa 3TOro HaM IIo-
TpebyIOTCS JBAa BCMOMOraTe/NbHBIX pe3yJ/bTarta.

(7.10.3) [Tycme ¢ — sewjecmeennans noaynpocmas asecebpa Ju u
V., [) —ee mHenpusoOumoe komnaexcHoe npedcmasietue, umerouiee
cmapuiuili éec ®. Toe0a uHOEKC Henpusooumoz0 KOMNACKCHO20 npeo-
cmasaenus anr2ebpet § o Crnapuium 8ecom ® —+ w* pagex 1.
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Jokaszateascreo. [Iycth BHawase (V', f') — camoconpsizkeHHOe KOM-
IJIEKCHOe TpeAcTaBieHHe aJareGpel g. Ecaum A — Bec ajrefpu b
Ha V', To ¥ A gBisleTcs BecoM. B camom Jene, nycTh J' — B3aHMHO-
OJIHO3HAYHOE MOJYJIHHEHHOe oToGpaXkeHHe npocTpaHcrBa V' Ha ce6s,
' KOMMYTHpYIolLuee ¢ JefictBueM anare6pnl g. Ecam Hv' = A (H) v, 10

HIW =J'Hy =J'A(H)Y =A(H)J'V = A(H)J'V.

Kax Mul Buzeau B (7.3.3), KOMIJIEKCHO® HeNPHBOAMMOE NPEACTaB-
JIeHHe ajre6popl g cO CTApIIMM BeCOM ® —+ ®¥ OJHO3HAYHO peasH-
3yercs B npoctpaHctBe V () V (kak cyXKeHHe TEH30DHOro INpOH3Be-
JeHHs mnpeicTaBJeHuil). [lajee, 310 npeicraBiieHHe SIBJSETCH CaMoO-
COMPSIXKEHHBIM, B cuay (7.10.2). ‘

[Tycte J — otoGpaxkenue npocTpanctBa V () V Ha cebs, ompe-
JeqaeHHoe opmyaoi

SR =yRx.
Jlerko mnpoBepsieTcsi, 4TO 3TO oTOOpaxeHHe B3aHMHO-OJHO3HAYHO,

HOJYJIHHEHHO H CIODBEKTHBHO. [lanee, OHO KOMMYTHDYeET ¢ JeHACTBHEM
ajare6pml g, TaK Kak :

IX@R§) =1 (Xx@F+ xR X)) =y @ Xx + Xy x
| = X(y® D =X/ (xR

CnenoBaresbHO, J oro6pakaeT MOANPOCTPAHCTBO C MAKCHMaJbHBIM
BecoM o -+ o¥* B cefs. (O6pa3 sToro mpocTpaHCTBA NpH OTOGpaxKe-
HHH J HMeeT Becd A, HO JaHHOe HENPHBOJIHMOEe NpPEeACTaBJEHHE sB-
JIIeTCA CaMOCONPSXKEHHEIM H OJHO3HauyHO omnpefeneHo.) [locKoabky
J? = 1, uHIeKc Beca ® + 0% paBeH 1. ]

(7.10.4) [Iycme g — sewecmeennana noaynpocman aseebpa Ju, (Vi,
f1) u (Vy, fa) — 0sa ee camoconpancennbix KOMNACKCHBIX Henpu8oOUMbLX
npedcmasaesus €0 CMAapuUMU Becamu w; U Mg COOMBEMCMBEHHO.
Ecau (V, [) — Henpusodumoe npedcmasierue, umerowee cmapuiull

gec @y + Wy, TO f~T u v (f) =7 F)v ()

Joxkasateanctso. Ilyctb v; — BeKTOp cTapiuero Beca B- V,, a vy —
BeKTOp cTapimiero Beca B V,. HenpuBoaumeiit g-monyabp V MOxKHO
peaqH30BaTh KaK INOANPOCTPaHCTBO

U@-vQu.cV, RV,

Ilycts teneps J;, mas [ = 1, 2, — B3aUMHO-OJHO3HAUHOE MOJYJH-
HeHHOe oTOOGpaxkeHHe mpocTpaHcTBa V,; Ha cebst, YAOBJETBOpSIOILIEE
YCJIOBUIO

Jof, (X)=F(X)od, .
st awoboro X € g. TlpeanosoxuMm ewe, 4To

Ji=cal u Ji=ocl.
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Orobpaxenne J = J; ) J; NepecTaHOBOYHO C IeHCTBHEM anre6prl g,
B3aHMHO-OJIHO3HAYHO, MOJYyJAHHERHo ¥ mnepeBoauT Vi &) V, Ha cebs.
OHO TepeBOAHT TaKxKe H MpocTpascTso V Ha cebs (B cuny coobpa-
JKeHHH, aHAJOFHYHBIX MCIONb30BAaHHBIM IPH J0KAa3aTeNbCTBE MpeX-

aoxenus (7.10.3)). )
Orciona caenyer, 4to f~ [ (4To MOXKHO GhIO GBI TaKke MoKasarb,

pacCcMOTpEB CTapiIHi BeC NMPeACTABJIEHHSA f). Ianee,

J2= T2 J5 = cieal
n oy =vF) v 0 »
(7.10.5) [Iycme g — NoAYnpocmas 6eU4eCeenHAA areebpa Ju u
) — ee nodarze6pa Kapmana. [Tycmb A — KOpHesas cucmema anzebpol
% 6 g u

H #*

W1, .. ©F, O, .. ©OF, W, ..., O ,
— cucmema (yndamenmanviolx eecos. [ycmo (V, f) — Henpusodumoe
KoMNAeKcHoe npedcmasienue aacebpol §, uMmerOuee CMapini sec ©,
pasHbLil

o=+ - + 10 ”;(th + -+ nf;w:t = Rar1®or+1

’ + e g
Toeda f ~ [ 6 mom u moabKo mom cay4ae, eCau ny = ny, ..., ne = ny.
B amom cayuae

() =17 (@an)2rer « ooy (@)
JlokazaTeabCcTBO. JTO CJedyeT H3 (7.10.3) u (7.10.4). 0

Yapaxnenue 1. Ilyete (V, [) — Kommiexchoe CaMoconp sxKeHHoe NpeACTaBJEHHE
agre6pu g H J — B3aHMHO-OJHO3HAYHOE MNOJYJHHEHHOE oTo6paxeHHe MNpOCTpaH-
otBa V Ha ceBs, KOMMyTHpyouiee ¢ feficTBHeM anreGpst §. [Tokasatb, YTC eCny CYylle-
CTBYeT HeHwyJeBoit Bexktop v € V, s KOTOPOro Ju= v, 10 y{H= 1

Yapaxuenue 2. ITycte (V, f) u J Te Xe, utO ¥ B ynp. 1. JlonyCTHM, 4TO CYWECTBYeT
Bec A, Takofi yro A= A m dim V () = . TlokasaTp, uToO vyH=1.




I's1aBa 8

KJACCH®HUKALHSA BELWECTBEHHbIX
MPOCTbIX AJITEBP JIHU

8.1. O6o3HaYeHHA
Ha nporsizxenun Bceli 5Toii riasb HCIOb3YIOTCA caefyiomue o6o-
3HAYEHHUS: ; :

g — nosayunpocras aarebpa Jiu nan C,

) — noganre6pa Kaprana anre6pm g,

! = rank ¢ = dim}, :

A — KOpHeBas cucTeMa aare6pbi § OTHOCHTENbHO b,

B — ¢opma Kunaunra anre6pn g,

E — BeulecTBeHHOE BEKTOPHOE NPOCTPAHCTEO, nopoxkaeHHoe. A,

Has M € E onpeneinm H, € b dopmy.iol
B (H, Hy=»x(H) (HEY.

B NIPpOCTpaHCTBe E umeercs MOJIOXKHTEJbHO-OTIpeleJIEHHOe CKaJIsipHoe
IIPOH3BEIEHHE ’

A, w=A(H)=u(H) O, n¢E).

Aana kaxnoro o € A Mbl BeiGHpaeM E, Takum o6pa3oM, YTOGbI
BBLIMOJIHAJIMCh  COOTHOUICHHS ‘

=04+ CEq+ CEo+ CEg+CEg+ ..., [h, 6] =6;
[, Eol=a(H)E, upn HEH, a€ A,
[Eq, ELgl=—H,, B(E,, E,)=—1 npun af€A,

[Ea.v Eﬁ] = Noa, BEIZ+[31 €CJ/IH @, f’v & _{_ B E A1

rae No,g = N_o g ¥ My, g= (N, 4)? — NONOKHTEMbHOE PANHOHAND-
HO€ YHCJIO (TaK 4YTo Nog € R);

[Eq, Egl=0, ecan a, PEA, a-+B+0 u o+ p&EA.

Hns H € b, = DacaRH, u A€ E uMeem AH) €ER. Mu
rnoJjiaraeM ' v
Ca = Ea “JL E‘ou Sa = L(Ea - E-rz)’ t= [i[)n

~ Haunee,
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rae { = ) —1. 3apukcupoBaB Kakoe-HHOYIb JEKCHKOTrpaduuyeckoe
ynopsigouessoe B E, TOJOXKHUM '

w=1t-+ Y (RC,+RS,).

x>0

Kak Mbl 3HaeM, u SIBISETCA KOMIAKTHOH BellecTBeHHOH dopMoil ana-
refpel g, a I — nonaare6posi Kaprawa B u. [lycts T o6o3HauaeT
COMpsiKeHHE OTHOCHTEJNbHO U, T. €. '

T(X+iY)=X—iY pama X, Y € u
Toraa tE, = E_,.
Jansa yao6erBa BBejeM B [) HOBOe CKaJ/IsipHOE IPOHM3BENEHHE IO
bopmyie ' '
I
(H‘, Hz): B(Hl’ Hl) (Hl.’ H_z e [))

(@)

Ilockoaeky dopma B (H;, H;) mosoxuTreqbHO-OIpefeneHHa Ha b,
3TO HOBOE CKaJIsIpHOe NPOU3BeJeHHe MOJOKHUTEJIbHO-ONIPee/eHHO Ha f.
Ons A € E nonoxum

¢ (A) = 2niH, € t.

flcHo, 4TO @ — H30MOpPHU3M BeKTOpHOro npocrpancrBa £ Ha f.

, 1 : A v
@A), ¢ (W) = gy B @nifly, 2nifly) =B (H, Hy)=®*, W),

TaK 4TO (p SIBJSETCS H3OMeTpHuef 3BK/JIHAOBA INpocTpaHcTBa E Ha
BKJKHJAOBO IpoCTpaHcTBo t. B panbHedlueMm, Korja 3To HaMm Oyuer
yA0OHO, MBI OyaeM oTOXIeCTBAATE @ (A) ¢ A. B yacTHOCTH, KOpHEBYIO
cHCcTeMy A MOXHO paccMaTpUBaTh KaK [OAMHOXECTBO Bt U (o, P
= (o, B) naa a, § € A. Takum oGpa3owm,

() [H, EjJ=2ni(a, HYE, a1a HE §h u a€A,
(2) (expf{ad H) E, == (exp2mni(a, HA))E,.

B vactHocTH, mns H € t
(exp(ad H)) E, = Eg <= (a0, H) € Z.

" B cootBerctBuu ¢ (1) u (2) UMeOT MeCTO QOPMYJIBI

1 {[Hr Ca'.]=2n(a; H)Sa:
W VA, Sa=—2(a H)C,,

0 ( exp(ad H))C, = cos 2n (o, H)C, - sin 2 (&, H)S,,
( l (exp(ad H)) Sy = — sin2n (&, H)Cq +cos2m(, H) S,
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CJiegoBaresbHO,
(exp(ad H)) — 1 (RC,, +RS,) =0 <= (a, H) € Z.
Hanee, nycts ® = (@4, ..., &} — COBOKYIHOCTb BCe€X INPOCTHIX

KOpHeH B A OTHOCHTeNbHO BHIGPAHHOrO YHOPSJOYEHHS; 7T ofpasyer
6asuc B-E (unu t) Hag K u 6asuc B H* (uau §) nag C.

[Ipeanonoxkum temepb, 4to anre6pa g npocTa. Crapumuit
KopeHb Oyler o0o3HaYaTbCA uepe3

‘—‘CLO - mlal + e +mla[.

Torga my, ..., m; — NOJIOXKHUTEJNbHBIE LeJbie YHCAA, ¥ BCAKHH IOJO-
JKUTENbHBIH KOpeHb P MOXKHO 3amucaTb B BHIE
B=rna, + - +me, 0<n <m)
(cMm. (5.6.5)).
MuoxecrBo T = {ay, o1, ..., &} Mbl OylAeM Ha3bIBaTb pactiuper-

Hou cucmemoil npocmeix KopHed.

8.2. Ilopanre6pnl MaKCUMAJbHOI'O paHra
B KOMOAKTHOH agarefpe Jlu

[Tyctb v — koMnaktHasi anrebpa Jlu u T — noganre6pa B b.
HanomuuM pesyabratel §§ 4.3 u 4.6. Iloganre6pa f KomnakTHa.
Besikas nopanre6pa KapraHa anreGpot f abeneBa U conep:KUTCH
B HEKOTOpPOH MakcHMalbHOH abeseBoil nojanreépe (= nopanre6pe
Kaprana) anre6pei v. CnegoBarenbHo, rank ! < rank v. B cayuae
korga rank |t = rank v, f HasbBawoT nodas2ebpoi maxcumare-
HO20 paueq.

ITycte 3 o6o3Hayaer ueHTp aarebpel v. Torza

b=u@ 3} (IpAMasg cyMMa HIEaJoB),

rge aare6pa u = [v, o] moaynpocra. [lycte £ — mogaare6pa ma-
KCHMaJIbHOI'O paHra B b, a t — nmofanre6pa Kapranma auare6ps f.
Torza t — makcumanbHasa aGeneBa nojxanre6pa B v U 3 ¢ t. Cneno-
BaTeqbHO, £ = (Nl u) 34 t=0CtNu)H3dutif(lu colepkHUT
nojganre6py Kaprana t () u aser6pni u. [lostoMy AN u3ydeHHS
nojanre6p MakCHMaJIbHOIO paHra B b JAOCTATOYHO DACCMOTPETh MOX-
anrebpel MakCHMa/JbHOTO paHra B . ‘ |

[Tycth # — KoMNIakTHas nonynpocras anre6pa Jlu. 3apukcupyem
Kakyo-Hu6yap mnonanre6py KapraHa t B u ¥ o6o3nauum uepes @
COBOKYITHOCTb BceX Mojanre6p aare6pel u, copepskamux t. [Tycts
! — noganre6pa MakcuManbHOTO paHra B U H f; — nojanare6pa
Kaprana B t. Torma Habigerca aBromopdusm ¢ € Ad (u), ana Koro-
poro of; =t u of € ©. '

Ilyets ¢ — xommuiekcudukauus anre6pst u. Jas 1060ro noj-
NPOCTPaHCTBA P B 1 0O03HAUHM uUepe3 P° ero KOMIIEKCHYIO JHHEeH-
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Hylc 060/104Ky B §. [IpoCTPaHCTBO P° €CTECTBEHHO OTOKIECTBISAETCS
¢ KomiieKcHHKalHKed npocTpaHctBa p. Kak Mbel 3Haem, § = t¢
ectb nojanre6pa Kaprana B g. [asnee 6yayT Hcno/nb3oBaThest 0603Ha-

‘yeHusi, BBeAeHHBle B § 8.1.

Jlns mo6Goit momanre6pet € @ ee womnmexcudpuxauuda ¢ dB-
JsieTcsl mofadre6poit B ¢, Takol yro ¥ Dt =1b u T =1° rae
T — comnpsxKeHue B g oTHocHTenbHO u. [lycth D¢ oGoaHayaer COBO-
KYIHOCTb BCEX nofanre6p a B g, YAOBJIETBOPSAIOUIUX YCIOBHAM
. a>Dh u T()=a.

Torga aast a« € @° umeem a (| u € @, u orobpaxerue @ 5 £ r—f°
€ (D° B3aMMHO-OJHO3HAaYHO H CIOPBEKTHBHO.

Hanee, aasa Besixkoro T € @ 10M0XKHUM

Af)y=1{zx € A: E, € t}. _
Fean o, B E A@ua+p € A, 10 Egug = (Nayp)™? [Eq, Egl € B
u o+ P € A ({). Kpome TOro, nockosbKy 1E, = E_,, coOTHO-
wernde o € A (f) Baeder —a € A (f). DByzeM HaspBaTb MOAMHO-
skecTBO D cucTeMbl A nodcucmemoid, eciau
D+D)nNA=DubD=—-D.

Besikast mojgcucreMa B A siBasiercst KOpHeBo#i cucremoit. O6o3HauuM
yepes DA MHOXKECTBO BCEX IMOJCHCTEM B A. Torna A (f) € @4 ans

€ O :
EHyCTb € ®u X € tc. Torna X MOXHO 3amucaTh B BHAE

X =Xo+ X, + ... + Xp,
Xo €0 0£X, € CEBJ. (i=1, ..., h),
rae Py, ooy B — pasnﬁqnme KopHH. BriGepeM anement H,y anre6pel b,
A5 KoToporo Bce uucaa P (H), P € A pa3nuuHbl. Torna
(ad Ho)l (X — Xo) = By (o) X, + « - £ Bu (Ho)! Xy € T,
M ONpejeTuTeNb MaTpPHLb
B, (Hyi), i=1,...,h j=0,..,h— I,
He o6pamaercs B Hyab. Ilyetb (b;;) — MaTpuua, o6paTHas
x (B; (Hy)/). Toraa , 7
h-1 E .
X, = Y by, (ad Ho)i (X — X,) € ¢
‘ o ‘
HPp, €AERapai=1, .. h Taxkum ‘06pa30M,

t=f+ ¥ CEu
q€A(f)

f=t _}— Z ([Rca. + RSG)
a€A (f)
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OTH pesy bTaThl MOXCHO NepeQOpMYJHPOBATh CAeAYIOMWHM O6pa-
30M: ' .

(8.2.1) ® — D — DA, f+— fcr— A (})

ecme nocaedo8armeAbHOCMbG 83AUMHO-00HOBHAUHBIX CHOPBEKITIUBHLIX OMO-
6pascenudl.

(8.2.2) INycmeo % u ¥y npunadaexmcam O. Oru conpascens. OMHO-
cumeasro Ad (n) (cooms. Aut(n)) 6 mom u moavko mom caysae, Koz0a
cywecmayem  azremenm S € Ad (A) (cooms. Aut (A)), maxod wmo
SA (fl) = A (£2).

HdokasareascTBo. Jonycrum, uro of; = £, a1s8 HeKoToporo o €
€ Ad (u) (coorB. Aut (u)). Toraa ot — nopanrebpa Kaprana B I,
H Ha#gerca p € Ad (f;), nnas goroporo pot = t. Corsmacuo ynp. 4
§ 4.4, p nmpoAoaKaercs A0 BHYTPEHHETrO aBTOMOD(H3Ma anrebphl .
Mgl Moskem 1o3TOMY cuHTaTh, uto p € Ad (u) < Ad (g). B o6osna-
yenusax § 5.3, nycrb f — romomopeusM rpynmel N (b)) = {p € Aut
(3): wt =t} mwa Aut (A). INonaras f (po) = S € Ad (A) (coors.
Aut (A)), noayuaem, uro poEg € CEsy. CrenoBatenbno, SA (f))
= A (fz).

O6patHo, ponyctuM, uro SA {;) = A (;) mas  HekoToporo
S € Ad (A) (coorB. Aut (A)). Bei6epem anemenT o € Ad (u) (coorts.
Aut (u)), rakofiuto ot =1t u f(6) = S. Torga 117 @ € A (f,) uMeeM
0E, € CEss = By u of; ¥, (]

Jasi npousBosbHOro noamHoxecrsa A anareGpbl f MOJOXKHM
At ={H € t: (A, H) € Z ansa pcex A € A}.
OueBugHo, AL sBjasercs HOopMonyseM (= aIAMTHBHOH MOArPYNIIOH)

BeKTOpHOro npocrpaHcrsa t. [Tosoxkum, najee,
Z@) =o€ Aut(u): (c—1)t=0} anma t & @.

IMycte Ny (1) = N (b)) N Aut (w) U [, — orpanuyeHne romomop-
¢dusma f Ha N, (t). Torma Z (f) npHHaMJeXKHT AAPy TOMOMOpP(PH3IMA
fu: Ny (t) - Aut (A) u noromy Z (f) < exp (adt) (cM. ynpaxkne-
Hue K § 5.4). ITockoabky exp ad H € Z (f) Torza d TonbKo Toria,
Korga (@, H) € Z past Bcex o & A (f), Mbl UMeeM

(8.2.3) Z(¥) = exp (ad (A (B)L)).
HaM HOHaIl06HTCH caelyimiasa JeMMma:

(8.2.4) lyeme D — nodcucmema cucmemot A — t. Obosnadum 4epes
{D}z nodmodyre 6 t, nopoxcdennoiti D. Toeda

{Dz ) A=D.
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JlokasateabcTBo. [lycTb f NpPHHALJIEKHT {Diz N A, u nycrb
{tg, ..., O} — KakaA-HHGYIb (QYHIaMeHTalbHAA CHCTEMA B D.

Mensisi B cayuae HeoOXOAMMOCTH HYMEpAuUHUIO la;}, Mbl MOXeM CUH-
TaTh, 4TO
/o B=(o+ - 4+ csa) — (dy@gyy + + 0 + dyogis)s
rie s+t<kucy, .. G di, o d; — HaTypaJbHble 4YHCJA. ITo-
qoxuM | B| = ¢+ ... + o+ di A + d, u [IOKaxeM HHIYK-
uuei no | B |, QTO[36D.ECJIHI[5|=1.,T0[3:iQL‘E‘D. A
ITpeanoaoxkum, 4to f — a, E A i =1,...sup +a, &

ana j=1, ..., L Torxa, paccMaTpHBas o,;-NOCJAEAOBATEJIBHOCTL H
@, ,-TOC/EJ0BATENBHOCTD,  POXOASIIHE HEpes B. ™Mb moJayuHM Ha
ocHOBaHHH (2.3.2), uTO

B, a) <0, i=1,...,58 H B, o) =0, i=1 ..., %

CaejoBaTelbHO,

s t
(f’v B) = 2. C; (B) a’i) - jé‘.l dj (Bv a’s+i) <0

=1

u p = 0, — nporusopeune. [TosTomy XoTs 66l OJHH H3 3JEMEHTOB
B— oy, ..o, p—ag, B+ ey B + o, (0B03HAUHM €ro uepes ¥y)
nomxeHn npusamniexars A, Torza | vy | =8| — 1 ¥ no npeanoJ/oxe-

nuio uHayKuwy y € D. CrefoBaresnpHo, e DO+D)NnAcD. [

[TycTb m — IPOH3BOJbLHOE TOAMHOKECTBO aare6pu t. Onpeze-
amM m* < A dopmyion
m#* = l{a € A: (a, A) € 7 aas Bcex H € mj.

— +# it
M3 storo onpegeseHKs cpasy caelyer, UTO —m#* =m¥* d (m
+ m#*) N A < w#*. CnefoBaTe/nbHOo, m* — NoACHCTEMA B A.

(8.2.5) 1) Haa awbozo nodmroxecmsa m aazebpel t
m#* < DA,
9) Jan D € @
Di# =D.
3) Aaa D,, D, € D4

Dy 2 Dj <D, Z D,
4y Aasnt €@
P={X€uw (6—1)X=0 naq scex o € Z(®)}.

JMoxkasateapctso. 2) To wro Di#* D D, OUEBHAHO, [Tyere P upu-
HaaneXut DL#, 0 nIyCcTh Gy, ..., Gp — KakKasi-HuOy Ab (pyHIaMeHTa/b-
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Has chcrema B D. IlpeinonoxxuM BHauaJje, YTO MHOXKECTBO {ay, ...,

@, B} suHeiliHo-He3aBHcHMO Haj R. Toraa Hafizercs snemeHT H, € f,

JJs1 KOTOpOTO : .
(al, H0)="'=(akv H0)=0 a (ﬁ’ H0)$Z'

IlockonbKky (o1, Ho) = ... = (ag, H;,) = 0, Mol umeeM H, € D+,
a Tak Kak P € DL1#, to-(P, Hy) € Z, — nporuBopeune. CiejnoBa-
‘TEJIbHO, - ¢ . o

B=rca, -+ +aa (¢ €R).

BriGepem Takue snaementsi Hy, ..., H, € t, uto (2, H;) = §,,.
Torpa Bce H; npunagnexar DL u (B, H,) = ¢, € Z. 3nauur,
p € |Djz u, B cuny (8.2.4), p € D. ‘

3) OueBngno, uto u3 D, < D, caexpyer, uro Di D Dj. Ecau
D> Dy, o D, =Di# < Di#= D,. Ananoruuno u3 Dy = D
BHITEKAET, uto D; = D,.

4) Tlonoxum

f,={X€w (6—1)X=0 ana Beex o€ Z®)} € D.

Coraacuo (8.2.3), kopedb « mpuHamiexkutr A (f;) Toria U TOJBKO
torjaa, Korna (@, H) € Z ana scex H € A (f)L. CnenorarenbHo,

AR)=A®@®L*=A® u # ="t

(8.2.6) [aa ecaxozo maxcumarvrozo sremenma ¥ mroocecmea O\ {u},
YnopAooOUeHHO20 No 6KAOHeHUro, Hatdemca saemenm H € t, maxoi
4mo

1) A®)= H#*, rae H#*={H}*,
2)t={X€u:(expad H — 1) X=0}.
HoxasateabcTBo. B cuny (8.2.5), 3), A(f) ectp wmakcuMaabHbIH

anemeHT MHoxectBa DAN{A}, u B wactHoctH A (f)+ iAJ-. Cre-

JOBaTeNbHO, CyllecTByeT aaeMedT H € t, ynoB/aeTBopSAIOUIMH ycJ0-
BusM A (f)+ 5 H & AL. M3 toro, uto H € A (f)L, caepyer, uto
A@) = A @)L# = H¥. Tlockonbky H €& AL, MoxHO HaHTH Ta-
KOH KopeHb & € A, uto (a, H) & Z, 1. e. @ & H¥. Tak xak A (f)
MakcHManbeHO, TO A (f) = H*. o

To uto £ =4{X € u: (exp ad H — 1) X = 0}, BwiTekaer H3
paBsenctBa A (f) = H#*. .

Ynpaxuenne 1. ITycts b — KomnakTHas aJnre6pa Jlu. Toraa uHcao mnomanreGp
MaKCHMaJbHOTO paHra ¢ TOYHOCTHIO JO jJeHcTBAs rpynnsl Ad (D) KoHeuwo.

¥Ynpaxuenue 2. [lycTh D — xommaxkTHas anre6pa Jlu:
D=3 u @ - - dug (Ipamag cyMMa K1eajos),
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rae 3 — ueHTp aJare6psl v, a nojaare6psl 1y, ..., Ug upoctel. Ilyers f — mox-
anre6pa makcuMandpHoro padra B . Toraa nafijercs Takas mnogaare6pa f, Maxcu-
MaJbHOTO paHra B OjHOH M3 aareGp u;, 4To

f=3@u, ® - ®u_ , PLOU D - D up

Vipaxuenne 3. [Iycts © —— KoMmMnaktHas aareSpa JIn, a T — nopanre6pa Makcu-
MaJbHOro panra B ¥. Torza HopMaJdusatop 1 mopaare6por f coBranaer . [¥ka- .
3anue. BBUpy mnOJIHOH NPHBOAMMCCTH MHOXKECTBA {ad X: X € Y} naitnerca Takoe
nognpocTpancteo g n, uto n=%Y--q, TN qg=0 u [f, q]= 0. Hoka-
&uTe, uTo ( = 0, HCNONL3YS TOT (GaKT, YTO  CONEPKHT HEKOTOpyio mojaiare6py
Kaprana aiare6per w.]

8.3. SIBHoe onpejeseHHe MAKCHMAJbHbIX NOAAIreop
MAaKCHMaJbHOTO PaHTra B KOMNAKTHOI mpocroii aaredpe JIu
(teopust Bopeas — 3nGenTanst) :

B sToM mnaparpade Mbl TPEANOJaraeM, 4To U — KOMIAKTHas
npocras anre6pa JIu, u coxpansieM o602HaueHHsl MPeBIAYIHX Mapa-
rpacdoB. ITyctb ¥ — Kakofi-HHOYAb MAKCHMANIbHBIH S/IEMEHT B O fu}.
Torna wowHO Hautr H € t, MId OTOPOTO

P={X €u (expad H — 1) X =0} _
ByzeMm roBopuTh B 3TOM caydae, uto H 3adaem t. Ilpexje Bcero Ml
PacCMOTpUM BONPOC O BhIGOpe 3JeMenTa H, 3ajawiero nojanre6py,

conpsikeHHyw K f.
[TockoabKy siipoM romoMopdusma

t D Xr——>expad X € Ad(u)

apasiercs ' = AL, M Moxem 3ameHuTs H nHa H + X (X E ).
[Tycte S npunagnexut Ad (A) (coots. Aut (A)). Toraa S MoxHO
npoJOJKHTD A0 aBToMopdusma o € Ad (w) (coors. Aut (w)) n s

X Eu
{exp ad (cH)) = .—l-[oH, [..., [oH, cX]...]]

=9 ZL.[H’ [...,[H, X].. )l=o0(expad H.X)

CnenoBatenbno, (exp ad H —1) X =0 Tofna U TOJIBKO TOTAa,
koraa (exp ad (cH) — 1) cX =0, u

of = {oX: (expad H — 1) X =0}
= |{X: (expad (cH) — 1) X =04},

T. e. 3jgemedr oH = SH 3apaer of.
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- Hanee, o6o3HauuM mas JqwoGoro Y € T uepes T (Y) npeobpaso-
BaHMe NepeHoca Ha Y B i: - ’

tYH—>T(Y)H=HLY¢t,

u notoxuM T Iy ={T (Y):Y € T}. B rn. 5 Mbl BHAeaH, UTO
Af (A) = Aut (A): T (I) ecTb rpynma H30MeTPHH 3BKJIAHAOBA MNpo-
crpauctBa t, Ad (A)-T (') — ee moarpymmna W 4YTO TMOACpyIma
Afd (A) rpynnet Ad (A)- T (T') neficTByeT TPaH3HTHBHO Ha MHOXEeCTBe
Bcex KJaerok. [Iycth C, o6o3zHauaer (QyHIAMEHTANbHYIO KJETKY:

Co=He€et (o, H) >0, ..., (o, H)y>0 n (—a, H)<l1}.

Tornma, B cuny (5.6.7), ans ao6oro H € t wHafgercss Takoll aBTo-

Mopdusm v € Afd (A), uto H € UC,. Takum o6pa3oM, CipaBeiTHBO
caepyioliee yTBepKAEHHe: ~

(8.3.1) [Ipednoaoscum, umo saemenm H uzt 3adaem ¥. Toeda moscHo
Hatdmu Y € T uo € N (8 N Ad (w), makue umo sremenm H' =
= 0 (H — Y) 3a0aem of, npuuem

o, Hy =0, ..., (o0, HY =0 4 (—a,, H") < 1.
Hamomaum, 4ro —oty = mya; + ... + myo, — crapunii KopeHb
H A = |2, Gy, ..., ;) — paciiupeHHass CcHCTeMa HNPOCTHIX KOpHeH.

(8.3.2) [Tycme t — maxcumarbras nodarzeGpa MaKkCUMArbHO20 paxea,
sadasaemasn ssemerimom H € Cyr A () = H¥. Toeda n () = 7 )
N A {) asarsemca cucmemod npocmeix kopreidl 8 A (£) omrocumeasto
Hexomopoeo YnopaoodeHus. '

JokazareabcTBo. MBI JOKaxeM, YTO BCSIKHH 3JeMeHT [ MHOXecTBa
A () ™moxHO 3anucaTh B BHJE JHHEHHOH KOMOHHAIUH KOPHEH H3
n(®) ¢ ueabiMu KoahdullMeHTaMH, KoTopeie JauGo Bce = 0, aubo
Bce <0. JocTaTOYHO paccMoOTpeTb caAydall MOJOKHTEIbHOTO f.

a) ag & A (). Tak xak (o, H)EZ u 0 < (—ag, H <1,
To 0 < (—ay, H) <1, IMyets § = bya, + ... + by € A(F) —
NOMOXKHUTENbHBIA KopeHb. Torza :

0<b (e, HY + ... Lb (e, H =@ H) <— (@, H<I.

Tak xak (B, H) — uenoe uucao, To (B, H) =0 u by (g, H) = ...
= b, (ay, H) = 0. CnepoBarennHo, ecau b; >0, 10 (a,, H) =10
o, € A(f), t.e. pectb quHeliHaA KoMOHHaUHUs KopHel o, € A ()
C HEOTpHIATeJbHBIMH KO3M(PHUIIHEHTaAMHU.

(b) oy € A (). B atom cayuae —(oy, H) = 0 nau 1. Ecau 6
(atg, H) = 0, To MBI uMenu 6u (o, H) = ... = (a;, H) =0 un H
= 0, — nportuBopeune. CuenoBarenbHo, —(a,, H) = 1. Ilycts
B = {7'1051 + ... 4+ by, > 0 npunagaexur A (). Torza (B, H) =0
i 1.
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Ecau (B, H) = 0, To, KaK U B cayuae (a), TONy4aeM, 4TO f} ecTb
JAuHeliHas xomOMHauusi KopHed a; € A (f) ¢ HeoTpHUATeNbHBIMH
HeapIMi  Kos(phHUHeHTaMH.

Ecau (B, H) =1, o —(ay, H) = 1 n

(—og — B, H)=(m, —by)(a;, Hy+ .. .4 (m—b)(a,H)=0.

[MockonbKy m; > b; u (a,, H) > 0, Mol umeeM a; € A (f), Kak
tonbko m; — b; > 0. CnenoBaTebHO,

p = —ay— (my —b)ay — ... — (m — b) oy
ecTh JuHeHHas KomOuHauus saemeHToB u3 A (f) 1 & ¢ HenoJaoxKHu-

TeJbHBIMH LEJIbIMH Ko3dduuneHTaMH. []
HanoMunm, uto card 3} aas /060ro KOHEYHOTO MHOXECTBa

* obo3HauyaeT YHCJO €ro 3JEeMEHTOB.

(8.3.3) cardn (f) = 1 — 1 uau [, npuen

(1) 8 cay4ae koeda card nu (8) = [, areebpa t noaynpocma,

(I1) 8 caynae xoeda card n () = [ — 1, aaseebpa 1 asasemcs
npamol cymmoti odnomeproeo yenwmpa 3 (£) u noaynpocmoezo udeara

(£, £1.

JokasateabctBo. Tak Kak 7wt (f) He MoxeT coAepxarb I, TO
card  (f) < [ Homyctum, uto card = (f) < [ — 2. BriGepem 1Ba
Kopua o;, a;, (0 < i <j < [), e mpunaptexamux = (f). Muo-
xeerBo © (B) U {o;, &;] COlep:KHT He Gosiee yeM [ SJEMEHTOB H IO-
TOMy JHHEHHO-He3aBHcHMO. CllefOBaTe/NbHO, HAHIETCH  3/IEMEHT
H' € t, ans kotoporo :

(a,, H)=0, ectu o, € 7 (f) mubo h=1, u (a; H'Y = 2—1

Torga H'# iH#: A®), u6o H'#>n ¢ U (o). C apyroi

ctoponbl, o; ¥ H'#. 3T0o TPOTHBOPEYHT MaKCHMAJbHOCTH H*
= A (f). 3nauur, cardn () =/ — 1 wnan /[
IMycts 3 () — uentp aare6pnl f. Torma 3 (f) =t u

3()) ={X €t (@, X) =0 naa Bcex a (D).

Cnenosarenbro, dim3 (f) = [ — card m (f) == 0 (ecau card m (f)
=) nau 1 (ectu card = (}) = [ — 1). [] '

HokakeM Terepb OJMH Pe3yJbTaT O CKaJ/APHBIX MPOH3BEJEHHAX
Ha KOpHEBHIX cHcTeMaXx. UTo6nl usbexarb HeJOPAa3YMEHHH, Mbl OBTO-
puM paHee BBeleHHHE O0O3HAYeHHA. :

(8.3.4) [Tycmo g — noaynpocmas areebpa JIu nao C, §H — ee nodan-
eebpa Kapmana, A — Kopresas. cucmema ar2ebpsL § OMHOCUMEALHO B
u E — auneinas o6osouxa muomecmsa A nad R. dasee, nycme.
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U — KOMNAKMHAR Geuiecneenran opma areebpot . [Iycme, Hakorey,
@ — uHéapuaxmuan buaurelnas opma KA g, 02paHUHeHUE KOMOPOL

HQ W ompuyameabro-onpedesenno. Onpedeaum ckaiapHoe npousge-

Oenue 8 F popmyaoti
A, wo=9(Hy, Hy) ans &, p € E.

Imo crkaaaproe npousgederue NOAOHCUMEAbHO-0NPeeIeHHO, U

(@ Byo _ (o B
) Bpye = @y M =BEA

(Hanomnum, 4mo ckaaraproe npouseederue {(x, f) = (o, B) Gouo
onpedeaeno kax {(a, PB)g, ede B — dopma Kuarunea ancebpoe g.)

B udacmnocmu, 0aa woboco mo4roeo npedcmasienus b areebpo g
ML MONCEM PACCMAMPUBAMTL

Bw(Hm HB) == tF\P(Ha) IP(HB)
KaK ckaasapHoe npoussedenue 8 A.

JlokasateabctBo. M3 skmouenns (H,: A € E} <}/ —1 u suasuo,
uto (A, W), MOJOXKHTEJIbHO-ompejeneHHo. Ilockonbky ¢opma ¢
HEBBIPOXK/JEHHA Ha u, OHa HeBBIpOXKJAeHHa W Ha g. [lycts g = g,
@ ... D g — passoxeHn2 anarebpel g Ha TNpocTele HAeannl. O6o-

3HAUHM 4epes ¢; orpaHudyeHde @ Ha g; (j = 1, ..., k). B cuny (1.5.3),
¢ (g, g) =0 npu {==j CnenoBateavno, mia X; Y; € g; |
=1, ..., kB, MBI HMeeM

OX, . F X Vb YD =X, Y
(X Vi)

3TO COOTHOIlIEHHE Mbl OyeM 3anuchiBaTh B BHAE @ = @ P ... © ;.

Hast kaxpmoro j=1, ..., & nycts §; — nonaaredépa Kaprana
B g;. Torna b = %; + ... + by — noznanre6pa Kaprana B g. B cuny
compsixkeHHocTH mnojganre6p Kaprana (cm. 4.6.4)), cymecTByer
0 € Ad (g), mas xoroporo 09’ =Y. CnemoBarenpHo, bh = 0h;+...
+ 6h;z. C npyro#t cropoHel, Tak Kak ad (g) ¢; = g;, To Ad(g) g,
= g; u 0Y; < g;. CnenoBarennuo, §; = 0h; = H ] g; ecTb moi-
anre6pa Kaprana B g; H

b=5b +...+b% b=4q Nb
Anasnoruuno u3 (4.5.4) Mbl mosnyuaem, yTo
U= ... F U,

TAe 4, = g; I 4 — KOMNaKTHas BellecTBeHHas opmMa anrebpol g;.
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OGo3nauuM uepe3 A; KOPHEBYIO CUCTEMY aJreGphl g; MO OTHOLe-:
nuio K nopanreGpe Kaprana b;. flcso, 4T0 A; MOXKHO €CTECTBEHHBIM
06pa3oM OTOXKAECTBUTb C MOJAMHOXKECTBOM CHCTEMBI Awn

k
A= U A; (IM3BIOHKTHOE o6beJUHEHHE).

Mycrs E, — aunefinas oBonouka cucreMel A; Hal R. Toraa

E=E®.. ®E,

u (E,, Ep)p = 0 ans i 5= j. Tak xak IpH 3TOM (E;, E;) =0, TO
i jokasaTenabcTBa GopMyJbl (1) AOCTAaTOUYHO paccMOTperh CaydaH,
KOria o ¥ P IpHHALIEXKAT OJAHOH H TOH Xe mojanretpe g;. B stom
caygae (@, B) COBIajaeT co CKaJsIPHBIM TPOH3BEJEHHEM B E;, mno-
cTpoeHHHIM To dopme Kusauura anreGpel g;. 3aMeTHM TaKXe, UTO
dopma @; OTpHIATENbHO-OIpEJeNeHHa Ha U;.

I[lpeanosoxum Tenepb, 4to ajaref6pa g mnpocra. CornacHo ymp. 5
§ 1.5, ¢ = ¢B 115 HEKOTOPOro ¢ & C. C npyroit cTopoHHl, KakK ¢,
Tax U B oTpuuatenbHo-onpeneaeHHbl Ha u. CleloBaTeNbHO, ¢ > 0.

Ianee, B cuay (3.3.1), 2), ¢dopma By, HEBBIPOXKIEHHA. Kpowme Toro,
BBHAY (6.4.5) Mbl MOXKEM CHYHTaTh, 4TO P w cun) ={X € gl(n
C): X + *X = 0}, oTky&a, B 4YaCTHOCTH, CJeAYeT, HTO tr X2 <0
g aoboro X € u (n). []

BepHeMcsi K Hallel TepBOHaYabHOK 3afaue. Ham mu3BecTHO, UTO
[#, ] — [tc, tc] — moaynpocras anre6pa Jiu nan C u A () —
ee KopueBas cucrema. lak Kak [f, tl° 3 X—>ad X € ad (g) —
TOYHOE NpPEJACTaBJEHHE, TO, COTacHo (8.3.4), Mbl MOXeM ONpPEelSTUTh

ckansipHoe mnpousseieHne B A (f) dopmysoH
(@, py=trad Hyad Hy nns a, B € A(Y),

4TO COBNAZAeT CO CKAJSPHbIM NpoH3BeieHHeM Ha A. Takum 06pasoM,
HMeeT MecTO CJeJyIOUUH pe3yJ/bTar:

(8.3.5) B xauecmee cKaaspHO20 npousgedenus 8 A (f) moxrHo 63mb
ckaasapHoe npoussedenue (a, B) 6 A. B wacmuocmu, ouaepamma Hon-

kuna cucmemst 1 (§) noayuwaemcsa u3 ouaepammoL JletHKura cucmemsl 7

yoaneHuem BepUIUK, COOMEEMCMBYIOUUYX KOPHAM US N m(®), u
pebep, y Komopbix Xoms 6bl 00UK U3 KOHY08 npuHaorexcum K 4ucay
aMmux BepullLH. ,

Tenepb PacCMOTPHUM [10 OTAENbHOCTH ClyHaH () u (1T u3 (8.3.3).
Beuay (8.3.2) Mbl NpeanoIoXKHM, 4TO nojanrebpa ¥ 3ajmaercs 3Je-
mentom H € Co.

(I) card m () = [, u anrebpa t mosaynpocra. Ecau =n () = 7,
to A () = A — nporuBopeuue. CreloBaTeNbHO, T ® = 7\ {o)
aas mekoroporo i > 0. Torma 0 < (a;, H) <1, # NOCKOMBKY (—ao,




|
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H) » m; (a;, H), To (—ay, H) = 1. Janee, ans j > 0, j == i, Mbl
nmeeM (a;, H) =0 nwan 1 u o

mi(e;, Hy<<m;(a;, H)+m;(a;, H) < — (2, H)= 1.’

CnenoBatenpHo, (a;, H) =0 u m; (o;, H) = —(ay, H) = 1. IlycTsb

H,, ..., H — Gasuc B {, ompenensieMsli ycaoBueM (o, H;) = 0.

Torpa H = (1/m;) H;, rne m; > 1, nockoabky (e;, H) > 1.
HokaxeM, uTOo m; — 1pocToe 4HCAO. [lONyCTHM, UTO m; = ab,

rie a, b — HaTypaJbHBEe 4YHCaa, GoJabliHe efHHHUBl. Torma H¥ <
< (aH)*. C pgpyro#f CTOpOHBI, NOCJA€AOBaTENbHO npuMensas (2.6.1)
K CTaplleMy -KODHIO, Mbl MO»KeM HaHTH 3JeMeHT P = p,o; + ...
+ p;a; € A, ans kotoporo p, = b. B camoMm Jene, nad KoOpHS —d,
Ha#lercss TaKOH KopeHb o; € 7, 4To Py = —op — a;, € AY, H
1751 f§; CymecTByeT TakoH KopeHb o, € 7, 4To fy = PB; — a;, € A,
H T. I.; TAKHM IIyTeM MBI [OJYy4YaeM HOCAeL0BAaTENbHOCTD —Qy > P
> ... > B, B A", nocnenHull ujgeH KOTOPOH [, €cTb NPOCTO#H KOpPEHb.
Tak kak B, — f;,; € 7, Kakue-To H3 KopHeH [; NO/KHBI HMETb
tTpeGyeMbiii Bua. Torma (B, H) =p,/m, =1/a® Z u P& H%,
HO B € (aH)*. Hanee, (a;, aH) =1/b& Z u a, & (aH)*. Cue-

c c
noBatesbHo, A (f) = H* £ (aH)* - A, UYTO mNpPOTHBOPEYHT Ma-
KCHUMAaJbHOCTH cHcTeMul A (P).

Mrak, Mpl nokasanu, uto H = H,/m;, rae m; — npocroe 4ucJo.
O6partHo, pacemorpuM D = (H,/m))¥ pns npoctoro m;. SIcHo,
uro D N 7t = [ay, &y, ..., &;, ..., o;]. BriGepeM MakcHMaabHbIl

snemedT D' B @A, ynosaerBopsitomuit yeaosuio D < D'. Haiigercs
Tako# snement H' 5 t, uro D' = (H')*. Tlostomy (a;, H') € Z
ama j >0, j=i #u Z,’-=1m,~ (@;, H') € Z. Tlonaraa H" = H'
— Xjwi (o;, H') H;, nonyuaem,” uro (H")* = (H')* =D’ u (a;,
H"Y =0 pgas j=0, j==i. Cnenoarenbno, H” = cH, nna He-
kKotoporo ¢ € R. Tlockoabky H" & I' = AL, uucio C He Moxer
6LITh HeanM, HO ¢ = myoe; (H") = m;c — nenoe uucno. Taxk Kak m;
opocto, TO- HaWaercs r € Z, Takoe uto gr = 1 (mod m;). Toraa
(rH"* > (H"* = D'. C n1pyro#i CTOPOHHI,

" qr M, " H; \#
rH" =rcH, = 2 H, = 2L (mod ZH) u (rH")* — (T) =D,
T.e. D =D".
Hrtax, MB IOKasaldd chaefyiouiee yTBepKIAEHHE:
(8.3.6) B cayuae xoeda card mu (8) = I, mor umeem A (¥) = (H/m,)#
048 Hekomopozo i, maxo2o uwmo wuucao m; npocmo. QOb6pamro, ecau
m; — npocmoe 4ucao, mo cucmema (H;/m)* marxcumarona s D> \_{A}

w &N (Him)* =&\ o).
Ons cayuaa (II) pesy/abraT TakoB:
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3.7V B cayuae xozda card m () = | — 1, moxcHo Hadmu maxod
ster?zom)opdmsi o € Ad (w), o (t) =1, umo A (ot) = (H,./E)#l 04
HeKomopoeo i, makozo Hmo m; = 1. O6pamro, ecau m; =1, mo

cucmema (H;/2)* makcumarbHa 8 DANA) u AN(H2)* AN

# a,, Tak uto T( 1)
okaszareabcTBo. (a) IIpearnosoxum, 410 It ® 0

IE—_ {tg, ..o a;}. TlockoabKy 0 <H)—(oc(8 H)H<1 ?_1 00<<(acl,<H1),
) eeM (ag, H) = ... = (a4, =0 = cHy, .
Nélgn:Mml >(12, 10 ag € (H/m)*\ A ) 1 o & (Hy/my)*, -l-ITIO
IPOTHBOPEYHT makcumasapHocTH A (f). CnepnoBaTesibHO, My =
Ho B sroM cayuae ajs JJo6oro ¢, YAOBACTBOPSIOHIETO YCJIOBHIO

0<e <,
(cH)* = {pay + - - - TP Pr= 0}.

" Tlo3TOMY MOMKHO B3SITh € = 1/2.

b) Nomnyerum, uto =t (£) 2 oy, TakK 4TO I ¢ = {.ao, %gy o AN
I_IOC(K())JIIIEKyyO < (o1, H), TO —(2%; H =1wupmsaj> 3 Mp}x_]m\-a_eegq
(a;, H) < (oa, H) + (o, H) < —(ay, H) = 1, a TakXe &; (H) = 0.
CrnenoBarensio, H = aifl; + a,H,, rae .

a, >0, ag>0Hm1a1+m2a2=1. }
<uM. 4rto my > 1. Torna (Hi/m)* D { g, s, o5 s
ggengog}?]‘-}:?ml)#, '-IITO NPOTHBOPEUHT MaKCHMaJIbHOCTH A 6(13)0.
CnenoxlsaTeJIbHo, my = 1; mo To# Ke NPHUYHHE H /My = 1. das 61}0 obn
mapbl BelIECTBEHHBIX UHCEN by, by, Takux uto b > 0, bp >0wu b
+ by = 1, MBI HMEEM
(b,H, + boHo)* = {pyay +- - - T P € A py=Paf,
BBHAY TOTO UTO pi H pa MOTYT GHITh pz}_llaﬁbl 1(‘}-)1%_}{{_0 ]3 ?/gu +1. TakuMm
, MBI MOXEM CUHTaTh, YTO = (H; 2)/2.
Oéplq'le’sxomnm Cy =T (—Hy) Co = (X —Hy: X € Co} (cm. puc. 7).
Jeno, uro C; — KJeTKa. Tak KakK BEpLIHHbI CHMIJIEKCA Co, — 37O
SHeMéHTbI {0, Hymy, ..., H,/m,) n my = 1, To H, ABJIAETCA BepILH-
woit C,, a 3Hauut, 0 — pepmuuoii C;. IlosToMy HaHMAETCH TaKoH
snement S € Ad (A), uto .
SW,=W,={X¢cth (a;, X)=>0 npu |= 1, ..., L}
C gpyro# CTOPOHBI, MOXKHO mailiTH Takoe € > 0, AJs1 KOTOpOro
{XEW,;|X|<£}CC, npu r=20, L. -
' - ( : GAu3KuX K O,
e/bHO, 1151 371eMeHTOB X € Cy, ROCTATOYHO
%(emema u moromy SC; = Co. Tlosoxum H = ST (-H2)£1"
= S (H, — Hy)/2. Tak Kak H, — H, - Bepuiuna cummiexca G,
o 2H' = S (H, — H;) ectb oT/H4HAsA OT 0 BepmuHa Co U, 3HAYHT,
9H' = H,/m; 1 HEKOTOPOTO i. [TycTs ¢ — 3/IEMEHT CPYIIb Ny (,t)
= N () N Ad (w), I KOTOpOro f (o) = S. Toraa, Kak Mbl 3H3EM
s (8.3.1), H' sanaer of. R o
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MBI BYJeJlH BhILIE, BCcsiKasi MaKcuMaJbHasi nouanreépa MaKCHg/[aJIbHOI‘O
paHra B U COMpsi?KeHa OTHOCUTEJBHO rpynnsl Ad () ¢ ofHOH ug no;:;—
anre6p t;. Ilpexnae BCero AaiuMm KJaaccupuKaluio nopanredp i
¢ TOUHOCTHIO A0 H30MODdH3Ma '.

. 0
o 0—0/—0—0\3
(=1 > 5 R )
—'a0=a1+' . .+CL[
. (1) Tlonaare6p ¥, Tuna (I) Her.
(II) fi: i=1, ..., [1/21] (BL gfl+1—l)' .
8 ' \_\ '
Puc. 7. .
e nu(t): T 5 ERE R
HokaxeMm Ttenepb, uro m; = l. OueBupHo, (H')* < (H,/m;)*.
Eciu m; Goabpuie 1 u He sBJsieTCsI IPOCTBIM YHCJIOM, TO, KakK GBLIO ky=R® Ay,
YCT2HOBJIEHO NIPH JO0Ka3aTeabcTBe TeopeMbl (8.3.6), cucrema (H,/m;)# =R A_ A4, ((=>2),
He MakcuManbHa. Ecau m; — npoctoe uncao, to card (& ) (H,;/m;)*) g . .
= [ W U3 TOro Xe noxésaTeJIbCTBa teopeMel (8.3.6) caenyer, uTo rie R oGosHauaeT OAHOMEPHBIM UEHTP
(H)* 5= (H;/m,)*, — nporuBopeune. CiefoBatenbHo, m; IOJKHO B, 1
OuiTh pasHo 1 u H' = H,/2. . (> 2) Z>(>——<>— _191=)?
+ (c) IlpennomoxkuM, uto m; = 1, U JOKaxeM, uTo cuctema (H/2)% C 0 2
MaKcHMaJbHa. :
Hns ynobcrBa 6yneM cuurtarb, uto [ = 1. OueBuano, (H,/2)* —ay =0, +2(@+ .. )
N &#=nx\J{e}tu, B cury (8.2.4), )
i, . | M4 i=2, ..., L
()" =2+ +2Zeina
3. 1 R N
[Tycts D — npousBosbHasa NoAcucTeMa B A, piast koTopo# (H,/2)# m (E): : 0>0‘ TR 1.1

C .
= D. ITockoabKy my = 1, cucteMa D I0/2KHA COAEpIKATh 3JIEMEHT f
BHJA

to=A, ® A, & B
B=a, + Pty + . . . + oy !

t, = D,.
Jas mo6oro X na D+ umeem B (X), oy (X), ..., o, (X) € Z u mnotomy X y B
a,; (X) € Z. CnenoBarenbHo, o, € Di# = D, a 3nauur, D = A. (I, =Re& B
310 noKasplBaer, 4yTo cuctema (H,/2)* MakcumanbHa. [] C
e ! .

. ) 1 -1
8.4. Tab6aMua MakcCHMaJbHbIX NOAAAre6pP MaKCHMAJAbHOrO (I >3) 0 -
paHra B KOMHNAKTHBIX MPOCTHIX anareépax JIu
‘ —ag=2(a + ... F )+
Mkul coxpaHsieM o6o3HaueHHs npefplaylero naparpada. B cayuae
KOrAa m; -— MPOCTOE YHCJIO HJH 1, yepe3 f; ob6o3HauaeTcst mojanarebpa 1 Pasnuuan Kaxaui pas asa Tuna (1) u (1)) momaare6p &, omucaunsie B (8.3.3).
B U, 3ajaBaeMasi jaeMeHToM H,/m, unu H, /2 coorserctBeHHo. Kak Mpun. peod.
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)t L <i<[l2] (=t

0 1 1 -1 L
. =C:®Cp.
(1) 1.
. o—0— ...
m(t): 12 s
f[ = R @ Al—l'

Dz 1Z>O* -1
(I > 4) 0 2 - -2 &

—Qy =y -+ 2(Xy . . ) Ay, oy
ML 2<i<({+1)2 @@=t

o

b.=A4,® A, & D,_,,
L=D,®D,_, (i=3).
(I t,=ReD,_,,
=R A, (=k_).
B ciayuae korpa [ =4, 1, =¥,
1 2 3 5 6
Eq 4
0
—ay = a; + 20y -+ 3y + 200, + 205 +
() b=A, & A; (==, = 1),
=A@ 4,6 A, |

1:: v | -1
n@): 2 T T T T

8.4, Tabauya MeRCUMAAbRNE nodai2e6p MAKCUMAALHOZ0 paHea
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(1) 8, = R @ Dy (=t,).

1 2 3 4 6 7 0

E, O—O0—0 I———c O
’ 5

—ay = &y + 200 - 3oy - 42y - 2a; +- 3aq - 20,
(I) .= A, ® Dg (=t),

B= A4 @ A; (=),

f, = A,

(II) t, =R & E,.

- Ky D‘_—O_O—__O——O'—_I_—O__&
T 6

—aty = 20, 4 30ty + 4oty 4= 5ty 4 6oty - 3otg - 4ot - 20t

() t, =4, @ E,

f.' = A?. &P Ee,
t,= A, A,
ts = ASv
ts = Ds.
(11) Her.
F4 O—-Oe—0—0—-0

1 2 3 4 0

—ay = 20, + 4a, + 3oz + 20,.

(1) &, = By,
ta - ‘4‘3 @ A'By
134 = Al @ C:r
(II) Her.
. 2 o
—a, = 3oy + 200
(I) f[ = A'Zv
fg = Al @ A4|_.
(1) Her.
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(8.4.1) [Ipusedennasn sbuue Kiaccuurayus sBAAEMCA NOAKOU KAaacCU-
ukayueli MaKCUMaibHolx no0arcebp MAKCUMAAbHO20 paHnea C Mmo4-
Hocmeio 0o Oelicmaus epynne Aut (u). . ‘

JlokasateancTBo. B cayuae (I) 370 yTBepaIeHHe clelyeT K3 TOrd, YTo
o Teopeme (2.6.2) usomopduam mexkay wn (£) u 7 (f,) nponomxaercs
zo aBroMopduaMa cucrembl A. Uto Kacaercs caydas 11, To sameruwm,
yto msomopobmamel n N\ {a;}=n (a;} maa A, D, u Eg MOXHO
TNIPOJOJIKHTb 10 aBTOMOPGH3MOB CHCTEMBI U, KaK BHIHO H3 JHarpamm
Juinkuna. Corsacuo (8.2.2), 3TO ©3HauaeT, 4YTO- COOTBETCTBYIOIHE
mojanre6pel COMPsiKEHBl OTHOCHTenbHO Aut (w).

8.5. Kaaccngpukauus BemECTBEHHBIX NMPOCTHIX
aare6p JIM BHyTpeHHEro THHa

HanomuuM pesyabTathl § 4.5. I[Tycth g — mpocras anreGpa Jlu
nwang C u u — QUKCHpOBaHHasi BellleCTBEHHasl KOMNaKTHas ¢opma
stoii anmre6pei. OGosHauuM uepes J = J (W) COBOKYNHOCTb BCeX
MHBOJIIOTHBHEIX aBToMopdu3MoOB anare6pel u. daa p € J mosoxum

=tE)=@+Du, y=p@E=0FC— Dy
u=tty glEy=~k-+ip (i=V=T)

SIcHO, uTO g (P) ecTh BelecTBeHHas ¢opma aareGpel g H BCAKad Be-
ecTBeHHass (OpMa 3Toll anre6pbl H3oMopdHa ONHOH M3 anre6p
g(), p € . Ansa p, o' € I pasenctso g (p) = g (') umeer Mecto
B TOM M TOJbKO TOM CJyuae, KOI'Ja CyllecTByeT aBTOMOP(HU3IM O €
€ Aut (u), Tako# uto 6po~! = p’. [Tockoabky Ad (1) — HOpMaJsbHAs
nogrpynna B Aut (u), orctona ciienyer, uto ecau p, p’ € F,p € Ad (w)
Hog(p)=q () 1o p € Ad(m. |

Onpederenune. BemzcTBersas gopma g (p) HasbiBaeTcs (opMoH
énympernezo muna, ecia p € Ad (1). B npoTuBHOM ciyyae oHa Ha-
3piBaeTcst POpPMOH 8HellHec0 muna. :

(8.5.1) IIycmy o € I (w), p 5~ L.
1) t (o) s8asemcs maxcumanvrol nodarzebpol 8 .
9) [Ipedcmasrenue H = P, arzebpor t(p), 3adarroe Gopmyaotl

Y(X)y=ad X|yp 022 X €1(o)
MOYHO U HenpueoouMo.
HokasareancTBo. 1) Hanomuum, uto

[t, it (£ pley, [v, plct

[lostomy mnopaareSpa » -+ [9, pl + [p, [p, p}] sBaAsiercss ugeasom
B U H, 3HAuYHT, coBMajaer ¢ u. [ApYruMH C/0BamH, p NOPOXKAAET U.
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T [Tycts $, — mpousBosbHas mojaare6pa B u, cojepxxamas f.
orza .

f1=f+p1, p1=f1 ﬂ .

[TycTb p, — OPTOrOHA/IBHOE IOTOHEHHE K P1 B P OTHOCHTEJIBHO GOPMBI
Kunnunra B. Torga B (81, o) = 0w u = £, + p,. MUa uusapuanr-
HocTH (opmbl Kuasuura BeiTekaer, uto B (p1, [f;, 9.1) = B([t,,
p1l, y2) = 0, ubo [#, pi] — ¥,. Caenosartenvno, [B, yp.] .
H noroMy [p;, .l =t p. = 0. Ilycts b, u b, — nomanreSpe
B U, MOPOXKIEHHBIE P; H Py COOTBETCTBEHHO. TakK Kak » = p; + P»
nopoxzaaetru i [py, pa] = 0, T0 B; U by — Haeanui B uu by + by = u.
[Tockoabky anre6pa u mpocTa, OJMH M3 3THX HJI€aJOB CONAJaeT C u.

‘Ecam b; = u, To paBencreo [u, p;] = 0 Buaeuer p, = 0 u f; = u.

Ecau b, = u, To anHanoruuno p; =0 u §, = .
2) ITockoabKy p mopoxkiaer u, us pasenctBa [X, p] = 0 caenyer,

H‘To X = 0. 3naunt, npeiacrabaeHue P TouHo. [TycTh p; i P — noj-

HPOCTPAHCTBO, HHBapHaHTHOE oTHocuTenbHO ¥ (B). Torma t+p, ectb
nojganarebpa u, B cuay 1), p;, =0. [ :

(8.5.2) 1) Han ecarxoi nodaseebpor Kapmawna t, ancebpor T (p) cy-
wecrneyem eduncmeennas nodaazebpa Kapmana t aseebpor u, codep-
weawas t,, makas wmo

t=t,@t, t_cy(p), pt=t.

2) Beakas maxas nodascebpa t, colepycum peeyrapHbiLl IAeMeHm
aneebpet 1.
3) Ecau asmomopgpusm p ewympennui, mot = t,, u obpamno.

Joxasateascrso. 1) IIycth ¢ = ¢ (t,) oO6o3HadaeT IEHTPANH3ATOP
anre6per t, B wic={X € w:[X, t, ] =0}. Ecau X + VY € ¢,
rie X €, Y€y, 10X, t,]lct, [V, t, ]y uw X+7, t,]
= (. CnemoBarenbno, [X,t,] =0wu X € t,, BBUAY TOro uro t_ —
MaKcuMaJbHasa abeneBa momaareGpa B E. Kpome Toro, [V, t.] =0,
T.e. Y € c¢. [lonarasg ¢ ] p =t, HMEEM ¢ = t, & t_. Orcona BHIHO,
4TO pc = ¢,

Hanee, Tak kak [t_, t_. 1t Nec=1t, 10 [, [c, ¢c]] =0 #u
aare6pa ¢ HuJbnoTeHTHa. [IOCKOMBKY BCSKasi KOMINAKTHas paspe-
mumas anre6pa Jlu abenea (ynp. | § 4.3), anrebpa ¢ abGeseBa.
[Tycts ¢, — MakcuManbHasa abesnesa mojafjre6pa B U, coAepiKauas c.
Torma lcy, t,] = 0 u ¢; = ¢. CienoBaTenbHO, ¢ SABJASETCS MaKCH-
ManbHO# abeseBoil momaare6poil B u H IOTOMY, OUEBHAHO, — €IHH-
cTBeHHOH nojanre6poit Kaprana B u, coaepxamei t,. B naabHefimem
Mul OyjneM mucathb t BMecTo c.

10 M. T'oto, ®. I'poccxanc
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2) Hmeem
u=t+ 2 (RCy+RSa),
>0
[H, Cql=2mn(a, H)S,, [H, Sgl=—2n(z, H)Cy ans1 A € t.

Ecau (@, t,) =0, 10 RC,, + RS, < ¢ (t,) = t, — nporuBopeune.
CnenoBatenbno, (o, t,) = 0 mna Bcex a € A. [lostomy Hafifercs
Tako# sneMeHT Hy € t,, uto (o, Hy) 5= 0 mas Bcex a € A.. flcHo,
uto H, — peryJisipHbIfl 3JeMeHT anare6per .

3) IMockonbky oroGpaxenue exp: ad (u) — Ad (1) CIOPBEKTHBHO
(cM. (6.9.5)), Oas BCSIKOro BHYTpPeHHero aBTOMOpQH3Ma p HaHAeTcs
Takoi 3aemedT X € u, yro exp ad X = p. [Iycts t; — mopaare6pa
Kaprana conepxamas X. Toraa (ad X)t, =0u (p —1)t; = 0.
CrenoBatenbHo, tict(e) u t(p) uMeer MaKCHMAJbHBIH
paHr.

O6paruno, ecau (p — 1)t = 0, T0 p = exp ad H Aaa HEKOTOPOro
H € t, B cuny ynpaxuenus Kk § 5.4. Ilostomy ecaun p € Aut (u)
\Ad(u) Hpt=t 10 (p —1)t5=0.

(8.5.3) Kaaccugpurkayuro omaudHsix Om W BEUECMBEHHLIX (POpM BHY-
MpenHe2o muna aicebpol § MONCHO NOAYHUMb U3 KAACCUPUKAYUU,
npusedennoi 6 § 8.4, onycras 6 (1) sce ¥, 0as komopoix m; ==2 (cM.
maba. I).

JokaszareabcTBo. Ilycte 0 % | — HHBOMIOTHBHLIA BHYTPpEHHUH aBTO-
mMopdusm aire6ps u. B cuny (6.9.5), cywectsylor ¢ € Ad (u) u
H € t, takde uro opo ! = exp ad H. CregoBaTenbHO, MBI MOIKEM
IPeNNoNoXHTb, uTo P = eXxp ad H. ITo Teopeme (8.5.1) monanre6pa
f (o) Makcumaanda. Ho Tak xak f (p) = t, To, cornacHo (8.3.6)
" (8.3.7), nmu6o cymiecTByeT aBTOMODPGH3M o € Ad (w), mas Koro-
poro

- H;
0'po’ "t =expad—s~, rae m;=1,
aubo
— q He
p==expa L rie m; — NpPOCTOE YHCIO.
B mnocaegHem cayuae m; = 2, MOCKOJBKY 0* = 1. CnenoBarenbHO,
aBToMopu3M P conpmxeﬂ ¢ exp ad (H; /2) oTHocuTeabHO Ad (u)

L1 Hekotoporo [ = [, ..., [, Takoro uro m; = 1 uawu 2.

[Tonoxum

H; —
pi=exp ad 5%, g=g) =L+ V1w
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Tabaruya 1
Mpocthie BemecTBeHHble aare6pnl JIu BHYTPeHHEro THna
. 2Hi fi
{(o603Hauenna Kaprtaua)
AITL (4, 13 1) H, Re A,
| H,-(2<i<[l;1}+l> R& A, &AL,
Bl (B), I > 2) Hy Re B,
BI " H, A ® A, & B,
BI . H, Bg<i<l—1) D[@B[-[
BI Hy D,
Cl (C1, 12 3) Hy R& A,
, 1—1 ‘
lcn H,-(1-<;<[ 5 ]+1) C:oCr,
DI (D, 1 = 4) H, A, ® A, & D,
. 1+1
DI A, (3<1< [—%—]) D, ®D .,
DI H, Re D,
DIl Hy : . Re Al-]
| EI1 (E,) H, R @ D;
EII H, A @ 4
EV (ET) : ' H5 A7
EVI H, A, @ Dg
EVII Hy R & E,
EVIII (Ey) Hg Dy
EIX H A, @ E,
1 (Fy) H, A e
FII H1 B4
G | Hy A, ® A,
Al TeX I, 08 KOTOphX m; = | uau 2. Tak Kaxk Jwo6ue ABa pasio-

xenus  Kaprana anreﬁpbl g; compsikeHbl oTHocHTeabHo Ad (g;)
(cm. (4.5.4)), To g; =g, Baeuer £, =¥,

O6parno, mponycrum, uto f; =¥§,. CorJIaCHo (8.4.1), cywecTByer
8 € Aut (w), ana xortoporo 6%, —f Torzna

= 1{0X: B(t;, X)=0}={X: B(@, X)=0}=np,

[Ipogomxus O no asromopdusma amrebpel g, monysum Og; = g;. ]
10%*
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8.6. BemiecTBeHHbie topmbl BHEIIHEro THOA

[TycTh 0 — HHBOJIOTHBHLIH B H eIl HH A (= He BHYTDEHHHA}
aBToMopdH3M aJre6pHl UL H :

u=1(0) ® »(p)s
to)=(1+po)u, pl)=(1 —p)u.

Iycts, natee, t =1, & t, rae t, = t() u t =y (p), — nou-
anre6pa Kaprana B u. CoryacHo (8.5.2), 2) t, CONepRHT HEKOTOPLIA
peryaspHulil 3aeMeHT H anre6psl u. Ilockombky (B, H) =0 nas
aioGoro B € A, cymectByer Kamepa Beitis W, comepxamas H.
Tak kak pH = H, 10 pW = W. [Ina W MoxHO nofo6paTh CHCTEMY:
IpOCTHIX KOpHe# m = {ay, ..., o}, TaKyo 4YTO
W={XE€t: (@, X%i>0,..., (o, X)>0}

H pm = .

I[lycTb 3 — ueHTp aare6psi £ (p) H ¢ — HenTpanusatop 3: ¢ = {X
€ u: [X,3] = 0}. Torama k& (p) = ¢. C Apyro# CTOPOHBI, MNOCKOJBKY
3 —t,, mpi umeeM t < ¢. Tak Kak { (p) — MakcuMaapHas mnojan-
re6pa H t &t (p), T0 3 = u, BBHLY (8.5.2), 3). CuepoBaTenpHO, 3
CONEpPKHUTCSI B IEHTPe aareGphl U M, 3HAYHT, 3 = 0. DT0 JOKas3BIBaeT,
urto anare6pa f (p) Hmonympocra. MTak, MBI NOJAYYHIH CJelyrollee
yTBEpIKIEeHHeE:

(8.6.1) /[l 6cAK020 UHBOMOMUBHO20 6HEUINE20 aBMOMOppUIMA P

aszebpor 1

1) moxcro waiimu maxyro nodarzebpy Kapmarna t s u, wmo pt =t,
U makylo cucmemy npocmvix Koprel m < t, 4umo pX = I

2) aszebpa t (p) noaynpocma. :

BBenem o6osHauenue

a* = pa s a € A.
TTpoZOTKHB © 10 aBTOMODP(GH3Ma aareGpel g, TOJNOXKHM -
PER =g (B) Ep« (q(®) € C) nas p € A.
Torpa
g ®q(—p =1, |
gla+p) =c(a B g@qg@ aa e, B, a+p € A,
rae & (&, B) = Ngq,p/Ngr, pe = £1. [anee, pu = u, TaKk 4rC:
g® =q @Y nmu |g B)| = 1.
HHBOMIOTHBHOCTb aBTOMOpdH3Ma p Haer

g®) g (B*) =1,
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OTKYIa CJAENYeT, 4To _
G =q@)=q(—P)=q @)™ nna p € A.
B wactHoctH, ecau f = B*, t0 g (B) = g (B*) = £1.

{8.6.2) [daa 6caK020 UHBOAIOMUBHOZ0 GHEUUHE20 ABMOMOPHUIMA O
aa2e0pbl & MONCHO Hadmu maxoti ssemenm X € t, umo ecau noaoxcume

p, = (exp ad X) o (exp ad (—X)), p,(Ep)=q,(B) Ep- (B € 1),

mo g, P) = g1 (B*) = £1 npu scex B € A. (Samemum, umo (0,
—p)t=20) J

JokazatenbcTBo. IIPEANOJIONKHM, HYTO U = {C, ..., Op, TPi» Voo -ves
Yryr}, rAe o =of s j=1,...,p u p+ 2r = [. TIoCKOJBKY
MHOXKECTBO {y; — V1, ..., Yr — V5| JHHelHO-He3aBHCHMO H |gq (V,)]
= ], MBI MOKeM pEeIIHUThb ypaBHeHHE

eXp 231’]/'_1 (‘\.’si_’Y;’ X) = q(Y;>1 l‘: 1, S ] r’

4 Ha#iTH yJoBJeTBOpsiOMUE emy sjaement X € t. Tlepexois K KOMII-

JIEKCHO-COTPSXKEHHBIM YHCJIaM B OGEHX YacTsX YpPaBHEHHS, MOJYYHM
exp2nl —1 (R —vs, X)=q(yi), i=1, ..., r
ChnenoBarenbHo, mas o, = exp ad X p-exp (—ad X) umeem
01Ea, = () Ea,, () = =1, '
plEvL_ =exp2n}/—1 («;;‘, X)q (v,
: -exp?nl/——l(yi, —X)E v =FE =,

Vi Vi
Py Vi

Hasi pokasarenncrBa Toro, uto ¢; (B) = =1 mpu Bcex P € A,
JOCTATOYHO PACCMOTPETH JIHIIb MOJOKHUTeNbHble B. [IpHMEeHUM HHAYK-
|0 no ynepsigoueHuio B A, JInsl npocTeX B, Kak Mbl BHAeNH, ¢, (B)
= —=1. Ecju B He s#BAAETCA NPOCTHIM, TO HAHAYTCS MOJOMKUTENbHBIE
kopan y u O, takue uro Y+ 6 =0. Tak xak y<<P u 6 <P, To no
NPeANoJOKEeHHI0O HHAYKIuH, ¢; (y) = =1, ¢, (6) = 1 wu, caego-
BarensHo, ¢ (B) = e (v, 8) q1 (v) q1 (8) = =1. ]

(8.8.3) [as 6cAK020 UHBOMOMUBHO20 6HEUIHE20 aABMOMOpPUMA O
aneeGpe: w, 042 xomopoeo-q (P) = 41 npu scex B € A, cywecmasyom
maxoil asmomoppusm pq € Aut (W) ¢ p? =1 u maxod sremenm
Hy € %, umo

0 = p, exp ad H,,
000 = poP, (eXp ad Hy)* = 1

N
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u

g (@)=1 npu a € =,
e0e g, onpedeaslemcs COOMHOWIEH UEM

PoEp = qo (B) Ep- 022 P € A.

Hoka3ateabctBo. B (5.4.3) Obl nOCTPOEH B3aHMHO-OJHO3HAaYHBIH
romomoppusm p: Aut () — N, (). TlosoxuMm 0o = p (f (p)) 1

poEs = qo (B) Ep» mia B € A. Ilo onpegenennio romMoMopdH3Ma U,

e—p)t=0 g (@) =1pm11acn u g(@P)==x1 ma pcA.

Ilockoabky f U p — romoMopduambl, p>==1. Jlanee, gia P € A
0poEg = q (B*) g0 (B) Ep, -

POPEB =qB) 9 (ﬁ*) EB

nqg (B)= g (B*), do () = ¢ (B*). Caenosarensno, (ppy — Pop) Eg

= 0 |, 3HAYHT, PPy = PoP. Tak Kak F (p) — coécrseHHoe oA pO-
CTPAHCTBO JJas P, 1O pPf=1.

Takum o6pasoM, pyp — aBTOMOD(PH3M KOMIAKTHOH MOJYNPOCTOH
anre6pu t (p), t, — monanre6pa Kaprana B £ (p) u (pgp — 1) t, = 0.
[TosToMy MOKHO HalTH TaKoi sneMeHT Hy € t,, uTo pop = exp ad H,
Ha f (p) (cMm. ynpaxkuenwe K § 5.4). OueBugmo, (exp ad Hy)® = 1.
[TockoNBKY Pop exp ad Hy, — WHBOJIIOTHBHBIH aBTOMOPGH3M anre6phl
uHu

tloopexpad Ho) Dt (o) Ut 2 (o),

Mbl HMeeM f (pop exp ad Ho) =u u ppexpadH =1, T.e. o
= p, exp ad H,. []

B panbHefiieM MH coxpaHfeM o6o3HaueHus p, 0, U H, u3 (8.6.3).
PasofbeM KOpHEBYIO cHcTeMy A Ha TPH HenepeceKaloOUlHXCS
MO AMHOXKECTBA

A, ={ € A: a*=a, g(a)=1},
={p €A p*=B, ¢g@=—1}
Ay ={y € Ar y* =9}
Beoas o6osHauenus ¥; = h, u £ = ph_, noaydaeMm

=0+ ¥ CE.+ X CU+0E,

« € A, 7 € A,
=9+ 2 CE+ X CU—pE,
B €A, v € A,

(c yueroMm Toro, uto (1 4 p) Epe = g (y) (1 + p) Ey u (1 —p) Ey-

= —q (yv) (1 — p) Ey).
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Hsyuum KopHeBylo cucreMy A (f) KOMIJIEKCHOH MOJYIIPOCTOH
anre6pel JIu i€ oTHocutenbHo nopanre6pun Kaprana §,. [dasa npous-
BOJIbHOTO Kopuss & € A o6GozHauuM yepe3s &' ero orpaHuueHue Ha b,.

[IycTb y npuHamaexXuT A, Oaa H € 5,

uy (H) = y* (H). Asanornuso ans H € b_umeem vy (H) = —y* (H). -

CnegoBaTteabHO,

bo=1{H € b: y(H)=~"(H)}
Hna H € 9,

[H, E ]:—_a,(H-)E ( € A),

iH, 1+ E)=yH)E,(y € As)
H HOTOMY

AR) =188 € A, U AL

Bynem paccmarpuBaTe A Kak noamMHoxkectBo B t — ). Tak kak
pe =a aaa a € A, u p(y -+ v*)=v+9* a1a y € A;, 10 @,
vy + v* € t, = b,. Cornacro (8.3.4), Mbl MOXKeM B KadecTBe CKaJsap-
HOTO NpOY3BEJeHHs B §), B3ATb OTPaHUYEHHE CKaJsiPHOTO MPOH3Bele-
HHA B §.

IMockoaeky o’ (H) = a (H) u vy’ (H) = —X#k— (H) mpu H € p,,
MBI HMeeM

a'=a aaa 2 €A H Y= i—iy—

Aaa p € A,
B xauecrse ynopsigouenus B A (f) 6yaeM HCIIOJIB30BaTh yropsnoueHHe
B t. Tak kak pn = m, To u3 & > 0 caenyer 6* > 0.

(8.6.4) [Hycme 1 = {ay, .., & P1, .., By Yo Vis -o» Vi Vi), 20e
O"GALB,€A27Yk€AauP+q+2f—-l- :

1) Murnooxcecmso  {oy, ..., ap; Bi, ..., Bgs Vis ..., Vr}  AuHelno-
Hesagucumo 8 H. U

rankf=p+4q+r.

2) {af, ..y Qp; Vis ooy V7l c.n,(f)A ) I
. ’3) EC/ILL D = Po, Mo T (f) = {a’lv eey Qps Yi’ LERE) Yf}

Hoka3aTeabcTo. 1) 310 yTBEpKIeHHEe CJeAyeT U3 Toro, uto b, = {H
€ b ve (H) =ve (Hynmpu k=1, ..., r}.

2) Umeem a; = a; >0 u v = (yx + v£)/2 > 0.
[Tycte 8 — onuH H3 KOpHEH Qy, ..., p, Vi, .--s ¥, LIPENONONKHM,
yTO KopeHb O’ He saBasderca nmpocteim. Tak kak A () = {(M: A€ A,
U As}, To HafiayTcs NOJOKHTENbHBIE KODHH A, 6 Ay U Ag, ans
koropeix & = A" 4+ p’.  CuenoBaresbHo, (1 o) Es = cl(1 +




296 [a. 8. Kaaccudukayus sewjecmeestoix npocmoix areebp Jlu

+ p) Ey, (14 0) E,l, rie ¢ — HeKOTOpOe KOMIJIEKCHOE YHCIO.
3HAYAT, KOPeHb O NOJIKEH COBNANaTh C ONHUM H3 KOPHEH A —- L,

A+ p*, A + p, A* + p*. Ho nockoabKy KopHH A, u, A*, p*.

TIOJIOXKHUTENbHBl, 3TO HEBO3MOMKHO.
3) 1o caexyer us 1) u 2). [

Kaaccupurayusa darsn caywan p = p,

Aut (n) 5 | Toarko ans A; (I > 2), D, (I > 4) u E,.

Hast anre6pet Dy rpynma Aut () usomopdHa cuMMeTpHuecKoi
rpynne & (3) Ha mHOxecTBe {1, 2, 3}. Ho Bce snementnr mopsigxa 2
B S (3) (2, 3), (3, 1) u (1, 2)) momapHO conpsKeHHI.

Bo Bcex ocranbHpix cayyasx Aut (m) umeer nopsmox 2.

AZ O_...._.O_._.__O_;...’\__O*
f g Y Vs 2

BriGepeM KakOH-HUGYIL OPTOHOPMHUDOBAHHEIN 6asHc €1y avvs Eufyy
B R+ y mosnoxum

Y1 =€, — €y, Vo= 63 — &3, ..., Yf=ef_ef+1,

\’;" = €f+1 — €f42, - - -, Yf == €9f — €of11,
R e
Yk=i_2'_k" k=1, ..., f

Juarpamma demxHna ana (o) = ¥, uMmeer caenyroomuit Bum:

n(ly) = o —O— - —O==0,
° ‘Y1 ’Yz V-1 ’Yf (Bf)
Ananoruuso
oy, Ve 1 Vi v
nly= oo~ T2 o)
IR CI ) Ve
vy
Dl O__. _,_()__.._. e -
o4y Oin Oy_2
¥
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Ol = o579~ —o=—=30

’
B X % Yy (B,_y)

Kaaccupurayusn 0rs caywas o 5= 0,

Ionoxum £ (pg) =¥ u p1 = exp ad Hy 5= 1. Tlyeth {oq, ..., %p;
Yo oo v =n @) u (Hi, ..., Hp, ..., Hpy) — Gasuc B t,, JABOH-
cTBeHHBIH K T (fp). [Iycte miaq —- ... -+ mpsyr — CTapIdi KOPEHb
B A (). Tak kax ¥, — KommaxkTHast npocrast anre6pa JIu, 4To BHIHO
U3 MNpUBEJEHHOH BHILE KJacCUQHKAIUM IJAS CAydass P = Qg, H 03
HHAYUHPYET HHBOJIOTHBHEIA aBToMOp¢pu3M anare6pu fy, To, B cHay
(8.5.3), nafimercst j € {1, ..., p + r}, ans koroporo m; = 1 uam 2 u
0p,0™ = exp ad (H;/2), rae o € Aut (}). ITockoabky - anrebpa f,
usomopdua B, C; uau F,, to Aut (f)) = Ad ({;) 1 0 MoxkHO pac-
CMaTpUBaThk Kak sJjemeHT rpymnuel Ad (u). Tax kax

(4

H
6p0 1 = 0opyot-exp adT‘ )

rie t(0pg07!) =1 (pg), 0Pt (0w (f)) = on (}) U 0py0Tt (0EL)
= 0F, npu a € n (%), TO MBI MOXKeM, H3MeHHB 0GO3HAUYeHHHA, CUH-
TaTh, 4TO

0 = Py exp ad —L-.

2

JloKaxkeM, 4TO ecqid j > p, TO 0 U D, CONPSIZKEHH! OTHOCHTE/IBHO
Ad (u). Ons storoc BeiGepeMm 3aemeHT Y & t, TakoH 4To

(@;, ¥)=0,7i=1,..,p,
WE V) =84, (vi. V) =0, k=1, ..., 1.
HpHMOe BEIYHUCJIEHHE TaetT
i+ Y =4,
I/IJTEHEPB HEMOCPENACTBEHHO HpOBCpHETCH, qTo

7 r

H,
exp ad % { 0, exp ad —2’-) exp ad

i

== Do-

Takxum o6pasom, MEl CHOBA NPHXOAHM K CAYYA 0 = .
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B nanpuefiuem 6yieM npeanoJarath, 4to j < - p- bes noTepH o611~
HOCTH MOXHO CUHTaTh, yTo | = 1. Torga

. (o, H)
PEq, = exp 2ni—5—= Eq, = —Eq,.
Bynem nucatb p BMecTo @y, TaK YTO

= {GQ) LR a,D-y ﬁy Y1 Y;’y s Ve Y;}, ﬁ E A?.
B cuay (8.6.4),

‘n(f):_ {YI’) aé’ . '." a;y v]’.’ MRS | ‘V;}’
rae ' — mpoctoft kopeb U3 A (1), a | — NOJIOKHUTENbHBIH KOpPEHb U3
A; U A;. Ham nonago6GuTcs chaexyiolee yTBepKAeHHe:
(8.6.5) ITycmo n = {a,, ..., a;) — cucmema npocmbtx xopHed 8 A,
Oy ..oy O — PA3AUUHbIE KOpHU u3 T, B = o + ... +a, € Au
a, € n\ {@is ooy @iy} Toz0a B + a; € A g mom u m0/zbrco mom

cayiae, ecau (oc,, Oh'h) % 0 npu ﬂexomopom h.

HoxasateabcTBo. [lockonbKy B — a; & A, Bkouenne P + a; € A
5KBHBAJ/ICHTHO HepaBeHCTBY —2 (B, oc,)/(oc a;) > 0. Tak KaK (o,
o) < 0 a1 k5= j, To (B, o) = Zh_l (oc,h, ) < 0 Torga u TONABLKO
TOTJa, Korjia (oc,, i) = 0 npu xakoM-TO A. (]

Mel MoXeM HafTH TIOCJIe40BATeJbHOCTb NPOCTHIX KOpPHEH

(*) ﬁ’ aila l' LRS) a'l't, Yk,

TAKYIO YTO ([5 o ) (oc, , O ) # 0, ..., (oclt, vk) =+ 0. (CuavaJsa
COeNHHsIEM B ¢ v, Kakoi- rméy;:u; NOCJIEIOBATENbHOCTBIO, A 3aTEM Iep-
BHIH KOpeHb Yy B 3TOH IOCJEJOBATENLHOCTH GepeM B KauecTBe 7;.)
[lo TOABKO YTO JOKA3AHHOH JeMMe

B+ar+ -+ —I—Otft-quk:—-uG A.

Mockonexky pp = pf + pa; Lt pay, + Yo =B+ oy + -
+ o, + Yk %= W, MBI HMeeM u 6 A3 H u € A(f). Ecau KOpeHb u'
He sBaAsieTcs npocTeiM B A (f), To w° = ¥" + &', rae y, § — nonoxu-
TeNlbHbie KOPHH B Ay |] As. AHanorano TOMy, KaK JMOKa3blBaJloCh
yTBepxkieHHe (8.6.4), 2), MoxHO JoKasarb, 4yto P =y + 8, rae
B c1yuae HeoGXOAHMOCTH ¥, § 3ameHsAIoTCa Ha y*, 6*. CaejgoBarenbHo,
v U O ABJISIOTCA CyMMaMH NPOCThIX KOpHeH H3 (*). lonycTtaM, 4To g
BXOAHT B YHCJIO CJaraeMblX, JaloumHX B cymme y. Eciu § He Bxoaur
B UHCJIO 3THX CJIaraeMbiX, To § ecThb cyMMa f§ ¥ HEKOTOPHIX KOpHEH o,

TaK 4yT0 8§ € A,, NOCKOJNBKY

p[Ea, [Eai, [E“i’ . ]]] = —[Eﬁ, [Ea,-' [ o ]”
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dro nporuBopeuut ToMy, uto 8 € A; U A, CreroBaTesbHo,

=ﬁ+...+’yk.

. TlockoabKy W % Yy, HaOKCaHHAsg CyMMa JOJXKHa Pa3GHBATbCs Ha JBe:

B3aMMHO OpPTOTOHAaJbHBIE YacTH. Ho sTo mpoTHBOpeuuT Jemme (8.6.5)..
Tagum o6pasoM, cIpaBelJHMBa CJEAyIOIad TeopeMma:

(8.6.6) Teopema. [1pednoroxum, 4rmon UMeenm uUHBONOMUBHbILL BHELL-

. Hut asmomopuam (u, sHawum, sgasemcs areebpoti muna A; (I > 2),

D; (I = 4) uau Ey). Hycmb T = 1 npunadaescum Aut (). (B cayuae
D, 6epem npousgonsrbits asmomoppusm T 5= 1, das komopoeo T? = 1.)
3anuuem n 8 aude

J-l:T = la’lv MRS ] ap, Yl’ ‘\7;’ AR ] Yr, Y:}y
' zae To, =a, u Tvi = Vi % Y&. [Horoxcum (T) = po. Tozda
t (Do) = fo ecms npocmasn aseebpa Jlu, O0an xomopod t. = {X € {o
TX = X} cayowcum nodaszebpoti Kapmana, u wn () = {ocl, ceny Qp.

Yis -oor Vi) Mycmoe
== m‘1a1 T mpQp T+ Mpayt - Moy
— cmapwiut Kopets daa v (8).

Beaxuil uHBoAOMUBHbLL BHEWH UL A8MOMOPPUIM AA2eODbL L CON P ANCER:
¢ po uau p; = py exp ad (H,/2), ede H, € t onpedeasemcs ycaosuamu:

(o0, H) =38;;, (ve, H) = (y&, H) =0
0aa scex i, makux wmo 1l < i < pump=1 uau 2.

ITodascebpa %, =t (p,) codepawcum t, 6 Kasecnee nodaazebpbi:
Kapmana, u

n@)={n", &, .., @ ..., A, V- V) )
e M = o; + @, + ...+ a;, + Ve, npuuem (oc‘-, oc,-l) = 0,
(afty ’\’k) ?& O'
[lpuBeneM CIHCOK 3THX mHojanareSp:
Azf = o—O0—- —O———O—-——Q\———-O
Y1 Ve VF vy

[TockonbKy 3Jech He (PUIYPHPYET HH OJHMH U3 KOPHEH THNA o,

€IHHCTBEHHAA NPOCTAasA BCIECTBEHHAs a.nre6pa JIu BHeWHero THNA:

BO3HHUKAET TIPH 0 = Dq.

A2f-1 = O——O——o——o————o;—o———o
Y, ‘Yf—1 g ‘Yf_‘\ 4 Y
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a(ly) = o—0— - —oe==0,

S A (€

v=291+... 4 29f—1 + a1

Orciona cnenyer, uto 1) = i + V-1 4

(Dy)

sk

’\{1
M= o—o— -
oy Oy &2 N
A
7 (f) = 2,-——3,——-9:0, ,
o
1 2 -2 -Y‘ (B[_l)

ve=ai 205 . . 2ai + 291,
Orcrona cnenyer, uro:

M=o +tam +... + a2+
H NOTOMY

I (fl) = OI—“—'O— L -——%O] . :
Gy O M Gy Sy Y.

Cnenosarensso, f, — aiare6pa THna
A, @ B,

HJH
Bi @ B,_;

-1

Iokazxewm, uto cooTBeTcTBYrOmue aare6psi JIu g, 1 §;,_,; H30MOP-
$uel. 115 3TOrO JOCTATOYHO [OKA3aTh, 4TO COOTBETCTBVIONIHE
BHCUIHHE aBToMOopdu3aMbi O, u 6, ; , anreGpsl u conpsxens. Tak
KaK 7 (fp) rtuna B, ,, 10

Wo=ai+ ... +ofy +1i
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E,

— KopeHb anre6pni ¥, U MbI HMeeM AUarpaMMmy
Oo—30—0—« - = —O—o%o
’ 7 I4 ’ ’ 7
=N % 2 -3 %2 Yy

CymecTByer 3sJeMeHT S rpynnsl Be#isng cucremn B,_,, A1s1 KOTO-
poro

S {a;a aé» CEEREEY a;—?» Yi} - {ai’ aé? cevy ai—?» —nl}y

MOCKOJIBKY 06a MHOMXKEeCTBa — (pyHAAMeHTaJbHEE CHCTEMH.
Torza -

Se;=oa; U Sy =—n'.
Taxk kak f, Tuna B,_,, 1o Aut (%) = Ad (f). [Tycts 0 — anemenr
rpynnsl Ad (fy), mopoxparomuit S. Mel MOXeM pacCMaTpHBaTh &

Kak sJjemeHT u3 Ad (u). Jlerko nmpoBepuThb, 4TO CONpAKEHHE,
onpejessieMoe 3JEMEHTOM

(exp n) —ladH,) o7,

nepeBoauT O; B 0,_,_,.
bl

p =

Y Y, % v; W

Y, Y, .o (Fa)

1

v = 2ai - 3oz -+ 4y5 + 2v1-

B 3ToM cayuae 1) MOXKHO BHIGpaTb €JHUHCTBEHHEIM CHOCOOOM,
a HMeHHO

" = di 4o+ ¥i.
Toraa

n(d) = OF—0——0—0
T N T2 & €
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[NoryueHHBIE pe3yJabTAaTHl co6paHbl B Tabua. 2.

Tdéﬁuua 2_ ‘
MpocToie BemecTsennbie aare6pnl JIW BHellHero Tvma
(o6oanaqe}u§ﬂ Kapraua) = 0p exp ad (H,/2) t;
I (Agy) o By
All éAzf_l) Po Cf_
f AT (Ag_q) Po exp ad (f,/2) Dy
I (Dy) Po B,
Y WL | hixBies
El Po F,
EIV | Po €Xp ad (H,/2) C, -

8.7. ABromMopdH3M cHCTeMBbl 7, 3aJaHHHH compsiKeHHeMm

Ilycre gy — mpocras . aarebpa JIu Hax R ¥ b, — ee mopanrebpa
Kaprana. Ilycte g — KoMIIeKcHOMKalBs anre6pu gy 4 h — KoMI-
JIeKCHaf JHHelfiHas o6osouka anrebpul h, B g. SlcHo, uto § — mogman-

re6pa Kaprana B g. [Iycth ¢ 5 X +—> X o6o3HayaeT conpsixkeHue B g
OTHOCHTeNbHO gy. Torja

X, YV]=[X, Yl u cX=cX

ana X, Y € guc € C. PaccMOoTpUM IIPOCTpaHCTBO H*, ABOHCTBEHHOE
X f. ConpsikeHHe ajre6psi g NOPOKIaeT OTOOpaKeHHE NMPOCTPAHCTBA

H* B cebs, o6osHavyaeMoe A > A

A (Hy=A (H) npu HCEB.
Orobpaxenue A —> A NoJIyJHHeHHO, M TaK KaK M3 paBeHcTBa [H,
Egl = B (H) Eg cneayer, uro [H, Egl=f§(H) Eg, 1. e. I[H,
Eg]_B(H)EB,TOA B: B € A} =
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ITyctp
go =T (p) + ¥ (p)

— pasJyoxeHue Kaprana anre6pel g,. Toraa u =% (p) + v (p) ectsb
KOMNaKTHasl BellecTBeHHasa (opMa airedpel ¢ H 0 — HHBOJIOTHBHBIN
aBroMopdu3aM anreOpnl U, YAOBJECTBOPAIIIHMH YyCja0BHIO pt = f, rae
t=1u [} b — nonanrebpa Kaprana B u. I[lyctb A — KopHeBasn
cucTreMa anre6pbi § OTHOCHTE/IBHO MOJAJTeOphl KapTaHa buT =
= f,, (t) — aBTOMOpGHU3M CHCTeMBI A, NOPOXKAEHHBIH Q.

(8.7.1) [asn B € A
B.= —TB.

AokazateanctBo. Ilycts {X,, ..., X,} — Kako#-HHOGYAb 6a3uc B g.
‘On Gymer n Gasucom masa g Hag C. Ilyets YV MPHHALIEKHT g.

Ecau (ad Y) X, = 3;a,X; (a; € C), 1o (ad VX, =17, X,1=
= 2, a; TaK 4YTO MaTpHua, COOTBETCTBYiomAs ad Y, sBsserca
KOMHJIeKCHO CONpsiKEHHOR K MaTpuue sHJomMopdusma ad Y. Orciona
cJIefyeT, B 4acTHOCTH, uto B (X, Y) = B (X, Y). [Iycts A npunane-
KUT h*. Tak kKak A (H) = B (H,, Hypna H € b, To A (H) = B (H,,
H) = B (H;, H). Tlockoneky Y, mnopoxpaer b, umeem H, = Hj.

Iyets B € A. Torma Hy € it u, snaunt, Hg = i (X 1Y),
X € t(p), YE p(). Tak kak X =X u ¥ = —V, 10 Hg = Hﬁ
Y) = —pHg. _ CnegoBaTesbHoO, HTB = pHg = —Hp
(eBuay (5.3.2)) u T = —B. []

[lyctb m = {a,, ..., o;} — dyngamentaabHas cucrema B A. Torza
¢yHAaMeHTaNbHOM cHcTeMol 6ymer u 7 = {@y, ..., a;} = —Tm.
CornacHo pesyabratam §§ 5.2 u 5.3, cyulecTByeT eqHHCTBEHHHI 3Je-
meHT S rpynnsl Beitna Ad (A), ana kotoporo St = n. Takum o6pasom,
Mbl UMeeMm aBroMopdusm [T]: o; —> Sa; cucremsl . B § 7.10 mui
usyuaau [T ] B obem cayuae, Koma anre6pa g He ABJSeTCs NPOCTOH.
B sTom naparpacde Mbi onpeneauM Bce Bo3MOxHble [T ] gns cayuas,
Korja g IpocTa.

Hrak, nycte aare6pa g npocra. Eciu g, — anre6pa BHYTpPeHHero
THNa, To p = exp ad H gna uHekoroporo H €t u T = 1. Ecau g9 —
BHEIIHETO THIA, TO, coryacHo (8.6.1), Mbl MOXKEeM NPENMOJIOKHTb, UTO
T € Aut (w). Torga @ =
TO OllpejeseHHBH BbIllé aBTOMOD)H3M S JosxKeH ObITh paBeH —1 H
B.3TOM cayyae Sa; = —STa; = Ta,. Takum.obpasom, [T] =

___-—-l —_—

(8.7.2) [Mycme A — Hepasaoxmcumas «opHesas cucmema. [ pynna
Betira Ad(A) He codepacum — 1| moeda u moasko mozda, kozda A
umeem mun A, ({ > 2), D, (! newemro) uaru Eg.

JokazateanctBo. (a) [lockoabky cucreMa —n = {—ay, ..., —a;}
(¢yH1aMeHTalbHa B A BMecTe ¢ 7, CYIIECTBYeT aBTOMOpdusM S &
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Ou1 @2 OL3 0-5 0’6

— I O
&y

. Prc. 8.
€ Ad (A), mnns koroporo —S € Aut (m). CJel0BaTebHO, €CJH
Aut (@) =1, o S = —1 € Ad (A). Ho aro uMenHHo ToT chayuai,

Korga ‘A He mpHHaMJaexXUT K THOY A, (I = 2), D, (I > 4) unmu E,.
(b) T'pynna Beiinsa cucremsr A, (I > 2) — 3T0 cHMMeTpHuecKasd

rpynna Ha MHoOxecTBe U3 [ + 1 > 3 3/IeMEHTOB, H IOTOMY €e LEHTP

TpuBHaneH. CnenoBatenbHo, —1 He npuHamnexuT K Ad (A).

(c) Tlycre ey, ..., e} — Kako#-HHOGYAp 6asuc B RI. Ipymna
Beilna cucremel D; mopoxKaercs BCEMH MEPECTAHOBKaMH MHOXKECTBa
{e), ..., ;} U npeo6pasoBaHHSIMH, KOTOpPBIE YMHOXAIOT Ha —| yeTHoe

4HCc/Io BekKTopoB ¢; (cM. § 5.9). CaemosartenpHO, —1 mpUHAAJNERHT
Ad (A) Toraa M TONbKO TOTAA, KOTJa [ 4eTHO.

(d) ABromMopduam —1 He npuHamaexuT rpynne Befins cucremsr Eg
(cM. ynpaxueHue). ]

Tenepb Mbl MOXEM JaTb IIOJIHOE pEIIEHHE HameH 3ajgadvH.

(8.7.3) 1) Ecau g, — nodascebpa eHymperrnezo muna, m.e. T =1,
mo [T]s= 1021 A, (I > 2), D, (Il vemno) u E,. 3azuemuzu HIMo 8 3Mom
caywae Aut () = Zz

2) Ecau g, — nodasec6pa snewneco muna, mo [T1 =T a1 D,
(! uemmno).

3) Bo acex ocrnaavnbix caywasx [T)] =

Hoxasateanctso. Ecnu rpynna Aut (%) TpuBHadbHA, TO JAOKa3hIBaTh
Hedyero. [ToaToMy HaM JOCTAaTOYHO paccMoTpeTs cucrtemMsl A; (I > 2),
D, u E;. PaccmorpuMm BHauajme TOT cJayudad, Korga —1 & Ad (A).
B sToM cayuae, Kak Mel 3HaeMm, Aut (W)= 7,. Tak kak [T]|=—8T ¢
€ Aut (n), Tonpu T = | mMbl umeeM {T] = —S == 1, anpu T % |
uvMeeM —ST = T u [T] = —ST = 1. ExuacTBeHHBIH OCTaBIIHHCSH
cayqyait — 310 D, (I yeTHo). Tak KaK —1 npHHagdexuT rpynmne Beiias,
T0S=—=1u[T]=T.

¥Ynpaxunenne. ABtomopdusm —1 He npHHagdexHT Trpynme Beifins cucremnt Ejy.
[¥kazanue. TlycTb O — HeTPHBHAJBLHBIE aBTOMOPGH3M CHCTEMBI I, H NyCTb S —
ajieMeHT Irpynnst Beling cucremur ' = {atq, g, Qg, A5, g} (CH. puc. 8), LA KOTOPOTO

Sn’ = —n’. Torga —SO ecTh aBTOMOPGH3M CHCTEMBI T, OCTABJSIIOIIHHA Ha MecTe
Kamabiit amemenT H3 @'. TIOKaXHTe, UTO OH OCTABJIAET HAa MecTe H 0. ]

8.8. IlpencraBaenne ad (f)lp

[Tyets gy — npocras anrebpa Jlu Han R #

go=Et+0»
— ee paajoxende Kaprana. Kak Mur Bugmenau B § 4.5, orobpakenue
T X+Y+—X—-Y (XEL YEY)

_ Tako# 6asuc {Y,, ..
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HBJ.IHETCH‘aBTOMop(pHSI—VIOM anrebphl gy U

®opma Kuauaunra B axare6pel g, OTpHUIATENbHO-OIpeJeNeHHa Ha
¥:xf, nosoxutennHo-onpegenenHa Ha pXyp, H B (¢, p) = 0. B (8.5.1)
6blI0 MOKA3aHO, YTO NpPEJNCTaBJeHHe

P (X)=ad X|, ana X¢¥
TOYHO W HeNpPHBOAUMO.

(8.8.1) [aa scaxod cummempudnorl Ousuneinou popmor S Ha y,
unsapuanmuoti omrocumenoro P (¥), cyuecmsyem sewecmeerroe 4ucao A,
maxoe wmo S = AB Hap X y. ,

Hoxasateancrso. s qucuposaﬂnoro,Y H3 p oTobpaxeHue p 3 Z
— S (Y, Z) nuHeiiHo. Hocxo.nbxy dopma B HeBHIpOXKJIeHHa Ha P XYP,
cyurecTByer Tako#l agement Y' € p, uto B (Y', Z) = S (Y, 2).
Oro6paxenne s: Y > Y', oueBHIHO, JHHEHHO, U B (sY Zy=3S (Y, 2)
npu Y, Z € p. ,ZLJIHXEf

B ((ad X)sY, Z) =B (sY, [Z, Xl) =S (¥, [Z, X))
=S(IX, Y], 2) =B (s [X, Y1, ).

HoaTOMy ad Xos = soad X aas Bcex X € §.

C gmpyro#i cTOpOHHI, Jerko Bugerb, uto B (sY, Z) = B (Y sZ)
[ockonbKy B NOJIOXKHTE/IBHO-ONPENE/NeHHA HA P XD, Mbl MOXKEM HaHTH
LY.y By, uto B (Y,, Y;) = §,;. B arom Gasuce
MaTpuua otobpaxkeHus S CHMMETPH‘{Ha Ha' ocrosanum ynp. 8 § 1.2
MEI 3aKJ049aeM, uto s = Al, A € R. ]

([TpuBeeHHOE TOKA3aTENBCTBO aHAJOTHYHO JIOKA3aTeJAbCTBY, HaMe-
YeHHOMY B YKasaHuH K yup. 5 § 1.5.)

Komnaexcnan cmpykmypa Ha p — 35To Tako# anemeHT J € gl (p),
4TO

(i) J* = —I,
i) W,y ®1=0,
(iiiy B(JY, JZ)=B (Y, Z) ma Y, Z € y.

(8.8.2) [lasn ecarxodi rxomnaexcroid cmpyxkmypor J Ha p cyuwecmsyem
eOuncmeennoul snemenm C yenmpa aszebpol ¥, marxod umo J = ¢ (C).

HokasarenncTBo. ITokaxeMm npexjie Bcero, uto [JY, JZ] = [V, Z]
Jans Bcex Y, Z u3 p. [eficTBUTENbHO, A5 TIPOH3BOJIBHOIO 3JeMeHTa X
us

B(X,(Y, Z)=B\(Y, [z, X) =B {JY, JZ, X))
| =B WY, [7Z, X)) =B (X, UY, JZ)).

I m. TFoto, @, I'poccxanc
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Jlanee, BBeieM B PAacCMOTpPeHHE HEKOTOPYIO aare6py Jia [. Kak
BeKTOpHOE TMpocTpaHcTBo [ = Y ®Py, rae i =\p“(k) + RJ. 3a-
MeTHM, uTo ¥ ecTb mojasre6pa Jiu B gl (), BBHAY (}1). YMHOKEHHE
B [, KOTOpoe Mbi O0O3HAYHM BPEMEHHO Hepe3 [ J , onpefessercs
caenyromum obpasom: ecnd Ty H T, npunapiexart’, o 1Ty, T, =
= T,Ty — T3Ty (310 — 0OBI4HOE cxoﬁol,moe ymuoxenne B gl (v));
ecnn Yy, Y, npuHamaexar g, o 1Yy, Yil' =1 (Y, YZ]);I HaKOHEIl,
ecain T mnpuHajaexurT i, a Y NPHHAJIEKHUT P, TO [T, Y = —IY,
T) = TY (o6pas sjeMeHTa Y NpH JIHHEHHOM npeo6pasoBaHuu T).

ToxaecTBo SIKO6H

(X, [V, ZI'Y IV, 1Z, XYV 12, (X, YTV =0

cenver Ha ToxaecTBa SIKOGH B gy, ecan X, ¥V, Z € p WIH ecaH X,
Y éyp, aZ € (). Bcayyae xorma X, Y € pu Z =-J, oHO BBbITE-
kaer ua pasenctsa [JX, JY] = [X, Y], aB caydae Koria X € yu
Y, Z € ¥/, — u3 onpeleeHHs Onepamud L, .- .
OTOXIeCTBHM Tenepb g, C NOAAAre6po P () + p B[ n o603HauUM
[, ] uepes [, ). Ilpeanonoxum, 4TO gy CTPOrO COACPAKHTCA B L.
Tak Kak anre6pa go NOJIYIPOCTa, TO BCAKOE €€ NPEACTABJIEHHE BIIONHE
npuBoauMo (cM. (3.4.4)). TIocKOMBKY gy MMEET KOpa3MepHOCTb 181,
CYUIECTBYET HEHYJIEBOH 3JIEMEHT X € 1, Tako#t uro [ = g, + RX
u [go, X1 = RX. Tak KaK oaHOMEPHOE npeAcTaBJIeHHe aaredpbi go
JOJKHO OhiTh HYJIEBEIM, TO [go, X1 =0. CaepoBaTtenbHo, X MpH-
- HajsieXxuT ueHTpy aarebper I U X = M+ Y + Z, rae As=0,
YE€puZ€t HoO=LJ, X1 = [J,Y)=JY, unnotomy Y = 0.
Takum o6paszoM, AJAs moﬁorloZU H? p Mel umeem 0 = [X, Ul=AMU +
ZU, tak uto J = —ANZ u | = go. N
i Hrak, mMbl y6epunuch B ToM, uto J € ¥ (). B cuay (ii), J npu-
nanaexut uentpy aare6per P (). Ilockoabky MpeiCTaBJICHHE P
TOYHO, CYUIECTBYET TOJbKO OAHH 3/EMEHT C €%, Anst KOTOpOro

(@O =J.0. )
C: ¢ —> gl (%)

8.8.3) Komnaexcuguyuposannoe npedcmasrenue P g

f%enpu?ao@umo mozda u moabko moeda, kozda arzebpa ¥ noaynpocma.

X

okasateabcTBo. I1ycTh mpeacTaBiedye YC HENPHBOAMMO, H NMyCTh

ﬂpuﬂa}mex{m menTpy asnre6psl . B cury JemMbl Iypa (1.2.3),

$C (X) = Al ans Hekoroporo A € C. [osromy maa Y, Z € p
0=B@WS (X)Y, Z)+ B, ¥ (X)2) =2AB(Y, Z).

CnepoBarenbHo, A = 0. [MockonbKy ajire6pa f KOMIAKTHa, OHA
OJTyIpocCTa. :
O6patHo, nycTh Y& NPHBOANMO. Kaxk mbt Bugenu B § 7.8,
W=V+V, VAV=0,
rie V — HexoTopoe [-HHBapHAHTHOE KOMIUIEKCHOE NOANPOCTPAHCTBO
B yC. Janee, npeicrasienue f aare6pel b B mpocrpaHcTBe V i mpej-
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craBjieHHe f 370 anre6pul B NPOCTPaHCTBE V CONPSAXKEHBI OTHOCHTENbHO
oTobpaxenus v+—> 0. CorsacHo (7.7.1), cymecTByeT B3aHMHO-OLHO-
3HaAuHOe NOMYyJHHeHHOe oTobpa)keHHe J; mpoctpaHcTBa V Ha cefs,
yAOBJIETBOPAIOIIEE YCIOBHIO

hof(X)=Ff(X)oJ;, npu XE1L

Kpome Toro, #3 cCOOTBETCTBHH, YCTaHOBJEeHHHIX B §§ 7.9 u 7.10, cie-
ayert, uto ¥y (f) = —1, T. e. MOXKHO cuHTaTbh, 4TO J; YIOBJETBODSET
Takxe YycJaoBHio J} = —1

3ajgaguM ortobpaxeHue J: pC > pC (pquynoﬁ ‘
J@+w) =Jpo+Tw

H TOKa)keM, uTo J MOPOXKJA3eT KOMIJIEKCHYIO CTPYKTYPY Ha p.
ITpexne Bcero, J (v+ v) = Jw + Jyv, Tak uro J &€ ¢l (p).
Hanee, J*? = —1, ubo J} = —1. Kpome Ttoro, oro6paxkenue J
KOMMYTHpYeT ¢ ¢ (), IOCKONbKY 3THM CBOHCTBOM o6JajaeT J;.
[Noxaxem, HakoHel, 4To J coxpaHsaeT @opMy Blpxp. ITyctb
{Y,, ..., Y}, — rako# 6asuc B p, 4TO

B(Y,Y)y=6,npui j=1,...,n.

Mur yTBepaKIaeM, 4To MaTpuia npeo6pasoBanus J OTHOCHTENbHO 3TOTO
fazuca (KOTOpPYIO MBI TaKxke 0GO3HauuMm uepe3 J) yAOBJETBOpPSAET
ycaoBuio *JJ = 1. [lefictBuTenbHO, B 3TOM 6asuce P (X) + ¢ (X) =
= 0 masa kaxpgoro X € ¥. Hs ycaosus [J, ¢ ()] = 0 caenyer, uto

W (X)JJ I (X)=0 npm XEL

CnepoBatenbno, cUMMeTpHuHas OuauHeiiHas ¢dopMma, ompelenseMas
npeobpasopanreM ‘JJ, mHBapuHaHTHa oTHocuteJbHo VP (I). B cuay
(8.8.1), cymecTByeT BelleCTBEHHOE 4MCAO A, Takoe 410 *JJ = Al.
Tax xak J? = —1, 10 det?!JJ = det J2 = (—1)* = A*. 3nauur,
At =1 mu A==41. Ho dopma *JJ mn0N0KHTENbHO-ONIPEIEIEHHA,

TaK uto A = 1. Us pasenctBa *JJ = 1 caenyer (iii).

Tlockosbky p oGiafiaeT KOMIJIEKCHOH CTPYKTypo#, asnrebpa ¢t
He noJaymnpocTa, BBuUAY (8.8.2). []

Haxoncoenue cmapuwiux gecos

A)go—nogaanre6pa BHyTpeHHero THuIma. [Ipen-
I0JI0KHM BHadane, 4to aiare6pa I He moaynpocra. Torma

®°, W)=, H+{V, )

6yaeM HCKaTbh crapuuuii Bec « npeicrasiaeHus (V, f). Kak Mwl yxe

3gaeM, f comepXKHT HeKoTopylo mnopaiare6py Kaprana aare6pel g

H CHCTeMa NPOCTHIX KOpHeH ajreGpH € H3oMophHA OAHON H3 CHCTEM
11*
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Tagauya 3
8o i3 ® |
AlLI R® A1, 011 (A1) .
Alll RoA;_,® A 01 (4;21) @ 01 (A1)
BI Re B, | @y
CI Re A, 20,
DI | R& Al_l Wy
DII Reo A, ~ @y
EII - R o Dy CTIIHHODHOE npezxcran..neuﬂe
EVII RoE; _ @y
a\fo;}. Otcioga caeayer, uro —o, He HBJIHCTCH KOpHEM anreGpol
tC u moromy BeKTOp crapuero Beca B g€ — sto E ;. Cyxas —o

Ha PC, Mbl noiywaeM Taba. 3 (rAe, Kak o6wluHO, (w;, &}) = §;;).

Tenepr ofpaTuMcs K caydaro, Koraa aJgrebpa I noaynpocra.
B sToM cayyae T cHOBa cozep:KUT HeKoTopyio mnojanrebpy KapraHa
aare6pel gy. Jlasee, BEKTOPOM CTapllero Beca LIs Hean/IBOlIHMOI‘O
npeacrasierus Y& Gyaer

E—O{.[a
LAe @; — TOT KOPeHb, KOTOPbIH HYXKHO BEIUEDKHYTb U3 7, UTOOLL IOy~
YdTh AHarpammy aas f. B camom jaeje, MOCKOJMbKY BEKTOD CTapLIEro
Beca eIHHCTBEH, AOCTAaTOYHO JIHIIbL IIPOBEPHTH, UTO

[EB’ E.'a’l] =0
Ansi KaXKAOro P ¥3 CHCTEMBI NIPOCTHIX KOPHe# anreGps f, a aTo Jerko
CJIEYET U3 PACCMOTPEHHSI CHCTEMBI it H U3 TOTO daKTa, YTo HH a; — O,

HH —0y -+ O; He SIBJSIETCS KOPHEM.

B pesyabrate Ml noayuaeM taba. 4.

B)go—nonaanre6pa BHeWHETrOo THIMIa. Barom cay-
yae anrebpa f Bcerga moaynpocra (cM. (8.6.1)) u npeacrasaenue P©
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Tabauya 4
g 2 )
BI 7 A @ A, @ By 0, (4;) ® 0 (4;) ® @y (B1_y)
BI D;® B;_,; 0; ® 0
BI | D, o1
Ccll C;,®Ci_; 0, ® o,
DI . 4,6 4,9 D;, . 0 Q0 @
DI | D;® Dy; 0 ® 0
EIl A & 4 ©; ® @
EV ‘ 4, @
v mop, | o oo
EVIII Dy CIIHHOpHOe IpejicTaBJeHNe
EIX A @ E; 0; B o
FI Ai®C, . 0; ® 0
FII By 071
G Ao A o @; ® 30,

nenpuBoauMo. [TockoabKy ¥ He cofepKHUT HH OfHOH noganre6per Kap-
TaHa aareGpel gy, 3TOT Caydaid TpeGyeT NeTaJbHBIX BLIMHC/ICHHH AJ1s
HaXO0XKJIEHHs TeX KOpHel ® anre6phl g, AJaA KOTOPHIX E, He NpHHAaAJeE-
xut € (Pasnoxenus a.nre6p i€ u yC 6win noayuensr B § 8. 6)
Pesy/bTaThl BHIUHCJIEHHH NpPeACTaBieHH B Taba. 5.
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Tabaruya 5 ..
q \ 1 o

Al l ' By 20,

Al - Dy _‘ ‘ 20,

All Cr Wg

DI ' B, . @y

DI B;® By ;.1 0 @ 0y

' w, (26-mepHoe
El . Fq npeAcTaBJeHne)
EIV Cy Wy

Mpumep 1. I[Iyctb gy = Al ¢ MaKCcHMaJbHOH KOMHaKTHOH—I_IO}laJ—]Ee6-
po#t B;. Crapuinil KOpeHb anre6pbl § — 3TO KOPEHb —0p = &y T ...
+ a4y, €ro npoeknus Ha By paBHa -

2 (yi+ -+ =201
Hauee,

(Eg, E_qql =0
st kaxzoro Eg u3 iC.

fpumep 2. Ilycte L = DI ¢ MaKCHMa/JbHOH KOMIIAKTHOH mojaJ-
re6poit B,_,. Ilanee, mycrb

m=a1+a2+...+d’[_~z+'\’1-

INpoekuusi  Ha B, ; paBHa

ay | og 4 o g 0 = 0
CHOBa MOXHO INIPOBEPHTH, YTO

[Eg, Egl=0

mns Beex Eg ms 1,

JoGasJaenue
3AMEYAHHSA O JIUHEAHBIX ONMEPATOPAX

1. 0630p OCHOBHBLIX MOHATHH

B srom naparpade Mbl HalOMHHM HEKOTOPbie OCHOBHbI€ MOHATHS H
¢aKTBl TEOPHUH JIHHeHHBIX onepaTopoB. Oco6eHHO BaXKHH MJIs Hac
passoxkeHue, nojydaeMmoe B (.1.1), U Teopusi COGCTBEHHBIX 3HaYeHHH
U coBCcTBEHHBIX BEKTOPOB. ,

Ilycte V — KoHeyHOMEpHOE BEKTOPHOE NPOCTPAHCTBO Haj NoJeM
P. Jlunednoe npeobpasosauue T npoctpancTBa V  (MAH AuHeliHbil
onepamop B V) — st0 oto6paxenue T: V — V, y@oBaerBopsiollee
CAeLYIOMHM YCJOBHAM: '

1) T (v + w) = Tv + Tw Aas BceX BeKTOpoB v, w € V;

2) T (cv) = cTv ans Bcex BeKTopoB v € V u ckagasapoB ¢ € P.

IMycte gl (V) — MHOXKecTBO BceX JIHHEHHBIX nNpeo6pa3oBaHHH
npoctpancrBa V. [lokaxem, uTo gl (V) MoXHO HajenHTb CTPYKTYpPOH |
acconuatuBHOH - anre6pul Hax P. [lpexne Bcero, ecaun T, u T, npu-
Hajgnexat gl (V), To Mel ompejensiem orobpaxenne 7T, -+ T, mpo-

- cTpaHcTBa V B cefs dopMyJioi

(T]_ + Tg) U = Tlv + Tzv

aasa Bcex v € V. Jlerko mposepsiercsa, uto 7T; + T, — JHHefHoe

npeo6pasoBanue npocrpancrea V. Hanee, ecin ¢ € Pu T € gl (V),
TO MBI Onpefiesisiem otoGpaxenne ¢T dopmynon

(cT)y v = ¢ (Tv)

Jasa Bcex v € V. CHoBa H3 onpefleleHHs JerkKo ciaeayer, uto ¢T —
JHHeliHoe mnpeo6GpasoBaHHe mnpoctpaHcTBa V. C 3THMH onepanHsaMu
C/IOXKEHHS H yMHOxeHus Ha ckanasap gl (V) cTaHOBUTCS BeKTOPHBIM
MPOCTPAHCTBOM Haj P. AJAIMTHBHOH eJHHHIIEH -CIYXKHT NpeoOpa3oBa-
Hue 0, onpepensiemoe dopmyJioi

Ov =20

ans Bcex v € V. (CumBoa O B npaBof yacTH paBeHCTBa 0603HayaeT
HYJ/IeBOH BeKTOp H3 V, a B J1eBOH yacTH — HyJIeBoe JiiHelHoe npeolpa-
30BaHue.) '

Has mo6bix 1ByX naneefiHbIXx npeoGpasoBamuit T, U € gl (V)
onpeneauM otobpaxkenue 7 U dopmyson '

TUv =T (Uv)
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Tabruya 5 .
9 t o)
Al - By 20,
| Al _ - Dy | | 2ay
Al c @,
DI ‘ B : (0]
D1 B;® By_;_, @) @ @y
o " . e
EIV | Cy @4

Hpumep 1. Ilycts gy = Al ¢ MakCHMa/bHOH KOMIIAKTHOH nona.ngeé-
poi’i‘B,e. Crapuinii KopeHb aJre6pel ¢ — 3TO KODEHb —0g == oy + ...
~+ otg, €ro npoekuus Ha B; paBHa :

2(1+ - 4 yp) =201
II.aJ}ee,

[Eg, Eoel =0
ast kaxaoro Eg u3 .

Npumep 2. Ilyctk L = DI ¢ MaKcuMa/JbHOH KOMIAKTHOH mojaal-
re6poit B, ,. Hanee, nycrs

O =o; + o+ ... + s+ 1

IIpoekuuss @ na B, , paBHa

o+ og - ey 0] = wy.
CHOBa MOXKXHO NPOBEPHTH, UTO
[EB’ E(D] = 0 B

ansa scex Eg m3 i€,

JloGapaenne
3AMEYAHHS O JIMHEAHBIX OMEPATOPAX

1. 0630p OCHOBHKIX NMOHATHI

B sToM naparpade Mb HanoMHHM HEKOTOpbl€ OCHOBHBIE MOHATHA M
(aKTel TEOPHH JIHHEHHBIX OMepaTopoB. OCOGEHHO BAaMKHEL A1 Hac
pasqoxenne, nonyyaemoe B (I.1.1), 1 Teopus co6CTBEHHBIX 3HAYCHHK
H COGCTBEHHBIX BEKTOPOB. _

ITycrs V — KoHeyHOMepHOE BekTOpHOE NPOCTPAHCTBO HAJ MOJEM
P. Jluneiinoe npeo6pasosarnue T npoctpaHeTBa Vo (WiM  auneiinbiil
onepamop B V) — 310 orobpaxkenue T: V — V, YAOBJIETBOp sitOHIEE
CHAENYIOIHM YCJAOBHSIM:

1) T (v+ w) = Tv + Tw pis Beex BEKTOpPOB v, w € V;

2) T (cv) = cTv nas Bcex BeKTOpoB v € V u CKalspoB ¢ € P.

ITyers gl (V) — MHOXKeCTBO BCeX JIHHEHHBIX nNpeo6pa3oBaHUi
npocrpanctBa V. [TokaxeM, uro gl (V) MOxHO HameuTh CTPYKTYpPOH
aCCOUHATHBHOH ausreGpsl Haf P. Ilpexze Bcero, ecau T, u T, npu-
Hajnexar gl (V), 1o Mbl onpegensiem otoGpaxenve T, + T, mpo-
CTpaHcTBa V B ce6s dopMyJioH

(Ty+ Ty)v=Tw+ Tyw

Ans Bcex v € V. Jlerko nposepsietcs, uro T, -+ T, — nuHefinoe
npeoGpasoBanue npocrpanctsa V. Jlasee, ecau ¢ € PuT ¢ gl(V),
TO MbI OnpejensieM orobpaxenue ¢TI popMyaoH

cv=c (Tv)

Anst Bcex v € V. CHOBa M3 onpejeseHus Jerko caenyer, yto ¢T —
JIHHeHHOe npeo6pasoBaHue npocTpaHcTBa V. C 5TUMH onepanuAMH
CTOKEHHSl M YMHOXEHH® Ha cxaasp gl (V) craHoBuTcs BEKTOPHEIM
NPOCTPAHCTBOM Haj P. AJJMTHBHON eNMHHIEH  CJYKHT npeo6pasoBa-
HHe 0, onpegensiemoe Gopmy.Tol

Ov =0 _
A1s Bcex v € V. (CumBoa O B npaBoit yactu paBeHcTBa ofo3HauaeT
HYJIeBOH BekTOp U3 'V, a B J1eBoit yacTH — yJ/1€BO€ JIHHeHHOe mpeobpa-
30BaHHUe.) '

as mo6eix AByX JuHefiHbIX npeobpasosanuit T, U € gl (V)
onpenennm orobpaxenue TU dopmyaoi :

TUv = T (Uv)
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1 Beex v € V. Herpyano yGeputbes, uro TU Takke ABasfercs

JUMHeHHEM . npeo6pasoBaHueM. [lanee, BHINOJAHAKTCA CAeAyIOLHE

YCIOBHA:

1) S(TU) = (ST) U nna scex S, T, U € gl (V);

2 S+TNU=SU+TU u S(T+ U)=3S8T+ SU paa
Beex S, T, U € gl (V); '

3) a(ST) = (@aS) T =S (aT) ana Bcex a € P u Bcex S, T
€ gl (V). ‘
ACCgOLlPIaTI/I-BHaﬂ asnreGpa gl (V) umeer MyJbTHIVIHKATHBHYIO €IHHHLY
I, rae Iv = v gnsa Becexv € V. .

3ajpukcupyem Tenepb Kakoi-HUGYAb Gasuc B = {ey, ..., e,} mpo-
crpanctsa V. IIpu nomouy aToro 6a3nuca Mbl MOXKEM CBA3aTh ¢ KaxAbIM
JUHeHHuIM npeoGpasoBaHueM T HekoTopyio nXn-marpuny ¢ (7).

A uMeHHO NpPEANOJONXKHM, YTO

n
'Tej = iz:'l a;;é;
aas Kaxgoro j = 1, ..., n. Torga mMu onpenensem @g (T) xak nXn-

MaTpHLy, Y KOTOpoH Ha (i, j)-M MecTe CTOUT 3/€MEHT q;;, T. €. ¢z (T)
= (a;;). Oto6paxeHne Qg ABIAETcs H3oMopdusmoM. anrebprr gl (V)

Ha anre6py Bcex n X n-matpuil HaA P. Ilockonbky nocsennss anreGpa’

uMeer pasmepHocTb n? Han P, To ke cnpaseanuso u s gl (V).
Hcnoabaysi 3TOT H30MOPGH3M, MOXHO BBECTH MOHATHE onpede-
aumeas aureiinozo npeobpasoearus T, monaaras

det T = det (g (T)).

1o ompejesieHHe He 33aBHCHT OT Bhifopa Gasuca. [eACTBHTENBHO,
ecaH Bl — kakoi-HHOGYyIb ApYyroii 6asuc, TO CyulecTByeT oOpaTHMas
nx n-marpuua Q, takas uto @p (T) = Qog (T) Q!. CnenoparennHo,

det g (T) = det (Qezs (T) Q7Y
' = det Q det @gps (T) (det Q)™ = det qg (7).

Hanomuum, uro det 7 = 0 Torza u TONBKO TOTJa, KOTJa CyUleCTBYeT
HenyJeBod Bektop v € V, mns Koroporo Tv = 0.

[Iycre P [x] — anre6pa MuorowleHoB naj P. Kak xopowo
uspectHo, P [x] sBAserca o6sacThio (LETOCTHHIM KOJBIOM) TVIaBHBIX
HIeajoB U JMio6ble ABa MHoOrousneHa f; 4 f, u3 P [x] (xors 6Bl ogun u3
KOTOPBIX OTJMYEH OT HYJIs1) HMeloT Hanbonbmui ofmuil aenutens d.
DTOT MHOTOY/IEH d eCThb eIHHCTBEHHEIH MOHMYeCKHH ! MHOTOUY/IeH HaH-
MeHblUell CTeneHH BHAA &, 1 Zofs, TAe g; — NPOHM3BOJbHbIE MHOTO-
el 13 P [x]. Mut 6ygem obeiyno nucatb d = (fy, fi).

1 Monuseckumu HaSHIBAIOT MHOTOWIEHEH, y KOTOpHX Kos(xpHIHEHT NpH crap-
wiell crefeHA LepeMeHHOR x pased 1. — IIpum. ped.
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3agukcupyeMm JHHeliHoe npeobpasoBaHue T H ONpeJeqHM C ero
NOMOIBIO HeKOoTOphIH romomopousm us P [x] B gl (V). Ilycrs

f=amxm 4+ - - +ax+a

* — sjemenT U3 P [x]. ITonoxum

a(f) = @, Tm + ... + a;T + a4 ='f(T.).

Otobpaxenne o spasercss romomopdusmom. HMayuum ero sapo J.
OHO copepKHUT HeHyJeBhle MHOrou/leHH. J[ledcTBHTeNbHO, MYCTb

m — NPOH3BOJILHOE HAaTypaabHOe YHCI0, 6oabliee, yeM n? = dim gl (V).

JluHeitHble npeoGpasoBaHUs _

T, T? ..., Tm

\

JO/KHB OBbITh JIHHEHHO-3aBUCHMBI, M TOTOMY CYIIECTBYIOT CKaasphl
ai, ..., Gm € P, XoTH GHW OAUH H3 KOTOPHIX OTJIHYEH OT 0, YIOBJIETBO-

pAIOLIHE YCJIOBHIO

anTm™ + ... + a.T? + a,T = 0.
ChnenoBatelbHO, moJaras
f=amx™ + ... + ax® + ayx,

Mol nonyuuaM « (f) = 0. IMockoabky J — HeHyJseBo# ujean B P [x],
CYILECTBYeT €IMHCTBEHHHIH MOHHYECKHH NoauHoM my u3 P [x),
Takoit uro J = (my) = (MHOXKECTBO BCe€X MHOrOYJIEHOB, Kpar-
HEIX my).

MHorounen mr Ha3LIBAETCH MUHUMARLHOIM MHO20MACHOM npeobpa-
s0sanun T. Ou obnajaer CJAeLYIOIIUMH CBOHCTBAMH:

1) m; — mouudecku#t muorowneH, u my (T) = 0;

2) mo6o8 MHorouneH f, ansa kotoporo f (T) = 0, menurca Ha my.

Ilpexne yeM copmMyaHpoBaTb OCHOBHOH pe3yJbTAaT O MHHHMAJb-
HOM MHOTOYJeHe JHHEHHOro Onepatopa, BBEIEM ellle OJHO onpejene-
uue. Tlopnmpoctpancteo W mnpocrpanctBa V HaswmBaerca T-unsa-
puarnmrom, ecan Tw € W gnsa xaxnoro w € W. B atom cayuae
orpannyenue npeo6paszoBanusa T Ha W ABIseTcs JHHEHHbIM npeobpa-
30BaHueM mnpoctpaHcTBa W, Takxe o6o3HayaeMmuim yepes. T. '

(A.1.1) Hycme T: V — V — aunetirHoe npeobpasosanue ¢ MUHUMANL-
HbiM  MHO204peHOM. My. [Ipednoaomcum, wmo my = mym,, rae (mj,
my) ‘= 1. Toeda cyuecmeyrom nodnpocmparncmea Wy u W, 8 V, yoos-
AeMBOPAIOUUE CACOYIOWUM YCAOBUAM:

1) W, u Wy asasromea T-uHsapuanmroimu;

A V=W, ®W, me V=W,+ W, u {0}=W,n Wy

3) munumanroroli muoeousen onepamopa T ¢ W, pagen m,, i =1, 2.
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Joxazatenbctso. OnpesesuM ABa HCKOMBIX nozmpOCTpaHCTBa BV
caeayouEM ofipasom:

W,={veV: m, (T)U_O' u W,=IlveV: m.'Z(T)v=O‘}.

Kaxxaoe H3 3THX NOANPOCTPAaHCTB T-HHBAPDHAHTHO, NOCKOJBKY A
v e W,

m; (T) Tv=Tm; (T) v =T0 = 0.

Hanee, nyctb f; u f, — mHorounewst u3 P [x], takue urto f,m,
+ fam, = 1. ns ve WiNw,

= 1v = (f1(T) my (T) + [, (T) my (1)) v
= fi (T) my (T) v + [, (T) my (T)v = 0,

nockonbKy m,; (T) v = 0. C gpyroi cTOpPOHH, A5 J11060r0 BEKTOpa U
H3 V MBIl HMeeM

=Iv=F/H(T)m (T)v+ [, (T) my (T) v.
Bexrop f; (T) my (T) v npunagiexur W,, Tak Kak
my (T) fL (T) my (T) v = f; (T) my (T) my (T) v

= f1 (T) mz (T) v = Ov = 0.

Amnanoruuto f, (T) my (T) vE W,. ;

Hakonen, nycTb g, — MuHHMaJbHbII MHOrouaex omneparopa 7T
B W,. Ias kaxjoro vE W; uMeer mecto paBeHcTBo m, (T) v = 0,
N03TOMY g, AeauT my. [Ipeanonoxum, uto deg g, < deg m,. JIuuefinoe
npeo6pasoBanue g; (T) my (T) o6pamaerca B 0 na V. [eficTBuTeNBHO,
nyctb v€V U v = w, + w,, rne w,€ W,. Toraa

81 (T) my (T) v = my (T) g1 (T) w1 + g1 (T) my (T) wy
=my (T 0+ g (T)0 =

Takum obpasoM, mp = mym, JAEJIHT gyM,;, UYTO HEBO3MOXKHO, [0-
CKOABKY

deg my = deg m; + deg my > deg g, + deg my = deg gym,.

CuenoBaresibHO, g3 = m;. AHaJOTHYHO MHHHUMAJbHEIE MHOrOWIEH
onepatopa 7 B W, paBeH m,. []

B saksiouenne 3Toro 063opa HaNOMHHM OCHOBHEIE TIOHATHS TEOPHH

COGCTBEHHBIX BEKTOPOB H COGCTBEHHBLIX 3HadeHu#. HenyiieBodt BeKTOp
vEV HasbiBaercss  co6cmeennsim 8ekmopom npeoGpasosanus T,
€CJIH CYLIeCTBYeT CKaJafap ¢€ P, Ttako#t uto Tv = cu. B atom ciayuae
CKaJAp ¢ Ha3bIBaeTCsH cchmeequm 3Haueruem (COBCMBEHRbIM HILLCAOM)
npeo6pasoBanusa T.

Taknm o6pasom, ¢ sBasiercss cO6CTBEHHBIM 3HauenHem T Torjga H
TO/IBKO TOrJa, KOrja CYIIecTBYeT HeHyJ/JeBo# Bektop v& V, nas
Kotoporo (¢/ — T) v = 0. Kak 6bl10 3aMedeHO BhlIe, 3TO 3KBHBa-
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JgeHtHo yciaoBHio det (¢ — T) = 0. Xapaxkmepucmuveckuii mHo204AeH
fr npeo6pazoBanug T onpenensiercsa GopMyIoH

fr (x) = det (xI — T).

IIpunagnexkamue P KOPHM XapaKTepHCTHYECKOrO MHOroudseHa sBJs-
IOTCA COGCTBEHHREIMH 3HAaueHHAMH TpeobpasoBanus 7.

(A.1.2) Tyecms T: V — V — auneiinoe npeobpasosanue. Ecau
U1, ..., Um — COBCMBeHHbIC 8EKMOPbL MO0 Npeodpasosanus, omeewaro-
e pasaudtoLy COOCMBEHHbIM BHAUEHUAM €y, ..., Cp, MO Uy, ..., Uy
AUHeHO-He3a8LcUMbI.

JokasareabcTBo. [JonmycTHM, YTO MHOXKECTBO {vy, ..., Un} JIHHeiHO-
3aBHcuMO. Cpelu BceX COOTHOIIEHHH JIHHEHHOH 3aBHCHMOCTH BhiGepeM
KaKoe-HUOYIb OJHO, HMelollee HaHMeHbIllee YHCJI0 HeHYJIeBbIX Ko3ddHu-
LUHEHTOB. MeHsisi, ec1d HAl0, HyMepauHio, Mbl MOXKeM CUHTATh, YTO 3TO
COOTHOLLEHHE HMeeT BHI

™ av ~|— o tan, =0,

e Bce g; OTJHYHBL OT HyJs, Tak Kak BCce BEKTODH U; HEHYJIEBLIE, TO
r > 2. IlpumeHsAs npeoGpa3zoBaHHe T K paBeHCTBY (%), NOJydaeM

(*%) T(aw,+ ...+ av)=acp, + ... +acv =0.

YMHOXKHUM (%) Ha ¢; U BbIYTEM M3 IOCJEJHEr0 paBeHCTBa:

ay(cy —c)a+ ... +a(c, —c)v,=0.
ITocKonbKY ¢y % €y, Mbl NOJMY4YHJH GoOJiee KOPOTKOE COOTHOILEHHE
JUHEHHOH 3aBHCHMOCTH, YeM [OKa3aTeJbCTBO H 3aBepluaercs. []

Iycts T: V — V — nuHeliHoe npeo6pa3oBaHHe, H NYCTb
fr(x)=det(xI —T)=x"+a, x" '+ ... +ax-a,.

Teopema [amuremona—Ksau ytBepxpaer, uro fr (T) = 0, T.e.
T"+a, T+ ...+ a7 +ad=0.

Orcrona caeayer, 910 my geaut fr. Ham Symer yno6uee nokasarb
3Ty TeopeMy He Jjs JHHeHHHIX npeo6pa3osBaHuii, a AJs1 MATpHU.
Huxe [ o603HavyaeT e€AUHHUHYIO 71X n-MaTPHLY.

(R.1.3) ITycmoe A — mampuya pasmepa nXn ¢ saemenmamu u3 P u

fa(x)=det(x] —A)=x"+a, x"1+ ... +ax-| a,.
Toeda \
0=fs(A)=A"+a, A"+ ...

-+ a,A -+ a,l.
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HoxkaszatensctBo. [Iycrb L — npousBosbHoe nose u C — martpuna

pasMmepa nXn c aseMeHTaMH H3 L. ByneM o6o3HavaTb MaTpHLy, OpH-

coenuHennyo k C, gepes adj C. Hanomuum, uro
CadjC =detC-1J.

[MpumeHHM 3TO paBeHCTBO K cayyaw, kKorga C = x/ — A (a L ectb
P (x) — nose panuoHanbHHIX GyHKUMHA Haa P). Ilonyunm

(%) (xI = A)adj (x] — A)=det (x] — A)- T =F,(x) .

DnementaMd Matpuusl adj (x/ — A) cayxaT MHOTOWJEHHI, ¥ MBI
MOXKeM 3anHcarh - :

adj (x] — A) = By—+ B,x + ... + Bux™,

rie B, — MaTpHLEI pasMepa 7 X n ¢ 37eMeHTaMHu u3 P. B aTHX 06o3Ha-
JeHHUSAX PABEHCTBO (*) NPHHHMAET BHJ, 7 -

(xI _A) (Bo + B1x + ...+ Bmxm)>=\'zfA (x) 1.
HepenmueM 3TO CJeAyOWHM 0o0pasoM:
—ABy+x(By—AB) + ... +x" (Bnyy — ABm) + x™B,,

=fa(x) [ =x"I + a, X" 4 ... Faxl+a,l
IloacraBnsass A BMecTO x, MOJIydaeMm
fa(A)=A"+a, A"+ ...+ aA+al
—= —AB,+A(By— AB)) + ...
+ A™ (B, — ABy) + A" B = 0. [

2. BrniosHe NpHBOAHMBIE ONEPATOpPHI

[Tapa (V, Z) nasblBaeTCsi APOCMPAHCMBOM C ONEPAMOPAMU, €CIIH
V — kOoHeUHOMepHOEe BEKTOpPHO€ MpOCTPAaHCTBO Hajx P, a X — Heko-
TOpOe MHOXKECTBO JIHHEeHHBIX npeoOpazoBaHuli npocTpaHctBa V. [IBa
npocrpaHctBa ¢ oneparopamu (V, 2) u (V', 2') naseiBarorcs usomopg-
HOIMU, €CNH CYIIeCTBYIOT H30MOP(H3M BEKTOPHBIX NPOCTPAHCTB. @:
V— V' u B3auMHo- OIHO3HAYHOE CIOPBEKTHBHOE OTOOpaxKeHHe :
2 — X!, Takue uto @ 0 S = Y (S) 0@ mas Kaxgoro SE 3.

[Tyets (V, 2) — npocrpaHcTBo ¢ onepatopamu. [ToAnpocTpaHcTBO
W npoctpanctBa V HaswiBaeTcsi Z-uHsapuanmuoim (WIH uHeapuanm-
Howm omuocumeasro Z), ecnin SW — W ansa nmwoboro SE€ 2. B cayuae
korga 0 = W % V, Mb MoxeM MocTpouTh, HcXoias H3 W, ABa mpo-
CTPaHCTBa C omepaTopaMu. = Bo-nepBhiX, BCSKHH omnepatop SE 2
nopoxJaeT JHHelHOe npeo6pa3oBanie npocTpaHcTBa W nocpeacTsoMm
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B3ATHS orpaHuueHuss S — S|y. IloanpoctpanctBo W Bmecte co
BCEMH €ro JHHeHHBIMH Npeo6pa3oBaHHSAMH, NOJYUYEHHBIMH U3 3J€MeH-
TOB MHOJKeCTBa 2 C IIOMOILbI0 OrpaHHYeHHs, o6o3Hadaercs dYepes
(W, 2 lw). Bo-ropnix, Kaxapi#i onepatop S & Z o6bIYHEIM 06pa3oM
NopoXKjAaeT JuHeHHoe mpeoGpaszoBaHue S ¢akropnpocTpaHcrea V/W:

Sw+ W)=Sv+ W,

3T0. oTOOpaXKeHHe OfpeneseHo KOPPEeKTHO, IMOCKOJBKY AJIs J060ro
we W

Sw+w+ Wy=S8Sv+ Sw+ W=Sv+ W,
H JIeTKO INIpOBepsieTcsl, 4TO OHO SIBJSIeTCSl JIHHEeHHEIM OlepaTopoMm

B V/W. Ilpoctpancrso V/W BMmecTe co BceMH ero JiMHeHHEIMH NTpeoGpa-
30BAHUSIMH, MONYYEHHBIMH H3 3/IeMEHTOB MHOXKecTBa X, ofpasyer

 TIPOCTPAHCTBO C OmNepaTopaMmu, o6o3HauaeMoe yepes (viw, %),

[Tycte (V. I) — mpoussosibHOE NPOCTPAHCTBO C ONEPATOPAMH.
Ecan {0} u V — enxuHcTBeHHble X-HHBapHaHTHbIE NOANPOCTPAHCTBA
BV, 10 (V, 2) (ayacTto ¥ camo V) HaspiBaeTcst Henpusodumbin. B ciyuae
korga dim V > 1, Bcerma cyuiecTByeT XoTs Obl OJHO HeHYJeBoe
Z-HHBApHAHTHOE MOANPOCTPAHCTBO Z mpocTpaHcTBa V, Asi KOTOpOro
(Z, 2 |) HenpuBoauMo. B camom fene, MBI MO:KeM B35ITh B KauecTBe Z
Jo60oe HeHYJeBoe X-HHBapHAHTHOE MOANPOCTPAHCTBO B V, umerowee
MHHHMAaJbHYIO Pa3MEPHOCTD.

[IpoctpaHcTBO ¢ onepatopamu (V, 2) HaswBaeTcsa 4noaHe npusodu-
MbiM, eclH IS KaxIOro X-WHBAapHaHTHOrO mnopmnpocrpaHcTBa W
B V cywecrByer 2-HHBapHaHTHOe mojnpoctpaHctBo W', Takoe 4yTo
V=Wgo W.

(A.2.1) fHapa (V,X) enoane npusoduma mozada u mMmMoabKo moaoa,
Koeda cyuecmsyem Habop nodnpocmparcms W, ..., W, npocmpancmea

'V, ydosaemsopsuronyuii caedyrouyum yYciosuam:

1) xascdoe W, asasemca Z-unsapuanmuoim u xascdoe (W;, 2 |w,)

Henpusooumo;
2) V ecmeo npaman cymma nodnpocmparcme Wy, ..., Wn.

HoxkasateanctBo. [lycte nmpoctpaHcTBo ¢ onepatopamu (V, X) Bnosne
npuBoaumMo. OG6Go3HayuM dYepez JH KJacc BceX X-WHHBAapHAHTHHIX
NOANPOCTPAHCTB, SIBJSIOMUXCA MPSAMBIMH CYMMaMH HENDHBOJHMBIX
2-HHBapHAHTHHEIX. MOANPOCTpaHcTB. [lyeth W =W, ® ... W, —

KaKoe-/TH60 MaKCHMaJ/lbHOE NMOANPOCTPAHCTBO U3 A . Mul yTBep:KiaeM,

yroW = V.Bcamomgene,eciu W %= V, 7oV = W @ W', roe W' —
HeHyJ/JleBoe X-HHBAapHAHTHOE NOANpocrpancTBo. [Tycts Z' — HeHyJe-
Boe X-HHBAaDHAaHTHOE HeNpUBOAMMoOe noamnpocrpancrtso B W' Torga -
W & Z'¢ X, uro npoTHBopeudT MakcumajabHocty W. Urtak, V = W
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€ X, 1.e. V mnpeactaBUMo B BHZe NpsAMOi CYMMBI HENPHBOAMMBIX
- X-MHBapHAHTHBIX NOANPOCTPAHCTB.

O6parHo, nycth V aBasercs l'IpHMOPI cymmoit Z- HHBapHaHTHbIX
NOAMPOCTPAHCTB, CKaXeM V=W, P ... & W,., rie Bce (W:, Zlw))
HerpHUBOAHMBI. [Tyctb WV — l'IpOPISBOJIbHOe 2 -uHBapHAHTHOE
noanpocrpanetso B V. Ecin W = V, To MoxHO B3aTs W! = 0.
B npoTHBHOM cayuae WC V. Iloanpocrpanctso W W, Z-unsa-
PHAaHTHO H COAEpPIKHUTCA B W,. llostomy ono pasHo {0} niu W,.
Hoc{:g?nbxy W == V, mnafinercs HoMep j, m&as KoToporo W) W,

Ilycrs | — HauBoabuiee nenoe qHCAO, AJS KOTOPOTO CYILECTBYIOT

HHAEKCHE {y, ..., i;, | < i] < iy < ... < i, < m, TakHe 4TO
Wﬂ(Wil—]~ W)= {0}
[Tonoxkum .

W=W, +...+W,
H IIOKaxKeMm, 4YTO v
V =W+ w

Ilpexpe Bcero, W W! = {0}, B CHJy Hallero Bbléopa IOANpO-
crpanctBa W' [lanee, nycts i — Kakoi-Hubyab nugeke (I < i < m),
He BXoasmH# B {iy, ..., {,}. BBUAY MakcuManabHOCTH [

WAW, 4 ... W, +W,)1{0
[Tycts BekTOp

w=w; + ... +w, +w 0
npuHaanexur W, npuuem

wi,.E W-i]- noweW,.
Torga w; 5= 0 U noromy

W.NW, +...+W,+W)s{0}
CnegoBarenbHo,

W, cWL4+W. [

Ynpaxuenne. ITycts (V, I) — Bnosne npHBOZMMOE NPOCTPAHCTBO C OIEpaTo-
paMu B W — npoHsBo/bHOe F-HHBAPHAHTHOE MOANPOCTPAHCTBO B V. Tlokasats,

yto mapel (W, 3|w) u (V/W, E) Bmoane 1P HBOAHMBI .

3. Pacunpenne ocHoBHOro mnoJs

[Tyets L — HeKoTOpoe moJsie, copepxkailee P Tpynna T arya
noast L wajg P cocTOUT U3 BceX aBTOMOP(H3MoM 0 nons L, 415 KOTOPHIX
a® = q npH Bcex a € P (Mu nHIIEeM a® BMECTO 64). ByneM 0Ho3HayaTh

|
|
i
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1y rpynny uepes Gal (L|P). [aJjee, npeinofoxum, uyto mnojae L
anre6panueckd 3amkHyTto. [lose P HasblBaeTCs co8eplueHHbLM, €CTM
BHIIOJHSETCA CAEAVIOWee YCAOBHE: eclH a& L u a® = a s Bcex
o€ Gal (L] P), To aEP.

[Tycte Temepb V—BexTopHoe NPOCTPAHCTBO Haj P HMeroLee
Gasuc {ey, ..., e,}, L —— npou3BoJIbHOE IToJle, cojepxkauiee P,

L
Toraa Mbl nosnyyaem BexTopHoe npoctpaHcrBo V- Han L, Kak 6bi0
onucano B § 1.6 ocHOBHOro Tekcra, # (e, ..., €,} 6yner 6Gasucom mnpo-

crpanctsa VY man L. [eiicteue rpynmst Gal (L|P) ma L nopoxaaer
HeficTBHe 3TOH TIpynmel Ha VY cnenyomum o6pasom.  Ilyets
o € Gal (L|P)uve VE. Ecuu

JT0 JelicTBHe He 3aBHCHUT OT BhiGopa 6asuca B V.

(A.3.1) [Tpednoaoscum, umo nose L arcebpauvecku 3amKHymo, a noie
L
P cosepuienro. Ecau W — maxoe nodnpocmpancmeo ¢ V=, umo

Wo= (0% w W =W

daa awboeo o € Gal (L] P), mo WNV codepacum Hexomopoui 6asuc
npocmpancmeéa W .

JokasareapcTBo. [lpexkige Bcero 3aMeTHM, 4YTO €CJH UE Vi, 1o
v’ = v a3 Beex 0 € Gal (L| P) Torza u ToabKo Toraa, Korja vE V.
[eiictBuTenbHO, OYCTb ley, ..., 8,) — KakKoH-HMOyab 6Gasuc B V
HU = X’,;la]-ej. Toraa v’ = vpas seex 0 € Gal (L] P) B ToM U TOJIBKO
TOM cnyqae, Korja af = a; Aia Kaxpgoro j = I, ..., n. JT0 nokasbl-

Baer, uto v’ = U AaA Bcex O TOrAa M TOJIBKO Toma KOrja BCe a;
NpUHaLIexaT P U, 3HAUHT, VE P.
Tenepb NpeanosoXuM, 4To Hymepauus Gasuca {e,, ..., €,} BbIO-

paHa TaK, uto {e; + W, ..., e, + W} ectb Gasuc B V L'w. Toraa
OJIHO3HAYHO OTpe/ie/eHbl 3JEMEHTH a;, € L, Takue 410

e, = k§1afkek (mod W)
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aa j=m+ 1, ..., n  [anee, a,€P. B camom jgene, ecian
o€ Gal (L|P), 1o ' '

m m
e = gl a;4e, (mod W) = ef = ’;jl aSper (mod W)

", 3HAYHT, a‘fk = Q-
TTokakeM, 4TO 3J€MeHTbI

m
:fj:ej—kgla/kekv ]:m—I"l» sy N1

o6pasyioT 6asuc npocTpancTBa W u sexkar B V) W. Kak Mbl TOAbKO
4TO BHJENH, KaxXIAblH 3semeHT f; npuHagnexur W V. Jlanee,
JIETKO NPOBEPHAETCH, YTO 3TH 3JEMEHTH JHHEHHO-He3aBHCHMBI. ECJIH
W — MPOH3BOJMbLHLIA 3jaeMeHT H3 W, To

m n
W= .Zlb!ef +~ 3 e
=1 ,

j=m+1

m n m Nooom n 7
= Z die;+ X Cj (ef - ‘afkek) = 2 die; + X ¢if
, =1 = j=ma

NpH MOAXOAAWMX b;, ¢; u d;. CnenosaresbHo, 27;1"1,,6,-6 W u,
B CHJly Halllero BLIGOPa 3JIEMEHTOB {eéy, ..., €,}, Bce d; paBHe 0. 310
NIOKa3plBaeT, 4YTO 3JEMEHTH f; mopoxianT W. []

Iycrs 2% — nHeKoTOpoe MHOMXKECTBO JIMHEHHBIX Npeo6pa3oBaHHIl
npocrpaHcrBa V. Kaxjoe npeoGpasoBanue S € £ nopoxaaer JuHed-
HOe npeoGpa3oBaHue npoctpaHcTBa VI (kak onucaHo B § 1-.6), koTopoe
MBI Takxke Oynem oGo3HauaTb uepe3 S. Takum 06pasoM, X MOXKHO
paccMaTpuBaTh KaK MHOXECTBO JHHEHHBIX NPeo6pazoBaHHH IMpo-
cTpanctea V*.

(A.3.2) llyeme V — sexmopuoe npocmparncmes wad P, S — nexomo-
Poe  MHOJMECIBO AUHE(HbIX NnPeoOpasosanuli 3moeo RPOCHpPaHcmea
u L — nexomopoe nose, codepmcawee P.

1) Ecau napa (VE, T) enoaxe npugoduma, mo u napa (V, X) gnoane
npugoduma. ,

2) EcL/zu noae P cosepuenro u napa (V, %) anoarne npusoduma, mo
napa (V*, £) moace snoane npusoduma. ‘ ‘

Rokaszareasctso. 1) ITyete U — Z-uHBapuHaHTHOE MOANPOCTPAHCTBO
B V. Torza U" 6yxer 5-MHBapHaHTHEIM NOAMpocTpascTBom B V5,
H.II0TOMY CylecTBYeT X-HHBapuaHTHOe NoxmpoctpancrBo W' B VF,
yRoBJeTBopsiomee ycaosuio V- = U @ W',
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IMycrs U — gakoe-Hu6YIb NOANPOCTPAHCTBO B V, JONOJHHTE/L-
Hoe k U, r.e. V = U @ U'. O6osnaunm uepes n u n! npoexknuu na U
u U' coorBerctBeHHo. 3ameruM, uto ecan S€ Y u u'€ U', 1o

Sul = aSu! + ntSul.

L
ITycte ' vk — U — NpOeKLHs, OTBeYawllas PpasJoXeHHIo
L L .
Vi =U"® W' TIlycrs, nanee, (a), i€, — 6asuc L mnan P,
BEIOpaHHHIH TakK, YTO B YHCJIO €ro 3JeMeHTOB BXOIHUT a;, = 1. HOas

Kaxgoro u'€ U' opHO3HAuHO  onpejeneHbl 3jgeMeHThl u; € U,
TaKue 4To
ytu)= ¥ wa;
iglt

Onpenenum oroGpaxenne P: U' — U, nonaras ¢ (u') = u, . Oue-
BHAHO, 3TO OTOOpaKeHue JHHeHHo Han P.

ITosoxum W = {u! — ¢ (ub): u*€ U'}." B cuny P-nuHeHHOCTH
P, W saBasercs nognpocrpascTBoM B V. lanee, V = U@ W. IelicTBu-

TeNbHO, ecau v&EU 1 W, TO CYHIECTBYIOT 3JeMeHTH. !, ..., u}
u3' U, TakHe uro :

k
v= 2} (ui — b ().

Ci=1
CnenoBatensHo, ul + ... + ui€ U U* u, 3HauuT, 4 4+ ... +up=20
u v = 0. Kpome roro, U c:“U + W, u ecau ut = U, 10
=P )+ @ —pu)ev + W
HaxkoHen, nokakeM, 4TO NoanpocTtpaHcTtso W X -wHBapHaHTHO.
[ycte SEE u uw'€U'. Torma wu3 pasBeHcTBa YrSu! = Sylu!
CJIelyeT, 4To :
P (ntSul) = P! (Sut — aSul) = SY'u' — naSul,
u moromy P (nlSut) = Spul — nSul. CnenosarenbHo,
'S (Wt —p (b)) = Sut — Syt = Sul — (YrtSut + aSul)
= Su! — nSu! —PpalSut = alSu — ¢ (A!SuH)EW. )

2) Beuay 1) gocraTouHo nokasaTh, uto mapa (V®, £) snoane
NpUBOAHMA B cjayuae, Korja novie L anre6paudyecku 3aMKHYTO. (Bo3b-
MeM anre6panuecKH 3aMKHYToe moje K, cojepxamee L. Ecau us-

BecTHO, uTo napa (VX, 2) Bnonne npusonuma, To, B cury 1), u mapa
(V*, ) Bnoane npuBopuma.) [Ans 3TOro ciaydas Mbl JOKaXKeM, 4YTO
ecin napa (V, ) nenpusoauma, to napa (V*, =) smosue IpHBOAUMA.
Torza o6uiu#t cnyuaii 6yger ciaenosath u3 ([H.2.1).

[Tyctb Z — mpou3BONIBHOE HEHYJEBOe X-HHBAapHaHTHOE MOAMNpO-

L
crpanctso B V", aas kotoporo napa (Z, 2 |;) Henpusoguma. Eciuu




322  [lobasaerue. 3amedanus o AUHEUHDIX onepamopax

o€ Gal (L] K), To Z° — rakxe X-nHBapHAHTHOE MOANPOCTPAHCTBO
B V', Tonoxum '
W = Z ZU,

ol

rje cyMMHpoBaHHe Bezercs no Beem o € Gal (L} K). Toraa W° = W
s Beex o € Gal (L] K) u, cornacso ([.3.1), W oGnanaer 6asucowm,
conepxauumes B V. Tak Kak noanpocTpaHCTBO WQnQV sasaserca

S-uHBapHaHTHEM, TO WNV =V n W = V. Takum o6pasom,

. T 7
npocTpaHcTBO V'~ pasnaraercs B NpAMYI CyMMy Z-MHBapHAHTHBIX
HENPUBOAUMBIX MOANPOCTPAHCTB H, 3HAYUT, B CHIY (4.2.1), BrosHe

NpHBOAUMO. (]

4. MoaynpocTeie oneparopsi

[Ipexkae yeM MPHUBOJAHTH OCHOBHBIE (JAaKThl O MONYNPOCTHIX Onepa-
Topax, MBI JOMKHE CHOPMYJTHPOBAThb M JoKasarTbh reopemy Teinopa.
[lycts P — none. Ecau fEP [xl u

f == ao + alx + e + an x”,‘
TO MHOroOYJeH

' = a, + 2a,x + ... + na,x
HA3BIBAETCS NPOU3B00HOL mHozo4urena f. Tlo HHAYKUHH ONpeNe/soTCs
BBICILIHE TNPOH3BOJHBIE!

PO = (F* VY s k=2
Jlerko npoBepHTb, YTO TAaK ONpe/e/eHHas onepanus o6aaznaer oObIY-
HBIMH CBOficTBaMH AH((pEepeHIIHPOBAHHS: '

) (f+g) =F +g mnaseex f, g€ P Ix];

2) (cf) = cf nns Bcex fEP {x];

3) (fg) = [g' + ['g nna Beex f, g€ P Ix).
HaM noHago6UTCs OLHO CJEACTBHE yTBEep:KAeHHs 3), JIErKO NOKashl-
BaeMoOe MO HHAYKUHH: :

4) (f*Y =nf*'f ana Beex fEPIxl u n=1, 2,
3ameuanue. IIpennoJioKuM, ur0 f— HeanBO,U.HMin'I MHOTOYJIEH H3
P [x]. B kakoM cayyae HauGobIIHi OOIHHA JeTHTe/ b MHOTOUIEHOB f
H ', o6o3navaemnlii uepes (f, '), paBeH 1? [lo npeanosokeHHIO AeH-

TeJsIMHA  MOT'YT GBITh TOJIBKO CKaJsipel H MHOTouJeHbl Buaa cf. Cieno-
BaTeabHO, ecH [ 5 0, To (f, [') = 1. D10 Bcerjia Tak, ecau P uMeer
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xapakTepucTuky 0. Onnako ecau char P = p > 0, 10 f' Moxer GbiTb
pased O u Toraa (f, f') = f. B Teopuu Tanya nokaseiBaercs, 4TO
ecau none P coBepuenHo, To (f, f') Bcerna paBHsercs 1.

Popmyara Tedaopa. [Tycms f — muozounren nad P u x, y — nepemen-
Hote Had P. Tozda ‘

Fr b p)=Ffo )+ 0 g+ ... a0y,
e0e

E filx) = [ (x)
ora k=0, .., n.

HokasareabcTBo. [lpocToe Bo3BeleHHe B CTeNeHb H NpUBeJeHHe N0A0G- -
HBIX 4J€HOB B f (X - y) IOKa3bBAIOT, 4TO CYLIECTBYIOT MHOTOUJIEHBI
fo (¥), ..., [, (x), Takue uyrto

Fxc+y=hx)+HLxy+ ... +f. )y

[locaenoBateibHO AudPepeHUHpPY . TO PABEHCTBO MO y W NPHMEHss
npaesuao (4), noayuaem ~

Flry=hLx-+2L®y+ ... +nf. @)y,

O 49 =k -+ ... Fa(n—1). . .n—k+ 1) ()"
TTocKOBKY X U y — repeMeHHBle, Mbl MOXKEM 3aMEHUTh B KaXKAOM H3
HaNHCAaHHBIX BhIe paBeHCTB y Ha 0. 3TO AaeT HCKOMYIO GOPMYaY. 3

[Tyctb, Kak 06GBIUHO, V — KOHEUHOMEpHOE BEKTOPHOE NpPOCTpPaH-
cTBO Haa P. Jluueiinoe npeoGpasoBauue S: V — V HasmBaercst noay-
npocmetm, ecan napa (V, {S}) BmonHe npuBoaHMa.

(0.4.1) [Tycme P.— cosepiuennoe nose, L — aneebpaunecku 3aMKHY-
moe noae, codepocawjee P, V — KOHeHHOMEPHOE 8EKXMOPHOE NPOCMPAH-
cmso Had P u 8: V — V — auneiinoe npeobpasoséarue.

1) [1peobpasosarnue S noaynpocmo moeda u moavko moeda, Koeoa v*
obaadaem 6Ga3ucom, COCMOAWUM U3 CODCMBEHHbIX BEKMOPO8 3IMO20
npeo6pa3osanus.

2) Ecau f€ P [x] u S noaynpocmo, mo f (S) noaynpocmo.

3) Ecau S u T — noaynpocmote aunelinsie npeobpasosanua 8 V,
maxue umo ST = TS, mo S — T noaynpocmo.

Hokasarteancrso. CoraacHo (1.3.2), S MonympocTo TOTA2 H TOJBKO
L
torga, xorga mapa (V©, {S}) Bnonxe npusoguma. Ilockombky L
anre6panyeckKH 3aMKHYTO, €IHHCTBEHHBIMH S-HENPHUBOAHMBIMH MOJ-
: L
npocTpaHcTBaMH B V' cayxar {0} H OXHOMEpHbIE NOANPOCTPAHCTBA,
NOpPOXkAeHHEIE COBCTBEHHBIMH BeKTOpaMHu npeofpasoBanusa S. [Tostomy
yTBepxkAeHue 1) ciaepyer u3 (1.2.1).
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Yro6bl A0Ka3aTh YyTBepHkJAeHHe 2), Bo3bMeM O6asuc ey, ..., e,}
B V%, Tako# uto Se, = c,e;, npu noaxoxsmux ¢;€ L. Torna f (S) ¢;
= [ (¢;) e, u, 3Hauwt, f(S) moamympocro, B cuay I).

Janee, nyctb &y, ..., 6 — Da3JH4YHbIe COOCTBEHHBIE 3HAYeHHUsI
oneparopa S. Ilomoxum .
L .
V,={veV": Su=cp} mai=1, ..., &
[TpocrpancrBa V), ..., V, uHBapHaHTHb OTHOCHTeJbHO 7. B camom

gene, ecin vEV,, To
STv = TSv = T (¢;v) = ¢, Tv.

IMockonbky oneparop 7 NOJYIPOCT B V, oH noaynpoct i B V; (CornacHo
ynpaxHennio X § 2). B chny 1), cymectByer 6asnc {wy, ..., w,}
npocTpaHerBa V;, YIOBJETBOPSIONHA YCIOBHAM

(A.4.2) MHycme noae P cosepuienno. [Jrs moco umobet auretinoe npe-
obpasosarue S: V — V Gbiao noaynpocmoim, Heobxo0umo 1 J0Cmamouro,
4moboL cyujecmeosanr muozouaer f€ P [x1, ydoeaemsopsowuti ycro-
suam (f,fy=1uf(S) =0. : '

HokaszateasctBo. [lycts S momynpocto. Ecian V umeer pasmepHoCTb
n, 10 npeobpasoBamus 1, S, ..., S* nuHeiiHo-3aBHCHMEI Hajx P.
CnepoBate/ibHO, CYILECTBYeT HeHyJeBOH MHorouneH FE P [x], mis
koroporo F (S8) = 0. Ilycts

F=cFn.  Flr,

rae (F;, F) =1 pns i == j, — pasjioxedue F Ha HeNpHBOJAUMEIE
mHorouneHsl B P [x]. [Tosmoxum f = F, ... F, u 0603Ha4NM uepes e

' HauMeHbIee o6llee KPATHOE YHCEJ ey, ..., e,. Toraa f° nenurcs Ha F

u noromy f (S)° = 0. B 1o ke Bpems mnpeobpasopaune f (S) moay-

npocto, H paBenctBo | (S)° = 0 moKasbiBaer, uTO BCe COGCTBEHHBIE
3HaueHHus 3Toro npeobpasoBanus paBHu 0. CinegoBareasHo, f (S) = 0.
Hanee, (f, [') = 1, nockoaeky (F;, Fi) =1 n

['=FiFs...F,+ ... +F,. . .F,F;.

O6paTHoe, NPENOJIOKHM, UYTO CyllecTByeT MHorousen f€ P [x],
ynosaetBopsitomuit yeaosusm (f, f) =1 u f(S) = 0. Ilyers L —
anre6panyecKd 3aMKHyToe moJe, comepxkauee K. Torma f MoxkHO
paccmaTpuBaTh Kak MHorowiaeH m3 L [x], mas xoroporo f (S) = 0.
Hanee, (f, f') = 1 B L [x], Tak KaK CyUeCTBYIOT MHOTOYJEHHl g, A
us P [x] < L [x], ynosaersopsiomue ycaosuio gf + Af" = 1. Co-
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rmacHo ([.3.2), HaM HOCTaToO4YHO J0OKasaThb, YTO S SIBJAsIETCS MOJY-

MpoCTLIM omepatopoM B V.
Tak kak nose L anrefpanuyecKd 3aMKHYTO, TO

Fo)=clx—a)...(x —a),

rpe ¢, @, ..., 4 € L (npuueM Ka)KAblH KOpeHb HMeeT KpaTHOCTh I,
n6o (f, ') = 1). ITonoxkum

Fol0)=(x —a)f(x)

aaa i =1, ..., k. Tak Kak HauboJbILIHH OOLIUi JAeJiHTeN b MHOro4JIe-
HOB fy, ..., fx paBeH 1, TO CYIIeCTBYIOT MHOTOYJEHBI g, ..., gr H3
L [x], takue uro gyf, + ... + gfe = 1.

Onpenennm noxnpocrpancrsa Ui, ..., U, B VF dopmyaoit

U, = {ve vk Sv = av}

H NoKaxeM, 4To V ecTb npsiMas cyMMa 3THX MOJAIPOCTPAHCTB (OTCIOAA
6yjrer ciaegoBaTh, corjtacuo ([.4.1), uto S mnoaynpocto). [lpexae

L
Bcero, A1 v € V™ umeem

=8, (S, (S)v+ ...+ 8 (S)[.(S)v.

"Ho fi (S) v€ U,, nockombky

(S—a) i (S)v=F[(S)v=00v=0.

Tot dakr, uto V ecTb npsiMasi cymma U,, ciefilyeT Tenlepb W3 JUHEHHOH
HE3aBHCHMOCTH COGCTBEHHLIX BEKTOPOB ¢ TIONAPHO PAa3IHYHBIMH
COOGCTBEHHBIMH YHCAAMH. []

Ynpaxuenue. TIycTe mose P coBepruenno. [TokasaTb, 4TO suHeHHoe mpeoGpa3oBa-
Hue S: V — V noxympocTto Torja M TOJNBKO TORAa, KOraa (mg mg) = 1.

5. Pasnoxenne )XopaaHa

Ilyere V — KOHeuHOMEpHOe BEKTOPDHO€ NPOCTPaHCTBO Hax P.
Jlunefinoe npeo6pasosanue N: V — V HasbIBaeTCs HUALNOMEHMHOIM,

€CJIM CYIIeCTBYeT HATypaJbHOE YUCAO ¢ > 1, Takoe 4To N =0
(1.5.1) Ecau N Huasnomenmwuo u noaynpocmo, mo N = 0.
JokasaTeancTBo. [IycThb ¢ — HaWMeHbllee HaTypalbHOE YHCIAO, AN
koroporo N° = 0, Ecan e = 1, To Bce foKasaHo. B npoTusHoM cayuae

e > 2u N°! 5 0, mosToMy CylLLeCTBYeT BEKTOp Uy € V, A KOTOPOTO
N1, 5 0. Tlonoxum '

W ={veV: Nu=0}.
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Kak MBI TOJIBKO 4TO BHIEJH, N""luO € W, tak uro W £ 0. Ilo-
CKOJMIbKY N noaynpocTo, cyuecTByeT N-HHBapHaHTHOe MOANPOCTPaH-
ctBo W' B V, takoe uto V = W @ W?'. JaJsee, Tak Kak e > 2, To
WS Vu W= {0}. TouHo Takoe e paccyX[leHHe, KaK U BHIIIE,
MOKa3biBAeT, YTO CYLIECTBYET HeHyJieBOo# BekTop v, ¢ W, mis Koto-
poro Nv; = 0. 3uauur, v; € W W' TlonyueHHOe MpOTHBOpeuHe
3aBepluaeT JOKa3aTeJabCTBO. []

(A.5.2) [Tyecmo P — cosepuuernoe nose, V — KOHEHHOMEPHOE 8eKMOPHOE
npocmparnemeo rad P u T: V — V — aunednoe npeoGpazosanue.
Cywecmayom maxue aunetinsie npeobpasosanus S u N npocmpancmsa
V, amo '

DT =S8+ N;

2) SN = NS§;

3) S noaynpocmo, a N Husbnomenmwo;

4) S u N — mnoeounenvs om T.
ITapa (S, N), ydosiemsopsrowas smum ycaos8uim, eOUHCIMBEHHA.

HokasareabctBo. ToyHO TakK Ke, KaK H NPH J0OKA3aTEJbCTBE YTBEPHK-
genusi ([.4.2), mMmoxHO Ha#TH MHoroused f € P [x], ans xoroporo

(f, /=1 wu f(T)° =0. Ilyctb h u h, — TaKHe MHOTOUJIEHbI H3
P [x], uto f'A + fh; = 1. Toraa f'A = 1 (mod f). _

Hcnospayst 3TH MHOro4JeHbl, onpefeaum romomopduam o Plx]
— P [x] dpopmynamu a (x) = x — f (x) A(x) 1 a (p(x)) = p (a (x))
B o61eM cayuae. [1Ipn nomomu gopmyasl Tefinopa nonygaem

a(f)=fx—Ff@WhX) =[x —[ &[] x)h(x (mod [*h?
= [(x) (I — [ (x) h (x)) (mod [*h?)
= [(x) [ (¥) b (x) (mod f2A%) = 0 (mod [?).
HO HHAYKIHH JIErKO J0OKAa3nlBaeTcs, HTO
(*)  a™(f) = 0 (mod f2™).
[lycte m — HaTypanbHOE 4YHCJIO, BeI6paHHOe Tak, urto 2" > e.

Hs (*) creayer, uto &™ (f) = 0 (mod f°). Onpenennm JuHeiHOe mpe-
o6pasoBaHue’ S dopmynoH )

S = am (x) (T).
Torpa g

F(S) =T (a™ (x) (T) = (™) (%) (T) =0,
nockoanbky o' f nenurcsa Ha f° u f (T)° = 0. Jluueiinoe npeo6pasosa-

HUe S SBJSETCS MHOTOYJIEHOM OT 7 MO MOCTPOEHHID H TOJYIIPOCTO
B cuay (/1.4.2).
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Ilycte N = T — §. 3ameTam, 4To
a(x) =x —[(x)h(x) = x (mod f)

H TIOTOMY
ak (x) = x (mod f).

CnegoBatesbHO,
Ne=(T =8 =(x—a"(x))’T =0,

NOCKOMBKY x — ™ (x) menutcsa Ha f u [ (T)° = 0. Taxum oGpasowm,
onepatop N HMJBIIOTEHTEH, H OYEBHJHO, YTO OH sIBJIAETCA MHOrOUJe-

HoM oT T.

Hakoneu, ponycruM, uro T =S + N = §' + N', rne onepa-
Topul S! u N! cyTb MHorouaeHel oT T, mpuyem S' moaymnpoct, a N*
HuabnoTenTeH. Onepatop. S! KomMyTHpYeT ¢ S, H60 06a 3TH oleparopa
— mHorousedsl or T. CnejoBaresnbHo, onepatop S — S' noaynpocr, |
B cuay ([.4.1). ITo Toii xe npuunne N xommyrupyerc N'. Eciu N, =0
u (NY" =0, o (N — NY**'* = 0. Tlostomy S — St = N* — N,
TaK 4YTo omepaTop S — S! moaynpocT H HHJAbMNOTeHTeH. COTr/iacHO
(1.5.1), S = S'. Caenosateabto, N = N'. []

6. Teopema )XKopnana—Téapaepa

ITyets (V, X) — mpocTpaHcTBO ¢ oneparopamu. IlocsienoBaresb-.
HOCTb 2X-HHBapWaHTHBIX MOANPOCTPAHCTB :

Ol=W,cW,c...cW,=V

‘maswiBaercs Y-pgdou B V. Tlpo TakoH psii rOBOPAT, YTO OH HMEET

dauny r.
2-psn

Ol=Vyc...cV,=V

Ha3biBaeTcs yfl/lOanBHllEM paaa
0 =W,=...cW, =V,

ec/IH Ka)Kioe MoanpoctpaHcTBo W, coBmajaeT ¢ ofnuM U3 V.
ITycts .
0l=Wycc...cW,=V

— HeKkoTopuili Z-psan B V. ITockonbky kKaxioe W; Z-HHBapHaHTHO,
HMeeTCsl ecTecTBeHHoe JeHcrBue % Ha W,/W, . [Ilpoctpanctso
W,/W;_,. BMecTe ¢ 5THM AeHiCTBHEM MHOXKECTBA X €CTb NPOCTPAHCTBO
¢ omepaTopamH, obostauaemoe uepes (W,/W,; ,, X) u HasbiBaeMoe
paxmoposm JaHHOTO pHAAa,
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Haxkonen, psan
{0}=W0C . CW,=V

Ha3bIBACTCS KOMNOBUYUOKHHUM Z-padom B V, ecian KaxAbid (akTop
W,/ W,;,_, ABIAsAETCST HEHYJEeBHM H HENPHBOZUMBIM.

(8.6.1) [Tycme Wi, W,, Vi u-V, cyms Z-uu\eapuaumubte nodnpo-
cmpatcmea 8 V, maxue umo W, = W, u V, < V,. Toeda

W+ W NV W, + (W, NV2)
=V.-+V,NW))(V: +V.N W 2))

KakK 2-MOIYJH.
JlokasareabcTBo. KanoHnueckoe oToGpaskeHHe

(Wi V1) — (W, + (Wi V)(Wa + (Wi V2)
CIODBEKTHBHO M HUMeeT SJpo

Ky = (W.N V)N (W, + (Wi Vo).
AHAJIOTHYHO KAHOHMYECKOE OTOGpaKeHHe

(Wi V) — (Vo + (Vi W)/ (Ve 4 (Vi W)
ecTb CIOpBbEKTHBHOE oToOpaXKeHHe ¢ AAPOM

Ky, = (Wlﬂ Vl)ﬂ(Vz + (V1ﬂ Wz))

Ham pocratouHo mnokasarb, ato K; = K,. Ilycte w € Ki, CKaXKeM
w = w]_ + wg,
rie we Wil Vy, €W NVouw,& W, Tormaw — w, €V, u OTO-

My w — w; = wy € V;NV,. CaenoBatenbHo, w€ K. AHaJMOTrHYHO
JIOKa3niBaeTcA, uto K, — K;. (]

(A.6.2) (Ytounenue teopemsl O. lllpaiiepa) JIwbowe dsa X-pada e (V,
2) obaadarwom ynaomHeHUAMU PABHOL OAUHbL, MAKUML 4O GarKmopbi
Imux YnAomueHull nonapro u3omMopgHobL.

Hoxasateabctso. IIycTh

t=WycW,c...cW,=V

Ol=VocV,c...cV,=V

— nBa Z-psza B (V, 2). Ionoxum
Vi=W,_+W.nV)
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Vji = Vj—1 + (Vj n Wt)'
Torzaa : _
W= Wl—l +(W:N Vs) = Wi-1 + (W.’ n V) =W,
H .

Wi=W;,+ (W_t nNioY=w,_,.

Takum 06pa3oM, ME uUMeeM I[OC/eJ0BATENbHOCTb X-HHBAapHAHTHBIX
[OANPOCTPAHCTB :

. W;_1=W10C e CW[S_= W[.
AHaJIOTHYHO HMeeM ‘ . .,
Via=VycVyc...cV, =V,

BxJouenye 3THX WIEHOB B HCXOJHBIE HOCAEAOBATEJbHOCTH JAa€T JBa.
YIVIOTHEHHU A AJHHBL rs, H :

W:iiWiiy=VulVii,
B cuay ([.6.1). 0]

~ (J1.6.3) (Teopema YKoppama—TI &nnnepa) [Tycme (V, 2) — npocmpar-

cmso ¢ onepamopamu. Jlobse 06a KoMnosuyuorHbx 2-paoa 8 V umerom
OOUHAKOBYIO OAURY U NONAPHO U30MOP@HbIE PaKmopbL.
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cso6oauas anare6pa 40

CBsI3aHHBIE 3JIEMEHTBI J-CHCTEMH 72

ceAsHas noxprpynna Jlu B GL (r, C) 197

CBSI3HO€ TIOAMHOXECTBO JHATpaMMbl - JbiH-
kuna 72

cegerHe 96

cHMMerpu4YHas OGuauHe#Haa dopma 24

—' — — HHBapHaHTHasa 25

— — — HeBBIDOXJAEHHas 25

— dysknHs Ha nogaiareépe Kapmasxa 238

CHMIJIEKTHYeCKasi aJjreGpa Ju

— orpynma BemecrpeHHan 181

— — KoMmmnnaekcHas 180

CHHTYJSIDHBEIR 3JIeMEAT OXHOCBASHOW JHHeM-
HOA rpynnm 233

craJiApHOe NpoH3BeLeHHe 114

— — HHBapHaHTHoe 114

-— — Y-unBapHanTHOE 114

CKOGOYHOE YMHOXeHHe 8

Cmuma HHBapHaHT 151

co6cTBeHHOe 3HavyeHue 314

— uucyo 314

COGCTBEHHHH BexTpp 314

coBepuIieHHoe nonae 319

conpakeHue 110

CONpsIKEeHHOe MpeACTaBJIeHHe 253

clelHaJbHaA JduHeAHas aJareGpa Ju

— — rpynma 181 .

— opToroHajJbHasa rpynma 18]

— YyHHTapHas rpynmna 181

CIIMHOPDHOE NpEeACTaBJdeHHe 25]

crapmnit Bec 65, 222

— BecOBOH BEKTOD 222

CTPOro AOMHHAHTHas ¢opMa 240

CTPYKTYpDHEIE KOHCTaHTHl 7

cyMMa mnpejxcraBjeHHi 13

Ta6aHIa YMAOXEHHSA anre6pw Ju 196
Tedasopa dopmyna 323

TeH3OpHasi anreGpa 40

Tame (J. Tlis) 330

Top 217

yHuBepcanbHas ofepThiBaioulas anare6pa 41
yaupepcaJbHB meHTp 151

yHHTapHas rpynna 180

— CHMIJIeKTHYecKasa rpymnna 181
VnJIoTHeHHe psaga 327
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dakTop pAma 327

dbakTopaareGpa 8

dakTopoHka 97

(haKTOPNPOCTPAKCTBO JuHeldHO#! rpynnu 207
daarosoe MHOrooGpasHe 212

Ppoiidenmass (H. Freudenthal) 331
dyuramMeHTaabHasA KJaeTkKa 159

— cHcreMa xopHe#t 69, 162
dyHpaMenTadbHEi Bec 150, 248

GyBEKONS KJaccoB 244

Xaapa Mepa 243

Xaxm (Hunt) 128

Xapakrep 239

XapaxkTepHcTHYecKasn - nmofanrebpa 55

XapakrepHCTHYeCKH# MHorodJseH 315

XapakTepoB dopMyaa 246

Xapuw-Yandpa (Harish-Chandra) 44, 83,
106, 228, 331

Xeazacon (S. Helgason) 213, 331

Xoxuwuarvd (G. ochschild) 331

" Haccenxays (H. Zassenhaus) 44, 48
HeJouHCaeHHas dopMa 227
uwentp 11
UeHTpaJbHasA [OCNENOBaTEeNbLHOCTb BO3pa-
cramponias 19
— -— yOnBaloillasi 14

Ilegaare (C. Chevalley) 172,
213, 228, 231, 331

I xudma npouecc 198

HIpaiiep (O. Schreier) 328

Ilpaidiepa Teopema (yTouHeHRas) 328

Illypa nemma 13, 225

187, 206, 208,

Fiaenbepe (S. Eilenberg) 331
5KCIOHEeHIUHaJMbHOe oToGpaxeHHe 172
Ineean Teopema 16

3pMHTOBa MaTpHODa 183

faipo 8
HAxobu TOMNIECTRBO 7

C-romomopdsocts 172

T-uHBapHAaHTHOE HNOLNPOCTPaHCTBO 313
Q-110CJIeL0BAaTENLHOCTL 63
A-COGCTBEHHOE MOZNPOCTPaHCTBO 221
A-cOo6CTBEeHHHH BekTOp 221

-cHcTreMa 69

— HepasJoxxuMasa 70

— SKBHBaJleHTHas 71

Z-HHBApHAaHTHOE MoxlpocTpaHCTBO 316




