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EnuHn4HbINA BEKTOP, HOPMAJIBHBIN K
MHOT000pa3uto 286

EcrectBennas uzomerpus 19, 26

3aMeHa MepeMeHHbIX B IBOITHOM
uHTerpane 265

- - - muddepenmnuansHoit popme 216

3aMeHa MepeMEHHBIX B N-KPATHOM
uHrerpaine 281

3amkHyTas quddepeHnpansHas popma
nepBoit crenenu 240

3BE3JHOE€ MHOKECTBO 222

3HaKkonepeMeHHas MOJIMINHEHHAsS
¢bysaxmms 283

3HaKonepeMeHHOe P-THHEHHOe
otobpaxenue 192

- otoOpakenue 192

N3ometpus 16

- ecrecTBeHHas 19

N3omopdusm 16

Wuterpan nericrBus 327

- muddepeHnranbHOR Gopmsl, 2, 257

- n-kpaTHsIi 280

- ocoOsIit 175

- mepBbIit 177

NHurerpanshas kpusas 175

HuTterpupoBanne nuddepeHmanbHOu
¢dopwmsl, 2, 276

Kanonuueckas 3anuch BHEIIHETO
muddepennuana 214

- - muppepennmanbHor Gopmer 212, 213

Kanonnueckoe nogusitue kpupoit 371

KacaTenpHOe IpocTpaHCTBO K
MHOT000pa3uto 273

Ksanpar nuddepenunansaoit GopMer
364

Ksanparuunas ¢popma 106

- - HeBbIpokIeHHas 108

- - TIOJIOKUTEIBHO orpeaeneHHas 106

Kommnakr ¢ kpaem 255, 339

---xmacca (1,279,280

KommiekcHOe BEeKTOpHOE MPOCTPAHCTBO
8

Komnozunus 1ByX orpaHu4eHHBIX
paznoxenuit 101

Konen nytu 49

Kococummerprueckoe noauamHenHoe
otoOpaxenue 195

KpuBas reonesnueckas 332

- xamacca C1, 254

--C1 272

Kpusuzna kpusoii 355

- HOpMaJipHOTO ceueHus 360

KpuBonunelinbiii uaTerpan 232

Kpurepuit npo10ixkaeMoCTH peLIeHHs
134

Kpyuenune kpusoii 355

Kycouno rnankas kpusas kiacca Cl, 255

- ragkui myTh kiacca C1, 255

- HeripepbIBHAs GyHKIus 233

Jlarpana ypaBHenue 176, 328

Jlemma o nuddepeHnpoBaHnur MO
3HAKOM MHTerpania 223

Jluneitnas HenpepbiBHas ¢popma 19

JluneitHoe muddepeHnuanbHoe
ypaBHEHHUE MepBoro nopsiaka 125

- - - TIOpSIZIKA 71 C TIOCTOSIHHBIMU
koddpunmentamu 153

----- ¢ mpaBoi yacTeio 148

- - - ¢ IOCTOSIHHBIMU KO3 punineHTamu
150

- O/IHOPOJIHOE YpaBHEHHE NEPBOTO
MOPSJIKA B YACTHBIX IPOU3BOIHBIX
178

Jluneiino 3aBucumbie pemeHus 139

JIunus kpuBu3HbI 369



Jlummmuna k-ycnosue 47

JlokanbHo nocTostHHAS PyHKIMS 48

Jlokanpublil Mmakcumym 105

- - ctporuii 105

- MmuaumMyM 105, 288

- - ctporuii 105, 288

- - (pynkmmonana 335

Jlomanas nunus 49

Jlomansrit uuxn 237

MakcumansHoe pemenue 133, 135

p-MepHOoe MHOTOoOOpasue kinacca Ck 272

Meroa Bapuanuu nocTosiHHbIX 143

- MOJABWXKHOTO pernepa 350

Metpuueckoe mpocTpaHCcTBO 9

- - nonHoe 10

MuHuManbHast IOBEPXHOCTh 343

Mopynb Hag KobIioM 212

Hanoxenue pazouenwuii 231

Hauano mytu 49

- peniepa 350

Heonnopoanoe nuHeliHOE ypaBHEHHE B
YaCTHBIX MPOU3BOAHBIX 181

HenpepeiBHast nedopmanus 244

HenpepriBHo auddepenunpyemoe
orobOpaxxenue 30

HenpepsiBHblii mommHOM 94

Hepasenctso [lIBapna 106

Hopwma 8

- KpuBoii kiacca C! 310

Hopwmanbnas kpuBusHa 357, 365

HopmanbHo cxonsmmuiics psa 12

HopmupoBanHoe BEKTOpHOE
MIPOCTPAHCTBO §

Hocurens 249

Ob6nactb cyniectBoBanus pemeHus 160

O6pa3syromas ogHonapaMeTprUuecKou
rpynns 159

Orubaromas 176

Orpannyennas pynkaus 10

OrpannyenHnoe oroopaxenue 11

- pa3nokeHue nopsiaka u Juist pyHKIUU B
touke 97, 103

OpHonapaMmerpuyeckas aJAuTUBHAS
rpymnma 157

OnHopoaHasi KOMIIOHEHTA CTENeHu i 93

OnHOpOIHOE NOTMHOMHUAIIBHOE
oToOpaxkeHue creneHu n 87

Ombunuyeckas Touka 368

Oneparnysi BHEUTHETO
muddepennmpoBanus 206

Onpenenurens 65

OpOwuTa rpymsl 362

Opuenranus kpas 255

- MmHOTOOOpasus 275, 280

OpueHTHpOBaHHAs TOBEPXHOCTH Kilacca
Ck 361

Opuentupyemoe MHOrooodpasue 275

OproHopMupoBaHHbIii 6azuc 352

- periep 352

Oco06br1it uaTerpan 175

Octporpajackoro popmyna 283

OTKpBITOE MHOXKECTBO 9

OTHollIEHHe PKBUBaJEHTHOCTH 28, 57, 97

OTtobpaxxeHue OECKOHEYHO
muddeperupyemoe 76

- Oununeiinoe 20

- IBaXI A depeHnupyeMoe B TOUKE
69

- - - Ha MHOecTBe 69

- - HenpepbIBHO auddepenmpyemoe 69

- muddepeHmEpyeMoe B Touke 29

- - Ha MHOXkecTBe 30

- 3HaKornepeMenHnoe 192

- IMEIoIIIee KacaHHs N-ro Mopsiika K
HYJIEBOMY OTOOpaxeHuto 96

- KacaTeJIbHOE K HYJIEBOMY OTOOPaXeHHUIO
B TOUKe 28

- N-KacaTesIbHOE K HYJIEBOMY
oToOpaxeHuro 96

- HeripepbIBHO nuddepenmupyemoe 30

- onuiInHeHoe 23

- npuHaanexaiee K kiaaccy C! 30

----C269

----(C"76

----C" 76

- n pa3 nuddepenupyemoe B Touke 76

- - - - Ha MHOXecTBe 76

- cuMMeTpudeckoe 77



- crporo auddepennupyemoe 57

- - Kacaroleecst Jpyroro 0ToopaxeHus B
Touke 57

- - - HyJIEBOT'O OTOOpaXKeHUs B TOUKE 57

OToOpakeHust KacaTeJIbHBIE B TOUKE 28

Otpesok 47

- IOJIMHOMA TIopsaKa p 99

[TapannenbHblil HEpeHOC BEKTOpa BJIOJIb
KpuBoii 374

[TapameTpu3arus p-MepHOTro
MHoOroo0Opa3us kmacca Ck B
OKPECTHOCTU TOUKH 273

- MHO’KECTBA B OKPECTHOCTH TOUKH 271

[TapameTrpuzoBanHas kpuBas 329

IlepBas ocHOBHas KBagpaTu4yHasi popma
364

- TeOpeMa CyIecTBoBaHus 292

[lepBeb1it unterpan 177, 179, 298

[ToBepxHOCTH Kitacca Ck 272

[HoaBmxHsIit peniep 351

[Tone BexkTOPOB, MapaieIbHBIX BAOJb
KpuBoi 373

- IEUCTBUTENBbHBIX unceln R §

- KomIuIeKcHbIX yucen C 8

- periepoB 371

[Tonununeitnoe orobpaxkenue 23

- HETIpepbIBHOE 0TOOpaxeHue 23

[TonuHom HenpepbIBHBIN 94

- OJTHOPOJHBIN cTereHu 1 86

[Tonnas xpuBusHa 370

[TonHOE MeTpuueckoe npocTpancTBo 10

[TonoxutensHO onpeaeeHHas
kBajgpaTuaHas ¢popma 106

ITocaenoBarenbHoCcTs Komm 9

[TocnenoBarenbHble TPOU3BOIHBIE
cnoxHou ¢pyHkiuu 103

- "pasHocTu" nmonuHOMOB 91

ITpenen nocnenoBarenbHOCTH 9

€-NPUOJINKEHHOE PELLICHUE
nudepeHIaIbHOTO YpaBHEHUS
121

[TpumutuBHas GyHKIMS 237

- - 3aMKHYTOH (hopMbI BIOIB Iy TH 241

- - - - OTHOCHUTEIJIBHO OTOOpakeHus 245

[TpuHIMTIBI HAUMEHBIIETO AecTBUS 327

[IpousBoanas nepas 44

- npaBas 44

- cnoxkHoit pynkumu 31, 78

[IpouzBonHoe otobpakenue 29, 30

[IpoctpanctBo kpuBbIX Ki1acca C! 310

[Ipsmoe nBuxenue 354

[Ipsimoii penep 275, 354

[Ipsmoyronsauk K-cnennansasiii 260

[IceBnopemenue nuddepeHInanTsHOTo
ypaBHeHUs 292

[lyankape teopema 222, 225, 227, 267

[lyTs 49

- knmacca C' 231

- KycouHO Tnaakuii kiacca C' 231

- IOJTyYaroNIHiics 3aMeHON apaMeTpa
234

Pa3Ouenue eaMHUIIBI
muddepennupyemoe 249

- npocTtpaHcTsa 50

Panr otobpakenus kiacca C! 271

Paccnoennoe npoctpancTso 361

Paccrosaune 9, 51

Perynspnas Touka kpuBoit 255

PeszonsBenta 140, 150

Pe3zonbBenTHOE sinpo 140

Penep appunnbtii 350

- HapOy 356

- Opene 354

Pemenne nuddepeHnransHoro
ypaBHenus 119, 290

- MakcumanbpHoe 133, 135

- ToyHoe 135

Porammsa 230

Porop 230

Psin HopmanbHO cxonsdmuiics 12

Caeprtka 269

CasizHast komnoneHnrta 50

Cas13HOE€ MHOXECTBO 47

- TOTMOJIOTHYECKOE MPOCTPAHCTBO 361

Cxarue 62

Curnarypa nepecranoBku 193

Cummerpuueckast pyHkmmst 77



CummMeTpuueckoe p-JIMHEHHOE
otobpaxenue 192

- otroOpaxenue 77

Cucrema xapakrepucrtudeckas 178

Cnen matpuisl 142

Croit 361

Co0OcTBEHHOE EBKIIMIOBO ABHKEHUE 258

- 3HayeHue 152

ConpsiKeHHOE MTPOCTPAHCTBO
anrebpandeckoe 19

- - Torosiornyeckoe 19

CoxpaHsIOUIM OpUEHTALIUIO
muddeomoppuzm 266

CpenHsst KpuBH3HA IOBEPXHOCTH 368

Crporuii nokanbHbIi MakcumyMm 105

- - MuauMyM 105, 288

Cymma orobpaxenuit 33

CymectBoBaHue neporo uHTerpana 179

Cdepuueckmii TpeyronbHuk 376

Teopema banaxa 16

- enuHcTBeHHOCTH 129, 159

- 0 I1I00aJIbHOM equHCTBEHHOCTH 132

- - T100aTBPHOM cymiecTBOBaHuU 134

- - 3aM€He nepeMeHHbIX 281

- - KOHEUHBIX IpupamieHusx 43, 113

- - JoKanbHOM oOparenun 60, 65

- - cymiectBoBaHuu 131

- - - HeABHBIX (PyHKIMSIX 66

- [lyankape 222, 225, 227, 267

- Crokca 259, 261, 279

- cymectBoBanus 129

- ®pobenuyca 290

- IBapna 75

Tononoruueckoe NpocTpaHcTBO 9

- - OJTHOCBsI3HOE 248

- - cBs13HOE 47

- - comnpsikeHHoe 19

Tononorus ornenumas 9

- npousBeaenus 10, 34

Tpaektopus 169

Tpancnosunus 193

VYrnoBas Touka KpuBou 255

YMHOXEHNE 3HAKOIIEPEMEHHBIX
TTOJTMJIMHEWHBIX 0TOOpaXkeHui 195

- OTpaHUYECHHBIX pazyioxenuit 101

- OIHOPOJHBIX MOJMHOMOB 88

YpaBHEHHE B MTOJHBIX AU(PepeHIInamax
291

- IBWKEHUS perepa 362

- Knepo 175

- KOHyCa C BEPIINHOM B HAa4yaJe
KoopauHat 183

- Ouinepa 317, 322

Ycnosue auddepeHunpyeMocTi
pemenus 162

k-ycnosue Jlunmmuna 47

- MOJIHOM uHTEerpupyemoctu 299, 300

- ®pobenuyca 302

dopma, HHIYIHPYIOMIasi HyJIeBYIO Gopmy
Ha MHOTOOOpasuu 274

- kBagpatuuHasa 106

®opmyna Paycca—boune 377

- I'puna—Pumana 259

- 3aMEHBI IEPEMEHHBIX 266

- Octporpasckoro 283

- Crokca 282

- Teitnopa 83

DyHKIMOHAJ, ONPEAEIISIEMbIN KPUBOM
311

OyHKIM KyCOYHO Tnaakas kinacca C!
122

- IOKAJIbHO YJIOBJIETBOPSIONIAS YCIOBUIO
Jlunmmma 131

Xapakrepuctuueckas cuctema 178

Xapakrepuctuueckoe ypasHeHue 151

Hukn 237

- JIoMaHsbIi 237

YacTHas npousBoaHas 40

OKBUBaJIEHTHbIE HOPMBI 17

Okctpemainsb 316, 337, 340

OkcrpemyM Qynknuu 316

DNeMEeHT JUIMHBI KpUBOU 287

- MepHOro, 00beMa, 2, 286

- p-MepHOTro o0bema 285

- iomanu 28, 343, 364

SIxkobuaH 65, 265



OPEANCIOBUE PEJAKTOPA IIEPEBOJA

B s70it KHEUTE HM3MaraloTCA NeKIUE M0 Kypey «MaTtemaruka II», npoun-
ragHoMy AHpu Kapranmom na daxyabrere Hayk Ilapmmckoro ynmeepcu-
Tera. KHUTA COCTOMT U3 TATH IJ1aB. B IepBHX ABYX riaaBax coo0MAmTCA
OoCHOBHHE (QaKTH AudPepeHINAILHOT0 NCIUCIeHAS U Teopuu AuddepeH-
IHaJbHKX ypaBHeHU# B 6aHaXOBEIX HpoCTpaHCTBax. IaBa 3 cCogep:KuT
reopuio AudPepeHIHATPHEEIX (OPM M ee IPUMEHEHUS K MHOTOMEPHBIM
HHTErpajaM W yCAOBHAM HHTEIPUPYEMOCTH cuCTeM AuddepeHmuanbHbIX
ypaBHenmii. [{Be mociefHuWe TIaBHl DOCBAMEHL 3JI€MEHTAM BapHAIMAOH-
HOTO HMCYHCJIEHUA H METORY IOABI/RHOTO pelepa B TEOPHHM KPHBBIX
H IOBEPXHOCTEH.

Ilepsaa gwacty kmurum «Juddepennmansaoe ucumMciaenue», BRIOIAL-
masg raaBel 1 @ 2, mw Bropas ee "dacTh «JQupdepennuanvunie GopMe»,
BRJIIOYAOmad TaaBel 3—9, uagaHbl B0 Dpamnum ABYMA OTHCIBHEIMU
kauramu. O HAKO Takoe HUX pasfeieHHe HOCUT HCKYCCTBEHHBIA XapaK-
Tep, TOCKOJBKY BO BTOPOH YacTH HMMEIOTCA MHOTOYUCJIEHHHE CCHIIKH
Ha IepBylo, W, BooOIle, uTeH#e BTOPOH wacTm 6e3 mepBOd 3aTpymHH-
TenpHO. IloaTOMY OO COBeTy aBTOpa B pYCCKOM wm3fganumd ofe dYacTh
COeNUHEeHH B OJHY KHUTY, W B Hell yCTAHOBJIEHA eJUHAs HyMepanus IJ1aB.

Togntle GOPMyMIHPOBKH ONpEfleJOHNI ¥ TEOPEeM aBTOP BO BCEX CIY-
9aAX IPEeANOIUTAET O0PAIMEeHNI0 K CMYTHON MHTYUIMH M PACIIBIBYATLIM
uneAaM. Ecian He cauTaTh HEMHOTOUUCIEHHBIX SCHO OTOBOPEHHBIX HCKIIO-
9eHHH, B TEKCTe IPHBENEHH [0Ka3aTeJbCTBA BCeX CHOPMYJIHPOBAHHLIX
yTBep)RAeHUA. IJT0, HA HANI B3TAAN, 3HAYATENbHO O0Jerdaer 4TeHHe.
KHHTHM ¥ TIO3BOJIAET PEXOMEHIOBATH €e B KauecTBe yue6Horo mocobms.

Haskpasa raoasa compoBoskmaerca samadamu, cocraBieEHeMH K. BioT-
ten, @. Pano u [[>x. JI. Bepau. 9ru sagauu momsKHE TOMOYb UHTATENIO
OBlafleTh IpefmeToM. PemuB HX, OH CMOKeT TaKe YIOCTOBEPATHCH
B TOM, UTO JleHiCTBUTEIHHO IOHAT N YCBOWJ H3JIOMKEHHbIE TCOPEeTHIeCKile
IIOHATUA.

Ilepsass wacts kunrm mepesegena B. K. Kamnaxuuwim, a BTopas —
A. H. Twopunnm,



6 I peducaosue pedaxmopa nepesoda

ABTOp ajJpecyeT CBOK KHUTY CTyAeHTaM, M3yduBmrmM Kypc «Mare-
maruka I», dmraeMBIll BO (QpAaHIy3CKWX yHHBEpCHTETaX. ¥ HAC KHHTA
fyaeT mocTymHA HHTATEJAM, HMEWIINM MOATOTOBKY IO KypcaM MareMma-
THYECKOTO aHaiIm3a W axredpsl B o0beMe HPOTPaMMBbl II€PBBIX JIBYX ce-
MECTPOB YHHUBEPCHUTETOB. (A M3yUYeHWs BTOPOIM TIJaBH KHATH jkeja-
TeIBbHO WMeTh XOTA OBl MePBOHAYAJBHBIE IPEJCTABIEHHAT O METOAAX
pemeHnnsa oORKHOBeHHBIX AnddepeHNUATBHbX YPaBHEHHUI,

B saxmouenme s xouy mobmaromaputh mpodeccopa Anpu Haprana
3a BHHMaHWe, OPOSBJIEHHOE K IEePEeBOJY er0 KHUIU HA PYCCKUM SI3BIK,
a TakiKe 3a I[PHUCIAHHbIE WCIpaBIeHHA K (PaHIY3CKOMY TEKCTY.
OHu yuTenH HaMA IPH HOATOTOBKE JAHOTO MEePEBOIA.

E. A. @yxe
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IUDDEPEHUHANBHOE HGYUGIEHHE
B BAHAXOBbIX MPOGTPAHGTBAX

§ 1. OB30P OCHOBHBIX NOHATHUN, OTHOCANMXCHA
K BAHAXOBBIM ITPOCTPAHCTBAM M HEIIPEPBIBHBLIM
JUHENHBIM OTOBPAJKEHUAM 1)

B nanpreitmem ocuoBHEIM moaeM K Oymer ambo noae Oeticmeumens-
nolz wucea R, ambo noae komnaekcrwz wucea C. Onpepenenust BeKTOp-
HBIX IIPOCTPAHCTB M NX 3IeMeHTapHEe CBOMCTBA MBI TIpemoJaraem
H3BeCTHHIMHA. FKCIHM IPOCTPAHCTBO E ABIASTCH KOMNACKCHBLM BERTODHBIM
npocTpaHcTBoM (T. €. ompesiesieno Hax noxem C), To oHO ofnasaer Taxke
CTPYKTYpoOi#t Jeilcmeumenriozo BERTOPIOTO IPOCTPAHCTBA: sl 11060T0
Bekropa r € E u dmcna A € R olpefeneno mnpoussegenue Ax.

1.1. Hopma na BekropHom mpocrpaHcrse F

Oynrmua p: E — R* (rge R* o0o03HagaeT MHOKECTBO MeHCTBUTENb-
peix uumcesn >{0) maspiBaeTca HOpMol HA BEKTOPHOM IpocTpanctse F,
eCIu OHA YAOBIETBODAET CICAYIOMUM YCIOBHAM:

@H  0(0)=0;

i) (@) =0)=(z=0);

(i) ety <e@ +o(y) Vz, yeE;
(iii) o (Az) =|A|-p (z) VzcE, AcK.

BexTtoproe mpocTpaHCTBO, HA KOTOPOM OIIpefejeHa HOPMA, Ha3bl-
Ba@TCA HOPMUPOBAHHYIM BEKMOPHBLY RPOCMPANCMBOM. JHATOHHE HOPMBI
p (z) ma BekTope r 4acro obosmavaerca depes || z|. Torpa ycroBus
(i) — (iii) MoykHO mepemucaTh CJAEAYIOMUM 06pazoM:

(i) 10]]=0;

(i") (2] =0)= (z=0);
@ fztyli<izi+Iyl;
(i) frz<[A]- ]|z ].

1y O630p aTux moHaATHII MOKHO HaiiTm B yuyebHuKe mo amammsy I'. Ioxe.
[9TOT yuebHUK He IepeBeeH HA PYCCKHUIl S3BIK, M IOTOMY MBI PEeKOMEHIyeM
qaTateno obparurbes K Kuure I. E. Il maoBa «MaremarmuecKuit amaiusy,
4. I, ro. 3, m3g-80 «Hayka», M, 1969. B nansmeiitnem Bce ccolnke Ha kaury I'. Illoke,
3aMeHeHHl ccblmkamu ga Kuury I'. E. Mlunosa. — ITpux. nepee.]



§ 1. O6sop ocrosmuxr nowamul 9

Ilycts K — HOpMHPOBAaHHOe BEeKTOPHOE mpocTpaHcTBo. Ompemenmdt
paccmosHue d MeXAy ABYyMA TOUKaMu r, y H3 E dopmymnoii:

dzy)=lz—yl-

W3 ceoitctBa (iii) B pesynbraTe 3aMeHsl £ Ha £ — Y, a A Ha —1,
noxygaem ||z — y || = ||y — z || u, cxenosarensuo, d (z, y) = d (y, ).
W3 csoiicTea (il) HEmOCPEICTBEHHO BLITEKAET, YTO

d(r,z) <d(z,y) 1+ d(y, 2)

(«HEpaBEHCTBO TPEYTOJBHHKAN).

Haxonen, d (z, y) = 0 rTorga m TodBKO TOrga, KOrga z = y.

Takum 06pa3oM, IPOCTPAHCTBO £ ABIAETCA Mempuueckum npocmpar-
cmeom; KaK BCSIKOe MeTPHYECKOe HPOCTPAHCTBO OHO SBISETCH TAaKIKe
monoaoeuneckum npocmpancmeon. Tark kar |||u ]| —l|v]| < v — v,
TO OTHOCHTeJIBHO 3TOH TOIONOTHH HopMa U —> || u || siBaseTcss Hempe-
pHBHLIM oToGpaskenmeM F — R.

IIycrs B’ (a, r) — wap ¢ ueHTpoM B TouKe a € K u paguycom r > 0,
obpas3oBaHHH@ TouKaMu x € E, Iasi KOTOPHIX

dr,a)<r, T.e. ||z —al<r.

TFosopsar, wro mommuoskectso U < E omkpwmo, ecnm miasa n106oi
touku a € U mafigerca raroe r > 0, gro map B’ (a, r) conepsxurca 8 U.
OTH OTKPHITHIE MHOJKECTBA IIOJIHOCTBIO ONPENeNAT HEeKOTOPYI TOO-
JOTHIO.

Mosxuo mpoBepurs, uwro map B’ (a, r) samknym (ero momomxHeine
€CTh OTKPLITOe MHOKecTBO), a map B (a, r), o6pasoBaHHBIl TOYKAMH I,
IS KOTODPLIX ||z — al|| <{r, ABIAETCA OTKPHITHIM MHOKECTBOM.

Tomomorusi mpocrpaucTBa E omdeauma, TOCKOJBRY IPH X =& Y
nr = d(z, y) orrpersle mapst B (z, r/2) u B (y, r/2) we nepeceraiorcs.

ITocemoBatTenbHOCTD (Z,)n=o TOYEK mpocTpascTBa F uMeeT npedeiom
TouRy a € E (oGosnazaerca: lim z, = a), eciam I110CIeOBATEIHHOCTD

N—»00

paccTosHui || , — a || cTpeMuTCca K HYNO. Jlerko goxKasaTk, 9TO eCJIH
limz,=qa, limy,=5b, to lim(z,-+Yyn)=a-+b.
n—oo n—o0o n—o0o
Againornuno, ecan
limz,=a, limA,=p,
n

n—>o0o —>00
TO
lim (A,x,) = pa.
n—oo

—

IlocnemoBarensruocts (z,) HasmBaercsa nocaedosameavnocmuio Kowu,
ecin lim ||z, —z, || = 0. Oro 8uaumr, uro Ve > 0 3IN, Taxoe, uro
m—0o

n—o0

(m>N7 I’L}N) = me_xn”<8'



10 I'e. 1. Jupdepenyuaivroe uciucaenue ¢ 6aHaT06bIT RPOCMPAHCMEAT

W3BecTHO, 9T0 BCAKAS CX0041adcs MOCIEI0BATEIBHOCTE (T. €. mocJe-
I0BATEeNbHOCTh, HMeIMAasd Mpefex) sBIAETCS IOCIeJOBATEIHHOCTHIO
Kommu. B toM ciygae, Korga BepHo u ob6paTHOe yTBep:xieHue (T. e. BCs-
Ras I0CIeJ0BaTeIbHOCTh INOIM CXOAMTCA), TOBOPAT, 9TO MeTpHIeCKOe
npocTpaHcTBO E nosano. :

Onpengexenne. HopmMupoBanHoe BeKRTOPHOE NIPOCTPAHCTBO,
noAHOe OTHOCHUTEIBHO METDPHKHU, OIpefesaeMoil HOPMOI, Ha3HBAaeTCsH
6anaxosuim npocmpancmson. Hus ocHoBHOro moas R MB ImOaydaeM
JelicTsuTenbHOE GaHaX0BO mpoctpancTBo, Aasa C — rovmiaercHoe GaHa-
X0BO IIPOCTPAHCTBO.

1.2. Ilpumepst 0aHaAXOBBIX HPOCTPAHCTB

IMMpumep 1. PaccyorpumM peldCTBATENBHOE YHUCI0BOE IIPOCTPAH-
cTBO R™ (COOTBETCTBCHHO KOMILIEKCHOE 9YHCJ0BOe mpocrpauctso CF).
IIpocrpanctBo R™ sABasieTcst AefiCTBHTEIBHLHIM BEKTOPHEIM MIPOCTPAH-
c¢TBOM (cooTBeTCTBeHIIO U™ — KOMIIJIEKCHEIM BEKTODHBIM MPOCTPAHCTBOM).
PaccyoTpuy B 9TOM HPOCTPAHCTBE OLHY U3 TPEX OOBIIHBIX IIOPM:

o1 (2) = 2 |,
i=1
pZ(x): Sup Ixi|7

1<igsn

n
ps (z) = 1/2 |z;|* (eBkmmpoBa HOpMa);
=1

lsmecp 4epes zy, Zs, - .., T, 0003HAYEHH KOOPAUHATH BeKTOpa z.]
Tonomorus, onpegenennas Ba R™ (coorsercrsenno C") mo mwo6oit
U3 STUX HODPM,— 3TO monoaozust npoussederus R X ...X R (n pas)
[coorBeTcTBenHO C X . . . X C (1 pas)]. Quas Toro urobsl mociaegoBareb-
HOCTh TOYER MMeJa CBOHM IpefgenoM a = {(ay, ..., @,), HEOBXOmXHMO
U {OCTATOTHO, 4T00H! Ais Jroboro meaoro i (1 < i < n) npegenonm mocie-
JOBATEJIBHOCTH {-BIX KOODAMIIAT TOYeK B3TOU IIOCHEeN0BATeIBHOCTH OBILIO0 a;.
Tar rax mpocrtpanctBo R (coorBercTBenHO () moxHOE, TO UM UPOCTPAH-
ctBo R"™ (coorBerctBenno C") sBiasercs mnomasiM. ClemoBaTeabHO,
mo 11060l U3 HOPM Py, Pg, P3 OHO ABIAETCH GAHATOBBLM NPOCMPAHCIEOM.

Hpumep 2. Ilyerp X — Tomomoruveckoe IPOCTPAHCTBO,
a Gp(X) — MHOIKECTBO BCEX HENPEPLIGHLIT W 02PAHUMEHHBT UYUCTOBBIX
¢yaromit X — R. Ms HassiBaeM QyHKOWO f () orpaHudYeliHoO#, ecau

sup | f(x)| koneuen.
x€X

OueBupno, uro €,(X) ecrb eexmopnoe npocmparemso (CrOKeHUE
ompefeJaseTcs Kak ClIoKeHWe QYHKUMHA, a NpoussefieHue Af, Tme A —
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CKalAp, ompejeisieTcsi KAaK NpoW3BefeHme QYHKUUM [ W DOCTOAHHOH
dyuruun A). Iloxoxum

| £l =supl(@)].

Mosxno mpoepurhk (PeROMEHAYETCS CIeIaTh 9TO B KadecTBe YIPasKHe-
Hus), 910 || f || ompesenser mopmy B BeKTOpHOM mpocTpaicrBe €u(X);
CXOJHMMOCTh 110 TaKo#l HopMe HasHBaercsa pagnomeproti. IlpocTpancrso
%,(X) moamo (sTO ClEmyer ®a TOTO, YTO Ipefie] PABHOMEDHO CXOHNSA-
melica TOCIeJ0BaTeIbHOCTH HENPEePHBHHX OTpPAHHYeHHBIX (QYHRIHI
ABIgeTcA HempepnBHON ¢ynruueit) 1). CaenoBareapno, €,(X) apaser-
¢Sl IeMCTBUTEILHEIM OAHATO8BLM RPOCTRPAHCMEOM.

Ecnnm mMul ompeieiuM TaKyI0 ke HOPMY B BEKTOPHOM IIPOCTDAHCTBE
HEIPePHBHEIX OTPANWIeHHLIX (QYURNUN, TPUHEMAOMAX KOMIJIEKCHE
3HAYeHUd, TO IIOJIYIUM KOMIIEKCIIoe 6aHaXoBO IIPOCTPAHCTBO.

Mpumep 2. O6o6mum npumep 2. Bryecrto HenpepHIBHHX OI'PAHE-
geuunx ¢Qyoroumi X — R paccMOTpHM HeUpepHBHLIE OIpaHHUEHHDIE
otobpaskenus X — F, rme F — ¢urcmpoBanmoe GaHAXOBO IIPOCTpaH-
ctB0. Mul HaspiBaeMm otoOpaskenue f: X — F oepanuuennsta, €CAN MOpMa

71l =Sup 7 ()]

KomeuHa (B IIpaBoil YacTH 3TOro paBeHcrBa || f (z) || oGosHagaeT HOPMY
saemenTa f (r) B 6amaxoBoM mpocrpanctBe F). MuosxectBo €p(X; F)
TaKUX 0TOOpasKeNHi To/Ke ABIAETCS BEKTOPIILIM IPOCTPAHCTBOM (HAm R,
ecan F — peiictBuTenbHoe GamaxoBo upocrpamerso, u maf €, ecnm
F — rovmaercHoe 6amaxoBo mpocTpancTBo). OmpefesienHas BEINe HOPMA
|| f|| ABxsieTcA HopMOK W B oToM IpocTpaHcTBe. Moskio MOKa3aTh, 4TO
TaKk Kar OpocTpaHcTBO F moano, To W upocrpanctBo 6i,(X; F) asasger-
¢ noanwm (9TO PEKOMEHAYeTCA CAeJgaTh B KA4eCTBe YIPKHEHU).
CrenoBaTeqbHO, OHO SABIAETCH OAHAX066LM RNDOCM PAHCIMEOM.

MIpumep 3. llyers £, ([0, 1]) — BeKTOPHOE WPOCTPAHCTBO YHCITO-
BLX ¢yHEmmA ma orpeske [0, 1] < R, umrerpupyemnix mo JleGery.
Ioxomum

1

1711=§ 17 ar.

0

Taxk omperiereHHasi HOpMa 00J1ajlaeT BCeMH CBOMCTBAME HOPMEI, 338 HCKIIO-
gennem (i'). [eftctBurensno, ma pasencrsa || f| = 0 ue caexyer, 4ro
¢yHRUHMA f paBHA TOMKIECTBEHHO HYII0, a CJIelyeT TOJbKO, 4TO OHA
PaBHAa HYJII0 HOUTH BCIOAY (32 HCKJIOYEHHEM MHOYKECTBA MEPH HYJb).

1) Cm. pgoxasarenbctBo B Kuure I'. E. Ilmmosa «MareMarmdecKHE amammsy,
9. I, ra. 5, § 9.— Ipuxm. nepee.
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Y1066l DOJYIHTH HACTOAMYIO HOPMY, PACCMOTDPHM OTHOLIEHWE DKBH-

BamentHOCTA % (f1, f2):
«fy B f, PABHH HOYTH BCIOTYY.

MuossectBo Ly (10, 1]) xnaccos sxBuBasenTHOCTH OTHOCHTENBHO R (f(,fs)
obragaer CTPYKTYpo#d BekropHoro unpoctpancrsa. (Ono cosmagaer
¢ ¢arropupocrpancrBoM npocrpancrsa £ ([0, 1]1) mo mognpocrpancTBy,
obpasoBaHHOMY QyHKmuAMHU, ¥ KoTopHX |[f || = 0.) Ecam ¢ ecTs riracce
SKBHBAJEHTHOCTH, TO MOKHO OIPeHeNHTh || ¢ || xax ofmee sHaveHnwme
(| 7] nas Bcex ¢ymrummit ws sroro kiacca. lorma || ¢ || 6ymer nopmoti
B sexropuom npocrpaucree L, ([0, 11). Ua teopmm uurerpaxos Jlebera
ciegyer, uro upocrpauctBo Ly ([0, 1]) noawo (310 GBO GBI HEBepHO,
ecTdm 6B ME HCUOJNB30Bad¥ HHTerpan Pumama). 3mauur, L, ([0, 11) —
$aHaxoBO IpPOCTPAHCTBO.

MDprumep 3 amamorudeH mpegnymemy. PaccMorpuM HA 3TOT
pas BeKTopHOe IpocTpaHcTBo £, ([0, 1) muTerpupyemeix ¢ EKBagpaToMm

dyHKOMA ¢ HopMoH
i
ufn=1/5 1) dr.
0

Tak :ke, Kak 1 B IpesIAyIIeM IpuMepe, nepeiifieM K GaKTopUPOCTPaH-
CTBY € IOMONIBI0 BBEJEHHOI'0 BHINE OTHOINEHWUS OKBHUBAJIEHTHOCTH
A (f1,f2). Darropupocrpanctso L, ([0,1]) aBusercs GamaxoBeIM mpo-

CTPAHCTBOM.
1.3. HopmanpHo cxopsamuecs pajpl B 0aHAXOBOM NPOCTPAHCTBE

Onpegexenne. IIycrs (u,),>¢ — IOCTETOBATEIBHOCTE BIEMEHTOB U, €
€ E, rme E — 6anaxoBo IPOCTPAHCTBO. I'0OBOPAT, UTO PAX X Uy CTO-

n>0
dumca HOPpMAALHO, €CIIH CXOMUTCA pALd ¢ TOJNOKUTEJILHBIMHA Y/IeHaMH,
COCTABJIEHHBIA U3 HOpPM

2 | |-
n=0
Teopema. Ecau psad ) u, czodumes ROPmaibro, mo ok czodumes (1. e.
n>0
YaCTUYHEIE CYMMEI 2 U, HMET Hpejel IpH p — oo, 0603HATAEMBIH
0<n<gp .

yepes Z Up) U UMeem Mecmo HepaseHcmeo
n=0
I 3 wnll< 3 fuall.
nz=0 n=0

M= He Gymem ZorassBaTh 9Ty Teopemy ). IIoCKONBKY B HoKaszaTeab-
CTBe HCHONB3yeTcs Kpurepuii Homm, To HY)KHO moTpeboBaTh, YTOGH
WieHH pPAfA U, NPUHAIEKANH HEKOTOPOMY DamaxoBy mpocrpaucTBy K.

1) Cm. xuury T. E. Mlanosa «Maremarudeckmii amanmsy, 4. I, ra. 6.—
IIpum. nepes.
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Il pume p. Paccmorpum 6aHaxoBo mpoctpaHerBo Gp(X) (enm. m. 1.2,

npmmep 2). B cuny mamre#l Teopemst pax z Un, TOe U, — HelpepHBHEE
n=0

OrpaHWYEHHBIE YUCI0BHE YHKIAA HA TONOJOTHIECKOM mpocrpancree X,

CXOIIUTCS HOPMATBHO, ECJIH CYMECTBYeT CXOAAMMIACA TUCTOBOH PAX €,

¢ TOJIOMKUTeNPHHIMH YIeHAMH, TaKod, 4To Iis nwboro n

| u, () | < e, nnsa awboro z € X.
B camoM mese, MOCTATOUHO TOJNOMKHTE €, = || u, | = sup | u, (z) |.
. x€X

Taxum o6pasoM MH HpuxoAuM K OOGHYHOMY TOHATHI0 HODMAALHOL CXO-
Jumocmu QYHKIUOHAIBHOIO pAAA.

1.4. HenpepoiBHble anHeiinsie 0TodpakeHnA

Ilyers E m F—HopMHpoOBaHHBIe BeKTOPHHE IipocTpaHcTBa (006a Hapg
nosieM R mau mag mosem C). ChopMyampyeM KpuTepuil, mO3BOJAIOMUN
onpegeTuTh, SBISETCA JH HenpepueHuM JIHHEeHHOe 0TO0pajKeHue
f: E — F B cayuae, Korjga upocrparcrsa £ u F HaJeneHbl TOMOTOTHSIMI,
HHIYIHPOBAHHEIME MX HOPMAaMMI.

Teopema 1.4.1. [aa aunetinozo omobpasenun f: E — F caedywowue
YCA08UA IKBUBANCHIMHEL:

(a) f nenpepusro & ai0b0li moure npocmpancmea E;

(b) f Henpepusro e nauase woopdunam 0O;

(¢) || f (z) || oepanuverna na edunuurom wape || x| < 1.

HoxaszareunscrtBo. OueBuguo, aro us (a) cienyer (b). IToxa-
mem, aro u3 (b) caenyer (c). llpeamonoxum, uro orobpaskenue f Hempe-
priBHO B Touke (; Torga mpoobpas f~! equHEIHOrO mWapa mpocTpancTea F
ABIsgerca okpectHocThio Toukm ( B mpocTpamcTse F. 3Ta OKpeECTIOCTH
comepsaut map || x| << r ans Heworoporo r > (. Urax, cymecrsyer
tTakoe gucao r > (0, 4T0 M3 HepaBeHCTBA

[z|| <r cuemyer | f(2)| < 1.
IToxaskeM, 94TO U3 HepaBeHCTBA
[z] <1 caenyer [ f(z)] << 1/r.

Homomum y = ra; morpa || f (y) || = r-||f (x) || u, ecan || f (y) || <1,
10 || f (x) || << 1/r. Taxum obpasom, Mbl mokasanu, uro || f (z) || orpann-
ueHa Ha eguHWYHOM Immrape ||z || <C1, 1.e. us (b) cmegyer (c).
Ilokasxenm Temeps, 9To U3 (c) caenyer (a). IIpeamonoxnm, 9To BEIIOM-
Hsercss yciuoBue (c). Torma cymgectByer takoe gmcao M > 0, uro
|| 1 () || < M mna moboro x w3 mapa || z || << 1. Orciopa ana mo6oro

[f@ <Mz
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(a70 ouesmano maa [z || = 0; ecau ||z || =r>0, To Berrop y =
= (1/r) z mveer mopmy ([ y || =1, otkyma [[f () | < M n |[f ()| =
— W< =M]z]).-

Hlorasem Temeps, 9TO NPH BBIMOIHEHMH ycaosmi (b) m (¢) oroGpa-
JReHHIe [ HempepBIBHO B MPOMBBOJABHOM Touke a € E. B cuny augeitnocTa
orobpasrerusa f, f (r) — f (a) = f (x — a). Bmauur, ecam e —al| <
<L e/M, 1o

€
Tarum o6pason, IeIPepPHBHOCTS OTOOpaXEHMA f B TOYKe @ JORA3ZAHA.

O6osmnavenue. Mo Gynem obosnagars uepes £ (E; F) mmo-
FKeCTBO BCeX JIMHEHHBIX HenpepyigHbiz 0TOOpazkeHnuil mpocTpancTBa £
B mpocrtpancteo F. Ouesmano, uro £ (E; F) — BexTopHOE mpocTpaH-
¢TBO (IOATPOCTPANCTBO NPOCTPAHCTBA BCEX JIUNEHHBIX  OTOGparkeHMi
E — F). lna snemenra f € £ (£; F) nmomomum

71 = Sup, 1 (@)l

(B cuny ycmaosusa (c) teopemer 1.4.1 mopma || f || Komeuna).
Kar bl norasand, gas Jdio6oro x € £ umMeeT yecTo ocroenoe coom-

HOUWEHE

I F @<l 2. (1.4.1)

Ilycts yncao M > O TaroBo, 9T0
1 f(z)|| < M| z| maa mwoboro z € E; (1.4.2)

TOTJla M3 IIOCJeJHero HepaBeHcrBa BhITekaeT, 4ro || f (z) || << M mpnm
[ | <1. Orcooma

sup | f(z)[| <M,

lxll< 1
1. e. || f || << M. 3naunt, nopaa || f|| ecmo naumenviuee us wucea M > 0,
048 komopux evtnoansemcs coomruowenue (1.4.2).

CuepgoBarenbno, || f || #6asemea Hopmoid 6 éexmoprom npocmparncmeée
£ (E; F): mpoBepka CBOHCTB HOPMBl He COCTaBIAeT GOJBDIOTO TPyHa
(peroMenyeTcsa cAeIaTh 9TO B KauecTBe yHpaskHeHHsa). Taxum ofpaso,
£ (E; F) — Hopmuposarnoe 6eKmopHoe RPOCMPAHCME0, a ero TOIO0JOo-
IUA HOJHOCTBI0 ONpeJeNsAeTcss TOMOTOTHAME IPOCTpPaHCTB K u F.

Teopema 1.4.2. Ecau F — 6anaroso npocmpancmeo, mo npocmpait-
cmeo £ (E; F) makxce sagasemes 6aHATo60M.

HMowraszarteunscrtso. llyers (f,) — mocaegoBareaspnocts Komu
B mpocrpancte £ (E; F). Jlna xasmporo r > 0 paccMOTpUM CyiieHHUA
) pynknouit f, ma map || x| <r. Dynkuum f() obpasyoT mociaegosa-
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TeApocTh Howmwu B BekTOopHOM mpoctpamncrse €5(B’(0, r); F) (eM. upu-
Mep 2’ u3 m. 1.2), KoTopoe MOJAHO, TaK Kak /' — 6anaxoBo MPOCTPAHCTBO.
IlosToMy mocaegoBaTeasnocTh f() B mape || x| < r paBHOMepHO €Xo-
OUTCA K Henpepuigholl u ozpanudennoll @ynryuu 7. feno, uro mpm
r' < r cymenme Qyuxkuuu [ ma map || z| <’ pasmo f’7. Torga
COBOKYIHOCTh (yHEIME [T (Ppynsuus O momaraerca pasuoil O BHe
mapa || z || <C r) onpeflenser HEKOTOPYIO QYHKIHIO / BO BCeM IpOCTpal-
cree E; mpu oaroMm cyskeume QyHKmmm [ ma wmap || z || << r cosmagaer
¢ /. Tlockoabry TOCIE0BATETLHOCTS (f,) PABHOMEPHO CXOAUTCA K QyHK-
UM f Ha RaskjoM 1wape ¢ meutpoM B Touke 0, 1o gnsa mooboro z € £

f (@) = lim f, (x).

N—>00

OTcroga caenyer, 910 ecau z € K uw y € E, 10

flz+y)= ,I,Eif” (z+y)=lim (fn (2) +fn (y)) =

n—>oo

— iim fa(z)+ lim f, (y) =

=)+ ).

AHAJOTHYHO FOKaspiBaeTcs, 4TO
f(hz) =A](2).

3uaunr, f — aunetinoe orobpaskenne. OHO OTPAaHMYEHO HA KamkIoM
mape || x| < r u, clemoBaTeabHO, HenpepwieHO.

Haxonenm, m3 paBHOMeDHOH CXO[MMOCTH HOCJe0BAaTeIbHOCTH (fy,)
K ¢yurknumum f B mape x| <1 caeayer, uYT0 HOPMA PpasHOCTH

| f—fall= sup [[f(z)—fa(2)]]
Nl 1

CTPEMHTCA K HYII0 OpH h — oco. TakuMmM o6paszoM Mbl IIOKAsald, 4TO
mocaepoBarensuocTs Homu (f,) mveer mpemen f, a 310 o3Hauaer, 410
£ (E; F) — 6anaxoBo IpoCTPaHCTBO.

1.5. KoMmosuipuszs HenpephIBHBIX AMHEHHBIX OTOOpa:KeHmil

Ilycts FE, F, G — HOPMHDOBAaHIINE BEKTOPHBE TPOCTPANCTBA
ufiE—F,g: I~ G — uenpepsBubie aunHeiinnle orodpa:kenusn. Torga
gof: E — G ectb uenpepniBHOe jguueidHoe oTo0paskenue (Kak M3BECTHO,
KOMITO3UIAA BYX NHHEHHEIX 0ToOpaskeHuil ABIAETCA MUHEHHBIM 0TOGpA-
AKEHHMEM, a KOMIIOBUIUS JBYX HEIPEePHBHEIX O0TOOpasKkeHmil — Hempe-
pPHBUHIM 0oTOOpaskenueMm). [ns moboro z € E

D@ =led@)<legl-IIf@];

HO HOCKOJIBKY

@I 1=l
I (geh) @ <ligll-Ilf

TO

-
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B cumay xapaKTepMCTHUECKOro CBOMCTBA HODMHI JIMHEHHOTO oToGpaske-
ans (em. m. 1.4) U3 OpefsAymero HepaBeHCTBA IONydYaeM, UTO

g flI<Iigll-li 1l (1.5.1)

1.6. M3oMoppusM HOPMHPOBAHHBIX BEKTOPHBIX INPOCTPAHCTB; HKBUBA-
JeHTHbIe HOPMEI HA HOPMHPOBAHHBIX BEKTOPHBIX NPOCTPAHCTBAX

Onpeneaenune. Orobpamenne f: E — F (tne E u F — HopME-
POBAHHEIE BEKTOPHHIE HPOCTPAHCTBA) HABHIBACTCA US0MODPUIMOM, ECIH:

1) f nuneliHO M HeHPEPHIBHO;

2) cymectByer nHHeHiHOe HeIpepHBHOe oTobpaskenme g: F — E,
Takoe, 4T0 gof = idgy — TOMOeCTBeHHOe O0TOOpaKeHMe MPOCTPAHCTBA
E B mpocrpanctBo E u fog = idy.

3aMeTHuM, 4TO B CHAY 3THX YCIOBHU otobpaskenme f mpocrpancrsa E
B mpoctpaHcTBO F u obpartHoe orobpa:kenue g Omexrmpubl. OZHAKO
K3 HeIpPepPHBHOCTH JMHEAHOTO OUeKTHUBHOTO oTo0paskeHus f, Boobme
roBops, He BHTEKaer, 4To o0paTHoe GHERTHBHOE OTOOpaKeHHEe TaK:Ke
HeNpPepHIBHO. B CHIy 2THX 3aMeTaHUU MOKHO AATh APYIYH XapaKTepn-
CTHRY H30MOpPHU3Ma:

Huas Toro aro6sr oTobpaskenne f: £ — F gBAsAmOch M30MOopHHU3MOM,
Heo6X0IHMO U KOCTATOTHO, ITOOLI OHO GBIIO roMeoMopPHU3MOM (TOMOIO-
THYECRAX IPOCTPAICTB) U AWHEHbM OTOOpaKeHMEM.

Copmyaupyen 0e3 JoKazaTeqbCTBA 09€Hb Ba/RHYIO TEOPEMYy aHaIu3a
(MoKa3aTEIBCTBO €e BechMa HempocTo) !):

Teopema Baunaxa. Ecau E uw F — Garnazosw, npocmpancmsa, mo écikoe
Henpepwignoe Aunelinoe Guekmugnoe omobpaxcenue f: E — F sgasemes

usomopguaaon.
(91a Teopema yTBepiiaer, 4T0 of6paTHOoe oToGpaskenume [l F — E

aBTOMATHYECKHM HeIPepPHIBHO.)
IMogueprien, YTO He CIeRYeT CMEIIHBATE U30MOPEHU3M T US0MEMPUIO.

Onpepexenne. Orobpaskenwe f: E — F (rge £ u F — HOpMEDOBAH-
Hple BEKTOPHLIE IIPOCTPANCTBA) HA3HBAETCH u3oMempuell, eCHH OHO
6UeKTHBIIO, ANNMEHHO W COXPAHAET HOPMY, T. €.

If@l=\lzll nmz zek.

W3 sroro ycmosus BLiTeraeT, uTo HopMa || f (z) || usoMerpumaeckoro
orobpaskeHus orpannieHa Ha eXUIMIHOM IIape; clefoBaTelbHO, 0TOGpa-
sRenue [ JNHeiHo u mempeprBHO. MOKIIO IIOKA3aTh, 9TO B 3TOM CAYy4ae
oGparnoe oTobpaskeHne g Taryke ABIAETCS JHHEHHBIM H HeIPePBHIBHBIM.
C1efoBaTeNbHO, 6CAKAR USOMEMPUSL €CIML 8 MO He 8pemi U30MOPPHUIM.
Opuako o6paTHOe YTBep;KICHHE 1I€BEPHO: HAIPHMep, TOMOTeTHH X —> AZ

1) Cm., mampumep, H. Bypo6axmn (Tomomoraueckne BeKTOPHBIE IIPO-
cTpancrsay, ria. 2, HJI, M., 1959.
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(rme A == 0) apnsercs maomopdusmom E — E, o me Gymer maoMerpHei
opu | A== 1.

Onpenenenne. Hopmmr p; u p,, 3ajauHEe HA OJHOM M TOM K€ BEKTOD-
HOM TIpocTpaHcTBe E, HasBIBAWTCH IKEUBALeHMHbBLMY, €CIU OHH Ompefe-
JAOT OfHY M TY e TOLMOJOTHIO.

HagnM npyryio GopMyadpoBKY STOTO OHpPEeNeHHA: IPOCTPAHCTBO
E ¢ nopmoit p, o6osuaumm gepes E, , a npocTpancTBo £ ¢ HOpMOiL py; —
sepes E, . Tompectsennoe orofpaxenne mpocTpaHcTBa £ ompepesier

aBa OOpaTHHX APYr K [Apyry OMeKTHBHEX OToOpaskReHHUs
fi Epl——>Ep2 a fo: Epz—aEpl.

Hopwmm p; 1 p, 3amai0T oHY U TY K€ TOLOJOTHIO TOTAA W TOJIBKO TOTHA,
KOTHa OTOOpaKeHHs f; M f, OPEICTAaBIAIT cO00H usomopghusmsr BeKTOP-
HBIX OpocTpancTs. [las 9Toro HeoO6XoamMo W OCTATOUHO, ITOOH 0TOGpa-
YKEHUA fy | f5 OBLIN HenpepuisHblmiL.
[Ipuvennm x oTobpaskenusam f, u f, KpuTepril HeIPEPHBHOCTH JHHEH-
HOTO oToOpaskenmsa (teopema 1.4.1). HempepmBHOCTH oTOOpamienus f,
3HagaeT, 4TO CyMmecTByeT Takoe ducio M > 0, uro

05 () << Mpy (z) nmus moGoro =z € E.

HenpeprBHOCTE 0OTO6paskeHNs f, 03HAYAET, ITO CYIMECTBYeT TaKoe THCIO
M > 0, uro
7
p1 (z) < M'p» ().
TaxkmM o6pasom, MBI IOTyTaeM

Hpenaoscenne 1.6.1. /a8 mozo umobr Hopmbl Py U O 5 OBLAL SKEUBAAEHIT-
Humu, Heobzodumo w Odocmamouno, umobu omuowenue 5 (x)/py ()
(ompenenentoe gus x 5= 0) 660 o2panuvero céepry U CHUY DBYMA N0A0-
HUMEALHBELMU  LUCAAMU .

Teopema 1.6.2. Ha npocmpancmee R™ gce HOpMB IKBUBAACHIMHBL.
HorasaTteasnctso. OGosHaumMm depes

lel=V 3 1ae

eskanfosy mopmy (&, ..., E, — Koopammate BekTopa z). IlycTn
0 -— mpousBosbHAA HOpPMa B K™; cHauaja MOK&KEM, YTO OTOOparKCHEE
p: R™ — R * neupepoisno (korma ma K™ zamana TOIOJOrAA TPON3BEEHHAS
[Ijx. .. x R, FXoropas coOBIafaer ¢ TOLOJOTHeH, WHAYIHPOBAHHONA

npas
eBEKJINI0BOH mopmoil). Vmeem

lo(x—p (¥) <pr—y) < 2l&i=n:lp (&),
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rge depes {(e;, . .., €,) 000311a¥YeH KaHOHHTECKHH 0a3MC B IPOCTPAHCTBE
R", W3 mocuegnero HepaBeHCTBA cIefyeT, uYTo p (y) crpensurcsa k p (z),
Korja y — Z; 3HAUHT, IIOPMA 0 HeUPEpLIBHA.

BeaepeTpite KoMEARTHOCTH e uIyHo#l cdepil || || = 1 mempepss-
Hasa QYHRIHA O, e paBHast IyII0, TOCTHTAeT 11a Hell cBOell BepxHel rpann
M > 0 u vmwxmei rpana m > 0. Orco1a

ploy<Milz|, p@)>mijz

|
I.
JT0 03HAYaeT, UTO HOpPMA O DKBIBAJEHTHA €BRIUILOBON HOpME.

Caegerene. Ecau E — nopauposanioe 6ermopuoe nPOCMPAHCMAO,
mo ecaroce aumelinoe Guexmusnoe omobparxcenue f: A" — E asasemes

UB0OMODPUIMOM.

HeitcTBrrensio, ecan p — opya Ha E, 10 QYuRrIUsL pof saBigercs
mopnmoii ma R™; 3HauuT, OHA 3aaeT TY ;Ke TOINOJOLHIO, UTO U eBRIHZOBS

HopmMa. OTCIOJI& ciaenyeT Iraule yTBeps;kAcIilie.

Teopema 1.6.3. Koneurnomeproe nopmuposaitnoe 6exmopnoe npocmpaii-
cmeo E ssasemces 6aHazoguly RPOCMPANCMEoM; 8CaAR0e Allielinoe omobpa-
HCeHUe 3MO20 NPOCIMPAHCMOR @ ILOPIMUPOBANHOE 8¢KTROPHOE POCTNDAHCIIBY
F nenpepusrio.

Hdoxasareasncrtso. OG03HAUNM pa3MepluocTh IPOCTPALCTBA
E uepes n; rTorga cymecrByer uanneiinioe 6GHeRrnBHOE 0TOGpaKCIIHE
[t R®*—> E. B cuay upemwyliero ciaefctsua orobpaskelne f — u3o-
Mopguan. Tar kKar npocrpaucTBo }R™ MOJNO, TO M OPOCTPAICTBO [ TOTHO
(u, cxeoBaTEADIIO, SABIAETCS OamaxoBuM mpocTpancTsonm). Ilyern
Teneps jano Jmueiinoe orodpaskenue g: £ — F, rue F — nopuauposali-
HOE BCKTOPLIOE IPOCTPAICTBO. LLCAN MLL HORAQKCM, UTO OTOGpasKeIue

h = goft A" > F

HelIPEPHIBIIO, TO OTCIONA GyAeT CaelloBaTDh IENPCPLIBIOCTL 0TOOParReIT s
~1
g = hof L.

Y6egqumess B TOM, WI0 BCAROe Juieiinoe orobpaskenme h: R™ — F
nenpepsiero. JleficrBUTCIBIIO, TaK Kak

g G‘Sih (Fi)v

TO
Hh (517 ceey En)”<: /:“1 IEI !Hh (6,-) l
Mosromy, h (&), ..., &) crpeunrea r 0, rorga touka (Ey, ..., &)

crpemurcs k 0.
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dameganne. Pesynbraru, amanoruunsie Teopemar 1.6.2
n 1.6.3, MOTyT OBITH HOJIYIEHB [JIA KOMRAEKCHHEZ BEKTOPHLIX IIPO-
CTPAHCTB; IpH dTOM poab R" 6Gymer Bumoausrs CT.

Ilyers £ u F — ;Ba BeKTOPHHIX IIPOCTPAHCTBA KOHEYHBIX Pa3MepPHO-
creit, dim £ = m, dim F = n. llpu ¢urcupoannnix 6asucax B mpo-
crpancrBax E m F Bexropmuoe upocrpacrso £ (E; F) coBuajaer ¢ Bek-
TOPHBIM MPOCTPAHCTBOM MATPHUI], MMEIOIUX 1 CTPOK U m CTOJIOIOB (die-
MeHTHl MATPHUL IIPUHAMJIEKAT OCHOBHOMY noiaio). Pasmeprnocts mnpo-
crpancrBa £ (E; F) paBHa IIpOU3BeEINIO M.

1.7. lpumepsr wpocrpancers L (I I7)

IIpuwmep 1. Ilpegnonosxmum, uro £ = R B caydae melcTBHTEND-
HEIX BEKTOPHBIX MPOCTPAaHCTB 1 coorpercreenno £ = C B caydae rom-
MJIeKCIBIX BeKTODPHEIX IIPOCTPAaHCTB. PaccMoTpuM  eCTBUTCIBHBI
cayuait. OUpegensuM ecmecmeennyio U30Mempuio

£([R; F) ~ F.

Ilns 9T0TO COMOCTABHM Ra)KAOMY duesenry y € F mumeitnoe orobpame-
aume A-—> Ay upocrpanctea R B F. Taxoe orobpaiennme HeIpepLIBHO,
MOCKOIBKY

WAy (= Ity 1A L.

YcTanoBIEHHOE BEHIUIC COOTBETCTBIC MCKAY DIEMEHTAMH TPOCTPAHCTBA
F 1 nmuneAnBIMH HempepuIBILIME oToOpaskenusivu us R B F ompegenser
orobpaskenue ¢: F— £ (R; F), Koropoc, 09eBHANO, JHIIEHHO, TpHIeM
Hopma ammeifmoro orobpaskenns ¢ (y): R — F pasua ||y |[|. OGparro,
COIOCTABUM  KAMJOMY  JIHEMHOMY  LeNPEephIBHOMY  0TO0paKeHuio
fi: R— F sxement f (1) € FF. Taxum 06pasoM MBI oIpejiesuM oTobpaske-
ame P npocrpanctsa £ (R; F) B npocrpancrso F, Kotopoe Toke Gyner
anueinsiM. [lo mocTpoennio orobpaskennst ¢ U p B3AUMHO 06GpaTHH U, CJIe-
TOBATENbHO, ABIAIOTCA OHEKTHBHLIMI 0TOOpaskenuamu. B cuay pasen-
crBa || ¢ (y) || = [l y || xavwmoe u3 orobpaskenuil ¢ m P ABIAETCA U30-
mempueii. llo ompepemenmo, orobpaskenue P SABJIACTCA €CTECTBEHHOI
uzometpueil nupocrpamcrsa £ (R; F) ma mpocrpamcrso I,

IIpumep 2. Ilyers £ — peftcTsutenniioe 6anaxoBo IpPOCTPAHCT-
BO; Torja jeicrsurenbnoe Gasaxomo mpocrpaHcTBo £ (E; R) HaspiBaer-
Cs MONOA0ZUHECKUM CONDANCEHHBLM TIPOCTPATICTBOM i IIpocTpancTsa k.
JdueMeHTaMH CONPSKEHIION0 IPOCTPAHCTBA CIY/RAT JLLHEUHBE Henpepss-
Hble gfopmbi, OIpeflelleHHbIC 1A mpocTpancrse F.

He cuemyer cvemuBaTh TOHOZOTHYECKOE CONPSKENHOE IPOCTPAHCTEO
C aa2e6pauteckum Conpadcentblt, KOTOPoe COTEPKUT BCe JuHeitnte dop-
Mbl (KakK HempephiBHEIE, Tak U He SBIAIOLMECT HellpephBIbME). Eciru
NPOCTPAHCTBO £ MMeeT KOHEYHYI0 DPAa3MEepPIOCTL 72, TO TOIOJIOTHIECKOe
CONPSI/KEHHOE IPOCTPANCTBO COBNAJACT ¢ AMTeOpPaUdeCKHM COTIPSKeH-
HBIM 3 MMeeT B DTOM CJIydae Ty 7Ke Pa3MepIocTh 7, 9T0 H MpPOCTPaBcTBo k.

2%
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Mu Gynem o00603HagaThb TOMOJOTHYECKOE COMPAKEHHOE IIPOCTPAHCTBO
K mpoctpaucTBy K uepea E*. Ilpocrpanctso E* obmamaer cTpyKTypoi
6amaxoBa UPOCTPAHCTBA.

AHaJOTHYHO AN KOMIJIEKCHOTO GaHaxoBa IpocTpaHcTBa £ ompene-
JAeTCA TOHOJNOTHYECKOe compsipkennoe mpocrpanctso L (E; C).

IIpumep 3. Aueebpa L(E; E), ede E — Garnaxoso npocmparcmeo.
Hax Mpr yske sHaem, npocrpanctBo £ (E; E) aBiaserca GaHaXxoBHIM.
B £ (E; E), noMEMO OCHOBHHX OLiepaiuii, pacCMOTPUM OILepPAaIHIO

(8, N—gof

B HazoBeM ee ymHoxceHuem (BooOIme roBops, OHA HEe KOMMYTATHBHA).
Jsa 9T0oro yMHOMKEHUA HMMEIT MECTOo CleylInme COOTHOINEHH:

(g1+82)of = (g1of) + (821,
(Ag)ef=n(gof) (1.7.1)

(oHnm cregyroT M3 ompegeneHUN CYMMHI gy - g, JUHEHAHBIX 0TOGparKeHHit
O OpaBHJIA YMHOMKeRAA JHMHEHHOro orobpakeHHs g Ha, CKaJap A).
Kpome Toro, B CHMIy JNMHEHAHOCTH OTOOpayKeHHA g

go(fi+fa)=(g°f1)+(ge12),
ge(M)=nr(gef).
N3 coormomennit (1.7.1) u (1.7.2) naTekaer, uTo ecad oroGpaskenme f
$uKCHpOBaHO, TO OTOOpasKeHHe g—> gof AUHEHHOo, a ecau g PUKCApPOBa-
HO, TO oTOOpa)keHue f — gof nuneitno. Takoe oToGparkeHue HA3HBaeT-
ca 6usuneiinoin (cM. Hmxe m. 1.8).

Ecan B BekTopHOM mpoctTpaHcTBe A ompefesieH BHYTPeHHHUH 6uauteri-
Kbl 3aKOH KOMOO3UIUHU (HASBIBAeMbIA YMHO)KEHHEM), TO rOBOPAT, 9TO
A of6namaer cTpYKTypoll a.eze6pbl maj OCHOBHEIM moieM. Jra aixrebpa
accoyuamugra, ecim YMHOeHHe accornuatuBHo. OueBHAHO, YTO IpO-
crpancteo £ (E; E) 6ymer acconuaTuBHO ajrebpoit nag monem R (coor-
percrsenno C), ecnm E — pgeficTBUTENbIIOE (COOTBETCTBEHHO KOMILIEKC-
HOE) BEKTOPHOe MPOCTPAHCTBO. B manbHeiimmeMm MBI GyaeM omycKaTh 3HAK
YMHOKEHHSA o, IPOCTO 0003HAYAA Yepe3 gf KOMIO3UIHIO 0TOOparKeHUH go f.

B anrebpe £ (K; E) sagana mopma, obmamalomasi oOMTHBIMU CBOH-
CTBaMH HOPMBI BeKTOPHOro mpocrpamctBa (cM. H. 1.1) u, kKpome srtoro,
yHoBierBopsomas, coriacuo (1.5.1), ycaosuio

Hefii<<ilgll -1t 1 (1.7.3)

(cBOMCTBO HOPMHL IO OTHOIMIEHHI0 K YMHOMKEHUIO),

Haxonen, ectm E — 6anaxoso npocmparcmso (9T0 NpeamoosKeHne
ME OydmeM cYMTaTh BHIIOJNHEHHBHIM A0 KOHImAa nDaparpada), TO mpo-
crpanctBo £ (E; E) noano uo wopme (B cuny teopemnl 1.4.2). Torma
M GymeM roBoputh, 910 £ (E; E) — 6anazosa asze6pa. Bonee T09HO
6amaxoBa anrebpa A — sro aarebpa ¢ HOpPMOH, yAOBJeTBOpAWINEH
ycaoBuwo (1.7.3), koropas mosHA OO TOH HOpMe.

(1.7.2)
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3 ameqanne. He caengyer gymMaTs, 9To BCerga mMeeT MeCTO paBeH-
erso || gf ! = llg ||-lif . Hanpumep, Bospmem E = RE:. Ilycts oroGpa-
senne f (COOTBETCTBOHHO g) — NMPOEKIUA TOYKKM miuockocTnm R? Ha mep-
BYI0 (COOTBETCTBEHHO BTOPYIO) KOOPAHHATHYI och. Torma

gf =fg =0,
B TO BpeMA Kak

Hifl=1, llegll=1.

B caepyomux AByX TeopemaX, OTHOCAIIMXCA K TeopHu GaHAXOBHX
aare6p £ (E; E), ucnoab3yerca TeOpHS HOPMAIBHO CXORAMUXCA PAKOB.

Teopema 1.7.1. Ecau E — 6anazoso npocmpancmeo u f € £ (E; E),

mo psd

D I

n!

nz=0

cxodumes HOPMAABLHO.
1 -
O6Gosumauenune. Cymma paga 2 an ofo3nagaerca gepes exp f.
n=20 )

HJdoxasareasncrTBo. Yciaosumea, dro o =1, eAuHUIEHH
aJeMeHT ajarefpH (TosKmecrBenHoe otobpaskenue F— E). Hasee, u3 He-
pasenctBa (1.7.3) Boirekaer, 9TO

i<t
Takum o0pa3oM psa U3 HOPM MAKOPHPYETCHA CXOAALIUMCA PAIOM
1
D syl =exp i £]]
nz0

(oOHYHAA YKCUOHEHIWAJbHAA (QYHKUUA NefCTBUTEILHON DepeMeHHOM).
Teopema poxasama.

Ynpamxuenmue. [{okasars, uro ecau gf = fg, To
(exp /) -(exp g) = (exp g) -(exp f) = exp (f + g).
N3 ganrsoro cootHomenus m toro, garo exp (0) = 1, BuTeKkaer paBeHCTBO
(exp f) - (exp (—f)) = 1.
CrnenoBatensHo, exp f — o6pamumuili snement npocrpancrea £ (E; E).

3aMeaadue, Toxpko 9T0 HodyueHHBIH pPe3yaLTAT CHPABEHIHME
s rio0oit 6anaxoBoit anreGpH.

Teopema 1.7.2. ITycmv E — Ganazoeo npocmparcmeo, U Rycmb ae-
meem u € £ (E; E) makos, umo
lul <1

To20a 1 — u ssasemcs obpamumvim saemenmoM ¢ aazebpe L (E; E).
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Hdorazareasbctno. Pag
Dlut=tbud et
n=0
CXOOUTCH HOPManbHO, HOCKOIBRY || u™ || < || uw |[*, a reomerpuueckas
mporpeccust Zo” u |[* cxomurcs B cmay upegmosoikenusa || u || <<1.
nz

O6osmauum depes v cymmy psa ) u”. Torpa mpoussesgenie
: n=0

vu = uv

opencrasiasgeTr coboii CYMMY pAfa 2 u™. OTCIO,U;B BHITEKaeT, 49TO
n=1

vl —uw)=01—-uwv=1.

CremoBsarensno, v — obparubii siaement gis 1 — u.

3aMedaHnmune. Jra TeopeMa cupaBefausa Iis a06oi HanaxoBoi

axare0pH.
B kauectBe caemctBusi us Teopems 1.7.2 momydaercs

Teopema 1.7.3. IIycmwv E u F — Ganazosw, npocmpancmea. O6osha-
yum uepes Isom (E; F) nodmnoacecmso npocmpancmsa £ (E; F), o6pa-
30sannoe uzomopgpusmanu E — F (cm. ompepenenne n. 1.6). Tozda

(2) nodmromncecmeo Isom (E; F) omrpumo ¢ £ (E; F);

(b) omobpaxenue u—s> u=t mogmuoxecrsa Isom (E; F) ¢ npocmpar -
cmeo L (F; E) Henpepuigro.

HJoxasareansbctsno. Crauara 3aMeTuM, 4UYTO MHOMKECTBO
Isom (E; F) moser 0biTh nycTo (ecum upoctpauctBa £ u F ue uzomopd-
HH). B arom cayuae yrpepswmenue ouesummno. Ilpegmososkum, uro
Isom (E; F) me mycro; mycrb siaeMeHT u, € Isom (E; F). Yr1Bepxae-
HEe (a) Oymer MOKasaHO, €CJHH MBl YCTAIIOBHM, 9YT0 BCAKHH 3JIEMEHT
w €L (E;, F), docmamouno 6Au3kuli ® Ug, ABIACTCH H30MOPOHIMOM.
s usomopduoctu orobpakenns u: E — F HeoOX0gUMO M FOCTATOMIIO,
uT0o0Bl O0TOOpasKeHne

(wo)u: E—~ E

6510 m3oMopguamom. B cumry rteopemsr 1.7.2 muaa Toro, uTo6m oTodpa-
sxeHme (1g)™! u mpeacTaBasano coboit uaoMopPuaM, T. e. GHLIO 06 paATUMBIM
3MeMeHTOM B npoctpanctee & (E; E), docmamouno, urobsl || v || << 1, e
(we)yu =1 — .
Hanee, umeem v =1—uj'v = u;" (uy—u), oTKyIA
lvll<lfug |-l w—uoll- (1.7.4)
Takum ofpasom, eciu

1
=l < gy
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To || v || <<1, u moroamy otobpaskenue u — uzomopdusm. Taxuy obpasom,
BCAKHI BJIEMEHT 1, HOCTATOUNO OAM3KWH R Uy, €CTh M30MOPOHHU3M.

(Brumanue! He cregyer cumTaTth, 9TO =1/ ue |]))
Temeps mam octaizoch morasatd yreep:xrgenue (b). Ilockonbry

ut= (w1l —v)?t=01—v" ()

TO
u‘l—-(uo)‘1 =[(1 —v)"t — 1] (uy) . (1.7.5)
Tar war (1—v)?t= Zov
(1) —1= 3 0",
=)=t < Jlvlr =l
nzi

U3 gopmynsr (1.7.5) Brireraer, aro

-1___ -1 -1 “ v “
|| w (o) || < H ug' il - EEE (1.7.6)
Cornacuo mepasenctsy (1.7.4), || v || crpevurca 0, Korga u cTpeMaTcA
K Uy, Torga u~t crpemMurca K () ™! B cuay nepasercrsa (1.7.6). 3maunr,
o0paTHHI deMentT u~! ABIAeTCA IeNpepHBHON (YHKIUENd OT U HA MHO-
skecrBe Isom (E; F). Teopesa moxmocTsio Jokaszala.

3ameuanue. lHycrs npocrparnctsa £ n F mMeOT ofilry U TY ke
KOHEYHYIO PasMepHOCTH 1, a Ipocrpancteo L (E; F) peamusyercsa rax
IPOCTPAHCTBO MaTpHIy Iopaaka n X n. Haxk ussectHo, martpuma f
1a3riBaeTcsa o0paTuMoil, ecnu ee ompemenurens det f me paBen nymnwo. Tax
rak orobpaskenue f-—>det f mpocrpanctsa £ (E; F) B mpocrpancTteo R
{cooTBeTcTBeHIO B IpoctpaunctBo C) mempepslBHO, TO npoolpas MOMOJ-
IeHHA K IiylII0, KOTOPHIl sABAseTcA He YeM WHGLIM, Kak Isom (E; F),
omEpum. ITO PACCY/KIEHHe ABJIACTCA B HAHIEM YaCTHOM CIy9ae HOBLIM
gorasateancTsoM M. (a) rteopeust 1.7.3. Urobnr mokasaTts yTBepy/eHue
(b), mocrarouno samucaTh B ABIOM BHe OOPATHYI0O MATPUILY.

1.8. Ionuwrnuelinble HenmpepbIBHBIE OTOOPATKEHMS

Bragame mamoMmuMm HeKOTOpHE ajdrefpauuecKhe OUpeleJeHusd.
iIyers E,, ..., E, u F — Bertopusle mnpocrparcrBa. OroGparkenue
fTE, X ... XE,~>F
I1a3HIBAETCA NOAULUHETHBM (OUIANeHHBIM, KOTAa 1 = 2; TPUIHIICHHEIM,

Korga n = 3), ecau A modoro mexoro k € [1, n] u musa awo6o# cructTemu
axementoB a; € E; (i 5= k) «uactuunoe» orobpaskenme

xp—>f (a5, -+ .y AQpog, Thy Argpy - - ., Q)
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npoctpancTsa Ej B mpocrpaHcTBo F munefino. Ipyrumu ciosamu, ecan
3aQMKCHPOBAHEL BCe IlepeMeHHBe, KpOMe OOHOH, TO oTobpakenwme f
AMHEWHO BaBMCHT 0T ocTaBmeiica mepemenHoil. 113 atoro ompenemenust

clefyer, 4TO MOJNIHHeiiHoe oroGpaskemme f (x4, . .., Z,) obpamaercs
B HYJIb, €CJH XOTs OBl OMHO U3 MePEMeHHHX Z; PaBHO HYI0. B gacTHOCTH,
{ paBHO Hym B Hadaide roopmmuar (0, ..., 0). 3amerum, uro pmiIs

TMOJTUMTNHEAHOr0 OTO0pasKeHns
FAzyy oo oy Apz) = Ay o oo A F gy o 0oy 2p)e (1.8.1)

ITpuwme p. Bossmem B KadwectBe mpocrpancts Eq, ..., E, u F
qanciaoskie mons. Torjga npoussederiie n 3JeMEHTOB TOJIA

Aho o oo Ay
mpefcTaBigeT coboil momnanHeHAHYI0 QYHKIMIO HePEMEHHBIX Ay, . . ., Ag.
Ilpepmonosxkum Ttemeps, uto E,, ..., E,, F — nopMupoBaHHbIe
BEKTOpPHEIE IpocTpaHcTBa. Torma mpoussenenue F;, X ... X E, obxaa-

ZaeT CTPYKTYpOil TOMOJIOTMYECKOTO MPOCTPAHCTBA (KAK IpPOU3BeJieHUe
TOWOJIOTMYECKMX TPOCTPAHCTB). B 9TOM caydae pa3yMHO IIOCTaBHUTD
BOIpOC, ABNsETCA JU orobpakenme f: Ky X ... X E, — F Henpepnis-
ueiM. Caepywomas teopema oGobmaer Teopemy 1.4.1:

Teopema 1.8.1. Tyecmv E,, . . ., E,, F — nHopmupoeanrvie 6eEmopmuie
npocmpancmea, u nyemdv f: By X .. . X E,— F — noauauneiinoe omot-
paxcenue. Tozda caedyiowjue Ycaosus sKEUSAAECHIMHBL:

(a) omob6pascerue f mHenpepuieno 6 40601 mouke npocmparcmea
E;x ... XEy;

(b) omobpascerue f nenpepwieno ¢ nauase xooplunam

0,0,..,00€EE; X ...X Ep;
(c) nopma || f (x4, . . -, Zp) || 02panuderna na npoussederuu eGUHUNHL
wapos
Tz T, -z IS L
JlokazaTeabcTBO BeHeTCHA TAak sKe, KAK U JOKA3aTEJHCTBO TEODPEMEHl
1.41. Owuesupno, uro (a)= (b). Jlaa noxasaremrsCTBa TOro, 4dTO
(b) = (c), samerum, uro ecau orobpakeHHe [ HempepHBHO B Hadale
KoopauHar, To mpoo0dpas egUHUIHOTO Hapa M3 F ABJIAETCA OKpecT-

HocThI0 Hagana Koopaurat (0, . . ., 0) B mpocTparctBe E; X ... X E,.
CrnemoBaTesibHo, cymecTByer Takoe uuciao r > (0, uro

(Il z; || < 7 s mooro &) = (I f (21, « . oy zR)|| < ).

Orciona moxydaeM, yuutsiBasg cpoiicrso (1.8.1), aro

(| z: || <1 nna moboro i)——;»(llf(xi, R xn)“<",in‘)’

K ycaosme (C) JOKazaHO



§ 1. Oébsop ocnosnbix nowamull 25

ITpepmosioskmM Temeps, 9T0 oTOGpaskeHWwe f YHOBIETBOPAET YCIOBHIO
(c). llycty ameno M > 0 rakoso, uTo

(Il | <1 maa moGoro &)= (Il f (21, -« ., &) [| < M).
Torga gnsa M06GEX T; MoTydaeM
Pl @ ) IS M Tzl 2 |l (1.8.2y
JlokasxeM, 9To B BTHX YCIAOBHAX oTOOpaskeHHe f HEeNPEPEHIBHO B IIPOM3-
BOJIBHOH Touke (@, . . ., @), T. €. 4T0 (¢) = (a). CocTaBUM pa3HOCTHL
@y, ooy z) —f(ay, o .. ay)=
=f(xy — ay, T3 -« o, Tp) + f(ay, Ta—as, T3, ..., TR) L
° e +f(a1v cvey Qpoyy Tp — an)>

[IIpoBepka aTOro paBeHCTBA He MPEACTABIAET HOJBLIIOTO TPYHAAR, TaK KaAK
f — apauTuBHag QYHKIOUA 110 KOKKOW mepeMeHHON B OTAEIHHOCTH.]
Hopma neBoit qacT# MasKoOpHPYeTCsa CYMMOE HODM 4WIEHOB IPABOl YaCTH.
CrnemoBarenpHo, TPHHNMAasA BO BHEMaHue HepaBenctso (1.8.2), monydaenm:

Nf @y -y 2p) —F (@ ooy an) IKM|lzy—ay |I-llxg ] - -0 l@n Il
+Mi||zy—a|lay |-zl - - N2l 4 -
coe M lzy —an [clay 1] .- ] ap (1.8.3)

Mycrs | 2; — a; || < e mpn oo i. Torma ||a: || < lla; || + ¢, u,
CJIIeloBATEIbHO, CyImecTByeT Takoe wucio A > 0, aro

(lz; —a; || < & gna awoboro )= (|lz; || << A maa xamwboro i).

N3 pasencrsa (1.8.3) momyuaem, dro

(@ ooy zn)—F(ay, ..., an) || <MA! (2]1 | 2: —a;||) <nMAn—te,

(1.8.4)
KaK TolbKo || z; — a; || < & pua awboro i. Ecam uucao &€ > 0 mocra-
TOYHO Mayo, T0 yuciao A Mosker OBITH BHIOPAHO HE3aBHCHMO OT €. Torma,
Kak TmokasbiBaeT HepasenctBo (1.8.4), f (zy, ..., z,) crpemurcs
K f(a, ..., a,), KOTHA OTHOBPEMEHHO BCE I CTpeMATCH K ap (k =
=1, ..., n). CiuegoBatenvuo, oToGpas;kenne [ HenpepbHi6HO B TOUKe
(ay, ..., @;), M [OKA3areJbCTBO OKOHYEHO.

O6oswauenue. Bymem ofosnasars wepes £ (Ey, ..., E,; F)
MHOKeCTBO HeIpepPHIBHBIX JHHEHHHX oToOpaskenuit E; X ... XE, —>
— F. 910 MHOKeCTBO, 0YeBHHO, ABJAETCA MOAUPOCTPAHCTBOM BEKTOP—
HOTO IPOCTPAHCTBA JWHeAHBIX orToOpamenmi E; X ... X E, > F.
Hus saementa f€ L (EyX ... XE,; F) monoxum

Wf I =sup || f (zy, - . ., z3) I

npmn ”xk “<11 k:17 27 IR (2
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Torga B cuny uepasencTsa (1.8.2)
TR 2 SO | 0 | I | A | (1.8.5)

rae || f || ects Hanmensbinee us guced M > 0, nua KOTOPEIX HEPaBEHCTBO
(1.8.2) umeer mecto.

Yunpamuenune 1. Ilposepurs, uro || f | sABaserca wopmoi
Ha BeKTOpHOM mpocrpaHctee L (E,, ..., E.;

Yupamuenue 2. Iloxasars, wro ecau F apiasgerca GaxHaxo-
BBEIM MPOCTPAHCTBOM, TO ¥ HOPMUPOBAHIIOE BEKTOPHOE IIPOCTPAHCTBO
L (Ey, ..., E,; F) sapnaercs GanaxoBeim. (IIpoBepra BegercA Tak
7Ke, Kag B cayuae n = 1; cm. e m. 1.4.)

IlpumMmep OHMIUMHeHHOTO HeOpPepHBHOTIO OTOBG-
pamenuda Ilycrs E, F, G — HopMEPOBAHHBIE BEKTOPHEIE IPOCTPAH-
.crBa. Paccmorpum orofparkenue

¢: & (F; G) x £ (E; )~ £ (E; G,
-ompenelicHHoe COOTIIOMIeHMeM
¢ (8 ) =geof
KaK KOMIOBHIUA 0To0paKeHUH

g F—~G u f:E—>F.

Kax Mol y:xe Bugenu, 910 oTobpaskenue 6uaunetino. Kpome roro, ussecr-
no, gro (cm. (1.5.1))

Hgef < 1Ilg -l

Caenosarensro, ecau |[f <1 u ||g|l<1, 7o ||geof || << 1. Takum
o0pa3om, OunuHeiiHOe OTOOpa;KeHME ¢ ABIACTCSA IIENIPEPHIBHEIM # €ro
HopMa ||l ¢ || < 1.

1.9. EcrecrBennaa usomerpus ¥ (E, 15 G) ~ L(E;, £ (IF; @)

Omnpenmenum cHadaja oTobpaskenue
¢: L (E, F; G~ L (E; £ (F; G)).

lyers f € £ (E, F; G). Orodopaskenue f (z, y) mpexacrasiser coGoi
PDYEKIUI NBYyX mepeMenHbXx x € E m y € F. llpu ¢urcUpoBaumHOM X
orobpaskenne y —> f (z, y) ABIAseTcA IHICHHBIM 0T00pasKeHEEM IpOCTPaH-
crBa F B G; oGosHaumMm ero uepes f, (7acrHoe oroOparkeHme). Umeem

e @) Il =1 Hz ) NNz 111yl
CrnepoBaTelIbHo,

= < WAl ] (1.9.1)
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Jdro osmavaer, 4To oTo0paskeHue f, JUHeHno M Henpepuino (LOCKONBKY
€ro HOpMa KoHeuna). Torga CoOTBeTCTBHE Z —> [, Hoposkaaer oTobpaske-
ane g: E— £ (I'; G). HewmocpencTBeuno TpoBepsercs, d9To OHO
auneitro. Ycanosue (1.9.1) sanuckBaercs B Bune:

g @ N7z

Orcroopa BHTeKaeT, uro oTodpaskernue g nenpepssro u || gl < I f |- Ta-
KuM ofpasom, Ra:kgoMy oTobpaskenuio f € £ (E, F; G) MBI conocTaBus-
eM orobpaskenue g € £ (E; £ (F; G)). Oupegeany HoBoe oToGpaskeHMe
@. Jlus sroro Mel moumouMm ¢ (f) = g. Jlerxko samermTs, uTO O0TOOpAIKe-
uue ¢ auueiino. Tax war ¢ nmepesogut f B8 g u || g || < || f |, To HOpMa
o || < 1. Tenepsr Mm ompegeanm oOpaTHOe oToOpasienue

v ZL(E; £ (F; )~ £ (E, F; G).
Yro6H TOCTPOUTD P, PACCMOTPHUM JUIeHOe HeNpepHBHoe oTobparkeHue
g E—~ L (F; G).

Hua z € £ oro0paskenue g (x) ABisercsa JAHHeflHBIM M HeNPEPHBHBIM
orobpasenuem I' — G. Torna nasi z € E, y € F orobpasnienne g (z) -y ecThb
6uaunetince orobpaskenue

fi E X F—G.
Tar kax
g (@) 1<l g -l ],
TO
@ pl=lg@yi<llg@I-Nyl<lgl-lizi-lyll
13 sroro mepamencrpa caepyer, 9ro oTo0parykeHHe [ Henpepueno H

Hrn<iell

Tarkum obpazom Kkammomy orobpaskenuio g €L (E; £ (F; G)) Mm
cTaBUM B coorpercTBue orobpaskenue f € L (E, F; G). Iloxoxum mo
onpenenennio f=1 (g). Torma mul omupejenuM orobpaskenue P Jas
awboro g €L (E; L(F; G)). Ho nocrpoenuio p auneitino. boxee Toro,
Tax Kar P mepesogur ¢ B f u || f || < |lgl|, To mopma || ¢ || < 1.

W3 npuBejeIiioro ocTpoeHns sCHO, 4To 0TOO paskenusi ¢ 1 p ABIAIOT-
¢ B3auMHo obpaTHsMU. Torga Yo @ ecTs TosKAecTBeHIloe oToDparkeHUe
npocrpauctea £ (E X F; G) ¢ nopmoii, pasuoii 1. Orcioga

T=1lpee Iyl llell
a TOCKOMBLKY

o 1<t v II< Y,
lell=1, 1yl =1

CaeoBarennio, orobpaskende ¢ CoxpansaeT HOPMY, T. e. ABIACTCH U30-
Mempueli, 9. T. 1.

TO
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§ 2. JUOOEPEHIIUPYEMBIE OTOBPAJKEHUA
2.1. Onpegenesne gugepeHEPYEMOro OTOOpPAKEHHA

Pacemorpum GanaxoBs mpoctpaHcTBa £ 1 F, oTKphITOE HEIYyCTO® MHO-
mectBo U — E u oro6pasxenne f: U — F. Jlna rawmpoit Touku a € U
ompejeaseTcs Clenylolee OMHOWEHUE IKEUBAAEHMHOCMU B MHOKECTBE
TUX (PYHKRIMUIA.

Onpepexenne. OroGpasxenns f;: U— F wu f,: U — F kacaomes gpyr
apyra B Touke a € U, ecanm yurnmsa

m(r)=_sup |fi(z)—f(2) ],

llx—allsr

ompefelleHHaA I BCEX MOCTATOMHO MAJHX uhced r >  (Tak Kak MHo-
sectBO U OTKPHITO), YAOBIETBOPAET YCJIOBUIO

lim 20 _o, (2.1.1)
=0 r
r>0
HIH HHa4Ye, eClIH
m(r) = o (r). (2.1.2)

IIpenocTaBiseM YUTaTENIO NPOBEPHUTH, YTO OTHOINEHHE «OTOOPAKEHU A
fi ¥ f, racaoTca apyr apyra B TOYKe a» ABIAETCA OTHOINEHHEM
SKBMBATEHTHOCTH. B 9acTHOM ciydae, KOT/ia O(HO W3 paccMaTpHBAEMbIX
oTo0payKeHUN ABJIAOTCH HYJIEBHIM, MH IPUXOAMM K IMOHATHIO 0ToOpaske-
HOs, KacameibHoe0 K HYJNeBoMY OTOOpasKeHHMIO B TOYKE 4.

Ws ycmosua (2.1.2) caexyer, 910 B Toure a yHruus f; — f, nenpe-
puerha U paBHa Hyxdio. Taxum oOpasos, gBe (YHKIUH, ABIAOINNECH
KacaTeJbHBIMA B TOYKE @, HPUHUMAIOT B 3TOM TOYKe OJHO U TO 7Ke 3HAYe-
HUe; eCJHM Oflla M3 HUX HENpPEePHBHA B TOYKE @, TO M BTOpPasA OYHKOUA
HempepeHBHA B 3TOH TOYKe.

IMIpumep. IIycts g — nuneiinoe orobpaskenne E — F (mempe-
puBaoe man Her). Ilomomum

@) =gz —aq

M TOCMOTPHUM, SBISETCA JIH 0TOOPajKeHHEe [ KacaTeNbHBIM K HYJeBOMY
oTOOpayKeHHI B TouKe a. ViMeem

m(r) = |lgllr;

3HaydT, ecnum m (r)/r crpemurca k O BMmecte ¢ r, 10 || g || = 0. Uraxk,
g — Hyaesoe omobpasicerue. OTCIONA BHITEKAeT, 9TO /JIA HPOU3BOJBHO
3agagHoro otobpaykenusa f: U— F cymecTByer He 604ee 00H020 TAKOTO
auneitHoro orobpaskenusa g: E— F, urto orobpaskeHus

z—>f@) —f@urn z— g —a
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KacaloTcA APYr Apyra B ToUKe a. Dojee TOro, eclIM Takoe IMHEHHOE
oTofpaskenne g CYIIEeCTBYeT, TO U3 HEIPePHIBHOCTH f B TOYKE @ BHITEKAET
HenpepHBHOCTH 0TOOPAKEHUA g B HadajJe KOOPAUHAT (U BCIOAY, HOCKONb-
Ky g AuHEeHHO), u ofpaTHoO.

Onpenexenne. Otobpaskenne f: U — F dugdepenyupyemo ¢ moure
a € U, ecau BBHOOJNHAKTCA CJeLyIIHe YCIOBUA:

(i) f HepepHIBHO B TOUKE a;

(ii) cymecTByer Takoe nuHeiHoe orobpaskenue g: E-— F, dro or106-
pakerus z— f(z) —f (@) m * — g (r — a) KacalorcA ApPYyr Apyra
B TOUKE Q.

TTocneynee ycaoBue MoKeT OHTH 3a0UCAHO MHAYE:

i@ —f(@—g@—all=o(lz—al). (2.4.3)

Ecan orobpaskenue f muddepeHnmupyemo B TOUKe @, TO, KaK 3TO
CJeqyeT M3 OPefbIYIMEero 3aMedaHUsA, eMHCTBEHHOE COOTBETCTBYIOWee
emy quneiiHoe oroGparkeHue g Henpepbigho. OHO HNpUHALJIEIRUT ITPOCT-
panctey £ (E; F); mp1 0603HauuM ero depes f (a) 1 Haz0BeM RPOU3BOTHBM
ot orobpaskenus f B Touke a.

Jamum sxBuBaJieHTIIOE ompenellenue: otobpaskenue f Jugdepernyupy-
emo 6 mouke a € U, ecau cywecmsyem eduncmeennoe aunelinoe omobpa-
aenue g € £ (E; F), 0an romopoeo umeem mecmo (2.1.3). 3amerum, gro
Torga ¥3 HEHpepHBHOCTH g BHITEKAET HENPEPHIBHOCTEL OTOOpaskenus
f B Touxe a.

Cootnomenune (2.1.3), ucnonbsys oGosnadenue [’ (a), MOMHO 3amHM-
€aTh TaKk:

1f@—f(@—f()@—all=o(lz—al) (2.1.4)

IHpuwmep. Iyers F — peéicrsurensnoe 6anaxoBo TPOCTPAaHCTBO
u U — orkpeitoe nogmuoxectBo B R. Torma orobpaskennme f: U — F
siBasiercA ¢QyHKuUMed MeHCTBUTENBHOTO MNEPEeMEHHOTo. J3aMeTHM, 9TO
B CUNy KaHohudeckoin msomerpun £ (R; F) ~ F puddepenuupyemMmocTsh
oToOpaskenus f B TOUKE @ HKBUBAJIGHTHA CYIMECTBOBANUIO TAKOTO 3Je-
MerTa ¢ € F, uto

i) —f@) —(—acll=o(z—al.

YlHage roBOpsA, OTHOMICHUE

f(z)—f(a)

r—a

(st £~ a)

TOJLKHO uMeTh npenen ¢ € F, korna x crpemurcsi k¥ a. Taxkum ofpasom
MBI moJayaaem ofiblanoe ompejfesienne MPOU3BOAHON oT Qynkuun neiict-
BUTEALIOrO NEPeMeHHOT0 €O 3HAYeNUsiMH, HpUNajje;kxamumMu GanaxoBy
apocTpanctsy F

OGosuauny sesnanny ¢ uepes [ (o). Jlumeitnoe otobpanienne

t— 11" (o)
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npocrpanctsa R B F ABadeTca odemenToM upoctpancrsa L (R; F),
KOTOPBIA COOTBETCTBYET DJIEMEHTY ¢ IPU ecTeCTBEeHHOH maoMerpuu F
~ £ (R; F). Mb oGosuauuan ero depes [ (a). 3aMeTHM, 9T0 MBI HCIOJIb-
3yeM ofiio M To ;Ke obosHadenue f' (a) mas sreMenTa mpocrpanctBa F
U COOTBETCTBYWOIIETO eMy aieMenTa npocrpancrea £ (R; F). To sxe camoe
oTmocHuTCsa U K caydar mpocrpaucrBa £ (U; F), rme F — roMmiIexcHoe
0aHAXO0BO NPOCTPAHCTBO.

f
Bepuescesn r obmery cayyar: nyers £ D U — F.

Onpegeaenne. Otobpasenne [ dugpdepenyupyemo na mHosxecmee U,
ecau ouo aunddepeHIpPyeMo B Kaskmod Touke a € U

CremoBareabro, Mbl mMeeM orobpaskenne a— f' (a), Koropoe Gymem

0003Ha4aTh IPOCTO Uepes:
ffU—> % (E; F).

Har yske orMmeuamnoch, MBI HasbeBacM [ npousgodnum omobpajceHue
or mubdepeHIIPYEMOTO 0TOOPAKEHH A f U—~ F. Mue Bugum, gro §
oroGpasmzaer upoctpaucrso E B F, a f' oroGpaskaer E B £ (E; F).
Hanomuuy, uro eccnm £ = R (coorsercreenno ©), a F — pelictnuTtens-
Hoe (COOTBETCTBEIIHO KOMILIERCHOE) 6aIlax0BO IPOCTPAICTBO, TO MOHLHG
orosrpectsuTh £ (R; F) ¢ I (coorsercreenno &£ (C; F) ¢ F). Tarum oGpa-
30M, xIs QYyHROUMH f ReflCTBUTCILHOTO (COOTBETCTBEIIHO KOMILIEKC-
HOr0) TIEPEMEHIIOro MOYKHO OTOX/IeCTBHTH IIPOM3BOMHOE 0To0pasikenuc [
¢ HeKroTopbM oTobpaskenuen U— F.

Onpegenenne. Orobpasremue f: U — F nenpepuisno dugidfepenyupye-
Mo (uHave ropopsi, npunadaencum ¥ raaccy CY), ecan

1) f nuddepentpyemo na muosrectse U, 1. e. guddepenmupyenoc
B Raykmoit rouke af U;

2) upomspognoc orobpaskeuue f': U— L (E; F) Henpepuigro.

(He caenyer 3adpiBarn, uro mpocrpanctso £ (£; F) ciaberno HopMoi.
OTHOCHUTEJNBII0 KOTopoil omo spasercst OamaxopeM. Cruepgosarensuo, U
u L (E; F) —‘Tomomoruueckue ImIpoCcTpaIcrsa.)

SaMeydanue o0 mouaAtTuu pguddepedmuLpyeMo-
ctu. llyers, rar Bcerma, f — ncupeprBHoe orToOpaskenne U — F,
rne F — Gamaxoso mpocTpaHcTBO, a U — OTKPHTOE IIOJMHOKECTBO
B Ganaxosoym mpocrpamcree E. 3amennm HopMB mpoctparcrs £ m F
na skBuBagentuse (c. m. 1.6). OGosnaunym vepes || x || crapyo HOpMY
aneMeHTa z € E, a HOBYIO HOpMY — uepe3 ||z ||;; IPH 9TOM TOHOJIOTHSA
npocrpancTBa F, Tak jKe RAK TOIOJOTHSA pocTpancTsa F, ne maMennres,
nopMuosiectso U ocramercs OTKPLITHIM, a oToOpaskenne F — mempe-
PHIBHBIM.

Hpepmomenne 2.1.1. Eecau omobpascenue | dudpepenyupyemo 6 moure
a € U omHocumeavro cmapuwx HOpMm, Mo 0HO makdce duddepenyupyemo
6 mouke a omnocumeabHo Hogwx Hopm. IIpu amom snauerue npousgodHol
He MeHAEMCS.
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HeficrBurensno, tor ¢arr, 4TO OToopa&\eHHe 7 muddepennupyemc
B TOYKE @, 4 eT0 IPOU3BOAIIAg B DTOM TOYKe ecTh dideMmenr g € £ (E; F),
BHIPAIKAETCA CJIEAYIOMUM PaBeHCTBOM

I/ @) —f @—g—all _

lim
x—>a ”x——a”
x=a
[TockoabKy HOPMH || | u | ||; skBUBaNeHTHH B K, 10
1 1
<M
lz—ally =7 [le—a]l

roe M — urcuposaumoe umexo. Tar Kak B IpocTpamcTBe F HOPMBL
[| |l mw || [l raksaie SKBUBAJEHTHLI, TO

f@—fT@—-g@—alh<M|li@—F(@—g@—al,
rage M’ — ¢urcuposannoe uncio. OrTcioma
[/ (x)—/(a)—g (z—a)]ls < MM’ [[/(x)—F(a)~g(x—a)' l

Jz—al] [ e—afl

Tak Rak mpaBasg 4acTh IOCJEIHEI0 HEPABEHCTBA IO LPEJIOI0MEeHUIC
crpemurca Kk 0, Korga z crpeMures K @ (0cTaBasgch 5= @), TO JeBas YaCTh
rakike crpeMnTea & 0, w4, 1. 7.

2.2, llpousBognass ciaokuoit ¢Gynrgum

Hyers E, F, G — GamaxoBnl mpocrpancTtBa, U — oTKpbITOC 10—
muoskecTBo B K uw V — orxperroe momvuo:kecrso B F. Paccatorpum
HEOPEePHIBIBIC OTOGPATKeNLSA

ffU—>F, ¢g: V-G
u rouxy a € U. Ilpepmomoskun, aro rtoura b = f (a) € F npunagiesrur
nonmioskecTsy V. Torpa amoskecrno f~1 (V) < U orkpsito 8 E 1 copuep-
JRUT TOURY a. B o1om orkpuiTos mmosiecree (oGosnaunm ero U') ompenme-
IO CIOKHOE OTOlpaskelriie
go f: U —~ G.

Teopema 2.2.1. Ecau omoGpanxcenue | dufdepenyupyemno ¢ mouke a
u omobpascenue ¢ duiepenyupyemo ¢ mouke b = f (a), mo omobpasce-
rue h = gof Ouepernyupyemo 8 mouke a w UMECTN MECMO DABCHCIMEO

() = g (0)o] (a). (2.2.1)

WNnnvu cxosasu, xueeitnoe orobpaskenne &’ (a): £ —> G npegerasiaer co0oii
ROMNOBANHUIO NHHeHHBX oTofpaskenniit f'(a): £ — F u g’ (b): F — G.

Joxasarenncrtsno. Ilo npepmososkenuo,

f@=7(@)+7(@(—a+¢@—a), (2.2.2)
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Tae ¢ — oToOpaskeHHe, KacaTelbHOoe K HYJIeBOMY OTOOpa)KeHHI0 B Hada-
Jie KOOpAWHAT, T. e.
llo (z —a) ll=o(llz —al).
ABaJorn4Ho, 0 IpeAuoJI0KeHHUIO,
gy =8+ ¢ Oy —0b +vy—b. (2.2.3)

e [y — o)l =o(ly —2bl).

Ouennm pasHocts h (z) — k (a) = g (f (z)) — g (f (@)). Bocmoxs-
3yeMcs paBeHcTBom (2.2.3). 3amenss B ueMm y Ha f (z) u b ma f'(a),
TMoNMyuaeM, 9To

h(z) —h(a) =g (f(a)-(f @) — [ (@) + ¥ (f (z) —f(a)).

3aMeHNMM B BTOM COOTHOIIeHHM pasHocTh f (z) — f (a) ee 3madeumeM,
nonydenauyM u3 (2.2.2). Torga, npunuMas Bo BHHMaHHe TOT PAKT, 9TO
orobpamenue g’ (f (2)) ectv auneinas Pyurmua F — G, MH mOIyYAM
Clenyoomee pPaBeHCTBO:

4(x)—h(a) = (@ (f@)f (@)(z—a)+ ¢ (f(@)-¢(z—a) +
+ ¥ (f (@) — 1 (a)).

Yrobs goxasaTh, 4To £ — gudpdepennupyemoe orobpakeHue B TOYKE
a, a ero npomspoguaa paBHa g (f (a))of(a), mocTaToyHO UOKA3aTh,
4r0 BTOPOHl M TpeTHH WieHH B NPABOH YaCTH KACalOTCA HYJIEBOrO OTOO-
PajKeHus, T. €. 4TO

g (f(a))-oz—a)ll=0(llz—al (2.2.9)
Ny (@) —f@)lil=o(llz—al. (2.2.9)
Vs gopmynsr (2.2.4) caepyer, 410
g f(@)olz—a)lI<Ig (@) ll-lle(z—a)ll

U3 coornomennsa (2.2.5) HaxomuMm, dUro

o (f (=) —F (@) Il =o(llf (@) —f(a) Dy
a ¢ 1I0MOMBIO cooTHOImeHUA (2.2.2) moxydaeM HepaBeHCTBO

@ —f@I<M:z—all

(rme wmcao M > [| f'(a) ||). Takum oGpasom, m3 coorHomenna (2.2.2)
BBEITEKAeT, YTO IoC/Ie/iHee HepaBeHCTBO MMeeT MeCcTo, eCia HopMa ||z — a ||
mocrarouno Mazna. Teopema 2.2.1 goxasaHa.

2.3. Jlmneitnocrs onepauun AudgepeHIupoBaHMA

Pacemorpum o6uuit caydgair, Ilyers U — OTKpBITOE MHOIKECTBO
B OamaxoBoM mpocrpamnctBe E, a F — GaunaxoBo mpoctpanctso. llycTs
f u g — orobpaskeniua U — F. Ux cymmoill umasnBaeTcsa oToOpakeHUe
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h: U — F, oupenenentnoe mo GopMyie
h(z) =f(z) + g (z) (caomenme B F).

ABanornuHo, mpomsBegenueM Af diaeMeHTa f Ha YHCIA0 A HA3BIBAETCA
oroGpaskenue k: U — F, ompepenennoe umo dopmyae k (z) = A.f (z).

Ipeninosxenne 2.3.1. Ecau omobpasxcenus f u g dugppepenyupyems
8 mouke a, mo omobpaxcenue h = f 4 g duddepenyupyemo ¢ movke a u

R (a) =1 (a) + &' (a).

Ecau omobpancenue | dugpgepenyupyemo ¢ moure a, mo omobpaycenue
k = M Oudgepernyupyemo ¢ moure a u

k' (a) = Mf (a).

WNupivu  cimoBamu, otobpamenua f: U — F, puddepenmmpyemsie
B Touke a € U, 06pa3ywT BeKTOpHOe mpocrparcTtBo V,. OHO sABIserca
nodnpocmpancmeom TPOCTPAHCTBA BeeX oToGpaskenuit U — F, a orobpa-
smenne f— f' (@) ABuaserca auHelnsln 0TOOPaKEHHEM B3TOTO IIOIPO-
crpauctsa B Z(£; F). Ilogo6HO 3TOMY MOKHO 3aMETHTh, YTO MHOKE-
ctBo orobpaskenutt f: U — F raacca C* (ma U) Tarixe ofpasyer Bek-
TOPHOE MIPOCTPAHCTBO, ABIAOIEECH IOAIPOCTPAHCTBOM IPOCTPAHCTBA V.

2.4. TlpoussopHbpie HEKOTOpPHIX (PyHKIMiI 9ACTHOro BHAA

Ipepnosxenne 2.4.1. Ecau omobpascenue f: U— F nocmosuno,

mo oHo duggepenyupyemo u ezo npoussodnas [ (z) pasmwa Hyawo 8as
a06o20 x € U.

JT1orT (aKT BHITEKAeT HENOCPEJCTBEHHO M3 ONpe/ieseHni.

Mut yBupuMm manee (cm. § 3), aro Bepmo um obpartHoe: ecan [ gudde-
penuupyeMo, f'(z) = 0 pgaa mioboro z € U m MHoxectBo U ceasro,
T0 orofpassenne f mocToAnHO Ha MHOyectBe U.

IIpegmosxenne 2.4.2. Ecau f: U — F ecmb cyxcenue auneiinozo nenpe-
pugroeo omobpancenus E — F (rkoTopoe wacto Takike oGosmadaercsa f),
mo ono dugdeperyupyemo u

' (@) = f 8aa awboeo x € U
[T. e. nponsBomuas nAuHeHHONA QYHKINH IIOCTOAHIA; He CIeAyeT 3a6LBaTh,
9TO TOCHeNuss SBIAAETCA dIeMeHTOM mpocrpancTBa £ (E; F)]. 310
opefioKeHe HEeTPYMHO IOJYIUTH M3 OIpeleeHH.

Temeph paccMOTPUM HPOM3BOAHYIO OusuHeliH020 HenpepyeHozo omo-
bpascenus

f: Ei X Ez“*’F,

rie uepes Ky, E,, F o6osmadens GaHaxoBH IpocTpaHcTBa. Bmawame
MBl OHpefleTHM Ha Tpomssefenmu Ly X E, cTpyKTypy GaHaxoBa Ipo-
crpaucTBa. [us atoro BBefeM cuavana Ha E; X E, cTpyKTypy eexmop-
3—743
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Ho2o mpocmparcméa. MHE mon0EEM
(@1, x2) + (Y1, y2) = (@1 + Y1, T2 + ¥2),
A (2, 25) = (Azy, Azs).

B wacrmoctn, (zy, 25) = (24, 0) + (0, z,).
Ocraercsa BBeCTH HOPMY; DONOKHEM

(@ 22) Il = M2 (1 + 122 . (2.4.1)

Mos<HO 1POBEPHTH, UTO ATO AEHCTBUTEIBHO HOpMA, 3afjalomasa ua £, X E,
monoaozuto npousgedernus. Tar kax mo mpegmonomenuno £, m E, —
TOJIHEIe ITPOCTPAHCTBA, TO IpocTpancTBo Ky X E, moamno mo BBeJeHHOI
Ha HeM HopMe.

3 amedaHHUe. BMecro HODMHI, ompesenenHoit paserctBoM (2.4.1),
MOKHO OBLIO OBl B3ATh KAKYIO-HUOYDB APYIYI0 9KBHBAJIEHTHYI0 HOPMY,
naopumep sup ([l zy I, [l 2 I)).

Teopema 2.4.3. Ecau omobpawxcenue f: E; X E,— F 6uaunetino
u HenpepugHo, mo [ Ougdeperyupyemo u ezo npou3eodHas 6 mouke
(ay, ay) la; € Ey, ay € E,) onpedeasemes pasencmeom

1" (a4, ag) (hyy hy) = f (B4, ap) + f (a4, k). (2.4.2)

B sroii popmyne hy € Ey, hy € E,, a neBag gacTh — 5T0 00pa3 BeKTOpa
(hy, hy) € Ey X E, upm orobpaxennn [’ (ay, ax) € £ (Ey X E,; F).

HJowrasareuancrtso. [Tockoasry
flay + hyy az + ko) — f (a1, as) = f (B, az) + f (a1, k) + f (R4, Bo),
TO BCe GyAeT MOKa3aHO, €CIW MBI IOKayKeM, 4TO
17 (s, o) 11 = 0 (1] (b, o) 1D
Ilo oupemenenuo HOPMEL || (B, ho) || = || ks |] + || o || Tar wax
1f Ry o) (1T el Ry 11T R (TN (U Aa O 1 A2 (D%
1o scuo, 4to (|| Ay || + 1k [)* = o (Ilhy [| + [l A2 [l), @ 1. &

O6o6menue. Byuecro npomssefenus 0Jeyr OaHAXOBHIX MPO-
cTpancTs E; m E, MOMKHO DPaccMOTPeTh NPOU3BEfleHUE

E,x ... XE,,

rae n — HekoTopoe Henoe 4dmeao. Ila aTom mpomsBefeHMM MBI OIpefe-
JUM CTPYKTYPY BeKTOPHOTO IIPOCTPAHCTBA W HOPMY

[CARRESYESRENT

KOoTOpas 3ajaeT TOIIOJOTHUIO IIPDOM3BEJEeHUA. HYCTI)
f: E1>< o e XEn—>F
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ecTh HONWINHeHHoe HempepnBHoe oToOpaskeHme. Torga yTBep:kieHHe
teopeMbl 2.4.3 MoKeT OBITH pacuIpoCTpPaHEHO CIAeLYyIOmUM o6pasoM:
orobpaskenue f gupdepeHmuUpyemo

f,((liv [EENE ] an)'(hh ¢ e 0y hn) = f (hiv aZa o o ey an) +
+ fay, oy @3y « v oy @) -+ oo Fflay, - . anog, Ry (2.4.3)
IB flay, ..., a,) MB 3aMeHgeM IIOCJeJOBATENbHO RazKmoe a; Ha h;,

He TPOras OCTANBHBLIX @;, W CKIAJBIBAEM IIOJYYEHHBIE WIEHB; HX CYMMa
JdaeT TpaByl 4acTh paBenctBa (2.4.3).] 9Ty TeopeMy MO/KHO JOKasaTh
oo MHAYKIUA. Mbl IpegocTaBJiseM 9YHTATEII0 CHeaaThb 3TO0 B KadecTBe
VL payKHEeHHS.

Bor eme omum mpumep: B teopeme 1.7.3 Oblmo onmpepedeHo Henpe-
prigroe oTobparkeHue

u —>ul

muoxectBa Isom (E; F) (oTkpeitoro B 6aHAX0BOM IIPOCTPAHCTBE
& (E; F)) nma Isom (F; E) (oTkpeiToe B (amaxoBOM IIPOCTPAHCTBE
£ (F; E)). llycrs ¢ — aro oroGpakenme, T. e. ¢ (u) = u~l. Momuo
cudTath, 4To ¢ orobpaskaer muomectBo Isom (E; F) B GamaxoBo mpoct-
paucreo £ (F; E). Torma umeer cMBICH TOCTAaBHTH BOUPOC 0 Juddepen-
mupyemoctu . lIpomsmogmnas orobpaskeHus ¢, eCau OHA CYMIECTBYET,
JomkHa OBITH 3MEMEHTOM IIPOCTDPAHCTBA

(& (E; F); £ (F; E)).

Teopema 2.4.4. Omobpascerue ¢ npunadaexcum k Kaaccy C' va omrpui-
mom mruoxcecmee lsom (E; FYy < & (E; F). Eeo npoussodnas onpede-
AREMCS  PABEHCMBOM

¢ (uyh =—ulohou odua hEZL (E; F). (2.4.4)
Howasatenbcrtso. llocMoTpuM cragama, 9To IIPeACTaBJIAET
coboit mpasas 9acth dopmyas (2.4.4). CuMBoI o 03BHaUaeT 37eCh KOMIIO-
3HOUI0 HEeTMPEePHIBHHX JUHeNNBIX 0TO0PasKeHui:
u-1 h u-1
F——F ——F —>E.
CnegmoBatenbHo, IpaBasg 9acTh ecThb dieMeHT mpocrpancrBa £ (F; E).

Hnsa norasarenscrBa Gopmyns! (2.4.4) upugagumM aprymMenry u «IpH-
pamenue» h:

pw-+h) —eW=>uw+h"-uv'=
=W+ h)lo(u—(u+h)oul=
= —(u-+h)rtohoul
Teneps mist LOKA3aTembcTBA TEOPEMBI JOCTATOYHO IIOKA3aTh, 4TO S
3ajgaHuoro anementa u € Isom (£; F) pasmocts Meskay (u + k) 1o hon1

3*
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o (nmeelimoit mo k) pyurnueis ulohou! ects o (j|k ||). Umeem
(u+hTohoul—ulohoul=(u-+h*—ulohou,

OTKYIa
w1t ohou —utohou | < || (wth)? — ut |- u ]| 2.

Tagmm o6pasom jgocratodno yGeputhesa, uro || (w + 2)™t — u~! || crpe-
muTcsa k O, Korma k crpemutca k 0. 9T0 yTBep:keHHe CHPABEIINBO, TaK
KaKk orobpaykenne u-—»u~! nenpepwieno (teopema 1.7.3).

WNrak, Mb JoKasanl, 9To oTobpaskeHne ¢ muddepeHIHPYeMO BO BCsA-
Koi Toure u € Isom (£; F) m ero npoussomuasg ¢ (u) Mosker OBITH
BHIpaskena o gopmyae (2.4.4). Jlasa morasaresbCTBA IPUHAMICHKHOCTH
K Kaaccy Cl! mokaskeM, 4To oTo0paskeHme

¢': Isom (E; F)—> £ (£ (E; F); £ (F; E))
nenpepbisno. BeegeMm mas aroro rtarkoe ofGosmadenme: gus v € L(F; E),
weEX (F; E) obosmauum dwepes ) (v, w) auHeiinoe orTobpajkeHme
h—> —vohow
apocrpancrBa £ (E; F) B upocrpaucrso £ (F; E). Torma us doprmyan
(2.4.4) Brireraer, 9TO
@ (u) =¥ (™, u).

3dmaunur, otobpakenue (v, w) — Y (v, w) mpocrpancrea L(F; E) X
X £ (F; E) B mpocrpamctBo £ (£ (E; F); £ (F; E)) 6ununeiino;
K TOMY K€ OHO leIpepbiBHO, uGO

My @, wy kil =llvehow [ < |lv-lk]

Orcrlona BoiTekaeT (cM. coorHomedme (1.4.2) u cpenaHsLle U3 HEro
BHIBOAEI), YTO

w .

I @ w < v ll-llw]l.
Crnemoparenbno, {V OmiInmelino M HempepHBHO. ITO 03HAYAET, YTO OTO-
Opasenue
u—>¢ (u) =1 @ u)
AIBIAETCA KOMIIOSUIMEH HenpepwsHozo oTobpamenus u—(u™l, u™l)
muoskectBa I[som (£, F) B mpocTpaicrso
L(F; EYy X &£ (F; E)

" Henpepusgnozo ortobpasenus (v, w) — VP (v, w). 3uauurT, OHO CamMo
HempepsBHO, 9. T. II.

3ameuanune. [Tosnmee Ml yBHOUM, 9TO 3TO oToGpaskenme Nud-
depennupyemo.



§ 2. Juippepenyupyemue omobparenus 317

YUactruwmid caygaid teopeMmnu 2.4.4 Ilycrv E = F =R
(coorBerctBenno E = F = C B xomuiercuoMm caydae). Torga aumeiimoe
orobpaxkenne E — F onpefensieTcsi HEKOTODLIM YHACIOM, KOTOPOE MbE
obosnaunMm uepesd u. as Toro urobel oToGpaskeHme, 3aJaBaeMOe 3THM
9UCI0M, OBLIO U30MOPGUEMOM, HEOOXOTUMO M JOCTATOYHO, YT00h u == (.
Torga muoszecTBo Isom (R; R) MoskeT GHITH OTO/KIECTBICHO ¢ OTKPHITHIM
DOJAMHOKeCTBOM IpocTpancTBa R, o6pasoBaHHBIM siaementamMu u = 0.
Teopema 2.4.4 yTBep:xjaer, 9T0 B 9TOM cjaydae oTobpaskenme u — 1/u
guddepenupyeMo M ero mpomsBogHas pasHa —1/u?. Ito Kaaccuue-
CKHUIl pesyJbTar.

2.5. Oyuxkuun co 3HAYeHHsIMU B IPOU3BEeHUH 0AHAXOBBIX NPOCTPAHCTE

IIpennomoskuM, 970 IPOCTPAHCTBO [ eCcTh NPOH3BEJEeHHE KOHEYHOI'O
MHO;KecTBAa & GaHAXOBHIX IPOCTPAHCTB:

F=F X ... X Fy.

Bregem caegyomue o6osmagenusi. Ilycts mus no6oro mesaoro i, Takoro,
gro 1 << i <k,
Di: F— Fi

ecTh 0TOOpasKeHHe, NPOEeKTHPYIolmee BCe IIPOM3BeJeHMe HA ero I-bli

MHOKHUTEJb, B IIYCTb
Uj: Fi — F

eCTh MHBEKTHBHOE OToGpajkenme, 3aJaHHoe C MOMOIIBIO (GOPMYJIH
ui(z)=0@0, ..., a; ..., 0

[0 crour Beromy, kpome i-ro mecral. Jlerxo Buerb, 9TO HempepHIBHHE
AuHeHHbe 0TO0pa/KeHNs p; W U; YAOBIETBOPSIOT CAEAVIOUIMM COOTHO-
HIGHMAM:

pi o u; = 1p; (TosmpmectBennoe orobpaskenne F;),

h (2.5.1
Dujop;=1p (TommecrsemHoe oToGpakeHme F).
i=1

Ilpepao:xenue 2.5.1. IIycmo f: U — F — nenpepwishoe omobpaxcenue
(ede U — omrpumoe mnoxcecmso e 6anaxosom npocmpancmee E). Jas
duppepernyupyemocmu  omobpaxcenus f & mouke a € U neobxodumo
u docmamouno, wmobw 0as awboeo i, ede 1 < i<k, dynryus f; =
= p;of: U— F; 6uaa dupgepernyupyemoil 6 mouke a. Ecau omobpa-
wcenue [ dugdbeperyupyemo, mo

R
@)= 2 uiefi(a). (2.5.2)

HorasaTenbcTBo HerpyaHo. Jlumeilnsie oroGpaennsa p;
n u; guppepennmpyemnl. Ecam orobpasmenue f auddepenmupyeno,
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TO CJ0/KHOe oTobpaskeHue p;o [ nuddepernupyemo (reopema 2.2.1) m
fila) =piof (a) €L (E; Fy).

O6parno, ecam orobpamenus f;, i =1, 2, ..., k, nuddepennupyemnr
B TOYKe @, TO B CHIY BTOpPOro M3 coorHolmenwi (2.5.1)

R
2 Ui °Pi°f:f7
R i=1
T. e. f= Zu,o]‘, CnemoBarensro (cM. Teopemy 2.2.1 m mpejose-
=1

gEe 2.3. 1), orobpasienne f mubq)epeﬂunpyel\m B TOYKE @ M

1’ (‘l):ig1 u;ofi(a), 4. T. A

3amegaunne. Orobpamenue f': U— Z(E; F) menpepsisHO
TOTJIA U TOJBKO TOTAA, Korga orobpamenus fi: U — £ (E; F;) nenpe-
PHIBHBEL AaA BCeX .

II p m me p. Ipmvenum NpefLIAYIee MPEToiRenue K CIyIaio, Koraa
F = R" (coorBetctBerio C"). Tlomommm

Fi,= ... =F, =R (coorsercreenno C).

Torga sagamme otoGpamenns f: U — R" sxBuBasentHo 3ajanEmio k
aucaoBeX Qyurnmit f;: U — R (a mmenno, f; = p; o f). daa gudpdepern-
OEPYEMOCTH oToOpa/keHUsa [ HeOoOXOJUMO U [OCTATOYHO, 4TOOGH BCE f;
onurn guddepenppyenmeinu. Torga mpousBomuas f' (a) ecth JuHeHHOe
orobpasnenne E — R* ¢ wommonenramu [ (a), . . ., fx (a).

IHpumep. Pacemorpum 7Tark e, Kak B m. 2.4, OGHIuHe#HOE
menpepelBHOC oroGpaskenue f: KBy X Ey— F. Ilyers u: U— E| n
v: U — E, — nBa uenpepuiBunix orobopamenus. C momompio orobpaste-
oA [ onpefgeaun ¢pyurnuio w: U — F 1o ¢opayie

w(z) = f (u (), v (). (2.9.3)

Ipepgnoskenne 2.5.2. Iyemos Pynryuu u u v dupgepenyupyemnst
¢ moure a € U, Toeda Pynryus w dudgepenyupyema 6 amoti mouke
u ee npoussodnas w' (r) onpedeasemcs pasencmeom

w (a)-h =f @ (a)-h,v(a)) + f(u(a), v (a)-h) das h € E. (2.5.4)

OHorxasaTteansctTBo. B cuny upenmoskenns 2.5.1 orobpaire-
pue z — (u (2), v (z)) muHoskectBa U B E; X E, puddepenumupyemo
B TOYKE ¢ W ero HMPOM3BOJHAsA ecTh JuHeiHoe oTOOpasenue

h— (' (a)-h, v (a)-h).
C gpyroit cropouni, oro6paskenne f: Ey X E, — F puddepenmupyemo
B d1060i Touke mpocTpaHcTBa K; X E,, Tar Kar OHO Ominmeduno um He-
opepeiBHO (Teopema 2.4.3). OroGpammenue w, oupefensemoe ¢opMmy-
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ot (2.5.3), mpepcraBiaser coGol KOMIOBHIHWI CJAeAYIEX 0ToGpa-
JReHUH:
(u, v) f
U——>ExE, —F.

Ciaemgosatennuo (teopema 2.2.1), oHO puddepeHNEpPyeMO B TOYKE @ 1 €ro
IPOMBBONHAA DAaBHA KOMIO3UIUM IPOMBBOIHBIX OTOOpAKEHMI.

Brimumem ¢opMyay fisg yKasaHHONX OPOM3BOJHOM: A 3TOr0 HYKHO
B cooTHomeHHnH (2.4.2) samennts ¢, Ha u (a), a, Ha v (@), hy Ha u’ (a)-h,
hy HA V' (a)-h. Torma Ml mosyamM B TOYHOCTH NPABYH YacTh paBeH-
crBa (2.5.4),

YUacrtuwnid caydgait Ilpegmomoskum, aro £ = R, r.e. 910
u W UV CYyTh (QYHKIHM uuciogozo aprymenra x. Torfa, Kak H3BeCTHO,
u’ (a)-h pasuo k-u’ (a) (upoussegenme u’ (a) € K Ha ameyno h), v’ (a)-h
paBuo h-v' (a) m w' (a)-h pasmo h-w' (a). Coormomenne (2.5.4) mpum
h = 1 pgaer

w' (a) = [ (W (a), v (a)) + 1 (u(a), V' (a)). (2.5.5)

Coornomenne (2.5.9) — sro ¢opMyaa i BHYUCACHHS OTPOHSBONHON
«IPOU3BEIeHUA» ABYX QYUKIUHA u M U IUCIAOBOrO apryMenta (Halpumep,
IJIA BEKTOPHOTO IPOM3BefeHHA IBYX (YUKIWI co 3mageHusMu B RS,
JUIA CKAlIsPHOTO IPOM3BefellMs ABYX (YHKUHE co sHadeHHMsMH B R™).
Ilpustenmar 51y GopMyay K ciaygaio, Korga mpoctpancrso Ky = E, = A
ABaAeTCA Ganaxodoli aszeGpoti (cM. m. 1.7), a orobpaskenne f: A X A — A
CBOANTCHA K yMHO;KeHHI0o B »Toii aare6pe. Torma coornowenme (2.5.5)
3AIMAIIETCHA CAEXYIOMHM 00pas3oM:

(uv)’ (@) = u’ (a) v (a) + V/'(a) u'(a).

B cayuae, xorma anre6pa A — UYHCIOBOE IIOJC, MLI IIOJydaeM OOLIIHYEO
$opMyay Qid NPOM3BOMHOM HPOUIBEMEHHs MBYX TUCIOBLIX (YIKIUIA.

2.6, Cayuaii, korga U — OTKpHITOE MHOKECTBO B Npou3BegeHHH OGaHa-
XOBbIX TIPOCTPAHCTB

[Mpegmomao:rum remepsn, ato £ = F, X ... X E, u U — orkpuiroe
muoswectBo B K. Ilyers f: U — F — numeiinoe oroGpaskenue. [as
moboro a = (a4, ..., @,) € U paccMoTpUM HUHBEKTHBHOE OTOOpasKe-
Hue A;: E;, — E, samaBaemoe ¢Qopmyioi

Ai () = (@15 v 00y @ity Tyy Qigty o o0y a,).

Torma caomnoe orofpaikenue fo A; 6ymeT OIpeAeNeHO HAa OTKPHITOM
muoskectBe (A;)! (U) < E;, comepixamem a; € E;. Taroe orobpaskenue
Ha3hBAETCA i-M JACTHHIM OTOOpaskemmeM B TOUKe d.

Onpenenenne. IIpoussomnas gactHoro orobpaskenus B ToOUKe a4 000-
3Hagaerca gepes f;i (@), mnm 0f/0z; (a), wnmm f”fz (ag, ..., a,), wim
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of/ox; (ay, . .., a,). Taraa npomsBogHAs HASLHIBACTCA YACMHOU RPOUS-
600Holl; OHA ABIAETCA dJIeMeHTOM upocrpaHctBa £ (E;; F).

Ipepnoxenne 2.6.1. Ecau omobpancenue f dugppepenyupyemo ¢ mou-
ke a, mo das awbozo yeaoeo i (1 < i < n) uacmuoe omobpascenue f o A;
dugppepenyupyemo 8 moure a;. Kpome moeo, umeem mecmo coomrowerue

f’(a)‘-(hl,...,hn)=‘=21f;i (a)-hi, 20e hiCEy ... ,hnCEq. (2.6.1)

Hoxasareuasnctso. OGosuaunm gepes u;: E; — E unbpexTus-
HOE KAHOHHMYIECKoe OoToGpajkeHue

u; () =0, «s., 0,24, 0, ..., 0).
Otobpaskenme u; nuuelino W HenmpepriBHOo. MMeeMm

A () = a + u; (23 — a;), A; (@) = a, (2.6.2)
OTKYZIA
Al (x;) = u; mas aw6oro z; € K. (2.6.3)

Ecnm oro6pasxenne f qupdepennupyemMo B To9Ke a, T0 f o A; quddepen-
mupyeyMo B Touke a@; (reopema 2.2.1) w (fod;) = f' (a)ou;. Tarum
ofpasom, mpomsBojHas fx, (@) cymecTByeT W ecTh He 9TO HHOe, KaK

f'(a) o u;. Torga pasencrBo (2.6.1) moamydvaercs m3 paBeHCTBA

o
Z Ujopi= 1E1
=1
(em. 2.5.1). Orcroma BriTekaer apyras ¢opma sanmenm Gopmyarnr (2.6.1):

; (' (@) owr) o pr =1 (a). (2.6.4)

SaMeuanue. B oramume or mpegnoskenua 2.5.1, B npemioske-
gou 2.6.1 me yTBep:kmaeTcda, 4TO0 M3 CYMECTBOBAHUA YaCTHHRIX IIPOMA-
BOAUBX fr (@) ciefyer CymecTBoBaHEE IPOHSBOAHOI f'(a). Mst eme
BepHeMCA K 3ToMy Bompocy B § 3.

IIpepmonoskuM Teneps, aro oTobpaskenme f nuddepeHnuApyeMo BO BceX
TOYKAaX MHOMecTBa U, M OyCTh

[ U—>% (E; F)

ecTh npousBoguoe orobpaskenme. Torga orobpaskeHHe «IaCTHASA IMPOH3-
BOJHAS)

f: U (E;; F)
npejcraBager coGoll Kommosmmuio oTo0pakenus f’ W JUHEHHOrO OTO-

OparkeHus
L (E; F)—> % (E;; F) (2.6.5)
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OHO cTaBUT B COOTBETCTBUE KA OMY THIEHNOMY HeIpepHBHOMY 0ToOpa-
weuuio ¢ E — F oro6paskenne ¢ o u;: E; — F, 410 BRITeKaer u3 coor-
HOIIEHUA

fe, (@) =1"(a)ous. (2.6.6)

Jluneiinoe orobpakenme (2.6.5) HeIpepHBHO, TaK KAaK ero HOP-
ma <{1. Orcroza caenyer, 9410 eciau IPOU3BOAHOE orobpaskenue ' mempe-
pbiBHO, To M orobpaskenms fy, nempephBum. OGparHoe yTBep:IeHue
TaKyKe CIOPaBeJIHBO, HOCKOJILKY W3 cooTHomennd (2.6.4) Brrrexaer, uTo
oToGpasenne f pPaBHO KOMIOBWIHWH CJIOMRHEX OTOGpasKeHmi

14

fx.
U—> £(Ey; F) — Z(E; F),

OpuseM opu JamHefinom orobpamennu L; (E;; F)— £ (E; F) pnemen-
Ty ¢; €L (E;; F) craButcs B COOTBeTCTBHE oToOpaskenme @; o p; €
€L (E; F).

Urak, umeer Mecto

I pepnoixenne 2.6.2. Ecau omobpascenue | duggepenyupyemo ¢ awo-

6oti moure muoxucecmeéa U, mo neobzodumbim u Gocmamounslm yciosuem

npunadaexcrnocmu | k' gaaccy C' agasemes HenpepuBHOCML RPOUIEOTHUEL
f,’c‘, U~ ZL(E;; F).

2.7. O0beauuenne cirydaes, u3y4eHunix B m. 2.5. n 2.6

Mpepmonomum, uro £ = E, X ... X E,uF =F X ... X F,.
Myers U — orkpuitoe muoskectBo B E u fi: U — F — oroGpaskeune,
auddepennupyeMoe B Touke @ = (@, ..., a,) € U. Torma orobpa-

wenus p;of = f; (tne p;: F — F; — mpoeknus I ma F;) puddepen-
OUpyeME B TOUKe @; CJAeJ0BaTeIbHO, CYMECTBYIOT YaCTHEIE IIPOU3BOIIBIE
dfi/oz;(a) (1 < i<Cm, 1< j<n). Ilpu atom

i (@) EZ(E;; Ey)

ox;

f’(a)zzuw

df;
52 (a) - q;, (2.7.1)

e
g;: E — E; — namoumueckas TPOEKIAA,

u;: F;— F — raHouuyeckas HHBEKIHA.

TakmM o6pasom, auReitHoe otobpaskenue ' (a) onpenensercs mampuyets
(6f:/0z;) (@). Ora maTpuma UMeeT m CTPOK W R CTOXOHOB (i — WHIEKC
CTPOK, TpUYeM [-A CTPOKA COOTBETCTBYET IIPOCTPALCTBY Fi; j — unpexe
cTonlH0B, mpH4eM j-ii croxbem COOTBETCTBYET LPOCTPAHCTBY Kj).
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PaccyorpuMm Temeph 6aHaxoBO TpocTpameTBo G = Gy X ... X Gp
¥ HelpepHBHOe 0ToOpasKeHue g OTKPHITOro MuoskectBa V — GB U < E,
auddepennupyemoe B Touke b € V, npuuem g (b) = a. Ecau mu oGosHa-
guM 4epes /2 CI0sRHOe OT06paH\eHI/Ie f o g: V—F, To momyuum, 9T0 MaTpH-
ua [(0h;/9yy) (b)] (rme yn € G, 1 <<k < p) Oymer paBHa mpousBefe-
Huo MaTpuisl (0g;/0yy) (b) Ha Manm);y (0f:/9z;) (a). MuniMu cmoBamm,

Fie ()= (@) 5EL v). (2.7.2)

Jyr

j=1
9T0 HEIOCPEINCTBEHHO BHITEKAeT M3 TeopeMH o JufdepPeHIUPOBAHUR
CNORHON PyHRIHAH:
k' (b) = f (a)og (b).

IIpuayenu™m npegpAymuii pesyabraT K ciaywawo, Korma E = R7,
F=R" (Ey=...=E, =R, Fi=...=F,=R). Torma
(0f:/0x;) (a) € R. Ecin kpome Toro, G = RP (G = ... = Gp = R),
T0 BCce mpousBopuse (dg;/dyy) (b) 6y,71yT qpcaaMH, B XNPaBOU JacTH
paBeHcrBa (2.7.2) ounepanus o cBefeTcsi K OOBYHOMY YMHOMKEHWHIO,
a paBeHCTBO (2.7.2) — K KiaccHuecKodl ¢opmysie s IPOU3BeIEHUA
ABYX MATPHI, ¢ YHCJOBHIMH 3JIeMeHTaMH.

2.8. 3armounrensHoe 3amedanme: cpaBHeHme R-muddepeHumpyemocTn
a C-paddepennmpyemoctn

Hax y:xe orveuasoch, IpefbIymias TeOPHA B paBHOH Mepe mpume-
HHMAa KaK K OJelicmeumesbHyM, TAK H K KOMRAeKCHWM OAaHAXOBBIM MPO-
crpaucrBaM. CpaBHHM 3TH jABa caydas.

IIyers £ u F — nBa GamaxoBeix mpocrpanctBa mapm moxem C. Mu
MOKEM CYHTATh MX O0AHAXOBBIMH NIPOCTPAHCTBAMH HAJ mmoaenm R: s
HTOTO JOCTATOYHO OTPAHUYUTHLCS DPACCMOTPEHUEM IPOU3BENeNUA BEKTO-
pos Ha Jeticmeumeavuble amcaa. Haupumep, C sBIsercs BEeKTOPHBIM
IpoCTPAHCTBOM pasmepHocTH 1 mam moimem € u BEKTOPHBIM NIPOCTPAH-
CTBOM pasMepHocTH 2 maj mojgem R.

Mycrs £ u F — Gamaxosel mpoctpanctBa Hapy C, U — oTkpsiToe
miosrectBo B E, f: U — F — uenpepsiBHOe oToOpaskenue U TOTKA
a € U. Paccyorpu /iBe BO3MOKHOCTH 1A oro0paskeHud f:

(i) / muddepeHIIIPYEMO B TOYKE a;

(ii) f nugpdepennmpyerMo B TouKe a, ecaid cuutarb £ m F Gawmaxo-

BBIMH TIPOCTPAHCTBAMA HaX moxaed R.
B unepsom cayuae mpomussommasi f' (@) — 9ro sumeliHoe uenpepuBHOE
orobpaskenue £ — F, tme caoso «aumeiioe» oszHagaer C-i1umHeiiHOCTE.
OBosnaunm gepes L (E; F) BenropHoe (HopMHDOBaHHOE U IOJHOE)

mpocrpancTBo C-auHEHHBIX HeIpepPHBHLIX 0ToOpasKeduil mpocTpancTsa £
B F. Bo BTopoMm cryuae npoussognas f'(a) upexncrasisier coboit R-numueii-
Hoe HeupepriBHoe oToGpaskenne E — F. OGosnauum uwepes ZLg (E; F)
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6aHaX0BO IIPOCTPAHCTBO R-THHEHHHIX HeMpepHBHHIX oTobOpasreHuHil F
B F.

Bearoe C-auneiinoe oto6paskenune R-1uneitno. Iloatomy Lo (E; F) <
c ;zﬁR(E; F). Tlocronbky GaHaXOBO TPOCTPAHCTBO Ze (E, F) noano,
TO OHO ABJIACTCA  3AMKHYMuM TOATPOCTPAHCTBOM IIPOCTPAHCTBA
55[]{ (E; F).

U3 npeamososenus (i) BrITeKaer, 9T0 CYIMIECTBYET TAKO€ CIMHCTBEH-
Hoe orobpamenne g € Lg (E; F), uro ||f(z) —f(a) — gz —a) | =

= o]l x — a). Us npegmomomennsa (ii) BHTexaeT, dYTO CYymeCTBYeT
TaKoe eAUHCTBeHHOe oToGpakeHue g € Ly (E; F), uro

[f(@) —f@) —glz—a)lff=0(lz—al)
fcuo, 9T0 13 BRIIIOJHEHUA YC10BUA (i) BRITeKaeT BHIOJIHeHUe ycaoBud (ii):
ecau omobpasxcenue f C-Ouggdepenyupyemo 6 mouke a, mo f R-duggepen-
yupyemo ¢ mouke a u ezo npousgodnas f'(a) e delicmeumesviom cayuae
coenadaem ¢ npousgooHoli 8 KOMRAEKCHOM Cayuae.
Obparno, npeanoxo:kuM, 4To oTobpaykenme [ saBaserca R-gudde-
pelnupyeMbIM B Touke a, M nycts f'(a) E‘Z[R (E; F) — ero mpomus-

Bonnasn. J{ua C-Ouggdepenyupyemocmu omobpadcenus f 6 mouke a Heol-
zodumo u docmamouro, umobul npouzeodnas f'(a) npunadiexcasa eex-
moproay nodnpocmpancmey L (E; F) npocmpancmesa LR (E; F).

Teopusa C-guddepennmpyeMpix GyHKIMA H3IaraeTcss B JPyroi gacru
Kypca «Maremarura II», B xoropoit mayuatorca C-muddepenimpyenmsie
GYHRIIE Ta OTKPRTLIX lTogMHoskecTBax npocrpancrea C. Takume GyHK-
[(UN HA3HBAIOTCH 2040MOPPHHHMU.

§ 3. TEOPEMA O KOHEYIIBIX MPUPATIEHUAX

3.1. ®opmyanpoBKa OCHOBHOI1 TeopemMsbi

Pacceyorpus tourm a, b € R, npudgem a << b. O6GozmaumM dYepes
la, D] sariRuyThIA OTPe30K, KOTOPHI OHH OTpAHMYUBAIOT.

Teopema 3.1.1. Ilycmv danvi Henpepvighbie auHelinble 0MoGpadNcenis
f: la, b1 - F, g: [a, b] > R,

ede F — 6anaxoeo npocmparncmeo. Ilpednososcum, umo omobpanenus f
u g duddepenyupyemnt 8 aw060ii moure omrpwmozo unmepsaia (a, b) u

1 @) || <g (2) 012 a <z <D (3.1.1)
Toeda
@) —7Fla)| <g(b) —g(a). (3.1.2)

Msl pokaskeM Gonee cHabHYIo Teopemy. llpeskne dgeM ee chopmymu-
poBaTh, JaguM
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Omnpepenenne. Orobpasxenue f: [a, bl — F umeer npasyio npouseod-
nyio B Touke z € la, b), ecam cymecTByer
. 1
lim — (f (& -+ k) — f (2).
h—0
‘ R0
dtor mpepmen obosmadaerca fy (r) W HaseBaeTcA npasoli npouseodHOl
oto6paskeHus f B TOUKe &. 3aMeTuM, 41O fy € F. AHAJOTHYHO MEI OIpe-
IeJMM, €CIM OHA CYIECTBYET, Jesylo npoussodnylo QYHREHMIO f B TOYKe
z € (a, bl:
' . 1
fi(@) = lim < (f (a4 ) — 1 (2).
heo
Oynroua f uMeer npousBogHylo f'(z) B Touke z € (@, b) ToTHa U TONB-
KO TOrfa, KOTHA CYIEeCTBYIOT W paBHH fi (z) u f; (z). 910 oueBmmHo.
Teopema 3.1.2. Ilycme danw HenpepuigHbie AuHeliHble OMOGPANCEHUNL
f: la, b1 — F, g: la, b] > R,

ede F — 6anazoeo npocmpancmeo. Ilpednooscum, umo onu umeiom npa-
evle npoussodnuie fr (z) u gy (z) 6 awboti mouke z € (a, b) u

I fa(@)||<gn(@) Oan a<<z<b. (3.1.1),

Toeda
@) —F(a) <g(®) —g(a)

Tarkum o6pasoM, Mbl ociebuau npednosoxicernus Tteopemun 3.1.1,
a yTBep:KOeHMe OCTaJoCh npeskuHuM. B aTom cmblicae Tteopema 3.1.2
cuabHee, ueM Teopema 3.1.1.

HMorasarteasbcTBO Teopemu 3.1.2. 3agagumca uuciaom
e > 0. IloxkaskemM, uTo

Nf@) —f@<g@ —g@+e@—a)+e (3.1.3)

masa aoboit Toukm x € [a, bl. Jorasas 9T0 HepPaBEHCTBO, MBI IPHMEHUM
ero A TouKku z = b u 3atem yctpemuM € k 0. B mpenmene MEI moryunm
gepaBencTBO (3.1.2), Koropoe HYXKHO OBIIO [OKas3aTh.

O6osnaunmM wepes U muoxsecTBo Touek z € [a, b]l, masa Koropwx
mepaBeHcTBO (3.1.3) He mMeeT MecTa, T. . JIA KOTOPHIX

[f@) —f(@||>g@) —g(@)+e@—a+e (314

Mbl xoTuM moOKasaTh, 4T0 MHOMecTBO U nycmo. [lokaskem cHagaia,
970 OHO omKpumo. JefCTBUTENBHO, MOCKOTBRY QYHKINNA f M g HO Ipef-
HOJIOMKEHUI0 HenpepblgHtl, TO KaK/bI U3 IBYX 4IeHoB HepaBeHcTBa (3.1.4)
apagerca HempephiBHol ¢yurnueir x. Takum o6pasoM, MH mMeeM Hepa-
BeHCTBO Buma ¢ (z) > 0, THe @ — HempepHIBHAA YHCI0Basd QYHKIIHS.
Kax usBectHO, TOUKHM Z, YHOBIETBOPAKIINE TOHOGHOMY HEPaBeHCTBY,
obpasyror omkpuimoe MEO:KecTBO. ClreoBaTenbHO, MHOKECTBO U OTKPHITO.
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Joramem temeps (0T IPOTHBHOIO), 9T0 MHOMectBo U mycro. Ecam Gml
MHOKecTBO U BBLITIO HEYCTO, TO OHO MMEJ0 OBl HUNMHIOW 2DAHbL ¢ U TOTAA
3JeMEHT ¢ VAOBJETBOPAJ OBl TPeM YCJIOBUAM:

(i) ¢ > a; B camoM Jieqe, mOCKOABKY obe dacTm HepaBencrsa (3.1.3)
HeIPePBIBHEL, OHO CIPaBeIUBO Aas JI060T0 2, H0CTaTOYHO GJIN3KOT0 K a.

(ii) c ¢ U; B camom pexe, MHO:KecTBO U oTkpeTo. Ecam 6m axe-
MEeHT ¢ TpHHaJIeRaa MHO:KecTBY U, cymiecTBOBajum OBl Takwe 3JjeMeH-
TH Z, uT0 @ << x < cm z € U. Torma Obl ¢ He OBLTO HEMKHEH TI'PAHBIO
MuosecTBa U,

(iii) ¢ << b; B mportuBHOM caydae MHOsKecTBO U cocrosmno Gbl M3 ofi-
HOX TOYRKM b m He OBLITO OTKDPEITHIM.

Targ rag a << c¢c << b, To B CHAY TIPEIUOJOKEHHA HalleHd TeopeMal

| fa(0) ]| <gu(o) (3.1.5)

ITo onmpeenennio mpaBoil NIPOU3BOAHON CYMECTBYET MHTEPBAT ¢ <L T <L
< ¢+ 1m (the > 0), B xKoTOpOM

I @ 1> ]|H2=19 ] -,
gn()<BD—LO 1 2
Wz otux nepasencts u (3.1.5) ciemgyer, €UTO
/(@) —Fl)||<g@) —gle) + ez —o). (3.1.6)
Hak Mb1 y;re damerunu, ¢ ¢ U; uHage ropops,
1@ —F@<g@—g@+el—a.  @LD
Wz nmepasencrs (3.1.6) u (3.1.7) BeiTexaer, dr0
@ —Ff@|<|/@ =TI+ 17@—F|<
<g(r) —g(@+ ez —a).
9To nepaBeHCTBO cnpaBe;UmBo s ¢ << x < c¢ - . Caemosarennno,

(3.1.3) myeer vMecto npu ¢ <Lz << ¢ + 1. . Ho r Torga Hepasedctso (3.1.3)
HuMeeT MeCTO BO BCeX TOYKax x<c—|—n n moromy inf U > ¢ + 1.
Mul NpHULIH K OPOTHBOPEYMIO, 9. T. J.

3aMeduanue. 3aMeHdAsd IPaBble IPOH3BOJHLIE 11a JEBHIe, Mbl HPH-
XomuM K aHajormulioi teopeme. OHa moaywaeTcsa us TeopeMur 3.1.2
3aMeHOll r ma —z.

Chopmyampyem Teopeny, Gojsee cuabHyI0, yeM Teopema 3.1.2.

Teopema 3.1.3. Hycmo f: la, bl - F u g: [a, b] — R nenpepuis-
Hble omobpaxcenus. IIpednosoxcun, umo so scex mourax x € la, bl, sa sos-
MONCHBLM  UCKAIOUEHUeM HEKOMOD020 CHemM020 MHo¥cecmea movex D,
<cywecmeyiom npasvle npouseodusle fn (x) u gy (x), ydosaemeopaowue
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nepagericmey (3.1.1), . Tozda

£ (b)) —f(a) | < g(b) — g (a). (3.1.2)
Yrasaunme K goKaszaTexbcrtBy., OGpazyeM mociemo-
BATENBHOCTD Ty, Lgy + « «y Lny - « +, WIEHAMH KOTOPOH ABIAIOTCA TOYKH

muoskecrBa D. Has xammoin tourn z € [a, bl oGosmaumm uepes N,
MHO;KECTBO TAKHUX IeJblX wHcea n > 0, uro z, << z. Torga ByecTo TOTO,
qT0o6b! JOKA3KBaTh HepaBeHCTBO (3.1.3), Kar 9T0 OBLIO CHeIao B TeopeMe
3.1.2, MBI JOKaKeM HepaBeIICTBO

[ f(x)—F(a) ]| <g(ax)— )-»—8(2 27") +e(z—a) +e.

3aTeM HY;KHO HOIOKHTH £ = b U yCTpeMHTL e ® O,

3.2. Yacrnble cxyyanm OCHOBHOM TeopeMbi

IIpennoaoscuy, aro mpocrpaucrBo F = {0}. Torna ycmosme teope-
sel 3.1.2 sammmercs Tak: «gp(z) > O», a yrBep:kiuenue rtar: «g (b) >
> g (a)». Ilpmyensas aToT BHBOX K ABYM NPOH3BOMBHLIM TOURAM Iy, I
R orpesra la, b), mBr moayumym, uwro g (z) > g (x,), ecan x; < z,.

Caenerpue 3.2.1. Ecaw omobpascenue g: la, D]l — R nenpepuisro
u uxeem npasyio npoussodnyio gn(x) > 0 daa wwboeo snavenus x € (a, b),
mo omobGpaxceiue g 6o3pacmaem (6 wuporoan cmvicde) na ompeske la, bl.

O6parmnoe yTBep:AeHIIC OYECBMAHO: €CIH BO3PACTAONIAA (OYHRIINA
obJsajaer IpaBoil IIPOM3BOJIHOI, TO 2Ta mpomsBognas > 0.

Ipuyennsr remeps reopemy 3.1.2 B cayuae, rorja ¢yunnus g (x)
mveer Bun g(x) = kx (smece Ak — ueorpunarcabnoe uncto). Torma
uepasenctso (3.1.1); mpespamaercs » mnepaseucrso || f; (2) || < k.
Orcoga nomyuaem

Caepersue 3.2.2. ITyecmo f: [a, bl — F — nenpepuisitoe omobpanxcerue
(ede ¥ — 6Ganazoso npocmparcmso). Ilpednoaoxcun, wmo f umneem npasyto
npousgodnyio fy(x) 6 a0boi moure x € (a, by wumo || f () || <k (B —
neompuyameavroe uucio). Tozda

17(0) =<k —a

| flxe) —fla) | <k lzs—a |, (3.2.1)

ecau xy, Ty € la, bl.

6osee 0610,

3.3. TeopeMa 0 KOHEYHBIX HPHPAINEHHAX NIA QYHKIHI, ONpereseHHbIX
HA OTKPBITBIX MHOKECTBax 0aHAXOBA IPOCTPAHCTBA

Ho cux mop MH paccMATPHBAAM OTOOPaKeHHUSA f, oOIpejeleHHBIE
Ha MuozkectBax mpocrpancrBa R. Temeps mycts U — OTKpPHTOE MHO-
;RecTBO B 0aHaxoBOM TpocTpaucTBe £ U f — HempepniBioe otobpa-
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skepue U — F, rpge F — GamaxoBo mpoctpanctBo. Hamomuum, uro
ecaiu ¢ u1 b — ABe TOYKM HpOCTpaHcTBa £, TO MHO:KECTBO TO4eK I CF
301 ¢

=1 —-ta+4th, 0t <1,

MBI HA3HIBa€M Ompe3rom ¢ ROHUAMHU @ U b.

Ilpegnoskenne 3.3.1. Ecau omobpascenue | dudepernyupyemno na mmo-
acecmee U u ompeaon c wonyamu a w b codepmcumes ¢ U, mo

IO =@l <lb—al- swp |f (1—ta+ )| (3.3.1)

HJowrasarteascrBo. llyets A (1) = f((1 — ¢) a + tb). Ode-
BUJIHO, 910 A () — pudpdepennmpyenmas pyHruua nepeMenuoro ¢. Ee npo-
M3BOJHAA paBHa

"W =F ({1 —=8a+4 th)-(b —a)
(cm. m. 2.2, TeopemMa o npoumsBoAHOH caokioil ¢ynkuuu). Orciona
(2@ <[ (1 —12)a+ tb)

Ucnonbsysa caegcrsue 3.2.2 (rme f samenena Ha k), moaydaeM OIeH-
ry (3.3.1), w. 1. 1.

I penmono:RIN Temeph, YTO OTKPHITOE MUORECTBO U 6uinyk.a0, T. €. 715
a06oit mapsl Touek a, b € U oTpesok ¢ KommaMu ¢ 1 b cogepskurca B U.
Na npegpomennsa 3.3.1 Jgerxo moaydaercs

Teopema 3.3.2. IIycmov U — omrpuimoe eunyraoe sHoxicecmso 6 6ana-
zosom npocmpancmee E u f: U— F — duggepenyupyemoe omobpasxice-
nue ¢ 6anaroso npocmpancmeo F. IIpednosoxrcua, umo

[/ (@) || <k darn awbuz z € U.
Tozda, waroswt 6w Hu Ovtau saemenmvt x, € U, x5 € U,
£ (@) —fla) | <kl — 2. (3.3.2)

Hepasenctpo (3.3.2) pusa pyuruuu f nasoisaercs k-yeaoguen Junwuya.
(910 ompeesIeKe MOMHO PACIIPOCTPAHUTE HA CIydall ABYX METPHUECKUX
OPOCTPAHCTE W OTOOpasReHUs OXIIOL0 W3 HUX B Apyroe.)

Caencreue 3.3.3. Iloaoxcum k = O e ycaosuu meopemw 3.3.2, m. e.
' () = 0 dasn awbozo x € U. Tozda omobpaxcenue f nocmoanno na U.

Mub yBuguM Rasiee, 4TO 9TO CJAEJCTBHE B AeHCTBUTCABIIOCTH CIIpaBen-
JAMBO He TOJBKO IS BHIYKJIOIO MHOKECTBA, 110 H B Oojee obIIeM cay-
qae, Korga wmuoxkectBo U ceasno.

Hamnonmumm, 910 Tonomorngeckoe npocTpaiictBo X 1asbIBaeM ceAaHblM,
ecau Ka;LApll pas, worma X TpeACTaBleNo B BHIe OO0BeIHHENHA OBYX
HenePeceraouyurcs OMEPLMBE MIOKECTE, OJHO U3 HHUX mycro (a Apy-
roe — 5T0 ¢aMo IpPocTpaHcrBo X).
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Teopema 3.3.4. Ilyemv U — omkpvimoe ceasnoe muoxicecmso ¢ 6ana-
zosom npocmpancmee E, u nyemv fr U — F — duddepenyupyemoe
omobpascernue 6 6anaxoso npocmpancmeo F. Ecau npouseodnas f'(x)
pasua Hyao npu aobom x € U, mo omobpascenue [ nocmoanno.

HorasarteansbcTBo. Ilyets ¢ — kakaa-uubyap TOYKa MHO-
sxecrBa U. MuoskectBo U cofiep:KUT OTKPHITHIA map B ¢ TEHTPOM B TOU-
Ke a. Tar kKax map B — BHIOYKJI0e MHOKECTBO, TO oToGpaskenme f
B cHay cuefcTBuA 3.3.3 mocroanHo Ha HeM. CIemoBaTenbHo, [ L0KAALHO
nocmoanna ua MHO;KecTBe U [roBopsAT, 9To (yWKIusA, ompeneneHHas
HA TOHOJOIMYECKOM MPOCTPAHCTBE, JOKAJIBHO HOCTOAHHA, €CHH Kaykgas
TOYKA 006MaJaeT OKPECTHOCTDIO, B KOTOPOil yukmusa mocroaunal. Mur eme
He HCIIONb30BAIHN IPEeJUOJOMKeHNe 0 cBA3HOCTH MHOkecTBa U. Jlns roro
9T06H HPUMEHHTH €r0, ZORAMKEM CJIeIYIONIYI0 JeMMY:

Jemma. Hyemv f: X — Y — nenpepwigroe omobpascenue Henycmozo
monoaozuueckoeo npocmparcmea X @ omodeiumoe moOnoA0UYECKOe RDO-
cmpanemeo Y. Ecau f aokaavno nocmosnwna, a npocmparcmeo X céasmo,
mo omobpaxenue [ nocmoanno na X.

Teopema 3.3.4, o4eBUALO, CaeRyeT U3 3TOM TeMMBl. JLORaKEM JeMMY.
ITycts b € Y. Torma npoo6pas f=* (b) samknym B X, Tak Kax oroGpa-
sRenne f IenpepeHIBHO K MIIoskecTBO {b} < Y 3aMKHYTO (Tomojorus
B npocrpancrse Y orpenmmas). C ppyroit cropousi, mio:kectso f=1(b)
omrpumo, Tak Kaxk orobpaskenue f JOKAJbHO IMOCTOAHHO., 3HAYUT, MIIO-
srectBo 7! (D) omHOoBpeMeHHO OTKPLITO M 3aMmiEHyTo. CiegoBaTeabHO,
npocrpauctBo X sABisgerca ofbefuIenneM oTKPBITOTo MioskectBa 1 (D)
U ero IOTOJIeHHs, KOTopoe Takske oTKPHTo. [lockoabRry npocrpancTBo X
CBA3MHO, TO, HO OUPENENEHHIO, OZHO H3 ITHX MIIOKECTB ecTh camMo X.
BoasyeM touky a € X, u nycts b = f (a). Torga f~1 (b) nenycro u moto-
sy f~Yb) = X. Urak gokasauo, uro f (x) = b miaa moborozx € X, 9. 1. 1.

daMeTHM, 9TO UPEeANONO/Kenust TeopeMbl 3.3.4 ABIAWICA Goaee caa-
Gumu, 9eM mpefHoioskeHusa caepcrsua 3.3.3. HeiictBurenpHo, BCAKOE
OTKPBITOE BBIIYKIOe MHO;KeCTBO U ¢BA310. ITOT QAKT BLITEKAET W3 Clle-

OYIOIero IpeJIoKeHus, SABIAIOMETrocs KPUTepHeM CBA3HOCTH MHOKe-
crBa U.

Mpepnoskenne 3.3.5. Iycme U — omkpuimoe MHONCECME0 8 HOPMU~
posannom éexmopHon npocmparcmee (nad nosem R). Caedywwue ycaosus
DKBUBANECHMHBL:

(a) mroxmcecmso U ceasho;

(b) dee npouseoavuvie mouru muoxcecnsa U moeym -6mmbv coedunernb
nymem, yeaurom codepxcawyumcs ¢ U,

(c) dee npoussoavrvie mouru muoxcecmea U moeym 6Guimbv coeduneHbl
AOMAROU Aunuel, yeaukom codepacawetica ¢ U.

[Ipesxpe wem mepefiTu K H0KA3aTENBLCTBY, YTOYHUM TePMHUHEI, HCIOIb-
soBanubie B (opmMynupoBke ycaosmit (b) m (c).
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Omnpenerenne. Mb1 OymeM HasHBATL AymeM B TOMOJOTHYECKOM IPO-
crpancTBe X HenmpephiBHoe orobpaikenue ¢ orpeska [0, 1] = R B X.
Toura ¢ (0) maseiBaerca navatom, a Touka ¢ (1) — roryom nyrtu. loso-
pAT, 4TO ABe TOYKHM & U b € X MOryT OLITH COeJTUHEHBI Y TeM, ecJan Cyme-
crByer rtaroit oythk ¢, uro ¢ (0) =a u ¢ (1) = b.

Onpeperenne. Jomarolli Aunueill B HOPMUPOBAIIION BeKTOPHOM HPO-
crpanctee F Haj momem R mbr 6yaem masniBath myTh ¢: [0, 1] — E,
IIA KOTOPOTO CYIIECTBYET KOHEUHOEe MIT0;ieCTBO TAKMX TOYeR OTpes-

ra [0, 11
Lh=0<<t << ... <t <t =1,

gr0 B nasiyioM orpeske [4;, ;4] (0K i <Cn — 1) pyurnua ¢ opejcras-
adger cololl CyMMYy Jumelinoz0 W HOCTOAHHOTO oToOpaxienuil (oGpas
otpesxa [¢;, {; 4] upm oroGpaskenvu ¢ ABIAAETCA OTPE3KOM UPAMOIL
B8 BEKTOpHOM mpoctpamctse F).

HJorasareanbcTBo nmnpeguaorenuna 3.3.9. flcwo, uro
(c) = (b). Horamem nocaemoBarenbro, yto (b) = (a) u (a) = (c). Tem
caMbiM Oyjer Jokasama YRBHBaJEHTHOCTH ycioBmil (a), (b) m (c).

Horasres, aro (b) = (a) (970 KOKa3aTETHCTBO NMPOXOAUT IIe TOJBKO
AISA OTKEPLITOTO MIIO;KECTBR B HOPMHEPOBAIIIOM BeKTODHOM IIPOCTpAl-
¢cTBe, 110 T B ITPOM3BOJIBIIOM TONOJOTMIECKOM IpocTparcrtse). llyern
sepuo (b); 6ymem paccey:kmath ot nporuBmoro. Ilpexmomosrmm, uTO
CYMIECTBYIOT JBA TAKHX IeMepeceKaomuXxcsa OTKPHTHIX 1TeIyCTHX MHO-
meersa Uy u Uy, yro U asasierca ux o0wvepunennem. Boszbmesm Toury
zy € Uy 1t Toury x4y € U;. Tar wax ycaosue (b) mpepmoxaraercs BLImod-
HellBIA, To cymecTsyer Takoir nyrh ¢: [0, 1] — U, uro ¢ (0) = z,
¢ (1) = z,. Otpesor [0, 1] siBasgercs nmpu HTOM OGBEUIICIIHEM JBYX
HeIIYCTLIX OTKPBITHIX Ielepeceraomuxces wioects ¢ L (Ug) u ¢~ (Uy).
Ho nrorga on siBasiercs mecBs3mbIM  MIIO;KECTBOM. MIL 1loayTuam mpo-
TUBOpCUIle, TAK KaK oTpe3ok uwmcaopoil mpsmoit R ceasen 1),

Horarenm, uto (a) = (¢). MoikHo mpeAmoaoKATh, 910 MHOMKeCTBO U
HenycTo (B IPOTHBIOM cayuyac ycaosus {(a), (b) m (c), oueBumHO, BBHILOI-
HeMb)., 3aguKCHpyeM Toury I, € U, u mycrh V — MuoikecTBO TOoYeR
u3 U, RkoTopsle MOKIIO COEHIHUTH ¢ TOUROH X, JoMaloi aunmeii, comep-
sameiica B U. llorasresm ceifgac, 4To MHOMECTBO V  0OJIIOBPeMeIHO
orkpuiTo 1 3aMruyTo B U, Otciofa 6ymer CiaefoBATH, 4TO eCJIU MIIOjKe-
ctBo U cmasmo (mpeamonoskenme (a)), to V = U tak rar V uemyero.
Caegosaresnio, (a) = (b).

Howrasrem, uro muosiecrso V omrpwmo B8 U. Ilyers toura a € V —
Roner JovaHo#l aunun [ (cogepsrameiics B U), madamzoMm KoTopoit cay-
AuT Toura z, (cM. puc. 1.). Tlockoabky mMnoskecTBo U oTKpHITO, Cymie-
creyer map B (a, r) ¢ nenrpom a u paguycom r > 0, cogepmamutica B U,

) Cm. H. Bypbaxmn «O6mas Ttomorormsa»s, umamarrms, M., 1968.—
IIpun. nepes.

4—743
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Jlrobas 1ouka x € B (a, r) Moker OHITH COEJHHEHA C TOUKOH a oTpes-
koM. OOmenmHeHHe TOTO OTpe3Ka M JIoMaHoH jnmuuE I MOKHO paccMma-
TPUBATH KAK HOBYIO JOMaNyl JNHHHIO C HAYAJAOM B TOUKE I, M KOHIOM
B z € B (a, r), nenukom copep:ramyiocst 8 U. [IIpu sroM mam mpupmercs
M3MEHUTh TTapaMeTpH3aIldi0 Ha JOMaHo# JauuuMu I, cUMTasds HampuMmep,
970 TOYKAM OTpesrka I COOTBETCTBYIOT Bospacraiomue sHauenus ¢ o1 0
mo /5, a moukam otpesra la, z] — Boapacranomue
suauenua t or Y, mo 1.] Tarkum obGpaszoy, Touka a
06,1a1aeT OKPECTHOCTHIO, BCE TOUKH X KOTOPOH MO-
TYyT OBITH COGMUHEHBl C TOUKOHW T, JOMAHOH JIHHHUEH.

CrmemoBaTenbiio, MHOKECTBO V omkrpuimo.
Hoxramey, uro MHoskecTBo V samruymo B U.

:L‘a\/ Iyers a € U — mpegenbHas ToYKa MHOkecTBa V)
moraskem, ro a € V. Hua meroroporo r > 0 map
Pmec. 1. B (a, r) comep:kurca B U. Ilockoabky a — mpe-

geapllasi ToYKa MHOKecTBa V, 1o wHaiijercsa ToUKa
beB(ar)V. Ee MO0 COBTUHATE C TOUKOH I, JOMAHOM JIIHUEIL,
comepsameiica B U, tark Kar b € V. Touka a B CBOIO 09epexb Moiker
O6LITE coemuiena ¢ b orpesron, comepssamenmca B U. Caemosateasmo,
CYIIecTBYeT JOMaHasd JUHHUA ¢ [1aUajioM B TOUKEe T, W KOHI[OM B TOUKe
a, r.e. a €V, 4. 1. O.
Wrak, npegrosmenne 3.3.5 moxasaro.

3ameuwanue. B ronororngeckos npocrpanctBe X C8A3HARL KOM-
nowenma TOYKU X, € X OUpefesseTcss Kak NauboablIce CBA3IGE TOJ-
MIO;KeCTBO, COTePAAINee TOURY I, (MOMKHO MOKA3aTh, YTO CPEII CBABIRIX
TOJIMITO;RECTB, K KOTOPLIM MPHIAMIEKUAT TOIKA Z,, CYIUECTBYET Taroe,
KOTOpOe COZepsKHT B cebe Bce ocranbHble). CBA3NLIE ROMIOIENTH HPO-
crpancrBa X obpasylor pasbuenue X. Har ciaemyer M3 NpeTo:KeINA
3.3.5, mas OTKpLITOro MHO:kecTBA U B 1I0PMHPOBAHHOM BEKTOPHOM
OPOCTPAICTBE CBA3ZNAA KOMIIOUCITA TOYKH Zo € U — 910 Mmosrectso V
TaKHX TOUYCK, KOTOPBIe MOIYT OBITH COEJUHEHLI C TOUKON X, J0MAION
nuuneit, cogepsxameiica B U. B mocaefneil wactu JoKasaTeJILCTBA TIPEI-
J03keHHA 3.3.5 MLl TOKA3aliM, 9TO MHO;KECTBO V OTKPHITO. 3HAUHT,
ecan U — OTKPNTOE MHOKECTBO HOPMHPOBAHIIONO BEKTOPHOro MHPO-
CTPAIICTBA, TO CIO CASL3HbE KOMROILEHMBL SBALIOMCSL OMEDUMEMU MHONCE-

cmeam.

3.4. Eme ogHa TeopeMa 0 KOHEYHBIX MPHPALUEHHUAX

[Iycte E — mopMupoBaHHOE BEKTOPHOE HPOCTPAHCTBO. Hax usBe-
CTIO, GauKa OTpPe3Ka € HAJaJIOM B TOYKE @ H KOHI[OM B TOUKe b ompe-
neaserca GopMyIoR

da, b)=11b—all

Jaunoti aomanoll auruyu HA3HBAETCA CyMMa [JIHH COCTaBIAOIMHNX
ee oTpeskoB (3Ta JuMHA GONBINe WM paBHa pacCTOAHUIO || b — a ||
OT Hagaja a Ao KoHma b).
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Onpepenenne. Ilycts U — c843H0¢ OTKPHITOE MHOKECTBO B GaHaxo-
BoM npocrpascrBe £. Jlna togek a, b € U oGosnaumm depes dy (a, b)
HIKHIOK TpPaHb JJAWH JOMAaHBX JUHMH ¢ HAJaloM B @ W KOHIIOM B b,
codeprcawgurcs ¢ U. 910 ompeneleHre UMEET CMBICI, MOCKOJBKY B CHAY
OpeIoKenusa 3.3.0 MHOKECTBO TAKHX JOMAHKX JUHEWA memycro. Hmm-
HAg rpaub dy (@, b) yEoBIeTBOPAET CJIEIYIOMUM COOTHOLICHUAM:

dU (a, b) = dU (b7 a)?
dy (a, ¢) < dy (a, b) + dy (b, ©)

(quTaTeno pPeKOMEHAYeTCA IPOBEPUTHL HTH COOTHOLIEHHs B KadecTBe
yupamuenus). llpyrumum caoBamm, dy (@, b) ompefeasier paccmosnue
B TOIOJNOTHMYeCKOM npocrpanctse U.

Yupaskuemnune. Ilokazate, uro 3710 paccrosuue szagaer Ha U
Ty e caMyl TOTOJOruio, 9to u |[|a — b ||. Jlasa aToro Hajo ToOJbBKO
3aMETHTh, 9TO €CJAW TOYKa @ 3agama, 10 dy (a, b) = ||a — b ||, Kar
TOJBKO TOUKa b fgocTaTouHo GIH3KA K d.

lipegnosxenne 3.4.1. IIyemo U — omrpwmoe mnoxcecmso 8 Ganaro-
som npocmpancmee E, u nycms f: U — F — Juddeperyupyemoe omobpa-
awcenue ¢ bamaroso npocmparcmso F. Ecau

" @) | < k 0aa woboeo x € U,
mo rakoevl 6v HU 6biau z, u Ty € U,

(@) — () || < Ekedy (24, z2)s

(CpaBumTe 5Ty (OpMYJAHPOBKY € YyciaoBHeM TteopeMbl 3.3.2.) [loxasa-
TEJNLCTBO Tpefiioykennsa 3.4.1 Mbl IpejocTaBisieM YHTATEN0 B KaluecTBe
VIpaKHEHA.

3.5. YnpasxHeHUA

1) (nerxoe). Ilycrs U — OTKpHITOE CBABHOE MHOKECTBO B GaHaxo-
BoM mpocrtpauctBe £, u nycrs f: U - F — muddepenrnmpyemoe oTodpa-
skerne B Gamaxoso mpoctpamctso F. Ilorasars, 4to ecnu oroGpaskenue
f':U— % (E; F) mocrostiinio, To f ecrb cyMMma INOCTOAHHOro 0ToGpa-
sHeHUA U cysRenusa Ha U (HempepHBHOro) NHHEANOro 0ToOpayKeHUA.

2) Ilyers f — HempepniBHOe oTo6paskenme orpeska [a, bl B Gama-
x0B0 npocrpancrso F. IMomoskum g (z) = || f (z) ||. Horasars, 910 ecnn
orobpaskenne f qudpdepennnpyemo cupasa B Touke z € [a, b), 10 g Tak-
e mupdepeHIpPYeMo cCIpaBa B BTOHX TOYKe W MMeeT MECTO HepaBEHCTBO

L gn (2) [ <] fx () ||

(UcmonwayiiTe BHOYRIOCT:, HOPME W yhpajkHenue 6 B KOHIC 3Tol
rixasel.) Ilokasarh Ha mpocTOM mpuMepe, 94T0 U3 AuUPPepeHIHPYyeMoCTH
orobpaskenus f me BHTeKaeT puddepeHIMPYeMOCTL oTobpasKeHMA g.

4¢
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3) Iycrs f — menpepsiBHOe oTobpaskenue orpeska [a, b] < R B Ga-
HaX0BO MpocTpamcTBO F, uMelmee OPaByK IPOHU3BOAHYI B .I11060i
touke Z € (a, b). Ilycrs C — Takoe 3aMKHYTOe BBIMYKIOE MOAMHOKE-
cTBO B TpoctpaucTse F, dro f (z) E C nna awboro z € (a, b). Tlora-
3aTh, 9TO

f(oy—
b—-a EC
[[Toxa3aTenbCTBO FBIAETCA [OCIOBHBEIM IOBTOPEHHEM ROKA3AaTCIBCTBA
treopemsl 3.1.2. Tlokasars, 9ro musa ¢ << u << v << b M TPOUBBOIBLHOTO
£ > 0 MII0/KeCTBO

Ue={aepu v 9= ¢c.}

mycto. 3pech depes C, 0603HAYEHO MHOMKECTBO TaKUX DJIeMeHTOB y € F,
nas koropeix d (y, C) < &; HAJ[0 YCTAHOBUTH, 9TO MHOMKECTBO (', 3aMK-
HYTO H BHIIYKJO.]

3.6. Ilepsoe upmiokeHHe TEOPEMbI 0 KOHEYHBIX NPHPAIICHHAX: CXOMH-
MOCTH mociaefoBaTeabHOCTH AupepeHapyeMbIx GyHKImil

Teopema 3.6.1. Ilycmv U — svinykaoe omkpwimoe mHoxcecmeo ¢ Oa-
Hazoeom npocmpancmee E, u nycmo

fn: U—F (F — 6anazoso npocmpancmeo)

ecmb nocaedosameavHocmov  dugdeperyupyemvir omobpaxcenuii. Ecau

(1) cyyecmeyem maran mouka a € U, umo nocaedosamesvrocmo
fo(a) € F umeem npedea,

(ii) nocaedosameavrocmo omobpascenuti fn: U— £ (E; F) pasno-
Mmepro cxodumea na mioxncecmee U k omobpanenur g: U— £ (E; F),

mo dan wobozo x € U nocaedosamesvrocmv f, (x) € F umeem npedea
(komopuili o6osnauaemes uepes f (x)); npu smom nocaedosame.aviocmv {f,}
cxodumesn k f (x) pasnomepno na Kaxdomn 02pAHUNCHHOM FOJMHONCECTEE
mnomcecmea U. Hakoney, npedeavrnas @Pynryus [ dugddepernyupyena
u ee npousgodnas ' (x) = g (x).

loxasaTteascTs o. ITo Teopeme 3.3.2 (ee M0oKHO TIPHMEHHTD,
ITOCKOIBKY MBI IIPEeJHOJOKIIN, 4TO MHO;KecTBO U/ BBIIVKIIO) HMeeM

[ fp(x)—fp (@) — (fg (@) = fg (@) || < SSLPH](JID(I y)—fa (). (3.6.1)

B cuny npegmonoskenus (ii) mpaBas wactb crpemured k 0, xorza p u ¢
HeoTpaHHUIeHHo BO3pacTaioT. Bojgee Toro, CXOAUMOCTh IIO T PAGHOMEDHA,
HOCKOJBKY HOPMA |[Z — a || ocTaeTcs OorpaHHMYEHHOH, T. €. T OCTAETCHA
B HEKOTOPOM OTPaHHYEHHOM IoaMHosxecTBe MHokecTBa U. CaemoBarein-
HO, ¥ JeBad uacTh pasemcrBa (3.6.1) crpemmrea ® 0, xorga p — oo,
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g — 00, ITa CXOTUMOCTH PABHOMEPHA IO z AiA NF60T0 OIPAHHYEHHOTO
noiMHokecTBa MHOo;kecrBa U, [lamee, B cmay mpenmososkeHus (i) pas-
HOCTh fp (@) — fq (@) crpemmrca ® 0. 3madur, HOpPMA pPa3HOCTH
[| /p (x) — fq () || cTpemuTCca K HyII0 paBIOMepHO IO z B afoboi orpa-
HUYeHHON yactH MHO;KecTBa U. IlycThs f — npepeabnas ¢ynrmus. Hamk-
mag ToUKa MHoOmKecrBa U/ o6aajaer OrpaHUIeHHOH OKPECTHOCTBIO, B KO-
TOPOH QYHKIUA f ABIAETCA NIPEIe;T0M PABHOMEPIIO CXONAIMEHCA OCaeo-
BATEIbIIOCTH HeTpepHBHHX QyuKiuil f,. [llosaromy dyuruus f menpepriBua
B OKPECTHOCTH Kajkmo# ToYRE MuO:kKecTBa U. Jpyrumu croBamu, GyHR-
nus f Henpepwgra wa U. Ocraercs nokasatb, 4ro f audpdepeHNmpyeMa
u uro [ (z) = g (z). 3adurcupyem z, € U. Jlocraroqno morasarb, 910

f(x) = [ (zg) — g ()@ =) [ =0 ([lz—x ). (3.6.2)
OueBHIHO, YTO HMeeT MeCTO HEePaBEICTBO
(|7 (x)— 1 (x0) — & (x0)- (x~x0 <1 f (@) — f (@) = (fr (&) — fu (z0)) || +
A [ fn (&) — fr (20) — fr (z0) - (2 -— 7o) || -+
—H)f%(xo)-(x—xo)—g(xo)-(x—~x0)H. (3.6.3)

3ajagmycs uncaoM € > 0 u mafijer MaykopaunTy ANs NEPBOrO U3 Tpex
anenoB B mpasoi uacrtu (3.6.3). B cuny uepasencrBa (3.6.1)

Wp (@) — fp (@) — (fn @) —Jn (@) < e flz — a0 ||
upu p U n>ny (ng — NOAXOAAIEE IEJ0e YHCIO, 3ABUCALIEE OT &).
CaezoBatTesbilo, Iepexoff R Ipeledy NpH p — 00, MOJYIHM

1f(x) —f(@o) —fa (@) —fu (@) | < el — || npu 2 > n,.
(3.6.4)
C apyrofi cTopoHBI, L0 OmpeJeJIeHUI0 mpejena
I 1 (xo) — & (o) Il < & 1pu 2> ny,

OTRYJa NpH N > N,

| 7o (zg) - (x — zg) — g (o) (& —xo) | < ellz — o [l (3.6.5)
Wrar, mpu n > ny Kar IepBEHU, TaK ¥ TPeTHH Wienbl B MpaBoil uacTu

(3.6.3) meusire, ueM g || x — z, |[. Sagurcupyem menepe n (mampuaep,
HOJ0KMM n = ny). Bearm HopMa ||z — x4 || << h, The h pmocrarouno

Mano, TO
[ fn (@) — fu (@o) — fn (@o)(x — o) [ < el 2 — 2o ||

[0 ONpeeIeHHI0 IPOU3BOXHOM [y, (24). ITO WO3BOMsIET HANTH MaskopaH-
TY AaA BTOPOro 4ulena B npaBoll gactu (3.6.3). B pesyaprare mm
nonydaeM u3 (3.6.3), wro gms nroboro umema €& > 0 mnaiifercs Takoe
guciao k>0, aro upu |[z— zo || < A

I (x) — J (z0) — & (z0)"(z — z0) || < 3e |2 — o |I.

IJTOT pesy:abTaT H BhIpazkaeTcsa HepaBeHcTBoM (3.6.2).
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Samewanue. Ecau £ = R, 1o Teopema 3.6.1 pacupocrpaunsercs
O Ha npasve Rpoussodndie.

MoskHo 0CBOOOAMTHCA OT NPESUOTOKREHMA O 6LRYKAIOCMU MHOMRE-
ctBa U B Teopenme 3.6.1:

Teopema 3.6.2. IIycmv U — ceasnoe omrpwimoe mHoxcecmso & 6aHa-
xogom mpocmpancmee E, u nyemy

fnr U—>F (F — 6anaxoso npocmparcmeo)

ecmb nocaedosameavrocmsv dupdepenyupyemur omobpaxcenuti. Ecau

(i) cywyecmeyem markas mouka a € U, umo nocaedosamenvhocmo
fn (@) € U umeem npedex; ’
(ii) duaa woboeo zy € U cywyecmsyem wap ¢ Yewmpom & mouke I,

6  komopom  nocaedosamenvrocmv  {fn}  crodumes — paswomepHo,
mo das awboeo x € U nocaedosameavrocms f, (x) € F umeem npedes (roto-
puil obosmadaerca f (x)); awbas moura muoxcecmea U o6aadaem oxpecm-
Hocmblo, 8 kKomopol nocaedosameavrocmo {f,} cxodumea pagnomepHo k f,
u, Hakomey, gynryus [ ugppepenyupyena ¢ U u [ (x) = g () dan
aibozo x € U.

JTa TeopeMa ABIAETCA MPOCTHIM cielcTBUeM TeopeMbl 3.6.1. Ileraan-
HOe JOKa3aTeIbCTBO MLI OCTABJIAEM UHTATEI0, KOTOPHIHE JOJIREH eHCTBO-
BaThb ciegyioiguM o6pasom: 1) ImORasaTh, YTO MHOKECTBO TO4YeR z € U,
IJIA KOTOPBIX IHOCJAeZ0BaTeJbIocTh {f, (¥)} HMeeT mpegmex, omkpwmo
u samrknymo B U (ucnompaysa rteopemy 3.6.1); 2) morasarh, uTo ecan
zo € U u B mape B (zy, r) I0C1eM0BATEIBHOCTE {f;} CXOMUTCS PaBHO-
MEepHO, TO IOCIeI0BATEIBHOCTD {f,} CXOZHTCA DPAaBHOMEPHO K QyHKIUH f
B wape B (z,, r) (Hago npumesnurs ewie pas teopemy 3.6.1); 3) morasars.
aro [ (z) = g (z) (¢ momoiusio Teopenmsl 3.6.1, NpUMENUAA ee K HOAXOIA-
memy mapy, cofepsrauemycsa B U).

3.7. Bropoe npmniaoskenne TeopeMbl O KOHEYHBIX NPHPAUIEHUsAX: CBA3b
Memy YacTHoil aunddepernnpyeMoctrio n auddepeHHUPyeMOCTH

IMycrs Ey, ..., E,, F — 6aHaxoBsl mpocTpaHcTBa, M mycth FE =
=F, X ... X E,. Ilyctb U — oTkpHTOE Mi0EecTBO B £ 1 oTOOpasKke-
aue f: U — F menpepoBHO. HamoMHUM, 9TO MOHATHE TACTHOM HPONU3-
BogHO# [y, mim 0f/0z; Ghmo famo B 1. 2.6.

Teopema 3.7.1. J[1a mozo umobw omobpaxcenue [ npunadaeiaro
k kaaccy Ct, neobrodumo w docmamouno, umobw | 064adaro wacmuymiu
npousgodnnmy df/0x; u omobpaxenus
A U2 (B F)
ox; * b
ObLAU  HEMpepPbLgHLL.
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B cuay npegmosiennit 2.6.1 u 2.6.2 sto yeaosue meobxoaumo. Ocraer-
¢ TORA3aTh, YTO OHO AocraTowito. IIpepmonosxum, 4To B M0G0 TOUKE
a € U cymectByer yactusie npoussonusie (df/dx;) (a) € £ (E;; F) u oto-
6parennn 0f/0x;: U —~ £ (E;; F) menpephiBHEL. MBl XOTHM [0OKa3aTh,
49TO UPHM 3TUX YCJIOBUAX [ mpmmapne:xkur ¥ wmaccy Cl. CrHagaja moxa-
KeM, ITO [ 11000l To9RM a npousBojgHas f'(a) cymecrByer (T. e. f qud-
depeniEIpyeMo B Touke a). Torma J0oKa3aTedbCTBO OyJeT 3aBepIIeHO,
u6o B cmay upemiaomenusa 2.6.2 orobpamenune f': U — £ (E; F) 6yner
HelpephIBHO.

B pesyaprate mam ocralloch [JOKasaTh TOJBKO CJefyIOINIee.

Ipenaoenne 3.7.2. Ecau uwacmuvie npoussodnwe (0x/0x;)(x) cywye-
cmeyiom @ awbol mouke x = (x4, ..., &) €U w omobpascenus
offox;: U— £ (E;; F) nenpepuighst ¢ mouke a, mo omobpaxcenue | oug-
depenyupyemo 8 mouke a.

JlorasaTtenbcTB o, Mel GyfeM mMOAb30BaTLCS TEOPEMOM O KO-
HeullLiX NpHpaImenusaXx. Msl XOTHM IOKasaTh, UTO

n

I (@0 oo @) F (@, .o an)— 3} 2L (@) - (a1 — ar) | =0 (lz—a |).

dzx;
i=1

Hamnoyuny, 910, coraacno onpenemnennio HOPMH B IpousBejennn Gama-
XOBBIX IIDOCTPAHCTB,

offlz —al) =olleg —ay | 4 .. 4 |2 — an D)
Maeer MecTo 09eBHEHOE TORIECTBO

n

F(@n ooy 2n)—Flag, ... an)—z%(a)~(xi—~a,-):

i:i

— [ (@1, Ty ey @0) = f (4, Ty ey ) — e (@) (84— @)
Ffay, xoy o ony x)—f(ay, ag, ..., xn)—%(a)-(xz——az)—;—
"'+f(aia Ty an—lv xn)‘f(ah a21 c ey an—h (ln)——

af

oz, (@) (zn—ay).

Ham mocraTouno mokasarb, 9To AJis 3alanuoro gmcaa & > 0 cymecTByer
Takoe 4Hcao 1) >> 0, 9To M3 HepaBeHCTB

“ Ly — a4 H < L R ” Ln — G ” <T] (3'7'1)
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BRITEKAIOT HepaBEeHCTBA

Hf(xi,l'z, cony Tn)—Tf(ay, 29, ..., xn)—a—oxfl—(a)-(xl—ai)Hg
<L ellaz;—ayl,
af

(@)-(zy—ay) || <

<ellzz—ar]l,  (3.7.2)

| 7@ oo @)= fla, @ ooy @)=L

” flay, ooy anoy, 20)—f(aqg, ooy aney, ap)— di]; (@) - (xn—an) “<

< ellap—an|.

[lorasiken, uro o 3agaumoMy ducay & >> 0 Moo BLGpars yucaon > 0
TakuM ofpasom, 4To m3 HepabeucTB (3.7.1) OGymer caemoBaTh mepBoe
us mepasencts (3.7.2). s ocTaablnlX I[ePaBeICTB /0KA3aTeIbCTBA
OYOyT aHaJOTHULLIMM; 3aTeM W3 UHCeNX 1), LOJAYYEINbIX AJA RayRI0T0
a3 n uepasencts (3.7.2), myskHo BHIOpaTh HAmMelbiliee, M TOTJa BCe
pmepagencrBa (3.7.2) OyAyT BLIIONHSATHCSA ONUOBPEMEIIIO JIAS 9TOTO 1.

Paccaorpun aesyio vactn nepsoro us nepaseuncrs (3.7.2). llyers & —
MPOM3BOJBIBIE dAeMenT npocrpamcrBa Ky, gocrarourto OJuskHil K a;.
[Tomosru

§E) =1 Eo o -y T) — (@)1 ).

Mur XOoTHM OIeIHTE CBepPXY HOpMYy pasuocti || g (zy) — g (a) ||. Ilo npex-
IOJOKEHHIO, 0TOOpa/KeNHe ¢ HMeeT IIPOH3BOTHYIO

g’ (Ei) :ga‘lf—l (El? Loy oo uy xn) - (;)I.fl (ah ooy an).
Taw rar upoussoguas (df/0xz;) (z) siBasAeTCs MempepPHIBIOH (yurIpeil x
B TouKe @ (110 npenmososienuio!), To cymecTByer Takoe dHCIo 1 > 0,
uro u3 HepaBewcTB (3.7.1) ciaegyer HepaBencTBO

(ay, as, ..., an)

of
H Dy (g, 29, -« .y Zn) e )ge.
Ecnu &= (1 —¢) ay+ txy ecTh TOUKA OTPe3Ka ¢ HAYAJOM B @) U KOHI[OM B )
(B BERTOPHOM IpocTpancrse £)), 1o

7] 15
[ S

mockoabRy || & — oy || << || 2y — a4 || << . Ha ocuoBanuu npepmoise-
uua 3.3.1 saxaiouaey, 4To

g (z) —gla) ll<ellzy —all

Mpepmroaenne 3.7.2 gokasauo.
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Jameganue. Mp npmmenuMm mpepiomkente 3.7.2 W teopemy
3.7.1 B caygae, xorma £y = R, ..., E, = R. Torga £ = R". Cie1o-
Barenio, 0f/0x; — ato orobpakenne U — F.

3.8. Tperbe npmioskeHHe TEOPeMbl 0 KOHEYHBIX NPHPANEHHAX: NOHATHE
crporo puddepeHUpyemMoil (PyHKIUN

Bo Bcem mocaemgyiomem mamozkenun cumBoa U 0603Hadaer OTKPH-
TO€ MHOKEeCTBO B 0aHaxoBOM mpocrpauctee £, a F — 6aHaxoBo Ipo-
crpancreo. MBI u3yduM oTobpaskenns Muo;mecrsa [/ B mpoctpaucTso F.

Oupegenenne. Orobpaskennie f: U — F cmpozo kacaemcs Hy.1e60eo
omobpaxenus B Touke a € U, ecaum oHo obaajaer CiaeayIONMMI CBOII-
CTBAMHU:

(i) f (a) = 05

(ii) mna mo6oro umcaa & > 0 cymecrByeT Takoe guciio r > (}, 410
B mape ||z — a |l <<r, orobpasrennme [ YIOBIETBOPSET €-YCIOBIIIO
Jlummuna.

Ecnum 3ty ycaoBuUs BLITOJINEHBI, TO, B UacTHOCTH, 11 ||z — a {| <7
@ ll=11I1/k —f@l<ellz —all
CraemoBarensiio, oTobpaskeHIe [ kacaemes Hy.ae6020 omoOpaANCeHUs B TOU-
Ke a (cy. ompeneneunne, gamnnoe B m. 2.1). Urar, us Toro, ato otodpaire-
HUE [ CTPOTO KacaeTcs HYJIeBOTO oTobpaskeiniis c.IeiyeT, 4TO [ Kacaet-
¢S 1yJeBOro OoTOOpaskeiuus, T. €. TePMHIIOIOTHA BpOpaHa [JOCTATOUHO

VIadHO.

Onpegenenne. Omobpascenue fy cmpozo wkacaemcs omobpaxceHus fo
B Touke a € U, ecim HX pasnocTd f, — f, CTPOro KacaeTCA IYIEBOTO
orobpaskenusa. Mo;KHO TPOBEPHTD (ylpaskiene!), 9T0 MPH 9TOM Mbl TI0TY-
qaeM omHouLeHue ksugasenmuocmu Meay (Qyarmusyu Buga U — F.

Oupenenenmne. Otobpaskeune f: U - F wmasmBaercsa cmpoeo oudhge-

peryupyembtn B ToUuKe a € U, eCIH CyHecTBYeT lenpepuigHoe JauHelllloe
omobpaxcenue g: E — F, taroe, 4T0 0TOGpasKenus

T -—f@)—f() m z-—>g—a
CTPOr0 KacaloTcAd B TOUKE da.

Taxkue mBa orobpasienus OYAyT KacaTedblIbIMH. 3IAYHT, 0TOOpaske-
Hue [ muddepenupyemMo B T0UKe @, a g paBHO IpousBommoit f (a).

Urag, pusa Toro 9r06n1 orobpaskenne f 6bito cTporo nuddepennupye-
MEIM B TOYKe @, HeOOXOJUMO M J0CTaTowiio, 4To6nl f Oniio muddeper-
MUPYEeMBIM B TOUKE @ M JaA Ja1000T0 gucaa € > 0 cymecTBoBamo Tanroe:
ggcao r > 0, uTo orobpasenue

z—f(x) —f(a) —f (a)-(z — a) = g (2)

yAoBuersopsaer &-yciaoBmio Jlunmmma 3 mape ||z —a || <.
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[Tosacaum HOJIpOGHee Halm BBIBOJ: 3TO O3HaA4YaeT, 4YTO

f@—7fw =7 (@ @@=y +llze—yl-¥(z v),
rre lim | (2, 9) | =0. (3.8.0)

y—a

Teopema 3.8.1. Ecau omobpancenue f: U-— F odupdepenyupyemo
8 U uomobpascenue f': U — L (E; F) uenpepuisio e mouke a, mo f cmpo-
20 Ougdepenyupyemo 8 mouke a.

JToT KpuTepuil crporoil AuPdepeHIUPYEMOCTH MOsKeT OBITH JOKA3aH
€ IMOMOIIBI0 TEeOpeMbl O KOHEUHHIX npupamenusax. JlelcTBUTEABHO,
OJI0YRUM

g @) =7() —7f(a) —f (@)-(z — a).
QOrodpaskenne g qupdepeHIIPyeMo, H0ITOMY
g (z) =1 (x) — [ (a),
TaK KaK, B CHJAY CJeJaHHOro mpegmoxoxenus lim || g'(z) || = 0.
X>Qa

CrnemoBaTenbHo, JJiA 3aJaHHOro gucia € > ( cyImecTByeT Takoe YMCJIO
r> 0, uro
Ng' @ I<enma [z —al .

OrcioJa HA OCHOBAHWW TeOPeMHl O KOHEUHHIX mpupameHdsax (B dopme
TeopeMil 3.3.2) BHITEKAeT, 4T0 oTO0paskeHHe ¢ YAOBJIETBOPAET &-YCJIO-
puio Jlummuma B mape ||z —a |71, 49.T.n1.

§ 4. JORAJIBHOE OBPANIEHHUE OTOBPAJREHHA KJACCA G,
TEOPEMA O HEABHLBIX ®YHRINIAX

4.1. MTupdeomopdusmer kxacca C*

Onpegenenuve. [Iycts £ m F — GaHaxoBH MPOCTPAHCTBA, V — OTKPHI-
Toe MuoskectBo B £ u W — orkpsitoe muO;kecTBO B F. OToGpaskenme
f: V — W wuasmiBaerca duggpeomoppusmon raacca C' (mnm C'-uggeo-
mopgusmon, ecium [ sABIAeTCA OUEKTUBHHIM oOTOOpasKeHUWEM, NpPHUHAJTe-
RET K Riaaccy C' (kar orobpasenue V B F) m ecam obpatHoe orobpa-
wenne g = f1: W — V rarsxe upunagaeRuT K kaaccy C! (kax oroGpa-
sere W B E).

IlIpegocrepe:xenue. Orobpamenue f: V— W wxmacca C*
MO;RET OHTH zomeomop@Puamom U He ABIATHCA auddeomopdmamom Kiaac-
ca C'. Unaue rosops, ob6parmoe orobpasmenne [ = W — V ne o6asa-
TeXBHO NPUHAAIEKUT K Kiaaccy C'. Hampumep, QyHKIHTsA ReACTBUTEND-
HOTO IEePEeMEeHHOTO &

y=2%=f(r)
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ounpepeaser romeoMopdHoe orobpaskenme R ma R. Omo mpmuagzesRuT
K wiaaccy C!, Ho obpaTHOe oTOGparkeHue

z =yl =g (y)

He auQepeHupyemMo B Hadale RoopAuHaT. [lefCTBUTENBHO, HIPOU3BOI-
Had ' (z) pasua 32 m o6pamaercsa B nyas npu x = 0. Ecau 61 g’ (0)
cymectBoBana, 1o torga Onr g’ (0) /7 (0) = 1 (upomaBojmas CI0;RHOTO
0TOOpasKeHHs), a 9TO HEBO3MOMKHO.

Ilpepnoxenne 4.1.1. Hycmo f: V — W — comeomopgusm raacca C*,
2o0e V. — omkpuimoe MHOMCecE0 ¢ Oanaxroeom npocmpancmee E, a W —
omkpuimoe muoxcecmeo ¢ banaxosom npocmpancmee F. Jlas mozo umobu
omo6pascenue f 6vao duddeomopdusmnon raacca C*, neobrodumno u docma-
mouno, umobr das awbozo x € V. omobpaxcenue f' (x) npunadaexcano
muoxcecmey Isom (E; F).

I[OKa}ReM CHavajJa JdeMMY.

Jlemma. ITyemov omobpascenue f: V— W — comeomopgpusm u nped-
ROA0HC UM, KPOME M020, MO OHO sfeifemca Ouddepenyupyemvin 6 mou-
ke a € V. Jas moeo umoGu omobpasxcenue g = =1 Gvao dudgepenyupye-
moa 6 mouke b = f(a) €W, neobzodumo u docmamouro, umoGul
' (a) € Isom (E; F). Toeda

g (0 = (" (e~

d1o yeamosue HeobOxoauMo. B camom gene, ecau orobpaskenne g aug-
(depeniupyeMo B ToYKe b, TO, COIJIAcCHO TeopeMe O IPOU3BOJHOU CJIOWK-
HOHI QYHKIUH,

g (B)of (a) =1g [ (a)og (b) =1p.

3uaunr, f'(a) — mszomopduam E mHa F, a g’ (b) — obpartHbid u30MOD-
¢dusy.

HoxaskeM mOCTATOYHOCTL HAMero YCiaoBAA. l[lpegmosomun, 4910
[ (a) € Isom (£; F). Mo XoTHM NOKasaTs, 49r0 oTobpaskeHune g aud-
depennmpyemo B Touke b. Tak rRawr orobpaskenme [ muddepeniupyemo
B TOYKE @&, To, Hojarag y = f (z), MEL HOXYYIHM JI TOYEK X, TOCTATOYHO
6III3KAX K TOYKE @, PABEHCTBO

y—b=f(a)@—a +lz—all¢@—a), (4.1.1)
rie
lim ¢ (z—a)= 0.

x—a

Ilpuvenum ® ofeHM dWacTAM BTOr0 paBeHCTBA JuUHEHHOe IpeoGpazosa-
mme (/' (a)
z—a=( @)y —b—llz—all @) ek —a. “1.2)

Horaskem temeps, 9T0

ez —all(fF (@) oz —a)=o(ly—20I).
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Hoxomuy mias coRpameHds 3amucu
7" (@) t¢(z —a) =V (& — a).

IT10 BEIpA;KEHME CTPEMMTCH K HYJI0, KOTJd I CTPeMHTCA K @, Tak Kak
(f' (a))~! saBasercs wHenpepwsnpx IHHEHHHIM OTOGpakEHHEM IIPOCTPAH-
crea F B E. U3 coormomenusa 4.1.2 BuTeKaer, uTO

NG @)y =) I >llz—al (=@ —a)l).
Orcioa
[[(f’ ()|
t—|[b(z—a)]
(HopMa ||z —a | Gepetcs HacTOabKO Mauoit, uto HopMma ||V (z — a) || << 1).
Otcrona ‘

—al- )< y—bl-( (a)t.AvE—all
lz—el % @—a) <y —bll-¢" @)L=l
=o(|ly—"0]), u. . 1.

[lepexogunM B forkasaTedbcTBY upemiaoskenus 4.1.1. fcuo, uro
chopyyanpopagnoe ycaosue neobxommmo. O6GpaTtmo, ecam orobpaske-
nue ' (z) € Isom (E; F) pns awo6oro z € V, 10, Kak CIACIYET U3 JIEMMBHI,
orobpasienue g muddepennupyemo B d060i Touke y € W u

g ) =0 (g™ (4.1.3)

Ocraerca gorasarth, UTO g HpUHafAeRUT K Kaaccy Cl, 1. e. uro otolpa-
JRenne

lz—al[<[ly—b]l-

g WXL (F; E)

nenpepvigno. HKak moxraseiBaer pasemcrBo (4.1.3), asto oroGpakenme
npejacTaBiaser CO00H KOMIIOZWIMIO TpeX OTOOpayKelui:

1) oroGpaskenns y—> g (y) Mmuosrecrsa W e V, asiaswinerocs Hempe-
PLIBHBIM, Tak Kak oroOpakenme f — roixeomopdusn;

2) orobpaskenua xz —> [’ () muoswecrsa V B Isom (E; F), asaaio-
Ierocsi IeNpPepHBHBIM, TaK Kak, [0 UPEAIOIOREeHUI0, oTobpaskerme f
HpHHAIeRUT K Kiaaccy Cl;

3) orobpasmernua u — u~! wmuomecrBa Isom (£, F) B ZL(F, E),
ABJIATOIIEr0CA IlelpepoiBHEIM (Teopema 1.7.3).

910 coolpasiieHue 3aBepIIAeT J0Ka3aTelIbCTBO TeOpEMEI.

4.2, Teopema 0 JOKaJIbHOM OOpaIIeHHH

Ho Hacrosamero MonedTa Mbl IIpeAnojarainu, dITo orobpasxkenue
f: V— W — romeomopdusm. Temepb MBI XOTUM OCBOOORHTECH OT HTOLO
upeanososkenus. VMeer MecTo cilefyloInas OCHOBHAs

Teopema 4.2.1. IIycmv U — omxpumoe muoxicecmso 6 OaHAT080M
npocmpancmee K u f: U — F — omobpaxcerue kaacca C1 (F — marowe
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6anaroso npocmparncmeo). Ilpednoaoncum, umo ¢ mouke a € U
f' (a) € Isom (E; F),

Toeda cywecmeyrom omrpumasn okpecmuocms V mouku a (V < U) u om-
spumas oxpecmuocms W mouku b = f (a), marue, umo | seisemcs
Cl-dudpgpeomopgusmon V na W.

JloraszaTeqbCcTBO 9TOM TeopeMbl MBI TIPOBEAeM HECKOJABKO IMO3Ke
(cm. mmxe u. 4.3, 4.4, 4.5), a ceifgac momydum u3 Hee

Cnegcreue 4.2.2. J[aa moeo umobu omobpaxcenue f: U — F raacca
C? 6ura0 C-Oudpdeomopdusmon U na omkpumoe MHONCECME0 RPOCMPAH-
cmea F, neobrodumo u docmamouno, umobol:

(1) omo6pancenue [ 6vla0 UHBEEMUBHBIM;

(i1) f'(x) € Isom (E; F) dan awboeo z € U.

HJorasaTeascerTBo caefcTsusa Oba yeaosus, ogeBUI-
Ho, Heobxomumel. O6parHo, NPeINOJOKHM HX BBIIOJHEeHHBIMU. Torna
u3 ycrosus (ii) caegyer, urto f: U — F — omrpumoe omobpaxenue
(1. e. 115 A060T0 OTKpPHTOrO MHO;kecTBa V < U o6pas f (V) saBasercs
OTKEPBITBHIM MHOZKECTBOM B F'). 910 BhITeKaeT ua reopemsl 4.2.1, yrBepsrman-
meil, yTo aas mo6oi Touku a € U o0pas BCAROHM OTKPHITOH OKPECTHOCTH
TOURM @ UpH OTOOpaykeHMH f COMEeP;KUT OTKPBITYH OKPECTHOCTH TOY-
wu f (¢). B wactHoctu, Muoxkecrso f (U) omrpwwmo B F. Ecan M moka-
smeM, 4To [ ocymecTBiaser royMeoMopdHoe orobpaskenume MHOKecTBA [
Ha f (U), To momyamm, B cuary upegnoxmenus 4.1.1, aro f ects Cl-mad-
deovopdusm U ma f (U). B camom nese, B cmny upefunonoskenns (i),
6uexmuenoe ortobpasienue f OJHOBPEMEHHO HEIPEePHBHO W OTKPLITO.
Ilocroabky orobpaskenme f OTKpBITO, TO oOparHoe orobpajenue g =
= f~1: f (U) — U nenpepusuo. CregosarenbHo, f romeomopduo orobpa-
swaetr U ma f (U). [loxazareabcrTBo CaefCTBHA OKOHUENO.

4.3. [lokaszaTenbCTBO TeopeMBI O JIOKANbHOM OOpaieHun: CcBeAéHie
K YaCTHOMY CIy4aio

JonyeTuM, 9TO BHIIOJHENHI BCe IPEIIONOKEHUs Teopembl 4.2.1.
Torga Tak max f — oroGpaskenne kiacca C!, To ortobpaskenue f cmpozo
dugepernyupyermo B Toure a (ca. treopemy 3.8.1). Houycrun, gro cupa-
BeJIHBO clemyoliee

penaosxenne 4.3.1. ITyemv U — omupwumoe muoxncecmso ¢ 6anaxo-
gom npocmpancmee E uf: U — F — nenpepuigrnoe omo6paxcenue (F — 6a-
Haxoso npocmpancmeo). Ecau omobpaxcenue f cmpoeo dudgepenyupyemo
¢ mouke a € U u f (a) € Isom (E; F), mo cywecmeyom omrpumas
orxpecmuocme V' mourw a (V' < U) u omrpumas oxpecmuocms W' mouru
b = f (a), maxrue, umo f omobpaxcaem zomeomopgro V' na W'.

Torga B cummy mpepgmoxoskemus Teopemnt 4.2.1 mpomssogmas f' (z)
cymectByer ana aioboii Touxu -x € V'. Boxee Toro, cymecTByer Takas
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oTEpHITas okpecTHocth V Tourm a (V < V'), uro f' (z) € Isom (E; F).
HeiicTButenbro, MuOKecTBO Isom (E; F) omrpwmo B8 £ (E; F) (cM. Teo-
pemy 1.7.3). Ero mpooGpas mpu wenpepwigrom otobpaskennnu [ ecTb
OTKPBITOE IOJAMHO:KeCTBO B V', comep:xamee 109Ky a. Ilyere W = f (V);
Muo;kectBo W orkpeTro B W', tar Rak f romeomopdmo orobpamaer
suoskectBo V' ma W’ (B cmny npepnoskenus 4.3.1). Boaee Toro, otobpa-
srenme f — romeomopguam V ma W. Ho Ttorgma BoiloJHEHH YCI0BHUA
npemiaokenus 4.1.1. Ha ocHoBanum 31010 OpegToaennsa Mbl 3aKJII0Tae),
uro orobpasxenne f ects Cl-muddeoriopdusry V na W. Urar, Mu forasa-
au Teopemy 4.2.1, mpemmosaras, 4To CHpaBelauBO UpemIomenue 4.3.1.

4.4. JlorkazareapcTBo mpennosxenumsa 4.3.1

Horamen rtenepp npepioxkenne 4.3.1. JlumeiiHoe m HempepnBHOe
orobpasienne (f' (a))™! mepeBopmur npocrpanctso F B E. Pacciyorpum
CI0KHOE OTOoOpaKeHUe

fi=0 () ef: U>E

(amoMHIM, uTo MioskecTBO U oTkpHITO B E). Jlerko Bumers, uro orobpa-
skeHme f; crporo puddepeniupyemo B Touke a € U u uro f; (a) = 1.
(PexoMmenmyeM umrateaio IpoBepurb 370.) Tax kKar orobpamenue f,
cTporo pugdepenuEpyeMo, TO MOMKHO COIOCTABHTH Ka;KIOMY YTHCIY
k>0 Taroe umero r > 0, uTo orobpaikenme z —> = — f; () = ¢ (z)
VvioBJIEeTBOPsET A-ycaoBulo Jlummuuma B mape ||z — a || << r. Yncao k&
¢urcupyerca (0 << k< 1) m mo HeMmy OHpeJeNsieTCs yKasaHHOe 9HCIO
r > 0. Torma oro6pasrenue ¢ ABIACTCA cocamuenm B ape ||z — a || < r.
CaegoBareapiio, K HeMy MORIIO IPHMENHTh TeopeMy 4.4.1 us Teopun
[10CACMOBATEIBHLIX NPUOIIKeHUH, KOTOPYI MBI CHOPMYIHPYEM M IOKAa-
;reM nmyke. M3 mee BBITeKaeT, 4TO CYMIECTBYET TaKasi OTKPBITAS OKPecT-
nocts V ToukHm a (comepskamascsa B mape ||z — a || << ), uro f; oroGpa-
JRAeT 3TY OKPECTHOCTL 20MeOMOPPHO TA OTKPLITYIO OKpPeCTHOCTH W,
roaku by = f, (a). IlpousBonnas [’ (a) npencrasiaser coboit romMeomopdh-
noe oro6paskenme npocrparcTea £ ma F. Ilostomy oro6pascenue

f=1(@-f
HnepeBOMUT roMeoMopPPHO OKpectnocTh V Ha MuoykecTBo W, momywaesoe
ns W, upu orobpamennn f'(a). 3mecb W — OTKpBITOE MHO:KECTBO
B mpoctpamcTBe F, cofep:kamiee TouRy b = f(a). IIpemnosxenne
4.3.1 porasamo. (3aMermM, d9T0 MHOKECTBAa, KOTOphle B GOPAMYIH-
POBKe 3TOro mpemioskenusi obosnadeHH depes V' uw W', B morasareanb-

cTBe Qurypupyior kKak V u W.)
Chopmynupyem TeopeMmy, Koropad Obnljla HCIOAB30BaAHA B Jl0Kasa-

TenbCcTBe Tpemaoskenns 4.3.1.
Teopema 4.4.1. ITycmw B (a, r) — omkpumuti wap ||z —a || <r
8 6arnaxosom npocmpancmee E, u nycmb 048 Henpepugro20 0mobpadiceHus

f: Bla,r) > E
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omobpaxcenue
=z —f(z) = ¢(z)

seasemes cucamuem (m.e. o @) —o @ |I<kllz—yl, £t<1),
npuuem [ (@) = b. Tozda 6 wape B (a, r) cywecmeyem maroe omrpuimoe
nodmroxcecmeo V, codepacawee moury a, umo omobpaxcenue | seasemcs
aomeomopgpusmon V. na omrpwmuil wap B (b, (1 — k) r). Hpu smox
o6pamuoe omobpaxcenue

g=fL BB (1 —-kr—>B,r

ydosaemeopsem ycaosuro Junwuya ¢ woncmanmoli 1/(1 — k).

4.5. JlokasaremxbeTBo Teopemb: 4.4.1
Ilycrs rouru z, 2’ € B (a, r). Torpa
fl) —f@)=(—2)— (¢ @) — ¢@)),
OTKy/Ia
i@ —7f@)I>lle —2" | = ¢ (@) — ¢ (@) ]

W3 sroro HepaBeHCTBA ¢ yUeTOM TOTO, UTO OTOOPAasKEHUE (¢ YIOBJIETBO-
psier k-ycaoBuio Jlumuimia, BEIT@RAET, UTO

i@ —7@)il>01—4h-

Jlemma. Jas awbozo y € B (b, (1 — k) r) cywyecmeyem o0dna w mo.vro
odna maras mouka x € B (a, 1), uwmo [ (z) = y.

x—x || (4.9.1)

HorasareasbcTBo eduncmeennocmu. Lean f(z) = f(z'), 1o
u3 nepaseHcTBa (4.5.1) caexyer, uro z = z'.

llorasarennseTBo cyujecmeosanus. Haliiem TOURY £ METOHOM IOC.1e-
J0BATEIbHRX Upubamrenuil. Paccaorpus 1mocaexoBaTeablIocTh TOUEK

x0:a7 xx:y»}-(p(xo),..,,

Ty =Y+ @ (Tn), ... .
YUro6e DTO PeKYpPpeHTHOEe ompelelieHMe TOUeK &, OBII0 KOPPEKTILIM,
MBI IOJUKHBL OBITH yBepeHHl B TOM, 9T0 Ha KaykjJoM mare z, € B (a, r).
Tax rax orofpakeHme ¢ ompefeldeno TOABKO B mape B (a, r), To Mbi

CMOZXEM IIOCTPOUTE X, 4 TOJLKO OPHU yCa0BHH, 4TO0 Z, € B (a, r). JHora--
KeM TO WHAYKIMH, 4TO

1—in -
|Zn—all <=y —0bll (4.5.3)
IMockonsky, B cumy BHamero npepmomoskenus |y — b ||<< (1 — k) r,
TO |2, —all<<r. HJuan=1
zy—a=y+o@—a=y—/f(a=y—0o
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CaemgoBareasno, coornomenue (4.5.3) cupasegauso npu n = 1. Ilpegmo-
JIO;KIM, 49TO CootHomexme (4.5.3) BepHO Xias Hekrortoporo n (n > 1),

um goraskem ero misa n - 1. U3 dopmya (4.5.2) Buiteraer, uro

Tnt1 — Tnp = @ (xn) — ¢ (xn—-i)v
OTRYIa
” Tn+1 — T ” < k ” In — Tp—g ”7

M M0 PEeRYPPEHTHOCTH

Wzpes — 2 | <E" Jlzg —all =" [ly — b (4.5.4)
W3z mepaseucrs (4.5.3) u (4.5.4) HaxomuMm, 9ro
‘H%z-:—l—ail<llZn—alf~‘*llxn+r-%ll<
<(FEE ) ly—bl =5 y—bl.

Tarmy ob6pasoy, Mbt TOKazanu HepaBeHCTBO (4.5.3) (TodBKO B HeM R
saverneno na n - 1). Teneps, kar 510 Borreraer us (4.5.4), pan ¢ oGoum
WIEHOM Ty 44 — &, cxoxures ropmansno. CrepoBareabso, {r,} — mocie-
nosareabiiocth HKomm. Ilvers z — ee mpemen. Ilepexoma ® mpemery
B uepasencrse (4.5.3), Honytmem

|z —all< ,qlly bjj<r.
[lepexoas K mpege1y B COOTHOMIEHHH Z,1y = Yy -+ ¢ (z,) [em. (4.5.2)],
MBI HAXOIHM, 4TO
r=y+ ¢ @),
T. e. y = [ (x). Urax, semma dorasana,

Bpesew reneps mosoe oGosnauenue: gas y € B (b, (1 — k) r) mu o6o-
amaqny uyepes g (y) oamosnauno ompejesneHnsiii smement z € B (a, r),
raroit, aro f (z) = y. TemM cambiM MBI ompeelmaum OTOGpayKeHHe

g BB, 1 —kr)y—=B(a,r.

B cnay nmepasencrsa  (4.5.1), ecaum y w y' — ;mBe TOYKE miapa
B . (1 —k)r), 10

g @) —g@)l <—11—, ly—y

CaemoBaTenbHo, g VIOBJIETBOPSAET YCIOBHIO Jlmmmmima ¢ KOHCTaHTOMR
1/(1 — k). Orcioma BhITexaer, 4ro orodpaskenue g Henmpepwuigro. Ilycrs
V=gB®B (1 —FkFKr)cB/(a, r). Toriza MHO/KECTBO

Vi=f1(B (b (1 —Fk)r)

SIBIAETCA MPooGpa3oM OTKPLITOTO MiosxecTBa. Tak Kak orobpaskennme f
eI pepLIBHO, TO MHO;ReCTBO V omkpwimmo B B (@, r) U, 3Ha9UT, OTKPHITO
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B E. OueBujiHo, 94T0 0TOOpaIKEHUSA

f:V—>B (b, (1 —k)r)
! gBb, 1 —krn—>V

ABIAIOTCA B3AUMHO 00pAaTHHIMU OHEeKTHBHBIME 0TO0paskeHuAMMU. 110CK0Ib-
Ky o6a pTH 0TOOpa)KeHUA HeNPePHBHE, TO OHU SABIAITCA 20MEOMODPHUS-
MAMU.

Teopema 4.4.1 pgorasama. Tem caMbBIM B3aKOHYEHO TOKA3aTEILCTBO
meopemwvi 4.2.1 0 aokaavrom 06palerHUl, TAK KAK MLl CBEJH €0 K JOKa-
- aTeJbCTBY mpemioykennd 4.3.1 u reopemsr 4.4.1.

4.6. Teopema o JTOKaixbHOM OOpAlIEHNA B CIyYae POCTPAHCTBE KOHETHO
pPasMepHOCTH

Mu npepmosiaraau B reopeme 4.2.1, uto orobpaskenue f'(a) Apagercs
auneinpiy maodMopdusmom E — F. Tarmm obpasom, B meil TpeGyercs,
gT706K 6anmaxossl HpocrpancTBa E u F Gouim mwsomopdusivu. [las mpo-
CTPANCTB KOHEYHON pasMepHOCTH 3TO TPeGOBAHWME BLINOJHAETCs, KOTIA
OIIM UMEeOT 0dUHAKO8Yl pasmeprocmb. 11odTOMY MBI pacCMOTPUM Caydaii,
korga E = R™, F = R"™. Torma oroGpasmenue f: U — F oupegensiercs
7 YHCTOBHMHA GYUKIMAME OT 72 AeHCTBATENbHEIX ICPEMEHHBIX B OTKPBITOM
muoEecree U

filzy, -0 x) (I<i<n).

Mpr mpe;moosKUM, 9TO BCe OHH mpunafieskar K kaaccy Cl. Jlumeitnoe
orobpa;renne f'(a) € £(R™, R™) 3amaerca MaTpuieil, COCTaBICHHOM
M3 TaCTIHIX TPOUBBONUBIX

(i — ungerc cTpor, j — muAEKc croabuos). OroGpaskenme [’ (a) €
€ Isom (R", R™), Korga onpedesumess HTOH MATPHIEL OTINIEH OT IIYJIA.
On obGosHayaeTcss CHMBOJOM

?(fiv -‘-an) (aiy eer, an)
I(xgy «vuy Zp)
[peur wmpger o 3iavennmm ompefeHTeNA B TOUKe @ = (ay, ..., a,)]
M HasLBaeTcs Axko6uaHom oTOOpaKeHMs f B TOUKe d.

Teopema 0 moKanxbHOM OOpalleHHH YTBEPIKIAET, U4TO €CHH AKOOHAH
OTIMYCH OT HYJAA B TOYKE @, TO CYIMECTBYIOT OTKPLITOE MHOMKECTBO V),
cojlepsalllee TOUKY @ W cofepskameecs B U, M OTKPHTOE MHO;KecTBO W,
cofepxamee TOURy b = f (), rakue, uro oToOpaxeHume [ ABIAETCA
Ct-mudppeomoppusmom ¥V — W. Torma o6parnoe oroGpaskenue g onpepe-
nedo n GyHrouaMu g; (Yi, . . ., Yn) Kaacca C1 B W,

5—T43
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4.7. TeopeMa 0 HeABHBIX QYHKIHAX

IIyers E, F, G — 6anaxoBnt mpoceTpancTBa, U — OTKPHITOE MHOKE-
cTBo unpocrpauctBa E X F u f: U-—>G — orobpakenne wiaacca Cl.
Tarny obpasoM, [ — GYUKOUA ABYX mepeMenunix z u y, rae z € E,
y € F, amapa (z, y) € U. Ilpegmono:kuy, 4yro B toure (a, b) € U

f (a, b)=0.
Mpbt X0THM H3YyYUTh pelneinus (x, ¥) ypaBHEeHHA
flx, y) =0,

«gocTaTodHo GaM3Kue» K (@, b). Jlasg 3TOro npegIroroKu, aro
omobpascenue «wacmuas npousgodnasy fy (a, b) € L (F; G) asasemes
usomopguamoa npocmparncmea F' na npocmpancmeo G.

Teopema 4.7.1 (reopeya o HeABILIX QVHRIUAX). [Ipu ewvnroake-
I Yra3ankwnr eviue npednosoxcenuli cywecmsyiom 1) 6 npocmpaicmee
E < F omrpwmas oxpecmuocms V mouru (a, b), codepacawascs ¢ U,
2) e npocmpancmee F omrpwumasn oxpecmiocms W mouru a; 3) omobpa-
acerue raacca C!

g W—F,
das Komopux yYcaosus
(@, yeVufy=0 (4.7.1)
IKBUBAACHIMILBL  YCAOBUAM
z2EWuy=g. (4.7.2)

Hoacuonenne. B okpecrnoctu V 1ouru {a, ) pentennsa ypanie-
nus f (z, y) = 0 sapawrca dopMynoi (4.7.2). Uunave rosops, Ppyurius
y = g (z) B okpectHoctu V aBuaserca peueuuenm ypasueans f (z, y) = 0.
Jra GynURIHEA npuUHAICKAT K riaaccy C1 B W,

JamMeuauue Tar KarR 00 TPEIIOIOKETHIO

fa, ) €V, f(a, b) =0

u Touka ¢ € W, To sKkBUBaJeHTHOCTE yeixoBui (4.7.1) u (4.7.2) osnauaer,
aro g (a) = b.

JordsareancTBo Teopemun 4.7.1. Mu Bocnoabsyen-
csa reopeMoit 4.2.1 o aokanbrom ofpamenun. [ 3TOr0 paccMOTpPHM
oTo0paskenne

f1: U——> E >< G,
ompegeneHinoe ¢ MoMOIblo GYHRIUK
filz, y) =(z, f(z, y) (z€E, y€F). (4.7.3)

Orobpaskenne f, mpunamae:xut ¥ Kiaaccy C! na muoxecTBe U/, IOCKOIBRY
z u f (z, y) npunagmeskar K kaaccy C! ma arom muoskecrse U. Ilpoussos-
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nas f, (a, b) ompenensgerca MaTpHIei

5

aCL(EE), BcZL (F, E), veZ (E; G), 6 €L (F; G).

JleficTBure1bHO, BHUMCIENNe YACTHHX IPOU3BOAHLIX oTobpaskenusa f,
MOKAa3bIBaeT, 4TO

e

=1z, p=0,
v="/li(a,b), 8=Fy(a, b).
Taxum obpasom, f;(a)— nuneitnoe orobpamenne
(7, k) — (k. 12 (a, b)-h+f; (a, b)-k) (4.7.4)

mpoussefenns £ X F B E X G. Targ wax f, (a, b) €lIsom (£; F), to oTo-
6pamenue (4.7.4) ectnb usomopgusm E ¥ F—> E x G. Ilpu atom obpar-
HHI ma3oMopduaM 3amaercs QOpMYIOn

(R K'Y — (R, (F) K = () e T ).

CreoBateabno, MBI MOEEM MPHMEHUTh K 0TOGPasKeHHIO f; B OKPECTHOCTH
Tourl (a, b) € U Teopemy o doransnom obpamenun. OHa yTBep:Rjaer,
9T0 B mpocTpancrse £ X F cyvuiecTByer oTKEPLITasg OKpPecTHOCTh V' TOYKH
(a, b), comepswamasca B U, a B upocTpaucrBe £ X G cyHecTByer OTKpPHI-
tTag okpectnocts Wy rtoukn (a, 0) = f; (a, b), Taxue, 4r0 0TOGpasKEHIe
f1 aBasercs Cl-nuddeomoppuariosr V na Wy, Obparnsit guddeoropduas
g1 HMeeT BHI:

g1 (2, 28) = (z, g(z,2) mmx€ck, z€0G,
npuuen (z, 2) € Wy, Takum ofpason, MLl onpefeidgeM QYHKEHIO
g W, —>F

Kanacca Cl. Tax kak oro6paskeHus f; ¥ gy ABIAWTCH B3aHMIIO 06paTHHIMU
romMeoMopOU3IMAMU, TO CIEIYIONNe YCAOBHA DKBUBAJEHTHHL:

(i) (@, yeVuj( y =z

(i) (z, 2) € Wy u g (z, 2) = y.
ITonomum B atux cootnomenusnx z = 0; Torma yciosue (i) mpeppaiiaerca
B (4.7.1). IocmorpnM, BO urTo mepexoxmt yciaosue (ii). Pacemorpum
npocTpancTBo £ Kak mogupocTpaicTso npocrpancrsa £ X F, orojaect-
BIAA TOUYRY Z € E ¢ rouroit (z, 0) € E X F. Iockoabky (z, 0) € Wy,
oTCIOflA CheNyeT, UTO r NpPHHAAIERAT mepecewewmuio W, w E. 310
nepeceuenue W omkpwmo B E m comepsur TouRy a [rark kKak MHo-
mecrso W, comep:kur toury (a, 0)]. Ilonosimy, ¢ gpyroift cTopoHHI,

g (z, 0) = g (z);
5*



68 Ta. 1. Jupdepenyuarvroe ucuucienue ¢ 6aHATOGHET NPOCMPARCMEAT

aTa QYHKIUA TPUHATISKHT K Kiaaccy C' Ha OoTKpHTOM MHOMecTBe W.
Torpa yeaosue (ii) gns z = 0 sanmmercsa B Bufe

IEW )44 y:g(‘r)3

4r0 coBmagaer ¢ cooTHomenmem (4.7.2). Tawkum o6pasom, moxasaHa
OKBHBAJEGHTHOCTh CoOTHOWIeHMA (4.7.1) u (4.7.2), u. T. &,

OrkpriToe MHOKeCTBO W Teopembr 4.7.1 Mo:KeT He GBITH CBA3HEBIM,
Ho ono sramo9aeT B cefs OTKPETOE cBA3HOE MOAMHOMKecTB0 W', comepsxa-
miee TOYKY @ (HalpuMep, OTKPBITHIL map ¢ MeHTPoM B Touke a). OueBus-
HO, UTO U3 COOMHOWEHULL

TeW u y=g)

caedyem, uwmo
(, el u [z, y) =0,

Mnr yrBepiriaeM, 9T0 g — edurncmeernas Henpepvignai Pynryus ¢ W',
obradawan yrasarrnuimu ceolicmeamu. Bosee TOYHO, UMeeT MeCTO Cie-

Ayromee

Hpemaosxenne 4.7.2. Ilyemv W' — omkpuimoe cessnoe MHOICECME0
e npocmpancmee E, codepiucaujee mouky a w codeprcaweecs ¢ mroncecmee
W, u nycmv h: W' — F — nenpepuwsnas @yrryus, yYo06.1emeopaowas
CACOYIWUM  YCAOBUAM:

h(a) =10, (z, h (x)) € U das awobozo x € W',
flz, h(z)) =0.

Tozoa pynwyus h cosnadaem ¢ gynryueli g na muoxcecmee W'.

MWnesg morkaszaTedhbeTBa (M OpeIocTaBIsgeM ero UMTaTe-
JII0 B KauecTBe YNPA/KHEHWUA) TAKOBA: UycTh A — MHOMKECTBO TaKHX
Touek x € W', naa wotopsix h (z) = g (z). Hamo ycramoBuTh, 9T0 TOUKA
a € A n uro mHOskectBo A samrknymo B W', a sareMm moKasaTh, uro 4
omrpumo 8 W’. Orciofa, eclIm ydecTh CBA3HOCTHL MHo;KkecTBa W', Gymer
ClefoBaTh Hallle YTBepIKIeHHe.

Canywail, korga npocrpancrBa £, Fu@G amewnr
KOHedYHY®W pasMepHOCTSH. B cuny npegmonoskennit reope-
Mul 4.7.1 npocrpadHceTBa F' 11 G TOMKHE HMETh TOTA OUHAKOBYIO pasMep-
HOCTh. Ilpemmomossum, uro K = R", F = RP?, G = RP. 3agagumcsa
cucreMoit ypaBHeHHI

fi (-'131, S ] xn; yiv LI yp) = 0 (1 < i <p)7 (475)
rge f; — umcnossle QyHKIEEM kiacca C' B oTkpeiToM MHOMectBe U.
Mu mpepmoaaraeM, 4To B Touke (ay, ..., @,; by, ..., bp) Arobuam
(f1y o]
( 1 p) :;& 0

a(yi, ...-l/p)
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Orcrofia BhITeKaeT, 9To cucreMa (4.7.5) 9KBUBANGHTHA CHUCTEMe

yi =& (&, .. 7)) (I1<K<i<p)
(rme ymKIUYM g; OpuHagIexar K Kxaccy Cl) mo membuieit mepe torga,
gorga To4ka (¥4, ..., L) MOCTATOYHO Oam3ka K Touke (a4, , ap)
7 TouRa (yy, ..., yp) AocTaTOUHO Onm3Kka K Toure (by, ..., bp). Hus

TOIHOH QOpPMYIUPOBKU HY/KHO B3ATh MHO:KecTBa V m W, obmamamomiue
cBoficTBaMM, YKazaHHBIMEH B Teopeme 4.7.1.

§. 5. MPON3BOJHBIE BBICIINX ITOPATKOB

5.1. Bropass npousBogHasn

Ilycrs £ u F — GanaxoBsl mpocTpancTsa, U — OTKRPBITOE MHOGKECT-
Bo B E uf: U—~ F — orobpaienue, nuddepeHNpyerMoe Ha MHOKECT-
Be U. Torma cymecTByeT HpOU3BOAHOE OTOGpaskeHHe

2 U—~Z(E; F),
U MOJKIIO IIOCTABHTBH BOIPOC, OyAeT aM OHO AuddepeHiupyeno.

Ounpenenenne. OroGpazkenne [ deawcdv dugepenyupyemo B ToOUKe
a € U, ecnu orobpanienne f* guddepeHnupyerio B Toure a. B aToM caydae
gyepes f” (a) mbl ob6osnawaem mpomaBomuylo (B Toure a) or f'. Umeem

f"(a) € £ (E; £ (E; F)).

3dameuanue Korma He mpefmonaraercs, uTo orofpaskenue f
quddepeHIEpyerso Ha BceM MHoskecTBe U, TO TOBOPAT, UT0 f ABasKIBI
mudPepenuupyeso B Toure a € U, ecan 1) f guddepermupycro B mnexo-
Topoit orpectocTn V Touru a; 2) orobpaskenue 1V — & (E; F) nud-
depeHIpYyeMo B TOUKE d.

Ompepenenne. Orobpasrenue f deascdv duggepenyupyeno ma MIoxKe-
crBe U, ecan oHO ABGEAB muddepeniupyeMo B J1000H TOUKe MIIOeECTBA
U (apyrmmu caoBaymu, orobpamsernna f u f': U —~ Z(E; F) nudepennn-
pyensl Ha U). Torma coorBerersue z—> f” (x) onpefensier oTobpaskenue

U0 - & (E;, £ (E; F)).
Ounpepenenne. OtobGpaskenme f npunadaexmcum k waaccy C? (unm deaxc-
0w Henpepwviono Juepenyupyeno) na MmMuomwectse U, ecam [ aBaskibl

nupdepenmupyemo u orobparienne [ Henpepweno. OIKBHUBAIEHTHOE
yeaosue: [ mpumammeskur wriaaccy C!' ma mMumoskectse U.

Bemommam (em. 1. 1.9), Kak onpeflensanach KallOHMIECKAA M30MeTPUA
LE LE N~ L (E, E; F). (5.1.1)

C momomIbI0 BTOH U3OMETPHH Mbl CONOCTABJACM IpousBojioii [’ (a)
HEeKOTOpHit aneyenT npocrpancrea £ (£, E; F), 1. e. nenpepuignoe 6uau-
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Helinoe omobpancenue E X E — F. [I1a KpaTRoCcTH MBI 4acTO TOBOPHM,
q10 orobpasrenue f'(a) aBaserca saementoM mpocrpanctBa L(E, E; F).
Us coormomenuss (5.1.1) wmaxomum, uro orobpaskenue E X E — F,
onpenesdeMoe IPoU3BOAHOR f”(a), 3aINHCHBAETCA CASIYIOHIAM 06pPasoM:

(h, k) —> (f'(a)-h) k. (5.1.2)

IloscuuMm a1y 3ammch: afgech uepes h u k 00o3madensl JBa BeKTOpa, IPHU-
magneskamue E. Taxk war f” (@) — naumeiiHoe HempephiBHOe 0TOGpaske-
nue £ — £ (E; F), 10 o6pas Bexkropa h € E npu 5170M 0TOOPa#EHHA eCTh
3JIEMEHT

f"(a)-h € L (E; F).

CrenoBarensiio, f"(a)-h npencraBiaser coGoil aunedoe HeIpepPHIBHOE
orobpaskenne E — F. O6pas mexropa k € £ mpu arom orobpaskeHAHN

0603HAYACTCA Uepes
(" (a)-h) k.

Tarmm o6pasom, M yroumu:au cMbica gopiyast (5.1.2).

Teopema 5.1.1. Ecauomobpaxcenue f: U — F dsaxc v dugghepenyupye-
MO 6 mouke a, mo emopas npoussodnas f” (a) € £ (E, F; F) sasasemca
buaunelinpym cummempuueckum omobpaxcenuem. Hruwmu caosanu,

(f"(a)-h) -k = (f" (a)-k)-h VREE, VEEE. (5.1.3)
HorxasareancTso. Beegem (i)yHRILI/IIO
A, k)y=fla+h+k) —fla+h) —f(a+Fk) +](a)

Kotopas, oueBupHo, cummMerpuuna: A (h, k) = A (k, k). Ilpeamonoskum,
4TO MBI ZOKa3ajdHM COOTHOLIEeHHe

1A (h, k) — (/" (a)-k)-h il = o (LA Il + 1 E1DH).  (5.1.4)

Mu yrBepskgaeM, uro oTciofa cieayer pasencrso (9.1.3). B camom meie,
ecau B (5.1.4) mepecrasurs nectamMu k2 W k, TO MBI IOJYIAM COOTHOIIEHHE

(1A (hy k) — (f" (a)-h) -k || = o (IR Il + [ & 1D)?).
W3 sroro coornomenus u (5.1.4) caexgyer, 4ro
1" (a)-k)-h — (f" (@) -B) -k || = o (| || + 1| & ID)%), (5.1.5)
Tak Kak
(7" (@) k)b — (f" (@) )k || < (1 (" (@) -K)-h — A (R, k) || +
+ 14 (h, k) — (f" (a) k) -k |].

PaserncrBo (5.1.5) osnagaer, aTo ecan sagamno uucio € > 0, To maiigerca
Takoe umcao 1 > (), uro

LG" (a)-k)-h — (" (@)-h)- kNl < e (IRl 4+ 11k ID*  (5.1.6)
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mpu ||k ||+ || k|| <<1n. Ognako gas moboro dmeaa A uMeeM
(" (a) M) -(M) — (" (@) -Ah) M || = )

= [ A" (@) k)b — (" (@) -h) -k .
Ilo 3amausBIM npousgosbrsa daeMenTaM k U k us mpocrpavcTBa £ Beerpa
MO0 HA#TH Takoe amciao A == 0, gro || Ak || -+ || M || < m. CaemoBa-

TeIbHOo, B CIIy HepaBeHctBa (5.1.6), B Koropom h u k 3ameHensl Ha AR
¥ Ak, mieem

[A P11 (7 (@) k) b — (" (@) -B) -k (| < e [P (LA I+ (] £ 1D

Heanst ua | A |2 5= 0, Mul monyuum, 9t0 HepaseHcmeo (5.1.6) cnpasedauso,
kakosw 6v Hu Ovau b u k. Tak xax uncao & > () 6610 BEIOPAHO IPOU3-
BOJBHO, TO 3araioyaeM, wro coorHourexue (H.1.3) copasegmuso. Teo-
pema 5.1.1 Gymer morasana, eciaM MBI YCTAHOBHUM CIPaBEIUBOCTE COOT-
monreuus (d.1.4).

HorasareanbcrBo cootnomeunusn (5.1.4). Mu ucxo-
UM U3 OUEBHIHOIO HEPAaBEHCTBA:
A, k) — (7" (@) -B)-h || <
< WA (h k) — [ (a+ k)-h+ [ (a)-h |l +
+ 1 (@ + k)b — [ (@) — (" (@) )R . (5.1.7)
IlpomamcopupyenM kayKmoe ciIaraeMoc B LpaBod YacTH, T. C.
Ay B — 1 (@a+ Kk +F (@ | (5.1.8)

/' (a4 k)-h — [ (a)-h — (f" (a) k) -k |}. (5-1.9)
Haunem ¢ (5.1.9). Mmeen
/' (@ + k)b —f (a)-h— (" (a)-F)-h || <
L MR (@ k) — f'(a) — [ (a) -k |).
1lo ompepenenuio npoussopuoii or ¢pyukuuu f° B Touxe a
I (a4 k) —f (a) — " (@) k|| = o(ll k).

CrnepnoBarensno, seanania (5.1.9) ects ||k || -0 (|| k ||) 1 Tem Gomxec Moker
OLITH MpPeACTABACHA B BHUJIE:

WA Ao (I A 11 -1 E ).
Teneps npomaskopupyem (5.1.8). PaccMorpuM BemoMoraTeabHY 0O
QyHKIUIO
BM =f@+k+h—f@+h—7 (@+kh+[ @

Buipasxenue (5.1.8) ecrs me uro unoe, kar || B (k) — B (0) ||. U3 npegx-
no;rends 3.3.1 Boitexaer, uTo

| B8 —BIO)||<||l|- sup || B (1) .

EES

u
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Nmeem
B h)y=f(@+k+h—~f(@+h —f(a-+k+Ff ().
CanemoBaresnbro, BejuumHa (5.1.8) menbme, dem

[2ll- sup |If" (at-kt+th)—["(a+th) =" (a k) +1 (@) || (5.1.10)

==

ITpomaskopupyem B cBOIO 0ogepensb Brpaskenme (9.1.10). Ilo oupepenennio
npouaBogHO f” (a),

@+ k- th)y =1 (a) + " (a)-(k + th) o (| k 4 th |)),
f" (a - th) = [ (a) + 1" (a)-(th) + o (]| th |)),
fla+k =7 (a+f(@-k-+o(lk])-
OTrcrona maxomwm, o0BEJHHASA BCe TPU HEPABEHCTBA, 4YTO

[F(@+k+th—f(@a+th)—Ff(a+k+f @] =
=o([lk+th)+o(llthl) -+ o(lk]|)
Tax wag |[k-+th || <Kkl A) u ([t | < |k maa Beex ¢,

yrosiaersopsaomux yeaosuo 0 < ¢ < 1, 1o supakenme (5.1.10) umeer
sag o (|| A || 4+ |l & |)). 3magmr, (5.1.8) maopHpyeTcs BHIparkeHHeM

A -0 (ER 11+ 11 & 1D-

Uraxk, xampoe us poipakenni (5.1.8) u (5.1.9) (Tak ske Kak ¥ HX cymna)
MosKeT OHITH mpencTaBiaeHo B Buze || £ |[-o (|2 || - || k ||). Torma B cuay
uepaBencrBa (5.1.7)

A (h, k) — (f" (@) k) -]l = il h -0 (1Rl - 1L & D-
Jdro oszHagaer, yro pas Aoboro uuena & > 0 cymecTByeT Takoe WHCIO
n > 0, uro

WA (h, k) — (" (@)-B) -k I < el[R|-(Hh I+ 1 &,
xax Toasko | 2 || - || k || < n. Torna us wepasewcrsa || || + || k || <
< 1 ciaemgyer, 4TO

A (h, k) — (" (@) B)-h ([ < & (12 1L+ 1 &)

Coornomenue (5.1.4) morasamo. Taxmm o06pazom HOKa3aTeILCTBO TeO-
pempt 5.1.1 HoAHOCTHIO 3aBepHIEHO.

5.2. Caywaii, xorga E=FE; X ... X E,

Kax Bcerga, Mel mpeamomaraeM, 9T0 U — OTKPHITOE DOXAMHOJKECTBO
B mpocrpauctBe £ m f: U — F — orobpaskenue, fBasxanl guddeped-
uupyemoe B Touke a € U. Orciona ciemyer (o oupefeieHHIo), 4To 0TO-
Opasxenue [ pupdepennupyemo B aoboif Touxe 2z, mpHHALIeRKaIel
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K OKPEeCTHOCTH TOYKHM a. B cmuy (2.6.1) mmeem

n

’ a

F @y ooy h)= X 5= (@)-hy qan hy€E,.  (5.2.0)
=1

Ta ke camasn dopmyna, mpuMeHennas K f' (BMecro f), maer

P @-Chay oy k)= j;’ @)k man ki€E.  (5.2.2)

i=1

CremoBaTenbHo,

(" (@)-Gery ooy ) o(rgy ooy Bn) =) (Zﬁ, (@) k)« (has - B,
(5.2.3)

Ur0o6er smyume mOHATH, 9TO TpeACTABIAET C000M OpaBas dacTh ITOTO
COOTHOUIEHUsI, 3aMeTHM, YTO

%(a)éfﬁ(Ei; L (E; F));

CJIE{0BATEIIBHO,
af'
W(“)‘kiE‘fg (E; F),
T. e. o0pas Bekropa (hy, . .., h,) € E npu aToM o100pasKkenill ABISAETCS
9JeMenToM IpocTpaHcTBa F.
Huas soaucnenus 0f'/dz; (a) mbl mcmonbdyem dopmyay (5.2.1) mus
npouzBoguoit f'. Juddepenmupysn (5.2.1) mo z;, momyuaem

(L @) O o 1) =3 (e (L) @) by (5.2
=1

3duavenne npoussommoit 9/0z; (0f/0x;) B Touke a MBI 0603HAYMM Hepes
(0%*f10x;0z;) (a). Oro »suement npoctpanctBa £ (E;; £ (Ej; F)) ~
~ £ (E;, E;; F). Haxkouen, ecau B pasencTBe (5.2.3) mpeoGpasoBarh
OpaBylo 4acTh, HCHONB3YyA POopMyay (5.2.4), TO Mbl HONYYHAM, UTO
” . —_— azf . .
(I @ty s ) oy s )= ) (7 (@) i) By (5.25)
1,3

IJ10 ocHosroe coommouenue, BEpakawmee ' (a) € £ (E, E; F) uepez
9acTIibie HPOMBBORHEIE

P (a)c L (E;, Ej; F).

dr; a:l:j

Ormerum, gro »ra Qopmyna [is BTOpofl OpPOM3BOTHON aHAJIOrHUHA
BE paskennio (2.7.1) mia mepBo#l mpousBoHO.
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Ormerum rtemephb, uro orobpakenue f'(a): E X E — F GuauHeiino
u cummempuuro (teopema 5.1.1). Illepecrasass k; u h; (118 Raskmoro i),
us (5.2.5) momyuaeM paBeHCTBO

3 (g (@ hs) = 3 (g @) s
1,7 1,7

a TepecTaBisiA WHAEKCHT CYMMHUpPOBAHMA { M j B IIpaBod YacTH, MH
HalijgeM, 4TO '

D (ke (@) by = 3 (ke @by

i3 i,

Hocie;iHee PaBEHCTBO SABIACTCA MOXCOCCmeoMm 1o ky, ..., kn, By, ..., Fn.
W3 mero BuiTexkaer, uro juiA nodoit mapwt (i, j)
02f a2f
( 9z; 0z; (“)'kl) “hy= (W(d)-%) <. (5.2.6)

JT0 osHavYaeT, uTo OMiIMHENHOe 0TO0padieHHe
92f
Oxj 0x;

(a): E; < E;—>F

ABNAETCA  KOMIOBHI[MEH cuMMeTpuueckoro orobpaskesus E; <K E;—
— E; x E; [roropoe nepesoput (k;, k;) B (ki, h;)] u OGuauseiinoro oto-
Opaskenns
o2f
(3.1?1' de

(a): E; XEj——)F.

Hopoue romops, 0sa Guauneiinwxr omobpaxcenus (0%f/0x;0x;) (@) w
(0*f/0x;0x;) (@) noayuaromes 00HO U3 OpYz020 ¢ NOMOWBI Nepecma-
Hoskw nepemennur k; € E; u h; € E;. B uactaocrn, umpousBogHas
(0%f/0x;0x;) (@), obGosnauaemaa Ttarke (0%f/da%) (a), ecTh OuiamHeilnoe
cummempureckoe orobpaskenue E; X E; — F.

3aMevyanue B upeasgymux mysdKTaX Mbl HPeANONArald CyIme-
CTBOBAIUME BTOPOH# mpoumaBoiguoit f’(a), oTKyjga CciaeroBalo CYIECTBO-
BaHHe YaCTILIX HPOUBBOAHBIX (0%f/dx;0x;) (a). Mosxuo moxygurs docma-
JMownoe yCIOBUE A TOTO, YToOBL oTobpaskerue [ OpLIo mABakanl mudde-
peruupyeMeiM B Touke a. lIpumenss msamsam unpemiosenue 3.7.2,
HoJIydaem

ITpegnoskenne 5.2.1. JJasn cywecmeosanus npouseodnoii " (a) docma-
moyuro, Ymobe uacmule npousgodnsie 0f/0xr; cyyecmeosasu u Guiu nenpe-
DUlHBMU PyHKyusmu Ha mHoxcecmee U, a emopurie wacmuuie npousdsodnble
0/0x; (0fl0x;) cywecmeosaru ¢ awboli mouke x € U u 6wau Henpepwis-
oMl Pyrkyusmy ¢ mouke a [kax omobpancenus U — £ (E;, E;; F)l.

YUacruwmid cayuail, xorga FE =R". B srom cayuae
moaoskuMm  E; =R pusn i =1, ..., n. llpu srom, Kag Me yiKe
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orMedann npoctpanctso £ (E;; F) orowpgectBisercs ¢ /. Teneps mpo-
CTPAHCTBA

£ (Es £ (Ej; ) = £ (R £ ®; )

TaK:ke OTORAECTBATCA ¢ TpocTpancTBoM F. Ecam MBI mposegem Takroe
OTORIECTBICHHe ¥ 0003HAUUM depe3 ¢;; € F piemMenrsl mpoctpaHcTBa F,
oupenenseMsle NpPOU3BOIHBIMU (67f/0x;0x;) (@), TO COOTBETCTByIOmIEE °
6unungeitnoe otobpasenue 3 X R — F cBejgerca K 0TOOpaKEHH1O

(7\/,', 7\7) — ?»l-),jcij.
Orcwopga Oyger ciaegroBaTh, YTO Xihjcﬁij = Ajhicj; maA MIOOBIX Ay, A;
M, 3LIAYUT, C;; == ¢j; (Hampumep, npu A; == 1, &; = 1). Taxum oGpasowm,
TMEeT MeCTO

Ilpenaoxenue 5.2.2, Ecau f: U — F — dsanciv dupdepenyupyemas
Pynkyua n OelicmsumesbHbly NEPEeMENHbLE, MO

(@)=L _(a)€F.

81,5 5ch (/).tj 01!'

Iro raaccugecras meopema Mleapya. Oua yacro GoparyIupyercs B yCio-
BUAX nperio;enus 95.2.1, Koropble SBISTCS JOCTATOUIIBIMU, HO HE
HEOOXOMUMBIMI A cyiecTBoBanua npoussonuoi f* (a). Teopema [lIBap-
ya mpepcTaBiager cofoil wacTuwlil ciaydait teopemst D.1.1 gas Pymx-
OUE 72 JefiCTBUTENbHBIX ITePeMEeHIIbIX.

5.3. IocrenosarenpHbie NPON3BOHBIE

ITyers f: U — F — gpassel muddepenupyeman ¢yarnusa. Torpa

CYILIECTBYET OTOOpasKeUUe 6mopas npoussoonHas

2 U—~ L, (E; F).
O6Go3uagum paus kparwoctu uepes £, (£; F) GamaxoBo IpocTpaHcTBO
£ (E, E; F), obpasoBantioe OWIMIIEHHLINT HeTPePHBHBIMH OT0OGpaie-
ausamu E X E — F. BooGme mu Gynem oGosmadarh uepes L, (E; F)
IMPOCTPAIICTBO MOJHIMIICHHLIX HENPePHBHEX 0TOOpaskeHHi

Ex ... xE—F

N e et e et e’

n COMHOMKHTe.Ielt

Moskno wocTaBUTHL Bompoc 0 AuddepeHiupyeMocT oToOpaskeHus .
Ecan ono muddeperHnupyemo B toure ¢ € U, 10 obo3nayum uyepes f” (a)
unu depes f® (a) mpousBopuyo ¢yusuun f° B TOYKe 4. ITO DIEMEHT
IPOCTPaHCTBA

L (B Ly (E; F)) = &Ly (E; F).

Mur ompepenmm o MEAYKLUHUM, UTO 03HAYACT YTBep:KAelue «0ToGpa-
swenune [ n pas quddepenuupyemMo B TOUKe @» M €ro n-g IPOMBBOJHAS
™ (a) € £, (E; F). Ilpequonoskum, 4ro 910 MOHATHE YKE OIUPEIENCHO
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pia n — 1. Mu 6yzem roBopuTh, 9To orobpaskeHme f n pas muddepen-
mUpPyeMo B TOUYKE @, ecam: 1) cymecTByeT Takas OTKpPHTas OKPECTHOCTH
V toukm a, uro f MoxkHO n — 1 pas mnpomuddepeHmEpoBaTH B Kark-
moit touxe z € V, u 2) oroGpaskenme z—> f "D (2) oxpecrmoctu V
B £,—1(E; F) pmuddeperumpyemo B TodKe a. Torma mpousBopHAA
or -V (z) B Touke a oGosnagaerca gepes f™ (a) ® HasbpIBaeTcA n-i IPo-
m3BomHOE oToOpajkeHMA [ B ToUKe 4. ITO BIEMEHT NPOCTPAHCTBA

Ln (E; F). .

Mmu Gymem ob6osmauatrs uepes f™ (a)-(hy, ..., h,) o6pas BexTopa
(hyy -« ., hp) EE X ... X E npu orobpakenun f™ (¢) npocTpaHCTBa
E X... X E B npocrpascree F.

Onpepesrenne. Orobpaykenue f npunadaescum k kaaccy C* B U
(uzaue: orobpakeHue f rn pa3 HempepHBHO AuPdepeHOUPYEMO HA MHO-
srecrBe U), ecan f n pa3 guddepeniupyemo B aoboi Toure z € U u oro-
OpaskeHue

f™: U~ %, (E; F)
HenpepblsHo.

Omnpepenus Takum obpasom f™ mus n > 1 (Korma ata n-a UPoUsBOf-

Hasdg CYIECTBYET), MOJOKAM

f® = f (mymeBas mpomsBommasn).

Tosopsar, uro orobparenne f npurnadaexcum k kaaccy C°, ecnu f mempe-
PHBHO.

Onpencaenne. Otobpascenme f: U — F npunadaeycum & kaaccy
C®, ecnnm OHO TPHHALIEKHT K Kiaccy C" mua awboro n.

Yupasxxnenune. [oxasars, 970 AJIA 3TOr0 MOCTATOYHO, YTOOH
upousBomHasa ™ cymecTroBana mpu noGom n. B sTOM ciyuae rosopsr,
aro oTobpaskenme f Oeckomeurno Juibghepenyupyemo.

3ameuaanue. Jaa roro urobu oroGpaskenue f G6bto n pas aud-
depennupyemMrm B Touke a (n > 1), HeoGXxomuM0 W MOCTATOYHO, ITOOHI
1) npousBopnas f' (z) cyimecrBoBana B a1060# ToYKEe & HEKOTOPOIl OTKPHI-
Toif oxpectiocTyt V Touku @ u 2) oroGpamkenue f: V — F Gno n — 1
pas mupdepeHTUpyemMsM B Touke a. Torma

™ (a) = (/)" ().
Anamoru4io s n > 2 UMeeM

[P (@) = ()" *(a) mrom

PexomengyeM umTaTeld0 B KadecTBe YIPAKHEHMA NOKA3aTh STH YTBEP-
smpgenua. M3 ocmouoit Teopemnl 5.1.1 6e3 Tpyma momydaercs

Teopema 5.3.1. Ecau omobpascenue f n pas dugpgepenyupyemo 8 mou-
ke a, mo npousgodnas ™ (a) € £, (E; F) asasemces noauauneinsm
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cummempuueckunm omobpasceruenm E X ... X E— F. WnnMu cixosa-
Mu, ecau iy, ..., h,, CYTh 1 BEKTOPOB mpocTpancTBa £ 1 0 o6o3HavaeT
HeKOTOpYI0 mepecTamoBKy wucexn [1, 2, ..., nl, To

f(n) (a’)'(hh h‘21 ea ey hn):f(n) (a)‘(ha (1) hO (2)r ¢« oy hO’ (11))- (5-3-1)

JorkasaTeXnbceTB o. YTBOP/KIEHHe TeOopeMbl Hago [0KasaTh
auwb ana n = 2. Ans n = 2 oHo ye moxasano (reopema 5.1.1). Boc-
[OJB3YeMCS METOJOM WHAYKIMHU: HYCTh 7 == 3 U NPEANONOMKHM, dYTO
Teopema gokasama miasg n — 1. Torma ™ (a) npeacrasiasier coGoit mpo-
HM3BOIHYI0 OT 0TO0pasKeHusi

v V>%,,(E, F),

- KOTOpas, II0 IPEeANoJOKeINio, CYMeCTByeT B HEKOTOPOH OKPEeCTHOCTH
V toukm a. Ilo npemmosmoskenuio uugyrmuu, [~V — orobpaskenue
B IOAIPOCTPAHCTBO HpocTpaHcTBa £, (E; F), coctosmee us (n — 1)-
JIMHEeHHBIX cummempuueckur orobdpaikenus. Ciemosarensmo, f™ (a) -k,
npu hy, € E sABiagercs 3IeMeHTOM 3TOro IopmpocTpamcTBa. Jlpyrumu
CJIOBAMI,

(f(m (Ll) hl) '(h2’ LEEIRY ) hn)

€CTh CUMMEmPUYeckas QYHKIHSA BEKTOPOB Ry, . . ., ,. Ho ona cosma-
naer ¢

f(n) (a) .(hlv h27 v e ey hn)7
u norToMy moiaumammeiinoe orobpaikenwe [ (a): E" — E sBasercsa
cuaMerpudeckod pyurmueit n — 1 depeMeHHBIX Ay, . . ., ;. Temeps

HaM J0CTaTOYHO y6e,[[I/ITLCH B TOM, YTO BeJIMYNHA
n
f( )(d) '(hh h27 L) hn)

He H3MeNAeT CBOGI0 3HAYEHWS IPH INepPecTaHOBKE BEKTOPOB 2, U A,.
B cavom pmeme, m3BeCTHO, 49TO BCAKASA HepPeCTAHOBKA M3 7 IIEMEHTOB
COCTOMT K3 KOHEYHOTO YHCJIA (TPAHCHO3UIHIN, T. €. I[EPECTAHOBOK
ABYX IIOCJIeOBATeJIbHbIX dJeMeHToB. Hak Obllo mokasaHo BBIMIE, 3HA-
genme orofparkenuda [V He U3MeHSETCS IPH IepeCTaHOBKe h; W h; 4y
a2 LiCn— 1.

Ecam MBI IOKayKeM, 9To TO JKe CaMOe HMEET MEeCTO IpH IepecTaHOBKe
BEKTOPOB R, M h,, TO JOKa3aTeXhCTBO OyHeT okondeno. Ho, MOCKOIBKY
f™ (a) ects BTOpas mpousBogHasg or [P BHpasKeHHE

(™ (a) *hy) -hy € L1 -y (E; F)

CHUMMETPHYIHO OTHOCHTENBHO 2, U h, B cHUIY Teopemsl 5.1.1, mpumenen-
Hofl K ¢ymkmuu f*°®, a. T. 1.
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5.4. Ilpumepst . pa3 nuddepenuupyembix GyHKImIE
Hpepnoxenue 5.4.1. Beakoe Guaunetinoe nHenpepuigoe omobpascenue
¢ i X E,— F

npunadaescum k kaaccy C®; mounee, npousgodnas ¢ seasiemcs ROCMOAH-
HolM omobpajcenuem, a npousgodnwe @V pasHsl Hyal npu n > 2.

Jorxasarteancrtso. U3 reopemst 2.4.3 MH 3HaeM, 4T0 0TO-
Opasienue ¢ puddepennupyero u
@' (@1, T3) (hyy hy) = @ (hy, x3) -+ @ (21, hy).
9TO COOTHOIIEHHE MOKABHIBAET, YTO OTO0paskenue
@' By X Ey > L (B, Ey; F)

npepcrasisger coGofl  aumelnylw Henpepuenyld (PYHRIUIO B TOUKe
(z1, ;) € E, X E,. CnegoBarei1bno, ee NPou3BogHasg ¢’ eCTh KOHCMAH-
ma. Ee 3Hadenue ABIAeTCA DILMENTOM IpocTpauctsa L, (£, X K, F)
[rne mpoussemenme E; X E, paccvaTpuBaercsi Kak 0aHaxoBo HpO-
crpamnctBo]. Oro6paskenne ¢” cTaBUT B cooTBercTBHe diaenentam (hy, h,)
u (ky, k,) BerropHOTO TpocTpanctsa F, X FE, diaemeurt

¢1 (hy, ko) -+ @ (Fy, hy)
npocrpanctBa £ (E; X E,; F). JloraszaTeabCTBO OKOHUEHO.

Teopema 5.4.2 (npomsBojHas ciokHOH ¢yurumn). Ilyems U < E
u Vo F — omkpumbie MmHoMecmea ¢ Oanazosulr nNpOCMPAHcmsar,
f: U=V u g V—> G — nenpepwignvie omobpaxcenus.

(i) Ecau omobpascenue f n pas duddepenyupyemo ¢ mouke o € U,
a omobpasxcenue g n pas dudepenyupyemo ¢ mouke b = f (a) € V, mo
omobpaxcernue h = gof: U— G sasasemca n pas dugfdeperyupyembin
8 mouke a.

(ii) Ecau f u g npunadaexcam k kaaccy C*, mo u h = gof npunad-
aexcum k rkaaccy C". :

JoxaszarenbeTnBo. Teopema Bepua gna n = 1. B camom
meine, 9To ciegyer U3 Teopemst 2.2.1 (0 npousBoAHOH CHOKHOR QyHKIMN),
CcoTlacuo KoTopol

W (z) =g (f@)f (2). (5.4.1)

@opmyna (5.4.1) nokaswBaer, 4ro ecau upoussopuble [ U g’ HempephIB-
Hbl, To HempephiBHA W QyHxmua k' (oTkyma cienyer yrBep:kaenme (ii)
min n = 1). Jlokaxem yrBepskaenusa (i) u (ii) mapyxnue#r mo n, mpep-
moJjaras, 4To OHM cupaBemjueel 1asa n — 1 (n = 2).

Paccmorpum, manpmMep, f0KasaTelbcTBO yreep:kpenus (ii). [HQua
yreepsknenns (i) paccyskaenue anaxormdyHo. MBI XOTHM IOKa3aTh, 4TO
QYHKIUA h npuHapdesKuT K Kiaaccy C™; [OCTaTOYHO [OKA3arh, HUTO ee
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opousBoguasa k' ecTh QyHrmMA riaacca C*l. U3z dopmyant (5.4.1) mm
BUJIUM, 4TO 0TOOpasKeHme A’ COCTOMT M3 JBYX 0TOOpa;KeHMIL:

1°) orob6paskenus x — (g’ (f (z), /' (z)) muosmectBa U B mpoctpan-
cteo £ (F; G) X £ (E; F);

2°) otobpaskenus (v, u) —> vou npocrpauctsa £ (F; G) X £ (E; F)
B mpocrpauctBo I (K; G).

Bropoe orofpaskenme OunmHelino u IempeprBio (cM. Komel m. 1.8).
CiaepgoBaTesbHO, OHO HPUHAMNEKHAT K KiaIaccy C® (mpemnoskenue 9.4.1).
IlepBoe oToGpasdienne — sT0 oTOOpaskeHMe mpocTpaHcTBA F B mpoua-
BeloANe HPOCTPAHCTB. Iro COCTABIAKMMMHA CIYEKAT OTOOpPAKEHHA

x—g (@) n z—jf (.

Ilo umpegmomosenio, BTopoe oTOOpaKeRHe NPUHAJIESKAT K KIACCY
C™ 1. Ileppoe oToGpaskenme MORIIO IIPEACTABHUTHL B CIHEAYIOMEM BHE:

vLvE 2.

Orobpasienne f mpuuafiesRuT R Kiaccy C™ u, clefoBaTelbHO, K Kiaccy
C™ 1. Orobpaswenue g’ rTaiske IMpHHAAIe:RUT K wiaaccy C*~1. ITo nped-
noaosxcenuto undykyi, rRomiosunua orobpamkenuit g’ o f — oro ¢yur-
nuaA, mpuHagnesamaa r raaccy C™l. Wrak, orobpamennme 1°) upu-
HagueRar K Raaccy C"! (Tak Kak Kamjoe HW3 JABYX COCTABIAIOIUX
orofpamenuil mpuHaggesuT aToMy Kiaaccy). Orob0pakenme 2°) tarske
npuiae;ruT K raaccy C" 1 (mawme C®). o npednosoxcenio uHdyrkyuw
(mpuMeHeoMy BO BTOPOH pas), NX KOMIO3UIHA TaKike MPHHAISNUT
K iraccy C™1l. 9ra rROMIO3MIUIA e€CTh orTobpaskemme h', M MHAYRITUA
IOJLOCTHI) 3aBCPLUIOHA.

Teopema 5.4.3. Hyems E u F — Ganaxosst npocmparncmsa;
Isom (E, F) — omrpwimoe nodmmoscecmeo npocmpancmsa £ (E. F),
06pasogaiiioe aunelinumu usomoppusmam npocmpancmea E na F. Ecaw
omotGpaxcenue ¢: Isom (E; F)— L (F'; E) makoso, umo

¢ () = ut € Isom (F; E),
mo oro npunadaexcum g kaaccy C®.

HMorasarteasncrso. Hak Mer yme smaem us Teopemmr 2.4.4,
orobpasrenue ¢ TPUHALICHKUT K Kiaccy Clu

@ (w)-h=—ulohou? gua heZL(E; F). (5.4.2)

Ilepsaa wupomssomuas ¢ (1) ABIAETCA HIEMEHTOM IIPOCTPALCTBA
(L (E; F); £ (F; E)). llo amanorum ¢ JoKa3aTeldbCTBOM Teope-
Mb 2.4.4 BBefieM OunnmeiiHoe HempephiBHOE OTOOpParkeHMe

v L EYX L (F E)—— (L (E; F), £(F; EY),
ompeneJeHHoe € IIOMOIILIO (OPMYIIBI

P (v, wyh = —vohouw.
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Torga coorHomenwe (5.4.2) mepenumeTcsa B BHAE
@ (W) =% (¢ W), ¢ W) (5.4.3)

{rar rar u~! = @ (u)]. 9To AmddepeHnumanbHOE ypaBHEHHE, KOTOPOMY
yoosnerBopsaer QyHrnma ¢. BriBemem oTciofa, HDONB3YACH HHAYKIHER
o n, 9To QYHKOUA (p OPAHAMIEKAT K wiaaccy C™.

Msr yixe 3HaeM, 4TO 8TO YTBeIKIAeHHe COpaBefIuBo Aiaa n = 1.
Ilycrs n > 2; GymeM mpeamolaraTh yike AOKA3aHHBIM, 4TO (QYHKIHA
¢ mpuHagme:RuT K kiaaccy C™ . Iloraskem, 9ro Torma mpomsBopHas ¢
TaK;Ke IPHHAMICKUT K Kaaccy C™1 (1. e. oToGpaskeHue (¢ TPUHANJICHKUAT
Kk kmaccy C"). Kax noxasmBaer pasenmctBo (5.4.3), oroGpasxenue ¢’
HpeAcTaBisAeT cO00f KOMIO3ULUIO ABYX OTOOpayKeHUI:

1°) orobpaskerua u —> (¢ (u), ¢ (u)) mopmuoskectBa Isom (E; F)
B upocrpauctBo £ (F; E) X £ (F; E);

2°) OuianueilHOTO 0TOOpaKEHHA 1.

IlepBoe oToGpaskeHMe TpHHAMAGKAT K Kiaaccy C™ ! mo mpegmoso-
JKeHHI0 MHIYKIHH, BTOpoe — K Kiaaccy C® (upepmiosxkenue 5.4.1). Cie-
JIOBATEJNBbHO, WX KOMIOBHIUA ecTh oTo0paskemme kiacca C™! (Teope-
Ma 5.4.2), 4. T. ;.

Yupaikuednune. BuBectn gopmyny pas n-i OpomsBopuoil oTo-
OpaskeHusa @:

o™ (W) (hyy ooy By =(—1)" Zu‘loho(i)ou_lo veoulohg (nyoud,
¢

Tle CYMMHUDOBaHHEe IPOH3BOAMICA 0o n! IepecTaHOBKAM G 49HCeJ
i1, ..., nl

Teopema 5.4.4. ITyemv E u F — 6anaxoewt npocmpancmea, a V< E
u W o F — omkpumbie muoxcecmea. ITycmv omobpascenue

[ V>W

aeasemces Cl-Ouggeomopdusmon (cm. u. 4.1). Ecau omobpancenue f
npunadaexcum k kaaccy C", mo obpammuwtii eomeomopgusm g = f1
makxce seasemcs omobpascenuem kKaacca C".

[Torma rosopsar, uro f ects C"-muddeomopdusm.]

HorasareannbcTBo. ua n =1 yreepsiaeHne Teopemsl oue-
Bujuo. Bosee Toro, Kak M yike 3HaeM, gag y € W

g W= EyNt (5.4.4)

9710 3HauuT, 4TO oOTOOpayKeHme g’ UpeicTaBIAAET COGOM KOMIO3UIUIO
Tpex 0TobparKeHmii:

orobpaskenus g: W— V;

orobpaskenns f': V — Isom (Z; F);

orobpaskennsa Isom (E; F) — £ (F; E), oupefeieHEHOTO ¢ IOMOMBIO
dopmynsr uw — uL,
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JorazaTensCTBO MBL mpoBefieM 1o wHAyRuum. llpeanmomoskuy, uro
yTBeps/enne cupaBegnmuso paa n — 1 (n > 2). Torpma, mo ycuaosuio,
BTOPOE U TpeThe oToGpaskeHus IpHHaIIe;aT K Kiaccy C™! (a Tperbe
paxe K Kaaccy C® B cuny teopenmsl 5.4.3). Uro kacaerca mepmoro oto-
6paskeHusa g, TO OHO, RO hpednoioKHceHuw UHOYKYUY, HPHHATJIEHRUT
k kxaccy C™'. Torma orob6pasmenue g’ ecTh KOMIIOBHIMA Tpex 0ToGpa-
aenunit kaacca C™' u, ciemoBaTeNbHO, CaMO IPHHAJJIEKUT K RIaccy
C™ (teopema 5.4.2), u. T. ;.

3ameqanue. Ecau orobpamenne f: V— W — nuddeomopdhmsm
gkaacca C" (n 2=1) (coorBercTBeHHO Kaacca C%) m ecam [ (x) €
€ Isom (E; F) nns aw6oro z € V, 1o f asasercs C™-paddeomopdusmon
(cootBercTenso C@-guddeoropduamon). [Has n =1 yrBepxaenue
coBmagaer ¢ npepaoskerueM 4.1.1. O0beaunsAs ero ¢ TOIBKO 9TO fOKa-

sannoll Teopemoit 5.4.4, moayuaey chOPMYIUPOBAHHHE BHINE Pe3yib-
Tat.]

Cnemcreue 5.4.5. Ecau ¢ meopeme 4.2.1 o aokarvrom obpawenuu
npednosoxcumsb, umo omobpascenue f npunadaexcum k raaccy C", mo
cyxcenue omobpaxcenus [ na muoxcecmso V [B oGosmagennsx teope-
MH 4.2.1] 6ydem C™-Ougppeomopusmon V na W.

Ananoeuuno, ecaw ¢ meopeme 4.7.1 o neasnwx Pyrmkyusxr npednoao-
scumo, umo omohpaxcenue (x, y) — f (x, y) npunadaexncum & kaaccy C*,

mo [B obosmadcuunx Teopems 4.7.1] omobpaxenue g W — F npunad-
aexcum k kaaccy C".

5.5, Mopmyaa Teiimopa: yacTHeHi cayyaii

Haunem ¢ mpensaputenabruoit dopmynst. llyers E, F u G — Ganaxou
npoctpaHeTBa # @ F X F — G — wenpepsiBHOe JuHeliHoe oTo0pa-
semue. llyeTh, ¢ HPYyToil CTOPOHH,

u: U—-FE, v:U—>F
cyth n + 1 pas quddepennupyersie orobpaskenus, rae U — OTKPHITHIT
HHTepBan uucaosoli npaxmoii R. llpeamosommM, UTO TMOCIETOBATENbIIbIE

npousBoanbie u®, vV Tarike ABIATCHA OTOOPAKEIMAMI COOTBeT-
cTsenno B npoctpanctsa £ u F. Torma cmpasefnmea

Jlemma. Ilpoussodnas omobpascenus

(= 3 (~ P @), v (1)

urmepsaaa U 6 G 3aBaemes gopmyaoi
t— ¢ (u(t), o™ @) + (1" ¢ @™ (@), v (1).
JoKkasaTenbCTBO JIeMMBI MBI IPEJOCTABIAEM UYUTATETIO (3J{CCH HyiK-

HO NpPUMeHUTs (QOPMYIY AldA IPoH3BOgHON Gmamueilnoll ¢yHruum or
IBYX ¢ymrmuil uncaoBoro mepemenHoro (eMm. 2.5.9)).

6—743
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IIpmienny »Ty JeMMy B clefyloleM uacTHOM caydae: £ = R,
G = F. Orobpasrerue ¢: R X F— F MBI 0IIpefeIUM KaK yMHO:REIHe
BEKTOPA, MPHHA/Je/KAIEro OpocTpalcTsy F, na dncao. BoseyeMm ¢yHK-
L0
1. n
u(t):——(l—t) )

n!
KoTopasa mpunagae;kurT K kaacey C" u w™P (¢) = 0. Toraa sl moayumm

Hpepnoskenne 5.5.1. Ecau v ecmv n -+ 1 paz dupdepenyupyemas
Pynryus deticmeumeavrozo nepemennozo t € U co snavenusamu ¢ 6anaxo-
gom npocmpamncmse I', mo

ro+a—nv @+ tra— e | =
::_‘([_t)n U(“H) (t) (5.5-1)

(cmvBox (d/dt) f oGo3nauaer TPOUBBOANUYI0 0T GYHRIMN [ meilCTBHTEND-
IIOTO TICPEMEeHIIOTO I).

Caexersue 5.5.2. Ecau U o [0, 1] w npoussodnas v+ nenpe-
puleHa, mo

r l "oy 1 n
v(1)=v (0)=v" (0)— - (0)—...—Wv‘ ’(0) =
1
= | e ar. (5.5.2)
0

B camom me.e, ecan yHrmuA ¢—> f(f) umeer HempepubIBHYIO TPO-
mssognyio f° npu t€[0, 1], 10, kaxk nsmecrHol),
1

f—i={rwa.

0

ITago mpuMenurd 9Ty QopMyTy, moJaras
, 1 n .
F@)=v(@)—(1—0Ov ({¢)— ... —7(1—0"1) T(¢). (5.5.3)

CaegcrBue 5.5.3. Iycmb gwinoanens, yeaosus npedaoxcerus 5.5.1,
u nycmb

|[u""”'(t)|{<M daa tE[Ov 1] (554)
Toeda

UU(1)——1}(0)—0’(0)—,171;"(0)—...—- !

M
) H\<(TW . (5.5.5)

) Cm. T. E. Il u x 0oB «Marematuueckuit amanuss, 4. I, § 93.— ITpum. nepes.
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HJowxasareunncrtso. Ilpmennya teopemy 3.1.1 o KoHeummx
npupaniennax, saMenss B neill murepsaxa {a, b] ua [0, 1], dynxuuo f
na ¢ymrnuio, saganuyio Qopmymroit (5.9.3), u nomaras

gt)=—M %}‘)g—ﬁl
N3 coornomenus (5.5.1) BLITexaer, 4To
17 O < S22 0 @)
CaejoBatennHo, B cmiy mpefmoskerus (5.5.4),
|7 @l <m S22 =g ).

ITo Teopeme o romeunnix npupamenuax 3.1.1 mbt moaywum, 9T
@ —71O1<g 1) —g0).

ITO HEPAaBCICTBO COBIAAET ¢ HEPABEHCTBOM (D.D.D), KOTOpoe HYIRIO
OBIJI0 OKA3aTh.

B cacpucrnuax 5.5.2 m 5.5.3 PACCNOTPENE 1BA TACTHHIX CYYas dop-
smynabl Teitnopa. Temepp MpI Tepeiimest ® o0mieMy ciayualo.

5.6. @opmyna Teiinopa: obuyuii cayuaii

I[lyers U — oTKEpHTOE MHOYREGCTBO B 06amaxoBOM TpocTpalucTBe K
u F —- GanaxoBo mpocrpamcrso. PaccmoTpum orobpaskenne

f: U—>F.

Obosmaunmy uepes a u a -+ h gBe Takne TOUKH MuoxecTBa U, 94T0 0TPE3OR
{a, @ + Rkl copepsiuirest 8 U (nanmpumep, eciu MHOLECTBO BOITYRIO,
TO JULA TOTO, YTOOLI 3TOT OTPE3OR IEJIUKOM cofepskalncsa B U, gocrarouio,
uroOnl TouxkH a, a - h € U. Ecam ke U — mpousBoiibHoe OTKPLITOE
MIIO}KeCTBO M a — Touka u3 U, 1o touxka a 4+ kA € U gaa moboro Ber-
Topa A € £ ¢ 1ocTatouio Majoil IOPMOM).

Pacemorpum  ¢ynrnmio

v (@) =f(a-th), tclo,1l.

Ecau ¢ynruums f ssasgercs n -+ 1 pas gugdepenmupyemonn 8 U, To
u ¢ynrmus v apasierca n 4 1 pas nuddepennupyemoin (B cuiAy Teo-
pemnl o puddepennupyenocTd ciaoykuoit $ynkuun). Brrumcamm mpous-
BOJHbBIE 0T QYHKIUA U:

(1) =1 (a+ th) -k,
V(1) = (" (a + th) k) -h.

Mocreanolo m3 mnux Ml obosmaumMm  uepes 7 (a + th)-(k, h).
[3amernm, uro npoumsBogmag f"(a + th) upexcramiser coboil

6%
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Omnnueiinoe cmMMeTpuueckoe orobpaskenme E X E — F.]. [lna upo-
m3BopHON '™ (f) MBI HAHMEM OO HHAYKIUHE, 9TO

v () =f"™ (a-+th)-(h, ..., ). (5.6.1)
N——’
n pas
‘O6osnauuM 1A Kparkoctm axement (k, ..., h) € E™ uepes (h)".

Hamonen, B ciaepctuax (5.5.2) u (5.5.3) Mbl 3aMenuM QYHRIHAI U
u OpousBofuble or Hee BopaenmeM (5.6.1). Taxkum ofpasom, Mb
WOJIyunM Taroil pesyabrar:

Teopema 5.6.1 («popmyma Teitopa ¢ ocTaTOYHBEIM YIE€HOM B HHTe-
rpansuoft dopme»). Hycmev f: U-—> F — omobpasxenue kaacca C™*1,
Ecau ompesor la, a + h} codepicumes e muoscecmee U, mo

Flah)y=f(@)+ [ (@)-h g " (a)-(hy B)+ ...

.

(5.6.2)

A @)y | LS o (gt (0 .

n!

(=4

- Teopema 5.6.2 («popmyna Teiimopa ¢ ocTaTOUYHBIM UIEHOM B (opme
Jlarpammkar). Ilyemo f: U — E ecmv n + 1 pas dupgepernyupyemoe
omobpascerie; RpednoaoHum, u€mo

17 (@) | < M npu 2 € U. (5.6.3)
Tozda
|1t m—t@—1 @ b 1 @t < M
(5.6.4)
IleficTBUTEIBIIO,
o™ @) |l = lf**(@+ th)-(hy ..y B) |

00 CBOHCTBY HOpPMH (n - 1)-nuHeilHoro HenpeprBHOrO 0OT00payKeHHA
(eM. (1.8.9)). I10 BHpasKeHUe MeHBINE, YeM

7"+ (@ 4 2h) |- B NI,

a B cuay ycaoua (5.6.3) mociemmee NpousBefeHHe MeHBINE, 9eM
M || k| Tenepe moctaToumo TmpUMeHUTH ciXenctBue 9.9.3 (rme M
sameneno wa M || 2 {[*1Y).

Tarossl mBe «popmynst Teimopa». 13 HUX MoiKeT OHITH BBIBEJeHA
TpeTba Qopmyda. Amanusupys HepaBeucTBo (9.6.4), M BUEHM, YTO
worma h crpemurca k O, mpaBas, a CiejoBaTedpbHO0, I JeBasg JACTH Ipef-
craBaaT coboit o (|| 2 |[*). Ho aror pesyasTaT GLLI IONYyYeH B IIpen-
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gonomennd, uro (n + 1)-1 wmpousBommas (yHKUEH [ orpanHyeHa
B OKPECTHOCTY TOYKM . B HeHCTBUTEIBHOCTH OH HMeeT MecTo mpu Golee
cHabbIX TPEANOJOMKEHIAX:

Teopema 5.6.3. ITycmy f: U — F ecmv n — 1 pas duepenyupyemoe
omobpaxcenue. IIpednoaoscum, wmo omobpasicenue f n pas Ougdepen-
yupyemo ¢ mouke a € U. Tozda

If (@a4h)—F (@)~ (@)-h—. ..~ [ (a)- ()" | =o([| k |).|  (5.6.5)

dta «popmyna Teilnmopa» BHIpaskaeT TONBKO «ACUMIOTOTHTICCKOEH
cBoiictBo. OHa DOKa3wBaeT, 9T0 NOPOUCXORHUT, kozda h cmpemumcs
K HYao.

Jdorxasatenncrtso. [Ipun =1 dopmyna (5.6.5) — sro upo-
cTo onpedescnue mpoussomHoil f'(a):

@+ h —f(@—7F @-Rh|l=o(lhl]).

Bocunonwsayemca ungyrnueit mo n. Ilpeamosnosxum, aro gopmyna (5.6.5)
sepHa gaa n — 1 (n > 2). Paccmorpum dynrimuio

¢ (R)=f(a+h)—F(@—f (@)h—...—— {7 (a)-(R)". (5.6.6)

Berawcnium ee npoussoguypo. Jlaa sroro maiiem cHagasa IpOU3BOLHYIO
dyuxmua b —> ™ (a) -(h)". Jlaa xakmoro 3naueHHusA h 3Ta NPOU3BONIIAA
ABIAeTCA anemeHToM upocrpamncrBa £ (E; F), T. e. aumneitnoin Gynk-
mueit or k € E co 3magenmamu B npocrpamnctee F. Tark Kak npoussogHasg

/™ (a) mpemcrtaBader coboil n-nuveiinyio pyuknuo £ X ... X E—>F,
10 1o dopmyie (2.4.3) MOKHO HaNTH ee NPOU3BONHYI MJIA 3HATeHHA
(h, ..., h) mepemenHoili: dT0 JuHeHHOe oToOpaKeHHE
k — f™ (a)-(k, b, ..., h) 4 f™(a)-(h, k, By ..., B) 4+ ...

o M (a)-hy ..., By k).
Tax rak mpoussogHaa f™ (a) ecTh cummempuueckoe oTobparmkenme, To
k— nf™ (a)(h, ..., h, k). 970 cOOTBETCTBHE MOKHO WHTEPIpPETH-

poBaTh CJaeAYOLMM 06pa3oM: paceMoTpuM f™ (@) KaK TPOU3BOLHYIO
popsaaka n — 1 or orobpaskenus f': U — £ (E; F). 310 (n — 1)-a1u-
HeliHoe cmMMeTpHYecKoe oToOpaskeHwe B mpocTpaHcTBo £ (E; F). O6o-

3HAYMM Uepe3
f™(a)-(k, ..., B)=["(a)-(R)"*

n—1 pas
o6pas MyasTuBeKTOpa (h, ..., h), TpUHAANEeRAMME TPOCTPAHCTBY
L (E; F). Torga MH ycTaHOBHM, 4T ONPOU3BONHOHE OT GyHKIHU

h— % ™ (a)-(R)™  (orobpaskenne E —> F)
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oyner QyHK 1111;1

7

- n——l —— [ (a)-(R)"* (orodpamcune E— £ (E£; F)).

B pesyanbrare Mbr Hafijienm, Uro HPOM3BOZHAA 0T (YHKIUE ¢, olpese-
JcHNo# gopumynoil (5.6.6), saummerca Tak:
1 ;
’ 1y . ’ m) n-1
@ =1 (@0 = (@) = . — g 1 (@) ()
[Ipmyensa mpexmomsoskenne MHIYRIOUT K QYHRIQU [/, DOTYITHM:

" () [l = o (][R [I*7Y).

Hpyruyn caoBayi, jas awodoro uncia € > 0 cymecrByeT Taxoe SHCIo
1 > 0, 4T0 U3 HepapcuUCTBA

a1l <n caexyer [[¢"(h) [ <& [[h "
Otciofa B CHILy Teopealbl 0 KOfeulnlX MpUpamerisAx BLITEKAeT, 4To
1 puj

o (@) —¢ O I<e IR aan [[2]]<N
ITo @ (M) = 0. Tarus oGpasony,

e (B) 1= o (Il 70,

a aTo m ecTh Qopmyaa (5.6.9), roropyw HY:KIO OLITO TOKA3ATH.

§ 6. IIOJIIIOMDI

Dopuyaa Teitmopa (cn. n. 5.6) omupemeasier pynkmuio or k € E:

B @) (R ),

\_...——... o ——

n pas

ric npomspoguasg f (a) ecrb modnamHellnoe clMeTpHIeCKoe oTofpa-
sweune L™ — F. 310 mpuBojsHT Tiac K OOLIENY TOUATHIO 00HOPOIH020
NOAUNHOMUAALHO20 omobpadsicenua cmenenu 1 npocmpancmea E ¢ F.

Ilpesiae Bcero Myl 3aiiMeMCsl UNCTO AJATEdPalieckoi cTOpOHOH 3TOTO
Bompoca.

6.1. OauopogHpic MOANHOMBI CTCHENN R

B osroym 1 caepyiomux nyinsrax K 03nauacT KOMMYTaTHBLHOe IoJe
XapaKTCPUCTHRE IyJL, T. €. Moe, cofepsRalee B cebe Iosie OTIOTIC-
guii Q. Her weoGxoguyoctu mpejnorarars, uro noige K ecrs R wau C.
B wacruocru, mome K mosker cosmagarn ¢ moaesm Q. Bee mexroprinie
IPOCTPALICTBA PACCMATPHBAIOTC KAk BERTOPULIE MPOCTpalcTBA  HMaj
mosgeM K KOHCUIION IIU OECKROMEUIION PasMeploCTH.
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Onpepenenne. Ilycrs £ u F — BerTopmble NpPOCTpancTBa U n —
mexoe wuciao > 1. Orobpasmenue ¢: E — F wpaswsBaetcs 00Hopodusm
NOAUHOMUHAAbHVIM 0MOoGpaANceHUeM CTEIEHU R, €CIH CYIIeCTBYeT TaKoe
n-nuiiefinoe oTobpasreHue

fr Ex...xE—F,

B

n pas

¢ @ =f(x, ..., a). (6.1.1)

B arom cayyae Tak:ke TOBOPAT, UTO @ €CTH OJHOPOLIELIA I0JIHHOM cTe-
merwr n (oIpemeleHHEI B WpocTpancTBe £ U NPHHUMAIONUA 3Bavellnd
B mpocrpamnctse F).

Pasencrso (6.1.1) mokaswBaer, uTo orobpakenne ¢: £ — F ABser-
cA KoMIo3umueil jaByx orobpasxennit

q9To

A ro,
E—E" — F,
rge orobpasienne f moamamiueiino, a A ofo3navaer jgHaronajgblroe 0TO-
Opasrentie
Ar)=(z, ..., x).

n pas

pepnomwenne 6.1.1. Ecaw omobpacenue ¢ E — I' seasemcs odno-
POOHBIN ROAUNOMOM CMETEHU R, MO CYujecmeyem Maroe NOAUAUNEIHOe
cummempuyeckoe omobpancenue g: E™ — F, umo

¢ () = g(z, ..., 2. (6.1.2)

B casxom gpede, ccaum f — moduauueiaoe otoOpaskerme KT —> F,
AJs Koroporo mmeeT arecto paseirerso (6.1.1), To gocrarouno B3ATH

1
g(zy ..., »Kn)ngf(ffc(n, v Zo (),
ag

Tlc cyMMUpoBaune Befieres mo 1! nepecranosram o weea [1, 2, ..., nl.

Sarnewanue. Jlagee aur yBuaum (caeactsue 6.3.3), uro cyimecrt-
BYeT eJuHCmeeHHoe R-JIHeHOe cumMmempuieckoe 0ToOpamkeHue g, KoTo-
poe yaosacreopsier yeaosuio (6.1.2) nias safanHOrO OAUOPOLIIOrO MONU-
HOMA (p CTEIeHU 7.

I1pnsep. Ognoponuniii moxniom cremenst 1, sajanmnili ua mpo-
cTpaHcTse [ 1 mpHIVAOMUI 3HaveHHs B HpocTparcrse F, Aviascrcs
aunelinoa omobpaxcenuem E — F.

YcioBumesa, 9UTO Koincm@ima SABASIETCS  OFILOPOHLIN  ITO.IHIIOMOM
cremenu n = 0 (mocrosumoe orobpasneuume E — F),
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3ameganune. Ecim ¢: E— F — ofHOPOJHHI NOJIHHOM CTe-
OeHH 1, TO

¢ (Ax) = M@ () pua awoboro wmena A € K. 6.1.3)
B camom pene, cootnowmernue (6.1.1) gaer
o (Az) =f(Az, ..., A2) = A" (z, ..., ) = A" (2).

Mpennosxenne 6.1.2. Mnoxecmso odnopodnwz noaunomos E — F
cmenenu n 06pasyem nOGRPOCMPAHCIMEO GEKMODHO20 NPOCIMPAHCINGA, 6CCT
omobpasxcenuli E— F.

HanomuamEM, 9T0 CTPYKTypa BEKTOPHOrO NPOCTPAHCTBA HA MHOKECTBE
Bcex oTobpaskenwit £ B F BBOEMICA ciaegymomuM o0pa3zoM: CyMmoi
¢ -+ #Byx otobpasienuil HaswBaeTcA oTobpaieHHe

z — ¢ (z) + ¢ (2);

opousBenenueM Ag orobpaskenus ¢: E — F ua cxanap A € K Hasw-
BaeTcsa oTofpaskerme £ —> A-@ (z). B aTom onpefenenun mcmombayercs
CTPYKTypa BeKTopHOro mpoctpancrBa. Ilpenmoxenme 6.1.2 oweBmgmo,
OOCKOJBbRY n-nuHeifiHble QyHKomu E" — F 06pasyoT BEKTOpHOE Ipo-
CTPAHCTBO.

YMHOMEeHHNEe OJHODPOJHBX NHOJHUHOMOB. Ilycrs
¢: E>F, . E—~G

CYTh IBa OJHODOMHBIX IOJHHOMA: (p — CTeleHHM p U | — cTemendu g.
3necs E, F 1 G — BeKTOpHBIE NPOCTPAHCTBA. KCJaM OpH 2TOM 3ajaHbl
emle OfHO BeKTopioe IupocTpanctBo H ® 6uauneiinoe orobpaskeiine

O: F X G-~ H,

TO MOKHO OIPEJeNuTh «IpoM3BeJeHNe» QYHKUUA ¢ ¥ P OTHOCHTEIHIO
orobpaykenua @. Iro pyuruua

z— @ (¢ (@), ¥ (2)),

oumpejielleHHasg B OPOCTpaHCcTBe E U OpvHMMA0INAas 3HAYEHAA B IPO-
cTpaHcTBe f.

pennosxenne 6.1.3. IIpoussedenue 00nopodnozo noaunoma ¢ cme-
nenu p u 00HOPOIH020 NOAUHOMA \p cIeneHU g ecmb 00HOPOOHYL NOAUHOM
cmeneiu p -+ q.

ODowrasarenscTso. Ilyers f: EP > F u g: E? - G — 1Ba
TAaKUX TOJUIUHENHBIX 0TOGpaeHusa, 4TO

¢ @ =Ff(= ... 2, Y@) =g ..., 7).
Oupegeaum oroGpamenne h: EP*? — H ¢ nomomsio GopmMyist

h(xy, ooy Tpag) = DO (2, - o5 Zp)y & @pt1r - - o Tptg))
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flcuo, uro h — mommnuuedinoe orobpakenme. Boxee Toro,

hz, ....2) =@, $ @)
910 W Tpe6oBaNOCh AOKA3aTh.

3ameuanue. IIpuMesum mpefryinee OpepoKeHue K CIydalo,
korma G = K, H = F, a oroopamenue O: F X K— F cBogurca
K YMHOMKEHWIO BEKTOpa, IPUHAIIeKAINero HPoCTPAaHCTBY F, Ha craxap.
Ecanu, xpome Toro, Mul upegumoioxnMm, 9to F = K, To moaydum ymHo-
HeeHnue O0OHOPOOHVT NOAUHOMO8 ¢ Hucaossmy sHaueHusmu. OHO KOMMY-
TATHBHO M aCCOIMATHUBHO,

6.2. IlonmnoMer, He 00A3aTEIBHO OXHOPONHbIE

Onpenenenne. Oto6paskenue ¢: E — F ecTtb noaunom (ue obsa3a-
TEJIBHO OJHOPOMHLIN), €CHM CYIMECTBYIOT TaKWe Helikie YHCIa N B OHO-
ponHble MOIHHOME g, ¢y, . . ., ¢, (TOIUHOM (; UMEET CTEHEHH i), 4TC

P=Qo+ ¢+ ...+ @, (6.2.1)

(pedb HOET © CHOKEHUM B BEKTODHOM IIPOCTPAHCTBe OTOOpaskeHUi
E—F).

Sameganue. Wz oupemeneHus HeNOCPEJCTBEHHO He BHJIHO,
ONHO3HAYHO JM 0TOOPa)KeHUe (¢ OImpeesseT MOAMHOME @y, @, - - ., Pp.
Husxe mur yBugum (caepcrsue 6.3.2), 910 9TO TaK.

Horpga umeer mecto pasioskenue (6.2.1), To roBopsar, 4To cremenmsb
HOJMHOMA (p MEHBIE YJIM PAaBHA N. BCAKUA NOMUHOM cTeneHN < 1 ABJIAET-
cA B TO ke BpPeMsd MOJUHOMOM CTelIeHH < p, KaKoBO 6w HHU 6HIIO p > n.
Ionunomer crenenu < 0 mpeacrasiaiT coGoil MOCTOAHNbIE (yHKIHH.
YcnoBuMCA TIOBOPHUTB, 9TO IIOJUHOMEL, TOMKIECTBEHHO pAaBHBIE HYIIO,
uMeroT crenens << 0.

Hoxuuomur E — F cremenum <(n, o04YeBUAHO, 06paszylT BEKTOpPHOE
OpPOCTPAHCTBO.

Yro KacaeTcA YMHOMEHWA I[OJMHOMOB (OTHOCHTENHHO CUIMHEHHOTO
orobpaskenua O: F X G— H, xax 270 [AeNajoCh BbIIIe), TO ACHO,
4T0 [poM3BefieHMe DHoaunoMa ¢: K — F crenmesu < p H IOJWHOMA
Y: E — G crenenu < ¢ sABasercA noauHOMoM E — H cremenu < p -} g.
B camom pesne,

P q
O (@), v(@) =2 2 (g (@), i ()

n otobpaskenne z— O (; (z), VP; (z)) ecTb 0JHOPOAHBI HOIMHOM CTe-
meun i -+ j (upemnosxkenwe 6.1.3). B wactmocTH, MOMKIO pPAacCMOTPETH
aszebpy noauromos FE — K (MONHHOMOB, NPUHUMAIOMAX YUCJIOBhIE
3HAYEHHA).
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Meppuit uwpuue p. Hpegunoaoswun, uro £ = K (K paccmar-
PHBAETCsA RAK BEKTOPHOE IPOCTPAHCTBO pasdMepHocTH ofun). Besaroe
n-nuneiinoe otobpaskeHue

K" — F
IMeeT B[
(Tgs v v oy Tp) > Ty ... TpC,

rie ¢ € F. Ecan samennuts Bce z; € K ua oano u 10 ske z € K, To BUAHO,
aro at060ll 0dHopodubIlL neaunom cmehnenu R, oTobpayraromuit nmome K
B IIPOCTPAIICTRO F, IneeT Bu

z —> 2" (c €F).

B wgacrtuoa cayvae, rorga F = K, OZHODPOJUBIHA IIOJUHOM CTeIeNH R
ABIACTCA QYNKI[Hel YICIOBOI0 NEePeMeHHOTO X BHIA

z — ¢z,

rge ¢ € K — craasp. 910 COOTBETCTBYET KJIACCHYECKOMY IIOIISITUIO
LOJITHOMA OT OJUOTO IePeMeLIoro.

O6o0mmas cayuail, paso0paHHBII B IePBOM IIpHMepe, UaidmeM, KOraa
orobpaswenue K* — [ apiIgercs  OXHOPOTULIM  IIOJHIOMOM (p CTe-
menn 7 (MM TOJBKO 4ro ofcymiLan cayuait p = 1). las ororo mocrpony
cHavasa IoJlTHIIeNdnse oTodpaskelns

f: KPx ... xK'—TF,
N  —r——

i

n pas

a sares npmaeninyt opayay (6.1.1) ans naxorzeunsi oTodpaskena .
Ilycrs !, ..., 2" cyrp n BerrTopoB, HpuuaiaeRamux AY; wayubill
3 10X, IanpiMep x', MMeeT p ROOpAHHAT
i i

Ty ooy Tp
Ot6osuaumy uepes (ey, . .., €;) Kamouddeckuil 6asmc B ITPOCTPAIICTBEC
KP: Torpa

1 ul

. i
T = Zi€j.

II'L\/@

J
B cuny nommanmednocTn oTo0paskeHdA f,
i ny __ ! 1 " .
fat cona = X w2 fleq, e ),
Jgs -5 lp
rue IeNNe UHCHA Jq, ..., Jp H3MEHAIOTCS HEe3ABUCIIMO JPYT OT japyra
or 1 go p. Hoaoxnm
flege covveg)=ci,....5 €L
Mul BugHM, 9TOo (YURIUIA [ 3aIHCHBAETCA C IIOMOMBIO KOOPAWHAT N BeK-
TopoB x', ..., 2" cixemylomun 06pasoi:
1 AP 1 n
jt, o= 4 ...
TR

C: .
S ITRRRES
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O6patno, Besikasg GYORIPIA TAKOLO BHAA, RaK BBIPasKeHIe, CTOAH[CE
B UpaBoil 4acTH HTOr0 PABEHCTBA, IIPEACTABIAECT COGON IONIIIHEHTION
orobpamenne AP X ... X K? - F.

Yunpamwuenwue. [lakuM ycaoBHAM OJGEHB YIOBICTBOPATD
«ROIQPUINHEHTEY €j , . . ., j JIsA TOTO, 9T00H oTobpakenue f Gbuto cua-

n
mempuveckun o b, ..., 2™

Briuneany  QyuRI{HIO , T); ecam

Zj€j,

T0 BCAKRHH mosmiom ¢: AP — E ecTh BhHpakenHe BHIA
.l
p@)= > =z, ...z5c ; (6.2.2)

Z 1 S TP e
10 dn
THe iy vvvs, € F. 3gccw menvre wuesa jy, . . ., j, OpoberamoTt HesaBu-
CHMO JIDYT OT Jpyra Muos;sectBo smauennit [1, ..., pl.

Hycres B nadope ummencos (fy, ..., j,) aucao i (rme 1 <Ci < p)

perpeuacrest o; pas. Ouenirgro, uro o; > 0. Torga
xjj [P xjn = (xi)a‘ e (.I‘p)ap,

opuueMm oy + . .. -+ ap = n. JaMerid, 9T0, BoOGIIe TOBOPS, HMeeTc:
necxoabRo nadopow umeed (ji. . . ., j,), TPHBOTANIIX K OAHOW W TOf
jie cIcrede moRasarerxeil (o, . . ., @,). IBDee Tarme mabopnl monygaioTcst
H3 OUITOTO € 1TOMOMNIRIO MEPECTATIOBRI 4mHceT jy, . . ., J,. Crpymmposas
B cyane (6.2.2) wmeunt ¢ ommneil m Toil e cHCTEMOH IoRasaTeacH, Mol
TOJAYINM B Peayabrare, UTO

¢ (@)= X @)™ o @) T da,, e (6.2.3)
rie «kodpdunmenty dy, ..., ), IPATALIERAT TpocTpancTey F, a cyi-
MHpOBalHe BeJeTesI IO MUOMReCTBY IociefoBareaniioctefl (o, . . ., op)
¢ SCabiMy o; o 0, rarmsiu, 9o oy 4 ... - oy = n. Ofparuo, GyHE-
s @, ompesexcinas o Gopayne (6.2.3), sABIAETCA OJIIOPOIIBIM TOJH-
HOMOM CTEHEHH 7.

Tenepns oo uailvm (npemraraeM THTATEAIO CieiaTh STO B RKade-
CTBe yUpammennsa) obnui Bu TAKOTO N-AWHEHITIOT0 CUMMENPUNECKO20
orobpasenus f, uro ¢ (z) =f (x, ..., 2).

Mopuyna (6.2.3) morasuiBaet, ¥T0 KAACCHTECKUT OMITOPONHEIT IO~
oM m-fi cremend 0T CRAJAPULIX IOPEMCIIBIX 2y, ..., Zp ABIAETCH
YACTHBRIN CJIydaeM PacCMOTPEITHOTO I1aMH OJHOPOANOT0 1I0JHUITOMA.

6.3. HocnegosareapHbie «PA3HOCTH) TIOIHHOMOB

yers @1 B — I — npoussoaviias $yurnusa (rpe £ u F -— Bertop-
1mute mpocTpancra nang toxex K). Oupemenum mias b € K ortobpaikenne

App: E — I doprryaoit
(Anp) (2) = @ (z -+ B) — @ (2) (6.3.1)
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[sra ¢ynruma or x € £ sasucur ot mapamerpa h € E]. K moaydennoi
OYHKIMA MOMKHO HIPUMEHHTBH Ty K€ CaMyl0 oOuepanui: ecau I, € E,
xy € E, T0 Ay (Axy@) ecTh GyHRIUA BHIA

r —> (Axlcp) (x + x5) — (Axlcp) (I) =
=@ +z+a) —@@+3) — ¢+ z) + ¢ (2). (6.3.2)
Bynmem obosnazath uepes Ax2Axi(P QYHKIMIO sz (Ax‘cp). 3aMeTuM, 4TO,
coTyiacHO Ipepaymei ¢opMyie, oHa 3aBUCHT OT Iy M Ty CUMMETPHYHO:
Do Do =Dy An §.
Jd1a QYHKIUA HABBIBAETCA 6MOPOL PA3HOCMYI0 (YHKIMA (¢ OTHOCHTEIBHO

zy, T3 € E. [Bropasa pasHocTh yike MCIOJb30Bajach B J[OKA3aTeIbCTBE
teopembr 9.1.1.] OupefenuM 10 MHIYKIHA n-10 Pa3HOCTH

BaBsx oo B0 =By (B | .. Bx§)
Kak cyMMy 2" QYHKI{HH, KaKJas U3 KOTOPHX HMeeT BUI
n-p . N

z—> (—1)"Po@@+zy+ ... 4Tip). (6.3.3)
3neck HabOp MHIEKCOB iy <C ... <C i, 00pasoBaH dIEMEHTAMM ILOCJIe-
mosateasmoctu [1, 2, ..., nl. Mosuo ycTamoBUTH 10 HHAYKIMH, 4TO
n-i pasHoCTh Ay Ay - A, ¢ saBasieTcs cummempuueckoli GyHKRIEEH
HePEeMeHHHX Iy, . . ., T,; Palblle 3TO OBJIO YCTAHOBJEHO HJA CIY-

qaga n = 2.
Bot ocnoBunoit pesyakrar ajgre6pandecKoil TeOopHH IIOJMHOMOB:

Teopema 6.3.1. Ilyemv ¢ = @ + . .. + @, ecmb noaurnom E — F
cmenenu << n, u nycmo f,2 E™ — F — makoe noauaunetinoe cummempu-
yeckoe omobpavcenue, wmo

Qn (@)=fn(x, ..., 7) (6.3.4)

[naBecTHO, 4TO TakKoe oTOOparkeHHe f, CYmECTBYeT,— CM. LpeIIoie-
mue 6.1.1]. Tozda

(i) nepsas pasnocmv Ap@: E — F ssasemca noauromom cmenenu
<n-—1.

(i) n-2 pasmocmv Ay ... Ay, @ nocmosanna u

Ary oo Dap@=n! fo(zy, ..., Zsn) (ne gasucum om z€E). (6.3.5)
Ilpesxme 4eM [OKA3bIBaTh TeOpEMY, HU3BjieueM W3 Hee HECKOJBKO
BayXHBIX CJIE[CTBUIA.

Caepcreue 6.3.2. 3adanue noaunoma ¢ cmenenu < n onpedeasem,
U npumom eduHcmeeHHHM 00pasom, 0OHOPOOHbBE NOAUHOMBL Qg, Qp, . . .
.+« Op, makue, umo

P= Z Pi.
i=0
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Horasken 8710 yrBepiRAeHme HuAykumed mo n. Jlasa n = 0 mame
yTBEeD;KleHUue 0UeBH/INO0: MOoanHOM ¢ crenenu <L 0 CBOAMTCA 1o ompeiede-
HUI0 K KOHCTaHTe @o. IIpeamomo;xuM, 9T0 CIENCTBHME AOKA3aHO A
n — 1 (upu n > 1) u goramem ero masa n. Cornacuo ycaosuwo (ii) Teo-
pembi 6.3.1, sajanme IMOJWHOMA @ II03BOJsIET BEAMCIHTH f,, a, CJIefo-
BaTeabHo, B cumiry (6.3.4), u ¢,. CieroBaTenbHO, €CIM MOIHHOM ¢ 3aj1aH,
T0 HOJTUHOM (p, OlpefeneH efuHCTBeHHHM ob6pasoM. Ho torma mssecta
pasHOCTh ¢ — P, KOTOPas ABIAETCSA IOJMHOMOM CTemeHu <L n — 1;
K Heil MOKHO HPUMENHUTH NpPEIIOJOKeHHe HHAYKIHUH, 4. T. .

TepMuUHOIOT | A: HOJIUHOM (; HASBIBACTCA 00HOPOOHOL KOMNO-
HEHmOIUL cmenerl i IOJUHOMA (.

Caepcrsue 6.3.3. IIyemo ¢ E — F — 00nopodnwili noaunom cme-
nenu n. Tozda cywecmeyem eduHcmeeHHoe NOAUALHEILHOE CUMMEIM PULECKOE
omobpaxcenue f,: E™ — F, ydosesemeopaiowee coomnowenuwo (6.3.4).

B cuny ycaosus (ii) rteopemmr 6.3.1, mpuMenmeHHOMY K ¢ = @,
goaydaeM
1

fn, (.’I:i, ooy .Z'n) ::WAxl e Axn(PTl'
O6osmmagyeHNe. BTy OTHO3HAYHO OIIpefieJeHHYIO MONUINHeH-
HYI0 CUMMETPHUYECRYIO (byHHHHIO, aCCOIMHUPOBAHHYIO C (,, MBI 6y}IEM

o003HaYaTh yepes Pn. CJIQI[OBZITGJII)HO, HMMCIOT MECTO ABA OCHOBIILIX COOT-
HOILCeHMA:

qan(x)zén(:c, e, ),
~ 1 (6.3.6)
On (ZTgy v s In):—n—!—/,\xl e Ay O,

KOTOPHIE TO3BOJAIOT MEPEeXORUTh OT ¢, K ¢, @ 06pario.

HorxaszarenbcrBo Teopemu 6.3.1 mpoBoguTCA M0 HMHIYKIUA.
Teopema Bepua mas n — 1, ubo ecnm ¢ = @, 4 @, TO h-sI PA3HOCTH

(Arg) () = 9o + @1 ( -+ h) — @ — @1 (2) = @ (R)

AIBIsIeTCA KOHCTAHTOH (He saBHcAWe:d or z). Iro ycaosue (i). Lonee
TOr0, Ta KOHCTAaHTa ecTh ¢y (k), oTKyna caexayer gopmymna (6.3.5), Tax
Kar ¢ = fy, cornacuo (6.3.4). IlpegmomosumM, 910 TeopeMa BepHa AIA
n—1(n>2), u goraskeM ee aus n. Umeem

A = Anpn 4+ An (o + + o o - Pry).

Ilo npepmonoswennio mugyxuun, Ap (Qp -+ ... -+ Qp-y) €CTH HOAUHOM
crenenn <_ n — 2. Brrameanm

(Arpn) () = @n (& + k) — ¢ (7) =
:‘fn(‘z_{_hv ey I’{—h)—fn(x, LR I)
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Ecnu pacumecars Ty pasHocTh Oolee 1ojipobiio, IpuHNMasg BO BHUMAHIE
ToT QarT, wTo OTOOpa:ReHHe f, MOIMAMHEHIO I CUMMEMPUUNO, TO MBI
MOJAYIYHM COOTHOIIEHHE

(An @u)(2)=nfn (2, .. "ifz’) R

y

n—1 pas
rjge TOYKHM 0003HAYAIOT MOJIUIOM 0T Z crencHu <n — 2. B pesyabrare
ML Halfiei, 4ro

(Ah(P) (I) - nfn (.Z, e I h) +- P (I, k),

rje P — IMOJULOM OT & cTenewn <Cn — 2, a nf, (z, ..., z, h) — oxuo-
ponHbii moauHoM oT x crememn n — 1. Tea carpnl gokaszano yTeepie-
ume (1). [Honomua

Ny = Py + Pz + . Yy,

rue 1]3,‘ — OJIHOpOIIHbeI TOOJUHOM 0T Z CTeleHu i (BaBHCHHHlf’I, IIOMIIMO
9TOTr0, OT ITapamMerpa .Z‘n), rje
WPr—1 (‘Z):gn—l (1‘, ey Z).
BLIOCL gnot — moJaHanneiinasg cumaiempuuecras (I)yHHI];IIH, onpegeCH-
nasg dopmyaon
_ n o~
gn—‘l (Iiv o e ey xn—i) - n’fn (Iiv ey xn—iv In) (6")'/)

[pynxunsa g,_, saBucuT oT mapaserpa z,l.

Termeps ML MO;KEM TIPHMEHITL IPEAN0J0ReHNe UHAYKIUN K TTOJH-
nomy A, ¢ cremenn <Lrn — 1: yciosue (ii) (mas n — 1) norasw-
Baer, 10 A, ... Ay, (A, @) ecte Komeranta, KOTOpAsT papua
(n — D guy (2, ..., xy-1). LEcam momeTaBuThL Cr0jIa BLIpaskenire
nast " g,-y u3 (6.3.7), o mpr momyunnm gopmyay (6.3.5), u. r. n.

6.4. Cayuaii, corga I u F — BOopMHpOBaHIbIe BEKTOPHBIE MPOCTPAHCTBA

B 1o myHKTe paccMaTpHBAIOTCT IIOPMIPOBAHHLIE BEKTOPHLIC TPO-
crpacrBa max mossiyur R maum C. MBI m3yums Bolpoc o renpepuigrocmu
HogHHOMA @ = ¢y + . .. + ¢,0 E— F. Cumusorom ¢; o6osuaunm
I-TUHEHHYIO cummempuueckyry QYHRIUIO, ACCONHHPOBAIIYI0 € KOMIIO-
HeHTON ¢; MOAMHOMA . 3aMeTHM, 9TO ¢y = ¢, (KOHCTAHTA) H (¢ = @4
(nuneitnasg ¢ynKuusa).

Teopema 6.4.1. Cuedyrowue ycaosus areueanernmrbl:

(a) @g, - .., @, — Henpepusnsle Gyrryu;

(b) @y - .., @, — HenpepusHble PYHEYUU;

(¢c) noaunom ¢ — Henpepusnas PYHryusL;

(d) noaurom @ Henpepriser ¢ mawade roopdunam;

(e) cywyecmeyem maroe wucao r > 0, umo nopma || ¢ (x) || oepanunena
npu ||z || <<
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(f) dan wwboeo uwucaa r >0 wopma || ¢ (x) || oepanuuena e wape
x|l <r.

[Takum ofpasos, ycaosus (a), (b), (d), (e), (f) sBaswTca rpure-
PHAMI IeNPepLIBIIOCTH TOTUIIOMA . ]

HorasareasnbctTso. OueBuaumo, uro (a)= (b) = (c)= (d).
[Toraskenm, aro yciaosme (d) paeder sa coboit yciaoBue (a), OTKyHA BEITe-
KaeT dKBHUBaAJenTIOCTL yeaosui (a), (b), (c), (d). Ilpeamomosmy, uro
NOMUMHOM @ HempepbBell B madale kKoopjumar. Cormacno dopmyie
(6.3.5), myeem

~ 1
Cn (244 <o vy Tn) :T!A“ AW

B cuay dopayaur (6.3.3), mpaBasg 4acTh 9TOTO paBelcTBa NPeJCTABISIET
coboit cyany 2" ciaraeMbsix BHIA

(=" : 6.4.1
T(P(»C'i1+- et Ziy) (6.4.1)

[B popuyae (6.3.3) mosio moaomutk x = 0, Tak Kak B AefiCTBHTEIb-
11OCTH Ax1 .. Axn ( — roucrauTa, ne sasucsmaz or zl. fleuo, uro
Ka;goe n3 suipaskennii (6.4.1) npegerasiser coGoil PyNKRMHLD 0T Zy,

..., X,, Henpepwgiyio e nauare woopdunam (U, ..., U), TMOCKOABKY
GyuURIIST ¢ (x) TeupepLislia, 1o IPCANON0KeINIo, B 1adaje KOOPAHHAT.
Caenosarennlio, ynRIYsA En (x4, . .., T,) NEIpCPLIBLA B Haualle KOOP-
punar. Tar kax ¢, Doamamueiina, To Olla NENPepPLIBIA BCIOLY (CM. Teo-
peny 1.8.1). Orciona caegyer, 410 QymKRIHA

©n (T) 1671 (JJ, ey x)

METPEPLIBIIa BCIOAY H, B UACTHOCTIH, jenpepniBua npiu x = U. Ilosromy
pasnocthb

®— @ = ¢ S S ( MY

nmenpeprLiBiia B lavalde KOOPAHIIAT, H CTelellb 9Toro mojaunova < n — 1.
OcuoBLIBAsICL 11& DTOM BBIBOAE, MBI MOKEM HOKa3aTh I0 WUYKILH, 4TO
us (d) caenyer (a), TOCKOABRY 9Ta UMINMKALIA TPHBUadbia npu n = (.
Horasrem, uro (a) = (f) = (e) = (a); orcwga 6ymer caemgoBaTh
SKBHBAJENTHOCTh BCeX cdopmMyampoBannnx ycropuil. Cuauaida JOKa-
skem, uro (a) = (f). Ipeanomonum, wro ynsmmm ¢, . . ., ¢ Hempe-
PLIBHBI, I mycTh 3ajano umenao r > 0. Ixa mioboro i < n nopwma

@i (@« ooy @) |
orpanmuena upH ||z, || <<r, ..., || z; || << r. CaegoBatensno, M mopma

@i @)= l¢:i (z, ..., o)
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orpaunyena npu ||z | <r. Orcoga BETeKaeT, 4T0 HOpMA

n

o @< 2 o (@) ]

i=0

tar;ke orpammdena mpu ||z || <<r. Taxum o6Gpasom, yreep:mnenue (f)
OKa3ato.

Nymankamus (f) = (e) ozeBumua.

Haxouern, ocraercsa mokasarb, uto u3 (e) caeayer (a). Bymem Bectm
JOKa3aTeTbCTBO HMHAYKIMEH mo n. Jtor ¢axrt owesumen npu n = 0.
[IpegmodoskEM, 9TO OH COpPaBeAdUB LA n — 1 um gokaxesm ero mua n.
ITo mpenmomosxenuto, HaigyTesa takue qucaa r > 0 u M > 0, uro upn
|z || < r uMeer mecto HepaBeHCTBO || ¢ (z) || << M. B cuny (6.4.1),
mpr | z; || < r/n

~ an
[[Pn(zy, « ooy z0) || < 15 M.

CllefoBaTebHO, MOMMINIEHHOe OTOGPAREHIe ¢, HEIPEPHIBHO (CM. TeO-
pemy 1.8.1) u mopma || ¢, (24, - - ., Z,) || orpanmuena mpu || z; || < r.
Otrciofa BhITeKaeT, 4To HopMa || @, (z) || orpammyena mpu ||z || < r.
ITosTomy HopMa || ¢ () — ¢, (z) || orpaungena upu |jz || < r, © MH
MOKeM IPHMEHHTH MPeIoNoiKeNne MHAYKIUE K HOXHHOMY ¢ — ¢, =
=@+ ...+ @py. Orcrona cuaenyer, 970 PyHRIUUH (EO, c e 6,1_,
HerpePHIBHEL, & MOCKOJIBKY y)Ke M0KasaHa HEmpPephIBHOCTH n — 1 PyHEK-
A ¢,, ycIoBWe (a) OKAa3LBAeTCA BHIOJHEHHEIM. J{0KABATENBCTBO
teopeysr 6.4.1 saronueno.

3aMedanue. HKcau BeKTopHOe mpocTpancTBo F mMeer woneuwnyio
pasmeprocmyv, TO BCAKOe TOoJHIHHeliHOe oToOpaskenme K" — F wuempe-
puisiio. Torma umeer secro ycaosue (a) Treopemst 6.4.1. Otcioga BbiTe-
KaeT, 4ro ecarull noaurnom ¢: E — F unenpepwigern, ecall IPoCTPAHCTBO
E nMeer KoNeYHYyi0 pPasMepHOCTD.

§ 7. OTPAHUYEHHBIE PA3JIOREHNA

7.1. Onpepencuus

Ilycts £ m F — 6amaxoBH IIPOCTpPamcTBA W V — OTKPEITOE MHOKe-
ctBo B K, comepsamee magano xoopmuuat 0 € E. Ilyers n — menoe
greno > 0. Tosopsar, uro orobpaskenue g: V — F umeer racanuen-z0
nopadra Kk nyieeomy omobpaxcenilo B HaUaTe KOODAUIAT, eCam

lhg @) Il =o(llz]I").

IIpr n = 1 MBI UPAXOAMM K MOHATHIO OTOOpPasKeHHA, KacaTeIbHOIO
K I1yieBomy orTobpaskenmio (cM. m. 2.1). B obmem cayuae tarske roso-
paT, 49T0 orofpaskeHme g FBIAETCS N-KACATENBHBIM K HYJIEBOMY OTO-
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OpakeHH0 B Iladane KOOPAMHAT. flcHO, 4TO eCaIHm g HMeeT KacaHme
(n - 1)-ro mopsxKa K HyJIeBOMY OTOODa)KeHHIO, TO g ABIAETCA n-Kaca-
TeJbHEIM K HYJeBOMY OTOOpPaKeHHIO.

ITO MOHATHE ITO3BOJAET BBECTH OMHOUWEHUE IKBUBALEHIMHOCTL MEKIY
orobpaswenuamu V — F. Ilycrs pamn orobpaskenms g4 W go. 'oBopsar,
49T0 OoTOOpaiKemme g, SBISETCS M-KACATENBHHIM K OTOGPa)KeHHI g
B Hadale KOODPJWHAT, €CJIH WX PAa3HOCTh gy — g, WMEeT KAacaHWe n-To
nmopsAgKa K HyJdeBoMy oToOpajkeHHI0O B Hadaje KOODJAWHAT,

IIpepaokenne 7.1.1. Ecau omobpascenue g: V — F ssasemcs n-kaca-
meabHM K HYAe60MYy OMOGDaxceHuo 6 nawate Koopdumam, mo

| Ay« o Ban8) (O) [f=0 (Ilz |4+ . ][ za]])T). (7.1.1)

HIowrasareanbcTBo. B cury (6.4.1) mam mocrarouno mowra-
3aTh, 49T0

lg (x4 .. +zip) =0 (| 2]+ ... +[l2 N7,
re 1 <i, < ... <ip<n, OTO 09eBUAHO.

Onpenenenne. [lyctb U — OTKDPHTOE MHOMKECTBO B GaHaxoBOM IIPO-
crpanctse E, u nycrs f: U — F — ¢yarnusa, npuanManmasn 3HAUeHHAS
B OamaxoBoM mpocTpaHcTBe F. 3admecupyem Toury a € U. Ilommaom
¢: E — F cremenu <1 ABIAETCA 02DAHUMEHHBM PA3Lo¥CeHUeM NOpAIKa
n oan Pynryuu f 6 mouke a, ecin

ie+2z)—o@ll=o(l=zI".

Hnaue rosops, mer TpebyeM, 4Tobu orobpamenme x —> f (@ 4~ x) 6nuro
n-KacaTeJbHBIM K IOJIHHOMY ¢ B Hadale KOOpPAMHAT.

SamMeuanmnme. Heapaa OHTH 3apaHee YBePOHHKHM B TOM, 4TO
Oas 3afaEHOdl (YHKIHHA [ CYMECTBYeT NOJHHOM (, KOTOPHIH SBJISETCS
ee OrpPaHMYCHHEIM pasiOKeHHeM HOoPsAAKa n B Touke g. Ommako ecianm

TaKoW IIOJWHOM @ CymecTByeT, TO OH eJUHCTBEH. B camom neJje, AMeeT
MeCTO

Ipemnosenne 7.1.2. Ecau @ u ¢y — 960 02DAHUYEHHBL DAIAOHCEHUS
nopadka n @gynkyuu [ 6 mouke a, mo @; = Q.

ODorasarexsctso. llonownm ¢, — @2 = ¢. Torga orobpa-
JKeHMe () fABJIAETCH N-KACATEJIbHHM K HYJIEBOMY OTOGpaKeHMI0 B HAYAJIe
roopamuar. Ham g0CTaToOYHO [OKAa3aTh CIAEAVIOUIYI0 JIEMMY:

Jlemma. Ecau noauronm ¢: E — F cmenenu < n seasemcea n-kacameno-

HELM K HY1e80MY OMoGpaicenulo 6 nawase K00pOUHAM, mo ¢ moxdecm-
6EHHO PABHO HYMO.

HJorasatTenncTBO neMMBEH. Bocmoassyemca Meromom
uanyknnu. uasa n=0 semMa TpumBHanbHa. B camom jese, ecam mocToAH-
mas ects o (1), To ona pasHa mymo. IIpegmomoknM, @ro nemma cmpa-
T—743
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BegumBa A1A n — 1, m goxaskem ee maa n. IlycTs
©=Qo+ ...+ @

Vmeem B cuay (6.3.5), gro

~ 1

Pn (Zg, + ooy Tn) =7 Bay « - Axncp.
Tak xak oro6paskeHdme ¢ [0 IPENIIONOKEHUI0 N-KacaTelIbHO K HYyIe-
BOMY OTOOpasKeHnio B Hadajile KOOpAWHAT, To U3 paBeHcrBa (7.1.1) moxy-
qaeM, UTo

18y v Bp@ |l =0 ((flze][+ oo F 12 7).

3BauuT, masA Rakgoro umcxa e > 0 cymecTByeT Tarkoe WHCIO 1), UTO

1o (@1, ooy @) [ <e(lza |4 o 2 ) (7.1.2)
opu [z ||+ ...+ ]z, || <M. Ho Torma ato mepaBeHcTBo uMeeT
MECTO JIA HMPOU3BONBHBIX Ly, . .., &p, HOCKOABRY B CHIY IOJHIHHEH-

~

HOCTM 3aJaHHOH (QYyHKOIUE @,
|| @n Aty ooy Azn) | =A™ || @ (215 + v -y 20) |-

Nrax, wnmepasencrBo (7.1.2) mmeer MecTo i JOGHIX Zy, o . ., Tp.
IMockonpky umeno & >0 MOKHO BHOPaTb NIPOU3BONBHO, OTCIONA
CiIefyeT, 9To

~
Qn {2y, +v., Zn) =0 pgua mobwX Zy, ..., Zp.

CrnegoBarennyo, ¢, = 0 u crenens ¢ menbme unau pasna n — 1. Boxee
TOT0, oTOGpaskenue ¢ ABagercsa (n — 1)-KacaTeqbHBIM K HYJIEBOMY OTO-
OpaskeHUI0 B Hagajge Koopamuar. lIpuMeHss OpeAmososkeHUe MHIYKIOH,
3aKJII09aeM, 9TO YHKIUA () TOKAECTBEHHO PAaBHA HYIIO, 4. T. [I.

Yaureiast npepoxkenue 7.1.2, MOKHO TOBODPUTE 06 OTPAHHIEHHOM
PABTOKeHHY HOPSANKA 7 I QYHKIUA [ B TOUKe @, €CJIU 3TO OTpaluIer-
HOE pAa3ioeHHe cymecTByer!

SdaMedanue OTHOCHTENAbHO HENIPEPHBHOCT I
JleTko BUAeTH, 4TO0 (YHKNNS, n-Kacanimascsa HyJXeBoil QyHKOUE B Haua-
e KOOPJAMHAT, HempeprBua B Hadane Koopaunat. CiegosaTeabHO, eCilt
OOMMHOM ¢ (Z) CTeIeHM < 7 SIBIAETCS R-KACATEABHBIM K (QYHKILILN
f (z + a), 10 us HenpepwviBrOCMU @ 8 Hauase Koopdunam caedyem Henpe-
pugnocmy dynryun [ 6 mouke a, u obpamno. lanee Mbr Oyjem Bcermga
npefmonarats QYHRIHUIO f Henpepwsisnol. Torma orpanmdennoe pasmo-
JKeHHWe (¢ MOPAIKA 1 AIA YHROuUE [ Oy/eT HeOPEePHIBHEIM MOJIHHOMOM
(Tak KaK DONMHOM (¢ HeOpepHBeH B Hadale KOODAUHAT, TO OIl HEIpePbi-

BeH BCIOAYy B cuiy Teopemsl 6.4.1).
n

Onpepentenne. IIycTb ¢ = D, ¢; €CTH MOIMHOM CTEHeIH <nup—
i=0
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D

meaoe gnciao << n. [lommHoMm 20 ¢; Ha3bIBAGTCA OMPEIKOM NOAUHOMA §
i=
nopadra p.

Tlpennosenne 7.1.3. [pednoaowcum, umo Henpepvishas Pyrnryus
f: U— F umneem 6 mouke a € U ozparuyenioe pasioxcerie ¢ nopadka n.
Tozda, ecau ROAUHOM P ABAAEINCA OMPEIKOM NOAUHOMA © nOpsdka p < n,
mo \p — 02PAHUUEHHOE Pasaoxcerue nopaika p 0aa gynryuu f ¢ moure a.

n
Hoxasateabcrso. Myers ¢ = 2 ¢;. Opmopomuble moIH-
=0
HOMH ; HeRpepuigHl; CIelOBATENBHO,
9; (z) = o ({l z |[).
Jlanee, npr i > p

¢: (&) = o (llz [)".
TloaTomy

7 @+a-Ze@l<lfe@ta—Ze@l+l] X o@]

H, CcIefoBaTeabHO, npapas dacth ects o (||z [[*) + o (|| z [P) wu, cue-
pnosaresabro, o (|| z |), 4. 1. K.

Tlpennosxenune 7.1.4. Ecau mnenpepuenoe omobpaxenue f: U — F
donycraem ¢ moure a € U ozpanuvennoe pasioxcenue nopadra n:

7

v@ =3 o (2,
1=
mo

I (Bay -+« Banf) (@) =1l (24, ooy @) [ =0 ((l2il[+ -+ oo [ 2n [)7).

HDorasarexsbcrso. [Tpumennm upegromxenne 7.1.1 & pyurnun
gla)=fl+a — ¢
U 3aMeTHM, 9T0 B cuiy paBencrsa (6.3.5)
Ag, ... AL\.ncp = nl! 6,1 (1, « oy Zn)-

[Toscuewnwne. Ilpegmomoysun, uTo HempepLlBHAS QYUKIHA f
JOIyCKaeT orpalndyeHHoe pasiokelue IOpsAfAka 17 B Touke a. Torma
3HaYeHWe n-U pasHoctm A,, ... A,, [ B TouKke & npefcrapiaser coGol
«IOYTHY MONUITHEAHYI0 CHMMETPHYeCKY0 (H HeIPepPHBHYO) (YIIKIII0
oT Zy, ..., Zy. 3NECH TEPMHUH «IIOYTHY O3HAYUAET, YTO OUIHOKA HABJSETCA
6eCKOHETHO MaNOH BeJIWYWHOW NHOpsIKA > R, T. €. BeJUTUHON

o ((Nag 1+ -+ lla D).
70
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7.2. Cayuaii, korga Qyurnus f gaddepeHiupyeMa 7 pa3 B TOUKe @

B osrtoMm caysae m3 ¢opmynrt Teitmopa (reopema 5.6.3) caemyer,
uto OVHRIVA f HMeeT OTPAHIIeHHOE PA3No/iKeHHe ( MOPAAKA 1 B TOUKe a:

¢ @)= 2 e (),
rae
91 (@)= 7710 @, ..., 7).

i pas

ITosroMy QYHROUA ¢; ABIAETCA OJHOPOTHHIM IMOJIWHOMOM, aCCOI{HEPO-
BAaHHBIM C IONANUHEHHON CHMMeTpmIecKoll QyHKIueir

G =7 19 () € £ (E; F).

N3 momydenHoro pesysabraTa W mpemioskenusa 7.1.4 cpasy ke BHITeKaeT

Ilpenao:xermme 7.2.1. Ecau omobpaxcenue f: U — F dubpepenyu-
pyeao n pas ¢ moyke a, mo

H(A\i M A«\‘nf) (a)'—f(m (a)'(‘xfh cr xn)H:
=o(([lzll+ ...+ llzalD™.  (7.2.0)

IToscueHnue n-g pasHOCTh OTOOPa/KeHUA [ B TOUKE 4 «IOUITHY
paBna n-ii mpowsBoaHOil f B 3TOil TouKe. 3nadeHHe TEPMHUHA «IOITH)
OBLIO TIOACHEHO BHINTE.

Yonpasxuenue. IIycts f: U-— F — HeunpepsBHoe oTobpae-
Hie U 3ajaHa 3Be3dHas oOKpecTHocTh U wnHadama koopguuar O € E.
IIpeanomosxuM, 9ro cymiectByer n-g mpoussopguas f™ (0) m gurto

f (tz) = 17 (2)

apu x € U, 0 <<t < 1. IloxasaTs, uTo TOrAa f — OMHOPOAHKIA HOIH-
HOM CTeIleHM 7.

7.3. Onepanun Haj OrpaHmYEHHBIMH Pa3JI0KEHHAMH

Caomenune. Ilycts f: U—-F n g: U— F — HenpepoBHHEe
orobparkenusas (U — OTKPHITOe MHOMKecTBO B 6aHaX0BOM NIPOCTPAHCT-
ge F). Ecau f umeer B Touke a € U orpaHudYeHHOE Pa3ioKeHNe () MOPAI-
Ka n ¥ g UMeeT B TOYKe 4 OTpaHMYeHHOe DPaslosKeHHe P MOPAAKA 1, TO
cyMMa @ -+ 1 sBIsercsa OTPAHWYCHHHIM DAa3jloKeHUeM HOpsAKa n 0TOo-
6pasxenus f + g. [[loxasaTearCTBO CYIECTBOBAHUA IONOOHOH CYMMH
HpefoCTaBAAEM YHTATETIO. ]
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YMmMuomenrnue., llycrs sagann GamaxoBel mpocrpamcrsa E, F,
G, H u Ounnmneiinoe wnempepnisHoe orobpakenme @O: F X G —~ H.
Ilycts U — OTKpHITO® MHOKECTBO B £ 1

f: U—F, g: U—~G

CYTh HelpepHBHEEe oTobpaskemus. Vx «upoussemenueM» OTHOCHTEIBHO
orobpakenusa @ wmasmBaercsa orobpaxenue h: U — H, ompeneiennoe

Popmyaoir
h(z) = @ (f (x), g (z)).

Ilpemnoskenne 7.3.1. Ilycmov omobpasxenue f uneem ¢ mouwe ¢ € U
02DAHUUEHH0e DABAONCEHUE ¢ NOPAIKA N U OMOBpaXcenue g umeen 8 mou-
Ke a oepanuyenHoe pasaoxcenue \p nopadka n. Paccmompum ompesok

nopAdKa n noAUHOMA
Mz) = @ (¢ (), ¥ ().

Tozda noayuennblii makum o6pasom noaunom W: E — H ssasemcs oepa-
HUMEHHBM Dasfoxcenuenm nopsadka n omobpasxcenus h 8 mouke a.

HoxasareabcTBo. UMmeen

flet+a=q@+rk, g+a=1@)+s),
lr@ll=o(lzl™, s =o(lzl").

rie

Torna
D(f(x+a)gle+ta)— () (@)=
= O (¢ (), s (@) + @ (r(z), ¥ () + D (r (z), s (x)).

Ilycts A = || @ || (mopMa GUAMHEHNIOr0 HENpEepBIBIIOTO0 OTO0Opakennd;
cm. 1. 1.8). Tak Kar

O (@ @), s@)II<Ale@I-s@ =0z,
O (r (), v @)t A r @) []-llv @) [ =0z,

O (r(z), s <A lr@l-lls@ Il =o(lz]"),
TO

1D (z+ a), glx+ a)) —D(p (), v @) I=o(z]):

CremoBaTesbHO, PasHOCTL MeAy moaumnomoM A (z) = @ (¢ (z), P (x))
u moaumuoMoM W (z) ects o (|| z |[*). IIpensnosxenme norasaHo.

7.4. Kompo3zuuusa AByX OrpaHHYEHHBIX PA3JIOKeHHI

Iyers E, F, G — GanaxoBsl TpocTpancTBa, U — OTKPHTOE MHO-
3JKecTBO B mpocTpancTBe £ M V — OTKPHITOE MIO/RECTBO B IPOCTPaH-
ctBe F. PaccMoTpuM liempephiBHOE OTO0paskeiine

v-Lvioag,
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m nverb h = gof: U — G. Ilpeamomosxmy, aro orobpaskeHme f mmeer

B Touke @ € U orpaHmMYeHHOe Das3jO/ReHUe (p MOPARKA 7, § MMeeT B TOU-

ke b = f (a) € V orpaumdenHoe pasmoskeHue P mopanka n. Mbl goka-

JKeM, 9T0 OTOOpasKeHIe h MMeeT B TOYKE ¢ OTPAHMUYEHHOE DasIoyKeHHe

mopAfKa 7 W BEIPA3HM 3TO OTPAHMYEHHOE pasio;keHme depes ¢ # .
ITo npeamonoskeHuUio, nMMeeM

fata)=b+ 3 o)+ @), (7.4.1)

rie (;— OFHOPOAHBIN mommaom cTemenum i u |[r(z)] =o(|lz|[").
AwnamorngHo,

g(b+y)=g(b) +,§1 Vi) +s@),  lls@ll=o(yll™. (7.4.2)

Takmu obpasoM,
h(a+-z)=g(f(at2)=g({b+y),

rge

y:

e

R (z) 41 (). (7.4.3)
Mz dopmyanr (7.4.3) caegyer, uto ||y |[=o(| x| ), orryma
Is@l=o(jlz™)

Ecan B pasedcTse (7.4.2) MuI 8AMEHMM J HA ero 3HAYEHHE, IIOJYYCHHOO
¢ momomsbio gopmyast (7.4.3), To Gyjem uMeTh

hiad-2)=h (a)+j§ 119}.(\‘ ((p )41 @) o] z]|™ (7.4.4)

OcTaeTca IOKas3aTh, 4ro Layylad u3 QyHKRIHi

n
1
b (2 @, (@)1 (@)
COBHA/AET ¢ IOJHHOMOM OT z ¢ Tounocthlo jio o( ||z |*). Tar xax

) =Py, ..., ),
70

W, (Z @, (2) 47 (@) =1, <z 0, @) 47 (@), o X ¢, (@) 47 ().

Ecam pacmmcarh 0osee IOAPOGHO 9Ty cyMMmy, HCIOJB3YSA NOJIMIMHE-

HOCTH (QYHKIHMH ', TO MH HOJYy4MM CYMMY BHDaKeHHIl BHIA

By (@i (@), 04, @), s 0y (@))- (7.4.5)
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3aech 1.iy, ..., ij<n. OcragpHEe ujeHbl Hawmedl CYMME COJEp/RAT
r(x) mo KpaiiHeii Mepe ORZMH pas, T. e, HMEIOT BH[

w,‘(..., r{z), ...).
3aMeTHM, YTO GIEHHI IIOCJIEIHero BUma  CYTh o(llz|*), rak Kaw
Nr@ =0 (|z|"), a ¢yurmua 1p MOJHNWHENHA W HenpepHBHA.
B pesyabrate MbI mosyumMm, 9TO

lh(ata)—h(@— 3 2, w(()‘mwAM$wwﬂW
=111y 7
Ilorasenm, aTo Rammas d)yHRuuH tuna {7.4.5) ectb 00ROPOOHVTL ROAUHOM
cmenenu iy + i + ... 4 i;. HefictBuTensno, cydMMa BCeX PTHX OJHO-

POJIIBIX MOJHHOMOB CaMa ABIAETCS [IOJHHOMOM; €CJIH COCTABUTE OTPE3OK
HTOTO HOJMHOMA IOPARKA 7, TO MBI HOJYYHEM OTPaHIYEHHOEe pPasioyRenue
oro0pasenuss h = gof mopagka n. Tar xnax

by (04, @) - 0 @)=, (@ (7 s @), s @ (@ D)),

TO MBI IIOIYYHAM OJHOPOAHBIN IIOJIHMHOM cTelleHd iy -+ . .. 4 ij acco-
OUUPOBAHHBIE ¢ TogmiIuueidnodl ¢ynrnuell (Boobme roBops, He CUM-
MeTpHUecKoil)

@j((};il(xi! L] xil)’ MR ] EEij("'i x'i1+.-.+ij))'

Tarmy oGpasoM MBI IOKA3ANH, YTO 02PAHUYEHHHLM DA3A0NCEHUEN hOPAOKA
n Oas Pynryuu h = gof 6 mouke a cayxrcum ROAUHOM

n

p@+ 2 (0 (@,@), e @) | (T46)

j=1 i14.. .+‘ij<n

7.5. Bm‘mcnerme OCIEIOBATENbHEBIX MPCH3BOMHBIX CHOKHOH (QYHRIIMK

Ilyers U -—> vE ¢ (rar B 1. 7.4). Ilpeguonomxum, uro pymrmms f
maddepeniupyerMa n pas B Touke ¢ u GymKIUA g guddepennupyema
n pas B Touke b. Mo smaem (reopema 5.4.2), wro TOoTHA OTOOpayKeHume
h = gof 6ymner n pas guddepeHOUPYEMBIM B TOUKE a. YKayKeM MeTOoJ,
NO3BONAOIMAN BLITHCIATE 2™ (a) (n-numeiinoe CHMMETPHYeCKOe OTO-
Gpaskenue E" — G) ¢ movomplo npoussogueix [ M(a) m gl(b), 1 <
<i<nmi<j<n

UWnpea merTona. Bupasum orpanmgenasie pasiomenna §yHrRynit
f rn g ¢ momompbo dopmynsl Tedsmopa. OTcoga MBI IIONYYAM, KaK 9TO
OpuTO cmemano B M. 7.4, orpanmdeHHoe pasiosKeHwe oTobpaskenusa h.
Opuoponnas KOMIIOHEHTA CTeIEHW 7 DTOTO PAsJIOKEHHA MMeeT, Kak
U3BECTHO, BUJ

T (@) (@, .., 2).
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Takum 06pasoM MBI Hoay9uM orobpaskenue h™(a)-(z, ..., z). Orcona

nerko mepeiitu K orobpakenmo A (a)-(zy, . . ., T,), KOTOPOE SBISET-
cA MOJMIUHeWHOH CuMMeTpUUeCKOM GyHKIMell, COOTBETCTBYIOIICH HEKO-
TOPOMY OJHOPOXHOMY IIOJWHOMY.

B xauecTBe mpmMepa IpoBeleM BHYUCIGHHA A CIydagd n = 2:

fata)=F(@)+f @)z F (@)(z, 4. ..,
g0 =g®) +¢ (B)-y++g B (U 1)+ ... .

1
IToabsysace obosHavenusmm u. 7.4, sanmuien Th”(a)-(:c, z) B BHIe
OJIHOPOJHOTO IIOJUHOMA CTelleHHm 2:

Py (92 (7)) + P (1 (2), @1 (@)),

rge
i~ r o 1 ;
Fomg' ), =g D)
1
2

¢y (2) =f"(a)-2, ¢q (2) =

CaejgoraresbHo,

5 (@)-(z, 2) =g (B)(F'(a)-(z, 2))+ & (O)-(F (@), [' (a)-2).

YnBoenmnas JeBas YacTh — 9TO IOJIMHOM CTeneHN 2, COOTBETCTBYIONTIII
OunuHelHO CHMMeTPpHUIECKON (opme
"
(Ih IZ) —>h (a) '(xh IZ)‘

yHBOGHHaH npasBasd 4YacTh — 3TO IIOJHIOM CTeIleHHI 2, COOTBETCTBYIO-
HUA OGUIMIIeHON CHMMEeTPHMUYecKon gopme

(@y, x2) —> &' (b)-(f" (@) -(xy, 7)) + &" (0)-(" ()21, [ (@) -z2).

Orkyga momydyaeMm opMyny, KoTopas NPeNCTaBAseT HPOM3BORHYIO A'(a)
Kak OuiuueliHoe cuMMeTpuueckoe orTobpaskemue F X E — G

‘ R (@) (x4, x5) = g" (b)-(f" (@) (x4, T2)) 48" (b) - (' (@) -2y, [' (@)-2s).
(7.5.1)

3amevanue. llpegnomosmum, uro £ =R u F = R. Torga
[ — umcaoBass QyHKIMA NEHCTBUTEJBIOTO IIePeMelnuoro, a g — (yHK-
UusA JefiCTBUTENBLOTO NEPEeMEHHOro CO 3lavenussMu B 6aHAXOBOM IIpPO-
crpanctBe (. B sron cayuae nmpoussonausie f'(a) u f”(a) 0TO/MKIECTBAAIOTCSA
¢ smeMenTaMn upocrpancrBa R, a mpomsBogusie g’ (b) u g” (b) orok-
AEeCTBISAITICA C DileMeHTaMH IPocTpancTsa G, Tak ;xe Kak u h"(a). Pop-
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Mya1a (7.5.1) Torma sammmiercs Tak:
W (a)=1"(a)-g" (b) +(f" (a))*-g" (b).

(B mpaBoit wacTm cTOMT cyMMa IpOH3BeJeHMHI YMces HA 3JeMEHTH IIPo-
crpauctBa G.)

§ 8. JORAJBHBIE MAKCUMYMBI I MHIIHMY MBI

B sroM maparpade paccMaTpHBAIOTCA HeIPepPHIBHLEE OTO0pasKeHUsI
f: U— R, rme U — OTKpHITOE MHOKECTBO B (GaHaX0BOM IIPOCTpaH-
crBe E.

8.1. Ileproe HeoOxomMMOe YyCIOBHE IS JTOKAIHHONO MHHHMYMAa

Onpejenenne. Dyuruus [ uUMeeT 10kaabHBL ') MuHUMYM B TOUKE
a € U, ecau cymectsyer okpectnocts V touru a (V < U), B Koropoi

f(x) > (a) maa moboro z ¢ V.

Hpyras ¢opaynupoBKa: MHO/KeCTBO Toder z € U/, tarumx, 4t0 f () >
> f (a), ABAsETCA OKPECTHOCTHIO TOUKHU Q.

Oyuriua [ mMeer cmpozuli A0KAAbHBLL MUHUMYM B TOUKE @, €CIU
CYIIeCTBYET OKPECTHOCTh V TOYKH @, B ROTOpOH

f@)>f(a) pmus moboro z €V, omauunozo ot a.

AHAJOTHIIIO OLPEeACTCH A0KAALILIL Makcumyrs (COOTBETCTBEIIHO
cmpoauti .1o0raAbHul smakcumym). st toro UTOGH GYHRIUA [ IMeda
JOKATBIIBI MAKCHMYM (COOTBETCTBEIIHO CTPOIMil JIOKATLNBIN MAKCIMYAI),
HEOOXOTUMO H TOCTATOYHO, YTOOLI JYHRIHA —f UMeIa JORAIBIIBII MIIIIH-
MyM (COOTBETCTBEHHO CTPOrHE JOKAXbHBIH MINuyMyM). Mel Oymeym usy-
YaTh JHIUIb CAyYadl MUHUMyMa, OCTABIAA YHTATEN]IO lePenoskeHue moay-
9eHIIBIX Pe3V.IHTATOB HA CAyTail MaKCHMYMa.

Hpepnosmenne 8.1.1. Ecau dynryua f: U — R umeem aorassrnii
amununys e moure ¢ € U u duggepenyupyena e amoii mouke, mo f'(a) == 0
(Heo6xodumoe YyCAOBHE [T JOKAIBIIOTO MHIMMYMA).

JdorasarTeancTso. IT0 RIACCHUCCRUN Pe3yabTaT HAIsA C.I1y-
vag U = R, 1. e. guaA ciydyad QYIRIUN [ JEeUCTBUTEIHHOTO IepeMeH-
HOTO; 3aMeTHM, YTO B TOHl TOUKe, Ife HMEETCH MUHUMYM, IpaBag IPOI3-
BogHasa [y (@) obssareabHo >0, a JeBas mupousBomuaa fp(a) obasza-
tenbHO < . Tar Kak 1o Npeono/Ke 0 QYHKINA [ UMeeT IPOU3BOTHYIO
B 9TOH TouKe, To fy (¢) = fy (a), orryma [ (a) = 0.

B obmenm cayuae (U — OTKpHTOE MHO'KECTBO B 6GaHaXx0oBOM ITpO-
cTpancTBe £) B03bMeM IIPOH3BOJBULIET BerTop A € £. Paccvorpum

1) AprTop Ha3LIBaeT TAKOI MHHHMYM «OTHOCHUTeNBHLIM».— I[Ipum. ped.
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dyuxumio g (¢) = f (¢ + th) HeHCTBUTENHLHOIO IIEPEeMEHHOTO I, oIpe-
memeduyio maa mocraTodno Maaelx | ¢ | << e. Torma ¢yurmua g umeer
AoKaIbHLA MunumyMm npm t = 0; caegosareanno, g (0) = 0. Tar xar

g (&) =[" (a+ th)h,
1o ' (a)-h = 0 gns mo6oro Bextopa i € E. Jlpyruvmu cioBaMH, JHHeH-
Hoe orobpaskenme [’ (a): £ — R aABigerca HyAeBHM, 9. T. .

3avedanune Xopomo H3BeCTHO, 4TO oOpameHHWe B HYIAb IIPO-
uspogmoit f'(a) umcaoBoil mudpdepenuupyemoil Gpyukmum f He [103BOJIAET
3aRJIOUNTH, 4TO f 00Mafjaer JORAJBUEIM MAKCHMYMOM HJIH JOKAIbHBIM

MIHIMYMOM B Touke a. Hampumep, mycrs £ = R2. B Kadectse Toukd «

BO3bMEM Hauajo Koopmumar. Pacemorpum dyurumio f(z, y) = a® — y2.

Yacruble TpousBORHEIe [ 1 f, o6pamanTcsa B Hauaje KOOPAUHAT B HYIb,
HO QYHROUA f He HMMeeT B dT0H TOYKe HH MAKCHMyMa, HE MUHHMYyMA.

8.2. YcuoBue BTOpPOr0 mMOpARKA s JTOKATLHOI0 MHHUMYMA

Har msBecTHO, KO/KZOMY OIIOPOAHOMY IIOJHHOMY BTOPOH cTemenm
o £ —>R
(naseiBaeMOMY Taxike keadpamuunoli @Gopmoll) COOTBETCTBYET Takoe
OMHI03HAYHO OTpefiesielnoe Ouiuitelinoe cummempuyeckoe 0ToOpasKenne
¢ E X E— R}, 4910

¢ (@) =0 (z, 2).
OugeBugHO, 9TO

~ 1
P (Z1, Zo) = (@ (24 + 22) — 0 (1) — @ (22)).
Onpepenene. KBamparmaunas ¢opMa ¢ Ha3LIBAETCA ROLOM UMEALHO
onpedeaennoti (o6osnagernue: ¢ > 0), ecan
o () >0 pna moboro =z € E.
B srom caygae roBopsAT TariKe, YTO IIOJORATEIBHO OIpe/edeHa H GHIH-
Hefinasi accomumpoBanHas gopya @:
(E(x, 2)>0 gua aoboro zCE.
Hamommum raaccuneckoe nepasencmso Illeapya: ecnu ¢ — moa05KHA-
TEJBIIO ONIpefeNeHHAss KBajparmanasd ¢opma, TO
19 (2, ») <o (@) @) (8.2.1)
[HorasarteannctBo. Iyers 2 € £ u y€ E. na mxobex
ancen AER mp € R, ¢ (Ar + py) > 0 maum, Goxee moxpobuo,
A (z) + 2hpe (z, ¥) + pie () > 0.

CremoBaTenbHO, AMCKPUMHHAHT 3TOTO TPEXWIEHA BTOPOM CTeNeHH IO A
M u Memblle miaH paseH myiaio. Orcoma caemyer nepasenctso (8.2.1).]
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Caepgcreue mw3 HepaBencrBa (8.21). Eeau ¢ >0
u @x) = 0 daa neromopoeo x € E, mo ¢ (x, y) = 0 daa wobozo y € E.
Teopema 8.2.1. Iycmv ¢gynryus f: U — R deawcdn dubgepenyu-
pyexna ¢ mowke a € U (U — omxpumoe mHoxcecmeo ¢ 6anaxrosom npo-

cmpancmee E). Ecau gynryus [ uneem A0kaibHul MUHUMNYM 6 mOuke a,
mo He moavko [’ (a) = 0 (upepnoskeune 8.1.1), no u
?

/" (a) > 0. (8.2.2)

Burmmauune! Vemosme (8.2.2) osmauaer, 4TO CHMMeTpHUECKAd
onnunelinaa ¢opma f” (a) momoskurensua., Hmaue rosops,

" (a)(z, ) >0 pna mwoboro z € K,

Jdorasarteanbcrno. Tar xar f (a) =0, 10 m3 Qopyyan
Tefimopa 1omygaem

flata) =)= 1" (a)-(x, 2) +7 (2),
vae [ 7 (z) || = o (]| z |[}). o mpepuonoskenntio, GpyHruua f mpu Hocra-

TOUHO MaJIol HOpMe || & || mMeer moKadbmLlil MunuMyM B Touke a. Cie-

JA0BaTeJbHO,
§" (a)-(z, 2) + 2r (2) > O,

3adurcupyeM TPOU3BOJbLHBLE 3JIeMEUT X, W UYCTh ¢ — HeHCTBHUTEIBLHOE
mepeventoe, Torga npm AocraTodHo MajoM | |

" (a)~(tx, tx) + 2r (tz) > 0 (8.2.3)

WIM 0P PEKCHPOBAHHOM T
§ (@) -(tz, tz) = £f" (@)-(z, 2),
2r (tz) = ¢ (¢, z) t7,
rae aucao € > 0 crpemntes x O Bymecre ¢ ¢. Torga ns nepasencrsa (8.2.3)
clIeyer, 9ro
" (&) (z, z) + e (t, z) > 0 pmaa smamaoix | ¢ .

Taruy ob6pason, ecan & crpemutcsa k (0 ByMecre ¢ ¢, To mpejges

" (@) (x, ) >0, w. 1. 1

8.3. JlocraTounoe ycaoBme NI CTPOFOFO JOKQIBHOFO MHHAMYMA

Ilpeskme Bcero MBI COOOIIMM HEKOTOpEE (GaKThl W3 TCOPUM KBAapa-
TuuneX gopm. Ilycrs ¢ — Henpepwisnas kBagparnunas gopva, B MYCTh

GEL(E; R)~ L (E; L (E; R))

— COOTBETCTBYIOIM[ast HempepwsiBHasg Ouamueiinas Qopma; L (£; R) =
= E* — conpsyreunoe (TOIOJIOrHUECKOE) IPOCTPAHCTBO A Hamaxosa
mpocTpaucTea L.
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Onpepenenne. Henpepsisnas kpagpatudnas GopMa ¢ reeuposcdeniia,
ecnu orobpayxenme ¢ € £ (E; E*) apaserca usomopgusmom E — E*
(famaxoBbIX mpoCTpaHCTB) WaM, uHawe, ecam ¢ € Isom (E; E*).

pepnoskenne 8.3.1. Jas moeo umobu gopma ¢ 6viaa HegulpodcIer-
1601, HeoBrodumo ewnoaHeHUe CcAedYouez0 Ycaosus: ecau 048 KAKO20-
aubo z € E

¢(z, y)=0 0uas ¢cex YyCE,

mo z = 0.

Jro Heo0XOguMOe YCIOBHME HEBHIDOKAEHHOCTH (GOPMEL ¢ ABJIAETCA
docmamounbim, €CIH TIPOCTPAHCTBO [E UMeeT KOMEuHYl PA3MepPHOCTD.

HJorasarteuascrtso. Obosnauum depes ¢, JuHelinyo ¢opmy

y—>(z, y).

Wuaue rosopd, ¢« (y) = ¢ (2, y). Juneitnoe orobpa;renue £ — E*, orpe-
nensseMoe gopmoit @, — 1o 0To0paKeHNEe BHUAA

Z—> Q. (8.3.1)

Hesuposmmennocrs gopmbr ¢ osuagaer, 9to otobpaskenue (8.3.1) apiaser-
cs1 M30MOD(QHEIM oToOpasKenuerl mpocTpancTBa £ Ha CONpSAIKeHHOE eMy
unpocrpauctBo E*. Torga adpo auneinoro orobpaskenus (8.3.1) cocrout

TOABKO M3 Hyas. J[pyrumu caosamu, us pasemcrBa ¢, = 0 caegyer,
qro z = 0. Hame yrBepyrmenue goraszano.

O6parHo, 7Fokasaumoe ycraosue BhIpaskaer TOT (arT, 4To JuHeHHOEe
orobpaeniue (8.3.1) uupexrusno. Eeau npoctpancrso E uMeeT KOHETIIYIO
PasMepHOCTh 72, TO, KaK MBI 3HaeM, IPOCTPAHCTBO E* myeer 1y ke pas-
mepHocTh. Torma oro6paskenwe (8.3.1) us E B E* 6uexTuBHO, TAK KAaK
ero AApo cofeps;xur toabko 0. CiemoBareabio, 0HO HABIAETCH W3OMOP-
I3MOM BEKTOPHBIX IPOCTPAHCTB, a NMOCKOJBKY ofparioe 0TobpaykeHue
E* — F mnenpepeBmo (Tak Kak NpPOCTPAaHCTBO E* mMeer KOHEUHYIO
pasmepHocTh), TO0 orobpaskemnme (8.3.1) mpumammeskur Isom (E; E*).
Juaunt, opma ¢ HeBRIPOKIEHIA, M. T. .

Jameuaunue. [Iycrs upocrpancrso E HieeT KONEYHYIO pasyep-
nocte. Tor ¢art, uto gopya ¢ HeBHIpOKAeHIA, 03HATAeT, ITO OIpefie-
JuTeNb NuneiiHoro npeobpasoaunua (8.3.1) us £ B E¥ omtuyen ot Hy.1d,
eciu B mpocTpascTBax £ u E* pubpausl compsikeHHble (Gasuchl. JTOT
ompefeinTe]b HA3LIBAETCA OUCKDUMUHAHMOM KBAAPATHIHON ¢ OPMLE
OTHOCHTENBIIO paccMaTpHBaeMoro 6asuca B upocrpanctse K.

IMycts @: E —> R — uenpepuBnasg, nRoA0ICUMEAIBHO Onpedeseiias
U Heguipoxcdenian KpanpaTidias ¢gopma. Torma

¢ () >0 jaa awboro z == 0. (8.3.2)
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B casmom mene, ecan ¢ () = 0, 1o ¢ (z, y) = 0 gaa awboro y (coraac-
o (8.2.1)). CumemoBarenbro, z = (), Tak Kak (opMa @ HEBHPOKICHHA
{upennoskenne 8.3.1).

Hepasencrso (8.3.2) MOKHO YCHINTH:

Teopema 8.3.2. Ecau wrsadpamuunas (nenpepuisrnag) dopma ¢ noao-
HCUMEAbHO Oonpededena U HeaupoNcOeHHaA, MO cyujecmeyem maroe wucao
A >0, umo

Q@) >Allz|® 0dan awbozo z€ E. (8.3.3)

JdorasareascTBo. B cayiae, KorAa pasMepHOCTH NPO-
crpancTBa £ KoHeYHa, MOKHO HOJIYYATH HepaBeHCTBO (8.3.3) ua coobpa-
sKennit KomnakraocTu. [Ipeamorosxum, 1A onpedenenocTs, 1o || r || —
@BKJIH0Ba HOPMa (M3BECTHO, YTO BCSAKAA APYrasg HOPMAa el DKBHBAJICHT-
ua). IIyers X — edunuunas cgepa, v. e. MHOKeCTBO Tarux = € E, musn
RoTopHix HopMma ||z || = 1. Iro rKomnarmmuoe mpocrpancTBo. DyHKOUA
@ HempepsiBHA HAa X H @ (r) >0 maa awoboro xz € X B cuay (8.3.2).
Torga B cury ®maccu4eckoil TeopeMsl TOMOIOTUH QYHKIAA ¢ JOCTHLAET

HUGKHeHl IpaHu A B HEKROTOPoii ToduKe cdepsl z. 3madyur, CymIECTByeT
Taroe qucao A > 0, d4ro

¢ (@) il > A pas Beex [z ] =1,

OTKy/la ¢ IOMOMbBI0 TOMOTETHH MBI HoJdydaeM HepaBexcTBo (8.3.3).
Temeps MH JaguM [PYyroe [gOKa3aTelIbCTBO, KOTOPOe IPULOSHO
u B obmeM caydae GanaxoBa mpoctpaHctBa E. Tak kak, mo mpegmoiao-

JKeHH0, oTo0paXkenue r —> @, sABiagerca uzomopdusmom E — E*, 10
cymecTByer takoe anciao p > 0, ar0

|2z]|<p|l@<]| mas Bcex mextopo z€E.

[3mech ||@x||—ropMa B mpocrpamctse E* =% (E; R)]. Purcupyem
pexTop z € E. Ilo oupepmeneHuio HOPMEI B upocTpaHcTBe E*, mMeem

o=l = sup ¢ (2, p)ll= sup | (z, y)l.
Jlyll=1 lyll=1
Ciie0BaTeIbHO, CYIIECTBYeT Taxoil BexkTop Y€ E, wro |[y] <1 n
~ 1 ~
@ P> lloxll
OTKY/a
lzll<2nl@ (@ p).
Hcnonssys wuepasencrso IllBapma (8.2.1), momygaem
[z I = 4p’e (z) @ (3).

Tak rar ||y ||<<1, 10 |l (y) |<M (M — dukcupoBarHoe 4ucio),
u60 $yEKRIUA @, KOTOpas IO NPEeAHOI0KEeHNI0 HellpepLIBHA, OTpaHndeHa
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Ha eJUHUTIHOM mIape. SHAUHUT,
|z I < 4p?Mo (2).
IMonaras A = 1/(4p*M), momyzaem mepasemcrso (8.3.3).

Temeps MBI B COCTOAHHE CHOPMYIHPOBATE [OCTATOTHOE YCIOBHE
JJIs1 CTPOTOTO MHUHHMYMA.

Teopema 8.3.3. IIycme f: U—> R — Osancon Ouggepenyupyemasn
dynryus ¢ mouke a ¢ U. Ecau f'(a) = 0, a f"(a) nosromcumesvna wn
HegvipodcOenna, mo @PyHryus [ umeem e amoi mouke cmpozuli OmHOCU-
MeAbHBIE MUHUMYM.

Horasareunsbctso. Cormacao dopmyne Teitmopa, mmeem
. 1 "
flatn)—1(@)=—41(a)-(z, 2) ~e@]z|p,

rge ¢ (z) crpemurcs Kk 0 Bmecte ¢ z. B cmay teopemsr 8.3.2 cymectByer
Takoe gECI0 A > 0, uro

" (a)-(z, &) > Az |

CiemoBaresanHo,
fata)—1@)>(5+e@) |k

Taxum oGpasom, A/2 + ¢ (z) > 0, ecam nopMa || z || mocraTouno Mama.
Ecan, xpome Toro, z 5= 0, To

fla@a+z)—f(a>0, g9z

YIOPAKHEHONA

Yopasuenne 1. IIycts £ — HOPMEPOBAaHHOE BEKTOPHOE IPOCTPAHCTBO
HAJ II0JeM JeHCTBUTeILHBIX umCe]. HasoBeM zunepnaockocmblo BCAKOS BEKTOPHOE
mopmpocTpancTso H mpocrpanctBa E wopasmepmoctd 1 (t. e. E/H umeer paamep-
HOCTD 1).

(a) ITokasarh, 4YTO 3aMLIKAHIIE BEKTOPHOLO IMOFIIPOCTPANCTBA €CTh BEKTOPHOE
IIOTIPOCTPAHCTBO. BLIBECTH OTCIONA, UTO BCAKAs THHEPIIOCKOCTh MM 3aMKHYTA,
W BCIOAY miotHa B E.

(b) IIycth u — anneitnas popma na E. [loKkasark, 4T0 u PasphBHA TOTAA I TOIb-
KO TOrAa, KOIfa CYIIeCTBYeT IIOCIeL0BaTeabHOCTh (z,) € E, z, — 0 Opax n — oo,
TaKasg, uro u (z,) = 1 mas moboro n.

(¢) Myers zy € E — BexTOop ¢ HOpMOil 1, m nycts A — aarebpamueckoe [OHOJI-
HEHHe K BEKTOPHOMY HOAIPOCTPAHCIBY HPOCTPAHCTBA E, MOPOXKACHIIOMY dJIeMEH-
TOM z,. Torga mias aworo z € £ AMeeT MECTO OJHO3HAUHOE Pa3lOMKeHne

Ime ¢ U y — JnHeHHmle OTOOpasKeHds pocTpancrBa E B R u H coorsercrenmo.
ITorkasaTh, 4TO ¢ M y HmEIpPePHIBHLEL TOTAA I TOJBKO TOTJa, KOTAA IOAIPOCTPAACTBO H
3aMKHYTO,

(d) Myers u© — nmmpeitnas dopma ma E. IToxkasars, 9ro opMa u HempepHIBHA
TOLa H TOJBKO TOTAA, Korpma sapo H = u"1({0}) saMrmyTo.

Ynpaxkamenue 2, Ilycrb £ — 6aHaX0OBO IPOCTPAHCTBO BCeX IIOCJHEN0-
BATeIbHOCTEN Z — (En)n>0, COCTOAIMMX H3 [eHCTBHTENHLHHIX 4NCEN, TAaKHX, 4TO
=
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lim §, = 0, ¢ HopMoit ||z || = sup | &, |. [lna moGoro meaoro ymeaa m >= 0 moo-
n—-yoo

n
WM e, = (On)nzo € £, The Opy, — cinpon Kpomexepa (8, = 0, ectu m 5= n,
0 Sum=1).
O
(a) IToxasarpb, 4r0 mua aw6oro xr = (§,) € E pax 2 §,e, CXOMATCA K r B IIPO-

n=0
cTpancTBe E.
[Iycth w — nmHeiiHas HenpepniBHaA ¢opya ua E; momoxmM u (e,) = 1,.
ITokasaTb, 9TO TOCJIEOBATENbHOCTD [eHCTBHTEIBHEIX 4HCeX (1,),=o¢ CYMMIpyeMa
U HOpMAa JMHEHHO# (GOPME u paBHA

flull= > Innl-
n=>_0

BuiBecTir 0TCIOA, 4TO TONOJOTHUecKoe npocrpancteo E* — Z(E, R), compmzen-
Hoe ¥ £, MOMKHO 0TOKmecTBuTh ¢ IpocrpamersoM I1(R) cymmupyempix mociemosa-
TeIBHOCTEH MeHCTBATENbHBIX YIlce), CHAOKEHIBIX HOPMOIl, KOTOPyI caenyer HafiTu,
(b) Mcnonb3ys TOT ke CaMBIIl METO/T, TIOKA3aTh, YTO BEKTOPHOE IPOCTPAHCTBO E* *
ANIEHHBX HENpepPHBHHX ¢(opM HA E* MOKHO OTOMIECTBUTH C TIPOCTPAHCTBOM
. . . i
I=(R) Bcex mnocmemoBaTennuocTeli z = (‘m)nzo OrPAaHMYEHHHX [JeHCTBHTEJIbHBIX
gIcesa ¢ HOPMOIf
lz]|=sup | Lnl.
=0
n
Ynpamuenne 3. D npocrpamcree R™ oupesessiorcs mocaemopaTennmo
2\1/2 _ — n
tpu mopwut || z |[= (2 27)Y2, [z (=2 =, lell= sup lei], 2=(z1, ... zn) €R™.
[isn
HailTn B KaKI0M H3 JTHX CJIyYaeB MHOMKECTBO TOUEK, B KOTOPHX (QYHKIUA z—>
—> |l || amppepennmpyema.

Yupamuenune 4. Ilyers E = G ([a, b], R) — Ganaxoso LIPOCTPAHCTBO
HempepeBHLEIX (Qyukumit na orpeske [e, b] ¢ mopmoil

I fllzxes[l;?b] [ 7).

Oyers @: B — R — oro6pamenne xiacca €2. IokasaTs, 9ro orofpamenne f—>
b
— §¢ (f (z)) dz ecTs muddepenmupyeMoe oroSpaskemme mpoctpamctea E © R,

a
Beerpa mun 510 oTOOpasKenne TPHIAMISKIT K Kiaaccy C!?

n m
Yupaskuenne 5. Iyers Q € R" n Q' = R™ — gpa orepumsix menyernx
MIOKeCTBA I f — GMeKTHBHOe oTo0paskeure Q Ha Q, Takoe, uro f u f~! muddeperr-
UupyeMbl Ha MHOKeCTBAX Q M Q' COOTBETCTBEHHO.

IToxasarh, MCHOIB3YA (ODPMYTY AJAS IPOH3BOAIOH CHOMKEHOH (PYHRIWI, UYTO
n = m.

Yuopamuenne 6. IIycrs f — BHIYKIaA QYUKIIA AeHCTBHTENLTOTO Hepe-
MeNHoro, NPIHIMAIOMAA [AeifcTBHTEbIIse 3HAdenns. Iloxasarp, 4ro ¢yuxuns f
EMeeT B Ka)KI0il TOUKe JIeByIO II IIPABYIO IPON3BOAIILIE.

Vopasxuenne 7. Ilyetb U — OTKPHTOE BHIIYKIOE MHOKECTBO B anaxo-
poM mpoctpanctne E m f — prddepennupyemoe otoGpaskenme U B R.

(a) ITorasars, 9T0 QYHKUHA f BRIOYKJIA B U TOTAA M TOJBKO TOrAA, KOIZA

’
f(x) =1 (zo) + ' (x0) (z — z0)

maa mgi0oil Tapht TOYeK x, o € U.
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\ n 3
(b) Ipegmomosiy, aro E = R™ u dpyurmua f npuaagmexnr ® xaacey C2. Jlas
Ka/;KT10r0 BeKTopa z € U mycTs ¢, — KBagpaTHunasa ¢opmMa BHAA

n
o2f 7
P (h): 2 —W(I) hih'j’ h=(hy,..., hn)eﬂn'
i, =1

ITorasare, 4To QyHKUMA f BHOyKIa B U TOrga M TOJNBKO TOTAA, Korjaa ¢opMmMa ¢,
n
MOJMOKITeNbHA A d0Goro z € U, T. e. 9, (h) = 0mnmaz e Un h € R™,
VYVuopaskueunune 8. Ilycrs f— PyHRIHA co 3maveHmaAMH B GaHaXOBOM
mpoctpancTse E, npuHagrexamas K Kiaccy C' B oTKphroyMm nurtepsaie I. IToxoxnM

g (=, y)=——f—(€)c:#)—, ecln ==y,
gz, 2)=F (a).

1) ITorasatp, 9T0 PyHKIHA g HenpepsiBHA na I X I o npAnagiIesnr & xiaaccy C1
ma MuoxectBe I X I — () {z, z}.
x€1
2) ITorasats, uTo ecan ["(z,) cymecTByeT B Touke x, € I, To ¢yuruna g gud-
¢depennupyeMa B TO4Ke (zg, Zp). ([IpEMeHNTH TeOpeMy O KOHEYHHKIX HPHPAIMEHHAX
K OyHKIUU
(z— z0)2

1 (&) —af" (@) — "2 1 (zp).

Yopamuenmne 9, Ilyere U — OTKpPHTOE BLIIYKJIOE TOAMHOKECTBO
B 0anaxoBoM wpocTpamcrse M f — pnddepenmupyemMas BuRyKaas ¢yHKunsa za U,
NpHHOMAKINAA geificTsurenbibie 3navenist. ITokasats, aro ecad f' (zp) = 0 B TouKe
zo € U, T0 f MeeT a0COMIOTHLIE MINIIMYM B TOYKe Zj.

Yupasuenne 10, Ilycrs f — uenpepuBioe oTogpaskesnce otpeska [a, bl
B 0ammaxoBo mpocrparctno E, mMeomee B J060il Touke lntepnana [a, b) mempeprn-
UyI TpaBylo npoussomiyio. [TokasaTh, IPHMEHAA TCOPEMY O KOHEYNHIX IpHpaIIe-
14
unax ¥ QyHruun g (f) = f (&) — (¢ — to) fu (tp), uro OYHKUIA [ OPHIATIEKIT
K Kiaaccy €' Ha nurepsaie (a,

Yupasuaenue 11. IIyers f — orofpaskenne kiracca C! narepsana (a, b)
B Gamaxopo mpocTtpancTtBo E. ITokasaTh, 4TO ecIM QYUKIHUA f IMeeT BTODYK IpPO-
I3BOANYI0 B Touke Iy € (a, b), TO

1 (o H R R — (o) —7 (o) 7 (1)
crpemMurca K f” (&) mpu k, k — 0. (BBogsa ¢yuximio
g (w) =f(t+ u+ k) —f (o + u) — ukf” (o),

IOKa3aTh CJefylomee: [Js BCAKOro uymexa € > 0 cymecTnyer Taxoe 4icCJO 1), 4TO
nepapencTna | u | << N ¥ | k | < 7 BIeKyT 3a coboil HepaBEeHCTBO

g wl<e@lul+ k)

YVaopasueunne 12. Ilycrs U — BHOYKIOe OTKPHITOE MHO/KeCTBO B (aHa-
xopoM mpoctpauctse E, m mycts f: U — F — nudpdepennupyemoe oroGpaskenne
B Gamaxoso mpoctpaHcTBo F. Ilokasarp, 4TO ecam IpOA3BOANOEe OTOGpaKeHMe
f : U—~ £ (E; F) nocrosnHo, To orofpaeHne f ABIAETCA CYMMOIl IOCTOAHHOTO
W JIAHIEAHOT0 HeOpepHBHOIO OTOGpasKeHN.

Yunpasxkuenune 13. JlokasaTe clrefywolnee CBOHCTBO: eCaH U/ ~ OTKPLITOG
MHOKeCTBO B HpomsBefennu E, X ... X E, 6aHaxoBplX IIPOCTPAHCTB, OTOOpaske-
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e f: U — F mmeer B moboil Touke MHOkecTBa U uyacTHHE IPOM3BORHBIE Jf/dz;
u otobpaskenus df/dz; : U — £ (E;; F) HeNpepHBHH B TOuKe @, TO OTOGpamenue f
crporo audpepeHENEpPYeMO B a (cM. m. 3.8).

Yupamuaenune 14. IIycts f — orobpakenue OTKPHITOTO MOAMHOMKeCTBA U
famaxosa mpocrpaEcTBa E B OamaxoBo npocrpaHcTBo F. IlpemmonoskuM, 9T10 f
auddepermupyemo B a060f Touke z € U, oTanuHOH 0T HexoTopo#l Toukm a € U,
n uro orobpasxkenne r — f'(z) m3 U B ZL(E; F) uMeeT Ipefes, KOrja r CTPEMHUTCH
K a. IokasaTs, 470 f cTporo puddepeHnUpPyeMo B ToUKe a (cM. 1, 3.8) u

£ @=lim " a).

xX=£a

Yupaxuenne 15 Ilycrs f — nempepriBHOe oTo0paKeHWe OTpe3Ka
la, b] = R B Ganaxoso npocrtpanctBo K. IIpegnosoKuM, 4TO f IMeeT MPABYIO Ipo-

H3BOAHYI B TdI000H TOuKe z € (a, b). IlokasaTp, 4UTO CymecTByeT TaKoe YHCIO
£ € (a, b), uro

@) —f@lI<e—all /@I

[Vrkasamme., Iyers k=] f () — f{a) II/ (b — a) > 0. Ilpegmonoum,
gTo || fﬂ (z) | <<k paa moboro z € (a, b). Torga cymecTBylT Takme zo € (a, b)
mh>0,910 || f(zg + k) — f (z¢) || << kh. IIpEMensa TeopeMy 0 KOHEUHEIX IpHpa-
MIeHNIAX K OTpe3KaM [a, zo] u [zo + A, b], UPpHXOAHM K IPOTHBOpPEUHIO.]

Yuonpamuenne 16. (Hiaccuueckas TeopeMa O KOHEYHHIX IPHPAMEHUAX.)

(a) Ilyerp f — QymKuua ¢ Jedcmeumervholmy 3HAYCHUSIMH, ONPEEIEHHASN
H TelpeprBHAas HA oTpe3Ke |a, b], auddepenuupyemas na warepsane (a, b) 1 TaKas,
aro f (a) = f (b) = 0. Ilokasarb, 4TO HAllgeTcs TouKa ¢ € (a, b), B KOTOpoi f'{c) =
= 0 (reopema Poas).

(b) Oyere f — ¢yuruua ¢ Jedcmeumervnsny 3HAYEHUAMH, OIPeeICHHASN
U nenpepsiBuas Ha oTpeske [a, b], muddepenimpyeman na unrepsarne (a, b). IMoka-
3aTh, YTO CYIIECTBYET TaKas ToUKa ¢ & (a, b), 4TO

f () —f(a) = (b—a)f (e

(kIaccivecKas TeopeMa O KOHEUIIEIX NPUPAIMenHsX).

(c) IToxazaThb, 4TO AJNA [AeNCTBHTENBILIX YHcelI a H b, a %= b, He CyLIeCTBYyeT
TAKOr0 JeHCTBHTENBHOTO 9HCIA ¢, UTO

etb —eit =i (b—a) eic,

BrBecTH orclofa, 94TO KJIACCHYECKAasd TeOPeMa O KOHEUHHX NPUpAMEHWAX HE IpH-
MeaHMa K BEKTOP-QYIRIINAM.

Yopamuonernne 17, (a) Ilyeth f — GyOKOUA ¢ JeHCTBHTEIHLHBIME 3HAYe-
HUsIMH, ONpeJeJieHHAs W HeIpepsiBHAaA HAa orpeske [a, bl, mudpdepenuupyemas ua
murepBate (a, b). IlokasaTh, HCOOJNB3YA KJIACCHYECKYIO TeOpeMy O KOHEUHHIX IIPH-
pamernsnx (cM. ymp. 16), uro ecom |f (z) | = o paa mwboro z € (a, b), To
1 (b)) — f(a) | = (b — a).

(b) Ilorkasarb, 4TO pe3ynabraT U. (a) He OymeT HMeTh MecTa, €CIH 3aMEHUTH
MpPOW3BOAHYI Ha IPaBYI I[POM3BOANYI0 WIH pPACCMAaTPUBATL BEKTODP-DYHKOUIH
[MoxkEO paccmorpers QyHKumo f = (fi, f2), THe fi = acosx, f, = asin z].

(c) HorasaTp, 9T0 A X000 QYHKINE ¢ NeHCTBUTENLHAIMI 3HAYEHHAMHA, yIO-
BJIETBOPAIONEH HpeanosoKeHNAM 1. (a), npousBoguas f (xp), zo € (a, b), ABIAETCH
TIpeeNbHEIM 3HaYeHneM gus f' (z) upn £ — £, [Hy/KHO DPUMEHHTHL pe3yiabTaT m. (a)
K Qynkumn g (2) = f (2) — (z — zo)f’ (z0)].

(d) Iloxasarh, 94TO 3TOT pe3yILTAT HEBEPEH JJs BEKTOP-(yHKIHHA.

8743
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[VYrasanmne. Pacemorpers GyHRUNIO f = (fi, f2), OIpeaeennylo paBeHCTBAMH
1 (z) = 22sinl/z pna x40, f (0) =
fo(z) =22cost/z paa z 40, f(0)=
Ioxasars, gro f' (0) — M3omipoBamHAs TOYKA MHO;KeCTBA 3HA4YeHHi [’ (z).]

Yupamuaenne 18 Iyecrs £ — 6anaxopo unpocrpancrso. 00603HaunM

gepes F GanaxoBo mpocTpauctso £ (K, E).
(a) IToxkasaTk, 4TO AJs J106OTO LEIOTO n 0TOOPa)KeHNe £ —> z™ IPOCTPAHCTBA F

B F npumamiesnT K Kiaaccy C*. BolBecTu 0TCIONA, YTO OTOBpPasKeHNE & —> eXP £ ==
:21“/12! OPUHAIEKNT K Kiaccy C%.

nz=0
(b) Horazarp, uTO OTOGpasKeIe z —> exp z sABagerca CP-guddeoMopPuamom

HEKOTOPOIT OKPECTHOCTH HYJIS HA HEKOTOPYIO OKPecTHOCTh amementa 1gp. Obparuoe
orofpaskeHne, oupefgenennoe LIs y, AOCTATOUNO OaHM3KHX K 1k, 3agaeTcs gopry.1oi

: Z (lz—wr
e VETA
n
nz=1
Yupamuenue 19, ITyero £ u F — 6anaxoBsl HPocTpaucTsa, U — OTKPHI-
TOoe MHOKeCTBO B E, cofepsraigee Hadano Koopmuuar. ITycTs

A: U — X (E; F)

ecth orobpaskenue kiacca C! m B: U — F — oroGpaskelnie, onpeneiennoe gopmy-

J0it

B (z) = A () 2.
IToxasars, aTo ecan A (0) € Isom (£, F), To cylmecTBYIOT TaKas OTKPHITas OKpPECT-
Hoctb V Toukn O B £ 1 Ttakas oxpectHocTh W Touknr O B F, uro B sABIseTcCs
Cl-muddeomopduamom oxpectnoct V mHa oxpecTHOCTH W,

YVopamuenue 20. IIycts £ — peifctourensioe rmmbeproBo HpocTpaH-
CTBO U f — Taxoe oTobpaskenne Kiacca C! mpocrpamctsa E B camo cebs, 4To

(f' @)h k) =a ]k

Jis NpOUBBONBHLX z, h € E (@ > 0).
(a) IlpnMenas KIacCHYeCKYI0 TeOpeMy O KOHEUHLIX NpHpAlleHNAX K QYHKII

P =@+ {1 —=1ta)|b—a),
MOKa3aTh, YTO OIS a, b € E
f®) —fl@lb—a)=a(—alb—a).

BuBectnt orcroma, uro otobpaskerre f’ (z) 3aMKHYTO.
(b) Ilorasath, yTo ofpas orobpasKkenus f(z) miored B £, Tak Kak 9T0 0To6Gpa-

MeHHne GHeKTHRHO A moboro z € E. BuiBecTH 0TCI0fa, 9TO 0T06pame}me f' oTKpHITO.
(¢) Iorasats, uro f — guddeomopdusm wmacca C!' npocrpamctsa E mna E.
Yupamuneunwne 21. Iyers E, F,;, F,, G — 6aHaxoBbl NpPOCTPANCTRA

n B — Ounnieiinoe HenpepsBHOe oToOpaskeHme uIpocTpaHcTta Fy; X Fy B IIpo-

crpancTeo G. ITokasaTh, 9TO ecal f I g — orofpakeHNs Kiacca C™ OTKPHITOTO MHO-

secTBa Q — E B mpoctpancrsa Fy u Fp cOOTBeTCTBeHHO, TO 0TOGpaskenue B (f, g),

CTaBANIEe B COOTBETCTBIE ITeMEeHTY x djieMeHT B (f (z), g (z)), UpUHAIIEKUT K Kaac-

¢y Cm; pokasath mus k < m ¢opmyry

(B (f, ©)F (2) (ury vy un)= 2\ By (25 w1y oouy up).
J

(3mecs J mpoferaeT MHOMKECTBO BceX HOOMHOKeCTB MuoxectBa {1, 2, ..., k}.)
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O6oamagewua. Ilyets (wy, ..., w) €EF u J={i, ..., ip}c
cf{1,2,..., k) Ecom K = {jg, .+ . jh-p ) €cTb momonnenne K J B {1, ..., &}, TO
By (5 uty ooy up) =B (fP (@) (s -or ug)s g9P (@) (5, -evr Unep)-

YVuopamuenue 22, Ilyctb £ m [ — Gamaxops IPOCTPAHCTBA B Q —
OTKPHITOE MHO;KecTBO B F. Obo3zmaunM uepes %P(RQ, F) BeKTOpHOe IPOCTPAHCTBO
Taknx oTo0paskeHmii f Kiacca CP MmO3KecTBA Q B mpocrpamcTtBo F, urto f (z) m Bce
upoussogune [ (z) (1 « k < p) OrpaHmYeHH Ha MHOKeCTBe Z € Q.

(a) Dua [ € gP(Q, F) momommm

llfl[p=i‘ég(llf(r) [+ @1+ ... e @)

IToxasats, 9T0 | f ||, ABAsgETCS HOPMOH HA EGP(Q, F), 0THOCHTEIBHO KOTOPOH BTO
IPOCTPAHCTBO IIOMHO.

(b) IToxazarb, uro orobpamkeHne f —> f sABIAETCS JNHEHHHM HEIPEPEIBHEIM
oTo6paskeHneM mpocrpanctsa @GP (Q, F) B mpoctpaucTtso ¢P-1(Q, £ (E, F)) mpm
p =2

Yupaxuenue 23. Iycrs f— orobpamenne kmacca C™ OTKPHTOro
unTepsaia I ¢ nenTpoM B ToUKe xo B 5aHaX0BO IpoCcTpaHcTBo . IIpeqmonoxamM, 4ro
IIPOM3BONHEIE YETHOrO IIOPAAKA IMeloT ma / Ma)KOpaHTY BHAA

I & (@) I < M 2n)! km,

rne M n k — KOHCTaHTHI, HE 3aBHCAINIE OT 7.

Haryto onemry MOKHO IOJYINThL OTCIOHA [JIsI MPOH3BOJHBIX HeYeTHOI'0 HOPSM-
xa? IToxkasaTe ¢ noMombI0 3TOI omeHKH, uro psag Teimopa maa f exomuresa k f (z)
B Ja1060if TOYKe z HEKOTOPOHl OKPECTHOCTI TOYKH Tj, KOTOPYHI CIEeAyeT YTOUHHTE.

[Vxasanmne MokeO moxasath, oneHnBas ¢ momombio ¢gopmyan Teitnopa
mopsAgKa 2 passoctn @ (tp + k) — ¢ () 1 @ (g — k) — @ (2), 9TO ecam @ —
Takaa QyEKUUA Kiacca C? B OKpecTHOCTH [xy — h, xo 4~ k], uto | @ (2) | < 4
ull¢” @ | <B, 1o ,

I (x) | < Al/h+ Bh
s n060oro £ B 3TOM HATEpBAade.]

Vuopamnuaenue 24 (a) Pacemorpnm orofpasmenme ¢ = (@i, @, @3)

mpoctpancrsa R® B cebs, ompemenemmoe dopMymam

Pt (I, Y, Z) = 321/_‘_@2:’

P2 (l‘, Y z):er_QZZ,

()[’3 (.Z', Y, Z):I_y~
[lare HarasgEyo TeoMeTplueckylo xapaktepncriky obpasa ¢ (R%) m moxasars,
uro ¢ — nudpdeomopduam R* ma ¢ (R®).

(b) Mycts F = (Fy, Fa, F3) — otobpasenie R? B cebs, onpepenaernoe ¢Gop-
MyJaMu

Fi (11 ¥, Z):ex—y+zz_1r_e—x+y+22,
Fo(z, y, z)=e2% 42V — 2} ex-V,
F3(zr, y, z)=e2¥ 42U DeU~x,
Ioxasars, aro F 3anucuisaercals Bume F — Gop, Toe G — orobpakenme, KOTOpPoOE
caenyer ompemennts. [lokasars, aro F saBisercst puddeomoppmamom R ma cpoti
o6pa3 B TOM H TOJBKO B TOM cJydae, ecau A > 0.
VYVuopamaernue 25 Ilycre U — oTkpuroe MEOxecTBo B RZ2.

(a) TlycTs w — Taxroe oroGpakenme kiacca C2 MEosectBa U B R, =ro 82w/dudy
Be ofpamaeTcs B HYJbL HA MHOMecTBe U.

8*
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Ilokasars, 9TO MOKHO JIOKAJbHO pENOINTH CHCTEMY
ow

z= (u, ¥),

M
v:(;—l: (u, y)

OTHOCHTEJNIbHO U H v W BEIUHCINTH sfKo6mam oToOpaskennmsa (r, y) —> (u, v).

(b) Iyers (z, y) —> (u (z, ¥), v (z, y)) — orobpaenne Kaacca C' MEO}KecTBa U
B OPOCTPAHCTBO R2 ¢ axobmanom, pasEeIM 1, m mpomssogHas du/dx He ofpamaercs
B HYJb Ha MHEOKecTBe U. IloKasaTh, 4TO TOTIA JIOKAJIBHO CYIIECTBYET TaKaf QyHK-
mas w raacca C2?, ypomiuerBopamomas cmcreme (1), ato 8%w/du dy = 0.

(c) OmpepmenuTh JoOKadbHO Bee orobpakenusa (z, y) — (u (z, y), v (z, y)) MHO-
skectBa U B IPOCTPAHCTBO R2, axobman KOTOPHIX paBeH 3afaHHOH ¢ymkmmm ¢ (z, y),
He ofpamalomedcs B HyJIb Ha MHOKecTBe U u du/dz = 0.

n
Vopasmmaermne 26, Iyers E: R™ - R — rakoe oroGparkenne wmacca

c" (m = 2), gro
or .
FO=—5—-(©0=0, 1<i<n
z;
Ilonomm a;; = é—(ﬁzF/@Ii@xj) (0). Tloxasars, mpuMeHSA, Hampnmep, ¢Qopmyiy

Teittopa ¢ OCTATOYHREIM JJIEHOM B HHTETPAJBHOH (opMe, UTO CYIMIECTBYIOT Taxue
m—2
dyEruum g;; Kracca C , 4T0 g;; = gj;, &5 (0) = a;; |
i n
F@= Y gj(2)ziad, e=(z1, ..., 27 € R™.
i,j=1

Yupammenmnnme 27. Ilyetb E, — BekTopHOe NPOCTPAHCTBO QYHKUI,
IPUHAMAIONEX JeficTBHTeIbENE 3HAJeHNs, HeNpepPLIBELIX Ha orpeske [0, 1] ¢ Hop-
Mo [[fllo= sup |f(z)]|, a E4— BeKTOpHOe HpPOCTPAaHCTBO (QYHKIUH ¢ IOU-

xg[0,1]
CTBHTEIbHKIMI 3HATCHAAMH, IPHHAMIeKAmMNX Kiaccy C! ma orpeske [0, 1] n ynmos-
JerBopsiomux ycaosuio f (0) = 0, ¢ HopMoit
[Iflls=_sup [f" ()]
x€[0, 1]

Ilokasarh, 9To0 orobpaskemme ¢: E, — E;, ompenenxennoe ¢opmyioir ¢ (f) =
= f" + f2 saBnserca C%-muddeomopdnamMoM HEKOTOpPOH OKpecTHOoCTH V Hauaia
KOODOWHAT B HpocTpaHCTBe £y Ha MEKOTOPYI0 OKpecTHOCTh W Hadama KOODAIHAT
B mpocrpanctse E, (paccMorpers ¢(0)). BrumcanTs mepBhie m BTOphHE MPOM3BOA-
HHle oT oOpaTHOro orobpakenms Pp: W — V.

Yuopaxuaernue 28. Ilyers ¢ E — F — Takoe oToOpakenne GaHaXOBBIX
IPOCTPAHCTB, 4TO CY)KeHMe ¢ HA KakOyo a@duHHEYI0 HPAMYK IpoCTpaHCTBA Z
HenpephuBHO. ITokasarh, 4TO €CIN n-A Pa3HOCTD

A',<1 e Axncp

TOKIECTBEHHO pAaBHA HYJIO0 HO & NPHA JIOOHX Zy, ... Z, € £, T0 ¢ — DOINHOM
cremean < n — 1.

[V kasanmme. Bocnmoabsosareca wAAyknmeil mo n. Huasg n = 2 noxoxurtek
g(x) = ¢ () — ¢ (0). Hoxrasars, d9ro g (zy + z2) = g (z1) + g (22), 3arem
HMCOOJNb30BaTh TOT (AKT, YTO BCAKOE HEIpepPHBHOE K AJJUTHBHOEe OToOpakeHHe WPo-

CTPAaHCTBA R B F ammeiino. Joxkasarb, 9v0 GyHKIAL
h(zg, ..., Zn, I):Axa e A (=)
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ectb cymMa  (n — 1)-nmHeiiHoil cuMmerpmueckoir QyHKEmE F (Z, 23, «uvy T)
u mocroaHHolt (mo; r) ¢ymkumu. Iocme »Toro cpaBHAT, @(y) € DIOJIHHOMOM
Fy, .., y)ln—1

Yopamueernne 29. IlycTb f— HempepsiBHOe O0TOOpa)ieHHe OTHKPHITOrO

mateprara [ — R B Gamaxoso mpocrpamcro E.
(a) TIpeRmoyOKUM, 4UTO CYIIECTBYIOT TakHe 0To6paKeEWMA gy H gz HHATEpBaJa

I 8 R, aro smpaxenne

[ e —f @~k @~ |

CTPeMHuTCA K HyI0 IpH & — 0 paBEOMepHO Ha M060M KOMIAKTe, cofiepamemcs B /.

Tonomum
Mt (@) =1 @+~ @),
ApApf (z) = Apf (z+1) — Anf (2).
Ilorasate, 4TO
AnAnf(z)
he

cTpeMuTcA K g2 (z) mpu k — 0 paBHOMepHO Ha JI060M KOMIIAKTe, COAepKAmeMcs
B I, m uro $yHKOUA g» HempepsBHA.

BuBectn orcrona, wro Apf (z)/h crpemmresi k gi(z) mpm h — O paBHOMepPHO
Ha JI060M KOMIAKTe, cofepskameMcs B [, u 9rT0 g; — HempepHBHAA QyHKIHA.

IIokasaTe, 9T0 f HpHEAAIEKHT K Kiaaccy C® ma [

(b) ITokasats, 9To QyHKUMA f, OIpemeneHHAsA (HOPMyIaMH

f(z)==x8 sin% npu z =+ 0,
f(0)=0,

Jomyckaer B Hadale KOOPIHMHAT OUPAaHUYCHHOE paslio}KeHHe mOpsaKa 2, HO He HMeeT
BTOPOH HpPOM3BONHOH B Havade Koopauurar. TaxuM o6pasoM, H3 CYMECTBOBAHHA
OTPAHNYEHHOIO PpA3JIOKEHHA CJeflyeT CymecTBOBaHHe IPOH3BOAHEX, TOJX b KO
eClIH HMeeTCA DABHOMEDHAs CXOAMMOCTh HA JI060M KOMIAKTe.

2
Yopamnuaennme 30. PaceMoTpum orofpakeHHe @: R? > R?, ompepenen-
HOE C IIOMOmBbIO PABEHCTD

u(xv y):I+f (y)y
¢ (z, y)=(u (2, y), v(z, y), {
v(z, y)=y+/f (2).
3peck f — rakoe oTo6paxkenme kmacca Ct, uro | f (£) | < k < 1 pas moborot € R.

(a) Jloxaszath, 9TO @ — CIOPBEKTHBHOe oToOpaskeEme. JlJIi STOro IOKA3aTh,
aro pas wmoboi tourm (§, 1) € R? $ymrmma

1|P (17 y) == (E, —u (xv y))2 + ("’] — Vv (Iv y))z

mMeeT MHHUMYM B HEKOTOPOH ToYKe (%4, y1) u @ (x4, y1) = (§, m).
(b) TloxasaTs, UTO OTOGpaeHHe @ — GHEKTHBHO.

Yopamnusernue 31. Ilycts M (2, y, 2) — TOYKa IOBEpXHOCTH, 3ajaHHON
ypaBHEHHEM
zt 4 a4
—4-—5— y— +— = 1.
at ' b4 cd
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Ha aroit moBepxaoctn pyHRuNA [ (M) = 2% 4- y? - 2% umeer 14 Touer srcTpeMyMa.
Hajita oTH ToYKH W IIOKa3aTh, 4TO IIECTh TOYEK, JEKAMUX HAa OCAX KOOPAHHAT,
ABJAKTCA TOYKAMH MHHUMYMA, a OCTalbHEE BOCEMb — TOUKAMH MAKCHMyMa.

[V x a3amue: mapaMerpnsoBath DOBePXHOCTH B OKDECTHOCTH KaykKmod ToY-
KH ¢ HOMOMBI0 ABYX KOOpPAWHAT. B pesymhTare 3agada JIOKANBHO CBElETCH K 3aja-
90 HaXOM[OEHAs MHUHAMYMOB II MAaKCIMyMOB (QYHKUHA ABYX IepeMeHHBIX.]

Yupaxumaenne 32. IIycts E, F, G — 6Garaxossl upoctpanctsa, U n V —
OTKpPHTHE MHOKecTBa B mpocrpaHcTsaXx £ m F coorpercrBeHHO. PaceMoTpum oro-

6paskennsa
f g
U—V—aG,
rae f Tpmxon guddepernmpyeMo B Touke a € V, a g Tpmrab guddepeHEnnpyemo
B Touke b = f (a). Ilonmaras A = gof, NOKa3aTh, MCHOAB3YyA METOA L. 7.5, UTO
h"(zq, x5, x3)=g" "+ (21, %3, T3) 48" (' + 24, 1"+ (22, T3)) -}
Wt-g"(f -z, 17+ (2g, 24)) +-&" (7230 1"+ (21, 72))+
Ntg"(f'eay, 'ezg, frexs). ¥

Mu ommem 3pech maA coxpameniis f° Bmecto f° (a), f7 Bmecto f7 (a) M T. m.



2 JAUDDEPEHLUANDLHLIE YPABHEHHKA

§ 1. OCHOBHBIE TEOPEMbI U ONPEJIE/JTEHHA

B sroit rmase E ofosmadaer $amaxoBo NPOCTPAHCTBO HAM IOJEM
meficrBurentuex umcea R. PaccmarpmBaroreAa (YHRIMEM ¢ ofHOTO Oeii-
CMEUMEAbHO20 hepemennozo ¢ ¢o sHadenmaMu B mpocrpaucree E. Ilpen-
moJlaraeTcs, 4TO 3HAYEHWs HPOHBBOMHEIX (¢ TAKKE JIEKAT B IPOCTPAH-
ctee E [upu stom mpocrpanctBa E u L(R; E) orompmecrBasiorcs].

1.1. Tuddepenuuanpuoe ypaBHeHHE OEPBOro HOPARKA

I[Iyers U < R X E — samannmoe mogMHOMKecTBO (game Bcero U
‘Oyaer mpemoaaraThCA OTKPBITHIM, HO 3To Heo0Asareablio; HHOTHA MOJ-
Mio;xecTBo U Gymer samruyTwiM). [lycth mama HenpepuisHas QyHRIEA

fr U—>E,
Torma nuddepennmanbuoe ypaBHeHHEe WMeeT BHJ

dz
E_:_f(t,x). (1.1.1)
Pewenuem puddepeHINaNbHOTO YPABHEHUsT HA3HBAeTCA NIpHHAAIEkKA-

masg K kaaccy C' gynrmus
o: [ > FE

(rme I < R ofo3HagaeT WHTEpPBAJl, KOTOPHIA MOKET OBITH OTKPBITHIM
MIE 3aMKHYTHIM, OIDAHWYEHHBIM MHJIW 11eT), YAOBIETBOPAIINAA [BYM
YCIOBUAM

iy (¢, oD EU ana awoboro t € I
(ii) ¢ (¢) =F (¢, o () nmaa moboro t€ 1.

Sameuanue 1. He cmemyer szabuBarh, uro Ges ycuosms (i)
ycaoBue (ii) He MMeeT CMBICIA.

Sameuanue 2. Wanumue npepmosarath, 470 QYHKOHAS ¢ IPH-
HaIIeKUT K Kiaccy Cl; ecaim @ Tonbko guddepennupyema u yaoBIeTBO-
psier yeaoBusim (i) u (ii), To mpowsBofmas ¢ aBTOMAaTHUECKH Oymer
HenpeprBHON (ynKnueil or ¢, ubo f (¢, ¢ (t)) sBAsIeTCsE HenpepHIBHOK
PyHrnmeli { KaK KOMIOSHLIMA ABYX HENPePHIBHBIX (QYHKIUIA.
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Ecim E=FE; X ... X E, — (komeunoe) npomaBejenme GaHaX0-
BEIX IIPOCTPAHCTB, TO
UcCcRXE X...XE,
uf=f x, ..., &), The x; € E; pna wxamporo { (1 < i<Cn)
dymkuua [ onpemeasiercsa 3amamueM n  GYHROHA f4, . .., f,, Ile

fit U— E;. Pemenue nmpdepeHnnaabHOro ypaBHEHHs (p OpeCTaBJIAET
co00ll COBOKYIHOCTh TaKUMX » QYHKIHA kaacca C!

P;: I — Ei
aro
(1) ¢, @), ..., 9o (t) €U pna axboro tcl,
(1) @i () =[i(¢, @1(2), -- ., ¢n(f)) maa mwboro (€I (1<iLn).

SaMeTnM, UTO IO CYMECTBY MbI MMeeM 3[eCh cucreMy n Jaddepenmuainb-
HEIX YPaBHEHWH IIePBOI0 MOPSAAKA C N HEM3BECTHRIMM (YHKIUAME OT £:
dz; .
=ity Ty o, 7)), 1<ign. (1.1.2)
B uwactHoM caywae, xorma E = R™, E; = R (1 << i << n), Mp moxy-
qaeM CHCTeMY U3 n cKaaiphuiz muddepeHNMaTbHBIX ypaBHeHHH, rje
JaHHble (QYHKIWH f; ¥ HeW3BeCTHBle (QYHRIUM z; = @; (I) ABIAOTCA
gucaoBeiMu. M3yduenme TarkoH CHCTEMBl CBOIMTCA K H3YIEHUIO OHOIO
BeKTOpHOro Auddepenmuanbuoro ypasuenus (1.1.1).

1.2, MuddepeHnuanbHbie ypasHeHHA 7-T0 MOPAAKA

Taxoe YpaBlieHWe HMeeT BHI:

dnz dz dn—lg
W:f(t,x,ﬁ, ...,W). (1.2.1)
3nech f—sagamnaa mempephBHas Qyuxnusa U — E, rage
UcBRxEx...XE.

n pas
Pewenuem ypasmenusa wuasbiBaerca ¢yurmua ¢: [ — E wmacca C7,
VIOBIETBOPAIOIIAA CJIENYOIAM JBYM YCIOBHAM:

i) ¢ o@, o @), ..., ™Y @)HeU ansa aoboro ¢ € 1
(i) ™MW =710¢ o @, ¢ @&, ..., o™V (t)) gnra moborot¢€ I.
Pemenne ypasuenms (1.2.1) sKBuUBaeHTHO pellleHWIO CHCTEMEl n ypaB-

HEHHHU IepBOT0 HOPAAKA

dz

@ T

dz

a =

............... (1.2.2)
dzp -

t;ﬁ z—xn—h
dr,_ ;

nt :f (t1 z, xh._i ’ xn—i)
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Ilpu Takoil 3aMeHe OJHOTO YpaBHEHWS CHCTEMON ypaBHEHHH BMeECTO.
00noli HemsBecTHOH ¢yHKmum ¢: [ — E wruacca C" HpUXOAMTCH HAXO-
JAUTH CHCTEMY . TAKMX HEU3BECTHHX QYHKOUHA ¢, @, . . ., Ppoyt [ > E
Kaacca C, g9ro

P @) =01(8)y P () =@2(t)) ..y Prs(t)=Pn-y(t),
(p;l—-l (t) :f(t’ (P (t)v (Pi (t)v ey (Pn—i (t))'

3aech QYHKOHUHE ¢y, @3, . . ., Pp_y ABIANTCA HOCIEJOBATEIBHEIME IPO--
U3BOAHBIMEA (YHKOHUHA @.

Taxum oGpasoMm, permenme OZHOTO AuPQepEeHOUANBLHOTO YPaBHEHHS
n-To MOPAAKA CBOJUTCSA K pelieHHI0 ofHOro mudepeHnuanbHOTO ypas-
HeHua nepeoro mopsapmka (¢ sameno K ma E" = EX...XE).

NN
n pas

Mu 6yneM paccMaTpHBAaTh IO 3TOH OPUYUHE B OCHOBHOM YyDPaBHEHHOA
IepBOro mopsipka. PesynbpraTel, mosydeHHHe R AuddepeHmIHaIBHOTO
ypaBHeHHs HepBOT0 HmOpsAgKa, OYAYT 3aTeM nepereceny, HaMu 0e3 mOKa-
3aTeNIbCTBA HA YPABHEHHA R-To Hopsagka. HauopmMep, MBI JOKa)keM,
9T0 OPHW HEKOTODHIX IPEAmONOKeHHAX (yciaoBWe JIMmmuma masa TaHHOR
¢yuRnUY f) gus enymperneil Touku (t,, x,) MHOMkecTBa U cymecTByer
tTakoe guciao & >0, 910 B oTpesre [{, — &, ; + &l = I' muddepen-
nuanbuoe ypaBaeHue (1.1.1) umeer egumncrennoe pemenue ¢: I — E,
VIOBIETBOPSAIEe HATANBHOMY YCIOBHI ¢ (t) = z,. Ecau «mepeHecTm»
3TOT Pes3ydbTaT HA ciaydall ypaBHeHHA N-T0 HOPAAKA, TO MHl IIPHAEM
K CJeRyOINeMy BHBOJY: IYCTh NaHA BHYTPEHHASA ToYKa MHOkectBa U

’ (n-1)\.
(L0 gy Tgy « o o0 25" )5

TOT/Ia CYINEeCcTBYeT Takoe gucio ¢ > O, aro B orpeske [{, — &, ¢, + &] =
= I’ nupdepenuanvuoe ypaBuenue (1.2.1) umeer eguHcTBeHHOE pelme-
ue @: I’ — E, ynoBneTBOpsAIOee HAaJaAbHBIM YCIOBHIM

P (t)) =%y, @'(t)==g ..., "V (tg) =2

[upn ¢ = t, sagaoTca 3HAYCHHA @ K ee MPOM3BONHBIX X0 HopaAgka n — 1
BRIOYUTENBHO].

1.3. IlpmGamxenHsie pewreHAA

Boasbmem pudpdepenumanpuoe ypasmenue (1.1.1). Ilyers mamo gmcero:
¢ > 0. Oyurnusa
¢o: 1> E,

OpuHaAmIeskainasa K kiaccy Cl, HaznBaeTCHd npubauicennblm ¢ MOUHOCIMbIO:
0o e pewenuem ypaBHeuwms (1.1.1) wmnm, muage, ero e-npubAUNCEHHBM
peuieruem, eciu BHIOJHAIOTCA CJeIyiolue yCIOBHA:

i) ¢t o@))eU nasa awoboro t € I

() 1o (&) —7(t, @ (#) < e ara moboro ¢ € I. (1.3.1y
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O6obmuM ceitgac yxe 10 NOHATHE HA CAYIAH KYcouHO 24adKOU Kaacca
C! pyurmun ¢: [ — E. [IpegmonosuM s 0pocToTsl, 910 I — KoMIaKT-
el mutepsan. Ilyers I mpepcraBaser coGoit oObeMHEeHNE KOHEUHOH
COBORYIHOCTH CMEKHEIX KOMIAKTIIEIX HHTepBaioB [; mpu aToM 1) musa
nroforo | wowen mHTepBana [j_; coBmagaeT ¢ HawamoM HHTepsama [,
2) cyswenne ¢ Ha KayKpubplit mHTepBad [, npuHamie:kuT K Kaacey Cl. Mu
norpedyeM, KpoMe TOro, 49TOGLI QYHROHUA (¢ YHAOBIETBOPSIA YCIOBHAM
(1.3.1), moHmMas IOJ STHM, 4TO COOTBETCTBYIOIIee HepPaBEICTBO MMeeT
MeCTO B KasKIOM K3 mHTepBanoB I,. Muade roBops, B KayKAOH TOYKe H3
KOHEYHOTO MHOMKecTBa Todek f € I, rjme mpoumsBoguas ¢ Tepmur pas-
PEIB, MHEL Tpebyem, IT06E

lon(@)—f(t, o) |<e, [loa@)—FE o @)]<e

(ycioBHA Ha TPaBYI0 ¥ TEBYI0 IPOUBBOAUYIO).
Termeps MBI HOKaKeM TeOPEMY CYIECTBOBAHHUS IS NPUOAUNCCHHBLT
pewenull,

Teopema 1.3.1. IHIyemv B (zy, 1) < E — samrgnymwii  wap
Nz —zy || <17 ¢ yenmpom ¢ moure xy € E u paduycom r > 0. ITycmo
I — R — xgomnaxmnuii unmepsas u t, € I. Ilpednosoxcum, wmo dana
HEnpepyleHas 02paAHUNEHHAL PYHEYUL

f: I X B (xy, 1) > E,
npuuen
(1@, o) <M (1.3.2)

(rme M — woHedHoe (UKCHPOBaHHOe ducio0) dat t €1, ||z — zy || << 1.
ITycmv J — nepeceuenue unmepsasa I ¢ ompeskon

-
to—ﬂ<t<to+%'

Toz0a dasn awbozo wucaa & > 0 duddeperyuasvroe ypasnerue

& otz 0)

umeem rycouno zaadkoe Kaacca Cl e-npubausxcennoe pewenue ¢: J —
—~ B (zy, 1), maxoe, umo ¢ (t,) = x,. 3amemumn, umo gcezda naiidemcs
KYCOUHO AUHEUHas PYHKYUL @, YO08AeMEOPAIOUATL IMUM YCAOBULM.

HoxasareasnctTBo. JlocrarodHO NOCTPOUTH QYHKIHIO @
OTIeabHO HAa orpeske J npu & >ty m npu t<#,. IlocTpoum cmagana
HCKOMoOe permeHme, ecam I ecTh OTPe3oK

b <t<<T

daunvt T — ty < r/M. Ucxofs M3 3TOTO pe3yabTaTa, MBI 3aTeM CMOJKEM
NOCTPOUTH (PYHKIMIO ¢ BO BceM MHTepBase I. PaccMorpuM B muTepBame
I raxkyo ofmosnauno onpegeaeHHYI0 adPUHHO-suHEUHY0 (YHKIUIO
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@o: I — E, uro @ (to) = zo, @0 (to) = f (fo, o), T. €. Pynrmmio BuAa

Po (8) = zo + (& — to) [ (40, Z0)- (1.3.3)
3unavenus GyHRUUE ¢, Dpunagae;xar wmwapy B (zg, 7), HOCKOIBKY
9o (&) —zo || < A—r{ M npu t — ¢, <?"—[ aaa awboro t € I. Dyurius

o ecThb e-TpubIUKeIHOe pelleHue Ha orpeske [y, t(], ecau

17 (o @o) — F (8 xo + (8 — 20} [ (80, Zo)) <& (1.3.9)

npu t, <<t << t;. B cuny Henpepwienocmu QyHKIuUM f 970 HEpaBEHCTBO
UMeeT MeCTO BO BCAKOM cjydae Mias Jd060ro £, JOCTATOYHO OIM3KOTO
K fy. Ecam ouo mmeer mecto Bo BeeM I, 1. 6. mpu; fy <Kt << T, TO ¢
ABIAETCHA e-NPUOIVKeHHBIM pellenweM Ha I, TakmM, 910 @, (f)) = Zo,
u Mpl mosrydaeMm TpebGyensbiil pesyabrar. B mporHBHOM ciayuae CymiecTByer
Hauboavwull oTpe3or [tq, £;] ¢ Wagamom B TOUKE Z;, B KOTOPOM BBIIIOJI-
uaercsa uepasenctBo (1.3.4). JleficTBuTENBHO, IYCTH #; — HUMKHAA IPAHb
tex ¢, mas wotopsix (1.3.4) me Brmonuserca. Torma mepasercrro (1.3.4)
copaBeIEBO Tpu ity < {<T?¢ ® rTamke A ¢ = f; u3 coobpa-
skeHu#l wenpepwmBHOCTH. Ilomoswuar @ (¢) = z4; 7Torma zy — x5 =
= (& — to) f (tgy ;) ®, CIEROBATEIBHO, |y — 2z || <<r Tpu
by —to<<T —ty,<<r/M. Tlomoskum ry =r — ||z; — z, ||. Torma
¢ymarnusa f OymeT omnpefeneHa ¥ HeOpepbiBHA mpud 4 <t << 7,
lz — zy || < ry, npudeM GygeT HMeTH MecTo IepaBeHCTBO || f (¢, =) || <
<{ M 7, Kak JIeTKO IPOBEPUTh,

T—t,< (1.3.5)

71
-M_.

Taxum obpasom, A 3HAYEHUH §; U Z; OYIYT BLHIIOJHEHD T K€ YCIO-
BUSI, 9TO ¥ s by, 2o, CieoBaTEIBHO, MBI MOKEM, OTIPABIAACH OT JTIX
3HaYeHnil, BHOBb HAuaTh TOT <€ CaMBI# mpollecc mocrpoenus. Ilycrs
adppunHO-TUNETHAA PYIKIUA

() = g -+ (t — 1) f(ty, 1),

onpefelenHas npu ¥y < ¢t < 7T, npunumaer 3Hadenua B mape B (z, ry)
(a, smauur, u B mape B (zy, ry)). Cymecrsyer HauGoapmuil 0TpPe3oK
[#, ¢,] (rme t; << t, << T'), B KOTODPOM BHIIOIHAETCA HEPaBEHCTBO

F @y ) —F (@ 0+ (@ — )], z)) ] < e

Ecmu t; = T, 10 pyuKmsa ¢, paBHas ¢, ma orpesre [f,, t;] ¥ paBHaA G
Ha [t, t,], ABasercs e-npubamKenusiM pemenuneM guddepeHITHATb-
HOro ypasHeums B orpeske [Z,, T'], m mame mocrpoenne oromyeso. Ecam
t, << T, TO MBI BHOBBL HOBTODPHUM IIpollece mocTpoenus. BosbpMeM ¢ (£5) =
= Z, W Ha#jeM, 4910 ||z, — 2y || <{ry, Tak Rak £, —t; << T — t; <
< /M (cm. (1.3.5)). Honosmum ry = ry — || 2y — 2y ||; Torma T — ¢, <<
< ro/M u r. g
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Taxum 06pasoM, ME TOCTPOMIN 0 WHIYKIAA BO3PACTAIIYIO IOCTe-
JOBATEIBHOCTh TOUeK ¢ <t < ... <t, <L 7, DocIegoBaTeIbHOCTD
9JIEMEHTOB Xy, Xy, . . ., Zp € E u nuHefHHX QYHROUR Qq, @1, . « -, Ppt,
oImpeJelleHHLIX COOTBETCTBEHHO Ha orpeskax [¢,, #l, [f, tal,

, [t,-y, t,] M npuEUMalomux 3Havenua B mape B (z,, r), OpHIeM UX
3HAYEHHUA COTIAACYIOTCA B OOmMEMX KOHOAX &y, ..., tp,_4. OObeguHEHHE
dyHKDEE @; [aer HEOPEPHBHYI KYCOUHO JHHEHHYI (QYHKIHIO
¢: [ ¢y, t,]— B (x4, 1), KOTOpas ABIAETCA e-TPUOGIIKEHHEIM PELICHUEM
mnddepeHnuaIbHOTO ypaBHeHusa. Keau £, = T npu HeKOTOpPOM 2, TO T€O-
peMa JoKasaHa.

OcraeTca paccMmoTperb ciaydaidl, xorga i, << I pgaa atoboro n, T. e.
cay4a#, KoTJa IpoIecC IMOCTPOEHUA pPeNIeHUA MPOJ0;KAeTCA HeOrDaHU-
genno. [lokaykem, 9ro makoil cumyayuu Gumb He moxcem. Bynem pac-
cy®IaTs 0T npotHBHOTO0. IIpefnososkuM, 9T0 IOCTPOSHNE HEOTPAHUICHHO
OPOJOJIKAETCSl, W NOYCTh i — BepXHAA TpaHb ¢mpozo0 BO3pacTaloImel
MOCHEA0BATEIBHOCTH £y << by < ... << Ip<< ... . OueBupuo, 9T0

” Tn4+1 — Ip ” < M (tn-H - tn)'

CrnemoBarensro, {z,} — mociegoBaTenbHocTh Homnm (mokasaTs or1o
HEprJIHO) Bceaencrsue 3aMKHYTOCTH mapa |z — z¢ || < r, OHA UMeerT
upefea x' € B (xy, r). Ipu ¢, <t << ¢

Pn (t) — Ip = (t - tn) f (tm xn)-
Suaunt, || @, (6) — 2, [| <M (¢ — t,) mpm ¢, <& <<t oTKyna
on ) —2' < 2" —ap |l + M (¢ —¢,) npu &, <. (1.3.6)
ITockonbky ¢yurmus f HenpeprBHa B Touke (', z'), TO CYIECTByeT
Takoe amcio 1 > 0, 9To u3 HepaBeHCTB |t — ¢ [<Cmm |z — 2 | <

cnenyer || f (t', ') — f (t, ) || << &¢/2. 3maumr, Upm mocTaTOYHO GOMB-
momM n B cuny (1.3.6

17, 2) =t e | <5 mpu Lo <E<E,
17t &)= 1 (tn, @) | <
CpaBHHBaH ABa IocCJeJHHX HepaBeHCTBa, MBI 3aKJII049aeM, 49TO
1 f(tny =) —F (@ 0(0) 1 <e mma &, <t << H.

CnefoBaTenbuo, ¢, €CTh &-OPUGIMKEHHOE pelieHHe Ha OoTpeske [f,, t'].
OTtciofla, m0 ompefeNeHuio I, .+, BHTEKAET, UTO {44 > ¢ . Mb1 mpuman
K HPOTHBODEYMI0, TaK Kak t' > l,4z > l,44. WTaK, J0OKa3aTEIBCTBO
teopemsr 1.3.1 3axoHYeHO.

dameuannme., llyerts U c R X E — omkpumoe MHOKeCTBO,
TouKa (tg, zo) € Unm f: U — E — nenpepusuaa ¢yurmnus. Torga cymect-
ByloT Takue amcna v >0, r > 0, M > 0, aro awbas roura (¢, z), AIA
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KOTOPOX BBIIOJTHAIOTCA HEePaBEHCTBA
[t —t |<T, ez —a | <,y

comepnrea B U @ |[f (¢, z) || < M pns arux map (¢, z). Ilyers o —
mauMenbmnee m3 qucen T u M/r. Teopema 1.3.1 yrBep:xmaer, 9T0 HA KOM-
nakmuom unmepease |t — t, | << o Odugdepenyuasvroe ypasHerue

dx

=1
s 4106020 wucaa € > 0 umeem kycouno auHelnoe e-npubiudicernoe peuie-
nue r = ¢ (t), ydosaemeopawuyee nawarvhomy ycaosuio ¢ (Ic) = z,. ITOT

pe3yJanTar, B0061I19 ToBOpA, COIPaBeIJUB JIUINb OJA HOCTATOYHO MaJBIX .
HO,II‘IepKHeM, 9TO 6b160p yucaa o He sasucunt om 6bl60p(1 yucaa €.

1.4, Ilpnmep: ammueiinoe guddepeHnmanrbHoe ypaBHEHHE

Onpenenenne. Junelinvn dugdeperyuarvibm ypasHernuem (HepBoro
OPsIIKA) HA3HIBAETCA ypaBHEHHE BHIA

%:A(t)-erB(t), (1.4.1)

rae A: I - £ (E; E) u B: I - E — nenpepusnvie QyHKUUHA, 3aTATHEE
ua nurepsane I < R. Takum o6pasom, 3geck f (¢, z}) = A (t).z + B (?)
ecThb aduuHo-IMHEeHHAA HempepniBHAA (YHKOHA OT X € K iIg KamIoro
t € I. 9ra Qyuriusa HempepslBHO 3aBHMCHT oT f (Tak Kawk A (f) u B (f)
menpepsiBao 3apmear or t). IlogmuomectBo U < R X E coBmapg aer
¢l X E.

Pacemorpun touku ¢y € I n zy € E. MH MoxeM NpUMeIUTh TeopeMy

1.3.1 k samMruyroMy mapy B (z,, ) npoussoavroeo papuyca r. Iloramen,
aro u3 tTeopemsl 1.3.1 BriTexaer

Teopema 1.4.1. Ecau unmepear I romnarmern, mo das awbozo wucaa
e > 0 cywecmsyem maroe e-npubaudscennoe pewenue ¢: I — E ypasme-
rus (1.4.1), umo ¢ (¢,) = z,.

JameTuM, 9T0 GYHREIHIO ¢, YIOBIECTBOPSIIOMYIO YCIOBUAM HTOM Teope-
MEI, MO’KHO BHIGpaTh Kyco4Ho jsuneinoli. Becoma BaskHO TO o0CcTOATEN-

CTBO, 4TO IOJNY9aeMoe B dTOH TeopeMe peuteHue ¢ cyujecmeyem Ha scem
unmepesare 1.

Hoxaszareaxancrtso. Hopma || A (¢) || [mopma B mpocTpancrse
& (E; E)] saBasercsa mempepHBHOH (ynkmueir mepemernoro ¢ € I. Tak
Kak uHTepBan / KOMIAKTeH, 9Ta HOPMa MMeeT BePXHIOK rpaHb. Ilomomum

a=sup || A (t) };
ter
AHAJIOTrNYHO,

B =sup||B ()]
tel
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Mateen

@z ll=14@z-+B@)lI<alz]| -+ 8.
CrezoBatenbno, ecanm ||z —xy ||, TO
@ z)li<allzll + B -+ ar
Tarxmn obpasoM, aaaA sHadenmit t € 1, ||z —x, || < r
1f@ o) li<M, rtae M =olz]| -+ 8-+ ar

Orcroza

M _allx |I~H3+a_

r r
Hua ganmoro z, BEGepeM 9ucio r Tak, arobu M/r <L 2¢.. Torga, cormac-
o Tteopeme 1.3.1, cymecTByer e-mpubamxennoe (KyCOUHO JIHHeHHOE)
pelieHne ¢ B KOMIAKTHOM HHTEepBaie

J=I0[tim s tot o |

YAOBIETBOPAIONee HATAIBHOMY YCIOBHIO ¢ (f;) = .

9TOT pesynbTAT IO3BOIMNT HAM HAHTH KYCOUHO JUHEHHOE &-NPUGIN-
JKeHHOe pelmeHne Bo gcem uuTepBate I. JlocTaTo9Ho WOCTPOHTH ero
otfenbHo Ha uuTepBase I’ (MHOmecTBO Taxkux ¢t € I, uro ¢t > f)) m ma
murepsane I” (MuokectBo Tarux £ € I, aro ¢ < t;). Iloctpomm 310 perme-
HEe, Haupumep, Ha uurepsane I’. Ilycrs Touka 7' — ero upasuii kKorer.
Mul TOMBKO UTO HAUTH E-IPHOINKEHHOE pelleHHe ¢, Ha HHTepBale
I' N ¢, ¢+ 1/(22)], ymoBumeTBOpA0INEEe  HAYATBHOMY  YCIOBHIO
@0 (t0) = x, (B KaUecTBe (¢ MOJKHO B3ATH KYCOUHO JHHEHNYO QyHKIUIO).
Ecanit, +1/(20) > T, name mocrpoenre OKOHIeHO. 13 MPOTHBHOM clIydae
nyers ¢, = ty -+ 1/(2a) << T, @, (t;) = x,. Msl noBTOopUM s ¢, U
TO, 9TO MBI JeNaid i ty U Z,. B pesynsrare monyduM Ha HHTEpBAJIE
I' N [, ty+ 1/(2a)] ©rycouno nuueiiHOe & - IPUOIIKEHIOE peHICHHe
¢y, YROBIETBODPsOIee HAYAJIBHOMY YCIOBHIO ¢ (4;) = zy. Ecam ¢ -
-- 1/(20) > T, To Hame mOCTpOEHHe OKOHYEHO, 00 QYHKIHUA ¢, paBHAA
@, Ha oTpeske [¢y, ;] 1 ¢; Ha orpeske [¢;, T'], orBegaer BceM HamuM Tpe6o-
BaHMAM. B IpOTHBHOM ciyYae HauHeM CHadaja: mosnaraeM t; - 1/(2a) =
=t, << T, @ (t; + 1/(2a)) = z,. 3TOT LpOLECC JOIIKEI 3AKOHYUTHCH
4epe3 KOHEYHOE YHCIO MIAroB, IOCKOIBKY i, = f, + n/(2a) > T nmaa
ZOCTATOUHO OOXBIIUX 7, 9. T. JI.

1.5. Cayuaii, xorga mpaBas 9acrTh YAOBIETBOpPAET ycIoBuio JImmmmua;
OCHOBHASI A€MMA

Hamomunm ussecrroe ompepenernne (ria. 1, m. 3.2). Oyuxnus f (¢, z),
ompefieleHHas u HempepHBHAA Ha MEOKecTBe U < R X E co smauenms-
MH B mpoctpancrse E, ymomiersopseT k-ycaosuw Junwuya no x, ecan

7@ z) =7 ) I<Elz — 22| (1.5.1)
mast aio0six map (¢, ;) € U, (¢, z,) € U.
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Ilyers U =1 X V, tne V — gunykaoe OTKPHTOE MHOKECTBO B FE.
Ecmu pas moGoit mapu (¢, z) € U gacTHass npousBopuas fy (¢, z) €
€ £ (E; E) cymecTtByeT U yAOBIETBODAET HEPABEHCTBY

[ f= (@, 2) [ <P,

TO B CHJY TeOPeMEl O KOHEYHbIX mpupamenuax (ra. 1, reopema 3.3.2)
nMeeT MecTo mepaBenctBo (1.5.1).

ITorasxeM, aTo eciu GYHRIUSA [ yAOBIETBOPACT k-ycaoBuio Jlunmuria,
TO MOXHO INIPOMasKOpUPOBATH pasmocTh ¢y (¢) — @5 (f) aBYXx wpubinm-
MREHHBIX pemeHuil AuGPePEeHIHATbHOTO YDPABHEHHS

&t 2). (1.5.2)

Boaee Tounmo, mMeeT MecTo

Ocnoprasa memma 1.5.1. ITyemv @ [ — E ecmb g-npubaudcennoe
pewsenue, a ¢z: I — E ecmb gy-npubauscennoe pewenue ypasuenus (1.5.2).
Tyemov zy = @4(ty) v x5 = @alty) — HauasbHble Yca08UL, KOMOPHM OHU
ydosaemeopsiom npu ty € I. Tozda, ecau f ydosiemsopsem k-ycaosuio
Junwuya no x dan t €I, mo

eh | t—to]_i

[ @1(8) =2 () || <[| 7y — 22 [[ R T=001 - (84 4 £3) ————. | (L.5)

HdorkasaTensrcTBO 0OCHOBHOMN JeMMBE. MBIl BOCIONB-
3yeMcA TeopeModl 0 KOHEeYHHIX IpHpameHnAx. [ns ynpomenus sanmcu
GymeMm mpepmonarars, 1o t, = 0 (Bcerga Mo)KHO HpeoGpasoBaTh Iepe-
Mennoe ¢ tak, aro t, mepefiger B 0). M1 npoBenem goKasare;ibCTBO Hepa-
BercrBa (1.5.3) Toabko B cayuae, Korjga t > t; (1. e. t > 0). Cayuait
t << 0 cBOOMUTCA K YKAsaHNOMY BEINIE 3aMeHO# { ma —i.

IIo mpenmono;keHMIo, MMEIOT MECTO HEpPaBEHCTBA:

lo: @) =7t o1 (@)l <en 102 () —F (02 () || <eo,
OTRY/IA
101 ()=, (B ]| <ert-ez +1f (8 @1 (8) —f(E, @2 (2)) |-
Cormacuo mepaBencTBy (1.5.1), maxomum
@1 () — @ (D) || <er4-ea 4K @y (8) — @2 () |- (1.5.4)

[Hamommmy, 49T0 @ M ¢ — TPOM3BOANBIE QYOKIUHA ¢y M @y KYCOUHO
raafkue Kaacca C' B KOKXOM U3 MHTEDBAJIOB, THE @ U (P, NPUHAIEKAT
K waaccy Cl.] Ilomoskum

P(t) — @, (1) = ¢(?)-

@yHRIMS @ gBIgeTCA KYyCo4Ho raajgroit kaacca C!. Ilpumensis reopemy
o KomeuHbIx npupamenuax (ra. 1, reopema 3.1.1) k mepasencty (1.5.4),
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MBl MOJIY4HM, 910 mpm ¢t > 0
14
Lo ) — @O < (e + e+ k1o (1) 1 dv
0

Tax xar [l (D<o O [+ 1o (v) — @ (0) ], To

t

lo®—9 O I<(+Ee©@t+E o) —eOldn

i

(1.5.9)
Thae € + &, = €.
Iomoum 1A yUPOIMIEHAA 3ALMCH:
o (&) — o (0)]]=u (t) >0 (zenpeprBHAs YucioBasg GYHKIHI), (1.5.6)
e+ k|e(0)]=a>0 e
Torpa (1.5.5) samuimeTcs B BHIE
u(t)<at+k | u()dr. (1.5.7)

1]
Mnl ceifuac BOCHONB3yeMCS 3THUM HEPABEHCTBOM.

Benomorarensnan aemma. Ecau Henpepusnas @dyuryus u(t) onpede-
aena na ompeske [0, T1 (T > 0), u (t) > 0 na amomn ompesre u ydosaem-
gopsem coomuowenuto (1.5.7), mo

u(t) <o (@ —1) daa 0<t<T. (1.5.8)

HouyctuM, 910 BCIOMOTATelbHAsI JeMMa BepHA, M 3aKOHUMM MOKA-
3aTENLCTBO OCHOBHOM JIEMMBI: ecllM MBI 3aMeHUM i () I ¢ Wa WX 3Haye-
aus w3 Gopmyast (1.5.6), To momydmm, 49TO

le®—o O |<(F+eO)) @ —1) mpu ¢>0, -
OTKY/Ia

le @ I<le O] +le®—eO]<|e©O)]e 4+ (e —1).
Jro u ecTb HepasencTso (1.5.3), KoTopoe HAM HYIKHO 6HJIO ooxasars, u6o
9 (0) = @1 (0) — 92 (0) = 2y — z,.

Ham ocramock auuib JoKasaTh BCIIOMOTaTEJAbHYIO JEMMY. IMomoxxum
t

v (t) = 5 1 (7) dt.

0
Orcropa v’ (£) = u (t), v (0) = 0. Torma nepapencrso (1.5.7) zammmercs

TaK:
v'(t) < at + kv (B), (1.5.9)
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T. €. B Bufe Juggepenyuarvrozo nepasercmea. Ilomoxum
w(t)=e " (2),
OTK YA
w' (8) =e™ (v (£) —kv (2)).
Torga uepasenctso (1.5.9) sammmerca B Buje
w' (t) < ate™.
Otciopa MH mosydaeMm, yduTHBag, 9To w(0) =0,
¢
w(t)< S ate~*tdt,
0
Brraucisiga mHTErpaJ B mpaBoll YacTH, HAaXOomWM, 49TO

w(t) < (1—e™—kte™),
OTKYZA
v (t) = et'w (t)gfz—(eh'_1—kt) .
Wam, mockonsky B cminy HepaseHcTBa (1.5.7), u(¢)<Lat+ kv (t), umeem
u(t) <at -+ (& —1—kt) =2 (' —1).

Mu npmiman & mepasenctsy (1.5.8), kKoTopoe m TpeGoBajoCh JOKA3aTh.

1.6. Ilpumenenne OCHOBHOII ZeMMBI: TeOpeMa eXHHCTBEHHOCTH

Teopema 1.6.1. Ilyemv U <R X E uw f: U— E — nenpeprisnad
Pynryus, yodossemseopawwas k-ycaosuio Junwuya no x€ E. Ecau ¢,
u @y L — E cymb Jea (TOUUDIX) pewenus Judidepenyiaivinozo YpasHeHus

9 —ft, o)

u @i(te) = @alty) (ty € I), mo dynryuw @1 u @ cosnadarom ¢ unmepease 1.

IloxasareunscrtBo. Bocmoasayemes wnepasenctsom (1.5.3)
OCHOBHOII JIEMMBI: 3[eCh Xy=Zs, & = 0, g, = 0. Haxomun

oy (&) — o ) || =0 pasm t € 1, 4. 1. 1.

1.7. Teopema cymecTBOBaHMA B clydae, KOTJa MPaBas 4acTh YHOBIETBO-
psier yexosmio Jinmmuna

Teopema 1.7.1. Ilyemv U < R X E — samknymoe mmuodcecmeo
u f: U—E — nenpeprgnana Pynxyus, ydosiemsopaiowas k-yeaosuio
Junwuya no nepemennomy x. Hycmo (tg, x,) € U n I € R — romnarm-
nuti unmepean, codepocawyuti mouky ty. Ilpednoaoscun, wmo das abozo

9—743
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wucaa & > 0 6 unmepease I cyugecmeyem maroe Kycouno aaadkoe kaacca
C' e-npubaumcennoe pewenue @: I — E Juddepenyuasvroeo ypasnenus
dz

ar :f (tv .’L'),
ymo ¢ () = zo lenm., manpumep, Teopemy 1.3.1, KoTopast jaer gocrarod-
HO€ YCIOBHE MJsi CYIECTBOBAHHs TAKUX IPUONWMKEHHBIX pelmenmiil.
Tozda na uwnmepsare I cywjecmeyem mounoe pewenue @: I — E amozo
Juggepernyuarvroeo ypasHenus, Yoosaemeopaioujee HALAALHOMY YCA0BUIO
P (f) = xo-

Hamomums, aro B cuiy Teopemul 1.6.1 takoe TodHOe pemenme edun-
CMEEHHO.

HJoxaszaTexnbcTBo. 3agagaMcss HOCIETOBATEIBHOCTBIO UHACEJ
e, > 0, crpemsimuxcd K HYJaI0, KOrAa n — —oo. [lycTs HeupepsiBHbte
orobpaskeHua @,: [ — £ SABIAIOTCH TAKAMH €,-TPHOINKEHHBIMA pelle-
HUAME JAIHOT0 YPaBHEHHs, 9T0 @, (o) = z,. B cuay ocHOBHOI JeMdb

1.51
hlt—tol_1

e
H (Pn(t) - (Pp(t) ” < (En + E‘P) - k
nns goboro £€ 1. Ilyeth K — BepXHAA TpaHb MHO;KCCTBa
RIt—lnl__y
k

Torma || @,(t) — @, (t) || << K (8, + €,) n1s ¢t € I; orcroma cuexyer,
aro GpyuRuEE @, 0d6pasylor nociedosamesvrocmd I{outt Ho HOPME paBHO-
MEPHOH CXOMMMOCTH. JTa LOCJeJOBATEIBHOCTE WMEET IpPened ¢, IPuIeM
¢ aBisiercs Henpepusnol Gyusmueil I — £. Ilo npexmoxoskento,

¢ o, (0) €U

A1 amoboro n u gast moboro ¢t € I. B cuny samxnyroctn mMunoskectBa U
MBI DOJydJaeM B Ipejiene, UTO

(t, o@t) € U paa t € 1

n ¢ () = z,. Ocraerca yGequrbcsa B TOM, 9T0 Gyuxnna ¢ gupdepennu-
pyeya ma I m

mass tel.

@' (t)=7(t o) upn t€l.
Ham ocramoch foKazatTh, 4TO

o () =z+ | 1 (v, ¢ () dr. (1.7.4)

Tak Kar, mo HTPEIIMOJI0KEHHUIO,
H (P;z(t) '—f (t- (Pn(t» ” <é&n,
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TO B CHJy TeOpeéMH O KOHEYHBIX TIPpHUpaANleHNAX

t
F@n () —20— { £z, 0a (@) dr| <enlt— 1]
to

YceTpemum B 3TOM HepaBeHCTBe 1 K GeckoHewHOCTH; Torga f(T, @,(t))
oynmer ctpemaThes K f(7, (7)) paBHOMepHO oTHocHTenbHO f € I. Tarmm
06pa3oM, MBI TOAYYHM B npefene cootHomenue (1.7.1), Koropoe 1 mysHO
OBLI0 OKA3aTh.

Caegersue 1.7.2 (reopema o nokaabHOM cymecTBoBauum). [Hycms V —
oxpecmmocmy mouru (tg, o) € R X E u f(t, ) — Pynryus, Henpepus-
nas na V, co snavenuamu ¢ 6anaxoeom npocmpancmee E, ydosaemeopsio-
wasa k-ycaosuro Junwuya no x. Tozda cywyecmsyem uucao o > 0, o6aa-
dawujee caedywwum ceolicmeom: Ougddepenyuarvroe YypasHerue

&t )

uneem wna ompeske I =[xy — o, xo + al (eduncmeerroe) pewenue

¢: [ — E, ydosaemeopsioujee Hauasvromy Ycaosuto ¢ (ty) = xo. Boaee

mouno, ecau yucaa T > 0 u r > 0 gul6parsl cmosb MAIBLMU, WMO NPOU3IGE-

denue [t; — 1, ty + 11 X B (x4, 1) codepmcumes ¢ V u
(FRCEIRIESpU

npu |t'—tOI<T7 “.’E—.’E0”<r, mo npu

. r
o = inf (T, —TI—) ,

anauenus gyrkyuu ¢: I — L, asaswowelica pewenuem Janioeo ypasHeHus,
npuiadaencam wapy B (z,, 7).

HJorxaszarensecTso. Bossparnues k sameqanuio B Koute 1. 1.3,
B KOTOpoM GBLTO MOKasallo, 4TO eCJH 9UHciTa & I 7' BLOpanbl Tak, Kak
B YCJOBUM HAMIEH TeopeMbl, To JJs Jaioboro uncaa € > 0 nuddepentu-
arbpioe ypaBHenme Ha uutepsane I umeerT e-npubaudicenHoe pemierie
co 3naveHUsAMH B mape B (z, 7), IpuUnuMalonee sHavenie Iy Npn & = ;.
Ioatomy mocraTouno mpurmeHHThL Teopemy 1.7.1, BeGpaB B ragectse U
saMKHyTOoe MHOMecTBo [ X B (24, 1), 9. T. R

1.8, Cayuaii, xorga f TOKaibHO yHOBACTBOPsET ycaoBuio JImmmuna

Onpepenenne. QDyurius f: U — E aoraavro ydosaemeopsem ycao-
suio Junwuya na mmoskectse: U < R X FE, ecam pas nw6oit Toux:
(tg. 2¢) € U cymecTByeT Takasg OKPECTHOCTD V 9TOM TOUKH, COfepsRamanaca
B U, n Taroe wmeao k>0, uro gas mio6six map (t, zy), (¢, ) € V

(g ) —fLE z) [ <K 2y — 22 ).

HApyramm cinoBamm, cy:kenme oToOpaskenmsa f Ha V  ymoBierBopser
k-ycaonuro Jlunmmnmna no z.

g*
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Teopema 1.8.1. Ecau omobpaxcenue f: U — E Henpepwigro i 40Ka1bHO
ydosaemgopsem ycaoguio Junwuya, a (t,, x,) — GHYMPEHHAL mMOUKA
muoxncecmea U, mo cywecmsyem makoe wucao o > 0, umo duggepernyu-
aAbHOe YpAasHeHue

dz
=72

umeem (mounoe) pewenue @: [ty — a, &) + ol > E.

HdorxaszaTenbcTBso. [Ipumersiem ciaencrsme 1.7.2 K OKpecTHO-
cra V tourm (ty, xz,), copepxameiicis B U, B Koropo#t oto6paxenme f
yaosaeTsopser k-ycxopmio Jlunmmima mo uepeMeHHOMY Z.

Teopema 1.8.2 (Teopema o riroGanbuoii enuncrsennoctu). Ilycme gyrk-
yus f: U — E aorasvro ydosaemsopsaem ycaosuto Junwuya, I — unmep-
san, npunadaercawyuii noao R, neo6asamesvho kKomnarmuuslii (o moxcem
66lmb OMEDPBIMBIM, 3AMERYMBM WAL ROAYOMEDLIMbIM, 02DAHUNEHHBLM WAL
neoepanuwennum). Ecau cywecmeyem dsa (mounwiz) pewenus @ u
@s: [ — E duddepenyuaavrozo ypasvenusn dz/dt = f(t, z) u onu pasnu
npu ty €1, mo amu pewenus cosnadaiom 6o écem unmepsane 1.

JorxasaTteasbctso. Ilockorbry umurepsan [ -— cBA3moe MHO-
FKECTBO, TO J0CTATOYHO yOemuThCA B TOM, ITO MHOKecTBO J I, na Ko-

TOPOM
P (8) = @2 (9),

OIHOBpEMEHHO omgpuimo U 3amkrymo B I. OueBugHo, 9T0 J 3aMKHYTO,
TaK KaK QYHKIUA @ — (o HempepoBHA. Teneph MOKayKeM, UTO MWOJMHO-
sectBo J otkpuito B I. JleficTBHTeNbHO, eciu ¢ (£,) = @3 (£,), TO cyme-
cTByeT Takoe quciao o >> 0, 9To u3 cootnomennii t € I u |t — ) | < &
ClemyeT paBencTBoO ¢y (t) =@, (). Mycts 24 = @4 (t¢) = @2 (£,). 1o npex-
MOJI0KEHUI0 CYIECTBYeT TaKas OKPeCTHOCTb V Tourd (¢, Zy), comepska-
masca B U, maucno k > 0, aro pyurnua f ma muo:kecrse V ynosier-
Bopser k-ycnopuio Jimnmuna. ITyers amcno o > 0 TaxoBo, uto gusa ¢t € I,
| t—to| << o mapsr (2, @ () u (2, 2 (¢)) mpumapiesxar oxkpectHoctH V.
Torma Teopema emuucTBenHoct 1.6.1 yrBepsmaer, dro @ (1) = @, (t)
gna mwboro t€ 1 N [ty — «, tp + al, 4. 1. 1.

Ocraercs HEBBIACHEUHBIM BOHPOC O 2406aAbHOM CYUeCME08aHUL
peliienusa ypaBuenns dr/dt = f (f, ), IPUHNMAIONET0 3HAUEHHUE T, IPH
t = t;, Xorga QYHRIUA [ s0KaIbHO Ydoéaemeopsem ycaoguto Jlunwuya.
Iycts (ty, ;) — BEyTpeHHASA Touka MHoRectBa U < R X E, na Koto-
poM QYHRIMA f, 0O TPEATONOKEHNIO, TOKANBIO YHAOBIETBOPAET YCIOBHIO
JImnmuna. Cornacuo teopeme 1.8.1, cymectsyer murepBain I, copmepika-
mMu# TOUKY f,, Ha KOTOPOM mMeerca (TouHoe) pemenue ¢: I — E nudde-
pPeHIHaJbHOT0 YPABHEHHUA, YAOBIETBOPAIONEe HAYAIBHOMY YCIOBHIO
@ (ty) = x,. Paccmorpum muoskectBo & ecex nap (I, ¢), rne I — nexoro-
pHii mHTepBad, a Gynkmua ¢: ] — E — HeKoTopoe pelmeHue TaHHOTO
ypaBHEHHS, YAOBIETBOpsomee yciaoBulo ¢ (to) = zo. Ecam (Iy, @)
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1 (I,, @3) — nBe momoGHEIe mapni, To mepeceaerue I; [} I, me mycro,
a pemeHHA @ H @y cognadaiom B HePECEYEHUHA B CHIY TEOPEMH eIiHCT-
pennocta 1.8.2. OGosnaguM Torga depes J 06 vedurerue BCeX HHTEPBAIOB
I, obpasyrommux naps (I, ¢) € €. B J cymecrsyer Takas eIHHCTBEHHAS
¢yurnua P: J— E, 910 gna Bcaro# mapu (I, @) € & cymxenme peme-
gusa P wa [ coBmagaer ¢ ¢@. Ira GyHKROAA P, 09EBHIHO, ABIACTCA pelle-
mueM nuddepennuansroro ypasHenmsa u P (¢,) = z,. Tarum ofpasom,
IOoKasaHA

Teopema 1.8.3. Ecau ¢dynryun f: U — E Henpepuisna, 10KALbHO
ydosaemeopsem ycaosuio Junwuya u (ty, o) — 3040GHHAR HYMPEHHIR
mouxa mHoxcecmea U, mo cywecmeyem Haubosvwull urnmepsar J J iy,
6 womopom onpedeseno pewenue p: J — E ypagnenus dz/dt = f (z, t),
yOogaemeopsiouee Havarvhomy ycaoguio P (¢,) = zy. [Coraacuo Teopeme
1.8.2, rakoe pemenme P eduncmeento.]

9T0 pemeHue \p HABBIBACTCA MAKCUMALLHBLM DeuleHuem IJsA Hadalb-
HEIX JaHHHX (fg, Z).

Samedanne Mokao 6610 66 mOJyMaTh, YTO peIleHAe | HEJIb3A
OPOJO/KHATH B CTPOT0 00BN MHTepBAX, 9eM J, TOJIBKO IO TOH HpHIH-
He, 9TO 3amaHHasgd QYHKOWA [ ompejeieHa JHUIIb Ha JacTH MHOKeCTBa
R X E. OgHako HEBO3MOKHOCTH NPOMOJIIKEHHA MOKET HMEeTh MECTO HajKe
B TOM CIyd9ae, Korfa [ HemnpepHBHA U JIOKANBHO YHOBJIETBOPSET YCIOBUIO
Jlunmuna ma Bcem mpocrpaHcTBe R X E. Ilpmeeaem mpocroil mpumep,
B KOTOPOM poiib mpocTpanctBa £ mrpaer gmciaoBas npamad . Paccmor-
puM nuddepeHNUANBHOE ypaBHEHUE

&, (1.8.1)
rie z (t) — HeWsBecTHasg (QYHKINA, TPUOMMAKINAA dHCIOBEE 3HAYEHUSA.
Jlerko mpoBeputh, 4TO0 ecinm B — oepanuuennas dacrb R, 10 dyHKOUs
f (t, z) = z? ynoBmerBopsier ycaosuio Jlunmmuna na mMuoxecTBe R X B.
Cnemosarenbuo, ¢pyurnma f (¢, z) = z* aokasvro ydossemeopsem ycao-
euto Jlunwuya na npocrpancrBe R X R. Ilycts z, — nagambpHOe 3Hade-
HHAE, Koropoe mpmuuMaer peuieHue ¢ (¢) npm ¢ = 0. Ecaa zo = 0, To
pemenne ¢ () = 0 gaa mpoboro ¢ B CHIY TeOPeMH eIMHCTBEHHOCTH.
Ilpenmonoxum temepb, uto z, 5= 0. Torma mua ¢, GJU3KUX K HYJIIO,
z = ¢ (t) 7= 0, u ypasuenume (1.8.1)Moxer 6nTh 3antECAHO B BUAE

dz,
gzdt.

Orciofia MEL TIOMY9aeM ¢ TIOMONIbI0 WHTErPUPOBAHUSA, ITO
1 1
-+ e t,

AJIH
zo

="
1—apt
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Tarum o6pasom, ¢(t) = zo/ (1 — ot). Ecam, nanpumep, 2, > 0, To Max-
CHMaJbHOe peIIeHHMe CYIeCTBYeT Ha HHTepBale — oo <t <<1/z,.
Korpma ¢t crpemuresa k 1/x0, To @ (f)fcTpemurcs k GeckoHedHoCTH.

HKpurepuit npomoaskaeMoOCTH pemleHds IJId cilydas,
Korga QYHKIHEA f JOKaJIbHO YHOBJIeTBOpPAET ycaoBuw Jlmmmmua. Ipen-
modoxuM, 9T0 MuomkecTBo U orspoito m ¢: [£y, #) - E — pemenue
maddepennuanbuoro ypapeeHua dz/dt = f (t, z). Ecanm

lim @ (2)

t—>t1

<t1
cymiecTByeT (DyCTh TOT Hpefiell paBeH z;) | (4, z,) € U, 10 pemenne ¢
mpojoipkaeTcs Ha mETepBanl ltg, f,] mpu t, > t,. (d1oT ParT MomKHO
JIerKO0 TOKasaTh ¢ HOMOIIBIO paccy;kaennil, HCOONB30BAHHEIX HIpH Roxa-
saTenbcTBe Teopembr 1.8.2.)

1.9. Cayugait auneiinoro paddepennuanpuoro ypaBueHas

B m. 1.4 mpr ompemenunu anmmeiinoe guddepenruanbaOe YpaBHEHHE
KaR ypaBHeHHEe BHAA

&A@z +B), (£.9.1)

rie A m B — saganunie Henpepwguble pyHrnmumm B mHTepBane I < R.
3necy Pyurnus f (¢, ) = A (t)-z + B (f) ompenenena W HempephIBHA
Ha mpoussepennn I X E. Oua aokasbno ydosaemeopsem ycaosuio Jlun-
wuya, w6o Ha mwbom npousBemenum J X E (rme J — kKomnarmuuiil
UHTepBal, OpuHagae:kamuil wurepBany [) ¢yurmma f ymoiaerBopser
ycnopuw Jlunmuia. B camom gere,

f(tv xl) — 1 (t’ xz) =A (t) '(xl - xz),
7@ ) —f @ x) N < Esll2y — 2 || mpm £ € J,
rue
ky=sup| A(t)].
teJ

ITo Teopeme 1.8.3, ypasuenue (1.9.1) uMeer MakcUMalbHOE pelleHHe
IJIS HA9YadbHHEX JAaHHHX (fg, Zo), e to € I. Nrak, mMosker GuTh cdop-
MYJMPOBALa

Teopema 1.9.1 (Teopema 0 2206a1bHOM CYIIECTBOBAHNAN B ClIydae THHeH-
HOro ypaBuenus). Haroew 66 nu 6viau mouku to € I uzg € E, cywecmeyem
(mounoe) pewenue @: I — E ypasnenus (1.9.1), onpedesennoe 6o ecem
unmepsare I u ydosaemsopsrouee HavarboMmy Ycaosuo @ (tg) = xo. Imo
peuwerue, ouesudno, eQUHCMEERHO.

HJorasareanbcTso. Ilyers J — koMmakrTHeli# mHTepBal,
cofep;ramuiica B uurepsate I u comepmamuit Touky zo. CorsacHo Teo-
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peme 1.4.1, pgas mwboro uwumcnma & >> 0 cymecTByer e-mpHOIM;KeHHOE
pemieHue Ha unTepBaie J, NMpuUHUMAOINee 3HaYeHHe Lo NpPHE ! = i,
Teopema 1.7.1 yrtBepskpmaer, 4ro Ha mHTepBale J CYIMECTBYET IMOYHOE
peimeHHe, YI0BIETBOPAIOIEe TOMY jKe HAJAIbHOMY YCIOBHIO. II0CKOIBRY
pelmeHne CymecTBYeT Ha BCAKOM KOMIAKTHOM MHTepBale, COJep/RameMe
B I (u comep:xameM ty), TO MaKCMMaJIbHOE pellleHHe OIpPeRelIeHO BO BCEM
uurepBane I, 49.T. 1.

Mp mogpo6uo waydum numeiinbie muddgepeHNUANbHNE YpaBHEHHA

B § 2.

1.10. 3aBncuMoeTh OT HAYAABHBIX JAHHBIX

[Iycrs mavo nuddepennmansHoe ypaBHeHHE

%’izf(t, z), (1.10.1)
t
rae ¢pyuruusa f: U — E menpepbsiBHA U YHOBJIETBOpPSeT k-ycioBuio Jlmm-
IINTA To IepeMeHHOMY Z, a Touka ty € I. llpennomomnm, aro gus r1w06oro
u €A < E cymecrsyer (rouHoe) pemenue ypaBuenus (1.10.1), ompe-
feJielIHOe 11a METepBate ] U npuHUMAaOMee 3HAYeHNE ¥ npu ¢t = f,. Ilycrs
@ (¢, u) — rakoe pemenme. HccmemyeM BaBHCHMOCTL HTOT0 PENICHHS
OT HAULAALHO20 3HAYCHUS U.

Bocnoxssyemes ocuosuoit amemmoit 1.5.1. B cuny sroit aemmer giaa
nobuix u, v € A

lo(t, v)—et, v)||<||u—v]|fekit=td,

llyers K — Bepxmaa rpaub ¢ymxmum efli—tol nusa ¢ € I (M1 npepuo-
JaraeM uHTepBad I orpanuueHunn). Torma

lo@ w—gt )| <Elu—vi  (110.2)
OTcroqa BEITEKaer

pepnoenne 1.10.4. Pewenue ¢ (t, u), npunumawee suauenue u
npu i = tg, ydosaemeopsem K-ycaosuw Junwuya no u, npuuem nocmosi-
nas K wne sasucum om t € I,

Caexersne 1.10.2, Qynryus ¢ (1, u) seasemes Henpepuenoli gyukyuet
napw (¢, u) € I X A.

B camom pene, mycTe 3agaHo wug. Ilpu ¢ukcupoBanioMm ¢ QyHKIHA
¢ (¢, u) crpemuTesa K ¢ (¢, Ug), KOrJla u CTPeMUTCA K U, Hpome Toro,
TaK KaK nocrosHHas Jlmmmmnma K ue 3aBUCHT OT {, TO Ka/KAOMY TUCTY
& > U MO’KHO CONMOCTAaBUTEL Takoe duciao 1 >> 0, uro npu || u — ug || << 1
IIsL 1106020 t

o, u) — o, u)ll < «.

Taxum o6pasom, pewenue @ 3agucum om u Henpepueno U pAGHOMEDHO
omrocumeavio t. Temeps cxegcrsue 1.10.2 MomHO mOTydYUTs B3 Takoi
JIEMMBL:
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Jlemma 1.10.3. (a) Ecau gynryus Pp: I X A — E wnenpeprisna no
t € I npu gurcuposanron u € A u Henpepriena no u € A pasHomepho
omuocumeasvno t € I, mo Y — nenpeprisnas Pyrnkyus Ha npoussedenuu
I X A4;

(b) O6pamro, ecaw gyrnkyus Pp: I X A — E nenpepuisna na I X A
u unmepeaa I romnarmen, mo VP (¢, u) Henpepwerna no u PpasHOMepHO
omuocumeavro t € 1.

Bonee o0mo, aTa IeMMa ocTaeTCd crnpaBeqiuBoil, eciu 3aMeHATH |
OPOU3BOIBHEM KOMRAKMHLLM IPOCTPAHCTBOM,

JorxasarTeancTBo uadeMMb. (a) Ilyere Bagausl tg, ug
n ¢ > 0. Nmeem

I (2 w) — ¥ (to, wo) I < 1P (2 w) — ¥ (2, uo) || +
+ ”'lp (tr uO) - 1|? (tOv uO) “

ITo npepmonokennio, CymecTByeT Takoe 9uciao 7 > 0, 910 3 Hepa-
BeHCTBA || u — ug || << M cxenyer
[P (2, 1) — P (¢, uo) ||<% mis mwboro t€ 1.

Bonee toro, maiiercsa Takoe guciao 1)’ =0, wro mpu |t — ¢ | <<
0ymeT MMeTh MeCTO HGPABEHCTBO

A

| (25 uo) — P (2o, Up) H\<-§ (HenpepHIBHOCTD MO ).

Tormampu flu —up | < u |t —t |
[y (¢ u) — P (e, ug)ll < e

JTo 03HA4YaeT HENPEPHBHOCTH P Kak (QyHKOHMA mapH (¢, u).

(b) O6patno, upegnonokum, 910 GyHKuus P Henpeprsya na I X 4.
3adurcupyem TOIKy uy € A u wucao & > 0. Ilo npepnonomxeuno, gus
aboro ¢t € I cymecrByer Takoe qucio 1 (¢) >0, wro mpu | ¢’ — ¢ | <
<n@® ¥ flu—u |l<n@

9t wW—p (¢, w) | <+
B 1acrHocrd, ([P (¢, ue) — P (¢, wo)l| <% Orciloma

“'lp (t,v u) - 'lI) (t,1 uo) ” < €. (1103)

Kasxgoit Toure ¢ € I MBI IOCTAaBUIN B COOTBETCTBHE OTKPHITHII MHTEPBAI,
oOpasoBanublil Toukamu &', anst koropux |t — ¢ | << (2). Hockonskry
I — kKomnakrm, ero MOYKHO IOKPHITh KOHEIHON CHCTEMOR NOTOOHLIX HHTEP-
BajoB. VIHa4e roBops, CYN[ECTBYIOT KOHEUHOE MHOMKECTBO TOueK f; € [
u ugucao 7 > 0, Tarue, 9o 1 < M (¢;) guaA d1060T0 ¢; X HEPABEHCTBO
(1.10.2) umeer mecTo mpH || u — ug || << M u m06om ¢° € I. Tem camum
yreep:kaenne (b) memmer 1.10.3 poxasano.
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1.11. Caygaii, xorpa nnddepeHnHaILHEOE ypaBHeHHe 3aBHCHT OT
mapaMerpa

Tenmepsr MH mpeamodokuMm, 9to ¢yHKOUs f (f, x) 3aBUCHT OT mapa-
MeTpa A, KOTOPHIA UBMEHAETCA B Monoaozuieckom npocmpancmee L. Bonee

TOYHO, paccMoTpEM aupdepeHnHmalbHOe ypaBHeHHE

Lt @ M) (1.11.1)

rne [ — nenpepuwsnas HYHKIHA
I X B(zg,r) X L>E

(I o3navaer KOMHIAKTHHHA wuHTEepBaXN, a B (19, r) — 3aMKHyTHHA map
|z — xy || <r B GamaxoBoM mnpocrpanctse E). Ilpegmomo:xuM, dro

D@z II<MualXB(,r XL
7@ x5 M) —f@ z WIS k]2 — 25 ]

mpa t €1, ||og—ao | <1y |2g— 20 || < 7y AEL. [VlupiMu cioBamm,
opefiojaraeTcsa, 4o f yAoBJIeTBOPAET k-ycaoBuio Jlummuna mo x ¢ mo-
cToAHHOM k, He 3aBucaAmeid ot ¢ u A.l

Ecan mu 3adurcupyem A € L, to ypasuenme (1.11.1) Gynmer mmers
pemenue £ = ¢ (f) (1 IPUTOM eAMHCTBEHHOE), OLHPeJeJeHHOe B MHTEp-
BaJIe

J=10 [to—ﬁv to—}—Tr[]

¢ HaJaJBHKIM yCJI0BHEM @ (fg) = Zo. ITo caenyer u3 Teopem 1.3.1 1 1.7.1.
O6o3maunM aTo peulendne depe3 ¢ (¢; A), 4ro6H ABHO yKa3aTh Ha ero
3aBUCHMOC1L OT IapaMerpa A.

Teopema 1.11.1. Pewenue @ (t; A) seasemcs Henpepusnol Pynryuel:
napa (t, A) €J X L.

HoxasartreabcTso. Hax Mu ymxe 3naeM, ¢pyurmus ¢ (f; A)
HenmpepolBHA mo ¢ mpud ¢urcupoBanuom A. Iloxaskem, d9ro QyHKIUS
¢ (t; A) HempepeIBHA L0 A pagHomepro ommocumeavho t € J. Orciopma
Oymer caemoBarh Hama Teopema (cm. nemmy 1.10.3).

Wrax, nycts gauo Ay ITockoabry dpyurmus ¢ (¢; Ay) yAOBIETBOpAET
yPaBHEHUIO

d
S =1 7 ),
10
@t (t; o) — 1 (¢, @ (¢ Mo); ho) =0. (1.11.2)
3neck f (¢, @(t; Ag); A) — mempepsiBHas ¢ymruus uapu (¢, A). B cumy

nemmu 1.10.3(b) ona crpemutcs x f(f, ¢ (t; Ao); Ao), Korga A crpemurcs
K Ao pasrnomepno omuocumenvro t € J. JIpyruMu ciaoBaMu, AJA KaKIOTo:
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quena € > 0 cymecrByeT Takasg OKpecTHOCTH V Tourd Ay B L, 4To

f @ @A M) —F (8 @ (8 R Ao I << e (1.11.3)
naa A € V, karoso 6u1 Hu 6uiao t € J. Cpasausasn ¢ (1.11.2), maxogum, 4ro

i (&5 do) — f (8 @ (& Ro)s M) I < &

Jdro osnauaer, uTo @(f; Ag) ABIAETCH e-HPUOAMKEHHBIM pPeIIeHHEM ypaB-
menns (1.11.1). Samermy, uro ToanbM pemenueM Oymer GyHKUMA @(f; A),
KOTOpas TaKKe NPMHUMAeT 3HAUeHHWe Xy OpH ¢ = t,. B cmiay ocHOBHOH

aemybr 1.5.1 momyuaem
eh[t—io[ —1

o @ 2 —o @ )l <e—Fp—--.
Tark wak |t — ¢ | << r/M, 10 npu A € V (OKpPecTHOCTH TOYKH Ag)
o @ A — @ Ml < Ke,

rme K we sasucur or ¢ € J. Ilockoapky umceao & > 0 Gouro BeiGpano
OpOH3BOJIBHO, TO TEeM CaMBIM MBI JOKasajau, 49To ¢ (f; A) cTpeMmTcH
& @(f; Ag) pasnomepro omrocumenvro t € J, 4. T. f.

§ 2. IMHENHBIE JUOOEPEHIIHAJABHBIE YPABHEHUA
2.1. OGmee pewenne
Iycrs
dx
=AM z+B() (2.1.1)
ecTh JmHelHoe AuddepeHnmaNbHOoe ypaBHeHue, rie A — HempepniBHOe
orobpaskenne I — £ (E; E) u B — nenpepuBuoe otobpamenne I — K.
W3 teopemnr 1.9.1 maBecrno, 9ro 3T0 ypaBHeHHe HMeeT eIUHCTBEH-

Hoe pemenune ¢: [ — E, ynoBaerBopsiomee HAYAIBIOMY YCIOBHIO
9 (to) = xy (mua samanueix t, € I n 29 € E).

Onpenenenne. Inddepennnanpuoe ypaBHenume
id
ld_f—_—A(t).z (2.1.2)

HABEIBAETCA O00HOPOOHbLIM YPABHEHWEM, COOTBETCTB IOMAM YPABHEHHIO
2.1.1).

OuesupHo, 910 €cJil ¢ — pemennue ypasHenus (2.1.2) m{p — pemenne
ypasuenua (2.1.1), To cymma ¢ -+ ' sBIAETCA peUIEHHEM ypaBIENHA
{2.1.1). B camom peure,

POFYO=AB9el) AN+ B =
=4 (O)(p @) +¥ @)+ B ().
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B ugacrmoctm, mycTs ¢ (f; x,) — pemeHue OLHOPOJHOrO ypaBHEHWA
(2.1.2), mpmEuMaoomee 3HaueHuUe xy, UpH ! = tj, u P (I) — peiueHue
ypasuenns (2.1.1), ofpamawmeecs B uyap upu t = t,. Torga pemenue
ypasrenus (2.1.1), npurnmamee 3Havenue x, OpH ¢ = 1, UMeEET BUL:

@ (& xo) + ¥ ()

(cymma «o6mero peIIeHHs» OMHOPOLHOI0 YPABHEHNA M YACTHOTO PEIICHH A
ypasmenza (2.1.1)).

2.2. JInpeiinoe OXHOpPOJHOE ypaBHEHUE

Uccaenyn ypasuenue (2.1.2), mpi 6yeM UCHONTB30BATHh paHee BBEJCH-
gHe oGosmadenmsa. (OdenmmHo, 4TO

Q (L xo) + @ (5 ) = @ (&5 29 + 2y),
Q (t; Axo) = AMp (45 x), A ER.

Wnage rosops, pemenue ¢ (f; To) AUHEUHO 3aBUCUT OT HAYAJbHOTO 3HA-
geHuna ry (Touka ¢ = i, Bce BpeMdA OlHA U Ta yKe).

B wacrmocru, ¢ (¢; 0) = 0 ana awboro ¢. Mrak, ecau pewenue
z = ¢ (t) o6pawyaemes 8 nyab npu Hekomopom to € I, mo ono moxcdecm-
genno pasHo Hyalo 6 unmepsase I. Otciopa BrliTexaer

Caencrpme. ITycme mol umeem k pewenuis ¢i(2), . . ., ¢p (1) u cyye-
cmeylom maxue NOCMOSHHBE Ay, . .., Ay (e 6ce pasHble HYyaio), umo

Z Ao; (to) = 0. To20a smo paserncmeo saewem 3a coboti Zki(p,- =0

1 1
daa awbozo t € 1. Pewenus ¢, (), ..., ¢ () f8asiomes aunelino
3ABUCUMBIMU. '

Hoxaxem, uro pemenne ¢ (f; x,) AnHe#AHO 3aBUCAT OT Zo. [leficTBE-
TenpHo, comoctaBuM ypasuenuio (2.1.2) [rme wemssecTHOH saABIAeTCH
pyunnusa ¢: I — E] ppyroe nuueitHoe omsopopuoe auddepesnuanbioe
ypaBHEHHE OTHOCHTEJIbHO HemsBecTHOH pymkmmu R (f), 3HAYEHHEA KOTO-
po#i wpuHapmie:xuT nmpocrtpanctey £ (E; E),

dR
—=A)R(t). (2.2.1)
CMpicnt Takoil 3ammMCH COCTOMT B CleVIOmMeM: mpousBomuaa dR/dt =
= R'(t) €Z (E; E) mon:kHa pPaBHATHCA KOMIOBHIUM Juae#HbIXx oTo6pa-
wennit A (1) € L(E; EYu R (1) €X (E; E). Hocneqnee ypaBHeHUE OfIHO-
poauo u nuueino. Ecau mu monomum E' = £ (E; E), to snement 4 (1)
oupenesur JauHeliHoe HeupepriBHoe orobpaskerme f-— A (t)of nas
f € £ (E; E). O6osnaunm uepes C (1) snement npocrpanctsa £ (E', E),
onpeneaeHEHnii Buime ¢ momombo 4 (1). Torma

e @ <1140 |,
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nockoIbKY |[A (B)f | < 1A @) -||f]|l. B cmany nempepuBHOCTE
orobpamenns A: [ — £ (E; E), MH DOTyIAM, 4TO

A(t)=lim A (¢'),
t'—t

lim[| 4 ()= 4 (9)]|=0.

Targ wax {|C @) —C @O NLNA ) — A ()], To C (') crpemures
k C (¢), xorma t' crpemutcsa k t. Unage rosops, C: I — L(E'; E') ects
HempepsiBHAA (YHKIOMA, d. T. 1.

CrnemoBatenbHo, gupdepennuaibuoe ypaBuente (2.2.1) nprnagiesxar
K paccMaTpHBaeMOMy KJAacCy YPaBHEHHH, W K HeMY MOKHO ODHMEHHTH
treopemy 1.9.1 cymecrBoBanua m eguncTBeHHocTH. Ilyers R (£, o) —
pewenrie ypasuenus (2.2.1), xomopoe npunumaem snavenue 1z npu
t =ty (30ech 15€ &£ (E; E) ectb ToskmecTBenHoe orobpaskenne £ B E).

Teopema 2.2.1. Pewenue dugepenyuaabrozo ypasnenus
L _A(t)-z, (2.1.2)

npurumalouee sHawerue ro npu t = ty, pasHo
R (¢, to) 2o,
20e uepes R (t, t,) obosnaveno pewenue ypasnwenus (2.2.1), npunumaroujee
snavenue 1y npu t = t,.
HoraszarteasbctBo. lyers z (f) = R (¢, to)-zo. Torpma
z' (t) = R’ (¢, to) -x,.

Cormacuo ypasmenmio (2.2.1),
(A ()R (¢, to)) o = A (8) - (R (2, tg-zo) = A (1)) -z ().
CrnegoBatenrsno, z (!) sBiasercsa pewmenmeMm ypasuenus (2.1.2), a ero

3HadYeHWe Opu f{ = f{; paBHO
R (to., to) Xy = 1.E Xy = Xy, 4. T. O.

Onpenenenne. Dynxiua R (¢, t,) HazsBaercs pe3oavsenmoll (Bim
DpesoaveenmuiM A0pom) ypasHernus (2.1.2).

Teopema 2.2.2. Ecau to, t; u t — mouku unmepsasa I, mo

R (t, ty) = R (¢, t)) o R (t;, to). (2.2.2)

HoxaszarexabcTso. OGoznagum uepes S () mpaByw d9acThb

pasenctBa (2.2.2). Umeem

= (G R ) o Rty t)=(A Q) R, 1) R (b1, 1) =4 (1) S (0).
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CaemoBarensno, ¢pyuruua S (I) opexgcraBiser cofoil pelmeHme ypaBHe-
gus (2.2.1). Ee snagenue opu ¢t = {; paBHO

1ge R (4, ty) = R (t4, to)-

Tarum o6pasom, dyarnus S () ABisgerTcA pelneRueM, KOTOpPoe IpH ! =i,
paBuo R (#;, to). Opgmarko neBas wdacts (2.2.2), a ummenno R (f, f),
TaKKe ABJAETCA pelneHneM ypaBaenus (2.2.1), kotopoe paBHO R (f4, £o)
opu ¢ = t,. Orcofa caexyer paBeHctBo (2.2.2), 4. T. 1.

Caencreue 2.2.3. Q@yuryus R (t, to) € Isom (E; E), a obpamnunm
usomopgusmonm seasemes R (t,, t).

HeficTBOTENBHO
R (to, ) o R (¢, to) = R (o, o) = 1
R (t, to) o R (0, £) = R (¢, 1) = 1g.

3aMeuanune. Mu crpomnu pemenne guddepeHIHATBHOTO yPaB-
HeHHA B delicmeumeabrom OAHAXOBOM LOPOCTPAHCTBe K I 3a/[amHOIO
omeparopa A (t) € LR(E; E). Cxazanpmoe MOKII0 IPUMEHHUTh U K KOM-

naekcnomy caydamw. Ilycts E — Ganaxoso mpocrpaucrso uax C. Pacemor-
puM HempepHBHOE 0ToOpasKeHUe

4: I —-ZLc(E; E).

Tar rar Lg(E; E) < LR (E; E), To k oTobpaskennio A MOKHO IpH-

MEHUTH MBJIOMKEHHYI0 HaMHM TeopHio juHedHHX AuddepeHIaIbLHBIX
ypaBueHnii. B srom ciyuae pesoavsenma R (t, to) 6yner sleMeHTOM IIpPo-
crpanctBa L¢ (E; E) n paswe Isomg (E, E).

2.3. Caywaii, Korga pasMepHocTs npocrpancrsa F KoHeuna

Ilycrs n — pasmepHocTs mpoctpamctBa E. Ha camom meme cyme-
CTBYIOT [iBé TeOpHMH: JelicTBHTeNbHAsA, B KoTopodi E wusomopdmo R”
(T. e. n — geficTBUTeNbHAA Pa3MepHOCTD E), d KOMIJIeKCHasA, B KOTOPOil F
usomopduo C" (1. e. n — Kommmercuasa pasmepuocts E). Hak B ogHoM,
TAK U B [PYroM clydae OPeAN0J0KUM, 9T0 ME BHOPaIu B npocTpanctee £
6asuc. Tormga sumomopdusm A () ompeneaseTcsa KBagpaTHol MaTpuiei

{ai; (1)}
€ n CTPOKAME U 7 CTOJIOIAMM, DIEMEHTH KOTopoil a;; () cyTh nenpepuis-
Hele QyHKIMM HA WHTepBatde /. ITH PYHKIMM HPHHUMAIOT AeficTBUTENb-
HBe 3HAYeHHA B JeHCTBHTEJIBHOM CIyJae M KOMILIEKCHLIC 3UHaYeHHA —
B KoMIexcHOM ciaydae. Hemsmectnaa ¢yuxnus z (f) (co 3HageHUAMH
B mpocTtpaHcTBe E) onpenensaercs n GyHKOEHAMA Z; (f), 3HAYEHHA KOTO-

peix mpuHapiemar R (coorBerctBeHHO (); nmudbdepeHimansvroe ypas-
uHenne (2.1.2) mpespamaercs B cucremy u3 n auddepennuaibHEX ypas-
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HeHH#H

n
dz; ,
7:2 a;; (0 z;, 1<ign.
i=1
ITpr ¢ = ¢, MO’KHO 3afaTh HAYAJBLHEE 3HAYEHHA (Z;)g MJIA N HEH3BECT-
peix ¢gyuxumii. Pesonbserta R (¢, f;) ompemeiseTcs KBagpaTHOH Mat-
punei
{ri;(t, L)}, e ri; (Lo, to) = bije

Tax rar otobpasxenme R (¢, to) ApnAercAa H30MOpPHEIMOM, TO ero OIpe-
menmreanb det R (¢, o) oTnuden oT myasa. Mo cefiuac yBUg@M, 9TO OTOT
OTIpe/leIATe]b JIeTKO BHYHCIAAETCA € MOMOMbBIO MATpumsl {a;; (1)}.

Hanmomumm ompenesienme cieda MATPALH {a@;;}, WJIH HHAUEe DHIOMOP-
¢u3ma A BEeKTOPHOT'O TPOCTPAHCTBA KOHETHOH pa3dMEpPHOCTH. ITOT CJIeR
onpepensercsa ¢opMyiion

n
Tr(4)= D) @;; (cyvMMa AWATOHAIBLHEIX DIEMEHTOB).
i=1

Ou me 3asuchr ot Bhibopa Gasmca [mamomumm, uto B camom jene Tr(A4)
npeacTasjigeT coboif CyMMy KopHell XapaKTePHCTHIECKOTO YpPAaBHEHU:H
det (4 — A 1g5) = 0].

Ipennoxenne 2.3.1. Hueem mecmo paserncmsgo
t
det R (¢, ty) = exp S'Tr(A(r))dr. (2.3.1)
to

Mst monyumm TpeGyemMoe pPaBeHCTBO, €CJIH MOKA;KeM, 970 QyIRIUs
y(t) = det R (¢, to)
yaoBIeTsopsaer AuddepeAnHanbHOMY YPABHEHHIO
y'(&) = (Te (4 ) -y (&) (2.3.2)
U HauaibLHOMY ycloBHI ¥ (f) = 1 [mociemnee oueBmamo, Tak rax det
(1g) = 1]. Hoxraskem paseucrso (2.3.2). Bygmem mucars R (f) BMmecro
R (¢, t;). Bubepem Gasuc (¢4, . . ., e,;) B IpocTpaHcTBe £ 1 paccMoTpuM

BIEMI0 anrebpy, ompefeireHnyo uHa mnpocrpauciBe F. Coraacuo
npaBUJaM BHENIIero yMHoMenusl),

R@ ey ... Rt e =det (R (®)-esr\ « - e

IMonygennoe BeipasikeHue MH npoanddepeHEOUpPYeM IO I: IIPOU3BOMHASN
7MeBofl gacTH (9TO HpOMBBORHAA HoJMIMHelHo# ¢yEKIEH) paBma

R(tyey, \R®es \ ... NR(yen+R (e, N R (D) es A ...
o ANRWent ... =R e A .. AR ency \ R (£)en.

1) CM. rmaBy 3 Hacrosmeil Kmura.— Il pun. ped.
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Cornacuo nuddepentumansuomy ypasresuio (2.2.1), 810 BHpaskeHne paBHO

(A@)eRt)e) ANR()es A.. . ANR()en+R()es N (A(t)oR(t)ex) N ...

o ANEBB e+ AR e N\ oo ANR (@) ensyg N\ (A (L) e R (2)en),

A ecad monowuth R (f)ej=ei (ana i=1,...,n), To MH OOIXyYHM
A@e) Nez N\ - Nentes AN A @B es A oo Nen+ - ..

v el A oo Nens A\ (A en). (2.3.3)

ITyers {a;; ()} —marpuua” omeparopa A (f) orHocmTensHO Oasnca
(egy - .., e€p). 3amnceiBag ee caej B SABHOM BHUe, MH Haiigem, YTO BHIpa-
meHTe (2.3.3) paBHO

(lgziaij ®)er \ ... N =Tr(A@®)-Rt)e N\ ... AN R(t)en=
_Tr(A D) At (RO) (61 A - A en)-

Wrar, MH mOKasamru, 4TO
(et R (D) (es A -+ N en)=Tr(4 (1) -det (R®) (ex A\ ... A en),
OTHY/IA
& (det R (1)) = Tr (A (1)) -det (R (1)),
T. €, MBI TOF yIunu anddepennuansroe ypasHenue (2.3.2)

4 (det R (1) =Tr (4 (0)-det (R (1), w1 1.

2.4, Jluneitnoe ypaBICHHE «C TPaBOIi YACTBHIO»
Ilyers mamo nuddepeunvaibHoe ypapHeHHE

dx - .
—r=At)x+B(1), (2.4.13
rae A (1) m B (¢) umetor ToT ke cambiil cmbica, uro u B m. 2.1. Ilyers
R (t, ty) — pe3oJbBeHTa COOTBETCTBYIOIIECTO OAHOPOLHOTO ypPaBHEHHA
(cm. Teopemy 2.2.1). Meroa BapHamun IOCTOSHHEIX COCTOHT B TOM, UTO
MBI TIOJIaTaeM

z () =R (@t to)-y () (2.4.2)

U paccMarpuBaeM B KadeCTBe HeM3BecTBOH QyHRIuU y () BMecTo z (£)
lonra ws orumx QyHKOHH onpejenser ApyTyw, Tak kar R (£, to) €
€ Isom (F; E)). lopcrasum sripaskenue z (¢), DOJdyderroe ¢ HOMOUILIG
(2.4.2), 8 (2.4.1). Torma

&Sy O+ R L =A@ 1)y O+ R
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ooCKOIBRY R (¢, t,) ABusercs pemenmeM ypaBuenus (2.2.1). IToxcraBum
310 sHaveHme dr/dt B (2.4.2). Ilocne npeoGpaszoBanuil MBI IpUEM K ypaB-
HEHUIO

R(t, to)- 2 — B (1)
WM, TOCKOABKY R (¢, to)™ = R (i, !), K 9KBUBAJIEHTHOMY YPaBHEHKIO

d

ZL=R(ty, 1)-B(2). (2.4.3)

910 ypaBHenme HaM upefcronT pemuth. OHO BEIpaKAaeT TOT (aKT,
aro ¢yuKkOmua y (f) saABaAgerca NpuMUTUBHON naa R (i, 1)-B (b).
B cuny (2.4.2) mmeeM

xy =z (to) =R (ty, 2o) ¥ (L)) =Y (10),

OTKYJa

v () =2+ | R(to, 7)-B() dr

IozcraBum y () u3 mpegrylero paBencTsa B (2.4.2) u 3aMeTHM, 470
t
R, to)-SR(to, 1) B (v) dv =

to

(R (t, )R (to, V)-B (x) dv =

Sy

R(t, ©)-B(r)dt

Sty ~

B pesyapraTe MB HOTY9HM, UTO

t
2(t) =R (1, to)- o ﬂﬁ(t 7). B (v) dv (2.4.4)

)

ClleffoBaTelbHO, PE30IABBENTA OJHOPOAUNOr0 YPABHEHHS II03BOJIAET
pelluTh ypasHeHue ¢ DNpaBoit gacTeio (2.4.1). 3amerum, uro npasas
qactb (2.4.4) mpeacraBiser coGoit cymMmy JABYX ¢yHKouii: mnepBas
R (1, tg) -zy ecTb «oblmee pemeHue» OJHOPOAHOrO YpaBHEHHs, a BTOpas

t
S R(t,1)-B (1) dt (2.4.5)
o

ecTh pemenue ypaHenus (2.4.1), ofGpamalomeecs B HYJIb OpH ! = I
STOT pes3yabTaT BIOJHE COOTBETCTBYET TOMY, 9TO MBI OTMeYAJIN B Hadgale
n. 2.1. Tlomydgennoe pemmelide aunelino 3sagucum om gPynryuu B (1).
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SOt

2.5. JlnmeiiHoe opHOpOomHOEe An(epeHHHATBLHOE  ypPABHEHHE  R-TO
MOPsAAKA

[TepedopryyaupyeM mpefgpiymue pe3yabTaThl A CAydYail ypaBlIeHus
n-ro mopagka. Haumem ¢ mumeiinoro oAIopojHOTC ypaBHEHHA

n. , . ypar
= A0 + A ()t Ay () ey =
n—1 .
= 2 A;(t). (5; (HOJIaI‘aH %: x) , (2.5.1)
i=0

rae z (t) — meusBectuas ¢ysrnua [ — E (E — GamaxoBo mpoctpai-
CTBO), «KoBPPUIIEHTRY A; (I) — 3afaBHbe HenpepbigHble GYHRITAT
I —- £ (E; E). Cayuait n = 10511 HaMH TOJBKO 9TO paccMoTpeH (. 2. 2).
Obrmuit crydail CBOGUTCS K HEMY B pe3ylbTaTe Iepexona K CHCTEME U3 1
JUHefH X OMHOPONHBIX AuPPepeHIUANbHAX YPaBHEHIN ¢ k HEH3BeCT-
TTLIMH QY IRITHAMA

() =20 (1), 2 (&), " (@), ... a™V(t),

OPUIHMAIIUMM  3HAUEHHA B IIPOCTPAHCTBC E u YHOBJIETBOPAOINMI
cIIcreMe

dzx , dz’ ” dxr(n—2) (-1
W TE T T e T
(2.5.2)

L A1) w A A ()2 Ay ()2

ITY CHCTEMY MOMIIO paccMaTpHBaTh KAK ypaBIeHHe IS OITOH Hen3-
BectHOl ¢ynriun X (¢), 311a9eHHA KoTOpoil JesmaT B IpocTpalicTBe
E"=FEx...xFE,

n pas

IpUYeM ee KOMIOHeHTAMMN ABJIAIOTCA (yHKIHN
z (t), 2" (1), ..., D ().
Taxwn oOpasom, cucremy (2.5.2) MOMRIIO 3aIUCATL B MATPUYHOM BUE:

dX
- =4)-X,

rae 4 (f) € £ (E"; E™) — matpuna u3 r ¢Tpok U B cTonbuos [smemMentH
MaTpHIH JdexaT B mpocrpanctee L (E; E)l:

0 1y .. ... 0
0 0 1y ... 0
A =1 . (25.3)
0o 0 0 1p
Ap(t) Aty Ax(t) An-y (t)

10—743
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Ilycte B (¢, ty) — pes3oInBeNTA 3TOT0 YPABHEHISI; OHA TakyKe ABISAET-
cA MaTpuiell ¢ n crporavy ¥ n croabmamu. OGosuauliM Yepes

RO (tv t0)7 Hl (t, Zf0)7 LR jfn—l (f’ tO)

3JAGMEHTH ee 11ePBOI CTPOKI.

Peuenite namero ypasucuna X (¢) = [z (8), z’ (1), 1“"‘1’(1.‘)], paB-
aoe Xg= (g, Zp, ..., 2 V) upu t =1t,, sajaerca (I)up\n J01
2 (t) =Ry (t, to) - Tg-= Ry (t, Lo} = ... Ruoy (b, L) 2™ =
leﬂi
= DR tg)- 2. (2.5.4)

=0

Juddepeunnpys mo ¢ papemcrzo (2.5.4), moaydaes

n—1
diz (9 1) [
— A7 .z T
= 2 Ry (L, ty) oy, (2.5.5)
1==1)

e uepes RY (¢, ty) obosnavena j-A npoussoguad ot IR (¢, &), Taxm
00paB0M, MATPHIIA-PEBOIbBRITA T1MeeT B :

1i R
Rt to,:[(—;—‘(z ”JU_;: - (2.5.6)

dnR; d R; . ’
—= X () o — = <i<n— 1 ! D7)
T Z Aty e — 0<ig<n—1, | (2.5.7)

7=0 t

I

& IRUNTIBHLIE YCJA0BHI 3a0UUiyTCSA B BHIC
f] /{ )
LI (b 1) =81y 1 (2.5.8)
[z

3averiia, 1ro npi b= fo sarpuia (2.5.6) copuagaer ¢ e;unumuoil Marpu-
weit. Tawmyt obpasom, 1) wawdas dyneyus I (1, to) €L (£; E)
aeanemest pewwenusm Oudgeperyianviiozo ypasiernus () 5.7) n-z0 nopadka;
2) nauaavile yerosus 0as InL020 PELLERILR, MAK Jice KaK W 04 €20 npous-
00wz Jo nopsdra n — 1 eraouumenvio, npu t = tg3udaomes pasen-
cmson (2.5.8).

Hecaenyer wacrnuiit cayuail, worjga £ — BERTOPIOE TPOCTPAUCTBO
passepnoctn 1. Ilyers £ =R B jeficrBuTeabiion ciydae (COOTBeT-
creeuno 2 = € B rommaexcnom). Torma A; (f) — ancaossie dyurmamn.
OGozuaanm ux gepes a; (1). Hante maddepenunmanpuoe ypasueine npu-
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MEeT BH]I
e di (2)
ny . 1(1
o = ) @i(2) — (2.5.9
i=0

rje nemspectnasg QYOKMUA & (¢) HPHINMAET YHCI0Bhe 3Haterus. B arom
ciaydae MaTpIma-pesoavBenta R (f, ¢y) — 370 00BIYHAA KBajparvas
MATPHLA HOPAIKA 7, 3TEMEHTAMH ROTOPOH CIyrKat THCJAOBbE (yVHKMUE

(t, to);l.

“dir;

R (2, to) = [‘

di

Rasaa dyuruus r; (t) AsaseTca pemicHHEM YDaBHEHUA
n—1

dnry dir;
a2 0 G
i—o

e 1343
VIOBICTBOPSIIOUIAM  TIRUAAbEEIM  yeadosmam  d'ri/dt = 8;; (upm t==t,).
Odiee pemenme ypaenenust (2.5.9) umeer nui
n—1
A 0
x{ty= > ri{t, L) -xP,
1=
Taxny ofipazom, npi GuURCHpoBanioM ¢ty GVORUEH r; (f, ty) o6pasyior
fiasuc B BEKTOPIIOM TpocTpanctse peirenuit ypasuensa (2.5.9), upmaen
PABMEpPHOCTh dTero mpocrpavcrsa pasia n. lpu arom

- Jirs .
Py - de g ¢
del 1 (1, £g) — det [ o (t, «0)}

IHpnyenun & sToMy Bipamentin cootnomenne (2.3.1). Mot noayun,
aTo
Trd ()= an,©),

OTTIY 1A

det [ dry (1, tO)J =exp \ anoy (T)dT. (2.5.10)

dii

Sy

Ilcrasem, aro mocme/iriee BMDAMKenIle PapHoO CIPEASTHTENI0 JHAeHLOro
npcofpasepalins, KOTOROE LCPEROAHT CTPORY

z (70)7 .’lll (,0)* e ey 1"”-1) (tO)
B CTPORY
z (8, 2" (&), ..., ™D (@)
[nag awbozo pemenuss zx (I) ypasnenwa (2.5.9)]. IHedicreutensiio, pac-
caoTpuM n pemiennit x; (4), . .., z, ({) ypasuemus (2.5.9.). Torga
10*
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oupeeTuTeNhb
(1) 2(1) ... a0 ()
I ORI et )
Zo () Zh(D) ... 270(1)

HA3LIBAIOIUNCH 8DOHCKUAHOM CUCTEMEl, PASCH NPOU3BEOCHUI0 €20 HAUEHUS
npu t =ty u onpedeaumean (2.5.10), KOTOpPHIL CTPOro MONOKHTENEH.
B wactrocry, eciam BpOHCKMAH CHCTEeME! 00paIiaeTcs B HYJIb LHpHU HEKO-
TOPOM ty, TO OH paBeH HyXI0 mpH Jai06oM ¢t. OTciofa BEITEKAeT, 9TO TOT/A
MMeeT MeCTO JWHeilHoe COOTHOIIeHME

n
3
> ez (t) =0
i:i
¢ TOCTOAHHBIMA K0d(PUIHENTAMH ¢;, CPEAU KOTOPHIX ile BCE PABUEL HYJIIO

2.6. Jluneiinoe quddepeHnuanbHOE ypaBHEHHE N-TO MOPAAKA C IpaBoii
4aCTBION

PaccMoTpuM ypaBHeHHe BH/a

dnz

n—1
diz
- =i§) Ai(t)'W+B(t)’ (2.6.1)

rie 3HaUeHHA HemsBecTHOM ¢yurumu z: [ — £ nemar B GaHaxOBOM
npocrpanctBe K, roaddunuentot A; (f) cyrb uenpepbiBHbe (YHKITUE
I > Z(E; E), a B (t) — sagaudass wenpepwuBuas ¢yuruusas I — E.
Ilpumennn pesyasTaTei . 2. 4 g cucTeme AUGGCPENTUAITBIBIX YPABHCHUI

dX
X =a@-X+C),

rae matpuna A4 (¢) 3amaerca dopmymoit (2.5.3) u
0
0
B (¢)
Torga obmee pemenue ypaBHeHHsa (2.6.1) mpemcrtaBiser cofoit cysary
o0mero pemeHdsi COOTBETCTBYIOMEr0 OXHOPOAHOro ypaBHemus [dop-
myaa (2.9.4)] m pewenus ypaswenus (2.6.1), ob6pawarwuyezocs ¢ Hyasb

emecme ¢ npousgodnvimu 0o nopadka n — 1 ekalouumeavno npu t = i,.
Ecau BoCmoOab30BATHCA AHAIOTOM paBeHCTBA (2.4.4) MIs HAmeEro Ciay-
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qyad, 9TO pelneHHe 3alnullerca B BHIe

Ry (t, 1) B (1) dt. (2.6.2)

Sty

N
N

Hamomuum (cM. coornomenusa (2.5.7) u (2.5.8), uro R, (¢, 1) —edun-
cmeenHoe pewenue dugdhe penyuanbiozo ypasHenua

n—1
dnsS dis
—d[—"l: E AJ (t)o -

dtl

co snauenuimu ¢ npocmpancmee L(E; E), komopoe nput = t obpawaemes

8 Hyab emecme ¢ npousgodnmmu 0o nopadka n — 2 GKAOLUMEALHO,

a (n — 1)-n npoussodnas d" ' S/dt""! ¢ smoil mouke pasna 1.
Paccemorpum gBa mpumepa.

Mpumep 1. Ilyers pgano puddepennuaibHoe ypaBHeHHE

dnz

=B

Hafinem ero pemmenme («n-10 OIPUMHTHUBHYIO» Aaa B (i), xoTopoe ofpa-
mMaeTcss B HYJb BMecTe ¢ IPOM3BOJHBIMH [0 Iopafka n — 1 BRIKYH-
TeJAbHO IpHU ¢ = to. OUeBUAHO, 9TO YHKITHA

(t—T7)n1

S(t)= (n—1n)]!

Ag

ofpamaercsa B HyJIb BMECTe €O CBOMMM IPOUSBOMHBIME 0 LOPAIKA n — 2
BRIIOUATENBHO IpH ¢ = T, a ee (n — 1)-a upoussoaumas pasHa 1z Ira
dYHKIIUA yAOBJETBOPAET OpHopoAIoMy ypaBuenuo d"z/di™ = 0. Orciona
BHITEKAET, 4TO OTHICKABAEMOE pelleHHe JAHHOTO YPaBHEHUA HUMeeT BHJ

1
[_ n-1
S nf_)i B(t)dv
to

(M me mummem 1z, mockoabky 1p-B (1) = B (1)]. Tarum ofpasowm,
OTHICKAHME N-ii NPUMUTHBHON CBEJOCH K BBIYNCJIEHHIO IPOCTCTO HHTE-
rpasa.

IIpumep 2. Pacemorpum guddepeHnraIpHOe ypaBHEHHNE BTOPOTO
mOpAIKA

d2x
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Ero pemenne, ofpamaiolieecad B HYJb BMecTe cO cBoell nepBoi lpoms-
BOANOH upH = f;, HMEEeT BUJ

1

gﬁnu—tﬂﬂﬂdn

to
Heciicrsnteasno, ¢yEkpua S(t) =sin(f—rt)-1g yaoBaAeTBOpAeT ypas-
HEHHIO

d2s

iz 75 =0

m ofpainaercd B Hyab OpH { = T, a ee OPoH3BojgHAaA panua 1g.
2.7, Jlancitroe  guddepennumaapnoe  ypasimeHse ¢ HOCTOSLLILIMM
KO3 npenTaMI

Teunepn pasGepem wacruniil ciaydall, wRorjga sajaudas (yuKUuA
Al — 4 (E; E) nocmoanic. PacesmoTprat cilauadia JRIICEH0e 6M0POLHOE
ypaslesiie

dx )

7£—=A-x, (247.1)
e A €L (E; E) — sagannas fyuriust. Moikino ¢HUTaTb, 10 31eCh
I = K. Pesoavsernma K (¢, 0) = £ (&) — vro Ppyuruna 3 - L (L ),
YAORMCTBOPIOMAT  [HGUHGCPEHILTAILIONY  yPABUe L0

dR -

=4 R (2.7.2)

g pasaabhomy yeaosnio R (0)= 1. Faitem a1ty QyHKQUIO B ABHOM
sy;ie. B ra. 1 (em. tecpemy 1.7.1) Mu onpe/iesuii sKCLHOHEUTY

1 . -
exp A=) — A" pan A€ (I E) (2,7.3)
n;ou
[ycrosunics, uto AY = 1gl. B upasoil wacti ¢rout HOPMAIbUO CXO0/1d-

myuiics psj, Tak Kak

rA™ << air.
Jlerxo Bmperh, uto QyHKIILA
R () =exp (t4) (nnat€R)
ynosrersopser ypasucnuio (2.7.2). Hocxoaexy R (0) = 15, 710 ¢yhE
unsa R (f) u Gyper pescuavrentcit ypabuenna (2.7.1). Torpa
7 Ln
nz 0
ABJIAGTCA CYMMOH crenenncro psga Do ¢ €R ¢ «xoaddummerrramuy,

upunajrexamuMa opoctpaucrsy £ (E; E). Us 1eopemn o auddepen-
IMPOBAHAA CTENEHULIX PAJOB BLITEKaeT, 4To NpomssBofuaa R’ (I) papua
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CYMMC CTENenHOr0 psaa, TOJYUCHIOI0 IOWIELHRHM ARGEepenunpoBa-
sueMm psaga (2.7.4):
tn—1

’ . n ns
R ()= 3 Goprd™ =2 rdA™
nz>A nz0

Moskno BbiHecTH A 2a cRoOKY (EappuMep, ciepa); Torjla MBl TOJIY-
9EM, 9TO
’ tn ,
R (t)=A4e(X - a") =4:R{1), v
nz0
Caeosarenstio, pemegwe ypachenus (2.7.1), papooe 1z, Tpu §=tg,
UMEET BT

‘ z (1) = exp ((t — i) A) - xg. (2.7.5)

Coornomenne (2.2.2) B aroM caywae 3aniiiercs Tak:
exp ((t — tg) A) = oxp (¢ — ;) A) oexp ((L; — ty) A).

3aMeTnM, 4YT0

exp ({t, + to) AY = exp (11A4) cexp ((.4),
U TOCKOALKY J4A HPONGROIBILINY ROMMYTHLYIONMIX vBAchcEd1anon A,
H A, uvieer Mectro perenerne Ayedy = Aye Ay,

exp (A, + Ay = (exp Ao {exp A,).
B wacriroctn, ns panencrea exp (LA4) o exp (—1A4) = 14, ouerrnuo, cae-
ayer. 9o exp (t4) € Isom (E; E).

Tenepn pacemarpust ypasiense ¢ npasoil 1acrpm:
dz

C=Ax B

B enay coormomena {2.4.4) pewienue 3Toro yparnenis, ofpamialoieecs
B UYL Npu §= 1, sazaerca dopmy.aoi

z(t)=\ (exp(t—1) A} B(1)dT.

o

>

2.8. Ypapucnne ¢ mocrosmmmbimm  woagunmentamm:  caydaii, Korpa
PasMepiloeTh NhocTpaneTrsa 1 Kodeuna

Mur orpanuaumes cayyaes KoOMRACkCH020 BCKTOPHOT0 TPoCTpalcTea K
pasyepnioern n. Pacemorpny omeparop A € L ¢ (E; E). Torpa exp (LA) €
€ Isomc (E; E). ComocraBmy sromy oneparepy A passomentie BERTOP-
HOT0 IPOCTPANCTBA I B TPAMYIO CYMMY HEKOTODHIX LOATPOCTPALCTB.

«XaparTepHCTIUCCKO®» ypaBHCURE dU0MOPPHMA A  HMeeT BW:

det (4 — A-1) = 0. (2.8.1)
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Jro ypaBHeHHe n-ii CTeIeHHM IO A, KOpPHH Koroporo (9aements mouas C)
ABAAIOTCA cobcmeennuimis 3naienuamy sugoMoppusma A. Cormacio Teo-
peme Hamambepa — T'aycca, ypaBuemme n-il cTelmeH: HMeeT n Kopied
¢ yaeroM ux EKparnocteil. Ilycrs A; — pasauunsie coOCTBeHHBIE 3HaYe-
Husa u k; > 1 — Kpartuwocti Kopueil A;. Mbr nmpegmosaraeM W3BeCTIIHIM
CefyIounil pesyabTaT, KOTOPHIl TOKa3bIBAETCA MPHUBEIeHITeM MaTpuIsl A
K TPeYroJbHOMY BHIY C IIOMOUIbI0 BEHIOOpa mopxopAuiero 6asmca B IIpo-
crpanctee E.

Jdemma. ITycmv A; — Kopenv ypaswenus (2.8.1) rpamunocmu k;,
a E; — nodnpocmpancmeo, cocmoswee us moues z € E, dan romopuz

(A—2;- 1)z =0. (2.8.2)

Tozda pazmepnocms npocmpancmea E; pasna k; (oHo comepsRuT co6-
CTBEHHHE BEKTOpHI, OTBedalolie COOCTBEHHOMY SHAYEHHIO A;), @ 6C-
npocmpaucmso E seasemces npamoil cymmoii npocmpancms E; (3meck

Dk =n).
W3 otoit temmel BoiTexkaer, uroecan z € E;, o nd -z € E;, Tax krax
(A—hi-1p)"i0d)x = (A-(A —hilg)'1) 2= A ((A— s+ 1) "1-2) = 0.

Obosuatum geped A; € £ (E;; E;) auneiinoe orodpamkenue, MHIYIHPOBAH-
Hoe orobpasxkenuem 4. Torja

k.
B aTHX ycI0BHAX OFHOPOMIIOE YPABHEHIIE
dzx
dr T =4z
ORa3bIBAETCA DSKBHBAJCHTHBLIM CHCTEMe O;THOPO/THHIX ypanHeHHﬁ
dx;
i fyea, (2.8.4)

rae z;(f) — QyHKIEU, 3UaYeHHA KOTOPLIX Je:KaT B Ipocrpauctse K.
Pemenne cucremur (2.8.4) nmeer Bup

z; (t) = exp (tA;)-u;, upuyen u; = z; (0) € E;.

Brrpaskenue pus exp (£4;) mosao yupocrurs B cuiny (2.8.3). Jlasa cokpa-
mennsa Oygem mmcars 4; — A; Byecto A; — k,;-iEj; TOTJa MBI IOJY-
9UM, YTO
exp (tA4;) = e"i'exp t (A; — hy) =
hy—1

= (L () g (A=) =M P ),

rae P;(t) — moamnom cremenn <C k; — 1 co 3HAYEHHAMH B IPOCTpAal-
ctBe £ (E;; E;). Korga u; (navanpnoe siuadenue) mpoberaer mpocrpa-
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ctBo E;, P; (f)-u; oGpasyior sexmopHoe npocmpancmeo (pasiMepHOCTH
k;) monumorzoB cremenu < k; — 1. Wx snavenus Je:rat B mogupocTpai-
cree E; mpocrpauctea E. IlofBoisas HTOT H3I0/REHIIONY, CHOPMYyIHpyeM

Hpennoskenne 2.8.1. [Jan raxcdoeo cobcmeennozo sHavenus h; onepa-
mopa A (kpamuocmu k;) odnopodroe ypasnenue
dx
—_ == A-x 2.8.5
i ( )
umeem peweHus (€O BHAQUEHUAMU, RPUHADIEH AWUMU K RDOCMPAHCIMEY
E}), romopuwe ob6pasyiom eexmopnoe npocmpancmeo pasmepnocmu k;.
Kaxcdoe us omux pewenuii umeem eud

gt
et Qi (t)v
ede Q; () — noaunom cmenenu << k; — 1 (co snavenuamu, npuradae-
scawumu k npocmpancmey E;). Beakoe pewenue ypasnenus (2.8.5) nped-
cmaegasem o060l cymmy nodo6HLLET peleniLii:

Ze Qz (2),

20e cymmuposanue gedemcs no 6cem PASAUMHBIM COGCMEEHHLIM SHAYEHUAMs

YUacruu# cayvai. Ecam xapakTepHCTHYeCKOe YypaBHellde
(2.8.1) wmeer n pasauunbIX KopHeil, To peurenue ypasuemus (2.8.5),
COOTBETCTBYIOMEe COOCTBEHHOMY B3HAUCIHIO A;, HMEeT BHUJ

e}vltcl (ciEE7 Cl‘#o)7

n ma1060e penieHHe 9TOr0 ypaBHEHUS SBAseTCH KoMOMHAamuell (¢ mocrosi-
HBIMH KO3(uITHeniTaMm) 9THX 72 JaCTHLIX perrerui.

Mparxrtuuecrkunit metong g nmaxomgenna pewenus z (&)
MBI BOCHO.IBL3YEMCS MCTOMOM [eolpefeaennsix Koagdumnmenron. Has
KasKoTO Kopis A; 3amimiey B odmen Buie monumnoM Q; (¢) crenenn k; — 1
CO 3HAUCHUsIMH B IpocTpanctse F£; [raxoil TOJHHOM OmpemeIseTcs
(k;)? wucaoBeiMu roopdumuernTanmul. 3areM momcTaBHM ei‘i[Qi (t) B ypas-
nenne (2.8.5) u morpebyen, uToOH 9T0 BHpAKEUHEe SABIALOCH PEIIeHHe)t
3TOT0 YpaBleHNUs. B pesyabrate Mbl MOIYIUM COOTIIOIIEINA A BBHIUHC-
Teausn koapdunuentoB monummosa ; (¢). Ilocae unposenenus meo6xo-
OUMBIX BBIYACAEHHN OCTAHYTCS IEOIPeIeTeHILIMA Kak pas k; xoaddu-
IIHEeHTOB.

2.9. Jluneiinoe puddepenunanbHoe ypaBHeHue NOPAAKA W ¢ TOCTOSH-
HbIMu K03 duiuesTamMmn

Hocrarouno obvemunurh pesyabrarol u. 2.5 u 2.7. Ilyers pgano
nugdepennnanpioe ypaBHeHUe

B Az A 4, R (2.9.1)

[nl’
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rae z: & — E —menspectas $yaruua u A; € £ (£; £)— 3a1amuse oTo-
Gpaskennd. [Tomoxny
0 1,0 ...0

[1: Y s (2.9.2)
00 0 ... 1

TOrIa

EXp(tl1): S e e e e e e e e e e e e e e e .

}zén~l) (Z') B;n—‘)(zt) L H:znll) ()

Penicne ypanHeHN# € fIpaBoil 4acThio

n—1
dnr 1 dix D
g A4. 5 oo
2 -—.Z('I‘vll g 1)\1'),
1=

06]»;11|f;n(‘-13:,eecu 1pu [‘ftq B OIyib ILTe CO cBOUMA OPOU3BOAIILIMY
Ad0 TO}H ke 11— 1 BILIOULTe S hilo, IIMeCT B

t
S Ruo((t—71)-D (1) dr
f‘n

Pemenust ypasuenuir, naligennsie B woune 1. 2.6, Jerko moaqyvaiorces

u3 nroll dopmy:n.

Hecaeayes Gogaee noapobuo cayndid. roeda I — pomnaercioe npocni-
pancmes E - pasmepnocmu 4, v.oe. fo-2 D Torga s goayuaes gjno-
pojiioe ypasirenie

n-1 .
dnz div . .
- E a; ——, (2.‘. 3))
din dii
=0
T ac a; € U — durenpesannsie umcaa, a z{l) — ueusmecrias §yunkIu,

UPBELNAKODRA  KOMOACKCLDIe  aUadeitll. Hy erp A€ X (U0 O —
auncfiroe orobpaskenne, sajganioe varpuges (2.9.2), B woropoit A,
gamcnenh na a;. Torga xapagrepieriigecroe  ypaBueinie

det (4 — &) = 0

CBEJJCTCA K VPABHEIIUIO
n—1

7\,”:—_: }1 (l,'}\,i. (2'9'4)
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3annckBasg yCIOBIE TOTO, 9TO 9TO YPABUCUIIC IAleeT COGCTBENIHIN BeK-
TOp AJdg snadenus A uam (coraacuo m. 2.8) uro CymecTByer pelnenne
ypasrenus (2.9.3) Bmaa

r=eM,
MBI LpHACM K cootuomwennio (2.9.4). B cnay pesyabraros m. 2.8, ecan
A; — ropens ypasuenng (2.9.4) wpartnocrn k;, 1o aAugdepeHuaibice
ypasrenue (2.9.3) wmeer k; aunefino ne3aBHCHMBX peliieHndl, Raykjoe
H3 KOTOPHIX HMEET BIT

A

e g (1).
3nech q; () — mormuoMn crenenn <l A&; — 1, IpHHMMalIIIe UNCIOBBIE
anavenna. ITH LOALIOML 06Pa3yIoT BCRTORIOE HPOCTPaNCTBO DasiMep-
nocrn Ay, Rampomy, mpomsnoabioymy  moannomy  ¢; (8 cremenwm

R it
< k; — 1 coerBercrryer pewmcnme ypasnenns (2.9.3) smpa e’ g; (2).
Wtag, MBI 10ay7acs

Iipepaosuenue  2.9.1.  Obwee pewenue odHopodHoco  ypasinenus
§ { Y
(2.9.3) uxneem sud

§: 51#7!’ (1),

2

ede q; (£) — npoussoavwil noauwion (€ wUCAOBBMU SHAUENUAMIL) CcMe-
nerni ky — 1 (k; — wparnocrn Ropus A,); a3deco cymmuposanue éedemcs
RO MHOXCECINS) DPABAUMHDT  KOPHEU ZAPARINEPUCTRUNECK020 Ypastienua

(2.9.4).
§ 3. PASJHYHLIE BOUPOCHI

3.1. OgnouapaMeTpRUECCKIC IPYRNLI FuNCEUBIX aBTOMOP(:a3MoB

yere panw Ganaxoso npocipatctio I morodpassiense 4 € £ (£ E);
Torda OTodpaskerine
t— exp (LA4) (3.1.1)

ABIHETCS HEmPCPRENHM 0TOCPayKenneM TpocTpaHcTRa R B TpynIny
Isom (£; E) amtomopdusmoB npoctpancrsa E. Taw Rax

exp ((t + ') 4) == exp (tA) o exp (' A),
to orobpaskenme (3.1.1) mpepcrasasier coGoll romoMopduay addumuesroil
epynnw R B rpynny Isom (£; E).
Obparuo, uyerhb
t— B (t)

ecTh rovomopduam aggutuBioll rpynuu ] B Isom (£, E). Ilpexnomno-
UM, 9To QYRRIMA B npunagiexur k wgaccy CL. Ilyers A = B’ (0).
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B’ (t)=1lim 5 (B(t--h)— B (1)) =
h—0
he0

—1lim & (B (k) — 1)« B (t) = A« B().
(4

Caemosarensio, ¢yurmusa B (¢) sapasercsa peimeHmeM auddepeHmmalb-
HOTO YpaBHEHUS

dB
—dT':AOB(t),

npugenm B (0) = 15. Wnaue rosops, B (f) = exp (t4).

Tomormopduam R — Isom (£; E) wimacca C! naswiBaercs odwonapa-
mempuueckoll (aAIUTHBHOM) 2pynnoll IHHEHNEIX AaBTOMODPPU3MOEB TPO-
crpanctBa £. M¥Bl TONBKO 9TO YCTAUOBWIH OuekmligHoe coomgemcmeue
Mexcdy amumu epynnamu u ssemenmanu A € £ (E; E). Yacro rosopsr,
y10 A — MHPHHHUTEe3WMaJbHOE TpeobpasoBaHHE OZHOMAPAMETPUIECKOU
[PYIIIIHL.

Hpumepn. (1) Hdua A = 1g HaxomuMm rpynny
B (t) = et : 1E’

T. €. ZPYRRY 20MOMEMULL ¢ ROAOH UMEALHUM NAPAMEMPOM.
(2) Ha maocrkoctu E = R? nycrs orobpaskenue A € £ (E; E)

3a,{IaHO MaT pHIJ,’eI/I
( )
T 1 O '

Tar war A%2= — 1, TO MB HaXo/UM O0TCIOA, YTO

B cost —sint

)=\ . ;

@ sint cos ¢

mosxydaeM epynny epaweruli minockoctt B2 (yron BpalmeHHs ¢ BbIPayKeH
B pajuanax).

(3) Bomee o6mpo, nmycrs E = R"™. Hak usBectHo, OpTOorOHAJBHAA
rpynoma O (r) — 3To rpylma TaKUX JHHEHHHX IpeobpasoBamuit
B e £ (R™; R™), uro

Bo'B = 1g.

3neck depes !B o6osmadeHo oTo0paskeHUe, mMpPAHCRORUPOsAHHOe K B
(T. e. MaTpuma 'B OTHOCHTEIbHO KAHOHUYECKOT0 (asuca B IPOCTPAN-
ctBe R™ smBAsieTcA TpPAHCHOHWPOBAHHOH K martpume B). I9To osHadaer
cremqyroiee: nycth ¢ — B (t) — ogHomapaMerpudeckass TPYIIa, COCTOA-
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mas m3 npeoGpasosanuii rpynnel O (r). Torga
B (t)o (B (1)) = 1g,
u nockoawky B (8)™! = B (—t), 1o
B (t) = B (—1t). (3.1.2)

TakuM 06pas3oM, MB YCTAHOBWIM, 9TO WHYHHHTEesHMMaiIbHOE Hpeobpaso-
Banue A4 = B’ (0) ynoBmerBopsieT COOTHOIIEHUIO

4 = —A4. (3.1.3)

O6parno, nycrs marpurma A € £ (R™; R™) obiaagaeT 9THM CBOHCTBOM
{r. e. marpuma A «awTHcmMMeTpHuHa»). Lcam MH mososrmM B (f) =
= exp (t4), To
in oy
tB(t):t(E —n!—A") = 3 h4m,

nl
nz=0 n=0

wmm 1(A™) = (*A)". Orcona
'B(t) = exp (t'4).

HUrax mb1 sugus, uro us (3.1.3) cnepyer (3.1.2). Peswonie: das moeo umobun
A 6vao ungpurumesumalbublm npeodpaszosanuer 00HONAPAMEMPULECKOT
nodepynnu. opmoeonaavioty epynnt O (1), neobrodumo w docmamouko,
umobu, A ydosaemaopaao coommowenur (3.1.3).

U3 cootnomenus B (t) o '(B (t)) = 1 nureraer, urto (det B (¢))* =
= 1, orkyzma det B (¢) = =1 (xopoiu1o u3BecTiIOe CBONCTBO OPTOrONATb-
HeIX IpeobGpasoBauuit). Ho B (f) sanasgercs uempepuBuoil (yHKIMeR f,
pasuoit +1 mpu t = 0 (rag xkax B (0) = 1g); nosromy del B (¢) = +1
upn jio6oy t. Uiade rosops, BesAKasg ogiomapaMeTpHuecKas Horpynna
rpynnst O (n) coxepmmrces B noarpynme SO (r) 0pTOroHaTbiLIx 1Ipeod-
pasoBauumii ¢ onpemequTeseM, paBunivM —+1 («Bpamenmsy).

3.2. Oopasyonaa OXHOIAPAMETPAYECKOH TPYIHIHI

B opepmpimymem nynkre paccmorpenue XuddepeHIIHATBIONO ypaB-
HeHuA

1B
S-=A<B(t)

IpPUBETO HAC K OJIHOIIaPAaMEeTPUYECKHM TPYHIAM JHHEeHHBIX aBTOMOPQHu3-
MoB npoctpamncrBa £. Pemenne sToro ypasmeuus B () cay:RUT pPesoab-
BeHTOH auddepeHnUalIbHOTO YPABHEHUS

dx
=4

¢ HeH3BeCcTHOI PyHKIHeH z (f), BHAYCHUs KOTOPOI MpHHAMIERAT K MPO-
crpaHcTBy K.
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Boaee o6mo, nycers myeercs middepeHnualpioe ypaBHeHHE

dx \
=1 (), (3.2.1)

rie f — penpepuiBIIOe 0TOGpasKenIe, JTOKAIbHO YI0BIETBOPSAIOIIEE YC.I0-
B0 Jlonrmiiga ma Muoskecrne [V = £ (£ ofosmavaer Ganaxono 1po-
crpauctBo, U -— omrpwmee muomecTBo B npoctparcte F). Momno
HITEPUPETHPOBATE oTOOpasReHHe [ Kak eermopHee no.de Ha OTKPHITOM
Muomectse 7 raskmoi Todre x € U CTABUTCA B COOTBETCTBIE BeKTOP
f(x) € E. K raxoyy guddepeniinaisbimoMy YpaBUeio  MPIMCEIMIL
obrmie peay.aprars, veramopiaennne 8 § 1. Emmiuctsennas ocofierioctr
3;1eCh COCTONT B TOM, 10 Jauras Qyuruus [ (x) xe sasuecum om t.

[Iyery gama toura zy € U 1 Tarue aucaa r, M u k> 0, 910 saMriy-
THI wap ||z — 2y || << r comepswuress 8 U 1

i@ <M wpn |z —z, (| <,

Nf@) —7j@E@) <kl —2"|| npr ||z' — =z, [T,
fa" —zo || < .

Torga gas do6oro sextopa u € F, taroro, ato |[|u — zo || << p {p < 1),
saMRuyToif map B (w, r -— 0) comepikures B mape B (x,, r). Cacgona-
Te. 16110, B ety ofmux Teopex (teopema 1.3.1 m reopena 1.7.1) ypasire-
nme (3.2.1) oGaamaet 1ma orpesse

r—o
e
CATIHCTBOIIILI  PeIlelieM
z = ¢ (t u),
YIAOBICTBOPAIOUNIM Tavainioyy yeaosio ¢ (0, w) == u, mnpiyem
14 r—g :
ot w—ul|<Mz]  wpu [t|<—7 (3.2.2)

Mu Buogmv, uro ecan [u — x| <<p<<r m t, ¥ €R raxops, u9ro
fe -+t | << (r—p)/M, To dyurmia

¢ (& @, w)
ommpegciaena M ee 3mavenInss IpHaajIekar mapy ||z — z || <.

Teopema 3.2.1. B npedvldyuyux npednosoreHusr umueem

e, u)=0(E+t,u). l (3.2.3)

Horasareancrso. [lockronbry B puddepenmumanetros ypan-
venuu (3.2.1) dyuruna f (z) 1e saBucur ot ¢, To pyuwous ¢ (¢ + ', u)
(paccyarpripaeMad Kak (YURIIA £ B OKPECTHOCTH TOUKM £ = O) sABIsieTcs
pentenien AudpepeunagIbioro ypasHeuus; ee suavenue upn [ = 0
pasuo ¢ (¢, u). Ho mpasas wacts pasemcrBa (3.2.3) — aTo peurenmne
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ypasuenua {3.2.1), pannoe ¢ (¢, «) upw ¢t = 0; rorita pasencrno (3.2
ABIACTCA CIACICTBIEM Meope il eduncimeeniocmi (tenpexra 1.8.2).

OGosmaumny ¢ (¢, u) "epes q, (u); ecau [t | < (r — p)/(2M). 10
¢ (u) Apagerca Qyurnumell wu, oumpeiercinolr upu |Ju — x5 |[ <o
ee 3iauenng ae:kat B nape ||z — xo || < v M3 teopennt 3.2.1 srreraer,
YTO MPH ZOCTATOUHO MadulX | ¢ | 1 | ¢ | MOmu0 ZOCTPUNTDL ROMIOBIIUATG
®y° ¢+ B ITApe ¢ HEHTPOM B TOUKE Iy I JLOCTATOUNO MAIBLIM DPAIHYCOAM.
Torga

Qroqy = @it ! (32/1)

B aroy cayuae roopsr, urto OyRRUIA (p ABAgETCH 00pasynuiel 0dito-
3 () ¢ Loy
napasempuieckoll (@ddumuencit) epynnvt ¢ napamen pom t e oRpecinioci
moukit Zg. Hag MBU BHAIN, 3ajanve TdepetuiuaIblioro ypaBHeiIs
(3.2.1) onpepeaseT B ORPCCTHOCTN Rawaoll Tourn ymosrecisa U/ obpa-

BVIONYIO ojromapaMerpiteckoit rpymou.  Jaimuen

~ @) = (G ().

HMrate ToBOpsi, «BERTOP CROPOCTH B 3MOMOHT £ B TOURe T = «; (u) «Tpaek-
ropuiy pasen f (z) — 3navenuio GyunRIQIn [ B TOUKe r 3aIalliioro Ben-
TOPUOTO IOJA.
Saveuanmue. Jlaa 10cTarouno NaIny ¢
Gy -y = TOALICCTREHNOE 0TOGpAIKEIITIC.

CaenoBareanno, ¢, TipegcrapisietT c¢oboil roMCOMOPOIN  OKpecTHoCTI
TOURT T Ha oRpecrnocth tounn ¢ xy). Moikio nocasarnb, u4To ecoi
[ — dynrnnsa wracca C°) 1o ¢, ectb Cl-amdideostopdima oRpecTROCTIE
TOURH X, Ha ee obpas.

3.3. Bonpoent guddepemmpyeyocrn
Teopena 3.3.1. Hycmv dano duddepenyuaavice ypasneiue

ﬂzﬂt, 2), (3.3.1)

ede f: U—FE (U — omhpbume MHONcecmeo 6 npocmparcmee X X )
ecmuv @ynryus waacca C* (k> 1). Ecau gynwyua & —= ¢ (8) aeaaemca
pewennen ypaskenus (3.3.1), mo ona npunadaeicum k waaccy C*¥L.

Hdoraszatenncrtso. [lo mpeanoaosrenino,

") =710 9 @), (3.5.2)

CnepoBareaniio, ¢ — mHenpepuiniuaa QVIRUUA ¢; Wiiade TOBOPH, (yIk-
U OPHHALNEKHT K Kiaccy O Jlohcm €M 110 HITYKOHH, YTO CC.TH
(¢ NPHHAJJICIKAT K KIACCy o (1 << h < k), To @ npUnagae;KAT K KIaccy
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C™1, Orciofa cpasy ke Gyaer caejoBaTh yTBep:ijieHHe TeopeMmbl. Ecan
¢ waacca C", 1o mpasas wactb pasemcrsa (3.3.2) sBasercs (yHrimeit
ri1acca C" B CHITy TeopeMsI 0 Ci10KRHEBIX QyHEIHAX (1. 1, Teopema 5.4.2).
B mamey cayuae sra TeopeMma IPHMEHHMA IOTOMY, 4TO OTOOpaskeHUe
(t, ) — f (¢, x) opumagmexsur k waacecy C* (tax xar h << k). Caeno-
BaTeablio, ¢ OPHHAMIEKUT K KiIaccy C", a, smaumr, pyHKIHuA ¢ upu-
Hae/KUT K Kaacey CPPL, @, T, g,

3.4. Bonpoest auddepeHnmupyemoctu: nud@epeHIAPYEMOCTbh MO HAYAAb-
HOMY 3HAYEHHIO U

Paccatorpuy cuosa guddepenmuanbioe ypasuenne (3.3.1). Mot snaem
{n. 1.10), 9T0 ecam QyHKIUA f HenpepHIBHA H YIOBIETBOPAET YCIOBHUIO
Jlunmuna mo mepemerniomy z, TO peliiexye dToro ypasuenus ¢ (¢, w),
paBioc w IpHu ! = f;, yAOBIeTBOPsAeT yciaoBmio Jlmmmmnna mo mepenerr-
HOMY w (ISl 3HAUEHHN w, GIMBKHX K Z):

fo @ w —o@ ) II<Kilu—uvl]

IToraskem Temepb, 4YTo ecau ¢ysarius f (¢, z) guddepeniupyenma
o z, To U Qpyurnusa ¢ (¢, w) puddepeurupyesa no w (celfiuac Ml 3TO
yrourunm). Ho mpemzge xopomro 6Lt onpereanuTnh o6aacmb cyujecmeosanis
pewenus t— ¢ (¢, @) OTHOCHTEJBNO NAYAJIBIOrO 3JHAYEHHS w, O6au3-
KOTO K Zg.

Ipepnoskenire 3.4.1. Ilycrs (¢, z) — f (¢, ) — Henpepblisroe omo-
Opascenue co snauenusmi 8 npocmpaicmee E, aoraavio ydosaemeopsioujee
no nepemenrony x yeaosuro Junwuya. Hycmo (Lo, 29) € U u I — rom-
nakmunli unmepsaa (ty € 1), ¢ wKomopom cyujecmeyem pewenue

- P (tv .:Co)
ypasnenus (3.3.1), ydosaemsopsiowee navaavitomy ycaosuio ¢ (ly, o) =
= xo. Ecau nopma ||u — z, || docmamouno mara, mo ¢ unmepease I

(a MoseT OHMTB, W BHC ero) cyujecmeyem pewenue ¢ (¢, w) ypasnenus
(3.3.1), pasmoe u npu t = t,.

ODowrasareuxabctso. Jua ramgolt Touxm T € I cymecTByer
oTEpHITasg okpectHocTh W, Touku (T, ¢ (T, Z,)) B mpocrpancTtee R X E
u Takue uucaa k., M., 9ro

W. c U;
|1f@ ) I <M, upu (¢ x) € Wy
f ymosierBopsier ky-yciaoBuio Jlummuna mo z.

B cuay xommakTHoCTHM WHTepBasa J CyIECTBYeT OTKDHITOE MHOMKECTBO
V — U, copepsamee Bce Touru (t, ¢ (£, z,)) [korma ¢ mpoGeraer I],
U CcymecTBYIOT Takue aBa umcaa M nm k, 410
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@ o) [I<M uwpn (¢ z2)€V;
(3.4.1)

/ ymomiersopser k-yciopmwo Jlunmunma mo x Ha MHOEecTBe V.
3ameTunM, 9TO Bcerja MOMKHO HalWTH Takoe uuciao r > 0, 970 MHOKeCTBO
V comep:ur Bce TouRum (£, ), IIA KOTOPHX

tel, Jlz—o¢(@ z)ll<r
(cmoBa mcmoskayeTcss yciaosue KommaktHOCTH). Ilyers, ¢ mpyroit cto-
poun, a > 0 — Takoe wmcmo, aro |t — ¢ | << a g t € 1.
IHoxraskem, urto ecau ewbpame u maw, umo
| — 2, || < e, (3.4.2)

mo pewenue ¢ (t, w), ydosiemeopauee HALAILHOMY Yeaosuo @ (ty, U) =
= u, cyyecmayem na gcem unmepeate I u ¢ amom unmepease yoossemso-
paem Ycaoeuio

o @ w) — @@ z)ll<r 0Oaa tel (3.4.3)

Ilycre J — mambonbpmumii maTepBas, cofepskamuiics B / M BRIOTIAI0-
muil B cebs TOURy %,, B KOTopoM pemernme ¢ (¢, @) CymecTByeT H YIO-
BiIeTBODPAET HepapeuctBy (3.4.3) (cm. reopemy 1.8.3). Iloramem, d9ro
J = I. Y6egumca, naupumep, B TOM, 9T0 npaBhil KoHer £, uaTepsana J
COBIIa/laeT ¢ MpaBbiM KoHTOM mHTepBaia /. [leiicTButrenbHo, eCIM TOUKH
t, ¥ €J, TO B cHIYy TEOPEMB O KOHEUHLIX IIPHPAMICHUAX

le( w—o@, v)I<MI|t—-10],
nockoabky || f (¢, @ (¢, w) || << M upu t € J. Cnegosatensno, ¢ (¢, u)
MMeeT IIPeNeNn I, Koraa ¢ CTpPeMATCA K ¢y, 0CTaBasCh MeHbIe f,. VmeeMm

| 24— (4, 20) |[=1H§1 ot uw)—o(t x|

1ty

Coraacuo pesyabratam 1. 1.10,

o @ u)—o x| <=0l lu—zo
(B cuay ocHOBHOH semmir 1.5.1). CnenoBarenbHo,

| 2y — @ (ts, o) || < et [fu—z]].
OTkyma B cuny mpemmosoxcenus (3.4.2)
21— @ (¢4, zo) [| Lreti1=tol=a),

IoraskeMm, d9ro {; He MoMKeT NPUHAIIERATE K eHympennocmu I. Jleficr-
BHTEIBHO, B DTOM CJydae Mo wMeauw 6o | & — &, | << @ B moToMy

”‘Zi_(P(tii ‘ZO) ”<T,

rjie ¢y — BHYTPEHHAS TOYKA HHTEePBajga, B KOTOPOM AuddepeHnuasbHOe
ypaBHenwe umeeT pemenne VP (f), Y/0BIETBOPAIIIEE YCIOBHIO

@ —¢@ z) 1<, V() = 24.
11743
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B orEX ycaoBHAX pelleHHe 1) OKashBAeTCA NPOROKEHHEM pEOIIeHHA
¢ (¢, u) 3a mpemennt wuTepBana /. Ml OHpUImMIM K OPOTHBOPEUYHIO.
[Ipenmosxenme 3.4.1 rapaHTHpyeT cymecTBoBaHHWe pemenusa ¢ (¢, u)
B KOMIAKTHOM HHTepBate ¢ € [ nas u, foctarouuo GAU3KEX K T,. Temeps
chopmyampyeMm ycmosue dugddepenyupyemocmu pewenus ¢ (¢, u) wo u.

Teopema 3.4.2. ITycmb f (t, ) — Henpeprisroe omobpascerue omKpbL-
mozo muoxcecmsa U — R X E @ npocmpancmeo E. Ilpednosoxcum, ymo
yacmuaa npoussodnas fr (t, ) cywecmsyem u HenpepwieHa 6 MOUKAT
(t, z) € U [o10 Tak, ecnm f — Pyurgusa knacca C* wa Ul. IIycmv mouka
(2o, zo) € U u I3ty — vomnakmunil unmepsar, ¢ Komopom duggdepen-
yuaabHoe ypasrenue

L _ft, 2) (3.4.4)

umeem pewenue r = ¢ (t, z,), ydosiemeopawujee HAYALLHOMY YCAOBUIO
¢ (0, o) = o Tar rar Pynryus f sokasvno ydosiemeopsem Ycioeuio
Junwuya no z (cormacHo TeopeMe 0 KOHEYHHIX NPUPAMEHUAX B CHIY
TOro, 9T0 IPOM3BONHAA fy JOKAIBHO OTpaHHIeHa), mo ypasrenue (3.4.3)
umeem wna unmepease I pewenue r = ¢ (t, u), ydosiemeopsuee ycao-
suto @ (ty, u) = u npu u, Oocmamouno OGauskom kK T, (CM. uUpemmo-
menne 3.4.1). Toz2da ¢ (t, u) npunadsexcum karx @GYHKYUL MOUKU
(¢, u) € R X E K wkaaccy C'; npouseodnan oy (t, u) Ouppepenyupyema
notu

o a9 9 lop 0

T —W—g—ﬁf(t, @ (8, u), (3.4.5)
m. e. gynkyus ¢y, (¢, w) ==Yy (t) aeasemcs pewenuenm Jugpdepenyuaabnozo
Y pagHeHus

9y

WAt woyt), vt =1z, (3.4.6)
20e

A(t, u)=f3(t, ¢ (¢, w). (3.4.7

Jdra Teopema OymeT mokasaHa B m. 3.5. Ceiluac MBI HOAYyYHM W3 Hee
pan crencreuit. Cormacuo (3.4.6), mpousBonmas oy, (2, u) Kak GyHRIUA ¢
Apnsgerca pesoaveenmoti R (¢, t,) ypaBHeHmMs

dz
71:—_ A (t, u) T,
nau unave R (¢, t,) € Isom (E; E).
Cnencreue 3.4.3. Ilpu ewinoanenuu npednoaoxcenull meopemsr 3.4.2

oy (t, u) € Isom (E; E).
[Mpumennm TeopeMy O JORAJBHOM ofpallleHMH K HpeofpazoBaHMIO

(t, u) ‘L(t, P (ta u))
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ana Touer (f, u), 6nmsrux  (ty, xy), opu mpomssoabHOM I, € /. Coor-
oIneHue

= ¢ u
0ag ¢, GIMBKUX K iy, BJAA u, ONU3KEX K Xy, ¥ &, ONUBKUX K ¢ (I, Z,),
HKBUBAJICITHO COOTHOUIEHIIO

U= (¢, x),
rie 1 mpEHAAME:KUT K Kiaaccy C'. 3areM MBI DPHXOJHM K BLIBOAY, YTO
dyurmua P npuHamgIeRuT K Kiaaccy C' mo (¢, z) B M060# ORpecTHOCTH
mHOsecTBa Touek (¢, ¢ (¢, z,)), rme ¢ upobGeraer munrepBaa /. Tarum
00pasoM, OKA3BIBAETCSH CIPaBeIIBLIM

Caegcrsue 3.4.4. Ha omrpwmom muoxcecmee U — R X E, codep-
xcawem mouru (¢, @ (t, z0)), ede t npobezaem unmepean I, cywyecmsyem
makas @Pynryus P kaacca Cl co snawenusmu e npocmpancmee E, umo
scakoe pewenue Judgepenyuaiviozo ypasuenus (3.4.4), bauskoe K peue-
nuo r = @ (¢, xy), noayuaemcs npupasrusanuem Gynryuu Y (t, x)
npou3soavroll nocmoannolti uw € E, 6auskoil ¥ x,.

3.5. JokazareabcTBO TeopeMsl J.4.2.

Bynmenm pmeiicrBoBaTh caemyionium obpasomM. Bpemem cnagama ymnk-
uuo y () — pemenme namHeiiHOro puddepeHNEANLHOTO  ypaBleNHs
(3.4.6) mas smauenns u = x,. 3aTeM HOKayKkeM, 9TO s 3uAUCHHA U,
ONUBKHUX R I,

ot w) —o@ 20) —y@):(u—=) ll=0(luv—=zl) (351)
Cormaciio onpedeaerilo TPOUSBOAIIOH, TCGM CAMLIM GymeT IOKazano, 4To
¢ (t, ;) cymectByer u paBHa ¥ (¢). Peayaprar, noxyuenubiit mis
3HAYCHIMA U = I, OYMeT COPABEIINB U A 3uadennil u, 6AIU3KEX K Z,.
Utax, MBI yCTAIOBUAH, 9TO ¢y (¢, 1) CYMECTBYCT U YJOBJICTBOPAET COOT-
nomenmo (3.4.9). Ilocse sToro maMm ocrTaercsi yCcTaloBUTH IPITHAIIEHK-
HocTh @ (¢, u) ® wuaccy C' U LpoBePUTH, 9TO HpomaBoanuie ¢ (¢, i)
u ¢y (¢, u) ABAAIOTCA HeIPePHBHLIME GyuKIUAMT aph (¢, u). OyHxrmuA

09eBHHO, HeIpepeBHA. UTO Kacaercs LIpOUBBORHON ¢y (£, u), To oma
ABJAeTCST pemeHueM nuddepenimanbaoro ypasuenus (3.4.6). IHockoan-
ry, B cmny (3.4.7), A (t, u) — HempephBHas (yHKRUUA mapu (¢, u),
TO [OCTATOYII0 BOCIONB3OBATHCA Teopemoir 1.11.1, 4robel 3aKkIHOUUTE,
uTo peurenue y ypapHenus (3.4.6) aABaAeTCA HeUpPepHBHON ¢ynKmueil
napst (2, u).

B wurore Bce cmroguTCA K J[OKasaTeabCcTBY coorHommenua (3.5.1).
IIpu ¢t = t, omo ouesmamo. B arom cyqae, mo onpenenenno, y (4,) = 15,
Tak Kar @ (&, u) = u, ¢ (t), ;) = z,. JAna ynpomenusa saumcu mono-

UM
2 (1) = ¢ (t u) — ¢ (¢ zo) —y (1)-(u — z), (3.5.2)
11*
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omycTHB # B oGosuaueHud z (¢). Orciofa MBI MOJYIUM C IOMOI[BIO IIPO-
CTHIX BEUHMCIeHui [miske Mb BMecto A (¢, u) mumem 4 (¢)], aro

2" () —A@)-2(t) =1t @ (t, W)—1(t ¢ (¢, z0) —
'—fa (tv (P(tv xo))((P (tv u)——cp(t, IO))' (353)

IIpoyasropupyes mpaBylo 4acTh, HCHOAB3YA AAA BTOTO TEOPEMY 0 KOHEd-
HpIX npupameHusax. Ilomoskmy

¢ (t7 u) = Z, u (tv xO) = Ij.
Torga mpaBas gacts (3.5.3) pasua
@ x) — 1@ o) —fi (6 2)(z — zy)

¥ ABJISETCS HOMPEPHIBION (yHRIMeH z, obpamammeiics B HyJlb IpH
z = x;. Ee npousBoguass paBua

f; (tv ‘Z‘)_ff\ (ty xi)v

OTRY/1a
17t 2)—Ff(ty, z)—fi(t, 2)-(x—zp) [ <m-[|z—z,]],
rue
m == iulg 1 ([ fx (t, A= (L — Q) x) —fi (¢, zy) || =
=, 2up 72 (2, A (2, w) + (L =2) @ (£, xo)) — fu (£, @ (L, o)) |-
3uaqur,

2" () —A @) z@) I<m-1lg(t u) — (& zo) |l

Oyurimus fr (¢, A (¢, w) - (1 — A) ¢ (¢, z,)) menpepura 1o (£, A, u).
CoretoBaTenpilo, Korga i CTPEMHUTCA K Z,, oma (BYLEYyus cmpemumcs
E fx (8, @ (¢, z4)) pasromepro no t € I u A€ [0, 1] (en. meymy 1.10.3).
Taxnmy obpason, misa samarmoro umeiaa e > () cymecTByeT Takoe THCIO
n > 0, dgro

12 () —A@Wz@OI<elol w)—¢l 2| (3.5.4)

opu || u — 2, || <M u pasg awoboro t € I. B cuay pesyasratos m. 1.10
Halijlerca Takoe amciao K, uro

o u) —e @ z) <K JJu—a | (3.5.9)
Wcnonresyss sty oueury, Mel moayaum us (3.5.4), dro
2" (&) —A ()2 () | < Kellu—zof mpu Jlu —z, || < m

3amerum, 410 2 (fy) = 0 B cmuy (3.5.2). IlpuMeHHM OCHOBHYIO JeM-
My 1.5.1 k gquddepennuarbuoMy ypaBHEHHIO

2
E:A(t)'z;
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dynrnua A (f)-z2 mo 2z yAOBIETBOPsAET G-YCIOBUIO Jlummnna, rie
a=sup | A ().
tel

Benepcreue uepasemerBa (3.5.5), z (£) ecTh UpUOAMKEHHOE pellenue
nuddepeHHATBEHOI0 YpaBHENHUS ¢ TOYHOCTHIO 0 Ke ||u — x4 [|, a To9-
HO€e pellleHMe ¢ TeM JKe CAMBIM HaYa bIbIM 3HageHweM z () = 0 pasuo
nyn0. Menonp3ys OCHOBHYIO JdeMAMY, 3aKII0YaeM, UYTO
ei=lol g
2| <Kellu—zof[- ————.
Unaue rosops, cymecrsyer tarkoe umeio K’', uro pas awo6oro ¢ € 1

hz @) 1< K'ellu—zo || mpu |lu—z, [[<.

dro osmavaer, 9T0 ||z () || <o (Jlu — z; [|). Mm moxyumam coorHo-
wenne (3.5.1), Koropoe M IyKHO GBIIO AOKA3ATD.

3.6. JuddepenunpyemMocTsh 10 mapaMerpy, OT KOTOPOro 3aBUCHT mIpaBas
4acTh AH(PepeHlnaIbHOr0 ypaBHeHHA

Teopema 3.6.1. [Tycmv dano dugdepenyuaaviioe ypasnenue

B _f(t, ), (3.6.1)
2de napamemp A usmensemes ¢ Ganaxogom npocmparncmee L. Ilpednoao-
acum, wmo Pynryus f uenpepuisna Ha omrpwmom mnoxcecmge U <
R X E X L, npoussodnvie [y (t, z, MY EZL (E; E) u fi (¢, z, M) €
€L (L, E) cywyecmsyom w sfgaslomes MHenpepuelulml  PYHEYUAMU
6 moure (¢, z, A) € U. Ilyemw (ty, x4, Ay) € U u I — romnaxmmusiil um-
mepeaa (t, € 1), 6 komopom ypasienue

d<
7‘; :'f(t7 ‘7:9 AO)

obaadaem pewenuem ¢ (t), ydosiemeopaoOWUM HALAABHOMY YCI08UIO
¢ (ty) = zo. To2da dan awbozo sHauenus u, docmamouno 6AU3K020 K Zg,
u sHauenus h, docmamouno 6auskozo k Ay, ypastenue (3.6.1) uneem ¢ 1
markoe pewenue r = ¢ (t, u, L), umo

¢ (ty, u, A) = u.
3decv Pyuryus @ (t, w, A) npunadiexcum k raaccy C' no (¢, u, A);
ee npouseoduve ¢y (8, u, ) u @ (¢, w, A) Jupfepenyupyemnn. no t u
009 _ 2 00 2 0¢_ 0 0y
ot ou  ou ot ot on — on at "
B wacmuocmu, gynryus @y (¢, w, A) cosnadaem c pewenuem z (t) aureli-
H020 Oughe peHyuaIbHO20 YPABHENLUR

% _B(t)ez1-C ), (3.6.2)
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ydosaemeopaiowum nawaaviiomy yeaosuio z (ty) = 0, 20e
B(t)="F:(t @t u, A), b),
C@) =/t ot u, b), ).
SaMerny, uTo 3Hadenusa Qyuknun z (¢) ae;car B npocrpancrse £ (L, E).

HoxasarteaxnctTso. Mu cBeleM J0KasaTeJbCTBO K IpHMe-
HCeNMIO TeopeMsl 3.4.2. Paccmorpum cucreMy gudpdepeHIHaIbHEIX ypaB-
HeHHI ¢ ABYMA HemsBecTHRIMU ymEmusamu z (£) u y (¢):

St -
I IaYaldbIbMi yeaoBuaMu z (tg) = u, y (4,) = A (smauenus Qyuriuu
y (¢) nesar B mpocrpamcrBe L). Pacemorpmm ary cucTeMy Kak 0xHO
nuddepenuaapioe ypaBleHHe ¢ HEH3BeCTHOH (yHRI(mell, npuHMMAIO-
wedl 3uadYelHs B IPOUsBeJeHHMH npocrpancts £ X L u HagaxbmsM
yeaosueMm (u, A) mpu ¢ = t;. IlpuMmMennmM K DTOMYy ypaBHeHHIO Teope-
My 3.4.2. Vs Hee caepyer, 910 pellieHue

z=0q( u, A, y=»A

ectb Qynrnuma kmacca C!' mo (¢, u, A). Teopema mokrasama.

3.7. TuddepeHinpyeMocTh BBICIIECrO MOPSIIKA

Teopema 3.7.1. Ilyemv dano dugdepenyuasvroe ypasHerue
d
=1 2,0,

2de gynryus f npunadaexcum k waaccy C* (k > 1) 6 omrpwmon muoxce-
emee U R X E X L, u nyemv z = ¢ (¢, u, L) — pewenue amozo
ypasienus, (0an t € I, 20e I — rnomnaxmuwii urmepear), npuUYeM
¢ (ts, u, A) == u (cM. Teopemy 3.6.1). Toeda Pynryus ¢ (¢, u, A) npu-
nadaexcum no (t, u, A) & waaccy C".

HJorxasaTteuanctso. [Joraimed TeopeMy 0 HEAYKIMHA. YTBep-
Aperme cmpasefauBo Aas k = 1 (reopema 3.6.1). Ilpepmomossum, dro
ono sepro g k£ — 1 (k > 2), u noraskeMm, 4To 0HO CIpaBeIUBO AJA k.
HocraTouno ybepnrsca B TOM, 9T0 IpoW8BOHbe ©; (¢, u, A), @y (¢, u, A)
u ¢ (¢, w, A) — ¢pynkmum kaacca C*~'. Jlia @} 5TO 09eBHIHO, HOTOMY
aro ¢ (¢, u, A) =f (¢, ¢ (¢, u, A), &), a ¢yurnusa ¢ (¢, u, A) npu-
Hapuexar K kiaaccy C*™l (o mpeAmosoKeHuio MITyKIHM).

Qynruua ¢ (¢, w, A) ABIAETCA peIIeHHEM YpPaBICHHA

Wt ot w ), Doy (), y(t) =1

IlpaBass wacTh BTOTO ypaBHeHHMs TpHHALIeKAT K Kiaccy C*-1 1o
(¢, w, A) (mpeamonoskenue WHAYKIWHU). 3Ha4YUT, €ro pellenne IIPHHA]-
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aexar K kaaccy C*~1, cormacmo Teopeme 3.7.1, mpuMeHeHHOH K 3TOMYy
ypaBHeHHI0 (OpenoiioyKeHHe HHAYKIHE). AHAIOTHYHO MH YCTAHOBHM,
aro QyHruma ¢ (¢, u, A) ABIAETCA pelleHHEM yPaBHEHMA

Lt @t M) Moz ()it @t u, A, A),

4TO ee 3HAYEGHHA JeikaT B npocTpanctse £ (L; E) m oHa ymoBieTBOpAeT
paganbHomMy yeaoBuio z (t,) = 0. IlpaBas dwacte 3T0r0 ypaBHEHEA
npmHAgIE:KUT K Kiaccy C*l. CiemoBaTenbHO, W ero pemieHdme IpHU-
mamre;xuT Kaacecy C*~1 mo (¢, u, A) B cmiy Teopemu 3.7.1, DpEUMeHEHHOM
K 3TOMY ypaBHeHUIO (OpeANoJIo/KeHWe mHAyKImM). TeM caMBIM JOKasa-
TeNbCTBO OKOHYEHO.

3aMmMewanue, Ha camoMm jene mpousBoAHAS WO I
@i (¢, u, ) =f (¢, @(t, u, A), A)

npuHague;xnaT K kiaaccy C* mo (¢, u, A), a He Tombko K Kiaccy CF-L,

3.8. NuddepenuuanbHoe ypaBHeHHE BTOPOro MOPsAKa

IIycrs

d2z dx
=1 (t, = %) (3.8.1)

— nuddepennuaNbHOe ypaBHEHNE BTOPOr'0o NOPARKA, rje QyHKIUA f npH-
Hagueskur K kiaaccy C (k> 1) ma orkpnrom MHOKkecTBe U — R X
X E X E, ee snauenns je;kaT B IpocTpaHcTBe E, Touka (i, o, ) €
€ U. B cuny noxasaHLIX panee 06X TeopeM HaWJeTCA TAKOH HHTep-
Ban [, copmepsxamuii BHYTpH ceb6sa TOURy 2Z;, 4To Aia ma06od mapm
(u, v) € E X E, pocratouno Oauskoii kK mape (zo, z,), CymecTByer
TaKoe (eJUICTBEHHOE) pelleHMUe

z =0 u, v), tel,
ypaBrenua (3.8.1), uro
¢ (g, u, V) =u, @i (t, u, v) =, (3.8.2)
3neck mpenmonaraetcs, 4to ¢ (t, 4, U) IPEHAJNEKUT K Kiaccy CF.

Teopema 3.8.1. Ecau mouka ty € I docmamouno Gauska x mouxe t,
L OMAUNHA Om Hee, MO 0moGpaxcerue

u, v) - (u, ¢ (&, u, v) (3.8.3)

k
asasemes C*-Ougdeomopdusmom oxpecmmocmu mouku (%o, z,) 6 mpo-
cmpancmee E X E na okpecmnocms mouru (zo, z;) ¢ E X E lanecs
MBl IONOKIIN Ty = @ (8, z4, o)l
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Hosacuenmne. TeomMerpmueckuit cmbicn 3TOH Teopembl COCTOUT
B CIeAYIOMeM: Ha MHTETrPaJblIoi KPHBOI

z = ¢ (t o z,),

COOTBETCTBYIOMEN HAa49albHOMY TOJOMKEHUI0 Xy U «HAYAJIBHOU CKOPOCTH»
Z,, OTMETAM HA9alI0 I, (IOTOMEHHe TOYKM & NpH ¢ = f,) U KoHeN {
(momosenne Touxkm z mpm = t;}. Torma ecam MBl 3amaguMCH ABYMS
TOYKAMA J, W Y;, AOCTATOTHO OJIMBKUMH COOTBETCTBEHHO K TOYKAM Iy
M I;, TO CYyIECTByeT TaKasg eJUHCTBEHHbHIM 00pasoM oOupejeneHHas
HaYalnbHasg CKOPOCTH Y;, ONAM3Kasg K Z,, 9T0 HMHTeTPAIbHAas KpUBas
z = ¢ (t, Yo, Y,) UpoOHme1 depes TOIKY y; mpu t = t;. Bomee Toro,
?Ta HauaJbHAs CKODOCTb Y, fBNseTcs QyHEmueir wkmacca C" mapsl
Yo !/1)-

HorkasgarteasrcrBo Teopems 3.8.1, Jlocratouno moxa-

3aTh, 9TO
@y (b4, Zoy ) € Isom (E; E).

B camoMm pene, Torga mpomssogHoe oToGpaskenme mus (3.8.3) B Touxe
(xq, z;) OymeT oupemensAThCA MaTpHUIEi

(" )
?ogy) ]

KOTOpas ABJISAETCA 3JIeMeHTOM MHOKecTBa Isom (E X E; E X E). Boc-
Hnonb3yeMcss TeopeMoll o JoKaabHOM oOpamenuu: oTobpakenue (3.8.3)
ectb C"-mupPeomMopduaM OKpeCTHOCTH TOUKH (zo, ;) Ha ee ofpas.
CrmenoBaTeTbHO, JOKA3aTEIBCTBO CBOAUTCHA K BREITUCICHHI0 IPOM3BONHOM
@b (t1, 2o, 23). Tlycrs

Y (t) :(P;; (tv Lo, x(;)

NsBectno, gto sra ¢yHKmusa guddepeHmmpyeMa mo ¢ W dYTO
d dp 8 99

at dv v ot

B wacraocTu, mpH i¢==1{,, cormacHo (3.8.2), umeem
9 %

gv ot

3uaaur, y’ (ty) = 1z. Kpome Toro, ouars B cuay (3.8.2),

(to, u, v) - 1E‘

aiv(P(tm u, v)=0 mn, smagur, y (f) =0.

Orcioga BhHITEKAeT, 4TO
Ny @) — @t —t) gl =0 (lty — & |)-

CuenmoBatenpno, Kak Toabko O <T [t — i, | << & (e > 0 pocrarodmo

Maio),
Ny () — @t —t) g ll<< |ty —to |,
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un noromy ¥ (4) € Isom (E; E),

n6o
y(t) = (& — &) (g + @),

rme o € £ (E; E) u [|a || << 1. Takum o6pasom, ecnm f; BHOpaHo Tak,
a0 0 << |t — ¢t | < &, TO
@y (ty, o, z,) € Isom (E; E), . T. 1

3.9. MuddepenumanbHie ypaBHEHAs, HE CONEPKANHE HE3aBHCAMOI
nepeMeHHO ‘

Mp yme paccmarpuBadm (cM. m. 3.2, ompemesenue 006pasyromeit
OJlHOTIapaMeTPUYeCKONX rpynmbl) audpdepeHIHanbHbEe YDPaBHEHHA BH/A

& —f@), (3.9.1)

rae yHKIUA [ NpEUAAAIERUT K Kiaaccy C' Ha OTKDHITOM MHO3KecTBe U
f6aHaxoBa IpocTpaHcTBa E.

3aMeTuM, UT0 ypaBHeHme o6Imero BHAA MOKeT GHITH CBEJIEHO K HTOMY
qacTHOMY ciayuao. Pacemorpum muddepennmanbHOe ypaBHEHUe

L =1t a). (3.9.2)

ComocrasuM emy cucremy guddepeHIHANBLHEIX YypaBHeHHHE (¢ AByMA
HEMBBECTHHIME (DYHKOHAMH & U ¢ OT AefCTBHTENBHOTO II€PEMEHHOTO U):

S —fta), 2y (3.9.3)
[smagenus ¢ (u) mpmmagmeszar k momio R, a 3Hauenua Qynrouu z (u) —
K Gamaxory mpocrpancTsy E] u sajagumcsa ciegyoOMMMA HAYaIbHBIMU
YCIOBHAMHA: HOTpebyeM, 4TOOH LpH U = t, IHepeMeHHoe ! IPHHHIMANO
3HadeHme f,, a TMepeMeHHOe x — 3HaYeHHe Z,. Torfa { = u, a QyHKIHUA
x (u) — sro pemeume z () ypasmenma (3.9.2), npuHEMapInee 3HaYe-
HHEe Z, OpH I = ;.

Bepuemcs ® ypasmenmio (3.9.1). Ilycrb gamo ero peineHume z =
= ¢ (¢). Wayaum mpaexmopuio touxu ¢ (f) B mpocrpancTee £, T. €.
o6pas orTobpakennsa ¢ Ges ydera ero BaBHCHMOCTH OT Lapamerpa I.
Ecau zy = ¢ (¢y) u ecnu f (z5) = 0, To, KaK H3BeCTHO, pemenue ¢ (z)
ROCMOAHKO B CHIY TEODEMBl eHHCTBEHHOCTH ANA AupGepeHIHaTbHOro
ypareenus. Paccmorpum caydait, worgza f (z,) =% 0.

Huna upocrorer mpegmonomxum, uro £ = R®, u uyerb 4y, . . ., & —
KoopamHaTtel TouKuM Zz € R™; @y, ..., @, — KOODJAMHATH HaJanbHOH
Touku z, € R". Torga ypasuenme (3.9.1) momker GHITH 3aMEHEHO CHCTe-
Mo#i ypamHeHHil

i fi(zy, ovm),  A<i<n, (3.9.4)
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ITo mpexmososkenuio, mo Kpadmedl Mepe ogHa W3 PYHKOUA f; B TOYKe

(ay, ..., a,) OTIMYHA OT HYJIA; AIA ONpPEJeTeHHOCTH IPeJI0N0KAM,
910
fa (@1, « oy @) 5= 0.

Torga cucrema (3.9.4) B HEKOTOPOH OKPECTHOCTH TOYKE (dy, o . ., &)
JKBHBAJNICHTHA CHCTEME

dx; i (z

2 S LA C) o 1<<ig<n—1,

dzp fn(2)

a1

dzp fn (2) )

B sro#t oxpecTHOCTH paccmaTpuBacMas TPaeKTODHA MOKeT OBHITh 3ajaHa
€ DOMOHIBIO CHCTeMEl TufdepeHOHAIbHBIX yDaBHEHUH

v i (@) 4

_1i@ oy cien 9.5
Ton = T @ st<n—14, (3.9.5)
¢ n — 1 Hew3BeCTHHIMU QYHRIMUAME Iy, - . ., Tp_y OT HEPEMEHHOI'O T,
OPHEAMAOMUMA HadaJdbHee 3HAYeHHA (Qy, . .., Gn_y) OPH T, = d,.

CrnenoBaTenbHO, T, MOKHO paccMaTpPUBATh KAK «IapaMeTo» Ha KPUBOU
trpaexkTopuu. Hakomen, cooruourenue

dt . 1

n - fa (2)

3afjaerT ¢t Kak QYHKOHIO T, ¢ MOMOIIHI0 KBAApPaTyPHL.

Ecau mac wmHTEpecyeT TOABKO TPAEKTOpUsA, & HE «3aBACHMOCTH OT
BPEMEHH», TO MOCTATOYIIO PACCMOTPETh CcHcTeMy ypaBreHHH (3.9.5)
B OKpecTHOCTH TOYKH (ay, ..., @,). Takag cucreMa YacTO B3aMHCH-
BAETCS B BH[E

dry  dz, — _ dzp,

1@ f2@ T T
B sT0ii 3anmcu Bce KOOPAMIIATH PABHONPABHH, HO QYHKIUA fi, .. ., fp
(vmacca C') He pgomkHEL 00pamaThCs OJHOBPEMEHHO B HYJb B TOYKE
@y, -« o ay).

Hepeiizem & Gomee obmemy caydaw. Paccmorpmm cucreMy nudde-
peHIMaTbHEIX ypaBHeHm‘j BHAA

(3.9.6)

2 cij (z)——‘-_O 1<ign—1, (3.9.7)
i=1
rae c¢;; (r) — 4mcnoBeie Qyurguu Kiaacca C' B OKDPECTHOCTH TOYKH
@i, ..., @), a paur marpunst {c;; (r)} pasex n — 1 B TouKe (ay, ...
. . . a,) [u, cremoBatesnbmo, B m060# TouKe, GAUBKOH K oTOH TouKe].
Taxas cmecremMa 9acTo 3alUCHIBAETCA B opme

2 cij(2)dz;=0, 1<i<n—1. (3.9.8)
i=1
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Pemenne cucrems (3.9.8) ompemensier B okpectHOCTH (a4, . . ., Gp)
HeKkoropylo KpmByw C < R™. IJra KpuBas 3aJaeTcA OapaMeTPHIeCKH
B Buge = = (21 (), ..., 2, (t)), rTHe ¢yEKIHEE I; (f) YEOBIETBOPAIOT

CHCTeMe YpPaBHeHHH

cij(z (@) i (t)=0, e 1Lign—1,

Tnas

7

KOTOpPAsA COCTOUT U3 7 — 1 OJHOPOAHBIX JMHHEHAHBIX COOTHOINEHMA MEKIY
xj = dz;/dt 1 3KBUBaJeHTHA (B CHIY TPE/IONOKEHUA 0 PAHre) CHCTEME
Buga (3.9.4). Bymem roBopurp, dro coorrHomenusa (3.9.8) oGpasyior
cucteMy pnuddepeHN@aNbHBIX YDPABHEHWi, DEIIEHHEA KOTOPOH ompene-
JAA10T TpaexkTopmm cucreMmbl (3.9.4). 3amMeTHM, UYTO PpEIIEHHA CHCTe-
el (3.9.8) aBasiores peumenmaMu cucereMsl AuPQEPEHIMAIBHEIX ypaB-
menmit (3.9.6) (f; He paBHH HymWw ogHOBpeMeHuo). Ilockomsry C —
nomobnas TPaeKTOpHs, TO 9acTO TOBOPAT, 9TO JEeBble YAaCTH CHCTEMBI
{3.9.8) o6pamarorca B Hyxs Ha C.

Tarum 06pasoMm, TeopemMa 0 IOKAJTBHOM CYIIECTBOBAHNU W €UHCTBEH-
HOCTH PemIeHWs I03BOJseT m3ydaTh cucreMnl Bmaa (3.9.8) B cayuzae,
KoT/la panr marpmiwl {c;; (r)} paBex n — 1.

Cnywa#t, Korga BcCe fi,....,f, obOGpamaliTcs
ONNOBpPEMEHIO B IYyab. lakaa CHTyallua mMeeT MECTO B HEKO-
Topoii TOYKe, Tfie paHT MATPHIB K3 KoapduumentoB cucremsr (3.9.8)
cramosurca menbire <<n — 1. Torma x cucreme (3.9.6) ne mpumenmma
TEeOpeMa o0 JIOKAJABHOM CYIIeCTBOBAIIMM W eJMHCTBEMIIOCTH DeNIeHU.
Opnako ee MOyKHO UIpuMeHHTH K cuereme (3.9.4). Ilpm ooy Tpaerropusd,
BRIXOJAMAA u3 TOYKH (&4, ..., @), OpeBPamiaeTcA B TOUKY, Korja
dyurnua fy, .. ., f, obpamanorca B UyJib B TouKe (a4, - . ., a,). lloxa-
JKeM Ha IpHUMepaX, Kak MO3keT OLITh YCTPOEHO MHOYKECTBO TPAGKTOPHIl
B OKPeCTHOCTH TOYKH (&4, ..., Ap), B KOTOpoi#l Bce PyHKRIUH f; obpa-
mMAalTCA OJHIOBPEMEHHO B HYJdb. Pacemorpum cayuai n = 2. Ofo3Hagum
4epes r M ¥ KOOpauHATH B Imiockoctu R2, Brfepem Touky (as, . . ., a,)
3a Hagaio wxooppuuar. llockomsky n — 1 =1 npu n = 2, 10 peun
uaeT o0 M3yYeHUU TPAEKTOPHA ypaBHeHUA

a(z, yyde+ b(z, y)dy =0
B OKPECTHOCTH Hadaja KOOpJUIIAT, eciim B 3To# Touke ofe QyHROUZ
¢ u b, mpuHajiekampe K Kaaccy Cl, paBHbl HyJIIO.

Dpusmep 1. Paccmorpum ypasnenue zdzx + ydy = 0. Ono sKBH-
BAJEHTHO CHCTEME
dz

Ydy
EZma AN s
KOoTOopas, KaK HM3BECTHO, IOPOKJaeT TPYINY BPAMEHHN IJOCKOCTH!
X = x5c08t — yosini, Yy ==xosint 4 yycost.
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TpaeKTOpPUM NPENCTABIAIT COOON KOHIEHTPHIECKNE OKPYRHOCTH C TIEHT-
poM B Hadaje KOOPAMHAT, KOTOPOE B CBOIO OUepefb ABIAETCHA TPACKTO-
pHuelf, BEIpOAUBINEiCA B TOUKY.

MpuMmep 2. YpaBHennme zdy — ydzr =0
DKBUBAJIEHTHO CHCTEME

dz dy
ar =2z, ar Y,
KOTOpas IOpOJKaeT I'pYIOy TOMOTETHIi:
r=xe",  y=yee'.
Pae. 2. TpaexTopuu IpeacTaBAAIOT co00il MOJXYyOpAMEE,

BHIXOAAIIMe M3 Havajga Koopauuar. Gamo mHavamo
KOOPAWHAT ABJIAETCA TPAaeKTOpPHWeH, BHPOAUBINEHCA B TOUKY.

Mpumep 3. lycrs mauo ypasuenue xdy + ydr = 0, OHo 9KBH-
BaJIEHTHO CHCTEMe

dz dy
@ T w T Y

KOTOpad IIOpOoK/aeT OJHOIapaMeTPUUYECKyI0 TpPYHIY:
t )
T=2Zp", Y=Y .

TpaexTopuy UPEACTABAAIOT co0OH BeTBM pPABHOOOYHHX TIumeploi,
ACHMIITOTAMH KOTOPHIX CJYKaT OCH KOOpAHIAT, U, KpoMe HUX, HeTHpe

~

Puc. 3. Pnc.

TOJYOCH KOOpAUHAT. HaKOHeII, CaMO HaYaJ0 KOOPAHUHAT — 3TO TPaeK-
TOpUA, BEIDOJUBIIAACA B OJHY TOYKY.
CTpemm Ha pUCYHKaX YKa3hBalOT HalpaBJIeHHE BO3pacTauuA Iapa-

MeTpa I.
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3.10. Dnddepenupmaapubie ypaBHeHHs, «HE Ppa3peIIEHHBIE» OTHOCH-
TEIBHO Y’

He ctpos o6meit Teopum, MBl OTPAHMYMMCS YKA3aHMEM HECKOJIBKUX
Ba/KHBIX PE3YIBTATOB B CaMOM IPOCTEHIIeM cjlydae YpaBHEHMs HepPBOTO
mopANKa ¢ HEM3BECTHOH (QYHKIUEH y OoT mepeMeHHOro z (3[eCh y U Z
IpeqmoNaraTca AefiCTBATeIbHBIME HepeMeHHBIMH). PaccMoTpuM ypas-
HeHHe BHUja:

F(z,y, j_i) —0, (3.10.1)

rae F (z, y, y') obosuauaer ¢ysrumio kiacca C* (¢ YHCIOBEIMH 3Ha-
qeHHAMH) Ha OTKpHToM MuokectBe U < R3. Mwl Oymem pemars cie-
IYIOIMYI 3a7a4y.

Hana Touka (Z, Yo, ¥;) € U, B roTOpoOil F (20, Yo, y;) = 0. Hapo
HaWTH Taxoe peimenuwe y = ¢ (z) ypasuerua (3.10.1) co sHavenmamnm
B R, mpumEagieskamee K Kaaccy C' B OKDPECTHOCTH TOUKH Io, UTO

¢ (Z) =Yo, ¢ (Z)=1y;, F(z,9(x), ¢ (2))=0. (3.10.2)

3ajaua CBORWUTCHA K OTHICKAHWIO CHCTEMHl M3 JABYX QYHKIHWEA y u y’
or z (naa z, OIU3KHEX K Zp), PABHEBIX COOTBETCTBEHHO Yo U Y, OPH T = X,
U YAOBIETBOPAIOIINX CHCTeMe YpaBHEHHH

I3 dy ’
F(‘Tvy;y):01 E:y'

Msr pacemorpuM HeCKOJBKO Gojiee o0Iy0 sagady: OymeM MCKATH mpu
dyuRImy z, ¥y, ¥’ OfHOTO H TOTO jKe MEPEMEeHHOTO ¢ (e YTOTIHIEMOTO
3apamee), YilOBIETBOPAIOMNE HAUALbHbM 3HaAYeHUIM x (Lg) = Zg, Y (to) =
= Yo, y'(to) = y, 1 cHCTeMe ypaBHEHHI

F(z,y, y)=0, dy —y'dz = 0. (3.10.3)

Ilocnenmee ypaBHeHHe osHaudaer, uro dy/dt — y'(dz/dz) = 0. llocae
TOTO KaK IIOCTaBJIeHHAd 3amava Oy[AeT pemieHa, MHL BO3bMEM B KadeCTBe
{ B 3aBHCHMOCTH OT CHUTYallMHd OJHY W3 BEJIUIHH Z, Y, Y (9TO MBI yTOU-
HOM HEeCKOJBKO mo3fHee). 3JaMeHHM cmemanuyio cucremy (3.10.3) cucre-
Mol JHupPepeHInaIbHNX YpPaBHEHNHR:

aF

oF oF ’ ’
- dx’{"a—ydy+’?)7dy ==0, dy—y' dz=0.| (3.10.4)

Eeaim {z =2z (), y=y (), ¥ =y ()} — pelmenne oroll cucTemsl,
opudeMm z (to) = o, Y (L0) = Yo, ¥ (to) = Y;, TO CHOKHAS PYHKIMSA
F(z(t), y (t), y' (¢)) 6ymer mocTosAHHON, MOCKOIBKY MPOM3BORHAsA OT F
mo ¢ pasHa Hyao. Tak Kak HavaJbHOe 3HAYEHHE dTOM (PYyHKITHH PAaBHO
HYJ0, 9T0 W caMa QyHKOus ecrb Hyib. ClegoBaTelbHo, QYHKIHA £ =
=z (), y=1y @), ¥y =y (t) onpegensiior pemenue cucremsr (3.10.3).
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WTax, MEl 3aMEHHJN HEePBOHAYANBHYIO 3aRadYy (OTHCKAHHUe pelleHHs
ypasrenusa (3.10.1), ymoBnerBopsiomero HadaJdbHHM YCIOBHAM I (fg) =
= o, ¥ (to) = Yo, ¥ (to) = y,, AaA xoropuix F (zo, yo, y,) = 0) Gouxee
obmeli 3amadedl: OTHICKAHWE pelmeHUH CHUCTeMBl AHddepeHTmaTIbHBIX
ypasuennit (3.10.4) ¢ Temn ke Ha9ANBHBIMH YCIOBHAMH.

Cucrema ypasuennit (3.10.4) sABasercA YacTHHM CJIydaeM CHCTEMBI
Buga (3.9.8) ¢ Tpemsa umepemennbMm z, ¥, ¥’ . Marpuma roaddummenton
3TOM CHCTEMBLI MMeeT BM[:

oF  9F  oF
dx dy dy’
-y 1 0

Ecnu pane atoit MaTpuIhl paBeH 2 B OKPECTHOCTH TOYRH (Zy, Yo, Y, ),
To cucrema (3.10.4) sKBUBaJeHTHa cHCTeMe

L. N — (3.10.5)

OF /8y’ — y' (6F/ay’) ~ OF/oxz-y’ (0F/oy) ! i

npudeM BCe MPU 3HAMEHAMEAs He 00pawanmces 8 Hyadb 00H08peMeHNO.
Takum ofGpasoM, 3afada cBefeHa K PacCMOTPEHHIO cuCTeMH Buga (3.9.6),
KoTopas Opia m3ydena Brime. CymiecTByeT ABa Pa3IMIHBIX cJayuas (Ko-
TOpHIe, BIPOYEM, He MCKINYAKT oWl JPYroro):

Mepeswmit cayuaai: dF/y = 0. Torma momkuo BmbpaTth 2z
B KadecTBe IepeMeHnoro, a cucrema (3.10.5) oxassisaerca sKBUBAJNEHT-
II0H CcHCTeMe
y o dy’ AF /x4y’ (0F/dy)
=Y iz = ar 0y
(oGpranas cmerema muddepennUANHILIN YPaBHENHMHA ¢ ABYMA IEHU3BECT-
upME QyHKOuaME y 1 Y’ oT z). B arom caydae MOMKHO UPUMENUTH Teo-
peMy O HeABHHIX (YHKIUAX K ypaBHENHIO

F(z, y, ') =0,

KOTOPOe B 9TOM clIydae MOKHO 3aMeNNUTh ypaBHenueM BUja y' = f (z, y}
B OKDECTIIOCTH TOUKH (L9, Yo, Ys). LaRUM 06pa3oM, MBI HPHLLIH K KJac-
CHUECKOMY CJIYyYalo, AJA KOTOPOr0 HMeeT MeCTO JIOKaJIbHASA TeopeMma
CYIMeCTBOBAHUA M eJIUHCTBEHHOCTH.

Bropo#t caywaii: 0F/0x + y (0F/dy) = 0. Torma MoskHO
B3ATH y B KauecTBe mepemennoro, m cmcrema (3.10.5) owasmBaerca
9KBHBAJIEHTHON cmcTeMe

dzx oray’ dy y' (9F/ay") (3 10 6)

dy’ = T 9Fjoz+y' (0Fjey) ' dy’  dFjez+y (aF/dy)

3rech mpaBpie 9acTH ABAAOTCH QyHKOMAMH Kiaacca C! mo (z, y, y').
Ilpumensia NOKaZBHYIO TEOpeMYy 0 CYmECTBOBAHMM H eIUHCTBEHHOCTH
pelleHus, Mbl MOXYIEM Z W y Kak QYHKUEH ¥, paBHbe COOTBETCTBEIHO

ro | Yo mpu y' = y,.
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Jacrtruwmi cuayduai. Pacemorpmm ypaseenme z -+ yy' = 0
¢ HadaJAbHEMU ycaoBEamu zo = 0, yo, = 0. Torpa 9F/dy’ = y B Touke
(Zoy Yo, Yy) oOOpamaercas B wuyab, a 0F/0z + y' (0F/dy) =1 + y'*
oTamuHO 0T HyIs. ExwactBennoe pemenume cuctembl (3.10.6) mmeer Bup

=0, y=0

(yERKOEN T ¥ y mepeMeHHOTO J' TOKIECTBEHHO paBHBI HyJi0). KpuBas,
momygaeMas B (Z, y, y')-IpOCTPAHCTBE, OKABBLIBACTCA LPAMON JUHUEH.
Ee mpoeknusa Ha (Z, y)-IIOCKOCTH CBOgUATCA K Touke. OQweBMgHO, 9TO
TOJNy4YeHHOE PEeLICHWE» He SBIAETCA pellenneM HCXOTHOH 3agadu. ITo
o6o6mennoe permeHue, T. €. pemenue cucremsl (3.10.4), B Roropom mepe-
MEHHBIM CIY:KHT Y.

Mu1 ocraBisieM B CcTopoHe moupoGHoe o6CysimeHme Ccrydas, KOTAa
Belpaxkenus 0F/0y’ u 0F/dx +y' (0F/0y) paBHEH HYIIO B TO9KE (Tg, Yo, Yg)-
PaccMoTpuM ToNbKO KpaltHUit caydai.

ITycmy 60 scex moukaxr wuexomopoli kpusoti C, aesxcawyeli 8 npocmpan-
cmee R® nepemennuiz (z, y, y'),

oF oF , 0F , or
737: y 7;‘*‘1/ W:':Ov F(‘Z,y7y)=0a HO _6_17#0
Torna B CI/IJIy COOTHOIIEHU A
oF "oy oF oF , OF
G @y —y' dr)=dF — 25 dy' — (G- v’ 5 da,

dy —y'dz=0 na aroii kpuBo#, T. e. C— uHmMezPALLHLAL KPUBASL CUCTEMBL
(3.10.4). Ee mpoexmusa ma (Z, Y)-IJOCKOCTH OLpEIENsieT 0CoObl ulme-
epas mudpdepennumanpuoro ypapuenus (3.10.1).

[Mer uwe craBum weped co6ol 3ama4d TOCTPOHTH OOUIYH TEOPHIO
0co0BIX MHTErPaJioB.]

IMpumep: ocobwiiit uaTerpag ypasueunus Huae-
p 0. Pear mpet o kinaccuueckoM ypaBuenuu

y=zy +¢¥) (3.10.7)

(¢ — nanman ¢yurmua riaacca C?). 3gecs Bolpaskenume OF/0x
-+ ¥’ (8F/dy) TompecTBEHHO PABHO HYJII0, W OCOGHU WHTerpan ypasHe-
musa (3.10.7) ompepensiercs ¢ momompio pasencts F = 0, dF/dy’ = 0,
T. €.

z+g W)=0, y=—yeg W) +zg@). (3.10.8)

HaitneM ator ocoGnil muTerpas, upumensis K cucreme (3.10.7) o6muit
MeTOJ, KOTOPHIL JaeT Bce pelleHus. B paccMaTpUBaeMoM cilydae CHCTe-
ma (3.10.4) umeer Bug

dy =zdy + y'dz + ¢'(y") dy’, dy = y'dz.
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Ot mee MH IepefileM K SKBHBAJEHTHON cucrteme, samensas dy Ha y'dx
B IEPBOM ypaBHEHUU:

lz + ¢ W)dy =0, dy = y'dzx
HINA H1Hade

lz4+ g WNdy' =0, dF =0 (F=—y+uzy +gy).

Hac HHTepecywT JUIb pemennda, A KOTOPBhIX IIOCTOAHHOE 3HaYeHUe F
PaBHO HYJIIO. B pe3yJabTaTe MBI IIPHXOAMM K CHCTEMe

lz+¢ W dy =0, y=uay+g). (3.10.9)

Ee «obmee» pemrenne y = c¢ (IOCTOAHHAs), OTKyAa Yy = cz -+ g (o).
Jro cemeificTBO mpAMBX (B ILIOCKOCTH NepeMeHHHX (z, y)), sanucamee
or mapamerpa c. Ho mmeerca «uacrroe» pemenme xr = — g’ (y). Ioxa-
CTABIAA BTO 3Hauelive £ B ypaBmeHue y = zy' -+ g (y'), MM HaxoguM
ocobsrit murterpan ypasHemua (3.10.8). YGemumcsa, aro ator ocoObii
nHTeTrpan ompeaenser Ha (r, y)-NMIOCKOCTH 02ubaOWy0 ceMeHCcTBA Mps-
Mux y = cx + g (c). UYepes roury dsroil ormbawimmeirn upoxoiAT Jse
HHTeTpaIbHble KPHBHE: UpaAMas u orubaromas. YTBEp/KICHUA TEOPeMbI
eHIICTBCHIIOCTH PENIeHUSA He BHIMOJHAIOTCA (6CTECTBEIHO, YTO B DTOM
cIyuae 1€ BLINOIHATCT U TPEINOIOKEHUSA TEOPEeMbI).

Donee o6bwmunil ecnyuail ypasuenunsg Jarpan-
sk a. Peus moitger o nuddepeHnuaIpbHOM ypaBHEHUN (HEe pPazpemennoMm

OTHOCUTEJIBHO ')
y=zf (y) + &),

rjie f u g — naBe jganpble yurmun, OOl MeTO 37ech NIPUBOJAAT K OTHI-
CRAHHI0 PeNlennil CHCTEeMb

W —rfwNde=1Izt (y')+g W)l ay',
y=xf(y')+g ).

Ecan y, — f (y;) = 0, 1o mepBoe u3 puddepeHnuaipHBX ypaBHCIMI
(3.10.10) maer B wauectBe > yurmA0L ¢ (y) ¢ HATATBLHBINM YCIOBHEM
¢ (y;) = . Torga m3 BTOpoOro ypaBmeHUA MH HAligeM y KAk QyIKIHIO
y'. Tarum o6pasoM, mOIydYMM IapaMeTpHUecKoe INpPeCcTaBIeHHe WNITe-
TpaJbHON KPHUBOH.

Cayuait, korpa y, — f (y,) = 0, caegyer pacemorpers ocoGo. B aroit
CATYalunm ypaBHeHHe Jlarpamma MOMKeT MMeTh 0COObIil WHTerpal, HO Mo-
yKeT ero M He MMETh.

(3.10.10)

Il puwme p. [lyers gano ypasuenue
y+hkr+2y +y?=0 (k — manmas TOCTOSHHASA).

,HJIH ocoGoro HHTEerpana QTOJHKHBI BHIIOJHATHCA PaBeHCTBa

14+y =0, kE+4+y =0.
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CaenoBaTenblo, ocofH#A HOTerpasx He cymecTByet, ecau k 5= 1. llpex-
noxoknM, uro k = 1. Cucrema (3.10.10) mepenuiiercst B Bupe

A+ y")(dz + 2dy") = 0, y=—z— 2y —y?
O6muii wmHTerpad mojgydaerca u3 ypaBHenus dx -+ 2dy’ = 0, orkyna
T=20 =20 —y) Y= —x— 2y —y"

(ro mapaboabl, Ha KOTOPHIX poab mapamerpa urpaet y'). Ocobpiil nuTe-
rpax onpegeisercsa us pasencts y' =—1, y = —zx -~ 1. Mbsr noayuum
HpsANYI0, ROTOPas ABIseTcsa ormaromiell HmaHeloro BHIIE ceMefcTBa
napabou.

§ 4. INEPBBIE HUTETPAJBI I JHHENHBIE YPABIEHUA
B YACTIIBIX IHPOU3BOIHBIX

%.1. OnpefeneHne nepBbIX HATErpaioB AuddepennuaibHOM CHCTEMBI

Paccnorpun puddepennuanpioe ypaBHenue
dx
W:f(x)’ (4.1.1)

rue f — ortoGpasenue rmacca C! orrpniroro muoskecrsa U < E B mpo-
crpanctBo £ (uepes E, kak Bcerga, obosiavaercs 0anaxoBo NpeTpan-
¢TBO). 3a)MCTUM, YTo mpaBasi dacrthb ypapueuns (4.1.1) ne 3asucum or ¢
(BOPOUEM, KAaK MBI BIJEIIL B 1. 3.9, MOJKIIO BCeTAa CBecTd oOmME ciryuai
K 9TOMY YacCTIIOMY).

Ompegexenue. Dyurnus P (z), npuHagIeRamas & wiaaccy C' B U
(C YHCJOBLIMM 3NAYeHHAMI WiIu B Gojee ofIIeM cayuae CO 3HAUCHUAMM
B GanaxoBoM IpocTpaircrBe F) Ia3LIBACTCA RePSbLM UILMe2PaAOM YPaB-
vHewntsa (4.1.1), ecam caoswuas dyurnua P (¢ (2)) nocmosanna B unTEpBa-
ae I (r. e. ie 3aBHCHT OT ¢) A a060i ¢pyuxmuu ¢: [ — U, apaswomeiica
peuteirues  guddepenuuanpioro ypasuenusa (4.1.1) [B unrepsame [1.

PasenctBo = = @ (!) oupefenser TpaeKRTopHI0 ypaBHenusa (4.1.1),
T. e. Mul MOJKeM CKasaTb, uTo gymryus P 0oascna Oumb NOCMOARIOL
Ha kascdoli mpaekmopuu, codepacauetica ¢ U.

Hpeanoxenne 4.1.1. Jas mozo umobn @ynkyus  6waa nepgvlm
unmezpasom dupgepenyuarvrozo ypaswernus (4.1.1), neobzodumo u do-
cmamouno, wmobvl Hepasercmao

V' (z)f () =0 (4.1.2)
umeno mecmo ¢ 4060l mouke x € U.

(llosscuenmne. 3pech ' (z) sBusierca snementoMm us £ (E; F).
B rauecrse npoussenenus: ' (z)-f (z) € F smecy Geperca ero snatenwue,
oTBevaomee auateHno Gpynwkoumn f () € E. U3 ycaosus (4.1.2) Bmite-
KaeT, 49TO 9TO 3MAaYeHHEe PABIO HYIIO.]

12—743
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HoxasaTeasbcTs o. Yerosue (4.1.2) aBuserca docmamoursim.
Ecxu oHO BHITIOJHEHO, TO NPOM3BOAHAA OT QYHKIUHU o @ paBHA HYI,

u6o
(o) (&) =" (¢ @) (&) =19 (¢ 1) f (e ().

CnenoBarensro, QYHKIUA o (¢ IOCTOAHHA.
IMoxrasmewm, uro yeiaosue (4.1.2) neobzodumo. Ecau Gyurmus | Asaser-
¢S MepPBHIM HHTEIPAJIOM, TO

V(e (1) fp() =0

i awboeo peineHusa ¢ ypaBuenusa (4.1.1). Opmako B cuiry Teopems
cymiecTBOBaNUA perieHusa aup@epeHHATbHOTO YPaBHEHHA depes I00yio
TOUKY zo € U mpoXoauTt mHTerpasbHas KpuBas 9roro ypapuenms. Cie-
moBarenbHo, VP (zg) -f (xp) =0 pansa mwboro zy € U, 4. T. A.

Canyuai, xorma E = R". Paccmorpum cucremy muddepen-
[UAJBHEIX ypaBHEHUN

dz; -
Tt LA CIURRETR 2 (4.1.3,
rae f; — umcaoBnie ¢ynrimuu (kaacca C' HA OTKPHITOM MHO/RECTBE
U < R™), xz; — meusBecTHLe 4UCI0BbIe JYHRIUN mepemensoro . Tormga
mepBEIM HHTerpasoM Oyger ¢yurmug ¢ (ry, . .., Z,) OT & AEHCTBUTEIH-
HBIX T@PEMeHHBIX Zy, ..., L,, a yciaosue (4.1.2) samumercs B Buje

Z fi (1'1, BERE) '1'71) _5;_]):0 (414)
i=1

TakoBo ycaoBue, KOTOPOMY HOJUKEH YIOBJICTBOPATH HEPBHIE WHTErpaJl
cucremsl (4.1.3) —¢yurmus P(zy ,. . ., ,) -

Coormomenue pujga (4.1.4) Meskay wacTuslMu TpoM3BORHRME OP/0x;
geussecTod pynxouu P(xy, . . ., ), IAe «<RodHOUIHeHTH f; — 3agan-
nele pyHrmuu (kiaacca C'), maspiBaeTcs auMelinunm 00HOPOOHLLM YpasHe-
HUexm nepsozo nopadka 6 wacmuulx npous3eodnsiz. Mbl BUAMM, YTO IpPOU3-
BOJBHO 33JAHHOMY YPAaBHEHMIO TAKOTO BHIA MOKIT0 IOCTAaBUTB B COOT-
BeTcrTBye cucteMy quddepennuaiibubx ypasueHuit (4.1.3), mocrpoertyio
¢ momompio «Koapdunuentos» f;. Pemenud 1p ypaBHennms B UYaCTHBIX
IPOUBBOIHBIX OYAyT MepBHIMU MHTErpAaJaMH COOTBETCTBYIOIIEH CHCTEMBI
quddepennuanpunix  ypapuenuil (4.1.3). Cucrema (4.1.3) HasmBaercs
rapakmepucmuieckoll cucmemot ypasuenus (4.1.4).

3aMeuanue Moxuo o600nuTs HpeALIylUMe MOHATHA HA CIY-
yait cucreMsl AHddepeHIUaTbHBIX ypaBHeHUH Gosee BHICOKOTO MOPSKA.
Hampumep, myers mam pgada cucTeMa auddepeHIManblIbix ypaBHeHUR
BTOpPOTO0 LOPALKA

d2z; . dzy drp .
W-—‘fx (1'1, reey xn,W, ...’7), 1<L<n. (4.1.5)
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Kax u3BecTHO, 2TOH CHCTeMe MOJKHO CONOCTAaBHTh CHCTEMY 21 ypaBHeHHU
IepBOTO0 TOPAAKA:

dz; , dx} , ,

o = i, o =fi(Zy, ..oy Tny Zyy o vy Tn). (4.1.6)
IIpumernuy K cucteme (4.1.6) ompenenenye mepBOro MHTETpajia; MepBHIH
unrerpan cucremul (4.1.6) —aro dymrums G (xy, ..., 24, 2, ..., Ln),
TaKasi, 4TO

n

n
alp ’ ’ 61P
2‘1":"0?+2f1 (xh ooy Tny Ilv e ey xn)a_x’::O
i=1 i=1

(TORIECTBO TO Zy, +. .y &ny &y, - .., Tn). Torja roBOpsAT, UTO QYHKIUA
dl‘j dxn
U'J(xj,...,xn,w,..., dt)

ABIACTCA Nepsvld uHmezpasom cuctemsl (4.1.5). dTo mousTHe oueHp
BaKHO [JIA MeXaHHKH, Ijie IOCTOAHHO NPUXOAUTCH HMETHh elo ¢ Aud-
depeniatbHEIMH  YPABHENUAMM BTODPOr0 NOPSAKA: HAIDPHMEP, OHO
HCIIONH3YeTCH B KIACCHUECKOM «TeopeMe JKUBBIX CHIIY.

4.2, CymecrBoBaHue NEepPBBIX HHTEFPAJIOB

Myl orpammumMcs PaccMOTpPellMeM CHCTeMbl  nuddepennuatnibx
ypaBuenuit Buia (4.1.3) B upocrpaucrse R”. Ilpenmonosxun, 9o B Togke

(ay, ..., ap) € U ne sce gynryuu f; (a;, . . ., a,) obpawawmea & HYAb
(mia  ompejeseNHOCTH TPEANONOKUM, 9TO f, (a4, . .., a;) = 0. Mmn
BUIelu B m. 3.9, uro Torma cmcrema
dl‘i d.Tn
—1 = 4.2.
i@ " @ (4.2.1)
B HEKOTOpOil oxpecrtHocTn V TOUKH (ay, ..., d,) BaIMCHIBAETCA B BH/e
dx; fi (x) .
Gy =y Isisnot

Tanxum ofpasom, Ml mosrywaeM «reoMeTpHUYECKHE TPACKTOPHUY, IIe 3aBH-
csawue o1 Bpemenu. Ilepsrii unrerpan P — s1o QyHKRIEA, ToCTosHHAA
IIa TeOMEeTPHYECKHX TpaerkTopuaAx. B cuny rteopemm 3.4.2 pemenue

cuctemnl (4.2.1), npunnMaromee Npu z, = a, 3NAYCHHEe Uy, oo oy uply),
6amnsxoe K {(a;, ..., ay.;), AMeeT BUJ

Ty = @; (xn; Uy « o0y un—i)v 1 < i\< n. (422)
3nech QYOKIUMHE ¢; MpHHANIekAT K kKaaccy C mo (Zn, Uy, « oy Up_y);

cy. teopemy 3.4.2. Hpome toro, ussecrno (ciemernue 3.4.3), uro ompe-
AeJNUTEeNIb MaTpPHILI
( op;

Ju ) 1<i<n—1
i<isn—1

(4.2.3)

12#
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OTTHYeH 0T HYIA Axd  3HadeHumit  (wy, ..., Up_y, &), OIH3KEX
K (@, ..., Gn-1, ap). CremoBaTenspHo, Mo TeopeMe O HEABHHX (QYHK-
nuax cucreMma (4.2.2) 9KBHBaJeHTHA CHCTEMe

u; = P; (g, -+« Tpoty Zn), 1LiLn, (4.2.4)
rie p; — Qyuruunm Kxacca C! B OKPECTHOCTH TOUKH (ay, . . ., ap).

QueBunio, aT0 kaxcdas uz n — 1 gyrkyuil p; seasemes nepsvm unme-
epasom: Pyuryus Pp; IMOCTOAHHA BJOJNDL KaKLOH HHTErPaJIbHON KPHBOI
(4.2.2). llomumo 3TOTO, OIpPEEIUTENbh MATDHUIH

(525)
1
oxj
ofparHoi K Marpuie (4.2.3), oranger ot wyas. llycre P(zy, . . ., z,) —
KaKkof-EUOynb IepBHIE HHTErpajJ B OKPECTHOCTH TOUKE (ay, ..., ).
Torga ¢yurmus
V(@1 (Tns Uty v vy Unaa)y oo oy @not (Tns Uty o o vy Uney)y Tp)

He 3aBUCHT 0T Z,; obosmaaum ee D (uy, ..., u,_y). Orcropa

Y (g oy Tn) =D (P (2), ..., Ppoy (@) (4.2.5)
Muade romops, BCAKHE HepBEE HMHTErpag Mo:keT ObITh HpefCcTaBJICH
B OKPECTHOCTH TOYKH (a4, . . ., @) Kax nmexoropas pyuxusa O orn — 1
OepBHIX HMHTErpajgos i, ..., YPp_y. OUeBHAHO, 9TO [AAA BCAKOMH
pyuruun @ (xmacca C!) or n — 1 mepeMeHHEIX CcIOKHAA GYHKUHA
D (Py (z), . .., Yooy (Z)) ABHAETCA MEPBHIM HUTEPATIOM CHCTEMBI YPaB-

wenuit (4.2.1). Taxumn ofpasoyM, morasama cieqylomas Teopema:

Teopema 4.2.1. Cucmema OJugpepenyuarvhuir ypaswenul (4.2.1),
8 komopol uucaogvle dymryuu fi, . .., fn npunadaexwcam k kaaccy C!
8 HEKomopol oOkpecmHOCIMU MOYKU (@4, . . ., Q,) U He 6Ce DAGHB HYAIH
¢ amol mouke, obaadaem 6 amoli okpecmrocmu mo¥Ku (@y, . . ., An_4)
cucmemoii. u3 n — 1 nepewx unmezparoe Py, . . ., Pn_y lc wucao-
GULMU  BHAYCHUAMU|, UT RNPOU3BOOHBIE AGAROMCL  AUHEUHBMU  BOp-
MAMU, AUHEUHO He3A8UCUMBIMU 6 40060 mouke 3mol OKpecmHOCMU.
Beakuti nepsvuii unmezpaa b umeem eud O (b, . . ., Poy) lede O —
npousgoavhas @ynryui rkaacca C.

Hcmonsays BuBOmBL, cHedanHble B U. 4.1, MoxHO cdopmymaupo-
BaTh YKBUBAJNEGHTHYIO TeOpeMy:

Teopema 4.2.2. ITycmb Oano ypasHenue & HACMMBLT RPOUBBOOHBLE

S it e a2 0, (4.2.6)

a.’ti
i=1
koagpuyuenmsr kKomopozo f; (z) cymv uucaoswe @Pymkyuu kaacca Ct
8 okpecmHocmu mouku (@i, . .., a,), He obpawyawwyuecs 00HO8PEMEHHO



§ 4. Iepsve unmezpann 181

6 nyab ¢ amoil mouke. Tozda ypasmenue (4.2.6) obaadaem n — 1 pewe-

Huaml (C IUCIOBBIMU 3HAYEHASAMH) Py, . . ., Py, RPOU3EOTHBIE OM KOMO-
pux aunelino Hedasucumvi. Besroe pewenue p ypaswenus (4.2.6) ecmo
(npoussoavran) gyrnkyus O (Py, . . ., Ppoy)-

4.3. Heognoponnoe jauHeliHOe ypaBHEHME B YACTHHIX HMPOM3BOJHBIX

PacecmorpuM BHOBBL ypaBHenue (4.2.6); ofo3maunM Temeph HEM3BeCT-
oy1o QyHROUIO dYepes y (zy, ..., Z,). Moxkso o0606mmuThL pesymbTart,
HONYYeIHBH BhINTe, Tpefnoaarad, ato KoaQuuuaentsl f; (zy, . . «, Zpn, V)
3asucam maksce om y, ¥ CANTAA B 9TOM ypPABHEHUH HPABYI0 4acTh, Bo0O-
mle TOROP#A, OTIHYHOH oT Hynd. Takum ofpasoM, MBEL IPHXOAMM K ypas-
HEHHIO

n
0
Zfi(xiq «ooy T, y)_a_jz_:f(xiy ‘--,xn,y)- (4‘3'1)
IIycrs (aucnoBsie) pynxnuu f; u f npunagmenar Kk kiaccy C'. Ypapuenne

tuna (4.3.1) masmBaercsa aunelnvm (HeOOHOPOTHWM) YpasHerueM nep-
6020 nopadka 6 uacmHBx nPoudeodHLLT ¢ HEM3BECTION GyHKIMER ¥y OT me-

PEMENHHX Z, . . ., Tp.
YxraskeM MeTof pelrenus 9Toro ypaBneHusa, Korjpa f u Bce f; He obpa-
IAJOTCS OANOBPEMEIHO B HYJIb B OKPECTHOCTH TOUKM (@j, . . ., Gp, D).

Mur cBefjeM 3a/1auy ¢ HOMONIBIO MCKYCCTBEHHOTO NpHeMa K CIydalo 00HO-
poOHO20 ypaBHEHHS.

Haiinem B okpectnocru (ay, . . ., @, b) TARYI THCIOBYI0 QYHKIHIO

P (zyg, ..., 2, y) vuacca C*, wro 1) Y (ay, . . ., an, b) = 0 1 /Oy 5=

# 0 B Touke (a;, ..., ag, b); 2) dyuwuua y = A (z;, . . ., ,), oupe-
felleHHAs W3 COOTHOINEHHUA

’lp (x17 L] xn: y) = O (4'32)

[upumensiercss Teopema o0 HeABHHX (JYHKIHEAX], YAOBIETBOPAET ypas-
Henuwoo (4.3.1).
Hupdepenuupysn (4.3.2), maxoaum

op , oy oA
a2, T 5y B

_ oy
=0, oTKyza _W_Hi_/

A
dy '

3anmineM ycJIOBHE TOTO, 4TO IPOHM3BOMHLIE JA/OX; MOIKHEL YIOBIe-
TBOPATH ypapHenuio (4.3.1). Torga Mbr mosydum cuepgyiomee paBeHCTBO:

n
a 17
Z fi (xiv « ooy In, y)'a—;p_'"{_f(xiv s ooy In, y)a_lp-zo‘ (4‘3'3)
! i Y
Pagenctro (4.3.3) nomKxHO mMeTh MeCTO B 11000 TouKe (Iy, . . ., Tn,y Y),
YAOBIeTBOpAIOMmMeR ypaBuenuo (4.3.2) (M MocTaToOuHO GIMBKOM K TOKe

(@, ..., ap, b)).
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ITorasxeM, 9T0 BCsAKoe pelnenue ypaBHenus (4.3.1) MosKeT OHITH TOIY-
9eHO M3 HEeABHOTO ypaBHeHUA  (zy, . . ., Z,, y) = 0, upuvyem QyHruEA
P [OTRIA YOOBJAETBOPATH PAaBeHCTBY (4.3.3) moxcdecmeenno [a He ToabKO
B TOYKAaX, rjge oHa pasHa myxaio]. [leficrBurenbno, eciu QyHRUHA y =

= A (2, ..., z,) fABIAeTCA pemienueMm ypaBuenusa (4.3.1), To puasa
IPOBEPKU HALIET0 YTBEP/KIEHUA JOCTATOYHO IIOJOKHTD
P ('Tl’ Cey ZTpy Y) =Y — }\'<x1’ Cee Ip);

BBIUUCICHUA He IPEeACTABIAIOT Kakux-aubo 3arpymuesuit. Wrar, Mol
MoskeM copMyINpPOBATH

Merong pemenns ypasuenus (4.3.1). Hago mocrpo-
uTh 00HOpOoOHOe ypaBmenue (4.3.3), PaccMOTPeTh ero XapaKTepuCTHYe-
CKYIO CHCTEMY

dIi . - dxn o dl/
ft 7 /
7 3aTeM HalTa n IIepPBLIX HIITErpaJoB
wl (‘rl’ o0y Iy y)1 c oy q)n (‘rlv s ooy Ty y)7

OpPOU3BOJULIE KOTOPBIX SABJIAIOTCA JNHeHHO He3aBUCHMBIMH (HOpPMAMH.
IMocae sToro ciemyer MONORUTH

P Ty - oy Ty Y) = D by -+ o wn)7
rge @ — npoussBoabHAsg QYUKIUA, TaKad, UTO BHIIOJIHAETCH YCJIOBHE
op/dy == 0. Pewan ypasnernne § (z;, . . ., Z,, y) = 0 oTHocurennHO ¥,

MBI M moayuum mambosice obulee penienue ypasuenus (4.3.1).

4.4. ITpumepsi

Ilpumep 1. OGosmaunm koopaunatel B mpoctpanctse R® uepes
z, y, 2 [BMecto z,, z,, yl. Paccmorpum ypaBHenme

0z 0z
x—ﬁ—&—y—a?»—z (44.1)
¢ HeW3BeCTHOW GYHKMUeHR z 0T £ M y B HEKOTOPOH OKPECTHOCTH TOYKH
(a, b, ¢), omauunoi om Hauwasa kKoopduram. XapaKTepucTHIeCKas CUCTEMA

mast ypasdenus (4.4.1) umeer Buy
de _dy _ da

z y z
Ecou, manpumep, x50, To MBI moaydaeM jBa IepBHX HHTerpaJa
y Z

— "
x

Torjia obmee pemenue uMeeT BHA
e ()
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THe ¢ — MPOU3BOIbHAS (PYHKIMA OJHOI'0 IEPEeMeHHOIo. JTO ypaBIeHUe
Konyca ¢ eepuitholi 6 navare koopdunam. Urar (4.4.1) siBasercs ypas-
HeHWEeM B YACTHBIX IIPOM3BOJIHHIX JUIA KOHYCOB ¢ BepUIMHON B TouKe
HyJb. 3aMeTHM, UTO 3TO ypaBHEHHe BHIPAKAeT ciIeIyOmuil garT: raca-
TejxbHAsA IUIOCKOCTh K IIOBEPXHOCTH 2 = f (r, y) B a1000f ee TouKe
OpOXONHT Yepes Hadajd0 KOOpANHAT Mid, Gojiee TOUHO,
7 0
22ty Sh=f(z, ).

Ilpumep 2. PaccmoTpum ypaBHeHHEe

of of o 9f
"'yT‘;"i"IW—{—M—FZ)W—SZf (4.4.2)
¢ HemspecTHON (QyHEIOUER [ 0T TepeMeHHHX Z, Y, 2. XapaKTepuCTH-
gecKad CUCTEMa [l 9TOT0 YpPABHEHHs HMeeT BHT

dx dy dz df

—y =z T1+z2 ~ 3z

{cuctema juddepeHIMANPHEX YPABHEHNMI ¢ YeTHIPhMA IIepeMeHHSIMU
z, Y, 3, f). Halilem TpH mepBBIX HMHTerpaja dTOH CHUCTEMBH

22+ y2, arctg%—arctg 7, (1422733,

IPOU3BO/IHBIE DTUX MEPBLIX HITerpanoB JauueifHo HedaBucumbl. Orciofa
nosyuaem ofmee pelieHue ypaBHeHNA (4.4.2):

f=1+422" 0 (:cz -+ 2, arctg%—arc tgz) , (4.4.3)

rge O — mpomsBonbHAA (QYUKIONA JBYX HIEePEMEHHBIX.

Murepunperanusa Pasencrso (4.4.2) Buipaskaer ToT Qawr,
uro AuddepeHiuanbiIoe ypaBHEHAEe BTOPOTO IOPSIAKA

d2y dy
dz2 :f($7 y: E)

MHIBAPHAHTHO OTHOCHTEIBHO IPYIIIB Bpallenuil BOKPYr Havaja KOOPJH-
nar [B miaockoctn R? ¢ koopaumatamu z, y}. Qopmyna (4.4.3) morassi-
BaeT, uTO TaKoe yPaBHEHHE BCETNa WMeeT CJelylomuil Bup:

YuTaTe 110 peKOMeHIYeTCsI HAfiTH TeOMEeTPHUECKYI0 HHTePIIPETALMIO HTOTO
daxTa.
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YIIPASRHEHU A

Yopasxkaerne 1. Ilycts E — 6amaxoBo mpocrpaHcTBo. [ua A, B €
¢ Z(E; E) monoxum [4A, B] = BoA — AoB.
HoxrasaTh, 9710 eciu

[A1 [Av B]] = [B1 [Ay B]] = 01
TO

exp (44- B)=exp (A) o exp (B)oexp (% (A, B]) =
=exp (B) o exp (A) o exp (% [B, A]) .

(a) IIyets zy — ¢ukcnpoBaEHas TouKa. IlodoKiM
zy (t) = exp (tA4) -z,
zy (1) = exp (tB)-ay,
z3 (f) = exp (—t (4 + B))-x;.
IToxkasars, 49TO
%:exp (—t(A-+B))oq ({) oexp (tB) o exp (LA)-zg,

rae
¢ (t)=—A-+exp (tB)o Aocexp (—tB).
2
(b) Beramcante ¢’ (¢). CHagamza yCTaHOBNTL, 4YTO I3==eXxp (tT (4, B]) . zg,

a 3aTeM IOJIYYHTh OTCIOJA NCKOMBI pe3ynbTaT.
Ymonpaskuernue 2. Haiitu cobcTBeEHbIE 3HAYEHIIA MaTPIIH

10 —1 1
01 1 0
A= 00 10
00 1 0

il COOTBeTCTBYIOIE COGCTBeHHEbE TIOxnpocTparcTsa E;. Beipa3ute pemerne gudde-
PEHI[IAIBHOTO ypaBHEeIUS

dz
oA
depe3 fyHKIIIO exp (t4;), rae 4; — cyskerne orofpaxenua 4 Ha npocTpancTBo E;.
Yunpaxaeuwne 3. IMomosmum miaa z € R
. di
u(x)=\ etsintz Yol
0
dt
v(z)=\ e~lcosix Vi

0
[Tokasarh, 4To QyHKIMH u U v NpPHHAMIEKAT K Kaaccy C! W ABIAITCA pelleHHAMI
HeKOTOpoIl cricTeMsl AnddepeHnnarbHLX yPaBHEHHII NMepBoTo mopAnka. Hadtm aTy
clcTeMy M, MCXOA I3 Hee, 3HAYeHHA QyHKIME u 1 v.
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Yopasxkamenane 4 Haifitn pesonsBerry clcreMel puddepeHIIIaIbHBX

yPpaBHeHHI

dzx
PR

dy

dt
[Yxazarmue, HaiTn BoipaskeHEle JJA MaTpHIb
1 1
exp (t4), rtme A= (2 0)

Yunpasmueernue. 5. Ilycts JaHa IOCIeI0BaTeJbHOCTh AeHCTBH TENBHEIX QyHK-
unit y,, ompesieNeHHAsa PeKyPEHTHHIMH COOTHOLICHHAMU

Yo (L’)———'l,
n@=1+ | s R
0

[Tokasath, 4YTO y, — MOJIHOM cTemeHI 2% — 1, KOQQIUHEHTH KOTOPOTO 3aKJIoue-
ol Meskay O 1 1. [Tokasars, uro mpn | z | << 1 mocaegoBatensHocTs y, () CTpeMuT-
Cf K Ipefely NPHI n — 00 II 9TOT LIpefiel ecTh pellleHIe AuddepeHuNalIbHOT0 ypaB-

HeHlA y' = y%, yjoBIeTBopsiomce HadaiabHoMy ycaosuio y (0) = 1.
Yupaxagernune 6. Iycte Vy(z), ..., V, (z) cyTh n BEeKTOPHHX IoJeil
Kracca C' B OKDCCTHOCTH Hayala KOOPAUHAT B R o & = (%, ..., Qp)—

¢ukrcuposanmaass Toyka R Ilycth @ (t, @) — pemenne cicreMnl  Jud-
¢epCHIIIANBHENX Y paBHEHIH

d
%:aﬂ’i @4 danVn @), z=(2, ... o), (1)

KOTOpoe obpamaercst B Hydb npil ¢ = 0.
(a) Hokasate, YTO ecau TOYKA O [JOCTATOYHA OJI3KA K Hayaay KOOp/AHHAT,

TO peweHne ¢ (¢, «) ompeneineHo B aiobom kpyre |t | < h, B <<1.
(b) ITokasarb, 4To @ (!, @) 3aBHCUT TONBKO OT IIPOU3BEJEHUH if, . .., X,l.

[Yxasargune. CrHavama peroMeljiyeTcAd IOKasaTb, 4TO

n
99 .99 _
A=t 2 % 5o, =0.
i=1
llaa atoro, B cBOK oOdepeln, CleqyeT YCTAHOBUThL, 4T0 A (f) sBaderca pelueHIieMm
HEKOTOPOTO HaJJaeKauM odpa3oM nofodpanuoro audde peHINalIbEor0 ypaBHCHHNS. |
(c) Ilycte n BekropoB Vy; (0), ..., V, (0) aumeiilHo He3aBHCHMBI, IOKAa3aTb,
yro Tora oTobpaykeHne o - @ (1, o) ectp Cl-mddeoMopdl3M OKpPECTHOCTI TOUIKM:
HYJdb HA OKPECTHOCTL TOYKH HYIIb.
B npepmonoskeHNAX MyHKTa (C) MOKAa3arh, YTO eCaH P— obpaTHNE nuddeo-
MopdusM naa paddeomopdisma ¢, To pemenne cuctemsr (1), of pamameecsa B HyIIb.
B Hadajle KOOPAHMHAT, 3alNCLIBAETCHA B BIije

@t @) =P (to)

[JiAa JOCTATOUHO MAaJWIX {.
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Yaopaxuenne 7. Ilycrs gano pnddepeHinalbaoe ypaBHeHIe
dz
—=A.z 1
d : M
rge Hem3BecTHas (QYHRUNA 2 JeCTBUTEIBHOTO IMePeMEHHOT0 ¢ HPHHHMAaeT 3sHaue-
HHA, Je/Kalifie B KOMILIEKCHOM OaHaxopoM mpocrpancTBe F, u A — sagadublil
asneveHT upocrpaHcTBa ZLc(F; E). [Tokasars, 4To ecan ypasHenue (1) nmeer cponm
pemnieHNeM ¢YHKIIIO

z=e"uy 4 uy, —o0 Lt < Ho0
(rme wy €E, us €E, ry €L, 12 €0, 1y 55 12), TO H KayKpasa u3 QyHKUUA e’ fu; u
erytuy ecth peuenne. Ecan ypasuenme (1) nMeer croHM pelieHIeM (yHRIIIO

r=r¢" (u-}1v), —oo < < +o00

(rne u € E, vE€E, r € (), To Kakoil BHIBOL MOKHO chexarb orcioga? ITokasarn,
4T0 eCIIH B IOCTeNHEM clIydae v = 0, To u HeIpOmOPUHOHANBHO v, & ALPO DHAOMOP-
puama (A — r-1g)?, T. e. BeKTOpHOe HOANIPOCTPAHCTRO MpocTpaHcTBa E, odpaso-
BAHHOE BEKTOPAMIH, Ha KOTOPHX ®TOT SHAOMOPPUAM ofpamjaeTcsi B Hylb, IHMeeT
pasMepHOCTb, OOJBIIYI0 I PaBHYIO ABYM.

Vopaskuaenne 8. [lama cucrema auidepeHITUATBHLIX ypaBIHEHHI

d2x dx dy
— =0 = — vz 0y
-3 B v, ) .
§
d2y dx dy
——— = —— —- -0y J
di2 1 i +Bi di +Y1 —01Y,
rue &, B, ..., §; — mocTosEHbE (KOMIUIEKCHEIE) KOd(OUIIIenTs, a z (£) 1 y (1) —
HeI3BeCTHble (YHKUIN, IIPIHIMAOIe KOMINIeKCHUe 3HaudeHus. Brbepem xood-
dumients o, . . ., §; TaRIIM 00 pa3oM, 4TobuI cicTeMa (2) IMeIa JIBa YaCTHHX peIleHH s
z =cos ¢, z=¢t,
. n
y=sint y = tet.

[Tokazarb, 4TO TaKile KODPPHUTIEHTH OMPEIETAIOTCA OJHO3HAYHO, U HAHTH
(1A OTHX 3HAYeHUH KodPPINIIIEHTOB) BCe peMHIeHIs CHCTeMBl (2).

[V xasaHne: ecan Mpl XOTHM H30e:KaTh HPAMOr0 BLIYACICHIIA Koddduiuen-
TOB &, ..., 8f, TO MOMHO BOCIIOJb30BATHCA Pe3yNbTaTaMIl IPeJbIYIIero yIIpan-
AeHns. |

Yopaxuenue 9. Ilycts ¢t — A (f) — HellpepblBHOe OToGparkeHHe R
B MpocTpaHcTBO L (37, R™). 1 mycTe X () — pellleHIle ypaBHEHIIS

dX
——d—[—::A (L)OX.

[IpepmoroiknM, uro mMarpuma A(#) aHTHCHMMETpHUHA miasa Jdi0doro ¢t € R. Hanxomy
YDABHEHIIIO y[OBIETBOpPACT IpousBementte XoX? BrolBecTH OTCIOZA, YTO €CIH
X (¢)) — oproromaxpHas marpuna, To X (!) — opToroHaJbHAs MATpHUA I JH000-
ro t.

Vopamuaenne 10. Ilyecrs E — 6aHaxoBo mpocTpamcrBo u A — Hempe-
peIBHOE obIamatoniee MepHogOM @ OTOOpa‘keHHe IIPOCTPAHCTBA R, B IPOCTPaHCTBO
Z(E; E). O6osmauuym uepes R (¢, ty) pe3oabBeHTy AHGDEpeHIHAALHONO ypaBHEHIA

dx

T{t—..—ﬂ'i (@) x. (1)
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(a) Morasars, uto R (t + o, t, + ©) = R (t, ).

(b) Hycrp x5 — coberBenmsiii BekTop R (®, 0), coorBercTByromuit cobcrBen-
HOMy sHavenmwo A. Ilorasark, uro pemenne z (f) ypasHenus (1), mpummmaiomee
3pavenne z, upu ¢ = 0, yzoBleTBOpser COOTHOINEHUIO

z (t+wy=Az(1).

Yupamuenne i1, Iycrs E — 6anaxoBo mpocrpancrso, F = Z(E; E)
u I = (a, b) — orkputoiii nHTEpBan B R. ByneMm ofosmauare wepes A, B, C, D
HellpepIBHE® oToOpaskennst [ B F.

(a) Howasarb, uro pemenune U (f) ypaBHEHHs

dx
W——_ A ([) ox,
paBHOe TO/eCTBEHHOMY oToOpaskennio £ B E nipn ¢ = ¢, € I, ofparimo npu awobom ¢,
[V ®xasagne: mokasate, uro ofpaTHoe /(A Hero oTo0pajkeHne ecTb perle-
urte nuddepennuanbEoro ypaBHeEna dY/dt — — YoA (1).]
(b) Hycts U B V — pewenus ypaseennit dX/dt = A (H)oX n dX/dt =
=B ({)oX cOOTBeTCTBEHHO, DAaBHLIE TOKACCTBEHHOMY OTOODayKeHWIO IIPH ¢ — fo.
TTokasaTs, UTO peulellie ypapHeINs

%:A(i)oX—{—XoB(t},

NpuHAMAaIoNmee 3HaveHHNe Xy WU f==13, paBHO UoXjo V.
(c) yern (U, V)—peurerne cicteMil AudQepeHNIANLHNX ypaBHEHN

dx
- = AWX-+B(l)oY,
dY -

G =CM)eX-+D(eY.

llokasaTb, 9ro ecan V obpatumo B I, o W=U o V-1 aBusercsa pemeHuneM ypapHe-
Hosg Prxrarn
—ddit:B(t)'{—A(t) 0Z—ZoD()—ZoC(l)oZ.

Cdopuyimposars ofparTHoe yTBepHKIEHIe.

Yupamnoneunne 12. Ilyers f— panddepenmiipyeMoe oTofpaskemie or-
KPLITOI0 MIOKecTBa Q 6Hamaxopa mpocrpancTsa £ B 0aHAX0BO TPOCTPAHCTBO F7.
ITpegmonoskiM, dro f' (z) € Isom (E; F) mas mao6oro z € Q # 4TO IPOH3BOTHOE
orobpaskenue z — f’ (z) ymosuersopsier yemonuio Jlummuna. IMomxomum (f (z))~! =
= L (z), 1 0ycTh a € Q, b = f (a).

(a) PaccmoTpum aas (QHKCHDPOBAHIIOTO y I3 MHOKECTBa € mnddepeHmanbuoe
ypabHeHHe

dz

=L@ () (1—b)-
ITokasaTe, uTo ecam HopMa ||y — b || mocTaTouyno Mana, TO 3To HilpdepeHIIATBHOE
YPaBHeHIle HMeeT TaKoe pemenne ¢ (¢; y), oupemereHmoe mpm | !¢ | << 2, uTo
® (0; y) = 0.

[Vrasanune MHWcoonk3oBarh yTodlleHHne, AAUIIOEe BCIex 33 (GOPMyJIHpOB-
ko Teopemur 1.7,2.]

(b) MMowrasars, uro (d/dt) ¢ {¢; y) =y — b, W ualiTH smEavedue ¢QyHKIIH
f (¢ (¢)). Horazars, uro PyHROHA y - ¢ (1; y) B HMEKOTOPOH OKPECTHOCTH TOUKH b
NPHHALIEKAT K Kaaccy C' u sApisiercs obpatnoit gyukuueil jyis f B 910l OKpect-
110CT.
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3amMeuanue, Orcoga MOMKIIO NOIYYATH TOKA3ATEIHCTBO TEOPEMBl O JIO-
KaIb1oM 00pameHnnd, HO B (0jJee OPTAHIUATENHHHX IPEANOIOKEHHAX, 4eM B § 4
I,

Yopasxkuenne 13.IIyers E n F — Ganaxoss npocTpanctsa, /] = (a, b) —
autepsan B R, ¢t - A (¢) u ¢t > B ({) — HenpepHBHHE oTobpaskenns I B L(&; E)
a B Z(E; F) COOTBETCTBEHHO.

(a) Kakoii cucreme nuddepeHnHATHHBIX ypaBHeHNI (2) MOMKHA YMOBIETBO-
pATe ¢yHKuua B (¢) gas toro, 4Tobsl ¢yHKuHA @ (¢, z) = B (¢)-2 6blIa IepBEM
HHTETpaJoM (CO BHAYEHHAMM B IIpocTpancTBe F) auddepeHUNATbHOTO ypPaBHEIHA

dx
7 =A(t)-z. (1)

(b) IToxkasaTs, uTO CYIMECTBYET peIIEHNE CHCTeMH (2), DPHHEMAIOMee 3aJaH-
Hoe 3HadeHne B, B gammoil touke #; € /. Bripasurs 8T0 pemenne depe3 By M agpo
pe30JbBeHTH ypaBHenns (1).

(c) Ilpenmonosmm, uto E = R", F = R. ObGosmaumm uepes a;; () Koaddm-
nuenTol MaTpunel A. ITokasaTh, YTO NOCTaBJEHHAA 38/1aua SKBHBAJIENTHA OTHICKA-
M0 TAKHNX YHCIAOBHX (Gynmkumit y; (¢), 4To cymma ¢ (f, =) = 2 y; (t) z; ABIAeTCH
IIePBLINT IIIITerpatoM ypasuenus (1), 3anmcarts cucreMy anddepennialbHBX ypaB-
Henmif (3), PKBHBAJEUTHYIO B OTOM ciiydae cHcTeMe (2), KOTOPOH MOKHE yMOBJET-
BOPATH YNKUHA y; (2).

(d) B mpepmosoKeHnsax mynKTa (€) MOKasaTh, YTO MHBJIOKEHHBIH BEHIIIE MeTON
M03BOJAET MOJYYHTh n HE3ABICHMLIX IEPBBHIX HHTErpajoB ypasHenmsa (1).

IIpuMenmTs 3TH pe3yJNbTaTH K NHTETPHPOBAHHIO  yPaBIeNHA B YacTIHX IIPO-

I3BOAHBIX
W —2) 1L+ (—2) {4 (z—y) [+ ;=0

Yunpamuenne 14. Ilyecrn E — Ganaxopo mpocTpanctso, F = Z(E; E).
Yepea J Gymer oGosnauaTh TO;KmecTneHmoe orobpaskenne £ B E.
(a) Qua A € F paccmoTpuMm juddepennnalpHoe ypaBHEHIE
dX

E—:—XvoX.

[TokaszaTh, YTO 9TO ypasBilelHe IIMeeT ¢ MHCTBOIIIIOE pelleHITe, KOTOpoe MK 6yneM 06o-
smagath ¢ (¢, A), ompepenennoe B oxpectaocrtn ¢ — 0 m Ttaxoe, aro X (0) = 1.
lNokasats, 4yTo ¢ (¢, A) — Pynkuua riacca C' mapm (¢, A).

(b) Mcnonp3ysa yrounenne, gamHoe BCIeR 3a yciaosmeM TeopeMil 1.7.2, moxa-
3aTh, uro ¢pyHEuHA ¢ (¢, A) ompenemena mpu [t | < 1/14 |.

(c) ITokasats, uto ¢ (¢, A) = (I + tA)~!. BoiBecTw OTCIOfA, UTO KaK/ALIH dJIe-
ment V mpocrpancrBa F, pocratouno 6auskmil K /, nMeeT o6paTHBIA 2JE€MEHT I
aro orobpameie X — X-! npumagaesxur K Kiaaccy C™ HAa MHOMKeCTBE CBOErO
OIIpesieJIeLHsA.

Yupasnenne 15. (a) ITokasats, uTo aAnddepenigiaJbHOe ypaBlienie
zz—1)y +3y —6y=20 1)

1MeeT B OKPECTHOCTH ITavaja KOODJAHHAT pellieHme, ABIAKIMEECA IOTHHOMOM TDPETh-
eit crememy, u pemenue 1/(1 — x)2.

(b) Hammcarh pesoabBeHTy R (z, zo) TPH Z 7%= rg A1 CHCTeMH pAQgepen-
UAJBNHX ypaBHeNHil TepBOTO MOpPAMKA.

y'=u,
,_ Bu—6by (2)
w= (1 —z) '

COOTBETCTBYINYI0 ypaBHeHHIO (1).



Ynpaxnenus 189

K TarkoMy Ipefilexy CTpPeMHTCA Dpe3oJbBelTa npnm z, — 0?7

WsyunTts moBemenne pelmenmit ypaBrenns (1) B orpecruoctn touru (0, yo).
flokazarh, B YaCTHOCTI, YTO PAa3HOCTb ABYX TAKIX peUeHIlil ecTs o (z3).

(c) TTorasats (IICIIONB3YA Pe3OJbBEHTY YDABHEIIs), YTO pellerne ypaBienis

z(xz —1)y" + 3y — 6y = 20z, &)
ofpamalomeeca BMecTe ¢ TepPBOHM IPOH3BOANON B HYNb NPI & = Zp, IMeeT BIII
x
y (z, ’”0):(1__1;)7 S (4xB® — Dzt — 4t 5ed) dt.
xp

IToxkasath, uTo y (r, 0) cymecTByeT I fABJIAETCA pellleHHEM ypaBHEHHS (3), TAKINM,
qaro f (0) ~f (0) = 0. TToxkasaTh, YTO 3TO eANHCTBeHHOE peulenie ypaslenus (3).
takoe, 4ro f(0) =0 qua i =0, 1, 2, 3, 4.

Vaopassuenne 16, PaccmMoTpnm BeKToproe moie z — f (z) Kmacca C!
112 OTKPHITOM TTOAMHOKecTBe Q IIpocTpamcTBa R 1 06pasylomyro OfHONIApaMeTpde-
CKOMl TpyNIB, oIpefeennyio pemeHIAMI ¢y (u) = @ (¢, u) ypaBHeNnIa

dx
—dT::f (z)

4 NPIINMAIOMYI0 3Hadenne u OpH ¢ = 0.

3anmcath AuddepeHmuaIbHOE YpaBHelle, KOTOPOMY YAOBIETBOPSICT MaTPIIA
M;=(6¢/du) (¢, u). IlorasaTs, 4TO ¢; coxpauser 06beMbl TOrga I TOJALKO TOT/A,
korna det (M;) =

BuiBecTir 0TCI0AA, ITO (; COXPAHAGT 06 HEMBI TOTHA I TOJBKO TOTHA, KOIJIA CIer
f' (z) pasen myimo.

(Y xasamnie., Hemoas3oraTh ToT daxt, 4T0 ecan Marpmuma X puddepenni-
pyema mo mapaMerpy ¢, TO ee OIpeflelNTelb YIOBIETBOPseT YPABHEHII)

dA dX
U 2
o AT ( aX7) ]

Vopamuernue 17. IlpoumTerpuposats  ciaepylomue pguaddepeHNHaIbHRE
yPaBHCHIIA!

du . . du . du
COS Z:CO0S ¥ T—sm z-8in y6—y+s1nx-cos y ‘6?:0'

—f— T —— -l— Ty —— 0 Y 4 zyz=0,

2 (e —by) %er (ax—cj>§’—=z (by — az),
1@+ a) (2 5=y 55) + @2+ 0) 2=0.

Yunpaskuenue 18, (a) HailTu xpupsle Ha IIOCKOCTH TepeMeHnnx (z, y),
Ha KOTOPHIX ypaBIeHIe

(xy' —y)? — 22y (1 + y'?) =0,

paccMaTpriBaeMoe KaK ypaBHellie OTHOCHTEeNBHO y’, MMeeT [JBOIIION KOpPeHb (Cymie-
CTBYIOT TPH TaKile IIPsIMbIE).

(b) Hafitn oco6oe pemenne sToro gudgepeHNHANLHOTO YPABHEHIIA.

(c) MpouirrerpHpoBaTh JAHHOE YpaBHeHMe (HAIPHMEDP, IEPeXO[sA K IOIAPHBIM
KOOP/UIIATaM) M IIOKA3aTh, 9TO €ro 0CO0HE PEIIeHHs COOTBETCTBYIOT KPHBBIM, OIpe-
neasieMbiM B 1. (d).

Kakywo ponb urpaer Tpertba npsaMas mu3 u. (a)?
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Yopaxuenue 19. (a) Haiirn mepssif MHTerpal ypaBHeHAs BTOPOTo
nopAgka

d2 dz \ 2
=)+ () +1=0.

IIpowHTeTpNpPOBAaTL ypaBHeHHe, mosaraa u = Arc tg (dz/dt).
(b) IIpouHTErpHpPOBaTL ypaBHEHNe B YaCTHHIX ITPOH3BOMHBEIX

ot at
y (1‘5)—(@—(1'1\‘512) 6—y+i—l=0

YuopaxueHne 20. [Iponaterpuposats cacteMy juddepeHnuaapHuX ypaBHeHUR

dz

@ T

dy

o =

dz z
T ErT Yy

Haiitn pemeHme ypaBHeHH:

@+ Gt e—) S =a =yt
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LHDDEPEHUHANIBHBIE HOPMBI.
3NEMEHTAPHBIE TPHMEHEHUA
K BAPHALHOHHOMY MCYUCNEHHIO,
TEOPHH KPHBbIX
H NMOBEPXHOCTEH



ANDOEPEHLHANIBHLIE ©OPMb!

§ 1. 3HAKOIIEPEMEHHBIE IIOJUJINHENHBIE OTOBPAKEHUA

1.1. Onpenenenne 3HAKODEpEeMEHHbIX NOIMIHHEHHBIX O0TOOpaKeHHId

JHaguTe N bHAsI 9aCTh M3JaraeMoil HMKe TeOPHU He BBIXOMHT 3a PAMKH
qucToil anreSpH W mpUTORHA IJIA BEKTOPHHIX IPOCTPAHCTE HAJ JT106 BIM
KOMMYTAaTHBHHIM HojleM K (0e3 orpaHudYeHHil a XapaKTePUCTUKY IOJA).
Ho ™Mbl B mameM HB3JI0/KEHUM OTPAHUYIMMCA CJIYyYaeM HOPMUPOBAHHBIX
BEeRTOPHHIX HpoctpancTB max moxsmu R wam C. Jlas Ooxbmellt ompe-
NeIeHHOCTH NMPHMeM 33 OCHOBHOe moie R.

Ilycts £ u F — nBa HOPMHPOBAHHBIX BEKTOPHBIX IPOCTPAHCTBA.
Mu yse Berpedanucs (m. [.1.8) ¢ HOpMUpOBAHHBIM BEKTOPHEIM IPO-
crpanctBoM £, (E; F) HempepHBHHIX p-IHIeHHHX 0TOOpayKeHHH
EP— F. NIna p =1 »10 mpocro Z (E; F). Hua p = 0 monokum
Lo (E; F) = F. Mb TarKe 31HaKOMbl ¢ BEKTOPHBIM IIOAIPOCTPAHCTBOM
upocrpaucTBa L, (£; F), cocToAmuM u3 cummempuueckux p-InHedIbx
oroGpasrenuit. Temeps Mpl pacemorpmm B £y (E; F) papyroe mopmpo-
crpancTBo A, (E; F).

Onpepenenne. OrtoGpaskenne f € Lp(E; F) Hasolsaercs snakonepe-
MEHHBLM, eClIu ero 3HaveHue f (2, ..., zp) obpamaercsa B HYy.4b BCAKUI
pas, KoTHma &; = Z;4; XoTA Ou mas opuoro mumerca i (1 i <p)
{ycnoBumcs, maa p = 1 Besaroe aumeiinoe orobpaswenue E — F cum-
TaTh 3HAKONEPEMEeHHBIM].

OueBHAHO, 3HAKONEDPEMEHHBIEC p-IUHeHIble 0TOOpaKeHHS 00pas3ylor
BEKTOPHOE IOJUPOCTPAHCTBO mpoctpaHcTBa Lo (£; F). Mu o6os3nagaem
ero 4epes £, (E; F). Taxum obpasom, A4, (E; F) = £ (E; F); no
onmpeneienuio 4, (E; F) = F.

BexropHoe momnpocrpanctBo oA, (E, F) samknymo B L, (E; F).
HeiictBaTenbH0, nycTh [ € L, (E; F) — mpegen mociefoBaTelbHOCTH
BEKTOPOB f, € oA, (E; F). Torma lim |{f — f, || = 0 u moromy mpum

n—»o0

$UKCHDPOBAHHHX Zp, . .., Tp € E mocienoBarensHocTs f (Zq, . . .y Zp)
cTpeMurcsi K unpemeay f (xy, ..., zp). CiegoBareibHo, eciH I; =
= Zi+1, TO
flxy, .. xp) =limf, (z, ..., 2p) =0, u.1. g
n

Hasa toro 49ro6H cHOPMYIMPOBATH APYTHEe CBOMCTBA 3HAKOIEPEMEH-
HBIX HONMIUHEAHBIX OTOOpa)KeHUH, HaM HEOGXOMMMBI HEKOTOpHE Ipo-
CTHIE CBeJleHUA O IPyNNax IepecTaHOBOK.
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1.2. T'pynmel nepecTaHOBOK

Ilyetp X, — rpymma Bcex nepecTaHOBOR MHOmecTBa {1, ..., p}
mepBHIX p neasx gucea > 0. Oma cogepsrut p! smementos. [lepecranosra
0 € £, HasplBaeTCA mMPAHCNO3UyUel, eciIN CYMecTByeT TaKas mapa
pasmumuupix dmeen i n j (1 <LiCp, 1 LjLp), gro

o (i) =],
o (j) =1,
0 )k=k ana mwbGoro k, OTAMYHOTO OT i U j.

(ITonpocty rosops, ¢ mepecrasiser i 1 j.) O9eBHAHO, 9TO 02 — TOMKAECT-
BeHHad mojcTaHoBKa. MsBecTHo, 4TO BeAKasA IepecTaHOBKA 0 € 3,
pasnaraercA B IPOH3BeAeHNe TPAHCIO3MINH, KaKAasg A3 KOTOPHIX mepe-
CTaBJsET ABA nocaedosamenbrux duciaa. Kpome Toro, Mo;tHO TOKas3aTh
(rak, HampmMep, 9TO fAejlaeTcd IPH JTI1000M H3JI0/KEHNMH TEOPUHU OIpe-
AeauTeaei), 9TO YETHOCTDL UHCJA TPAHCIO3UIMNI, BXOJAMMX B Pasiloye-
HHEe O, He 3aBHCHUT OT BHIOOpA Pa3IOKEINA.

HasoBem cuenamypoti mepecralloBkH ¢ ¥ 0003HAYMM 4uepe3 & (O)
meJioe THCT0, paBHOEe -1, ecam 0 — HpoU3BeAeHNe JETHOTO TUCIA TPAIIC-
mosuuuii, m —1, ecal ¢ — IpoU3BCeHHE HEYETHOIO UHCAA TPAHCHO3MH-
. Takm oGpasoM:

Omobpasicenue 6 — € (G) epynnit Sp 8 MYALMUNAUEAMUSHYIO 2DYRRY
uz deyx aaemenmos +1 u —1 ecmv comomopgusm epynn. Ecau ¢ —
mpancnosuyus, mo € (o) = —1.

ITyers Teneps £ m F — npon3BoJIbHBIE MHOKECTBA M [ — oTolpastke-

ane £ X ... X E— F. [laa 0 € X, obosuadum uepes of orobpaskenie
pras
E x ... X E— F, oupegeaennoe ¢opmyaoi
(0f) (%1, v s ZTp)=[(Zotys «+ 1 Tap)- (1.2.1)

(Houpocry rosopsa, of moaxydaercsa M3 [ IepeCTaHOBKOIl IlepeMEHHBIX.)
flcuo, uro ecau ¢ — eguUMYHAA NMOACTAIIOBKA, To Of = f. [lamee, mmeen

(o) f=r1(of) ama o€Z, TC€I,. (1.2.2)
HedicrBurenbuo, noioxum of =g. Toraa

(T8) (@15 -y Zp) =& (Zrcrys -+ » Tram)-
Iycrs y; = 2., B cmry (1.2.1)

gWo - Yp)=FWows - > Yspy)>
I TaK RaK Yg), = Loy, MBI BEIUM, UT0 T (0f) ectb QyHKIuA

(Tgy < vy Tp) > (Zeoitys v o0 Team)s

oTKyja 1 caenyer coortnouienue (1.2.2),
JT0 cooTHOINEHHe BBIpazkaeT ToT (awT, uTo epynna L, Oelicmeyem
caesa na mrHoxcecmee Pynkyuii EV — F.

13—743
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1.3. CpojicTBa 3HAKOIEPEMEHHBIX MOMMIMHEHHBIX O0TOOpasKkeHuil

ITycre E n F cuoBa 0603ma4al0T JBA HOPMHPOBAHNBIX BEKTOPHBIX
IPOCTPAHCTBA.

Hpepaomerme 1.3.1. Tycme f € £, (E, F) — snakonepemennoe noau-
aurnetnoe omobdpasxcernue. Tozda

(i) ecau x; = x; 048 napw pasiuunvix undekcos (i, j), mo
flzy oo ) =05
(ii) das wioboii nepecmanosku o mruoxcecmsa {1, ..., p} umeen
Ty ooy Zop)=¢€(0) f(xyy « o0y Zp), (1.3.1)

ede & (0) = =1 ecmv cuenamypa nepecmanosku o.

[Tperae dYem mOKAsBIBATH HANIM YTBeD:RIEGHUA, HaTUM HeHoabImoe
nosicueHne: cBolicTBo (i) oGolmaer cBoiicTBo, cay:kammee onpedeteruem
3HAKOIepPeMEeHHOTO OTOODKeHHs, W BbIPasKaeT TOT (PaKT, YTO orolpa-
MmeHme f(xy, ..., x,) obpammaercsi B HYIb, eCIH SHAUCHUA AHOOwX Osyx
nepeMennuL cognadam.

HJorasareanscrsno. [orakem mupesme yreepsigenue (ii).
Haumenm co caydas, korga 0 — mpaHcro3uyus, TEPeCcTABIAOMAA BA
nocaedogamesvunr ungexca i u i -- 1. Mp gomkuwer mokasars, UTO

g (@41, ) = — & (&4, Zig), (1.3.2)
rne JJId IMMPOCTOTHEI 3allMCII MBI ITOJJIOMIHM
g (xi’ xi-l—l) = f (‘rlv coeey Liy Lidqy o« v o xp)-

OueBIIHO, ¢ — 3HAKONCPEMeHHas OILIMHeHas GYHKI[UA, MOITOMY
(T - Zipyy i+ 2ipg) = g (T4, i) + §(Tivy, Tivy) + & (Tis Tive) - &(Xivys i),

Tar rar mepsbie TPH wWieHa STOTO PABEHCTBA PABIHL HYII0, TO COOTIIO-
menne (1.3.2) morasaHo.

Horaskem reneps paserctso (1.3.1) mas odmero caydas. iaa storo
3ANUIIEM 9TO PABCHCTBO B 00031aYeHMAX, BBeJCHHLIN B 1. 1.2:

of = ¢ (o) f. (1.3.3

Taw Kawr (0,05) / = 0y (02f) u & (0,0,) = & (0y) & (0p), MBl BHANM, UTO
ecau paserctso (1.3.3) uMeer MecTo st 6 = Oy U G = Gy, TO OHO HMeeT
MeCTO H JIIsl 0 == 0;0,. IloCKOABKY OII0 mMMeeT MecTO B ciaydae, KOTIa
0 — TPAHCIO3UIlHA, IePeCTABIAIOIIAS JBA IOCIeJ0BATENbHLIX HIeKCa,
TO OHO MAMEeT MECTO s JI060T0 KOHeUIOr0 HPOU3BeleHIA TAKUX TPaHC-
mosuiuii. Ho ao6as mepecramoBKa 3alHCHIBAeTCA B Blge TAKOro IIPO-
U3Bejelns, 3HaYUT, PABEHCTBO BEPHO [T JI000H MEPecTalloBRU O € X,
Jrum Jorasamo yrBepswjernme (ii).
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Ocraerca porasate yrsepsifenume (i). Ilyers z; = z; (i %= j). Cyme-
CTBYeT Takad IepecTaHoBKa 0, 4ro O (1) =1, ¢ (2) = j. Tar kar f —
3HaKoIepeMeHHas (QYHKIUA, TO

f(xoti)v ey Iu(p))=07
a Tak Rak oma paBHa == f (zy, ..., Zp), T0f (24, ..., ) = 0, 9. 1. 1.

3ayMedanne. Bce crasaHHoe BHIIE NPUMEHHMO K BEKTODPHEM
mpocTpaHCTBAM Hapm J0OEIM nonxedM. Ho ecam xaparrtepuernka moas K
OTJMYHA OT [BYX (KakK 9TO, pasyMeeTcs, IMeeT MeCTo B cayvaax R
miu C), 10 ceoiicmeo (ii) das nosuaumetinozo omobpaxcenus éieuem e20
sHaronepemennocmyv. Jeificrpurennino, us pasencrsa (1.3.1) BrTexaer,

9T0 eCJHM 0 — TPAHCIO3UIUsA, INepecTaBIAKINAA [ U j, O X; = Z;41, TO
j(‘ria o v ey 'rp) = _j('riv LRI 'rp)a
OTRYZa
2f (xy, .., xp) = 0,
TaR 9YTO €C.JII MBI MO/KeM JeiduTb Ha fABa, T0 f (24, ..., xp) = 0.

Ioamiuueiinoe orobpaskenue f, ynoBaerBopsiiomee cBoicrBy (i),
naspiBaerTcsl Kococummempuyeckum. [LOPOTKO BTO CBOMCTBO 3AIINCHIBAETCSA
rar: of = & (0) f.

Tarmuy o6pasoy, B cayvae, kotopwiil nac nmrepecyer (A = R mau C),
NPOCTPAHCTBO o4, (£; F) smaRroiepeyenHbIx IOJTNINIEHEX 0TOGpaske-
HHII COBNAJACT C IIPOCTPANCTBOM ITOTMAMHEHHBIX KOCOCHMMETPIHYECKIX
otobpasrenii.

1.4. Y>yuo:keHune 31aKoNIepeMeHHBIX HOMIIHHEHBIX 0TOOpPAsKeHIN

Myers f € H#, (B F)n g € A, (E; G). [iaa toro 4To0s 3aaTh YMHO-
JReITIIC MOy g M f, Iy;RIo 3a7aTh clavada HCHPEPHIBHOE CUIHHeHHOe
orobpasreriue

O: FXG—>H

(co 3mavCHHAMI B IIeKOTOPOM IIOPMHPOBANIHOM BeKTOPIIOM HPOCTPaH-
cree ff). Taroe Omnuuneiinoe oTobpaskenme IO3BOJAAET COMOCTABUTEL f
n g orobpaweine h: E'? — H, a mnmento:

h(xh LIRS Ip+q)'—=CD(f(Ii, ey xp)v g(xp-f-iv L] xp+q))' (141)

Ouenugio, otobpaskenne h modmawmiieiino u wnempepoisiuo. Ho omo,
B0OOIIe rOBOPSA, He 3HAKOTIEPEMEIIT0: 010 AL TPUIaIesRHT MPoCTpali-
cTBY (p -— ¢)-anmHeHUBX oToGpasKenuil, 3HAKOIePENeHHLIN [0 D MePBBIM
HEPeMEHNDBN Zy, . . ., Z;, I § TOCHETHIM HePEMCITHLIM Ty g, - - «» Lp4g-
OGosmaunM 9T0 MPOCTPAHCTBO uepes o, ((K; II).

Omuninen  Telepb KAHOUWIECKWIl IPOIECC, KOTOPHIT KaKIOMY
h € A, (E; H) conocrasager h € A,y (E; H). Bomee rtouno, ompe-

13*
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denmM celigac amMHEeHOe HENpEepHIBHOE OTO0pa)keHme
Pp.qt Hp,q(Es H)—> Apiq (E; H).
Ilo onpedenenuio, ®pq(h)—>3T0 monuINHeRHOE 0TOGpasKeHUE

h=>¢(c)(oh), (1.4.2)

rae cyMmma GepeTcsi o BceM IepecTaHOBRaM ¢ muokectsa {1, ..., p+ g},
TAKUM, ITO

o)< ...<o(p) u o(p+H<...<o(p+g). (1.4.3)

Janmm paraspgHoe HOSCHEHHe TOr0, KAk MefiCTByeT TaKas NepecTaHOBKa.
Boasmem fBe Komonmbpl KapT, U OyCTh B IEPBOH KOJOME p KAapT, a BO BTO-
poil ¢ (KapTHL mepBOW KOJOALI IPOHYMepoBaHH Homepamu ot 1 pmo p,
a Bropo —or p + 1 mo p -+ ¢g). Ileperacyem xkapTil ofuH pas.
KaprTel mepBo# KOJOZB 3afiMyT MecTa IJIe-TO MeITY KapTaMH BTOPOI,
HO WOPATOK CJEJOBAHUA KapT HePBOH KOJONBL COXPAHUTCA. T0 jKe BepHO
U Ui BTOPOH KOJOXH. 13 pesymbrare MBI 1I0j1y9aeM NePECTAHOBKY O,
KoTOpas ymoBierBopseT yciaosuio (1.4.3). Jlerko sumets, 910 u, oGparuo,
BCAKAA TaKas MepecTaHOBKA MoykeT OLITH peajmsoBaHa Ha Iailed Moje-
ad. MosKHO TOKasaTh, 9TO YHUCJIO TAKHX IEPECTAaHOBOK pPAaBHO

(p+9)!

plq!

Ham ocramocy mokasars, 4to oTo0pakeHue k, OIpeleJeHHOEe DaBeH-
ctBoM (1.4.2), ecTh TeACTBUTENBHO gHakonepementoe orobpaskenue. [Iycrn

JlaEa IOCTeN0BaTeJbHOCTh BEKTOPOB Iy, . .., Zpigq & E, B KoTOpOIi
HEKOTOPBIE [Ba IIOCTEIOBATEJBIIEIX BEKTOPA PABHBI: I; = Z;14. IlOKa-
jxeM, 49T0 h (T4, ..., Tpyq) PABHO HYII, T. €.

2 e(0) h(Zocys + - s Tocprg) =0. (1.4.4)

o

Il s aTOr0 pasgenum Bce MOACTAHOBKM, YI0BIETBOp A0 mue yeraosuio (1.4.3),
Ha [IBa KJacca:

1) TlepBHIH KIacC COCTOMT M8 TAKMX O, IS KOTOPHIX MHEEKCH 01 (i)
n o1 (i + 1) auGo oba < p, aubo oba > p. B nepsom cayuae z; u ;4
CTOAT HA TEePBHIX p MeCTaxX B A (Lgqy, - « .1 ZLg(piqy), TOITOMY COOTBET-
cTBylomue uM wiensl B (1.4.4) paBHE Hydio (b 3rnaronepemerio 1Mo mep-
BLIM p aprymentam). Bo BTopom cayuae cOOTBETCTBYIONIME TieIbl PaBHEL
HYJI0 [0 ANaJOoTHYHIBIM CO00parKeHHsM.

2) Bropoit kiacc meauTcs Ha ABa NMOKJIACCA: TAKHX O, JJS KOTODBIX
ol <L<p, a o' (i+1)>p+1, mu Takux O, AIA KOTOPHIX
ol (@)>p+1, aoc?(i+ 1) <p. Ilyers T — mpancnosuyus, nepe-
crapasgomas i u i -- 1. Torma, ecanm ¢ neXHT B IEpPBOM MOAKJIACCE, TO
T0 JIe;RUT Bo BTOPOM, W obpaTHo. MBI MOMKeM Tenepb Czpynruposamd
no dsa Bce ocrasmmecsa dwiensl B (1.4.4). Jlas KaMjgoro ¢, Takoro, 9410
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ol(i))<p uwol(i+1)>p-+1, mp BO3BMeM Hapy
€(0) h(Zoctys - -y Tocpra) —E(0) R (Txoinyy -« oy Troprg).  (1.4.5)

[Torasmenm, 9To 5Ta Pa3HOCTh PABHA HYJIO, 3aBEDPIIIB TeM CAMEIM JOKasza-
teabeTBo pasencrsa (1.4.4). [ocaexosarensrocts 10 (1), . . ., ©0 (p+4¢q)
pTaAMYAETCA OT Tocaemosateabnoctd o (1), ..., o (p + ¢) BsammMHOH
samenoil i Ha i + 1, HO Tar Kak z; = T;44, TO pasuoctb (1.4.5) paBHa
gyao. Taxua o6pasom, bl onpedeanan opmyaoit (1.4.2) karorngecroe
JuHeiiHoe oToOpaiKenue

(Pp,q:'jépyq (E; H)"->-7¢'p+q (E; H)
" MOYREM 1aTh HaKOHEeI]

Onpepnenenne. JneMeBT ¢p, 4(h) € Apyq (E; H) nassiBaerca eHew-
HuM npoussedenuem orobpamenuit f € A, (£; F) u g € A4 (E; G) oTHO-
cureapao @: F X G— H m obGosmavaercsa depes

f/\@gv

rie h — oaement us A, (E; H), oupepenenumii pasemcrsom (1.4.1).
Packpoem oty ¢dopmyay:
(f /\':Dg) (xh ceey xp+q)=
= .?_ka (©) @ (f (Zoc1ys «+ 5 Top)s & (Tapns « - +» Tapro))y (1.4.6)

rae ¢ mpoGeraer MHokecTBO mepecranosok {1, ..., p -+ ¢}, yroBierso-
pawowmux yeiaosuio (1.4.3) (scmommmre Kosopsl Kapr!).

IT pamepon. Paccmorpum cayuaii, worga p = 1, ¢ =1, 1. e.
fEL(E,F)ugeX (E; GY — upocro auneinsie orobpaxenusa. Torja
f No g € A, (£, H) ects Oumnunueiinoe orobparkeine

(@1, 25) > D (f (1), g (z2)) — D (f (22), g (21)). (1.4.7)

B sToM nmpocreifimeM ciaydae MBI ¢pasy BUAHM, YTO OTOOpaskelue sHako-
nepemenHo, OO TMpaBasd dacTh 0GpAINAeTCA B IyJb, €CIH I; = Ig.
Bonee ofbmum obpasom, mycrs p = 1, a ¢ mpomssoabro. Torzaa

(f No8) (zg) T4y - -+, Zg) =
:ig[)(_ 1)"CD(f (xi)v g(xm ey Licgy Tiggy oo oy xq))_ (148)

Hisre M OyjaeM #Mcmoab30BaTh 0003HAYEHME

8(Zoy v ooy Tiy +vvy Tq)

JUIA yKA3aHHA TOTO, YTO B IOCHEJOBATETBHOCTH Zgy « . ., Tiy .+ .+, Tg
OPONYINeH YJeH C WMHISKCOM I.
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PaccemoTpuy Gosee mpocToft caywait, Rorga p = 0 W ¢ IPOU3BOIBHO.
Torma

(f /\'I)g)(xia "-7‘rq):¢)(f:g(xh -~-73?q))1

u6o f € F ecth KOHCTAHTA.

Mo 6ynmem mcmonb3oBaTh yMHOMKeHHE [ N\ g £ dHallle BCero TOIVA,
korma G =R, H = F u orobpasmenne O: F X R — F — 310 mpocro
YMHOKelle BeKTOPOB HpocTpancTBa F Ha crajaapsl. B aToM caydae MbI
Gymem onyckarb cuMBoid @ B obosmavennu f A g. B rom wactuom cay-
gae, kKorga I = R, mnpousBegenue [ A g 3HaKONEpEeMEHIIEIX I10JH-
JUHEeHHBIX (OPM eCTh CHOBA 3HAKONepeMeHHas HoJuauueiinas popMma.

Eme 6onee wactuuiil cayuwait: uyers f € £ (E;R)u g€ £ (E; R) —
Aunetinsie opmuer. Torga ux npoussefenne f /\ g ecTh 3JIeMEHT IPOCTPAH-
crBa A, (E; R), sagaBaempbrt, cormacuo (1.4.7), dopmynoir

(F N\ 8 (z1, 2) = [ (1) g (22) — [ (22) g (21). (1.4.9)
Paccymorpust oTodpaskenne
9 -~ Neg
npoussefienust L (E; R) X L (E; R) B 4, (E; R). Ouo sHaronepe-
MERHO u Oudunelino; OWIUNEHHOCTH OYeBHANA, a 3IAKONEPeMEHHOCTD
caegyer u3 (1.4.9): mpu ¢ = f uveenm f A f = 0, ubo B cuway komwvyrTa-
THBHOCTH VMHOKEINsI CKaJIAPOB

f(zy) [ (ze) — [ (o) f (20) = 0.

1.5. CepoficTBa BHEIINEr0 YMHOMKEHHS

Orobpasrenue (f, g) = f Ao g Ouaunelino: ecnm Mul QIUECHPYeM g,
10 f Ao g nuueiiHo 3aBHCHT OT f, H eCaH Mi QurcupyeM f, 10 f Ao g
auHeiHo 3aBuCHT OT g. JTo cpasy BHEHO u3 dopyyast (1.4.6).

Ipegnoienne 1.5.1. Iyemo f € A, (E; R) u g € A4 (E; R) — ana-
KonepemeHnule NoauauHelnble gopmrt (CO CRAIAPILINI  BHAYCHITAMII).
Tozda

ENT=(=D"FN¢g (1.5.1)

(3TO CBOHCTBO BBIPAsKAIOT, TOBOPSA, YTO BHELINEE YMHOReIIe 3[IaKolepe-
MEHHBIX (OPM aNMUKEOMMYMAMUGHO).

HJowrkasartensbcTso. Hyeem
(& NN (Z1y « oy Tpag) =
= ; e(T) g (Tectyy -+ oy Tuip) f (Trqatys -+ oo Toiprgy)s '(1-5-2)
rge T upoGeraeT MHOJKECTBO  IIEPECTAHOBOK  MOCJEZOBATEIBIIOCTH
{1, ..., p g}, rarux, uro
tTMh<...<1(@) v t(¢g+1)<<...<<7t(g+ p). (1.5.3)
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Paccyorpum mepecTaHoBRY @, IePeBOJAIIYI0 IIOCIEL0BATEIBHOCTH
{1, ..., p 4~ ¢} B ToCIENOBATEILHOCTD

{¢+1, ..,q¢+p 1, ... g}

sl <<i<gmeem t1(i) =t1a(pt+i)amagt+-1<<i<p+y¢g
T (j) = 120 (7 — ¢).

IMonomuy 1o = o. B cuny (1.5.3) ¢ yaos:aerBopser yeiaosuo (1.4.3).
O6patio, ecau ¢ yhosaersopser ycaosuio (1.4.3), 1o maa t = oo™!
pemondeno yeaosue (1.9.3). Haaee, e (1) =e(0)e(a) um e (a) =
= (—1)??, rak war 9TOOH OCYIIECTBHTH o, HY;KHO IOCIeLOBATEIhHO
mepecrasaarh 1, ..., ¢ ¢ ¢+ 1, ..., ¢+ p, 49ro cocraBageT pq
rpancnosumuii. I[losromy pasencrso (1.5.2) saummierca rtaw:

(g /\ f)(‘rh e ey xp+q):
=(—1™ 2 € (0) & (Zoptrs « + +» Zowre) [ (Zowwys -+ -5 Tom)s
(o3
rae o mpoberaer MHOKECTBO NEPECTAHOBOK, YHOBIETBOPAMIINX YCI0-

Buio (1.4.3). IToCKOIBRY yMIIOSREHHTE CRAAAPOB KOMMYTATHBIO, MBI MOYREN
B RKaKOOM NPOH3BEIEHHUM B IPaBoil 4acTH paBeHCcTBA MEPCCTABHTH

£ (Xopstrr - +» Laprg) € f(xu(i)y coey Top)-
TOF}I& HpaBaH JacTh HpHMeT BUX

('— 1)1,{1 (f /\ g) (xiv ] xp+q)’

u paseucrso (1.5.1) moxrasawo.

Hpepgnoseentte 1.5.2. Buewnee yunoxcenue 3HAKONEPeMeHHBE NOAU-
aunelinnx  gopn accoyuamusro. Wmade romopsi, cean f € A4 ,(E; R).
g€ ANE; R) m hecA(E; R), 10

" _ ; 5/
CANNE=7N(@&ADH. (1.5.4)

s norasaTennerBa maM mONagoOUTCA CICAYIOIIAas JeMMa:

Jlemma 1.53.3. IHycmo p, q, 1 — mpu yeanx NOL0HWMEALHRL wlUCd,
u  nyemv oAy o (E; F) — nodnpocmpancmeo ¢ Loy g4, (E; F),
cocmoaujee u3 omobpancenuil, NARONEPENCHHBL N0 D Nepebla nepemell-

HBA, BHAKONEPEMEHHVT N0 ¢ 6MODbM NEPEeMENHBM U ZHAKONEDEMEHHLL
no r mpemvun nepemerivin. Paccmompun duaepanay

¥pig
Hp o r (B3 F)y——=> .4 (E; F)
| $q, 7 | Cpeq.r
A4 N4
® .
Hp, g (B3 F) 2 Hprgir (5 F).
B oroil aumarpayye ¢p,, nepesoinr u € A, 4,(E; F) B snaromepe-

MENHYI0 I10 p ~- ¢ HMepBBIM HepesMeHIBIM QopyMy w (e szarparusas r
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OocJaeJHHX HepeMeHHBIX), a HMeHHO:

U(Zyy ooy Tpiger) = 2 e(0) U (Zactys - oy Loprain)s
o

re cy»MiMa GBPETCH II0 BCeM IrepeCTaHOBRAM O, OCTABJAIOIIAM Ha MecCTe

p+g+1, ..., p+q+r u yrnosuaersopsatomum ycaosuio (1.4.3).
ARaZOruYHO OmpesesigeM (g . (IPH IIOMOIM II€PECTAHOBOK G, OCTaB-
agomux Ha Mecte 1, . .., p). YVrazaunas Guazpamma rommymamuera.

Hrave z060ps,
Pp+q, r°Pp, ¢=Pp, g+r° Pgq, r-
[O10 1 cocraBaser yreepsKmeHme JeMMEL ]

HJoxaszareuancTnro. IorameM, dro ecau u € HAp 4 (E; F),
r0 00a 3HAKOUEPEeMEeHHLIX OoToOpaskenus

Pprarr (Pp, q (W) 1 @p, gir (Pg, r (1))

COBIAJAIOT € OTOOPayKeHHWEM U, OIPeJeNeHIIBIM CIEeTYIOHmIIN 00pasoM:
V(Zyy + oy Tpiger) = 2 e(0) u(Zoys »«+y Tapran)s
g

rge o Opoberaer MHOMKECTBO IIePECTAaHOBOK  I10CJIEI0BATEIbIOCTH
{t, ..., p + g+ r}, ragux, urTO

oc(h)<...<o(p)
o(p+1)<...<o(p+q), (1.5.5)
o(prg+)<...<<o(p-+g+r1).

Urobel ciesatTh 1auie yrBepsRAeHe WHTYUTHBIO OUEBIIILIM, IPIBIede
OIIATH 114 HOMOINb HCPajbHble Kaprel. BoabMeM Temepb TPH KOIOILI
13 p, ¢ U r KapT cooTBercTBenmo. Omepaiusa ¢p, , COCTOUT B IePeTacoBKe
HepBLIX [BYX KOJIOJ; OHEePAIMA (piq, » COCTOUT B IEeperacoBKe Pe3yJb-
Tara mepBOi TACOBKE ¢ TpPerbedl Koaomoi. G Apyrod cTopoHL, oIeparus
(q,r 3ARA0UAECTCA B TIepeTacoBRe MOCTEAHAX KONOX, A @p,q+r —
B IIepeTaCOBKEe pe3yNbTaTa NPesAVINeH TAaCOBKH ¢ IMEePBOH KOJOZOM.
Tak OBYMA pasnUYHBIMH CIOCOGAMH MbI HOJY4aeM Repemacosky Mmpex
k0400, W OYEBUAHO, UTO COOTBETCTBYIOI[aA IepecramoBka o0najgaer
coiicrBom (1.5.5). Ml orpanudmpaeMcs 9THM yKazaHueM W [pPefoCTaB-
ageM UYHTATENI0 BO3MOKHOCTL [POBECTH MOAPOOHEIE BHIUUCIEHHA.
Hpumenunm remeps ety 1.5.3 gaa mokasareibcTBA IIPeNJIOKC-
Hua 1.9.2. Yro6sl monxyuurs (f A g) A\ k, paccyoTpHM IOTUIMHEHAHYIO

dbyarIuIio

U(Tgy ooey Tppger) =
=(f(x1y -+ s Tp) 8 (Tpity «+ s Tptg)) A (Zpagess -« s Lpraar)s
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NPUHANIERAMYIO oy, o ,, H IPAMEHHM K Hell 0mepamimo @p+q, »o @p,
Yrobsr moxyuuts f A (g A\ k), paccMoTpuUM (HYHKIINIO

g

U (Zys -« oy Tpiger) =
=f(Z1, -+, Zp) (§ (Tprty -+ Tprg) B (Zprgity - s Tpiger))

¥ TIPUMEHHM K Hell omepamuio @p, g+r° @q, r. HO 4y = w B cuay acco-
yuamusrocmu YMmMHOMEHUL CKAAAPOG, 1 TAK RAK IIO JIeMMe (Pp+q' r° @p, q =
= ®p,g+r © Pg, r» paBeHctBo (1.5.4) HakoHenm oKa3aHO.

1.6. Buemnee nponssefeHne 7 IuHEHHBIX (opM

ACCONMATHBHOCTL BHEIIHEr0 YMHOMKEHHA JaeT BO3MOKHOCTH pac-
cMaTpHBaTh Jaioboe KoHednoe mpoussesenme fi A fa A ... A fae

WNayanm 6Gosee mopgpobuo caywad, Korga fy, . .., fn CYTh DIEMEHTLI
opocrpanctBa o4 (E; R) = £ (E; R).

lpexaosxkenne 1.6.1. IIycms fy, .. ., f, — aunetinve gopmuw. Tozda
(Fa N oo Afa) (@, ooy 2n) = ;8(0”1 (o) - - - fa(@om)s (1.6.1)

2de cymmupoeanue nposodumcs no ecex nl nepecmanoskam nocaedosa-
meavrocmu {1, . .., n}.

Horasatennctsno. [HHposemem wHgYKDHO [0 n. Hame
yTBepIKeHne TPUBHANBHO i n = 1 m yme [okasaHo Jida n = 2
(coornomenne (1.4.7)). Hanbueiimee mnpoBefeHye UHAYKOHH TIpPeRo-
CTaBisieM YUTATEN B BUJIE YHPAKHEHUS.

Paccyorpun MaTpPUIY U3 7 CTPOK U 72 CTOAOIOB (CTPOKI IIYMEPYIOTCH
MBEKCOM i, CTONOIBI — HUIeKcoM j) ¢ amementamit f; (z;). OGosHagmm
ee gepes {f; (r;)}. [IpaBaa wacTe pamemcrBa (1.6.1) — me 4ro unoe, Kak
onpedeaumeav 91oit MaTpmipl. Tem cadMBIM MBI TIOydaeM 8axcioe coom-
HOWeHue:

Fo A - A o) (@1s ooy ) = det {f; (z))}. (1.6.2)

3ayeruM, 910 ecau QUKCUPOBATDH Ty, . .., I, € E, T0 obe CTOPOHBI

paBeuctBa (1.6.2) CTaHOBATCA 3HAKONEPEMEHHWMU N-TUHEHHBIMEH (QYHE-

naaMa ot fy, fa, . .., fn. HedicTBuUTenBHO, fi A ... A f, obpamaercsa
B HyaAb upH f; = f;4; ubo, Kak Mul Bumeau B m. 1.4, f A f = 0.

Yupaskuesue. [[aga toro 4robel 7 371eMeHTOB fi, . .., fn €

€ L (E; R) = E* 6puin TuMHEeHHO 3aBUCHMEI, HEOOXOMMMO W JOCTAaTOUHO,
n—1

arobul f; A\ ... A f. = 0. Unes norasareascrBa: 1) ecau f, = > A,
i=1

0 fi A ... ANfn=20; 2) ecan f,, ..., f, THHeNiHO He3aBHCHUMHI, TO

CyllecTBYIOT R BeKTOPOB Zy, ..., I, € E, Tarux, gro f; (z;) = &8;;

(cumBon Hpomexepa); mnade roBopsa, marpuna {f; (r;)} — enusmdHad.
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Tar kak ee ompegenurendb pased 1, To

(Ffa N oo N (2 ooy ) =1,

T. €. 3HARONepPeMeHHasA n-1uHeliHad gopma fi A . . . A f, He obpamaerca
B HYJIBb TORAECTBEHHO.

1.7. Cayuaii, rorga mpocrpascTBo F KOHEYHOMEpPHO

Ilycte E — mpocrpancrBo pasmepuocru k. Torma, BniGpaB B FE
Karoi-HulOyab Oasmc, MO;KHO OTOMKAECTBHTH mpocrpancteo £ ¢ R".
Oas i =1, ..., k obosmauunm uwepes u;: R'-—>R i-yo RoopAmHATHYIO
dopy.

Teopema 1.7.1. Bcakoe p-aunelinoe sHaronepemenroe omobpaxcerue
f € A R", F) odnosnauno sanucweaemces 6 eude

f= 2 ey N Ndip (1.7.1)
(€< L<io<h p
P
ede KOHCMAHMYL Ciy, ... i, CYMO daemenmu npocmpaincmea F.

B mpaBoit wacTu paBeHCTBA KayKALIH UiIeH ABIAETCA NPOMBBEEHUEM
ROHCTAIITEL Ciy, ..y i € F n s3HarkomepeMenHOIl p-aumciinoil QopMLI
uil/\. .. /\ ui — BUelIero NPOHU3BENEHIA p JHHEHHBIX (op>L.

p

Jlorasareasncrtso. llpemae Beero, f — mosunuiciiuoe oro-
Spaskernie (MamoOMHIM, uTO, TocKoAbRY £ = R Romeumomepmo, Beskoe
noalLTHHeHoe oTo6paskenne nempeprBio). llosTomy, cormaciio crasai-
momy B m. [.6.2, MBI Mo:eM HamImcarh

N . 1 v Id
f(ll, ey ‘7,1’>: 2 cil,.“,i)xil...:ci_, (1.1.2)
i iy I p
rge cuMBoab: zb, ..., z” osmawaor Bexropul, xi, ..., Ty — KOOPAH-
IaThl (-ro BeRTOPA ' W CyMMIIpOBaNye BelleTcs 10 BCeM Ha0OPAaM HHIeK-
COB if, ..., ip, HE3aBHCUMO APYT OT Apyra HmpPOOETalolHX BCe Iiejible
gucaTa ot 1 go k.
@opma f oupegeasier «KOIPOUILHEIITHD cii,...,ipEF O/IHOBIIAUTIO,
Beuzy toro daxra, uro KosdPuUImenTs ompegeTens 0 I03UAUN0, YCI0-
BHE 3HAKOIEPEeMEHHOCTU

a(1) o(p)
fa™, o, 22y =¢e (o) f(2*, ..., 2P)
MO;KHO Iepemumcarn, Tak:
c’io-(i)’...‘io-(p):e(o—)ciiy ""ip; (1.7.3)
B 9acrHOCTH, (KO3diHIInEeHT) Ciyy iy obparaercs B HYJIb, €CIH KaKUe-
HUGyAb ABA U3 HUAEKCOB iy, . . ., ip coBmagaior. Yciuorus (1.7.3) neob-

XOJUMELE W {OCTATOUYHBI IsL TOTO, 4ToOLI p-nmueiinas gopma ¢ Koddu-
MHeHTAME Cif, .., i Onima sHakonepemeHHOL.



§ 2. Juppepenyuaavnve gopasl 203

Crpynuoupyey B nmpaBoil gactu pasenctsa (1.7.2) caaraessie B rpym-
el u3 p! YiaeHoB, OTAMYAIONIHECH APYL OT APYra JUINbL IePecTaHOBKOI
9JIEMEHTOB OJHOTO I TOTO ;Ke MHOKECTBA iy, . .., ip PASAULHLIY HHAEK-
cos. Ilomyaum

fat 2= X ey (yﬁ(o 2V . af?),

i< <ip

rge KoaQuuuenTo ¢; ... i, AAA iy <. ..< ip MO/WHO BHOHpaTh LPO-
u3BOMbHO. TaK 3aMuCHIBAETCS MPOUBBOJBHAS SHAKONEDEMEHHAS D-JIMHEH-
maa ¢opma. Cyydsl, crosmume B CROGRAX,

Me@)al .., 2l
(s}

— 910 B cuay (1.6.1) He 9TO MHOE, KAK 3HAYEHHNs BHEUIHUX IIPOM3BeJeHMIT
ui, A\ ... N\ u;, woopammatHBIX $opM u;, ..., u;, NIA BEKTOPOB
zt, ..., 2P, Tem camemm (1.7.1) morasamo.

Caepcreue  1.7.2. Ecau p >k, mo eerkmoploe npocmparcmeo
oAy (R R) nyaesoe. [[lelicTBuTebHO, He CYMECTBYeT CTPOTO BO3PACTAIO-
meld TOoCJACHOBATENIBHOCTH iy < . .. <lp, COCTOAINENl M3 p ILedhx
apcen >1 mw <k.]

Emu p =k, mo kawdwii saemenm us A, (3" R) umeem eud

cus \ ... N\up, | ede cEF.

CﬂenCTBne 1.7.3. Jusa F=R O6asuc 6ekmopHo2o npocmpancinea
A, (R"; R) obpasyrom saemenmur,

uip N - oo N Uiy,

coomeemcemayionue ecex cmpo20 603PACMAIOUUM NOCACH06AMLALHOCMAM
iy <<...<<i, yeawx uucea >1 uw <k. Imom 6asuc nycm dns p>>k
w cocmoum u3 00Ho020 aaemenma 0as p = k.

Yupaskunenue. BuumcinTs pasMeprnoctsh BeKTOPHOTO TIPO-
crpanctBa o ,(R"; R) mas p < k.

§ 2. ITUODOEPEHIINAJIBIBIE ®OPMBI

2.1. Onpepenenue puddepeHnHaIbHbIX GopM

Berony mamee U — OTKpHTas OKPEeCTHOCTh HYJs B 0aHAXOBOM IHPO-
crpanctee £ m F — 6aHaxoBo mpOCTPAHCTBO. 3aMeTHM, 410 o, (£; F)
(IPOCTPAHCTBO SHAKONEPEMEHHBE HELPEPHIBHBIX pP-JIHHEHHEIX 0TOGparke-
uuit EY — F) GamaxoBo, 60O OHO SIBASETCS 3AMKHYMBM TOLIPOCTPAH-
cTBOM GaHaxoBa unpocrpanctBa L, (E; F) (em. m. 1.1).
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Onpepenenune. Jugdgeperyuasvriol gopmoti cmenen p, onpedesernroll
wa U u npunumaiowell snauenus ¢ F, HaszpiBaeTca oTOOpasKenue

o: U— &, (E; F). (2.1.1)

[Mer Gymem roBOpHUTBH s OPOCTOTH: Jugiepenyuaavias p-gopna
ma U co smavenuayu B F.] Tosopsar, uro audpdepennuanbuaa p-Gopua
® OpHHAMIEe:RUT K Kiaccy C™, ecnn orobpaskenue (2.1.1) npunagmeskur
K rRaaccy C"; spmech n — meaoe gnciao > 0 mam oo.

YUacruse caydaun J[Hupdepennuanvuas doprya cremeHn
HYIb — 3TO He 4To WHoe, KaK gynryus U — F. [udpdepennuanbuas
dopma cremenn 1 — aro orobpaskenme U — £ (E; F).

O6osuavenue. Cmvmon Q9Y(U, F) 6ymer o6osnavarp MIIO7Re-
cTBO BCex auddepeHNUANBHHIX p-¢opM Kiaacca C™ wa U co sHaveHUsAMI
B F. flcHo, wWro a10 6ekmopmoe npocmparcmeo.

Hua o €¢QP WU, F), 2¢U u &, ..., £, €E obGosnaunym depes

o (x)<§17 o -y gp) E F

3HaveHme oTOOpakeHusas o (z) € A, (E; F) Ha mocieroBaTeIbHOCTH BEK-
T0poB &y, . .., §,. NHorma Mel GyReM 9To ke 3HAYEHHE 3aIIHCHBATH TaK:

© (@ B e B

Jas durcHpoBaHHOrO * BTO 3HAKOMePeMeNnas Hoauinueiinaa QyHKmusa
oT gi’ “ ey gp.

Il puwmep. lycers f: U— F — orobparkenne rmacca C", n > 1.
Torma npomssoguoe otobparkenue [': U — £ (E; F) Momuo paccma-
TpuBarh Kark guddepennmanbuyio dopmy crenmenu 1 waacca C*1 na U
co 3HadeHUsMH B F.

2.2. Onepauun zHag guddepeHnnaabubiMu GopMaMu

B § 1 Me ompemenusym BHeENIHEE YMIIOYKEHHME 3HAKOIEPEMEeHHbIX
OONUAUHEHHBIX OTOGpasKeHuil. ITO YMIIO/KEHHEe UHAYIUPYET eHeuLHee
ymnoxcenue Juggepenyuasvirir @gopm. Iosicumm 3T1O.

IMycrs F, G, H — 6anaxoBel npoctpancrtea u @: F X G - H —
HempepeiBIOe Ounuueitnoe otobpaskenue. IlyeTb, HKpoie TOTO,

acQyP (U, F), PeQP U, G).
Hdas mo6oro z € U, a (r) ecTh »sxeMenT mpocrpanctBa A,(E; F),

a B (r) — anmement mupoctpancTBa A (K; G). Ilosromy ux BHeurHee
npousBefienue

o (z) Nob (z) € #piq (E; H).
Orobpakenue

z—a(@) \ of(z)
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mHOKecTBA U B HApyq (E; H) ecth oroOpakenme kiaacca C", Tak Kak
OHO TPEICTABIAeT CODOH KOMIIO3UITUI0 OTOOpaKeHHS

z — (o (2), B (2))
Kaacca C" § HenpepuwBHOrO OHUIAHHEAHOTO O0TOOpayKeHHA
A (E; F) X HAq(E; GY— HApiq (E; H),
OLPeIeAseMOr0 BHEIIHMM YMHOMKEHHEM.

Onpenenenne. Breuwnum npoussederuen o N\ o B Ouddepenyuarvhuiz
gdopu o u P HaseBaerca muddepeHnHadbHAsT dopMma

z >oa(z) No b (@)

Ecam o u P — dopmer wmacca C", TO HX BHeIlIHee IIPOU3BENEHUE
a No P — dopma wrmacca C". Tem campiM ompepeieHo OWIMHETHOe
orobpasKeHme

QW (U, Fy x Q" (U, Gy— QN (U, H).
PacxpriB Hame ompegemnenue ¢ momombio (1.4.6), momydmm

(@ ANoP)(x; 8y - vy Eprg) =
= ; & (0) D (ax(x; Ecars -+ +» Eoem)s B(T5 Eoprirs » -+ Bocpray))s (2.2.1)

rIe CyMMHPOBaHME BEIEeTCS II0 BCEM IIePeCTAHOBKAM O IIOCIEI0BATENb-
socrm {1, ..., p 4 ¢}, rarmmM, gTO

o) <...<o(p), olpp+hH<...<o(p+9.

Dpuwmeps. Hyers f: U— F — dyusnusa u @ U — A,(E; R)—
mupdepennnanbiasg n-gopMa €O CKATAPHHMM 3HadeHHAMH. IlomosKum
G =R, H=F u BosbmeMm B KauectBe @ orobpaskenme F X R — F,
onpe/ensieMoe BeKTOPHOM CTPYKTYpoit mpocrpancrtBa F. Torma npousse-
neune f Ag @, KoTOpoe Mbi 6yaeM o6o3HaTaTh HPOCTO depes f-w, ecTbh
nupdepennuaabuan Gopma, olpegeNeHHAs PABEHCTBOM

o) (2 &y oo B) =f(0)0 (2 8 vy Ba) (2.2.2)

Paccyorpum npyroit mpumep. Ilyers o n B — guddepennuanbunie
gopMer  cremenu 1 co cramspubivm sHadenuamMu 1 @: R X R - R —
yMmio/reHne ckalapoB. Torga dopma a Ao B, KoTOpyO MB 0003UaTHM
upocto uepes a A P, ounpemeasiercs dopmyinoi

(@ A B)(z; B, B2) = a (23 Ep) B (x; &) — a (x5 B2) B (5 Ey).  (2.2.3)

Brewnee ymunoskenune nupdepeHnuaibmbx GopM o6aaaeT BCeMH
CBOMCTBAMH YMIIO/KeHHA BHAKONEePEeMeHHBIX IOAMAHHeHHLHIX o0ToGpa-
JKeHUI:
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Hpenaoskenne 2.2.1. Brewnee ymnoxncenue duggepenyarvhux dopa,
RPUHUMAWIWUL CKAAADHBE 3HAUEHUS:

(@ B) > A B,

anmurommymamusro: B N\ a = (—1)P2a A B, 2de p — cmenenv @op-
Mol o, @ q — cmenenv gdopmwt B. Kpome mozo, ono accoyuamueno:

AN ANvy=aANGBAY.

Jto odueBHMAHOEe cueacTBHe mnpemiaoskenuit 1.5.1 m 1.5.2.

Ipemnowenne 2.2.2. ITycme oy, ..., 0, Q" (U, R) cyme 1-opmn
kaacca C", npunumaiowue ckaaapuvie snadenus. Tozda oy \ ... \ ©p€
CQMWU, R) ecmv  sHaKonepeMeHHAs NOAUAUHEUHAS PHYHEYUA — om
Ofy -ovy Op U

(@ A\ oos ANop) (23 81y -0, Ep) = g € (0) 01 (25 o) -+ » On (T Eoepy) =
=det (w; (x; &5)). (2.2.4)
9T0 IemocpeacTBeHHoe craenacTBue mpegaosnenua 1.6.1.

3ameganue. [ns mo060oro 1mexoro 4imcaa n paccMOTPHM BEKTOPHOC

npoctpancteo (P QYY (U, R) —upsaMyi0 cyMMy BEKTODHBIX IIPOCTPAHCTB
p=0
Q%Y (U, R) mo BceM 3Ha4eHHAM p. BHermHee yMmHOKeHIHe

QM (U, R) x Q4 (U, R) —> QW (U, R),

MIPOJOIREINIOe 110 JHHeHHOCTH, IpeBpallaeT T0 BEKTOPIIOe NPOCTpall-
CTBO
QW (U, R) = @ Q4 (U, R)
p=0

B ateebpy. Ee naswBaor epadyuposannoli aieebpoli, TaK Kak IPouU3Be/e-
Hue dJementa cremenu p (T. e. dieMenTa, aeskamero B QW (U, R)),
H »JIeMeHTa CTelleHHN ¢ ecTh DJeMeHT cremend p -+ ¢. dra axrebpa acco-
YUQmMUena A AHMUKOMMYMAMUEHA.

2.3. Omepamus BuemHero andepeHUPOBAHMA

Temepb MBH HepexoguM K ONHCAHHIO OYCHb BAyKHOM omepaiuu, He
HMeIOIel aHalora B TEOPUH 3HAKOIEePeMeNubX oTod paskenuid. Ml X0THM
COmOCTAaBUTL Kaykpo#d dopye o € QY(U, F) (n>1) ueroropywo
(p + 1)-popmy, obGosmavaemyo depes do,

do €Q0 (U, F),

p+1
U Ha3BIBAEMYIO gHewHum Oughhe penyuaron HOPMLL ©.
IIycrs
o—> A, (E; F)
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— orobpaskenne kaacca C" (n > 1). Paccmorpum mpoussonoe oTofpa-
JReNHe, KOTOPoe NPUHAIe;KHT K kiaaccy C™-1:

0 U~ ZL(E; A,(E; F)).
Hns ramgoro z € U
(0" (x)Eo)*(Ets « -y Ep) EF

— HempepnBHAaA HoamiamHeiinag ¢yukmusa or &, ..., £, € E. Kpode
TOTO, OHA SHAKONEpeMeHHA TO &y, . . ., &p. VIHade roBopsa, ' (x) MO/KHO
paccMATPHBATE KaK 3J€MEHT HPOCTPAHCTBA ofy ,(E; F) (MB mCHOIB-
sayem oGosnadenue m. 1.4). B tom e m. 1.4 610 mocrpoeno mempe-
pHIBHOE nuHe#HOe oToOpaskenue

$1,p0 H1,p(E; F)— Apy (E; F).

Onpegenenue. Brewnuwii dugdepenyuas do ecTh KOMIOBUIHUA OTO-
Epasrennii

®’ (pi,p
U—s Ay, (B Fy—"5 HApy (E; F).

3amumeM 9TO ABHLIM 00pasoM:

d{(w)(x; &gy -+, Ep):i;)(—i)i((o'(x)-gi).(go, con B B

(2.3.1)

Taxosa sBuas Qopuyma gas aaddepenmuansuoil (p -+ 1)-popmer do.
Ecam © — ¢opya wiaacca C", 1o dw — Qopma kaacca C"71,

Il pume po. 1) Bospren B kagectBe ® Pyurnuio f: U — F. Toraa
(@df) (z; §) = ['(x)-E,

T.e. df: U—~> % (E; F) ecrs He 910 HIil0e, KaK Rpouseodnoe oTODpasKe-
nue f’.
2) Has p=1 umeem

(dw) (.I, Eiv 22) = ((0/ (x)'§1)°§2 — (0’ (I)'gz)'gi- (232)
Orcroga BHITEKAeT

Ilpennoskesne 2.3.1. Ilyemov o € Q™(U, F), n > 1. jlas mozo umo-
6wt do = 0, Heobxoduano u docmamourno, umodnl dasa Jwbozo x € U
buaureiinoe omobpanxcenue

(E1s o) = (0 (2)-&1)-Es

6bL10 CUMMEM PUYECKUM .
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2.4, CpoiictBa omepanum BHemrHero muddepeHnmpoBaHnsa

Mpennoskenne 2.4.1. Ecau | — gynryus raacca C' u © — p-ghopma

rgaacca C, mo
d(f-w)=({f) A\ o+ f-(do). (2.4.1)

[3neck cromr ormerHTh ABa ciaydasa: 1) f npunumaer smavenus B F,
a © — ¢opMa, DPUHUMAIOMAs CKAJsAPHBE 3HAYeHMs; TOTXA 3HATEHHSI
dopuym d (f- o) mpuraanesxar upocrpancry F; 2) f — cransapunas QyHk-
nus, a © — ¢dopMa co sHadeHHAME [F'; Torza sHaueHHA ¢opmbl d (f- o)
TOKe IPUHANJIEKAT IPOCTPAHCTBY F.]

HdorasaTeansctBo. B obmem cayuae pynruusa f npunumaer
3HaweHHAdA B IpocrpaHcTBe F, ¢opmMa & — B mpocrpaHcTBe G U
O:F X G - H — npousBoJbHOEe HeNIpepHBHOe GuanHeiHoe orobpaskenue.
B oaroMm cayuae f-® ecTh orobparkenue

=D (z), 0 (z))

miuoskectsa U B oA, (E; H). Hssectno (em. =, I, ra. 1, (2.5.3)), uro
IPOM3BOJHAS ATOTO OTOOPasKeHHsA N0 Z IPHHAMAaeT Ha BeKrope § € E

3HAYCHHE

D (f' (2)-8 o (@) + D ( (2), o (z)-E).
OrpanuduBasgch MJIS IPOCTOTH cjayuaeMm, korga @ ecTh oTobpaskenue
F X R—> F uau orobpakenne R X F — F, Mb MoMeM HalHcaTh

(f-0) (2)-& = (' (2)-§)-0 (@) + [ (z)-(o" (2)-F).  (2.4.2)

Wcnonsaysa (2.3.1) u samenss o Ha f-®, ooaygaeM
D

d(f-0)(z; & -y Ep) = 2 (=D ((F-0) (2)-8)-Cor - - -,

i=0

Pacnumen mpaByio gacTh ¢ momombio dgopmyast (2.4.2):

iy » e §p)‘

[ a0y

EO(—W (f' (2)-Eo) -0 (@) Eoy - Eiy ooy Ep)

+i§0(—1)i’f(x)'((0' (@)-8) (Eor -y Eiy ooy Ep)e

[MepBass cymya ecTh 3HAaYeHHe BHeIUHero npomssefenus (df) A\ © Ha
(8gy - - -, &p). Bropas cymma ecrb 3HadeHHe mpousBefieHus f-(d®)
a (&, ..., &p), 9. T. 0.
Teopema 2.4.2. Hycmv a € QUP(U, R) uw B € QM(U, R) — dugge-
penyuaavnvie gopmu kaacca C", n > 1. Toeda
da A\ B) = (da) \ B+ (=1)"a A\ (dB.) (2.4.3)
Howrasareuascrtso. DopMyna Alg UpousBONHOH GuianmHeHAHON
¢yaxmEn ot nByx Gymrumi (cm. ta. 1, (2.5.4)) nokasniBaer, uro ecam
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zcU n EEE, 10
(@ A\ B) ()&= (a (x)-8) A\ B (z) + (@) A\ (B (2)-5).

[910 paBeHCTBO Me:KTy B.I€MEHTAMM IIPOCTPANCTBA .14 (£ F).]
Has opocrorsl G6ymem nucats o, B, @, B, (o A P) Bymecro o(z),
B(z), ... mw T. A, TOHHMAsS IO DTUMI CHMBOJIAMH 3IAYEIHs COOTBET-

CTBYIOIUX (YIKIUE B paccMaTpHpaeMoil Toure z. llepemirmem mpemsi-
Ayiiee paBelicTBO B BU/E

(@ NB)Y-E=(@E ANB+anB-E. (2.4.4)
Tah‘ Kar BIIeIIee YMHOeHNue AaHTHHKOMMYTAaTHUBHO, TO

@ AP -§=@E 5 AB+(=DTP -5 A (245

ITomosmmar
w (& Bty v oo Epig) = ((@'-8o) A P)-(Eps - - os Epsgh
V(o S5 - Eptgq) = ((B"- &) A\ ) -(&q, - - - Eptq)s
w (&, Eiy v Eprq) = (@ N\ B) -&o)(&1s -+ o, Eptq)

Idro niaeMentsl 3 Ay 4 4(L; R) (as urcmposammoro x), u B CHIY
(2.4.5)

w=u -+ (=" v

Ham myskmo BhMUCAWTh suaxomepeMenunywo {(p -- ¢ -~ 1)-muaueiinyio

¢ynrnuo d (e /\ B), Koropas mo ouperesenuIo sABaseTcss o0pasom ¢op-
MBI W HPH KAllONHYECKOM 0TOOpaskennI

Pt prgt A1, pig (B3 R) —> A piger (I3 R).
Maicear
o A\ B) = @1, prg () (= 1" @y, piq (). (2.4.6)

,[[anee, i eCTb BIlelIIlec IIPOI3Be/ellle, KOTOPOoe MBI IIoJyYaeM, IpH-
MeIsIst K

(@ &) (Bt « vy Ep))B Epts - - s Eprgh
Kak & aementy us A, .(£; R) [nas gurcuposammoro &y, orobpaskeme
Pp, gt Ap By R) = Appo(E; R).
Hawonen, ¢;,p+4 () ecrb o6pas asieienta
(o &1v - v o gp+q) — ((@ &) +(&yy - - s Ep))-P (§p+1: cow Epig)
(2.4.7)

us  Aqp,q (E3R) npm  oTobpaskenmum  @ypiq o Ppg. o 1o aem-
me 1.5.3

P1, p+¢ ° P, ¢ = P14p, q°P1, p
14743



210 Ta. 8. Hudpepernyuaaviue fiopms

IIpmvenstst orobpaskele ¢y, K moxmanaeiinoii gopye (2.4.7), moay-
qaex Qopiy

(EO) Eiv . e 0y gp-%—q)_* ((da)'(gm %lv CECEEY g )) ﬁ(§P+1= .« ey ‘S'p—}-a)‘

Ecan ayur mpmvenny r moayuensoii Gopye orod pa,I\eHHe Prip,qr TG
OJyquM Blladenne Buemnero mnpousseieuna d (w A f) ma cucteme
BeRTODPOB (&g, « « +, Epig)-

Tarxmr obpasoa,
P1, prg (1) = (da) A\ B-

ITo rear ke coolGpaskeHUsM
@1, prq (V) = (dP) N a.
Paperncrro (2.4.6) maer Temepwn
d(a A\ P) = (dx) A B+ (=1 (@) A o
V3 aHTHKOMMYTATEBHOCTH BIENNIeT0 YMIIO;Kelud CHefyeT, d9To
@p) A\ o= (=1 a A (dp),
M MBE IPUXOAHM HAKOHeIl K COOTITOMIEIIIO

d(a N\ B) = (da) A B+ (=17 a A (dP),

geM MW 3aBCpUIaeTCsI JOKa3aTeJbLCTBO.

2.5. OcuoBroe cBoiicTBO Bucuinero AndQOCpennpoBans

Teopema 2.5.1. Feau o CQP (U, F)— dupgepernyuaavnas  @opma
kKaacca C™, n> 2, mo

d (dw) = 0. j

[Omeparust d, mopTopemmast JiBa pasza, JacT UY.Ib.]

Howrasareanctsno. HQia ganmoro suadenmst x € U (roTopou
BO BCeX JaJDLNCHINIX PacCMOTPCHHIAX CUHTACTCSI 7)111\9111)03(111111111\1) de
ecTh  3NAROMepeNVeINTa nosmatnueiias  gyiwnnsa ot &y, ..., Epag-
ABIAIONASCS 00PazoMl TTOJTLILHICHIOTO  0TOD paskenms

(gh LRI §p+1) —> 0)’(21)'(‘227 LR EP-H)

HpH  O0TOGpaKeNI ¢y p .771 p (E; F) > A, (E; F). Tlosromy  past
PUKCHPOBANLIOLrO &, (dm) £, ecrp BIMARONCPEMCTLIA A TOJM T e ast
¢yurmua or &, ..., §ppq. Ona mpescrannsier coboil ofpas mpu oTo-
Gpaskenud g, TOJILTHIEHNOTo oToOpaskeind

G vvo Bprt) > ((07-80)-E) (B2 - s Epra),
KOTOpOe MBI MOM{eM 3aIlncaTb TaKyke KaK

®"(Eos 81) (B2 - - -y Epta)- (2.5.1)
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3pecs moj o mosmvaercs Omauneiiiiag QYHRIUA €O 3HAUYCHHAMU
B J,(E; F). Paccyorpuy ee xak noamniunueiinyio gynrnuio ot gy, &,
Eyy .« vy Epaq. OT0 daemeur 13 Ay ,(E; ). Onepamua ¢y, opu-
Menennas K Qyurmmm (2.5.1), paccmarpupaesoil Kar (YURIUs OT
€4 -« . Ep+y (Dpm QurcmpoBannoyM Eg), maeT 1maM 3JAEMEHT U3
H1,p+1(E; F), woropwii npejcTaBiAer coboit momnpocty (do)’, pac-
cMaTpuBaeMOe Kak Toiamruneitnas ¢yurumsa ot &g, &y, ..., Epyg-
Hance, mpumenss orofpaskenne ¢pp+1 K (dw)', MBI Dodydaesm 3HAKO-
nepeyxeunyio (p -+ 2)-nupeitnyio ¢yurnuo d (do). Wmaze rosops,
d (do) moayuaercs kKak o6pas moamimneiimoit ¢ynruum (2.5.1) wpu
OTOG PRI @, p4+1 © Py,p-
ITo semme 1.5.3

P1, p+1°P1, p = P2, po Py, 1o

OTrobpaskenue ¢, NpHMeHeHHOe K noamnnuefinod ¢ynxmum (2.5.1),
naer

0" (&, B +(8a, + v vy Eprr) — 0" (&, o) (82 - oy Epa)-

Ionyuennoe BHIpaskenre paBUo Hy4io, TAK KaK BTOpas NpoH3Bofnas o
ecTh cummempuueckas Ouanueiinas ¢ynruus or &, um & (. I, ra. 1,
reopema 95.1.1). Tem cammint Mu mokasamu, 4ro d (d (©)) = 0, v. 7. ;.

2.6. Muddpepenmuaapnbie (JopMbl Ha KOHEYHOMCPIIOM NPOCTPAHCTERC

IIyers mpocrpancrno £ roneumorepiio. DBnifop Gasuca B £ 1mo3Bo-
asier oroskmectsurh £ ¢ RY. Ilyers u; € £ (R R) ecTts i-s woopanm-
narias QYNKRIIA, PacCMaTpHBaeMasA Kak JquHelinas @gopma. Sagagumest
Kakm-mubyjab OTKPLITLIM MuozkectBoM U < " 1 obosmauna wepes z;
cysrente Qoparnl v; na U, pacevarpusaeyoc na 9Tor pas rRaw auddepeir-
mupyemoe orobpasrenne z;: U — R.

Jlemma 2.6.1. Judidepenyuaa dx; @ynryuu z; ecmb ROCmMosILHROe
omoGpancenue U — L (kY R), aravernuen womopoco sgasemcs saemenm
u; € £ (R": R).

Jeffctoutearno, @ynkmud z; JHICING, a COTJNACHO  [peATIoike-
amo 2.4.2 ws ra. 1, mpomsBofioe OTOGpasKEHIE A TAKOH VIKIIIN
HOCTOANIIO, IPHYEM cro 3snavenmes cay:ut asiaement uz £ (R R),
pPaBHBIIT paccalaTpHBaeMoil aumueiinoid ¢ yiuKIHm.

Teopema 2.6.2. Hycmv U — omrpumee amoxmcecmeo ¢ R*. Tozda

awbas duggepenyuarvras gopma o € QP (U, F) odnosnauno sanucwi-
eaemcs 6 eude

o= 2 ¢y ip@dzg A ... A dz;,, (2.6.1)

i1<, L.<ip

2de «koappuyuenmur ciy, .. i, cymo gynryuu U— F kaacca C™ u cym-
MUpPOBANUE 6€0eMC NO 6CeMm G03MONCHBLM HAGOpam undercos iy << . . .
c <] ip, RadcOwii uz wkomopwz >1 u <Lk

14%
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Hdorasareabcrtso. Bocmoabayemes teopemoin 1.7.1, paro-
meil KaHONMUECKOe IpPejICTaB/Ielke DICMEeHTOB IpoCTpancTBa A ,(R"; F).
®opMa ® — 91O, IO ONPeAedeNUI0, Clejyioliee oTodpazenne kaacca C™:

o: U— A, R F).
s z€U oaevent o (x) € A, (RY; F) 0HO3HAYHO B3aIMCHIBAGTCH B BHLIC

2 . Cil,...,ipu'il /\ Tt /\ uip’

i<, .. <ip
rae Wi, ..., Wi,—3HaUeAHma B Touke z €U mocrossmbix ¢yHKumii
dzi,, ..., dri, (OpefpAyIias JgeMMa), «RodDOUIHeHTHD e ¢iy ..., i,

saBucAT or z. OueBuano, QyHKIUS

z— 2 . Ciy, .. ip(@) iy N\ ovo N\ Uip

ecTh pyHRIHUA Kiaacca C™ B TOM ¥ TOJBKO TOM CiIydae, KOTJA Ci,, , ,.,i. CYTh
pynkmun rkmxacca C". IlogcraBus gymwuunm dzr; BMecTo HX snaqe[ﬁn“{ u;
BO BHeNIHeE NpoHM3Befenue, MLl moaydnM ¢gopmyay (2.6.1) u Tem caMbIm
TOKayKeM Teopemy 2.6.2.

B paapreitmenm amor Gygem upaBylo dacts pasenctia (2.6.1) massiBarn
kanonuueckoll sanucvio muddepenraabyoil Gopysl © (1a OTKPLITOM
muoskectee U — RY).

Teopema 2.6.2 cupasemnusa, B gacTioCTH, JuIst F = R (Poprsr co
cCRamapuLIMu 3mavernusaMu). B arom caydae xoapdurmumentr ¢, ., i, —
aTo mpocto uwmcaosnie ¢ynrmun. Moskro crasarn, gro QUP(U, R)
ecTb Mmodyab mad woavyom QP (U, R) amcronnix gynruuit riaacca €7,
OpUYICM  DIIEMEITHI

day, N\ ... \ dai, €U, R),

rge iy << ... < ip — BO3pAcCTAIOLHUe IIOCITOBATCABIIOCTH IEIBIX TUCEJ
>1 u <k, obpasyor 6asuc 9Toro MOmYH.

Yacrnweil cayuaait: p=1. DB arom cnyuae mobas guddeper-
guambuag 1-popma o € Q™ (U, F) 0fHO3IIAYII0 3alIUCHBACTCS B BHE
Rk

o= ¢ (z)dz;, (2.6.2)

te=1

rae ¢; — orobpamkenus U — F rmacca C". Mer ysmaeM 37ech 00BIYIIYIO
samuch guddepeurnaabHex ¢opMm cremenu 1.

IIpoBemeM opmHo BajKHOE BHYHUCIEIHE: HaiieM 3Hadenne o (r; §)
pupdepennumanbaoil GopMLL, ompefeidelnoi pasesctBoyM (2.6.2), B TOU-
ke z € U na Bexrope £ € R®. Jlas ororo BecmoMmuM, uro mo Jgemve 2.6.1
siavenne ¢yuxunm dz; B (r; E) ue sasucur ot x u pasno u;(E) — smnage-
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HUIO -1 KoopmuHaTthl ma Bextope §. Tawmm o6pasom,

N

o(z; &)= 2, ¢ ()&, (2.6.3)

i

I

N
1
rie £;—o9To i-a KoopimmaTa Bekrtopa § € R

Hpennoxenne 2.6.3. ITyemv U — omrpuimoe” nodmmnomcecmso 6 R
Ecau f: U — F — gyuryusn raacca C', mo ee dufgepenyuan df sanu-
colgaemes @ caedywoujem kKAHOHUUECKOM eude:

k
=3 gf_dx (2.6.4)

i=1

Neiteteureasno, df: U — £ (R*; F) ects™me urto uHoe, Kak mpous-
BonHoe oTolpaskenue f'. Ecam E— pextop ¢ Xoopnamnmatamu &y, ..., &,
to 110 gopmyae (2.6.1) us ra. 1

;3
f(@) 8= 3 2 (@)
i=1
CiemoBaTelbHO,
k
(@) (2 8) = 3} oL (@) &

i=1

B cuny pasencrsa (2.6.3) s10 B Tounoctw coornoweunme (2.6.4).

2.7. Ouepanun Hax An@gepeHHHANBHBIME (OPMAMH B KaHOHHYECKOIH
3anucu

B a1om mynkre cumposx U oGoaragaer OTKPLITOE MOAMIIONKECTBO B R,
M= Gymesm moab3oBaThCA 3]1€Ch KAMOHUUECKOU danucvio muddepenmpmaib-
gux ¢gopym (reopena 2.6.2). Ilyers @ m f — auddepenuumanbusie Gopmnl
cTeneueii p U ¢ COOTBETCTBCNINO. MLI XOTHAM HARTH KAHOIUYECKYIO 3aUHCh
npoussegenus o A\ P, swmas ramonmueckue samucu dopMm o u P.

JcTpHByTHRIIOCTE BHCHIHEr0 YMIQ/KEHHS [0 OTHOWEHII0 K CIOLe-
HII0 GOPM TO3BOAAET HAM OrPAUMIUTHCA ClIydaeM, Korja o« u ff —
O/ OYICIIBL:

o=a(x)dzy \ ... \ dzi,
p=0b(z)dz; N\ ... /\dx]-q.

Mz umeM npousBsepiene oo \ B oTHocUTeNLHO HeNpepHIBHOrO GHIMHEH-
1oro orobpaieHns
O FXG—>H
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(F — upocrpascerno 3maueHnii gopyMul o, T.e. ¢yuxunu a (z), u G —
gpocTtpamncTBo 3smagdenuilt gopyut f, 1. e. gynruun b (z)). HMcnoansya
aCCOLMATIBHOCTh H AUTIKOMMYTATHBHOCTD YMHOJREIHsi, IIOJydaeM

OC/\cpﬁ:CD(a(x), b(x))dx”/\ /\dl‘ip/\dle - .. dlj

rae @ (a, b) —«apousseenney yuruni a u b ornocureabino @ [Hanpu-
Mep, ecad a u b — wicaoBeie Qyurmun u @ 3 X R — R — yyuoske-
pue ckanapos, o D (a, b) ects obuiuHOe UpousBegenye Qynrmuil a u bl.
Ocraercss HAUTH KAHOHUYECKYIO 8anucb 04i NpPou3sedeHus

dzx;, N\ .../‘\dxip/\dle/\ .../\dzjq.

Moryt nyeth MecTo dsa cayuas: 1) MeALIe SUCTA iy « o oy Ipy J1y « « oy gy
HE BCe DPAa3dUINEl — B HTOM CJyYac Halle NPONU3Bejeillie PABHO IIYJIO;
2) BCe HTHM YHCIA PAB3NUIHLL — B DTOM CIyuae CYIIECTBYeT HNepecTalloB-
Ka 0, IpeBpallaiomas 9Ty HOCJICAOBATEIbHOCTL B CTPOTO BO3PACTAIOIIYIO:

ki<k2<...<kp+q.

q*

Taram o6pasom,

d:cil /\ e /\ d.l‘ip/\ dl‘jl /\ PP /\ dl‘jq:S(O') dl‘hl /\ “ o /\ d:thp+q.
Hanonwaeckass sanmch dopyur @ A g f moayuena.

Wrtar, Mpl yMeeM Teneph MaxoXITh KAMOUHTECKYIO 3ATHCh BIIEHIHErO
npousBefenus. 1locMoTpuM, Kak MOIYIUTH KAHONHIECKYIO BAUCH GHEUL~

rez0 Jugepenyuana do ot guddepenitraabitoli gopaul w. Cirosa gocra-
TOYIIO IPOBECTH BLIUMCIEHNE [IJsI OJIIOLICIIOB

w=c(x)driy \ ... \dri; (2.7.1)

30ech «kooddumuent» ¢ — ato orodpaskentne U — F rmacca Cl. Tlpmve-
HUM pesyabTaThl I. 2.4, mospoasoimue maittia d (o A B). Lo mipysnun,
ecau opmMa o eCTh BIEUIICE IPOUBBC/eIe

O =01 A ...\ o
anddepentmanbubix (OpM @; CTCIEHH p;, TO
do=do; \og A\ ... N o+ (—D" o, A(do) A oo Nont ...
A (= PR A A g A (do). (2.7.2)
ITpumenusm oty Qopayay k Qopye o pruia (2.7.1):
do=de /\ dzy, )\ ... N\ dzit-cd(dry) N\ dxig A oo N d.rip+ .os
coemedrg A Lo Ndr ) N\ d(dr).
Ho (em. m. 2.5)
d(dz;)) =0, ...,d(dz; ) =0,
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3HATUT, OCTAaeTCA TOJILKO OJIIH WIeH

do=dc )\ dri; [\ ... N\ dzy,. (2.7.3)

amy npocmyio popuyay aeeio (w eaxwro!) 3anoyHumMb.

Papencrpo (2.7.3) ne jaeT eme ranonmdeckol samnci do (15 Gopar @
suga (2.7.1)). Oamako nosydanrs ee renepb yike nerpyguo. HelicrBureas-
10, 3aMeHHMM B Hpasoil wactm pasencrsa (2.7.3) dc ua

Zf’li I

{eM. mpemuomenne 2.6.3). Ilomyamny
R
do = 2 dz; \dai, \ ... )\ dx:
= (71] j i1 PR 'Lp-
i=1
ifaM ocramock TOMBKO  3amHCATE B KAHOHMUYECKOM Buie Qopmy
drj \dxiy A\ ...\ dwi,. Rak M yike o0bACHMINM Bbulle, ONA paBlia
HYJdI0, €CJH j COBIA[AET C OJHUM H3 IeJbIX YHCeT iy, ....I,, U PaBIa
e(o)drp, A\ ... N\ alafhp+1 B IPOTIBHOM CJydac, Tie G — IepecTaHoBKA
nocneosareapHocT {j, iy, ..., 1}, OpeBpaslaoLiasgs eC B CTPOrO BO3pa-
CTAIOMYIO TOCHC\0BATCABHOCTD { Ay, - ..y Kpiy}.
Il pusmep. B upocrpancreze R® ¢ roopmumartamul Z, y, 2 PaccMo-
TpHM  QopMy
o = Pdr + Qdy -+ R dz,

rodGPIuTen o RoTopoit ¢yTh Pyuniun Kiacca C! or z, y, 2. Hpocroe
BLIMHCJACIINC IDOKA3LIBART, UTO (GOpPIA

do = dP N\ dr +dQ A\ dy + dR M dz

HMEeCT CJICAYIOIMYIO RaUMIMICCRYIO 3alHCh:

do = (—-—._——) dy N\ dz -+ (i—]j UR) dz N\ dx--

-+ ((;2““95) dx N\ dy.

dy

Yapaskuenne., Hemoansya Rauonuueckyo salnch, IPOBepHM,
aro d (do) = 0 gasg moboil anddepennnaiblioi gopun o wiacca C?
{ca. reopeny 2.5.1). Ipessie Beero nokaskes, uro d (df) = 0 gaa aioGoit
Hyurnun f waacca €2 Coragacno upepnoskennio 2.6.3,

_ N9

j
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OTKYJa

d(df) =S d (a_if_) A dz;.
Haunee, ,

d ( oaafj ) —as—zaf-x]— dz;,
OTKy /A

d(df) = E 9$i£ dx; \ da;,
)3

Il MHIEKCH | # j 1poberaloT HESaBHCHMO JPYT OT J(Pyra IeJble 4Hcia
or 1 1o k. Ymen ¢ i==j paBem Hyual0, Tak Kak dx; \ dz;=0. Jasa is£j
CTPYNIUPYEM B mapel WIeHM ¢ HWHaekcaMmu (i, j) u (j, i):

a
d(d'f)zz(ax 6fz dx‘/\dxj-ra gx xj/\dxi)'
i<j
Tar wax mo rteopeme IllBapma (1. I, ra. 1, npepnomenwc 5.2.2)

2f 9f !
Ox; Oz - Ox;j 0x;

M TaK KaK, ¢ JpPyro#t cTopoHM, dx; A drj= —dx; )\ dz;, T0
d (df) =
Has nposeprn pasenctBa d (dw) = 0 B ofuienMm ciaydae JIOCTATOYHO pac-
CMOTPETb OAIIOYICHHDBlE GOPMII BHIA
w=cdxi, \ ... N\ dzi,.
Nmeem
do = (dc) /\ dxil /\ [P /\ d.’lip.

ITo gopmyne (2.7.2) (B roropoit mago samenuts © 11a do) d (dw) ecThb
CYMMA WIEHOB, B KaygOM H3 KOTODPHIX BCTPEUAETCS B KAYECTBC MIIOIKU-
tenst mubo d(de), aubo d(dzy), . . ., mubo d(dz; ). IlockoabRy Kars/ILil
3 OTUX MOOKHTelXeil pasen nuyaio, 10 d (dw) = 0. Tarum oGpason,
KamOIHTIeCKAsI 3aNUCHh II03BOMMIA HMaM HOJYYHUTH 10BOE JOKA3aTeIbCTBO
[mpuromnoe, mpapga, AWIUL X (OTKPBLITEIX IOJMIIOFKCCTB) HPOCTPAM-
crBa R*] rteopemur 2.5.1: d (dw) = 0.

2.8. 3amena mnepeMeHnslx B gudepeHUHANLHBIX (opMax

Bepnenca k obmemy caydaio, xorga U — OTKPBHITOE HOIMHOKECTBO
famaxosa mnpoctpancrsa K. Ilycrs

0:U — Ay (E, F)
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— mupdepernuanpuas p-fopma wmacca C", n > 0, m nycrb szagauc
oTobpaskenne
¢: U —>U
OTKpHTOrO HomMioskectBa U’ Gamaxosa mpocrpancrsa £’ B U. Ilpen-
MOJOKUM, 9TO (¢ — oTobpaskenue kiacca C"*l. OmpegenuM 1eKOTOpYIo
p-Popmy xmacca C™
U — A,(E'; F),
RoTOpyIo MHE GymeM o6osnauarh Uepes ¢*(®) IIN IpocTo ¢*® U ITa3bl—

Bate OJuifepernyuarviioti @Gopmoti, noayuawujelica u3 gopmu ©® npu
ROMOWU 3AMEHB RNEPEMEHHBL

¢: U —-U.

ITpesrye wenm maBarh TodIoe oupefeaelrie GopMul ¢* @, yKameM, 1ero
MBI OT Hee XOTHM. MBI XOTHM OIpejeauTh 5Ty GopMy Tak, uyTobLI ee 3HA-

uernme B Touke y € U’ ma cmcreMe BEKTOPOB Ny, . . ., Mp € £’ maBanoch
dopmymnoi
(@*0) (3 My - Mp) = 0 (@); @ )M - - o @ () Mp) (2.8.1)

{manomnuv, uro @'(y) — snemenr uz Z(£'; E)]. Mnr momKHH TOKa-
3aTh, uro (opmyaa (2.8.1) ropperrmo ompedeaser ¢*® Kak oTobpaike-
me kaacca C™ amokecrBa U’ B AL(L'; F).

Haunem co caywas p = 0. B asrom cayuae ¢ —mpocTro QyIRIEA.
f: U~ F uanacca C". Pamencrso (2.8.1) mpuimmaer Bujg

(@*) ) = f (o ).

Huaue rosops, ¢*f: U'— F ecrb, no onpedeaenuio, Komnoauyus GyHEyuli
fo@. B arom cayuae (p = 0) mocrarourio morpeGoBarh, 4ro0Bl ¢ ObLIa
$yurmueit kracca C*. Torma xommosumuda f o ¢ Ovaer Qyuximen Kiacca
C" (u. I, ton. 1, Teopema 5.4.2), u orolpaskenne

f =19 =q*))

Oyaper muueitnsim  orobpasrenuem QW (U, F)y— Q™ (U', F).

Pacesorpum remeps cayuait p > 0. I aron caydae Mbl ZOIRIILL GyjieM
norpeGoBath, 4robsl ¢ Opuia ynkmuel wiaacca C**l. Mopmyna (2.8.1)
HOKaspBaeT, 970 @*w xax orobpamernne U’ — A,(E’; F) ectb KoMIo-
3UNMA CAeAYIONHX ABYX OTOOpasieimii:

1) orobpasienua U — 44, (E; F) X £(E’; E), y ®oTopoTo nepBas
KoMIIoHeHTa ecTh ® o ¢ U — o, (E; F), a Bropas ¢': U — £ (E'; E);

2) orobpamenna Ay Ay, (E; F) X L (E'; E)— Ay(E'; F), xoropoe
nape f € A, (E; F), g € £ (E'; E) comocraBiseT Tako# DIeMeHT K3
HAp (E'; F):

(7117 MR np)_*f(g (711)1 e 8 (np))‘

Jlerko Buaers, uro orofpaskente A, DpHHALIEKHAT Kiaccy C° (1 pake
NOJHIOMUAJIBIO, OYAyaM JUNEHNsM 10 [ M OJHOPOJNLIM ILOTHIIOMOM
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erenern p no g). Tak kaw o -— dopua wiacca C", a ¢ — yurIIg Kiac-

ca C" 10 wo ¢ u ¢ cyTh orobpaikenud Ktacca C", a 3BHAUHT, U 0TO-

dpaskeune 1) ects orobpaennme waacca C". Iloarouy oroGpamenne

©* 0 Kar KoMuo3unis orodpasrenii 1) u 2) ects orobpaskenne riaacca C*.
Taruym 06pazos, MBI [JORA3AJAN

Opepmoseomne 2.8.1. Ecau ¢ — omobpancenue vaacca C**, mo gop-
myaa 3amenst nepemennniz (2.8.1) conocmasasem kaxncdoil Oupprpen-
yuaavnoti gopme o € QY (U, F) Ouppzpenyuarvryio  gopmy o¢*w €
cQM U, F). Ilpu amom @* — auneiinoe omodpaxcenue

e QM (U, Fy — QM (U, F).

(Aas p = 0 docmamourno npednosazame, umo ¢ — Gynryus kaacca C™.)

2.9. CpoiicrBa orofpaskenns ¢*

Teopema 2.9.1. Omobpascenue ©* coxpansem enewsree npousgedenue:
ecan a € QY (U, F), P e QM (U, G) u sadano nenpepugnoe Guruneti-
noe omobpancernue D: F X G—~ H mo

9" (@ No B) = (0*2) Ao (¢*B)- (2.9.1)

JJoxasaTeXbcTBO COCTOUT MO-CYMCCTBY B MPOCTOH BLIKIAJ-
Ke, B KOTOPOIl HEHmOCPeCTBENIIO HCIOIL3YCTCS ONMpeseienne BIHEeINero
yurosrenns. [lposenes sty Boivmapiy. His mpocrorsr Oypey nucats ¢
symecto @ (y). Mwmeen

(pFe /\ CD(P*ﬁ) Y My o v ey 1h'>+q) =
= Be@P (%) (45 Mocty, > Now) (©B) 55 Mo, -+ Tatwo))
(2.9.2)

PJC CYMMIIPOBATIE BEJCTCSA IO BCCM IEPECTALOBKAM O IMOCIE0BATENb-
uwocru {1, ..., p + ¢}, yrosaersopaoupy yeaonmo (1.4.3). 9ra cymma
pasia
\1 (I) . ’ ’
2@ D(@(@@); ¢ Moy, -+ - @ Mow)),
[+
. 4 ’
B © Nowrys « v or @ Moot
4TO CcoBmAgaCT OueBMTILIM olpasoxt ¢ (p*®) (§; Ny « . ., Nptgq), LAC
auddeperraabuaa Gopma o ecrb orodpamewte U — A, 14 (E; F),
OIPELEICINI0e PABEIICTBOM
[0} (I; iy oo vy E]J+q) =
RN . £ . - €
=2e(0)D(a(z; Eotyr - -» Eo) B (& Eoprnyr - - Eowra)-
g

Mur BuamM, YTO

o =0 Ao B,
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T. ¢. JeBasg TacTh pasercTna (2.9.2) paBna snavenno Q)op\rm ¢*(a Ao B)
B TOYKE J HA CHCTEME BEKTOPOB M, . .., Np+q € L. PuBGhCTBO (2.9.1)
JORA3AHO.

Teopema 2.9.2. Ecau ¢: U' - U u f: U—>F — omobpanxcenus
waacca C, mo .
¢* (df) = d (9%]) (2.9.3)
{sasernmm, dugro ¢*f: U’ - F — oroGpaskenue wiacca Cl. Ecau
q: U — U — omobpascenue raacca C* u
w: U— A, (L F)
— gopma waacca C', mo
9* (do) = d (9% ) (2.9.4)
[samermy, uto ¢*® um do — ¢opupt wmacca CU.

Kopoue rosops, omepanusa ¢* ImepecTaHOBOUHA ¢ omeparumeil BHemnI-
nero auQQepeHIMPOBAHUA.

NMorxasareanscrtno. Joramem paserctso (2.9.3). Tax rar
@n (x; & =1 ()-8, (2.9.9)
TO
@* @ @) =7 (@@ @ =0 (@) ¢ ¥)m
Hocronery (mo wupasuny auQQCPeHNIHPOBAHUA CIOKION () YHRIIM)
Flo@ee @ ={=9) &= @©@*N @)
pasenctBo (2.9.5) mepemucniBaeTcA Tak:
@*)" ()-m = @ @@*N) y; ),

oTkyma u caexyer (2.9.3).

HOKH"{-I’I‘OJILC'I‘BO papenctpa (2.9.4) mogsuniee, Mo M 010 TOJTYyTIaeTCH
npocroii Brikaanroit. Mul mpefocranises CrO UNTATCAI0 B KAUECTBE
yopaknemma. Jas wactioro cayuas E = R" am nme pagny goxasa-
TeNHLCTBO, HCIOAB3YIONCC KAUOMINCCKYIO Bamuch jiddepeniuaabinix

dopm.

2.10. Onepauus ¢* B RanonxHveckoil sammcu

Mor smaen, uto mwdasg gopma (oEQ(p") (U, F) Ha OTRPLITOM MOIMHO-
S
srectpe U mpocrpamersa R mpejcraBuva B BIe cymumul jguddepen-
ITAALALIX QOPM BH 1A

c(@dri, N\ ... N\ dxi,.

Beaicam ¢*o ag o =c(z)dzi, A ... )\ dz;. B cruy teopemn 2.9.1
(O COTJIACOBAMHOCTH OIEPATIHI (¥ ¢ BIEIIHM YMIOKCHWEM) 1 pPaBCH-
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crBa (2.9.3)
P* () =@* () d(9*zi) A\ ... N\ d(9*zi)).

Ho ¢*z;=z;09: U’ — R—>310 QyHROUA ¢;, BREIPAURAIOMAS i-10 KOOpP-
punHaty Toukm ¢ (y) rar ¢ymrmuio or yCU. Iloatomy

¢*o =c (@ (¥) (deu) A --- A (dei)- (2.10.1)

HJ’IH IIOJTYyUeHnA KAaHOHMYECKOW 3alricu (bOpMBI (p*(D HaM OCTaJoCh IIod-
CTaBATH BBIPAREHUA

0p;
d¢i=25‘ﬁd.l/j
i

B mpaBylo uacrth pasenctsa (2.10.1) u pasBepHyTh 9T0 BEIpasKeHHe,
Kak MBI 2T0 yyke memagu B m. 2.7.

[TpakTuweckoe mpaBHMIO0., 3amuchiBaeM mnpeobpasoBaHHe (¢,
BHIpasKaAg KOOPAUHATHL Iy, ..., Ty TOURH @(y) Kak QYHKIHA OT KOODIMHAT
Yty -+, Y TOUKH Y (B upejmonoskeHnu, ato U’ — OTKPEITOE MHOMKECTBO
B R"):

Zi = Q; (yh e !yh)'
3areMm B ¢ (z)dxy, N\ ... A\ dxi, samenmsem x ma ¢ (y), dzi, Ha d@y W T. 1.
PacnmceBaa puddepennunannt do;,, ... Kak JuHeifHble KoMOUHATINY THG-
depernmanos dyy, . .., dys, MOLyIaCcM TPCOYEMYI0 KAHOHHYECKYIO BAIIHCH.

Buinesiem Temepnh paseHcTBo (2.9.4). IlpomejieM BolumcieHpe AJsA Y-
qas, Korja

w=c(z)dzriy A\ ... N\ dxy,.
Nmeem
O* (dw) = @* (dec A\ dai, A\ ... N\ dziy) =
=d(cop) Ndpi, \ .. N\ dgi, =
=d(cop)dpy A\ ... N\ dgi,)=
=d (¢p*w), 4. T. 7.

Yupamuenue. llyers & = h = p; puddepenumanbuas Qop-
Ma o cremenn p ua U < RY nmeer nupg

o =c(x)dr; \ ...\ dzp

(1. e. ABIAeTcsA oxuHoudenoM) u orobpaskenne ¢: U' — U oupenensiercs
3aAHHEIMUE  p QYHKIHMAME OT P IepeMeHHMX:

T = @; Uty - - -5 Yp)-
IIpoBepurs, wTO

dey A ... Ndxp = Jdyg N\ ... A\ dyp,
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rae J — ako6uan mpeobpasonanusa @:

J:det('r A }),

L Iz Zj
ROTOpEI MBI OyJeM dacTo oC03HAYATH uepes)
324y 00, Zp)
9 (i1y ++ 2 ¥Up)
Taknm o6pasoM, MM yCTaHOBHU:IM, UTO

(7(231, '--y'rp)

vo=c@W) Gy

dyy N\ oo N dyp. (2.10.2)

2.11. Tpan3auTHBHOCTH 3aMCIBI MEPEeMCIHbBIX

Ilyers E, E’, E" — Ganaxosn mpocrparnctsa, U, U’, U" — orkpsi-
Teie MHOeeTsa B K, E’, E” coorBercTBesHo H

¢: U — U, v U U’

— ortobpassennsa raacca C"*'. KHaw ussectiio, torjia @ oPp: U” —> U —
orolpaskermme xiacca C"*l. 3ameua mepeMeHIBIX ONPCALISCT JNUIEHHDIE
0TOO pUKEeHHA

g*: QW(U, Fy — QU F),
P QWU Fy — QW (U, F).
Mpepnomenne 2.11.1. Omo3d paxcenue
(o) Q) (U, F) — QP (", F)

cosnadaem ¢ komnosuyueii omobpaxcenuti ¢* u Pp*:

(p o P)* = P* o p*. (2.11.1)

IB 1 uwManue: 6yKBul ¢ 1P CTOAT B JIeBOH B B IIPaBoii MacTAX paBer-
CTBa B Pa3auvdOM Topsjke. ]

Horasarexnbcrso. Hauuew co caysaa p = 0. I3 arom cayuae
JOCTATOYHO IpeANoJarark, 4To ¢ u P — orobpaskenusa wmacca C™.

Pasencrro (2.11.1)  osmazaer, uro jusa awGoro orobpakenms
f: U~ E wxacca C"

folged) = (fog)ep,

uTo oueBnaHo. D obmem cayuae, myets o € QEP(U, F). Haa y € U’
M Ny, ..., Mp €E umeenm

(P* @) (Y3 Mty ++ s Mp) = @ (@ (); @ @) N1y «« s @ () M)
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Hostomy pia z € U”, &, ..., &, EE"

W* (@* (0)) (25 & -, &) = 0 (@ (W (@); @ (¢ )¢ (2)-& ...).
(2.11.2;
Ho
¢ (@)Y (@) = (@) (2)

mo Teopeme o guddepenmuposannn caokuoli ¢yuruniu. Ilpasas gacrn
pasemncrea (2.11.2) mpummiaer, caIegoBaTedbIO, BUT

o ((po) (@); (@) ()& - v (o) (9)-Ep), w74

2.12. Ycaopusa, npu koTopsix augQepennnaisaan gopma umeer Bua o

Sagaga 3aKIOYAETCA B CIEIYIOMEM: IIYCTh JaHa [udpdepedunaabnas
dopma
w: U— A, (E; F), p =1

IIpu wakux yCNOBHAX CYyImecTByeT mud@epenmuaisnasas  Gopne
a: U— A, 4(E; F), rarasa, uaro do = o©?

Ecnu norpeGonarn, wrobr o Onisia dopmoit wiaacca C, o o doadcre
O6vTh Goproft kaacca C! w gomkino BumoanaATnes pasenctso do = 0,
Tak kak d (da) = 0. M goraskes uacruunoe ofparmenue 210ro yreepsi-
JeINsi npu YCJAOBHIH, UTO HA OTKPLITOE MHOsRCCTBO U I1alo;kensl HeROTO-
pele orpannucnis (CM. ompe/encliie HILKe).

OQupepeanenuec. HommoskeerBo U npocrpaiicTsa £ nasniaercs:
36e301bIa GTHOCTITCADIIO OMIOIl M3 CBOIX TOUCK @, eCcJIl jist J106oll apy-
roii rournt & € U orpesor la, xl, cocroaumii us touer suta (I — ¢) a - te
(rme 0.t 1), coaepsinrest B U, Oueniiio, 1o BCSKOE 3RC3TIOC MIO-
JRCCTBO  CSL3HO 1 UTO BCAKOE @LAYKAOC MINOYKCCTBO BBCBIIIO.

Teopena 2.12.1 (reopema Ilyankape). Hyeme E u F — Ganazosu
npocmpancmea w U — omkpumoe nodunoxcecnso ¢ E, 3eesdnoe omuoci-
meavno o0noli us coouxr mouek. ILeaw dopua

0 QY U, ) (n>1, p>1)

ydosaemeopsem ycaoeuio dw =10, mo cywyecmeyem gopma a € Q24 (U, )
makas, wmo do == .

Horazarensctso Oyner mamo HeMHOTO mo3puee. IMamomMuum cmauana,
Kak oOctour jsreqo pgast p=0: ecnu Qyaruma f€Q (U, £ yrosaeTso-
pser papencrBy df =0, 10 [ nocmoswna ua U, ecan U ceasHo
(u B wactmoctit, eciu U BBes;Ho).

Ham nomapgobutcs ciepylomas  JeMMa, KOTopas He OTHOCHTCH K
reopun muddepeHHaNbELIX (HOPM.
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Jemma 2.12.2 (0o nuddepenuupoBaltiil  1MoJ 3HAKOM HITerpaia).
Hyemos E w F — Osa 6anaxosvz npocmpancmsa, I — ompesor 0, 1] w

¢: UXI—>F

— Hekomopoe Henpepuenoe omodpascenue. Jasn x € U noaoxwcum
1
b@)= | o0
0

To2da omobpascerue p: U — F nenpepuweno. Ecaw, kpome mozo, vacmuas
npouzeodnas ¢ cywecmsyem 6o gcex moukax (x, 1) CU X I u onpedeasem
nenpepugioe omobpascenue U X I — L (E; F), mo § ecmv omo6 pasice-
Hue Kaacca C' u

1
V@) = | @k, 1) dt. (2.12.0)
0

Noxrasatenscrso. Ilyers sagamo wuponmssoapuoe &>0. [aa
rasgaoll Tourw (z, 1) €U X I cymecrsyer Taxoe vuncao w(x, t), 9To

3

lo@, )= (@ O] <% npn o' —a] <0z, 1), | —1] <@ 1),
B wactaocTn,

@ (x, t')—q (2, 1) || g% upn -l (a, 1),

Cpasnnpas mgsa 5TH HepaBCIICTBa, LOJyuaeM
o @) —q@ ) II<e wpn fl28 —z || <0 (= 0),
[t —t ] < ().

Rasgpony uncay ¢ € 1 comoeTaBIn OTRPLITHIT HUTCPBAd, COCTOSILIMI 113
Beex rtaxux wieen ¢ € I, uro

[ — 1] <<n(z, 1)

(z Puxcupopano). B enay crocii koMuarTiioeTt orpesor I moxpuipaercs
KOMEUHMIM TUCIOM TAKIIN MITEPBALOB, HAILPINMC) € HEHTPAMII B TOUKAX #;.
Myers 0 (z) — pamvensinee 1z uwncea 1 (x, 4;). Han awboro ¢ €1
eyueernyer i;, Taroe, wro |0 — ¢; | <<% (z, t;). Caenosarennno,
’ ’ ’ ’
o @, ) —¢@t)|<e mpn |o8 —z <@ (2.12.2)

nas moGoit toarn ¢’ € I. Unade roopsa, Qyuruusa ¢ nenpepuiBHa B TOU-
Ke x pasmnomepno no t. [amee,

1
V@) =@ = | (@@, 00— @ ),
0
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OTKYJ2
1
1% (@) —b () | 5 @' )= (z, 0)]|dt,

Tak Kak HOpPMA OT HMHTerpasa (QYHKIIUM He HpPEBHIIAeT WHTErpaja oT
"HopMEL 3Toll (yHKIuu. M3 pasencrsa (2.11.2) BhITeRaer, 4To
1

@)= @< fedt—e mpn [z’ —z] <n(@).

0

Ho s10 m osnawaer, uro ¢pyuxnua P: U~ F nenpeprisna.

IlpeanonoxsumM Temepb, 9YTo CYHIECTBYET ¢y H 4YT0 oToOpaiieHHe
Ux1-—-%(E; F) wuenpepuBro. Ilo ToOXBKO 9T0  JOKa3aHHOMY
DyHKITAA

1
x(x)zjcp;(x, £) dt
0

HenpepriBHa. Ocraercsi jgorasaTrh, 4To QYHKIUA 1 Kupdepenmipyenma
u uto VP'(z) = A (z). Hasa sroro mam majj0 MOKA3aTh, YTO HPH BCIKOM
PurcupoBantom z ¢ U

lb@+h) =@ —r@kll=0(hll).  (212.3)

Vlcoonnsys menpeprisnocmb OTOOPaIKENHS Qp, MBI MO;{eM IO JI000MY
£ > 0 maiitu Taxoe m >0 (3aBucsimee oT z), UTO

% @k, ) — (e, ) <o mpr [|Rl<n

mast w6020 €I, JleficTBuTeanno, OpUMENHM K () BMECTO (¢ COOTHO-
urerne (2.12.2). o reopeme 0 KOHEUHBIX 1IpHpATENHIX

1o @+ h, ) =@z t) — @z (2, £)-h[[<e| k]| mpm [A{l<n
TTosTomy mas ||| <n

{1 2+ h) = (2) = () - | = Hf(cp(a:m =@ (@, D—l(z, 1))t | <

Vlle@+h )=o) --gi(z, 1)kl dt <

Sy

< §euhndt=euhu,

+. e. umeer mecto (2.12.3). Jlemma mosmocThIo J[OKasaHA.
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Caenersue 2.12.3. B npednoaoxcenusxr npedudyweti aemmu, ecau
n-s npoussodnas 0"@/0x" cywecmeyem u [eaAemcs Henpe pugHol PHYHEK-
yueti U X [ — Ln (E; F), mo ¢y ecmv pynkyus kaacca C* u

1

P (z) = S 222 (z, t)dt.
0

ITo oYeBHAHEM 00pa30M OKA3HBAETCA 10 WHIYKI[HH.

2.13. oxasareancTBo Teopemsr Ilyankape

Ilycte U 3BesgHo OTHOCHMTENbHO Hadama Koopammar. ME Bcerga
MOJKEM CBECTH [el0 K 3TOMY CIydYaio IpW IDoMomu cjasura. Jlorayem
teopemy 2.12.1 B caywae p=1 (2> 1). Ilycrs

©0eQ™ (U, F)

ecth 1-popma wmacca C". Ilomomum

1
f(z) = S o (tz; z) dt. (2.13.1)

0

Hoxkaxem mpesxae Bcero, 4ro f: U — F— orobpamenne kmacca C™.
Honomum ¢ (z, t) = (tz; z). Cormacro memme 2.12.2 u caegcrsuio
2.12.3, pmocTaTouHo TOKA3aTh, UYTO JJIA OJHOrO (HUKCHPOBAHHOrO f
QydKIEA @ OPUHANIERUT K Kiaccy C™ ® 9710 oToOpaykeHus @,

Qs+ ooy ZZf npoussefeausa U X I B mpocrpauctsa F, L (E; F),.

wevy Ln(E; F) cooTBeTCTBEHHO HEMpPEPHBHLI. J[l1A 3TOTO J0CTATOUHO
ycragoBaTh, uto ¢: U X [ — F — oroOpaikenue kmacca C". Ho ¢ ects
KOMIIOBHIINA CIEXYOMUX OToOpaKeHNi:

1) orob6pamenmas U X I - U X E, xoropoe uepeBogur (z, f)
B (tz, z); ompefielleHne KOPPEKTHO, TaK KaK MHO;KecTBo U 3BesfiHO ommo-
cumeavro Toukum (; 3To oroGpaskeHme kiacca C%;

2) oro6paskesus U X E— £ (E; F) X E, Koropoe uepeBogur
(z, &) B (0 (), §); oHO Tak e, KaK M ®, IPHHATIEKUT K Kiaccy C™

3) orobpaskenus £ (E; F) X E— F, xoropoe mepesoputr (f, E)
B f (§); aT0 — HempeprIBHOE OuIHHeiiHOe oTOOpaskeHHEe M, CIEOBATENb-
mo, oroGpaskenme Kiaacca C™.

Takum ofGpaszoM, ¢ KaKk KOMIO3HIMA Tpex oToOpaKeHuW# Kaacca C™
caMo IPUHAMJIEKAT 3TOMY KJaccy, U BHAUAT, QyHKIHUA [ (ompepencHHasn
dopmymoin (2.13.1)) ecrs ¢ymknma xmacca C™.

Hpennoxenne 2.13.1. B npedudywuxr npednososxcerusz, ecau do =
=0, mo df = o. [9ro — teopema Ilyamxape mgura p = 1.]

15—743
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HorkasareasncTso. [To mzemme 2.12.2
1
1@ = o v,
0

rae ¢ (z, t) =0 (iz; ) = o (tz)-x. BEUMCIAA () KaK IPOUBBOJHYIO CJOIK-
HOM (QYHRIHWH, mMogydaeMm, uTo muasg &£ CE

¢x-E=1 (0l (1)-E)-z + o (tz)-E.
Ipennonoikenne do =0 osmayaer, uTo (wy-E,)-Ey ecTh cummempuueckas
Oununueiinas dyurumsa or &, u Ey. Ilosromy

¢x-E =1 (0% (t2)-7)-E -+ o (fz)-E;
HHa4Ye TOBOpA,

P =toy (tz) -z + o (tz).

IlpaBas 4YacTh ®TOr0 paBeHCTBA, KaK HETPYAHO IPOBEPHTH, €CTh IIPOM3-

BOJHAA IO ¢ 0T QYHKUUH
to(tz).

CaejgoBaTenbno, QyHKIUA

1
7 (@)= | 3 (to (1) at
0

paBHa g (1)—g (0), roe g (t)=to(tz), 1. €.
' (z) = o ().
Ho »10 1u osmawaer, uto ® coBmagaer ¢ auddepeHinanbroil dopmoit df,
. T. AL
IIpumep. Paccmorpum cayusait £ =R". B kaunonuwdeckoil samucu

n

W= Z ci (z) dx;,

i=1
rge ¢;: U — F—dyurnmuu rxacca C". Ilpegmonosmenue do=0 o3ma-

4aer, 4TO
de; dcj

dz; — oz
Pasenctpo (2.13.1) maer ¢ymrnumo
1

f@=" S xic; () di.
i=1

0

aaa 1<, j<n.

dro ¢ynruua kmacca C" 1 df = o:

L3

523 =c¢; maa 1<<ign.
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Teneps joraskem meopemy Iyanrape ¢ obwem cayuae (pns mpous-
BOJBHOTO p). Ompemennm AjifA TaHHOTO p auHelfHoe oro0paskeHme

ke Q0 (U, F)— Q2 (U, F)

caepyiomum obpasor: nas p=0 nomosmum k(f)=0 nng moloit Pyuk-
nuur QP (U, F); 970 paBHOCUIBHO COTIANIEHHIO, UTO BEKTODHOE IIPO-
crpanctBo Q7 (U, F) csopures ® mymo. Haa p>1u eocQrU, F)
onpexeanm k() kak puddepennuansuyio dopmy o € QY (U, F), sanasae-
MYIO DaBEHCTBOM

o(z; &, - vy Epoy) = S o (tx; x, &y, ..., Ep) dL. (2.13.2)
0

EcTecTBenno, mpesime BCEro HaJ0 IPOBEPUTh, UYTO BTO AeHCTBUTEIBHO
ruddepenuumansnan (p — 1)-gopma o U — A,y (E; F) rnacca C™
ITo penaercsa Tak ke, Kak u jaiasg p = 1. OGosnaunm uepes o (ix; x)
smakomepementoe (p — 1)-nuneiinoe orofpaskenne

(giv LR R gp—i) —> ® (tx; Z, Ely e ey Ep—l)‘
IIpasas wacts pasemcrBa (2.13.2), paccmaTpuBacMas Kak 3HAKoIepe-
MeHHas moiaminueinasa ¢ymknua or &, ..., §,_;, ecTb

1
g "o (tz; x) di.
0

Hnaue rosops, sTo oaement a(x) € o, (E; F). las toro urobur yGe-
ANTHCA B TOM, UTO ¢ NPHUAMAeHUT Kiaccy C", [0CTATOUIO B CHIY JieM-
Mol 2.12.2 u caemgersus 2.12.5 uoxasarn, 4To oTobparykernme

(z, t) > t’ o (tz; 2)

npunajuessut raaccy C". Ho 510 clioBa KoMIO3HIMA TpeX 0To0 parkeIyil:
1) orobpamenns U X I — U X-I X E, roropoe mepeBogur (z, f)
B (lz, t, z); ompefedenre KOPPEKTIIO, Tak Kak U 3Be3JII0 OTHOCHTEIHHO
Hauajla KOOpAMHAT; 9T0 — orofpaskenue Kinacca C*;
2) orobpaskenua U X I X E — A,(E; F) X E, rkoropoe mepeso-
mur (z, ¢, E) B (t''o(x), £); kax ¥ o, oHO mpumamie;RAT Kaaccy C™;
3) orobpaskenua A, (E; F) X E— Ay, (E; F), roropoe mnepeso-
nur (f, ) B caexywommii ameMeHT TIpocTpaHCTBa A4,y (E; F):

Eooveo &) > TG & o B

310 oToOpaskenme Kaacca C*.
Takum oGpasom, dopmyma (2.13.2) meiicTBHTEIBHO Ompesenser pud-
¢epenmuansuyo (p — 1)-dopmy o wxmacca C".

15*
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Npepnosxenne 2.13.2. B npedudywux npednososxcenuar (U ssesdno):
(a) ecav 0 QP (U, F), n>1, p>1, mo

d (k (@) 4k (dw) = w; (2.13.3)
(b) ecau FeQM (U, F), n>1, mo
k(df) =1 —1o | (2.13.4)

2de fo — nocmoannan Pynkyua U — F, snauenue komopoti pasno f (0).

Tpentne 9eM mMOKa3LIBaTH 3TO LPEJiOMKEHME, IOKAKEeM, KaK M3 Hero
cienyer teopeMa Ilyankape 2.12.1. Ecau dw = 0, Tto (2.13.3) naer

o = d (k& (w)).

Taxkum obpasom, omepatop k mopokgaer dopmy k (o) = a, Takylo, 910
da = ®. 3ameruM eme, g9ro u3 (b) zamoBo BuiTexaer, uto ecau df = 0,
to dyHKOUA [ TocTOsHHA.

HoxasartenbcTso. Yreepskaenue (b) ouesummo. [leitcTnu-
teasno, dopma k (df) ects dymruua

1 1
z-»§ (v (tx)-x)dta! () =1 (2)— 1 (0).

OcranpHasg d9acTh [OKa3aTeNbCTBA MOKeT OHITL NPONyMeHa Toh
9acThI0 YMTaTeledl, KOTopas CTPAIIMTCs Beumcaenuii. Mul npusogmM
ee 1iA Gomee T0003HaTeTbHBX YyuTaTedeit. OGpaTtuMcs K yTeepxgennuio (a)

(p=>1). Hanomuny, 1o (dw) (3 &g, &y, - - -, Ep) = (@' (2)-Eo) (&4, - . -, Ep) -
+i§<—1)i<m'<x>-§i>-<§o, v By ey Ep)

o (2.13.5)
TCIOTA

d(o)(tz; 2,8, ..., &) =(0" (tz)-2) &4y ..., Ep) +
p ~
+1=21(_1)1(0)’(t$)§,)(1‘, gh '--vgiy -~~a§l7)'

CnenoBatenbro, dopma k(do)=f samaeTcs paBeHCTBOM

1
B@ b )= [ (1@)2) G B aE+
0

P 1
+ R (= [ @ ()8 &y B
- ' (2.13.6)
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G ppyroit cropomwl, auddepennuanbHas (p—1)-popma £k (0)=
sagaetcs pasencrBoM (2.13.2). Mudpdepernupys mop SHAKOM nHTerpana
mosTygaem

1
(@ (@) 50 (Bor -0 B) = | 0907 (82)B0)- (@, B oy Bt
0

1
+{ ot g, b B d (243)
4]
OTKYJa

(@223 &y, 0 ) =
P 1
= 30 [0 8 B B B
i=1 0

1g
+2 (—1)i2 St"‘lco(tx; £,k .oy By oL, Bp) . (2.13.8)

Hocmommy © — gHakonepemennas GyHKug or &, ..., &p, BTOpOE cia-
raemMoe B NMPABOH YacTH paBEeHCTBA DPABHO

1
p S o (tx; &y, ..., Ep) dE
0

Temeps MH B COCTOAHMM BEIMHUCIUTEL IIEBYIO uacTh paBenctBa (2.13.3).
B wmawmux oosmavenusx puddepennuannuas gopMa d (k (o)) +k (do)
paBaa do . CruaagsBag mounenmo paseHcrsa (2.13.6) um (2.13.8)
U IPHBOJA NOJAOOHHE YIEHE, HONyYyaeM

Bz & vvvy Bp) Fda(z; &y, o nny Ep) =
1 1
= [0 @@)-2)-E .. B di4p g tto(tz; By, - .., Ep) dt,

0

uyT0 GOJIee IIPOCTO MOMKHO 3AIHCATH TAK:
1
B () - dat (z) = S[t“(w (tz)-2) - pt*lo (to)] dt (2.13.9)
6
[paBeHCTBO MEKAY dieMEHTaM¥ IpocTpaHcTBa A, (E; F)]. Ho

£ (@ (t2)-2) + pt'o (12) = - (70 (t2)),

mo3ToMy mpasasg “acth paseHcrsa (2.13.9) paBHa pasHOCTH 3HAYeHHHA
¢yaxmun tPo(tz) npm t=1 u mpu t=0. A a0 u ecth w(z). Tem
camuM pasencTBo (2.13.3) mokasano.
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Taxum oGpasoM, M gorasaiau npeioskenue 2.13.2, a ¢ uum u Teope-
my Ilyanrape.

Il pumep. Pacemorpum cayuwaii £ = R3, F = R. Ilycrs
=Pdz+ Qdy + Pdz

— nuddepenpuansuasg popma Kiacca C*, n > 1, Tar uro P, Q, R cyTh
meficTBUTeNbHbe QYHEOEU Kiacca C” Ha OTKpBHITOM MHOKecTBe U < RS,
Uneem

b (4 22 o (2 5 i+ (54 ~E)

Oyuxnuu P, ¢, R MOKHO paccMaTpPUBATH KaK KOOPIHHATH 8eKMOPHO20
noas va U (r.e. Kar oroGpamenme U — R3). Iloxe

R _0Q P _ R 40 _ oP

ay gz ' 8z oz ' 9z oy
HaswiBaeTcsa euxpem (pomayueti, pomopom) nouas (P, Q, R). Obparuo,
oycTh 3amaHa 2-gopma

o=Ady Ndz+ Bdzs \ de + Cdx )\ dy

raacca C™. Ilpm rakux yciaosusx na mose (4, B, C) cymecTByeT moie
(P, Q, R) rnacca C", nusa xoroporo (A, B, C) sBasiercss suxpem? I[lpu
TOM ycjioBuH, 4T0 cyumecTsyeT l-gopma o wmacca C", Qs KoTOpoi
da = . [Jaa s1oro Heob6zodumo (BO BCAKOM ciydae IPH n = 2), 9T00BI
do = 0. Teopema Ilyaurape yrBepsrpaer, 4To 3T0r0 H JoCmamowHo, ecau
U — sgeadnoe muosrecteo. Ilockoasry

0A 0B oC
dmz(ax T )d z \dy \dz,

10 ycaosue do =0 osmauact, uT0 QyHKIUA
0A4 ol aC
o Ty T

HasslBaeMas dueepeenyuell nons (4, B, C), ToskmecTBeHHO paBHA LY.

§ 3. KPUBOJIMHEIHLI MHTETPAJ OT JUOPEPEHIIHAJIBHOIL
@®OPMBI NEPBOW CTENEHH

Beony B panpueiimem cumBoa U Gymer 0603HAYATL OTKPHITOS HO[-
MHO;KeCTBO GaHaxoBa npoctpancTBa £ (uurepeceH ciayuai, xorga £ =
= R" unmu £ = C").

3.1. Iyru kaacca C?

Mur yixe ompegemunu (enm. 4. I, ra. 1, n. 3.3) noustue rymu B ToONO-
norumgeckom mpoctpancTee X. Ceiizac y wac X = U, u uyrs B U ecTs
Henpepusroe oTobpaskenne

v: la, 8l - U,
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rae la, b] — wommawreeil matepBan a < < b pmeficrBuTenbuoit mps-
moit R. [B m. 3.3 MBI paccMaTpuBaid JIMWIB HYTH, TapaMeTPH30BAHHEIE
¢ uomompbio oTpeska [0, 11.]

Onpepnenenne. [1yts y nassiBaercsa nymenm kaacca C, ecan orobpaske-
HHUe y MPUHALIERUAT KiIaccy C', nuHade ropops, ecIm y obaagaeT IPOH3-
Bonuoil y'(f), wenpepuBHo 3aBucAmed ot f € [a, bl.

[3awmeuanue. Crporo rosops, monstue orobpaskennsn riacca Ct
HMeeT CMBICA JHUIb JIA oTobpaskeHuii, OmpefelNeHHLIX HAa OMKEDPHMOM
DOIMHOKecTBe DaHaxoBa npoctpauncta. IlodToMy B HameMm ciydae Hao
OpL10 O paccMaTpHBATL 0TOOpaskeHUsI, ONpPENeNeHHBIEe HA OMKEPHIMOM
uutepsaie B R. Ilasa samknymozo wnrteprana [a, bl npoussogman y'(«)
OyHeT 1o oIpeesieHui0 NPaBoil IPOU3BOMIION 0TOOpasKEeHNUA Y B TOUKE @,
a y'(b) — nesoit upomseopgHo# B Touxe b. Herpyawo Bupaers, uTo ecan
v: la, bl — U nyrts rimacca C' B 3TOM HOBOM CMLICJE, TO CYIIECTBYIOT
Tarkofi omrpumul unrepsan I, comepsxamuii [a, bl, u Taroe oroGpaske-
uue y;: [ — U wmacca C!, uto v ecth ero cymenue.]

Onpepenenne. Ilyre v: la, bl — U wmaswBaercs &ycouno eaadrum
kaacca C', eciu CyIIeCTBYeT Takoe KoHeuHoe pasbueHue orpeska la, bl
¢ TOMOMIBI0 TOYEK

a =ty <<l <...<<t, =0, 3.1.1)

4To Cy;KeHHue Y Ha JI0001 oTpesok [t;, £;44] (0 < i << n) ects myTH KIac-
ca Ct.

Taxnm obGpasoM, JeBasg Ipoussoguas Yy (f;) W IpaBasd HPOU3BOHASN
vo (&) (0 <<i <<n) o6e cymecTByor, HO He 00J3aT€ILHO pPAaBHH.
Pagymeercs, fifa Kycodmo TIAaJKkoro myTH kiaacca C! MoyKeT CymiecTBo-
BaTh MHOTO pasfueHuii ¢ yrkasauuniM cpoiictBoM. Ecam oamo ms nux
samaerca toukamu (3.1.1), a pmpyroe — ToYKaMHU

a=t,<<t;<<...<<tpb=0b, (3.1.2)

TO MOMKHO CONOCTaBHTL KM TpeThe pasOueHde, Upo KOTOPOe TOBOPAT,
YTO OHO MONYUEHO HAA0xceHUeM Osyx Oannwmx pasduenuli:

a=1t,<ty<<...<t;=b. (3.1.3)
ITo ompepnenenuso, sror Hafop 9Hcex ecTh o0besuHeHuUe HaOOPOB
(s, oo tg) | (Lg, .-y tn) [TaR wro g Ln-+p—1].

3.2. Kpusommnuefinesiit muTerpan

IIyere © — audpdepeunmansuas gopma cremenu 1 u Kiacca C°
Ha U co snavenuamu B F. Vimaue rosops, o ecrb menpepuignoe oTobpa-
HeHHe

o: U—~>Z(E;F).
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HOaa x € U mu1 6ymeM, Kak ¥ paHbuie, ofo3HayaTh depes o (z)-§ uiam
o (z; &) smauenme orobpakenusa o (x) € £ (£; F) ma snemente § € E;
9TO 3HAYEHUE eCTh dJIeMEHT 0aHaxoBa mpocrpaHcTa F.

Ounpepenenne urnmezpana S o daa nymu y: la, bl— U kaacca C* ¢ U:
v

S Sf(t (3.2.1)
v

a

rae f (t) dt — nmpdepennuansuasa dopmMa y*(0), T. e. guddepeHnHaTL-
uasa ¢opma Ha [a, b], monywamascsa u3 GopMbl © C LOMOUILIO 3AMEHD
nepeMeHHHX Yy Kiaacca Cl. Dyuxiuda ¢ — f ({) HempepriBHA, ¥ IO OIpe-
LeleHUIO 3aMeHB OepeMeHHbIX (cM. m. 2.8)

f@O)=o®) @ 3.2.2)

(rme ' (f) paccmaTpuBaeTcs Kak 9JIeMeHT IPOCTpaHcTBa E, B KOTOPOM
nexxar U). B npasoit wactu paBencrsa (3.2.1) crout 0OBYHEIE HHTErpad
(B cmuice Homu — Punana) oT nenpepbisnoti pyHKIUE OO0 KOMOAKTHOMY
UHTepBaly.

B cuny k1accuuecKuX CBOMCTB MHTErpaya Jifd (UKCHPOBAHHOIO OyTH

vy (rmacca CY) S ® eCcThb aunelinas QyHKOEA oT . Jauee, ecnu 3aaHo

y
pastuenue (3.1.1) orpeska la, b] m y; — myrs, monydatomuiica cyire-
nueM Y Ha oTpesok [f;, t;4+3] (0 < i <<n), T0

n—1
S(o— S (3.2.3)
i=0 v;

o0 To#l NpOCTO#l mpuumiie, 9TO

b n—1lisq
Sf(t)dt_——z S f(t) dt
a i=0 ti

Mubr xoTuM Teriephb OTpENeNHTH Su) B Cjydae. KOTJla Y — KYCOuHO 2.4a0-

v
kuii nymv xmaacca C'. Bribepem pasbuenme (3.1.1) mar, urobnr cyskenme
v; TNyTH Yy HAa OTpe3oK [t;, ¢y, Oburo mytem raacca C!' mast sobora i,
0Lign—1. Honoswum no onpedeaeniito

S(»:ZS@)

k% ioy;
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(mpaBas YacTh paBEHCTBA yiKe mMeeT cMBICH). JlaA KOPPEKTHOCTH 3TOTO

OmpefesieHUsI HAM HaJl0 TpoBepuTh, 4rT0 1) 3HaUeHue IpaBoil wWacTm

HE 3aBHCHT OT BEIOOpa pasbmeHmsa u 9TO 2) B TOM 9YacTHOM Ciyuae,
~

RoTga y—myTh kjaacca Cl, aro HoBoe ompefeneHne )m COBIATAeT

¥
¢ TPEKHAM.

OueBunHo, uT0 ecam 1) yiKe ycramoBIeHo, To 2) ciefyer U3 COOT-
mpomennsa (3.2.3). Hoxamem yrBepsrperue 1). PaceMoTpum Karoe-HUOyAL
npyroe pasbuenme (3.1.2), muAg Koroporo cyskemme y Ha Ji000i orpe-
30K [t}, tit1] ects myTh wmacca C' (0<j<<Cp). Obpasyem pasGuenme
(3.1.3), noxyuarommeeca HamoxenueM pasbmenmit. OOO3HaYMM uyepes v;

cyenue y Ha [t}, tiy;] u uepes _h—cymerme Ha [i%, tyaq]. Paccmo-
Y v Vit pes ¥y v +

TpAM CYyMMY
g—1

Eﬂjw.

flcHo, dWTo CrpynnHpOBaB UIEHBl MOAXOJAAIMAM 00pa3oM, MEl IOMyIdM

n—1

5 Jo

i=0 v;

a CIrpynmnupoBaB UX OPYTrUAM CHOCO6OM, IIoJIy9uM
p—1

ITosromy

N

0 vy
I KOPPeKTHOCTHL JAaHHOTO HAMH oNpefeieHusI yCTaHOBJIeHA.

3amMeuanme. B mpepsmymux npemmooeHNAX mMeeM
i (0) = fi (2) dt,
rae f;— HenpepHIBHAA ¢YHKIHA HA OTpe3ke [f;, f;4]. Habop f; ompe-

menser ¢yHKRuo f Ha [a, b] BCIOLY, 3a BO3SMOMKHBIM HCKIOYEHIEM
touex ?; (1<i<n—1), rue f Tepmmr paspusu. Hopoue, f ecrs TO,

YTO HAB3HBAETCA KYCOUHO HenpepbisHoli (GyHKOuUeH, n Sm paBeH WHTe-
v

b
rpaxy Sf(t) dt or Kycoumo menmpephBHOH ¢yariuu f, Hcnoabsysa ato
a
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MOHATHE, MBl MOJKEM CKAas3aTh, YTO €CJIM Y— KYCOUHO TIJaAKU# MyTh
raacca C', To ¢opma y* (w) umeer Bup f(t)df, rme f— KycouHo Hempe-
pHBHAA QYHKLIUA (3HAYCHUA KOTOPOH B TOYKAX PAaspHBA He ONPEHeNIeHHI).

Taxkum obpasom, pasenctBo (3.2.1), caysramee ompejeaeHuemM Sw,

Y
Korjja y— 0yTh Kaacca Cl, MOMeT CIy/RUTH OIpejeleHHeM DTOTO HHTe-
rpajia W TOIJja, KOTJA Y — KYCOUHO IJajKkuii myTs Kiacca Cl.

3.3. 3amena mapamerpa

IIycrs ¢:la’, b'] — la, b] — meroropmit C-dupgeomopgusm orpes-
ra [a’, b'] ma orpesoxr [a, b]. ITpoussomnas ¢' (1) Be3fe OTIMYHA OT HYIA
M, CIefoBaTelIbHO, COXPAHAET BHAK. BO3MOKHEL [BAa CaydYas:

1) ¢ () > 0 mas awboro u; rtorma ¢ (a') = a, ¢ (b') = b;

2) ¢ (v) <<0 masg awboro u; torma ¢a’) = b, ¢(b') = a.

B mepsom cayuae roBOPAT, UYTO ¢ cOTpansem OPUEHTANVIO, BO
BTOPOM Clyuae — 4T0 @ Mensdem (Wnu o6pawjaem) OPUEHTAIHIO.

3anerum, uro ecau y: la, b] - U — KycouHo riagiuii myTh KJac-
ca CY, o

vyog: la',b'1—>U

€CTh KyCouIlo Iiajkuit nyth kiaacca C. T'oBopsar, 4ro myThs y o ¢ HmOIY-
qaeTcAd U3 IYTH Y 3amenoll napamempa ¢.

Hpemnoskenne 3.3.1. B npedwdywyuzr 0603navenuss

S ®== S ©, ecau p CoTpamAem opueHmayuio, (3.3.1)
VE ¥
“ ®= —S ©®, ecau ¢ obpawaem opuenmayuio. (3.3.2)
vop

JoraszaTeXbcTBO JOCTATOUIO MPOBECTH A Caydas, KOTAa
v — nyth raacca Cl. JleitcTBurensio, o6 ciayTail CBOTUTCA K 3TOMY
9ACTHOMY: €CJH MBI paso0beM oTpesok [a, b] ma KYCKH W PacCMOTPHM
npoo6pas sroro pasdHeuls OTHOCHTENBIO ¢, TO IOJIYYNM pasfueHme
orpeska [a’, b']. Tlpegmonosium mnosromy, 49ro y — OyTh Kaacca CL.
ITo ompemgenxenuro
b

{o={ oo

Yo a’
Ho (mo mpemunosennio 2.11.1) (y o 9)* 0 = ¢* (y*0). Ilonoxus
v¥o = f (¢) di,

OOJYYUM
* (vFe) = f (9 (W) ¢ () du,



§ 8. Kpusoauneinnii uwmezpas om @Gopms nepeoli cmenenu 235

OTKYIa

Vo a’

Ecam ¢ coxpauser opmentanuio, 10 ¢ (') = a, ¢ (') = b u rnaccu-
ueckass ¢opMysa BaMeHBl IEPEMEHHEIX B OIpeJeJeHHOM WHTerpaie
(cM. HURe) maer

b’ b

[ rew e wau={1ma,

’

a a

ueM ¥ [okasamo paBencTBo (3.3.1). Ecam sxe ¢ menser opmemranmio,
0 @ (a’)="b, ¢(b')=a u rta e dopmyna praer
b’ a

b
frew e wd={ioa=—{roa,
b a

a’

qeM jokaszamno (3.3.2).

3dameganue. Hume MH HanoOMHEM J0Ka3aTeILCTBO (OPMYIHL
3aMeHbl IePeMEHHBIX B OILpeJeselHOM HHTerpaje (CM. 3aMedaHHe IOCIe
caenctsusa 3.4.2).

3.4. Cuyuaii, xorpa o — guddepennuan QyHKIUH

Ilyers g: U — F — oroGpamenue kiaacca C!. Bosbmem B KadecTBe
dopmer ® nuddepenmuan dg.

Ipepnossenne 3.4.1. Ecau y: la, b} - U — kycouno eaadrkuii nyme
kaacca CY, mo

{de=gwon—g @) (3.4.1)

v

[[TpaBast 9acrb eCTh pa3HOCTH 3Hauenuit yHKIUH g B KOHIE U Iagae
oyta y.]

HoxasateanbeTso. JlocTaTOYHO OTPANMIUTECA CIydaeM,
Korjga y — mwyTth Kiacca C!, uGo ofmuil cayvail cBOLUTCA K 3TOMY IpH
HoMOImMM Hajeskamero pasbuenus orpeska [a, bl. Ilo oupepemenno

b b b

(de= (v = aw@={dee.

» a a a
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ITyecrs g oy = h. Torpa h: [a, bl -~ F — ¢yrrnua kinacca C!. HMmeem
dh = h' (¢) dt. Orcopa cnegyer, 1ro

b
f dg — S 1’ (t) dt.

v a

Kak maBecTHO, mpaBad wacTs paBHa k (b) — h (a). |Hamounum goxasa-

TenbcTBO dTOro ¢arra. Tak waxk ~' — mempepmBHasA QyEKOHUA, TO
T
S b’ () dt
a

ecTb QYHKIHEA OT T, OPOU3BOOHAS OT KOTOpOil paBHa F&'(T): modTomMy
$ysrINA

g R (t)dt—h (1)

IoCTOAHHA (KaK QYHKIZA, HOPOM3BOJHAA KOTOPOH paBHA HYJIIO) H, Cie-
[0BaTeIbHO, OPUHUMAET ONMHAKOBHE B3HAYEHNS OPH T =a U T = b,
TaK d9TO

b
Sh’ () dt=h (b)—h (a).]

3ameHss 3mech kb Ha g o 9, modyJacM NCKOMyIo dopmyry {(3.4.1).

Crexcreme 3.4.2. Ecau o — Jugfepenyuan gynkyuu g, rpunadie-
acaugels waaccy C1, mo unmezpaa S ® 3agucum moabko om Ha'iaia Y (@)
Y
u konya vy (b) nymu v.
3dameuwanue. Beaxkas wnenpepsBuasa ¢ymrmus f: [a, bl — F
paBHa mpousBoguoil A’ oT ¢yuxuum h, oumpexmensemoil dopmyioi
t
he)= | 1 () du.
a
ITpu samene mnepememubx ¢: [a, b']—>[a, b] kmacca C', muasa KoTopoi
p(a’)=a, @(b’')=0>, nuveem
b

y
[1a=r®)—n@=h@eN—r@@)= | Ghe) @du.

a a
Ho (o) (u) =R (¢ (W) e o' (w) =1 (9 (w) e (u). Takum obpa-
30M, MH JOKasaim (POPMYJy 38MEHH NEPEeMEeHHBIX, WCIOIb30BAHHYIO
B m. 3.3.
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Onpenenenne. Ilycrs 3apana 1-¢popma o: U — £ (E; F). Ipumumue-
noll gynryueti GopMH © HasuBaercA dwbasa ¢yrnua f: U — F riaacca
C', Takas, 4ro df = .

B o6mem cayuae nuddepeHimanbHa;: ¢opMa NepBOH cTemeHn He
nMeeT NPUMUTHBHOR ¢yHKImA (M. . 2.12). Ecam smuokecrso U cBsaswo,
TO Pa3HOCTH ABYX HPUMHTHBHHX fi U f, OPMBI © ecTh HocTOAHHAA QYHK-
musa, ubo d (fy — f,) =0

ITpesxae wem GOpMYIHPOBATH CJIETYIOIIYIO TEOPEMY, BBElEM COOTBET-
CTBYIOIIYI TepMuUHOJOIUI0. [Juks — BTO IyTh, Y KOTOPOL0 HAYAIO
o KoHmen coBnagair. Jomauwll yukt— BTO IHKI, IPEACTABIAONIILI
coboil nomampyo aunmio (cM. 4. I, ra. 1, o. 3.3).

Teopema 3.4.3. ITycmv U — omrpwimoe ces3moe nodmmoscecmso Gana-
zosa npocmpancmea E. Jlas dudgepenyuarvroti opmu o: U— £ (E; F)
kaacca C° caedywowue ceolicmea sKeUSAACHMHL:

(a) ® umeem npumumuenyio @Pynkyuw na U,

(b) S ® = 0 das awbozo kycouno eaadrozo yuraa vy ¢ U kaacca Ct
V
(c) S =0 0aa awbozo aomarnozo yuraa y ¢ U.

v
Ecau muoocecmeo U 38e30no omuocumeavio mouku xy € U, mo npe-
Ondywue ycaoeus oKeusaseHmMHbL caedyowemy:

(d) S ® = 0 dun awboeo mpeyeoavrura v ¢ U,

v
00Ha U3 BepULUH KOMOPO020 cosnadaem ¢ GePULUHOL 8 Z,.

IlToscuenma rk (d). Ilog TpeyronsunkoM ¢ Bepmumod x, ML
HOHMMaeM IEPUMeTP TPEYTOJBHUKA, TO €CTh MUK ¢ HAYAJIOM M KOHI[OM
B Zy, KOTOPHIA 06pasyIior TpH CTOPONEL TPeyroJbHUKA. MEl mpe/onaraem,
9TO CTOPOHHI TPEYrOJbHUKA Jsexar B U, Ho He IpepmosiaraeMm, 4To TaM
jKe JIeJKHT YacTh IIOCKOCTH, KOTOPYIO OHHM OTPAHMYHUBAIOT.

HoxasaTtexnnbcTso. Yerosue (b) ciegyer us (a) B cuny unpep-
gosenua 3.4.1. JleficTBUTENBHO, €CM B 9TOM NPEMJIOKEHHH IIOJOMKIM

v () = v (a), To momyumm S dg = 0.
Y

To, uro us (b) cneayer (c), 0YeBUAHO: TOMAHBN HUKI — 3TO YACTHEHIA
caydaii Kycouno raafgkoro nueaa. lokaskem, uro ms (c) ciemayer (a);
orcofia Oyaer caegoBaTh axkBHBadeHTtuocTs (a), (b) u (¢). Ilycrs yedao-
BHe (c) BhImoaHeHOo. BribepeM Kakywo-HuOynb Tourky zo € U. JloGyw
TOUKy Z € U MOKHO COeIMHATH C TOUKOM Zo JIOMAHON JHUHHEH 7y, Jera-
meidi B U, tax xak MHOKecrBo U cBasuo (cM. 4. I, ra. 1, mpegmosse-

nue 3.3.5). [luA ganHoil TOYKK xr UHTErpaa S @ He 3BaBHCHUT OT BHIOOpa y:
v
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eciu Yy M Yy, — [Be JOMAHEE, COeNNHAINUE Zo C Z, TO Pa3HOCTH

fom o

Y Vo
paBHA MHTErpasy OT ( BIOJH IMKJIA, IOJIYIAEMOr0 IPOXO:kKJeHNeM CHa-
Yala OyTH Y4 B IPAMOM HANpPaBIeHNWH, a 3areM HYTH Y, B o6paTHOM
HAIpaBJieHud, T.e. paBHa uHymwo B cuay (¢). Hycrs f(x) — obGimee

3HaYeHWe HHTEI'pPaJioB S ® BIOJb BCEX IIYTeH, COCAMHAIONUX Zo C Z.
Y

HMoxaskeMm, aro Tar onpepmerennas Qyurmus f: U — F umeer nmpoussos-

nywo f'(z), paBuyn @, oTkyma u 6ymer craemoBaTh (a).

Myers [z, 2 + Al — IPAMOJIHHEHIBI O0TPE30K, COeJUHAIOIMUHA TOY-
ku z u x + h. Ou cogepscurcsa 8 U, ecan nopma || 2 || moctatouno mama.
ITO caegyer U3 TOTO, UTO MIIO:KECTBO U OTKPHITO M, BIAYHT, COAEPIKUT
HEKOTOpHIT map ¢ meutpoM B z. OGo3HaumM uepes

x+h
") o
Ry
HHTETPaJ OT O BI0JDL 9T0T0 orpeska. Mieem
x=h
fatm=f@+ | o (3.4.2)

RY

TaK KaK ecJyl COeIMHHTDH JOMAIOLl JITHUeR Z, ¢ Z, a 3aTeNM Z ¢ x -+ h
NPAMOJNUHEIHLIM OTPe3KOM [z, £ —-h], TO MBI IOIYUYHM JOMAILYIO JHHITIO,

COCIUHSIONIYIO Zy ¢ Z -+ h.

x -

],
HHH BBHITNCJICHUA UHTCIpPaNa \‘(1) IIPON3BEACM 3anMely IepPeMEeHIIbIX
b8

v()=z+th  (0<t<l).

Ucnounssys (3.2.2), maxommm

1
fath—f@)= e, (3.4.3)
(

=]

g(t) = o (z + th)-h. (3.4.4)

Hocronbry orobpasmenne o: U— £ (E; F) menpepblBHO, piaa n06oro
¢ > 0 momno mafitm taxoe 1 >0, d9ro

lo@+th) —o@|<e npu [[A|n,
kakoBo 6m mm Opwro ¢ € [0, 1]. Otcioga caegyer, uTo
g —g@[<ellhll mpr [[A] <N
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mas maoboro ¢ € [0, 1]. Tar wmar

fl+h)—f(@)—o@)h= (g()—g(0)dt,

Ty

TO
f@+hm—f@—o@hr<ellh|l mpr |20,

OTRYA

Hfz+h—7@—o@h]=o0(krl),

a 3To M o3HadYaer, 4ro QYHKUHUA f puddepeHIHpyeMa, IPHIEM HPOU3-
BofHasA f' (x) paBHA ®© (x). DTHM 3aBepiiaeTCA JORa3aTeNbCTBO HMIIMKA-
mn (¢) = (a).

Tlpegmonosxum Temepsb, 4TO Muo:KecTBO U 86¢30HO OTHOCHTENBHO
TOYKH xzy. Ouenmauo, u3 (c) ciaeayer (d), M eclH Msl IOKasReM, YTO U3
(d) caegyer (a), To MBI JOKasKeM 9KBHBaJeHTHOCTH yeioBuil (a), (b),
(c) yemoruo (d). Tax wax MuHOskectBO U 3Be3JHO, TO MBI  MOMKEM
onpedeaumsv QYUKIHK f PAaBEHCTBOM

X

f@)=| o, (3.4.5)
£
rme MHTerpaa OepeTcsa IO LPAMOJHHEHHOMY OTPE3RY, COelHIAIOmeMY
zg ¢ z. Haa gocratouHo Madbix ||k || uMeeM
x-Hh
fetl)—f@)= | o,
X
rae unrerpasd GepeTcsa mo oTpesKy, coequugomeMy z ¢ £ -+ k. Mcmonn-
3yA cBoHcTBO (d), Kar m Bbllle, IoaydaeM, uro QyHrUuA f nuddepes-
mupyeMa, f = @, 4eM u pgorazano (a).
Tenm caMBIM J0KA3aTEABCTBO TeopeMbl 3.4.3 3aroHUENO.
Sameuaunue. llycrs MuosKecTBO U 3BE3II0 OTIHOCHTEILHO HaYa-
na wooppumuat. Torma ¢opmysa (3.4.5) (¢ zy = 0) maer
1
f2)= S (@ (t2)-2) dt, (3.4.6)
0

a 3To me 4ro MHOe, Kak gopmyaa (2.13.1), KRoTopyIlo MBI HCIIONbL3OBAIH
Ansa porasareabcTBa teopemul [Iyamwape. Taxum ofpaso, sra dopmyna
clpaBejIuBa (B clydae MHOKecTB U, 3Be3gHHIX OTHOCHTeNbHO TourH ()
s ao6oil duddepenyuarvroti popmi o kaacca C°, obaadarouwell npumi-
muenoti. [B teopeme Ilyamwape Mbl mpefuoiaramm, uTo o — ¢opnma
Kiacca C', u gorassiBanu, 4To ecau dow = 0, To ® o6IajaeT IPUMUTHB-
noit gyurnmeit. Ob6parmo, ecan o — gopma Kiacca C!, oGmagaroas
HpHMHTHBHO% ibymcuneﬁ f, To f mpumagaeskur kiaccy C? u d (df) = 0,
T. e. do = 0.
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3.5. 3amkuyrtbte muddepennuansasie QOpMbI DEPBOH CTENEeHH

Onpenerenne. Quddpepennumanvuasa 1-dopma o: U— £ (E, F) (rne
U — orkpsiToe IoAMHOKeCTBO 6aHaxoBa mpocTpaHcTBa E) HasbiBaercs
samrnymoli, ecad y a106oit Touku xy € U cymecTByeT OTKPHTAas OKpe-
cTHOCTH V, B KorTopoit o obxamaer npumumusenoi dyuknueir. Hopoue
roBopsi, ML TpeGyeM, 9TOGH @ L0KAIbHO 06aadana RPUMUMUEHOL PYHK-
yuet.

IIpemaosrenne 3.5.1. [Jas mozo umobn duppepenyuarbras gopma o
bvina 3amrnymotl, Heo6rodumo u docmamouno, ¥mobsl KaxcOas mouka
9 € U obaadara maxoii omepumoii okpecmuocmelo V, 36e30noli ommocu-
MEAbHO g, 4MO

S ©=0 (3.5.1)
H
048 1106020 mpeyeoabHuka vy, codepaicawyezocs ¢ V. [Kopoue rosops, muTe-
rpan (3.5.1) momxeH o0pamaTbCca B HYJIb Ha 4000M JOCmMAMOUHO MALOM
mpeyeorvruke, nexameMm B U.)

Jdro cpasy ciegyer H3 ompefeleHmsa u #3 cBoiictBa (d) Teope-
Ml 3.4.3.

Teopema 3.5.2. IIycmb @ — gopma kaacca Ct. Toeda Jas mozo umobu
ama gopma 6vaa 3amEryma, Heobrodumo u docmamouro, umobn do = 0.

JelicTBUTEAbII0, MB TOJBKO 9TO BH[EIW, YTO B 3BE3IHOM OTKPHITOM
obmactu ycuosue do = 0 nHeo0Xo[AMO H [OCTATOYHO MAJA TOTLO, 4TOOHI
fdopmMa ® wiaacca C! obramana OPUMHTHBHON (yHKIuUEH.

Hamomumy, aro ecmu U — oTKpHTOE mogMmHOMiecTBOo B R™, TO dop-
Ma @ 3aIHCHIBAETCA B BH[E

n
o= 2 ¢ (z)dz,
i=1

re KodQPUIUEHTH ¢; cyTh ¢pyHrnum Kiracca Cl. Ycmosue do = 0 BHpa-
’KaeTcs B DTOM CJydae DPaBEHCTBAMH

dei dcj
dzj oz °
Tarum 06pasoM, BHIOJHEHNE DTUX PABEHCTB ABJIACTCH HeoOX OMUMEIM
# JOCTATOYHHIM yCJIOBHEM [iJifA TOTO, 4To0m (opMa « OblIa 3aMKHYTOH,
T. €. 0Ka4bHOo o0Jajana OPHEMATHBHON (yHKIUEH.

Buuwnmanue! 3amxuyrags 1-dopMa ® Ha OTKPHITOM MHOMKECTBE
U < E (mae ecam oHa Kxacca C°) me Bcerga oGiagaer NPUMHTHBHOH
dynrumert sa Bcem U (cM., ogmaxo. teopemy 3.8.1). Hanpumep, mycrs

E=Cn
U= C— {0}
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— jomoIHenme K HyJIeBoil Touke. OfGos3HAUMM uepes zZ KOMILICKCHYIO

RoopamuraTy Toukd na ©. Iro ynrmua ma U, uurie me obpamaloniancs
B mY.I1b. TToxosEuM

0= "Ldz.
z
1o anddepernuannuas 1-gopma raacca C™ ma U. Oma samrryma, ubo
do=d (+)\ds= ——rdz\dz =0,

nmockoasry dz A\ dz = 0. [l Toro 9To0H yCTaHOBHTH, 9TO @ Iie ob.a-
maeT mMpUMAUTHBHON ma U, ROCTATOYHO IOKasaTh, 9TO He BBINONHENO
yeaosre (a) teopemsl 3.4.3. Ceifuac MbI yrameM takoil yuwa y na U,

970 g o = 0. 910 okpymuOCTH pamguyca 1 ¢ mentpom B Toure 0, cocrosn-

Y
mas 13 TOYeK BHA

z=e' (0t 2n). (3.5.2)
[Mu mpegmonaraem, uTO 4MTaTeldbh SHAKOM € KOMIUIEKCHOM DKCIOMElI-
toii.] Baeroll mepemenusx (3.4.7) dopya © = (iz) dz UPHBOINUTCA
K BHAY
e (et dt) =i dt,

OTRYJA
2n

[ S idt =2mi=0, W
v

Z
0

Hoaomum z.=z -+ iy. Torna

d: _ zdxtydy , . xdy—ydx
T T et tiTarp

?
TaR UToO
dy —y d.
S zdy—yde o

22 y2
4

3.6. IlpuMuTHBHAA OT 3aMKHYTOK (OpPMEI BAOIP LYTH

IIyets @: U— £ (E; F) — samrnymas puddepeunmansuas 1-gop-
ma rmacca C°.

Onpepenenue. [las aw6oro nyru y: [a, D] — U (Mpl npeamonaraen,
9T0 3TOT MYTh Henpepblger, HO He 00sa3aTeNbHO KYCOUHO TIajOK KJiac-
ca CY) npumumuenoli @ynryuell @opmul ® efoab nymu y Ha3HIBAETCS
BCAKAS Henpepuvignas (QYHKIHA

fi lay bl - F,

16—-743
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VIOBIETBOPAIOMAS CAeAYIOMEMY YCIOBHIO: Mias aioboll touku I, € [a, bl
HaATyTCA OTKPHTAsA OKpecTHOCTH V Tourd Y (f;) B U m mpumurusmasn
¢yuruas F popmu o Ha V, Takue, 4TO

Fy(@®) =71
nnas Bcex Touek i€ [a, bl, moctarouHo GAMBKHX E i

3aMedadnue. B srom ompefeleHUH Mbl, KOHEYHO, MPEJIOIAra-
eM, aro V < U u 910 0KpecTiocTh V ¢ga3Ha, TaKk 9TO BCE UPUMHTHBIIEIE
¢yurmuu ¢opMel © HA V umenr Buy F 4 const.

Teopema 3.6.1. Ecau © — samkrymasn dugdepenyuavnas 1-gopma
na U u y — nenpepuvisnwii nymv ¢ U, mo npumumusnas @yuryus f
Ppopmr ® sdoab nymu y cyyecmeyem u onpedeaena 00HOZHAYNO € MOU-
Hocmblo 00 ad0umusHoll KOHCMANMbL.

HdoxasareascrTso. JorareM cuagana edurcmeeniocmo.
Ilycts fy u f, — ABe MPUMHTHBHLIC QYHKIIHU. I[nﬂ BesKoro ty € {a, 0]
CYINEeCTBYIOT CBsI3HASA OKpecTHOCTh V Tourm y (f;) u ma V jxBe mpumi-
TuBHBIe QYHKUu® Fy u I, dopMil ®, TakHe, 4ToO

f1(t) = F (v (1), f2(t) = Fa(y (1)

aaa t, mocrarodno Omuskux K 4. Tak rKak Fy — F, = const, 10 pas-
HoeTh [y (1) — fy (8) mocmosanna ¢ mnewomopoiti orpecmuocmu t,. Tewm
campiM  fo — f; ecrs (yHRUuA, mempepniBnasa ma [a, b u .aora.uio
nocmosannas. Tax war [a, b] — cBasuoe Tomosormueckoe mwpocTpar-
CTBO, TO fy — [y mocrosauma na [a, b] (u. 1, ta. 1, memma ma 1. 3.3).

JlokasreM rTemepnb cyuyyecmeosarie UPUMHTHBION QVHRIUI  BIO.Ib
pyta . Ilo ompejescHHIO KaykAas TOYRA Iy COAEPSKUTCH B 1EKOTOPOA
orkputorM (otHocurenbno [a, b]) wmurepBase, Ha KOTOPOM HCKOMaH
OPUMUTHBHAS (YHKIHA cymecreyer. Tak wkak wmmrepsan [a, b] roar-
MAKTCII, Mbl MOJKeM MOKDHITH €r0 KOHEYHGLIM MIIOJKeCTBOM HHTEPBAIOB.
Yiopsagodqus 3TH MHTEpBaILl B IocaegoBatenasbiocts [y, . .., I, Tak,
9ToOH KaRAGIA uirrepBan [, mepecexasncs ¢ OOBCTUHCHUCM TPeILITy-
mux. Ilo mpeamososrenuio na KajmoM HuTepBanse [/, CYIeCTBYeT TpPH-
smutuBuasn yuxnusa f,. Torga B mepecewenun /,() [, pasnoctd f, — [,
IOCTOAIIHA IO Y:Ke JOKA3aHHOMY CBOWCTBY eIMHCTBEHIIOCTH. Buiumras
u3 fy KoHCcTAmTy, MOMHO [TOOHUTHCA TOTO, 4TobL fo = fy ma Iy [ I,.
Ilycrs gy — ¢ynxmus ma unrepsaie Iy |J /,, pasuas fy ua I, u f, ua I,.
Ona sBasgerca npAMuUTHBHOH ¢yuknumeir ma [y {J [,. Jladee, mna
Iy U I,) N I3 ¢yurmua f; — g, mocTosHHa. DBriamrasa m3 f; Koi-
CTaHTy, MLI MOKeM HOOUTBCs Toro, 9robsl f3 = g, Ha (I, U 12) N I3,
a 9TO AACT UaM NPUMUTUBHYIO Qyuxuuio gs #a I {J I, U I3 IIpogoa-
JKad ITOT MPOIECC, MBI HONYIMM UPHUMUTHBHYIO (QVHKIMIO Ha [a, bl.
Tem caMbIM TeopeMa [OKa3aHa.

3damMevanne 1. Eciu orobpaskenue y nocmosanHo, TO, OIE€BHUJI-
HO, 4YTO BCAKAA NPUMHTHBHAA (YHKIOUA ‘[ BHOJAb Y €CTH KOHCMAHMA.
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3Bavmeganue 2. llycts B npeppigymeit TeopeMe Y — OyTh Kaac-
ca C!, m mycrp
a =t <t <...<t,=20b

— rtaroe pasbuenue orpeska la, bl, aro Ha KaykgoM unrTepsaue {f;, t;14]
F@)=Fi(y (@) omput <t< iy,

rae F; — npuMmnTuBHag GyHKIUA OPMH ® Ha OTKPHTOH OKPECTHOCTH
V; < U (raxoit, ato y ([#;, t;14]) = V;). Vmeem

n—1
fo-3 o
b4 i=0 Vi
r1e y; — cyskenme y: [a, b]— U nma [t;, t;4,]. Hockonery @ =dF; na V;,
10 V*(0)=d (y* F;)=df. Orcwoga cregyer, 4T0
iy

S o — S df =1 (tisg) — 1 (t:).

Vi t
OroHYaTEIbHO
n-—1
fo=3 Gt —ren=1®)—f(@.
v i=0

JTOT pesyabTAT BePeH He TOMBKO AN myTeil kiacca Cl, HO U Ji1A Kycou-
HO IagKHX myTed kaacca C': GepeM cOOTBOTCTBYIOIEe pas0uenue U npi-
MeHseM Y/Ke TMOJNYUYCHHBIH pe3yibTaT K KamIOMy KycKy. Tarum obpa-
30M, CHPaBeINBO

Ilpepnosenne 3.6.2. Iyemb y — kycouno eaadruli nyme kaacca C?,
® — samxrymas gopma u f — npumumusnas Pyrryua dopmut o 6doav
nymu y. Toz2da

fo=r®)—1(@. (3.6.1)

v

B ofmem caydae, Korpa IyThb Y JIMILL Henpepuiser, NPUMUMUSHAS
GYHKOUA CYMECTBYET M eJUHCTBEHHA C TOYHOCTBIO A0 AAJUTHMBHON KOH-
crauts (Teopema 3.6.1). CaenoBareasno, Buipaskenue [ (b) — f (a)

HMEeT CMBICA. OJTO gaeT BO3MOKHOCTH onpe@e.aumb HHTETrpaa S ® oT

H
samrnymoti 1-popMpl ® xkak pasHOCTh f (b) — f (a) sHavenumit B Tou-
KaX ¢ @ b upumutHBHOH ¢yHKmuEM [ GopMel ® Broas nyru y. Ecam

TNyTh Y SIBAsAETCA MOCTOSHHEM, TO | ® = 0. Ecam y — xycouno raagkmit

16*
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yTh, 9TO HOBOE OTpejejenne, COrIacHo upemio:Kkenno 3.6.2, copuajaer
co crapsiM. Ho crapoe ompejeseniue TOOUTCS M TOTrZA, Korja gopMa o

He 3aMKHyTa; He WIeT H PEY’ 0 TOM, 4TOOH OUpeNeNuTh UHmMezpal \ o
! v
6 cayuae, Ko2da opma © He3AMKHYMA, & NYMb Y npednosazaemces AuiLb

HenpepLeHblM.

3.7. T'omoromua ABYX myTeil

s mpocroTsl MBI 6yfieM paccMaTpPHBATh JHMINb HEMPEPHIBHbIE IYTH,
HapaMeTpH3oBaHHbie ¢ momommpio orpeska [0, 1] (Mm mosmes Beerma
OpUATH K JTOMY CJIy4al0, 3aMEeHHMB IapaMerp).

Onpenexenne. Jlpa nyrm
ve: [0, 11— U, vi: [0, 11> U
‘HA3BIBAIOTCS 20MOMONHMMU, €CJHH CYIOIECTBYET TAKOe HenpepblgHoe OTO-
fpaxenne 8§ kBampara
0< <1, I<u<t

(koMIIaKTHOTO MOHMHORECTBA JeficTBUTeNbHOM miockoctn RZ ¢ woop-
pEHaTaMu ¢ U u) B MHOsRecTBo U, 4To

6(, 0) =9y (), 8, )= ma 0<<t<L  (3.7.0)

Orobpakende 8 HassIBaeTCs 2omomonueli IYTH Yo B V4. SIcHO, 9TO Kaik-
masa roura u € [0, 1] ompemenser nyTsh

vu: [0, 11— U,

rjae
Yo (£) = 8 (¢, u).

Wuorpa roBopAT, 4T0 CeMeHCTBO LyTel 7y, OUPEHessieT Henpepbierylo
degpopmayuio Myt Y, B UYTH Yi.

OrHolienne «IyTH Y, U Y, TOMOTOIIILY €CTh OTHOIIEHHE HKBHBATCHT-
HOocTH Ha MHO;kecTBe yTed B U. [Y np asme H u e: mpoBepbTe 9To0. )

lF'omMmoTomus ¢ QUKCHPOBAHHKWMHIU HAaTYaAOM H
Ko HI oM Ilycrs nyTu y, u y; UMEIOT OfHO U TO e Havaigo y (0) =
= v, (0) m oxguu u ToT ;K€ Komer Y, (1) = v, (1). B aron caygae oTobpa-
keHue 0 HA3bIBAGTCA 20MOMORUEL ¢ PUKCUDOBAHHBIMU HAYAAOM 1L KOH-
yom, eciu BHUONHEHH cooTHowenus (3.7.1) m ecam

8 (0, u) = 7o (0), 6 (1, u) = v, (1) (3.7.2)

ans Beex u € [0, 1]. Vlmaue rosopsa, Mbl TpeGyeM, 4To6H 1A d1060TO U
OyTh Y, MMEJ TO ;Ke IIavajio, 9TO | Yo C Yy, ¥ TOT 3Ke KOIIeIl, 9T0 | Yo € V4.
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Teopema 3.7.1. ITyemv o — sanknyman Ouggepenyuasvrnas 1-gopmna
na omrpuimom muoxcecmee U — E, u nycmo

YOZ [O, 1.]—* U, ’Y1: [0, 1]—> U

— Jsa HenpepuigHux nymu ¢ o6wum Hawaiom u obujun rKomyom. Ecau
nymu Yo U Yy 20MOMONHL ¢ PUKCUPOSAHHBMMU HAYAAOM U KOHYOM, MO

S ©0= S ® (3.7.3)
0 Y1

(rme «MHTETpamb» MOHMMAIOTCA B CMBICJTE, ONMCAHHOM B KoHIe 1u.3.6).
9Ta TeopeMa ciaegyeT M3 IPYTof TeOPEMEI, Kacalomieicsa CymecTBO-

BANMA HPUMUATUBHOH OT (OPMEL  OTHOCHTEJNBHO HENPEPLIBHOI'O OTO-

OpaskeHHA TPAMOYTLOABHHUKA (CM. Caepylomee OIpefeieHue).

Onpegenenne. Ilycts § — HempepbiBHOE 0TOOpaskeHUMe HMPAMOYILOJIb-
Hura R
a<<t<<b, o <u<¥b

B OTEpHITOe MHOKecTBo U — E, u nycrs auddepenmuansuaa 1-gopra
® samrnyma B U. Ipumumusnoil gynryueldl gopmvl © 0mMHOCUMEALHO
omob paxcernus § Ia3BIBAETCA Takoe HeMpepuBIloe oTobOpaykenue f: § — F,
a10 MuA a10608 ToUKM (f), U,) IPAMOYrOAbIMKA R CYmeCTBYIOT TAKAS
cofepsramasca B U cBssunasg OTKPHTaAg oKpecTiiocTs V touku O (f,, ug)
o ma V rtaxkas npuMuruBHAs QYHROUA F QOPMBI ®, UTO

F (@ w) =71 u

nans Bcex Todek (¢, u) € R, pmocratouHOo OaM3KUX K (f;, ).
Hag MB BUAUM, 3TO ONpefiesIellne HABEAIO ONpejeenueM IPHMUTHB-
1oit or GopMBI ® BAOJABL IYTH.

Teopema 3.7.2 (amasor rteopemsl 3.6.1.) B npedudywyur npednoo-
HEHUAT CYUyecmayem RPUMUMUGHAL PYHEYUL | dopausl © omuocumess-
Ho omobpascenus 8. Ima npumumuenas Gyrkyus onpedeiena 00HO3HAY-
HO ¢ moyrocmbio 00 ad0umugHoli KOHCMAHMYL.

ITy TeopeMy MBI HoRazKeM HeMuoro mosske. CHadasa sxe BuIBeieMm
Kak caejcTBue u3 Hee Teopemy 3.7.1. Ilyers y, m vy, — nBa nytu B U
¢ obmuM HavaJgoM M obmuMm roumoM. IIpepmonosxum, aro 9, U y, TomMo-
TONHB ¢ (QUKCHPOBANHBIMH HAYaaoM U KoHmoMm. Torma cymecTsyer
nenpepeiBiIoe orobpaykenue § Kpampara

0<<e <, 0<<u<1

B MHOKecTBO U, ymomaerBopsaiomee coorHomenuwam (3.7.1) u (3.7.2).
ITo Teopeme 3.7.2 (xoropylo MH cuuTaeM JROKa3auHoil) cymecTByeT
NpUMHUTUBHAA (yHKIUA [ GOPMEl ® OTHOCUTENBbHO OTOGpaskenusa 8.
TlootoMy orTobpaskenus

fo =710 0), /()=7(1)
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CyTh, OYEBUIHO, HPEMHUTHBHLIE OT (OPMHI ® BEOJb TYTeH Y, M y; COOT-
BeTCTBEHHO (MOCTATOYHO NPHAMEHHUTh onpededeHue TPUMHTUBHON BIO.Ib
nyrn). Coormomesme (3.7.3) 3amHINeTCS [IOBTOMY TakK:

1,0 —10,0=701 1) —7(0, 1),
£, 1) —f(0,0)=7(1,1)—7(1, 0). (3.7.4)

IoraskeM, 9T0 Ha caMOM fesie B 00emX. acTAX paBencrBa (3.7.4) cTOAT
BeJIMdnHH, paBubie Hymo. IleficrBurensro, ¢ynrmusa uw — f (0, u) ecrs
npuMuTABHasA ot ¢opmel © Bmoxs mytn u—> § (0, u). Ho, cormacuo
(3.7.2), 3TOT WYTH LOCTOSIHEH, TAaK 9YTO

f0, 1) —7(, 0)=0.

ABanoruuHo npoBepAeTcs, dTO

fa, 1) —7@, 0 =0.

Taxum ob6pasom, teopema 3.7.1 ecTh caemcrTsue m3 TeopeMms 3.7.2,

AnnA

HorxasarteabcTBO TeopeMH J3.7.2 aHAXOTAYHO JOKA-
3areabcTBY TeopeMbl 3.6.1, o uyTh mochoskmee. Ilpessme Bcero, ecin
fi ¥ f, — mBe MPAMUTHBHEE OT (GOPMBI ® OTHOCUTEJBHO O, TO pasHOCTD
fi — f» mocroanHa HaA mpaMmoyroabuuke K. YroOwl goKasath 3T0, MK,
kak um B TteopeMe 3.6.1, mokaxkeM, 4TO pasnocTh f, — f; A0KAABHO
nocmoAHHA, a 3aTeM B3aMeTMM, YTO NPAMOYTroasHHK R cBaseH (Kak
npomsBefieline JBYX CBA3HBIX HHTEPBAJOB).

Ocraercsa JoKasaThb CyO[€CTBOBAHMUE NDPAMATHUBHON GYHR-
mau f ornocurensuo O. (Ilo ompemenenuio npummrusmO# y A060H TOU-
KH (ty, Up) € R HalieTcsa OKPECTHOCTH, B KOTOPOl NPUMUTHBHAS CYIe-
creyer. Tak kak R — KOMIAKT, CymeCTByeT TaKoe pas0uenue R
Ha TOPAMOYTONBHUKH, oIpefesseMoe pasOUenuaMu

a4 =t <t <...<t,="b,
ad=uy<<u<<... <up=1"0,
4T0 B HEKOTOPOH OKPECTHOCTH KaKA0T0 HPAMOYTOJbHUKA
SISl U S UK U4 O<i<n 0Kj<p)
CymEeCTByeT NPUMHTHUBHAA QYHKUHA f;; GOPMBI ® OTHOCHTEJIBHO &.
Mur mMoskeM BLOparh Temeps dmcao € > (O (ue saBucsmee oT § ¥ j) Tax,

97006 DPUMATHBHBIE (QYHKOUM f;; OLIIHM OUpe/eNeHH B IPAMOYTOdb-
HIKAX, 3a3[aBaeMbIX HEPaBeHCTBAMU

ti—‘8<t<ti+1+8, ZL','—8<U,<U,J'+1+8.

Qurcupyem cuadana j = 0 u Oymem usmenats i or O mo n — 1.
ITocmegoBaTenbHo BbUUTAA U3 fo.0, f1,00 « + +» [n-1,0 DOAXONAMHE KOH-
CTAHTH, MBl OYIpeeaUM (QYHKIHMIO g, HA UPAMOYTOJBHHKE

a<{t<<b, o <u<<u + e
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Taxrun ke 06paszoM MBI MOKeM OIPeJeTUTHh IPUMUTHBHYIO (YHKIAIO ¢y
Ha IIPAMOYTOJbHUKE

a<t<<bh, uyy—e<<u<<uy -+ ¢

u 7. A. B mrore Mul moayuuM mociemoBaTeibHOCTh HIPHUMUTHBHEIX (PYHK-
nuit gy, &, ..., £p-1 ¥, BHOBb IIOCJIENOBATEIBIIO BHYMTas M3 HHUX
MOJXOAAN(MEe KOHCTAHTHI, NOJYYNM MIPUMUTHBOYI0O (PYHROuo [ yie
Ha BCeM INPAMOYro.JbHuKe R, 9. T. I.

Horaskem Temeph mpu moMomm TeopeMsl 3.7.2 TeopeMmy, aHANOTHY-
myio teopeme 3.7.1. Ilpexxae Bcero maguM rTaxoe

Oupepenenune. [Iycre y, 1y — asa yukaa B U (1. e. y4(0) = v, (1),
v1 (0) = v, (1)). ToBopAT, 9TO DTU IMUKILI 20MOMORILL, €CAH CYLIECTBYET
HempepriBHoe oTobpaskenue O KBamgpara

0!, 0!
B MHO:kectBo U, yIOBIETBODSOINEe, IOMIMO cooruomenuit (3.7.1),
enie I yCJIOBHIO

8 (0, u) =6 (1, u) mast seex u € [0, 1]. (3.7.5)

IMocrexnee yeaoBue o3mavaer, 9To M a060ro u oyTsh Yy (£) = 8 (¢, u)
eCTb Yuk4, WHAYE TOBOPA, YTO €ro mavago COBHATACT ¢ €ro KOHIOM.

Mycrs cnosa o — saminyras 1-gopma. Ilpumenmm teopemy 3.7.2
K mpexbiaymeMmy oTobpamenuto 6. Ilyers f — mpumurusmas ot ¢op-
Ml @ oTHOcHUTedabHO 6. IlyTm

=060, u) u w—->381, w
COBIAAIT, TAK TO

T. e. paBeHcTBo (3.7.4) cmpasemqiumBo B sToMm caydae. Orcoma, Kak
U BulLe, CiemyeT, |TO
5 ®= S ®.

Yo Y1
Taxkum o6pasoMm, MH [OKA3AAH CIEAYIOIIYI0 TEOPEMY, aHAXOTHIHYIO
teopeme 3.7.1:

Teopema 3.7.3. Ilycmv © — samknymas Jugpgepenyuaavras 1-gop-
ma na omrpumon mroxcecmee U < E. Ecan 0sa yuraa vy u vy 6 U 2omo-

MORHbL, MO
[o=Teo.
v

Yo

MHosacuenmne. IoMoronus ectp OoTHOWEIIHE SKBUBAIEHTHOCTH
Ha MHO;KecTBe IWKI0B B U. Ecnu o — saMKEyTas ¢gopma ma U m y —
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nura 8 U, To, Rak Mol BUfeau (B KOHIE I. 3.4), BIOJHE MOKeT OBITh,

4yTo ‘ ® %= 0. Teopema 3.7.3 yrBeps;iiaer JIHlib, UTO 3HAUCHIIE S ®
% Y
3aBICHT TOJBRO OT 20MOMONUUECK020 Kadacca yukraa Y. B dacrHocTH,
ecsqy I[MKI Yy TOMOTOIEH MOuKke, TO S ® = 0 gaa mw060# 3aMEHyTOM
m ¥ Ll
1-popybi ®. [Toura ecrb nuka, ompemesnsieMHIl HTOCTOAHHBIM 0TOOpa-
sreHueM. |

3.8. OmHocBA3HBIE OTKPBHITHIE MHOMKECTBA

Onpegterenne. Tomomormieckoe mpocrpaucrBo X mHasblBaercsa 00HO-
ceasnpla, ecau 1) mns moGoil maper (zy, Zy) Touer m3 X CYyIIECTBYeT
wenpepbiBubiiil wyrh y: [0, 1] — X, coepunsiomuii z, ¢ &y, u 2) BCAKHI
uuka B X TOMOTOIEH TOYKE.

fAcuo, uTo ecau ABa TOMOJOTHYECKHUX mpocTpancTBa X u Y ToOMeo-
MOPQHBI, TO OAHOCBABHOCTH OJHOTO M3 HHX BjedeT OFIOCBIA3HOCTH
IpyTroro.

B cayuae orkpoiroro momauoskectBa U Gamaxoma mpocrpancrsa £
ycaosue 1) osmawaer mpocro, uro U cessno (4. 1, ra. 1, upegiosxeuue

3.3.5). Ecam U ynoBiersopser eme U YyCAOBHIO 2), TO Sw =0

H
st sio6oro muraa y B U u mo6oit sasmuuyToil 1-gopyul © na U (mo reo-
peme 3.7.3). Ucmonnsys teopemy 3.4.3 (PRBHBATENTIIOCTH yCI0BHil (a)
u (b)), moaydaem ciaefyomui pesyabrar:

Teopema 3.8.1. ITycmo o: U—> L (E; F) — samknymas ougddepen-
yuaavnas 1-ggopma. Ecau mnoxcecmeo U 00HOC6A3H0, MO © umeem npu-
mumusryio dynryuio na U.

IITpumMeps OTKDPHTHX OZHOCBA3MB X MHOJKECT B.
Bearoe orkphiTOe 3Be3fHOE MIOJKECTBO 0aHOCBsA3IO0. JleficTBuTennho,
oycTh s onpegenernnoctu U sBespuo otaocuteabiio Touku (. Ecam z,
¥ z; — Karue-auGo aBe Touru u3 U, 10 nomauas, obpazoBanHast 0Tpes-
gamu [z4, Ol u [0, 2], ectp wyTn, coegunmwomui z, ¢ z;. 3nauur, U
yrosaerBopser yciaoBuio 1) (v. e. ¢arruuecku cpsasmo). [lamee, mycrs
v: [0, 1] - U — wexoropurit muwa. [Tomoswun 8 (£, u) = u-y (f) (upo-
usBepenue Bekropa y (1) € E na craunap u € [0, 1]). Torma 8 (¢, u) € U,
rak Kak U 3Besmuo otHocureabHo nyada. OroGpaskenue § mempepniBUO;
CJe/l0BATeIbHO, UK

t—>6(@ 1) =7
rOMOTOIEH TOUYKE
t— 06t 0) = 0.

B wacTHOCTH, BCAKASA OTKPHITAA 8BINYKAAL 001ACTH OFNOCBA3HA (IIOCKOIb-
Ky OHAa 3Be3jHa OTHOCUTEJIBHO JI000H cBoeil TOUKRM).
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W3 craszammoro BeIIIE ciIeyeT, YTO BCAKOE OTKPLITOE MHOKECTBO
U c E, zomeomopgroe 3Be3THOMY, ABIAETCH OTHOCBABHLIM.

Jasg mamiocTpanud IPOTHBOIOJAOKHOTO ciaydasd BosbmeM F = O
u U =C — {0}. MuoxectBo U neodnoceasno (X0Tsi U CBABHO). 1GO,
Kar MH Bugenu (B kouue u. 3.5), pudepennmaivuas dopma (l:z)dz
3AMKHYTa, HO He HMeeT NPUMHTHBHOH ma U.

Yuopa:kuemnue. [Jokarure, 4T0 [Jd TONOJIOTHUECKOTO IIPO-
crpamcrBa X, YIOBJIETBOPAIOWETO YycaoBuio 1), caegymomime uernipe
CBOMCTBA 9KBWBAJEHTHH:

(a) X opmHOCBABHO;

(b) moboe wempepsBHOe oTOOpaskenume ORpY:kHocTH |2 | =1 (3 —
roMmmexcHad koopaunata B C) B X mpopoaskaercsa 70 IICIIPEPLIBHOIO
orobpaskenns pucka |z | <1 B X,

(c) Besaroe wmHempepsiBuoe oTofpaskeHHe TpanHus KBajgpara B X
NpOAOJKAaeTcs [0 HelpepLBHOrO orodpaskelns BCero KBagpara B X

(d) ecaru mBa nwytw B X umeor o0mee Hawamo U OBIMMI KOHEL, TO
OHH TOMOTONIE ¢ QUKCHPOBAIIILIMHE AYaIoM ¥ RoumoyM (m. 3.7).

§ 4. UTHTEI'PUPOBAHUE NHOOEPEHINAJILHLIX GOPM
CTENEHU, BO.IBIIEIL 1

4.1. InddepenunpyemMoe pazdueHne equHHLbI
Mbr x0ruM [[OKa3aTh CAeAYIONIYIO TeopemMy:

Teopema 4.1.1. Ilycmv K — romnarmiuoe nodaioxcecneo npocmpari-
emsa R™ w (U;)ie; — KOHeunoe norpwmue rounarma K omupuimuie
muoxcecmeamu U; < R™. Toeda cywecmeyiom @Pynryuu

fir RP > [0, 1] (i € )
kaacca C*®, makue, uwmo
(i) suppf; = Us;

[cumBoa supp f; obosmavaer nocumeav GyHRIUU f;, T. €. 3aMbIKALIe
mHos;ectBa Touek x € R™, musa koropsix f;(z) 5= 0; qomoamenue K supp f;
ecTh HauboJblllee OTKPEITOE MHO/KECTBO, HAa KOTOPOM (JYHKIUA f; TO:k1e-
CTBEHHO paBHa Hymo].

(i) D fi@@)<1 0Oan ecer z€R™;
i€l

(iii) D fi(z)=1 0us ecex zCK.
i€l

Hoscuenue. YenoBusa (ii) m (iii) Bupaskalor cioBaMu, roBops,
uto QYHKINHA f; onpefeasanT «iuddepenniupyemMoe pasbueHnuce eIMHHIILD;
yciosue (i) BEIPAJKAIOT CIOBaMH, roBops, uto pasbmenme (f;) noduuieno
oTKpHTomMy Inowpoituio (U;).
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YraseM omuH BayRHBIA dacTHbIE caydail Teopemir 4.1.1. 9ro cay-
9gaif, Korga MHOKECTBO I COCTOMT M3 OJHOTO 3IeMeHTa.

Caepcrsue 4.1.2. Hycmv K — womnarm e R™ u U — omrpumoe
aHoxRcecmeo, coleprcawyee K. Tozda cywecmeyem @ynryus

i R*— {0, 1]
waacca C*®, makas, ymo
suppf < U u f(x) =1 npu xz € K.

B mpusogmmom pgamee goxasatedabcrBe TeopeMir 4.1.1 Bammylo pouab
grpaer ciegyiomas ¢yukmus (oumpegereHHas Ha R™ M DpHHEManman
snavenns B [0, 11):

x(x)={exP(mé——ﬁ mpu || 2ff <1,
0 upu ||z > 1.

(4.1.1)

3mech || z || obosnadaer eprammosy Hopmy B R”. IToramem, uro pynk-
nuA A TpEHATAKHT Kiaccy C. 91o odeBuguo mid ||z || > 1 u pasa
|z || <<1, rak rak || | — ¢ysruua raacca C® (cyMma KBagpaToB
roopanuar Tourn x). Ocraercsa mokasarh, uTo ecnu @ £ R™ m |ja || = 1,
T0 yuruua A (x) Oeckomedmo muddepennumpyeMa B TOUKEe da.

[Moraskem mugyriHeit mo k&, 4ro A-A HPOU3BOIHAA B TOYKe a4 CyHIe-
CTBYET T paBHa Hy.4l. IT0 TPHBHANBIIO A1A k = 0, Tak Kak mo ompe-
mexenmio A (@) = 0 mas ||le || = 1. llpegmoxoykmmM, d9ro 3TO BeEpHO
mia k—1 (k> 1). Yreepswaenne, 1TO Nh’(a) CYIIeCTBYeT W paBHA
HYTK0, OKBHBAJEGHTHO YTBEDIKIACHHIO

|2 (@) [ = o (llz — a ) (4.1.2)

(rar rar A" (ag) =0). Coornomenne (4.1.2) ouermmno mpu ||z || > 1,
moToMy uto B 3ToM cayuae APV (z) = 0: mia ||z ||> 1 sro BepHO,
HOCKOMBRY 1O oupefenenuto (4.1.1) ¢yuruus A (z) ToMkAecTBEHHO
pasua wymo npm |jz ||> 1, a goa ||z [| = 1 ato BepHO WO mpexnOTO-
skenmio uppyrnmu. Ocraercs goKasaTh, 4To cooTHomenue (4.1.2) mmeer
MECTO, KOTAA Z CTPeMHTCHA K &, TaK 4To Bce BpeMs ||z || << 1. B atom
caytae Mb MokeM (0 KpalfiHell Mepe TeOpeTHYeCKH) BHITHMCIMTH BCe
HY;RHBIE TPOU3BORHBIE QVHKIMH A, 3aJaBaeMofl BepxXHeH CTPOUKOI
coorrnomenus (4.1.1). IIycTs auratens MpPoBepHT B KadecTBe yIpajiHe-
uua (Mcnonbdyda WMHAYROUIO Do k), 49ro mpu ||z || << 1 aaement

MY () € Lra(R™ R)

nMeeT HOPMY

k-1) _n}h____. Y —1'_‘
|| AR () H<(1—|1I|I2)2k’2 exp ( Tzl2—1 ) ’

rae my ue szapucuTr or x. OTCioma BHIHO, 9TO
A (@) | =0 (1 — ||z |P).
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Ho

L—llzlf=llelfP=llzlfF<2(lell=llzl)<2llz —al],
OTRyJa H ciaexyer cooTHomenme (4.1.2), 9. T. m.

Tarum o6Gpasom, dopmyaa (4.1.1) ompemeinsier dpynrmuio, GeckoHeu-
HO pudpdepeHnupyemyro B rayknoit toake z € R™. Bo Bcex TogRax OTKpHI-

toro gucka || z || << 1 mmeem A(x) > 0; Bo Bcex Tourax mmcka |[z || < r
(r << 1) pyaxnus A(x) orpamuuena cumay gucaom m(r) > 0, a mMeHHO

1
m (r)=exp (75— ) - (4.1.3)
Buibepey npomsBosibHO TOURY Xo € R™ m gmcmo > 0. Qyrruusa
r—Zg
r—>A (&r )

obpamaercsa B HYJb BHe Imapa || X — Z, || << 7, CTPOro HOJOMKHTEIbHA
BHYTPH 9TOTO IIapa M IIPUHAIJIERHT Kiaaccy C®.

[loc:1e mpoBemeHHOM NMOATOTOBKH JOKajkeM Teleph HECKOJBKO JEMA,
KOTOpbIe B KOHIE KOHIIOB HPHBEIYT HAC K JOKA3aTeabCTBY TeopeMsl 4.1.1.

Jemma 1. Cywecmeyem gynryus raacca C®
u: R*+— [0, 1]
co caedyrowumu ceoticmeamnu:
p©@ =0 pn@E=1 npu t>1.
[R+ oBosmawaer moxympamyio ¢ > 0.]

JoxrasarteascTso.B KagecTBe TakOM GYHKIMH MOKIO B3ATH

12
1—exp—— mpm t<71,
u(t) :{ Pe—y ™ (4.1.4)
1 npu t>1.
Iro Pyurmua riaacca C°, ubo
©n (t) =1 —e-A (t).

Jlemma 2. B npednoaoncerusx meopemw 4.1.1 das vomnarma K u eeo

norpumusa (U;)ier natidymes gyrnryuu
git R"—> R+

kaacca C*, makrue, umo

(a) suppgi < U

(b) z;g,- () =1 0as mwbozo zCK.
i€

Horasareascrtso. Haxgoirt Toake £ € K comocTaBuM Taxoil
uagexe i = i(z) €I, uaro z € U;. Iyers pammyc r(z) >0 T1aroB
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9TO 3AMKIYTHIH map 3TOr0 pPafuyca ¢ MEHTPOM B TOYKE Z COMEPKHUTCH
1

B U;. TlockoabKy OTKpHITHE miape B (x, 5T (x)) , € K, norpsiBaior

romnakm K, MB MOKeM BHIODATh KOHEUHOe MHOMECTBO LIAPOB, IOKPHI-

BAIONIUX 9TOT KOMIAKT, CKasKeM, C IEeHTPAaMM B TOYKaX %, (HHAEKCH «
npoberaior Kouegnoe MHOKecTBO A). llomosmum r (zy) = r,. Wrar,
1
1) oTRpHTHE mmaps B (xa, 5 ra) TMOKPHIBAIOT KOMIAKT K
2) Rakppli 3aMKHYTHH Iap pafuyca r, ¢ HeHTPOM B TOUKe Z, COJep-
RHTCHA B OTKPHTOM MuOMeCTBE Uiz ).
O6osraguM Yepes A, (QYHKIHUIO
1 z—z
z— A ( “) .
m(z)
2

9ro ¢yuroua raacca C* co sHavenusmu B R*. Ee mHocuTens comep-rur-

¢ B Ujxy, 1 OHA >1 B OTRpPBEITOM HIape B(xa, % ra) . Hosromy pmaa

aro6oit TourH x € K Haliiercss mo KpaifHeHl Mepe OfUH TaKoW WHIEKC C,
uto Ag(z) > 1. OueBupno, cyMma

2 Ao (2)

aEA

npejcraBiser coGoil ¢yHKmuoo, Koropasa > 1 B Rakqoil TOYKe KOM-
makra K. Ilyers A; (mns kasfgoro mujgexca i € /) — MIIOMKECTBO Tex
uijgercoB @ € 4, pnsa roropuix i (rg) = i. OueBumuo, MmMuomecrsa A;,
i € I, obpasyor paszbuenue mmnozykecrBa A. llomomuym gma z € 3%

g (x):ag?»a (z). (4.1.5)

Hocurens QyHRuuH g; COHEP:;KUTCA B OODbeUIEHHH HocHTexeil (yHK-
i A, ¢ uamexcamu o € A;. IlocKoAbRYy nocuTenb Kaxgod M3 dTHUX
¢yuxmumii cogepsxurcss B U;, 1o

supp g&; < U,;.

Taxee, X gi(r)= X Ag(x)>1 mua moboit toukn z€ K. Tem cambm
ier aEA
JeMMa 2 JoKasaHa.
Mu MoskeM Temeph HATh

HorasarteasbcTBo TeopeMmu 4.1.1. Cmagama moraske
caegerbue 4.1.2. Ilyers mannt Kommakt K u mmroskectBo U co CBOMCTBa-
MU, YKa3alHKME B (POPMYJIHPOBKE dTOTO caeacTBus. llpumenminr 1em-
My 2, B3AB B KauecTBe MHOKecTBAa [ MIIOKECTBO, COCTOAMNIEE M3 ONHOTO
aneMeHTa. MBI IOJYIUM TAKYI0 ¢)YHRIWIO

g: A" >Rt



§ 4. Humeezpuposanue gopm cmenenu, Goavued I 253

ra1acca C®, 9ro
suppgcc U u g(z) > 1 upu z € K.
Bosbyey Temeph YHKIMIO QL u3 JgeMMB 1 o o0pasyeM KOMIO3UI(O
f = Peog: R" — [O, 1].

OuesnHo, 9To dTa QYHRIUA YAOBIETBODSET BCEM CBOMCTBAM, yHasaH-
HBIM B caencTBum 4.1.2, KoTopoe TeM caMBIM H J0Kasailo.

Ilepeiinem temeps K obwemy cayuaro teopemnr 4.1.1. Comocrasuat
agaevenraM HORpHTHA (U;)jc; OYHRIEM g; M3 AeMMLI 2 W IIOTORUM

g(z)== 28 (2).
el

Muomectso U tex touexr z € R", gas rotophx g (z) > 0, comepmur K
u omrpwmo (B CUIY HEHPepPHBHOCTH QyHRuuM g). B cuny yike gora-
sagnoro caegctBusa 4.1.2 cymecTByer GyHKIINA

f: R™ — [0, 1]
raacca C*, rtaxkas, 9TO
suppfc U m f(z) =1 mpu z € K.
MMoxosruM gnas wamoro i € 1

gi(z) U
fi(@)=q §© H@) mpm 2 €U, (4.1.6)
0 opu z¢ U.

9To ompefieleHMe WMEET CMEBICI, Tak Kak g (r) = 0 mas x € U. Ocraer-
¢ MOKasaTh, 9TO Kaskpas GYHROUA f; TpUHAMIERHT Kaaccy C® ¥ 9yTo
mabop ¢yurumit f; ymomaerBopsier vexoBuaMm (i), (ii), (iii).

B oxpecrnocty kammoi Touryi x, € U dyurmmsa f; mpencramaser
cofoil oTHomenHe ABYX Qyurmuit wiaacca C° (smamenateias Beony > ()
H MOoTOMY npuHagne:kut Kiaaccy C*. B ORpecToCTH BCAKON TOUKH
Ty ¢ U QyuEIUA f; TOKAECTBeHIO paBHa HYIO, W60 B HTOM CIyuac
ZTo & supp f ©, cCIEAOBATEIBHO, B JIEKOTOPOH OKPECTIIOCTH TOYRH I,
¢yEKUUA [ TOKIECTBEHHO paBHA JIyiI0, a ToTHa W f;(z) TommecTnelno
PaBIIO HYJIIO B BTOM OKPECTHOCTH (HE3aBHCUMO OT TOTO, IMPHUIANICKUT I
r & U nam e MPUHALTEKAT).

Taxum ob6pasom, f; — ¢yuruusa kaacca C* ma Bcem R", mpmuey,
oueBuAHO, f; (x) > 0 mnsa Bcex touer z € R™. CroicrBo (i) mMeeT MmecTo,
Tak Kak supp f; < supp g;. Bemmoanenue csoitctra (ii) ouemujaHo, MBO
oasa todek r € U umeem

X i () =1 (),
i€l

IIOCKOJBbRY Zgi (z) =g (x). Hawomen, ecitm z€K, 1o f(z)=1, T. e.
ie1

BHIonHAeTcsA ycnoue (iii). Tem camerv Teopema 4.1.1 monHOoCTHIO
JOKA3aHA.
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4.2, Komnakr ¢ kpaeM B miaockocrm (2

OGoznaunM wepes z u y Koopauuatsl B R2,

Onpenenenye. Komnaxmruoe muoskectso L — R? HazeiBaeTcss kpueols
raacca Cl, ecium rasrmasa Toura (zy, Yo) € L obmagaer Takod OTKPBITON
okpectHoCTBIO U, 410 MHO:KecTBO L (| U Touek KoMmakra L, Jme;Ramfux
B U, oupepensercsa ypaBHeHHEM BUA

y= ¢ (z)
(rme @ — ¢yHrmua Kiacca C' B OKPECTHOCTH X, U ¢ (Zo) = Y,) uaun
ypaBHeHHEM BUA

=1y

(rme ¢ — ¢yuruua xaacca C! B OKpecTHOCTH yo u { (yo) = ).

Yupaskuoeuue. Ilokayrure, 4To 310 OIpeeieHHe dKBHBAICHT-
[0 CIefyomeMy: cymiecTByer Takofl nymb kaacca C! (em. m. 3.1)

y: la, bl — R?,

aro 1) mpomsBomuas Y’(f) oramuHa OT HYIA BO BCeX TodYrax I € [a, b];
2) Becaras TOYKA (X, Yo) ectb obpas y (¢,) HexoTopoil Touru i, € (a, b)
u 3) xas Hexotoporo otepseitoro U Y (zg, ¥o) MHOMKECTBO TOUeK 13 o6pa-
3a v, comepsramuxcsa B U, comapmaer ¢ L () U.

OKBHUBAJEHTHOCTh DTHX JBYX OLIpeJleeNHuil ABISIETCA IPOCTLIM CJIeT-
CTBUEM TeOPeMHl 0 HeABHBIX (JYIKUHUAX. 3aMeTHM, 94T0 ycaoBue Y’ (Z;) == 0
IIOKA3HIBAET, 9TO OTOOpaskenyle y MHBEKTHBIO A TOYeK I, JOCTATOYHO
OAMBKHX K I

Hpemnoxenne 4.2.1. ITyemv L — R® — wkpusas kaacca C. Tocda

6 orpecmiiocmu Kaxcdoti ceoetr mouru (Zg, Yo) Epusas L deaum naoc-
rocmbv na dee wacmu.

L 7

X<
(x(J!.Va)
Puc. 5. Puc. 6.

Boaee TogHo, MBI MoskeM BEIOpaTh oRpecTHOCTH V < U TOYKH
(xg, Yo) Tak, uro V ceasno, a V. — V (| L umeer dse ceasHble KOMNONHEH-
mw. llyers pansa oumpefemeHsHocTH L ompeienasercad B OKPECTHOCTH
(9, yo) ypaBHenuem y = ¢ (z). Bro6epem uncaa € > 0 mm > 0 macroan-
KO MauabiMd, 9T00b: 1) OTKPHTHIH NPAMOYTOIBHUK |2 — 24 | << &,
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|y — yo | <<m comepwanca B U; 2) | ¢ () — ¥y, | <<m maa Bcex z
¢ |z — zy | << e. O6o3uaTINM BTOT OTKPBITHIE HPAMOYrOJBHUK depes V.
Torga V cBasuo, a V — V (1 L uneer [Be CBA3HBIE KOMIIOHEHTHI: MIIO-
secTBo Tex Touek (z, y) € V, maa xoropeX ¥y << ¢ (z), U MHO/KECTBO
Tex To4eK (x, y) € V, musa roropeix y > ¢ ().

Onpepenenne. Kommartaoe muosxectso L < R? masbiBaercsa Kycouno
enadkoli kpusol raacca Cl, ecam rakpmas TouKa (zg, Yo) € L obGaajaer
Tako# okpectHocThio U/, 910 Muoskectso L [} U coBmamaer ¢ nesmarmeit
B U 9acTeio myTH

y: la, b] > R?,

rae y — kycouno zaadruil nymos raacca C' (ex. m. 3.1), ymoBaerBopsio-
mui caegyomuM TpeGoBaHUAM: 0TOOpaskeHHe Y MHBEeKTHBHO M Ha Kajk-
OOM 3aMKHYTOM HHTEpBaje, HA KOTOPOM Y HpHIagieskur Kiaaccy CP,
ero mpousBogHas y’(f) OTIHMYHA OT HYJIA.

Touru (x,, yo) € L, B KoTOPHX L mepsem eaadrxocmb, HABBIBAIOTCS:
yeaosuiMu moukamu wpupoit L (ca. pmc. 7). 9THM TOTRH H30IMPOBAILLI,
U, 30aufT, MHOKECTBO HX KOMeuno, u60 L — wrommarr. Ocragbubie
TOUKH KPUBOiHl L maseiBaiorcs pezyasphiimu. Rpusas L nasuiBaeTcs Rpii-
Boit Kiacca Cl, ecau Bce ee TOUKH PerylIsipHbL.

Onpepenenune. [Komnarmuoe muomyuomecrBo K < R? wmasoiBaercs

KOMRAKMOM € Kpaem, eciau oIo o0magaer CJIeJYIOIHAMH CBOMCTBAMI:
(a) mMmosKecTBO To4er rpamnnbl K Kommarra K

eCTh KYCOUIIO IJIafKas KpuBas kiaacca Cl U
(b) y Beaxoit peeyasprot ToukH (zg, Yy) € O

CYIIeCTBYeT TaKas CBsI31as OTRPLITAS ORPECTIIOCTH

V, uro muoskectso V — (V 1 JK) myveer dse koi-

IOHEHTLI, OfHA W3 KOTOPBIX COCTONT U3 GHYMpEenH-

HUT TOUeK KoMHAKTa A, a [Jpyras — I3 TOYeK

pomoanenus Kk K.
Hoporo rosops, ycaosme (D) osnauvaer, uTo

B OKPECTHOCTU BCAKON peryasapiioll TOYKH TI'pPaldInl

roMmaxkTa K ToukuM camoro K ie;kaT 10 O/illy CTO-

pouy kpas 0K, a Ttoukm ponoaunenus C K — mo Puc. 7.

OpYyryio cropony kpas 0K.

Sameuanue. Hpaii X ue ob6s3areqbHO ABISETCA CBA3ZHBIM,
JasKe ecJu KoMmakT K cBasel.

Bor HEKOTODBIE NPUMEPLL KOMNRAKMO8 ¢ KpaAeM:

Opueunuranua Kpasn HKpalt K B OKpecTHOCTH Rakoil
CBOell perymApHOH TOYKH COBmAfaer ¢ o6pasoM HEKOTOPOIO IYyTH KIac-
ca C'. Ho Beaxuii myTh MOkeT 6BITH OPHEHTHPOBAII ABYMS PABIHTHLIMII
cnocoGamu (cM. 1. 3.3). Hamomuum, 910 Raykfas mapaMeTpHsanus oIpe-
IelsdeT OpPHMEHTAIUIO; JBe pa3lHiHble IapaMeTpU3alyiid OIpejeNAloT
OHY M TY K€ OPHMEeHTAIUIO, eCIH IIepeXo]] OT OJHON IapaMeTpPH3aI(MIl
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K IPYTo#l OCYIIECTBISIETCA C IOMOINBIO CTPOTO Bodpacrawoueil GyHRIuNT;
napaMeTpH3anud ONpeAedAI0T PA3aWYHBe OPUENTAINN, eCJu (YHRITHA,
€ TOMOINBI0 KOTOPOH OCYIIeCTBIAETCS BalMeHa Taparerpa, ABISETCA
crporo yonsamwieil. Coraacuo ycaosuio (b), B oxpectHocT mo6oil pery-
aapuoil Toury Kpasg K MHo:RecTBO K JIEIRUT 1O OJHY cTOpouy Kpas 0K.
BriGepeym opuentammio (MAM manpaBieHHe o0xoma) TakK, YTOOLI IPH
nsirennn no 0K camo K octaBamoch ciesa. Bomee Togno, 5T0 o3Hadaer,
TTO RacaTeabHLII BeKTOp Y (f,) K Kpusoit 0K, mapamMerpmzoBaHHOR
¢ IOMOIIBIO mapaverpa ¢t B orpectHocTH f, (upmuem v (&) = (x4, ¥o)),

00 ¢

Puc.

ofIagaeT TeM CBOMCTBOM, 4YTO BCAKHI BeRTOp, ofpasynommi c v (%)
yroa /2, maipaBleH B TY CTOPOHY, TJe JeKaT BHYTPeHHNE TOUYKH
roymnakTta K. IloscHEM 2TO JUIA TOTO CIydas, Korja B OKPeCTHOCTH
ToukH (75, Yo) Kpail K 3amaeTca ypaBHemuem

y = ¢ (2).

B 3ToM cayuae ecai 4YacTh BIIYTPEHIIOCTH KoMmaxra K, Jemkamas
B OKPECTHOCTII TOYKIL (Zg. Yo), OMPEHENAETCA HepaBeHCTBOM ¥ > ¢ (z),

///1{

Pue. 9.

T0 opueHTanus Kpasa dK (B OKpecTHOCTU TOUKM (Zg, Yo)) COOTBETCTBYET
[fallpaBJIeHUI0 Bo3pacTawusg z (WHade IOBOPA, Ml HepeM B KadecTBe
mapaverpa). Lcan ske, maoGopor, BHyTpenocth K JIeKHT ¢ TOH CTOPO-
usl. tAe ¥ << ¢ (z), To MH GepeM —z B KadecTBe mapavMerpa M OpPHEH-
tamua JK onpexgensierca mamnpasiaenueM yooiBanua z. [loctynuM taxum
0o0pasoyM ¢ KaxuiIoll peryiasproii toukoit kpas 0K. Mer Bugum, uro 0K
[IPeCTABHUM B BHUJE KOHEYHOTO O0BEIMHEHHST O0PUCHMUDOSAHHBLY RYymel.

[TosTonmy MBI MoOskeM OUIpeNeadTbh KPUBOJIUIENHKA WHTETPAJI ®
oK
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oT Besakoll muddepeniuanbaol opMbl © mepBoil cremenu. Hpair 9K,
CHAO/KEeHHBI YKA3aHHOH OpHeHTAlUell, HA3BIBAETCS OPUEHMUDOSAHHBLM
kKpaexm KoMmmaxra K.

4.3. Uurerpan puddepeHunainbHol 2-hopMbI M0 KOMIOAKTY C KpaeM

IIycrs © — mupdepenumansuas 2-popma kKiaacca C° HA OTEPHITOM
muoskecTBe U D K co 3HavYeHHsAMH B 0aHAXOBOM IIPOCTpaHCTBe F:

w QP (U, F).

davMeuanue. B okpectHoctn kKommaxkrta K ¢dopma o coBmamaer
¢ Heroropoit muddepeHnmUManbHOd ¢GOPMOH, ONpeeIEeHHOU HA BCeld
mwrockoery R2. JleiterBuTensno, B cuny caemctsus 4.1.2 cymectByer
¢yurnua A: R?— [0, 1] rkaracca C* (u, 3HAYUT, 3aBEOMO HENpPEPHIB-
Has), Koropasg paBHa 1 B HEKOTOPOH OKPECTHOCTH KOMIAKTa K M HOCH-
Telb KOTOPoi cofmepsurca B U, Mbr MosKeM B3ATH HO3TOMY B KAa4eCTBE O
auddepennuaabayio GopMmy, pasayl Ao Ha U u (0 Ha momodHEHUH
K HOCHTEJII0 (QYHKLUHH A.

Rax Bcerma, roopaunatel B R? Mpl oGo3HazaeM depes z u y. ud-
¢depennumanbnan gopMa @ HMeeT CIeAYIONYI0 KAHOHHIECKYIO BAIINCh:

o = f(x, y)dr \ dy,

rme f — wempephiBnoe orobpaskenue U — F. Ilycts }(x, y) — QyHK-
mast R% — F, onpegeasemas $opMyaon

- {f(»’v, y) mpu (z,y)€K,

f(z, y)= 0 mpn (z,y)¢K. (4.3.1)

Oyukuus f obragaeT KOMIAKTHBIM HOCHTeJNEM H HUNTerpupyema Io
Jlebery. JleiicTBUTENBHO, XapaKTepUCTHYeCKas (QYHKIUA Yy BCIAKOTO
KommakTa K wunrerpupyema mo Jlebery, a asmaumr, M TpOU3BeJeHUe

yxf = f unrerpupyemo mo Jlebery. MoskHO mOKasaTh, 4TO Ta CaMOM
mese QyuKumMa yx HETerpupyeya mo Pumany, ubo K — womnaxm ¢ kpa-

en. Iosromy m ¢ynruust [ wnrerpupyema mo Pumany.
Tea caMBIM Ompejie et Hirerpas

(17 @ v depay

LYY

OTIIOCHTENBIL0 3ieMenta miomanyu dr A dy. Mo momaraem no onpede-
ACHUIO

{liepapg={{i@pipdg=1|{o
K K

3Hauenme HTOr0 HHTEIPANa sIBIASAETCS DIEMEHTOM IpocTparcrsa F.
IlpuBegem 6es [goxaszaTeabCTBA HECKOIBKO CBOWCTB TAKUX WHTE-
rpajoB:

17—743
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(i) Ilpu ¢urcupoBanaoM K oTodpareHme o — S S‘ » eCThb auMelnas

K
$ynrumEA or w QP (U, F).
(ii) Ecam K’ — KoMmaxT ¢ KpaeM, cogepskampuiticas B K, 1

(supp ) | K = K’, (4.3.2)
TO
jKS 0= SKS o. (4.3.3)

[3mech supp © — 3T0 HOcumeav dopmel @ = fdz A dy, T. e. HocHTeE
GyHRIUE f; 9T0 — 3amkHymoe WoagMHOecTBO B U; ero mepecedenue ¢ K
KommakTHo. PasenctBo (4.3.3) oweBmmuwim obpasorar ciegyer us (4.3.2),

TaKk Kak, 0o oupegeaenuio, gyurmus f pasua f na K’ u 0 sue K'.]
(iii) HMrrrerpan

| 7@ pdapay

MOSKIIO BBIIHCJAATL KaK LOBTODHBIM HuTerpand: mpu (QUKCHUPOBAHHOM Y
BBITHCIAEM CHAUTaIa

{7z
(sror mHTErpa;m cyimecTByeT B cumulcie Jlebera). Ilomywaem unTerpupye-
myio mo Jlebery ¢yurmuio g(y), mWHTErpaax 0T KOTOPOi Sg(y) dy pasen

SS]T(:C, y)dz \dy. Bor gopmyaa, BepaRaomas 3T0 TPaBUIO:

SS]T(.Z, y)dx/\dy:S dy (S flx, y) dx)., (4.3.4%)
Tlo Tem ske cOOBpPAKEHIAM
S S F(z, y)dz \dy = S da ( S 7(z, y)dy). (4.3.5)

(iv) Ecau
z =xy+ucos 0 —vsiu 0 = a (u, v),
Y = Yo+ usin @ —wvcos 9 -=b(u, v)

— cobemeenioe  eskaudoso Odeuscerue (r. e. KOMIO3UIMA IOBOPOTA
U cABHUTa), TO

S S F(z, y)dz \Ndy = S S Fla(u, v), bu,v) du\dv.  (4.3.6)

O6osyagas gepes ¢ orobpaskeHHe
(u, v) > (a (u, v), b(u, v)



4. Humezpupocarnue (popm cmenenu, Goavuwew 1 259
b

mrockoern R* Ha cebs m uepes K’ — woMmakr ¢! (K), MEL MojkeM
mepenucath IIpeibiAyliee PaBEHCTBO B BHJE

H(.J:Hq;*(m). (4.3.7)
K

s
Yraszannoe COOTHOINEHME — 4YacTHHIHA ciaydail GopiMyabl «3aMeHB mepe-
MEHHBIX»; 061y GOopMYIy MBI BEIBeJEM I03ke. 3aMeTHM, UYTO B HAIe)l

cayTae
¢* (dx N\ dy) = du A\ dv,
Tak Kak fAKOOHMaH %—%: cos® 0 -+sin?0 =1 (ompegenuTexs mMoBOpOTA).

CaoifictBo (iv) cpasy cmeayeT ©3 HUBAPMAHTHOCTH H.IEMEHTA ILIO-
magAu Ha IJIOCKOCTU OTHOCHTENBHO €BRIMJOBBIX [BH:ReHWH.

4.4. Teopema Urorca Ha WAOCKOCTH
Oua dopuyaupyercss Tar:

Teopema 4.4.1. Iycmv K — R® — womnarm c¢ kpaenm u o — Ough-
depenyuaavnan 1-gpopua raacca C* na omrpwmon muoxcecmee U > K
co snavenusmu 6 6anaxoséorm npocmparcmee F. Toeda

H dev — S . (4.4.1)

I oK

ede KpuBOAUHEIHBL UHmMeepaa g o bepemecs 6004b OpuUeHIMUPOBANILO20
oK
kpas romnarma K (cmocol cormacoBannsa opuenrtanuir K 1 0K yrasan
B Koure m. 4.2).
Pacuuurem ¢opmyay (4.4.1). B ramonmueckod samucum ¢opma o
HMeeT BHJ

a =P (I’ y) dz -{" Q (‘Z7 y) dy’
rae P n Q — pynkuuu kxacca C!' ma U co snagemmavu B F. Jlanee,

do. = (95_%) dx \dy.

Ilosromy cootHomenue (4.4.1) mepenmchiBaeTcs Tak:

SS (%_%) dz \dy = § Pdr+Qdy. (4.4.2)
K oK _

Ity dopmyny oOnuHO HasmBaiOT gopmyaol I'puna — Pumana.
17%
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I[OK&B&TGJII)CTBO MBI IIpOBeJeM B HECKOJbLRO 3TamoB B CJHeAYIOHIEeM
IYHKTE. A mora BBE€JeM OJHO II0JIe3HOe BceOoMoraTeJdbHOE IIOHATHE.

Ompenenenne. Ilpavoyroasuuk R B miockoerm R? [mox mpsmo-
VYTOABHUKOM MBI TOHHMaeM He «IepUMeTp», a 3aMbKaHWe BHYTPeHHO-
CTH, TAaK 9T0 NPAMOYTOJBHUK — 3TO YACTHHIA caydall KOMIAKTa ¢ Kpa-

em| mHasmiBaerca K-cneyudaavuuly,
K eCJHW OH YAOBJIETBOPSAET OXHOMY H3
CACNYIONMHUX YCJIOBUM:
UK (a) R me mepeceraercs ¢ Kpaem
0K,

(b) mepeceuenue R [} (0K) ectb

Pre. 10. KpuBad Kaacca Cl, coegumAoniad

IBe TPOTHBOIOJIO/KHEE  BEPITHHAL

OpAMOYTONBHHKA R u obmajgaiouias claeqyOImuM CBOMCTBOM: CYMIECT-

BYeT TaKO# IOBOPOT IIocKoctH R2 mocie KOTOPOTo HpAMOYIOJLHUK

R coBmemiaeTcsa ¢ IPAMOYTOJIBLHUKOM, CTOPOHH KOTOPOIO IapaJieabHEl

KOOPJHIATHBIM OCAM, a nepecedennme R [} (0K) — ¢ KpuBoii, ompepe-
JAeMOA ypaBHeHHWEM BHIA

y=¢(z), nmz=71y/(y)

(raie ¢ymrImM @ u Y CTPOro Bo3pacTalOT M HpHHALIeHRAT kKaaccy CU),
npudeM Imepecedenme R () K ompefenseTcAa HepaBeHCTBOM

y> ¢ (z), mmma<<y(y).

Cnenylomee Opeaoenne CIJHYXHUT oOnpaBidaHHeM JaHHOTO IIaMH
onpeneneHnAd.

llpepnoskenne 4.4.2. J[an arwboii mouru (24, yo) € K, ne ssasioweiica
yeao0s0ll moukot kpas 0K, cywecmeyem K-cheyuaivhblii npamoyzoab-
nuk R, codeprcawyuii (zq, y,) 6 ravecmee
BHYMPEHHET MOYKU. K

(a,0')
HoxasartearsrcrBo. DLean

(zy, Yo) & 0K, T0 yTIBEp:KEeIIME OYe-

BUJHO: CYHIECTBYeT IPAMOYILOJIBHUK

¢ ueHTpoM (Zy, Y,), lie IlepeceKan- (a,b)

muiica ¢ dK. Ilyere (x4, yo) — peey-

aspHas Touka Kpasg 0K. B sroll Touke Pue. 1.

KpuBasg 0K HMeeT 0pUEHMUDOSAHHYIO

kKacameavhyo (Tak Kak cama wpupag 0K opumenrupoana). Mor aosres

cmeaaTh TAKOH IIOBOPOT, 9TO OPHEHTHPOBAHHAA KacaTelbllad COCTAaBHT

(B mOBHIX Koopaumuartax (z, y)) ¢ ocsio z yroa >0 n << /2. B arux

KoopauHaTaXx KpuBas OK OymeT 3aJaBaThCA B OKPECTIIOCTH (T, YY)

ypaBHEHHEM

(xa ’ y(?)

y= ¢ (), mmz=1/y),
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roe ¢ u P — PyHrguu kmacca C' w @ (zy) >0, ¢ (yo) > 0. Ecam
Mbl BosbMeM Ha K mo ofe cTopoHsl OT TOUKH (T, Y,) [ABE AOCTATOTHO
6nuskue toukm (@, b) m (a’, b’), To mpsaMoyrosbHMK R ¢ BepmmmHaMH
B TogKax (a, b), (a, b’), (¢’, b) u (a’, b’) Gymer YAOBIETBOPATH YCJIO-
puio (b) u, smaumr, Gymer K-cmenmmanbHBIM, 9. T. 1.

4.5. JloxazarexncTBo teopemsl 4.4.1 (Teopemsr Crokca)
Meproit a1 an. Cayuall, Koeda Hocumeav 1-gopmr @ codeprcum-
ca ¢ K-cneyuaavHom npamoyzorvHukre R.

Paccysxnenus, mpoBeienakie B Hadaue . 4.3, HO3BOJAIOT HAM IpPEH-
OJIOMUTE, 910 gopMa « Kiacca C' ompeiesiena Ha BeCell MIOCKOCTH.
B cuny cpoitcra (iv) asodnoro muTerpasa (m. 4.3) MBI MOKEM CYHTATh,
9TO0 CTOPOHBI IPSAMOYIOJbHMKA R MmapaiaenbHbl KOODPAAHATHBIM OCSM.
Ecan R mHe mepecekaerca ¢ kpaem 0K (cayuait (a)), To ¢opMa o TO-
IeCTBeHHO PaBHA HYJII0 B HEKOTOPOH OKPeCTHOCTH TpaHunsl dK u moTo-
My HHTerpaJ S o pasen Hymo. HaM wykHO foxasatb, d9TO B 3TOM

oK
ciydae Takke M S doe = 0, otkyma um OymeTr caemoBaTh YTBEpPKAE-

ox
Hue (4.4.1). Jlns aToro AocTaToumo MOKa3arb, 9TO MMEOT MECTO PaBEH-
cTBa
aQ apP
S S 92 dz \dy =0, S S o dz f\dy =0.
K K
Hoxaskem, mHampmMep, mepsoe u3 Hux. Ilo dopmyne (4.3.3)
0Q _ 9Q
S S %2 4z \dy = S S 99 gz \dy.
K R

KN

Mpbl mombayeMcs 3[lech TeM, YTO MOCKOJIBKY HOCHTenh ( Comep;RUTCH
B R, To HOCHTENb JQ/0x M MORABHO COMEPRUTCA B R (TAK KAaK OH comep-
surcea B supp Q). Ilo ¢popmyne (4.3.4)

’ ,

SS Z—de/\dyzgdy(g%dz).

KNR a a

Ho mocurens (J He mepecekaeTcA ¢ KpaeM OPAMOYroJabHmKa R, moatomy
t a0 ,
{Gde=0(@, =0, =0, wrn
a

IIpenmosnosxuM Temeps, 910 K-CHeNMUATBUEI HOPAMOYTONBHUE R
(comeprammit, IO IPEANONOMKeHNI0, HOcuTean ¢ynruuit P u Q) umeer
tun (b) w3 m. 4.4. Kak u pasbne, ME MOMKEM CYUHTATB, 9TO CTOPOHEI
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npsaMoyroibHnra R mapasaexpunl ocam. Hawm jgocratogsHo JokasaTh
PaBEHCTBA

SJ dx/\dy-S 0 dy, (4.5.1)

_ 5 S de/\dy: S P dz. (4.5.2)
K oK

,Zloxa;{:eM, HaIlpuMmep, nepBoe H3 HUX. HpII HalIUX OpearoioRednsax
OTHOCHTEJIBHO HOCHTENA Q J0CTATOYHO YCTAaHOBHUTDL, UTO

H 29 gz pdy = S 0 dy.
KNR (BK)(IR

Ucnoapsys (4.3.3) u obosHaueHus us ycaosus (b), HaxoiuM

b’ Y (y)
e aQ 8Q
\ S—a?dx/\dy: S dy( S E(z, y)dx) .
KNR a a
Tak kar ¢ysrnmums @ pasHA HYJIK0 HAa Kpae UPAMOYTOJbHHKA [, TO
¥ (v)
a
P az=Q (b ), »)—Q(a, 1) = Q kW), v).

IToaTomy

)’

aQ i
(§S2aapay = oww, v ay;
KNR b
IIpaBad 4YacTh HOCJE/HEro paBeHCTBA —3TO 3HAUCHHE KPHBOJII/IHeﬁHOFO
HHTerpana

Qdy
(OK)NR

(roe y paccMarpuBaeTCsa Kak I[apaMerp, BospacTaoinuit ot b mo b').
Takum o6pasoM, yreep:kueHue (4.5.1) moKasaHo.
AHayOrmyHO JOKAa3bIBAETCH, 4TO

_SS_dx/\dy:_SS——dx/\dy

KNR
,:_(jg dx E %dy:? P (z, ¢ (x))dzx.
a o a

[locnennee BHpa/KeHHe —3T0 KPHUBOJIHHEHHEIH HHTEIpa

Pdzx.
(OK)NR
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Bropoi#t oraun. [Jorawem pasencmeo (4.4.1) & cayuae, rozda
Hocumean 1-gopmer o ne codepwcum yeaoswr mouer wkpas OK (umciao
TAKMX TOYEK KOHEeYIIo).

MoI MyoskeM Beerga mpedIoIararb, 4TO SUPP & — kompakm (3TOTO
MOZKIIO TOOUTHCA, yMHO:Rag ¢ HA QYHROMIO RiIacca C® ¢ KOMIAKTIIBIM
Hocurexey, paBuyio 1 B oxpecrioctu K). Ilo npemmosrenmio 4.4.2 kasx-
Hasi TOURa KOMIAKTA SUpPp ¢ €CTh BHYTPEUHASd TOYRA HEROTOPOTO
K-cmeumaabHOTO TPAMOYTOJBHHKA. B CHIYy ROMDARTIIOCTH HOCHTEN S
supp o Hafigercs KoHeunoe ero MOKRpLiTHE (U;)ie; OTRPBITHIMH MEHO-
swecTBaAMU UU;, Rarkjoe B3 ROTOPWX €CTh BHYTPEIHOCTh K-CITerHanbnoro
apAMOYVToIbIinKa. MwuosrectBa [U; HOKPHIBAIOT [laske IEKOTOPYIO KOM-
NaKkTHYIO OKpecTHOCTh A mioxectBa supp o. Ilo teopeme 4.4.1 cyme-
cTByeT gudepenuupyemoe pasbuenme emmuunel (f;);c; Ha K, coraa-
coBatiroe ¢ nowrpurruem U;. OueBumgno, 4to

= 2 (fix).

i€l

Hocrreap ramgolt ¢opyst [;00 COIAPRUTCA BHYTPH CIEIHATLHOIO TIPHA-
MOYTOJDLHHKA. Mbl MOMKEM IHOITOMY HPHMEHHTH yTBep:ijeline, AoKa-
3aHI0€e Fa «mepBoM drtancy. B pesyaprare moayumar

SS d(fia) = S fia
K oK

CyMMUPYSA 3TH paBeHCTBA 10 BCeM HIiieKcaMm [ € /, NpUxXoJusM K paser-
A/

¢tBy (4.4.1).

Tperu#t m nocaexguuit aran O6wul cayuai.

Ucnoapsysa pasbuenue eaMuMEbl, MbI MOREM CBECTH BCe K CAydal
gopyyasr Crorca mis gopumbl o, Hocumesv KOMOPOU COJeprcUM MOALKO
o0ny yeaoeyio moury rpas O0K. Ilyers 2z, = (zy, y,) — Tarkasg TouKa.
Yauomuy GopMy o Ha YHCIOBYI (QYHKIUIO, PaBHYH HYJIO B OKpecT-
HOCTH TOUKHM Zy; TOTJa MLI IPHAeM K CIydalo, PacCMOTPEHITOMY I1a BTO-
PoM ODTalle JOKasaTenbcTBa. DoJee TOYHO, BO3BMEM (YHRIHIO

v: R? — [0, 1]

raacca C*, obnafamoIylo CISAVION[IME CBOWCTBAMHA:

0 mpu ||z]| <=,
WL DL,
l1 opu ||z |]>1

(nopma esknugosa). CyiiecTBopaHue TakOd (YHEIUH HeNOCPeICTBEHHO
BHTeKaeT u3 ciueactsusa 4.1.2. Jlaa awboro umena r>0 mono:kum

v,.(z):v(z—rzo).
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Torpa 1-gopma vro coBuajaer ¢ o BHe AUCKA |[z2—32,||<r W Tomae-
CTBEHHO paBHA HYJII0 Ha [MCKe | z— z4|| << /2.
Ucmonbsysa pesyiabTaT BTOPOTO 3Tama, MOJydYaeM

SS d (via) = g VrQL. (4.5.3)
K .
Ecau mu gorakem, 4To
a = lim g VroL (4.5.4)
oK =0 5k
u
5 5 dov == lim 5 J d (v, @), (4.5.5)
K 0 Yy

T0 cooTHomenue (4.4.1) moayuurcs mMepexomoM K TpPEleNy B pPaBeH-
ctBe (4.5.3). 3HauuT, ocTaeTcH TOJABKO JoKasatbh (4.5.4) um (4.5.5).

Nmeem
{ vio=§ 0Py de+0) dy.
6K oK

B rarmoit Toure (x, y) == (%o, Yo)

linol vr(z, y) P (z, y) =P (2, y),
lim v, (z, y) Q (z, y) = Q (=, y)- (4.5.6)

Ilpu arom ¢yurnuu |v.P | u |v,Q| orpaHnueHs HEKOTOPOIl KOHCTAHTOM.
IloaToMmy B cuay wusBecTHO#l Tteopemur JleGera (o mepexome K Ipejleny
TOZ BHAKOM HHTerpasa) U3 (4.5.6) caexyer (4.5.4). Ilo amamormumsim

COO0pAIKEHU M
S 5 do=lim 5 S v, (do)
i -0 Iy

d (v,a) = (dv,) Ao+ v, (da).

Taxum oGpasoM, coorHomerue (4.5.5) Gyger nokasaHO, ecium MBI IIOKA-
AeM, 9To

lim S S (dv;) No.=0. (4.5.7)

r—0 7

NMmeem

av, v,y
(dv,) \o= (QO‘I’(—P %) dz \dy.
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IIycts M — pepxnas rpamb ana Hopm || P(z, y)|| u ||Q(z, y)|| Ha K,
ovr
u HW[[ ma K. Tar rar ¢pyHK-

a m,-—BepXHssi IPaHb /Ui HOPM l%’
1usA v, NOCTOAHHA BHE AMCKA ||z—z| <r, 10
S S (dv,) \ow — § S (Q%—P%) da \dy.
K lz—zo tf =i r
ITocienHee BHIpaseHHe OTPAHHYEHO IO HOPME UHCIOM
M -m, - (nr?),

Tak Kak IUTOMAjb JIMCKA pajuyca r pasHa 1w, OcraeTcs BHIYHCAUTD M.
ov ov
IIpoussoansie oz W5, CVTD HelpepHBHLe GYHRIIUM ¢ KOMIAKTHBIM

socuteneM. IloaTomy cymectByer taroe umciao m >0, uro

|

ansa moboit Toukm z € R2. Tarx wak v, () =v ((z—3z)/r), TO
vy 1 v vy 1 ov

oz r dz' gy 1 oy’

ov

7}
Zem [ <n

#a, ciaenoBaTeJIbHO, MBI MOEM IIOJIO/RHUTDH
m

Mpep=—=—.
r r

OKOHUATEJIBHO
“ SKS (dv) \ot | < abm,.

Tem canoin pasencrBo (4.5.7) mokasamo. [loxkasarenbcTBo TeopeMbr
4.4.1 maxouern 3aBepuieno.

4.6. 3aMenia mepeMeHHBEX B [IBOMHOM HHTerpaie

IIycrs K — KOMIDAKT ¢ KpaeM B IUIOCKOCTH R2, mpumyeM Kpail ero
SABJISACTCS KYCOTo riaaaroll kpmBoit kaacca C! (em. m. 4.2). Ecam ¢ —
meroTopoii  Cl-muddeomopdusm OTKpBITOro MuOMecrBa U, comepika-
mero K, na orkpuroe MHORectBo U’ < R2 10 K’ = ¢ (K) — ROM-
makT ¢ KyCOTHO IIIaJKuM KpaeM Kaacca Cl. 9To cpasy BniTeKaer u3 olpe-
IeJIeTInit.

Mockonsry ¢ ecthb Cl-guddeoMopduay, nuHeinioe oToGparkeHue
¢ (z) (mna z € U) ecrs usomoppusm R? — R ITosromy ero ompepe-
JHUTeJIb OTJUYEH OT UYJAA IaA Jio6oi rouku z € U. Hanomuum, ato stor
ONpeJieIHTeTb HA3BIBAETCA Akobuanom npeobpasosanusa ¢ U o0bosma-
qaercsa depes

9 (z, y)
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(3meck ', y' — ROODAHHATLL TOYKH ¢ (z, y) — ob6pasa OTHOCHTEIBHO
TOYRHM Z ¢ KOOPJHHATAMH X M Y). SHak 3TOTO siKoOMAHA — JTORAJIBHO
HOCTOAHHAA (PYHRIMA; TOITOMY ecam Muo:kecTBo U cgss3no (dasa mpo-
CTOTH MBI 3TO GVIeM jJajiee BCIOIY Ipeamoararts), 1o axobuan Cl-mud-
deoropdusNa ¢ MMeeT HOCTOAHIKIN 3HaK.

Omnpepeaenne. Ecan siroOuanm oTofpaskelusi ¢ MOTORUTEICH, TO ¢
HaspiBaeTca puddeoropduszon, corpanfowum opuenmayiio. Ecau
AROOMAH OTpHIaTeNerH, TO ¢ HasLBaeTcsa dugdeomoppusmon, obpa-
warnwum (WAL USMEHSIOUUM) 0DUEHMAYLIO.

Broigemenr Tenepn caenyouyrw @opayay 0L 3aMeHbl REPEeMCHMHBLL:
Teopema 4.6.1. B npedwdywur npednososcenuir u 0603HAUCHUAT

nycmv  © — oudgepenyuasvhan 2-gpopma waacca C° Ha omrpwmonm
mnoxcecmee U'. Tozda

“ 5 w=¢ 5 5 o* (®), (4.6.1)
P(K) K
ede & = 4 1, ecau ¢ coxpamsem opuenmayuw, u & = — 1, ecau ¢

UBMEHAEM ODUEHMAYLIO.

Pacrpoenm coornomenne (4.6.1). B ramonndecwoint sammcu ¢opiya o
uMeeT BHJ L )
o=f( y)dc A\ dy,

rae ' Uy — wroopmmnatsel 1oukuH B U’ = ¢ (U), a dyuruus f/ meupe-
pusia Ha U'. TToaromy
, / a(z', y
@) = (= (2, V), V' (2, 9) sk dz \dy,

roe ' (z, ¥), y'(z, y) — dyuriumy, onpegensanigue C1-guddeoriopdusi ¢.
C yuerom sHavenuss ¢ = 4 1 B (4.6.1) coormomenue (4.6.1) moskaO
nepernicaTb Tak:

a,y

[ 1@ vz pay = SKS F@ (o u), v (@ 9) | FEE | da A ay.

¢ (K) +
(4.6.2)
9T0 paBeHCTBO M HY/KHO JOKA3aTh.
Ilo ompejleneHno HHTETpPAI
1 7@ v)yda pay
o (k)

paBeH HMHTErpaJfgy IIo BCEH TIOCKOCTH
[ 7@ vy aa pay,

rne f—¢yuknua, paspas f wa ¢ (K) u wmymo sme ¢ (K). Hocureis
$yuruuu f comeprmmrea B ¢ (U), Ttak 4TO0 ompeneseHa KOMIO3HIAI
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foq (paBuag jogp Ha U wm mymo sue U). @opmyaa (4.6.2), xotopyio
MBl J0OKA3BIBaeM, BAIULIETCS B BIJIE

[ {7aa'pay = [ |70

v

9z, y')
e |dzhd

rae HHTerpaiabl Oepyvcs yse mo Bceil mmockoctm R2.
Taruy obOpasoy Teopema 4.6.1 ecTh wacTHBIHA caydall caeayworiei

TeopeMbl (B (QOPMYIHMPOBKe KOTOPOU f saMeneno Ha 7):

Teopema 4.6.2. [ycmv ¢ ecmv Cl-dugdeomopgusm omrpwmozo
mnoxcecmea U < R?* na omrpwmoe wmmoxcecmeo U’ < R?, u nycms
[ — unmeepupyenas no Jlebeey Pynryus ¢ KOMRAKMHBM HOCUMEIEM,
codepacawyumes 6 U'. Tozda

, , 0 /1 17 .
({72 pay :H fo(p|7((§;;4)_’)dx/\dy. (4.6.3)
e & :
(To 00cTOATeIBCTBO, 4TO SKOOHAH %5;) onpesesen Tonpko Ha U,

He HMMeeT BHAYEHHA, TAK KaK HOCHTENDL QYHRIMH fo( cOmep/RITCA B U.J

HorasareancrtBo. (a) Cmagaza MBI JORameM DpaBell-
crBo (4.6.3) B caydae, Korma [ — ramafkas Gyuxnus waacca C' u ¢ —
C?-Ougeomopgusan orrpuiToro Miosmectsa U fa OTRKPLITOE MOIKEe-
ctBo ', copep:rallee KoMOAKTIbLIM mocurenb Gyurmum f. B arom cay-
gae CYIECTBYCT KOMIAKT ¢ KpaeM K', comepsramiuit supp f u cogepsna-
muiica B U. JlelictBuTenbno, MLI MO;REM 3aMOCTUTE R% OQHHAKOBLIME
KBajpaTaMU, CTOJIb MAJBIMU, 4TO €CIH KaKOW-HUOYAL W3 [HX Ilepece-
KRaercsa ¢ supp f, ro ou comepswurca B U. B kagecrBe K’ MoyKUO B3ATD
Temepb o0BeqHICHNe KBagpaToB, Hepecerawiquxcs ¢ supp f. Ilyers
K = ¢t (K'). Torga

SSfdx’/\dy’:SSm, rae o=/fdz' \dy’,
't

ool G5t dendu=e [ | o @
R? K

Tey camun coormomenne (4.6.3) mepemmcano B Bmie (4.6.1), w M
MOJKHHL [OKa3aTh (4.6.1) pus Toro wacTHoro caydas, Korha o — dopma
kmacca C* u ¢ — C*-puddeornopdusm.

Tar xak o — dopma wruacca C!, do cymecrsyer; Goiee Toro,
do = 0, Taxk Kar 570 opMa CTeNeHHM 3 Ha [OBYMEDPHOM IpocrtpaHcTBe R2.
Mockoabrky mumockocts R? 3BEsfHA OTIHOCHUTEIBHO 11aYaja KOODIMIIAT,
Mbl MOYKeM IIPUMEHUTH K o meopemy Ilyankape (reopema 2.12.1).
B pesyasrare momyumm, duro cymectsyer Taxaa pupdepediumanbHasg
1-popma o raacca C! ma R?, uro do = . Ho rorga mo teopeme Crokca
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(reopena 4.4.1)
SS(»::SSdoc:—- ( (4.6.4)

o) PE) 09(K)

V mac yske ecth gopMyla 3aMeHH LHePEMEHHBIX st KPHUBOJIUHEHTHOIrO
unrerpaxa (cM. u. 3.3). Kpait 0 (¢ (K)) — ato obpas xpas JK upum
oTOGpaskeHUH (; HAaZO0 TOJIBKO €me HOCMOTpPeTh, COXPAHSeTCA WM U3Me-
HAETCA OPUWEHTAIMA Ipu orobpaskenmm ¢ kpas 0K B wpai 9 (¢ (K)).
f yreepaimato, aro ecau orobpakenue ¢: U — U’ coxpamser opuen-
Tamuio (T. €. AKOOWAM ( LOJOMKMTENEH), TO (¢ MEePEBOSUT OPUEHINUPO-
sannwiii kpait 0K B opuenmuposannwlii kpait d (¢ (K)) u aro, naoGopor,
ecan oTOOpajskeHHe (¢ MEHAET OPHEHTAIWI0, TO OHO HEPEBOLUT OPHEHTH-
poBaunsii kpait 0K B kpait 0 (¢ (K)) ¢ npomueonosoxcHoli OpueHTAIHEH.
ITO HENOCPEJCTBEHHO BHITEKAET U3 ORpedeseHus opmeHTaumu Kpas 0K

(cm. m. 4.2).
W3 crazamEOTO BHITEKAET, 94TO
a=¢ S o* (o) = Scp* (d ®). (4.6.5)
9p(K) 0K 8K

Ho mo teopeme 2.9.2, ¢*(do) = d (9p*(w)), Tar rax ¢ — orobpaskenme
kracca C%; popma ¢*(w) mpummamiesxkur Kiaaccy C!, u motomy d (¢*(w))
umeer cmuica. CaegoBatensHo, paseHcTBO (4.6.5) maer

a=e | d(e* (),

0p(K) 0K
H, cHOBa mpuMeHsAs TeopeMy CTokca, mosyvaem
a=eSS(p*(w). (4.6.6)
00 (K) K

Orcioa u us (4.6.4) u caemyer coormoinenue (4.6.1).

(b) HNrax, mur gorasanu teopeMy 4.6.2 B TOM 9aCTHOM ciayuae, KOrAa
f npumagmesrur Kaaccy C! m ¢ ecrs CZ-muddeomopduan. YrommenHbi
9UTATeNb BUOJHE MOKET MPUIIATH Ha BePY, 9TO TeopeMa BepHa U B obmei
dopmymuposre. as BHIHOCAMBOTO WHTATEIS MBI MPOBELEM [OKA3aTeNb-
cTBO B obmieM caydae. Bocmonbayemca ¢yarmmein A xiracca C™, ompe-
medeHHOW B m. 4.1:

1
Az, y)={eXp (7me=q) w2 +02 <1,
! npu 2%+ y* > 1.

HOus rakporo umena r > 0 Beegem ¢yurumio A, (z, y) = A (z/r, y/r)
¢ mocuTeaeM, JeikamuM B fgucke z? 4 yf <{r? cymecTByer Takas
komcranra ¢, > 0, uro

H e (2, y) dz N\ dy —1.
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IMoxomum ¢, A, = w,. Huasa noboit mHTerpupyeMoil QyHRUIUH [ € KOM-
IMMAKTHBIM HOCHTEJEeM MOKHO OIpe#eJUTh ceepmry W,*f € IOMOIIBIO
PaBEHCTBA

s = { 1@—u y—vyur (e vy du A dv.

Jra cBepTKA MHTErpUpyeMa M UMeeT KOMUAKRTHBEIH HocuTe.1b. Ona mpej-
craBaser coGoil cpemmee sHadenume (yuruuum [ (r — u, y — v) npu
usmenennu touku (u, v) B Kpyre (z — uw)? 4 (y — v)? << r2. Taknm
00pasoM, ecyau r JOCTATOYHO MAJO, TO CBEPTKA M, * f 0ocmamowo bausra
# [ B CMBICJIe, KOTOPHIA MO/KHO YTOYHWTH; HATIPHMED, eCJAM [ HempephiB-
Ha (a 3HAYAT, W PABHOMEPHO HeEIpepHBHA), T0 QYHKIMH W, *xf pas-
Homepro cxomgarcs kK f, worma r crpemurcs kK 0. B reopum muTerpama
JleGera moKasbIBaeTCs, 9TO CBEPTKM W, *f CXOLATCA K f MO HOpMe Mpo-
crpauctBa L', 1. e.

[T =t @i pay
cTpeMuTca K Hyao BMecte ¢ r. OTcioga ciaemyer, uTo

{1 r@wde pay=1im [ [ e @ ) de pdy.  (56.7)

C nmpyroll CTOpOHBI, CBEPTKA W, * f—oamo Pynryus kaacca C™ Tar ke,
kak u QyHrnua u,. [ledcTBHUTENBLHO,

(o) (@) = § @ =, y—0) F (0, v) du o

B cuny mnpasuna guddepeHNUPOBAHUA NOJ 3HAKOM ITHTeTpana Jlebera
IIPOU3BOJBASL OT CBEPTKH M, *f DaBHA

(Wr*f) =prsf.

WNnave rosops,
0u,

(Hr*f) f

M DTOT TPOIECC nnq)(bepenunpOBaHHH MOKHO TPOJOMRATh [0 6Gecko-
HEYIIOCTI.

PaccMoTpuM eille CBePTKY M, * @, KOTOpasA Toike ABAACTCH 0ToOpa-
menuem kiaacca C*. OHa ompeje/NcHa eCIM W He HA Beed MHO:RecTBe U,
TO Ha BCAKOM OTKPHITOM MHO;KecTBe U, COCTOAIEM U3 TeX TOYCK (Z, ).
IUIA ROTOPLIX AHCK pajmyca r ¢ IeNTpoM B (Z, y) HETHKOM CONeDP;RHTCH
B muosiectse U. Ha muosiectBe U, dyuriua p,x ¢: U, — R? apuscrea
¢yurimesr wixacca C* u reM 60Jlee Kiacca C2, JlLI‘I\O OKAa3aTh, 4YTO

5}
5z (U @) = s S

7] a
—07(”,*@):“,*%.
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Tarmy obpazoM, QYHRIUA W,* @ = @, © €e JacThle IPOU3BORHBIE DA6-
HOMEPHO CXONATCA K ¢, %H g% cooTBercTBeHHO. OTCIOfA CIEeLyeT, YTO
Ha RaskJOM KOMIaKTe, cojepskameMcs B U, QYHRIUA ¢, AIsT OCTATOYHO
MaJbLIX r oUpefeNieHa M OPHHALIE;RUT Kaaccy Cl, a arobuan orolpaidie-
HHS (¢, WMEEeT BO BCEX TOURAX ATOT0 KOMIAKTA TOT ;Ke 3HakK, 9TO H AKO-
fuan orobpaskenuss ¢. Bojee TOHKMMHE PaCCY:KEEHUAMH MOYKHO [OKa-
3aTh, 410 y na000r0 KOMIAKTa, cofmeps;kaimgerocss B U, HMMeeTcsa Taras
OTKpBITast okpectaocTh V < U, uro (oasa mocrarodno Madslx r) orobpa-
swenme ¢, ects C*-muddeomopdusm muoskectsa V ma ero obpas ¢, (V),
npudeM IOCHTENh (PYURIMHU A.xf comepsruress B @, (V). IlosTomy pas
TOCTATOUYHO MAJBIX 7' MBI MOSKEM UPHMEeHUTh yike NOKasaHHyI 4acTb (a):

[laeends pdy = [ aueneold@rlde pdy, (468)

rpe J (@,) — sikobuan orobpaskenus ¢,. Haromem, mpivensem Teope-
my Jlebera o mepexome K IOpefeay [OJ 3HAKOM IBOHHOTO HHTerpasna.
Mot we Gymen yrounsth Beex meraiei. Horma r crpesurtea k 0. epas
wactp pasencrsa (4.6.7) crpevurca ® sesoit wactm pasencrsa (4.06.3),
a mpasas wacTh pasenctBa (4.6.7) — x mpasoit wacrn (4.6.3). uewm
pasenctso (4.6.3) u gowrasamo.

4.7. Muoroodpasusa B npocrpancrse R"

IIpepmomenne 4.7.1. Hycmov danw dea yeavxr wucaa k > 1 u p > 1.
Has zadainwzr nodmnoxcecmea M < R™ w mouru a € M ¢ roopduna-
mami Qg. . .., @, caedyoujue mpu ceolicmea IRBUBAICTIMHL:

(i) Cywecmeywom omrpumas orpecmuocmv Vo mouru a u C"-dugh-
geomopguzn [ oxpecmuocmu V na omrpwmoe muoxcecmeo W < R,
marue, umo f(a) = O w muomecmeo f(M V) ecmv nepeceverve W
¢ nOONPOCMPAHCMBOMN  DABMEPNOCTL D,  3a0ABAEMBLM  YPABIEIHUAMU

Yp+1 =0, .., ¥y, =0 (rae y;, i =1, ..., n,— Koopamoarsi TOY-
Ky uz W).

(i) IHocae nodrodaweli nepecmanosku KoopduHam &y, . . ., I, 00wveM-
mowyezo npocmpancmea R™ > M ¢ orpecmuocmu mouru (@, . . .. dp)
naiidymes marue (n — p) uucaogur GYHEYUT Qpiq (s o o oy Tp)e v -
cees @u (T4 o .3y waacca CY, ouwmo @ (ay, . ... ay) = a; (Daz
p+1<<i<<n), npuuem roopdurname. mouer Iy. . ... I, u3 M,

aexcauypuxr ¢ docmamouno manol oxpecmuocmu Vo omouku a, ydoesemeo-
pawm  ypagHeHusM

xi:(Pi(Ih CEREEY) Ip) 0ﬂﬂp—|—1<L<u

(iii) Cywyecmeyiom omkpumas okpecmiocmv V. moukw a ¢ R”,
omkpumas okpecmuocmv Q mouki 0 ¢ RP u eomeomopgusm g ox pecm-
nocmu Q na M (\V, makue, wmo g (kak ymEuUMA co 3HAYeHmaAMH B R")
ecmv gynryua raacca C* u g'(0) € L (RP; R™) umeem pane p.
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HorasareanbcrBo. Cpauana o TepMHHONOTHH. Ecmu orobpa-
sweane g: Q— R™ wmacca C' rakoBo, uto g'(f) €L (RF; R™) — orodpa-
JReHHe paHra k B TOouke €L, TO TOBOPAT HPOCTO, UTO OTOOpaArkeHue g
umeem pare h e mouke t. Tarum obpasoMm, cBoiicrBo (iii) yTBep:Iiaer,
uro orofpaskenme g mmeer paur p B Touke 0.

Eme onmo samewanme k myurry (iii). Ilyers ¢ = (&, ..., #,) —
Herotopass Ttouka u3 Q. Hoopaumarst zy, ... 1z, TOIKA g (f) =
=g (&, ..., tp) CYTh, IO NPEAUOIOKEHUIO, OYNRIMA gy, ..., &

karacca C* (k> 1), u maTpuma

("gl e, ... tp)>

UMeeT, IO IIPeJIoJO0KeHuI0, panr p B Todke & = ... = Ip = (.
IMo coobpaikeHusAM HEOPePHIBHOCTH OHA WMEeT TOT :Ke paHe U AJId
BCeX TOUEK ¢ U3 HMeKOTOPO# MocTaTodHo Majoit orkpecruoctd Q' Touru ()
(Q < Q). Bamenss B cayqae meobxogmnoct Q Ha ', Mol MozkeM B (iii)
npegnoxarats, uro g'(t) € £ (RP; R™) umeer paur p Aias BCex TOUeK
t € Q. B proa ciyyae TOBOPAT, UTO g ecTh hapamempusayus (vaacca C*)
muoxcecmea M 6 orpecmuocmu movku a.

IMpucrynunm Temeph K JokasareabcTBY upegdoswernus 4.7.1. Tloka-
sweat crmavagaa, 9ro us (iii) caegyer (ii). Ecam ycaosume (iii) Buimoaneno,

TO MBI MO;KEM C/Iefarb TaKyl MepecTaHoBRY ROOPRHNAT Zy, . . ., Lp.
9T0 RBaJparHad MaTpHIla
9gi ¢
0, ... 0)
(Olj ©, ' ) 1<izp
1<i=p

Gymer miers parnr p. ITo Teopere o dorasbhom obpamennn (4. I, . 1,
. 4.6) mpeoGpasoBaiue

Come gt t) (U<i<p 0 (474)
ABIsIETCA C‘JH(I)(beouopd)mwm[ OTKpPHITON oKpectnocrn Q° rourm ()
HA OTKPLHITYI0 ORPeCTIoCTh TOURH (ay, ..., ap) € RP. Ilycrs

t,j == hi (1'1, . e ooy .Z'p)

— obGparuoe oTobpaskenue. 3amenas Q ma Q n V ma Takoe OTKPHTOE
Mpo:kectBo V', uwro g (Q) = M () V', Mul BuguM, UTO TOYKH TIICpe-
cevenma M (| V' — »sro 1e Touru {(x, ..., z,) €V, AIA KOTOPHIX

xp+i:gp+l(h1(x17 ey xp)7 . hp(xu sy l‘p)),
Tn==gn (b (g, ...y 1), . hp (xi, coy Zp)).
ITpasbie yacTu HTHX paBeHCTB CyTh (bylmulm Qpi1 (Tyy oo vy Tp)y oo
e @ (24 - .., Tp) ®macca C*, oTRyma u caexyer cmoitctBo (ii).

IMoxasem Temepn, wro us (ii) caeayer (i). Ilyern (ii) umeer mecro.
TMoxomum

Yi=x;—a; ana 1<i<p,

Yi=2j—@j (4, ..., Tp) nAIA p+1\1\<n (4.7.2)
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I1o oTobpakenue ecth C'-nudPeoropdhHaM OTKPHTOM OKpecTHOCTH V
rourx a B R™ Ha oxpectHocts W tourm O B R™; obpartubiit quddeomop-
$u3M 3ajaeTcs ypaBHEHUIMU

z;=y; +a pia 1 <i<<p,
o=y + @iy +ay, .. Yptay) gma p4+1<j<n.

Ouepupio, C*-muddeomopduam (4.7.2) otobpasmaer mMuokectso M)V
Ha MIIOReCTBO TeX Touek y € W, mis KoTophix

Ypar = 0, oy Y — O,

CiefoBaTeibHO, CBOMCTBO (i) UMeeT MecTo.

Hoxraskem, makomer, 4ro u3 (i) caegyer (iii). Ilyerp BeIOIHsETCA
cpoiictBo (i) u k: W— V ectb C-mupdeomopduar, obparueiit k f.
Ilepeceuernne W ¢ WOAIPOCTPAIICTBOM, OIPEIENAEMBIM pPaBeHCTBAMMU
Yp+1 = 0, .. ., Yo = 0, MOJKIIO OTORHAECTBHTH C OTKPLITHIM MHOJKe-
creom Q < R? (¢ rooppumaravMu yy, . . ., Yp)» CONEP;KAIIUM TOURY
0 € RP. Cymenne g ¢yurnnu f nma Q ecrs orobpaskenme riacca CF
ofpas KOTOpOro B TOYHOCTH coBrafmaer ¢ mepecedenuem M [ V. Ilaxee,
g (0) = a; nuneitnoe orobpaskenue g'(0) € L(RY; R™) ecrn cyskenue
numeiinoro otobpaskenus h'(0) € L(R™; R™) ma BekTOpHOe IOAIPO-
crpanctso RY, ompepeasesoe ypaBneHHAMH Yp4q = 0, ..., y, = O.
Tark rar h'(0) — usomopdusm R™— R™, 1o ero cy:renme ua RP unmeer
paur p. Taxum obpasor, g'(0) mmeer paur p, u cBoiicTBo (iil) BHLIOI-
HAETCS.

Horasareaperso mpepmoscenuss 4.7.1 saxonueHo.

Onpepencame. Ecnu mopmnoscectso M — R™ u toura a € M ynos-
JIETBOPAIOT OMIOMY M3 7Tpex (SPKBUBAJENTHLIX) YCJIOBHH IIPEAIOFKE-
nus 4.7.1, To rosopar, Tro M @ orpecmHocMU MOYKU 4 AGALEMCS P-Mep-
nna amnozo06pasuem waacca C*. Jametny, uro obszaTennno p < n.

Omnpenerenme. llomnosectrBo M < 3™ masplBaeTca p-MepHM MHO-
e006pasuem waacca C", ecam pisi nwGoit Touku a € M muokectBo M
ABJACTCA B OKPECTHOCTH ITOM TOUYKI MHOro00pasmeM PasMepuocTH p
u raacca C"

B cayuae p = 1 wacro rosopar, uto M ectn kpusas wmacca C'.
B cayuae p = 2 uacto roBopsaT, uto M ecTb noseprrnocms wiacca C*.
Hanpmvep, npu n = 3, p = 2, juifg T0ro 4ro0sl B OKPECTHOCTH TOUKH
a € M mnosmecrso M < R3 Ouiio mosepsmoctsio kiacca C, neobxo-
JINAMO I JlOCTaTOUI0, UTOGLl BHIOTISIUCH CICAYIONITE ABA (IKBUBAIEHT-
Hble) YCHIOBIS:

(it) C TounHOCTBIO O TIePeCcTAallOBRKH KOOPIHHAT X1, Xy, X3 B OKPECT-
HOCTH TOURE a == (@, @y, @) MIOectBo M 3ajaeTcs ypaBuelueM

I3 = @ (Ih xz)v
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rme ¢ — Qyuknua Kiacca C* B OKPECTHOCTH TOUKH (@1, @g) U ¢ (a1, a,) =
== aa-

(iii) B oxpectmnocTH TOuKHM a MHOMKecTBO M momyckaer mapameTpmsa-
muio Kiacca C*:

xi:gi (tiv tz)a 1<L<37 §i (01 O>:ai7
OPpHYEM XO0THA 6H OJUH U3 Tpex onpe;[e.lm're.neﬁ

a(ng gS) 4 (gSv gi) d (giv gZ)

7 (tiv t2) ’ 7 (tiv lz) ] (tir tZ)
OTJIIWYeH OT HYJIf MJIA BceX TodeK (Iy, t,), MOCTATOTHO OJU3KHX K TOU-
ke (0, 0).

BepreMca k ofmemy caydalo (DpomsBosibHEX p ¥ n). CBoficTBo (iii)
NPUBOAUT HAC K HOHATHIO napamempusayuu g (kmacca C") p-mepHoro
muoroo6pasua M wkmacca C* B oxpecrmocTn Toukm z € M. C gpyroit
cToponH, pacemorpuM C*-muddeomopdusm f us cpoitcrpa (i). Kommosn-
musa fog ompemeneHa B HexKoTopoll okpectHocTd Togdkd O B RP u Omex-
THBHO 0TO0paykaeT 3Ty OKPECTHOCTL HAa OKPeCTHOCTH Touku 0 p-mepHoro

pmogupocrpancTsa {yp+1 = 0, ..., y, = 0} mpocrpamcrea R". Hoop-
IHHATH Yy, . . ., Yp TOUKH (fog) () cyrsb &ymkmum kmacca C* ot
napaMerpoB ty, .. ., tp, I AKoOUAH 9THX QYHKOUIA OTIHYEH OT HYJIA

B OKPEeCTHOCTH Havaja KOOpPAMHAT. JTo orobpaskenme ecThb C'-muddeo-
MopduaM.
. k

PaccmoTrpum gppyrylo mapamerpmsanuio h (kxacca C*). O6oszmadum
qepe3 Uy, . . ., Up TapaMeTrpsl (B OKpecTHOCTH Hyxasa). Homnosumus
foh oupexensier yi, ..., Yyp KaK QYHKIUHE OT Uy, ..., Up KiaccCa ct
¢ oTaugHbnM OT HyIs srobumauHoM. Ilosromy 2 (B oKpecTHOCTH HYJIA)
pasnaraetca B Kommosummio C'-muddeomoppusma

b = Ay (Uyy o ooy Up) 1<ip
u napamerpusanuu g. Vinage roBops, eciam MH HMeeM Oge napamempusa-
yuu (kaacca C*) mnoxcecmea M 6 okpecmmocmu mouku a, mo 0dna noay-
waemes ua Opyeoli npu nomowu Cr-Ouggeopmopgusma npocmparcmea
napamempos.

Mpenmoskenue 4.7.2. Iycmv g — napamempusayus (kaacca C*)
muozoobpasus M e okpecmnocmu mouku a, w nycmov g (0) = a. Tozda
06pa3 auHelinozo omobpascenus

g (0): RP > R"

ecmy geKmopHoe nOONPOCMPAHCME0 pPAsMepPHOCMU D, He 3agucsujee 0m
swbopa napamempusayul.

Jrto IIPOCTPAHCTBO HA3HIBACTCA KACAMEABHBM RPOCMPAHCMBOM K

muoroobpasuro M (pasmepHoctH p) B Touke a € M um obosHauaercs
gepes T, (M)

18—743
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HJoraszaTtensbcTBo. I[lycte h — gapyrag mapaMeTpusanmA.
Torma h = goA, rae A — HeroTophit C*-guddeomopduamM mpocTpaHCTBa
mapameTpoB. Vmeem

B (0) =g (0)o2" (0),
u tak Kark A (0) — aunednnil usomopgpusm RP — RP, 1o orobpasxenns
g’ (0) m k' (0) umeroT ommu & TOT e oGpas.

II pume p. B mpoctpanctee R3® paccMoTpuM HOBEPXHOCTB
z3 = @ (T1, Z,),

rme @ — pymkmua wmacca C* (k>=1) B oxpectmoctm Touxu (0, 0)
a ¢ (0, 0) = 0. Mo MoikeM mapaMeTPH30BaTh HOBEPXHOCTH C IOMO-
OIBI0 Z4 U T,
Ty =Ty, Ty =Ty T3 = @ (T1, Ty
Matpuma IpomsBOAHOTO OTOOPaKEHHS B 3TOM CJydae HMeeT BHJ,
g )
1 0 W(O’ 0) '

9p
0 1 ‘az(o’ 0)

06pa30M 3TOTO JIWHEHHOTO 0T06pa?}\“8HI/IH CJHYKHUT HMJIOCKOCTH, Ompenesse-
MasA ypaBHeHHEM
o9 1o
X3 = —%; (O, O) * Xy —‘«5_12 (0, O)'Iz.

Ilycrs Temepp U — orkpsiToe MHO:kecTBO B R™, M — MHOroodpasue
pasmepuocts p (1 riaacca C*) B U u o — auddepennuanbras dopma

cremenu ¢ Ha U. Oyprmua o (z; &, ..., §4) ompemenena npu x € U
1 &y, ..., §¢ €R". Hac wmurepecyoT ee 3HaYeHHS HAa BEKTOPax Ka-
caTeJbHOTO IMPOCTpPAHCTBA:

2EMu g, ..., Eq€Tx(M). (4.7.3)
IopopaT, uto Qgopma o undyyupyem wyaesyw @Hopmy na MmHoz2006pa-
suu M, ecnmuw o (z; &1y .. ., Eg) = 0 maa smavemmii z, &, ..., &g
VIOBJIETBOPAIOIINY YCAOBHAM (5.7.3). Ecau f — nmoraxbHas mapamer-

pusanusa Muoroo6pasusa M B OKPECTHOCTH TOYKH a, TO «3aMeHa IHepe-
MeHHBIX» [ ompepmenser g-popmy f* (®) Ha mpocTpalcTBe mapaMeTpoB
Ly « - o bp. [asn mozo umobn gopma o undyyuposasa Hysesyrn Gopmy
na M 6 okpecmiocmu mouky a, neobzodumo u docmamouro, umobu, opma
f* (0) 6uaa moxcdecmeennvin nyaem. |JlokazaTeanpcrBo 9T0OTO yTBEpP-
JKIeHNA BechbMa MPOCTO, ¥ MBI HPEJOCTABJIAEM ero YATATe/]II0 B KauecTBe

yIIpayKHEHUA. |
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4.8. Opuenranmss MHOrooopasmna

IIycrs muomectBo M — R™ B okpecTHOCTH Touku a € M sBisierca
MHorooGpasieM pasMepHocT: p u kjiacca C* (k > 1). Tlo ompepenennio
[Be pasjuyHble TapaMeTPU3ALMM g4 U g, MHOTooOpasus M B OKpecTHO-
CTH TOUKM @ 3aJaioT o00uHaKosyw opuenmayuio Muoroobpasmsa M
(B OKpecTHOCTH TOUKH @), €CJIH 3aMeHa NapaMeTPOB OIpeelserca
CH-muddeomopdusmom, axobman Koroporo >>0. Ecau sxe zamena mapa-
MeTpoB onpefensercs C'-guppeomopdusmonm, akobuan Koroporo <0, To
roBOPAT, YTO MapaMeTPU3AILVH 3aJal0T RPOMUBONOLONCHBLE OPUCHMAYUN
mHoroo6pasusg M. Taxum oOpasom, JoKaJIb-
HBle IapaMeTpH3anud Muoroobpasua M (B
OKPEeCTHOCTH TOYKU @) pasmelATCA Ha 0Jsa
Riacca. [lo ompegelNennio, KayKIbl U3 HUX
ompeeseT opuermayulo Muoroobpasus M
B OKPECTHOCTH TOUKH a.

3aMeTuM, 9TO €CjM g — HeKoTopas ma-
paMerpusanus, To 06pas nuHeHIOoro oTobpa-
menus g’ (0) ecTh KacaTeJIbHOE MIPOCTPAHCTBO
T, (M). Ectu Mpt BelGepeM B IIPOCTPAHCTBE
oapaMeTpoB Rpamol penep, T. €. ILOCJIENO-
BATEJIBHOCTH M3 D BEKTOPOB Ty, ..., Tp C Puc. 12.
ompefieuTeNieM OONBIIMM HYJISA), TO ero
o6pas orHocuTedbHo orTobpaykenus g (0) Oymer 6asucom KacaTerbHOTG
npoctparctsa T, (H), KOTOPHI MBI Takiie Ha3LIBAEGM penepoM B HPOCT-
pascree T, (M). Mw BugmuMm, 4dYro opHenTamus MHOrooOpasusa M
B OKPECTIOCTH TOUKU @& OLpPeesfAeTcsa guifopom penepa B BEKTOPHOM Hpo-
crpancree T, (M). IIBa pemepa oIpefessAlT ORIy M Ty jie OpHeHTa-
LMI0 TOTJ[a M TOJBKO TOT/[a, KOTAA OIME IEPEeBOJUTCS B APYLOIl JiHeH-
HEIM TIpeobpasoBanueMm mpoctpanctBa ' (M) ¢ HONORHTEILHBIM OMpe-
[eJUTeNeM.

Ianmoe wmuoroofpasme M (pasmepuoctu p um kuaacca C¥) B R"™ mm
MOJKEM IOKPHITH OTKPLITHIMU MIIoskecTBamu V; (oTkpbiteiMu B M), Aia
KQKIOTO M3 KOTOPBIX CYI(ECTBYeT NapaMmMeTPH3aLus

fi: Qi — Vz'

¢ o6pasom V;. Bubop f; oupenenser opuenmayuio M B Ra:zgoll ToUKe
muoskectBa V;. I'oBopdar, dro f; ompenensioor opuenmayuio M, ecnu jpis
a06oi napst (I, j) QYHKIMU f; U f; 3aJa0T OJHY U Ty K€ OPHMEHTAIHI0
Muoroobpasus M B Kaykmod Touxe uz V; N V;.

Muoroo6pasue M Ha3KBAETCA OPUEHIMUPYEMbBIM, €CIU OHO OMYCKAeT
JIOoKaJbHEIE TapaMeTpusaunuy f;, opuentupywomue M (kar 1o ObII0 omu-
cano Bbune). He Bcaroe mmoroobpasue M opueHTHpyeMo, [aske €CHE
OHO CBfA3HO. THIMYNEN IpuMep HEOPUCHTHPYEMONl MOBEPXIIOCTH — 3TC
Tak HasbiBaeMmbll «amer Mébuyca» (puc. 12). anee mpt paceMoTpmm
¥ TPUMepPH OPUEHTHPYEMEHIX MHOT000pasuil.

18+
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4.9. Unrerpuposanpe puddepennuanpuoii 2-dopMsr Ha JByMepHOM
OpHeHTHPYEeMOM KOMIAKTHOM MHOroofpasmm Kiacca C?

Ilyets M < R™ — gByMepHoe KoMRakmroe MHOTOOOpa3me RIac-
ca C', mpuuem Ha M 3samama opueHmayus, u oycts o € QY (U, F) —
nupdepennuanbuan Gopma cremenn 2 U kiracca C° B HEKOTOPOH# OTKPHI-
Toit okpecTHocTH U MHOTOOGPasus M. Mbl xoTuUM onpefeluTh UHTErpaj

{foer.

o
Haunem ¢ toro uwacmmuoeo cayvas, worma M () (supp ) (mepecede-

ane M ¢ HOocHTelneM ®) COJAEDPIKUTCH B CBASHOM OTKPHITOM MHOKECTBE
V < M (orxpweitom B Tomosoruum M), miA KOTOPOro OIpefiejieHA Tapa-
meTpu3arus riaacca C!

p: Q—>V,
rae Q — cBA3HAA OTKPHITASA OKPECTHOCTH HydA B R? (¢ KoopamHaTamu
ty m t,). Bufepem mapamerpusaruio ¢ Tak, 4ToGH oHa OHLIAa COTNIaco-
BaHa C 3anaHHO#l opuewmayuet M. 3SamernM, dro supp o [} M —
xomnakm, copep:xamuiicss B V. Ilostomy ¢! (supp o () M) — rom-
TaxKT, cojep;xamuiica B Q. Pacemorpum Ha Q nuddepennuanpuyio dop-
My ¢*(0). Ona sanummerca B BHJe

f ity ) diy N\ dty,
rae f — HenmpepsiBHAaA QyHKOUA Ha Q ¢ komnakmubim Hocumeaem. 1lono-
KAM IO OIpejelleHnI0

[lo={{re.wanpan="{ o @, (4.9.1)
M Q Q
Jna Toro uTo0H 3TO ompejeseHue OBLIO KOPPEKTHHIM, Hajo J0Ka3aTh,

q9T0 SS ©* (W) He sasucum om swbopa napamempusayul ¢.
Q

Ilycrs mama gpyras mapameTpuaanus
P Q >V’
OTKpHITOTro MHOKecTBa V' < M, copepskamero kommakt M () (supp o),

M IyCTh
Vi=vnV', Q=¢*V)cQ, Q=y91({1,)cQ".

Torpa ‘
[for@=]]e ) (4.9.2)
Q Q1

TaK Kak HocuTelb dopMH ¢*(w) comep:rurca B Q. Haiee,
[ fvr@=T v . (4.9.3)

Qr Q{
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Ho ma €] MBI umeeM Pp=qo), Tiae A— HexoTopsit Cl-guddeoMopduam
Qi —> Qy, coxpansiowuti opuenmayulo (T. €. ¢ HOIOKUTENBHBIM AKOGHA-
moMm). Orcioga cuemyer, 9TO

PH(0) = A (e™(w)).

1o TeopeMe O 3aMeHC IepeMeHHBIX II0J 3HaKOM JIBOfIHOI‘O HHTEerpaJa
* . *
(v @=]]e @

(m. 4.6) umeen

Q
[o 1

u, sHauuT, BBUAY (4.9.2) u (4.9.3),
(v @={{e @
Q’ Q

9eM M JloKazaHa KOPPEKTHOCThL ompepenenusa (4.9.1).

Ecau umerorcss nBe Takue QopMBl @y U @y, 4T0 M [} (supp o)
u M ) (supp w,) comep:Rarca B 00HOU u moll jce OTKPHITOH OKpecTHO-
ctu V < M, obaamatomeil mapaMerpusanueii kiacca Cl, to, o4eBHHO,

[ o= Jors [ on

M M M

IT0 3aMeyYaHme MO3BOJIAET HaM pacupoCTpanuThL oIpejellenne SS (0]

Ha ofmuit caydail, KOrma Ha HOCUTENb GOPMBEL ( He HAJIAraeTcs CTONb
CTPOTUX OTpPaHUYEHUH.

Ilepeiimem ® atomy obmiemy caydaio. HoMmMmaxkrnocTs Mioroofbpasus
M 1o3BoiseT UOKPHTH €70 KOUEYHLIM YHMCIOM OTKPHTHX (B 06beMiio-
meM 1poctpaicTBe R") muoKecTB U;, mpuueMm Kamjgoe MHoroobpasue
V=M 0 U; ponyckaer mapamerpusaryio. 1103ToMy cyIecTByeT KoM-
maKTHAsA oKpecTHOCTH K MuorooOpasus M, Koropas TakKe IIOKPHIBaeT-
ca muoskectsamu U;. llo Teopeme 4.1.1 ma wommaxte K cymmectTByer
pasbuenue egununpl (f;), noguuHenroe mokpuTuio U;. Vnmeem

supp fi < Uy,
Zfi (z)=1 pua z€K.
1
Taxkum o.pasoM, B oxpectHocTH MuorooGpasus M dopma © Momer
OHITH IpecTaBIeHA B BUJEe CYMMEL $OpM
0; = f;0,

rage M () (supp (0;)) = M ) U; = V;. IlosroMy kaspaa QopMa a;
Y/IOBJIIETBOPAET TPeNIOTIOKEHUAM «JaCTIIOTO CAYYady, M3YYEeHHOTO BHIIE.

Tem caMEM ompefiesieH KaskIbI MHTErpa SS @;. IonoxuM no onpe-
M
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deneruro
SMS °=2 (SMS @) =2 (SMS fiw) - (4.9.4)

Koppextrocth 9TOT0 ompepenenusa GymAeT yCTAHOBJIEHA, €CIH MBI OKa-
JHeM, 9T0 IpaBag 9acTh pasenctsa (4.9.4) me saBmcuT oT BHIGOpa pas-
6menna equunns (f;). ,HYCTI:. (g;) — apyroe pasbueHWe eAMHANSBI, TOAIU-
HeHHOe IOKpuTAI (Uj), m nycth [ u J — (KOHEYHBIE) MHOKECTBA MHAEK-

coB i m j coorBercTBenmo. Ilpu mioGom i umeeMm f; (z) = 2 fi (@) g5 (x)
iET
IJIA BCEX I M3 mOoAXoaAamell okpecTHocTH Ha MHoroobpasmu M. IloaTomy

aaddepeniuansyaa dopMma f;® B HEKOTOPOH OKPECTHOCTH HA MHOI'006-
pazum M paBHaA cyMMe

2 figjﬁ).
=2

Bce mocmTeam sTux dopm Ha Muoroobpasum M comepskaTcA B MHOKe-
ctee V;. IJoaromy (cM. wacTHBIE caydail)

SS fio= D) SSf.-g,-m.

M jed M
Cymmupysa mo i, moixydaeMm
S [{ro= 3 []reo
ier "o icl,jed "M
AnajornunnmM obpasoM

Zngw: S SSfigjm.

jeJ M igl,jed "M

CpaBHuBas 3TH [BA PaBEHCTBA, HAXOJNM

5 ({3 oo wra

icr "M jed M

Mrax, unrerpan SS(D onpepeen KopperTHo. OUeBUjHO, OH ABIAETCA

M
JRHEHHOW QYHKI[MeIl oT .

OGo6Gmenue. Ml XOTHM HMETH BO3MO/KHOCTH HMHTETPHPOBATH
110 KOMIAKTY ¢ KpaeM I1a OPHeITHPOBANHOM MIIOr000pas3uil pa3MepHOCTH
9. Bonee Toumo: mycrs M — R™ — opHenTHpOBaHHOE MmorooGpasue
pasMepHOCTH 2 Ka1acca Cl, 1 nycts K — Komnakm, jie/Kamui 11a MHO-
roo6pasun M; ofosmagum depes JK rpaHHIy KOMIAKTA K nma mmoeroo6-
pasmu M (BH M M a I ¥ e: He ClefyeT CMeMNBATh 3Ty I'paHuiy ¢ rpa-
uune# xomnakrta K B IPOCTPAIICTBE R™, roTopas coBmagaeT ¢ K, ecam

n > 2).
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Onpenenenne. HoMnakt K < M Ha3HBaeTCA KOMNAKMOM ¢ KPaem
kaacca Cl, ecam

(a) 0K aBamercsa B R™ Kycouno rumagkoit KpmBoit wiacca C! (sra
KpuBaf, KOHEYHO, JEeKHT Ha MHOroobpasmm M; oHa uMMeeT KOHeHoe,
(BOSMO;KHO, IYCTOE) MHOKECTBO YTJOBHIX TOYEK);

(b) Bcarkas Touka a € K, oTIHMYHAA OT YTIOBOH, HMeeT TaKYIO
OTKPHTYI0 OKpecTHOCTh V ma muorooGpasmu M, ato V | C (4K) pac-
magaeTcs Ha jBe CBA3HEIC KOMIIOHEHTH: ONHA M3 HUX COCTOHT U3 TOUEK
VN CK, a gpyras — u3 To49eK V, NpHHaQIe;kamuEX KoMmmakty K.

B o6mem aTo ompemenenue coBepIIeHHO TaKOe e, KaK KAHHOE HAMH
BHIIE 71 cayuas, korga M ectb maockocts R? (cm. m. 4.2). Kaxk u B ToM
ciIy4ae, MBI COHNOCTABJIAEM OPHWEHTAUMM MHOrooOpasmsa MM opHeHTAmumio
raagKux Ayr kpas 0K. A mMeHHO, B Ka)yKIOH HeyrJoBo# Touke a € 0K
paccMoTpuM permep (B KacaTeabHO# Iumockoct# 1',(H)), mepBHIE BeKTOD
KOTOPOI0 HaUOpaBleH o KacaTeabHoll K dK (B CTOpPOHY, OIpeHeIsseMyr0
opHeHTalueit kKpag 0K), a BTOpO¥ BEeKTODP HAIPAaBIeH B Ty CTOPOHY,
rge aeskar Buyrpenume Toakm Kommakrta K. Ilocrpoemusrit taxum o6pa-
30M pemep — 3TO HPAMOM pemep, OIpPeAedAKMINA OPHEHTALMIO Kaca-
Tenbuol miaockoctu I'g(M).

Ecnr o — muddepennuanbuan 2-Popma, safaHHAsg B HEKOTOPOR

OKPEeCTHOCTH KOMIIAKTa K, TO S ® oupenendgerca NPU IIOMOIOHA pa3-

OMeHUA eIUHMIB, KaK 3TO [eJajoCh BBIIIE,
Temepsr Teopema Crorca (Teopema 4.4.1) ob6obmaercsa caefyomuM

o6pasom.

Teopema 4.9.1. Ecau K — romnarm ¢ kpaem kaacca C' na opuenmu-
posanrom deymeprom muozoobpasuuw M (kaacca CY) u o — duggepen-
yuaavrnas 1-ggopma waacca C', sadannas & Hexkomopolil okpecmHocmU
romnarma K, mo

S S do = S o (4.9.5)
K oK
(20e rpaii 0K opuenmuposar ORUCAHHBM GBLUE CROCOOOM).

HaGpocorx morasarexscrtsna. llpg nmomomu pasbume-
HUSL OIUHHUIL Mbl MOKeM CBECTH [JOKAa3aTeJbCTBO pasercrBa (4.9.5)
K CaydYalo, KOTHA HOCHTENb ¢. B KoMuakTe K CONEP/RUTCA B HEKOTOPOM
OTKPHITOM  MHO;KecTBe V < M, ofbxagawimeM  mapameTpusamuei
@: Q > V. B proM cayuae nmeBas u mpaBas 9acTH paBeHCTBA (4.9.5)
PaBHBI COOTBETCTBEHHO

¢*(dx) m SS ¢* (o).
o-1(K) 0~-1(0K)

Kpoye rtoro, ¢* (da) = do¢* (o) [ma camoM meme 3mech BO3HUKAET
He0OMbINaA TPYAHOCT, eCIl ¢ He ecTh gopma Kiaacca C2, HO MbI HA Hell
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He ocranaBnmBaevcal. Ioxoxnm, ¢*(a) = B (nudpdepennuanwvuas dop-
Ma Ha Q ¢ KOMOAKTHBIM HocuTeseM). HaMm my:KHO JOoKasaTs, 4To

ZiE

9-1(K) 0(e~I(K))

9to «mouru» Popmyaa Crorca: «modTH» MOTOMY, 4TO MHOKecTBO ¢ (K)
He KoMmmakTHo. Ho aTro He Memaer HaM, Tak Kak HoCHTeab (BopMhl f
KOMIaKTeH.

IIpumep. lyecrs n = 3, z, y, 2 — KOoOPAAHATH 00BEMIIONIETO
opocrpancrea R3, M — opuentTuposanuas nogeprHocmd B R u K —
KOMIAKT ¢ KpaeM Ha moBepxHocTw M. Ecam o = Pdx + Qdy + Rdz
(rme P, Q, R — dyukuuu or z, y, z kaacca C' Ha HEKOTOPOHR OKPECTHOCTH
rommakta K), To paseucTtBo (4.9.5) mepemuchBaeTCA Tak:

S S(%_‘;_f)dy/\az.wr (5 — 5 )dzfde+ (%——%g—)dz/\dyz
K

= S Pdz+Qdy+R ds.
K

4.10. nm-KparHbIE HHTErpajbI

Mo gaguy numb Habpocok Teopum. Ha mmockoctu R2? Mbr paccmar-
PUBAIM KOMIAKTHL ¢ KYCOUHO TIagkKuM «Kpaem» kKmacca Cl. Ecam wpai
0K ne mMeeT yrIOBHIX TOYEK, TO MBI ITOJYIaeM KOMRAKM ¢ KEPAeM kAdcca
C'. 310 mocaemmHee moHATHE MH M 0006MUM Ha Caydail TPOM3BOJIBIION
pasmepuoctu n. Ecam 6ol MBI JOOYCTHIHM «YII0BHIE TOYKHY, TEOPIUA OKa-
3ajack OB CAMIIKOM CJIOMKHOM.

Onpenenenne. Hommaxr K B R™ massiBaercs KOMRAKMOM ¢ Kpaem
kaacca C', ecim ox YOOBIETBOPAET CIETYIONIUM IBYM YCIOBUAM:

(a) MuOKecTBO ero rpaHmIHeX To4eK 0K ecthb (KOMIAKTHOE) MHO-
rooGpasmue pasmepuocTd n — 1;

(b) ecam a € 9K, To cymectsyer Takoi Cl-muddeoyoppusm ¢ mHeKo-
TOPOH OTKPBITOH OKPECTHOCTH V TOYKH @ HA OTKPHITHIE map B, 4To

1) ¢ (a) = 0;

2) ¢ (K (1 V) ectb MHOKECTBO TeX ToueK B, [usa KOTOPHX HepBas
Koopamuata zy << 0;

3) @ ((0K) N V) ectb MHOKeCTBO TeX To4eK B, musa kotopwix z; = 0.

Has n = 2 aro ompejenenne COBIANAaeT C yiie JaHHEBIM.

Opuernmayurw muoroobpasus 0K pasmepHoctn n — 1 MH ompegeaum
caenyiomuM obpasoM. aa Besaxoit Toukm a € JK BribepeM Taroit pemep
(egs - - ., €,) (Gasmc B obGmemmromeMm mpoctpamcTBe R™), uTo

(i) aror pemep npamnol {(ero ompefenurenab = 0);
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(ii) bekTOp €; HampaBleH B CTOPOHY 6HEWHUT TOYEK KoduakTta K,
a ey, ... e, CYThb KdcameabHble BEKTOPH K Kpaw JK.
Toraa (e, . . ., €,) ABIgETCA TeM Ga3MCOM RAacaTeAbHOTO MPOCTPAaHCTBA
T,(9K), ROTODPHH! 9TO NPOCTPAHCTBO opuenmupyem. JIerko npoBepurs,
uro BHOpaHHAas OpHUEHTAIlUd OIpefieieHa KOPpPekTHO. fcHo, ecam
B ycaosuu (b) Bagrs gudpdeomopdusm ¢ ¢ moaoEUTEABHEM SRoOHA-
HOM, TO oH uuAymupyer Cl-nuddeomopdusm nmommpocrpancrsa zqy = O
(opueHTHPOBAHHOIO KOODAWHATAMH I,, ..., L, B DTOM IOPALKe) Ha
(0K) 1 V, onpefensiomuii opueHranuio 0K B OKPECTHOCTH d.

3ameuanue Orcioga ciaemayer, 9To Kpall KoMIaKTa € Kpaem
BCErja fABJIAETCH OPHEHTHPYEMbIM MHOTOOGDa3mes.

Yopamuenue., [Iposepurs, uro gna n = 2 TOABKO UYTO JaH-
HOe OlpejiesieHne OPWEeHTAIMH COBIAfaeT C ompefesenueM U3 Im. 4.2.

Hanm my:kmo Temeph Kak-TO B3amUCHBATH N-KpaTHblE HHTETPAJIEL.

Jas Toro 9ro6sl He HUCATh © pas HOAPAN 3HAR g , ByIeM mucaTh IpocTo
(n) ’
IIycts © — puddepennmansuas n-popma kaacca C° B HEKOTOpOI

okpectHocTH Kommakra K. Torma
o =f(ry, ..., g)dzy \ ...\ dz,,

rie GyuRnusa f HempephwiBHA B OKpecTHoCcTU KoMmmakra K. Kak u B cay-
qae n = 2, IOJIOKUM IO ONpeAeNeHuIo

(n) (n)
o= { flag, ., an)dz A ... \ dza,
k R™

rae f oGosmnawaer ¢ymrmmio, paBuyio fua K u O Bae K. dra pyurnus
uuterpupyeva mo Jlebery u paske mo Pumany, ecan K — RoyMIarT
¢ kpaeM. Bpemenmwit muTerpas 00:aajaeT BCeMH KIACCUYECKUMM CBOM-
cTBaMH, KoTOphle (GopMymmpyloTcs aHamormdno cpodcream (i), (ii),
(iii), (iv) us m. 4.3.

Temepr mpuBefeM fBe OCIOBHBIE TEOPEMHl HAUICH TEOPHUH.

Teopema I, (3amena mepemeunsix). Ilyemdv ¢ — nexomoputi C-dug-
geomopgusm cessnoii omrpwmoti oxpecmmocmu U D K na omrpumyir
orpecmrocmy U < R". Ecau o — dugppepenyuasvias n-gopma raacca
C® na U', mo

(n) (n)

w=g S (P* (OJ),
o(K) k
20e & = 1, ecau ¢ coxpansem opuenmayuiw (skobuarn >0), u &€ = —1

8 NPOMUBHOM CAYHAE.
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Kak Toapko »Ta TeopeMa J[oKasaHa, [gAd BCAKOLO OPHEHTH-
POBAHHOTO KOMIAKTHOTO MHOTooGpasus M pasmepHOCTH n kKiaacca C1!
B mpoctpauctee RP (p > n) & BCAKOH n-poOpMHI (» HA HEKOTOPOI OKpecT-
HOCTH MHOTo0Gpasmsa M MOMKHO OHpeJeHTh WHTErpas

(n)
o.

o

M

s sToro, Tak ke Kak m B m. 4.9, JOCTATOYHO BOCIONB30BATHLCA pPas-
OueHneM eUHUIB. 3aMeTHUM, UYTO €CJU HOCHTEJb (OPMBI () IepPeceKaeTcs
€ M mo KoMmaxTy, cofepsKamieMycs B HEKOTOPOM OTKDPEITOM MHOMKECTBe
V < M, gna KoToporo CyIHecTBYeT HapaMeTpu3alus, TO HHTerpadt
(n)
®

o

M

-OIpeflesIeTCs MPU ITOMONIA 3TOR apaMeTPU3aIlAN U He 3asUcum om evbo-
pa napamempuseyuu (AMEHHO 3JeCh HCHOAb3yerca Teopema [,).

Teopema 11, (dopmyna Crorca). ITycmv K — womnarkm c wpaem
raacca C* ¢ npocmpancmee R™ u o — duggepenyuarvras (n — 1)-gopma
raacca C' na newomopoil okpecmmocmu romnarma K. Tozda

(n) (n—1)

T(da: [«

o

K oK

20e opuenmayus 0K onpelesena, kak YrazaHo evlue.

Mo we OyaeM HOKa3bIBaTh HTH TEOPEMHL. YKaMkeM TOJBKO CXeMy
morasatenbcTBa. Ilycts Teopema I, ; y»xe moxasama (teopema I, xopomo
usBectua). Torma teopema I, momywaercsa Togno Tak ke, Kak B 1. 4.D
u3 I, momyuaercsa Il,. A mMeHHO, HYKHO BOCIOJIb30BATHCA pazfueHneMm
eJUHUIL W TPOBECTH BHYHCHeHHUA aaA GopM Bupa

o= Pdzy \ ...\ dz,.

Hoxyaus II,, my:xHO HoKaswmBaTh I, To9HO Tak ke, Kak B m. 4.6 MH
morassiBasu Teopemy 4.6.2 nmpm momomu dopmysast Crorca. Mmr omy-
CKaeM JleTajH [[0Ka3aTelbCTBa, KOTOPHE IOBOJLHO CHYWHEHL.

Mosxuo 0606muTs Teopemy Il, ma rmomnaxmu ¢ Kpaem Ha MHOT006-
pasun M (pasmeproctu n) B upoctpanctBe R? (p > n). IIpm sToM MH
OJIYYNM TeopeMy, KOoTopas B ciydae n = 2 CBOGUTCA K Teopeme 4.9.1.

[Ilpmme p. Paccmorpum teopemy II, naa n = 3. IIyere K —
wommakt ¢ kpaem B R3. Torga 0K — nogepzrocms (pasmepmoctn 2)
xaxacca C'. Ilycere « ecth 2-dopma

a = Ady A\ dz + Bdz A\ dx + Cdx \ dy,
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rge 4, B, € — QyurOomy or z, Yy, 2 Kiacca C' HAa OKPECTHOCTH KOM-
makta K. Torma

SH (%‘*’%4‘%) dz A\ dy \ dz=
K

:SSAdy/\dz—{—de/\dx+Cdx/\ dy
0K

(aTy ¢opmyay muorma masmBaiT QopMmyaoit OcTporpajckoro).

4.11. Inddepenmmanpupie Gopmbr Ha MHOTO00Gpazmm M — R™

Ilo ompepenenuo puddepeHnuantbHan q)oEMa ® CTeIleHW ¢ Ha MHO-
roob6pasur M pasMepHOCTH p WM KJIacca (k > 1) — o710 Pyurmusa

o (@ &y .. Eo)

oT TouRN Z € M U BeKTOpoB &y, ..., §,, TPHUHANIEKAMHX K KacaTelb-
HoMy mpocrpauncrBy I, (M), mpudem pasa aioboro z € M oroGpaskenne

(giv LS gq)-> ® ($; gi’ LR Eq)

€CTh 3HAKONEPeMEHHAS NOAUAUMHElHAs (QYHKOUA HA BEKTOPHOM IIPO-
crpaucree T, (M).

OueBmpiio, ecan Ha OTKpHTOM MHOMKecTBe U D M 3amana pudde-
penmuanbHas g-popmMa o, To oHa «uHAyHEpye™ Ha M puddepeHnuann-
HYI0 ¢-pOpPMY B TOJBKO 9TO YKa3aHHOM cMmbicie. lleficTBHTENBHO, QYHK-

nua o (z; & ..., §,) ompefenena nns touek x € U m BeKTOpOB &4, . . .
5 §q € R"; OHA ABIAETCA 3HAKOIEPeMEeHHOH IonmamHedHoH ¢yHK-
nueit ot &, . .., &, PopMa o moaydaercs cyskenmeM sToll GyHKIUEM .

I[Iyers V — OTI\prToe MHOH\eCTBO comepsrameeca 8 M, u ¢: Q —
— V — nmapamerpusanus kmxacca C* (Q — OTKPHITOE MHOKeCTBO B RP).
Ecin o — nuddepennuansnas g-popma Ha M, 10 PyHEIUA

o (@ (@); ¢ (7 ooy ¢ (2)Tg),

rme t€Qmu Ty, ... T,— BekTopH mIpoctpancTBa R¥, ecTs, oueBmAHO,
mudpdepenrinanbuas g-popmMa Ha OTKpHTOM MHO3kectBe Q < RP. Mm
Oymen o6osmauarh 3Ty ¢opmy depes ¢*(o). Ecam o (m) — ¢opma

raacca C" (b << k), TO 9TO ke BepHo W mua maoboit gpyroit mapaMerpu-
gammn Kaacca C'. [Yupaskmemme, JlokasaTh 3T0 yTBep:K/eHIe
IpPH HOMOIM 3aMeHH mapamerpos.] I'oopsr, 910 ¢-hopMa ® Ha mHo20-
o6pasu M ecmv gopma waacca C*, ecnu kakaas Touxa mHoroobpasus M
o6manaer oTEpETON (B M) okpectiiocThI0 V, cyskeHHe Ha ROTOPYIO OPMEL
o sBaseTcsa Gopmoii kaacca C. 3amerun, uro nonamue duggeperyuavroi
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g-opmv kaacca C" na mmozo06pasuu M ne umeem cumuicaa, ecau camo
MHo02006pasue He npunadsexwcum no kpaiineli mepe kaaccy CH*1,

OvueBugueiM 00pasoM OIpefiesseTCsa cymmna ABYX auddepeHinaabHbIxX
dopm cremenu ¢ Ha M. MH MO:KeM TaKKe ONPEJENNUTH IOHSATHE GHEUL-
Hezo npouseederus GopM oo ¥ B, BOCIONB30OBABIINCH HOHATHEM BHEITHETO
fIDOM3BEICHHsA JBYX 3HAKOIEPEMEHHEX NOJWIHHEMHBIX (OpM, BBeJeH-
HeiM B M. 2.2, PaBHhIM 00pasoM MH MOMeM OIpeleauTh HuddepeHnIan
do or mupdepenmmanbHOit Popmsl ® Kmacca C" (B > 1).

Mbr we Gymem 3fech pasBUBATh BTy TEOPHIO.

Ilycrs M — mmorooGpasue kiacca C! pasmepHocTd p M © — Ouf-
depenrnuanbuas p-popma ma M raacca C° ¢ KOMIAKTHBHIM HOCHTEJIEM.
IlpenmososkuM, 9To 3ajaHa opuenmayus muoroobpasus M (rar aro M
opuentupyemo). Torma ¢ momompio cmocoba, ykasamnoro B 1. 4.10,

()
MBI MOKEM OIIpeielINTh HHTeIpal g ®. A WMEHHO, HMCIOJBL3YS pas-
M
OueHMe eIWHWIILI, MBI CBOJUM BCe K CJIYYalo, KOTHZA HOCHUTEAbL (OPMBI ®
mepeceraercsa ¢ M 1o KOMIOAKTY, COAEP:RameMycsi B OTKPBITOM MHOKe-
cree V M, pomyckamooumeMm mapamerpmsanmio ¢: Q — V, koTopas
coXpaHseT OpWEHTAIWI MHoTooGpasusa A, a 3aTeM HoJaraeM
(D) D
o=\ ¢*(0);
M Q
IpaBas 9acTh HTOI'0 PABEHCTBA He 3aBUCHT OT BHOOpA mapaMeTpusanud ¢.

4,12, Jaement p-MepuHoro odweMa Ha MHorooopasuum M pasMepHOCTH
» (M =R"

Ilycte M — opuenmupyemoe MHOT00Opasme PasMepHOCTH p W Kiaac-
ca C'. Ompegeanm na M pudpdepennuanbayo p-gpopMy o riaacca C°,
HABLIBAEMYI0 dAeMEHMOoM D-MmepHo2o 06vema. B obwernriomeM mpocrpan-
ctBe R™ umeercst msBecTHAA (QyHTAMEHTAJbHAsA KBaJpaTHIHasd ¢opMma
(cymma kBajgpaToB Kooppuuat). C ee IOMONIBI0 OLpeNeIAercs (eBKIM-
J0Ba) MINHA KayKAOr0 BEKTOpPA W BBOJUTCA YCIOBHE 0PMO2OHAALHOCTL
OBYX BeKkTopos. Ilycrp remeph £ — To9Ka Ha Muoroo6pasuu M. Kaca-
TeapHoe mpocrparctBo 7, (M) ecTh IOANPOCTPAHCTBO PA3MEPHOCTH P
npocrpancTBa R™. Bribepem opmonopmuposannvii 6asuc (e, . . ., ep)
B upocrpaucree 7T, (M), 1. e. Gasuc, o6pa3oBaHHLIA MOIAPHO OPTOTO-
HAaJIbHEIMU BEKTOpDAMM eAMHHIHOH [Aaumubl. BreibepeM sT0T pemep rak,
g100bl oUpefendAeMad UM opuMeHTalus npocrpaucrBa I’ (M) coBmagama
¢ 3agaHHON opuentanuedt Mmmoroo6pasusa M. [Hamomwum, uro opumenta-
nua MHOrooGpasusi M ompefenseTcd B KayKAOH ero TodKe opueHTAUuei

KacaTeabunoro mpocrpaucrsa.] Ecam (e;, ..., e;) — Apyroi opromop-
MHPOBaHHEIA pelep B KacaTeabHOM IPOCTPAHCTBE C TOii ske OpHeHTAlHMeit,
TO oOIpefeauTeNh HaGopa BeKTOPOB €, . .., €p OTHOCHUTEIBLIO perepa

(e4, . .., €p) paBen +1.
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Ifyecrs &y, ..., Ep — Bexropel B mpocrpaucrse I (M), u mycTsh
det (&, . .., Ep) — ompemenuTens 3TOH CHCTEMB OTHOCHTEIBHO (asH-
ca (e, ..., ep). Moxynb 9T0Or0 ONUpENENTMTENA He 3AaBHCHT OT BHIGOpa

OPTOHOPMUPOBAHHOTO pellepa: IPW H3MEHEHWH opueHTanuu Ha M ompe-
JdenuTexb yMHO;KaeTcsa Ha —1. Mpl MoikeM Temephb ompefgenuTh gugge-
PEHIMAIBHYI0 QOPMY ® CTeIeHH P (dLeMEHM D-MePHO20 06beMa), LON0KAB

o (z; &, ..., §p) = det (&, ..., &p) (4.12.1)

mag &y, ..., Ep € T, (M). Jlerro Bupmers, 9T0 9ra GopMa IPUHATIEKAT
K kiaaccy C° rt.e. gnsa mapamerpusanmum ¢ kiacca C! gopma ¢* (o)
uMeeT Henpepuighble Kodddunuments. Berancaenue det (&, . . ., §p) Mom-
HO TIPOBOHUTH CIEAYOIUM o0pasoM. BriGepeM opTOHOPMHPOBAHHBIA
penep (ép+y, . - ., €,) B IOANPOCTPAHCTBE DPa3MEPHOCTH X — p IPO-
crpaucrea R", oproromansrHoM K unpocrpauctsy I, (M), Ttax, 4roGHt
Ha0oOp BEKTOPOB
(e, « .., €py Cp+iy -+ - €n)

aMen ompefieauTent |1 OTHOCHTENBHO KAHOHMYECKOTO permepa B IPO-
crpanctBe R". Torma smemenr p-mMepHOTO oOBeMa Ha MHOToOOpasuum M
OTHOCHTEJIHLHO KAHOHUIECKOr0 pemepa B InpocrpauncrBe R™ Bsamaerca
paBeHCTBOM

o @ &, .. Ep)=det (&, ..., Eps Ept1y + v oy Cn)e (4.12.2)

ObseMm OMHOCUMEALHO KOMRAKMHO20 OMEPHIMO20 MHOMcecmea V mia
mHoroo6pasuu M ompefelseTcs ¢ TOMOINBLIO HHTErpaJa
(D)
®,
v

rge ® — 3jement p-mepuoro obwrema. Ecam V gomyckaer mapamerpu-
3amUIo @, TO 9TOT 00BEM PaBeH

(»)
[ o @),
2
rge ¢* (o) nmeer Bufg f (ty, . .., tp) dty A ... A\ dtp. Jlerko Bupers,
9T0 BCErA
fty, ..., tp)>0.

[Mu npopepum ato Ha upumepax.l ITosToMy p-mepHHE 06BeM BCAKOTO
HEMYCTOTO OTKPHITOTO MHOMKecTBA V CTPOTO MOJOMKUTENEH.

ITpuwme p. llycis n = 3, p = 2, M — opueHTHPOBAHHAS ROGEPIL-
nocmd B nupoctpancrse R3. OGosmadmm uepes z, y, z KOOPAUHATH B R°.

B oxpecrHocTH KasKgo#i TOUKH moBepxHocTd [} paccMOTpHM TapaMer-
‘pU3alHMIo ¢, ONIpelessAeMylo ¢ HOMOINbI0 Tpex (yHKnuil kiracca C!

r=2z(u,v), y=yu v, z=2z(~u v
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OT ABYX HmEPEMeHHBIX U W U. YTBep:KJeHHe, 9TO PaHT mapaMeTpU3anyud ¢
paBeH 2, SKBUBAJEHTHO YCJOBHIO, UTO PAHI' MATPHUIHL

oz dy 0z
ou ou du
w o & (4.12.3)
ov dv ov
pasen 2. Taxum ofpasoM, mo KpaiiHefi Mepe OfHa W3 TpeX BeJHIUH

_ 023, 0z, . 0=z
p—a(u,v)’ T a(u,v) T O (u,v)

OTJMYHA OT HYJS BO BCeX TOYKAX OTKPHITOrO MHOKeCTBa {2 Ha ILIOCKO-
ctu (u, v).

B rouxe (z, y, z) € M, coorrercTBylomed Touke (u, v) € Q, eduruu-
HbLIL 6eKMOp, HOPpMAAbHML K MHOTO0Opasuw M, 3TO BEKTOP €3 C KOM-
TMOHEeHTaMI

Ep . eq . er
L 1 T
Vpite+r2 V24242 Vpi4-q24r2
rpe ¢ = +1. BoGepem 3sHak e Tak, uToOH pemep, o06Gpa3soBaHHHEHA

BeKTOpaMu (4.12.3) M BEKTOpOM e3, GBI HNpPAMBIM pelepoM, MHAYE IO-
BOPsA, 9TOGH OIIpefeJATeNh

o, K 0s

ou ou du

3 . 3

v dv av

ep gq er
Veterr  Vetotrn  Vetein

o1 > 0. IToT oUpemeNmTeNb PABEH
21 g2 p2 N —
PP+qi+r 2
8—:—__~—=8sz+q2+r°.
V¢t 4re
Mpr go/sKHE, CiaeNoBaTeNBHO, B3ATH &= -1, W nasa aumeMeHTa 2-Mep-
Ho20 o6wema (WU daemenma naowyadu) o nMeeM

o* (w):sz +g*+r*du A\ dv, (4.12.4)
Ile ¢ — IapaMeTPU3anus AAHHOH IIOBePXHOCTH.

Ilpegno:kenne 4.12.1. Ecau ¢ kaxcdoli moure opuenmuposarrol
nosepxrocmu M eQuHUMHBIL HOPDMAALHBLL 8eKMOp UMEEem KOMROHEHMbL
cos o, cos B, cos y, mo gopma ®, 3adawan asemerm naowadu, pasHa

cosady N\ dz + cos Pdz A\ dr + cos ydz A\ dy. (4.12.5)

JoxasaTeunscTB o. YrBepKAeIHe ClIefyeT U3 TOr0 fakTa, 9To
dy N\ dz = pdu A\ dv, dz )\ de = gdu )\ dv, dxr A\ dy = rdu A dv.
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HApyroit mpumep. llycts n = 3, p = 1, Tak 4ro peus uger
00 opuenmuposarnnoti xpusoti C B mpocrpancree R3. dmemenr 1-meproro
o0beMa HaakIBAETCA d1eMEHMOM OAuHB, KPUBOH., ITo AuddepeHnuaIbHan
1-popma ma kpuBoii. Ecam KoopiuHATH Z, ¥, 2 TOYEK KDPHBOH CYTh
¢yuxnua z (¢), y (¢), z (!) wmacca Cl, mpousBomHBIE OT KOTOPBIX
z' (2), y' (¢), 2’ (t) murge we o6pamialoTCA B HYIb ONHOBDEMEHHO, TG
BJIEMEHT [JIUHE DPaBeH

Va?ttytrztdt

B IPeANOJOKeHHH, YTO OPHMeHTalHA COOTBETCTBYeT BO3PacCTaHHUIO mapa-
Merpa ¢.

Ecan wpmeag € aexur Ha moBepxHoctH M (1apaMeTpH30BAHHOM
mapaMeTpaMd u M V), TO 9Ta KPHBAA oIpefelseTcs 3ajaHueM U H U Kak
$yHKIAA oT mapamerpa t. JIEeMeHT [JIUHB UpHOOPeTaer B 3TOM CIY-
Yae BH],

V Eu: £ 2Fu'v' + Guv' dt,

or \2 oy \2 9z \2
= { — —_ 4=
E (0u)+(0u) '(611,)’
o5 os oy oy, 0 0
~ ou v du dv ' ou dv’

oz \2 dy \2 0z \2
¢=(5) + (%) +(5)-
3aMeTHM, 4TO eclH ME 3gaeM ¢yuxmmu F, F umw G, To MBH MOEREM

BEIYMCJINTE DJIEMEHT IJIOLIaIN sz +-¢*+r?du A\ dv, BOCIIONB30BABIINCH
COOTHOLIEHITEM

rae

Pqgtrt=EG—F? l (4.12.6)

KOTOpoe cjenyeT M3 TOKOAeCTBaA JlarpaHma
(b’ — cb")? + (ca’ —ac' )2+ (ab’ —ba')* =
= (a2 B2 ) (a2 + b7 4 ¢%) — (@@’ +-Bb +-cc')

Takum o6pasoM, 3HaHEE 3JIeMeHTa JJIUHE Ha MOBePXHOCTH JaeT BO3MOIK-
HOCTD OIpeeNuTh M JIeMEeHT ILUIOMaAu (¢ TOYHOCTBIO [0 3HAKA).

§ 5. MAKCHMYM 1 MUHUMYM YUCJIOBOI &YHKIONN
HA MHOT'OOBPA3NN

Mo orcriiaeM gutarens k 4. I, ra. 1, § 8, rme oupenenero morarue
JOKAIBPHOr0 MEHHMYMa JeACTBUTEIbHOH (YHKIUN f, 3a/laHHOM HA OTKPbI-
TOM IIOJAMHO;KECTBe GamaxoBa mpocrpancrtBa E. B nacrosimem maparpage
Beoony £ = R™.
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5.1. Ycaosusa mepBOoro mopsagka

Ilyers M — muoroo6pasue kaacca C! B mpocrpanctBe R™ un f: U —
— R — ¢yuxnua kaacca C' ma oTKpHTOM MHO;KecTBe U, copgepskamem
muorooGpasue M. Paccmorpuy ¢pymrmuio g: M — R, nomydammyrocsa
cyxcenuem QGyHRIMU f, M pacCMOTPUM BOIpPOC, MMeeT JIM (QYHKIuUSA g
B TouKe a € M a0KaabHBLE MUMUMYM, THAYE TOBOPS, UMEET JIH MeCTO

COOTHOIIICHIE
f(x) > 1 (a)

g aw60d Toukn xr € M m3 JOCTAaTOYHO MAajoll OKPECTHOCTH TOYKH a.
DOyurIUA g uMeeT cmpozuli JAOKAAHBIL MUHUMYM, €CIH CYIIeCTBYeT
TaKas OKpPeCTHOCTH V TOYKH @, 9TO

f(x)>f(a)
aas ao6oit Toukn x € M (| V, oramuHo#l or Touru a. MBI ycTaHOBHM
jJajee TPH YTBEPyKIAGHMs, AHAJOTHYHEIX COOTBETCTBEHHO IIPEIIOMKe-
amio 8.1.1, teopeme 8.2.1 u teopeme 8.3.3 u3 ra. 1 u. I.

Hpegroxenne 5.1.1. Ecau cyxcenue g dynryuu f na mnozoobpasue M
umeem A0KAALHBLL Murumym ¢ mowke a € M, mo npouszsodnas

f (a) € £ R™ R)
obpawaemes 6 Hyab Ha kacameavHom npocmpancmee I, (M) — R™
[Heo6zodumoe yciaoBue TOKaNbHOTO MHHEHMYMA].

Horasarteasncrtso. Ilycts ¢: Q— M — nmapamerpusarus
riracca Cl HeKoTOPOH OKPECTHOCTH TOYKM @ Ha MHOTOOOpasuu M, mpudem
¢ (0) = a. JJasa Toro uTo6H QYHKIMA fo @ MMesa JTOKAJBHHI MUHHUMYM
B Touke 0, meobxomumo (cm. u. I, rom. 1, upepmuosxenue 8.1.1), uro6n

(foq) (0) =0,

f' (a)o9" (0) = 0.
Crenosatennno, [ (a) € £ (R"; R) ofpamaercas B Hyab Ha obpase
orob6paskenun ¢’ (0), KoTOpHIi B TOYHOCTH COBHmafaeT ¢ KacaTeAbLHBIM
npocrpaucrsoM I'y (M), 1. 1. .

T. €. 4TOOH

5.2, Yeaxosus BTOPOTO NOPAAKA

Hanee mb1 Gymem mpepgmoaararh, 910 M — muorooGpasue raacca C?,
a f — ¢yukmua wkaacca C?. Bununmedinas ¢opma f(a) mmpynupyer
OuiauHeliHOe CHMMETPHYeCKoe OoToGpasKeHue.

', (M) x T, (M)—R.
Ho mac Gypmer wunTepecoBaTh Jpyras OWiuneidlnass CHMMETPHIeCKas

dopma
O: Ty (M) X Ty (M)~ R.
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Jlast Toro uroOBl oumpejiesuTH €e, HALOMHHM IIPEKJIE BCEro, UTO eCIH
¢ — mapamerpusanus £ — M wiacca C!, raras, 9ro ¢ (0) = a (sgecn
Q — orkpoiToe MHOMecrBo B RP, cojeprkamiee Hauaao KOOPAMHAT),
to ¢'(0) ecrp amHEHHEIN wsoMoppusM mpocrpaHcTBa RP na kacateabHoe
npocrpauctBo T, (M). Iycrs ¢ — orobpasmenme kiaacca C2?. Omupe-
peamy gopmy @ mas 1, T,€RP paBeHcTBOM

@ (¢ (0)+1, 9" (0)-72) = (Fo)” (0)-(71, T2). (5.2.1)

Msr yrBepskgaeM, 910 onpefesenHas takuMm obpasom gopma D e sasu-
cum om ewbopa napamempusayuu ¢. JlefCTBATENBHO, 3aMEHHM ¢ Ha
P = @ol, Tme A — meroropwii C3-puddeomopdusM OKPECTHOCTH HYJIA
{8 R?) na oxpecrrocrs myas (B RP). Torpa ¢ (0) = ¢’ (0)o A" (0),
U HaM HAajfio MOKas3aThb, UTO

@ (¢ (0)od (0)) 7y, @ (0)-A" (0)+12) = (Fopod)” (0)+(Ty, 7).
(5.2.2)
IToaosmm  gasa nmpocrotel fo @ = k. Ifo dopmyme (7.5.1) us ra. 1

q. 1 (gna BEYMCIeHNMA BTOPOX IIPOM3BOAHOM OT CIOKHOW (YHKINH)
MeeM

(hoh)" (0)+(ty, T2) = A" (0)-(A" (0)+7y, A" (0)-T2) +
+ 2" (0)- A" (0) (T4, 7p))-
Ho rak kak ¢yHKIUA fo@ = h HMeeT JOKAJbLHEIA MHHUMYM B Hadaie

koopyunar, 1o k' (0) = 0. Ilosromy npasas 4actb pasencrBa (9.2.2)
paBHA

R (0)- (A" (0) -1y, A" (0)-T2).

B cuay gopmyast (5.2.1), B xoropoit mMer samensieM Ty Ha A’ (0)-Ty u T,
na A (0):t,, 5TO BHIpa’KeHHe DABHO JIEBOH HacTH papenHcrBa (5.95.2).
Tem caMblM 5TO PaBeHCTBO HOKAa3aHO, M, CJEIOBATEJIbHO, OMIHHelHAas
dopyma @ me saBucHT OT BhIfOpa TmapaMeTpPUsANUH (.

3amevanne. Ecinm npumenurh K IpaBoil YacTH paBeHCTBA
(5.2.1) popmyay (7.5.1) us ra. 1, ro mu moaysum s & € 7', (M) n
g€ T, (M)
D (&, &) =1"(a)+(E1, &) + 1 (@) (0" (0)-(¢" ()" &, @" (0)71 &),
(5.2.3)
Iloaromy He nado cmewusamv gopmy O ¢ busuneiinoli gopmoi, undyyu-
posannoli na T, (M) omobpaxcenuenm " (a).

IIpegnoxenne 5.2.1. Jlus mozo umobw cyxcenue dyrnkyuu | na mmo-
eoobpasue M umero aokaronblli MuHumym 6 mouke a € M, neobxodumo,
ymooGy

DE, E) >0 0d4n 6cex E€ T, (M).
HJoraszaTeabeTBO. OT0 YCAOBHE OHKBHBAJICHTHO VCIOBHIO
(fo@)" (0)+(t, 1) >0 pmua Bcex 7€ RP,
19743
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a rak Mol sHaeM (ra. 1, teopema 8.2.1), aT0 ycaoBue Heobxodumo mIA
TOr0, 4T00B (GYHKIHA fo ¢ HMeNa JORAIBHBIN MUHMMYM B Hadajie KOOp-
ouHAT, 9. T. [

IIpenaoskenne 5.2.2. Jlas mozo umobw cyicenue gyrnryuu f Ha mio-
2006pasue M umeao cmpoaull A0KAALHBIL MUHUMYM 6 mouke a € M,

docmamouro, umobsl
D (&, &) >0 0an ecex omauunnzx om nyas eexkmopoe & € T, (M).

OKas3aTeahbcTBO. ITO YCAOBHE 03HATAET, UTO OGUAMHeHIIan
dopma (fo@)” (0) nosoxmcumesvrno onpedesena u neevipoxcdenna. Ho mut
amaem (ra. 1, teopema 8.3.3), uro 910 ycioBume docmamouko AL TOTO,
9100l QYHKIUA fo ¢ HMeIa cmposuli TOKAJNBIBIR MUHUMYM B Hadale

KOoOpAMHAT, 4. T. 1.
§ 6. TEOPEMA ®POBEHNYCA

6.1. IlocranoBka 3amaum
B rmase 2 mu wsyvanum mudepeHiuanibHoe YpaBieHHEe

=1t ),

rge ¢ — felicTBUTeNbIIasg TepeMellHas H X — leus3BecTuas QyHnRIUA
oT ¢ co 3HAYeHHAMH B 0allaxoBoM IpOCTpancTBe K.

Tenepr ™Mbl 3amenuM mnepemennyio ¢ € R ma nepemenuyio z € K
(rne £ — 0anaxoBo IPOCTPANCTBO); ¥ OyAer Telepb HEU3BECTHOH QyuK-
nueil ot £ co 3HaUenusAMHA B 6amaxosoM npoctpanctse F. Tarum o6pasom,
MB paccMaTpuBaeM «guddepeHImaNbHOEe YpPaBIeHue» BHUAA

=i ). (6.1.1)
B sroM caywae npousBogHas 0y/0r QYHRUUHA y 00 & — 3TO (PYURIAA
cO 3HaUYeHHAMH B npocrpauctee Z (E; F), Tax 4ro 3HAYeHHA 3aJainHOM
dyurunn f (z, y) AoKHBI UpHNajiIe;KaTh K IpocTpaHctBy £ (E; F).
Bonee Touno, mycts U — OTKPHTOE MHOKECTBO B HPOU3BENEIIUN
EXFn

fr U—> X% (E; F)

— ¢ynruua kaacca Cl. Torga pewenuen ypasuenus (6.1.1) Mei mazonem
BCAKYI0 ¢ymrnuio y = ¢ (z) kaxacca C! ma oTKpuITOM MHOMKecTBe V — E
CO 3HAYeHHAMZ B F, TaKyi, 4TO

(i) mapa (z, ¢ (z)) € U paa Bcex z € V;

(ii) @" (z) = f (=, ¢ (2)) ana Beex z € V.

Mpuwmep. Hycrs F =R, E = R" Torma ypasuemue (6.1.1)
OPUHIMAET BHI

,ff. =[i(Z, ..., Tn, ), 1<ign, (6.1.2)
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rfe n CKaJsApHBIX (YHKOUIL f; 3a[aHBl HA HEKOTODOM OTKDBITOM MHOMe-
ctee U — R™*! u npumagaeskatr K Kaaccy C!. Pemenme — 9710 Taras

cRaaApuaa Gpynruusa @ (ry, ..., T), 9TO0

do = ilji fi(zg ooy Za, 9)dz;.
TlosToMy MH MoskeM sanmcatb ypasuenue (6.1.2) e Bupe

dy =i§]1f,- (g, - ..y Zn, Y)da;. (6.1.3)
Ero pemenusa—3ro o¢yuxouu Y (xy, ..., ZTn), oOpamjaomme B HYIb

n
mudepernuanpayio dopmy dy— 2, fidr;. Ypaememms suaa (6.1.3)
i=1

4acTO HABHIBAIOT «YPAaBHEHWAMH B HONHHX AuddepeHInamaxy.
Bepremcss k obmemy ypasuenuio (6.1.1). HeusBectnas ¢ysHrumsa
y = ¢ () momxua ofpamarb B Hynb AuddepeHnuanbuyio dopmy
dy — f (z, y)-da. (6.1.4)

dopma  (6.1.4) — sro  pmuddepeunmanbuas ¢Popma cremenmt 1 Ha
OTKpPHITOM MHO;EecTBe U < E X F co snauenusivu B F, COIOCTABISIO-
masn touke (z, y) € U u Bexropy (§, m) € £ X F Berrop

n—7/(z y)-Eer.
IIpn nomomu «3aMeHBI TEepPeMeHHBIX)
z=2, y=9@) (6.1.5)
oHa ompepeasiet AuddepeHnINATBIYIO GOpMY
@ (z) - dz — [ (z, ¢ (2))-da

11a OTKPHTOM MuoskectBe V < E co snavenusamu B F. Dynrnusa y =
= @ (x) sBaserca pemerneMm ypaBuenus (6.1.1) B ToM M TOOBKO TOM
ciayuae, ecan guddepennuanbHas Gopra, KoTopas moayvaercs us gop-
mpt (6.1.4) upu samene mepeMenHoix (6.1.5), ccts nyaesas Qopma.
ITo moAcKasLIBaeT HaM ciaefyiomiee 06o6IeHHe NOHATHA «PeIIeHHs
ypasrenus (6.1.1): pemenuen Gyfer Bcskaa cucreMa W3 JBYX QyHKIII
x (2), y (t) or mepemennoi ¢ (mpoGeramomeil OTKPHITOE MOIMHOECTBO W
HeKoToporo 6aHaxoBa nmpocTpancTBa (7), TaKasl, YTO 3aMeHA MEPEeMEeHHLIX

x:x(t)’ y:y(t)

npuBoguT Audpdepennuansuyo gopmy (6.1.4) & nyaesoit opme. Unaue
TOBODSA, [ONKHO MMETh MECTO DaBEHCTBO
d

Y= f(a(t), y (@) om (6.1.6)

[sT0 paBemcTBO ABYX QYUKOUIA co 3HAUENMAMH B IIPOCTPAHCTBE
£ (G; P)l.

19*
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B wacTtHOoCTH, ecnu ¢ — [eHCTBHTENbHOE IIEPEMEHHOE, TO MHOKECTBO
TOYCK
z==z(), y=y(

HasBIBAeTCA UHmMeepatvrol kpusoli ypaBuenusa (6.1.1), ecnu stuw QyHK-
num yromixerBopaioT pasenctsy (6.1.6) [pasemerBo mBYX QyHKmumi
co 3HadeHuAME B F1.

6.2. Ilepsas TeopemMa CymieCTBOBAHHA

Mot coxpansieM Bce o603HaYeHHs IpeRAymero naparpaga. Bossmen
Touky (zy, Yo) € U ¥ paccMOTPUM BOIPOC O TOM, KOT[A B HEKOTOPOIil
okpecTHOCTH V TOUKM x, € £ cymecTByeT pemienuwe y = ¢ (r), Takoe,
aT0 Yo = ¢ (o) [pemenme ¢ WawanbHEIM 3HaYeHHmeM Y, NIpPU T = I,l.
Mu yBupuM cefidac, 4T0 makoe peulenue cyujecmsyem 0asero He 6cezdd.

Teopema 6.2.1. Jlas raxcdoii mouru (x4, yo) € U cywyecmsyem maroe
(Gocmamouro manoe) uucao r > 0, wmo ¢ wape || x — x4 || << r cywyecm-
gyem odna u moavko 00na gynryus ¢(x) raacca C co snauenusmu 6 npo-
cmpancmee F, ydosaemeopswwas ycaosusm

¢ (Zo) = Yo, (6.2.1)
¢ (@)@ —20) =/ (@, 9 (2) (2 —20) | (6.2.2)

dasn 6cexr x u3 wapa ||x—z,|| <<r.

Mosncuenue. Ycaoue (6.2.2) suagurensmno caabee, geMm yciao-
sue ¢'(z) = f (z, ¢ (x)). Beimonnenue ycmosua (6.2.2) ozHagaer TONB-
KO, 4T0 s 3ajanHoi Toukd z ¢yHkumu ¢ (z) u f (z, ¢ (z)) cyrs aie-
MeHTH mpoctpanctsa £ (E; F), npunumaioomge OJUHAKOBbE 3HAYCHUA
Ha BeKTOpax IpocrpancrBa E, nporopyuonaibhbx BEKTOPY X — Zg.
Orcrofa, KOHeYHO, HUKAK Ile CleJyeT, 9TO OId NPHHHUMAIOT ONMHAKOBLIE
BmaveHHs Ha 6cex BEKTOPAX IpPOCTpaHCTBA £, Kak 9TO HMeeT Mecrto
B ciaydae, Korma (YHKIHAS ¢ ABISETCS DEIIeHHEeM.

@Pyarysa ¢, yrRoBirerBopsaomas yciaouo (6.2.2), nassiBaercs nces-
dopewenuen ypasuenus (6.1.1). Teopema 6.2.1 yrBepskmaer, 4to mis
Mo6BX HAYANBHBIX AAHHHX (Zy, Yo) CYILIECTBYET OXHO H MOAbKO O0OHO
ICeBOPeIleHe B OKPECTHOCTH TOUKH Z,.

HoxkasareabcTBo. (DmrcupyeM HenyineBoii Bextop § € &
H pacCMOTPUM B IPOCTPAHCTBe E IpAMYIO

z=uxyF+t§, t€ER.
Bynem mckaTh uHTerpanbHyl0 KpEBYW (cM. Komexm m. 6.1) B BHmme

z=1xy+1E y=19@), (6.2.3)
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rge Y (0) = y,. Tar rar dr/dt = §, 10 ycaosue, aro (6.2.3) ecTs uHTe-
rpajibHas KpHBas, IPHHUMAET BUJ

Y (1) = [ (zg + tE, P (8)-E. (6.2.4)
Nuave romops, ¢yurmusa y = ¢ () sABasgercss (B OKPECTHOCTH TOYRHA
t = 0) pemenneM (0GBLIKHOBEHHOT0) AUPHEPEHINATBHOTO YDaBHEHHs

Y f(zot e y) -t (6.2.5)

¢ HAYaJIbHBEIM 3HauenueM y, upu ¢ = 0.

Ecnn || || << e (rme wuciao a¢ > 0 pgocrarouno Malio), TO TakKoe
pewenwe 1 (¢) cymecrByer Ha Bcem mHTepBaie —1 <t <C +1. Hen-
CTBUTEJIBHO, TAK Kak [ — QyHRuma Kaacca C!, TO CyIIECTBYIOT THCIa
p>0,r>0,%kuM >0, rarue, 410

7@ ylI<M n |[fy@ <k paa (z—z| <7, [y—Yol <p.

Mbr MmoskeM cYuTaTh (YMEHBIIUB, €CAW HAM0, YUCIO P), 4T0 p << Mr.
Bosemem @ = p/M. Torma upu || § || < a

[ f(xe+t& W)Ll Ma pna [t]|<1, [ly —yoll<op.

Orcroma caemyer cymecrsoBanne pemenus y = P (2) (¢ ¢ (0) = y,
B wHTepBaie |t | << p/(Ma) = 1.

Hamnee mnl Besme Gypmenm obosuavarh uwepes 1 (£, §) peurenme ypas-
menusa (6.2.5) ¢ HavaIbHBIM 3HavueHWeM Y, upu ¢ = 0. Ita QyHRIHEA
saBiucuT OT Bexrtopa & € E. Tar xar ¢ymruusa f (x, + t&, y)-§ npm-
HamIe;KUT K Kiaaccy C' B Toure (¢, &, y), To u dyurmus ¢ (¢, &) npn-
HaUIeKUT K 2ToMY ke Kamaccey (u. I, ram. 2, reopema 3.6.1). Hasee, ecan
Mpl samenusm ¢ Ha Af, a § na (1/A) § (rme A — meficTBHTENTBROE UMCIO
+#0), 1o ypasuenue (6.2.5) me mamenwrcs. [lostomy dyurius ¢ (¢, &)
aasucum moavbko om npouagedenus t§:

P (tv g) = (1’ tg)

Has z = zy 4 t§ (§ ¢urcuposamo, ¢ meusercs) coormomenue (6.2.2)
aKBHBameHTHO (UpH ¢t =%~ 0) COOTIOMEHUIO

¢ (2o + 28)-& = [ (zo + 1§ @ (zo + 1E))-E.

Cpasnusas 310 paBeHcrBO ¢ paBerctBoMm (6.2.4), Ml BuguM, 9TO

@ (xo - t8) = ¥ (1, £§).

Nuaue rosops,

¢ (@)= (1, z— ). (6.2.6)

ITO DA&BEIICTBO OIpefesisieT GYHKI(HIO ¢, M TEM CAMBIM [0KA3aTeJbCTBO
teopemsl 6.2.1 sarkongeno.
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6.3. Bropasa TteopeMa cCyluecTEOBaHHA

Ocraerca pemnTh CAEGIYIOMUHA BONPOC: KAKHM YCJIOBHUAM MOJ/KHO
yaoBIeTBOPATh Auddepenuuanbroe ypasuenue (6.1.1) masa Toro, 4Tobh
ero ICeBIOpelleHHe ((r), CYI[ECTBOBAHNE KOTODOrO  YTBEP:KIAeTCH
teopeMoil 6.2.1, ABIAIOCH HACTOAIUM DelleHHEM, HHAYe TOBOPH, YTOOLI

¢ (@m =7 ¢(@)mn
das awbozo v € E m mwoboro z, gocratodino GIM3KOTO K .
Teopema 6.3.1. JJua mozo ymobw ncesdopewenue ¢ GblA0 HACMOKUUM
peweruem, Heobrodumo u docmamonno, umobun Gynryui [ ydosiemeopsia

caedyiouemy ycaoeuio: dan 06020 x (U3 HekOMOPOIL OKpecMHOCMU MOYKU
Z,) saemenm

I (2, ¢ (@) + 1y (z, @ (2)) o [ (z, 9 (2)) €L (E; £ (E; F))

Qoaxcer onpeldeasmb cummempuueckull aaemenm npocmparncmea Lo (E; F)
[mpu ramonmieckom orosmecTBiaenun npocrpancts £ (E; £ (E; F))
u £, (E; F)l.

Nuave rosops, Aas aio6rx § u 1 € E J0KH0 UMETh MECTO PABeHCTBO

((fatfye )-8 n=((fatfyof)-m)-§ (6.3.1)
[sHauenus ¢ymxuwmit f, fi, f, Gepyrtcsa B Toure (x, @ (z))].

Mosicueune. [dusa RaRIo#H TOURM (z, ¢ (x)) sHAUYeHHE fy IPUHAL-
nexxur upoctpamersy £ (E; £ (E; F)), B8umauenue f— OpocTpPaHCTBY
L (E; F), suauenue f;, —npoctpauctsy £ (F; £(E; F)) u 3uauenue
fyof—mupoctparctBy £ (E; £ (E; F)) Kar KoMmosuuus

f(x, ¢(x)) fZI/ (%, §(x))
— p X ¢ (E, F).

E

Tak kax sHaweHHe [y -+ f;,of B Touke (Z, ¢ (T)) €CTh DIEMEHT HPOCTPaH-
crBa L (E; £ (E; F), 1o 3Hadenue

(fet1y1)-E

eCTh DieMeHT upoctpaHcTBa L(E; F). Mb MoKeM IPUMEHHUTH 3TO
oroGpaskenune K BeKTOPY 1 € £ v IOJYYHTH BEKTODP IpocTpaHcTBa F':
3TOT BeKTOD KaK pas M CTOMT B jeBoH Jacru pasencrBa (6.3.1). Amaso-
THUYHO MHTEPIPETUPYyeTCs IpaBasg 9acThb.

HorxasareanctBo. (1) Vcaosue (6.3.1) wneobzodumo 0das
mozo, umoby Pynkyus ¢ Oviaa pewenuem. [lelcTBUTENBHO, IYCTh

9 (z) = f (z, ¢ (2)).

Tak war Qyaxquu f (z, y) u ¢ (z) npuHagiemar Kk Kiaccy C!, To u3
HOCJe[HEr0 PABEHCTBA BHITEKAeT, 4TO QYHKUUA ¢ NPUHAMLIEHKUT K KIac-
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cy C?n
¢ (@) E=(fatfy°9)-E.
Orcrona, samensas @' () ma f(z, ¢ (x)), moaxyuaem
¢ (@) E=(fxtTyo))-§

U, CJe[0BaTeJbHO,

" ! 4
((P ($)§)’ﬂ=((fx—{fy°f)§)n
IMockoaBRY JeBaA 9acTb 2TOro paBencTBa cummempuyra mo & u v (v, I,
ra. 1, reopema 5.1.1), 1o m mpaBasg YacTh TOKe CHMMeTpHUIA, OTKY/JA
u caexyer pasencrBo (6.3.1), 4. 1. ;.
CunefyoimuiAi TYHKT TOCBAIEH J[0OKAa3aTeabCTBY TOro (daxra, d9TO

yeaosue (6.3.1) docmamouno gag Toro, yrob6v (GYHKIUA ¢ ABIAIACH
pereHaeM.

6.4, 3aBepmenue AOKA3aTENLCTBA BTOPOH TeOpPEMbI CYIIECTBOBAHHSA
(reopembr 6.3.1)

Ocraerca mokasath, uto (2) yeaosue (6.3.1) docmamouno dasn mozo,
umobul ncesdopewenue ¢ () OvI0 HACMOAWUM peULeHUeM.
Hamomuum, gro B cuny ycaosus (6.2.2)

@ (zg -+ 28) & = [ (zo -+ 1§, @ (2 1 18))-E (6.4.1)

g aoboro EC Ec || E||<<aunnwoborot € Re |t ] << 1. Mol gommun
MoKasaTh, YTO UPHU TeX jKe MPeInoio;ieduaX OTHOCUTEJALIO & H I

@' (zy + tE)n = [ (zo + 1§, ¢ (xy + tE))-m (6.4.2)

Jus aio6oro Bextopa 1 € K. (DUKCHpPYyeM BEKTOPHL § M 1] U pPaccMOTPUM
GYHRIUIO

H (1) = t¢" (zg + 28)-m — ¢f (zo + 1§, ¢ (zo + 2E)my |2 | <1,
co sgHaueHnAMH B GamaxoBoM mpocrtpancree F. JlocraTouno moxasats,
aro I (f) = 0 mua mwo6oro ¢. [leficrBurensno, mua t == 0 pasencrso
H (t) = 0 Bueuer 3a coGoii paBencrBo (6.4.2), kKoTopoe GymeT cmpasej-
auBo u Ana t = ( o nenpepLiBHOCTH.

Urobnt ycranoButh paBeHcTBO H(1) = 0, mokakeM, 4TO (PYHKI[UA
H (t) ymoBiaerBOopsAer opHOpoAHOMY RuddepeHIHalIbHOMY YPABHEHUO.
Tax rar H (0) = 0, 10 orciona 6ymer cnegosaTh, 9o Gyurmua H Tox-
JeCTBEHHO PaBHA HYJiO.

Hoxamem npeswae Bcero, 4to ¢yuxnusa H (2) muddepenmupyema.
g aroro namomMuuM, uro (cM. u. 6.2)

@ (zo +18) =¥ (¢, §),

rae P (Kak QyHKIUA or f) ecTh pemenue AAGPepeHIMaILHOTO ypaBHe-
uHus (6.2.4):

W (a1, y) -
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(nocnemmee uphmEamIekuT R Kaaccy C' mo mepememnomy £). Cremo-
BaTeJbHO, peIleHWe 3ITOT0 YPaBHEHHA P (t, E) mpumaJIeKUT K KIac-
cy C! mo mapamerpy &, a mpomsBommas A/0t muddepennmpyema mo f,
npHueM

3= =7t @0+, @ (20t 15))-E]

(a. I, ra. 2, reopema 3.6.1). Tar xax

0
H (1) =G5 n—tf (za+ 15, @ (z+£8)) 1, (6.4.3)
TO0 mpouwsBopHasA dH/dt cymecrByer W paBHA

G2 et £5. @ o+ £2) S —

—f(xo+ 128, @ (zo+1E)) m—t ((f'x+fyo9")-§)m. (6.4.4)
3nech fy obosHaUaeT BeNMIUHY
fx (mo+ 18, @ (zo 4-1E)),
fy obo3Ha"aeT BeMMUMHY
Ty (2o +-1E, @ (2o +1E)),

a @ obosHauaer BemmamAy @' (x,+-tE). B cmay coormomemms (6.4.1)
MH MOMeM B IpaBoil uactm paseHcTBa (6.4.4) samenmts (f, ') E
Ha (fyof)-E. C mpyroit cropomsl, 1mo $opMyle HPOUSBONHON OUIMHEHHOI
dyHRIUE HMeeM

5 [ @0+ 15, @ (20 +18)) -E]-m=
= 5 1 (@0 + 15, @ (@ £2) M]E -+ (@0 + 15, @ (2 £2)) 1.

[logcrapiaas 310 Beparkenue B (6.4.4), mosiydaeM mocie HEKOTOPHIX
ynporeHnit

e ()=t (fat fyo0)-B) (6.4.5)

Haunee,
52 1 (w018, @ (zo +-18) M =1 (fert fiy0') M.

C gpyroii CTOpOHH, no npednosoxceruio (cM. QOPMYNUDPOBKY TEOPEMEI

6.3.1)
((fx+1yof)-8) m=((fs+fyof)-m)-E.

OKOHYATENBHO,

=iy o (@ — )l -E=[(fye e’ —2h)nl-E,  (6.4.6)
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H Tak Kar 1o ompepeineHnio (t¢’ —tf).n=H (¢), noxydaem

dH ,
2 (1, H) . (6.4.7)

IIpaBaa uwacrs ypaBmemusa (6.4.7), o9eBHAHO, JWHEHHA W HEIPEPHIBHA
oo H [mamommmM, 910 3mavenmsa H (f) memar B 6aHaXOBOM IPOCTPa-
crBe F, suauenmsa fyoH — B mpocrpauctse & (E; F), Kak U 3nadeHus
¢yuxunu f; npaBas 4acTh paBerncTsa (6.4.7) ecTh BIEeMEHT IPOCTPAHCTBA
F, a mmemno suadenme Qynxmuu fyoH ma Bextope § € EJ.

Taxum o6pasoM, kak Mbl 1 yTBep:raanu, H (f) ynosierBopser jaumeii-
HOMY ofHOpomHOMY nudpdepeHrmamabHoMy ypaBmenmio (6.4.7), mpmuem
H (0) = 0. Orcoma caenyer, uro ¢ynrmusa H (f) To:KgecTBEHHO paBia
HYJIIO, 9. T. A.

Tem cammiM morasaTeabcTBO Teopembl 6.3.1 saromuerno.

6.5. OcHoBHast TeopeMa

W3 teopemsr 6.3.1 BHITERAOT HHTEpecHHIe CIeACTBHA. Beony mmmke
ocraoTca B cuie upegmonoxkenma u. 6.1: paccmarpusaerca muddeperr-
[HaJbHOe ypaBHEHUe

Y (2 ), (6.5.1)

e f: U— % (E; F) — pyurnua kmacca Cl. Bymem wmckarn orser

Ia BOIPOC: daa kaxux mouer (o, Yo) € U 9T0 ypaBHEHHMEe HMceT (HacTosi-

mee) pemenue y = ¢ (z), ompeaenenHoe A TOUEK X, J€KAOIUX B ICKO-

TOPOIl OKPECTIOCTH TOUKH Lo, X YAOBIETBOPAIOMEE ATAIBIIOMY YCIOBHIO
@ (zo) = Yo.

Ilopoue roBops, craBurcsa Bolpoc, Korpa ypaemenme (6.5.1) wumeer

JIORAJBII0Oe PeIeHne 048 NPOUIBOALHBLL HAUatbHuX Januux (x4, Yo) € U.

OcuoBnana Teopema 6.5.1. Jas mozo umobyw mar 6wio, Heobrodumo
u docmamouno, umobu dis awbol mourw (x, y) € U saemenm fr (x, y) -
+ fy(z, y)of (z, y) €L (E; £ (E; F)) onpedeasa cummempuueckuil
oaemenm us L, (E; F), unaue e206ops, umobsl pasencmeo
((fx(zy y) +fy (= y) o f (2 ) -E) = ((Fx (2, ¥) + fy (z, ) o f (2, y)) M) - €
(6.5.2)
umeso mecmo 0asn awbwx eexmopos §, M € E u awbux mover (z, y) € U.
I1o oueBmanOE caemcTeue teopemsr 6.3.1.

Onpepesenne. Ecau Bronmoaneno ycaosue (6.5.2), To ypasuenue
(6.5.1) HasHIBaeTCA @nOAHE UHMEZPUDYEMBLM.
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3amMeganune. Ecam upocrpanctBo E wumeer pasmepunocts 1,
t0 ypaBuenme (6.5.1) Bcersa BHOJIHE HHTErpupyeMo (Tak Kak B 9TOM
cayuae § m 1) mpomopiuoHaiabHe). ¥YpasHeuue (6.5.1) B aToM caydae —
3T0 OOHKHOBeHHNOe AuddepeHNHATbHOE YypaBHEHHe.

HJomonuenume K ocHOBHON TeopeMme (Ges morasa-
TexaberBa). Oukcupyem ToUKy z, ¥ 6yAeM BapbUpOBATh TOYRY ¥,. IlycTh

Yy = @ (z, Yo (6.5.3)

— pelleHHe, YAOBIETBOPAMINEE YCIOBUIO Y (Zy) = Yo. MosKHO mOKa-
3aTh, 94TO B 3TOM ciaydae ¢ (z, y,) ecTb QyHriua kiacca C!, mpmuem
(09/0y,) (x, yo) € Isom (#, F). CrenoBarenbno, MOKHO pa3peuINTb
ypasiienue (6.5.3) oTmocHTeNbHO Y, (TeopeMa O HEABHBIX (PYHRIMAX):

Yo =¥ (2, ¥), (6.5.4)

npugeM \p Gyzner pyuriueir kiacca Ct. Takum o6pasosm, Gpynriusap (z, y)
co 3unaueHuAMHU B F nocmoanna na a060M pelieHud y = ¢ () ypaBHeHU s
(6.5.1) B mpeamoso;KeNMM, YTO ITOCJIE/HEE BIOMIIC HIITETPHPYEMO.

IIpumep. lyets £ = RP, F = R* P, U — OTKpPHITOE MIIOKECTBO
3 mpocrpamcree R™ = RP X R™P. Dyuruus

117 (xiv ey 'rpa yia ) yn-—P)
HpHHUMAET 3HA4YeHUs B npocrpanctse R™ P U ee n — p CRAAAPHLIX KOM-
mowent P; (Ty, ..., Tp, Yty + - «, Yn—p) NOCTOSHHKI HA TI0GOM peIIEHHH
ypasuenns (6.5.1)
Yyi=@; (@, - - zp) (1<i<<n—p).

ITo Tak HasLIBaeMmble «IrepBhle muTerpasny ypasueius (6.5.1).

6.6. Uurepuperanuun B TepMuHax gudepeHuuanbHbix Hopm

Mu coxpaustem o6osHagenus u. 6.1. Pacemorpum guddepennmaib-

HyI0 dopMy
o =dy — [ (z, y)-dx.

910 puddepenimansuas gopMa HepBOHl cTemend, OHpedeleHHAA Ha
otkpuitoM MHOskectBe U — £ X F u nmpunuMmaiomas 3Hadenua B OPO-
crpatctee F. Ee suemnuii fugdepennman paBen

do = —df \o dz,
rie O — Kamonumdeckoe OuiuHeinoe oToGpamenue
L (E; F) X E—~F;

KoTOpoe comocramiser mape (f, u) aHadenme orobpaskenus f € £ (E; F)
na Bexrope u € E. Pacomummem puemmwmii puddepeniiuman:

do= — (gL dz) \ gdz — (L ay) A 4de
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¥ 3aMEHMM B 3ToM BHpaxkenuu dy Ha f(z, y)-dz. Mu nomyuum pud-
depeENUANBHYI0O GOPMY CTeHeHH 2

O— _((z_£.| _gyiof).dx) A pdz

co 3HaveHuamu B F. 3nauenue Qopmu Q ma mape BextopoB (§, )€ E X E
paBHO (cM. m. 2.2)

(R (e

Yeaosue noamnoil unmeepupyemocmy (6.5.2) o3@auaeT, UYTO OHO pABHO
gynw. Orcioga ciaegyer

Teopema 6.6.1. J s moeo umobw ypasnenue

Y —f@,y)

Z

66110 BROAHE UHMezpUpYemblm, HeOOTOOUMO U docmamouro, umobu Oug-
depenyuaavnasn 2-gopma Q (momyuaromascs samenoit B gopme do AUD-
depennuana dy ua f (z, y) dr) 6via moxcdecmeéenHo DAsHA HYAI0.

Pacnuurem 310 ycioBue B ciaydae, KOTHa Ipocrpaicrsa E u F umeior

KOHeyHyI0 pasmepnocts. Ilyers £ = RP? u z,, ..., p, — KoOpAMHATH
Touerk B mpocrpancTee L. Ilycrs mamee F = R™P mxpqy, ..., 7 —
KoopauHaThl Touek B mpoctpamcrse F. Torma zy, ..., z, 6yayT Roop-

AMHATAMH TOYeK B mpocrpamcrBe £ X F — R™. Paccmorpum oTKpHITOE
muokrectBo U < R™. Orobpaskenme f: U — £ (E; F) oupemensercs
marpuneir {f;; (z)}, cocrosmeil uz YMCAOBHX PYHROUE f;; (zy, . . ., T,)
raacca C! ma muosrectse U, u guddepennmansias gopma o (co 3Hade-
musMu-B F) oupegensiercsa n — p auddepeHHanbubME (OPMAMHI CO CKa-
JIAPHBIME 3HAYe HUAMM

P
wi=dz;— D) fij (2) dzj, p+1<i<n. (6.6.1)
i=1

Pemenne y = ¢ (z) oupenmensierca n — p pymrmuaMu Kaacca C!
=i (T, .. 2p), pHIK<i<n (6.6.2)

3amMena mepeMeHHEIX, ompefensieMas pasenctBamu (6.6.2), o6pamaer
B HyIb n — p ¢opm ©;. Wnadge roBops, PyHKOIUU @; YIOBIAETBOPAIOT
cucTeMe ypaBHENHH

99
0;Pj :fij(xia « vy Ip, (Pp+1(‘7711 ey xp)a oy @n (xiv “ ooy xp)) (66‘3)

(1<<i<p;p+1<<i<n). Takan cucrema enoane unmezpupyema
B TOM H TOJBKO TOM ciydae, ecad Jupdepennmmanbubie 2-GopMbl do;
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obpamanTcsa B HyJb OpHU 3aMeHe dz; Ha
P
2 fij () dz;
i=1

oA i =p -1, ..., n; 370 B TOYHOCTH COBLAJAET C YTBEP)KACHHEM
reopeMbl 6.6.1. MpI XOTHM Temepsh pacOuCcaTh DTO YCAOBUE B SIBHOM BHUJE.

Ilpncoenunnm Kk popMaM Op4q, . . ., O TAaKHe p HOPM @y, . . ., Op,
9100 cHCTEeMA

Dy, ooy Op, Dpyqgy, « ..y, Op

obGpasoBniBana 6asuc pasa guddepennmansasix  1-gopm (T. e. ITOOH

mobaa  1-popma onmmosmagmmiM 00pasoM OpeNCTABIANAChH B BHAE
P

2 a; (x) w;, roe Koapduuments a; () CYTh HEKOTOpHe QYHKIHH).
i=1

Hanpumep, B KagecTBe TaKHX OPM MOJKHO B3ATHh Oy = dTy, . .., Op =
= dzp, (4UTaTenb TPOBEPHT caM, UTO QOPMH dxy, . . ., dTp, Op4i, - - -
..., 0, o0pasywrT Oasuc pgaa muddepermumanbvueix 1-gopm). Torma
BcAKaA muddepennmmanbuasg 2-gopmMa £ OAHOBHATHO 3aNMCHIBAETCA
B BHJe

Q=2 by e Ao
1<idi<n

rae Koo(hGUIHenTH b;; cyTL QYHKIUE OT Zy, . . ., &, [9T0 HoKasHBaercsa
Tak jke, Kak u TeopeMa 2.6.2, ¢ momomsbio teopemsl 1.7.1]. Hasa roro
Tr006  gopma Q obpamanack B HYJh B pe3yJbraTe 3aMeHbl dr; Ha

p
Z fij (®) dx; (opu i = p 4+ 1, ..., n), unave roBops, UPH 3aMeHe W;
=1

na O opn p 4+ 1 <<i<{n, HeoOXOZMMO W [J0OCTATOYHO, TTOGH KO3Q-
PumuenTtH b;; (x) GHUIM TOYKTECTBEHHO PAaBHBL HYJIO0 NJAA JNI0O6GBIX i H J,
He upeBocxopamux p. Ilpumenum »dToT pesyabTaT K dopmam do;
(p +1 << i< n). OweBupno, 910
d(,t)i == 2 Ciin (.Z‘) ®j /\ g,
1<j<ken

U Yca08usl NOAHOU UNIMe2PUupyeMOCMU 6L DANXCAIOMES DAGEHCMEAMU

cijp(x)==0 mua i>p, j<p, k<p.

YKarkeM DJIeTAHTHYIO BaIHNCh 3TUX ycaoBuit, Jas »T0r0 BHMEWCIHM
BHemnane m#poussegenns (dow;) A @ppy A ... Aw. (magz i>p). Mm
MONy9uM:

(dos) \ Oprg A\ o N\ On = 1§j§l§pci1k (@) 0; \ Opr A .o A\ @n,

TaK Kak eclH XoTd OB OfNMH W3 MHOEKCOB j, k Goasme p, To BHEIHEE
nmpomspefenne o; A\ @x A Opy A ... /\ @, paBHO Hyalo (OyAyr nsa onm-
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HaKOBHX MHO/RHTEJIA). ¥ CJIOBUA NOJHOM MHTETPHPYEMOCTH 3alHUCHBAIOTCA
[03TOMY B BHJE

@) NOpiy A oo ANwp=0 mna p+1Lin. (6.6.4)

Heiicturensno, miobaa nuddepennuanvaas (& — p-+2)-dopma opHO-
3HAUHO 3alMCHBAaeTCHA B BUe JHHeHHO# koMmOmHAnmuUu ¢opm
Op, N\ Opg A -0 A Okp_piz <k <. .. <lcn_p+2<n)

¢ RO3PUIIMEeHTAMH, ABJIAOIUMUCA GYHKIUAMU OT z. [ad TOTO 4TOOH
Takasd $opMa TOKIECTBEHHO paBHAJIACH HYJII0, HEOOXOUMO K JOCTATOYHO,
9100 BCe ee K03DYUIMEHATH PABHAIUCH HYJIO.

Hamomumm, 4ro B ycaosuax (6.6.4) cumboilH ; ofosHavaoT Aud-
depeHIIHANBHbBIE HOPMBL

Yy
— 2 fu@de;  (pr1<i<n).
J:

IIpepmonoskuM Temepb, WTO MBI IPOU3BENH HAL (POPMAMH Wpiy, « .., On
auHeliHOe mpeobpa3oBaHue

n
n
=X u;(2);
j=p+1
MaTpHia koroporo {u;;(x)} nuMeer a4 ;a1060ro r OTIUIHLIE OT HYIA OTpe-
jJeaureab. Torma cucrema

0 =0 (p+1<i<n
9KBHBAJENTIIA CHCTEME
a, =0 (p+1<<i<n).

Mut yrBepsRAaeM, UTO YCA08UA NOAHOW UHMEZPUDYEMOCNU IKEUBA~
JAEHMHBL DABEHCMBAM

do; N prt A v o - Nop=0 mqma p+1<i<n (6.6.5)
HeficTBurespHo,
ap+1 N\ - - - N\ an = det (ug; (2)) 0pstr A oo o A\ One
Crnepoparenbuo, ycunosus (6.6.5) paBHOCHIBHEI YCIOBHAM

dai/\ mp+4 A PP A (O ==O

da; = 2 uijdw; -+ 2 (dusj) N\ oy,

Ho

TaK 49TO

do; \ ©pis N\ - - /\mn:; wijodwj \ Opeg A -+ o /\ One
1>Dp
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CuegoBarennno, us (6.6.4) Bereraer (6.6.5). Te e paccysgenus npo-
X0aAT U B 06paTHOM mOpPAAKe, 9. T. A.

IlompIToKUM TONyYeHIble Pe3yabTaThl (MBI NUINEM ©; BMECTO «;):

Teopema 6.6.2. Hyemv (0p4q, . . ., ©,) — cucmema us n — p Jug-
gepenyuaronvir gopm cmenenu 1 raacca C' na omrpwIMOM MHONCECMEE
U < R™, makas, wmo das ato6oti mouru x € U pane cucmendt (0p4y, - - »
..., 0,) pasen n — p. Cucmema Juggeperyuarvbhlr ypasrHenul

w; =0 (P+1<ign)

(cuctema «ypaBHenuit B moanmix guddepeniimanax») 6nodme UHmMe2pU-
pyema 8 moxm u moavbko mom cayuae, roeda duggepenyuasvrvie @opmbe

do; \ op+1 A ... N o, (p+1<<i<n)
pasn nyao («ycaoue DpobGeumycay).

IIlpuyep. Ilyers o — gupdepennmanpiiasg ¢opma cremenu 1

n rJaacca Ct,
n

== 2 a; (x)dxi,
i=1
K03dPUIIenTs KoTOPo#l a;(xr) He o0pamialTcA B HYJb OHIOBPEMEHHO.
Has moeo umobu ypaenenue o = 0 6vl10 enoare uHmezpupyemo, Heob-
zodumo u docmamoyro, ymobul

o A do = 0.

[YVuopamunenue. JJokaskuTe, 4To 9TO YCIOBHE SBIAETCSA TAKiie
JOCTATOYNBM AJAA TOTO, 4TOOH gopMa o AoNycKajda HHTEr PUPYIOUIHK
MHOJKUTEND, T. €. 4ToOB CcynlecTBoBasa takad ¢ymknus p (x) = 0,
yro 1-dpopma pn (z).-® Goma 661 3amruyra.] B wactwoctn, mas n = 3
(koopauHaTH Touexk B mpocTpanctee R3 ofozmaunm uepes x, i, z)

® =Pz, y, 2)dr + Q(z, y, 2) dy + R (z, ¥, 2) dz,

u pas Toro 4robn ypaBnenue ® = O ObIIO BIOJIHE HHTETPUPYEMBIM,
11e00X0THMO U JOCTATOYHO, UTOODLI

PE—) o) e n (2-2) 0 o)

[Bekropnoe moae (P, Q, R) RouKHO GBITH OPTOrOHAIBHBIM K CBOEMY
«suxpwo».] JleiicteaTensrio, gepas yacth pasencrsa (6.6.6) ects rosddu-
nuent npu dxr A dy A dz B KanoHWYeCKoH samucu ¢opME o A\ do.

YIIPAKHEHU A

Yopaxunenue 1. IIyers oy, . . ., Gps p < n, CYyTh p AUHEHAAO He3aBUCH-
Mbix gopym Ha npocrpamncrse R7. JToxaskure, 9To misi amueiinoil dopmul oo ma R7

COOTIIOMeIHe
aANoag N...Nap=20
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BBHIIIOJHAETCA B TOM H TOJBKO B TOM CJydYae, Korga ¢opMa o HPHUHALJIEKHUT K BeK-
TOPHOMY TPOCTDPAHCTBY, MOPOMKAETHOMY (opMaMH oy, . .., Up.

JoKakNTe, 4TO ecill HT0 UMeeT MeCTO W o 7= (0, TO CYmeCTByeT TaKasg 3HaKO-
mepemenHas (p — 1)-anneiinasa ¢opma B, uro

ar A ... ANap=a A B.
Yopaxnunenne 2. Ilyers ma mpocrpamcTBe R7 3agana anddepeHiiann-

Has 2-gopma
® = dry N dzy + dxg A\ dzy + ..+ dry, g N dzg,.

n
Brancanrte /A ® — BllelnHee IIpoM3BeJeHHe r dK3eMILIAPOB QOPMBI @ (n-f «BHeII-
HAA CTelleHb»).

Yopamuenne 3. Iyers oy, ..., &, — JNHeHRO He3aBUCHMEIC (OPMELI
Ha mpocTpamncTBe R, I MYCTh M3 HIX COCTABJEHA 3laKomepeMennas Oummmeinias

dopma
n j—1
0= 2 2 ajja; N\ o,
J=1

i=1
rae a;j, i << j, CyTh Cn 3aJlaHIBIX JeHCTBHTEJBHBIX UTHCEJ.

(a) ToxraskuTe, 4TO ecam aja = 0, TO CYHIECTBYIOT JiBe Takme Jjnmelinnie ¢op-
mMel Py u Py, uro n smmeitnpix gopm Py, Pa, @3, ..., &, JHIEHHO HE3ABICIIMEI
u dopma ® — Py A Pp MOMKET GHITH BoIpanicHa 1epes OAIII TOIBKO GOPMHL &g, . . ., Oy«

JloOKasKUTe M0 WHAYKIWH, UTO CYINECTBYIOT 2r JNHEHII0 He3aBHCHMHX ¢(opM,
rme r < n/2, ecan n derno, u r << (n — 1)/2, ecaH n HEYeTHO, TAKHX, YTO

o=P0 AB24Bs ABat ... +Bar—1 A Bore

(b) PaccMOTpPITIM anTICIMMETPHUECKY0 Marpiuy A = (4;) ¢ A;; = a;; 1pn
i << j. JloxaskuTe, 4TO WICIO 2r, BRejlelnoe B (a), PaBIO PanTy MaTpHusel A I 4TO
3TOT pAHI He 3aBICHT OT BLIGopa Oasmcunix GopM oy, . . ., Up.
(c) Jomaskure, 4TO r — HalMenbllee UTHCJIO, AJMA KOTOPOTO
1
A 0=0.

Briemnte orcioma, uto ® A ® == 0 B TOM M TOJBKO TOM cJyuae, Korjga gopma o
€CTh BHeIIIlee TPOIN3BeACHUEe ABYX JUIEHNEX (opM.

Yupaswuenne 4. Iyers o 5= 0 — anueiinasg gopma Ha R™ n o — 3Ha-
KomlepeMeHHas g-anneiinas ¢gopma mwa R7. Joxaskure, 4To ycaosue o A oo = 0
11e06X0NMO I JOCTATOWIIO [IAsI TOTO, dYTOOK CyIIeCcTBOBAJA 3HAKOIEpeMenuast
(g — 1)-mumeitnasr gopma P, Taras, yTo

o = /\ ﬁ
Yuonpamuenne 5. Ilyers o — guddepennmansuas 1-gopma B (R3:
o = ydr — xdy + dz

(a) Kaxkum ycaopmsam (C) AOMKHN yAOBIeTBOpsATh ¢yEKnumm u (z, y, z) 1

v (z, y, z) rmacca C! gua Toro, 4To6H QopMa
o — vdu

foira 3amkHyTa? JlOKaKmWTe, 9T0 QYHKINM u 1 v He JOJKHE B 9TOM clyuae 3aBH-
ceThb 0T Z.

(b) Mosxno su PyHKuuB© v = v (2, y) BHOHpPAThL IPOM3BOJLHO?

(c) MoxamknTe, 4To ecau yHKUMH u ¥ v yAoBiaeTBopsaior ycaousaM (C), To gud-
depeninansasie opMul du, dv n o — vdu JIVHeHHO NE3aBUCHMBI B KajKIoH TOUKe.
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Yuopaxkmenue 6. Ilycrs
o = ady N\ dz 4 bdz A\ dz 4+ cdz N dy

— nuddepernuanbEas gopma Kaxacca C® ma 33, My — raxas-HEOYAb ToYKka B Ipo-
¢TpaECcTBe R 3, B XKOoTopoH ¢opMa ® He obpamaercA B Eyds, U f — QYHKIUA Kiaacca

C>® B OKPeCTHOCTH TOYKE M.

(a) Jorammre, uTo A TOro 9TOOH ¢opMa @ B OKpecTHOCTH TOYKH Mo Grna npen-
cTaBuMa B BHjE & /\ df, rae o — puddepernuanvaas 1-Popma Kaacca C® B oxpecT-
HOCTH TOYKU My, HeoOXORMMO H JOCTaToYHO, 9T00N fopMa df He ofpamanach B HYJIb
B TouKe M, m uToOn ¢yHKOUA f ORIa pemleHHeM HEKOTOPOTo anddepeRnaabHOTO
YPaBEEHNUs B YAaCTHHRX HIPOH3BORHEIX, KOTOpOe H HANMIINUTE.

(b) Mycts a=A4 dz+-udy v dz. Boipasure A, p, v ¥ak ¢ymenmm ot a, b, c,

ﬁ —ﬂ 6_f B OPEeRNOJOMKeHHH, 4T0 o /\ df = .

oz’ Ay’ o0z
Yuopaxkeerue 7. Ilycts f— pmeiicTBurenbHas ¢yEKnuA kiaacca C2 B HeKo-
. 17}
TOpOil oKpecTHOCTH Q Toukm z® ¢ R 7. IlycTs, Aaxee, u;(z)= (% ) (z) 1 p—oTo-
13
OparkeHile

2o u= (U, «.. Uyl

IIpu BHIOJHEHIIM KAKUX YCJIOBHH CYIMECTBYCT TaKasd OKPECTHOCTh V TOYKH
2©, gro @ ABAserca guddeomopduamom V Ba U = ¢ (V)?

IlycTh 9TH YCIOBHA BRIIONHEHH [JIA BCAKOM TOURH u € @ (V); NOJOKIM T =
= ¢~} uw). Horamure, uro puddepenuumansnas Popma

n
0= 2 zi du;
i=1
3aMKHYTa. BuIBegiiTe OTCIOfA, 4TO B OKpecTHOCTH V Toukun u® = ¢ (z(V) cymecr-
Byer Takad QyHKHuA g Kaacca C?, uTo z; = 0g/du;.
IloxasKure, 4TO ocal f — OpHOpoAHAaA PyHKIUA crexems p = 1, To ma ¢! (U)
MMEET MeCTO PaBeHCTBO

go¢p = (p —1)f - const,

rae ¢ — opHopomHas Qymkuus cremenu p/(p — 1).
Onpegenure g (1) masa f (z) = z42.75.

Yuopamxuaerue 8. Ilyctb U — OTKpHTOe MEOMKECTBO B [R™m, 3Be3JHOS

OTHOCHTEIBHO HATala KOODAHHAT.
() Iyetb n =3 u

o = Ady N\ dz + Bdz A\ dz - Cdx N dy

— nuddepernmansran 2-gopma wracca C?, ¢ > 1, ma U. Haiipmre sBrYy10 dopMyTy
.pas omeparopa k u3 mpegumoxenus 2.13.2 u takwe ¢ymrumum P, Q, R, dro

k(0) = Pdz -+ Qdy -+ R dz.
(b) Iycrs © — guddepernnanbraa p-fopma kaacca C? ma U:
o =c (@) dzy A\ ... N\ dz,.

Tloramure, uro guddepernmanvran (p — 1)-Popma k (®) mMeeT B KaHOHHIECKOI
3anmcha BH[

P
k@=a() 3 (—Onds Ao Nz Azt A - Adap,
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rae
1
a(z)= S tP~1e (tz) di.
0

Yopaskeernue 9. PaccMOTpHM Ha mpocTpaHCTBe [R™ C BBIKOJOTLIM HadajioM
KoopauAar augdepeRnuadpEyo (n—1)-gopmy

n
o= (—1)i-1 ZLdgy Ao Ndzig Ndzig A o A den,
r
i=1

rae
J— ! 2
r=7Vaz24 ... i,
(a) Kax mamo BoiGpath o jiis Toro, urobnr do = 0? ITocse Toro xak 1ot BRGOD
Oyner cpenaH, IpejcTaBbTe HuTErpas or GOpMB @ 10 eUHEYHOH cdepe B R (¢ obbIu-

HO# opWeHTalUcil) B BNe HHTerpaia mo dzy A ... /A dz,.

BomcanTe 9TOT HHTEIpad IS n = 21 n = 3.

(b) Hycts = 3 1 o — 9HCIO, KOTOPOE TPeGOBANOCH BLIYUCINTH B IpPelLl-
aymeit 3agade. IpuMennTe GopMysny N3 IpeAbAYIIero yupaykneHWs [Jsa HaXOMe-
HUA OPUMHTUBHOH OT QOPMLI ® HA OTKPHITOM MHOMKECTBE, 3Be3JHOM OTHOCHTEILHO

touru (0, 0, 1).

Yupaxueraune 10. ITycte U — OTKpHITOE MHOMKECTBO, 3Be3JHOE OTHO-
CUTEJILHO Havaja KoopauHar B R u X = (X4, ..., X,;) — BeKTopIoe Ioje Kiac-
ca C! ma U. ConocraBum ramnoli p-opme riacca C! ma U

(D:ZGH, ceip @y N s Ndzy,

dopmy i (X)-», Roropass paBHa
1 S 1Hr-1X,. d d/\ dz, ¥ =1
Zaii""‘i7>k%1(~) iy Ii{/\---/\ Iih/\“./\ 7 ! opu p > 1,
u papua 0 npn p=0.
(a) Mowraskure, uto i (X)-i (X) = 0 u 9ro

LX) @ AB) =0CX)-a) AP+ (=DPa A i(X)-p

LT N1060H p-popMII ct.
Moxomum

Xow=1(X)do + d (i(X) ).
IToxaskure, 9TO
Xoi(X)=1i(X)o X,
Xod=4do X,
X AB) = (X-0) AB+aA (X-B).

(b) B panpmeiimmeMm Hac OyneT HHATCpecoBaTh oOmepaTop X, OXIpeiess oIl
BekTOpHOC mode Xo(z) = z. Iloraykure, 4TO

Xg-(a dzy A ... /\drp)=(pa+2 - ﬂ) deg A ... A de,.

ox;
i=1
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[lokaKnTe, YTO ypaBHeHHe B YACTHEIX IIPOHM3BOJHBIX
n
of
;i —=h
i+ Z ! oz ’
i=1

rae h-—-BaJIaHHaH (byHKIlIIH, IIMeeT Ha MHO¥ecTse [/ €IHHCTBeHHOE pellenne KJagac=

ca Cl, a AMeHHO
1

h* ()= { B (821, e, tzp) tP-1dL.

0

BuBegure oTciofa, 4TO AJsa AaHHOW (OpMH 4 cTemeHm > 1 Ha U cymecTByet
efuHCTBeHHAS $opmMa ©, Takasg, 4To Xg-0=o0;.
Ilycre = X;!.0;. [oKaxuTe, UTO

X5 (1 (Xg) =1 (Xp) o X5,
doXgl=Xglod.
(c) TTomomum
_ ((Xp)oeXgh-0 mpu p»1,

k (w) 0
upn p= 0,

Hoxaskure, 9T0
dk(®)+k@do) =0 g p=1,

H mpoBepbTe, 4TO k& — TOT caMelif OmepaTop, KOTOPHIE ObI BBeJeH B IpPefliorKe-
mnu 2.13.2. Ilepegokaskure Teopemy Ilyammape.

Yupamnenne 11. Bouucamre mromajh IDOBEPXHOCTH H 00BHEM TOPA,
3aaNHOTO TTapaMeTpIdeckl ypPaBHeHUAMA

z=(a-} R cos 0) cos ¢,
y=(a-}+Rcos 0)sin g,
z=~Rsin 0,

rie 0 << R < a.

Vopamxuaernune 12. B caysae mpocrparcrea R? edopmyanpyiite m mona-
suute TeopeMy CToKca Anmg NMINHADA, 06pasyiomie KOTOPOro IMapajllieNbHbl 0Cll z,
a ocHOBaHHe fABJAercAd KpaeMm 0K rommakra ¢ Kpaem K B R2.

Vupammenmne 13. Iycre g=(gy, ..., gn) — orobpaskenmne kimacca C2
HEKOTOPOM OKPECTHOCTH 3aMKHYTOI'0 GANHNIHOrO MMapa B R ™ ma eUHAYAYIO chepy S.

Brruncaute MATErpannI

Sgidgz/\ o A\dgn W Sz,da:z/\ AN -2

5 8
(cpepa S crmalswema cramgapTHOH opueHTaumeir). Jloxaxiiure, 9T0 He CymECTBYeT
0TOOpaskeHHA g, CYy:KEHHEe KOTODPOro Ha S ARIAETCS TOMKIECTBEHHBIM OTOGpasKeHIIeM.

Vaonpaxkuaernne 14. OGosHauum uepes P, Q, R TpH 4ICHOBHE QYHKIAH
KIacca C! ma OTKphToM MHOMecTse U B R3, Te ofpamamomuecss B HYJb OIHOBpe-

MEHHO, A HOJOKHM
0 =Pdy Adi+ Qdz A dz—+ R dz A dy.
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(a) MorasknTe, 4TO B OKPECTHOCTH KasKAOH TOYKE MHOKecTBAa U CymecTByer
Taxkag mapa QyHEKOEE u, v, 4TO

du AN w=20, dv A\ @=0; du/dvsz0.
Hoxaxnre, 9ro ecanm u, v — mofobHas nmapa GYEKNHUI, TO CymecTBYeT QYHEKOHA A,
YIOOBJIETBOPAIOMAs COOTHOMEHNIO

® = A du A dv.

BrBegnre orciopa, 9To d® = 0 B TOM H TOJBKO TOM Ciiydae, KOTA B OKPECTHOCTH
Ka)KIol TOYKN MHOMecTBa U CYHeCTBYIT TakHe ABe YACHOBEE (YHKOINH g H A,
uTo0 © = dg A dh.

(b) Iyers f — umcnoBasg Pymxknua’ kaacca C! Ha U, 9YacTHHIE NPOH3BOIHELE
KoTOpolt He ofpamaioTcsi B HYJL OAHOBPEMEHHO, W NYCTh V, — MHoToo6pasne
(moBepXxHOCTB), ompepensieMoe ypaBHeHHeM f (z, y, z) — a. YCTAaHOBATE, 9YTO

df A\ ©=0 BIeder w=0
Ve
nas aoboro uncaa a € f (U) n a1060ro J0CTATOYREO MAajJlOro OTKPHITOTO MHOMKeCTBa Q.
Bepro am ofpatroe yTBepKAeHWE?

Yopamusersne 15. IlycTe 3agaEel KOHCTaHTH ¢, b m ¢. Ompegexnte Bce
JnHEeHHEBE IpeofpasoBaEms mpocTpaHCTBa [R3, coxpaHsomue AnddepeRnnaIbEyI0

$opmy
®=-uady N\Ndz- bdz A\ dz -} cdx A dy.

Yupamusernmne 16. Pacemorpnm B R? nuddepernmanapnyo dopmy
o =uzdy \dz—2zf (y)dz N dy + yf(y) dz A\ d=,
rie f — orobpaskenme R B R kaacca C', mas koroporo f (1) = 1.
(a) Onpepmexnre Te oroGpakenms f, HIA KOTOpPHX do = dz A dy N dz. Has
TAKOX [ BEIYHCINTE HWHTETPAJ ®, roe S — cepudecKas «IATOIKA»
S
2ty 2=t z2>7V22,

OpMeHTaOHs KOTOpOil ompegensieTcss BLIGOpOM 6newHell HOpDMaJH.
(b) Ompepenure Te orToGpamenns f, A KOTOpHX do = 0; BRUHCANTE AJA

TaKNX f mETErpal .

P

S
(c) Ompepmenmte Te oroGpaskemES f, AJS KOTOPHIX CYINECTRYeT gJopMa Wy =
= P(z, y, 2y dz - Q (x, y, z) dy, ofnagalomas CcIeIyOMAMA CBOHCTBAME:

P(I, Y, O)ZQ(Iv Y, 0)20

doy =,

)i
Bu'mcnm'eég ®3, Toe € — OKPYKHOCTH

242422 =1, z="712/2
ODHeHTHpOBAaHHASA KaK Kpail cdeprueckoit mamodkd S (opmeHTamasa IocienHeit
YKa3aHa BhIIIe).

Yuopamxuaernne 17. B oxkpectrocTn Toukm 0 B [R3 3amama nuddepernmann-
Hana gopma rrmacca C3 '
© =Pz, y, z)dz -} Q (2, y, 2) dy -+ R (=, y, z) dz,
20*
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npndeM
9R 90
ay 0z '

(a) Haiigiire B OKpeCTHOCTH HYJIST IOBEPXHOCTH
(8) z=1(z vy

kaacca C?, Ha KOTOpHX gopMa @ MHIYIHUpPYeET samknymylo GopMy [MExynmpoBanHas
dopMa modydaercAi W3  IOpH 3aMeHe IepeMeHHHX (z, y, z) — (z, v, f (z, y))].
Hasinnre prpdepeHnmantsRoe ypasHeHHe B YAaCTHBIX IIPOM3BOJHBIX, AJSA KOTOPOTO
¢ymrunsa f aeinserca pemrennedM. O603HAYMM XapaKTePHCTHKYW 9TOTO YPaBHEHHASA
gepe3 (I).

(b) MoxakuTe, 4TO B [JOCTATOYHO MAJOH OKPECTHOCTH HYJA MOJKHO IOCTPOHTH
rako#t C*-maddeomopdusm, mpH KOTOpoM 3TH xapakrepuctukd (I') mepexomar s mpsa-
Mble IUHWHA y = const, z = const.

Ilycrs xapaxrepuctuku (I') — mpsamble auanu y = const, z = const u ® mpm-
HamIeuT K Kiaaccy C?. Haxosnl B aToM ciayuae moBepxmHocTH S? ITorammre, 910
CYMECTBYIOT TaKasd OKPEeCcTHOCTh HyJa W HA Hed takas ¢ymErumsa I(y, z) rmacca C?,
ofpamarmmascs B HyJIb B Hadale KOOPAMHAT, UTO

aT aT
do= w dy N dz, upmueMm W (0, 0y = 0.

BuBegure oTcioga, 9To cymecrsyer dpyuruna U (z, y, z) kiacca Cl. ofpamamwmancs
B HyJb B HagajJe KOOPOUHAT N TaKasg, 4TO
o =dU -+ T (y, 2) dz. 1)
(c) IIycts Temepp Popma © 3amaerca dopmyaon (1), rme T 11 U ypoBIeTBopAOT
BCeM INepeYNCIeHHBIM BhIIe ycIoBuaM. Jloxamure, uro ecam 0U/dx 5= 0,
To ypaBHenHe ¢ = (0 He ABIAeTCSA BOONHE HMHTETPHPYEMbIM.

B npepmonoennm, uro 9 U/dx == 0, mokamure, 9ro cymecTtsyer Cl-mnddeo-
Mop¢HE3M HEKOTOpoil OKpeCTHOCTH Hadajla KOOpAUHAT

=AMX, Y, Z), y = wY, 2), z =2,
TaKo#i, 9T0 opMa © UpH BTON 3aMeHe MEePEMEHHHIX mepexomut B popmy dX - YdZ.

YopakHEeHuE 18. Tlycts U < R3 — OTKpHTOE MHOMKECTBO, COCTOAMEE
n3 todex (r, y, z), ousa xoropux zyz % 0. Paccmorpum Ha U dopmy
1
zy

dz.

1 1
= N =
O=—do-f—dy

(a) Joxakure, uTro ypaBHeHHe & — ( BIOJHE HHTErpHpyeMo.

(b) Onpepennte HMETErpPNPYONME MHOXKATENXs GOPME ®, T. e. QYHKIHMIO f KIac-
ca C! ma U, rakywo, uto d (fo) = 0. [B ypaBreHHH B 9aCTHHIX HPOM3BOMHEIX IS
¢yHKRINA f mepeiifuTe K Hem3BecTHOH PyHKmny ¢ = log f.]

Yopamuaernne 19. Ilyets a u b — pyarnum kracca C! oT zy, s, yi, Yo
Zy, Zo. IIpum Kakmx ycaosmax (HasoseM HX yciaosEamm (2)) cucreMa

dzy = a dzy -+ b dx,,

1
dzz=ady,+bdy2 ()
BIONHE MHETETpApyeMa’
IlponeTerpupyiite cucreMy (2) [Bripasnre zy M z, KaKk QYHKUUM OT a, b, z;, Tg,
V1, Y2 O JOKQKATE, 9TO 3TN QYHKIHA JAHEHAHH WO Z{, Ty, Y1, Yal.
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Vupasaenue 20, Ilyers P u Q — pmBe gyHKumH Kiacca C' oT weThpex
nepeMeHHHIX Z, y, 4, v. IIpH Kaknmx ycaopmax cmcreMa

dzx = P du — Q dv,
dy = Qdu-+ P dv

1

BIOOJHe HHTErpHpyema?

TMonoskum 2z = x + iy, ® = u -+ iv, f (3, w) = P + iQ. Joramure, 970 mpe-
ABIAYIINE YCJIOBISL BHIMOMHSIOTCA B YacTHOCTH TOIAa, Korpa OGyHRuHA f (z, ®)
ABIAAETCA TOAOMOPOHON (yHKUHeH 0T IepeMemHHX z H ©.

Vopamuernne 21. Ipedsapumeavnoe zameianue. BerTOpHOE MO
Ha OTKpHITOM mopMHO)KecTBe Q OamaxoBa mpoctpaHctBa E — 910 oTOOpasienie
MEOKecTBa 2 B E. Ero nponsBogHas B JaHHOH TOUKe, eCJIH OHA CYIIECTBYET, ARJIAET-
csA, CJENOBATENLHO, JUHEHHLIM oTobpaskenueM £ B E.

Hanee Q — 210 OTKpHITHI map pagnyca r ¢ LUEHTPOM B TOYKe Zg.

(a) Hycrs U — BexTOopHOE Ioie kiacca C! Ha Q u ¢ (¢, 7)) — pellenme ypas-
meRnA dz/dt = U (z), ymoBaeTBopsaoomec HadaxbHOMY yeaosuio ¢ (0, zo) = zo.

Jokaykure, 4r0 pasioKeHWe (PYHKUMM ¢ B PAL B OKPECTHOCTI TouKH { = 0
MMeeT ¢ TOYHOCTLIO [0 9JE€HOB TPeThero IOpANKa BHJ

P, 20) =20+ LU (z0) 5 U (20) U (o) 0 (23.

(b) MMyets U uw V — pgBa BeKTOpPHHIX Noiax Riaacca C! ma Q, rarkux, 9To
@ I<MullV(e) | <M upuz€ Q. dna

r

ve(—gr +ir)

OycTh ¥y — SHadeHNe NpH ¢ — O pemenns ypapHemua dz/dt = U (z), paBHOTO I
opu ¢t = 0; z, — snadenue npH { = 0 pememna ypapmenus dz/dz = V (z), pas-
HOrO 2y npH t = 0; 23 — sHavenue npu ¢ — O pemenns ypasHerus dr/dt = —U (),
paBHOro z, mpH ¢ = 0; z, — 3HadeHHe mpH { — O pemeHms ypapHeHNs dz/dt =
= —V (2), paBHOrO 73 mp ¢t = 0. Hcnonpaysa pasnorkeHHs A Z;, MOKaKUTE, ITO

Ty = xo + 02 (V' (20) - U (z0) — U’ (2)-V (20)) 4 0 (6%).

Hafignre kacareIbHYI0 B TOYKe Ty K KPHBOM, KOTOPYIO OIMCHIBAeT TOYKA Z;, KOTHA
0 mpoberaer ykasaHHHN HHTEPBAJI.

(¢) Hpepmomosum, uwro U, VI(z) =V ' (2)-U (z) — U’ (2)-V () =0 pas
Bcex z € Q. Mcmonnaysa Teopemy (dDpobemmyca, moKakuTe, 4TO CYMECTBYeT TaKast
¢yaxuua F (¢, v) wiacca C? B OKPECTHOCTH Hadala KOOPHHMHAT CO 3HAYEHWAMI
B Q, uTo

F (0, 0)=ux, g—F(u, vy=U (F (u, v)), B_F (u, v)=V (I (u, v)).
u v
Janumure 3HAYEHUA Iy, Tz, T3, T, C IOMOMBIO dTOoH PymKIum F I JOKayKHTe, UTO
Z, = Xp.



ANEMEHTbl BAPHALLHOHHOTO MCHYMCNEHHUA

§ 1. HIOCTAHOBKA 3AJIAYN

1.1. IIpoerpancTBo KpuBBHIX Kiacca C'*

Oyers I = [e, b] © R — koMmakTHeIl uaTepBan. Kpusas B mpo-
crparcTBe R™ (mapamerpusoBaHHas C IOMoOmbIo mapamerpa € I) —

aT0 oToGpakeHme
¢: I —R™

Kpupas npumajgmeskur k kiaaccy C*, ecnu oto6paskenye ¢ OPHHAIISHAHT
K aTomy kiaccy. Paccmorpum Gosee ofmum ofpaszoys KpuBbe B GaHa-
xoBoM npoctpauctBe £ (nmag R). Kpmeaa xaacca €' — ato, mo ompepe-

JIEAHMI0, OTOlparkeHue
¢o: I > E

riaacca C'. MHOKECTBO KPUBHX OYeBHIHBIM 06pasoM HafeNsAETCA CTPYK-
Typo#l eekmoprozo npocmparcmea (uapg R). O6osmagmm 3T0 BeKTOpPHOE
OpPOCTPAHCTBO 4epes V (B 9TOM 0003HATEHUM HHUKAK HE OTPaYKEHO HPO-
cTpancTBO FE, IOCKOMBKY MBI CUHTAaeM ero 3aJaHHBLIM pPas U HABCErja).

Mu xoTEM BBECTH B IPOCTPAHCTBe V CTPYKRTYDPY 6arazosa npocmpa-
cmsa. Ins storo mamo ompenesuTh HA V HOpMy W [OKa3aTh, 9TO IIPO-
CTPAHCTBO V RO4HO OTHOCUTENBHO 3TOH HOPMEL.

Onpepeaenne. [Insa wpusoit ¢: [ — E xmacca C! momaraem
@ lf=sup|le ()| +sup|le'()] (1.1.1)
ter tel

Aro koueunoe umeso >0, Tak xaxk t— || @ (1) || u t— || @' (¢) ||, Oynyun
HeHPePHBHBIMY (YHRIMAME (C HEOTPHUIATeNbHEIMHM 3HAUYEHUAMHU), Orpa-
Hudens Ha Kommakre /. Yuratenb mpoBepuT caM, 4TO || ¢ || meiicTBE-
TeJIbHO ABIAETCA HOpMoO# Ha V.

Ilpepnoskenne 1.1.1. Bexmopnoe npocmparcmso V ¢ nopmoti (1.1.1)
R0AHO.

HorasareabcTso. Ilyers (¢,) — mociexoBaTenpHOCTs Homu.
Tax rak

sup || @m (t) — @n (&) | < || @m — @r ],
tel

TO HOCHENOBATENBHOCTh ((,) Ta¥yke SMABIAETCA HOCIEHOBATEILHOCTHIO
Houm otnocurenbuo mopmbl paBHOMepHoit cxogumoctu. IToatomy mocae-
KOBaTeJIBHOCTh ((p,) PABHOMEPHO CXONHTCA K HEKOTOPOU HenpepwsHol
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¢ynrnuu ¢: I — E (ubo npocrpanctBo E momno). OcraeTcss J0KasaTh,

970 (¢ DPUHAMICRUAT K Kaaccy C' U sBIAsSETCS IPEHeJOM IOCHeI0BATEdb-

HOCTH ((,) OTHOCHTENBHO HOPMBI IpocTpaHcTBa V.
IlocnemoBaTenbHOCTh MPOUBBOAHBIX (P, TAKKe SIBISIETCS I10CTE0Ba-

TeALHOCTHI0 HOIMH OTHOCUTEILHO HOPMBI paBHOMepHOﬁ CXOOHUMOCTH,
TaK KakK

sup [| om () = @n () | <l #m — on |l

IosToMy moCIemoBaTEILHOCTH ((r) PABHOMEPHO CXOMATCA K HEKOTOPOi
uenpepuisro#t ¢yurnum . Ilo Teopeme 3.6.1, rom. 1, a, I, pyurnusa ¢
AMeeT HpousBoguyko @', paBmylo ¢. Urak,

lim SIEI}) [on (®) —@(2)]] =0, lim Silelp on () —a'(£)]]=0

n—oo 1

U IOTOMY

lim || g~ | =0,

TeM K 3aBeplnaeTrcsa J10Ka3aTelNLCTBO.

1.2. ®ynkguwonan, onpegenseMblii KpuBoi
Ilycrs ma orkphiTom muoskectBe U < R X E X E sagana QyHrnus
F: U—>R

riacca C*. OBosmauunm wepes F (¢, x, y) ee suavenme B Touke (¢, z, y) € U.
Ecnu wpusas ¢: I — E wmacca C' yjqoBieTBOpsieT YCJIOBUIO

(¢, o(8), o )€U mua tel, (1.2.1)
TO MBI MOKeM COIOCTaBUTH el HeHCTBUTEeAbHOe YHCIO
b

§ 7@ oo @

a

JTO gueno, saBUcAlee OT ¢, Mbl obos3maunM yepes f (¢):

t@o={Fi,om, o) at (1.2.2)

O6ozHaunM "gepes 2 MHOKECTBO BCeX KPUBHX ¢ € V, yIoBIeTBOPAIONUX

yeaosuo (1.2.1). Taxum o6pasod, ¢ momomblo GyHrmum F MBIl ornpeme-
AN oTOOparkeHme

f: Q—> R.



312 Ta. 4. Jaemenmyl 8apuUAyUOHHO20 UCHUCIEHUR

Jto QYHKIUA, ONpejeleHHas Ha MHOMKeCTBe (YHKIHA, uan (Kak HHOIrAA
roBOPAT) «(pyHKIuOHAM» Ha MHO;KecTBe 2. B maapueiimmeM Mbr Gymen
3aHUMaThCSA MOAPOOHEIM HM3ydellHeM oTobpaskenus f.

Ilpegnoskenne 1.2.1. Q — omrpumoe mnomcecmeo ¢ 6anarosom npo-
cmpancmee V.

Howrasateansbcrtso. Ilycrs @y € Q. Msl XoTiM JoKasaTh, 4TO
n06oe oTobpaskenue ¢ €V, Axs woroporo mopma || ¢ — @y || mocraToumo
mana, upumagaexnt 2. Ilyers K « U — ofpas wnrepBaxa [ mpn
HeIIPePHBHOM O0TOGpakeHNH

£ (, @o (), (P(’) ®);

K — gomnarm, tax kark [ — rommarr. IlosToymy cymectByer Takoe
qucao p > 0, uro mofas rToura (¢, z, y) €1 X E X E, pas Koropoi

lz—@ @)l <o, lly—a@®)l<p,

upunampreskur U (MOMHO, eCJM yrofHo, JaTh NPsMOe J0Ka3aTeilbCTBO,
UCIIONBRYIOIee KOMIAKTHOCTH camoro murtepsana [). Ilyere Temeps
kpusass ¢ € V raxosa, uto || ¢ — @ Iy << 0. Ilo oupenenennio mopMe
B V umeem

lo@)—o@)|le<p u [ (t)—@(t)|lz<p Az Beex (€.

Ho torpa
t, o @), o () €U pas Becex t€1, .t n

Taxum obpazom, otobpaskenne f: Q — R onpegeseHo Ha OTKPHITOM
MMOAMHOKEeCTBe 0aHaxoBa IIpocTpalcTsa. JTo [aeT IIpaBO IIOCTABUTH
BOTIPOC O TOM, K KakoMy Kmaccy C* 3To oToGpaskeHMe IIPHIIAIIE;RKHT.

IIpepnoskenue 1.2.2. Ecau pyuryus F: U — 3 npuiadaexncum x raac-
cy C* (k> 1), mo u omobpaxcenue f: Q — R, onpedeasenoe gopmyaoii
(1.2.2), npunadaescum x waaccy C*. IIpouseodnas om [ sadaemcs gop-
MYyA0U

b b
’ aF ’ 01” ’ ’ 1 2 3
F (@) u= [ S5t o0, ¢’ O) - w@®di-t [ Gt 0 0), ¢ (0w (1) de, (1.2.3)
a

20e u V.

Iloscuenune Hamommnym, uro Ams BeAroit kpusodl ¢ € Q mpo-
uzBognas f'(q) — sTo smement mnpocrpamctsa L (V; R). Bearui sie-
MenT u mpocrpamctBa V — 310 ¢ymkmua I — E wrmacca C'; u’ — aT0
ee mpom3BofHoe orToOpaskenue, u maA t €1 u(t) m u'(l) ApasoTcsa
aaemMentTamu mpoctpanctsa Z(E; R). Tlamee, (9F/dz) (¢, ¢(1), ¢'(t)) —
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9TO paeMeHT mpocrpaucrsa £ (£; R); mpaBas gacts pasemcrsa (1.2.3) —
9T0 3llaueHHe YKa3aHHOI'0 9.JIeMeHTa l1a Bekrope u () € £. Amamormuno,
(0F/8y) (¢, ¢ (t), ¢ (1)) — smemenr mpocrpancrea £ (£; R), m mm
Gepem ero smageHnic na Bextope u' (f) € E.

Horasarteascrtso. [Torakey upesge Bcero, 9To ecam F —
¢yurkmua xaacca C!, To f umeer mpoussogrylo f', 3amaBaeiyo gopmy-
xoit (1.2.3). Us s10it $oparysl cpasy BHAHO, 9TO orobpaskenie ¢ —f ()
MuoscecTBa Q B mpocTtpamctso L (V; R) wmenpepuigrno [ynmpasrue-
H 1 e: mpoBepnTe 3T0], T. e. dynruusg f upnunagieRur Riaaccy CL

Ias moxasarebCTBa BOCIOAB3YCMCA JeMMOH o guddepeHnupoBau
moj 3nakoM muTerpana (ra. 3, meina 2.12.2). Paccyorpiy oro6pasienue

At Q x I —R,
onpegnexennoe ¢opmymnoi
Ao, t) = F (t, ¢ (1), ¢ (1).

b

@)= | 2 v

a

HNneenm

Cupasa crouT murerpaa or GYHKIUM A, 3aBUCANIEH OT «mapamMerpay ¢,
HM3MEIAIOET0CA B OTRPHITOM AMIIojkecTBe Q Gamaxosa mpocTpaHcTsa V.
IMo memye 2.12.2, ecam mpouspojuas JA/J¢ CyIecTByeT H SIBIAETCSH
nenpepsBnoil yurmmeir or (A, t) € Q X I, 10 cymecrayer /' u

b
= S (@, 1) dt,
o (P
HJM, 9TO TO Ke caMoe,
b
(@) u= S (%((P, t)~u) dt puaa scex ugV. (1.2.4)

a

YcTanoBHM Teneph CYI[eCTBOBAHME NMPOU3BONHONR OA/J(p MPAMBIM BLIUIC-
nenueM. OrtoGpaskenie A pasjaraercsi B KOMIIO3HIUIO

ox 15U =

rae u (g, t) = (¢, o), ¢'(t). Ilo npemmomoskenuio ¢yuruua F mpm-
HAJUIKUT K Kaaccy Cl; moaToMy HOCTaTodYIo OKa3aTh, 94TO CYIMIECTBYeT
npousBogHaa Jp/d¢p, B BHUHCIHTH ee. M3 Tpex Kommomenr BexTopa
w (g, t) mepmas, t, me gaBucuT or ¢. Bropas xommomenta pasna ¢ (¢);
3TO IIeTIpepBIBHAA juHefnaa Qyuxnus or ¢ € V; mosTomy ee HpOM3BOI-
HaA eCTb KOHCTAHTa, HeKOTophit sxaement uad L (V; R); smageHme aToro
sneMenTa Ha BeKTope u € V paBmo u (¢). Haxromen, rperba xommouenra

" (t) — o0 nuueitnas menpepnBHas pynruua ot ¢ € V (B cuany BeGopa



314 Ta. 4. Saerenmsl 6apuayuorH020 UCHUCAEHUSN

HOPMHE B IIPDOCTPAHCTBe V); I0OSTOMY €e MPOM3BOAHAA €CTH IOCTOSHHEIR
aneMeHT mpoctpancrBa &£ (V; R); 3Hagenme dTOTr0 BIEeMEHTA HA BEKTOpe
u € V pasuo u’ (t). Ilo dopamyne mas npoMsBOAHON OT CAOKHOE QYHK-
I[UH uMeeM

T (@, D) =T (8, @ (1), @ (B) 1 (8) + 5 (2, @ (1), @ (B) - (1) (1.2.5)

Id10 paBeHCTBO mOKashBaer, uro (M) (@, t) € £ (V; R) ects Henpe-

pulsnas ¢yurnEs or mapw (¢, £) € Q X I. Taxum obpasom, dopmy-

aa (1.2.3) poxasama — ee cupaBeausocTh caegyer us (1.2.4) u (1.2.5).

ITo toit ;e memme o ZuddepeHIUpPOBAHEM IIOJ 3IIAKOM HHTerpasna,

ecniu ¢yurmus A (¢, ) k pas auddepenmupyema o ¢ U ee IIpo-
b

H3BOJHbIE CYTh HeHpephBIbe (YHKIHUE OT (¢, t), TO S A (g, t)dt
a
ecTs Gymrmus kmacca C" 1mo «mapaveTpy» Q.
dtaM JokasarenbcTBO npemnoykenus 1.2.2 aaBepiueHo.

1.3. llpumep

IIpusemeM cefiuac ofuI OdYeHb NMPOCTOr mpuMep (IOTOM HaM BCTpe-
rarca  u gpyrme). Ilyers E = R™. Iomoskum U =1 X R™ X
~ (R® —{0}) m

F(t,z, y)=V (y*+ ...+ (yn)?
(rge x4, . .., T, — Koopguuatekl Toukum z € R™ u yy, ..., Yy, — KOOD-

mmHATHl Touku y € R"). Oyunruua F npummagiexur kiaaccy C™ (rak
KaK MBI HCKIYUIM TOUKY y = U). MmuoskecTBO & COCTOUT M3 KPHBEIX
i " 1 ! 0 6 tel

¢: I - R™ gnacca C1, rakux, gro ' (¢) == nna awoboro tE€L, n

b
f@ = Vel@r+ - Fenydr.

a

3uauenme f (¢p) ecrb mpocto daura Oyeu wrpusoti @. IT0 — GYHKIUA
kmacca C~ or @ € Q (upocrpancrso V cmabiieHo HOPMOH, ONMCAHHON
Bom 1.1).

1.4. 3agava HA MuHUMYM
Muoszecrso kpuBeix ¢: I — E, rakux, 9T10
(P(a):a, (P(b):[3

(rme @ € E u f € E durcuposanw) obpasyeT agguntoe nodnpocmpar-~
cmeo W (a, B) 6amaxosa mpocrpancTsa V. ITO MOATPOCTPAHCTBO MMeEeT
KOpaaMepHOCTh 2, H60 OHO HaJeNseTCs TeM YCAOBUeM, YTO Ha HeM IpH-
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HHMaeT sajapHOoe 3HaueHme o (COOTBETCTBEHHO f) HeIpepHBHAA JUHel-
Hasg dopma

@~ @ (a) (coorBercTBeHHO @ — ¢ (b)).

Ecan mu BeIGepeM HeKoTopoe ¢ € W (a, P), To Besakuit saement apdun-
Horo momupoctpauctBa W (@, B) mosmuo Gyger sanmcath B BHIE

¢ = @o + Y,

rme ¢ € W (0, 0); W (0, O) siBasercs sexmopnuid noORDOCMPANCIMBOM
npocrpamctea V. Tarkum obGpasoM, (o ompemedsieT OUEKIWIO HPOCTPaH-
crea W (0, 0) ma W (@, B). Ora Gmekmus olpefensieTcsi CABHIOM

Y — @ + .

Wrax, W (a, PB) — sto npocrpamcrBo KpuBeXx ¢: [ — E wrmnacca C!
¢ QuKCMpOBAHHEIM HauauoM (a, o) u wxoumoM (b, B). B merpure, muay-
IUPOBAHHOH HOPMOE mpocrparcrBa V, mopmpocrpaucrtso W (a, B)
noaro. Ilpencrasmsier mHTEpec IepecedeHue

Wi, B)NQ = Q (a, p),

KOTOpOe ABIACTCA omkpumuixm MHOKecTBOM B W (o, B). Pacemorpum
cy:xenme ¢yuruum f: Q2 — R Ha Q (2, B). Ecau F: U —> R — dynr-
nus kiacca CF, 1o f — Torxe $yHrmua wmacca C* (upeamosxenme 1.2.2)
M, CIeJOBATEJNBHO, ee CY;KeHHe Ha OTKphHToe MHOKecTBO R (2, P)
apduunoro mpocrpancrBa W (a, P) Toske npmmagmemmr k rmacey C".

[BamMeuwanue. J[ludpdepeurupoBanme ¢GYHKOMH, OmpegeJeHHHX
Ha OTKPHTOM IOAMHOKECTBE BAMKHYTOTO aPdUHHOr0 IOAMPOCTPAHCTBA
6aHaxoBa IpocTpancrea V, MMeeT CMEICH, TaK KaK ¢ IOMOMBIO CABHIA
3TO TOAMHOKECTBO MOKHO MEPEBCCTH B OTKPLITOE MOAMHO;KECTBO BaM-
KHYTOT'0 BEKTOPHOTO HOJOPOCTPAHCTBA HPOCTPaHCTBa V, yske ABAAIO-
merocs 6aHAXOBHM IPOCTPAHCTBOM.]

Pacemorpum Karylo-uubyap Kpusyio ¢, € W (x, B). Moo cupo-
CUTh, ABIAETCHA JHU (o TOYKOH JTOKANBHOTO MHHUMYMA OJIA CYXieHHS
¢yuriun f na W (a, ), nmade rosops, mmeeT JH MECTO HEPABEHCTBO

7 (@) > 1 (90)

st oGoit kpusoit ¢ € W (a, P), nocratouno Gausxol ® ¢, Mnr yra-
JKeM ceifdac Heob6xodumoe ycaosue Takoro Mummmyma. Mur smaem, d4ro
cymenue fq p Pyurumz f mHa W (o, B) nuddepeunupyenmo. na moboi
T09KE o € W (2, B) npomsBomuas f,, g — 910 amueituas QGyHKIEA
or «mpupameHus» u ¢yHrorH ¢, tAe u € W (0, 0). OueBmmuo, 4ro

far8 (@) u=F" (9o)-u ana ueW (0, 0).

made rosopsi, mpousBoguas fg,p (Pg) — 9TO DIEMENT NPOCTPANCTBa
£ (W (0, 0); R), xoropeit moxydaerca cysxenmeM Qynrumuu f'(@g) €
€ £ (V; R) ma momupocrpancrso W (0, 0) mpocrpamctsa V.



316 Ta. 4. Saexenmy 6apuayUuOHN020 UCYUCAEHUS

Ilo mpemnoswenmio 8.1.1 mu3 ro. 1, 9. I, gua toro wrober GyHrIuA
fa,p MMelIa JORANBHHE MHHEMYM B To4ke ¢, € W, p, Heobzodunmo,
9T00BI

f () u =0 pgna aoboro u € W (0, 0).

Wgave rosopa, mpoussBopuas [ (@) AomkHA o6pawjamecs é Hyab Ha
arobom eekmope u €V, makon, umo u (a) =0 u u (b) = 0.

Onpenexenne. Ecan 310 BHIOJANAETCA, TO TOBOPAT, 9TO KPUBAA (@
peanmnayeT srcmpemyrm QyHruuu f, g. B 9TOM caydae rosopsaT Taxe,
4T0 KPUBAsA (g ABIAETCA 9KCMPeMasdblo IS WHTETpala

b
RACEIORRONE

=]

B Kaacce kpuBHx ¢: I — E, pna wortopux ¢ (a) = a m ¢ (b) = B.
Mu me GymeM 37ech 3aTPardBaTh BOIPOC, HPH KAKAX YCIOBMAX
DKCTPEMAaIb JIeACTBUTENBHO PEANu3yeT JJTOKAJXBHBIA MUHUMYM.
Pasencreo (1.2.3) mosBoaser HaM CHOPMYIUPOBATH CIETYIONIYIO
TEOPEMY.
Teopema 1.4.1. Jas mozo umobu kpusas @ € W («, B) 6waa srcmpe-
Maavio, Heobroduiso u docmamouro, wmoodsl

[ [5 tom o @um+ Gome @) (©)]d=0 (141

das mwoboti gynryuu w: I — E waacca C!, das romopoti u (a) = 0 u
u (b) = 0.

1.5. JIpyroit Bux yexoBuii akerpemyma

Mpt xormMm mpupgarh ycaoBuaMm Teopembl 1.4.1 pgpyroir Bupa. [as
safannoil  dyurmuu ¢ Qynrmmu (6F/9z) (¢, © (&), ¢ (1)) = A () =u
(0F/ay) (t, ¢ (t), ¢ (1)) = B (¢) Henpeprienst 1 UX 3HAYEHHS IPHHAJTIe-
smat upocrpanetsy £ (E; R). 3amaza 3anidogaeTcsa B CJIeAYIOMIEM:
KAaKHM YCIOBWAM JOJUKHBI YIOBIETBODPATH HelIpepHBHEE yuHroud A (1)
1 B (t) mas Toro, 9ro0b MMeN0 MECTO PABEHCTBO

S(A(t)-u(t)JrB(t).u’ () dt =0 (1.5.1)

dan wmoboti gynryuu u: I — E raacca Ct, obpawaiowelica 6 Hyav npu
t=aut=2=0

Bot otger:

Teopema 1.5.1. 15 mozo umo6u mak 610, Heobxodumo_u docmamouro,
umobun pynryus B (t) umeaa npoussodnyo B’ (t), pasnyio A (%).
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BTY TeopeMy MBI [TOKaKeM HeMHOr'o Ho3}ke, a ceitaac OpUMEeHUIM
€e B HHTepecymimeM HaC CJlIydae, Korja

AB=S-o@, ¢ 0), B®)=5 @t e, ¢ ().
Ilonyuaercs
Teopema 1.5.2. [las mozo umobu kpusas ¢ € W (a, B) 6raa skcmpe-
Mmaavio, Heobxodumo w docmamouro, umobv Gynryua (%g)(t, o(t), ¢’ (1))

b6uaa dugpepenyupyema no t u

(@ (), @ (8) = 5 (b @ (1), ¢ (1) (1.5.2)

das ecex t € la, bl.

Ypasuenume (1.5.2) wmocur masBamme ypasrenus ivepa. Wmenmo
OHO HCIOJNB3YETCA A HAXOMKJCHHUSA DKCTpeMajiei.

Ilepeiigem & morasatenncTBy Teopemsul 1.5.1. OgueBupnO, 910 yCIOBHE
A (t) = B’ (t) docmamouro, Tak Rak
b
[ B Ouw+ B @)=
L (B(t)-u(t) dt =B (b)-u(®)— B (a)-u(a) =0,

I
.O Ry

u6o u(a) = 0, u(b) =
zodunmo.

Mer paguM [Ba J[OKa3aTeJbCTBA HEOOXOZMMOCTH HTOT0 YCIOBHA.
IlepBoe Gonee mpocToe, HO HE COBCEM YHOBJIETBODHUTEIbHOE, TAK KaK
MbI 6y7eM B HeM IpeAlloJaraTh 3apaunee, 9yTo npoussofpuas dB/dt cymecr-
Byer. Bo BTopom Mm nowraskem, uTo mpoussofuas dB/dt peiictBaTeNBHO
CYIIECTBYET.

Ocraercs [oKasaTh, YTO DTO YCJIOBHE M HE0O-

IllepBoe gorxasarteanbcTso. Eciu mpoussomnnaa B’ (f)
cymecTByeT, TO U QyHKIUA ¢ — B (¢)-u (f) nuddepeurupyema. Jleyro
gacTh papeHcTBa (1.5.1) MoskHO mOBTOMY mnpeo6pazoBaTh € LOMOMHIBIO
WHTETPUPOBAHUA 10 dYacTAM. B pesyabrare moayumm

b
[B)-u @B+ [ (40— B'(®)-u@ydt=0,
rne :
(B ()-u (01 = B (8)-u(5) — B (a) -u ().

JTa BeJMINHA PaBHA HYJIO, TaK KaK II0 ITPENIONO/KEHHI0 (GYHKITHA
u: I — E obpamaercs B wyap npu ¢ = au t = b. Urax, ycaosue (1.5.1)
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npuoGperaer TAKOW BH[:
b
S(A (t)— B’ (£))-u () dt =0 (1.5.3)

a

das aboil pynryun u: I — E kaacca Ct, maxoii, umo u (a) = u (b) = 0.
IlosToMy HaM moCTATOYHO MOKA3ATH CIHEAYIOMYIO JIEMMY:

Jemma 1.5.3. IHyemv C: I — £ (E; R) — nenpepuwisnas @ynryus,
maxas, wmo

b
SC(t)-u,(t)dt-:O

das 0ol gynryuu u: I — E raacca C', obpawarnweiica 6 HYyib npu
t=a ut=>0. Toeda gynryus C moxcdecmeenno pasna Hy.aio.

HorasarteascTtBo meMmMmu 1.5.3. BygeM moxassiBats a1y
aemmy ot mporuBHOro. Ilyers C me paBHa TOMKAECTBEHHO HYJI. Torma
CyHecTBYeT TaKas TOYKa f;, 9TO

a<<ty<<b m C () ~0.
Hockonbry C (t,) € £ (E; R) m 5£0, 10 cymecTByer TaKo# BeKTOD
uy € E, aro C (t)-uyz= 0. Ilyers gas onpemeneHHOCTH
C (t) -up >0

(ecaim pTa BeqMYMHA OTPUOATENBHA, HANO 3AMEHHTb U, HA —1Ug). Tak
rak ¢ynkomsa C (f) menpepsiBHA 10 £, TO

C (t) ‘uO > O

m oupu | —1, | <e (rme &> 0 — Dogxomsiee 4YmMCIO, TaKoe, dTO
a <Lty — et + ¢<<b). Bossmem ¢ynrmumio A: [ — R* wmacca C*
¢ HOCHTeJeM, cojep:rammmes B [f; — €, %, + &l, cTporo momomxmreanb-
myio Ha uATepBane (f, — ¢, t, + &) (cMm. memmy 1 ms m. 4.1 ra. 1).
Bosbmesm B wauectBe u: [ — E QyHKUuIO, OnpefesgeMyld PaBEHCTBOM
u(t) = A(t) u, (upomsmemenme BeKTOpa Uy € E ma crauap A (). Oue-
BHHO, 9TO

C@)u(@)>0 upumBeex t€T7

CHu(@)>0 upnm £ —e<<t<<tf + e
b
Ho rorma S C (¢)-u (t) dt > 0, 910 TPOTHBOPETIAT HAHIEMY TPEIIOI0-

a
smenmo. Jlemma 1.5.3 moxasama.
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Bropoe morasareascTBo (momHoe). Ilyers A4, (t) —
opumutuBHaa ana A (f), obpamaromasgcsa B Hyas opn £ = 0:
1
mm:SAamn

0

Torma
At)ou(@)=A4;(t)-u(t)= g; (Ay (@) u (@) — Ay (t)-u' (B)),
OTRYy[@
b b
faoeo+sewoa-aouor+§EoO-a@w

Ham nago morasaTh, 910 9TO BHpPakeHHe PABHO HYJIIO Jis JI000#H QyHK-~
nun u: I — E waacca (', obpamalomeiicas B Hyab npu ¢t = a B t = b.
Ho npounspoguas u’ Taxkoil GYHUKIHUHA ABIAETCA ltenpepblénoll (QyIKImelR
v: I — FE, nnsa rortopoil

b
gvaﬁﬁzﬁ. (1.5.4)

O6paTtno, BcsAKasg mojobHAas (GYHRIUA U ABAAETCA IIPOU3BORHOM OT
¢ynrmmm u, takoH, uro u (a) = 0 u u (b) = 0. Tarum obpasom, HAM
HOCTAaTOUYHO [OKAa3arh, 4TO

b

me—mu»wnw=o (1.5.5)
IS BCAKOM Henpepweisnod ¢yurnuu v: [ — E, ymoBieTBopsIiomeil
yeaosuio (1.5.4). Bocnoabsyemcsa ciaenyormeil JemMoi.

Jlemma 1.5.4. Iycmov D: I — L(E; R) — Henpepvigrnas @dynryus,
o6aadarowas mem ceoticmeom, wmo
b

SDU%Mﬂ:O
¢ b

das w060l Henpepusnoll @dynkyuu vi I — E, makoii, umo S v (t) dt = 0.

a
Toeda pyuryus D (t) nocmosnna.

N3 sroit JeMMB B HAImeM CJy4ae BEITEKAET, 4YTO
Ay (t) = B (t) + const.

Ho a10 m osmagaer, 9ro B (f) uMeer mpomsBofuywo, paBayl A4 (f) =
= A, (¢), 9em ® 3amepmaercs BTOPOe NOKA3aTeJbeTBO Teopemul 1.5.1.

Ocrtaetrcsa gorxasatrh demmy 1.5.4. Onars 6ymem pac-
cyarh oT npotusunoro. Keau ¢ynrumua D (¢) me mocToAanHa, TO CymecT-



320 Ta. 4. Jaeamenmyr gapuayuonHo20 UCHUCIeHUS

BYIOT TaKue uucjga ty W &y, 4YTO
a <<ty <<ty<<b, D)z D ().

ITycrs BerTOp Uy € E TakoB, 4ro D (ty)-uy 5= D (t,) -uy. Jas ompege-
neunoctu OygeM cudTath, u4t0 D (t))-1o > D (¢;) -uy. Bmibepen «,
u o, € R Tak, atobsr D (t) > oy > ay > D (t5) -uy. Torma paa mocra-
TOUHO MaJHX & > 0
D) ug>a, upm |t —1 | <e, 156
D (t)ug<<ay umpu |t — ity | < . (1.5.6)

MEL MOKeM MpeImoNo:KuTh, 4To 4uciao € > ( HacTONBKO Majo, 9TO
et —e<<t ety —e<<t,+e<<bh.
IIyetes A: R — R* — dynruusa kracca C™, paBHag Hyd0 HpH | < —¢&
ut>eu Takag, 910 A () >0 paa —e <t << e (em. m. 4.1 rm. 3).
Torma mna ¢yHEIAN
(D) = At —t) — At —t)

kaacca C® mMeeT MeCTO PaBEHCTBO

b

S w(t) dt = 0.

a
dra pyuruusa Goablue UyIAd OpH ¢, — & < ¢t < t; + €, MEHBIE HYNIA
opu ¢, — &€ <t <ty + &€ U paBHA HYJIO BO BCEX OCTAJTbHBIX TOUKAX.
ITono:xum

v(t) = n (2) uo.

OueBnano, 4ro v — menpephiBaaa ¢yurmus [ — E u

b

S v () dt = 0.

Haumee, :

b f1te lo-e

[pwvwa- S At —t) (D (t)-uo) dt — S At —t2) (D (1) -up) dt.

a t1—¢e io—e :
s mepasemerBa (1.5.0) BEITEKaeT, 4TO
b t14-¢ t2te
Smemm>miSxa—mm—azgxw4gﬁ>
a i1—e to—e

--e
> (@ —a) | h(H)dt=>0,

e

BONPEKH HalleMy MpeanojioKennio. 1pebyemoe IPOTHBOPEYHE IOJNY-
weno. Jlemma 1.5.4 moxasama. Teopema 1.5.1 pokasama.
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1.6. Beruncaenne f'(¢) - # qas srerpemaneii

B mpempraymmey IIYHKTe MBI HOJXYUIIH ypasHenue Jiiepa, xaparre-
pu3yioliiee 3KCTPeMablLie KPHUBHE ¢ U Bulpaskaiolnee ToT (arrt, 910

7' (¢)u =0
ana mobold ¢yukmun u: I — E xuaacca Cl, ob6pawaiwyeiics ¢ Hyav npu
t=aut=>ab.

Or6pocnm Temeps mpefmonosKenne o ToM, 910 u (@) = 0 u u (b) = 0.
B o6osnavennax n. 1.5 maeenm

9 u= [ (AOw@+B@O-w ) dt

Mu Bujeau, urto mas okxctpemanu A (f) = B’ (¢). Hosromy
I (@)-u = B (b)-u (b) — B (a)-u (a)

(o10 BLIpasKenne, KoHeulo, ofpamtaercsa B Hyab npu u (a) = 0 u u (b) =
= (). Taxum oGpa3zox,

7(@) 1 =20 (b, @ (), @ (B) 1 (0) = - (@, ¢ (@), @ (@) u(a) | (1.6.1)

daa ecawroli swempemaanw ¢: I — E. IJra ¢opmyra moxasbiBaer, Kak
Boipaskenne f(¢)-u 3aBHCHT 0T GYUKIHH 4. OHO 3aBUCHT JHINL OT 31a-
wenuit ool Gyurmuy npu { = a ut = b.

Ecan ke ¢ ne sBiIsIeTcst 9KCTPEMANbIo, TO IpH BeUucaeHan [ (¢)-u,
BOOOINE TOBOPs, CyliecTBeHnnl 3mnavenus ¢yurnau w (¢) TpH Beex
t € la, bl. A umeHNo, Kax MoKasuIBAIOT BouIwucaenus m. 1.5,

L (a, ¢ (a), ¢’ (a))-u(a)+

£ (@) ou =2 (b, @ (B)- 07 (B)u (B) — 5

<

H"F (L @ (1), 9" ()= S (& 0 (1), @ (1) |-u®)dt,  (16.2)

oz

mo kpaifieil mepe mna tex Qyurnni ¢: I — E, 1 Roropwx QyURIuS
(0F/oy) (¢, @ (t), ¢’ (f)) or mepemernnoii ¢ MMeeT HEIPEPLIBIYVIO Npo-
H3BOJIITYIO.

21—T43
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§ 2. UBYYEHUE YPABHEHHA I3IJEPA.
CYIIECTBOBAHHE 3KCTPEMAJIEN. NPUMEPBI

2.1. Ypapuenne Jitrepa B cayyae E =R"
B orom caygae touxa z (cooTBercTBeHmo y) € E ompegenserca
AedCTBUTEIBHEIMA KOODAMHATAMH Xy, . . ., &5 (COOTBETCTBEHHO ly, . .
vy Yn). Dyarnua
F(t7 Tyy o ooy Tny Y1y o 0 oy yn)
npuHagie:kuT K waaccy C® (k> 1) ma orkpmrom muosectse U —
< R®+, Kpusas ¢: I — R" waacca C! onpepeiserca n 9HCIOBLIMA
dyurnuamu @; (f) knacca C'; @ TUPHHAMIEKUT OTKPHTOMY MIOMKECTBY
Q, ecan
’ ’
t 91(), -y P (D), 91 (D), -ovy G () EU

naa moboro ¢ ¢ 1. Kakpoll KpuBof @ COmOCTaBAAETCA HMHTETpa
b
fo)= 5 Ft, @r()y oos on(8), @90(D)s vey @ (D)) dt.

Ypasnenue Jiizepa (1.5.2), xapakrepusynomee dKCTPeMaJbHBE KPU-
BEIE, 3AIHMCHIBACTCS B 3TOM CJIYYae B BUAE CHCTEMBI 7 CKaJAPHBIX ypaB-

HeHUu

d oF oF .
7(‘@;7) = 1<i<n, (2.1.1)

rae 0F/0x; obosHawaeT (QYHKIIHIO
BF - ’ ’
oy & @@y ey @ (D). 9L(8), -y a (D))

U alaJoTMYHLIA CMBICT HMCET cuMBoJ OF/dy;.

Mut ncceyeM 3Ty CHCTEMY YPaBHeInA 8 npednoaoxceruu, umo @Gymr-
yus F npunadaewcum k raaccy C* u akcmpemaad @ seasemcs Epusoti
raacca C?, Kax Ml yBiauM moadiee (. npeagaoskerne 2.1.1), na casowm
ziesie TIPH COOTBCTCTBYIOMUX IPE/TOTO/REIUAX OTHOCATE b0 fyHKruun F
210608 DRCTPCMAND HPHHAMIERUT K Kaaccy C2.

Tar wak 0F/0y; — cnosiuaa Qynxuusa or ¢ (r; samenseM na @; (f)
H y; Ha @i (¢)), To B CcHNY TeopeMIl 0 AudQepeniipoBaAIUA CIOKHOM

¢ yRKIHT

2 (LEY) =2 o), o)+ 2 Sarar (b 00 ¢ (O)9 O+

dt \ dy;

+ Z T (1 90, @ ()95 (-

i=1
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Mu pupyM, 9TO ypaBEEHHe Jitepa 3aNMCHBACTCA KaK CJeyIOomas CACTe-
Ma n angdepennualbHbLX YPaBHEHHH BTOPOTO HOPAAKA C 2 HEH3BECTHHI-
ME QYHKIHAMH i, + .., & OT ¢ (MBl DWINEM Z; BMECTO ¥;):

dt@x (t Z, x)+2 dxj 69: (t Z .’L‘).’L‘]
j=1

, ” oF ’ .
+ 2 da: 01 (¢, z, x)~xj=—dE(t, z, '), i=1,...,n (21.2)
j=1
Ilpenmonosxum, 4TO
de t(—_a-—,(t z. 7)) #0 (2.1.3)
npm (¢, 2, 2')CU. Torpa cucrema (2.1.2) mpmsoputcss K BUIY
Ti=Gi(t, &4y oouy T, T, ..., Tn)y, 1Lin,

e G; — ¢ymxmum wkaacca C*~2, ecim F — ¢Qymknmm kiaacca CF.

Npennoxenne 2.1.1. Ecau onpedeaumeav (2.1.3) omauuen om nyas
u gynkyus F npunadaexcum x waaccy C®, mo eécakan sxcmpemasdb

z = ¢; (2)
npunadaencum x Kaaccy C>.

HoxasarteasbcrTso. Ilonomnam

oF ,
ziz'ga‘(t, Tyy ooy Tny Ygy o0 oy yn)v 1<l<u' (2'1'4)

fAxobuan ¢yHKIEHE 2y, ..., Zp OTHOCHTENBHO Jj, .y Yn DaBeH

a2F
det (W) U N0 OPeANOJOKeHuI0 oTimueH oT wHydA. I[loatomy pas
13

HEKOTOPOH OKPECTHOCTHM TOUKH (£, Ty, ...y Tn; Ygy «»+» Yn) MH MOMEM
IPUMEHUTHh TeopeMy O HeABHHX (yHRIusX. B pesyabrare mnOLydmMm

Yyi=Gi(t, Ty ovey Tny %y, o0, 20), 1Lign, (2.1.5)

rae G;— pysrnue kxacca C'. Ias toro urobH COCTABUTH ypaBHEHWA:
Jitmepa, Mal AOPKHHE 3a0HcaTh, YTO Y;—MpPOUSBOAHEIE OT QyHKIMEA z;
no ¢ ¥ 4TO
d (GF \ _ OF
a (5r) =5

Takmm o0pa3oM, 9KCTpeMaJd CYTh pelleHNs CHCTEMH ypaBHeHUW

d.‘ti
— =G;i(l, Tgy «evy Tny Ziy voes Zn),

dz; oF (2.1.6)
dzz =7:T(t’ Ty, o0y Tny Go(t, 2, 2), ... G (2, 2, 2)),

21
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T. €. pemenna cHcTeMbl auddepeIiuaIpbHLIX ypasieuuid kracca (!
€ 2n HeI3BeCTHLIMM (YHKIUIAMH Z; I 2z; 0T mepeMemioll f. J{aa Beakoil
IKCTpeMATH ; U 2; ¢yTh Qpyurmuu kiacca C! mo ¢. Coraacmo (2.1.D) y;
cyTh pyHKnmm Kiacca C!' mo ¢, m rak war y; = dx;/dt, 1o xz; (1) cyTh
¢yuknun kiaacca C? guaa mwboii akcTpedMaan, 9. T. f.

Berony gamee mMmr 6ygen mpegmoaarath, 9To F — QYHEINA Raacca
C? u aro oupegenurens (2.1.3) me paBen HYIO, TAK YTO MO/KHO IIPHMe-
HHUTH TEOPEMY O CYIIECTBOBAHHU I €JUHCTBEHHOCTH PCINCHHS CHCTEMBI
auddepennmanbublXx ypaBaenuii k cucreMe (2.1.6). B pesyabrare mm
ToJAYIHUM, €TO uepes awbyw mouky (¢, zy, ..., Z,) nrporodum odna
U MmoabKo 00HA IKCMPeMmMarb, manas, umo dr;/dt npununawom sadannse
aHauenua npu t = .

2.2, Hpuveps

IllpegBapurtenbnoe 3aMedanne. B ycaoBusax upe-
peirymero myukra (r. e. npm £ = R™) npeguoxo:kuM JOUOdUUTENbIO,
aro ¢yurmua F (8, Zy, - . ., Tny Yis « - -» Yp) AIA KAKOTO-TO 0011020
i (1 <<i<{n) He sasucum om x;, 1. e. 0F/0x; = 0. ¥Ypasuenue 9iiie-
pa (2.1.1) Torma yrBep:kmaer, uto Ha 060l skcmpemaan Pynr-
yua (0F/0y;) (i, ¢ (t), 9" (t)) nocmosanna. Wuaue rosopsa, Qymrmus
(0F/3y;) (t, x, y) ecTb nepewii unmezpas cucremsl AuddepenuaIbubIX
ypaBueHnil s 9KcTpeMalneil.

HMeppuit npumep. Hycrs F=} (y)2+ ...+ (yn)?. 9Ta sajaua
o kpuBHX B R", skempemasvnnxr no daune, TAK Kar

b
[ Ve e
a
—93T0 ANMHA AYra Kpupoi ¢: /-—R™ kmacca C'. B artom mpumepe
S J1I"/0x; = 0 jua sgoboro i. Iloatomy paa Ti0bo-
u(b) ro { GyHRIUA
ufa) aF ¥;

T V2ot (n)?

HOCTOMHHA HA RKaykgoll »sxcrpemanu. Mmaue

& roBOPS, HARPABLAIOUUE KOCUHYCH  BEKTOpA,
KACATeIbHOT0 K HKCTPEMAN, IOCTOSHHDLL. JTO

Pnc. 13. 03HavYaer, YTO KACATEJALMBIE K DKCTPEMaIn
HMeT moctosinHoe uanpasaenue. Orcioga cpasy

BUJHO, 9TO JKCMpeManl —— dmo npamvie ¢ npocmpancmee R™. Mur mo-
;kem  mpmmenntb  Qopmyny (1.6.1) mgma pudumcmenua «undunuresn-
MadbIOH Bapmanmuy LITHHL  OTPe3Ra TPAMOM  Kak QyHRIUH 0T
«IHQUIATe3NMATLHBIX BapHaIiily ee RoONIOB: B 570l Qoupuyae Bek-
topul u (@) u u (b) ompeCIAT HHOHUIUTEZUMATBIHIC CJBHIH KOHIIOB
A u B orpeska mpsoil (COOTBETCTBYIONU[IX 3HAYENMAM a W b mapaMer-
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pa t). IIpasas wacrb paBencra (1.6.1) paBHa PasHOCTH OPTOrOHATBHBIX
—>

OPOEKNUH Ha OTPe3oK AB BekTOpOB ;_(b) H ;d(a,) («popmyna Hoseda
Beprpaua»).

Bropoi mpuwme p. Paccmorpun neckoapro Goaee obmuit cuy-
gaii. Ilycre

F=a@)V y)?+...-+un?

rge @ () — ¢pyHRUIUA OT Iy, ..., I, KIacca c* (rme &k pocrarourio
Bemmo) Ecan ¢yurnus o me 3aBHCHT 0T KakoH-HuHOYAb 00HOU nepe-
MEeHNHOH, CKajeM OT Z;, TO (YHRIUA

oI ¥
(;UA = a (z) —ﬁe,“/l—
i VW2 ... 4 (n)?
ROCMOAHHA HA KaKION DKCTpPEMATH: TNPOEKRIUA Ha i-10 KOOPAUHATIIVIO
0ChL BEKTOPA INHMHLI o (Z), HAUPABJIENHOTO IO KACATENLIIOH K DKCTpe-
Mamu, mocrosnua. Ilojgobnas sajada BAPHAILOINIIOr0 HCYUCHEHUS BO3-
HHUKaeT NPU IAXOARJENHH TPacKTopuil, Mo KOTOPBIM pPacmpoCTPAHICTCS
cBeT B usomponnoil cpeje. Mzorponnocts o3nataer, yTo B Kaskgoil TOIKe
CROPOCTH PacCIPOCTPAIeNsI CBCTA 0/{HA 1T Ta Ke BO BCEX ITalipaBlIelusx,
olfa OCpaTIO TPOLOPIHONANLIA KodPPuyuenmy npeaosieHus CpeJipl
B DTOH Toure., ITOT KodPPHIHENT €CTh (YUKIUA TOYKH (¢ MOTOUTCIL-
IILIME 3HAYCHIAMI), ROTOPYIO MBI IPERIO;aracy JOCTATOUHOe THCIO pas

auddepenTIpyesMoit w He sasucaujeli om epexenu. Wnrerpan Sth
7

as o
CBOAUTCA TOorga K HITerpasny S*l—;, rae ds — 9JeMent JAHIILL RPHUBOM

H U — CKOPOCTBH CBeTa B paccvMarpuBaeMoil Todke cpeanl. TaxuMm obpa-
30M, Tl WIITerpad PaBeH epeaerit hpoxoxcdenus. Coraacno TPUIIHAIY
@epya cBET JBUKETCSA 1O TPAEKTOPHAM, BPeMs TPOXOKACITHA KOTOPBIX
munamaabno. CiaefoBaTennilo, STH TPAGKTOPUHI CYTh BKCTpPEMaNu Halle
BapHalMoIION 3ajadun. 3aKoN, TONYTEHHLI ITaMu BLINE, YTBEPIKIAer,
970 ecnu KodQUIHeNT TPETOMICINA CpeAbl 1le 3aBHCUT, HAIpPHMEp,
0T Zy, TO TPOEKIHS d 0Ch Z; BEKTOPA, HAUPABIEHHOTO MO KaCaTelbHOH
K TPaeKTOPHI CBeTa M PAaBHOTO KodPPuyuenmy npeiomaenus B pac-
cMaTpPUBaeMoOif TOUKe, TOCTOMAIHA BAOJAL DTOH TpacKTopum. 3HAA 9TO,
JETKO TOAYUTHTEH (€ HOMOIIHIO NPeIelbHOrO IepeXoa) 3aKoll RPeAoMACHUSL
Hexapra mas caydas, KOT[Aa cpela COCTOHMT W3 JBYX OAIIOPOAHBIX Te.,
pasmeseHHHX IIOCKOCTLIO @ ecau ny M Ny — JIBA MOCTOANHLIX KOd(PU-
muenTa IpeyoMmielus, Iy U i, — Yrusl, o0pasyeMmMbie IydaMHu CBeTa
¢ maockoeteio P, 10 (puc. 14)

! CoS iy = ! 08
ny 17 3z €08l
Pacemorpuy unrepecnsit 9acTHHE cnydai, oTocAamuiica K0 BTOPOMY

npumepy. llyers n = 2 n .
a () == (x,)" (2.2.1)
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HA noaynaockocmu Zy > 0 (KOopaAMHATH TOYEK HJIOCKOCTH 0603HAYEHB
d9epes zy W Zy), rae k — HeKoTopnd noxasareab. Torga ¢gydaxmums

K et
(.’EZ) '_,T—’TZCOHSt
Vit iz

Ha KaKIOH HKCTpeMaid. JTO MO3BOISET HAUTH ABHLIA BHX dKCTpeMadel.
Pexovmennyem uwmrarento  pasoGparh
CaMOCTOSITEIBHO HECKOJIbKO YaCTHHIX
CIyJdaen.

Caywaii k = —1. B oarom cay-

[l
~

i, 9ae peub mAeT 06 HWHTETpaJse Sé—z
HA DOJYILIOCKOCTHA o > 0. 39t0 —
merpuka Jlo6adeBCKOTO HA «HOJXY-
mrockoeTy Ilyankape». Ircrpemansn-
Puc. 14. MU ABJIAIOTCA DOJIYOKPYMHOCTH C IEHT-
pasu ma ocu zy. Oum fHeficTBATENLHO

peanusyot muHumym unrerpana (1.2.2).

Cayuwail k= +1. B dT0M cioydae MBI uMeeM [eJ0 ¢ HHTEIPAIOM

sz ds. OKCTpeMayIsAMM ABJIAIOTCS I€THBIEe JIWHUH

e
xs = ach (—ai—i— const> .

ITOT mHTErpaJ BOSHUKAET B 3afa4e O HAXO/KJCHHUM I[MOBEPXHOCTH Bpa-
DIEeHUs HAaUMEHbIUEH MJIOALH.
1

. ~ ds
Cayuali k= ——-. B orom cayvae peus ujer o0 uHTerpase

L2
9TOT MATErpas UOABIAETCA HMPHU OTHCKANUH Ha IIOAYILIOCKOCTH x}_/>0
Takoi Kpupoit C, 4TOGK TOYeUHAs MACCd, MABUTAaACh IO JTOH KpPUBOI
0e3 TpeHHA MO JEHCTBUEM CHJIK THA/KECTH, HAOPABJCHHOH MO OCH I
€O CKOpocTBIO U ==} 2gZ,, TpPOULIa ee 3a MUHUMAJIBIOE BPEMs. OJKCTpe-
MaJSIMH B JTOM CJIydYa€ ABIAIOTCA IYyTH YUKaoudsl, TOIKA BO3BPATa
KOTOPHIX Je:KaT Ha OCU Zy.

. 1
Cayuail k:?. B sToM caysae MH HMeeMmM [eJ0 ¢ WHTETPAIoOM

5]/.7:2 ds. 9roT wuHTErpax BOBHUKAET NPH HAXOKICHHU HapaboIH,

MO0 KOTOpOH JBIDRCTCA CHAPAX IO JCHCTBHEM CHIIH TA/KECTH, HANPAB-
JeEHOH 1O OCH Iy, €CIM HAYaIbHAs CKOPOCThb papHa |/ 2¢T,.

2.3. Ypasnenun Jlarpamka B MexaHuke

Paccymorpum Gr3mIecKyo cucreMy, KOTOpas MOYReT IPHHAMATH pPas-
JMYHbE UOJOKENHUs, OMHMCHIBACMBIC KOUEUHbIM YHMCIOM (CKAJHAPIBIX)
napameTpoB ¢y, . . ., ¢n. IIpHMEpPOM MOKET CHY;KUTH CHCTEMAa, COCTOSA-
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gfasg M3 KOHEYHOTO 4YHCJa CBOOOJIBX MATepHAILHBIX To4UeK. bBoree
o6muM 06pa3oM, CHCTeMA MOYKET COCTOATH U3 KOHEYHOTO TICIa TBEePIbIX
Ted, NOJUHHAIOMUXCA TAK Ma3blBAEMLIN 2040HoMHbLM ceiaam. [Iloaoske-
e CHCTEeMLI, COCTOAMEl M3 KOHEUHOr0 9IHCIa TBCPIBIX TeJ, Oompejge-
JIAETCA KONEYILIM YHCJOM IapaMerpoB. Ecam Me:kAy STHMH TeIaMu
CYOECTBYIOT KaRHe-mudygb «CBA3I», TO OHH OIPeIeNsIOT HEeKOTOPLIe
«COOTHOMIGHMAY MEKAY HapaMerpayMu. I9T0 MOryT OuiTh auddepenquaib-
Hbie ypaBIelns, pPaBeHCTBA IIH IIepPaBeHCTBA MEEKAY (QYHKIUAMU OT
mapayeTpoB. CHcrerna HA3HIBAETCH 2040HOMHOL, €CIH CBA3M YCTPOEHHI
TaK, 49TO JOKAJIbHO OIpeNeqeHilbie IIapaMeTpbl ABIATCA 3aJalHbIMK
GYHKIUANMM OT OCTAJIbHLIX IapaMeTpoB, YiKe HE3aBHCHMBIX MeXKAY
coboit.

Ecau mapamerpsl ¢; ABasA0Tcsa AuddepeHnnpyeMuiMA  OYHKIUSIMA
OT BpeMeHN £, TO KuHemuueckas snepeus 271 cUCTEMLI B MOMEHT Bpemein £
BHIpaskaercda Kax QyHRUuA or t, ¢y, ..., ¢, A OT UPOU3BOMILIX ;i ==
= dg;/dt. Ilpu JuxcupoBaHuLIX 3HaTeNHMAX £, ¢y, « . ., n — 9TO
HOJUHOM BTOPOH CTeNeHH OT q;, ..., gn. B «Xopownmx» caydasx ara
PYUKIEA ABAAETCA O00HOPOJHBLM TOJHHOMOM BTOPOiIl CTEHeHH OT ¢i.
B o6men caygae

=T2+T1+To,

rpe I'y — opmopoauslil nosunom crenend 2, 7y — (ofII0pofHas) INIeH-
masg Gyuruuss, a Iy 116 3aBUCHT OT gji.

IIpeamoaosRuM, 9TO B Kaskablil MOMEHT BPEMEHH Halla (U3MYECKasd
cHCTeMa IMaXOIUTCA TMOJ BO3AEHCTBHEM CHCTEMbI CHJI, MMeIomlell nomer-
yuar U (¢, qq, ..., q,). 9TO o3nadaer, 4YTO €CHH MHI 3apHUKCHPYeM
CHCTEeMY IIPHNOKEIIBIX CIJ B MOMEHT BpeMeuu £, To paboma, KOTOPYIO
COBCPUINT 3TA CHCTEMA TPH lepeMellelnn mnameil puangeckoil CHCTEMDI
u3 moaoskemns (¢}, ..., ¢%) B moaowenme (g, ..., ¢n), pasua
U, g, ..., q0) — Ut ¢, ..., ¢%). Ociosioll Opuanui MexanHKkd
YTBED/RAACT, GTO 9604I0UYUL PUIUNECKOE cUcmeMmbl 60 6DeMEHU ORUCHL-
gaemcs Kpugoll

- ((]1<t), c ey Qn<t))’

womopas aeasemcs IKCM pPemaibio 0as unmeecpaaa
S (T+U)dt.

ITOT MHTETpaJN Ha3bIBACTCA UKMezpatom Oelicmeus, a caM IIPHHIII
HOCHT HA3BAUME RpUiURA Haumenvluezo Oeiicmeus [amuivmona.
Taxuy ofpasom, ypapieunsa ABuselHsT MaTepuUaanioi CHCTEME
3aNACLIBAIOTCST B BHJle ypaBilenuil Jilsiepa s yrasamuoll BaplamuoN-
woit samauu. 3pech F = 7 -+ U, a poab mnepemeuibix Iy, . . ., Zn
Urpant g, - .., ¢n. Yumtwsasg, uro U me saBucur or g, ..., Gn,



328 T'a. 4. Jaerenmo ¢apuaQyuUONH020 UCHUCALHUS

vpaBHeHus Jilaepa MOKIO INepenucath Tak:

<Li<Ln.

d (aT): or . ou 1 (2.3.1)

dr \ oqj ag; ' 0q:

IT0 — RIaccHYecKue ypasrenus Jlaepaumca B MeXaHUKe.

2.4, Bosepamenue k o0memy cayuaio: caydaii, korga I (¢, &, y) He 3aBH-
cuT OoT t

.
DBynes uckars KRCTpeMani HHTerpaia 5 F (z, y) dt, rge ¥ — QyHEK-
mua kaacca C' pa oTkpuitoyd Muoskectse U — E X E.

Teopema 2.4.1. Ecau pynryus I' ne sasucum om t, mo @Gyrnryus
(8F/0y) .y — F (co snauenusmu ¢ 1) nocmosnia K@ 3KCMPEMAILT.

JHorasarteunsbcerso. Rak Bcerna, (0F/3y) (z, y)-y — dro BUAaA-
geutne daemeura (0F/0y) (z, y) € £ (E; R) na Bexvope y € E. Mu pomn-
IBl IPOBEPHTH, YTO IPOUBBOAMHAS IO { OT CJAOMKION Pynriuu

0[’1 7 7 al !

55 (@0, 97 ()9 ()= F (@ (1), " (1)
paBma Hyao0, ecan ¢ — ¢ (f) — arcrpevaabnan wpusas. Qopryaa mus
IPOU3BOAIIONR OT Guinueiinoil ¢yurigm (mpusenendas ¥ (0F/dy) -y xar
Ouanneitnoll pynruun or 0F/dy u y) maer maM

i(ﬁF ) aF_ d (01") L OF dy  9F dx  9F dy
ar \ay 'Y a @ Ny )Y T A T o A oy A
(2.4.1)

rjle x HATO 3aMenurh ua ¢ (t), a y—ua dz/dt=¢’ (¢). C npyroit cro-
POIIb, ypPaBHEHHC
d (aF ) - oF aBHenHe Jimepa)
a\oy) = (P pa
DOKasbiBaer, 4YTo Jjgepas 4acTh paseucrBa (2.4.1) pasua my:mo, 4. T, A.
Ecnun F — omaopodlnil MoJNIIONM cTedeuu 72 oT y (Aas moboro x), To

or ,
ey =nl. (2.4.2)

IT0 KITaccHIecKoe TOKACCTBO Jiljiepa, KOTOPOe MOIYYAETCA CIeTYILMM
06pasos: HAJ0 B PABEHCTBE

F oz, hy) = A"F (z, y),
npoguddepenumporatsh ofe TaCTH MO A M 3aTeM NHOAOMHUTH A = 1.

II puasep. Bwuexanure, ecan U u T wHe zasucam ot & u ecau QyuK-

nusg 7' samana B BHIE
T =Ty T+ Ty,
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rge T, — omnopogHas (QyHRIMA CTemeHE 2 1O ¢i, [ — OJHOPOAHAA
dyuxkpua cremenu 1 mo ¢i m 7T, me zaBmCHT OT ¢i, TO

oF

s = F=Q@Ty 4+ T)— (o + T+ To+ U)=T,—To—U.

i=1

Orciofa moanyuaeM meopemy o coxpanenuu sHepzuu (B oGobmenHoi ¢op-
Mme, npunamgieskameit llennese): ecau gynwyuw T w U ne sasucam om t,
mo eeauwuna 1y — Ty — U nocmoanna edoav kaxcdoii mpaexmopuu.

2.5. Cayuvaii, korga Qynruua F (i, ) ecTs 0ZHOPOAHAIIL MOI1IHOM BTOpOii
CTemeHu OT ¥

Teopexa 2.4.1 yrsepsrpaer, uro ¢gyurnus F(e(t), ¢ (¢) nocmosnna
ne raxcdoii srcmpemaan. IIpesmonoskus Temepb, UYTO AAsl RaRIAOTO I
Qyurmust F (z, y) ecTh 1eswpoxcdeniias noaoxumeavio onpederennasn
readpamuunas. gopaa om y (4. I, ra. 1, § 8). Toraa st moskes paceaor-
pers Qyurmmo G (z, y) = V # (z, y). Lean ¢ynrnua F npuoajieskuT
r xaaccy C*, to m Qynrgna G (z, y) ODpUNALTICGKRAT K TOMY ke RIaccy
B JM100011 Toure (x, y) ¢ y == 0. IlosToyy MBI MOSKEM Hapsyly ¢ Bapma-

1Hololt 3agatuell A1 MITCIpasa S F (z, y) dt paccyorpers Bapnaigon-

Y0 3a/avy IS HITeTrpaga SVF (z, y) dt. Mbl XOTHM CPABUIThH

HRCTPONAII 9THX JBYX 3ajad.
Ilpeskae Bcero neoGxommio HOAYCPKHYTL pasiudue Me;RAY «Iapa-

MEeTPH30BALIILIME KPHBLIMU» H «Te0MeTPHUYeCKUMH KpHUBLaIn. [Tapamem-

DUBOBAHHAA KPUSAS B IpoOCTpancTBe £ — OTO DPOCTO (HYIIKIMI

p: I > FE

pelicrpurenpioit mepemeunoit ¢ € I = [a, 0], koropas, mo upeamo.xo-
srenmo, npunagneskuT knaccy Cl. Ml mpenmonarae tarske, uto ¢ (¢) -
== 0 pus so6oro ¢ € 1. Wnaue rosops, roura (¢ (¢), ¢ () npunagae-
ARUT OTKPLITOMY MHOsKecTBY U, KoTopoe B CHJY lamero NOpPeanonao-
srerns ne cogepsrut tower suaa (x, 0). Hnsa raroit mapamerpusosamiofi
KPUBOM MBI MO;KREeM CJleJlaTh 3aMeHy IapaMerpa

t =M (u),

rae A — cTporo Bozpactalomee oTobpasrkenue kaacca C! orpeska [a, bl
na ce6a ¢ mpomspogHoil A'(w), oramumnoll oT Hyas aas m6oro u. M
110JTyuaeN 110BYIO IlapaMeTpu3oBanllylo kpusyio uw — ¢ (A (u)). Ilo ompe-
OCJMCNUI0  2e0MEMPUNECKAS KPUBAS — DTO KIACC NapaMeTPH30BAIIBIX
KPUBHIX, HOAYUAIOIHXCS OANA W3 APYTOlf ¢ TOMOMBIO OMIICAHIION BRI
zaxensl mapamerpa.
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O‘IeBI/IIIHO, YTO AJA BCEX HapaMeTPU3OBAHHBIX KDHUBBIX W3 OJHOTO
H TOrO Keé KiaacCa HHTerpaJs

b

{VFem, o @ a

a

uMeeT O4JHO H TO sKe 3HaYeHWe, IIOCKOJIBbKY

VF(z )=tV F(z, y) nas scex £>0.

‘“Takum o6paszom, mHTErpai

b
[ VFG®, o) d

a

B JIefiCTBUTENBHOCTH B3aBHCHT TONBKO OT BBIGOpA 2eomempuueckoli Kpu-

Bol. 3HAYMT, SKCTPEMAJH HA CAMOM JieJe — BTO IeoMeTpUIeCKHe KpU-

Bole: BLGOD MapaMeTpU3alud AiAs HHEX HE BAKEH. 3aMETHM, 9TO 3TO,
b

pasymeercsi, yiKe HEBepHO iIs MHTerpaja S F (¢ (), ¢ (t)) dt. Cae-
a

JAyomue ABa IPEIJ0sKeHUs IIOJHOCTbIO BBISICHAIT CBA3b MEKAY dKCTpPE-
MaJIAMH JIBYX HAIUX 3ajad.

Ilpeanoskenme 2.5.1. Beakas skcmpemasv 0as umnmezpaia Sth

ABAAEMCS, IKCMPEMAALI0 04l UHMezPpaid SVFd’t.

HeficTBuTeabHO, DKCTPEMATH IePBOIl 3aJjaud — 9TO DelleHHs CHCTe-
MBI ypaBICHHUIT
d or or
4 (_) = (2.5.1)
dt \ dy ar
“TOr/Ia KaK S5KCTpeMaJsl BTOPOH 3a7aul — dTO PEICHUA CUCTeMBl YpaBiieHHHA

d 1 ar 1 oF .

VEF 9y

Ho na rampgo#n swcrpemanm cmereynt (2.5.1) dynrnua F nocrosmia,
‘M, BIAYNAT, 3TA DKCTPEMAgb YAOBJACTBOPseT M cucteMme (2.5.2), 4. T. A.

Mpennoenmne 2.5.2. Bcaras eeomempuvecrkas 3drcmpemarv 04s

~

j V' F dt donyckaem edurcmeennyo napamempusayuio (¢ nomougbio napa-

mempa t € la, bl), marywo, wmo eeaununa F (¢ (f), @' (¢)) nocmosanna
wa Hell. ImMa napamempusosannas KEPU6as AGALEMCL IKCMPEMAALI0 04

S F dt.
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)I OKRKAa3aTearprCTBO. Bospmem OIPOU3BOJBHYIO 3ICTpeMalb

z =y (u)

I —
JJd MHTerpaja J V' F dt. BuGepem u=A () Tak, 4To0LI BHIpas:eHue

VF @ qt), v (A()-A ()

e 3apiceno or t. Ho pociegHee BRIpa)keHNE paBHo

M@V EF®W W), ¢ @), roe wu=A»;(l).

Dymrruma )V F (P (u), ¢ (2))—dT0 H3IBECTHAA HENPepHIBHAS HOJOIKH-
TenbHas QYHKIMA OT u; oGosmaumM ee uepes f. MEl noJsydaeM ypapLneHHe

du
7 . f (u) = COHSt,

oTKyAa ¢ = (—t—) S f (w) du - k, rne k — neroropas koncranra. Onpe-

meauM ¢ m k u3 coorHomeHuil { = a npu u =a ut=>b upu u = b.
Taxum o6pasom, ¢ okasbiBaeTCs U3BECTHOI QYHKIMER 0T w ¢ IOJOMH-
TeabHOH npouspoguoit. O6paruas ¢yukmusa u = u (f) 1 ecTb Ta PYHK-
A, ¢ HOMOOIBI0 KOTOPOH NPOMBBOAMTCS MCKOMAas 3aMeHa IapaMeTpa.
ITapaverpusopannas xpusaga & = ¢ (£) = P (A (¢)) Apasercsa pemenueM
cucreMsl (2.5.2), n Tark Kak & DoCTOAHHA HA HTOM KPHBOH, TO olla SBJsIET-
ca Tawyme pemenmeMm cucremnt (2.5.1), w. . m.

2.6. Teoneswyeckne Kpusble HA MIIOrO0Gpa3HAX

Mu ompemenuau B 1m. 4.12 ra. 3 saement AJMILI KPUBOI, Je:Ramer
Ha HeroTopoit mosepxnocru B 3. O6o6mum 1o mongarme. Ilycre M —
MiorooGpasue pasmepnoctu p u kiacca C* B mpocrpancrse R™. Ecan
MBI BOCHOAB3YEMCH JOKaJAbLHON mapamerpusarnueit yuoroobpasus M,
TO KOOPAMUATH Zy, . ., Z, TOUKW BLIPA3ATCa Kark QyHrijum kriacca C?
OT P HApaMeTpPoB Uy, . . ., Up, TAe TOUKA & = (W, .. ., U,) OpPHHAITe-
JKAT TEeKOTOPOMY OTKpuiTomy Muossectsy U < RP, mpumuem marpuma
U3 NPOM3BOANLIX 0Z;/0u; WMeeT paur p B Kak[Joll ToUKe MHOMECTBA
U. Ecan uy, . . ., upcyrs Qynkiun kracca C or mapaverpa t€ la, D],
fpuYeM OpOu3BOANLEe uj (f) He o0pamalnTcs B UYJIb OZHOBPEMEHHO,
TO CJOKLLIE (PyHKITAN

Z; (ui (t)’ « ooy Up (t)) (1 < i < n)

oupenessloT Kpupywo kiacca C' B mpocrtparictee R™; oreMeHT ee JIHHM

paserr
ds=]/(§;)*+...+(ﬁ;—;)zdt.
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Buyucasa dx;/dt ¢ TOMOIGBIO Teopembl 0 AuGQePEeHIHPOBAHNM CJIOKHOM
GYyHRIUHA, TOJyuaeM

n ¥y
ds 2—_ azl ,\2 , dltj
i=1 j=t
=8 (Ugy ooy Up, ULy oo vy Up),

riae  F-—oDHOpPOJHAA TOJORUTENBHO ONpeeJeHHAS HEeBHIPO;KACHHAS
KpBajpatmuHas  ¢opMa oT U, ..., Up, KO3QUIHEEHTH KOTOPOH CyTh
dysrunu wmacca C*1 0T mepeMEHHBIX Ui, ..., Up. TawkuM 00pazon,
9JEMeHT AJHHBI NapamMeTpH30BaHHOII KPUBOH, Jerkameil Ha Mmoroodpa-
sun M, paBenm

Vﬁ'(ul, ey Uy ULy oo, up)dE, (2.6.13

TJe u; Hajgo 3aMeHHTh HA QYHKIWH u; (f), oUpefeIAoiIe 3Ty KPUBYIo,
U Uj— TPOU3BOJHBIE OT 3THX (YHRI(MIL.

Ilo oupepenennio zeofesuueckumu Epusumic HA MHOTOOOpasuu M
Ha3bIBAIOTCA IKCMpeMaal JJs HUTerpaa

S VF gy ooy up, uly oo, up)dt;

9T0 —«TeoMeTpHUCCKHe» KPHBLE, Tak KAk HOCHeAHHIl HuTerpas paset
AJuTe AYTH KPHUBOH M He 3aBHCHT OT BuiGopa mapaserpa .

IIpmyenuy K TCOAE3MTCCKHM KPUBLIM  Pe3yJabTarTsl  OPCALIAYIICTG
nynrTa. Mbl BHAHM, UTO BOIPOC CBOJHTCS K MCCICHOBAIINIO DKCTpEMA-
Jefl AaA HuTerpana

Sl" (Ugy «ovy Up, Ups .oy Up)dE, (2.6.2)

KOTOPHI 3aBIICUT OT BLIOOPA MApaMETPUBAIMH 114 TCOMETPHUYECKON K-
Boii. Orcrpemasu wunrerpaisa (2.6.2) ABnAIOTCA TIeoAC3MYCCKUMEI Kpil-
BLIMH C TAKUM MapaMeTpo™ I, uro pynriua F(uy, . . ., Up, Uy v e ey Up)
mocrosiniia Ha aroit kKpuBoi. Munaue rosops, amom napamemp t doaxcen
UBMEHAMDCS RPOROPYUOHAALHO Jaune Qyel paAccmampueaemoll Kpugoil.
Taxkum obpasoM, swcmpemnaaw unmeepaaa (2.6.2) — amo ezeodesuueckue
EpUGble, NAPAMEMPUIVBAHILBE ¢ TOMOU[LIO NAPAMEMPL, NPONOPYUOHALL-
Ho20 Odaune Oyeu.

Jms maxosrpmenns reofesuyecKmx KPHBHIX yHoGiee MCKATh 3KCTpe-
MaJsn s unurerpadia (2.6.2): B aToM cayuae He HYIRIIO N3BJEKATL KOPIIL.
M, KPOMC TOTO, MBI MOJyUaedM KPUBYIO, 33JallIyI0 ¢ MOMOIIBIO TapaMeTpa,
¢ TOUNOCTBHIO 10 KOQPHUI(HENnTa MITPONOPIUOHAILHOCTI PaBHOrO JJIH-
ne JyTh.

Bumnmey ypasuenns Oitaepa s mnrerpasa (2.6.2). Has srtoro
BOCIOJIL3YEMCA  BERTOPHLIMH  ofGozmauenusavu. llyers w  ofosmauaer
dyurmmo [ — RY wmacca (€', u’ — ee npoussomnyo, F (u, u') —
oyurmmo  F (uy, ..., Up, 4. ..., w)). Torma ypasmenms IJiinepa



§ 2. Hayuwenue ypasgnenus Jiaepa 333

IPHIIIIMAIoT B

d ( oF ) _OF
ou' ]
W HHAUEe
02F , a2r u__ OF 2
du ou’ w du’ du’ = ou’ ( ')'3)

rae u' m u” 0603HAYATOT COOTBETCTBCHHO IIEPBYI0 M BTOPYIO WPOU3BII-
gee oT HeuspeeTHoil (yuruun w mo ¢ Coormomenue (2.6.3) Bripasikaer
pPaBEHCTBO 3MEMEHTOB mpeerpaHcTsy £ (RP; 1), conpsmikemdHsro K IIpo-
crpanctey E -=RY, KoropoMy NpaHAUIENRAT 3HATEHHsA OYHRUBH U ().
34ech Hy'KHRZ HEROTOpPAg CCTOPOKHNCTh, MOCKMIBKY 3HAUCHUA IPOHAIBHI-
HOI 0%F/0u Ou' mpUHALICHKAT HPOCTPAHCTBY OHAHHEHHBIX OTOOpasKeHuil
E x FE—R, u obosnauenue 77‘227:'7”’ HEOTHOBHATH), MO0 MYKIO JBYMA
PASIHUHBINE  CIOCO0AMI  CONMCCTABUTL BerTopy w' €E w OuamHeHHIMY
orobpaskenuio £ X E— R auneiinoe otobpaswenne E — R. [aa ycrpa-
HEHHMA HTOIl HEOIHO3HAYHOCTH JOCTATOUHO HAIIOMHHTB, 9YTO 4epes3
02F , .

TR o0o3HAuaeTCA 3HaueHuwe HpOU3BYIHOE dJ/0u or QyHRIUU
0F/0u’ ma BerTope 1’ [Koropoe He HaXo cMEIMBATL €O BHAMEHMEM Ha 1t
ponzBonHoOll d/0u’ or Gyurnuu J9F/ou).

3amernnM fgasiee, uro [ —ogHopoinaa ¢GyHRIuA cremenn 2 ot u’,
0F/0u’ — ogmoponuaa gyarmusa creqmenn 1 or ', paBHO KAk U ee Ipo-
ugBogHas (0/0u) (0F/0u’). Nanee, §%/'/(0u’-0u”)— ogHoposuaass QyHRUUA
crenmenu 0, T. e. BoyBce He 3aBicuUT OT u', & 4F/0u— oxHoHponHasT QYHK-
nua cremenn 2 or u'. OkromgarennHo nnddepeHnuanbHOe ypaBHEHUE
ST 1AapPaMETPH3OBAHHEIX Te0/C3TeCKIX KPHUBBIX BATHIOIETCA CACIYIONEM
00pasoM:

92F
ou' du’

rne G — ¢ynkma kmacca C*=1 no u, oMllopoAag cremenm 2 mo u’,
co suadennsamu B £ (E; R).

Tar wax F — KBajipaTHTIIasz ILeBHpOiAeHIad QYUKIUA oT U,
oTobpaskernue

(w)-u" =G (u, u'), (2.6.4)

2
E > g (1)

JIA KGRAOTO U ecTh udomopgusm npocrpanctsa £ ma coupsskenoe
npocrpaircteo £ (E; R). Hyers o (u): £ (E; 3) > E — obpaTusii
U30MOPPH3M, KOTOPHH NpUHALIGKAT K Kiaaccy C* mo w. Ipamenss
n3oMopduss o (u) & obeus uyacrsin pasenctBa (2.6.4), M mosdyugaes
ypasuemnue, srsusageutuoe (2.6.4):

u' =0 Ww-G (u, u). (2.6.5)

lIpasas wacmb amozo paseHcmea H (u, u') ecmb odnopodnas @ynryus
cmenen 2 no u' kaacca C*™' no u co snavenuanu ¢ E. Taxono pudde-
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peHLUaJbHoe ypaBHeHue INA Teole3WIeCKMX KPHBBIX, IIapaMeTpu3o-
BaHHRIX € TOMOOIBI0 HapameTpa, IPONOPUUONANLION0 MJMHe AYTH.

IIpumenum Teneps K ypasuenuro (2.6.5) aoxaavnyio meopemy cywjecm-
808aHUA U eJUHCMEEHHOCMU pewenus cucmembl JugdepeHyuasbhiT ypas-
Henuli emopozo nopsadra. Ogmako mpeskme yOemHMMCS B TOM, YTO eCiIw
u (t) — pemenue, 10 u (cf) — TOKe penienme AaA J060H KOHCTAHTHI C;
3TO MOYKHO IIPEABUIETH, IMOCKOAbKY, KaK MBI 3HAeM, HapaMeTp ¢ Ha reo-
[e3U9ecKOoll KPUBOH O/HO3IIAYHO, ¢ TOYHOCTHIO JO0 IOCTOAHHOTO MHOMRMU-
TeJs, ONPEeAeJAEeTCA YCJOBMEM IPOHOPUMOHANBHOCTH AJAUHE AYTH Ieo-
nesudeckoii. 1 meilcTBUTENBHO, 3TO JeIKo cieayer u3 ypaBuenusa (2.6.5).
nGo ero npapsas gacte H(u, u') — ommopomHas (YHKUUA BTOPOH cTe-
menu mo u'. OTciofa BHITeKaer, 970 O/ 3afJaHHBIX HAYAJAbHOIO 3HAYEHUs
v (0) m pavanbHOTO 3HaueHMs npousBomuoit u'(0) cymectsyer omna
U TONBKO ofua reopesmueckas u () (Ha HEKOTOPOM MHTepBaje —E <
<t < +¢), CoOTBETCTBYIOMAA 3THUM HAYaJbHLIM [JaHHBIM. Ecam Mo
ymuosuM u’ (0) Ha DONOKUTENBHYIO KOHCTAUTY, TO Hali[eHHAA IeOMeT-
pudeckaa KpuBas mne maMeHurca. lloatomy cywecmeyem eduncmeenHas
260MEMPUUECKAT 2600€3UNECKAsL, RDPOT0OAUAR uepe3 DAHHYI0 MOUKY U UMeIo—
was dannyin KacamesvbHyio.

Hanee, npmvenum k ypasBuenuo (2.6.5) teopemy 3.8.1 m3z ra. 2,
cnpaBeJIuBy¥0 Iuasa Jawo6oro auddepeHInanrbHOTO YpaBHEHHUS BTOPOrG
mopaAka raacca Cl. Jlns 3Toro Mbl DO/KHEL NPEIOJ0KATh, 9T0 KBajI-
patuunas ¢opma F (u, u’') npmmagme:kur K xiaaccy C? mo u u 4to mapa-
MeTPH30BaHHBIE TeoJe3MYecKue KPHBBIE SBIAITCA DPEIUCHHAMH YpaB-
HEeHUSA

v = H (u, u),

rae ¢yurnua H (u, u’) npuoagiaesxnr k kKaaccy C! mo u. Ilpumenunm
ynomanyryio teopemy 3.8.1 u3 ra. 2, zamenus B ee GOpPMYJHPOBLE
z Ha u i 2 na uw. M moayduM peumleHme, COOTBETCTBYIOMIee HAIIHM
HAYaJbHBIM JTaHHLIM:

u (t) = a (=const).

Ha ocmopanum ckasannoro B moscHenun K TeopeMe 3.8.1 MBI Moskem
c/eraTh CAeAYIOMHUI BHBOJ.

Hycmos danwt dse mouru b u ¢ € RP, docmamouno 6auskue k mouke «.
Tozda watidemes odna u moavko 00Ha (64uskai K HYA0) HALAALHAR
ckopocmy u’ (0), das womopoti npu |t | << 1 cyujecmeyem eeodesuvecras
u (), ydosaemeopswuas ycaosusn u(0) =>b u u (1) =c. Hopoue
roBoOpA, uepes a106vle Jee mouku b u ¢, docmamoyro b6auskue ¥ moure «,
npoxodum odra u moavko o0na 2eodesuneckas.

2.7. 3agaum Ha BKCTPEMYM JUIs1 KPUBBIX, JeKAIHX HAa MHOroo¢pazmm

[Mpenmonoxum maa upocrots, aro £ = R"™. Ilyers S — MHOTO006-
pasme kaacca C? (rge p AocTraTo4HO BeJqMKo) B mpocrpancrse R™ (cMm.
u. 4.7 ra. 3). Muoroo6pasme S Gynem caAaTaTh (HKCHPOBAHHBIM B B JaTh-
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Helfilmem OymeM paccMaTpHBaTh TOJBKO KpHUBBE Kjacca (!

o: I - R,
raxue, aro ¢ (¢) € S ans t € I = la, bl. Mu Gynem roBopurs, 4ro Takie:
KpuBLe Jge:xaT Ha MHoroo6pasum S. Omm o06pasyioT IOAMIOMKECTBO
Vs B 6amaxoBom mpocTpanctse V Bcex KpuBHIX Kiacca C' (cm. m. 1.1).
Hapenum Vg Tomosormeii, mupynuposauunoii ms V. Pasymeerca, Vg
He ABIAETCA GeKMOPHBLM HOAOPCCTPAHCTBOM.

Iycrs, Kak ¥ pamblle, HAM 3ajlaHa YMCAOBaA QYHKIMA Kiacca C*
ma orkpeitom muokecBe U < R X E X E. O6Gosmaunm uepes €2
omEpumce MHOMKECTBO B IIpocTpaHCTBe V, o0pasoBanHOe KPHUBHIMH,
rakumu, aro (¢, @ (£), ¢ (¢)) € U nnsa ao6oro ¢ € I. Torma Vs(1Q —
OTKPBITOE MHORECTBO B TOIOJOIHYECKOM NPOCTpaHcTBe V.

Bagava ma MumumuamyM Iyers Qg (a, P) — MHOMKECTBO-
kpuBbix @ € Vg1 Q, mas Koropeix ¢ (@) = a uw ¢ (b) = P. Iro Tomo-
JOTHYECKOe HPOCTPAHCTBO; IPENNOJOKHM, YTO OHO He nycmo [rak dro.
roukr ¢ € R™ u P € R™ mpuuamne;kar OmHOH M TOH jKe CBABHOH KOMIIO-
menre muoroobpasua S]. Ilyers ¢y € Qs (o, B). Ilocranum Bompoc:
KOr[a Ha KPHUBOH (@, LOCTHIAETCS A0KAAbHBL MUHUMYM QYHKIHOHAIA

b
f@={ F @t o0, ¢'©)d, (2.7.1)

rae ¢ € Qs (¢, B). Wuadge rosops, Korpa mMeeT MeCTO HEpPaBEHCTBO

1 (@) > (90)

maa nobux KpuBbX ¢ € Qg (o, P) M3 HEKOTOPOIl OKPECTHOCTH KPHBOR
@o (B Tomoxorun Qs (2, B))?
TloKaskeM CJIeNYIONIYI0 TeopeMy

Teopema 2.7.1. [Jas mozo umobvl Pynkyus @ peaiusosvieard A0kaLb-

untt munumym unmezpaaa (2.7.1) dasn @ € Q(o, B), Heobxodumo, umobvr.

f (pg)-u=20 (2.7.2)

oan ecex gyuryuti u: I — R™ raacca C', obaadaowuzr marum ceoti-
cmeon:

PS): uw (a)=0,u(D)y=0 u 0dan awboeo t€I ¢exmop u(t)ER"
seasemcs kacameavhbiym K mHo2006pasuio S ¢ mouke @, (1) lmo moBomy
OTIpejieJIeHHs  KacaTeJbHOI'o0 BeKTopa cM. ria. 1, mpejioskenme 4.7.2.
Kax wmbl 3naeM, kKacarteabubie BeKTopsl K S B Touke z € S obpasyior
Kacareabiroe BekTopHoe mpocrpanctso 7', (S).]

Iloacuenue. Heobxogmmvoe ycaoBue MmumuMyMma, wnaiijenuoe
B u. 1.4, saxmoganoch B TpeGosanuu, atobsl [ (@) -u = 0 maa moboi
¢yuxmun u: I — R™ kaacca C!, rtawoit, uro u (¢) =0 upm ¢ =«
u t =0b. B rteopeme 2.7.1 MuokecTBO paccMaTpHUBaeMBIX (YHKIUI 1
Gemuee. Ioaromy ycuaosme (2.7.2) ma KPHUBYIO ¢y ciafee aHaJOIAYHOIG
yeaoBusa u3 u. 1.4. 1o m xopowio, uGo, mampumep, B 3afadye HA MUHE—
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MyM IHHBL 1yTH KPHBOI 13 yexopnit m. 2.1 caegosamo Gul, 4To KpuBas
MHUIINMAJIBHOM [IJIHHBEL 00A3aTebllo ROAAHA OBITH OTPE3KOM IPAMOM, a
B HalmmeM cjydae, KOrjJa KpHBas JOJ:KlIa Je:KaTh HA MIIOroodopasni S,
BechMa MajIo IIajie:kjIul Ha TO, UTO MHOTooOpasme S COAGP/RUT BMecTe
€ ABYMA TOYRAMH U COCJMHAOMMII HX OTPE30R IpAMOIH.

IIpesige deyM HIpHCTYNHTH K J0KA3aTeAbCTBY Teopeambl 2.7.1, mamoy-
HUM, 9TO

b
7 @)= [ S5 o), o) +

) 0[(1 ’ ’
5 (6 @D, ey @) (1) e (2.7.3)
{cm. paBenctBo (1.2.3)).

HJoraszarteuasctso. Bearaa ¢gyurmua ¢ (¢, ) or aByx gei-
CTBHTENBILIX TepeMennsix ¢ u A kaacca Cl, onpefencHnas mpu

t€l, [A]<<e (rme ¢ >0 gocraToTmo MaJo)

¥ OpUnHMaiomas 3HavYeHHdg B S, OOpeIeaserT CeMeHCTBO KPIBLIX
¢pa: I — S, mapamMeTpusoBaHuoOe C IIOMOIIBIO mapaMerpa A, a NMeIo:

(Px(t) = (tv }“)'
[IpenmososkuyM, d9ro kpusas P (¢, 0) coBmagaer ¢ KpuBOH ¢ (f) n
¢, (@) = a, ¢, (b) = b pas moboro A. Torga ¢, € Qg (o, B) npas
BCeX mocTarouno MaJblx suadenuit | A |. Ilpepnmomoskmm pamee, 49To
$yurmun P 1 JP/dt mMeoT UACTHLIE MIPOIBBOZHEE IO A
ﬁlp a 0
¢, ) =2, ),
MPIYEM 9TH TPOM3Bo;HbIe Hempepwimbl 1o (¢, A). Torja
b
. ; op
Fa) = | £ vt b, She )
[

ecTh AupPepennupyeman ynxigus or mepemeruoro A. ITo xemme o mud-
$epeHIHpOBAHAN II0;[ SHAKOM UNTErpajga IIPOM3BOjHASA OT 3Tol PyHK-
min mo A npu A==0 paBHa

. .
5{%\1 Fol0), 050+ G (s 0 Gt o) @O} G (8 0) |
A (2.7.4)

Ecnam @, peanuayer JORaXbHb MunmsmyM Qyskumd f (¢), To npous-
Bosuas [ (¢,) mo A obpawaercsa B HyIb DA A = (. Ilo>rony Buipake-
smme (2.7.4) pasno uymo. Orciona m Gyier caefoBars Teopema 2.7.1,
€CIM TOJNBKO MBI JIOKAyKeM JeMMY:
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Jdemma 2.7.2. Hycmv w: I — R"™ — gynryus raacca C, ydosaem-
sopaowas yeaosuro P(S). Tozda cywecmsyem Pyrnryus § (¢, A) onucan-
H020 @wlule MURA €O SHAYEHUAMU HA MHOzoo6pasuw S, makas, wmo

Yt 0=q0(t), (t, )=u(t), - 0)=u (). (2.7.5)

[MnTyutuBHo 3TO0 03mAaYaeT, 4TO MBI MO/KeM BRIIYNTH KPHBYIO @
B TaKOe CeMeHCTBO KPHUBLIX (y, JeKAIUX HA S, YTO JJIA KayKAOTO 3HA-
genua t € I «BGeckomedano Manoe upupamenney P (£, A) B Toure (¢, 0)
opu 0eCKOHEYHO MaJblX IPHPAMEHUsX A ecThb BeRTOP u (f), Kacareib-
BBl K MuOTOOGpasmio S B Touke ¢, (1).]

Mu yraskem amme uaeio JOKasaTedbCTBa JEMMBI, He BHUKAsS B jeTa-
au. Ilpepmonoskuy, 9ro mHOrooOpasme S IPUHALICKAT K Kiacey C3
u 470 ds? na 3TOM MHOroobpasul ecTb GyHKINA Kiracca C? oT mapamMeTrpos,
aoranbHo napamerpusyiomux S. Torma auddepenrnuanpiisie ypasie-
HILSL JJtS TeOJeBHIeCKUX Ha MHOoTooGpasum S npuuajgie;rar K raaccy Cl,
M MBI MOjkeM NPHMEIHTh K ITHM 0oOI[He TeoPeMbl CYIIeCTBOBANUA U 3aBH-
CHMOCTH OT HAYAJIbHBIX yciaoBmil. DB Rakmoit toure z € § RamaoMy
kacarenbnomy Bexropy y € 7', (S) coorBercTBYeT TreomesuuecKas

h— gz, y, 1)

¢ ImapamMeTrpoM, TPONOPIHOUANBIIBIMN JIJIIIue AYTM KPUBOH, Takad, d9To
gz, y, ) =z u (dg/or) (z, y, 0) = y; o710 reonesmuecKas olpene-
memma mpu gocrarourro Maanix || Ay |l Tem camwia ompeperena gpyuk-
nua g (z, y, X), npumamnescamas X wnaccy Cl. 3aveumy z na g (2)
uy uaw(t) s dynkuuu g (x, y, A). Torna g (¢ (t), w (¢), A) u dyuer
¢yurmmeit P (¢, A), ypxosaerBopsoeil yemopisiy (2.7.5).
Onpepesennie.  Hpusas Do I — S, ynosaernopstiotiasi 1ueobxo-
MOMY YCJAOBUIO H3 Teopesul 2.7.1, masviBaertcs orcmpemaavio NIt HuTe-
b

rpa.ia glv . o(t), ¢'(2)) dt, nemmameil na Mmmorooopasmm S.

Ey;l;eM HECOTH (p BMecTo (p. Mt Bupus, uro rpusas ¢: I — S
ABAACMCA IKCI: PCMAALIO 8 MOM U MOALKO MoM cayuae, kKoada
b

[ [55 0@, o @@+ o, ¢ @) ©)]d=0 (27.)

dan awbod gynryuu w: I — R™ waacca C, ydosaemeoparoujeii ycaosui
P(S).

2.8. IlpeoOpasopanme npefpIAyIIEro YCAOBHS

Bynem peiicrsoBarh Tak ke, Kark B m. 1.5. Ho amecs a1 gast mpocro-
Th hpednoaoxcum, Uro Gynrmus ot ¢
or

R TONA0)
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mnpdepentupyeMa, eciiM KpUBag ¢ ABJIAETCHA DKCTpeMadbio. Tax ke,
Kak m B m. 1.5, monoskum

AW =5t 0@, ¢ (1), BO=S-(t o), o ®),

Wurerpupopanme 1mo dacTsaM Jaer
b b
[amwe+B@wwd-{Uo—8wuwa

a

tak Kak u(a)==0 u u(b)=0. Iloaromy ycsoBue, 9T0 KpHUBag P ABIACTCA
3KCTPEMAAbIO, COCTOUT B TOM, 4TO

b
S (A(t)—B'(t))-u(t)dt =0

oas nwboit pymrmun u: I — R™ wxacca Cl, yaosreTBopawmen ycio-
puio P(S). Taxk e, kax B goxasareancrne JjgemMnl 1.5.3, Moo moxa-
3aThb, 910 B UauleM caydae pasa Jawoboro ¢ € I numciinas ¢opua
A(@t) —B'(#) €L (R™ R) doamcna obpaujamucs 6 HYyab HA rax#c 00
germope, racameavion kS ¢ moure ¢ (t). Mur mpejocrasasges 51y  Bos-
MOJKHOCTD YHTATeN0 B KadccrBe ynpasknenusa. Pasyseercs, naie 1eol-
XOMMOe VCJIOBIE SABISOTC TAakyKe I JocTATOUuLIM. B mrTore moayzaercs

Teopema 2.8.1. J[as moeo umobw kpusas ¢: I — S Gwaa skcmpe-
Maavio (6 npednoaoxceruu, wmo gyrnkyus
or ’

Juggepenyupyena no t), reobrodumo u docmamouno, yumodv, 0as 1106020

t €1 asaemenm
or , d "oF , n.

o6pawancs 8 Hyav Ha écex eekmopar kacameavitozo npocmparemea T, (S)
e mouke T = @ ().
JTO ycaoBHC 3aMellsseT ypasueHue Oiepa ms teopemnr 1.5.2.

IHpumep. llyers n = 3, S < R® — noseprrocmt B Tpexmepiiom
eBRIMJOBOM NPOCTPAHCTBE U

F(tv Tyy Zyy X3y, Y4y Yo, y3)=]/-(y1)2+(y2)27‘r‘ (y3)2‘

Torna muTerpas S F(t, ¢ (¢), ¢ (t) dt maer gaumy IYru KPHBOH M ero

DKCTPEMATHN CYThb geodesuueckue Ha mosepxuocrw S. Mer 6ynem paccia-
TPpUBATh HX KaK KpuBhe B o6nemmomenm mpoctpancree R3. Pacmummem
ycaoBus Teopemsl 2.8.1. Kosddunuenrsr dF/dy,, dF/0y,, 0F/dys nuueii-
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HOM Qopmbl AF/dy paBubl

(9F L yi .

Wi Vit
Imo Hanpaeasoujile KOCUHYCH Kacameavrol k kpusoll ¢. IlosToMy QyHE-
nuu (d/dt) (0F/dy;) cyTh KOMIOHENTH IPOM3BOAHON (0O ¢) eMHHYHOTO
KacaTelnblioro BeKTopa K KpuBol ¢. OHH NPONOPIHOHANBHLL KOMIIO-
HeHTaM eJUIIMYHOr0 BEKTOPa, HANPaBIeHIIOr0 IO 24d6HOL HOpMaAAU
kK KpuBoil ¢. Teopema 2.8.1 osmauaer, ciegoBaTelbio, 9T0 IJIaBHas
OpMaJib K KPUBOI ¢ B Touke ¢ (¢) oproronaibHa KO BCEM KacaTeabIThIM
BeKTOpaM K moBepxmocti S B Touke ¢ (). Wwaue roBops, eeodesuueckue
na S — amo Kpusvie, obaadawuiue cAedYIOUUM CEOLICMEOM: 2AAGHAR HOD-
ML K EPUEOl cosnadaem ¢ HOPMAALI0 K nogeprHocmic S 6 Kax 00l mou-
Ke Kpueoil.

§ 3. IBYMEPHBILE 3ATAYM

o cmx mop MBI H3yYadu «BapHAIHH» IOPOCTOI0 HHTErpala
b
S (t), ¢’ (t))dt, comocraBasiemoro wpupolt ¢: [ — K. [anmm
a
1

abpocok Teopmm BapHalluil deoiinozo unmezpaaa.

3.1. Hocramoska 3agaun

Baecro orpeska I < R Mol pacesorpum komnarkm ¢ kpaen K < R2,
Koopamuarn B miockocti R? ofosmatuy wepes ¢, u £o. ITo moBogy nomns-
THA KoMlIaKkTa ¢ wpaeM Kkaacca C' cy. m. 4.2 ra. 3.

Topopsar, uro orofpaskenne

K—~>F

(rme E — GamaxoBo npocrpalicTBo) Tmpunalie;kur k waacey CU, ecam
oo sABIaeTca cy;keumeM na K ortobpaskenusi kmacca C! mexoropoit
OTKPLITO# oKpectriocTH Komumakrta K. Orobpaskenusi ¢: K — E Kaac-
ca C! obpasyor Bexropuoe npocrpancrso V. Daeges na V caepyomymo
HOPMY:

lol=supll. )+ sup |2,

C’f (tiv t?)

Mosxkuo mpoBepnTh, uto V noano » 5TOM OpMe (B JAOKA3aTCJILCTBE BCTpe-
9a0Tca HeGoABITC TPYAHOCTH, Ta KOTOPLIX MLL 1e Gy/eM ocrailaBiu-
parbes). Tawmy ob6pasom, V ecrh GanaxoBo mpocTpancTso.
Ilanee, nycrs B oTkpoiToM MuloskectBe U < R X R X F X E X E
sagana wmcaoBas Qynxnms F (¢, ty, z, Yy, y,) xaacca C* (k> 1).
Orobpasennisn ¢ € V, Taxme, uTO

6( ad
[t ta @ity ). 5t 1), G- (ty, ) | €U

22%
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0aa awboit Touru (4, ts) € K, 00pasyoT omkprimoe IOSMHOMKECTBO 2
fanmaxosa mpocrpancrea V (IOKa3aTeJlbCTBO aHAJZOTHIHO [JOKAa3aTeldb-
ctBy mpepiaoskenusa 1.2.1; Bce ocmosano Ha rommakrHOcTH K). [ua
@ €  ompegeien «pyHKIMOHAI»

0 0
f(p)= g S -F[tiv by @ Ty, 13), a—?; (24, ta), —5% (¢4, tz)J dty \ dt.

<

Jlerxo BujeTh, 9T0 oToGpaskenue f: Q — R mpumamaesmuT K Kiaccy CU
(kax w F) u uro maa moboro BexkTopa u € V

Fu= [ {5 ut, ) +g- 25t )+
K

oF 0
bty Bt N dn, (31
rae s
aF orF or

' oy " Oy,

rago saMedutb x Ha ¢ (&, t), Yy — ua u/dty u Yy, — ua du/dt,.

B . 1.4 Mu paccMaTpHBAIH 3aaTy 11a MHHIMYM I KPUBHX ¢ (),
Taxux, 9ro @ (@) m @ (b) mpHUHMAIOT 33TAHULIC 3HAYCHHUA. 3Tech POJb
ROIIUEBLIX TOUEK @ W b oTpesra [ urpaer kpail 0K mamero romnarta K.
I[ooroMy MBI OTpallIlYEBAEMCsT  PACCMOTPEIMEM TAKUX OTOdpaKeHHnH
¢: K — E, nnst gotopulx cy:eunme ¢ ua 9K coBuaiaer ¢ 3adannbim
orobpasrenueys Pp: 0K — E raacca Cl. Taxue orolpareunns ¢ obpasyior
addimmoe mogupocrpaicrso W () Sanaxosa upocrpancrsa V. [lamnnoe
orobpaskende @, € W () oupegeasier Guexrisuoe orodpaskenue W (1)

na W (0):
P—=>@ — Po

(otoGpaskennme ¢ — @, obpampaeTcs B uyab na xpae 9K).

Haa  pmaumimoro orodpaskeuds (o € € MOJRUO TOCTABUTH BOIPOC,
IPH RAKHX YCIOBUAX (p PEAJUIYCT Murunyr Gynrimuonata [ () cpean
BCeX OTOOpa:KeHHH p, JOCTATOIO OUIMBKUX K (g, I MMIIOUMX mo oce
cyxcenue na 0K, umo w @, Heodxogusoe yeroBas MmimMyva 3aKiio-
gyaercs B ToM, 4t0o upomssoxuast f{@g) AOMMira o5PAUTATHCA B IYIb
Ha BCeX BCKTOPax u BCKTOopuoro mogmpocrpaucrna W (V). Takue oro-
OGpasKeHusT (py HABLIBAIOTCA JKCMPEMAALML JLIST HUTErPATa

- a4 aq
S S F (tl’ t21 P (th t?.)i 'o[—[iv 7[;') dti /\ dt?.
K

Taxmm obpasos, yumreiBasg cootdomeine 3.1.1 u sameuss @, ma @,
MBI MO;KeM CPOPMYAMPOBATH CIAETYIOL[YID TEOpPEeMY.
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Teopema 3.1.1. Jlua moeco umobw omoGpaxcenue ¢: K — E, npu-
nadaencawyee 2, Gvio srcmpemanavio, Heobrodumo u docmamouno, umo6u

oF 9 oF 0
5 (S5 ulty t)+g gt 1)+ g (b 1) | dty Adt=0
(3.1.2)

das awoboii gyuryuu u: K— E raacca C*, obpawaiowyelica 6 HYab
na kpae 0K. [B newoil wactn (3.1.2) 0F/0z osuadaer

or o g\ |
W(tu t2, @ (fy. ta), By -%)

TO 3Ke OTHOCHTICA W K OF/dy, u 0F/dy,.]
dta Teopema sBasieTcA amnajgorom Teopemur 1.4.1.

3.2. IlpeoOpasopanne ycioBHS JKCTPEMYyMa

ITonomxum
G (e 0 00, 5 SE) = A o)
i (e o 0t ) 0 ) =Bt 1), (3.2.1)
Tttty ) L ) =B, 1),

dto menpepwisnnie gymrinu ma K co sunavenusyu B L (E; R).
Ipepnoaosuy, uro By u B, — dynrmun waacca C', w upH aTom
TOTOJHUTEJHIIOM OTDAHIYOHIN HORAMREM CJEIVIONYIO JEMMY.

Jemma 3.2.1. Juan moeo umobu unmeepan

[T (A0 o, 4 Bt 6) 54 Batty, 6) -55) dty A ds
’ (3.2.2)

obpawarcs 6 nyav das awbot @yuryuun w: K — E waacca Ct, pagnoii
nyao na kpae 0K, neobxrodumo u docmamourno, umobul

_ 51?1 0B,
A= 0!1 + Oty '

(3.2.3)

Cxema pgoxasaTeaxnsbcTBa. Ilyers 3agana ¢QymKous
u: K — E. Paccyorpum puddepenuumanbpuyio GopMy mnepBoit cTelenm
OT ABYX IIePEeMeHHBIX &y u Iy

o = [By (t, to)-u (ty, ta)ldty — By (8, t)-u (f5, £5)] dt,.
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Nneem
7] a
(B1(t1, 129) '7371‘14—32 (t, tz)‘o—Z) dt; \ diy=

— do— [(i—’%+ ‘jf; ) -, tz)] dt, A\ dt,.

IToatomy maTerpan (3.2.2) pasen

[§ (422 2le) e, yae,  dtat § | o,
K

K

HOCHEeNHUN e MHTEIpaJ paBell HY;I0, Tak Kak dopma o pasma 0 na
Kpae 0K [ubo u (¢, t;) = 0 B Rayrgo# Toure (i, fy) € dK].
Tarum ob6pasom, mis moboir GyHKINNI ¥ Kiacca Cl, pasuoit HyIIO
na 0K, uurerpan (3.2.2) pasen
aB, 4B,

SS (A,_(?—l{“z)—zz) w (24, 12) dit, /\ dt,.

Just Toro utoGur DTOT MITErpas 6HLT paBell Y10 JUIA J1000H GyHKIUN L,
obpamgaiomeiicas B nyan na K, neobxoaumo (1, 0UeBHNO, JOCTATOTIHO),
arofer Qyurnus A — By _ d.&
oty dly
JT0 yTBCpsKAeNIe ToKasbiBaeTesa Talk jie, Kax demva 1.5.3, u Mol npemo-
CTaBJISACM UMTATENI0 HPOBECTH 1ojipobiioe JiokasareanctBo. Urak, ycmo-
pue (3.2.3) neoOxoMo U HOCTATOMNO, H. T. [I.
Opunensnn aeamy v A, By, By, sajasaessin  gopyuyaamn (3.2.1),
HOJYUACM CJAEAYIONYIO TCOPEMY.

Oblna  modc decmaeerino pasna HYyamw.

Teopema 3.2.2. Jlaa moco umobe omobpaxenue ¢ K — E, npu-
nadaexcauee Q, 6v140 oKCcmMpPemaavio, Heooxodumo w docmamouro, umob
BVLROANSAOCL COOMHOIUEILIE

or 0 aF .0 ar
W:W{ (E()v’/T) v Uy ( Jys ) .l (324)

3deco npednoaazaemces, umo ¢ dF/dx, pasno rar u ¢ OF/dy, u dF/0y,,
x sameneno ma ¢ (ty, t,), Yy Ha O@/dt; u y, na O¢/0t,. [Id10 ypaBHe-
HHME 3aMeHseT B pasbupaeMoM caydac ypaBHeHHM: OJiLiepa.]

SaMedal e IT0 ypaBlieHHe BbLIBEAEHO HAMU JHIL B TPEH-
nojoskennu, uro 0F/0y, u 0F/0y, cyrb ¢yurnmum xmacca C! ot £y u f,.
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Pasencrso (3.2.4) osmavaer, uTo

or

oF
Sodiy \ dty=d (-ay—1

or
dty——5.— dt1> . (3.2.5)

3T0 — apyrad 3alMCh YpaBHeHHsS [IAs dKCTpeMadet.
B cayuae, worma ¢ymrmus F (44, s, x, Yy, Y2) He BaBHCHT OT I,
yeaoBue (3.2.5) BHIpaskaeT mpocTo ToT (arT, uro AuddepeHmUaNbLHAA

dopma

or P op oF ( o 6q))
i (ot e ) e (o o e i) i

samrnyma (1. e. 4To BHemmuil guddepeHmUan paBeH HYIIO).

Mpumep. Iyers z, y, 2 — Koopaumaril B mpocrpamcTBe R3.
Paccvorpum nosepxmocth z = @ (z, y). Honowum E = R u samenum
B IOJY4YeHHBIX BEIe gopmynax ¢, ma x, {, HA Y, T Ha 3, 0¢/0t, Ha dz/dx
u 0@/dt, ua 0z/dy. Kpome Toro, 6ynem HCIOIB30BATH KaaccHdecKile
obosnavenud: p maa dz/0x u q nas 0z/0y.

IMycrn zamana ¢ynxmnus F (p, ¢), ne saBpucsmias ot x, y, z. Paccmo-
TpUM QYHKIHOHAJ

(7@ adzpay,

rje unTerpaa Gepercs Mo KyCKy IOBEPXHOCTH z = ¢ (z, y), ThAe (z, y) €
€ K. 9rcrpeyanbinle TOBEPXIIOCTH — DTO TE NOBEPXIIOCTH, AJIA KOTO-
prix damrnyma muddepennmannias QGopma

ar

(rjic p m ¢ majo 3aMeHnTL Ha J¢/dxr m dg/dYy).
Bosbmenm, B gacTHOCTH,

F(p, ¢)=V1-4p*+¢.
Torma
VAi+tp®-tgide \ dy

€CTh 9aeMenm naowadu TOBEDXHOCTH 2= @(Z, y). OKCTpeMaTbHELE
MOBEPXHOCTH JJIA MHTEerpasa

[ IVITpPTedepay

HABBIBAIOTCSl  MUNUMAAbIBMU  nosepriocmary [ubo mas [oCTATOUHO
Majloro KyCKa TaKas IIOBEPXMOCTH MMCET HaHMeNbUIYIo ILIOWAAh Cpefyu
BCex JOCTaTouno OJUHZKHX K 1ledl TNOBepXITOCTed ¢ TeM ke Kpaem].
B cuny coormouremusa (3.2.4) MEHMMaNbiible IIOBEPXIIOCTH CYTh PELUIEHUA



344 La. 4. Jaemenmy 4APUAYUOHHO20 UCHUCACHUS

ypaBHenus
7 ( 14 ) a q
—_ e e————— —+‘ (-————) =0- (3~2-6)
9z N\ V14 prre? Vi+p2+e?

JTO ypaBHEHHe B YaCTHHIX HNPOM3BOJHBIX BTOPOrO MOPAZKA OT HEH3-

pectiiofi GYHRUNH 2, 3aBUCAmed oT AByx mepeyeHHuX = ® Y. Ilocae
HEKOTOPHIX IpeobpazoBanmil ero MOKHO 3alHCaTh B BH/E

A+)r—2pgs+ 01 +pHt=0, (3.2.7)

rae r, §, ! 0603HavalOT COOTBETCTBEHHO 0%2/0x2, 0%/0x Oy, 0%z/0y>.

YIHPAKHEHIA

YupameEenne {. Beegem na mpocTpancTpe KpPHBHX Kiacca C?, 3ajagHbIX
Ha HHETepsaJe [a, b] I TpIHIMAONUIX 3HATCEIA B fanaxoBoM npocTpancTe £, HOPMY

fzll= sup (flz @ [I4-Il=" @ lI+l=" O D-
tefa, b]

ITyero F (1, z, y, z)—ynknna raacca Cl. TToroskiM
b

f(r):S F, z@), 2 (), =7 (1)) dt

IokaskuTe, uro f— puddepenyupyeMas QGYHKUISAL OT £ M YTO ee [POW3BUjHAA
naerca QopMyIoit

b

) o or ., aF

]‘(x)-u:‘g (—E—-u +—E u —[—?u )dt
a

HAA TAPOCTOTLI 3ANIICH MLI ITOJATACM

(l z (1), ' (1), 2" (1)) -u () = ()L

u 1. A.) Ipeofpasyiite 9Ty NPOIBBOYHYIO IPI HOMOMII IHTETPHPOBATHA 110 TacTAM

Yopamuenmne 2. OmpenesuTe 9KCTpeMaJn HETCIPATIOB

b b b
S te'y’ di, S(x’—ll—y) (z+vy’)dt, 5 z (z"+y ) dt.
a a a

BOOGHIe, YTO MOOO CKa3aTh 06 :)I(CTpeMﬂJIHX HHTOI‘pa:Iﬂ
()= 5 F@, 1, 1),

ecan ¢yEknua F aumeiiHa win agdumEHa MO TpeThed NepeMeHHoii?

Yopaxuaerume 3, PaceMoTpuMm wmirerpaa BAZa
b

I(z)= \ F, &) d,

a
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rie F — quexosag gymrius kiacca C! Ha Beell mmockoctn. PaccMOTPHM TaKyIo ero

BKRCTPeMAdb o (f), €Cam OHa cymecTnyeT, st KOTopoil zy (a) = a, x, (b) = f.

Myers z(¢) — apyraa ynruua xaacca C', rakas, 910 z (a) = a, z(b) = B.
Jlorakure, 9YTO

b
aF )
I (2)—1I (xp) = S [F(l, z') — F (¢, x})— (z’—p) Frad xg (1)) ] dt.

BriBeanTe OTCIONA, 9TO echll F — (QYHRUNA, BHUIIYRIAA 110 BTODPOiil IepeyeHHoii.
T0 x, peamuayeT raoGaJbHBIT MUHIMYM (pocmoanayiitech ynp. 8 us ra. 1 4. I).

Y paRueHnne 4. BrisicHliTe BOIIPOC O CYIIeCTRBOBAHUH I €INHCTBEHHO-
CTH BKCTpeMaJIeﬁ ugTerpasta

(22— 2'2) dt,

2t

YIOBAETBOPAIOIMUX YCIOBUAM z (@) = a, z (b) = B.
Yupamuaenxue D IyeTh A — pammass KolleTaHTa, U IYCTL RIYTCSH
JKCTpPeMaJI HHTErpaJa

—1

(a) Howasxure, uto 1pu A == 0 cyuecTsyer ofla I TOALKO OLHA HKCTPCMAL.
apoxojaauas qeped Touwit (—1, a) uw (1, b), rie a %= b, 1 PeANNBYIOIAA 17100adb-
BB MIIOMYM  mHrerpasaa 1, («).

(b) Tloraskire, wro mpir A = 0 11e cymectsyeT vkerpevaaeil kaacca Cr. IToxa-
mure, aro uurerpada g (zp) mmrge we odpamaertes B UYL, 10 AT HATCHLAIHM
obpasom TOLOGPANHLIX QYHRIUIL 2 (£) HNPHIIIMaeT CKOAb FIOAII0 MAJble 31IAMeiss.

Yuopamucumuce 6. (a) Hodzomosumeavnas wacmo. ITyeTb @ — OTKpPHITOE
qoAMUOKeCTBO Oamaxona mpocTpaucTsa £, f 0 g — JelicTsureapunle G yHRIIT Kaacca
Cl ma Q.

Ilyers € — pamdasg KomcTanTa. PaceMorpns Muoykeetso V < Q Touek z.
AT ROTOPLIX g (z) = C. Ilyers a — Touka, DPHHAIEIRAIAN MHOKCCTRY V, npu-
qed g’ (a) 5= 0. JlokwKHTe, UTO KOPA3MCepIocTh ajpa N otodpaments ¢’ (a) panua 1.

ITycry w € N, u == 0. JlokajRuTe, UTO CYUICCTBYCT KYCOK OTHOMCPIOUO MIOT0-
ofpastig kaacca Cl, aeykauumi s V, copepranimii TOTKY @ 1l Kacaluiiics perTopa u.
[Haiimure mepeceuernie V ¢ ABYMCPHOII ILIOCKOCTBIO, OIPCAEIsieMOll ypapuedmem
T = a4 Au -+ pv, rae v guxcuposauno, v ¢ N. Hcleansdys TeopeMmy O IlICsBHBIX
QYHRUIAX, HKOKAKIITC, YTO HTO ICPECCUCHIIE B TPCAEIAX HEKOTOPOIH OKPECTHOCTH
TOUKI @ I TPEACTaBIgCT COo00il KYCOR JICKOMOTo OIWOMCPHOrO MHOrooGpasis.|

BriBenite oTcona, WTO ecaul cyueniie f xHa Vo IMEeT DRCTPeMyM B TOYKe a, TO
" (a)-w =0 pas moboro w € N. Janee goramure, 970 f° (a) 1PONOPLIOHAILHG
¢’ (a) (noraskure, uro ecam v g N, 10

, )y ,
f(“)—ms’ (2)=0).
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(by Ipunoxenune Ilycts I — umrepsaila, b, F (¢, z,y) uG (¢, z, y) —
$ysxnun kaacca C ma I X R™ X R%, @, p u € — garnpe gacaa. [1oxoxum

fy=\ F, z(), ' (1)) dt,

g@=\ G, z(1), =’ (1) dt

Q&) O Q Oy O

u 6ypeM mckate cpenu dymxumi z (¢) kaacca C' ua uurepsaie [a, b] yuxninm,
VAOBJETBOPAOIUE COOTHOMICHHAM

z (a) = a,
z (b) = B,
y @) =20,

T. e., QYHKUHM, AAA KOTOPLIX f () UPHHIMaeT dKCTPeMalJbHOe 3HadeHIfe.

Jloraskure, 4T0 echiu Takas HYHKIHA z, (1) cymecTsyer H g’ (zg) = O, TO MOKHO
1IafiTH TaKOe 4ICa0 A, 9T0 z (f) OyaeT aKcTpeManbio y, (¢, A) 0aa uuterpana f (z) —
—Ag (z). DTO WHCIO A OHpENeTACTCA YCIOBIEM

g (o W) = C.

IT pumep. Haiigpure ra mwaockoeri R2 Kpunryio ' MUHEMAIBUON JaIUbL, coe-
MMNAIYI0 Hadayuo Koopaunar ¢ touakoil (1, 0) I yaoBieTsopsIOmIyI0 VCIOBHIO

g Pdx+ Qdy = C, e (P, Q) — Bekropuoe noxe knacea C! ma 32, [[Tapamerpusyii-
LI‘
1e I' ¢ DOMOIIBIO JJMINLI JVIIL s 11 HAUHIIITe cncreMy jndgepeHIaALHLX ypaBHe-
i BTOPOTO LOPAIKA st = (s) 1 y (s).]

Hoxaskure, yro ecau peamunga ) — @ nocrogHma Ha miaockoctu }2, to I
eCTh IYra OKPYIKHOCTI, I YRAKIITC, KAK AT A.

Yuonpamuenpne 7. Heunoanivs IePBYIO UaCTL NPEABIVIICIO YITPAIKHEHIIA,
ompejeante ynrinio r (x) raacca C¥, peasnn3yoL(yl0 MIUIIMYM MHTErpaaa
2%
(“ <r2+,,-'2)1 2du
Y
25
.
cpejiM QYHKIUH, YAOBICTBO PAIOIIIX COOTIOMERIISTM 5 r?du = Cur Q) =r Q2= 0
t)
(rme € — 3aganHag MOJO;ROTEJLIAs RONCTAHTA). [ATO DKBUBAIEHTHO CICHVIOUIEl
3a7ATe. HAITH B OMASAPHLIX KOOPJIMIATAX BAMRIIYTYIO KPUBYIO MININMAJLHOI JJIH-
HLL, OrPAMNYNBAIOIYO JATHYIO JUIOUAD. ]

Yupaskumenue 8 O6ozdauany wepes X (f) MOBEPXHOCTH BPANCHISI, OTIpe-
TCHENNyYI0 B MUAMMpruecknx roopawuatax (r, 0, z) coorwomenuamm r = f (z).
a << b (rie f — noaornreanuas GVURINA Kiracca C1).

(a) Ilpegerannre maoman, A (f) DTOlt HOBEPXIOCTIL B BIgC (OIIAPHOIO) IIITeE-
rpana oo orpesry [a, b] i1 oupegenrre GYyURIINT f, HA KOTOPHIX [OCTUFAETCA HRCTPC-
MAJILIIOE BHAUEIlle »TOro nmrerpata [mnaijjire crmauama ¢ynximo, obparayio ® fl.

by Mg a < zy < 25 <7 bodosuaynm uepes V (zq, 2z, f) 00'beM 00JaCTII B 11PO-
crpamerse R3, onpepeaennoii mepasencrpamn O <{r < f (2), 2y <z < zp. U 9epes
A (21, zp, f) — maowaab Kycka HOBepXHOCTH X(f), B3aRANUCIHOLO MC/KAY ILTOCKO-
CTAMH z = 2 U Zz = Zj.

Hokasknre, uTO DRCTPeMANLIbIE LOBCPXHOCTH H3 IIYHKTa (a) Il KPYropLIe I(H-
SIHHJIPBL  ABJSMIOTCH  €J{NHCTBCIHLIMIL TOBEPXHOCTAMI Bpamienusi BOKPYyr oOcCi  z.
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~1

A4 KOTOPHIX OTHOUICHHUe
V(z1y 22, )
A (31, 22, /)
He 3aBHCHT OT z; H Zj.

Yonpamuaenune 9. Ilyers f (¢, z, y) — uncioBag ¢yHRnua Kaacca C2,
onpenenesHas B objgacta Q X [, rne Q—BHIIYRJIasA OTKPHTAas 00JacTh IJIOCKOCTH.
PaccmorpuM QYHKIIUE f, YXOBIETBOPSHIONIE YCJIOBHIO

of 02f 02f

G atoy ¥ amay = (D)

Ilyets A m B — aBe Touku ofjaactu Q ¢ adcnuccaMy COOTBETCTBEHHO a M b, a 5= b.
Paccyorpum

b
g f, =, z')de.

"/

(a) Hoxamirre, wto ycaosue (D) BHIOTHAeTCs, €clIH BCe IPAMOJHHEHHEE
OTPE3RH, Je;Kam(ine B Q, SBJIAIOTCA DKCTPEMAJAMH.
(b) OGosuaunm wepes X (f) nmmeiinylo QYERUUIO, rpagiur KOTOPoil coeguHseT
ToukH A u B
IMpounrepnperupyiite ycaosue (D) B caydae, Korjga QYHRUNA f JHHEITHO 3aBHCHT
OT y, I yCTallOBHTE. YTO TOTHA
b

S i, z, ) dt:S f(t, X, X')dt

21 moboil pyurnu z (1) kaacca C?, rpadnk KOTopoii coennpsger 4 U B B obaactu 2.
(c) Jloxakire, 4T0 eciail GYHRINS f BRITYRJIA OO ¥, TO

l)‘ b
5 f, z, 2’'ydt > S f(, X, X')dt
72 a

L0003IAYCHIST MPEABAYLICIO  IIYIIKTA).

YVupamuenue 10. Henoansya nepapencrso IHpapua, jlokwxnre jBa
CAONYIOUIIX YTREPAIeNIsI (anajorimunniX npegaosgennss 2.5.4 1 2.5.2 coorner-
CTBCHIIO):

(1) Ecmi mapaMcTpH30BAHLIAS KPUBAs & = ¢ (f) PeATNBYCT 40KAAbIYL MUHUMYM
AHTCLpasa

b

S Fp @), ¢ (1)) de
@
{Cpejr KPHBBIX Kiacca Cl, MapaMeTpPI30BAIHDLIX ¢ [IOMOIIBIO mapaMerpa ¢ € [a, b}

U JIOCTAaTOYHO GIMBKIX K KPIBOI ¢ () B TomOJOrINI IpocTpaincrsa V), To oHa peati-
3YCT M JIOKAJbHBIIL MILIIMYM HHTerpa:,la

§ VFG@, .

a

(2) Ecun reoMmeTpirieckasi KpuBas peallsyeT 40kaAbHbUL MuHuMYyM HHTErpala
b

SVF(q-([), ¢’ (1) dt

a
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I eciam paccMaTpPHBACTCA Ta ee [mapaMerpusaunns, npi koropoit F (@ (1), @' (1)}
HOCTOAIIHA HA 9TOIl KPHBOIl (CM. [0Ka3aTeNbCTBO TpemunoskeBnsa 2.5.2), To H&
ATOIl KPIUBOIl peannsyercs JOKaJbHBII MHHIMYM HHTerpaJja

b

§ FAg (0, ¢ () dt.

Yuopasxuaeunne 11. Byecro toro, urofs mnpegnmojararh, Kak B IL 2.5.
aro F (z, y) — ORHOpoAHAs KBaapariguas GYHKUI [0 y, TPEANooKIM, Gonee 06-
muM 00pasoM. uTO )
F = Fy+ Fy,

rie F, (z, y) — HCBLIPO;/ICHIRAA ONIOPOATIAA KBaApaTHYHAA QYHKIULT TO Yy, a Fp
fe 3apHcAT OT y. Torma mo teopeme 2.4.1 dyErnusa Iy — Fy NOCTOARHA HA KayKIOkK
ARCTpeMANN MmITerpanaa S F dt. PaceMoTpi 9KcTpeManb, NJIs KOTOPOil

Fy — Fy =1,

rae i — 3agannmas kKoHcrauTa. Ifyvern ¢ (1) == 0 pasm Bcex ¢ Torma BenrnuuHa
(Fy + k) Fy moaosknTeabLIA B A100011 TOYKE 3TOI 3KCTPCMAIL, HOCKOILKY Fg (. y) ==
== 0 oprr y = 0. Jaa Bearoit kpupoil, goctatomno 6au3R0il K KpuBoii ¢ (/) (B cMbic-
JIe TOIOJOrnn V), JOIKIIO0. CANOBATCALHO, BLIIOIIATRCT HePaseucTno (Fy -4 k) Fo>
> 0. OrpammuuMcs oTKPLITOil obmacTio Uy, cocTosmeli U3 Tex Touek (z, y), AIAS

ROTOPBIX
(Fo (x) - ) Fy (z, y) >0,

1 pacCMOTPHM BAPHANHOHHYIO 3ajad9y AJs1 HNIOTerpasa
b

™

5 VFo iy I d.

a
I[OI(ZUIUITO cienpylomue naBa  YTBCRICIINA, alajJoTnvHble OpelIoRennaM 2.5.1

i 2.5.2: mofas sKCeTpeMaan IIITErpasa 5 F dt, pas roropoit Fy — Fy = I, siBasier-

Cs JKCTPEMAJILIO IT AJs1 BHTerpaJia

S Vo -~ 1) Fy di,

n OﬁpaTHO, ecliyy reoMerpryecrag I\‘I)IIB{I}! ABJIACTCA JKCTPCMAJIBLIO TJIs1 HETCTDAJI2
S V(Fo+ ) Iy de,

TO CYDICCTBYeT TaKas ee MapaMeTpn3auinst, 110 Fp=F, -+ h, 0 DapaMeTpH30BAlHASR
TaKUM 00pasoM KpHBas SBISCTCA HKCTPEMAJBIO A LITerpaiaa \ Fdi.

Ynonpassxxuaernue 12. Omnpemeiante reogesndecKlie HEA HOBEPXHOCTH, 3aaB-
HOIT JapaMeTPUYCCKH € MOMOINBIO ypaBIeHIil

=1thuccsuv,
y=thusinuv,
1 u
3 =— th—).
chu +log ( I 2 )
Ynpamuaernne 13. Ilycts
Fu, u)= Z gij (W uinl  (gij=gji)
i, 3
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(Ml HcTmomn3yeM ofosHadeHnsa m. 2.6). IIposepbre, uTo dopmyrna (2.6.4) B artom
¢JIy9ae 3aMACHBAETCA TaK:

9gjh  Ogij  Ogimy
26’1](”)“ =75 2 ( du; | dun ou; )”j”h-

TloxamuTe, 49TO ech 0603Ha'-IHTB qepes (g1 (u)) MaTpumy, ofpaTHym K (g1 (w),
T0 ypanHeHHe (2.6.5) samuireTcs Tak:

Wi+ STy () wluf,=0,
ik

rae cumeoas Pumnana— Kpucmogbeasn I‘;k OIPEARISIIOTCA PABEHCTBAMI:
i 1 < ‘h( dgjn  Ognj 0§hh\)
. =5 i -
Lk PRyAR dup oup, ouj |
h

Yaopaskuaesune 14, Buoumnre cunmeoas Pumara— HKpucroddens 1‘; A
{CM. OpefpiTylnee yIpasKHeHNe) AJA KBagpaTHUYHoH Qopibl

D (z, y, 2, y)=E (x, y) 2'2-2F (z, y) 2'y"+ G (z, y) y'2

(a) Jlokaskire, UTO JJIA TOro UTOGEI KpuBad y= const GLnlTa TeojesmvecKoii,
#e00X0AMMO I HOCTATOTHO, ‘ITO6L[

E oF
F—4+FE —=26—.
6x + ox
(b) IToraknre, 9TO echil, KpoMe TOI‘O, F =0, to dopmy @ MOMHO 3dIHCATH
4 BlIe )
O =u?4 H(u, v)v2
1T puwmep. Onpeacante reogeaudeckiic, B cayizae xorga @ = u'? 4 e2up’?,
Yunpassuonemue 15 Ilycrs
a2 | be
B TR
JTO0 QYURIIS OT MATH AEHCTBUTCALHOLIX IEPCMEIIILIX, OIpPE[CAeHast st de = 0.

PaccyoTpuM 1a mIockocTIi 3} OTKPLITOE MIl0;KecTBo D, Taxoe, uTo /) — KOMIAKT
© KpacM, He IMeloIuii o0IHX TOUCK € ROOP,TITATIILIMII OCSIMII.

(a) ITyers f — QyuEmusn Kaacca C? B IeKOTOPOIl OKPECTIIOCTH KOMIAKTa 7).
JlokaskuTe, YTO HMEOOXO;NMLIM M JOCTATOUHLIM YCJIOBICM JJISA TOrO. uToObl f Onlira
IKCTPCMAJILIO LHTelpana

ri=\ [ ra s non waa.,
“D
f'llf;j’—12!‘;2’1\‘11’2f;1»;2:O- v
; (b) Momaskmre, uTo ccan f — Qyuruis kaacca €3, To Qynsmus g (1, t3) ==
:f”l)g (ty, ts) Y/OBICTEOpPSIET PABEICTBY
g—iz2},=0. @
{Tponurterpupyiite papencrso (2) I IOAYIHTE OTCIOA, UTO 06IICe pelleHie ypabiie-
HOsa (1) 3amIcLIBAeTesI B BILe
ft, ta) = 4 (L) + t2p (1),
Te ¢ U 1) — NPOH3BOILHBIE (QYIIKINIIL.

(¢} Ompenennte pemenus ypasueuns (1), KoTopele Ha mpsaMoii ¢t = £, yuoBaer-
BODPSAIOT YCIOBIIM

Foa, b, ¢, d, )= —

ABJSICTCA PABCHCTBO

fl, t)=13,  {} (4, )=t



NPUMEHEHHE METOLA NOABUXXHOI0
PENEPA B TEOPHH KPHUBbIX
H NOBEPXHOCTEW

§ 1. MOABUKHBIII PEIIEP

1.1. Onpegenenne puddepennuanbHbix GopM ©; H ©;;

Mrt 6ymem paccmarpuBaTh IpocTpanctso R™. Jlio6oe mpeobpaso-
Banne I u3 epynnuvt a@durnbiz aunelinslr mpeodpaszoBaHuil ompegesaeT-
ca samanumey: (1) touxm M € R™, B KOTOPYI0 OO0 NEPEeBOJUT IIAYATC

— -

roopaunar 0 € R™; 2) mabopoM BERTOPOB e, . . ., €,, B KOTOPLIe OO~
pojgnoe amuelinoe mpeofpasoBalde, acconumpoBaiinoe ¢ I, mepeBOXUT
coorBerctBeHHo Berrtoper (1, O, ..., O), .. .. (0, ..., 0, 1) =ramno-

mdeckoro 0asmca B R7.
IIpn »3T0M MOMARIO BLIIONIATHCS eJHHCTBONIOE YCAOBHE

—r —
det (eq, ..., en) =0, (1.1.1)
rji¢ B JCBOI YAaCTH CTONT ONPJIEINIITeThL MaTpHItbl, 06pasoBaninofl Koop-
N
JUIIATAMU BCKTOPOB €4, . . .. ¢, OTHOCUTENDLI0 KATOWHIECKOro faazuca.
IMaGop

- -
(ﬂ'[, €1y « -y En)
yaosaerpopalonpuil yeaosnio (1.1.1), masuviBacres agduinnm penepoa;
roura M umasviBaercsa navaion penepa. Ecau orépocurs ycaosue (1.1.1).
_\ >

To MuoskectBo umadbopons (M, ey, ..., e,) MOKHO OTOMIECTBUTL C MPO-
H3BEJTeHCM

R™ % ...% RM=RM™ D

n--1 pas

TAK Kak KRB u3 ajgemeHToB Habopa M, ey, . . .. e, NpUHAMAET 3Ha-
genust B R™. Yeaosuto (1.1.1) y10BierBopsioT Te TOUKU IIPOH3BEICHHA
Rnn+1)  goToprle He TPHHAIMERAT 3AMEHYMOMY MHORECTBY, Ompene-
JSIeMOMY  YpaBHeHHEM

det (ey, .. ..en) =0,

CremoBaredbuo, agdunnsie penrepwt 00pasyiom OMEPLIMOE MHONCECMED
- -

Uc R g M, o6y, ..., en cyib Gyarunm 1 —> R* (AHAYIIpOBaH-
e n -1 npoermuamn upoussegenns (R™)™! ma ¢cBOH COMHOMRETENH).
OueBunHO, 9TO 3TH OYHKNIUH AudPepeHIUPYeMsbI.
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M mo;reMm pacemorpers penep r € U, KOTODBI 3aBHCUT OT OZHOIO
AN HECKOJIBKHX AeHCTBUTEJALIIBIX TapaMeTrpoB. I3 "acTHOM ciyuae aTm
mapaMeTpsl MOTYT ObTh mpocTo Koopamnaramu rtourm U < R™M7D;
HHade TOBOPA, B 3TOM cJydae MBI paccyaTpIBaeM pemep 7 Kak GYHKIUIO
or cebs camoro, T. e. ot touku r € U. B ofuem cayuae pemep, 3aBu-
CALMMI OT IapaMerpoB, asbBaeTcss nodeuxcHwm penepom. Orcioma
HazBaHHWe TCOPHMH, Havajla KOTOpoHl MBI cobupaeMcd 37eCh HBI0RHTDL.

B cayuae, korma Ha OTKpLITOM momMuo;kectBe U GanaxoBa npo-
crpanctBa (3gech mpocrpamcrBa R"D) zagama guddepennupyenas
dynkuma f co smadenusAMi B 6aHaxoBoM mpocrpanctse £ (sgecs B R7),
MOsEHO PacceMoTperh duddiepenyuar df: avo puddepennuainniag Gopma
nepsoit cremenn ma U co snavenusyu B £ (en. . 2.1, ri1. 3). B namen
crydae Mpl noayuaeMm r - 1 pupdepeHmmaabHMX (QOPM Ia OTEPLITOM

anoskecTse U, a HMeIIo
-

N

dM, dey, ..., dep;

aro mudpepenuuainibie GopMul ¢co amavenusyu B R". Kampas us nmx

HMEeT 72 KOMIONEIT CO 3HavenusaMi B R, ABIAOIIXCA JHGQCPeHIANb-
HBIMI POPMAMII CO CHAJAPUBIMII 311aUelIIAMH.

OcroBuas Ugea TEOPHIH IOJIBIGKHOTO PEMmepa 3aKJII0TAETCs B CJe]y-

— —>
onenr. Jduddepeanuanvanie gopyst dM, dey, ..., de, cyTh QYHRIIUT G
or 2 mepemennuix r o § (r&U, EER™»HD), anuciinvle mo § mpm rask-
noM  ¢urcupoBamgom r€ U, co smawcHnmamua B R". Ho s garporo

— -

PUKCHPOBAILIOTO ' BCRTODEL ¢4 (7), . . ., ¢, (r) obpasyor 6asuc B npocrpail-

ctee R™. Iosromy srHawerme Qynuuun o (r, §) egancrTBeHHLNM 06pasdom
n

v ~ N
3QIIMCLIBAETCA B BIJAE JHHCHIIOM ROMOHIUIAT[MH S_ aie; (r). Cramspul  a;
=1

1—=
(mast panmEoro r) cyrh anueiinsle Gopmot ot §. Hosromy dyuarumm a; (r, §)
€O BHAUEHHAMH B R MORIIO DACCMATPHBAThL Lan Judiepenyuanvive
dopmw nepcoii cmenenu na U co ckaaspruwisu suavenuamu. Crenosa-
TeJbHO, MBI MOM<eM HAmUcaTh

dM = Y o, (1.1.2)
i1

d;; = Ewijgj» (1.1.3)
i

AOTOBOPUBIINCH, YTO [dA BCAKOTO ¢QuRcHpoBauuoro pemepa r € U
— —

CHMBOJL ¢; obo3HadaeT 3iavendie e; (r) i-ro Bexropa pemepa r. Mur onpe-
penmaun TakuM obpasom n (n -4 1) Juddepenyuasvnnx gpopmu nepsoii

cmenenu nHa U co CRAAAPHUIMU  3liaueniiamie, a IIMeIHio

'(Ui . SNOTH 1<ign, 1<j<n).

Moo ckasaTh, 410 3t QOPMLI OHpeAeasIoT «6eCKOHEeuNno MaJnii
CIBHI» IMOABHKHOTO penepa 7 € U npu ero JBUKEHHH.
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1.2. CooTHOmENNsA, KOTOPBIM YAOBIETBOPAIOT (POPMBI @; M O

Hak M1 3naem, ecau f — guddepenmupyemans yHRLUHA (C BEKTOp-
gaeiMu 3uadenusayu), 1o d (df) = 0 (cy. teopemy 2.5.1 ms ra. 3). Mu
XOTHM [POHHTEPIPEeTHPOBATh COOTHOLIGHHSA

d(dM)=0, d(de;)=0.

Uro KacaeTcs HePBOTO M3 NUX, BO3bMeM guddepernuasa or NpaBoi yacTn
paBerctBa (1.1.2), mcmonbssys ¢opyyay pnddepeHumpoBaIUA IPOH3-
pemernsa. Mbl moayumMm

d (0e;) = (doy) er— ;|\ des,

TAK Kak ®; — gopMa mepBoil cremenu. [IpunmMas BO BHUMAHHE pPaBeH-
crpo (1.1.3), Mpr soswen samumcars cooruomenne d (d (M) = 0 cae-
xyomuM obGpason:

-~
A TOPHON BellCTBE KOIPPUIINEHTH mpu e¢; B 00HX YacTAX
B oroM BexTOpHOM paBencTBe Kod(uUITIE pu ¢ oe

N
AORHBL OBITL PABHBL, HOO I KGKJOTO pemepia r BexTophl e; (r) obpa-
sylor Oasmc mpocTpaicTBa K. 9To 03HATACT, UTO

o oy, 1< <n. (1.2.1)
1

—>
Amaaornuto, papedcrsy d(de;) =0 paer

n
dwij—:hz wp N\ o,  1<<ign, 1<j<n. (1.2.2)
] l
1.3. OpronopMnpoBaHibIC penepbl
— -—
Ilycrs sagan pemep r= (M, ey, ..., e,). Jlus toro urobnr aHuu-

noe aunelinoe mpeedpasosaiure 17, oupefeasenoe  pericposM r, GLLIo

(epraMgonLz)  Jdeurceruern, 1eoGXOIIMO T JAOCTATOUIL0, YTODbL 0IHO-

poauoc Jurneiiroe  upeodpazopanic, accoruiposainoe ¢ 17, Oblio

peobpasoBanmeM W3 opmozonaabiiod epynnet (PPyNnLl  oJuopOuLIX

auneiiulX mpeofpasoBaliii, COXPAUAIOUIIY CKAMADLOEe TpOI3Beeiie).

Jlas »1oro, Kaxk XOpPOIIO M3BECTHO, IEOBXOMHMO H JOCTATOUIO, UTOOLI
- End

6asuc {e;, ..., e,) OBLI OPMOHOPMUPOBAHHWIN, HHAUE TOBOPS, UTOOBI
—

i
BEKTODLI €, . . ., €, O edunuunsiny (CBRIABIOBOIL jammsl 1) U mo-
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IIapHO OpPMOOHAALHBIMU. It YCIOBHUA MOMKHO 3amHUCcaTh TaK:

- -
ejrej=20;; (1 mpm i=j, 0 npu i=%7j), 1.3.1)
- - - —
rjie CUMBOI a-b 0603HAYAET CKAJISPHOE HPOU3BEICHHE BEKTOPOB @ 1 b.
Jlerko Bupmerh lympaswmemme!l, 4ro pemepl, yZoBJIETBOPAIMIEE YCJIO-
Busam (1.3.1), obpasyor mHoz006pasue B OTRPHITOM MioskecTBe U Bcex
apdunueix pemepoB. OGosHaumm aTo MHOrooOpasue uwepes O.
Huddepernnmanpubie GOpMBEL ®; U ®;;, KaK TOBOPAT, «AHAYIHUDPYIOTH
napdepennuanbasie dopmbl Ha MHOrootpasmn O. Boixee TodHO: 0,
Hanpumep, — 910 Qyurimusa o; (r, §) co smauenusamu B R, rme r € U,
E e R*™ D i QUKCUPOBAHHOTO r — 9TO JHHedHas QYHKUMA oT E;
dopma, wuIgyHEpyeMas ©;,—— JOTO CY/KenHe YKasaHHOH (YHKIUUH Ha
penepsl r € O H BEeKTOPH §, IpUHAMJERAIE KaCaTEJILHOMY IIPO-
cTpancTBY & Mmoroo6pasmoo O B touke r [em. m. 4.11 um3 ra. 3].
Pasyseercsa, dopwmsi, unpymupoBanmsle za muorootpasuum O ¢op-
MaMH ©; U ©;j, OPOJOJRAIOT YAOBIETBOPATH coornomenusm (1.2.1)
u (1.2.2). Mb 6ymem ux 0603HavaTh TeMH ;Ke CHMBOJIAMH ©; M ©;j,
TaKk Kak B JajbHeilnieM Oyj{eM BMMeTh Jel10 TOJBKO ¢ Muoroo6pasuesm O
OpPTOHOPVHPOBAIIHEIX pernepoB. Hak Mbl cefiaac yBuguM, GOpMBI ©;j
Ha O YAOBIETBOPAIOT JOIOJHHTEABHLIM COOTHOIIEHUAM, KOTOPBIE I0JY-
gaiorcs  juddepennupoanuem coormommennir (1.3.1). Mmeem

- — - -
ei-de_,-—i—ej-de,-:().
— -
3amenss de; v de; ux 3uauennamu us (1.1.3), moxytaem,

Z,' . (; ('-)jh-gh) *[—6—)7 (g O)ih;h) =0.
- =

Tar warx e;-ep =0;,, TO
' 0 -0y =0 (1.3.2)

nas aobeix i w j. B wactHOCTH,

®;; =0 paa aoboro i. (1.3.3)

Itum YCIOBHAM YAOBJIETBOPAIOT «OeCKOHEUHO MAaIbley JABHUKEHU 1
OpMOHOpMUPOSAHKHO20 penepa.

-

-
Kar xopomio M3BecTHO, €CJH ey, ..., e, — eIHHWIHEIE II0LAPHO OpPTO-
rOHAIBHEIE BEKTOPH B R™, TO

det (ey, . .., en) — =+ 1.

{HamoMuEMM KOpPOTKO, moyemy: gas Toro 4robn marpuna A ¢ n cToab-
MaMu H 7 CTPOKAMHU ompefielisiia Ipeo0pasoBaHWe M3 OPTOTOHAILHOM

23—743
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rpynnit O (n), 1e06X0UMO H T0CTATOYIHO, UTOOB IIPOU3BEIEHUC MATPH-
bl A Ha TPAHCHOHUPOBAHHYID MaTpury ‘A GhII0 eMHMYHON MaTpuIeil.
Hockoabry det (*A) = det A, orcioga caegyer, uro (det (4))% = 1,
wan qro det (4) = =4 1.] OpromopMupoBaHHbIE penepsl, AIA KOTOPHIX

— —
det (¢4, . . ., ;) = -+ 1, HasBIBAWTCA npAMLLMU PETEPAME; OHH Olpe-
JeISII0OT npamoe Osuxcenue. MHOKeCTBO NPAMBIX periepoB 0003HAYAI0T-
ca gepes SO. Ito ojiiia M3 CBAZHBIX KOMIOHEHT MHOroo6pasma O Beex
OPTOIOPMHUPOBAHIEIX penepoB. B pgamemeitmeM mac 6yjaer murepeco-
Barh JuUIIs Muoroo6pasume SO m gugdepennumaabHbie GOPMEL ©; U 0,
nupynupoBamnntie ma SO. Mul 6yieM ToBOPHTH HPOCTO «Pemep» BMECTO
«IPsIMOM  OPTOMOPMHPOBAIIBIE perepy. .

1.4. Penep ®pene opuentupoBanHoil KpuBoii B R3

Uccaenyem ma IBYX KOHKPETHBIX MpPHMepax KpUBLIE, Ie;Rallue
ia amoroo6pasuu pemepoB SO. Wuaue rosopsi, Ml cobupaemcs pac-
CMOTPeTL CeMeHCTBA IIPAMBIX OPTOMOPMUPOBAHILIX PEIePOB, T.1ajKuM
00pasoN 3aBHCAMMX 0T odnoeo mapamerpa t. Torma o; m ©;; Oyuyr
auddepeHnHaablbiME GopMamu oT mepemenHolt £. B orowm cayuae ypas-
meunma (1.2.1) u (1.2.2) memnrepecus, Tak Kark Bce Auddepenmainine
GopMbL BTOPOIl cremenu OT OJHOE TepemMeniof ¢ TONIeCTBEHHO pPaBiTI
HYT0.

Hepsuiit mpiaep, KOTOPBIH W SIBAAETCA TEMOH HACTOAIICTO TYIKTA,
takoB. MpI comocraBasiem Ragoil puddepeurmpyenoit Kpusoit 1) C
B mpocrpancte R* ofnomapaMerpHuecKoe CeMeiCTBO OPTOHOPMIPO-
BalIBIX pellepoB B HTOM IpoctpancrBe. Kpusas C ompesiessieTcs 1neko-
ropoit auddepeunyupyenoit dpynriumeint M (t) ot meicTBHTEALITOTO Tapa-
aerpa ¢t co smavenwsia B X3 Hajgromy 3madenmio mapaserpa £ Mt
COTIOCTABHM CJACKYIOIHI permep: ero Iava’doM aBigercs touxa M ()

N
na kpuBoit C; BerTop ey (f) — 970 CAMNUYNBIA KACATEALHLIH BEKTOD
K kpusoit C' B rouke M (f); ou opmemTHpPOBAIl B TAMpPaBIeHHH BO3pa-
-
cranua mapayMerpa ¢. Leaum M yraskeM, Kak BLIOMPATL BEKTOD ¢y (f),
TO BERTOP e3 () ompemesuTcs ojitro3navHo, n6o HCKOMLIA pemep — Ups-

MOM OPTOHODPMUPOBAIIIIBIA.
B cuny crasaimioro

AM = w,e,, (1.4.1)

-
Tak Kak Bextopul dM/dt m e, mpomopIimomaabLHE (MK IIpeanoiIaraem,
aro dM/dt = 0 tu nas ognoro suadenus t). Wuade roBops, Gopyul oy
u 03 B dopmyae (1.1.2) pasusr wymio. C gpyro#f ¢cropomsl, ecau TOIBKO

1) Tox anddepeHIHpPYeMOil KpHBOH MBI TOHHMaeM KpuByio Kiaacca CR, rme
k mocTaTOYHO BEJUKO.



§ 1. odsuxmnuii penep 355

-
BeKTOp e, — AuddepennupyemMas (yHKRIHA OT mapamerpa i, To

—> — ~>

dey = 4985 — (1343 (1.4.2)

—>
(mocroasky 0y = 0, w3 + w3 = 0) u, caegoBareabHo, BerTop de,/dt
—

0pMO2oRAAeH BEKTOPY €y. MBI HOpeimoJOo:KUM  JOMOJIHHTETIBHO, YTO
—> —
de,/dt = 0, 1 BO3bBMeM B KauecTBe BEKTOpPa €, () eIUHUIHBIH BeKTOD,

i
HPONOPIHOHAIBHEBIL BeRTOPY dey/dt [9T0 MOEHO cJedarb IBYMs CIO-
coBGaMH; HO eC.J¥ BHOGOP yike CIeMaH JIfA KaKOTO-HHOYIb OJHOTO 3HAYe-

=
HUA ¢, TO II0 LeIpePHBHOCTH BEKTOP €4 (£) OMII03HAYHO onpesaeseH Besmel.
Taxkmy 06pasoM, KaskaoMy 3HAYEHMIO ¢ MBI CONOCTABM.IN HPAMOHE opTo-

sl b d e d
HopMITpoBaHHBIE perep (M, ey, ey, e€3). Ou uasnBaercs penepon @pene
rpusoii C B Toure t. Urak, rargas xpusas C B R? onpemeasier ceeli-
CTBO pemepoB C ImapamMerpos .

=~
B cuay mamero Bmfopa BerTopa e, u3 cootHomernus (1.4.2) cae-
nyer, uto 3 = (. [loatomy ypaBHCenHs jBHsReNWs pemepa HMEIOT BHU[

— —> — - —> —> —
de, = g9y,  deg= — 1081 | Wo3e3,  deg== — ozes. (1.4.3)
dopya w, a priori sanucmpaercsa B Buge a (t) dt. Coraacno (1.4.1
1 A
dM i
2 —ae,

dt

caeoBarensno. kKodduuuent a (¢) > 0 u papen aiune Bexropa dM/dt.
ITo o3HadaeT, uro Qopya a (t) dt paBna pudpdpepenmumaty ds daurb
Jdyew s kpusoit €. (Ira mauna Mensercs pyvecre ¢ £.) Bosbaen B rauecTne
mapaserpa ua RpuBoil C mauuy ayru s (ompegeaeniyio 0JHU0O3HaYII0
C TOYNOCTBIO 10 aiguTuBUON Komeranrn). Torpa auddepennnaabunie
GOPMEL gy M ()3 BAUKITYTCA B BHUAe b () ds u ¢ (s) ds COOTBCTCTBEIIO.
Tem cambir onpegeasiiores ase Gyukiun b u ¢ va kpupoit . Ony nasol-
BAIOTCA KPUBUSHOU M EpyueHuesm KPHBOH U  000311aYAI0OTCSA COOTBET-
creenno gepes 1/p m 1/1. B atux oGoszmavenusax ypaBHeHHs JBHKeHUA
penepa dpene NPUNUMAOT BHK

M~
ds 1
. . . (1.4.4)
dey 1~ dey 1~ 1~ des
e T T e AT g T Ty

ITH COOTHOLIEIMSA SABIAKTCH KJIACCHYECKUMU.

23*
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1.5. Penrep Tap0y opuentupoBannoii Kpupoii C, neskameil Ha opmeHTH-
poBanHoii mosepxuoctu S B R3

OpuenrupoBarb AuPPePeHIUPYEMYI0 KPHBYIO — 3TO 3HAYAT B KajK-
moid Touke M € C BHOparh OFHO M3 JBYX BO3MOMKHBIX HaIpaBJICHHHA
eIMHUYHOTO KacaTenbHoro Bekropa K C B Touke M (rak, 9ro0n 3TOT
BEKTOP HMBMEHSJICA HeIpephrBHO BMecte ¢ M). Hxsa toro 4robu «opuen-
THPOBATL)  TOBEPXHOCTH S < R? (roropas mnpeamosaraeTcs CBA3HOMN
d TpuHa[Ie:amed k kiaccy CF, tme k mocraToumHo BEJINKO), HYKHO,
KaK MBl 3HaeM, OPHEHTHPOBATH B Kakmol Touke M € S KacaTeabHyIo
OI0CKOCTh K S. 3alaHne YIOPAMOYEHHON Mapbl eUHATHAEIX OPTOrOHATIb-

— —

HBIX BEKTOPOB ¢4 U €5, KacaTedbHHEX K S B Touke M, oupelesnsieT OpUeH-
TAIHIO HOBerHOCTI/I S B orkpecrrocTd Touku M. Ecau Mul umeeM TaKYI0

napy (ei, ez) T0 _cymecreyer eJII/IHCTBeHHLII/I e;mHI/IqHLm BEKTOP e3,
OPTOTOHAALHLI K ei u ez, TaKOH aro det (ei, €, 63) = +1. O6parmno,
BLIOOD €JUINYHON HOPMAaJIU 63 K moBepxuoctu S B Touke M € S ompe-
JeJiseT OPHEeHTANUI 1a S B OKpecTHoCTH TouKH M: Hamo BHIOpAThH ;1

- e
d e, tak, uroOsl det (e, ey, €3) = 1. Ilopmprroskum crasaHHoe: 04t moeo
ymoGsl opuenmuposamsv nogepxrHocmsd S, docmamouno eubpams 6 Kaxcdotl
moure M € S 00ny us deyx edunuunux Hopmareil k S, npuiem 6u6pannas
HOpMAAL JoaxcHa Henpepbigno Menambues emecme ¢ M. Jlamee Mbr Besie
OyzeM IIpeIonararTs, YT0 HOBEPXIIOCTh S 0pueHmuposana (M TeM CaMbLIM
«OpHEeHTUpyeMay).

IIycre C — opuenTHpOBaHHASA KpUBAsd, JesRal(ad [Ha OPUEHTHPO-
Baumoi nosepxuocru S B R¥. ConmocraBmm Raikfoit Touke M € C mpamoi
OPTONOPMUPOBAIINKI Pperiep ¢ nagajiioM B Todre M, KOTOpLIH Ha3BI-
Baercsa penepom Jlap6y (xpusoid C OTHOCHTEIBIO MOBEPXHOCTH S).

—

B kageciBe e; BosbMeM, Kak u B ciydae pemepa (DpeHe, eIUHNIHBIA
End

KacaTeJbIHi BeKTop K Kpusoit C B Touke M. B kadectBe e, BO3bMeM
e HNTHEIH BeRTOD, KacaTeJbHbIN K _OBepXHOCTH S B TOUKe M, opro-

FOHAIBHHNA K ei U Takou, 4ro det (ei, ez, e3) +1, rxe e3 — eMHUYT-
Hadg HOpPMaib, OmpeAensdomas opuenranmio nopepxHoctm . Tarkmm
o6pasoM, Kpupasg C Ha HoBepxHoCTH S ompefeasdeT ogHOMapaMeTpuie-
cKoe ceMelcTBO pemepoB (T. e. KpUBYI M Ha MHorooOpasum SO). Ypas-
HeHHA [BU/KENUA pelepa 3aIUCHBAIOTCA TaK:

-
dM = w,e;,
— - - - - -
d€12(012€2+m13€3, d€2 = '—(,01261—!—(1)2383, (15.1)

— - ->
des = — Wyzeq — Wy36,.
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Ecau B kavecTBe mapaMeTpa B3STH JJIMHY AYTH HA KpuBoi C, To ©; = ds,
Wy = a ds, w3 = bds, ws3 = cds, Tae a, b, ¢ — HEKOTOPbIE QYIKIIHE
na €. HNx Ha3LIBAIOT COOTBETCTBEHHO

eeofesuneckoli KpUBUSHOU,
HOPMAABHOU KEPUSUSHOU,
eeofesueckum KpYyHeHUeM

Kpupoii C (CMBICA 3THX HA3BAHMI BBHIACHUTCA HECKOAbKO mo3zike). VTag,

(0]
reojiesnIeckas KpPUBU3HA = disz ,
[}
HOpMAJIbHAA KPUBUBHA = — >, (1.5.2)

(O}
Teo/ieBUUeCKOe KpydeHne = d—: .

IIpepaoxenne 1.5.1. Ecau o6pamumv opuenmayutwo wa rpusod C,
mo HOPMAALHAS KPUBUSHA U 2e00e3uveckoe KDYYeHUEe He USMEHSIMCS,
a ezeodesuyeckas KEDUBUSHA USMEHUM SHAK.

- -

IeitcTBuTenbHO, 0y = ds yMuHoKuTcA na —1, tar ;re raw e, U ey,

a ez me usmenurcsa. W3z pasencts (1.5.1) BuiTeraer mosToMy, UTO Mg
He U3MEeHSETCS, & 13 U W3 YMHOKATCA Ha —1, oTRyza u ciaegyer Halue
yTBEPILIeNE.

Hpegaoskenne 1.5.2. Ecaw dse rpusve Ha noseprrocmu S, nporo-
Oawue uepes moury M € S, racaiomea dpye dpyea ¢ amoil moure, Mo OHU
umerwnm 00UNAK08YI0 HOPMAJALHYIO KPUBU3HY U 00UHAK080€ 2e00e3uueckoe
kpyuenue. [Wiade rowops, Hopmamnias
KpMBH3HA W TreoJe3nvyeckoe KpPyTeHMe
KPHUBOH ONpefieasIoTCA HallpaBIelneM Ka-
caTeJabHON K moBepxioctu S B Toure M.]

Horxasareascrso. [laa apyx

KacalImuXca APYr aApyra kpuseix C{ u
—

C, snadeHuss BeKTOopa e, (COOTBCTCTBEH-

5
HO €,) COBHAJAIOT ME{Ty COOOH B TOUKE
M, pabHo Kak W 3padenusi BeKTOpPA

—> —>

Puc. 15. des/ds (160 BEKTOPLI €3, II0PMAILHBIC K II0-

BepxHOCTH & B T04Kax My ECiu M, € Cy,

COOTBETCTBYIOIIMX OITOMY T TOMY ke 3HAYCeHUIO UIMHLI S, OTCUHUTLIBae-

MOMY oT TouKH M, coBmasaioT Mex/Ay co060M ¢ TOIHOCTBIO 0 OECKONEeUTHO

MaJBIX BTOPOTO TOPSAKA: HX Pa3HOCTh ABIAETCHA OGECKOHEUHO MAaJoi

BBICIIETO TIOPSAJKA IO OTHONIEHUIO K $; 9TO BBITeKaeT U3 Toro ¢gawra, uTo

paccrosinme Mme:kay Toukamu My u M, ecthb GeCKOIIEIHO Majas BTOPOTO
-

TIOPAKa, & HODMAJABHLIN BEKTOP €3 K TOYKe MMOBEePXHOCTH S SIBISAETCA
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ouddepeniupyesoit pyuriuein stoil Toukm). IlosToMy mocaemmee ua
coornomenuit (1.5.1)

N
dey 13 7 g3
= ey — —— €
ds ds ds

HOKA3KIBaeT, 9T0 GOPMBI W3/ds U ®3/ds g KpuBeix Cy u C, CoBIAKAIOT
B Touke M, 4. T, O

3ameduanue. [eogesmueckas KpPUBH3HA Y MABYX KacaoUMXCH

B Touke M xKpuBbx mHa S, Boobmle roBops, He odunarosa. Hampumep,
ecau S — naockocmov, T0, KaK Jerko BHUIETH, Te0fe3d4eCcKas KPHBH3HA
- KpUBOH ecth ee oObYHAsg Kpu-

€; Busna. Ho xopomuro ussecTHo, 4TO
1 I3 IBe ILTOCKHE KPUBbIe, Kacauecs
B IaHHOH TOYKE, MOI'YT HMeTHh B
BTOM TOYKe Pa3JMIHYIO KPUBUBIY.

1.6. Boluncaenme reogesmyecKoit
KPHUBH3HBI, HOPMAJIBLHOH KpPH-
BH3HBL H re0Ie3NIECKOro Kpy-

M YCHH A

o

N

Ilyers C — opuenTHpoBaHHAH
KPHBasg Ha OPHEHTUPOBAHHOH IO-
BepxHocTH S B mpocrpaHcTBe R3

- > o
u (ey, ey, e3) — penep Jlap6y B
Puc. 16. Touke M € C. O6Gosmagum uepes
-> >
(e1, n, b) pemep @Dpene xpusoi
N
C B TouKe M : eMHNYHBIA BEKTOP 7 HAIpaBlIeH II0 «IJaBHOH HOpMAasIn»
—
k kpusoit C, a BekTop b — mo «6umopmanmy. Obosmagum depes O yroxa
— -

- -
(n, e3) MesRILY HOPMATBI0 K IIOBEDXHOCTH e3 M BEKTODOM n.

OueBugHO,
7% = ey sin 0 —}—; cosB,
LooL T (1.6.1)
b= —e,;co80 {-e3sin 0,
OTKY/a
g :Zsine—gcos 0,
2 (1.6.2)

— -

N
e3=ncosB -+-bsin 0.

VpaBuenus jsmiennss pemepa (Dpene jaloT Ham

d;; 1> sinf > cosB
—_— N = e é3.
ds o 0 2+ ) 3
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Cpasuugast aro ¢ (1.5.1), moxyuaem

sin 6
reojie3amvecKas KpUBU3HA = o

coet (1.6.3)

A

HOpMaJIbHAA KpPUBU3HA =

(37ech p — paguyc KpusuU3HB Kpupoit ().
Ocraercss BHUMCIUTH TEOfE3MYECKOE Kpyduenue wy3/ds. CormacHo

(1.5.1)

(DZS__}‘Z_;;___) ——>“ .i—" —_—>
S =3 = (ncos 0 --bsin0) pr (nsin 0 — b cos 0).

PacnpoeM IO Y4YCeHHOE BI)Ipa'II(eHI/Ie, HUCIIOJb3YyA ypaBHeHHﬂ JTBU/REeHNA
pencpa (Mpene

n 17 47 d?»__i’—{
E R R T

IToaytaem

Taxus obpasom,

1 d :
Te0/le3UUECKOe KPYUCHHUE == — - 78_ (1.6.4)

Yupamuneunuwe, Teopesma Meusbe. Mol ycranoBuiu, 4ro
«uopMaIbiaa KpuBuauay (cos 0)/p 3aBHCHT TONBKO OT KacareIbioi
k& xpusoit C B Toure M € C. Jloxadure, 410

(1) Ecnu nBe KpHBLIE J1a IMOBEPXIIOCTH S, IPOXOJAUIME UYepe3 TOUKY
M, nyeior B 9TOH TOYKe ORIy U TY #ie KacaTeJblylo U OZHY U TY e
COIPUKACAIOIYIOCH IIOCKOCTh, TO OHU HMET OAUIIAKOBHIA pPaguyc
rpuBuansl [u60o cos 0 u (cos 6)/p umMeOT ogUM U Te ke 3HAYCHHA [JIA
9THX [IBYX KPHBLIX].

(2) Ecau nmocrocts 2 Bpaimaercs BOKpPyYr upsmoit D, Kacalomeiics
poBepxiroctd S B Touke M € S, To meHTpHl KpuBH3ukl (B Toure M)
KPUBbIX, IOJYYAIOIIMXCSA B IlePECeYeHUM TOBEPXHOCTH S € ILTOCKO-
¢TI0 [?, OIIMCHIBAIOT OKPY:KHOCTH, NPOXOAIIYI0 depes Toury M.

3ameuanus (i) [lepecedem mosepxmoctp S MIOCKOCTBIO, TIPO-
xoasaueii gepes mopMadab K nosepxnocta S B rouke M € S. Ilyers C —
KpuBas mepecedenusi. [ sroll Kpusoit 0 = 0 u, ciegoBaTelbHO, KPH-
Busna 1/p kpupoit € paBma (HOPMaJbHOM KPUBU3HE», COOTBETCTBYIOUICH
HalpaBJIeHUI0 KacaTelbuod k KpuBoil C B Tourke M. Taxum obGpasonm,
HODMAJbHAA KPUBUSHA — 9TO KPUBU3NG HODMAALHOZO ceuenud (CedeHust
noBepxHocTH S 1IOPMANbHOH TUIOCKOCTBIO, NPOXOAAMICH dYepes pac-
CMaTPHBAEMYI0 KacaresplIyio).
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(ii) Rak Mul smaeMm, 9epes Kakayoo To9KYy M € S UpPOXOAUT efmH-
cTBEHHAsi reofesmvecKas KpHBag C MaHHON KacaTenbHO# (KoTopas
racaerca u mosepxuoctu S). Jlaa reofesugeckoir 0 = O unm 7 ¥ mMosTO-
My d0/ds = 0. CnegoBarenbno, eeodesuneckoe kpyueHue 2e0de3uueckol
kpueoli paeno 1/t. Wrar, eeodesuneckoe kpyuenue, coomeemcmaeyiouee
dannomy KacameavHoMmy Hanpasienul k nogepxruocmu S e mouke M € S,
Pasro  Kpyuenulo eeode3uneckoll Kpueoi, HanpasieHHol no amol kaca-
meavHol.

(iii) KpuBas ABngercsa reofieandecKol B TOM M TOJABKO B TOM Clydae,
ecan sin 8 = 0. Taxum obpasoM, zeodesuueckue kpugble — Mo Kpusble
¢ HYAe80l 2e00e3uneckoll KpUBUSHOLL.

(iv) Ecau S — mmockocrb, a C — KpuBasg Ha 3TOH IJIOCKOCTH, TO

i
0 = n/2 (upum mapgze:amieM BrGOpPe BeKTopa n); CJHe0BATEIBHO,
(sin 0)/p = 1/p, 1. e. reofiesmdecKass KPUBH3HA COBIIA/aeT ¢ KPUBH3HOK
kpuBoii C.

§ 2. TPEXHAPAMETPHYECKOE CEMEIICTBO PEIIEPOB,
CBA3AHHOE C MOBEPXHOCTLIO B MPOCTPAHCTBE R?

2.1. MuorooGpasue penepoB OPHEHMTHPOBAHHON NMOBEPXHOCTH

[ycrs S < R® — opuenmuposannas moBepxmocTh kaacca C* (rme

k mocrarodno Beauko), u uyctb R (S) — MIOKeCTBO BCeX MPAMLIX OPTO-

HOPMEPOBAHHBIX PEIePOB C HAYAJAMH B TOYKax M, Jeskamux Ha moBepx-
-

uocta S, ¥ KOTOPHIX BERTOP €3 COBIAJAeT ¢ MOPMAaJbIO K IMOBEPXNOCTH S
(manpaBieHde HOPMAaJW ONpeJelisieTCA OpHedTaiimeil mosepxiocTi S).
Eciau KakaoMy perepy COIOCTABHATH €U0 HATATO, TO Mhl HOJYUIHM [EIpPe-
pHIBIIOE, H, OYEBHU/UO, CIOPHEKTHBHOE OTOOpaskeHme

p: R(S)—S.

Caoti B Toure M € S, 1. e. npoolpas sroii Touru p~! (M), cocrour us
BCexX penepoB ¢ HauaixoM B rouke M. Hampwiii Takoit pemep ompepe-

—

JIsieTCSA BLIGOPOM €IUHUIHOTO BeKTODA ey, KacaTelIbloro I NOBepXIOCTH S
B Touke M (u6o ecnm I/ISBGCTHLI e1 n ea, TO ez ONpeRensAeTCA OQII03IaTHO

TpeboBaNMEM, 9TO BEKTOPHI (ei, és, 63) obpasylor upsamoi penep). Jlio6oi
perep ¢ HadanoM B M noaydaercs H3 APYToro BpameHHeM BOKPYT

>
BeKTOpa €3. bosee Toumo, paccmorpuM rpymmy SO (2) Bpamenuit mio-
CKOCTH BOKPYI HAYaja KOODAMHAT (IPYHNY JWHEAHBIX OPTOTOUATBHLIX
npeobpaszoBanuil AeWCTBUTEIBHOrO ABYMEPUOro TPOCTPAUCTBA ¢ OMpe/e-
autenem -H1), Hampoiii diaeMenT 3T0H TPYUIH OUPELEISETCA Y2A0M ¢
(KOTOPHIA W3MepseTCA AeHCTBUTENBHEIM 4HCIOM Do MoAymao 2m). I'pyn-
na SO (2) 8eucm3yem e npocmparncmee penepos R (S): ecau penep

(M, e,, ez, e3) NMOBEPHYTH BOKPYT BEKTOpa e; Ha YIOX ¢, TO MBI TIOJYTAM
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s
npyroit penep (M’, e, e;, €;), OLPeIeAEMHI paBeHCTBAMA
?
M =M,
- -> -
e, = €4 COS  -{- €5 81n @,
—P, - . - (2.1..1.)
e,= —e;8in ¢ ;- e, €08 @,
- -
€3 —=¢€3

Mot ummy, 4uro caou orobpaykenus p: R (S)— S — aro opbumu
rpynnet SO (2), pmeiictsyiomeit B R (S), u d9ro rpymma SO (2) neit-
CTBYET RPOCMO MPAHIUMIUEHO B KAKIOM
cioe (Iasi JBYX PenepoB ¢ ONMHAKOBEIM A
HAJYAJOM CYHIECTBYET OJHO M TOJBKO
OIHO BpalleHNe, KOTOPOe IepeBOIHT
OWH B Opyroil).

Orobpasenue p: R (S)—> S cay-
JKAT NPUMEPOM TAaK HasHBaeMBIX pac-
caoeniir npocmpaiiems. Myt He Gymem
37€Ch PAa3BUBATH TEOPHIO PACCJIOEIHBIX @ -
NMPOCTPANCTB W JayKke He CTaHeM IIPH- M
BOJUTH TOYHOTO OIIPEeeNs.

[Toraskenm Temepb, HaK MOKHO Prc. 17.
mapaMeTpPU30BaTh MHOMKECTBO TeX pe-
nepoB m3 R (S), magaaa rotopnix M gocTaTodHO GJAMBRH K HEKOTOPOIl
saganioil toure M, € S. Ilpenmostonsum gna Gonbhiedl sSICHOCTH, YTO
BepTURANL B R3, mpoxomAmas depes ToIKy Mg, 1€ ABIAETCA KACATCIh-
ol k mopepxiiocTu S B TouKe My, TAK 9TO B HEKOTOPOH OKPECTILOCTH
TOUKH M, MOYKHO 3ajlaTh IOBEPXHOCTh S YpaBHEHHEM

\ €2

z=f(z,u) [f xnacca C*]

(rme z, y, z — wroopmunatst 8 R%). Torma B Kaskgoln Touxe M, GamsKoi
K Touke M,, CyHmeCTByeT e/J[MHCTBCIIIbIH eJUNHIHBIN BEKTOD, KacarTeiab-
HBI K IMOBEPXIOCTH S, MpOeKIUA KOTOPOTo Ha niockocth z = O mapad-

-
aeanna Bertopy (1, 0, 0). 9ror Bertop ey (M) saBasercs Qyuriuei
xkracca C*! or M. Taxum obpasoMm, kaskpoil Touke M € S, Gnuzkoii
K Touke [f;, MBI CONOCTABHMJIN OPTOHODPMHPOBAHHBIA pemlep ¢ IaJaioM
B Tourke M. Tem caMmbiM ompejleieHO HeIpepLIBHOE OTOOpaskeHue

o: S— R(S),
TAKOe, YT0 KOMIOBUIUA p o 0 DPABIA TO/RIECTBEHIOMY OTO0DPasREHITIO

nopepxHocte S Ha ceGsa. OrobpaskeHue ¢ — 3T0 NPHMEpP TOrO, 9UTO
HagLlBAIOT CeYerlieM PACCIOSHHOTO IIPOCTPANCTBA PpEIepoB.
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Urar, rammeii pemep r € R (S) ¢ mavamom B Touke M, Gumarod
K TOouKe M,, ompemeasercs HABYMs JaHUBIMH:
(1) Touroit M € S; (2) yraom ¢, 11a KOTOPbIA HaJ0 MOBEPHYTH permep

(My, e (M), ex(M), e5(M)),

I Toro, 4TofLl on coBmat ¢ permepoM r. Muaue roBops, mpocTpaHcTBO
perepoB ¢ HavdajaMd B ToUKax M, HpUIAIJICHAINMAX HEROTOPOI JocTa-
TOouNO Magxoil okpecTtHOCTH V Touku M, MO/KHO HpejiCTaBUTh KaK IIPAMOe
nponsBegenue V X S0(2) CremoBaTenniio, COBOKYNIIIOCTH 9THX Pelepon
34BHCHUT OT TpeX AeHCTBUTEBIBIX TIapaMerpoB. MosKHO IOKasaThb, 9TO
ATH pemepnl 06pasyioT nodmrozoo0pasue pasMepHOCTH 3 Kiacca Ch -1
B IPOCTPAHCTBE 6cex penepoB (OPTOHOPMUPOBAHHBIX MM HeT) B R3
(moc:emuee, B CBOW OuepPeb, ABJISETCA OTKDPHITHM MHO:RECTBOM B IIPO-
crparcrse R1% cm. § 1), [Hposepry Bcex dTHX yTBePIRAEHMIA M IIpe-
mocTaBIAeM — uMTaTeal0 B KadecrBe yupasknemusa.| Oro6paskenme
p: R (S) — S mpunajme;rut & kaaccy C*1; ; OIIEJIeEHIIOe Bhlllie Ceenue
6: S — R (S) rarske NpPUHANAEKAT K M[accy cr1.

Ecim o — neroropas puddepennuannvras djopna HA IIOBEpPXIIO-
oti S, 10 p*(a) ects gupdepennmanbuas gopma a maoroobpasun R (S).
HanomunM, 4ro muddepenimanbuasg dopma na R (S) — 3T0 QYHRUIHA
o (r, 1) [rne re R(S) u v — BEKTOP, KacaTeIbHpld K MHOT000pasuio
R (S) B touke r € R (S)], auneitnmast mo T A1A KAKKOT0 PUKCUPOBAH-
Horo smadenus r. Ilas roro urobur vra guddepennuanbinas fopma Gulra
HpeAcTaBMMa B Buje p¥*(a), HeoOX0/MMO U JocTaTouno, 4To0bl (1) s
RaRI0ro pemepa r ¢gopma o (r, T) 3aBHCEJA TOJBKO OT NPOGRIHHA § =
= p (T) BeKTOpa T, SABJASAOMENCST KacaTeJIbHHM BEKTOPOM K TOBEPXHO-
ctu S B rouke M = p (r); (2) dopma o (r, &) 3aBucena ToIBKO 0T HAavamIa
M = p (r) penepa r. B aToM caydae TOBOPAT AJA KPATKOCTH, UTO  €CTh
Judgepenyuarvras gopma Ha nosepxrrocmu S.

Bee 9t momsitusi ML HPOMJIIIOCTPUPYEM IOMO3IKe [a IpUMepax.

2.2, YpaBHeHHA HIBHKEHUA pemepa, CBA3AHHOIO ¢ OPHEHTHPOBAHHOM
MOBEPXHOCTHI0

st cemeiictBa oproHOPMEHpOBaIHKIX pernepoB R (S), sasumcamero
‘0T TpeX I1apaMeTpPOB, YpPaBHEHHs JBH:KeHHs atux penepoB (em. (1.1.2),
(1.1.3), (1.3.2) u (1.3.3)) onpenensiior 11ta mHoroo6pasun R (S) mudde-
PeHIHATBHLIE JOPMLL ®f, W, M3, Wiy, O3, Oy3. [[oCKOABRY aupdepe-

- =
nuanbHasg Gopma dM nmpunmMaeT A Kaxmoro penepar = (M, ey, ey, es)
BIAYeHHs, JIesKallMe B KacarTeJbHON IUTOCKOCTH K IIOBEPXHOCTH S,

- -~

TOPO/RIeHHOM BEKTOpPaMM ¢; U ey pemepa r, gopma oz = (. Iloaromy



w
=23
w

§ 2. Tpexnapamempuueckoe cemelicmeo penepos

YpaBueHUsa JABUAeHHA HMET BUTL

dM = u)iei (0262, (2.2.1)
dei = (01262 -i- 01363,
d;,’; = —0)12;1 +®2323, (2.2.2)

— — —
— des = w365 + 9385,

C napyroit cropomsl, ycaosus unrerpupyemocrd (cm. (1.2.1) u (1.2.2))
naiot (¢ yderom toro ¢akra, 4ro o3 = 0):

d(.l)i = — W3 /\ Wy9, d(l)z = )y /\ Wy, (22.3)
(OF] /\ ®y3 —!‘ (OF) /\ Wo3 = O, (2.2.4)
dwgy, = — 043 \ Os3. (2.2.9)

Muoureponperanmua popM o # 0, Hamommum, uro gud-
(I)epenu;man dM ects 1-dopma co BUAUEHIAMI B R3, koropas KagoMy

BERTODPY § COIIOCTABAAET CAM 3TOT BEKTOD § HOBTO\Iy ecam r — pemnep,

npuHAIe:Ramuil MHoroo6pasuio R (S) u ei (r) m 62 (r) — mepsbie fBA
BerkTOpa aTOr0 pemepa, 1o puddepentuansnvie 1-gopMmel (7, §)
4

u o, (r, &) cyrp aumneiiusie QopMmbl, KOTOPBIE KayKILOMy BEKTOPY &,
RacalouemMycs 1osepxnocta S B nadane pemepa M (r), COMOCTaBAAIOT

- —
€ro KOOpPHUIIATHI OTIIOCUTeAbHO Gasuca ey (r), e, (r). Paccyarpusaeinie
rRar auddepernmnuanbiisie GopMpl 1fa  Muoroodpasum penepos R (S),
®; U Gy ABIAOTCA QYyURUMAMA OT r € R (s), KoTophie HIA Ka:RIOTO
PURCHPOBAIIIOTO 7 3aBUCAT TOJbLKO OT BEKTOPAa &, RacaTe’lbHoro
K nosepxmocru S B Toure M (r) € S:

—

E==20(r, '§)g,(r)—{—a)2 (r, E,)Zz(r). (2.2.6)

o
KeagpaT mamHE BerTopa &, KacaTeJpbHOTO K IIOBEPXHOCTU S B TOYKE
M (r), paBeH mO3TOMY

B2 = (@4 () E))2 + (02 (s E))2-

EcrecrBeninio Bsectu ofosuadenme (m4)* min keadpama guddepen-
UUAIbHOR dopmbl wy. ITo ne guddepenumanbuas 2-gopMa B paccMa-
TPHBABUIEMCsI [0 CHX NOP cMbicae [T. e. YHRUMA 0T r cO 3HAYCHHUIMHE
B TIPOCTPANCTBE 3HAKONEPEMEHHUE Ouiunelinur @Gopm Ha KacaTeIbHOM
npocrpapcTse K mosepxuoctu S B Toure M (r)], a yuruma ot r co 3ma-
YeHUAMH B IIDOCTDAHCTBE KEaAOpAMUUHNX FopM HA ITOM KacaTeIbHOM
npocrpanctBe: (m; (r, §))2 — aro kBagpar JauHedno# Qopmu oy (r, E).
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Onpeneaenne. HKpagpatwamasa puddepeniuanbuas dopma (w,)% -+
-+ (w,)? HasEIBaeTCA nEepeol 0cHO6HOU K6adpamuunol @opmol IOBEPXHO-
—

ctu S. B rammpoit touke M € § oHa comocraBader BeKTOpY &, Kaca-
TeaAbLHOMY K mosepxHoctH S B Touke M, KBaApart ero jpannsi. Ee snade-
HHA HHKAK He 3aBHCAT OT BEIGopa pemepa ¢ Hadamom B M, a saBucar
JUIIb OT CAMOTO HTOI'0 Hadalja.

IlepBasg ocHoBHas KBagpaTudHasg GopMa Ha IIOBEPXHOCTH 9acTO 060-
3madaeTcA CHMBOJOM ds®. IlpumumHa 5TOTO 3aKIOYaeTCA B TOM, 9TO
ecad MBI PACcCMOTPUM OPHEHTHPOBAHHYI0 KpuByio C Ha IOBEPXHOCTH S,
To popma, mHAYyUHpoBanHad Ha C, 6yner KBagparoM nuddeperqnaibaoi
1-dpopmsr ds past kpusoit C. Ecanm KoopAWHATH Z, Y, 2 TOYEK TOBEPXIO-
ctu S mpepcTaBieHH KaK QYHKIUU OT ABYX IIapaMeTpoB U H v, TO

ds* = E (u, v) du?® -+ 2F (u, v) du dv -+ G (u, v) dv?,

{0z 2 dy \2 gz \ 2
E=(50) + () +(5)
. oz Oz iy_ﬁy_ 0z _z?_z
~5?'@7“‘61; v + ou ov'’ (2.2.7)

6=(5) (%) +(5)"

2.3. dIeMeHT WIOIAMH HOBEPXHOCTH

Te

Ha opuwentupoBanumoit mnosepxmoctm S asieMentT ILIOMAAH — 5TO
nudepenuanvuan 2-gopma (cxm. 1. 4.12 ra. 3) a umenno, popma, KoTO-
pasa mape BeKTOpOB &, U §,, KacaTeabILIX K HOBEPXHOCTH S B ToUYke
M € S, comocraBageTr UHCIO

det (giv §27 63)'
Coraacmo (2.2.6) sT0 WHcIO paBHO

o1 (§1) @5 (§2) — 01 (§2) wy (&y)-

Ho sro smauenme, nmpuimmaeMoe Ha nape BeKkTopoB (&, &,) muddepen-
nuanbinoi Qopmoit

0; N\ o
— BIEIIHUM IpouaBefeHueM GopM ©y U ©p Takum o6pasodM, HMeeT
MECTO

Ilpegnoskenne 2.3.1. Dopma o4 )\ 0y ecmv osemenm naouadu
noGePTHOCMU.

B ra. 3 mp yeramosuau (Gopmyna (4.12.6), 4ro sra muddepennuain-
nast popMa pasna V' EG — F2:du N\ dv, tne E, F, G — K03 PAIHenTLI
KBagpaTHaHoit gopmer ds® moBepxHOCTH S, HAapaMeTPU30BAHHOH ¢ IO-
MOIL(bI0 1IAPAMETPOB U W U B COOTBETCTBHU C OpHenTarueil moBepxHO-
crm S.



§ 2. Tpexnapamempuueckoe cemelicmeo penepog 365

B oramgme or HBalea’{"H‘IHOfI (bovabI o} + o3 dopma w3 A\ o,
aAsasiercs auddepeHnmanbHoll 2-gopmoit Ha moBepxHocTH S (CM. KoHeI[
o, 2.4

2.4. Bropas ocHoBHaA KBajpaTH4Hasa (opMa moBepxHocTH &

B rampoin touke M € S muddepeHnmanbHble QOPMEL dM u —de_;

{co sunagenusiMmg B R3) — aT0 nunelinple YyHRIMM OT BeKropa &, Kaca-
TeabHoro K mosepxmnoctu S B Toure M. WX craaaproe npoussedenue

(dM)-(— dey)

— 2T0 KBajgpaTvdHas GopmMa OT BERTOpa §, HPHHAJJIeKAINEro Kacareilb-
HoMy mpocTpaHcTBY K S. Ona naseiBaeTcsa émopoii 0cHO8HOU Keadpamuy-
#Holl opmotl MOBEPXHOCTH S.

Us gopmya (2.2.1) u (2.2.2) nerxo ciegyer, 910

(d/ﬁ)»(——d;:;) = 4043 + WgWo3. (2.4.1)

[B mpasoit 9acti 5TOT0 paBeHCTBA IIPOMBBENEHHME 40);3 He Hado cmeulu-
eamy ¢ enewnum npoussedenuem g [\ ©43. Hpomssenenne wiwy; Ana
Kasrjgoro pemepa r € R (S) u Ra:kgoro BeKTOpa T, KACATEJIBIOr0 K MHOTO-
obpasuio R (S) B Toure 1, paBIlo

oy (r, T) 03 (r, 1),
Torxa Kak ¢opyMa @ A\ ®y3 paBHa Jus Rawjoro pemepa r € R (S)
n Rakoil mapot (T4, Tp) pasioctu
oy (r, Ty) w33 (r, T) — 04 (r, T2) 053 (r, Ty).
AHaloruyII0oe 3aMeuaHue OTHOCHTCA U K NPOM3BENCHHI0 ) 5®p3.]

Werepoperanus BTOPOH OCHOBHO®X KBajgpa-
THYHONX GOPMB IPH DOMOIH HOPMAJIbBHOMU KpU-
B u 3 H B Hyers C — opumenTHpoBaHIas KPUBas, JiejKalmas mma IOBEpPX-
moctu S ¥ mapaMerpusoBaHuas MAauHON Ayrd s. s ypapmemmii mBuse-
nus penepa [lapOy (cM. (1.5.1)) BEITeKaeT, 94To CRaAsApIHoOe IPOU3BECHHL

- —>

ds |’ ds
paBHO HopmaavbHOl kpususne KpuBoir C B 1ouke M € C. Iro osuadaer,
—
deg) Ha
N
BeKTope £, KacaTelbHOM K KpuBoil C, paBHO mpoussemenuio | & |* ma
HOPMaIbHYI0 KpuBu3ny kpuBoil C. Otcioga caexgyer

ol
9TO 3HAaYeHHe BTOPOH ocroBloil KBaapaTwuHOd dopmpr dM -(
-
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Ilpeanoskenne 2.4.1. Snavenue smopoii ocrognoll keadpamuxioii gop-
-
Mol Ha eekmope & = 0, kacameavrom k nosepxrnocmu S ¢ moure M € S,
-~
paso npouseedenuio | & |* na HOpMAAbHYIWO KEDUBUSHY 6 HARDABACHUL
=

eexmopa  &.

2.5. Boruncienne HOPMaJIbHONH KPUBHU3HBI M IeONE3HMYECKOTO0 KpPYYEHH s
B JaHHOM HAIpaBIeHHN

Cootuontenue (2.2.4) mocae BHemero yminokenuss na ¢opMy o; Jaer
or \ 0 N\ 0y = 0.

310 ozmadaer, UTO JIsA Ra:jgoro penepa r € R (S) auneiinsie Gopybl o,
Wy, W3 (Ha RacareabHOM IpocTpauctBe X R (S)) JumneitHo 3aBIHCIMBE.
Tar Kar GopMII 0 U ©y TUHETTHO HE3aBUCHUMBI, YTO CJIeyeT 13 paBerncTsa
(2.2.6), 10 poprya w3 ABIAETCS AUHEHNON RoMOWHAIMET QOpPM oy H mj:

Moz — b(')l + CWa,

rue b n ¢ — mexkoropwle QYURIMU OF penepa r. B wactnocTn, s Kask-
moro pemepa r QopMa p3 JUNEHHA A KacareJdbHOM NPOCTpPatiCTBe
k nosepxroctn S B Toure M (r). AIAJOTHYIHO IOJYUYAEM, UYTO

0 = an; + b o,

rage a u b° — neroroprie Pynwiuu ot r. Ilogcrasnsism sto B (2.2.4),
naxomaM
oy \ oy + boy A 0 = 0.

Hocroanry o Wy — HeHnyJdaeBadg Qopura, OTCIOI& BLITeKaeT, 4TO
1 2 i ’

pov]

OKronuaTeIbHO UMeEeM

W3 == AWy - bodg, 093 ==bwy -+ cwy. (2.5.1)

Mbl nmoayvamau mpu Gyrryuu a, b, ¢, onpedenerrnsie 1Ha npocmMparcmee
penepos R (S). Buiacmum ux cmmen.
IIpemsne Beero us (2.4.1) crenyer, 9To 8mopas ocHo8HAR Keadpamuuras

gopmua pasha

04043 1 MeMg3 = a () - 200,05 -+ ¢ (). (2.5.2)

>
Ecan Bertop &, KacaTeabHBII K moBepxuoctH S B Touke M (r), obpa-
-

3yeT yrod @ ¢ BEKTOPOM e; penepa I, TO, OYeBHIHO,

0 (r By =[E|cosq, wy(r,E)=|E|sing.
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Taxkum o0pasoM, 3HaueHHE BTOPOHl OCHOBHOH KBajipaTHIHO# Qopmst
- —_
Ha BerTope & paBHO |E|?(acos®q - 2bsin @ cos@--csin?). Ua mpei-
noskeHus 2.4.1 BHITeRaeT Temepb
Ipegaoskenne 2.5.1. HopraavHas kpususna 6 HanpasieHuw 6exmopa,
-

06 pasyiowezo yzo0a ¢ ¢ 6eKMOPOM e, penepa T, pasgha

a (rycos® @ - 2b (r) sin ¢ cos ¢ + ¢ (r) sin? . (2.5.3)

CaencrBue. a (r)—9mo HOPMAALHASL KPUBUSHA 8 HANPABAEHUY 6EK-
-
mopa ey penepa r; c¢(r)— 3m0 HOPMAILHAR KPUSBUSHA 6 HANPABACHUL
LY
8eKMOpa ey penepa T.

Tark wmurepuperupywres yHKIuH @ U c¢. Ocraerca BLIACHUTH Teo-
MeTpuueckoe sHadeHme Qyurnuu b. Jas 9T0oTO BHUMCIHM 2eodesuueckoe

i
K pydeHie B HATIPABIEHUH, COCTABIAIOIIEM Yrod ¢ ¢ BERTOPOM ey pemepar.
Pacesorpum rpusyio C Ha IT()BGp\HOC'lH S, mapaMeTpusoBAHHYIO JTHIOI]
ayru s. Hyere M €C, r=(M, 6’1, ez)—penep ¢ HauaaoM B Touke M,
iy
@-— YTON M1y EAMHHYHLIM BEKTOPOM ¢, KacaTejibHLIM K Kpupoii C,
—> —
U BEKTOPOM €y, a e€,— eJIMHNUHLIH KacaTe.JbHBIM BERTOP, obpasyronuir
=
c BeIiTo[z()nLe; yroa --m/2. W3 ypaBremmii Jsiskenus penmepa [lapdy
(M, e;, e, e3) wpuBoil C cac;iyer, UTO Teo;e3uyeckoe Kpyvenne KpuBoil ¢
PaBHO RO>QPUIHEHTY TPH e, B IPaBoil uacTH PaBEHCTBA
—»
deg = Qo
- _(/T = Qe - ﬁez.
= o >
B rtpervem u3 pasemcrs (2.2.2) saMeHHM e; Ha ¢ COS @ —e,sSing I e
- >

Ha e sin @+ ercos @ [eam. (2.1.1)]. Mu n(,my‘nm, uTO

ﬁ,, oi?sn(p

Hasee, zamenstst g3 ¥ Wy UX 3LUAYETUAMA (2.0.1), a Tak:;Ke 3aMEHS (4
Ia dscos @ B Oy ma dssin ¢, 3araovaeM, uTo

= — (@ cos ¢ + bsin ¢)sin ¢ + (b cos ¢ + c¢sin ¢) cos ¢ =
= b (cos? ¢ — sin? ¢) -+ (¢ — a) sin ¢ cos @.
Orcona caenyer
Ipennosxenne 2.5.2. I'eodesuueckoe wkpyuenue ¢ nanpasieruu, obpa-
aylouem yeoa @ ¢ 6eKMOPOM ;1 penepa r, pasHo

2 sin 2¢. (2.5.4)

b cos 2¢ - CE
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Cuaexcreue. Qynryus b (r) — smo 2e00e3uueckoe kpyuerue 8 Hanpase-
-
Huw éexkmopa e, penepa r. I'eodesuveckoe Kpyuerue ¢ HANPABACHUL BEKMO-
-
pa e; pasno —b (r) [Bosbmure @ = m/2].

Boaee obmum ofpasom, saMena ¢ Ha ¢ + 1/2 B Bupaxkennu (2.5.4)
JaeT ciaefyomuil peayabTaT

Ipepsosxenne 2.5.3. Jas awboti mouku M € S snauenus zeodesuue-
CK020 Kpy4eHus 6 08yr OpMOZOHAALHHT HANDAGAEHUST 8 KACAMEeAbHOU
nAOCKOCMU DPABHbL RO A6COAMMHOL GeAUMUNE U NPOMUBOROAONCHBL NO
3HAKY.

Bepueyest & popmyae (2.5.3). 3amena ¢ Ha ¢ -+ /2 nokassiBaer, 9410
SYMMA HOPMQAABHBIT KPUBL3H 8 HANPASAEHUAT ¢ u ¢ -+ /2 He 3asucum
om . Vlmade roBopsi, UMeeT MECTO

Ilpepnosxenne 2.5.4. Cymma a (r) -+ ¢ (r) HoOpmasbHbIz KpususH

8 HanpasaeHusxr eekmopog ey (r) u ey (r) penepa r sagucum auib om
nayasa M penepa r.

Oupepnexenne. Bennanna a (r) -+ ¢ (r) nassiBaerca cpedueil kpususroil
nosepxHoctu S B Toduke M.

2.6. I'rasubie nanpasnedus. JIMHAM KPUBA3HbI

Has Toro 4rofL reoflesnveckoe Kpydenue GLIIO PaBIO HY.40 BO BCEX
KacaTeJbUbIX Hanpasienuax K S B Touxke M, neo6XouM0O U AOCTATOUHO,
yToObl I KaKkoro-HUOYAb pemepa r ¢ madaxoM B Touke M JBe Beaunyu-
usl b (r) m ¢ (r) — a (r) ObLUIN paBUBL LYJIO; 3TO CJHEAYET U3 (HOpPMY-
gt (2.95.4) i reofiesmdeckoro Kpydenus. Ecad 3T YCIHOBUS BLIITOJIHEHE!,
T0 Touka M HazpiBaeTcA ombuauueckol TodKou momepxmoctu S. B arom
cayuae B cuay cootmomenusa (2.5.3) mopMaibliag KpUBH3HA KPUBOK Of(U-
[[aKOBA BO BCEX KAacCaTeJbHBIX HAUPABICGHUAX B Touke M.

Yupamuenue. [loganure, 9o u 0o6paTHO, €CIU IOPMaJbHASA
KPUBH3HA ONMHAKOBA II0 BCGM KACATEJIbHLIM HAIPaBJICHUAM B TO9Ke M,
To Touka M ombunudeckKas.

Ilpennoskenne 2.6.1. Ecau M — ne ombuauueckas mouka noseprHo-
cmu S, mo 8 Kacameabloll NAOCKOCIU CYUecmayiom posro J8a Kacamedb-
HBLX HAnpagienus, 04 KOMOPHIL zeode3uueckoe KDPYHEHUE DAsHO HYAIO.
Imu Hanpasienus 83AUMHO NePREHOUKYAADHbL.

910 BuiTeKaeT u3 Gopmydusl (2.5.4): KA TOro 4ToOLI reomResuIecKoe
KpydeHnue GbUIO PaBHO HYJNIO B HAIPaBJIENHU (P, HEOGXOMUMO M OCTA-
TOYHO, HYTOOLI

tg 2 = 2b ,

a—c¢
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TaK UTO 3Hauenue tg 2¢ (KoHeuHoe HaIM 6ECKOHEYHOE) BCETJa ONpesedeHo,
u6o b u a — ¢ ogHEOBpeMeHIo we ofpamanTcs B Hyab. Orcioga u caegyer
paiie yTBepMKAeHHe.

Onpepenenne, J[Ba (B3auMil0 OPTOTOHAJBHBIX) HANPaBICHHH, 115
KOTOPHIX TeoJle3MIeCKoe KpyueHWe DaBIO HYJI0, Ha3LBAIOTCA 24A8HBLMU
nanpasaenusmnu (B paccmarpusaemoit Touke M € S). B ombuamuecrux
TOUKAX YCIOBUMCS CYUTATh BCE HAIPaBJEHHA IJIABHBIMIL.

B oxpecrnocta Touru M, € S, ne apnawmeiica oMOnIudeckoll, rias-
Hble HampaBjeHHs B TodkaX M o6paszyioT ABa BEKTOPHLIX IOJI Kaca-
TEeIbHHIX HaIpPaBJICHHH.

Oupepenenne. Junuell Kpugusns. TOBePXHOCTH S HA3BEIBAETCA
kpusas C (ma mosepxmocty S), KacaredbHas K KOTOPOH B Ka/RLOH TOY-
Ke M € C umeer TriaBHoe HaIpaBJleHUe.

Ecau mosepxHocTh S mpunagze:rut K kaxaccy C' (rae k gocratodio
BEJMKO), TO MOMA KACATENIBHDIX HaIpaBleHHil IpUIajIeRar K ki1accy CL.
IToaTOMY MOKIIO TPMMEHUTH pPE3YJbTAaTHl TEOPHI Juddepennuanbiunix
ypaBIenuii,  Mbl BUIHM, UT0 uepes kaxcoyio (e ombuiunecryio) mowky M,
npoxodsm dece 83aUMNO O0PMOLOHAALILBE AUHUL KDUBUBHDL.

QueBuIHO, TeOe3NMIECKOe KPYUeIHe JUIHH KPUBU3UBI B KaskI0I TOT-
Ke pasio nyiaio. B ofosnavenmax m. 1.6 (Gopayma (1.6.4)) vro samicni-
Baercss B BHIE PaBeHCTBA

1
L2 =0, (2.6.1)

rpe 1/T—KpydeHue JWHUM KPUBH3HLI H 0 — YyToa MeRAY INOPMAILIO
=
K IOBePXHOCTH ¢3 W IJIABHON IOPMAJbI0 JHHHH KPHBHIUDL.

Yopamunenune. Jorakure, HCHOAB3YA cooTHonrenue (2.6.1),
910 KOTHA To¥Ka M mpoberaer NMUDHIO KPHBU3NH C, HOPMaNU K ITOBEPX-
noctr S B ToURaX RpPHBOH C 06pas3yloT «0GepTHBAIOYIO IIOBEPXIIOCTEY
(T. e. BCe 3TH IOPMaNll KacaloTCsA HEROTOPOH (PMKCHPOBAHHON RPHBOIL).

OGosnaunm uepes 1/Ry um 1/R, sHaveHUs HOPMAAbHOH KPHUBH3IILL
(B Touke M € S) B ABYX TWIaBHBIX HAIpaBlenuax B touke M. [Mu me sna-
eM, Karkoe M3 Hux Ry, a rakoe R,.] YUmcma 1/R, u 1/R, HasmBawoT-
CA eausHbBmMU KpususHamu B Touke M. Jlas oMOMIHUECKO# TOUKM
yenosmnca caurarb, 9o 1/Ry u 1/R, paBum Mesuay coboit u coBmagaior
cO 3HaYelnneM HOPMAJIbHOH KPHMBH3HII 10 JioGoMy Hampasienmmo. Ilpex-
nokeHue 2.5.4 riacuT, TaKUM 06pasoM, 9TO CYMMA HODMAALHLLL KPUBUSH
¢ 08yx 63aUMHO OpMO20HALLHBLL HanpasieHuazr pasna 1/R, - 1/R,
(cpenmeit xpuBusHe B Touke M).

Paccyorpum B Touke M pemep, y KOTOPOTO HAIlpaBJelUus BEKTOPOR ;,
u (,72 COBLAMAIOT ¢ IIaBHHIMU Hampapienusmu. Cormacuo gopyymne (2.5.3)
HOPMaJbHAsl KPUBA3HA B IANPAaBJIEHUM, 00PasylIIeM ¢ BeKTOPOM e_:
172 24—743
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yroa ¢, paBHa

| 5 1 .,
R—icos (p—{—Tzsm )

-
(rze 1/R,— HopManbpHAA KPUBU3HA B HampasieHdHd e; u 1/R, — HopMans-
-

HAasAd KPUBUBHA B HaPaBIeHUU e,)., Kcaum r— pemep, MOJYIeHHBIH MTOBO-
POTOM HpeJKIYLIET0 Ha yron ¢, TO [COI‘JIaCHO (2.5.4)]

a(r)=-—p- cos2 0 + - sm2 P,
c(r) '—smz @ +—— cos® @,

, 1 1
b\r):(R2 T, )smcp cos .

Orciofa moiayuaeMm, 4TO
1
a(rye(r)—b(r)2= AR

Nrar, ummeer mecTo

Hpegxomenne 2.6.2. Beauuuna ac — b?, ceasannas ¢ kaxcOum pene-
pom r, aagucum moabko om Hauasa M 3mozo penepa u pasHa npousse-
OeHUI0 2AGBHVT KDPUBU3H.

Jra BeIMYMHA HA3HBACTCA NOAHOLU KPUSU3HOU HOBEPXHOCTH S B TOY-
re M.

2.7. IuddepennuaapHaa dopMa reomesuyecKoll KPHBH3HB

Bepremesa x pubpdepennumanvroir popme g, Hamomimm, uro ecau
C — kpusas ua rnosepxuocta S u I’ — KpmBas ua muoroo6pasum R (S),
oupefensiemas peuepamu [lapGy kpusoit C, To ¢opMa ®3; MHOYIHUPYET
ma I' opmy, paBuyio ds/pg, rae ds — puumna ayru Ha kpusoit C u 1/p; —
reojiesuvcckaa kpususna Kpusoii C. Hpusasa I' masbiBaercs kanonuue-
ckun nodnwsmuem xpusoit C B R (S).

Teopema 2.7.1. @opma eeodesuneckoll KpusBU3HBL g3 — MO eJUH-
cmeennas Jugppepernyuarvnas gopma nepeoli cmenenu va R (S), ydosae-
meopsiowas ypasHenusm (2.2.3):

doy = — @3 )\ 04y, doy = 0y \ @,
IlokasareasbcTBo. Ecim cymecrByer npyras ¢opma oj,,
’

yIOBJIETBOPAOMAsA TeM jKe YPaBHEHHAM, To ¢opMa o = ®j3 — O,
YIOBJIETBOPSAET ypaBHEHMAM

0)2/\@:0, 0)1/\0(,:0

910 o3Ha¥aeT, 9To HopMa o HPOMOPIUOHAIBHA opMaM s ¥ ;. Ho o
¥ o, He ppoumopmumonanabmbi. CaemoBarenbno, o = 0, 4. T. &.
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IToxasxem Temeps, uTo 2e0desuueckas kpuguana KpuBoit € Ha moBepx-
HOCTH S ecTh MHBApUAUT KBAAPaTnIHON Gopmbl ds® 3TOM MOBEPXIIOCTH.
Boaee rtoumo, ummeer MecTo

Hpennosxenne 2.7.2, Iycmo f: S — S’ — duddeomopgusn nosepz-
nocmu S na nosepxrocmu S’. Ilpednooxcum, umo f coxpamnsem dauny
(T. e. mepepoguT Gopmy ds? moBepxHOCTH S B TAKYIO ;Ke QOPMY MOBEpX-
noctu S'). Toeda ecau C — opuenmuposannas xpuseas na nogepxrocmus S
u C"=f(C), mo eeofesunecras xpueusna kpusoti C 6 mouxe M € C pasna
2e00esuneckoti kpueusne rkpusoii C' e mouke f (M).

HorasartenbcTBo. KagioMy OPTOHODMHDOBAHHOMY pere-
Py, IpuHagaekamemy muoroobpasuio R (S), ¢ momomsio orobpaskenus f
COMOCTABIACTCA OPTOHOPMHPOBAHHEIN pemep, NpHHAJIeKAmIiT MHOrO-
obpasuro R (S). A umenno, mpomsBojmoe orobpaskeHne f' IepeBOJUT
KacaTeJbHBIH BEKTOP K IOBEPXHOCTH S B KacaTeJbHBN BEKTODP K IOBEpX-
noctd S, U IPATOM BEKTOD moli e daunst (IO TIPeIIOI0/KEeHI0). 3arieHa
HepeMeHHBIX [ mepeBOAuUT PopMu o) n o, (1a R (S")) B dopMir 03 # 0,
(sra R (S)). dra samena nepemcnnsx nepesogar do; B do; 1 do, B dos.
Orciona, B ¢y TeopeMsl eguIcTBenHOCT 2.7.1, crepyer, UTo o, mepe-
XOMUT B (i, 4. T.[.

Ecau Mbl Tereps 3amMenum B pasenctse (2.2.5) 031 03 UX 3HATCHHA-
v (2.5.1), 1o momxydmm

doyy = — (a0 + bwy) A (boy + coy) = — (ac — b)) w3 \ ©,.

Kark ™Mbl Bupemwm, oy A\ @y — 3T0 asemenm naowjadu TOBCPXIIOCTH.
Mgt Gynem ganee oGosmauath ero uepes do (3to nuddepennumansias Gop-
ma Bropoit cremenn). C apyroit cropoisl, ac — 2 — BTO Ie UTO HHOE, KaK
noanas kpususna (npepaokenme 2.6.2). Taruy o6pason, cumpasemnmnsa

Teopema 2.7.3. Brewnuli duggepenyuar dmwiy om gopmvt eeodesuue-
ckoli kpususHbl pasen Ougpgepenyuarvioli 2-gopme — do/RR,, npo-
useedenuio snemeHma naowadu Ha ROAHYIO KPUEUSHY, 63AMOMY CO 3HAKOM
MUHYC.

2.8. HcnoapzoBaHme moxs penepos

ITpepmomnonM, 9T0 Ha MOBEPXHOCTH S CYMECTBYET «II0Je PercpoBy,
T. €. 9TO CYMECTBYeT JOCTAaTOYHOe 4YHCIo pas Auddepenmupyenoe ceue-
aue r: S — R (S) (cm. m. 2.1). Pemep r (M), coorBeTcTByIOMHi TOWKe

o

M € S, oupemenserca eNMHUYHBIM BeKTOPOM e, (M), KacaTenbHEIM
-

K moBepxmoct S B Touxe M (Bexrtop e, (M) peuepa r (M) ofpasyer

¢ BexTOpOM ¢y (M) yron -+ n/2). Hannume nossi peuepoB 103BOJsIET HAM
OTOQ;KIECTBUTH MHOT0o0Gpasue R (S) ¢ upameim npoussegennem S X SO(2)
(cp. m. 2.1): xakmEI pemep r oupepensiercs cBouM Hadaaom M € S

24*
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- —
T YIJIOM () MesRIY HePBEIM BERTOPOM e; pelepa r U BeKTopOoM noist e, (M).

3aMeTHM, UTO IIOJe PelepoB 3aBe0MO CYIIECTBYET, eCJHU BO3MO-KHA
IlapaMeTpusanms I0oBePXHoOCTH S, T. e. ecaim cymecTByeT auddeomop-
¢usm @ orrpsiroro MHO:kectBa £ — R? (¢ KoopmumataMm w H V) Ha
moBepxmocTh S. JlecTBHTENBHO, TOIJAa IpOM3BOXHOE OTOOpaMKeHue

N
@’ (u, v) nepesomur Bextop (1, 0) maockoctu (u, v) B BexTOp &, Kaca-
-
reapublit ¥ mosepxuoctu S B Toure M = @ (u, v). Berrop & me pasen
-
HYJI0 W IOTOMY OJHOSHAYIO OIpefelisieT eNUHUIHBIA BeKTOp ey (M),

=
HIPOHOPIUOHANLILIH § (C MONOMATEIBLHEM KOPPUIUEHTOM HPOIOPIMO-
HAJIBHOCTI).

Hamudne monss pemepoB I0O3BOJSAET OTOKIECTBATH MOBEPXHOCTH S
c Hom1110r006pa3neM npoctpanctBa R (S) = § X SO (2), comocraBus
RasRioft TOURe MOBEPXHOCTH S COOTBETCTBYOIui pemep noas. Ilycrs

O, Oy ¥ 013 — Aupdepennuanpusie GopMbl Ha TOBepxXHOCTH S, MHIY-
nnpoBanmEe QopMaMH ®4, ®, ¥ ®5,. Cormacmo (2.2.3) umeem

d(!_)iz ——62/\612a d62=51/\_0312. (2.8.1)

B nm. 2.41 Mu mokakeM, Kak ¢ MOMONbIO JTHX COOTHOIICHHI MOKHO,
BHAA @y U Oy, ONPEIEIUTH Ojs.

JTemma 2.8.1. Hmeem mecmo pasercmeo

045 = W45 - dep.

HoxasaTtennscTBO. ITO JETKO ciaemyeT m3 GopMydI
e1 =y (M) cos ¢+ e, (M) sin o,
&= — ey (M) sin @+, (M) cos ,

- -

Wy =e,-dey,
O = ey (M)-dey (M) = —e, (M)-dey (M).

B rauccrpe crencTBUA M3 DTOH JIeMMBI I10JydaeM

do

dam =doyy, = TRER, "

(2.8.2)

2.9. liapanmenpubiii mepeHoc BXOIb KPHBOIi

Berogy namee Mbr 6yjgeM CY4MTaTh BERIIOJIEHIIBIME HPEIOM0HEHUEA
. 2.8 (o cymecrBoBanun moss penepos). [lyers I' — opuentupoBannas
upuBas riaacca €' ua mioroo6pasun R (S). Ona onpepmenserca: 1) zaja-
HMeA OpHElITHPoBaNnol kpuBoli C na S, a nMeno To#l, KOTOPYIO COCTAB-
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JAI0T HAYaNa PeHepoB; 2) sajamueM Ais Kakgo# touxkm M € C yraa ¢
MeKXIy IepDBEHIM BeKTOpOM pemepa KpuBoil I' w mepBLIM BekTOpOM peuepa

nons pemepa (e (M), ey (M)) B Toure M.

ITapamerpusyem rpusyio C ¢ HOMOI[BIO JUTHHBL AyTH S. Torma m Kpm-
Baga ' @ R (S) &~ § X SO (2) Gyger napamerpusoBada TeM ke Ilapa-
merpom s. ITomwsysce memmon 2.8.1,

JIeTKO BHYUCANTEH JuddepeHnunaibHyo g
$opMy, HHIYIUPOBAHHYIO HA KpuBOi I

mudpepenuuanbuoii GopMoH w4, BTO

6yger cymma ¢GopM, HHIYIUPOBAHHEIX M La & (M)
dopMaMu oy, u deo.

Ecnu samama wpumBas C, to ¢op-
Ma, KOTOPYI0O HHAyIuUpyer gopMa ®g,,
n3BectHa. Oma umeer Buj a (s) ds, T7le @ — HEKOTOPAs M3BECTHAS QYHK-
musa. CopammBaeTcs, MOMHO JH BHOPaTh QYHKIHMIO ¢ OT § TaK, 4TOGH
doprya o1, undyyuposasa na T nytesyio gopmy. YCioBHEM IS STOTO,
OUeBI/IHO, CHYKUT PaBeHCTBO

do + a (s) ds = 0. (2.9.1)

CiretoBareabno, Ajs 9TOr0 HEOOXOAMMO M JOCTATOYIO, YTOGH (yHKI[HA
¢ (s) Gprra npumuTHBEON Aaa ¢ynrumuum —a(s). [Tosromy mocraBmennas
3ajada mMeer perrenue, mpudueM QYHKIUA ¢ () ompeeneHa OXHO3HAYHO
€ TOYIOCTBIO [0 AJAMTUBION KOHCTAHTEL

Puc. 18.

Onpepenenne. Ecaun ¢yuxmua ¢ ymomaersopsier ycmosuo (2.9.1),

TO 10T BeKTOPOB e¢; B TOYKax KpmBoil C I1a3LIBaeTCA no4eM 6eKMOpPOs,
napaatesbrbix 6004b kpusoti C. V13 ckazaHHOTO BLIIIEe BHITEKaeT, YTO 016
BEKTOPOB, MaPaJIeTbIbix BA0JIb KpuBod C, oupegelserca (IIPOU3BOJb-
ULIM) BBIGOPOM eJMHMYHOTO BEKTOpa, KacaTeabHoro k xpusoit C B Tou-
re M, € C. Ilpu s1oM roBOpAT, 9T0 BERTOP HOJA B HPOM3BOJLHOM TOU-
re M € C monyden napaaieavisn nepenocom 6004b kpusoly C Bexropa,
3ajaniloro B toukxe M,.

onarue mapanmennmoro mepemoca 1m03BOJMAET JaTh IPOCTYIO HIITED-
TPETAIIHIO 2e00e3uneckoll KpueusHs, opuentHpoBanHol wpusodt C. s
Kayioll Touku M € C obosuauum uepes 0 yroa MeKAy eJUHAYHEIM Kaca-

-
TEJTBHBIM BEKTOPOM K kpupoii C B Touke M m Bertopom e, (M) moas
penepoB. ITOT KacaTebHLIA BEKTOD ABIAETCA BeKTOpoM u3 penepa lapby
xpuBoit C. Pemepur [lapGy oGpasyior xpusyio B R (S) («ramonmdeckoe
nopuarue» xpusoit C B R (S)). QPopma o, mugymupyer Ha 310 KpuBoit
dopmy
Wy -+dO=a(s)ds+d0=d (08— ),

T/le yroJl ¢ oIpefiesigercd, KaK U BhHIIIE, NAPALICAbHEM NEPEHOCOM BIOID

rpuBoit C. Ho MBI 3HaeM, 9T0 0y HHAYIIEPYET HA KATOHHIECKOM 00pase
rpusoit C popmy ds/p,, rie 1/p; — reopesmieckas KpuBusna Kpupoi C.
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OTcrojla BHITEKaeT, 9TO

1 d{d—0q)
= (2.9.2)

leodesuneckasn kpususna kpusoli C pasnwa npoussodHoli no diune dyeu s
om yeaa 0 — @ mexcdy OPUEHMUPOGAHHBIM KACAMEALHM 66KMOPOM K KDU-
6ot C u 6eKmopoM U3 NOASL 6eKMOPO8, NAPAILEALHBT 8004b kpugol C.

B wacrtHocTH, 2e0desuneckue — smo me kpusvie C, y Komopwvxr nose
OUHUMHBLT KACAMEAbHHT 6EKMOp08 NApatseabHo gdoab kpueoli C.

2.10. Cpass Mexqy noAHOH KPABH3HOH H NAPANICIBHBIM HEPEHOCOM

Mpbt mo-npeskHeMy mpefmosaraeM CymecTBOBaHue Ha S mOJA pernepos.
BosbmeMm B kauectBe kKpuBoX C yuka (T. e. KpuByio C, KOHEI[ KOTOPOk
coBmajaer ¢ ee magajaoM M,). Brifepem equHmaHbIi KacaTe bUbI BEKTOD
K IOBEPXHOCTH S B Touke M, u mepeHeceM ero mapaielbHO BIOJb IHK-
aa C. BekTop, KOTOpbIA MBI DOJYYHUM B PE3YJbTATE DTOr0 NEpPeHoca, He
o6asameavHo cognadem ¢ ucrodrwm dexkmopom, daxce ecau yuka C zomo-
moner mouke. Bollee TO9HO, IYCTh ¥ — RYCOYHO IVIagKuil UK Kaacca CL,
KOTOPHU SABIAACTCH opuermuposaktbim kpaem komnarma 8. [NB.: yoskHO
moKasaTh, 94TO B DTOM CIyd4ae KOMIAKT 8 ToMeoMOpPeH KOMIAKTHOMY
Kpyry (1o Mbi He GymeM 8[ech BTOTO JEJNATH), U, CJELOBATEIBHO, HAKI Y
roMoToned Touke.] Ecau ¢ — yroa Me)Ay HA4alBHBIM BEKTOPOM H BeK-
TOPOM, NOJAYJAMWMCA B DPe3yrbTaTe ero UAPaJJEIBHOI0 IepeHoca
Broabr Hukjga C, To, Kak CleAyeT HW3 pesyabTaToB 1. 2.9,

dez _5512.

v k4

ITo reopeme Crokca 5TOT HHTerpaj paBeH

1§ g

&

a smauuT, B cuay (2.8.2) o paseH
do
5 5 RiRy *
8

Mur moay4mau BayKHOE PaBEHCTBO

| do= 565 Tty (2.10.1)

v

JleBasg 9acrh 9TOTO paBEHCTBA — DTO NOAHBI Y204, HA KOMODwL NoOpa-
YUBAEMCS, 6eKMOD NPU NADALIEALHOM neperoce gdoab yukaa v (yroa ¢
H3MepAeTCA B KaXKABI MOMEHT IO OTHOLIEHHIO K pellepy U3 HAIIero IOJA
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penepos). Tawkum o6pasoM, MOKHO CKasaTh, 4TO IDH RAPALIELLHOM
nepemnoce sexmopa 6004b YUKAQ Y IMOM 6eKMOP NOGOPALUBAEMCS HA Y204,
pasnwili Osolinomy urmezpasy no kKomnakmy 8 om noanol KpuGUIHBL
1/RR,, npudeM HHTerpaj GepeTcs OTHOCHUTENLHO BIIEMEHTa IIomaau do.

IIycts, kak ¥ B 0. 2.9, 8 — yroa Me)XAy eIHHAIHBIM KACATEIbHRIM

BEKTOpPOM K KpUBOH y B Touke M 1 BeKTOpOle(M) nous penepoB. 1lo dgop-
Myne (2.9.2)

ds
dp=d0—*.

IlogcraBasa sto Bupakerme B (2.10.1), momyuaem
ds do
i g i d0— 555 R (2.10.2)

3anmceiBas 3TO PABEHCTBO, MHl HESBHO NpejHojaraeM, 4910 Yy — 9TO
kpuBas kaacca C2. B caydae, KoTaa I[HKI Y COCTOMT U3 KOHEYHOTO YMCIA
OyT y; kaacca C?, pasjelleIlHEIX YTIOBEIMH TOYKaMu P;, rfe efUHMYILIA
KacaTeJIbHEIH BEKTOpP K KPHBOHM Yy CKaYKOM MOBOpAaYMBaercs ma yroa 6;,
pasenctBo (2.10.2) momkHO OHITH 3aMeHEHO CIEAYIOIMUM:

) j ff—s=2 {a0— 565 e (2.10.3)
i iy

g
Vi

Mu mcmonb3yeM 3mech Ge3 OKA3aTeNbCTBA CAEAYIOMYIO JeMMY, KOTOpas
KacaeTcs JIAIOb TOMOJOTHYECKHX CBOWCTB INTOCKOCTHU:

Jdemma 2.10.1. B npedndywyuzr obosnauenusz

25w+2m:m.

i‘yi

WurynruBHO, TeBag 9acTh PaBEHCTBA — 3TO NOAHWIY Y204, HA KOMOPHLE
RosopanuBsaemes, eOUHUNHBIE KACAMeAbHbll 8eKMOD K KPUBOL Y. ITOT YroJ

o
[OJCYUTHBACTCA B KasKRAOH Touke M OTHOCHTENBHO BeKTopa ¢4 (M) man-
Horo mois penepoB. OueBHAHO, YTO JeBas 9acCTh AOMKHA OHITL YACIOM,
KpaTHHIM 27t, @60 B Kamjoit Touxe yrom 0 ompepmenen mo momymio 2.
JlemMma yTBep;aeT, 4T0 OH B TOUYHOCTH paBeH 2.

UnraTenh HPOBEPHT €aM, 9TO Halle YTBeP:[eHHEe BepHO, Korga S —
HOJI0CKOCTh, 6 — KPYT My — OPHEHTHPOBAHHAA OKDPYKHOCTL, OTPAHAIH-
Bammasa Kpyr O: KacaTeiapHasg K OKPY)KHOCTH TOBEDHETCA Ha YTod 2
nocyie 06Xofa OKPY/KHOCTHE [O HANPABIEHWIO, COOTBETCTBYIOIIEMY ee
opuenrtauuu. JlokasaTenbcTBO B 00INeM ciiydae CBOAUTCA K BTOMY da-
CTHOMY CJIy9ai0 IIpW OOMOINW Hajieskamux Aedopmaimit.

Uz nemmnr 2.10.1 u pasemcrsa (2.10.3) cuemyer
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Teopema 2.10.2 (popmyna T'aycca — Bome). IIpu cdesarnnmz sviue
npednosoxcenuax

iy

Uactusid caydai. Ilyers y — reofesuveckuii Tpeyroabnux,

T. €. [UKJ, COCTOAIMHUI 3 TpeX AYr
TeONe3UUECKUX Yy, V2, V3. OO03HA-
YHM gepes oy, Olg, Cl3 Ya.abl ITOTO
TpeyronbHuka (3aKIIOUeHIIbIe Me-
#ay O mw 2m). Owesnpmuo,

8 = n — a;.
lanee,
d
im0
Og
Prc. 19. Vi

TaK KaK IeojesnyecKasd KPHUBHU3Ha
KpuBBIX y; paBHa mymo. IlosTomy (2.10.4) npummmaer supg

3n—(oc1—}—oc2+a3):2J - SS Rd:;zz y

8

IR

o | .
a1+a3-}—a3:ﬂ+SS 7'{(—1% (2.10.5)
[

T. €. CIIpaBeyINBO TaKoe

Cnepersne 2.10.3. Cymma yeaoe zeodesunecrozo mpeyzoivhura 6oL~
we T HQ uHMezpas 0m ROAHOU KPUSUSHB RO GHYMPEHHOCMU mpeyzoib-
HUKQ.

Mpumep. Chepuugecrme Tpeyroabuukrmn Ilycrs
S, — equumunasn cpepa B mpoctparcrse R3. [Tonnas kpusuaua chepsr Sy
B RayKjioil Touke pasua 1 (Bce ee Touku omOuaumtTeckue, ¢ KpuUBH3HOMA 1).
Ilo ompemeiienuio cgepuneckull mpeyeoavbHik — 3TO TeONE3UIECKUI Tpe-
YroabHUK Ha S, €ro CTOPOHH — amo Jyeu 604bwur OKpYICHOCTEY.
Ha cdepuaeckoM TpeyroibHHKe BCerja CYmECTBYeT 1oJe pernepoB (meii-
CTBUTEIHHO, HA Sy CYmeECcTBYeT ToYKa P, jesKamas BHE HAMErO TPEyTrolb-
HHKAa, U crepeorpaduIeckasi IPOSKIUA ¢ HOIIOCOM B DTOH TOYKE IepeBo-
auT miockoctk B S, — {P}, a Kakoe-HuOyAp He ofpamalonmieecs B HYJIb
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BEKTODHOE IOJe Ha ILTOCKOCTH — B BekTopHoe noxe S, — {P}, ne oGpa-
mamomeecss B Hyab. [losromy mpmmenumo caepcrsue 2.10.3, m, smaunrt,
cyMMa  Yeaoe cPePpUNEcK020 MpPeyeoabHUKA
Goavwe T HA nNAWadb IM020  mpeyeoab-
HUKQ.
JTOT pe3yabTaT MOMKHO [I0KasaTh H
DIIEMEHTAPHLIMA MeTomaMu (CM., Hanpumep,
M. Amgamap, OSaemenmapnas zeomem-
pus, 4. 2. VYunenrus, Mocksa, 1952,
Hononnenme, riasa 2).
Hus npumepa paccmorpum nHa cdepe
TPEYTOJIbHAK, BHICEKAEMHIl TPeMs B3alMIIO
OPTOTOHANBIBIME  IJIOCKOCTAMHA, HPOXOLA-
muMuE 9epes  meHTp cdepu. Y 3TOro Tpe-
yroapumka Bee yrant npasuie. Ciegosa- Puc. 20.
TeMTBHO, ero mIomiajb pasua /2. IT0 Cco-
raacyerca ¢ TeM, 4ro BcA cdepa S, ecTh o0BeUIIEHHE 80CbMU
TAKNX TPEYIOJIBHAKOB.

2.11. Beruncaerime moaroii KpEBHE3HB MOBEPXHOCTH € MOMOUIBIO NEpPBOii
OCHOBHOI (opMBbI

Mp 1mo-DpeKHEMY NpejnojaraeM CymecTBOBaHHE II0JA BEKTOPOB
u ucnoabdyeM o6osmavenws 1. 2.8. Taxk raxk [grddepeHnmaibHLIC

$OpMBL g U ®, JNHEHHO He3aBHCHMH B KayRIOH TOYKE IOBEPXHOCTH S,
To dopmMa ®» OJHO3HAYHO 3aMHUCHIBACTCA B BH/IE

@4 = Ay -+ Ao, (2.11.1)
Brraucanmm ¢ymxnuu Ay m A, @Qopmyasr (2.11.1) » (2.8.1) maror
doy =My A0y,  doy = A 0y \ 0o (2.11.2)
Ecam usBecTHs GOpMHL @ H W, TO MOMKHO BHYUHCINTE d®; T dos;
Torga A M Ay (Qymrium ma S) MoKEHO Hafit 1o Qopmymam (2.11.2),
Hamee, 3HAA ®;5, MBI MOKEM BEYHCIHTH d®y» KW TEM CAMEM IOJY9YHTD
MMOJHY] KPUBH3RY, n00
—_— 1 —_ —
dﬁ)izz _-B_iﬂ:‘wi/\mz (2.11.3)

[em. (2.8.2)]. Takum obpasom, Bce cBOAMTCA K BHYMCIeHUI auddepen-
—_ — — - s
MEATBELX (OpPM 4 I . ITo dyEEIME ©; (M, &), i=1, 2, rme E— Bek-
TOp, KacaTenbHHHE K IoBepXHOCTH S B Touke M; ana mamHO# Toukm M
— — — — —
spagendsa fopm o, (M, E) m w,(M,E)—5T0 KOODAWHATH BEKTOpa §

B Gasuce (e, (M), ez (M)).
25—T743
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IIpoBeneM BLIYACIEHHS IOMHOCTRIO IIA CAYIAA, KOra HaM Jato TaKoe
nmapaMeTpudecKoe IpejcTaBIeHHe TOBEPXHOCTH S ¢ MOMOMBI0 IapaMe-
TPOB U U VU, 4TO

ds* = (Adu)? + (Bdv)?, (2.11.4)
rme A 1 B — QyHROUM OT mapaMeTpoB U, U, IPHAMMAIIIUE T0J0KUTE b
{ble 3UAYCHUA.

Paccyorpuy Ha moBepxmocT: S BEeKTOpHOE IoJe, KOTOPOE COOTBET-
CTBYET IIOCTOSHHOMY BerTopHoMy moaio (1, 0) ma miocrocru (u, v).
Torna

wy=Adu, w,=Bdv
i
-~ a4 — b
dw, = — G du Ndv, do,= o duNdv,
oy \w, =AB du A\ dv.

Cpasaupast ¢ (2.11.2), monyvaem

o Lod 1 op
17 7AB T 27 AB ou

Haace, us pasescrna (2.11.1) Butexaer, uro

1 04 1 oB
R P I 3
T a0 QT —r 5 dvs

— 7l 1 941 17 1 0B\
= —_— = I DR Il |
dmn l' av ( B v ) ' du ( A Ou )J du/\du,
u dopmyaa (2.11.3) maer, maromer,
1 4 ro (1 a4y, a (1 B\ .
B, ~ T AR [E (f—ap ) 7‘07(777,7”- (2.11.5)

Taxosa QopMyma juIfA IOJIHON KpIBHBHEL B caydae, Korga ds® IneeT
By (2.11.4).

WOya =

OTRY/Ia

YHPAKRHIENHA

Yuopaskuenna Ha MeTO NOJBW:KHOTO peirepa

Mt noavayemca adecv ofosnanenuamu nocaednei 2aacs. Bewody Garee nod nogepz-
Hocmulo S nonumaemcsn dsyneproe ceaanoe duddiepenyupyersoe MHo2006pazue raacca
Ck (k = 2), noepyacennoe 6 npocmpaiicmee R3.

Yuonpamuenne 1. foxaknre, 4To HOPMAJIbHAA KPIBU3HA B HAIPABJICHHN

—
BeKTopa ¥, KacaTeILHOrO K MOBEpXHOCTH S B Touke M, ompepnensercs Gopmyroi
o= 1 awd4- 20040, -4 cwd
nTT T 2 2
Ry, wi+ 0§

’

—
rje 3HA9eHHA q)OpM Wy If g B3SITBI HA BERTOpe u.
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HOI(E{}KHTG, 4YTO IJIaBHBI€ HAaIIpaBJeRNIs B TO4YRe M — 370 Te HallpaBJIeHIls,
B KOTODBIX HOpMAaJIbHbIE R PHBII3HDI 'I/Hn IIMEKT IJRCTPEMaJibHbIE 3HAYCHIIA. Bripe-
—

AITe OTCHjia, YTO €CJHIl u ~— TJaBHOe HAaIlpaBJI€HIIE B Touke M, 10

1 awy by body - cwy
R~ o T o

]

-
rae 1/R — rnapras KpuUBUBHA B HANPABJIEHIN u I BHAYEHIS JOPM ®5 M ©z B3ATH
—

Ha BeKTOpe u.
YcragoBuTe, nCOOAL3YA BTOT (akKT, 4To AuddepeHNIaNLHEOe ypaBHEHNE JUJIs
JIHII KPHBIBHB HA IIOBEPXHOCTI S IIMeeT CIeAYOmUN Bua:

2 —
b (02 —03) - (c—a) @@y =0,
Yuonpasxumenne 2, Karoii Bug OyAyT HMeThb YpaBHEHIA HOABHKHOIO
—r —

penepa B caydae, KOTJ[A BCKTOPHI ey 11 e; NIMEIOT I'JIARHbEIE HampakldeHlsa B To4ke M?
B daavreldwuz ynpaicHeHusT cucmesMamuieck UCnOAL3YIOMER UMEHKO MAKUe Penepel.,
Cnvpount a, b, ¢ paidee oGozmaualoT GYHKUDI Ha ceMelicTbe MOBOOHHIX pelepos,
1LJIII, YTO TO K¢ caMoe, Ha IOBCPXHOCTH S.

YVopasuesnue 3. Touka M ma nopepxHocTl S, B KOTOpoiia =b = ¢ = 0,
Ha3LIBAETCSI Mowkoll ynaouienus. JLOR&KIITe, YTO 3BaMKHYTafA IOBEPXHOCTL S, ¥ KOTO-
poil Bce TOUKII sBISIOTCS. TOMKAMIL YNIJIOLIEHIISI, €CTh IIOCKOCTD.

YVopamuenune 4. Hemoapsys penepsl 113 YOPUKHEHIST 2, paccMOTPIITE
NOBCPXHOCTH S, V KOTOPBIX HOJTAss Kpusmana A = ac — b? panHa HyJI0.

JlokakuTe, UTo B ATOM ciayuae an6o gopMa ®y3, dubo gopya we3 panHa HYIIO.
Mycry aad onpegedemHocTn Wy 5= 0 11 i3 = 0. Hokasknie, uTo Ha MOBCPXEOCIIL S
JOKAINLHO CYIIECTBYeT PVHRIISI 1, TAKAasg, UTO0 oz = du, Il DCCaeAyiiTe ABIDICune
OOABIGKHOTO Penepa BAOAL Jimuii v = const. Brupeante orciona, urto § — paspep-
TLIBRIOMIASIC Sl TTOBEPXHOCTH. JlORAsKITe, UTO B TOM YACTHOM ClIydae, ROrfa Wiz = 0,
OOBEPXIOCTDL S €CTh LNHIADIAD.

V¥uopasmnenne 5 HamomEnM, yto Toura N na mopepxmnoctil S, Aas KOTo-
poit @ =c¢=p=%=0 1 b =0, nasmpaercs omGuunueckoii. IMyers § — wopepx-
HOCTL, BCC TOYRII ROTOpOIil oMbuanuecke. Jlokamnre, uro dp A oy = dp A\ 0y = 0,
II BLIBCANTE OTCIOAa, 9TO TosepXnocth S — cdepa papnyca 1/]p |.

YVupasswmnenime 6. Jlokarnte, 9T0 3aMRIIYTasdg HOBePXHOCTL S, ¥ KOTOPOIT
cpeansiss kpupna3na H = a -+ ¢ parsa 1, a noomasn kpneosna A = ac — b% parna
TIYJI0, AINIACTCS TIPSMBIM KpYroREM nmanigipod paanyca 1. Cordacmo yxasamnsm,
CACTANHBLIM B YIPOKUERIAX 2 11 4, B DTOM clydyae CJHeAYeT IOJMKITDL ©y3 =

JloR@KITe, 9TO Ia WoBepx1ocTH S JNOKAJLHO CYIECTBYIOT ABe TaKlie He3aBlr-
CIIMBIe (JYHRNINI & II v, 9TO

-~ - i d
dM =duey+dve,,
N
dey=0,
— ->
deg =dveg,
- >
deg = —duveg.
PacemoTpnTe BhITeRAKIMHe OTCIOAA CIELCTBISA.

Yunpamuaeuune 7. [okakpTe, 4T0 Ha KOMIAKTHOI nmopepxHoCTH S CyINecT-
ByeT Takasg Touka M, uTo B meil moianag Kpmsnsua K = ac — b ¢TPOro IONOIKH-
TeapHA. I{Ma 9TOr0 paccMoTpHTe Ka HOBepXHocTH S Touky M, MakclMaabFO YHa-

JCHRYIO 0T Hayalla KOOPAUHAT IpocTpameTsa R°, i qokasxure, uro B Touke M BIOpas
ocHOBHAsA (opma TMOBepPXHOCTH S OTPNLATENLHO ONpeneieHa.
25%
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Ecan cpemmsas kpusHsEa H = a + ¢ paBHAa HyJ0 BO BCEX TOYKAX, TO LIOBEPX-
HOCTb § HA3KIBAGTCH MUKUMAALROL nosepzrocmbio. MoeT W MHHEAMAIbHAA DOBEpX-
HOCTh OHTE KOMUAKTHOHD?

Yupamnsernne 8 Hcomonb3ys peuepn n3 yopaskHeHHA 2, KOR&KIOTe,
qaro ecan B Toake M da = dc = 0, 10 B bTOll Touke AmMDO a = ¢, Ambo ;3 = O.
Buseaure orciofia, 9TO HA HOBEPXHOCTH S ¢ IDOCTOAHHOH CTPOro MOJOMKATEIBHOR
HONHOH KPuRH3HOA K TIaBHLE KPHBH3HL He MOTYT JOCTHTATh JOKAJIBHOTO MAaKCH-
MyMa Wi JOKaJIbAOTO MHHHMYyMa B TOYKE, He ABIAOmEeiica oMONIMIeCKOMH.

Yopama Bne 9. Hcoombays pe3yibTaTH yOpaKHeHHE 8 m 5 poxaxnre,
9T0 KOMIIAKTHAA NOBODPXHOCTh HOCTOSHHOH CTPOr0 DOJOKATENBHOM KPIBH3HE
ABIATCA cdepoi

Ynpamnaenne 10. Ecam 3aMkHEyTasn moBepXHOCTh S He HMeeT oMOuim-
9eCKAX TOYeK H KpMBH3HN H = a 4 ¢, K = ac — b? moCTOAHHK, TO HOBEPXHOCTH
S — npayoit KpyroBoli mmiamEAp. CymecTBYIOT JH MHHIMAJBHLHE HOBEPXHOCTH
noch's;gHox“g3 CTPOro OTpiiaTeabHoil KpnBa3HN? McmonesyiiTe pesynpTaTH yIpask-
HeHU# 8 1 6.

Yupamuaernue 11. Chepunecroe omobpanenue. Kamnon Touke M Ha mo-
BOPXHOCTH S COHNOCTABHM TOUKY u Ha cdepe X pamuyca 1 ¢ meATpoMm B Touke O,

- -
TaKkylo, 910 Opu = e;. Orofpakenme f: S — 3, ompenelsieMoe pasencTBoM | (M) =
= u, Ha3uBaeTcA chepuneckum omobparmcenuem mosepxsoctma S B 3.

(a) ITockonbRy KacaTejbHnle IIOCKOCTH 7' (S) B Touke M K moBepxHOCTI S
g T,(2) B Todke p K chepe X mapaniaedbHE, TO IepBas OCHOBHASI (opMa Ha coe-
pe Z B TOUKe N MHAYNHpYeT KpagpaTHiEyl ¢opMy Ha T (S). Buumeanre sty
KBagpaTnuHywo ¢opMy Kak OyHKuEIO OT a, b, ¢, 01, ©s. IlodyueHHas TaKOM
obpasoM KBagpaTnuHas GopMa HA3HBAGTCA mpembyell ockogroll xgadpamuurol gopmoll
moBepxHOCTH S B TOUKe M.

(b) Mpoussoxmas f' orodGpakenmusa f B Touxe M ecTecTBeHHLIM o6pazoM HHIY-
nupyer JaunediHoe orofpaskedue L xacateabHoii miockoctr T (S) B ceba. Iro
oto0pakenue L Ha3wBaerca omobpawenuewm Bellnezapmerna pns mnoBepxHOCTH S

-

B Toake M. Ucnmoassya dopvynst misa dM u deg, BuumcauTe MaTpHNY OTOOparKeHIA
-

>
L B 6asnce (e, e;) kacarensuoit mrockoctn T (S), kar dyrkimio or a, b, c. Bune-
OATe OTCIONA, 9T0 L — cmMMeTpmuecKHH omeparop /s HmepBod OCHOBHOH KBajpa-
THIHOA GopMHl moBepxHOCTH S B Touke M.

(c) Brrameanre coGcTBeHHLIe 3HAYeHHSH, COGCTBEeHHLI® BEKTODH, CJej W OIpe-
gennrens orobpaskenns L. JlaiiTe monydeHHLM pe3yapTaTaM TeoMeTpHYCCKYIO HHTep-
Operanuio. Bupenanre ycaosna mis Toro, 4tobnl f 6o noxanbHEIM grdideoMopdus-
MoM mosepxHocTH S Ha chepy 2.

(d) O6o3maunm gopes I, II m III coorsercTBeEEo mEpPBYO, BTOPYH H TPETLIO
ocEOBHKIG popMul moBepxHocTH S B Touke M. Jlokaskmre, 4TO AAA JIOOHX BEKTOPOB
- =
X, YETK(S)

- - = = -+ - >
(X, )=—1(L-X, ) =—1(X, L.Y),

— -~ - —

(X, ¥)=1(02.X, $)=1(L-X, L-¥) =1 (X, L2.Y

(npomATepopernpyire ¢opmy:in, Bupaskaomue II m III kax ¢yExnmm ot a, b, ¢,

05, ©3).
(e) Mycte H = a4 ¢ @ K = ac — b® — COOTBETCTBEHHO CpegHAA H IMOJHAA

KpHBE3HA ‘HoBepXHOCTH S B Touke M. Jlokaskmre, 49To
L HL 4 K+id = 0

(id osmauaer TompmecTBegHOe OoTOOpakenme IMocKocTH I’y (S) Ha ceGa). Brsegure
orcioga, 9ro 111 — H.II 4+ K.1 = 0.
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Yupammenue 12 (mpomomxenme npegnpymero). Cdepunueckoe orobpa-

e
wenne fi S — I cmpozo xongopmuo, ecam pas MOOEX BekTopoB X, Y € Tp(S)
CYIeCTByeT TaKasA CTPOro moioxkuATenbHasg ¢yEknua u(M) ma S, d9ro

(L-X, L.Y)=11, (X,V)=u@)I1(X, 7).

Hoxamure, 970 eciau A HoBepXHOCTH S cdepmieckoe orobpaskeHle CTPOro KoH-
$opMHO, TO: ecld MOBEPXHOCTH S KOMIIAKTHA, TO OHA ABAsETCA cdepoil, ecian moBepx-
HOCTh S He KOMIAKTHA, TO OHA ABJIAETCA MHONOMAJbHOHR IMOBEPXHOCTHI € HOCTOSH-
Ho#t cTporo oTpHmaTexbHOH KpmBH3mO#, pasHOll —u(M). [[TpomETepumpermpyiite
COOTHOINEHNA MEMXAY 4, b, ¢, MCHOaB3Ys pe3yabTaTh yHpaKHeHHH 5 m 7.

Yupamxnmenne 13 (upopomkerne mpeakaymero). Jokakure, 910 ecam
I = II mum I = III u mosepxHOCTL S 3aMKHYyTa, To S — cdepa panuyca 1, u o6par-
po. [Qoxramnre, 910 ecnu II = III u noBepxHOCTs S 3aMKHYTa, TO OHA IPEACTAB-
aser coboii ambo cTepy pammyca 1, ambo mmockocTh, Jnbo HmpaAMOH KPYroBoR
nuaneEgp panmyca 1.

Vopammenne 14. Iapasresvune nogepzrocmu. Rus faHHOH moBepx-
HOCTH S paccMOTpPHM IOBEPXHOCTH S, COCTOAMYI I3 Touek bupa ¢ (M) = M, =

N
=M -+ rez, tne M €S nm r — nexoropasg KOHCTAaHTA.
- = . -5 =5 -
(a) Paccmorpmm penep (M., ef, e}, e3), monyuawmuiica na peuepa (M, e, ey, e3)
- —_— —
CABHTOM HA re;. BraucauTe GopMel @®; H ;; AJA 3TOTO HOBOIO perepa Ha IOBEpX-

- = -
HOCTH S, KaKk QYEKOHA OoT $OpM ©; M ©;;. BHYICIEBHHX Naa (M, e, ey, e3).

(b) Doraxure, 9T0 MOJKHO cBg3aTh /, K Il r TAKIOM COOTHOIUEHIIEM, YTO Xapak-
TePHCTIIKH IIOBePXHOCTH &, B ToUKe M,: rIaBHbe HAODABJIEHN, IJaBHbIE K PHBI3HH,
CPefH0I0 KPIBI3HY, DOJHYN KPHBH3HY ¥ TpM OCHOBHBIE (OPMBI NOBEPXHOCTH S,
B TOYKe M, — MOXHO HAHTH, ecal II3BeCTHH COOTBETCTBYKIIE XAapaKTepPnCTHKM
nosepxHoCTH S B Touke M.

(¢) HMocxoabry wacatenvHble mIockocTH 7Ty (S) 1 TMT(S,) mapaaienbasl,
TO mpoussopHOoe orobpakeHme ¢ mag oTofpakenNlss ¢ B To9ke M ecTeCTHEHHLIM
ofpasom uEAYRIOpPYyeT JuReiiHOe oTo0paskeHNe F KacaredbHOro mpoctpaactna Iy (S)

- -

B ceba. Tpebyerca maiiTH MaTpyny »Toro aBroMopdiaMma B Oasice e, ey KAk QYRK-
onio ot a, b, ¢ A r. [IponorepupernpyiiTe B TepMnuasx mpecbpasosarna F cooTromie-
HHe, Koropoe Hapo Haiitm B nymxre (b). Ioxkamnre, uto ecim 5710 cooTHOIEHUE
BBITOJIHEHO, TO ¢ — JIOKaJbHLA ardiheomopduss nopepxmocTn § HA HOBEPSHOCTD Sp.

Apromopdmam Befinraprera (yompasmenne 11) jna mosepxmoctu S, B TOUKe
M, TakKe HHIYUNDPYET ecTeCTBENHEIM 00pasoM JHHeiiHoe oTo0pasKeHUe IpOCTpaH-
crBa Ty (S). Hyers L — oTobpaskente BefiHrapresa I HOBeDXHOCTH S B TOUKe
M; poxamure, 9T0 Lpn+F = F:L, = L p moiayunTe, MCIOJNB3yA 5TOT PakT, Goxee
OpPOCTOE AOKABATEJBCTBO pesyabraTos mynkra (b).

Vnr ammernme 15 Howasknre, uro ecan orobpaxkenne ¢: S — S, (ympam-
menne 14) crporo wompopmEHO W meBepXHOCTH S BaMKAyTa, To S — anbo cdepa,
an6o nI0CKOCTh, AM60 HOBepXBOCTh Ge3 oMBIITIeCKHX TOUEK ¢ HOCTOSHROI cpemeit
wpususuoit H = 2/r,

Vopamxmaenne 16. Tpuopmoconasvran cucmema nosepxhocmeii B OTKpPHI-

ToM MHomectBe U upocrpamcta R® ompemensercs kak Takoe cemeiicTBo moO-

BePXHOCTEH, 4UTO depe3 KaKuyl Touky M € U OpoXOoaNT POBHO TPH TMOBEPXHOCTI

ceMeiicTBA, HOPMANH KOTOPHIX HONAPHO OPTOTOHAJNBHBI MEKAy coboii. J[oRaskTe,

9T0 [OBEPXHOCTH TPHOPTOTOHAJILHOTO ceMelicTBa IIePeccKaloOTCA APYL ¢ /pyroM

O NHHDSAM KPUBH3HBL. [l 3TOT0 HYKHO H3yUNTH [IBIFKEHe HOJBIDKHOIO OPTOHOP-
-

— = - =
MODOBAaHHOIO penepa (M, ey, ey, e3), e M €U u ey, €3, e3—HOPMAIR COOTBET-
CTBEHHO K MOBEPXHOCTAM Sy, S, S3, HPOXO ANIIM vepes Toury M,
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MToaomuMm, Kak B m. 1.1,

3 3
—> e d — —
dM = Z Wiej, de; = Z wije; (i=1, 2, 3).
i=1 j=1

Jloka;KuTe, 4TO

W3 =410 - A40p - 1303,

031 = Qg1 01 -+ g0y - 253003,

©y9 = 3101 - A3909 + 23393.
[MoxrasKITe gajice, 9TO ecJil Touka M mepeveniaeTcs 10 MOBEPXHOCTH Sz, TO aqy=
= —ayy. BLHIBETIITE OTCIONA, UTO dyy =: Ags = az3 ="0, II, BOCTIOIB30BABLIIICL PC3YILTATOM

> >

yIpaskHeHILT 2, TORayKHTe, YTO BEKTODPLI ey, €p, €3 HAIPABJICHbI II0 TJABHLIM Hampa-
BJAGHIIAM mosepxuocTeil Sy, Sy, 3.

Yopamumenue 17. Horakure, 4710 cemMeficTBO KONUEHTPITeCKHX cdep
MOYKCT OLITL €CTeCTBEHHBIM 00pPa3soM BKJIOUEHOo B OCCKOMedHOe MHEOKECTBO TPHOPTO-
TOHAILIGIX cHeTeM. DBeiBeglITe OTCIOXA, UTO BCAKHE KOHGOPMULIT gnddeoyopdirsy
OPOCTPAHCTBA 3 nepenogur cdepy B chepy.

pra'IHHeIIllH Ha HuTeirpuposanie

YVaopaskumenue 18, Hemonnsyst ypapmenns (1.4.4), gokasire, uTo ecii

KpydJemHile I KPHBI3HA Kpuoil C B mpocTpaucTse A° mpomopruonaaLn (1. ¢. o/T =
=k, rne & = const), To kpupas C upescranaser co0oil CIIPATb ¢ MALPARISIOUIIIM

— —
BekTopoM u. Tlaitture »ToT ManpanasUomni sekrop w. {I'oBopAT, YTO CHIIPATIbL IIMCET
— —

FATPARTAIONINIT BERTOD U, €CJII ee KacaTeahHble BCKTOPLI COCTABIAIOT ¢ BERTOPOM Ut
TOCTOSIIGIT YTo. ]

Gacmnnii cayuaii. Tyets p = © = (1 + 87)/2. Joramare, 410 B HTOM CayTae
kpipasg C ompejielleHa OLHO3IAUH0 ¢ TOUIOCTLIO 0 CABIICA, 1 HaifjlTe ee ypaBirernne
UL CAeAYIONINX TMAYIBHIMX JAHHLIX Tpu § = 0t

e_(_’i_ 4 L.eﬂ(_i_ 1 0)- e_(_i _1 1
1= 5 o V,:i)» 2= —l/g * .l/,z ’ 1 3= 9 5 W) .

Yupamuenne 19, Jowwwire, ICOOIL3YsS pemepul 13 yuUpaKienns 2,
9TO eCAN ©) = du, T. ¢, CCJAN KPHBLIEe ¢ = CONSt ABAATOTCS OAIOBPEMCUIO IT JIIIIS-
MIT RPHBHBHLL I reojesiaeckins (es. yrpakuemne 14 « ra. 4), To T KPUBLIE I0-
cwie. [Torwriire, qro opMa ;g MPOUOPITIOHAILEA PopMe ©g.]

WceTeiyiite, B 9acTHOCTIL, TMOBEPXIIOCTI BPAIICIMS 11 TOKAKITE, UTO IIsl ITTIX
@ I ¢ BaBMCAT TOILKO OT U.

O6paruo, mycth op == du, a = ¢ (1), ¢ = P (¢) ma mosepxmoctir S. Hoxa-
AUITE, TTO TOra DapaMeTp v MOKHO BLIOpaTh TaK, 4Tobbl ws = [ (v) dv, rae H
3aBRCAUT TOALKO OT u. Hokamire, uTO

H' (u
0y =ﬁ)—) ©, 1 H'24c2H2=const.
IIponarerpnpyfite cucTeMy ypaBHeNIH (de; = Z wijej, 3ateMm dM = 2 W;e; U JoKa-~
] i

Hi1Te, 4TO S—HOBODXHOCTb BpanieHusd,

Yop amHaeHIe 20, Hemoasays TOT sKe METOfl, 9T0 ¥ B NPeALIIYLIeM YIpaK-
BeHINM, Haiifirre momepxmocTh S, IA KOTOpoi o = du, a = ¢(u), ¢ = y(u),
e ¢ () + ¥ (w) = 0. )

[lokasknre, 9To MepiyIIaHAME 3Tofi IIOBePXHOCTH BpaIleHHNs ABIAIOTCH Iel-
HBI@ JIMHHH,
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