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Knura H. dacexoGcona sBaseTca cHcTeMaTHue-

CKUM M3IOXEHHEM TEODHH KOJ€l, B NEPBYI0 Odes

penb Koneu sHAOMOPGUIMOB. JTa 0612CTh aGCTPAKT -
HOH aare6pel, BOSHMKWIAA B Hayale HALIEFO CTO/NCs
THA, MOAYYHAA HadbHeHlee pa3BHTHE B pa6orax
AnGepra, Apruna, D. Herep W Apyrux, M B Ha-
CTOAILEE BPEMS NPOROMKAET GHICTPO PAIBHBATHCA-

Knura paccunTana Ha HayuHbX PaGOTHHKOB-Ma-
TEMaTHKOB, a TAKKE aCHHUPAHTOB H CTYAEHTOB CTap-

WAX KYPCOB MAaTeMaTHYECKWX (haKyJIbTETOB, CHe-
HHATH3UPY OIIAXCA IO anrebpe. OHa MOXET CTYKHTE

X0pOmHM JIONOJMHEHHEM K PaboTaM COBETCKHX yue-
HBIX MO COBPEMEHHOH ajredpe, KOTOPHE pa3BHBa-
JHCh NO NPEHMYILECTBY B [JDyrHX CMEXHHIX Ha-
npasrenuAx (cM. kHary A. I, Kypowa ,Teopus
rpynn® u paborot M. M. leabanza no teopun
HOPMADPOBAHHBIX KOAEL).

3aseayouwuii Pejaxuueit Marevarnueckolt Jlureparypst

akageMuk A. H. Koaxozopos.

NMPEJOHCJ/IOBHUE

Teopud, COCTaBJAAIOWAT NPEAMET ITOH KHHMIH, BEIeT CBOE
Hayano ¢ 1927 r.; koraa AptuHoM Ghina mepeHeceHa BeaaepGap-
HOBCKas CTPYKTYPHas Teopua anre0p Ha KOJbLQ, YAOBJETBO-
palolde ycaosuaM o6pbiBa lenelt., B maabHelimiem sta Teopus
6blla 3HAYMTENBHO pacli¥peHa M ynpomeHa. EmuHcrBeHHOH
KHATO/, TIOCBAILIEHHOH 3TOMY BOMpOCY, ABMJCA ONyGIMKOBaH-
Huit B8 1935 r. B cepun «Ergebnisse» o063op Jlefipunra
cAlgebren» («AuxreGpei»). HoBoe wuznoxeHne aTo# TeMmHl
BIIOJIHE ONPABNLIBAETCA 3HAUMTENbHBIMH YCIEXaMH, ROCTHIHY-
TEHIMH C Te€X NOp B 9Toft obJaacTH,

Urenne KHMrH He Tpe6yeT MOUTH HHKAKMX NPeELBAPHTENb-
HuIX 3HaHu#., To, YTO 3TO OKA3a/10CH BOSMOXHLIM B KHHre, 110-
CBAILEHHON PE3yAbTATaM, OTHOCAIUMCH K TeopeMe Benpepbapua,
TeOpuM MPOCTEIX anre6p, passuToit AnGeproM, Bpayepom u
Hérep, n apndmeTndeckolt Teopuu HIeanoB, enle pas MOKa-
3mBaeT OXHO M3 Haubojee 3amevaTeJbHHX CBOHCTB COBpe-
MeHHOR anreGpHl, 2 HMEHHO, NMPOCTOTY €e JMOTHYecKol CTPYK-
TYPHI.

ConepkaHHe KHHMIH pacnafaeTcs, B OCHOBHOM, Ha Tpu
YaCTH: CTPYKTYDHYI0 TEODHIO, TEODHI0 MpPEeNCTABJeHHA U
apupMeTHYeCKy10 Teopuio uieanoB. [lepBas M3 HMX BOSHHKIA
H3 CTPYKTYpPHOH Teopuu anre6p. ITpuunnofl ee BO3HHKHOBE-
HiA OHIO XENaHHe M3YuYHTh M KJAacCHQUUMPOBATH <«THNEp-
KOMIIEKCHEIE® pPaCUHIHPeHHd noAa HelCTBMTENBHBIX  yHCed..



6 NIPETUCJOBUE

HanGonee  uW3BeCTHHIMM  MMEHAaMH, CB3QHHHIMM C _ STHUM
NepuoaoM PA3BUTHA TeoDHM, ABAAIOTCA nmeHa MoJsmua,
Henekunna, $pobenuyca u Kaprawa. CrpykrypHas Tteopus
anreGp Hag A06bIMH TOMAMU BeJET CBOE HA4ano C OmyGuauko-
Baung B8 1907 r, aucceprauun Bennep6apHa; Ha KOabla e
oHa Gpi1a mepeHeceHa Aprtunom B 1927 r. Teopus npencra-
BJCHUN MepBOHAUANBHO GHMTA CRF3aHA ¢ MpOGiEMOA MpencTa-
BJIeHuA rpynn Matpunamu. Smmun  Hérep nepenecaa ee Ha
Konsua M COpMy/IHpOBaza B BHIe TEOPHM MonyaeH. May-

ueHue MOAy/eH COCTABIACT TAKKE BANKHYIO 4acTh apudMeTH-
YyecKo# TeOpHM HAeasoB. IJTa 4YaCTb TEOPHH KOJel HauM-
HABTCA C [IeNeKWHIOBCKOM TEOPHH WIeaNoOB anre6panyeckux
YHCNOBHX nosedf, a G6ojee HeMOCPEXCTBEHHHIM OGPAZOM —
C aKCHOMATHYECKOr0 OGOCHOBAHHMS STOH TEOPHH, JAHHOTO
Ommu Hérep. : '

Ha mpotaxeHun Bceft kunrm mpl genanu ocoboe yaape-
Hue Ha H3YueHWH Koxel 3HAOMOp(M3MOB. BBeeneHnme peryv-

JIAPHBIX  TIDEACTABACHHH 1aNO BO3MOXHOCTb pACCMATPUBATH
TeOpUI0 ‘a0CTPAKTHHIX KOJEl Kak crenuansHef cnyvyalt 6onee
KOHKPETHOR TEOpHM KOJel sHpomopdusmos. bBosee TOrO,
TEOpHA MOJIyqeH, a, CIefOBATENLHO, H TeOpHua NpeAcras/ieHunil
MOXET DPacCMaTPHBATBCA KaK H3yYeHHe COBOKYIHOCTH xon?u
3HAOMOPDHU3MOB, KaKAOE H3 KOTODHIX SIBASIETCA roMoMopd-
HbiM 006pa3oM (UKCHPOBAHHOrO KOABLA OD. IlepBass rnara
NOCBALEHA OCHOBAM TeOPHH SHZOMOpbU3MOB rpymnm. Mano-
MEHHBIC 3[eCh TOHATHA H pPe3yNbTATH HMEIOT ¢yﬂnameﬂran;-

HOE€ 3HAY€HWE LA BCeX MnajbHeHRmux paccmorpenuit. Bo BTO-
pO#t riaBe H3YYAIOTCH BEKTOPHbBIE NPOCTpaHCTBa; OHa colep-
HHUT Pe3yIbTaThl, HEKOTOPbIE U3 KOTOPHIX, MO Kpatinelt mepe mis
KOMMYTATHBHOTO CIryyas, MOT/iv GBI TPERNO/IaraThCs yaxe naBecT-
MBIMH, O[HAKO TNDHBENEHH = 87ech AA9 MOMHOTH. Tperea
rnasa ceAsaHa c apudMerukoff HeKOMMyTAaTHBHHIX o6macTeit
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TnasaplXx wAeancs. Mwuoroe B 3TOH riaBe MOXeT paccMaTpH-
BaTBCA KaK YacTHbIf» cayvalt obuielt apudmeTuuecko# teopuu
uneénou, pa3sutoit B mecto#t raase. OHAKO METOMR!, HCMOMb-
3yeMsle 30eCb, HOCAT GOJiee SIEMEHTAPHHHA XapaKTep, u 3TO
OGCTOATENLCTBO MOXET TMPENACTABAATh HHTEpeC AAq H3yuaw-
IMX reOMETPHUIO, TAK KAK Pe3ysabTaTh TpeThed riaaBul HMEIT
MHOrO TNpUTOKEHHHA B 3TO0# o06nacTH. Ynrarens, KOTOpOro
B TEPBYIO Ouepenb MHTepPEeCyeT CTPYKTYDHas TeOpHS WK
Teopusi MPECTaBACHUH, MOKET ONYCTHTh STy T'aBY, 332 HCKIO-
veHneM § 3. DTH TeOpPUH ¥ HEKOTOPHE MPUIOKEHHT K Teo-

' pUH IPACTABJACHKH IPYNN MPOEKTHBHEIMH NPeo6pasoBaHUAMU U

« Teopuu [anya tenm u3naraoTcs B uerseprod raase, B nsa-
TOH riaBe MHl TepexoiuM K u3yueHuio anreOp. B mepsoit ee
YaCT# PacCMaTPHBAETCA TEOPHS NPOCTHX aiareGp Han NPOH3-
BOJIbHBIM MO/ieM. BToOpas uacTh mMOCBALIEHA XapaKTepHCTHYE-
CKOMY W MHHHMA/IBHOMY TIIOJHHOMaM aiare6pol W KPUTEPHIO
cenapaGenbHOCTH anreGpul, BHIPAXKAEMOMY MDH TOMOIM ee
cruena. \

B nocneswee Bpema HaGmogaercs Goibmof  WHTEpec
K H3Y4EHHWIO KOJEl, He YHOBIETBODAIOUINX YCAOBHAM 06pHBa

llenew, BMeCTO KOTOPHIX HaZarawTcd TOMOJOTHYSCKHE WU

MeTPHUYeCKde ycaosus. YnomaHeM HccaeaoBaHus ¢oH Helimaua

# Msppes o xKoasuax mnpeo6pasosaHnit ruanGeprosa npo-
CTPAHCTBA, TEOPUIO PEryAIpHHIX Koslelli MOCTpoeHHyio Heftma-
HOM, M TEOpH0 Hopmupopauuoix koaeu. M. M. Fexabdanna.
‘DTH TEOPUM HAXOMAT MHOTO NpHMeHeHu#t B amamuse, Benen-
CTBY® YCI0BUH, KOTOPbie Mbl HaK/JaALIBAEM HA H3yuaeMmble
B 3TOW KHUr@ KO/AbUA, HAIUIM PACCYXKAEHHA He MOryT GboiTh
HEMOCPENCTBEHHO NPUAOKEHH K Npo6aeMaM TONMOMOTHYECKOH
anrebpei. OLHAKO MOKHO HaZeATbCHl, UTO METOL M PE3yNb-
TaThl 44CTO aireGpauyeckodl TEOPHH YKAKYT MyTh AAA Aafb-
HeAlero passBuTHA TOMOMOTHUECKOH aire6pel.
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Ora xuura 6uina HauaTa BO Bpema 1940—1941 vueGroro
rofa, KOria fi GBI WPUIJIAINEH YMTATH JEKLUHM B YHHBEPCH -
rere JDkona Tonkuuca. OHa caykuna ocHOBo# NPOYHTAH-
HOPO TOTAA KypCa ¥ MHOrO BHIUFDA/ia OT TUIATENBLHOrO MPO-
CMOTpa W KpUTHKH I-pa Mpeuura Koxena, 6uiBuiero s 1o BpeMs
OZHMM M3 caymaresed MOHX JAexuui. § Bupaxawo Guiaro-
A3pPHOCTE eMy, 2 TaKKe mpodeccopam AnGepry, Wnnmuury
4 Typesnuy sa mx NOAJEPIKKY M MHOTK€¢ IIOJE3Hbie COBETH.

H, xcerxobeor
7 mapra, 1943 r

'mawa 1
PYIIbl K dHAOMOPPU3IMbBI]
1. Konbua sunomopguamos. C Kaxio KOMMYTaTHBHO B

rpynnoit IR mu Moxcem caazath xoasuo G(IM), Koabuo suag-
Mopduamos rpynnet M (romoMopdusmos rpymms M B ceba).

~ C mpyro#t CTODOHBI, KaK MBI YBHIMM, KAKIOE KOABLO C efli-

HHLIEeH MOXeT OHTh NONYYEHO, KaK NMOAKOABUO KO/JbIA SHAC--
MODGH3MOB €r0 aNAMTHBHOM rpynnbl. [T03TOMY MbI MOmenm
BOCIO/Ib30BATLCS TEOPUEH KOJELl SHAOMOPHH3MOB 1/ HOCTPOE-
HHA TEODUH aOCTPAaKTHHIX KoJel. IJTOT MeTOA H3YYeHHs
KOJMELl SBASETCA OAHHM M3 HaunGonee BAKHHIX CPemu Tex,
KOTOPHIMH MHl GYyZeM [0/b30BATBCR B 3TOH KHure. [Toaromy
lienecoo0pa3HO HayaTh Hallle H3JNOXKEHHEe KDPATKHM 0630poM

_ TOA YaCTH TEODHM TIDYNN H 3HIOMOPGHUIMOB, KOTOpas Ham

no3xe NOHaROGHTCH.

B nanbueitmeM Hac 6yIyT MHTepecOBaTb B OCHOBHOM KOM-
MyTatuBHHe rpynnsl. OAHAKO, TaK KaK GOABLIMHCTEO pesyab-
TaTOB STOA IMaBEl CNPaBEAIHBO IJisi NPOU3BOBHON rpymH N,
MH He GyAeMm npeanonarath CHauaia, 4yto N KOMMYTaTHBH3.
Tem ne Menee, yno6hee ynorpe6asts AJUITHTHBHYIO 3aIIHCh:
TpynnoBas onepauus GyAeT 0GO3HAYATHCA BHAKOM -}, eim-

- HHYHLIL 9neMeHT yepea O, o6patHbfl K a yepes-——a U T, X.

Paccmotpuy cosoxynuocts (M) onuosHauHbix 0TOGpA-
xenufi MHoecTBa I B cebd, T, e. HA MOAMHONECTEO MHO-
xectBa M. Kax o06HyHO, Ml CUMTAEM, YTO OTOOpPaXeHHs
A n B pasen, ecnu 06passt XA M xB OZMHAKOBH I/%

~Bcex xCIM. Teneps Mm npespatuv I B anreGpanyeckyio
- CHCTemy, BBELd B HeH ABe OCHOBHbIE O epaumuu, Bo-mepeux,
e ACTu BET, 10 cymma A-}- B onpemensercs xax
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oTOGpameHine, NPH KOTOPOM 06pas Kamioro S/eMeHTa XEM
noayuaeTcd CI0XKeHUeM 06pasos XA H xB. VHbiMH COBaMH,

% (A B) = xA—+xB.

Ilpou3sedenue AB sBIACTCA PE3yILTATOM nocaeaoBarTenb-
Horo BuinoaHewns A u B:

% (AB)=(x4) B1).

Jlerko npoBepAOTCA Cledyloiine (aKTH, OTHOCAIUIMECA K CH-
creme T: ,

1) T seasercs rpynnofl OTHOCHTENbHO CJIOMEHNH. Enunuu-
HLIM  97EMEHTOM STOH TpYNIbl sABARETCH OTOOpaWeHHe 0,
onpeseneusoe paseHcTBoM x0=0. OGpartHuil SAeMEHT IaH
A, —A, 3313€TCS ONPEE/IONUM YPaBHEHUEM X (—A)=—xA.

2) T sBasercs MONyrpynmoi ¢ eIMHMIEA OTHOCUTE/LHO
ywuoxenus, T. e. (AB)C = A(BC), u eIUHHUHBIM SJTeMeH-
ToM B T SIBMSETCH TOXIeCTBeHHOe oToGpamenne 1, (x1 = X).

3) Hmeer mecro IUCTPHOYTHBHHER 3aKOH AB4-C)=
=AB-}- AC.

Takum 06pa3oM, cucTeMa T BeCbMa MNOXOXAa Ha KOJBLO.
Onnako OHA He ABAAETCH WM, TAK KAK cooTHomenus A --B=
=B+ A u (B+C)A=BA--CA He BCeria CnpaBe/UIMBLL.
Mur MOXeM YIOBAETBOPUTL TEPBOMY M3 STHX COOTHOIICHHH,
MpeAnoNoKUB, uTo PN KOMMYTATHBHA, HO JaXe B BTOM ClIy4de
BTOPOE yCJAOBUE MOMNET He OhiTb BHIMOMHEHO. ‘

Mpumep. Mycrs M — nuknuueckas rpynna noparxa 2
¢ anemenravn 0,1, rae 14-1=0. T comepxUT ueTHIpE 3/E-
MeHTa:

01 01 01 0 1)
= == —_— B= N
0 (0 o)’ : (0 1)’ "_1 (1 o)’ (1 1
01

b) oGo3naeuaer oroGpaxenue 0 —>a, 1->5.

Tae Bcerja
) a

1) 9To paBeHCTBO OMpaBbBaeT Hame oGo3HaueHHE XA. [pn
€ro ynoTpeGJIeHUH TMOPALOK 3AMUCH COOTBETCTBYET MOPANKY BHIOA-
HeHHs oToGpamennil.

rPYNIE U SHAOMOPOU3MBL 11

Ta6auuamy CHOXeHHs ¥ yMmuoxeHus anmgs T Gynyr COOTBET-

CTBEHHO
v lo|1]AalB| lo]1]alB]
olo|1]alB| ojo|o|B|B|
1]1]o]|B|A]| 1jo]1]A]|B]|
AlalBlo]1] Alola|1|B]
B|lBlA|1]0] Blo|Blo|B]|

Tak kax 04 =0, TO OYeBUAHO, 4TO BTOPOH nuctpuby-
THBHEIH 3aKOH He BBINOJHAETCH,

Mut paccmorpum teneps noamuoxectso E(M) B &, cocros-
wee wu3 suaomopdusmor rpynnst I, (M —npoussosrHas
rpynna). Hanomuum onpenenenne:

Oro6paxenue A rpynnsl HasbiBaeTcd IHIOMOPHUIMOM,
ecnn OHO ABJAETCA roMOMOP(M3MOM Tpynms B cefd, T. €. ecu

(x4 A=xA-t-yA.

OuesuaHo, uro & 3aMKHYTO OTHOCHTENBHO YMHOWEHHT,
onpenenendoro B T. Kpome Toro, ecsiu B u C apiaoTcd
anementamn u3 T u A€GE, 10

(B4-C) A=BA-} CA.

. C Hawe# TouykH 3penus cucrema & He ssasercs 0coGeHHO
uHTEpecHoH, korma IR OynerT NPOH3BOJABLHOH rpynmof, Tax
kak torga § He3aMKHYTO OTHOCHTENbHO C/OMEHHSl, Ofpese-
JedHoro B 2. ONHAKO TOJIOKEHUE COBEPUIEHHO M3MEHAETCH,
korna P kommyratuBHa. B 3TOM cayuae Jerko BHAETH, YTO
ecu A w B exomar B G, o A+B=B-}+4, 0 u—A4
npuHagnexar €. Tak Kak aUCTPUGYTHBHBIH 1 KOMMYTATHBHBIH
3aKOHHl I/ YMHOXEHUs BuimoaHeHs!, T0 € ABAfeTCH KOMBUOM.
Taknum o6pasom, uMeeM OCHOBHYIO TEOpeEMy:

Teopema 1. Ecau I nasasemes KOMMYyMAmMusHod
. 2pynnoit, mo mroxcecmso € (M) sndomopussos M asasemcs

KoAsloM omuocumenvro onepaguli A-- B u AB, onpede-
AEHHBX YDPABHEHUAMU : '

x(A+By=xA-+xB, x(AB)=(xA)B.
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IMMpumepn: 1) Iycrs M -—rpynna neasix panponain-
HBIX YHCeN C OOBIMHLIM caoxenneM. Tax kak IR sBasercs
UMKIHYECKOR rpynnoft, oGpasyiomet nis KOTOpO#t Gyaer I,
KOKALH aHpoMOpGH3M A ompenensercss ero mefcTheM Ha 1.
Ecmn  1A=a wu x=1-1...+1, 10 xA == xa, rie

L.

fe ] .
X@ — OGBIYHOE NPOU3BENEHHE LEMbIX YHCEX X U q. Tak xax
(—x)A=—xA, 10 310 paBeHcTBo CIIPaBENNIMBO TaKXKe NS

OTPHUATEABHLIX X, & TAK KAK 04 = 0 =0g, OHO cnpaBejIHBO
W o 0. Takum o6pasow, moGokt sHpoMopdusm A rpymmsr M
ABISETCA 0TOGPaX(eHHEM, IPH KOTODOM KamAHA snement x € IN
YMHOXA€TCA Ha (DUKCHPOBAHHHK 32JEeMEHT @. A OXHO3HAYHC
ONpPELENSeT INEMEHT @, M OUEBHAHO, YTO KAKJO0€ LEJOE YHCIO @
MOMECT GHITh MOMYYEeHO TAKMM OGPA3OM H3 HEKOTOPOro 3HIO-
Mopduama. CrenosarenbHo,  HAXOZMTCH BO B3AUMOOLHOZHAY-
HoM coorBercTBuH ¢ M. Ecmu A—a u B— b B Halmewm
COOTBETCTBHH, TO ‘

*$(A+B)y=xA-+xB=xatxb=x(a -+6)

H TaKuM ue o6pasom x(AB)= x (ab). CurenosarenbHo,
A+B—a-+bu AB-ab, 1. e. & H30MOpOHO KOLbyyY
UeJBIX PauMOHANBHHIX yucen SN.

2) OGo6uas npumep 1, noxoxuM, uro IN aBaserca mpsa--

MOl CyMMOH n GeCKOHEWHBLIX WMK/AMYeckuX Trpymm. Ecau
obpasyiouumn nas M sBamorea e, ..., e, TO Kamuwf
sunomopduam A rpynnu IR Brionne onpemenserca samaHuem

00pa3oB e; A==f;. C Ipyrofi CTOPOHM, MH MOXeM BLIGpATh.

3MeMeHTH f,; NIpou3BoALHO B N H onpenefutb (Tegx;) A—
= XfiXq, The x; uensie tucaa. Torma 4 6yner sHIOMOpdU3-
mMoM. Ecau

€4 = - + RPN *}‘ en‘?m',“__

rMe @ — Uelne pAaUMOHAJILHHE YHCAA, TO COOTBETCTBME.
A~ (a;;) GysteT B3aUMHOONHO3HAYHLIM COOTBETCTRBHEM mexcny &
4 KOJBLOM BCEX MaTPHI{ MOPAAKA # C LEeABIMH PAIMOHANbHEIMH

(['—‘—'Ig ® ..y n)s

aneMeHraMu. Ecau B — (b)), TO MOXHO NIDOBEPHTD, YTG

A+B-+(@y)+ (b)) u AB~> (¢;) (agy). Cnenorarenmsro,
3TO COOTBETCTBUE ABJIACTCH OODATHBHIM H30MOPDUIMOM Mexuay
€ ¥ KONBLOM MaTpHL ¢ UenbIMH PaUHOHANBLHBIMH  SJE€MEHTa~

FPYANOB N SHAOMOPOU3MH - 13

mMu!), MOMHO 3aMETHTH, YTO ACCOUMATHBHLIA X KOMMYTATUBHEIH
3aKOHH JMAAf STHX MAaTPUL BEIBOAATCS NPH NOMOWM HALIEro
COOTBETCTBHA M3 4CCOUMATHBHOTO M THCTPUGYTHBHOrO 32KOHOB
JUTs SHAOMOD(H3IMOB.

3) Ecam IN aBaseTca npaMO# CyMMOHN NMKAHYECKUX rpymn
NnopsaKa m, TO TNOAOGHOE pAacCyXIEHHE TOKA3HBAET, YTO
KOnbUO  sHAOMOpGH3MOB rpymiun X ob6parHO-nH3OMOpdHO
KOJbIY MaTpull C 9J1eMEHTaMH M3 KOJbUA UeANX PpalHOHAJb-
HB(X YHCeJN, NPHUBEJEHHLIX MO MOAYJIO 1.

Bepuemcat K paccmorpenuio mpousBonbHOH rpymmm IR,
fycre G (M) fBnsercs MHONKECTBOM B3aMMHOOJHOIHAUHHIX
otobpaxenuit Ik na ce6a. Ouesunuo, uro ecin A€ G (M),
TO onpeneneHo obpatHoe orto6pawenue A~!. Orcioma cre-
nyer, uto G (M) sasagerca rpynmo#t OTHOCHTENBHO YMHO-
HAHCHHA. )

Ecan tenepy A Gyser sunomopdusmom, 10 u A~1 — Ttax-
we sHnomopbuaM. CiemosarenbHo, mepecedenne U (M) =
= E(M)NG (M) Taxme HABATETCA TPYNNOH OTHOCHTRNLHO
YMHOXEHHA., DJeMeHTH STOH TIpynmbl, B3aHMHOONHO3HAYHHE
suaoMopuamet rpynie IR na cebs, ABATOTCA @8MmOMOpHUI HAMY
rpynust IR, OcobeuHo HHTEPECHHIMH CPEXH STHX OTOGpaMe-
Hult ABNAIOTCH 8HymperHue asmomopghusme. Ecmu s €M, ToO
BHYTDEHHHR aBTOMOP(U3M, COOTBETCTBYIOIINR 3JeMEHTy s,
OnpejenseTcA PaBeHCTBOM XS=—s-4+x-4s. Ecm A
ABJACTCA NMPOM3BOMALHEIM aBTOMODH3MOM, TO x(A71SA) =
=-—85A+x-+5s4, T. e. A~ISA Oymer BHyTpeHHUM
aBToMOphHU3MOM, COOTBETCTBYIOIMM  sAeMeHTY SA. 3DT0
NOKAa3HIBAET, YTO COBOKYNHOCTh BHYTPEHHHX aBTOMOP(HU3-
MOB  00pasyeT HODManbHHH XeNuTeNb BO BCell rpynme aBTo-
MOpP(U3MOB,

- HanomuuM, 410 B KOABUE ¢ eXHHMUEN SIEMEeHT « Ha3H-
BAETCA OOpAMUMbLM, €CNH OH MMEeT KaK JIeBHH, TAK M mpa-
Bbifi  oOparnble onemeHTH. HemocpencTBeHHO nposepsercs,

1) Ecau Mul Bocnoab3yeMcst COOTBETCTBHEM A - (@37)* roe (az)*
NOAyyaeTca TPAHCIOHHPOBAHWEM MATPHULE (dyj), TO ‘MBI TOAYYHM
#zoMoptusM. OJHakO B panbHelIeM Mbl BCTPETHMCH C MOROGHWM
TIONTOX(EHHEM, TIPHYEM TaM GyIeT HeBO3MOMXHO CAeJaTh Takoit mepe-
Xox or oGparroro n3oMoppuama k nsomopousMy. ITo sroit npuuune
MBI MIpefitounTaeM VIOTPeSAATs COOTBETCTBHE A —» (a;).
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uyT0 06a OGPAaTHBIX 3J/ieMeHTa PABHHI MeXIy CO00l H uTO
HUKaKOW HAPYro# 3/eMEHT KOJblla HEe MOXET YROBAETBODATH
HH YPaBHEHMIO ux == 1, HH ypaBHeHui0 xu ==1, Kak oGnyHo,
MBl  0603HaudeM oGpaTHLIE 3JeMeHT Aad u# uepes u-—l.
Jlerko MOMKHO [0Ka3aTh, YTO MHOXECTBO OOpaTUMHIX 3Je-
MeHTOB KakIOro KoJbLa O0O0pasyer [rpynny OTHOCHTEILHO
yMHOMEHHMS. PaccMOTpHM Tenmeph KOMMyTaThBHylo rpymmy IN,
ef xoapuno sHmoMopdusamos € u ee rpynmy 2BTOMOD-
¢uamos . Tak KAK TONBKO B3AKMHOORHOSHAYHHE OTOOpA-
WEHUA MHOXKeCTBA MMeXOT ZBYCTOPOHHHe OGpaTHble OTOOpAMKe-
HHsA, TO OueBHAHO, 4TO Y Oyaer rpynmnoil o6paTHMBIX 3JIEMEHTOB
B & CaencrBuem 3rtoro ¢axra sapiaserca To, YTO rpynmna
apToMopu3MoB mpaMoft cymmbl IR 72 6€CKOHEYHHIX UMK/IHYe-
CKHX Tpynn H30MOpdHA MYJIbTHIVIMKATHBHOH rpynne ueao-
YUC/MEHHBLIX MATPHIL MNOPAAKA /2, JAETePMHUHAHTHL KOTOPHIX
pasHul —— 1. Il 3TOro 3aMETHM, YTO KOAbLO 3HIOMOP(U3MOB
rpynnsl 0 #30MOPPHO  KOMbUY UENOYHCIGHHHX MATpHIL
nopaika 7, ¥ HCNOAb3YS MY/JbTHNIHKATHBHOE CBOHCTBO
AETEPMHHAHTa, MBl YBHAMM, YTO OODATHMBIMH 3JIeMEHTaMH
MOCAENHEr0 KOJblia SBJASIOTCA MATPHUBE C LETEPMHHAHTOM,

pasuaM =1, @R &l

PR o A S b
L v

2. I'pyunsl ¢ oneparopamu. 4YacTo ObiBaeT HOJE3HO
paccMarpusath rpymus X OTHOCHTENBHO (YHKCHPOBAHHOrO
MHONKecTBa 3unomopdusmos L, meiictByionmx B IR, Mu
oco6o oOTMeuaeM NOArPYNNb, HasmBaeMbe -nodepyn-
namuy (wrid  JHOUYCTHMBIMM), KOTOpble npeo0pasyiorcd B
B ce6 NPH KKAOM 3HAOMODdu3Me, npuBaanexauleM Q. Xors
B Hammx npuiaomenuax I Oyaser oOHYHO GeCKOHEYHOH rpyn-
no#i, CAENYIOIMe NPUMEPH! NMOKA3BBAIOT, YTO 3Td TOYKA 3PEHUH
N0JIE3HA ¥ NPH H3YUYEHMH KOHEYHHIX Ipymil.

IIpumepn: 1) @ mycro. Bee noarpynubr Toraa GyayT
RONYCTHMBIMU, 2) & COCTOHT H3 BHYTPEHHHX ABTOMOPGU3MOB.
3nech Q-NOArpYNNb GyAyT HOPMAILHHIME AeauTenamu. 3) @
ABASETCH MHOMKECTBOM BCEX aBTOMODGH3MOB. U-NOArpynusl
ABAMIOTCA XapaKTePHCTHYECKHMM noarpymnamu rpyonst I,

Iyctb B nanbuetiem M 1 @ dukcuposanu, Ecan Ny u Ny
SBAAOTCA Q-NOArpYNNaMH, TO, OYEBHIHO, mepeceuenne 3, 1Ny
aBasgeTcd Takke Q-moxrpynnoit. O6bveamuenune (M), N,),

TPYNIbLL ¥ 3HAOMOP®H3MbI i5>

onpejefgeMOe KaK HauMeHbIUas Noxrpynma, cofepwamas N,
u N, MomeT ObITh OXaPAKTEPH3OBAHO KK MHOMECTBO
KOHeYHBIX CyMM 3iemeHtoB u3s N, u N,. CJICIlOBaTeJlLHO,
(R, Ny sBasercs Q-noarpynnoti.  Ecau N, ssaserca
HOpMaibHEIM geanteneM, 10 (R;, Ny) =N, + Ro=N, -+ R,
rae R; -+ Ny 0603HauaeT MHOKECTBO 3MEMEHTOB BHAA X;-+ Xg
npu s € Ny |

Ecan N gsaserca Q-noarpynno#l, to suioMopdusm « € 2
uHAyuMpyeT B N sHAOMOpGU3M, KOTOPHIH Mbl Taike Oyiem
ofosHayath uepe3 «. KoweyHo, pasnuyHbie OTOOpaKeHH: &
u B rpymnm IR Moryr cosnaxath, €CM HMX PacCMaTPHBATH.
KaK oro0pawenusa B M. 3amerum, uto ecau o =yE€ < minw
@ --B=8€Q, TO 3TH COOTHOLIEHNS OCTAIOTCHA CNPaBeAJIUBBIMH
H And 0TOOpaxeHnll, HHAYUMPOBAHHHX B N.

[IpeanonoxuM Tteneps, uro N u P asngiorca L-noarpyn-
namu, npuyeM B HopmaneHuil geautens B M. Paccmor-
puM  GaKTOP-TPYNNy, COCTOALLYI0 M3 CMEXHBIX KJaCCOB.
PB-+y, rae yEN. Ecan a €2, 10 a caenyounum o6paszom
onpexensier oto6paxenue B N/P. Ecam P |- y aBaserca HekoTo-
PHIM CMeKHEIM K/JIACCOM, TO CMeXHbiH Kiace -} ya He 3aBHCHT OT
BHOOpA MPENCTABUTENA ¥ ¥ NMOTOMY OAHOSHAYHO ONPEAENAETCH
CMEXHBIM KnaccoM P -} y u sngomopdusmom a. CenosateasHo,
COOTBETCTBHE P -} y — P - ya sB/1seTca OAHO3HAUHBIM OTOGPA~
keHueM, Mbl cHOBa 0G03HaunM 310 OTOGpaxeHue rpynns N/P
yepe3 a, T. €. (Pt y)a=P -+ ya. OueBnaro, uro @ Gyxer
snpoMopdusmom rpymsl N/P. Kak u B cuayvae moarpynne,
COOTHOLIEHMS af ==y K o} B==8 B N Baexyr 3a cobo#l Te
e COOTHOLUEHHA A/ HHAYLMPOBaHHHX oToGpamenu#t B M/P.
Mur MOXeM NOBTODPATL 3TH npoueccel, 6eps ¢axrop-rpynny
Anst GaKTOP-rpynubl, MOArpynny B (akTop-rpymie u T. A
Taxum oOpasom mopoxpaerca ueaas wuepapxua & rpynm,
B KOTODLIX HCXOJHHIA SHAOMOPGHEM & HHAYLUUDPYET OJIHO3HAUHO

onpene/neHHble dHAOMOPOH3ME. Mbl 6yaeM HasHBaTb WYIEHH
MHOXecTBa & Q-2pynnanu.

Mycts | u N Oyayr nmobuimu ABymst Q-rpynmamu. Oro-

6pa_>[<eﬂue A rpynng f wa Bcro rpynny R HasbiBaerca 2-2040-
MOPGUIMO M, €C/I1 OHO HBASLTCA OGHIKHOBEHHBIM FOMOMOD(HZMOM,

n ad = Ao 147 BceXx « € Q. Toraa N Ha3HBaeTcs Q-20M0MOpgH~
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Hois obpasom rpymnsl R{). Ecan oroGpaxedne A B3auUMHO-
ONHO3HAYHO,T0 OHO HBIAETCA Q-u30MOpPHUIMOM, W TOTIZ n
‘u N Gynyr Q-uzomopgus. Ecmt RSN, TO Mb ymoTpe-
6ndem Tepmuu Q-sH00MOPPHUIM NN Q-romoMopduama, a eciH
M =9, To Mbl yroTpebasem TepMuH Q-a8mMOMOpPHUSH MR
‘Q-nzomopdusma,

3. Teopemb: 06 maomoppuame. Ilycts N u P asnaoTCs
Q-rpynnamu, u P - - HOpMaNbHLIR AeTUTEND B M. UssecTHoO, yTO

cootsercTne X — P - x OGymeT roMOMOpQHbIM O0TOGpae-
suem A rpyimst N wa rpymy NP, Tax xak (P x)a=
=9 4 xa, 10 Aa==ad, u notomy A Gyner Q-romoMopdus-
sou. TIpennonoxum Teneps, urto N N spamorcs Q-rpyn-
rasit M uTo 3amaH Q-romMomMopdusM x— x=xA rpyms N
na rpynny 9. Ecan §p— MHOXKeCTBO 9/7eMEHTOB M3 N, oro-
Gpaxaomuxca B 0, T0 B GyneT HOPMANLHBIM JequTeNeM B N,
u coorBercTBHe ‘P-4-x —>x==xA Oyner u3omopduamom
mexay NP u M. Tak xak (ya) A= (yA)a==00=0 rnpu
y €%, To P apngercs Q-noarpynno#, a TaK KaK PF+x)a=
= (B 4 x2) — (x2) A= (xA)a, TO YIIOMAHYTHIl H3OMOD(H3M
‘6yer Q-u30MOPPMIMOM MEXIY RIP u N. DTuM - g0KazaHa
OCHOBHAY TeopeMa O R@-romomop¢usmMax:

Teopema 2. Ecau N u B asanomes Q-zpynnari,
nputes B — HOPMAAbHBLE Ocaumeas 6 N, mo N L-20x0-
opdhro omodpaxcaemes na NP, O0pamuo, ecau N 2-20u0-
sopgpuo omodpascaemes HaxQ-zpynny N u P assaemcs
HHONCECIMBOM 2AeMeHmO8, omobpadcaroujuxcs 8 0 npu smom

1) Ecan My (i =1,2)Oyayr rpynnaMu Qq — (PHKCHPOBAHHBIMH
MHOWECTBAMH SHAOMOP(HU3MOB, MBI MOWEM TOBODUTL, UTO rpyIia
My (Ry, Qy)-roMoMopdHO oTOGpaxaerca Ha Ipynny My, ecan cylue-
CTBYIOT TaKHe OfHO3HAUHHE OTOCp2WKEHHA Xy —> Xp IPYIILI M,y Ha
BCo rpynny 9y H OIHO3HAYROE OTOGPANEHNE ay —> dy MHOXKECTEA 1221
Ha BCE MHGIKECTBO (g, UTO Xy -+ Yg —> Xy - Var X191 => X903, €CHU X3 =
> X3, Y1 => Yo H &1 -> ag, JTO OTAHYAETCA OT OMNDENLTICHHA Q-romo-
MopdH3Ma, TaK Kak JJs MOCAEAHero COOTBETCTBHE oTo6paxeHui
sioAHe onpexensercA ucxonmoi rpynmoit IN. [as HammMX nexei
BAXHO TOABKO MOHATHE (-rOMOMOPdH3MA.

o
45
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20MoMophusme, mo B geanemen Q-ropuassroim desumenest
8 N, u epynne N u NP 6ydym Q-u3omoppnat.
Ecmi A asnsercs Q-romomopdusmom rpymnsi R Ha rpymn-
ny N n R—Q-noarpymna B N, 10 o6paz RA moarpynmer R
asasercad Q-noarpynno#t 8 N. Ecam R spmsercs HOPMAaJbHbIM
penutenieM B M, 10 RA OymeT HOpPManbHLIM fenuTedeM
B NA =N E APYro# CTOPOHHI, ecau R KaKag-Aubo Q-noi-
rpyma B8 R u R—MHOKeCTBO TaKMX ameMeHTOB y u3 N,
;z{% }K};ilgoﬂtésm R Oymer Q-moarpynmoir B M, comepaued
9/IEMEHTOB, oTOOpawammuxca 8 0 npu romo-

reon%cgna:aoe uA{it Ipu atom, eciu R GyneT HOpManAbLHBLIM Aenu-
agnae; o TaKxKe Gyner HOpMalbHHIM fenuTeneM, Ecan R

Cd X-NOArpyNnoH, comepxamiei P, TO KawabIf 31eMeHT
u3 N, orobpaxaowuiics B anement RA, aexut 8 R. B camom
Aene, ecmm xA=yA, rne x€N u yER, 10 (x—y)A=0
H x—yEP. Crenorarensno, x = (x—y)+yEcR.
PE3yALTATE MOTYT GHTH CHOPMYTHPOBAHB CAEAYIOLIMM 06Pa30M

Teopewma 3. [Tyems A ssanemcs Q-zomomopdusmon

)
Jeupgtnnu N na epynny N, w nycms P — mrnoxcecmso sae-
mog, omobpaxcarouuxcs & 0 npu zomomopduame A.

Tozda R —RA =R 6ydem 83aumno0dro3Ha%HbM cOOMBeN-
cmsuen uesicdy R-nodepynnanu 2pynnst R, codepacamunn P,
u Q-nodzpynnamu epynne i, I'pynna R Oydem nopmans-
HbiM Oesumenes 8 N mozda u moasko mozda, ecau N —
HOPMAAbHUE Oesumens 8 N,

Ilycre Teneps R 6yner @-nopmansHbM Keautenem s 9. Ecan
Mbl NMpUMEHHM Q-romoMopdusM rpymnel X wa rpymmy SR/R
nocre Q-romomopdusma rpymamt N ma N, Mu NOJIYy4uM
Q-romomopduam rpynmer N Ha rpynny R/R. B 0 rpynner N/R
GyRYT OTOGpamarhcs aaeMeHTH M3 R. CnenosarenbHo, Hamu

‘TIOVTyYeHa

IlepBas reopema 06 usomopoduame. lpednoso-
sum, umo M L-zosmomopgro omobpascaemecs na N, N
nycms s8AfemcA Q-HopMassHoiM Ocaumenen 8 K, a R —

2 Bax_. 748, H., JImex0600H,
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COBOKYNHOCIbI0 3AEMEHMOB, omoGpaxcaowuxes 8 R. Tozda
R/R u RIR Gydym Q-usomopPret.

OueBKHJHO, YTO OTCIONA BHITEKAET

Cnencreue. Ecau R asanemcs Q-nodzpynnoi 8, R,
codepoicaueis Q2 -HOp HALGHLLE desamens B epynnoi R, o
R/P — HOp MAAbHBIL Oeaunieldb 6 N/P, mo R Oydem rop-
arsueiy Ocaumener 8 N u RN/R  byoem Q-u30MOpPHO
epynne 9’&@/9&/5}’5.

[1peano/OKAM, YTO N, Ny M, ApAAOTCH Q-rpynnamu,
npudem N; S Wy 1 Ry — HOpMa/bHbIH JeNUTeND B M,. Toraa
anMMeHbIUeH TOATPYNNoOH, colepxalleh R, u Ny, Oyner M=
=R, +No= o+ Ny

I'pynma N, Oyner HOPMaAbHbIM penanteneM B N, H CMEK-
uple kaaccs B Gaxrop-rpymie R[N, umeior BHA Re + X1
rae x; €N,. Orcrona crenyer, 410 COOTBETCTBHE Xy —* Ny X1
qpAseTcs &-roMoMop(u3MOM TPYNIILI N, Ha rpynny R/MNy. Tak
xaK B 0 oToGpaatotcd sneMenTh 13 Ry NNy, TO HAMK nONyYeHa

Bropasa teopema 0b uaomopduamax. Ecau M,
RNy, M, ssagiomcs L-zpynnaii, N, =M, a Nyg—HOP-
wanbuni Oeaumens 8 Wy, mo 1) Ty 4 My =Na 1+ Ny,
2) N, NN, asasemcs HOPMAAbHOLK desumeser 8 Ny U
3) M, -+ NNy Q-usosopgpro zpynne NN, NNy

4, Teopema H{opnaﬂa-renbnepa-l]lpeﬁepa. KoHeuHad
wer @-rpymm W, 2M, 2 ... 2 Wy =0 HAa3LIBAETCH HOp-
sanrehsin padow B rpynne iy, ecim Kawiad IR, sBaseTCs
HODMAJIbHAIM JleJuTeNeM B M;_,. PaxTOp-rpymnILI Mg/ ]
HASLBAIOTCA (faKmopaMy 9TOro PAna; OAHA ledb HA3BIBAETCA
ynaomHerue s APYrof, eciu OHA COLEDHUT Bce IN;, mpuHAA-
nexaie TocaenHe#i. Mer GyneM HasmhiBath ABA HOPMaTbHBIX
PANA USOMOPQHbLMY, eCNn CYWeCTBYeT TaKoe B3aHMOOLHO-
ayauHOe COOTBETCTBHE Mexay uX ¢aKTopamH, HTO COOTBET-
cTBylouke QaKTopHI Q-n30MOpGHEL.

Teopema 4 (llpesiep). Jwobue dsa HOPMARbHBLX
psda zpynns M, obzadarom U30MOPPHBLMY YNAOMHEHUAME.
TlycTh HaHsl /1B HOPMAJTBHBIX pAld MWDo oM, =0
n W= 2...2R, = 0. Tomoxmm Myy=Wyyy +

4 @Ry mpuj=1, 2,..., i1 wi=l 200 S
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u M, =0 Torma M ==
, beer =D, =)
R T .;-12 9;}22;51‘.1' .HQ(;)J]E% 3)3)311 =
Taxuy xe 06pasoM  nomaraem  Ry=RN,, j[f@t-hmi)
e e
‘ . 4 Lj’ +1 = ) H ‘SJ == . '
29{%11,:_3_%21_:_ 5% o) .j.%lmts:(g.e’ LR
DH STOM KaWIad UENOUKA COCTOHT U3 Sf
Mocrasum M,/ M, ;. B coorBercTBHe ¢ I N __.+ ! o
JTloma Hallla TEOpeMa ABJAETCH CJIEI[CTB?JEMJ’JI-;I‘W‘MH'
o emma llaccenxaysa. [yems Ry, N ER, /o
% 1 ssaniomes Q-zpynnanu, nputen Ny, <M lgh T N o
y %ﬂa/merrfc;z HODMAABLHBM Oesumene 8_9{4.131‘0r.‘uah9? AL
§;EH' 1 ﬂm%.‘, )6y,08m HOpMaAbHbLM Ocaumenem 8 Toy—-(R nlfﬁ )
%‘2, :Ii_- ((%2 ‘q %1)) u5yaem HOP MAABHOLM de/mmfme.ugé
co
%y + O ;ﬁﬂbl{ omsemcemsynomue  gaKmop-epynnm
[To BTOpOit Teopeme 06 wu3
. oMopduamax ! o=
a_ S%R?] n 9}%{]/{!}1’ 6yner HODMAJbHEIM Jtze.nm*e.nemijt!2 gifmfll R,
MOHQ:HL%?I‘/ SRy w R RNy /Ry Gynyr é'"30"
‘ﬂoga 1. Taxum e o6pasom moayuaem, uro N, N N,’, a, cue-
os: J&:Jf;;lo, n (N NNy) 4+ (R, NNy Taxxe ﬁyny'l? ;mp’uanb-
B S urensvn B N, NN, Tlpu romomopdrom oToGpa-
e T (M1 B o (O N roynna
i (lén H 5%#(5);21 lﬂ%gl )  oroOpaxaercas B (931’ nN,) -
1 DPRFR IR = Ry ORY)+NR,/ /N, Chenorarensno,

- IO BHILIETIpHBeIeHHOMY ClieacTBHIO, (M, N1 N,') + N, 6yaer nop

ManbHEIM Aeautenem B (R NN) +9,', a N’
RN, NN 1 2) T 4,2 11--1—(5)&1ﬂ9?)/§n'
- OR300 0 120 (671 2 g e
ITo cummerpun rpynma R, NN
) Ity (10 [ (R N Ry o
L
YTO MeMMa NOKA3aHa. 3THX H3OMOPGHLIX N12p, Mbl BHAHM,

5. Ycxorusa o6psi
. Ba uenei. Mu Gynem

MHOrJa npenmuo-
narate, 410 B Q-rpymne It BHINOAHEHO OZHO M3 cfe;xyrg-

~IHUX IBYX YCIOBHH KOHEUYHOCTH :

- Ycarosue obpuisa yduaa_rozuux yenel. Ecu =N, 2o2N, o
+, rae Yty ABAAETCA  Q-HOpMaABHLIM nelnn're;em

2%
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B M;_,, TO I3Ta TNOCNENOBATE/IBHOCTD MOXET HWMETh JMIIb
KOHEUHOE YMC/IO PA3NHYHBIX U/IEHOB. ) it D
~Yeao8ue obpeisa Bo3pacmaouux yeneu. Ecmn N =N,
S... DRy ==TPDO0 OyleT HOpPMAIBHHIM pﬂnm\é B g)yrnu.le
N, TO BCAKad Uenk  L-TOArpyrn OCSBI’ Po - o
xaKaasd W3 KOTOPHX OyZeT HOPMAlbHLIM JC/HTENEM B B,
KOH;I;g;;weeTcn, 06a 5TM YCAOBMS BHINOJHEHH, €CH FpyNia
N koneuna. C APyro#t CTOPOHBI, MBI yBUIHM, HTO 3TH YCJIO-
BuSl MOFYT ObiTh MCIIOJb30BAHBL JA 3aAMEHLI MPeANOOKEHUR
0 KOHEUHOCTH TIOPA/KA MpPH NepeHeceHHd HEKOTOPBIX KJIacCH-
yecKMX TeopeM O KOHEYHbIX rpymmax Ha 6ecx0netmu§
Q-rpynnst. Cnenyiouike MpUMEDE [I0Ka3blBAIOT HE3aBHCHMOCT

CIOBHH.

Ham;l'l);u)juepbt. 1) AdodumusHas zpynina HeAbx ttuce./tl.o 8:1'}::
rpynna yAOBAETBOPAET YCAOBHIO o6phiBa BOSp6aCTa mux
uenelf, HO He YNOBJIETBOPSET YCIOBHIO of6priBa yOLIBaIOLUL ;
penefl. DTO CHpaBeIMBO TaKxke N i npaMoi CyMMBL KOHe3q
HOro Yyucaa 6eCKOHEYHBIX IMKAHYeCKHX rpyni (cm. raasy 3, § 3).

9) [lpaxas cymsa W Geckoretrozo 1uCLL QurKAudecKux
zpynn npocmozo nopsdica p*). IlycTb 9NEMEHTI xl,Mgcg,q) .u.a :
o6pasyior 6asuc rpymnsi I u NycTb A Oyner SHIEX F—p
MOM, OMpENe/EHHHM pPaBeHCTBAMU xA=0, X _gx,; _I_g:
Torga rpynna ‘Ui ynoBJIeTBOpHET yCAOBHIO o6priBa yOuiBa
mMx Leneft OTHOCHTEABHO Q = |A}, HO He yIOBJETBOPALT
ycnosuio 06phIBA  BO3pACTAOUIHX pene#t, JIpyrHM INpPHMepOM
MOKeT CJYXHTh IPYIMa, 3ajaHHad OﬁpaSYlOU.lﬂ-b_{l/I anemegragg
Xy Xgy o0e H coomomezgggugp;{c}l’cj—oo, pX;= X¢_1. OB

eM, 4TO MHOXe .

. (Cll;zgle; OTMeTHTb, uTOo eCan rpymua R KOMMéTaTﬁBHa:
TO yCHAOBHe_OOpBIBA BO3PACTAIOLIAX Lerneli MOXET bgb 31:1:
paxeno B Gosiee npocToit dopme : kaxasi Uenb O P, =By -
C...Q-noArpynn KMeeT KOHEYHYIO AJHHY. Ecmn onno
ycnopuit o6psiBa fleneii BHIOAHEHO B (npousnonbﬂoﬂ) rpymnme
R, TO OHO BHIIOJHEHO B KAK/OM Q-HOpMANbHOM JenuTene

1) OTMeTHM, UTO OTHOCHTEJBHO HyCTOrO MHOXECTBA 9111!.0M‘(})}£)‘%
¢u3MOB STa IpyWNa He YIOBAETBOPAET HH OEHOMY H3 yCA0

ofpniBa nenei,
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u B xaxnokh ¢akrop-rpynne N/P. Ecau BrnonHeus  06a
ycaosus oOpeBa Henefl, To N obnanaer KoMNO3uyUOHHb I
padox, T. €. HopManbhbiM pagoM N=N,D ... DN, D0,
He MMEIOLMM COGCTBEHHOrO YNJIOTHeHHd. 3AMETHM, YTO HOp-
ManpHHHA DA ABJISETCS KOMMNO3MUMOHHBIM DSAIOM, €C/IH BCe
daxrop-rpymns N, _; /N, Q-npocmste, T. e. He UMEOT CO6-
CTBEHHBHIX Q-HOpMaNbHHIX Heaureneih. J[las moxasaTenbCTBa
Halllero YTBepKAeHHA mpeamonoxuM, uro N’ asaserca cob-
CTBEHHHM Q-HOpManbHBIM Jeanteiem B N. Ecm NN
HenpoCTaf rpynmna, TO CYUleCTBYeT TaKOH HOPMadbHHH
nenurens R B N, uro RO N DN’ D 0. Ipomomwas Takum
006pa3oM, Mbl MOJYYHM NOCJAEe KOHEYHOrO YUCJA INaroB TakoH
Q-mopManehbifi genurens N, rpymme N=N;, uto R,/N,
6yner Q-npocroit rpymnoii. [loBropss sTOT npouUecc Iad
rpymnst N, Mu noayunm Ny u t. x. Takum o6pasoM, Mul
Gynem umeth HopManeueiht pag N, DN, > .. ., KoTOpHH, B CHTY
yc/ioBHAl 06pbiBa yORBAWOIHUX leniell, 060pBeTCs OC/Ie KOHeUHO-
ro YMCJAa IMArOB H IACT KOMNO3UIMOHHEIR pan ans rpynms N.

Ecau Q aBaseTcss MHOXECTBOM BHYTPEHHHX aBTOMOPGU3MOB,
TO KOMNOSHLHOHHBIE pgdsl 0451 N HA3BBAIOMCA 2/4AB8HBLMU
panamy, a ecidd @ ABAAETCA MHOXECTBOM BCeX aBTOMOp(M3-
MOB, Mbl TIONly4aeM Xxapaxmepucmuteckue pans. Chaeny-
loutee o6obitenne Teopemul Kopnana-Iesbmepa nokxasbiBaer,
B YaCTHOCTH, €IAHHCTBEHHOCTb (C TOYHOCTHIO KO M3oMOpduaMa)
($aKTOpOB KaK y 9THX, TAK M Y OGBIUHLIX KOMMOSHAIMOHHLX
pAnos, AJad KOTOPBHIX & mnycTo.

Teopema 5. Kaucdwe 0sa romnosunuonnwx paoa
Q-2pynne N usomopPusi.

JloKa3arenbCTBO HEMOCPENCTBEHHO CJEIyeT W3 TeOpeMbl
Ulpettepa. «

Teopema 6. Jlag mozo, umobsr Q-zpynna o6iadasa
KOMNOIUNUOHHBM pROOM, Heo6x00umo u 0ocmamouno,
4mobbl 8 Hell Oblau BunOAHeHb. 060 YCA08us 06pbiea yenel,

JLOCTaTOUHOCTD 3THX ychaoBuit yxe Onna mokasana. Ilpen-
HONOWUM Tenepb, 4to N obnazaeT KOMOO3HIMOHHBIM PALOM
u3 & unetoB. Ecmu M=N, DN, D ... sasasercsa yOuBaoweH
uenel0 Q-MoArpynm, TO oHa umeeT He Gosee /2 uJeHOB,
TaKk Kak |, DN, D ... DN, O 0 sipasieTcss HOPMATLHOR LETBIO



29 rnasa 1l

% MOXeT ObiTb YIIOTHEHAa B KOMIMOBHIWMOHHLIA DAL, obnanaw-
ww# A uieHaMu, AwWajorduHbie DACCYXACHHA TPUMEHWMEL H
K BOSpacTaolledl leny.

Ecmu R,>...2N, 20 apaserca KOMIIO3Y1HOHHEIM Di-
aom ans M, To A Ha3bHIBAETCA daunon tpynnst R,. Cneno-
BATeNbHO, PYMna Q-mpocTa TOrAa W TOMLKO TOTA3, KOTzia
OHAa MMeeT JNWHY OIHH,

Eemu N sapaserca Q-HOPMATBHBIM IeTUTE/IEM B R,, Mb
MOXeM IPeAnoNoXHUTh, YTO N -— HEKOTOPHIft 4JIeH KOMIO3M-~
uuonnoro pama rpynmet N, Hanpumep, Nyrq- Torma Ny
umeer JmHy 7 —k. Tlo nmepsoit Teopeme 06 usoMmopdusme
nocnenoBateabHocts My /My D00 =2 NNy D0 sBASETCH
wommoanmonHeM  paaom ms /My, n moTomy eTa
daxrop-rpynna uMeeT AAUHY k. Q-snpomMopdnam A rpymmst N
HA3LIBAETCA HOPMQAbHLLM, €CIM OH KOMMYTHDYET CO BCEMH
BHYTDPEHHHMH aBToMOp¢H3MaMu T'PYIE M. Torma ans mobHX
au X MMeeMt—-a,A+xA—|—aA=——a+xA+a. Taxuv
o6pasoM, aA=a ¢ (@), rie ¢ (@) — NEMEHT, KOMMYTHPYiO-
muft ¢ KaXKAHM MEMEHTOM U3 NA. Ecan P spaserca -Hop-
ManbHbIM  femuTenem, 1o PA  npH mo60M HODMAaJbHOM
sunoMopdusmMe A GyseT HOPMAILHEIM JASAMTE/NEM B N. Orme-
THM elle, YTO TIpou3BeJieHHe HOPMabHBIX 3HAOMOP(HU3MOB
TaKOKe SIBISETCH HOPMAMbHBIM IHIOMODHU3MOM.

Ecnu A Kako#-mu6o Q-snzomopdusM, TO COBOKYMHOCTH
4 TAKMX 3NEMEHTOB 2, HTO zA =20, ofpasyer &Q-noxn-
rpymny. OueBuiHO, 4TO 03430 .... Ecmm Bak =

== Jak+l, TO Jpk+i= Barte=.... TakuM o6pa3om, B lienu
0= 84 B34S ... Ml m60 Bee BpEMA MMEEH aHak <, aubo
aTOT 3MaK CTOHMT mepen k(> 0) unenamy, a janee CTOAT
3HAKM paseHCTBA. 1IPeATIOA0KHM tenepb, uT0 MA=N n
84 #0. Torma B4 84 . LleHCTBHTENBHO, KaXIbIA 9/eMEHT
2z u3 84 umeer Bug XA MNpH HEKOTOPOM x €N, u noromy
2A = xA? = 0. Cnexosareapto, eC/H Ba2=234, T0 xXA=0,
r, e. xawnoe 2=0. Takum xe 06pa30M Mbl MOJIyUHM, YTO
084 Bas < .. .. Urak, HaM JOKa3aHa

Teopeuma 7. Ecau R ydosaemsopacin yea08uio 00pviea
gopacmanouux Hened, u- eCAl A — maroi IH0MOPPUIM,
ymo NA =N, mo J4=0.
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Ecau A #BASeTCS HOPMAaAbHBIM 3HAOMOPGH3MOM, TO LENb
NONADNA?D ... Gyner HopMaibHOH Uembio. Mul HMeeM
MGOMDONRAD ++ -, mbONDONAD ... DNA* = NAk+l =
— ....IlepBasg u3 3TUX BO3MOXKHOCTEH BHINMONHAETCH BCEraa
npu §4=0 u MONA. B camom nene, ecmm NA*F = RNAF+,
10 xA*+1=yA¥ nus nw6oro x W COOTBETCTBYIOWETO Y.
Cnenopatenbto, (xAk—yAk-1) A=0 un xAk=yAk-1,
T. &. NA¥-1 = NAF, Takum 06pa3oM, HAMH MOTy4eHa

Teopema 8. Ecau 8 N 861n04HeH0 ycaoBue 0O6pbIEQA
yOusarowux uyeneld u ecan A ABATEMCR MAKUM HOp-
HanoHoiM 3Hdomopusmon, umo G4 =0, mo N =NA.

KomGuuupys ofe npeablyLiue TEOPEMbl, MOAyYaeM:

Teopema 9. Ecau B N guinosners 06a ycaosus o6puisa
yeneti u ecau A agafgemcs Q-HOPMAAbHBLM IHOOMOpPHUS-
MOM, MmO aubo A sgasemes asmoxmopgusmom, 1u60 NA < N
u 34 F0.

[TpeanonoxuM cHOBa, 4TO B N BEHINOAHEHO YCJIOBHE 0GpHIBA
BoapacTamikx uerneit. Torxza Ijas HEKOTOPOrO KOHEYHOTO &
umeeM 0= 34 <. .. <8 ,x = 3k +1= ... Otciona cnenyer,
470 3Ak NNA*=0. B caMmoMm JeJe, eCJI¥ W JIeXHT B 3TOM

nepeceueHun, TO @ =xA¥ u wA¥=0. CrexosaTeinHo,
xA% =0, u, 13K Kak 3 ,x =3 2, TO XA*¥=w=0. Tak
kak NAk+1 S NA*, To A nanynupyer B P = NA* Q-angomop-
¢u3M, a Tak Kaxk B ‘B HeT TAKHX OTIMYHEIX OT HYy/]s S7eMeH-
ToB 2, ur0 2A=0, 10 A Gymer usomopduamom mewxny P
u ‘PA. CnenosarensHo, ecan D sapagerca J106HM  TaKUM
oto6paxennem B P, uto DA =0, 10 D= 0. Ouesnano,
y1o A HHAYUMpYeT HUJLIOTEHTHLIH 3HiOMOpOHaM (A* = 0)
B J,x

Ecin A —HopManbubiii 3HAOMOPGH3M H B Il BHIIONHEHO
ycaoBue o6peiBa yOHBamoux Hened, 1o MO ... DNAl=
= NAM!1 =, Ecam x aBasercd JoOuM 3neMeHTOM 3 I,
TO a9 HekoToporo y nmeem xA! = yA¥, u noromy

x=yA |- (—yAl } x) = x — yAl | yAlE RA |-
| + Ba= 3at, + N4t
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Oro6paxenne, KOTopoe A MuHAyuupyeT B 3,1, HHJIBIO-

rentHo. Ecmu D — mo6oe Takoe mnpeoGpasosanne B RAY,
yro AD =0, rae A — snaoMopdu3M, HHAYUMPOBAHHbIH B RNA?,
1o D=0.

Ecnu 8 R BuinosaHeHsl 06a ycioBus oOpeiBa lenel, TO
leaple umcaa k v [ mocmenHux ABYX a03ames PAaBHE MEXIY
coboit. B camom nere, NA* 0 3,¥=0 u, cnenosareirHo,
kawsi snement n3 NAF , oroGpamaeMsiit B 0 sunoMopdus-
mom A, pasen Hymo. Otcioma cjielyer, 4To RAE = JAF+ 1,
u notomy [ < k. C npyro#t cropout, uz NA! = (NAY) A BriTe-
kaer, uto NA'N B4 =0. Takum 06pasoM, eci YA =
=(yAl+1) A=0, T0 yA'=0, a noromy 3, p1=8, 4
k < I, Vtak, Mbl JIOKAasajau BaXHYIO JEMMY:

Jevma (durrnur), [Tycms 8 N soinosrersl 00a Yeaosus
o6puisa yeneld u A ABAAEMCE HOPMAABHBIM Q-3Hd0MOPHUI -
som. Tozda dasn newomopozo k mol umeen N = NAF - 3 /K,

NAXN § =0, npunen sndomopPHuss A Huabnomenmer

8 84% u ssasemcn asmoxuopgdusmon 8 NAF.

3aMeuatue. Ml MOMJIM HEe TPEANIONATaTh B MPEALILYLIEM
paccyxnennu, uro A sBisercs Q-sanomopduaMoM. Bmecto
3TOTO MPEANOA0KUM, UTO @ COJEPMHT BHYTPEHHHE aBTOMOP-
dusMbI, HAYCTs A yIoBIeTBOpAeT ycaosuio AR =24, 1. e.
AAs KOKOro & € Q mHaiayres o' €Q u o’ €Q, Takue, HTO
Aa=a'Au aAd= Aa”. Tak xak & COJAepKUT BHYTPEHHHE
aBTOMOPGU3MB, TO Q-moarpynnsnl  SBIASOTCA HOPMAaAbHBIMH
neauteasmu. Ipynnel MA w J, Oyayr Q-noxrpynnamu, u
MOMHO TpOBecTH Ge3 mnaMeHeHuH NpeiblAylHe PacCyKACHUs,
TeM He MeHee, Mbl JaAuM 3CKU3 60J1e€ MPAMOro 10Ka3aTeabCTBA
focaensero pesyabtata. Pacemorpum nemn RDONRAD ... H
034 < ... Unenn 3THX lemeR ABAAOTCH Q-moArpynnamu
HTIOTOMY, B CHAY ycnoBufi o6peBa lene#, HalipeTcd Takoe
nenoe m, uto' MAM = NAM 1= ... U Fm =F m+1 =...
IMonowum Am = B. Torna NB =NB2, Jr = Jrs 4, crenopa-
TeNbHO, B CHAY ycaosuft o6puisa nene#, NB N §g=0.

Ecin x— npou3BO/bHbIA dMeMeHT B |, TO AMA HEKOTO-
poro y umeem xB? ==yB, u noromy

x=yB+4 (—yB -+ x) € RB+ 5.
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6. lpsamble cymmbl. B gaisHetineMm, Ha nNpOTSKEHHH BCelt
3To#t riasbl, Mbl. GyleM Tpeanosarath, Yyro @ CONEPKHT BCe
BHYTpeHHHE aBTOMOPGH3Mbl rpynnsl . Mbr Takke 6ygem
MpeAnoaarath, YTo0 B M BbIIOMHEHE 063 YC10BHA 0OpHIBA
uenet. I3 nepsoro ycaosus caeayer, 4To Kaxzaas Q-noarpynna
ABAAETCA HODMA/MbHLHIM [€JHTEIEM M 4TO BCe Q-3HIOMOp-
¢usMBl HOpMaJdbHH. YC10BHe OGPHIBA BO3PACTAIIMX Leneh
MOxeT OBITb BHPAXEHO MO3TOMY B 60Jee HpPOCTOH dopme:
Kawpas Bospacraiomas uenp 0N, SNy, < ... Q-noarpynn
R; 0OpLIBAETCA TOCIE KOHEYHOI'O YHMC/A YJIEHOB.

Mu Hasosem N apamod cysmmod Q-noarpynn Ny, i=1
2,..., h ecau : ’

" W= R4,
%ﬂ(ml “]‘WQ T +$ﬁi—1 ‘{“%Hl ‘{‘ e 4“%h)=0

Ans Becex i, Pasnoenne Ha3bIBaeTCA cOGCMBEHHBIM, €CAN BCE
N;£0. Ecan He cyuecTByeT COGCTBEHHBIX pPA3NoKeHUH
ornuHbX ot N =N, To rpynmna N wHaswiBaerca Hepasfzo-’
wcumod. Ina npamoit cymmel Mbl GyneM ynoTpe6astb 06Go3Ha-
uenne R =N, D . . .0 Ny, Tax xak N; #BAsgOTCA HOPMATLHEIMK
nenutenamd, TO Wy~ M; =N, - N;, u Mo momem TaKme
mHcat: 9? =N, D...ON, a1ma mo6okt nepecranosxy
V, ..., &' wapekco 1, ..., 4 Ecm a€R; n bER,
ji, T0 KOMMyratop —a—b-}a - bgéllti n %:d,
CnenoBatenbho, a---b=0-4-a, v n06o#t 3neMeHT Jn3 N,
KOMMYTHDYET C A00bM 31eMeHTOM u3 RN .. L
Has Toro, urobst RN=N, D ... BN, rre N, asasworca
Q-noarpynmami, HeoGXOAMMO H JIOCTATOUHO, YTO6L /OGO
aneMeHT X n3 I MOr GbITh @AMHCTBEHHBIM 06DPA30M BHIPANKEH
B BULE Xy |} ... X3, e x; € M,. OTciona He:0cpeCTBEHHO
crenyer, yto ecin N=N, @ ... DNy, 10 N,/ =N
F o Ry =R D ... DRy, moccan Ry =N,
-|— %‘%]“-Hcs, ey 9?’;———%,,,@... +k . lul—l—
it -
+ Rpyr oo e kp TO N=N,'D ... N,/. O6parno, ecan
R=N' D ... ON'm

’

e ! o) T

%1 ml@!-o EBmkp---, 921 =~'!7\1+""i‘kl_lkl(?
B @Ry . 1y

)
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TO

R=R,D... QW h=k+.. .tk

Eciu M=N, PN,, 10 13 BTOPOH TeOPEMBI 06 u30MOp-
duamax cneleeT,l 4TO 2rpynna N, 2-usomopdHa RN/M;. Oue-
gugHO, uTo AnuHa | paBHa cymme LJIMH N, u N, Ecm Ny
u Ny ABAAIOTCA TAKKMHA Q-noarpynnamu B R, uto N="N,+
LRy, ¥ Ry =N, NNy, 70 NNy = (T, /R5) D (Ma/N,). O1c1082

clemyer, 4TO

panEa R - mma (R, O Ny) = wmna Ry -+ nama N.

Mbi MOXEM, KOHeuHO, 3aMeHnTh N vepes RN, + Ny u NOAYUHTH
570 COOTHOMeHHe i mobwx Q-moarpynm B N

Eciu =N, D... BNy, TaK uTO AN KAKIOTO X MI:
uMeeM X==X; ... - X3, FA€ x; ER;, 710 TpH nowtc:rm
paBeHcrBa xE;= Xx; Onpenenderca oto6paxenne E; Tak
KaK X °pasnaraercsi eIMHCTBEHHBIM 06pasoM, TO oTo6paxe-
uue E,; omHosnasno. Ecmm y =y, + e+ 1O x—i—g;
= (%, y)+ - F(x + y5)- Cnenosarenbﬂo,_ (
+y) E;j=xE;+YE; Ecan aE€Q, T0 Xx=X0 -+
4 .. 4 x,9, Ak uyto oE;= Ea. E; sBsasercd, TaKuM
o6pazoM, Q-sn10M0pdu3MOM. OUEBUIHO, HMEIOT MECTO cnenyo-
uj¥e COOTHOIIEHHA:

Ep=FE, EE;=0npn i #j, E,+... +E=1 (1)

OrvernM, urto E;+ E;==E;--E; u 4ro HacTHuHAd
cymma E; -+ ... 4 Ey, TaKKE ABAAETCH 34 AOMOPPUIMOM.

WUnemnorexTunfi Q-sunomopdusm E (E?=E) mbl Gynem
HasHIBATbL Apoexyued. DHIOMOPHUMEL E;, coOTBETCTBYOLIHE
NPAMOMY Da3/IONEHUIO, ABATIOTCH NPOEKITUAMH. [peanonoxum,
o6paTtHO, uTO F; ABMAIOTCA TPOU3BOJNLHBIME npoexuu_ﬂ_r‘m,
YIOB/ETBOPAIOUIAMH  COOTHOLICHHAM (1). Torza SRE¢=¥f
6ynyT TaKMMH Q-MOATPYMNAMH,UTO RNR=NP ... DM u E;
GyAyT TPOEKLHAMH, COOTBETCTBYIOLLUMH ITOMY pasnomeum;.
Kpome Toro, ecau E saBnseTCA IPOH3BOMBHOR MpOeKIUeH,
a Zgr — MHOXKECTBOM TAKHX 3/IEMEHTOB 2, HTO 2E =0, 710,
no nemme ®UTTHHra WIH HEMOCPEJCTBEHHBIM DACCYXJICHHEM,
bt nonyuaeM, uto N =NED Jz. CneuonaTenbuo,,cyme’CTByeT
rakas npoexuus E’, uro E +E'=E'+E =1, EE' = E'E=0,
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Mbl OyneM HasbiBaThb HAEMIOTEHTHHIH 3/1eMeHT E NMPOH3BOJbe

HOTO KOMBLA APUMUMLEHbIM, €C/IH er0 HeBO3MOXHO NMPeaCTa-

Butb B Bune E=EFE -} E”, rne E' w E” #BasoTcs HIeM-

MOTEHTHHIMM HE PpABHBIMH HYNMIO0 3/ieMeHTaMH, H E'E" =

= E"E’' = 0. Takum-o6pa3om, rpynna i HepasmoxuMa TOraa

M TOJALKO TOrAa, KOrjga 1 fBrseTCs NPUMUTHBHOM Tpoekuued.
Ho nemme PUTTHHra MBI OJIyuaeM:

Teopewma 10. flycms M — Q-2pynna, nputen @ codep-
gcum 6ce SHympeHHue asmomopgussms. zpynnet N ou 8 N
8uNnoAHeHH 0060 yca08us o6pusa yenei. Ecau N nepasio-
FHeuma, mo M000d L-3n00MmOpPHuaM 260 HUALHOMEHMEN,
ARGO SBASEMCST ABMOMOPHUIMOM.

7. Teopema Kpyana-llImugra. T[Ipexnonoxum, uro
rpymna R paznoxuma, 1. e. yro N =N, BN,, rae N, £0.
Ecau i, pasnoxmma: N, =R, BNy, To =N, O N;q EN,.
Urak, KON, D N;,£0 1, nporomkas noaoGHuIM o6pazoM,
Mbi TIOMYYHM TaKyl0 Hepasioxmmyio muoarpymay Ry ...,
yroR =N, ... {DON,’. Oaa ynpoueHns o603HaueHuH HarmK-
wem N =N, DN,’, rme rpynna N, nepasnomuma u He
paeHa Hymo. Ecnin R,' pasnoxuma, 1o Mol monydaem: N, ==
=Ny BN,, rne N, Hepasnoxuma u He pasHa nymo. Toraa
N=N, DN, PN,'. AtoT nponecc NPUBOAUT K yGHBaIOMEH
mermn noarpymn N, DN, D ... CnenosarensHo, oH 06pH-
BaeTcd, ¥ MH moayyaeM R=N,D...DBN,, rae noarpynnul
N; HEPA3NOKUMBL H He PABHBI HYJIO.

TIpennonoxnym Teneps, uto N=P,D... OB, ssnserca
BTOPHIM DasnoxenneM, npHueM Q-moarpymmst P; Hepasio-
KUMEL U He pasubl 0. Ilycts E; u F; aBAsi0OTCA NpOeKUMimMH,
COOTBETCTBYIOUMMH STHM pasioxeHusM. Tak Kak mobas cyMma
Buta E; + ... --E; ,rhe Bce I, DasaAMuHbl, SBAAETCA SHIO-
MOp(HMOM, To, KakoB Gt Hu Gbut suaomopduav A, AE; +
“‘l“ . -‘+‘AEin= A(E?'I —I" .. '+Ein)HEf1A 'l— e —l—EiﬂA:
= (Ey, + ... —}—E,-")A SIBASIIOTCA TaKKe 3HAOMOPHU3MaAMH.

Ecnu wbl npumenum sunomopdmsm FE; k mnomrpynne R,
TO Mbl TIOAYYUMM 3HAOMOP(U3M ITOH rpynnbl, NPHYEM e]d-
HHYHBIM  3HIOMOpdU3MOM B N, Gymer E, = F.E; 4+ ... +
~+ FxE;. Mbl XOTHM NOKa3aTh, YTO XOTS Ol ONWH M3 3HIO-
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mopduamor F,E, asnserca asromopdusmoM B ;. IT0 BhiTe-
KdeT U3 CHAeAyIoleH JeMMbl.

Jlemma. Mycme N ssasemcs Q-zpynnod, nputenm Q
codepacum 8te snympenHue asmomopgpusms zpynnet R,
u 8 epynne N soinosnens. o6a ycaosus o0pusa denel.
Ecau epynna N Hepassowcuma, « A u B assawmes ma-
rumi Q-sndomopgpusmanu, wmo A-+B=1, mo subo A,
Aubo B ssAsemcst asmomopHu3mom.

Tak kak A--B=1 u A u B — 3HAOMOPOH3ME, TO
A%~ AB =A% BA wu, cireposarensto, AB=BA. Ecmn
Hu A, M B He sBAsOTCA aBTOMOpdH3MaMH, TO 06a OHH
nuapnoreHTHe. Torda 1 =(A - B)y® O6yner cymwmolt ujieHoB
puna ArBS, rpe r--s=m. Jas pocraroyo Goabmworo m
mbo AT ==0, au6o B* =0 u, cregoBarenbHo, 1=0, 1. e.
MBI TIPUXOJUM K TPOTHBOPEUHIO.

Mpumenum 3Ty nemmy K sHioMmopdusmam F,E;=A u
FoE - +.. -+ F,E =B, neficreyiompm B R;. Ecan F(E;
He sBAseTcs aBTOMOpdU3MOM, TO B ABagercd WM H, Caeno-
ateqbHo, cymecrsyer B-i. Ho torma FoEB-'—...-
-+ FLEB-! = 1. [Toatomy au6o FoE B-1, nu60 FgE, B! - ...
- F,EB-! sBnserca asroMoppusmoM. IIponomxas TaKum
06pasoM, Mbl TOMYuMM, HAKOHEN, YTO JJf HEKOTOpOro Jj
F,E\B-1C-1 ... G- sBnderca aBToMopdusMom. Ho Tak Kak
B-1, C-1, ... — asromopdusvsl B rpymne NR,;, TO oOTCIONA
cnenyer, uto F,E; TaKye ABIAETCH asTomopduamom 8 N;.
Ilns mpocTOTH NpeanosoxuM, yro j==1.
 Paccmortpum Q-roMomopduoe oToOpameHue F; rpynmbl
N, 8 N,F, =P, Tax xak F,E;—asToMopdHsM, TO F,
6yner usomopdusmom. Hrak, M| F, sengerca &Q-noarpynmof
B P, Tak ke, KaK N MOAMHOKECTBO ‘B; TAaKMX 3/1€MEHTOB
zEP,, uro 2E;=0. Ecan y aBngeTcs J106HM 37IEMEHTOM
s B, 10 yE, =wF E; nma nekoroporo w ¢ Ny. Caenosa-
TenbHo, y ==(y— w) Fy -+ wF,, rae y — @F; €P;. Tak xax
‘g AMN,F,=0, T0 B CHAY HEPAIOKUMOCTH By, nMeeM
B, =0 u N,Fy="P,.  Takuu obpasom RN, Fy==P, u, cae-
n0BaTeNbHO, F, ABAfeTcs u3omopdusmoM Mexay Ry H PBos
a E,— usomopduamom wmexay B, u N,. Tloxaxem, uto
Hy==EF,+Ey~+ ...+ E, aBagercs Q-3H10MOPHHMOM.
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D10 BhTekaeT M3 Caegyioinero obuwero samedasud: Ilpexno-
nowum, yToN=N D... AN, u uto N'=N/D... DR,
apagerca @-noarpymmo#t rpynns R, Ecom A; — @-romomop-
duam rpynnst R; wa rpymy R, 10 EjA; ... - E4,
6yner Q-sunomopdusmom B rpymne R. 3uag, uto P, n (N,
4 ...+ R)=0, a, curegoearensio, N =P, 4Ny}
Fee +MH=B, R D ... BRN;, Mo nomyuaem TpE-
Gyemu#t pesyibrar. Tax kak zH, =0 Breyer 3a coGo#
z=0, T0 H, aBnserca asTomopgusmom, T. e. N'=N.
[TpeAmosoKHM Temepb, UYTO MBl YXKe TMOJNYYMIM TaKOe
coorsercTBue Mexay P; u N; ma i=1,2, ..., r, uto E;
seaserca 2-usomopdusmom Mexay ‘B; u My, a F; apasercs
Q-usomopduamom mexny N; u P;. Ilpennonoxum TaKxe,

yro R=P, D ... OB, DN,.. P ... BN, uuro H,=

=EF, +...+EF,+E, -} ...} E, apiserca asro-
Moppusmom. Tax Kak BHyTpeHHHe aBTOMOP(U3MBI (PaKTOp-
rPynns UHAYUHUPYIOTCA BHYTPEHHUMHM aBTOMOD(H3MaMH CaMOH

rpymie, 10 N =RN/(B, + ... +P,) Takxke ynosiersopaer
HALIMM YC/IOBHSIM, M MBI I0/IyYaeM, 4TO

m=93r+1@ on- @9{}»=§E+1€B <o @‘B—k,
rae_rpynnst Ry = (P4 ... + P+ N) /B + ... +F)
n By=P+ ... + B+ BB+ ... +P,) 2-nsomop-

¢uet coorsercrrenno rpynnam R; u P,. Ipn nomowu Bhiule-
HPUBEIEHHOTO PpACCYXAEHHS MBI MOXEM COINOCTaBUTb ‘P,
nanpumep, ¢ N,,,, TaK, YTO COOTBETCTBYIOLIME NPOEKIUH
E, . m F,,, GyayT sIBAATLCA HMBOMOD(H3MAMH MERIY Bt
H SEHIHME moAyuusid, Takum o6pasoM, paBeHcTBO N =

=R, RNoig®... DR E oo B, 0N
n ?%::SB +. M i %h)fBTohCM:HJigbﬁlErgﬁlcj )
r=x Bt FPB)EB N Ryt )

Cnenosatesbio, x==0 1 xEP, 4 ...+ P, Tax kax
B+ PO+ - +N)=0, o x=0.
Takum obpasom :

$I+"'+$r+l+mr+l+ v B Ry =
=PD... DB, BNR.aB ... DRy
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ne —
Crenosarensto, H, j==E\F 4 ...+ EFritEript+
+ ...+ E, seaserca sugomopduamom, Tax Kak F,.,

SBISETCS U3OMOPOUaMOM Mexny N, U B, . |, T0 2,41 Fry 170,

ecnn 2, =0 u 2, €R,,,. Crenosarensuo, zH,+,;=0
TOMBKO TOrA3, Koraa z==0; H,  , asasgercs aBTOMUPHHIMOM,
41 m:sBl@ Y @qsr.l.l@ mr.}.g@ s .. @%h-

ITHM N0Ka3aHBl CACAYIOIHE TEOPeMbl:

Teopewma 11. (Kpyans-Ulunar). Iycms R ssasemcs
Q-2pynnoli, npusem Q codepxcum 8ce BHYMPeHHUE ABMOMOP-

dusmol, u 8 M svinoanens oba yeaosusi o6pviéa yeneld. -

IIpednoaoncun, umo R=RN,D ... ON, =P, D ... P
oyoym 08yMA pasroxcenusmu zpynnst N 6 NPAMYI0 cym.uy
HepasnodcuMulx He pasuolx Hyawn epynn. Tozda h=&k,
u cyuecmgyem maroid Q-asmomopusm H, umo npu coom-
semcmeywuel wymepaguu ciqzaemox Py, WH=P; u

R=P,D...DP,BR, ., D...BRN, 945 awbozo r L h.

Teopema 11'. (Kpyans-Ilmunr, Bropas popMyaupoBKa).
Ilyems npu clerannoix 8uiwe npednoaoscenusx E; u
6y0ym maxumu RPUMATMUBHOMU NPOCKUUSME, 4MO

Eid-...+E,=1, E;Ep =0, ecau i £ 1,

F1+-..+Fk=1, FJF3'=0, ecau j:#j’-
Toxda h=~*k, u Mo momcem max ynopadowums 3sKO-
Mopgpuame. F;, wmoGe: cywecmsogar Q-asmomopgusm H,
Yyoosaemsopsiomuti ycaosuio F;= H-1E;H, ¢ wmobn H,=
=EF +...+EF,+E, +...4E, Asasascs 2-asmo-
MOPPHUIHOM.

B o6enx rteopemax mu Gepem H = EF; 4 ...} EpFy.

Ecin R =N'DON" asnserca npammM pasnoxeHHEM, TO
CyWeCTBYET TMPOAO/DKEHAE STOTO PA3JTOKEHHA - A0 PasAOKe-
HUA B TNPAMYK) CyMMy HepasnoxuMmesix rpymi. Orcioza Cle-
AyeT, 4TO €CIHM Bbllle COOTBETCTBYIOIMM 06pa3oM ymopaao-
unts P, TO cymectByer Tako#t Q-asTomopdusm H, uTO

RH=P$,D...0P u WH=,,,® ... 0B,

8. Noanas npUBOAUMOCTS. Ecam, kak 910 uMeer MECTG B
Hawem cayuae, Q-noxarpynnsl rpymnsl N ABAKIOTCH HODMalbs

F;
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HbBIMM JETUTENAMH, TO OHH 00pasyioT HIeACKMHAOBY CTPYK-
Typy £ OTHOCHTEIBHO Omepauuh N u -}-. B camom nRene,
NeIEeKHHAOBCKHH IUCTPHOYTUBHLIY 3aKOH

NN Ry Ng) =N+ R, NNy, ecam R 2R,

pMeer MecTo. IIOHATHH NPHUBOMMMOCTH M DPa3NOXHMOCTH #B-
JAIOTCA CTPYKTYDHBHIMH MOHATMAMH. [IOZOGHO 3TOMY, Gyaem
roBoputh, uro N snosHe npusoduro, €Ciu CTPYKTypa 2
BHONHE TPHBOANMA, T, €., €CAH IV KAXJA0H NOArpyImsl
N' =N madasrens nomrpynma NN Takas, uro M=
— N DN”. Baemenr N” nassipaercs donosnenues N’ OTHO-
curenso M.

Mycrs P, PEL n PSP n nycrs P’ spnsterca nonon-
nenneM K saementy ‘% orsocutensno R. Uz R=P' - P”
W 3 JeJeKMHIOBA 3aKkoHa Mbi monyuaeM, uro P=P -
L@ NP). Tak kax P NP =0, ro (PN B") amaserca
momoanexuem ‘P’ orsocurensHo P. Taxkum 06pasom, BCAKad
Q-noarpynna B moase npusoxumo#t rpynnsi N BroaHe mpH-
ponuma. Ecmm N=N,DON,> ... apmerca GeCKOHEUHOH
y6nBamolIel LeNbio 31eMEHTOB U3 £, TO WA [ == 2,3,...cy-
mecTsylT Takke snementst It 7= 0, uro N;_; =R, OR;.
Torzaa

m1=m2'@%2= e =m2!@. . @m;’@fm,
u R R, ON, =Ry DN DN,/ <. .. awaserca Gecko-

HeuHoOl BO3pacTaoieht uenso. Clel0BATENBHO, €C/IH BO BMOJHE
NPHBOJMMOR TPYTMNE BHIOMHEHO ycnoBue OGpHBA BO3PACTAI0-
WX UETIOYEK, TO BHLITIONHEHO M YC/AOBHE OOpHBA YOHBAIOIMX
yenoyek. Ilpeanonoxmum Tenepb, yro 0= N, N, .. 8-
nseTca GeCkoHeuHOH Bospacraioureft uenbio. Ompenennm R’
TakuM obpasom, uro N =N, EN,’, u ana i > 1 onpeneanm

RN, Tax, urods N;_, = (R—; N N)DN;. Torma Ni+

R 2R, _, v 2R, _,. Crenoparennyo, R=N; +N,. Tak

kak RN/, NR,) =0, To NRINRN;_, =0, a rax

kak (M NR)SNR;_,, To moayuaem, uTo N, NN, =0, u

N=N,DBRN,. Orciona u usz cooromenns N; _, > M; srite-

kaer, uto N, DRy O .. asnderca GeckoHeuHON yGuiBarowIeH



32 raiasa 1

uensio. CrenoBarenbHo, ycnoBue o6pbiBa yGHBAIOUMX Lemnef
BfieueT 3a COOOH ycnoBHe oGpbiBa BO3PACTAIOLMX EMeH.

Teopema 12. Ecau 2pynna RN ydosaemsopsem o6our
yerosugm obpoisa yeneld u B8HOAHe RPUSOOUMA, MO N =
=ND...0ON,, 20e nodepynns. N; npocmee. O6pamno,
ecau N=N,- ...+ N, 20¢ N;— npocmuie nodzpynnoi,
mo N snoaune npusoduma u ydossemsopsiem o6ouMm YcAO-
suam obpuisa Hened.

[TpexnonoxkuM cHavana, 4to ¢ BIOJHe NPHBOAHMA H
uro R=N,D... O N, rae noarpynnal N; HepasnOKHMbI.
Ecim N, wenpocras rpynna, 1o oHa comepxut ;' £ 0 u
He pasuyo ;. Tax kax N|; SN, To N, Takike BroaHe npu-
Boguma. CuregoBaTtenpHo, npu noxxomiweM N, =0 umeem
R, =N,/ EN,”, BOnpexn NpeanoIOKEHHIO O HEPABIOKUMOCTH
N;. Oycrs reneps R=NR, -4 . .. - N;, rae N, — npocruie
MOArpYnIbl, W NMycTh P; asaserca L-noarpynnodt B N. Toraa
PN R EL w, B cuny npocToTel  rpymmet Ny, nuGo
P N N, =0, b0 P; N N; =N,, Tax uto P, 2 N;. Ecam r0-
poe ycioBne BHIOJHEHO Aas Bcex £, ToP; = N. B npotneHoM
cnyyae nycrb i, Takod uHmekc, u4ro P; 1Ri, = 0. Torza
PBg=P; + N, =P, N;,. Ecan Mb OyaeM paccmarpHBarh
B, BmMecto P,, T0 nomyuum, uto au60 P, = M, au6o cyure-
crByer Takoe N (I, 7= i;), ana kortoporo Py N N;, = 0. Toraa
Py =P, + Ny, =P, ON,,. Ipomomxaa Takum o6pasom, M,
HaKoHell, A0HueM 10 Takoro k, uro N=P, =B, DNy, =
=P, DN, D ...BR;,. Taxum obpason, N;D... DNy,
ABNACTC HOMOJHEHHeM K HoArpymne P, orHocuteasro M.
Ecan wmbl paudem ¢ P; =0, 10 nonyunm pasnoxenue N =
=N;D... DN, Cnexosareasho,

ER:CR"LEB' ..@%ik):(%jz@. . .EB%,;):...:%@-RDO

ABJAETCA KOMIO3HUMOHHBIM pazoM maa R, U, mo Teopeme 6,
BLINIOJIHEHBl 00a yC/lOBHfI OGphiBa Liereit. -

9. o-moaysaHu. BBeieM Tenepb NOHATHE MOLYJA, HMElOLlee
OCOGEHHO B1XKHOE 3HAYeHHE B TEOPHHM  MIpPeACTABACHHH.

IIpedcmasasenue abCTPaKTHOTO KOJbUA ONpefie/MM KA ro-

rPYINLG H SHIOMOPGU3MBEL

[ab)
(v

MOMODGHHU3M KOJIBIA 0 B KOJBUO 3HIOMODPHIMOB KOMMYTa-
THBHOK rpymiel X M 0603HAUMM 3HAOMODH3M, COOT-
BETCTBYIOIMA 3/ieMeHTY @ u3 o, uepes A. Tem He MemHee,
Mbl GyaeM cunTtath Oojee YAOOHBIM 0GO3HAYaTh pesyabTar
xA pefCTBHA A depe3 Xa M DPACCMATPHBATH 3TOT BJcMeHT
xak «npousBefienter x €M u @ €o. Ouesnano, BLMONHEHH
CeAyIOIHe COOTHOIIEHHS ;

(¢ ) a=xa+ ya,
x (a4 b)==xa - x9, i (2)
x (ad) =(xa) b ]

aast ecex X, yEM u @, 6 €. Mol Gynem remepp Hasu-
BATh KOMMYTaThBHYIO rpymmy IR o-mody.ren, ecam mias xaw-
LOro 3feMeHTa X u3 N W A% KAMAOrO 3/1eMeHTA @ U3 O
onpe/iejeHo mpou3Bedenne xa& CIR, mnpuyem BHMOJMHeHBI
cooTHoweHus (2). Takum 06pasoM Mbl MOAyYMAH, YTO rpymmy
2, B KOTODOH NpeACTaBAACTCH KOJBLO p, MOKHO PACCMATDH-
BaTh KaK o-Monyab. C JApyro#f CTOpOHB, KamIbl#i 0-MOAYJIb
Onpele/seT NpeACTaBJAeHHe. B CaMoM nxese, COrmacHo mep-
BOMY DaBeHCTBY M3 CHCTeMBl (2), OTOOpaXeHHe x —» Xa
aBasieTca sHnomMopdusmom B IN. CornacHo BTOPOMY H TpeTh-
€My DaBeHCTBAM, MHOMKeCTBO £ TaKMX SHIOMOPOHM3MOB 3aMK-
HYTO OTHOCHTe/BHO C/IOXeHH? H YMHOXeHus. Kpowme roro,
MBI MOXKEM JIeTKO BhIBECTH, 4TO X 0 == 0 u 410 X (— a) = — xa,
TaK 9T0 £ CONEPHHUT HyNeBOH SHAOMODDH3M H 0OPAaTHL
SHIOMOPGUSM AA5% KauJAOTO 3HA0MOP(U3MA ITOFO MHOKECTBA.
Takum o6pazom O sBAAETCA KOABLOM. Teneps, cornacHo sro-

-POMY H TpeTheMy DaReHCTBAM, COOTBETCTBHE MEXAY 3eMeH-

TOM @ ¥ BHIOMOD(UIMOM X —> X@ HBAAETCA TOMOMODQHHM
oTOGpaMeHueM KoOJbIa D B .

Tak xak konbuo o cymecTByer Hesasucumo oT IR, To
€CTECTBEHHO CPABHMBATH DAasNHuHble 0-MOAYAM., M ompeze-
JaeM  p-20M0M0pHusm H o-monyas M B o-monyar N kak
TaKoe romomMopdHoe OTOGpaxkenue rpyrus I B N, npu ko-
TopoM Aas BeeX xE IR um a€o umeeM (xa) H=(xH) a.
Ecau romoMopdusm H B3aHMHOOHO3HAYeH, TO MBI MOJYYaeM
v-u3omopgpu3s. CXOMHEIM 06DasOM Mbl OmpexensieM p-9K0-
MOpPusm W D-asmomopgussu. Ecan N sasaderca TakoH noge

3 Bam, 748. H. dmexnoboon,
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rpynmol 0-MOAy/A, 4to AAs BCeX YEN m a0 uMeew
ya &N, 10 N apagercs MOAyZTeM OTHOCHTENBHO YMHOKEHH:
‘ya. Torga M HaswiBaercs noomodyses B momyie . Ilona-
ran (x -+ N)a==xa—-4 N, Mo 3ameyaem, uTO 372 QyHKUUA
onHosHauna aag nap x-+~MN w3 MW/N u a us o. Ilpasuna
(2) Bemoanens, u motoMmy /N semgerca wmonynem, ghak-
mop-xody.aes monyas M no noamonymo N. Mogyas I Ha-
3EIBAETCA MPUBOOUMbLM, €CIH OH COLeDMUT COGCTBeHHBIH
p-noamonyas. CxoanbniM 06pasoM OmpelesisieTCq PA3AOHCIL-
MOoCcmbs U NOAHAS NPUBOOUMOCHLD.

Mul yBMRIMM B JalbHe#llieM, YTO B TeOPUH KOJell OCHOB-
HBIM SBJASETCH Cledyioulee WpPeACTaB/ieHHe. PaccMOTPHM 0O
KaK KOMMYTATHBHYIO T'DYMNy OTHOCHTEJBHO CIOXeHHUS, ONpe-
LeJieHHOTO B KOablie 9. MB MOXeM Torja IpeBpPaTUTh 3TY
rpynny B 0-MOJYJb, INONAras Xa DPAaBHEIM NPOH3BENEHHIO X
H @ KaK 3AeMEHTOB Koabua. Toraa paseHcTBa (2) CaedyloT
M3 AUCTPHOYTMBHOTO M accOLMaTHBHOrO 3axoHoB. Cienosa-
TeMBbHO, Fpymna o #ABAfieTcs o-Moxayaem. Orciona cilenyer,
YTO COOTBETCTBHE MEXAY 3/IeMeHTOM KOJbLA @ W 3HAOMOD-
bu3MOM X — x@ ABAAeTCH NpeacTaBaeHueM. OGO3HAUNM IHAO-
MophusM X —> X@4 uepe3 @, M HA30BeM 3TO OTOGpaxeHHe
APABLLM Y MHONCEHUEe M, ONP2le/IeHHBIM TPH TOMOLIH 3/1eMEHTa &.
[lpencraBienne @ — @, ABIASeTCH (UPABLIM) pe2yARPHELM
npedcmasgpenues Konpla o, Ecau p obnanaer exunuied 1,
10 U3 la,==15b, creayer, 410 @ ==b; CNeAOBATE/]BHO, Pery-
JSPHOE TPeACTaB/leHHe B3aUMHOOJHO3HAYHO, O-HOAMOLY/MSAMH
OTHOCHTEJBLHO PpETyJAPHOr0 npelcTaBAeHus OyIyT DNpasble
Hieansl B 0.

Bce TeopeMbl, AOKasaHHble HaMM Ajd Q-rpynm, cnpaseji-
JUBH M AA8 o-Moxynell. laMeHeHHus, KOCTOpble HYXHO TpoO-
BeCTH B YTBeDNAEHMAX M 1OKA3aTeNbCTBAX, OYeBHAHBI. Ha-
npumep, ecin I aBagerca o-MoAysAeM, romoMopduo oToGpa-
KaeMbIM Ha p-MoAydb R}, TO MHOXeCTBO ‘P 3JAeMeHTOB,
oTo6paxaomuxca npu sToM 8|0, ABAdeTcs moamoxynaeMm B I,
npudeM M/P u N Gyayr o-usomopdus. Ecam o comepxur
eIMHULY, TO CIelyIOUHH MeTOX AdeT HaM BO3MOXHOCTb HpH-
BECTH TeOpMio p-MOmydeH K Teopun Q-rpymm, Ecnin M u N
SBAAIOTCA 0-MONYAAMH, Mbl oGpasyem mpsamyio cymmy & ==

=MDRBo u onpesenny (x }y 4 &) a = xa-}-ya--ha,

o]
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rie x€M, yER, a€o u b €o. Takum o6Gpazom Mbl moay-
yaeM n3oMOP(dHOEe p KOALUO 3HAOMOpDH3MOB 1 rpynnu ©.
Teneps I n N aBantorca O-nmoarpynnamu u O-roMoMopHbL
(O-u30oMOPQHEI) TOrAa M TOJALKO TOTAA, KOTAd OHH 0-FOMO-
MopdHB! (0-U30MOPQHEI).

Hakonel, Mbl MOXeM 3aMeTHTE, YTO HEKOTOPhIe HPOGAEMBI,
Kacawoumecss Q-rpynn, Moryt ObITh HpHBeZeHB K BOIPOCaM,
Kacawmumes npeiacTasiestil. [1ag 3Toro 3aMeHgI0T MEOXeCTBO
Q comepxawuM ero Koabuom L), OnpelefeHHHM KaK Hau-
MeHblIee TOJKOJBLO KOJAbIA 3HAOMOP(H3MOB, COMepHKalilee
BCe mpeoOpasoBaHust uz Q. Torma O ompenessier cBoe cob-
CTBEHHOE NpelCTaBjieHHe, HAM, OoJMee TOYHO, NPeACTaBJISHHE
Koapua o, usomopduoro . Ipymma IR, B KoTOpoH neit-
CTBYIOT SHIOMOP(H3MbI, OyldeT, TaAKHMM O0pPA30M, 0-MOLYJEM,

10. JleBbie mMopynm. Tak Kak MB HHTepeCyeMcsl, B Tep-
BYW0 oOdepellb, HEKOMMYTATHBHBIMH KOJbLAMH, TO IOHSITHe
06parHOTO TroMoMOpdH3Ma [MOYTH CTOJNb Ke BAXKHO A
Hac, Kak nousTde romomopdusma. HanomHuM onpeneiieHue:
OrobpaxeHie X — x' KOMbIA 0 HA KOJABUO 0’ Has3LIBaeT CA
00pamublM 20 MOMOPPUIMOM, €CIM IAT MOGHX x, Y€ o

" BHIITOJIHAOTCA ClleA¥liHe paBeHCTBA:

(tyy=x"+5y, () =y

Ecaiu npu 3TOM OTOOpaeHHe B3aMMHOOIHO3HAYHO, TO OHO
Ha3bIBAETCA OOpAMHBLM U30MOPOHUIMOM, @ KOMBLA © M 0
o6patHO u3OMOpbubiMU. B ToM cayuae, korma o =o', Mhl
noayyaeM MNOHATHE oO6pamwnozo agmomoppusma. Hanpumep,
CTaBd Kaw/JAOH MaTpule B COOTBeTCTBHEe TPAHCIIOHHPOBAHHYIO
MaTpHIy, MBI 1[OJyYaeM OOCpaTHH M30MOPQH3M B KOJbLE
MaTPHLl C LeAbiMH PALMOHANBHEIMH 3JIcMEHTAMH.

Ecau o saBaseTcsi HPOMBBONBLHBIM KOMBUOM, TO MBI MOXeM
00pa30BaTh MHOXECTBO 0', 3JeMeHTEH KOTOPOTO CTOST BO
B3aMMHOOAHO3HAUHOM COOTBETCTBMM C 3JIeMEHTaMH H3 0 (X —
—x') n onpemeants x'-}y wak (x—+y) u x'y xax
(yx)'. TMonyuusliasgcs cucreMa SBAAETCS KOJBLUOM 0, 06PATHO

M30MOD(HBIM KOMBIY ©; COOTBEeTCTBHe X — X' 6yder o6part-
HbIM H30MOPH3MOM.

3%
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Mul mMoxeM Tellepb cOpPMYAHPOBATH NOHATHA, ABOHCTBEH-
HbIe TIOHATHAM MIPpeACTaB/NcHUA H 0-MOLY/JIA. Mnl OI'IPEH.EJIHEM
o6pamnoe npedcntagrerue KOAbLA 0 XaK 06paTHO roMOMOD(-
HOe OTOOpawmeHHe @ — A’ KOJAbBUA v B KOMBUO 3SHAOMOPHU3-
MOB KOMMyTaTuBHOM rpynmbel JK. B .atom cayuae yAoOHO
oGo3Hauath BenwunHy XA', Kak GyHKUMIO X U @, yepes ax.
Torna:

a(x+y) = ax—}_a.ya !
(a +1) x=ax -} b, 3)
(ab)x == a(bx).

Mu npuxoamM, TakuM 00pa3oM, K OMNpedeicHHI0 JIeBOTO
o-M00yas I, KaK KOMMYTATHBHOH TpynNb, AAs KOTOPOi
onpelesieHO NpOU3BeleHWe 2eMenToB X M3 N u a u3 o,
aHaYeHHe KOTOPOro ax nexur B IR u ynosnersopseT COOT-
gouednam (3). Takum o6Gpasom Kaxnoe oOGpaTHOe HmpeacTa-
BJACHHE TPHBOOUT K JIEBOMY 0-MOAYNIO, H, 00paTHO, eCiau
3a1aH JMeBHH 0-MOAYJb, TO COOTBeTCTBHME @ ~ A', rie xA' =
=pax, fABaferci OOpaTHHM npencraBieHHeM. OnpeneneHus
u3oMopguamMa, nodmodyss v T. 4. TaKHe Ke, KAK H AAd
o6bluHBIX MOaynel. Kak ecrecTBeHHO OXMIaTh, ,06paTHas®
TeOpHsl MapannennHa oOblyHOH Teopuu. MB MOXKeM, B CaMOM
Zesie, TMPHBECTH ee K OOBIYHOM TeO)HH, 3amevass, YTO /eBHH
0-MOZY/b MOMET DacCMaTPHBaThCA KaK 0'-MOAyNb, riae o —
Koablio, obparHo u3oMmopdHoe koably o. Tem He MeHee,
BO MHOTHX CJayyadx Ham OydeT yAOOHee HeMOCPEeACTBEHHO
HMeTh AeNO C JeBbiIMH MOLY/ASMH BMeCTO TOr0o, YToOH MpO-
BOIMTb 3Ty 3aMEHY.

Kak ® paHee, amgaMTuBHad rpynna Jmo00ro Kojabua o
ABAAETCHA JI€BBHIM 0-MOAY/AeM OTHOCHTeNbHO (PYHKUHH, 3HaYe-
HHAMH KOTOpOH# SIBASIOTCH NMPOM3BeleHuA 4X, TAe X JEXHT
B alJMTHBHOH Tpynme o M & B Kojblle 9. M o0o3HaYnM
oTobpaxcHHe X — axX uYepe3 @; ¥ OyneM HaseBaTh ero .e-
8bLM Y MHONCEHUeM, ONPE/ieIeHHEIM NIPH. IOMOWH 3/eMeHTa a.
O6patHoe nmpencTapieHde @ — @; HA3LIBAETCA Ae8WM PEZYARD-
Hoim npedcmasaeruesm. OUeBHAHO, YTO MOAMOIYJIAMH JEBOTO
0-MOZYJSl O ABJAIOTCA JeBble HAEANBl KOJAbLA 0.

%
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BEKTOPHBIE IIPOCTPAHCTBA.

1. Onpenenenue. B sroff rnaBe Mbt 6yneM u3yyaTh KOM-
MyratuBHylo rpynny R oTHocuTensHo MHOxecTBa P 3HIO-
MopduaMoB, o6pasylwwux Teno (HEKOMMYTATHBHOE TOJE).
Muoxecteo £ ®-3H10MOP(PH3MOB Ipynmel NOAOGHOrO THNA
fIB/IAETCA KOJBIIOM MAaTpull Haa o6paTHO H30MOpOHBIM K P
tenom ®'. Haumle wu3yueHne SKBHBANEHTHO, C/ENOBATEIBHO,
H3yueHuio Kouel Marpuil. ORMH H3 OCHOBHHIX DPE3Y/ALTAaTOR
CTPYKTYDHOH TeOpHH Kojell (nonyyaeMsii B raase 4) cocrout
B TOM, UYTO BCAKO€ NMPOCTOE KOJbLO, YHOBJAETBOPSIOIlEe He-
KOTODBIM YC/IOBUAM KOHEYHOCTH, ABJACTCH KOJMBIOM MAaTPHL
Han TeaoM. C TOMOIBIO 3TOH TEOpeMH MBI CMOWEM IOKa-
3aTh, YTO HAIUM KaMylIHeCcd BeCbMa CMELMANbHLIMH paccMo-
TPEHU 3aHMMAIOT BAXHOE MecTO B O0wEed Teopun.

YTOUHUM NPEAnoNoXeRHs, KOTOPbe MH eldeM OTHOCH-
TenbHo R u P

1. Ecin «, BEDP, To n a +BED u af € 0.

2.0un1¢d.

3. Ecnn a€®, 10 ¥ —ag®, u ecmn a£0, T0 @
ABnseTcA  aBToMopduaMoM, u «-1 € P, -

Takum 06pasom, MHOecTBO @ ABIAETCA MOATENOM KOJbLA
snaomopdusmos rpynnkt R. Mbl HaswiBaem R sexmopusin
npocmpancmeon (MUHeHRHM NPOCTPaHCTBOM) Han &,

Tak me, KaK ¥ KOMMyTaTHBHa? Trpynna OTHOCH-
TE/bHO IMPOU3BOJILHOTG KOAbLA  SHAOMOPQU3MOB, KAXI0e
BeKTOpHOE NpocTpancTeo R nan P momer GmTb paccmarpu-
BAEMO KAK $-MOIYJb, 'EE ¢ SIBASETCHS TPOHM3BO/BLHLIM KOJb-
uow, usomopdurm ¢ ®. OnpeneleHHOE B MOAy/Ae NPOH3-
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Belenne x1, roe 1 sABnfeTcs epuuuuei B ©, PaBHO X And
Bcex xCR. C jpyroll CcTOpOHEH, NpPeANONONKUM, YTO @
IBIETCA IIPOU3BOJILHBIM TeJOM H uTto IR ABAAETCA @-MOLY-
neM, B KOTOpOM x 1 ==x aua Bcex x. Ilycts & oGosnauaer
KOJIBIIO 3HAOMOD(UIMOB X —> Xa, ONpeneseHHHX P NOMOLLH
aneMenToB o u3 ¢. Torga & Gyzer romoMOp¢HLIM HEHYIEBLIM
ofpasom Tena ¢. Orciona caenyer, uto P uzomopdHO ©.
CnenoBatesibHo, @ sBASETCA TeIOM, M TaK Kak P comepxur
TOXAECTBEHHOe OTOOpaxenue, T0 ® yuoBIETBOPALT YCIO-
suaM 1-—3. Taxum o6pazoM, MLl MOxeM OnpexeauTh BeK-
TOPHOE TIPOCTPAHCTBO, KAK TAKOH ©-MOAYNb, UTO ¢ SIBASETCH
TeAOM, U X | = x 114 Bcex x u3 Moxnyas. ®-noxrpynna &
BeKTOpHOro npoctrpadctea R Han P uaswmBaercs nodnpocm-
parcmgor B M. MBIl OrpaHuyuMCcs DPACCMOTDEHUEM KOHEHHO-
MepHb X BEKTODHBIX NPOCTPAHCTB, T. €. TAKHX IMPOCTPAHCTB,
KOTOpble YHOBJAETBOPHIOT CAEAYIOLIEMY YCIOBHIO: '

4, BpNOAHEHO yCaA0BUE OOpPHIBA BO3pACTAOMUX lernedt
AN MOATPOCTPAHCTB. ‘ :

Eciu x SIBASETCS HEKOTODHIM BEKTOPOM (3JeMEHTOM) M3
MR, To MHOmecTBO (X) BEeKTOPOB BUIA Xd, I'JE & — NMPOU3-
BOMBHBIL 3MeMeHT u3 P, ABAsIETCS HENPHBOIMMLIM TOANPO-
CTpascTBOM. B camom peie, ecmu x =0 u Hekotopoe
y =0 nexur B moxnpocTpaHctee & mnpocTpaHcTBa (x), TO
y=xv. CnenoBarenpHo, x¢=y7-1a€S, taK uro (%)= &.
OueBHTHO, 4TO MOANPOCTPAHCTBA THIA (X) SIBASIOTCA eNHH-
CTBEHHLIMM HeNPHBONUMBIMH TIONNPOCTPAHCTBAMH, TaK Kak
M060€e TMOANPOCTPAHCTBO COAEPIKHT MOANPOCTPAHCTBO TAKOTO
BH 4.

[ycre & sBasercs nomnpocrtpancteom =R u nycrs
v, —Bekrtop, He Jjewauu#t B8 &. Torna, Ttax Kaxk (y,) He-
npusogumo, 10 & =& L (v)=8D(y,). Eem & £R,
TO Mbl MOXeM HafiTh Y, S, u toria S, =8, | (¥, =
&, D(y9) =& D (v, )D(vy). INporomxas rakum 06pazoM, MH
MOJNYYMM  BO3PAcTAOINYI  Lenb  NOANPOCTpaHCTB &, =
=SSO ()D...D(y,;). CrenosarensHo, B CHIYy YCA0BHSA
o6pbLIBA BO3pACTAOMMX Uened, HAHAETCA Takoe Le/10e r, 4YTO
R=SB(y)D...D(y,). Honoxus & =(y)L...D({,),
Mbl monyunM pasaoxenne R = SD &'. Cuenorarensso, R
Broade npusoAumo. Ecau Mer Haunem ¢ ©==0, TO MOAyuxM
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MHOKECTBO TAKHX BEKTOPOB Xy, Xg,..., X, 70, uto R =
= (x)D .. D (x,)1). Kawaot BeKTOD X HMMEeT eXUHCTBEH-
Hoe npeAcTaBieHne B Bume Yx;&;, rme § € @; 8 camom nene,
x£; OTpe/ie/IeHO SJMEMEHTOM X, ¥ X;§; = X m; BAeueT 3a coGo
£, = T;. Dnementrl X 06pa3yoT 6asuc npoctpancrsa R nan P.
[To Tteopeme Kopnana-I'eapnepa, mu60 1O  Teopeme
Kpyans-llmuata, wx uauciao n, pasueprocms R Hap O,
WHBapHaHTHO. B cienywoowem maparpage Mbl MOJNYYHM Hemo-
CPeACTBEHHOE NOKA3aTeNbCTBO 3TOF0 YTBEPKIEHHA.

I3 MHBAapHAHTHOCTU DPa3MEPHOCTH CJIENYET, YTO U30MOpd-
HblE ©-MOAYJIM HMEIT OMMHAKOBYIO pasmepHocth. OGpatHo,
nycte R, n R, gBagOTCA ©-MONYAAMH, HMMEIOUHMH OIHHZ-

KOBYK) Pa3MEpHOCTb, M MYCTh =0, sy o6pasyloT 6asuc

nas Ry, Torma coorsercraue Exa; — ExPa;, rne ;€ 0,
SIBASIETCH @-U30MOPPUIMOM.

Ecivi © 9BISETCA NPOU3BOJMBHBIM TEJOM, MBI MOXeM
MOCTPOUTL BEKTOPHOE MPOCTPAHCTBO /0060 DasMEpHOCTH 7t
Hax KoabuoM 3HxoMop¢u3MoB P, nzomopdurM ©. B camom

nene, nyctb R ABARETC MNPOCTPAHCTBOM SJIEMEHTOB
x= (..., 8), Tie § €0

Mbr GyaeM cuntaTh, UTO X =y ==(1,..., 1), eCIH & ==v;,

u nonoxum x - y=(&, +-n,..., E,-tm,), xe=(a,,. . .5,2)
ana a €o. Torga f aBaAercs ©-MOAYNEM, B KOTOPOM X 1=x.

CaenoBartebHo, N sa8aAeTca BeKTOPHHIM [POCTPAHCTBOM Haj

1) Ecii Mbl IPHMEM TEOPEMY O NMOJHOM YHODALOUYHBAHUH, TO 3TO
yTBEpKACHHE MOxeT OBITh YCTaHOBNEHO 6e3 ycroBus o6pbiBa BO3pa-
crapoumx ueneit, B camom xene, mycTh [ya] ABAAETCA MHONKECTBOM
BEKTOPOB u3 R, riue o npoberaer OTPe30K MHONKECTBA IOPAIKOBBIX
yucea, Beaw & ABiAeTCA NOANPOCTPAHCTBOM, Mbl OMpENeTuM Bce
$&,, KaK HauMeHbliee INOANPOCTPAHCTBO, copepxauee & M Bce yg

npn §<a. Ecau yqégw TO TIOJNOXKHM J, = Xo. TOTLA 3JMEMEHTHl X

IMHEHHO He3aBUCHMMHl M TOpOXIAT pomosHenue ¥ &. Ilpusexen-
HOC BbILIE PaCCYyXIEeHHE TNOKA3bIBAET, UTO YCJAOBHE OOpLIBA BO3-
pacTailAX Lenei Baeuet 3a co6oil ycaosue o6puiBa yObBaIOLMX
neneit. Mrak, 13 noano#t npuBOAHMOCTH R BHITEKAET, UTO YyCJAOBUE
o6peIBa BO3PACTAWIUMX uemell caexyer M3 ycaosus ofpbiBa yOul-
Bapouux uened. DTO MomeT OHTb TaKWe JIOKa3aHo Hemocpes-
cTenno (raasa 4, § 12).



40 riapa 2

konpioM P annoMopdusMos Buna x — xa, u H usoMopPHO ©.
Ecan mbt nonoxum x,=(1,0,...,0),...,x,=(0,..., 0,1),
TO TONy4HM TpsMoe pasnoxenue = (x,)D...D (x,). Cre-
nosareabHo, R o6nanaeT KOMNOZMLMOHHBIM DPAZOM, M, TaKAM
o6pasom, R ynosnersopser 0GOMM ycnoBHAM OGpHIBA LieneH.
PasmepHocts R pasna #. Bo3MOKHOCTL MOCTpOeHHS BEKTOD-
HOTO TMPOCTPAHCTBA HAX JIOGHIM TeJNOM OGeCneynBaeT npur
JOXHMOCTb Pe3yJlbTaTOB, KOTOPHI€ Mbl BLIBEAEeM MIAA Tel
SHIOMOD(H3MOB, K NMPOM3BOJBHHIM TEJaM.

2. Hamenenue Gasuca. Bekropnt y,,..., y, us R Han
© uasuiBAlOTCH suMeliHO HesasucumbiMu, ecan S==(y,) |
T+ (V) =)D ... D(y,), npuvem Bce y; 7= 0. Sxpu-
BA/ICHTHBIM 3TOMY YCJIOBHIO fIB/IRETCA Clenyiomiee: ¥ y;2,==0
TOraa W TOJMBKO TOrja, kKoraa Bce o;=0. [Ipeanonoxum
TEEPb, 4YTO 3JIEMEHTH Vi JHHEHHO HE3dBHCHMEl, H VY, ==
= Y x,8;; ABNACTCH BHIDAKCHHEM S/IEMEHTOB y; yepes Gasuc

Xy oo, Xy Ecan p aBafercs npoussonbHsIM snementom u3 &,
TO  SNEMEHTH ¥, Yo 10, Vg, ..., YV, JHHEHHO He3a-

BucuMbl. B npomuBHOM cayuae y, -+ y,0 € () - (ve) +-
4. o -0,), ClIe10BaTeNBHO, Yo € (Vi) + (Vo) + ... +

~F(v,). Mo noayuaeM, Takum o6pasoM, uto & =(y,)
+ (y2 ‘%"ylp)_-'_ (.yS) _‘_ v —}— (yT) HYCTb pnd:)t 0’ A noJjo-

KM p=— [, Bp». Torna BhipaxeHne IS BEKTOpA y%” ==
==Y -F-¥ip He [OMKHO CONEPKATb Xn. IIOZOGHHIM e

00pasoM MBI MOXeM HaHTU TaKHe BEKTODHI
(1) (1) i e [
Y, ..., V¥ B(x1)+"'+(xn1-1)l(x”1+1)-i T (xn)’

uro y,, v9, . .. , ¥P  nusettno He3aBuCumel, 1 S = (y,) -+
+ %)+ ™). Myers reneps vV =¥ x84, unpen-
onoxuy, uro Phh 0. TMosaran y' — P — gt g
nAf k==3,4,..., Mu 3amevaey, uto y'} =0 u uTO BHIpA-

2
KEHHA IS 3THX y(k) HE CONEPKAT HU Xy, HH Xp,. Kpome

1010, 8=(y) B(¥Y) DO D. .. B ?). Mocne neckomn-
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KHX MOBTOpeHMHA BTOro npomecca Mb noayyaem @S =(y,)P

SN B ... OUYY), rre
y,?”l):xnﬂnii'}‘zxﬂjtios Yn,dio’ s=12,...,
. J#n .

8

oy

n BCe fy pasiudubi. COOTBETCTBHE MEXKAY Y, M Xp,, ICHO TOKa-
3biBaet, uro r<Cn. Ecmu ©=%R, To snements y; Takie
obpasyior Gasuc B R, u mnotomy, mo cummerpmu, 1< r.

Taxum o6pasom, ecue pas JOKa3aHO, 4TO pasMepHocTh R
WHBapUAHTHA.

HemHoro ycnowmuas npuBefleHHH# BLIUE METOA, MBl MO-

JY4HM TaKo# Gasuc 2,,..., 2, aaa &, urto
24=Xnlny + X %58, End *0,
= 1, vy T

YMHOXas 3TH BEKTOPH Ha E;@fl H  NepecTaBnasd HX IOTOM
HanjexamuM o0pasoM, MH TIOMyYMM, HAKOHEL, TaKOH 6Gaauc

Uy, ..., 4, B S, uro ui=xni+2xjpj‘ un<ng<....
J#ny,

Ectn © =R, 1o u3 uHBAPHAHTHOCTH pa3sMepHOCTH creayer,
410 r=7. Torna BekTOpa u; NBIAIOTCA NPOCTO NEPBO-
Haua/MbHHIMKM  BekTOpamMn x;. [lpexnonomum, o6paTHo, uTO
r===#, T. €. 4YTO B3JIeMEHTH Y; AMHEHAHO HE3aBHCHME, M HX
YMCHO paBHO pasmepuoctn R. Torma u;==x; u noroMmy
S/EMEHTBL ¥y, PABHO KaK W 3JMEMEHTH X;, 06pasyloT 6as3uc
npoctpauctsa R. Hano ormeruts, urO nepexon ot Gasuca
Yiso- s Yn K 023UCY #y==x,,..., U, ==X, OB BHIOJHEH
TpH  MIOMOWHM TOC/MeN0BATENbHEIX 3aMEH OJHOTY M3 CJEAyIo-
WX THIIOB: '

Lyioy,manicEru y, =y, +yp, s+r.

L ys>ynnaifruy,—y0 c0.
Hl. y¢—y, nnqa iz£r,s u Ve =V Vo= Yy

[ocaenuu#t TN HyXeH Aas NPABHALHOIO y1OpANOUHBAHHSA
3JIeMeHTOB Ga3uCOB. :



42 rRABA 2

Beanm x4, ..., Xy U Yy, ..., Yy SABIAIOTCA ABYMST NDOU3-
BOJBHBIMH Ga3Hcavu s M, MbI MOMKEM NPEANONOKHTb, UYTO

Yi= ijpji 0 Xx;= Zykakj'

STH BHIpAXEHHs OMHO3HAUHB. Tak Kak
V= Zykakj Bjer  Xy= E_xkpmaij'
kg %4
TO Mbl TOJyYaeM:

Z“kj Bji == Ogis %pkjaji == by
i

(33 —cumBon  Kpouekepa). Taknm 06pasoM, €Cad Mbl
nonowum B = (8;;), A==(a), 10 noiryuaem AB=1= B4,
rae 1 0G603HAuaeT eAMHWYBYIO Martpuuy B Koabue &, Beex
MATPMLL MOPAAKA 1 C ieMeHTamu u3 Ttena B1).

C npyrofi cropoms, mpemmonoxuM, uro B==(J;;) aB-
ASETC TIPOM3BOMLHON MATPHIEH, MMEIIER npaByio 06PaTHY
A(BA=1). Tlonoxum y;= 2%, T4€ £, ..., Xy OOpa-
sytor Gasuc R. Torpa

Zykakj = Exi@'ikakj = insia' = Xy

1) Ecau U sBasetca xoabuom, 10 Uy o6o3HayaeT MHOXECTBO
BCEX 9JEMEHTOB BHEA Xe;d;; THe ;€ U, npuueM Zeijaij:
= Yie;;b;; TOrAa K TOAbKO TOrAA, KOTAA djj = bij. Mbl mosnoxum
Segai;+ Deijbi=Zeij(ag; + b n (Begaij) K (Zeyby) =
= Zeq-j(Ea@-kbkj). Noayuaomascs CHCTEMA SABAACTCA  KOJBLOM,
TTOAMHOKECTBO 3JAEMEHTOB BHAA Xe;;d ABIAeTcH H30MOpHhHHM
¢ U nonxoabuoM 9. Mel uuaentudunvpyem U c¢ . Ecau U comep-
wuT eguHuuy 1, 1o A, COmepHKHUT TEAKHME SJIEMEHTH eij= ¢ 1,
yToO &; 'ekl': ajkeili H 811+ . +e’n’ll ABAACTCA eHHHALEH B KOJAbLE
o, Kamuwii® snement a u3 9, Moxer OHTb OIHHM Y TOJIBKO

OIHHM cnoco6oM mpejcTaBieH B BHAC Ze,-jai j TIe e;;a;; 0003Ha-
yaeT Tenepb NPOUBENEHUE €;5 K &ij Qi€ L. énemembx H3 U KOM-
MyTHpYOT C e;;. OOpatHo,  mycTb B ABIALTCH NPOH3BOJLHLIM
KOABIIOM C emHHuuedl 1 u aaeMedTsl €;; U3 B YIOBIETBOPAIOT
BblUENPUBEIEHHBIM YCAOBAAM, TIDHYEM Ye;,; = 1; nycrs, nasee, B
comepxuT Takoe nogkoapuo A, wro 1} 1€, 2) ae;y= e a Aaa
Beex @ u3 A, u 3) kawapii 374eMeHT u3 B Momer OHTL ONHHM I

TOAbKO ORHMM 06pa3oM 3anucaH B Bupe Xeyapj Toria B,
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Ecau saementsl y; MUHEHHO 3aBHCHMBI, Mbi MOXeM BHIOPaTh
M3 HUX TaKoe NHHEHHOe HEe3aBMCHUMOE IMOJAMHOXKECTBO Vi, ..., V,
uro @=(y) ... - (W) =) D...D(y,) aBagerca uan-
nexamum pasnoxenneM. Tak Kak X, ..., X, €S, 10 S=1WRQ,
U Mbl HOJYYMAH TNPOTHBOpEYHE C WMHBAPUAHTHOCTBIO pas-
MepHocTH, CleIOBaTeNbHO, 3JIEMEHTHl Y; JHHEHHO HE3dBHCHMEL

M noToMy OHH TaKike o0pasywor 6asuc mnpocrpancrsa R
u AB=1.

Teopema 1. Ecau ® ssasemcs menosm, mo AB=1
8 ®, moz0a u moavko mozda, Kozda BA =1.
Ecnn anemenrtsl y; He 00pasyioT 6asuca, TO OHH NHHEHHO

3aBUCHMb H, CJAEIOBATENBHO, X,y;7;=0, rze ue Bce 1, == 0.
Ecau y@-=2xj[3ﬁ, TO Z,Bjmzo, TaK 4TO Marpuua

0. . .0}

ynosaeTBopsier yciaosuio BC==0. O6parno, ecau C£=0 u

BC =0, TO BeKTOpH Z.jﬁji avHeHHO 3aBMcuMbl. Taxum.
06pa3oM, HaMK JOKasaHa

Teopema 2. Ecau ® ssagemcs meaon, mo mampuya
uz ®, mozda u moavro mozda obpamuma, ecau OHQ HE
ABASEMCS ACBbLM OesMensesm HYAS.

[Mycts @' asaserca TesnoM, oGpaTHO usoMopdHbM Teay P,
u a->a Oyrer ob6paTHbiM H3omopdusmom meway P u D'
Torna oToGpaxeHue (aij)—_—A»A*-:(or,-;), rae a;jza;,-,
gBaseTcs ob6paTHEIM u3oMopdusmom mexay @, u ®,'. Ecm
AB=1, 10 B*A*=1 B ®,/, ueciu CB =0, To B*C* = 0.
Orcioga CAeAyeT, YyTO Mbl MOMeM B mnpejqbayuiel Teopeme
3aMEHHTb CJIOBO «JIEBHIH» CJIOBOM «NPaBbifi».

Mul sunenn, uto MOxHO Oblo nepeditn OT Casuca
Vs ooy Yy K Xpyeery X, C TIOMOWIBIO [OC/ENOBATENBLHOCTH
3ameH guiuleonicannnlx tanos 1, 1T w I, Marpuuel, Bnipa-
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KAOHIUE HOBHIE 3JIEMEHTLI Vi qepés crappie, HMeKT COOT-
BeTCTBEHHO BHA:

rl 1 ]
r|...1 .1
.. s ’
- . y 1
sl...p..1 .
: t 1
1y
1
L
r L..00 L 01
.1 )
. 1 -
§ S B |
1
1y

M HA3HBAOTCH dAemeHmapHumu marpuuamn. Ecau teneps
{x¢), {¥i)ln {2;) amasorcs Tpems pasauubiMp Gasucamu
B

)
Rou
- Wiy e \ |
,vj - Elzawa = z_}'jﬁjk' 0 2p == ExiY'ik’
rae ¢ =(y4;) == AB. Hrak, Hamu mnonayueua

Teopema 3. Besarxas obpamumas mampuya 8 @,
SIBAREMCA NPOU3BeOeHUe ] SACHMEHMAPHBLY MAMPUY.
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Chenyer OTMETHTb, YTO TOCHEAHUH TUI 3JEMEHTAPHBIX
Matpull uamMmeH. JeACTBHTEeNbHO, TPH 72 =2 Mbl HMeeM:

01 (1 1 1 0\/1 1\({—10
10/ \01/\—11/\01 01)’
1 COOTBETCTBYIOLHE H3MEHEHHHA 4.1 > 2 OYeBHIHBL.

3. BexTopHbi€ MPOCTPAHCTBA HAA Pa3JUYHBIMH TeJAMH,
OnvH M3 TUMOB BEKTOPHLIX MNPOCTPAHCTB, 4aCTO BCTpeyalo-
IUXCA B TeOpuH Kojel u anre0p, rnojyyaercd CAEAYIOLIM
o6pasoM. IlycTs % AsaseTcd KOMBLUOM C eiMHHIER M p—TMON-
TeqOM Koabla 9, copepXaiuM TY e eAunuuy. Mbl BHIEH,
yrto sHmoMopduaMbl X — xa, rie XEA U a o, 0o6pasyior
teno @, nsomopduoe ©. Tak Kak @ COAEPHKHT TOKACCTBEH-
Hp sHaOMOpdM3M, TO ME MOxeM paccvarpuBath W Kak
BekropHoe npoctpanctso Haa ®. Cxoxmusim 06pasom Mol
MOEM HCMOJI30BATh SHAOMODGH3M X — X ==Xa' H 10ay-
yuTh Tenao suzomopduamos @', o6paTHO H3OMOpHOE ©.

Ilpeanonoxum Tenepb, 4To R sABAAETCA HEKOTOPHIM
BEKTODHHIM NPOCTPAaHCTBOM Hax P u yro X ABAAETCH NOA-
tetom B ®. Mbl 0603HaUMM MHOXECTBO 3SHIOMOD(H3MOB
t>ta us &, rae ag P, rakxe yepes Y. Ilpeanomnomum
cnauana, uyro pasmeprocts (R : ) pasua n u uto (P: })=m.
Ecan Toraa Xy, ..., X, Ansercs G6a3HCOM MOAYJA R nag @
m &, .., Em— Casucom ® mnag %, TO KAXABIR BEKTOD H3
R uMeeT OAHO W TOJNBKO OJHO IpEACTaBIeHHe B BHIE
Sxkiay, rae ag € X, CnenoBareabso, x4&; o6pasyioT 0asuc
u3 mn snementoB mia R mam Y. O6parHo, ecim N umeer
KOHEYHYI0 Pa3MepPHOCTh Hax X, TO OYEBHIHO, 4YTO, TAK KaK
®Dy, R Take HMeeT KOHEUHYIO Pa3MEPHOCTb Hal .
KpoMe TOro, eCAM X 9BAAETCA HEKOTOPLIM BEKTOPOM B R,
x 70, To muoxectso x£, rae § mpousBoMbHO B D, ABASETCH
noanpocTpancteoM B R Hax X. Ecau x €y, ..., x&y oOpasywor
§asuc 5TOr0 mpocTpaHcTsa, TO £;,...,&m oOpasyior 6asuc
tena P Ham Y, w noTomMy @ uMeeT KOHEYHYIO pPasMEPHOCTD
Hag ¥. Hamu nokasana takum o0pasoM

Teopema 4. Ecau R sssasemes sexmopHuim npo-
CIMPAHCIMBON, UMEOWLN KONEnHYyo pa3meprocms Kad P,
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u Y markoe nodmeso 8 ®, ymo P roweuno nad ¥, mo
(R:E)y=R: ®)(P: ). O6pamro, ecau R asamemcs
AIO00M  BeKmOpHbM npocmpancmeon Had & u R roueuno
Hao nodmesom Y, mesa O, mo u O womeuwo nad Y.
ITOT Ke pe3yNpTAT CHOPABEJIMB 15 MHOXECTBA 3 9HIO-
moppuamos Buga £ — af. B nanpHeHieM Ha mpoTaMesuwu
3TOH IJIaBBl MBI pacCMaTpHBaeM GUKCHPOBAHHOE BEKTOPHOE
npoctpancTBo R Hax (puKCHpOBaHHBIM TesoM O,

4. Koarumo nueeiiHnX npeoGpasopanuit. ®-3Hz0MOp-
¢usm A mpocrpanctsa R HasbiBaerca AuHednsm Apeobpa-
3o08anuem mpocTpaHcTBa R Hag ®. B npousBombHOM KOJAbUE
COBOKYIIHOCTb 2JIEMEHTOB, KOMMYTHDYIOIUMX C B3JEMEHTAMH
(PMKCHDORAHHOrO = NMOAMHOXECTBA KOJbLA, 00pas3yeT TOA-
konbo. (CrenoBaTe/bHO, COBOKYMHOCTh JMHEHHHIX npeodpa-
30BaHHA o0pasyeT NOAKOABINO £ B KOJbLE BCEX SHAOMOP-
¢hpu3MOB.

Ecau A sapiasercss nuBeHHBIM NpeoGpasoBaHHeM W 3Jje-
MEHTBl Xy, ..., X, 00pasyiT 6asuc mnpocrtpaHcrea R nay D,
TO A BIOJHE OMpejensercs 3anaHueM 06pasoB x;A 3JeMeH-

TOB X;. B camom nmene, ecam x=2xiE¢, TO MBI HMEEM
xA-—:Z(x,A)Ei. C Impyroit CTOPOHBI, MBI MOXEM MpPOH3-
BONIBHO BHIOPATH 72 3JMEMEHTOB y; M II[)OBEPUTh, YTO OTO-
6paxenne Yxk&; — Ry, ABngercs TAKUM  AHHEHHBEIM npe-

oGpaszoBaHueM A, uto x;A =y;. B 4actHOCTH, AJd Kaxioro
a & @ CyulecTByeT eMHCTBEHHOE JTHHeHHOe npeoGpasoBanue «
TaKoe, YTO0 x;a' == x;& KT BCex i. Pasymeerca, a’ 3aBu-
CHT KaK 0T BhiGopa 6a3uca, Tak u OT a. COBOKYNHOCTH
Bcex «' o6pasyer moxxoiso O B £, 06patHo m3OMOpOHOE
teny ®; cooTBeTCTBHE & — o' fBAAETCA OGPATHHIM HU30MOD-
busmom.

Tenepn Mbl MOeM paccMarpuBaTh R KaK BEKTODHOE Npo-
cTpancTBo Hag P’. Tak KaKk Kamuu# S/M€MEHT X MOMET GHITH
TOJNBKO OHMM croco6oM mnpejcTaBieH B Buie XX5;, TO
Xiy. . «y Xy, 0Opa3yior 6a3uc npocrpancrsa R uan ®, unoromy R
MMEeT pasMepHOCTh 7 Han @, DupoMOpDH3MBI & FBIRIOTCH
nuuelHeIMM npeobpasopannsmu B R Han P’ wu, Tak Kak
xgp=xa', TO a HABAAETCA IHIOMOPOHUIMOM, TAKHM IKe
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06pasoM COOTBETCTBYIOUUM 3HmOMOpdusMy &' n Gasucy X,
KaKnM o COOTBETCTBYeT & W Gasucy x, T. e. (&) =aq.

[Iycts E,;; 0003HauaeT Takoe JHHEHHOC n’peoﬁpasoa'aﬂne
B R van @, uro x,E;; = 8;,x;. Tak xak x, (Eq2") = x, (« E”?’
TO Eija’ —— Ey;, u motomy Ej; Takxke JMHEHHO B R pan ¢’
[IpeanoaoXuM Temepb, Yto A ABASETCH NPOM3BOMBHBIM -
HeHlHLIM TIpeoGpasosanmeM mpocrpauctea R Haax @ u uto

’
x,A = ¥x;a,;. Torna, KaK 7erko TpOBEPHUTD, A wn ‘%E,;jaij

MMeioT OJIHHAKOBOE NEHCTBHE HA BMEMEHTH X. ChnenoBareibHoO,
A:EE,ija"j. O6parHo, ecin A=3XFE 0., 10 AEL n
x,A=%x,a,. Orciofa crepyer, 4T0 Kamjgoe A u3 £ MoxeT
ObLITh OOHMM M TOALKO ONHHM 06pAa3oM NpencTaBAEHO B BUIE
SE;0;i, rne o/ €P'. Tax xak '

EyEq=383Ey, LE;=1, (1
TO £ == <I>;¢.
B cuny (1), Mb momyyaem:
Upg = % Exp (2 Eqgjt17) E g (2)

ClenoBare/ibHO, eClu A=2Eija;’] KOMMYTHDYET CO BCEMH
Eppy T0 tpy==0 TPH P/ g W dpp=A, T. e. A=0o €&
Takum o6pazom @' momeT OHITH 0XapaKTEPH30BAHO KaK
MHOMECTBO 3/IEMEHTOB M3 £, KOMMYTHPYIOWHX cC BceMn Ey;.
Mul MOXEM TakkKe 0XapakTepu3oBath ¢’ KaK COBOKYITHOCTb
BCeX SHAOMOPGH3MOB mnpocTpaHcTBa N, KOMMYyTHpYHOLIMX
CO BCEMH SHIAOMOppHIMAMH @ M CO Bcemu Ky, niu, npoiie,
co BCeMu SHAOMOpOmM3Mamu F E a,,. B camom nene, ycno-
BueM 1af Toro, uro6sl A kKomvytHpopano ¢ P, sBmseTcs
A €4, Takum xe o6pasom Mel BunuM, uyto P Gyner coBokyn-
HOCTpIO BCeX {-sHpomMopduamoB npocrtpanctBa R. B uacr-
noctd, nentp!) € xonbma £ comepiwurca B ©. Tak kak € = ¢
u 3nemenTsl W3 G Komwmytupyior co Bcemn Ey 10 €S @'
Orciopa caenyer, yto @ =® 1 §'. Ecau teno € kommyrta-

1) Mbl ynoTpe6aseM 3TO HasBaHHe [IJA COBOKYNHOCTH 3Je-
MEHTOB KOJbIa, KOMMYTHDYIOUIMX €O BCEMH 3JA€MEHTAMH 3TOro
KOJBILA,
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TUBHO, TO npeo6pasoBande &' == o H, TakuM oGpasom, o
He 3aBHCAT OT BhiGopa Gasuca. IToae @ Gyaer B 3TOM Ciy-
yae LEHTPOM B ¢, Bepuemca k oOuwemy caydao, rae @
ABJNACTCH TEJAOM, ¥ TIPUMEHMM HaliIeHHble HaMH CBOACTBA
KOoJbLA ¢ AJs MoJAydeHus pala CTPYKTYDHBIX TeopeM.

Teopema 5. Koasyo £ seasemes npocmuim.

HanoMunm, 4TO KOJBIO ¥ HABBLIBAETCH MPOCMbLM, €CIH OHO
HE CONEPXHT COGCTBEHHHIX JABYCTODOHHMX HieanoB. Ilycts
B0 Oyner aBycropoHuum ujeaiom B L= ®,’. Ecmu
EE‘J-@;-J-EB ABISIETC HEHYJMeBHIM 3jiemeHTOM B B, TO,
B cuay (2), mpl noayuaem, uro B €B. Tlo kpaitneit mepe

. ! r ;_1
0fHO U3 HUX, HanpuMep Bpq 7= 0. Ho rtorma 1=8,,8,, €%.
CnenosarensHo, B = .’ .

Teopema 6. Koasyo & aAsasemcs HpaMoi CYMMOL

Henpusodumsix npassx (segvix) udeaios.
4
Cosoxynnocts Ep;,®, cocrosmas us aneMmeHtor ¥ Ej o,
J
ABJAAETCH HENPHBOJAMMBIM TMPAaBHIM HAealoM. B camoMm nene,
nycTh § — HeHyNneBol npasnift uaean, comepwammniics B £;,%,
/ ’
u nyctb B=3 E,,31€%, rie B0, Torna § comepmur
] ‘ ‘
-1

BE;31 = Eyy ¥, CIeN0BATENBHO, BCE JJIEMEHTH H3 Epgld

OueBHaHO, YTO

Q= E 2D v v @ Enk.

5. Asromopduambl u oGpaTHbIE AaBTOMOpGH3MB B K.
Ilycts Fy; ABIMOTCS TAKNMH n2- AUHeHEIMH NPEe06PA3OBAHUAMH,
4TO

FyFru=3xFu, Fu-+...+Fum=1 (3)

Eciu y — KakoH-1u6i0 HeHy/JeBOH BEKTOD, TO Haltjercs Takoe
Fpg, uto yF,, £ 0. O1Ci0Aa clleayeT, YTO BEKTOPH y; = Vg
o6pasylor Gasuc npocrpaHctBa R Hanx d. B cavom nxene,
ecn L yfy=0, 10

(Zv48:) Fjp =3y (Fp{F_jp) = (yFm,) p‘,/- =0

BEKTOPHBIE TIPOCTPAHCTBA 49

H, caefosartenbto, B;==0 mpu j==1, ..., 7. OTHOCHTEJbLHO
V; MBl MoJayuaeM, 4TO

YrFij=YFpFs;= 309 Fp; = B4y (4)

Ecau S #ABasercst TaKuM JIHHEHHBIM IPE06PA30BaAHHEM,
uTo0 X,S=y;, T0 S-1 onpenensercsi paBeHCTBAMH ;S5-!=

=x;. M3 (4) u w3 ompemenenna £;; Mbl TOIyYdeM, uTO
Fyj==S8-1E;S. BaxHbM NPUIOKEHMEM 3TOr0 pesyanTara
ABASETCA CAeAyIowad TeopeMa:

Teopema 7. Kaxconii asmomopgusn roasya & umeem
8u0 EE,-ja;j — S-1(3 E‘jaﬁ) S, rne o' — a' geanemen asmo-
Mopgpuzmom 8 D', .

Ilycte G Gyzer asroMopduamom koanua £ = ®,. Toraa
npeo6pasoBaHud F,-ijg- YAOBAETBOPAIOT ycaoBuaM (3) u,

clenoBaTesibHo, B € Hahgerca Takoe S, uTO Eﬁ-: “1EYS.
Orobpamenne A — SAGS~! = AH gpngeTca TakuM aBTOMOD-

H
dusmom B £, uro Ej;=E,;; Tax xak ®' apaserca coBOKym-

HOCTBI0O BCEX D3JECMCHTOB, KOMMYTHDYIOUIHX C E’ij! T0 ff

uanyuupyer astomopduam s B P’ W, caexosareisHo,
14 . s

(2 E,-ja@'j)H =3 E,‘jQq:j. Torna

A% = §~1 (S Ejaf) S.

[Iycte Tenepb J — noGoft o6paTHbift aBToMOpdH3M B £,
Tak kak npeoGpasoBaHus F¢j=Ef¢ YAOBAETBOPAIOT yCJIO-
BaAM (3), To B € cymecTByer Takoe S, uTo E}ﬁ:S-lEqS.
Coorsercreue A —> SAJS™1 = AK gpnserca oGpaTHHIM aBTO-
Mopdusmom, npeobpasyroum Ey; B Ey. OHO munyumpyer,
TakuM 00pasoM, o6paTHLfi aBToMopdusm £ B P, u

(REya;)J =S~V (SExap)) S.

Teopema 8. Hoasvgo & mozda u moasiko mozda obaa-
Oaem 06paAmMHMBIM ABMOMOPPHUIMNOM, K020a mero D obaa-
daem -obpamuvm asmomopguzmor. Ilpu smom ecau £
o6aadaem obpamuoiyx  asmomopgusmorn J, mo AJ =

4 3Bax. 748. H. JdmexoGeom.
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~ r - t
=S (EEﬁ%tj) S, ede SEY, u o' —a seasgemcs obpam-
Hoii asmomopguamnor 8 '), :

Ecau o6partHblit aBTomMopdusm J saBiIserca wuHgosouuel,
T. e. ecmnm JiP=1, TO E¢j=E%*:(SJJ")EUS(SJ)‘R
Cnepnoparensto, S7 =1¢'S, rre o' €®’. Ecm o’ £ —1, ToO
T4 S=@"+1)8=T, n (3'+1) obnanaer 0oGpPaTHHM
snementom 8 ®'. Torma (X Eija;j)J—_—— T-1 (EEﬁa:.?) T, rme
Te=T u o&"=(" -+ l)a’t(o’—}— 13)"1. Takum o0pasomM,
Mbl MOXEM NpEINOMOXHTL C Camoro Havama, uro AJ=
=S 1AES rne SV ="=8§ u Ak= ZEﬂm';,.. Tax kak AK =
= S (SAS1YS-1'=A, 10 K— nnsomouusa. Caenosa-
TeNbHO, ¢ TaKKe SBASETCH WHBOMOLMell, 3aMeruM, HaxKoHel,
yro u3 87 = S"1SES =+ § crenyer SK=+3§.

Teopema 9. Koasyo £ mozda u moasko mozda o6aa-
daem ungoaoyueli, xozda meso P obradaem unsosOyUEl.

Ecau € o6aadaem unsoswoyued J, mo AY = S§? (ZEJ,-,-a;.;) S,

2de o —> o' seanemcs umsosonuei 6 ®', a SEL u ydo-
846MBOPAEN PABCHCMEY O == c;.:

PaccMOTpHUM Temeph YacTHHI chyual, xoraa ® KoMmmy-
tatuBHO. Kak caeacTBHe MNpPEBIAYUIMX TeopeM [MoJIydYaercs

cleAyouas

Teopema 10. Ecau ® asasgemcs nosem, mo 8CAKud
asmomopguas 8 Dy, ocmasasoujnli HenoOBUNCHHLML Iie-
menmul u3 O, asagemcs swympennun. Kascovid o6pamubil
asmomoppuss 8 ®,, ocmasasomul ssemenms u3 ¢ Heno-
OsuncHbLil, umeem 8ud A — ST1A’S =AY, 20e A" nsanemcs
Mampureil, nOAYHQIOULCHCS mMPAHCNOHUPOBAHUCH MAM PULbL A.
O6pamubiii  asmomoppusm J Oyodem uHgoswofuel moeoa
u moabko moz20a, Kozda S = —+S§.

6. MepecranoBouHBIe KOJbLA 3HEOMOpdH3MOB. [Ipen-
MONOKHUM, YTO . ==7rS U ONpelelnM ‘

1) Koapuo @ TOrza H Toabko Torga obiamaer OOpPaTHBIM aBTO-
mopdusMom, Koraa uMm obaaaaer P,
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8—1
'GaB =20Ep-r+d, prtg, % B: 1,2, ..., r;
p.:

r
Hx'k: 2 E(v.—l)r{—*p D riyp “y A= 1a2, reey S
T=1

Jlerko npoBEpHUTH, YTO

G“BGTG = aﬁ.‘Gaa, Gll -l— e —}— GM. = 1‘, (5)
Hlep.v = a)\l.LHXV) Hll + st —}'"Hss =1, (6)
GuBka=E(x—1)r+m (1—1)r+B=Hx)\GaB- (7)

Uz (7) cnenyer, 4T0 KaMubifi 3jMeMeRT B X HMeeT BHI
5 Gy3Bag The DB,g ' fABAdeTCH CyMMOH EHﬂ@;;,, &,ldeti)_’,
H ec $GeB,3 =0, 10 B,g = 0. Orciona cieayer, 410
7 .
(D), == ®yr. Takum xe 00pasoM, BCIKUH 91EMEHT HMeeT
OJHO W TONBKO OAHO Bhipaxenne Buma X KH,C,, rae C,
: ’
umeer BUL ¥ GugTags Yap € P'. Ecit A=7F GByg, 10 By =
=Y GTaAGBr ChaenoBaTeNpHO, YCAOBHEM KOMMYTHPOBAaHMA A
co BcemMu G,g #BIAeTCA PaBeHCTBO A = By, = Bgg =

=Y H 8. TlopoGueiM xe o6pasoM, And Toro, ytobe A
KOMMYTHPOBasO CO BceMu H,;, OHO MOMKHO HUMeTb BHJA
EGQQY;B'

[Iycte Teneps ®, o6o3HauaeT KoJAbLUO 3SHAOMOPPHIMOB
npocrpatcta R, umeomux Bui ¥ Gosd,s, rue p € ®. &, -snmno0-
Mmopduamamu  fBiAwTcA  Te  P-smmomopdusmb,  KoTOpBIE
xoumyTHpyIoT co BceMH G,g. CrnenosarenbHo, OHA ABAANOTCA
a/eMeHTaMH M3 ¥, KomMyTHpymouuMy co BceMH G5, Onu
NpHHALNENKAT, TaKUM o6pasom, MHOxecTBY @, snaomMopdus-

MoB Bia 3 HaBa. Tlo cummerpun, ®, Moxer OWTh OXa-
DAKTEPH3OBAHO KaK MHOMeCTBO Bcex @, -anpomopduamon
B &.

Ipeanonoxum Tenepb, Yto N ABAAETCH KOMMYTaTHBHOH
rpynmo#t, B KOTOPOH ONpeleNeHO KOJbLO SHAOMOP(U3MOB
tina $,, rae @ asasercs TeNOM, COACPKALIMM TOXKIECTBeH-
HEI supOoMOpdU3M. MH mpeAmonaraeM, Takum O6GPasoM, uTO
1) cymecrsyer r? sunomopdusmos G, B ®,, ynoBaerso-
psowrx ycrosuo (5), 2) mas moGoro p uz @ uMeer MecTo

4*
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Gugp = pGep ¥ 3) Kamabiii sapomopdusm u3 D, umeer
eAMHCTBEHHOE MpefcTaniedne B BuAe 3 Gigp.g. Mbr mpen-
monaraeM Takke, uyto aast ¥, -MOArpynn BHUIOAHEHO YCIOBHE
o6peiBa Bospacrapomux uenefi. Tak kak ®, 231, 10 R
SABIAETCS BEKTOPHBIM NpocTpanctBoM Han @, xota a priori
He SICHO, uTO R HMeeT KOHEUHYIO PA3MEPHOCTS.

Tlycre x G6yder HetyneBnim saementom u3 . Tak Kax
¥ G, =1, T0 cymectByeT Takoe Gy;, 410 XUy 7= 0. TToa0xuM
%, = %y, TOrAA 3TH 3MEMeHTHl JUHEHHO He3aBucHMBI Han .
Ecin R, o6o3Hauaer MHOXeCTBO 3JIEMEHTOB X Xqfq, TFAE
p€®, 10 M, sBuserca @ -nomrpymmoi. Iycre R, FR
W nycth y aasercs He iexaumm B R, sexropom. Kak u
panee, Haftaerca Takoe (g, uTO yGesé Ry, H ecau NOXOKHTh
Xppq = YO, TO IMEMEHTH BUIA F X, 4P, 00pasyoT ®,-nox-
rpynny Ry, HesaBucumylo or R, B TOM CMBICAE, 4TO
R, nRe==0. Ecan R, + Ry~ R, 10 Ml MOWeM NOBTOPUTD
3TOT mpouecc, nodyyas Takum obpasom uems R, <R}
-+ Ry ... CornacHo MNPeANONOKEHHIO O KOHEUHOCTH TAKAX
neneil, ona o6opeercd, u mu noayuim R=R;P... PR,
Crenosate/bHO, & MMeeT KOHEUHYI0 pa3mepHOCTb 7t = rs Hax P.

Teopema 11. [Iycms R —xommymamusnas z2pynna
u ®,— mampuiroe KOABHO IHOOMOPPHUIMOB 2pYniLbl R,
e © sneasemcs meaom. Ecau R yoosiemsopsem ycaosuno
obpaisa soapacmaroujux yeneti 0as ®,.-nodepynn, mo OKa
umeem KOHewHYO pazmeprocms n=rs Had P u R=
=RB..-BR,, 20¢ Ry ssamomcs  Henpusodusmbiuu
&, -noozpynnami.

Herpusoaumocts <M, IOKA3HIBAETCH CAEAYIOMUM 06DPA3OM:
eCIM Zz ABASETCS HEKOTODHIM HEHy/eBbiM Bekropom B R, TO
cymectsver Ttakoe G uto 2Gy, ..., G, HesapucuMbl HAX P.
CnenoBarensho, MHOxecTBo 2@, =R, s moboro z 0
B {Ri.

Ecnu Mbl HCTIOAB3YeM Oa3HC Xy, ..., X, ONpPEAe/]eHHHH
poime aas R wpag @, u onpesenum IxHefiHble nmpeoGpasoea-
Hus  E;; Tak ke, KaK M BB, TO TOMYYHM: Gp=

§—1
== OEW“, urtge HITAK, npeo6pasosanue G, munetino B R

p,:’.."
van ® u npousBoAUT TO Ke JHeHicTBue HA Xy, KAK H
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8—1
ZOEW..H, or+p- CAGNOBATENLHO, MBI MOXEM HCIIO/IB30BATH
p.:

npeipayLlee PACCYKIEHHE U TOJNYUHTh CAEAYIOLLYIO TEODEMY.

Teopema 12. Ilycms @, ssrnemes maxur mampus-
HOLM KOABUOM BHOOMOPHUINO08 8 KOMMYMAMUBHOL 2pynne
R, 4mo & HeMm BHNOAHCHH. YCA08US NpPedbiOyujeli meopemot.
Tozda KoAbHO IHOOMOPPUIMOB, KOMMYMUpPYIOULX ¢ OaHHbL-
i sndomopgusmanru, umeem gud ., :0e @' ssagemcn
menom, obpamuo uzomopPruim mesry . Ilepgonatasbras
cosoxynrocms sHooMopgusmos ®, dydem nosnolt cosoxyn-
Hocmblo HOOMOPPUIMOE, KOMMymupyouux ¢ DS

7. Wsomopduam MaTpuuHbIX Koaew. [Ipeanonoxum
Tenepb, YTO Mbl MMeeM TaKoe KOJbIO, KOTOPOe MOMKEeT pac-
CMaTpPHBATBCA M KAK MatpuyHoe koawuo @, u kak W,/
rie &' u W gpnsorcst tenamu. Torza MBI MOXeM Tpenno-
AOXHUTh, 4yTO P, ABJAETCS KOJNBLUOM JAHHEHHLIX Npeolpaso-
BaHK# 7-MEpPHOro BeKTOpHOro mpocrpaHctsa R nan @, rae ®
o6patHo uzoMopduo &' ITycte G,q (o, 8=1, ..., r) aBasioTCA
maTprunbiMu equnuuamu B W', Dugomopdusmbl 3 G304, TAE
pag € @, obpasyor koablo ®,, ¥ MH BHIE]H, YTO pa3Mep-
HocTh R Han @ pasHa rs = n. Caenosarennto, r <L n. Menss
mectamu @ u W/, Mbl nonyyaeM, 4to 72 < r U, CNeNOBATENBHO,
r = n. OTCI04a CAeNyeT, YTo CYLIeCTBYET TaKoe JuHedAHoe mpe-
o6pasosanme S, uto G;; = S-1E;;§, rae Ey; ABJIAIOTCH MATPHU-
HbiMH efuHunamu s @, Tax kak saements O n3s ¥ moryr
6HiTh 0XapaKTePH30BAHEl KK JIMHEHHbEe MPeoOpasoBaHusd, KOM-
myrupytomke ¢ Gy, a saementst u3 O’ — xaxk aunefinrre mpe-
oGpasoBauusi, KoMmyTupyiouwme ¢ E;, TO Mbl TNOJyuaew,
yto ¥ = S-1§’S. '

Teopema 13. Ecau ®,’ =W,’, 20e ' u ¥’ gsagomes
menamu, mo r=n, a ® u U usomoppre., npusen 8 ©,’
Halidemes maxoi ssemenm S, wmo W' =S5"1®'S u Gy=
= S-1E;;S 048 coomsemcmsyromux mampuskox eouruy,

8. IMoaynuHefinple npeoGpaszoBanus. Msl paccMOTpHM
cefyac onuH THN TPeo6pasoBaHiit BEKTOPHOrO MPOCTPAHCTBA,
Briepebie wsyuapwiniics Cerpe, xoTOpHIft npeAcTasBageT coboio
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o6o61Ienre NOHATHS AuHeHHOro npeo6pasopanus. Ilycte S
spngetca asromopdusmom s tene ®. Torza mpeoGpasoBanue
T npocTpaHCTBZ R HALIBACTCH NOAYAUHEHHHM npeodpaso-
saruesm R nang ®, ecau

(x+3) T=xTyT, 3a) T = (xTNaS  (8)

wist Bcex x, y us R uBcex a € ®. Ecam T-£0, 10 S 0nHO-
3uayHo ompelenasercda npeobpasopanuem 7. B camom Hene,
Torga CYMIECTBYeT TAKOH BexTop «#, 4ro uT=£0, u ecim §
1 S’ aBadoTca TakuMH aBTOMOpdu3MamH B P, nas KOTOPHIX
Bumoanserca (8), To MaA BCex a Mu umeeMm (uT)aS=
= (uT)eS. Caenoparensto, aS=0a% n S=3§'. Mu Hazo-
BeM S agmomopgusmom npeobpasosanus 7.

Vs ycnosua aT==Ta® cnexyer, OYeBUAHO, YTO 3HJO-
mopdusm T KOMMYTHDYET C MHOXeCTBOM 3Ha0MOpdu3MOB P.
Ecau S=1, to T, pasyMeeTcsi, KOMMYTHPYeT C KauIHM
snementoM u3 ®, u T gBasercd JMHeHHBIM MPeOGPA30BAHHEM.
13 nepecranoBounocth T u @ caenyer, YTO noJayJaHHERHOE
npeo6pasoBanne 0To6paNaeT Kaxaoe noanpocTpancteo @ =R
B npyroe nmoanpocrpancTso. OueBHAHO TaKKe, YTO eC/HH
@, u @, ABASIOTCA TAKHMU MOANPOCTPAHCTBAMH, ut0 &, C &y,
1o 06pas &, T conepxurcs B ofpaze &S,7. Tak kak anA
M06LX  AByX moanpocTpaHcTB &;, S, MNOANPOCTPAHCTBO
@&, - ®, Momer OHTh ONPENENEHO KaK HauMeHblllee TOX-
NPOCTPAaHCTBO, cotepxamee &; u Sy, 10 ecau T spasercd

B3aMMHOOJHO3HAYHEIM [10JYIMHERHBIM npeo6pasoBaHyueM, Mb

Gynem umeth (&, | @,) T==&; T -+ S, T. Takum ke 06pa3om
noxtyyaeM (B, 1 @,) T=&,;T 1 ©,T. [loaromy Bcakoe B3a-
MMHOOMHO3HAYHOE NOJY/AHHelHOe Tpeo6pasoBaHue BEKTOPHOTO
mpocTpaHcTBZ R WHAYLHMDYET CTPYKTYPHH# aBromMopdusm
B CTPYKType noanpoctpascts mnpocrpascrsa R. [lo sroit
NpUYHHE MOy AMHEHHbIE TPe06Pa30BaHkA PUMEHSIOTCH HAPaBHe
¢ AMHeHHEIMK TIpeoOpasoBaHUSME B MPOEKTHBHOR reOMETpHH.

Ecau T #Basgercd NpPOH3BOJBHEIM MOAYIKHeHHHM Mpe-
o6pasoBaHneM, TO Mbl 0603HauuM yepea N=N(T) npo-
CTPAHCTBO TAKHX BEeKTOPOB 2, 4TO 27T == 0, H npeanonoxum,
uTO BEKTODA 2y, ..., 2, 06PA3YIOT GA3UC ITOrO MPOCTPAHCTBA.
OnpeneauM Takoe MNOANPOCTpaHcTBO &, 4TO R=NDE,
M TyCTh BEKTOPH Yy, ..., Yp—p, OOpasynr Gasuc B @. Ha

i

A

B . s
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3TOr0 HEMOCPEACTBEHH O celyeT, uto y, T, ..., ¥, T aBaseTcH
Gasucom ana RT. CreloBaTeqbHO, €CIM Mbl HA30BEM Das-
mepuocte RT pauzom T u pasvepuocte RT undexcom de-
gexma T, TO MOAYUMM Crelyiollee 0GOOiIeHHe XOPOWIO W3-
BecTHOH TeOpeMbl O JMHEHHBIX YpaBHEHHAX:

paur T - unaekc fgedexra T ==n.

Ecma x,, ..., X, o06pasyor 6asuc R Han @, TO Mbl
moxeM Hamicath X;T = 2 x;T; W Ha3BaTh (v,5) mampuneil
npeoSpasoBanua T OTHocuTeJqbHO 3TOrO Gasuca. Iloaymuueit-
HOe rnpeo6pazoBawue T onpenensercs CBoeH mampuyei
u ceomM apTomopdusmom, Tak Kax (X X; £) T=2 x;1; £

C nomowpw koopmuHar (&, ..., E,) BEKTOPA X MB MOXEM
onpenenuts T Kak npeobpasosauue, uepesonsmee (&, ..., E&,)
B (M --«s Mn), TIHE 'q'j=2 ;6. Ecnm  Temepsb (%)

ABASETCH HeKoTopo#t MaTpuueft W S HEKOTOPhIM AaBTOMOD-
5

dusmom, To pasencrso (X x; E) T=2 x;%;;k onpenesser

nonyJuHeHHOe NpeoGpa30BaHKe, HMelOMee aBTOMOPHHIM §

H, OTHOCHTENIbHO 06a3uCa X, ..., X Matpuuy (%;). '

Ecan 4, . .., YV, fABIFTCS ApYyruM 6a31COM NMPOCTPAHCTBA
Ruan Py, = 2 x;8;, TO TIPOCTOE BEIYAC/EHHE NIOKASHIBAET,
YTO MATPULER TOAYAHHEHHOTO 1peo6pa3oBanys T OTHOCHTENIBHO
stroro Oasuca Oyzer (B)-!(t) (85), rae (z) #Basercda ero
MaTpHLel OTHOCHTeAbHO Gasuca Xi,. .., X, CrenoBaTelbHO,
TeOpHs TOMYJIHHEHHBIX NPe0oGPa30OBaHU! COOTBETCTBYET TEOPHH
MATDHIL C 37eMEHTAMH U3 Tena, B KOTOPo# ABe MaTpuust (1) 1 (s)
CUHTAIOTCA 3KBUBAJEHTHHIMH, €CJH CYLIECTBYeT TaKas MarpHna
(B), uro (c) = (B)-1(x) (%), rae § nexoropuit QuKCcHpO-
BaHHBI!! aBTOMOPGU3M.

[pennonoxum Tenepb, uto I' ABAfeTCS HEKOTOPHIM MHO-
KeCTBOM TONyMMHeHHHIX npeo6paszosanutl, Ecan & coberseH-
HOe TOANPOCTPaHCTBO B R, HHBADHAHTHOE OTHOCHTENLHO BCEX
TET, TO MBI MOoxeM HaHiTu Tako# Gasuc y,..., Vp A1 &,
4TO BAEMEHTH ¥,, ..., ¥, 06pasyor 6asuc B & (0 <r<n).
Torma maTtpuua 7 ortHOCHTeNLHO 3TOro 0asuca MMEeT BHA
(B‘:.) , Tie (z,) fABAseTca matpuueit npeobpasopanual B8 S u (1)
maTpuue#t npeoGpasosanus T B Qaxrop-npocrpanctae §4S.

R
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OGpatHo, NpH cymecTsosanuM 6asicd, OTHOCHTENBHO KOTO-
poro mMarpuusl u3 I' umeor 3Ty ,npusencHHyr“ dopmy,
MpocTPancTso R 6yner npUBOAUMO, ECITH PACCMATPUBATD €0 KAK
rpymnmy OTHOCHTENLHO MHOXecTBa omepatopos @ = (', &) —
TEOPEeTHKO-MHOMKecTBEHHON cyMmbl I' u @. TIpunumas BO BHH-
MaHHMe COOTHOLIEHHE MEeXAYy MATPHUAMU NOAYAHHEeHHOTO mpe-
00pa3oBaHmMA, Mel MOXKeM COHOPMYJTHPOBATL 3TO YC/IOBHE
TaKKe B cAenyoineii - popme: ecan (T) sipasercs MATPHIER
ana T OTHOCUTeNbHO 6a3MCA Xy, Xgy ..., X, U ﬁﬁSﬂBmeTCﬂ
aBTOMOpGH3MOM TpeoGpasosanua T, TO CYILECTBYeT TaKas

He 3aBucAman or T marpuua (), uro (8)-'(z) (3%) = (:)1 'c*)'
2

[Iycts Tenepp R=R. >R, _;>... DR, >0 Oyuser xou-
NO3HLIMOHHBLIM pAfoM B R orHocutemsHo 2. Boibepem Takoi
Gasuc yy, ..., ¥, A R wanm ®, uro y,, ..., Yng o6pa-
3ywT Gasuc nas R, Yugttr -+ o s Yn v, Oasuc 1t Ry n 1. I
Torna ecan (B) sasasercs MaTpuuedi nepexoma ot Gasuca

Xiy «o.y X, K Oasucy v, ..., V,, TO MaTpuue#f npeotpa-
30BaHus I  OTHOCHTENLHO 2/EMEHTOB y GyneT
o * )
Tg
) () 6% = : ; ()
| 0 Ts )

riae ('t,-) SIBNISETCA MaTPHUER MOJMyNHHeHHOTO npeoGpasoBanus,

unayuuposansoro B Rf,/R,_, npeobpasosanuem T, a Huxe

3THX MaTpHl crosaT Hyad. Henpusommmocts R,/R;_, pasHo-

CH/AbHA CHELYIOIUM OGPa3oM ONpele/ieHHOH HENMPHUBOLHMOCTH

MATPHUBI: HEBO3MOXKHO HAHTH TaKyl0 He 3aBHCALLYIO0 OT T

warpnny (3,), wrobs (3)-1() (35) meno mpupenennyio
&

dopmy (;‘1 O6parno, ecan (B) sBisercs MaTpuuei,

’Cia 7

A KOTOpOH MmeeT mecto (9), npuueM MaTpuubl (T;) Hempu-
Boaumbl, To (B)~!(7) (BS) nmonyuaercs yxasaWHHIM MyTeM U3
KOMIO3HIIHOHHOTO PAJa.

4
%
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[Toxo6HbIM e O06pas3oM MH HAXOMuM, uTO eCin R =
=RD...OR,, rae R;(£0) asasorca Q-noarpynnamu,
TO CyuiectByeT Takas matpuua (8), uro

T 0
Ty

BT E)=

s

0 )

ang Bcex 7T, npuueM B 9TOM C/ydyae HyJAd CTOAT Mo 06GeHMm
CTOPOHAM nuaroHamu, a (%;) fABnseTca MmaTpuieli mpeoGpaso-
Banua, koropoe T uuayuupyer B {R,.

OrMeTuM Temeps Cieaylomue KOMOWHATOPHBIE CBOHCTBA
MHOXECTBA noaynuHe#HHX mpeoGpaszosanufl. Ecmm Ty n Ty
9BJAIOTCA TOMYAMHEHHBIME TIPe0Gpa30BAHMAMY ¢ aBTOMOD(M3-
Mamu S; u Sy, To Ty Ty Gyner moaynuHelHbiM npeoGpasoBa-

. Huem ¢ aproMopduamoM S; S,. Ecm S, =8y =3S, 10 T} Ty

SIBASETCS TOAYNUHERHBIM NPeo6pa3oBaHHEM C ABTOMOP(DH3MOM S,
-1
a ecnu npeoGpasopanve 7, B3aUMHOOJHO3HAuHO, TO T

-1
6yaeT oAy aMHeHHBIM Ipe06pasoBaHneM C aBTOMODPH3MOM Sy .

Ecau tenmepy (7;) n (vy) — marpunbl TnpeoGpasoBaHutt
T, n T, OTHOCHTENLHO OJIHOTO ¥ TOrO e 6asuca, TO MaTpuuel
npeoGpasosanug T, T, 6yner (tp) (5,5:). Taxum ob6pasom,

T—1

mMatpuueit mpeobpasosanus TF Gymer (5) (%) ... (:577).
Ecin 7T  B3aMMHOOIHO3HAYHO, TO MarpHue#i mnpeo6paso-
patuss T—1 ssnserca (vS™Y)~1, Ecu T u T, 0671aKa10T OfHUM
B TeM Xe aBroMopdmamoM, TO Marpullel npeoGpasoBaHus
T+ Tq Gynmer (%) (o). M3 BLIeH3IOKEHHOrO Clenyer,
YTO COOTBETCTBME MexIy /uHeHHHM npeoGpasosanneMm T
M ero wmarpuue#t (t) siBasercss OGpPATHBIM  aBTOMOPGHH3MOM
MeXKy KONBUOM JHHeHHHX npeoGpasoBanft £ W KOABUOM
marputl ®,. Tak kak & cBasaHO MHBAPHAHTHEIM O0GpasOM
Cc £, TO 3TO COOTBETCTBME HMeeT MU3BECTHBIE NPEHMYLIECTBA
MO  CPaBHEHHIO C  paHeg  QTMEUEHHBIM  COOTBETCTBHEM
mexay € u &, .
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Kak npunoxenns sTuUX BHUMCAEHHH M DPe3yJbTaTOB Iep-
BOH I'IABH OTMETHM CJEAYIOLIME TeopPeMbl 0 marpuuax us &,

. Teopema 14. Ecau () (=1, ..., s) assawomcs
marxumu  Henyasesoimu mampugami u3 P, uwmo

()?=(), (2) (3) =0, ecau i=j u X)) =1,

mo cywecmayem marxas Hesupoxcoaouancs mampuna (8)
8 ®,, umo

[ 1

G ®m= 1 B B =

n |, ... (10)

/

0

ITO mNOAyuaeTcs NpPH PACCMOTPEHHH (g;) KK MaTpPHUbI
TaKux JAUHeHHBIX TpeobpasoBanu#t E;, uTo

El=E;+0, E; E;=0, ecm ij, NEj=1,
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Torna R =RED . . .ORE,, 1 n0TOMY OTHOCHTEJILHO NOI-
Xoasuero 6asuca mbl noayyaem Matpuusl (10) nas E,, E,, ..

Ecau T saBasieTcs MORyJAHHEHHHIM TpeocOpasoBaHHeM, TO
MBI MOXEM TNPUMEHHTh 3aMeuaHue, Cleiylouiee 3a JeMMol
durrunra, u noayunM pasiaoxedie R=NDC S, rze N u &
IBJAFI0TCA HHBAPHAHTHBHIMU OTHOCHTeNbHO I HOANPOCTpaH-
CTBAaMH, NIpHYeM Npeobpasosanue I HUIBMOTEHTHO B N u He
Buipokaaetca B ©. Orcloza BHITEKaeT Cheaymoulas

Teopema 15. Ecau (3) ssssemcs mampuyedi 8 P,
a S— asmomopgusn 8 B, mo cywjecmsyem maras mampuya

(B), #mo
@ @en=(, °)

ede (v) .. . (vsk) = 0 das docmamouko bossumux k u Mampu-
ya (o) obpamana.
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HEKOMMYTATHUBHBIE OBJIACTH I'JIABHBIX HWJIEAJIOB

1. Onpeneaenusi 1 npumepsl. IIpn usyuennu auHelHOro
npeoGpa3opanus, uau, Gonee obule, noayauHefHOro mpeobpa-
30BaHus T c aBromMopduaMoM S, MBH OOBIYHO HHTEpECyeMcd
KOoJibUOM rpeobpasosanuit ® [T], nopoxaeHHBIM INpeoOpa3oBa-
HUeéM T ¥ CKanapHBIMA YMHOXeHusaMu X — xa. OueBnaHo,
uto & [T] conepmur npeobpasosanns oy Ta; 4 TPag ...
..o—-Tma,. C npyrofi cropoHsl, (T#a)(78)= T"+’aslﬁ, "
NMOTOMY MHOXECTBO NOJMHOMOB OT T 3aMKHYTO OTHOCHTE/ILHO
ymHoxenust. Orcopa caenyer, uro @ [T] cosmamaer C COBO-
KYNHOCTBIO 3THX MNoAauHoMOB. Ham Oymer ymo6HO Temeph
BBECTH HEKOTOopoe KoJabuno ®[f, §] MOAMHOMOB OT HEH3BECT-
soro . Ilycts cHauana & sapadercs aGCTPAKTHEIM TEJIOM, U30-
MOP(HBIM KOJbLY 3HAOMOP(PH3MOB P BEKTOPHOrO NPOCTPAH-
crea R D, unycrs @ [, S] 0603Hauae T COBOKYMHOCTh MOJMHOMOB

ao + tal _i‘ t2a2 _{_‘ .. "i“ tn‘bam,

rjae ¢ SIBASETCS HEeM3BECTHbIM, M KO3((ULHEHTHl «; Jexat
B ®. Mbl GyneMm CUHTaTh, UTO &y} £%; + ... - tPa, = By -+

+ B, 4~ ... 4B, TOrmAa M TOABKO TOrAa, KOMAA dy==
=B, @3 =0 .... CroxeHue TOINHOMOB ONPENEHM 1O Npa-

By (o - fey .. ) b (Bo -8B+ ) = (% +Bo) +

1) Jas gamnx unesefl Her HeoOXOAMMOCTH JeqaTh PA3IAYHE
B O003HAUGHHAX MEHXAY ITHMH ABYMA COBOKYNHOCTAMH.
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+ Ha; + B,) + - - - - YMHONXEHHE MBI ONPEAE/UM C MOMOLIBIO AH-
CTPUGYTHBHOTO 3aKOHA ¥ (HOPMYJIbI

(ra) (£ 8) = th+1aS'g.

Jlerko nposeputs, uto O [£, S] aBagercs KOJBLOM.

Mbl MOMEM Tenepb MOCTABUTH B COOTBETCTBHE MOJHHOMY
&yt tay + . .ot tma,,  sumomopduam g Ta; ...+
-+ Tme,, € ®{T]. Hame coorsercrue OyneT TOrAa Mpeacra-
sneanem P [£, S] 8 R, u R Oyner P [£, S]-monynem.

Ecmu a(H)=ay +} ...} t"a,, o, % 0, TO m Ha3uBaeTCq
cmenenyro mojuHoMa o (f). CremeHpld Hynas Oyjgem cuu-
TaTh — cO M 3aMETHM, YTO TOTJA

deg [a (1) + B ()] = max (deg a (&), deg B (1)),
deg [a (#) B (8)] = deg & (£) 4- deg B (8).

Bropoe paBeHcTBO moKaseiBaeT, uro B @ [£, S} orcyr-
CTBYIOT AeauTend Hynd, T. €, uto @ [{, §] asasercs o6aacTbio
unenoctHocTd. OTMETUM Takke, uTO OOPATHMBIMH 3JIEMEHTAMM

. B 5TO# 06nacTH UENOCTHOCTH OYAYT JIHIIbL OTAHYHBIE OT HYJd

anementhl Tena ®. [lycrs Ttemeps B () =f, 4 ...+ B,

; s
rie By - 0, u m’ m. Torma a(t)—B @) " —"'(3 Wy,
= ay +tea/ ... m-a'y,_;. Cnenosarenbno, ecau
MH TIPOJZO/KHM 3TOT IIPOLECC Je/MCHHs, TO NMOJYYHM TaKHe
noauHOMel Y (¢) # p(f), 4TO

a(@) =R )+ )

rze deg p (£) < deg B (£). [TonoGubiM e 00pa3soM Mbl MOXKEM Halt-

TH TAKHE MOMHHOMEL T, (£) 1 p, (£), ut0 & ()=, (*) B () -+ p,(®),

npuuem degp, (¢) < degf (¢).
[IycTe Temepsh < SBASETCH HEHYJEBHM MPABbIM HJIEAI0M

B @ [£, S]. BuiGepem B § anement B(f)# 0, umeoluil Hau-
MEHBLUIYIO CTeNeHb CPeN BCeX HEHYMEBBIX 3/IEMEHTOB HAeana §.
Torza, ecimu « (f) ABAAETCH MPOM3BOJBHLIM 3JIEMEHTOM H3 ¥,
10 a(f)=B()7(f) +p (1), rae degp(t)<degh (), a Tax
Kak p(H)=a(t)—B(Hy(HE, T0 p(f)=0 B Cuny Muuu-
MAJABHOCTH CTeneHH nomuHoma B (). Takum o6pasom,
ea()=B(@#71(), u noromy J=4() P [£ S], rae
B (2) @ [¢ S| asnserca naeanom, COCTOALMM M3 MPABHIX Kpart-
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HpX moaudHoma {(f). Maean rakoro suma Mbl OyleM Ha3blBaTh
2AABHBLM  NPABHIM  udeasom. AHANOrMYHO, BCAKHH JeBbif
ujaean SABAAETCH TJMABHLIM B TOM CMBIC/IE, YTO OH MMEET BH]L
® [, S]1B(¢f). Mu Gyumem Teneph Ha3nBaTh OGMACTb LEMOCT-
HOCTH D 004aCIimbio 24Q8HHX 10ean08, eCnu Kamaull TIPaBH
uiean SABNAAETCH NPAaBLIM TJIABHLIM HIOCAIOM a0 M KaXIbH
AEBHH MAean sB/seTcsd TAABHHIM JEBLIM HAeanoM 0a. TaKuM
o6pasom, @ [¢, S] saBasercd npuMepoM 06/ACTH TAKOrO THNA.
MOKHO MpOBEpHTb, UYTO CACAYIOUIHE KOJbLUA TAKXKe ABJARIOTCA
O0MACTAMH T/aBHBIX KAeaJoB.

1) Konblo nensix umced.

2) Jlwob6oe reno. A

3) IMoakoabi0 raMUJILTOHOBCKON anrebpbl KBaTePHHOHOB,
COCTOSsIIEE W3 SJEMEHTOB BHAa lag - fa; | ja, |- kag, rae
Ko3hduuuenTsl a; aub0 Bce ABAAIOTCA UEALIMH PAlMOHAJb-
HLIMH YMCJaMM, aM60O BCe OHM fBJAIOTCA TOJNOBHHAMH HEYeT-
HBIX UEABIX YHCe.

4) Koaso @ [¢,'] nuddepentnanbHbX TOAMHOMOB. KoabLo
3THX [OJMHOMOB OIpefenneTcss TakKuM e oO0pasoM, Kak
u xonwuo @ [£, S], npuuem npaBuno a f=faS 3ameHserc
npasmioMm af==tfa o’ u (a8 =a +B, (@B) =
—af’ +a'.

B sroif rnaBe Mbl H3yyMM [eTalbHO TEOPHIO 0OJacTeid
r/aBHBIX ugeanoB. (OCHOBHBE NPUHIOMEHHA, OTHOCALIMECH
K TEOpHHM TOJAYNMHERHBLIX [Pe0oGpa3sOBaumii, NOAYUATCA NPH
paccMorpenun koawua @ [£ S].

‘2, dnemeHrtapHpie cpoiicTsa. [Iycrs » ABAAETCA 06MACTHIO
raBHBIX uneanos. Ecmu ao U & o — HeHyJeBble HAEANBI, MPH-
yeM ap>2hYp, TO b==ac, UM, HHHIMH CJIOBAMH, @ ABAAETCH
JeBbIM JefnTedeM saementa b, Ecanm ap=byo, TO au=2>5
u bv=a. CrenosarearHo, a==auv n a(l—uv)=0~0,
a noromy uv = 1, [Tono6s0 stoMy, vu = 1, 1, TaKAM 00pasom,
% ¥ ¥ ABAMOTCA OGpaTMMbiMH 3neMeHTamu B p.1) Crenosa-
TeJbHO, & ¥ b acCOuMHpPOBaHH crnpasa. [lono6Hoe xe 3ameudHue
CMIpaBENAMBO M MJs JEBHIX MHeanoB. B aTo# raase Mbl GyleMm

1) Ecam o siBasieTcss 004aCTHI0 HEMOCTHOCTH H #U = 1 B KO/bUE ¥,
10 (1 —vu) v = 0, ciepoBaTeabHO, TaKKe U Uit = 1.
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HMETh TMOMHBIR MApanaenyaM MeXAy Teopued NpaBeX M Teo-
pueit JeBMIX MAeanoB, M NMOITOMY BCE Dpe3yabrathl OYyAYT
BHIBOAMTECA M GOPMYAMPOBATHLCA JIMIL JUIH TIPABBIX MIeafioB.

Econ  a0Sap &0 aBjsercd Lenbi0  MpPAaBHX
Hl1eanoB, TO HX TEOPETHKO-MHOXECTBEHHOE OGDheaAnHeHue
TaKKe SBJAAETCH MpPABHIM MJIEanoM H, CAEIOBATENLHO, HMEET
Bug ap. Tak xak s Hekotoporo N MHl nMeeM & € ayo,
TO ao=aNo:aN+lo=... . Ilpeanonoxum Ttenepb, uTO
a,0 =2a,0 = ... aABagercad yObBAOLIEH LEMNbI0O ¥ YTO BCE ;0
COAepKaT (PUKCHPOBAHHBLIA OTJAMUHBIA OT Hynd 3JeMEeHT b.
Torma b=a;b; a;—a;_,c;.; H, CHENOBATENLHO, b=
=a;_(c;_1b5)=a;_,b;,.;. OTciona BbITeKaeT, 4T0 O;—y=—
= Ci—qb; W 00, S 00, S ..., a NOTOMY 115t ZOCTATOUHO GOJIb-
woro N umeeM pby =oby4+,=.... Takum oOpasom, 3ie-
MEHTHI.CN, CN 41, - - - OODATHMBL, ¥ Ax0 = ay 0= ... OT™e-
THM, YTO YCJOBHe OOpbIBA YOLIBAIOUIMX lieneft cnpaBefsHBO
JMILb B TOM Cllyyae, KOrja o siBaserTcd tenom. B camom gene,
NpPefONOKHM, UTO @ SBAAETCA HEHY/NEBHIM 3JEMEHTOM B D,
U paccMOTpHM lemb a@o D a?>... . Ilycte k£ sBaserca
TAKHAM LIEJIBIM YHCAOM, uyTO akp = ak*+lo, Tormna ok+! = aku,
rie anaeMeHtT 4 o0OpaThM,-a TO3TOMYy M a@==u4 SBJIAETCH
00paTUMBIM 3J7eMeHTOM.

Teopema 1. Zzs npassix udearos ob6racmu 2AQA8HHLX
u0eano8 o umMeen Mecmo ycaosue o0pwvisa B03PACMAROUULX
yenel. Yowsanouwas uens npasulx udeano8, nepecedexiie
KOMOPbLX OMAUHKO OM HYAE8020 IAeMEHMA, COOCPHCUN AULULL
KOHewHoe 4ucA0 pas3audHelx ubeasos. Ecau ycaogue obpsisa
yOuisaromux yenelf 8bLNOAKEHO (e3 oO2paruteruif, Mo o
AEASCIMCST MEAOM.

Ilycte @ u & OyAyT OT/IHYHBIMA OT HyJd SJEMEHTaMH,
paccMOTpHM  mAean ao -f- bp, COCTOAMUA U3 BCEX 3MEMEHTOB
BuIa ax -} by, rAe X W y ABJAAIOTCA MPOM3BOJBHHIMH 3J€-
MEHTAMH KOJIbLA 0. DTOT HAeas ABAAETCS HAMMEHbLINM Hean0u,
comepxamuM a@o ® bo. Ilycte Temepp ao-}-bo=do.
Torna d=ap-+| bg OGyzer o6iuM HAUOO/BLIUM JTEBLIM Je-
JATENIEM 3JIEMEHTOB @ u b, T. e. d ABJAASTCA JIeBHIM  Jlenu-
TeneM @ ¥ b, ¥ BCAKMH /JeBbif HenAHTeNb 3/EMEHTOB a M &
OyZeT NeBBIM JeauTeNieM 3aeMeHta 4. IOneMmeHT d onpeaeneH
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C TOYHOCTBIO IO OGPaTHMOro MpaBoro neaurensd. Kaxauih us
onpenesieHHbIX TaKHM 06pasoM 3;eMeHTOB d Mbl 6yAeM 0003Ha-
yaTh yepes (a,d). IlycTe Teneps a=da, n b==db,. Torna
a(l —pa,)=da, —apa, = bga,, u ananoruuso b(l —
—gb)=apb,. Tak KaKk HH 3JeMeHT p, HH D3JIEMEHT (¢
HE paBHBHl HYJIO, TO TeM CaMbIM JOKa3aHo, 4YTO NepeceuyeHue
aobo=mo-=0.daemenT m AsIseTCAd OGIIMM HAHMEHbLIAM
MpashLIM KPATHBIM 2JIEMEHTOB @ H O B OGLIYHOM CMBIC/IE C/IOBA:
m SBAfeTCS OOLIMM NPAaBbIM KPAaTHLIM 3JeMeHTOB 4 W b,
npuyeM BCAKOe Apyroe obuiee MpPaBoe KpaTHOe 3JEMEHTOB &
W b gBAfeTCd NpPaBbIM KpPAaTHHIM 37eMeHTa m. OO003HAUMM
aneMeHT /m uepe3 [a, O], 3aMeTHB NpH 3TOM, 4TO OH ONpe-
JieJIeH JIHIIBb C TOYHOCTHIO A0 OGPaTHMOTO NMPABOrC AEAMTEs,

Teopema 2. Jwolbse 08a Henyregvie 3aeMenma a u b
obaadarom obuwunm Haubosbuwum Aesoim Oesumenem (a, b)u
00U UM HAUMEHDILUM NPABULM KpAMHLM (@, D], Komopuie onpe-
OeseHbl ¢ MOYHOCMBIO 00 O6PAMUMOR0 HPABOZO MHONCUMEAL.

CymecTBOBaHUe OOLMX TMPABHX KPATHHIX, OTJAHYHBIX OT
Hy/s, 13eT HAM BO3MOXHOCTb TPHUMEHHTb OOBIYHYIO KOH-
CTPYKLHMIO ApOGel AJA TOJMy4eHHs Tea OTHOLIEHHH 06JACTH 0.
Mast 3TOH uennm paccmorpuM napwel (2, b), rae b #= 0. bynem
CUNTATH, UTO (@, b) 3KBUBaNeHTHO (¢, d), ec/v NpH m = bd, =
=db,, MB uMeeM ad, ==cb,. ITO COOTHOIIEHHE ABAALTCH
CUMMETPHYHLIM, ped/eKCUBHBIM M TPAH3UTHBHHIM. OG0O3HAYHUM
COBOKYNHOCTb Map (¢, d), SKBHBalXeHTHHX nape (a, b), uepes
a/h. Oupesemnyw alb—+cld=(ad -+ cby)/m. Ecmu ¢=£0
U == bcy==cb,, 10 nonoxum (a/b)(c/d)=ac,/db,. an
¢ == 0 nonoxum (a/b) (0/d) = 0/d. Jlerko BuseTh, 4TQ CymMMa
npou3Be/ieHe ONpele/eHs TAKUM 06pa3oM OJHO3HAYHO M YTO
COBOKYNHOCTb BCeX a/b, Ha3HIBAOIMXCA (NpaBLIMK) Opobama,
o6pasyeT Ten0 P OTHOCHTENBEHO ONpeneNeHHbIX TAKHM o6p332M

cnoxeHnss W yMmHOxeHua. Teno @ COLepHHT NOIKOJBLO v,
cocTofiilee M3 3/eMEHTOB a@fl, KOTOpHEe HAXOUATCH B H30-
MOPDHOM COOTBETCTBUM C 3JeMeHTaMH KoJjbua 0. Takum

0o06pa3oM, €CAU Mbl 3aMEHHM KOJbIO » KOJABUOM 0, TO MbI
MOXKeM CUHTATh, YTO OOJACTb 0 ABJASAETCA NOJKOAbLOM Teaa d.
dnement afb pasen (afl1)(b/1)~!, u notomy & sBasercs
HaNMeHbIIMM moaTenom B O comepxamum KoOJBLO .

ted,

IR

HREE
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3. 0-MOAYJIb C KOHEYHBIM HYHCIOM o0pa3yiomux.
IIpegnonoxum, 4ro o sBAseTCHs NPOM3BOMBHEIM KOJbLOM
C enuunuedt u 4ro I sBasercs o-momymew, B KOTOpOM s
BCex x x1 == x. HanomuuM, yto, N0 onpexeaeHnio, ams Bcex

37eMeHTOB X, ¥ u3 N H a8 BceX 3/aeMeHTOB @, b us v
BEINQJIHAIOTCA COOTHOLICHMUS ;

(% +y)a=xa -+ ya,
X (@ -+ b)=xa -+ xb,
X (@) = (xa) b.

Mt Gynem roeoputs, uto moayias M umMeer woneunoe $UCA0
obpasyromux, ecin B N CYWIECTBYIOT TaKHE /I 3/1eMEHTOB
X1 %9 +.+, Xy, Ha3HBAEMBX oOOpasyiouumuy, uyto MoGoM

sneMent u3 IR moker 6nrL mpeicraBien B BHze D x4
rae a;€0. Ecmn ans noamoaysed momyns I BLiToAHCHO
yc/ioBre OGpbIBA BO3PACTAIOWMX MENOYEK, TO MErKO BHLETSH
uTo Monyab IR uMeeT KoHeuHoe ymMCaO 06pasyomux. ’
Ilpennonoxum tenepn, uro M seasercs NOAMOAYIeM
monyas M, u nycrs §; =, (M) obosnavaer coBoKynHOCTS
SACMEHTOR @;, BCTDEHAIOUIMXCA B KAYeCTBe KO3((UUUEHTOB
MpW X; B DIIEMEHTaX noaMozyas R, uMeOwMR BUI X -+
~{—x”6a‘ 1+ Fx,a, Toraa 3¢ ABIAETCA MpaBHIM Hjed-
oM. OueBHEHO, uTo ecau N Je
T0 % (N) = i‘s; (B). C ﬂggyro}ﬂ:(mc‘r?)?)c:;poreggg Mﬁf&iﬁf’
9 7
HTO eCiH RSP u anascexi=1, ..., 1 umeem XN =
=J:(P), 0 R=P. 10 samevanne nossoaser HaM FOKA-
3aTh CJIEAYIOUIYIO TEOpeMy.

Teopewma 3. Fcau o ssasnemes KOAbYOM, YOO8ACHLE0-
PAIOHUN  YCA0BUIO 00pbLEa  BO3PACMAIO WU (vovisarnonux)
uenei npasex udeqno8, mo KaMcowii 0-#00ya6 M ¢ rouey-
HbLM HUCLOM 06pasyiouux yoossemsopsem ycaosuw o6pssa
803pACman ujix (yﬂbwafotuux) yeneld nodmodyaei.

B camom mene, nycrs M =My=,.. asaserca Bospa-
ct'gmmeiziz Lenblo noamonyined u mycrs 00 =, (M) - Toraa
R A =R ) &..., H, ClenoeatenbHo, HalieTcs TaKoe Hemno0e
YHCIO N, 4TO In% BCEX i HMeeM S}N’ = SSN“) =....0rcwona

S Bax., 748. H, Imexobcox,



66 riasa 3

crenyer, uto My =My 1 ==.... Taxum xe oOpasom -pac-
cMmarpuBaeTca caydait ofpeiBa yGnBalOUMX Leneh.
Ecau 3aementsl moayad M moryT ObiTh OAHHM H TOJIBLKO

OLHMM O6DA30M NpencTasieHbl B Biae X ¥z 10 I Hassi-
BACTCS CB0BOOHBLM MOLYNEM ¢ OA3UCOM Xy ..., Xg. OKBH-
BAEHTHLIM YCJIOBHEM OyJeT TO, YTO 3JISMEHTh Xj SBJAIOTCH
obpasyomuMn  Moxyas SR M x;dy=0' TOAbKO TOTAZ,
korna Bce dy;=0. Tak xe xak m w1 tea (CM. raasy 2),
MBl MOMKEM Jaf Ji060ro Ko/bla 0 TNOCTPOMTh CBOGOAHLIN
MOLY/p C 3apanee 3afaHHHIM 4UCAOM 3/eMeHToB Oasuca. Ho
TeopeMa HMHBAPHAHTHOCTH YMCJA 3JEMEHTOB Gasuca He Oy/er
cupaBen/MBOM, €CJAM HA KOJBLO D HE HAMOKHTL HHKAKHX
orpanuyennit. Takum 06pasoM, MOXKeT CJIYy4dThCH, UTO
B MOAy/ae P& CYLIECTBYIOT BAEMEHTH Yy, « . .y Vo, NOPQHKAAIO-
e Bce K, mpuuem m << #. Mbl nMokameM Temepk, U4TO TEO-
peMa HHBaPHAHTHOCTHU CIIPABEIANBA PH MOOOM M3 C/CAYIOIHX
NpennoOMeHRH ©

1) o gBjfeTcs MOJKOJLUOM HEKOTOPOro TeJa,

2) Oas npaBHX KIEalOB KOJbUA 0 BHIMQJHEHO YyCJ0BHE
o0pbiBa BO3pacTAOLIMX UErel,

[IpeanonomuM, B camoM gene, uro I uveer m<n obpa-

N\ . N .
3YIOWUX ¥y == X X4, ). TORIA KAWALIA B/IEMEHT X;== Db,
M, CleJOBAaTENBbHO, X; == ijajkbm. B cuny enuHCTBEHHOCTH
MpejCcTaBAeHH, HMEEM Zajkbm == 8,4, TaK 4TO

(@)=
(a1 - 0...0 [bu cobim bimtr .- bin
_ At - Pm 0...0 ' bml. . .b/m,m bmm+1~ . .bm”, =1
- am+11...am+1m0...0 o ... 0 0 ... 0
2y ety 0n0)l0 .0 0 .0 )

1) B cuay CHMMETPUH AOCTATOUHO pPacCMOTPETH “TOALKO 3TOT
cayyvait.
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Tak xax (b) (@)= 1, 10, B cuay reopeMbl | u3 raaBu 2,
3TO HEBO3MOXHO, €C/IM  BHIIOJHEHO ycJoBHe 1). 3ameTHM

lanee, 4TO OTOOpaxeHue Zx.;a‘-—-»zykak SIBASETCH  TAKHM
p-snnomopdusmom A, uro WA =W. C apyroit cTopoHs,
MHOXKECTBO 3, 3/EMEHTOB, 0TOGpaXaoWMXCsa B 0, MPH 3HIO-
MoppHsME A COLEDHHUT IEMEHTBl Xy4qy «-+y Xpy a4 [OTOMY
34 7 0. Ho 3170 HeBO3VOXHO B cHay Teopemsl 7 U3 riassi 11).

[Iycts Teneps § aBAseTCH CBOOGOJHHIM 0-MOLy/AeM C (a3u-
COM €{, ..., €, H mycTb JN ABAAETCH HEKOTOPLIM D-MOLYJIeM
C # 00pA3yIOLUIUMH Xy, . . ., X,. CooTBETCTBUE Eeia,——>2x4a¢
Oyser 0-roMOMOpPQHEIM OTOGpameHHeM MoOAyas & na .
Crnenosarehibno, 9 uzomopdro daxrop-mosymo N, rae N
SB/AETCA COBOKYMHOCTBIO 3JIEMEHTOB, OTOOpaXaoWMXCH B 0
npu 3TOM roMmomopduame. Mol HCHOJIB3yEM I03XKE 3ITOT
pesy/sTaT IJs H3YYeHHS CTPYKTYPHl 0-MOLyJAeH ¢ KOHEeUHBIM
YUCAOM OOpasylUMX Had 006JacThbl0 TIJIaBHHX HACAJOB D.
0-MOLY/b, NMOPOXAEHHbI! OHNM S/ICMEHTOM, HA3LIBACTCH YLk AlL-
weckum. ECm MB DACCMOTPUM KOJABLO D KaK MOAY/MbL OTHO-
CATENbHO OOLIYHOTO YMHOMEHHA X@, TO MNOJYYHM, UYTO ©
ABJAAETCA CBOGOAHBIM LMK/IMYECKHM MOXyJeM, TaK Kak a = la.
[Ipasbift vumean § u3s o Gynser o-noamonysnem. Maean § Gyner
UMKAMYECKUM MOAYJEM TOT/Aa M TOILKO TOTAa, KOraa OH
ABJICTC [JIABHBIM HIEadOM, U §=ao Oyner CBOGOIHHIM
MOAy/leM TOrJa U TOAbKO TOIAd, KOFIAd @ HE SIBJAAETCH JEBBIM
nenuteneM Hysad. Ecau Tenepe 0 aBAfeTca LMKAHUECKHM
0-MOAyJeM WU X — O0pA3yOLIMM 371eMeHToM Moxyas I, To
COOTBETCTBHE MEWAY @ &0 U xaC P sBnserca p-romMoMop-
¢uamom. Takum oOpasom, B zTOM Cayuae ¢ wu30MO[RQHO
dakrop-Moayno o/¥, rae [ ABAAETCA TNPABBIM  HIEAIOM,
COCTOAILLIMM M3 TAKUX 3/MeMEHTOB b, 4T0 2b=0. Hnean §
Ha3LIBAETCA NOPAOKOM 3TEMeHTa X,

4. Unxnuwvyeckuwe o-moayiu. B naapmeflmiem o Gyner
06o3Hayarth OOMACTH TMABHHIX WAeanoB. Ecaum I seasercs
p-MoLy/eM M x — ajementoM u3 I, TO Mbl 6ymeM rOBOPHTH,
YTO X HMEET KOHeuHulli nopsador, ecin § 7= 0. ITpeanonoxum

1) Tocneanuit peayavrar npuragaexnt C. J. Everett. Boaee
[OJHOE PacCMOTPCHHE 9THX BONPOCOB COJEPHHTCA B ero padore [3].

o
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Teneps, UTO SMEMEHTH X U Y MMElOT KOHeuHble MOPAAKH
u %y Torfa Jg=SF,NJg 70, u, TaK Kak Al Bcex b Iy
umeem (x-+y)b=0, TO 31emenT x|y HMEET TaKKe
KOHeuHbLIl mopanok. [lanee, ecan o ABIAETCA HEKOTODHIM He
paBHBIM HyM0 3nemeHToM M3 0, TO ao(1J=J;F0 u,
ecnH b ABAAETCS OTAMUHBIM OT HYJsi 37EVeHTOM u3 J§,, TO
b=ac, rae ¢ 0. Toraa (xa) ¢ = xb=0. Takum oGpazom,
COBOKYITHOCTh 5/€MEHTOB KOHEUHOro Mopsaxa oGpasyer MOA-
monyan Moxyaa M.

PaccMoTpuM Teneph LUMKAHYECKHH p-Moayas IR, obpasyio-
Ui 3JEeMEHT KOTOPOro HMeeT KOHe4HbH Mopsnok, Onaronaps
yeMy, He Tepsii OGLUHOCTH, MBI MOXeM CuHTaTh, uto I = o/av,
rae @ == 0. Kauasiit moamMoay/ib MOLYJA 0/@o MMEET BHL bo/av,
rie bo Dao M, caefoBaTenbHo, a==bc. llogMonyib bojao
ABASETCA IMKAUYECKMM, TAK K3aK OH MNOPOXAAeTCH CMEXHBIM
K7acCOM, K KOTOpOMy mnpHHamiexur siaement b, Tak Kak
MOPS/IKOM CMeXHOro Kiaacca b--ao Basgercsa c¢p, TO MOAYJb
bojap p-usomopden Mmoaymo o/co. Ilo BTOopo#H Teopeme 06
usomopduaMe MOAYIb 0/ao/bo/ao o-usomopdeH Momymio 0/bo.
Takum 06pasoM, C pas3IoXeHHEM @ == )C He PaBHOTO HYJIO

57EMEHTA @ MBl MOXEM CBA3aTh LENb p-Moaye v/ap 2 bo/ao D

Davfap =0, An9 KOTOPOA (aKTOP-MOAYAAMM HABJSIOTCH
COOTBETCTBEHHO 0/0p U 0/co, n oBpaTHO.

Haiijiem Teneps yc/aoBue, IPH KOTOPOM A/ ABYX HE PaBHHIX
HY/MIO 3MEMEHTOB & H b Qaxtop-Moayau o/ao u o/bo GynyT
o-usomopgubl. [Iycrs 1, sfBASETCS CMEKHBIM KJacCOM B 0/a0,
colepxauum d1emeHty 1. Ilpn nsomopdusme OH 0TOOpasuTCA
B CMeXHBIH Kiaacc #, dakrop-momyns o/bp. Torma l,c coor-
BeTcTBYeT #;¢. Tak Kak npu usomopdusme 0 — 0, TO u,@=>bo.
EC/H ¢ ABAKETCS HEKOTOPHI'f 2JIEMEHTOM U3 Uy, TO U@ == hv = nt.
Tak xak CMexHbA KiIacc 1,, comepxamuil 1 B o/ bo, umeer
NP HEKOTODOM ¢ BHX 4,¢, TO MBI moiydaem uc==1--bq.
Clie0BaTe/ibHO, OGIIUM HAHGONbINAM JIEBBIM Jenutenem (#, b)
sneMeHTOB # n b smaserca 1. Tak Kak ua; € by TONBKO
TOr4a, KOTAA @, ==4ac,;, TO m ABAAETCH OCLIUM HAWMEHBLIUM
TpaBHM KpaTHHIM [, b] sneventoB 4 u b. Caenys Ope [Ore},
Mbl GyleM HasblBATb 3JCMeHTHl a U b rnodo6Hbiyu cnpasa,
eClIH CYLIECTByeT TaKoi adeMeHT u#€o0, uto (u,0)=1mn
a=u"1[u,b], sma uao = uolbo u uo-+ bo=0o. Mul noay-
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yuny, TakuM O0Gpa3oM, 4TO (AKTOP-MOAyAH ofao U o/bo
0-u30MOPGhHE JAUIIL TOTAA, KOTAA 3JEMEHTH @ U § NOIOGHHI
cnipaa. OGpaTHOE yTBEPKACHHME TAKKeE CNPABEIMBO, TAK Kak,
NOBTOPAS NPENUIECTBYIONME DPACCYXKAEHHA, Ml BHIUM, YTO
oTo6paxenne 1,c¢-—u,c ssagercs wusomopdusmom. Tenepp
ycaoBue m==uq = bv==[u,b] Bnever 3a cobo#t OTCyTCTBHE
06111ero NNPaBoOro e/ IUTe/I Y 3MEMEHTOB ¢ U U, T. €. 08 - pv=b,
a n3 (u,0) =1 crenyer, uto m aBaseTca OGHIUM JIeBLIM
HauMEHbIIHM KDPATHBHIM B8JEMEHTOB a ¥ ©. TakuMm o6paszom,
37ieMEHTH @ U b MOZOGHB C/leBa B OUEBHAHOM CMBIC/IE CJIOBA.
B cuny 3SKBHBaNGHTHOCTH MNpPAaBOTO M JIEROTO TOROOUA MEI
GyneM Ha3HBAaTb 9TO CBOHCTBO mnpocto nodobuex. Ecam
paccMaTtpuBath 0 KaK JeBHM MOAYIb OTHOCHTENBHO JIEBOTO
YMHOXCeHHS, TO TNOJyYaeTcs

Teopema 4. p-modyasu ojav u o/bo (a,b0) uzo-
MOpHHBL mO20a © MmOAbKO mo20@, K020a Je8bie MOOYAU
o/oa u o/ob usomopgno, Has mozo umobu raxcooe u3
dmux YCA08UL UMENO MeCmO, HEOOX00UMO u OOCMAMOYHO,
4Ymobsl 3aemenmel a u b Ovisu nodo6HbL.

OTMeTHM, 4TO 3JIEMEHT ud, a, CleJOBAaTeNbHO, H 3je-
MEHT uqu mnojao6eH 3JieMeHTy a, eClM 4 M U ABJATCH ofpa-
THMBIMH  9JieMeHTaMH. Ecim  KO/MBLO » KOMMYTAaTHBHO, M
m=ua = bv, To up +bq=1; toraa aup + abg="h(vp-t+aq),
¥ NOTOMY & ABAsSIeTCH JesuTeNeM 3jeMeHTa a. Takum ke
obpasoM a saBasgercs nAeauteneM b. CnenorartenbHO, B 3TOM
chayyae 3MeMEHTH @ ¥ b TNOoRoOGHB TOriga M TOJMBKO TOTAa,
KOTda OHHM OTJHYAOTCH OOPAaTHMBIM MHOMHTENEM.

ITycTe a sBiasercd HeoOpPATHMBIM OTJMYHBIM OT HYJIA
anemenToM. Torna 0> ao D 0. Tak KaK BHINOMHEHH YC/IOBHs
o6phiBa 1enell, TO 0-MOAY/Ib 0/@p 00/aNaeT KOMMO3ULHOHHLIM
panoM. ITOT PAA COOTBETCTBYET TAKON UENH MALANOB D=a,0 D
DA 0DaAPD...Da,0==ap, 4T0 aio/av/aiﬂo/ao u, Cie-
J0BaTeNbHO, a;0/@;, 0 HenpuBoaumbl. Ecmu a;i,==a;b;,,
H @y=1, TO KONbLO @;0/@;, 0 H30MOPGHHO KOMBLY 0/b;4 0.
CrnenoBatensHo, umeeM a==0,b,...b,, TAC B3leMEeHTH b,
HeNpPUBOAMMBI B TOM CMEIC/IE, YTO OHH He ABJAIOTCA HH HY/SAMH,
HH OOpaTHMLIMH DJIEMEHTAMU ¥ He HMeEIOT COOCTBEeHHHX HeaH-
teneit. OOpaTHO, €CaH A ==bby ... by, The 37EMEHTH &,
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HEeNPUBOAMMEI, TO Mbl [MOJYYaeM KOMIO3HUMOHHHIR il
o/ap D bo/ap D6 byojas D ... D 0. Takny 06pasoM, Mbl MOKEM
npumeHuTh Teopemy YKoparana-Tenbaepa W MOMYYHTE CAEAYIO-
Y0 TeopeMmy:

Teopema 5. KawcOwi asemenm a, OmMAuuKud om
HYAS 1L He ABAAOWUECS OOPAMUMBLI SACMEHMOM, MONHCENM
6oums npedcmasaen -8 8ude by ...by,, e by ABATIOMCS
HenpusoOumsmu asemenmamu. Ecan a =c¢y... Cy, 2de
SACMENMBL C; HenpysoOuMvi, MO m==n u 3AeMeKMmbl b;
u ¢; noloGHb. npu HeKOomoponM, onpedeseHHbM 00PA3OM
YCMAHOBAEHHOM, OOHOIHAUHOM COOMBEMCMBUL Meocdy Humu.

Uuco 71 HENPHBOAMMEIX MHOXUTENeH &; B DasnomeHuu
@a==~b, ...b, nasusaercsa dsunod sneventa @. OHO ABMAETCA
TaKKe AMMHOH KOMNOBHLMOHHOrO pana Moiyns ofas. Ilycts &
SBASETCA APYTHM HEOGPATHUMBIM OT/AWYHbIM OT HYJSA 3JIEMEHTOM,
¥ TpennoJoXmM CHavana, uro (a, py==1. Torza aneMeHT
a-! [a, b] = b’ nonoGen sneventy b. CaenoBarenbHO, AAMHA
p' = miuse b. IlycTs Temeps (@,b)=d u a=da, b=db,.
Torma (a,,0,)=1, n wmHa [a,b]=nmnre @+
L mna @~ [ag, 7] = nanse a,-}- nonna by Takxax [a, b=
=d [a,,b,], T0 Luna [a, b] = naune d - niuHa @ - AAuHA by M
AHa [@, 6] - nauHa d = pnuHe @y -+ Aauna by - 2 uHel d=
= JIMHe ad, W HAMM TIOJyueHa

Teopema 6. Ecau @ u b A6A%0MCT OMAUHROLMU 0N
HYASL HEOODAMUMbIME INCMEHMAML, MO druna [a, b] +
+ dauna (a, b) = daune ab.

Co6CTReHHOS TPAMOE pAa3loxKeHHe KOJAbpla 0/ap CBA3aHO
¢ TAKUM MHOMECTBOM HAEANOB @0, YTO 0D a;0 D an, &0 +
.. Fagp=onapn(eo 4. . ai_0F a0 +
1~ a,0) =ao. Takum 00pasOM 3IEMEHTH @; ABAAIOTCA co6-
CTBCHHBIMM JeJAUTENAMH 3JeMeHTa @, oOwuh HarGoALIIIH
neBLI# genntens (@, . . ., a,)=11 oblilee HanMeHbIllee NPaBOE
kparHoe [ag, (@, - - .+ @g_p Aty - - - By)] =a. Ecmna = aby,
TO KOMBbLO a;0/ap 0-n30MOpdHO Koaely ofbgo. Ycaobuem
AN Hepa3MOKMMOCTH @;0[/@0 SBISETCA OTCYTCTBHE TaKHX
co6cTBeHHbX meauteneft &; w b osnementa by, UTO
16, b;,"1 =06, u (#;, b, V=1, nau OTCYTCTBHE TAKMX coGCTBEH-
nuX neanteneHl a; u a; anementa @, uro [af,a])=a u
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(2;', a;,")==a;. HeTpynHo BHAeTh, YTO 3TO ABAAETCT HHTEPIpETA-
uvelt Teopemnl Kpynnsa-Uluuara. Bonee o6s1uHas nutepnperanus
nonyyaercs MPH TOMOILM CEAYIOLIEr0 TEOPETHKO-CTPYKTYP-
HOTO paccyXaeHud.

Iycts N sBiAdeTcds rPYMNoOH OTHOCHTENLHO MHOMXECTBA
2 sHIOMOP(DH3MOB, KOTOPOE CONEPMHUT BCE BHYTPEHHHE aBTO-
smopduamel. IMpeamonoum, uro M=MW, @...PMWM,, . e.
4T0

M=M, ...,
Mn WG+ Wy My - M) =0. (1)

Monoxny Re=M,F ...+ ], I,

' Torza npu fOMOLLN TIOBTOPHOTO NPUMEHEHHS NeleKHHAOBA
aucTpuOyTHBHOrO 3akoHa MH moayuaeM (R, n...nRi-in
nRkn...nN,=MN,. Crenosarensro,

0:%10---ﬂmn,
T+ nRonRean - n R =N (2)

O6parHo, ecau MBl HMeeM MHOXeCTBO moxrpynm NR,, yaosie-
TBODAIOIMX STUM YCIOBHAM, TO MLl MOMKEM OMNpeNeNHuTh
M=Rn...0NManNRean... NN v noayunts N;=
=MW+ W D+ M M= ...
PM,,. Taknm 06pa3oM ML HMEEM NIOHBIH DyaaH3M MeXIY STHMH
IByMs THOAMH pasnoxenuft, OTmeTuM TaKke, uTo (paxrop-
rpymia PM/N; Q-uzomopdua IM,;. CremomaTenbHO, MH NOAY-

yaeM CAeAyIOLyI> TeopeMy, AyanbHyio TeopeMe Kpymaa-
HIMuara:

Teopewma 7. [Tyems M msanemcs maroi R-epynnoi,
umo Q codepycum 8ce BHYMPEHHUEC QBMOMOPPUIMB, U
8 M svinosnens o6a ycao8us obpstsa yeneli. ITpednoroxcu i,

4mo Nay ..., N, u Ny, ..., Ry Ass90mesn d8yMs ydo-
sacimsopaomumy  ycaoguro (2) MHOMCECMBAMU OMAUYKOLY
om M Q-nodepynn, npunen WIN, & MR, asasomen
Hepasaoncum sy epynnanuu. Tozda n—=n', u cywecmsyem
marxotl Q-asmosopusx H epynne M u coomsemcmsyio-
wee emy ynopsdouusanue nodzpynn N, wmo NH=N,.
B wacmuocmu, epynnoe MM, u MR, 6ydym Q-usosmoppuo:.
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Bepremca Teneps K Ha3yueHHio 06/1aCTH 0 ¥ HA30BEM 3JIEMEHT
@ Hepa3AONCUMbLM, ECTH @ ABNAETCA TAKHUM OTIMYHBIM OT HYJIA
HeOGPATHMBIM 3JIeMEHTOM, YTO MOLYAb 0/@D HEPasIOKUM.
ITocnennee ycioBue HMeeT MeCTO TOIA M TOJABKO TOrAa,
KOTJId He CynieCTBYET TakuX COGCTBewHmx aeaurtedelt a’ n a”
9J/leMeHTa a, uto a = [@’, "] u (a’,a”) = 1. Ecau a o6nanaer
TAKMM pasnoxeHueM M a=—a'6" =a"b', 1o a apaserca o6uUM
HAMMEHBIIMM JIEBBIM KDaTHHIM 3jeMentoB b u b”, u 3tm
9/IeMEeHTH He HMEIT HeoOpaTHMbX OOIMX NpaBHX Je/HTE-
ne#t. OTCi0za creayer, 4To MOAYAb 0/Q0 HEPa3TOHHM TOTIA
¥ TOJBKO TOrga, KOrjga MOIyab o0/o@ Hepa3noxum, M3
TeopeMel, ayajspHoH K Teopeme Kpynaa-Ulmuara, cnenyer

Teopema 8. Omaununli om Hyas Heobpamumblii 31e-
Menm a moxcem Ovimb npedcmasren 8 sude [cy, ..., €y,

20e gaeMmenmol ¢, Hepadroxcumel, u (¢; {6, oo, Ciogs
Cirp - -+ Cul)=1. Ecau mbl umeen Opyzoe pasrocerue
a=|[d, ..., d,] mozo e muna, mo n=m u 32eMeHMbL

d; mozym Ooimy max ynopsdoerv., umolsi 045 6cex i
anemernm c¢; 6vin nodober asemenmy d.

Obracmu noauromos. IIyCTh o siBASeTCss OGMACTHIO MOMM-
novos ®[4, S]. Ecm a=iftmfpm-lgq - . . ta, rie
m>0, U d ABNAETCH HEKOTODLIM 3JEMEHTOM 3TOH 00/acTH,
to d=aq-}r, degr<dega. CnenosaTenbHO, B KaXAOM

cmexHoM Kiaacce mo a® [£, S] cymecTByeT /eMEHT, CTENeHb

KOTOPOro MeHbuie m. Kax nerko Bunerb, TaKOH 3JeMeHT
ONHO3HAYHO ompejeneH. OTCIONA CleNyeT, YTO BCAKHH CMEX-
neift knacc no a® [£, §] wmoxeT GHTb NPeACTaBJeH B BHIE
{1)E +{t} ... F{tm-1}E,, rne { ] aBnaerca cmex-
HEIM KJI4CCOM, copepxawum #%, u &, € . Taxum o6pasom, pac-
cmarpusaa P [£, S]-monyas @ [¢, S1/a® [¢, S] kak ®-moxyns,
Mbl TIOJYYHM, YTO Pa3MepPHOCTb €ro PaBHa CTEMEHH BlIeMEHTA 4.

CnefcTBHEM 3TOTO SIBJSETC PABEHCTBO CTeneHeH nomo6-
HBIX MOAMHOMOB. CTeNeHH MOJHHOMOB, TONYYAIOLWMXCA MPH
pa370MEHHH MPOM3BOJMLHOTO 3JEMEHTa @ HA MHOXHTENH,
ABJAIOTCA, TaKkuM 00pa3oM, MHBApHaHTaMu . Ilpeanonoxum,
4TO 9MEMEHT @ MOAOGeH 3iemeHty b, T. e., uto a = u~! [x, b],
rae (u, by =1. Ecin [u, b] = wa = bv, 10 nonoxum

u:bqi+u1: vmqga—{—'al,

SRR

o T e

&
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rae degu, <degh n degvy < dega. Tornma
b (g, —9y) @ = bv, — usa.

Eciu ¢, 7 gg TO CTeNeHb B JeBOf uacTH > dega +-degd,
B TO BpeMs, Kak cremenb npaso# uactu < dega - degb.
CnenoBATENbHO, §, ==y ¥ bV, ==u a. DNeMeHTH b u u, He
UMEIOT HeOOpATHUMLIX OOLIMX JeBHX JenuTeleH, a 3JeMeHTH
p, ¥ @ HE MMET HeoOpaTuMbX OGWHX TPABLIX AeNUTENeH.
—1
Cre/0BaTeNbHO, a ==y = [4,, 8], rae deg u, < deg #. Hanpn-
Mep, ecnn b =1 —f, rnef € ©, TO Mbl MOKEM MONOKUTD Uy == 3,
s€®, n t — B=00-1(t — B)==[o,f—P]. Caenosarennuo,
rnopo6Hbe £-— (3 31eMeHTH aCCOUMHPOBAHBI CHPABA C NOJMHO-
5
mavu Buga o-! (¢t —B) uan t—o-1fd"

Ilycts Tenepe ® = R (i, j) #BA%€TCA KBaTEDHUOHHON anre-
Gpoft Ham NeHCTBHTENBHO 3AMKHYTHIM TOJMeM: sieMeHramu ¢
ABISIOTCH  ay — iy - jag - ijog, tne P=j=—1 u ij=
— — ji. Tlonowum S =1. Ecmu a () = ey la, +?ay+
4. ..} tma,, rae a; €P, TO onpereanm a (¢) xak ay-1-
| fay Byt ... tma,, tae  Goo 13 jag T by =

== ay — & — Jag — ijag. Jlerko npoBEPHTH, YTO
c T B =a(t)y+b(®), a@@o@)=0o()a(®) (3
at)+a@®, a®a®=a@a(t) (4)

umeloT Kospoduuuents B R. Taxum o6pasom a (¢) a (¢) moxer
6LITh PA3AOKEHO HA Muuehubie Muoxmtenu B R () [£]. Coe-
OBATENLHO, HEMPUBOLMMBIE JenuTeny nosuaoma a(f) B @[]
NvHeHHBI, M €JMHCTBEHHbIMH HENDUBOLMMLIMH TIOAHHOMAMH
g ®[{] sBasoTCA JMHEfHBIE TIOJHHOMBI. Kak u B KOMMYyTa-
THBHOM CJyuae, Mbl MOXEM HCNO/B30BATh TOX/ECTBO:

fh Pl = (£ — 1) (-1 - =2 . 1)

A HOKA3aTeAbCTBA TOrO, 4TO OCTATOK TIPH jle/leHMM CleBa
nosuHoma  a (¢) = a4 -+ ta, + ... t"a, Ha (—7r paBeH
ay - ra; 4. .. 3 rma,,. CiaenoBarenbHo, {——r SBIHETCA TOU-
HBLIM JieJuTeNeM TOoJMHOMA @ (£) TorAa ¥ TONBKO TOTAA, KOraa
r SBASCTCA JCBOCTODOHHUM KOpHeM @& (f) B TOM CMHICTE, uTO
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ag+ra; 4. .. 4 rmg, = 0. Taxum o6pa3oM, Mbl JOKa3anu,
4TO KaXABIH MOJAUHOM, CTeneHb KOoTOporo > 0, 061aaeT 1eso-
CTODOHHMM KODHEM, W TakuMm ke 06pa3oM MBI HAXOMUM, 4YTO
3TH TIONHHOMb 0G/IANAT NPABOCTOPOHHMME KOpPHAMHU -(a, -
+ar+...+aum=0), B stom cummicie ® aseebpau-
HeCKU 3AMKHYMO.

ITycte namee ® =R (i), rae 2=—1 n R asngerca
REHCTBUTENBHO 3aMKHYTHIM noseM. [Ipeanonoxum, uro S
ABIseTCA aBTOMOpdH3MOM oy - la, — ay—fa,. Ecam nonu-
HoM a(f) =a,ta,--...4t"a,, rme o;€®D, newur
B ®[4 8], To b onpenensem a(f) = a,— ta, } Pa, —
—Pag+ ... (nm t=—4, fig;— gf%). Torna (3) Bumon-
HeHo, u a (f)a(f) =a(f)a(f) = a (£2), roe o (£2) sBaserca
MOTUHOMOM OT {2 ¢ koapduumentamu u3 R. Mbl MOXeM pas-
noxuTh  a (£2) HA MHOXHTenTH BHIA £2—a, roe a € ®P, npu-
HEM 9TH MHOMXHTeNn Hempusoaumel B @ [¢, S], xorna a = bh,
T. €. KOTAA o He ABJAETCA NeHCTBUTENBLHLIM M HeOTPHHATENb-
HbiM uncnoM. CrenosaTensno, Beskoe a (f) o6namaer Juxedt-
HHIMH H KBAaIDATHYHBIMM MHOXHTENSMH, W HAll Pe3yJabTaT

HaeT Te CnenuanbHeie (GOpMBI, KOTOPHM NOA0GEH Kaxbi
HEeNPHUBOIHUMBIH IOJMHOM.

5. liBycroponnne upeansl. Kawnwiit JBYCTOPOHHHUH Hean
3 umeer BHA ao = va’. Otciona creayer, uto @ = ua’, @’ =
==av U ¢=uav, a’ = ua'y. Taxk xak 2a €S, 10 va = au'
W a=au'v, u noToMy #'v=1. C/lef0BATE/NBHO, 3JEMEHT ¥
0GpatuM, AHAMOTHYHO, D/eMeHT & 06paThy, U 4o = pa, a'p =
==o0a’, T. €. KaXAbH Npasuft 0GPAsylOMMH SJAeMeHT ABAAETCH
neBbIM OOpasyiowmnM M o6patHo. Mbl  6yzeM 0603HAYaTh
06pasyiole ABYCTOPOHHUX HXE4an0B uepe3 a*, b* ... . Du
S7IEMEHTLl XapaKTePU3YIOTCHA TeM CBOMCTBOM, 4TO st MOGOro
3a/1aHHOrO 3NeMenTa x Haltjercds Takoft ajemeHT x' (3c), 4To
xa* = a*x' (a*x:f:a*). Orcrona cienyer, KOHeuHO, 4TO
COOTBETCTBHE X — X' (X — X) B3aHMHO-OLHO3HAUHO W, cJe-
AOBATENBHO, ABAAETCS aBTOMOP(HU3MOM B o,

Ecnu ¥, u §, sBasmiorca asycroponsumu Hleatamu, TO H
Ji+Je u I N, Takske 6ymyT ABycTOpOHHMMHM HAeaamu,
P4BHO Kak u npoussesenue JY,, onpejeneHHOE KaK COBO-

¢
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KYMHOCTb CymM BHAA >y Vo rue )’i*E 31.*1-}_ Iic.m*ség)‘;*i
Ya= b*0, 10 J; 3y = (¢¥0) (b*0) = a* (00%) p =2 (

— a*p*p. Ouesumso, uto ;N 23, J,. Ilpeanonomum
Teneps, 4T0 Jp 2 J; #+0; Toraa a* = b*e, u ecau ;c ,ED’
10 HafiAyTCS TAKUE DIEMEHTHI x’_n X, uTO xa’*=a x’ "
xh* = b¥x. CnenoaaTeano,_b*xc = xa* = a*x = b¥*cx' H
wc == cx'. TaK xak aneMeHT X NPOHU3BOJIEH, TO c::* n(;po-
swnaeT Takoll ABYCTOpOHHHA uzean c¥o, uto a*o = (b*0) (¢ 9).
QueBuaHo, uto ¢*p D a*p.

Nemma 1. Eeau ¥ u Jp ﬂaﬂﬂfomc;zoaeycmoponuu.uu
OmAEMHOLMEL oM HYAS udearamu, mo u3 D, caedyem,
umo 5y == %%y, 20e Ng— dsycmoponnuii udeax, codepica-
wud 3.

ITon MaKcHMAALHEIM IBYCTODOHHMM WIEATOM p*o Mbl Gynem
MOHMMATh OTAMYHEI OT 0 ABYCTOPOHHMA mnean, KOTODHIRl HE
COIEPKHATCA HH B OJHOM JBYCTODOHHeM ujeane, OTAHYHOM
or 0 ¥ p*o. TakuM e 00pPa3OM Mbl OnpenelsdeM MaKCHMalib-
nuifl mpaBeift muean po. Takum o6pasoM, uaean pop MakCuma-
7eH TOrjga ¥ TOJNbKO TOTHAd, KOTAa 3JEMEHT p HENnpPHUBOAMM.

[lycTh Temepb pto ABNAETCA MaKCHMAJbHBIM JBYCTOPOHHAM

*

WAeaaoM, CONEPKAIMM JBYCTOPOHHHHA m;an a oig,ﬂ;
Takue Wueansl CYUIECTBYIOT, TaK Kak ofa*o yROBIETBODS
ycnosusM  06peiBa uere#t, Mbl noayuaem a*p == (pv) (a19),

! 3 E 10=0, T0O a*p==
rae a0 7= a*o, 1aK Kax pyo 7= 0. Ecam a3 0=0, T0
== p: p. B npoTHBHOM chyuae umeeM aj 0==(p: 0)(az9), rae
0D a0 ay 0. TIpono/mKas STOT MPOLECC, MBI MOMydaeM Ciie-
JYIOUYI0 JeMMy:

TNemma 2. Kaxcowi omausnoi om O u om o 08ycmo-

ponnul udeas a*o moxcem Obimb pPasAoKCeH caedyrouuMm
* * * # Keu-

o6pasos: (pLo)(p20)...(pro), 20e p; 0 ABAAOMLS u.uzaea_

MAABHBLMU (LAL HEPASAONCUMBMG) O08YCHOPORHUM

Aamu.

1 5 ecid U H B sBAfIOTCH MORKOJAbLAMH HEKOTOPOIo
KOJ‘[bL{aB(;‘c()) I%I%B onpefenseTcs Kkak MHONKECTBO 3NEMEHTOB Bnnaa
: ; Hia:

Lab, rne a€ m beB. Mmeor Mecto ClERyOWHE Npas
Qt[(lﬁB@)ri—-— AB)E, AB - C)y=AB + AG, (B 4+ ©) A = BA+ G,



\
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IIpenmonoxum, uro umean p*o ABASETCH MAKCUMATBHEIM
H CONEPHUT (W/H, UTO TO XKE CaMOe, SIBNACTCH r0 NETHTENeM)
nunean (a*p) (b*o). Ecan p¥o 2 a¥v, To p*p 4 a*p = H, cre-
HOBATENBHO, b¥p = pb* p = (p*n -} a*v) b%p = (p*0) (b%0) -}
-+ (a%o) (b%0) < p*o.

Jlemma 3. Ecaun moxcumassnoii udean p*o sganemes
Oeaumeness udeara (a¥o) (b*o), mo p*v 6ydem subo desu-
meaem a*v, aubo Oesumenem b*p.

[ycts p*o u g*p ABAMOTCA MaKCHMAJLHLIMH JBYCTODOH-
HuMy uaeanamu. Eciu p*o = g*o, To, ouesnano, (p¥o) (g*0) =
== (¢*0) (p*0). llpeanenoxum tenepr, uto p*p % g*o. Unean
(P*o N g*0) ©p*o, u motomy (p*o N g¥0) = (p*v) (¢}v). Ho
g*0 2 (p¥0) (410) u, Tax KaK g*p  p*o, 10 g*0 2 g1o. Cie-
AoBarexbHo, (p*p) (¢%0) 2D (p*o 1 ¢*0). Tak kaK o6paTHoe
BKII04eHHE TAKKe CNPABELNUBO, TO (p*0) (g%0) = (p¥p N q¥o).
Ilo cummerpnn mb monyuaem nemmy:

Jemma 4. Ecau p*s u g*v ssasomesn maxcunass-
HolMli  O8YCMOPOHHUME — uleqiami, mo (p*o) (g*p) =
* ,
= (g"0) (p*v).
W3 aTHX seMM BbIiTeKaeT, Kak u B KOMMY TATUBHOM CJIy-
yae,

Teopema 9. Zsycmoponnue udeass: wossua o obpa-
SYIOM KOMMYMAMUBHYI0 CUCEMY OMHOCUMENBHO YMHOXCE-
Rus. Bearxud 0sycmopornull udeas, omauunwii om O u 0,
06Aadaem OOHUM U MOALKO OOHUM DA3AONCEHULH 8 npo-
U38e0eHUe MAKCUMAABHOX O8YCIMOPOHHILX u0ean08.

*
W3 sroft TeopeMmbl caenyer, uTo ecam @¥p = (pLo)er.

.. (Ps0)®s, rie ummeanm Pi0 SABASIOTCH MAKCHMANbHBIMH M
pjn =+ p;n NPH i == j, TO BCSIKUM IBYCTOPOHHKH Hiean, copep-
wawmu# a*o, umeer BuA (pfo)fl ce. (p:n)fS, rae f; < e;. Cue-
AOBATENLHO, €U a¥p = (pi0)a . . . (pe0)es u b*0=(p10)". . .
oo\ (pe0)fs, rHe €3> 0 u fi> 0, 10 a®o-} b%0 = (pio). . .
.o (pzo)’w, rae hy==min (¢, f;), u a¥o N b*o = (po)4r. ..

o+« (peb)0s, rae gy=max (e;, f;). Ecam a*o 4 b%o =1, 10
a*o N b*o'= (a*o) (b*v). Taxum 06pasoM, naf TOro, uTOGH

R
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a*p==(p*p)®, rAe P¥0 MAKCAMAJIbHbIN “nneai, He00x0-
IUMO ¥  IOCTATOYHO, uTOOB HMIean a*p Helb3s OBLIO
npeacrasuth B BuAe 0*o [1¢*p, Tae 60 u ¢*p AsagOTCA
TaKUMH COGCTBEHHBIMH ILeJMUTENAMH, uto b*0 - ¢*p =y,
Jeycimoponrue udeass. § D [f, S]. Ilycrs a* =1 -
dopn—lg L. .. 4 fr=Fay, rme a0, MOPOXKIAET ABYCTO-
pounusi uaean B P [£, §]. Toraa, rtak Kak {»-%* nopoxnaer
JBYCTODOHHHH Hjeai, -TO 3T0 ChnpasBeiMBo u A #* -
- th=la; ...} a;. CnenoparesqbHO, M MOYKEM IPEAIOJO-
KHTb, YTO 2 =n U a, 0. Ecan § gsisiercs npou3BOAbHBIM
snementom u3 P, To cymecrsyer Takoe & B @ [£ S], uro

E(en - gn-ta ... fa)=(t"-}tr-1a, ... | a,)b.

Caenosatensno, degé’'=0, r.e. £ € ®. Toraa = a, %a,.
Ectu n£0, 10 §5" =%, u noromy £5” =a, %a,. Takum
00pa3oM, Mbi BHIHM, YTO CCJAM HH OJHA CTeNeHb ABTOMOD-
qusva S, 3a uckmoueHnem S%=—=1, He fABAAETCH BHYTPEHHUM
4BTOMOP(H3MOM, TO eIUHCTBEHHBIMHM 3JEMEHTAMU a* FBIAIOTCA
tka, W HBYCTODOHHUMHM WIEaNaMU ABAAIOTCH £Fp = pfk, k==
=0,1,2,....

[Ipeanonoxum Ttenepsn, uro STER, r >0, rae uepes &
o003HayeHa rpymna BHyTPEHHHX aBTOMOp(Hu3MoB Tena B, u
nycth S” ABASETCS HaWMeHblleHl I110JI0XKHUTENLHOH CTEMeHbIO,
obnamaromelt 3THM CcBoOiicTBOM., COOTBETCTBEHHO, MyCThb AAd
Bcex £ mMmeeT mecto £5 = p-~Iw. Torza, ecim SPE R, 10 1
ABMACTCA KDAaTHHIM uucaa r. Ecmn a* =» | imf, - iy -
+ ...+ By mpuuem B;£0, 2>na>. .. u Ea* =a*t’, rae
no neoGxozmmoctn t'=P,'63,, To amrOoMopduaMH S”,
Sra, ... ABAAIOTCA BHYTPeHHUMH, CNe/OBATENbHO, a* = M7 -}
+ im0 g b 4, TR Y, 20, M OAs BeeX £ uMeeM
1 = p—M=dfu i)y, Tak Kak fa* =a*t’, 1o t' =1 u,
CllefoBaTenbHo, v4% = v;. OGparHo, ycnosus

T == pm=fp =iy, g S=1q, ()

BJIEKYT 32 COOOH xa* = a*x' gna x =£€ ® u x =1¢. Orciona
Cllefyet, uTO 3TO ChpaBefmuBO i BceX x M3 @ [¢, S].
O6ueit dopmoti obpasywolutero saeventa A IBY CTOPOHHEr0
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ujeana sBIREICH, CleAOBATENbHO, tFaty, rae a* HMeer Bollue-
YKA3aHHBIA BUJA.

6. Orpanuyennbie ugeanpt [lpasuift- uzean ap Hasbi-
BACTCH O2PAHUHEHHbM, CIA OH COACPXKAT OTAMYHBIH OT HYJA
ABYCTOpOHHMK Haeat. O0bendHEHHEe ABYCTOPOHHUX HIeasOB,
COAEPXKALUMXCA B 40, ABAACTCA IBYCTODOHHMM HAEANOM, HA3hl-
BAIOWMMCS 2paruyel §=a*v=o0a® ugeana co. Ecm 2€,
TO LA KaXAOro x &0 MMEEM X2€ap ¥, Cleq0BaTelbHo,
2€ Y, rae ¥ oGosmauaer mzean, cOCTOAUIMH M3 AHHYIATODOB
dakrop-monyna ofav. CilenoBaTenabHO, €CAM WA€AT @p Orpa-
HudeH, To ¥ £0. ObpatHo, ecin § 70, 10 1% Sao, u
MAEANA ap ABNACTCS OrpAaHMYEHHBLIM C rpanuued §O ', Takum
o6pasoM, J=%'. M3 3TOH XapaKTePHCTHUKM TPAHHULE CJae-
HAyeT, 4TO ecHd 3JieMeHTHl & 4 § nogobHul, a ujean ao
OFpaHUYeH, TO HAeal bo TaKKe OrpaHuueH W HMeeT Ty HKe
camMylo rpanuuy. B vactHocTH, ecid qo==a¥p ssiasgeTcd ABY-
CTODOHHMM H[IeanoM, TO ao== bo.

Jpyras xapakrepucTuKa OrDaHHYEHHOCTH U FPAHHIBI MOJY-
yaerca caeaywouum obpasom. Ilycrtb anemeHT & 1nozobeH He-
KOTODOMY INpPABOMY JEHHTENI0 3/eMeHTa a U mycth § == Abo
SABNAIETCA TepecevdeHHeM BCeX WAeanoB bp Takoro suaa. Ilpen-
nojaowuM, uro ¥ =< 0. Ecax X ABAfETCH HEKOTOPHIM 3Je-

MEHTOM M3 0, TO NONOKMM (X, a)==e, Xx=ex;, a==eay,

TaK 4TO (X, @) == 1. IlycTb m, =[x, @] = X,@q== @, %y.
Torxa aneMeHT a, 10A06eH NPABOMY ACANTENI0 @; JJNESMEHTA a.

Cneposatensno, ecimn dES, 10 d==agd un xd==
== ex,ayd = ea,x,d’ = axy,d' € ap. Otcona caenyer, 4To
ugean qo orpaHHueH M uMeeT rpaunuuy 2O F'. C apyro#

CTOPOHH, MYyCTh @0 SBAAETCA OlDAHUYEHHBIM HJealoM C rpa-
Hauei ¥, Torga ecau ssgement b noxgoGed npasoMy HeH-

TEJIO @, TO 0/b0 9-u30MOpdHO MOAMOAY MO PAKTOP-MOLY A 0/Q,

M, CAefOBaTe/bHO, eciu dE€ ', To d=1d¢Cbhp. Tak Kak
Maean bo npoumsBoaeH, TO d & Abo==T', n notomy Y=<'
CnegoBarensHo, §="Y'.

Teopema 10. Cuedymmue ycrosus axsusaiermHst:
1) udeas av ozpanuuen; 2) cywecmsyem mawoli siemenm
20, umo 0an scex x xz€av; 3) nepecengnue Abo scex

g

Ed

e —— e e
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udeanrog. bo, 20e ssemenm b nodoben- HeKOMOpPOMY NPIBOMY
desumento IAeMEHMA @, OMAUYHO om Hyss. Ecau amu
yc408us BbINOAHEHBL, MO 2panuyel av ABLACMER COBOKYN-
HOCMb 9AEMEHMO8 2z, YO0BAeMBOPANMUX 2), uAL MROXNCE-
cmeo Abop u3 ycaosus 3).

Cnencteue. Ecan ssemenmot a u b nodoGHbl, u udeas
ao ozpanuiex, mo udeas bo ozpanutcH u umeem Imy ice
Zpaxuyy, wmo u ao,

Takde Xe onpeneaeHus MMeEIOT MeCTO W Vi NEBHIX HIACA-
no8. Ecau remeps ap 2 a*p, TO paccMOTpUM HAeal 0@ H
nonoknM 0@ - oa* =od. Toraa d=ka-|-la*. Tak KaK
a* =aa;, TO MM moAyuaey, ut0 da, = kaa;+ la¥a;=
= kaa, -} la,"a* =(ka +-la,"a) a;. Cnenoparensuo, d = uda,
re u=#k-}la,’. Torna od S oa, n pa* =a*o < oa. TaxuM
o6pasoM, ujean 0@ OrpaHHYeH M HMeeT Ty e rpaHualy,
yTO H an.

Teopewma 1l. Ecau udeas av o2panuver u umeen zpa-
Huyy a*o=oa*, mo u udeasr 0a 0PAHU4EH U umeem zpa-
HuYyy a*o.

Ecnu upgeansl a9 ¥ bp OTrpaHd4eHBl C I'paHANAMH COOT-
BETCTBEHHO a*p U O*p, TO a*p () H*p ABAAETCA OTJIUYHBIM OT
HyJAst JBYCTODOHHHM uzaeatoM. CaenosarenbHO, HAedN 4o () bo
OCpaHHYEH, H €ro TPaHMUeH sABAfeTcd, OYeBHUIHO, a*0 () 270.
W3 onpenenenus rpaHuuB ClefyeT TaKxe, uTo ecau bo =2 ao
¥ @ ==hHc, NpHYEM HIeal ao OrpaHuyed ¢ rpaxutel a*®p, TO
W upean bo orpaHuueH ¢ rpaHuuefi b*pDa*o. Takum xe
o6pasoM nieal o¢, a CJeaoBarespbHo, M €0, OrpaHived,
M €ro rpaddlia cofepxut a*p. Ecau Mbl CONOCTaBUM 3TU
YTBEPKIEHUs, TO TOAY4uM, UYTO eCAd HAean ao= "cdv
OFpaHMYeH, TO W HAea] cp OrpPaHWueH, H ero rpaHala co-
NEPKUT a*p.

Teopewma 12.. Ecau udeap ao= Hcdo ozpanuter u
umeem 2Pamuyy a*o, mo u udean co O:paHuteHr, u €0 pa-
Huya c*p codepacum a*v.

IlycTb Teneps aaemeHt p HenpusoauM. Torna po aBafeTCH
MAKCUMAMbHBIM TIPaBbiM MAcaloM. [IpeanonoxuM, 4to po =2

D (a*0) (¥*0). Ecnu po £ a*p, 1o po-{-a*o=0 M, Cren0-

Barensto, b*0 == (pv) (b*p) - (a*v) (b*0) S po. Ecan nnean
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pO OrpaHWueH, TO OTCI0Na CAeIyeT, YTO €ro rPaHHua p¥o
ABMACTCA MAKCHMAJBHEIM ABYCTOPOHHUM UACANOM.

Ilycte Tenepn sneMeHT g HEPA3AOKHUM, M MYCTb MAean go
OCpaHHYeH M HMeeT rpasuuny ¢*o. IIpennonomuM, uto g¥%p =
¥ * * ¥ — —_
= qio N 939, ¢;9 - g30 == 0. [Tonoxum g;rlv*_ qlo:{- g0, 430 =
==g,0+ qo. Toraa g0 - ga0 =0 ¥ giogyo =gq;0 /0 = g*».
Ecmn x € gjo - g0, 10 X (g30) S go, u TaKKe, ecim x € g0 -+
+ go, 10 x(g70) Sgv. Cnenosatensho, xp S qo u x € qo.
Takum o6paszoM, ¢,0[)1g.0==¢0. B culy HepasnoKUMOCTH
Hjeana qo, Mbl NoJy4aeM, 4to AHGO ¢,0 == go, AUGO gg0 = ¢.

& s
CooTeeTcTBEHHO, KGO g0 D g.8, miGo go Q_q;’o. Tax kak g*o
IBNSIETCA rpadnuel ugeana gqo, To auGoO q:o = q*0, nuGo
»
ga0=g%p. OTC0ma CleRyeT, 4TO ¢*p HEe MOMeT OHITb Pasio-
HCH B IIPOU3BEIEHHE COGCTBEHHBIX ABYCTOPOHHHUX RB3AHMHO

NPOCTHX MHOXHTeNeH, T. e. ¢*p SBAAETCA CTENEHbIO MaKCHU-
Ma/lbHOTO JBYCTOPOHHEro Haeaid.

Teopewma 13. Ecsau anemenm p nenpugodunm u udean
PO 02paHuten, mo e20 2panuya pEo ABALEMCS MAKCUMAAD-
HolM 08Yycmoponnus udeasom. Ecau ssemenm q uepasio-
HCUM & udean qo OPAHUMEH, MO €20 LPAHULA q*D ABAAEMCA
CMeneHsl0 MAKCUMARbH020 08YCMOPOHHE0 uleana.

DNeMeHT a HasLIBACTCA HOLHBM Oecaumenen 3/IeMEHTd

b #0, ecnu cymecTByeT TakoH ABYCTOpOHHHH uiean <, uTo
@ 23 2 ho. Takum 06pa3oM, upeal @o OTPAHMYEH, M €ro
rpaHdna a*p conepxut Hp. Tak xaK Mb BuZeaH, 4To na D a*p,
M TaK KaK OYEBHAHO, YTO 0a™ ==a*0 DO b, TO MbH NOAYYAEM
TaKkxe, u4To oa 2 oa® 2 oh. Doiee cummeTpuyHOe yC/OBHE,
3KBHBA/ICHTHOE HalueMmy, Obl10 ZaHO TeHxMiON/MepOM, a HMEHHO:
(a0 ) va) 2 0bo. B camom mene, eciu (ao ) 0a) 2 0bo, TO av
COMCPHHUT [BYCTOPOHHHWH HAean 9bo, comepxawmit hp. O6-
PaTHO, ecau ap 2D a*p D bo, T0 a¥s D oho u av D obp. [Ilo-
ROOHbIM e 06pasoM moaydyaeM, 4TO 0a 2 0bp, H NOTOMY
(a0 N va) 2 obo. Kax BhiTekaeT M3 clexylouielt TEOPEME, 11O
HATHE TONHON Ne/MMOCTH UHBAPHAHTHO OTHOCHTENBLHO MOROGHS.

Teopema 14. Ecau saemenm a S848emMCA NOAHBLHK
deaumenesm saemenma b u o' nodobro a, @ b’ nodo6uo b,
mo &' agasemcs noanwm Oesumenem diemMenma b'.

e
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Mpt BuAeaH, YTO €CAH HJeA] a0 OrpaHHYEH, M MEMEHT &'
10100eH 3/JEMEHTY @, TO HIealT a'0 OrpaHuyeH W HMeEET Ty
e camyio TpaHmiy a*e, uto H ao. CrezoBatenbHo, eciM a
SBAAETCH TNOJHBIM JeNuTeJdeM 3JeMEHTd b, TO @' TaKKe
SIBJSETCA MOJMHBIM fenuteneM . ITpeAnoNoXHM Teneps, uTo
b =u-1[u, b], rae (2,b)=1. Torna uo~+ bp==0, u ecan
avDa*po D bo, TO o+ a*o=0p. Takum 06pasom, s/jeMeHT
u—r[u, a*] noxoben snementy a*, M TaK KaK a*p SABAAETCH
JBYCTODOHHHM HJAeanoM, 1o u#-! [4, a*] o =a%0 u ua* =
={u, a¥]. Tak xak (uo N a*o) D (4o ) bo), TO MU mONyuUaeEM,
yto uh’' = [u, b] = [4, a*] ¢ = ua*c. CnenoBarensno, b =
=aqa*c u a*0Db'p, a NOTOMY a SIBAAETCA TNOJHHIM AEJHUTE-
nem snemenra b'. Orciona chaenyer, 4to @’ SBJAAETCHA MOJAHHM
aenuteneM b’

Ozpanudenivie saemenmo. 8 P [f, S]. Ilycrs T' aBasercs
ueHtpoM Ttena P, n npernonowum, uro (@ :I')=m (< )
M YTO CYLIECTBYIOT OT/auuHble oT SO cremenn S, aBAfOMMEC
BHyTpeHHUMH aBToMOpduamamu. Ilycts S7 sBasercs HaHMeHb-
wefl MOJOXKHTeNLHOH CTeneHbl0, 061afaoLelt 3TuM CBOHCTBOM,

npuuem nast Beex EC @ 85 =p-1tu. Torna S uugymupyer
aproMopduam B I' u S”=18I'. Ecau S? asasercs Hanmenb-
weH CTeleHpl0 MHAYUMPOBAHHOTO aBTOMOPGH3MA, paBHOH
TOXAECTBEHHOMY aBTOMOpdU3My, TO £{=r. B camom pene,
KaKk Mbl JOKaxeM mo3xe (rnaea 5, § 9), ecau asromopdusw
§% ocraeaser sneMmedtsl I' Ha mecTe, TO S? gB/AETCS BHYTpEH-
HUM aBTOMOpGu3MOM. ClenoBaTeNbHO, £ >r, M TaK KaK
OYeBHAHO, UYTO £ 7, T0 t==r. Ecau I'; 9BaseTcsa noanonem,
COCTOALIMM H3 3/]EMEHTOB, OCTAIOLIMXCH HA MECTe NPU 4BTO-
Mopdusme S, TO, B cuay Tteopuu [amya mnoneH, umeeM:
([ :To) ==r Y. Cneposarensno, (® :I')) = mr.

Tax kax aBroMopdusmbl S u S” xommyrupywT u &5 =
=p-%y, to (u5)-1pS=p-%p. Cnrenosarensno, pS= 3y,
rae 8 €T Orciona cmenyer, uto 335... 3~ '=1. Torxa,
Kag Mul nokaweM B § 9, & =7 (1)-!, rae n €. 3amenss

% uepes i M M3MeHAn OCO3HAYEHMA, Ml MOMEM CYMTATh,
uto S ==p.

1) Cm, raasy 4 § 19,

6 3ax, 748, H, JmexoGcom.
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[IpenonoKnM  Teneph, uTO SjeMedT a* = tmry, +
4 glm=Dry ey, THE Y, ==1 HMOpOMKAaeT ABYCTOPOH-
Huit unean. Torna anemeHT a* MoxeT OHITh 3ankcaH B BHIE
umdy - um=13, ... -3y, Thae 3, =1 u u=tp-1, u? =
= #2p-2 ... Tak kaK a* NOPONKAAET ABYCTOPOHHUA HICAN,
to 8; €Ty, u obuiedt popMoH 3aeMeHTa, TIOPOXAANOUIErO ABY-
CTOPOHHUH HIOeas, ABJAETCA:

e (amdy+ ar=18 ...+ 8) 1 dieTy
Eciu 7 () siBasercsi MOMUHOMOM CTEreHH /2, TO MOJNOWAM
wti=a () g {)fr), =0, 1, ..., mrh,

rne degrg (t) < h. Tax Kak noanHoMsl crenern < A o6pasyior
MPOCTPAaHCTBO pasmepHocTn mrh==N uan [y, T0 B Iy cy-

1IECTBYIOT TAKUE 3MEMEHTH 3g, 8y, ..., ON, UTO Siri (68 =0.
CrenoBarensto, 3, #id; == a* () =a () ¢ (t), rre g ()=
=2¢; ()8 n a () Bt SI2a* (1) 214 SI.

Teopema 15. Ecau meso ® umeem woHeunyio pasiep-
HOCMb HAO CB0UM Hermpos 1 asmomopgusm ST, 0 < r < o,
s848eMCA BHYMPEHHEM, MO Kaxcdol udeasr 6 P [, S] ozpa-
HUYeH.

7. Matpuusl ¢ aaementamu u3 ¢. Ecim U n V Bxomar
B KOJBUO 0,, MATPHIL TIOPAAKA A € 3aeMenTamMu U3 0 U UV = 1,
0 1 VU=1. D10 9BAAETCA HEHNOCPEACTBEHHHIM CJEACTBHEM
TOrO, YTO KOJBbUO D MOXeT OblTb BIOXKEHO B Teno. Takum
obpasom, U sBagercs OOPATHMbIM 37eMEHTOM B 0,. Ecim A
u B—mnexotopse n X r MaTpuusl (7 CTPOK, £ CTONGUOB)
¢ aneMeHtamu u3 o U B=UAV, rae U u V asagwoTcqa o6pa-
TUMBIMY 97€MEHTaMH COOTBETCTBEHHO B 0, H 0,, TO A B B
HA3BIBAIOTCA QCCORUUPOBAKHbLMY MaTpuliamu. B ortom mapa-
rpade MBI PACCMOTPUM MPOGIEMY BHGOPA KAHOHHUECKOH GOPMbI
Cpefd MaTpHIl, acCOUMMPOBAHHBIX C JAHHOH. B ciexyiouem
naparpade 310 GyAeT NPHUMEHEHO R H3YUYEHHS CTPYKTYPbI
NPOU3BOJBHOIO 0-MOAYJIA.

Tycts @ v b ABAAIOTCA OTIMYHBIMH OT HYJS SAEMEHTAMH
B0 u ao--bo=do, (a0 bo)=mo. Torza CymECTBYIOT
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TdKNe 3JeMeHTH p, g, 7, S, uT0 ap + bg=d, ar 4 bs=0
roe m=ar=—58s=0 u or -ps=yp. Ecau a-—:dal,
b==db; n ¢, d, aBnOTCT TaKuUMH 3JEMEHTAMH, YTO ¢,r —t—,

-} dis=1, 10 Ml no =
1 ) naraem u==c¢,p 4-d,q, 1 mo -
BEDHTH, P 19, WHO TIpO

( % by pr 1 0
¢g—ua, d,—ub, g s =(O 1).

P
ChnepoBaTenbHo, MAaTpHUA (p ) o6patuMa B 9, M

U
i j
1 . . )
1.
R A ¢
.1 .
V= .o .
1.
.. q s.. J
1
1 J
SIBNACTCA OOPATHMBIM 3/IEMEHTOM B 0,. Ecnu -t crpokoti B A
;i.aémgcgl{(;l, v C=1y @y Ciipy o Ciopn B, Ciuy, oo €), TO
9 pokok B AV Gyzer (c, ..., Cimiy &y Cipqy onny €i-15 0,
j+1> <+ +» €). AHAIOTHUHHIA De3yJAbTAT HMeeT MeCTo ISt

CTOAGLOB MaTPHLE A.

OrmernM panee, uto caenyiowue »IEMEHTapHbBIE“ TIpe-
00pa30BaKi MOTYT OhITh BAIOAHEHbH NP TOMOLLY YMHO)C -
HPlﬂIM&TpHI.IbI A CrpaBa u cneBa Ha OGDATUMble MATPHLAL:
HOI‘O. [Mpubasnenue K I-My croabuy /-ro cToabua, yMHOXeH-

cnpasa Ha ¢ (7 j). 310 nesaercd mpu MOMOM yMHO-
wenns A crpasa Ha (1 eyq). st roro 4ro6bl npubaBuTL

6% N
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K i-H CTpPOKe j-I0 CTPOKY, YMHOXeHHYIO CJeBd Ha ¢, HaAo
ymuoXuTh A cnesa Ha (1 - e;4).

II. MepecraoBka i-ro u j-ro CcToAGUOB (CTPOK): HARO
obpasoBate A (1 -|-ey ey —ey—ey) (Mm (1 e+
—I— e‘j‘ —Cy e_}j) A).

III. Yumuoxenue i-ro crondua (CTPoOku) crpasa (ciena) Ha
06paTHUMBIH 3JEMEHT 4: Haao 00pasoBarh

AL+ (r—1)ey) (mm (14 (2—1) eg) A).

Mycts AZ£0 u Apy 7~ 0 siBASETCS 3/IEMEHTOM MATPHIIKL A,
MMEIOUUM HANMEHbIUYIO JJNUHY CDeliH HeHYJIEBHX 2/1eMeHTOB A.
[Iponssepst onepauuu Thna II, mMbr moayvyaem accouuupoBaH-
Hyio ¢ A marpuny B = (by), Ana xoTopo#t &y, 70 umeer
HauMeHbllylo MAMHY. Eciaum b, He sABIAeTCH JEBHIM JenuTe-
JAeM xota Obl OXHOTO M3 h,,, TO Haftjercd COOTBETCTBYIONIAS
accouuupoBanHas Marpuua BV, B KOTOpDO# Ha MecTe §y; CTOHUT
anemeHT =0, IAMHA KOTOPOrO MEHblIE, 4eM IauHA by,
Takum xe 00pasoM, €CJaH f,; He ABJIAETCH MPABBHIM JdeluTe-
nem BCexX by, TO by; MOXKeT ObITh 3aMEHEH /IEMEHTOM MeHb-
wei AmuHe. Tloc/ie KOHEYHOro umcjia TaKUX 3aMeH MBI MOJay-
yuM accoluupoBaHHyio ¢ A marpuny C, B KoTopo# ¢, £+ 0
¥ SBJISETCH JIEBBHIM JeJHTeNeM KAWIOro 3/JeMEeHTa C;; U NPABHIM
AENHTE/EM KAXIOrOo 3JeMeHTa ¢4. Ecmu ¢;q==¢,,q;, TO MBIl
YMHOX3eM IOCAeN0BATeNbHO NePBhi cToabel cnpasa Ha — gy
H CKIagbiBaeM ¢ 2-M, 3-M, ..., r-m croabuom. [Ipu aTom
nepBHt CTONGEL, OCTAETCH HEH3MEHHBIM, a BJEMEHTH Cyq, i > 1
3aMeHAIOTCS HyJdeM. Eciau Mbl IpuMeHHM NOROGHYIO OHepauHio

K CTPOKaM, TO I[OJYYMM accouuupoBaHHyio ¢ A marpuuy D
C/eAYIOLEro BHAA:

d 0 ...0
D= 0 dag-..dzr s dl:#().
0 dpy...dy

DTOT NpolecC, NPUMEHeHHHA K MaTpaue (d;,) U NoBTOPEHHBIH
AAf ee IOJAMATpHI, TOKas3biBaeT, 4To A oﬁnfmaéT acCOUMHPO-
BaHHOR ¢ Helf MaTpuuedl, HMMEKOIEeH AuaroHaabHylo Qopm
{dy, .., dg, 0,...,0}, dyF0. py

HEKOMMYTATHBHBIE OBJIACTWH TJABHHX HIRAJIOB 85

MoxkHo MpeinonaraTh, UTO Kaw/bi 3/1eMeHT d; ABasieTcs
MOJHBLIM JeAUTeJeM 3JEMEHTOB dj npu j>i: ecan di IS
KAWIOro 3JeMeHTa b ABAAETCS MONHBIM IeauTe]eM bd;, To
dgp 3D odp H, KaK MH BuAeH, d; SBJSETCA MOJHLIM IeluTe-
nem snementa d;. Ilyctb Temepb CYMECTBYeT TaKoe b-£0,
uto d, He SBIAETCS JMeBHIM JIENHTE/NCM bd,. TIpubGasum yMHO-
JEeHHyI0 CleBa Ha 0 BTOpYiO CTPOKY K nepeot, BepxHuft
yroa MOMNYYHBLICHC MATPHUILL UMEET BHIL:

d, bd,
DF(O a'g)’

D, o6iafaer accouunpoBaHHOA MaTpuied Buna
dy 0

DV.=\| |,
2re dia das

]

rae d:l gRASETCa OOWMM HAMGONBINAM JIEBHIM Je/UTE/NeM 3/e-
MeHTOB d; u bdy ¥, CNENOBATEILHO, yMeeT MeHBIIYIO JIHHY,
yem d,. ITa Marpuua MOMeET GbiTh MpHBEAEHA K JWATrOHANb-
Hoit Qropme, NpuueM DJIEMEHT, cTosiu(Mi B NEPBOH CTPOKE M
B mepBoM cronbue, OydeT HMeETh MeHBILYIO AMMHY, Yem dj.
[MoBTOpAS 3TOT NpoUECC, MH HOTy4HM 4CCOLMUPOBAHHYIO C A
MATPHILY { €1y +ver €5 05 oo 0}, B KOTOpOH Kaawl# d7c-
MEHT e; ABJIAETCA JIeBbIM JENNTENeM Bcex be; mpu j > L. Cne-
AOBATENBLHO,

Teopema 16. Kaxcoas npamoy0ibraz Mampuya
C SACMEHMAMEL U3 © UMeem aCCOYUUPOBAHRYIO C Hell duazo-

HamsHYo Mampuyy {ep, .. €5 05 oo 0}, 8 xomopoi
wcancOuii aAeMeHM C; ABAAEINCST NOAHbIM desumeness e; npi
>

Ml MOXEM 3aMEHHTb e; uepe3 u;e;U;, T/Ie DNIeMEHTH Iy
H v; o6paTHMbl, W MOAYYHTEL JPYrylo AMATOHANLHYI0 MATPHLY,
MMEIOUIYI0 Te Ke CBOACTBA, UTO M {egyover Cg 0yeer O }.
Ecau 0 SBAAETCH TEAOM, TO Mbl MOXEM [O03TOMY npennona-
rath, 4T0 e;==1. Takum 06pasOM Mbl TOJYyHaeM

CnenctBue. Ecau o sgasemcsa mesoi, mo Kancoan
NpAMOYONLHAL MAMPUHQ € saeMenmamy u3 o obiadaem
AcCconuLPOBARKOE mampuyei guda {1,..,1,0,...,0 b
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PaccvotpuM  nanee cneumanmsho CAyualk KOMMYTATHBHOH
o6nactu o. Ilycts #; 06o3nayaer o6umit HauGOABIINH nenu-
Tellb BCEX MMHODOB MATPUULI A, UMEIOUIUX i cTpok. Tak kax
CTONGUb KaX0H MaTpuunl AV fisasiorca JTHHEAHBIMU KOMGH -
*HAWIMI - CTONGUOB  Matpuist A, TO /; SABASETCH HEMMTENeM
[-CTDOYHHIX MHHOPOB marpnusl AV, Takum xe o6pasom nojy-
UdeM, YTO k; sAmasercs menuTeneM £-CTPOYHBIX MHHODOB JI0-
Go#t mMatpuns Buma UA. Cnenosareasno, eciu U n V ssasiorcs
06PATHLIME MaTpHOAMH, TO h; sBAseTca o6MMM  HARGOABLIIMM
NeTUTeNeM BCEX i-CTPOUHBIX MuHOpOB Mmatpuusl UAV. Ecau
Temeps U u V' Bu6paun Tak, uto UAV={e, ..., e,
0,...,0}, rae ¢; sBnserca mesanrenem e; IpH j > i, To
OUCBHAHO, uTO h;==e,...¢; n noTomy e;=h,l=]. 310
TIO3BOJISET HAM HETIOCPEACTBEHHO HalTH HOPManbHYyIo hopMy
fen oo e, 0,..., 0) matpuust A, MoxHO TaKke noKa-
8aTh, HTO SMEMEHTHI €; OMPENeNEHE C TOYHOCTBIO IO o6pa-
THMBIX nemutenet. B § 11 Mbl mokawem, uto B oGuiem cay-

Uae SJIEMEHTH €; ONpenedoTCs MaTpuuet A C TOYHOCTBIO
A0 mono6ug.

8. CtpykTypa o-monyae#i ¢ KOHeYHBIM YHCaOM o6Gpa-
3yromux. Mer Bunean, uro an6ott 0-MOJYNb C KOHEYHLIM
HMcaom o6pasviommx umeer sua /N, rae ¥ ABagerca CBo-
GOnHBIM MOAyMeM ¢ Gasucom Xy ooy Xp, & N— ero moaMo-
ayneM. Mol paccMoTpuM cHauana CTPYKTYpY R.

Teopema 17. Ecau o ABAREMCA KOABHOM 2AQBHBLY
udean08, @ F-— c80600HbM 0-MO0YAeM, MO Kaxcosii nod-
MoOyas N modyan § csoboder. Yucao d4eMenmos Gasuca
#Modyas N ne npessimaem wucsa siemenmos Gasuca .

[ycts N asngercs noamonynem ®» H npexmonoxum,
uTo I CONEPIKUTCH B MOLYNAX (Xy, ..., %), ..., (Xnp « oy %),
HO He B MOAyTE (X, 4, ..., X,), Ille BOOGILE Op o0y,
06o3HauaeT o-MoOAyab, MOPOMICHHBIA aleMeHTaMu ;. Koad-
¢uLMenTs npu X, B sdemeHTax YEN obpasywr npaswi
unean b,0=0. Takum obpasowm, CYIIECTBYET 3JIEMEHT
ylzxmbm—]l—ijbjEﬂ‘c, H, eciH z_——.xmdm—{-zxjdj siB-

i>m Jom
JIIETCA ITEKOTOPLIM 3MeMeHTOM U3 I, TO MBI HMeeM Ay, = O,k

:

HEKOMMYTATHBHBIE OBJIACTA TJABHHIX HMJAEAJOB 87

' MOTDHM
CnenoBatenbio, 22— V,RE (Xpiqs « v Xp) Pa;,cI K HEMy
nanee p-Moayab N, =N N (X4, . . ., Xy). [Ipuven o
Te e paccyxaeHusi, Mbl HaWlleM Takoe ng> Ay, C'-l
9%1 g(xj: .oy Xy) DU j<ny, HO 9}1 ,Cé (xnﬁ-l’ .o Xy). Cae

TOBATeNbHO, HAHAETCA TaKOe o= X0, +3>Zn x;by, uro ANA
‘ 2

mogoro z €Iy cymectByer BE 0, TPH KOTOPOM 2z — Yok €
E(Xngr1s , Xp,). Eciu MB NpPONOJKUM 3TOT Mpollecc, TO
. n’.M " e

nonyunm r<# TAKMX BJIEMEHTOB Y, ..., ¥, €I, rae y;==
ne-
= Xpibni -+ 2%050 b0, n;<ng< ..., ur0 mOGOH 3
i>ng :

MeHT 2 € N uMeeT BUA Dy ¥;k;. ODNEMEHT Y MOKHO npea(c;lae-_
BUTh B TAaKOM BHje eIAMHCTBEHHBIM OOPasoM, YTO JIETKO

AyeT U3 BHIA 3JIEMEHTOB Y.
g Jlanee, MH MOMEM 3aMEHHTb Ga3uc x; Moayns § 6asucoM

Xy = DXy, TAE MATPHIA (4) ABAAETCH OOPATHMHM 3eMeH-
T & ]
TOM B 0,. Tawkke U 31MeMeHTH ykzzxibm MOTYT 6bm:533
¥ o6pa-

MEHEHEl SeMEHTaMH Yy = D ViU, TAe _Marpuua (v) 06p
MM B 0,. TOrza Mbl fOAYUEM Yy == 2,X;€;;, TIE MlaGprfluEf
(¢) = (2)~1(b) (v) accommuposana ¢ (b). M3 Teopemsr 16 cie
LyeT, 4TO MPH MOAXoAdALleM BbGODe SJIEMEHTOB X; U V; MPS
, " ===

MONYYUM Yy, = X1€p, TAE e =0 npu k=1, ..., 5, n ey

npu k>>S, [pHYEM KaXALIH 3/IEMEHT e, ABJAETC TOJHLIM

jenuTeNeM aaemeHTa e, npu [ >k. Mb cHoBa nepex;n:m
K MepBOHauadbHLIM 0003HaueHnmsaM u GyleM THCATH

H ) .
BMelg’;(écnforp;{M tenepsb daxtop-monyiab F/N. On nopow;naelfﬂ
CMEMHBIMM KaAaccamu { x; |, colepxaiumi x;. ECHH{R{ x,} cclne_
4+ .o {e) =0, TO xlfl -+ . S "]I;-"chieo r;p;’j>s

BaTeNeHO, ¢;Ce0 npu j=1, ..., 8, ;== .
fll‘(e)m KaK x;ejjeeﬂ}anu j<s, To §/N asasercd npsaMokH Ei:le
Mol umkaIHuecknx wmoayaet {x;}. Tlpu a1oOM unmnqg e
monysm  {x}, ..., {X;} KOHeuHH, a UMKAHUECKHE <MS 113;0-
(Xg+1)s - > [%,) Oecxoneunsi. Mouynb {x;) HI‘JHe.jo\G' fso
MopdeH MOIYMO 0fe;0, TNpHYEM ECHM JIEMEHT € Op {x-},
10" Mbl MOXEM ONYCTHTH COOTBETCTBYIOllee cJaraemoe ).
Ecau a, ..., @, ABISIOTCA MPOU3BOBHBIMIT anexelf-a;wg 1:1
0, TO CYLIECTBYIOT TaKMe ODJEMEHTH K;, UTO @yRy== €0 1,



88 raABA 3

€ClIA R ABAAETCS OGUINM KPATHHM 3/eMEHTOB ki, TO a;k=—
=e,;.  Crenosarensno, ({x,}a;--... -4 {x)a)k=0.
Orciona cneayer, uro Monyae B/ cMexHBIX KAACCOR {x}a,
4 ... - {x,} a; momer 6ure oxapaxrtepusosan kax coso-
KYMHOCTh MMEIOWNX KOHEUHH#t Topsnok aneMeHTOB M3 {/N.
dakrop-Monynp /ML /R apnserca cBoGO1HBIM MOLYTEM Pas-
MEDHOCTH 7 —s. OYeBMAHO, YTO 3TO YUCAO eCTb HHBAPHAHT
vonyns §/I. Ecau sl yutem, uTo BCakwuit 0-MOAYJb C KOHey-

HBIM 4HCIIOM 06pasyomux o-usomopden daxrop-monymo F/N,
TO MOAYYHM CJACAYIOUIHE TEOPEMDI.

Teopema 18. Kaowdeis 9-m00yas ¢ woneunsis wucaom’

06pa3VIOUUX DAIAG2AEIC 8 HPAMYIO CYMMY CBOGOOHO20

0-MOOYASL U NOOMOOYAS, COCIMOSLIUEL20 U3 INCMEHMOB KOHEY-
HO20 nopaoxa.

Teopewa 19. Kaxcowus v-modyas ¢ xonewnsisn wucion
o6pasyomux pasiazaemes 8 npImyio CYMMY YUKAUHECKUX
0-#00yed. Omauunsie om HYAR NOPAdKu e;p Mozym Goims
BLLOPQHbL MaK, 4MO Npu J>>[ dAeHEHM €, TBAREMCT NOAHBLI
Oeaumenen 3nresenma e;. )

[Ipu naneHetimeM u3yyeHHH D-MOAyJiefl C KOHEUHBIM YH-
C10M 00pa3yoMHUX Mbl MOXKeM OTDAHHYHTHLCS CalIydaeMm, Korja
BCE 9JIEMEHTBl MOIYJAS WMEIOT KOHEUHLIH mnopazok. Takum
06pa30oM, B IPHHATHX HAMH 0GO3HAYEHUAX § = 1. U3 TeopeMb 19
CHEyeT, 4YTO HepA3TOKHMBIH 0-MOAYAL SBIASETCA [HUKJH-
YCCKMM MOpHAAKAa ¢,0, re 3JieMeHT ¢; HepasaowuM. Ka-
WIBIA MOAYJIb ABASETCA MPAMOR CyMMOH momynmel Buja 0/q,;0.
Mo rteopeme Kpymns-llImuara sieMenTs g; Onpencieds
C TOYHOCTBIO 1O Nopo6ua. MLl HAa30BeM 3TH 3JCMeHTHl 3.4e-
MEHMAPHYMU OesunesgMu MONY IS,

9. OrpaHn4yeHHble HEPa3NOKAMbLIC 3JEMEHTbl. Mbl Bi-
Jesd, HTO €CiM (PAaKTOP-MOAYJb D/g0 HEPA3AOKHUM M ugeal
gov OrpaHudeH, TO €ro TrpaHula ¢*p SNBJISETCA CTeNeHblo
(p¥p)® maxkcumanbHOro ABYCTOPOHHero uueana (p*s). Ecau

1) O6ruHas TeOpHst KOMMYTATHBHEIX FPYII C KOHEUHbIM YHCAOM
o0pa3yIoiig noayuaercs u3 TeopeM 18 1 19, ecan moaoKHTH KOMb-
U0 0 DABHBIM KOJBLY UEAbIX PANHOHAMBHBIX UYHCE.

el
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q=0p; ... Py SBAACTCH PA3TOKEHHEM 3IMEeHTA ¢ HA HENpH-
BOJIHUMbIE MHOXWTEAH pg, TO HASATH p;0 OrPAHUYCHE, TPHUEM
MX rpaHuipl COAepxkarupean g*o. Tak Kak uaean p;0 MaKcH-
Majied, TO ero IPaHHlA ABJAAETCA MAKCHMAJIbHHIM ABYCTOPOH-
uuM uxeanoM. CnenoBatenbHo, ero rpanuuel fBnsercs ugean
p*o. IlycTe Tenepb py, ..., pp——TIPOU3BOJbHEE HENPUBOIH-
Mble 3JIEMEHTH, HMeloLMe TO CBORCTBO, YTO FpaHmllaMu uiea-
noB pgo asaserca p¥*o. Ilpeanonomum, 4T0 Pyiq .- prfo_g
D (p*oy==. Torma pypy...pp2 pi (p*0) ~4=(p;0) (p*0)— 2
2 (p*o) (pHo)f -t = (p*o0)l—¢+1. TakuMm 06pa3oM; Mbl TOKA3aJH,

YTO AN Py ... Ppd OFDAHWYEH H €r0 rpaHuuell SIBASETCH
(p*o)e, rue e<f. OueBumHO, OTCIONA CNEAYeT, YTO rpaHuiefi
uaeand Py ... Ppd Py --- Pp0  ABASETCH  (pF0)e, The

e < min (R, f—Fk).

OGpasyeM Temepb mnpaMylo cymmy M, 7 UMKAHYECKHX
MoAyMeH, KauAe# U3 KOTOPHX 0-M30MOpdEeH MOAYII0 0/go,
e BJEMEHT g ==p; ... Pp HEDABIOKHM, M TPEMONOKIM,
yro moayab N, mukauven. Torza mozyns N, Gymer p-uso-
Mopden Monyao o/q,0. Ipannueit wuigeana g,0 sBIsgeTCH
(p*a)e, u nauna g, pasHa fh. Takum obpasom, fi < ek, rie
yepe3s £ 0603HaueHa JJsIMHA 3JeMeHTa p*. PaccMOTpHM Teneph
monyab Ny, ., —npamyr cymmy h~--1 moxyneit, nsomopd-
HEIX Moayqw o/go. [lokaxem, uto u60 MOmyas Nj4+q LHKAR-
4YeH, MH60 g0 == (p*o)e. B camom zene, eciu moay/p My, . He
SIBJISIETCA UMKJIMUECKHM, TO OH DAasjaraercd B MPIMYI0 CYyMMy §
(rne $>1) UMKANYECKHX MOAyJdeH, TOPAAKAMH KOTODPHIX
OymyT wnmeanbl e.0, NPUYEM IDJIEMEHT e; SBJAETCH TOJHLIM
nenuteneM anementa e; pu j > £. ITo Teopeme Kpyans-llmuara,
HEePa3NOXKHMEIE He/UTENN 3JeMEHTOB e; MOLOOHBI 3/EMEHTY ¢
¥, CIeAOBaTeIbHO, MJIMHA €, >JUTMHBI ¢, MpudeM Trpauunel e,o

agaserca (p*p)e, Torma anuHa ey> ek > fh== nanHe q,.
Tax kax

LJMHA ¢, -} IHHA ¢ > JUIHHA e -}- JVIHHA eg,

10 Mbl BHIMM, YTO AJIMHA €q == AAuHe ¢, == Lauue (p*)°. Cre-
ROBaTENBHO, ¢,0 == (p*p)e. Ecau monyns Ny ., UMKAHYEH, TO
MBI CTPOMM MOAYIb ;.o ¥ MOBTOPAEM 3TOT MPOLECC Hanee.
Tak KaK AMHHBL 3JEMEHTOB 3, 41y - - - 00PA3YIOT BO3PACTAlO-
WYIO TOC/AEe/I0BATE/NbHOCTb, OrPaHHYCHHYIO JUIMHOH 3/ieMenTa
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(p*), TO MbH HaftieM TaKoe lenoe YHCIO k', uto mMomymn
Py Oymer WMKIMUECKUM, B TO BPeMsi KdK Moaynb Y., He
Gyner TakoBLM. Torna g0 == (p*0)¢, u pakTop-MOAYIL 0/(p¥p)°
PasnoxuM B mpsamyio cymmy & Monyie#t, uasMOpGHEIX MO0
0/go. Tem caMbiM 10Ka3aHA BaxHas

Teopewma 20. Ecau modyae ov/qo nepazsoncum u udeas
go 0zZpanruxeH, npudeM €20 2Paruned K8asemcs  udean

(p*o)e, 2de udear p*v mawcumairen, mo garxmop-no0yas

of(p*0)e passrazaemes 8 npamyo cymmy k' nodyaed, -u30-
MOPPHBLYE MOOYA10 0 /q9. HeoGx0dumbii 1w docmamonnsin yeio-
guer 04 mMOzo, 4mobot 082 HepPAZAONCUMBLE MOOYAR 0G0
u ofro, 20e udearst qo u ro opaxutens, Goiiu 0-430M0phHHbL,
A8AACMCA coBnadenue 2panuy udedr08 go u ro.

Crexcreue. Ecau po Dp*o u p,o 2D p*o, npunen
SAeMEHMbL Py HEnpusodumsl, mo p, u py nROO0LGHLL.

B camom nene, p;0 umeer rpamuuy p*o, u momyns 0/p;0
HepasAoKMM. B yacTHOCTH, BCe [enuTennm p; sieMenta g
NOJLOOHH!.

Hycts p*o sBAgeTcS NPOM3BONBLHLIM HE COBNANAIOWUM C
M 0 MaKCHMA/IbHBIM ABYCTOPCHHHM WJIEANOM, U PO 7= 0 ABJSETCS
MaKCHMAaNbHBIM COJlepKAILEM p*p mNpasBuiM uieasom. Ecau
BMEMEHTH Py, . ..¢ Py, MOROGHB p, TO, KAaK ¥ BhllIe, MOKA3L-
Ba€M, YTO HJCAN Py ... pyd MMeeT rpanuuy (p*o)* rae h'<h.
[Ipennonokum, 49TO Mbl ViKE ONPENENMAM TAKHE IJNEMEHTH

P15 - - s DPps UTO TPAHHIEH HI€ANA Py ... pyo aBaserca (p¥o)h.
Toraa cyutecTByer TakoR 3s/eMeHT D41, UTO TPAHHKLEH Haeana
Pt ... Ppyyp sBastETCH (Pp¥0)hT1. B nportuBHOM cayuae juis

Kama0ro p’, MOLOGHOrO p, Mbl MMen Gkl py . . . pup'o 2 (p*o)t.
Tax wax nepecewenne Ap’o = p*o, 10 Ap, ... pp'o=p, ...

.- -pp(p*o) m comepxur (p*p)h. Otrcionma caemyer, uTo
Py - ppo 2(p*0)"~1 Bonpexu BLGODY 3.1EMEHTOB py, ... , Py
Takum 06pasoM, AT KakIOIo 1e/10r0 YHCAA e CYIIECTBYIOT
TaKHE SMEMEHTH p;, [==1, ..., e, 4TO TrpaHuued p, ... Peb

spasercs (p*o)°. Torna unean py ... p,0 HEPABAOKMM, TaK
Kax B IDOTHBHOM CJyyae ero rpatuiefi 6bi1 66 ngean (p#o)e,
rae ¢’ <e. Vs mpeawigymell TeOpeMbl BHITEKAET Temeps

Teopema 21. Hycine q=p, ... p,, 20e ssemecHniu Pi
Honpusodumsl, u udeaa pgo umeem panuyy p*o. Toda

L
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048 mozo, 4mobs. sseMeHm q 6pin Hepasaoncum, Heobxo-
oumo u Odocmamouro, 4mobu 2panuyel udeasa o Gola
udean (p*o)e.

CpaBHenHe JIUH TOKA3HIBAET, YTO YMCAO &’ HEDA3NOKUMBIX
KOMIOHEHT B NPAMOM Da3NOXeHHM MOmyAa of(p*o}® pasHO
aauHe kB oaeMeHTa p*. Mbl GyzeM Ha3HBATH 3TO YHCIO
eMmrocmbio nneana p*o. OTMETHM Teleph HEKOTODHIE BaXKHbie
C/IeICTBH HAWIEIO KPUTEPHS HEPAa3NOMHUMOCTH.

Teopema 22. Ecau asemenm q=rst Hepasnoxcus
4 uGedn §o OZPAKUACH, MO IACHEHM S HEPAINOHCUM, T. e.
Kaxcobd noomodysb « waxcdvii ghaxmop-modyas Hepasio-
HCUMOZO MOOY A7 0/q0, 20¢ udeas gv ozpanuyen, HepaaAoxncum.

Ipeanonoxum, uro r==p, ... pr, S=pz ., Dt =Pipt - Do
MPUUEM 3ACMEHTH pP; HempuBOAMMHL. [lycth p¥p sBageT-
¢l rpanuuest p;0. Torma rpaunuelt go aBageTca (p*o)e. Ecau
unean so PasnoNKHM, TO ($0) 2 (p*o)~k-1. Mu Bumenn, uro
to 2 (p*0)°7?, u mostoMy stoD s(poe)e-l = (so)(p*p)e-! D
2 (p*0)°~k-1. Takum ixe 00pa3oM ToNyuaeM, uTO rsty
2 (p*o)e~1, Bonpeku ToMy daxTy, uTo rpanuueH rsfo ABATETCH

(p*o)e.

Teopema 23. Ecau udeass qo u gyv codepacam
OPANUMEHHBLE  u0eAA GO U JACMEHM § HepPaASAONCUM, MO
24160 q,0 2 qg0, 4u60 ¢,024,0.

Ecnn g0 () g,0 == gg0, T0 30 D g0 u, cnefoBaTenbHO, /€=
MEHT gg HepasnoxuM. Ecanm rpaumueft wuneana q,0 asnserca
(p*0)%, i=1, 2, T0 rpaHuuch wuneana ggo Gynmer (p*n)es,
LRe e3 == max (¢, e;). CenosaTeNbHO, IIHHA 3]eMeHTa gy PABHA
HauGOJbIIeH U3 LIUH 3JEMEHTOB g, ¢, HATIPUMED AAHHE q1.
Torna gg0 = q,0 < gy0.

M3 3TO#l TeopeMH Jerko BhTeKaeT Cleaylomas

Teopewma 24. Ecau snemenm q nepassoncux u udear
qo oparuten, mo Modyss 0/qo obiadaem aums O0OHUM
KOMNO3ULUOKHUM DAAOM. '

flycTo Temeps bo ABMACTCA OrPAHHYEHHEIM HACANOM, PAHALA
KOTOpOro HMeer BUA (p*p)®, rae ugean p*o MaKcHMaleH.
Mpeanonoxim, uro b= [gq,, . .. ¢,] a8agetca npaMbiv pasio-
HEHHEM O HA HePA3NONKUMBIE D/ieMEHTHI, IPHYEM FPAHHIEH q;0
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ABaseTcA (P¥0)%, u e;> ... >>e>>1. OuesugHo, uTo e=e,.
IMokaxem, uto A<k, rne & 06o3HauaeT eMKOCTb waeana p*o.
Tipexnonowum, uro A > k. Ecmn ¢,/'v2¢0, 10 [9,, 95, - . .]=¢"
GyneT ABAATHCS MPAMBIM DA3NOKEHHEM 3/eMEHTA ¢, TAK KaK
MBl  uMeeM, ou€eBHNHO, o (g,/0 ...N¢-100
Nqse® N -..)="0. BuGepen nemurenu ¢;'o uneanos ¢, Tax,
YTOOB OHM HMENH JUIMHY e mpu i=1,,.., k, H o6pasyem

aleMenT ¢ = [q,', ..., q;/] nm unean g,'o ... 0 95’0 = ¢’ v:

Tax kax ¢'p D (p*p)ex u mocaemduit umean pa3noWHUM Ha &
HEPA3MOKUMEIX  HACANOB IJIMHBL €1, TO Mbl IONYYaEM, YTO
q'0 == (p*0). Taxum oGpasom (p*0); D (g0 ... N Fxd). C
APYTO# CTOPOHB, BCE HACANBI §7 (D,. . ., ¢,0 CONEPKAT (p*o)er,
W MBI MDHXOIMM K NPOTHBOPEYMIO C TeM, 4TO (g0 (.. )
N 9x9) + gr..10 == 0.

Teopema 25. Ecau udean by umeem zpanuny (p*o)e,
2de p¥0 ABAACMC MAKCUMANbHOLM ueatoM eMrocmu B, MO
NPRAMOE pa3sodicenie yremenma b umeem #e 6osee k 4AeHO8.

Ipunosxcenns r cayuaro nosunomunarsnsx xosey. Tpen-
nonoxeM, 4ro o=@ [{], . e., uro S=1. JIByCTOPOHHHE
uJ1easbl 3TOH 061aCTd MOPOKAAIOTCA NOAMHOMAMH, KODdULM-
€HTBl KOTOPHX JexaT B ueHtpe I' Teta ®. Ilycrs p siBasercs
aneMeHTOM u3 P, aareGpanueckum uaxg I' B TOM cMmwbicae, YTO
OH ABAACTCH KOpHeM mnonuHoma o(f) u3 I'[£]. Toraa a (£)
AemdTcd Ha f—p. Ecan o (£) uMeeT HAaMMEHbIUYIO CTelleHb
Cpel NMOJHHOMOB, /ISt KOTOPHX p SABASETCA KOPHEM, TO o ()

HenpuBoaum B I' [£]. CnenosarennHo, ecin ¢ sSsisteTcs Ipyram . -

TaKUM 37eMeHTOM U3 P, 4r0o a (¢) =0, TO U3 CHAeACTBUS
K Teopeme 20 caemyer, 4TO £—p U £—G TOAOGHEI, MOITOMY
o =[B71pB. Tak KaK Halle NpeANONOKEHHE O TOM, UTO SMe-
MCHTBl p M G YIOBIETBOPSIOT ONHOMY H TOMY e HENpPHBO-
IMMOMY YPaBHeHHIO, IKBUBAJEHTHO NPEANOIONKEHHIO, UTO
otobpawenne & (p) — & (), rue £ (¢) =T [£], asaserca uzomop-
¢usmom mexny I'(p) u I'(s) nax 'V, To uamu nokaszama

Teopema 26. [Iycms ® snsagemcs mesom ¢ yeHmMpos
I'a nyems I'(p) a T'(c) ssasiomes uszomopgusmu asze-
Opauneckumu Had ' nodnoasmu meaa ®. Tozda ecaruil

1) T.e. usomophn3mMoM, OCTABAAIOWAM HA MECTe SAEMEHTH H3 I,
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usomopuan smexcoy L' (p) u I'(a) moxcen 6ot npoOORAHCEH
do suympexHezo asmomopPuna mesa .

Paccmorpum Aanee @ [£, S], rae "= 1 Ana HeKOTOPOrO
r>0, npudeM HM OJHA MeHbWas CTelleHb S He SBAAETCH
BHyTpeHHHM aBTOMOpOH3MoM. Ecin Mbl uCrosnbsyem ompese-
neHdvio Ha cTp. 77 GopMy 9/7eMeHTOB, KOTOPHE MOPOXIAIOT
ABYCTODOHHHE HIEAlbl, TO YBHIMM, uTO TNOJMHHOM —¢
nopOKAAeT MAKCHMAJBHBEIN ABYCTOPDOHHHH nical B TOM Cay-
yae, KOFAA Y SBAAETC NPOU3BOABLHBIM OT/IUYHBIM OT HYJ
5/eMeHTOM, MpUHAIIexaumm uentpy I, npudem {5 =1y. [la
TOro 4To6H MOJHHOM # — 1 Jenwica Ha £—p, l}GO6X01114M0
W focTarouHo, urobs =N (p)= ppS... 5 . ]2 camon
menie, eclu Y KOMMYTHDYET € p, TO u3 7==ppS .. .p5 = ciie-
AyeT, 4T0 Y =p% .. 05" = N (p5) u oGpartiio.

Taxk Kax

tr—m) =@—p) (= o=
RS ST N () — ) = (-t %S
Foeen 05T E— ) WV ED — D,

TO Halle yTBEpKAeHHe oueBUAHO. TaK Kak " — Y MOPOKLAET
MaKCUMaJbHbIt waean, TO MoOble JBa HENPHBOAHUMLIE MHOMXH-
Tedst NOJMHOMA # — ¥ moao6ubl. Kpome Toro, £ —p u t—a
MOROGHH TOrAAd M TOABKO TOrAa, Koraa o ==(3-'ofS. Cneno-
Bare/bHO, HaMH TOJYyuYeHa

Teopema 27. lycms © asanemcn mesom u S— ma-
kum asmomopdusmon 8 ®, umo S*=1, 0 Lr<oo, u Hu
00HA MeHbUAS cMmeneHy asmoxopgudma S He ABASEMCS
sHympennum asmomopgusmon. Ecaun asnemenm Y sevxvicum
8 uyenmpe mesa P, S=x u p u c ggArLOMCA MAKUMU
asemenmamu meaa D, umo N(p) === N(s), mo cyue-
cmsyem mawoti dremenm B € O, umo o= B-1pss,

Caencrtsue. Jaa moezo wmobu N (c) =1, HeoOxo0umo
u docrmamouro, wmobs o= §7135,

OTMeTHM, 4TO YCJOBHf, HAJOXKEHHbie HAa S, PaBHOCHIbHBI
yTBEpHAEHHIO, UTO S MOPOXKIAeT KOHeuHyio rpynny & sHemi-
HMX 4BTOMOP(HU3MOB, T. e. YTO BCE HETOXIECTBEHHBIE aBTO-
mopduambi, Bxosmue B &, asagorca BHemHumu. Ilpenno-
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JOXHM - TeNepPh CHOBa, y
[lycrs 1= N(p), rne
= (" —1) ¢(¢) neawrcs
HENIDUBOAMMBIX AejuTelled

OYHeT RelHTHCH CMeBA Ha
Kax

n—vq == ({~—oq) (¢
+ (oo

TO Y==go¥,, g1

1==0%...05" " 2 1ak

Takum o6pasom, o5 —g
Teopema 28, IIpec
MOm. xce cuscs, umo

r==rirqg u " ggagemcs
D, mo y=as% . . g8" 1

i

10. Orpannyennpie Tp-
O2PaHu4eHHbLM, ecin cy.
KOMbLA D, YTO xb =0 pq
TaKHX b o6pasyer IBYCTO]
HA30BEM 2parnuyel Monya
JICHUEM, NaHHBIM panee
BHACTb, 4TO AJA TOrO yTQ
Heo6xXomumMo IOCTATOYH(
¥KeCTBa odpaaylomux 3
BHIMH MAeazamu. Ipauuna
AenuTeNeM uueana B.

Ecmm ¢, ..., ¢, ABAR
Moaymi M, T0 MH Bugen
C TOYHOCTBIO 1O nOAOGHs
Mobble fBa HePA310XKUMEI
TOIBKO TOraa, Korjga omy |
AOBATE/IbHO, HaMK nO.yuen,

Teopema 29, Tpan
02paratennozo v-uodyas
OYAR; OKL Ke 3a8ucam om

A3

I

. Torga nomumom #r — =
p. Beaencrene nono6us eex
HOMa {7 — 471 nonuHOM iy
iTopoe noaxonsamee f—a. Tak

Yel, u Clea0BaTenbHO,
=7, TO Y==0S,, g8~ 5,

Y

UM, 4mo P, S y 1 anmerom
peduidyuess meopeme. Feqy

& Hekomopozo ssemenma u3
STy==g,

B

JIH. 0-MOAYne N HaswiBaercs
YeT Takoli ssemenr p *0
X x € M. CosokymHocTs Beex
# nnean B £ 0, koropuiit mul

310 _cornacyercs ¢ onpene-
HMKIIHIECKOTO  cayuas. Jlerko
DRy M 6nia OTDaHHYEHHBIM,
PGBl MOpAAKH mo6oro MHO-
Ium OTDAHHYCHHHIMH  fipa-

lka mo6oro x € IR apngercs

SMeMEHTADHBIMHU [eMuTe MK

9TH S/IEMEHTH ONpene/eHb!
em M. C npyroi CTOPOHLI,
MEHTa ¢ nono6unl Torga u

OAMHAKOBYIO rpaHuny. Cie-
t)BHaSI

ACMEHMaprblx Oesumenei
bmes uxsapuarmanmy mo-
UHHX pasaoscenuis Modyas,

iﬂc'l‘, 18 = Ty U NYCTh r==rr,,
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. ueM
. . N1 i# )fr 6y11e1‘ pasioxeH
R #p)' ... (pr oy E
Tycws B ﬂ(m?m) IpHYeM MAKCHMATbHBlE umeansl p;¥o
IPAHALLL MOZYT ’% B (p#0) 7t m  oGossaumv uepes
. TTonoxuM D; = @ B BUAA
gﬁ?g”qnﬂob;momecmo IB; KOHEUHHX CyMM 3“““;;{3”01:'
; b € B;. Tak kak B; asasercd rIPaB‘;‘BM_‘_ ’
X 4y rpe 3 4 TAK KA4K 1 .o
e oayiaeM, U ) )
T HBmegg?-—ngjltlx) I—?’- . - M@, Sneventsl uz W
+By=0, 10 W= eHHI0 X (Pd*ﬁ)fi“—“oa W MOTOMY IpaHu-
H ,
YAOBIETBOPSIIOT YPaB N rie f;' < fi. Otcioma cre-
neit M gsnserca wmean (pFo) ', N_l)’_i_gm(dﬂ) oL
ayer, uro MWEH A MWD + ... + 939)1 MO ... DM,
+ MI)=0, u, caexoBaTeIbLHO, O wfr’ —
Kpome Toro, Tak Kak ias 1060ro X uMeeM Xp; 1 HT 'p; iz IR
to f{=/f;. Tlpeanonoxum, 4Tto f".”e’l'oe (p;*0)k=0.
yIOBAETBODSIET MPH HEKOTOPOM 4 yp:EHi,Hi yf) L
CTaBUM V¥V K -
Torna, _C/I MbL MIper Fo)fi==0, K TaK KaK (pj*n)k+
yi € M, 10 nomyunn y; (p; ., o6pasoM, mnoa-
! (p.*o)ﬁ::—‘l), TO yi=0 npH Li] Takny KEII:C COB’OKyn'
n—xiz)ny;m MG momer OHTL oxapaxTepugoBaH( 0)e=0 npu
HOCTb TAKHX 9JIEMEHTOB y;, AN KOTODBIX JE’TJE gl‘;JIHeTCH npo-
HEKOTOPOM K. OTMeTnM TaKie, 4TO eﬂctnf— RO D. . PRV,
U3BOMBHLIM noamMoxynem moayns M, 1o N ==
) — MG . =
rie RO =MHARN ae. xorma r=1, 1. e B=
OcCTaHOBHMCA Temepb Ha CIyY UD = I, 6D ..M, 8-
= (p*s)’. Ilycts B 3TOM Ciyuae = fMOIlYJT“ u mycTs
AASTCA pagnoxkenner N Ha HEPAMOKHMIIE 0 as O, mpuuem
(p*o)e" SIBAASTCA TPpaHuLell UUKAUUECKOTO MOLY 3]
ey=f.
.o« 2> e,. OueBuzHO, YTO €1 ¢ rpa-
o >Paccmo?pnulvl CHAaya/ia HepasiOoKUMEIK D-MOII,H}’]\;I]: a?feMeH'?OM
(p*0)9. Ecim x saBaserca 0Opasyiony
HuLe# (p . npuieM g =p1 ... Py
B R u go aBmserca ero mopaAKOM, =y He
UMBl, TO XPi...Pg-1
TAE JIEMEHTH p; HENPHUBOIAUMEI, moamMoayas Ry,
PaBHO HyJ 10, H y(p*o) == 0. Taxum oGpasom, *o)-ad OTIIH-
COCTOAILMA M3 TaKUX 3/eMEHTOB Y, 4TO 3 O(ggnomuM: a TaK
yeH ot Hynd. Tak kax NE N, 1O oH H?ﬂyﬂb N, Henpu-
KaK ero rpanuilefi ssjserca p*p, TO HOAM%(P*D)J' Hepasno-
BOANUM. OTMETHM TaKKe, 4TO MOAMOIYJb TNy, DABHYIO
KHM M ero 3JeMeHTApHbIH JenuTenb HMeeT ’

max (0, g - j).
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]3 oﬁlg.em cryuae, xorma M=W; D ... BM,, us
YR =0 n y=yi-f- .. 4y, rre g, €My caenyer,
uro ¥, (p*p) =0. CrenoBatennto, u Momer GuiTh oXapakre-
PY30BAHO KAK JJIMHA NOAMOMY.IsA My, cocrosimiero u3 Takux

ACHEHTOB Yo, 4TO Yo (P*0) = 0. Mul nmeen taxe I (p*o) —
o1 B Y . pFo) ==
=MW1 (p*0)7D ... DM, (p*o), n, CIeL0BATENBHO, YHCIO

o .
8 (j, M) Tex rpamuu (p*0)%, noxasaremy KOTOPHIX €; 60IbLie

UeM f, ABMACTCA JJIMHOR TeleceqeHus M (p*0)i N M,

Ecan N aensercs noamony rem mozayna IR, to %o(p*o)jc
S M (p*o} n, caexomarensho, Rp* oy NN =§R(p*o)fﬁ
M, = M (p*o) N Wy. Orciona cienyer, t?ro 8(j, K
<8, M), n noaromy, ecam (p¥0)8, (p*o)es, ... ssasoTcs
FPAHHUAMH 3/IEMEHTapHBIX JeHTexel MO.lly.II;I N v g>
2> &> ..., T0 MB NOIyYaeM, 4To s > g;. Ecaiu mu npu-
MEHHM 3TOT (AKT M OTMEYEHHOE BblNE pPasnoWeHHe M —
=MNOD ... BM® x Tomy crydam, Korza moayas M

LHK/IMYEH, TO NOJYYHM AOKA3aTeNbCTBO HEOGXOXUMOCTH B Cie-
Lylmomeh Teopeme,

Teopema 30. IIpednoroncun, umo q== (q11, ...
Qruy oo ouny Q] ABAAEmMCAH nPpAMBM pamoafceﬁue/v;
SAeMERMA @ HA HePA3AOUCUMBLE IAeMEHIMB dsj, nputen
epanuned udeara gy;0 seagemes (p*0)°% u ey > iz > ...

Ilycms max ;
ly He b={sy, ..., Stuyp 03 sens Spyl, e0e

epanuyeii s, * )84
ﬁ; ; z;g S0 Asrgemen (Pg*o)¥, u gy > gin>.. >0,
3 0a Oasx mozo umobu b Owao nodobruo HerKomopoy
eANMenIO INCMEHMA A, HEOOXOOUMO U docmamouro, wmobu
e 2> Lyje
s OK@3aTebCTBA NOCTATOYHOCTH 3aMETHM, 4TO Cyuge-
CTB
YET AETUTENb g, SNeMeHTa gy, IPaHHUIEH KOTOPOro ABISETCS
*3)gij
(ps¥0)8%. B camom nese, MbI TNIOJIyunM TAKOH 3/1eMeHT, 06pasopas
TNIPOH3BE/ICHHE IEPBLIX Ly; HEMPHBOAUMBIX AEMUTENEH DeMEeHTa
r r
qsj Orcrona clenyer, yto @' = (911, .oy Q1uy; ...;_...,q'm,]
AB/IACTCA neauTeleM 3/eMeHTa 4, TaK Kak no Teopemam 20

H 21 -aneMeHT g;; mojoGeH IEMEHTY Sy;, TO sleMeHT @
NOAOGeH snemeHty b,

S I ey

SRR St e,

e —

S
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11. UupapuanTble MHOXHTERH, [Tycts W=D, D . . B,
ABIACTCH PA3MOKEHHEM KOHEYHOTO op-MoAyqas SR B NPAMYIO
CyMMy MOJAyneh, D-H3OMODQHLIX MOIAYAM 0/e;0, NPUYEM &;
AB/SETCA TOJHBIM JETHTE]eM 3JeMeHTa ¢; npu j>i. Mun
XOTUM TOKA3aTh, YTO IEMEHTHl €; ¢ TOYHOCTBK 1O MOAOGHs
ABJIGIOTCH MHBapHaHTaMu MoIyas $K.

[IpeanoOnOXUM cHauaia, 4To Moayas I orpanuded. Pas-
naras  SMEeMEHTbl e; HAa HEPA3NOWHMBE DJIEMEHTH (5, TAe
rpaHHled njeana g0 ABASETCH (pj*o)hif’ (p;*0 — MaKCH-
MaJbHBI ABYCTODOHHUH HIean), Mbl MNOJAYUYHUM PaA3NOWEHHE
moxyas N Ha HepasnoOXKHMble v-MOAYMH. Ilycte p¥p Asngercs
ONHHM M3 MA€AN0B p;*0, k — ero eMKOCTBIO W 3JIEMEHTHI
g, ...q, — TeMU HEDA3NOXKHMBIMM YaCTAMH 3JIEMEHTOB &,
osl KOTOPHIX TPaHULpl HACAAOB ¢;0 HMelOT Bui (p*o)t;.
HamomBuM, 4TO eCaH rpanuliefl uieana ¢,0 ssasgercs (p"‘o‘;"v:.
TO IJIMHA 3JIeMeHTa ¢; paBHa h; Ecan g gBageTcs OmHUM
M3 3MEMEHTOB §;, M ¢ — HePa3nomumasi 4YacTb 3JEMEHTA e,
T0 e,+1 Iequtcs Ha (p*)*. Cnenomarensno, no teopeve 30,
JIEMEHT e, ,; COJAEPKUT HEe MeHee, 4eM K 3JIeMEHTOB ¢,
JJMHBlL  f; KOTOpDHIX GoJbiie uau pasuel k. Tak Kax £
SIBJSIETCS eMKOCThIO HAedna p*p, TO 3TUMH  I/IEMEHTAMH
UCYEPNLIBAIOTCH T€ U3  ¢;, KOTODbie BXOJAT B DA3/IOKeHHe
37eMEHTa e,4q # COOTBETCTBYWOT 3nementy p*. Takum oOpa-
30M, MBI MOMXKEM TdK VYHODPSIOYHTb 3NEMiHTHl @, YTOGI
B NOCHEMOBATENBHOCTH §1, - vy i Gr+1, «+-» Joks oo
Gir+1y -+ Gepym IAMHBL 3JIEMEHTOB ¢, OOPAa3OBHIBAIH
HeBO3PaCTAWIIYID TOC/IeA0BATENbHOCTE, NPUUEM  3JIEMEHTH
G1s -+, §; ABIAINCH HEPA3NOKHMBIMH YACTAMH BJIEMEHTA &,
Gri1, -+, (op— HEPABMIONKHUMBIMH UACTAMH 3JIEMEHTA €,—1
U T. I

Ecau MbH HMeeM BTOPOe DPA3JOKeHHEe My D, .. Oy
monyas I u moayab N, o-u3oMopden moaymo ofe;n, a
SJeMeHT e; ABISETCA MOMHBIM [eluTe]eM dJeMeHTa e Tpu
J>i, TO MB MOXeM TaKuM ke 006Pa3oM yNOPANAOYUTH HEpas-
JIOXMHMBIE JMEMEHTH ¢', COOTBETCTByIOIUe 3aeMenTy p*. Mo
teopeme Kpyaas-LlMuara, snemeHTn ¢; W ¢; TOROOHEI, H
YUCAO UX OjIMHAKOBO. TakuMm 00pasow, HepPa3NoKUMble 4aCTH

/

3/IEMEHTOB €, ; M €s—; MOryr OblTb TaK MOCTABJECHB BO

7 Bax, 748. H. ImexoGcom,
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B3AUMHO OJHO3HAUHOE COOTBETCTBHE, YTOOH COOTBETCTBYMLLHE
yacTH ObUIH HOILOGHbI Toraa u sneMeHTH €,_; M ey —j mo-
neGHu, U §=5¢'. »

[lycts Teneps P ABJASETCA NMPOU3BOJABHLIM MoOAyJeM, U ==

= a*p — rpaHdueh uneana e,_;0, P = b*p — rpaHuuel nieana

et _40. Ilycts M, sBaserca moamonynem monynsa P, cocros-
UM H3 Takux 37eMeHToB y, uto yUAB = yBU =0. Ecan
e,=ca*, n y, asasgercd o6pasyloIHM dJeMeHTOM Moy I,
nopsaka e, 10 y.c€ N, u ero mopanox paseH a*o. Cnezlo-
BATE/ILHO, eClin Z,——oOpasyiouuft saevent moayas N, 1

Ero nopsuxox paBen d,@0, rae 3JeMeHT a nonoﬁeﬂ a®. Tax

KaK a*p 9BAsSeTCs ABYCTODOHHHM HAEANOM, TO @ OTIMYAETCH
OT a* OGPAaTHMBIM MHOXHTCJEM, M MOTOMY MOPSJOK 3/eMeHTa
2, paBeH da*o=a%dp. llpeanonomuM Tenmepr, 4TO Y
IBAASTCA [0AMOAYJEeM MOZyas N, COCTOSLMM W3 TaKHX 3Jje-
mMeHTOB ¥, uyto ¥ UB — 0. Oyepuano, uro noamoxyas N orpa-
HUYeH, U N =1 D ... D, DN, aBasercs pasnomeHueM
Moy N Ha UMKJIMYECKHE MOLY/H, IODPSAKM KOTOPHIX Orpa-
HHYEHB, IpHYEM TPaHHLA KaXJOr0 MOPAAKA JEMHT CAELVIO-
nmi nopsaok. ITomoGHEM 06pa3oM Mbl MOMYYAEM, YTO

N/ D ... DN, _, DN,

rie Ny ©My. CrenoBaTeabHo, B CHLY Pe3YIbTaTA, NOAYYEH-
HOI'O /I OT PAHAYEHHBIX MOAY/elt, §'==S 1 3MeMeHThl ¢; U ¢, M-
JOGHH pu [ =1, ..., s — 1. Orciona, npumersa k moayawo M
reopemy Kpymng-llimuara, Mb noJyyaeM, YTO 2JEMEHTHI 2
H e', nogo0Hel. Mpl  OyneM HasbiBaTh 3JAEMEHTHl €; HHBA-
PHAHTHLIMH ~ MHOXHMTeNaMH Moayad. Krak, namu nosayuena

Teopewma 31 (Haxaama). Hrsapuanmusie muoxcumesn
0-M00yaa M 00HO3HAUHO OnpedeACHHL € MOYHOCMbIO 00
nodobus. ,

12. Teopda OTAENbHO B3ATOr0 MOJYJAHHEHHOIO mMpeod-
paszoBaHus. Mui Buaenu, 4to ecan T sBAAETCA NOAYJAMHEHHBIM
Npeo6pa30BaHUeM * ¢  aBTOMOD(H3MOM S, KOTOpO: ASHCTBYET
B BEKTOPHOM mnpocTpaHcTBe R Hax TtesoM P, TO MH MOXeM

: 'ﬂ_i‘,tj"fi#‘:‘}%

HEKOMMYTATUBHBIE OBJ/IACTH IVIABHHX HIEAJOB 99

paccvarpusats R kak o == 9 [£, S]-Moayas, noaaras xa (f) =
== x% (7). Ecim Ty n Ty ABAsi0TCa nonymuHeltnbiMu 1ipeoGpa-
30BaHMAMU B i, UMEIOIMMHM OIWHAKOBHI! aBTOMOpPQH3M S, TO
onpegenennsie umyu P[4, S]-moayau usomopdHE TOrma H
TOJABKO TOrAAa, KOrjza CyUIECTBYeT TakKoe NuHeHHOe mpeo6pa-
3oBanue A, yro Ty = A-1T,A. B camom zeite, ecnn A aBasiercst
O [£, S]-uzomopdusmom, 10 A nuHeHHO, TaKk Kak tA — A
npu Bcex EED, u TiA==AT, a notomy Ty=A-'TA.
OO0paTHO, €C/iM 3TO YC/AOBHE BLIIIOAHEHO [JS HEKOTOPOro
apromopdusma A, 1o a(T1)A =Aa(T,) npu Bcex a(f), u
A sasnsercs usomopbusmoM. EcIu MaTpHUaM# npeo0pasoBaHuit
T1, T3 u A orHocuTeNbHO 6asuca Xy, ..., X, OyAyT COOTBET-
CTBEHHO (T1), (%) M (&), TO ycaoBue T2—/—1 1T1A skBuBa-

MIEHTHO YCI0BHIO (Tg)==(a) (t1) (2%)~1 (man (t5)=(?)-1(1)(?%),
rae (§)=(a)"")

PaccmoTpum Temeps (QuKCUpPOBaHHOE IpeofpasoBanue 7.
Torma, xakos Obl HHM GBI BEKTOP X, B NOC/AELOBATE/ILHOCTH
BEKTOpOB x, x7, ... Halnerca BeKTOp x 7%, KOTODPHIH ABAAETCH

JHHelHON! KoMOunauue#t BexkTOpOB xT%, < m, Haupumep,
xTm=x8, 4 ... +~xTm-13;. Torza x (T™m— Tm-13; —
— w. —fB,,)=0, u notomy kaxaufi asemert P [£, S]-mo-

nyns R uMeeT KoHeyHullt nopsaok. Ya ofwie#t Teopuu caexyer
torna, yro M=NR, D ... BNR,, rae N, apmgoTca LUAKIU-
YECKHMU MOAYAAMH, 00pa3yiOLIHe SAEMEHTbl 4; KOTOPHX HMEIOT
nopsiaok e, ® £, S]. Ilpu atom ¢; == e;(f) #BAACTCA IONHHM
AenureneM e;(¢) npu j>i. hc:m .CTeNeHb HMHBAPUAHTHOTO
MHOKHMTENs e;(f) paBHa 71; TO BEKTODH 44 ..., 4;T™
00pasyior Gazuc Moxyns N, Hax ®. CmenoBartedbHo, 4, .. .,

ug Tty s g, T aeagercs Gasmcom moayas R
Hag @, u omocmenbuo 3TOr0 6asnca marpuieit npeo6paso—
BaHus T Oyner

7*
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rae
¢
0 . ... B
1 0 . . . i:i)'l
; 0 1 .o
‘C(')= R
.. . .0
lo. . o 1 8]
ecan e;(t)=tm — -1 Bﬁ”-— cee — gfg.Ecmd (o) ABaAeTCA

IPOH3BOJILHON Matpuile#t us ¢,, TO CymleCTByeT TaKafd MaT-
putia (p), uro marpaua (p)-!(a) (pS) OydeT uMeTh yKasaHHHH
Bug. Ilogo6HeiM 06pa3oM Mbl MOMEM HOJNYYHTb KaHOHHYe-
ckylo dopmy MaTpuunt (&), COOTBETCTBYIOWIYIO Pasnowenuio R
Ha HepasnoXKHMbie 0-MOAYAH.

PaccmorpuM B KauecTBe mnpumepa cuaydaff, korna T sB-
nseTcA JMKHeHHEIM npeo6pasoBankeM, ACHCTBYIOMMM B MOLYJe
R wan ©, rae ®=R(/,j) saBaserca KBATePHUOHHOH anre6-
pol Ham INeHCTBHTEJBHO 3aMKHYTHIM MOJdeM. Mbl BHIeH,
yTO B 0 == ® [£] HENPHUBOAKMMBIMA HBJSIOTCA JMIUL JHHelHbIe
nonuHoMbl. ['panuuet p* (#) uneana p (f) = (¢ — a) ABAserTcs
t—a, ecnti a € R. C apyro#t cTopoHsl, uMeeM N (f—a)=
=(f—a)({ —a). Ms noayyaem TakuM O0O0pa3OM BCe He-
MPUBOAHMBIE NOJHHOMBI (CO crapimM ko3ddHuHenToM 1)
8 R [f]. Paccmorpum tenepb umean (f— a)®o. Ero rpasduile#
apaserca (p*)é0. B camoM zese, B mpoTURHOM cayuae (f — a)?
ABMANOCL OBl fesureseM mojauHoma (p*)f, rue f<e. Ho 310,
OYeBHIHO, HeBO3MOXHO, ecau p*=(f{—a). Ecan xe
p¥ £ (t—a), TO Mbl HMeeM

(t— ) q(t) = N (&) = (t — a)f (¢ — ).

Tax kak « € R (a), T0 KO3pduimenTsl nOAMHOMA ¢ (f) Aemar
B R(#), ¥ TaK KaK 3TO KOJbLO KOMMYTATHBHO, TO Ml MpH-
XOIUM K MPOTHBOPEUMIO ¢ TeOP2MOH O eJMHCTBeHHOCTH DPas-
aAoxenus B R (a) [£{]. Orcoaa caenyer Temepb, 4TO MOJHHOM
(f — )¢ HepasMOKUM M 4YTO KaXIHIR HepasMOXKHMEIR 3/7eMeHT
nonoGeH saeMenty Takoro suia. ChenosarelbHo, eciau © aB-
JSIeTCH HepPa3mOKUMBIM TIOAMPOCTPaHCTBOM B R, TO OHO 1o-
poxnaercd BekTOpOM y 1opaaxka (£ — a)p. Ecan mbl pac-

4 eaptd
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cmotpum B & 6Gasuc y,=y(T—a)-!, k=1,..., € TO
OMY4HM MATpHILY

L : , (6)

' ,H,Be Takue MaTpHULbI moA006HL TOrJAa ¥ TOJBKO TOTHA, KOrad

MX JMATOHAMBLHHIE AEMEHTH @y M Oy TOJOCHB; ¢CH &) A Gy
nMONOGHE, TO CHH SBJAAOTCA KOPHAMH OAHOTO ¥ TOrO e He-
npuBoauMOro B R [f] noamuoma, u o6partHO. Jio6ag marpuua
nonoGHa MaTpHie, WMeoUlefl BAOJAbL TaBHOH  JIHATOHAJH
«MYKH» BUAA (6) MW HA OCTA/NbHBIX MeCTaX HYJH.

Bephemca k 06mieMy cJjyyal0 H PAacCMOTDUM pas/OMKeHHe
R=R,D.. OR,, rne RN, — unKUIeCKUe MOAY/H, TOPFIKH
KOTOPHIX &; (£) ABIFIOTCA MHBADHAHTHEIMH MHOXUTENAMH. Jland
TOro, 4TOOLl ONpPeJeNUTh TMOJHHOME! e; (¢), Bubepem G6asuc
Xy, oo s Xp MORYAS R nan ¢ u nonoxum x; T = £x,7;. Torna
monyab R @ [¢, S]-usomopden GHaKkToOp-MOAYIO cBO6GOIHOTO
@ {f, S] -monyas §, Gasuc KOTOPOro 0OPABYOT &, «..) ny
no noaMoaymo N, comepkalleMy JMeMeHTH fq== et — Fe;Ts;.
[TokaxeM, 9TO 3dcMeHTHl f; 06pas3yioT 06asuc MOAMOLYJH N.
B camoMm jiene, ecid f fBASeTCA MPOW3BOJIBHLIM 3/IEMECHTOM
uz N, TO MB MOXeM BuGpaTh HOMMHOMBI @ (£), ey @p(E)
TakM 06pasoM, H4TO [— Sfie (1) = e, rme BED.
Torna 2x1—{3,-:0, u mnoromy B;=0. Takun oGpasom
f=Dfio;(f). Tlpennonomum Tenepb, 4TO i (£)==0.
Torma Ye;[¢e; (t)—z"ij(?j (] =0, u f‘?i(ﬂzzfij‘?j (),
i=1,...,n Ecau nexortopoe ¢;(f) =0, ¥ @, (f) ABAACTCH
ONHAM W3 TaKHX . IIOJIMHOMOB, MMCIOUIWM CpelH HHUX MaKCH-
MaJILHYIO CTelleHb, TO PaBeHCTBO (@ (t):Erkjcpj (f) HeBO3-
MoxHO. Cllef0BaTeNbHO, LIS BCex i UMeeM ¢, (£) == 0, Orciona
MH TIOJYYUM, UTO e;(f) ABMAIOTCSH NHATOHANBHLIMH 3JIEMEHTAMH
B HOpPMaNLHOH (opme martpuubl 1-f—(t), KOTOPasA BhpaxaeT
3/MeMeHTH f; uepes ey
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B cayuae, xoraa tenc P KOMMyTaTHBHO W npeoGpaso-
BaHue T JuMHeHHO, konpuo @ [£] KOMMYTATHBHO H e;(t) =
=k (O h;_ (O}, e () =1 u h;(¢) 98aserca obuwym
HauGOMbIIUM lleUTeNeM BCEX MUHODOB i-r0 MOPSAKA MATPHIIHI
1+ ¢—(z). Tlocnennuti nuBapuanTHeL MHOKHTEND ¢, () = w.(£)
o6nanaeT TeM CBOHCTBOM, 4YTO MJAS BCeX X MMeeT MecTo
X (T)=0. B camom nene, Mb uMeeM u;u(T)=0, rie u
SBNAETCd OODA3YIOUIMM 9/eMEHTOM MOAyas R, H, TaK Kak

KamABH SMeMeHT X mMeer | BUZ Y5 (7), 70 xu(T)=0.

Tak kax w(£) P [, S] siBaseTca TNOPSAKOM 3.cMeHTa Ug, TO.

w(¢) ABNAETCH TOJMHOMOM HAMMCHBLUEH CTeNeHH CO CTAPIUAM
Koa¢duumentom 1, aas xoroporo T, wam, 4TO TO e caMoe,
marpuua (<) npeoGpasosakus T siBasercs Kopuem. Tak kak apy-
rve MHBAPUAHTHBIE MHOXKUTE/H SBIAIOTCH AC/AHTENSIMY TIOJUHOMA
{ (#) M XapaKTepuCTHIECKHA TOMMHOM f (£) == det(1f — () =
== Tle; (£), T f(£) v p(¢) 06GnanaAOT ONHUMY H TeMM XKe HelpH-
BOIWMBIMH MHOXHTeNIMH B @ [£] m MOryr otnmuarsca muumib
KPATHOCTAMH 3TUX MHOXHUTeJeH. ITO XODOIIO H3BECTHAS

Teopema 32. (Ppobennyc). [Tycms (t)— mampuya
u3 ®,, 20e & —nose, u nycmo u(f)— nocaednui unsa-
puaHmusiy  muoxcumens mampuys. 16— () uz (P [£]),.
Tozda 1) w((x))==0; 2) w(f) sasanemcs desrumener uio-
0020 noaurnoma X (1), umenuezo ;1o cgolicmso, 4mo y ((=))=0,
¥ 3) w(f) u xapaxmepucmuuecruil NOAUHOM, paABHBLI
det (1£ — (<)), aumerom 8 P[] o0dnu u me xce Henpugoou-
Mble ATHONCUMEAH.

Iycte temeps ®  rakoe Teno, wro (P : )= m< oo,
rae depes I' o6osmausn uentp Tema @, m mycrs S Takol
asToMopduamM B @, uro S7, 0« r< co, apast2TCH BHYTpEH-
HHM aBTOMODOU3MOM, B TO BpeMd KaK HU OJHA MeHbulas
MOJIOXKHATEIPHAA CTeNeHb S BHYTDeHHMM aBTOMOPDOH3MOM He
apagercd. Ecimu ['g—noanonz moss I', cocrodmee nz ane-
MEHTOB, OCTAIOLIMXCH HHBADHAHTHGLIMYU NDH aBTOMOD(H3IME S,
10 ([ : I')) ==r, u, cienosarenro, (P:0))=mr. Mo Bu-
nentt, ut0 §% = -1y, rge u¥=y. JIBycTopoHHHe wuIcATH
Koibua o= [£ S| nopommaTcs 3nMeHTAMM B
G uh—-ub=tq 4 ... f1,), rre w=trp~' ny, €1, Kax-
Abl# MAca] KOJbLUA 0 OrpaHHueH,
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Ecau o, =TIy [u], TO OueBWIHO, uTO at06OH 0-MOIYJID
ABNACTCH 0;-MOKY/MEM, M €CIu OBA 0-MOAYJST 0-U3OMOD(HSI,
T0 oun M o,;-u3oMopdubH. ME XOTHM JIOKa3aTh aas MOMyneH,
He COZeDXKAUIMX 3AeMeHTOB MOPANKa f o, yTBePKIeHue, o6paT-
Hoe TNOCAeNHeMy pe3yabTaty. [lna 3TOH 1emM paccMoTpum
cHauana HepasaomuMbit monyns R, Taxoro rtuma. Torma R,
ofnanaer rpanmuelt (p*leo, rie p* = uh +ul-ty ...+,
€Ty n ¥, 0. Mot Bumenau, yro Moxyab R, MOxeT Gurh
BAOKEH B LMKAMUecKdi wmoxynb <R, o6pasyoumuit 3sneMeHt
KOTOPOro uMeeT mopanok (p*)eo, muto R=RN, D ... DR,
rae Mouynn R, 0-U30MODOHEL HEPABIOKUMBIM  0-MOJIY/AM
M £ 4BAfeTCcs eMKOCThio umeana p*na. Mel MOxeM TOAYuHTDL
pasnomeHke Moayls R Ha HEPAsIOKUMbIE 0-MOJYNH, pasna-
ras momymu R, 1o naer kI HEPATOMHMBIX 0;-KOMIOHEHT
moxyna R. C npyroit CTOpOHB!, MH MOXeM MPHUMEHHTDH TaKie
caenyiomui coco6. [IycTs 3AeMeHTH Py, . .y Py OGpPasyIOT

Gasuc Teaa ® nan . Tak kak Bextops z#4l, j=0, ..., r—1,
!=0, ..., h—1, obpasyror Gasuc momyas R wnan P, To
BeKkTOPH 2Hulp,, i=1, ..., mr o6pasyioT Gasuc moayrs R

nan I'y. CrnemosatenbHo, R sABAAeTcH NpaMolt cymMo# mr?
HMKIMYECKUX 0,-MOLyneH, OOPa3YIOUUMH SJEMCHTAMH KOTO-
PHIX ABAAKTCH 28p;. TlopsaakaMu 3THX MonyJeh oyayr (p*)en,,
W TaK KaK uaean p*o, MaKCHMa/JeH B KOMMYTATHBHOM KOIIZHB 0y,
TO 5TH MOMY U Hepaanoxumbl. OTCIONA CIEAYeT, UTo mré ==kl

u yro R, asiserca npaMoit cymMmmoi mkr -~ HEPA3MOKMMHX D,-MO-
Aynieit, MOPAAKAMA KOTODHIX SABISIOTCS KHAEAThl (p*)ev,.
MMycts Teneps N, n R, aBrgIOTCA ABYMS HEPA3TOMUMBIMU
MOJYJAMH, He COJACDKAUIMMH DIEMEHTOB TOPAIKA fv, W mpen-
NnOAOKHM, uto R, H.E}—%, o,-usoMopdunl. Toraa, ecau Py e k
UMeT IS Monyas R, TOT ke CMBICA, 4TO H p¥.e, k um

monyas Ry, T Mbl, OueBHAHO, OYAEM UMeTs & =Fk, U (p*)° =
— (p*)e. Taxum o6pasom, Moaymu R, u R, uMe0T O1UHAKO-
BYI0 IPAHMIY, W 1IOTOMY OHM 0-u30MOD(HB. Eciaum Mbl npu-
menuM Teopemy Kpyans-lllvuara, TO mnojay4ywM U3 3TOrO
CMeHMANbHOFO CAYUast ClelyIoUiyio Teopemy: 3
Teopewma 33. [Ipednosoxcun, wmo R w N asagwomes
® (¢, S]-modyaanu, codeprcauumi AUULL SACMEHMbL [OHEY-




104 rAABA 3

HO20 nOPAOKA, Npuder 8 HuX Hem 3IAeMENMO8 NopadKa

t® [t SI. Toeda Oan mozo, umobor modyau R u R Gviau

@ [£, S] -u30MOpPHbl, HEOOX00uMO 1 OOCIMAMOUHO, 40O

onu Guau U'y{u] -a3omopghraos. .
Canencraue. Ipu npednosoxcenusx meopemvl, Mo0yau

R u R Dt S]-usomnopdrs. mozda u mossro moada, Ko2da
onu @ [u]-uzomopdbrust.

fycts temepp T sBAAETCA HOJIYARHEHHBIM TNpeoOpasoBa-
neM B R van @, rae @ u S nMeror npexuntt ¢Mbica. ¥Yciao-
BMe OTCyTCcTBust B U BexTOpOB mnopsnka (P [¢ S] cosmanaer
C TpeInoJioMeHneM, 4TO npeobpasosanue T B3aHMHOOIHO-
3Hayno. Hawu pesymsTaTh JA0T MOITOMY YCJAOBHS LJISI [IO10-
6ua BYX B3aUMHOOJHO3HAYHBIX mpeoGpasosanuil T; u Ty, 06-
Aafaomux OAHMM ¥ TeM e asTomMopdusmom S. Takum obpa-
30M, CAEACTBME yCTaHaBAHBaeT, 4to npeobpazosanua T, u Ty
noA0GHBl TOrAa ¥ TOMLKO TOTAA, KOrna JnuHeiHbe npeobpa-
sopaust U == T,"u~! u Uy=Ty'p-! nomo6unl. Ecan mul
BCIIOMHUM O CBA3H TNpeo0pPa3soBaHUil U MATPHI, TO TOJYYHM
TEOpeMy :

Teopewma 34. [flyems © maxoe meno, umo (P : I')=
= m< oo, 20e uepe3 ' 0003naten yewmp mena, u nycms
S maxoti asmomopghusm & ®, wmo £ = -1k, 0 r < oo,
pS=u u Hu 00Ha MeHbwas cmenenb S He ABAAEMCA
srympennus asmomopgusmon. Ecau (v;) u (%g) n8as0MCA
HesvposcOarotumucs (m. e. o6pamumstui) mampuyasi 8 D,
mo 04% mMoz20, 4inobv CYULECMB08AAA MAKASL HEBHLPONCORIO-
wanca mampuya (8), wmo (z5) = ()1 (cy) (§%), neobxo-
dumo u docmamouno, umober mampuyst N(t)p-t=

=@)E) .Y ul & N(sg)p-! Geu  nodobuol
8 OO0bIMHOM crbiCAe CA08A.

Hpyro#t unTepecHwit cayyall npHBENEHHOH Bbillle TEOPEMb
MLl TOJIYUHM, €ClW NOJOXKM, r=1 KW p==1. ABa JNHHEHHBIX
npeoGpasoBanuss Monyas RN wajx teaoMm P nojo6HBL TOrMa
¥ TOJBKO TOTJa, KOTla OHH NOAOOHBI, Kak NpeoOPasOBaHMs
monyass M wax nenrpom ' tena ®. Kax serxko puierh, B 3TOM
clyyae HeT HEOGXOAMMOCTH IIPEANO/arath, uTto mpeodpasosa-
usi Ty U Ty B3aUMOOJHO3HAYHLL,

Fnasa 4

CTPYKTYPA KOJIELl 3HIOMOPPU3MOB
W ABCTPAKTHBIX KOJIEIL

1. O6masn npoGiema. CueuuanbHbie Cay<ad. Paccmort-
pAM TIPOH3BOMBHYIO KOMMYTaTHBHYHO Ipymiy M u uKcHpo-
RAMHOE MHOMECTBO & 3HAOMODDH3MOB a, B, ..., HeHcTBYtO-
mmux B rpynne Pt Tlycts U aBAAETCA MHOMNKECTBOM Q-9H710-
MOp(U3MOB, T. €. 3HIOMOD(pUM3MOB, KOMMYTHDYIOUIMX C Kax-
BIM HIOMOpGHM3MOM 13 MHOXecTBa Q. U ecThb coxepxaiuce
TOWIECTBEHHHH 3HAOMOPPH3M IMOAKOJBLO KOJbILA SHAOMOD-
¢uamos rpynnet IR. B sTOR rniaBe ML HAIOKHM pasJuuHbIe
yCAOBHs Ha CTPYKTYpy &-TOArpymm rpymnubl I u uccnenyem
TMOJy4aKIEecs OT 3TOr0 OrpaHuueHHs Hjd KOJILUA A. Atn
pesyabTaThl GYIyT IpPHUMEHEHH K H3YUCHHMIO CTPYKTYDH a6-
cTpaKTHHIX KOJsell. Haxouel, Mbl aAuM HEKOTODHIE TIPHIOIKE-
HHl K TEOPHH NPOEKTHBHHIX NpeJCTABACHAN TpYynn u K TEO-
pun anya Ten.

Hpumepsi. 1) M —KoHedHas KOMMyTAaTHBHAA [PYTNd;
MHOXECTBO & MyCTO.

2) 9N — BeKTOpHOE MPOCTPAHCTEO Hal TEIOM Q=0.
3nech I — KOAbIO JMHEHHHX MpeobpasoBanuit. Mbl BuieH,
yto A= ®,’', rae ® obpatHo HsoMOpdHO Teay @, nau A
06paTHO M30MOPOHO KOJBILY &®,. HamomHuM, 4TO ) — mpo-
cTOE KOJBIO.

3) N — BexTOpPHOE NPOCTPAHCTBO HAA TE/IOM b, u —
TEOPETHKO-MHOXKECTBEHHAs CyMMa P M HEKOTOPOTO MHOMECTBA
npeobpasosanuti Ty, Ty, ... . B s703 cCiydae W cocTouT M3
Bcex koMmyTHpyoumx ¢ Ty, Ty, . . . JMHEHHBIX npeoGpa3oBaHyil.
Ortciopa caeayeT, uto, ecan  (Ty), (Tg)y o+ v Sp Sgy v
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ABNAIOTCA COOTBETCTBEHHO MATPMUAMH MPe06pasoBamnfl 7T,
Ty, ... OTHOCUTENLHO HEKOTOPOro (HKCHPOBAHHOTO 6asuca
M HX aBTOMOD®hH3MaMH, TO U 06paTHO H30MOPHHO MOAKOJL-
ny Koapud @,, cocrosiemMy wus Takux MATpum (z), uTO
(2) () == (5;) (254). ‘

Mur xoTHM nokazaTe, uTo MoGoe koabuo N ¢ emuHuIeH
MOXHO PacCMATPHBATh, KaK KOMbLO Q-3H10MOPGHIMOB He-
xoTopolt kommyTatneHoi rpynne k. B kauectse rpymne I
BHIGEPEM ANIUTHBHYIO rpymny koasua . Mul Buumen, 4To
NpaBOC YMHOXEHHE X — X4 == X@, ABMACTCs 3SHAOMOD(U3MOM
B I ¥ YTO COBOKYMHOCTh 3THX 3HAOMODPGHIMOB 06pasyer
nokoasno N, xonpua suaoMopduamor rpymns M. Koabuo
A, nsomopdro xomsuy . IMonobGubM ke 06pasoM Mb Ompe-
JIeNWIM JIEBOE YMHOXEHHEe @; C TIOVOLIbIO PABEHCTBA Xa; = ax
M [OKa3ajd, YTO COBOKYMHOCTh 3THX YMHOMeHu#t o6pasyer
xonbuo A;, o6paTHo u3oMopdHOe Koably .

M3 acconuaTMBHOrO 3aKoHa BHITEKaeT, 4TO ecid a,EN,
u b €Ny To a,b; = bya,. C npyroit CTOPOHE!, MPEATONONKUM,
uto B fBIETCA OXHO3HAYHLIM Npeo6pas3osaHueM B rpymme I,
KOMMYTHDYIOIUIHM CO BCEMH &,, U nonowum 1B ==4§. Torna
xB = (1x) B=(18) x, = v, == bx. Taxum obpasom B = 5,,
u ; aBrsercs MHOMKecTBOM BceX ¥ ,.-3Hmomopduamos. Takum
ke o6pasom A, ecrs MHOKecTBO ;-3HNOMOpPOHIMOB. H30-
mMopusM mexcay U, u 2 MO3BOMUT HaM MOSTOMY NpPHMEHHTH
TEOPHIO KoAell Q-3HAOMOPDHIMOB K TEOPHH A6CTPAKTHBIX KO-

nen. Chopmynupyem 10T PyHIAMEHTANBHBIH pe3yJbTaT B Cie-
AyIoUlelt Teopewme,

Teopema 1. Jwboe koasyo W ¢ edunuyeis ugomopgro
Koasny W, ceoux npaseix y.vHOMCeHU u o6pamuo u3o0-
Mopghro roasyy W, ceoux sresuix yunoncenuii. W, asasemcs
rosbyox 8cex Wy-andosopguamos, Oelicmeyiomux 8 addu-
mushoi epynne M wossna W, a W, — xoavgos N,.-ando-
mopgbuamos zpynnoe M.

A-(A,-) noarpynnbl aZTUTHBHOH rpynnel Koublia N aB-
NAOTCS ero JNeBbIMu (npaebivu) ueanamu. (A;, A,) -noarpynmer
SIBAAIOTCA  ABYCTOPOHHMMM Haeanamu. OTMETHM Takxe, 4TO
A, N A, cocront u3 HAOMOPDUBMOB ¢, == ¢;, Ile ¢ BXOIUT
B uentp G xoabuma YU. B camom jgene, ecam a,=b,
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10 la,==1b, u a==~>5. Toraa MpH BCEX X HMEEM aX == Xd,
r
u notomy a=c¢€ 6.

9. AsreGpbl Hag monem. Taxum e 00pasoy Hawm pe-
3yJIbTATH MPUMEHAWTCA K TEOPHH anre6p (FHHGPKOM[}HEKCHHX
cuctem). Anre6pa onpenendeTcs CAeAy0uM ofpazom: nycTs
SBASETCA HEKOTOPHM a0CTPAKTHBIM —NOJEM; MHOXECTBO A
Ha3biBaeTca a.zelpcii Han noaeMm @, ecau

1. ¥ xomsno.

2. AjguruBHas rpynna Koabua U TIpEACTABIACT co6010
P-moayib, npnueM aag Beex x € U nmeem x1 =x, rae uepes 1
o6osnavena eaunuua noas P,

3. a0 =oan, ao=oca, i3 scex a€¥ u ac P
[NocnenHee ycaopue MomeT ObITh TAKKE 34NMCaHO B Ta-
KoM Buze: 1 Bcex @, b €A v aC P umeenm (adja = (ax) b =
= g (ba). Tax kak @ aABA%ETCSH HOMEM, TO KOIBLUO 3IHAOMOD-
()U3MOB, COOTBETCTBYIOLIHX 3AEMEHTAM 9TOTO MO/, H30MOPPHO
nomo @®. CnenopaTesbHO, €CAM Mbl XOTMM H3yuyaTh HEKOTO-
pylo anre6py, TO Mbl MOWKeM IDHHATH TOUKY S3pPEHUs maegﬂ
2 W paccMATpMLATh *B KauecTBe OCHOBHONO TOHATHA HE ab-
CTPAKTHOE TOJe, 4 MHOMECTBO 3HIOMOD(PH3MOB. B nacrosiuieit
rAaBe MbB OyldeM [PHAEPXKHMBATHCA  3TOH  TOUKM  3DEHUA.
Caofictea, ®, Kax nons, He OyayT wWrparthb HHKAKOH poau.
Taxum 05)a30M, Mbl MOKEM H3yuaTh KOAbLO A OTHOCUTENLHO
NDOM3BOBHOTO MHOXeECTB1 P snnoMopduamMoB a, B, . .., KOTO-
pi;re KOMMYTHUDYIOT KaK C JEBLIMH, TaK M C TNPaBLIMH yMHO-
WennsMK. ECAM Mbl MPEATO0KHM, 4TO MHOXecTBO @ mycTo,
TO noayuuM OOCHUHBIE KOJBIA; €CIH e NPelnoNoNHTD, yro @
ABAAETCH [10JeM, TO TNOMYYaloTes anreBphl HAZ 3THUM TOJEM.
9% 6yner Hasmparhct D-wospyos. Mol OyneM Takike usydarh
d-nmoakonsua U P-uneans koasua U.

Ecmu kxonbio 9 o6aanaer emnupueht 1, o xa = x (la) =
= (la)x, u mNOTOMYy 3HIOMODOHUZM & ABAATCA KAK NPABHIM,
TAK W JIEBBIM yMHOMeHueM Ha snemedT 'o. Orcloga Cheayer,
yro siemeHT la gexur B uentpe koauma A. JhoGoH unean
xonpua A ABAsercs mnosTomy @-nmeanom. CAA210BaTeNBHO,
B GOPMYAHPOBKAX MHOTHX BAXCHBIX CTPYKTYPHBIX TEOPEM Mbl
MOXeM, He TepAf OOLIHOCTH, ONyCKaTh YNMOMAHAHKE O MHQ-
kecTBe oneparopos P.
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Eciu Mbl XOTHM CPaBHHRATH JBE PA3/HYHbIE ANreGpE A,
n Up, TO eCTECTBEHHO mnpeanonarath, yto node P spagerca
ONHMM W TeM Xe Iis o6Geux ajare6p. TakuM o6pasom, Ml
OyneM HasbiBaTh anrebpm W, u W, wsomopdreimu, ecan
MeXAy HHUMHM CYleCTBYeT B3aWMHOOIHO3HAYHOE COOTBETCTBHE
a; — 4y, ABAALIeeCH OAHOBPEMEHHO H3OMOP(H3MOM Konell
A n Ay n P-u30MOPHUIMOM M3 ALAMTUBHBIX TPYNI: eCaH
a, — a, u b — by, TO

@by = ay-F by, 4% — aya, @b — agh,.

ITO COOTBETCTBHE HA3BIBACTCH W30MOPPU3IMOM. AHATOTUUHO
OTPene/sioTC 20 MOMOPPUIMbL, ABMOMOPPUIMEL, OOpamubie
asmomopPuams. U 1. J.

PaccmoTpum Tenmepe HeKOTOpHlEe METOAL KOHCTPYHPOBAHMSA
anreGp KoHeuHOH pasmepnoctu. OuernnHo, uto P, ABAgeTCA Ta-
KoH anreGpo#t, ec/in onpelenTh ad, KaK NPOW3BeJeHHe @ Ha
AvaroHanbHyo matpuuy f{a,...,a ). Koasuo € nuneiiHpix
npeo0pa3oBaHUi  71-MepPHOTO BeKTOPHOrO npocTpaHcTsa N
Han & Taxke sBasgerTca anreGpoli, ecan onpemennth Ad, Kak
npousselenue A HA CKangpHOE YMHOxeHHe o. Kak Mbl BHmenH,
eCNM Xy, ..., Xn 0OpasyloT OGasuc mupocrpaHctsa M Hag P
u x; A= 2 x;a;, TO COOTBeTCTEHE MeXAy A K MaTpHUeH (@47
Gyner oO6paTHLIM M30MOPHH3MOM Mexdy ajireGpamu L H @,
flycrs Teneps U — nmpousBoneHas aareGpa. Torna yMHOXeHHS
X— Xa& 1 X — ax OyayT nauHeHHHIMA NPeo6pa3oBaHMAMH
B anre6pe A, paccMaTpuBaeMoH, KAK BEKTOPHOE MPOCTPAHCTBO
Hat P. Tak kak x(aa) = (xa)a, u (as)x=(ax)a, TO
(ag),=a,0 u (aa),=ae. U3 3THX DaBeHCTB Cienyer,
yro, ecan Y obnanaer exuHuued, TO COOTBETCTBHE 4 — a,
ABASETCS uaoMophusmom Mmexay anre6poit W u nomanre6pott
A, amrebper L. Ecau Ml CKOMOHHHMDYeM 3TO COOTBETCTBHe
C ONHMM M3 06raTHHX H3oMOp$u3MOB Mexny £ u &,, T0
nosy4yumM obpatHeifl uzomopduam mexay A u mogaareGpoft
anre6psl ©,,. [TogobueiM e 06pa3oM, KOMOUHUDYA COOTBeT-
CTBHE @ —> @ C OJIHHM M3 OODATHLIX U3OMOP(HIMOE MEAY
£ n &,, Mol nmonyyaem usoMopduam meway U m nosanare6-
poit anrebpet @,. Bonee TouHo, mycTh Xy, ..., X, — 6a3uc
anrebpel A nan P, n nycre Xa=3x;p;5(a) 1 ax;=

S

&
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=2xj7\ﬁ (a). Torxa, ecu 0GO3HAUNTH (psj (@) uepes R(a)u
(Ajs (@)) — uepes L (@), TO COOTBETCTBHE & —> R (@) npex-
crapnger <o6ow  oOparHoit uzomMopdH3M, a COOTBeTCTBIge
a — L(a)— nsomopdusm Mexay W u noxpaareGpamu anrg -
pu ®,. Cuenyer OTMeTWTb, YTO Mbi MOMEM TaK)Ke6KOM n-l
HUpOBaTh OOPATHBIA H3OMOpHU3M @ — R (a) ,c 06GpaTHBIN
nsomoppuamom (2) — (a)', rae uepes (a) oﬁosﬂagleg;
TPAHCNOHUPOBAHHAY  MaTphL@ (a), W non‘qu(li) BTOP
uzomopduam Mexay U u mnopanreGpo anre6pol @,,.

Ecau B 9 OTCYTCTBYET elMHHLA, TO M o6pasyem BeK-

ropHoe npocTpaHcTBo B = A (xo) ¥ OnpejeIuM

(g -+ @) (xof 4 b) = %o (aB) -} af - ba + ab,
rne a, b€A.

Torma B Oyzer anreGpofi ¢ equHHLeH Xo, 1 W CONECPHKUTCA
g B B kauectBe nomanreGpul. CrenosaTenbHO, B, U TeM
Gonee 9, usomopdHa HEKOTOPOH anrebpe Marpull. Takum
06pa3oM HAMH AOKAa3aHA

Teopema 2. Jiwéas anzefpa ¢ KOHeHHbLM ba3ucon

uyHoOl anzebpet.
u3omopgHa nodanzebpe Mamp )
BT‘Z TeopeMa [HaeT OGLMH MeTOA JUi MOJIYHeHHd aareop

xoneuno#i pasmeprocTy. CyutecTByeT TaKMKe BTOpOH ogumﬁ
meton. Ilycth 9 — BeKTOPHOS NMPOCTPAHCTBO HAX & ¢ 6asu-
COM X{,..., X, Bubepem B ® n® 2/1eMEHTOB Yy W MOJO-

TOOLI 9TO onpenefieHHE
UM x,szzxaxaﬁ. Jlas Ttoro, 4TO p
a

MPHBOAUAO K aCCOUMATHBHOM anre6pe, HeoOXOAUMO, 4yTo0H
NS SJEMEHTOB 7y OBUIO BHITOAHEHO YCIOBHE Znak Yaij =

@
— X Yya Tak-  TOTAZ, eCIH Mbl  OTIpEMEqMM (X x0)
a
(2 xj"lj)"—'zxa"(azﬁmj, TO MOAYuHM (XX;) Xip= X; (xjxk)
¥, CllenoBaTeJbHo, A BCeX X, Y, & HMEEM (xy) z = x(y2).

QueBHIHO, UTO (xy) @ =(xa)y = x(ya) ¥ UTO BHINOIHEH
aacTpudyTHBHb 3akoH. CrenosarelbHO, 9 -— anrebpa.
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Ipumepet. 1) B xavectne Gasuca BuOEPEM 3MeMEHTL! X
Xg, Xy TOJOKHB

XX == Xy == X;%,, x22= la,

11 Yo,

2 2. __ &
Xyt = 1B, X%=—1aB, xoxy= — Xgxy = x,,
XgXy = — X, X3 == — X0}, X, Ky = — xpx, = — x4a.
2) llycre & — koueynas rpynna ¢ saemenramu 1, s, . . . , U,

[locraBum ux BO B3aMMHOOIHO3HAYHOE COOTBATCTBHE C Sia-
MeHTamMu 0askca HEKOTOPOrO BEKTOPHOTO NDPOCTPAHCTBA M
0603HaYHM BEKTOD, COOTBRTCTBYIOLIHA 9JI2MEHTY §, 4epa3 Xx,.
Torza, ecin Mbl OMOKHUM X %, == X4, TO YCAOBHE ACCOUUATUR-
HOCTH OyAer BbNOMHEHO. ClefOBATELHO, Ml f10Jy4aeM
anreGpy, KOTOpas HasbiBAETCH 2PYNNOBLLM KOAbUOM rpymnmns &
Hag P. '

3) Ilycte A sBrgeTca pakrop-anrebpoit & [£1/(v(¢)), rme
P[] — oObiunag  oGnacTe MOAMHOMOB, H (¥ (¢)) saBasercs
[VIABHBIM  M72@/10M, TOPOXISHHBIM = NOAHHOMOM v ({) == {7 —

— "8, —. .. —B,. Torama A o6ramazr Gasucow, cocros-
UMM H3 3MISMEHTOB 1, x == {I}, rde {{} 0003HauaeT CMEKHDLIN
Kiaacc, comepkaumit £, 1 x2, ..., x?~1 Tabauua yMHOMeHUS

a — -1 i
BLIBOAMTCA U3 COOTHOWIZHUA x™ ==x%-18 - . . 413, u u3
dCCOUMATHBHOIO 33KOHA,

3. [MlpemsapurennHbie peayabTatsl, Ilepefizem Teneps
K paccMoTpenuio o0iwell npodaembl, cPOpPMyAMPOBaHHOH B § 1:
JaHbl KOMMYyTAaTHBHasi rpynma 2K M MHOXECTBO & ee 3HIO0-
MOP(U3MOB; H4TO MOMKHO CKasaThb OTHOCHTEABHO CTPYKTypuI
Kosisud A Bcex L-suaomopdusmos rpymmer Vi ?

Mur Bumenn, 9to ecnu N angerca Q-noArpynmol rpymn-
et M n ACU, o N4 asaaerea HzkoTOpPo#H Q-moarpyumof.
MHOXKeCTBO 3/eMeHTOB, O0TOOpaKaOWUICd B MOArpynny 9
npu supomopdusme A, Taue Oyger Q-noarpymnoti. C npsa-
MbM pasioxerueM rpynisl IR =N, D. .. DM, rae MW, —
HEeKOTOpble &-MOArpYNNH, CBA3aHO Da3NOKeHHe

1=E+ ... +E, EE;=0, ecnn i£j, EZ=E,;, (1)
rae E; asnsworca npoekudsvu Ha ;. O6partnHO, ecad AaHEI

TaKue SHAOMOpPU3MLL £;, AT KOTOPHIX BBITONHEHB YCAO-
g (1), To M=ME, D...DME,. -rpynna Hzpaso-
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JKHMa TOrAA M TOJbKO TOrAa, Koraa 1 ssisierca MPUMATUMBHBIM
MIEeMIOTEHTHBIM 3/eMeHTOM KOasua .
[lon 6noame npumaprbim xoAsyom W Mbl OyisM IOHH-
ol
MaTbh KOJBILO, cOdepiallee Takoi Huab-unean M (1. e. ulear,
) ~
BCe 3/MeMeHTbl KOTOPOrO HuAbMoTeHTHH), 4TO0 A/R spasercs
teqom. Ecaum b —moGoit we Aexauii B R a43M2HT, TO
uaizetcs Takoe ¢, uyro bc==1(mod MN),wm be=1-|-2,
rre z€90R. Ecin 2™ =0, 7o mel mmeam (1 +2)(1—2 -+
22— . Zmew-l)y=1, ¥, CIIOBATCIbLHO, 3IEMEHT b
2
06IaaeT OOPATHBIM 37eMeHTOM ¢ (1 — 2 |- 2 ...). Taxum
oGpasom, N Mower ObiTh ONP2/C/IEHO KaK COBOKYIHOCTD BCEX
9
BHPOMAAIOHIMXCA  (HEOGPATAMbBIX) 3/CMEHTOB KO/bLA A, u
notromy R onpenenserca OLHO3HAUHO, K3 JIeMMLI PUTTHHTA
(rmaea 1, § 5) BbITeKaeT C/lCAYyIOLLas

Teopema 3. Ecan T s4semes HEPASI0NCUMOL 2pYn-
noil u ydosaemeopsem 000UM YCAOBULM o0pvisa Hyenet, mo
roavyo W ee L-aHOOMOPPUIMOE BROAHE NPIMAPHO.

Tlo aemme Purrunra, ao6oi snement A €U 1100 ABIASTCS
aBTOMOp(H3MOM, KGO . HUJIBIOTEHTCH. Ho’cnemmfi cay-
yali MOXeT MMeTh MecTo Jubo korga M4 < M, audo Koria
CyllecTByeT TaKoH snieMeHT 240, 4YTO 2A=0 (o) ’nBa
ycnoBua skpuBanentHs). Ilycrs R sBagercd COBOKYHHOCF‘HO
BCEX DHAOMOPDH3VOB, HE SBIMIOLMXCA ABTOMOPPUIMAMH. Ecau
BER u A-—npousBoibHb 3HAOMOPQUBM, TO AB u BA
aewar B 9. Ilpaanonoxum, uto By 4 By=A HBJ‘iﬂGTf:H
asromopdusmom. Toraa C, + Cy=1, rae C;=BA-TeR.
Tak kaKk augoMopdusM C, HUABNOTEHTEH, TO JJId HEKO-
toporo r umeeM Cyf =0, H, CJA2ACBATEABHO, Clr(—11+ Cy+
Lt AT == G O DC
nosromy Cy ¢ R. TMosyueniioe IPOTUBOPEUHE NIOKasbiBaeT, uro J
sBaserca uaeanoM. Ecau A 4+ N — cMmexubl# Kaace, e CO-
prafaioumuit ¢ uneanom R, 1O A——amomopcbnsai i, CJIEIL?B/?-
relbHo, (A -+ R) (A-1 4 R) =1 - R. Takum oOpasom, /R
qBasiatc TeqaoM. Cioa OTHOCHTCH TAKIK2 ClEIYIOUMH BamHbIA
p23y/bTaT:

Teopema 4. (Jemma Lypa). Ecau W seanemesn He-
npugodumol L-zpynnoi, mo U mmeao.
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Ecnit A=0u AEN, to MA ="M, u MHOKECTBO TAKHX
5MEMEHTOB 2, u4T0 2A =0, cOCTOMT Mub U3 d1ementa 0.
Taknu o6pasoMm, A sBasgercd asToMop(Pu3MOM H, ClefoBaTeb-
HO, ob6aanaer B A OOpATHBIM 3JIEMECHTOM.

4. Kouabua MaTpHiL

Jlemma, Ilycme N Gydem APOU3BOAbHBIM KOABHOM C

edunuyed u e, ij=1,..., u,— MHOKCECINBOM IAEMEH-
mos a3 N, y008AemMBOPAIOUUY COOMHOUEHUSM:
l=e; + .oy €5 =% ()

Toz0a N=2PB,, 20e B sgagemcsa nooKoAbyOM KOIbHQ A,

COCHMOSUUM U3 JAEMEHMO8, KOMMYMUPYIOUULX CO BCEMU 6,;_,/-.'

Koasnyo B usomopgro xosvyy e, Meg,.

Ecan a€d, TO Nerko MPOBEepUTb, HYTO dg;= Eepiaejp
nexur B B, U @ == X ey a;. C APYrod CTOPOHH, €CTH ayj
SBASIIOTCH TPOM3BOJAbHLIMH 371eMeHTaMH n3 B u Zeijaij;—o,,
TO @;; = 2 €y (2 e4;@y;) ;= 0. Cie0BaTenbHO, =23, Ec-
N g = Ee,-jaij ABAAETCH NPOU3BOJMbHBEIM 3acMeHTOM M3 2, TO
e“ae“:eﬂflﬁ. COOTBETCTBI/IB MEWAY ei@'aeii 144 a“E% 6y}IeT
H30MOD(PHU3IMOM.

Nemma. Ecau M =M, DBWy u1=E; | E,, 20e E; —
npoexuyus M Ha Wy, mo koasyo W, Q-sHOOMOpPUIHOE
epynnse My usomopgro EUE;, 20e N — roasyo Q-9H00MOD-
dpuanos epynnot M.

Eciu AE€N, o E,AE, mugyuupyeT Q-sHiomopdusm B
B rpymme I, u ortobpaxact My B 0. Crenosare/bHo, eciu
B=0, 10 E;AE, == 0, u coorsercraue Mexany E,AE, n B 6y-
aeT usomopduamom Mexy £,UE, u noaxonsuom U, xonsua A;.
C npyro# cropous, ecan B €W, 10 E;BE)==E\B aBiserca
snementom Ei (E\BE))E; us E\ME;, magyuupywoum B I
sunomopduam B, Cnenosareasno, U, = A;.

Teopema 5. Fcau M=, D ... DM, 20e nodepyn-
noe M, Q-uzomopgus, mo =121, 20e B u30MopPHHO K0Ab-
uy Q-sndomoppuamos oonod u3 nodzpynn W;.

Iycte E; ABAsicTCA NPOEKUMel, OonpefeneHHO# ITUM pas-
noweHneM, a Bj;— QUKCHPOBAHHBIM Q-U30MOPHH3MOM MKy

&
At
JE

T
&
L

e
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M u W, i = 1. Tlonoxum Egy=E; Ei;= E“B”E“, E,ﬂ—":
— EyBii'Eun Ejj=EpE\;upn i+ j,i+ 1, 1. Torza
Nerko 1poBepuTh, uT0 EgjEy=08zEy npn  Beex 4, k, [
[TosToMy Halia TeopeMa SBJAETCA HENOCPE/ACTBEHHBIM Clef-
CTBUEM TPeABLAYIUHX JEMM.

5. Bnonne npupogmmbie rpynansl. lIpeanonoxum, uro
N 9BAAETCA BNOJHE NPHBOAMMOH &-rpynnoli, ynoBieTBOpSIO-
10luefl o4HOMY (M TeM CcaMbiM 000uM) YC/I0BHIO OGpHIBa
ueneit. Torma MW =P4D... DB M, rae noarpynno M, He-
npuBoaumbl. IlepeHymepyeM 3TH NOArpynnsl Tak, YTOOLI
Wity oo D, Obian Q-usomopdubl, Wp, o1, . o, My, 0y, Oblan
Q-u3oMopdHE Mexay coboit, Ho He Q-uzomopduu I, u T, A.

Ecin renepp Y H R, — IPOU3BOJILHBIE HENPHUBOAUMbIE
Q-noxrpynnel rpynae M u B sasagercs &-roMoMopdHbIM
orobpaxennem | HA HeKOTOPYIO MOArpymmy rpyninit Ry, 10

04eBHAHO, 4T0 60 B =0, nubo B ssasgercB Q-u3oMop-

dusmom mexay Ny u Bce#t noarpynnoit Ny, Ecam 1 =E; -}
- Eg 4 «+. -|-E, aBAdercs pasaoxeHueM 1 Ha NpOEKuMH,
coorBeTcTByoWKe pasnomennio M=M B ...BM, u A
ABaserca moboiv  Q-sugoMopdusmom, 10 E AE; muayuupyer
Q-romomopduoe orobpaxenue IN; HA HEKOTOPYIO MOArpynmy,
nexanmyio B ;. CrenosarensHo, ecau [ mpoberaer 3HaueHus
m- oo m1-F1, oooy m4 ... +n, ujnpoberaer
BHAYEHHS A - ... Ny 1-- 1, ..., A1~ ... =iy, TIpUYEM
p £ q, 10 E;AE; orobpaxaer noarpynny M, 8 0. Tak kax
E,AE; otobpaxaet  BCe -ocTanbhbie noArpynnst My B 0, ToO
Mbl mosyyaem E;AE; =0, Takum o6pasoM, ecii Mbl I1010KHM
EO=Eit .o Ly, EO=Epat B

=Ep im0 T Epg oo - gty 1O IOAYURM
A = 2 EiAEsz(l)AE(1)+... + EMAE®, Tak xax
(E@AE@(EWBE@)=0 npu p=gq, 1o LEWAEMD
ABNAETCA JABYCTODOHHHM MAeanoM B KOJblle I M mocHedHee
ABJIAETCA NpAMONH CyMMON Takux MieaqoB. Mbl BMREAH, 4YTO
Koabuo E® Y E(®) uzomopduo xoawuy A, L-sumomMopduamos
rpyunst M E@, Tax kak nepasmoxumblz dacth N E(#) nHe-
NPUBOAMMEL  H Q-M30MOPdHE, TO, Mo Npeiblayilefl Teopeme
u 1o nemme -llypa, %pmfbg;’fg, roe r]g%) ABJAETCA KOABLIOM

8 Bax, 748, H. HatexoCcoH.
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matpHl, Haz TeaoM (»)  u3znmo '
. HbHIM KOabuy Q-3H -
¢dusmos rpynne M, . . Pe ’ o

+np_1 +1-

aodz;req pema 6. Koasyo Q-sndomopghusmos snoane npu-

200 MOL  zpynnei, ydossemsopaower yCA08u40  00pvisa
pacmawuux (y6ui8aomux) genel, sA6AAEMCS RPAMOL

CYMMOLL cBOuxX OBYyCmMOpOHHUX uleanos, KANWCOWE 13 KO-

6. HuabnmotentHsie supoMopdH3mMbl. [lpeanonoxum,

s
yro M apaserca Q-rpynno#i, Aag KOTOPOH BHINOMHEHH 006a

ycitoBusi o6pbiBa lened, a B — 3aMKHYTHIM OTHOCHTENbHO
YMHOXEHH  MHOXECTBOM HMJbNOTEHTHHIX &- 3HAOMODP)H3-
MOB. Mbl XOTHM 10Ka3aTbh CJAEAYIOULYIO TEOpeMmy.

Teopema 7. Ecau s snsasnemcst Orunoli KOMRO3uyu-

cgmozp pada zpynnw M, u By, ..., B, sexcam 8 B, mo

8" l == .
Mycts N aBasgercsn Takoh Q-mo
-noarpynnofi, uto NB; <
u npexnonomnm, uto NB, ... B, = 0. yTIoH, MNB; =N,

Tak xax R2ONRB, 2NB;B;2... n xawnoe MNB,...B,

ABAsieTCs Q-moarpynmo#f, TO MBI TOAYY
’ aem caenywon
yObBAOIYIO Lenb -noarpynm: ’ yRIe
N2 INRB; 2 ¥NB;B; D ...

Ecan mexny nByms ulleHamu 3TOH Lenu CTOMT 3HAK paBeH-
CTBA, TO TO XK€ CAMOE MMeeT MeCTO AJIf BCEX MOC/TEeAYIOLIHX
uneHoB. Tak kax N mmeer pmuny s u NB, ... B; £~ 0, 10
3HAK pAaBEHCTBA LO/KEH HMETh MeCTO Mex{n)sr noulrpynn’awm
ERBy,...B; =N u ENB;,...B;  npu r<s. Tak xax
NB,...B; 0, 10 N 40 n N'=INB,=.... Toraa
CYLIECTBYET TaKas GecKoHeuHas M0CIEA0BATEABUOCTD IHIO-
mopduamos Bi, B, ..., uto N'B,y ... B, 7= 0. B camom zeue,
APEANONOKHM, YTO ye HalleHs Takue p uneHoB By, ..., B;
:—n‘loﬂ nocaenoBateabHocTH, uro N'B; ... Bh;tO.1 Toraa
!
N pr.l.. B¢1= N BIB%...B;, —|—- e + m,ést@ .. By, ¥w TAK
KaK ERB;p...B,—,;tO, TO HallAeTCs Takoe I P a0 WB,
p+1r 'p+

'

SE e

i
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... Bi,7=0. Tlycts k GynxeT OZHHM H3 MHACKCOB, GecKOHeUHOoe
YKCAO Pa3 BCTPEYAIOWMXCSA B MOCACAOBATE/LHOCTH Bi,, Bi,,---
Onyckas HZOCTATOYHOE HMCIO UICHOS, Mbl MOXeM npearno-
n0%uTh, uro i; = k. TaxkuM 06pa3oM, CYWECTBYET § TAKHX
sugoMopdusmMos  Cy ... ,C,€B, rhe C;=B/B; n By

ABJAAIOTCA  MPOHM3BENEHUAMH supomopduamMos By,  4TO
RC,...C; 0. Tak xaK sugoMopguaM By  HHIBMO-
rented, 1O N'B,=N’, wu, TAK Kak IRC, SR By, TO
TR'C,CN'. B cuay CKasaHHoro B NepBOA 4acTH JAOKAsa-

TeALCTBA, MBl MOXeM HaiTH TaKyio Q- lOArpynmy R, npuuem
N£0u RSN =R, uro P = X NC;. Ecau Mbi NOBTOPHM
3TO pACCYX/eHHe, TO MOJMYYAM TaKYlO MOArpymy R, orany-
Hyl® OT Hyas H COJepXaulylc BHYTPH N, u raxue
sugomopduams Dy n3 B, uTo N = 2MD;. Takum o6pasoM,
3TOT Tnpoluecc MPUBOIUT K GecKOHeyHOH yObiBaloueH LenH
Q-noArpynn, H, CleI0BATEALHO, NPEANONOKEHHE, HTO mB, ...

- ...B; 7= 0, Henpuemnemo. Ecnd Mbl MPHMEHAM 3TO K N =M,

T0 nonyunM, uto B,...By=0.

B KauecTBe NepEOro CISACTBUA 3TOTO Pe3ynbTaTd oTMe-
THM, YTO B Cly4de HEPA3IOKHMOCTH rpynnsi I, yaosje-
tpopsoLlel 000MM YCIOBHAM o6priBa Lenet, MHOKECTBO R
BceX HeB3aUMHOOJHO3HAYHBIX Q-sHI0MOP)UIMOB ABJAAETCH
HUJBMIOTEHTHHIM HMIEa10M. HMeeT MeCTO Re=0, rne s
apaseTca Aaumo# rpynos K. -

7. PaguKkan KOJbIa 3HAOMOPGHIMOB. B 3stoM M Cne-
jAytouiem naparpagax coXpaHaeTcs npeanoiokenue 06 o0puiBe
BO3PACTAIOWIHX 1 YOLBAOWKUX nenet B rpynne D, Iycts
M=M,D...HEM,, rjie TOATpYIMELl M; OTAMYHBLI OT HynNs
¥ HEpAasNOKUMEl; MyCTh, AAEE, l=E;+ ..+ E, rae E;
ABAAIOTCA TPOEKUMAMH HA TOArPYTIHH IN,;. Jlobo# aHIOMOD-
gusm A uz A moxer 6biTh OAHMUM W TOAbKO OAHMM CNO-
co60M mpeicTasaed B Bule NAg, FAe Ajy; MEWHT B ESME;.
JuaoMopdu3m A;; 0TOSPAKAET KAKIYIO noarpynny My, &BF 1
B 0 u uHIyuupyer Q-romomopduoe oToGpaxenne M; Ha
HeKOTOpYIO Q-moArpynmy, Jexaulywo B ;.

[lycte R 0G03HAYaET MHONKECTBO 3H10MOPOHIMOB BHIA
B =B, rie H4 OIHO M3 B;; He MHAYUMPYeT Q-usoMop-

8*
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usma mexcy Ui, u M, Takum oGpasom, auGo B M, cyue-

CIBYIOT TAKUE 3NeMEeHTH 2z;=£0, ut0 2,8;;=0, audo

. "

MyBy; S0y Mbi XOTHM mokasath, uTo R ABJACICH HHJb-

DOTEHTHLIM uaeaioM. Ecmu ;- =

noTetiTH ( Ecma j~ &, 1o, Tak kak E;Ey =0,
YAM umeTe AyBp, =0 u ByAy=0. Ecnu 2,8;;=0,

10 2;84A;,=0. Ilpeanonoxum

o B .= ¢

F DBy, =W, no wuro ByA;; wunywupyer Q-nsomopduam

memay W, w W, Torma A, umayumpyer Q-usomopdusm

mencty X n M. Orcioma caenyer, uro W =M DM
S - L / J J
rae N sBAgeTcd MOAMHOKECTBOM B ’thj, OTOODAKAIOIIHMCH

B 0 nipu sHAOMOpdu3Me Agl). Ho sto mnporueopeunr mpef- -

NOJOMCHHIO O HEDPABNOKUMOCTH rpynmsl I, Takum o6pasom,
MLL TMOJNY4HIH, 4TO ecau By ;€N u A apaserca npous-
BOJIBHBIM ~ 2-3H710MOpObUSMOM, TO By;AER. Kpome Ttoro
ecmt Az B;; uuayumpyer Q-nzomopdusm mexay J, u ilh"’
TO Ay; uHiIyunpyer Q-usomoppuav memnmy My n M, i,
CHIEAOBATEIILHO, By; uHayunpyer Q-uzomopdusM Mexuy 9)(‘;
u M, BOUpeKH ciaenanHomy npeanosowenmio. Takum o6pa-
som, AB,; €N, '

Ilycte Teneps By, Ci; €. Pacemorpum 3HAOMODGH3M
A¢j=B,-j+C.,;j. Ecnn A,-j uaaynupyer &-uzomopdusm E_L-J-
mencay M, u W, 10 noaomum AJ-T;=E?-ZEIE¢. Torua
Ey =By, + CyjAs, TpHUCM  9HAOMOPDHS:MEL Bydy n
96)‘?14&2 He OyayT asromopdmusmamu B JN;. Tak KaK NOArpynna
2y HEPA3/NOKKMA, TO 3TO HEBO3MOKHO, H moTomy Ay € R.
Ecau Mbl CONOCTABUM 3TH De3ynbTATH, TO noayynm, uto N
SIBASICTCH ABYCTODOHHHM WI€A/0M B Koable 9.

EfIJIId [?, €W, 10 paccMoTpuM Takoe pasnomeHHe I ==
=N D WU", uro B ABAAETCH HUALIOTEHTHBIM 9HAOMOP(U3-
mom B W' u asromopduamom B HN” (nemma Purrunra). llo
teopeme  Kpyans-lUmuira cywecrsyer Tako# -aBTOMOp-
pusm U, uro W'U =i, " U = Y=+, rae, npu coo1-
BETEZ'I\‘BYIOUJ.QM _\yno.pﬂﬂ.oqnaaﬂuu/ noarpynn Wi, IMF =
=_J1)L,@...E]3’tht, WOEF === D D IN,. Takum oGpasom
U-1BU = C nexur B R, u aror supomopdusm HHAYLUDYeT
B NF%  agromopdusm O CaenoBarennho, ecnu E** =

1
) CM. KoKasarteascTso TeopeMsl Kpynna-lilmuara, raasa 1,

teneps, wro M o
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=F, + .. - E,, 10 E¥*CE**C-1E%* == F** nexur B R,
YTO HEeBO3MOKHO, TAK Kak npu-f=u E;iq, Epro, ... N€XKAT
B B, NE,, ... Takum oOpasoy, M** = 0 =", nnoromy
sunaoMopdusM B HuannoreHTeH. TaK Kak KawIbif 37MeMeHT
13 N HHABTOTEHTEH, TO II0 TeopeMe, AOKa3aHHOH B IMPejb-
aymeM maparpade, wiean R uuabnorenten. Ecau Temeps N
ABAAETCS  TPOHU3ROJLILIM  HUJABIOTEHTHBHIM  IBYCTOPOHHHM

nneamom B N u N:XN,U aexkur B N, TO M KaxaHi
supoMopduam N; == E;NE; nexur B R. Orciona crenyer,
uto N;; nexut B R, Tak KaKk B TPOTUBHOM Ciydde Mbi
Moran O'1 TOKazaTh ¢ IOMOIILIO COOTBETCTBYIOILErO YMHO-

wennst, uto E; & N. Cnepoparemsro, NS R.

Teopema 8. Iycme V=W D...OM, asigemcs
pagnomceruesm y00s8aemsopaiomiels 060UM YCA0BULAM 00PHEA
neneli Q-epynnst W HA HEPAIAONCUMBE ONAUYHBIE OM
nuyas nodepynnet W, w nycme E; f8agiomes coomsen-
cmayomumy npoexnuam. Tozda mHoxcecmso IHIOMOp-
gpuamos suda ¥B,;, 20¢ B, EUL;, u B; He 5A61RemMCA
830 MHOOOROZHARKEHM omobpascenuesm i, na M, Oydem
HuAbnOmMERmAbL K O8ycmoponnur udeasom R & rorvye U
scex Q-sndomopguzmos. R codepycum wancovi HUAbLNO-
menmuoti  dsycmopouruii  udean rxoavua U,

Unean N naswmmaercs padurasox xoabua A.

8. CTpyKTypa KOJbLA 3HIOMOPGHIMOB NpOU3BONBHOM
rpynmsl. YOOPAIOYMM KOMIOHeHTH I, TakuM .OGDasoM,
4TOGEL My, vvey Vin, Obin Q-usoMopPrb, My g1y e s Dny4n,
6utH @-m3oMopdHE  meway co0oH, HO He Q-H30MOP(HLI
Py n 1. n. Tonoxum:

MO =D, D ... BV, M =My 1P ... B Mg -
E® zE‘l + e + Enn E® =Eﬂ1+1+ eet _}‘ En‘+"" "'

Torma N=OD...BWO, Ecau { u j upHHALIEKAT
Pa3IHUHBIM  TTOCIELOBATEABHOCTAM 71|~ oo == Ay 1+ Ly wuv,

I I L T TR BN FINPE S R I + 1y TO
EME; sxonut B pasukan N. CrepoparenvHo, E@YEM S R
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mpu pFEqg u  ECWE® LR sasasercs  ABYCTOPOHHHM
ugeanoM B koable U, KOTOPOMY COOTBETCTBYET IBYCTOPOH-

untt nnean A, B = A/R. Tak xax EMAEP conepxur EP),
10 Ap~0. Ouesunwo, uro A==UD...DW;. Mu sBugean,

4TO COOTBETCTBHe Mexay A, EMUAE®) n ungyuupopau-.

HLIM HM 3HAOMOpdH3MOM moarpynnnl IR(P) gapaseTcss u30-
mopdusmom meway EMEUEM® n konvuom Q-3nnomopdusamon
rpynnet - W@, Otciona chneayer, uYTO pamdkan KoJablia
EM@YEM®) cocTouT n3 31eMeHTOB YBy;, Thae i, j=n; | ...
oty 1,..., ni . n,, u By He ABAAETCS B3AHMHO-
ONHO3HAYHBIM cooTBeTcTBHEM Mexay M, u My Taxum
o6pa3oM, pagukanom koabla E(WUE® sensercs (EMWE®) N
N R =EGRE® u A,= E@YE® /E@RE@ 1),
IIpexnonoxuM Temepb, uto rpynna N o00ropodHa B TOM
CMBICZIEe, 4TO BCE €€ HepasNOKHMble KOMIOHeHTH IM;
Q-uzomopdun. Mbl Buzean, uto =B, rae B usomopduo
KoJblly Q-sHnoMop¢uaMoB moxrpymnel ;. MBl  Buuexu
takwke, yTo B/S sapaserca Tenom, ecin @ 0603HaUAET DAXHKAN
konbta B. Ecau R oGosnauaer panukan koabua A, 0 RN B
ABNAETCH HWIBMOTEHTHBIM IBYCTOPOHHHM HI€3/IOM KOJblia
B u noromy conepxurcs B ©. C apyroft cTOpPOHBI, ec/H
E;; sBasiotcs maTpuunbiMi edunnuamun B A u S,;,€8, 1o
MHOMECTBO 3NeMeHTOB Buaa XE;;S;; ABI#ETCA HAABIOTEHTHHIM
uieasom xonasua W u, caemosatenwHO, coaepxurcas B R,

B uactHocTH, FE;SER U RANB=C. EcnnB:ZE,-jB,-j
SBJISICTCA TIPOU3BO/bHLIM 37eMeHToM H3 R, TO B, = EEMBEjk
dexur B RN B=&. Taxum obpasom, R=8, u dax-
Top-konso U = A/R usoMopdHO KoMbILy (B/©), marpuy
Han TeaoM. Tak Kak KouablUa TaKOro BHAa BCeraa OYAyT
NPOCTHIMH, TO MBI TOKAa3a1H, uto Koapuo A npoctro. C apy-
rofi CTOPOHbI, MB BHAETH, HYTO N=AD... DA, u noromy,

ecau Koawuo U npocro, 170 £==1 u rpymna IN oxuoponka.
Taxum 06pasoM, HAMH YCTaHOBAEHB C/IEAYIOLIME CBSA3H:

1) Mol npumenseM teopeMy 06 uzoMopdusme: ccin ADB o
H aprgerca ugeanoM B U, 70 (B RYR=B/B N %.

AR e .
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Ipyma M onuop‘o;fﬂa - A =2%B, u B BnonHe npu-
MapHo —> KOJBLO /R npocro —> rpynna IR onHOpONHA.
ClieoBaTeNbHO, HAMK TOJYyHeHA

T eopema 9, Cuaedylomue YCAOBUR IKBUBAAEHINH Y
Meaicdy coboil:

1. I'pynna N 0040pOOHa.

9. W=121,, 20¢ B snosxe NpUMApHO.

3. Koasyo /R npocmo.
BonpoC O EIMHCTBEHHOCTH TNpeNCTaBieHHd KObla %

B Buje B, peimaerca crenyoule TeopeMofi.

Teopewma 10. Iycms 8HNOAHCHY YCAOBUA npeduidy-
weii meopemst. Tozoa, ecad N =B, 20¢ B 8noane npu-

—~
MapHo, Mo u==1u" U B=NB.

[Tycts Ej; saBNAETCH HOBBIM MHOKECTBOM  MATPHUHBIX
14 r ’ -
equunn. Tak xak EgNEq = B', To Ey ABIRETCH elHH

! I
: neN0Ba-
CTBEHHbIM MASMIIOTEHTHLIM 3/EMEHTOM B EUE . C .
eHT
J 9 MPUMHATUBHBLIM HAEMIOTEHTHHIM 37I€M
TensHO, E,; SBARETCA NP

14 r 3_
M KOMTIOHEHTHl Pa3/IOXKeHns M =ME, B . @‘.)'Rl:iu,u. Hepa
noxumbl, Tlo Teopeme Kpynns-llunara w==u, ¥ Cyle-
cTByeT TaKoOH Q-asToMopdhuam A, :n'o npH coo;rthZTay!%qxeM
yROpALOUNBAHHH SIEMEHTOB Eyw Ej; nmeem A-1E A =E,.

Tak xak rpynna SR oAHOpoAa, TO CyuiecTByeT TaKofd
Q-apromopdusm P, uTO M, P = M,;. CnenosarenbHo, eca

B ==PA, To Mbl TIOJy4aeM B-‘E“B=E;,-. Torza SHLIOMIOP-
¢uan B-1E;;B MHEYUMDYeET Q-uzomopdmuam Mexay WM H

9M;, n noromy %B-‘Ej,BE;j, a takke u C = XE;BEj
1

'
aeasiorcst  @-asroMopduavamu. Q4eBuAHO, HTO E;C = CEi;

n EiijE;;,-C-‘. Tak kak B u B’ ABIAOTCH COOTBET-

CTBEHHO  MHOMECTBaMH 3HIOMOD{H3MOE, xommympyloumx‘
¢ Eym E;'j, TO MBI MOJyYaeM, 4TO B = CB'C-1.

. 9. lipambie CYMMBI. PaCCMOTpHM Tenepb TEOPHIO a6-
CTPAKTHHIX  KOJelL Ilas Toro, uTOOH BK/IIOUATH B Ham‘;
paccMoTpeHus Y cayuait anre6p, MPenonONHM, 4T
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ABMAACTCA  KOMBUOM u ® gBaseTcs MHOMECTBOM SHAOMOP -
H3MOB  aXAMTMBHOA rpymmn Kombua A, KoTOpHe Kommy-
THPYIOT C 3jemenTamu u3 %A, u wus N;. Haunem ¢ mexo-
TOPHIX 3JEMEHTAPHHIX 3aMEYaHWH OTHOCHTENLHO pasnoxenus
konsua A B npamyio cymmy $-ugeanon. IlepBbiM u3 Hux
6yzeT cneunansHu# cayuat TE€OpeMEl, cBa3bIBAIOLIER NpaMble
D43/10XKEHNS M TPOEKUMH, a4 HMEHHO:

Jdemma. Ecau N ssanemes D-rorbnon ¢ edurnuneld u
—_ B (83
A=3,D... O, — npanoe pasaoxmcenve woavya W na
acesie D-udeanr, omauunwe om HYyAst, mo 1=e |
; < :
e ey, 20e eff=¢e;7-0, eep=0 npusjFEk ou Y=
Hamum  nipamoe AOKA3ATE/NBCTBO  5TOH  Jemmbl.  ITycts
l=e 4 ..+e, rre ¢;€3%;. Torma mo6o% smement
— A
a=ae ..l ae, u ac; € ¥ Ecm a=a,€%;, 7o
Qy=ae .. ae . Ta R s
5=, 3 - "aK KK HACANL J; HE3ABMCHMBI, TO
(!i‘—-(;iek—- 2? HCKIIOUeHHeN a;€j=a;. CnenosarenbHo,
SjTZ e Mo ef==¢; L0, ey =0 Npn JF k.
Hpennonoxum ‘remepn, " uro xombuo A=A, D...BY,
ABNACTCA NPAMOH CYMMOH IBYCTOPOHHHX B-Mueanop. Ecm
Sk, TO WA S U 0 A, = 0. CrnenoBatensno, mo6on
O-upean (nesvif, npagbit  wau IBYCTOPOHHHH) KoJbla Ay
CFiBnHETCH ®-nneanom koavua Y. C APYro#t CTOPOHH, mycrh
S ABAAeTCs MeBbiM B-ugeanom B 9. Torna-¥,=%, Y= % n A,
fIBJISIETCH JIEBLIM MJLaNOM B A; Tak kax - ’

I=1-I=AU=%,@...0%, (3)

T0 INA,SF; u, c/iel0BaTensHo, ¥ N U;=3;. Paznowenne
(3) noxasipaeT B 4aCTHOCTH, Y4TO  yLOBAETBOpsIeT YCJIOBHIG
Bospacraomux (yonsaiomux) uenel 148 01HO- HIH  OBYCTO-
POHHHX MIIeanoB TOrna M TOMBLKO TOIAA, KOTAZ 5TH ycaosus
BLIMOJIHEHHl B KaXIOM 13 Aj.

Hpeanonoxum, yro A, ABASKOTCH HEPABNOKH MBIMH IBYCTO-
DOHHHMH OTIMYHbIME  OT Hyas $-uneanamu, T, e, nycThb
Ny = U, @A saeuer za cobolt, yTo auBo A/, nubo A"
pasen Hymo. Toraa wugeanst ; onHoaHayHo onpeaenexsl.
B camon nene, ecnn U =B, H.. . DR, nensercs Pasiioxe-
naeM A Ha HepasnoMuMble OTAMYHBIE QT HYJs IBYCTOPOHHHE
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®-uneans, To %; NV, =0 ans Bcex j, xpome onHoro, Tax
Kak A= (A NBHD... DU, NB,); cumrasn j=1, wun
noayuny, uro Ay =, N B u, no cummerpnu, B, =9y, NB, =
== ;. [Tono6HHM 06Pa30M, IPH COOTBETCTBYIOLIEM YNOpAagouu-
FaHud, HaxomuM, uto Uy =B, ... u t=u.

Teopema 11. Ecau W asigemcs D-rworsgos ¢ edu-
Huted o =W, D ... DU, asanemca passoncenuesn N
8 TMPAMYIO CYMMY HePAIAONCUMbIX OMAUMHBX OM HYAS
dsycmopornux D-udeanocs, mo awboe pazsovcenue I
6 NPAMYIO  CYMMY HEPAIAONCUMBLX OMAUUHBLX OM HYAS
Q-udearos umeem me mce womnowewms, umo u Oamnoe
Pa3Lodxicerue.

10. Papukan. Hanomunm, uto wuas-xossnom HasLiBaeTcs
KOJMbLO, conepxkallee JHIIL HHJIBNOTEHTHLIE 3JEMEHTH, H
HUABNOMEHMHOIM KOAbYOM — KOJBIO, KOHEYHAd — CTEMEHb
KOTOPOro paBHAa Hymo. Takum 06pasoM, yTBep:KieHHE, YTO
K0ablo U HWIBNOTEHTHO, O3HAYAET, 4TO JJIA HEKOTOPOTO
uMCAa § MoGoe MPOHSBEAEHHe @y dy...ad, PABHO HYMIO NpH
npoussobHEX @; € A. B uactHOCTH, a®==0 npu BCexX @, W
noroMy % SB/SETCS HUb-KOMBUOM. 3aMEUATENbHO, YTO yTBEp-
KJACHHe, OODATHOE 3TOMY MOYTH TPHBHANLHOMY (DAKTY, HMEET
MeCTO, eci B KoJible I BHINOJIHEHO YC/IOBHE OO6pHBA YObI- -
Bajomvx nuene pas D-ugeano. [Ipemnme uyem npoBOAHTH
NOKA3aTeAbCTBO, OTMETHM CJedyIOLIME JeMMEBI. oo

Jexwma 1. Ecan S, u Xy A8400MCT HUABHOMEHMA LML
O-udearanu wosvua W, mo uudeary; -i- X, nusvnomenmen.

flyerb . Jy"=0 u JP=0. Umeem (5 + J)f =

[ ;o

=Z(:S»i, Jig -+ B4y roe [;=1,2. Ecmy k:;r,»{—s—e 1, To
Kaxpoe NpOU3BeAeHHe COLEDIKHT HE MeHee r pad ugean
WK He MeHee § pas uiaean I, B mepBom cayuae . samenum
mo6oe JgJ, B npoussenennu na . Ilocre KoHeuHoOro umena
TAaKHX 3aMEH Mbl nomywum ;... §;, 'S F,” Jpf = 0. Ilono6-
HEIM XK€ 00pasoM, eC/n CyLIeCTBYET He MeHee S MAGANOB S,
Mbl nodydaed J; . .. Jg, Syt %', HIOTOMY BO BCeX CaIyuasx

SMn-S@-kxO“(SHr%a)":—O- ) . ,
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Jemma 2. Ecau § asagemcss HUAGNOMERMBOLM AEBHM

d-udearom xosvua N, mo T codepicumes 8 HuAbnOmMERM-
noyu Osycmoponrem $-udeae.

Tak kak AN S, 10 ™Mb umeem (- JUY* < Jx - FA.
Crenosatensho, eciu =0, To (§ -+ ¥A) == 0. Oueenaxo,
yro - A Gyner asycropoHHuM P-nieasioM.

M3 3THX NeMM BBHITEKaeT Cleayioulas

Teopema 12. [Iycms R ssasnemcs ob6vedunenuem
gcex Husbnomermunx aeswx D-udearos d-worvya. Tozda
R Gydem Osycmoponunus O-nuss-udearom. '

TMon o6beAuHeHWeM MBI TOHHMMaeM HAUMEHBIUYKW TIOI-
TPYNIy, CONEPHallylo BCe HHALMOTEHTHbE Jebie P-uneanti.
Ecin HER, 10 EF + .. - Jn==J A1 HEKOTOPHIX
HUMBNOTEHTHHX NeBHX P-naeanoB ;. [lo zemme 1. unean Jy
HIJIBNOTEHTEH H, CJIe10BaTe/bHO, JEMEHT & HHABIOTEHTEH. o
aemme 2 € S, rae © ABAAETCA HUALIOTEHTHHM JBYCTODOH-
aum D-uneanom. ClenosatebHO, IPH HoGoM a umeem ba € & =
= R, u noromy R ABAAETCA KAK NMPABHIM, TAK U JICBHIM HACATOM.

MpeanonoxuM Tenmeph (M Ha NpOTAMEeHHM BCeH TIJIABH
COXpaHHM 3TO oOrpaHuyenne), uro U seasercd ®-KOAbLLOM,
YAOBAETBOPSIOWHM YCNOBHIO 06pHiBa yGHIBAIOWMX Ueniell IR
nesux ®-upeanos. Iycts N aBasercs nepuim P-HWIb-ULeaNTOM
xomsua A. Tak kak npoussenenre P-uneanos tHoBa Gyner
d-upeanom n RONID .. ., To HalAeTCA TaKoe Leaoe YUCIOo k,
yro Mk==RNr+1 n, caenoparenbHo, Mr=Nk+1 =RE+2= .
Tenepb, Mb nokaxeM, 4t0 I == Nk = 0. Ouesnano, M = N?
ABAAETCH NeBuM O-Huab-uneanom. Ecmn M £0, To mycrs
% OGyaer MHHUManbHHIM JeBuM P-nueasnom, ColepkamuMcs
8 M u obaagaomum TeM cBoHcTeoM, uTo MI A0 (cyue-
CTBOBaHHe TAKOrO wuJeana CleXyeT M3 YycaoBud 0OpbiBa
y6upaonmx neneft). Torza walimercs B Tako# saeMeHT b, uto
Mb £ 0. Tak xak MH asasercs  nesbm P-umeanoM, conepxa-
wumca B, 1 M (Mb) = Mb, o My noAyyaeM, 40 Mp = 3.
Orciona ClefyeT CyllecTBOBaHMe TaKoro snementa m e IR,
yro mb=>5. Ho 3170 HeBO3MOXHO, TaK KaK B 3TOM Ciyuae
MEL MMesM Gbl NIPH AOCTATOYHO GOAbIOM r b == mb == m3b =
= ...== mrh =0. 310 NpOTHBOPeuHe NOKaskiBaet, 4T0 MN=0,
H MB TIONYYHM, TAKHM OGPAsOM, CEAYIOLIYyl0 TeOpeMy.’

e .
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Teopema 13. Ecau 8 ®-roavye U 6uin0.aHEHO YCAOBHE
o6peisa yOmearouux yenell 01 ACBHX ®-udearos, mo
w06oli nesstli ®-Hiuap-udeasr xoavya A Huasnomenmen. ')

B KayeCTBe CHeACTBHA TOJKyYaeM, YTO OMpeneNeHHbil
B TeopeMe 12 umean R HHUIBNOTEHTEH. Ecan § siBnsercs
MoGLIM MeBLIM HHAb-WAeatomM B Koabiz U, TO YR, Bro
CleAyeT W3 TOrO, UTO Mieal Y HHALNOTEHTEH. Kpome Ttoro,
R COmepKUT KAXABIA HHUIBNOTEHTHBA TpasbIA ®-unean.
B caMOM Jene, Kak 1 BHlllle, NOKasuiBaeM, 4TO KAXIBH
takofl Mean COAEPIKHTCA B [IBYCTOPOHHEM HHJILNOTEHTHOM
d-ugeaie M UYTO ITOT FOCHEAHUH COMePKHUTCH B R. Mo
6ynem HassiBath J (71€BEHIM) padurason xonsua A. Taxum
we o6pasoM, eci B U BHINOMAHEHO YCIOBHE o6pHBa lenei
aas npasuix $-upeanos, 10 U o6rajzaer MpasbM PATHKATOM
R', KOTOPHH CONEPKHT Bce TNpaBbie D-HUAb-HAEAHL. Ecan
BHINO/HeHH 06a ycnoBuA OOpEIBA  YOBIBAIOLINX nene#, TO
R = RN'. JlokameM TelePb CAELYIOULYIO TeOpeMy.

Teopema 14. Ecru ®-xoavyo A yoosasemsopsem
060uM yer08usM 00pusa yeneld 043 Acabx ®-udeanrnos, mo
wanconsi aesuli ®-udean 5, codepycauull HEHUAbNOMEHIN-
HbL 5AeMEHIM, COOEPHCUM OMAUYHBE Om KYA%L uoemno-
MEeHMHBLL INeMEHN.

Mpeanonoxum, ut0 =", D JFp, rie X; ABAAIOTCH
nepumu  ®-upcanamu. Bom X w ¥y HHAb-uReanH, TO
OHH HWABIOTEUTHH, M, CIEAOBaTE/ABHO, HAedn J HHALIO-
tenTeH. TakuM 06pasoM, XOTa Obl OIHH H3 HIEAIOB 3; He
aBASeTCS HU/b-HIea oM, M MOTOMY Mbi MOXKEM MPEANOJOKHUTE
C caMoro Hauaza, uTO Hiean  HepasNoKHUM, eCaH ero pac-
CMATPHBATh KaK FPYHNY OTHOCHTEbHO MHOMXECTBA Q 3HKO-
MOP(HH3MOB, ABIAIOUIETOCH TEOPETHKO-MHOKECTBEHHLIM o6benn-
nenueM A; u ®. Orobpawenne y—>yb=yB, rae y u b
nexar B S, aBAsieTc Q-3HA0MOPPHIMOM. CnenoBaTtesbHo, 10
nemMe ®urTuHra, 160 SHIOMOPGUIM B HUALINOTEHTEH, au60
on sBasiercd asromopduamom. Ecau snaoMopduaM B HHALIO-
TeHTeH, TO b ABASETCH HHALNOTEHTHBM OSJEMEHTOM, 2 TaK
KaK, MO NPEANONOKeHH0, [ He SBASETCH HAIL-HACANOM, TO
J—

1) 371a TeopeMa TPHHALICHUT TonkuHcy. I GaarojpapeH npo-
deccopy P, Bpayepy 33 NMPUBEICHHOC BLILIC MOKA3aTEINLCTBO,
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HalAeTCE TAKOH 2JeMeHT &, uro COOTBETCTBYIOLIEE eMY mpe-
o6pasoBanue B ABAAeTCA ABTOMOPOUIMOM. Toraa B =,
, CIENOBATENLHO, CYUIeCTBYeT Takoi 3neMeHT eE€S, uTo
eB=10. Torna eb=0 u (2—c)b=(e2—e)B=0 u
moToMy e®=e-£0 9aBAgETCA HIEMNOTCHTHLIM 3/JTeMEHTOM,
Aexauym B §,

Taxnum xe 06pasoM M MOXEM MPHMEHHTE Aemvy Ilypa
VI IOKa3aTenbCTBA CALNYIOURH TeopeMbl.

Teopema 15. FEcau S sasasemcs HCRPUBOOUMBLM
aeeoii D-udeasonm, mo aubo X2=0, subo % =1Ue, 20e
€ — HEKOMOpPhil UBeMNOMeHMHbLIE daeMeHM.,

Mer paccmarpusaem cuoa oroGpakenue y—> ¥y =yB,
rae yu b newarp §. JIu6o B=0, 6o B fBAgeTcA aBTO-
MopdusoM. Kak W parce, u3 BTOPOro npeamno10meHus crenyer,
YTO § COMEPHHUT HISMIOTEHTHHH 3MeMeHT e. Toria % = Ye.

11. CTpyKTypa moaymoocTeiX Komeiw. Mol OyIeM Hasbi-

8ate P-koubno N nosynpocmets, ecnn 1) B Hem BLIIOJHEHO

ycaoBue 0OOpbIBA YOBIBAIOIMMUX LeMneid JeBbX $-uneanon, u
2) OHO He COZEPKUT HHILIOTEHTHHIX JeBHX P-Hiecanos. Ua
fpensiaywmero maparpadga ciaeayer, uto A He CONEPKHT
TOFAa OTIMYHBIX OT HyJda JeBbX P-HUAL-UASaN0B H HUIb-
MOTEHTHBIX NpaBelx P-uneanos. Ecan A spaserca kombuon,
yaosiersopsiomum  ycnosuo 1), m R —ero paamkan, Tto

¢akrop-koneno A ==Y/R noaynpocro. B camom desz, eCln
& #BAAETCH HUJBTIOTEHTHBIM JIEBLIM ®-nneanom koasua A, TO
¥ = /R, rue 3 ABagercs nesbim P-unmeanom xoapua %A, wu
npu HekoTOpOM % nveem $kCR. Torma npum mocTatouso
6oapmoM s noayunm JSSRs = 0. Caexosaredsto, SR
X =0. Caenyomas teopema umeeT QyHIaMeHTATLHOE 3HaYe-
HUe NpU ONpeleNeHHH CTPYKTYpPH TNOJAYIPOCTHX KOJell,

Teopewma 16. Jwboe noaynpocmoe ®-roasy0 06sa-
daem edununeil, u cmpymypa ezo respx ®-udearos snoare

npugoduna. O6pameuo, ecaun N a8anemes ®-rossyom, womo-"

poe obaadaem caedyouumu cgoficmearu: 1) N o6radaem
eQuruned, 2) cmpyxmypa ero aesuix B-udearos snoine
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npusoduma u 8 Hell BWINOAHEKO YCa0Bue 00pbl8a YOHBAI-
wux yeneit, mo xoavyo W noaynpocmo.

ITpeanonoxuM, 410 KOJAbLO U mOAYNpocrTo. Mul XOTHM
N0Ka3aTh CHayajia, 41O MOOOH HEempUBOMHUMBIN OTAMYHBIA OT
Hyas neBblit ®-upean § obnamaer pononHenuem, Tak Kax
%240, To §=Ue, rie e — WIEMNOTEHTHEIH 31eMEHT, Jewxa-
wuit B §. Ilycte ' sisasercs MHOMKECTBOM TAKMX 3/1eMEHTOB
A'EN, uro b'e=0. Torna X' OGyuer nesim P-ugeanom n
INY =0. Tak kak a=ae 4- (a—ae)=0--0', rne b€,
'€, To ¥ sBisieTca monoJuedrem vpeana <.

[Tonowum F=37;, e==¢,. Ecan ngean § ue wmunu-
MaleH, TO mycth Jy=We,, rHe e.2=¢e,, Oyrer ue-
OPHUBOAMMBIM, OT/AMYHBLIM OT HYJ/d, JEBMM WIE4/IOM, COAepHKa-
upmest B . Torma U= 5S,, rae §, ssaserca AeBbiM
P-npeanom, COCTOAWMM U3 TAKUX HIEMEHTOB ¢, 4TO ¢'eg==0.
Orcioga caenyer, uto &' =%, B, rae ugean F'=[y N ¥
MOMeT ObITh ONMpejie/ieH KAk COBOKYIHOCTb TAKUX 3]eMEHTOB
b, ure b"e; == b"ey=0. Cacnopareasto, A =, DI, DY,
rie 3" =Y. Eciu umean 7 He siBAsieTcs HeNPHBOLHMLIM,
TO Mbl TOBTDDHEM HAle pacCyXpaeHH: u noayyaem Y =
=3, PFDIDBY”, rae  uiean Sj=‘l[ej;£:(’)” HEMPUBO-
mam, ¢€;e;,=0 npn i<j, e==e;7£0, u J” saBagercs
aexauwmM B ¥ nesniM @-ugeanoMm. [Ipomosmkas takum obpa-
30M, Mbl noayuum, HakoHel, A=, PBJD...DS,, rie
unean ¥;=We; HenpusomuM, €;2==¢; u e;e;==0 npu i</.
CienoBaTenbHO, MBI TIOKA3a/MH MOJHYIO IPUBOAUMOCTb CTPYK-

TYPHI,
Ecau wMbl  ofpasyeMm  sjeMeHT v=2€,——‘§jeﬂ-ej+

...+ (=1 "1ee, ..., TO MOKHO NPOBEPUTh, YTO
exv==e, npuk=1,,. ., u. Tak Kak m0GOH 3ieMeHT Q==
= 2 Qy, €y, TO NPH BCEX a@ UM2eM av = a. B uactHocru, 12 = v,
MHOKeCTBO TaKHX 3/eMEHTOB 2, 4T0 vZ ==0, aB/dercs
npasum O-ugeanom, koropsii Mu 0603uHauuM uepes B. Tax
KaK 2,29 ==(2,V) 2y =2, (v2y) == 0 npn 2;, 2, € B, 10 B2 =10
u, cleroBarensHo, B ==0. B cuny toro, uto v (a —va) =0,
MBIl MOAYYHM, 4YTO Npu yobov a a—va=0, U noromy
@ ==wvq. TakuM o0pasoM, v sBiseTCsd TAKIKE U JeBOH elHHHU-
e, ¥ MLl MOXeM TMOJOXHTb U ==1,
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O6patHo, eciu Koabuo U o0aanaer elMHulel W CTPyK-
Typa ero JeBnix $-uieanos BronHe MNpPHBOIMMA, TO JoGoH
NeBHt OTMMUHEIM oOT Hyns ®-ugean ¥ wnmeer Bux Ue,
rie e?=e. B camom nene, W=D u, crenosare/bHo,
l=¢e-}¢, rne e€y, ¢ €Y, e2=e£0, el=e" u e =
=¢'e=0. Torna §=Ne. Tak kak naean F cOAECPKHUT OTAHY-
HHfl OT HyAs WACMIOTEHTHHIH 3/IeMEHT ¢, TO OH HE MOXET
GHITh HHALNOTEHTHBHIM. EciM B KoAbue W BHIMOJIHEHO YC/IOBHE
o6peiBa yoObBaOWUX Lefleff, TO H3 10Ka3IHHOTO CJIEAYeT,

4yro OHO mnoaympocTo. Ilo3TOMY Halua TeopeMa JjIOKA3aHa,

pPaBHO KakK U ee

CanencrBue. Jlwoboi aesoti $-udear noaynpocmozo
B-rosbya ABAAEMICS 2AABHOLM 1 ROPONCOAEMCS udemno-
MEHMHBUM 316 MEHIMOM.

Eciau Mbl BCIOMHHM Ofiide TEOPETHKO-CTPYKTYypHBIE pac-
CyxJeHHs u3 raaBel 3 § 4, TO moayuum CHeAyIollyio Teo-
pemy, ayaasHyl Teopeme 16. ‘ ‘

Teopema 17. EcauN aeanemes noaynpocmsis @ -xors-
HOM, MO CYywecmsylom maxue MaKCUMaAbHble Aesbie
O-udeanst My, . .. , W, koasga N, umo 0 =W, N ... NIV,
M+ RN 0V N, N AW)=A.

B camom nene, ecan A =S, (P . .. DY, rae uacans J;
HeripHBOJMMbl, To uHzeanst WMy =F, + ... -+ F_y T+ g1+
-+ ...--%, yroBMETBOPMOT yCJOBHAM Hauleli TeopeMbl.

DTOT pesyAbTaT NPHBOAMT K WHHTEPECHOA «apudmernye-
CKOR» XapaKTepUCTHKEe paauKana, a4 HMEHHO:

Teopema 18. ITycms W seasemes P-xoavyom c eou-
Huyeid, 8 KOMOPOM 8bLNOAHEHO YCA08ue 00psiéa YOuibaio-
wux gyeneti aesox ®-udearos. Tozda paduxas R xoasya U
cosnadaem ¢ nepecedenuesr 6cex MAKCUMQAbHOLX 1e8blX
&$-udearos xoasya N.

Tak Kax (aKTOP-KOJbIO N = AR noaynpocro, TO
6=9ﬁ1 N ...NM, a9 NoAXOAAUE BHOPAHHBIX MAKCHMATH-
HbX neBux ®-ugeanos I, koabua A. CaejnosarensHo, ecau
ABAAETCA JeBbiM P-ujgea’qoM Koabla A, COCTOAMMM u3 3ie-
MeHTOB, oToGpaxalowuxca B MM, 1o W N ... NV, =R,
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ITo nepeo#t Teopeme 06 naomopdmsmax A;-rpynmu !) A/M,
u A/, usomopduu. CnenosatensHo, rpynmna /I, Henpu-
BOZMMa, ¥ N, SBAAETCA MAKCHMaJbHLIM JIeBHM P-umeanom.
Ecau mpi 0603HauMM MepeceyeHHe BCeX MAKCHMaJbHBLIX Je-
Buix P-uneanos uepes &, TO MBI A0KAa3aaH, TaKuM 0GPasoM,
uro @& N. C apyro#t cropoH, Nycrsb M asagerca npous-
BOJALHBIM MAKCHMaJbHBIM JleBHIM  ®-ugeanoMm. Toraa aubo
M+-R=M], 6o IM-}-R=A. B nocreanHem cnyuae
l=m-tr, tne mN u reR..., u moromy 1=
=(l+r+r2+..)0—"=QFfr+r2+...)meN.
3T0 NPOTHBOPEYAT MAKCHMAJLHOCTH uzeana W um 1A0Ka3wi-
Baet, uTo M R=MW, 1. e. uro R & M. Taxkum o6pasom,
NS &, u reopema KOKA3aHa, _

Mul nmepexofuM Tenepb K OCHOBHOH TeopeMe O MOJAYNpO-
cTiX ®-xonpuax. Mbel OCHOBbIBAEM MOKa3aTeNbCTBO Ha IBYX
daxrax: 1) A uzomopbuo A, u 2) A, #ABAsAeTCA COBOKYI-
HOCTbIO Bcex A;-snmomopdusmos. O6a st daxra ABIAIOTCA
CHEACTBUAMM TOro, uto Koawno A o6namaer eaunuued. Ho
Mb Bufend, 4t0 U=, ... O I, rae J;— Henpuponu-
mble A-rpymmbt. CrenoBaTeabHO, B culy oOuwieft Teopus, AaH-
Hoft B § 5, U, Gymer npamo#t CyMMOH ABYCTOPOHHHX HAca-
JI0B, KaXKAblA H3 KOTOPHX MNpeacTaBiaser CO00I0 KOJLHO Ma-
Tpul, Ham TenoM. Takum 06pasoM, Mbl TNOJNYYHAH, YTO
U=P,VDH... D Py, 0, rae P spmaorcs tenamn. Ho
npyctopouHre upeanut ;== P,;() 6yayr ®-nuneanamu, Tax
KAK 3JeMeHThl, npuHamiexamue P, ABAAIOTCA YMHOKEHHAMU
Ha saementol W3 neHtpa € xoaema A. Ecam 1; asnserca
enquHuuelt B kKomsue W;, TO 3HIOMOPPH3M, HHAYLUDOBAHHLIR
B U; sunomMopdusMoM &, Takke OyIeT YMHOMEHHeM Ha 3ie-
ment 1,a, npuHagnexaumuit uentpy €, xomsua A;. Tak

" kak PU) 26, 10 P® asaserca ®-noakonbuoM Kosbua NA.

Tem caMbiM [OKa3aHa [epBaf 4yacTh CTPYKTYPHOH TeopeMbl:

Teopema 19. Kamdoe noaynpocmoe P-x04b40
ABAACMCR NPAMOL CYMMOU CB0UX OBYCMOPOKHUX LOeaA08,
Kascdoe 13 KOMOpWX npedcmasisem co600 KOALHO Ma-
mpuy nad T-mesonm, u obpamno. "

1) Ham He HYXKHO ynoMuHats sgech P, tak kaxk WD @,
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Jlas - Toro, urodnt j0Ka3aTh BTOPYIO. YaCTh TEOPEMEL,
AOCTATOUHO, B Cuay cxasanHoro B § 9, 10Ka3aTb, YTO KOJbUO
MATpHIL HAA TeNOM MOJAYNpocTo. Mbl Buaenn B raase 2,
YTO KOJBLUO TAKOro Tuma OyjAeT NMpsAMOi CyMMOH HENpPHUBOIM-
MBIX JIEBHX uueatqoB. Onu ssasiorca D-upeanamu. Crenosa-
TENbHO, KOAbIO U TOJAYNPOCTO B CHAY npeatlecTBOBaBiuel
TEOPEMBI.

M3 Teopun KoJel, MATPHI, MOJY4aeM TaKke

Canepcreue. Ioaynpocmoe @-rosvyo yoosiemso-
psem obous ycaosusi o0pusa uenei 0as 4egux (npasx)
d-udeasos. -

310 cAeNCTBHE MOKAa3bIBaeT, B HACTHOCTH, YTO YC/OBUS,
HATOXKEHHBIE B OrpeledeHUd MOJAYIPOCTOro KO/MbUA HA Je-
Bble M/eajbl, BLITOMHAIOTCH TaKXKe H JUIf TPAaBHX HAEANOB.
Mpl MOMeM TaKXKe HAYMHATh € YCHAOBHH, HAMOKEHHBIX HA
npaseie uaeanbi. Torga Mbl ROJy4dM, 4T N; ¥BAAETCH TPH-
MOH cyMMoOR 'KoJiell MaTpHil HaA TelaMmd. Clie(0BaTENbHO,
Koaslo A o6patHO U30MOPPHO KOJbLY, MMEIOUIEMY OMHCAH-
HYIO CTPYKTYDY; a4 TaK Kaxk KOJbilo, OOpaTHO H30MOpdHOe
KOMBILY MATDHIL HAX TeJOM, ABAAETCH TAKKE KOJbUOM Ma-
TPUIL Hal TEeAOM, TO MBI TIOJy4aeM, 4TO KoaApuo U moaynpo-
cro. Jlio0o#i Teopeme, CrnpaBef uBOH MNMg JeBbIX (NPABbIX)
WAeajoB IOJYNPOCTOrO KOJAbLA, COOTBETCTBYET AyalbHas
TeopemMa O NPaBHX (IeBHX) MAeanax. Hampumep, u3 Bbiilie-
NPHBEAEHHOTO CHEACTBHA [0JydYaeM, YTO TpaBble uUieansbl
KOabla ‘N ABJAAIOTCA TJ/IABHLIMH. :

Ecau Y asasietcst npocThiM P-KOJBIOM, YAOBISTBOPSIOUINM
YCROBHIO OGPHIBA YGBIBAIOMMX Liemelt sk neBolX P-nmeanos, u
KoaLllo® N He moaymnpocto, TO- Y HHABNOTeHTHO. Tak Kax
N2 < 9 asasercs asycropoHHuM P-umeanom, TO Mbl MOJAyuYaeM,
uro N2=0. Takum o6pazom, m06oit 3reMeHT » <=0 mnopo-
JKIaeT ABYCTOPOHHWA Hean, H, CeN0BATEIbHO, BCe KOJbIO U,
T. €., KakoB. Ob HM OBUL OTIHYHBIK OT . Hy/Js 3/EMEHT
b, W={"}, rie uepea {b| 0003HAYEHO MHOKECTBO 3JIEMeH-
TOB BUAA D NdyGg. .. dp, DpHueM oz € P wm a;==:+1,
1 b?=0. Koabuo raxoro Buaa Haznisaetrca ®-uysp-woiblox.
ChenosaTenbHO, ecau [POCTOE Koapno U y/I0BAETBOPAET
YCMOBUHID OOpbiBAa YGHBAOLMX Lenel W He ABAACTCH @-Hynb-

e iy

Srd

e

i veei
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KOJBIOM, TO OHO Moaynpocto. [Ipumensst BhilleNpPUBEIEH-
HYI0 TeOpeMy, HaXO[AUM, UTO MMEEr MecCTo

Tcopema 20. Ilpocmoe P-ronvyo, 8 KOMOPOM BbINOA~
HCHO ycaosue 09psisa yossanuux yenetl 042 resutx ®-udea-
408, S8ATEMCST AUOO0 D-Hysb-KOABLOM, AUOO KOABKOM MA-
mpuy, P, xad O-meson P, u obpamuo. Ecau =P, =¥,
20¢ W — marace meno, mo n=m, u mesa P u ¥ uso-
MOphHbL.

«[Tpamaa» uacip 9T0fi TeOpeMbl ABJAACTCS HEMOCPENCTBEH-
HLIM CJENCTBHEM TeOpeMbl O TOJYNPOCTHIX Koabuax, «O6par-
Hafl» YaCTh W EJUHCTLEHHOCTh 2 U P C TOYHOCTBIO 10 H30-
MopdusMa Oblian MOKA3aHBl B IJIaBe 2.

JII0OONBITHO OTMETUTh, UYTO COOTBETCTBYIOHIEE YTBEPMKIE-
HUC [Jsl KOJel, YAOB/ICTBOPSIONMX yCIOBHIO o6phiBA BO3pa-
CTAOLHUX lleMel JIeBRIX HAEATOB, HE MMEeT MeCTa. B caMmoM
Jene, nycts P == P, (£) 9Basgercs nosemM paiHoOHaAbHLIX (YHK-
UMH OJNOTO HEW3BECTHOTO Haj noJem Py XapakTepucTHkd 0
u A= P[] —xoasuom aguddepeHUHANBHEX [OJAHOMOB
nal P, 1. e. MOJHHOMOB 10 £, rae af==fa -} a’, npuuem a’
apisieTcst oGLuHON YIPOM3BONHOR QyHKLUMM o. A dBisgeTcs
KOABIOM [A4BHHX HIEATOB M, CJIEHOBATE]IbHO,; YIOBIETBO-
pset yciaosuio o6prBa BO3pacTalolMX lened. Jlerko moxa-
3aTh, 4to B I HeT COOCTBeHHBIX NBYCTOPOHHHX HI€A/NOB H
noromy koabuo U mpocro. Tem He Menee, Tak kak U He
apadgercs TeqaoMm, ouo ne umeer supa ¥,, rue ¥ — teno.

Ecau Mbl ucnonabdyeM pesyabTatl § 9 u npeasaymmx
TEOpeM, TO NOJYUYHM CIeJAYIOWYIO TEeopeMmy.

Teopema 21. Cmpysmypa dsycmopornux O-udearos
noaynpocmozo ®-rxossya W 8snosne npasoduma. Ecau
N=WND...N =B, D...B, assawmca pasroxce-
Hugmi roastja W Ha Henpugoduswe 08ycmoponnue @-ude-

Caab, mo s==t, u npu nodxodsuen ynopaoouusaruu udea-

1208 B; umeen U; =2;. _

Mpenuonomum, uto =, B ... AN, rae U; Aag0OTCH
HENPUBOJAUMBIMU  IByCTODOHHuMU ®-upeanamu. Torma aas
A06or0 AByCTOpOHHero ®-umeana B xonvua A Gyner uMers
mecto paszouenne B=B,P...HY;, rre B;=BNU;
ABAAIOTCH  ABYCTOPOHHMMH ®-mpeanavu kxoaeua U. Caemosa-

9 Bax. 48, H. JsexoGooH,
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teasHo, auGo By =W, 6o B;=0. Takuu o6pasom,
B=WD++. DU, n 10TOMy CYWECTBYET 2¢ [BYCTODOH-
HHX @-ugeanos xoasua A.

PaccMoTpum Tenmeph CBA3b MEXAY pasnoweHusMH Koabua A
B NPAMYI0 CcyMmMy zeBbix P-uieanoB u mnpamyio CymMMy ABY-
croponHux @-umeanos. Ecau ¥ dABAsgeTcAd HENPHBOAUMBIM
aeppiM  P-umeanom, TO MB BHIEAM, UYTO § COAEPKHUTCH
B onHoM u3 U;, manpumep, B A;. Ecan §" — npyroft nesuiit
G-upean u Y EW,, 10§ v e Gyayr U;-nsomopdub,

TaK Kak And 1, emuHHuBEl Koabua Ay, mbl umeeM 1y I=73,

B T0 Bpems Kak 1,3’ ==0. Takum o6pasom, ecin B aBaseTCs
obbellMHeHHEM BCEX  HENPUBOMUMBIX JieBHX @P-uleanos,
WN;-nzomopdpueix ¢ [, To B & N, Tokaxem, uro B Gyner
ABYCTODOHHHM uZeaioM. B camom gene, ecin HEDB, T0
b=y{+ «.. +y,, roe y; Ie2KaT B HENPUBOAUMEIX H3OMOP-
HHX ¢ § ®P-umeanax ;. Toraa aas TPOU3BOABHOTO 3JIEMEHTA @
unean ;a nu6o paeen Hymo, An6o A -n3omopdeH uieany .
CaenoBarenbno, y;a€B u ba € B, u noromy B apagercs Kax
NpaBeIM, TAK M JieBbIM HAeanoM. Taxk kak ugean AU, nenpu-
BomuM, 10 B="=U,. Mrax, Hamu momayyeHa

Teopema 22. Ecau wossyo N noaynpocmo u
=W P ... @ U, —ee0 paszroswcerne Ha Henpusodu-
Mble  08ycmoporHue ®-udeanvt, mo raxcowd udear U;
n8asemcs  00beduHeHueHM Henpusodumvx aegulx (npasoLx)
®-udearos, ;-(U,-) azomopprox danromy HenpusoOumomy
aesomy (npasomy) ®-udeary.

Cnencrteue. Yucaso t Henpusodumvix 08ycmopoH=
HUX KOMNOHEHmM pasHo 4ucay W~Heu3oMopPHsix (coom=
semcmBerHHo W, ~Heu30MOPPHLX) KAACCO8 A€BbLX (Npasbix)
udea.r08.

Hnas mpoussosbHoro jgesoro P-mieana § xonvna A onpe-
nemam  3,(%), Kak MHOXeCTBO Takux 3aeMeHTOB b € U, uTO
%b=0. 3,(%) asusercs npasoiv P-uneanom. [TogoGHBIM Ke
o6pasoM mad mnpaBoro ®-ugeana ' MH MOKEM MOJYYUTD
nesoift ®-unean J,(§'), cocroswmii U3 TAKHX IMEMEHTOB C,
yrto ¢ =0. Ecan xomslo Y noaynpocro, T0 ME MOXEM
cunrtatb, u4T0 §=e, u Torma N =Ue@Ae’, rre e?=ye,
e?=¢' ee¢’ =e¢’e == 0. Torua mul nmeem Tarxe A = eAHe'A.
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Mokawew, uto 3, (Ue) = €' B cavom gene, e’ & 3, (Ue)
n ecin bEB,(Ue), To eb=0 u, caenosarensio, b=
=(e-¢’) b= e'b Ce’W. Tlo cummetpun uMeem J; (¢'%) = Ae.
Tauym o6pasom, 3;(3, (X))=3 u, HOLCOHEM Xe 0GpasoM,
8, (8;(¥)) =3 Coorsercraus I — 53, (J) u ¥ - 3, (&)
B3aMMHO OOpATHL U SBASIOTCA B3aHMHO-OXHO3HAYHBIMU OTOGpa-
WeHHAMH CTPYKTYpLl JeBbiXx P-naeasoB HA CTPYKTYPY Ipa-
BoiX D-umeancB, 1 obparso. OQueBHLHO, YTO €CHH < 3
10 3, (5) 2 8, (3g). Iror pesynbTaT BLHPANKAETCH ClEAyI0-
el Teopemoi.

Teopema 23. Ecau W asagemes noLynpocmslm Koab-
yon, mo coomsememsie F— 3,(I) ssagemcsa o6p amubti
U30MOPPUIMOM MeIHCOY CMPYKINYPOL 2e6blX ®-udeasos u
cmpvemyproti npagelx P-udeanros wosse U.

Iycte € GyieT UeHTPOM MOXYNPOCTOrO KOJbLA W=
=%,@... 3. Mot sugean, uro € aBasercas P-nOAKOML-
nom. Ecam ¢€6, 10 c=c - ...-f¢s rae c&Wg. Tak
KAK @== Xa,, TAe ;€U U ac = ca, TO MBI HMEEM &yC; = Cqly:
Kpome roro, a;;==¢;¢;=0 mnpu j #i. CnenosarenbHO
GECuB=C6m...6, rre C;=0C0NA. 6; aBaserca
nedaTpom Koasua ;. B camom pene, ecau d,cC, u da; ==a.dy,
10 d;€G u, creposarensto, d; €€, Tax Kak W; = P®,,, roe
P() — teno, 10 uentp Koaeua U; COLEPKUTCH B P®
ABJAETCH [OITOMY MNOJEM.

Teopema 24. Ecau W  sa8asemcs  nOAYRpOCHLbLAY
D-rconvgor v N=WD... PN, 20¢ U;— npocmoie dsy-
cimoponnue udeasst wroavya W, mo e20 fgewmp 3 6ydem
®-roavyon u 6=06,@ ...06C, 20 C;=ENA; oydem
noAeM.

12. TlpencraBienHss HOJAYyNPOCTHIX KOJel. [peanono-
KuM CHauana, urto 9 sABAfleTCA TPOUM3BOJLHHIM KOJBIIOM,
a Pt — W-monynem. Ecmn § — npaswit ugean 8 A, TO MHO-
WeCTRO X% 37eMenToB BuAa xb, rae x GUKCUPOBAHO M b
npoGeraer uiean %, Gyaer A-moamonyreM MOLYA M. Co-
otRercTBHE B —> x0 ABaserca -roMoMOpHHIMOM MeXIY 3
u x%. CneoBaTesHO, €CN HAeAN § HENPUBOAUM, TO nubo ¥

a%



132 riMaBsa 4

- % X
‘li";somopcbcsﬂ X3, an6o x3¥==0. Eca Moxyns Y1 uempuso-
.:H , TO 6x¢ npu JM1060M 3/ieMeEHTe X W JIOGOM 1PAaBOM HAe-
ﬂBe S 60 paBHO HyJo, mubo cosnajaer ¢ . Ecan teneps Y
nae:ca NOJYNpOCTEM  KObLOM, TO =T P a8
TIe ,\»--—: HenpuBoauMble 1mpasoie P-umeann. Torga euﬁi
I\;J(:elly-ﬂb M Henpugozuy u IMA £ 0, 10 cymeCTByIOT’ TaK O
ment xCI u Takoft mmean J;, urto x3;7# 0. Orcona
— % :
;]nenye'r, uto M = xJ; u notomy A-usomopdHo umeany .
qennonomum TeNepb, 4TO0 KOABHO YU NOAYNPOCTO W qTJo'
;ce =x And laéex%anememoa x u3 M. Toraa xawmawit ane
HT Xx=x1€ xU=xF, -+ R -
1 e e+ x5, Tak kax
¢ “ noamo-
ggfj: X.3; GO HempUBOAUMBI, MMGO paBHL 0, TO N sBAsETCH
Bbmoil;l{ﬁif(l)ﬂeM CBOHX iéenpnBOMme noamonyneit. Ecau 8 M
eHO ycnoBHe OGpHIBA BO3pacTa
IOWHX Uerned uam, 4to
iz:nganeﬂmo 3TOMY, eCad Moayab I oOnamaer KOHe:LHbIM
noM obpasyiomnx, 10 N ==k -}- M, mas co
v . w t -
g;:;TCTBylomngﬁ HeNPHUBOAUMEIX noamoayiest M, == 0. Orcroaa
€T, 4TO == .
miym’_l‘g)g My - - @My,. B cavom zene, ecan
il 1 =Wy, TO HAKAETCHA TaKOH HAUMeHBbIIMH WHAGKC
—3 uq o ¢
+£t, TOE;JJI{;&EIRH.TOFM P NV =0 M =M, +...+
5] = = "
Taxm:z -2 iégB My, Ecn M £M, 1o nycrs iy sBasercs
MEHBIUMM  HHIEKCOM
i » uro My =M. Torma

/4

M =My 4 ... + My =My, @ M, @ M;,. Sror upouece
’li[‘puaop:m, KaK JIeTKO BWAETh, K ménaemoﬁy Da3noxeHHIo
n;f;sgﬂﬂﬂ;ﬁpﬁsom, MBI TOKa3ami, uro W-moayan I BIIOHe
TIDHB) YAOBNETBOPAET YC/IOBHIO OGPHIBA yGHIBAIOLUK
T S A i el
; , nycTh M. ..
rorseren svommmion ey Sonotuonyaet. " Ecin, 5
S M; . Tak Kax x Eax-‘l[t“ iy i
OlHH W3 HerHBOJIPl;{bIX QHOIMJCC)';\SI _,;i x .“—[_ e
g s et yae# xiJ; oramyen ot Hyma
et ¢+ HO HE JEKHT B ;. Bribepem opuu w3

oaMoaynen x;¥; u o6osHauum ero uepes N;. Pac-
cxopam ems (R, + N+ )2 (My+-Ry ).,

rue
ne (M + Ny, . ..) o6osHauaeT 06bemutenne Beex N, npu
(]

B

£
&

L

CTPYKTYPA KOJEl 2HIOMOP®H3MOB 133

i> k. Toxawey, uro (B +Rp+-..)2 Ry P I
B camon npeme, ecim (M4 Tp+...)= R+ +.-2)
To i moGoro saementa ¥y € Ny mmeeM Y=y, -+ ... + Yoo
rae y; € N,, npHueM MH MONEM CUHTATb, UTO VY = 0. Takum
06pasom ¥, = y1 —Ya—- -+ — Ip-1€ T+ .. . +Rp-1) S
= I,,. Cnenosarensto, Vi S D,y UTO HEBOIMONHO, TaK
Kax ¥, SBAAETCH OTIMYHBIM OT HY/IH o-monynem B My, U
10TOMY Yyl = M, Takum 06pasoM, Mbl HOAYUAEM BKIIOUCHHA

Ri+Ry .. DR+ Rg+0 )2

B cuay ycaosui oGpbiBa yOLIBAWOLMX uene#, 3ra LeMb UMEET
KOHEUHYIO JUIMHY, H, C/IeLOBATENBHO, MePBOHANA/BHAR BO3pa-
craomas uenb My <My < . .« TAKKE KOHEUHA.

Teopema 25. ITycms U Asasemcs noAYyRPOCMbL M
B-xoavyon, a M-—maxun U-ModyaeH, H#mo Rpu BCEX
x €M umeen x1=Xx. Tozda, ecau 8 I 6HNOAHEHO KAKOE-
aubo u3 ycaosud obpeisa yened 04 A-nodmodyseid, mo
Modyas IR snosne npusodum, u 8 Hex 8BLNOAHEHO U OpY-
zoe ycaosue obpuisa yened. Kaocouiit HenpusoOumbili #00Y1b Mm
W-u3omopger HenpusoouMomy NpasoOMY udeanry roasua .
Y1040 Heu30 MOPPHHOLX MedHcdy C00010 W-mo00yaell pagro 4UcLy
HenpuBodumstx OB8YCHMOPOHHUX udeanos N; 8 passodceHus
91;911@.--@%[t.

MmeeT MeCTO uyacTHuHoe ofpaulenue 3TOH TEOpEMbI. Hans
Toro 4TOGH 3TO OKA3aTh, HAaM HYXHO CHENaTb CHELyOLHe
obuiue 3aMeyanus, [IpennonoxuM, 4TO M apnsercs A-mony-
nem M uTQ B spngercd IBYCTOPOHHHM HACANOM B U, anHy-
mupyoiuy SR B TOM CMEICAE, YTO xb=0 s scex xE€M
n peex HCHB. Ecan mpl 0603HaUMM CMEXHEIH KJIACC a-+B

yepes @, TO OYEBUIHO, YTO QYHKUMS X@ == xd IBJISETCS OJHO-
aHauHOH (yHKIHeH 3JeMeHTOB X U a€ A =9/B. Orciona cye-
nyer, uro M asmerca 9(-MOAy/IEM OTHOCHTEHABHO STOTO yMHO-
swenus. QuepupHo, uro A-moxmMonynH MOAYJ IR sBaAsIOTCH
9(-noamMonyasimMu, U obparHo, M UTO A-npuBoauMOCTD, A-paz-
JOKHUMOCTE H T. J. SKBHBAJNIGHTHE EI—I«npmao.mflMoc,'m,—‘i[-pasno-
JKHMOCTH ¥ T. I.; HETPYAHO TaKke BHIETb, UTO €CIH M u
N ABAAOTCS JABYMA AHHYJIMPYIOIMUMUCT HASATOM B U-mony-
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asMd, T0 A-romoMopdusmul U U-U30MOPDUIME MEKAY HHMH

ABJEIOTCA B TO ke Bpems U-romoMopdusmamu u U-uszomop-
tusMamu, u o6patHo.

Ilycrte Tteneps 9 apasetcs ®-KOABLOM, YIOBJAETBOPHIO-
UM YCIOBUIO 0OpHIBA YOBIBAOUMX uernel and Jessx @ -unea-
70B, a R — panuxanom koasna A. Torama mas m0GOro sie-
MeHta x Hempusoaumoro W-moxyis M x R Gyuer noamomynem,
u motoMy an6o xf==0, mbo xR ==MN. Ecm xR =MW, 10
M=xR=xR2=...=0. Crenorarensno, N AHHYJIUPYET
monynn. N, u WEHBHﬂeTCH A-monyaem, rme A = Y/R. Ecin
A=W P... O, 10 160 MA=0, m6o M uzomopduo
HEKOTOPOMY MPABOMY MIeaily, COLCPKAMWEMYCS B OJHOM U3 €As.
Orciona crenyer, uto M Oyner H;-momyaem. [Moxo6HEM e
ob6pasom, eciu I sBageTcss OGDBEAMHEHUEM HETPUBOANMBIX

noamonyneit; 1o xR =0 nma Bcex x, n M Syner A-moxyrem.

Teopewma 26. Iyems W asssemcs D-roasyom, ydo-
BACMBOPAIOWUM YCA08UI0 0Opblea yOugawmux lened dan
nesex  P-udeasos u nycms M aganemcs maxus W-#0dy-
aem, tmo MU £ 0. Ecau modyas M nenpusodur, mo M
Gydem W;-modyaes, zde uepes N, o6oananen odun u3 Henpu-
800uMbL.X 8YCMOPORKILY ndeanos daimop-koivga N = AR,
Ecan MM asasemen o6sedunenues renpusodumsx N-mody-
aeli, mo M 6ydem W-modysen.

Hpyro# dopmoit aroro pesyuanTata sIB/AsTETCH . Ce Ay Iomas

Teopema 27. Ilyems U sgasemess omautnsis om
Hyas Q-wosvyom sudomopdusmos epynnet M, npuuesm s A
BbNOAHEHO  Ycao8ue 00psBa  YOWBANOHLX yenel Aesvix
®-udeaaos. Toeda, ecaw 2pynna M Henpusoduma, mo
Koabyo W npocmo, a ecau WM ssagemes o6sedunenies He-
npusodumsx W-zpynn, mo rxosvuo W noaynpocmo.

B camom nene, B stoM cayuae M Gymer N-mony.iem, u
npeacrapaenue koasua ¥ B camom kombue N Gymer, oue-
BUIHO, B3aHMOOIHO3HAYHBIM.

Ilpeanonoxum Teneps, uto Y sBAfETCH JIOGBHIM KOIbUOM
snnomopduamos rpymnel N, COREPWALINM eAMHHYHBIA IHIAO-
Mopuam, u mycte A=A, ..., GyieT pasromeHnem

T

-
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konsia O Ha aBycropoHHue wieans. Torza SR=931911M —j—_
4. A, rme IR, obosHavaet HauMeHbInH nog.521

oynb, cojepiawuii BCE SNEMEHTH Bula Xxa; TpH ay em;:
Eemn 1=1,+..-+1s 126 1, €Uy, TO 1; aABnserca o
nuuel 8 Konwue A, TAK KaK o€, =W, = 1A Cnlenlos—a_T%n T(;
ecnn x; €MA;, 10 Xlp== Xy M Tax ia}(; iejxm-—E&)zRQI

x;1;,==0 1pH i+ j. Ecmu xiﬂ—...TxtT_.- ;{r.gf) ;30M 4
o (%, ... T X) 1; == x;1; = x;=="0. Takum 00OpasOM,

M = MA, . . - D MUz

TIpeamnoNoKHM CHOBZ, 4YTO KOJBIO pi nonynpOCTgr,leﬂu
NycTs B MOAYAE 9% semoHEHH 06a yciloBus 0GpHBA “13 Mo:
Tornza IRY; seasercA OOBEAUHEHUEM Henpnsonummx“ einam
pyneft, Kawnusit 3 KOTOPBIX usomopdeH Hp;iBb]M gqms-
konpua ;. Kak mbl BHLESH B § 5, Ko/BIlO -3HJ10M§Bp s
moB momyns I umeeT BHMI B=9B,0... OB, rre lqms-
CTOMT M3 SHAOMODP(}U3MOB, MOJYYAEMBIX H3 N-3800MOP >
MOB b; MONMOLY /IS M, = MA; npu moOMOLL 111481'0 1;a§r§; t
CTpAHEHMA MX Ha BECh MOAYIb M, uro M;b;= %[Him{qerc;;
Taxam obpasom, ;=MB;. Ecau NOAKOABNO Ty e
KOMBIIOM MATDHL Haj TeJOM, TO ¥ KOJIBLO sHaoMopHu3M n{é
MHAYLUHPOBAHHBIX supomopdusmamu u3 A B M, ;M;;Tlgr{ e
cTpykTypy. Vi3 HAUIMX PesyapTaTOB O KONbIIAX MATP

) — P yepe3
jyeT TOrAa, 4YTO ecnH ;= Pn,, TO B, = Pm,, TAe 4ED
P® u

W oBoanaueno Teno, o6paTHO m3oMopduoe TENY ik
ABTACTCS COBOKYMHOCTBIO BCEX B-3HAOMOPPH3MOB MO HE.

Teopema 28. [lycmb N measemes nozzynpocmgw
B-k0ABLOM IHOOMOPHUEIN0E HOOY AR ;n, coaepofcamuaM edu-
HuYHbIE 3HOOMOPPUIM, U NYycmb 6 m BHLNOAHEKO O m;l :.:3
yeaoguli  00puied yeneii 021 W-nodmodysed. Ecau

= sz@ an sz , ede P’,fi a8sgemcs 08yCMOPOHHULM uded-

4 - 8
aom u PW—meaom, mo KOAbHO A-sndomopgpusmos B

P, PO gde T cn ooy-
umeem 8u0 §B=P;}l@. P, 20 bu; asagem y

CHIOPOHHUM  U0eaN0M 1 MEAO PW o6pamno uscémopgﬁggzto
meay PW, A Gyoem Koasnom B-210010PHUIN0E MOOYAS N

et e e

(1 Cm. rnasy 2, § 6,
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13. Koabua, YAOBIETBOPAOINHE YCJOBHIO 0OphIBa
yObBalomux neneii. Uz Pe3y/nbTATOB MPEALIAYIIErO OTAena
BHITEKAET HHTEpecHas

Teopema 29. Ecau N sasisemcs b-roavron ¢ edu-
runed, YO08ACMBOPSIOMILN  YE081IO o0puisa VOuganuux
uened 048 npassix (sesoix) $-udeatos, no A ydossemso-
pAem maxxce ycrosuro o0puiea so3pacmaonus yenei 04s
npasox (nesoix) ®-udeasos.

Tlyets N sBasercs pamukanom womsma 9 u Ro+! =0,
Re£0. Torna A>R> ... oR 50 asaseren y6uIBatoneH
uensio A-moxynett (U,-rpynn). daxrop-monyu AR, /R

OTOﬁpa}KalOTCH B Hy/ibL 3aemedHTaMu M3 R H, CJACIOBATENLHO, -

MOTyT paccmarpueathes Kak (/M)-monyau. Tak xax xoasuo A
YAOBJCTBODAET YCIOBMIO 06pHBa YOHBAONMX Hemefl, T0
bakrop-monynn A/R, R/N2, ... rakke n0mKHL Y/0BJAETRO-
PATE 3TOMY ycaosno. Tak kak koasuo I = /N noAynpocro,
1 O e/MHANA ABJACTCH eMHUYHBIM SHAOMOPDU3MOM B /N,
RINR2, ..., 10 31H Momymu VAOBIETBOPAIOT Y JIOBHIO 00pLIBA
BO3pacTalOIMX Lened M, CIeLOBATENLHO, 0547aI0T KOMIO-
SUMHOHHbIM DiitoM. Hanpumep, AR =, 5, 2...5%F, =0,

rie q:iu('rog-mcmynn Xl X1y 1 A-wenpusoaumsr, Cienosaledpho,
A= o%yo...o%, =R, rme I, ABIgETCA  1PABHM
®-uneanom, otobpawaowumMes B 0 ‘npn roMoMopdusme
koneua A na A/R. Tlo nepsolt Tcopeve 06 H30MODDH3ME,
Monyab J;/%;4 U-usomopden MOILYJTIO :?j/st u, caenopa-
TenpHO, on A-venpuponum, Takuv wKe o6pasov moayuaem
RN=F,>...o S+ p=N2, rue §y, smasiorcs npasumu P-unea-
namu, u daxropsel Iy /%y, Hempusogumbl, # T, A. Ciaexosa-
TenbHO, WA 06/1a%aeT KOMIOBMUHOUHEIM paicM, H noatomy
i npasslx P-umeanos kouasia A uMe0T MecTo 032 yCIOBHA
obpriBa Henel. '

OTa Teopema NO3BOJALT HEMOCPEICTRBEHHO LPHUMEHSIThL HaLlH
PE3YALTATH O KOALUAX 3HAOMOP(HUIMOB K AGCTPAKTHBIM KO/b-
uaM. Takum 06pasoM, CJEACTBHEM 10KA3aHHOIO B § 6 anasiercs
CIENYIONIAn TeopeMa.

Teopema 30. Ecau N ssanemesn DQ-roavom ¢ edu-
Kiyelt, yoosiemsopaomui Yerosunw o6pusa yousaiowux

i
i

o
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yeneli 021 aesux (npasvix) P-udearos, mo s21w060e €20 HitAb-
nooKoAb0 B HUAGNOMEHNHO.

PaccmotpuM KOO B Tex mpaBbX yMHOuenud B A,

KOTOpHE COOTBETCTBYIOT 3aeMeHTaM u3 B. Anevenrs uz B
6yayr N;-anaomopdusmamu. CirelosaTenbHo, €CIH § — 1aHHA
xoMnosunnoHHoro pama wis We-rpynnsl A, 10 by... 0, =0
st MoGbIX aeMeHToB by u3 B. Takum 06pazom, xb, . .. b,=0
nag moboro xEWA wu h,€HB. CnepoparensHo, B+ = 0.

OrvetuM TaKxe CAeAyIOUIYIO TEODPEMY, HeMOoCDPEeACTBEHHO
BhITEKAIOWyI0 U3 peayabraton § 8.

Teopewma 31. Ecau W sgasemcs ®O-roavyom, yoo-
BACHMBOPSIOIUM  YC.i08U10 00pbi8 yOwsawuux yenel 041
aegoix  (npassix) D-udeanros, mo caedymwuwue csolicmsa
rwonoun W 3rsusaiewmuo. mexncdy coboi:

1. A saengemca npsnoii cymmold N;-(U,-) usonmopdroix
aeaxcOy €000l Hepa3zoxcusmvix aesslx (npassix) D-udeairos.

2. Qarmop-roavyo WM, 20c N asanemes paduxaror
roavga W, npocmo.

3. N="21,,, :0¢B 264501105 6NOAKE NP UMAPHIM KOAbLOM.

Ecan kakoe-1u80 43 3THX YCJAOBMR BhITONHeHO, TO A
ABJSIETCS] MPUMAPHBLM KONBIOM,

14. Perynsapurie npegctaBienus. [lycre U asaserca
NPOU3BOMBHLIM  P-KONABHOM ¢ e1uHMIEH, VIOBAETBOPTIOUMIUM
ycaoBuAM OOpbiBA  yOBIBAWOIIMX lermel mid  OJHOCTOPOHHUX
wieanos. Ilpeanonoxuum, uro N=e,AP...Pe,A aBaaeTcs
paznomenueM W B NPAMYI0 CYMMY OTJIMYHBIX OT HyJs fmpa-
BbIX UJ€a/0B, TIPHUEM

1=Ze¢, ef=1e;70, e;e; =0, ecmn £ ). 4)
Ecan N — xakol-1u6o HUALIOTCHTHEIN JBYCTOPOHHHA H1ean
kosvua A u e;==e; - N, 10 B KoMBIE A = AN umeem

1= e, ¢2==0;/0, ¢;e;=0, eci i£j,  (5)
i1 noTtony W= 21 A B D 'é[j[ pasnoxeHuem
Kodbia A o NPAMYI0 CyMMy rpaBbx uaeanos, Tax xak 5,7&0,

SIBJISCTCH



138 rnasa 4

10 ¢, % == 0. M XOTMM mnokasaTth, uTO JK060€ pPa3NOKEHHE

9 B MPAMYIO CYMMY NPAaBbIX HIEATOB MOKET GOHITH MOMYYEHO
TakuM 06pazoM. [l1s 3TOro HaM HyXHA

Jlemma. Ecau e, .. , €, AGALIOMCE OMAUUKBLAL O
HYAS BOCHROMEHMENNE daeMenmany Koibya W, 045 Ko-
mopsix eye;= 0 npu i = f, M0 803KONUCHO BHOPAMLL 8 CHEHC
HoLX Kaaccax e; MAKUe JAeMERMsl e;, 4mo el=—e; u
eie; = 0. »

[Tpeanoaoxum, uro a1 j==1,..., m yxke onpe-

JefeHsl 9JeMeHTH e; C TpebyembiMu cpoficTBamu. BriGepem

B €1 JMOCOH 3MEMEHT 4 M 06pasyeM /IeMeHT ¥ = u — eu —
m

— ue + eue, Tie e== Ee@-. Torpa npu i=1, ..., m nMeem
1

e;v =1ve; = 0 u v==u (mod N). Cnenosarenvro, v? =12,
rie 2 ABJSEeTCd HANBIIOTEHTHHM 3/71eMeHTOM, Hanpumep, 2% == 0.
OueBuano, ut0o 2v == v2. llocrapaemcs TeNEph ONPEAEIHTH
sieMeHtT @ ==f(2) v |+ g (2) rakum ob6pasom, 4ToOH W? = w
U f(2) u g (2) ABAAIMCH MOANHOMAMH OT 2 C LEJLIMH KO3(]-
¢unuentaMu. ITO NPHBOAUT K PACCMOTPEHHIO YPABHEHMH

fA2fg=/, g% 1e=g¢g. (6)

Mut pelmnuM CHayajJa 3TH YpaBHEHHUA IIpH MOMOUIM CTEIICH-

HbBIX PAOOB OT HEH3BECTHOTrO t. HMcknwouas &, MLl [IoJydYaeMm
1

FO=00+4) % ug@®= %- [1—f(£)]. Paccmorpum
1

Teneps pasnoxenue Gyukuun f (£) = (1 - 41) "%, Herpya-

OHO BHIAETh, UTO

1 2n—1
1O=1+3 1 (o,

M TakuM o006pa3oM Bce KO3(D(UUHUEHTH B Pa3jOMEHHAX [ad
f(®) n g (@) sramores uenbMu  yncaami. dopManbuble TOM-
necTea

[fFOBR+2f ) g ()=T1(2), [g(DI2+1f (O =g (D)

. I
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BhimoaHensl. Otcioma cleayeT, uto ecmu f,(f) u g, (£
SIBJASIOTCH  S-M#  YaCTHBHIMM CYMMavil DSIOB COOTBETCTBEHHO
nnsa f(£) u g (4), ro dymxuun f=7f (2) u g =g, @ yuo-
BaeTBOpAOT ypaBHeHwsM (6). CunenopareapHo, w==fv g
ABAAETCA UIEMIOTEHTHBIM deMeHTOM. Tak KaK ¢,0==ve; =0,
10 we; = e;w==0. dopmyna, TOAyYeHHas HaAMH LI W, TMO-
KaswBaer, 4T0 w=v (mod:) u, cnenoBaTeJbHO, W ==4u
(mod R). Taxum 06pasoM, @ MOXKET CAYKHTb ICMCHTOM €, 41,
M MO MHAYKUHK JIeMMa [O0Ka3aHa.

ZaMedaHue. BumenpaBeleHHOS T0KA3aTENbCTBO COXpPa-
HAeT cuay M B cayvae, Korna aareGpa U He COACPHAT eau-
Huubl. B caMoM Iede, Ml MOMEM IPHCOEIMHHTDH K U enunuuy
U CTPOHTH BHIIEYKA32HHBIM 06PA30M HAEMIOTSHTHEIH S/1eMEHT
e,,+1, HAUAB C /EMEHTA #€U. HerpynHo Buperb, YTO TOTAQ
" €m+16 Nn. _ .

Ecau B JIGMME:Z e;=1, 1O Z e;=1-4y, roe yeR.
Tax Kar«:}lei ABISETCA MACMIOTEHTHRIM 3jeMeHToM, TO (1 4~
- 9)2="1--y. Crenosarensno, y?--y=10. Takum o6pa-
oM y=—y?=yd=...=0 u notomy X e;=1. Orciona
cneayer, uto ecmt U =e, N D ... e, U ABageTca pasaoxe-
nuem 9 B NpAMyH CyMMy OTIHUHHX OT HYJAs NMPAaBHX Hiea-
0B, TPHYEM 3JEMEHTH &; yNOBJIETBODSIOT YCHOBHAM (5), To
N=e,AP...Pe,N, rle 3IEMHTH &; € ¢; YIOBACTBOPIIOT
ycaosaam (4). Ms nemmpt u u3 reopembt Kpyuus-Ulmuara
Cre/lyeT TaKiKe, YTO UAEMIOTEHTHBIE SJEMEHTH &; NMPUMHTHBHSI

TOra M TOJBKO TOTMA, KOTAd DPHUMUTHBHBI S/eMeHTH e;. Ta-
kuM 0o6pasoM, ujean e; Y Hepasmomum TOTAA M TONBKO TOTAA,

korna Hepasmoxum muean ¢, Ecau R asagercss pazuxanoM
koapua A, to daxrop-xkonwmo U noaympocro, U, CAENOBA-

TesbHO, uaean e; HepassoWKMM TOTAA U TOJNBLKO TOrAa, KOTIa
od HempupoAuM, Hamu JoKasaHa TeM CaMbiM

Teopema 32. ITycms W ssasnemens ®-xoavyom ¢ edu-
nuyeii, YO06.4eMBOPTIOUUM YCAOBUAM 00pbi8a YObBaIOUWUX
nenedi 041 o0Hocmoponnux udeaios, u nycme R-—ez20 pa-
duwas. Ecau N=eAD...@eN, ede saemernmsl e; yoo-

saemsopsuiom ycaosusm (4), mo N=AR=e,%D...0e,N
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Hoeaz e W Hepasiodcusm mozda u moasko mozoa, Kozda udeas
e, N nenpusodui.

Paccmorpum monyne M= e, DeM = €W, e==¢;-}-¢;.
Tak kak A =M@ (1 —e)A, 10 onpereseHHBIE STHM PAsAO-
enueM npoekunn E u E' ABAAIOTCA JEBLIMH YMHOMEHHAMH
COOTBETCTBEHHO Ha 3JIEMEeHTH e u ¢ =1—e. Tak xaxk I
aase1csi Koapuom 2.-3HIOMOPGUSMOB a/IMTUBHOH TPYNE
koneua A (cm. § 4), To EWE sasaserca xombluom U -3Hm0-
mopdusmos M. Takum o6pazom kouabuo ,-3uT0MOPHU3MOB
monyna M obpatHo uzoMopdHO KonbLy ede. ChaenoBatennHo,
cornacio § 8, e u e A-u3OMOPPHEI TOTAA ¥ TOABKO
TOrAa, Koraa xouavlo eMe nmpumapuo. Ho

eMe/(R n eMNe) = (e R)/MR=¢e Ae,

n Koo e e oOpatHo H3OMOpP(PHO KOABLY ‘Zf;-aﬂﬂomop-
dusmoe  monyns MN=eA. Tak kak moayib 3N BrOAHE

npuBoxuM, TO Koablo eXNe noaynpocro. OTtciopa chienyer,
yto R N ee=eMfe u eRe, KoTOPOE, OUEBHAHO, CONEPKUTCA
B paaukane koasua eWe, coBmagaeTr ¢ ITUM PATUKAIOM.
CnenosatenibHO, KOMBLO eWe NPUMAPHO TOrAA W TOJNLKO TOFAA,

Koria Koubllo ele npocTo, ¥ HAMHM TIO/My4YeHA [OITOMY
caenyomas

Teopewma 33. ITycme W, W u m. 0. umciom mom xe
CMbICA, MO U 8 npPedvidvuell meopeme, & uOeMROMEHINHbLE
aaesmenmst e; npurumugusl. N-modyrn e N u e} -uso0-
MopgHel  mo2da u moasro moxda, xoeda e wu e
N-usomopdbrst.

Tak kak e;R =N N, 10 A-monyab ¢;U/e,R naomopden
moaynio (e - M) [R. Dror mocnennnit asngerca, B CyuUHo-
crd, U-monynem e, A. Cnenosarersno, wmoayns eM/e;N
HENMpPUBOAUM, H TOTOMY ¢;Jt SIBISETCA MaKCHMaJbHBIM TOJIMO-
aynem Monyaa e U, a e;N Oyner nepBHM KOMIIO3HIMOHHBIM
daxropom monyas ¢;N. C apyroit cropous, ecaun I — makcu-
ManbHBIH TOAMOAYAbL Moy e; U, To daxkrop-monyin e, N M

HEMPHUBOJNM, M I1IOTOMY I9TOT MOAYJb AaHHYJHDPYeTCAd paiu-

kanom R. Orcropa BuiTekaer, 4to e, N <IN u, cIe0BATENLHO,
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e; R = IN. Takum obpasom, e Oyjer eAuHCTBEHHHIM MAKCH-
MadbHsM noaMony ieM -moayas e M. ITO COCTABAsET MepBYIO
YacTh CHAEAYIOIEN TEeOpeMbi.

Teopema 34. Ecaa J A82R8emCA  HEPASA0ICUMOM
npasvim uOe@NoM, BCMPELAULILMCT 8 NPAMOM PASIONCEHUL
roavya W, mo cymecmsyem mosbko O0UH MAKCUMANbHOLE
8 N npaseii udeas woavya . Ecau 3 u %’ — Hepas.ao-
HeuMbie npassle udeauvl, BCMPeHAOWUCCT 8 NPAMBX pas-
Aoxcerusx woavuyw N, mo 0am moz0, HMOOH udeasvt 3
u X Goaw W-usomopgies, HeoOxo0umo & O0CmamoyHo,
4mobs. uX nepevle KOMNO3UyUOHHbE arxmops Gvrn W-Uu30-
MOphHbL.

Bropas uyacTb 3TOH TeOpeMbl CleAyeT U3 Teopembl Kpyiad-
IlmMaara W u3 Teopemsi 33. B camom gene, mo mepBoil M3
unx wupean § A-uzomopden 0JHOMY W3 TDaBHIX WIEAnoB i,
BCTPEYAIOLMXCS B TOM mpaMoM pasiaoxennd A, B Koropoe
pxomur . Tlo Teopeme 33 maeamsl Jy M ¥ HaoMophHbI
TOrAA ¥ TOJBKO TOTJa, KOIAd MX MepBble KOMIIO3HUHOHHBIE
dakropsi uzomopouer. Cie0BaTENBHO, 3TO XKE HMECT MECTO
¥ aad upeanos § U .

Jina toro, 4yTOOH MOJYYHTh CBf3b MEXIY Da3/IomeHueM
Konbla A B TPAMYI0 CYMMy HEPa3iOMHUMBIX NDABBIX HIEANOB
M Pa3NOMKEHHEM €ro B MPAMYI0 CYMMY HEPAa3MOXHMMBIX IBYCTO-
POHHHX HIeaOB, HAM HYyXHA ClelyoLiad

Newma. Iyeme N u N asasomes U-modyannu,
obradaro wumi KoMno3uyuoHHsmu padamu. Ilpednorodcun,
ymo N o64adaemn MOALKO OOHUM MAKCUMOAALHBLI FOOMO=
dyaen M u wmo N N-20momopPro omolbparcaemcs Ha
nodmodyas N* modyan N'. Tozda 2060 KOMNOIULUOHHLIEL

pa0 modyas N codepacum N-usomopgprei modyawo R[M

garxmop.
OTMeTHM cHayana, urto /IOGOH HCTHHHBIH TOAMOAYAbL 3
moayas RN comepmurca B M. B camom jgene, daxrop-mo-

ayab NfZ comepwur makcumanbHe nomvonyas My, 1 coOT-
BETCTBYIOUMA eMy moamoayab My Moxyas N ABAAETCA MAKCH-
MabHBIM U cofepkuT . Tax kak N — eAMHCTBEHHbIH MAKCH-
MasibHBEI TIOAMOAYAL Moxyas I, To I = M. ITycTsb Teneps J
GyaetT NOAMOLYIEM, COCTOSIIHM U3 3JIEMEHTOB, OTOGPAKAIOWHKCA
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)

B 0 npn romoMopdHOM orobpaxkenun monayas I ma N*,
Torza momyns R* NU-usomopden dakrop-moaymo N/3. Tax
kak (N/3)o (W/3)20, to N/3 obéaanaeT KOMIOBHUHOHHHIM
daxropom (N/3)/(2M/3), xotopui  N-usomopden dakrop-
monymo J/IR. Cuenosarenvo, N*, a terza u N, oGaauyaer
KOMNO3HUMOHHEIM (dakTopoM, A-usomopdusim N/IN.
OrpaHuuuMca Telepb TONBKO TAKHMH HepA3/JOMHMBEIMHU
uaeanamu konasua U, KOTOPLIE BCTPEMAIOTCA B MPAMHX paz-
aoxennax konpna U. Onm umeiotr Bcerma Bux e, rie e
ABJACTCH NPUMUTHBHBIM HIEMIOTEHTHBIM 3aeMentoM. HaoGopor,
BCAKMH Hjean TAaKOrO BHAA HEPA3NOKMM M [PHUHALICKHUT
HEKOTOPDOMY MpPAMOMY pasiokeHHio kKojena UA. Mot Gynem
FOBOPUTH, uTO pABa Takux uieana e wu o'W mpuHapmexar
OLHOMY H TOMY Ke 640Ky, €CNH CyIECTBYET 0C/IeA0BATEb-
HOCTB TaKHX HepasaOXnMbix uneanos eW=e, e, N, ...,
N =e'N, uro e;2=e;, U KOKILH waean e, obnazaer
KOMNO3MUMOHHBIM  (pakTOpOM, U-H3OMODPODHLIM OLHOMY M3
KOMIO3UIMOHHBIX (QakTopos uaeana e; . 1o oTHOWEHME
Mexny wutteamamn el u 'Y oGnagaer, OuYeBHUAHO, BCEMH
CBOACTBAMH 3KBUBAaNEHTHOCTH. [lOC/Ie10BATENLHOCTL HAEANOB
{e;N} nasniBaeTcs NOCAe0BATENLHOCTRIO, C843bL8al0Uell WIEATb]

!
e u e'%. Ilpn 3THX ONpEJC/IEHHAX MBl MMEeM CIeXyIOLLyIo
TEopeMy,

Teopema 35. Iycms A=WUD...0U, nssgemcs
pasaoxcenuen rxorvya W 8 NPAMYIO CYMMY HEPAIAOHCUMBIX
08ycmoporHux udeanos. [8a Hepasroxeumve udeasa e
u €W npunadaeacam odromy w momy e Gaoky moeda u
mosbKo mozda, Koz0a OHu codepicamcs 8 OOHOK i .mod
ace kwomnonerme U; Caedosameavro, W, sg8asnemcs 06b-
COUHEHUEM MHONCECNBR Hepasnowcumux udeanos e, npu-
Hadacxmcamux K 00KOMY U MOMY JHce GAOKY.

Mb Bugenu B § 9, uro moGOH HepASIONKEMLIE Hiean
CONEPKHUTCA B OQHOM M TONBKO oOnHOM uaeane ;. Ecau
uneantt e n e'Y npuHALIEKAT OLHOMY H TOMY Xe GAOKYV,
TO OHH conepxarcd B OJHOK 1 TOH e NBYCTOPOHHER KOMMO-
HeHTe. B camom pene, npeanosoxuM, uro e H 'Y nexar

B DasIMuHHIX KOMIOHEHTAX, CcKawewm, coorBercTBeHno B 9,
#n Uy, Ecom 1y sBasercs enmnmue B Ay, 1o (eN) 13 ==e
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u (ef) 1, =0, a noromy e He o6Gnapaer KOMIOSHLHOHHBIMH
daxropamn, U-H3OMODPHLIMK KAKOMY-/IUGO0 M3 KOMMOSHUUOH-
unix ¢akropos €. Takum obpasom, ecan {e U} aprgercd
[OC/Ie0BATENbHOCTBIO, CBA3BIBAIOWIEH uzeansl e u e, o
kawnas napa e, u e;+ U, coaepxuTCA B OAHOH U TOH Ke
KOMIOHEHTe, YTO OCTaercs II03TOMY CNpaBel/IMBBIM H L7
uneasos eW u eN. Ecim umcanst e n €'Y npuHagmexar
pasnnunbiM  Girokam, To eHe'W ==0. B mnportusHOM cayuae,
nafizerca snaeMedT b==eae’ =0, u TOrAa JNeBOE YMHOXEHHE,
ofpejienenHoe 3eMenTou b, 6y et 2-roMoMopduamom Mexay e
¥ OTJIMYHBLIM OT Hynst moxamonyniem moaynd eX. CaenosaredbHo,
B cuay nemumbl, Kak e, tak u e oGuanaior, BonpekH mpes-
[OMOMEHNIO, KOMIIO3HUMOHHBIMUI daKTopaMi, U3OMOPPHHIMH

¢ . Mycts teneps A=, AP . . . @ ¢, ABAIETCA PAIIOKEHHEM
koabua 9 B MPAMYIO CYMMy OT/IMYHHX OT HY/Nd HEPa3IOmKH-
MHX TNpaBbiX MEEaN0B., [IPeNIIoIoKIM, UTO 3NEMEHTH €;
yaosnersopsor yeaosuam (4), Ilycrs uneanst e, ..., e, A
MPHHAJNEKAT K OAHOMY GNOKY, Hueansl e, 41U, ..., €y 0,
NPHHAMIEKAT TAKKE K OZHOMY OJOKY, HO OTJIHYHOMY OT
6noka, coaepwaumero uzeanr e, u T. A. ITomoxum B=
=eAD...HRepN, Ba= ey +, UD... D eng+m, N, . . . TOrza
eMe, =0 npn iy n j>ng. Clel0BaTeNbHO, A N) =
CB (e WSV, u By ABaseTcH JBYCTOPOHHMM HICANIOM.
[Tono6HO 3ToMy Kawxabl# u3 naeanos By OyaeT ABYCTOPOHHHUM
M, TaK Kak B; npeacrtasiaser co6010 00beAuHEHUEe HAEaN0B
OJIHOrO M TOrQ e 670Ka, TO on cogepxurcd B oaxHoM us U.
CrexoBatenbHo, MH MOweM cuutarh, 4T0 Br=Wy, ...,
B, = UA,. Mpeanonoxum Tenepb, uro uaeans e u 'Y npu-
HALMEAT K pasauuHbM GaokaM. Mbl MOxeM CuMTaTh, 4TO
eN=e N =N,. Kax mer Bumem, eNe'U=0 npu 1L n.
CienoBaTenbHo, Halijerca Ttakoe j >y, uro e e’ £ 0,
norovMy eM wu €'Y nexar B OIHOM M TOH Ke KOMIOHEHTE,
1. e, N u 'Y npunamnexaT pPASHBIM KOMIIOHEHTaM.
[TonyueHHBI BBIIIE pe3yJ/bTAT CIPABEJNKB, KOHEUHO, H
ana jgeBuiX uzpeanos. Ciepywoinas TeopeMa JaeT CBA3h MEKAY
MPAMBIME PA3MTOKEHHAMM HA [PABBIE M HA JIEBble HACAJEL

Teopema 36, Eear A=eUPH...DeMN, 2de aae”
Menmu e; voossemsgopsiom ycaogum (4), mo U=Ue; P
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D .. Ue,. Hiear WUe; wmepassoxcum mozda u mossko
mozoa, Kozoa wuepasaoimcum udear e M. Eeau udears el
u e HepasAoHCUMBL, MO OHE N-u30HOPPHHBL MO2OQ 1 MOABKO
mozda, rozda udears ey u Ne; A-usomopgroL,

Tlepas 4acth 3TOM TeopeMbl OueBHAHA, TAK KaK YCIOBHEM
HEPA3NOMUMOCTH B 060X CAYuaAX SBAACTCA MPHMHTHBHOCTD
WJIEMAOTeHTa ¢, J[lnst TOro, yrtoOLl J0KazaTh BTODPYIO HACTh,
NPEATIONOKUM CHAualza, 4T0 KoOabuo A momynpocro. Torma
ans toro, utoGe Hieans e A u e Gbiav nzomopduel, oM
MOMKHBL JIEXATh B OMHOM HEMPUBOAUMOM  JABYCTODOHHEM
uneare B kompua . Tak kak ¢ A SV 10rHa W TOABKO
Torna, Koraa Ae; ©B, To TeopeMa B PACCMATPUBACMOM C/Iyyae
cnpaBenuBa. B oSuienm xe cayuae oHa BhITEKAET U3 Teopembl 33.

OrtMeTnM, uTO HaM yxanock NOMyuHTh OGOGLIEHHE BCeX
OCHOBHBIX TEOPEM O CTPYKTYpPEe HOAYIPOCTHX KOJEll, 34 UCKITIO-
HEHHEM TEOPEMEl, yCTaHABAMBAIOUEH OODATHLIH H30MOp(H3M
MEXAY CTPYKTYPOH JIeBbX MACANOB M CTPYKTypPOR NpaBLIX
uneanoB. Knmacc Kosew, B KOTOPHIX HMeeT MeCTO 3Ta TeopeMa,
ABU/ICH OOBEKTOM EEChbM1 MHTEPECHBIX ucc/eaoBaunii Hakaavor.

Ml oTChiIaeM untatens k ero pabortam ({10], [14]) no sTum
BOTIpOCAM,

15. Konbua raaBHeIX upeanoB. B artoMm u CJIC/LY IO1EM
naparpaax Mbo MOKaseM, caeayd ACAHO, UTO OCHORHbIE
pesy.ibTaThl rAaBH 3 CMpaBeMIMBH  AAS KOJEL  MNIABHMLIX
WACA/I0B, B KOTOPBIX BBIIOHEHb YCIOBUA OODHIBA YOLIBAIOLLMY
ueneft AA1 OAHOCTOPOHHHX HAEaN0B. DTH Pe3y.ILTATEHI oynyr
urpaTth BaXCHYI0 POJb B MYJbTHIIHKATHBHOH TEODHH HIRAJIOB,
KOTODYIO Mbl DaCCMOTPHM B IJaBe 6,

Ilon KoabuOM TriaBHBIX HIEa OB Mbl TOHHMAaeM 31eCh
KOJIBLO C €AMHHUECH, B KOTOPOM Kam bl JIEeBHI Hieas sIB/sieTCS
T/IdBHBIM  JIEBBIM HACAIOM W KaXIHIH OpPaBbfl MIean aBasercs
[VIABHBIM TIDABEHIM MJeaqoM. Pagn npocTOTH MPeanosoxuM,

470 MHOXKECTBO @ 3naomopduamoB mycro. JokawmeM cHauama
CAeAYIOLLY IO Teopemy.

Teopema 37, Ecau s Koabye ¢ edunuyeii N, yoosre-
MBOPAIOUCM YCA0BUSM O00pbisa  yOubamwux yenei Oas
O0HOCMOPOHKRIX udeanos, Kol osycmoponruli udean
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SABASEHICA 2AQBHOLM APQBLLM 1 2AQBHBLM  NeBblM UOEAAOM
mo roasno W Gydem npAmMoL cyumod Osycnoponnux udea
A0B, KAXCOBE U3 KOMOPLLX ABASLEMCA NPUMAPHOLIL KOLLHOM
obaadaiomur mexdy xce csoldcinsamu, 4mo & Koasyo N,
[ycts A; OyAET MUHHMAMDHBIM HEHHIBIIOTEHTHBIM [BYCTO-
ponuum uaeaiom koaoua . Torgza npu COOTBCTCTBYIONIHX
sgementax ¢ H ¢ Aj==Nc=cW u Nc®=(c')*W asasercs
comepxaummca B 9, asyctoponnuv uieanom koabua . OTaK
kak  (Ue)2=W (AW c=AWc)c==Nc?, 710 mnrean Wc* ne
SIBJASIETCA HUALIIOTEHTHBIM. (/e loBaTedbHo, B CHAY MHUMMAJb-
Hocrn U, nmeem et = e ='W = (). Tax kax ycrosue
oGpblBa BO3PACTAOWMX Uenel umect mecto B Uy, ecan pac-
cMaTpuBath ero kak U,-rpymmy, 10 W, -3HAONOPPUIM X — X
B3aumooanosnaden B N;. CnenosaressHO, €AUHCTBEHHLIM
aneMenToM 2 M3 Wy, AN Kotoporo ze¢ =10, spasercs 2==0

Taxkum oGpasov, eCa¥ OOCO3HAUYUTH UYEpe3 921 COBOKYTHOCTb
Takux 3neMeHToB a* €W, 4r0 a¥c==0, 10 A Gyaer nesbIM
uneanom, npuuem A# WA= 0. [Has nw0b60ro snemeHra X
xoabia ¥ HafgeTcst TaKOH 3/eveHT y, 4TO X¢ = yc2, Cneﬂ?_-
BaTeABHO, X == (x—yc) -+ ye € WF - W, nnoromy %[ﬂz—— WU,
Takum ke o6pasod moayuaam, uro A= HA", rae ‘23
GyneT MPABHM HICANOM, COCTOALIUM U3 TAKHX 3JEMEHTOR a”,
uto ¢'a’ =0, Ecmu " sBagercd [pPOM3BONLHBIM 3/eMEHTOM
s N/, 1o o’ =ay-}-a¥ roe @ €W n a*eU*. Toraa
0=c"a"=cay++ca* ey PU* u'ay=0. CneﬂosaTganQ,
@ =0 u o’ =a*EN¥. Takum ke o6pasoM, ecan a*gU*,
10 a*EW, u noromy WF =W’ asiasgeics LBYCTOPOHHHM
nieanom, Orciona creayer, uto uaean g npumape. B npo-
THBHOY cayuae B ); HaHAeTCS HEUWIBIOTEHTHHIH JBYCTOPOH-
Hui otmuunbih ot 9 wuaean By, u4TO MOTHBOPEUHT MHHU-
MansHocTH upeana ;. Jasi Toro, 4TO0H 3AKOHUMTL J10K@3a-
TeAbLCTBO, HAM TMOHAACOHUTCA

Jlemma, [lycmp W ABAACHCA KOALLOM ¢ edunuyed,
a A=WG... .QW,—pasioxcerues €20 Ha 0GYCMOPOHHIUE
udeassi. Jam moz0, umobu waxcOuii npasui (Aesuid, .
dsycmoporruii) udear xoasya W Obld 2108KBLM NPABHM
(sesoim, necsvist u npasvim) udeasoM, Heo0X00LKO U docma-
MMOYHO, 4molbl IO uMeso mecmo 8 Kaxcdom u3 udeanros Uy

10 Bar. 748, H. I[mexoGCOR.
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Ectu J; sieasercs mpaewim wieanom B N, TO OH Gyner
W NpaselM wuieanom g W, rak kak WU, =0 npu i £ j.
Caenosareasno, rak Kak ¢;€%;, 10 §;=c U =¢N;. C npy-
ro# CTOPOHu!, oGO npaBuii wiean § Koawtia A uMeer
BHA I =3 (D... T, rae N;=29, N ABJAA2TCA HPABLIM
upeanom xoabna ;. Ecauw J;=c;N;, rae ¢;€F;, 10 F=
=c b e =, mpuuem snemente=¢; ...} ¢
JeXKHT B .

U3 2rofi seMMbl BLITEKAeT, uTO ONpeje/eHHLE BblIe
kombua Ny n A* y10BAETBOPAIOT TeM e CaMbIM YCIOBHAM,
uTo ¥ Koublo N. Ecan Koabuo A* He npuvMapHo, TO ML
MOXEM IIOBTODUTH 3ITOT MHPOUECC W MOMYYUTh PA3JAOKEHHE
W =W DA, rme Ny u W ABAAOTCA JBYCTOPOHHUMH Hied-
aami koaena A M, caeposateqnno, Koapua A, Tpuuen
urean U, npumapen. Ilocse KoHeuHOro yucaa TNOBTOPEHAH
3TOrO mpouecca Ml 0AydHM W = A, (B . . . P W, rae wieanst Wy
MPUMAPHLL ¥ YAOBJETBODPAIOT YCJAOBUAM TEOPEMbI.

Teopema 38, Iyeme A=2,, 20¢ B — snoane npu-
MapHoe Koabyo, u W yoosaemsgopsem YCr08UAM O0pPBEA
yeneii 04 00HOCMOpOKHUX udeanros. [IpednoroscuM, 4mo
padurxasr R woavya W s6asemes 2aa8HHM npagelm w0eQroM
& 2n08HYM ne8oiM udearor. T020a dast 2106020 S.4eMCHING W,
npuradsexcamezo N OB, Ho He npunadaencamezo MN2N Y,
umeerm RN = wY = Aw,

Ectn RN B=0C un ¢; sBAA0OTCT TaKOME MaTpPUUHBIMH
eIVHHIIAMH, YTO Q[:Ze,-j% noeyb=0be; ian bEPY, T
R=Die;S. Torma N = Je, Sk u Sk =9k 4 V. Ormerum
Janee, 4TO €CAM 4 M U SBJAIOTCA TAKAMU  9JIeMEHTAMM
koabua A, yro uv=1 (mod R), 10 uv=1—r, rae r&N,
W, caenosatensno, ecam r5=0, 10 wv(l-fr-r2-...
«oo i) =gv=1, OueBwmo, 4ro v== v (mod N). Tax
kak AWM aBasercds KoABIOM  MATPHUIL Haj TeJOM, TO M
vu==1 (mod N). CaenosarensHo, Halizerca TaKoh aaeMeHT ¥,
yto v’ = 1 uv' = v (mod N). Orcioma caenyer, uro v’ = v,
H u ABJAAETCA OGPATHVLIM 3MeMEATOM, OODATHHM sl KOTOPOTO
Oyner 3JieMeHT v.
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[Tociie aTHxX NMpeABapHTE/BHBIX 3aMEHYAHHH MBI MOKEM Me-
pelitu K JokasareabCTBYy Teopembl. IlycTh w € S, Ho wé@"‘.
Torpa @ ==2zu, rie R==2%U. ByaeMm paccMaTpusath 3/7eMeHT
u no mouymio R. Tak kaxk U/R ABageTca KOABUOM MATPHIL
Haj TeJOM, TO CyLIECTBYIOT TaKHe oOGpaiumble no mopynaio R

8

37EMEHTHl Uy H Uy, UTO u =vie,9,(mod N), rae e,:-—Ze“.
1

Mbi MOMeM CUMTATb, 4TO O3JEMEHTH U; ¥ U, OOGDATHMEHI
B camom Kompue . Takum 06pasom, u=wie,vy-|-r, rae
r€ER uw=2z(vievy+r), wvi' = (2v)e, -+ zrvi*. Cae-
N0BaTeNbHO, WU, & == (27y) e, (mod R?). Ecau mbi npeacTaBum
woy ' Kak ) ey, TAe @i €D, TO H3 NOKABAHHOTO Ciie-
AyeT, uTO TIpK j>>s 3neMeHTH w,; nexar 8 S Ecan v; ‘=
= e, 0, Te U;;€B, TO NPK j>>§ KAKABIA M3 31EMEHTOB
vy; nexur B ©. B MPOTHBHOM CJlyuae /MEMEHT vy Gl GBI
06paTHM, H TaK KaK W¢; == W, TO Mbi nojayunau O, 4T,
BOMpeKH HalleMy TpPeAnoJoxkeHno, w €S2 Mb aokasalu
nostomy, uro v;;=0 (mod &) npu j>>s. Tak Kak s/eMeHT v
obpatuM 1o MoAyaio R, TO 3TO HEBO3MOXKHO, 32 HCKIIOYECHHEM
TOrQ ciy4asd, KOria s==n, T. e. Koraa u ==v0g(modR).
Tak KaKk B3NeMeHTH ¥, M U, OGpaTHMH, TO OTCIOHA Ciae-
LyeT, uTO W 31eMeHT 4 Takke ofpatuM, M R=2U=
= w. [ono6HO sTOoMy nokasbieaeMm, uro R == Yw.

Teopewma 39. Ilpu npednoroxcenunx npedndyueii meo-
pexn udearw ¥, k=01, ..., (&°=20B) ssawmcs edun-
cmseRubMy  npasumu (aesviMu) udeasamu 8 xoasye B,
uleasns Rk — eQuncmBeHHBIMU OBYCMOPOHHUMI UOLALAMU
xosvya U, u ©k Gydem 2nasHbM npasurm (Lesuir) uleasom.

Ilycts b fBasieTcd MOGBIM OT/HUHBLY OT HYJsl D/IEMEHTOM

koapua B. Ecin b¢6, To 3aneMeHT & oO6paruM. Ilpeanosno-
KM Teneps, uro b€ &k, Ho b¢ SFrlk>0. Torma bg R,
Ho O¢ Rr+! u, cremomatesnmo, b= wku, rie wES, Ho

w&@f’a Ecnn Mbl mpeacraBuM # B BHIE u=2e,-ju¢j, T0

NOJy4YHM, YTO & == Wkity u fwku,‘j::O. CrezoBaTeIBHO, MBI
MOXEM 3aMEHUTb 3JIEMEHT & 3/IEMEHTOM 4y == Uy H NOJY4YdTb,

10%
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yro b == whiy, rae u; €B. Toraa anement xy OGpaTUM. Pac-
cy®aas moloGHbM 2Ke 00pasoM, Mbl MOXEM JIOKa3aTh, 4TO
b-—:-glwk, rme adeMmeHT #; oOparim B B. Ecanm Teneph O
ABASETCS T1POM3BOJBLHEIM a/eMentoM u3 &k, T0 Hallaercs Takoe
Ik, uto bES!, Ho bESIHL, u norony b= w'uy = w'e,
rae ¢ B u, n0106HO 3toMy, = cwk, rie 26 B. HMrak, mbl
nokasaiv; uro &k = wkB = Bwk. [lycrn reneps I ABIACTCIH
npaseiM  uieasom B kouapue B. Tlpearnonoxns, yro § < GF,
Ho ¢ Gk+l, M nycrh b SIBSETCH IACMEUTOM H3 Meand %,
He newawum B @kt Torma b == wku,, rae sieMeHT iy obpa-
M. Caeposarensso, wkE€S u Sk=7. Tax kak moboi
aByctoponnuit ugean B, koavua A mmeer BHL Ze,-fj, riue
< SBAMETCA JBYCTOPOHHMM HACAIOM KOAbUA B, To B, JOMKEH
6LiT OMHMM M3 WaeanoB Y, e,k = Rk,
JlokaxeM Terepb CAeLYIOILYI0 TeopeMmy.

Teopema 40. Ecau B g8a5eMCS KOABUOM 2AABHHLX
udeanros, mo u N==1B,, Koo mampuy Had B, marice
SBAREMCS KOABHOM 2AABHBIX UOEAN0B.

Mycts § o6osnadaer croboaubiit B-momyss ¢ u 006-
pa3yiOIMMA. DAEMEHTAMH MOAY/IA § ABAAOTCH 10C/HEN0BA-
TenbHOCTH u3 u snementos (b, ..., 0,), rae b;€B. Coro-
cTaBUM C MOOLIM NpaBLIM HA2al0oM § KoJbua A MIOXECTBO
%) 2eMeHTOB MOLyad §, KOTOPOE COCTOHT M3 CTONGIOB
MaTpHll, BXOAAMIKX B wiead §, OueBuAHO, UTO T () asasercd
MOJAMOAY/AEM MOAyast § M IMOTOMY, B CHAY JOKABAHHOIO Hl
ctp. 86, () umeer m (< u) obpasywumx. [Tycrs staMH
06Pa3yIOUIMME SIBAKIOTCA 3JeMeHTBL (0440 Oajy - - - ybus), J=
==1,...m, 1 OyCTb {r ABAAETCS MarTpuieh (bij), the b;;=
=0 npu j>m. [lokaxem, uto F==0U. 3amerum And
3TOrO, 4YTO €Cau C—‘:zeijcij ABJAACTCI 3JMEMEHTOM Weasa
%, TO U Cepy TAKKE AGKHT B J, TNPUUEM g-HIM CTONGUOM MaT-
PHLBL Cep, Gymer p-bift cro.0el, MaTpuubl ¢, d BCe OCTAILHLIC
ee cTONBLUB cocTost u3 Hynted. Tak xkak Crojadub marpu-
el b BCTpeyaloTcA B Matpumax M3 ¥, TO  MaTpHUL

Zie‘jb“" BXOAAT B § npu j=1, ..., & H, CIeA0BATEIbHO,
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4% 2
3. u® Marpuil be,, conepxar

b=2_8ijbu, TaKKe JIEKUT B

?
cmnﬁ’uju MaTpHIl & Ha BCEX BO3MOXHBIX MeCTax, M, TaK
KaK 3TH croabusl obpasyior Gasuc momyas $(J), To moboi
saeMenT n3 & wMeeT BHI HU TpHU MOAXOMSIIEM BhGOpe aie-
menta vE N, 1lonoGHbie e pPACCYXAeHHT CNPABELTUBH U
Nt JIEBBIX WEaNOB.

Hycre Tteneps A — mob0e mpuMapHoe KOJBLO C eMdHH-
uefi, B KOTOPOM BHIIOJHEHEl YCJAOBHA OGpHBa yObIBAIOLMX
menelt 119 ORHOCTOPOHHMX nAeanoB. Ilpeamonoxum, uTO
pamukan Koapua 9 gBASETCA TVIABHLIM TIPABHIM KM FJIAaBHBIM
nesbiu waeatom. Torma, no teopeme 39, A =B, roe B —
BIOJHE MPHMAPHOE KOJbLO TAABHLIX naeanos. ClenoBartenbHO,
o Tteopeme 40, koabio A camo OyjeT KOJBLOM [IABHBIX
W/1eanioBs.

TeopeMa 41. Ecau 8 npumapros wossye U, ydossem-
gopaIowe s YCA08USLM  00pBBa YOusaouwux Heneli o0noCmO~
porHux 1dearo8, paduxair N A8ALEMCT 2AABHbM ACBHLM U
2AQBHOLM NPABHM udeasom, no W A6AAEMCT KOABHUOM 2AA8-
HoLX udeasog. '

M3 sToft Teopambl v u3 Teopembl 37 BHITEKAET

Teopema 42. Ecau 8 koavye ¢ edunayed W, yoosiem~
BOpAIOMEM YCAOBUS AL 00PHBa YOusciomux yenedl 0OHOCMO-
poHHux udeaaos, xaxcowd O08ycmopoHnuil udeas SBASCMCS
2AQBHBLAL A€BLIM U 2AQ8HbLM  Apaseiy  udeasox, mo U

A6AACMCA KOABIOM 2AGBHOX u0eqr08.

16. Moayau HAK KOABIOM I'IARHBIX uaeanoB. Mol xoTum

‘onpeaeants CTpyKTypy A-MonyicH ¢ KOHEUHBIM YHCIOM 06pa-

gyionmx, ecatu Koasuo ¥ umeer BuA, onucandeii B § 15. Kak
OGBIYHO, MBI TIpEQIIoJiaraeM, 4To X1 ==Xx 1i9 BCEX X M3 MO-
ayasi M, rae uepes 1 ofosmauena emwnuua koubla A. Tak
kKak A=A, D... DO A, o M=MA,D...DMA,. Hanee,
WA, = 0npu i=~j, u, cieaoBaresLHo, ;-noamoxyis uz MU,
spaserca -noamonyiem u W;-u3oMopduaM moaMOnLysed n3
noamonyns MA; Baeuer za coboli ux A-usomopdusm. Cre-
JOBATENLHO, Mbl MOMXEM CYMTaTh, UTO { == 1, T. €., YTO KOJBLO
9% npumapro. PaccMOTpuUM cHayana cayua#h, KOrZa KOJsLO
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A=2B snonue npumapxo. Torma, ecau & sABageTca ero
panukanom, u w¢ S, Ho w¢ &2, 10, KaAK MBI BHIETH, Kax-
Apiit sneMeHT M3 B uMeeT BUA uwk = wku', rie 3AEMEHTH

'
u w u obparumbl. CrenoBaTeasHo, ecnu (a;;) ABAAETCS MaT-
puued u3 B,,, TO MH MOXEM NPH MOMOIM 3JEMEHTAPHHIX

npeo6pa3osanuii (CTp. 83—84) nmpueecT ee K AMATOHAIBLHOM .

dopme. Takum o6pasom, CyLUIECTBYIOT TakHe OOpATHMLIE 3fie-
MEHTH 4;, H #3 H3 B,, uro

Tkt .
wks

1y (ay5) g= wka (7)

rae 0k <hy <. <</, ectn &@ =0, u &-1£0. Kak
MBI BHAENM B ridee 3, OTCIOAA caenyer, uTo moGoft B-Moxyas
C KOHEUHHIM YUCOM 00pa3yIoiX Pas/iaraeTcs B NPAMYI0 CYyMMY
HUKIMYecKux B-moayme#, uzomopdunix B-moaynam BjwkDB =
= B/@k. Tak kak oTobpameHHe X — W~kxX SBIRETCH
B-romomopdusmom Mexay B u Sl-k, 0TOGPAKAOWAM 3le-
MeHTH H3 &F, M TONBKO HX, B Hy/ab, TO &l =k u B/Sk uso-
MopdHbl. Ho koabuo &!-% Hepasnowumo, U60 B MPOTHBHOM
cayuae Mbl umenu 66l G-k =, By, rae J; 6uau Gbt mpa-
BbHIMH OTJIHYHBIMU OT HyJs Waeanamu U3 B, UTO HEBOZMONHO,
TaK KaK KawIbi M3 HeanoB J; AB/AETCA CTeNeHbio uaeana &,

Takum o6pasom, u wumkaumueckme mopyau B/wkP wHepas-
TIOXHMBL.

Mycrs Tenepy U =B, = X e;B, rae B— snonse mpu-
MapHOE KOJBUO TIMaBHBIX HzaeanoB. Ecam IN aBaserca Heko-
TOPLIM  U-MOnyNEM, C OGPABYIOUIMH Xy, Xg, - - . , Xy, TO
06pasyloluMe asemMenTamMi IR, paccMaTpHBaeMoro Kak B-Mo-
aynb, GYAyT osneMmeHTh Xge;. Takum o6pasom IR mMeer
KOHeYHQe YHC/I0 00pasyloIuX OTHOCHTeMbHO B, MHOXKeCTBa
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Me,; ssasorca B-MOAYAAMH, TAK KaK €;b = be;; Ana BCeX
PEDB, v >tu monyiu B-usomopdubi, uGo, Kak Jerko mnpo-
BEpHTb, COOTBETCTBHE X —> X€y; fABIAETCH B-nzomopduamom
meway ey u Mey;. Ouesuano, uro MW=Me,; @...D
M Me,,. Paccvorpnu nommonyth Me;,. Tax xak B ssisercs
KOMLUOM TAABHBIX uaeatos, 10 Pe,, Asagerca B-momyrem
C KOHE4HBIM yucaoM o6pasywiux. CienoBaTenpHO, MO HaleMy
NPEANONOKEHMIO, Mbl MOKeM Hanucath: Hie, =MNODH...D
DM@, rne MO qpagerca B-MomyneM, NOPOKIEHHBIM e~
MEHTOM ¥, B cmay oTMeueHHOro W30MOpQH3Ma, Mbl HMeeM
Me,; = MWe, ;D .. BMe,;, rae mopyan MDey; muku-
yed W TIOPOM/IAETCH dieMeHTOM Ysey;. OTciona crenyer, uro
MEMeHTH y; ABIAIOTCA OOPA3YIOUIMMH /EMEHTaMA MOLy.s m
otHocuTenpHo . TIpeatonoxuM Tenepb, 4TO nay + ..o
4 y,a,==0 npu aj=2ei,tbf;%3. Tak Kax y,eq == Y; TO MHl
MMEEM:

0=(y€1a; 1 - - -+ Vet112) €pp =
(1 ( .
= (y;bu?—f— < +.nglgp))eip’ p=1 2: oo
Orciona crnenyer, 4to 52’3:0 M, CJAEIOBATE/NbHO, Yoz ==0.
Taxum odpasom, M ==(y,)D...B(y,), rne uepes (y;) o6o-
3HAYeH UUKAHYecKHit A-MOLYAb, MOPONKACHHHIH 3MEMEHTOM V;.
Tem cameIM aQOKasaua

Teopema 43. Ecau W n8asnemca KOALUOM 2AABHBIX
udea.n08, y008AeMBOP B0 WUM YELOBUAM 00PHLBA YOBBAIOWILX
yeneii 00HOCMOpPONHUX udearcs, mo Kaxcdsii WN-modyas
C KOHEHHOIM HUCAOM OOPA3VIOMUX ABASLEMCST NPAMOL CYM-
Moit yurauvecrxux W-modyael.

Hamm paccyxaenus TmokaseBalOT Takxke, 4ro ecanm IR
apagercs Hepasaoxumem WA-monynem, to Mey; sBAAETCH HE-
pasnoxumbiM B-monyaem. B cavom nene, ecin Me, =MD
BM”, To Mb momeM pazioxure N u M’ Ha UMKIHUECKHE
momyan MWD, j=1,2,...,g, £>2, u TOrma moJy4urcs
pasnowkenne M Ha g uukauyeckux A-momyneh. C apyrof
CTOpPOHBI, MPENTONOKNM, uTo e, ABAALTCH HEPABAOKHMBIM
B-moaynem, Ecmm M= MW DIM’, 1o M mMOxEeM 3amuUCaTb,
uto MW =We, D...DWe,,, M’ = Me,;DB...DBMe,,
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M MOJY4YUThb TIpIMOe pasnoxenue Moayias I Ha 2u xowmmo-
HeHT. Onnaxo, Tak kak M = Me,, D... D Me,,, u vMoayn
Me;; HePABNOMUMBI, TO ML NPHXOAUM K NPOTHBOPEUMIO
¢ reopuet Kpyaas-Ulmunra.

Ecou M=(y,) sBaserca HepasmoxumbsM B, -MOLyneM,
TO MOXHO NPENNOJOKUTL, YTO Ve, =y, M 4TO J; NOPOXK-
naet Hepasiaoxumeih B-moayns. Torama, paccmarpuBas MHO-
KeCTBO 9/eMenToB a M3 =B, aHHyIUPYOWHK JTe-
MedT y;, nonayyaeM, uto (y,) U-uzomopden /¥, rae
0603HayaeT NPABLIM MIeam, TIOPOKINEHHHLIH 3JeMeHTaMM €,
apu [>1 1 saementamu e;wk. Ecnu Mu puMeHuM Q[-FOM(;Vf
mMopbusM X — o w!-kx, TO CMOXeM 10OKa3aTb, YTO MOLYAb
/Y u, cnenosatenvho, (y,) musomopden wumeany e, Ri-x.
Temepr Tak xe, Kak U B rVase 3, HA30BeM 2panureli HEKO-
roporo W-momynss M nsycropommuit mmean xoawua N, co-
CTOALMH M3 TaKUX 3/eMeHTOB d, uto xd = 0 ana scex x € M.
Ilna monyne#t rpaHuua mMoxer o6DauIaThCs B HYJeBOH wiead.
Jlerko Bumets, uTo rpamuued (y,) (unn e R-k) apasercs Rk,
CaenoBatensbHo, ecin konb1o U npuMapHo, TO IS TOTO, 4TOGH
nBa Hepasnoxumuix A-monyas Suiam uzomopdusl, HEo6XO-
AMMO M JOCTaTOYHO, YTOOH OHH O6MATaNM OAWHAKOBBHIMH
rpanuunamu. M3 pasnoxmenns M= MU, ... DMA, suawo,
OMHAKO, YTO 3TOT PE3yAbTAT CHDABENVIMB /NS TIPOMSBOMBLHEIX
KOJell raBHLIX uaeanoB A u, Hakouel, mo teopeme Kpynas-
[Imuara, MBI nmoayyaeM craenyiount o6umit KpUTepHii:

Teopema 44. Ecan W ssrszmes KoAbIOM 24A5HBLX
udeanro8, mo 0z N-uzomopgpusma dsyx W-modysrei ¢ ro-
HEYHBLM HUCAOM 006pa3yowux Heobxo0umo u docmanouno,
4mobbl COBOKYNHOCME 2PAHILL HOPAIAONCUMBLX KOMHOHEHIN
KOmopble BCPEMQIOMCST 8 PAZAONHCEHUU 00HO020 U3 Juodyftezi:
COBRADAARA € COBOKYRHOCMBIO 2PAHUI, BCMPELAIOWUXCS NPU
passoxcernun 0pyzoz0 MoOVAA.

BoabwWMACTBO Pe3yabTATOB riaBul 3 MOXeT Teneph OHITh
IOKa3aHO /I PAcCMaTPUBAGMBIX 3[eCh KOJjell. YIOMSHEM,
HanpuMep, CAeAYyIOUIYI0 TEOPEMY, KOTOpas HaM TO3:Ke TOHa-
noburcs.

Teopema45. Ecau M nsanemes nepasroncu ot N-10-
dyaesm u 22— ezo eparunel, mo N =W/ seamemes npu-
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MapusM woavuom. Ecau e ABAAEMCA NOKAIANEACH padu-

KaAiQ KOALUA ";“2‘(’ mo WM ameem Oauny e. Hepasroxncumull
N-400y.26 06420aA2 L MOAHKO OOHL N KOMNOIULUOHHBLM pAadoM.

JloKa3aTeNLCTBO IIPEAOCTABAAETCH UNTATENIO.

OTMETHM, UTG Culi O SBJSICTCA 1IPOW3BOJBHON 06/acThio
[JIABHBEIX Keanor, a §-— OTAHYHBIM OT HyJs ABYCTO{ OHHMM
HAeadoM KOdbLa 0, TO 1/ OydeT KOJbIOM TAaBHBIX HACATOB,
B KOTOPOM BHIIOJAHEHB 00a yciosus o0peiBa ueTell OAHO-
croponnux upeaion. Clenosare/bHO, eC/iu Pt — orpaHuyeH-
HBii 0-MOAYAb 1§ CMBIC/AE TIABEL 3 W §-——rpatmuia Jis IR,
1o M Gymer (v X)-MoLyldeM, M TOTOMY De3yabTaThl, Kacaio-
L[HECH OrPAHUUC KX D-MOAYNeH, ABASLOTCS CAACTBUAMU Pad-
BUTON HAMM cefinac Teopuu. Bnpoue, npoiie 00PATUTRCA K
pe3y/nbTaTaM raasn 3.

17. lipoe<THBHBIE H A PUHHbIE NPeNCTABIEHAN rpynmsl.
B aak/ioucilde 9TOH Tiasbl MBI PACCMOTPHM HEKOTOpHIE NPH- .
MowWeHds pasBupaeMol 10 cux nop rteopuu. MEl HauteM
¢ TIPOGJAEMBl TIpeJCTaBAcHUH rpyfIl. ‘

Xopouo H3BeCTHO, YTO MHPOEKTHBHOE TNPOCTPAHCTBO B
paszMepHOCTH (72— -1)> 3 MOXET pacCMATPHBATLCA KaK CH-
cTeMa OJHOMEPHBIX NOANPOCTPAHCTB { X& | COOTBETCTBYIOUIUM
06pa30oM BEIOPAHHOTO 1-MePHOIO BEKTOPHOTO MPOCTPAHCTEA n
nag TtedaoM @, k-Mepunie moanpocrpaHcrsa B M COOTBET-
ctByioT (&-— 1)-monmpocTpancrsam B ‘B, VseecTHO TAKKE,
YTO KOMAMHEAUMH, Wid, KAK UX MHAue HA3bIBAIOT, TMPOEKTHB-
Hpie npeoGpasosanust npocrpaucrea P, T. €. coxpansiomue
MHLMAEHTHOCTH B3aMMHOOHO3HAUHEE NPCOOPa3OBaHUA NPO-
crpascTea £, HHAYIMPYIOTCH HEBBIPOWAAIOLMMACS TOYIHACH -
HHIMM TIpeoBpasoBanisiyK npocipadcTea Yt nag . Jipa noay-
JAMHEHHBIX npeobpazopanus Ty m Ty AAOT OAMH M TOT Ke
peayabtar B b Toraa M TonLKO TOrna, Korma Ty == Ty, Il
w€®. TlMoanad mpoexTHBHAS I'PYLUNA H3OMOPHHA (OSTOMY
S/d*, rae veped © oBGo3HaueHa I'PYINA HCBHIPOKIAWHMXCA
noay/HHeHHLIX npeoGpasoBaHuil, a uepes P*— COROKYMHOCTh
otobpaxcennl Buga x — xp, rme w20 uaexur 8 ©1).

1) Tax Kak 3lecb rpyrnosasg on:pauus 0603Hauacica KaK yMHO-
WeHne, T0 Mbl OyfAeM yiorpelaaTh TEepMHHBL POU3BEICHHE, CTE-
fleHb 41 1. 0. . ’
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HanomuuM Takxe, uTo konauHealuuu, KOTOpHE MOPOKAAIOTCS
NepCrneKTHBAMH, HBJSIOTCA eANHCTBEHHBIMH KOJIMHEAlHAMH,
Ans KOTOPBIX COOTBETCTBYIOUIME MOJTyTHHERHHIE NpeoGpaso-
BaHUA MHIAYLHDPYIOT BHYTpeHHHe aBToMOopduaMbl B @. Mpu
GyneM HasblBaTh TAKHE KOJIMHEALHU CHeyuAAbHbLMU.

Paccmorpum  caenyiomyio npoGremy: [lanm  rpynna
g==(1,s, ¢ ...) n mpoekTHBHOe mpoctpancro B; onpese-
MUTh TOMOMOD(HbIE OTOOpAKEHHS § B IPYNMY KOJJHHealn#
npocrpancta P. Takue romoMopdusMbl Ha3HLIBAIOTCH npoex-
MUBKBLMI NPe0CMagAeHusni TPYNIb §. JIBa npencraBaeHus
$—¢, U §s—>d; HABHBAIOTCA IKBUSAACHMHBMY (CHLPOZO
OKBUBAACHMHHMIL), €CIM CYUIECTBYET TaKasd KOJJIHHEeAIus
(cnewanvhas konnuneauns) u—» u'; uto (uc,) =u'd,, wm,
eCTH 060sHaumTb 4 — 4’ uepes f, d = f-lc.f.

Ecan nepenecrn 310 Ha mpocrpancTo I, TO MBI moday-
UnM Clefylomyo GopMyaupoBky: I[IpoekTuBHOe TpenctaBie-
HHEe TDYNIbl § COOTBETCTBYET TAKOMY OTOGPaMeHHIO §—» T,
rae T, sBJSETCS HEBRIDOXIEHHEIM TMOJYAHHEHRHBIM mpeobpa-
30BaHueM B IV, uro

ToTy=Typss, ps;: €D,

Ecau s oGosnauaer aBromopduau tena @, onpeneneHHbI#
npeo6pasosaHuemM T, TO

E—.S';= ps:fl E%S‘t (8)

ana scex § € ®. Taxnm oGpasom, (maswiBasi dakTop-rpynny
rpynusl Bcex asToMOpdmusmoB® Tena P mo HopwanbHOMY
HENUTENI0, COCTOSIIEMY U3 BHYTPEHHHX aBTOMODP(H3MOB,
epynnod  snewnux asmomopgpuzmos tena ), mul BUIUM,

4TO COOTBETCTBHE § — § OUpejesieT roMoMopdHoe oTobpa-
XKEHHE [PYNNE ¢ HA WOATPYNMy TPYNNb BHEUMIHUX aBTOMOD-
¢usmoB Ttena ®. Orcwpa chaeayer, 4TO NOAMHOMKECTRO b,
COCTOfILEE U3 TEX 3/IEMEHTOB /i IPYNMBI (, AAs KOTOPHX Tj,
AB/IAETCA CMEUHANbHOR Komuueaumel, ABASETCH HOPMAJBLHBIM
ZeauteneMm rpynnel (. MHOMECTBO p={p.,}! Mu Gymem
Has3biBaTh CUCMeMOl ghaxmopos Npeicrasienns. Ma accoun-
dTHBHOFO 3aKOHA BBITEKAIOT YC/IOBHS:

Ps, tuPt, u = Pat, upff,;- (9)
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TIpoekTrBHHe NpeacTapaenns s — T i § — U, 9KBHBANEHTHH,
eCIM CYWECTBYeT TaKoe HEeBHIPOKAAIUICECs NoayaiHeRHoe

npeoGpasosanie A, aBTOMOP(U3MOM KOTOPOTO ABASETCA &, H
MEMEHTH {hy, YTO

Uy= A= T Aw=A"" (Typ ™) A,

Mbl moJyuYHM CTPOTyI0 3KBHBA/NeHTHOCTH, €C/IH npeoépaao-
gaHue A MoxeT ObTh BHOGpano aunefinoM, Ecan s sBasercs
aBTOMOP(HM3MOM, OTPE/eNeHHEIM NPeo6pPasoBaHueM Ug, 0,8 —
—cucremolt dakTopos upeacrannenus s — Ug, TO MB nony-
yaeM HeOGXOIUMBIE YCMOBHS /IS 3KBHBAJIECHTHOCTH!

- - -
s’=a-1sap.8, cs‘t=p;}pf§'t}’-§ P, (10)

rie B MEPBOM DABEHCTBe {1, 06O03HA¥aeT BHYTPEHHHA aBTO-
mopdusM & — 1. Heo6XOAUMBEIME yCNOBHAMH IS CTPO-

roft 3KBUBAJEHTHOCTH ABJIAIOTCA

==y, O, , = uzlo, By 11
§ =s%"'8’ Gs,t_——p‘st pg.tplsp‘t‘ ( )

Ecan teno ® KoMMyTaTMBHO, TO €IWHCTBEHHHIM BHYTDEH-
HHM aBTOMOP(HMSMOM SBAAETCS TOXACCTBEHHOE OTOOpaMeHHe.

ClIe10BaTeNbHO, COOTBETCTBHE § — § GyAeT TOMOMOP(HBIM
oToGpaskeHueM IPYNOBl ¢ HAa MOArpyNmy rpymnsl aBTOMOD-
dusmop wona ®. Crporo IKBHBANEHTHBIE TPENCTABACHAN
06MaaI0T OIMHAKOBLIMH apToMOpdH3Mamu B O.

Baxuell K1acC TPOEKTUBHHX OTOGpameHnH 06pasyoT
0TOGpaxeHHus, AN KOTODHIX CHCTeMa (PaKTOPOB HMEET BHI
ps,; =1, B arom ciyuae mbl myeeM Ty == T,T;, 1 COOTBET-

CTBHE §—> S ABAsercd romMomopdusmMoMm. Mbl Ha30BeM Mpel-
CTABJIGHHS TAKOTO THNA aghpurHbIMu NpeOCcMasLeRuaMse n
6yneM ONpelelsTh 3KBUBAJIEHTHOCTb ABYX TaKHX npemw;—
piaenutt ycaosuem U, = A"'T.A, rae A saBasierca JuHelH-
HeM  npeoGpasosanmem (t. e p,=1). Hakonew, Ml
MOMKEM HaNOXHUTh A06aBOYHOE YCNOBHE, NMPEANOJ0XKHB, YTO

S SBAAETCH TOXIECTBEHHHM aBTOMOPPH3MOM AAd BCEX S.
Torza T, Oyner JuHeHHMM npe0GpPa30BAHHEM, Ecau npu
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atoMm Tejdo @ KOMMYTarHWBHO, TO MBH IOJAYYaeM Kaaccuye-
Cku#l cnyya#t, KOTOpOMy MOCBfALEHA BechbMa o6UIHpHAA JIH-
Teparypa.

B nmanpueiimey GymeM npeanonarath, Yro rpynma { Ko-
Heyua. IIveTb 7 aBagercs ee TNOPAIKOM M p. XaPAKTEPHCTH-
ko#t ®. Mpl XoTHM nOKazaTb CIAEAYIOULYIO TEOpeMY.

Teopema 46. Ecau pXr*), mo awboe npoexmus-
Hoe npedcmasaeHie 2pYRNLL | BAOAHE NPUBOOUMO.

[Ton moaol MPUBOAMMOCTLIO MBI TIOHUMAEM TMOJHYIO NPH-
BOIUMOCTE N OTHOCHTENBHO MHOKECTBA 3HIOMODP(HU3MOB
{®, T\, Tg...!. Ilycts N aBasercs MOANPOCTPAHCTEOM
npocTpaHcTBa I, HHBAPHAHTHHIM OTHOCHTEJILHO BCEX pe-
obGpasosanuit T, u nycte N* —ero moboe nouoIHHTEND-
HOE MOAUPOCTPAHCTBO, T. €. nycrs P=NMN*. Mu xo-
TUM TOKa3aTk, YTO MOXHO REIGparh N* TakuMm 0OpasoM,
4TO0B OHO TaKke OBLUIO WHBAPHAHTHO OTHOCHTEJILHO BCeX
npeo6pazosanuit T,. Ecin x €%, TO MH MoxeM mpejicTa-
BHTb ero B Buie x =yv-v¥* rae yeN u y*EN*. Oro-
OpameHue x -> y==x[D), ONpeseJcHHOE 3STHM pa3IOKEHHEM,
SIBASIETCS  TOr/IA TAKAM MAEMUIIOTEHTHHM JIMHeHnuM npeoGpa-
3oBaHueM, uto IMMD=N. Ho awfoe aunetinoe npeobpaso-
BaHue, oToOpaxamomee N B M 1 ABAAIOUEECT TOXKALCTBEHHEIM
npeo6GpazosanrieM B N, uaemnorenino. Crenorarensio, eciu
npeodOpasosanus D, ..., D,, 0o651analoT 3TUM CBOUCTBOM, M

‘ 1 <
pxXm, 101 —(Dy+ ... -+D,,) obaanaer sTum CBOHCTBOM.

- 1
: __ L —1
Takum odpazom, u E== ~ (%: T DTS) obnajaer ITHM Ke
sTy
CBOHCTBOM, TaK KaK oToOpameHus 7‘8—1DT.g JUHEAHBI,

MTDT,ERT, =N u vT,;7 DT, ==y npn sBeex y€RN.

Ho
gy 1 e
T ET, __73:. TATDT,T, =
1 —1 e e
:7293.;T351[)Tstpn,5m[‘
8

*) p HE RENuT. . (flpus nep.)

|
|
‘.
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TaK Kak T,TIDTSL, KOMMyTUpYeT ¢ .ps:,, u st npoberaer BCIO
rpytuny ¢, Korma s mpooeraer ee. Taknm 0‘6p3301\(1, E, a,
cleqoBatedpHo, M 1 -— £ KOMMYTHDYeT co peemu T, TO!‘JJ?H
M= MEDM (1 — L) == RDMN, u I ocTaetca uusapHate-
HolM OTHOCHTEILHO BCeX T

18. CkpeuleHHbIE HPOU3BEALHHUS. [Tpeaviayuias TeopemMa
MOXeT ObThL YCHAeHZ, ecad 3aMEHHTh npeanoJoKeilne pir
Gonee caabm p { ¢, Tie ¢ 0003ua4aeT TMOPALOK HOpMalb-
HOTO JeJuTe/s B, COCTOMEro H3 TAKAX 2/71eMENTOB f, A
KOTOPHX asToMODduay fi ABIACTCA BHYTPEHHUM., II‘JISI TOTO,
yrofpl AOKA3aTh 3TO, 4 TAKKEe H I APYrux uenei, Bseu(egw
Hekotopoe xouiwuo A, onpejenennoe fpH noMomiu {, %,
COOTBETCTBHS s—>s=s" CHCTEMBE paropos p. Ham ner
HEOGXOIHMOCTH TIPEANONAraTh, 4T0 § 1 { NOJAYUAIOTCH H3 TIpoeK-
THBHOTO TIPE/CTaB/AeHMsI, 4 JJOCTATOUHO JUilllb CHUTATE, uTO OHH
Y0 BNETBOPAIOT Y CAOBHAM (8) m (9), uro pg ¢ 7= 0. Duemed-

.
tamu Koabua A= P (3, H,p) OyayT BuIPAOKENHH DRI ;‘J Lo
_ s -

[J—
re £, mpoderaor . Mur cunraem, HTo Ztsqs—_—_—Zts'qS
rorma W TOAbKO TOTA, KOTM@ L BCeX § §;==1My H ONpe-
nessieM

2 tsEs + 2 tsns = 2 is &ES ”&“ T]s)’
(2 tsES) (2 tc’ﬂt) = ;&ttsf‘p& fE:mt-

Jierko 1upoBeputh, urto I JIeHCTBUTILHO oyaer KO(;II:LLOM_.
Mu OyzeM HasblBath €ro CrpeueHHbIM npouaqe eHueM
tena & u rpynnb g NMpH COOTRETCTBHN H u cucrede Gak-
TOPOB 0.

Ws ycaomu#, HaIOMEHHBIX Ha p, CASAyeT, B YaCTHOCTH,

= R— ol =
1 el
TO g, 1P1,1==Pa,1pg ¢+ CIRAOBATEABHO, Py Prw Pit ™
-

1
/] " Ps,1=F1.1- Y
i G S
i OTMeTHM Taxke, 4TO &l==pp JRo OTciona

8

Pre= 11 ;
‘ ' —1 mnmnedt 1B xoasne A

cllefiyer, UTO SAEMEHT f;f~; ABAACTICH AR

T -
i uyro saeMeHtH 15 00pasyioT [OLieM0 koabua A, KoTO

Takuy e 0Opas3oM MOAydaeM, HUTO

—_—



158 raasa 4

poe MH MOKeM HieHTUduuuposaTh C TeAom ®, Moxuo cum-
TaTh, 4TO £, =11, rae 1 asnsercs eauuHuedt tena ®. Torma

no60# BIEMEHT KOJbla 9 MMeeT BHA Ztsﬁs, rie Tenepb
1,5, 0003HauaeT npousseeHue £, Ha saeMeHT £, U3 @. Koo A
SIB/SETCH BEKTOPHHIM MPOCTPaHCTBOM Hajy @ OTHOCHUTEIBLHO
3HIOMOPH3MO3 x —> x§. Tak Kak Kawabii 3/7eMeHT KOJblA
I mMoKeT ObITh €IMHCTBEHHHIM O6DA30M MNpeACTaBAEH B BHAE
Ftke 10 (U @) =r. Orvernm, yto

Ets - fsé-:, t,,tt = tstl’;s, i

HomoGHo sTomy, sunoMopduamb x—Ex=xt' 06pasyioT 06patro
uzomMopduoe teny @ reno ', u mb umeer takke (¥: ¢)=r,
Tax kaxk mpasele (JieBsie) wugeaidsl Koablia I sBASAIOTCH
noanpocrpancreamu Haf P ($'), 1o B xouble N BHITOJHEHI
06a ycsosus oGphiBa iemeft nmpaBux (JeBLX) HIEANOB.

Ecain s — T, fBisieTcd NDPOEKTHBHHM  MPEACTaBACHHEM
rpymnsl ¢ B mnpocrpanctse IK Hag ® ¢ COOTBeTCTBHEM § — §
u cuctemoft GaKTopos p, 10 CoOTBeTCTBHE X ffE, — X Tk,
AIB/IAETCA IIP:ACTaBAEHUEM KOJbLA YU TPU MOMOLIA SHAOMOD-
¢dusmos moayns R, npu xoropom 1 orofpawxaerca B enu-
HUYHBIA sHAOMODPGusM, Ecau nsa U-Moldyns, ompenefeHHHX
TakuM 06paszoM, 6yayt AU-n3oMopdusl, TO COOTBETCTBYHOLHE
NPOEKTHBHBIE NPEACTABIEHHA CTPOTO dKBUBaNeHTHH, Q6paTHO,
€C/IH MH HMMeeM TaKoe MOp2UICTAaBAeHHEe KOabua YU SHAOMOD-
¢uamamu 8 I, uro 1—1, to M MoxeT paccMaTpuBaThCs
KaK BEKTOPHOE [1POCTPAHCTBO OTHOIHTENbHO SHAOMOP(HUIMOB
u3 U, Ecau (2K: P) koHeuHo u ssieMeHTy £, COOTBeT-
CTByeT mnpeoGpasoBanue 7, TO Mbl MNOJY4YHM NPOEKTHBHOE
npeacrasienne s— Ty IPynis ¢, HM2OLiee TO xKe Camoe
COOTBETCTBHE H Ty e cucreMy ¢axtopos, uro U A, Takum
00pa3oM, TeopHsd NpeACTaBaeHHI Koabla 9 TECHO CBA3aHA
C TeopHe# npOeKTHBHHIX MPEeACTABJIEHHH rpynms ¢, obna-
HAAOLWHAX TEM Ke COOTBercTBHeM M TOH ke CHCTEMOH dak-
TOPOB. ,

Iycte B o6o3Hauaer moaxoasuo Koabua 2, cocrosu:e

H3 3/MeMeHTOB BuAa Y, ff,. Torma B ABasgeTCs CKpeLIEHHHM

n€Y
NMpOHU3BeAeHUEM Tena d u Fpyubl [) C CHCTeMOH lbaKTopOB

\
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Cn, x W cootBercTsHeM fi— A, IlycTh aaementwl 1, #, ..., W
GyAyT nNpeICTABHTENSIMH CMEXHBIX wiaccoB u3 gfh. Torna,
ecin s€gq, 10 s==uh, rae h¢h. Cnenosarensno, f,=
= {,¢,0u, w=1,b, e b €B. Ot1ciona CleayeT, YTO 5/1eMeHTbl
koasua A mMoryT OBITHL TNpenCTaBIeHb! B BHIE Ztubu, rae
b,EB 1 CYyMMHPOBaiHe NPOMSBOMMTCH MO MPEACTABUTENAM
1, u,... D10 npexncrasieHue eIuHCTBEHHO. B camom nene,
ecin 2, t,b, =0, TO Msl NOACTaBUM b, = X s, » ¥ TOAY-
YuM Etu,,pu,hEh «==0. Tak KaKk r 3ieMEHTOB 4f Da3NuHH
Mexay coB010, TO py, pkp,u =0, &, =0 W, ClesoBaTENBHO,
b, = 0. Teneps, t8—1= (,01,1‘08_1,8)—%3*1 U TOTOMY

ts_lthts = (Pl,ips B 5 S)_lts—lth s

— -1 s
- (pl_‘tlos—l ’ S) ts"'lh,sps_lv hs'ps'_lh _—

——T TTi\-l
= _ 8™ sy 87 Lns -1, on°
s lhg Pl.l v50 sl s Ps—*h, Bps—l’h
newut B B. CaenosareabHo, oTobpamenne b — £71bl,=b°
apnsercs aBroMoppusmov & B. Mcioab3ya 3TOT aBTOMOPRH3M,
Mbl MOMXEM HalHCATDb!

(tubu) (tvbv) = tuvp {12 Ub;ul" b'ﬂ'

Ml MOMeM Tereph ZOKA3aTb C/eAYIOULYI0 TeOpeMy.

Teopema 47. Zas moz0, wnobe. A O0br0 ROAYNPO-
CHLBLI KOABHOM, HEOBX00UMO 1 OOCINAIMOUHO, 4N00b KOAbHO B
Obl10 HOAYRPOCIHLLA.

Mycrs & ABAATCA PAAMKAIOM KOJbLA B. Tak kak aB1o0-
mMopdusm b — ts'lbts 0TOpaXkaeT HUILHOTESHTHBIM HAean
B HUALNOTEHTHHH wunean, 1o (1@, ES. Orciona ciaenyer,
4T0 COBOKYNHOCTH N 3jeveHtToB BhAA Lf,sS,, TIe s, € G,
obpasyer asycropounud unean B . Tak Kax RNDS, 1O
ou coaepxur 1 ASA. C apyro CTOPOHH, MO onpeneneﬂiﬂ,
N < NS, Casrosatensuo, Nt = AS = ASA. Torna Nk =UD,
u motomy uzean N uwibrorenred. Caen0BaTe/bHO, eC/H
& 0, o pamuxan R xoneua U orTamyen OT HyJA, [1penno-
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JAOWUM Terepb, 410 © = 0, Mbl XOTHM [OKa3aTb, UTO €CJH
I ABisieTcs MOOLM OTAHUHLIM OT HyAd ABYCTOPOHHHM HJe-
arom kosbpua A, 10 (BNY) =£0. Mycrs 2=¢,0,+
ABMACTCA OTAAYHLIM OT HY/As 2JeMCHTOM WAeana §, KOTOPHH
HMeeT HAUMeHbIlice YMCAO He DABHLIX AYJ0 KO3hduuueHTos
b, Ecan &€, 10 snements 2b=tb b ... u bz=
=t,b"'b |- nexar B ¥, OrMmerum Kakofi-nmubo unLeKkc u,
g koraporo 6, ==0. Tak kak aacMmentel O% 11p06erato1‘
BCe KOO B, 10 KodpPuments ¢, sncmentos ¢,
Hieana ¥, MUMeoiUx TOT Ko BHA, uTO H 21}, ofpasylor IIBy
CTOPOHHHH OoTanuuni#t or nyas urean %, Tak xaxk kompuo B
noaynpocroe, To Iean §, obuaanaer cauHuuel e,, H e,
CKHT B U2HTPe KOJgbia B. Mol MOWKeM Tenepb HPEANOAO-
WATh, uTO 2 =1,e,-- . ... [Tokaxem, 4TO z_..tueu. B camom
Aede, TPEANONOKAM, UTO & == {2, £, ., tie b, 0.
JLas moGoro & ua @ ssemeur iz — 2t¥ = £, ("”b — by L
dexUT B B 1 06ManaeT MeHLIIMM UHCIOM OT/AMUHLIX OT HyJs
YIEHOB, uaM 2z. ITOT 3JeMeHI OTIMUeH OT HYy. s, KOraa

$b,F b5 Teneps, ecan b, = X8y, TO
Eh, — b5 = 2t (58, — BEY).

Tak xak 5,70, Tto wHakizerca (3,70, u noromy §E“==
—1:;

= 8% §h8,. 310 crpaseanHBO JUIL BCEX 5, 1 OTCIONA BbiTe-

K4eT, 4TO 4 II0AYy4A:TCA M3 ¥ YMHOKEHHEM HA BHYTPEHHUH

aBTOMOD(HU3M, BOIUPEKH HAIIEMY MPENOJNOKEHN0, YTO & U U

NPRHAIACKAT PA3THUHLIM CMEXKULIM KJaaccaM ro [y B rpynmne g,

—1
Cnenosareibno, z==f,e, u £, z=e¢, S[BIAETCA OTAHYHDLIM
or uyas siementor n3 BN, Ecan nonoxurs F=1R, r0

Mbl fioaydaam, uto W ==0, tax kak (BNAN) sasagercd HuIb-
NOTEHTHHIM HI2a10M B B.

Myl Bunean, uto ecin p X g, rie ¢ ABISETCS TOPAAKOM B,
TO M0GOC MpeacTamieHue Koavua B, npun koropoMm 1 —1,
BIOMHE MPUBOTHMO. EcCaM MLl MpHMEHHM 3TD K pPery/spHOMy
mpeacraBaenuio B B, TO YBUAMM, uTO CTPYKTypa MPasbiX
H/1eanoB Koiblia B BrioaHe NpHBOIHMA. Clie/i08aTensHo, KOIbIO
B noaynpbcTo, M Mbl AOKA3AMH C/eAylOUME TEOPEMbI.

1) T. e..tagne, uto ¢, =0, ecau b, = 0.

eIy
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Teopema 48. Crpeuernoe npoussedernue N noaynpo-
cmo, ecau p X q, 20e g ABARENMCH nopsdrom 1.

Teopema 49. Ilpoexmusnoe npedcmagaenue s — Tg
KOHeuHOI epynns. 8nosHe npusodumo, ecau p X g, 20e g
o6o3nanaem NOpROOK ROOZPYHRbL, COCMOSAWed U3 maKux
anemenmos h, 0as romopux 1, s64seMCA CHEHUAABHOL
roasuHeayued.

M3 HOKa3aTeNbCTBA [VIABHOHK TeOopeMbul CilelyeT TaKke

Teopema 50, Ecau Y =(1), mo xoasyo N npocmo.

B camom gene, B 3TOM ciayyae B =:®, u noromy &=
Torma, eciau $§ aB/ifSETCA OTAHYHLIM OT HY/AN ABYCTOPOHHUM
nxeasom kKosbuia W, To @ 1§ aBaAgeTca OTAMUHBIM OT HyJs
uneaqom Tena ®, u noromy ¢ NJ=P. Takum obpasom,
% comepxkut 1, u notomy I =A.

Mpeanonoxum, uyrto §= (1). Torza, ecam aas Bcex §

umeeM (4,8,) E=¢ (ZtSB ), 10 £33, = B,. CrenosaresibHo,
ecmu B,7=0, 1o §8 =, £ ", Takum obpasom, s==1, H Mbl
L0OKa3anu, 4TO BCe 3/eMeHTH KoJbia A, KOMMyTHpYIOLIHe €O
BceMu aneMeHTamu Tena &, sewxar B ®. CnenosareinbHO,
ueHTp Kodbua A nexur B ueHtpe I' Tena ®. Ecam y €T,
TO H3 TOro, uYTO .4Js BCeX § 7l ==L/, BbITeKaer, 4TO
v €Ty, rae uepes I'y oGo3Haueno noxnone moas I', cocrosiee
W3 3JeMEHTOB, OCTAKIIMXCA HHBAPHAHTHLIMA NpPH BCEX aBTO-

mopuamax s. Orciona caeayer, uro [y sBAfeTcs UEHTPOM
koaoa . Ecau & =1, 1. e., ecnn @ Asastercs I1107eM, TO
kak - u3sectno, (I':[Cy)=rb. Cnenorarensno, (%A :P0)=r2.

[Ipenamonoxuym  Teriepb, uTO He TOABKO b= (1), HO
M pap = = 1. Tax kax xoabuo ¥ mpocto, 70 A =F,D.. .5,
rae §; aBasioTca Mexnay coGoi U-H30MOP(MHBIMM  HENpPHBO-
JMMBIME TIPaBbIMH HAeadamu. -u3oMopdpuaM Mexay npa-
BRIMM Hieanamud OyldeT, B 4YaCTHOCTH, B3aMMHOOJHO3HAYHBIM
NMMHEAHBIM OTOGpaMeHHeM 3THX HIeaNoB LPYT HA ApYyTa, eciy
paccMaTpuBaTh HMX KaK TOANPOCTPAHCTBA BEKTOPHOIO TpPO-
crpancta A Hax ®. Cnenosarensso, (J;: ) = (I 1 @) =m
M r==(U:P)=um. Tlycre Tenepp ¥ OyieT NPABEIM HALAJIOM,

1) Dro Gyner AOKA3aHO B CAeNyIOILEM OTAexe,

11 Bax. 748, H. [Amexobeoxm,
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COCTOSILIMM M3 KDATHBIX €@ 3/eMeHTa e::Zts. Tak xak
et, =@ 710 ea = ex npn coorserctyiomeM o & &. Caeno-
satenbHo (5 :®) = 1, u noromy upean § Henpueoaum. Torfa
(3;:9) = (3:®)=1, n r=u Orcoma cleayer, 4TO
A=V, rae ¥ sasaserca tenoMm. Temo W coOmepxHUT LEHTP
Iy kodbua A, n rtak Kak (A :¥)=r2, 1o orcioAa ClelIyer,
yto eci & =1, 1o ¥ =1,

Teopema 51. Ecau A= (g,H, 1) u h=1, mo
N=WT,, 20e ¥ seasgemcs menaoMm, & cmeneHd r pasHa
nopsdxy epynnet §. Ecau npu amom meso & =1 roumy-
mamugno, no W==1I,, 20e uepes 1'y o6o3naden yenmp
roavya U.

19. Teopus lanya 1en. Ilycrs @ saBasercds HPOM3BOJb-
HoiM TesioM, a ® = (1,S, . ..,U) — koHeuHOH rpynno#, cocro-
fuleit W3 r BH2WHHX asroMopdusmos Tena . [ToaMHOKECTBO
MHBADHAHTHHX 3/acMeHTOB (T. €. TaKMX 9JEMEHTOB, YTO
aS=a) obpasyer noareno P, rtera ®. OOosHauM¥ MHO-
KeCTBO JAeBHX (MPaBbiXx) yMHOKeHHA B @, COOTBETCTBYIOUIMX
anementam u3 ®,, uepes P’ (Pg), a MHONKECTBO IHIOMOD-
dusmos BHAA ESES, (2353'), rae &s (Es') fABAseTCH MpaBHIM
(neBsiM) ymHOWenneMm Ha sneMent &s us @, uepes (P, @)
((®', ®)). Ormaetum, uto £S = §&°. Cnenosarensro, ecau
SIBJSETCA CKpellleHHLIM npouseeneHueM tena ® u abCTpakTHOM
rpynmst ¢, usoMopHo# rpynne ®, onpeneneHHEM NP MOMOUIH
uaomopduama Ss— S M cucreMsl (aKTOPOB [ =1, TO

COOTBETCTBHE 2!,&,—+ ESE, GyJeT NPeACTABACHHEM KOJbLA
9 sngovopdusMamu aaiuTMBHOM Tpynnel Tena ®. Tak Kak
Koab1o A MPOCTO, TO 3TO MPEACTABJAEHHE B3ANMHO OQHO3HAYHO.
CnenoBate/bHO, B CHIy TNOC/AeIHEH  TeOpeMbl, KOMbLO
(P, ®)=VW,, rae ¥ aBia:Tca TeJOM.

Ecan a0 u B aexar B @, T0 HalAeTCa TaKOH 3JAeMEHT
¢ us @, uro af =fB. Orcrona caenyer, uro (@, @) =W, s8-
JSETCS HelPUBOIMMBIM MHOXECTBOY SHAOMOD(M3MOB M, che-
IOBATeMbHO, B cuay N-noMoDdu3Ma AOOBIX ABYX HENMPHUBO-
AuMbX  A-Tpynm, CyuwieCTBYWT r TaKHX 3A2MEHTOB & . . .,&,
tema @, yTO Kamab# aneMeHT u3 O MOWeT ObITh NpeNCTaBACH
OJIHMM ¥ TO1LKO OAHUM 06pa3oM B BHae &, ¥, ~+ ... |- @2, rae
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4€W, Ilas roro, uroGH f0KA3ATH STO elile a3 HEMoCpeA-
CTB2HHO, MPEAMNOJICHKUM, 9TO Eyj 06pa3yloT MaTpuuHbiit GasHC
B W, n BuGepeM L£py M o TAKAM o6pasoM, 4TOOH aE,, #£ 0.
Toria HerpyAHO ‘BULETh, YTO DNEMEHTH d ==a&Ey,....a, =
=aE,, He3aBUCAMbI HAL . Tak kaK niGoi#t anemedr § nper-
crasum B ouge B = (aEgp) DEyby 1pH COOTBETCTREHH BLI-
GpAHHBIX ¢y, TO Mbl UMEEM B=ady + ... T%bpr

fycrs W' 6yner KonbUOM nuHeHHHIX TNpeo6pasOBaHHA
¢’ apauTneHoft rpynnu Teda @ wan ¥, onpeneneHHbHIX paseH-
creamu  a ) = agb. Mbl Buneau B raase 2, uto @ aBaserca
r-MepHHM MDOCTP3HCTBOM  HAL ¥’ W — coBOKYNHOCTBIO
gcex SHAOMOP(HHU3MOB, KOMMYTHPYIOLIHX C 3HAOMOpU3MaMK U3
W, u W, — cO30KyTHOCTBIO BCEX THHEAHEIX npeo6pasoBaHui
® wnan W'

Hanomsum teneps, urd ¥, ={(®,®). Ecaim A asaserca
SHAOMOPD 43MOM, KIMMYTHDYIOUIHM CO BCEMH 9HA0MOD(H3-
vimu u3 &, 10 A OydeT JNeBHIM yMHOXeHWeM, HaNpHMED,
fsai==ta. Ecau mpn 310M A KOMMyTHPYeT €O BCEMHA
sementand 13 ®, 1o (ab)S = a5 =afS n o € ®,. Taxum
o6pazoy, ¥ =&, Tlogobubm e 067230M M MOMKeM
paccmorpets &y u (@', ®) u noayuurs CAEAYIOUIYIO Teo-

pemy.

Teopema 52. Ilyemp @ asagemen 1pOU3BONHBLM
HI2AOM, ®& — roneynol 2pynnoi, cocmosjeld u3 r BHEULHUX ‘
asmomoppuamos meaad P, u B, — nodmenoi, coCMOAULUM
43 UHEAPUAHMHBLY 3AEMEHMOB. Toz0a ga:mepnocmb d Ha(z
@, (@ rad ®,) pasna r,u (@, 6) (2, ®)) Gydzm noanol
COBOKYNHOCMBI0  AUHEHHBIX npeobpasosanuii @ nao @,

(P Hao By).
[peano/oKum, uTO V apiserca J06uM aBTOMODHHIMOM

g @, OCTABASIOUMM HEHIMSHHBIMH STEMEHTH H3 &,. Torna
V Gyzer AuHeHdbIM npeo6pasopanuemM MPOCTPAHCTEL ® nan
V= %Sks. [lnsg KaxIOro SHLOMOD-
V— 0. Torna, 2.S(n%s —Esn")=0

<1 ' 3 aBTO-
u, ecan g0, 10 MV =15 1SEs. Tax Kax HH OIMH H

moppuamoz S 1 He dABIIETCH BHyTPeHHUM, 9TO MOXET
HMeTb MECTO TOJNBKO IJS ORHOrO S, ¥ noToMy V = St. Tax

&, u, caen BaTebHO,
du3Ma v Mbl HMEEM nV—Vn

11*
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kak V sBasercs aBroMopdusmom, 10 £=1, 0 V=S¢ 6.
B uacTHocTH, Aas mwoboro 3siemenra y u3 ®, KommyTtuHpylo-
ulero Co BCEeMH 3JeMeHTaMu u3 By, BHyTPEHHHH aBTOMOPDUBM

n— 7"y aexnt B @ wu, CaenosarensHo, ABAAETCH TOM/Ie-
CTBeHHBM OTOOpaxeHneM. TakuM o6pasoM, y EKHT b HeHTpeE
Tena &. '

Ecnmu § sapaserca noarpynno# rpynme &, 1o mu 060-
3HAYMM [OATENO0, COCTOAUIeE U3 3/1eMEHTOB, OCTAKOMINXCA
MHBAPHAHTHLIMU TP NpeoGpasoBanusx u3 §, uepes O (H),
a, ecnad X — noareio, Jaexamee Mmexay Py m P, To Mbl
o6o3nayum noarpynmy rpynnsl  ®, ocTapanowyo sie-
MeHTH 13 Y HenomsumkHuimu, ueped @ (¥). Ormernm, uro
G, S D (H), P(O) =&, ®(1)=7>. Cnenywowas reupema
ABd4eTCa (ynaameHTansHOH B Teopun [anya,

Teopema 53. Coomeememsun $—® (H) ul—>G (L)
ABAAIOMES B3AUMHO o6pamusimu. Haxcooe u3 HuX R6A8EMCA
83AUMRO0CHOIHAUHLI COOMBEMCMBUEH MeKHCOY nodzpynnanu
epynnot ® u mesamu L, aexwcawumu  mexwcoy @, u .
Pasmeprocms (D :Y) = (P :Y') . paswa nopadxy epynnsl
G L), u (B:®,) = (8: D)) pasna undexcy & (L).

Iycty § asasgerca moarpynno# rpyanst & u & (H) —

MHOXECTBOM MHBADMAHTHHX 57heMexTOB. Ecinm aproMopduam .

S € ® ocraBrser HenoxBMKHBIMH 3aeMeHTH M3 @ (§), TO,
kax Mol Bugenu, S € §. Taxum obpasom, & (P (H))=¥§.
[Ipennonoxum Teneps, uTo 3aj4aH0 Temo L, G, LS @, o
. MyCThb A ABAAETCS MHOXECTBOM JHHeAHHX npeoOpasoBaHui

B & nHag L. Torma AC (P, ®). Ecan 2SEEA, n
ABNgeTCH JIOGLIM 3/JeMEHTOM u3 L', TO

DS s = W B8ty = (L Sks)p’ = 2iSu'ks,

rae w'S o0603HaudeT JeBOE YMHOXEHHE, COOTBETCTBYIOLILE
snementy pS. Cnenosarensho, LS (pS — p')is=0. Ecu
SEBGRX)=9, 10 pS=y . Ipemcnoxum Tenepb, YTO
S{ég’p. Mbl yTBEpkZaem, uro rtorja fg==0. B camoM pAee,
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nycts Eg =+ 0. Tak kak S¢ §, TO HailneTcs TaKOH DMEMEHT i,
yro Sz p. C apyroft CTOPOHH,

S(pS —p) s+ T (T —p)i - ... =0.

OueBMAHO, YTO 3TO COOTHOIIEHHe He MOMKEeT GHTb IpUBeIeHO
K S(pS— p)Es=0, 1 MO3TOMY MEl MOMKEM TPEANONOKUTD,
4to Ep==0 u p'T — p’ =20, Tak uto T TaKKe HE JICKHT.B .
Torma, ymHoxas CJeBa Ha 3HAOMOp(U3M 7 M CHpasa
Ha &5 10%s u BhluwTasf, Ml DOJyuaeM

T(w'T — p') (nTep — Exts "0Es) - ... =0,

Tak xak asromopdusm TS—1! He ABIAETCH BHYTPEHHHUM, TO MBI

T, -1, 8

MoeM BHODATh ¥ TakuM 00pasoM, yrobsl 1 &p— ErEs M ks
He paBHANOCHL HyMO. Ecan bl MPOROMKUM STOT MNPOLECE, TO
TIOMyynM, HaKOHel, OIuH uieH U (WU —p)Ly==0, npuuem
Ué@, u (7= 0. Tak KaK 5TO MCK/IOYeHO, TO Mbl 10Ka3a/H,
yto £g =0 mpu Bcex S, He BXOAAMX B $. CinenosaTelbHO, A
COCTOHT U3 mpeoOpa3oBaHuit BHJIA SE Stg, u L' asasercs

€o

COBOKYIIHOCTbIO BCEX HAOMOP(HH3MOB, KOMMYTHPYIOLHX C 3H-
poMopduamamu 13 A. C xpyro#t cTOpoHHI, (opMa S/EMEHTOB,
BXOASIIMX B A, MOKAa3bBAET, YTO 3TH NPeOOpa3OBAHHA HAB-
asotest B Toynocth takmmu G, dro €  (§). CaenosarenpHo,
@(@5 (£)=2. CoOTHOIIEHA, Kacaolluecs pasMepHOCTel,

ClenyloT M3 Teopemu 1.

Ecin 3= (H), 1o IS =0 (S-1§S). Crenosareibto,
§ Oyrer HODMalbHLIM JeJdTeNeM TOTAA W TOMBKO TOTAA,
xorna Y mnpeoBpasyercss B ceGa BCeMHM d/AeMEHTAMH U3 ®.
Ecau 1, S, ... ABAAIOTCS UPEHACTABUTENAMH CMEXHBIX KJAC-
COB N0 &, TO npeo6pasoBaHusl, HHAYIMPOBAHHBIE B Y aruMi
9/eMEHTAMM, PAs/Huubl MeXIy COO0H ¥ 3aBHCAT JIULIb OT CMEXK-

HIX Ka3ccoB., MX COBOKymHOCTh o6pasyer rpymny & = ®/$.
DeMeHTH S, He Jexalue B §, UHIYUMPYIOT BHElIHHE ABTO-
mopdbusMel B 3. B cavom mene, ecam S ABAACTCH BHYTpeH-
HUM 4BTOMOpP®M3MOM Teaa ¥, TO CYWECTBYeT TaKOR BHYT-
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pennait apromopdusm 4 tena P, uro SA OCTABAFAET HICMEHTHI
Tena Y umsapuantAumu. Torma SA=HEG (X) = nu
S-1H=A snBnsercd BHyTpeHHHM aBTOMODQH3MOM, BONPEKH
HaleMy TPeINoN0KeHHUIO. '

Ecnn Teno @ xommyrtateBuo n € ®, 10 nycts &, ..., T
SBNAIOTCA BCeMH cCONpMXeHHBIMH ¢ & 3iemeHramn nons &.

Kospduuuents npu crenenix ¢ sieMeHTa
(t—8)...(t —E&7)

OCTAIOTCH UHBAPHAHTHLIMU TIPH aBTOMOp(hH3Max us & u moromy
npuHaanexar noanomo @, Takum o6pasom, KamAH{ 371eMeHT
3 ® ynosaersopser cemapaGeNbHOMY YpaBHeHuio * ¢ K0O3(-
¢unmentavn n3 ®,. Tak xak, £, ..., & newar 8 &, 10
oTciona ciaexyer, yto P aABiseTcd HOPMANLHEIM CenapaGenb-
HelM nofeM Han @, Jag Toro, uytobel [NOMOJHATH TEOPHIO
[anya kOHeuHBIX pacuiupeHuii mnojefl B 3TOM HanpaBAeHHH,
6110 Gbl HEOGXONMMO A0Ka3aTh 0GpaTHYHO Teopemy: eciu P
SABAAETCH KOHEYHHM HODMaabHHIM cenapabesbHHM paciiupe-
HHeM moas Py, TO smementnl u3 P, OyayT eaUHCTBEHHBIMH
3NeMeHTaMH, OCTAKLIEMUCA MHBADMAHTHHMH NPH aBTOMOpdHU3-
Max u3 rpynns anya noas & nam &

20. KoHeuHbie rpynnbl NoJyaHHEAHBIX Mpeobpa3oBaHuii,
PaccMOTpuM TakOe npOEeKTHBHOE NpeJCTaB/JAEHUE KOHEUHOH
rpynuet, yro p==1 u rpynna f=(1), Takum o00pazow,
konsuo ® (g, H, 1)="Y, noayannefinux npeo6pasosanuft T,
o6pasyer rpymnny, u asToMop{usmbl SC P, CBA3aHHEIE C Mpe-
o0pasosauuamud T, pasnuuHbl Meway cob6oit u aABaAOTCH
pewnumu. fycre M= MW, & ... M,, Gyzer pas;oxeHnem
BEKTOPHOTO npOCTpaHcTBA Ha Henpusoaumsie W,.-Moaynu.
B xawmom u3 M; Mol MOmeM BHOGpaTh TAKOM BEKTOD X

uTo yizx,;(Zts)—:—_xi(ZTs)io. Torma y;7,=y,;, W Tak
Kak Kkaxau# onemenr ws Wy umeer sux y, (N TE,) = vk,
10 M, umeer paamepHocTs 1 Hax ®. CienoBaTensHO, 3EMEHTLI
Y1y + oy Vi 0OOpasyior 6asuc momyas M mag .

¥ = ypasHeRuo nepsoro poxa. (fTpuw. nep.)
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Tycrs IR, sBaseTca MHOKECTBOM BekTopos u3 IR, ocrac-
LIXCA MHBAPMAHTHHMH TIPH BCeX npeoGpasosanusx T,. M, 6y-
MeT BeKTOPHBIM TPOCTPAHCTEOM Han ®,, rae uepes o, obo-
anaveno noareno Tena P, cocrosniiee U3 AMEMEHTOB, OCTAIO LUK CH

HHBADHAHTHEIMA U BCEX aBTOMOpu3MAX 5. Ecau y = >y €
€ My, 1o &3 =E; € By 1, CTAOBATENLHO, DIACMEHTHL Y1, - .., Yy
o6pasyior Takxke Gasuc My Han Dg.

Teopema B54. Ilycme M asagemcs  m-Mepabii
BEKMOPHUM  NPOCHIPAHCMBOM HAO NesoM ®, u T1=1,
Ty .oy Ty— KOHEUHOE 2PYNROL  NOLYAUHCLHKBLY npeot-

pasosanuii, npuiem UHOYHUPOBAHHBLE UML asmomopPuamol

1,5, ..., 4 pasiu4iel Mexcoy co6ol 1 AEARIOMCA BHEU-
numi asmosmoppusmaru. Ecauw My cocmoum u3 mKodcecmsa
BEKMOPO8, OCMAIOUIXCS UHBAPUAHMHNME NPl BCeX Npeos-
pazoganuax T, a @, neasemcs ROOMEAOM, UHBAPUAHILHbM

omuocuneavro 8cex s, mo M, Oydem gsexmoprsim fpo-
cmpancmsom pasmeprocmuy m  rad $y, u  pacuuperue
M,® =M.

EcaAd MBl MPUMEHHM COOTBETCTBHE MEXKIY LOJYNHHE IHBIMU
npeo6pasoBAHUAMU H MATPHIAMH, TO MOKEM CopMyINPORATD

3Ty TeopeMy TaKwe C/eayloulM o6pasoM:

Teopema 55. Fcau ® seasemcs roHeunod 2pynnol

sHewHux agmomopgusmos 1, s, ..., u meaa ®, a 1,—ma-
rumy  Mampugamu ¢ dsemenmamuy u3 P, wmo <=1

@ TIL=T, MO Ccywecmsyen makasn HeBblpoNCOAO HLASACH
f &

mampuya o, 4mo s,==a"la 048 6cex S.



Faasa d

AJITEBPBI HAJl MOJIEM

1. Mpavoe npoussenenne aareép. B npervinymelt raase
ML WHTEpPeCOBAaNCh TIaBHEIM 00GPa3ov aGCOMOTHEIMH CBO-
cTBaMu Koael. Poab MHOmectBa sHiomopdusvos & Obina
cKopee BTODOCTEMEHHON, ero enHCTREHHOH ¢ynKuueR CHIO
ocaabaaTh NPeArOIOKeHHe, UYTO B COBOKYMHOCTH HAeAlNOB
KOMbIA BHMONHEHH YCA0BHA 00puiBa wdenelt, IlomyueHHbe
pE3YAbTATH TPHMEHSIMCh, B 4aCTHOCTH, K anre6pam. C apyroft
cTopoHbl, 6oablias uacTh TEOPHM anre6p mMOCBAlleHAa HX
«OTHOCHTEJbHLIM» CBOHCTBAM — CYLIECTBEHHO B3aBHCALIMM OT
Toro mons ®, Hag KOTOpHM ompeneieHa aireépa, Ira yacrb
TeOpDHH HBASETCA NpeMeTOM HAacTosueH raasel, Mel pac-
CMOTpUM CHayana TeOPUI0 NPOCThX anre6p, a TO3xe CHOBA
3afiMeMcd M3YUeHHEM MPOU3BOJLHHIX a/ire6p.

PaccMo'peHust raBbl 4 G5iM B 3HAUMTENBHOH Mepe NO-
CBAMIEHH aAfWTHUBHLIM Pa370XEHHAM KOAbUA B NPAMYIO CyMMY
ero ugeanos. B TeOpHUM NPOCTHIX aAre6p OCHOBHYIO DOJb
urpaeT ONMH THM My/AbTHNIMKATHBHBIX Pa3/noeHult — mpsamoe
npoussenet ne. flycre U aBngerca anredpo# Hap monem @,
u (N:®)=n < ool Mu Gynem rosopnts, 4t0 U ABAsETCH
npamsia npoussedennesn A, X Uy monanredp A, u Ay, ecn
BLINIOJMHEHBl CAEAYIOLHEe YCAOBHA:

1. Dneventsl U3 A, KOMMYTHPYIOT C 3ieMeHTaMu u3 Us.

2- %:9[1%2:—%2%1-

3. (W @) = A, : D) (A : D).

1) B sToil riaBe M NPeINOIaraeM, UTo Halld anredpbl HMeloT
KOHEUHYIO PA3MEPHOCTb. HeKoTopble U3 pe3yAbTaTOB CMPABEAIHBEL
H TIPpY MEHEE OrDAHUUHTENbHBIX YCAOBHAX, HO, PalH IPOCTOTH], MBI
He 6yIeM ykasplBaTh Ha 9TH 00oOuienus TeOpPHH.
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O'-KEBHH,HO, YTO B 3ITHX YCIHOBHUAX MOMXKHO IMOMEHATb MC-

cramu A, u My, rak uyto ecam U= XAy, 10 1 A=
=Wy X A,. BBuay ychaosus 3, ACHO, YTO 3TO NOHATHE
CyulecTBeHHO 3aBHCUT OT noad ®. Tak, wanpumep, ecitu X
apasiercd coGctBedHnM moanoneM monas &, u A=A, X U,
eCIH paccMaTpuBath UX Kak anareGpul Ha1 @, To U £ U, X Uy,
eciii paccMaTpHBaTh HX Kak aareGpol Hag Y. B camom nene,
rorza (9 :8)(@:%) = (%, :T) (%, :X).

[yCTb SAEMEHTH Vi) - - .y Vn, o6pasyiot Gazuc aare6pul A,

J— 1

Hag nogeMm @ ¢ Tabanned YMHOXeHHA y,-y,.f_Zyﬂ}z)i,, 1
3MEMEHTEL 2, ..., 2, 06pasywoT 6asuc anre6psur U, Ham P
C == (2) (1) (2)
¢ Tabauuelt yMHOMEHHT 2;Zp =¥ ZChis TAE Yy W Yoim
nexar B ®. Torga Kaxnnt aneMeHT % u3 W, umeet BUL 2 V95
M KOKABIH 3/1eMeHT ¢ n3 A, UMeeT BUI Ezj'pj. B cuny ycno-

BUA 2, Kaw/aHi snemeHT @ koubua U ABAseTcd cymmolt BuAa
(1) ,(2) {£) —
Sar’ay’, rae ax’ €. CJ!ClIOB&'l:EJIbHO, a= Eyizjcp,j. B cuny
yCAOBHS 3, DNEMEHTH X;;==Y;2; t==1, ..., n; /= Loy iy
AMHEHHO He3aBMCHMBL W noTOMYy 0G6pasyior Gasuc anre6pn %
v . . o ) T (1) (ZJ
nan nonem ®. Tabauua yMHOMEHHA X;;Xy 5 == DXy 100
3T0r0 6asuca onpenensercs BuiGopom 0asucos y; U z; MOA-
anre6p A, u A, Crnenosareabno, ecan B aBnserca BTOpo#
anre6potl Han @, B="1B, X By u a, — a$, ay— a ABAAOTCH
usomopdusmamu Hax P, coorBeTcTBEHHO, My anredpamu U,
NS
n B, Uy n By 1O inj%j_’ Zxﬁ%,-, rne  Xg; = Y2,
s
x@-j:yfz?? 6yner usoMopdusmom mexnay aire6pamu A u B
nag nosem ®. B atom cmuicne amrebpa A =N, X A, onpe-
feaseTcs cBouMH KomrioHentama N, u A,. Bonee obme, ecin B
sBAdETCH HeKOTOpo# aare6pofi, comepwaiied TaKue nBe
noganredpst B, u By, uT0 b bg=hyb, Mna b; € B,;, 0 ecan
S |
@;—> @ ABASeTCs TOMOMODP(HHM oroGpamenneM A, Ha By,
s S S
10 2 X985 Z X955, Xif =y,52’35-‘, Oyuner TrOMOMOP(HEM
oto6paxentueM A, X A, va BB, = B,B,.
— — @ {2)
Ect a= X y:29;, 10 @ =00 ... +Vnn, tie
d;-)e 912, ¥ TaK KaK 3MEMEHTH y;2; JHMHEHHO HE3aBHCHMBI
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9
TO 3 @ =0 BuTekaeT, uto Bee ay =0. Tenerp, ecan
Piyeers Yy ABIAETCS MIOOHIM MHOXECTBOM JHHEHHO He3aBH-

cuMbIX 3:1eMeHTOB #3 U;, Mbl MOxeM H00aBATh K HHM 3ne-
MEHTH Y, i1, « .5 Yp, TAK, UTOOH MOMYUHTD 6azuc anre6psr A,

nag @. Takuum e 06pasoM, € 3NEMeHTH 2, ..., & U3 Uy
JAWHeHHO HE3aBHCHME!, TO Mbl MOXEM IDHCOCAMHATH K HHM
cuie 2JeMeHTH H NOAyuynth Gasuc anreGpul A, Otcroma cue-
nyet, uTO 3AeMenTH y;z,, i==1,..., 7 j=1,..., s -
neifHo HesapucuMe. Kaxk wactHuifi ciydaft 3TOro Mul moay-

qae, uT0 ecan B, sBaserca nonanreGpo#t B A, TO B By=

=%2'\Bl=——:%l >< éBg. Ecnu QIL=%I“ >< %[12, TO %2(9111 >< %IQ)X
KMy =AU, X (M5 X Ay). Taxam 06pasoy, i MHPIMOro
YMHOKEHMA HMeeT MeCTO ACCOUHATHBHHIA 3aKoH. OTmernM
Takike, uto pasmepHocth mepecevenua A, N Uy Hax nomem P
He Gonbwe 1. B camoMm jene, €CaM @ W b ABAAOTCA 3ie-
mentamn w3 A N Ay, To aements a?, ab, ba u b nuHelBO
3aBACHMBI, TdK Kak ab=ba. Ecin mnomaareGper A, n Ay
o6nanaiotT euuumuamu 1, u 1, cooTrercTeenno, To 1==11,
6yaer eamunueht amare6pur A. Ho 1y =1,(1 1)=11,=1
m Tawke 1g==1. Crenosareasno, A, N A, cocrout n3 kpar-
unx la, roe a & .

IMycrs Teneps A, n U, ABAKIOTCA NPOH3BOJLHHIMA aired-
pamu ¢ eavHruaMmiu. IIpearonoxuM, 4yto ¥y ==1,, Yo, ..., Yy,
Hoz =1y, Zg ..., 2y ABAAOTCH OGazucamu 3THX anre6p,

— (1) = 2 — WA -
a YYo=V T 1% > 2 TabANLIAME YMHO
JeHust 3THX 6asucoB. Onpeneanm anredpy A, BOCI0AL30BaB-
wnch 6asHcoM Xy, i=1,..., n, j=1, i r(zz, nonuu-

O oot ] 1 2)

HeHHHIM Ta0/HLe YMHOKEHHT XX, . prqym,xqjj,. Jlerko
NPOBEPUTH, HTO TOAMHOKECTBO 3TeMeHTOB anreSpu A Buia
N w95 e 9, € ®, oGpasyer nomanrebpy A, A, wuso-
moppuyio W, 3 rOAMHOXeCTBO 9S/JeMEHTOB BHJA Zx,jcpj
o6pasyer nonaare6py Uy, nzomopduyo anreépe Ay, Ms rad-
NWEE YMHOXEHH MBI TIOMYYaeM, 4TO Xy X;;== X;;= X ;X5
" (xilxlj) (xl-:lxuf)=(x,-txzvl)(x1jx1jr). HUs nocaeanero cooT-
HOINeHHsE H W3 BHINOMHEHHH ACCOUMATHBHOTO 3aKOHA B anrel-
pax A, u Ay caeayer, uro B anre6pe U TakKe BHIOMHEH
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accouparuBuefl 3akoH, Oieswano, uro A=A X As. Mu
CKOHCTpyupOBany, Taxum 06pasom, aarebpy A, koropas 9B-
JReTC MPAMEIM MPOW3BeAeHUeM anre6p, HBOMOLGHHX NaH-
ueiM anre6pam A, u ;. Kak msi Buneau Boiie, A Asasercd
eauHcTBeHHO! C TOYHOCTHK IO u3omMopdr3mMa anrebpott, c6aa-
naloimedt 3TuM cBOMcTBOM. Mul OyneM NAEHTHPHUHPOBATE

anmre6psl N; n A, u wHasmBath A UPAMHIM TPOM3BENCHHEM
(A=A, X N;) anredp A, n A;. B 3TOM PACCYKACHHH HE 5B~
Jsercd CYIIECTBEHHBIM CJeaHHOE HaMd oOrpaHuyeHHe, 4TO
aarebpul A; o6aanawT euHHuaMy. B camom jene, M MOXEM
npucoeuunTL equuruy 1; k aare6pe A;, ncaydas npH 3TOM
anrebpy B;. Mwr obpasyem By X B, u Gynem cyuTaTh NON-
anre6py A, X A, nrambM npousseiexuem are6p A, u Ay,

2, Pacmupende moJas. Anre6Gpa, Tecro CBA3aBHas ¢ npd-
MHM NDOU3BEICHHEM, TOAYyUaeTcs  CielylOWM 00pasoM.
[ycts A sBasercs anre6poft ¢ 6a3ucoM x, ..., X, HAlL 0O~
aem P, a B-—anre6pot ¢ emunnue#t wapg P, PaccmoTpum
MHOXECTBO BhipaweHuft Buaa x,b, ... 4= x,0,, t1e H; €3,

i
IlBa TaKuX BHIPAXKEHHS Exib.; u Y, x;b Oynem CuuTalb pas”
HEIMH TOTZa W TOALKO TorAa, xoraa b, = #,. Onpenennu

B B xh =3 %, (0, + b,
(3 %) (3 %) = 2% 2 0

eciu xixj——--Ekaw, rne Y € ©. Herpyawo BuieTs, 4TO
onpejencHHas Takuv 006Da3oM CHCTeMa SABASETCA KOJELOM.
O”o He 3aBUCHUT OT BHOGopa 0asvca x; B TOM CMBICAS, 4TO
KOJIbLA, ONpelefeHHHE MPH MNOMOLM DPa3nHUHHX 6a3ucos,
nzomopdubl Mexay coGott. CregoBaTenbHO, MH MO¥eM 0060-
3HAYNTL 310 KOALUO Yepe3d .

Tak Kax KoOAbHO B COAEPKHUT EAMHUILY, TO OHO COLEPKHT
nzomoppHoe ¢ @ nogmoae 1P, cocrodauee U3 IMEMEHTOB

uaa la. Koabuo Uy cOmepMUT MOAMHOMKECTEO 3JEMEHTOB

BH A 2 x; (1 &), KcTopHe 06pasyioT NOAKOILIO, H3OMOPdHOE
konpy A. Mul MpaenTuduumpyem 570 koapuo ¢ A. Temeps

onpefienenue Z (xh) b= x; (bs") npespautaer xoabu0 WAy



172 TITABA D

B B-monyab. M3 storo omnpenenesds Mbl nolyuaem, 4TO

ul=u, (Wv)b=u(vy), @H)x=(ux)h

ans Bcex u, v us Wy, Bcex x uz A w scex & u3 B. Takum
o0pa3om, onepauust B MOAyJe KOMMYTHDYeT C JIeBHMH H € Ipa-
BHIMH YMHOXEHuAMH Ha aneMeHTH U3 . Tak kak Uy ABAACTCS
B-monynem, 1 B 1P, 10 Uy aBAdeTcH D-Mopy’AeM (Mel
nonaraeM noa=u(la)). Ecau a € P u ajementst 2 u v
npousBoabHE, TO (4v)a==u(va)=(ua)v. CrexosateibHo,
e sBasercs aarebpori wan ®. Ecau anementH p,,..., ¥,
o6pasyor Gasuc aare6pw B Han nonem O, TO mn dMeMeH-
TOB X;y; 06pasyoT 6asuc amre6pu AUy Hap P. ,

Itu cpoiictBa xapakrepuayioT Un. B camom nmene, npen-
nmosoxuM, uro & spasercs TakoR aareGpo#, uyTo

1. & comepwur A,

2. & asaserca B-monyaem, rae B —anrebpa ¢ equnuedt 1,
M uo==u(la) 119 Bcex u# € & u Bcex a € . & nopownaercs
anre6poit U B TOM CcMbic/e, YTO HaWMeHbiuuf#t B-moaMoxynn
monyas R, comepwammi A, cosmamaer ¢ camum K.

3. (w) b=u(vh), (ub)x==(ux)b mna scex u, vERW,
Bcex X €N u Bcex HEDB.

4. (R:0)=A:9)(B: D).
Torga, ecid Xy, ..., X, 06pa3ytor Gasuc anre6por A Hax P,
TO 3/7eMeHTH U3 & MOryT ObITh OAHHUM H TOJILKO OZHUM 06pasoM

NpeCTABAEHH! B BHIe ) X;0;, e b; € B. Ecan XXy = Exk‘{m'j,

TO
D xh) Qb)) = D (x:0:) (x50 == 2 ((xibs) x;)b; =
= 2 ((x5;) b)b) = X xpyuabilf = Zxkbib'i/Ykij-
CaenosatennHo, & usomopdhuo Uy.

Ecau xoabuo U obaanaer emunnuei 1, 1o (X x;05) 1=
= N (x;0;) 1= (x; 1) b; = X x;b;, W, TomoSHO 3TOMY,
1(2 xi0;) =2x¢bi. CnenoBartenbno, 1 siBasieTcsl eauHuuei
arebpsl Ay. MuoxkecTso 3jeMeHTOB Bula 1h obpasyer non-
anre6py, uzomopdpuyo B. Otmerum, uto u# (10) =ub n uro
(16) x =xh=x(18), eciu u €y u xCW. CrenosarensHo,
eCIM UACHTH(PHUUPOBATL aAre6py, COCTOALLYIO U3 3/J1EMEHTOB
pifa 14 ¢ B, 10 Mb MOxXeM Hamucath, uTo Uy ==AXDY,
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Ecan ¥, asaserca mnozaareGpoi anredper A, TO MOMKHO
NPEANONOKHTS,  YTO BAEMEHTH Xy, ..., X,  00pasyloT
Bazuc anrebpel W, MOPHUEM X, ..., Xy ob6pasywor 6asuc

r

anre6pet 9. Diementhl ) x;b; 00pasyoT aareGpy, u muo-
1

JEeCTBO TAKHX 3/MEMEHTOB fBAAETCS HauMeHbluuM B-Momyne,
copepxauum A,. Fcuo, uro sra aare6pa usomopdHa anredpe
U@ ¥ MOITOMY MOWeT OHITH o6o31auesa uepes Wym. Ecan
M, ABasieTCsl MALAAOM (HHABIOTEHTHBIM upeanoM) B U, TO
u W;p 6yfeT MAeanoM (HHABNOTEHTHEIM uneanom) B yp. Cie-
AOBATENLHO, ecau Koubllo YUy  TPOCTO (monympocTto}, TO
u xonbuo 9 mpocto (MOAYMPOCTO).

[Ipe/noa0KUM Tenepb, 470 B = P sasasercs noaem V. Torna
(uv) p=u (vp)=(up) v 117 BCEX 4, U H3 Up 1 Bcex pus P. Cre-
NOBATENBHO, MBI MOMeM paccmatpueath p Kak anreGpy Hal
monem P. Ecam He oOroBopeHo jpyroe, To Mbl U 6yiaeM Ha
camom gene paccvarpuBath Mp TakuM 0GpasoM. QueBMIHO,
uro (Up :P)= (A :®P). Moryr GHTh OTMeucHb CJEILyIOUIHE
npaBuna;

(5211 EB %Z)P = s”vlf' GB 52IQP"
(g)—tl 69 %2)9 = Q(lPXQ[gPs
(AUp)g = As,

ecan ¥ geasieTcs coiepwarium P nosiem.

3. Mpencrapiiendss MaTpuuamMy W OPOCTPAHCTBA "Hpen-
cTaBieHuii. BTOpHM BaXXHHIM CP2ACTBOM B HALUEM HIYUCHUH
anreGp aBNfAeTC TEOpHA Npe/CTaB/leHHH anre6pet A MarTpu-
HaMu. B OGHUHOK TEOpPHH Mbl HMHTEPECOBAAMCh TNpeACTaB/e-
HHSIMH adreGpLl MaTpHiamMu C DJIEMCHTAMH U3 TOAR d. Jas
JCCAeIOBAHUA TPOCTHX anare6p Ham nonago6uTcs o000lIeHNe,

1) CiepyeT OTMETHTb, YTO B OMpeneJeHuH 9w He HCNOJB3YETCs
CleJaHHOe HAMH TpeAMoJoKeHHe O KOHeuHocTn 6asuca anre6pe A,
A6CcTpakTHas XapakTepUCTHKA AAeTCs B ofueM cayuae yCAOBUAMH
1., 2., 3., # 41 €CIH SAEMEHTHl X1, ..., X, AMACHHO HE3ABUCHMH B A
HY1, ... Vg THHEIHO HE3ABHCUMSI B B, TO rS 3IeMEHTOB X;V; NHHEHHO
neszapucumbl B Ag. Pacumpenua Up, xoTAa MOIC P apadgercs 6ec-
KOHEUHbIM DACLIHPEHHEM, HMEOT MHOIO BaMHLIX TMPHIONCHHIL.
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NPH KOTOPOM 3NieMEHTLl MaTpul G2pyTci B HE3aBHCHMOH OT
9( nmpocroit anre6pz B. Tem ne wmenee, NP2k, UeM pac-
CMOTPeTh 3TOT OOWMA Ciyuail, Mb XOTMM NOAPOOHee HCC/E-
nopath 6oJjee IPOCTOH.

Kak # B ciy4ae NPEICTABJIEHUT SHAOMODDH3MAMU, CYLI(Z-
CTBYIOT [Bd TWUNA TPENCTAB/EHMT MaTpuuamu, Bo-nepshiX,
onpenenum (OGHIUHOE) npedCmMasierue MAMPULAML anredphl
9 nag P, Kak romomopdHoe oroGpamedne a — A aareGphl
9( na nonanre6py anre6psl MaTpuu ®xiecin a — A u h —B, 10

at+b— A+ B, ax—Aa, ab—AB.

Takum e O0GPasOM ONpelelduM 06pamHoe npedcmasicrue
Mampuyami, kaK o6parno roMomopproe oroGpaxenne U Ha
noganre6py anre6psl MaTpuil. IIpeAnonoxuM Temeps, UTO R
ABAA2TCS. KOMMYTATUBHOH Ipynnofi, yIOBASTBOPAIOUIEH Caeny-
IOLKM YCAOBHAM:

1. R apasierca Takum ®-monyem, uro i Bcex xEM 1 was
enunuusl 1 u3 ® umeem x1 = x, u KpOMe TOTO, (R:P)=N.

2. R asagaTcd JAeBHIM U -MOLYICM.

3. (a0) x = (ax) ¢ ==a (xa) A BCEX a€ MU, Bcex aEcd
u Bcex x€ER.

Torga M Gyzer N-M:pHHM BeKTODHBIM NPOCTPaHCTBOM
nag @, u suHzoMOpdU3Mb, COOTBRTCTBYIOLIHS  I/TCMEHTaM
a, Oyayt AuHEeHHBIMH npeo6pasopanmusivu,  Tak  kak &R
aeafeTca AeBuiM A-MOAyJIEM, TO COOTBETCTBH2 MEXIY 3JCMeH-
ToM a u npeoGpazopaiueM a OyneT oOpaTHO roMoMOppHLIM
oTto6paxcHrey Kolbla A B KOMBIO JTUHEHHBIX npeoOpasoBaHuii.
B cuiay yca0Bus 3, Helinoe npeo6paszosaniie, COOTBETCTRYION2E
qu, ABATETCH TPOU3BEJEHUHEM JMHEHHOTO npeo6GpasoBaHusd @
¥ YMHOXCHHA Ha CKanap d. CnienoBaresbHO, 3TO COOTBETCTBHE Oy~
. ner o6paTtHO roMoMOpdHLIM 0TOGpaKeHnreM aare6pui Y Ha moa-
anre6py anreGpsl JHHSHHBIX npeo6pa3osaHuil, HanomuuM, 4T0
COOTBETCTBUE MEXAY JIHHEHHLIMU PeOOPa30BAHUAMA BEKTOPHOIO
[POCTPAHCTBA M MATPHIAMH, KOTODbIE OHH OMP2JEAdI0T OTHOCH-
TeJIbHO HeKOTOPOTro (GHUKCHPOBAHHOTO 6azuca, aBaserca obpar-
HbIM H30MODP)pH3MOM MeXAY 3THMH anre6pamu. OTcwzna cie-
AYeT, YTO €CAH Xy, . .., XN ABIASTCH STUM 6a3uCOM M ax; =
=2xjaj,-, TO COOTBETCTBHE MEXIYy @ ¥ MaTtpuuzi A= (a,j)
Gyder NpeacTaBieHueM anreSpul 9 marpunamx us @y, Mol
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MOKEM TaKme OOpATHTb MOPAJTOK PACCYMKICHHA H acCOUMHPO-
BaTh, TaKHM 00pa3oM, € KLKABIM TPEACTABICHHEM anrebpnl

9 marpuuamu rpyrny R, yAOBJIETBOPSIOULYIO yCIOBHIM 1, 2.

u 3. Byzem HaskBaTh TAKYI0 IDYMily nZPOCHLDAHCMBOM npeo-
cmasaenis anre6psl A, [Tono6Hbie PACCYHASHUS CNIPABELIHBLL
M s oOpaTHHX npeacraBaeHuit. B aTOM cayuae monyau
AOMKHB YHOBJISTBOPATH YCHOBHIO 1. M yC/AOBHAM:

2/, R apagerca A-Monpynem;

3. x (a2) = (xa) a = (xa)a, rre a€WU, agd, xER.
ByzeM HasbiBaTh R /1pOCMPAHCIBOM 05pPAIioz0 npedcma-
gaenus aszepsl Y. Ml OrpaHHUMMCH TOMBKO CAyHasM 00hlu-
HBIX MpEeACTABJAeHUH, TaK KAK H3MelieHud, Heobxoaumble Mid
paccMoTpenus 06paTHBHIX NPeACTaB/eHUH, OyLYyT OYEBUAHBI.

HamoMHuM, UTO €CAM 3JIEM2HTH Yy, ... YN o6Gpasyior

BTOpPO# Gasuc MPOCTPAHCTBA NPEACTABICHHSA Ruy, = ijpﬁ,
TO MaTpullesil A @ OTHOCHTENRHO 3TOro 6asnca Oyner
M-1AM, M = (p;;). TIpeacrasnenne o — M-1AM nazbiBaeTCs
nodobusim mnpencrapacHuio a— A, Taxum o6pasoM, Mnpo-
CTPAaHCTBO MpPeACTaBAECHHs OAp2aenaeT Kaace NOA0GHBIX TIP2A-
craBaeHuit marpuiamu. Mp OyjeM HasHBaTh JBa NMPOCTPAH-
crea mpencrabnennti R, u Ry usosopproisu, eCin MEXLy
HHMHM CyiISCTBYeT B3AMMHOOJHO3HAYHOE COOTBETCTBHE, HBJAK-
leecs B ONHO M TO Ko BpaMa P-usoMopPpuaMOM M N-u3o-
mopdusmom. Ecau U aBasercd TAaKHM H30MODPH3MOM H 3ile-
MeHTHl X, ..., Xy 00pasyior Gasuc R, Han P, 10 SMEMEHTH
2, =x,U, ..., 2y = xyU 0Gpazywor 6asuc Ry nan $. Kpoye

TOrO, €c/au ax,-:ijaﬁ, TO U azfzxzjocji. Takum o6pa-
30M, 130:OpGhHbLIE NPOCTPAHCTBA MPEICTABIHAA ONPEACNHIOT
O/IMHAKOBHE KJAAcChl MOAOGHBIX IMPEACTABJEHUR MaTPHIAMH.
OOGpaThoe TaKie COpPaBe/JInBO.

Byjem HasbiBaTh NPEACTABISHUE MPUBOCUMbIM, PASAOHCU-
MoLM, 6nOAHe npusodumuir, ecnu rpynna R OTHOCHTENBHO
suaomopbusmos 3 & u uz U Asasercd COOTBETCTBEHHO TPH-
BOAMMOM, DA3MOWMMOM, BIOAHe NpPHBOAWMOH. M3 paccyme-
Huil § 8 riaasb 2 ACHO, 4TO MPEACTaB/eHUe NPUBOAMMO TOTAA
H TOABKO TOTA3, KOTAa OHO HOJA0OHO MpeNCTAB/CHUIO BUAA

(s )
0 A, )
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[peacraBieHue @ —> A; COOTBETCTBYeT HCTHHHOMY MOANDO-
crpanctey &, ocraoumleMycsl WHBAPHAHTHBIM OTHOCHTE/]BHO
sHAOMOD(HM3MOB @. Ycnosuem Mis TOro, 4TOGH R pasnara-
nock B mpamyio cymmy R =R, R, rae R;—nusapuanr-
Hble OT/MYHblE OT HyJfA TOANPOCTPAHCTBA, ABAAETCH MOKOGHE
IpeACTAB/ACHHU, ONPENEAeHHOr0 TPOCTPAHCTBOM R, npencra-

BJICHHIO BUAA ‘
4, 0

' ) : (2)
0 A,

3nech @ —> A; ABJIACTCS UPEICTABJCHUEM, OTpeleeHHbM NPO-
cTpadcTsoM mpencrasnenus R, HamoMmHuMm TaKie, uT0 eCaH
R=R,oR,_;>... oR; o0 sBsieTca Lenblo HHBAPUAHT-
HEIX OTHOCHMTEJNbHO [Peo0pPasoBaHiii @ NONNPOCTPAHCTB, TO
Halle NpefCTaBjleHHe NMOAOGHO CaedyiolleMy

Ay )
A,

, @)

0 A;

e NpeACTaBleHus @ — A, CBA3AHLI C TPOCTPAHCTBAMA RN

Lens moxnpocTpaHcTB 6yneT KOMMO3WIHOHHLIM DSiOM TOrAa
¥ TOJABKO TOTAA, KOTJAA BCe MpeACTaBlAeHus a — A; HeNPHBO-

IUMBI. YCIOBMEM TOJHOM MNpPHBOAMMOCTH ABJfeTCA nojaolbue -

{IpeACTaBAeHMs TPeACTaBACHHIO BUIA (3), B KOTOPOM SUIMUKH
% pHllle «/JAMATOHANH» COCTOST W3 Hylefl U MpeacTaBacHHs
@ — A; HeNpHUBO INMEL.

Hamu paccysaenus npHoGpeTaoT ropasao GoJsee pocTyo
dopmy, ecim anre6pa U oGramaer emunuuedt 1 u 1 oro6pa-
WaeTcd B elWHUYHY Matpuuy. OTcioaa, pasyMeeTcd, CIAEILyeT,
uro lx=x nms Bcex xCM. Torza (la) x = xa. Taxum 06-
pasoM, B 9TOM Cilydae NOCTATOYHO paccMaTpusath R Kak
neBbift A-moayns. C apyro#t cropousl, ecau R saBaserca mpo-
M3BOJIbHLIM JIeBbIM I -MOJy/eM, B KOTODOM VIl BCeX X 1X ==X,
10 R Oymer aepnm P-ModyleM OTHOCHTENBHO OlE€pauuMu
ax==(la) x. Tak kax ® KoMmyTaTBHO, T0 R MONKET TaKKe
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paccMarpuBaThed Kak P-MONYJIb, €CIAH MNOJOMUTH X == aX,
Kpowme toro, ecnu pasmepHocts (R :®) xoueuna, 1o N a8-
JSIeTC TIPOCTPAHCTBOM TpeAcTaBaenud. OTMeTHM, Y4TO yC/I0-
BHe KoHeuHocTH (i :®) 9KBMBaNEHTHO TPeGOBAaHMIO Cylile-
CTBOBAHMH KOHEYHOro yucna obpasyiowux B ;R Han A. B cavom
Hene, eClH IEeMEHTRl V|, ..., Y, ABIAOICA 006pasynoumumu
monyns R Haxm U, a saeMentH ay,..., 2, — 00pasyOUUMY
B U orHocuresbo @, 10 nr saeMeHTOB @;y; GyayT 06pasyio-
mumu B R oTtHOcHTeabno . CienosaTenbHO, KOHEYHOCTh
(R :®) nokasanua, ‘

Ecmun Y obGaamaer emunuueit 1, Ho 1 He oToGpaxaercs
B €IMHUYHOE NpeoGpasoBaHue, TO MH npeicrapiasgeM J B Buge
R=C8@ 3, rue © ApadeTC COBOKYHOCTHI0 3AEMEHTOB BHIA
lx, a 3—COBOKyNHOCTbIO 3JeMEHTOB BHAA x—lx, KOTOpDbhIE
aHHyaupyloTca eaunuuedl. Ecau mbr BoiGepeM 6asuc vy, ..., Yy
st R rakum 06pa3oM, 4TOObl JIEMEHTH Y, ..., Y, 00pa-
s0BEIBAMM Gasuc Wi &, a AEMEHTH Y, ., ..., Yy — 6asuc
s 3, TO MaTpuue#, COOTBeTCTBYWOWeH aneMeHTy a 3 9
OTHOCHTEJIBHG 3TOro Gasuca, Oynder

A O
0 0)°
B npexcrasnesnn a-» A, CBA3aHHOM C TpPOCTpaHCTBOM &,

Mbl uMeeM 1~ 1, 4TO MO3BOJ/IAET HAM H B STOM CaAyude CBECTH
HCCeJOBaHHE K HCCHAeNOBAHUIO JeBhX P-Monynel,

4, lpuaowenue teopun A-mopyneit. [iycts R Oyaer
KaKHM-1HGO NpOCTPAHCTBOM npeicTasnenus aare6pst W. Muo-
KECTBO x BeKTOpPOB BHAA OX, rAe X—(UKCHPOBAHHLIM 3Je-
ment u3 M, a & npoberaer neBulit P-ugean , ABIACTCH HHBA-
puantHbM noanpoctpancTsoM B R, [lo1o6HO 3TOMY, MIPOCTPaH-
crBo IS BekTOpOB X, - ...-}b,%,, rie x; npoGeraior
MHOXecTBO © M b; npoberaioT ujean , ABAAeTCA HHBAPUAHT-
HBIM NOANPOCTPaHCTBOM. IIpHHHMAas BO BHHMAaHUE PacCyxie-
Huad § 12 raaBel 4, MBI MOXMEM J[OKasaTb, 4TO, €CJH Ipo-
crpaHCcTBO R HeNpUBOAMMO M ! ABAAETCA PAaiMKaNOM aareOphl
A, 10 RN =0. Cnenosarcapno, B 3toM ciayuae R Oyzer

IPOCTPAHCTBOM IIPeCTaBAecHuA N0AYNPoCcTO# anre6pst U=A/N,

12 38ax. 748, H. IImerobcom.
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“

Kpome TOrO, BBHAY HENPHBOAKMOCTH UDOCTPAHCTBA R, 160

AR =0, nubo eamnuua anre6pst A ABAAETCA  TOWASCTBEH-
HeIM TipeoGpasosanuem B Ji. B mepsom ciydae NPOCTPAHCTBO
R onHoMepHO, a BO BTOpOM (rnaa 4, § 12) MPOCTPAHCTBO
R N-130MOPHHO HENPHBOAMMOMY JeBOMY uieany aareGpsi A.
Ecan ‘f[:‘il_l@. .. p U; rme W, —HenmpuBOAHMBlE ABYCTO-
ponrue upears, 10 R anHyaupyercs Bcemu uneanamu U 3a
nekaloueHneM, ckaxem, uzeana ;. Takum obpasom, R
sigsiercst Aesbivm A, -MoayaeM. Ho 4uc/io TaKHX HeImpPHBORHMBIX
A-momyneit R, uro AR 0, pasHo uucay ! KOMMOHEHT A,
aare6put A, U Mbl MOweM CHOPMYIUPOBATH CIACAYIOWYI TEO-
pemy. .

Teopewma 1. [lycts N ssasgemes paduxarom arzeOps
Moo A=AN=AD...D Ny, 20e N; — npocmsie  ude-
aasi. Tozda awboe wenpusodumoe npedcmasrenue a— A
uau ABAsSemMCA Hysesusm npedcmasaeruesm (a—0), aau
" nodobHo npedcmasienuio, nOAY4AeMOMY NPU UCHONBI0BAHUY
00HO20 w3 Henpugodumpx Ae8bx ideasros aazefpst U
8 KagecmBe npocmpancmea npedcmasserusn. Hucao xaaccos
nOOOCHHX OMAUYHBLY OM HYAS HenpusoouMslx npeocmas
BACHRL PABHO 4ucay romnouexm W;.

HanomuuM Taxxke, uto ecan amreGpa U moaympocra, TO
moGoit A-MOAyAb, B KOTOPOM JUIsl BCEX X 1X ==X, BIOJHE
npuBoauM. Ecin teneps R ABnsieTCd NPOU3BOABHBIM TIPOCTPAH-
CTBOM IpexacTaBieHus aareGpet A, TO MBI MOXKEM NPEACTaBHTDH
R bouze R=8PH, rre ly=y nua scex y& n le=0
aaa Bcex 2€ J. Tak xak @ sBasercs nesbiM  A-MonyieM,
B KOTOpOM ly==y, 10 © Bnoiue unpusoaumo. Kpome Toro,
$ MBI MOXEM Das/ONHTh HAa ONHOMEPHBE MNOANPOCTDPAHCTBA,
Tem cambiM IDOKasaHa

Teopema 2. Kaowdoe npedcmasrerue noAynpocmold
aA2e0py. 8NOAHE HPUBOOUMO.

CnenpaibHEIM CaydaeM 3TOH TeopeMbl fABASETCd MNOJHAsA
MPHBOAMMOCTL TPEACTABACHHS MATPHLAMH J1000# MPOCTOH
HeHyneBo# aare6pn . Bce HenpuBOaMMbE OT/HUHBE OT
HyAsl NMpPEeACTaBJAEHHs TakO# anre6pnl NONOOHH Mexay coGoH.
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Eciu, B yacraoctd, A==P,, 70 BCC OTIMYHHE OT HyJIf He-
PUBOMMble HpPEeACTABJICHNs ONOCHE [IEPBOHAYAILHOMY TIPEH-
craBieHnio A - A. 9710 MOXeT OHTh TaKw¥e MOJNY4YeHO, eClH
OTMETHTb, uTO P,2,, ABISIETCA HENDHBOJAMMEIM JIEBHIM H[EAIOM
(uepes e;; oGo3Hauennl MaTpuuHble eauHHLE). $-Gazucom
ILJSt 3TOTO HJeaNa OYIET X{==€1, ..., X, ==€,, H eCilHd
A=Y e 0, 10 Ax;= X x;%;;. Clel0BaTeNbHO, NPEACTA-
BAEHHE, OUpEeJe/eHHO® 3TUM H/IEAIOM, ABAAETC TEPBOHAYATD-
HHIM TpejcraBneHueM A — A.

5. Ilpeacraraenune aareGpbl MaTpHilaM¥ C SJEMEHTAMH
U3 npocToii anreGpei. Ecau B sABasgeTca mMpousBoJIbHOH ajire-
Gpoit, TO Mbl ompexseanm npedcmasserue (o6pamuoe nped-
cmagdaenie) anrebpsl W mampuyanu ¢ ssemermaru u3 B,
Kak romoMopgHoe (o6patHO romoMopdHoe) OToOpaxeHHe
anre6per A Ha nomanre6py anreGpst matpuy By. Kak v B
TOM CHelnaapHOM ciyuae, koraa B = &P, mbl HA3HIBAEM TIpel-
CTapneHu @ - A, U a—> Ay nodoOHbiMY, €CNH CYWECTBYeT
TaKas HesaBUCHMAd OT @ Marpuma M, uro Ay= M-1AM.
Mpencrasnenne @ —> A npugodumo, eciiy OHO NOAOGHO mpex-
craienuio Bupa (1), u passodxcuro, ecid OHO 1OA0GHO
npencrasienuto Buna (2). OHoO gnoare npusodumo, eciu
OHO TON0GHO NpeacraBjeHuto Buia (3), rae AMYKA * PaBHBI
HYJI0 W MpeAcTaBieHust @ — A; HenpuBoAuMbl. Mbl orpaHu-
uuMCS u3yuyeHHeM NpeICTaBieHdd aiare6p C exuHMUel MaTpH-
AaMM C 5JeMeHTaMu Takxe M3 anreGpel ¢ eaunuued. Kpome
TOr0, MLl OPEINoeJONKKHM, 4TO exnHHua anre6pst A oTobpa-
KaeTCA B eJMHHYHYIO Martpuiy. Kak Msl yBHIHM, B 3TOM
c/yyae TeopHs OGPATHRIX IpeacTas/jeHudA B HEKOTODOM OT-
HOWIEHHM O6oJiee eCTECTBeHHa, 4eM Teopus OOBIYHBIX Tpen-
crasnenuit. [1osToMy Mbl GyZeM WMeTh B BHAY IVIaBHBIM OO-
pasoM NepBYIO W3 HHMX, YKasbiBag JHIIb TdM, TL€ 3TO HYXHO,
W3MeHeHUusd, HeoOXoauMble A OOBIUHOH Teopuu.,

Mur xotuMm chOpPMYJHPOBATL TPH NOMOLM MOLyJae#l LpO-
6nemy mnpexacrasmenmi, Jag 3ToRft nenu Heo6XOZMMO BCTIO-
MHHTbL TEOPHIO CBOGOAHBLIX MOJIy/ell, PaCCMOTPEeHHYIO B r/aBe
3, § 3. Mu Gynem Teneph HaswiBate B-moxyas R B-npo-
cmpancmso v, ecnu R aBnserca npaMOR CyMMO# KOHeYHOro
yucaa cBoGoaHBIX Momyme#t. Tax xax B YHOBAETBOPHET yCAO-

12%
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BHI0 OOPHBA BO3DACTAOLMX iemelt HAeanO0B, TO PaHT N mpo-
crpauctBa N #ABAAETCA MHBAPHAHTOM. Ecmt X, ..., XN

W Y1, ..y YN ABIASIOTCA ABYMA Gasucamu A4 R, 10 ¥ = Eijﬁ
Xy == 2 Y€y, TH MATpHUH B = (by) u C= (c4y) mexat
B8 By. Torma BC=CB =1, rtak 4ro C = B-1, Q6parHo,

ECAM  BJEMEHTH X, ... Xy O06pasyior 6asuc u MAaTpUUd B
o6pariMa B By, TO 31EMEHTHI V== 2 x;b;; 06pasy0T BTO-
poft Gasuc.

Mycts Teneps o sBagercsd B-3HAOMODHHSMOM B R,
X3 = 2, X4, 1 A= (ay) nexur B By. Toraa marputa A
e IMHCTBEHHHM O06pa3oM OMpeJe]seTCl SHAOMOPHHIMOM 4.
Takum 006pa3oM, MB [0JyYaeM OIHDO3HAYHOE COOTBETCTBHE
Mexay anre6poit § B-snn0MopH3MOB NPOCTPAHCTEA R u MHO-
wectsoM Martpui W3 By. Kak u B TOM Cayuae, KOTAd B
ABASETCS TEJNOM, Ml MOMKEM TOKa3aTb, YTO 3TO COOTBETCTBHE
AB/AsICTCA OGDATHBIM H30MODHUIMOM MEMAIY anreéroit B-anno-
mopduamos u anreGpoi By

Onpeneaum Tenepb B-npocmpancmeo o6pamrozo npeo-
cmagaenuss anre6pel A KAk KOMMYTAaTHBHYIO [PYTHTY R,
YZOBJIETBOPAIOULYI0 CJIE/yIOIUM yCROBUIM:

1. N ssaserca B-npoCTPAHCTBOM,

9. R apagerca TakuM W-MOAysaeM, 4TO AnA BCeX xER
u ana enuudus 1 aare6ps N umeem x 1=x.

3. (xa)b==(xb)a, ecm x€ R, aCU u beB.

4. 1a uz A orob6paxaerci B TOT WKe sunomopdusM,
yto u 1 @ u3 B,

Teneps, B cuay ycaosus 3., -anioMopdH3M, COOTBET-
CTBYIOUMI 3JIeMEHTY @, ABAAETCH B-supomopduamom. Crne-
JOBATE/NbHO, €C/IA BNEMEHTH Xy ..., X 06pasyoT B-6a3uc
g R ou ax@-=2xjaﬁ, TO COOTBETCTBHE MeXJy @ U MaT-
punei A= (ay) w3 By HABISETCH KOABUEBHM 00paTHLIM
romMomopdusmom, B cuiay ycuosus 4., 3/MeMEHTY as=a(l a)
cootsetcrByer marpuua A{la)= A2, u nOTOMy Ml IOAY-
yaeM OOpPAaTHO TroMOMODGHOE OTOOpaxenne anre6per A HA
noganre6py aaredpst By. Orcioma crenyer, UT0 Kaxjoe

B-npOCTPaHCTBO  O6PaTHOrO  MPENCTABJICHHA aare6put N
onpeneaser 00paTHOE NpeiCTaB/IeHUE, H o6patHo. CHOBa,
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KaK U B ciyuae, korda B == O, apyrofi Gasuc MPoCTPaHCTBA /4
onpefensier o6parHoe TNPEACTABJICHHE, nozo6Hoe 06paTHOMY
npencrasnenmio @ - A. TIpocTpancTsa OGPaTHHIX Hpe/CTa-
rennit R, u Ry 6yayT (A,B)-130M0OPPHS! TOTAA M TOALKO TOrAS,
KOrJa OHH ONpenelsioT OIWHAKOBGIE KJACCH  TONOGHEIX
06paTHHX TPEACTABACHUH.

Paccmotpum Teneps anre6py U, = A X B. Mu sunenn,
YTO eCld BAEMEHTH X; ..., X, 00pasyior Gasuc mpocTpan-
crea N wHag ®, To KawkApil 3JEMEHT H3 %lg MOXeT OHTb
eIHHCTBEHHLIM 06pA30M HpeAcTaBled B Buue X0, -+ ... -
+ %b, THE by €B. Taxum obpasom, U, ssaserca B-mpo-
CTPAHCTBOM paHra A OTHOCHTENBHO TIPABOTO YMHOMKEHHS
%— xb, Kak onepauun -momynas. Axare6pa A, siBASTETCH

take A-MOAYNEM  OTHOCUTE/NBHO TPaBOrO  yMHOXEHWH.
CnenoBarensHo, Ay sBagercd B-nNpoCcTPaHCTBOM 06PATHOrO
npeacrasnenuss anare6pst  A. Tlokaxem nanee, uro M-
Goe B-npoctpaHcrBo R 0o6paTHOrO NpeAcTaBieHus Oy-
net Ug,-MORYyEM. B camom nmene, nycThb 9 0603HauaeT COBO-
KYNHOCTb 3HAOMOPG)HU3MOB, COOTBETCTBYIOUIMX 3JIEMEHTAM K3
A, u B— COBOKYMHOCTb SHAOMOPHHUIMOB, COOTBETCTBYIOIINX
aaementam K3 B. Taxk Kax COOTBETCTBUA a—»ae_ﬁ H

b—bHEDB aABAOTCE TFOMOMOPDH3MAMH, TO COOTBETCTBHE,
oToOpaxammee 3JAeMEeHT Za,b, anre6pul Ay, HA SHLOMOP-

dusm ¥ a;b¢ us N B =LA, Gyser romomopdHbIM 0TOGPA-
wenrem. Taxum obpasom, R ssaserca Ug-monynem. C mpy-
rof CTOPOHH!, KaXIsIH QISB-MOZLyJIb, ABAAIOLIMACA, €CAH ero

paccMaTpuBath oTHOCHTEAbHO B, B-mpocrpaHcTeoM, Gyret
B-npOCTPAHCTBOM OGPATHOrO mNpefcTapienus anre6per .

[MomoGHbIM e O006pa3oM MOXHO I10Ka3aTb, UYTO TEOPHd
OBLIUHEIX NPEACTABACHUH 5KBUBANECHTHA TeOpUH B-NPOCTPAHCTB
NpeACTaBACHAH, KOTODHE ONpeNessiorcs ycaosusamn 1., 4., u

2', R apaserca Takum JAeBeM Y-Moaynem, u4TO AAA BCEX X
v g enusunsl 1 aareGpor U umeem 1x =Xx.

3. (ax)b=a(xb), ecnu xR, acWA u HED.

Beenem obparHo usomopduyio ¢ 9 anredpy U'. Toraa
M MOXeM paccvaTpuBath R kax U'-MOAYIb OTHOCHTENRHO
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npoK3BesieHis Xa = ax (@<——» @’ aBI9eTCA 0GPATHHIM H3OMOP-
dusmom). Taxum o6pazom R asasgerca B-MpocTpaHCTBOM
oﬁlpamoro npeacrasiaenus anre6put A u noromy Oyner
U ,-monynem. OGparno, nxoGo# Wy -MOAYTL,  ABAAOUMACT
B-npocTpancteoM, Gyser B-NpocTpancTsoOM APENCTAB/IEHHHA
anre6pst A.

TTpeanooxum Teneps, uto aareépa B npocras. Hanomuum,
yto B 9TOM ciayuae B Oyner npaMoil cymMmol, nanpumep,
B-u30MOPDHEIX HENPHBOJAMMBIX IIPaBHIX UI€aNoB §, M UTO
B=D,, rae D—nexoropoe Tero. Camo B Gyrer cso-
GOAHBLIM IMKAMYECKHM MOMyJey, BasHcoM Kortoporo Gynet 1.
Jlio6o#t B-moayas R, B kotropom x1=x maa Bcex X, Oy-
JAeT npAMON CcyMMOHl HEHPUBOIMMBIX MOJyJel, B-usomopd-
HHX HENpHBOAMMEIM npastiM uieanam . CueposarensHo, R
Oyner CcBOOOIHBIM I[HKIHYECKHM MOJAyJeM TOrna H TOA;:KO
TOrI4, KOrAa OH ABJsgeTcd MPAMON CyMMOH #m HenpHUBOIHMBIX
nonqmoaynieit, u M Oyner B-npocTpaHcTBOM TOTAa H TOJNBKO
TOrA4, KOIa OH ABJfeTCH MNpAMOH CyMMO#H h = Nm denpu-
BomuMbix B-moxayaeir. Torna, eciuw & sBAfETCA NPOHM3BOIb-
HpM oAnpoctpancTeoM B R, To R=ES P &', rae S Taxxke
ABAAETCA MOANPOCTPAHCTBOM. Taxum o6pasom, ecaud 3Jje-
MEHTH Vi, ...,Y, OOpasywor 6Gasuc ams &, 1o Halizercs
Gasuc npocTpaHcTBa R, BKAUaOLMR dnemeHTH y;. [lpume-
HAS 3TOT PEe3yJbTaT, Mbl MOXEM [A0Ka3aTh, 4YTO, KAK H B C1y-
yae, Korga B = P, ycioueM npuBOIUMMOCTH 0OpaTHOrO mpen-
CTaB/eHHS ABJSAETCA CYUIeCTBOBaHMe B mpocrpaHcTse R obpar-
. HOTO TPENCTABIEHHA HCTHHHOTO B-NOANPOCTPAHCTBA, HWHBA-
PHMAHTHOT'O OTHOCHTEJIBLHO 3HAOMOPGU3MOB 4. Y CIOBHEM Pa3io-
HKUMOCTH . OGpPATHOrO TIPENCTABJAEHUA fBJACTCA BO3MOKHOCTh
npeacrasute R B Buae R=R, G R, rae R; 6yayr nonnpo-
CTpPaHCTBaMHM 0OpaTHOrO npeicTap/ienus B npoctpaxcrse R.
Jnst nonHOR APUBORMMOCTH IPEACTABNEHUS TOCTATOUHO, UTOOB! R
6bi10  BOAHe npuBofuMbIM N -Moxynem. Kak Mul BueH

B raape 4, ecam amredpa 9, moaynpocra, TO JioGok
Ag-MORYIIB, B KOTODOM x1=x nng Bcex x, Oyner BNOJHE
npusonum. Cienosarenpro, ecnu anreGpa WU, nOaAYnpocra,

1o smo6oc obpaTHoe mpeAcrasaeHue anrebpel W MaTPUIAMH
¢ saemenTaMu M3 B Brosie NMPUBOAKMO.

SR

ANTEBPH HAX IIOJIEM 183

Ecau B =D asasgercd tenoM,* TO JN0O0H Takofl Hemnpu-
BOMNMBIA ©-MOAYIb, H4TO RD £ 0, 6yrer CBOGOLHBIM IMKIH-
YeCKHM MOIYJIeM. ®-NpOCTPAHCTB, ONPCIC/IEHHEIE B ITOM
naparpade, 6yayT npocto BEKTOPHEIMH MPOCTPAHCTBAMK HAZ D,
KOTOpHE Mbl DACCMAaTpuBain patee. ChegoBarenbHO, B 3TOM
cayuae moGoft U -mMonyab R, B KOTOPOM X 1 =X 1nd BCEX X

n (R:D) xoueuHo, ABAACTCA ®-npOCTPaHCTBOM OOPATHOTO
npescTaBieHus aareSpal 9. Kax u Bblle, YCJIOBHE KOHEY-
noct (R : D) 9KBUBATEHTHO YCAOBHIO CYHIECTBOBAHUA KOHed-
Horo uucaa obpasyiouux A R OTHOCHTENLHO g B wacr-
noctH, HenpupoauMble U -MOAYIH ABITOTCA D-npocTpan-
CTBAMM OGPATHBIX NPEJCTABNEHUH. Aty Moayau OyIdyT NOS3TOMY
HenpuBOAMMbIMH  B-NPOCTPAHCTBAMH O6paTHBIX MNpeACTaB/Ie-
patt anre6pnt U, Kax mbl BHACH, M0G0l HeNpPHBOAUMBIH
W ~MOLY 1B Sl[@-YIBOMOpQ)eH HeNMpHBOJAMMOMY NPaBOMY HAeany N
anredpel A/ R, rne R—paaukan anreGpst U . [TopanoK MaTpull,
onpe/eNeHHbX UAeanioM %, paBeH pasaMepHOCTH (nnu paury)
uneana & wmap D, Hucao HEeM30MOP(HHHX HENPHUBOXUMBIX
U -Monyett, B KOTOPBIX ¥ ] ==x AM8 BCeX X, #, CICAOBA-

TeBHO, YMCIO KIACCOB HENDUBONMMAIX OTIHMYHGIX OT Hy/d
OGpATHBIX TPEACTABICHHA DABHO UMCIY NMPOCTHX ABYCTOPOH-
nux uxeanos B anre6pe A M.

6, MpsaMble MPOU3BENCHHA M KOMIOIHTLHE noxaeii. B xaue-
CTBe MPUJOMEHAS DPas3BuTOf Bhille TEODUH H3y4uM TeMNepb
crpyktypy W, 414 TOTO CAyuad, KOTAA Y asasieTcs cenapa-

GesibHBIM To/IeM, a B — MPOU3BOJbHBIM TOJEM HAX $. Ilpen-
IONOKUM CHauyama, 4T0 B COAEpPWHUT MOANOIE, 13oMopdHoe
HauMeHblIeMy HOPMaJIbHOMY DACUIAPEHUIo T0J% ®, comepxa-
memy A. Toraa, ecan (W :®)=rn, TO, KAK XOpOWIO H3-
BeCTHO, CYIIECTBYeT B TOUHOCTH £ Pa3IHiHBIX H30MOP(U3MOB
ga—a®,i=1, ..,n, vexty AU u NOANONIMH nomst B ).
TakuM O6GPa30M, Mbl HOJAYUHIH it 06paTHRIX rOMOMOD(MHEIX
oto6paxenntt % B anre6py maTpuu C koa(duunentamu us B,
- .

% Ha npOTSEHHH 3TON [1aBsl Mbl IIOHHMACM HOL TenoM a.azelpy

¢ peaeuneM. ({Ipus. nep.)
1) Cm. Ban-nep-Bapaen, CospeMenuds anre6pa, Tom 1, ctp. 116,
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M, TdK KaK 3TH MATPpHUBH HMEOT NOpPAnoK 1, To Bce ofpart-
Hble TOMOMOD(M3MBl HeNmPHBOAMMBL M He TONOGHB Mexry
cobofi. M3 obuelt teopuu caenyer, uto Ay /R, rre uepes N
0003HayYeH paluKal®, fBIAETCH B STOM clryuae npaMo# CyM-
MOH, mO MeHbiueH Mepe, n Mxeanos. Tak KaK PasMepPHOCTb
3THX uneanos Han B>1 u (U, :B)=n, 10 oTcroma cne-
ayer, uto =0 ¥ YTO CYUIECTBYeT B TOUHOCTH 7 NPO-
CTBIX upeanoB B Wy, KOKALIH H3 KOTOPHIX uMeeT Hax B
pasmeprocTh 1. Ecau Teneps mone B npousBOabHO, TO MbI
Gepem none @, comepmauiee kak B, Tak W HAUMeHbluee HOP-
ManbHoe pacupenne moas A Hap D. Tak kax (Uy) =N

(O
T0 anre6pa U, nomynpocra.

Teopema 3. Ecau nose W neasemes cenapalbesvHui s
pacuiuperuen noaz D, npuwerw (N:P)=n, « nose B
ABASEMCST NPOU3BOABHULM pacuwuperuesr noas P, mo
aaze6pa Wy, noaynpocma. Ecan B codepicum nodnose,
U30MOPHHOE HAUMEHbIEMY HOPMAABHOMY HOAI0, COdep-
ocatgemy U, mo sce Henpusodumvie npedcmasienus noss N
mampayame ¢ daemermanu u3 B umerom nopadox 1.

Ilo cTpykTypHO# Teopuu momynpocTsix Kodell, Uy, sBasercs
npsaMofl cymmofi noset, nampumep F D ... PT; Ecm
l==e,~ ...l e, sBAsSETCA COOTBETCTBYIOIIMM pPAa3AONKe-
HHeM eXuHALb anreGpsl U, Ha eauHAusl modeh §;, TO MHO-
wecTso ;W 3iemenToB Buaa e, rae a €A, Gyser noano-
aem noas §;, usoMopdpunim momo NU. T[Momobuuiv xe obpa-
soM, §; coxepxut nogmone ¢,B, uzovopduoe noaw B. Tax
kaKk (e, N)(e;B) = e,UABe; =F,;, 0 nome §; nopoxnaercs
STHMU JBYMS TOJSIMH.

[IpennonoXuM  Temepb, uTO MBI HMeEeM TPOHM3BOJBHEBIE
nea nons U U B wan & u 1Ba usomopduHX OTOGpaKe-
uit @ —~a° u b -5 57 nonett A n B COOTBETCTBENHO B MOA-
nons %° u BT Tperbero noas §. TOraa Mbl Ha30BEM CHCTEMY
(8 S, T) wromnosumom moser A u B, ecan ToAbKO
%:[Q{S, EBT], rae uepes [%ls, EBT] 0603HAYEHO HAUMEHE-
lee noanone noas §, comepmaulee %E u SBTI)' Mbt Gynem

e
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paccmarpusath apa kommosuta (F, S, T,) n (§, 8', T') xak
sKBusasenmisie, eciu uzoMopdusMu o — a% y BT HT’
MOTYT 6bITh NPOZOMAKEHH N0 u3omopdusma Mexay § u §'.
OueBHIHO, UYTO TAKOE TPONONKEHHE, €CAM OHO BO3MOXKHO,
OMHO3HAYHO OMpefe/IeHO.

Mur Bunenu, urto ecan U aBaseTcs cernapaGelbHEIM TOJTEM,

10 Uy =T D...PYFs- Orobpaxenus a— a%=ae,, rre

a €, asnaorca usoMopdusMamu Mexay U W NOMMOAAMH 2

noxefl §;. [Mono6uo aromy, b — b7 =be; 6yneT H30MOpHHU3IMOM

mexay B u BT Kpome toro, ;= (US:) (BTY) = [US ,BTi],

u noatomy (§; Sy 7;) ABdercd KoMmmosuTtom nogei A u B.
Mbl XOTHM HOKa3aTh CIELYIOLIYIO TEeOpEMy.

Teopema 4. Kounogumst (F;, S; Ty) i=1,...,¢
He arsusasenmrs. mexcdy coboli. Jlobol romnozum cena-
pabensrozo noas W u noas B axsusaseHmern OOHOMY U3
(%i; Si’ Ti)'

Haa Toro, utobH moxasats, uro (§;, S;, T3) u (8, Sp 7))
He OKBUBANEHTHH NpH [~ j, 3ameTnd, 4TO & HMECT BMI
ab,+ ...+ ab, roe o, €% n b €B u, 1aK KaK &2 =¢,,
10 ey =(ar¢;) (be)+ ... --(a,8) (beq) = a%0,T +

.o, 4,857 Ecnn 6bi (F;, Sy T;) OLIIO0 3KBUBANEHTHO
&, S; T;), 10 Tpebyemuil usoMophusm oroGpaxan Obl ¢
Ba, ST+ ... a5 = (ab, +...a,b,)e=ee; =0,
YyTO HeBO3MOXHO. [Ipennonoxum Tenepn, uro (§, S, T)
apaseTcd JO6bM  xomrosuroM momeh A u B, Torma
otobpaxenne Y, ab —> Zasbr 6yzmer romoMopdHLIM OTOGDA-
wennen Uy Ha monaireGpy W BT nons §. Taxk kax emun-
CTBEHHBIMM uJeanamu anre6psl Wy ABNAOTCA WAEANBl BHIA
Ti, D - . DB, ¥ TAK KaK NOJE F He UMeLT Aenutesett Hyas
TO HAealoM, 0TO6PAMAIOLIHMCS TTPH 3TOM TOMOMOGH3Me B HY b,

Gyner unean Buaa FiB ... BFic1 DT P - PT=2%

CaenosarensHo, anre6pa WSBT usomopdra §F/%;, 1 noTomy oHa

1) Ecan~oba mons U # B cogepxaT TPaHCUEHTEHTHHIE 3AEMEHTH,
T0 3TO onpeneneHde Tpebyer HekoTtoporo H3MenenHa. Cm. Che-
valley [9].
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uzomopdua F;. Otciona surexaer, uro UBT apaserca nonem
S T

n notomy A BT = [4°, BT =K. Kpome Toro, usomopdusw,

ONpeIe/IeHHBI HAlIUM rOMOMOP(HBIM OTOGDAKEHUEM, SBAAETCH

coorsercrauem X, a°hT — ¥, (a%) (v%4). CaenoparensHo, koM-
nosuthl (§, S, T) u (i, Si» Ti) SKBHBANEHTHH,
Mbi BHean, uto ecau B CONEPKUT node, SKBHBAIEHT-

HOE HAHMEHbHIEMY HOPMalbHOMY pacwiupenuio noss A, TO

f=mn, u xawjiaoe u3 nojed §F, omuomepxo nax B. Caeno-
Batembio, note §; =B uzomopduo nomo B.

Teopema 5. Ecau nose N sngasemes cenapabensHoim
pacupennes nors ®, (N :®)y=un ua B codepycum noae,
UIOMOPPHOE HAUMEHbUEMY HOPMAABHOMY  PACULUDEHUIO
noag N nad ®, mo U, =B, P ... HB,, 20¢ By=12.

M3 caexyoltero npuMepa BHAHO, YTO 3Ta TeOpeMa mepe-
craer ObITh CApaBeLIMBOR JIAd CAyyas HecenapaGeabHBIX
noneit, Ilycte W= P (x), rne ¢ saBngerca moieMm xapaxre-
DUCTHKH P, ¥ XP =% JlexurT B P, npuueM X He JexuT B P.
Ipexnonoxum, uro B sasaserca noaem P (y), rie yp=E.
Torna ‘2[23 CONEPIKHUT OTAMYHEIR OT HYJAd HH/ALIOTEHTHLIH

anement z=x—y. Tak kak aare6pa U, KOMMyTaTHBHa,
TO 2 MOPOXKAAET HUNBMOTEHTHHIN Hiean, u TTOTOMY anre6pa Ay,
He OyleT MOJAYNPOCTOH.

7. UenTpanbHpié mnpocrbie anrebpol. BepHemca teneps
K OCHOBHOH TeMe 3TOH rjlaBel, 2 MMEHHO K TeOPHH NPOCTHIX
anre6p. Bo BCex HAaWMX paccyxAeHUAX Mbl OYHAEM HCKJIO-
4aTh M3 PACCMOTPEHMT TPUBHANbHHE HY/b-anredpol. Ilpu
9TOM YCJOBHH Mbl MOXeM cCaenyloluM o06pa3oM chopmyanpo-
BaTh (DYyH/JIAMEHTAABHYIO CTPYKTYDHYIO TEODEMY.

Teopema 6. (Beanepbapn [Wedderburn]). Jlwbas
npocmas aszebpa N Had O ssasemcs npaMulm npousse-
Oenuen ®,, X D, 2d0e D—meao0, u obpamno, rwbas arzebpa
marozo suda npocmas. Ecin W= P, X D=y XF,
20e § n8ATMCST MaKxce meaom, mo m=m u meia D u §
U30MOPPHL. '

Ham noHanobuTcs TaKke
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Teopema 7. ®,,=®, X2,

Oua sBASeTCS HENOCPEACTBEHHBIM CJSNCTBHEM BHUMCIE-
HHl, TIponeNnaHHLX B § 6 raasu 2.

[Tpocras anre6pa N HA3HIBAETCS YEHMPAAbHOH, ecnn ce
LIEHTp COBMaAaeT C COBOKYMHOCTHbIO 3/CMEHTOB BHAA 1a,
rie o &®?!). Hanpumep, @, Gyaer npocTOo# LEHTPANLHOA
anreGpo#t. Tlomsatue LEHTPaAbHOH anreGpH ABMICTCH B H3BECT-
HOM CMBICTE TPOTHBOIOJOXHEIM TMOHATHIO KOMMYTaTHBHOH
anreSGpEl, M Mbl YBUIHM, 9TO TEOPHS NPAMbIX NMPOH3BEICHHHA
TaKnx anrefp 3SHAYNTENLHO MPOILE, YeM H3AOXNEeHHad B Npe-
NBAYIIEM OTAeNe TEOPUs MPAMbIX MPOU3BEHCHHH KOMMYTa-
THUBHBIX anredp.

Ecit =0, X D=9, rie D sBIeTcd TEIOM, TO
wenrp G anre6pm AU comepwmrca B B. CrenosareibHo,
aare6pa A Gyrer LeHTPanbLHOH TOrAa M TOJBKO TOrAa, KOTIa
teno D uenrpansdo. Ecan U aBaserca /M:060fi mpocToH
aare6polt, To ee uentp € Gyxer moiem, u anre6py A MOXKHO
paccMarpuBaTh Kak aareGpy Ham ITHM MOJEM €. Ouesunno,
yro ) uenrpanbua Hag @. '

T1peAnon0KUM Tefepb, uTo U -—NpoussobHas anreGpa ¢ enu-
uupell, a B—LenTpanbuas npocras aare6pa. Mo XOTHM noka-
3aTh, YTO ABYCTOPOHHHME HIEAJIbl aAreGphl A, moryT ObITH MO~

CTaBjieHbl BO B3aHMOOJHO3HAYHOE COOTBETCTBHE C ABYCTOPOH-
numi uaeanamu aare6pst Y. Tlycrs ) ABAAETCA [BYCTOPOHHHM
uneaaom anre6put R. Torza F=FB = T, Oyner AByCTO-

ponuny ugeanoM B Ng. Tlycts snemedtst Xy, ..., %, 06pa-
3yloT TaKOH Gaszuc anreGpbl U Han @, 4TO Xy, ..., X ABIACT-
]

i GasacoM wumeana %, wan ®. Torma, ecin Dxb; €%, 10
1

b

b; =By, rae B; aexur 8 ©. Eciu zxib@.ES‘s, 0 b1 ==
1

— ... =0, ==0. Cnejjopatenso, A NJ cocrour us aae-

O S eamat

1) §1 o6si3an npodeccopy Aabepry 3a NpeLIOKCHUE ITOTO TEp-
MHH2, BMECTO HMEWLEro CJAHIIKOM MHOTO 3HaUCHHH TEPMHHA «HOP-
MaNbHLIE®, yHoTpeGaspuieroca panee B 9ToM  cmbicxe. TepMun
«LleHTPAIM3ATOP», KOTOPHIM Mbl GyjieM Jaiaee NMOAb3OBATbCA, TAKKC
npHHALICKAT ALGenTy.
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’
MeHTOB BHAA X X8, n % N% =75, Orciona caeayer, uTo
1

Sog = oy TOTHA H TOMBLKO TOTAA, Kormd Jp==Sy.

Ilycts Teneps § sBAseTCS NPOMBBOMBLHLIM ABYCTODOHHHM
ureanom B AX B, Jp=AN%, #n nycts 3aeMeHTH

Xy ..., X, oOpasylwr TakoH Gasuc aare6pm W, uTO .

X(y ..., X, 00pasyior Gasuc mas ¥,. Ouemunmuo, uro %, Gy-
HeT ABYCTOPOHHUM wujeanoM amre6pst A n Fo, =F. Ipea-

NONOKUM, UTO Jp, < I, ¥ mycTb x,by | ... X,b, Gyuer He
coxepxammumcs B I, aneMentom u3 J. Torma u snemenr
Xpi1bprs 4 ..o, + x,b,, Takke oGaamaer aTHM CBOHCTBOM,
U MOTOMy, N0 KpaliHe#t Mepe, OIMH M3 3JIEMEHTOB B, j==
=r+41, ..., n ormuen or uyns. Ilycrs rtemepb x; 0,
+ o xb, by 0, h=r— 1, ..., n, 6yner snemen-
TOM M3 §, N9 KOTOPOro S HUMeeT HAWMEHbINEE MOJOXKUTENb-
HOE 3HayeHue. IJIeMEHTHI

b (x'i]_bﬁ ‘|_ e + xtsbis)v (x'iibz'l -l_ L + x'isbis) b

nexar B § gma mo6oro anementa b anre6pn B. Orcona
ClelyeT, 4TO INePBble KOMIOHEHTBI b; STHX 3/IEMEHTOB,

BKJIOYasd U Hy/db, O6pasyioT OTIHYHHH OT HYJS ABYCTOPOH-
Huit uzean aare6pul B, u, crenoBaTeNBHO, TaK Kak anreGpa
B asasgercs upocToh, b;; MOXET OHTh JIIOGBIM 37IeMeH-

ToM u3 B. Takum o6pazoM, uuean § CONEPKHT 3eMeHT
!

Xig + X309 -+ ... - xyb; u, clenoBaTelBHO, OH COAEPIKHUT

B/IEMEHT

b (g + Xipbg o xS — o gt L+
8
ﬁl— xisbs,) b Ejgzx'tj ( f)bj’ _ bj’b).

Tak KaK MHAEKC S MHHMMAJICH, TO BCe bb'; = /b, n notomy,
B CHUIY LEHTPaJbHOCTH anreGper B, bj’ ==f; € ®. Taxum 06-
Da3oM, umeam ¥ CONEPKUT BIEMEHT X, - x3,8-+ ...
—|~x,-8@8, KOTOPbIf, OueBUIHO, Jexur B U. ITO MPOTHBOpE-

YAT TOMY, YTO 3/EMEHTH Xf, ..., X, 00pasyior Gasuc Hje-
ana §p= (A NS). Crenosarencno, HaMu A0Ka3ana

Teopema 8. Ecau W asanencs arzebpol ¢ edunuyed,
a B— yenmpasvrol npocmoli ax2e6poi, mo coomsemcmasue
N> oy OyOem 83aUMO00HOIHAUHBM COOMBEMEIMBUEH MeHC-

dy Osycmoponrumu udeasamu anreebps W u 08ycmOpoH-
numu udeasranu aszebpu Us.
Cnencreue 1. Ecau arcebpa Y npocmas, a arzedpa
B yenmpassras npocmag, mo u arzedpa U npocmad.
Ecnu N sipaserca paaukanom anreGpsl fg, 10 Re=A NN
GyAeT HHUABIOTEHTHLHIM HIEanoM anreGphl A u noromy co-
nepwurea B pamukane Ny anre6pw . C npyroit cropoHs,

/
Mo, CymeT HHABTIOTEHTHHIM HAEAIOM B g, ¥ TMOTOMY

9‘?.;% <=N. Crenosatensho, RNy =N, Orciona  sLreKaer,
B YaCTHOCTH, '

CaencrtBue 2. Ecau asebpa W noaynpocma u ar-
ze6pa B asanemcs yeHMPAAbHOU U npocmod, mo aszedpa
Uy nOsYnpocma.

Tlycth Temeps ¢=x,;h | ... | Xub, ABNACTCA DJIEMEH-
ToM anre6pnl Wy == A X B, KOMMyTHPYIOUMM CO BCEMH e~
ventamu b us B. Torma X x,(bb;—Dbh)=0, n 0b; = bb.
Cnenoatenbho, b, € ® u c¢ &N Orcrona crenyer, HTO
uentp anreGpo U X B cosmagaer € UEHTPOM anre6pot .
Ecau 9 qasaseTcd LeHTPaNbHOH MPOCTOH anre6po#t, To U aa-
re6pa 2 X B TaKkke ABAACTCH LEHTPANbLHOM K NPOCTOH.

Teopema 9. Daemenmamu npamozo npousgederusn
UNX B aszebpor ¢ edununei W u yeHmpassHol npocmoti
aaze6pol B, KOMMYMUPYOUULML CO BCEMUL JNCMEHMAMU U3
B, sozym Geums auus saemeninol arzebpet W. Ecau arze-
Opa N yeHmpasbHas npocmas, mo u aszebpa U X B yen-
MPaALbHAS RPOCMAS.

8. IpexcTaBaeHne noaympocToii anreGpnl MaTpHUAMH
¢ SJMeMEHTaMH M3 HEeHTPAdbHOil IMpOoCTOH anre6pni. Kak u
paHee, Mbl OTPDaHMYMBAEMCA TAKMMH MPEACTABACHUAMA anre6pH
9, npu KOTOpHX enuunua aareGpu U otoOpamaeTcs B elH-
HRukyio Matpuily. Ecan % -—nonynpocras anre6pa n B —
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eHTpanbLHas Tpocras anreGpa, To aarebépa Ay MOAYMPOCTa.
Kak st Bumenn B § 5, orciona BeITeKaeT C/IeAyoLIad

Teopema 10. Ecau N ssasemcs noaynpocmol aize6-
poil, mo awoe obpamuoe npedcmasaerue (00bi4HOe npeo-
cmasnenue) arzebpet W Mampuyarmu ¢ IACMEHMAML U3
HeRMPAarbKOL NPOCMOL anze6psl BNOAHE 1PUBOOUMO.

Tpearnonoxum Tenepb, uTo aare6pa 9 npocras, Ilycrs B
Oyaer npaMod cyMmoR m H30MOPPHLIX HENPUBOAMMAEIX Npa-

BMX MAeanoB. Takum oGpasoM, B=D,, rie D sBIdeTCcH -
TeqoM. Mul sunean, urto aare6pa g mpocra. Cief0BaTENbHO,

WUy OymeT mpaMo#t cyMMOH 7 M3OMOPPHLIX HEnPHBOILHMBIX
npaBbix uieanos, u Yy =G, roe § asasercd TeaOM. Jho-
60l HenpuBOJWMBIHN TpaBHU KIeal anre6ps Uy sABasercs
B-MOLyNeM W TO3TOMy GyneT NPsSMOHt CYMMOHM, Hanpumep, /2
‘B-usomopdublx Henpusoanmuix B-monyuelt. Otciona crenyer,
yto gy pasnaraeTca B NPAMYI0 CyMMy 7/ HENDUBOAUMBLIX
B-monyaeh. C apyroit ctoponsl, ecan (A:P)=n, 10 Ay
6yner B-npoctpancrsom panra n. Tak kak moGoe B-upo-
CTpaHCTBO padra 1 sieasercss cymmo#t m B-u30MOPPHHX He-
npusoanMex B-moayaelr, 10 Np OymeT npaMoH CyMMO¥ m#
HenpuBOAUMHX B-monyaet. Taxum o6pasom, rh==mm.
[lycts Tenepp R ABAAETCA NPOUSBOJIBHHIM HENPUBOAHMEM
B-NpOCTPAHCTBOM 0OPATHOTO NpeicTaBieHus anreGpu I
Torta R=8,@ ... OGm, rae &; OynyT nN30MOPPHEMA
HenpuBOAMMEMU  g-Monyasivu. Kawnae#h w3 moayneH &
pasnaraeTca B MPAMYIO CyMMy /2 M30OMODQHRX HEnpUBORUMBIX
B-moayaeit. Crerosatensto, R pasnaraercd B NPIMy0 CyMMy

mh wenpreommmbix B-mouyme#t. Tak kak R ssimercs B-npo-
CTPAHCTBOM, TO OTCIOAA CJelyeT, uTo hm== 0 (mod m). Ecnn

Tenepb m” OymeT TAKWM MeHDIIHM YeM 71 LEIbIM 4uC/IO0M,
4T0 Am” = 0(mod m), To npamast cymma m” monyaeh ©; GyreT
B-npocrpaucreoM. Ona cosnajgaer moatomy ¢ R. Orcrona

crenyer, urto m” ==m, Tak 4TO hm =mh ABAAETCH 06mMM
HAUMEHLIIMM KDATHEIM A H m. Pasedctso hm = mh noxa-
aniBaer, uto panr R Han B pasen k. CneposarenbHo, M0~

PANOK MAaTpHUU, ONpeleNeHHHX MPOCTPAHCTBOM R, paseH A.
Ecan R' sBaserca ApyruM HenpusoauMsiM B-NPOCTPAHCTBOM

'
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o6pardoro mnpencrasiens anre6put A, To R’ Takme Oyner
npamolt cymmo#t m == h-1[h, m] Henpusonumux Ag-MoxyIen.
Orciopa caeayer, uro upoctparcrtea R u R Wy-nsomopdusL,
Takum 06pasoM, BCe HENpPHBOAMMBIE OOpaTHHe NpeiacTaBie-
HHst aare6pst W martpuuamyu nomoOHE Mexay coboi. JlioGoe
o6paTHOe mpeicTaBieHde aare6pnl Y BIOTHE MPUBOAHTCA HA
HEMPHBOAMMBlE YACTH, KauJ1asd U3 KOTOPHX 1n0A06HA Hpex-
CTAaBACHHIO, OMpele/ieHHOMYy mpocTpaHcTBoM . DTu pesynn-
TaThl MOI'YT ObTh CHOPMYAMPOSAHBI B BHJE CIEAYIOlIEH TeO=
peMHL:

Teopema 11. I[Tycms N asasemen npocmoi asze6poi,
a B — yenmpansroi npocmoii aszedpoid. [Iycme (W 1 P) =
=n, B=D,, t Us =G§,, 2de D u € ssssomeca meramu.
Tozda rimn, u ecau mn=hr u [h, m]=_l;m:-_hﬁ, mo
axze6pa W o6radaem obpamnsis npedcmasienuess 8 Dy
mozda u moasko mozda, xozda RIN. JwoGse dsa nped-
cmagaenus aszebpo. W 8 o00nol u moi xce aszebpe mam-
puy By nodobus. mexncdy cobod.

[TonoOHbIM e 06pa3oM MBl MOXKEM NOKA3aTh CAeAYIONIYIO
TeopeMmy.

Teopema 11, fTyems A u B unerom mom sce cMuica,
yumo u 8 meopeme 11, u nycmo Sl[g; =(§:’,', 20e  anzebpa
N obpamuo usomopdra aaseepe W, u G ssanemcs me-
aox. Tozia rlmn, u ecau mn==Hrr u [k, ml=Hhm =
== h'm, mo asze6pa W ob6aadaem obpamusis npedcmasie-

“Huem 8 By moz0a u moasxo mozda, K020Q E’/N. JTiobbie

dsa npedcmasseHus aizebpor W 8 00HOE u moi e an-
2e6pe mampuy By nodobuu. mexcdy co6oi.

Mu MoxeM nOJAyuMTb HECKOJIBKO Oujiee TOUYHYIO (opMy
tTeopemut 11, paccmaTpuBasi cHauana ee CrenuanbHuit cayua#,
koraa B=PD sasaMeTcA TENOM, W PACMPOCTPaHHsA MOTOM TIO-
Ny4eHHHR TakuM o006pasoM pesyabTaT HA OCIWMA Ccayda#,
Koria B=D,. EctuB=P, 10 m=1 u [#, m] =h. Mu
noxyyaem

Cnencreue. ITycms W ssarsemcs npocmoii arzebpoi
u D — yenumparoroism mesos., I[loroxcurm (U:P)=n u
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Uo=E6,. Tozda n=rts, u N mozda u mossiko moz-

da obradaem o06pamue s npedcmasrenuess 8 Dy, Koz-
da h/N.

Ecan Teneps Up =G, to U =6, aa B=D,,.

CnenosatensHo, uedoe uucao r u3 Tecpems 11 pasHo sm
M A =/hs. ITUM ROKa3aHa

Teopema 12. lIycms N u B umeom mom xce cMbiCA,

4mo u 8 meopene 11, u nycms Up=G,, 20e € asrgemcs -

mesok, Tozoa sin, u ecauw n=sh u [k, m] = hm = hm,

mo anzebpa W obradaem o6pammbin npedemasaenuem 8 By
0200 1 moasKo mozda, Koda k| N.

Teopema 12" ITyems % u B umerom mom e CMbica,
wmo u 8 meopeme 11, u nycme 52[;3-—-:(&',: ¢de § nmsanemes
mesom. Tozda §'[n, u ecau n=s'n u (K, m|=Hm =
=Hm, mo axzebpa W obradaem npedemasaenuen 8 By
moz0a u moasro mozoa, xozda k'|N.

Ilpeanonoxum Temepn, uto I asagercs TRIOM, U P=D
ABIACTCH LEHTPANLHEM Te10M, Mbl MoMeM paccMaTPHBATH
A X D=6, kak Y-npocrpaucreo, Torna, nosropsas paccyx-
A€HUA, MpHBEAUIHE HAC K TeopeMe 11, Mul MoOxeM JI0OKAa3aTh,

uto s/d, rie d==(D :®). Iposegenne AeTambHOro mOxa3a-
TeNbCTBA TIPeOCTABUM UYHTATENIO.

Teopewma 13. fTycms U sssgemca meson u D — yen-
MPArbHUM menon. Towa, ecan AX D =G, 20e § ns-
AREMCR MeaoM, mo S Oydem o00wum Oesuniesesm 4uces

=@:®) 4 d=D®:®). Ecau (d, ny=1, mo AXD
6ydem meaon.

9. [pocTsie mogaareGpst HEHTpaIbHOMi NpocToi anre6pol.
Teopus mpencrasaenuft Muxer G6uTH MDHMEHEHA K H3YUYEHHIO
NOAaNre0p MPOCTO# UeHTpanbHOR aareGpe M. B camom neuxe,
ecnn B asagercs nomaareSpof, To ortodpakenne O — b
OydeT mpeacTaBieHHeM aareGpH B MaTDHIAMH [€PBOIO IO-
pinka ¢ snaementamu #3 N. Ecan B asasercs mpocrodt
anreGpo#t ¢ enuHuuel, TO MH MONeM [IPUMEHHTD TEOpe-"

A00__®
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My 120 Tlycrs N = Dy, rne;'ibfasnge'rca JUEHTDA/IbHbIM TENOM,
B:D)=qg n B XD=0Py= Gy, rae & asaserca re/aoM.
Torna q=s'# wu,ecmn A’ ==m-1[h", m], 10 B obuanaer
npefcTasaeHueM Admb B TakuX Wy, ana xoropux A'[N. Tax
KaK B obragaet npencTaBAeHHEM MATPULIAMH TIEPBOIO HO-

7’
psaka ¢ anemedtax : us A, TO h’ml.Cnenoaareano’,h [m,
W eCd TOJOXUTb #L==h'l, TO MBI TIONY4HM, 4TO ms' == gql.
Taxum oGpasom, g/ms’.

Teopema 14. Ecau B asanemes npocmoi codepxca-
uield edunuiy 1100a.22e6p0l YeHMPARLHOL n;'n,)cmozi anzebput
U=D,, 206 D-—menro, mo B XVD=C;, 200 G ss-
AAEMCS menoM, nputern S'|q u qfms'.

Cnencraune. Ecau B asagemcs codepxrcamei edu-
Hayy nodaazebpoi yenmpaasnozo mera ®, mo B' X D=
=, 20e € measemcn meson u qg=(B:9P)

Ecau B, n B, asamorca usomopdHeMH nogaireSpamu
anre6pel U, TO MB MOXEM pACCMATPMBATL HX KakK H30-
MopdHbie 00passl opHOl W TOft e anre6pn B. Ecam oto-
Gpaxenne 0y — b, asnsetca nsomopdusMom mexxy B, u By,
TO Oro0paxeHna & —H, u b— b, OyIyT NpeACTABACHHIMH

anaredpsl B MaTPUUAMH [EPBOro NOPAAKA C D/IEMEHTAMH M3
A. Itu mpeacrasnenus nojob6Hel. MrTak, HamA nodyueHa
CaeayIoLas

Teopema 15. Ecau B, u B, assawmes uomopeh-
HolMU  COOeparcaujunit eOuHRyy nNPoCMoliuy nooateebpamu
YeRmpaabHod npocmod aazebper U, mo w0008 u3osmop-
Pu3Mm MencOy HuUML Modxcem. Ovimb APodosIcer 00 BHYmMpeH-
Hezo asmomopgpusma arzebpo. .

Orciona, oueBMAHO, crelyer

Teopema 16. Jlwo6od asmonopdussn geHmparvHoil
npocmol anzefpsl ABASEMC BHYMPEHHUM.

1) CreayeT OTMETHTB, YTO HAYMHAA C STHX MOP Mbl GyAeM npH-
MEHATb 0003HAYCHHH, OTIHUHbIE OT yuoTpeGaaBHXcA B § 8. 3zech
9 00o3HAuaeT UEHTPAIbHYI npocTylo airredpy, a B — npoctyio
aare0py, KOTOpas MOXET He OblTh UEHTPAILHOH, 3TO NPeACTABAAETCH
XEeJaTeJNbHbIM, TAK KAk B Hamux npuaoxkennax B Oymer oOblaHo
noganre6poil aaredper A,

13 Bar. 743, H. HOaterolooxn,
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¢ 10, Jduddepenuupopanns. B reopud nuddepeHuuposa-
Huf anre6pH CyHIECTBYIOT TEODEMBl, BECbM3d IOXOXHE Ha
teopemst § 9. Ecan B asasercsa noaanre6poit anre6pn A,
10 dugbchepenyuposaruer D monanre6pu B s U HasnBaercH
oToGpawenne B HAa uacTs anreGpul A, yaoBreTBOpAIOLIEe

CAeAYIOLIHM yCAOBHAM!

(b, - bg) D= b,D - byD, (&) D= (6D},
(b,bg) D =0y (D) - (7.D) bg.

Fcan B =9, TO Mbl NPOCTO FrOBOPUM O OugbheperuuposaniL
8 axzebpe . Herpyano BHIeTb, UTO eC/H D,, Dy€9,
rae § o6GosHauaeT COBOKYMHOCTD auddepeHLUPOBAHUKH B an-
rebpe A, 10 Da n Dy, =D, € §. Taxk Kax

(,b9) D Dy == (0,Dg) (baD) + b, (03D Dg) +-
(P ,D,Dy) by + (6,D)) (5aDy),

10 D, D, He Byner, BOOJILE TOBODH, nubdepeHMpOBaHIEM,
Ounuaxo,
(8109) (D, Dy — D2Di) =
=b (ba (DLDQ—D‘ZDL)) + (6, (D Dy— DyD,)) Py

mak uto [D;, Dol = D{Dy— DpD; asasieTCa nuddepenu-
posanueM. Jlns moboro sieMenTa d u3 A Mbl MOXKeM ompe-
feduTh AuddepeHUMpOBaRMe TIPH MOMOUIM  COOTBETCTBRS
x— [x, d] =xd —dx. nddepeHunposanns nonobuoro
TyNa HA3HIBAIOTCS BHYTpeHHMMH. Kak M aas OGBIYHOTO aud-
cpepeuunposziﬂua crpaBelIKBO mpasuno JlehoHHUA:

(8,05) D* = b, (4209 + () D) (0aDF oo
1+ (6,00 0y

CrenoBaTensHo, ecan moie ¢ wuMeer OTMUHYlO OT HyJH
XapaKTePHCTHKY p, TO

(b1bg) DP = b, (5aDP) + (b, DP) by,
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TaK 4to DP gpaserca AuddepenHunponsaHueMm. TakuMm Ke
06pa3om Mbl [0Ka3blBAEM IDH TIOMOIIM WHAYKUMH, YTO

bk = dkb -I- (lle)dk—lb’ + oW,

rue b = [b,d], " =1[[7,d], d] u 1. 1. Takum o6pasom,
oas nojed @ XapakTepUCTHKH p =0 Mb UMeeM:

(b, dr] =b'"" =1... (b, dl, d]’,u..., dl.

Teopuss auddepenntuponannit 06JagaeT naNeKO HAYILUM
napannenu3sMoM ¢ Tteopue#t usomopdusmos. Hanpumep, cnpa-
BEJJIMBA CHEJYIOLIAA TeopeMa:

Teopema 17. Ecau B asinemcs noaynpocmoli cooep-
wcameli eQunuyy nodaszebpoii HermMparsHOl npocmol asee-
opu. U, mo awboe Ougbpepenyuposanue B 8 W moxncem
Goms npodoasceno 00 8rympeHnnezo Juggepenyuposarus
sceil aazebpo. W,

PaccmoTpuM MHOXKecTBO Marpuu u3 W, HMMelOUMX BUX

b bD

0 o)
rie b mpoGeraer B. ITo MHONKecTBO o0Opasyer aarebpy,
usoMopduyio anreépe B, ©, CaAenOBATEIbHO, ONMpeHEseT
npencrasienue B marpuuamu ¢ anemenramu u3 Y. Iycts R
6yLet COOTBeTCTBYIOWKMM U-MPOCTPAHCTBOM 3ITOTO npencra-

Bieuus. CooTBercTseHHOo GopMe MaTpui, R 06413a4aeT TAKUM
6asucom x;, X, 4to Y-mpoctpancrso R;==x;U uHBApH-

4HTHO OTHOCUTeNLHO 3uA0MOPGH3MOB b u3 B. Tax xak By-mo-
ayab R BIOAHE NPUBOAMM, TO CYLIECTBYeT BTOpOE mpo-
crpancteo  Ry= U, TaKKe HHBAPUAHTHOE OTHOCHTEJILHO
supomMopdusmoB & u Ttakoe, 4to R =R, PR,y. Ilycts y =
= X0y J{-xzalg, rae a; €A, Tax KAk TIpH COOTBETCTRYIOLIMX
anementax a, u ag’ w3 W xy=xa,/ --yay, 10 agq obia-
paer B Y OODATHEIM 371eMEHTOM do . MBI MOM(eM 3aMeHHTD Y
afeMeHTOM Y@y . Clenosate/qbHO, MOKHO TNPEAMONOMKUTD,
UTo Xq==x,d + y U y == xg— x;d. Marpuleii, nepeponsiies

13*
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' ' —d
M-6asuc x;, vy B U-6asuc x, Xy, Gyaer ((1) 1) . O6patHoit

AJisi 9TOA marpuupl Gyaer ((1) (f) Tax kak =R, DRy,

10 Marpuiefl snpomopduaMa b OTHOCHTEJBHO fasuca xy, V

Oyner by O . CnegoBatenpHO,
0 by

1 d (b oD ’l—d‘) b, 0

0 1)\0 & (0 1) \o 8,)
TIpocTOe BHIUKC/IEHHE MOKA3HIBAGT UTO b, ==bq=0 ® 6D =
== [b,D] ana Bcex 0.

Kak caemcraue Teopembl 17 monaydyaeMm CAefyIOULVI0 TeO-
pemy.

Teopewma 18. Kaxcdoe dugghepenyuposanue npocmoi
HERIMPAALHOUE anzeOpol ABASACNCS BRYMPEHHUM.

11. MepecTanoBounsie mopanre6pe. Ecmi B seagercd
nopaire6poli anre6pel A, TO Mbl Ha30BeM mHOJAAre6py anre-
6pst A, COCTOSILYI W3 3/eMeHTOB, I¢PeCTAHOBOUHBIX C 3Jje-
ventamu us B, yenmpasusamopos A (B) nonanreGpst BsU.
Kak o6biuHO, Mbi 0003HauaeM anreGpy DpasBbX yMHOMEHHHA
B 9 uepes U, u anreSpy nepbix ymuomenuti 8 U — vepes As.
Hycrs B, (B,) Gyaer anreGpott npasuix (JEBHX) YMHOXKeHHH
b,(b;) B U, onpefeNleHHHIX SMeMEHTAMH b 3 B. HanomHuwm,
yro ecam anre6pa U obaamaer enmuuuedt, 1o ; ABAALTCH
anre6poit ,-sunomopdusmos u A, sABnserca  anreGpoH
A,-sunomopdusmos. Torna anre6poft sHAOMOPPHIMOB, TIEpe-
CTAHOBOYHBIX ¢ sHIOMOpduavamn ua N v us B,, 6yzer A (B),.
B camom gxene, ecnim € ABAAETCAd TAKUM 3HIOMOD(H3MOM,
10 C== ¢, OymeT npasbiM yMHOXeHneM. Tak Kak A, uso-
moppHo aare6pe U npu uzOMOpduzMe @ — a,, oTodOpaxalo-
weM 3eMeHTH U3 B Ha anementn 3 B,, TO OTCIOAA ClIe-
nyer, uto ¢ € A(B). Ecnu nonanre6pa B colepKuT eRRHULY,

10 anre6pa supomopdmamos WB, = B,A; conepxnut W; nB,.
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Crenosatenbno, B sToM cayuae U (B), Moxer GuiTh OXa-
pakTepu3oBaHa Kak anrebpa AeHCTBYIOLIMX B A ADB,-s010-

MOpGHU3MOB.

[IpeamonOKUM  TeNeph, 4TO 9 sBAsieTCA UEHTPaNbHON
npocro#t anre6pofi, a B — npocToh nmojpaareGpoi, conepxa-
meli exunmny anre6pu A, Anredpa AP, Gyner Eomomopcb-
HBeIM 06pasoM aaredpHl W W B, rae anmrebpa A oﬁ’paTHo
uzomMopdua anre6pe . Mer Bume1, 410 anre6pa A K B
npocra. CrenosareibHo, 3Ta anre6pa uMeeT BHUA ¢,, rue
& — teno. Orciona cnexyer, uro anre6pa A,B, vsomopdHa

G, n UB,=A X B, = §,, rae Teno € usomopdro Teay G.
Tak kak 1%, =9, 7o U o6nanaeT KOHEUHHIM HHCJIOM obpa-
sytouux otnocureasHo @, CrnenosarensHo, B CHIY IOKa-
samnoro B § 6 raasbl 2, anre6pa G,-5n10MOP(PH3MOB HMEET
gun G, rae G obparHo u30MOPdHO @, u paswepHOCTD
anre6pnt A wan § paua rs. Takum 0GpasoM, %A B), =6,
u A B)=GC,, rre € =C".

Onpeennm Teneps A(A(L)). OueBnAHO, 4TO BAAB))-
C apyro# cropoust, ecan ¢ € A (A (B)), 0 ¢, ApraeTca G, -
sraomopdusmonm. Taxk Kak §, -snpomMopdusmMbpl  MPHHALIEHAT
G,=uB,, 10 ¢,€A X DB, Tax xaKk ¢, KOMMYTHPYET ¢ ane-
Mentamu u3 A;, 7O, mo Teopeme 9, ¢, €B,. CnepoBare/tHo,
c €W, u noromy (A (V))=="DB. Va sToro pasencTsa cie-
nyer, uto BN A(B) Oyrer KaK UEHTPOM anre6pni B, TaK
1 uentpoy aareGps A (B). _

Iycrs (N:®)=n, (€: P)=e. Tornan= U6V D)=
— rse. Tak kak AB) =G, 1o (A(B):P)=es®. Kpome
toro, W X B=E,, rak wro (U X B:P)= n{(B: ®)=er
Crenogatensio, n(B:®) (U (B): D)= ¢ris? = n?=(A: o)
n(B:PHAUDB: )= (A: D) 5

Teopema 19. JIycme N ssasgemca yeHMPALLHOL
npocmoii aazeGpoii u B — npocmoii  nodaszedpot, codep-
scameis edunuyy. Toeda, ecan W (L) ABasemcs HEHMpPas
ausamopos nodarzebps B u W — areebpod, o6pamro U30-
MopgHoil anzebpe A, umeiom Mecmo caedyrouue ymeep-
JHcoeHus: :
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1. Tlooaazebpa N(B) npocma u codepucum edunuyy.

2. AU (B)=2.

3. Ecau BX W =6, 20¢ € — meao, mo A(B)=§E’,
20e €' seanemcs mesom, o6pamuo usomopgroim mesy §.

4. (U: D)= (B:P)(ADB): D).

12. Moamonsa n noasa pacmennenus. [peanonoxnm, uro
B npenmnymed Tteopeme B = saBaserca monsem. Toraa

A@2Y, 1k uro (A: Q) =(F: @) (A (F): 2) >(F: )%

[Tpennonowum nanee, yro Y = SIBIAETCH  LEHTPANbHBIM
tenoM. Toraa Mu moxewm Bxmiounts § B Takoe moxe g,
4to D(F) =F. B camom nene, ecit D(F)oF, 10 Mu
MOXeM BuIGpaTh 3meMeHT b, Aewauwuit B D (), Ho He B F,
u noayuurs none §F, = F(?), comepxauee §F KK npaBHAb-
nywo 9acts. Ecan O (§,) oF,, T0 MH nosTopsem 3TOT mpo-
uecc. B KoOHIe KOHIOB, MBI moayumm mnoie & C UCKOMHIM
CBOHCTBOM., Hawikm paccyxIeHHs MNOKa3HBAOT TAKKE, UYTO
ecin D (F)oF, 7o § He Gyner MakcAMaNBHBIM MOAMOTEM
B . O6parHo, eciu noie § He SA8A9ETCH MAKCHMATBHHM,
T0 § nexur B GoneweM note ¥, u, cregosarensuo, M (F) oK.
Tak xax D(F)=F, 10 (D : D) = (F: )2 Tem camuM noKa-
3aHa

Teopema 20. Pagmeprocms 406020 uyeHmparsuozo
meaa O asagemes wgadpamon. Ecau (D :P) =132, mo 3

6yOem pasmeprocmsio 2106020 MIKCUMAABHOZO HOONOAS
mesa D.

Ecan (D:®)=18% to & HasuBaercs cmenensro unm
HHIekcoM Tena D, n ecau Y=7D,,, T0 & HasmBaeTCH
unOexcon anredput . OueBnaHO, Yro PasMEPROCTB anreGph
A ssaserct keanpatom n==(dm)2. Ecan Tenepp § sBasercs
TaKuM cofiepxkawuM 1 noanonem anreGpr A, uro (F:P) =

=0m, 10 A (F) =, n notomy § O6ymer MaAKCHMAIBHEM
nofnodeM anredps .

[Tpumenum Ttenepp Tteopemy 14 k B = . Cornacuo
stoil Teopeme, §' X ® =Gy, roe G ssazeTca TEAOM H
==O&m aBnserca nenureneM ms’. Taxum o6pasom, 8)s’
uE X U=Cypm, rae Sms’m. Mu BHLE/, YTO IEHTPOM
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anreGpu §' X U Gymer F m uTO %' < @’. Caeposa-
Te/LHO,

(F X% :8) = (§: D) @m)* = (€' : &) (s'm)”.

Tak xak s > 8 n (€ :9) > (J :<Il),l1'o M3 TpenHayLIero
pagencrsa cuenyer, uro s’ =3 n (€ 1 B) = (F : ®). Cne-
nosarensio, & =% u F X U=, . Tax xax § asadercs
noJeM, TO MBI MOXeM TaKKe Hamucarh, 4o § X N = Wz =,

ByneM Hasnsarth none § rn0ses pacwenserus LeHTPalb=
Hoft npocTolt anrebph A =D,,, ecin Us=Fp. Tak Kak
(Z)e =8, ecim §2F, To moboe mnore, ABAOUIEECH
pacldpeHdeM [oJ4 pacllenienns, caMmo Gyder moneM pac-
mennenus. Ecan Dg=E,, To0 Ny = (Dys)s = Cg-  Care-
JOBaTeNbHO, B CHIy TOH 4YacTH TEODEMH Bennep6apna,
B KOTOPOH TOBODHTCH 06 ONHOSHAYHOCTH, MH MONYUdeM,
yro. ecan & sABAseTCA MOJEM pacilengedvs Ans %A, TO OHO
Gymer wm u aia D, OdueBumHo, 4TO o6patHo, noxe §
pacuieriser U, eCaM OHO paciieniser ®. B camom nene,
ecit Dg=F;, 10 Ug= Tpy. PeayrbTarsl, MNOAYUEHHLIE
HaMH B MpemHAyleM a63ale, 0Ka3HBAOT NOCTATOUHOCTH
ycaoBuft caeayomen TeopeMsl:

Teopema 21. [Jas mozo umobpt nose § 0640 nOAeM
pacujenieniss HeHmparsHozo meid ® cmenenu 8, Heobxo-
dumo u docmamouro, amobs f==(F :®) Obie0 KpamrbiK
mS 4ucaa 3 u umobu § Ootao u3omopgHo codepicaiser
edunuyy nodaszebpe arze6psl Dy

JIn9 MOKa3aTenbCTBA HEOGXOIMMOCTH O9THX YCHAOBWA NpH-
wenun crencrere Teopemn 11. Tak kak Dg=FX B =
= Fp=s, 10 f=md u § obnanaer o6parHuIM ITpencTa-
paenveM B D,,. Tak Kax § aBasercd MnojaeMm, T0 % wuso-
MOP(HO COMepKAIEMY eIdHHIY MOANOIO anre6pu D,,.

VM3 cymiecTBOBaHMs MOJI% Pacilenienys LEeHTPaTbHOR npo-
cToff anreGpH BHITEKAaeT

Teopema 22. Ecau W — HeHMPassHas npocmar aize-
6pa u nose I' — awboe pacuwuperie nOAR & (ne obasa-
MeasHO KoHedHol pazmeprocmy), mo aszebpa Up Oydem
HeHmpansHod 1 npocmos.
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B camom nene, mycts § smaserca nosem pacmennenyus
KoHeuHO# pasmeprocTu. Torma cyuiectsyer nose ¥, corep-
wawee oAt § n I'U, u Yy = (Wg)s == 3,,. CenosarensHo,
(Ar)z =%, Tax xak pacurpenne nwo60ro Hieana ainreGper
Ur Oyner uneanom B (Ar)z, 70 anre6pa Ap npocra. MoxoGHHM
me 006pasoM fnoKasplsaeM, 4TO adare6pa Yp UEHTpaabHa.

13. Tpynna Bpayepa. Mu sunems, uto npamoe apo-
u3BeAeHHe JMIOGHX JBYX [EHTDAJLHBIX NPOCTHX  adre6p
ABJSETCA  UEHTPalbHOH mpocTO# anreGpofl. PaccmoTpum
CTPYKTYpY mpamoro npoussenenus ' X U, rae U ssasercs
UeHTpanbHOH npocTo# aareGpoit u anare6pa A’ o6parHo
naomopdua anrebpe A. [an srolt uesn npuvenum teopemy 14
K clydai, Koraa B=N Mo moayuum rtorma, uyro W X
X U= By, npuuem n= (A :d) ssnserca meauteseMm yu-
cna s'm. VI3 cpaBHeHns paaMapuocTeH mam @ Mu nojyuaem,
ur0 s'm=n u @G’ =&. CrenosartensHo, HaMu mOKa3aHa

Teopema 23. Fcau N mgrzemcs yenmpaivHod npo-
cmolt anzebpoit u W asasemes areebpotsi, obpamuo uso-
Mopproi arzebpe A, mo W X N=&,,.

* Bropoe, Gomee npsiMoe IOKa3aTelLCTBO 5TO# TeopeMH
NpoBOAUTCA clexyomuM obpasom: mycrs A, u A, o6osna-
YaloT, COOTBETCTBEHHO, ANTE5PHI NPABHIX U JEBHX YMHOMNe-
uut B A, Paccmorpum UM, = AN,. Diremenramu stoh
anrebpu  6yAyT nmuHeHHHe npeoGpasopamust aareGpm I,
PacCMaTPHBAeMOH KaK 7n-MePHOE BeKTOPHOE MNPOCTPAHCT3O
Han ®. Ormerum Taxme, yTo anre6pa W X U rovMomMopdHo
orobpakaerca Ha WN,, u tak xax amre6pa A’ X U npocra,
TO 9Th anre6pst usomopduH. Orciona caeayer, YTo anre-
6pa AN, comepxuT n? nUHERHD HE3ABMCHMMHIX D/IEMEHTOR.
Chnenosarensuo, A, usomopdpua @, H 95TO We CHpasesTHBO
ras A X A,

OTOT pe3yabTaT MO38O.AeT HAM ONpELeduTh 3aMEYaTenb-
HYIO TPynfy, OTKpHTYIo BOepswe P. Bpayepou. PaccmoTpnm
COBOKYMHOCT, & UEHTPATBHLIX MPOCTHX aareGp Hax dHKCH-

1) Tounee rosops, cogepiaiiee MOANONS, U3OMOPDHLIC MONAM

& uI. .
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pOBaHHEIM monem ®. JIBa anementa A u B wmHomectBa &
HasuBawtca nodolromu (U o PB), ecin B HX npeicrasiie-
HisX A =D, B="D; 1ena D u D naomopdrn, Tak Kak
Teno ® onpepenserca aarebpoit U ¢ TOYHOCTBIO KO H3O-
MOpdHu3Ma, TO OTHOMIeHHe WONO0UA BIOJHE OlpPenresneHo.
OueBHAHO, YTO 3TO OTHOMIeHWe 06.1a1aeT CBOHCTBAMM 3KBH-
BAJEHTHOCTH H, CJCNOBATENbHO, Onpene/feT pasioxende &
Ha Henepecexawuinecs muoxecrsa (A}, {B}, ... ({A} obo-
3HaYaeT COBOKYMHOCTS anare6p, MOAOGHHX AaHHOH anre6Gpe N).
Dnementamu rpynnsl Bpayepa @ (®) asasworca muoxectsa {A}.
YMHOXeHHUe onpenemseTcs caeayiomum obpasom: (A} {EBS
= {A X B}. Iro onpesenreune OnHO3HAYHO. B camom nene,
ectn A=D s A=Dm), 1 B=DP o B=D}, 10
AXB= DV X 59(2))n1n, n AXB= (3}(1) K@(a))@im’.
LlenTpaneurle npoctele anrebpel DD X D@ u DU W D@
130MOPGHE, U, CAeORATENLHO, COOTBETCTBYIQLIME WM Teaa
rakxe unzomopdHe. Knace anreGp matpuu (U oo 1) asagerca
enunnuelt B rpynne ®. B cuny npepmecrsyoulet Teopemsl,
UM {A} = {1}, u moromy {U'}=={A}-1. Tax xak wpamoe
YMHOWEHHE KOMMYTaTUBHO M accouuatusHo, TO @ (P) Gyner
KOMMYTATHBHON TDyNmo#.

Ecnin P sasaserca nonem waxg @, TO oroOpaxeHue
(U} — {Ap} Oymer rovomopdusiM oroGparenuem O (P)
na noarpynny rpynnst & (P). B camom mene, (A X By =
== Ap X Bp.

Hawe# raasuo#t mennio B §§ 14 — 16 6yner nokasare/s-
CTBO TeOpeMbl O KOHEYHOCTH ITOPAAKA KaXAOro 3JEeMEeHTa
rpymnst & (P). o cux 10p HAM NPHXOAMIOCH CCBUIATHCH
JUIIb HA PE3YAbTATH, IOAyuYeHHBEIe B 3TOH kHure. Teneps,
OIHAKO, MBI OJKHB! H3JOWUTh YaCTh TEOPHH KOMMYTATHBHBIX
none#, B yacTtHoCcTH, HaAMH GYyAyT HCMOAB30BAHEL PE3YJbTATH
§ 6, KOTOpBIE A0 CHX NOP CAYXKHIM JHIIb WITIOCTPalueH
K TeOpHH NPAMBIX NPOHU3BejeHHuH.

14. CenapaGenbHnie nmommous. [1peanosoKuM, 4TO MOJE
@ uMeeT XapaKTePHCTHKY p =~ 0 ¥ uro D ABAAETCA ILEH-
TPa/bHLIM  TelOM cremenu p. Ecin a aBagercd  molbivd
aneMeHTOM Tena D, He newamum B @, 1o O (a) Oynmer noa-
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nosem Tena D, uMeomuM pasmepHocts p Hal P, u ecan &
apaseTcd He jexaimum B P (a) 3/eMeHTOM U3 @, To anrebpa,
NOPOX/EHHAA 3NeMeHTaMu @ m O, Oymer cosnagat ¢ D.
TIpeAnoNONKAM Terepb, UTO 3JeMEHT @ He GyHeT cemapaGelb-
HHM o/eMenTOM Hag ®, 1ak uro af =« € ®. Paccmorpum
aubdepenunporanne x —x’ =[x, a]. Ecm x¢ @ (a), TO
x’ -+ 0. Oanaxo, x?) =[x, a'?)] = 0. CaenosateanHo, cyiue-
cTBYeT Takoe uenoe uucao k> 1, uro xW -£0, HO
%t = 0. Ecau mp noxoxum b= xU=1 (x®)~1 u ¢=
==qab, TO moayuum, uto b'=1 u c¢'=a. Takum oGpasoM

1—p

[eP,al =[c|...[c,a)...]]l=ua

CnenosaTenbHo, [c?—c,a]l=0 n ¢?»=c+ g (a), Tae
g (a) € ® (a). OueBnano, 4T0 g () KOMMYTHpYeT C 3/IeMEHTaMH
€ K a H, ciexoBateapHo, g(a)=vy€ d, u ¢ asngercs cena-
pabe/ibHBIM  3/IEMEHTOM.

Jemma. Ecau uyewmpassroe meso O cimenens p u
XAPAKMEPUCMUKL P COOCPHCUM IACMENM, HecenapalberbHbil
nad O, mo D codepacum maxxce u cenapabesbHslli e MeHm,
ne gxooauul g P.

OTMeTdM, 4YTO 3JeMEHT & YIOBAETBOPAET YDABHEHHIO BHIA
bP = 8, Tak kak [P, a) = 0. Dnementsl blal, i, j=10,...,
p—1, o6pasyor Gasuc Tera D, U YMHONKEHHE ONpPELENeTCs
CNENYIOLMMHA COOTHOILEHHAMH:

ap=a, bP=4§, ba—ab=1.

TakuM ke OO6GpPasOM MBI MOXKEM HCHOJ/L30BAThL B KauecTse
06pasyoLinX 2J4eMeHTHl @ H ¢, CBS3aHHbIE CJAENYIOLUUMH
COOTHOLUEHHAMH:

ap=a, c?=c-}-y, a-lca=c-}1.

Tak xak suementsl ¢ 1, ¢4-2,..., ¢+ (p—1) yznosae-
TBOPAKT ypasHeHuio P =¢ -y, 10 @ (¢) Oyner UUKAMUECKHAM
nosem Han ® ¢ ofpasywmum astomopdusmom ¢— ¢+ 1.

[Mpensiaymass seMMa MOxeT ObiTh NPHMeEHeHna MpPH AQ-
Ka3aTesibCTBE CIELYIOLIEH TeoPeMbl:
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Teopewma 24. Jio6ve yenmpaaskoe Had nosex ® meno
D codepacum MEKCUMAAbHOE Cenapalesbroe noonode.

Ecan & uMeeT XapaXTepHCTHKY HYJb, TO TeOpeMa oue-
BuaHa. IIpeanonoxuM, uTO XapakTepucTuka p moas ¢ He
pasua Hymo. IlycTe @, fBIseTCA CenapaGesibHLIM 3Je MEHTOM
w3 ® u (P(a):P)=r;>0. Ecin B ssaserca anre6pot,
COCTOAILEH W3 3JMeMeHTOB, KOMMYTHUDYIOUWIMX C 3/IEMEHTAMH
s P(a), 10 (D:P)=08=(P(a;):P)(B:P)=rib,
rie b= (B:®). Ione P (a,) Oyuer ueHrpou aare6pu B,
Eciu B conepxur cemapalenbbiit Han P (@) smeMeHT a4
i (D (a1, ag) : ®(21)) =ry>0, 10 (@, a,) Gyrer cena-
paBenbULIM TOMEM DasMepPHOCTH riry Han ®. Dror mnpouecc
IPUBOMMT WM K MAKCUMAIbHOMY cemnapafeabHOMY TOATONIO
Hag ®, WIM K LEHTPANLHOMY Teay, Bce HOANOAA KOTOPOro,
colepalie LEHTP KaK cOGCTBEHHO® IOAMHOXECTBO, YHCTO
necermapaGensuer. Ilyers ® Gymer Ttakum Tenmom B @ —ero
uenrpoM. Ecimn =& (a1, a,, ..., a;) TBAAETCA MAKCHMANL-

HBIM TlOATONEM Telna D, TO Kawabih U3 BIEMEHTOB 4; Y.AO-
ne .
BMETBOPAET yPaBHEHHIO Buna af ° = a;. CnenoBarenbHo, § co-

nepxut Takoe mnoxuone F,, uto (F:Fy) =p u F=T, (a)
rie aPEF,. OAeMeHTH, KOMMyTHDYIOUME C 3/AeMEHTAMH W3
Xy O6DA3YT LeHTpasbHOe Temo B cremeHn p Han Ky

Tak kak B COAepHUT TaKOH 3JESMEHT &, uTO aé To» HO
ap€Fy, 10 B COAEPKUT TAKOH 3MEMEHT ¢, UTO (P — (¢ =

=g (a)€Pp, 1O ¢ ¢ Fo- Torma anement

1+ 91

1 .
(c;o —_— C)Z’m = P —-—-Cpm = (cpm)p—.— (cpm) E— g ([l)P
nexutr B ®, ecnin m nocratrouno seauxo. CrenosaTesbHO,
W
cp Gyner cemapabenbHbiM 3neMeHTOM Hanx @, npuyem

o™ ¢ ®, 1ak xak uz o =" | g (a)P", "=

— cp'm—z + g (a)pm—E, . caeayer, HTO P (L‘Pm, %o) —
=® (¢, §o) D To Takum oGpasom, MpeanmoomeHse, uro D

COAEPXUT /UL YACTO HecemapabesbHbie HOANONA, MIPHBOAUT
K NpPOTHBOPEYHIO, M, C/eI0BaTeLHO, TEOpeMa JOKa3aHa.
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15. CkpemeHHble npoussenenus. [Iycte D apasercs
LEHTPANLHEIM TEJAOM CTemeny d; o603HayuM 4epes § Maxcu-
‘ManpHO® cenapabenpbHoe mommoae rena V.. Torna § moxer
6LITH pacHIMpero 10 HOPMAIBHOTO celapaGensHoro noas &
pasMepHOCTH v==20m Han ®. Mn Buzeau, uro & aBasercs
MIONeM pACLIEMIeHHUs W, CJe10BaTelbHO, CONEPKUTCA B 1eH-
TpanbHOR tpocToit anre6pe D,,, mnomobuoit reny D. Kpome
toro, § 6yner makcuMaabHHIM TOANONeM anrebpul D,,. ITycts
1, S,..., V asasorcs saementaMu rpynne Fanya & noas &
nax ®. Tak kak asromopdusm & — kS mona & moxer GbTh
NPOJOMKEH A0 BHYTPEHHEro aBTOMOpdHU3MA anrebpel D,
TO CYIIECTBYET TaKoH OOpaTHMbii aaeMeHT £sED,,, uTO

— S

us ‘kug = k> unu, unave, kug = uskS nnascex k€K, nement
—1

ugr UsliT MEePeCcTaHOBOYEH CO BCEMH 3JeMeHTaMu k o, C1elo-

BATENLHO, Uglly == g 0y 1, TAC pER. B cuny accounar:igHOro

34KOHA YTONyuYaeM

— T
Ps,r, vPr,v= Psr, u’s,

u notomy p= [ng ;} ©0Opasywor cucremy ¢akropos. Pac-
eMOTpHM Teneph cxpelentoe npoussenenne § (®, o) mona &
c ero rpynno#t Fanya &, umelooiee B KauyecTBe CHCTEMBI
dakTopoB {Ps, T} D, OueuzHoO, 4TO OHO roMoMopdHO oTOGpa-
xaeTcas Ha muomaaredpy B anre6pe D,, cocrodayio H3

sneMenToB Buaa 3, ugks. Tak kak anre6pa & (®, p) mpocra,
t0 oHa uzomopdHa anrebpe B, u tak kak (& (G, p) : ) =12,
T0 B="7D,,.

Teopema 25. Jw0as yerIMpasbhas npocmas aszebpa
nodo6ra Hexomopomy ckpeuiernomy npoussederuro & (®, p).
DTa Teopema II03BO/MSIET HaM NPHMEHHTh TEOPHIO CKpe-
IeHHBX NPOM3BENEHUR K UEHTPaTbHHIM NPOCTHM ajrebpam.
Hanomuum, 4TO, TIO ONpeJeNeHH0, CHCTEMbl (AKTOPOB pg, 7
M gg 7 ACCOUMMPOBAHBI, €C/AU CYIIECTBYIOT TAKHE 3SJICMEHTHI
bsr
pg€R, UTO pg =05 ;.

CnenoBaTenpHo, ecim g
Pglhr

1) Tak xak COOTBETCTBUE 3IEChb ABMAETCSA TOXKAESCTBCHHBIM, TQ
Mbl MOXEM NDHMEHHTb 9TO ynpomeHHe o6o3HayeHui riasol 4,
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fB/sieTcss APYTMM MHOXECTBOM TaKUX 3/EMEHTOB M3 D=
—1 8 —1

=R (®, p), ur0 Vs kvs==K", 10 4y VICK n vg= lUgps.

Torpa, ecnu UsVr = USr9s, I TO CHCTEMBl p H G acCOIUHPO-

BaHBL (pcx:c). [Ipu oTHX ONpEeAe/IeHUAX Mbl UMEEM Ciedylo=

Uyl Teopemy.

Teopema 26. & (®, p)col mozda u mossko mozoa,
rozda peol.

Ecin pcol, TO Mbi 3aMeHieM 3JEMEHTH. ig /IEMEH-
TAMH Ug==lgks H NOAYYAEM VsUT == UST. Hs § 18
rnagsl 4 cnenyer, uro & (®, p) msomopdro @,. ObparHo,
npennonoxuy, yto & (®, p) oo 1. Toraa & (®, p) usomopPuo
§(®, 1) u, caenoBaTenbHO, R(®, p) comep:KHT TaKOe
none &, usomoppHoe momo §, U TaKUe IACMEHTH Ug,, uTo

! (1)
KA ero 3JeMEeHT HMEEeT BUl Z ﬂglkfgf, rae RVESR, u
kye, = v, kS, vg v, = Vs, (4)

rae S, nexur B rpynie lanya noas §,. M MoxkeM Hpen-
NONOXMTH, UTO S, fBAAETCH ABTOMOP(HU3MOM k, — (k%)
rae k—> ky — HEKOTODHIH 3aAaHHbIA nzomopduam Mexay &
u §,. Bror usomopdusm momer OHTh TPOLOMKEH 1O He-
KOTOpOro asToMopdiavMa a —»a, anreGpH K (®, p). Ecam
ug, == (t4g);, TO Mbi HMEeM

(1) s
lk !

1 — (1)
K )uS]. =ug y Ug By, = U708, T-

Ecau Mbl - CpaBuM 37O ¢ (4), TO MOJY4YHM, 4TO o1 u,
creaoBaTensHo, peol.

PaccMOTpHM Teliephb CKpellleHHbIe MPOU3Be1eHNs K, (G, py)
i Ry (B, gg), rae &, =8, u usovoppusmom Meway
u &, ABAAETCH COOTBETCTBUE k, — kg, Ilycts S u Sy Gyayr
COOTBETCTBYIOILMMY aBTOMOP(QU3MAMMA H3 TPy Fanya &,

5 S,
n @y B TOM CMHICAC, YTO kit — K3'. Mbl XOTHM HalTH, YeMy
pasio & (B, py) X £,(Gg, 59).

Ouepuano, uto K, (O, py) X Ry (Gg0p)  comepxut
&, X ®,. MMocnennee npousseneHne SABAALTCA NPIAMOA CyMMO#
v moneli, uzomopduux morwo K, Ecan e; Oynrer equHALeR
OIHOM W3 €ro KOMIIOHEHT, TO 9/IEMEHTHl 3TOH KOMIOHEHTH
uMmeioT BHAL eRq, THe kg € fy, T. €. K X 8=
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=¢,830... De,Ry. Tlomobuo sromy e;fy,=e¢e;K,. Coor-
BETCTBHE £, — kg”, nonyyaiouleecs H3 PpABEHCTBA ¢k, ==
== e,/e,-ﬂ", aBaseTcsl (0OpaTHEIM) upeacTaBicHHeM R; B Ky

M MBl BHIEN, YTO TakuM o6pasoM moaydaroTcs Bce (C TOY-
HOCTBIO 10 moA0Gud, KOTODOE B 3TOM Ciy4ae COBTIaflderT
C MICHTHYHOCTBIO) HENPUBOAMMHE mnpencTasrenus &, B K.
C apyro#t cTopOHbi, MBI HMeeM v Da3MHYHBIX MNpeACTaBIeHUH

k — k5, roe S, npoberaer rpymny ®,. Caenosarensto,
i S
k.(;) = k5 U WIEMIOTEHTHBIE 3JIeMEHTH CTOAT BO B34HMHO-

OZHO3HAYHOM COOTBETCTBHH C 3ieMedTaMu rpynnel &y Mu
MOXEM MO3TOMY OOO3HAYUTL €; Yyepes és,; TOTHAA

2 es,=1, eger,=0, ecmum Sy Ty

e@, =eg, es5,(” — kf’) =0.

—1 —

OroGpaxenus x — o7, X0y, W X —> UF, Xup, SBIAOTCS
asToMopdusmamu B & X 8. Tax KaK MPOCTHE KOMIOHEHTHI
HOAYIPOCTOH anreGpsl OJHO3HAYHO OMNpEJE/eHsl, TO 2JIeMeHThI

— 1 —1
Ur, €5,U1, W Up, €silp, CHOBA ABMAOTCHA 3JeMEHTaMH e;. Tax
—1
KaK U7, KOMMyTHpYeT ¢ &y u wvr, Ror,=k:" TO
—1 S, T,
'UT‘ 6S2'0T’ (kl_' 22 g)—_.—().
-1
CnenosarenbHo, o7, €s,U7, = €s,1, H NOAO6GHO 3TOMY
—1 —1
iy e lip, —=ep, g,

Mul ompesensieM Temeph es, v = Us, Uner, M TPOBEpAEM,
YTo >

es,rey, v = ST, vés, v, 2 €g,8 = 1.

DTH MATDHUHBIE EIHHHMLUB MOTYT ObITb HCIOJB30BAHEL A
npencrasnenua & (8, p,) X 8, (B, o5) & Baze K, (G, or) X
X 8 (®y, 0g) = B,, rue B aBaseTC COBOKYNHOCTHIO IIEMEH -
TOB, KOMMYTHDYIOUWX CO BCEMH 3/eMEHTaMH €g, 7, U H30-

mopdua ¢ ey,y (81, 1) X s Bar2,))e, , =B, B cnay
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OTMEUEHHHIX Bbilile COOTHOIIEHNH, HMEEM €y, g, Vg, = U5,08:81, 17

—_— = = <= g
Wg WP = WET P18, TO028y, Ty RWs == Wgk',

rae k==Fk, n k' =ki. Mu rnoxasam, 4TO B comepmHT
ckpemennoe npomssenchue S (®, p, o), a TAK Kak ero
pasMepsoCT» Hax & paBHa v, To D COBNAjaeT C ITHM CKpe-
LIEHHLIM nponssefeHueM. CeNOBATE/IBHO, HAMHM JOKA3aHA
Cle Ly mas

Teopema 27. MMycms noas & u Ky ssrar0MeR u30-
MOPPHBMU CenaPaBesbHbME HOPMAAbHOLME DACUUPERUANL
noas ® u Rk —>ky— uzomopussmon sexcoy Humu. Tozoa
8, (B4, p1) X 82(Gy, o5) 0o & (®, p,, 99),20¢ & usomopPro
R, uk;—> k; A643eMCT MAKUM UIOHOPPHUIHOM xeoncdy K, u
R, umo k, = ky.

Dra TeopeMa uMeer CHeAywollee 3HAYEHHE: IYCTH pg, 7 H
gy p ABAMOTCH cucTeMamu (aktopoB. IIpousseienueM HX
HA30BEM CHCTeMY (aKTopoB 7Tg, 7= ps, 795, T- MHOXECTBO
cucteM (akTOpOB 00pa3yeT OTHOCHTEIBHO 3TOr0 yMHOKEHHH
xoMMyTaTHBHY10 rpynmy. CucreMmbl (aKTopoB BHIA p, p=

=——P'IS,L 06pasyioT MOATPYNUY, H JBe CHCTEMH (AKTOPOB,

Bt

NpUHAMIEKAIIME OJHOMY M TOMY e CMEXHOMy Kiaccy 110
9T0# MNOArpynme, acCOUMHPOBAHBI MEXIY cobofi. Ecau $p
aBageTrcs PakToOp-rpynnoi, sneMeHTaMu KOTOpO#H OyAyT KMacCHl
ACCOLMUPOBAHHLIX cucTeM dakTopos, U Og (@) —noarpynno#
rpynnsl Bpayepa moms @, cocTosilell W3 TAKHX K/ACCOB
[EHTPAABHLIX MPOCTHX anre6p, KOTOPHIE HMEOT & mnosem
paciensienius, T0, MO Hawefl Teopeme, IPYNIH Hz 1 Gg ()
130MOpbHHI,

Teopema 28. Ecau anze6pa § (®, p) umeem undexcd,
mo pdcol.

Mycrs &(®, p)=®,, rie D-—IleHTpanbHOE TeIO.
Torma Dy =3, - - DI, e J; ABAA0OTCH 130MOpGhHEIMA
HEIlPHBO/AMMBIMA TIDABLIMA  HACAIAMH, HMEHOLMMH, Cle10Ba-
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TeNbHO, OAHY H Ty Ke pa3MepHOCTb, €CAH PACCMATPHBATH
HX K4K BEKTODHBIE NMPocTpancTBa Hag §. Tak xax (D, : &) =v
U (D P)=v'=28m? 10 (3;:R)m=vu (3;:8)=32.
OJeMeHTH Wy ONPElENAOT MOMyAuHeAHbe NPeodpasoBaius
npocrpaHctea J; nag R. CioeZoBaTeanbHO, eC/HH  SAEMEHTH
Xiy+..,X; OOpasywT O6asuc upocTpacrea %; Hag K u

xqps =2 s, the pER, 10 Matpuu Ms= (ss)
yZaoB/aeTBOPAOT ypaBHeHusm ‘MyMg = Mgppg 7. Ecmu  Mul

3 T
nosnoxuM det Mg = pg, TO NOAYUHM, YTO Dg, Tig, T == Uglr.
CnegosarennHo, pPco 1.

16. OKCHOHEHT UEeHTPANbLHOH mpocToil anre6pel. Hs
Pe3ynbraTos mpeAbIywiero naparpada BHTEK4eT

Teopema 29, Ecau W s8asemes yenmpassnoi npocniodi
aazebpoid undexca 8, mo (U} =1, m. e. npamnoe npousse-
derue & anzelp, usomopdrsix aszedpe N, umeem gud ®,,;.

B cawom nene, Mmm Bumenn, uto Uco®(G, p) u
WU X X Wy o0 (G, pb), ecin ;== NU. Tax kak pdcol,
10 A X...XA3col. Takum o6pasoM, NOPALOK KAWIOTO
dMeMeHTa Trpymisl bBpayepa koHeden. [lopanok e xaacca
anre6p (U} HasoBeM JKCHOHEHMOM UeHTPAILHOM TpPOCTOH
anre6per . Tlpensiayuias TeopemMa NOKA3HIBAET, UTO 3KCIO-
HeHT sBAAETCA deIMTe/NeM MHIexca anreGpor .

Teopema 30. Kaowowii npocmoii deaumens p undexca
anzebpo. W ssasmemcs Oeaumeness IKCHOHEHING IMOL
anrzelps.

Ecan § sasaserca monem, coxepwawum node &, To,
KaK Mbl BHieqd, coorsercrBue mexway (U} u (g} OGymer
romoMopgHbiM OTOGpaxkeHneM rpynmbl Bpayepa uam @ mHa
noArpynny rpynne bpayepa Han §. CheloBartennHo, 3Kcro-
HEHT eg anreOpst g AB/seTC ZeTnTENEM SKCIOHEHTA aare6phl .
ITycrs Teneps Ao R (O, p) =Dy, rae (K: D) =v=23m.
Ilycrs p* Oynser HamGoablield CTENEHbIO IHPOCTOrO uMCAd p,
dendueit v, u @1, CHJIOBCKOH TTOATPYIMOYU nopsiAKa ps rpymisl &,
Has  coorsercTyowero rpynne &, nommons § rnons §
umeem (& :F) =p°. Pacemorpum R (®, p)g, rae §,=3g.

430
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Tak kax nosem pacmemtenus ms & (&, p) § oyner & =&,
n (8,:§)=rs, 1o crenensio &(®, p)s Oymer p’, rae
t < s W, cnepoBaTelblo, eg, = pY, Tae 1t Takum obpa-
30M, =0(modeg), e=0 (moq P), 3a HCK/IOYECHHEM
toro ciyuas, Koraa u2=0. Ecm xe u=0, 70
R (®, p)s,o01 u, caenosatenasuo, (J; : ®) neaurca Ha O
Tak Kak (§,: ) == [—V; " (;; , p) =1, TO 3TO HEBO3MOXHO,

JlokameM, HaKOHel, CJAELYIOULYI0 TeopeMy, MO3BOJAIIYI0
BO MHOIMX MCCASLOBAHHSIX O LEHTPaibHBIX TeJax CBOAMTD
npodAeMy K CAyual CTeneHH BHAA pt, rie p-—TpoCTOe
uucio,

Teopema 31. Ecau D g84emca yeHMPalbHbiM MeEAOM

& 8
cmenenn d==pl... p,’, ede p; — pasauunsie NPOCINbLE HUCAL,
mo D=7, X ... XD 20e aszebpa D; wmeem cmenens

8' I3
p,' u onpedeaena arzeGpoil D ¢ MOLHOCHLLIO 00 uzomopdusma.

¢ t
Iycts e=p, ... pll, 0 < ¢, <54 ABASILTCH IKCTIOHEHTOM D,
B cuay O6BIYHBIX TEOPETHKO-FPYNIOBBIX DACCYXACHAH, HMEEM
ts
P -
D) ={D,}... (D4}, roe {Dy}#?=1. Mot moxem npeino
narath, uto ®; ABagerca TeaoM. Torja ero CTENeH»r paBHA
I

p:“" , rae s’ > t;. Tak kak crenesn ten D; B3aUMHO TPOCTHI,

1o uX mnpamoe npousseleHne B, X ... X Dy OyAeT TeNOM,
M TAK KAK OHO momo6mo teny ®, 10 DD, X ... XY,
usy =55 BEcanteneph ® =9; X ... X D;= 73X ... X (};4,

94

8. q,
rre ©; umeer crenens p’, To Dol

ecmn gé=ep, *.
¢,

Tak xak (g,, p;’)==1, TO CYWECTBYOT TaKue LeIbE l;uc;la

2 T\ % Y

a; by uro ga,-plb,=1. Toraa (D) P (6% 7,

D;c0@;, u Tax kak 00e 3TH aareSpHl ABNAOTCA TeAAMH,

TO @n‘ z @‘i

17. llenTpanbHble TejJa HAA CHEUHANBHbLIMH HOJAMH.
Jlio00ol 2/aeMedHT @ aareGpel U ynoBAETBOPAET HEKOTOPOMY
ypasHeHHi0 ¢ (a) =0, rae ¢ (£) asaserca OTAWUHLIM OT HYyJd
moansoMoM u3 @ [£]. B camom nene, momoxum al=1,
ecnn O o6nagaer eauHuuedt, n a%=0 B NMPOTHBHOM Clyuae,

14 Zax, 748. H. TmteroGcom.
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¥ paccMoTpmM mocaenosatenbHocts % al, @%,... Oua co-
JEPKUAT JAHUI> KOHEUHOE YKCIO JIMHEHHO HE3ABHUCHMBIX 3]e-
mentos. CaenosatensHo, sa#percs takoe n, 0<lm.n,
rae uepes n 0003Hauena pasmepuoctb anre6pu W, uroO
am = gn-1g, 4. ... 1 g%, Takum oGpasoM, 9 (a) =0 mm
o (f) = tm —fm-1q, — ... — Oa,,, rpe {0 ==1 nau 0 cooTBeET-
cTBeHHO ToMy, paBHO M a’=1 wiau 0. ilycrs Tenepp m
MHHMManbHO. Torma ajemeHTtnl af npu (<m JAUHeHHO He-
3aBHCHMEI, M IOTOMY 2J1EM2HTH ¢z, HEOOXO0UMbIE JJI BHIDaMe-
Huf a™ uepes a’, {<m, OLAHO3HAuHO ompejeneHb. OTCORA
CIEAYeT, YTO COOTBETCTBYIOWEMA TOMMHOM % (£) ==y, (¢)
ABASETCA EAWHCTBEHHEIM TMOJMHOMOM CTENEHH M CO CTapIluM
ko3dpuunentom 1, ana kotoporo a GyaeT kopHem. Kpome
TOTO, ACHO, YTO /4 fABAAETCS HauMeHblueH CTeneHpio BCex
Takux noaunHomoM ¢ (t) %0, uto o (a) =0. [Ipn moMouu
Je/eHHs MBl MOXEM INOKa3aTh TaK¥Ke, 4TO P, (f) ABngercs fe-
nuTenem mo6oro Takoro nomumHoma o (f), uro ¢ (a)=0. Ha-
30BEM TOJUHOM ., (¢) MUHUMAAbHOLM NOAUKOMO Y DNEMEHTA 4.

Ecau 9 sBasieTcss TeaOM, TO NOAHHOM P, (f) HENPHBOLUM.
B camos fieste, ecan p, (£) =0 (£) @ (1), To W () p® (@) =0,
u noromy audo w1 (@) =0, ando p.? (a) = 0. B cuny MuHH-
MAanBHOCTH CTeNlend HOMMHOMA p.,(f), mmbo p@ (), aubo
@ (f) umeer creners Hyab. Ecan remeps mose ¢ anreGpau-
YeCKM 3aMKHYTO, TO BCe HENPUBOAHMbLIE MOAWHOMbI JHHEHHBI,
M NOTOMY I MoGoro aneMeHta a umeeM @ — la==0 uan
a==1a. Hrak, noxasaHa

Teopewma 32. EduncmeenHbn mesor Had aazebpau-
weckn 3amrHymum nosem O Gydem camo nose P.

[penonomum, 4ro @ spagercq JefCTBUTENBHO 3AMKHY THIM
nonaeM, XOpOUIO M3BECTHO, YTO €LMUHCTBEHHBIMH aare0padye-
CKuMH pacuupeHuaMu toas P ssasiorcs camo ¢ u @ (i),
rae 2= —1.1 Ilyctb A~ P OyneT HEHTPANAbHLIM TEAOM
Han ®. Eciu (A :P)=m2, rae m>1, 10 Cyinecrsyer
TaKOe MakcHMaabHoe mnoanoie L tena W, uto (X : P)=m.
Cnepnosaresibio, £ =® () u m=2. Taxk kak noue & (i)

1) Cm. Bau-nep-Bapaen, CospeMmenHas aire6pa, toM 1,
cTp, 224,

SaneL o
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HOPMA/JbHO, TO Y ABJAAETCA CKPELIGHHLM IPOU3BENEHHEM, H
NOTOMy CymecTBYeT TaKOH BTOpOlH anement j Tena ¥, uTO
Jjolij = —1, j2==1B. Onemenr [ OTpuuaTe/eH, U j MOKET
GLITL HOPMUDOBaH TaKuM 00pasoM, utoOm j2 = —1. Caeno-
BaTe/qbHO, Teao U obiagaeT 6a3ucoM, COCTOALIMM H3 2JieMeH-
roB 1, i, j, R=ij, npuuem

=1, o=, I =—Ji,

u U Gymer xBaTepHuoHHOH aire6po#t [awmunbToma. Kak
¥3BeCTHO, anre6pa 2 Takoro BHAaa sABaseTca tenoMm. Ecam
% — HementpansHoe Teno Hax P, Tu ueHrpom anre6put A
Gyaer anreGpanueckd 3aMknyToe moae ¢ (f). CaemoBaTenbHO,
B cuay teopemn 32, U =& (0.

Teopema 33 (®pobenuyc). Eduncmsennsmu mesamu
HaO Odeficmeumensro 3amxHymuiy noiexm O ssaswomes @,
® (i) u ance6pa wsamepruonos o (i, j).

ITycte Tereps ® sBAseTcs KOHeuHbM ToeM u A — LeH-
TpansHLiM Teqom Hagx P. OOosHauuM MyJbTHIIHKATHBHYO
rpYNNy OT/AMYHBIX OT Hy/la 3/eMeHTOB Tela U uepes A
Eciu X asngercs MAKCHMANLHLIM NOAMONEM, TO COBOKYIHOCT &
OTJMYHBX OT HYAA 3JAeMeHTOB M3 L OyAeT MOArpymrof
rpymnst W', JlioGoft aiemeHT h = O MOmeT ObITh BKIIOYEH
B MakcHManbHOE NOAMOJE, H TaK Kak j1060e MakcuMaabHOe
nognone umeer sua u-!'Xg, 10 b € u-L'u npm coorser-
cTeyomey aneMente 4. Takum o6pasoM N’ ABSETCS TEOPETHKO-
MHOKECTBEHHEIM 00beAuHeHneM COTPSKEHHLX ¢ %/ moarpyni.
Ho o6benusenue BCeX TOATPYNN KOHSYHOH TIpynmbl, conps-
WEHHBIX € HAHHOM WOArpyNMmofi, MOMKeT COBIAjnaTh CO Bcefi
rpynmo#f JMwp TOrga, KOraa T4 HNOATPYNNa COBnNaaer co
sceli rpynnoft. Caenoarensuo, X' =", u 1eno A kommyra-
tusHo. Takum o6pasom, A = P.

Teopema 34. (Benmepbapn). Eouncmsenrvim yexn-
DARbROLM TCAOM HAO KOHeUHbM nosem P Asagemes camo
noae P.

DTUM TaKXe NOKas3aHo, uTo Moboe Te/0 Ha/l KOHEUHBIM I0-
AeM KOMMyTaTHBHO. Kpome Toro, Tak Kax jaio6oe TelOo MOXeT
paccMaTpuBATBCA Kak aiaref6pa Hag CBOMM LEHTDOM, TO 3Ta
TeOpeMa ChpaBej/iMBa AAg TPOU3BOJILHBIX KOHEYHBIX TeJ.

14%
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18. MuHnAManbHbI noanHOM aare6Gpel. B nanbuefimem
B 9TOH rnaBe MBl Gy/ieM paccMaTpuBaTb ajireGper, KOTOpHE
MOTyT He OBITh TpOCTHMH. Mbl oONpedeluM CreunanbHbHR
KJacC MOAYNMPOCTHX anre6p, Ha3bBAeMHIX CeNnapabenpbHHMH,
¥ JaJUM KOHCTPYKTHBHEIH KPHTEPHH NPHHALIEIKHOCTH anreGpEl
K aToMy kaaccy. Ecan mome ® uveer XapakTepuCTHKY HYJb,
TO Kawnasd noaympocrad anare6pa cemapafesabHa, TaK 4TO
B 3TOM CJay4yae KpHTepuii cenapabe/ibHOCTH COBNajaeT ¢ KpH-
TEpPHEM TOJYNPOCTOTH.. MBI moayuuMm TaKwe, cienys Bea-
RepbapHy, CTPYKTYpDHYIO TeopeMy, KOTODasg B HEKOTOPOM
CMBIC/IE CBOJAMT HM3y4YeHHe NMPOM3BOJBHHX a/Are6p K H3Y4eHHIO
NOAYNPOCTHX W HHUJABIOTEHTHHIX aare6p.

PaccmoTpuM cHauaza TeOpHI0 MMHUMAJILHOIO MOJAMHOMA
3JeMeHTa @ Tpou3BoabHOH anre6pn Y. Ilpeanomsoxum, 4T0
Mbl KMeeM B3aMMHOOIHO3HAYHOe TNpeACTaBleHHe X —>X
aare6pel N MaTpuuamMu W3 anreOpnl MaTput, Py, MpHYEM, eCaH
anre6pa Y oGnanaer enuHuUeHl, TO 3Ta eAHHHLA OTOGpaXKALTCH
B eauHuLy anre6psl Px 1), Ilycte W 0603HAYAET COBOKYMHOCTD
Matpul, npexcrasasommx U, v NycTb A gBJAAETCH MaTpHLEH,
COOTBETCTBYIOIEH »sneMeHTY @. Mbl yTBep)KIaeM, 4TO TOrZa
MHUHMMAaNAbHBIA momuHOM 1, (#) 3aemMeHTa @ OydeT TaKKe
¥ MHHHMaJbHBIM MOJNMHOMOM MaTpuunl A, paccmarpuBaeMoit
KaKk snemeHT anare6pul Py. B camom nene, oueBMAHO, YTO
i, (£) sBAsIETCH MYHMMAJBHLIM IIOJHHOMOM MaTpuuel A, pac-
cMaTpuBaeMoil Kak aviemeHr anrebpm . I3 namux npexamno-
noXeHUH cheayer, yro ecau Y odnamaer enuHHIEH, TO ST
eAVHULIA sBaserTcs enuHuuehd anre6pnl Py. CremosaTennHo,
B STOM CJyYde MHHMMA/BHBIA nosuHoM maTpuub A B U cosna-
Aaet C MHHUMaJbHBIM HouHOMOM B @y, TIpennonoxum Temeps,
yro 9 He o6nagaer enuHUlEH, M UYCTh Py (f)==i" —
—pm=-1gq; — . —1la,,_1 OyaeT MHHEMaJbHEIM MOJHHOMOM A
B ®y. Torma anement la, =Am— Am=lg,—. . . —Aa,_
npuHALIeRKUT K U U 105TOMYy [OOMKEH DPaBHATbCA HYJIO,
Takum o0O0pa3oM, NOCTOAHHBIA uneH B 4 (£) paBeH HyJi0
M, CIeJOBaTeNbHO, 4 (f) OyNeT MHMHHMMAJLHHIM [OAKHOMOM

1) B 9TOM PACCYXAEHHH MbI MOMEM yHoTpeGasTh BMECTO O6BIY-
HHX TIpefCTaBAeHHHl oGpatHble npeacraBaeHus anrebpol A.

s,
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snementa A B 9. HanmomHuM Temnepb, uTO MUHHMMaABHEIH NO-
NUHOM MaTpuubl A DaBeH NOC/eJHeMy MHB3DUAHTHOMY MHO-
swuremo naexamed B P [fly maTpuum (1 ¢— A). Cnenosa-
TembHO, H Pq(f) paBeH NMOCHENHEMY HHBADHAHTHOMY MHONKHU-
remo marpuiusl (1¢-—A), u ecnu f(f) ABAALTCA XapakTepH-
cTaueckuM TiomkHOMOM, pasHEM det (1£— A), TO pq (f) 6yner
nenurenem nomunoma f(f). Tak xax f(f) paseH mpousne-
JEeHHI0 BCeX HHBAPDUAHTHBHIX MHOMHUTeMeH, 4 KaXIu{i HHBApH-
ANTHHH MHOXHTENb SBJSETCH AeTUTeNeM TOCHeAHEero M3 HMX,
10 Kawiw# HenpuBOZHMHH menuTens noammoma f(f) Gymer
JeluTeNneM MNoJanuHOMA g (£).

TlycTs ameMeHTH X1,. .., Xn o6pasyioT Gasuc anreGpH A
nan nomem ® u nycte P=@ (§,..., &) Oyner mojem,
nonydennsiM u3 & npucoenMHERHEM HEM3BECTHHX §&;. O6pa-
ayeM anreGpy Up W Ha30BEM 37EMEHT X181+ .. X6, oTOH
anre6psl OOLIMM 2/1eMEeHTOM anreGpH 9. TTpeanonOXNUM TeNePh,
yto X; — X; SBAAETCS B3AMMHOOIHO3HAUHHM NpEeACTaBICHAEM
anrebpu % B ®y. Torma 2 x4y > Xy, e 1P, 6
JeT B3aHMHOOLHO3HAUMHM mpencrasnendeM Ap B Py, ynmo-
BReTBOpAIONMM ycaosuio 1 — 1, ecan 9p o6nanaet enuuuLeil).
T105TOMy MOXHO TNPHMEHHTb BHLIETPHBEICHHbE DACCYHIC:

una k2 X5 Mu sunum, uro m (¢, §)— nocie Hnfi HHBAPUAHT-
Huf MHOXHTENb MATpHUE (12— X X;;) — ABASETCS MMHH-

MAJBbHBIM TIOJIMHOMOM 2JIEMEHTA Zx‘ii U LenuTeNeM Xapakre-
pUCTHYECKOrO MOJNHOMA

f (B =det(t— 2 X =
=N — -1 (§) ... (— DVen ().
Tak Kak kosdduuuentst noauHoma f (£, §) ABAAIOTCH MOMU-

womamMu oT &, TO u3 nemmel [aycca cnexyer, ATO GEN
dummenTH noauHoma m (£, £) rakxke OynyT NojMHOMAaMH OT

1) Ecan Hexoropoe pacwupenre Up aare6pbl Y obaajaer eau-
arnedi, To ¥ % obaajaer exmEuueil. DTO CIENYET U3 HIBECTHOH

TEOpeMs O TOM, YTO CHCTEMZ nuHefinbX ypaBHeHuit € Kos(Qu-
udenTaMd H3 P umeer peiicHHe B M01€ paciuupenus P TOrRa
M TON>KO TOTHd, KOTAa oxa umeer pemennc B 9, JleTaam noxasa-

TeJbCTBA NIPEXOCTABAANTCA YHTATCII.
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&Y. Mu mokasbiBalu Takke, uTo noauHoMu m (4, £) m f (2, £)
007afA0T  ONMHAKOBHMH  HENPUBOLMMBIMH  MHOXHTEAAMH
B P [#], ortauuaack caMoe Gojpulee KPATHOCTAMH 9THX MHO-
wurenet. M3 onpemenenus m (4 %) xak MHHAMAJBHOTO TIO-

aMHOMa LMt M x.f, B Up caeayer, uro m(t,§) 3aBucut

MHWb 0T ¥, X%, a He OT HCMOMAb30BAHHOTO YACTHOLO npen-
CTaBjeHus. MH OyldeM Ha3HBAaTh 3TOT NOMHHOM MUHEMAALHEM
noaunomos anze6pu .

ITycTb ameMeHTH ¥y, . . ., Yy, TAE Y; = ijpji, obpasywor
BTOpO# Gasuc anrebput A u nmycTs m' (f,4M) GyayT MUHUMANL-
HHM TIOJHHOMOM, ONpEIENeHHHM OOGIHM 3JIeMEHTOM 2 Vil -
Ecin mb ncnonsayem nose L = ®(£,v), 10 mMw MOMeMm
cpasuute m (£,8) u m'(f,n). Hanomuum temepn, uro eciu
2/IeMEHTH @i, ..., @, JMHeHHO He3aBuCcHMH B aare6pe 9,
TO OHH OCTAITCH NHHERHO HE3ABHCHMHIMH B MoGOM pacIi-
pennn Uy ato#t aareGpel. M3 sroro CleAyeT, 4TO MUHUMA/b-
HEI [10/IWHOM 2/1eMeHTA anreGPel He H3MEHSIETCs, €CIH PRCIIHPHTD
foJe, Hax KOTOPHM ompeneineHa anre6pa. CrenoBartenabHo,

m(f,8) n m’(4,m) GyAyT MHHUMATBHLIMH MOAMHOMAMH CO-

OTBETCTBEHHO 3JeMeHTOB X xf; U X ygn, B aredpe WUsy.
r /

Tax TaK y; == X X, 10 Zy’,mi= D rnet; =D wum,.

Cnenoparenvho, m(£,8') = m' (¢, 7). B 3TOM cMBICie TIONHHOM

m (£,§) sBagerca uHBapuantom anre6pbl A. MH mumem

mLE) =t —r-1TE ... +(—1)rN(E).

Ecnu §; sameHuTs HeKOTOpHMH 3i1eMeHTaMu u3 P, wanpumep,
§i==a;, TO ME TOAYUMM TOaUEOM M, (f) == m (¢ &), Ha3bi-
BACMBIH  24GBHOIM NOAUHOMOM, CBS3aHHLIM C 3/EMEHTOM
a = x,a; anre6pu A. TIpumenss cootHoweHne m (£, )=
m' (£, ), MH BUAWM, YTO MOJAHOM 1ni,(f) He 3aBHCHT OT
BHGOpa Gasuca. CnemopaTenbho, 3TO XKe MMEET MeCTO W JJIA
byaxuuit T(@) =T (2) u N(a)= N («), HaswuBaeMux cO-
OTBETCTBEHHO 24ABHBLM CAe00M U 2AABHON HOpMOL 3ne-
menta a. PaseuctBo m (x (§),§) =0 sksuBanentHo ~

1) Cm. Albert, Modern Higher Algebra, crp. 37.
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NONMHOMHHAMLHEIM TOXAECTBaM py (§) = 0, moayuawummcs npu
npencrasaenun m (x (8), £) v sune 2 x; p; (§). Taxum oGpa-
som, mu umeem m (@, )= 0. Orcoona crenyer, uto my, (1)
neantca Ha p, (f). Tak kax nosuHoMel f(f, a) u p,(f) nmeior
OIMHAKOBHE HENPUBOMUMbE MHOXHTENH, TO H MONHHOMSI
m,(f) 4 g (f) nMeloT 0IMHAKOBHE HENPHBOLUMEIE MHOMCHTENH.

Marpuua (T (x;x;)) HasbiBaeTcA  OUCKPUMUHAHIMHOL
mampuageti anrebpw A, Tlpn na3MeHennu fasuca 3Ta MaTpUla
samengercss Korpaanenwtdol (M'TM, rne matpuua M HeBH-
pownaiomascs). det(T (x;x;)) HasbBaeTCA OUCKPUMUHAHIMOM
anre6psl . JMCKPHMAHAHTH aareOpsl A OTIHUAOTCH APYT
OT Apyra He DABHEIMH HYJIO MHOMHTENAMH, SIBJISIOUIMMHCA
KBaZpaTamMu 3jeMeHTOB U3 P.

PaccMOTpHM Tefiepb BONPOC O BHUYHUCACHHH MUHMMAILHOIO
nonunoma m(t, £). Tlpentonoxuy cHauana, 4ro A=,
TlpumeruM 31ech mpexcrasienue U B CaMOM cebe. Ecau §;;
ABISIOTCS HeusBeCTHHIMH, T0 oaunom f (£, £) = det (16— (i)
wenpusoaum B P l#}, rae P=>o (§;) V. CuenosareisHo,
m(t, §) == f (¢, £). TlonoGueim xe 00pasoM H3YHaeTCsH anre6pa
5)1=<I)§,’1)EB. . 'EB@(V?’ rie ®@ = ®. O6mum 3JIeMEHTOM

anre6pu AU Oyzer

[ & |
| | |
! . (s) |
\ Eij J

TpuMenss 370 NpeicTaBleHue, Ml noayuaeM, uto m(f =

zﬂfh (4 EW), rme f, siBAseTcs XapAaKTEPUCTHUECKUM IOMH-
nomoM anementa (1#— (E™)).
IIyctb Teneps U sBAseTCH MPOU3BOABHON anrebpott. 3ame-

M, u4TO m(f, %) He H3MEHHMTCH, €CJIH 3aMEHUTH aare6py U
anre6poit Up, rae [ — pacwnpenne mnods d; B camoM nene,

2%’51 fyner Takxe oOOUMM 3/IEMEHTOM JAd Ar. Chnepo-

.
 B4TENBHO, NOCTATOUHO OMpENeNHTh /Mt (¢,%) ana Ar, rae mose I

1) Cm. L. E. Dicks o n, Algebras and Their Arithmetics, crp. 115.
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apnaseTcst anreGpamueckum sambikanuem noas $. TIpeanono-
HHUM, 4TO X — X AB/ISETCA TAKUM B3aUMHOO[HO3HAYHEIM TIpe-
craBieHneM aare6pu MNr, uto 1 — 1, ecan anre6pa Up odaanaer

eIuHHUeH. Mul MOXeM CuHTaTh, YTO 3TO IIPEACTABICHHE HMEET
BUL

[ XM # Y

' 1> ()

10 X )
rae X — X® gBns0TCA HENMPHBOAHMBIMH IIPENCTABICHHAMH,
U3  KOTODHX HeKOTOpHe MOryT OuTh HyJieBuMH. Eca

1 8 3
N—panaxan xoabua Wy, 10 Ap/N = I‘(r‘)GB. .9 I‘(ra), ree I'®
apamoTca Teaamu. Tak kak none I' anreGpanyecku 3aMKHYTO,
10 M3 Teopemu 32 cmenayer, uto ' =T. Tlpencrasietue

x — X® Gyner npencrasaenuem omporo us I',. Caenopa-
TEJILHO, €Cay 3TO NMPERCTABIEHHE He ABASIETCA HYJ/IEBHM, TO
MHOMeCTBO Marpuu X Gyner COBOKYNHOCTBIO BCEX MAaTpHIL,
HMEIMX TO M€ YACIO CTPOK M CTOJOLOB, UTO M MaTpuia
X®), CnenosatenbHo, BO3MOXKHO BHPA3UTh MaTpPuWUHHE €1H-
HALG e f-ro «awuuka» B Bue JuHeHHOM KOMOUHALWH

matpun, X, Orcroa BbiTekaeT, 4TO - XAPaKTEPHCTHYECKHH
nonuHoM f, (¢, €) anemenra (1t—-—2X§")E¢) HEMPUBOIMM  H,

cnexoBatensho, m(t, £) =H f;,j(t,E) — MPOHM3BEREHHIO HEKO-
TOPHX H3 MOJIHHOMOB f,,j. Tax kak m (¢ E) sBaserca mHo-

CHAeHUM WHBAPDHAHTHEIM MHOXKMTE/IEM 3J€MEHTa (1t— X),
To m (¢, &) neantcs Ha KOXKIHHA U3 MOMHHOMOB fhj. Mul xX0TUM

Teneph TIOKA3aTh, YTO MPEECTABJICHUA x — X®) comepxar
BCE HEMPHBOAWMEIE HEHY/IeBHE IPENCTABNEHHs anreGpbl Nr. Odns
3TOH e HAMOMHHM, 4YTO eClH S(k’ ABAAETCHE HEKOTOPHM

k
HeNPHBOIMUMBIM JIEBHIM HIEANOM B I‘(,k), TO NpeacTas/ieHud

anre6ps p, onpeiesichHble npE nmoMow® s wupeanos J(,
k=1,..., s, 006pa3yioT NOJHYIO CHCTEMY HE3KBUBAJCHTHLIX
HENPHBOAMMBIX OTIHYHBIX OT HY/AEBOTO NpPEACTaBieHHH aire-
6psl fp. Ecan AW o6oasadaer AByCTOPOHHHMI mieali anredpsl
Ur, oroGpaaomutics B '), o npencTansenie wieana N,
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OTpeleNieHKHOe NPH MOMOINM Vjaeana XM, rpe [ k, apasercs
Hy/eBLM [PENCTABIEHHEM. CnenoBaTejbHO, €CIH ONpejeneH-
noe upeanom () npexcraBieHue He BCTPeyaeTcd CpelH
COCTABIAIOILMX TpPeAcTaBleHnl X — XM, TO 3MeMeHTH
vneana A® npencrapiasiorcs B (5) MaTpHliamu, BCe 1MAro-
HanbHBIE «IUMUKH» KOTOPHX cOCTOAT M3 Hynefl. OueBniHO,
4ro TaKMe MaTpullel 06pasyloT HWIBLIOTEHTHYW anre6py,
M TAK KaK NpeAcTaBieHue ujpeana A*) B3aUMHOOJHO3HAUYHO,
to umean W% HuALMOTEHTEH, BONPEKH COOTHOILICHHIO,

Ql(k)/ﬁﬂ‘l[(")zf(:;:. OtMeTHM HaKoHen, yto ecau anrebpa U
0671a04eT e/UHKAILICH, TO HA OIHO M3 MpexcTasnenui x — X ®
He MOXeT OHTh HyJepbM. Caeposarenbuo, m (£ 8) nenntca
Ha £ TOrAa W TONBKO TOTAa, xoraa U He o61ajaer eqMHUUEH.

Bean f (4, 8) = £ — £ T @) . . -H(—1)" NO (¥),
10 T® (§) sasagerca  ClenoM  MATpHIL -X(?) £
a NO (§) — nerepMUHaHTOM 5TOH MATDHLEI. OueBHIHO, 4TO

T )= % T0 &) n NE) =[IN¢p (). Vcroasays ceoii-

J
cra T® u N® u Tor dakt, 410 OTOGPaNEHHE X Xid;—>

—+2X§h)oci roMoMOpdHO, MBI MoAydaeM CHeNyoiHe BaKHLIC
COOTHOIEHMS A7 TAABHOTO CAeja M I/aBHOH HODMBL:

T(a-}-b) =T (a)-+T(b), T(ax)=T(a)a, T (aby=T(ba),
N(ab) = N(@)N(b), N(aa)=N(a) "

Koneuno, ecnu anre6pa 9 He o6nanaet equnuuet, To N (a) =0.

Mpumeps. 1) Ilycts A ssnserca cenapabeNbLHBIM
foJeM W Tnoje P -—HaWMeHbIINM HOPMAABbHBIM DPaClIHDeHHeM
nons . Tornap =PO A, .. OP® rae n=(A:P). Cre-
noBaTebHO, NoauHOM m (£,.§) HMeer CTeleHb 72 M TO3TOMY
COBMANAeT C XapaKTePUCTHYECKHM TOJAHHOMOM — MaTDHILH
oBLero 3JeMEHTA B PEryJapHOM NpeICTaBieHHM.

9) Iycrs Y 6Gyser uucTo HecenapaGenbHbM MOJEM Xa-

paKTepHCTHKA p == 0 Buoa @ (X, ...y X)), TaE d =€
u (9 :P)= pm. Toraa 3nemenTH x5, xim 0Lk < P,
o6pasytor 6asuc noss A, v ecn x = S x:‘mik, I

AT T T
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19. CenmapaGeasubie amre6pol. Ecan U apasercs Ko-
HeYHbiM cenapaefbHEM pacwmupenneM noag ®, TO, Kak Mbl
Bunead, aare6pa U Oymer noaynpocToi maAs  M060ro
noasd pacumipenssi [’ mona @, [lycre tenepnr nome U Hece-
‘napaGesitHO M MMEET XapaKTePHCTHKY p, @ — HecenapaGeib-
HEH oaeMedT B @ (£) = ()" 4- ()-8, 4 ... -8, —ero
MUHHMAJbHBIA MONMHHOM. Tak Kak aaeMeHTH 1, @, ..., a#”=!
nvHeRHO HesaBuCUMbl B U, TO OHM GYIyT NMHEHHO He3aBHCHMBI
B Ap. CaenoBarenvHo, npu moGbiX sieMentax y; u3 I’
b=ar+a-1y + ...+ 1,40. Ipeanonoxum, uro none [
anreépauixecxn 3aMKHYTO, M BblOepeM B KadecTBe 7; 3Je-

mentsl 37. Torma b» =0, u motomy amre6pa I He Gyxer
NOAYNPOCTOR. ITOT (PIKT NPHUBOAMT HAC K ONpPEAeNEHHIO Ce-
napabeabhol asze6pe: Hanm moneM & Kak Tako# anre6pn A
Han @, and KOTOpo# anreGpa Ap GyxeT MOAYNPOCTOH, KAKOBO
6nl Hu ObIO none pacuupenus I' mons ®. O6o6uienuem
HAWIEr0 DPe3y/abTaTa O MOAAX GyueT Clenyowmas

Teopewma 35. Zun mozo, umobu arzebpa U 6oraa ce-
napabeasHoid nad nosem O, HeoGxodumo u docmamouro,
amobot U=W, D...D N, 20e aazedpa W; npocma u o6aa-
oaem gyenmpom &;, cenapaGessuvis nad .

Heo0xodumocms. Tlo onpenenenuio, ecau aare6pa A ce-
napabenbHa, TO OHA MOAYnpocTa M, ciAenoBaTeabHo, I =
=W, B, .. D Ay, rne kawnan aire6pa A; npocra. Lentp 6,
anmre6par A; cemapaGenen. B camom jene, B NIpPOTHBHOM
cayyae onHo W3 mnonaet @;, nHanpumep €,, comepwxano 6
Hecenapabe/bHBIl 3/eMeHT, H, CAeA0BATeNLHO, ecru [' apasercs
anreOpauyeckuMm 3ameikanueM noust P, aare6pa €, comep-
xana Obl HWIBMOTEHTHHI! anemenT b=~ 0. Tak Kax snemeHT b
JMeXUT B HeHTpe anreGph Up, 70 raaeHbi unean & Up 6w
Obl HUJBIIOTEHTHBIM BONPeKU MPEANno. OXKEeHHIO.

Hocmamounocms. Tak xak Ar =W, D... B Up, TO
AOCTATOMHO pACCMOTPeTh cayyal, korma anarefpa WY ==Y,
npocTa u ee ueHtp cenapabenen. I[1ycth none P usomopduo
HanMeHbllieMy HOPMaAbHOMY pacwiupendo noas €. Mw Bu-
nenu, 410 EXP=PW P... BP", rge P& spaserca
nofem, usomMopdHeiM mnoaw P, H r = (€:®). Iyerm

S

b e B
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l=e, 4-...-}e, raee; € PU. Torna P = ¢;P, u notomy
nns nw6oro snementa ¢ M3 € Mbl 6ynem uMerh e = e;p(,
rae p® EP u rae coOTBETCTBUI ¢ — o) aBasOTes pasnHy-
HEIMH HeNpPHBOAMMBIMH (OOpATHHIMHM) NpejicraBaeHusvu noas €
g P. IlycTh Teneps 3/MeMeHTH X, ..., X, (n="1%) o6pasywT
Gasuc anrebpel A Hag € u

Xixy = Z XrCris’ . (6)

rie 36, Torma, ecau snementH ¢, ..., ¢, o0pasyior
6asuc nona € wHax @, TO INEMEHTH X;C; ofpazyioT 6asuc
anre6pm A Ham P. Takum oOpasoM, KaxIbH 3/71eMEHT W3

A X P nmeer Bun Y, XiCiYaj THE 145 € P. Ecan Mt BHIpasum ase-
MEHTEl ¢; Yepes e;, TO NOJYIMM OIHO3HAYHOE MPeICTaBIEHHE

BH]A Zx,-eﬂij nng kawaoro anementa u3 U X P. Tak kak
ey =0npu j £k 10UXP =% D... DA, rre;asaserca
o
ABYCTODOHHWM HWISANoM C GasucoMm xi' = xye;, ..., x93 =
p A

= x,e; 1ax P. B cuay (6), umeen 2D =3 £ 43, . Taxum
o6pasom, A, ABAsieTcs LEHTPANbHOH npocToi anre6poit Han P,
usomMopduot, kak anre6pa Hax P, amrebpe (U Haz G)p.
Ecau teneps I'—nwo6oe pacwumnpenne noas ®, To obpasyem
pacunpenne ¥, cogepxanmee nons P ou I'. Toraa z==
= (Up)r =z D ... ® Uz, re anredput A;; mpoCTHE
¥ uentpanbueie. Tak kax Uy = (Ur);, 10 aarebpa Ur moxay-
npocras.

Bropo# xpurepuit cenapabeqsHOCTH  anreGpel  AaeTcd
caegyiowel teopemoi. :

Teopema 36. Jas mozo amobu axze6pa W Ovaa ce-
napabeasHoli, HeoGxodumo u Oocmamoyro, 4mobw ee du-
CKpuMunanm A Gwn omauten om HYAA.

OrmeTum cHauama, uro A =det(T (x;x;))=0 Toraa
M TOJNBKO TOrAa, KOTAa CYIeCTBYeT TaKOH OTIMYHBIH OT
nyas anement z €N, uro 7 (za) =0 ana Bcex a. B camom

nere, ecnm A==0, 1o chcrema ypasHesuit X T (x;%)E;=0

o6nanaer pemenuem (¢, ..., £,), ormuunsm ot (0, ..., 0),
M, CNenOBaTelbHO, 3JEMEHT 2 == 2 x£; -~ 0 ynosneTsopseT
ypasHerusM T (x;2) = T (zx;) =0 amai=1,...,n. Orciona

caeayer, 4ro T (2a) =0 aag Bcex a. OO6parHOe O4eBHAHO:
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ecnt T(za) =0 nns Bcex a, 10 T (x;2) =0, u nosromy
CHCTEMA ypaBHeHH# O T (x%;) §;= 0 06najaer HETPHBHAIDL-
HEM peweHueM. Torma A =0. IlpeanonoxuM TeNeps, 4TO
anrebpa U wecemapaGenbna. Torma cCyulecTByeT TaKoe
noae I', uro anre6pa Ur oOnamaer panuxanoMm 9. Ecam
ZEM, 10 2za €N nns Beex a w3 Ap. Ilycrs Tenmepsb x> X
GyneT B3aHMHOOXHO3HAUHHM TNpencTaBaeHdeMm aareGpbl Ar
marpuuamu. Torna ecim z — Zu @ — A, To Marpnua ZA = X
HUABIIOTeHTHa. Ecau MH npuMenmM Marpuusl Buaa (B), To
VBHIMM, YTO Kaxmasd Marpuua X; HWIbNOTEHTHa, M, Clelo-
BateabHO, Bce T (X) = 0. Torna u T (X) = 2 T (X) =0,
a moaromy T (za) =0 mas Bcex @ u A==0. IlycTs Tenephb
anre6pa I cemapaGeapHa, u nycth moae [' siBnserca anre6-
panueckuy saMuikanuem noas ®. Torna Up == I‘(T:IEB. . -@I‘&),

rae [P =T, u noromy Uy Asasiercs anreGpoRt MaTPHIL BHAA

{ ) |
X= , : ,

: |

| ¢?) )

rme oaeMeHTH £ TNpOM3BOJBHBI; Kak Mbl  Bupend, T (X)
Gynetr OObIYHBIM CiefoM 3nemeHta x. Eciu Mbl HCOOAB3YeM
% .
Hasuc e$k}k; Iy Jp== 1;, vl R=1,..., ¢ a4 anre6pu
% T
Ap, rue e.fk}y SABJSIETCSA MATPHUHBIM 6a3ucoM A/ 1‘512, TO MOJy-

YuM TIPOCTHIM  BoluncieHueM, yro det (T (ef,-:)jk e(,?_,,-l )) =
=1, '

20. Teopema BeamepGapHa

Teopewma 37. [lycms U asasemcs aszebpoli ¢ padu-
xarom N. Tozd0a ecau aszebpa N=U/N cenapabessna,
mo cymecmsyem maxas nodaszebpa O aazebpu U, wmo
A=N-}-& NNS=0".

1) Dra teopema nana BensepGapuoM mas moneir @ xapakte-
puctikn 0; HOKa3aTeAbCTBO B OOLiEM Cayuae sBAfeTCsd TPHBHAIL-
HLIM H3MeHeRueyM paccyxpennst Wederburn'a [8] nin Dickson [2],
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IIpeanonoxuM cHauana, 4ro M2-£0. Torna (AN2: @) <
< (M:®). Tax xak WR/RME=A, 10 R/R? Gyner
pamukanom aare6put AN, u sra anre6pa ynosneTBOpAeT
yciaoBnaM TeopeMbl. Mbl MOXeM MDEANONOKHUTE, YTO Teopema
yiKe yCTAHOBAGHA AN anre0p PasMEpHOCTH MEHbIICH, ueM
(%: @). CnenoBaTebho, CYLIECTBYET TaKad copepxauas N
noganreépa &, anre6psl A, uro

M2 = B, /N2 -+ RYRZ, (SR N (RN = 0.
STK pABEHCTBA IKBHBANEHTHH CHAEAYIOLLAM:
=Gy + R, S, N R=R" (7)

Tak xaxk AN = (S + R)/NR=E,/G; N N=SyN?3 10
paiukanoM anreSpol ©; OynreT N2, u &; yROBAETBODAET
ycnosusaM Teopemtl. Tak kak &y [l N=NR2 10 (&:P)<
< (U:P), u motomy CYUECTBYET TaKad noxaare6pa
anrebpyt Sy, uro & =0-4+N? u SN R2=0. Torna,
g cuny cootHoutennit (7), U=S 4N u&N N=0.
TIpeanonoxuy aajee, 4o A = BL)D. . .@@gl, rae ¥=®,
W TMyCTh 4y ABAASTCA EXHHMUEH B @(,f; Mbt MOmeM BBIGPATH

J{IEMNOTEHTHbE OSMEMEHTH 4y B Uy TaK, YTOOH uyly==0
npu k=1 Torma uuy/(uay RN) = (e ANug -+ RN =
=(I3g":. CnenopatenbHo, anre6pa u;Nuy npuMapHa, u ee
pammkanom seasercst 4 uy, N R = u;Ruy,. OTCr00a Caeayer, 4ro
u My, CONEPHUT NOAANrelpy 6k=*_=<bgz. Tax xaxk uxu;==0
npu k=1, 10 ©,&;==0, u DoTOMY anre6pa &=, 4 ...
... +©,=80... DS, nonynpocra, u ee pasMEpHOCTH
pasia ¥m2. Cnenosarensto, @ N N=0, u, cpasHnBad pas-
mepHocTH, Mpl Bumum, 410 © 4 R=2U.

Hakoneu, nycrs % Oyaer aioGoft anreGpoit, yAOB/IETBO-
palolmel ycaoshaM TeopeMsl, mpuuem N2=0. Ecnn none [
apasercs MoGLM pacuupesneM noas @, To Up/Re = (Wr u
nocnenusisi anre6pa moaympocra. (CreloBaTENbHO, RNy Oyner
pajMKaIOM anrepOsl Nr. Ecaun noae ' apasercs anrebpan-

1 =
yeckuM 3aMbiKaHuem noas @, TO Ur/Np =T . . .EBFg;),,
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rae I‘(’f)%[‘. Marpuusbie eQUHUIBL  MPOCTHX KOMIIOHEHT
anre6pel pr MOryT ObiTh BHIPAWEHH TPH MOMOWM 6azuca

Yiy-oos ¥, anrebpu Y B BURe By,w,;, rae w; €L Tak kax
CYWIEeCTBYET JIMIIb KOHEYHOE YMCHO 3JIEMEHTOB wW;, BXOIALIMX
B STH BHIDAXEHUS, H KaXAHH H3 3MeMenToB w anre6panyeH
Hapy @, To oHM mMOpomAAIOT KOHeuHoe pacmupenue P nona .

Ouesuno, uto Hp GYNET IPEACTABAATH COGOK MPAMYIO CYMMY
anreGp matpuu, Hax P u %Ip/%p=P§,11) D.. .EB'T)Ef:, a rtoraa,
Kak Mbl ywe nokasami, Yp=Np+S 1 SN Np=0, rze
© spaserca nomanreGpolt Wp. Ilycts snementsl g, =1,

P1, ..., p, O6Gpasyior OGasuc mnoad P wHang &, m 3nemeHTH
Xiy - ..y X, 00pasyoT Tako#i Gasuc anre6per U wan @ (P),
YTO BJEMEHTH X, i1, ..., X, OyayT 6asucom paguxana R Hax
®(P). Torna x;=y;—2;, rae y;€S u z;€Np. DieMeHTH
Y1, .-, Y, 00pasylT Gasuc anreGpel & u y; = x; 4 £2;;0,
rae zijei);. [onoxum x,/=ux;+ 2;,. Toraa asneMeHTH
X1y ooy Xy Xptty o. ., X 00pasytoT Gasuc anreGpnl N Han

8§
! Y
O u y;=ux -2/, roe 2= Dzuo, Crenoratensto,
. k=1

! r ' '
xi 'xJ == zx kYkij -+ 'U@'j, rape T,”JkE(I) n ’UingL OTC[OJIa
creiyer, uTO yiyj=2vk~;kij+ wy, roe u;;€Np, uw TAK
Kax y;€S, TO 4;;=0. Ecaum Mbs 1noacTaBuM B 3TH COOT-

HOILIEHHs BMECTO 3JIEMEHTOB y; HX BHIpaxenus x;/ -L-z,/, To
OHM TIPHMYT BHI:

xi' %] + %'z 25 = 2 (5 +2) Vi

Ecau mpl npeacTaBuM Kaxawit uneH B Buge Ya,p; H CPAaBHUM
KO3pduumeHTel TpH py==1, TO TOJYYuM, YTO x@-’xj’::
!
= DXy, Yrij» CA€10BATENBHO, COBOKYIHOCTb BCEX 31EMEHTOB
i/
Buga Yx;a;, rae ac®, obpasyer uckomywo anreGpy &.

Fnasa 6

MYJBbTHIVIMKATUBHASL TEOPUS HIEAJIOB

1. Koabua ornomennii. Ommu Hétep nokasana, yto OCHOB-
Has TeopeMa Pas/oKeHus [Jd HAeaNOB MAKCHMaTbHOR obaactd
anrebpanvyeckux uyucea MoOmeT OLITH BLIBEJEHAa M3 HEKOTODHIX
BeCbMa MPOCTHIX CBOMCTB 3TOM o6nacTH. It TpeboBaHus
comepxarcs B Teopeme: Ecau p sBASeTCA KOMMYTaTHBHOM
00/JaCThI0 LEJOCTHOCTH, TO OTJMYHbBIE OT HYJS K OT § Hjealbl
PA3araioTCs OZHUM U TOJBKO ONHHM CHOCOGOM HA NPOH3-
BeAEHHE TNPOCTHX MJealoB TOrAA M TOMBLKO TOrjaa, Koria
061aCTh © YAOBAETBOPSIET CJeIyIOWMUM VCAOBHSAM:

N 1. ¢ uenosamkHyTa (B CBOEM MO/ OTHOUIEHHH).

N 2. Boimonueno ycaoBwe OOpHBA yObIBAOMUX — Lenek
IS MIEAJIOB, COjlepkaiunx aiGoi GUKCHPOBAHHLIR, OTIUUHBIH
OT HyJd, HAean.

N 3. Jl1s  Bcex ujeanoB BHIOJHEHO YCIOBHE OODPbHIBA
BO3PACTAIOUHUX Lienedl.

B uacrogme#t rinase Mbel paccMoTpum 0606leHHE STOTO
pe3yabTaTa Ha HEKOMMYTAaTHBHble KOabLa. Teopus 3Ta mpH-
Ha[JIeXUT raaBHeiM o6pasom Ilnaiizepy, Bpamnry, Aptany,
Xacce wu Jlefipuury; akcwoMmaTmyeckoe e  0OOCHO-
paHne ee — AcaHo. MHorue M3 pe3yabTaTOB 3ITOH riAdBH
GEIM YKE W3N0WKEHH B HAWMX HCClefoBaHuAX 06 o6aacTax
riaBHeiX uaeanos. Ham mouago0sarcd Takke CCBUIKM Ha TeO-
pHI0 KOJELl IMaBHEIX wjeanoB, passutyio Havu B §§ 15—16
raasbl 4.

HauneM ¢ Kojeu, o6GnafalolMX eIuHUUEH., IJEMEHT g
KOJMblAa O HA3LIBACTCA peeVARPHLIM, €CTA OH He ABIAAeTCH
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HH MPaBbIM, HM JIEBBIM JAeNuTe/ieM HYJId. [TepBoe orpauu-
yeHue, KOTOPOE Mbl HAJIOXHMM HA KOJERUO, COCTOUT B TOM,
yTo KOJBIO D OO6janaer (MpaBbIM) KOAbHOM OMHOWLERUL,
T. €. TaKMM COJAEPXAlUM 0 KOJbUOM )M, uto 1) Kaujbi
.pel‘ynﬂprIﬂ sneMent Koapla o o6namaer B A OGpaTHBIM
DNEMEHTOM, M 2) KaxIbiii 37eMeHT KOJbla A umeeT BHUL
ab™!, rae @ n b nexar B 9. BecoMa nmpocToO nostyduTH ycito-
Busi, TIDH KOTOPHIX Jiii 0 CYWECTBOBAMO 66l moao0HOE
xoabpuo . [laa 3TOR Uend paccMOTpUM AKOyw mapy die-
MEHTOB @ ¥ b KOmbua 0, OpHYEM 3/IeMEHT b perynspeH.
Torza &6-! aewwur B A u, cnenosatenbHo, b™la uMeer BAL
ab,~1, roe ¢, u b, nexar B o. Torna ba, = ab,. Tloaromy
AJSl  CYLIeCTBOBaHWS  KOJNbLA 9 Heo6XomMMO, UTOOH /s
MOGOH mapel 97eMEHTOB @ M b Koibua o, TAe SJIEMEHT b
peryasped, CyUIeCTBOBAJO OOLlee MpaBOe KPaTHOE M == ab =
== bha, C peryJsApHLIM 3aeMeHTOM b, .

O6paTHO, MNPEATIONO0NKHM, UYTO 3TO YC/AOBHAE BHINOMHEHO.
Kak w B riaBe 3, DACCMOTPHM TaKue Iaphl (a, b) anemenroB
@ v b Kosblla D, YTO DSJEMEHT b peryaspex. F:CJm (¢, @)
4BJSETCH JpPYrodt mapo#i 5TOTC BHAA M At —JIOOBIM TAKHM
KpATHHIM BHAA db, == bd,, 4TO 37MEMEHT b, (a, caenosarefbHO,
W oieMeHT d;) peryisped, TO Mbl OyhieM CUuTaTh Tapbl
(a,0) m (¢, d) OSKBHBANEHTHBIMH ((a, b) ~ (¢, d)), ecau
ad, = ¢b,. OTMETHM, YTO eC/U 3TO YC/JOBHE BLINOJHEHO A
Kakoro-au6o M, TO OHO  BHIIOJHEHO M JJA 11000710
n = dby = bdg, ANl KOTOPOIG S/IEMEHTEHI by W dy peryIapHuL.
B camoM Jeje, MEl MOXeM HalTH TaKue DEryJadpHbIC
SNeMeHTH eq H e, 4T0 D eg=0bge,. Torna dieg==dqe,
ady == cby. OTCIOAZ HETOCPENCTBEHHO CJIEAyeT, 4TO COOTHO-
{IeHHe ~ CHMMETPHYHO, pedNeKCHBHO M TPAH3HTHBHO. Kax
0OBIYHO, MEL 0603HaqabeM COBOKYITHOCTH fap, 3KBHBAAEHTHHIX

e (a, b), depes afo.
napEél;l i)T;ZdI;h:/Udl M 9MeMeHTH O, u d; peryaspHs,
to onpeneaum afb--c¢/d xak (ady -+ cd)|m n, eciu
n==bc, = cb,, TAe DJIeMeHT b, peryaapeH, TO ONDEIALTHM
(a/b) (c]d) = ac,/db,. OnpeneNeHHbe TAKKM 06pazoM GyHK-
MK OJHO3HAYHH H TNPEBPAIAOT MHOKECTBO N «apobeli»
a/b B KoJabuo. IIpenocraifeM MPOBEPKY STHX ¢akTOB YUTA-
temo. Komwuo 9 o6Gnamaer enuHuue# 11 # CONEPRHT

*
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M30MOpHOEe KOJBLY » MOLKOJBLIO, COCTOflilee H3 JEMEHTOB
a/1. WUneurnpuuupyem 3TO NMONKOJBLUO C D U GyneM nucaTh
a sMecto qfl. Torma ecnm asjeMeHT @ He ABJsCTCH AeIH-
TeAeM HYyJd, TO OH 06s1ajaer B Koablle % 06GPATHLIM 371eMedTOM
a-l1=1/a. Tak kak JoGoH anemeHt Kosbua A umeer Bup

(a/1)(1/b) =ab-1, 10 U saBAsETCA NPABHIM KOJBLOM OTHO-
IeHUH KOJIbia o,

OTMeTHM faiee, 4TO KOJBLO OTHOIIEHHH ONpeeNeHo

OJ(HO3HAYHO € TOYHOCTHIO 10 H3oMOpdusma. B camom 1ene,
JIETKO MNPOBEPHTH, YTO €CAM KOJMBUHA 0 M D  H30OMOpPGHEI,
upnueM @—q’ ABAAETCA H3OMOPGUIMOM MeXAy HHMH, TO
MX Koabua otHowenn#t A u W' Takwke H30MODPQHBL, NpuueM
H3OMOPOHEIM COOTBETCTBHEM ISl HHX Oyrer ab-!— a' (b)-1.
Hakoneu, samerum, uyro ecin ¥ aBAAETCA KOJABLOM OTHO-
IieHHH KOJbLA 9, TO BCAKHH DperyasipHoil 3nemenT u3 Y 006-
nanaer B Kouawue U OOPATHEIM 3JIEMEHTOM.

2. lMopaaxkn u upeanst. [TockoabKy ycmoBus aas Toro,
4TOGBl  KOJBHO 0 00/1aNane KOMbLOM OTHOIWIEHHMH, yXe YCTa-
HOBJIEHB, OoJsiee yAOOHO M3yyaThb BMECTO KOJbLA 0 ero
Koiblo OoTHoweHui . TakuM 0OGpPa3OM, TMPEANOAOKHM, UTO
A sanano Kak /M0Goe KOJBLO C enuHMuEH, B KOTOPOM
Kaxablfl perynspHeii aneMent oOaazaer o6patHbiM. Hanpu-
mep, U MOmeT OHTH JMOGHIM KOJLLOM, yIOBAETBOPSIOUIHM
yCioBui0 oOpLBI yOMBAWOUMX UeMeld NPaBLIX M JeBBIX
upeanos ), PaccMoTpuM noakoabua o xoasia N, onpese-
JsieMble CAeAyowuM 06pasom.

Onpenenenne 1. [Topadkom o xoabua N  Hasb-
BaeTcs colepxaulee 1 noaxonbuo, o6gagammee TeM CBOH-
CTBOM, YTO KaxAblH sineMeHT u3 U umeer Bua ab-! ripu
HEKOTOPLIX 3JIeMEHTaX @ W b H3 D,

1) B camoM mesie, B 9TOM Ciayuyae €CAH @ HE ABIACTCA JAEBBIM.
AgNUTENEM Hyas, TO Orobpawenue x — ax Gyner ,.-usomopdns-
MoM Mexay U M mpaBuIM. uieanom q¥. B cuay ycaosus oGpeisa
yObIBAKMIMX LEeNed IAsA NpaBbix uieano, «¥ = 9. CiregoBaTenbHo,
CYWECTBYET TaKOH 9AeMeHT b, uro ab=1. [lopo6HO 3sTOMY,

CYU(eCTBYeT TaKoi saeMent &/, uro &a=1. Orciopa caenyer,
uro b=1"'. ‘ :

15 Bax. 748, H, HmexoGoom.
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"
CnenyeT OTMETHTb, 4TO 3TO OMNpere/eHke umee:bonqgo
CTODOHHMH CMEICE, 1 Ml He AOJNHEI npeanosaratb,

a/leMeHTH KoJbila ) mpencTaBuMbl B BUAE b-la, rie b uﬂg
nexaT B 0. [locaennee ycnaosue Oyner, 0AHAKO, m;momni'[eeTb
B NOPAIKAX, C KOTOPBIMH MBL GyneM rnaBHbM 06pa3oM 1
HefmeM,
Hen(l)'[:p;ﬁ:: p, U 0y HA3HIBAKTCA arceusaﬂeﬂmuugm,aec.tzn
CYLIeCTBYIOT TaKHe DeryaapHbIe 9J1eMEHTbl &, Oy, g,ng
xonbia A, uto @,0.h; S0y M dg0gha S 0y OueBuHO,
3TO COOTHOIIEHHE CHMMETPHUHO, DeduekcnBHO H TpaHZIS:
THBHO. O2panuuumcs paccyomperuen Aub maicuxn gofz)dxy
K08, KOMOpble 3IKBUBAACHMHLL UK CuUpOBARHOMY o ;;me»
0p M AR MPOCTOTH OyneM ynoTpe6aaTs TEPMUH « ﬁpnoxa-
BMECTO ¢NOPSJIOK, DKBHBANEHTHEA NOPAAKY Og»- Hn !
4aTelLCTBA TOrO, YTO TOAKOJBLO 0, cojepikaiiee enuH uge,
aBfercd NOPSAKOM, JOCTaToYHO moKasaTh cymecmoszﬂ e
TAaKOTO MOpAAKA 0 ¥ TAKHX PeryfipHBIX 3/1eMeHTOB &, 0,
n b, uto aphSo m a'v'’h’So. B camoM Jeie, ecnmmﬂzr
ABASETCH JIOOBIM SJMEMEHTOM KOJIbUA A, TO 1cymeCTBy '
TaKue BSJeMeHTH p, g H3 0, UTO a-lza==pg~' ¥ TOTOMY
-1
° Cg?lpgl(nag?x)eﬂue 2. TloaMHOXECTBO & xonbua A :E?:h;-
paerca (APOOHLIM) 1PABbLM p-udeason, 'ecan 1) nslue__ 92,[
2) a COAepXHT peryispHbii 3IeMeHT M 3) 8 K(‘): 5
CylIecTBYeT TaKoh peryiapHbI 3JEMEHT &, y10 AMS 0.
Jlegoiii ©v-udedn OﬂpeﬂeﬂﬂeTCﬁ'nOJIOGHblM we oépasc:::/;;
ECn @ SBASETCH OJAHOBPEMEHHO TDABHIM 0-HASAIOM gneBOM
p-HAeajoM, TO { Ha3bIBACTCH 08YCMOPORHUM 0-U ecmTBc;
Ecid @ — 0G0t perynapHeifl  3neMeHt, TO MHOMKEC 50
a=ap OyaeT NpPaBHM 0-UACANOM. B camoM nen%, zirllc;n-
penne ycaoeuii 1) H 2) OueBHIHO, 4 ycnosue 3) g
© HeHO, TaK Kak a~'a==0. Mpean Takoro BHAA Ha3hl o
2Aa8HMM. B OTHX TepMHHaX YC/IOBH#A 2) u 3) MOrTyT
3aMeHeHbl COOTBETCTBEHHO YC/IOBHAMM:
2') A COmEepHKHUT raaBHbHli NpaBhii p-uaean "
3’) @ COLEPIHTCA B T[VIaBHOM MNPaBOM D-HAEANC. .
Iycts Temeps 0 OyneT HEKOTOPHIM nopﬂm{o;«;‘mx
{ — NMpPaBLM 0-UICANIOM. PaccMOTPHM MHOXECTBO Dy

-
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3JieMeHTOB X, uro xa Sal). OueBuano, uyro p; ABAIETCH
CoflepalluM egUHMLY MOAKOAbUOM koasnua A. Tak kak
CYWECTBYIOT TaKHe peryispHble 3JMEeMeHTH a u b, 410
bbSaSas, 10 boa-1<p, u Tak Kak o; (bo)Zao, TO
00 Sao u 0; < avb-1. Takum oOpasom, p; ABAAETCA NOPAL-
koM. Tak Kak a~'aCSo, To ag-'a<Sa, u noromy aa-! <oy,
a S 0;a. Hakouer, b mexur B &, TaK uto 0;0 < (. ITO MoKa-
3bIBAET, 4YTO A SBAAETCH JEBHIM 0;-HICATOM.

[lonoGHeiM e OGpasoM, eciau A SIBJAETCA JMeBbIM a-Hjied-
JI0M, TO COBOKYMHOCTb 0, TAKHX 3JEMEHTOB V¥, 4TOo ay <,
ABIfeTCH mopsiakoM, u a Oyaer o,.-uaeanom. ClenoBaTebHO,
HAuWHaA ¢ NpPaBoro 9-MAeana, Mbl MOXKeM OINpeenuTh CHa-
yala o9; M TOTOM, pacCMaTpUBafdA A4 KaK JIeBHH p,-Huean,
IOKa3aTh, YTO MHOMECTBO 0, TAKHX D3JEMEHTOB y, UTO

ay S, ABNAeTCH NMOPALKOM, a A —NpPaBeIM 0, -uaeatoM. Oue-
BHAHO, 0 S 0,.

Teopema 1. Lcau a asagemcs npasss (266 1) o-udea~
A0M, MO COBOKYAHOCMb MAKUX IACMEHMOS X, H4MO
xa Sa, 6ydem nopadxkom 0;,, @ COBOKYAROCMb MAKUX JAe-
Menmos ¥, umo Yy <a,— nopadxkom o,. Muoxcecmso «
ABAACMCS AEBBLM 0;-UOCAAOM U NPABHM D,-U0CALOM.

IlopsiakH 0, ¥ 0, HA3BIBATCA COOTBETCTBEHHO .2e8biM
nopaoKoM W npassy nopaokox uleana a. Ecim a So,, TO
aS o,  obparHo. B arom cayuae mmeanm a  HasbiBaercd
yesvtm., Ecnm a gBifeTca TAAaBHBIM  0-HICAAOM @D, TO
ap, S ao ¥ moToMy o, == 0. Ilono6Ho aTomMy ;= ava-l,

Ecau a— mpaBeit uMzean C npaBbiM MOPAIKOM o0, H
JeBHM TMOPALKOM ©;, TO NycTb a-! 00603HauaeT COBOKYII-
HOCTb TaKHX 3/eMeHTOB 2 Koabla A, uro aza Sa. QOue-
BHJIHO, YTO 3JeMEHThl & MOryT OLiTh TaKke O0XapaKTepuso-
BaHel JHGO COOTHOIIEHMEM @2 Cp; JAHOG0 COOTHOIIEHHEM
2a<vp,. Eciu ¢ m d— takue perynspHbie SJeMeHTHl, YTO
do,Sa<sco,, 10 a(o.c-t)a=(an,)(c-ta)=(ao,)0,=a u
a~ld<yp,. Torma oc-'<a-1So,d-!, u Tak Kak qa-!

1) K coxanenHo, Hame o6o3HayeHue COBMagaer 3gecr ¢ 06o-
3HAUYeHneM A KOJbLA JeBbIX yMHOxKeHuid. [lostomMy Mbt He Gynewm
B 9TOH raase ynorpebasth crapoe o6o3KaueHHe AAA 3TOr0 KOJbla.

15*
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GBNAETCH JeBHIM D-MOAy/aeM, TO a~! OyAer JeSLM p,-Hiaea-
oM. TTopo6Ho aromy, a—! Oyuier NpaBbiM p;-VIEATOM.

Teopema 2. Ecau a asesaenci udeasom ¢ npasovim
nopsioKoM 0, & AE6BLH nopsoL oM 0y, MO COBOKYNHOCHLD
maKux oAeMEHMOs 2 KoAbHA &, HMO azaCa, Oydem
AeBHLM 0 ~UOLRLOM U HPABHLM 0;-u0easoM. '

Wpean a-1 HasbiBaercst ofpammuilit MLy a. Tak xax
a~! npeacrasager COGOH COBOKYMHOCIb TAKHX 3JIEMEHTOB 2,
yro 24 S0, TO % Ji000r0 Apyroro nieana bca ¢ mnpa-
BEIM mOpAAKOM 0, (JesbiM TNOPHAIKOM 0;) Mbl OyleM uMerh
a~1Eb—1, Ecnu a==av, TO 0,==0, H ecyii 2 JICKHUT
g a=!, 10 ga==~0 nexur B U. ClleioBATEIILHO, z2=>0a"' "
noa-t=oat

3. OrpaHu4eHHble NOPAAKH. Mpl yBrAuM Aasee, 4TO OCHOB-
HLM TOHSTMEM M3JaraeMof TeOpHM ABIACTCAH, KaK H a4
o6nacteli FAABHHIX WA€AJIOB, TOHATHE OrpaHHUYEHHOrO Kieana.
Tpasbiii (neBBift) p-uaeanr a HA3LIBAETCH OZPAHUYUEHHbIM,
ecnH OH COJEPHUT HBYCTODOHHMH 0-Hj€alt. Caenyer OT-
MeTHTh, UTO 3TO Ofpe/encHHe TPUMEHHMO K J106OMy HAeany,
KaK UeAoMy, TaK # K HeleJoMy, H 41O HeT HeOOXOMUMOCTH
orosapuBath, 4TO ABYCTODOHHHE Heal oTjuueH OT HYJI4,
raK KaK 5TO TpeGoBaHue COLEPHUTCH B HAUIEM HOBOM ompe-
neneHuu waeana; Ecav Bce WAEANbI nopsiika © OrpaHHUEHbl,
TO ML HasoBeM caM MOpIoK 0 ozpanienHsly. B 3TOM
naparpade Mbl HCCAE/1yCM HEKOTOpbiE CBOMCTBA OrpaHntet-
HHX TOPAAKOB.

Tak Kak /mo0oit uaean COAEPIKUT rnaBHbI WAean, TO
1as TOoro uTOOH MOPAIOK O GEsl OrpaHHueHHbIM, AOCTATOHHO,
pasyMmeeTcs, uYTOOHI Kaxiplll  raiaBHBIL 0-pean  COAepHal
JBYCTOPOHHUI p-uleal. [IpeanonoxuM, 4YTO NOPALOK 0
ABMSETCR MAKCUMAAbHBLM B TOM CMBICIE, yTo He cCyule-
cTByeT MNOpsAnKa (9KBUBA/MIEHTHOTO p), CoAepmaulero o Kax
cOOCTBEHHOE TOJAMHOXKECTBO 1), Toraa Mbl HMeeM Clelylomyto

TEOpemy.
[

1) TMpuMephl OFPAHHUCHHBIX MAKCHMANBHBIX TOPAAKOB  OYRYyT
AR Jajee.
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Teopema 3 Cuzedyromue ycrosus, Harazaemse HQ
HAKCUMAAbHBE NOPAOOK v, IKeusasenmHsi: 1) nopadox o
ozpanuten, 2) KkauCOwd Heasli npaswid (asu  sesui)
o-udeas codepycum 08YcmopoHHull v-udean, 3) O04R A0~
6020 peLYAAPHOLO INCMEHMA C 0OCO SBASEINCH 08YCMOPOH-
wum o-udeasom u 4) 028 KaHC0020 pPeYAIPHOZO 3LeMEHMA
a cyujecmsyem narofi pezVAApHuL dAeseHnt b, umo
pb < ao (usu bo C av). ’

[Ipeanonoxum, yto mist JOOro PerynspHoro sleMenTa a
W3 0 WIean ao COAEPHUT MBYCTOPOHHWH o-maean a, Tak
KaK TOpAAOK 0 MakcMMajeH, TO 00a mopsAxxa umeana
cosnagawt ¢ o. CrenosarensHo, (ap)-!=oe-1Cqa-1 n
oa-1pCa-1. Orciona caeayet, uTo 0a=!v COMEPKHICA
B mpaBoM (/ieBOM) TIJIABHOM Dp-Kjleane W NOTOMY va-1p
ABASETCA IOBYCTOPOHHHM o-MAeajoM. Ecam ¢ -—1pou3BOJb-
HHIE PeryJNspHEI 3eMeHT, TO ¢ HMeeT Bum ba-!, rae b ua
newar B 0. Torma oco =oba-'o Soa-lo u oco ABIACTCH
JIBYCTOPOHHMM p-uieanoM. Mer J0Kasanu, 4TO W3 YC/LOBHA
2) caeayer ycaosue 3). IIpeamonoxum Tenepb, 4TO BHIMOM-
HeHO ycaoBue 3). Ecau @ aBASETCH NPOU3BOJILHBIM pery-
NAPHLIM 3JIEMEHTOM, TO JABYCTOPOHHMA 0-HAeal a==o0a-1o
conepxut kKak ova-!, tak u e-'o. CrenoBarenabHo, a-lc
< (pa-1)-!==qav. Tak xak a-! sBIsiercs LBYC1OPOHHHM
p-MACaJOM, TO OH COJIePXUT TFJABHBIH JIEBBIH 0-uIean vb.
[Tono6HO 3TOMY, d@ COZEPXUT a—!, a TaKie COOTBETCTBYIO-
umit wnean b'o, rac aaxement b peryaapen. Takum oGpasom
n3 ycmosus 3) caenyior yciosua 1) u 4). Tak kak ycno-
Bue 2) SABAAETCA OUEBMAHBLIM ClIEICTBUEM ycaoBui 1), TO
yciosus 1), 2) u 3) sxsuBaneuTHbl. [lokaxew, HaKO;{eU;
yro u3 ycaosust 4) ciuenyer ycaosue 1). IlycTe ao 6y11e1:
NpOW3BOJIBHEIM TJIABHHIM HAGAIOM W b TaKUM DeryJapHBIM
sneMeHTOM, uTo @p 2 ob. Toraa ao D obv u vbo GyaeT npa-
BHM 0-ujeanoM. Tak kak MOPS/IOK O MAKCHMAJIEH, TO JIeBbI
NOpPANOK Wieana pbp COBNAZAET C O K NOTOMY Db SBATETCHA
TAKIKE W JEBLIM 0-MAeanoM. JTO NOKasbiBaer, uro ycaosue 1)
BLIMTOJHEHO, W TeopeMa J0Ka3aHd NOJHOCTHIO.

Cienyowas TeopeMa MOKa3LIBAET, UTO €C/IH 0 SABIAETCA
OrpaHH'IEHHHIM MAaKCHMAJBHLIM NOPSIKOM, TO YC/IOBHE, 4TO
KaXALH 971eMeHT X Koablia 9, umeer BuL ab—!, MOxeT OHTDL
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3dMeHeHO AyanbHHM TpeGOBaHueM, 4YTO KawAmit X umeer
Bun c=ld, rne ¢ u d nexar B o.

Teopema 4. Ecau p—ozparuteHHbll MAKCUMANL-
Kbl nopadoK, mo xaxcowi dsemenm x u3 W umeem 8ud
c¢-ld, ¢Ge ¢ u d aexcam 8 o.

Mu 3HaeM, 4TO KOXKABIA jeMeHT x u3 A MOmeT ObITh
ganucal B Bume ab-!, tame a u b nmexar B p, Tak Kak
371eMeHT b peryaspeH, To fp D a D oc¢, Tae & sABIAETCS ABY-
CTODOHHHM D0-HI€AOM W 5JeMeHT ¢ peryaapeH. Tak Kak
NMOpAgOK O MAaxKCHMajaeH, TO JIeBblH H TNpPaBeit TMOPAAKH
UZeana ( COBMAIAOT C 0 U, CreloBaTebHo, ph-1 S a-1Cc-1o.
Takum o6pasoM, ab-!= c=ld 119 COOTBETCTByWWEro d
13 o.

Teopema 5. [Ipednosoocum, #mo o s8i8emcs Ma-

KCUMAABHOM 02DAHUCHHBM NOPAOKOM, 0 — A100bLM NOPAG-

wom u WM— marum mHodcecmsom, umo a'Mb' o Osn
COOMBCMCMEYIOU4UX PEZYATPHBIX IAeMeRmMOs &, b. Tozda
cymecmsyiom maxue pezyAspHoie 3aeMenms ¢ u d, 4mo
Mo u Md<o.

Tax Kak MOPAHROK o' SKBUBa/JeHTeH NOPAAKY 0, TO Cyule-
CTBYIOT TaKWe PeryjaspHbie 3JEMEHTH & H b, uro ab <o,
Caenorarensio, @t < ob-! S ob-1oCc'v. Takum 06pasoM,
Mo mas ¢c=a'¢. Tono6uo 3romy, M od ansa nox-
XOJALICI0 PEry/AspHOro 3MeMeHTa d.

Mpt mpuMeHuM 3TOT Pe3y/bTaT JJis AOKasaTeNbCTBa CNC-
Jyoued TeopeMsbl.

Teopema 6. Kancdod maxcumarsnsiti nopsiox 0,
IKBUBANCHIMHbIIE 0ZPAHUHCHHOMY MAKCUMANAEHOMY NOPAIKY O,
Cam OZPaAHUHEH.

[lycTe @ ABAAETCA MOGHM Dery 1PHBIM /IEMEHTOM H3 o',
a b W ¢ TAKAMHM DeryJSpHHMH 3JeMeHTaMH, 4To boc S o'
Torna ao’ D(ah)oc u (ah)oDod' nas HeKOTOPOrO peryasp-
noro snementa h'. CremosatensHo, ao’ D ob'c. Ecau mbi npu-
MeHHM TpelbLyilylo Teopemy K I =o', TO moayuum cyuie-
CTBOBAliME TAKOTO PEryJ/SIPHOTO anemenTa ¢, yro o'¢’ < v. Torna
@’ Do'c’b'c u, BCACNCTBUE TeOpeMul 3, NOPAIOK o' OFpa-
HHYEH.

f

5’

sl
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4. Axcuombl, Hanoxum Teneph CreAyiomue YCAOBHA H1
Hall TOpAIOK o.

I. Tlopspok © MaKCHMAJeH.

[I. Yciopue OGpbIBA yOHIBAIOMIMX Hered BHINCAHEHO Ls
LieliX OAHOCTOPOHHHMX D-HAEaNOB, COAePHAINX nw06ok GUKCH-
pOBaHHBLIA Lebli NBYCTOPOHHHUI 0-HA&N.

[II. [lng uensix ABYCTODOHHMX 0-MAEA/IOB BLIMOMHEHO yCJO-
pue OGPHIBA BO3PACTAIOMMX LEMeH.

1V. Tlopsazok o OrpaHuueH.

Ecau 9 siBngercd nojeM, TO J060# OTAHUHBIH OT HYJsd
Wiear B CTAPOM CMHICHe OyJeT HAeaioM W B TOM CMBICIE,
KOTOPLIl Mbl TNpHAAIH €My B s1oft raase. CaenoBaTelabHO,
ycnosus II n 111 sKBuBaneHTHH COOTBETCTBEHHO HETEPOBCKUM
yenopusm N2 u N 3. Hanowium Tenepb cMbica ycaosns N 1.
TIpennononuM, uro U ABASLTCS anre6poft c emuHuLed, KOoHeu-
HOM~Pa3MepPHOCTH Hal JiexanyM B neft nonem ®, U NMycTh ¢
GymeT HEKOTODHIM MOPAAKOM B ®. Torna g OyeT HEKOTOPHIM
COepKAIMM eIHMHULY TOAKO/bLOM MO &, umetowmm vone P
CBOMM TIOJieM OTHOWIeHuH, DnemeHT a 13 Y HABHIBACTCH -HEAbLM,
ecld OH ABASeTCd KOpPHEM TOJMHOMA M3 g [#] co crapmuum
koapduumentom 1. Ilpw 9 — & nopafoK o ==( HaA3HIBAETCH
[eN03AMRHY b M, ecn 6ol p-tenbit snement us A Je-
wut B 0. Jas TOro, utoGbl MBYUATh CBA3b MEXAY OTHM
ceofictoM W ycaosuem I, MH HYKAaeMCa B clefyiollem
ofuteM yCJIOBHH.

Teopema 7. Ecau 8 nopadxe § 6unoiReHO yeaosue
o6pusa 8o3pacmapomux Hened udeanrog, mo 0as Mmoo
ymo6s daemenm « u3 W Obis §-UCABM, He0OX00UMO U
docmamouro, 4mobs, 6ce cmenenu ak co0epHcanco 8 0OHOM
g-modyse u3 W ¢ KOHEHHbLM HUCIOH obpa3youux.

Eciu SaeMeHT a lensil, To am==am=171 - ... 4+ Wms
rie y; nexar B ¢. OTciofa CHERYET, WTO BCE ak TpHHAA-
nexar g-monymo (1, a, ..., am-1) ¢ ofpasyoLuMu d7e-
mertamu af, 0 L i< m—1. O6pardo, 0ycTh IR saBnsercs
q-MOZY/IeM € KOHEUHLIM MHCIOM 06pa3yIOUIKX, COLeDKALUM
bee oaementil k. TaK Kak JJs HIeanoB U3 § BHIIOJNHEHO
yca0BHe O0pbBA BO3PACTAIOMIUX nenelt, To IR ynosaersopaer
yCAOBHIO  OGpbIBA  BO3PACTAIOUIMK uenmeft s (-Momy’eh.
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Crnenosarensro, mas uemn (1)=(1, a)=(1, e, ) <. ..
CYWECTBYET Takoe lenoe uucno m, yro (1, a, ...,
=(1, @, ..., am). Torna am=an-1y,+ ... + 17, 12
HEKOTOPBEIX 3JIEMEHTOB Y; U3 (.

' Mnb MOxeMm TEHePb NOKAa34Tb, UTO €CJH B MOPAJLKE 0 MO/
U =& pumonneno ycaosue I, 1o yeaosus [ u N1 3xBu-
BAJIEHTHH. B camom mene, mycTb aaemeur @ uensfi. Torza
BCe CTEneHu @ M, CAeJOBaTelbHO, MHOMECTBO o [@] TMOJHHO-
MOB OT & C Koadduiventamu u3 o MPUHALIEIKAT HEKOTOPOMY
v-MOMyMO (@1, ..., @), TNOPOXIECHHOMY 3]eMeHTaMH a
uz Y. MH MONKEM NpPeACTaBUTb HX B BHIE ;== h,i-1 rje
b; w d nexar B 0. Caenosatenbho, o [a] Sod-1 u NOTOMY
0 [a] ABJSETCA noOpsAKOM (IKBHBAJNEHTHHIM Nopsaxy o). Tak
KaK o [@] Do, To w3 ycaoeus I caenyer, 4ro o [a] =0, T. e.
ago. Takum o6pasom, nopsaok o uenosamknyt. O6parHo,
NPEANOaOKAM, YTO nOpAJoK ¢ ULeno3aMxHyT. Torma  ais
moboro mopsaka o Hafzercs Takoi amement HEN, uTo
o' C ob. CnemoBaTeaAbHO, 3/MeMEHTH M3 o p-liedble H MOTOMY
o’ S 9. Mbl 10Ka3a/1u MOSTOMY, YTO MOPSOK O MAKCHMAMBHBIA.
Taxum oOpasom, ecan A spaserca noxem, To ycaosus I, I
u I sxBuBasentHbr ycnosusm N1, N2 u N3,

Bepuemca k ofuwemy cayuai npousBOMBHOTO Kosiblia A
U pPacCMOTPHM HEKOTODPHI¢ CJAEACTBUA HAIUMX aKCHOM. 3ame-
THM CHayajza, 4ro mo6oH wmaean M3 o B CTapOM  CMbiche,
COMepXKAlUMHA HBYCTODOHHHMH p-MAeal A, HBIASETCS LEAHM
o-naeanoM. Tak Kak 3TH UAeadbl HaXOMAATCS BO B3AHMHOOIHO-
3HA4YHOM COOTBETCTBMY C HJeaqavu (PaKTOP-KOJBLUA »/q, TO
ycinosue H skeuBanentno yciosuiwo II'' B dakrop-koabue
0/@ KOAbUA D YO LEJOMY ABYCTOPOHHEMY 0-HI€any a4 BHIMOJ-
HeHO ycjioBHe OOphiBA VOHBAIOIWMX lenefl s (0ObYHBIX)
OAHOCTOPOHHUX MIEaJ0B.

HanomuuM, uyTo nas #1060ro KoJblia € eAMHULEH yCIOBHR
00pBIBA BO3PACTAIONMX meredi OJHOCTOPOHHUX HACANOB SIBJS-

am—1)=

I0TCA CJeACTBHEM YCJA0BHH o6priBa yOniBatomux Henef. Cme-"

JIOBATEJIbHO, TIePBbIe M3 HHUX BHIMOJHEHL B 0, M, TaKHM
00pa3oM, MH HMeeM:

V. ¥Ycnoeust o6pbiBa BO3PACTAOUMX LEHCH  BLITOJHEHI
Ui LeTbIX  ONHOCTOPOHHHX 0-HeanoB, COXepMAIuX JoGoii
GUKCIPOBAHHLL ueJb# ABYCTOPOHHHH n-uneal.
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QueBnggo, uyto orcwoaa chnenyer yciosue III. Tem ne
MeHee Mbl npeanouwsnd BblAeauTh III, Kak oTAenbHOe npeano-
JOXeHHe, TAK KaK BO MHOTMX BaXHHIX CJYY49X OHO BHINIOJ-
HeHO, B TO BpeMs Kak ycnosue Il we Buimosnserca.

Ecau a u b 4BAAIOTCS UeABIMH [PABLIMH (1eBbIMH, IBYCTO-
DOHHHMHM) 0-HMjJeanaMy, TO, OYeBUIHO, uTO & -+ D Oymer uiea-
A0M TOro ke tHna. Ecin q n [ ABAAIOTCA UeJBIMH JBYCTO-
DOHHHMH 0-H1eanaMd, TO &b COAePHUT pETyNapHBH 3JEeMEHT,
u noromy ab Oyzer menbiM JBYCTOPOHHHM o-MAeanoM. Tak
kak nepeceuende a b coaepxur ab, To aNb— rakxke Hennit
JBYCTODOHHHA p-uimead.

Onpenenenue 3. lenuit nByCTOPOHHUH OTAHYNBIA OT O
D-UAEAT ) HA3bIBAETCSH MPOCMbIM tdeasom, eciu 1Ist NoGoft
napN  TAKUX UEJAHX JBYCTODOHHUX 0-MAeanoB a, D, 4to

ab = 0(mod p), Mt umMeeM nu6o a == 0 (p), mdo b == 0 (mod p).

Ecau ab = 0 (mod p), 1o a'd’' =0 (mod p) nas ¢’ = a-p
nb =0} p. Tak kak w3 a'=0 (mod p) crenyer a=0 (mod p),
TO A8 TOFO, YTOOBl YCTAHOBHUTb, SABIASTCA U HIean P
NPOCTHM, JOCTATOUHO NPOBEPUTL Lesbie ueans 4, b, comep-
Kamue p. Takum o6pazow, ecid unean p MAKCUMALEHL B TOM
CMBIC/IE, YTO He CYHIECTBYET OTJHYHOIO OT 0 JABYCTOPOHHEro
0-ugeana, JEKAUEFO MeXly © H P, TO Hiead ) TPOCTOH.
D10 3ameuaHue COCTaBAseT TPHBHAMBLHYI0 YacTh caeaylouieH
BAXKHOW TeOpeMH:

VI. Lensifi ABYCTOPOHHMI OTAMuHHI OT o o-ujean p Oy-
JIeT TIHOCTHLIM TOTAA M TOJbKO TOr/[a, KOFAd OH MaKcCuMa/eH.
EcaAH 3TO yC/AOBHE BLIMOJHEHO, TC 0/ SBAAETCA KOABIOM
MaTpHl HAX MOJeMm,

CBOKCTBO MaKCHMaAbHOCTH 3KBWBAJNEHTHO CBOHCTBY MpoO-

crotel  (pakTop-KoOABUa 0= v/p. TIpeaNoNOXKUM TelEPh, YTO

p—mpocToit Hiaeas. Tak Kak B » BHLIIONHEHO YC/A0OBUHE 0O0-
pulBa yOHIRAOWMX leneH JeBHX HIeaqoB, TO OHO 0O6aajiaet

pajdHKanioM Y, W TMOTOMY CYUIGCTBYET TaKOH AByCTOpOHHuMMH
v-ufieal ¥ Koablla o, 4t0 r==1/p. Kosawuo o/t usomopduo
koablly o/v. CrenoBirensuo, Koanuo /¥ nmoaynpocto. Toraa

1Py COOTBETCTBYoMEM § v¥=0. CiiegoBarenbH0, t¥==0(mod p),

W, TaK Kak Hiean p mnpocroif, Tto v==0(modp). 3o
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MI0KA3bIBAET, UTO KOJbIIO o TmoaynpocTo. Ecu o — HenpocToe
KOMBIO, TO CYMECTBYIOT TaKHe JBa 1BYCTOPOHHHX OT/IHYHEIX
oT Hyna uieana a u b kompua o, uTO ab=0. Ho B arom
cayyae CyuecTBOBAMH Gul TakHe Jexaunine B O IBYCTODOHHUE
o-umeannl @, b, uro ap=0(modp), HoO HH A, HH b He ne-
war B p. CrnenosatesbHO, KOJIBUO O mpocToe, W HAean p
MaKCHMaTbHbIHe BrOopas uacTh TeOPeMbl SBAAETCA CneICTBHEM

dyHnaMeHTaIbHOR CTPYKTYpPHOH TEOpeMbl TEOpHH NPOCTHX

Koaell.
Ecmu ofp =D, rme D-—Ten0, TO £ HA3bIBAETCA eMKOCMbIO
1POCTOroO ujeana p.

5. [Topanku B anrebpe. MMycte U ABasercd cemnapabeib-
no#t anre6poft Han @, (A :P)=n, u Nycib g —nopanox B .
PaccMOTPHM BOTIPOC O BKIKUYEHUH § B NOPALOK o aare6pot W 1).
Ecnu 0 — KakoH-1ub0 M3 STHX MOPALKOB, TO MyCTb B =D
6yner HanMeHplieh cojepmxamie® o nonanre6poi anreGphl A.
Torga, ecau b sBASETCH HEKOTODHIM pery/apHLM B U ane-
MeHTOM u3 o, TO b Oymer perymspHsiM B B, u NOTOMY €ro
OGpAaTHHI 97EMEHT JIEWHT B B. U3 onpeneneHns Mnopsaixa
cnenyer, uto B =72, ¥ MOTOMY 0 COAEPKUT GA3HC Uyy « » -y Uy
anre6pst A wan @. C apyro#t CTOPOHH, ecsil 0 SBJAETCA
moGHM cOfepKaumM ¢ M 0a3uC &y, ..., Uy anre6pu A
nonkomsoMm B A, 1O 0 Oyser NOPAIKOM. B cavom nene,

no6olt amement ud U nmeeT BUI (2 un;) (-t rme Y, Y e-

wat B (, M TaK KaK Y. u;y; neKuT B O, TO STOT SMEMEHT
umeet Bun by~!, rne | U b nexar B 0.

Teopewma 8. [Jag mo2o gmobul codeporcatyee 1nopa=
dox § nodKoasyo aneedps W meass0cs NOPAGKOM, HeO0X0-
dumo i DOCMaAmouHo, 1mols. OHO C00epXcano Gasuc areebpsl
A nad .

Mol MOMEM, OYEBHAHO, CUMTATh iy == 1 OJHHM H3 3/EMEH-
ToB Gasuca. JlomycTMM Teneps, uTO MNOPAAOK q YHOBNETBO-
paer ycnosusm 1w I (nm N1 u N3), u npearnooxKuM,

1) 3gech CAOBO ,NOPIKOK®  TIOHHMACTCA B NEPBOHAYATBHOM
eMbicae. BeGop 3KBHBAICHTHBIX K/IACCOB MOPANKOB GymeT caenan
NO3Ke.
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Yro o SABAAETCA MOPALNKOM, COCTOAUIAM NHlIL W3 (-UENbX
9/eMEHTOB. [l TOTO, YTOGH M3YUHTh TOPAIAKH TaKOrO THNA
HaM TIOHANOGATCS CAEdyIOllUe TEOPEMEL.

Teopema 9. Cymuma a - & u npoussedenue ab Kox-
symupyouux (ab==0ba) g-1esbix AeHeHMO8 Gy0ym mardce
q-yeAbLMU FNEMEHMAMY.

m—1 m -1
B camoM Hene, eCiu a™ == 20 aly, w0 b = > bin,, tne
0

S7AeMeHTH Y; W T JexaT B g, TO BCe CTENEHH (a -+ b)k
CONEPHATCH B §-MOLyAe ¢ 0Gpasyommmn athi, 0 i L m—1,
0 < jLm —1. Cnexoare/bHo, MO TeOpEMe 7, >3JeMeHT
(a 4 &) uvensiit. TToo6Hbe e PACCYHUieH s NPHMEHUMBL K ab.
B xauectBe HENMOCPEACTBEHHOTO CHIEJACTBUS NMOJyYaeM, HTO
B xommyTatueHoft aire6pe A COBOKYMHOCTH (-USJIBIX SM€-
MEHTOB 06pasyer NOLKOMbLO. ITO 3aMeuanne, MomeT OHThb
NpHMEHEHO JUIs GOKA3aTe/bCTBA caepyiolel TEOPEMb.

Teopema 10. Ecau nopsoox g y@osaemsgopsem ycao-
gugx 1 u I, mo munumaibHbll NOAUKOM Vg (B, eaasrbLl
noaunoxm my(t) u xapaxmepucmuueckuii  nOAUHOM fo (&)
g-§eA020 daemeHma 4 Ipu 210604  83QUMHO00HOSHAUHOM
npedcmas.aenuu aze6po. A neoxcam 8 §lt].

[lycts crapuiuit koadduument nexamero 8 ¢ [¢] noau-
noMa @ (f) pased 1, a ABAAETCA KODHEM o () 1 B—rmnoiem
pasnoxerust Hax $ noamnHoMa @ (f). Torna B B [f] monuHoM
o()=T(t— a;), ¥ TaK KaK ., (f) ABIAETCS IEJIUTEIEM @ (6,
TO Yg =0 (t—a;) Gyner mpomnsBeleHHEM HEKOTOPHIX M3
vHowurenel (f—a;). DIeMEHTH &; Gynyt ¢-uennivu B B
¥, C/e10BaTeNbHO, K03 (UIIEHTH TOMHHOMA ) (#) 6ynyr
g-uennimu. Tak Kai MOPAIOK LEe03AMKHYT, TO W, (£) ne-
sur B ¢ [f]. YTBepNICHUE OTHOCHTSIBHO M, &) u f, (&)
Cleyer M3 TOro, UTO KODHH STHX MOJMHOMOB COBNANAI0T,
¢ TOYHOCTBIO A0 KDPaTHOCTH, C KOPHAMU U 0.

TIpeAnONOKKM, KaK W paHee, 410 0 ABAACTCH cozepma-
UM TIOPAIKOM, COCTOSMIMM M3 (-US/IbIX snementoB. ITycTs

1) B = B (ag, orer @) TAE ¢ (£) =1 (f—a)) BB [. Cm. Ban-
nep-Bapuen CoBpeMenHas anre6pa, u. I, crp. 101,
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SJAEMEHTHl Uy == 1, Ug. ..., i, OODPA3YIOT COASPKAUIMACA B 0
Gasuc anre6put . Toraa, 3aMeHHB SJeMeHTH &, i>1, ux
HEKOTOPHIMM KDAaTHLIMH  #,y;, Tle Y;€§ W BEPHYBIIHCH
K MepBOHAUAIbLHLIM OGO3HAUEHHAM, MBI MOXeM MPENo/0XHTb,

YTO KOHCTAHTHl YMHOXEHWS ¥;; B u,;uszuk-{w Jexar
B . OTClona caenyer, YTO COBOKYNHOCTb 3/ieMeHTOB g,
rae v;&Q, ABAAETCS MOPAIAKOM 0, S0 !). TIpeanonoxkum, 4TO
d = ¥ u;d; nexur B 0. Tornma, Mo NpeisAYUIeH TeopeMe,
rnapubie caenst 7 (u;d) w T(u;u;) nexar B . YpaBHeHus

T(dy= 0T (u4u,) B;

nokasuigaior, uro, Tak kak A= det (T (#;4,)) =0, 3/meMeNTLI
3; conepwarcs B gAT!. Takum 0GpasoM, 0 ABAAETCH MOIMO-
nydeMm @-MOAYAs D,AT! ¢ KOHEUHBIM HHCAOM 0GpPa3yioUHX.
Taxk Kak Juig UAeajoB IMOPAIKA § BHIMOJHEHO YCIOBHE o6priBa
BospacTalomux  Hereii, To Jo6oit noaAMOAYNb . §-MOAyJA
¢ KOHEUHBIM YHCAOM OOpPa3yIOUMX WMEeT KOHeUHOe UHC/o
o6pasyomux 2). B uactHoctd, 9TO UMMEET MeECTO IAd 0.
O6patu», €ciAn o ABIAETCH MOOLIM COAepXauuM ¢ MOPIaKOoM
H © WMeeT KOHeyHoe uHWci0 ofpasylolux Hax {, TO, MO
teopeme 7, BCe DJIEMEHTH mopsaka o OYAYT (-HeNbIMA.

Teopema 11. Jan mozo umobsl nOpsAdox o (2¢)
COCMOSA AUlb U3 (-HeAbX SAeMEHMOS, Heo0X00UMO U
docmamonro, 4mobst v 6bla \-MOOYACHM C KOHELHOIM HUCAOM
00NA3YIO U iLX. ,

Ecan Teneph I sBAAETCH NIOOLIM (-MOJy/1eM, TOPOKAEH-
HBIM KOHEUYHHIM YHCJIOM 3JIEMEHTOB Uy, ...s Uy TO MBI MOXEM
Hanucarh foj==(2- ugy)v"Y, TAE vy MV Jexar B g Toraa
M S o=t Sov-1. B uactHocTH, ecanm o' Gymer J0GHM no-
PAAKOM, COCTOANMM N3 §-1edBIX 3/eMEHTOB H COAepIKalM
nopsinox ¢, To v S ov-! MPH NOAXOMAUIEM 37EMEeHTe Y. ITo

1y OLHOBPCMCHHO 3TO PACCYHICHHE TIOKA3HBAET, YTO NOPSJKH
pACCMATPUBACMOrO  3[CCH THIIA CYLECTBYIOT. B camoMm 1neae, Mbl
MON(EM Hauath paccyicHHC ¢ A06oro 6asuca uy, wg== 1, 1A KOTO-
POLO KOHCTAHTHL YMHOMCHHS JAeHAT B , W B3ATh COBOKYNHOCTH Op
JACMEHTOB BHA = 1z, The [ €G. Torma pg sABAsETC NOPALKOM:
2) I"naBa 3, Teopema 3.
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CHMMETDHUH, CYL[ECTBYET TAKOH SAEMENT y U3 1, HTO p'u-120,
W, TakuM 00pa3oM, HaMH JOKasaHa cienylomas

Teopema 12. Ecau dsa nopsoKa o u v coCmosIN U3
J-HeAbX 9AeMeHNo8 1 codepucan nopadox §, mo OHiL 3KBU-
8QNeHMHbL,

Eciy MBl BepHeMCd K JOKa3aTeJbCTBY teopembl 11, To
YBHLNM, YTO 3JIEMEHT A 3aBHCHT He OT nopsajaka o, a TOABLKO
OT 6asuca iy, ..., Uy, CaenoBaTeibHo, HaWN PacCyXAeHus
[OKA3bIBAIOT, YTO €cAH 0 SBIAAETCH M06LIM TIOPAAKOM, COAep-
JKAUMM TOPAAOK 0 M COCTOAUIMM JIMIlL M3 g-LEeAbIX 3JEMEH-
toB, T0 o &0pA~1. Kpome TOro, eciu p — mo6oli nopAaoK,
9KBMBAJMIEHTHBIA TOPIAAKY 0, TO o’ C aob, mphueM §-MOALYJb
aph o6nanaer KOHeUHbIM UHCJICM 06pasyoIux, U TOTOMY
BCe aneMeHTH TNOPALKA o' OyzyT @-LCABIMH. Takum oépasoM3
mo0o# NoPanoK o/, conepxaluii MOpsfoK o H 9KBHUBAJEHTHBLHA
eMy, COAePNKHUTCA B ppA~1; OTCIONa CHeNyeT, 4To CYILECTBYeET
MaKCHMaNbHBA NOPANOK o, SKBUBAJIEHTHHI# TOPALKY 0 H
coaepxauui ero.

Teopema 13. Ecau o umeem mo Mce 3HaueHue, Hmo
g npedvldyuell meopeie, Mo v HMOKHCHO BKAIOWUIND & Maxcu-
waasHull nopadox o', dKBUEAACHIIHAIL HOPAOKY 0.

Iycts & o603HauaeT KOMbLO g¢-LleJbIX 3/1eMEHTOB LenTpd @
anre6pst A. Torna, ecau 0O ABAAETCH TMOPSAKOM, COCTOAULIM
NUb M3 {-UEJbX 3JEMEHTOB, 10, Mo Teopeme 9, & Oyner
COofepKALMM KOJBIO ® (a, cnenoBaTeNbHO, H g) TIOPHIKOM,
COCTOSILIMM JHLib H3 (-UEJBIX 3/IEMEHTOB. Ecau caM nopsi-
JOK © COAEPXHT §, TO, KaK Mbl BHICH, ropsaka o 1 o®
sKBUBAJEHTHb. C/eJ0BaTebHO, €CIA MPH  STOM nopsiioK v,
maxcnmaned, 10 0==0® u o COLEPKUT ®.

Teopema 14. Joool MAKCUMAABHLE  1OPAO0I b,
codepoicauiil § 1w COCMOWUE AU U3 (-UEAbLX IACHMERINOT,
codeprcum 8ce §-yenble 3neMermbl, Aedcamue 8 Henmpe
xoavua A.

TlycTh NOPHLOK o', KBUBAZIEHTHEIA MOPAIKY 0, COLEPHKHT q
¥ COCTOMT JAMlIb H3 (-LEABbIX SAEMCHTOB. Torza, KaK Mbl
Bagenu, o COAEPIKHTCH B §-MORy1e aph C KOHEUHbIM 4HCIOM
06pasyIoliuX, ¥, CJIel0BaTE/IBHO, BCE 9JEMENTHl TOPANKA ©
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6ymyt g-uessam. Ilpeanonoxum renepb, uTo aare6pa A
KOMMYTaTHBHA, W 0 fBJAETCA COBOKYNHOCTBIO BCEX §-LC/BIX
SIIEMEHTOB. Toraa v GyaeT MOPAAKOM; BCE MEMEHTHl JKGOro
nopsaKa ,v , JKBHMBAJIEHTHOrO MOPSAAKY v, OyAyT (-Le/LHIMA, H
noToMy o <.

Teopema 15. Ecau aszebpa W rommymamusua, mo

COBOKYHHOCML © 6Cex (-Hesvlx dAemermos aazebpoi U
ABAREMCA  MAKCUMAAbHOLM  nOpadkom. Jo6oi nopadok,
KBUBANCHIMHBLE NOPSAOKY 0, CO0EPHCUMCS 8 0.

Ecau o Savb u ¢ aBnsercs NOPAAKOM, COAepKALWMM (,
T0 Takme u 0'gSaod. CnejoBaTenbHO, €CHH MOPHAOK o
SKBUBAMEHTEH MOPSIAKY 0, TO W MOPSAAOK o' § 3KBHBAJEHTEH 0,
a ecnu nopAROK o’ Maxchmaied, To o' == p'g. ITonBeieM HTOT:
ecan MOpAAOK ( yaosaersopser ycnousv 1 u I, To mo-
{psuum p, oOnagaiomye CBOHCTBaMH 1) 0 CONEPXKHT § H
2) © COHEPNKHUT JMIIL (-Lefibie JIEMEHTHl, IPUHALIEKAT
K OJHOMY KAaCCy 3KBHMBAJEHTHHIX MOPAAKOB; BCe MOPAIKH
3TOro kJaacca OGMaAaidT CBOKCTBOM 2), a BCe MaKCHMaibHble
NOPAAKHM 3TOTO KJjacca o6aaxaor oGoumu csodcrsamu. MHanee
Ha MNPOTAXKEHHH 3TOro mnaparpada Mel 6ynem MpeAnoaararh,
yto § yaosieTBopsAeT ycmopusv I u IIF ¥ 0 yIOBJAETBOPSET
ycaosusam 1) u 2). .

JlioGoit mnpaBubil WAean @ JSKHUT B FAABHOM 0-Hlease ao,
M TOTOMY @ SBJIAETCA (-MOAY/AeM C KOHEUHHIM 4ucaoM oGpa-
syloux. Tak KaK uean a COAEPMKUT PEryAspHbH aneMeHT b,
TO OH COAEPXKHUT 6asuc v, = buy, ..., v, ==bu, amrebpst A
Eaunnua 1=2tvdp¢, rae p;&®, u, cnenoBaTeNbHO, Ccyule-
CTBYET COOTHOIUEHHE BHAA | = Y, vgmy, TAE | | 1, AeXKAT B §.
Takum 06pa3om, m aexur r nepecedennn a g, nafl a=£=0.
Quesuano, uto a (1 g sBaserca ¢-uaeanom. OTMeTHM TaKKe,
Yyro HAean o ==0prn ABAAETCA ABYCTOPOHHHM 0-H/EANOM,
COMepXKAUMCT B &, H IIOTOMY HJEaa A OrpaHuveH.

Teopema 16. Jw6oi nopsdox v asxze6ps U ozpa-
HudeH.

[Tpeanonoxum npanee, UTO0 @ —Ienbil JBYCTOPOHHHH
o-unean. PaccmoTpum g-daxTop-MOAyab o/a ¥ OTMETHM, 4TO
OH HMeeT KOHeuHoe 4ucao obpasywoumx. Tak Kak OH aHHY-
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NUPYETCA MIeaNoM (p=4a N g, TO €ro MOXKHO paccMaTPHUBATE
Kak (g/ag)-Moayb. Mut Bugenu, 4to (= 0. CaenosareapHo,
eciu ¢ YAOBMETBODAET YCJIOBHIO I, T0 B @/a, BHIIOJHEHO
ycnosue OGpBHIBA yOMBAIOMMX Lierefl Mreanos, M MOTOMY
B 0/a BHIIIOJHEHO YCJIOBHE o6poiBa  yOsBaOmWux  Leneh
(g/p)-noaMo Ry eH. Orciofla CAefyeT, 4ro J8 LeAblX o-uie-
2708, COMEPKALUMX uAean @, BHIOJIHEHO yCIOBIE 06priBa
yOHBaIOIUX LieneH.

Teopema 17. Ecau nopadox § ydosiemsopien
yeaoguwo 11, mo  sw0boi nopadox v aszebpu U marie
ydosaemsopsem 3MOMY YCAOELIO.

CrieLHabHbiM THNIOM OGAacTelt §, B KOTOPLIX BbINOJHEHE!
HAlIM YCAOBMS, SBAKIOTCA O0MACTH TAABHMX uieanos. B ca-
MOM JAede, MBl BUAeAH B T/laBe 3, uto Aas 3THX obnacTedt
BLINOMHeHs ycnoBust N2 u N3, a BuUoaHeHue yC/I0BHA N1
MOXeT GblTh LOKA3aHO, KAK 1 B CAyyae LEJBIX 4UCET, TDH
NOMOIIM TEOpeMbl OO OJHO3HAYHOM Da3/NOMKEHHH HA NPOCTHIC
myoxureau. [1ycTe p aBasercs MOPAAKOM anre6pul A, comep-
AUEM TOPAAOK § H COCTOSIMM JHIIb M3 §-HEAbIX SJEMeti-
tos. Toraa, €cian SAEMEHTH Wy, ..., Uy 06pasyoT comxep-
samufica 8 o Gasuc anreGpul A, TAOAMUA yMHOMEHUH A
KOTOPOrO MMEET JHillb IEe/bie K03 HIHEHTH, TO MBI BUIE/IH,
4yTO » COAEPWKUT CBOOOAHHHN ¢-MOAyab C 6asucoM u4;, 1 0
COfEpKHUTCS B CBOOOIHOM (-MOIYJE, 6as3nucoM KOTOpOro

apasercs u A-1, rae A== det (T (u,-uj)). OTciona caenyer,
4TO p GyAeT CBOGOHBIM §-MOAYJeM C GasUCOM U3 1 9JIeMEHTOB.

Teopema 18. Ecau § asasemca o06AaCmbsI0 2AABHLLX
udea.no08, mo 2060l nopadox o obaadaem C60600HBLM Oa3u-
con, cocmoauus us n= > P) 24eHeHMOE.

6. PasjnoxeHHs JBYCTOPOHHHX HJ€AJOB. Bepuemcs
Tenepb K oGlueMY C/YYaio NPOU3BOJLHOTO KOJblA A 1 HEKO-
TOpOro nopsaka o u3 2, yAOBIETBOPAIOLIErO yCIOBHAM I—IV Y,
Hamefl 6apxafimed ueabio ABAAETCH MOKA3aTeAbCTBO Cylle-
CTBOBAHMS H €AMHCTBEHHOCTH PasjIOKeHHa n6oro AByCTODOH-

1) Ha camom jeile, Ham nosagobatca B 3TOM maparpade Jauilb
ycaopua 1, 11, IV n VIL #1060 nmpocTol 0-uAea’ MaKCHMA/EH,
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HEro 11800 H/edia B I[POM3.eleddHe TMPOCTLIX WIACAIOB.
Ecam Msl paccMOTPeM paccyxnexus § 5 raasbl 3, TO yBH-
MM, 4TO PELIaLIMM LIaroM GBJAARAChL TeopeMa O TOM, uTO
ABYCTODOHHHH 0-Wjeaq @ COAepxuTCd B ABYCTOPOHHEM.
p-naeane b TOFAA W TOABKO TOTAA, KOIJA CYIECTBYeT TaKofh
ABYCTOPOHHUH LeAblH o-upean ¢, 4TO a==¢b. dror daKr
BEITEKAET W3 HIDKECHCHYIoUled TeopeMHl.

Teopema 19, Ecau a 2848emcs 08YCIMOPOHHUM 0-udea~
aom u aCo, mo a~1Dyp,
Ham nouano®sarcs aBe JAeMMHL.

Jlemma 1. JloGoii Osycmopornuli yeawid v-udeas <
CO0epHCUMCS 8 RPOCIOM udede.

D10 cAeayeT M3 yCaA0BAS OODHIBA BO3PACTAOUMX Leneh
u K urepust VL

JleMma 2. Jlio6oii 08ycmoponHui uepsld v-10ear
codepacum npoussedenue nNpocmulx udeanos.

Ecau uuean a mpocTol, TO JemMa crpasejmsa. B mpo-
THBHOM CJlyyae CyLIECTBYIOT Takue /(B2 COAepKaluX @ ABY-
CTOPOHHMX LeABX p-ugeasa a' W 4, 4To aa” =0 (mod aj,
wo a'== 0 u a”==0 (moda). Torma a’'>g, a">a. Ecnu
Mbl MOBTODHM 3TOT Tpolecc C Wieaamu a # a” u C HIe-
271aMi, TOJYUAWHUMHCH U3 HHX, TO NOJYYHWM Halny JeMMy
B KauecTBe CJAJACTBMA VCaOBMA OOpHBA  BO3PACTAOUMX
uetieft.

Toxazamenbcmgo meopemst. LlycTs p ABISETCHA HNPOCTHIM
uneanom, cogepwauuy a. Tornz, ecau a~=l==p, TO p-l=0o.
Tycts a GyAeT peryJApHbHM 3/EMEHTOM U3 P, H PacCMOTPHUM
colepiamuiica B P npasblif o-uaean 4o. B cuay ycioeud
OTPAHMUYEHHOCTH, @0 CONEPXKHT HBYCTODOHHMH 0-HASdI, H
MOTOMY, MO JeMMe 2, av COJEPKHT MPOM3BEIAEHHE P, ... P,
MPOCTHIX MACANOB P [IPEANONOKHM, YTO HALATB Py BLIGpaHbL
TakuM 06pPas3oM, UTO WX YMCAO r MUHMMANBHOE, T. €. MAeal
ao He COAEPXHT M[ousB2ieHds r—1 MnpPOCTHIX HALAAOB.

Tak xak p>Dao>Dp;...p,, T0 ONUH H3 HUAea 0B p; paBeH .

W op,...p=Dbpe. Toraa a~lbpcSo H a~1p < (po)~ L.
Tak Kak (p¢)(pe)~ 'S o, To p(e(pe) ) SoH c(poy"lcpt=
— 9. Takum obpaszom, (pc)~1<c™1, a Tak Kak (po)-i2c-l,
10 Mbl uMeeM (p¢) 1=¢7I. Orclona cienyer, 4ro a~1h <
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S¢7l a-heco u be<Sao. Tak xak be aBasercs npouase-
AtiueM r-—1 MPOCTOrO HAEaNa, TO Mbl MNOJyyaeM MPOTHEO-
PeyHe ¢ MHHHMAJbHOCThIO r. Ba(HuiM clencTBHeM 43 3TOR
TEOPEMEl ABASETCA Cleldyloian

Teopema 20. Ecau
_ . a— npasoii (aesvi) p-u
g G ] p ( ) 9-udeanr, mo
eni\’lﬂom:ec‘:TBo a7la comepkuTCA B ¢ W MOTOMY SBJASETCS
L€/IbIM 1B / CTODOHANM 0-HaeanoM. Tak Kak HOPANOK D MaKCH-
Ma_.f'II:HbiPI!, ~T10 nopanku waeana a~la cosmapaior ¢ o. Tenmeps
Sc:m a)~!(a ]a)gio, u notomy (a~la)~la-tcq-1, Caenosa-
BHO, (0 lg)-1<p u, & yiei
a"‘la:o.( ) So w, Caly HpenBAyLUell TeopeMH,
Teneps moxer GuiTb n0Ka3aHa BaXkHAA

, af”l‘eopema 21. Ecau npaswii o-udear a codepaicumcs
BYCmopoHHem v-udease b, mo cywecmsyem maxoi ne-
Al npageli v-udeas ¢, umo a = cb.
uengax Kik 0 <h, To ¢=ab~1Chp~'=yp, u ¢ aBagercs
=abnﬁlbnia§f>m o-ufeanom. Tak kak b~ h=p, TO b=
Mer moxcem Tenepn noBTOpUTDL paccyxaenud § 5 raasu 3
H MOJYYdM TOrAa: 1) KOMMYTaTHBHOCTb YMHOMKEHHS LEJHX
ABYCTODOHHHX 0-HJ4/NIOB H 2) OAHO3HAYHOE pa3noMmeHue
A000rV 1e/10TO ABYCTOPOHHETO MJeana 8 MpPOu3BeeHHE NpO-
(c)gm; Hieanos. Ilo Teopeme 20 ABYCTOpOHHME 0-nieank
PasyloT OTHOCHTENbHO yMHOMeEHHA rpynny G(0) ¢ eAHHH-
UeH 9, npuueM OOpaTHHM 3/eMeHTOM 119 a Oyzer a~l,
Ecan rteneps & ~— M060ft ABYCTOPO4HHMA 0-KMieds, TO B D Hall-
ACTCA TaKOH perymapunift aldeMeHT @, uTO ’aaCD 1y
(@) aSo? . Maecan ao comepkur HeKoTOpHIH uexrut:i—m;ycm-
pommfl1 p-uzean b, u noromy ba= ¢ o, Takum o6pazom
@ =b"1c, rae uneanst b u ¢ weawe, w rpynma G (p) nopox{:
AaCTCA COMepKAUIMMHCA B HeH uenmmH wuaeaiamu. Orcrozna
CAeAYyeT, KOHeYyHO, yTO rpynmna ((p) KoMMyTaTHBHA, Kamumi
SAEMEHT @ u3 ((0) HMeeT enUHCTBEHHOE NpPEACTaBACHHE

) .
) B camou fese, cymectayer Takoi peryaspHelfi sAeMeHT b =

=a-l¢, e @ ¥ ¢ dexa
T B 9, UTO a < bo.
Ca-10C a~1p 1 apC o, a < bo. CrexoBarennto, a &

16 Zax. 748. H, Imexoboowm,
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B Buge pi...pse, rae g;==0 u py— PASIHIRNC npocTble
waeans, ChlenoBaTe/bHO, HaMud 10Ka3aKa ¢dyHAaMEnTa/IbHAs

Teopema 22. [sycmoporrue p-udeass obpasynom
epynny G (o) omHocumerbHo VYMHONCEHUS. G (v) nBasemcs
npAMM npoussederuen BeCKOHEHHBX HUKAULCCKUX ZPYAN,
NOPOJICOeHHNX RPOCTbML udeasamuy Hopadka 9.

7. CTpyxTypa (axTop-KoABLA /A Mycms a=p:*...
... p%, rae p; — PasnuyHbe npocThie MAeansi, M BCE e; >0,

Torma, MOMOKHB 0y ==ap; %, Mbl MOAYYHM, yro o=a, -+

+ coe g My n (G;-ﬁ*- . '+a'i—1+ai+l+ "-'Jl"as):a'

D10 HeNOCPEACTBEHHO CiledyeT M3 TeopeMnt 21 u u3

OLHOSHAYHOCTH pA3NONKEHHd Ha MPOCTHE MHOMHTEAH. Cie-

nosatensuo, oja=a,@... Da, ree a;= 2;/a. OuesHIHO,
N ! ~

uto o/p% = (a; -} PP = a/(ay N pef) = q;. OrMeTuM TaK-

ke, 4ro ecau a==p% rie p — npoctofl maean, TO O = o/a

comepXUT HHMLMOTEHTHHIA Maeald P = p/p¢, U $aKTOP-KO/bUO
3/ p M30MOPQHO MPOCTOMY KOJbUY p/p. Otcrona caenyer, 4910
p AsAfeTCA PaAMKANOM KoABUA 9 H 0-——TNPEMApPHOE KOMABLO.

Mpl XOTHM JOKasaTb, 4TO AJd mo6oro uiaeana 4 ¢akTop-
KOAbLO p/a 6YIeT KOJBLOM rAaBHbIX U[Ea108. B caay noay-
YeHHOTO HAMHA NPAMOTO Pas/ioheHus KOJbUA /G, HaM HOCTA-
TOYHO PpAaCCMOTDPETH ciyyafh a=p° #, NO teopeme 41 u3
rnass 4, Hama TeopeMa OyjeT 0KasaHa, eCiH MBI NIOK2XEM,
p=Dp/p® Koabila ofpe OyleT rIaBHHM TpPaBHM

yTO pamuKan p=p
0 HMEIOT

4 rA2BHEM JAeBHM Haealom. Ho magambl Koabua
g B ==b/pe, rae b—ueablil o-uaear, conepxauntt pe. Cie-
A0BaTeNLHO, O TEOpeEME 21, aw50f npaBHi (neBHit) Waead
% Konbl D, CONEpHANMACE B HIeane P, UMeeT B op (pC),
rae ¢ sBnseTca MpasbiM (7eBuM) uaeanom. Hawa reopeva
CrenyeT NOSTOMY 3 CAEXyiOlled TEOPEMEL.

Teopema 23. Ecau xaxconi codepcauuics 8 padu-

xase P npasvli (sesoily udean npumaprozo ronsya O MO-
wcem Gums npedcmasien 8 sude 6P (BC), 2de &—npa-

i
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86l (ne8wil) udeas, mo
, paduxar P sersemcs 24a8RHM
npagolu (negum) udeason. *
Hanomuny, 910 O ABAAETCH MATPUUHBIM KOABLOM Oy
HaJ RMO/HE TMPHUMApHBIM KOABUOM L), PanuxanoM koaeua Sgo

Oyxer = =

yaer Oy 1 P=P;, n P= D e;B,, rae snemenrs e,; 06pa-
3yI0T MATPHYHBIA GasuC Koabla O = X, ey, [lpennonoxum
cHauaia, uro P? = 0. Bosbmem B P, oTAHUHHE OT Hyna

i:gmembfw M paccMOTpuM npaBuifi uaean wd. QueBnaHO
wO =P, n notomy @O = EP, rme (&——HEKOTOPHH’
npasu# unean. Tak kak (€1 P)B=ECP, 10 Mo MoxeMm
NpenoaoKuT,, 4ro € O P. PaccMOTPHM MpPOCTOE KOJBLO

O=90P u B nem npasnit umean €=E/P. Mu znaen,

uro & umeer Bua 49, rae u ABAAETCH OT/MYHBIM OT HYJH

HAEMIOTEHTHHM 3aementoM. Ho cMexHble kaacchl ey = ey -+

~+ P oGpasyior MarpruHBIf GasHC KOAbIA O, ud=e,; D

rae D= (Dy+ B ' ey

v o o )P aBasercs TenoM, M3OMOPOHLM Teny
o/ P OTcCI0fa CiedyeT CymeCTBOBaHUE TAKOTO PETYAIPHOrO

¢

snementa ¢ uz D, =g ' Deyq
eara g w3 O, 4T0 u=7gq lgeﬁ q. JioGoli snmeMent g

H3 CMEXKHOrO0 Kaacca ¢ peryaspeH B D, W, BCIACTBHE BHIA
uneana @, unean € cocrout U3 3AeMeHTOB Bana (¢ le,q) x +

t
+ 2, rre €90, 2€P u et=21e“. CnenoBaTeabHo, w =

=§q—let_yja roe ¥;,€%P, u qw=2etyj. Ecnu M npen-

CTaBM ¢ B BHzE g = Zeijqija rae ¢y€0), TO M3 3TOrO
pasencrsa GyaeT cienosath, 4TO ¢ w=0 npu [ =+F-1
«o.,n. Tak KaK Kaxan# HeoGpaTWMHI  3JMeMeHT xonbu;;
O, comepxurca B P, TO ITH dIEMEHTH g,; MeKaT B P
Ilpn t£n 370 NPOTHBOPEUHT pérynﬂpHOCTMJ 371€MeHTa c}):
oTCIONAa ClenyeT, uTo =1, Toraa 6 =90, €= u 513’—"’
=w{ #ABAAEICA IJaBHHIM npaBuM ugeasom. Ecau P2£0,
T0 paccmarpabaerca ¢akrop-koasuo OfP2. OHo yrnosne-
TBOpHET YC/HOBHAM TeOpPeMHl, H, KpOMe TOI'0, KBAAPAT ero paju-
kana P* = P/P? pasen uymo. Cnepoearensso, unean P/P?

16*
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aBJAeTCA TJaBHbIM, T. e. % = wD | P2, Toraa P2 = wP
- P8, Po=wP> P4, ..., u noromy P=wD. Taxuu xe

ofpasoM joKasbiBaeM, 4To 5 AB/AETCH [ABHBIM JIEBHIM HAied- .

JIOM,
Orcwopa caemyer

Teopema 24. axnmop-xossyo ofu Koasga © HO
Heaomy O08YCMOpPOHHeMmy o-udeasy & ABLAEMCS KOABKOM
24A8HbLX 1202@A208. :

8. OrpannuenHsie o-mopyJaH. I[lpeanisynias Teopema
NO3BOASET HAM TOAY4HTbL CTPYKTypy 90-moxyias R ¢ koued-
HBEM UHMC/AOM OOpa3yIOWHX, O2ZPAHUHEHHO20 B TOM CMBbICIE,
4TO aHHYJAAPYIOLIUWHA €ero HMAead COLEepPKHT peryispHbiid a/e-
MeHT. AuHynHpyOwUH Hiean a4 OyILeT TOLAA LEABIM ABYCTO-
poHummM p-ufeasoM, u IR MOMeT paccMaTPUBATHCI KaK
p-MOAyAb, TAe o= o/a. Tak Kaxk B KoJbIe IMI3BHBIX WeaN0B
0 BHMOJHEHO yc/a0BHe OOphIBa YOHIBAIOUMX Lenei, TO K HeMy
HEMOCPe/ICTBEHHO UPHAOKWMH pedyabratel §§ 15—16 raa-
BH 4. Msl moiyyaeM, TakuM o6pasoM, yto M=M D...
...DM,, rne M, 9BIF0TCA HEPAITOKUMHMA LUUKIHICCKHMH
9-MOAYAAMH (MJIH 0-MOLYJAAMH).

HasoeeMm aHHyaupyiowuit wiaean a 2paduned moayns IN.
Jlas Toro uToGsl MOAy/b IR GBI HEPA3MOWKM, HSOOXOIHMO,
yToGs ero rpaHKia ObIa CTENeHbio MPOCTOrO Hiaeana. ITO
HETOCPEACTBEHHO CACAyeT u3 pasnokeHus o==ofa=a,; D
B... D, taea;==ap;%/a, na==pt. .. p% ABIETCH DPa3-
JIOWEHMeM HAeNa A B NpOU3BelcHHe CTeneHe# PpasiMuHBIX
npocTex uneanos. OuesnmHo, uro ecau momymu IR u RN
OrpaHHYeHsl M 0-H30MOD(QHEI, TO OHH MMEIOT OXHY M Ty e
rpanuy. C apyro# cropomsl, ecin moaynn M u N wepas-
NOKUMbBI M HMMEIOT OJHHAKOBYI TrpaHuLy pe, To 06a 3TH
MOAy/AS MOXHO paccMatpusath xak (o/pe)-momyau. Caeno-
BaTebHO, B CHLy peayabtatos § 16 raasel 4, MORYJH M u
M (0/p)-u30MOPQHE, a TOrAa OHH K 0-uH3OMODGHLL. Hamom-

HUM TaKiKe, 4YTO HEPA3/JOXKHMBIA OFpaHMYeHHHH 0-MOLRYVIb.

R o6namaer MWL OXHAM KOMIO3WIIMOHHEIM DSAOM, H €ro
AMHHA paBHa TOKA3aTeNqi0 ¢ NPOCTOro Mieana p B rpaHHLE
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pe monyas M. JhoGoit moaMonyab 1 Qaxrop-MOLy/Ib MOLYTS
IR nepasnoxumu ),

Mycts Teneps M Gyner MPOMSBOMLHLIM MOAYNEM, B MyCTh
M=}, D... DM, ree moxyan M; Hepasnomumu u OT-
maunsl oT Hyas. Ecam rpanuue#t moxvas M, sasasercs pet,
rae p;— NpocToit ugean, To u3 1eopembl Kpyans-limunra
BHIHO, UTO WAEANR! PS, ..., pé% OyAyT MHBADHAHTAMH MO-
ayns SR, Mueapuautnl OBYX 0-M30MOPQHHX OrpPaHMYEHHBIX
monyne#t R u N coernanaor. O6patho, ecin M u N nmeor
ONMYAKOBEIE VHBADMAHTHI, TO MBI MOXEM MpENNOJOXHTh, YTO
MHAEKCH HX HEPa3NOXHMBIX KOMMNOHEHT BHIGpPAHbl TaKuM
o6pasoMm, utofSu mMomyau M; u N; uMeau OXMHAKOBYIO Tpa-
nany. Torna R, n N, a, cnenosareasno, u M u N o-u30-
MopcdHEL. -

Jlas mpunoxeHwit K Teopun HaeanoB Gonee YLOOHO MMETDb
NIeN0 ¢ AyaNbHeIM DPa3foKeHWeM HyAs B OPEMOe nepeceyeHHe.
3nech MB paccMatpusaeM Takue oraumyHsie o1 IR moaMonynu
ﬂRi”l 4TO ’O:ml'ﬂ... ﬂﬁRu', fm{—l—(ﬂﬁl’ﬂ.--n
NIt N Wypq N ... AM) = M 1 monynu M/, nepas-
noxumsel. Hanomumm, uto eciu M=M, D...DM,, rze
Mouyan IMX; HepaAsNOMHUMBL, TO Mh NOJy4YaeM AyalbHOe pas-
nowenne uyas, momaraa My =M, + ...+ MW;_ -+ MWyay +
4 ...+ M,. ObparHo, moGoe muukectso noamomynett M,
ONMUMCAHHOTO THMA IPHBOIMT K MHOmecTsy nozMonyneit I,

ecin  momoxmts M=/ N ... N M;_, N Miee N... N
NM,’. Us noxasannoro caemyer, 4TO MOAYNs SR BROAHE
ONMpPene/seTcd C TOWHOCTBIO [0 0-H30MOPdU3MA TIPAHHUAMH
monyneft M/M," (o-usomopdumx wmomyasm M), rze W,
ABNAIOTCA KOMIOHEHTAMH NYaJdbLHOTO PA3JOKEHH:.

9. Pasnoxenne wDeablx o-paeanoB. lenepb HeTPYIHO
YBHIETh BAXHOCTb NPEINOIONKEHHS 00 OrPaHUYEHHOCTH IIeMbIX
npaBuX (7NeBHX) umeanos. M3 orpaHuyeHHOCTH LEJOro mpa-
BOro o-ugeajsa b BuiTexaer, urto o-Moayis I ==o/b orpa-

1) Boofme 060k mofmMoxyas (paKTop-MOAY/b) OFpaHHUEHHOro
D-MOAYJIA m orpanuyeH. Ero rpiHHLE ABAAETCHA TEAWTEaEeM IPaHHLb]
moayna M. .
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Huyed. B camMoM Jene, ecad (4 ABASETCS COAEprKAUIMMCH
B b IBYCTODOHHAM D-HIE€alOM, TO 4 COAEPKUTCA B aHHY/IS-

rope Mmoayns M. panuna moayms N Gyaer ob6bennHeHHeM .

BCeX CONepXalMxcs B b ABYCTODOHHHX 0-MaeanoB. Mul
6ymeM HasHBaTh STOT p-uiean rakxke (npasod) zpanuyed
uneana b. Taxum e obpasom oOmpejenseTcs Jepas rPaHALA
eJIOT0 JIeBOrO 0-H1eana.

COOTEETCTBEHHO TyaNbHOMY Pasiomenuio monyas I = o/b
MBI TIONYuaeM TAKHE NpaBhie O-upeanb {; (i=1,...,u),ur0

o . Ng="5 q+@N... N Ng+ N ... Ng)=0

HIH, ecau NpHMeHdTh o6suHOe oGo3aHavenue [,] ans mepe-
ceyenns u (,) Wi 06bEIVHEHHH, TO

[ oo 9d =B @6 [0+ Qimpy Qs - o5 Q) =0 (1)
JlyanpHbiMe komnoHentamu Moxyas IR 6yayr mosyau M, =
== (,/b. Tax kak momysb M/M,” Hepasnoxum, TO ¥ MOIYNb
o/q;, 0-usoMOpOHHH mOXYMO D/B/B/qizﬂjilﬂ.t’, Hepas-
aoxum, Tpanuta moxyas TR[IM,” apngerca rpanuueit une-
ana ;. OueBHIHO, 4YTO CNPABEMVIMBO TaKke M 0GpaTHOE
yTRepXkAeHHe: MoGoe pasiomenve nieana b B mpamoe rnepe-
ceueHne (B cMbicie pasenctsa (1)) TaKMX MAeanos, 4T0 0/,
ABJIAIOTCA HEPA3NOWHMEIMA O-MOLY/AMH, TNDHBOAAUT K Dpas-
nowenwio Hyas B M==o/b B npimoe nepeceueHHe TaKUX
noamonynett M,”, uto momyan M/, uHepasmomumbl. Hs
o6well TEODHH CIENYET, YTO €CJH D ABASETCA BTOPHM LETbIM
(paBLIM D-KACANOM U B=[q,, g, - .. | — TaKHM €ro pasnoxe-
HAEM B NpAMOE [epeceyeHHe, UYTO MOAYJH 0jq; uepaano-
KMMBI, TO I8 TOTO: 4TOGH MOzyau o/b u o/b 6eaM 0-H30-
MOp®HE, HEOOXOAMMO M AOCTATOYHO, YTOGH TPaHHULI 5"{1,
PR, ... uneanos T T - COBNIAZaNH C TOYHOCTLIO HO
MOpAAKA C FPaHHLAMK HIEaNoB (y, qg ... Kak ¥ B Ciydae
. o6aacTe#l TAABHHX WIeanioB, Mbl H23HBaeM Hueanb b u b
nodo6usiue (cpaa), ecin momyau ofb u ojb o-usomMOpdHLL.
Torxa Mbl MMeeM CAeIYIOLLYI0 TeOpeMy. ‘

Teopema 25. Ecau b= [q;, 9o, - - -] “h= [‘cﬂ,“q'g, .
IBARIOMCH PASAONCEHUAMU HEAWX NPassly 0-udeasos By
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8 NpAMOe nepecesenne MAKUx u0eanos §; u 4, 4MO #OOYAL
0/q; & DJq; HePA3AONCUMBL, MmO OasL moz0 4molbi udeassl
b u b Goisu nodobHbi, Heobxodumo u Oocmamouro, 4mobs
cosokynHOCMY 2panuy, Y udeasos §; 4 q; cosnadau,

Ecan a=pf... pls — lensfl ABYCTOPOHHUA o-uiean w
p; — Das/MuyHEIE TIPOCThiE HAEaNL, TO a=1[pt, ..., p] u

e 8 e e
(pg% I3 -, Point, Pi . )=0o. Kpome TOTO,

o ==0p/pe, riae p—npocToll mmean, Gyaer MPUMapHLIM KOJb-
moM c pagmkazoM p=p/pe. Tak kak ofp=1Db;, rre D
gBNSETCH TENOM U £ — eMKOCThIO Hieana P, TO 0 Oyner
npAMORt cyMMOH ~ W30MODGHBEIX MEXLY COGOK HEPasnoKHMBIX
npaBuix HueanoB. OTCiOfa ClemyeT, 4TO0 B JM060M pasnoe-
HWH Wieana p°® B TpaMoe mepeceueHne [qy, G .- ., qx], rae
MOIYAH 0/); HEPABIOKMML, CONEPIKHTCA TOUHO & HICANOB,
u BCe WIeanH (, MONOGHH Mexay coboit. Takum o6pasom,

' Bce WEeanH (; MMEIOT ONHY H Ty Xe rpaHuuy, KOTODOH

Gyner no3TOMy umean pé. B ofuiem Ciyuae MTPOH3BOJILHOTO

1eOF0 XBYCTODOHHETO 0-HIEANa & ==p5' ...Jpgs Mbl NOAY-

yaem pasnoskenme a==[pi!, ..., P,s] B mpaAMOe mepeceuenne,

pasaaras ONHCAHHBIM O6DA3OM HICANE p?.

Teopenma 26. [Iycms Q=7 ... p.3 ABAAEMCA LEAbM
O8YCMOPOHHIM 0-U0EaN0M U P,— NPOCMbIM UOEAAOM eMKO-
cmu kg, npuses p;Fp;, ecau i=j. Tozda a Gydem nps-
Mo nepecedeHued [q., -, Gkits -5 Qgr o - o Apgals 208
MOOYAL  O[qy HEPAZAOICUMB, U NpU PuUKCUpOBAHHOM |
an0bsie 0sa udedsd Gy 4 qpy nO00CHBL u umelom 2pa-

[
nuy P}
HenocpencTBeHHbIM CAeACTBAEM TEOPHH MOAyJeH ABAsETCH
TaKxe CAeRyiowmas

Teopema 27. Ecau ¢ — maxol geabldi npasuii p-udean,
umo MoOyAb 0]q HepaaAovcum, mo 0[q umeem ALWL o0un
HOMNOSUIUOHNBLE PAO, U e20 OauHa PABHA e, eCAu 2panuyel
udeasa q Gydem pe,ede p— npocmod udeas, Bee KoMnO3Y-
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LUOHHbIE cﬁarcmopbt MOOYASL  ofq 0-uzoMOpPHEL MexHcdy
cobol. Ecan G — atobol codeprcamuii q Heavd npassii
o-udear, mo modyas o/q' marice HepazAONHCUM.

Va reopem 26 u 27 Mu moayuaem

Cnencreue: Ipocmoii udear p emrxocmu k npedcma-
suM 8 Bule npamozo nepecederus [, ..., q;] Maxcumary-
HBLX Npasslx nodobHslx Mexcdy cobol 9-udearos q; u Gydem
zpanuyeli amux u0easos.

10. Hopmaneunie wupeansi. aa toro uto6ul moayuuTh
YIOBJIETBOPDHTENbHYIO TEOPHI0 PA3MTOXKEHHST ONHOCTODOHHHX
HIeaNnoB, HEOGXOAMMO DACCMATPUBATH OMHOBPEMEHHO BCe
MaKCHMa/bHble TIOPAAKH D, 9KBHBANEHTHHE (UKCHPOBAHHOMY
nopanKy. 3TO BawHOe 3aMmeuaHue OBIIO BIEPBhlE CHENTAHO
Bpannarom ana nopsakos B anre6pax. B nanbmefimem Mu
GyneM npejamoiarath, YTO BCe MAKCHMAMbHbIE MOPARKH YHO-
Baereopsaor ycnosusam I, III u IV. Crenyer ormeruts, uto
ycnosre IV cnpaBennueo 1As BCeX MaKCWMAaMBHEIX TIOPANKOB,
€C/IH OHO BBIIOJHEHO 174 OIHOTO M3 HHX.

Onpenenecnue 4. Mnean a,, HasbIBACTCH HOPMAABHBIM,
€CIM KaK ero JieBHIH NMOPAAOK D; TAK M €ro npassiit mops-
JIOK Dy MAaKCHManbLHEL

B caenywomux mByX maparpadgax Mbl H3NOXHM TEODHIO
pasiioxeHuil HOPMANBHLEIX HIEaNOB. 3MeCh Ke ME YCTAHOBUM
HOPMaJILHOCTb JIOOBIX NPAaBhIX (MEBHIX) 0-HAEAJ0OB MAKCHMAlb-
HOro TODAAKA o, AJAS KOTODHX- pa3BHBaeMas HHXKe Teopus
GyneT HO3TOMY HMETb MECTO.

Jlemma 1. Zsaa awbo20 1nesozo npasozo omiutHozo
om o 0-ubeasa b, epanuyeli Komopozo s8asemcss npocmods
udear P, cywecmeyem maroli yeAvd aesuli o-udeas ¢
¢ (aesoli) zpanuneii p, ymo p = (b.

PaccMoTpum NpaBbifl niean bjp =" MPOCTOTO  KOMAbIA
p=uo/p. Tax xax B0, TO neBHft Hean _¢, cocTosumht
M3 JIeBLIX AHHYJIATOPOB 3/EMEHTOB HMAeasa b, OT/IMYEH OFT

nyas. Ilycte mmeanmy ¢ cooTBerTcTByeT LenbIH JeBhili p-Haean
¢, Torma ¢=p, u p2CchSyp. Tak wax cb saBaserca asy-
CTOPOHHUM p-uueanoMm, 10 aAubo ¢b==p? an6o cbh=yp. Ecim
Obl 6blI0 CNpaBe/NIMBO MEpPBOE PABEHCTBO, TO IMA KaXIOro
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3/eMeHTa y M3 ¢ MBl HMead 6 yp S p?, u, ymHOwad Ha p~I,
nosyunar 6el Yo S p. ITO MPOTHBODEYHT TOMY, YTO B HIe-
ane ¢ CyWecTBYIOT 3/EMEHTH y, He jgexauwme B p. Creno-
BaTeNbHO, ¢h==p.

Jemma 2. Ecau yeawii npaguii vo-udeas b cmpozo
codepacumcs 8 v, mo b~1Dp.

Tlycts § ABASACTCA TAKMM MAKCHMAALHBIM TMpPAaBHIM 0-Hle-
anoM, yto 9D qDP. Torma rpaHuua ) ugeana q 6yaet mpo-
CTHIM umeanov. EcAm a— peryispHeit s/1eMeHT M3 P, TO
ap=¢p, rae ¢—mpasuiil o-unean. Ilo mpembiyme# semme
p==D0q, rme d-—Hexoropu# JeBHI p-Hmeas, COxepKALMK
p, HO omauuHei# oT Hero. CrenosatensHo, ap == ¢dq,
v=a-1tdq, u motomy a-I1¢td=q"!l. Ecmu g l=p, T0
a”Ieh o, chSao=cp u cdp~! S ¢. Takum o6pasom, dp~!
CONEPKUTCA B MAKCHUMATbHOM mopsake p. OTciona clexpyer,
uto DS (p~1)"!1==p. IT0 npoTHBOPEUHE TIOKA3HBAET, YTO
g~1Dp u, creposarensHo, h~1>p.

Jlemma 3. Ecau b ssanemces npassin o-udeason, npu-
yeMm nopadox o maxcumared, mo b1 6ydem nopmaiss-
HbLM u0eanoM.

[ycts o’ sBaserTcd neBbLIM MOPAAKOM uzeana b, o” — mpa-
BHIM MOPSOKOM wuiaeana b~! u o¥f — m06LM MOPAAKOM, CO-
nepxaium 97, OueBumHo, uto o¥Do”2p’. PaccMotpum
muokecTBO b ~10*h. Tak kak (b~ 10%b) (b~1o*b) Ch~lo*o o*h =
=b"1p*b, To b~!p*bH Oymer nomkomsuom xoaeua A. OnHo
comepxut o, TaKk Kak b~ Ip*bDb~1b=9. Eciu Teneps a u
b SBNSIOTCA DEryNApHLIMM 3MEMEHTAMH COOTBETCTBEHHO W3
upeanos b~ u b, 10 a@ov*b=DH"Io*b u b(H"lo*HeC
S Bb10%bb =1 S 0'p*p” == p*. DrO0 noxasbiBaeT, uyTo H~lo*h
6yleT MOPSAKOM, M NOTOMY, B CHIY MAKCHMaAbHOCTH MODsIKA
o, b7 1p*hb =p. Orcroma caegyer, uro b~ lp*=H~!, u Tax
KaK o7 ABASETCH NraBbIM nopsaxoM uaeana b~l, 1o p* =o”.
3TO INOKASHIBABT MAKCHMAJILHOCTL mopsaka o M HOPManb-
Hoctb waeana h-1,

Teopema 28. Ecau nopsadox o MaxcuMaseH, mo
si06od  npaswi (aesul) o-udcas b Oydem ttopM(mbetM
uoearoM.
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Mycts cHauana b OGyzer " ueAsM HIeaZOM M NyCTh
026, 28,>...D b, =0 Gyner nenouxo#t npasux 9-Hre-

anos, COOTBETCTBYIOMHMX KOMIO3UIMOHHOMY Py mMoxyns ofb.

Torza B-1Dp u, cnejopatensto, (b~1)~!1cCyo. Taxk xak
b-16b"1=pb~1 = b~1, To b (b~1)~!. CrenosatenbHO, eClH
m=1, 10 b=(b"1)"1, B cury Mmakcumanpnoctn B. Toraa

teopema caenyer i3 Jlemmul 3. JlomycTuM Tenephb, UTO TEOpEMa .

JOKa3aHa Ias ueasx maeanos B, anmea momyasa o/b’ xoro-
pux Menpwe m. Torma b,_; GyZeT HOpMaJAbHHM HIEANOM,
a JneBbft mopamox o wupeana b, _; — MaKCHMaNbHBLIM TOpAI-
—1 ’ —
KOM H B, b1 = o'. Mul X0THM 10Ka3aTh, 4TO 0° 2 0 D

n uto mupean b,b1, wmaxcumaren R o’.OueBHiHO, uTO p =

=bp-1by 1 Db, u, ecan o/ =byb 1, 10 0Dy =
=501 b, _ =b,0=">0, Bonpexn HepaseHCTBY | =Y
Hanee, nyctb ¢ OyAeT TaKMM nDaBHIM o' -HaeanoM, YTO
o' D¢ 2 b'ﬂbbn_;l-]_ Torna ofbm-l = bm—l 2 CBm—l _3_. bmi H
JIPIGO! [‘m-x,z By M60 by, =0,,. Ecmn b, _; =cby_;,
10 o' = ¢o’ = ¢. CnenosatensHo, By =Dbypm ¢=b,b-1
310 nokaswsaet, 4T0 b1 ABAAETCA MAKCHMANBHLIM MNpa-

BbIM o -MAEANOM, COZEePNWaMMCH B o', M, COTNAcHO DpaHee
nokasassoMy, uiean b,b-1 ~Gyner HOpMaiAbHbIM. Kak aerxo

BHJEeTh, AEBHI MOpsAoK maeana b,b—1 ~cosnanaer ¢ JeBLM

nopsiakoM umeana b,,, u noromy mumean b, =D HopMaieH.
Ecam uzean b He sBAAETCA LeJBIM, TO CYIIECTBYyeT TaKo#t
pervaspHolit 3neMeHT @, UTo ab C p. Tak Kak npassift o-grean
ab penw#i, TO ero JeBHH WOPANOK MakcumaneH. Ecau
Temeps 0* 6yAer JeBHM NOPAIKOM HAeana b, TO ao*a™~!
6ymer Jesmy nopaakoM umeana ab, Tak (Kak ap*a”!
ABJASETCH MAKCHMAJGLHEIM | MOPSAKOM, TO H TOPAAOK 0¥
MaKCHMaNbHE. '

11. Cpynnoun Bpanara. Ias Toro uroGul noayuuth 06-
o6uieHHe TeopeMul 22, TPUMEHNMOE K OJHOCTODOHHHM KIeanaM,
HaM NOHANOBUTCA TOHSATHE IPYIIOKIA, KOTOPOEe MBI Tereph H
onpenennM. Cucrema G HaswplBaeTC 2PynAOLOOM  eclnd 1%
HEKOTODHIX [ap 37EeMEHTOB 3TOH CUCTEMBl OMpe/esieHO yMHQ-
JKEeHHe, YLOBAETBOPAIILee CAEAYIOUUM YCAOBHAM,
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1. Ilns kamazoro SAeMeHTa a;; CYLIECTBYIOT Takue OAHO-
3HAYHO OmpelefeHHble 3JMeMEeHTH e; M e; CHCTeMb @, uTO
MIPOU3BENEHHS €,0;; B (y;€; ONPENCNCHEl, H 8,a.;== Oe; = Gy;.
DTH 37MeMEHTH HA3LIBAIOTCA COOTBETCTBEHHO npasoh W Aesod
eOunuyamu 3NeMenTa a;;.

2. Ecau e sBnsercd enmHuuedf m1s No6OTO 3JeMeHTa
w3 G, To e sBaserca cBoeH cOOCTBEHHON JeBolt enuHunefl
u cBoelt CoGCTBeHHOYW MpaBO# eAMHMIEH.

- 3. TpounsseneHne ab oNpeneNeHO TOrjAa ¥ TOMbKO TOria,
KOrfa npasasl eQUHHLA 3/eMeHTa @ COBNajaer C JeBOH enu-
Hunel 9aemeHTa h.

4, Ecnm npowssefeHHs ab m bc onpenenets, TO H IpO-
ussenenns (ab) ¢ v a (bc) onpenenens:, npudem (%) ¢ = a(be).

5. Ilas mo06oro siaeMeHTa ag; C JeBOR enunmied e;
npasoit enuHuuelt e; HahmeTcs TaKOR 3JAEMEHT agl C JeBon

emvHunedl e; ¥ mpaBoH enuHuued ey, uTO aijai?:e‘ H
a;j"laij=q7». Mbl Ha30BEM 3JIEMEHT agl o6pamusi M 3ie-
MeHTy a,ij.

6. Jaa noGoit mapbl eNMHMIL &; U ¢; HAHIeTCA BJIEMEHT Ay,
AN KOTOPOTO e; GymeT neBOH, a e; — MpaBod emuHuLeH D,

Mpumep. Ilycts G, GyneT NpOH3BOJABHOH rpynmo#
# G — COBOKYIHOCTBIO MaTpHLL HOpsaKa 7 (e 2 — KOHeuHoe
yucao HAn  GeCKOHEYHOCTh), OJMH U3 3/JEMEHTOB KOTOPHIX
nexut B rpymne G,, a OCTanbHBIE sABmAioTcH Hyasmu. OGo-
3HAYAM MAaTpHLy, B KOTOpO# o/eMeHT a u3 G, crout B [-it
CTPOKE M j-M CTOAGLE, Yepes @y H NONOWUM ayby == (ab)y.
Jlerko MpPOBepHThb, uTO G sBAseTCA rpynnouaoM. Exunuuamu
rpynmouna G GYLyT 3MEMEHTHI ¢; == 144, 1 OGPaTHHM 3JIEMEHTY 4
Gyaet anement (a—1).

HerpymHo BsuneTh, 4YTO B MPOM3BOMLHOM rpymmnouae G
sneMenT a—~!, o6paTHHH 3/MeMeHTy a, onpeneseH OAHO3HAYHO.
OtMetum Takke, 4to (@-1)-!==a u yro, ecmm ab onpere-
neHo, TO M b-Yg-1 onpeneneno, npuueM (ab)-!=b-la-l.

1) CrenyeT OTMETHTH, UTO K Ji0GoMy rpynmouxy ( MOXHO TpH-
coeInHATL areMent 0, ompenenus Oz = ( = a0 u ab =0, ecin ab
He onpeneieHo B (7. Pacmmpennas cuctema OGyleT cCrelHalbHEIM
THIOM TOMYIPYNNH, Ha3kBaeMoft BroaHe npocrtoit (cm A. H. Clit-
ford [3]). [ HYXHBX HaMm npuJOXeHHH JAHHOE B TEKCTE OMpeie-
A¢HHE npejcraBisercs Gonee yROOHLIM. .
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Ecnu ab onpene/ieHO U € ABISCTCA aeBoft exuHuIed 3nemenTa @,

T0 e Gyner JneBO# eMMHNLEH 3/eMeHTa ab. B camom nene, -

e (ab) = (ea) b = ab.

OGosuauum uyepe3 G (e) COBOKYMHOCTH anementos u3 G,
1 KOTOPHIX & ABASETC MEBOH W MpaBoi enuuunedt. Jlerko
nposeputs, uto G (&) Gyner rpYNnoi OTHOCHTENLHO YMHOXeE-
Hust, onpenenensoro B G. Ecim e ¢’ SBAAIOTCA eNUHHILAMHA
A € — SIEMEHTOM, M KOTOPOro OHH OYyAyT COOTBETCTBEHHO
nepoft  enuHWueH u npaBok equuuneft, TO OTOOPaWEHHE
x — ¢—1xc 6yneT W3OMOPODHBIM oto6paxenneM G (e) Ha G (¢").
Ecan rpynna G (e) KOMMyTaTHBHA, TO 3TOT U30OMOpdhHusM He
3aBHCHT OT BHIOOPA 3JEMEHTa C. B camoM mene, ecnu d
Gymer IpYruM 37AEMEHTOM C neBoff euHuliedt e H NPaBO#
enuenuefl e/, TO cd-! DNeXAT B G (e). CrenoBatesbHO,
(cd-1) x = x (¢d-') npH moGom snemente x u3 G (e), n no-
Tomy ¢~lxc= d-1xd. B aTOM Ciyuae Mbl Ha30BEM 3/EMEHTH X
us G(e) m x' =c-lxc w3 G (¢") conpsoicerHHbMY.

PaccMoTpuM Teneph COBOKYMTHOCTD G HOPMA/bHEIX MACAJIOB.
Mycrs @ u b nexar B G mnycts o’ GyJAer AeBbHM MOPIIKOM
Wgeana (1, a 0 —— NPaBbIM MOPALKOM Miednd b. Torna HaiayTCA
TakWe peryadpHbIE 9SJIEMEHTH a 1 b, uto A= o'a M b<bo.
Cnenopatenbo, ab & o’abo, u TaK Kak IO reopeme 5 Cylie-
cTBYeT TaKofi ~peryaspHuifi - S7EMEHT ¢, uto o' Soc, TO
ab < pcabo. Myl BUASAH, HTO pcabp sBAAETCA JABYCTODOHHHM
o-MeanoM, U MOTOMY CYECTBYET takoft perymsipHbifi 37e-
meHT d, 4TO do O pcabo D ab. STHM  TOKa3dHO, uro ab
ABIAETCA TPABHIM 0-UACAJIOM. [MonoGubiM ke 06Gpa3soM HOKa-
BHIBaETCH, 4TO ab neBHi o -umean. Tak Kak TOPAAKA O H Y
MAKCHMAJbHEL, TO OHU OyayT MOPALKAMH ans ab, u, crenosa-
TenpHO, ab HOpMadbHbIH ujead.

Haszosem mpousBelelue @b HOPMAJBHbIX waeanos @ H b

cobcmBennbLM, ecli s JoOsX JBYX TaKnx uaeanos a’ H b,
yro a' 26, ¥ 2bn 6o o oa, mbo B Db, nMeeT MecTo
CTPOrOe BKAIOUEHUE b >ab. Mp XOTMM [OKa3aTh, HTO
muoykectso (3 HOPMANbBHLIX HAEANOB o6pasyer TpPYIIOHA OT-
. HOCUTENBHO coB6CTBEHHOTO YMHOXEHUS. Vcnopye 1 BHIOAHEHO
179 JI060T0 HOPMAAbHOTO HAeana aj; 1 ero JIeBOro ¥ mpaBoro
NOPANKOB 0; ¥ 0. BHOOMHEHHE ycnopusi 2 OUEBHAHO. Bur-
[OJHEHHe YCAOBHA 3 TOKA3HIBACT caeLyoIas .

»
B
4
&
b
&
%
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JTemma. ITpoussedenue ab 08yx HOpMAAbHOLX t0eQN08 &
u b 6yv0em COGCMBeHHbLM MO20Q U MOALKO mo20a, K020
Zg:gzt; Bl.zop;zaor«: udeara @ cosnadaem ¢ AeBolM NOPAOKOM

[ycts o OyAeT npaBblM MOPAAKOM HMAeand & M o' — Je-
BoIM MOpsiaKoM uieana b. Ecawn o' 5= 0, TO ap’ — HOpManbHBI
ugean, npudem a < ao’. Tak kak (ao’) b= a (o'b) = ab, 10 ab
He Oymer coOCTBeHHBIM npousseieHunem. O6paTHO, npe,;mono-
KuM, 4TO D=0, B nycTb &’ OyAeT HOPMANbHHIM HIEajOM,
COZEpMANLMM d, MpHiEM ab=aqa'b. Torma a'bb-1==abb-1 uau
A'v=qo==q. Takum oGpasoM, a2 &', H NOTOMYy a’ = Q.

Brimoanenue yciaopus 4 Tenepb OYEBUIHO.

Ilns HOpMANBHOTO MIEANa 0y MONOKUM Ay == 471, M TOFIA,
B culy Teopempt 20, BHIIONHsAETCS ycnoBue 5. i’lpowsaeae-
HHe 0'p JBYX MPOU3BOIbHHIX MOPAIKOB 0 H 0 GYyAeT HOPMa/b-
HEIM WJ€aqoM, I KOTOporo o' M o OyayT ero MOPSIKaMH.
TeM cambiM [QOKa3aHo, 4YTO yc/ioBue 6 BhIMOAHfAETCH, H, Cle-
N0BaTeJAbHO, COpaBelNHBa CACHYIOM{as 8

Teopema 29. Hopmassusie udeasvt ofpasywom zpyn-
noud G OMHOCUMEAbHO Onepayul COGCMBEHHOZ0 Y MHONCEHUR.
Marcunasvrvie nopadxu Gydym edunuyarmu, a udear a~!
o6pamusim dsemernmor 048 a 8 epynnoude G.

JlokaxeM naanee CIHPaBeLIHBOCTb CJIEXYIOMIErO YCHASHUH
ycaoBus 6.

Teopema 30. Ecau o u o RBARIOMCA MAKCUMALL-
nome  nopadwamu, mo (oo')~! Gydem ueavsm udeason
¢ npassiu nopadxom o i sesvia nopadxor o', Hdeas (o0’)—1
codeprcum 210608 yeavils udeas \, 042 KOMOPozo 0 ABLAEMCS
npaspiu nopadkom i v — NesuiM NOPIOKOM.

Tak kak o — HOpManbHeIH miean, 1o (oo’)-1 Oyner
HODMA/JBHEIM HIaNoM C JeBbIM MOPSAKOM O H NPABHM TO-
pakon 0. Tak Kak o2 (o0') (00') =12 (00")=!, 10 (00)~1 —
uensiii waeax. IycTb Temepp (o ABAACTCH MOGLIM LEIBIM HIea-
oM ¢ MpaBLIM TOPSAKOM 0 W JesbM mnopsakom o'. Torza
po’a S oa So, ¥ notomy a < (o0’)-L
2o LI‘/}nean (00')-! wHaspBaeTCs 40CAA0M PACCMOAHUR OM 9
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Hanomamm, uto rpynna G (o) ABYCTODOHHHX 0-MAeanoB
KoMMyTaTuBHa. CAe)OBATENbHO, €CiaM ¢ ABAACTCA MACATOM
C 7eBHM TOPALKOM 0 M IIDaBRIM MOPAIKOM ', TO OTOGpaKe-
Hue a— ¢~1a¢ = @' 6yAer naomopduamom mMexay G (o) H G(o),
[pHueM STOT uzoMopduaM He sasucut ot ¢. Kak m B cayuae
aGCTPaKTHOrO rpymnonsa, Myl GyieM Ha3HBATh HAEAH A M a
conpaocenns i, O4eBHIHO, UTO & OyleM NPOCTHM HAEANOM P
Wil CTEeMeHpl0 NPOCTOTO HIeana p¢ TOrAA M TOJIBLKO TOTAd,
xorma a’ ==p’ wiu p'e, rae p’—HPOCTOR HAeand Mopsika .

12. Heo6xomumocts ycaopuit I—IV. IIycts A Gyzmer
KOMBLUOM € efHHulel, B KOTOPOM BCAKHH peryaapHBI SJIEMEHT
obaagaer obparamM. [lycrs ganee G O6ymeT MHOMECTBOM
ALAWTHBHMX TIOACpYON 4, b... xuabua A, obpasywommx rpym-
[OMA OTHOCHTEIbHO KOMIO3HIMH, COBTAjAiOILER C OGBIYHBIM
YMHOMKEHHEM aLUTHBHKX TOArPYNM, i1 OHO onpenencHo V.
Mbl mpeanonaraeM, YTO BbITOJHEHH CHeLyOUHne yCAOBHA !

1. Kawxpas noarpynnma a u3 G CONEPRHT peryaspHeIf
3JIEMEHT.

9. Kawnas eanmHuua o u3 G ABISETCH TOPALKOM B An.

3. [laa noboft enuHuiup o u3 G Kbl fnpasbift (feBEIA)
Lenbili p-uaean npuHaanexut G, npuueM o OYAET ero npaBo#
(neBoft) emuHMLEH.

4, Jlas nmoGo#i napbl eJHHHI 0 H o’ Haljgercs COAepxa-
madAcs B oo moarpymna @, AJs kotopolt o Gyner npaBof,
a o 7neBoi eluHnileH,

OtmeTnM, yTO eCaIu moarpymua 4 npunagiexur G 4 o
sABJSETCH ee Tpapofl (iepoit) enuHMUeH, TO @ OyneT MpaBbIM
(neBuM) o-uaeanom. B camom nene, @ SBARETCH NPABHM 0-MO-
AysieM, M €Clu @ — PeryiapHbld SMeMeHT U3 a, TO a couep-
wut ao. Tak kak a-la=p, 10 b-laS 0 na peryrapHoOro
snementa 6-1 3 a-1!, u moToMy a < bo.

Teopema 31 (AcaHo). Ecau 8uNOAHEHL BblUlenpuse-

dennvie ycaosus 1—4, mo edunuyn zpynnouda G obpasyrwom
COBOKYNHOCME 3KEUBAACHMHBLY nops0Kos, Y008Aemeopsio-

1) HanomHauM, 4TO MPOH3BELECHHEM ab IByX AajAMTHBHHIX [OA-
rpynn a u b 6yAer HanMEHbIIAS ajMTHBHAS TOArpynna, coAepka-
as Bce aneMeHTs! ab, rie aca beb.
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wux ycaosuax 1—1V. Mwuodicecmso edurnuy zpynnouda G
codepacum 6ce MAKCUMAAbHbIE NOPAOKU, IKBUBALEHMHLIE
amum nopsoxex. I'pynnoud G cocmoum u3 HOpMANBHOLY
10eR.108, OMHOCAWUXCS K SMUM NOPAOKAM, npuiem KOM-
nosuyueli 8 pynnoude sEASLEMC COOCMBEHHOE YMHONCERUE,

Jreusaienmuocms. IlycTb v ¥ 0 ABISAOTCA ABYMS €1H-
HAUAMH B (G, @ — umeaioM_ 14 KOTOpOro o OyieT Npaso#,
a o/ — nmeBo#t emunuuefi. Torma, ecnn a OGyneT peryispHbeIM
9/ieMEHTOM B & H b— perynsipHbiM  3nemenToM B a-!, TO

=qaoa-1 D apb. IlomoGHo 3TOMY 0D co'd mnpn COO'I,‘BeT-
CTBYIOIIMX 3/AeMeHTaX ¢ u d.

Ozpanugennocms yesulx udeanos. Eciu a aexur B o, TO
Uaean ao Uelbl# U, creqoBatensHo, npunamiexur G. Ilycrs o
Gyaer JfieBOoi eauHuled. a4 uiaeana ao B G M MyCThb 4 ABAZETCH
comepwaummmcsa B o o” uacanom, nas Koroporo o Oyaer
nesoH, a o — mpaso# enunuuedt. Toraa ao =o' (av) 2 a (ao)
npuyeM a (@o) GyAeT ABYCTOPOHHHM IPUHAIIIE KALHM G o-mxe:
anom.

Marcumansrocms. TIpeanonomum, 4TO O SBIAALTCH €AH-
e B G, ¥ mycTh NOLAROK 0% 3KBHBAJEHTEH NOPAIKY ©
M COAEPXKHUT ero, Toraa CywWecTBYIOT Takue 3JEMEHTH @ U b
uro 0*Caob. Ecan b=dc-!, rme d u ¢ nexar B o, T(;

e .
p* S aoc-!. MH BHAENH, YTO OC COAEPMUT HEKOTODHIHA Le/biH

npaBmit Mpeaa go, M notoMy g-'ocDp u g-lpDoc-l.
CnenoBareasno, o* Caoc-1Cag-1o. Takwm o6pasoM, ecau
h-1=ag-1, 10 ho* COZEPXHTCA B D U [OTOMY SBIAETCH
ueJaHM NpaBuHiM o-MaeansoMm. B cuay ycaosus 3, Ap* nprHan-
nexur G, u o aABageTca ero npasoll eaunuued. Ecan a oGo-
3HayaeT andemeHt rpynnonga G, ofparHbiii aAeMeHTy ho¥,
10 aho* =yo. Tak kak (0¥)2==0*, TO oTCIONA CreAyeT, 4TO
0¥ =09 4 0¥ Co. CnenosarenbHo, 0% =79.

Veaosue  obpwsa  go3pacmawwux  yeneh.  Ilycts
A, S, ... ABIAETCS BO3pACTAIOLEd MNOCAeLOBATENbHOCTHIO
LeAHX HpaBbiX p-uaeanos. OGheduHeHde a uneanos a; Oyxer
Le/BM MPaBLIM D-HACAIOM H, CJAENOBATENLHO, NpHHAANEKHT G.
Mer mmeem  TOrMa ga-'caa-tc...Caa-t==0', rze
o — eBast eNMHUUA Haeana . o Gyner oGbeAMHEHHEM HIed-
nos aga-'. Tak kak 1 ;sexut B 0’ TO OHA JIEWHMT B OAHOM
W3 uaeatoB aa—!, Hanpumep, B a,a-1. Torma o/ =@,a-1=
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= Uy M-t = ... YMHOXaZ Ha q,
A= am_l.l = 4 5

Ocaabaennoe ycaosue o6pvisa yousaiouwux yened. I1ycTs
b, =2by> ... Oyner . yOoiBaomeli LeMbl0 UENBHX NPaBbX
0-MACANOB, KAMIBHIH M3 KOTOPHX CONEPIHT JBYCTOPOHHHMH

p-umean A. Hpeaan b, u a npunagaexar rpymnouny G,
M M mMeeM coorHoulenwe 02 b 'y, CaenosarensHo,
b '==oby ' Db '’ Db ", rme uepes o' oB6O3HAaYeHa Jjesad
emuuuua 1as b, Takum obpasom, by 'Chi'c ... ca
uaby'cabs 'S ... Gymer BospacTaomiell LeMbi LebIX

Aesnix o-wieanonB. OTcoaa c/lelyeT, 4YTO [ipH HEKOTOPOM

—1 —1 —1 —1
uHgeKce m by, == abp 1= ..., a TOrAa b, =Dpi1=

== .., ¥ b,=0,,,=.... Tak Kax moOOH neAbIi 9-HAEAT
OrpaHHYeH ¥ MOPALOK 0 MakcuMaaeH, TO /A000R o-naean
orpandued. ClenoBaTenbHO, Kaxaas eIHHHLA 0 YAOBACTBOPAET
ycnosuam [—IV. JlioGo#t saement a rpynnonsa G Oyuert
HIaJOM OTHOCHTENBHO CBOMX eAMHHU, 4 TaK KaKk STH €iH-
HULEl MAKCHMATbHBI, TO OHM OyayT mopsiikamu upeana d.
Or1ciofa cieayer, YTO 3ieMeHt, obpaTHuii a B rpynnouae G,
GyneT OGLIYHEIM OGPATHBIM HAeany @ uneatoM. CnenosaresbHO,
onepauusa B rpynmouge G COBmajaeT C paHee ompeje/eHHUR.
OcTtaercs MOKA34Th, 4TO KaXAbl MAKCHMAJLHBLIA MOPAAOCK 0’,
OKBUBAJEHTHEIH KaKOMy-aHGO nopsaaky o u3 G, npuHaLIe-
HKAT (O M KamAblfi HOPMANBHBIR HIean, MNOPSAAKH KOTGPOro
npuHaanexar (G, cam npuHamaexur G. Ilycts mopsaioK o'
makcumanen u o’ S aod. Toraa oo’ S oavd & oc npu COOTBET-

CTBYIOLIEM BAEMEHTE ¢, H MOTOMY 00’ GYJET JeBBHIM 0-HACATIOM.
Ero mopaakamud OyayT, OueBMIHO, MaKCcHMa/bHble MOPAAKA 0
u o’. Tak kak oOparamil muean (oo’)~! cocrouT M3 TaKHX

sneMeHToB X, u4To (00') X S0, To (v0')~1 Mewur B 9. OTCIO1a
caenyet, uro (oo’)~! mpunamiewur G, M TaK KaK ero Jjiesaid
eamHuua B rpynmouae G sBisieTcd €ro  JIeBHIM IOPSAKOM,

10 9 € G. Hakonew, nycrb b Gyzer nioOwiM NpaseiM D-HAea-
nom (o npunasaexut G), a a— comepxammmca B b ABy-
CTOpOHHHM p-umeanoM. Tak xak a==q,a,, rae a4; 1 @
SABASIOTCS UEJABIMH JBYCTODOHHHMH p-HAeaNaMu, TO @ NpUHAL-
nexutr G. Torga ¢="D0-!a comepxurcs B o u, Cjie10BATEIbHO,

noaydyaeM,  4To
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npuvagnexut G.  CiaenosatensHo,
b= (b-")-1€G.

[Tpumep. Ilycts o aBasiercs 0614CThIO TMIABHBLIX HIEAJIOB
u ) — ee KoaAbIOM OTHOWEHHH. Paccmorpum muomectso G
AJNUTHBHEIX MOATPYNN BHAA apd, TAe 3ajneMeHTH @ u b O1-
AuyHbl oT Hyas. Ecin x sBasercd TakmM ajieMenrom us U,
yro (aob) x =avb, 0 (W0)x S o0b u bx=yb, rne y€o.
CnepoBatenbHo, x € b—10b, u, o6parHo, ecau x Gyner no0bM
anementom u3 b-1pd, o (avd) x S avb. Orciona ciexnyer, uTo,
ecin aob = a’'vb’, to b-lob == (b')-1ob". CiemoBaTeibHo,
,TIpaBas eauHuna“ o—1pb snemMenTa avd 0AHO3HAYHO OrpereneHa
B rpynnonge G. [lozoGHbM ke o0pasoM ,/1eBas exuHMNA“
ava-! anementa = aod He 3aBUCHT OT BHIOOpa @ B mpej-
CTaBAeHMM WA2ada q. Mbl 6yneM paccMaTpuBaTh JHULIb TaKue
npousseeHuss (aod) (cod), AN KOTOPHIX NpaBblfl MOPALOK
b—1pb »siemedTa @ob COBHALAET C JIEBHIM MNOPSAKOM coc—?!
anementa cod. Torma fco==0bc, n (aob) (cod) = abcod
aexut B G. MHoxecTBo b~1pa~1 moxer OHITH OXapaxTepu-
30BAHO KAK COBOKYIHOCTb TdKHX 3JEeMEHTOB X, u4T0 (@o0b) x
NeXUT B JNeBOM mopsaake aoea-1. ClenoBaTeNbHO, €CHId Mb
onpeneanm (apb)—! xax b-lva-!, to (avb)-! ommosnauno
onpeaenscTCs 3MEMEHTOM aod W yAOBAeTBOPSET DaBEHCTBAM
(avd) (aob) -1 = ava-1, (avh)-! (avb) = b—10b. Kaxnmit mpa-
BLIH uiK Jesblil a-lpa-ugean (Kak Leablff, TaK H JPOGHHIHA)
Gyner riaBHHIM UIeanroM M, CaejoBaTenbHO, JAexuT B G,
Hakouen, mns modoit napel euuuy, a—'oa u b-lpb Muowme-
crea G Halimerca ajemeHT O—lpa, AN KOTOPOro OHM OyAyT
COOTBETCTBEHHO Mpasoi u AeBo# eauHunaMu. Takum oOpasom,
G sBAfeTCA TPYNNOHAOM, YIOBJETBOPHAIOWMM yciaosuaM 1, 2
u 3. Ilokaxem Ttenepb, YTO eCAH KaXAbIH ueABl o-HOean
orpaHuueH, TO ¥ ycaoBue 4 BuIIOJAHAETCH. B 3TOM cCiyuae,
eciM a==bc-!, rae 6 u ¢ nexar B 0, OyAeT M00HM 3ne-
MentoM u3 9, TO B 0 Halmercd Takofl 9aeMeHT ¢*, uTO
c¥p=o0c* 1 ¢—-'c* mexmur B 0. ITO OYEBHAHO, TaK Kak c¢o
COAEPXKUT JBYCTODOHHMH op-Haean c¢¥p=o0c*, H TOTOMY
¢*=cc', roe ¢'€o u c¢-le¥*=¢". Orciona cremyer, u4ro
apc* = ac*o GymeT LeJbIM HLEAJIOM C JeBHM IOPAAKOM @oa—!
M [paBHIM MOPAAKOM o, Tak xak nopsamok b—lob usomopden
MOPSAAKY p, TO B HEM BHIMOJHEHb! Te K€ YCAOBHs, YTO U B 0,

b-l=ca-1€G u

17 2ax, 743. H. Jmeno6ooxm,
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M MOTOMY MOZOOHLIMH e PACCYKACHHAMHU MHI Ml0)KeM noKa-
3aTh, UTO A JMI0GOK NAPH NOPAIKOB a4~ 102 U b-1ob naitmercs
a-lpa-nesbill, b-lpb-npamit waean, COAe waluica B HX
nepeceyeHud, ITO MNOKASBBAET, 4YTO HAIBM PACCYAICHUA HE-
NOCLeACTBEHHO MAPUMEHWMbl K OBNACTAM T/aBHBIX HAEAIOB,
B KOTOPHIX Kaw/[bi leibili MAean OTpaHuYeH.

13. PasaoxeHde HOPMAJbHBIX HACAJIOB. Paccmotpum
Tenepb BOTPOC O Pa3/OXEeHHH LE/BX 3/1EMCHTOB rpynnonna G.
Bynem o6o3Ha4aTh 4epes a,-j,bij, ... HOpMaJXbHbBIE HAEAJH, IS
KOTODbIX MaKCHMa/ibHbie MOPANKH 0¢ M 0; M3 G aBnsioTca
COOTBETCTBEHHO JIeBBIM H IMpPaBBIM TODIAKAMU. Caenywomas
nemMma 6yZeT OCHOBHOM B JanbHEAIIMX paCCMOj‘peHHﬂX.

JNeumma Jaa mozo umobs by 2 ay; (b2 %), reol-
x00umM0 u Gocmamoyro, H4mMoGH Ay; == Cibyy (aje == Dpalra) s
202 udean ¢ (Cpg) deanii. Pagencmso umeem Mecmo moz0a
4 Mmoasko moz0a, ko20a (g == 0; (Cx== 0. S

Ecau q,-j=c,-,‘b,,j, rae S0y, TO Ay < by cnnyk?—i
ABILyIIER AeMME, Qg;== Dy AullL B TOM Cayuae, 11(01‘;La ==
H =0, O6paTtHo, ecan Bkaﬂ;j, TO Ay; == aijbkj bka cikbkji

— —1
rae ¢ = G‘jbkjl. Torna ¢ S0k =04 H oToMy nuean g
ueanit 1),

[peAnOMOKHM, UTO Ag;— LUCABH uaean U a4, Hycil;
nocnenoBaTe/ibBOCThL D‘,,- e a;lj o C(isz ee D a@'mj = ﬂ,-j COCTO
13 LE/LX NPABHIX 0;-HeaN0B, COOTBETCTBYIOWMX WicHaM KOM-

bl
TO3ULMOHHOrO DA MOLYAR 0;/%y;. KOMIOSRUIMOHHDIE q)a!.(;*gp'
3TOrD pAga 6yAyT TOTAA 0,-H3OMOPOHB MOLYJIAM ¢, .j/%3, -
[lo JaeMme Mbi TOJAyYaeM, 4YTO & ==DPi i U, 4>
u, CeNOBATENbHO, My;==Pit _ Vi, 4, Pig (s j= ﬂilj).
Lenwie upeanmsl  Pig, . 6ynyT MaKCHMaJbHHIMH B CBOHX
nopaikax., B MDOTHBHOM  Ciydyae, Ml  HMesH 6ut
Pii, "—"l‘skzé,'ik ,» TAe Yl — IeAn# uoean, OTIMYHbLIA OT
%k—1 - T

. Torma mbl

04, H élik_l——uenuﬂ_ Hjeam, OTIHYHBIA OT D¢y A

1) Boobuwe, ecan 6,2 ag TO :m HMeeM C(,jj=c.mﬁklhlj. rne
HAeanst Cgp = ;5 (bkaq)—l by = b7 a4 ueane.

F”’kd ‘?. TS

e
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nonyunin G, 4t0 @5 5%, A ;D4 j BONDEKH mpel-
MO/IOKEHHIO O HeNPHBOAMMOCTH MOLyAs a; ;[0 s Orciona

crnefyeT, 4TO paHHLA HAeala p¢k¢k_1 B D"k—1’ 4 TaKxe ero

nepas TPaHHLA B 0y , SIBIAIOTCH NMPOCTHIMH Hieanamu. Ove-
BUAHO TEKXE, YTO MB MOXeM OOpaTHTb NMOPHAAOK BBIILENDH=
BeJeHHbIX paccyxaeHuit: Eciu “@’J'"“"Wm—1p‘m—1"m-z"' Pi, g
SBASETCA  DA3NOMEHMEM  MIedia q;; B IPOHU3BENEHHE
MAKCUMANBHEIX LEAbIX MACANOB Piyg, ., TO Lelb 03D Py ;D

D Piyi Vi D .. D Ay COOTBETCTBYET KOMIOSHUMOHHOMY DAY
MOLYAS  0;/ay;.

Jlnst TOro 4ToGH H3YYHTH CBS3b MEWKAY PA3NMUHLIMA PA3/IO-
MEHHAMH HI€aNa Ay, HaM NOHANOOMTCS OXHO OOOOmeHHe
TMOHATHS M30MOpP(dH3MA, NPHMEHHMOE K MOAYIAM OTHOCHTEILHO
pasauunbix mopankos kombua . Ilycrs IM; u My Gyayr
COOTBETCTBEHHO 0~ K 0-MOJAY/AMHM, KAKIBIH U3 KOTOPHIX HMEET
KOHeUHOe YHMCI0 006pasyIHX M orpaHuuyeH., Mo GyaeM roso-
pute, uto monynu IM; u M conpacens:, ecin uHsapuanth
3TAX MOAy/NeH MOXHO T4KUM 00Da30M MOCTABHTL B COOTBET-
CTBME APYr C APYroM, 4TOGE COOTBETCTBYIOI{ME€ HHBAPHAHTHI
Obiin  conpaxenel. Ecmu j=4%, 710, B cuiy nOKasaHHOrO
B § 8, CONMpAXEHHOCTL JKBHBAJIEHTHA OGHIYHOMY H3OMOD-
dusmy.

Teopewma 32. Ecaucy— yeasid, a by — ar060i udean,
mo xodyau WM; = o;/c;; u My, =byfe, by, conprocens.

3aMeTuM CHayana, YTO S5TH MOAYAH CTPYKTYPHO H30-
mopdur. B camom neme, moGoft noamomynb moayas IR,
COOTBETCTBYET TAaKOMY Hieany Dy, 4to 90,20y 2 ¢y Toraa
byx 2 Oybj5 D C4byp, B, yMuOMGAEA Ha D=1, M- mOAyuaeym, uro
PaBeHCTBO MOMKET HMETh MECTO BO BTOPOH COBOKYIHOCTH
COOTHDIMIEHHH NHUIL TOrHA, KOrZa OHO MMEET MeCTO B fep-
Bofi. Kpome Toro, mwbo#t noamonyme momyns I, mMeer Buz
Uy /C4/Bjz, TAE Wy ABAACTCH COMEDIKALLMMCA B bjz ox-monynem.
Ho rorza uy Gyser npaBeiM oy-nieanoM, ¥ notomy W Gy-
AeT HOPManbHEIM nieanoM. CrenosaTenbHO, 1O JemMe, 1, =
== Dy By, rAe Dy;— uenmtt unean. Takum 06pasoM, Haie COOT-
BeTCTBHe MexAy moimonyasmu mosyaeit M, u I, »3aumuo-
OAHO3HAYHO, 2 TAK KAK OHO COXpaHseT IOPANOK, TO OHO By~

17*
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AET CTPYKTypHHM u3omopduamom., Ecau ¢y; ABARETCA rpanu-
e EIRJ-, TO /I€FKO BUWAEThb, yTO rpanuuel I, Oyxer comps-

WEeHHBIH ulean ckk—_—bﬁ;'cﬁbjk, CnepoBaTesIbHO, €N MBI
MPEACTaBMM (;; KAK TIPAMOE MepecevyeHHe TAKHX 0;-TIPABEHIX
HACANOB 4, .. oy G4 g, 4TO MOLYIA D;/Ci,j HEPABIOWHMH, TO
rpanuLE MORyneH 0;/¢; j OyAyT CONpsiKeHb C IpaHHUAMH MO-
Rynel byfeq rjbjk. Hanmomuum, uTO FrpaHuubl MOAyJeR 0;/¢ g
aBAAOTCA MHBapuanTamu Moayas IR;. C apyro#t CTOpOHEHI,
B CuMy CTPYKTypHOTO H3oMopduaMma, Hyap momyas I Gyner
NIPAMBIM TlepeceyeHdeM MOAyJeill %gr’:eiyjbjklcﬁbjk, pHUYEM
bakrop-monymu Wy /ING' uepasnowumm. Tak Kak MOMYb
gﬁk/gmg) n30MOpdeH MOAYI0 byk/ci,rjbjkr TO €ro rpaHuLA CO-
NPsHKeHa C TPaHMiled MOAYMA D;/¢q j, W TOTOMY MHBADHAHTHI

monyns IR, conpaxenn c muBapuantamu monyns M.
Pasymeercst, Takoe ke paccyxieHHe MOMeT OHTb INpoBe-

AeHO A/ NeBHX Monyied. Hasosem Teneph uesne uneans by;

M nodobruMu cnpasa (nodoGHuMmi €Ac8d), €CIA MOLYAb
0;{b;; (nesnit Momyan v4/by;) compaxen C MOmydeM 0y/¢y (e
BRIM MOAYNEM 04/¢;). B caenywomem naparpage Mbi HOKa-
WeM, UTO ABa Mleala NOJOOHH CIipaBsa TOrIa M TOJILKO TOrAa,
Korna OHM MOLOOHH cieBa. Mb MOXeM MO3TOMY ONyCKAaTb
onpeneNeHns «npasbifi» M «1esui» B 3TMX TepmuHax. Cdop-
MYJAMpYyeM Tenepb OCHOBHYIO TEOpeMy O Pa3JOoXKeHHHX.

Teopema 33. Joboi yeavid udear az; movicem Oviims
; e P cu-
pasaodcer 8 npougsedenue pei, Wi i, o Plj HAK

MAAbHOX Heavx wnoeanos. Ecau aij=p’mn_1p7’{n_1kn—2_
o Py j ABAREMCA OpY2UM PAIAOHCCHUCH MAK020 MUNE, MO
1

HUCAO0 COMHONCUMeAeld 8 060UX NPOU3BEOCHUSX PABKO, U OHU
Mozym Owmb nocmasaens 8 coomsemcmsue Opye opyey
maxum 00pa30M, 4mo CcOOmBemMCmByuue COMHONCLMENY
10000HbL.

- Mo Bugean, uTO pasAGKEHHE Py, .. -Pig WEEANR (4
COOTBETCTBYET KOMIIO3HLHOHHOMY DAYy MOAyns Dj/“rtj& nprueM
KOMIOSHILHOHHBIE (DAKTOPH STOrO pAja H3OMOPGHB MOLYAAM

M4y [ Pé @i, 5. Tlo mpeamnyiieR TeopeMe, STH MOLY/H
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COMpSXEHE! C MOAYAAMH 0y, /P4 ¢ . Hama teopema asasercs

NO3TCMY HeMOCPEACTBEHHHIM CJlelICTBHEeM TeopeMn JKop-
nauma-I'enbpepa.

Teopema 34, [ua moz0 #4mobGb 4#00yas o [q4; Goin
HepasAodcium, HeobXo0umo u O0CMamouno, 4mobbl udeds
G¢; €OUHCMBEHHBLM 00pA30M PA3AAAACT 8 npoussedenue
MAKCUMARbHOLX feAbx uoeanos. Ecau amo ycaosue gunoa-

HeHO, MO 8Ce MAKCUMAIbHbIE MHONCUMENL u0eara 4y nodoo-
Hbl Medcdy coboll.

Heo6x00uMOCTh YCAOBUSI HENOCPeACTEEHHO BbITEKZeT M3
Teopemnl 27, J{aa Ttoro uro6H AOKa3aTh AOCTATOYHOCTD,

NPEANONOKUM, UTO (Jg;== [q!:lj, Gi,5] H (q;l_.,-, q‘z-’l):‘”f' Torna
q,ij=rulq¢13-mr,-¢2q¢2j, rie t“k ABJAIOTCHA LEeNABIMH HeajidaMu.
CnexnosarenbHO, ec/u q,ljgt q4; 14 qizjq_’:q,,j, TO MH TOJYYHM
ABA DA3NMUHLIX DA3JOKEHUs HIeala (y;.

Orciona BuITEKAOT OYeBHAHHIE CAENCTBUA.

Cnencreue 1. Ecau modyas- o;lqy Hepasroxcum u
uoear (y sBASEMCS OcAumenem Gy, MO MOOYAb 0yfqy; He-
pas.asoxcun.

Cnencraue 2. Modyav v;/qs Hepasaoscum mozda u
moabko mozda, Kozda Hepa3AoNcuM Aesuid MOOYAb Dy[qy;.

HanomnuM, 4to ecan Monyan o./q;; HEeDasNOXuM, TO €ro
(npasas) rpanMua MMeeT BHI pjj, FAe MIEAN P,; NPOCTOR, W
¢ PaBHO JUIMHE KOMMNOMMUHOHHOrO DAAA MOAYAA 04/q4. Oue-.
BHAHO, 4TO € MOXeT OHTh O0XapPaKTEPH30BAHO KK UYHCJO
MaKCHMa/JbHHX MHOXHTENER B pasnoweHuy nieana ;. Otciona
W M3 COOTBETCTBYIOUIETO DPe3yabTara OTHOCHTENLHO JEBHX
MOIynell BeITEKAET

Caencreue 3. Ecau modyav v,/q;; nepasaoscum u
epanuneli udeasa Gy ABARemes pj, 20e Py;— npocmod
udeas, mo sesas :paKuya udeara §y; umeem 8ud Pis, 20e
Pyg — marxxce npocmoti udeaas.

Ecau p,; ABAserca NpOCTHIM HAEAnoM, TO 0,/p, Oyner
NPOCTHM KOJBIIOM, H, CJIeJ0BATENbHO, BCE KOMIIOSHIMOHHLIE

daxroptt Moayas 0,fp,; nsomopdur Mexmnay co6o#. Orcona
BLITEKAET CACAYIOMasn



262 riaBA 6

TeopeMa 35. Bce MAKCUMAABHBE MHOJCUMEAL NPO-
cmozo udeara p;; no000Hb mencdy cOO0H.

IToxkaxeM, HaKOHel, YTO MOPAMOK KJAACCOB MORKOGHS Ma-
KCHMMa/JbHEIX MIEANOB, TOABAAOWMXCA NPH PA3NONKEHHH H10-
6oro LeiAoro wueand, MoxeT GbTh BHGDaH NMPOH3BOJNBHO,
T. €. €Cau a4, == p“m—lpdm—l’:m—z cen p‘ij’ rae p — MaKCHManb-
HEE RIeANHl, H CHM Pi 4, . TDWHALINKHMT K KiacCy MORO-
6un Cy, TO HalleTCs Takoe DAMOKEHHE Qu==)di ...

1
.+ P'r,4, 4TO COOTBETCTBYIOLLHE K1ACCH MoR06Hs Cf, ..., C, oOpa-
3yioT nio6yio nepecTaHoBKy kaaccos C,. ..., Cy. Ouesunno,
YTO AN NOKa3aTe/bCTBA 3TOTO [OCTATOUHO MOKA3ATb CNpa-
BE/IHBOCTh C/AENYKlel TeopeMbi:

Teopema 36. Lcau py; u Py A8AR0MCH MOKCUMANE-
HBLML f{e./lbt.uu udearamn, mo p.ijpjk='puplk, 20e udeaan
Pij & Py, @ maksce u udeasvt Py & P, NOOOOHH MeHcOy
cobod.

EcH MORYNb 0p/pi;Dsn HEPA3AOKHM, TO MAEANB Pg; U Py
nono6Hsl cpasa. Ciie 10BaTe/bHO, MBI MOXKEM NONOKHATH P, ==
=Py W Py, = Pz ECau XKe 3T0T MOAYJIb pABNOKAM, TO MbI
HMeeM

’ ‘ ' rN
pijpjk:’[pﬁk’ ptzk] ’ (pilk’ ptzk)"““k-
Toraa Mbl MOXEM [peNNoJOXHTh, YTO HIean p;lk nopoGen
" mmeany Y, a vdean p;,. mnomobeH uzeany py. Tak Kak
2
PiPjx = rﬁlpi’lk=r“_2p£2k, TO MB  MOXEM  TONOXKHTb

’ —_ ra rl —
Py =Py ¥ Yo=Yy

14. Tlonpo6ue uopManbHBIX HAeanoB. [pauuua a, m10-
Goro uenoro Hieana q;; Gyner opuaeanoM BhAa D;q;;, rie
Bﬁ—-—uenuﬁ unean, SBAKOIMACA JenureneM no6oro uaeana
Takoro Buaa. TakuM xe 00pasoOM MOXHO OXapakTepH3OBaTh
MeByi0 TpaHHUy g Takum o6pasoM a; OyleT jenureneM
uieana agb;;, M YHCTO MAKCHMAJLHBIX MHOXHTEReH uneana dj;
He AOMKHO MPEBOCXOMAUTH YMCAZ MAaKCHMANBHBIX MHOXWTeNXeH
nieana @by, a TeMm caMbIM M UMCHA MAKCHMAIbHHIX MHOMM-

MYJbTHI/IMKATHBHAS TEOPH WARANOB 263

Tenell uneana . 110 CHMMETDHH, YHCIO MaKCHMaJbLHEIX MHO-
MuTene# WAeanoB ay; M A; ONHHAKOBO, N TIOTOMY a“_—_—a‘jbﬁ.
Torpa uuean a“_-_—.aijajja.-“j COTPSKEH C MICANOM (. Mut
MOXeM MCMOJB30BaTh 3TOT GaKT A JOKA3aTeNbCTBA CAEHYIO-
el JeMMBL.

Nemma. Ecau udears 4 t by, nodoOust cnpasa u mo-
Ayab 0;/0;; HePA3AONHCUM, MO smu udeasvt nodobrel caesa,

Tak kak o;/a; H 0;/By; HEPA3MOKUMBI, TO NOCTATOYHO
[I0Ka3aTh, YTO STH JICBhE MONYJH MMEOT CONMDAKEHHbE rpa-
HMWE, T. €. uTO JeBas TPaHHUA HAeana g Conpimeda
¢ nesoft rpammue# mueana by;. Ilo MPELNONOKEHHIO, TpaBLIe
FPAHMILL MAEAOB @y M By CONMPANEHBl MEXAY coboti. Tak
KaKk o6e rpaHuubl J1000r0  HAeana COMPSNEHH, TQ Halue
yTBEepKIEHHE KOKA3aHO.

[peanosoXuM Temepb, 4YTO JeBbil MOAYJb 0;/4;; pasno-
KuMm, " TNyCTb ag; = [y Qgils (B4 “«;-j)="3j- Torna
a,-j=a;,-1aw=a,;,—,a,-,j. TMepeceyenue g = [@iiy @ig] fIOII.ep'
KHT 0z M FOTOMY Ay = By Cpje Tak Kak ;== M1 G4 =
Sy 0y =1, ¥ TONOGHO STOMY ;2 Qg TO MBI MOIY-
4yaeM, 4To C; = 0j T. & HTO A= Ea“" a4, - I]yi'{b, nanee,
(ﬂ:ril, a;;,) == g Torna C;_lla@'jg_“ii; (g == Ay B Cig 045 & Qi
OTKyla BHTEKAeT, 4TO C;==0;. TakuM oGpasom, \;; COBIA-
naeT C UpPAMBIM MepeceueHHeM 0;-71EBHIX WACAIOB fyy, M Bgq,-

Mbl BHAETH, YTO MOAYAH ([0, W ai,j/agi,ai,jr—_—a@-,j/aij
conpshkensl, Tak Kak MOAyJsb 0,04, = (Agyj Ggpg) A4y 0;-H30-
MOpDEH MOAYMIO gpif Mgyj  Mp5) = @g;/Qy TO OTCIONA CIE-

oyeT, YTO MOLAYAM 04/0;, M 0;/A;; COTPSIKEHDL, Cnenoba-

g —1 .
TeABHO, MACANB @y ; M Ogiy == Aj;f4j noso6HLl cnpasa #, 1O
CHMMETpHUH, 3TH HAEaNH ono6Hbl TaKKe M cieBa. AHao-

FHYHO JIOKA3bIBaeTCs Mopo0He WAeanoB g ; M .
PaccMOTDHM Tenepb o6uhfi cayuatt, KOraa ag;==[Qs s « . >
<oy W], TIDHUEM, £CTIH 0603HAUUTD [y, 75 +oo0 Vg g0 air,+u'" ces

oy 07,7 GEPE3 by 5 1O (A4, by, ;)==0;. Hanuiem a@-j:-:a,-;-rbkr_,-=
r .

=I’€4r“m‘ H TIOKaXeM, UTO (;; GyReT TPSAMBLIM TEpecedeHueM

0;-N€BHIX MIEANOB Agy,. ITO OBIO NOKA3AHO BHILE AMA Cay-
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yad § == 2. C1ef0BaTe/LHO, Mbl- MOXEM MPEANOAOKHTh, YTO
YTBEpKJAeHHEe CNPaBEIJHBO AAs DA3T0MEHHH, cocmﬂmux H3

s —1 xomnoHeHT. HeTpyaHo BHIETh, YTO b,,: = @0, ,——

— -1 -1

— [ailja LIRS} aisj] al',-j - [[ailjr a'l:rj] airj’ ey [ai'f, airj] ai,j] s

W, €CNH MH ONYCTHM B T[OCJHeIHEM BHIDDKEHHH WIeH

—1 -1

(05 N Q4,5 G54, g1, TO monyuny by 7% Tak Kak, B cuny

AUCTPUOYTHBHOIO 3akoHa JenekuHna, (quj, (@5, a,0) =

= [(B]‘q_;: aiq;)) az,..y] H(bkqja ag,q]) J’ TO MBI TIOJyUaeM, YTO

(B,,qj, [aiq,-, ;) = ;,;. Caenosatensho, (b,,q,a,r,, [aw,

P \W) ==0;, U TIOTOMY Da3/OXeHHe bw,, HA MOeanbl [az o

i) “w’ q =~ r, 6yner npaAMbIM pasnoxenneM. TaK Kak bw =

= , (b;ﬂam), TO MBI BBIBOAMM W3 HHAYKTHUBHOTO IIpeNo-

JIOXKEHHS, q'ro.fmr ABJIAETCH UPAMBIM MEPECEYEHHEM D,;-JIeBbIX

r

HAeANOB Agr,. TaK KaK g ABASETCH MDAMHIM IepeceueHHeM
. ’ 7 .

nneanoB gz, ¥ by, TO a4 OyAer NPAMHIM NepecedeHyeM

L4
BCEX MAEAN0B k. Cdopmynupyem mnomyuewssii pesyibTaT
B BHE TEODEMbi,

Teopema 37. Ecan uleaz &y ABAAEMCA NPT MbLM
nepecewerues npasux 0;-udeanos ag; u b i=1[n;, ...,
Wiy Vipggjo + o> Agggls MO Ay 6yodem npamem nepe-
cedenuer Oy-Aedvix u0eaos A b= ﬂ;;kr.

Tak xkax a;;=1[az, by;l, (9 byy) =0, TO Humean
a;,; DONOGEH umeany a;-;,r=a¢jb;{_:j. OTclona W U3 JaeMMhbl
BBITEKAET

Teopewma 38. Ecau az;=[Qy55. . ., Qg5 =[Gy, . ., Og5,]
ABARIOMCSL NPAMLMU PASAOHCEHUAME UOeQAQ ;5 HA marue
0;-npagsie udearvi u o;-Ae8vie udeanvl, 4imo Ho0YAL 0;/0;.; U
03[0, HepA3AONCUMBL, MO Oeiument 0;; u g, Moym

Soimb YRopsdodeHst maiui o6pPa3oM, #mo COOMBEIMCHBYIo-
wue qaeHv. Gydym nodobusl cnpasa u caesa,
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OuesuaHo, 4TO OTCIOHA CAedyeT

Teopema 39. Ecau 0sa udeasa nodob6ust cnpasa
(caesa), mo onu nodoGHbl u caesa (cnpasa).

JlokaxeM, HAKOHell, YTO JBa ABYCTOPOHHHX MIeana CoMps-
WeHbl MEXIAY CO00#l TOrAa W TOJBKO TOTH4, KOraa OHH
nono6ubl. A% 9TOH wead HaM MOHAROGHTCA

Jemma. Emxocmu 1w00bx 08YX CONPANCEHHBIX npO-
CmbIX u0ealo8 Py 4 P;; paAsHuL,

Paznomum  uaean Py caeayiowuM  o0pasom: Py ==
==Peir_ Pip_qir_g--Paip  TAE Py, — MAKCUMAJIBHEE
uneansl. Torma, Tak xaKk R sBAseTCA JJIHHONH KOMIIO3HLHOH-
HOTO psiida MOAYJAS 0;/Ps;, TO B GYNET eMKOCTbIO HAeasa Y.
Mb MoOxeMm cuMTaTbh, 4TO pjj—_—qjipﬁqj]l, The ;4 SIBAAETCH
MaxchaanuM HeaAbiM  naeasoM., PaccMOTPHM Tenephb nnean
pmqﬁ. Ecnn Piyg =4, TO Mbl HMeeM, OUEBHIHO, pmqg, ==

==, ——qm pm, rae pm—q” MaKCUMAJILHELH uenbm

unean. C mpyrofl CTOPOHHI, ecau pm::/:%:n T0 (Payts Gji) =
=104, U TUOTOMY [Pg4, €G] Oyler NDPAMBIM MepeceuenHeM
r

r
uineanoB p;,; H Q£-1T0rﬂal piw qﬁ] qjli;piri=pjnjqﬁ7 1
OTOMY ONATh Psg0i = Qjty Phsr TA€ P M g — MaKCHMATb-

“,1 ’
Hble ugeansl. Takum o6pa30M, pﬂ = qﬁp“kﬁl. . -Pim‘b;ﬁ; Pjj ==

== Qprzik_1' . ‘pi3igq.72¢2pjzjipjl.1 = quqjki :pjkjk—l v

I
. -PJIJ %kpak:fk gt -Paﬂ = qj ;. TaK Kak miean gy
Maxcmianen TO 1= qz D, mmeer &' <~ 1 MaKCHMaMLHBIH MHO-
HHTENb, eCH eMKOCTh Hieana J;; PaBa k'. C nmpyro# cropo-

’
HH, pasnokKeHue 1= .. ), ; TOKa3LIBAET, YTO Ty,
s D lj ql.’lkpjk-’k -1 pj) ’ lj
umeer k-1 MakcHMMaZbHBIH MHOXHTENb, W IOTOMY MHE [O-

Kasanu, 4yro R = k.

Teopema 40. /Jaa mozo umobor udearvt Gy u Ay
Oblall nOGOoOHb, HeoOX00uMO U O0CMAMOYKO, HmoObl OHiL
Gol AL CORPIICEHYL.

OueBnnHO, 4YTO nepeceuyeHHe (i;; MPABHX 0;-uaeanoB Oy-

- HeT TakKe H NnepeceuycHueM TpaHuL 3THX HAEAJOB. CJIC,E[O-

RATEALHO, HEIOCPEACTBEHHO W3 OmpeleneHus (MpaBoro) nojto-
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6us cnenyer, YTO €CAM Hueansl Ay H f;; NOLOGHH, TO OHM
conpamensl. OOpatHO, NpeanonoxuM, YTO HUAIH Gy U Gy

conpaxenn. Toraa BXoAflke B STH MAEAAB CTENEHH i H
e

Pjj TIPOCTHIX WIEANOB MOTYT OLITH COTMOCTABAEHH TAKHM OGpa-
30M, YTOGHl COOQTBETCTBYyWOUME HAPYr JAPYry pf,; H p;j GiJin

conpsikensl. Ho MOZyab 0,/pf; pas3naraeTcs B npamyio CyMMy R
M30MOP(HEIX HEPasAOKHMBIX MOAyJIeH, rae R aBadercd
EMKOCTBIO H7eana Y;;, MpPUYEM rpaHuued Kaxaoro W3 aTux

noaMonyaeit oynrer pfi. CnenoBaTelbHO, B CHAY NpeRbyieh
JIEMMBI, MOJAY/Ib nj/pfj GyneT NpaAMOH CyMMOH & HepasnomH-
MBIX MONYJMeit, TpaHHUeH KaXIOro U3 KOTOPHIX CHYHKHT p,%-

Takrm 06pasoM, uieanbl Pi; H p;-’j, a C/Ael0Bal1eibHO, H
ureanbl Mgy W d;; FOAOOGHDI
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