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ERITORIAL INTRODUCTION

This book is a valuable introduction to the theory of finite Hankel
and Toeplitz matrices. These matrices are characterized by the pro-
perty that in one of them the entries of the matrices depend only on

the sum of indices, and in the other only on the differences of the

indices.

The book is dedicated in general to the algebraic¢ aspect of the
theory and the main attention is given to problems of: extensions, com-
putations of ranks, signature, and inversion. The author has succeeded

in presenting these problems in a unified way, combining basic material

with new results.

Hankel and Toeplitz matrices have a long history and have given rise

to important recent applications (numerical analysis, system theory,
and others).

The book is self-contained and only a knowledge of a standard course
in linear algebra is required of the reader. The book is nicely
written and contains a system of well chosen exercises. The book can

be used as a text book for graduate and senior undergraduate students.

T would like to thank Dr. Philip Thijsse for his dedicated work in

translating this book and Professor I.S$. Iohvidov for his assistance

and cooperation.

I. Gohberyg



NOTE OF THE TRANSLATOR

The- text of this edition is, but for some minor corrections, iden—
tical with that of the 1974 Russian edition. In order to inform the
readers of new developments a list of additional literature was added,
and at the end of the Chapters II, IIT and IV a Remark leads the reader
to this list. For technical reasons all footnotes were replaced by no-
tee at the end of the sections. For the convenience of the readers
these notes have been listed separately in the table of contents.

The production of this translation would have been tmpossible with-
out the tnwvaluable help of Mrs. Birbel Schulte, who typed the manu-
seript with much skill, and showed much patience during the process,
and of Professor I.S. Iohvidov, who corrected the typescript with ex-
treme diligence, and had to endure the eritical remarks of the trans-
lator, from which he would have been spared if the job had been done

by a non-mathematician.

PREFACE

The theory of Hankel and Toeplitz matrices, as well as the theory of
the corresponding quadratic and Hermitian forms, is related to that
part of mathematics which can in no way be termed non-prolific in the
mathematical literature. On the contrary, many journal papers and en-
tire monographs have been dedicated to these theories, and interest in
them has not Qiminished since the beginning of the present century, and
in the case of Hankel matrices and forms, even since the end of the
previous century. Such a continuous interest can be explained in the
first place from the wide range of applications of the mentioned theo-
ries - in algebra, function theory, harmonic analysis, the moment pro-

blem, functional analysis, probability theory and many applied problems.

Besides the mentioned regions of direct application, there is still
one more section of mathematics in which Toeplitz and Hankel matrices
play the role of distinctive models. The point is, that the continual
analogues of systems of linear algebraic equations, in which the matri-
ces of coefficients are Toeplitz matrices (i.e., the entries of these
matrices depend only on the difference of the indices of the rows and
the columns), are integral equations with kernels, which depend only on
the difference of the arguments, including, in particular, the Wiener-
Hopf equations, a class which is of such importance for theoretical phy-
sics. Not infrequently facts, discovered on the algebraic level for the
mentioned linear systems, lead instantly to analoguous new results for
integral equations (a quite recent example is the paper [25); in § 18 of
this book the reader will become partially acquainted with its contents)
The analoguous situation holds for Hankel matrices (i.e., matrices in
VSHO: the entries depend only on the sum of the indices) and kernels

which Qepend on the sum of the arguments,

This makes it all the more paradoxical, that at least in the Russian
language no monograph has bheen dedicated to Toeplitz and Hankel matrices

and forms in a purely algebraic setting. xoumocmﬂ. although some infor-

ix

.
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mation on Hankel matrices and forms can be obtained from the monograph
»Theory of Matrices" of F.R. Gantmaher ([3],Ch.X,§ lo and Ch.XVI,§ lo)
practically all known Russian or translated courses on linear algebra

and matrix theory make no mention of Toeplitz matrices and forms, ex-

cept for the literally few lines devoted to them in the book of R. Bel

mann (2]. As to the well-known monograph of U. Grenander and G. Szegd
"Toeplitz forms and their applications” [7], that is on the whole de-
voted to analytic problems. The term “Toeplitz form" itself is, in
spite of the general definition given to it by the authors in the pre-
face, used in this book almost exclusively in the sense in which it
entered in the literature following the works of €. Carathédory,

0. Toeplitz, E. Fischer, G. Herglotz and F. Riesz (in the years 1907~
1915) . Namely, they deal basically with forms with coefficients which
are connected with certain power series, Laurent series or Fourier se-
ries, and not at all with forms of general shape and their purely alge

braic properties.

To date, a large number of results relating to the algebra of Hanke
and Toeplitz matrices and the correspending forms has been accumulated
in the journal literature, and these results combine already to form a
sufficiently well-structured theory. It originated in the memoires of
G. Frobenius [19,20] (from the years 1984 and 1912), but further re-

sults, which enter into the present book, were only found in our days.

Highly remarkable in our view, are the deep analogies and also di-
rect yelations, which were discovered only in the later years between
the two classes of matrices (and forms) to which this book is dedica-
ted. These analogies and connections, namely, were the orientation
which enabled us to clear up many questions which remained, until now,

in the shadow, in spite of the venerable age of the considered theory.

The reasons delineated above constitute, in all probability, suffi-
cient justification for the purpose adopted in the writing of this
book: to restrict it in particular to the algebraic aspect of the thec
ry, but to reflect this, if possible, completely. We note, that the
first part of this formula, to set aside all kinds of applications, a:
long as these are presented in other monographs in a sufficiently com-
plete way, is (just as the second part) not wholly sustained with due
consequence - we could not resist the temptation to adduce if only the

simplest application of Hankel and Toeplitz forms in the theory of th

separation of the roots of algebraic equations, which, besides, does

xi PREFACE

not really violate the algebraic character of the book, mentioned in
its subtitle. The special Appendix I is dedicated to this matter, whe-
reas Appendix II touches, albeit also only in the same elementary way,
the deep connection between our subject and the classical moment pro-
blem.

As to the basic text of the book, it is, with the exception of Chap-
ter I, entirely devoted to the algebraic properties of Hankel (Ch. II)
and Toeplitz (Ch. III) matrices and forms, and also to the various
transformations of these subjects, among them the mutual transformations
of matrices and forms of each of these two classes to matrxices and

forms of the other class (Ch. 1IV).

Let us linger in some detail on the contents of Chapters II - IV.
The core of the whole theory is the so-called method of singular exten—
sion of Hankel and Toeplitz matrices (§§ 9 and 12 respectively) and the
notions of characteristics which are developed on this basis. These no-
tions which allow, respectively in §§ 11 and 15, to establish compara-
tively rapidly fundamental theorems on the rank of Hankel and Toeplitz
matrices separately, are then combined in § 17 to one single systems of
characteristics, covering both considered classes of matrices. In
§§ 12 and 16, respectively, signature rules are established - the well-
known rule of Frobenius for Hankel forms and a new rule for Toeplitz
forms; this and the other are obtained by the same method of singular
extensions and characteristics. Section 18 is entirely devoted to the
problem of inversion of Toeplitz and Hankel matrices, and § 19 to trans-
formations which transfer into each other the forms of the two classes

which interest us.

Chapter I plays an auxiliary role. In it information from the gene-
ral theory of matrices and forms, which is necessary for the subsequent
chapters, is gathered. Some of this material is presented in traditio-
nal form but another part, however, had to be presented in a new way in
order to make the reading of the book, if possible, independent of the
direct availability of other texts. This relates in particular to
§§ 6 and 8, which deal with tyruncated forms and the signature rule of
Jacobi (and its generalizations), respectively, Somewhat distinct is
§ 3, which contains purely technical but, for the construction of the
entire theory, very important material - a lemma on the evaluation of

one special determinant and its consequences.

Of the reader is required the knowledge of the elements of mathema-
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tical analysis and algebra, and also the knowledge of a basic course in
linear algebra and matrix theory to the extent of, for example, the
first ten chapters of the treatise of F.R. Gantmaher {3}, to which this
book is, actually, presented as a supplement. Such minimal general pre-
paratory requirements of the reader has forced us to exclude from the
book the theory of infinite extensions of Hankel and Toeplitz forms
with a fixed number of squares with a certain sign. This theory, de-
veloped in the papers [3o, 42, 33, 43, 31] and others, is in this book
represented only in two exercises in §§ 12 and 16 respectively, since
it requires the application of tools from functional analysis (opera-
tors on Hilbert spaces with an indefinite metric). In addition the stu-
dy of the asymptotics of the coefficients of the mentioned infinite
extensions necessitates the engagement of n:m appropriate analytical
apparatus.

The original text of the book was completed as a manuscript of spe-
cial courses which the author held in the years 1968 - 1970 at the
Mathematics Department of the VoroneZ State University and at the De-
partment of Physics and Mathematics of the vorone? Pedagogical Insti-
tute. Subsequently this text was significantly extended by the inclu-
sion of new results, both published and unpublished, and also in favour
of examples and exercises, which conclude each section of the basic
text and both appendices. The range of these exercises is sufficiently
wide - from elementary numerical examples, provided either with detai-
led calculations or with answers, to little propositions, and sometimes
also important theorems, not occurring in the basic text, The most dif-

ficult among the exercises are accompanied by hints.

In the book continuous numeration of the sections is adopted; the
propositions, and also the examples and exercises are numerated anew
in each section; the items, lemmata and theorems, and also the indivi-
dual formulae have double numbers (of which the first number denotes
the section). The references to the literature in brackets [] lead the

reader to the list of cited literature at the end of the book.

For his initial interest in Toeplitz forms, and alsc in other pro-
blems of algebra and functional analysis, the author is obliged to his
dear teacher Mark OHMoonmcwm KreYn. In this book (especially in the
Appendices I and II) the reader will repeatedly encounter some of his

ideas and results, relating to our subject.

The text of this book reflects the valuable suggestions of

xiii PREFACE
V.P. Potapov, expressed by him at the earlier stages of its preparation,
when the idea of the book was barely thought out. At the final stage of
the work the interest shown in this project by the collaborators of the
chair of algebra of the Moscow State University, O.N. Golovin,

E.B. Vinberg, E.S. Golod and V.N, LatySev was a great stimulus for the
author.

T.Ya. Azizov and E.I. Iohvidov, students in the special courses in
vwhich the book "originated"”, did indeed extend invaluable help to the
author in the realization of the manuscript. In particular T.Ya. Azizov
undertook the unenviable task of reading the complete text and veri-
fying all exercises and calculations, which resulted in the insertion
of numerous corrections and improvements. Useful remarks during the
presentation and the reworking of the lecture courses were made by

F.I. Lander.

To all those mentioned here the author wishes to express his sincere

gratitude.



Chapter I

SOME INFORMATION FROM THE GENERAL THEORY OF MATRICES AND FORMS.

§ 1 THE RECIPROCAL MATRIX AND ITS MINORS

m
1.1 We shall consider arbitrary square matrices A = =,.“J..u.=...P =1
j=

of complex numbers. If

H~ NES R Hvu 3 < uw < eve < uw

are two sets of p indices (1 £ p £ n) from the indices 1,2,°*+,n, then
we denote, as usually, through

i i esai
1 2
a E
u_. uN.ooumv
the minor, consistingof the elements on the intersection of the rows

with mmbers Mp.wm\....w and the columns zwnsscsvmnwup,uw‘..‘~u of a,

P P
i.e.,
i, i_.+ei
a [t T2 Pl O get la; | __m vt
3y uw...uw wv o
Evidently,
1 Nv.onv
A = |al,
1 2...n

the determinant of the matrix A.

We agree to denote the n-p indices remaining after taking from the

set Aw.Ns-..sbv the indices HH.HNs.-.im. Hu_-u.ws.‘.~u..mvu through

p
k . oae i i

m.xw. ~xnlm ﬁww.pm~. ,nznwv (here the indices are always written in
increasing order). Then

R k, Kyt kg o
B Rpeee o
is, by definition, the complementary minor to the minor
i Lyeeei
a |t 2 oe ],
I uw...ub
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Evidently, complementary to the minors a,. = >awv of the first order

ij
are the determinants

1 2e.ei=1 i*le.-n

a =& (1,3=1,2,--,m),
1 2+++j-1 j#l...n J
and the numbers awu = H|HVH+uMMu represent the cofactors to the elements
a. . in the matrix A, respectively (i,3=1,2,...,n).

i3

1.2 Diverging somewhat from more extended terminology, we shall,

following [3], call the matrix

by ~ n

a=tlag iy oy

consisting of the minors of order n-1 of A the rectprocal matrix with
respect to the matrix A. We establish a rule for the computation of

minors of the reciprocal matrix.

THEOREM 1.1. For an arbitrary natural number p (1 £ p S n) one has

i i evedi k k.++-k
1 727 )l Lt a2 PPy L gl
3y 3yl A

a
-p
Heve, in the case where p = n, formula (1.1) should be understood as

| 2-+en -
Ial=a = 12", (1.2)
I 2..n

-1
1 gnd |Al = © one should assume 1alF™" = 1,

and for p

PROOF. Without loss of generality one can restrict oneself to con-
sidering minors of the shape
- m No.‘mV
A (1 £p = n},
1 2.44p
as the general case is obtained from this easily by appropriate permu-
tation of rows and columns. Now formula (1.1) takes the form

~ 1 2-++p _ p+l---n
A = 1Pt a . (1.3
1 2--°p @+H.‘.=

In order to establish this, we multiply in the determinant

~ 11 2...p 211 %127 %p
A = a A._*svA
1 2...p o e
a A ee+d
%pt %p2""""pp

THE RECIPROCAL MATRIX AND ITS MINORS/3

the i-th row with (-1)*(i=1,2,...p) and the j-th column with (~1)J

(3=1,2,...,p) It is easy to understand that by such a transformation

the value of the determinant doesn't change, and the determinant itself

takes the form

A A . +v+A
l.m N'..b 11 12 ip

- i+j~ A A_.eedA
P = det | (-0)*33, 1P = {Ba1 Bo
1 2...p ij74,)=1 . 2 %

A A ...
Pl p2 »wc

It is convenient to assume that this minor has the shape of a deter-

minant of order n (in thecasep = n the next step is, clearly, not
necessary}:

A, ose aee
11 Mp 121,p+1 Ain
A ... A A Y
2
oz 21 p | *2,p+1 2n
i I U . e
A, ... A - )
1 2...p p1 op | “p,p+i Pon
0 ... 0 1 o
0 ...0 0 veo 1

We multiply both sides of this equality with the determinant

ayy e wpb m—.m+H cer @y
a eee vee
21 %2 B2,p+1 %2n
lal = ,
a vee & a vee
pl PP p:p+l pn
qp+1,17 ?pH,p mw+u~v+~...mv+-=
a1 ...wb@ wn.m1~ ***%mn

where we shall develop the product of the determinants on the right-
hand side through the "row on row" method. Then, taking into account

the well-known properties of the cofactors ku. we obtain
. 1 2...p
A - lal =
1 2...p
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|a| o) .esO [} o}
(o) Ial o) (o} ve O
o
- ..lal o ...0
21,p+l mw.w+~...mw.v+p mv+-m+p...mn.w+~
a, a, ...mvs wn+-= el
+1 eee
. P F
= IAl® . A . (1.4)
ptl «.en

We observe at once that, for p = n, it is simple to obtain that

1 2...n
A . 1al = 1al", (1.5)

1 2...n
If the matrix A is nonsingular (lal| #0) then formula (1.3) (resp.(1.2))
follows immediately from (1.4) (resp.(1.5)). In the case where |A] = O
the identity (1.3) (resp.{(1.2)) is obtained by a standard limit transi-
tion. Namely, the matrix »m = A+¢E - where E is the identity matrix
on order n - is considered. The determinant _wm_ is a polynomial in €.
Therefore, in an arbitrarily small neighbourhood of 2ero there can be
found values € mousswor_wm_ano. Having noted that for such ¢ the
identity in formula (1.3)(xesp.(1.2)} is wvalid for >m (strictly
speaking for the mimnors of the reciprocal vmv we take the limit for
€ = O over those values of € for which _vm_ # O. Hereby the minors of
bm and >m go to the respective minors of the matrices A and A we obtain
the identity (1.3)(resp.(1.2)}.

EXAMPLES AND EXERCISES

1. Let
3 o -1
A= 2 7 =2 .
-3 4 (o]

Whithout constructing A we evaluate wnw wv. Here p = 2,
lal = 3.8+(-1)(29) = -5,

1alP! = s, yﬁwU = -3,

With formula (1.1)

THE SYLVESTER IDENTIFIES FOR BORDERED MINORS /5

z- -
» _ u_w_vgw
23

3
_ = (-5} (=3) = 15, (1.6)

2, For the matrix A of example 1 we evaluate IAl. With formula (1.2)

Kl = 15170 = (=52 = 2,

We note, that the matrix M itself has, in the given case, the form

8 -6 29
A= a4 -3 12§ .
7 -4 21
Returning to example 1 we verify the result (1.6):
- 1 2 -6 29
A = = ~72 + 87 = 15,
2 3 -3 12

3. If the matrix A is "lower triangular",

QH# o 0 esse O
a o ese
A= 21 222 ° ,
2n1 *n2 %n3 *° %mn
i.e., mwu = 0 for j > i, then the reciprocal matrix A is "upper trian-
gular"”,
%11 %12 77 81
(o] a cee @
A= 22 2n
0 0 ...a
nn
i.e., a,, =0 for i > j.
3]

4. Is the converse of the statement, for lated in example 3,

correct?

§ 2 THE SYLVESTER IDENTITIES FOR BORDERED MINORS

.

2.1 Wwe consider in the matrix A = lla, 1"

HU__M.“._uH {(n 2 2) the minor

1 2...p
1 2 ... p

A (12p<n)

and we shall border it, adding any row and any c¢olumn from the remai-
ning n-p rows and n-p columng, i.e., forming the minors

b =a q 1 2..ep )
1 2 ....p s
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Wwith these minors we construct the matrix

n
B = __wam__u.mnmvi

of order n-p and we set ourselves the aim to evaluate its determinant

1 eeon
B p .

p+tl +ev

THEOREM 2.1 (SYLVESTER). The following identity holds:
1 2 «se P n-p-1
1 2 ...p

1 +eo n
B P _u_v_v.
ptt ... n

. (8)

PROOF. Since for n = p-1 formula (8) is trivial, we shall assume
1 £ p < n-1. We consider the matrix m. reciprocal with respect to A,

and some of its minors, namely

o~ fptl «ocr=1 xr+l ... n
c = A
rs

ptl ... -1 8¢l ..o n
(x,s = v+H~.a-.3v. (2.1)

According to Theorem 1.1 (formula (1,1)) we have

1 2 ...p r n-p-2
= 14 2P2 = Ial b
s = 1Al P=< 1 2 eeep s rs

(r,s = p+l,-..,n). (2.2)

. . _ n | 1at

Now setting up the matrix C 1__omw=u~mnﬁ+~ of order n-p,we calculate

from (2.2) its determinant ICl:
(n-p-2) (n-p) pti eeem} (2.3)
Icl = lal B
ptl «ce n

The determinant (2.3) can be evaluated also in an alternative way
that by the definition (2.1) of the numbe1
Taking

taking advantage of the fact,

.a n
nww,nrm EmﬂnwxowuﬂrmnmoHQNOOWHmONﬂsoEmﬂpr =mnm=n.mnw+a.

this into account, we have on the basis of (1.2)
~fp+¥l ... n n-p-1
lct = | A ~
ptl ... n

~] ptl ... 1

Now, having evaluated the minors A Pl ... 1 standing between the

brackets we obtain, again by formula (1.1},
1 2 .+ p n-p-1
n-p-1 =

={la A
icl al 1 2. p

THE SYLVESTER IDENTITIES FOR BORDERED MINORS /7

_ g (n=p-1)2 1t 2...p n-p-1
= |al a
1 2...p (2.4)

It remains to equate the expressions(2.3) and (2.4) for C and in
the case |A! # O we obtain, after cancellation, the Sylvester identity
(s). 1f |Aal = O, then the proof is completed by means of the same
method, which was exploited above for the analoguous case in the

ascertainment of Theorem 1,1,

2.2 We shall often have to use the'Sylvester identity, mainly in
two special cases, which we consider in detail.
Let p =n-2. Then formula (S) is reduced to the identity
1 2 +e0 n=2
1 2 ... n=-2 -

n-1 n

lal a B

n-i n

or, more explicitly,
1 2 «¢¢ n=2
1 2 ... n=2

1 -« p-2 n-1
=A

|2l A

1 +.. n=2 n-1

n...ﬂlws
A 1 ... n=2 n -

. (2.5)

1 .eon-2 n

1 «¢e. n=-2 n-1 1 vvon=2 n
- A _ A 1 ... n=-2 n-1

It is easy to make clear to oneself the structure of the minors

appearing in (2.5), having considered the diagram 2

1 2 ... s-J n-in

Bly 2... 02
|1al = |

LI R R R I IR ST WY
.

BRI

.
L N R N LYY
.

sepssrsscnes
.
=]
[
[a
.

By a simple permutation of rows and columns one obtains from formula

(2.5) another variant, which is very conyenient in a series of

Computations
2 3 «.. n-1
::.y_m O -
1 2 ... n-t1 d 2 3 ...n
=a -
1 2 ...n-1 A 2 3 ... bv

1 ... n-2 n-t v 2 von-1n u
~ A
2 ...n-1 n A\1..on2n-tf - (29
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Here the related diagram is derived as 3. Generalize identity (S) in the following way:
m w 5 i, 1, .- Hn . 12...p w» Hw e Mﬂ A 12...pllg-1
w ky ky ee L 12...pky ky +ee ky 12...p
Thets - here
Ial = : Lw e ) (2.7)
n-1 I N R i .
Ceeesvrserastrrerererreeanans n p < <n
. . . x~ < xN e s wn
EXAMPLES AND EXCERCISES HINT. Apply identity (S) to the determinant
12 ceepi, i, ove i
1. Let A 172 a)
12 ... p Xm K. ««e k
3 -2 1 0 2 a
A = 4 -1 2 3 .
o 3 1 5 4. (Kromecker {47]).Let (in the notation of § 1.1) the minor
7 -4 2 6
>A_ 2 -+ P| 4 0 for the matrix A, but let all bordered minors
By rule (2.5) 12 ...p
3 2 3 -2 1 3 =2 0 wa =0 (r,s = p+tl1,+++,n). Then the rank of the matrix A is equal to p.
Al 7a M_ =14 -1 2] )4 -1 3 -
- o 3 1] |7 -4 & HINT. In oxrder to prove that all minors of order m > p are equal to
3 -2 o] (3 -2 1 zero, use the Sylvester identity (S) (or (2.7)) in connection with the
- M |w w w HM w = (~1)-24-(-2)(-3) = =30, matrix
a LR a eee A
11 1 1k 1k
f.e., 5 |al = =30, 1Al = -6. P 1 o
: a vee @ a eee @
By rule (2.6) A= pl PP Pk Pk
3 -2 1 -1 2 3 3 2 o 5 !
ap |71 2o e -t o2 3 1S - 11777 Tigp
3 1| o 3 1] |-4 2 6 o ees s . cer o
a, ,...a, plo vee O
1
-2 1 olle -1 2 *m m
- -1 2 3 o 3 1 = (-1)(-42)-0 = 42, where
3 1 5 7 -4 2 .
HH < PM < see < HS
i.e, 18] = -6. 1= wﬁ < xw < eee €k sn.
2, Let m
3 1-i 2+5i
A= 1+i 3 1-1 . NOTE.
=53 i 1
2-5i 1+ 3 ) For the notation applied in this wna.ﬁ:m next diagram see the note
By rule (2.6) to formula (3.3) below.
3 i-1 3 1-i
3al= fi 3 hes 3 -
§ 3 EVALUATION OF CERTAIN DETERMINANTS
1-1i 2+5ipi1+i 3 - ﬁmu_HaM_mvw _
- 3 1-i f[2-51i 1+i 3.1. In this section the problem will be to evaluate certain deter-
minants of special f . Th det i t ill i
_ _AnuwvmluAm+mwv_w - qml_mumwlwlmlpw»_w - ) a speci orm ese determinants wi occur repeatedly in
the Chapters II and III.
= »on_umupqw_w = 49-325 = -276, P n
Let A = =mwu__u.un~ be a matrix of order n and let p and r be natu-
i.e., |A|l = -92.
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ral numbers, where ptr £ n. We consider two sets of indices
i< i < ue. i
HH HH Hw+ﬂ

AHMV Ambv

3. < j < e0e 3
3 <3, Ioer

From the set Awu~wm~....w uv of ptr indices we choose some set

Pt
A=-:w,....=vw
consisting of p indices, indexed here in arbitrary order, and in the
same way a set
(vyovgreenivp}
consisting of p indices from the set Auﬁ.ums....uw+ﬂw. Let

@, < @, < eee < «, and m_ < mw € eas <€ wn be the complements of the
sets *t—.cn.....:vv and ﬁc_.cw.....cwv in the sets Ava.wm‘....wv+nV
and Au-u~....~uc+nv‘ respectively, and

- @ 0y cee @y

r m» mw .. mu

1

the minor of order r of the matrix A (see § 1.1)

Further we denote through bﬁnv the matrix, obtained from the matrix

A through the substitution of its entries m: v .wt v .....m: N by
11 2°2 PP
numbers nw.nm~....nw. respectively, and we consider of the matrices
A and >Anvﬁ=m corresponding minors of order pt+r
(x) ip iy e dpy
M = A - - sl % ]
P 3y 3, uv+n
i, i, -.- 1
u g =a® |2 RN I (3.1)
p 3 uN uw+n

LEMMA 3.1 If r 28 the rank of the matrix
_5

A=lla M~U“H.

Hu_
and o, and v, are the mmber of inversions in the sets

Atw‘tw~.o.~t ~9H~9Ns-..-QHv

and P
A€H~CN~...\C©~w-mw~.o.~mHv
respectively, then the determinant zwnvﬂnv (see (3.1)) te evaluated by
the rule n
o +0 P
(x) MoV
M ) = (-1 A n(g -a ).
5 Ty = (-1 e %0y,

PROOF. This is particulary clear in the special case where :s“uws~

EVALUATION OF CERTAIN DETERMINANTS /11

<E = uE (w = -N~.c.-vv~ i.e. 2)
[4 a, . vee & ce. a,
1
i3, 43, fiper
a, . 4 ces &, . cee A&, .
X 2 t2'p Y2 prr
r . . ceo » NN
zm @ - . (3.3)
3 4 a 5 e Bp vee Ay
p1 p-2 plptr
WH . NH . ees WH . PH
©+Hu~ w+ﬂum w+ﬁuv

arowowwboawww ZARVAwV m zcnV

p p
n_.nm.....ww vanishes if one replaces any of these parameters, for

Anu~nw....uvu in the parameters

wxmswww nm~ U%ﬁvmmwmamnﬁ a, 3 Omnsmswnmwxbzwwo:wwmomﬁbﬁwvmumu
q7d
meter occupies., Indeed,with aa"nmw 5 in the determinant ZMnuAnv of ox-
q°q
Qonw+n.ﬁsonmmwwmwnn+~0mﬁ#mﬂotmAoowcSvaOmﬁSOOHHaMuwwswnon

A, which are linearly dependent, as this matrix, by assumption, has
(x})

rank r. Thus the polynomial Bv

() is divisible without remainder by
the product

(¢, - a ;oL Yeeol =a,
1 i3, p »wuw

It is clear, that the quotient under this division will be the leading

. ).
i3

ML, - a
1 2

coefficient of the polynomial, i.e., the coefficient of the product
n~nm...nm

coefficient, i.e.,

. But from (3.3) it is evident that the minoxr yu is this

='c

w () = a

5 - (g -a, . ).

w=l R

Since in the present case anmquu o, Qcﬁmouun 0, formula (3.2) is
established for the special case under consideration.

The reasoning we followed is also applicable in the general case
with only this difference, that now the coefficient of the product
nunm...ww in the determinant SMHUAnV is distinguished from »ﬂ by a
factor M w. depending on the location of the entries ny.nw~....ﬂb in the
minor sz (¢), i.e., of thg elements wrucp.m:m¢m~....m:w<w in the minor

(see (3.1)). But, as is known from the theory of determinants,
g _+0

this factor is (-1} " Y. Lemma 3.1 is proved,

zAnv
P

The shape of formula (3.2) permits to deduct from Lemma 3.1 this

COROLLARY. The value of the determinant RMNVﬁnv doesn't vary, if
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arbitrary elements of the matrix A, with exclusion of
a (w=1,2,+-+,p) and elemente which enter in the structure of the
u
W w
minor A_,are changed in such way that the rank of the matrix A aluays
remains equal to r.

3.2. We shall mainly have to apply Lemma 3.1 in two special cases on
which we shall go into some detail. The first of these is the case,

where (here, it is convenient to substitute the index p by the index k)

D R

A ecessssesnserecscssnnoe

seresererrrsreessr e

(r) A I ®n-k+1,n

' . .

ees @A
n,n-k+1 nn

cesssssvae

ssssssenae

P R

w® @) - . )

i.e., when

o= n-k+tw, v = ntl-p (w= 1,2,++4,K).
w W

We note, that now (see Lemma 3.1) the complementary indices

0, <8< .+.+ <a_ are smaller than all p (w = 1,2,.-+,k), the indices

1 2 r ©
mH <By <o Amn smaller all v {w=1,2,-"-,k), and the sets
uy < oo A:w and vy > ees > <x are monotonous. Hence in the set of

indices
E&.tw~..-t~n~QM~QN-...~QH
the numer of inversions is equal to

0 = r+rt...+r = kr,

U
k times
and in the set

<m~<Ns..a~cwsmM-mN..o..mﬂ

the number of inversions is egqual to
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O, = (k=14r)+(k=2+)+ .o+ (1+1)4x = kr + xﬁwmwv .

Thus, in the given case, formula (3.2) takes the form

A
b 4
=MNVAnv = ces -
k
_ k(k-1)/2 _
= (~1) >n I Ane m=|x+e~:»e+~v. (3.4)
w=1
In particular, for mnlw+e.=|a+p safw = 1,2,+-+,k) and npunwu...unzm
{so, namely, it will be in Ch. II) we have
- k
wF @) = (kN2 g g (3.5)

We make now the following remark, important for the application of
formulae (3.4) and (3.5). In the corollary to Lemma 3.1 there were
indications on the possibility of variation within specific bounds of
some entries of the determinant Anvanv. without changing its value.

In the present case this statement can be sharpened, having noted, for
example, that

1°, The determinant JM.c () Zs not changed if all its entries,
standing in the righthand lower corner under the diagonal Tyesetely n
diagran (3.4) are substituted by arbitrary numbers.

Indeed, we partition the last column of the determinant SMHVAnV

(see (3.4)) in two parts

PETEE. ]

a
n-xk+1,n| N

* oo %

where all other entries in the partitioned column (i.e. of the matrix
A) are denoted by asterikses, and, corresponding to this, we shall
partition the determinant ZMNVHnV in two terms:
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(r)

% # eee % o considers the minor M of the matrix A, which has the form
A FLE Rt p
. C e e e MR v
* K L..0® o} k b 4 }
\I[l?l'l \lllllj
® ... 0® ce. % - —
zﬁnVRn_ - * L =% k+1,n . aj, - @ e vee o | a FAPY
k * AR z o tk 1t in
.o e T, . cee . . eee : . £
P . a vee @ “ eae W a cee a
21 2k
[ N B EE e e} = b in
K =
. cee o vN . ces o r (3.6)
L 2R SRR 2K
A e o ese o . r+1
a Y . eee s eee
: ® » % * 6.1 0K R %,n
A . * * * *re o - . e - x
+ * .. ®| # ® ... % a . “a
_ a cee . eee o cee
n-k+1,n nt U:W Nbx.ﬂ Wg
* ... R o % .. nm *
(where o=n-k+1, t=n-%+1),and the corresponding minoxr ZMHVAnV of the
matrix Pﬁmv. Here {cf. Lemma 3.1}
LIEERIE ) VI AR
p=k+ti >0,k 20,8 20,
Since in the second of these one has r +1 rows which are part of the v, = n-k+l, w, = n-k+2,..., W =m0,
corresponding rows of the matrix A of rank r, this determinant is equal ey = 1, Mipn = 2,000, Mpp = 2:
to zero, and this moreover identically relative to the entries of all - = _
<H =1, <N = 2,00, ¢x =k,
remaining rows and, in particular, to arbitrary values of the entries = ne = ne _
’ ’ ’ <x+p n-%+1, cw+w n-2+2,..., <w+H = n,
standing in the righthand lower corner, below the diagonal
such that
a +Corvroed, « Thus
n-k+t,n’”2 k cee
' . . . :u_n+“_.AtW+NA AtW+&AQuAQNA...AQNAﬂ»A—,_MA... t“_n.
V, €V, € ¢ €V < < < cee < < < veo
a e e 12 k< B < By B < Va1 < Vpaz © < Vgt
. X X ... ¥ Hence
(r} _ (r+1) (r+k) g = k(t+r), o = 2r
zw ($)=(-1) Aw~ w:|x+p~=v N E I T L v
and formula (3,2 ield: .
% ... % |l % L0 (r) AMV Y s (cf. [37])
- M = =
VU D k-1 A
[ N ﬁw L R ay ottt A ... ny cee 2y
(\Ill/\l-}s\ - s o .« . : “
k=1 . .
. . ap, ees Bg . m~.ﬂ cee My
and repeating the same method another (k-1) times, we are convinced = o =
that proposition 19 is correct. : e - e
. e . A . cee .
r
REMARK. Incidentally, we cbtain a new, independent proof of formula . L.
{3.4). The simple verification that the signs in frontof the product 3 . a X a Py
. o . 1 o,k T g,t °°7 Toyn
do coincide we leave to the reader as an exercise (cf.[4o0}}. s : s . e
3.3 Another case of an application of Lemma 3.1 is found if one 201 NN &y .« e a7t %nn
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k 2
_ ka+r (k+2) _
= (-1) rn m Ams m=|w+s.sv i ﬁ:a me~=|»+eu (3.7)
w=1 w=1
(where o=n-k+1, T=n=-2+1),
In particular, for ms|x+e~€ = m,ns = £ (w=1,2,+°,k); me.bna+€ Z b,
:E =1 (w=1,2,+++,8)(this case will be met in Ch, III)
+ k
W) gm = OFHEEE, o ) (3.8)
r

This formula take an even more simple shape when the matrix A is
HERMITIAN and k=%, Then b=3, and if, besides, one assumes n=£, then we
obtain

MELE D = T ) =0 1521, (3.9)

In an analogous way, in the case of a (complex) symmetric matrix A for
k=% and n=f{ we have instead of (3.8)

w8 2w - -1¥a_tg-a)%* (3.10)

In conclusion we note that, quite in analogy to proposition 19, one
obtains the proposition

20, The determinant zhwwﬁm~:v ten't changed <if all its elements stan-
ding in the lefthand lower and vighthand upper corner, respectively
below and above the diagonals £, ,---.& and nypeee oy in diagram (3.7)
are interchanged by arbitrary rumbers.

It is clear, that this result expands, in particular, the sphere of

application for formulae (3.8)-(3.1o).

EXAMPLES AND EXERCISES

1. Let
-1 3 o} 4 -5 2 1
3 2 =2 5 7 o -4
2 5 =2 9 2 2 -3
A= 1 8 =2 13 -3 4 =2 .
-4 1 2 -1 -12 2 S
-3 9 o 12 -15 6 3
5 7 -4 14 9 2 =7

Here n=7,r=2 (all rows are a linear combination of the first two inde-
pendent rows). Let (r=2), bn-wpnw.wmnA~Huum~Mauq.uanp~umnu~uwnm~u»nm
i.e.(see (3.1))

3 =2 7 (o)

() _ (2) 24671 1) -3 4
M =M =B = .

P 2 1 1 5 6 -3 o -15 )

5 =4 9 2

Let
wy =i, = Tyug =iy =2, vy =3 = L,v, =33 = 5,
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l.e.
9 =i;=4,ay =i, =6 B =3,=3,8,=3, =6,
14 a
- - 1 2 4 6 -2 4
x %2 “mH 6, N |0 6| =12

Now, on one hand

N 3 -2 tz © 2 0 43 -4
zm Vﬁav i 1 -2 -3 a4} _ 1 -2 -3 4 _
-3 0 -15 & -3 o0 -15 & -
Tq -4 9 2 t1-2 0 15 -6
2 ga2t3 -4
= -2 -3 -15 6 =
Lq=2 15 -6

-2[- (L2243} (18-654+12) -4 (~45+1584-30) | =

2 [(22+3) (30-624)+4(154-75)] =

2 [-6(52+3) (£1-5)+60(54-5) ] = -12(54-5) (La+3-10) =
-12(g1-5) (£2-7) .

On the other hand, in the sets
Atm~rNsQH.§Nv = AN.N~A~QV< A<H<<N~@HsWMv = {1,5,3,6}

the number of inversions is equal to: ¢ =3, ¢ = 1. In this way (see

M v
formula (3.2))
g +a

_ v _ _ _ 4
(-1) bﬁAn~ muHVHnm mwmv ={-1) Anumvnnpumuﬁnmuqv = I»NAnHJmVﬁnwlqv
completely in accordance with Lemma 3.1,

2. Evaluate (without developing it!) the determinant
-1 o 4 n 2 1
3 =2 S 7 nz -4
A= 2 =2 9 2 2 na

1 -2 13 -3 4 -2
-4 2 -1 -12 2 5
£E1 -4 14 9 2 -7

Sotution: A = m»AmH:mVAJH+mv3mﬁsu+uv.

HINT. Consider the minor M*) = u‘2} -

ket 1,3
matrix A of example 1 and yse formula (3.7).

4

3 5 7
4567 of the

w N

1
1

3. Find, not carrying out a calculation, the roots of the third
degree polynomial
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3 o 4 -5 2 1

2 -2 5§ 7 o0 -4

8 -2 13 -3 4 =2
B, = 1 2 -1 -12 2 2 |°

9 o 12 -15 A -8

7 4 14 A 11 =3

Solution. »H =5, yw =6, »u =9,

HINT. Again, starting with the matrix of example 1, use formula

(3.4) and proposition 1°.

4, Evaluate (without developing it) the determinant

1 i -1 T 9
-i 1 i -t £

A= -1 -i 1 i -1 .
£ -1 -i 1 i
=2 g -1 -i 1

. 14
Solutton. & = |&-il".
HINT. Having selected the corresponding matrix A, use Lemma 3.1 in

the shape of formula (3.9) and proposition 20,

5. Generalize proposition 19 and 20, having noted that in their con-
ditions the requirement that the elements, which are interchangable
with arbitrary numbers, are located strictly on one (but still complete-
ly defined) side of the diagonal ﬂp....~nx in diagram (3.4) and of the

diagonals m-.... mx and :H‘....sn in the diagram (3.7) is unessential.

NOTES .

n The minor zmnv (see (3.1)) is under the conditions of Lemma 3.1
equal to zero, as its order p+r>r, and r is the rank of the matrix A.

2 In diagram (3.3) we use a certain abbrevation for shortness of no-
tation, replacing a well-defined “part" or "block" of the matrix of the
determinant zwnvﬂnv by the symbol wn. not meaning, of course, the num-
ber >H. but the matrix, related with the minor >ﬂ. such a notation is
used several times, alsc in the sequel (in this respect we follow [3]
in all cases, where it cannot cause misunderstanding. Actually, above

we used it already in the diagrams of § 2.2.

§ 4. MATRICES AND LINEAR OPERATORS. SPECTRUM,

4.1 We recall that eigemvalues or eigennuymbers (in a different termi-

n .
nology characteristic numbers) of the matrix A = =wwu__w~uuu are called
the roots yp.»n.....»= (here each root is repeated according to its

MATRICES AND LINEAR OPERATORS SPECTRUM /19

multiplicity) of the characteristic polynomial,

QHHI» aj,  eeea
a a . =A ...
[A-AE| = 21 22 2n _
w:u mbm cee ms:v»
= (-0 + n-1
(=2 Am:+mmw+...+mﬂ5:4»v + .0e+ [A] (4.1)

of this matrix. We note (this will be essential to us in the sequel)
that because of the abovementioned definition the eigemmmbers of a
matrix are a continuous function of its elements L

. The eigenvalues of a matrix have a simple geometrical meaning. Let
E be the complex n-dimensional linear space, and {e,,e_, e } a ba
. . 1 oo, -
sis for it, To the matrix a = fla. II? : .
11~k it
well-known, one can put in connection a linear operator A, working in

and to this basis, as is

n .
the space E, defined through its elements on this basis (and thus also
on the whole space msv by the formula 2)

Ae, = . jom
5T 2508 YAyt tag e (3=1,2,--0m). (4.2)

jn n
Then the muwmbers .e ;
Ayedyseesid ) defined above, and they only, are the

etgenvalues of the operator A, i.e., for such X = X_(3j=1,2,.+.,n) there
exists a vector ?

X = mamﬂ + mmmm + oeee + m:m= (+ 0)
from E such that Ax = Ax,

This statement is obtained immediately, if one notes, that the

equation Ax = Ax is equivalent to the system of linear homogeneous

equations
ﬁwgalxvmm + Nm;ﬁm * .. ta € =0,
a; by (- NE, 4+ Lt a s

n
e e e o s oo

mwsmw + mmsmm + oeee + Amssnwvm:

n 0.

¢ e e 9+ e s e e & s s+ .

o,
which admits a nontrivial s i
oluticn x = oo i i
ien amies . Amp.mw~ ~m=v if and only if A
e equation BA-AE| = O. The vector x is called in this
cas 3
¢ an eigenvector of the operator A, corrxesponding to the eigenyalue X

From (4.1} it is clear among other things, that
A . e =
1rgeech, = 1Al (4.3)
4.2, i i
Thus, the totality of all eigenvalues of the matrix A, or its

Spect: inci i
rum coincides with the spectrum G (A) (the set of all eigenvalues)

o : .
€ the linear operator A induced by this matrix on some basis
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n 3)

Awp~mn....~m } of the space E® °’. Thence at once follow two corollaries:

a) The spectra of all linear operators induced on E® which ave given
by the matrix A = __mwu:.. 5=1° through formula (4.2) for different
choices of the bastie Amn.mm.....m },coincide.

b) The spectra of all matrices __wwu__m j=1 mewxnw& through formula
(4.2) by one and the same 1inear operator A € E" for different choices

of the basis Amp.mn.....onm coineide.

REMARK. Corollary b) is also casily discovered through direct calcu-
lation, nmot resorting to the concept of eigenvectors of a linear opera-
tor. Indeed, let on the basis Amu~mn~...,m } the operator A be given
by the matrix A = la, Thy

ij P.uu»
AQH.QN.... 9, } of the space E® is, as is well-known ([3).p.73}, connec-

(see (4.2)). An arbitrary other basis

ted with the cwmwm Ama-mu.....m } through some linear transformation

n
Jﬂ“ Mﬂ Q nxﬂanmua..Lﬂv (4.4)
vuw

with some nonsingular matrix T = ne, N0 (IT]1 #0). On the basis

ki k,i=1"'
Am».om.....osv the operator A will correspond also to a new matrix

Lati
=Upu__w~u -1 defined by the relations
n
>oH = L U o (i =1,2,e°4,n) (4.5)
=1 +373
Then mwos (4.4) and HA 5) it follows, ﬁrmn
n
= = = =1 cae -
>mu_n HM.wd._&. P@M u,.m_.ﬁunw. .WHU.HuGu uM ( M. HWP Puvo (k=1,2, /1)

Meanwhile we have from (4.2) and (4.4)
>mx = umH e. = La. .M t..q. = .M. ( mmwun.;o..
comparison between the obtained decompositions of the vectors >m over
the basis Ao-.om.....asv shows, that the matrices A,T and B are connec~-
ted through the relation
-TB or B =T AT, (4.6)

whence follows that the characteristic polynomials

1AEl = 1T @-AB)T| = |7 'AT-AEI = [B-AE| “.n

of the matrices A and B (and a forteriori their spectra) coincide.

4.3, 1f, starting with some basis Ao».mw....~m=w one introduces in

E® the scalar product
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(%,y) = (E,e +m e, Foeee+
1% mm .;Hm—+:~mm+...+:=m=v

m‘.—. ‘oo
1M mn:w+ +m=:a. (4.8)
n

one introduces in E the so-called structure of a unitary (or
Ei
uclidean) space, then in relation to this scalar product the basi

. is
Amw‘mw-....mbw will have the property

i.e., if

Amw.wuv =38

ij (4.9)
where
awu is the Kronecker symbol. Such a basis is called orthonormal

Now each Hermitian matrix

——m - - > .
t__ru =1 %y T %y GeI=L20cem)

will i i i
induce on this basis (i.e. through formula (4.2)) a Hermitian ope-
rator A. The latter means, by definition, that for all

(Ax,y) = (x,Ay).

X,y € "

(4.10)
The scalaxr product (4.8) evidently has the properties

Axkvvoﬁx*ov.Ax_+x2wvnaxi<v+ﬁxﬁ<v

(ax,y) =« (x,¥), (¥,X) = (x,¥)

for all vectors "
XX, 0%, ¥ from E° and for all complex numbers &. From

th i
ese properties and relation (4.10) follow, in particular, the follo-
wing propositions. ~

o .

1° ALl eigenvalues X of a Hermitian matriz A are real

. .

ndeed, for the Hermitian operator A, which corresponds to the ma-

trix A and the basi
- . asis Am—.ow....~msv (see (4.9)) through formula (4.2),
€ equation Ax = Ax (x#0) implies that (Ax,x)

=2
e o (x,x). But the number

(Ax,x) is real and (x,x) > O, o X is real as well.

20 p Lt
igenvectors x,y of a Hermitian operator A, corresponding to

a5 .
ifferent elgenvalues \,u respectively, are orthogonal Z.e. (x,y) = 0O

Th
i e statement follows from the evident identity X(x,y) = (Ax,y)
= (AY) = u(x,y) (A#y), ~

Less evident i
is the next proposition, which is proved in courses on

linear algebra.
-

30 IFf A jhogeoe 1
ey 173 WX, are all eigenvalues of the Hermitian matrix A
ed with their multiplicities) and A is the linear Hermitian ope-

¢ .

basis (£
that

e ree @ 2 X
1790 v. swv then in E there exists some orthonormal
1,000 £ } consisting of eigenvectors of the o tor A %
1° 5 £ ng of eig f perator A suc

Af, = M £, (i=1,2,...,m).
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We shall present, for the sake of completeness, a variant of the
proof of proposition 30, At first we consider some eigenvector mp of
the operator A, belonging to the eigenvalue »H (see Sec. 4.1). Without
loss of generality one may assume this vector to be normed i.e., assume
) = w {in the opposite case one must take instead of mH the eigen-
TN £y
We consider the so-called orthogonal complement in e” to the vector

vector which belongs to the eigenvalue »m as well).

mﬁ {exactely formulated, to the onedimensional subspace spanned by the
vector f v. It consists, by definition, of all vectors orthogeonal to mp.

As is :mwwixsozs (see, for example {9],Sec.80) it will be some (n-1)-
mwamsmwoswwmcvmmwnm m p Omnbmmvmom E®. Take a vector x € E" H. i.e.,

Ax.m»v = 0. Then
H>x‘m»u = Ax~>m»v = Ax‘wpmuv = ypﬁx,mpu =0,
i.e. A € mnla. This fact is expressed through the words: msuH is an
invariant subspace of the operator A.
In the subspace m=|p the operator A acts again as a Hermitian opera-

tor, and it is clear as well, that all mwom:<wwuwm and corresponding

-1 :
eigenvectors of the operator A as operator in E" are, respectively,

eigenvectors and eigenvalues of A as operator in E". Now we choose a
new orthonormal basis Aom,aw.....o } having for its mwnmn element the

vector 9, = mH and with its remaining elements mOnEm Anﬁpm ym 9H£m<m

possible - see [3), p.237). Then in representation (4.5) for 1 =1
mwmmmmm >a» n »~o~.w‘m.. UHH = »g. an = U»u = ses = Un

that, although not essential for us, also VNH = qu Tt vba = o

= 0 (we note

as the operator A is Hermitian}. This means, that the structure of the
s

matrix B = [lb, is
i3 w.ulH

(4.11)

where B is the matrix which induces (on the basis Aom.ow,...~onww the
operator A in the invariant suwbspace B’ ». But from (4.11) it is ob-
vious, that the characteristic polynomial for the matrix B is obtained
from the characteristic polynomial of the matrix B, i.e., (see (4.7)),
from |A-AE! by division through the binomial >H|». Hence the eigenvalues
of the operator A in m:uH will be the numbers yNN»u.....w:.

Now, having chosen in m::» a normalized eigenvector mw of the operator
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A, belonging to the eigenvalue A

; or We can repeat the same reasoning ha-

n-2
a subspace E {of dimension n-2), orthogonal

to f . . .
5 invariant with respect to the operator A, and so on

ving constructed in ET

It is i
clear, that this procedure will completed through the con

struction in i
n steps of the desired orthonormal system of eigenvectors

£, , o0 =
1055 .ms Abmm = ywmwu~ which forms, because of its linear

indepen-
dence ([9],Sec,78,Theorem 1), a basis of the space E ’

EXAMPLES AND EXERCISES

1. Let a matrix A = ||
a, be given. i ijot
o Hu H~u 10 given. We considexr the adjoint
a%a
Naf N”
ijii,i=1

* —
vhere a.. = a..(i,§ =
ij uwﬁr~u 1,2,<«.,n). Then, if »p.yw~...~> is the mvmm
A -

tru P Y -
m th tr A ing h
of e ma ix A tak into account the mul tiplicity of the ei

gennumbers), then e X
, 5y .ym. ,»: form the spectrum of >t.

Symbolically

*
c{d) = o(a).

2. The matrices A and >*

{see exercise 1) Qefi
efine on a fixe
normal bases {e o

or ; H‘mw....\msv of the unitary space E" the so-called ad-
joint linear operators A and A" i
» respectively, for which

_ *
(Ax,y) = (x,Ay) for all x,y € ", (4.12)

Thus a Hermiti
mmitian operator A, corresponding to a Hermitian matrix

*
A (= . ;
(=A") is nothing else than a selfadjoint operatox: A = A*

3. Invext the first statement of exercise 2: if A and A are adjoint
operators (in the sense of definition AB.HNVH ’ then on an arbitr
ary

orthoncrmal basis cor
respond to them the adjoi i *
Joint matric
respectively, whme

4. 1f AA* =

*
A"A then the linear
[ LI
normai, perator A (and also A") is called

Generalize proposition 2° to normal operators

5. The matri
trix A of a normal operator A (on an orthonormal basis) is

“ormal, i.e,, it commutates with i joi * *
€ its adjoint: AA = A"A. The converse

of this i
statement is also true (formulate and prove it!)

6. G . A
eneralize proposition 3° to normal matrices

NOTES
n

Indeed,
the coefficients of the characteristic polynomial are
’

obvi .
ious from (4.1), entire rational, vtons

and therefore continuous functions
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of the elements of the matrix. The roots of every polynomial

m. (A) = o P prsnp Fooe +Q=..H>+Q S_ 4#0) dependend continuously on
wnm oommmvowo:ﬁm. The correct meaning of the latter statement is as
follows: if for fixed values o .9H~....9 the different roots

» .» ....y of the polynomial w (A) have the multiplicities

».mm....~mn~ respectively (s +wm+...+m =n), then for arbitrary €>0

there exists & >0 such that forla, % | <& (i=0,1,+++,n) in an e-neigh-
bourhood of each of the number > ﬂbmwm are oxmnnww Sy Aﬂwﬁs regard Mo
scwnwwwwnwﬂwvﬂoonMOm arm mowwﬁoavww w Arv nnn A" L.Qay +...+9=|~»+9=

(k=1,2,-++,x) - for a proof see, for oxmsvwm HH»_. § 73.

2) Clearly, the converse holds as well: if a linear operator A on the
space E" is given, then formulae (4.2) relate to it and to a chosen
basis Amp.mw~....wbv in a unique way a matrix A = =9»u__M.,u~.

3 Here we leave aside the deeper question of the relationbetween the
mulitplicity of the eigennumber A as root of the characteristic
equation |a-AE| = O and its so~called eigen- or geometrical myltipli-

city as eigenvalue of the operator A (see (3], ¢h. viD).

§ 5. HERMITIAN AND QUADRATIC FORMS. LAW OF INERTIA. SIGNATURE

5.1 Now we can procede to consider the Hermitian form

n

A{x,x) = T a E.E. & 5 um: :L.urm.::a a.:
i,3=1 ijci 3 ij

where mw.mw.....m: are complex parameters and w HH j=1, 2,+++,n) coeffi-

cients. Each such form is, evidently, entirely ammwsmm by a (Hermitian)

matrix A = |l a, W
Hu w.u =1

order n and the rank r of the matrix A are called, respectively, the

through its coefficients and conversely, The

order and the rank of the form A{x,x).
One of the important tasks of the theory of Hermitian forms is reduc-

tion of the form to a “sum of squares”, i.e., to the shape

n
2
Alx,x) = Lo In 1, (5.2)
' xlax k

= ﬁwA%v = owwm».vomxmm+....+nswms (k=1,2,--+,m). {5.3)

Hv~m=m the a, are real numbers. Usually, one is

only interested in those representations in which the linear forms

are some linear forms

(5.3) are linearly independent. The latter is, as is well-known, equi-

valent to the nonsingularity of the matrix C = e, N
ik i,k=1"

The reduction of the form A(x,x) to a sum of squares by a linear
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transf i

stormation of the type (5.3) can be realised in different ways
and, in particular, it follows from a geometrical interpretation of the
£
orm (5.1), for example, If, again as in § 4, one considers in the

space E  some basis{e cee
{ 17€2¢ .msv. then every vector x € E" isg repre-

sented in the form x =
mpmu +mwow +...4+& e ., The matrix A defines on

this basis an operator A which will be Hermitian with respect to th
scal i . )

alar product (4.8). Having compared the representations (4.2), (4.8)
and relation (4.9), we convince ourselves that

A(x,x) = m
i,3= »mwumwmu (Ax,x) (5.4)

Now we remember, that on the base of proposition 3° of § 4 there

corresponds to the ei
genvalues »H~»N.....y of the matrix A (i.e., of

the operator A) a system of et 2
Y om=<oon0ﬂw m mm~...~m ) which one can

take as new basis of the space E” where "’

Af. = . - .
1 »HHH.AMH~WMV = mHu (i,3=1,2,++-,n). (5.5)

These -
two bases of the space E  are connected by some nonsingular trans-
formation. Consequently

£
ox G fy t oyttt £ (k=1,2,000,0)

where fl i
Q= ouu w.ulm is some nonsingular matrix (IQl #0). Now for an
arbitrary vector x € E" have

n n n

x= T mw - L& Taq.f. = m ( m £)f 2
= =5 L8 %5ty T U5 = Eonty
k= k=t K gmp K33 g0y ey kR T 2Ty
where
n., = ) voe i=
j auum_+mwum~+ +n=u.m: (3=1,2,+--,n) (5.6)
are linearly independent linear forms.
Taking into account (5.4) and (5.5) we obtain
AXx = n A f, + oo
L RAULPS AR R
(5.7)
Ax,x) = (Ax,x) = ( M z
n.A. f Inf v = LA
ciep DR »H_;_

i.e., the £ i
13 orm A(x,x) is reduced to the sum of n independent squares

We note th. i i i
- at in fact in this sum (5.7) there can be less than n terms
Some of the eigennumbers »-» ‘

s**+, A can be equal to .
difficult to clarify, 2 n zere. It is not

atere . exactly how many terms the sum contains which are
ent from (identically) zero. Indeed
’

tion 30 we have seen (see proposi-

from § 4) that on th
e basgi
agis Amp~mm~....mbv the linear operator A
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is represented through the diagonal matrix

Ay 0
A= »w .
0 X
n
connected (cf.(4.6)) to the original matrix A u__wwuzm 3=1 with some
, 9=

transformation A = lap by a nonsingular matrix T, But then, as is
wellknown {([31,p.27) the ranks of the matrices A and A coincide. But
the rank r of the matrix A is, evidently, equal to the number of eigen-
values (taking into account their multiplicities) of the matrix A
which aredifferent from zero. Now it is clear that an arbitrary otherxr
nonsingular linear transformation of the type (5.3) which reduces the
n
2
form A(x,x) to a sum of squares L Qw_sw_ , and in that way transforms
k=1
the matrix A to the diagonal form

QH Ie)

(0] o
n

also preserves the rank of the form &, i.e.,

19 If ¢ is the rank of the form A(x,x) then in the swn (5.2) there
are, under the condition that the forms :x“nrxﬁxv {k=1,2,+-+,n) are
1inearly independent, always exactly x coefficients & {k=1,2,+++,n)

different from zero.

5.2 It is easy to understand that the reduction of the form A{x,x)
to a sum of squares can be reached in infinitely many ways (even under
the requirement of linear independence of its squares and a forteriori
if this restriction is waived). Hence the following result, proved for

the first time by Sylvester, is of interest.

THEOREM 5.1 (LAW OF INERTIA). For an arbitrary way of reducing the
form A{x,x) (see (5.1}) to a swn (5.2) of independent squares there are
among the coefficients ay (k=1,2,-++,n) alwvays the same number ® (m 20)
of positive and the same number v (v 20} of negative coefficents.

Moreover, T+v = r,where r i the vank of the form A(X,X).

PROOF. We suppose, using proposition 19, that two nonsingular trans-=

formations of the type (5.3) transform the form
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n
A{x,x) = L o,.8. L.
i,3=1 70
of rank r, the first one to the shape
_ 2 2
a(x,x) = o, In 1" +a,In, 1"+ + 2 2
cee - 2
L 51N, v_sw_ th_:wi_ 1...-an_:u_ (5.8)
and the other one to the shape
2 2
Ax) = B le 1248 15 124 e np 1z |12 2 2
1 "1 272 q nﬂ_ ma+~_n&+p_ Tt |mﬁ_nH_ (5.9

where Qw >0, B

n. = L. jae .o i i
3 uﬁxu (3=1,2, ,n) (respectively nu = vuﬁxv (j=1,2,+--,n)) are

. > 0, k=1,2,-++,r and the linear forms (cf.(5.6))

linearly independent. Because of this linear independence the parameters

NyeNysves,n are defined by a unique transform as linear forms in the
parameters n~.nw~...~nn and conversely.

Now we prove that p = q. Assuming at first, for example, that p < g
) ’
we consider the equation which fellows from (5.8) and (5.9)

ntgtm+.2+p_:_w+m Iz 1+ 2
S q+1' "q+l e ¥BIET =

2 2
=B IC "+ | + 2 2
118 q um_ ew+p_sv+p_ +eeeta In | (5.10)

as an identity with respect to th
e parameters oo i i
account that n ﬁw.ﬁw. ~ns e e
¥ g#Nyr=-sn, are expressed linearly through these parame-

ters) .

We considexr the system of linear, homogeneous (relative to
w~.nm~...~nbu equations

n, =0, n,=0,+¢ =0: =
1 2 v , Jmu 0O; ﬁ@+ml0~.... NDHO (5.11)

Thi i
s system contains p+ (n-q) = n=- (g-p) (<n) equations over n vari-

aple e i
es np~ww~ .m:~ and hence it has a nontrivial solution
% *
ﬁu_. w»~ ..sﬁﬁlﬂﬂ\ ﬂﬂ.+.—"0~...~ﬂ5n0.
Ins i i i
erting these values in the identity (5.1o0) and taking (5.11} into
account we obtain

* 2
o=g1g 1%+ up 1% 2 2
115y q' oq! pb+p_3w+u_ +eeetaln 17,
whence ﬂ* = n* = e =¥ o i i i
1 5 = ma = 0, in spite of the assumption.

Theor if i
em 5,1 on the law if inertia is proved.

. In view of the law of inertia it is clear, that along with the rank

oH M:mowgwﬂwm: form important characteristics of it are the number

£ N e

:cacmw Moommwwm positive squares (i.e, with coefficient o >0)and the
mmonowwwmasmmawwc&mamﬁwmmAw.m.zwnvoommmwowm:n

<0) in 5 1
k the representation (5. Nv of the form A (x ’ X) in the mw_m.mum of
a L a
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sum of independent squares, which we shall call a canonteal 3 representa-
tion. These numbers, like the rank of the form, do not change under ar-
bitrary nonsingular transformations(5.3) of the parameters {Theorem 5.1)
or, as one says ,they are Invariants under such transformations.

Wwe note, that in fact, we are not dealing here with three invariants
(r,m,v), but merely with two, for example m and v, since r = TV, In-
stead of these two invariants one often considers two other invariants:
r and ¢ = T-v. The latter value ¢ is called the signature of the Hermi-
tian form A{x,x). It is clear that the signature ¢, like the values r,7
and v, is an integer, but, in contrast to these, it can take negative
values as well. From the formulae

1

1
r = f+v, ¢ = -V, T = MAN+QV. v = Mﬁnlqv

it is clear, that the pairs of numbers (w,v) and (r,0) mutually define
each other and that the integers r and o always have the same parity.

From the law of inertia and the arguments of Sec. 5.1 (see (5.7))
follows the propostion

20 The mumber m of positive squares and the number v of negative
squares 1in an arbitrary canonical representation of the form A(x,x) are
equal to the number (with respect to the nulitplicity) of positive and
negative eigenvalues of the matrix A = __mu..u.__mL.n_ , respectively.

The eigenvalues »-ym~...~y= of the Hermitian matrix A are also cal-
led the etgenvalues of the corresponding Hermitian form R(x,x). In accor
dance to this the determinant |al = ». »»... »: (see (4.3)) is called
disepiminant of the form A(x,Xx). Hence, to nonsingular matrices corres-
pond, by definition, nondegenerate (or regular) forms A{x,x) with a
discriminant which is different from zero (la} %0}, and to singular ma-

trices - degenerate (or singular) forms (lal = 0).

5.3 We show yet one simple, but for the sequel important proposition
39 If the Hermitian form A(x,x) of order n and rank r (>0) 8 repre
sented through whatever method in the shape of a sum of exactly x
squares: m ,
A(x,x) = L Qw_hxﬁxv_ f
k=1
then the forms

- _ = .12
My rxﬁxv onm~¢.o~xmw+ * oswm: (k=1.2, ) (5.12)

ave linearly independent, i.e. the given representation 18 canonical.

Tndeed, by assumption, the rank of the form A(x,x), i.e., the rank
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of the matrix A = a n i

o I Mu*_w.uup is equal to r. The assertion of the line-
ar

ndependence of the forms (5.12) means that the rank of the (generall
speaking, rectangular) matrix C = |j¢ i=1,2,....n i

: Il is also equal to r
i.e., maximal. Now we notethat ki Th=le2peee ¥ .

r X
ALK = LalL ()12 = Zale £ ¢ 2
oy % Ly oy Tk Shd T 70 A W R
n r
= T (Zae.c.)E
1,321 k=1 KKK

Comparison of this identity

i’y
with the original shape of the form

A(x,x)

"
1
W
™
o

shows that
r r
a,.= Lac

S, . = ..n
137 2 %%ki% T E Sy (e3The2eee o) (5.13)

ﬂ =Wnu.w....~ﬂ

ik 'i=1,2,...,n

But relation (5.13) is equivalent to the jidentity

t :
where C~ = Jl¢ is the transposed matrix with respect to C

QH o
t
a=cC c
@, ) c, (5.14)
o} ‘o
r
where C = |Ic, 3=1,2,-00n,
__OWu :W.I.H.Ns...L.w

Assuming n i
on o g now, that the rank of the matrix C (and therefore also of
and C) is less than r, we would obtain from (5.14) Ammmﬁu_.v.mwv

th i
at the rank of the matrix A were less than r, but this would contra-
dict the assumption.

A completely analoguous reasoning shows that the following helpful
proposition is also correct:

n

4% If the form A(x,x) = E
oX) H.wugowumwmu of order n and rank r 18 repre-

sented in the shape of a sum of squares
n
A(x,x) = L g | 2 2
’ xuuew bxkxv_ AQ#.AOV

then in thi

8 sum not less than r terms 3

are differen 1 ;
_— fferent from {dentically
We note that here the linear forms
n, =L {x) =c¢ +

N kT k151 ¥ Caba * o o8y
et subject of any restriction (in particular, it is not assumed

ey are linearly independent), but the statement again
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follows straight from the identity

o 0
a=ct %, <,
0 o
n
here A = lla, II” and € = lc_ N
s =030, 9=1 0 ki'k,i=t

5.4, The Hermitian form A(x,x) is called nonnegative, if A{x,x) 2 O
for all x"uﬁmﬁ.mMN...~m=v and positive definite if A{x,x) > O for all
x*o:b:_f_+;&+:;ﬁtvor

Here we shall confine ourselves just to those facts concerning these
classes - from which the second one is, evidently, contained in the
first one - which are absolutely necessary for further intelligence

(for more details see, for example, {31).

THEOREM 5.2. The Hermitian form A(x,X) i$ nonnegative if and only if
all ite eigenvalues are nonnegative, and it is positive definite if and

only if all its eigemvalueg are positive.

PROOF. If all eigenvalues yw.ym~....>= of the form A(x,x) are non-
negative, then it follows from representation (5.7) that the form A(x,x)
is nonnegative. Moreover, if all yw > 0 {k=1,2,.++,n) then it is evi-
dent from the same representation that A(x,x) > O for x *# O, since un-
der this condition it is impossible that all (linearly independent)

forms :H.Jw.....ss become zero simultanuously (see {5.3)).

Conversely, even if only one of the number yw is negative, say
% < 0, then, substituting in (5.3) parameters mp‘mw~....m= such that

n
Ny =My = oo N g ~ 0 and n, = 1 (the latter is possible because of
the linear independenceof these forms), we obtain from (5.7) that for

the mw,mw....‘mn we mentioned

A(x,x) = y: <0,

ji.e., the form A(x,x) is not nonnegative.

Finally, if A(x,x) is a positive definite form, then, for that reason,

all »W 2 0 (k=1,2,+++,n). If thereby only one eigenvalues is equal to
zero, say yz = 0, then, substituting again m-mw.....m= such that

Ny =Ny=cer =n,_, = 0 and n, = 1 we would obtain the identity A(x,x) =0
for x # 0, which was impossible.

Theorem 5.2. is proved.
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. COROLLARY 1. A nonnegative form A(x,x) is positive if and only if it
8 nondegenerate. .

PROOF. This follows from Theorem 5.2 and the relation {see(4.3))
_’ = PP
] ymyw »:.

COROLLARY 2. An arbitrary representation (5.2) of a nonnegative form
A{x,x) in the shape of a sum of independent squares contains no negati-
ve squares. The presence in such a canonical representation of exactly
n positive squares (where n 8 the order of the form) ie necessary and
sufficient for the positive definitess of the form,

This statement is obtained if one combines representation (5.2),
Theorem 5.2 and the law of inertia,

5.5, i i
. In conclusion of the present section we consider the case where

a=lla, Nt i i
Hu__H.uuH is a real symmetric matrix: a. NWuMAH.uuH‘N~....:V it

ij
is natural t i i i i
. o consider in this case instead of the Hermitian form
I = . 4)
B mwwmwmu a quadratic forw
i,3=1
n
A(x,x) = L[ a,.f g,
i,3=1 73

wh i= coe
ere the mMAw 1,2, ,n} are real parameters. In this situation, as
one easily sees, all propositions, stated in the present section, re-
main valid, with the difference that for the geometrical interpreta-
tion one must now consider the real Euclidian space " in which the scalar
product (4.8) of the vectors x = +

° mpmH mwmw+ ...¢.msm= and

wr :Hmu.+:mmm.+... +:=o: is defined by the formula

X = s e
(x,y) muw:. + NNJM + + m535<
and representation (5.2) is written in the form

2

n
A(x =
(x,x} z mW:x

k=1
where

= I, =
% i 0 oxan.vnxmmm*.ox:m: (k=1,2,++-,n)

-

are real linear forms.

We hat in th
note that i e sequel (see §§ 6-8, below) all results,even if
we f iti v
ormulate them for Hermitian forms, remain valid for quadratic forms
as Py
well; we shall not especially memorate this by that time

EXAMPLES AND EXERCISES

1. Pi :
Find the rank r and the signature o of the Hermitian form
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2 P - -

Here
3 01 2 3-x 12
A= 1 o olr=2, laXel=| 1t - O =
-2i o0 ¢ -2i 0 -

3

- 21200 ~A0Z -1 = s nZ e

The eigenvalues are : f = WG+ v29) >0, »mu.wlwo\u\o.v <0, »u = Q, Thus

(see proposition 20) q=1, v=1i, so the signature o=0.

5. We consider a so-called Hankel (real) quadratic form (to such

forms § 12 below is dedicated)

n-1
r s..,.8.E (5.15)
+! k
u-WﬂO J k3
of order n with the matrix
s, Sy e S,
T = I DR
n-1 """ j+k  j, k=0 . . . ‘

s vos s
n-1 ®n 2n-2
If, in particular, the numbers mo.mp.....mm=|m form an arithmetic

sequence

moum: mnnwiu. mwnm+wa.2: mwslmnw.lwslwva.

then the rank r of the form (5.15) for 4d=0 is, evidently, equal to 1,
if a # O (but what value has the signature in this case?) and O if a=0.
For 4 + O the situation is different. Prove, that in this case for ar-
bitrary a (and for arbitrary n 22) the rank of the form (5.15) is r=2

and its signature ¢=0, i.e., n=y=1.

3. Is the representation of the Hermitian form A(x,x) of order 3 in
the shape of the sum of squares
2 2 2
A(x,Xx) = _mﬁ+mm_ | |

- l2g, ~E41° + 128,48y

canonical? Which rank and signature has this form?
Solution. No, r=2, 0=0.

4. For what values of the real parameter a is the quadratic form
A3 = (a2 +1) B2 +2(a-DEE,
nonnegative? What are rank and signature of the form A(x,x) for these a
and for all other values of the parameter a?
Solution. a=1, r=0=1; for a%1l: r=2, g=0

TRUNCATED FORMS /33

H NOTES
In the notations A(x,x) and ﬁxAxv the symbol x represents, as in

§ 4, a set of n numbers (vector): x = Amu~mm‘...~m=v. Relation (5.2) is
understood as an identity with respect to the parameters m».m PERRIN 4
2 '>n°

2) "
We note that in proposition 3¢ from § 4 there was proved only the

existence, but by no means the uniqueness of such a system

3)
Besides, sometimes more special representations, on which we shall

not dwell ~—0Hms are called canonical H.W”Hmmmuu.—nmﬂu..oum-
Dv
Sometimes under a Q:WQN'WAUH..O form i cod an expression
s underst i

w.wnawwumwmu~ where it is not required that the ooomnwowobnmmwu

parameters mw are real. However, we shall always assume that these con-
ditions are satisfied.

and the

§ 6. TRUNCATED FORMS

6.1 Along with a given Hermitian form
n
A{x,x) = T a, .t
1,3=1 1747
of order n with discriminant |A| we must often consider the so-called
truncated forms
k
A (x,x) = L a E.E,
i,3= 114

of order k (k=1,2,++.,n) {(induced by the given form) with discriminant

- k
>x det =wMu__M.una (k=1,2,+-+,n-1).
It is = z
natural to put rsAx.xv = A(x,X), >= = ]al. Moreover, it will be
convenient to assume
A = 1.
o

The numb ‘s 3
exs >o.> H.Dm. .>: are called the successive prineipal minors

of the form A(x,x).
In the sequel the comparison between "adjacent" truncated forms

§X+HHX~XV and bﬁnx~xv {k=1,2,-++,n-1) will play an especially important
role,

LEMMA 6.1 (THE BASIC IDENTITY). The form
k+1
yx (x,x) = £ a, k.
+1777 13518
) i9=1 7 3
©f order k+1 is connected to the truncated form
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A (x,x) = wmmm
k i,9=1 ij7i7)
of order k (k=1,2,++-,n-1) through the identity

yx+HAx~xu = ywﬁx~xv +

* .w. T TELYR R L NS Aw i, ket T Y B 2-
- w m?wif+.t+wx.x+umx+?w mf?wl-:mf;w . 6.1
PROOF. This is reduced to a direct calculation:
W 2 ker®1 v o bkt A.w At et T Ve M - .
- .w et bkt AW et ket~ Do =
- 3 oA bt G a kel et T :mw,r;
x BRRL NP G et ket * Vs g
- 3 Bt A en % et ot~ Dt g
x et Ak, ek * H 241, k+1 %
K X _ _ 2
= Hmp i, w+Hmwmv+x * »mpmx+p.wmw+_m»¢.mx+p.w+_ bieat ! .

Having added to this sum the form

k
(x,x) = & a..§. m
By et
we obtain
k+1 _ A u
= A X,X).
CL a4tk K+
i,j=1
COROLLARY. If the rank of the forms A, (x,X) and vwﬁx.xv are equal
10
then
to 1y and £, respectively,
6.2)
- < 2.
(oY Nx+~ Nx £ 2

Indeed, from comparison of the matrices >w+~ and »w of the conside-
i i 6.1) and pro-
red forms it is clear, that Lt 2 £y but from identity ¢
positions 1° and 4° of § 5 it follows that

Tieg " T 52

6.2 Unlike the absolutely elementary algebraical Lemma 6.1, the next

lysis.
Lemma has an analytical nature and it relies on facts from the analy
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Lemma m.w.mv If under continuous variation of the coefficients of 3

the form "

A{x,x) = z W..m.m.~
i,9=1 70

its rank r remains invariant, then the signature o doesn't change either.

PROOF. The rank r of the form A(X,x) is equal to the number of its
eigenvalues which are different from zero, taking into account their
multiplicities (§ 2, proposition 2°), Let for some fixed value of the
coefficients of the form among its eigenvalues there be w positive and
v negative (r = m+v, ¢ = ®-v) and the remaining d(=n-r} equal to zero,
As the eigenvalues of the form depend continuously on its coefficients
{Sec., 4.1), then for a sufficiently small variation of these the eigen-
values which are different from zero retain their own sign, but none of
those which are equal to zexrc becomes different from zerxo, as this would
cause an increase in the rank of the form, which would contradict the
conditions of the lemma.

Thus in a small neighbourhood of an arbitrary set of cocefficients the
signature of the form remains constant. Hence, since a segment is connec-
ted, the signature remains constant if the coefficients of the form are
continuous functions on a segment Hd ,T] and the rank doesn't vary on
pno~6_ {cf. note wvv

6.3 Returning to the truncated forms, we can now, using the Lemmas
6.1 and 6,2, provide a more precise description of the character of the
variation in the signature at the transition to the form A (x,x) from

k+
the truncated form bwnx~xv and conversely.
The answer to these questions is given in the next three theorems.

THEOREM 6.1 If in relation (6.2} equality does hold, t.e., if

Tt = nw.+m. then the signatures of the forms wr+HAx‘xv and »xﬁx~xv

cotneide: = .
HEF Oha1 T %
PROOF. We assume that on the righthand side of the basic identity

the form bwﬁx~xv is represented in the shape of a sum of r, independent

k
Squares (§ 5, proposition 19). Then (6.1) turns into a representation of
the £ i =

orm »W+» in the shape of a sum of Hx.vm squares, But as T, +2 LIy
by assumption, these squares are, according to proposition3® of § 4,
linearly independent. Returning again to identity (6.1), we see that
the form »x+pr~xu has gained in <¢omparison to yxﬁx.xv one positive

and one negative square, whence, according to the inertia theorem, also
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follows the identity 0, ,, = O-

THEOREM 6.2. If the ranks of the forms wx+pﬁx~xv and wwﬁx.xv are

equal, t.e., r = r , then their signatures are equal as well:

k+t k'
O%+1 = %
PROOF. We represent the form vx+~ﬁx.xv in the shape of a sum
HW 5
PwiAxLa = La,lL (x)] (6.3)
-4 J 3
=1
of £, independent squares (§ 5, proposition 1°), and then we insert in
this identity mx+p = 0. Then the form bx+pax.xu on the left turns (see,
for example, (6.1)}) into »Wﬁx.xv. and on the righthand side of (6.3)
none of the squares is annihilated, as in the opposite case the form
>x935 of rank T would be represented in the shape of a sum of less

than ry squares, which is not possible (§ 5, proposition 49),

Thus we have obtained a representation of yxﬁx~xv in the shape of a
sum of ry independent (§ 5, proposition 3°) squares with the same coeffi-

cients Quﬁunp\m....‘uwv as in (6.3). Hence the equality Ol = % holds

In the theorems 6.1 und 6.2 the two "extreme" cases in inequality

(6.2) have been considered, The remaining *intermediate" case, where

sl = Nx.fa is settled by

THEOREM 6.3. If the rank r, . of the form A, (x,x) exceeds the rank
of the truncated form rwa.xv by one unity, <.e., Tyl = T+ 1, then
for the corresponding signatures Or1 and %y holds _o_A+H uox_ =1, t.e.,
etther Ot = qw+H or g, 4 =0 " 1.

PROOF . 4 The proof relies on the continuity argument of Lemma 6.2,

Let r = nx be the rank of the form bwax.xv. »mwrwmmOHBamvmnamo:ww

on the parameters m—.mm....-mx there exist linearly independent forms

bunxv (j=1,2,++-,r) in these parameters such that
4
2
A (x,x) = I a.lL. (x}]
xA . s=1 304
with Qu + 0 (j=1,2,+++,r). Define forms P,N in the parameters

Mmews.o-mf+m

1
PO = 2y a8yt et @ B T P e

1
NGO = @) g8yt 4 ay bt G ay g T Dy

First, we deal with the case where either P(x) or N(x) is a linear com-
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bination of v»axv....~bwaxv. If, for example, N is a linear combination

of L,,+++,L_, then N de ees i 1 =
1’ +L, pends on mu. .mx only (i.e., 3 mx+u.x+a -1=0).
We awote that for each t the Hermitian form
~(t) 2
B 7T (x,x) M A (x,x) - w..._zcc_
)
is of rank less or equal r ; on the other hand, as the matrix asso-
: : ~(t
ciated with wH VAx.xv is an extension of the matrix rw. the rank of

manv ~ (o)

(x,x) must be r. As B {x,x) = »wax~xv. it follows from Lemma 6.2
~(1)

that the signature of B (x,x) is equal to the signature of ywﬂx~xv.
that is, equal to ¢

g1

We write

T . 2
Ax‘xv = I WH_ﬁMA*v_ ’
i=1

k*

where wpnxv‘...~wmgxu are linearly independent linear forms in the para-

~ -~

meters § ,-+-,& . Then L, (x),.--,L_ (%}, P(x) are also linearly indepen-
p» k 1 r
dent, as m.mx+m.w+— +1 % O, so P(x) does depend on mx+p. Note that

& 1 2 ¥ . 21 2
J...i?zc =B Ax.i._.mm.:a |.m mu_rwcc_ +m_3x:
i=1
so the signature qw+~ of yx+pﬁx.xv must be equal to qw.*_. In the same
way one proves that Opg1 = ox.uu if P is a linear combination of
b-...~bu.
Next we assume that neither P nox N is a linear combination of

b-....bm. For O & t § 1 we define the Hermitian form maﬂvax.xv by

r
t
B ) = = au._pu.cc_w,, (1-t) [P(x0) 1 - £ Ing) 12, (6.4)

j=1

Note that wHH\NVAx.xV = yx+~ax~xv. and that both wAOVAx.xV m:a wﬁnv

must have rank Hx.+H = r+1. Below we shall prove that there exists

exactly one O < ﬂo < 1, such that the rank of wAnvﬁx‘xv is equal to r+1

(x,x)

t
forosts1, t+ ﬁo. and the rank of wA oVAx.xv is less or equal Hnun.
1
Let Jovrm. Then the rank of mAﬁwa.xu is r+1 for OMnMW.~ and from Lemma
6.2 follows that the signature o of the form wx+ﬁax.xvn wAH\NVAx~xV

k+1
15 equal to the signature mm wAOVAx‘x.. From formula (6.4) it is clear

nwmm the latter is egqual to o, *+1, as for t=0 formula (6.4) defines
Qo
B

(x,x} as sum or r +1 independent squares. So Oep= 9 *1l. Inan
wwwWoo:osm way one proves that et is equal to the signature of
B (x,x) if no < 1/2, and in this case if follows from (6.4) for t=1

(1)
that the signature of B' ' (x,X), and hence Oyt 1S equal to o -1.
It remains to prove that the rank of wﬁnv (x,x) is equal to r +1 for

k
all but one o £ t £ 1, Clearly, the rank of wanVAx.xv must be less than
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r+1 for at least one t=t_ , because otherwise it would follow from

o
Lemma 6.2 that the signatures of onqu.xv and mAHuﬂx~xv which are ¢, +1

k
and Qw..p. respectively, would coincide. We use the method of the proofs
of the propositions 3° and 4° of § 5, and set
huﬁxv = u.Hmp +oeee + Ou wm + ou._i.pmx.vH {(j=1,2,++.,1),

= oo = + eee + -
P = c 181 i ket B VO e 08 Cre2,kt15k+1
. i=1,2,+0,k+1
Note that 5, k+1 = O (j=1,2,...,r). Let C =nup__u -1, L xt2’
i=1,2,-++/k*l ot that
= Moy lyoyi2) 0l per - MOt
9».
¥ = ¢t « © T (6.4.a)
o r
(1-t)
t
As the forms ﬁp~bm~....bﬂ~ P,N are linearly dependent, the rank of C is
H+»
r+1, and there exist cp‘...-tﬂ.tm+p such that nm+m.w = ul- u ji

Let C_ be the (r+2)x{k+1)-matrix obtained by adding a row of zeros
o

to m. Then we have

(o]
]
.
(]
"
B

Multiplying the diagonal matrix in (6.4.a) on the lefthand side with

zﬁ~ and on the righthand side with the complex conjugate mw and crossing

out the (superfluous} last row and column in this product we obtain

Hlnf . -ﬁfﬂm ... . —tp :nl
n |ntwﬂ- len:Mﬂw . .. . . _
) = ¢ : : : S
uﬁ:nﬂw . o, ~tu By St
—tu W n«:uim.m <o mtu e (-e)-tu
~t (£)%

= ¢k “'C. As both €~ and n have maximal rank r+ 1, one sees that the

(t)

rank of B is equal to r+1 if and only if
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Rt it LT “E
>ﬁummﬂ %Anv =det . .
|ﬂrn+~:» e Apunvantn+~:n+p
is nonzero. Evaluating >n (using LY % O) yields
r
ﬁu:_ “Gesea o {((1-t)~tin _N:ILTS L oa,eveq, |y _we ceet
1 72 r r+l j=1 1 j=1""5 3+1 x’
o 1 _ 2 _ 2.0 o
ZOﬁm that A @ c@ceeq v, A CPRRRL _:n+~_ = |_:N+H_ A, As A and

> have opposite signs, and Dn is polynomial in t of aowwmm 2, it follows

that there is exactly one wo between O and lwith A fo = O. This comple-
tes the proof.

REMARK. The Theorems 6.1-6.3 can be considered as special cases of
common facts from the (variational) theory of eigenvalues of linear
bundles of Hermitian forms (see, for example,[3], Cch. X, §§ 7,9).
However on one hand, in none of the accounts of this theory known to
us did we find the xeady-formulated Theorems 6.1-6.3, which are necessa-
ry in order to obtain the basic result of the Chapters II and III,and
on the other hand, it seems attractive to introduce the direct proofs
of these Theorems, using a minimum of tools, without references to the

theory of bundles.

6.4. In conclusion we introduce, following [3], yet one useful pro-
position concerning truncated forms.

10 If the successive principal minor of order r of the form A(x,x)
of rank r Z8 different from zero A> +0), then the truncated form

bHAx~xv = . M QHuMHMu
i,3=1

has the same rank and the same signature as the complete form A(x,x}.
Indeed, the statement on the rank is trivial,as (O%) >H is the dis-
¢riminant of the form buﬁx.xu. If r=n, then the assertion on the sig-
hature is trivial.
Now let r < n, and
A(X,x) = wmpe _bexv_ (6.5)

be a representation of the form A(x,x) in the shape of a sum of inde-

pendent squares.

In (6.5) we insert
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Then on the lefthand side the form A(x,x) turms into wnnx.xu. and on
the righthand side one obtains a representation of the form vnﬁx.xv in
the shape of a sum of r squares. But as the rank of the form bnﬁx~xv is
equal to r ADN 4 0), it follows from proposition 3° of § 5 that the-
se squares are linearly independent. But since (§ 5, proposition 19)

Qx«Au {(k=1,2,+++,r) the signature of bwﬁx.xv is also that of A(X,X).

EXAMPLES AND EXERCISES
1. We consider the form (cf. example 1 of § 5):

2 - = - -
| +mHm~+m_m~+mpm~mw-NHmpmw

and we shall represent it with help of identity (6.1). Here

>uﬁx~uv = A(x,x) = w_m~

(setting mw = Q) we have
2 _ —
A, (x,x) |u_m__ + L8, + EE,

and as a =2i, a = 0,

13 23 = 0, then (see(6.1))

233

2 2

1,.. 1,,.
bu??xv nwwcﬁ.xv +m._wpmH +mw_ ...M_mu.mH |mu_ .

Is the last representation canonical? What are the ranks nu~un‘Hu
and the signatures QH~QN~0u of the forms b-ﬁu.xv.wmax.xv.yqu.xv re—
spectively? Compare the results with the Theorems 6.1, 6.2 and 6.3.

2. We consider the Hermitian form

n-1
£ c EE  (c_ =c,p=o0,1,--7,n"1) {6.6)
prq=o DI P P P
of order n (such a form is called a Toeplitz form, § 16 is dedicated i«

these forms). Let n=4 and let the matrix of the form (6.6} have the

shape

o} o 0o -i
% © S-2 %3 "

o] o} o] o}
c, S, 4 . - .

= r

ow < oo OIH ) o o (o]

i [} [}
€y €, € ©C i o}

i.e., the form (6.6) is reduced to
A, (x,x) = ig By +ig £,
(take notice of the unusual way in which the parameters are indexed;
however,we have already seen this in exercise 2 of § 5).
what is the signature Qn of this form and how does it change under

transistion to the (Toeplitz) form

Ag (k%) =1 T, +4E £, 16, E +iE 8, +TEE +EE,
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with the matrix

(¢} o O -1i [
O 0 O O -i
o] ] o o] Q '
i o] [o] o} o
[ i O o0 o

where { is an arbitrary complex number? How do the rank r_ and the sig-

5
nature om of the form wmAx.xv depend on the parameter {?

3. Is it possible to determine the signature N of the (Hankel

- see § 5, exercise 2) quadratic form
2 2 2 2
prx~xv = mo - m~ + mw + mu - mmOmm + mmumu

with the matrix

1 o -1 o}

b» - o -1 o) 1 ,
-1 (o) 1 (o}
o] 1 (o) 1

by considering a somehow more simple quadratic form?

HINT. Apply proposition 1°.

NOTES
1 The stated corollary represent in itself a very special case of a
general proposition: if an arbitrary (even rectangular) matrix is bor-
dered by a row and a column the rank of the newmatrix is either the
original rank or it exceeds it with not more than two units. And this,
in turn, follows from the evident fact,that under the addition of one
arbitrary row {or column) to an arbitrary matrix the rank of this ma-
trix cannot increase by more than one unit.

2
) Taken from [3], p.2Bo. But the proof mentioned in [3) is to our

mind presented in an insufficiently convincing way.

3)
The exact meaning of this condition is the following: the coeffi-

owm:ﬂm wwuHuMwaﬁw~unp.m.....:u mmmoo:nwﬁcocmmﬁ:onwOmemmummHum|
rameter t, which runs trough some segment Hd0~eu. From the proof of the
lemma the reader will see, how one can generalize this condition and at
the same time Lemma 6.2. Indeed, the proof of Lemma 6.2 shows that the
signature is locally constant on X, if the coefficients of the form are
continuous functions on the topological space X, and the rank of the

form is the same for each value of t € X, If, X is, in addition connec-

ted, then the signature will be constant on X {in coordination with the
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3)

author the present text of note , just as the proof of Lemma 6.2, was

somewhat modified compared with the original-tranglator).

4 The present proof differs from the proof in the original, as the ori-

ginal argument was not entirely convinecing [Note of the translator].

3) The method of constructing "intermediate” forms we use in this proof

~(0) ~{1)

is called a homotopy, and the forms B {x,x) and B (x,x) are called

homotopic.
§ 7. THE SYLVESTER FORMULA AND THE REPRESENTATION OF A HERMITIAN
FORM AS A SUM OF SQUARES BY THE METHOD OF JACOBI.
7.1 We return to the Hermitian form
n

E a, .b.&.
i,=1 737 )

A(x,x) = A (x,x)
n

with discriminant |A| = >= and to the truncated forms wrﬁx.xu with dis~-

criminants
k
= det = eee n=1 1.
D_A de __WHu__P-uﬂw (k=1,2, yn=1), DO

For the simplification of subsequent notations it is appropriate to

Hp-ww~..,~ww
p
in the beginning (see § 1.1}, denoting in this way furtheron
<
z

expand somewhat the use of the symbol A , introduced in

U.H~U.Msoo-u.
any deter

minant of arbitrary order p(- n), consisting of the rows of the matrix

P and the columns with index up~um~....u®. Here

in neither set the indices are nessesarily arranged in increasing order

A with index H».wm....‘w

and recurrences are possible (and for p > n, clearly, inevitable).

THEOREM 7.1 (SYLVESTER FORMULA). If for some r{l < r £ n) we have

DH * 0 then
. w~H mpm . e e mHH wnﬁxv
. a,, ay, e e . ay, »n*xu
Alx,x) = - — . B [ . . +
DH a a a A (%)
rl r2 v rr b
vpﬁxv wwau e . wxﬁxv o
L n 1 2. .. ¢ i _
o £ A £.E. (7.1)
r i, j=1 1 2... 1 3 3
n
where the »uﬂxu = £ mpumu (3=1,2,+++,n) are linear forms.
i=1
PROOF. For the ascertainment of the Sylvester formula (7.1} we mul-

tiply both sides with >1 and we bring the first term on the righthand
side to the left. On the lefthand side we obtain

11 12 <o
d1 223 ook
A(x,x)d  + . . o e
r
31 %2 v
»»ﬁxv wmﬂxv . . .
By . L. ¥y | M
Ay 8y v - - A, Pwau
a, ., -~ oA >nﬁxu
o] [¢) e e . O Ax,x)
81 %42 T
W.MH N.Nw o« e e
a1 %2 v
wﬁﬁxv wwﬁxv e
a5 %12
a2 32
81 a2
n n
La,k, L a,t,
i=1 i17i i=1 i2°i

1r

2r

ry
»nﬁxv

11
21

rl
PHAxV
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3

wpﬁxv
bmAxv
wmﬁxv
0
PRSI wun wwﬁxv
“ e . wwn WMAxV
PR mHn >Hﬁxv
. . . >nﬁxv o)
wpﬁxv
bwav
wnﬁxv
A(x,x)
s p—
a La g,
ir j=1 1373
: pa—
a L a, b,
2r =1 wumu
n —
WNH L Wﬂ.m.
j=1 17)
: —
a, k. Z a,.t. E
1 ir’i i,9=1 ijri

Applying to the last determinant the addition theorem, we partition it

2

in n” terms, each of which has the form

314
221
mnu

a4

212 - -
B - -
QHN . s o

a, [
i2

“1r 213
Br %25
a a_ .,
rr rj
a, a, .
ir ij

£.8. .

AH~qu~N~...~

The sum of these expressions over all i and j gives

n
b
i,3=1

12
i

“ee r 1

ver

| 5

nj.

(7.2}
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which was to be proved.
We note, that for r=n all terms of the sum (7.2) are equal to zero
and for r<n all terms in it vanish for which at least one of the indi-

ces i,j does not exceed r.

COROLLARY. Let the rank of the foxrm be equal to r and Dnufo Then

agq wgw “ . mpn >HAxv

. muu a,, PR a,, vmaxv
A{X,x) = - = . . « . . . . 7.3
4 —_— .
% ) T qrr >H?nv

v_ﬁxv ymAxv o .. wﬂﬁxv o
In the literature this relation is known as the Kronecker identity.

7.2 If the rank of the Hermitian form
n
A{x,x) = z

i,j=1

£ 7.4)
1 mu (

WHU
is equal to r (15 r § n) then this form (see § 5, propostion 1°) can be
represented in a sum of r independent squares. In some cases such a re-
presentation can be realized in a very simple way through standard for-

mulae. In particular, we shall consider the Jacobi method.
THEOREM 7.2. Let the rank of the Hermitian form (7.4) be equal to r

and >_#O. bm*o. eee, Dm*o. We denote xHCc = bixf

a a e e s @ a

11 12 1,k-1 1k
a1 q2 vt F,yk-r %
XWAXV =1, . o . . . . (k=1,2,+--,1x}.

qe1,1 ¥%-1,2 7 7 %,-1,k-1 -1,k
A (x) A (x) ... A A (x)

Then r 1 01’
AGex) = T R A
k=1 "k-1"k

(7.5)

PROOF. Starting with the pattern the Kronecker identity provides, we

define the Hermitian forms

R T S T 7Y
. a,, 2y, P a5 »mAxv i
wwa,xv = - MM . . . . . . o (k=1,2,--4,1)
3, a., e e By bwﬁxv
prxv wmAxu .« o mxAxv o
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We multiply both sides of each of these equations with A|>xv respecti-
vely, and then we apply to the determinant on the righthand side the
Sylvester identity in the shape of (2.5) (see § 2), where k +1 plays

the role of n in the given case. We obtain

vwxﬁx~xv>x>w|u = >xﬁnwxv~nx.xv>x|_v - anxvanxv (k=2,3,--+,r).

We rewrite this sequence of identities in the form

. 1%, (x) 12
B,(x,x) = B, (x,x) +
2\ X ’ ’
1 3,4,
. 1%, () 1°
B,(x,x) = B, (x,x) +
w r’
2 8,8,

L T Y N I T S

. . .w.
_xuaxv_
>H|H>H

quxva = WNvHHx.xv +

Supplement it further with the directly verifiable identity
Ix, (x) 12

>o>p

wﬂﬁx~mv =
and add all the extracted identities termwise. Then, after simplifi-
cation, we obtain
2
r _waxv_
B (x,x) < z .
L k=1 Sx-1%

It remains to note that, because of the Kronecker identity (7.3),

wnax~xv = Alx,x).

REMARK. On the strength of proposition 3° In § 5 the linear forms

x~Axu~xmﬁxv....~Nwav are linearly independent; it is not difficult to

¢convince oneself of this directly.

EXAMPLES AND EXERCISES

1. Let the Hermitian form
2
|

At =218, 1%+ (140)8 B, + (10T &, + _mw_~+ 265, + 2 L,

with the matrix

2 1+i 2
A= 1-i (o] (8]
2 (o] 1

be given, Represent A(x,x) through the Sylvester formula (7.1) for r =2
(here 45 = l_H+M_~ = -2 % 0).
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2. For the form
2 = T 2 - = - =
A(X,X) = m_m~_ + 2+H.;mpm~+ :-tm»mw+ _mu_ +mmpmw +~mamu +mmmu+mmmw

with the matrix

2 1+i 2
A= 1-i (o] 1
2 1 1

which is a slight modification of the form in exercise 1, the identity

2 1+ T + :+tmw+m.mw
Afx,x) = .w 1-i o (1-1)F, + T,
wm~+ Clwumm+mmu :.+u..vm~+mw o

holds. How can one check it without developing the determinant on the

righthand side?

3. Prove, that for the real (Hankel) quadratic form

n=-1
Af{x,x}) = ¥ s.,5.%5
jek=o IHKTITK
of order n(22) with the matrix
s S, « « « S a atd . . . a+{n-1)ad
o 1 n-1
s S, « + + S a+d atad . . . a+nd
1 2 n -
- + PP + -2)d
Spei Sp v - - Sopez a+t{n-1)d a+nd a+(2n=-2)

the canonical representation

-1 2 n-1 n-1 2
_Hm AmJ%m._ T b Amlu.iv&mu -(atd) L EJ.n:mu
j=o 3 3=0 j=o
wﬁx.xvﬂ |

a mmw

is correct for a#0Q and d*0. In particular, for n=2,

2 2.1 2_422
Alx,x) =af_ +2(a+d)g &, + (a+24)E) -MTmo,f ﬁ&EL =

HINT. Use the result of ex. 2 in § 5 and the Jacobi method (Thm., 7.2

§ 8 THE SIGNATURE RULE OF JACOBI AND ITS GENERALIZATIONS.

8.1. In various propesitions in the theory of Hermitian and quadrati.
forms the problem often arises to determine the signature g=m-v of th
form A(x,x) (see Sec. 5.2) without representing it as a sum of indepen-
dent squares. In this section rules are proved, which in some cases
allow to detexrmine the numbers T and v if the rank r and the successiv

principal minors (13} DOET...:D& of the form A(x,x) are Known.
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First of all we shall formulate a direct consequence of Theorem 7.2.

THEOREM 8.1 (SIGNATURE RULE OF JACOBI). [f the rank of the Hermitian
form n

A(x,x) = T a, £k,
1,3=1 2

18 equal to r and the successive prineipal minors bew...:bHLBn are
different from zero, then

T = V:‘DH~DN....~>NV~ v = <:~DH.>N~...~>HV (8.1)

where the symbols Pand V denote, respectively, the number of sign
permanences and the number of sign changes in the set standing betwesn
the parantheses behind these symbols.

PROOF. This is derived immediately from formula (7.5) and the remark

on Theorem 7.2 1)

8.2. For all its attractiveness the rule of Jacobi has the evident

defect, that it relies on the highly restrictive conditions

DH_.*O~ A F0,---,A *0, >H#O. (8.2}

2 r-1
The violation of only one of these already deprives not only formula
{(7.5), from which we have derived the rule of Jacobi, of its meaning
{this obstacle, as is evident from the note HW can be
avoided) but alsc expression (8.1), Therefore, still in the last cen-
tury, the question arose whether it is possible to preserve rule (8.1)
also in those cases where some of the minors >H~>m. .- ..>H are equal to
zero. The exact statement of such a question is:

If the signs plus or minus are known of those from the minors

{13) DO~D->N<...~DNIH-DH (8.3)

which are different from zero, can one under this condition prescribe
signs plus or minus for the other minore of (8.3) (Z.e., for those
equal to zero) in such a way, that identity (8.1) remains valid?

In oxder to show the nontriviality of this guestion, we shall start

with a negative result, which is usually cited in textbocks (see [3]).

EXAMPLE 8.1. Let a and b be real numbers, a+b, ab #0} we consider
the quadratic form
2 2 2
Alx,x) = af] +ak, +bES +2a(E £, +E,85 +£,E ) (8.4)

of order n=3. Its matrix
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a a a
A= a a a
a a b
has rank 2, whereas
a a| _ . -
b, =1, A = a(t0), b, = 7w mf =0 (i.e., &_=0).

It is easy to transform the form (8.4) to a sum of independent squares,
writing it in the form
2 2
= - 8.5
Alx,x) = a(f, +&,+E,)" + (b-a)g, (8.5)

We fix, for example, a >0. Thus in the set >o. >»~ >w are fixed the de-

terminants >o. A, and (a forteriori) their signs. Meanwhile , choosing

1

b>a we see (from (8.5)) that the signature g of the form A will be
equal to two (w=2, v=0). If b<a, then 0=0 (s=1, v=1).

In this way, if A_ = O, then even if all other minors >o.>H~

r 2%, .

define the

....>n-~
are different from zero, their signs cannot, in general,
signature of the form A(x,x). Therefore, searching a generalization of
Jacobi's rule at the expense of Xelaxation of conditions (8.2), the

last of these ADn*ov always remains in force.

8.3. Already in the second half of the XIX-th century at first
S. Gundelfinger [26] and later G. Frobenius [19] succeded to generalize

Jacobi's rule to the case where in (8.3) there are isolated zeros, i.e.,
x =0 Ay

-1 ¥ O By = By K42
present the rules which correspond to these cases, deriving them from

the Theorems 6.1-6,3 ( cf. [38]).

+ 0 (5. Gundelfinger) or isolated
=0, A

for example >xn~ ¥0, A

pairs of zeros: & # 0 (G. Frobenius)., We

}

THEOREM 8.2 (GUNDESFINGERS wcvwvu Let in the set

= cee (8.6)
S N L YA WL
of successive prineipal minors of the Hermitian form
n
- 3 8.7
A{x,x) E 2,488 (8.7)

i,j=1
of rank xr (1s$r<n) one of the minors be equal to zero, but the two
adjacent minors different from zero:

= . 8.8
>x|~ %0, Dx 0, >W+H * 0 { )

Then 8, .8, ., <0 and the signature rule of Jacobi remains valid,
whatever stgn (plus or minus) is written for the (vanishing) minor b

PROOF. We consider the ﬁnczomnoa forms

k-1 x _
= 's ’ = z NN-
mwupnx.xw H~wn~WWumwmu vwax x) Hhuuﬂwwu 155
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k+1 _

>w+»Ax.xv = M.Muwmwumw 3

with discriminants >wnp. >w and >_n+H~ respectively. The rank of the
(nondegenerate) form =#|HAN~xV is equal to k-1; such is also the rank
of the degenerate H>x = 0) form bxax.xv»v. The rank of the "extended"
(and again nondegenerate) form y#+mﬁx.wim k+ 1, So Theorem 6.1 allows
to assert, that the signatures of mx»uﬁx.xv and >x+mﬂx.xv coincide, and
as two units makes their ranks equal, the form »x+~ﬁx.xu has exactly
one positive square (i.e., one positive eigenvalue) and exactly one ne-
gative square (i.e., one negative eigenvalue) more than the form
thuﬁx~xv. Since the discriminants >th and >x+ﬂ. respectively, are
equal (see(4.3)) to the products of all eigenvalues of the truncated
forms, the signs of these discriminants are opposite (in the composition
of the factors forming >x+p. there enters one "extra"negative eigenvalue):
B-1841 < O-

It remains to note that, having written for the minor Dx an arbitra-
ry sign, we obtain in the set

(12) BoByrves oty (ol by

exactly one change of sign and one permanence of sign more than in the

set

(1=) DO~DH~ o.->ﬁlm~
i.e., for the form yw+HAx.xu Jacobi's rule remains valid. This rule is
also correct for the whole form Alx,x) = w:.x‘xv if all further "exten-

ded" forms mx+mﬁx.uv-....>ﬂﬁu~xv are nondegenerate. Then at each transi-
tion from vB+HAx‘xv to >a+mﬁx.xv (mek) there emerges either just one
positive eigenvalue (if >E+HDB+N > 0) or just one negative eigenvalue
(if >E+~>3+w <o.

From the preceding reasoning it is clear that Gundelfingers rule can
be applied also in the case, where in (8.6) there are several "isolated"

2¢ros, i.e., if situation (8.8) is repeated for several values of the
index k.

THEOREM 8.3 (FROBENIUS' RULE). Let in the set (8.6) for the form
(8.7) two successive minors be equal to zero, but the tweo neighbouring
minors of thie pair be different from zero:

DXlw + 0O, DW = >x+H =0, >W+m + O,

If one writes for the minors 8, and 80y (arbitrary) identical signs

when 84, ., < O and (arbitrary) opposite signs whena, 8, ., >0, then
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the signature rule of Jacobi remains valid.

PROOF. Again we consider the truncated forms wxupﬁx.xv. bxﬁw.xv.

. .. A
wx+pax.xv and bx+uﬁx.xu with the discriminants A A and

k-1' 2%’ ket K+2'

respectively. The rank of the form A {x,X) is equal to k-1 ADWIH ¥ 0).

k-1
That is also the rank of the degenerate form bxﬁx.xv. and hence the sig-

nature of this form is also the same (Theorem 6.2). The rank of the

form A (x,x) is equal to k+2 (A % 0), and hence the rank of the

k+2
k+1

time it doesn't surpass k, as >w+H = 0.

So the rank of the form rw+HAx.xv is equal to k. Hence (Theorem 6.1}

k+2

form A (x,%} is not less than k (according to Lemma 6.1). At the same

the signatures of the forms »x+pﬁxsxv and wx+wﬁx~xv are the same.

In comparison to wxﬁx~xu~ and, of course, also to $W|HAx~xv‘ the form
bw+HAx.xv has gained either one positive or one negative square (Theo-
rem 6.3). Therefore the form >x+mﬁx.xv. in comparison to bwluﬁx.xv has
gained either two positive and one negative square (if bx|»>x+w < Q) or

two negative and one positive squaxe (if A > 0). It is easy to

xsp>w+m
see that, having written for the minors Dx and >x+»

minus according to the rule indicated in the formulation of the theorem,

the signs plus or

we obtain in the set

A 4

>wlp.%5x. k+1" Tk+2

in the former of the gm:nMOWmm cases two sign permanences and one sign
change and in the latter ommm one sign permanence and two sign changes.
It remains to repeat the same ‘conclusive reasoning that was also in the

proof of Gundelfingers rule - Theeorem 8.2.

REMARK. From the formulation and the proof of Theorems 8.2 and 8.3
it is clear, that they, like the initial rule of Jacobi (see(8.1)) which

these theorems extends, remain valid also for (real) quadratic forms

n
A(x,x) = . m mwumwmu ﬁmwu =2y 1,3 = 1,2,++4,1).
i,j=t
8.4 The results of Gundelfinger and Frobenius suggest the opportunity
of further generalizations of the signature rule of Jacobi. However, in
the general case (i.e., for arbitrary Hermitian and quadratic forms),
a disappointment, as in Sec. 8.2., awaits us here. This is shown

by the following example ([3],p.275).

Example 8.2. We consider the quadratic form

- . 2, . ¢
rAx~xv|mHAmHm¢m~mmwauw.
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where maaﬁnmnnv. a,,r muw are real coefficients which are different

from zero and A is a quadratic form of order four with the matrix

P O O O

41
1 = o, >w =0, 4
equal to 4, the condition DHAHDAV * 0 is satisfied. In contrast to the

Here bo =1, A 3= o, ba = |m~»mmwwww + O, The rank r is
requirements in the Theorem 8.1 - 8.3, however, there are three succes-
sive determinants equal to zero at the same time: >H = >m = >u = 0. We
shall show that the signs of the remaining nonzerc minors A and A, and
even, in general, these minors themselves, in no way anmHMw:m n:M sig-
nature of the form A(x,x).

Indeed, one easely represents this form as sum of independent squares:

2 2 1 2 1
A(x - + = - = 2
(Kex) = ayfy +ags83 F a6 v - Sa (5 -5 ",
From this representation it is clear, that for wmw > o, mwu > O the
signature o = +2, but for wwm < 0, muw < O the signature ¢ = -2,

Meanwhile, in both cases A = 1 > 0 . -a%
I o and >b mmhmwwmuu < 0.

In view of Example 8.2 two classes of quadratic and Hermitian forms
are of particular interest, to which §§ 12 and 16 are devoted, respecti-
vely: the so-called Hankel- and Toeplitz forms (we have met these al-
ready in the form of examples and exercises in §§ 5-7). As we shall see
below (in the Chapters II and I1I, respectively) it is possible to make
a maximal extension of Jacobi's rule for these forms. It turns out that
for the forms of these classes bp\>m~...‘>ﬂ always (even if they are

all equal to zero at the same time!) completely define the signature of
the corresponding form.

EXAMPLES AND EXERCISES

1. Given is the quadratic form of order four

2 2 2 2
Alx,x) = + - -
(x,%) & g2t mmw G 26,854 8, ¢+ 2858,
Determine its signature with help of Jacobi' rule (Theorem 8.1).

Solution, @ = 0O
2. We consider the Hermitian form of order three

Abxx) uA-H+Npum~mw.TA-H-vamwmm.,w_mw_w..Au+Humvmw - 3-0F,¢, - 1g, 12

with the matrix
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o} -1+21 e}
A= -1-24 /2 -3-i .
0 =3+i S {
Here
A =1, A =0, A nu_..~+nu.._~n-m A n_L+m»_m =5
o L | r T2 r =3 *

Hence the form A(x,x) has rank r equal to 3 (is a nondegenerate
form). Since the group of successive principal minors Do =1, DH =0,
>m = -5 contains the isolated zero >w. one has (completely in accordan-
ce to Gundesfingers rule) that >o>w < 0, and, having written an arbi-

trary sign for >» we have
P(Bgrdyi8ys83) = 1, V(e abyrbdy) = 2
i.e.(by Theorem 8.2), m =1, v = 2, 0 = 7=y = =1,
Check this calculation by a direct representation of the form A(x,x)

in canonical way.

3. Determine the signature o of the Hermitian form

2 2 .+ - = - R
A(x,x) uw_mu_ + _mu_ +mwmu+m~mu+mpm»+m~ma+mmm¢+mmm»+mwm»+mump.
Solution. ¢ = 2

HINT. Use Frobenius' rule (Theorem 8.3).

Notes
D Wwith help of Theorem 6.2 one easily obtains another proof of the
sign rule of Jacobi. Indeed, if A>o = 1), >~ + 0, >w £ 0, *°°, Dn + O,
where r is the rank of the form A(x,x), then for k S r the transition
from the form vxupﬂx,xv to bxﬁx.xv is accompanied with an increase in
the rank of one, and hence, because of Theorem 6.3, the form wxﬁx.xv
aquires in comparison to vW|HAx.xv either a positive square (i.e.,

according to proposition 2° of § 5, it gains one additional positive

eigenvalue), and then, following (4.3), & A, > 0, or a negative squarej

k-1"k
and then >xu»>w < 0. Thence follows the rule of Jacobi as well.

2 For the reason of this stipulation see below at the end of Sec. 8.4.

3 For the case of forms of order three, this rule was already known

to Gauss (5].

4 mmbom/mwmom»o:mncwmm of the forms >w1pau.xu and ywﬁx.xv coincide -

see Theorem ,Aw.

~

Chapter II

HANKEL MATRICES AND FORMS

§ 9 HANKEL MATRICES. SINGULAR EXTENSIONS

9. 1
1 A Hankel matriz of ordler n{=1,2,--+) is the name for a matrix

of the shape H =|is -1l >
=g = I M+u__w~uwno where the s, are arbitrary complex num-

bers (k=0,1,2,...,2n-2). One can write more explicitly:

m m m - 3 3
mo ! 2 ®n-2 Sn-1
1 s, S5 cee s s,

= S s s ..

H 4 2 3 4 *n Sn+1 .

S s S “ e
n-2 "a-1 “n S2n-a  San-3
s -1 S s . . s
n n n+1 ‘ 2n-3 mwSlw

From the structure i i i
of m=|~ it is clear, in particular, that a Hankel

matrix is always symmetric. (Moreover, its auxiliary diagonal (some-—
i R
imes called second diagonal) .and also all diagonals parallel to it con-

sist i
of equal (the same for each diagonal) elements). Hence the matrix
H . . . PN
n-1 -S Hermitian if and only if it is real. Sometimes we shall also
consider infinite Hankel matrii by
lices H = i
- =mw+uzm.unQ But at first we

shall study finite matri i
atrices mglu and their so-called extensions.

9.2. An extension of th
¢ Hainkel matrix H is called
s -1 each Hankel
H . n=1+v
=mw+u__w~uno (v =1,2,...),

of whi
ich the left upper cornexr: ("block"} consists of the given matrix

H - n-1
n-1 __mw+u__w.un~. In Qiagram:
s PO
H n m=|~+<
-1 . ...
] . e e .
n-1+vy = Mﬁ « o WM-,— e o o -
s : :
-1+ C e . ..
v wmuvm+m¢

53
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a singular extension of the matrix H _, is called such an extension

of it, that the rank of the extension coincides with the rank of the
matrix H .
n-1

Below will be explained a method for studying Hankel matrices by
means of the construction of singular extensions of some of its "blocks"
and of the comparison of the given matrices with these singular exten-
sions. For the development of the indicated method, however, one must
first of all clarify whether for the given matrix m:np there exist al-
ways singular extensions (if only of order nt+l) and what kind of "supply"
of them. This problem is most simply solved for nonsingular Hankel ma-
trices H_ _, H_mnlm_ $0).

For shortness of notation we introduce the symbol

- k =
UW = det __mm.+”._ =H~un..0 (k = 0,1,++4),

D

such that D is a determinant {a successive principal minor) of order

k
k+1. Moreover, we put

D, = 1.

THEOREM 9.1 (FIRST EXTENSION THEOREM). If H _
* 0), then it has infinitely many singular exten-

1 e a nonsingular
Hankel matrix . _,

stons of order ntl.

PROOF. The problem is to determine extensions m: of order n+l1 and

rank n. We consider the function of two variables

So S R

mm mN « .. m: mb+»
Ubﬂx.<w = . . o . . . .

s..1 Sp . . e Son-2 ¥

Sh Sper ¢ e x Y

The problem, evidently, is reduced to solving the algebraic equation
Ubﬁx.wu =0, (9.1)
and after that it suffices to substitute mNb|H = x, mmb = y and the
desired extension will be obtained.
After evaluation of the determinant U:ﬁx‘<v the equation (9.1) ta-
kes the form (a,b and ¢ are some coefficients)
o=|H<+mx~+ux+n = 0, (9.2)
and from this equation follows (since UBIH # 0) that the theorem is
correct., Moreover, we see that for an arbitrary choice for x = mw=|~
one finds a unique <Aumm=u~ which together with x defines a singular
and all these extensions are characteri-

extension of the matrix m:lp.
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zed by equation (9.1),

REMARK. In the special case were the matrix H _, is real, one is in-
terested in its real singular extensions. Since in this case all the
coefficients in (9.1) are real, the equation (9.2) defines in the
(x,y)-plane a parabola for a#0 and a straight line for a=0, From the
structure of the determinant Usﬁx.wv one sees, among other things,

easily that a = -p .
n-2

9.3 The solution of the problem on the singular extensions of sin-

gular Hankel matrices =:|HAU:|HMHOV~ which is more important to us, is

somewhat complicated.

THEQREM 9.2 (SECOND EXTENSION THEOREM). Let H 1 be a stngular Han-
n-

kel matrix and its rank o 2 (<n). If the principal minor Doy ¥Os then

there extsts a unique pair of mumbers Son=1° Son' defining a gingular

extenstion H of order n+l of the matrix H T
n-

PROOF. In the case p =0 the theorem is evidently valid: Sone1 =Sy =0-
n- n
Now let p > Q. We write down in detail the matrix H 1
n-
s s PO
o 1 Sp-1 |ttt Spoo *n-1
s s ... e
1 2 o ®n-1 5n
s s .« e . s ...
2 3 o+l ®n Sn+1
s s « s . s ..
L -1 % 20-2 Sn+p-3  Snip-2
n-1 = . (9.3)
s s e« . S ..
o [Zen 2p-1 *ntp-2  Snep-1
S s e
fm@» p+2 S2p ct T mb+o|~_ Sn+p
s s . - . s
n-1 n ntp=-2 . ..
- ®2n-3 mw:vw

Since D i i
0-1 * 0, the first p rows of the matrix H 1 are linearly inde-—

pend ™
ent, and the remaining ones are (as the rank of H 1 is equal to p)
a li i i .
inear combination of these. In particular, we write the (p+1)st row

as linear combination of the first p rows, obtaining (v=p,p+1,+++,n+p-1)
p=1
s, = u.mpnu.w,»nulH . (9.4)
We prove that the same formula also holds for v=n+p,n+p+l,+--,2n-2,

We turn to the (+2)nd row of the matrix H . All its elements,

exce o
Pt the last Amb+ov‘ stand also in the previous row (with a shift to
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the right of one position, as marked in the diagram (9.3)), and hence
for these entries formula (9.4) is true. Now we shall verify its vali-

dity for the element s as well. To this end we multiply the second

n+p
row of the matrix msln with Qntp~ the third with Qv|m~ and so on, final-
ly the (p+1)st row with @, we add the resulting rows termwise and we

subtract the result from the (p+2)nd row. If one has considered the
‘formula (9.4), then it is clear, that after such a transformation

(which, clearly, does not change the rank) the matrix m: turns into

-1
* .. . * *
H
p-1 e e e e . .
* ... * *
~ s e e e s s
H o 1= %o o+t ntp=2 ntp-1 '
(o] (o] . e e e o] t
* * « e e . * *
* * o e e e * *
where moan is the "block®” of the watrix m=|H for which det m01~ =
= Uo:h % O; here by asterisks are marked the elements of the matrix

which are not subject to the transformation and have no further signi-
ficance, and

t=s =-Q

s -Q,s ~rer=q
n+p o n+p-1

1 n+p-2 0-1%n"
The rank of the matrix m$s~ is equal to p. Hence its minor

* *
H : _ D L
det p-1 . = p-1 . = oou_ t
»* *
oo ... © t o 0o ... 0 ¢t
is equal to zero, as is each minor of order p+i. But as D * O,

p-1
t must be zero, and thus formula (9.4) is verified for v = n+p. It is

clear, that we can extrapolate formula (9.4) also to v=nip+l,-..,2n-2
by repeating this step.

Now, if there exists a singular extension mb of the matrix m:IH.
then the same reasoning could be extended, i.e., to obtain formula (9.4)

for v =2n-1,2n as well:

=qa_S

+ oo
Son-1 " %%2n-2 F %1%25-3 ta

0-152n-0-1"
{9.5)
m =

+ Foeee d
2n T %%2n-1 ¥ *1%2n-2 a

.

0-1%2n-p
By this it is proved, that the desired extension, if it exists, is de-
fined uniquely by formula (9.5).

It remains to prove the converse reasoning; namely: define numbers
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Sop-1' Sy through formula (9.5) and verify that they define a singular
extension mv of the matrix :s:». But formulae (9.5), together with for-

mula (2.4), established above for v=p,ptl,+..,2n-2, show that also in

the extended matrix m: each row is a linear cambination of the prece-
ding p rows, i.e., in the end they are all a linear combination of the
first p (linearly independent!) rows. So the rank of the matrix H is
equal to p. "

The Theorem is proved.

COROLLARY. Under the conditions of Theorem 9.2, the formula (9.4)

for v=2n-1,2n;2n+1;2n+2; - -+ defines recursively an infinite sequence

of patrs o D ; ie 3 x %
D f rumbers mw:L.mmn,mmui.mmims *+, which provide singular

extension H H oo Of the matrix H_,-
Thus an infinite sequence of elements s .mm.ww.....mm 55 I’
. . o n-2"2p-1""""
is defined, i.e., an infinite Hankel matrix H » which, loosely speaking,

can be considered as a singular extension of the matrix H

-1’ if one
ascribes to the matrix H, the rank 4] uv.
EXAMPLES AND EXERCISES
1. For the Hankel matrix (of order n = 3)
1 (o] 1-1i
mw = o 1-i -3
1-i =3 2+i
we consider the extensions
1 [¢] 1-1 -3 1 o 1-i -3 241,
mu - (o] 1-i -3 241 , H = o 1-i -3 241 o
_ . 4
1-i -3 2+i [o} 1-i =3 2+i [a] 1
—_—
=3 2+4i o] 1 =3 2+i © 1 i
2¢4i © 1 i =5
1 o 1-i -3 1 [s} 1-i -3 2+i
3= o] 1-i =3 2+i , z» - o 1-i =31 244 4]
1-4 -3 2+i [o] 1-1 =3 2+¢i| © (o]
_—
=3 2+4i [o] o =3 2+i 4] (8] [e]
2+i o o] (o] (o]
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1 (o] 1-i =3 2+i (o}
o) 1-i -3 241 (o} 0
mm = 1-4 -3 2+i o o} o
-3 2+i o (o} o (o]
2+1i (o} (o) (o] o) o)
(o] o o) o] [o] o]
1 0 1-i -3
Mw - 0 1=-i -3 2+1
1-i -3 2+i (o]
. 14 46 .
=3 2+4i o] 17 + wa

It is easy to see, that mb is also an extension of the Hankel matrix

that the matrices m» and Mm are extensions of mw w:an&mﬁﬁsmswu

trix mm is an extension of the matrix mu.
2, Verify, that in Example 1, det mm“unn+HA+o. i.e., the rank p of

mw.

the matrix mw is equal to 3. Convince yourself, that Uu = det mw % 0,
i.e., that mu is not a singular extension of mw. At the same time

Uu = det :w

tension of mw.

3. Evaluate in Example 1 the determinant det mw = mu and convince

=Q, i,e., rank H, is equal to 3 and mw is a singular ex-

3

yourself that mu * 0 (just as U.w 4+ 0); compare these results with the

identity mu = 0 and Theorem 9.1.

4. The ranks of the matrices mw and mu of Example 1 coincide and are
equal to 4. Hence the ranks of their extension mb and m» (respectively)
are not less than 4, so these are not singular extension of mm. Are
they singular extension of mu and Hoy respectively?

what kind of extension is the matrix Mm of mm‘ of mu. of mbm

5. We consider the real Hankel matrix of order two

o 1
H =
! 1 o
and its extensions
o 1] O o 1| o} 1
mwuwow, muu»opo.

o1 © o1 0o} 1
1 0O 1 o]

HANKEL MATRICES. SINGULAR EXTENSIONS /59

-0
Q o~
=0

Of=0
10 -

o]
1
o]
-
o]

—
(e}
-
O
—

e
—
o
—
C

N o 11}o o 11 0]0
H, = 1 ojo |, mwu 1 oJo}]o ,
o 0 o © o o} o
o 0o o0 o
(o]
. o
mA = o) e,
&)
(o]
= © 1] © ~ c 1] 0| o
2 1 0] o0 {5s Hy = MIIMWQ ol 1 .
c o 1 o O 1 o]
o 1 o o

It is clear, that the i e 5 .8 .8
B matrices mw~mw~mb~ , as well as mm\mw.mp~...

are singular extensions of the matrix mp (their rank, like that of the

matx H eq’ R (o] -
X 27 is nal 2). ank mN is mnmﬁmw 3 ¢ SO mN is not a m..:ﬂQCHmH ex
e s : M . -
tension of EH . The rank of the matrix mw is also mnmﬁmu. to 3 ACQNHMW\

s ' = . . . I
this!) so mu is a singular extension of H, (but not of mﬁwv

2
The i LR i i
matrices mu.mb~ are alsc singular extensions of m- and as

such (but by no mean i i
Y S as singular extensions of mn_v they are uniquely

defined (Th s =38 = =
(Theorem 9,.2): here :rw.mm|u.mmro“mqn~.mw| s,

An analcguous situation holds for the matrix mw and its singular ex-

tensions H_,H, ,-++: h i =
3By ¢ here again n=3, but mmuo.mmuonmquo.mmuon.... Com—

bare these examples with the result, derived below in exercise 7.

6. Show, that the coefficients «. (j=0,1,+-+,p-1) appearing in rela-

: 3
tion (9.4) are given by the formulae
g
@ =- oIH- a u..mmﬂw a mo
o , oo .
mo 1 mo 23 mo !

where BN =
. mo.mp. .mur~ and mo ﬁlcclp*hd are the cofactors of the elements
o.mo+»~..:mwo|H and s,

H@mwwonw<oww.

o in the last row of the determinant Uo (=0),
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7. In the case of a real Hankel matrix m=|~ which satisfies the con-
ditions of Theorem 9.2, its singular extensions are also real

HINT. Use the result of exercise 6.

8, For the Hankel matrix

o 1 p-1 p n=1
.-
WH wN « s » WD MD+~ n
= e s e =3
Hi1 =0 %1 S0 *° S2p-2 %201 -2
R
So Sp1 tc c S2pm1 %29 nt+p-1
s s e .. S s ... s
n-1 “n n+p-2 “ntp-1 2n-2

of rank p we consider all minors of order p and with the shape

Sg Sar1 * 0 Satp-1
s 8 . e . 8
Daé s a+l a+2 o+p (0 = 0,1, ,20-2p)
P . . « v e e (9.6)
ma+0up m9+n DR me+~olw
To these ninorxs for n 2 2, p < n clearly belong
s Sy e et monu
s 8 [P -
{o) 1 2 p
D .=)A -
¢ p-1 ) p . . e s e .
moaH mo .« .. mnntw
and
s, s, PR mc
(1) %2 %3 SRR TS| .
A =
p . . e e e e
mo mo+H PR munu-
Prove the recurrence formula
pledpled_ yla-) )2, e, 20m20) 9.7

p p o o

HINT. For Dﬁov % O we use formula {9.4) and the result of exercise 6.

1]

For >Mov = 0 and DM»V = 0, formula (9.7) is trivial. If suffices to
1 ,

prove, that the case, where >Mov = 0 but >% ) 4 0, doee not exist,

using to this end, for example, the Sylvester identity (2.6). For a ge-
neralization of the last result, see below in exercise lo.

9, Under the condition >Mou %+ 0 follows from (9.7), that
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>ﬁ~v o

(@) _1°p (o) _ e on
>o = bon >o (a = 0,1, 2n-2p) . (9.8)

P

if >M~u * 0, then (see the hint to exercise8) also Dhov
from (9.8) that al) Dhov $0 (xz1).
Show with examples that for the last conclusion the condition
{0)
A

[

+ 0, and we see

+ 0 is essential.

(o)

[]
>nnv
p

Show with examples that for a > n-p the inequality DAQV

p
hold.

lo. (T.va. Azizov) If A

0, then
=0 (e £ n-p).

+ O may already

HINT. Throw out the first column and the last row from the matrix

mnlm and study in the remaining matrix (again a Hankel one) the minors

bho: (x £ n-p), using again the fact that for >Mov =0 also >h: =0.
; N _ n-1 s
11. If in the Hankel matrix H _, = =m»+u__w~uuo the first h rows are
linearly independent, but the first h+l rows are linearly dependent,

then US|H $# 0 (3].

HINT. Write for the elements of the (h+1)st row the analogon of for-
mulae (9.4) and convince yourself by means of this, that in the strip

consisting of the first h rows all minors of order h are equal to zero

if _uslH = 0,

NOTES .
b Here (and in the sequel - in the full length of the Chapters II

and III) we deliberately change, in connection with the special way of
indexing the elements of Hankel- and Toeplitz matrices, the notation,
used in Chapter I, for successive principal minors: now uw:~ﬂxn0~p.....

n) denotes the minor >x of order k (see Sec. 6.1).
2)

Instead of the symbol r, used in Chapter I, we shall write p for the
rank of Hankel (and in Chapter III also of Toeplitz) matrices, reser-

ving the letter r for other purposes (see §§ 1o and 11 below).
3) .
All its minors of order p+l are equal to zero, as each of these is

bart of a singular extension H (v > Q) of m:

n-1+v -1°

§ lo. THE {(r,k)-CHARACTERISTIC OF A HANKEL MATRIX.

10.1 Theorem 9.2 opens up a way for defining an integral characte-
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ristic for a Hankel matrix. In the sequel this characteristic will play

the role of a very helpful instrument for the investigation of Hankel

matrices.
Let H = |Is, .=m|$ be an arbitrary Hankel matrix of order n
n-1 i+j 'i,j=0
{>0) and rank p (OZ£p £n) and let
(12) o|_~co~0~....‘UHIH‘UH~...\U:|H (lo.1}

be all its successive principal minors. Let in the set (lo.l) the last
minor (reading from left to right) which is different from zero be the

minor D _,. Thus is defined an tntegral constant r (OSr p}):

1

+ 0, D =0 (v > ). (10.2)

D v-1

r-1
Clearly, for r =n(=p) the second of these relations isn't important.

Now we introduce another integral constant k in the following way:
for r=p we set k=0. We note, that the identity r=p, in particular,
always holds for ¢ =0 and p=n.

1f, however, r < p, then we consider the "truncated" matrix

So s e S48,

s, s, SRR S i1
H = . . « . . . . .
r

Sy-1 5r © e Sopn Sppm

Sy Sps1 0t Saper Sy

Its determinant is equal to zero (because of (l10.2)), but its rank is

equal to r, as Un * 0. Thus the matrix mH satisfies the conditions of

-1
Theorem 9.2. Hence, (see the Corollary to Theorem 9.2) there exists a
uniquely defined infinite sequence of numbers

L] L} . " T - e
Sr152e427 S2r43'5orea’ ' {10.3)
A . R . . ... R
giving singular extensions mw+»‘=n+w. of the matrix mH.
Parallel to (lo.3} we consider the finite set

{lo.4)

cees

Sor+1°S20427 Sor+3'%2red’ 777 S2na3'52n-2
of elements of the original matrix mnsg. We note, that this set is non-
empty, as r < n-1 (since r< p <n).

Now we compare the set (lo.4) with the sequence (lo.3). If s, = mo
(v = 2r+l,+++,2n-2) then it would follow that p=r, in contradiction
to our assumption. Hence there exist a uniquely defined natural number
k such that
=5 Sn-k-2' S2n-k-1% % 2n-k-1
(1o.5)

=at =a! «oe
Sor+t = Sore1’ Sore2 T Sors2! + Sopk-2
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Thus, in the given situation
0<ks2n-2r -2, (lo0.6)

and here equality on the right is realized if and only if already

Soe+1 ¥ Srerr

Here it is useful to make the meaning of the constant k understood
by means of the diagram

®2n-3

n-1 *“2n-3 S2n-2

It is clear, that in this diagram the number k indicates the "distan-
ce", i.e., the number of mwmaoswwm~mv from the righthand lower corner of
the matrix m:na to the location of the first (moving from the left to
the right) "wrong" diagonal after the "block" mn~ i.e., the diagonal in
which the elements (for the first time!) do not coincide with those
which define a singular extension of mn. In this interpretation the
Case k=0 (r=p) is not excluded - the "wrong" diagnonal is simply ab-
sent. The abovedefined pair of integers (r,k) shall be called the (r,k)=-
characteristic %) or simply characteristic of the Hankel matrix H T

n-

10.2 As will be explained in the sequel, the parity of the constant

k plays a very important role in the (r,k)-characteristic of a Hankel

matxi i i
rix msuw. At first we consider the case of even k : k = 2m > O (for

k =0 the argument which follows becomes empty). The "truncated" matrix

::nEIH has the shape
S S o . .
o 1 Sn-m-1
B = s s LR =3
n-m-1 ! 2 n-m (10.7)
s
nem=1  Sn-m " ¢ Sapogper

i.e, ~Jm=2 = i
. + (a8 2n-2m-2 = 2n-k-2 < 2n-k-1} it doesn't yet contain the "wrong"
1a it i i
9onal, and hence it is a singular extension of the matrix H uvuﬁvo
r

Yank of the matri i
trix mslstp 15 equal to r and its (x,k)-characteristic
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i.e.,

has the shape (r,0). For the extension mbna of the matrix m:nsnp.

for the matrix

s s .
[¢) 1

s s .
1 2

H = . . .
n-m

s s .
n-m-1 n-m

s s .
n-m n-m+1

this characteristic will be (x,2) already. It is clear, that at each

further step of extension, i.e., at transition to the matrices ms|E+_.
mb|s+m and so on (as long as the size of the matrix mﬁuymanswnm it), in

the characteristic only the second component will change, and also at
each time it will increase by two units,
The situation turns out to be somewhat different for odd k = 2m-1(>0)

The matrix m=|5|» {see(l0.7)) again has the rank r (since 2n-2m-2 =

= 2n-k-3 < 2n-k-1) and the characteristic (r,0). As to the matrix :: '

-m
this now has the shape

Sy s, R Nt S, -n

el 52 ctc Snm ®n-mt+1
H = .
n-m . . « .. . (10.8)

Sh-m Zn-m+l e % 2n-2m-1

$2n-k-1

i.e., its (r,k)-characteristic turns out to be (r,1}. At the transi-

tion to further extensions H +++ this characteristic will

n-m+1 ms|5+m~
change into {r,3), (r,5) and so on, since again at the addition of one
more row and column the "wrong" diagonal, consisting of the element
Sonek-17 will be moved away from the righthand lower corner each time
by two additional positionms.

Summing up this, one can state that ig proved

THEOREM lo.1 Let in the (r,k)-characteristic of the Hankel matrixz
B _, the number k > 0. We denote m = %.mww _ (here [a] 8 the entive
part of a). Then the rank of the matrix - S %8 equal to r and its
characteristic hae the shape (r,0). For the extension B o of the ma-
trix L depending on the evenness or oddness of k, the characte-

ristic has the shape (x,2) for k=2m or (r,1) for k = 2m-1. For all
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further extensions Ho ey ©<VvEm-1) the characteristic for even or

odd x hae, respectively, the shape (r, 2+2v)} or (r, 142v).
EXAMPLES AND EXERCISES.

1. We consider the Hankel matrix (see example 1 in § 9)

1 6 1-i -3
mw - 0 i-i =3 2+i .
1-i -3 2+¢i o
) 14 46
-3 2+ — =
10 w7t

Here

1 o} 1-i

oun
n
[o]
—
]
)

N i -3 = -4+i £ 0, but wu = det H, = O,

1-i -3 2+i

. Ed
so r =3, As, evidently, for mw the rank p is also equal to 3, one has

k=0, i.e., the (r,k)-characteristic of the matrix mw has the shape (3,0).

2. Verify, that for the Hankel matrix

io 1 o 1 o

- 1 0o 1 o 1
B, =}fo 1 © 1 o
1 o 1 o o

0 I © o o

the (r,k)-characteristic has the shape (2,2).

HINT. Compare H, with the matrices mu.z H, and H, of Example S in

4 2°73 4

§ 9 and use the conclusions of this example.

3. Find the (r,k)-characteristic of the Hankel matrix

o] 4 [o 1
mw = || 4 o) 1 o)

o) 1 o} 1/4

1 o 1/4 -6

Solution. (2,1).
HINT. In order to determine the constant k one can use formulae (9.4)

and the results of exercise 6 in § 9.

4. Find the (r,k)-characteristic of the Hankel matrix

1 o 1 o 1 o

ot o t o 1

H = It o 1 o 1 o
5 ot o 1 o 2
1 o 1 o 2 1-4i

0 1t O 21 1-4i 3

Solution. (2,3).
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HINT. For the calculation of the constant k use the result of exer-

cise 7 in § 9.

5. Construct a Hankel matrix with (r,k)-characteristic (0,5). Find
the shape of all Hankel matrices of order six with {r,k)-characteristic
{0,5). Idem that of a Hankel matrix of order n (z 1) and with (r,k)=-cha-

racteristic (O,m), where O $ m < n,

. -1
6. Let in the (r,k)-characteristic of the matrix H =lls, N7
n-1 i+j i,j=0
the component r satisfy the condition I £ r < n. Then the (r+l}-st row
of the matrix is a linear combination of its first r rows ku.

HINT. Use relation (lo.2) and apply the result of exercise 11 in § 9.

7. (Frobenius [19],see also [3], Ch. X, § 1o, Lemma 2 and Theorem 23).
Under the condition of exercise 6 we consider the bordered minors

{(cf. § 2)

b = (4, v = 0,1, +++,n-x-1)
Hv M

m«+c R

and the numbers

b
t — MY (w,v = 0,1,+-+,n-r-1).
w Uﬁlp
Then the matrix T = ||t __H.T.nuH is a Hankel matrix and all elements
n-r-1 uv o, v=0
situated on its auxiliary diagonal and above it are equal to zero, i.e.,
v F Sun (Wpv = 0,8, c7ymor=l); £ =% = = tr-2 = Snor-1 79"
o] (o} . .. O (o)
o 0 ... 0 tor
T = 6 © s tnr Enr+l
n-r-1
o © c o thnorg Son-2e-3
o ﬂﬁnw T nwu|nnnu ﬁmﬁuwmum
HINT. Consider the truncated matrix T = |t =mTH (p=1,2,2++,
¢ p-1 uv -y, v=0

n-r), apply induction to p and use the Sylvester identity (S) (§ 2);

also, use the result of exercise 6.

REMARK. In the original memoir of Frobenius (19] the result,
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mentioned above in exercise 7, is adjoined (more precisely, is preceded)
by a whole row of propositions, which represent an independent interest
We shall adduce these in the following exercises.

8. Let

H - n-1
n-1 :mw+u=».uuo

be a Hankel matrix, let p £ n and

NOsXm....LAWV <0~<ms...~u\@m z

arbitrary numbers. Then the identity

s « v . 8
£ p-1 Yy mo v e mwlm ¥y
s c .. s - =
p-1 2p-2 %@lp mmvlH ... mwwlm <w
%, . e e % z x x
o A N -1 2
s . .
° m@w *s 7
s v e
p-1 *2p-3  Fp-1 Ypi (10.9)
s N
o) MNHVIN un@ <MV
holds.

HINT. Use the fact that the difference between the righthand and

lefthand side of formula (10.9) is a linear form in the parameters

X X eee . : i s
ot Xy ‘xv~n in which the coefficients for xo~xw and z are equal to
zero, so that in fact, it depends only on the p-1 parameters x, ,...,x :
. . H e’ - ’
at the same time, substituting for these parameters s s M:M

v+l .m<+wlp.

X =g = =
o v xv mv+¢ <<+~ (v = 0,1,-++,p-2) all three determinants

in (lo.9) vanish.

r 2 =

REMARK, Identity (10.9) is a special case of the more general pro-
position (see [19]):

For the minors of order p+2 (sn) of each symmetric matrix

A = n-1 . .
:w»u=w.uuo holds the identity

A _ O 1.-.p-2p-1 ptl _u Al 2Pl popu
1 2 ... p=1 p p+2 0 1 ... p-2 p-1 p+2

0 1 ... p-2p-1 p

= A
1 2 ... p-1 ptl p+2

(lo.10}

9. i
To what matrix A should one apply identity (l0.10) in order to
obtain (10.9) from it?

lo. Let in the Hankel Matri = n-1 i
ixH _, :mw+u=m~uno the minox UmuuH be
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different from zero, and let the bordered minors with the shape

mw+<
D . _
Uoc = p-1 . =0
S 2ptv-1
mw « . . mva o . . mnmic (v=0,1,**,mSn-p-1).
Then Utc =0 for py+v < m and
b =Db {4,v = O,1,°-+,m).

u utv

HINT. For p>O0, apply {10.9), having chosen X ,<¢*,X . Y ¢ ***+¥ iZ

p
and make use of exercise 4 in § 2, on the strength of which the rank

of the matrix

WO v e e m.mVlH mmu “« s e Q@.TBIH
a . e . a a . e . a

p-1 2p-2 " 2p-1 2p+m-2
%ttt fap-1 %2p c vt Popim-t

i¢ equal to p; for p=0 the statement is trivial,

11. (Kronecker {48]). We consider in the Hankel matrix

n-1 . 4 minors
= the minor D and the bordered mino
Hpor = sl 0 p-1
mw+c
= D .
Utc = p-1
S2p+v-1
s - e s . B
Py 2ptu-1 Zptuty (u,v=0,1, -+ ,n-p-1}
and we let D * O.
p-1
Then, if
= =+ =pb =0 (m £ n-p-1)
Uoo Uop om
then
= D = sse =D =0
ow pti p+o
{(i.e., in the (r,k)-characteristic of the truncated matrix m@+s is the
component r egual to p}. Conversely if
= = sse =D =0
Pp = Pprt ptm !
= = eoe = Db = 0.
then Uoo UO_ om
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HINT. Use the Sylvester identity (S} of § 2 and the result of exer-
cise lo.

12, Obtain an affirmation of exercise 7 from the results of the exer-
cises 11 and lo.

NOTES .
D In Sec. 11.1 it will be shown, that always r+k S n, i.e., a forte-
riori k £ n; hence one can speak here of rows or columns instead of
diagonals. This fact is reflected in the presented diagram.

2 We note, that the important role of the constant r was already re-

vealed by Frobenius [19]. The other constant k as introduced here was

defined at first in [39] (see on this point the Note to Theorem 11.2.
below).

3 We recall that from (10.6) follows the inequality 2n-2m-2 2 2r

§ 11. THEOREMS ON THE RANK.

11.1 Our immediate aim is to clarify, what are the connections bet-

ween the (r,k)-characteristic of a Hankel matrix and its rank

LEMMA 11.1 If B _, 78 q Hankel matriz with a given (r,k)-characte-

ristic then x+k S n and the minor b, | of order r+X, consisting of
the firet r lines (rows and coluwmms) of the matrix o, and the final k
of its lines, t8 different from zero.

PROOF. Although for r =k =0 both statements of the Lemma become mea~-
ningless we may alsc in this case formally given a meaning to it, put-
ting, by definition

D, =D, =1%o0.

Now let r+Xk > O, We note, that for k=0 both statemants of the Lem-
ma are trivial, since by the definition of the constant r (see Sec.
10.1) we have r < n and D =D $ 0.

r-1 r-1

In the case k >0 we assume at first, that the inequality r+k £ n

is already proved. Then
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* * . . » ¥
i T
LA mm=IX|»
T DO DN . ,

. . . e e e . wmﬁlWI» o e e

S2n-k-1 R

where all othexr elements of the final k lines of the matrix msu_

(which don't interest us now) are denoted by asterisks. In order to eva-
luate the determinant mn+w|H we use the results of § 3. Namely, we con-
the singular extension of the Emmnwx mn (with

va of the matrix ma:»

ding to the diagram (3.1) where the minor UnuH plays the role of rw"

sider the matrix mM|H~

rank r} and we construct the minor M {= A) accor-

(r} _ .
LA o . (11.1)

.

t

'
© | %m-x-1 * * ° ®2n-2

(here, for r =0, the lefthand upper corner, i.e., is nonexistent),

Dyqe
Here by the symbols mo (v = 2n-k~1,+++,2n~2) are denoted those elements
of the sequence (lo.3), defining all singular extensions of the matrix

H , which occur in the structure of the minor Z“Hv {we note,that becau-

r
se of formulae (10.5) all other elements of the minor ZMHU belong to the

:ugv.
Now we replace in the detexminant M

original matrix H
(r)
k

2n=k=1
i.e., by the elements s

(see diagram (11.1)) the dia-

gonal consisting of the elements s' ¢ by the corresponding diago-

nal of the original matrix H Taking

n-1' 2n-k-t"
into account proposition 19 of § 3, we do not change the value of the
(r)

new determinant zr (s ), obtained in this way, (see (3.4)) if we

2n-k-1
interchange all its other elements, i.e., the elements situated in its

righthand lower corner beneath the diagonal mmslxna~ also by the cor-
responding elements of the original matrix msnw. But in the latter case
we obtain (see the conditions of the Lemma) the minor cn+xng. so that,
taking into account Lemma 3.1 in the shape of (3.5), we have
Kk({k-1) X
By =M s, =1 % b _(s, s ). (1.2)

It suffices to recall, that UN + 0 and that by definition (lo.5)

-1
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Son-k-1 = mmnuw|~ # 0, and the inequality D + 0 is obtained.

r+k=1
From this follows yet the conclusion, that for k > O the identity
r+k = n is impossible, since it would imply the relation

Ph-1 = Prig-t ™ Praxeg

* 0,

i.e., p=n=r, which contradicts the condition k > O (see the defini-
tion of the constant k in Sec. lo.1).

For the completion of the proof of Lemma 11.1., we only have to ex-
clude the possibility of the ineguality r+k > n for k > O. To this end
we recall that (see (10.6))

O0<k E£2n=-2r-2,
We truncate the matrix H

’
1) n-1

lines. We obtain a Hankel matrix mm 1 of order

n=n-(r+k-n) =2n-r-k 2 2n- r-(2n-2r-2} = 2+x.

by taking away the final r+k -n of its

Hence it follows, that mmu_ is, in any case, an extension of the matrix

H_ (and a forteriori of the matrix mn

. ﬁv and in the Am~mvnoswwmnﬁmu

ristic of the matrix mm|~ the component r is equal to r, and as

r+k=-n < n one has
K=k-2(rtk-n) = 2n-2r-k 2 2 > 0.
But then r+K = 2n-r-k = n and this is, as was shown above, impossible.
11.2. Lemma 11,1 permits, in combination with the results of § lo,
tc establish the following fact, which is fundamental for the entire
theory we consider,

THEOREM 11.1 (FUNDAMENTAL THEOREM ON THE RANK). If H , ¢s an arbi-
trary Hankel matriz with a given (r,k)-characteristic, and p e the
rank of the matrixz, then
p=1xr+ k.
PROOF. For r =p the statement of the Theorem is trivial, since in
this case k=0, by definition.

Let r < p, i.e., (see (10.6)), k > O. We introduce, as also in
s k+1
Theorem lo.1, the quantity m = *Aﬂ;. Because of Theorem fo.1 the "trun-

nmﬂom=amﬁnwx ESIBIH has rank r, but the matrix m: " has a rank which

already surpasses r. But because of the Corollary of Lemma 6.1 this

rank can be equal to r+1 or r+2.

For even k{(=2m), again because of Thecrem lo.1, the characteristic

of the matrix m:ua has the shape (r,2). But then it follows from Lem-

ma 11.1 that the matrix m:nH contains a nonzero minor of order r + 2,

and therefore its rank is equal to r + 2. Each further step of extension,
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i.e., transistion from m: to H c++,H yeee, will, by

-m n-m-1, m::a+~ 4 n-m+v
Theorem lo.1, give matrices with characteristic (r,4),(r,6},**-,
(r,24+2v) ..., and the rank of these will be equal to r+4,r+6,---,
r+242v, ..+, respectively. The process is finished through the complete

reconstruction of the matrix mslm =H the rank of which is

n-m+ (m-1}’
calculated by this rule as
p=r+2+2(m-1) = r+2m=r+k,

If, however, k is odd (k =2m-1), then the characteristic of the ma-

trix m:ns has the shape (r,1). Because of Lemma 11.1 the rank of the
matrix m:nB is not less than r+ 1. But it is exactely egqual to r+1, as
H .
H n-m-1 .
n-m = .

© ¢ Skt

and the rejection of the last row reduces it to rectangular matrix not

containing the “wrong" element s, (see Sec. 10.2), but inculuding

n-k-1

the block mncslmnmam wMONﬂmhMonH :nv. mm:nmﬁvmmmnwomn:mnmonm:acl

lar matrix is equal to r, and so the rank of the matrix m: o doesn't

surpass r+1.
Again it remains to apply the same method of constructing extensions
H

eeo,H «++, with characteristics (r,3),(x,5),---,

aus.+~.m=|5+w. n=m+v’
(r,1+2v), -+« . Because of Lemma 11,1 the ranks of these extensions will
be equal to r+3,r+5,-.+,r+1+2v, ..., respectively. Therefore, the rank

of the matrix m:u =H is equal to

1 m-1+(m-1)
p=r+l1+2(m-1) =r+2m-1=r+k,
Theorem 11.1 is proved.
11.3 Theorem 11.1 on the rank yields on its own an entire row of

corollaries. First of all is directly obtained from it

THEOREM 11.2 (FROBENIUS). If H_ _, is a Hankel matrixz of vank p, and
the numberx is defined according to (10.2), then the minor Oouu (of
order p) of this matrix, consieting of the first r and the final p-r
of tts lines, is monzero.

PROOF. This is evident, since p -r =k, and Theorem 11.2 simply para-
phrases Lemma pu.a.wv '

Theorem 11.2 was the starting point in the theory of Hankel matrices
constructed by Frobenius (see the memoir by Frobenius [19], or, for
example, the presentation of this theory in T:uvv. In our construc-

tion it is, on the contrary, a "by-product”.
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We note that already in this theorem by Frobenius was contained,
basically, an algorithm for the determination of the rank of a Hankel
4)
matrix, namely
THEOREM 11.3. Let H _, be a Hankel matrix and let the number r be
given by relation (10.2). If r=n, then the rank of the matrix H 1 Z8
o’ :l
equal to n: p=n. Now, if x<n, then, having adjoined to the minor
D__; #0) (and in the case r =0 simply having taken) at first the final
row and column of the matrix H _, we form the minor mn of order r+1;
next we adjoin to D._4 the last two rows and the last two columms of
the matrizx .._:L, and we form the minor D iy of order r+2, and so on,
as long as the relative sizes of the matrix H
n

1 and the minor D
permit this. =

1

We consider the maximal (with respect to the order) one of the mi-

b __.)

nows U~L+< (v=0,1,2,--.) which <¢ different from zero Hmnnp -1

Then
., max v=k

UHl 1+v *o

and r+k=p is the rank of the matrix Ho_ -
Another almost immediate consequence of Theorem 11.1 is

THEROREM 11.4. If in the (r,k)-characteristic of the Hankel matriz
H _, of rank o the number k >0, then an arbitrary extension H of the

matriz B, (i.e., an extension of order n+1, defined by an arbitrary
atr o 5 =
p f numbers Son-175g,’ has rank p = p+2.

PROOF. If the matrix :: is nonsingular ﬁvs = det H_#* 0), then

n
= n+ 1. Further,since k > O, U:L = 0 (see Sec. 10.1) and hence
Sn-1. But p-p £ 2 (see the Corollary of Lemma 6.1), so that p=n-1

and p =

T V2

p+2. Now, if Uz = O, then in the Am.wvlosmnwnnmnwmﬂwo of the

~ ~

matrix mb we have r = ¢ and k = k+2, i.e., p = r+k = r+k+2 =p+2,
From Theorem 11.4, in turn, one obtains a general criterium for the

existence of singular extensions (see § 9) of arbitrary Hankel matrices,
namely

THEOREM 11.5. The Hankel matrix H
n

4 of rank o allows singular ex-
tensions if and only if uo 1 ¥ O

PROOF, The sufficiency of the condition was already proved in the

Theorems 9.1 and 9.2. The necessity follows from Theorem 11.4, as for

D ;
p-1 = O in the (r,k}-characteristic of the Hankel matrix H
rily k > 0 (as r < P},

n-y DECessa-

and hence there are no singular extensions of
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mu- 1t m:mwv»ﬂnwwwmxvmnmwon m: Omounaon:._.wmwwmmmmswmE.iw%mw.w:x
p+ 2,

From this is, in particularx, obtained a well~known theorem of
Kronecker on infinite Hankel matrices. Just as for finite matrices we
agree to ascribe to an infinite Hankel matrix the finite rank p (p 20
is an integer), if all its minors of order p+ 1 are equal to zero, but
among the minors of order p there are some different from zero, Essen-
tially, we have already used this definition in § 9 (see the Corollary

to Theorem 9.2).

THEOREM 11.6 (KRONECKER).>’ If B_ is an infinite Hankel matrix of

finite rank p, then its minor D ¢ different from zero.

p—-1
PROOF. We considex the truncated (finite) matrices mzu» of order

n(= 1,2,...) obtained from H_. By assumption, the matrix mblp will have

the rank p for sufficiently large n. If it would turn out that UonH =0

then because of Theorem 11.4 the matrix m: would already have the rank
p +2, which is impossible.

The theorem is proved.

In view of Theorem 11.l1 one can now, among other things, also take

a look at Theorem lo.l. For convenience of future references we refor-

mulate it in the form of the following theorem.

THEOREM 11.7 (ON THE JUMP IN THE RANK BY EXTENSION). If in the (r,k)
n-1 the number k >0, and m = ﬁﬁ_, then

the truncated matrix H _ _, has rank r. The matrix B has the rank

r+2 for k=2m, and the rank r+1 for k=2um-1. At each subsequent step

characteristic of the matriz H

of extension of the matrix H (until the complete reconstruction of

the matrix m:-i the rank %M%Mmmwm by two untts,

i1.4 With Theorem 11.7 {(or Theorem lo.l) is closely connected the
question on the determination of the general shape of a Hankel matrix
m=|H by its (r,k)-characteristic with r 20 and k>0.

Let be given entire numbers r, k and n which satisfy the conditions

r 20, k>o0, n>r+k, (11.3)

We take an arbitrary nonsingular Hankel matrix mN|_ of order r (for
r =0 this step is left out). Further, in agreement to Theorem 9.1., we

construct an arbitrary singular extension mH of the matrix H {all

r-1
such extensions are described by equation (9.1) for n=rx). For r=0 we
put H_ = (0).
© K+l )
We denote,as before, m = MIMI . From (11.3) it follows that
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n2yx+k+1, and hence

n|5|pwn+wlunﬁ+x|—ﬁm 2r,
We shall construct a Hankel matrix m: o1 If n-m-1 = r, then this
matrix mnnstp = mH was already chosen above. If n-m-1 > r, then the

matrices mn+p.m

....m: 1 are the singular extensions of the matrix

r+2' -m-

mn. In this capacity they are defined in a unique way by means of Theo-

rem 9.2, as the matrix mw satisfies the conditions of this theorem.
Theorem 9.2 guarantees the existence of a unique pair of numbers (we

shall denote these with mMAsnsvlu. wmﬁbnsuv giving a singular extension

(we denote it with mm Eu of the matrix H (and of H_ ).
-] r

n-m~1
If k = 2m, then, having ch !
’ R g chosen any mmﬁzlsvlpﬁ+ mwﬁnuavuwv and an

arbitrary Sy (n-m)’ "€ obtain a matrix H o Of rank r+2, Indeed, if

U:lB + 0, then the rank of the matrix m:rB is equal to its order n~-m+ 1,

and our claim follows from the Corollary to Lemma 6.1 (since D 1 = o
n-m-

and, therefore, the rank of the matrix mzta 1 of order n-n is, by con-

struction, equal to r, which satisfies the inequality rsn-m-1). If, ho-

wever U:la = 0 as well, then the statement follows directly from Theo-

rem lo.l (or Theorem 11,7), applied to the matrix m: n (instead of H _v.
- n-
By exactly the same reasoning it is shown, that for arbitrary choi-

ces of the further elements mwﬁ:asv+_.....mw5|w~mmanw~ the ranks of the

matrices m=|s+H.....m=|m.m:|~ will be equal to r+4,-«+,r+2(m=1),
r+2m(=r+k), respectively.
In the case of 0dd k = 2m-1 we =g
put mmﬁblswlu mwﬁnlsvup

wm _y we take any number different from s! . Then the rank of the
Hﬂ.av 2(n-m}

matrix mbla is equal to r+1 (only the last diagonal, consisting of the
single element s

and for

is "wrong"). At further extensions of the matrix

2(n-m) 6)

m:IS by arbitrary elements

Sy (nem)+1’ " rS2n-37Sy,.p the ranks of

nsmamwwwnmm m:i:i...lm:vm.mnnH will be egual to r+3,...,r+2m-3,
r+2m-1(=r+k), respectively. This is obtained again from Theorem 11.7

and the Corollary to lemma 6.1.

Since for an arxbitrary Hankel matrix mb|~ of order n and rank p with
given (r,k)-characteristic (r+k =p} the conditions (11.3) are, as is
€asily seen, always realized for p > r, the construction, followed in
the given situation, yields the complete description (the general sha-

Pe) of all Hankel matrices for which in the (r,k)-characteristic the
number k > 0, i.e., p > r.

Thus we have proved

THEOREM 11.8. The general shape of a Harkel mairix H 1 = Isy Ths
ol

i+3j i,j=0
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of given order n (22)and with given (x,k)-characteristic r20, k>0,
n>r+k ts determined in the following ways

1) to rzl ig assigned an arbitrary nonsingular Hankel matrix H _,
of order r (for xr=0 this step drops out);

2) as H, 18 taken an arbitrary singular extension of the matrix H o,
(for r =0 weput H, = (0));

3) ©f one sets m = —wlm.»..*. then n-m-1 2 xr, For n-m-1 > r matrices

are defined in a unique way as singular extensions
18 already defined);

H eee,H

e+1'Hre2r n-m-1
of the matrie H_ (for n-m-1 = r the matrix H

r n-m-1
4) further is defined in a wunique way the pair of numbers mm:..lsvlﬂ

s (n-m) giving the singular extension m“.TE (of order n-m+ 1) of the

matric H_.
r

S) for k = 2m the element s is replaced by an arbi-

2(n-m)-1 0
trary but different number S5 (n-m) -1’ and s may be replaced by an

2(n-m)

. - g = — !
arbitrary nunber Sy (n-m)’ % the case k = 2m-1 the element 3 (n-m) -1

(F Sy nemy-1) %8 retatned but S5 (n-m ¢ replaced by an arbitrary num-

ber $ (n-m) which 18 different from it; in both cases we obtain a new

matrie H
n

in H'
-

53«. order n-m+1,

6) for k = 1 we have m = 1, and the construction of the matrix is
completed; for k > 1 the remaining elements s

e
’

2(n-m)+1'52(n-m)+2*

s are chosen arbitrarily.

2n-2

EXAMPLES AND EXERCISES.

1. For the Hankel matrix (see exercise 2 in § 1o)

o1 01 0O
1 01 0 1
mb = o 1 0 1 o
1 01 0 0o
01 6 0 0

with (r,k)-characteristic (2,2) the minors UH: and D

1 k=1 are, respec-

tively, equal to

o 111 o

p .=p, =1 }=-1,5 umnm‘o_o_ =1 (¥0)
r-1 1 1 © ' Trtk-1 3 1 0 0 0©
01 oo

(Lemma 11.1)

Here p = r+k = 4,

2. For the matrix {(cf. exercise 3 in § lo)

THEOREMS ON THE RANK /77

o] 1
1 o
o4 1/4
1/4 -6

=0 a0
O=0n

with (r,k)-characteristic (2,1) we find

Um"

r+k-1 2

~ _lo a ~
Onv»..cpn; _

4 O

- a0
SO

1
O} = 96 {(#0)
6

(Lemma 11.1)
Here p = r+k = 3.

3. We consider the Hankel matrix of order six

1 0 o1 0 o

o 01 o o0 1

H = 0O 1 0 01 o

5 1 o0 0 1 o o *

O 0o 1 0 0 1

01 o 0 1t 1
We see immediatiely, that Uo =1, UH = 0, Um = -1, Uw = Uu = Um = 0.
Thus r=3, UH|~ = UN =-1) # O. The constant k (and with it the rank

p = xr+k) and the minor _un.i».vH (# 0) we shall find simultanuously, by app-
lying the rule of Theorem 11.3. At first we border the minor

1 0 ©
Um = o 0 1
o 1 0
with the final row and the final column of the matrix mm"
i o o° o
=~ - o 0 1 1
UMI |Uu| 01 olo =-1 (#0) .
o1 0 1

Next we use for the bordering of om the last two rows and the last two

columns of the matrix H_;

5
1 0 o o 0
5. =% - o1 tlo1 _
42 4 © 1 o1 o =0
o o 1 o 1
. _ o1 0 1 1
As D, 3 =D = Dy = 0, one has, according to Theorem 11.3
k =max v =1 = r+k = D =D = -
3. 4o rPEx 4 Dryx-1 = D3 1.

24v

4. i
For the matrix mw of example 3, for which the (r,k)-characteris-

tic has the shape (3,1), trace the jumps in the rank atthe construction
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of extension of the "block" mH|H = mw"

1 0 01 ©
1 0 0 M M w M o 0o 1 0 ©
H,=|]0 0 1 , H, = 1 0 o ' ma =)0 1 0o o 1
2 O 1 0 3 w 1 o 01 O
c o1 0O 0 1 0 ©

1 0 o1 0 ©

o 0t 0 0 1

_ o1 0 01t o

Hg = 1 001 0O

0O o 1 0 o 1

o 1 o o 1 1

Compare the result with Theorem 11.7.

5. Prove the following (cf. [40], Theorem 4):
If for the Hankel matrix H
teristic the number k > 0 (r <p<n), and the defect of the matrix is

1 the rank is p and in the (r,k)-charac-

. . .7
equal A (=n-p>0), then after 4 stepe of extension of this matrix ) by
arbitrary paire of rnumbers

S20-1"%2n %2011 %2n42* " Sonv2(a-1) -1 S2n+2(a-1)
we obtain (for the firset time) a nonsingular matriz B i.ar
HINT. Apply the Theorems 11.4 and lo.1.

6. We shall illustrate exercise 5 with a numerical example. Let be

given the Hankel matrix of order n=4:

i 1 -i -1
1 -i -1 i
By= i -t 1 1 :
-1 i 1 2
Here p=2, r=1 (verify this!), i.e., d=n-p =2, For arbitraxy exten-

sions "of one step” by means of elements «,B and "of two steps" by means

of elements o,B,y,8 we have, respectively

i 1 =i =1 i i 1 =i =1 i 1
1 -i -1 i 1 1 -i -1 i1 2

-1 -1 i 1 2 =0, -i -1 i 1 2 «a ¥ 0.
-1 i 1 2 o -1 i 1 2 a B
i 1 2 o B i 1 2 a B vy
1 2 « B v ¢

Verify this!

7. For the case r 2 1 prove Frobenius' Theorem 11.2, not relying on
Lemma 11.1 and Theorem 11.1 {[3], Ch.X, § 1o, Theorem 23).
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HINT. With help of the Sylvester identity (S) of § 2 prove the rela-

tion

~ _ 5ID+H0. ‘N-r
Uouw UHune bln+~...b|H_‘
where T = asrwnp is the matrix, introduced in exercise 7 of § 1o, and

therenpon apply the result of this exercise.

8. Kroneckers Theorem 11.6 deals with infinite Hankel matrics H_ of
finite rank p. Prove that the infinite Hankel matrix

=3

H = s, Il

i+j i, j=0
has finite rank p if and only if there exists £ numbers Qo~npx...~aolp
such that
p-1
s = Zo.s (v=p,p+l,+++) (11.4)

v j=o J ov=j=1

and p is minimal under those integers which has this property (cf.[3],
C¢h. XVI, § 1o, Theorem 7).

HINT. Apply Theorem 11.6 and also Theorem 9.2 (formula (9.4)}) and
its Corollary.

9. Conversely, show that Kroneckers Theorem 11.6 is also obtained as
corolliary of the result of exercise 8 (this ig the way it is derived in
[3], where the result of exercise 8 is established independently of
Kroneckers Theorem) .

lo. Derive Kroneckers Theorem 11.6 from his Theorems, which we pre-
sented in exercise 11 of § lo and exercise 4 in § 2 [19],

HINT. Use here, that if p (>0) is the finite rank of the matrix
o0
H = NS | B
o = 1831l seor
then not all its elements are equal to zero, and thus (because of the
Hankel structure) not all Uc 1 (v=1,2,-.+) are equal to zero; consider

nrmsmxnauwc (s p) for which U<n~ *# 0, and, having applied the mentio-

ned theorems of Kronecker, prove that v=p,

11. If in the infinite Hankel matrix H_ the minor UD 1 * 0, but
vo = co+~ = ++- = 0, then the rank of the matrix H_ is finite and equal
to o (19]. Prove this.

12. Let be given a proper raticnal quotient

R(z) = g(2)/h(z)
where
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h(z) = az + az oot ay ﬁwo ¥ 0),

[}

tr
N
+
o2
N

g(z) 1 2 + e + U-:.

We expand R(z) in a series of negative powers of z

s
gtz) _ o,
h(z) z

[

nol
(]

wles

R(2) + 24 et (11.5)

N
N

(it converges, evidently, outside an arbitrary disc lzlg R which con-
tains all poles of the function R(z) [lo], i.e., those values of z for
which R(z) becomes infinite).

Prove, that the infinite Hankel matrix

«©

G| E AN
has finite rank o £ m.

Conversely, if the rank of H_ is finite and equal to p, then the
function R(z) defined by (11.5), is rational, and the number p coinci-
des with the number of poles of R(2), counting each of these as many
times as its order is (for the meaning of this concept see, for example,
[10]).

HINT. Write down the identity involving the coefficients a (u=0,1,

[0
ces,m), G< (v=1,++-,m) and Sk (k=0,1,2,+--), starting with (11.5), and
note, that they generate relations of the type (11.4) for p=m (more

explicitly, see [3], Ch. XVI, § 1o, Theorem 8).

NOTES
i i.e. of its rows and columns. We note, that the inequality r+k-n <
€ n-2 follows from (1o,6). Moreover, r+k-n <k, as r<n (for r=n

one would have k =0} .

2 In paper [19) Frobenius introduces, besides the constant r, for
each Hankel matrix also a constant k, defined {(somewhat formally, as is
clear now} by the identity k =p-r.

3 See also Exercise 7 at the end of this Section.

4) rhat was only noted for the first time in {4o]. As T. Ya. Azizov

correctly observed to the author, it is, for values of r which are
small compared with n, economical not to look for the rank p =r+k of
the matrix mzup by this rule but to calculate directly the component k
in the (r,k)-characteristic by the methods of § lo.

3) See, for example, [3], p. 469; there is also presented a proof which
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is different from ours (see exercise 9 in the present section)
6)
Here we formulate somewhat loosely, but the reader will understand

that the construction of
. extensions m:na+»\...~m=v-m5|H of the matrix
msla is meant.

7)
Here we use again the loose formulation already mentioned above

§ 12. HANKEL FORMS

12.1. A Hankel form of order n (>0) is the name used for the quadra-
tic form
n-1
m::~ﬁx.xv = L s
i,j=0

£.&

i+j"i) (12.1)

with the corresponding Hankel matrix 1

==|_

H =
n-1 = 1850 50 (12.2)

The regularities in the structure of Hankel matrices, which was revea-
led in §§ 9-11, allows to establish rather quickly a rule of Frobenius

for the determination of the signature of the form (12.1), emerging

{for this special class of forms) as a generalization of Jacobi's rule.

This generalization is complete in the usual sense, as it extends to

arbitrary forms (12.1) without any restriction of the kind uswally im-

posed on their succesi i
sive principal minors UO~UH~...~Un|~ (p is the rank

of the i i i
matrix mnlnv. As we have seen in § 8, difficulties arise here,
when in the sequence of numbers

Dy/Dyse+.D ) (12.3)

there occur groups which contain more than two successive zeros, and

also in the = i
case on|~ 0. We shall show how these difficulties are sur-

mounted for Hankel forms (12.1). For facilitation of our investigation,

we shall divide it into several steps.

12.2 As usually, we shall consider along with the form (12.1) the
truncated quadratic forms

v
H (x,x) = L s, £ £, v =o0,1,",n-
v 1 5ea 1135253 ( r1,000,n-1)
with the matrices :0‘=H....\ms|_ and the discriminants D ,D,,+++,D .,
respectively. o o
to

Let the sequence (12.3) contain an isolated group of p zeroe

(D, +0 = = eer = =
oy £0)4D =D, Bpp-t =0s (D, #0), (12.4)
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where p 16 an odd number: p = 29-1 (q Z 1}. Then the truncated forms

H bea and H Hx X) have the same mﬁmxnwﬁom. Explicitly: the form

5
cenw squares more than the form H__, (x,x).

Ax X) aoxwae;m in a canontieal representation q posttive and g nega-

Indeed, for g =1 (p = 1) proposition 1° was established (moreover,
not only for Hankel forms, but for arbitrary quadratic and Hermitian
forms) already in § 8 (Theorem 8.2). Hence let q > 1. As the rank of
the matrix H with determinant ow+m £ 0 is equal to its order htp+l,

h+p

the rank p of the matrix H is not less than h+p-1 (Corollary to

h+p=-1_
Lemma 6.1). But Us+wn = 0, so p = h+p-1 and the {r,k}-characteristic
of this matrix has the shape (h,p-1) (Theorem 11.1). From the condi-
tion q > 1 it follows that p-1 > O, and hence the matrix ms+®:~ satis-
fies all conditions of Theorem 11.7., Because of the theorem the ranks
of the extensions =:~....ms+m.|m,mr+vlH of the matrix mwlp will, in the
process of constrxuction, be increased only at the final m = g-1
{k=p~1=2g-2) steps of extensions, and the each time by two units. As

. cas B . _
explained above, the last transition from hip-1 to m5+w is alsoc accom
panied by a jump in the rank of two units. Hence (see Theorem 6.1) fol-

lows the validity of proposition 1°.

COROLLARY. Under the conditions of proposition 1° one has for even
g=2s{s > 0)

sign U:+w = sign D, pr.mu

and for odd q=2s-1(s >0}

sign

o5+v = -sign Uﬁt». (12.6)

This follows from {(4.3) and proposition 2° of § 5.

20 Lot in relations (12.4) the number p be even: p=2¢>0. If

sign D, _, = sign D, , then for even q the form H has g+l positive

squares and q xw&&weww squares and for odd q it :Mwwa positive and g+l
negative squares more than the form mv..ucnha . In the case, where
sign D, _, =-sign D, _, one must interchange the roles of the positive
and negative squares in the previous formilation.

Again, for the proof it is only necessary to consider the transition

from m Ax\xu to H (x,x), since the final step - from ms+ma (%X,x)

h+p-1
to mv ﬁx~xu - is just as abave accompanied by a jump in the rank of
two cbwnm. Taking into account that the {r,k)-characteristic of the ma-

trix m3+wu has the shape (h,p-1), where p-1 =2q-1>0, we apply Theorem

11.7 again, because of which at the transition m:+al - m3+a the rank
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£ . .
(for the first time) increases, and by one unit, and at each for the
subsequent q-1 steps of transition form H to (H

) =H i
increases by two units. hé1 h+2¢g-1 h+p-1 it

Hence the increase of the rank on the whole way from : ﬁx x) to
—.m ’

s+vﬁx~xv will be accompanied by the appearence of q =sot= macmﬂom of
one gign and g+1 squares of the opposite sign. It is clear (see (4.3)

and proposition 2° of § 5) that for sign D 1 = sign D and even g
there. i i . for

ere-appear q negative and g+l positive squares, and for odd q, on the
contrary, ¢ positive and q+l1 negative squares, It is also evident that

for sign D = -si i i
gn D, _, sign U=+v the situation is exactly the opposite.

12.3 Now really just a little is needed to establish the following
rule.

LEMMA 12.1. Let for the real Hankel form H__,(x¢x) of order n the
sequence of successive principal minors contain an isolated group of
p(2 1) zeros:

AU * 0) D =D = eee = -
h-1 " “h " "ne Dhpp-1 = 07 (O, # 01 (12.7)

We prescribe for-each of the zeros the sign plus or minus according to
the rule

MWQS D. = A'Mvdaahl_.v\w

14y sign D, , (v =1,2,---,p). (12.8)

Then the number of sign permanences Pc 19,

, ) and the numb.
of sign changes SU IRTLWELE :._6 “

' E.wv in «.wm 86t D, _ 4D ,0+*,D wrll
respectively be wa:nN to the amount of positive 9:& x«mawscwrwngmm

which additionally emerge at the traneition form the form H_ ., (x,x)
3 . :' !
to its "extemsion" my+v§.5. !

PROOF. For more clearness we shall consider the following tables:
I.p =29~-1, ¢ >0
I.a)g=28, s >0 (p=4

s - 1)
_T | 2 _ 3 _ 4 _ 5 ~ _ Am-w_ »mL_

L]

v

v{v-1)
2

(D, _,){~1) I S O O O S O W B S U I 6 YO

h+p
I.b) q=28 -1, 8>0 {p = 45 - 3)

=~ _N _w la |s _ _#L_Am-w_

v{v=-1)
2
lwvAl—V = 11 L1 k1 —~ _H

1] 1
(D)
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If one considers the relations (12.5) and (12,6), respectively, it
is easy to see from the tables Ta) and Ib) that, having prescribed for

the zero determinants D ,--- signs according to rule (12.8), we

h' """ *Phep-1
obtain . a
P(D. cs....U ...:U—.-...mvv =q <AU~.~I».U ¢ ~O-+©v q9
Comparing this with proposition 10, we obtain the validity of the Lemma
(for the case of odd p = 2q-1).

iIn the case of even p, we consider again tables
II. p =29, 4> ©
I1a) gq=2s,8 >0 {p = 4s)
<nT_m_u_aTw.:_$-_ | as |

v{v-1)
2

1 |-t -1 1 1 oo -1 1 :v_.-...uv

o _ -1

o>

4s - 2)
v —m _...—bwlw ?wlw—

ITb)g=2s-1,s>0 (p=
ERERER

v{v-1)

2

- =t -1 -1 |1 |1 | 1 -1 (D )
(0, _y) (-1) h+p

From the tables IIa) and IIb) it is clear, that rule (12.8) leads to
the following results

if sign U=+w = gign uvlw ﬁwos

ﬂ:uw-lu\b ~...~U~u+@v =q + H-

i W for even g{(=28) «
VeDy, 44Dyt cePp, ) = @

¢ D ,+--,D ) =4q
PO _yeDyem-=eDyy i .+ H ¥ for odd g(= 2s-1) ;
e\AU Im-U.U-..~ 3+mvu =g
if sign Uﬂ+w = -sign D —1’ then
eee D u =
PD, _y#Dpr "t eDpyr - a.+ H v for even q(=25) ,
VD, _yePyes iPpyp) = 94
VAUSIH.U Tt u.-._..wv =q + H~

v for odd q(=2s-1) .

_\HU—»IavU ~.u.~U3+~uu =q

Comparing these results with proposition 2° we come to the conculusion,
that also in the case of even p(= 2g) the validity of the Lemma is pro-

ved.
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REMARK. Following F.R. Gantmaher (3], one may write down the result
of Lemma 12.1 briefly in the shape of te following table:

p odd P even

= prl | ptite
Phop = POhoy Pyr " oDy ) _ P _ 2
- ptl |pti-e

T AL T AL W b 2

P -V _ o

h,p h,p _ €
D

e = (-1)® 2590 DFR (12.9)

Ph-1

12,4 Somewhat complicated is the analysis of the case, where Un N
we have

"O-
i.e., where in the (r,k)=-characteristic of the matrix ms

-1
k>0, p=r+k > r,

3° Let us in the (r,k)-characteristic of the matrix H o _1 {see (12.2))
of the form (12.1) have k > 0, i.e., p = r+k > r., Then for even k = 2m

the forms H _, (x,x) ard Ho_, (%) have the same signature. Explicitly:

the form H _,(x,x) hae in a canonical representation m positive and m

negative squares more than the form H o (x,%).

Indeed, at the reestablishment of the matrix m: 1
-1 by means of the step by step construction of extensions, the total
increase in rank from r by p -r (=k) units takes place (see Theorem 11.7)

only in the final m steps - with two units each time. Hence it follows

from the matrix
H

(Theorem 6.1), that this increase will be accompanied with the appea-

rance in the form (12.1) of m new positive and m new negative squares

4° Let all conditions of proposition 30 be satisfied, except that
th b ; c k= om- ' ' ves
¢ mumber k 1§ odd: k = 2m-1. We denote through Sor+1’S arsa’ '
mmzuhuw (see (10.3)) the elements of the stngular extensions =m+_.
mm+w~... of the matrix H_. Then the form B (x,%) will have for

Sone1ek > mm:uatx m positive squares and m-1 negative squares more than
the form H . g . -

.%. e-1(XeX) 7 in the case where s, | < 83 1.k We have m-1 rnew
Posttive squares and m new negative squares.

For the proof we note above all, that again because of Theorem 11.7

the total increase in rank of k {(=p-r) units at the transition from

_..
r-1 %o ms

-1 is made up of a first jump of one unit (at the transition
from mnlsu— to m::Ev and m-1 further jumps of each two units. Hence it
follows, that H _,(x.x) in comparison to H__,(X,/X) contains additionally

I squares of one sign and m-1 squares of the opposite sign.
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For the more precise question of which sign will be the m squares and

of which sign the m~1 squares, we shall return to formula (to.B8), which

is valid for odd k = 2m - 1. From this is clear, that the form m:
can be represented in the shape of the sum

2
- ’ -t
m:uscfxv m:naﬁx.uv * Ammauauw mmbnﬁnwvmsua (

where mruaﬁx.xv is the form of rank r with the matrix

H' =

If H'
n

sAx~xv

12,10}

sﬂx~xv is reduced to the canonical shape, i.e., to a sum of r in-

dependent squares, then (12,10) is reduced to a representation of the

form H
n

dent, since the rank of the form m:

th.xv in the shape of a sum of r+l squares, which are indepen-

sﬁx~xu is exactly equal to r+l

) 3 [« L]
{(§ 5, proposition 3°). Hence follows, that for Son-1-k > S n—1-k the

form m: Bﬁx.xv gains in comparison to the form H

n-m-

~Hx~xv which has

the same rank and signature as the form mm {x,x) (see Theorem 6.2},

=M

e . .
one new positive square, and for Son-1-k < mmnupcr one new negative

square. Since all further extensions, in m-1 steps, of the form

m::sax.xv to the complete reestablishment of H Hﬁx~xu {here we

nN=-

use

again a loose formulation) do not change the signature because of

Theorem 6.1 (the jumps in the rank are each equal to two units), propo-

sition 4° is proved.

12.5 From the combination of propositions 3° und 4° with formula

(11.2) is now obtained
LEMMA 12.2. Let for the Hankel quadratic form H

n-

the (r,k)-characteristic of ite matria the number k > 0 (i.e. p=r+k>r).
We introduce in the considerations the minor moL. defined in Lemma 11.1

p (xex) of rank p in

and different from zero, and we prescribe for the zero determinants

D =D = ..+ =D = 0 signs according to the rule

b4 r+l p=2

sign D (v =1,2,¢°,k-1).

sign D =(-1) et

r—1+v
Then the number of positive squares of the form H _
ber of its negative squares surpass the corresponding rumbers o

form H, g (%eX) by the quantities vﬂcnnp~cn~...~onum.conpv and

V(o

case

), respectively.?

R|-UH‘ ~Uonw‘bouu

PROOF. Because of formula (11.2}

(12.11)

HAx.xv and the num—

f the
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B = (- _ 2m
-1 (-1} vnupﬂmwsu»lx mm::_axv (12,12)
for even k = 2m and
~ ~1
D = ()P - 2m-1
o-1 (-1) UNlmﬁwmnlulw mmbl»lxv (12.13)
for odd k = 2m-1.
Thus, for even k = 2m (see 12.12))
mWas molg = sign oﬂuu {m even),
sign U0|~ = -sign UR..H (m odd). (12.14)
For odd k = 2m -1 each of the relations
sign lep = sign Uuu_ {m even), (12,15}
Si D = -
gn -1 sign Uanu {(m odd) (12.16)
is valid if and only if (see {(12.13))
Soan-1-k < S2n-1-x°
To the opposite inequality
S2n-1-k > S2n-1-k
is equivalent each of the relations
sign w°|H = =s5ign Un|~ (m even) (12.17)
sign oolp = sign UNO_ (m odd). (12.18)
Now, as in the proof of Lemma 12.1 it remains to consider the tables
I.k=2m,m>0
Ia)m=2t, t >0, (k = 4t)
veli ]2l ]als] ] ave| aem
v(v=1)
2
(®__ (-1 =f1 bt b o ] 2 -1 B
Ib)m=2t -1, £t>0 (k=4t - 2)
v = = 1 _ 2 _ 3 _ 4 _ 5 _ ..._ an‘a_ »n-w_
v{v=-1)
2
(D,_ ) (-1 =t -t 2 | 1 1 @B .
bl
From the tables Ia) and Ib), if we have considered relations (12.14),

We see, that, having preseribed for the zero determinants

D e i :
N.Un+- .Uclm signs according to the rule (12,11), we obtain

P(D ‘e D =
( Nlm-Uﬂ~ ~UDIN-WOIHV =m,

v e
AUﬁl-UH~ sUDIN‘UDln

and this coincides, because of 3%, with the

) =m,

statement of the Lemma.



88/ HANKEL MATRICES AND FORMS

Ir.k=2m-1,m>0

IIa)m=2t, t >0 = -
i_,_

v(v-1)
7 . .ee - D
(d,_,) (-1) - __ 1 # 1 ! 1] Ppy)

ITb)m=2t -1, t >0 (k =4t - 3
2 |3 [ |5 || aves | acs]

a _ 5 _ ._ nnuu_ nntn_

v
vi{v-1)
2
AU~|_vAtHV

[
—
-

-1 1 1 1 ceoo -1 1 (D )

o-1

(we note, that table IIb) for t = 1, i.e. for m=k=1, loses its mea-
ning, but in this case it is not needed, since the statement of the

Lemma then directly follows from proposition 4° and formula (12.13)).

Again having compared IIa) with (12.15) and (12.17) and IIb) with
: L]
(12.16) and (12.18) we are convinced, that for S yn-1-k > S n-1-k

~

VAURI-UH~.0..UOIM~UOva = n,

V(D m.UH....~Uo|N~UD|~v =m-1,

r-

)
and for s, , . < Son-1-k

VHU H~U se*yD IN~U Hu =m -1,
QAUHI—~UN~..o~UDIN~UDImv =m,
i.e. (see 4°) of the correctness of the statement of Lemma 12.2.

REMARK 1, Comparing the reasoning, applied in the proofs of the Lem-
mas 12.1 and 2.2 (respectively of the proposition 10,20,3% and 4°)the
attention is drawn to the seeming noncorrespondence in the rules for
the cases of even and odd p on one hand and for even and odd k on the
other hand. But this noncorrespondence disappears at once if one con-
siders that in Lemma 12.2 {respectively in propositions 3% and 49) it
is not k that plays the role of the number of zeros p in Lemma 12.1

(respectively in propositions 19 and 29) put k - 1: namely, the number
(#0).

~

of zeros in the set (O0%) U n.o = Un+~ = see = Uﬂ+x| = 0, Un+xl-
In particular, as we have seen above, this is feasible also in the case
k =1, when the mentioned set is reduced to the pair UNl ,D A|Un+w av.

i.e., in general contains no zero.

REMARK 2. With regard to Remark 1 one can, having denoted k -1 Zp,
=z h, express the result of Lemma 12.2 by the same table {12.9) (with
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the substitution of D by D
h+p Y Zp-1

ve Lt to the reader to convince himself of this independently.

) as the result of Lemma 12.1. We lea-

12.6. Now it remains only to make scme observation in order to
establish the fundemental Theorem of Frobenius.
Let (we preserve the same notation as in the previous subsections)
in the se = LR i
t Uumﬁ -v.co. .cnnn. moving from the left to the right, for
the first time be met a group of zeros

(D__, # O}D =D  =...= =0 (D

h-1 h = Phe htp-1 ¥ 0). (12.19)

h+p

This mean: oo
s that bl_co Ur 1 ¥ 0, and hence holds for the form :5 aﬁx~xv

Jacobi's rule (Theorem 8.1), because of which the amount of positive

and negative squares of this form is equal to P(D H~U pree, ) and
o . - o h-1
<H01_~00, B 5|Hv~ respectively. Because of Lemma 12.1 this rule re-

Bmpsmcmwwnwwwo i
mownwmmona m=+wﬁx~xv. if only to the zero determi-

nants of the set (12.19) one prescribes signs according to the rule

(12.8).
Advancing further, i.e., going over to the minors D +D .
) h+p+1" "h+p+2’
(respectively to th .
.w e forms ms+w+pﬂx~xv.ms+w+uax.xv‘...w we can again
apply Jacobi's rule as long as these minors are different from zero

(see the footnote to the proof of Theorem 8,1 (Jacobi's signature rule))
: : ’
and meeting the next (isolated) group of zeros, again apply Lemma 12,1

and so on.

Continuing this reasoning, we either reach the minor D 1 *¥ 0 and we
: D‘
will have calculated by means of our generalized rule of Jacobi the

signature g = -
g L v of the form mblpﬁxsxv {equal, because of proposi-

. o :
tion 12 of § 6 to the signature of the form H _Ax-xv‘ as these forms

o~
have one and the same rank p), or we find a final group of zeros
{D £ 0O D = = vee = =
r-1 Ve r = Prit U0|H =0
on which one must apply Lemma 12.2.
3)

Consequently is proved

THEOREM 12,1 (SIGNATURE RULE OF FROBENIUS). Let the prank of the real
Harkel
. form H__, (x,x) be equal to p = r +k, where (xr,k) 8 the characte-
risti 3 3
¢ of the matrix H _; of this form. We consider the set

(1=)D_y Do Dys===4Dy 5007

in sxmom for xk =0 (r = * =

. ( P} T8 put c 1= Uvup. and in the opposite case
o-1 o _y (see Lemma 11.1). To w@m zereo determinants u (0sj<p-1),

z
I sueh are present, we preseribe signs according to the xxwmm (12.8)
and (12.11). Then the signature o = n - v of the form H___(x,x) 8 de~

-1
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fined by the formulae
R -
.VAUIHLUO- sUDlN .lenv '
v . ,D0 ,-+-,D
-1""0o

n

*
v ouw-UoLv .

As useful exercise we leave it to the reader to verify,that the rule
formulated in Theorem 12.1, can be reformulated in an equivalent way as
follows:

FROBENTUS' RULE ¥ We choose from the get uLbo....bu-wb:L
only the minors

S *
D_ysD,1PgeD, s +*/D, /D D8

which are different from zero; we constider all differences of neigh-
bouring indices
a-(-1),B-c,y-8,°°*,5-n,(p-1)-L

and retain of these only the odd ones; then (with UML instead of unl
for u = p-1)

o= TCWQLTC sign(D

12(u-A)oda

In particular, tf in the righthand part of formula (12.20) not a single

D). (12.20)
ATu

swmmand 18 found, then ¢ = O.

The PROOF is without great difficulty obtained by means of the Lem-
mas 12,1 and 12,2.

12.7 The abovementioned rule of Frobenius allows to reveal some new
regularities in the distribution of zeros and plus and minus signs in

the set of successive principal minors of a Hankel form,

THEOREM 12.2 Let, as usual w and v be the rumber of positive and
negative squares, respectively, of the Hankel form H _, (x,x) of rank
p=n+v, and let 6 = 1 -v be its signature. We denote

k = min{w,v}.
Then in the set of successive principal minors
AHnVUaH~UO~U

cee,D (12.21)

1’ p=-1
of the form H _,(x,%), there are for Uoup * 0 not more than 2k zeros,
If there are exactly 2k zeros, then, after removal of these from the
get (12.21), the signs itn each of the remaining groupe of rumbers
(not congidering rumbers which stand isolated ) alternate stricily for
k=7 grnd coineide for k=v.

PROOF. 1)} If there would be not less than 2x+1 zeros in (12,21),
then, after these have been crossed out the set

B.wm
cuu.ua.om.uﬁ ,F_.un.geuH A v
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would be obtained, which consists of not more than p+l - (2k+1) =p = 2x
numbers, and hence in the sum

o = RPN, D,D . (12.23)

15(u=-2)odd ¥
there would, a forteriori, be left not more than p -2k -1 nonzero sum~
mands. As their absolute value is always equal to one, one would have
It=v{ = lol S p-2c-1, (12.24)
On the other hand,
ﬁauonncuwano

-0 =p-2n,
Hence

lel 2 p = 2v

lol zp - 20
i.e.,

lol 2 p ~2 min{w,v} =p - 2.

2) For k=7 we have 7 § v, i.e.,
02T -v=g=2T-p=2k-p.

But if there are exactly 2« zeros in the sequence (12,21), then the se-
quence (12.22) contains exactly p - 2+ 1 numbers, -and in the sum (12,23)
there are not more than p - 2k summands different from zZero.

We note, that the identity O = o(=2x - p) is impossible, since it
would mean that in (12.22), which contains, as calculated above,. exact-
ly p=2¢+1 numbers, there wouldn't remain a single minor, but this mo:-

tradicts the inequality co..— * 0.

So, 6 < 0. Then g = -{p - 2k) and, ww_,mnmmo&m. there are in the sum
(12.23) exactly p - 2« summands different from zero (and, moreover, all
equal to (-1)). This means (see (12.23)) that the signs inside each of
the nonzero groups in {(12.21) are strictly alternating, as in these
groups u-~Xi-1=0.

The case, where k=v (T2 v) is treated in an analogouous way.

EXAMPLES AND EXERCISES
1. We consider the Hankel form of order n=6
2 : . 2 2
H = +
. anLc mo mmOmu + wmwmw + mu + mmHmm + mmNmAb + wmamm + mw
with the matrix (cf. example 3 of § 11)
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t 0 01 0 O
0 01 0o o0 1t
n = 010010
s 1 00t oo -
0o 01 0o o 1
61 0o 0o 1 1t
Here cta =1, Uonf Uwuo~ Umulw. Uw»Up«Um«o. Thus r =3, In orxder
to establish the rank p and the minor UML (see Theorem 12.1) we use
the result of example 3 of § 11, according to which the matrix Mm has
rank p equal to 4 and cM|~ = cw = -1, so that
{p_,,D_,D;,D,,D}} = {1,1,0,-1,-1}. (12.25)
Hence, by rule (12.20) {since _u_ulH ucwuo one cannot apply the rules of

§ 8)
¢ = sign(1-1)+sign(-1)(-1) =2,

. 21 - =1 =
H.m.alw::‘qvlw. v mﬁn.vov 1.

2. We consider the Hankel form
2 2
Hy (%) = 2£ £+ 26,8, - 265 - 46,85+ 3E5.

Herxe

o
~ 000
{
[ %)
{
wOo N -

i.e., cnH =1, Uo.u.upnomuo, Uwu_. nﬁ:mounnawsug\wuoumnwsw.ncwo
¢ =0 (the difference of the indices 3-(-1) =4 is even, and therefore
there are in the sum (12.23) no summands different from zero). Hence
T=v=2,

We note, that none of the rules described in § 8 can be applied di-
rectly to the present example (three successive minors UO‘UHLVN are

equal to zero).
3. Find the rank p and the signature ¢ of the Hankel form
2 2
mwaLC = mmu - wmo.mu + ammw+ NAmHmu +
2
+ amOaw - wom_mw - HOmOmw - mmmwmu - umu.
Solution. p = 3, ¢ = -1,

4. Prove, that Theorem 12.2 also remains valid for wolu =0, if one

substitutes in it 2x+1 for the upper bound 2x.

S. The upper bound 2« in Theorem 12.2 (for Unn» ¥ 0) is sharp. This

is already clear from the simple example
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O -

- N p—
mncri = umom~+m». H, =

Here p=3, UL =1, UOuU»u? omna. By formula {12.20) (or Theorem
8.3) c=1, so that =2, k=v=1, Hence 2k =2, and the set D HLu ~nJ.Lu
- (o]

. 2
contains exactly two zeros, i.e., the bound is sharp.

6. Devise an example, which confirms that for D 1 =0 the bound 2x+1
o~
(see exercise 4) is sharp as well.

7. Show, that Theorem 11.8 admits for real Hankel matrxices the fol-
lowing refinement: besides the parameters n(2 2) s Xr20, k>0(n>r+k)

ommow: osOommu..umna‘msnmE-mwwoswﬂcanmnsomogz —C»L& u
n-1 n-=
= Z

m»m. with matrix H
i,3=0 ]
I

sy +3 -1’ taking for ¢ an arbitrary integer

from the segement [-r,r] with the same parity as r+k. To this end one

should, in the case of even k =2m, choose the nonsingular matrix H 1’
n-

of order r in step 1) of Theorem 11.8 at once in such a way, that the

coxresponding Hankel form H mAch has signature a. For odd k=2m + 1

r—
one should choose the signature of the form mn 1 {x,x) to be equal to
0g-1 (or o+ 1) and take s > s! i
2(n-m) ” S2(n-m) FESP- Sy(n gy < Shinpy) iR

step 5) of Theorem 11.8.
HINT. Use proposition 3% and 40,
8. If in the (r,k)-characteristic of the Hankel form
n-1

HpgRex) = L sy, 08,8
i,j=o

with rank p the number r <p, then the change of variables

M = oMy LU e ey
My = n5|D+N‘:H+~ = m5|n+ﬂ+~ e :Jo..». = m:|~“
30|mn5o1 umwi,....::xp um=|o+n»_

reduces the form _._:L (x,X) to the shape
n-1
m:L?L& = >au_ (X,x) = . M w&:u:w_.
i,3=0

Prove, that now in the set of successive principal minors of the ob-

tained form the minor of order p, i.e.
-1
det |la e
] Hu.__ i,j=0
o : . . LNag s Y
Oincides Swﬂs;couf i.e. with the minor which occurs in Frobeniug'
rule (Theorem 12.1, see also Lemma 11.1) [3] 5.
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9. Convince yourself that the Hankel form
2.,.2 .2
Hy (X,X) =8 + 83+ 85+ 20683+ 5,18, + 8185 + 88, * £ 48g)
under the change of variables, suggested in exercise 8, turns into a

form ymAw.<v which is not a Hankel form

HINT. Use the data of exercise 1.

lo. The infinite sequence of real numbers

.o

56517527

belongs, by definition, to the class mev~ if for sufficiently large

,S

m(>N) all Hankel forms
m-1

Hpog exd = 85,48
1l,3}=0

155

have in their canonical representation exactly x positive squares.

If the Hankel form
n-1
H {x,x) = £ s, .E.L
n-1 i,9=0 i+j°1i

3

of rank p has k positive squares, then, in ordex that the set

807317 B0

of its coefficients admits an extension to an infinite sequence wav in
vﬁmu
K

the class , it is necessary and sufficient that D 1 # O, If this

o-
condition is satisfied, then for p < n the mentioned extension is defi-
ned uniquely but for p =n there are infinitely many of such extensions
(for references to the literature see below § 16, the note to exerci-

se 8).

NOTES
n Instead of the quadratic form (12,1) one can consider a Hermitian
n~-1
form mw+umwmw (it is also called a Hankel form with the same ma-
i,j=o

trix (12.2), cf. below § 19). It is easy to trace, that all theory, de-
veloped in § 12 for the quadratic forms (12.1), remains also valid for
Hermitian Hankel forms,

2) For k =1 this rule becomes empty, but the statement of the lemma

remains valid.

3 14 [3] a different proof of this theorem is adduced (ch.X, § 1o,

Theorem 24), of which the conclusive part (the case, where r <p) is,
unfortunately, not correct (cf.exercises 8, 9 in the present section).

4 In this form, indeed, it was presented in the original memoir of

Frobenius [19].
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This result is used in [3] on p. 310 in the proof of Frobenius' rule
for the reduction of the case r<p to the more simple case r =p, which
is analysed first, However, at this one overlooks the fact that the
new form wau_n<~<v is, in general, not a Hankel form (see exercise 9,
i.e. the conclusions, drawn earlier for Hankel forms with p=r, cannot

be applied to it (cf. Note 3).

REMARK. For the further development of the concept of the characte-
ristic of Hankel matrices, and also for new applications of the theory

of Hankel matrices and forms, see (2],[3],[7],[8],(14] of the additional
list of references.



Chapter III

TOEPLITZ MATRICES AND FORMS

§ 13 TOEPLITZ MATRICES. SINGULAR EXTENSIONS .

13.1 A Toeplitz matrix of order n(=1,2,.-:) is the name for a ma-

trix of the shape

| 51» pr.pu
Tz =nvla__v~&no

where the ¢ (p=0, £1, +.., *(n-1)) are arbitrary complex numbers.
P

More explicitly:

o]

° -1 0 Sone2 Sonwt
OH nO PP O|b+w nlﬁ+N
T .= . .
n-1 . - PR .
ves C c
€n-2 %n-3 ° -1
eee € c
®a=1 “n-2 1 °

As is clear from the structure of the matrix T it is, in contrast

n-1'
to Hankel matrices, in general not a symmetric matrix (here all ele-
ments standing on the same diagonal parallel to the main diagonal - in-
cluding the main diagonal itself -~ are identical, cf, Sec. 9.1). Only
under the condition ow thm. (p=0,1,-.+,n-1) the Toeplitz matrix A.:L
will be Hermitian, and in this case it generates a Hermitian Toeplitz

form
n-1 _

T . (x,x)= L ¢ _§E& .
n-1 P,G=0 p-a'p'q

To the investigation of such forms § 16 below is dedicated. But until

there we are concerned with the investigation of Toeplitz matrices in

general (without the condition of being Hermitian).

13.2 Just as with the Hankel matrices, the method of extension, al-
ready known to the reader, will be developed here,
2 i i litz
An extension of the Toeplitz matrix eacu one calls each Toepli
matrix

n-1+v
T = He I

(v=1,2,°"")
n-1+v p-q' p,q=0 T !
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for which the left upper corner ("block") coincides with the original
=b|~
p-q p,g=0"
A singular ertension is such an extension of the matrix T _, that
its rank coincides with the rank of the matrix anu_. We shall also con-

matrix T = llc
n-1

- 3 J . ®© :
sider infinite extensions T = |lc ] of finite matrices T _,

bt P-q " p,q=0 n-1
among these also singular infinite extensions (if such exist), defining

in this case the rank of an infinite matrix in the same way as in § 9.

Just as in § 9, we consider at first all extensions of the matrix

enl_ "by one step”, i.e., the matrices
o o o [of
oo onu -n+1 ou:
c .. c c
T o= 1 s ¢ -n+2 -n+1
n . . ... . . .
c < « .. c c
n-1 n-2 o -1

05 _ Ozlu LN OH Oo

As we see, each such extension is defined by a pair of numbers Ann.o sv.
We recall, that also for Hankel matrices the analoguous extensions re-

quired that two numbers were given, but in the extended matrix these
numbers were located completely differently - they filled out its lower
righthand corner. This circumstance, but also the absence, in the ge-
neral case of a Toeplitz matrix, of symmetry with respect to the main
diagonal complicates to a certain extent the proofs of the extension
theorems for Toeplitz Matrices, fox which, in respect to the formula-

tion and the general diagrams, the reasonings are completely analoguous
to Theorems 9.1 and 9.2.

13.3 Again we bring into the considerations the successive principal
minors of the matrix e: i
k

Ux = Qmﬁ__OmT&:m:anAwHOL.....nlC‘ c:H =1,

THEOREM 13.1 (PIRST EXTENSION THEOREM). If the matwix T

n-1 18 non-
singular (D__, #0), then it has infinitely many singular extensions T,

of order n+1.

PROOF. The determination of singular extensions H: of the matrix

esvu is reduced to solving the equation
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€y c_y ... n|s+m a1 | Y
€1 ot o3 Sonez | Samt

Huaﬁx.<.mv - ) o * * = 0. (13.2)
“n-2 | “n-3 - 00 % S -2
Sn-1 | Sp-2 " - - G s °1
X Oﬁlm . s . Ow n~ OO

Applying to the determinant osﬁx.%v the Sylvester Identity in the shape
of (2.6) we have

1 % v a2 (Se1 r Cepnt Y
u:Ax.wuu=|wnncM|H -1 ) ot S0t %ens2 Sans1|. (13.3)
Coq Cpop cee S . eee . .
X Cop re Sy Cop vee S <,
We denote
“ o *re Cone2 A S T
atx) = |° s , by 2| S0 vt Cone2 | Coner| (13,0
St | Cpes ter S . cen .
X 05IH oee O—. OSIN voe 00 O.-uH

It is clear, that for o:' # O both the functions a(x) and b(y) are li-

2

near (with the coefficient u: for x and y, respectively), and for

-2
cnum = 0 they do not depend on x and y, i.e., they are equal to the con-
stants a(0) (#0) and b(0) (#¥0) (we recall that c:-H * 0). Therefore,
for US:N ¥ O equation (13,2) which now because of (13.3) and (13.4) ta-
kes the shape
2
a(x)b(y) - U:uH =0 (13,5)

has infinitely many solutions {x,y}. If however, o::w = 0, then equa-
tion (13.2) becomes linear: "

D™ )% + -1)™Za(0)y + D_(0,00 = 0 (13.6)

As a(0) *# 0 and b(0) # O, this equation has again infinitely many solu-
tions {x,y}.

Thus is proved that both for U: 2 ¥ 0 as well as for u= = O the

-2

matrix e=|~ has infinitely many singular extensions T,

REMARK 1, If the Toeplitz matrix T4 18 Hermitian, then under the
conditione of Theorem 13.1 there exist amona the singular extensions T,
infinitely many Hermitian extensions.

Indeed, in this case all the minors co.cf..:cn..H are real, If we
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subgtitute x=1¢, wnnm.w: (13.3}, we obtain instead of (13.3) the rela-

tion

€4 S v+ S,
N . € € e C_ g
D&, =0s - | L. L |2
“n-1 Spe2 v v 0 S
4 =1 c ¢ - <

For D, % O the equation unﬁﬁ.m¢ = O therefore takes the shape

2 _ 2
lep,_, - z 1" =0 _,. (13.7)

where z, = -a(0) (cf.(13.4)).

Further, from formula (13.4) it is clear that in the considered case
b{g) = WAMV and, in particular,

D) = 1™ = a.

Therefore, for U:!w = O the equation czﬁn.mu = 0, corresponding in this
case to (13.6), turns into

AL+ +y=0 (y=yzD(0,0), {13.8)
where o # O, Since the equations (13.7) and (13.8) define in the complex
Z-plane a circle with radius _Uaup\cntw_ and a straight line, respecti-
vely, our claim is proved.

REMARK 2. In the spectial case, where the matrix L 78 real, 7t
has, wunder the conditions of Theorem 13.1, tnfinitely many real singular
extenstons.

This is clear from the relations (13.4) - (13.6) in which all coeffi-
cients now are real.

. .wmzwwz 3. If T, %8 a real and Hermitian (symmetric) matriz, then

it is also possible, under the conditions of Theorem 13.1, to construct

Singular extensiong T, of it, retaining these properties, but not in mo-

re than two different ways for D, * 0 and in only one way if D 2 = 0.
h~

Indeed, equation (13.7) now takes the shape
2 —

(2 =2 , U:nwﬁof

2
D - =
@ n-2 Nov Ubl» ° o

whence £ = p~! (s
g :-MH-_UspH_.Tnov.
H =
n the case u::m = O one must solve equation (13.8), which now has
tha shape

20z + Y =0 (ax=a# 0),
vhence ¢ = -y/(2a).

13.4 1 i i
n the case where the matrix enl» is singular there holds
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THEOREM 13.2 (SECOND EXTENSION THEOREM). Let Ty be a singular
Toeplita matrix with rank o (<n). If the principal minor UoL ¥ 0, then
there exists a unique pair of wumbers €, +C_, which defines a sinqular

extenston T, of the matriz T _ .

PROOF. For p = O the verification of the theorem is trivial:

o: = 015 = O. Therefore, let p > O. Since each p+1 columns of the ma-

trix eslp are linearly dependent, this implies, in particular, for
the first p+ 1 columns the existence of a nonzero system of constants

wo.mu....~mo. such that

ac +m»owv + e +mnnva.u =0 (p=0,1,---,n-1). (13.9)

Restricting here to the values p=0,1,+++,p, we note that the numbers
a, m-...‘mo are proportional to the cofactors of the elements of the

first (and also of the last) row of the determinant co (cf. exercise &
in § 9). Hence is follows, in the first place, that a, + 0 and 2, 0

(since D # 0) and next, that the quotients m<\mo (v=1,2,--+,p) are

p-1

determined uniguely by the elements of the minor Uo. i.e., by the num-

2o T

bers 0¢ﬁ<“uo.u 1,2 2,---,% p).

If es is the desired singular extension of the matrix esuu‘ i.e., it

retains the rank p, then formulae (13.9) must remain valid also for p=n

i.e., the element
a a
1 2 P
O "lllo ‘l“ﬂ l-.l‘lo
n a n-1 a a
o [<]

is defined in a unique way.

n-p (13.10)

A completetely analoguous reasoning can be applied to the rows of
the matrix e=|H and the desired matrix H:. which leads to

b nﬁ+cunn|p+l.\uwcno+w 0 (g=0,=1,-++,-n+1}, (13.11)

where the coefficients Uo~vH.....Uo areproportional to the cofactors of
the elements of the first (and also of the last) column in the determi-
nant Uu. so that again co * 0, vo * 0 and the element c_, of the desi-
red matrix T_ is defined uniquely:

n

b b

1

-—c

-n b “-n+t
°

o2

<]

2 e - 2
T © 5- ¢ (13.12)

-n+2 ~-n+p °

Now it remains only to verify, that the numbers <, and € _pr obtained

through formulae (13.10) and (13.12), define a singular extension H:.

But the rank of the rectangular matrix
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o -1 -n+1

. 21 e S

T = . . « v e e (13.13)
€y Cp-2 * * * S,
c, Chl vt S

is equal to p, since it follows from (13.9) and (13.10) that the last
row of this matrix depends linearly on the preceding p rows (which be-
long to the matrix H:t~v~ and that all rows of the matrix H:|H depend
on its independent first p rows.
Thus, as the rank of the matrix T is equal to p, all columns of
this matrix are also linearly dependent (since oovp # 0) on its first
°n

~ 0|=+~ .
p columns. Having joined to T just one column . we obtain the

c
(o]

matrix e:~ and from formulae (13.11) and (13.12) we conclude, that this
column also depends linearly on the previous p, and hence on the first
p of its columns, i.e., the rank of the matrix e: is equal to p.

The Theorem is proved,

COROLLARY, Under the conditions of Theorem 13.2 there exist two
uniquely defined sequences of numbers

eevr 3 c _,c {13.14)

[ -n*C-n-1"

n’Sn+1”
such that all corresponding extensions

e pttimy
P-q@ pP.g=0
are singular (t.e., they retain the rank p).

T =

=1,2,00
n=~1+v t )

The sequences (13.14) are recursively defined through the relations

+eer =0 =n,ntl,«.+)
moo .fm»owvH moQWro (p ' ’

b +_o_on+~+... +b no+ouo (@=-n,-n-1,.-.}

vhere the ccefficients (0%) a LI
b .vw....~vn (¥0)) are proportional to wmm cofactors of the elements in
the first row (respectively the first columm) of the determinant D_;

p
tn particular, for p=0 we have €,=0 (v =2n, ¢ (ntl),...).

teeady (#0) (respectively (0%)

In other words, the Corxollary to Theorem 13.2 guarantees under the
conditions of this Theorem the existence and unicity of an infinite
singular extension T, of the matrix T

formulae (13.10) and (13.12).

net’ which is defined through the
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REMARK 1. If the matriz T, _, ts Hermitian Ao|m.uMm. pP=0,1,+-4+,n-1),
then one can, under the conditions of Theorem 13.2, evidently assume

wwﬁw m“._ n _ou CHOL...JDV.mmaommou.wozmmon vu?anusmnosﬁ:muot
lations (13.9) and (13.11) that € n=%y¢ putting then p=n+l, g=-n-1,
we obtain ¢__ | =€ . and so on, i.e., the singular extension T, will
also be a Hermitian matriz.

It is clear, that an analoguous statement holds for a symmetric
(complex) Toeplitz matrix.

REMARK 2. For a real matriz Toaq the extension T_ by Theorem 13.2
will, evidently, be reaql; in particular, it follows from Remark 1, that
a real symmetric matrix A,:L determines under the conditions of Theorem

13.2 a singular extension T, which turns out to be real and symmetric,

13.5 The formulae (13.9) and (13.11), which were established in the
course of the proof of the second Extension Theorem (Theorem 13.2)
allow to obtain a recurrence relation for certain minors of order p of

the Toeplitz matrix q.nl of rank p (30). To this end we consider in the

matrix

c « e ..
) _ oL. onol _ 0..0 _ C_n+t

¢y no [P ouo+w nlol. e Cea
B . e e . Ce e s

.H_bl_ = .nn..H ounw “ .0 no OI_ e . 0..5...0
Oo .u.ulH coeeCy <, “ e . 0|:+v+»
osn~ o1 v et o:to n::ol PR oo

of rank p (>0) the minors of order p of the shape

c c e s+« €
[} w=-1 w=-p+1
>o:.: = | Su+1 € *r ot Cuap2 (.n+psSwsn-p). {13.15)
os+o|H os+b|m e Sy

We shall assume, that p<n, since for p=n we have w=0, bhov =D 1
and further considerations are superfluous. We note, that always

>“Mow = ovlu. Since the rank of the matrix enup is equal to p, formulae
(13.9) and (13.11) hold, and, further, if 001“.*9 then in these for-

mulae mo*? mu#o. con.«o~ vn#o. Moreover, as was noted in Sec., 13.4,
these coefficients are proportional to certain cofactors of the elements

of the minor Uo. namely (in the just adopted notation):
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a, mo a, mo
= : = : (13.16)
(o) p+2, (1) p+2, (-1) (o)’
A -1 a -
0 (-1) N (-1} >o >o
co Uo Uo _oo
= ; = : (13.17)
(o) p+2 (-1) p+2 (1) (o)’
4 (-1) a4 -1 a
e P ¢ ) Do P
From formulae (13.16) (and also from (13.17)) follows the relation
A0 T@T (13.18)
[+ p P
In particular, the condition Gnlp =) >%ov %0 implies the inequalities
DﬁM: +0 and >“Mr: #0 (cf. in this connection exercise 6 at the end of

this section).
Now we consider an arbitrary integer w (-n+pSwsn-p-1). We assu~

me for definiteness that w < 0, and we express (assuming an 40, and
(w)

[}

(cf£.(13.15)) by means of formulae (13.9) through the preceding p columns

of this matrix 1
a a a
p 0 P o b o p

hence mo #0) the last of the columns used in the determinant A

(p=u+l ,wt2,..-,wtp)

(here we have restricted ourselves to those values of the index p which

are necessary to provide on the lefthand side of the formula all ele-

ments of the last column of the determinant DMEVV. After inserting the-
se expressions in >“Mev and applying the addition Theorem we obtain

a S Cu-1 cee n€|n+w : Cutt a

. +
A - Cw-p+3 © Cus2| = (-1)PF2 2 p Lot}
4 a . a p
4] . . cee o P p
oe+nL oe+n|m cor Cut : oa...n

Taking into account relation (13.16) we obtain the recurrence formulae

DAOV >T:

p@ JTo et @) Co  (wtl) (13.19)

p DA: P 4 DAoV p
)

[
where @ = -1,-2,*++,-n+p, These formulae hold also for w = 0, when the

first of them is trivial, and the second one turns into (13,18).
Now if (n-p-12)w > O, then we arrive at same formulae (13.19),
using the relations (13.11) and (13.17).
S0 is established:

19, If the rank of the Toeplitz matrizx T, 8 equal to o (0<p<n)

-1
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©) _ 3] (-1)
and Eo =) Unuu*o- then >n +0, >o *0 and
(W) (1) _ y(w+l) plo) (@), (o) _  (w+l), (-1) Snep=i 13.2
Do >o npn ) .>u >o >o >o (=n+pSwsn=p=-1) (13.20)

For generalizations of this proposition cf. exerxcise 6 and 7 at the
end of this section.

From proposition 1° we derive as an evident consequence:

29, Under the conditiong of proposition 1° we have for arbitrary w

(-n+ps w £ n-p)

A Ju , RO
@ - | e Al 2| a0 4 (13.21)
o 5 l0) P >T: P
o -

(cf. exercise in § 9).
We need this proposition, which one could call the Lemma on the

(©)y in §§ 14 and 15.

translation (of the nonzero “rank"-minor >o

EXAMPLES AND EXERCISES

1. The rank of the Toeplitz matrix of order 4

o 0o -1 o}
o o -1
.H.u = 2
o 2 o0 o©
g © 2 (o)
is equal to 3. According to Theorem 13,2 the matrix aw with the minor
o o0 -1
UN = 2 0o O = -4 %0
o 2 (o)
admits a unique singular extension _H.a. Find it.
o o -1 0O O
2 0 o -1 [o]
Solution, .H,u =§lo 2 o o -t .
o O 2 o (o]
-4 O (o) 2 o}

HINT. Apply formulae (13.10) and (13.12).

2. For the Hermitian Toeplitz matrix (of order n=2}

-2 5 + 4i
5 - 4i -2

.H.wu
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the matrices

-2 5441 -3
T2 |s-4ai -2} s+asf *
31 5 - 41 -2
-2 5+4i -3z 7
Ty=fs-4i -2 5 + 41 -3l
3 5 -4i -2} 5+4i
7 3i 5 -4i -2
5 -2 5+4i| -4,5-1,5i
Ty = 5 - 4t -2 s +ai
-4,5 + 1,51 5 - 4i -2
-2 5+ 44f -4,5 - 1,51 -i
T, = 5 - 44 -2 5+ 41 -4,5 - 1,54
-4,5+ 1,51 5-4i -2 S +4i
i -4,5+ 1,51 5~ 4i -2

are all Hermitian extensions. Moreover, .H.w is an extension of the ma-

the matrix T, is a

trix am and T, an extension of the matrix mm. For .H_w 2

singular mxnmwwuos (verify this!).
HINT., The evaluation of the determinant mu = det m..w is most easily

carried out (because of the Hermitian and Toeplitz structure of the

matrix mmv through the Sylvester Formula (2.6} - cf. Remark 1 to Theo-

rem 13.1.

3. How many real singular extensions of order 4 has the Toeplitz
matrix

3 01

T, = o 3 O ?
1 0 3

Find them.

4. Let the Toeplitz matrix .H.:L be (complex) symmetrical: o..mv = n_mv
(p=0,1,-..,n-1). Prove, that under the conditions of Theorem 13,1, the

matrix .H.:L. allows for U::w*O not more than two and for U: = 0 only

=2
one symmetrical singular extension (cf. Remark 3 to Theorem 13.1).

HINT. Substitute in (13.2) (respectively in (13.13)) X=y=¢ and re-

Vise relations (13.4), (13.5) and (13.6) for this case.

5. Prove, that formula (13.18) » developed above under the assumption
HUDL =) bﬂov +Q, also remains valid for DAOV

N o =0 (cf. the hint to exer-
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cise 8 in § 9),
6. Adduce an example, where for a Toeplitz matrix with rank p and
>on =0 one of the determinants DCV or DT:

p [ 4
for Hermitian or (complex) symmetrical matrices (even not necessarily

is nonzero. Show, that

Toeplitz matrices) this is not possible - cf. the hint to exercise 8
to § 9).
7. Prove, that formulae (13.20), eveloped under the assumption
vov *0, just as their analogon for Hankel matrices (see formulae (9.7))

[V
can be generalized for the case, where AUoL =) Dhov

HINT. For >M: = >%: = O the statement is trivial; if one of these
determinants is nonzero (see exercise 6), then apply formulae (13.9)
and (13.11),

8. In proposition 20 it is, in particular, established, that from

+0Q {p is the rank of the Toeplitz matrix q..bupv fol-
(0}

p
analoguous conclusion doesn't hold - cf. exercise 9 to § 9).

=0,

the ineguality U_u|H

low the inequalities A #0 (-n+pSwsn-p) (for Hankel matrices the

Prove, that a similar statement doesn't extend to arbitrary minors

(0f oxder p) of the matrix esnp. i.e., for D # 0 some minors of order

(w) e-1
0

p (not equal to the special minors A ')can be equal to zero.

NOTE

h The negativity of the index w here guarentees the availability in

of these p columns. However, to this end it suffices
(w)

P
and our reasoning doesn't

the matrix T
n-1

already that w<n-p. Now, if w=n-p, then the minor A occupies the

lefthand lower corner of the matrix .u:L..
apply.

§ 14 THE (r,k,£)-CHARACTERISTIC OF A TOEPLITZ MATRIX.

14.1 As in the case of Hankel matrices we shall develop the theory
of Toeplitz matrices, starting with their entire-number-valued charac-
teristic, which in the given case is also somewhat complicated because
of the absence (in the general case) of symmetry.

For an arbitrary Toeplitz matrix esnu of order n and rank p (0OSp<n)
we consider the set of all its successive principal minors

e A L T T
Let in this set un:— be the last (reading from the left to the right)
nonzero minor. In other words the entire comstant r (0srsp) <e defi-
ned, just as in the case of Harnkel matrices {cf. § lo) by the relations
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Uunpwo‘ occgno (v>r),

from which the second one for r =n(=p), clearly, drops out.

We introduce two further entire constants, k,£ in the following way.
For r=p, by definition k=£ =0, Thus, in particular, k=£=0 for p=0,
since then r =0, and alsoc for p =n, when also r=n.

Now, let r<p (0<p<n). We consider the "truncated" matrix

T = llc F
r blﬂ:@.ano.

The matrix .H_n. is singular Gnnou . itg rank is equal to r (D H*ov .
-
Because of the second Extension Theorem there are two uniquely defined

infinite sequences

St Rt e Ol (14.0
giving the singular extension T; of the matrix an.. and also its "inter-
mediate" (finite) singular extensions u.n..+< (v=1,2,.-.) (it is clear
that for r =0 we have T, =0).

Alongside with (14.1) we consider the finite sets of entries

vee

¢ caa .
P L LA SN L Y L R AR L Py (14.2)

£ . :
rom the matrix eai. Each of these sets is nonempty, as r<n-1 (since
r<p < n).

Comparing the sets (14.2) with the sequences (14.1) we define the

constants k and £ through the relations

Sp+1 T nmi,...,obuwup = nu.TwLn €n-k * OH.T d
(14.3)
c HO. Y = . -
-r=1 T-r-1' ‘Conelat Contl+1’ Copag * n..u...h.
Thus, for r <p we have
osk,Lsn-xr-1, k+&>0. (14.4)

We stress that, though each of the numbers k and £ may individually
turn out to be equal to zero, now k +£ >0, since for k=£=0 the rank p

of the matrix would coincide with r, contrary to the assumptions.

14.2 Just as in the case of Hankel matrices the meaning of the con-

Stants k and £ can be much better understood from the diagram
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. (14.5)

o

If one calls the entries o< {(v=0,1,*"+,n-1) of the matrix a=|p which do

not coincide with the corresponding entries oo of the matrix T "wrong"

entries, then the numer k denotes at what "distance” (in the sense of
the number of diagonals) from the lefthand lower corner of the matrix
one finds the "wrong" diagonal which is nearest to the block eﬂ. In
complete analogy one defines "wrong" elements in the set c_y (v=0,1,
«++,n-1), and the constant £ denotes the "distance" from the first
{after the block euv "wrong" diagonal to the righthand upper cormer

of the matrix T . In particular, for k =0 (respectively £ =0)the left-

n-1
hand lower (respectively the righthand upper) corner of the matrix annu

i i H = ’ v e = * ive-
contains no "wrong" entries: ou+H nn+p. ' onlH o:u— {respectiv:

=c! * ! = . ver, also r =0 then
ly ¢, 4 = C.po1r """ Cpn €_p4q) - If, moreover, .

since in this case T = O, we have

om - owu = Ohm = see =0 (14.6)

and for k=0 (£>0}

QO O s« ON\C
O O +++ 0O

N A S

T = o 0,..0 ©
o OIQ.OO

. (14,7}

s o8 s v v e o . A

0 0...00 ©O .O

An analoguous image is obtained for r=£=0 (k>0),

We call the ordered triple (r,k,L) of the above-defined constants the
(r,k,£)-characteristic or simply the characteristic of the Toeplitz ma-
and the quantities r,k,£ the components of the {r,k,£)-charac-

trix T
n-1
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teristic. From Remark 1 to Theorem 13.2 it follows, that for Hermitian

and symmetric Toeplitz matrices a: 1 always k=4£, so in this case one

can speak of the (r,k,k)-characteristic or, shorter, of the (r,k)
racteristic,

-cha-

Finally, we note this obvious (see diagram (14.5)) Ffact;

19 If in the (xr,k,L)-characteristic of the matriz T 1 the component
n-

k > 0 (respectively £ >0) then, at the transition of the matriz T,

-1
to an arbitrary extension T of it with det T, =0,

the first nosmostw

r of the characteristic &ommx.w change but wxw second k (respectivly
the third £) increases by one. (For det T, *# O the characteristic of

the matrix 6: will have the shape (n+1,0,0) - see Sec. 14.1)

14.3 In conclusion of the present section we use diagram (14.5) for
the proof of another proposition which is needed in the sequel:

o . N
. 2 .Nx a matrix T,-1 (see diagram (14.5)) with (x,k,L)- characteristic
in which ¥ >0, 8 an arbitrary mwior >Msv of order r with the shape

[» [s] ces [+
w w-1 w=r+1
(o] c e Cc
DASV - W+l w w-r+2
r . cee . !
c
wtr-1  Sgtr-2 - o

nonzero, when the entire number w satisfies the inequality

n+l+r-i<w<n-k-r+t, (14.8)

Indeed, for r =n the statement is trivial,
so that w =0 and Dﬁev on
:

(14.8) give

since in this case k=£=0,

= U:lH # O, Now let r<n. Conditions

w+tr-1<n-k, w-r+1>-n+f.

Comparing these inequalities with diagram (14.5),

e we convince ourselves,
w

doesn't “touch" nvm marked corners in diagram (14.5),
i.e., it doesn’ n contain "wrong" entries of the matrix e . But then

-1
o
Ne may consider it as a minor of the matrix a. (or,

if amw»nma. of the
"trun "
cated” matrix em|p which is obtained from it) of rank r. We substi-

t =
ute now p =r and we note, that from (14.8) follows the condition

that the minor >

-n+r $wsn-r,

u .

nder which the lemma on the translation (§ 13, proposition 2°) is ap-

Plicable. Because of this lemma Dﬁsv * 0,
r

EXAMPLES AND EXERCISES

1. For the Toeplitz matrix
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3-i

e}

(=]
0o 0O O O

5i
/2 54

o 0o 0 O O
0 0O 0 0 0O

o
lo]
0
is in the (r,k,£)~characteristic, obviously, r =0, since Uo = oa = Um =
= Uu = U» = 0. Hence the corresponding matrix T! (see Sec. 14.2) con-
sist only of zeros. But then follows from the shape of the matrix ab
(see (14.3) and diagram (14.5)), that for this matrix k=2, £=1. So

the characteristic of the matrix eb looks like: (0,2,1).

2. which is the (r,k,f)-characteristic of the Toeplitz matrix

o
o
2
o
[8)

<]
]

o 0 O v O
O N O O
le
1
-

"~

Solution. (3,1,0)
HINT. Cf. example 1 to § 13.
3. The Hermitian Toeplitz matrix
1 i -1 -i 1
-i 1 i -1 -4
T, = -1 -i 1 i -1
i -1 -i 1 i
1 i -1 -i 1
has rank p = 1 (why?). Hence, clearly, also r=1 and since r=p,
k=£L=0.

4, Find the (r,k)-characteristic of the symmetric Toeplitz matrices

o1 o 1 1

1 i o H H ”« w Lol

. o1 o1 0

T, = pww ¢ Ty = 111 1fr e T 1 01 01
o i 1 o 1 1 1 1 1t o1 o

Solution. (3,0}, (1,1}, (2,1).

5. Calculate the (r,k,£)~-characteristic of the Toeplitz matrices
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=i -2 4i

i 2 -4
= | 3 o1 2| =] 2 -1 2 ,
44 S
i 2 a4 i 2 -ag
mmu -w i o2 . qu -w i 2 .
EE I

Solution, (1,1,0);(2,0,0);(1,0,1)};(1,0,0).

6. Let the matri H
ix e=|~ Anmnlav be a Toeplitz- and a Hankel matrix at

the same time. Which (r,k)-characteristic can this matrix have:
a} as Toeplitz matrix; b) as Hankel matrix?

Solution, (0,0),(1,0),(2,0) (in both interpretationg)

7. If . . : .
I as:» 1s a Toeplitz matrix with the characteristic (r,k,£), then

for the ﬂHQnummvowmQ matrix ﬂH v the Owwmnwnﬂmn istic has the mzwvm
n-1
(r shsunv. Prove this,

§ 15 THEOREMS ON THE RANK.

15. .
5.1 Just as in § 11, at the root of the Present section there lies,

in m.aﬂmu_,00< to Lemma 11.1 ap ogmH.ﬂPOnu on a nenzerc minor which now,
’ 23 L1 ’

generally speaking, turns out to be not a principal minor, i.e it is
eh LA

+ R .
NOT necessarily situated symmetrically with respect to the main diago-

nal of the initial matrix. Nevertheless, as will be clear from the

Le .
mma 15.1 presented below, it can always be selected to be symmetrical-

ly si
Y situvated (and so, because of the Toeplitz structure, to be symmetric)

relative to the initial (and its own) auxiliary diagonal
LEMMA 15.1, X 2
Let To-1 be a Toeplitz matrix of order n with a aiven
{r.k, &) -charaeteristic, Then

r+k+£sn

and the matriz T 2
-1 7as some nonzero minor z_MHM of order r +x +£. This
’

minor e 2
” an be chosen, generally speaking, in various uays, in particular
e entries can be obtained F
ed from the following lines o tat
oy § g f the original
n—

7 "
a) from the first k+r colums and the final £ colwmms, the first &
rows and the final r+k rows; .
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b) from the first k colwmns and the final r+4£ columms, the firet (in diagram (15.1) this minor is entirely situated in the hatched part).
r+ £ rows and the final k rows. But then 4 ‘¥

» + 0 (§ 14, proposition 2°),
PROOF., Let the rank of the matrix .H...T

1 be equal to p. For r=p the
verification of the lemma is trivial, since in this case, by definition,

Now we consider the minor

c ... . e e
k=£=0, and ZAMoM H Uo 1 = UH 1 (¥0) is the desired minor of order o ov=+h Con+1
’ - = . -
r(+0+0) (one can replace it by a minor, taken according to rule a) or ' v v : M
b) from the formulation of the lemma, by means of proposition 2° from ’ o e : Y
§ 14 if r>0). We note, that for p=r =0 (then alsoc kx=£ =0} the state- () . [N () . e e e
o . e A . [
ment of the lemma doesn’t make sence. In this case we agree to under- zw‘h - r
stand the "minox" D 1 = 1 to be the desired minoxr xnmonvv.
~ ' P
n-k ° ° * . e . “ e e .
S0, let O<p<n and r<p. We assume at first, that the condition . .
r+k+£<n is realized, This means that the matrix T = . -
n-1 c ves C v e . . +« e« 2 €
n-1 n-k o
n-k-£({2r)
\!l.\(.l\l @ . .
e L. . e itet (in the case r =0 the square >M ) is absent here). Applying proposition
R . . . 2% of § 3 and formulae (14.3) we can consider JMNM not as a minor of the
. - - 3 ’
X . matrix _H:L. but as being composed (see Theorem 13.2) from the matrix
. - _H.H.TH\ which is a singular extension of the matrix n.n (of rank r), as a
. . . r
. determinant ng M (§,n) (see Lemma 3.1 in the shape of (3.7)), in which
\NlH . . - - - ’
the numbers = = '
£ Sk and n C_p+f Feplace the elements €l and o...z+h
Ce v e e e . n of the matrix .H.mua. respectively. But then using the result of Lemma
. . A
: : _wm 3.1 in the shape of (3.8), we have
: . Y] (r) (r)
C . . - . c [} = =
n-k n-2k s Me,2 = M, 2k nag?
c coes c [
n-k n-2k+1 = (kb kel) | (w) _o 4k o
. N . (-1) b Cnk "% et (5.3
“ ” H ” whence because of (14.3) Z_MnM * 0.
L4
: N . Now we note, that the minor >~A,p: (¥0) of the shape (15.2}, which en-
ek o=|w|~ R O oo ters into the structure of the determinant ZMNM, can be arbitrarily
(15.1) ¢hosen in the part, which is hatched in diagram (15.1). In particular,
* having taken it in the lefthand lower (righthand upper) corner of this
R . (w}
contains at least one minor A of order r of the shape . X
r bart, i.e., putting w=n-2k-r (respectively w=-n+2f +r) we obtain
Cw Co-1 777 Sumra rule a)(respectively rule b)) from the formulation of the lemma,
(@) c o e The obtained result indicates, among other things, the fact, that
s = wl w w-r+2 (15.2) the identity
Cwtr-1 Swtr-2 © * ° Su r+k+l=nm (15.4)
H ¢annot hold in the considered case, Indeed, in the opposite case we
vhere wt+r-1<n=-2k, w-r+i1>-n+2f, i.e. would have

{-n+L+r-1 €) -n+28+x-1 <w <n-2k-r+l (S n-k-r+l1) zmum =p _ %0
, -
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i.e., p=n=y,

It remains to consider the case, where r +k+£>n, which, as we
shall see, also turns out to be impossible (cf. the proof of Lemma
11.1). Indeed, assuming the opposite, we might throw out of the matrix
T the final (r+k+4£ -n) rows and columns (because of (14.4}) , whence

n-1
r+k+£-n s n-2). The matrix 7 = which will be ob-

nel- (r+k+€-n)
tained as result, would have the order
ne2n-r-k-£22n-r-2 max{kx,L} =
= 2[n-max{k,&})-r 2 r (15.5)

(here we used n -max{k,£} 2 r, cf. diagram (15.1))}, so that in its

Tam1

characteristic (r.k,2)

rer, ksk - (4k+l-n) = ner-2£

~ (15.6)
=L« (r+k#f-n) =n-r -k

where (see (14.4)) k>0, £>0, i.e., then rank p of the matrix n.m:p

surpasses ¥ (=x) (see Sec. 14.1). But from (15.6) follows
T+k+L = z+ (ner-£) + (n-r-k) =

=2n-r-k-£ =n

which is, as we know (cf., {15.4)), not possible for r< m
Lemma 15.1 is proved.

15.2 some facts, which were discovered in the course of the proof of
Lemma 15.1, allow to establish two propositions, which will show to be
useful in the sequel.

We consider the guantities

¢ -n+1

~n+p on......wi *
E 31, E_, = [S-ntpr1 Sopep Tt Cans2 (p=1,2,+++,n)

Cent2p=1 Scnt2p-2 * * ° Cunep
or, in the notation of § 1

1 2 PR ]
E T nzumi.u n-p+2 .., . n

1 ™ Toot ) (p=1,2,-++,0).

Thus, through (1s) mam.mo, *+++E _, are denoted the analoga to the suc-

cessive principal minors (12) olu.uo.o moving (in contrast to

«ee,D
1’ "“n-1
the mentioned minors) not from the lefthand but from the righthand upper
corner of the matrix ,n:n— .
19 For a Toepltts matriz T _, with characteristic (r,k,) one has
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always

* 0, m@n» =0 (p=x+f+1,.++,n).
Indeed, the minor m~.+h..~ is because of its definition obtained from

the minor JmﬂM. found in Lemma 15.1, if the latter is choosen accor-
’

Errt-1

ding to rule b) of this lemma (i.e. for w=-n+28+r) and then from it

are discarded the first k columns and the final k rows:

c . .. e . ..
o - Sonl ©ont1

s e

“« e . Ol:.?ﬁ

zx.h = . . e >H . e e s ’
Sk - e ... . R
: ...n::x PPN . no
Cycl vt on=+h+- Coprf - C ¢ S_n+1
_ c._ - . . ..o
mn.LwL = ne 1 W=-x n+g N
w ©rr Cemrdt Cu-r ot Conebet
o..&.nuH v e Sy €t « e e n|=+~+n
w=-n+248+r,
€ ne2l+er c v e Cne2e+t
D:& -
v . e e . .
Cont28+2r-1 ° ° ° Sons2ler
Thus, wn+hl~ has exactly the same ghape as z._MHM for k =0. But this means,
»
1} (x}
that .
at one can calculate mn+h|_ by the same rule (15.3) as zok.
— 1,2, (-n+28+x) . £
mn,RL (-1) >n Aonb+~|n¢5+~.y * 0.
It remains to explain, why mm..H =0 for p>r+4£. In this case the
Structure of the determinant E is as follows:

p-1
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p-(x+l) r b
R N \.f\(l.o\\./
. e ] ..
b .. . . . .|=+~ e e e 1 4
. . o e e . <. . C_iip
| ' {w) n
. . . A . PO
mwupn r
0 3 .
o .. e . . .
. e e p-(x+{)
c
nnu+~vlw Y - A . . .. O|:+v
1
where w=-n+28+r, and ¢ = -n+p+r+£. For r = p, where p is the rank

of the matrix T 1 Awnﬁrwmnmmmwnhuovgmonmmqumﬁrmswsonm
n-

exceeds ¢ (p>r+d =p+4), i.e., mwl_ s i
evident from the proof of Lemma 15.1, r+k+4 < n. Hence (we remind in

p~1
= 0, Now, if r < p, then as is

addition, that p $ n)
g=-n+p+r+f < p-k £ n-k,
i.e the numbers ¢_, standing on the diagonal in the lefthand lower
.e., o .
corner of the determinant, are “correct" elements of the matrix

. °
¢' (see (14.3)). But then, if one considers proposition 2

T HEE ~

n-1 [+] [ ) e by a
of § 3, the calculation of mmTp in accordance to Lemma 3.l.,i.e., by
formula which is analoguous to (15.3), yields E = 0.

p-1
The ascertainment of proposition 1° suggests an "asymmetry" between
the components k and £ of the (r, k,f)-characteristic of the matrix LN
However, this apparent disparity between them disappears, if one intro-

duces just another set of successive minors of the matrix T star-

n-1'
ting the progression through it from the lefthand lower corner.

n-g+lt n-g+2 . . . n
F,=1, F =T ("7

-1 q-1 n-1 1 2 e s - 9
c -q nel-l * * ° n:nwn+p
. .. C
) nbln..‘m nalﬁ n-2g+2 (q=1,2,+-,n).
e+ . C
0$1H QSIM n-gq

. °
It is clear, that for these minors an analogon of proposition 1

2)
holds, namely H

o 3 o . . . .N 1
20 For a mqommvwﬂﬂu matrie T 1 with QE»&QQ#N%@QWVQ (r LA~ ) one a ways
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= sr+kdl, oo .
m,W‘Ian * 0, m.AmIH [s] (g = r+k: r ,n)
15.3. To begin, we note that Lemma 15.1 is formulated (and proved)

much more easily in that case, where the matrix _H.: 1 is Hermitian (or

symmetrical). This relates also to the next propositions, to which we
now come, postponing a more detailed consideration of Hermitian Toeplitz
matrices to Sec. 15.5.

THEOREM 15.1 (FUNDAMENTAL THEOREM ON THE RANK). If .H. mﬁ.w a Toeplita

matrix with a known (r,k,f)-characteristic then its xﬁxw p can be found
through the formula

p=r+k+l . (15.7)

PROOF. For r=p formula {(15.7) is trivial, since in this case k=£=0,

Let r < p, i.e., k+£ > 0. Clearly one can, without loss of genera-

lity, assume k 2 £. Because of (14.3) all matrices _—. =<|

=lle _
-1 P-4 p,g=o
for v=r,r+1,***,n-k have rank r, but the matrix T =k has a rank

r, > r. On the basis of the oowowwmnw of Lemma 6. ? r
r+l oxr r+2,

If k

1 equals either

2 then by Lemma 15.1 the matrix esnx. which has the characte-

ristic (r,1,1), contains a minor of order r+1+1 = r+2, which is non-

zero, i.e, n» = r+2, With the same reasoning (cf. § 14, proposition 1°)

at the next step of extension of the matrix .H...Tw by means of the ele-

ments n:uwiAunauhLv and nnsi?H Aunnnt?ﬂv (here we use again the

loose formulation already mentioned in Ch. II) the rank again is raised

by two units, and so on. as result after k (=) steps of extension we
find that p = r+2k = r+k+4.

Now if k > £ (for £ > k the reasoning is analoguous), then (the rank

of the matrix A.zuxv r, =r+ 1, since all rows of the matrix T

n-k’ X~
cept the last one,

can be expressed linearly through the first r of its
rows (not containing "wrong"” elements). So the characteristic of the ma-

trix has the shape (r,1,0). If k = £+ 1, then the matrix T nok+q Will
wHHmmm<:m<mAmmm mzmnogmwnwon_ouﬂsmorwﬂmonmnpmnwn nﬂ‘y:‘w:m

its rank surpasses w._ (=x+1) by two units (not more, because of the

Corollary to Lemma 6.1, and not less, because of Lemma 15.1). In the

case, where k > £+1, all rows of the matrix a.:uw+u~ with exception of
the last two,

can be expressed linearly through the first r of its rows,

i.e., the rank of the matrix T k1 doesn't exceed n.+~ =r, +1, At the

Same time the characteristic of the matrix T

nek+1 in this case has the
shape (r,2,0), i

+€., On account of Lemma 15,1 the rank of this matrix

is exactly equal to r+2 = ¥, +1.
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Continuing this reasoning we find that'at each of the first kx-£

steps of extension of the matrix T by the pairs of elements

n-k-1

{ ). (e )

Cnk’C-n+k’ ¢ Cnks1’Conek-11 T CpoyCpe
the rank of the corresponding matrices will be increased by one unit,
and at each of the final (concluding) £ steps by two units. Hence fol-

lows, that the original matrix n.:v has the rank

1
p=r+(k-£)+20 = r+k+4,

The theorem is proved.

15.4. Now we consider some consequences of the fundamental Theorem

on the rank.

THEOREM 15.2. 3 If in the (r,k,L)-characteristic of the Toeplitz
matriz T, _, of rank o the component r < p, then an arbitrary extension
T, of the matrix T _
has rank o, > 0. More precisely, <f k€ > 0, then 0y =p+2; if k=0,
£ > 0 (respectively k > 0, £=0) then (in the notation of § 14) for

’ . ' = = ¢ -
e * c) (respectively c_ *¥cp) also CH p+2, but for c, =cp (respec

1 by means of an arbitrary pair of elements P

tively ¢ = ¢ =
¥<° ., cl) e =pt1l.
PROOF. From the condition r < p (k+£>0) follows, that the matrix
.H.bL is singular, i.e., its rank p is not more than n-1 : pSn-1. Hen-

ce, if a_.. is a nonsingular matrix, i.e., its rank oH = n+1, then, be-
cause of the Corollary of Lemma 6.1, p=n-~-1, and o» =p+ 2, We note,
that here either k€ > O or k€ = O. In the latter case let, for example,

kX = 0, £ > 0. Then necessarily o: # om.

Hzmmma.mon osn om nﬁoawﬁnu..x .H,_.. tocwarw,‘mg;.:rg.v:uzuh
(>p-£=r) rows which do not contain "“wrong" elements, i.e, rows,
lying in the matrix .H__w of rank r, and therefore linearly dependent. But

then det e_.. = 0 in contrast to our assumptions.

Now, let _H.b be a singular matrix and let its characteristic have the
shape (r,k,£). Then for k& > ©

¥=r, k =k, £ =42+1,

-~

i.e., the matrix T has rank p, = r+k+l =r+k+L+2=p+2,

1f, however, k = 0, £ > 0, then we have for <, * o...
f=1x, k=0, £ =1L+1,
i.e, 0, = r+f+1 =p+1.

In the case k > 0, £ = 0 the reasoning is analoguous.
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From Theorem 15,2 one obtains immediately a general criterium for
the existence of singular extensions (see § 13) of arbitrary Toeplitz
matrices, namely:

THEOREM 15.3, In order that the Toeplitz matriz T -y of rank o admite

a singular extension it i8 necessary and sufficient that the condition

Dpg ¥ 0 i8 satisfied,

PROOF. The sufficiency of the condition was established in the Theo-
rems 13.1 and 13.2. The necessity follows from Theorem 15.2, since for
D,y =0 in the (r,k,{)-characteristic of the matrix T,_, the component
r necessarily satisfies the inequality r < p, and hence es'w has no sin-
gular extension S.: has already the rank p+1 or p+2).

From this result follows in turn the analogon of Kroneckers Theorem

(see Theorem 11.6):

THEOREM 15.4. If the infinite Toeplitz matrix T_ = lc___II

.. P-4 p,q=0
the finite rank p, then cnup * 0.

PROOF. This is completely analoguous to the proof of Theorem 11.6,

has

15.5. We dedicate the final part of this section to the case, where
the Toeplitz matrix is Hermitian, keeping in mind, in particular, appli-
cations to the theory of (Hermitian) Toeplitz forms.

At the end of Se¢. 14.2 it was noted, that for a Hermitian Toeplitz
matrix en:u the (r,k,{)-characteristic always has the shape (r,k,k),
i.e., one can speak about the (r,k) -characteristic. Hence the statement

of the fundamental Theorem on the rank p for a Hermitian Toeplitz matrix
now looks like

p = r+2k, (15.8)

Thus, the nonzero minox zmwm which emerges in Lemma 15.1 now (for k=4)

can be chosen such, that it would be a principal minor, i.e., symmetri-

cal with respect to the main diagonal of the matrix T

(for this it
suffi . (w) n-1
ices to take the minor >N in formula (15.2) with v = O and situa-

ted in the hatched part of diagram (15.1), symmetrically with respect
to the auxiliary diagonal). Then, clearly, >Mov = D__, and since (see
Remark | to Theorem 13.2)

I . 1
Cnk = Snsk? Sn-k T Clnpak
the minor m‘F)

X turns out (gee (3.9)) to be:

(x) {r)
M

u Hl x N—n
..Z#La (-1) Uﬂlu_oblxnnmlx_ . (15.9)

The structure of the minor }an admits in the cass of a Hermitian
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matrix eb 1 (k =£) a new interpretation. Indeed, this minor now must
consist of the principal minor UHIH. bordered to the left and above with
the initial k rows and columns and to the right and below with the fi-

nal k rows and columns of the matrix e: . But since the matrix Hsl is

-1 1

a Toeplitz matrix, the minor GN| can be chosen also such, that (see

1
diagram (15.1)) it stands adjacent to the initial k rows and columns

i.e. {(in the notations of § 1) such that

k+l k+2 ++« k+r

D =T U)et w42 ooe ktr

)

PO c e« e . C
o v “k+1| Cx € k-a| “x -n+1
P . e e e . P
nxum [+ T
P e e . € [ e .. €
nx np no ~-g w T+1
(x) . (D) e e e .
zx . [ . - . .
« o [ [of o« o o o4 c e o . (]
k+g x g o Wt T+r
€ . P . c e e . S, - v e S
o o e o o o C C. e o o (o}
n=|~ oua 0|d|H ~T=-r k-1 o
where ¢ = r-~-1, T = -n+k, w = -n+ 2k. But this is, clearly, also the

same as the minor, consisting of the first r +k rows and columns of the
matrix enlu. bordered with its final k rows and columns. This is in turn

equivalent to a bordering of the minor D taken in the lefthand upper

r-1'
corner of the matrix .H.: u.z.._.ﬁs the k rows and columns of the matrix T -1

which are next to it, and then with its final k rows and columns:

c, coeeoe il ey o0 Copiket] Sendk 7 7t €_o4i
. D . . s e e e . . r
( N|Hv
S sy . . e e . . e e e Sy
c e e e e [ “ e e e . e e e
r [}
w -, Ce L . e x
N . e e . € . . e e .
OH..I_nlu. ’ o
I . . e e . c PPN
“p-k - °©
. . e e . RN«
Sn-t * 0t Sper —_——2
T ——
X k k
R . . : . (x) 1
This final variant of the interpretation of the minox xw . hamely,
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allows to formulate the following rule (algorithm) for discovering the

rank p of the Hermitian Toeplitz matrix T
n
Theorem 11,3,

1° It is the analogon to

THEOREM 15.5. Let T _, be a Hermitian Toeplitz matriz, and let the

number x be defined through the relations

D,_, *#0,D =0 s 2 1), {15.10)

If r = n (t.e., the second of relations (15.10) {8 meaningless), then
the rank of the matriz T,_y ©8 also equal to n : p =n. Now, if r < n,
then, having bordered the minor D _,. standing in the lefthand upper
corner of the matriz T oy with the next row and colwm and the final
row and coluwm of this matriz, we form the minor D of order r + 2,

- r+l

then we form the minor D, of order r + 4, having bordered D, with
the next two rows and colurms and the final two rows and columns of the
matrix LI and so on, as long as this is possible, in view of the sizes

of the minor D__, and the matriz T _i- We consider the maximal one

(with respect to the order) under the minors D 142y (V=0,1,2,---,
D _, = cnn_v which 8 nonsero. Then

., max v =k

UH|~+NC#O
and r+2k = p 18 the rank of the matrix Toet” 4

Further, since for r < p we have (€=) k > 0 for a Hermitian matrix,

in Theorem 15.2 always the case kf Auwmv > 0 occurs, and so

3% 4n arbitrary extension T of a Hermitian Toeplitz matrix Ty
with r < p by an arbitrary pair Aos,olsv of (not necessarily complex
conjugated) numbers has rank o, =p+2. 3)

In an analoguous way, one now would only have to consider the simple
case (k=4{) in the proof of the fundamental Theorem on the rank. In
view of the importance for the applications the reasoning used in this
case (see the proof of Theorem 15.1) and in particular, its result, de-

serves to be presented in a separate proposition:

THEOREM 15.6. (ON THE JUMPS IN THE RANK OF A HERMITIAN TOEPLITZ
MATRIX AT EXTENSION). If in the (r,k)-characteristic of the Hermitian
Toeplitz matrix T -1 the component k > 0, then the truncated matriz

T ; .
n-k_q 7a8 rank xr, and the matrices Tk Tnox+1? "+ Tooy Pave respecti-

vely the vanks r+2,r+4,.---,r+2k, ;

In other words, at the transition by means of extension from the ma-
triz T, _q of rank r to the matrix T,y of rank o (>r) the rank inerea-
ses only at the final k steps of extension, where each of these k steps
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ts accompanied by an increasez inhe rank of two units,

It is suggested to the re=aader » verify, as an exercise, that the
Theorems 15.5 and 15.6, and &alsojyxoposition 39, also hold for (complex)
symmetric Toeplitz matrices.

In conclusion (also as exeercig) it is suggested to establish, in ana-

logy to Theorem 11.8, the valliditt of the following proposition:

THEOREM 15.7 [32]. The gemerdai shape of a Hermitian Toeplitz matrix

:L . . .
enLu __omTa__m:auo o%mscm;‘g_%.nﬁwwvgwmnwgms?%Toxasaowmu
ristic {r20, k>0, n > r+2k) tdetermined in the following way :

1} for r 2 1 {8 assigned cn atitrary nonsingular Hermitian Toeplitz
matriz LI of order r (for x =0shis step drops out);

2) for T, 8 chosen an axbitsry singular extension of the matrix
Ty {(for r =0 we set T, = (0));:

3) the matrices Tyt Tpage s " kg P2 determined uniquely as sin—
gular extensions of the matr~ix T;

4) the number okt which: Q@.c..m the next singular extension T

(of order n-k +1) of the sﬁﬁoﬁsnv\ 18 determined in a unique way;

S) thie element omlx in .H.Jm. - & replaced by g:lﬁ.vewuﬁsm ek ?o..—-wv
and correspondingly, Clisk = Sns’® replaced by Nk’ the matrixz, which

¢ obtained as result, is deznoteby Tk’
6) for k=1 the construct=ion ;° the matrix T 4 i8 completed; for
k > 1 the remaining elements= St SConik-1) 7 Cneke2TConek-27 T

c =C L Y.
nei = S_peq OvE chosen arbi’trariy

It is clear, that an anal.oguas theorem can be formulated and proved
also for (complex) symmetric: Toelitz matrices.
EXAMPLES AND EXERCISES

1. For the Toeplitz matri x (s» exercise 2 of § 14)

o o0 -1 o ?
2 0 0 -1 D
HA = o 2 o O
o O 2 o )
o 0o O 2 )

of order 5 with (r,k,L)-characteistic (3,1,0), a nonzero minor of or-

der 4 (r+kx+£ =4) can be chossen arording to Lemma 15.1, for example, as
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2 0 0 -1
Qo 2 0 [0
= 16 (variant a) of Lemma 15.1)
o O 2 [}
o 0 0o 2
or as
o -1 [s) o]
2 0 -1 o
= 4 (variant b)}.
e} (o] o -1
[} e} 2 (o]

The rank of the matrix T, is equal to p = r+k+£ = 4 (verify that

D, = _e»_ =0,

Further, in connection with propositions 1° and 2° we have

-1 o o
E -y =E,=| 0 -1 o = -1 % 0;
o a -1
o -1 0o o
E,= |0 %t % LGk =D, =0
3 2 6 o -1 A
0 2 o o
2 0 o -1
_ . _lo 2 o o
Frikag =F3 = =164+0, F, =D, = 0.
o o 2 o 4
o 0 o 2

2. Convince yourself, that in the Toeplitz matrix (of order 6)

1 1 1 8 vy &
1 1.1 1 8 vy
7, = H“H““w e*1, 8¢ 1)
1 1 1 1 1 1
« 1 1 1 1 1
the minor of order 5
1 1 8 y 8§
1 1 1 8 vy §
1 1 1 1 8
1 1 1 &t 1
a 1 1 1 1
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is nonzero, Compare this fact with Lemma 15.}], having calculated the

{r,k,£)-characteristic of the matrix T. beforehand. Study the conduct

5

Omnrmmcoommmw<m5w50nm mn-- ma& w&|~ Omn:msmnﬂwx Am and explain it
with the point of view of propositions 19 and 2°.

3. Calculate the rank p of the symmetric Toeplitz matrix of order 5

o 1 o 1 1
1 © 1 0 1
HA = o 1 o 1 o0
1 0 1 0 1
11 o 1 0
with the rule of Theorem 15.5. Here Uo =0, U_ = -1, Uw = Uw = Ua = 0.
Thus r = 2,
o 1
b =D = .
r-1 i 1 o

Border this minor with the row and column next to it, and then with

the final row and column of the matrix ea. We obtain

1 1 o 1

~ 1 0 1

D, = = 1(z20),
o 1 o 0
11 o o

-

As the size of the matrix doesn't allow further continuation of this
algorithm, we have p = 4. Compare this result with the last of the ans-

wers in exercise 4 of § 14 and formula (15.8).
4. Find the rank p of the Hermitian Toeplitz matrix

4 4i o) 2f -5
-4i 4 i © 2i
T, = 0 -4i 4 4i o .
-2i © -4i 4 4i
-5 =2i O =-4i 4

Solution. p = 3.

5. For the Toeplitz matrix T, of example 1 (order n = 5, (r,k,£)-

4
characteristic (3,1,0), rank p = 4) we consider the extension
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©o o0 -1 o o0 vy

2 0 o -1 [o] o]

-1 ©2 o o -1 o
m.v -

O 0 2 o0 o0 -1

o 0 0 2 o] (o]

x O O o 2 0

Convince yourself, that for arbitrary x,y the matrix em has rank m > 4.

For what values of x,y will m = 5?2

HINT. Use Theorem 15,2,
6. For the matrix

1 i =1 -i -1 i
-i 1 i -1 -i -1
-1 -i 1 i -1 -i

i -1 - 1 i -1

-1 i -1 -1 1 i

-1 -1 i -1 =i 1

(which is Hermitian and Toeplitz), is, as is not difficult to verify,
in the (r,k)-characteristic the component r = 1, and CN|H = oo =1,
Trace the jumps in the rank at the construction of the successive ex-

A|M wv {of rank r = 1):

tensions of the matrix aH = ep

1 i -1

]
Il
1
v
—
I
<)
0

i -1 =i 1

and so on, until the complete reconstruction of the matrix ew and com-
Pare the result with Theorem 15.6. What is the value of the component k?
Solution. k = 2.
7. Prove the proposition (see [31], Theorem 4):
If for the Hermitian (or symmetric) Toeplits matrix Ty of rank ¢

in the (r,k)-characteristic k > O (r <p<n) and the defect of the matriz

8 equal to 4 (=n- p),then after Q steps of extension of this matrix §)
by means of arbitrar ) <
elements = = ves =
e 7 Y n T %%n ¢ Cnert T Cono1ttr Speger
= {respectively ¢ =2¢ = ces =
-n-d+1 P ¥ < -n’ “nt1 T Cone1r7r Cnaant T Copoaer)

we obtain (for the first time!) a nonsingular matrip T 14a°
-

HINT. Apply Theorem 15,2 (or its consequence - propesition 3°) and
Proposition 19 of § 14,
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8. Do there exist singular extensions of the Toeplitz matrices:

-4 =2 4i
e = © 3%}, o=l 1/72 ~i -2 ,
1 2
°© o -i/a 172 -i
- 2 -ay i 2 ai
ENE IRVZ R 2, @w -2 i 24 .
-i/4 12 -i -i/a -1/2 i
1110
R i 2 -4 _
A 111
o=l -1/2 1 2 0. T, =
2 3 11 11
-i/4 -1/2 i
ot 1 1

(cf., Exercise 5 of § 14)?
HINT. Apply Theorem 15.3.
9, Formulate and prove a generalization of Theorem 15.7 for arbi-

trary Toeplitz matrices.

NOTES

n For r = £ = O we have, by definition, E oy =B~ 1, 1f r = O,

but £ > 0, then, as is clear from definition (14.1) and relations (14.3),
= ¢! = < &), and ¢

we have nl......”.v o::ﬁﬂ.u o (p ),

that case

¢ = 0, so that in
-net ¥ Slnee '

L
Evt1 =By © Cneg) *°

{see diagram (14.7}).

2) Propositions 1° and 2° will afterwards (see § 17) be used for the con-

struction of a common theory of the characteristics of Toeplitz and
Hankel matrices,

3 In the first publication on this Theorem ([37) Theorem 4, Corcllary)

the hypotheses were, unfortunately, misprinted; this was, however, cor-
rected in the english translation.

4 Just as for Hankel matrices (see the note to Theorem 11.3) it is for

small (in comparison to n) valuesof r easier to find the ramk p = r+2k
through a direct calculation of the component k in the (r,k)-characte-
ristic by the method of § 14.

2 In fact, this proposition (see [31), Theorem 2) was originally fun-

damental for the whole theory of Hermitian Toeplitz matrices (and forms),

developed in (31] and [32].
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6) Cf. exercise 5 to § 11 and the note to it.

§ 16 HERMITIAN TOEPLITZ FORMS ,

16.1.For an arbitrary Hermitian Toeplitz form

n-1 _
T (xx)= L ¢ EE (¢ _=c¢, p=0,1,++,n-1) (16.1)
-1 -
n p.g=o Pa'pq P P
with matrix ezlu n.=nm|n=MHMnO of order n(21) and rank p we occupy

ourselves again with the study of the signature and we undertake to
establish an analogon to the results of Frobenius in the theory of real
Hankel forms (cf, § 12) (It is not difficult to trace, that all re-
sults of this § 16 remain valid for real quadratic Toeplitz forms as
well). In our investigation there will emerge two, closely related,
curious circumstances. In the first place, the distribution of possible
zeros in the set of successive principal minors

(1=) U.vm‘UO.UHs-o"UDIw (16.2)

now turns out to be subject to some "restriction", which we didn't en-
counter before (i.e., in the theory of Hankel forms). Secondly, preci-
sely because of this restriction the theory turns out to be more well-
proportioned and simple and finally its result - the signature rule -

is absolutely elementary (and nevertheless it remained undiscovered un
til recently).

16.2, Following the same scheme as in § 12, we start with the case,
where in (16.2) one encounters an isolated group of zeros arranged in
succession

LEMMA 16.1. If {n the set (16.2) there <8 a group

Dp_y #0)y Dy =Dy 4= or = Dpip-1 =0 (Ppyp

of p (>0) zeroe, standing isolated, then the number p 18 odd.

* 0) (16.3)

PROOF. If one considers the "truncated" matrices Ty Tpetoce h+p-1°
es+w of which the determinants appear in (16.3), then it is clear that

the rank of the matrix e:+v is equal to h+p+l, and the matrix e:+uup
has a rank § equal to h+p-1 (see the Corollary of Lemma 6.1).

In the (r,k)-characteristic of the Hermitian Toeplitz matrix e=+w|~
is, clearly, ¢ = h, and 2k = p-T = (h+p-1) -h =

= p~-1. Hence follows,
that p = 2k +1 is an oda number,

f
REMARK. The transition e=+v|~ _— as+w is accompanied by a jump in

the rank of two units. For p > 1 (i.e. for k > O the transitions

T —_— —D e =
h-1 "> T — > Thep-1
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will, because of Theorem 15.5, canly at each of the final m = (p-1)/2
steps be accompanied by an increase of the rank and then at each time
by two units, Thus, in the arbitrary case (p 2 1) if we put p = 2g-1
(@ > 0), then the complete transition from ﬂﬁlu to 63+@ yields an in-
crease of the rank by 2g units.

COROLLARY 1. The signutures of the Hermitian forms T, -y (X,%) and

(x,%) (with the matrices T -1 and T,  _, respectively) coineide.

Thep htp
In this comnection the form ar+vax.xv has exactly q positive and q ne-

gative squares more, than the form T Hﬁx.ﬁ (p=2g-1).

h-
This statement follows directly from Theorem 6.1 and Lemma 16.1.

Thence is in turn, with regard to formula (4.3), obtained
COROLLARY 2. If p = 2q -1 then

sign D, = Alpvn sign D __

hep (16.4)

T
In connection with this topic we note, that the restriction, imposed
by Lemma 16.1, doesn't exist for Hankel matrices. Indeed, already the

simple examples

0 0o 1
H, = o1 o, uLu:oOuopnonuwuL€n~7
1 00
0 0 0o 1
my= 1% %1%, b =tip =D =D,=0iD =1 (p=3)
o1 o o
1 0 © 0

show, that for Hankel matrices the number p can be even as well as odd.

We note also, that the restriction, imposed by Lemma 16.1 neither re-
mains valid for non-Hermitian Toeplitz matrices, which is clear even

from the example

o 1 0
ﬂ_mu o o 1 , Uln"wnconbmnoh UNHH (p=2).
1 0o ©

16.3. We proceed to consider the case where in the set (16.2)

D = o.
p-1
LEMMA 16.2. Let for the Hermitian Toeplitz form (16.1) the (r,k)-

characteristic of its matrix T 1 be known. Then the truncated form
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T,y (X/%) and the "complete” form T (KeX) have the same signature,

where the form Ty has exactly k positive and k negative squares more

than the form T,_; (Xex).

PROOF. If the rank of the form H=|~Ax~xv is equal to p and ¥ = p
(k=0), then the statement of the lemma is evident (see proposition 1°
of § 6). Now, if r < p (k>0), then, by Theorem 15.6, the rank increa-
ses at the transition by extension from en...p to _H_.T_ only at the final
k steps of extension, and by two units at each step. It suffices to

apply Lemma 6.1.

16.4. From Lemma 16.1 and 16.2 one obtains without difficulty the

simple signature rule for Hermitian Toeplitz forms:

THEOREM 16.1 (FUNDAMENTAL SIGNATURE THEOREM) . The stignature ¢ of the

form (16.1) can be calculated from the set of its successive principal
miROrs

(1=) UI&~UO~UM‘...~USIN.Ublm (16.5)
of this form by means of the rule
n-1
o= L sign chaccv {sign 0 =0) (16.6)
v=0

PROOF., We consider the (r,k)-characteristic of the matrix T 1 of
n-

ﬁ:@mowa abipnx~xv. If therein the component k = O (i.e. r = p, the

rank of the form), and Uc *# 0, (v=0,1,°-+,p-1), then rule (16.6) simply
coincides with Jacobi's rule (see Theorem 8.1),
n~1 p~-1 r

m. wwmicéuuc% = I mwm=8¢|pccv = L sign(D
v=o v=0 v=o

cLUcv *

Now let X 2 0, i.e., ¥ £ p, We assume, that in the set (16.5) the
first (reading from the left to the right} group of zeros has the shape
Gsl_ #0), D

= vee =0 (D

5+v*ov.

h = Pht = Dpypet

Then by Lemma 16,1 P=2q-1 ﬁmuvov‘mza the form T (x,x} has by Co-

h+p
rollary 1 from Lemma 16.1 the same signature as T chlc. But for the

latter, according to Jacobi's rule, the signature is equal to

h-1 h+p
L si = i
mwesﬂvclwccu L sign(D
v=o0 v=0

,THocv *

If here h+p =r-1, then from Lemma 16.2 follows fcimula {16.6). Now,

if h+p < r-1, then for D, *# 0 (h+psvsr-1) the signature of the
form Hﬂvp is equal (cf. the note to the proof of Theorem 8.1) to
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r-1 n-1
T mwo:ﬁvc|~c<v = I sign(D
V=0 v=0

v-10y7 ¢

and, because of Lemma 16.2, that is also the signature o. In the case
where between Uw+v * O and UulH * O there are still further groups of
zeros we arrive at the same result after renewed application of Lemma
16.1.

The theorem is proved.

REMARK. In rule (16.6) the following two peculiarities attract the
attention. In the first place, in the way it is written down it is ab-
solutely identical to Jacobi's rule, but in contrast to the latter, it
can be applied without any restriction on the minors U< (v=0,1,+++,n),
Further, unlike the rules of Jacobi (Theorem 8.1} and Frobenius (Theo-
rem 12.1) it does not require the rank p of the form Hnluﬁxwxv to be
known. The Toeplitz forms excluded, we do not know of any class of Her-
mitian of quadratic form for which it is possible to discover the sig-

nature 0 from the set (16.5) without knowing the rank of the form.

16.5. It is clear, that knowledge of the signature ¢ of the form
e=1~ﬁx~xv~ in combination with the knowledge of its rank p (found, for
example, by means of Theorem 15.5), allows to find out the numbers
n o= W.ﬁo.*qv and v = W {p ~0) of its positive and negative squares.
However, just as in the case of Hankel forms the numbers 7 and v can
(knowing p)} be found alsc directly by means of a Theorem, which is the
analogon of 12.1.

Indeed, by using Corollaries 1 and 2 of Lemma 16.1, we obtain

19, Under the conditioms of Lemma 16.1 we write for the zero minors
from the set (16.3) the sign plus or minue according to the rule

sign D = (-pyviv-b/2 (16.7)

h=1+v sign wal

1

Then the numbers of positive and negative squares of the form Ty, ...wcruc

exceed the corresponding numbers for the form T —q (Xo%) by

oo

P(D Y and V(D _ /Dy ,cnn

h’ sUF.T—ov .

~17Pn7 """ Ppap
respectively (see §§ 8 and 12 for the notations P(--+) and V(---)).
. The proof is, because of the fact that p = 29-1 (g >0), quite iden-
tical to the proof of Lemma 12.1 in its elementary part I, if we consi-
der, that the relations (12.5) and (12.6) used there coincide with
(16.4).

20, Let in the (r,k)-characteristic of the matrix T 4 of the form

(16.1) r < p (k>0). We write for the zero determinants in the set
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Acnnp +£0), cm = Un+_ = eee = anw = 0 signs aeccording to the rule
. viv-1)/2 .
sign cn|p+< = (-1) / sign Un:— (v=1,2,---,2k-1), (16.8)
Ws& we wwwmbaw the minor Do 142k (= Dpoy = O by the nonzero minor
coL =M (see (15.9) of order p.

Then the wwnbers m and v of positive and negative squares of the form
T -1 %%} exceed the corresponding numbers for the form T,y (X/X) Dy

<ee,D

vRUH )

-1Dye o|-cov»

and

~

QAUH.IH. .U.Ns M .UDIN sUDIHV

respectively,

Here again the proof is, because of formula (15.9), in nothing dif-
ferent from the considerations in the simple case I a) of the proof of
Lemma 12.2 (we leave the comparison of the different notations, occur-
ning in our proposition 29 and those in the mentioned proof of Lemma
12.2 to the reader as an exercise).

Now, summing up propositions 19 and XPwe obtain a rule, which is the
analogon of the statement of Theorem 12.1:

THEOREM 16.2. Let the rank of the Hermitian Toeplitsz form e:nmnx~xv
be equal to p=rx+2k, where (r,k) is the characteristic of the matriz
T We congider the set

n-1"
(1=) U|H~Uo~ou‘....co1m.cm|H~
where for k = O (r=p) we substitute owu_ = uon»~ and in the oppostte
case ow:~ = m»nw = thnvv (see proposition 29). For the zero determi-
nante ou._..H {02 jsp-1), 2f such exist, we write signs aceording to the
rules (16.7) and (16.8). Then the members ® and v of positive and nege-

tive squares of the form T,_1 (x:x) are respectively determined by the
identities

£
]

P(1,D,D,,*+,D /D8 ),

v -
(1D Dy eriD /D% ).

(16.9)

<
1

REMARK. In the first publications [32,34] of the rule, formulated in
Theorem 16.2, there appeared, instead of the factor H|Hv¢n<uuv\w {i.e.,
the same, as in Frobenius®' rule for Hankel forms) the coefficient
Hrpucﬂc+wv\w. It is easy to understand, that preciszly because of Lem-
ma 16,1 and the relation p=r + 2k these different factorg yield in for-

mulae (16.9) one and the same result.
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EXAMPLES AND EXERCISES

1. We consider the Hermitian Toeplitz form (of order n = 5)
T e = 401E 12w 1 12w 1e 12w 1e 1%+ 18,17 040 8 B, +6,E, 4 £8, +
* 5 E) -4 E g +T e, v T ey v T ) + 280G T+ E) - 20F B +T ) +
- S(EE +E €y
with the matrix (cf. exercise 4 to § 15)

4 4i 0 2i =S
-4i 4 4i O 2i
T, = 0 =4i 4 4i O .
-2i 0 -4i 4 4i
-5 <2i O =44 4

Hexe
D, = 1, uo = 4,
4 4i 0
D, = 44 D,=| -4t 4 4i| =-64,
-4i 4 o -4i 4

mbm Uu n Ua uo~mmnr¢smnuwx ea vmmnm=Wunom.mxmnowmmnnompmv.
Hence, in accordance to Theorem 16.1 (formula (16.16)) the signature is
equal to

o = mwobncupcov = sign{4) = +1.
As p=3,onehas m =2, v=1,

2. Calculate the signature of the real symmetric Toeplitz form (of
order n = 5)
Ty = £ 8 +EEHE B HE 8 E 8 B8 8t
Solution., ¢ = O.
REMARK. With regard to the result of example 3 to § 15 (p = 4) we

have 7 = v = 2,

3. Prove the analogon of Theorem 12.2 (cf. [37], Theorem 6):

Let ™ and v be the rumbers of positive and negative squares of the
Toeplitz form T, 1 (xo%), respectively, and x = min {w,v}. Then in the
set of successive principal minors

= cee =T+v (16.10)
(1=) D_;,D /Dy ereyD o (p = T+V)

of the form T__, (x,x) there are for D,
If there are exactly 2« -1 zeros, then, after thase have been removed

1 + O not more than 2¢ -1 zeros.
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from (16.10), the signs inside each of the remaining groupe of mumbers
{not regarding the numbers which stand isolated) are strictly alterna-
ting for x = m and for x = v they do not vary.

HINT. Follow the way of the proof of Theorem 12.2, applying formula
(16.6) instead of (12.2q0).

4. Prove, that the Theorem of exercise 3 also remains valid for
Uo..H = O, if the upper bound 2« - 1 is replaced by 2k (cf. exercise 4
to § 12).

5. Devise an example, which shows that the bounds 2k - 1 and 2¢ in
the exercises 3 and 4 respectively are sharp (cf. exercises 5 and 6
to § 12).

6. Show, that in Theorem 15.7 one can, besides the parameters n (23),

rz0, k>0 {n>r+2k), assign in advance the signature ¢ of the form
n-1
T _.{x,x) = I ¢ EE
n-1
p.q=o P"¥PQ
with the matrix e:»H. choosing for o an arbitrary entire number of the
same parity as r (and the same also as p = r+ 2k) from the segment

[-x,x]. For the construction of such a matrix anuu it is necessary and
sufficient to select in step 1) of Theorem 15.7 the matrix euun such
that is satisfies the condition: the signature of the form 6H|HAx~xv is

equal to ¢ (cf. exercise 7 to § 12).
7. Verify the validity of the remark to Theorem 16.2.

8, The infinite sequence of complex numbers

see

Aoo =} oo.np.n

NV
belongs, by definition, to the class vhev. if for sufficiently large
m(>N) all Toeplitz forms
m=-1 _ _
T (x,x) = L c EE (c =c , p=0,1,++-,m-1)
m~-1 -
prg=o P4 P d P P

have in the canonical representation exactly x positive squares.

If the Hermitian Toeplitz form
n-1 .
L e EE

bP.g=0 L 4

of rank p has k positive squares, then in order that the finite set

C ,C,,*++,C
o' 1’ “n-1 §

of its coefficients allows the exension to an infinite sequence
hd T
onkuo of the class VM v. it is necessary and sufficient, that the mi-

nor Uo..H * 0. If this condition is satisfied, then for p < n the men-
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tioned extension is defined uniquely, but for p = n, there exist infi-
nitely many of such extensions [31) (cf. exexcise lo to § 12).

HINT. Use in the "necessary"-part proposition 3° and Theorem 6.1,
and in the "sufficient"-part the Theorems 15.3, 6.2, 13.2 and 13.1.

REMARK. For more complete information on sequences of the class
vhev (classification, integral representation, asymptotic behaviour,
connections with the classical problem of moments etc.) and also for a
detailed investigation of the extension problem, which was touched only
in exercise 8, see in [31,33,36,42,43,51). The analoguous information
on the class vhmv (see exercise 1o to § 12), is,though in considerably
less extent, contained in [22,50,41]. For the continual analoga to the-

se problems see [45,54,21-23,59].,

REMARK. For the further development of the concept of the characte-~
ristic of Toeplitz matrices, and also for new applications of the theo~
ry of Toeplitz matrices and forms see [5),[9] and [16] of the additio-

nal list of references.

Chapter IV

TRANSFORMATIONS OF TOEPLITZ AND HANKEL MATRICES AND FORMS

§ 17 MUTUAL TRANSFORMATIONS OF TOEPLITZ AND HANKEL MATRICES.
RECALCULATION OF THE CHARACTERISTICS,

17.1, Over the full length of Ch. III we have traced the analogy
between the properties of Toeplitz and Hankel matrices, and also the
analogy in the behaviour of the corresponding forms, not forgetting, in
truth, to underline also the scmetimes essential differences which have
turned out. The mentioned analogy becomes natural (at least in the

aspects which touch the matrices) if one notes that each Toeplitz ma-

trix

S €1 ot Con2 Canet
¢, <, s e Cne3 S_pe
T, ={ - . e e .
n-2 Sn-3 " v % €.
Ch-1 Cp-z v v 0 S <,

by a simple rearrangement of the columns (rows) can be converted into
a2 Hankel matrix and the other way round.

Indeed, it suffices, for example, in the matrix ebt_ to rearrange
the colums in the reverse order, i.e., the last column on the first
Place, the penultimate one on the second place, and so on, and we ob-
tain the Hankel matrix

Cpet Copez ¢ - Cp €
1 Cont2 Sepez 0 0 S “1
R DU e
-1 o n-3 "n=2
i “1 *t ot Sz Spet

The analoguous maniplulations on the rows of the matrix T also lead
n-

1
to a (in general, Qifferent) Hankel matrix
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Cpet ez v v+ Gy %o
oblw n=|u e o o 00 c-1
HH, = . . e e e e .
¢ % v Cone3 Cope
c, cy .« e o|=+m C 1
If one introduces the notations
I - I n-1 - n-1
= - = -
Ho_, = =m»+u__wﬁuuo , HH =mw+u__w.uuo
then one easily notes that
st = Sp = (3=0,1,2,+++,2n=2) . (17.2)

37 %5--1)" 357 “_3+(n-1)

It is clear that one can, conversely, starting with a given Hankel

matrix
s, s, <. 8. 5 B,
s, Sy c e . 8., 8.
B, = . . e e . '
Sn-2 Sn-1 vt ¢ Sppes Sppas
Sn-t ®n "0t S2n-3 S2p2
obtain, with aid of the formulae
I ;oM = =0,%1, +.., % (n- 17.3
0@ = mb+=lm. O@ mlb+=lm (p=0,%1, ,= (n=1}) (17.3)
two Toeplitz matrices
%n-1 %h-2 e H %
s S . + e . S s
-1 2 1
T LI L i .
n-1 P-4 p,q=0 : ) ’
*20-3 %2n-4 ¢ * ° Sna1 %he2
Son-2 Sapz ¢t ¢ S, 8 1
Sn-1 %n °°° ®m-3 -2
- Sn-2 ®n-1 * * * San-q4 Son-3
H = I = = - . - . . . .
T :ov:a :w~ouo ’
s s, cee S, s,
o St vt Sp2 Bpg

which are mutually the transpose of each other

I
n=-1"

namuavn -7 Ae“- yE = TH.. (17.4)

The transformations (17.2) and (17,3) can be described by means of

1

the multiplication of the given matrices with the fixed matrix u& of
order n
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J = ¢ ! . {17.5)
n . d

Indeed, one verifies directly the relations

I - - .

Hoet T Tnet9nr B0y = 90Ty (17.6)
I

T = o= .
n-1 msuuu:, T uamsnp (17.7)

It is even more convenient to use these formulae, because the matrix u:

has remarkable properties: it is Hermitian (real and symmetric) and
unttary at the same time:

a*=at =3, 5= o (=3
n n n’ "n n n
and hence an Znvolution
2
J =E, .
n (17.8)
In particular, the relation (17.4) follow from (17.7) and the symmetry
of the matrices J_ and H ﬁun =J, md =H ).
n n=1 n n’ n-1 n-1

17.2. In connection with the transformations introduced in Sec. 17.1
there arises the natural question: how are these transformations re-
flected in the characteristics of the respective matrices? Exactly for-
mulated: is it possible to calculate from the given (r,k,{)-characte-
ristic of the Toeplitz matrix H=|~ the ANH~xHu|m=m (r",kx™)-characte-
ristics of the mm&xmp matrices mmup and m:wm and conversely? A positive
answer to the firgt of these questions ig obtained with help of the re-
sults of Sec. 15.2.

S0, let the Aw.w.hvuo:mnmonmnmmnwo of the Toeplitz matrix

C .. ..
-r Oﬁ 0I5+w
T : :
r-1 . .
- c
r o
. . OA
T, = . . . . (17.9)
c . .
b
. > m-
Cog c * - S c,
be known, where 6 = n-k, 7 = -n+42, By the definition of the (r,k,£)-

characteristic (see Sec. 14.1) we have in the set of successive princi-
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pal minors

- —_ C'H - .- e
Uu»Aqu. UC|H = det =nvln=v.&no (v=1,2, 1)

1 % O, but Uc.; =0 {v>r).

that D
r
Now we consider the sequence of minors (counting from the righthand

upper corner of the matrix T )

n-1
n|=+w 015+wl~ < ¢+ Sonn
E pnmpv.mw L= OI=+m+~ S_n+p s Copt2|tp=1,2,-+-,m), (17.10)
€on+2p-1 Cope2p-2 " onﬁ+w

introduced in Sec. 15.2, As was shown in proposition 1° of § 15

E. -1 * 0, mcl =0 (p>r+d). (17.11)

Now we note, that after rearrangement of the columns of the matrix .H,_T—
in converse order, i.e., after the transformation

I
. B 1 = Tho19n

the minors me of the matrix .H_bnp (p=0,1,++-.n} coincide (up to the

signs) with the corresponding successive principal minors of the Hankel
matrix BL_ (see (17.1)). But then it follows from formulae (17.11)
(see the definition in Sec. 10.1) that the Hankel matrix mM|~‘3ww in

wnm ANH~valnsmnwonmanﬂwo a component ﬂH equal to

I+ (17.12)

=
HﬂonmmnnoamnmﬁswumnUQOﬁrmnnostSmsn xH it suffices to note, that

the rank p of the matrix mw:~ is, clearly, the same as that of the ma-

trix azu» and hence, according to the Theorems 11.1 and 15.1,
p=r +k =r+k+&,

i.e. (see (17.12))

Thus we have established the proposition
10, If the Toeplitz matrix T__, with characteristic (r,k, L) 18 con-
nected with the Hamkel matrix B _, through the transformation

H -—

B 1= Ta-t"n
. . . I

(see (17.5)), then the Qu%av&wagowmuéwwg of the matrix B _, ¢an be

caleulated by the rule

Fer+l, XI=k (17.14)

In complete analogy {applying proposition 20 from § 15 instead of
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proposition 1° of the same section) one proves the proposition
20, If the Toepli ; 3 Lt
f plitz matrie T 1 with characteristic (r,k,L) Zs con-

nected wit ;.
h the Hankel matrix mMﬁH through the transformation

I H
Hio1r = 9070 (17.15)

(see (17.5)), then the (xY,k™)-characteristic of the matriz HX  can
be calculated by the rule nt
™ =r+k, k™={¢ (17.16)
Since k 2 0, £ 2 0 follows from proposition 1° and 20
COROLLARY. Under the transformations (17.13) and (17.15) one always

I

has r~ 2 r and rH 2z r, respectively.

17.3. For the solution of the converse problem, i.e., the calcula-
tion of the characteristics of the Toeplitz matrices, obtained from a
Hankel i i i i i

el matrix msL with a given (r,k)}-characteristic trough the trans-
formations of the shape (17.7), we must introduce additional tools. In-
deed, already simple examples demonstrate, that the (r,k)-characte-
ristic of the Hank i i
- el %mnMHXHmzlw on its own doesn't, generally spea-

ing, determine the (r~,k ,£ )-characteristic (respectively the

=] - - . . N
(r,k ~M } ~characteristic) of its transforms i.e., of the Toeplitz

matri = i
rix a=|~ mbupu: (respectively eLuH = u:m=|~v.
EXAMPLE
o 1 (o]
mmu 1 0}lo y, =2, k=0 (p=x+k =2);
o O [o]
(n=3)
o 1 o]
I_ I I
T,=| © 0 1 s =0,k =0, =2
o 0o o SuwH+xH+~Hn8.
o 1 1
mmu 1 1 1 =2, k=0 (p=r+k = 2);
1 1 1
{n=3)
111 o
~1
- I I
T, 1 1 1 ;5 =1,k =0, =1
11 1 to=rl +xl+ 2822,

monzmmmsxmw . b

- matrices H, and H, (both of orfler 3 and rank 2) having
e same (r,k)-charac istld i i

4H - mH w .nm1_mn_n (2,0), turn into the Toeplitz matrices
5 an 5 with the different characteristics (0,0,2) and (1,0,1),
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respectively.

Considering em; = nawud and &m. = nawvn. we cbtain again Toeplitz
matrices with the different characteristics (0,2,0) and (1,1,0), re-
spectively.

Here has appeared a qualitative difference between the characteri-
stics of Hankel- and Toeplitz matrices, defined in Chapter II and III,
respectively. Indeed, the (r,k,£)-characteristic of the Toeplitz matrix
abaH reveals the "dynamics of the behaviour" of its elements at progress
in two directions: along the main diagonal (the component r} and along
the auxliary diagonal (the components k and £). At the same time both
components of the (r,k)-characteristics of the Hankel matrix m=|p tell
of the “"dynamics of the behaviour™ of its elements at movement in one
direction only: along the main diagonal.

It is not difficult to eliminate the mentioned deficiency. Besides

1)

(and in analogy to) the component r in the (r,k)-characteristic of

the Hankel matrix H we introduce another nonnegative numerical con-

n-1

stant nH~ defined in the following way. We consider in the Hankel ma-~
trix

S, Sy .. e mzlmv s e e Sp s L

sy Sy - oo ms|m+p R S,

mzlu ) s s s s s
p-t p """ "n-! Tt Y Tndp-3 Tn+p-2
Si-1 n © °° Sanp-1 * ° w3 S22

the successive minors of order p, already known to us (cf. the same

considerations for Toeplitz matrices in Sec, 15.2, and also in {(17.10)):

mnlb e ve Spo Sh-1

S « o e s s
E.=1,E , = n-p+1 -t " (27.17)
-1 p-1 . .- . - .

*n-1 7 Cmip-3 Snep2

(p=1,2,++=,n),
situated along the auxiliary diagonal, starting at the righthand upper
corner of the matrix. The constant H~ is now uniguely defined (cf.
(10.2)) through the relations

H ~Q.»m
mﬂup * o, Fp-1 ° p>xy) A v

We have
o s r, s p

RECALCULATION OF THE CHARACTERISTIC /141

.

vhere p is the rank of the matrix H
n-1

If one now transforms the H. i i
° ankel matrix mnu_ into the Toeplitz ma-

trix T = i
-1 mnnm n' -©.. reaxrranges the columns of mn 1 in reverse or-
der, then one concludes, that-the number r, is the component nH in the

I.1I ,1I
{r”,k",£")~characterist 1
kT, istic of the matrix enup. Further (see (17.8)),

I

H =
asupus.

n-1
I
whence k = k™ (proposition 1°), But since

r+k nAo£NH+xH+hHu r

I
~+x+h

one has
I
L =rer mv.
1
Completely analoguously one can consider in the Hankel matrix H

n-1
¢ 15.2 for Toeplitz matrices)
starting" in the lefthand lower corner of the matrix

the successive minors (introduced in Sec

s
n-p wblv+~ R
= s
W|H = -wwv~ = n-p+1 m=|m+m v 8y
S 1 s, « s . 8

n+p-2
p = 1,2,<++,m),
which in the present case, because of the symmetry of the Hankel matrix

relative to the main diagonal, coincide with the corresponding E

. - et
mvlp mbra (p=0,1,--+,n),
But after rearrangement of th
e rows of the matrix i
- : var ==|H in reverse order,
*€., at transition to the Toeplitz matrix

TH =g

n-1 = Tufnoy,
the minors F = se.

-1 {p =0,1,-++,n) turn (up to the signs) into the corres-

ponding successive principal minors of the matrix T " » whence follows
) n-1
that in the (r ",k £ -characteristic of this matrix the number r=r
1

Moreover,

proposition 2° states (if one considers (17.8)) that £ =k
So that .
r+k (=0) = r"™ k"™ 2" = y +xH 4k

and !

kH=r - r.
Thus is proved the proposition

30, ¢

If for the H ;. 1 3
F ankel matrix | 17 besides its (x,Xk) -characteristic,

QN%O W\ANN Q:QVN.WN.L\. X (2 ” given U .W\NQ N-NNQ.W@QEQ {17.1 7) &
Y 8 ﬁN.OQ:QN&b Y a
1
AH 7 . Hmv .

then for the transformed {Toeplitz) matrices
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T -
T =H _,J and TU=gH

the respective ¥, k%, 25 - and{xH k" &%) -characteristios can be cal=
culted from the formulae

Tar, K =x, Nmuu-nw and £ =x , k" =x-r;, €% =k (17.19)

respectively.
REMARK. Formulae {(17.19) indicate also that (in the notation used in

proposition 3°)

I
= rH

o= = g4H , £ =xH. (17.20)

!
But this was clear before, since (see 17.4)
I
™ = h*
(cf. exercise 7 to § 14).
17.4 The arguments, applied in Sec. 17.2 and 17.3, suggest that the
theory of the characteristics of Hankel- and Toeplitz matrices, develo-

ped in §§ lo and 14, respectively, is not the only possible one, 3

Indeed, propositions 1° and 2° allow us to consider for the Toeplitz
matrix eauu instead of the usual An~x.hvtnsmum0dwnHmﬁHn two other cha-
racteristics of it, namely the pairs of numbers AKH‘XHH and (™, k" ),
respectively, defined through these propositions. Starting with any of
these pairs one can develop a theory of extension of the matrices esnp
{and their "corner blocks") "to the left and down" or "to the right and
up” and a theory of the rank (p) (for example, the rule for the con-
struction of a nonzero minor of order p - cf. Lemma 11.1) similar to
that, which was established in §§ 9-11 for Hankel matrices.

In turn, one can for a given Hankel matrix H instead of its

g
(r,k,)-characteristic, consider any of the nmwwmmwm

wlk5,eh) ana @"kM.EM) (17.21)
defined in proposition 3°, and on the basis of each of these construct
a theory with §§ 13-15 as model. To this end, clearly, it will again be
necessary to consider the extensions of the matrix ms:H (and its corner
blocks), but now not "to the right and down" but "to the left and down"
and "to the right and up" respectively.

We note once again, that components of the characteristics (17.21) sa-
tisfy the relations (17.20), i.e., in fact the characteristics differ
only from each other in the mutual permutation of the second and the
third components (see the remark to proposition 39).

In order to obtain complete symmetry in the results it remains to

note that so for we have only used three of the four corners of both
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Hankel and Toeplitz matrices for the introduction of characteristics.

In order to fill out this gap we consider for the Hankel matrix

s s e
o 1 wnlu mslm mslm
s s e
1 2 m:um m:up m:
m:|~ - : . .. . . .
s PR
n-3 | ®n-2 $2n-6  ®2n-5 Son-4
Sh-2 Shet ot ot ¢ %2n-5
s s PN
n-1 | ®n Son-4 | %2n-3 | %2n-2
its successive minors
s - ..
2n-p mmsrvnw mmsuwup
6 =i } c s e . .
-1 "Tp-1 s ...
2n-p-2 %on-4 Son-3
s “ ..
2n-p-1 Son-3 S2n=2

(p=1,2,°*+,n,
moving "to the left and up" from the lower righthand corner of the ma-
trix and we define the nonnegative integer nn through the relations
G, *0,6 ., =0 (p>‘r.

It is clear, that

C
2N
L

[

Or

where p is the rank of the matrix H and that the pair

n-1'
e k=0 -

itself represents the usual characteristic (in the sense of § lo) mm

the Hankel matrix

s
2n=2 %2n-3 * ¢ - Sy S,
mM 3 =3 « v . S S
. n-3 ®2n-4 n-1 Sp-2
(H ) =
-1 . ) e .
mﬂw WHH’H .« e . mN m~
Si-1 Spep c o+ S s,

the i " (4 i i
antitranspose” (i.e, the mirror image with respect to the auxilia-

ry diagonal i i i
g ) related to the matrix ms|p. which, incidentally, also ex-

Plains our notation.

B R

ut one sees easily, that the transition from H to nﬁm ) can, in

the present . ! o " .
nwmm~UmﬂmmHHNmQ:HﬁSWHQOHﬂ:msmewxuAmmmﬁpqmvvws

s .

the follwing way:
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This allows us to compare, with the help of the proposition 2° and 3°,

the usual (r,k)-characteristic of the matrix H with its ﬁﬁn.nxv»n:m|

n-1
racteristic. To this end we consider at first the "intermediate” Toe-
plitz matrix

I

ebau = m=|»u=

for which the ANH.XH~NHH|03mmm0dmnwmnwo is determined (proposition 39}

through the formulae

and then we note, that

Now, on the basis of 2°©
nN = NH.+wH~ nw = NH.

i.e., finally

nw. = NH+_n. n_n = H..Ha ﬁﬂH+ﬂwu r+k = p)

(we recall, that HH = NH is determined through relations (17.18)).
We sum up all the facts discovered above in the shape of two theo-
rems.

THEOREM 17.1. To each Hankel matrix H of rank p there correspond

four sets of numbers '

(e, e, 50, kT, Rk ey,
of which the first two characterize respectively H and tts antitrans
posed matrix nAmbupv as Harkel matrices (in the sense of the definition
in § lo) and the other two characterize (in the sense of the definition
of § 14) the Toeplitz matrices ol = H 3 and T r.uurmbup (see (17.15)
respectively. The components of the mentioned characteristics are con—
nected through the relations.

dﬂ = NH.:nH~ k = HlNHm anw. NH = HINH“

rH= NH~XIHNH~NIHxH»

r+k="r+% = rlakl el s pHaR L=,

THEOREM 17.2. To eqch Toeplitz matrix Toe1 of rank p there corres-

pond four sete of numbers

ek, (5565 ahh, Lk,
of which the first two characterize respectively T 4 and ite transpo-
an as Toeplitz matrices (in the sense of the definiti-
ons in § 14), and the other two characterize (in the sense of the defi-

" , I o
nitions of § to) the Hankel matrices B _, = T _,J. and BT =9

sed matrix (T _
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(see (17.5)), respectively. The components of the mentioned characte—
ristics are connected through the relations

P =, k=g, 2% -k

I
r ﬂN.+h~ WH“unn rM=r+k, ko = ‘N.

’

r+k+& = Nn+xn+hn = NH.;H nu1+x1uo.

EXAMPLES AND EXERCISES

1. We consider the Toeplitz matrix

(a1, B+ 1)

= I T I

= e e 2

Lol )
- = = e =
—_ = = =D <
_= = d O

from exercise 2 of § 15 with the (r,k,{)~-characteristic (1,1,3). The

rearrangement of its columns in reverse order gives the Hankel matrix

L N
LT Y Y Y

R

It is not difficult to find out that its successive principal minor of

order four is nonzero:

§ v B 1 § 1

¥y B 1 1 o v B 1
1
=Y B oo tle | -

B 1 1 1 B 11 1
by 11

1 1 1 1 1= 0 0 ©
= -(8-1)2 _w il =-t-13 4o,

but that all minors which follow it are equal to zero. Hence NH =4

= I i 3

(>r+4£),and k™ =1 (=k) (verify this!) - in accordance to proposition
10,

2. If one rearranges in the matrix am of example 1 the rows in rever-

Se order, then one has for the obtained Hankel matrix
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—
- je
_ s e e
- =

1
1
1
1
B
Y

- 2 e
-
[
O = ™ =

as is easily seen, that v = 2 (=r+k).Verify, that ¥' = 3 (=£) - in

accordance to proposition 2°,

3. We consider the Hankel matrix

o t|lo |1 o

Ho__-oH
= 1 O
H, 01 0

1t o1 00

o1 0 00

with the (r,k}-characteristic (2,2) (see exercise 2 to § lo}. Accor-
ding to the definitions (17.17) and (17.18) one has for this matrix

1 o]. e op o
mo =0, MH = o 1 =1, mw |Mw..Mb a,
i.e., nH = 2,
For the Toeplitz matrix
“ o 1{0o 1 0O
1 ¢/ 1 o 1
I
= = ot 0
GA m»hm o 1
0o o0 1 01
' c 0 0 1 ©
one has NH =2 Auhpu‘ wH = 2 {=k}, hH =0 (=r cnnw - in agreement with

proposition 3¢. 2ccording to the same proposition the Toeplitz matrix

o}

1f o ©
o}

-

of 1

"
(=]
T
n
o]
—
= O
—
- O 0O ©

-
o]
[0}

o 1

e
-
O

has =2 (=r,), kH=0 (=r-r,), fLH=2 (=Kk).

, 4. Find for the Hankel matrix (cf. exercise 3 of § to)
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o 4 o 1

ny - 4 o 1 o
o 1 o 1/4
1t o 1/4 -6

all four characteristics which were mentioned in Theorem 17.1.
Solution. (r,k) =(2,1),(°x,%) = (3,0),
I .1 ,I
{r ,k s.N u"AM\wsOvs AHILAIs.NIv =(2,0,1).

5. Find all four characteristics (see Theorem 17.2) of the Toeplitz

matrix
i 2 a4
T, = || -2 1 2
-i/4 -1/2 i
Solution. (r,k,8) = (1,0,1), (%,x%,£% =(1,1,0)
b = 2,0, Rk = (L1,
NOTES.

b We recall, that already Frobenius [19)] payed attention to the role

of the constant r for the first time {(cf. note 2

2)

to § to).

13

From this formula follows, in particular, that r & r, (since NH z 0).

-
However {(if one considers that NH = HHV this fact was already noted
above in the Corollary to propositions 1° and 2° (we just recall, that

in the present case the notations r and NH rm<mwsnmhosm=ommn:mwh

roles).

3 The fact, namely, that it initially appeared in that shape (cf.[29,
30,27]y, psychologically stems from a tradition which goes back to
Frobenius.

§ 18. INVERSION OF TOEPLITZ AND HANKEL MATRICES.

18.1. It is commonly known that the problem of the inversion of ma-

trices, i.e., of determing for a given nonsingular matrix A (|Al % 0)
-1

its inverse matrix A + is one of the central and difficult problems in

Matrix theory. The importance of its solution if only for individual
classes of matrices both on the level of theory as well as in applied

problems (the solution of systems of linear equations) is undoubted.

csmoanswnmp<\ in spite of extensive literature, dealing with this

" ; 1)
duestion » the problem requires in many of its aspects a further and

brofound investigation,
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In this section we explain at first recently obtained results of
1.C. Gohberg and A.A. Semencul [25] , and also of I.C. Gohberg and
N.Ya. Krupnik [24] on the inversion of Toeplitz matrices eb (for our
convenience we work here, following the mentioned autors, with matrices
of order n+1). Then we use these results for the solution by means of
the methods of § 17 of the problem of the inversion of Hankel matrices
H_.

n
18.2. Central in the theory presented below is

THEOREM 18.1 (GOHBERG AND SEMENCUL). If the Toeplitz matrix

T = |l¢ Ty is such that each of the systems of equations
n p-a"p,q=0 f Y f eq
n
Zc _ [ (p=0,1,°**,n) (18.1)
q=0 p-qq  po
n
Le ¥y =8 (p=0,1,"*,n) (18.2)

78 solvable and satisfies the condition X, *0, then the matric T, ig
-1

nonsingular and its inverse matrix T, i8 Qoxmwwﬁnna& through the w&si
mula 2
Xo (o) eer O Yo Yoo °°° Y.,
TS x %, 0 0 0 ¥, - Y4 -
n e L4 X}
XS NSIH L Xo (o] o] voo wwo
o 2] o ...0 o) 0 X X4 -ee X
Y o (o) (o} v O (o) o O X, cer Xy
_ Y4y ¥, © ---0 O e eee (18.3)
. . . cee e . o 0 (o} vee X
n
¥ Y., Y_g - ¥, © o 0 o ... ©

PROOF. For n = O is the statement of theorem trivial {we just note,
that in formula (18.3) the subtrahend between the braces is absent in
this case). So, let n > O. We prove the zonmwsmcwmmwnw (invertibility)
of the matrix e: by contradiction.

Let _as_ = det T = 0. Then the rows qv = (¢c_,¢

p’ p-1'
matrix an {p = 0,1,---,n) are linearly dependent. Since the system

ees,c._ ) of the
p-n

(18.1) is solvable, and in its first equation (for p = ©O) the righthand

side is equal to one, the first row ﬂo of the matrix e: cannot consist
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of H i
zeros only: ﬁo # O. Thence and from the linear dependence of the
rows follows, that at least one of the remaining rows ﬂu.nw,....ﬁ can
be expressed linearly through the preceding rows. We denote with m (21)
the largest of the numbers, for which
m-1
r = Zaorl,
m
p=0 Pp
where QO.QH....~QE|_ are some complex numbers. We shall show, that
m=n. Let m < n. Since
m—-1
= Zac (@ =0,1,-%¢,n),

OSI
a ., PP

we obtain, after performing the index transformation p = p'-1, q=q'-1

and then returning to the previous notations, that
ns+paa = L¢g ,C (q=1,2,--+,n). (18.4)
Because of the solvability of the equation system (18.1) we have for

i .o i i
each of its solutions AX \Wms c X v~ ﬁmxH=Q into account that
2Sm+l1 £ n:

s r z -
0 = = L ¢ Xx = L cC X - £ =
+ - o § =
m+1,0 q=o m+l-q g g=o m-1-q'q o=t 'p-1"po
n m
= Lc¢ X - ra ¢ x =
q=o m+l-q g p=1 p-1 q=o p-9 g
_ ] n m
= ( Sl " L a ) x + L (¢ - Za X .

- C
wLwHw °  g=1 ml-q p=1 P71P-a "Tq

Because of identity (18.4) and the ineguality x_ % O follows thence,
(o}
that

m
a1 T Mpnwnp p* (18.5)

Now combining (18.4) and (18.5) we obtain

m
HE+H =La
p=1

but this contradicts the choice of the number m.,

T
p-l'p

Se, m = n, and, consequently, the final row a of the matrix e can
be

expressed linearly through the preceding rows. But thisg, in ncwz. con=-
t
radicts the solvability of the system of equations (18.2), in which

a . .
11 righthand sides, except the last one, are equal to zero, and the
last one equals one.
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Thus, we have proved that the matrix H: is invertible. Hence follows,

H....~<ov of the systems

that the solutions Axo~xp.‘...x:v and {y_ .¥_ .

(18.1) and (18.2), respectively, are uniquely defined., In particular,

1T,
x, =y, = - M 1 (18.6)

[*n]

vwhere _a=|~_ is the determinant of the truncated matrix

n-1
T = lle 1 .
n-1 P-4 p,q=0
We denote through B = |Ib i the matrix on the righthand side

3k 3, k=0
of identity (18.3). Using the multiplication rule for matrices, one

easily verifies that the elements b can be expressed thrxough the for-

ik
la s g
m _q ™in{j.x)
b, =x £ (. Yak =Y o149 -s¥n+ &
jk o =0 j=-s" s- -n=-1+j-s" n+i1+s- (18.7)
ﬁuLnll.O.H.-..va
where for the uniformity of notation we have used X4 =Y 1 T 0.

Now we transform this expression for qu in the following way. We
isolate from the sum on the righthand side the summand, corresponding
to the value s = O of the summation index, and in the remaining sum we

carry out the index transformation s = s' - 1. Then we obtain

-1
b, = - S k=1,2,-
sk = %o UYLy %) PRy g rkm 20 ren) . (18.8)

Moreover, substituting in formula {18.7) for dux the index j = 0 (k = O}

we have, with regard to identity (18.6)

= = = o e . .9
b = Y. yr By =% (k = 0,1,2,0°+,n) (18.9)
Then, substituting j = n, we find
-1 X
U:x " mmoﬁxsnm<m|x Y 1-s®ntles-x) =
nxnf% - b + X - x RN
o Fn¥ex TY_1%ne1-k T ¥n-1Y1-k T Y2%ne2x
e N:|W+N<|w.|<|w+ux=lw.+N=|W+H<la |<1WN= *
+ X5IX%OI¥|HIXX5+»v = xﬁlf (k = 0,1,2,++-,n),
where we have used identity (18.6) and x = O. This result and its

n+1
analogon (obtained for X = n) we combine in the shape of the formulae
(k= 0,1,+++,n). (18.10)

b = b

nk ~ *n-x’

We must verfiy that asw = B. At first we show, that the matrix

kn ~ Yk-n

A=TB=lla_Ii"
n pqa p,q=0
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is a Toeplitz matrix. Indeed, by means of identity (18.8) we have for

p.q = H~N~-..s5
n
a = Lc¢c b
Pa o, Pssq
n

=¢b + e b -1
[ Xy

poq -, p-s s-1,q-1 y1.

a..<|nlu+mx:+_|a

Converting this expression with regard to the formulae (18.6), (18.9)
and (18.10), we obtain

-1 n
a =x'cb x + Lc¢ b -1y
pPq © pogo  __, p-s-1s,q9-1 o b.nupnwlulb<o +
rx n -1 n-1
x Zc¢c x -X b
s "o n,q-1 mmooblglmwwls.

° oq __, p-s

Combining here the first summand with the fourth and the third with the

fifth, we have
m -1 n u. n
a = e ,_ b, . +x b ZTe x -x £
pa  __ P 1-s s,9-1 °og . P-s's o o oﬁvlwvumwmr:.
i.e., taking into account (18.1) and (18.2),

mvn = mwuu.num (peq =1,2,°++,n).
But this means, that A is a Toeplitz matrix.
It remains to note, that with help of the identities (18.9) and

(18.10) in combination with (18.1) and (18.2) respectively

n n
a = ¢ b = L ¢ x =6
po s=o p=8 so s=0 p=s"s ﬁO.
n n
a = Lc¢c b = Lec vy =§
pn g—o P~S SN goo Pm8'sm pn’

l1.e., the first and the last column of the matrix A coincide with the

corresponding columns of the unit matrix E = |16 )" . Hence follows
. Pq p,g=o !

because of the Toeplitz structure of the matrix A, that these two ma-

trices coincide completely: A = E.
The theorem is proved.

The conditi . . .
ndition X # O in Theorem 18.1 is essential ~ ¢cf. for this the

exercises 3-6 at the end of the present section.

18.3, It is easy to see (see (18.6)) that, if the conditions of

Theorem 18.1 are satisfied, then alsoc the "truncated" matrix

T = |lc n
n-1 w-n=w~auo

is i i i
lnvertible. Moreover, it turns out, that its inverse matrix enu can
n

~1
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be constructed from the solutions of the equation systems (18.1) and
(18.2) as well.

THEOREM 18.2. (GOHBERG AND SEMENCUL). If there exist solutions
?o.xp.xm...ixnv and ?«:Qnsi.....u‘ov of the systems (18.1) and
(18.2) and the condition x, %0 i8 satisfied, then the matriz

r  =llc. WY  is invertible and its inverse is constructed by the
n-1 p-d4 P.q9=0
formula
|
xo o «ee O %0 %la cee <l5+~
.H_L uxL Xy X ... O o] Y, e Y_p42 _
n-1 (o)
xauu %s|m .o xo (o] o] .o %o
%l: (o] aee O xb x:|~ oo xu
_ <|=+~ <l: «ese O o x: cee xw . (18.11)
<|- <|N ) <|: o] o coe Nb
PROOF. Let us denote through D = =qu:wiw|p the matrix on the right-
k=
hand side of (18.11). A& direct calculation gives (cf. (18.7))
-1 min{(j,k)
4k = %o mmo nxunmwmtw..<ns+uumx=+wnxv (18.12)

for all j,k = 0,1,+++,n-1, Thence we find, using the identity x, = Yo
(see (18.6})

Qwo = X

- X!HX a = Iuﬁlm X
o *n¥k-n’ Yok = ¥-x " *o Yon*n-k
a =

-1
sk = 941,61 P E Yo Y

|s+uxslw
(cf. the analoguous calculations for qu in the proof of Theorem 18.1).

Further, we have from identity (18.12) for j = n-1 that for
k =0,1,*r+,n"1

-1
Q:|H~x =% mmoﬁxblpnm<m|x T Y s¥nes-k)

k

IHAX _ x + x - ® +
o Fa-1¥ox T Yo1%nek T ¥n-2¥i-k T Y2¥ner-x

=X

+ ) =

cee + R S Y ) ¥n-1 xnunurwo = <Huwx=

We write down this result together with its analogon, obtained from

{(k=0,1,+-+.n-1) (18.13)

) 3,k = 1,2,°-,n=1) (18.14)
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(18.12) for k=n-1, seperately:

d = x - ! ; = %
n-1,k ~ *n-k-1 "% ®n¥oko1t Yno1 T Yoneker " %o Yon¥ker
Cn"o-~...~ﬂluvo (18.15)
Now we convince ourselves,that the first and the last column of the

matrix T H n-1 i i i
'n=1? :mux=u~xno coincide with the corresponding columns of

n-1
uw__u..xno. Indeed, taking into account (18.13),

(18.1), (18.2) and (18.6) we have

the unit matrix E = ||§

n-1 n-1 L n-1
e, = Le, .4 = Lc,.x -x 'x z =
3o oo 3K Ko T = 3k¥k T %o ¥p wuonu-w<x-=
n 1 n
= Ze¢, % -cCc, X -x 'x £ -1 =
k=0 j-k“k j-n"n o “n ﬁuOOU|x<x|= + % xﬁouvn<o =
- _ W1 _ .
h muo *o xnmub h muo (3 =0,1,°+,n-1).

Analoguously (using formulae (18.15) as well) we obtain

n-1 n-1
e, = L c = L - -1 =
j,n-1 K=o u:wax.suH K=o ucwﬁwun+x+a Xo YonXgs1) =
n 1 n
= L c, Y - x_ =
k=g I*1-Kkn T %o Yon = 51 o
n 1 n
= Lec, % -c¢. - x -1
koo 3*1-Xkk=n T “341¥n T Xo ¥y xmoo“..i‘wxw:o Yon%541% =

-1
= §, - = s
j+1,n " % %lbau+~.o au~=lp 3 =0,1,---,n-1).

For the completion of the proof it remains to prove, that the matrix

n-1 .
:mux=u~xno is a Toeplitz matrix. But from (18.14), (18.15) and (18.13)

follows, that

n-1
e. = LEc, 4 =
Jjk s=0 1S Sk
n-1 1
=cd, + Ec. [a +x (x - =
Jhok T st ek-1 T % XYy = ¥ pes¥no)) =
n-2 n-1
= Le 4 ., +cad <l  Ee x -
s=o J 8 s,k- 3 ok o =k s=1 j-s"s
- xlpx :m_
o n-k __ nunm<mvn =
s=1
n-1
= Ec d -¢, 4 + c.4 +

g=o J717878, k-1 j-n"n-1,k-1 j ok



154/ TRANSFORMATIONS OF MATRICES

n-1 n-1
+ xtp< Zc, x - Nlpx Lc Yy =
o “-k j-s" s o "n-k j-s s-n
s=1 =1
n-1 -1
= Z%5tee¥s,ket T S3en ek T %o M¥ad
-1 -1 n-1
+c.ly, -x 'y x } +x Y Zc Ro-
j o=k o “-n n-k o -k sy J7S'S
~1 n-1 -1 n
- %X % Le, y __=e. ., . +tx 'y  ELec, x -
© “n-k e=0 j-s*s-n j=-1,k=-1 (=] 14 s=o j-s''s
-t m ¢
%5 *nx uamwmub,
s=0

whence, because of (18.1) and (18.2) follows
ik = ©4-1,k-1 (3,k = 1,2,°++,n-1).
The theorem is proved.

18.4. Turning to the problem of the inversion of arbitrary Toeplitz
matrices T , we note that if its invertibility (IT | #0) is known a prio
rZ, then the equation systems (18.1) and (18.2) are automatically uni-
quely solvable, and the sole restriction, imposed by Theorem 18.1 for
the construction of the inverse Hmp from these solutions consists of

the conditon xo % 0, or, which the same (see (18.6)),

T + O.

) :um_

However, Theorem 18.2 gives the possibility to avoid the last restric-
tion,i.e., to construct the matrix HMH even in the owmmssoﬂm_ascﬂ_ =0

To this end we consider the matrix

ey c_y cee € g
np 00 Y O|5+_. Ol:.
e=+~ﬁnv = . . oo . '
OS OSI 1 “oe 00 Ol 1
“n+1 o: €1 no
where Che1 is some fixed number, and 7 a complex parameter.

10, If the matriz T 18 invertible, then the matrix T__, (L) s also

+1
invertible for all values of [ with, possibly, one manvaﬁox.

In fact, this proposition was already established in Chapter III in
the proof of Theorem 13.1. Indeed, if one increases by one the order of
all matrices and determinants considered there, then in the thus revi-

sed notations {13.4) the eguation |T ()| = O can be rewritten for

n+t
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IT _; * Ol (cf. (13.5)) in the shape

alc_.,)b(z) - _.H.s_N =0,

n+l
where a(z) and b(Z) are linear functions where the coefficients for ¢
are in each equal to _esnﬂ_a*ov. Hence follows that the equation

_e:+_nnu_ = 0 has not more than one root ¢ = S

Now, if _a:np_ = O, then the functions a{f) and b(f) are nonzero
constants a{o) and b(o), and the equation _e5+»ﬁnv_u 0O takes the shape
(cf. (13.6))

Uaovo_.:(H + ao)g + C =0
where C is some constant, i.e, this time (since a(o) # O) it has exactly
one root.

Thus, for all g, with exception, perhaps, of one, the matrix T ()

n+i
is invertible and it satisfies all conditions of Theorem 18.2 (since

_e:_ + 0). But thenthe matrix ab can be inverted by the rule, stated in
this theorem.
18.5. With the help of Theorem 18.1 one can also find another method

for the inversion of Toeplitz matrices.

THEOREM 18.3 (GOHBERG AND KRUPNIK). If the Joeplitz matrix

. _ n . . o
T = :nvvﬁ=n~muo is such, that each of the systems
n
amoownnx& = avo (p=0,1,"*,n (18.16)
n
m ovuaua = me {p = 0,1,°**,n) {18.17)
g=0
s solvable, and the condition x #0 ts satisfied, then the matrizx T
i8 tnvertible and ite inverse is constructed by the Sformula 3
2
X X X X veo X
on o n-1 o
-1 _ -1 XX X X eer XX
T, = x, 1"'n "1"n-1 170 +
2
1 *n **n-1 0 *a%o
z o) ...
° o} (e} x xaup ces X, X,
+ zy 2z ces O ° 0 x cee Xy X, B
z z ves Z o O o} eee O X
noon-l °© o0 o e 0 O"
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o) N: Nsua oo Nm Np
xo o ..o O o o z z z
x x o) n o 3 2
- 1 o ctt I . cee . . (18.18)
‘ ¢ b : o © (o] esese O z
X x X n
n ‘n-1 °°° Q o 0 o .. O O

PROOF., For n = o the theorem is trivial, therefore, let n = 1. Again
we prove the invertibility of the matrix eb by contradiction. Let the
rows ﬁa = Aon~omtp.....omlbv {q = 0,1,""°,n) of the matrix an be linear-
ly dependent and let m be the least number such that the row aa is a

linear combination of the rows aa+p.w From the existence of

FERTYS U
m+2 n
solutions of the systems (18.6) and (18.7) follows, that neither of the

first two rows ﬁo and I', is a linear combination of the remaining rows.

1
So, m 2 2, For this m is, by assumption
n
ﬂs = L a ws
p=m+1 P
or
n
c = L ac (@ =0,1,-.-,n), (18.19)
n=q p=m+1 p p~q

Now we extract from the system (18.16) the equations, corresponding

to the values p = m,m+1,--.,n-1 of the index (for which, consequently,

mvo = 0), having multiplicated each of them with aw+H"
n
o Lc _Xx =0 (p = m,m+1,+++,n-1),
ptl g=o0 P72 4
Having added all these identities, we obtain
n-1 n n n-1
0= La Ec x = E ﬁ Zae .C .v x =
p=m ptl q=o pP-q q g=o0 \ p=m p+l p-¢ q
n n n-1 n
= Z A Z ac _ vmv X = I Creg-1% + x= Z ac —n-1°
g=o \ p=m+1 P P9 q g=o q-1 q p=m+1 PP

We make it clear, that in the last of these identity transitions we used
{(for g = 0,1,-++,n-1) relations (18.19) (for ¢ = n one cannot use these
because of the index shift of one unit, and therefore the respective
summand is written sperately). Now we note, that with help of the rela-

tion (see (18.16))
n
Zec X =
m-q-1'q
q=o

(we recall that m & 2) the identity obtained above can be rewritten as

8 (o)

n-1,0 =
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n
= X +Xx L oc = 0,
m-n-1"n n — P p-n-1

and since xn # O, we obtain at last

n-1
c 1= X ac . (18.20)
m-n—-1 p=m+1 P p-n-1
From identities (18.19) and (18.20) we find
n-1
¢ 1= Lo .c (q =0,1,--+,n)
m-g-1 p=m pt+l p-g
i.e. n-1
T = La r ,
m-1 p=m ptl'p

which contradicts the assumtion regarding the number m(its minimality).

So, the matrix a: is invertible.

For the derivation of formula (18.18) we use Theorem 18.1, applying

it to the perturbation
azﬁmu = eu - €E
of the matrix a:. where €& is a real parameter. We denote the entries of

the Toeplitz matrix T (e} by nvAmu (p=0, 1, ««., T n). we choose
8§ > O such, that for 0 <e<§ the conditions

_.H_bﬁmv | = det A_bamv %0, _enanﬁmv | =det .H_: _Amv =

-1
= det ) n £0 ;
Cong END s (18.21)

are satisfied. Such a choice is possible, since the polynomials

_e:ﬁmv_ and IT __ (e)| have only finitely many roots (cf. Sec. 1.2). Con-

n-1
ditions (18.21) guarantee for arbitrary € (0 < ¢ < §) that the systens

n
amoownaﬁmvxnﬁmv = mwo (p = 0,1,---,n),
n
omoop-vAnu<»aﬁmv = fpo (B = 0ulireein)
are solvable and that the condition
IT _, (e}l
x (e) = Yy (e) | = _esﬁmv_ 0 (18.22)

is satisfied, i.e., that Theorem Hw.p.omb be applied (we point out, that
the second of the linear systems written down differs from its "model"”

(18.2) only by the reversed order in which its successive equations are
entered) .
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According to Theorem 18.2 (see its proof) the elements quﬁmv of the

matrix
(r (en”t = by () T ©<e <8
n jk 3j,k=0
are defined by the identities
1 min(j,k)
Uuwﬁmv = MMMNW mmo Axumﬁmv<muwAnv - <|:+u|m|~ﬁmvx=+mlx+uﬁmvv
(3,;kx = 0,1,---,n),
in which was assumed
X (&) =y__,(e) =0.

But here it is convenient to us to rewrite these identities in the some-

what different shape

1 min(k, 3} min(k,3)
b, () = —— z x._ te)y _, (g) = z y._._erx (€]
jk xoﬁmv r=o j-r r-k r=1 j-n-xr n-k+x

{3,k = 0,1,--»,n)  (18.23)
where in the case k = j = O the second sum between the brackets must
be read as zero. In particular, it follows from (18.23) that

b, (e) =y_,(e) (18.24)
and
1 —
b,, = 008 . A - v,
i1 7 x (@ rxuﬁmuwnuAmv + xunuﬁmv<oﬂmv <uc=apamvx=ﬁmvh

(3 = 1,2,-+,n). (18.25)

Inserting (18.24) into (18.25), we make an index transform, and, taking

(18.22) into account, we obtain

1
U=+~|u.~Amv = MMMMﬂ ﬁx=+H|uAvaOHAmu + x5|uﬁmvxoﬁmv - xnﬁmv<|uﬁmu_
{3 =1,2,--+,n).
Consequently,
1
<nuﬁmv = MMNM% —x:+_|uﬁmvvopﬁmv + xnuuﬁmvxoamv - xoﬁmuvs+g|u.ﬁﬁmv_

(3 = 1,2,---,n). (18.26)

We point out, that by reducing (if necessary) § > O, one can assume
x=ﬁmv #0 (0<¢g< §), as x:AOV =x # O by the assumptions of the theo
rem, and the functions xwﬁmv.<»uﬂnv (j = 0,1,---,n) depend continuously
on € in a neighbourhood of zero. From (18.22) it is clear, that the
functions quﬁmv are also continuous in a neighbourhood of nmw point
e = O, and the quﬁov Auwuwv are the entries of the matrix en
(j,k = 0,1,---,n).

We note, that because of (18.22), formulae (18.26) remain valid also

for u. = O, if O=H< we assume b {g) ﬁmunn—.?nﬁmvu =0, what we shall do.

n+i,1
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We use formulae (18,26), inserting the expression for wuu (j =0,1,---,

n) given by then into (18.23):
1 nin(k,j)
b, = ———r0 z x, _(g) 1

ik x (e) j-r xsﬂmuﬁx=+ﬁ+nnx

o Hmvvo_Amv +

+ (e)x (e) - x (e)b
o (¢}

*n+r-k :+~+wlx~pﬁmvu -
min{k,3j) 1
- T —_—
oy ket xzﬁmvﬁxp+u-mnmvwopnmu Ry leIx ()

- %, (e)b, Hmv_ (3,k = 0,1,-++,n),

-r+1,1

o

where, we recall it, always is assumed that £ = Q, It is convenient
r=1

to us to extend this convention, by setting in the sequel generally

B

Z =0 for o > B.

o

Transforming the obtained expression with regard to the accepted

convention, we find

1 min(k,j)
b, (€) = ———o -
3k (€ x_(€) xjledx, le) + nmg *nok+r (E1P3_ray 1 (8
min(k,Jj)
I R SRR
=0
1 min(k,3j)
+ —_— by x, _(e)x {e}b_,(e) -
xoﬂmv =0 j-r n+l+r-k ol
1 min(k,3j)
- —_— z X (e)x, . b =
onmv =1 n-k+r H+MWH.mV opﬂmv
{ min(k,j)-1
= ——{x.(e)x __ () + z X ()b, (e) =
stmu 3 n-k =0 n-k+r+1 j-r,1
- X, e)b -
-2 (P _gara, 1 (8 *yonin(k,3) * Promin ik, §) -k+1,1 (8 *

1
— %, .
x_(e9 “f-min(k,3) ) *nemin (k, §) k1 (P01 (&)
Au.-un = O~us..-5v.
Now we note, that for j 2 k the last two summands between the braces va-
nish (since, because of ouxr conventions, b (e) = O and x +HAmu =0),
n

n+l,1

and for j < k these summands yield the sum
(e)b_, (e) - x,(e)b (e).

X .
n+j-k+1 n+j-k+1,1

Taking into account, that
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min{j,k-1) for k £ j
min(k,j)-1 =
min{j,k-1)-1 for k > j
we can finally rewrite the expression for quﬁnu as
1 min(j,k-1)
by (8) = iy %3¢ % (8) + b T:-fni?:ou.-n.iﬁ -
n =0
H = .o . 18.
e EP g O] Gk =01, (18.27)

As was already recoxded, quov = Nu (j = 0,1,.++,n). Now we note,
that, due to the specific shape of the righthand part of the equation
system (18.17), its solution AN yereaZy } coincides with the mmoosm co-

tumn (i.e., with the column with number k=1) of the matrix llb, _

ik " j, k=0’
which is the inverse of the matrix esn
Co tvt o|u+H o] ouu.uH See €
oH e 0|u+m 1 n|u aes n|:+~
c e €. 0 ¢ . ves €
2z =D ~j+n+l -j+n-1 [} =b.. =b_ (0)
3 IT | i1 i1
tn
(j = 0,1,--,n)
Setting € = O in (18.27) we obtain (assuming 2= Ub+-u = 0)
1 SM=AU~X|HV
b =|—— x X z (x z - X z )
jk x, n- w reo n-k+r+17j-xr j-r 'n-k+r+l

(i,k = 0,1,---,n).
But this identity is equivalent to formula (18.18).

The theorem is proved.

18.6. Just as Theorem i8.1 allowed to draw the conclusion, that un-
der the conditions of this theorem not only the matrix e: but also the
truncated matrix enn_ is invertible, Theorem 18.3 permits to make
an analoguous inference in relation to the Toeplitz matrix (of order n)

< c c ces €
1 [] -1 -n+2
o,n c, ¢ c cee C
T ' = 2 1 [ -n+3 R
n-1
< c c ves €

n n-1 n-2 1

which is obtained from as by rejecting from the matrix e: the first row
(i.e. the row with index o) and the last column (with index n). Indeed,
the solvability of the systems (18.16) and (18.17) together with the

condition x, + 0, is, clearly, eguivalent to the relations
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det a * 0 and det e=|H + 0.
In analogy to Theorem 18.2 one can here also state a more complete
expression in relation to the matrix (T ‘Mvnbu
n—

THEOREM 18.4 (GOHBERG AND KRUPNIK). If there exist solutions
{x NLOVEEANT N } and As TIVETENE N } of the systems (18.16) and (18.17),
xmmvmmwecaN&u and the Qosaeweox x, *0 is satisfied, then the Toeplitz
matric TO N ig tnvertible and swm tnverse matrix is congtructed through

the wdxsrwn

z o cese O
. o *n *n-1 ot Xy
o,n,-1 1 z 2 ... O o x e
T2 =5 1 o n ) -
x
N:ua Nb!N oo No (o] o cee n
x o} e con
~ (o] Ns NblH NH
x X eee O o z cee 2
- 1 (=] n 2 . (18.28)
xuum xblm cee xo (o] (o] ces N:

PROOF. We form the square nonsingular matrix of order n+1:

xo 1 o ... ©
X o1 ... O
M= . (Qet M = x *0).
X 4, ©0 ... 1
N: ¢ 0 ... ©

It is easy to see, that because of the identities (18.16)

LI €4 v Com
0

T M= : O/

n - Tn-1 ‘
o

Consequently, by the rule on the w=<mum»o= of block-"quasi nwpwuocpwn=
matrices (see [3),ch. 11, § 5)
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IR

(o]
wigl - ey (18.29) -

(¢}

where, as usual, the elements which don't play an important role in the
sequel, are denoted by asterisks. Identity (18.29) will be used for the

derivation of formula (18.28).

According to Theorem 18.3 the matrix HMH can be represented as
=L x+r-s),
n X
n
where (see (18.18))
n
K = |[x.x 0.

2z [a) ... O 0O x X ses X
o n n=-1 1
R = NH No ... O o 0 x: “en xm ,
4 2 ves 2 o O o vee O
n n-1 o
xo o ..o O (o} Nn N=|H P Nu
S = xu xo vee O o O N: . ee Nm .
X X cee X o O [o] «ve O
n n=1 ]
1

The matrix M = looks like

M uwml o x ... O -x ' (18.30}

=

o] [o] ees X -x
n n-1

1

as is easily verfied by forming the product M M. One can also verify

directely, that in the matrix zuux the entries of all rows, except the
first one, are equal to zero. Finally, one is easily convinced, that

the difference R-S has the shape
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folo... o

where B is a square matrix of order n, which coincides with the right=-
hand side of formula (18.28).
Taking into account the identity (18.30) and the shown properties of
-1 -
K and R-§ we obtain (again using the rule
on the product of block matrices)

the entries of the matrices M

-1 =1 - -
3.H=IH"Zu.lw'Am~lmv+ZH.lmlmn"

X X

n n

* * LI *

)

Q

= . B .
o]

i.e., at formula (18.,28).

The theorem is proved.

18.7. The analogy between the Theorems 18.2 and 18.4 extends even
further. Namely, we can apply the latter Theorem (just as Theorem 18.2

was applied in Sec. 18.4) for the inversion of arbitrary nonsigular

Toeplitz matrices T = [lc ne
n p~q p.,q=0

A_es_ * 0). To this end we consider
the Toeplitz matrix {of order n+2)

-1 -2 -n-1 7
c c v
7 o= [} -1 “-n €_n-1
n . . cee . . !
Sy Cpoq ccc Sy <y

where ¢ i i
_n-1 is some fixed complex numher, and n a complex parameter. The

£ i T g i i
unction det Hs is linear with respect to n with the coefficient
_e:_ﬁ+ov for n and hence it becomes zero only for one value n. For all

o ix T
ther values n the matrix e: satisfies all conditions of Theorem 18.4,
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mmwnwmps<munwvwmpnmmpm.m:an#mNOHQOmn:onnnwx ewhw omeso0nms

18.4 here is taken by the also nonsingular matrix eb. Consequently, the

matrix e: can now be inverted with help of formula (18.28).

18.8. Comparison of the Theorems 18.1 and 18.3 shows that in each of

them for a nonsingular Toeplitz matrix e: = llc 1l the inverse

n
-1 P9 p,q=0
matrix T, is defined by the solutions Axo~xa~.‘..xnw. Auo.un.....ubv

of systems of the shape

n n
Ze x =6, Lec
gm0 PTE T PM g

z =6
wv&a B¢

(p = 0,1, ,n;u#*V) (18.31)

(in Theorem 18.1 for w=0, v=n, in Theorem 18.3 for u=0, v=1). But
in each of these theorems one had to subject these solutions to some
additional condition on ¥ O in Theorem 18.1, x ¢ 0 in Theorem 18.3 -
cf. exercises 3-6, 11 at the end of the section).

The natural guestion arises whether one cannot choose for each non-
singular matrix eb = __nbra__w.ano indices 1 and v (0Spu<v=n) (for
each matrix its own), such that the solutions of the systems (18.31)
define uniquely the inverse matrix emp without any additional condition.
A positive answer to this question would require the matrix T itself,
i.e., all its elements p (p=0,t1, ---,¥n) to be uniquely defined by
the solutions of (18.31). But already a simple example shows, that this

is not always the case.

EXAMPLE. [24]). Let

_aw_ ¥ 0. (18.32)

- = O O
-~ O O O
0O O O =
0O C = =

Assuming, let us say, y=0, v=3 (in accordance to Theorem 18.1) we are

convinced, that the system (18.31) has in the present case the shape

xm + xu =1, Nm + Nw = 0,
uu = 0, Nw = 0,
x =0 z =0,
[+) )
*o * * =0 % * % =L
i = = = - = = =1,
ieo, x =% o, %, 1, z, =z, 25 o, z,

If one now uses the found solutions as coefficients, then the same

INVERSION OF TOEPLITZ AND HANKEIL MATRICES /165

equation systems (but related to the unknown c_, P = 0,%1,42,13) reap-

pear as P
OIN = - ODH = 0,
01_ = 0, , oo = 0,
ﬂo =0 OM = 0,
¢ = O; ON =1,

i.e., in this way not all the elements of the matrix aw are determined,
namely € 4 and 5 remain arbitrary. By this is, in particular, demon-
strated that the here vioclated conditien xg ¥ O in Theorem 18.1 is es-
sential.

It is left to the reader to verify, that also for arbitrary othex
choices of 4 and v (0Su<vE3) we discover a similar phenomenon: the
matrix ew in ﬁHmwwwv cannot be reconstructed from the corresponding
systems (18.31) .

18.9. In Theorem 18.1 is, by the first and final column of the ma-
trix, which is the inverse of the given Toeplitz matrix T , the comple-
n

te inverse matrix emn

establishing by these data the original matrix T, - Here holds the fol-

reestablished. One can raise the problem of re-

lowing result ﬁmmu.

T ves :
HEOREM 18.5. Let X oX, X and Y o A be given systems

-n+1’
of complex numbers and x, * 0. For the existence of a Toeplitz matrix

T = n
n :om4o=v~uuo such, that

n n
Zc X =8 Zc = = “os
q=o P-4 q .mvow g=o @’Q%Aulﬂ &.@5 A@ O.“_; Lﬂw ’ :.wouwv
it 18 necessary and sufficient, that the eomdition

X, =¥, (18.34)

8 satisfied and that the matriz

Yo You Yo, e ¥ al¥_ o eee O 0
% eee

Yo ¥Y_y Yonea| Yonet Yop -+ © o
6 o o A 4

P = ° Y1 Y3 vt Yoy Yo

X
n *n-1 a2 ot X, X o e O o
0 x by g

n n-1 xu xo ees O o
6 o 0 R

n *a-1 Fa-2 cvc %y X
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I R ‘e T is
£s nomsingular. If these conditions are fulfilied then the matrix T
nonsingular and can be uniquely reegtablished by formula (18.3).

PROOF. The NECESSITY of condition {18.34) was established in Theorem

18.1. We show that the matrix P is nonsingular. To this end we divide

it in four square blocks:

_ Y U
P = v X |’
where
X 0 .- O Yo Yoy o0 ¥oqu
Q
X = X~ x0 - © , Y= o ¥y - Yon+2 ’
o] [o} e ¥
Xy Fpoa % (o)
eee X
<l5 [s] vee O NS X—.-IH 1
vee X
u\l5+u_. u\lﬁ PRy o} o un5 2 .
U= ¢ V= . e .
o O ces X
%ln <lm PR %lb n

By virtue of some proposition in the theory of determinants ({see (31,

Ch. 1I, § 5) "
det P = det X * det(Yy-UX V)

(since x_* O, the matrix X is invertible)}. It is easily verified, that
o

the matrices X and U commute., Hence

det P = det(XY -UV).
that P is nonsingular if and only if XY - UV is nonsin-
r was established in Theorem

Thence is clear,

gular. But the nonsingularity of the latte

18.2 (see formula (18.11),
SUFFICIENCY. One can rewrite the equation systems (18.33), after

. . _ s i so-
carrying out the index transformation p = n+3j, g = n+j-k in the

cond and p = j, @ = -k in the first system, as a system of 2n+2

ees c
equations in the 2n +1 unknowns ¢_ ., €_ 4" *sC_14CqrCyr"""Cpn 14y
j+n
= i = -n,=n+1,---,0),
Ty, . .c = 8§, (J n,-n+l,
-k 'k ]
k=3 3 ) (18.35)
w c. =6 (j = 0,1,-°*.m).
> *3xk T Tjo
k=3-n

The matrix Q of this system has the shape
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V\O v\IH M\IN e M\I=+H M\I—J o ves (o] ¢] (¢}
o ¥y %n» e <|=+w <|=+H st evs O o o
O 0 % Ve Yy Y e Yo Y, O
=)0 ¢} [e] ... O e .
Q Yo %vn Y n+2 M\|3+H Y n
N: x=|H xsvw .o xm xo o] v.e O e} (e}
o x, X1 ot Xy %, X, ... O 0 o
o] (o] o] .o xb x:..H x:vm e xh xo o
[o) ee
o o (o) x: x=|H xw xH ko

If one discards in this matrix the (n+1)-st row, which is marked in the

diagram, then a matrix is obtained with a determinant equal to xo -

-det P#0 (this can be calculated by developing it to the entries of the
final column}). Consequently, the rank of the matrix Q is maximal (=2n+1).

Having joined with the matrix Q the column of the righthand sides of
the systems (18.35), we obtain the augmented matrix m. We calculate the
determinant of this matrix m by developing it to the entries of the
last column, which consists of zeros and two ones in the rows with in-
dex n+1 and n+2. We obtain

det m = ﬁnuus+m+w:+mxo det P + Anpva+m+ws+mwo monvu

n
(~1) Awo.nxov det P.

Because of (18.34) we have det m = (0, i.e., the rank of the matrix m is
the same as that of Q and by the Kronecker-Capelli-Theorem the system
(18.35) is uniquely solvable. The remaining statements of Theorem 18.5

== follow from Theorem 18.1 mv.
W|&@sﬂﬂo

It is clear,that a problem, similar to the one moH<ma by Theorem

concerning the matrix T, = lle

18.5, can be formulated, not starting from Theorem 18.1 but from its

analogon - Theorem 18.3. Now the gquestion is to reestablish the matrix
q: from the first and the second column of its inverse matrix enu.

n
Here holds

THEOREM 18.6 [24]. Let X o¥peore,x and z 2oz be given systems

n e
¢f complex numbers and let X, ¥ 0. For the existence of a Toeplitz ma-
triz = lle_ W% _ such, that
n P-4 p,g=o .
n n
L c X =4 z 2 = = s .
Z Chq®s T Spo L g 6,0 (®=0/1,-0.n) (18.36)
q=0
it 4

& necessary and sufficient, that the condition
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z =x (18.37)

X X see X X o] o . O
n n-1 1 o
[o) x: e xm xp xo o «ee O
N - o o oo Ns x::— xblw xbvu cee xo
Tz oz NE z ) 0 )
n n-1 1 [
(o] N: cee Nw NH No o] ese O
o o vee Nb Nva nnum Nbuw cew No

s nonsingular. If these conditions are fulfilled, then the matrix T,
8 tnvertible and it can be untquely reestablished by fornula (18.18).

PROOF. The NECESSITIY of condition (18.37) follows from Theorem
18.3, by which the matrix e: is nonsingular, and hence the systems
(18.36) uniquely solvable, and it remains to evaluate z and X by
Cramers rule.

We show the necessity of the condition det N # O. By Theorem 18.3

(formula (18.18))

! =L (ac-om
n X -
n
where
z [o] «es O O X ... X%
[¢) n 1
B = N~ No eee O , c = e o eee . ,
. . PP o 0 ... x,
z 4 ves 2 0 o0 ... O
n n-1 o
x fo) eee O
o
eea O
D= Xu xO '
X X eee X
n n-1 []
o 2 z R
n n-1 1
o o z cee 2y *n ¥ 0 %
o 0 ves O
F = e . . v e - .
0o 0 O cee 2z o e
[o] (o] ves O
o 0 o iee O

As BD = DB, we have, applying again some rule for the evaluation of de

terminants of block matrices ([3]}, Ch. II, § 5)
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mm
mmn AU nv |anAwn..cmv.

z 8] ees O -X Z -X z - -

[5) n “n *n~1 Z%p-1 " ¥po2 - 217 %
Na No vee O (o] (o] N: o Nw
N:u- thm ese O [s] [s] (o] cee N:

i z Zpq ver Zf O o o ... O
x o R o) 0 X '

° n R
x ‘ee

1 xo (o] o &) N: “ee %m
X ‘es
3 x4 x| o o o .er O

Developing this determinant to the entries in the (n+2)nd column, and

thereupon moving the first column to the last place, we have

B F
I =
Qoﬁﬁu ov.

z ... ©
o °4 2, Z %
2y - 2 o]0 e 02
= Ix_ I [5) ves © . =
n ) B T U |
X PUPIY
o (¢] o xb cus xw x~
xunh cee xo (o] (o] vee O x:
- 2
= “xs_ laet NJ.
Thus
1 . -
et NI = — faet ac-DP) | = —L faet T *o.
_xb_ _kb_

SUFFICIENCY, Let det N # O and z = x 1
n n-
Theorem 18.5, we consider the identities (18.36) as a system of 2n+2

®quations in 2n+ 1 unknowns ¢ ,< .
6) -n’ -n+t

. Just as in the proof of

.C_ with

T T S
S R TR e

the matrix
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x X ce. X X (o] 0 ves O
n n-1 1 o
&} x: e Nm xH xo o} ves O
.- (o] (4] «es O N: X 1 N:um P xo
z, Nb.H e NH No [oF [e] ..o O
¢ ce.  Z .. O
N: 2 NH No (o]
e} o] cee O Nb N:|~ Nblw “ee No

If one discards in the matrix G the marked (n+2)-nd row, then the de-
terminant of the remaining matrix will differ from det N(%0) only by a

factor x:. Hence the rank of the matrix G is maximal (=2n+1}.

The augmented matrix G of the system (18,36), obtained by jeining to

G the column of the righthand side, has the shape

X X eee X, X o) o] ... O 1
n n-1 1 [+
(o] xb .- xm x~ xo o} ves O 0]
m ~ 0] (o) ... O xs x:uu xulw [ xo o] i} P _ Q
"z =z ee. 2, Z [} [} ... 0 of *
n n-1 1 "o R _ S
(o] z, e 2 N~ z, o P o) 1
o O vese O Nn Nsu» N:lw ‘e No o]

as PR = RP, one has again ([3], ch. II, § 5)

det G = det (PS -RQ).

But in the matrix PS - RQ are, as one, applying (18.37), easily computes,

all entries on the first row equal to zero, so that det G =o.

Thus, the system {18.36) is uniquely solvable in relation to the num-

bers ¢_ (p = 0,%1,++.,%n). Having compiled from these the Toeplitz ma-

P n
trix T = e |

n p-q9 p.g=°c
vertible and it can be reestablished by formula (18.18}.

18.10. Turning to the problem of the inversion of Hankel matrices,

we recall, that after multiplication of such a matrix on the right with

the matrix

00 ... 01
0 0 ... 1L ©
Tner T oo
0 1 ... 00
1 0 ... 00

, we see, that by Theorem 18.3 this matrix is in-
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(see Sec. 17.1), also of order n+1, we obtain the Toeplitz matrix

I I n
H = =
nonet T T =nm-a__w,auo~
. I
where the entries ov are connected with the elements Sy appearing in
the matrix m: through the formulae (cf. (17.3))
I
ov = mw+= (p = 0,t1,---,%n). {18.38)

We note further, that the invertibility of the matrix H is equiva-
n

I

lent with the invertibility of T and moreover (see (17.8))

:w
I.-1 -1 -1
T = =
( sv Hms_uziw Q:+_m= 4
or
-1 I -1
mn = u5+~ﬁeﬂv . (18.39)

Thus, one obtains for Hankel matrices as a direct corollary of Theorem
18.1.

THEOREM 18.7. If the Hankel matriz H_ = n ;
1 x H :mu+w=u~xuo ie such, that
each of the equation systems
n
nm0mw-n+sxa " %0 (=01, eum),
n
z S {(p=0,1,---,n)

s v =
g=o0 p-q+n~g-n pn

is solvabie and the condition x *#0 18 satisfied, then the matrix H
n

is nonsingular, and its inverse ie constructed by the formula

0 o} ses O x
. . o <o Yoq oo <|=
- _ - [} (o] cee X x O P
m: =x () 1 ¥, Y pe1] -
Ky Xy e X % o o0 cer Y
o 0 v O o O
0 Xo ¥nor v Xy
o O eee O (o] o]
w-: Q xﬁ cee X%,
- [¢2e] .ee 4
0 Yoo ¥Yone . . . vee . -
. . cee . . o O 0 eee X
o n
<15 . <4w <|~<lp [O I o) (o] ces O

The PROOF reduce to the insertion of the expressions (18.38) for t

. . P
(instead of nwv Hnﬂ:mm<mﬁmamAﬂw.~vm:mﬁww.wvmDQanEcHnHwPMomﬁHon

of both sides of foxrmula (18.3) (in agreement with (18.39)) on the

left wi i i i
with the matrix u=+p (i.e.,to the rearrangement in reversed order

of the columns of the lefthand factors of both products, standing
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between the braces in formula (18.4)).
It is clear, that one could (see Sec. 17.1) from the matrix mb turn,

not to HM but to the Toeplitz matrix

n
H = =
e: us+»:: =nmuﬂ=w~nno
with the elements (cf. (17.3))
cH=3g {(p=0,1%,--,%n). (18.40)

P -p+n
Then we would arrive at Theorem 18.7' (the "dual” of Theorem 18.7),
which is obtained from Theorem 18.1, if the expressions (18.40) for nmw
are inserted in the formulae (18.1) and (18.2) instead of ow. respecti-
vely, and the rows of the righthand factors in each of the two products
standing between the braces of formula (18.3) are written in reverse onamuq
We suggest to the reader to reformulate independently for Hankel ma-

trices the Theorems 18.2 - 18.4, and each in two variants, using the

I 8)
= =TH
formulae mnu=+u T and u=+pm= 65 , resprectively .
EXAMPLES AND EXERCISES
1. For the Toeplitz matrix
o 1 -1 i
Hu - i o 1 -1
o i [e] 1
o 0o i O
we write down the systems (18.1) and (18.2):
X, = Ky +ixy =1 Yo~ ¥Y 4 tiy =0,
ix + X, = X3 =0, iy_, tY T ¥,=0
H%w + NwNO~ FMIN + V\OHO
P%N = 0O; F%!p =1.
Its solutions are as follows:
= -1 =1 - __ i
Xo =T gr Xy TG X% =0, xy=-o
i i . 1
RS A S T SR &

The condition x # O is satisfied. Hence (see (18.3))

-1/2 0 o (o} -1/2 -i -i/2 1+1i/2
alH - -2 1/2 =1/2 o] o 0 -1/2 -i -i/2
3 = -
[¢) 1/2 -1/2 [o} [¢] o -1/2 -1
-i/2 0O 1/2 -1/2 (o) o [¢] -1/2
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o] o] (o} o} o -i/2 0 1/2
_ 1+i/2 o o (o] o] o -i/2 o
-i/2 1+4i/2 © o o o] o -i/f2 )
-1 -i/2 1+4i/2 o o} (o] o o
1/4 if2 i/a  -1/2-i/4
= -2 ~1/4 -i/2+1/4 i/4 1/2+i/2
0 ~1/4 -i/2+1/4 i/4
1/4 -1/2 -1/2 ~i+1/2
[o] o] (e} o) -1/2 -i -i/2 1+i/2
_ || o -i/2+1/4 o 1/2+i/4 - 1/2 o0 -i/2 -i/2
0 -1/4 -i/2+1/4 ~i/4 6 0 o -i
o -1/2 -1/4 -i+1/4 -i/2 o0 1/2 -1/2
Verification:
o 1 -1 i ~1/2 -i -i/2 1+i/2 i 0 0 0
ewe%u i 0o 1 -1 1/2 0 -i/2 -i/2f _ fo 1 o o
o i 0 1t o 0 o -i o o0 1 0 '
0o ©0 i ] -i/2 o 1/2 -1/2 0 0 o0 1

2. For the matrix of example ! we consider the truncated matrix

o 1 -1
Hw = i 0 1 .
O i o
Construct, using the data of example 1, the matrix HMH by rule (18.11).
-1 -i 1
Solution. amH =lo o -i .
-1 0 ~i

3. Show, that in Theorem 18.1 the condition x, * O is essential
= adduce an example, where the systems (18.1) and {18.2) are solvable,

but = i’
X, = 0 and the matrix T, turns out to be singular.

.=Hzeu Such an example is already possible for n = 2, i.e., for Toe-
Plitz matrices of order three.

4, Show, that for n < 2 it is not possible to construct an example,

a ; . .
S required in exercise 3. ’

m. .H_:m 'y 'y . , s
condition x # O in Theorem 18.1 is already essential in that

res, ce a4 s .
pPect, that, if it is violated, the matrix eb can turn out to be nen-
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. . -1
singular, but its inverse matrix a:

tions of the systems (18.1) and (18.2). This was already shown at the

may not be determined by the solu-

end of Sec. 18.8 (see (18.32)) by the example of the matrix

- = O O
- O O ©O
c O O =
© 0 = =

Construct other examples of such kind.

6. Convince yourself, that for the nonsingular Toeplitz matrix

although x_ = O, this matrix (and thus, also its inverse} is neverthe-
(<)
less completely determined by the solutions of the systems (18.1) and
(18.2) ¥
7. Invert the matrix T_, of example 5 by the method, explained in

Sec, 18.4.

3
o 1
o -1
-1 0
1 o

Solution. T, =

1
—
o - O O

o}
1
o
©

8. Invert the matrix T. of example 1 by the method of Theorem 18.3

(by formula (18.18)).

3
9. Invert by the method of Theorem 18.4 the matrix

003 _

o 1
i O
2
o i

o 0O

(induced by the matrix au of example 1)

-i o 1

. 0,3,-1 s
Solution. Aew‘ } = o -i ©
(o] o -i

1o. Invert the matrix eu of example 5 by the method, explained in

Sec. 18.7. Solution. See exercise 7.

iti + O in Theorem 18.3 is essential
11. Show. that the condition X,

(cf. the exercises 3 and 5).
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NOTES

2 The extend of the present monograph doesn't allow to reflect the

results, relating to the numerous methods for the inversion of Toeplitz=-
and more general (the so-called block-Toeplitz—)matrices. These results
have mainly an applied character (the construction of algorithms for

the inversion of matrices on ooawsnmﬁm~ and in most cases they are con-
nected with the theory of filtration and extrapolation of scalar- and
vector stationaryrandom processes, where the correlated matrices are
precisely also Toeplitz matrices (in the vector case block-Toeplitz ma-
trices). For the orientation of the reader we refer here to the papers
of N. Levinson [53], P. Wittle [61,62) , J. Durbin [17], V. Trench [60],
S. zohar [63], L.M. Kutikov [49] and the quite recently appeared paper
of S. Akaike {13]. We note, that in all these papers there are imposed
on the Toeplitz matrices to be inverted rigidrestrictions of the type of
positive definiteness or the somewhat weaker requirement of strict non-

singularity, i.e., that all successive principal minors are nonzero, and
n-1
Il
-9 pP,g9=0
euAu =0,%1,---,%(n-1)) are arbitrary square matrices, that all "trunca-

ted" matrices |IT =w (k = 0,1,---,n-1) are invertible.
bp-q p.q=0

for block Toeplitz matrices of the shape :av » where the

2 .
) For a nonsingular matrix T, the numbers Axo.x_~....x=v and

Hwo.wuw‘...‘wvbv. are, as is clear from the formulae (18.1) and (18.2),

the entries of the first and the last columns of its inverse matrix evp.

n
The fact, that the amnmwxgﬁp is determined by these of its columns,

was, apparently, ascertained for the first time (by transcendental me-~
thods} by G. Baxter and I. Hirschmann HH»H, who also obtained an expli-

cit formula (different from (18.3)) for the reconstruction of the ma-
X -1
trix e: from these columns. But in their paper the numbers Axo~x

Hs...~
x:V and H<o.<vu....‘<nbv were subjected to an additional restriction:
the polynomials

n

n . .
x(§) = Lx. and y(@) Ty g
j=o J j=o

are not allowed to become zero in the unit circle lzl < 1. Under the
Same restrictions formula (18.3) was discovered by A.A. Semencul [58],
2 result which was fundamental in the corresponding section of the book
of I.C. Gohberg and I.A. mmw.mamnammu (Ch. III, § 6). In the redaction

¢ited in the text, Theorem 18.1 and its proof where adopted from [25].
3)
Thus, unlike in Theorem 18.1, here the guestion is to reconstruct the
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1 not from its first and last but from its first and second

matrix T_
n 2)
above) .

columns {(cf. note

4 Recently, A.L. Sahnovi& [55] published a method for the inversion of

Toeplitz matrices by the solutions of equation systems of the type of
(18,31), but with a different right side. Moreover, there was no addi-
tional restriction at all imposed on the solutions. Curiously, in the
given case the direction of the development was inverse in comparison
to that mentioned in the begin of the introduction of this book:

A.L. Sahnovié obtained his own result for matrices in analogy to c¢or-
responding results of L.A. Sahnovil [56,57] for integral equations.

wvvw was remarked in [25], Theorem 18.5 was in the case of Hermitian

Toeplitz matrices proved in an equivalent formulation but by a dQiffe-
rent method by M.G. Krein [46]. The connection between this group of
problems and the paper of M.G. Krein [46] is traced in more detail in
the book of I.C. Gohberg and I.A. Fel'dman [6] (Ch. 11I, § 6).

mVOm course, the reader has noted, that in comparison to the system

(18.35) here (if one only deals with the lefthand side)} only the order
of succession of the equations and the notations on the side of the
coefficients have changed, and that this is also reflected in the dif-
ference between the matrices G and Q.

7 P s s .
) It is interesting, that the rearrangement in reverse order of the

rows (columns), i.e., the multiplication of the matrix on the left

{(right) with the matrix J , is applied in a broad fashion for the in-

n+1
version by other methods of proper Toeplitz matrices and block-Toeplitz
matrices (see, for example in the papers [63],(13], already mentioned
above in note —vv.

8 At the same time (already after the publication of the papers [24,

25}) another approach to the Theorems 18.1 and 18.3 and the correspon-
ding results for Hankel matrices was discovered. This approach, based
on the notion of the Bezoutiant of two polynomials, which is well-knowr
in the algebra (see [8]), was developed by F.I. Lander [52].

R Thus, the condition x + O is, although it is essential, not necessd

ry, and that not only for the invertibility of a Toeplitz matrix eb
{(with was already clear from example 5), but also not for the fact, that
the solutions of the systems (18.1) and 18.2) determine the inverse

matrix.
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§ 19. MUTUAL TRANSFQRMATIONS OF TOEPLITZ AND HANKEL FORMS .

19.1. Theresultsof § 17 concerning the mutual transformations of
Toeplitz and Hankel matrices suggest their application to transforma-
tions of their respective Hermitian and quadratic forms, But on this
way a disappointment awaits us. Before all we note, that for an arbi-

trary Hermitian Toeplitz form (of order n)

n=-1
T .(x,x)= L c_£E (¢ =2 = <+e,n-
n-1 (X¢ _ _ c_, p o,1, sn=1) (19.1)
p.qeo P"9P P P
; _ n-1
the matrix ebv» = =nwvn=w~nno after the transformations (see Sec. 17.1)

mH =T _J H o=
n-1 n-17n* ¥nly = InTa-1

. H
nmacnmmnommsrmwawﬁnpnmm znlp‘ mLuw which are nonreal (and moreover,

non-Hermitian - see Sec. 9.1), if the matrix es { is nonreal. So we

cannot, in the general case, form by means of HY ; lorH va a Hankel
n- n-

Hermitian or real quadratic form and compare it with the form (19.1).

Hence we restrict ourselves to real quadratic Toeplitz forms, i.e.,
forms

n-1
T (X,%) = L ¢ EE (¢ = c = -
n-1 - - e P 0--. +,n=-1) A—Wowv
p,g=o P°IP 4 P P
with real symmetric Toeplitz matrices T = e *! N -
H =1 wua_w.mno. ow the Han
kel tri = = = n-1 i
ww rix H H o, Ho_y =mu+w=u~xno is real (and as always, sym-
metric) and hence it defines a quadratic Hankel form
n-1
Z s..n.n (19.3)
i, k=0 Jtk ik

of which the coefficients mx are connected to the coefficients ¢ of
: P
the foxm (19.2) through the simple relations (see (17.2) and (17.3))

s = Owlﬁsvpv = oAnahle (k = 0,1,-++,2n-2);
c =35 =g
p p+{n-1) | “-p+(n-1) (p=0,%1,..- ,2(n-1)).
Thus, : _ n-1 X .
s, the matrix m:|~ = :mM+w=u.xno is symmetric not only with respect

to the main diganonal but also with respect to the auxiliary diagonal.
Hence, we must restrict ourselves in the forms (19.3), namely, to those

wi
ith such matrices, if we want to move alsc in the reserve direction -

from Hankel to Toeplitz matrices.”
It is necessary to raise the question: how are the basic invariants

of i
the forms - rank and Signature ~ transformed under the above indica-
ted transformations, after what rules are they recalculated? But
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such a formulation turns out to be incorrect. Already simple examples

show, that the rank and the signature of, let us say, the form (19.2)

do, generally speaking, not determine the signature of the correspon-

ding form (19.3) {(the ranks of the forms (19.2) and (19.3), it is clear,

do coincide, since the matrices esln and =:|H of these forms differ

from each other only in the order of succession of their rows (columns}).
EXAMPLE. Let the Toeplitz form emﬁx.wv (of order n=3) be defined by

the matrix

1t 1 0
=41 t 1
T2
o 1 1
with the successive principal minors UlH =1, Uo =1, UH =0, Uw = =1.
Its rank and signature are respectively equal to: p = 3, 0, =1 (by ru-

T2
le (16.6) or Theorem 8.2). The corresponding Hankel matrix mm = uwew

has the shape

o 1 1
mm =11 1 11,
1 1 o
its successive principal minors are equal to:
U|~ =1, Uo = 0, UH = -1, Um =1,
so that (by Frobenius' rule (12.20) or Theorem 8.2) omn = ~1.
Now we consider the Toeplitz matrix
1 0 2
em =0 1t ©O
2 01
with again the order n = 3 and the rank p = 3. The signature of the
corresponding form mﬁx‘xv (since Unp =1, bo =1, UH =1, Uw = -3) is
equal to: oa = 1, just as that of the form ewﬁx.xv.
2
But the Hankel form mwﬁx.xv with the matrix
v o 2 0 1
(3T, MWy = 1o 1 o
1 0 2
and the successive principal minors cnH =1, Uo = 2, ou =2, cm = 3 has
signature equal to: o. = 3.
Hy

19.2. The negative result, found in Sec. 19.1, shouldn't discourage

us. In reality, it turns out that there exist nonsingular linear trans-
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formations of independent variables, transforming arbitrary Hermitian
Toeplitz forms into Hermitian Hankel forms and backwards (here we admit
a somewhat loose formulation - for the exact formulation see below). We
mean the transformations of E. Fischer and G. Frobenius, to which we

turn right now.
Let a and b be arbitrary complex numbers, different from zero, and
n a natural number. We assign a linear transformation of (complex) pa-

ameters .- ces i
£ ﬁmv,mﬁ. .musuu to ﬁoosvwmwimnwamnmwmﬁzo.sp, ‘:nlpv in
the following way. We consider the identity

2 n-1 _
E * et By + ce- m:-Hm u

1 n=2 1

_ - .nh~ = = . nh-
= (a +ae) AU+63:H+...+RU+US n

n, {a +ac) {(F.-F.)

n-1
of two polynomials, in which e is an independent parameter. If we open
up in the polynomial, standing on the right, all parentheses, and there-
after compare the coefficients of the equal powers of € on the left-

hand and righthand side, then we obtain relations of the shape
n-1
mb = umoawu:u (p = 0,1,*+*, n-1) (19.4)
giving the desired linear transformation, which we shall call the trans-—
Formation of Fisher-Frobenius b
(F.-F.)).

10 I the condition

(abbreviated the transformation

A =ab-ab#0 (19.5)
is satisfied, then the transformation (19.4) is nonsingular.
Indeed, under the condition (19.5) the mutually inverse linear-frac-

tional transformations

b +be ag -b
8= : €=

a+ae b-af

make sense, by means of which the relation (F.-F.) can be rewritten as

- _ n.q b1 n-1
(ab-apy™! £ eIy, = 3

j=o J p=0

n-1-p

(5 ~ 20) (a8 -Swmm. (F.-F. bis)
Comparing here the coefficients of the egqual powers of 6, we aobtain the
relations
n-1
n, = Z B, & (3 =0,t,:++,n-1) (19.6)
J p=o PP ;

which yield the inverse of the linear transformation (19.4).

19.3 Now we find explicit expressions for the coefficents « . of the
Pl
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transformation (19.4).
2° The coefficients of transformation (19.4) can be caleulated by

the formula

=|m1u 1:

.. : ovuc .muw

=|u|uulﬁlv MO .. ﬁ lb
= b b n-1-

mvu a =0 31 \ ab

{p.j = 0,1,°+-,n-1), (19.7})
where
s!
ct - t! (s-t)!
S o for all other s,t.

tz2o0,
forsztz (19.8)

Indeed, we insert expression (19.4) in the equations (F.-F.) which
generate it:
n-1 n-1 n-1 _ 14 _
L ta.nl|ef = £ ta+ae)V I b+berln,.

. 3
po \j=o P33, je0

Changing the order of summation on the lefthand side and comparing the

corresponding coefficients for arbitrary values n. we obtain

3

n-1 - .n-1-j = .3 .

Ca_ef = (a+ae) (b+be)d (3 = 0,1,++,n-1) (19.9)
peo B3

or

g =Luu -3 u LRI LR

Lo .e =a M o=|~|u -m. e L ou 5 € .
p=o PJ u=o | v=o

Now we carry out the multiplication on the right hand side and compare

<

the coefficients of ¢° on both sides:

., n-1-3 3 = .m
_ n=1-33 M v w 2
i T R ST EE R R u
u=0 V=0
nt+6“wV (p.J = 0,1, ,n~1).

It remains to substitute p~-p for v, and then, taking into account the
convention {19.8), we obtain (19.7).
In the case, where A = ab - ab # O, one can, in an analoguous way,

calculate the coefficients muw of the (inverse) transformation (19.6).

3¢ There hold (with the notations (19.8)) the formulae

. 4 n-1-p Spi
1 gn-l-p P33 ;M c3-v ﬁmw
muu = a1 b (=b) a n-i-p p ab
A n=o .
(jop = 0,1, ,n-1). {19.10)

For the proof we insert in (F.~F. bis) the expressions (19.6)

n-1 n-1 ! . n-1
\ e, clel= 5 (b-am)”®
3P°P) p=o

Al

j=o ! p=o

1P (a0 - wvwm

MUTUAL TRANSFORMATIONS /181

Comparison of the coefficients of mv yields

n-1 3
LB, 8
ulo UMV D

P1Plap =032 (p = 0,1,-c-,n-1)  (19.11)

whence (19.10) is obtained without difficulty 2.

From formula (19.7) one easily discoveres a property of the coeffi-
cients Qwu and muv of the transformations (19.4) and (19.6), respecti-
vely, which ig useful for further calculations.

4% For p,3 = 0,1,+++,n-1 one has

Ctepey T %o (19.12)

m. = (19.13)
-1 - = X
j.n~1-p muw

For the proof of relations (19.12) it suffices to substitute every-
where in formula (19.7) n-1-p instead of p, and then perform the trans-
formation of the summation indices: p' =n-1-j-u. It is somewhat compli-
cated to derive (19.13) from (19.10) (cf. exercise S at the end of this
section), but one can obtain it at once from 19.12, if one remembers,
that the matrices lla__ I| >

PI p.i=o P 3.p=
(since the transformations (19.4) and (19.6) are such). This simple ve-

are mutuwally inverse

rification is also left to the reader. Finally, one can obtain both
formulae {19.12) and (19.13) without resorting, in general, to the ex-
plicit formulae (19.7) and (19.1¢) for the coefficients a . and B.

P
see exercise 6 at the end of this section’.

19.4 Now we shall explain, how an arbitrary Toeplitz form
n-1 -
T (x,x) = I c £ E (19.14)
n-1 -
p.g=o p-a’pq
where

=c (p =0,1,-++,n~1 19.15
°p o P ) ( )

transforms as result of the parameter change (19.4). To this end we in-

Sert the expressions (19.4) into (19.14):

n-1 n-1 n-1_ _ n-1 _
-1 (xex) n®~Muoovva umoovusu wmonnwsw uu~muowux:u:w. (19.16)
where n-1 )
muw nw.wnooulnawupax (jok = 0,1,°°+,n-1).
Hence is clear at once, that the matrix __muw=wwhno is Hermitian. In-

deed in view of (19.5), we have
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n-1 _ _ n-1 -
s = L ¢ o .a = I ¢ a .0 . =8 (3,k = 0,1,+++,n-1).

ik - k - k k
¥k 5.q=0 p-q P} d psq=o q-p gk pJ J

Now we show, that this matrix is a Hanke!l matrix. To this end we

calculate an explicit shape for the coefficients s using formulae

ik’
(19.7). We have
.o n-1
TR i AN i S
J P,gq=o
n-1-j3 o fapu Alk Tl v
x £ ct PH(ak SRR -
p=o n-1-373 ab v=o n-1-k'k ab

‘n-1-K

In the latter of the sums z we perform the transformation of the
V=0

summation index: v = n-i-k-v' and we use the formula

(which holds for arbitrary numbers s and t because of (19.8)). Then, re
turning to the original designation of the summation index (and taking
(19.8) into account all the time), we obtain

-1
It T Pt uwmx £ oo p PV

- n
3 p,q=o0 p~q
n-1-3 u P-u fabl M n-1-k n-1-g-v iab} n-1-k-v
x L oCy 56 ﬁ.Ju £ o=| Sk = =
p=o 3 ab =0 ab
. . -1-j n-i-k P =
= J2(0-1)=(3+K) J+k-(nal)gn-1 7o . on-H-.ou-wux mwy wh
n=0 V=0 3 ab
n-1 _ 5 nelegey
x I e PRI g = 0,e 0
=0 P74 “x
P.9=0
n-1
Now we group together in the latter of the sums n the terms, in
which the difference p.q=0
p-q (=0)
retains one and the same value, We obtain
2(n-1) {bY 3+k | B) n-1 P7173 nelvk v ab fu+v
s = a - - z L c .C x
jk b n-1-j n-1-k| ab
n-1 p=0 v=0
x z P g . .[E v
=-(m-1) | p-q=o
{3,k = 0,1,+--,n-1).
For the calculation of the sum A , standing between the paren-
p-q=9 ’

theses we use the formula

o ~ B: o _m
05 + O + . 4+ OM..O% = Oh+m (19.17)
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well-known from combinatorics (see, for example, [12]), p. 56). If we
take into account (19.8) and then the fact, that p,q = O,1,+++,n-1,
then it follows from (19.17) that
. ) ow|=nm|~v&|< - nwﬂhblpvuﬁt+<v
p-q=c¢
(3u.k =0,1,e0u,n-1; u=0,1,¢c.,n=1-3; v = 0,1,-++,n=1-k;
¢ =0,%1l,..+,%(n-1)).

Thus
2(n-1) {b | j+k - =|u B\ o
S = UAWU Hds oﬁﬂ "
|AA:|S
n-i-j n-1-k -
x T 5 o: nc mw u+v oq+ﬂ=v~v|ﬁ:+<v
u=0  v=0 n-1-3j n-1-k {ap J+k

3,k =0,1,-++, n-1).
Now grouping on the right the terms with the same summation indices u

and v (p+vzr) and again applying formula {19.17), we obtain

ﬁnwv* vﬁxﬁnsz A W
jk
3 b q--ﬁs-Hv

2(n-1)-(j+k)

s

" 5 ] 5 oM v mw. r O+n-1)-r
reo A whv=r n-1-j buplw g Amv i+k
2(n-1) |b\ 34k (B} n-1 P! 5
u.w.H Vm.au mgum n nﬁmq X
o=-(n-1) °
2(n-1)-(j3+k
x vmﬁu v no+naunvun mca r
o Nﬁaupvgu+xv T+k mu‘ ' {19.18)

H.m.,n:mnommmwowm:ﬁm mux omnvmnuwsmmousommonapr.HmVQmMmbmozww
on the sum j+k of the indices j and k.

In particular, since the matrix |Is _=|

35, k=0 is Hermitian, it follows
thence, that all coefficients mux are real (cf. Sec. 9.1; see also exer-
Cise 11 at the end of this section).

Thus is proved the proposition

5°  Every Hermitian Toeplitz form (19.14) is by a transformation

(19.4) transformed into a Hermitian Hankel form.

19.5 We now take an arbitrary Hankel form
n-1

H {y.¥})= L. s, n.nn
-1 . (19.19)
n §.k=o j+k j 'k

with real coefficients

s, . =5, (j,k = 0,1,+++,n=1)
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and we apply to it a transformation (19.6), induced by the identity
(F.-F. bis) where & = ab - ab * O, We obtain

n-1 n-1 n-1_ _  n-1 _
H v,y9 = L s EB.E T mr E =L oBmwmn~
n-1 j k=0 j+k p=o PP g ¥TD [ g
whexe -1 _ 5
[ = L s, B. B AU~Q."°-~...~=I .
k k
Pd g I IR
. n - .
Hence is clear at once, that the matrix =ovm=POHHO is Hermitian,
Indeed,
n-1 n-1 _
B g = =0,1,**",n-1).
= T s, .B. B = L s,.,B.8 c (p,q 0,1, )
‘@b 4 xmo K ITKP 4 ItkTIaTkp pq

Now we show that this matrix is a Toeplitz matrix. We apply at first
proposition 49, namely formula (19,13). We have

n-1
c = z
P2 4, k=0

8. B A.ﬂ‘@ﬂosw.o...ﬁlwv-

%34x"5p K, n-1-q

Here we insert the values of the quantities muw (and correspondingly

B ), obtained in 3° (see (19.10)), and we transform the obtained
o ition 59
expression through the same method as in the proof of propositio

(in particular, we use formula (19.17) twice). We obtain

1= - -1 .
g 1P () PRyl E P a) ik
Coq * 2@-1) o 3% |
P A<t 3,k=0
- aN=1=(p=- n=1+p-
blHvant Oult _MHv y m O(.Oun!é Amu v } Ub 1=-(p Mu AlwW P-q N
z - _ = -
YD n1pP Tv veo @ 714 {ab a2tn
n-1-p ¢ v i) uev 21 al j+k 3w k-v  _
— C =
x E = nw«Tvnp ﬁH I sy Tv % Ca-1q
p=o v=o0 ! j.k=o
~1-(p-1 n-1+p-q
~ m—- Aw VAl_ou X
= Dnablpu
5lwl.mv q - 2n-2 -y k=v a ba _
x © =¢c. . ¢ Wwwﬁé E E ow :ns-Ta °r | o] B
p=o v=o MTIP A \ab r=o \Jj+k=r .
-1- -1+p-
) E® 1 Awnawancvs pP-a N
>~ﬂ:|-v
2(n-1) n-1-(p-1) wWlab\ 0 r-¢ -
alr K = C =
x E s All. L L c -1- C b n-1+p-q
n-1-(p-q) n-14p-q 2(n-1)
I A ) E s swv r
>wA=|~v r=o
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N :nTmGuﬂ & &0 A.mwf— o
o= D 1-(p=q) n-1+{p-q) | .
{(p.g = 0,1, ,n-1), {19,20)
i.e., the coefficients ¢ depend only on the difference p-q of the in-

P
dices p and q.

Thus is proved the proposition
6° Every Hermitian Hankel form (19.19) is by a transformation

(19.6) transformed into a Hermitian Toeplitz form.

19.6. Summing up the proposition 5° and 6° we formulate the basic
result of the present section, which is contained in them:

THEOREM 19.1. Let a and b be complex numbers and A = ab - ab + O,
Then the linear transformation (19.4) of Piecher-Frobenius, induced by
the identity (F.-F.), ts nonsingular. This transformation and its in-
verse transformation (19.6) (induced by the tdentity (F.-F. bis)) de-
termine one - to - one relations between all Hermitian Toeplita
forms of order n and all Hermitian Hankel forms of the same order n.

A result of such type was established for the first time by E, Fi-
scher [18] (for a = 1/2, b = -i/2) for nonnegative Toeplitz forms of a
special shape.

For arbitrary a and b G. Frobenius [20] extended this result (pre-
cisely, the result, formulated above in proposition 5°) to arbitrary
nonnegative Toeplitz forms. In its full generality Theorem 19.1 was
established in [41)] in two ways (both different from the straightfor-
ward calculation adduced  above). We shall present one of these in Sec.
19.7., in view of its methodical interest. At this it will be necessary
to rely on two classical theorems on the polynomial - and trigonometri-
cal moment problem. For the sake of completeness the proof of these Theo-
rems is presented below in Appendix II (sece Theorem A.II.1 and A.II.2).
There the reader also will find some helpful transformations of real

quadratic Toeplitz forms into sums of Hankel forms (see Theorem A.II.3).

18.7. For the case of positive definite forms propositions 5° and 69
hight be obtained much faster through the application of well-known re-
Sults from the theory of moments (polynomial - and trigonometrical).

So, let be given a positive definite Toeplitz form

n-1
T . (%x,x) = E ¢ ET .
n-1 -
Mvsnmnowﬂb

We perform on its independent parameters m0~ma~...~m the transforma-

n-1
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tion (19.4), induced by the identity (F.-F.)} (see Sec. 19.2). The coef

mwowonﬂm ow of the positive definite form e:

A,II.2, the following representation:

Hax.xu allow, by Theorem

n
¢, = L mem. x, >0, le,l =1 (k=1,2,-+n; p = 0,%1,**,2(n"1))
wnp

Introducing this expression into e:tpﬁx.xv~ and taking (F.-F.) into

account, we obtain

n=1 _ n-1 n p-q, — n n-1 " st»l.l&
Z ¢ EE = z Zre tE = Lr L g e L Eeg’=
P,g=o0 papa p.,q=0 k=1 kk Pa k p=o Pk g=0 ak
n n-1 - .n-1- - - = n-1-
= Ir Z (a+ac)) v:o...un vwnwfwmv ! x
k k k k
k=1 = p,g=o0
X (b+bg ) nn = T s nn
k
P4 P,q=o PapP g,
where n
_ n=l = 2n-2-(p+q) be ) P¥a = eee,n-
o 5k (a+aef (b +be, ) (Prg = 0,1,++-,n-1),
i,e., each coefficient s = s depends only on the sum p+q of the
' o ptg pe >4 ptq

indices p and g and is, as one easily verifies, a real number., The
latter, however, one can establish very simply, not using the positive
definiteness of the form ebluﬁx~xv and in general not resorting to any

kind of formula for the coefficients ow (see exercise 11 at the end of
this section) wv.
Conversely, let
n-1
H _ (¥,y) = L s
Jj. k=0

54", S = S, (k= 0,1,--.,2n-2)

be a positive definite Hermitian Hankel form. We insert into it trans-

formation (19.6), induced by identity (F.-F. bis), where A=ab-ab+0.

By Theorem A.II.1 the positive definiteness of the form H ~A<.<v is

-

equivalent to the fact, that its coefficients allow the representa-—

tion 4
Tk

s, = z oc¢<. o, >0, 0

=8 (v=1,2,+++,n; k=0,1,"**,2n-2)
v
v=1

v

Introducing this expression into the form m=|~A<~<v. and taking

(F.-F. bis) into account, we have

n-1 n-1 n 4k — n n-1 3 n-1_ %k -
Z s, .nn= L Zpelnn = Zp Inebl Zne
Jokso TRTK vt VY TR Y g Y ko XV
. noom-t o
=t o & (B-a8) (ag_ -p)Pr_ x
>wﬂs 1) ve1 ¥ p=o v v P
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n-1 n-1-g - - g n-1 _

X £ (b-ab ) (a8 -b)*E = T ¢ & t,
v v
q=c b p.q=o P4 P4
where
Pq n
_ (=1 n-l+p-q - =, n=-1-{p-q}

“pa ¥ Z-Ty I Pufas,-P (a8, -b)

(psg = 0,1,+++,n~1).
Hence is clear, that ¢ =c (¢ } depends only on the difference
‘ ap g p-q pe Yy
p—q of the indices p and q.
The results established above allow to give a new proof of

Theorem 19.1.
Indeed, the coefficients mux of an arbitrary form, obtained through
a linear transformation of a Toeplitz form ezupAm.xvs are linear func-

tions (forms) of the coefficients ov of the original form, In particu-

lar, for the case of the linear transformation (19.4) these linear forms
were written down explicitly above (see formula (19.16) and the next).

Now we fix in the form Hblpﬁx.xv all coefficients A”mv with p # 0, and

the coefficient ¢  we choose positive and so large, that all successi-

ve principal minors

-n+1

D =c¢ ,D = ~....U=| = 1 o * Clner

i o tertecirrreenene seses

c < veo c
n-1 n-2 o

0mnsmmous eblpﬁx,xv umoosmvomwnw<m.e:wm»mwomeme.mubom
Uo._uui...vb..H are pelynomials in no with leading coefficient equal to
one. But then the form eatpﬁx.xv becomes, because of Theorem 8.1 and
Corollary 2 of Theorem 5.2, positive definite and, as was shown above,
the transformation (19.4) turns it into a Hankel form with real coeffi-

cients. This means, that the real numbers mux (the coefficients of the
obtained Hankel form) depend only on the sum j+k of the indices j and k,
i.e.,

Mu+m~x mu~x+u (jik =0,1,°*,n-1; j+k < 2n-2).

But the last relations remain, as equations between linear functions in
o (all other coefficients ¢ are fixed), which hold for all sufficient=-

P

P%HWH@@ c evidently identities for arbitrary oo. i.e,, for arbitrary

forms ebuwﬁxsxu. Thus the first statement of Theorem 19.1 is proved,

Now we insert the transformaton (19.6), which is the inverse with

respect to (19.4), into the arbitrary Hankel form
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n-1 _
H ({y,y) = L s.,.n.n.
n-1 § k=0 j+k 3 k
We obtain
n-1 _ n-1 n-1 n-1_ n-1 .
Z s..n.n,. = L s B, ¢t LB & = E ¢ EE ,
. +k k R +k k i
j,k=o K3 Jk=o MK pao PP o KAT T PATPT
where n-1 -
< = L s, .B. B (pig = 0,1,°++,n-1).
L SN J+k7Ip kg
Hence is clear, that the matrix llc ==|H is Hermitian:
pPg p.g=o
¢ _=c . =0,1,--+,n-1)
% B ﬂ”sa r ’ L[4 ¥

and its entries are linear forms in the parameters 8 1S 4708

1’ 2n-2"°
Moreover, we know, that in the case of a positive definite form

B vy
Ow@ = 0@IH~Q|—~ {psq = 1,2,-+°,n-1). (19.21)
We fix in the form m=|uaw~%v coefficients m-mu~...~mw:|w. and the
coefficients mo.mm~....mw:tm we replace so, that the form mnnﬁﬁ<.<v be-

comes positive definite. Namely, we choose at first, and then we fix

(D =) s > O, Since
(s [+

we have D, > O for sufficiently large (positive) s.. We fix such a s

1 N. Ns
and a positive mb we choose so large, that
s %1 %2
Um = mH mm Mw = mnuu + ce¢ >0
S2 %3 34
and so on, As result we obtain for certain sufficiently large mo.mws....

%on-2

Uo >0, D, >0, s+ , D > 0,

1 n=-1

where it is clear from this reasoning, that such a set mo.mm.....mwuuN

can be composed in infinitely many ways, such that all the values of
all parameters S 18417745, o ATE changed at once. But for all such
sets hold, as we know, the relations (19.21), in which both sides (for

fixed p and q) are limear function in mo~m eee,s + 8o, these rela-

N~
tions are realized identically relative oomo‘m

2n-2
g1ty o i.e,, for

arbitrary Hankel forms mblpam.wv.

Theorem 19.1 is proved.
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EXAMPLES AND EXERCISES

1. (F.I. Lander). Prove that transformation (19.4) can be rewritten
in the equivalent "symbolic" shape

n-p~1 - -
£, = @+bw) " P GE4B®  (p=0,1,-00,n-1),
where one must perform on the xighthand side, after expanding the paren-
theses, the substitution
wl = m
Ou
n-

:u (3 =0,1,°*",n-1).
1

HINT. Put :u = vaueu (j =0,1,***,n~1) in (F.-F.) and calculate the

successive derivatives to ¢ in the point € = 0.
2. Derive formulae (19.7) from the result of exercise 1.

3. Establish in analogy to exercise 1 for the transformation (19.6)
the equivalent “symbolic" form

1 (n-1)¢

- B o)™ 1 (a0 - 5y I
:u - >=|~ (n-j-1) 13! (b - be) (ap - a) (3 = 0,1, 4n-1),
where A = mm..ws. and after expanding the parentheses on the right the
transformation
1
o = £ (p = 0,1,* " ,n-1)
P P
n-1

is performed.
4. Derive the formulae (19.10) from the result of exercise 3.
5. Derive formulae (19.13) directly from (19.10).

HINT. Having substituted n-1-p instead of p in (19.10), perform on
the righthand side the transformation of the summation index ¥ to

u' =3j-u, and take into account (19.8).

6. Derive formulae (19.12) and (19.13), not using, in general, the
direct expressions (19.7) and (19.10) for the coefficients a_. and B. ,
] . Pl ip
respectively.
HINT, Use respective the identities (F.-F) and (F.~F. bis), assuming

lel =1, 8 =8 in them.

7. (B, Fischer [19].) Prove, that the parameters n Myeteeon o dn
o n-
the transformation (F.-F.) are reai if and only if the parameters

mo.mH~....m5|~ satisfy the condition

fpmtp = 5 (p =0,1,°°,n-1).
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HINT. Use formulae (19.12) and (19,.13}.

8. As one easily perceives directly from the identity (F.-F.), the

formulae (19.4) appear as follows:

for n = 2
€, = an, * bny.
g, = an + bn,;
forn =3 g = WN: + abnp, + UN:
(3 o I _
mp = wwm:o + me.+wmwn~ + wvwzm~
§, =a'n_ +abn +b'n,.

Compare these equations with the direct formulae (19.7) for the coef

ficents awu of transformation (19.4).

9. In analogy to exercise 8 we find from the identity (F.-F. bis),
that formulae (19.6) can be rewritten as (A = ab - ab):

for n = 2
w -
n,o=x Emo - vm_v.
1 -
ng = M.Huwmo.vmm_v»
for n =3
=L 8% _ - e, + vl
T (<) 1 2'

AuwmmNo + Hmw.+umum_ - 2bat,),

ﬁmwmo - mmmp + wmmmv.

=
—
L}

Compare these equations with the direct formulae (19.10) for the co-

2)

efficients muv of transformation (19.6) and also with note below.

==|H
jk k=0
lle ==|H Hermitian, where the matrices are defined by the formulae
P P.g=0
(19.18) and (19.20), respectively, starting directly from these formula

1lo. Verify that the matrix lls is real and the matrix

(cf. with exercise 11}.

11. In the begin of Sec. 19.4 was shown, that after the transforma-

tion (19.4) the form (19.14) turns into the Hermitian form (19,.16):

mux = mwu (j,x = 0,1,+-,n-1), Show, not using (19.18), that the coef-

ficients are real: s =0,1,..-,n-1).

3k = Sk (3.k
HINT. Use the relations (19.12).
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NOTES

1 The relation (F.-F) was suggested by G. Frobenius [20}. He generali-

zed a transformation, introduced earlier by E. Fischer [18], which is
obtained from (F.-F.) for the particular values a = 1/2, b = -i/2,

2
) It suffices to compare the formulae (19.9) and (12.11) in order to

observe, that for the transition from the first to the second (and so,
also from (19.7) to (19.10)) one must insert on the lefthand side the
factor >sn~ and then replace the letters: € for 6, a for 8, j for p,

p for j, a for b, a for (-a), b for (-b) and b for a.

3) From the remark to Theorem A.II.2 follows, that the whole followed

argument is also applicable to nonnegative (degenerate) forms ebupnx.xv.

4 Here is everywhere, by definition, 0° = 1, We note, that in {41] by

mistake only nonnegativity of the form m:n-ﬁw~<v was required (cf. be-
low the remark to Theorem A.II.1).

REMARK. For new methods and numerical results concerning the inver-
sion of Hankel- and Toeplitz matrices (both normal and block matrices),
and also for the algebraic structure of spaces of such matrices and new
transformations, defined over Hankel- and Toeplitz matrices, see [1],
[4],(6]1,[101,[11],[12],[13] and [16] of the additional list of referen-—

ces,
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I. THE THEOREMS OF BORHARDT-JACOBI AND OF HERGLOTZ-M., KREIN ON THE
ROOTS OF REAL AND HERMITIAN-SYMMETRIC POLYNOMIALS.

1. We show here one of the spheres of Qirect application of the re-
sults oOban:wnm the signature of Hankel- and Toeplitz forms, presented
in §§ 12 and 16. We mean the problem of the distribution of the roots
of a real polynomial

= n :lw sew 3 = . - 0.
V:A»v = mo» +mH» + +w=v~».+m=ﬁmx..ox. k=0,1, ,n) (A.I.1)

or a Hermitian-symmetric polynomial

n n-1 = - oo
QA =B AT+b AT 4 db A4b (b =B ;k=0,1,""",n) (A.1.2)

1 k

with respect to the real axis or the unit circle, respectively.

We recall, that the roots of the polynomial P () (see (A.I.1)) are
alvays symmetrically distributed with respect to the real axris, where
the nonreal complex-conjugated pairs (if they exist) consist of roots o
the same multiplicity. A quite analoguous picture is valid for the root
of the polynomial o:ﬁ»v (see (A.1.2)), but with the unit circle substi-
tuted for the real aris, i.e., instead Of real roots one must speak of
roots with modulus one, and instead Oof complex-conjugated pairs - of
pairs of the shape (B,8%), situated mirror-like (symmetrically) with re
spect to the unit circle:

g% = L

-7
Both these statements, which are quite well-known in the algebraic theo
ry of polynomials, are also easily verified directly (see the exerci-

sis 1,2 below).
20"
be all its xoots (here each root is repeated according to its multipli-

city). We put together the Newton sums n

= cee 4 X = LY A.T.3
mu Q_. + QN + [ ( O~H\- ) ( )

2, We consider the real polynomial wbayv (A.I.1), and let o

THE THEOREMS OF BORHARDT-JACOBI AND HERGLOTZ-M. KREfN /193

(here the symbol O° is considered to be equal to 1), and use these as

coefficients of the Hankel quadratic form
n-1
m=1wﬁx.xv = E s
j. k=0

u.inmu..mx (A.I.4)

(we recall, that because of the properties of the roots of the polyno-

mial mngvv all sums S, are real).

THEOREM A.I.1 (BORHARDT-JACOBI). If 7 i3 the number of positive
squares and v the number of negative squares of the quadratic form
H _,(x,x) (see (A.I.4)), then the polynomial wsgyv has v differvent
patrs of complex—conjugated roots and o = m -v different real roots.

PROOF. The form mblpax.xv can easily be represented as a sum of

squares n-1 n-i
j+k | j+k J+k
B (x,x)= L s, &£ = L Eu +a +evvto” TIEE =
n-1 5, k=0 J+k*3°k j,k=o0 1 2 n 37k
n-1
- i, k j. k j. k
(L fagfjedy +axfiant, ¢ *altiont)
j, k=0
i.e., n
H (x,X) = £ (£ +a g + a2, + 04l 2 (A.I.5)
n-1""1 k=1 © k71 k=2 k “n-1’ ° o

One cannot yet call the representation (A.I.5) canonical, (see Sec.
5.2}, as among the roots 9».9&.....95 there may be multiples, i.e., the
linear forms corresponding to these are dependent (they simply coinci-
de, and in representation (A.I.5) their squares are repeated as many
times as the multiplicity of the corresponding root).

1f among the roots CIRL PR there are p different real and g
different pairs of complex-conjugated roots, then after the reduction
of similar terms on the righthand side, the representation (A.I1.5) turns
out to be a sum of squares of p+ 2q linear foxms, which (over the field
of complex numbers) are linearly independent; the matrix of their co-
efficients (see Sec. 5.1), now consisting of the nonnegative entire
powers of the p+2gq awmmmnm:d roots of the polynomial vsﬁyv~ has a rank
which is exactly equal to p = P+ 2q, since the corresponding Vander-
monde determinant ig nonzero.

But also the thus transformed representation (A.I.S5) is, if q # O,

still not canonical, since the real quadratic form mn Hﬁx.xv is here

represented as the sum of the squares of p real and 2q nonreal linear

forms. To each of these 2gq squares of nonreal forms of the shape

[(M(x) + Mzﬁxvum.
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where M(x) and N(x) are real linear forms in the parameters mo‘mp.....

13

n-1 there corresponds in the same sum a square

[M(x) - Hzﬁx:N.

Combining corresponding terms, we obtain
MG + NG )7 + (M0 - 1N )2 = 2l 1P - 20neo 12

By performing this on all nonreal squares we "reorganize" represen-
tation (A.I.5) such, that it now will have p+q positive and g negative
squares. It is easy to understand, that all linear forms, which are
used for these squares, are independent, since we obtained them from
p +2q independent forms through a simple transformation: we substitu-
ted for q pairs of independent forms of the shape

{M(x) + iN{x), M{x) - iN(x)}
their half-sums M(x) and their - by 2i divided - half-~differences N(x).

So, if ¢ =7-v is the signature of the form mntﬂAx~xv~ then T = p+gq

and v=q, whence
p=Tm-v=9g, d=v,
The theorem is proved,

3. In analogy to Theorem A.I.1 there arises

THEOREM A.I.2 (HERGLOTZ - M. KREYN). Let €y rEyrt ey be all diffe-
rent roote of the Hermitian-symmetric polynomial Q (A} (see (A.I.2)),
which lie on the wunit circle, with the nulitplicities u_~om..<.~ow‘ re—
spectively, Let further Am»~mwv‘Amm~mmv.....ﬁwn.mmv be all different
pairs of roots of the same polynomial nzﬁyv» which are arranged symme-
trically Amm =1/ wx‘ k =1,2,+++,q) with respect to the unit cirecle,
with the corresponding multiplicities QH.ow.....on. Through Sy
k = 0,1,2,+++) we denote, just as in Theorem A.1.1, the Newton swns of
the roots (each repeated with its multiplicity),

If the Hermitian Toeplitz form
n-1
ennyﬁx~xv = I
jrk=0

£.¢

S5k (A.1.6)

has w positive and v negative squares, then the polynomial Q. (M) has

n-v(=p) different roots e, with modulus 1, and v{=q) different pairs of

k
roots Am_ﬁmmv whiteh lie symmetrically with respect to the cirecle Al =1.

PROOF. above all, we note that the Newton sums s
P k q 2k

k
s, = Zpe + Zo (B +B
k u=1 TR =l AV ANAY] v

" now have the shape

) (k=0,1,2,-""}). (A.1.7)

But since
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k - -
€ =¢ w. B =g k

n u v v (W =1,2,¢+,p; v=1,2,-+,q),

then -
S =S (k =0,1,2,°-°),
so that the form (A.I.6) is, in fact, Hermitian.

According to formula (A.I.7)

] i q - -~k
s. .= Lop P Q¢Hmu k. m*u ] =
J u=1 L v=1 v v
P < = . .
- j-k Jz%k | =k, %]
:mmocmcmz + cmhqcmmcmc + B8, ].
Hence
n-1 - P n-1,2
T _,(x,x) = I s, E& = Lop lg +Ee +eertg e 1%+
n-1 5, k=0 -k~ 3"k =1 TRR- TG RT] n-1
e Do (6 e B s sl BN E +E B e B BT 4
v=1 V' o 1v n-1"v (-] 17y n-1"v
+ m g 4685448 BTN (E +EB +---+E_BTh
cu_qcﬁ o “1°v n-1"v o 17y n-1"v °°

Now we consider the p+2q independent linear forms

X0 = E 4 EE 4w b T (s 12,0000
n-1
Y (X) =§ +EB +eon +E B
v o Tl M . (v = 1,2,044,q)
* n-
Ncﬁxu - mo * mHmc oo m:lumc

We see, that

P q -
N -
e:-HHx~uv = L ot_xuﬁxv_ + T o<_<¢ANVN¢va + Ncawicnuv_ =
u=1 v=1
p 2 g 2 9 2
= Zp IX xXI"+ LT wqc_ccﬁxv_ - wq<_<cﬁxv_ ’
=t ¥ ¥ v=1 v=1
where

v (x) = Y (x) + 2 (),
1 (v=1,2,-+.9).
v, =S¥ (x) -2 (x)]
Thus, the form a:vpﬁx‘xv is represented as sum of p+q positive and gq
negative (independent!} squares, whence the full statement of the Theo-

rem follows.
f

4. As historical information we note, that Theorem A.I.1 was ini-
tially established by Borhardt [15] in a Qifferent (more restricted)
formulation: the rnumber of differeni paire of complex—-conjugated roots
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of the real polyromial (A.I.1) Z8 equal to the number
_\Hm.Uw-UN~...~ObI~V

of sign variations itn the sequence of successive principal minors of
the form (A.I1.4). Here it is assumed that all

D, #0 (k=1,2,,n-1)
(cf. Theorem 8.1).

In the general formulation Theorem A.I.l1 was established together
with the proof adduced above, by Jacobi and only after his death pu-
blished by Borhardt [16].

The history of Theorem A.I.2 is also not quite trivial. Being esta-
blished at first (by a more complicated method) by Herglotz [27], it
was a few years later proved independently by M.G. Krein [44], moreover
with an elementary method, in complete analogy to the method of Jacobi
and that presentd by us in the text.

We note, that we have restricted ourselves in the present Apppendix
I to just the very first theorems on the application of Hankel~ and
Toeplitz forms in the theory of the distribution of the roots of alge-
braic equations. These applications are very multiform, and in the firs

third of our century there was an extensive literature devoted to them.

An extensive survey of this one can, probably, find only (at least
in the Russian language) in the brochure of M. Krefn and M. Neimark [8]

which became already long ago a bibliographical rarity.

EXAMPLES AND EXERCISES
1. The roots of the real polynomial

- b :‘H *e e = a . o= * e
wutc = mo» +wp» + +w=|~» +m= wa =a; k =0,1, .n)

are symmetrically distributed with respect to the real axis, since to-
gether with a root X = y the number u is alsoc a root of the polynomial
wbgv“

wsﬁtv = msazv = 0.

The multiplicities of the nonreal roots p and j coincide, since after
division of mzﬁyv by the real polynomial

(A-u) (A=) = 22 = 2(Re WA+ In)?

we obtain again a real polynomial,
Prove the analoguous statement in relation to the roots of a Hermi-

tian-symmetric polynomial
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n n-1 =
= oo + =pb
OSA»V Uo» + b, A + + U: A+Db (b

1 -1 n k n-k’
substituting the pair (u,u) of numbers, symmetrically with respect to

k=0,1,++-,n)

the real axis, by the pair A:-\mv of numbers which lie mirror«like

(symmetrically} with respect to the unit circle.

HINT. Use identity mrﬁyv = »ﬁnsﬁp\yu (the symbol R(A) denotes the
substitution of all coefficients of a polynomial by their complex con-

jugates) and the fact, that (for vo +# O) A = 0 is not a root of Dsﬁyv.

2. Verify that each of the two theorems which form together exerci-
se 1, can be obtained from the other by means of linear-fractional
transformation (c¢f. Sec. 19.2)

b+be

= (ab - ab # 0)
a4ac

8 =

transforming the unit circle tel = § into the real line 6 = §, and its
inverse transformation

af-b
€ = ==,
b-as

HINT. After performing the appropriate substitution in the polyno-
mial D:Ayv. consider separately the case of even (n=2m) and odd

{n=2m~1) Qegree of the polynomial DSA»V.

3. We consider the real polynomial

P,(A) = SIS

It is asked to determine how many among its roots QH~QN~Qu are real.
Clearly, this number can be 3 or 1 (see exercise 1). Here (cf. exerci-
se 4 below)

+ = 4
e, + @, o4

Qpem + nwnw + Qunu =7

a,0,0, = -1.
Hence the Newton sums of these roots are as follows:
_ _ 2 2 2 _
mo = 3, mH =4, mm = Rw + om + eu =
- 2 - 16-14 =
= 3~+nm+ewu - NAQHQ~+QNQu+an»v =16 ~-14 2.
Since
s 8
_ _ o 1} _ (3 4 _
Do =% =3P =1y s|* 7» NA lo
11 2

it is here not necessary to calculate the further sums mw‘w and the

4
minoxr Um.
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Indeed, already
c:.oo.oi = V(1,3,~-10) =1,

i.e. (Theorems A.I.1 and 8.1), the polynomial qu>V has a pair of com-

plex conjugates roots and, s¢, only one real root.

4. Let it be required to find out, whether the Hermitian-symmetric
polynomial

9, =% - six -.ww»w + 500 + 1

has roots which lie on the unit circle. We note its roots by Q».Qm‘nu.pk

Their Newton sums are

mo = 4, mH = 5i, MN = nm + ﬁw + Qw + QM =
= H9~+nm+9u+9»vm - mﬁnaom+9m9u+puaa+amew+emap+aueav =
=sf - 2-3 =25+ 2oL
Hence
®, =1, =4,D = MM -MH“ =16-25 = -9
4 -5i =17/2 1 5
D, = | 51 4  -s5i =7 (81-[-25+434]%) =0

-17/2 54 4
(calculated through Sylvester’s formula (2.6)).

The minor Uw (and so the sum mwv needs not to be calculated, as by
3
rule (16.6) the signature of the form L s £ m is equal to
P=q'p'q
3 P.q=0
o = £ sign(D } = sign(1.4) +sign{4-(-9) ] +sign([(-9)-0] +
v=0

+ mu..nlo.cu_ = 0.

cu»c¢

So (Theorem A.I.2), the polynomial Obawv has no roots on the unit

circle.
However, if one must find out whether this polynomial has one (multi-
ple) pair or two (different) pairs of roots which lie mirror-like with

respect to the unit circle, then one must also know the minor Uw~ i.e.,
also calculate the sum mu.

To this end we apply Newton's formulae,already mentioned in Note 1

below (cf., for example, [11], § 125, for their derivation).

If an arbitrary polynomial f£()) of degree n is written in the shape

-1 -2
no_ m_»s + £ - o T::ﬁ&

£f(A) = A 2

e
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then there hold for the Newton sums mw of its roots the recurrence re-

lations

-f ceeet (-D¥kE =0 (k = 1,2,°+,n-1)

Sk 518k T Eo5hek-2 k
and

s - f

+
ntk” T1%nak-1 *E

l...+T:bm =0 (k =0,1,2,---).

2%n+k-2 n°k

In particular, for n = 4 we cbtain from these formulae

s, = mg.

s, = mwummw.

sy = mw:umpmﬂ.um%

mA = mw lhmwmm‘.«mmhmu.fmmw |Pm»

(we note, that we have already used the second of these formulae twi-
ce - in this and in the previous exercise).

Returning to the polynomial Dnﬁyu we have

<y 3 . 33 o ., 495 . ... _ _ 65 .
s3 = (5i) lwAmp:uqv+uA|mwv = Smw;.'la i-15i = 3 L
So (calculating it again by formula (2.6)},
17 65 .
4 I M
5i 4 ~5i - MN
D, = 2 =
3 17 . R
-3 S5i 4 -5i
65 . 17 .
lq“_. -3 5i 4
: 17 65 .
Si - 7 i
1 2 ; 17 2 _
st e w2 P -
5i 4 -5i

M .
(<25 + 34)2 - mﬁ:m& :m-wm; =1(81-81) = 0.

.4
5 4 4 45

1
9
Thus, in the present case the form (A.I1.6) is degenerate and for its
rank p we have: 2 £ p £ 3, But since its signature g(=0) is even, one
must have p = 2, f.e., "= v =1, and according to Theorem A.I.2 the
polynomial o» has (v=1) one pair of roots {of Bﬁwmwﬁwwnwn% two) , which

lie mirror-like with respect to the circle (Al = 1

-

5. How many different real roots and different pairs of complex-con-

jugated roots has the polynomial

p,(\) = M radsaZiaa+ase
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Solution, One (double) real root and one pair of
conjugated roots,
HINT. Use Newton's formulae.

6. How many different roots on the unit circle and different pairs

of roots which lie mirror-like with respect to it has the polynomial

bu..v,b + {(lo-1oi) »u - umwm + (lo+loi) X - 4i?
Solution. Two (different) pairs which lie mirror-

like with respect to the unit circle,

7. Formulae (A.I.3) allow, since k = 0,1,2,++*, to construct besides
the Hankel form {A.I.4) of order n (= the degree of the polynomial
m:ﬁyvv~ analoguous forms of arbitrary order. Prove that for all these
forms n-1

H (x,X) = Z s.,E.E (m = n,n+l,++)

m-1 4 uLn"O u.—.-n u uh
we have one and the same rank p and one and the same signature g, i.e.,
p = p+2q - the number of (all) different roots of the polynomial vsﬁyv.
and ¢ = p - the number of different real roots.

HINT, For arbitrary m = n,n+l,+++ one can repeat all arguments from

the proof of Theorem A,I.1.

8. Formulate and prove the analcgon of the result of exercise 7 for

the forms (A.I.6) (replacing n in it by m = n,n4l,--+).
9. The Cauchy index wanwv of the real rational function

Wov,n+wn>=|u +ooes +w=|_.» +wb
R(A) = - v
b A +b A + e +b A+b
o 1 m-1 ™

on the interval (o,B) is the name for the difference between the number
of discontinuities of R(}) with a transition from -» to += and the num-
ber of its discontinuities with a transition from +~ to -«, varying the
argument A from a to B (a <A <R},

Prove, that for the raticnal function
20 wmﬂyv

o) m:C:

where vsﬂyv is the real polynomial (A.I.1) and wwA»V is its derivative,
HHHwA»V = ¢, where 0 is the signature of the form (A.I.4).

HINT. Use Theorem A,I.1.

REMARK. The result, formulated in exercise 9, is a special case of

a more general Theorem:
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Let R(2) be a rational function and
s s

1

R(z) = 8 NB+...+M| +H0+ INI.+:. (m 2 0)

. z+s_

2 1
its series expansion {converging outside an arbitrary circle with cen-
tre in the point O and containing all poles of R{z) [10]). The sequen-
ce 5 18,8 .00 defines an infinite Hankel matrix

o«

He = Nsyully ko

of finite rank p (cf. exercise lo to § 11).
Then the signatures of all Hankel forme
n-1
H {x,x) = LT s, .%.¢&
n-1 j k=0 j+k*j’k

coineide, and tf we denote them by o, then

{n 2 p)

7R = g,

This theorem was proved by Hermit [28] for the case where all poles
of R(z) are simple [1o], and in the general case by Hurwitz [29]. a
different proof is presented in [3] (Ch, XvI, § 11, Theorem 9), There,
see also (Ch. XVI, § 12) the application of this result to the well-

known Raus-Hurwitz problem.

NOTE

L In the theory of symmetrical functions (see, for example, [11],

§ 125) is proved that the sum (A.I.3) can be expressed by the well-know
Newton formulae through bhasic symmetrical functions in By s8yseeey
@ and these, in turn, through the coefficients of the polynomial M:A»v

(see above, exercise 4).

II. THE FUNCTIONALS S AND C AND SOME OF THEIR APPLICATIONS.

1. Let be given a fixed set

(s)

SorBye8yrt sy
of real numbers. By means of this we define the linear functional S on

the space of the (generally speaking, complex) polynomials
G (A =B +AA+ +-- +2a2"
m o 1 m

of degree not exceeding B.HENOﬂQ: the formula

onwv =As + As, + ver 4 rams.

In a similar way one defines, by means of fixed complex numbers



202/ APPENDICES
00 AH00v~Ou-ON-..o~OB (c)
on the space of trigonometrical polynomials
ook
asauv = wwN (z=¢€e )
k=-m
of order not exceeding m the linear functional C:

m
errV ot Ac,

k=-m

where

OIWHOW :nHMsN~.-.~3u.

In particular, if esnm...nv is a real trigonometrical polynomial, i.e.,
A, = wx (k = 0,1,*-,m}, then the value C{T_} of the functional C on
this polynomial is a real number.

In our further considerations such functionals S and C will appear
which are generated by sets (s) and (c) which consist of the coeffi-

cients of real Hankel- and Hermitian Toeplitz forms, respectively.

2. As a first application of the functionals S and C we present, al-
beit in an incomplete, but for our purpose sufficient form, two theo-
rems from the classical moment problem (the polynomial- and the trigono-
metrical moment problem). This is the more useful, since the book of
N.I. Ahiezer and M.G. Krefn [1], from which we have taken this material,
did appear quite long ago (1938,

THEOREM A.II.1. In order that the (real) Hankel quadratic form

n-1
mzupﬁx.xy = ) z
j, k=0

£.8 (A.1I1.1)

554x%5%k

is positive, it i8 necessary and sufftcient that its coefficiens S,

allow a representation
nx
8 = <muo<m< (k = 0,1,+++,2n-2) (A.II.2)

(here again 0° = 1), where

p, > O, (ve1,2,2%+,n), ~0 <8 <O, <00 B <do,

PROOF. SUFFICIENCY. From representation (A.II.2) it follows that

n-1 n-1 n j+k
H (xx)= L s .. 8§ = L Zpo "¢ =
n-1 jkmo HKTIE g gy VY TR “
n n-1
x\ 2
=z bc m Z nwmc >0
v=1 ﬂwno

for all x = Amo.mn.....ms Hv # 0, since the simultaneous identities
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n~1 X
£EB =0 (v=1,2,--+,n)
kv
k=0
are impossible. Indeed, in the opposite case the Vandermonde deter-
minant
n-1
O P ¥
n=1
16, oo 6y
n-1
1 @b mﬁ

would {since x # O} be equal to zero, which is impossible, as all
¢¢Ac =1,2,-+-,n) are different.

Thus, msvaﬁx~xv is a positive definite form (Sec. 5.4),

NECESSITY. We start with a useful definition.
A polynomial oxAyv $0 of degre £ k is called a quasi-orthogonal
polynomial of rank k if it has the property

Sto A} =0 (3= 01,0 k=2 ksn) (A.II.3)

where § is the functional defined in Sec. 1, and the sequence (s) which

determines it is the sequence of coefficients 8 +8 of the

form (A,I11.1).

1’7" S an2

It is convenient to extract the following fact as an indenpendent
proposition:

1° For a real quasi-orthogonal polynomial Q (X) all roots are real
and simple.
N~....®w be all those real different roots of the
quasiorthogonal polynomial Dxﬂyv of rank k, which have odd multiplicity

Indeed, let mmso

(1f such exist). Then for a suitable choice of the factor € = #1 the
product

G{A) = mny-mgvA»camv...ﬂ>-omvoxﬁyv (#0)

is nonnegative for all real A, As is well-know (see exercise 1 below),
an arbitrary nonnegative real polynomial is the square of the modulus

of some complex polynomial, in particular

n-1 2 n-1 n-1
+
O R I L P I N TR K. i
u=o H H,v=0 u,ve0 ¥
Hmzﬂmt._l._tﬂd_.—m u=0,1,---,n-1).

But then under the assumptions of the theorem
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1 n-1 this, we ingert into formula (A.II.7) in turn:
"z r .
i 7 )y |2
S{em} = £ s  EE + T s .nn m ] o
{ M, V=0 PR AR TRAV Vv, V=0 U u G(A) = nxayv = n . (k = 1,2, .n).
t one of the systems of num- (A=8.)0" (1)
(we recall, that G{A) # O, so that at Hmmw HovmV o
see is nonze .
bers AMO-Mu-....MSIHv and Am0~mp~ ~m5|~ is We have R
. Sosas ) )
If we now assume, that p £ k-2, then, according to the definition mhnxﬁyvv = I ocawﬁmcu =0, (k = 1,2,+++,n).
= = k- v=1
of quasi-ortogonal polynomials (A.II.3), S(G(A)) = 0. Sop k-1, and )
th ts 8,.0 ®  can be multiple, since in the opposite But the polynomials G() = nwayv are nonnegative, and none of these is
e roots pes,
none or ﬁwwswﬁbmmw Mcwﬁwwwwownwmm are odd, the degree of the identically zero, and for such polynomials, one has, as we have seen
by assumptl

case, mw Hwo {}) would turn out to be larger than k. Since Q (1) is a (see the beginning of the proof of proposition 1°), because of the po-
polynomia . .

1 pol me the number p must be exactly equal to its degree. sitive definiteness of the form (A.II.1)
real polynomial,

2
Proposition 10 is proved. b = mﬁnxayvv = e 1oy

. < _o,
Now we consider an arbitrary polynomial G{X) of degree £ 2n

A - i . A v = :A = C~Hs.o-s“~_‘—INv formula

Q i-orthogonal polynomial of degree n (such a It remains to note, that for G(A\ L3

Let {}) be a real quasi-or ¥y po 1179 . by

¥ i ) below) and 8, < B, < «++ < 9§_ all its urns into (A.II w

lynomial exists, see Note elo 1 2 A.IT.7 % . i .

roots. We represent G(A)} in the shape Theorem A.II.1 is proved 3
(A.I1.4) REMARK. As follows from a theorem of E. Fischer [18] (see also (11,
A.II.

GOy =@ (Mq) + x(d)

her i £ - and P Mst Theorem A,II.1 can O e case of nonnegative AQ@memeﬁmv
ﬁyv i UOHMSOEHQH of &mQNOQ n 2 the remainder Kﬁyv a ’ g
where q s a for th

s . _ n-1
forms (A.II.1), i.e., such, for which cblH = det :mu+x=u~xuo
fied in the following way (see also below exercise 4).

Let for the nonnegative form (a.11.1) D _y =0, but D _, * 0. Then

, be modi-
polynomial of degree £ n-1.

, we obtain

Substituting X = oc

r(6.) = 6(6) (v = 1,2,°++,n). (A.I1.5) the coefficients S, (k =0,1,--+,2n-2) allow a, moreover unique, re-
i i £ Lagrange ([11] presentation
We represent r()) through the interpolation formula of Lagrang ' n-1 .
§ 62) bv" m_n = m Dcoc (k = 0,1,+++,2n-2) (A.11.8)
n 2, (N (3.I1.6) v=t
r(d) = T = ree.). o wher
v=1 ﬁyuacvowamcv v e
P, >0 (v = ?m.....:r:]sAf A@NA...A@SL < oo,
inati ith (A.II.5) this yields
In combination wi X For the converse of this proposition see below, exercise 5.
m 2, ¢ 68 ) (a,II.6")
r{A) = (3-8 10'(8.) N 3. An analogon of Theorem A.II.1 holds also for Toeplitz forms. Its
v=1 vy

eorem P.HH.ﬂs and
pPply (A.IX 4) B S g the proof of Th

in connection with it we formulate, as a preliminary, some auxiliary
finition (A.II.3) we have, taking (A.IL.6') into account,

Propositions which are the analoga of the results, used above in Sec, 2

n
S{G)} = S{x(M)} = L p GO ), (A.IL.7) Instead of the common polynomials, considered in Sec. 2, we now deal
v={ with real trigonometrical polynomials
where the quantities it n i -
P R LA (2.11.9)
= Tohese k=-n
Py i. (x-6,,)Q] (8,)

of order n {if a # 0) and, in particular, with polynomials (A.II.9)

i ial G(A). Using .
do, evidently, not depend on the choice of the polynomi which do not assume negative values,
’



206/ APPENDICES

20 (THEOREM OF FEJER - F. RIESZ). If the polynomial (A.IL.9) s non-
negative (0Sts2m) then it qllows the representation

2
N n n
relh = |pge™ - 2 mim.&nmumn . (A.II.10)

n k=0 P.q=0

For the proof we consider the "guasi-polynomial"

n k
T (2z) = L az
n k
K=-n

which, after multiplication by z" turns, evidently, into the common po-

lynomial

n, _ 2n-1 2n
G(z) = 2 ebﬁuv |w|b+w|b+mn+ seeta .z taz {(A.IT.11)

which is, by assumption, Hermitian-symmetric (a_ = Mw. k = 0,1,**+,n}.
Hence (see exercise 1 to Appendix I) its roots are mirror-like distri-
buted with respect to the unit circle with the only exception that in

the present case some of its roots can be equal to zerc: there are exact-

1y r (20) such roots if a =a ;== a el = o, a_ . #o.
Thus

k Lz

G(z) = c2° W (2-¢ ) I

u=1 u v=1

\
-~ A.II.12
(2 n<~ A 2 _ . 4 12)

M-

where
_nr_ =1; w=1,2,-++,k; 0< duc“ <1,
v=1,2,++,(x+k+2L £ 2n), C = const,

and any two of the three polynomials following C in representation

(A.XI.12) may be lacking.

Representation (A.II.12) can be rewritten as

r+f k L 1 -
G(z) = C'z Moz )N HN|N<V ﬁm - N<v .
=t Yoy=t
. e b
where c' =(-1ycl T - Hence
v= v
n s k L 1 -
ebANv =z G(z2) =C'2” T AN|n=v I AN|NCV Am.n nc_ B
p=1 v=1
'
where s =x+f-n., As here the last polynomial | T ) is nonnegative on the
v=1

circle z = mw... (ost<2m and .H_:Amvdv has the same property, it follows

that also the function
. k X
£(e) = cre™St 1 Hmpn-ﬂzu (A.II.13)
u=1
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is nonnegative, whence follows, that the multiplicity of each of the

roots n: is even. Indeed, if among them there is found a root, say

- Hﬁn . L k
1= ¢ . with maltiplicity 2m+1, then the product | I on the right-
u=1 ’

hand side of (A.II.13) would contain the factor

ity 2mM1 t+t

it 1 : 1 t-t

T -e _ - scwalmimsi; 7 sin?™ AL_
5 .
But then the real function
t-t
£(6) / sin2i*] A m;

is nonzero on a sufficiently small neighbourhood of the point ﬂu. and,
because of continuity, it retains the same sign. But the numerator of
this quotient is always nonnegative, and the denominator changes sign
in & neighbourhood of the point ﬂpa a contradiction!

So, one can write

k . k/2
t it 2
I(e®-z) = 1 (-7

. (A.II.14

u=1 L u )

But then it follows from (A,II.11), (A.II.12) and (A.II.14) that

it it i k/2 . £ leit-z |2
02T (e = In (e’ = Jae’S | = Jef 1 fett - [P 1 L=

=1 vei %]
Now it suffices to form (recalling that k/2+4£ <n)

k/2 £
c 1/2 it i n ;
IM_I_| Mm(e™“ -z )1 (®-z) = zgelt,
|z | u=1 v=1 po P
=1 v .

.

v

in order to obtain representation (A.II.lo).
Proposition 2° is proved.

Let C be the functional, considered in Sec. 1, defined on the trigo-
nometrical polynomials (of order not above n)

it oo ik

HSAm ) = E ae
k=-n

t

through the formula
n
Qe..v = |m a.c, . (A.II.15)
k=-n

wher = ¢ = .
e ¢ € (k = 0,1,+++,n) are the coefficients of a given (fixed)

Toeplitz form
n
z
P,q=0

®p-q*p%q’ (A.II.16)
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30 In order that the value C{T } is nonnegative (positive) for all
nonnegative trigorometrical polynomiale which are not identically zero,
it 18 necessary and sufficient that the Toeplitz form (A.IL.16), which

determines C, i& monnegative (positive definite).

Indeed, because of proposition 2% can each nonnegative trigonometri-

cal polynomial abﬁmwﬁv be represented as

. n :
1 (e*h = © gF e EP"
P.,q=0 4
so that
HM -
c{r}= L c__£E¢&
n P./q=0 P-a’pa

whence statement 3° follows as well.

THEOREM A.II.2. In order that the Hermitian Toeplitz form
5 pa—
T ,(x,x) = L ¢  EE (A.I1.17)
-1 -
n prg=o P4 Pd
is positive definite, it is necessary and sufficient that its coeffi-

clents o, Humnvv nwwoenwwwmwwm:wnwmo:

¢ = zref (p=0,%1,,2(n-1)), {(A.II.18)

in which

ry2 0 lel ot =12

and all €, are different.

PROOF. The SUFFICIENCY of the condition is clear from the fact,

that a form (A.II.17) with coefficients (A.II.18) can be rewritten as
n-1 n N n n-1 2
T x,x) = L srePd)eE = or|zefe |,

e pramo \v=1 ° V[ PE ymg Vlp=o VP

from which follows, that T _, (x,x) > O for x = ?o,mp.....m?»v $#0.

Since all xr, > 0 and all €, are different (v = 1,2,+++,n) (cf. the
proof of the sufficiency of Theorxem A.II.1).

NECESSITY. For a positive definite form (A.II.17) is the determinant

D = det llc _:na 4¢ O (Corollary 1 of Theorem 5.2). We choose an
n-1 p-d4 p.,q=c
arbitrary § = n on the circle (see Remark 1 to Theorem 13.1) so that
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° -1 cee €41 O
c c e
1 o “ont2 Copan
m . cee . . = 0.
n-1 Spen e e, ¢y
4 Cacl vt Gy e
Then the homogeneous linear system
n
Lec u =0 = N
- pa'q (@ =0,1,"+,n) (A.II.19)

allows a nonzero solutio u u Re
n {u i i
{u_, gty g Y. placing in this system

p by n-p and q by n-q, we convince ourselves that the numbers

Ac: cznu~....ca.cov solve the same system

n

But sinc
e U -1 * 0 and o ¥ O it follows that u, # 0 and u + 0 and

that the oncnwoz of n:m considered system is amnmwswsmm up to multi-
plicative oo:mnm:w~ so that for some ¢ # O

u_ = €u = gcu “on Q. = o
n 0" Yn-1 1’ ¢ U TR ey, moEa.

mHsom u e * 0 it follows that |e| = 1. So,

plying all u = e i
g q (q 0,1, (n) with some factor one can achieve, that

€ = 1. We shall assume, that this has been done, i.e., that

at the expense of multi-

ﬁblnmﬂﬂnm (g = 0,1,-+-,n).

We consider the Hermitian-symmetric polynomial

CN" ... 5 l
bAV u +uz+ +u 2 ?ouczﬁov.

If i it with z~ .
we multiply it with z I and apply for z = mwﬂ the functional C (see
(A.IT1.15)) to it, then we obtain, because of (A,I1.19)
it, -qgit
Cl{u (e™He™F) =

= C u +c e =
-o% H|acm+ +n=|ac5 =0 (q=0,1,+++,n) (A.I1.20)
We sha
11 prove, that all roots of the polynomial G (z) are different
and it it it?
have modulus equal to 1. Let e H~m m.....m " be all different

roots
of odd multiplicity of the polynomial c {z) which lie on the cir-

cle lzl =
| 1, We Qefine apolynomial G(z) of mmonmo m through the formu-

la
Tim 1
5 St e e i i
G(z} =efe? 12 ﬁsv ! Yon
(z—e ")ec-(z~e ) formz1
=1 form=0
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If the polynomial c:ANv has roots which are not situated on the cir-
cle |zl = 1, then these lie mirror-like with respect to it in pairs
Amh~»\mhvﬁh =1,+++,8), so that their total number, counted with their
mulitplicity, is even. Even is, clearly, also the total number of roots
of even multiplicity which lie on the circle l]z] = 1 (each root counted
with its mulitplicity). Hence one easily concludes that the number
n-m = 2k is even as well.

Now cbﬁwv ¢can be represented in the shape

-1 k
cbﬁnv = ooﬁnumﬁnvxﬂm¢u (R.II.21)

where K{z) is a polynomial of degree k ) and C a constant. But then

the gquasi-polynomial
=1

Hz) = 5 chu_(2) Q.HH.MS
z

turns for z = mpn into a real trigonometrical pelynomial. Indeed, be-

cause of (A.II.21) we have

- oo mE kR
H(z) = |IC| mﬂmvoﬁmwxanwxﬂnv

. 5 . . . .
aelt) = 1c1%ctetHeetPxe ket .
Moreover, hence is clear, that the trigonometrical polynomial mAanv of

order m+k = n-k is nonnegative. At the same time, mamwnv $0ifk >0

(recall thatm 2 0). But since the form (A.II1.17)} is positive definite,
is because of proposition 3©

C{a} > o.
But this contradicts, if one considers the structure (A.II,22) of the
polynomial H(z ), the identity (A.II.20) {we recall that the degree of

G is equal tom, and m+k = n-k < n).
it
Sok =0, i.e., m = n and all roots nc = e v (v =1,2,"-+,n) of the

polynomial csnuy are different and lie on the unit circle.

Now we consider an arbitrary polynomial Q(2) of degree £ n and re-

present it in the shape 7

n

Qtz) = I gle )h (2) + const.U(z),
ot Vv v

where
U, (=)

nucm¢vcmam¢v

Séauw = (v=1,2,°",n} (A.11.23)

are polynomials of degree n-1 (for n=1 we have vu =1+0). But since

mﬁcsv = 0, because of (A.II.20), one has
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n
, C{o} = ¢m»~<oamcv. (A.I1.24)
where

NC = QAVCV (v = 1,2,+++,n).

1f we insert Q(z) = zP into (A.II.24) (p = 0,1,-++,n-1) we obtain
n

- P - .
and it remains only to prove that
H<VO (v =1,2,<¢¢,n).

To this end we note, that Scﬁncu = 1 and hence

= 1
3<Aan|<v =h (e) =h(e) =1 (v =1,2,°°",n).
So,

e 8 - 1
:<ANV -1= ANlﬂ€vQ<A.va~

where ocﬁnv is a polynomial of degree n-1 (v = 1,2,+++,n). But then
(see (A.II.23))
= .1 1
h (z2}h (9 - = — !
v ) <Auv 5cﬁnv T e CSANVQ<AM¢ (v =1,2,+c4,n).
nov

. it
Substituting here z = ¢~ = and applying to both sides the functional C,
we obtain, with regard to (A.II.20),

ry = Cfh (1)) = ¢ (*OE (eI}

v 1,2,-«+,n).

But since the trigonometrical polynomials

h AmHﬁ:.l- nmlu.. _m

t, it
v v ) = _scﬂm ) (v =1,2,°+,n)

are nonnegative and not identically zero, one has by means of 3°

NCVO (v=1,2,-v,n).

8)

.

The theorem is proved

REMARK. One can prove, that in the case where the form (A.X1.17) is
nonnegative and degenervate, and its rank is equal to p (<n), the coef-

fteilents oHv allow a representation
<]

- P -

OU CMHHCNC ﬁ@ = O~u~...~5‘~vs (A.II.25)

(Which s unique at that), where x, > o0, _mc_ =landall ¢ (v =1
* e Y '
2, +0) are different (see [1], part. I, Ch. I, Theorem wa

as N .
we see is here, in contrast to (A.I1.8), the appropriate repre-

m . . :
entation obtained without the additional requirement D $#0
n-2 °
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4. The functionals S and C, introduced in Sec. 1, which act in the
spaces of polynomialsand trigonometrical polynomials, respectively, al-
low in the case of real Toeplitz forms to construct another interesting

transformation, which has a row of applications on the moment problem 2.

For the simplification of the notation we shall consider a Toeplitz
form of order n+l1, namely, the real quadratic form

n
z

pP,q=0
We are interested in the transformation generated by the formulae

c c_=c =0Q,1,+++,n) ., {(A.II1,26)
@l&mvmﬂ ( -p w. P rle ]

k
4 4 -
S = X L oxnwlmH (k =0,1, ,n}. (A.I1.27)
27 r=o

We recall, that the linear functional C, corresponding to the form
(A.II.26), relates the trigonometrical polynomial

n

ebﬁuu = I Az

p=nF

Po(z= mwnu
of order not above n to the number

n
c{r = P A .
{r ()} E oCp
Hence the formulae (A.II.27) can be rewritten as
s, = C{iz+ 0%} (z=e"% k=0,1,---m), (A.I1.28)
k mx z
since

k
1.k
HN.+MV = ZC

We recall, that the functional S, determined by some set of real num-

bers s ceeas, (see Sec. 1), relates the polynomial

OQmPN
nox
G(u) = L au {(A.11.29)

k=0 x

of degree not above n to the number

n

S{G{w) )= ¢ as, .
k=0

Combining this identity with (A.II.28) and (A.II.29) we have

n -1 -1 .
S(e)= = a O:N\ﬁ*uf - C(e(FE) (z = eih (A.II.30)
k=0

Returning to the form (A.II.26), we note that

THE FUNCTIONALS § AND C /213

n n n
L c &g = ¢ C{zPNeeg =¢{ ¢ P-qy _
pg=o PIPY p°q ?auomvmau b=
= C -1 cee ~n ;
(g ez et 8™ vz v oo +£20) (z=¢'%) A1)

We convert the trigonometrical polynomial which stands between the
braces:

n . n n .
T (2) = T E e ikt mNm:ﬂ”u nmm#wnm
n k= k _’k k
=0 k=0 k=0

int/2
_mps / _

= i(n/2-k)t|2

n
=1 LEe
k=0 k

(since = 1),

First, we consider the case of even n=2m. Then

2m
asANv = _ z mxmnomﬁslxgn + i mwsaanwvnu_m =
k=0

= _ﬁmo...mmsvnow mt + (&, +mw§t_voom:=|:n+ (g 4E

Elvoom t+ mE._.

+i[(E -€, )sin mt+ - i (me .
° msv in m ﬁmp mwsvHVwP:Aa 1)t 4+ ove +Am=.|H |ms+»vmp: nu_m -
i m ,
2 m . 2
=| £n , coskt]| + sin sin kt
ﬁwno m-k sint xm_:s:n prrarall B Y0 ¢ 273

where we have introduced the independent linear forms

n = —_
m="m" Mok Sok ¥ Sk Mk T Sk Sk (K= 102.000.ml. (ALIILI3)

Now we use the fact that for arbitrary k (=0,1,2,+-+) cos kt is a
real polynomial of degree k in cos t, and sin kt/sin t for k = 1,2,+++
r

also a real polynomial in cos t, but of degree k-1

. Hence
m m
In cos kt = T OOmWﬁ
k=0 m-k unﬂox«n ’
A.IT.34
m n sin kt _ Bm»« k ﬁ -
k=1 +k sin t k=0 xoom t,
where
X = X {njong,oeen ) (ko =0,1,0-,m),
(A.II.35)

%X "%XAJEL.H\JS.?Ms...‘JNSV (kk =0,1,*+,m-1)

are linear forms in their parameters.

Inserting the expressions (A.II.34) into (A.11.32), we obtain
T, (2} = M X K 2 2 e k 2
om o + (1-u") ZYu .
k=0 k=0 k
where
. -1
z = mpn~ u = WMWII = cos t.
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Hence we have, taking (A.II.30) into account

2 2 f m=-1 x 2
Qn.msﬁ: =8 m xw.._ + 8/ (1-u°) b Y, u .
\k=0 \ k=0

But the lefthand side of this identity coincides on the basis of
(A.II.31) (for 2m=n, Nnmwﬂv with the original form (A,II.20), Th
righthand side is equal to

E m-1 m-1

S xw +8¢ £ oy Y - E wItk*ey R
?_To 3 3,k=o0 J j,k=o0 3
m vm=1
= 5 muomu#wxu.xw + 3 mnoﬁmu#x-mﬁx...mlwkx

wherein these two Hankel forms are independent in the sense, that the

parameters X, (k = 0,1,+++,m) are in no way connected with the parame-

k
ters <w (k = 0,1,~++,m-1), which is clear from (A.II.35), and the forms
:“._ (j = 0,1,--+,n) are independent.
For odd n = 2m -1 the calculations are analogucus. Now (leaving out
the details) we find for z = mwn
2t m cos ~N1W t 2
= = = +
Tog-1(2) =08 5 | E Tpy t
=1 cos =
2
2
2t
+ sin 3 '
where
“mk = okt Cmek-1, fmrk T Smek T Smek+t
(k = O,1,+++,m). (A.I1.36)
The forms

XWRNO~NH~.oo~ﬁ }

*

&_n = <Wﬁﬁ5+w~ﬁ5+w~.. .wﬂNBv

are here induced by the identities

m-1 (k = 0,8, ,m-1)

m cos _w l.w ~ t m-1 "
rz = z x_nOOm t
m-k t
k=1 cos 5 k=c
(A.11.37)

n sin _Tn lmwn _ t m-1 k

b2 4 -_ = LYcost
k=1 mtk sin W k=0 k

respectively. Then
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1 \2 1 m-1 k 2
-1(2) =5 (1+u) N xxc + 2 (1-w){ Z Yy (A.I1.38)
k= 2 k
=0 k=0
where, as before,
ozt - cos t
U= 08 t.
Thence and from (A.II,30)
rm-1 2 fm—1 2
C{r, ,(2)} =S www mxxcxv +8 %»m«cw .
k=0 k=0 ¥

Here the lefthand side coincides (for n = 2m-1, z = ou..ﬂu again, be-
cause of (A.II.31), with the original form (A.II.26) . and the right-

hand side is equal to

SE BL L xx N BL n._+x+px xx .
2 uLTO Lnno J
m-1 n-1
+8 W b .._u+x<“._<x - W £ Jtktt B
j k=0 j.k=o0 Ikl
1 m-1 1 m-1
=% L (s, +s, X, +> L (= v<£
3 .
I e % * 3 Pt e 'Y

i.e., to the sum of two ¢ndependent Hankel forms.
Thus we have proved.

THEOREM A.II1.3. The reql Toeplitz quadratic form

n
Z c_ EE
p,q=0 p=a'pq
ean for n=2m be transformed into a sum of two independent Hankel

forms
B

yY.Y

854k uxw M M Am.-..+~nlm“._+x+n ik’

u.x..o j,k=0

where the parameters X (k=0,1,-+,m) gnd Y (k= 0,1,..+,m-1)depend

on the original parameters mv = 0,1,++-,2m) through the transforma-
tions (A.I1.34) and(A.1I.33); for n = 2m -1 thie forms is transformed

into the sum of the two independent Harkel forms 1o)
m-1 1 -1

E (s, vx X +=- L (s
. -+
jkm0 3 k¥ S5k X% * 3 5 k=0
where the @B‘.Q:wwm%m X ¥, (k =0,1,--+,m-1) depend on the original pa-
rometers m =0,1,-++,2n-1) through the transformations (A.II.37)
@ud (p.1T, umv . In both cases the covefficients ¢ (=c_ ) and S,

(k = 0,1,++-,n) are connected to each other wvﬁ.ogw formulae (A.II.27).

1
2 34k~ Sgeket )5
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EXAMPLES AND EXERCISES.

1. Each real nonnegative polynomial wbnyv is the square of the mo-
dulus of some {(generally speaking, complex) polynomial. Verify that this
fact, unlike its nontrivial analogon for trigonemetrical polynomials
- the Theorem of Féjer - F. Riesz (see above proposition 29), directly
follows from the symmetry of the roots of ﬁsmmbwmsoswmu.wnA»v with re-

spect to the real axis (exercise 1 to Appendix I).

2. Let be given the real Hankel form
n-1
L s.,E.E ,
+)
u.thl.Ou_AuW
for which the successive principal minors UO~UH.....U=|N are different
from zero. For this form we construct the corresponding functiocnal S

(see Sec. 1 above).

We consider the polynomials

o 1 k
8y Sy, - Sy
PO = . L e (k = 1,2,7++,n=1), P (A) = 1.
*k-1 Sk "7 S2-1
1 A e X

Verify, that the mxAyv are polynomials of degree exactly k, which
satisfy the conditions
mwaAyvyuw =0  (§=0,1,+++,k-1; k & n-1}.
Such polynomials are called orthogonal polynomials of degree k (on the
real axis).
In particular, we see that each orthogonal polynomial is also a
quasi-orthogonal polynomial of rank k in the sense of definition

(A.II.3). The converse statement is not true - present an example.

3. Prove, that each orthogonal polynomial of degree k (see exerci-

se 2) is equal to a vxawv. where a is a constant.

4. obtain Theorem A.II.1 as corollary of the proposition, formula-
ted in Sec. 2 above (in the Remark to Theorem A.II.1).
HINT. Use Theorem 9.1.

5. Show, that the proposition, stated in the Remark in Sec. 2 abo-

ve, has the converse:
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n-1 k
s, = z ocmc (k = 0,1,+-+,2n=2)
v=1
where >0 = ese,n= —o
n< (v 1,2, n=1), < ¢_ < @m < e < ¢:l < 4, then

the Hankel form :

n-1
Z s,,E.E
j.k=0 BALIS RS
is nonnegative, degenerate (b, =0, and D , % 0
- :l *

6. Convince yourself, that the real trigonometrical polynomial

ebAoan - mAHn.+m.vm|bHﬁ

is nonnegative, and represent it according to the Theorem of Féjer and
F. Riesz (proposition 20),

Solution (one of the possibilities)

it, | /2 V2 i
Tpte™) = | 5 - i At L (1+i) +

HINT, Use the fact, that

T Amwﬂ 4

P } = 8(cos ﬁ.7mw=anu.

7. Let be given the Hermitian Toeplitz form

n-1
L ¢ €£E,
p,q=o P~ P4

where the minors D ses i
o.cps .onum are nonzero. For this form we construct

the corresponding functional C (see above Sec. 1) . We consider the po-
lynomials

W =
xﬁNu . (k = _.m~....bupv~zoﬂuv =1,

Cok+1l Coki2 o0 G
1 z ces 2

Verif that i

. Y Hmnm SWANV are polynomials of degree exactly k, which sa-
isfy for z = e”~ the conditions

J
Clw (2)z°) = o (i =0,1,~+-,k=1, k € n-1).

Such polynomials are called orthogonal polyrnomials of degree k on
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the unit eircle. (In particular, it follows from (A.IT.20) that the po-
lynomials csAmv , constructed for the proof of Theorem A.II.2, are poly=
nomials of order n which are orthogonal on the unit circle with respect

to the functional C constructed from the form

n
£ ¢ EE  {c_=70),
n
peg=o0 Pa’Pd
with the matrix llc i which was defined above just before
P-q p.9=°

(A.I1.19)}).

8. Prove, that each polynomial of degree k which is orthogonal on
the unit circle (see exercise 7) is equal to a sxnmv. where o is a

constant.

9. Obtain Theorem A.II.2 as corcollary of the proposition, formulatec
in Sec. 3 above (in the Remark to Theorem A.II.2).
HINT., Use Theorem 13.1.

1o. Show, that the proposition which was the subject of exercise 9,

has the converse:
if
p
¢ = £ref

P V0D

where r, >0, _mc_ =1 and all g, (v = 1,2,-++,p) are different, then
the Toeplitz form

.Avn0~_.....sblwv~ p <n,

n-1
E
P,q=0

p-a"pta

is nonnegative, its rank is equal to o and D1
11. We transform the Toeplitz form of order n+1 =5 (n=2m, m=2)
T, (x,x) = m.mOmu + mOmu + mpmw + ,m_.mB~ + mwmu + mumav

+ 0.

in accordance with Theorem A.II.3. The matrix of this form has the

shape
01 010
1 01 0 1
e» = o1 0o 1 o P
1 o1 o0 1
o1 01 0
i.e., oo =Cyy = owo = 0, aHH = owu = 1., By formula (A.II.27) s, = o,
! - - S - -
mu |Man~+nuuv =1, mw = 0, mw mn0w+uo~+w0|~+n|uv 1, m» 0.
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Hence (Theorem A.II.3)

2 1
T,(x,x}) = L s8,. X + I (s -8 = _
4 . . Y .Y 2X X, + 2X,X_ =0
3.k=0 4k uxw 5,k=0 I+k T Tyk+2 T3k o1 172 '

where the forms
Xy = Ey(Mgenyomy) e Xy o= X (n_enyno) Xy = Xo(n_,nyen,)
are defined through the relations (see (A.II.34))
:m+:~nom n+3000m 2t = xo + xwoow t + xNOOmwn.
As cos 2t = QOmwn - 1, one has
Ko = My=Nge Xy = Ngy Xy = 21 .
Next (see (A.II1.32))
q..w = MM~ q:. = mw+mw. n = wO...mhw
so that
xo = mwlmonm»“ xp = m~+mw. Nm = wmo+wmu.
Verification:
2(X X +X. X)) = 2[5, -5 -g,) (€, +Ey) + (€ +E,) X
x Smo+wma: = uﬁmu +mwu amm+mo+mpv = eucn.xv.

12, Transform in accordance to Theorem A.II.3 the real Toeplitz form

of order n+1 = 4 (n=2np-1,m=2)
awa.xv = ﬁmOmw.vamu.rmamwv

. 1 3.2 1 1
S . = = =2 RIS
olution ewﬁx.xu xox +=X7 1+ 3 Y

2 173M )72 “Y Yl

2
1 o1

where Ko = By +8pmBo=8yr Yo = £ mE3*E ~ 8y

X

1 mﬂmo+mu: ¥, = 2(E -&3).

13. The transformation, considered in Theorem A.1I.3, is based on
formula (A.II.27), which makes sense also for an infinite sequence

OO~0W-ON-.- nﬂlw = me P= °-~N-.uv~

generating a corresponding infinite sequence of real numbers

S ¢S, ,S .
o'71772

Show ([1], P.34), that these two sequences are connected through
the formal identity of the two series

3 s, 5 s 2
(M|~ |+||l+|Ml+... |00+~0~£+Mn 2 + 14w

= + ese
X unw xw Ns ow ’

where x > 1 (0 <w < 1),
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HINT. Apply (for k = C,1,2,++) formulae (A.II.28), which are equiva-

lent to (A.I1.27), to the coefficients of the series standing on the
(1-w?)z
(z=w) (1=wz)

courgse of the calculation, into two partial fractions (with respect to

lefthand side. Next decompose the quotient ,which results in

the parameter z), and expand, in turn, each of these into a geometri-

cal series.

NOTES .

D Note, that an English translation of this book appeared in 1962.

2) Through this was, in fact, proved some general proposition (cf.[1],

article I, Ch. 1, Theorem 1) which is the analogon of proposition 3°,
presented above.

3}

As msn_Axyxu is positive, the matrix Ills. |l is invertible. So

n-1
net j+k " 3,k=0

the system of equations cMOmu+¢a< = nm:+u._~ 3 =0,1,++-,n-1 has a unique
. _,n n-1

solution A&o.a_....~aslpv. Then the polynomial Q (A) = X" +q A" "+

+ eee 4+ wa~.+no is quasi-orthogonal (cf. also exercise 2 above).

4) Besides, formula (A.II.6) is evident, since (see (A.II1,S5)) the poly-

nomial r(X) of degree £n-1 coincides with the polynomial, standing on
the righthand side of (A.II.6), in the n different points o_.®~.....¢b.
2 Theorem A.II.1 itself represents only a part of a much more complete

theorem (see {1], article I, Ch., 1, Theorem 3).

) Here K(z) = ANA-QHV:H...AN..QNVnnAN..m_v<p...ﬁn..mmv<m~ where

_Qu_ =1 () =1,2,%+4,x}, 0 < ﬂmh_ <1 (£ = »~w‘...~mv~::p+.:w+ ..Jw
# U FOLF, oo 4y, = K. But then 2 K(1/z) =¢ (z-a) leee(z-a) ¥
. AN.up\vacm...ﬁN.up\va 8 where Om = Alpvw mw...mMmu...mw.

7 Here the interpoclation formula of Lagrange {cf. A.II.6) was used

again; the obtained relation can, however, be verified directly.

8) Theorem A.II.2 itself represents only a part of a more complete

statement (see [1], article I, Ch. 1, Theorem 9).

e See [1], article I, Ch. 1, § 4, from where the transformation, pre-

sented in Sec. 4, was taken as well.

to) In the book [1] on p, 35 the coefficient 1/2 in front of both these

formulae is omitted, which stems from a corresponding error in the for-

mula which appears as (A.II.38) in our text.
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