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INTRODUCTION

D-module is shorthand for a sheaf of modules over the sheaf of
rings of germs of differential operators on a manifold, an algebrai-
sation of the notion of system of linear partial differential equations.
The theory of D-modules was developed, in the seventies, first for
holomorphic differential operators on complex manifolds. One of its
main results is the Riemann-Hilbert correspondence, a far reaching
generalization of the existence of meromorphic differential equations
in one variable with regular singular points and prescribed monodromy.
It attracted the attention of a number of outsiders, such as the under-
signed, at first because of some remarkable applications outside the
theory of PDE, in particular to infinite dimensional representations of
semisimple real Lie groups or to finite dimensional representations of
Weyl groups.

The main aim of these Notes is to present a reasonably self-
contained account of a variant of that theory, due to A. Beilinson and
J. Bernstein, in which the underlying manifold and the differential
operators are algebraic. It suffices for the applications to represen-—
tation theory, while being less demanding with regard to analysis than
its holomorphic counterpart. It is the subject matter of Chapters VI,
VIT and VIII. The proofs of the main theorems make use of earlier
results of P. Deligne on the one hand, of J. Bernstein on the other.
Those are presented in Parts IV and V. Finally, IIT is a preliminary to
IV and I and IT supply or review some foundational material.

Chapters III to VIII are an outgrowth of a seminar held weekly in
Bern in the spring 1984, for the Swiss academic mathematical conmunity,
while I and IT emanate from a preparatory one-week meeting which took
place in Les Plans-sur-Bex in March 1984, under the auspices of the

"3¢me cycle Romand".
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We shall now outline more precisely the contents of the various
chapters.

I, by P. Grivel, is devoted to derived categories. Those form
the natural framework for the whole discussion of D-modules and are an
indispensable prerequisite. Chapter I provides a rather detailed intro-
duction, aimed at the non-expert with some background in homological
algebra.

Much of the formalism in the theory of D-modules is patterned
after that of coherent sheaves or modules in algebraic or analytic
geometry. II, by B. Kaup, reviews some of the main definitions and facts

pertaining to coherence, especially in the complex analytic case.

A first example of D-module is given by the sheaves of germs of
holomorphic sections of holomorphic vector bundles endowed with a flat
holomorphic connection. III and IV are devoted to those. III, by
A. Haefliger, reviews the theory of meromorphic ordinary differential
equations in one variable with regular singular points. IV, by
B. Malgrange, describes Deligne's generalization of it to connections
on a smooth algebraic variety and solution of the Riemann-Hilbert
problem in this case; it asserts in particular that any local system of
finite dimensional vector spaces is the sheaf of germs of local hori-
zontal sections of some flat connection which is regular in a suitable
sense, generalizing the Fuchs condition [De). This chapter provides

a self-contained exposition of the part of {De] which is needed later.

The simplest case of the algebraic theory of D-modules is that of
D-modules over complex affine n-space A", The global algebraic differen-
tial operators on A" form a "Weyl algebra" generated by a system of
coordinates ﬁxmw and the corresponding partial derivatives mw = w\wxm.

subject to the relations me~xu_ =38 - In the same way as the theory

of quasi-coherent sheaves on an mmmwww variety is equivalent to that of
modules over the ring of regular functions, we need not yet sheafify
and may consider instead modules over the Weyl algebra. This theory was
developed by J. Bernstein, with important complements pertaining to
homological dimension by J.E. Roos. Although motivated originally in
part by an analytic problem, namely the meromorphic continuation of
certain distributions depending holomorphically on a complex parameter
in some half-plane, it has turned out to be completely algebraic. It is
the topic of Chapter Vv, by F. Ehlers.

vii

Those are then all the prerequisites necessary to deal with the
theory of algebraic D-modules in Chapters VI, VII and VIII, written by
the undersigned. They are basically an elaboration of Notes by
J. Bernstein [Be} of lectures he gave at the Federal School of Tech-
nclogy Zlicich, Spring 1983, and then also, in a somewhat abbreviated
form, at the Luminy Colloquium on differential systems and singularities

(6/27-7/9 1983), with some complements or modifications he supplied

later.

Chapter VI defines first the basic structural sheaf of the theory,
namely the sheaf cx of germs of algebraic linear differential operators,
relates the uxlso&cwmm to flat connections or to systems of linear
partial differential equations sd introduces the categories :naxv {resp.
nosadxu~ resp. Sowﬁﬁxgv of Oxlso&:Hmm which are gquasi-coherent over
the structural sheaf ox (resp. coherent over ux. resp. holonomic)}. The
mxlsomcwm M is holonomic by mmmw:wnwoz if its characteristic variety
SS(M) in the cotangent bundle T (X) to X has the smallest possible
dimension, namely the dimension of X, by a result of Bernstein (the
more precise theorem stating that SS(M) is involutive is not needed
Moramxv and
o”ndxv be the corresponding bounded derived categories. ﬁx

noetherian, coherent, of finite cohomological dimension (§l1) and tﬁwxv

b
here and is not proved in these Notes). We let D ncxys D
is locally

has enough injective or locally projective modules (§2), so that we can
apply standard homological algebra, although the sheaf cx does not have
commutative stalks (except when X has dimension zero). However one has
to distinguish between left and right leaoacwmm« §3 indicates how to
go from one to the other. It also introduces a dualizing module and a
Qmmwww< functor ux. The wmnnmn.wsacnmm an involution on roHAva and
U:wav {3.6,3.7) as well as on Unor
Verdier duality for constructible sheaves. §§4 and 8 are devoted to the

Aﬁxv (9.5) and is the analogue of

notion of inverse and direct images of D-modules, their derived functors
and some of their basic properties, in general and also more specifical-
ly for locally closed embeddings or projections .§8 concludes with the
D-module version of the standard exact triangle associated in sheaf

theory to a closed embedding (8.3) and a base change theorem (8.4).

Chapter VII establishes first some deeper properties of coherent
or holonomic complexes of axlsomcwmm (§§9, 10) and then turns to regular
holonomic complexes (§§11, 12). A complex F* of oxlaoacwmm is holonomic



if #"F° is a holonomic module and is regular holonomic (r.h.) if in of Malgrange, who moreover contributed the lectures on Deligne's work,
addition the derived inverse images tweum. with respect to any morphism and of Bjdrk. In addition, I received personally enormous help from
$:C > X of a smooth curve into X are regular, where regularity on a long explanations by Bjérk and Bernstein while I was learning this
curve amounts essentially to the Fuchs condition, garbed in a more material or preparing to lecture on it. My thanks are also due to
sophisticated language. This latter definition is not the one of [Be] J. Bernstein, D, Milicic and M. Saito for many corrections to, or

and was proposed by Bernstein orally in 1984. It is shown that the remarks on, a preliminary draft of Chapters VI, VII and VIII, which led
bounded derived categories cmnbxu of holonomic complexes m:m.cwraaxv or to various improvements, besides eliminating a number of mistakes

regular holonomic complexes are preserved under direct or inverse images or misprints.
and duality, (10.1, 12.2, 12.7) and that F" is regular holonomic if and

only if H'F® and all its subquotients are regular holonomic (12.7).

Furthermore, cwsaexv is generated, as a triangulated category, by the

direct images of irreducible regular connections on smooth locally

closed affine varieties (12.2). Finally, it is proved in §12 that if A. Borel
X is an algebraic transformation space of the affine algebraic group

G with finitely many orbits, then every G-equivariant coherent

cxuaomcwm is regular holonomic (12.11), a fact which may be viewed as

the starting point of the applications of D-modules to representations

of semisimple groups. Princeton, September 1986

VIII is devoted to the Riemann-Hilbert correspondence. Roughly .
b

speaking, it asserts that owsaﬁxu is equivalent to the category Unmﬁxv
of constructible complexes of sheaves on X, by an equivalence which
lets reqular holonomic modules correspond to perverse sheaves (14.2).
Here a complex of sheaves S° on the underlying analytic variety x? is
constructible if X admits a stratification by locally closed smooth
algebraic subvarieties on which fi*S* is locally constant in the analytic
topology. The equivalence is established by means of the "de Rham
functor" DR, which associates to F° its de Rham complex on xm~ shifted
by the dimension of X for technical reasons. §13 introduces DR, §14
states the main results, gives some consequences and some reference to
mostly earlier results on the Riemann-Hilbert correspondence in the
holomorphic case (14.9). In 14.5, the main theorem is subdivided into
eight assertions, some valid more generally for holonomic complexes,

which are proved in §§15 to 22,

The Bern Seminar and these Notes would not have come about with-
out the help of J. Bernstein, J.E. Bjérk and B. Malgrange, to whom we
are glad to express our gratefulness. First of all, all along and

already during the planning of the Seminar, we benefited from the advice
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I. CATEGORIES DERIVEES ET FONCTEURS DERIVES

Pierre-Paul GRIVEL
INTRODUCTION

A la fin des années cinquante des lacunes dans les fondements de
1'algébre homologique ne permettent pas de développer, en géométrie
algébrique, une théorie cohomologique de la dualité des Modules
cohérents sur les préschémas. Au début de la décennie suivaante,

J.L. Verdier, dans sa thése (dont les détails n'ont jamais été
publiés, voir [V]), comble ces lacunes en introduisant les catégories
dérivées et les foncteurs dérivés, ces derniers permettant alors de
définir un morphisme de trace. Grace 3 l'efficacité de ces nouveaux
outils on a pu obtenir depuis de nouveaux théorémes de dualité (voir

par exemple ﬁcwuv.

Nous allons esquisser bri&vement les idées qui sont 3 la base de

la construction des catégories dérivées et des foncteurs dérivés.

Si A est une catégorie abélienme, soit C(A) la catégorie

abélienne des complexes d'objets de A.

Dans beaucoup de situations rencontrées en algébre homologique
les complexes ne sont déterminés qu'a isomorphisme homologique prés,
un isomorphisme homologique étant un morphisme de complexes qui induit
un isomorphisme en cohomologie. Par exemple si X' et Y sont deux

résolutions injectives d'un complexe 2°, on a un diagramme

X u z° v N.

dans lequel les morphismes u et v induisent un isomorphisme en

cohomologie.,
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Il est donc naturel de poser les deux problémes suivants :

a) Existe~t-il une catégorie oii, sans changer les objets X' et Y’
(donc sans perdre d'information) ceux-ci deviennent isomorphes
(c'est-a-dire les isomorphismes homologiques deviennent des iso-
morphismes)?

b) Si c'est le cas, soit F : C{A) - C(B) un foncteur additif, ol A et
B sont des catégories ebéliennes. En général F(u) et F(v) ne sont

plus des isomorphismes homologiques. Alors est-ce que F induit,

' .
d'une fagon raisonnable, un foncteur entre les nouvelles catégories?

Remarquons d'emblée que dans le diagramme précédent les
morphismes u et v ne sont déterminés qu'd homotopie prés et que dans
de nombreux cas les diagrammes que l'on rencontrera en développant la
théorie ne seront commutatifs qu'd homotopie prés. Il est donc naturel
et nécessaire de se placer tout de suite dans la catégorie K(A) dont
les objets sont les complexes d'objets de A mais dont les morphismes
gont les classes d'homotopie de morphismes de complexes. Malheureuse-
ment la catégorie K(A) n'est plus abélienne en général. Cette perte
de structure est cependant compensée par l'apparition d'une autre
structure sur K(A) qui va permettre de remplacer les suites exactes
courtes par une notion nettement plus simple, comme on va le voir,
celle des triangles distingués. 7
On appelle triangle distingué un diagramme N.KMHM/M.. ol le
morphisme 2° -» X' est de degré +1, isomorphe au triangle standard

7

X" — Y
u

construit 3 1'aide du cOne ow du morxphisme u.

A tout triangle distingué est associé une suite exacte longue
de cohomologie, dans laquelle le morphisme de comnection entre le
i i+l

terme mwAN.v et le terme H ~(X') est simplement induit par un

morphisme de complexes.

De plus n'importe quel foncteur additif F : A » B entre catégo-
ries abéliemnes induit évidemment un foncteur F : K(A) - K(B) et

celui-ci transforme les triangles distingués en triangles distingués.

Notons enfin qu'3d une suite exacte courte 0 - X' A

3 I, Intr.

c
N A e
est associé le triangle X rad Y' dans lequel le cOne n: est

homologiquement isomorphe i Z° et méme iscmorphe a Z si la suite
exacte est semi-scindée. Mais on a encore un meilleur résultat. En se
plagant dans la catégorie dérivée D(A),que 1'on va définir dans un mo-

ment, 3 la suite exacte courte 0 — X" Y = 2" -0 est naturellement
7°
N

associé le triangle X' * Y .

Ces quelques remarques, essentiellement reprises de ([Bo]l,chap.5,
§5), montrent les avantages des triangles et suggérent que le cone
C' peut 8tre considéré comme un substitut du conoyau (et aussi du
u

noyau) .

Revenons maintenant 4 la question a) posée précédemment. On doit
résoudre un probléme universel relatif aux isomorphismes homologiques.
Puisque ceux-ci doivent &tre rendus inversibles il est clair qu'on ne
peut y parvenir qu'en augmentant le nombre des fléches de la catégorie
K(A). La théorie de la localisation d'une catégorie, construite dans

[6z], apporte une bomnne solution 3 ce probléme.

On obtient en effet la catégorie dérivée D(A) en localisant la
catégorie K(A) relativement au systéme multiplicatif des isomorphismes
homologiques de K(A) et on a un foncteur canonique ny : KQ)»DA) qui
est universel pour la propriété de transformer les isomorphismes homo-

logiques de K(A) en des isomorphismes de D(A).

Ainsi les objets de D(A) sont les mémes que ceux de K(A), mais les

morphismes sont les diagrammes

ol la premidre fldche est un isomorphisme homologique; plus précisément
ce sont des classes d'équivalence de tels diagrammes car si on remplace
1'objet du milieu par un objet qui lui est homologiquement isomorphe
on obtient encore un diagramme de méme type. La composition des mor-

phismes est définie a partir de diagrammes de la forme
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NN

L'aspect rébarbatif de ces catégories dérivées s'atténuera peut-@tre
un peu si on remarque que lorsque la catégorie A admet suffisament
d'objets injectifs, alors la catégorie U+A>v. obtenue en localisant la
catégorie N+A»v des complexes bornés inférieurement d'objets de A ,

est &quivalente i l'usuelle catégorie N+AHA>VV des complexes bornés

inférieurement d'objets injectifs de A.
Examinons maintenant la question b).

Soit F : K(A) - K(B) un foncteur additif qui transforme les

triangles distingués en triangles distingués.

Si F transforme les isomorphismes hemologiques en isomorphismes
homologiques (par exemple si F est induit d'un foncteur exact
£ : A - B), il est clair, d'aprés la propriété universelle du foncteur
de localisation, qu'il existe un unique foncteur RF : D(A) - D(B) qui

rend commutatif le diagramme

K@) < k(B)

B E,

o

D{A) —z D(B)

Dans le cas général, sous des conditions suffisamment bonnes
(par exemple si A admet suffisamment d'objets injectifs et si on
considére les complexes bornés inférieurement), il existe un foncteur

RF, unique a isomorphisme prés, et un morphisme fonctoriel

£ wwow - wMom» tel que le couple (RF;£) soit universel pour cette

propriété.

Le foncteur dérivé RF a la propriété suivante. Supposons que F est

induit d'un foncteur F : A » B et que la catégorie A admet suffisamment

5 I, Intr.

d'objets injectifs, Si X est un objet de A , considéré comme objet de
D(A) par le foncteur d'inclusion évident A - D(A), alors on a um
wononvSWmEmownoswncm mumwmnxuvu meAxv. omwwmmmnwmwmammonnﬂmcﬂ

dérivé de F usuel.

Supposons de nouveau que la catégorie A admet suffisamment
d'objets injectifs et restreingnons-nous i la catégorie U+A»v. Dans ce
cas le foncteur RF est défini essentiellement de la fagon suivante.

Si X' est un objet de U+A»v on choisit une résolution X° > I° de X° par

des objets injectifs de A et on pose RF(X') = F(I").

Pour conclure on remarquera que la notion de catégories dérivées
et de foncteurs dérivés fournit un cadre bien adapté pour faire de
1'algébre homologique. Aux raisonnements traditionnels qui nécessitent
la lourde machinerie des résolutions sont substitués des opérations sur
les foncteurs dérivés. Un exemple particulidrement intéressant est
celui des suites spectrales, qui sont remplacées par une simple compo-

sition de foncteurs dérivés.

Dans 1'exposé qui va suivre on n'a pas cherché i donner aux résul-
tats la forme la plus générale possible. Son ambition est, au contraire,
de permettre au lecteur non spécialisé de se familiariser assez rapi-

dement avec le langage et les techniques des catégories dérivées.

Dans la bibliographie on trouvera, entre autres, une liste, qui
ne se prétend nullement exhaustive, d'articles consacrés, en tout ou

en partie, au sujet traité ici.



§ 1. LA LOCALISATION D'UNE CATEGORIE

1.1 Soit € une catégorie.

Un systéme multiplicatif dans € est une famille anmmnov de

fléches de € qui vérifie les propriétés suivantes :

FRL : &) Si s,t€X, et si st existe alors st€ZX .

[ [
b) Si X€ Ob€ alors me Mn.
FR2 : Soit X,Y,Z€E0bC . Si u€ moﬁonxw&v (respectivement
u€ :anQvav et s€ manANwmv n Mﬁ (respectivement
s€ :oEnQ"NV n an il existe WE ObC et des morphismes
vE mosanfmv (respectivement V€ moannmntvv et

te€ manAfxv n (respectivement t€ moano.ftv n Mﬁv tels que le

I

diagramme

T.=

M-—-> =

Z
Tv
Y

M <

Y,z
T (respectivement t
—_ Y
u

‘l
u
soit commutatif.

FR3 : Soit X,Y€E€ ObC et u,vE =oBaOmu5 .

Les conditions suivantes sont équivalentes :

i) I1 existe Y'€ ObC et mmmoanmfd.v :Mﬁ tels que su = sv.

ii) Il existe X'€EObC et t€ :oBﬂQ.uxv :Mﬁ tels que ut = vt.
y _C u s
X! =——=> X —Y-—>Y'
—

v



I.1.1 8

S$'il n'y a pas de confusion possible on &crira I au lieu de Mn. _N

Dans les diagrammes on écrira souvent X 2.y pour indiquer que s€ X. m\_ /W

. X 'p Y
Ll
Y
1.2 THEOREME : Si X est un systéme multiplicatif dans € il yek

v

existe une catégorie ﬂM et un foncteur

Pe = €-c soit commutatif,

L. L . Dans 1l'ensemble My g on définit une relation, notée = , de la
qui vérifient les propriétés suivantes : Y

fagon suivante :

i) Si s€X alors wMAuv est un isomorphisme dans nM. Si (Z;s;a), AN..m..m.vm“zw - alors (Z;s;a) = (2';s':a') si et
]

ii) Si F : € » D est un foncteur gqui transforme les éléments de I en seulement si il existe (T;r;b) mfn - et des morphismes
»
des isomorphismes de D, alors il existe un unigue foncteur p : (Tsr;b) » (Z;s;a) et p' ¢ (T;rib) » (Z';s';a'); autrement dit si on
G : GM -+ D tel que le diagramme a un diagramme commutatif
c Ly z
7 s ) a
P , G P
£\ , SN
[ (1.4.1) X =-T--—Y
z v.
Qo
s! ¥ a'
soit commutatif. rA

(La catégorie GM s'appelle la localisation de € relativement au
systeme multiplicatif I). 1.5. LEMME : La relation = est une relation d'équivalence dans
1'ens .
nsemble :x.qm

1.3 La démonstration du théoréme 1.2 va occuper les numéros

. Démonstration : La réfléxivité et la symétrie sont &videntes.
1.4 3 1.13 suivants. ym

cmsozmnonm la transitivité, Supposons donc que (2;s3a) = (Z';s';a")

[ 3 et que (2';s';a') = (Z™;5";a") . O d di tatif
1.4 Soit X,Y€E Ob€. Notons xN ¥ 1'ensemble des diagrammes de la 4 @% ) ( s"a") ™ 8 ceux diagrammes commutatlls

forme
Z z'
X oz ¢ W\\T/A m\ ﬁ/m.
) xir—bey e x-Sy
ol ZEOLEL, s€ moEnANFxV:M et a€ manAanv. On désignera un tel Tu\ T.
9 \3
diagramme par un triple (Z;s;a). S'il n'y a pas de confusion possible .“«/ a' ‘m// N”_
¢ ' z' z"

on écrira f y 3 lieu de }n -
» »

Si (Z;s;a) et (V;t;b) sont des éléments de Zx.x. un morphisme et il faut construire un diagramme commutatif
p : (Z;s;a) » (V;t;b) est un morphisme p€ mosnﬁN“S tel que le

diagramme
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\J/
(1.5.1) x «X-pg=4%

AN

En utilisant FR2 on peut compléter le diagramme

T t

T—=*X +=S§

en un diagramme commutatif

On a s'qr' = g'p't', donc d'aprés FR3 il existe u€ xgnﬁwwsu:M
tel que qr'u = p't'u
1 L]
R L L I A A
Tt
pt
Alors les morphismes x = rt'u€X, d = bt'u, y = pt'u et

= q'r'u rendent commutatif le diagramme (1.5.1)

1.6. Remarque : Si il existe un morphisme p : (Z;s;a) -+ (Z';8";a")
il est clair que (Z;s;a) = (Z"';s"';a'). Plus précisément la relation =
est la relation d'équivalence engendrée par la relation "il existe un

morphisme (Z;s;a) + (Z'is';a') ou un morphisme (Z';s';a') » (Z:s;a)" .

1.7 Dans 1l'ensemble My m\m on peut définir une opération de com-
s
position de la facon suivante,
Soit X,Y,Z€ 0bC, Soit men n\u représenté par (U;s:a) mvw» v €
mmZ& N\l représenté vnu (V;t;b) mFN 2° D'aprés FR2 on peut compléter

le diagramme U2y fl V en un &wwwumﬁum commutatif

N
i V'
&/Y,/ﬁ.
A 4
X Y Z

Ainsi (W;sribe) mZx z*
3

1.8. LEMME : si (U';s';a') = (U;s;a) alors
(W';s'r"sbe') = (Wisribe).

Démonstration : On a le diagramme commutatif

et il faut construire un diagramme commutatif

N

(1.8.1) £ p- Bz

> | \
s'r! ¥/ be!
s.

En utilisant FR2 on peut compléter les diagrammes

] 1 X
Hlxlv ) AW.Z et T AL AIM.' W' en des diagrammes commutatifs



]
mnuplvﬂ m.. T,y
pn e et p' '
+ ¥
T—U T —— '
X X

1
puis le diagramme R 2, r £ R'enun diagramme commutatif

On a tc'q'k = teqh, done d'aprés FR3 il existe w€ moahﬁuwovsm
tel que c'q'kw = cqhw

1t
R L
—_—
cgh

Alors les morphismes f = uphw€X, g = be'q'kw, v = qhw et

v'

= q'kw rendent commutatif le diagramme (1.8.1).
1.9 Reprenons les notations de 1.7. On définit Ba m2¥ N\m
’

comme &tant la classe d'équivalence de (W;sr;bc) dans Zx N\m .
>

On vérifie immédiatement que cette opération est associative et
que, pour tout X€ Obf, la classe d'équivalence du triple

C?Hx:xv mxx.x est 1'élément unité pour cette opération.

1.10 On définit la catégorie localisée ¢ de la fagon suivante

i) ovnM = 0b€

ii) Si X,YE Ob€ alor )Y) = =. Ainsi :
) , ors zoEnMOn Y) vmn.m Ainsi mosamxkv est
1'ensemble des classes d'équivalence des diagrammes de la forme

(1.10.1) X 4. — X

ol la premiére fléche appartient 3 Z.

13 I,1.13

iii) Si «€ moBGMAxwd et RBE moanMQva alors Ba€ :anMANﬂNV est la

classe d'équivalence des diagrammes de la forme

,°
’/

AWAN

1.11 On définit un foncteur

(noté simplement P s'il n'y a pas de risque de confusion) de la fagon
suivante : wM est 1'identité sur les objets et si u€ mQEaOﬁ.C alors
'é 1 18]1é . .
wMAcv est la classe d'équivalence de l'élément Q.Hx.:u mxun.m dans
H ;Y) .
an (X;Y)
z
1.12 Soit X,YE Ob€ et s€ mosng Y)NX; alor$ P(s) est représenté

par l'élément Cﬂuxnmv mxx v Soit o€ Hom, (¥;X) le morphisme repré-
’

GM
é 15316 va s o = =
senté par l'élément Ax.m.wxvmz.m.x. On a aoP(s) .,_.x et P(s)ea “_.&-

donc P(s) est un isomorphisme dans GM.

1.13 Soit F : € - D un foncteur tel que si s€X alors F(s)
est un isomorphisme dans D. On définit un foncteur G : nM -» D de la
fagon suivante. Si X€ ovm = Ob€ on pose G(X) = F(X). Soit
o€ manMwa représenté par ANwmnmumfFA. Comme m..mHM. le morphisme
F(s) est inversible. On pose alors G(a) = F(a)cF(s) ~. Pour montrer
que ce morphisme est bien défini il faut vérifier que si
AN.wm.wm.vaNnmumvaOﬂm :m.vomﬁm_vxw u :mvommmulu.

Par hypothése on a un diagramme commutatif
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On a donc
F(a)F(s) *F(x) = F(a)F(p) = F(a")F(p') = F(a")F(s") 1F(r).

Comme F(r) est un isomorphisme on a la relation cherchée.
Finalement GoP = F car si u€ moEnAx"Au on a G(P(u)) = mﬁcvmﬁwxvlu =
F(u).

Supposons que G' : nM - D est un foncteur tel que G'oP = F.

mwpmmoaAxmﬁmmnnmvnmgnnmvmnnNum"mu mxx osw
aM .Y

o= mﬁ»uownmvnw. cette écriture &tant indépendante du choix du repré-

dans la
(HI

sentant de o; il suffit en effet de faire F = P et G = HGM
construction précédente. On a alors G'(x) = G'(P(a))eG'(P(s))

mnmvownwvlw = G(a). Donc G' = G.

Ceci termine la démonstration du théoréme 1.2.

1.14 Remargue : On peut donner une autre définition des morphis-

mes de nM.

Soit X,Y€ Ob€ . Notons N . (ou simplement N_ _) 1'ensemble des
X,Y X,Y

diagrammes de la forme
(1.14.1) X —r , Y

ol la deuxidme flé&che appartient 3 E.

En modifiant de fagon &vidente les considérations précédentes on

peut définir une relation d'&quivalence =' dans N et munir

X,Y
N_ _/ =' d'une opération de composition. Si ANnmwwvaZM , il lui est
XY »Y
associé, d'aprés FR2, un élément (Z';a';s')E€E ZN . Si (Z™a™s") est
»

un autre élément de zw - qui est associé a (Z;s;a) il est facile de
’

démontrer que (Z';a';s') =' (Z™a™s") . Inversément si (Z;a;s)€ zN Y
>

il lui est associé un élément (2';s';a') € ZM v et deux tels éléments
3
associés 3 (Z;a;s) sont équivalents pour la relation =. Il en résulte

u'il existe une bijection canonique entre les ensembles
q

zx K\m et zx n\l et que cette bijection préserve les opérations de
’ ]
composition définies sur chacun de ces ensembles. On peut donc aussi

poser Hom

[

morphisme mr X 3 Y dans om indifféremment par un diagramme du type

(1.10.1) ou par un diagramme du type (1.14.1).

X;Y) = zx &\m.. Dorénavant on pourra donc représenter un
r

15 I,1.15

1.15 Remargue : On peut domner encore une autre interprétation

de l'ensemble maEa (X;Y)., Soit X€ ObC et notons HN la petite catégorie
b3
dont les objets sont les couples (Z;s) formés d'un objet Z de € et

d'un morphisme s € :oBGAmeuqu et dont les morphismes de (Z;s) i

(2';s') sont les morphismes mm”manANwN_v tels que le diagramme

soit commutatif.

Maintenant soit YE ObC et considérons le foncteur contravariant
o

Fy: Hx lm:mmmmmswmmmemooamcwcmﬂnm.mwAN«mvm ObI, mHonm

F_(Z:s) = 383 iY)}; ainsi ;

w.A s) {(z;s mvmzun-m_mm moEﬁAN Y)}; ainsi m.mAN.mv est un

sous-ensemble de zx ¥ qui s'identifie 3 1'ensemble mosoANwmv. Si
»

f : (Z;8) » (2"38") est un morphisme de Hx alors m&ﬂmw =

moBaAmnHav : manAN.uxv - :oEnAN”&v" on a donc des diagrammes

commutatifs
Z
s 4 ,///wz.m
X Y
NV
N-

et par suite (Z';s';a') = (Z;s;a'f).

Pour tout ﬁNwwvm”ovHx considérons 1'application
A : ; H
Z:s) W<AN.mv - manMAx.wu

qui 3 un élément (Z;s;a)€ m&ANumv associe sa classe d'équivalence

dans zx m\m .

Si f : (Z;8) » (Z2';s') est un morphisme de HN il est immédiat,

d'aprés ce qui précéde, que le diagramme
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w&@._ 38"

Av
Fe(B) Hom, (X;Y)
>
X

. (Z3s8)
mAAN.mU

est commutatif, Il en résulte que man (X;Y) est un F_-cBne inductif

Y
z
([Jp], chap VI, §1). Ce mxlnmnm inductif est universel. En effet
soit :._ANumv H M%ANwmu - zvammv movﬂx un mxtoonym inductif; donc si
- . .ot V.oal.at = caegl
f:(2;8) » (2';8') on a :AN_wm.VAN 38'sa') tAN“mVAN.m.m £).
11 faut construire une application m : :oBﬁ (X;Y) » M telle que,
T
pour tout (Z;s) mowax. le diagramme
Hom, (X;Y)
A H
@is) " Cx
1
(1.15.1) F (Z;8) ''m
tANwm

soit commutatif.

Soit 0 € moan (X;Y); choisissons un représentant (Z;s;a) de a et
z
posons m(a) = tAN.mVANmmw.wvm cette définition est indépendante du
2
choix du représentant. Ainsi l'application m est bien définie et elle

est clairement l'unique application qui rend commutatif les diagrammes

(1.15.1). On a donc ([JP], idem)

mosn X;Y) = “_.|.w :anANumv
z Hx

1.16 THEOREME : Si € est une catégorie additive alors GM est une

catégorie additive et le foncteur canonique wM est additif.

17 I,1.18
1.17 Pour simplifier on démontrera ce théoréme dans le cas
particulier oii le systéme multiplicatif I satisfair la condition

supplémentaire suivante :
(1.17.1) Si s€ZX et si su€Z alors u€ .

Cette condition entraine que, dans 1'axiome FR2, si u,s€X alors
t,v€EI. De plus, dans le diagramme (1l.4.1), qui définit la relation

d'équivalence = , les morphismes p et p' sont dans X.

On notera que la condition (1.17.1) sera toujours satisfaite dans

les catégories que nous aurons a localiser dans la suite de ce travail.

La démonstration du théoréme repose maintenant essentiellement

sur le lemme suivant.

1.18 LEMME : Supposons que la catdgorie € est additive et que le
systéme multiplicatif ¥ satisfait la condition (1.17.1). Alors pour

tout X,YEObL_ , 1’ensemble Hom
px nM

(X;Y) est muni d'une structure de
groupe abélien.

Y
Démonstration : Soit (U;s;a), A<"nw5mZN ¥ A 1'aide de FR2 on
»

. t . .
vmcnnosv“_.mnmnwmmvmmnm_ﬂum U—=+ X =V en un diagramme commutatif

et obtenir ainsi le diagramme

Y
b w.\
<M|M|vm\ a
nw x fu
“ ¥
N]WIIG

ol X = su = tv€L et y = autbv€ EOBOAme . On obtient ainsi un &lément
Amwxwwvmzx v Supposons que (U';s';a') = (Ujs;a); on a donc un
»

diagramme commutatif
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19

ol M = ru = tv et “ - Bﬂ#ﬁvﬂo

Avec (U';s';a') et (V;t;b) on peut construire comme précédemment

un élément (S';x'; y') m}n.m ;on a donc un diagramme
»

On en déduit les

ol x' = s'u' = t'v' et y' = a'u’ + bv'. On affirme que

(5';x";y") = (S;x;y); il faut donc démontrer que l'on a un diagramme

commutatif
. S
x/ + N .
7 g et finalement le
(1.18.1) %~ w- Ty

]
N _n\
* A
_Vm. Y

On commence par construire, avec (T;r;m) et (V;t;b) un élément

(S;x3y) mzx y son a donc un diagramme
2
171

ww _ i
N-— < «-<-—-N!
N + 35 ZH
R Y ds
.:" v .:
¥
§ — v A).|-m-
v v
j i
2 2
S - N S'+-L-N!
) 12 , 12
B ] 1!
:ﬁ 1, et u Jum
hd A4
U Aww U' «=— 5
pPu p'u
diagrammes commutatifs
h h!
1 1
N, «x~ N N! «-2- N!
1 i3 1 W3
i “h, et j! thA
1 v 2 1 v 2
§ N §' «5—N!
i, 2 i; 2
diagramme commutatif
L —
37
L ) 1]
HN—;N ) ~__w
¥
S «—=—N
HN:N 3

On a xi h k = Xi'h'k', donc d'aprés FR3 il existe

171

wE :oBaASnxv NE tel que i_h kw = i'h'k'w

y
b 7 1M1 1M
3
s w bk _ %
V=3 n W-2»v g ——5 352
—_ —_—
ﬂ% \K\ %G ith'k'
¥ 1M
X =1

1,1.18

Maintenant 2 l'aide de FR2 on obtient les diagrammes commutatifs
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Alors les morphismes z = x..._nrnwtm I, q= .mnwmwt. q' = umr_w.t et
= inrnwt rendent commutatif le diagramme (1.18.1).

Cela étant, soit a, mmmos Cn Y) représentés respectivement par

(U;s;a) et (V;t;b). On définit mHonm a+B € moan (X;Y) comme &tant la
T

classe d'équivalence de 1'élément (S;x;y) construit précédemment 3

¢ (X;Y) d'une
z
opération associative et commutative. L'&lément nul Q€ moan (X;Y) est
: z
la classe de 1'élément (X;l woumzun . Enfin si o€ Hom, (X;Y) est re-
X Y GM

présenté par (U;s;a), alors la classe d'équivalence de 1'élément

partir de (U;s;a) et (V;t;b). On munit ainsi Hom

(U;s;~a) définit 1'opposé de a.

1.19 Démonstration du théoréme 1.16. Il résulte du lemme 1.18

que Hom, (X;Y) est muni d'une structure de groupe abélien compatible

%

avec la composition des morphismes. De plus il est immédiat que si

u,vE mdBaQud alors mMA=+<V = mm?v%m?v.

On vérifie aisément que 1'objet nul dans € est 1'objet nul dans
nM.

I1 reste donc & vérifier que la catégorie ﬁM admet des sommes fi-
nies. Soit X,Y€ ovaM. Regardés comme objets de €, X et Y admettent

une somme Z, c'est-3-dire on a dans € un diagramme

P P,
x«* 72Xy
% Iy

= = + = . 1
avec vxax Hx. P dy H% et 4, Py 9yRy HN Appliquant le foncteur
wM 3 ce diagramme on voit, compte tenu des propriétés de MM. que Z est
aussi la somme de X et Y dans nM

1.20 PROPOSITION : Soit u€ moEnOnm&v ot £ est une catégorie
additive.

Les affirmations suivantes sont équivalentes :

a) P(u)
b) Il existe mmmoBﬁanxuaM tel que us = 0.
c) Il existe nmmoBﬁA&“N_vDM tel que tu = 0,

21 I,1.21

Démonstration : L'équivalence entre b) et c¢) résulte de FR3.
S 1 » .
oit mmmoenﬁn.xv NI tel que us = 0; on a P(u)P(s) = O donc P(u) = 0O

puisque P(s) est un isomorphisme.

Le morphisme P(u) est représenté par (X; H ju) mwwn ﬂ Si P(u) =

on a donc (X; H u) = (X3 H :0) d'ol un mwhmnuﬁuo commnutatif

1 X
\w\+ /
p s
s .0
Xe=—Z2— Y
a I
/ ; \
“_.un X 0
Ainsi a) implique b),

1.21 COROLLAIRE : Soit

un diagramme commutatif dans C._.

Il existe un représentant (R;s;a) de o , un représentant (S;t;b)

de B et 1 3 i
un morphisme m€ zoEnAw.mv tel que le diagramme dans ¢

n "=
[ad

0 o>

>
¥

S0it commutatif.

Démonstration : Seit (S;t;b) un représentant de B et (R';s';a")

un repré = -
présentant de a. On a donc o = wMAm.VomMAm.v L et
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-1 ...
B = MM?V oMMAnv si bien que 1'hypothése donne

PL(DP(0) B (w) = PL(u)P (a )R (M) L.

D'aprés FR2 on a un diagramme commutatif

w_ _ 1

- s

r NT

R'——— Y
us

On en déduit le diagramme

x—2 vy

m.ﬂ_w %n
mﬂ:k s

vl b

X' ——— ¥

dans lequel le carré supérieur est commutatif. Compte tenu de
H.T ﬂT/ 10 - t ] -

ypothése MM a donc wMAc a'r-bn) mMnc vaAm VMMQ.V vM?vana
P P ' -
s P07 P (WP (s )P ()P (B2, (n)

-1
wMavvannv MMAnvanwvlenvvaanu = 0.

Donc il existe r' mmosn;uw..v:M tel que u'a'rr’ = bnr'. On pose

s =s'rr'€X, a=a'rr' et m = nr'

1.22., COROLLAIRE : Si u€ moanoﬁmv est un monomorphisme

(respectivement épimorphisme) alors mMﬂcvm moEn (X:Y) est un

monomorphisme (respectivement épimorphisme). z

Démonstration : Soit ¢,BE€ xan (Z;X) tels que mMAch = mMncvm.
z
Compte tenu de FR2 on peut trouver des représentants de a et § de la

forme (W;s;a) et (W;s;b) respectivement. On a donc
-1 -1, . B .
MMAcvaAMVMMAmV = m.M?VmMAdumemv d'ou mM?ml:vV = 0, Donc il
existe t€ mcﬁn {(V;W)N I tel que uat = ubt. Comme u est un moncmorphisme
z
on a donc at = bt d'ol P(a) = P(b); donc & = B . Ainsi wM?v est un

monomorphisme. La démonstration est analogue dans le cas d'un

23 I,1.24

épimorphisme.

1.23 Soit B une sous-catégorie pleine d'une catégorie €. Si Mm

est un systéme multiplicatif dans € posons Mm = FL(B) :Mﬁ.

Si I. est un systéme multiplicatif dans B on peut alors définir

B

la catégorie localisée B_ et le foncteur canonique P : B> B_ .
Xy g Zp

Le foncteur d'inclusion B » € induit un unique foncteur mM qui

rend commutatif le diagramme

ha~]
o’
W W

En effet cela résulte de la propriété universelle du foncteur mM

P B
e
puisque le foncteur composé B-»C—mm ﬁM transforme évidemment

[

les éléments de X, en des isomoxphismes de €_ .
B T, .
1.24. PROPOSITION : Supposons que 1'une des conditions suivantes

est satisfaite :

1) Pour tout mmmoaaord N
Z € ObB, tel gue mmme .
ii) Pour tout mmmoEnan&v NE ol XEObB, il existe mmmanQmNY ol
Z€ ObB, tel gue fs€L

¢ oll YE ObB, il existe f€ mosﬂnNmN? ou

8

Alors le foncteur T_ : B_ - €_ est pleinement fidéle (si bien
T z z
B (o
que B, s'identifie 4 une sous-catégorie pleine de nM ).

3 €

Démonstration : Soit X,YE ObB; il faut montrer que 1'application

moa,m (X;Y) - Hom, Qmﬁénmmgv
by

B Iy

est bijective.
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Soit a.B€ :Quw (X;Y) représentés respectivement par

(Uss;a), Acnnwvvmv»w ¢+ Supposons que F 30 F Amu Or F AQV et

F Amv sont représentés respectivement vmﬂ (U;s; mvmv% v ©

Ac n.rvmxunn ¥ si bien que 1'on a un diagramme commutatif dans [
s

U
3 4 a
\.v//
PIE I
1
_/hmv_
t Ny

D'aprés i) il existe f : S » T avec SEObB tel que rfe€ Mw.
On a alors un diagramme commutatif dans B

U

*

1

]
xTﬁm-,w <L

+

v

donc o = B dans uMw.
Maintenant soit B € Hom

€, (Fg (X)3F5(Y)) représenté par

ANwmwSm:M.m. ¢

D'aprés i) il existe f : W — Z avec WE ObB tel que sfEX

B
o€ moEm (X;Y) le morphisme représenté par (W;sf;bf) mv% ¥ On a dans
Mu »

€ le diagramme commutatif

Soit

7 _m/

x5 g bE

Sl

donc mMAQv = B dans aMn

Dans le cas ol la condition

définition équivalente duale des

25 1,1.24

ii) est satisfaite on utilise la

morphismes dans la catégorie localisée.



§ 2. LES CATEGORIES TRIANGULEES

2.1 Soit € une catégorie additive.

Un foncteur additif T : € - € qui est un automorphisme de caté-

gorie sera appelé un foncteur de tramslation.

Soit € et €' deux catégories additives munies respectivement des
foncteurs de translation T et T'. On dira qu'un foncteur additif
F : € - €' est compatible avec les foncteurs de translation (ou est un

foncteur gradué) si FoT = T'oF.

Si F,G : € » €' sont deux foncteurs gradués, alors un morphisme de
foncteurs gradués est un morphisme de foncteurs ¢ : F - G tel que pour
tout X€ Ob€ on ait un diagramme commutatif

Fa) 22X, o)

T'(FX)) — o T

FE) oy T EE)

dans lequel les fléches verticales sont des isomorphismes canoniques.,
m.momo:unocnszcnsoanmanwm =wmﬁmwnmnmamﬂ.

‘2z n . .
Considérons un foncteur F ;:€-+D; on posera F = FoT". En particulier

pour tout X,Y€ ObC on posera
:QBbeuﬁ = moBGanHanv

Soit X,Y,2€ 0bf, u€ :oEanuﬂv et v€ onpAwan. On définira

+
veu € moBv ACSNV en posant vou = Hﬁ?&o:.

27 1,2.5
2.3. Soit € une catégorie additive munie d'un foncteur de
translation T.

Un triangle dans € est un sextuple (X;Y;Z;u;v;w) ou X,Y,Z €0bC,
u € Hom~ X;Y), v€ moEoQ ;Z) et w€ :oEHAN 3X) .

Un triangle est représenté@ par une suite dans €

x-S y-Yoz Yo

ou par un diagramme

Z
I
X — o> Y
u .

dans lequel le morphisme w est de degré 1.

2.4 Un morphisme du triangle (X3;Y;Z;u;v;w) dans le triangle
(X';Y';2';u";v";w') est un triple (f;g;h) de morphismes f € moBGAxwx.v .
g€ manA%QJ et h€ moBGANnN.v tels que le diagramme

X —2—y Yz ¥ r(0)
‘

£ g h T(f)
1

N.|C_l M.|<|-Iv N?dlv H.Cn.v

soit commutatif,

2.5 Une structure triangulde sur une catégorie additive €
consiste en la donnée d'un foncteur de translation T et d'une famille
T de triangles, appelés les triangles distingués, qui vérifie les

axiomes suivants :

TR1 : a) Tout triangle isomorphe @ un triangle de T appartient 4 T.

b) Tout morphisme u€ =QBGQm5 est la base d'un triangle
(X;Y;Z3u;v;w) ET.
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c) Si XEObC alors Cmuxuo;x“oue €T.
TR2 : (X;Y:Z;u;viw) €T si et seulement si (Y;Z3TX) svws-T@)) € T.

TR3 & S1(KYsZiusviw) €T et (X'3¥752"5u" v w') €T et si £ € Homg (X3X")

et mm:oBﬁQQ..v vérifient gu = u'f, alors il existe
h€Hom, (Z;2") tel que (fig;h) : (X5¥3Z3usviw) - (X'5¥732'5u" ;v" W)
soit un morphisme de triangles.

u v w

X——y s 7 —¥ 1(x)

(2.5.1) f g h! Faﬁv
¥
X' Y 2 TR

TR4 : Etant domnnés (X;Y3;2'jujviw) € T, (Y:Z;X";u';v';w') €T et
(X:Z;Y'5u™v™;w") €T tels que u" = u'u, il existe mmmoBaAN_uw.v

et mm:anAw..wN.v tels que (Z';Y";X";f;g;T(V)W') €T et tels que

:xu:.umv et Acwwnmmv soient des morphismes de triangles

u A4

X——y — .Ilaec

1 u' f aec

.'“nv HANV

Z

|

\

¥

X'

'

_ T{(u)
M '
Y—— 72 —— N.l#.v T(Y)
T(v)w' @ T(v)

ENJ

2.6. Remarques :

i) En vertu de TRl b) et de TR2 tout morphisme de € est le premier ou

le deuxime cGté d'un triangle distingué.
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ii) En vertu de TR2 et TR3 si (X;Y;Z;u;v;w) ET et
(X';Y";2';u'5v w') ET et si g€ moanﬁk.u et h€ moanﬁmn.u
vérifient hv = v'g, alors il existe mmzoEaCSN.v tel que (f;g;h)

soit un morphisme de triangles.

2.7 Remarque : Une discussion détaillée des axiomes précédents,
en particulier de l'axiome de 1l'octaddre TR4, se trouve dans ([ES];
§1.1). On notera aussi que les triangles distingués sont parfois appe-

1és des triangles exacts.

2.8 PROPOSITION : La composition de deux morphismes consécutifs

dans un triangle distingué

£

L

/s

|

est le morphisme nul.

Démonstration : D'aprés TR2, il suffit de montrer que vu = 0.
En vertu de TR2, TR1 c) et TR3 il existe un morphisme h€ =QBGG.OCNOV
tel que le diagramme

=T (u)

YV 2 - rx) —2 T(Y)
v o1, 'h T(v)
1
¥
Z——> 22— 00— T(2)

HN o o

soit commutatif, On a donc T(vu) = 0 d'ol la conclusion puisque T est

un automorphisme de catégories.

2.9 Soit € une catégorie triangulée et A une catégorie abé&lienne.
On dit qu'un foncteur additif F : € » A est un foncteur cohomologique

=

si F associe 3 tout triangle distingué

2y Nz
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dans € , une suite exacte longue

X
e PR =S PR S B z) E p g

e

dans A.
2.10 PROPOSITION : Pout tout ME Ob€ les foncteurs

=8_n§u|v : ¢ - Ab
et
mosa?“zu : € - Ab

sont des foncteurs cohomologigues.
Démonstrati : Soi N v .4 i isti é
on : oit X Y — Z -~ T(X) un triangle distingué

dans €. D'aprés TR2 il suffit de montrer que la suite

r—* C*

manA:“Nv — :anAz“mv — =anAszv

est exacte dans Ab,

La proposition 2.8 montre déji que vy, = 0. Soit p€ Kerv_ ; en
vertu de TRl c) et de la remarque 2.6. ii) il existe un morphisme
yE moBanz“kv tel que le diagramme

M, 0, .0

M—> M— 0 — HQC
! i

Vo9 0 ' T()
v H

X —
w TR IW

801t commutatif; on a donc u, W) = ¢; ainsi Kerv, c Imu,. La démonstra-

tion est analogue pour le deuxizme foncteur.

2,11 COROLLAIRE : Si, dans la situation de 1'axiome TR3, les
morphismes £ et g sont des isomorphismes, alors h est aussi un iso-

morphisme.

3l I,2.13

Démonstration : Appliquons les foncteurs cohomologiques :oBﬁAN.ulv
et :oanﬂlnwu au diagramme (2.5.1). On obtient ainsi les diagrammes

commutatifs suivants dans lesquels les lignes sont exactes

. .+moeo§. 3X) > :oaoAN. 3Y) > =oBoAN. 32) > Eﬁoﬁ. sT(X)) +moan§. sT(Y) ).

£y g L (), T(g),
- .~Homg (2" 5X")~Hom, (2" 3Y")~Hom, (2" ;27 )~Hom, (2" s T(X*) ) ~Hom, (2°;T(Y").>. .
et

.. moBﬁSQVwNu.vmoEnA.HCCuNV.vmoEﬂAN“Nv.vmanQmNu + moBHCFNv e

T(g)* T(f)* h#* g* f*

. .+moaoSQJ ;2)~Hom (T(X') mNT:oanAN. 12)~Hom, (¥';2) > Hom (X'32) > ...

D'aprés le lemme des cinq h, et h* sont des isomorphismes.
I1 existe donc des morphismes @,y € EOEGANJNV tels que r*nev = HN. et
* =
h* () wN

est un isomorphisme.

. Or si hy = HN. et Yh = wN on en déduit que ¢ = Y donc h

2.12 Soit € et €' deux catégories additives triangulées. On dit
qu'un foncteur additif F ¢ € » €' est un o-foncteur si F est un
foncteur gradué et si F transforme les triangles distingués dans € en

des triangles distingués dans €',

2.13 Soit € une catégorie additive, triangulée par la donnée d'un

foncteur de translation T et d'une famille T de triangles distingués.

o
La catégorie opposée € est alors munie canoniquement d'une
structure triangulée, définie de la fagon suivante. Le foncteur de
~ o —~ -
translation T sur € est défini en posant T = T H. Il en résulte que

pour tout X,YEObC = ovno et pour tout n€Z, on a un isomorphisme

Homg.o (Y TN X)) = xoanaauax .
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La famille T des triangles (X;Y;Z;u;v;w) dans no tels que
(Z;Y;X;w;iviu) €T constitue alors 1a famille des triangles distingués

-]
dans € comme on le vérifie aussitdt.

2.14 Soit € une catégorie additive, triangulée par la domnée
d'un foncteur de translation T et d'une famille T de triangles distin-
gués,

Soit I un systéme multiplicatif dans € . Le systéme multiplicatif
L est compatible avec la structure triangulée de € si en plus de FRI,

FR2 et FR3 la famille I vérifie les deux propriétés suivantes :

FR4 : s8€Z si et seulement si T(s) € L.

FR5 : Si, dans la situation de 1'axiome TR3, les morphismes f,g€ ¥,
alors h€ I.

2.15 THEOREME : Soit € une catégorie additive triangulée et ¥ un
systéme multiplicatif dans € compatible avec la structure triangulde
de €. Alors la catdgorie localisde nM est munie d'une structure
triangulée telle que le foncteur canonique P_ ;: € - nM soit un

T
9-foncteur.

Démonstration : D'aprés FR4 et la propriété universelle de H.M il

existe un unique foncteur T_ tel que le diagramme

z

€
i
c--

p2

—Te
P
L

z

M

soit commutatif et .HM est évidemment un automorphisme de catégorie.

Alors ._.M sera le foncteur de translation dans nM . Maintenant soit
ﬁM la famille des triangles (X;Y;Z;o;B;Y) dans GM qui sont isomorphes
& 1'image par le foncteur wM d'un triangle distingué dans € . Le

théoréme 2.15 est alors une conséquence immédiate du résultat suivant .
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2.16 LEMME : La famille ﬂM vérifie les axiomes TR1,TR2,TR3 et
TR4.

Démonstration :

TR1 : a) et ¢) sont &évidents.

b) Soit o€ mosn (X;Y) représenté par (Z;s;a) me v I1 existe
M »
dans € un triangle distingué

z—2 v 2y S 1(2)

On a alors dans nM un diagramme commutatif

P_(b) T_P_(s)P_(c)
X Qo " b W MMM by N .HMCC
mM.ﬁmu w; L .HMAmMAmV )
z Y W > T_(Z)
anwv mMAS mMnov z

dans lequel les flé&ches verticales sont des isomorphismes; donc

AxnfsmﬂwwMAvv waMwMvamMonu € ﬂM.
TR2 est évident.
TR3 : Soit (X;Y;Z;a;B;Y) mﬂM et Q.“n.wu_na.nm.“fvm.ﬁm“ il existe donc

des triangles distingués (A;B;C;u;v;w) et (A';B";C';u';v';w') dans €

tels que, dans nM » les diagrammes

x—2 .y B »ﬂ (0

£ n nw am@

A3 (u) B P ?.v» ¢ P ?u» amgv
X by b
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et
1
= g B Y T (X")
3 . :
. . T_(5")
Al B' > C'
Po(u’) Py(v') ¢ Po(w) Tg@h

soient commutatifs et les fléches verticales soient des isomorphismes.

Supposons que l'on a, dans nM , un diagramme

2y B, ¥, T, (X)
® ¥ Ty ()
x- Q.-F 4.. m- N- J\‘ T Ax-v

dans lequel le premier carré est commutatif, On en déduit, dans nM. un

diagramme
P_(u) P_(v) P_(w)
A x - B 2 c x > T_(A)
b3
grge ! n'yn L amﬁm.emnpv
A L A 1 1
Ay ® P D) ¢ PG) T (&5

dans lequel le premier carré est commutatif,

D'aprés le corollaire 1.21 on peut trouver un représentant (R;s;a)
'H . -
de £'@f 7, un représentant (S;t;b) de n'yn ! et un morphisme

m€E =oBaAwumv tels que, dans le diagramme en traits pleins

A B > C -+ T(A)

)
LM L~ T2 ﬁ T(s)
R—2 § = == M - - => T(R)

les carrés soient commutatifs,
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D'aprés TRL b) et TR3 on peut compléter ce diagramme en traits
pleins en un diagramme de triangles et de morphismes de triangles et

d'aprés FR5 on a r EX, Soit p € Hom,, (C;C') la classe de (M;r;c) m;o o't
14

z
Alors le morphisme O = n.lwonm~rs=n (Z;2') rend commutatif le
z
diagramme
x 2, y—B8 . Y 1 ()
| X

[0 1\ m" .H.Mﬁev

¥
1] N ] 1 4
X ¥V 2 Ty (X")

TR4 se vérifie suivant le m@me principe.

2.17 Soit B une sous-catégorie pleine d'une catégorie triangulée
€. Alors B est une sous-catégorie triangulée de € si les deux conditioms

suivantes sont satisfaites :
a) B est stable par le foncteur de translation de €

b) pour tout triangle de € dont les deux premiers sommets sont des

objets de B alors le troisiZme sommet est aussi un objet de B.

2.18 PROPOSITION : Soit € et €' deux catégories triangulées et
F:€ - €' un 3-foncteur plein. Si X » Y » Z » T(X) est un triangle dis-
tingué dans €' dont les deux premiers sommets (respectivement les deux
derniers sommets) sont iscmorphes & des objets de 1'image de F, alors le
troisiéme sommet (respectivement le premier sommet) est isomorphe a un

objet de 1'image de F.

s

Démonstration : C'est une conséquence immédiate des propriétés

TR1 b) et TR3, du corollaire 2.11l, et des remarques 2.6.



§ 3. LA CATEGORIE C(A)

3.1 Soit A une catégorie.

Un A-objet gradué est une famille X° = AM . d'objets X' de A;

i€z
1'objet x* s'appelle la composante de nmmnm i de X°

Soit X' et Y' deux A-objets gradués et soit un entier p€Z. On
note Hom' Ax ;Y') 1'ensemble des morphismes mum&:mm de degré p,
c mmﬁlwlm:m 1'ensemble des familles u = ? }. iez de morphismes
u mmoﬁ Cm <H+vv

Soit X*,Y",Z° des A-objets gradués, u€ mQEwAN.n&.v et

. - Qo0 . i i+

vE manQ 3Z2%). On définit <=mm09u aOn ;Z2°) en posant Accvw L

pour tout i€Z,

3.2 Soit A une catégorie additive.

Un complexe d'objets de A est un couple (X°;d u formé d'un
A-objet gradué X' et d'un morphisme gradué a mxos (X';X") tel que
nxmx = 0. Ce morphisme ux 8'appelle la u»mmmugnpm:m du complexe.
Lorsqu'aucune confusion n'en résulte on écrit d au lieu de ax et on
peut: méme omettre d'indiquer la différentielle dans la donnée du
complexe . De plus un complexe est souvent représenté par une suite

oo o xPTL 4, 4P 4, il

Si Cn.waxv et Q.."mw.u sont deux complexes d'objets de A, un

morphisme de complexes u : (X° p&xv -+ Q.wmﬂv est un morphisme gradué

o - -
u€ Hom (X";Y") tel que ﬁmc = me.

Les complexes d'objets de A et les morphismes de complexes forment

une catégorie que l'on désigne par C(A).
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3.3 PROPOSITION : Si la catégorie A est additive (respectivement
abélienne) alors la catégorie C(A) est additive (respectivement

abélienne).

Démonstration : La démonstration, complétement &lémentaire, est

laissée au lecteur.

3.4 On note no : A - C(A) le foncteur additif pleinement fidéle

qui 3 un objet X de A associe le complexe (C_(X);d ) défini en
0 oooc

posant

H -
nooc = et aococ

3.5 Soit A une catégorie abélienne.

Pour chaque entier k€Z on définit un foncteur additif
uk : C(A) » A en associant a chaque objet (X';d v de C(A) 1'objet

_nmna : Nw - xw,..__.v

Heawuf *1, xf

m_ncﬁ.v de A .

On obtient aisni un §-foncteur exact Hx = ﬁmw_.rmN appelé

foncteur de cohomologie.

3.6 On dit qu'un objet (X';d u de C(A) est acyclique si
m (X*) = 0 pour tout k€Z.

3.7 On dit qu'un morphisme u€ mou_ngu x- A ) est un isomorphisme
homologique (en abrégé h.i.) si : Acvmmoa Am XxX*); m (Y')) est un

isomorphisme pour tout k€Z.

On notera que les isomorphismes homologiques sont appelés des

quasi-isomorphismes par certains auteurs.

(Dans les diagrammes on écrira X’ lmlv Y' pour indiquer que u est

un isomorphisme homologique ).



I,3.8 38

3.8 Soit A une catégorie additive et soit c.<mmc§onrv

On dit que u est homotope & v (et on écrit uw) s'il existe un

X"3¥°).

morphisme gradud k€ Hom ~(X';Y") tel que u-v = awr + rux. Ce morphisme

k s'appelle un opérateur d'homotopie.

3.9 On vérifie aisément que la relation d'homotopie est une
relation d'équivalence dans 1l'ensemble moso @A
avec la structure de groupe abélien de mann»v (X°;Y'). De plus

1 vy =
l'ensemble MOA>V (X°;Y") {ue ~._o-.=nQc
du groupe Hom (X"3Y°).

C(A)

Enfin la relation d'homotopie est compatible avec la zomposition des

) (X';Y"), compatible

(X";¥")lu~0} est un sous—groupe

morphismes.

3.10 On dit qu'un morphisme u€ EQ__GCC

lence d'homotopie s'il existe un morphisme v€ mosngv (Y';X") tel que

(X*;Y') est une équiva-

vu~ H%. et uv~ Hm..

3.11 Supposons que la catégorie A est abélienne. Il est facile
de voir que si u~v alors mr?& = mr?v pour tout k€Z. Il en résulte
que s5i u est un isomorphisme homologique, alors tous les éléments qui
se trouvent dans la classe d'homotopie de u sont aussi des isomor-

phismes homologiques.

3.12 Soit A une catégorie additive.

On désigne par n+;v (respectivement ntgv.nmmvmnn?gmvn nvﬁ»vv
la sous-catégorie pleine de C(A) formée des objets X* de C(A) pour
lesquels il existe un entier k€Z tel que x_.. = 0 pour tout i<k
(respectivement i>k, respectivement |il>k). Les objets de o+¢5
(respectivement C (A), respectivement n_ugvv s'appellent les complexes
bornés inférieurement (respectivement bornés supérieurement,
respectivement bornés). On notera que ovgv = n+9€ nc (A). Pour
désigner l'une ou l'autre des catégories C(A), 0+QC , C (A) ou
anxv on écrira souvent C*¥(A) (l'indice * pouvant donc prendre les

valeurs @, +, — ou b).
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3.13 Les résultats de ce paragraphe se généralisent aisément aux

multicomplexes.

On va développer briévement le cas des bicomplexes. Soit A une

catégorie additive.

Un A-objet bigradué est une famille X" = Axp.uyw.wmﬁ ot X1 € ova.
»

On note mOBn.nOn: ,Y" ) le groupe abélien des morphismes bigradués
de bidegré (p;q), c'est-a-dire l'ensemble des familles

.. .. ...+.+

:u?w..:.. mmEonvrmemm c».._mmoanxfuwnwvlnv.
i,j€EZ A

Un bicomplexe d'objets de A est un triple (X~ wnwwmmv formé d'un

H.OAN.. X)) et

0,1, w o - - -
mwm Hom (X X ) tels que nHmH 0, mwnm 0 et uHaNi_mnH 0.

A-objet bigradué X" et de deux morphismes mwm Hom

Un morphisme de bicomplexes u : (X" nmwwmwv -» (Y7;d wamv est un

1

morphisme bigradué u€ moEo.oAN:nx:u tels que QH: = :mw et anc = :am.

Les bicomplexes d'objets de A et les morphismes de bicomplexes

forment une catégorie que l'on désigne par C''(A).

3.14 On définit un foncteur additif s : C"(A) -» C(A) en associant

a un objet Ax..wmimwv de C”(A) le complexe (s(X'");d) obtenu en posant

sxHP =9 xisJ erd =d +d,.
i+j=p



40

§ 4. LE CONE D'UN MORPHISME

4,1 Soit A une catégorie additive. On définit un foncteur de
translation T : C*(A) - C*(A) (* = §,+,-,b) en associant 3 tout
objet AN.NQNV de C*(A), le complexe AHAx.VwaHAN.VV obtenu en posant

i s . _

T(X*)" = Xi+l pour tout i €Z et aahx.v = nx. .
4.2 Soit X°,Y° €0bC*(A). Les A-objets graduds Y' et T(X') onmt

une somme directe Y'®T(X') qui est caractérisée par le diagramme

. v&. . . UN. -
Y'e— Y 8 T(X") — T(X")
qy- ay-

ol les fléches sont des morphismes gradués de degré 0 qui vérifient

les relations
v&.&&. H Hﬁ. . ﬂN.ﬂx. H HHAN.V

= . . =0
Py-dy- = 0 Py

A&.v<.+nx.wx. = HA.QHAN.V

On notera que l'on peut identifier vx.w un morphisme gradué
: Y'8T(X') = X° de degré +1 et nx.w un morphisme gradué
.t X' 2> Y'OT(X') de degré -1.

4.3 Soit u€ Hom (X*;Y"). On appelle cdne de u 1'objet

Ck ()

Anrpmcv de C*(A) obtenu en posant
C' = Y'OT(X")

u

4, (ysx) = (dy+u(x) ;-dx)

41 I,4.8

4.4 Le cOne de u définit un triangle dans C*(A)

(4.4.1) x5y —L o P x)
oli g = pm.mn p= vx..

4.5 LEMME : La composition de deux morphismes consécutifs dans le

triangle Ax.pw.mohm:wawvv est homotape & 0.

Démonstration : Par définition on a pq = 0. Pour voir que qu~0
(respectivement up~0) on prend comme opérateur d'homotopie le
morphisme Q- X" 5 Y'oT(X") (respectivement Py Y'OT(X') »¥")

considéré comme morphisme de degré -1.
4.6 LEMME : Pour tout X' € 0bC*(A) le céne C'

Hx.

est homotope au

complexe nul 0.

Démonstration : Les morphismes Ho. . om~#EE*A»VA0H .unH .
HN. X X
homotopes, 1'opérateur d'homotopie k€ :oaluﬁN.OHAN.V“x.oHAx.vv étant

) sont

donné par k(x';x") = (0;x').

4.7 PROPOSITION : Soit :.<m=oan,..$v9.mm.v. Si u~v alors il
existe un isomorphisme de complexes T : OL - o« tel gue Tq = q et

pT = p.

Démonstration : Soit k 1'opérateur d'homotopie entre u et v, Le
morphisme T est défini en posant T(y;x) = (y+k(x);x), son inverse

étant le morphisme T'(y;x) = (y-k(x);x).
4.8 Supposons dorénavant que A est une catdgorie abélienme.

PROPOSITION : Au triangle (4.4.1), défini par le cdéne nb d'un
morphisme :mwmoao*A>UAx.uA.v. est associé une suite exacte longue de

cohomologie

e B ) 2wy B gy

dans A.
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Démonstration : A la suite exacte courte dans C*(a)
0-»y—9% o,.hlm.v T(X*) + 0

est associde la suite exacte longue de cohomologie dans A

R I «; )P By =5 By - L.

Soit £€ HS(T(X')) = B!
on a p(0;x) = x et q(ux)) = acﬂowunr donc 6(&) = [u(x)]. Ainsi

§ = uk,

(X") représenté par un cocycle x€ X

4.9 COROLLAIRE : Si u€ mon_.n#QC

homologique alors le céne n_”— est un complexe acyclique.

(X':Y') est un isomorphisme

4.10 PROPOSITION : Soit

(4.10.1) o+ x—Hy-—Yz 50

une suite d’'ocbjets et de morphisme de C*(A) et soit o—.— le céne du

morphisme u.

i) si vu = 0 il existe m€ Hom

Cx (A) Anp.uwN.v tel que mq =

ii) Si la suite (4.10.1) est exacte alors m est un isomorphisme ho-

mologigue.

1ii) Si de plus la suite (4.10.1) est semi-scindée, alors m est une

équivalence d'homotopie.

Démonstration :

i) Le morphisme m est défini en posant m(y;x) = v(y).

ii) Considérons le diagramme commutatif

43 I,4.10

0> x—2 vy 2% 0

Hx. |F~. m

X— Y — n — T(X")

-u - -q -p

Les suites exactes longues de cohomologie fournissent le

diagramme commutatif

ST s gy S By S i ey B § vy,

m*

i Ly chc Laeny

X o W) o B e B re)-.

u* Iﬂ*

= T —p

Il résulte alors du lemme des cinq que m* est un isomorphisme.

Soit s : Z° - Y' une application linéaire de degré 0 telle que
us uHN

Soit z€ Nww comme v(ds(z)-s(dz)) = 0 il exsite un unique xm«w.@
tel que u(x) = ds(z)-s(dz). On définit alors un morphisme

n€ :oB cx (A) z*;c’ v en posant n{z) = (s(z);-x). Il est clair que
mn = HN. .
. k ' oy Jk+1 —

Si (ysx) €C on a mm(y;x) = (sv(y);-x') ol x'€X est 1'unique
é€lément tel que u(x') = dsv(y)=-s(dv(y)). Pour voir que nm~ Ho.
u
définissons un opérateur d'homotopie k€ :oslwﬁo_.kpoﬂ.uv en posant

k

k(y;x) = (0:;X) ol x€EX' est 1l'unique &lément tel que

u(x) = y-sv(y). On a dk(y;x) = (u(x);=dx) = (y-sv(y);-dx), et
kd(y3;x) = k(dy+tu(x);-dx) = (0;x'+x+dx) car u(x'+x+dx)
dy+u(x)-s(dv(y)) = dy+u(x)-sv(dy+u(x)). Ainsi (dk+kd) (y;x)

(y-sv(y);x+x') = Cn.lgv (yix).
u



§ 5. LA CATEGORIE K(A)

§.1 Soit A une catégorie additive.

En vertu des résultats du No 3.9, on peut définir une catégorie
K(A) dont les objets sont les complexes d'objets de A et dont les
morphismes sont les classes d'homotopie des morphismes de complexes.
Plus précisément ObK(A) = ObC(A) et pour tout X°,Y’ € ObK(A) on pose

n .yt
EOJACCOw. Y") uM'O[mnwluvnmm&llﬂw.lva .
C(A) ’

Un morphisme dans K(A) est un isomorphisme si et seulement si il

admet un représentant qui est une &quivalence d'homotopie dans C(A);

mais alors tous ses représentants sont des équivalences d'homotopie.
5.2 PROPOSITION : La catégorie K(A) est additive.
Démonstration : On utilise les résultats du No 3.9.

5.3 On note h : C(A) -» K(A) le foncteur additif plein qui est
1'identité sur les objets et qui 3 une fléche de C(A) associe sa

classe d'homotopie dans K(A).

En composant ce foncteur avec le foncteur no du No 3.4 on obtient

un foncteur additif pleinement fidéle que l'on note encore
oo ¢t A - KQA).

5.4 Supposons que A est une catégorie abélienne, D'aprés le

No 3.11, le foncteur mw du No 3.5 se factorise a travers h pour

donner un foncteur encore noté mw

mr
C(R) |l||||¢v»

V/ ik
7/

K(A)

5.5 Un morphisme dans K(A) est un isowmorphisme homologique si et
seulement si il admet un représentant qui est un isomorphisme homolo-
gique dans C(A); mais alors tous ses représentants sont des isomor-

phismes homologiques.

: '
5.6 Soit u,u m:oEoAbu

e ' < - a . .
Gm”mosNA»VAN ;3Y'). D'aprés la proposition 4.7 le cOne o: est isomorphe

(X';Y') deux représentants d'un morphisme

0 d'un morphisme

au cdne aw.. Ainsi dans la catégorie K(A) le cOBne C

¢ n'est défini qu'd isomorphisme prés.

5.7 Remarque : En général la catégorie K(A) n'est pas abélienme.
En effet soit A une catégorie abélienne admettant des extensions non

triviales, par exemple A =Ab la catégorie des groupes abéliens.

Soit u€ =oE»Axn&u. A l'aide du foncteur C, on peut considérer

cm”moawﬁwuﬂx.nx.v ol les complexes X' et Y' moMn concentrés en degré 0.
Supposons que ce morphisme u admet dans K(A) un conoyau (Z°;m). Puisque
le conoyau est unique 3 isomorphisme prés il est clair qu'on peut sup-
poser que le complexe Z° est concentré en degré 0. On peut donc con-
sidérer le couple (Z;T) dans A et par unicité du conoyau ce couple

(Z;1) est nécessairement le conoyau de u dans A.

Le c8ne nﬂ._ de u dans K(A) est bien défini et concentré en degré
-1 et O,

Considérons le diagramme

On a Tu = 0, donc d'aprés la proposition 4.10 i), il existe un

morphisme m : nb -+ 2" tel que mq = T, De plus d'aprés le lemme 4.5 on
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a qu = 0, donc il existe un morphisme n : Z° - ow tel que nT = q.

Comme 7 est un épimorphisme il résulte de ces deux relations que
mn = HN. Donc Z°' est facteur direct dans op mais comme Z° est
concentré en degré 0 on en déduit que Z est facteur direct dans Y.
Mais ceci contredit 1'hypoth2se que A admet des extensions non tri-

viales.

5.8 La remarque précédente montre qu'il y a perte de structure
lorsque l'on passe de la catégorie C(A) 3 la catégorie K(A). On peut
cependant mettre sur K(A) une nouvelle structure qui contiendra suf-
fisamment d'informations pour l'usage que nous en ferons par la suite.
Cette structure est celle de catégorie triangulée. Dans un certain
sens la notion de triangles remplace la notion de suites exactes qui

fait défaut dans K(A).

5.9 Soit A une catégorie additive.

11 est évident que le foncteur de translation T dans C(A) défini
au No 4.1, induit un foncteur dans K(A), encore noté T, qui sera le ’
foncteur de translation dans K(A), et qui vérifie la condition

hT = Th, oit h : C(A) -» K(A) est le foncteur défini au No 5.3.

5.10 Soit u€ moBoA»qu.w&.u. mnmvamncmanHmmoznnmcnrmc
triangle Ax.nﬂ."OP":wnnﬂv dans C(A) du No 4.4 on obtient un triangle
dans K(A) qu'on note encore, par abus de notationms, AN.wm.unbwcwpnvu

et qu'on appelle le triangle standard construit sur le morphisme u.

On remarquera que les triangles standards construits sur deux morphisme

homotopes sont isomorphes dans K(A).

5.11 Désignons par T la famille des triangles dans K(A) qui sont

isomorphes 3 un triangle standard. Autrement dit (X';Y ;Z°;a3B83y) €T si

et seulement si, il existe u€ Hom (X'*;Y'") et un diagramme commu-

C(A)
tatif dans K(A)
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sy —B 2 X,y
i
£ g h T(E)

X'"— ¥Y"'—Cc'— T@X'")

u q u p

dans lequel les flé&ches verticales sont des isomorphismes dans K(A).

TR1

TR2

5.12 PROPOSITION : La famille T vérifie les axiomes TR1,TR2,
TR3 et TRé.

Démonstration :

a) est évident pour transitivité des isomorphismes.

b) il suffit de prendre le triangle standard
(X

;Y wncucun“vu oli u€ moEoA»VAx 3Y') est un représentant de

Qe

¢) il suffit de remarquer que, d'aprés les lemmes 4.5 et 4.6,

le diagramme

Hx 0 0

X'—X"—> 0" —— T(X")

1. 1,. 0

X HHAN.V

X' X € —— T(X')
X a x P

est commutatif dans K(A) et la troisidme fl&che verticale

est un isomorphisme dans K(A).

Pour démontrer 1'implication dans le sens direct il faut
montrer que si Ax.wx.wnbw:pmwvu est le triangle standard

construit sur le morphisme u€ :cBonbVAx.wﬂ.v , alors le
triangle A&.unw“HAx.Vwamvulancvu est distingué. Soit nm le
cdne du morphisme q : Y - o% . Considérons dans C(A) le

diagramme suivant
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&.L-v On.-»|v|v T(X") %Y T(Y")

HHAA.V

Yo— ¢ ——C —— > T(")
q q 1 )

ol q = no_..- H o: - n:aaﬁ.m ) et p= v.—.Q.v : T(X') » ncoen& ).
Les morphismes de complexes r : T(X') - nm et r' : nm - T(X*)
sont définis en posant r(x) = (0;x;-u(x)) et r'(y:xiy") = x,
L v o
On a évidemment r'r HHAN.V. o
De plus ﬂﬂ_7\~n. , l'opérateur d'homotopie k € Hom Aom“nmv
q

étant défini en posant k(y;x;y') = (0:0;y). Ainsi r est une
équivalence d'homotopie. Enfin le premier et le troisiéme carré
du diagramme précédent sont commutatifs tandis que le deuxiéme
carré est commutatif i homotopie prés, l'opérateur d'homotopie
entre rp et m.mnmsn le morphisme k€ :oalwAnbwomv donné par
k(ysx) = (0;03y). Pour démontrer l'implication dans le sens
inverse on applique deux fois 1'implication directe au triangle
distingué (Y ;Z';T(X");B;Y;-T(a)) et on remarque que
(T(X");T(E)T(27)5=T(@);-T(R);-T(Y))ET si et seulement si
(X*:Y :2°;03B8:Y)E T, En effet il est évident que si un triangle
est distingué, il reste dinstingué lorsqu'on le suspend ou on
le désuspend. Il ne reste donc plus qu'd voir que si
u€ mosnnbvn%.um.v alors le diagramme dans C(R)

X2 v =4 ¢t B T(x")

|wahx.u

b

1. . 1
y 1y =
e

X'— Y¥'— ¢ — T(X)
-u q -u p

ol m : nw - om: est donné par m(y,x) = (-y:;X), est commutatif

et les flaches verticales sont des isomorphismes.

TR3

TR4
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. .y ' .
mow :mm.ﬂoan (a (X'5Y") et u meEn (R (X'";Y'") et supposons
qu'il existe des morphismes f : X* + X' et g : Y - ¥Y'" dans

C(A) tels que, dans le diagramme

—2sy 9, a,.u|F.- T(X")
p g h, T(f)

¢
X' Y n,._.|l. T(X'")

u q P

le premier carré soit commutatif 3 homotopie pr&s: notons
k t X' +Y'" 1l'opérateur d'homotopie entre gu et u'f, Le
morphisme de complexes h : nb - nb.‘ défini en posant

h(yix) = (g(y)+k(x);£(x)), rend commutatif les deux derniers

carrés du diagramme.

Soit u€ :oEnA»VAx.D..V , VE moEOQc (Y°32°) et weE nOSQA»VAN.wN.V

tels que w~vu,

Considérons le diagramme

X 2 yr—4 > ¢ —P— 1(x")
1 1 '
L <_ 2 £ 3 Lrx's
+
X w . q" . o p" .
N_ mc T(X")
I
u _ 4 HN.@ 5 & 6 T (u)
v 1 + 1
¥ A ¢ P ryt)
T(qp' T(q)
T(C")

dans lequel les carrés 1 et 4 sont commutatifs i homotopie prés
et soit k : X* - Z° 1'opérateur d'homotopie de vu i w. Les
morphi . o . N o aea .
phismes de complexes f : oc - nt et g : nt - n<_ définis en
posant f(y;x) = (v(y)+k(x);x) et g(z;x) = (z-k(x);u(x)),

commutatifs les carrés 2,3,5 et 6 du diagramme précédent

rendent
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Considérons maintenant le diagramme

O.Lv O.Imuv O. |M,|A.W.Nw|.|v .Hﬁnf.uv

u w ;v
+
1. 1. w8 L., ..
nc o€ w“ HAocv
¢ — ' — C.———> T(C")
u it Y3 f - u
q P

m'
w(z;y) = (2303y:;0), rend commutatif le troisiéme carré du

Le morphisme de complexes w : nw -» C., défini en posant

diagramme précédent. De plus le deuxidme carré de ce diagramme
commute i homotopie prés, 1'opérateur d'homotopie

kE moalwhobnomv de M i wg étant donné par mguuxv = (0;0;0;x).

Enfin il reste i voir que w est une &quivalence d'homotopie.
Le morphisme de complexes © : nm - n«. donné par
8(z;x3y3x') = (z-k(x);u(x)+y), vérifie Ow = Hn. 3
~ <|H
., l'opérateur d'homotopie k€ Hom Anmmnmu
f
étant donné par k(z;x;y;x') = (0;0305x).

de plus wl~ “_.o

5.13 COROLLAIRE : La catégorie K(A) est triangulée.

5.14 PROPOSITION : Supposons que la catégorie A est abélienne

Le foncteur B* : K(A) A est un foncteur cohomologigue.

Démonstration : C'est une conséquence de la proposition 4.8.

5.15 COROLLAIRE : &i, dans la situation de 1'axiome TR3, les
morphismes f et g sont des isomorphismes homologiques, alors h est un

isomorphisme homologique.

5.16 Soit A une catégorie additive. On peut définmir d'une
. + - b .
maniére évidente (voir 3.12) les catégories K (A), K (A) et K (A) qui

sont des sous—catégories pleines de K(A).
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5.17 PROPOSITION : Les catégories K*(A) (x = +,-,b) sont des

sous-catégories triangulées de K(A).

Démonstration :Il suffit de remarquer qu'un triangle standard dont
les deux premiers sommets sont dans K*(A) a son troisidme sommet dans

K* (A).



§ 6. LA CATEGORIE D(A)

6.1 Soit A une catégorie abélienne. On désigne par His

A
(ou simplement par His s'il n'y pas d'ambiguité) la famille de tous

les isomorphismes homologiques de K(A). (voir 5.5).

6.2 PROPOSITION : La famille His est un systéme multiplicatif

dans K(A), compatible avec la structure trianguléde de K(A).

Démonstration :

FR1 est évident.

FR2 : D'aprés la remarque 2.6 i) on peut comstruire le triangle

(Z°3Y";N":s:f;g) puis le triangle (W 3X°;N':t;fu)

. v .

W= e == - >

_ﬂ.,.v Nn.,/m

] N .I.lll|.~wl;l|,v: .
£, msz 1. » N

{ .- Fu N -7 f

XY

u

Comme le couple de morphismes Acpwz.v vérifie la relation

Hz.mc = fu il résulte de la remarque 2.6 ii) qu'il existe un
morphisme v : W' =» 2° tel que A<v:npz.v soit un morphisme de
triangles; on a donc ut = sv, Pour montrer que t est un

h.i. on considére les suites exactes longues de cohomologie-
associées 4 chacun des triangles précédents (prop. 5.14). De la
premiére suite on déduit que H*(N') = 0 car s* est un isomor-
phisme; mais alors cette information introduite dans la deuxiém
suite montre que t* est un isomorphisme.

La deuxiéme partie de la démonstration se déduit de la premiére

FR3
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en se plagant dans la catégorie opposée qui est aussi triangulée.

Si on pose w = u-v tout revient i montrer que les conditions

suivantes sont équivalentes :

i') 11 existe mmmoawgv (Y';Y'"")NHis tel que sw = O.

ii') Il existe t€ :oENA»VAx..px.vﬂdmwm tel que wt = 0.

Démontrons que i') implique ii'), 1'implication réciproque s'en

déduira en se plagant dans la catégorie opposée.

X A z°
( e
' VRN
ﬂ" \N\\ X, \Yy
. ’ N
¥ - P \
e > ¥° ~ ¥
w S

D'aprés la remarque 2.6. i) on peut construire le triangle
(2°3Y°3Y" " 5x385y) et d'aprés la proposition 2.10 on a une

suite exacte

un.». s

. e P * . .
..+moaxﬁ»vnx 32°) —— :oBNA»VAx 3Y) — moENAbVAk Y'Y oL

La condition i') signifie que w€ Ker s., donc il existe

*v
€H X'32° =

z oENA»VA ) tel que x,(z) = w.

De nouveau la remarque 2.6 i) montre que 1'on peut construire

le triangle (X'";X";Z°;t;z;m) et la proposition 2.10 donne une

suite exacte

*

. » * . -
..I.moBNA»VAN ;YY) Imlt.moENA»vAN 3Y7) lhl%.meswﬁ»vAN..nw.v4 .

Or w€ Im(z*) donc t*(w) = 0; ainsi on a wt = 0. Pour montrer que
t est un h.i. on considére les suites exactes longues de coho-
mologie associées d chacun des triangles précédents (prop.5.14).
De la premiére suite on déduit que H*(Z') = 0 car s* est un
isomorphisme mais alors la deuxidme suite montre que t* est un

isomorphisme,
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FR4 est &vident.
FRS résulte du corollaire 5.15.

6.3 Remarques : Le systéme multiplicatif His satisfait la
condition supplémentaire (1.17.1), c'est-a-dire si s € His et si
su€ His alors u€ His,

De plus les isomorphismes dans K(A) sont &videmment des éléments de

His.

6.4 On appelle catégorie dérivée de la catégorie abélienne A, et
on note D(A), la localisation de K(A) relativement au systéme
multiplicatif His.

Ainsi ObD(A) = ObK(A) et si X',Y" €O0bD(A) alors mosun»vnx.wa.v est
1'ensemble des classes d'équivalence des diagrammes dans K(A) de la
forme X' + . * Y' oi la premiére fldche est un h.i. La composition
des morphismes est définie par la classe d'équivalence des diagrammes

dans K(A) de la forme

N
.
.7 N

NN

On note Py (ou simplement P s'il n'y a pas d'ambiguité) le

foncteur canonique de localisation K(A) - D(A).

6.5 THEOREME : La catégorie D(A) est additive et munie d'une
structure triangulée.
Le foncteur canonique P : K(A) - D(A) est additif et est un p-fonctet
I1 transforme les isomorphismes homologiques de K(A) en des isomor-

phismes de D(A) et il est universel pour cette propriété.

Démonstration : Cela résulte des théoxémes 1.2, 1.16 et 2.15.
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6.6 Pour chaque k€Z le foncteur mw : K(A) » A transforme évi-
demment les isomorphismes homologiques de K(A) en des isomorphismes

de A. D' é éore i i
A. D'aprés le théoréme 6.5. il existe donc un unique foncteur, que

v k .
1'on notera encore H', qui rend commutatif le diagramme suivant

k
KA —— 4

2

P \mw
Vs

14

D(R)

6.7 PROPOSITION : un morphisme o€ :oBUA»VAN.nw.V est un iso-
morphisme dans D(A) 1

si, et seulement si, il admet un représentant
(Z';ssa) €M . )
3ssia) ZN RS ou s et a sont tous les deux des isomorphismes homo-

logiques (et par suite tous les représentants de o ont cette proprié-
téj.

Démonstration : Soi Ty’ & é
ation : Soit a€ mosdA»vnx 3Y') représenté par un &lément

AN ss;a) € . . ol s,a€ Hi Noto: m [} v
v f Y ’ S, ns la lasse d equl alence de
1'élément (Z ;a23s) € ¢« « On a WQ =1 .. et ;m =
ﬁ 12y u Z%. X X" 1

. . vt donc o est un
isomorphisme dans D(RA).

I < .
nversement supposons que ¢ est un isomorphisme dans D(A) et soit

(Z"3s3a) un repré éj
ss3a) eprésentant de &. Comme on 1'a déja remarqué on peut

. -1
écrire o = P(a)°P(s) . D'aprés 6.6 on a mwmav = mwAmvomwAmvlw.

¢ 3 ; or
H (@) et H (s)sont des isomorphismes dans A, donc mxamv est un iso-

morphisme (pour tout kE€Z) et ainsi a€ His.

. 6.8 PROPOSITION : Soit u€ moBNA>VAN.m&.v.mH P(u) = 0 alors
uk = | .
0 (o u* est le morphisme induit bar u sur la cohomologie)

Démonstration : Cela résulte de la proposition 1.20.

6.9 Soit D : A -» D(A) le composé du foncteur no : A - KQR)

(voir 5.3) avec le foncteur canonique P : K(A) = D(A)

PROPOSITION : Le foncteur D est pleinement fidele
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Démonstration : Soit X,Y€ ObA: il faut montrerque le morphisme

de groupes abéliens
(6.9.1) :oB»OCS - moEHVQ'v (D(X);D(Y))

est bijectif.

Soit :mmcE»CnQu tel que D(u) = 0; on a donc’(u) = 0, et
d'aprés la proposition 6.8 on a u* = 0. Mais u* =, car u est concen-—

tré en degré 0. Le morphisme (6.9.1) est donc injetif.

Soit o€ Homy ,, (D(X);D(Y)) représenté par (27;;a) €M) x) ;D (1)

Comme D(X) = X et D(Y) = Y sont concentrés en degt O on a un iso-
. 0,.

morphisme s* : monn.u - X et un morphisme a* : H (') » Y, Posons

u = w»m»uw € mosbnxné .

Notons Nw le complexe Z° tronqué en degrés pgitifs c'est-d-dire

0
le complexe obtenu en posant

1 .
Ker(d : No -»Z7) s8ip=0
AN.mon =10 sipzl
zP sip<-1

L'inclusion i Nwo -+ Z' est un h.i. et le diagrame

.0 i _ .0
Ced ™

h] 8
1@y — x
m*

est commutatif,

On en déduit que le diagramme

®
[N

w
oo
N=-—-3N
/‘“

>
TN
|
ll

I

]

1
%

><|—d
4
® A
-
e h

e -
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est commutatif.

On a donc P(u) = o et aisni le morphisme (6.9.1) est surjectif.

6.10 Soit B la sous-catégorie pleine de D(A) formée par les
objets X' de D(A) qui sont acycliques en tout degré non nul. Il est
clair que si X€ ObA alors D(X) € ObB; on peut donc considérer le

foncteur D ;: A » B induit par le foncteur D : A —» D(A).

COROLLAIRE : Le foncteur D : A » B est une édquivalence de catd-

gorie.

Démonstration : On sait déja que D est pleinement fidéle. Il rest:

4 montrer que pour tout Y'€ObB il existe X€ ObA et un isomorphisme
a€ zo_JX»v DOE);Y").,

Posons X = meQ.v et Z2° = &w ;1'inclusion i : Z' » Y' et la

0
projection j : Z° - D(X) sont des h.i. puisque H'(Y') = 0 pour p#0.
Le morphisme a : D(X) - Y représenté par (Z ;j;i) est donc un iso-—

morphisme en vertu de la proposition 6.7.

6.11 Remarque : Dans la catégorie D(A), munie du foncteur de
translation T, on peut évidemment définir le c8ne nﬂh_ d'un morphisme

w€ mosdA»v (X'5Y%).

Si u€ moaw@v (X"3Y7) il est clair que 1'on a, dans D(A), un
isomorphisme mnn:v = ow?v.
S§i g : Y' - Y'8T(X") et p : Y'®T(X") » T(X') sont les morphismes

canoniques dans K(A), posons € = P(q) et m = P(p) et considérons

dans D(A) le triangle standard X' 9, vy & no.c SN T(X®) construit

sur w. C'est un triangle distingué. En effet si AN.wmwmvaN. ¢ est
3

un représentant de w on a un diagramme commutatif

X' W Y £ - Oﬁ.p kiJ H.AN.V

P () rjﬁ LOP(T(s)) | T(R(s))

2T Y+ € ——— T(2°)

P(a) P(q) “a P(p)



1,6.11 58

dans lequel les fliches verticales sont des isomorphismes. Ainsi les
triangles standards dans D(A) sont isomorphes aux images par P des
triangles standards dans K(A). Il en résulte qu'un triangle est

distingué dans D(A) si et seulement si il est isomorphe & un triangle

standard dans D(A).

6.12 Remarques : En général la catégorie D(A) n'est pas abé-
lienne.

En effet soit un monomorphisme u : X" - Y' dans K(A); alors
P(u) : X' » ¥° est encore un monomorphisme dans D(A) en vertu du

corollaire 1.22.

Supposons que la catégorie D(A) est abélienne; on a alors une

suite exacte

0> X" _Blw, Y > CokerP{u) + 0

D'un autre cbté on a, d'aprés la remarque 6.11, un triangle distingué

(6.12.1) xt B, g By e T rx)
P(u)
Mais d'aprés la proposition 4.10 ii) on a dans D(A) un isomorphisme

m : - CokerP(u).

P
En appliquant la proposition 2.10 au triangle distingué (6.12.1)
on obtient une suite exacte longue de groupes abéliens

P P(u), P €4 p L
oo :oavﬁ»vaz 3X°) —— moauA»qu 3Y) —— mosUA»vﬁz “nwAcvv
T

* p+l

— moEdA»uAZ.pN.v > e

Or P(u), est injectif, donc :oEdA»VAZ.wnvAcVV = 0 pour tout M'€ ObD(A).

Il en résulte que CokerP(u) = 0 ;donc P(u) est un isomorphisme.

Or ceci est visiblement absurde; par exemple si X* = 0" et Y
n'est pas acyclique, et si u : 0' = Y' est le monomorphisme &vident,
alors u n'est évidemment pas un h.i. et P(u) n'est pas un isomorphisme

dans D(A).

59 I,6.15

6.13 Posons His* = HisNFA(K*(A)) (& = +,-,b).

PROPOSITION :
K*(R) .

La famille His* est un systéme multiplicatif dans

Démonstration : Il suffit de recopier la démonstration de la
proposition 6.2 en prenant tous les triangles avec leurs sommets dans

K*(A), ce qui est possible en vertu de la proposition 5.17.

6.14 D'aprés le No. 1.23 on peut donc définir les catégories
dérivées D*(A) et les foncteurs canoniques de localisation

PP RY@) S DX(A)  (x = +,-,b).

Soit F* : D*(A) -» D(A) les foncteurs induits par les foncteurs

d'inclusion K¥(A) -» K(A).

6.15 PROPOSITION : Les foncteurs F* : D*(A) » D@A) (% = +,-,b)

sont pleinement fidéles.

Démonstration : Soit s€ Hom . (X';¥')N His o X'€ ObK' @); on

i .
peut supposer X~ = 0 pour i< 0, Comme s induit un isomorphisme sur la
cohomologie on a done H'(Y*) = 0 pour i< 0.

Posons

0 si ix
zt = Coker(d : AIH - &OV si

i
Y s1

pﬁ.
c © ©

¢

Al . *
ors Z € ObK (A) et le morphisme &vident Y' - Z° est un h.i.

La condition ii) de la proposition 1.24 est donc satisfaite.

Maintenant i YT i iy a
xu.. soit s€ mQJnQC (X*3Y°)N His ol Y°€ ObK @A); on peut supposer

=0 vo:ﬂ.wv 0. Comme s induit un isomorphisme sur la cohomologie
i,
on a donc H (X') = 0 pour i> O,
Posons
i
Z” = (Ker{d : xc - va si i=0

X si i<0
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Alors Z° € ObK (A) et le morphisme évident Z° = X' est un h.i.

La condition i) de la proposition 1.24 est donc satisfaite.

Le cas de WvA»v se déduit des précédents.
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§ 7. LES RESOLUTIONS

7.1 Les notions usuelles de résolutions injectives ou projectives
et les conséquences qui en résultent en algdbre homologique peuvent

se généraliser de la fagon suivante.
Soit A une catégorie abélienne.

On considére une sous-classe O(A) <ObA, qui contient les objets
nuls et qui est stable par sommes directes (si X,Y€ O(A) alors
X®Y € O(A)) et stable par isomorphisme (si X€ O(A) est isomorphe i
Y € ObA, alors YEO(A)). On &crira simplement © au lieu de O(A) s'il

n'y a pas de risque de confusion.

7.2 On note C*(O(A)) (respectivement K*(O(A))) (x = @,+,-,b) la
sous-catégorie pleine de C*(A) (respectivement K*(A)) engendrée par

les complexes dont les objets en tout degré sont dans O(A).

7.3 Soit A' €0bC*(A).
On appelle O-résolution i droite (respectivement 3 gauche) de A', un
isomorphisme homologique A° - X' (respectivement X' — A") oii

X® €0bC*(O(A)).

En particulier soit A€ ObA et identifions A avec le complexe noﬁ>v
concentré en degré 0 (3.4). Alors une O-résolution i droite (respecti-
vement 3 gauche) de A est un isomorphisme homologique A » X°
(respectivement X* -» A) oi X" €CT(O(A)) et X! = 0 pour i< 0 (respecti-

vement X' €C (O(A)) et X' = 0 pour i> Q).

7.4 On dit que la catégorie A admet suffisamment de O-objets a

droite (respectivement a gauche) si pour tout A€ ObA il existe X€ Q(A)

et un monomorphisme A - X (respectivement un &pimorphisme X —» A).
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7.5 THEOREME : Si la catégorie A admet suffisamment de

§~objets & droite (respectivement & gauche) alors chaque objet de

+ -
C (A) (respectivement de C (A)) admet une O-résolution & droite

(respectivement a gauche).

En particulier chaque objet de A admet une 6-résolution a droite

(respectivement & gauche).

Démonstration : On fait la démonstration dans le cas oll A admet

suffisamment de 6-objets & droite.

+ . -
Soit X" €C (R); sans restreindre la généralité on peut supposer

x* = 0 51 i< 0. On va construire un complexe H.mn,..non»vv et un

monomorphisme i : X° = I’ qui soit un h.i. Supposons le complexe

;4

construit jusqu'au degré p, avec px 0, et que i’ est un monomorphisme

pour q<p et un h.i. pour q<p-1.

Considérons le diagramme suivant

1 d

+ xP- xP >

~* Pl

P
Im{d')
Ak

1P
Im{(d')

ou

+
>xv+~ désigne la somme amalgamée de e L et sur xc.

est le morphisme canonique et d' est le composé de la projection
1P
Im(d")

P

I

- avec le morphisme canonique.

.Hv:m et que d'd' = 0. Montrons que

tel que H..v+HCC = [(0;x)] = 0. 11

Il est immédiat que d'iPf =

.p+l Nﬂ:.

i est injectif. Soit x€
existe donc z€xP tel que (0;x) = n_”wvﬁuvfmnv et par suite on a
dz = x et il existe y€ Hv...H tel que iP(z) = d'y, mais cette derniére

1

. - p-1
égalité signifie qu'il existe u€ Pt tel que [iP (u)] = [yl et du=z.

I1 en résulte que x = dz = ddu = 0.
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Montrons maintenant que Qvu» est un isomorphisme., Soit a€ mvcﬂ.v
représenté par un cocycle x€ XP; supposons que (APY* (@) = 0. 11
1

. P~ . .
existe donc y€1I tel que d'y = iP(x) mais ceci signifie de nouveau

qu'il existe z€ xP71 tel que dz = x et :vlwnnv_ = [y]. Donc a = 0.

Maintenant soit B€ HP(I") représenté par un cocycle y€ 1?; i1

existe donc x€xP tel que dx = 0 et [iP(x)] = [y] c'est-d-dire

. -1 .
y = Hvﬁxf.a.n avec z€ 1P ; si a est la classe de x dans HP(X') on a

done (iP)*(a) = B.

Finalement il existe par hypothése Hn,;m 6(A) et un monomorphisme
P
L _.xPtl, Pl
m@H ¥ I

' . P
d' avec ce monomorphisme, on a donc prolongé la comstruction du

.ptl
. En notant encore iP et d' le composé de wv.; et

complexe I° et du morphisme i jusqu'au degré p+l.

7.6 Remargues : On peut montrer que si I° et J° sont deux
B-résclutions & droite (respectivement 3 gauche) de X'€ 0+Q’v
(respectivement X' €C (A)) alors I’ et J' sont isomorphes dans la

- . e + -
catégorie dérivée D (A) (respectivement D (A)).

7.7 THEOREME : Supposons gue la catégorie A admet suffisamment
de 8-objets & droite (respectivement & gauche) et que la condition

sulvante est satisfaite :

Si 0 >U >V W0 (respectivement 0 > W >V -» U » 0) est une
suite exacte courte dans A ott UE 8(A) et VE 8(A), alors WE B(A).

- , u v
Dans ces conditions si 0+ X —=+ Y — Z + 0 est une suite exacte

courte dans A alors il existe des O-résolutions & droite (respective-

ment & gauche), 1',J" et K* de X,Y et Z telles que dans le diagramme
commutatif

OlVNLuIV%tkchqu

L]

014 u.lel K> 0
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(respectivement

orx-Hy Y z+p

Pl

0»1% k0 )

+ .
la deuxiéme ligne soit une suite exacte dans C (8(A)) (respectivement

C (BA)).

Démonstration : On fait la démonstration dans le cas ol A admet
suffisamment de 6-objets & droite.

D'aprés le théoreme 7.5 il existe une 6-résolution i droite I de

X. . .
Supposons que l'on a effectué la construction des complexes J et

K' et des morphismes ¢ et Y jusqu'au degré p, avec p2z 2, et considé-

rons le diagramme

_ W|N v p—2 -2
o.vva uvw. L K——— 0

m.- Q: ﬂq-_
-1 4 -1 %vIH MVIH
0~ Hvlllﬁ.v_. P =K >0
&.ﬁ% qn am
b P
os P L v & 0
N ]
N )
ﬂwc nm..- N “n-.-
N
@.#H P < «
ptl @ p+l, _J f
o.vH,/ L >H§¢m=v AL !
,— ~ ~ N 1
- N ™ '
mu+lH >~ ~ N
. LY T~ . % 3
. R 0 S AR
ev+w

ol €v+H et d" sont les morphismes canoniques.

. +1 - .
Il est immédiat que 6v+~m. = d" ¢®. Le morphisme @' est injectif
car soit x€ Hu:, tel que Sv.;cc = 0; il existe donc y€ 1P tel que
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d'y = x et [¢P(y)] = 0, c'est-a-dire il existe z€ JP 1 tel que
@(y) = d"z . On en deduit d" P 1(z) = $P"2) = WP(P(y)) = O donc
il existe u€ kP 2 tel que d"'u = e«T:NV puisque mvluAN.v = 0. Il
existe v€ uvlm tel que evtn?v =u, On a evlwan = a:.evlw?v =
WPH@"v); done z-d" (v) €ReryP ! = 1P d'on i1 existe we IP-)

tel que ¢ 1(w) = z-d"(v) . On a W) = d" P L) = amz = Pry)

d'olt d'w = y puisque ¢F est injectif. Il en résulte que x = d'y =
d'd'w = 0,

Il est immédiat que d"d" = 0. Montrons que mue.u = (. Soit
wmuv tel que d"y = 0; il existe donc x€ IP tel que d'x = 0 et
Hevﬁcu_ = [y) c'est-a-dire il existe z€ JP°! tel que Fx) = y+d"z .
1

De plus il existe u€ 1P " rel que d'u = x, On a alors m..ﬁev..w?v.év =

GﬂAa.cvla:N = Gvcnvlm-.nu ¥

. . + .
Par hypothése il existe JP Hm 6(A) et un monomorphisme
P
+1 J + +
P Tm(a™y JP Hh notons encore d" et ¢F 1 les composés de d" et

+1 :
ev avec ce monomorphisme.

+1 +1 +1 . . .
Posons Kv = Coker Gv et eu la projection canonique. On a

donc une suite exacte

+1 p+l
0+ P19, RLAC I A 0

oii Hv+ 1 p+l

kP*1

€B6(R) et J
€ 68(R).

€ 6(A), donc d'aprés 1'hypothése on a aussi
Le morphisme d"' : kP o Nv: est défini en posant, pour z€KP,

+
d"(z) = yP Ha:v.v od %m.uv est un &lément tel que ev@v =z. On a
p+l

évidemment d"'yP = ¥ 7d" ., Il est immédiat que d"'d™' = 0 car si

267! on 2 amy = WwP@"y) od ye P! avec evlev = zi on a donc
d™ (") = €v+_.A&=m=.%u = 0.

Il reste 3 montrer que =wch.v = 0. Soit z€ kP tel que d™'z = 0;

+1

done m.:nuev (d™y) = 0 ol wmuv tel que ev@v = z; ainsi i] existe
p+1

+1 . . . : -
xe 1P tel que @ (x) = d"y , mais ceci signifie qu'il existe x€ 1P

tel que d'x = x et [QP(x)] = [yl. 11 existe donc y€ uv|H tel que
d"y = y~P(x). Posons z = evl:wu" on a d"'z < m.:evlwmv = yP@"y) =
WP (y-oP (X)) = z. La démonstration commence sans difficulté en degré

0,1 et 2 en adaptant de facon évidente le raisonnement précédent.
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7.8 THEOREME : Supposons que la catégorie A admet suffisamment

de B-objets & droite (respectivement 4 gauche) et que de plus les

deux conditions suivantes sont satisfaites :

a)

b)

5i 0 »X~=»Y > 20 (respectivement 0-+Z->Y—+X>0) est une
suite exacte courte dans A avec X€ 8(R), alors YEBA) si et

seulement si Z€ O(A).
I1 existe un entier nz 0 tel que si

0 1 2 n-1

Loxtoxiae . X x50

(respectivement

0 - x: - xulwl... - xw - xH -+ xov
est une suite exacte dans A avec xte 8(A) pour 0<ic<n-1, alors
X"EO@) .
Alors chaque objet de C(A) admet une 9-résolution & droite
:mmbmonu.«‘mamnmm.nmcovm\.

Démonstration : La démonstration, que 1'on fera dans le cas ol A

admet suffisamment de 6-objets 3 droite, comporte trois étapes.

i) Etant donné un complexe X' €C(A) et un entier womN. il existe
un complexe xmvm C(A) qui est homologiquement isomorphe a X et

tel que Nwm B(A) pour j=21i

0
+ A
En effet considérons le complexe NMM €C (A) défini en posant
0
; 0 si U.Awo
QAwov B
 si jzig

. + < .
D'aprés le théoréme 7.5 i1 existe 1" €C (8(A)) et un isomorphis
b

:oEoHomwncmcnx...oH.nm_.ncm w xMw -1

9 0

soit un mono-

morphisme.

Considérons alors le complexe mem C(A) défini en posant

(=

~
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J _ 0 . .
xo =1 ) » la différentielle d_ &tant donnée par
I sl j21i No
0
i s s
ux. si js voln
. i i
3 _ 0,70 . . .
mx = {u nH. si j = wOlw
0
j sos s
nH. si jz i,
L ) . L . u.x. si j<i -1
e morphisme v : X° - Nc défini en posant R 0
. w s iz u..o

est &videmment un h.i. et chaque v} est un monomorphisme.

Soit xwm C(A) .:9 complexe tel qu'il existe un entierx w~ pour
lequel on a xwm 6(A) lorsque j= I.. Alors pour tout entier
u..NAu..H il nxwmn..w un complexe xwm C(A), homologiquement isomorphe
3X], tel que XJ€0(A) si j> i, et X = %) si j2 i emel,
m:.mmmmn en vertu de i) il existe un complexe X'®' € C(A) tel que
X'Jeo(a) si j2 H..N. et un isomorphisme homologique u : X, - X'*
tel que chaque ul soit un monomorphisme. Posons Y° = oowmn u et
considérons la suite exacte courte

v

0 X—% x'"—Y, ¥ 5 0.

1
Comme u est un h.i,, il résulte de la suite exacte longue de
cohomologie que Y' est un complexe acyclique. De plus dans les
suites exactes courtes
o..xw..xa S R
b} 3 - ..
on a me m.wgv et X' € 6(A) dés que j2 i donc d'aprés 1'hypothése
a) onaYle 8{A) dés que j>= ww.

Considérons a i i i
lors, pour tout entier k=2 i les suites exactes

k+n
N

Y X T 4 ww+=3~.v¢o

IS I
ol B'(Y') = HBAmm.v. il résulte de l'hypothiése b) que

wu (Y') € 6(A) pour tout entier j= wu.ip.
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Définissons maintenant un complexe xn en posant

x'J ) si js< “_.+=|H
. ww+= FH,I.-
J - L i j = i,4n
xm B xX'")a xw s1 ] 1
m“.. si jzijtm+l

ol w.w x'H >NW est la somme amalgamée définie par le diagramme

suivant

1
¥

#1 ———xd
!

I
I
)
+
M) 5 sy

La différentielle de mx. est donnée par

2
; [ B}
H_N_. si j< J.+p 2
i +n-1
. od 1 si j =i, +n-1
7. = X' 1
xN _
u. si j = .~H+ﬂ
ﬂ_wm si jzij+mel

oli d est induit par le morphisme naturel

i +n .HH+5 wH+=+H
B 1 Q..voxp - NH provenant de mx.H .
Considérons les suites

0~ xwle. Bl x) \L@llm.. Bl(x') » 0

. j j
oii 6 est induit par le morphisme naturel wu (x' vox - BI(Y")

provenant de v . . Ces suites sont exactes. En effet il oun

Jyyre
B (X'") o
immédiat que Y est w:._mnnwm que O est surjectif et que m@u 0
: B x' ox;
Soit alors a€ mu x' v>unuH représenté par (x';x) €B (X'")

j

1 tel que

Si 6¢a) = 0 on a v(x') = 0 donc il existe x" €X

u(x") = x'. Comme u est un h.i. et que la classe de cohomologie
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- i-1 _
de x' est nulle, il existe x€ xw tel que dx = x" .Posons

y = xx" €x); on a P(y) = [(0;x-x")] = a; en effet (x';x") est
équivalent i (0;0) dans B X' )rx? car dx = x" et du(x) = u(dx)=

1 |
u(x") = x'. Comme imﬂ»v et BI(Y')€B8Q) des que j =i +n, il
résulte de 1'hypothése a) que mu X' >xum B(A) dés que j2 ww+d.
Maintenant on définit un morphisme de noBvaxmm W N_, - Nm en
posant

ud si j<i +n-1

jsij+m
wl = Y si j = u..H+=
1 i sij= HH+=+__.
xH

Pour montrer que w est un h.i. il suffit donc de vérifier que y

induit un isomorphisme sur la cohomologie de degré mH+u. ce qui

est immédiat si on revient aux définitionms.

Soit un complexe X" € C(A). Considérons la suite décroissante

d'entiers »_a -k pour k2 0. En appliquant 1'&tape i) avec

l'entier wo = 0 puis en appliquant successivement 1'étape ii)

avec les entiers i = ~k pour k21 on construit un systéme de

complexes et d'isomorphismes homologiques

x.&%wlxwtxml...

qui vérifient la propriété suivante : Nrm 8(A) pour j= -k et
“k+l n-k+1 our p20, O e
unr+ﬂ+u. P p2 n pos

1= g xw 5 il est clair que I € C(8(A)) et qu'on a un
k

pour chaque k>0 on a xx,..

isomorphisme homologique X' = I°
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§ 8. LA CATEGORIE c+AHQCu

8.1 Soit A une catégorie abélienne et soit O(A) une sous—classe

de ObA qui satisfait les hypothéses du No 7.1.

PROPOSITION : Les catégories K*(8(A)) (x = #,+,-,b) sont des

sous-catégories triangulées de K(A).

Démonstration : Cela résulte immédiatement des hypothéses faites

sur la classe O(d).
ik = Hi 2(K* (8 .
8.2 Posons mwmwgv His N FA(K*(B(A)))

PROPOSITION : La famille mwwmn»v est un systéme multiplicatif

dans K*(8(R)), compatible avec la structure triangulée de K*(0(A)).

Démonstration : Il suffit de recopier la démonstration de la
proposition 6.2 en premant tous les triangles avec leurs sommets dans

K*x(8(A)) ce qui est possible en vertu de la proposition 8.1.

8.3 D'aprés le No 1.23, on peut dome définir les catégories
dérivées D*(6(A)) et les foncteurs canoniques de localisation
: * * : DX(B(A)) = D*(RA) le
wmec : K¥(6(A)) -~ D*(8(A)). On note omcc (6(A)) (
foncteur induit par le foncteur d'inclusion K*(0(A)) - K*(A) mmm

P% :
8(A)
8.4 On va étudier plus en détails les différents foncteurs pré-

cédents lorsque l'on prend pour 6(A) la classe I(A) des objets

injectifs de A.

: K*(8(A)) - D*(A) le foncteur composé K*(6(A)) - K*(A) ——s D* (A
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8.5 LEMME : sSi X' €K(A) est un complexe acyclique et si
Y €K (I(R)), alors Hom () (X73¥") = 0.

Démonstration : Soit u€ man;v (X°;Y"); il faut définir un
opérateur d'homotopie k€ moB..HQ.Q.U tel que dk+kd = u. Sans
restreindre la généralité on peut supposer P =0 pour p< 0. Il est
clair que kP = 0 si p< 0. Supposons que l'on a défini kP pour p<q
avec qz 9.

Soit x€ Im(d : X¥ » xn...wvnxn; et soit x'€XJ tel que dx' = x.

si x" €X9 tel que dx" = x il existe xz.munnw tel que dx™ = x"-x" .

On a =?.vlmrnﬂk.v = u(x") -dk9(x"); en effet u(x'-x")>dkd(x'-x")=
du(x™)-d(u(x"")-dk3 1 (x™)) = 0. On peut donc définir
wa+H : Im(d) - ¥4 en posant rni x) = c?.v..n:na?_v et comme YI est
injectif on peut &tendre cette application en une application
ka1, gl

-yl qui satisfait évidemment la condition requise.

8.6 LEMME : Si u€ mosa+AHA3VQ ;Y") est un isomorphisme homo-

logigue alors u est une équivalence d'homotopie.

Démonstration : Considérons le triangle standard
X == v n_.hlmv T(X")

Comme u est un h.i., le cdne n.w est acyclique, donc d'aprés le lemme
8.5 p est homotope 3 2&ro; il existe donc une application

k € Hom nn,.hwaﬂx.vv telle que
(8.6.1) dk+kd = p

L'application v = kq : Y - X' est de degré O; en multipliant les
deux wembres de (8.6.1) par q on obtient dv = vd ; donc
v € Hom + Y*3X7).
et xayy D
L'application k' = _Ex." X" » X" est de degré -1 en multipliant
les deux membres de (8.6.1) par nx.mn en tenant compte de la défini-

tion de mn. on obtient dk' + k'd = vu - wN. . Donc vu~ HN
u

. -
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I1 est clair que v est un h.i. car v*u* = HmQ.v et u* est un

isomorphisme,

On peut donc appliquer & v le méme raisonnement que précédemment

pour obtenir un morphisme w€ Hom (X*;Y") tel que wv~1

+
C (I(A))

On en déduit que w~u et par suite que H«.ZE«.

Y

8.7 COROLLAIRE : Dpans la catégorie w+AHQCv il y a éguivalence

entre isomorphisme homologique et isomorphisme.

8.8 PROPOSITION : Le foncteur canonigue

+ + +
P : K D (1
1) (1)) » Do (I(AN
est un isomorphisme de catégories.

Démonstration : D'aprés le corollaire 8,7 le foncteur HN+AHA»VV
transforme les isomorphismes homologiques en isomorphismes, donc
d'aprés la propriété universelle du foncteur wMQC il existe un unique
+ + +
foncteur G : D (I(A)) = K (I(A)) tel que nowHA»v = HN.vAHQCv .

+ P
La propriété universelle du foncteur MHA»V montre aussi que
+

Praa;’® = taay)

8.9 PROPOSITION : Le foncteur

+ + +
Qpeay * D (T = D'
est pleinement fidéle.

+ . +
Démonstration : Soit s € EQB_A,Y (X';Y')NHis ol X" €0bK (I(A)).

(€.}

La premidre partie de la démonstration du lemme 8.6, qui n'utilise
que le fait que X' est un complexe borné inférieurement d'objets
injectifs, montre qu'il existe mmmosw+9v (¥';X") tel que

.+
fs = HN.mEHmHQ’V.

La condition ii) de la proposition 1.24 est donc satisfaite.
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8.10 THEOREME : Le foncteur

—+ + +
wHCC : K (L(A)) » D (A)

est pleinement fidéle.

De plus, si la catégorie A admet suffisamment d'objets injectifs,

—+
alors H..HQC est une équivalence de catégorie.

+

I(A)
+
oHQC. la premiére partie résulte des proposition 8.8 et 8.9.

. . -t -
Démonstration : Comme mHQC est composé des foncteurs P et

- . 3 + . - . .
Maintenant soit Y'€0bD (A). Si la catégorie A admet suffisamment
. . . . - » . + . »
d'objets injectifs alors il existe X' € ObK (I(A)) et un isomorphisme
B (8)
s) =

P

+ — )
P,(s) : Y>P (X") est un isomorphisme dans D*(A).
A I(A)

. . . + .
homologique s : Y' - X' dans K (A). Mais alors

8.11 On obtient des résultats analogues aux précédents en
considérant la sous~catégorie Proj(A) des objets projectifs de A et
en remplagant l'indice + par 1l'indice - . On laisse au lecteur le

soin d'énoncer et de démontrer ces résultats.
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§ 9. LES FONCTEURS DERIVES

9.1 Soit A une catégorie abélienne.

Si K*(A) est une sous-catégorie triangulée de K(A), il est facile
de vérifier que la famille His* = His N FAK*(A) est un systéme multi-
plicatif dans K*(A). On peut donc localiser la catégorie K*(A) rela-
tivement & His*, Supposons que le foncteur N*A»umwm» - D(A), induit
par le foncteur d'inclusion K*(A) - K(A), soit pleinement fidéle.
Dans ce cas la catégorie localisée triangulée N»A»vmwm» peut s'iden-
tifier & une sous-catégorie pleine de D(A); on la note alors D*(A) et
on note mm : K%(A) - D*(A) le foncteur de wonmwwmmnwopw Par meBva
i1 résulte de la proposition 6.15 que les catégories K (A), K (A) et

Nvﬂ»v vérifient l'hypothése précédente.

0.2 Soit A et B deux catégories abéliennes.

Soit K*(A) une sous—catégorie triangulée de K(A) qui satisfait

les hypothéses du No 9.1 et soit F : K*(A) - K(B) un o-foncteur.

On appelle foncteur dérivé i droite de F un couple Aw*mmmmu. ol
R*F : D*(A) -» D(B) est un 3-foncteur et Wm nmwom - w»moww est un
morphisme de foncteurs de K*(A) a D(B), qui satisfait la propriété
universelle suivante : pour tout d-foncteur G : D*(A) -» D(B) et pour
tout morphisme de foncteurs f : mw oF = namw il existe un unique
morphisme de foncteurs n : R*F - G tel que g = A:awwvomm.

De méme on appelle foncteur dérivé & gauche de F un couple
nrwmnmmv. ol L*F : D*(A) -» D(B) est un d—-foncteur et .
mm : r»momw - mwom est un morphisme de foncteurs de K*(A) & D(B), qui
satisfait la propriété universelle suivante : pour tout 3-foncteur
G : D*(A) - D(B) et pour tout morphisme de foncteurs

[ Qomw - mwom il existe un unique morphisme de foncteurs

75 1,9.5

Nt G > L*XF tel que § = MMoAJomMV.

9.3 Remarque : La définition précédente signifie que R*F
(respectivement L*F) est un objet qui représente le foncteur
G - moﬁmwwudwnowwv (respectivement G - moEAOowawwamvv. de la catégo-
rie des d-foncteurs de K*(A) dans D(B), dans la catégorie Ens.

9.4 De la remarque précédente il résulte immédiatement que 1l'on

a les deux propriétés suivantes :

a) Si R*F (respectivement L*F) existe, il est unique 3 isomorphisme

prés.

b) Si ¢ : F » G est un morphisme de foncteurs de K*(A) & K(B) et si
R*F et R*G (respectivement L*F et L*G) existent, alors il existe
un unique morphisme de foncteurs R*yp : R*F -» R*G (respectivement
L*@p : L*F - L*G tel que mnanwwoev = nwweomwuomm (respectivement

o) of_ = (L*WwoP*%)oe
(Pgew) gy = (Lo P%) mnv.

9.5 THEOREME D'EXISTENCE : Soit A et B deux catégories abélien-
nes et K*(A) une sous-catégorie triangulée de K(A) qui satisfait les

hypothéses du No 9.1 . Soit F : K*(A) » K(B) un o-foncteur.

Supposons qu'il existe une sous-catégorie triangulée T(RA) de

K*(A) qui vérifie les deux conditions suivantes :

a}) Pour tout X' € ObK*(A) il existe M’ € ObI'(A) et un isomorphisme

homologique X' - M' (respectivement M' - X").

b) Si M"€0bI'(R) est acycligue, alors F(M') € ObK(B) est aussi

acyclique.

Alors le foncteur dérivé a droite ﬁwxmummV (respectivement a
gauche Ahwmumﬂuv existe et pour tout M’ € Obl'(A) le morphisme
mdmz.v : wwﬂmnx.vu = R*F(P{(M°)) (respectivement
mwﬁz.v : r*mnmmﬁx.vv - wwﬂwﬁz.vV est un isomorphisme dans D(B) .

Démonstration : On va faire la démonstration pour R*F; la démonstra-

tion est analogue pour L*F en se plagant dans les catégories opposées.
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Le diagramme suivant contient les différents foncteurs qui in-
terviennent dans la démonstration.

F
K*(A) —— K(A)

N\

(&)
P 3 k |
_— N
\.4:3 - = Y
o\ \\\\ /m,,, N /.,
r\\\ Y e N
D* (A) R*F —>  D(B)

i) Puisque T(A) est une sous~catégorie triangulée, la famille

His = His N FAC(A) est un systéme multiplicatif dans I'(A); on peut

donc définir la catégorie localisée T'(A) = :»vﬂwz et le
foncteur de localisation P : T'(A) » T(A).

ii) Notons encore F la restriction du foncteur F 3 [(A). Soit
s€ moE:»v (X';Y°)NHis. D'aprés TRL b) il existe un triangle
distingué X° —= Y' - 2' - T(X") et d'aprés la proposition 5.14
Z

est acyclique puisque s est un h.i. Il résulte de 1'hypothése
b) que F(Z°') est acyclique et comme F est un 3-foncteur on a

F(s) € :OBNAE (FX");F(Y ")) NHis.

iii) D'aprés la propriété universelle du foncteur P il existe donc un

unique foncteur F: F'(A) = D(B) tel que FoP = dm oF,

iv) Soit s€ monw@ @) (X':Y')NHis ot X' €0bI'(A). D'aprés 1l'hypothése
a) il existe un isomorphisme homologique f : Y' - M° ol

M' € Ob['(A). Ainsi la condition ii) de la proposition 1.24 est

satisfaite si bien que le foncteur Q@ : T(A) -» D*(A), induit par

le foncteur d'inclusion T'(A) - K*(A), est pleinement fidéle.

Maintenant soit Y® € ObD*(A). D'aprés l'hypothése a) il existe
un isomorphisme homologique s : Y' —+ X' avec X' € ObT' (A). Mais
alors Q(s) = mwﬁmv : Y - Q(X') est un isomorphisme dans D*(A).

I1 en résulte que le foncteur Q est une &quivalence de catégorie.

Notons U : D*(A) » I'(A) un foncteur quasi-inverse 3 Q; 1l existe

77 I1,%8.5
donc des isomorphismes de foncteurs

a1 - UeQ
I'(A)

wcx Qvt QoU
v) On pose R*F = FoU : D*(A) -» D(B).
1] faut maintenant définir un morphisme de foncteurs

. o AFoPk = T«
mm : ww F - R Mow» m,o:omm

Si X" € ObK*(A) alors commcn.v € ObT (A) donc il existe M' € ObT(A)
tel que WAZ.V = comweﬁ.u. L'isomorphisme dans D*(A)

B(RX(X')) @ PA(X') = QoUP(X) = QeP(M")

est représenté par un diagramme dans K*(3)

X vy

oli on peut supposer V' € Obl'(A) d'aprés 1l'hypothése a). On en

déduit un diagramme dans K(B)

F(t) F(s)

F(X") - F(V") =— F(M")

ol F(s) est un h.i. d'aprés ii). On définit alors

Ep(X) 1 PpoF(X') » PooF(M') = mé%mcﬁv comme &tant la classe
d'équivalence de ce diagramme; autrement dit WmAx.v =
Ammﬁmﬂmvvvlwomwnmncv. Cette définition est indépendante du
choix du représentant de mnwwcn.vv. On notera tout de suite que
si X" € Obl'(A) alors F(t) est aussi un h.i., donc mmcn.v est un
isomorphisme dans ce cas.

Il faut vérifier que la définition précédente est fonctorielle,

c'est-a-dire si mmmoﬁﬁ*na (X";Y") alors on a un diagramme com-—
mutatif dans D(B)



78

£,(X")

PyoF(X') ——— R¥FP{(X")

Py (F(£)) R¥F (PX (£))

PgoF(Y") ﬂq w%%m@.v

Soit N° moc:»u tel que P(N') = comwnm.v et soit

! »
T — W ¢m|l N' un représentant mm maw»g )). En appliquant
deux fois 1'axiome FR2 on peut nonmnncwﬂm le diagramme suivant

dans lequel tous les objets, sauf X' et Y', sont dans ['(A)

X ~ PV — < \z
L7 L
£ o, u e’
P ------ - -— - -*Q
I [
r,), N\MN S~ b
\\ \\ - N .
Y* m_ W< o N
On en déduit le diagramme
Py 28 pyy —EL8) > F(M')
JHHUW\\\ .\\\\\wﬁmv
F(E) ey L—EW L r@)

MC..\« \?J ../?u

q||LP|t||v
F(Y’ V!Ilmﬁm.v F(W") o) F(X")

Remarquons que w»m%mﬁx.v = PgoF(M") et w»mcmmﬁ.v = mwazz.u si
bien que le morphisme R*F(P*(f)) : w»womwﬁx.v - w»mowwﬁ.v est

A F(b
représenté par le diagramme F(M') ——— Fa), F(Q") —=— n ) F(N") .
On a alors .
RHF(PX(£)) of (X7) = PgF (b) LoPgF (a) oPgF(s)  oPgF(t)

- -1
(BF (r')ePyF(s") FowwmA:vowmmAm_vommmAmvowqumv °PF (t)

- mmmAm.V-Howwmﬂn.V-HommmAcvommmAm_vomumﬁﬂv

- wumna.V-Homumﬁﬂ.U-HomqucvommmAnvamwﬁﬂmv

vi
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- mmmAu.v-pommmﬁn.v-wowumAn.vomumﬁn.v,wmmﬂmv
- mmmﬁu.v-womumﬁn.vamwwnmv = £ (Y oRgE(E).

Soit (G3;Z) ot G : D*(A) —» D(B) est un Jd-foncteur et

Lt PpoF - new» est un morphisme de foncteurs. S'il existe un
morphisme de foncteurs n : RAF - G tel que 7 = Qomxvonm alors
pour tout M‘ € ObI'(A) o= a M) = nM’)e mm?v donc

nM’) = g(M*) mm? v puisque WmAx ) est un isomorphisme dans
ce cas.

L'égalité précédente définit domc n sur la sous-catégorie I (A) de
D*(A) . Maintenant si X' € ObD*(A) = ObK*(A) alors il existe un
isomorphisme homologique s : X° -+ M* ol M° € Ob['(A). Comme mwﬁmv
est un isomorphisme on peut poser

NEE') = G(PR(s)) T onQH") SRAF (P4 (8))

Comme [ et mm sont des morphismes de foncteurs il est immédiat

que N est un morphisme de foncteurs sur la sous-catégorie I'(A) .
Maintenant soit mmmosd*;u (X";Y") et des isomorphismes homolo-
giques s : X' »M" et t : Y' » N°, En appliquant deux fois
1'axiome FR2 on construit, comme dans v), un morphisme

g€ moﬁcwgv (M°;N") tel que, dans le diagramme

RAF (") nM) ")
w»mmmumw///// . G(P%(s))
A RAF () —ED L cexy A
R*F (g) w*im; _\23 G(g)
R*F(N") l..mﬂv G(Y")
e *
| . R m%»?b nQMEv | ﬁ
R*F (N") - G(N°)

(N

les carrés latéraux soient commutatifs. Comme le carré extérieur

est commutatif il en résulte que le carré intérieur est commuta-

tif.

Enfin il est &vident par construction que n est 1'unique

morphisme de foncteurs tel que g = AJoMMvomm.
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9.6 Soit K*(A) et KH(A) deux sous-catégories triangulées de F(A)
qui satisfont les hypoth&ses du No 9.1 et telles que K¥(A) soit une

sous-catégorie pleine de K*(A).

Soit F : K*(A) - K(A) un o-foncteur et notons M_thv la
restriction de F 3 K¥(A) c'est-a-dire la composition du foncteur d'in-

clusion K¥(A) - K*(A) avec le foncteur F.

Supposons que R*F mnw&Am_NtA»vv (respectivement L*F et
# i R*F respectivement
L Am_ﬂ$n>uvv existent et notons ( v_dkR»un especti:

(L*F) uv 1a restriction de R*F (respectivement L*F) a DH(A).

|D¥(A

Alors il existe un morphisme de foncteurs

p : R¥(F ) » (R*F)

|KH(A) ID¥(R)

(respectivement
. o L*
p : (L*F) _UIA>V L AM_—QA»VV )
) (respectivement

tel que (E) pucay = ﬁoomwvemﬁm_

vonoomwuv.

K¥(R)

(£ =g
5 vy T S Ko

En effet remarquons tout d'abord que le diagramme commutatif

d'inclusions

K* ()

KH(R)

induit un diagramme commutatif

D* () o*
Q /
T

D#(RA)

D(A)

dans lequel les foncteurs Q* et o+wmo=n pleinement fidéles par hypo-

these; on en déduit aisément que le foncteur Q est aussi pleinement
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fidele.

11 suffit alors d'appliquer la proprié&té universelle du foncteur

dérivé (RF(F

_xxA»VUWmAm vv au couple Aﬁwme_ctA»vammv_n&x>vu

[kH(a)
pour obtenir le morphisme p . On procéde d'une fagon analogue pour

les foncteurs dérivés 3 gauche.

9.7 PROPOSITION : Soit K*(A) et KH(A) deux sous-catégories
triangulées de K(A) qui satisfont les hypothéses du No 9.1 et telles

que KM(A) soit une sous-catégorie pleine de K*(A).
Soit F ¢ K*(A) -» K(B) un 3-foncteur.

Supposons qu'il existe une sous-catégorie triangulée T (A} de

K*(A) qui vérifie les trois conditions suivantes :

a) Pour tout X" € ObK*(A) il existe M € Obl'(A) et un isomorphisme

homologique X° +» M’ (respectivement M° - X*).

b) Si M"€ ObT(A) est acyclique, alors F(M') € ObK(B) est aussi acycli-

que.

c) Pour tout X' € ObK®(A) il existe M’ € ObI'(A) N ObK¥(A) et un isomor-
phisme homologique X' » M* (respectivement M' -» X').

Alors les foncteurs dérivés RXF et wcﬁm ) (respectivement

|K#(A)
L*F et haﬁm_wuﬁ»vv existent et le morphisme de foncteurs

p Waﬁm_ﬂnﬁbvv - Aw*mv_uﬂm»v (respectivement

o s Ar»mv_unA»v - rnAmwwa»vvv est un isomorphisme.

Démonstration : L'existence de R*F reléve immédiatement du
théor&dme 9,5. Maintenant d'aprés les hypothé&ses b) et c¢) la sous—ca-
tégorie triangulée I'(A) N K¥A) de KH(A) vérifie évidemment la condi-
tion a) du théoréme 9.5 et la condition b) de ce théoré&me pour le

foncteur m_w#nwu. Il en résulte que le foncteur xumm ) existe.

IKH(A)
Soit X' € 0bD¥(A) = ObK™(A); d'aprés 1'hypothése c) il existe

M' € Ob(I'(A) N K¥(A)) et un isomorphisme X° = P (") dans pH(@a) , et
d'aprés le No 9.6 on a £ (M") = (poP,(M"))eg ™)

F .

A Firma’
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Mais alors d'aprés la derniére partie du théor&me 9.5 le morphisme

P(X™) = £, ()¢
O E
Le cas des foncteurs dérivés 2 gauche se démontre d'une fagon

vAK.vlw est un isomorphisme.

analogue.

9.8 PROPOSITION : Soit A et B deux catégories abéliennes et
+ -
F : K () = K(B) (respectivement F : K (&) - K(B)) un 3-foncteur.

Supposons que la catégorie A admet suffisamment d'objets injectifs
(respectivement projectifs) et que le foncteur F transforme les
objets acycliques de W+AHH»VV (respectivement de NlﬁmnouAvav en des
objets acycliques de K(B).

+ -
Alors le foncteur dérivé R F (respectivement L F) existe.

Démonstration : lLa catégorie N+n»v est une sous-catégorie trian-
gulée de K(A) qui, d'aprés la proposition 6.15 satisfait les hypothe-
ses du No 9.1. Soit waHA»vv la catdgorie des complexes bornés
inférieurement d'objets injectifs de Ajc'est une sous-catégorie trian-
gulée de N+A»v qui satisfait évidemment la condition a) du théoréme
9.5 ([s], chap. III,82). Maintenant si z.mocx,..agvu est acyclique
il résulte de 1'hypoth&se que F(M') est acyclique. La condition b) du

. . + .
théoréme 9.5 est donc aussi satisfaite. Ainsi le foncteur R F existe.

L'existence de L'F se démontre d'une fagon analogue.

9.9 Remargue : Il est peut-8tre utile de donner une construction
P + . . P
explicite du foncteur R F lorsque F est induit d'un foncteur additif

F:A-B,

Soit N.m”oru+n»v = ovN+A»u. En prenant une résolution injective
de chacun des termes du complexe X' on obtient un complexe double Jv
d'objets injectifs de A et on en déduit un isomorphisme homologique de
X' dans le complexe simple sJ™° associé a J' .

Alors w+mnx.v = PgF(sJ" ).

. .. 8 .. _a ..
Si Qmmon&A. (X":Y') est représenté par le diagramme X'«=— Z'—> Y',

()

en prenant des résolutions injectives de X",Y' et Z° on obtient un

diagramme commutatif
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X'e—3 70— 2,y

mu..+lm4l.mw.rllwﬂ+ sI™

dans lequel s' est un isomorphisme (corollaire 8.7). Alors

R'F(a) = B(F(a")oF(s") )€ Hom ®R'rE)RFE)).

9.10 Dans les numéros suivants on va domner quelques autres cas

d'existence des foncteurs dérivés.

PROPOSITION : Soit A et B deux catégories abéliennes et
F : A » B un foncteur additif.
Supposons qu'il existe une sous-classe O(R)cObA qui vérifie les

hypothéses du No 7.1 et qui satisfait les conditions suivantes :

i) La catégorie A admet suffisamment de 6-objets & droite (respecti-

vement & gauche).

.
[
~

Si 0+X+Y—>Z->0 (respectivement 0 +Z -+ Y - X » 0) est une
suite exacte courte dans A avec X€ 8(A) , alors YEB(A) si et

seulement si ZE 6(A) .

1i1i) S1 0 X+ Y 2 Z - 0 est une suite exacte courte dans A avec
X,Y,Z€ 6(R), alors la suite 0 » F(X) = F(Y) » F(2) » 0 est

exacte.

. +
Notons encore F l'extension de F au d-foncteur K (A) - K(B) (respecti-

vement K (A) - K(B)). Alors le foncteur dérivé w+w (respectivement

rlm\ existe.

Démonstration : On va faire la démonstration pour le foncteur
dérivé a droite; elle est analogue dans le cas du foncteur dérivé a

gauche en se plagant dans la catégorie opposée.

. +
Soit K (8(A)) la sous-catégorie triangulée de K+H»u engendrée par
B(A) (7.2 et 8.1).

D'aprés la condition i) de l'hypothése et le théordme 7.5, la
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condition a) du théoréme 9.5 est satisfaite. Il reste donc & vérifier
que la condition b) de ce théoréme est aussi satisfaite. Supposons

+ . P P
que M’ € ObK (8(A)) est acyclique. Sans restreindre la généralité on

peut supposer que M =0 pour i<0,

De la suite exacte longue

0-+M - M M M - ...

on déduit, pour chaque px 0, les suites exactes courtes
+
0 - Ker &P -+ MP - Ker dP 1, 0.

Alors, par récurrence sur p, il résulte de la condition ii) de 1'hypo-
thése, que Ker mvm 8(A) pour tout p= 0, et par suite, d'aprés la

condition iii) de 1'hypothése, les suites
0 » F(Ker d®) » FOf®) - F(ker aP*1) - 0

sont exactes. En mettant ces suites exactes bout-a-bout on en déduit

évidemment que la suite
0> FM) »FaY) » Fod) ~FOO) > ...

est exacte donc que F(M') est acyclique.

9,11 Avant d'énoncer le résultat suivant il faut introduire

quelques définitions.

Soit A et B deux catégories abé&liennes, K*(A) une sous-catégorie
triangulée de K(A) qui satisfait les hypothéses du No 9.1 et
F : KXx(A) - K(B) un o-foncteur.

Supposons que R*F (respectivement L*F) existe.

Pour tout entier i€2Z on pose R'F = H (R*F) (respectivement

Lir = wisr)).

[N

Par exemple si le foncteur F est induit d'un foncteur additif
F : A->B et si les hypoth&ses des propositions 9.8 ou 9.10 sont
satisfaites alors les foncteurs R'F (respectivement rpmu existent.

Dans ce cas on pose les définitions suivantes :
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Le foncteur F est de dimension cohomologique finie & droite
(respectivement 3 gauche) s'il existe un entier n> 0 tel que
xwﬁncAmvv = 0 (respectivement rl.mﬁbﬂwuv = 0) pour tout entier i>n
et tout Y € ObA,

Un objet X€ ObA est F-acyclique 3 droite (respectivement A gauche)
si wwmﬁuﬁxvv = 0 (respectivement rtwmchva = 0) pour tout entier

i>0.

9.12 Remarque : Soit F : A » B un foncteur additif et supposons
que la catégorie A admet suffisamment d’objets injectifs (respective-

ment projectifs).

D'aprés ce qui précéde il est &vident que le foncteur R'F
(respectivement H»mv défini ci-dessus coincide avec le foncteur usuel
wwm (respectivement rwmu défini par exemple dans ([CE], chap. V, 83
ou [S8] chap. III, §2).

9.13 PROPOSITION : Soit A et B deux catégories abéliennes et

F : A > B un foncteur additif.

Supposons que l'une ou l'autre des hypothéses suivantes est

satisfaite.

I, La catégorie A admet suffisamment d'objets injectifs (respective-
ment projectifs), tout X€ I(A; est F-acycligue a droite (respecti-

vement tout X€ Proj(A) est F-acyclique a gauche) et F est exact

a gauche (respectivement exact & droite).

II. Il existe une sous-calsse B(A)cObA qui vérifie les hypothéses
du No 7.1 et qui satisfait les conditions i}, ii) et iii) de la

proposition 9.10.

Si le foncteur F est de dimension cohomologique finie, alors le
foncteur dérivé RF (respectivement LF) existe et on a un Isomorphisme

+
RF + = i - = L
( v_c (A) R F (respectivement Armv_c ) L F).

Démonstration : On fait la démonstration dans le cas de 1'hypo-
thése I et des foncteurs dérivés a droite., Elle est analogue dans les

autres cas.
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Soit Q(A) 1a sous-classe de ObA formé par les objets de A qui
sont F-acyclique a droite.

On va montrer pour commencer que Q(A) satisfait les hypothéses

du théoreme 7.8.

Remarquons tout d'abord qu'il rédsulte de 1'hypothése que si
X€ I(A) alors X€ Q(A) (Dans le cas II cela résulte facilement d'un
argument analogue 3 celui de la proposition 9.10).

On en déduit immédiatement que la catégorie A admet suffisamment

de Q-objets i droite.

Soit 0 » X » Y -+ Z » 0 une suite exacte courte dans A avec X€EQM).

On peut trouver ([CE], chap. V, §1) des résolutions injectives
0»X-1,0->Y=>J et 0=>Z~ K' telles que la suite de complexes

0-1"-»J =K -0 soit exacte. (Dans le cas II on utilisera le

théoréme 7.7).
Comme F est un foncteur additif il transforme les sommes directes
finies en sommes directes finies et par suite F est exact sur les

objets injectifs.

11 en résulte que la suite de complexes
081y L FE) L F) 40

est exacte ; de plus, d'aprés l'hypothése faite sur X, on a
HY(F(1°)) = 0 pour iz 1.
Supposons que le foncteur F est de dimension cohomologique infé-

rieure 3 n; on a donc w»mnzv = 0 pour i>n et pour tout M€ ObA.

Supposons tout d'abord que YEQ(A). On 2 done HYF(J*)) = 0 pour

i» 1 et d'autre part on a HY(F(K')) = O pour i> n. Supposons qu'on a
démontré que B (F(K')) = 0 pour izp+l avec p21; t'est un exercice
facile de arwmmm dans le diagramme de voir que mvﬁ..ﬁn )) = 0. I1 en
résulte que H (F(K')) = 0 pour iz 1 et par suite Z€ Q(A).

On a donc : Q.Cn )) = 0 pour

= 0 pour i>n. Un argument

Supposens maintenant que ZEQ).
i>1 et d'autre part on a ut (F(I*))
analogue au précédent permet de voir que H'(F(3')) = O pour i21 par

suite YE Q(A) .
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La iti éoré
condition a) du théoréme 7.8 est donc satisfaite. Considérons
maintenant une suite exacte dans A
a o
a
0 1 n-1 “n

X — X —>X > ...+ —5 X —= 0

0 1 2 n-1
avec X € -
» Q(A) pour 0spsn-1. I1 faut montrer que Nnm QA) .

momoamw.nz .n
j mn Qu. C 0,1,...,n); alors pour chaque entier

O0sp<n-1 on a une suite exacte

0~+2Z »>X +2
p % T a0

On peut trouver des résolutions injectives 0 » 2 > 1’ et 0> X + J°

telles que chacune des suites ? ’ f ’

0~+1">J" +1° >
P P ptl 0
. ' . 5 .
soiLt exacte, D'aprés les hypothéses faites sur F il en résulte que

chacune des suites

o+va+m€u¢:H )y + 0

p+l

est encore exacte.

Comme par hypothése on a mwﬁwﬁ.v =0 pour i21 et 0<pgn-1
- - . v N - ’
il résulte de la suite exacte longue de cochomologie que 1l'on a

. w+a
H (F(I° vvn Q.AH )) pour i>21, i<ps<n et O<qx
=g <qsp.
N i .
Par hypothése on a H QAH ) =20 vo:u i>n et aussi m (F(x')) =0
pour i>n; il reste ao:n a Eonnnmn que ' QAH )) =0 pour 1<1i M

Or + - "
pour 1<i<n on a H* (F(I°® vv w =G.,AH )) = 0 puisqu'alors i+n> n+l.

Ainei C. L
insi la condition b) du théoréme 7.8 est satisfaite.

C \ .
ela étant, soit K(2(A)) la sous-catégorie triangulée de K(A) en-
gendrée par la classe Q(A).

Pui PP
uisque {3(A) vérifie les hypothéses du théorsme 7.8 il en résulte

que la condition a) du théoréme 9.5 est satisfaite

Maintenant supposons que M’ € ObK(Q(A)) est acyclique, c'est-3
. -

' .
que 1l'on a une suite exacte longue dans A

-dire

-1 9 a
Y b JU 22 MP P, yP*1 nm+~
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. existent,
dont les termes sont F-acycliques.

. Alors il existe un unigue morphisme de foncteurs
Pour tout entier p€Z considérons la suite exacte
1 N : RX(GoF) + R¥GoR*F

+MP > Rerd .+ O

p-
.M p+l

(respectivement N : LAGOL*F + L (GoF))
On a zvmbgv pour i<p; donc Ker mv.:m Q(A) en vertu de ce qui pré-
cade. tel que Semwvomnom. = Ax#oomwvommnom,v (respectivement mnom,oﬁzomw& =
D'aprés ([G)], Appendice, corollaire A3) la suite Amoomuoﬁbaoommvv.

s FOPY > FOP) > F(Rer 4, "0

1 Démonstration : Il suffit d'appliquer la propriété universelle du

foncteur dériva Awio%unmoomu au couple (R"GoR*F;z) oii

z = waﬂemmvoﬁmo%v : maomooz - ;xoow*muoww. La démonstration est

est exacte,

Il en résulte que la suite
analogue dans 1'autre cas.

- +1
e o FOP L s FoPy > rPTh - L
9.15 PROPOSITION : Supposons qu'il existe des sous-catégories

est exacte, et la condition b) du théordme 9.5 est donc aussi satis- . )
’ triangulées T'(A) de K*(A) et I'(B) de K#(B) qui vérifient les condi-

mwwnw. . tions du théoréme 9.5 pour les foncteurs F et G respectivement et
Ainsi le foncteur RF existe. telles que F(T'(A)) =T (B) . Alors les foncteurs dérivés R*F,R*¢ et

Finalement les catégories triangulées K (A) et K(A) satisfont les R*(GoF) (respectivement L*F,I¥G et L*(GoF)) existent et le morphisme
hypothéses du No 9.1, _n+$v est une sous-catégorie pleine de K(A) et canonique

il est évident que la sous—catégorie triangulée K(Q(A)) de K(A)
vérifie les conditions de la proposition 9.7. On a donc un isomorphisme N : R¥(GoF) > RHGoRAF

R'r = @p) _v+ @ (respectivement N : LEGOLAF -+ L*(GoF))

i grivé est un Iisamorphi
9.14 Il reste & étudier le comportement des foncteurs dérivés phisme de foncteurs.

vis 3 vis de la composition des foncteurs.

Démonstration : On fait la démonstration dans le cas des foncteurs
Soit A,B,C trois catégories abéliennes. PR .
a4 g dérivés a droite; elle est analogue dans l'autre cas.
Soit K*(A) (respectivement K¥(B)) une sous-catégorie triangulée \ L
( ) P . . ) i 4 9.1 I1 résulte immédiatement des hypothéses que les foncteurs dérivés
de K(A) (respectivement K(B)) qui satisfait les hypothéses du No 9. R*F ot R¥G existent.

et soit F ¢ K*¥(A) > K(B) et G : K#(B) > K(€) deux 3-foncteurs.
De plus, si M'€ObI'(A) est acyclique alors GoF(M') est aussi

ue F(K* cK¥(B); il en résulte que si le foncteur i . A\
Supposons 4 e ®) ® ¢ acyclique puisque d'aprés 1'hypothase F(M') € ObT'(B). Donc le foncteur

RXF (respectivement L*F) existe alors on a R*F(D#* (8)) =DH(8) dérivé R*(GoF) existe aussi.
(respectivement L*F(D*(A))<D¥B)). N
D'aprés le lemme du No 9.14 on a donc un worphisme de foncteurs
LEMME : Supposons que les foncteurs dérivés Qw*m"mwv. A%wmou et

(R*(GoF) ;£ . ) (respectivement Q*m"mmv. Q.xnnmnv et nr»aoomvnmnomvv

N : R*¥(GoF) > RMGoR*F

GoF
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Pour montrer que N est un isomorphisme reprenons les notations

introduites dans la démonstration du théoréme 9.5.

Remarquons tout d'abord que la restriction F : T(A) »T(8) du

foncteur F induit un foncteur F : T'(A) » I'(B) tel que

FPhray T * bl
universelle du foncteur w:»v on voit que GoF = GeF,

oF. Maintenant en tenant compte de la propriété

I1 suffit maintenant d'utiliser la définition des foncteurs

dérivés donnde dans le théoréme 9.5.

On a, en notant cﬁnwhnmwconnwcmﬁopn aﬁ vav un foncteur
quasi-inverse a oﬁ ) : T(A) + D*(A) (respectivement
. w HCooRAF = I.o alo = |o|o =
: T(B) » D"(B)), RWGoR*F = G c23 McZE GoF cmccl .
puisque F : T(R) + I'(B).

U (p)
GoFolU

= R*(GoF), car U oFoU = FolU

T(A) T(B) I'(A) T'(A)
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§ .10. LES FONCTEURS DERIVES DE Hom'

10.1 Soit A une catégorie abélienne.

On obtient un bifoncteur

Hom® (—;-) : K(A) xK(A) - K(Ak)

de la fagon suivante.

Si X',Y' € ObK(A) alors Hom"(X';Y') est le complexe de groupes

abéliens défini en posant, pour tout n€Z,
Hom™(X°;¥*) = 1II mos»QPaaQ.vnv.
pEZ
la différentielle
d : §5Ax.u<.v - moB=+HAN. ;Y0
étant définie en posant, pour tout QE Hom™ (X";Y"),
4o = d o~ (-1)"pod
4 v

Si x..x.”.m.”m..mocxgv et si u€ moﬁnccﬁx..wu.v et
vE =oﬁ_2»v (Y';Y'"), on définit un morphisme de complexes

Hom" (u;v) : Hom (X ;Y°') -» Hom'(X'";Y'")
en posant, pour tout n€Z et tout Q€ moB»—Ax.w.&.v.
Hom" (u;v) (®) = T"(v)egou

(On vérifie aisément que le foncteur OQCoonC - C(Ah) passe aux

quotients).
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10.2 LEMME : Pour tout entier n€Z et tout X' ,Y € ObK(A) on a

H (Hom™ (X";Y")) = :oswA»VAx.waunx.vv

Démonstration : Soit @€ =Q==Q.wm..v. Si @ est un cocycle on a

mw.é = Alsneoux ce qui gignifie que @€ Hom Cn.“.an.uv.

C(A)
Maintenant s'il existe em:oasnwoﬁ. ;Y') tel que dy = @ on a
mmoennnwvﬁeoax = @ ce qui signifie que ¢ est homotope 3 O dans

mosn;v (X":;Y9).

Il en résulte que le morphisme naturel, qui i la classe de coho-
mologie représentée par le cocycle ¢ associe la classe d'homotopie

[l € moBNQC (X*;Y¥°'), est un isomorphisme de :5?08. (X*;Y°)) sur
moﬂxn»v (X*;Y7).

10.3 On va étudier maintenant le comportement du foncteur
Hom  (-3-) vis-#-vis des triangles. Pour cela on commence par &tablir
un résultat concernant le cdne d'un morphisme.

LEMME : Soit W' € ObC(A) et u€ Hom (X*;Y%).

C(A)
Posons u = moB.Qc.wcv : Hom' (W ;X') - Hom" (W;Y°) et
u = moB.AEHz.v : Hom™ (Y';W") - Hom (X" :W°).

0 0

= Hom' (C';W') ot C est le
u u

Alors on a nd. = Hom" (W mocv et ow

céne de u dans la catégorie opposée.

Démonstration : Par définition on a, pour chaque n€Z,

nm = Hom" (W' NA.VQ=OB=+HA£. X7)

. e - 1, . ..
et :osaﬁs.vnbv = Hom™ (W' ;Y ®T(X")) = Hom" (W' ;Y )®Hom™ (¥ ;X’).

On a donc des isomorphismes naturels

5. =..
0ﬁ. od.&:oa Az .ncv

et on vérifie immédiatement qu'ils commutent avec les différentielles.

La démonstration est analogue dans le deuxiéme cas.
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10.4 PROPOSITION : Le foncteur Hom’ (-;-) est un bi-3-foncteur.

Démonstration : Soit W' € ObK(A); il faut montrer que les foncteurs
Hom™ (W';-) : K(A) » K(Ah) et Hom' (-;W') : K(A) - K(Ah) sont des
o-foncteurs., On va faire la vérification pour le premier d'entre eux;
elle est analogue pour le second en se placant dans la catégorie op-
posée.

Remarquons tout d'abord que pour tout X" € ObK(A) on a
Hom' (W' ;T(X")) = THom (W ;X').

Maintenant le fait qu'un triangle distingué de K(A) est transformé
par Hom' (W';-) en un triangle distingué de K(Ah) résulte immédiate-

ment du lemme 10,3,

10.5 LEMME : Soit X' € ObK(A) (respectivement X' € ovxlﬁmnoh. (A)))
. +
et Y €O0bK (I(A)) (respectivement Y'€ ObK(A) ).

Supposons que l'une ou 1'autre des hypothéses suivantes est

satisfaite :

I. X est acyclique

Ir. ¥ est acycligue.

Alors Hom" (X°;Y")est acyclique.

Démonstration : Compte tenu du fait qu'un objet Y' est injectif
ou acyclique si et seulement si l'objet H.bQ.u est injectif ou
acyclique pour tout n€Z, il suffit, en vertu du lemme 10.2, de

vérifier que tout morphisme ¢ : X' = Y' est homotope & 0 dans C(A).

Sous 1'hypoth&se I, la conclusion est donc un conséquence immé-
diate du lemme 8.5.

Supposons maintenant que 1'hypothése II est satisfaite, Il faut

construire un opérateur d'homotopie k€ moslwAN.Q.v tel que
dk+kd = @,

Sans restreindre la généralité on peut supposer ' =0 pour i< 0;

il est clair alors que k' = 0 pour is0,

Supposons que l'on a déja construit Kkt pour i< p-1 avec pz1l. 11

faut donc construire kP : XP mvlw tel que .:%Tfﬁva = . Remarquons
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que si xX€ xvlu. est un cocycle on a &avl_.nuc = p(x).

Soit x€ Im(d : Nvlw - xvv et soit x' meL.

xme xP7!

tel que dx' = x; si
avec dx" = x alors x'-x" est un cocycle de X' et comme Y’
est acyclique il existe yE€ len tel que dy = @(x'-x") . De la
remarque précédente il résulte de plus que mrvlwﬁx.lxzv = dy.

onvmcnmwoummmmwnwn kP Im(d) - mvlw en posant

P (x) = o' )-akP L"),

1 c s . o : .
est injectif on peut étendre cette application en un

Comme P~
application kP : XP » YP™! qui satisfait évidemment la condition

requise.

La démonstration est analogue dans le cas ol on considére des

objets projectifs.

10.6 Supposons maintenant que la catégorie A admet suffisammen

d'objets injectifs.

Soit W' € ObK(A). D'aprés le lemme 10.5 le 3-foncteur
Hom® (W3-) : K (A) - K(Ah)

satisfait les hypothéses de la proposition 9.8. Il admet donc un
foncteur dérivé, que l'on note

+ . o
wHH:oa (W'3-) : D (A) » D(Ah)

pour indiquer qu'on prend le dérivé par rapport au second argument.

On en déduit un foncteur

R} Hon' (-3-) : k@) °xn* () » D@

d'od, si Y € ovu+n»v. un foncteur

wmﬂmoa.?wm.v : xgvo - D(aAl)

qui transforme les isomorphismes homologiques de K(R) en des iso-
morphismes de D(Ah). En effet si s : X' — X'" est un h.i., dans K(A)
et si 0 »Y° = J° est une résolution injective de Y", alors le

morphisme induit Hom' (X'*;J") - Hom" (X';J") est évidemment un h.i.
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dans K(Al) en vertu du lemme 10,5.
Alors du théoréme 1.2 on déduit l'existence d'un unique foncteur
que 1'on note, pour des raisons évidentes,

+ . . o
R.R _Hom (=3¥") : D(A) - D(Al)

d'ol finalement un foncteur
+ . 0 _+
szHHmoB (=;=) : D(A) xD (A) - D(Ah)

10.7 Si la catégorie A admet suffisamment d'objets projectifs un
raisonnement analogue au précédent permet, compte tenu de la variance
du foncteur Hom®(-;-) par rapport au premier argument, de construire
un foncteur

- . = 4,0
wHHwH Hom" (-;~) : D (A) xD(A) - D(Ah)

10.8 PROPOSITION : Supposons gue la catégorie A admet suffisam-
ment d'objets injectifs et suffisamment d'objets projectifs.
Alors les foncteurs

+

RR], Hom' (-3-) : (M) %x" (&) ~» p(AW)

et R R} Hom' (-3-) 0”@ %0t @A) - DAk

sont canoniquement isomorphes.

Démonstration : Notons MHH (respectivement mHv les morphismes de
i+ ont . . -, .
foncteurs associés a R__Hom'(-;-) (respectivement meQE (-:-)) (voir

11
9.2).

Alors compte tenu des constructions 10.6 et 10.7, du théoréme 1.2
et de 9.2 on a

. Co. + . - *
Eir ¢ PypoHom (-5-) = R R, Hom AlmlvoAmbmev

Ep  PppoHom’ (-57) - Ry R Hom' (=3-)o (P,xP})

D'aprés la propriété universelle de mHH relativement & mw

(respectivement de mn relativement 3 MHHV il existe un unique morphisme
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+ . - . .

de monnanNm Ny ¢ wHwHH mms (=;-) = wHHwH Hom' (~;-) ANMmcmnﬁw<mam5n
: Hom"' (-3~ (-3 o o =

Ny wHHwH om' (=;~) - WHWHH Hom' (-;-)) tel que AJHH Hm»xmwvv mHH mH

. -t . :
(respectivement A:Hko»wavvemH = MHHV (voir 9.2). Mais alors, de
nouveau 3 cause de la propriété universelle on a

+ N et n on =1 - N
WHwHH Hom" (-3-) II1 1 WHHNH Hom" (-;-)

un isomorphisme de foncteurs.

donc n est

n.en =1 11

T II

10.9 PROPOSITION : Supposons que la catégorie A admet suffisam-
. . +
ment d'objets injectifs. Alors pour tout X € ObD{A), Y €0bD (A)
et pour tout n€Z on a

+

n Crvtaveay = R .
H Axawaamoa X"5Y7)) = moauhwuﬁx T (Y7))

pémonstration : Soit un isomorphisme homologique s : Y - I” oii
. + PR P « S
€K . B ) = ;T (T =
I Q@U: On a moad;vQ T (") moBoCyv x ™y
monﬁcc X'T(In.

En effet le premier isomorphisme est évident car s induit un
isomorphisme dans D(A). Pour démontrer le second isomorphisme il

suffit évidemment de montrer que

:oEUQC (X';1%) = moaﬂn»v (X ;17

Soit o€ moﬁc;v (X';1°) représenté par un diagramme x—2 N.f|.m|» 1’
d'objets et de morphismes de K(A). Comme 1" est borné inférieurement
1'argument utilisé dans la démonstration de la proposition 6.15 montre
qu'il existe un isomorphisme homologique Z° - W' ol z.mx+QC. et
comme A admet suffisamment d'objets injectifs on a aussi un isomor-
phisme homologique W' + J" ou J" € N...AHQCV .

Finalement on peut donc représenter o par un diagramme
x..|vlv J° <= 1', mais alors r est un isomorphisme d'aprés le
corollaire 8.7.

1

La correspondance qui i o associer b : X" 1" définit alors

1'isomorphisme cherché.

Finalement d'aprés le lemme 10.2 on a moﬁﬁag.wﬂbﬁ.vv =
H (Hom" (X"31°)).
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Mais d'aprés la construction 10.6 et d'apréds 6.6 on a

Do ervr rony _ uplrot gt ot .vt N oF e e e
H'(Hom' (X"317)) = H (R  Hom' (X";¥")) = H (RR;, Hom' (X";Y7)).

10.10 Pour tout X',Y' € ObD(A) et pour tout n€Z on pose

Do e e . .
Bxc”(X"5Y7) = Hom o (X'3T7(Y"))
n,.. . 18
et Ext (X';Y') s'appelle le ntcme hyperext de X' et Y . Sous les
hypothéses de la proposition 10.9 on vient donc de montrer que

n,. . . + . PR
Ext (X"3¥°) = ==AszHHmoa (X'3Y°))

On notera qu'il résulte immédiatement des diverses constructions que
nous avons faites que si A admet suffisamment d'objets injectifs,

alors pour tout X,Y€ ObA, le groupe mxnsQCC sD(Y)) coincide avec le
groupe usuel mxnncrwu défini par exemple dans ([CE], chap. VI, §1).
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§ 11, LES FONCTEURS DERIVES DE &

11.1 Soit A une catégorie ab&lienne dans laquelle la notion de
produit tensoriel est définie (par exemple la catégorie des

faisceaux de R-modules sur un espace topologique).

On dit qu'un objet M€ ObA est plat si pour toute suite exacte
courte 0 » X » Y » Z - 0 dans A la suite 0 - X@M -» Y& > Z@ - 0 est
encore exacte. On note P(A) la gous—-classe de ObA formé par les
objets plats de A; cetteclasseP(A) satisfait les hypothéses du
No 7.1 ([B], chap. 10, 81, no3).

11.2 On définit un bifoncteur
8 : K(A)xK(A) - K(A)

de la fagon suivante.

Si X',Y €O0bK(A) alors X'@Y’ est le complexe d'objets de A défini

en posant, pour tout n€Z,

ey = o xPeyd,
p+q=n
la différentielle

d s Ax.g.vn N AN.QA.Vni.

étant donnée par

d = QM.OH,N....MN.Q—A.

8i X',X'",Y',Y' €O0bK(A) et si u€ mcaﬂn»»v (X";X'') et .
<me_JrQC (Y*;Y'") on définit d'une fagon &vidente un morphisme de

complexes
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wdv : X'GY - X'TeY'"

(On vérifie aisément que le foncteur C(A)xC(A) - C(A) passe aux

quotients).

11.3 LEMME : Soit W € ObC(A) et u€ Hom

caa) (X°;Y"); on a

o
:@wﬁ. u
Démonstration : On remarque tout d'abord que T(W'@-) = W'®T(-)

et T(-@W') = T(-)&W",

On a donc C

(Y 8W )BT (X @W")
(Y OT(X™))euW"
= C'gwW’

u

cg.ﬂ .

11 existe donc un isomorphisme naturel d'objets gradués

rﬁwz.

C - C'eW”
u

et on vérifie immédiatement que c'est un isomorphisme de complexes.
11.4 PROPOSITION : Le foncteur ® est un bi-d-foncteur.

Démonstration : Soit W' € ObK(A); il faut montrer que les foncteurs
-®W" : K(A) » K(A) et W'@ : K(A) » K(A) sont des d-foncteurs. On a
déjd remarqué que le foncteur de translation T commute avec ces
foncteurs. Maintenant le fait qu'un triangle distingué de K(A) est
transformé par ces foncteurs en un triangle distingué résulte

immédiatement du lemme 11,3,

11.5 LEMME : sSoit X' € ObK(A) (respectivement X' € ObK (R)) et
Y € 0bk® (P(A)) (respectivement Y' € ObK (P(A)).

Supposons gue l'une ou 1'autre des hypothéses suivantes est

satisfaite :
I. Y  est acycligue

II. X' est acyclique.

Alors X'@Y° est acyclique.
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. : q : .
Démonstration : On va utiliser un argument standard de suites Puisque Y* est un objet plat pour tout ¢, les suites

spectrales. Considérons le complexe double (K™;d';d") obtenu en
P P 0 - Ker dPeyd & xv@nn - Ker amiégh -0
posant kP9 = xvexn. 4' = mx.efm. , d" = Hx.@ﬂw. et remarquons que

(X'@Y";d) = (sK™;d'+d") . Sans restreindre la généralité on peut sont encore exactes pour tout p et tout q. Ainsi la suite

KP4

supposer KPY =0 pour q<0 et q> nowo (respectivement = 0 pour

. o p-1lo.9 Pgvd  xP*lgyd
p>0 ou q>0). Il en résulte que les deux suites spectrales associées cee 2 X0 TOYT S XTEYT 0 X7 TOYT - L.

i ce complexe double sont convergentes ; on a donc ([Gol,chap. 1, §4) , . q
est exacte c'est-a-dire pour tout q le complexe X'@Y' est acyclique.

Pq _ U DN
Hmwn = tyPr :nﬁw..u - mbcm.em.v On a donc HHNN =0d'od H (X'®") = 0.
Pd _ wyPyyd K*) P ey’ P . : .
HHMN = H*( = H (X'@Y") 11.6 Supposons dorénavant que la catégorie A admet suffisamment

d'objets plats (3 gauche).

Supposons tout d'abord que Y' est acyclique ; on a donc une suite

mniw q a9 q+1 ; La catégorie _AIQA»&V est une sous—catégorie triangulée de _nlacn
— Y — Y -+ ... qui est dans tous les cas | . .
H il suffit en effet de remarquer que si u€ mosKQ;qu.nM.v alors le

cone n..u EK(P(A)).

-1
exacte ... ma

bornée supérieurement. On en déduit les suites exactes courtes

q q+l . P .
0 » Ker d9 » Y3 s Ker d -0 Puisque la catégorie A admet suffisamment d'objets plats il ré-
sulte du théoréme 7.5 que la condition a) du théoréme 9.5 est sa-

Puisque Y9 est un objet plat pour tout q€Z, on en déduit, par i .
tisfaite.

récurrence sur q, que Ker 49 est un objet plat pour tout q
([B], chap. 10, 54, No 6, corollaire 1). Il en résulte que la suite De plus soit W' € ObK (A); d'aprés le lemme 11.5 le 3-foncteur
W'® : K (A) » K(A) satisfait la condition b) du théoréme 9.5. Il

q+l |
0

0 - xPoker dd - xPev? -+ xPeKer d admet donc un foncteur dérivé a gauche, et on en déduit un foncteur

est exacte pour tout p et tout q ([B], chap. 10, 84, No 6, théoréme 2). erTelv : K (A)xD~ (A) - D(A)

Ainsi la suite Lo -
Donc, si Y € 0bD (A), on a un foncteur

... » xPovd !  xPeyd L xPeyd*l .

L (8) : K (R) » D)
est exacte, c'est-3-dire pour tout p le complexe xP@Y" est acyclique.

P qui transforme les isomorphismes homologiques de K (A) en des iso-
On a donc (EPY = 0 d'ou HM(X'®Y") = 0.

sy morphismes de D(A) en vertu du lemme 11.5. D'aprés le théoréme 1.2 on
Supposons maintenant que X' est acyclique. De la suite exacte en dZduit donc un foncteur
p-1 P
-1 d d p+l - . -
I e S ¢ RAREX LiL (-8Y") : D (A) - D(A)
on déduit les suites exactes courtes d'oll finalement un foncteur

0 - Ker df -» xP - Ker a1l Lo PHPMHT?V : D (A)xD (A) - D(A).
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11.7 On peut évidemment construire d'une maniére analogue un

foncteur

rHHrHT?V ¢ D (A)xD (A) » D(R)

et un argument semblable 3 celui utilisé dans la démonstration de la

~_(-®&) et L__L_(-@)

proposition 10.8 prouve que les foncteurs rHrHH '

sont canoniquement isomorphes.

11.8 Pour tout X',Y" €0bD (A) et pour tout n€EZX on pose

vty =y R s
HOH=AN YY) H nhHHHHAN ®Y°))
B iéme . .
et Tor (X';Y") s'appelle le n hypertor de X° et Y . On notera que

n

si X,Y€E ObA, alors Honugcc ;D(Y)) coincide avec le aonscﬂd usuel
défini par exemple dans ([CE], chap. VI, §1).

103 I,12.3

§ 12. LES CLASSES GENERATRICES DE DP(A)

12,1 Soit A une catégorie abéliemme.

On peut généraliser les définitions des No 3.4, 5.3 et 6.9.
Pour tout entier n€Z considérons le foncteur additif pleinement
fidéle nn = .H_nono i A+ C(A), oG T est le foncteur de translation
défini dans le No 4.1, Il induit un foncteur pleinement fidéle
o: : A » K(A) et finalement on obtient un foncteur pleinement fidéle
v: : A+ D(A). Ce foncteur induit une &quivalence entre la catégorie
A et la sous-catégorie pleine de D(A) formée par les objets X' de

D(A) qui sont acycliques en tous degrés différents de n.

12.2 Maintenant soit G une sous-classe de ObA qui contient

1'objet nul 0,

Posons G, = U D (G); G

1 n 1
b n€zx
fait de ObD (R), dont les éléments sont les complexes dont toutes les

est donc la sous—-classe de ObD(A), en

composantes sont nulles sauf une qui est un @lément de G, la diffé-
rentielle étant évidemment nulle.

Dans la catégorie triangulée cvgu. tout élément X' € nH est

sommet d'un triangle distingué dont les deux autres sommets sont aussi
des éléments de npw il suffit en effet de considérer le triangle

XX -0 -»TE").

12.3 On définit alors, inductivement, pour chaque entier P22,

une sous-classe ov de owu_ugv de la fagon suivante,

. . b . 5 :
Un objet X' de D (A) appartient i nv si, et seulement si, il
m.xwmnognuwgmwnmwmnwamcmmmam Uvgv aownw.omnw.czammuoﬁ._mnm

et dont les deux autres sommets sont des éléments de G

p-1° On vérifie
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aisément qu'on a une inclusion othov. On peut donc considérer la

suite nwtnnlowl ... de sous-classes de ovcvgv.

12.4 On dit que la sous-classe G de ObA est une classe génératrice
de cv;v si tout objet Y de quC est isomorphe, dans vcc.o, a un

élément X € lim G_.
lin G,

P

12.5 Avant de donner un exemple de classe génératrice on introduit

la définition suivante.
Pour tout X € ObD(A) posons
A’ = {kez|E*E) #0) .

si X'€ ovc+A3 (respectivement x"€0bD (A)), alors 1'ensemble
ncn.v est borné inférieurement (respectivement borné supérieurement).
Si l'ensemble sﬂx.v est fini, en particulier si x.movbd;v. le nombre

nAN.v des &léments de n(X') s'appelle la longueur cohomologique de x'.
Par exemple X" € ObD(A) est acyclique si et seulement si LX) =0,
12.6 LEMME : Soit X €ObD*(A) (* =+,-,b) tel que Cardn(X") > 2.

alors il existe un triangle distingué dans D*(A)

2 ax Y »120)
tel que =Q.vm=§.v et =AN.VW=Q.V.

. . . N +
pémonstration : On fait la démonstration dans le cas ot x' € oD (A),
laissant au lecteur le soin de l'adapter dans le cas ol x. € 0bD (A);

enfin le cas ol x'€ ovuvgv ge déduit é&videmment des cas précédents.

Sans restreindre la généralité on peut supposer que =0 pour i<0
Posons n = inf Dcn.v EN.

On définit un complexe W' en posant

0 si 1i<n-1
i -1 PR
W= Coker (d : xa stv si i=n
xt si izutl

Il est clair qu'on a iz.v = son.v et le morphisme évident

jo: x W est un h.i. .
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On définit maintenant un complexe Y' en posant

0 gi 1<n
i
Y = Coker(d : AN N5+Hv si 1 = n+l
i ..
X sl 12n+2

D'aprés le choix de n on a nécessairement =Q.vm=AN.v.

On définit enfin un complexe Z° en posant

0

si i2n-1ou izn+2
zt = Coker(d : NSIH - xbv si 1=n
Im(d : x* - xsi_.u si 1 = n+l
i, H'(X') si i=n
On a H(Z") = N ; donc n(Z°)en(X"), 2(27) = 1.

0 si i#n
. > . . +
On obtient ainsi une suite exacte de complexes dans C (A)

0+z % u—Tsy »0

et d'aprés la proposition 4.10 i) et ii) il existe un isomorphisme

homologique m : nr.u -Y°,

On en déduit alors un diagramme de triangles

z W C. » T(Z")
HN._ Hz._. J H HZN.V
z* > W Y » T(Z")
0 T ™ N O
z > X' > Y I(Z")

dans lequel les fléches verticales sont au moins des h.i.

La derniére ligne de ce diagramme induit un triangle distingué

+
dans D (A), qui est le triangle cherché.

12.7 Remarque : Si 2{(X') = 1 il existe un triangle distingué
2" 53X Y S T(Z") avec R(Y') = 0 et R(Z°) = 1; si 2(X') = O on a

2(Y") = 2(Z') = 0. Il suffit en effet dans les deux cas de considérer
le triangle X* = X" » 0" » T(X").
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12.8 PROPOSITION : La classe pleine G = ObA est une classe
génératrice de ovabv.

pémonstration : Soit X' €ObDC(R).

Si pcn.v = 0 il est clair que X est homologiquement isomorphe &
1'élément 0 €G,.
Si ncn.v = 1 alors X est homologiquement isomorphe @ un élément
de G.. En effet i1 existe un entier n tel que mscn.v $0 et mpon.v =Q

1
pour i#n. Il suffit alors de considérer le diagramwme commutatif

d x=+H

eee » 0 —> Coker d —

bt

.+0-——>Kerd — 0 MY

dans lequel les fléches verticales sont des h.i. La derniére ligne de

ce diagramme fournit un &lément de G, isomorphe a X' dans cw (A).

Si pnx.v = 2 il existe, d'aprés le lemme 12.6, un triangle distin-
gué 2" %" 2Y >T(") avec Y )<2 et iN.u,A 2. D'aprés ce qui
précéde t" et z° sont homologiquement isomorphes & des €léments de G,.
On en déduit que x mnn.
Par récurrence on montre immédiatement que, pour tout entier

p=3, si poﬂ.v = p alors x.mou.

12.9 PROPOSITION : Soit A et B deux catégories abéliennes et
F: Udﬂ»v Juvnwv un d-foncteur pleinement fidéle. Supposons que F
est induit d'un foncteur additif de A dans B dont 1'image contient une

classe génératrice G de vvﬁwv . alors F est une éguivalence de catégorie.

Démonstration : Par récurrence et en utilisant la proposition 2.18

on voit facilement que tout objet de lim nv est isomorphe 3 un objet
. b
mmw.wawmommm.Hpmsnmm::mwponm wmﬂmnmwnmsmﬁn n:mmwnmovvnwv.

on peut trouver x €ob Uc;v et un isomorphisme a € Hom b (FX );Y ).
D (B)
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II. COHERENT D-MODULES

by B, Kaup

In this text, we define and give some basic properties of coherent
sheaves. Then, following the paper [6] of B. MALGRANGE, we prove that the
sheaf ¥ of linear partial differential operators with holomorphic coeffi-
cients is coherent (as a sheaf of rings) and give a characterization of
coherent D-medules, using good filtrations.

One important aspect of this text is to demonstrate the interplay (via
the theorems 2.2, 2.3 and 2.4) and the analogy (see § 1) between coherent

modules over coherent sheaves of rings and finitely generated modules over
noetherian rings.

§ 1 COHERENCE
Coherent modules over a ring

In order to clarify the analogy between the notions "noetherian" and
"coherent", we first collect some definitions and propositions concerning
noetherian modules.

Let R be a (not necessarily commutative) ring with 1; let MM’ M",...
be R-modules (R-module always means left R-module}.

1.1 DEFINITION. M is finitely generated if there exists an exact
sequence RP —sM —>0.
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M is noetherian (as an R-module) if each sub-R-module N of M s finitely ge—
nerated.
R is noetherian (as a ring) if R i8 noetherian as (left) R-module.

1.2 PROPOSITION. LZet M',M" be noetherian R-modules and M' —> M —s M"

an exact sequence., Then M ie noetherian.

1.3 PROPOSITION., Let R be noetherian, M an R-module. Then M is noethe-

rian iff M ig finitely generated.

1.4 REMARK, Let ¢: M* —>M" be a homomorphism of finitely generated
R-modules. If R is noetherian, then, by 1.2 and 1.3, also Im ¢, Ker ¢, Cokerq
are finitely generated. If R is not noetherian, one has to impose stronger

conditions on M' and M (see 1.9).

1.5 DEFINITION. M is finitely presented if there exists an exact se-
quence R —» RP —»M —» 0.
M is coherent (as an R-module) if the two following conditions are satisfied:
i) M e finitely generated.

i1) Every finitely generated submodule Nc M is finitely presented.

R is coherent (as a ring) if R is coherent as a left R-module.

1.6 LEMMA. For an R-module M, the following conditions are equivalent.
11) Every finitely generated submodule NeM is finitely presented.

iii) For each homomorphism ¢: RP —» M, Ker ¢ is finitely generated.

Proof (of i1) => iii)). Let ¢: R® —»M be a homomorphism. Then

e?uvnz is finitely generated; hence, there exists an exact sequence
a

™25 RS Yy o(R%) — 0. Let R o RS be homomorphisms verifying

Yo = 6, 0B = y. Then y: R’ @ RP s Ker ¢, (a,b) —»b + B(o(a) - a(b)) is

surjective.
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1.7 PROPOSITION. Let 3n l.iz~ —M lZw |'=a be an exact se-
quence, where zd. 18 coherent for all i. Then M ig coherent.

Proof. M is finitely generated:
There exists a diagram of the form ( —»+ indicates a surjection)

p
R 3
euod

X T
M

) > M, ——> M

%, ¢ Y

Aza is coherent; hence, xmlow.i is finitely generated by 1.6). Since
eude = 0, there exists w: RP —> M such that the diagram commutes. Then

P
’I.'v.vxmlew.: c R

4

P2
RZ @ &P —>M, (r,s) Tloemx?v + w(s), is a surjection.
Now Tet 8: RP —= M be a homomorphism. We must show that Ker B is finitely

generated. First, we may assume that zﬂ = Ker emn zN . There is a commutative
diagram

P
1
R Rt aker(e8) < R
!
1 8
X wl 8
|
A ¢ ¢
= 2
Ker ¢, = M, c M, O RN
. P p
Define n: R ! @ RO —r%and 1: R ! @ R Ivzm by nlr,s):=s,

tlr,s):= y(r) + w(s). Ker 1 is finitely generated, since M, is coherent.
Hence, Ker g is finitely generated, since Ker g = eixm.x ).

1.8 PROPOSITION. If R Zs coherent, then M is coherent iff M is finitely
presented.

Proof. If R is coherent, then (by induction and 1.7) RP is coherent for
vaw 1. If M is finitely presented, there exists an exact sequence
R  — R —» M —» 0 —» 0, hence, M is coherent by 1.7.
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1.9 PROPOSITION. Let M,N,M'c M, M'c M be coherent R-modules. Then
a) Ker ¢, Im ¢, Coker ¢ are coherent for every homomorphism ¢: M —>N.
b) M® N, M' + M", M'~ M", M/M' are coherent.

¢) M@p N and xosxnz.zu are coherent if R is commtative.

Proof. As an example, we prove that :osxAz.zv is coherent: a finite
presentation 9 — oRP —+ M — 0 of M induces the exact sequence
60 —0— :oswAz.zv |||vxoaxﬁzv.zv xrnwzoazAzn.zv
it il
NP g

Hence, xoamﬁz.zv is coherent by 1.7, since NP and N are coherent.

Cohenent sheaves

Let X< t” be an open subset, R a sheaf on X of (not necessarily commu-
tative) rings, M a left R-module on X.

For U open in X, there is a canonical bijection between p-tuples
A:a.....:vv € r{u,M)P and homomorphisms ¢: mu_c lnnvz—c :

::n..-ujvv —> Ae.. hﬁ_-...-ﬁ—uv — A%Azao...wﬁuzvvv.

The inverse mapping is given by ¢ r|1vﬁeﬁmdv.....eﬁmvvv. where

. = (0,.0.1,...20) € T(U,RP) is the i-th unit vector.

zM say that :ﬂ.....zu € r(U,M) generate z_c , if the corresponding homo-
morphism nu_c |||v:_: is surjective (i.e. :a.x h generate zx for

seeeallp x
all x € U).

1.10 DEFINITION. M Zs locally finitely generated (resp. locally fini-
tely presented), if for each x € X, there exists an exact sequence
mu_c — _s_c —s 0 (resp. nn_c ‘vmu_c lz'c — 0) over an ommn. neigh—
bourhood U of % in X. M is coherent (as an R-module) if the following two

conditions are satisfied:
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i) M is locally finitely gemerated. 1ii) For every U open in X, every locally
finitely generated submodule zn:_: is loeally finitely presented.

R 18 coherent (as a sheaf of rings) if R is coherent as an R-module.

1.11 LEMMA. Condition ii) in 1.10 is equivalent to the following con-
dition (see 1.6):
iii) For every U open in X and every homomorphiem ¢: Nu_c Ivz_c s Ken ¢
is locally finitely generated.

Preofs of 1.12, 1.13 and 1.14 are obtained by replacing "finitely gene-
rated” (resp. "finitely presented") by "locally finitely generated" resp.
"locally finitely presented" in the proofs of 1.7, 1.8 and 1.8:

1.12 PROPOSITION, Let } l:m —> M |vzw 12» be exact, :., co-

herent for i= 1,...,4. Then M is coherent.

1.13 PROPOSITION., If R is coherent, then M is coherent iff M s lo-
cally finitely presented.

1.14 PROPOSITION. Let M,N,M'e M,M"c M be coherent R-modules. Then
a) Kend , Imé , Cokerd are coherent for every homomorphism ¢: M —=> N.
b) M@ N, M' + M", M'A M, M/M' are coherent.

c) z@n N and xosnﬂz,zu are coherent if R is commutative.

1.15 EXAMPLE. For X:= €, R:= eo = sheaf of holomorphic functions,
define I<R by NNnu mN for 0 £z €C, ~o"u onnuno , M:= R/1. In the exact

sequence

0—1 —>R—sd—=0,

1 is not locally finitely generated (but M is!). Hence, neither I nor M is
coherent, (since R is coherent, see 2.3).
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The utility of the notion of coherence is shown by the following propo-
sition of the type "punctual — local":

1.16 PROPOSITION. Let M be a locally finitely generated R-module over

X; x, € X; U an open neighbourhood of X in X; *_.....mv € I'{U,M) such that

nxwmmgmﬁ .....* mn:mgnm:nm&:xé&:?.?wa?m&&m&mwgn:
a.xo PsX, X X,

o
open neighbourhood ¥ of Xy in U such that J_<......_..v_< generate z_< . In par—

tieular, if M_ =0, then M, = 0 for X near x_ .
%o X 0

1.17 PROPOSITION. Let ¢: M —> N be a homomorphiem between coherent

, ex : zx |||vzx ig injective (resp. surjective,
[+] o (4}

resp. bijective), then ex“ zx |vzx 18 injective (resp. surjective, resp.

modules. If, for some Xq

bijective) for x near L

1.18 PROPOSITION. Let M and N be R-modules on X. If M ig coherent and
R commtative, then the canonical homomorphism
o,: m:oanﬂz‘zvux —> Hom, A:x.zxv

X
i8 bijective for all x € X.

Proof. An exact sequence RS —rP —» M —» 0 near x provides in a ca-
nonical manner a commutative diagram with exact lines

WPy, ),
n L}

0 —> Homy (H,N)_ |...|.xesmANu.zvx .Illl.xosnAmn.zvx
—t _ a 8
p q
0 — xoamxzx.zu — xosxx?x.zu — =oaxx£x.2xv
n "

p a
WP, 9,

« and B are isomorphisms; hence, u is an isomorphism.
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1.19 DEFINITION. Let M be an R-module on X. Then
supp M:= {x € X; :x # 0}
is the support of M.

1.20 PROPOSITION. If M ig locally finitely generated, then supp M is
closed in X.

Let X be open in n:. 0 the sheaf of holomorphic functions on X. A subset
AeX is called analytic in X if A is closed in X and if for every a € A there
exists an open neighbourhood U of x in X and ﬂa.....wv € r{u,0) such that

UnA = {x € U; ﬁaﬁxv = eue = ﬂnﬁxv = 0},

1.21 PROPOSITION. et 1€ 0 be a finitely generated sheaf of ideals.
Then I(1):= {x € X; Nx # cxv ={x€X; f(x) =0 V f¢ wa is analytic in X.

Proof. If w_.....wu generate H_c » then

Z(1)alU = {x € U; maﬁxv = ... = mvﬁxv = 0}.

1.22 PROPOSITION. Let M be a coherent O-module. Then )::Q McQ 78 co-
herent; hence, supp M = N;;:o M) 28 analytie in X.

Proof. Anny M = Ker(0 |||vxosoﬁz.:VH“w coherent
fr— (a —> fa)

by 1.14, since 0 is coherent by 2.3.

§ 2 BASIC THEOREMS ON COHERENT 0-MODULES

2.1 DEFINITION. For a € 8" and r € (R, )", the set

= {zg e _Nu-mu_ $ryforj = 1,...,n}

is called a closed polydisk.
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Remark. If r = (0,...,0), then K is a point. Let M be a sheaf on U
(open in €") and K< U. Then each section s € M(K) = I'(K,M) extends to an open
neighbourhood ¥ of K in U.

In this text, 0 is the sheaf of holomorphic functions on a:, K a closed
polydisk and X open in ",

2.2 THEOREM (Frisch). O(K) is noetherian for each closed polydisk
2.3 THEOREM (0ka). 0 is coherent.

2.4 THEOREM (Cartan-Oka).

(A) Let M be a coherent U-module on U and Ke U a closed polydisk. Then there

existe an exact sequence

c_m —>M,, —>0.

|K
(B) et Ke t" be a closed polydisk, Then the functor

M —> M(K}

(M a coherent O-module on a neighbourkood of K) is exact.
For proofs of these theorems, see [3], [4], [5].

In the rest of this paragraphe we give some applications. With the nota-
tion of (A), an immediate consequence of (A) is

2.5 PROPOSITION. M(K) generates z_x , t.e. for every x € Kand h €M,
there exist :;.....:v € M(K) and ﬂd.....ﬂn 3 ox such that h = L ﬂu :u,x .

2.6 PROPOSITION. Let KeX be a elosed polydisk, and M, a coherent
O-module over X. Then, for every k € N, z_x admits a resolution of length K,

i.e., there exists an exact sequence
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Proof by induction and (A).

2.7 PROPOSITION. Let M be an O-module on Xc " and KeX a closed poly-
disk.

a) If M is coherent, then
M(K) s a finitely generated 0(K) module and the natural homomorphism

(*)
ox ® 0(K) zﬁxv.llvzx i8 an isomorphism for all x € K.

b) If (*) is satisfied, then z_m is coherent.

Proof. Suppose that M is coherent. Then, by (2.6), there exists an
exact sequence cﬂx |»|vowx lrnvz_x —->0; by (B), the induced sequence

09(K) —s 0P(K) —s M(K) —>0
is exact. Hence, M(K) is a finitely generated O{K)-module.
Now consider the canonical commutative diagram
q p

(**) a B Y

q , 0P >
ox wox :x > 0

The lines are exact, a and B are isomorphisms, hence y is an isomorphism,
Now suppose (*). Since O(K) is noetherian and M(K) finitely generated, there
is an exact sequence

09(K) -2 0P (k) —¥s M(K) 0.

That sequence generates (use (**)), for every x € K, an exact sequence
[}

qa_"x _.p

OxlvaX'llexllvvc

and thus an exact sequence

q P
Q_x’lvo_x[‘v:_xllvo .

Hence, z_m is coherent.
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2.8 PROPOSITION. LZLet }n :Nn nzxn ...nzvmoommxmznolso&&mmo:
xe ", Then, for every compact Lc X, there exists k €N such that

__sx__. = :_Qu_r for every p €N,

Proof. We may assume that L = K is a closed polydisk. Since 0(K) is
noetherian and z_AxVu”zmnxvn ...c M(K) are all finitely generated by 2.8,
there is a k €N such that zxﬁxv = :x+vﬂxv for all p € N. The assertion
follows by 2.7 .

2.9 DEFINITION. Zet M be an 0-module on X. An O-exhaustion of M is a
sequence zonz_ <...c zrn .+.C M of coherent sub-0-modules such that

M=U M
k

2.10 PROPOSITION. Let M,M' be O-modules on X that admit O-exhaustions.
If ¢: M —>M' is surjective, then M(K) —+M'(K) is surjective for every
elosed polydisk KcX.

K

Proof. Let E_Avxg and A__‘___Avx@_ be 0-exhaustions. Since M'(K) = rmzx:c.
it is sufficient to show that for every k € N there exists 2 €N such
that ¢(M_(K))>M! (K): as M! =\J (M!n¢(M,)) is the increasing union of

% k k y k |3
coherent ¢0-modules, there is (by 2.8) an 2 € N such that zm_x c (¢ :wv_x .
By (B) we have that (¢, )(K) = eﬁznnvam hence

w0 o M) (K) = 6, (K)).

2.11 EXAMPLE. M:= omxd.....xsu is a non-coherent 0-module that admits
an O-exhaustion: put M, := {P € M; degree (P) < k}.

2.12 EXAMPLE. For an open subset Uct" and m € N define
D (U):= { £ 0% f_ € 0(U)
m _Q. <m Qa a

n
(here a:= ﬁp_....,p=v ENT, laf:i= ayte..soy

The associated sheaf ua is a coherent 0-module; hence, hcsv=mz is an

0-exhaustion of the sheaf D:= U ea of linear differential operators.
meN
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Each P € D(U) is a €-linear homomorphism P: O(U) —=0(U); P is uniquely
determined by this homomorphism.

D is (in a natural way) a sheaf of {not commutative) rings: for P,Q € D,
P-Q has the property that (P.Q)}(f) = P(Q(f)) for all f € 0.

Since qx . upn ex+n and uo = 0, one has the following structures:

D is a left-O-module: A.AM*acov = Mﬂmﬁavaa ;
0 is a left-D-module: (I ﬂacgv.m =3 *ncoﬁﬁu.
In § 3 we shall see that omxa.....xau and D are coherent as sheaves of

rings. Note, that omx_.....xau and D can be defined in a natural way on
complex analytic manifolds.

§ 3 D IS COHERENT
The main results of this paragraph are
3.1 THEOREM. UD(K) is noetherian for every closed polydisk K.
3.2 THEOREM. D is coherent as a sheaf of rings.
Note, that all results and proofs in this paragraph remain valid if one
replaces D by omx_.....xau. D, by omxd.....xsua"u {P; degree (P) < m}, etc.

Hence, we obtain

3.3 THEOQREM. cmx_.....xwu i8 coherent as a sheaf of rings.

(00Xy 5000 X
noetherian.,)

l (K) = 0(K) mxﬁ.....x1u is noetherian by 5.1 since 0(K) is

Foi- the proofs, we introduce the following notation:
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3.4 DEFINITION, gr D:= @ c_n\c (0_y:= (0)).
kzo VK-t

gr D is, in a natural manner, a graded O-algebra:

-~ D ~ D . == o D
for PE k , Q€ 2 , define P-Q:=P-Q € "k+
\ch \unu_ }x&w-__

3.5 PROPOSITION. The natural homomorphism

m«.vl..vcﬁxd.....x 1

n

ox\u 2 £ 0% s w £ X
k-1 jal=k |a]=k

is an isomorphiem of graded U-algebras.

Proof. Use the following formulas:

B -8 - f
D+f = § (G 0°(A) DTTF, (Pef)y = 0P

ﬁo_,ﬁmc.vmcx
Bsa

k

[¢1

(for Q = g D% define Q,:= g 0%).
atee % €7t

<k

D D, (K)
Pr 3.1 By (B), (“k WK) = "k for all k; hence,
oof of \c_l 01 (K)

gr{p(K)) = (gr D)(K) = oﬁxvmxa.....xru. By (F), 0(K) is noetherian,
Hence, by 5.1, gr{p(K)) is noetherian; thus D(K) is noetherian by 5.3 .

Proof of 3.2 Let Uc " be open, ¢: aqc |||vc_c be a homomorphism,
K:= ker en”cqc . We must show that K is Tocally finitely generated. To that
end let KeU be a closed polydisk. K(K) is finitely generated as a
P(K) module: the exact sequence 0 —» K ||'c4c yields the exact sequence
0 —» K(K) —»DP(K). Since D(K) is noetherian, K(K) is finitely generated. -
We want to show that x_x

xur\xhx“u x\,uvu.iaimeﬁm¢n¢m=ﬂﬁov1o<ma:mﬂ.ﬁowmddn. xs_x
26N 2 '3 2
is generated by xnﬁxv as an O-module. To do that, we may suppose that U is

connected. There are k €N and n_.....vx € uxﬁcv such that

is finitely generated as an u_x-aoacdm. Since
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20,

- 1%
..ovv = o_v4+...+ouvv for all o,.....ou € D, Hence, eaqnun L9
; = a- pP - P o_
for all &. Define ep.v ¢: mn lcm.v_n . Then xw = x)cm = ker e»

is coherent as an O-module; by (2.5), xaﬁxv generates xn_x as an ¢-module.

§ 4  COHERENT D-MODULES AND GOOD FILTRATIONS
By X we always denote an open subset of t". Let M be a D-module.

4.1 DEFINITION, A& filtration on M is a sequence

:onz c...cM <...eM

1 k
of sub—-0-modules of M satisfying M = \J M, and D, - ?_rn Moo for all 2,k € N.
A filtered D-module is a D-module endowed with a filtration.

4.2 EXAMPLE. D is filtered by the canonical filtration G_Lxm,_.

4.3 DEFINITION. Let ;xuxg be a filtration on M. Then
gr Fn@;x\: {with zk_un 0)
k-1
is called the associated graded gr D-module; the gr D-structure is given by

x+p\zr+w|__

for P € cn\a , FE Ir\z_nL .

2-1

Of course, gr M depends on the filtration.
The main results of this paragraph are the following two theorems:

4.4 THEOREM and DEFINITON. 4 filtration (M), g on a D-module M on X

is called "good" if one of the following equivalent econditions is satisfied:

i) gr M is (gr D)-coherent

i) 411 zw are O-coherent and for every x € X, there exist xoﬂxv EN and a
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neighbourhood U of x such that

6 for all £ €N,

x _c My +LU
0

4.5 THEOREM. The following comditions are equivalent for a D-module
M on X:

iii) M Zg D-coherent.

iv) Every x € X has an open neighbourhood Uc X such that :_c admits a good

filtration.
V) There exists a cover of X by closed polydisks K that verify

M(K) is a finitely generated D(K)-module and Qx ® 0(K) M(K) —M

is an isomorphism for all x € K,

Before we prove 4.4, let us take ii) as definition for a good filtration.

4.6 LEMMA. Let X be connected and pd ¥, pP 2o M —0 exact on X.
Then Azrvrg with M := eﬂgmv. i8 a good filtration on M.

Proof. To prove that : is O-coherent, it is sufficient to prove that
K:= egnv)ev is 0- oo:@am:n. since 0 le@f)cv Ivum lzr —» 0
is exact and uu is 0-coherent. As in the proof of 3.2 find s € N such that

v e P 31 all %. Then, for all 2, 683 and ¥(03)n % maonozai.

- a 0P is 0- . L P
hence, K = rnxe:upu)qr is O-coherent by 2.8. Since U, co v, for all &

(use P-1 =P and 1 € aov. we have that en zo = z» for all 2.

Together with 4.6, the following lemma is a kind of "Theorem B" for
coherent D-modules and sufficiently small K:

4.7 LEMMA, Let Ke @" 2e a closed polydisk. Then the functor M — M(K),

defined on all D-modules M, which are defined in a naighbourhood of K and

admit a good filtration, is exact.
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Proof. Good filtrations are O-exhaustions, hence 4.7 follows from 2.10.
The following lemma is an immediate consequence of (B):

4.8 LEMMA. Let M be a D-module on X, Exvrﬂ‘. a filtration on M by
coherent O-modules and K< X, a closed polydisk. Then the canonical homo—
morphism gr M(K) — (gr M)(K) is an isomorphism. (M(K) is a filtered
D(K)-module with respect to the eanonical filtrations _s:C_n“u Zrﬁ_c.
0(K), := 0, (K); or M(K) is a gr D(K)-module.)

Now we prove 4.4 and 4.5.

(v) = (iii) We show that M is coherent on K if (*) is satisfied.

By 3.1, D(K) is noetherian, hence, there exists an exact sequence

() 99(K) —>DP(K) —>M(K) —> 0
that, for every x € K, yields the exact sequence

q - p

Qx@ixv DYK) ~—>0 eo:C DY (K) I.-Qx@c:G M(K) — 0.
By hypothesis, oon:C M(K) D\zx . By 2.7, we have that
0,8 5(ky Do (K) = 0, and thus 0 @ P(K) nem . Since all isomorphisms
are natural, (+) induces an exact sequence

0% — P — M —s00n K

and z_m is D-coherent, since D is coherent.
(iii) = (iv) This is 4.6.
For the rest of the proof define m.r“n zx\zr for all k :._ 1= 0).

{ii) = (i) By "(v) => (iii)" for gr D instead of D it is sufficient
to prove that, for a sufficiently small closed polydisk K, the following holds:
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{gr M)(K) is a finitely generated (gr D)(K)-module and , _m_%xv is a finitely generated 0(K)-module and

(*) (*) ~

0,2 0(k) (gr M)(K) — (gr M) is an isomorphism for all x € K. 0, ®0(k) M (K) ||vzx.x is an isomorphism for all x € K.
Since all M, and M, are O-coherent, oxec:c M (K) I..vzx.x is an Since gr M is a coherent gr D-module, we conclude (by "(iii) => (v)" for
jsomorphism for all x € K and all k; hence, gr D instead of D} that, if K is small:

0@ O (K) — & W is an iscmorphism for all x.
x-0(K) kK kKX )._u a) (gr M)(K) is a finitely generated (gr ?)(K)-module and
Since @ m‘x = {gr H)_ and (by 4.8) @M (K) = (gr M)(K), the second
K X X K k
assertion of (*) follows. To prove the first one, we note that - -
. _ . . ol _ . . Using (gr M)(K) = M (K ) = M i j
0, :xo:x zro%_x implies 7, (K) zro:c zxo.éﬂé. Consider 0, g {gr M)(K) tnw ((K) and (gr 8) w kox b) implies

as a right O-module; then the surjection 0, @, M, —»D, - M =H in- mx®o:c U (K) = M for all k and x, and a) implies (by 5.2) that

b) 0, @4(xy (9r MI(K) == (gr M) for all x € K.

k k_+%
0 0 0 M (K) is a finitely generated O(K)-modul . i
duces the surjection nﬁwgc :_A 1K) —> AQN . _sr Y}K) = z_n +pn_nv. Since Q& k Y g () ule for all k. By 5.4, there exists
0 o ) k_ such that D (K) - M (K} = M (K) for all g. Si
is free as 0-module, (0, ®, M HK) =D (K)@ 0(K) M (K} and thus ° . ke Kott v e
() 0
D,(K) + M (K) = (K). - Hence, (gr H)(K) = gr M(K) is a finite Py(K)  h (K e(Dy - M YK My p(K), that implies
o 0 0 ()
D(K) = (gr D}{K)-module. . = | . . -
ar D(K) = {gr D} (v, xQVAxv :xo+~AxV. thus (0, axou_x = zxo+p_x for all & by (2.7).

(iv) => (v) We may suppose that Exuxm‘ is a good filtration on M.
Let KcX be a closed polydisk. Then the canonical isomorphisms
cxeo:c z_ncc livzx.x for kK EN , x € K, induce the isomorphisms A —
oxeoﬁxv M(K) = ﬁmﬁ: onao:c gx:cv o wphzxwx = :x .
By "(ii) => (i)", gr M is a coherent (gr D)-module. Hence, (by “(iii) = (v)"
for gr D instead of D), gr M(K) = {gr M)(K) is finitely generated as
gr D(K) = (gr D)(K)-module, if K is sufficiently small. As in the proof of

In this supplement, we collect some algebraic results.

(i) => (i), we see that (D, zxov_x = :ro+p_x implies cpﬁxu.zxoﬁxv = :xo+nﬁxv. 5.1 THEOREM. et R be a commtative noetherian ring. Then REX 5o oX ]
Hence, by 5.4, M(K) is finitely generated as P(K)-module, if K is sufficiently ts noetherian for every m € N,
small.
For the rest of this paragraph, we use the following notation:
(1) = (ii) Sz order to prove that all M, are O-coherent, it is suffi- R = _MM‘ R, is a filtered ring and ¥ = xrﬁ\‘ M is a filtered R-module, i.e.
cient to prove that :xxw :w\:w-_ are O-coherent (since :-_ = 0 and mxn xr+a . 3xn zx+A and mr - Re xx+p , xr mc zw¢n for a1l k.2 € N.
0 |||vzw.d |||vzx |||v:x — 0 is exact). To prove that, it is (by 2.7)

In particular, R_ is a subring of R and M, i
. . ’ 3 R -
sufficient to show that for all sufficiently small closed polydisks KcX: o g 1S an R -module for k €N. We
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assume that nr js finitely generated as xo-aonca for k € N. We define

'=]

r R:= Ow R /Ryt (R_y:= 0); then gr M:= Gw MM, g (with M_ o= 0)

is a gr R-module. For m € M, define mEgrMbym:=0ifm=0,
Re= (n1EM/M _ ifmEM ,mEM .
5.2 PROPOSITION. Suppose MyoeeesMy € M. Then my,....m generate M as

an R-module mw.ﬂd.....ax generate gr M as an gr R-module.
5.3 PROPOSITION. If gr R e noetherian, then R is noetherian.

5.4 PROPOSITION. Suppose that wo and R are noetherian and that
gr M is finitely genmerated as a gr R-module. Then, for all K, zr
ig finitely generated as an xclsomxwm and there exists xo € N such that
R,°M, =M for all 4.
% ro kot
Proof of 5.2 It is sufficient to prove that for every D #mE€ zP .

there exist r; € R such that m - w r,m € zn-_ . By hypothesis, there are
- oo~ 7 k
r, € xp-aA such that'm = } r, m, . Then m - mma romg €M, .
Proof of 5.3 Let IcR be an ideal, Hx“n In nx . Then the ideal
grl=6& Hr\:?._ of gr R is finitely generated; hence, by 5.2, I is finitely

generated.

Proof of 5.4 Define mr"u zx\zrua and mfnu xx\xx-, for k € N.
Since gr M is generated by its homogeneous elements, there exist
MyseeeaMy € M, such that Myseeeslly generate gr M. Suppose m, € Zvy

Then, for all k, .__a_\ = Mm. @, . Since all R. are finitely generated
k 5 r-v» A 3
xo-soa:_mm. also M is finitely generated as an xo-soazdm. Put

kyi= awxﬁu_.....vmv. Then R, zxo u Zro+x moxmd_r.
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129 III,

IIT. LOCAL THEORY OF MEROMORPHIC CONNECTIONS
IN DIMENSION ONE (FUCHS THEORY)

A. HAEFLIGER

This talk is an elementary account of the classical theory of
Fuchs of systems of differential equations with regular singular
points. I have followed closely the instructions and advice of

B. Malgrange.

The following notation will be used throughout this talk.

D. =1z : z€¢C, [z]<k)) is the open disk of radius ¢ centered at 0

D' ={z: z€e, 0« |z] <€} is the punctured disk.
0 = ring of germs at 0 of holomorphic functions.

K = 0[1/z] is the field of germs at 0 of meromorphic functions.

Ac ) is the ring of multivalued holomorphic functions on U i.e.

nrm ring of holomorphic functions on the universal no<m~.wsm

= {te€c, _mN;n_ <e}l of u .

0 = lim @.Ac.u. We have the inclusions cnxnm
€0 €

D (resp. D[1/z]) will mm:og the ring of differential operators of

the form p Mm ANVA& n=i » where mw?v €4 (resp. mw?u €K).
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s 1. SYSTEMS OF HOMOGENOUS LINEAR DIFFERENTIAL EQUATIONS

1.1 Statement of Fuchs' theorem

Basic definition. A multivalued function f € U has moderate growth
if, for any sector § = {z : mommnmum mw.OA lz] <€}, where ¢ is small
enough, there is an integer k> 0 and a constant C> 0 such that

{£(z)| <C 1/12zI% for all z in S

0] mod will denote the subring of U consisting of functions with

moderate growth.

For instance, a uniform holomorphic function f on the punctured
disk has moderate growth iff 0 is not an essential singularity of £
(i.e. f is the restriction to ww of a meromorphic function on vmv.

The functions Nnﬁnm.u and (log z)™ have moderate growth.
Note that D[1/z] operates om ana (use the Cauchy inequalities to

check it).

In a paper [1] published in 1866 and inspired by Riemann's nemoir
[6) on the hypergeometric function (1857), Fuchs proved the following
remarkable theorem.
2 d \n-k

1.1.1. THEOREM OF FUCHS: Let P = ] a (2)(3; be a differential
0

operator with mwhuvm K and moAsv # 0.

The multivalued solutions w€ U of the differential equation
1) Pu=20

have moderate growth iff the order of the pole of u»\ﬂo at 0 is at

most i, for i = 1,2,...,0.
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If these equivalent conditions are satisfied, then the diffe-
rential equation Pu = 0 is said to be regular at 0 or one says that

0 is a regular singular point.
It is a good exercise to check this equivalence for n = 1.

A proof of this theorem will be given after the proof of the
corresponding theorem for system of n linear homogeneous first order

differential equations in n unknowns and meromorphic coefficients
(cf. 1.3.1 and 1.3.2).

Such a system is of the form

]

an
Fre (z) = § mquchmANu i=1,2,...,n

j=1

where mwuﬁnv € K. It can also be written
dy
128 = AU(2)

where A(z) = Amwmﬁuuvm End(n,K) and U(z) is a columm vector with
components :Hﬁuv.....csﬁnU. So using matrix notation such a system

can be treated formally as a single first order equation,

The equation 1) can be converted into such a system of the form

du,/dz = u,
i

i+l i=1,2,...,n-1

1)’

du_/dz = - - -
:=\ z wa\mocw cen mw\mo==

by letting u. = (4/d2)* lu, i = 1,...,n.
It will be seen later (2.3,2) that any system 2) is equivalent
to a system of the form 1)°'.
Another way of converting 1) into a system 2) is to define the

° = .
perator 3 = z d/dz and to rewrite 1) (after multiplication by

2" -1
a,(z) 7) in the form

:
s :.
w=+Mvwﬁva=cho.
i=1
If we set v. = mwlwc th i i i
] , en this equation is equivalent to the

System
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w<.H = Vi i=1l,...,n"1
w<= = 1v=ANv<H|...|vHANv<=

or in matrix form

4 v(z) = B(2)V(2)
dz

where B is the matrix

0 1 .iveeerensss ©
0 0 ueerieasesn ©
0 (4 R 1

b b _j.e- “by by

Note that Fuchs'condition of regularity, namely that mw\mo has a

pole of order at most 1 at 0, is equivalent to the condition that

UH.....cn are holomorphic.

1.2. General form of multivalued solutions and monodromy

Choose £> 0 so small that the coefficients w»uﬁNu of 2) are
merocmorphic functions of Um with no pole outside of zero.

€
solutions of the lifted system (obtained by the change of variables
mwmsn

Since the universal covering D’ of cm is simply connected, the

z = ) form a vector space over € of dimension n.

Let Wﬂnv = mmwﬂnv.....maAnvu be n linearly independent solutions
Each m*Anv is a column vector with components in anmu.
As the coefficients are of period one, if we replace t by t+l,

we get another basis for the vector space of solutions, so there 18

matrix €€ GL(n,C) such that
$(t+1) = S(r)C

The matrix C is the monodromy matrix of the system and the
corresponding linear transformation of the space of solutions is

called the monodromy.

133 I11,1.2.1

. iml . .

Let T be a matrix such that owu: = C (such a matrix exists and
is unique if one imposes the condition that the eigenvalues X of T
are such that -1<Re(A)<0).

Then the matrix Wﬁnvmowwaﬂn is of period 1 in t, so replacing t

by 1/2im logz, we get a matrix X(z) whose coefficients are holomorphic

[logz form a basis for

in cm . The columns of the matrix S(z) = Z(z)e
the vector space of multivalued solutions of 2) (a so called
fundamental system of solutions). By "solution" of 2), we shall

always mean "multivalued solutioms".

So we have proved the following proposition.

1.2.1 PROPOSITION : Any fundamental system of solutions of the
equation
du

iz = A(z)U

is of the form

S(z) = MANumﬁHomN

(which can also be written as S(t) = MAmNH:nvmmwdﬁnv where ¥ (z) is

a matrix with holomorphic coefficients outside of 0 and I is a

. ; . r ,
matrix with constant coefficients such that e = C is the monodromy

matrix.

If we change the basis of the vector space of solutions, then
the monodromy matrix C, as well as the matrix I', is conjugated by
the matrix of the change of basis. Hence we can choose a basis such

that I' is in Jordan fcrm , with k blocks of the form

a, 1 0
i

T =
o 0 o 1
0 0 o,
i

£ oot l'logz . . .
of size n, where me C. Then e is a matrix with blocks along

the diagonal of the form
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2
a, waowu waow z

z z z
[+ 38 a.logz

i
e = 0 z z

ses sesnentesses T anaves e s

Hence an element of this basis will be of the form
8 Q.
M z uﬁ.omuvn Hv (z)
r
r=1
where 1ssg o, and h(z) is a column vector with components holomorphic

outside of 0.

1.2.2 COROLLARY : For any n-th order differential eguation

a .
Pu = O there is a solution of the form z h(z), where h(z) is

holemorphic outside of 0, and o is such that nnwﬁn is an eigenvalue
of the monodromy.
1.3 Systems with regular singularities
Definition. Two systems
MW.:NPC and M&N‘<uu<

are equivalent if there is a matrix M(z) € G1(n,K) such that
-1
B=-—MM + MAM .

This means that if U is a solution of the first equatiom, then
MU = V is a solution of the second one. It is clear that two

equivalent systems have conjugated monodromy.

1.3.1 THEOREM : For a system
*) .M|N U(z) = A(z)U(z) where A(z)€ End(n,K)

the following three conditions are equivalent :
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i) *) is equivalent to a system of the form

W V(z) = uMNv v(z)

where B(z) is a matrix with holomorphic coefficients.
ii) %) is equivalent to a system of the form
d I
3z V(&) = 7 V(2)
where [' is a matrix with constant coefficients

iii) Any (multivalued) solution U of *) has moderate growth (i.e.

each component of U has moderate growth).

A system satisfying one of those conditions is said to be regular

(or 0 is a regular singular point for *)).

Proof :

iii) = ii). By 1.2.1, a fundamental system of solutions is of the
form S(z) = Mauvndwown.

By hypothesis S(z) has moderate growth and, as mlE.omN

-Tlogz

has
moderate growth, it follows that %(z) = S(2)e has also moderate
growth, But this implies that the coefficients of ¥(z) are meromor-

phic at 0.

-1
If we replace U by V = £ (z)U, then one gets the equivalent
System

d ., T
1z V= 2 V.
ii) = i) is obvious.
i) = iii). Let V be a solution of the system MM.< - 105 V; in
. z z
the sector § = {z = nmummom 8<8,, O<rs now , we have

d C
3 V@ s IvN@I

where IV(z)I° = JIV. (2)1% and C = sup (B(2) I,
i i z€S
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dv i .
As 3V/or = iz nwo. we can rewrite this as

W/ (re’®n < Swcret®y
Obviously <nnmwmu - <AnOQM®v = - ano 3V/9r dr implies that
r
V(e ) s wirge S + i S (se®ias.
r
By Gronwall inequality (cf [3]), we have

> . T
Were™® s Wi et 1 C
T
80

., . r
W (re® Il < sup Wrget®) 1D °
mommmmw

i.e. V has moderate growth.

1.3.2 COROLLARY : Two regular systems are equivalent iff their

monodromy are conjugate.

Two regular systems are equivalent to systems of the form

ucm
dz z

H.-
U and m:nﬂ.c
where I',['' are matrices with constant coefficients and eigenvalues
with real part in the interval [-1,0[ (cf. 1.2 and 1.3.1). The
. Pt
monodromy matrices are mwwdﬁ and mnndﬁ ; they are conjugate iff T

is conjugate to I'',

1.3.3 Proof of the theorem of Fuchs (cf. Goursat [2]).

Suppose that the coefficients of Pu = 0 verify Fuchs conditions,
namely that ww\wo has a pole of order at most i at 0. Then the
system associated to Pu = 0 as indicated at the end of 1.1 satisfies
condition 1) of 1.3.1. This implies that the solutions u have

moderate growth.

Conversely assume that all solutions of Pu = 0 have moderate
growth. We shall prove by induction on n that the coefficients

uwuwﬁnv are holomorphic., As observed at the end of 1.1 we can
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n ? n-i
rewrite the equation Pu = 0 under the form Qu = 3'u + M vauuw u=0,
1
where 3 = z mw , and we have to prove that the coefficients chuv

are holomorphic.

By 1.2.2, we know there is a solution of the form u(z) = 2%n(z).
As u has moderate growth, h(z) also, hence h(z) is a meromorphic
function., After changing o by adding a suitable integer, we can

assume that h(z) is holomorphic and that h(0) # O.

If v€ W. then w(z) = u(z)v(z) is a sclution of the equation Qw =0

iff 9v is a solution of the equation R(3v) = 0 of order n-1, where

n-

R =23 H+nHANVm=|N+...+n

HANV

n—

and the coefficients are of the form omﬁuv = vwﬁnv + xn~vvanv

I e,
keil
= 1 and

and nwrﬁuu is holomorphic at 0 (in this formula voﬁuv
n=ANv = Q).

By hypothesis, all solutions w = uv of Q(uv) = 0 have moderate
growth, so also all solutions 3v of R(9v) = O has moderate growth
(note that any multivalued function can be written as dv and v has
moderate growth iff 3v has moderate growth). By induction hypothesis,
this implies that the coefficients owAnV are holomorphic, so also the

coefficients vwan.

1.4 Computation of the monodromy of a regular system

1.4.1 PROPOSITION : Let mm = Mmec be a regular system, where

B(z) is a matrix with holomorphic entries. Assume that the difference
of two eigenvalues of B(0) is never a non zero integer. Then the

monodromy matrix is conjugate to exp(2imB(0)); eguivalently the

given system is equivalent to the system mm = wnwv V.
du
1.4.2 LEMMA : Let " A(z)U be a regular system. Then any
formal solution M Nxdr of the system mm = A(z)U + C(z), where C(z)
k2k
0

is a given column vector whose components are meromorphic, is

Convergent.
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Proof : Using 1.3.1 one can assume that A(z) = Nlpﬁ. whereT is a
constant matrix. Let U(z) = M Nrcw be a formal solution., If
k>k
k 0
c(z) = MN nr then
Wcr = ﬁcr + nw|H

For k large enough, the matrix (k-I') is invertible and the norm

_Rwlﬂvly= tends to zero when k tends to infinity. Hence, for large k,
o, 0l = =T 'B, _li< lic, _,
k k-1 k-1

so the series ancx converges.

1.4.3 Remark : In [4], Malgrange proves that conversely, if
du

any formal solution of et A(z)U + C(z) for any meromorphic C(z) is
convergent, then the system mm.u A(z)U is regular. This gives a

fourth characterization of a regular system to add to the

characterizations of 1.3.1.

Proof of 1.4.1 : We first observe that the given system is

. d B
formally equivalent to the system mm = va
(cf. 1.3), there is a formal series M(z) = M Nwzw. with M_ the

k20 0

V. In other words

identity matrix, such that

d4 _ B(0)

*v mn

k

1f B(z) = jz B , then *) is equivalent to the system of equations

wﬂu
k-1
(KI-B)M, + M B/ = 3 M.B _. -
v=0
By induction on k, we assume that the zw.m for i<k are already
determined. Then the above equation has a unique solution because
kI-B. and B_ have no common eigenvalue as a consequence of the

0 0
following fact.

1.4.4 SUBLEMMA : Let P and Q be (n,n) -matrices with complex
coefficients. Then the matrix equation PX-XQ = Y has a unigue

solution X for any Y iff P and Q have no eigenvalue in common.
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To finish the proof of 1.4.1, we can consider *) as a system
2

of n” linear meromorphic differential equation of first order whose
unknowns are the entries of M. This system is regular, hence by

1.4.2, every formal solution is convergent.

Proof of the sublemma (cf£.[7]). It is sufficient to check that
any solution X of the matrix equation PX-XQ = 0 is zero. For any
column vector v # 0 and A€C, this implies AM|yHVwN< = NAol>HVW<.

. k . .
So if (Q-AI) v = 0, then X is an eigenvalue of Q and Xv = 0, otherwise
1 n

yerasV
k

scalars yw.....fuma and integers r~.....w= such that AO|yWHv iy

A would also be an eigenvalue of P, One can find a basis v

Hence Xv' = 0 for all i, so X = 0,

1.4.5 The general case. When B(0) does not satisfy the
conditions of proposition 1.4.1, one can make a finite number of
equivalences (called shearing transformations) which modify the
eigenvalues of B(0) by integers, and so one can reduce the general
case to the case of 1.4.1 (cf. [4] p. 161).

After conjugating B(z) by a matrix with constant coefficients we

can assume that B(0) is of the form

c 0
B(O) =
0 D
where C and D are square matrices of order p and q respectively, C

having only one eignevalue >~ distinct from the eignevalues »N.....yr
of D,

If the equivalence is given by the matrix

B(z)
z

then the matrix of the new system is of the form
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-1z 'F
~ P
B(z) =
zG D
- “c-1 MH
so B(0) = P has eigenvalues ywlw. »N.....yw.

0 D

This shows that when two eigenvalues of B(0) differs by a large
integer, then one needs to know high order terms in the developpment

of B(z) to determine the monodromy.

For instance, for the system

n:w n u:n
Z ;T = Z U

dz 2’ dz 2
the eigenvalues of B(0) are 0 and -n., This system is equivalent to

m<H Acm
z ——=v

dz 2’
= - n
(put vy =Yy and v, =2 cmv.
By 1.4.1, the monodromy of this system is not the identity and

to determine it, we had to know the developpment of B(z) up to ordernm.
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§ 2. REFORMULATION IN TERMS OF MEROMORPHIC CONNECTIONS (OR D-MODULES)

2.1 Meromorphic connections and systems

A germ at 0€ ¢ of a meromorphic connection (we shall say simply
"meromorphic connection') is a finite dimensional vector space M over
K = 0{1/2z] with an operator V : M —+ M which is €-linear and such that

dh

Y(hu) = 3z ¢ + hVu

for any h€K and u€M.

A meromorphic connection M is naturally a D[1l/z]-module (so in
particular a D-module), the action of a differential operator
d . n-i . . . . .
P = meANv Tuwn 1 with mercmorphic coefficients on u€M being

d .
n-1i

defined by Pu = meﬁuv< u. Conversely any D-module which is a

finite dimensional vector space over K is a meromorphic connection.

Hm IR wwmvmmwmomxo<mnz.w=nwm

(2)e. A= nm....ﬂ (z)) € End(n,kK),

for u = )Ju,(2)e,, then
i i

&Cw
Ju = W = M wwuﬁuvcuANVVmw.

]

Hence the equation Vu = 0 is equivalent to the system of n

homogenous differential equation of order 1 in n unknowns

Obviously this gives a 1-1 correspondance between equivalence
classes of systems of n equations and isomorphisms classes of

meromorphic connections of dimension n over K.
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2.2. Constructions of meromorphic connections

Given a meromorphic comnection (M,V), its dual (M*,V¥) is
obtained by taking the dual M* = moBNAz.NV and defining V* by
<V u> = —-<p, Vu>.

1f AZH.QHU and nxw-<~v are two meromorphic connections, we can

Y eﬂwu. as well as

define in an obvious way their direct sum AKHQZN
their tensor product AZHQZNV.QHQH + Ho<mv. and n:oBNAZH‘KNv.<V. where

<Vp,u> = <~A6.cVIA€.<Hcv.

A morphism of AKH.<HV in AZN.qmv is a K~linear map ¢ : zp - ZN

such dwe = GQH.

The above constructions are often used in the classical theory
of systems. For instance the system associated to the dual M* of M
is the adjoint of the system associated to M (with respect to dual

basis).

1f ZQ is the meromorphic connection of dimension one with a basis

e such that zVe = -ge, then the system associated to znZQ is the one
obtained from the system mm = AU associated to M by posing V = di

and writing the system of equations satisfied by V. In the proof of

1.4.1, one considers the system associated to moswﬁz.zv.

2.3 Construction of a cyclic element

Let (M,V) be a meromorphic connection of dimension n over K. A
. . n—-1
cyclic element v of M is an element such that v, Vv,...,V v

generate M as a vector space over K.

2.3.1 PROPOSITION : For any connection M, there is a cyclic

element.

The following construction has been communicated orally to

B. ifalgrange by N. Katz.

Choose a basis errecese of M and £>0 small enough so that

qm.nl M m..ANum..armnmm..ANvwmamdoaonvwwowsv t»nrvomm»vww
1 j 13 ] 1] €

a pole only at 0.
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Let a€D-{0}. Define

r
MW = 7 Amrmv <wmw
k=1 )

k— . . . .
and note that V e, is a linear combination of the basis elements

se-ere with coefficients meromorphic in vm and vanishing at a

n
for k<n-i,

AN|NV=|H _
@1 %n-

rmn<u MH + ANINVMM+...+

Then v, <<‘....<=|H<. evaluated at a, are linearly independant.
More precisely <><<>...><=|H< = :nnvmw>...>m=. where h(z) is a
meromorphic function on um with h(a) = 1. Hence the germ of h(z) at
0 is non zero so that v, <<.....<=|H< are linearly independent over

K, hence v is cyclic,

2.3.2 COROLLARY : Any meromorphic connection M of dimension n
over K is associated to a differential equation Pu = Q of order n and
meromorphic coefficients. Equivalently, any system of n mercmorphic

first order linear differential equations in n unknowns is eguivalent

X t . . .
to a system associated to an n h order linear differential equation.

Proof. Let V be a cyclic vector of the dual M* of M. Then

n .
yay = |M v»q*nlvc

1

so the matrix of V* with respect to the basis <.4<....<=|Hc is of

the form

0 0 cerrnrnnne D

n
1 0 tveinees =d
L

0 0....... 1 -b
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The matrix of V for the dual basis is

0 -1 crveneens
0 -1 .........

b b tsesnaases b

n n-1 1

The associated system (cf.2.1) is

d

e W B
dz 27" 4z Y
mcs

ﬂ = lw——:Hl. . .IUHSS

This is the system corresponding to the differential equation

e 4 Yo
NCIA&NVAC.‘,UHA@N u +...+ U.DCHO.

2.4 Regularity : The condition i) of regularity in 13.1 can be

rephrased as follows.

2.4.1 DEFINITION : A meromorphic connection M is regular if

there is a basis mw.....ms of M over K such that

v = -
z mw W VWQANvmm where vwmanm 0.

By theorem 1.3.1, this is equivalent to the existence of a basis
for which the kuﬁuv are constant. We can then find another basis
for which the matrix B = nv»uv with constant coefficients is under
Jordan form with eigenvalues having real part in [-1,0[. So

theorem 1.3.1 has the following consequence.
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2.4.2 COROLLARY : Any meromorphic connection M is isomorphic

to a direct sum of meromorphic connections of the form zQ 2 ,where
>

ZQ 2 is the meromorphic connection with a basis mw....'mn such that
»
zVe, = .te, for i<f% and =z = e
mw Qmw i+l 1 4»@ o e
zQ L can be realized as the vector subspace of g over K with
»
basis
j-1
1
e .= (logz)

25~ ° G-

2.4.3 COROLLARY : Any regular connection M is finitely
generated as a D-module. In particular M is a holonomic D-module

(cf. Pham [5]).

Indeed the basis above generates ZQ g as a D-module.
’

In fact, Kashiwava has proved that this corollary is also true

without the hypothesis of regularity.
It is clear that 1 is regular iff its dual M* is regular.
2.4.4 PROPOSITION : Let 0 » M' - M » M" - 0 be an exact

sequence of meromorphic connections. Then M is regular iff M' and M"

are regular,

Proof : Let LIERRRTL N be a basis of M such that OLRRRELN is a

basis of M'. The matrix A of the system

au _
1) o = AU

corresponding to M with this basis is of the form
Al B
0 A"

where A' and A" are the matrices of the system corresponding to M'

and M" respectively. So 1) is equivalent to the two systems
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' au' gy "
1) dz A'U' + BU
au"”
" - n
1) e A

where U' (resp. U") is the column vector whose components are the

first k components (resp. the last (n-k)components) of U.

If M is regular, then any solution of 1) has moderate growth by
1.3.1. So in particular any solution of 1)' with U™ = 0, namely any
ac_

solution of —— - = A'U' has moderate growth, as well as any solution

of 1)™ . Hence M' and M" are regular by 1.3.1.

Conversely, if M' and M" are regular, we can choose the basis e;
such that the coefficients of A' and A" have poles of order at most
one at 0. By 1.3.1, any solution U™ of Hva will have moderate growth,
so also the coefficients of BU"™ . We have to show that the solutions
U' of 1)' have moderate growth. Hence any solution of 1) will have
moderate growth, so M is regular by 1.3.1.

Let S(z) be a matrix whose columns form a fundamental system of

multivalued solutions of the adjoint system MM = -A'S with wmnou the

identity matrix for some z, in D;. Then the multivalued solution

UM 0

U'(z) of the system — iz - A'U' + BU"™ taking the value c.ﬁnov in z

0
is given by

U2 = 57N U'(zy) + J7 SEABGHUTGAw
2
0
The second member has moderate growth because S(z) has moderate

growth as solution of a regular system.

For a more algebraic proof using 2.4.2, see Pham (s5].

2.4.5 Inverse image of a meromorphic connection.

Let h : (¢,0) =» (€,0) be a germ at 0 of a non zero holomorphic
map (with h(0) = 0) sending z on w = h(z). It induces a ring
homomorphism h* : ot - on defined by h*f = foh, where on (resp. Qtv is
the ring of germs of holomorphic functions at the origin of € conside-

red as the source (resp. the target) of h.
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1f M is a meromorphic comnection at 0€ € (thought as the target

of h), then h*M is the meromorphic connection on QNOQ M with V
defined by v

V(fQu) = imoc + £ quc.

Note that the natural inclusion Quoc Mo Qnmw\u_oc M is an
w w
isomorphism so that h*M is a vector space over K = QNHH\NH.

If e ,...,e_is a basis of M, then 1®e

1 N » H.....woms is a basis of
* i = -
h*M over K, and if qmw M uwﬁtvmw. then
J
V(18e,) = o M ?.@m
dh
= Mal ; (B(2)) 18e ).
3
The system associated to M is <y . A(z)V and the system associa-
@ _ db dw

ted to h*M is the system — >A1Auvvc obtained by the change of

dz
variables w = h(z).

PROPOSITION : The meromorphic connection M is regular iff h*M

is regular.

Indeed the coefficients of the matrix A(w) have poles of order at

most one iff the same is true for the coefficients of the matrix

dh
T Al(@).

2.4.6 Direct image of a meromorphic connection.

Let (N,V) be a meromorphic connection at 0€ € (thought as the
source of h ¢ (€,0) » (€,0). The direct image h N is the meromorphic
connection at O0€ € (thought of as the target of h) whose underlying
vector space is N considered as a vector mvmmm over Qeﬁw\cu via h*
(restriction of scalars) and with the operator V, defined by

V.o = L

* N Vn,

where h' is the germ at O of the derivative MM of h.
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For g€ DGHH\<H , we have

1 1l 4d 1
V,(gem) = v V(gehen) = mq.mm h'n + 7+ 8°h Vn

. 38
dw n + gvn,

PROPOSITION : The mercmorphic connection N is regular iff h. N

is regular.

Proof. We first make a change of coordinates such that

w = h(z) = Nr. Assume that N is regular, Then there is a basis

nH.....ma of N such that

i Jji’j
with b,, €0 ,
ji z
The nk vectors mM = nnow. where r = 0,...,k-1 and i = 1,...,n,
form a basis of N over Qt [1/w] and it is easy to check that €<£0M is

a linear combination of vectors of this basis with coefficients

holomorphic in w.

Conversely, assume that h,N is regular. Then h*h N is regular
k-1 . .
by 2.4.5. The map N ~+ b*h N mapping n on M z '0z'n is an
i=0
injective morphism of meromorphic comnections,

By 2.4.4, N is also regular.
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IV. REGULAR CONNECTIONS, AFTER DELIGNE
by Bernard Malgrange

§1. INTRODUCTION

Let X be a complex analytic manifold ; in this paper, it will
always be assumed connected and countable union of compacts. Denote
by cx?mmv.pwv the sheaf of holomorphic functions (resp. holomorphic
forms of degree p) on X .-Let F be a holomorphic vector bundle,
e.g. a locally free sheaf of finite rank, on X .

We recall that a connection on F is a QN linear map
vV : m&nw @0 F satisfying for f € F .emoxu
X
V(pf) = dp@f +@Vf . A comnection extends, for all p >0 toa unique

map V : nm@w.v bwi ®F (we omit the subscript ONV satisfying

V(w®f) = du® f + Al_vve A Vf . In this paper, alf connections will be

supposed integrable, e.g. satisfying v =0 ; it is equivalent to say

that the curvature <~ : F » bm ® F vanishes.

A morphism of comnections (F,V) » (G,V) is of course a morphism
of oxla_omcﬂmm commuting with ¥ .

For a connection (F,V) , denote by F' the sheaf of horizontal
sections of F, e.g. of the f € F satisfying VE = O . The usual

theorem on existence and uniqueness of local solutions of differential

equations implies that mq is locally isomorphic to aﬂ with

m = rank(F).

THEOREM (1.1). The {functor (¥,v) ¥ F' o isan equivalence between

{integrable) connections on X and {Local systems on X [e.g. sheaves

Locally isomonphic o aw §on some m).

Actually, a quasi-inverse is obtained in the following way : if V

is a local system on X , take F = ox% V, and V(@®v) =dp@v ,
X
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1 1 o 1,.an 1
Gmox.cmc. :on»% Amv.bx®3|wos m:% (F7), Q
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X x"
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Remark (1.2). It would not have changed anything if we had replaced In particular, this gives a 1-1 correspondence "connections on

"wector bundle” by " coherent oxlBomch: ; actually it is classical F" <> "connections on Fo™ » and one checks that the curvatures corres-
that a coherent cNuBoacwm F provided with a connection, integrable pond to each other. This proves the result.
or not, is locally free (sketch of the proof : choose a minimal system Finally, we obtain an equivalence "integrable connections on
of generators of F at apoint a € X ; to prove that they have no relar X" <> "local systems on X°T" | e.g. an algebraic description of the
tion, consider such a relation in which the order at a of some coef- category of finite-dimensional representations over € of m(x%",a) .
ficient is minimal, and differentiate it). One of the aims of these notes is-to obtain a similar result for
X smooth algebraic, but not necessarily projective, or not even proper.
Now, let a be a point of X , and w(X,a) the fundamental group This is attained by adding a certain condition of negularity at infini-
of X with base point a . There is a standard equivalence of catego- Zy ; this condition will first be explained in the analytic context ;
ries "local systems on X" <+ "finite dimensional representations over the translation via GAGA in algebraic terms will be given in section 7.
¢ of mX,a)" .
On the other hand, let X be a smooth connected projective alge- 2. Meromorphic extensions.
braic variety over € , let x2" be the underlying amalytic manifold,

Let X be a complex analytic manifold and Y be a divisor, e.g.

and i : X®"+ X the nmwwuwomH map ; according to GAGA , the functor a closed analytic subset of X such thdt, Vy € Y,codim Y = 1 ; denote
Feri®= QNws L@ i F is an equivalence between vector bundles by ox?u the sheaf of meromorphic functions on X , cmn.: poles on Y ;
i ﬁoxu locally, if ¢ 1is an equation of Y , one has QN:T obel 1 ; from
on X and X3P . this, and the cocherence of Qx , one deduces immediately that memu
We will show that, in this correspondence , the connections (resp. is coherent,

integrable connections) correspond to each other.

To prove this result, we need another definition of the connec - DEFINITION (2.1). I§ F 48 a vecton bundfe over X-Y , we call meromon-
‘tions : let py,p, be the projections xn +> X , and put V._ =0 M\uw , phic extension of F an ox_niuoorgai module F provided with an
where J 1is the ideal defining the diagonal. For F a vector wcnawm Asomonphism Flx-y = F .
on X , put p! ) =», Qv_ (2] P} F) . If G is another vector bundle,

* Qw We will use thefollowing teminology, which, maybe , is not the best pos-
there is a well-known 1-1 correspondence "differential operators of sible : we call such an ¥ a "vecton bundle over X-Y , meromonphic on
degree < 1 from F to G" <" Oxlww:mwn maps v.nmv +6" . In wmnnwl Y". On the other hand, if V is a connection on F = F]X-Y , we say
cular, a connection V is a differential operator from F to nx@ F, that V is meromorphic on Y (with Tespect to the extension F) if
as it follows from its expression in a local basis of F ; therefore, it v extends to a comnection on F ; if this extension exists, it is
corresponds to an Oy-linear map P'(®) = d @F . conversely, given unique because of the property (2.3) below; it will also be denoted by
such a map ¥ , one checks that it defines a connection if and only if V . Finally, we callsimply connection on X-Y ; meromorphic on Y a
it splits the obvious exact sequence O * bu._ﬂ@ F P (F) »F >0, or pair (F,v) , with ¢ meromorphic with respect to F .
in other words, if m\_nu_n@ F = identity . . Let F be a vector bundle on X-Y , and ¥ a meromorphic exten-

Now, the same result holds in the analytic category, and one has sion of F ; Honm:w.. on X , there exists obviously a Qxlno:mnmzn mod-
Pl = p'(F)3" ; therefore, by GAGA, one has ule G such that F = Oy[¥] W G

X



v, 2.2 154

DEFINITION (2.2). We oamm:ph F 4is "efdectively meromorphic”, on simply
"edgective"” if there exists an ox-oe:mamsh module G such that
F = oxiuw ¢ .
X

It is likely that there exist vector bundles on X-Y , meromorphic
over Y, which are not effective ; however, I do not know any example ;
note also that, in algebraic geometry, the similar phenomenon cannot
occur.

The following property will be constantly used.
(2.3)- A coherent QNH&HtBonnpm F with support on Y vanishes ; for,
let locally ¢ be an equation of Y , and G a coherent ovaoaswm
such that F = Qxﬂ&u QW G ; by the Nullstellensatz, one has oG =0

~

for some p ; therefore F =0 .
Another useful property is the following one :
~ ~e

(2.4). 1f F 1is a vector bundle on X~Y , meromorphic on Y , then F

~

as QNHAH module is reflexive, in fact, let ¥ + F'' be the canonical
morphism of F 1into its bidual ; the kernel and the cokernel have sup-
port on Y , and therefore vanish.

Actually, it is easy to prove a more precise result : for every

%m&. mw ww cx %Hmulvnoumnnm<m. mn&m<mnmnmv»wmﬂmmmtmtwwwson
3

use these results.

Remark (2.5). We can more generally consider extensions of bundles with
connection along any closed analytic subset Y , and not only divisors ;
this situation reduces to the preceding one for the following reason :
Suppose first that everywhere, one has codim Y > 2 . Then the fundamen—
tal groups of X and X-Y coincide ; therefore by theorem (1.1) any
connection on X-Y extends in a unique way to X ; the general case
reduces immediately to that one first:extend the connection to the
points of Y where codim ¥ > 2 ; then we are reduced to the case of a

divisor.

3. Regularity.

As in section 2, let Y be a divisor of X and (F,9) a connec—
tion on X-Y , meromorphic on Y . Let Z be a (connected) analytic
manifold, and u a morphism Z » X ; we say that 2 , or u , cuts pro-

perly Y if CI_A<V is a divisor of Z 3 it is equivalent to say that

155 v,3.1

u(Z) # Y . In that case, u*F 1is a vector bundle on N|=|4A%V and
~ ~l . . .

Uuk*F = QN _® u 'F is a meromorphic extension of it.

u (0

1
a €z, and Ax_.....x:v near b = u(a) ; then u is defined by the
mncmmww:m X, = chN_...Nuv ; if f € ﬁv , and Vf nvuax» ® mw R
£, € Fy » we put ("chain rule") (u*V) u*f = zdu L4 ukEL

To define u*V , let us choose local coordinates (z ...va near

One verifies that the second number depends only on u*f and de-
fines a connection on A:nmvm (e.g.,by reducing the question to the cases
of a projection and a closed immersion) ; this is also independent
of the choice of coordinates, and gives an integrable connection by stan-

dard calculations. Finally, if V (resp. W) is the local system cor—

responding to V on X-Y (resp. u*V on Nl:l_ndvv , one has W = :|_< .
The preceding construction is actually a special case of the

"inverse image of D-modules" (see the chapter of these notes on this

subject).

Choose in particular for Z a standard disc D = {|t| < r} < @ ;
let u be a mapping D > X which cuts Y properly ; shrinking D if
necessary, we can assume that :l_Amvn {0} and that u*F is free on
Qu—nlau with basis, say eqrnease . The connection u*V is given by
its equations Ac»cvmm = det @ M memw , Ew“ meromorphic at O with

pole at 0 ;3 M = Aswmv is calldd the matnix of the connection u*y,

and Mdt the foam of the connection.

If f = Ve, + ..t Qe is a section of u*F¥ » @ meromorphic

with poles at O , one has

VE = dr @Iy e

do.
. i . . .
with Y, =—= + % BMunm ; therefore, to give a connection with pole

i dt
at 0 in a small disk is equivalent to give a linear differential sys-—
tem with pole at 0 .
We will say that u*V is negulan if this system has a regular
singularity at 0 , e.g. if we can choose €sensey (possibly in a
smaller disk ; actually, this is not necessary) such that M has a

simple pole.

DEFINITION (3.1). We say that (F,V) is regular, or has a regular 3in-
gulanity on Y , 4§, forn any disk D and map u : D > X with
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T = 01, w s neguban.

In dimension 1, this definition is equivalent to the usual one :
if D' =D 1is a map of disks, with <|:ov =0 and if ¥ is a
regular connection on D in the usual sense, then v*V is also regu-
lar ; for the form of v*V is the inverse image of that of ¥ ; if the latter
one has a simple pole,the first one will have the same property.

Let (F,V) , (G,9) etc... be connections on X-Y , meromorphic on
Y . A morphism F,v) » mm_S is a morphism of Qx:_naoacpmm commuting
with V .

On

~ ~

F ® G and Hom [¥) (F,C) , we define a connection by
oxmau X

V(f@g) = VE@g + £® Vg

and

v(v(£)) (WuXE) + v(VE)

therefore, the morphisms %«.3 > nm.cv are the horizontal sections

ﬂnx‘mosmm«.quu , a fact which will be very useful.

PROPOSITION (3.2). i) Suppose 0 » (F,v) » (C,v) > (H,v)» 0 4is exact.
1§ F,v) and @,v) are regulan, (€,v) 44 regular and conversely.

1) 14 &V and @G,v) are regutar, FOG,v) and
(tom(F,8),7) are regulan.

iii) Let 2z be an analytic manifofd, and u a morphism 2 + X
cutting properly Y . 1§ (F,v) 4is regulan, (usF,uxV)  is regufax.

i) follows from the special case of dimension one . To prove ii)

note first the following result; if (Z,u) cuts Y properly, one has

~

FO T = F @ G (obvious)
and

wrHom(F,T) = Hom (u*F, ux®)

in fact, there is a natural morphism of the former to the latter;

as they coincide outside of Y , they coincide everywhere by (2.3).

Using these formulae, we are reduced to prove ) in the case of

i
- e ~
dimension 1 ; in that case, choose basis of F and G

near 0 in
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which the matrices of the connections have simple poles ; the matrices
of ﬁm@m.qv and (Hom(¥,G),V) in the corresponding basis have

obviously simple poles.

iii) is trivial.
Remark (3.3). Let V and W rhe local systems corresponding to
F,9) and Hm.cv on X-Y ; then the local systems corresponding to

F@T (resp. Hom (F,8)) is v® W (resp. fiom c (V,W)) ; in particular,
C X
the dual V* corresponds to nrmxm:mw F* = moim'ox_”ﬁv , where

Qx_ﬂn‘u is provided with the connection d ; as it is obviously regular,

F* 1is also regular.

4. Divisors with normal crossings.

In this section, Y denotes a divisor of X with normal cross-
ings.
Let G be a vector bundle on X (and not only on X-Y); consider

a connection on O_xlw , meromorphic on Y with respect to

oxﬁﬁ Q@ G ; locally near a € Y , choose coordinates KypenosX such
that xx has for equation Xy eer Xp = 0 (1 <p<n), and a basis

Kk K _ , k . _
8ys-+-2g, of G . The form w = LN dx, , N = A:E.v of this connec

tion with respect to the x's and e's is defined by the formula

Vg. = I n,, dx, © g.
] ik ij k 1
DEFINITION (4.1). We say that v has a Logarithmic pole near a with
R k. .
respect 20 G Af N 45 holomoaphic for k > p+1 , and vk - xlw
with M, holLomonphic for k < p . k

This definition does not depend on the coordinates ; it does not

depend also on Amd....mav ; for, if we have another basis Awﬂ....wmv of
G, ' = .. g

one has mu z mC g;
and the new form of the connection ' is given by
' -1 1

w' =8 ¢S+ 8 dS ; therefore, ' verifies also the conditions (4.1).

, with § = nm&v holomorphic invertible,

But, of course, this definition depends on ¢ , and not only on

0, [¥] ¢ G.
X
Let f.....&v be given by x, = o.....xv = 0 respectively ; we
define thenesidue of V on Y, in the basis {g;} as the matrix
z._n_&r ; this is independant of the choice of coordinates; for, if

X],...,%) is another system of coordinates such that Y is defined by
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Xy ees xm = 0 , we can reorder them so that AW = ﬁxw = 0} ; then one
r

has X = erW , with GF invertible and

.r -k + (a holomorphic form) ; then the result follows.

k k

If we change the basis, we see thatthe residue on Ar is invarian~
tly defined as a section of End n_&w . The integrability condition is

dw + waw = 0 , or

wa oN.
ax. 9%, MZW.ZQH i
J ]
on Aw n Au , we develop this relation in Laurent series in %, and
x, ; if we consider the coefficient of x_x , we get the following
J i%j
result
=0
(4.2) On mw 0 Am , one has ﬁwmm&.q . Wmmd. v)
1 3

Now, to fix the notations, suppose i =1 ; on Y 1” 1] mu we

have i#
x_ n
w = — Ax_ + LN, axw ;
1 2 *
put md = K__xg (= Resy ¥) and mm = zu._&ﬂ » § > 2 . The integrability
conditions give !
W, 3N L
Ab.w.av wx—ﬁ Iﬂ = HZQ.-ZWH ’ u.—nw 2
1
wmd o
(4.3.11) Ev = Hznuz‘mu » 122 .
J

n The first equation says that the connection defined by the form
I mw dx, on G|Y, is integrable, the second one  that m_ is a
2

horizontal section of the extension of this connection to End 0_4 H
therefore, if we suppose &_ connected, which we may assume by repla-—

cing the given neighborhood of 2@ by a suitable one, we see that, at
the different points of &d - uwﬂ Am , the values of m_ = wmm<_ are
conjugate to each other. In particular, they have the same eigenvalues ;

by continuity, this last property remains true on the whole of Y, .
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Strictly speaking, the previous result is not necessary for the
next statement ; but it makes it perhaps a little bit clearer.

Fix a section 1 of the projection @ » @/Z (f.i, the section
whose imageis {z| O < Re z < 1} ) . The main result of this section is

the following

THEOREM (4.4). Let Y be a divisor with normal crodsings o4 X , F
a vectorn bundle on X-Y and V a connection on F . There exists

a Locally gree extension G of F on X , uniqueup to unique Lsomor-
pitism such that

i) v has a Logarithmic pole with nespect to G

ii) The edigenvalues o4 the nresidues of V with respect to G
belong to the image of Tt .

Because of the assertion on uniqueness, it is sufficient toprove
the result locally ; therefore we can suppose that X is a polydisk
:xw_ <r;},and Y is defined by X ven x =0, with 1 <p<mn

P
(the case p=0 1is trivial).

i) Existence.

Fix a € X-Y ; according to section 1 , (F,V) 1is determined by
its monodromy, i.e. by the representation of n(X-Y,a) which it
defines. Now, m(X-Y,a) is isomorphic to ZP , and is generated by the
loops from a around m_.....dv ; therefore to give a representation
of n(X-Y,a) 1is equivalent to give the corresponding matrices
n_.....ov € G1(m,@) {(m = rank F) , with HOW'Omu = 0 . Then, it is
sufficient to find a (G,V) satisfying 1) and ii) and having

An_.....nvv as monodromy.

rgﬁ.mv.;gmagmsimcmssgn@ Tpseensly € m:aﬁsvgor
that

i) exp(-2mi Huv = nu

ii) The edgenvalues of T. belong to the image of

i T «

Monreover, the _,u..m commute.

The proof is left to the reader.
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. m . .
Now, to obtain the result, we take G = 0% , with the connection form

dx :
given in the canonical basis by w =ET |MP
j

He M
[T

ii) Uniqueness.

It is sufficient to prove the following : let G be as before ; let
(¢',v') satisfy i) and ii), and suppose that, on X-Y , we have an
isomorphism (G,V) ~ (G',V') ; then u extends to an iscmorphism on
X , obviously unique.

Shrinking X if necessary, we can suppose that G' 1is free on

X ; choose a basis of G' , and let w' be the corresponding connec-

tion form. The isomorphism is given by a holomorphic invertible matrix
§ on X-Y which satisfies ' = mlg wS + wl_mm ; we have to prove:
that S and mld are holomorphic on X .

Let us give for instance the proof for S ; to do that, let us
rewrite the preceding equation in the form : dS = Sw' - wS .

By Hartog's theorem, it is sufficient to prove that S is holomorphic 2

on the regular part of Y , e.g. the union of the mw - .c. Am ; take W

for instance a point b € ﬂ_ - .c Am ;s near b, we 5w<m*v w

i# ;

z.A n , _
E.Hlﬂax_.ﬁw ZMQXW.

28 _gut - 1.8
X

X
1 ax, 1 1

Therefore, taking norms, one has, near b on XY = Nlmd H

3s
_x._.__vﬂ.l__ <c |l sl

now as in the case of dimension 1, an elementary estimate proves that

S is meromorphic near b .

To prove that S is actually holomorphic, we develop it in
. . k -
Laurent series in X, : S=1 mw Xy with g,

near b 3 let p = inf {k| mw*ov ) m“ = K“Ao.xm...xbv" we have

holomorphic on nﬂ

- T
vwv =S .Z_ 1 mv
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or

= M .
Aﬁ—+ v.vav.l mv K, H

now, T, and zd =m<mnrmwnmwmm=<m~=mmooanmmsmnwanrmwammnomaw
therefore, the following statement implies that p=0 , which yields

the result.

LEMMA (4.6). Let AB,S€End(@™) satisfying AS = SB, S#0 ; then A
and B have a common eigenvafue.

See chapter on local meromorphic comections in dimension one, sublemma 1.4.4.

5. The Riemann—Hilbert correspondence.

Here X 1is a complex analytic manifold, and Y a divisor of X .

The following theorems will be proved together.

THEOREM (5.1). The functon (F,v) » (F,V)|%-Y 43 an equivalence
"connection on X-Y menomorphic and regufan on Y" <+ "connections
on X-Y ".

Because of the theorem (1.1), this result can also be stated as the
following equivalence (the "Riemann-Hilbert correspondence') : "connect-
ions on X-Y , meromorphic and regular on Y" +* "local systems on
X-Y" .

THEOREM (5.2). let (F,V) be a connection on Y , meromorphic on Y .
let U be an open set of mnmm , Antersecting all the components of Y,
D be a disk, and v an isomonphism of UxD on a neighborhood of U,
d{nducing the identity on U (=1U x{0}) . Suppose that, for any

y €T , the nestriction of vkv to y x D s negulan. Then V 44
regular.

THEOREM (5.3). i) I§ (F,9) 4is a connection on X-Y , meromorphic
and negulan on Y , then F 44 effectively meromonphic.

ii) Suppose we have a diagram

X

1 1

ki

o+

—
——

o — <

. -1
with n proper, m (¥) =¥, , m: X, — ¥ > X - Y biholomonphic.
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Then, if (F,v) 4is a connection on X, negulan and meromonphic on

Y, (n,F,m, ") has the same properties.

We will first prove the following lemma, with centainsthe "essen-

tial surjectivity” part of (5.1).

LEMMA (5.4). Let (F,V) be a connection on X-Y; zthere exisis a

meromonphic extension F of F such that

~

i) F 45 effective.

~

1i) v 4s meromonphic ad regular with nespect to F .

The proof uses the desingularization theorem of Hironaka, in its
global analytic version : according to that theorem, one can find an
analytic manifold N._ and a proper mapping m such that .:l?C = f
is a divisor with normal crossings and 7 : x_iw_ »> X~Y is biholomor-
phic. Lift (F,V) to xalﬁ ; by (4.4) , there exists a locally free
oxAlBoncpm G such that V has logarithmic poles with respect to G .
According to Grauert's direct image theorem, w,G is a oxlno:mﬂmnn

~ ~

extension of F ; if we take F = Qx_nxuoo 1,6 then F is an effective

meromorphic extension of F ; V  is ov<Mo=mH% meromorphic with respect

~

to F ; to end the proof, wehave only to verify that ¢ is regular with

~

respect to F .
Let D be a disk, and u a morphism D - X , with cl_Qv = {0} .

We prove first the following assertion :
(5.5) There exist a morphism v: D> .x_ such that mov =u.

In fact, such a property of lifting of disks is true for any proper

map X, + X ("aluative criterion of propernmess") ; in the special

case we have here,it is especially simple ; consider the analytic space

u_ = W xavnmm ; then the projection 7 ¢ U_ + D is proper, and
D, - x! (©) » D - {0} is biholomorphic ; call vm the component in D,
of D, - =|_ (0) and wd. its normalization ; d“ is a smooth curve, the

vnou.mnnwon ﬂ_. kcwmvnovmnm:m u_. l.._ﬂﬁov.vc.#ouwmvgowoaoﬁu
phic ; therefore T 1is biholomorphic, and (5.5) follows.

Put G = ox E_u@ G ; v*(G,V) is regular, since its matrix
1 X
1

has a simple pole when expressed in a basis whose elements belong to
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vk¥G ; on th th i i i
H e other hand the natural morphism i:;n > G 1s an isomor-

phism outside Y, ; therefore it induces an isomorphism w* F » G

cf. (2.3) ; then, we have u*(F,v) = <*Am..<v. This proves the regulari-
ty of ::Q,m.qv , and the lemma.

Remark (5.6). The preceding arguments also show that (5.3.1) = (5.3.1ii)

r . . . (4 .
(The main point is to prove the coherence of T.F , which follows from

the fact that F is effective and Grauert's theorem).

The rest of the proof will be a consequence of the following lemma

LEMMA G.u‘wm\ In Zhe hypotheses of (5.2), all the hordizontal sections
f € T(X-Y,F) are meromonphic, e.g. are sections of F on X

Take such an f ; from

H the theory of regular singularities in one

variable, we know that, Vy € U, v*f|y@D is meromorphic ; therefore,

we are reduced to prove the following assertion :

(5.8) Take f € I'(X-Y,F) , and suppose that, for every y €y , v*f|yxD
&5 meromorphic ; then £ 48 meromonphic.

We will reduce the proof to the scalar case, e.g. the case
F = ox_nﬁ » by using the following trick: by (2.4), ¥ 1is reflexive ;
therefore, to prove that f is meromorphic at b € Y , it is sufficient
& . . v .
0 prove the following result : for any g € m,v , <f,8> 1is meromorphic

at b . The proof is done in three steps.

i) f is meromorphic on U.

v
Take b€ U, g € mv » and put h =< f,g > ; we can suppose that

h is defined in a neighborhood V of b isomorphic to a poly-disk
ﬁ % R A . . . -
_ w_ wa » in which Y 1is defined by Xy = 0 ; we have to prove
nrmn+: 1s meromorphic; tosee that, develop h in Laurent series
«©
h= 5 p P
z v?w.....xsvk_ .
B . . .
. y the hypothesis, for Axmu.vx:v fixed, h is meromorphic in Xy s
s.m. rv =0 for p << 0 ; the set zn of points of VN Y where
p =0 for p<gq is closed, and the union of these closed sets as
9 =+ -=» js VNY; by Baire's theorem, one of these sets,say W
Aﬂ ’
has an interior point ; by analytic continuation, one has W =V M Y 3
q H

o
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This proves the result.

ii) f is meromorphic on <1mm.

call U' < &nmw the set of points b where f is meromorphic ;
U' is obviously open, and contains a point of each component of Y
by 1) and the hypothesis. Therefore, it is sufficient to prove that
it is closed. Choose b € T', g € mw : by hypothesis, < £,g > is mero-
phic on an open set of Y adherent to b ; by analytic continuation,

as in the end of the preceding proof, it is meromorphic at b .

f is meromorphic on Y.

Y
He
.
~

Take b €Y _. , and g € mw wAm.wvwm BmﬂoBouvswnsmmnv
sing o .
except on a set of codimension 2, by ii). By Hartogs, 1t 18 meromorphic

at b . This ends the proof of (5.8) and (5.7).
We can now prove the theorems

PROOF OF (5.1). The essential surjectivity has already been proved; it}
remains to prove that the functor is fully faithful ; this is equivalent
to say that any morphism F,v > @&,v) on X-Y extends to a morphism
on X (the uniqueness is obvious). This is also equivalent to say that

any section f € T (x-Y, mosn.m..quv extends to an element Mm
~ o~ ¥ .

I (X, #om(F,G) ) , e.g. is meromorphic with respect to #Hom (F,G) ; this
follows from (3.2.ii) and .7,

PROOF OF (5.2). AND (5.3). Take (#,7) satisfying the :wvomrmmom of
(5.2), and take (@,v) the regular meromorphic extension of

&,7)|x-Y given by (5.4) ; one has an isomorphism F,v) + @,v) on
X-Y , e.g. a section f € T(X-Y, Hom Am.mv<v ; applying (5.7) to
.mosAW.mu , we see that f is meromorphic ; therefore f mxnmsmw,no a
morphism mm.<v » (@,v) on X ; the same argument applied to 7% .
shows that f 1is an isomorphism Qmuqv » (G,7) ; therefore (¥,v) 1is

regular; this proves(5.2).

Moreover F 1is effective, since G is effective; this proves

(5.3.1) . As (5.3.i) = (5.3.ii) has already been proved in (5.6), thif

ends the proofs.
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Remark (5.9). As in the case of dimension one, there is another defi-
nition of regularity in terms of growth of horizontal sections near Y ;
we shall only sketch this point.

Given a vector bundle F on X-Y , provided with a meromorphic
extension F , we refer to Deligne, loc.cit, def. II. 2.10 for the
notion of "multivalued section of F with moderate growth along Y".

~

Then, given a connection y on F , meromorphic with respect to F

the following properties are equivalent :
i) ¥ 1is regular.

ii) Any horizontal section of F has a moderate growth along Y .

The proof that ii) = i) 1is a consequence of the special case of
dimension one and of (5.2). To prove conversely that i) = ii) , ome
considers first the case where Y has normal crossings ; in that case,

by (5.1) and (4.4) there exists a vector bundle G over X such that
n@ ox?un F and that V has a logarithmic pole along Y with res—
X

pect to G . Then the proof of ii) follows from an elementary estimate,
as in dimension one (see Deligne, th. I1I1.1.19). Finally, one reduces

the general case to this one by desingularization.

Remaik (5.10). Suppose Y is a divisor with normal crossings, and

denote by 6y ¢ the set of vector fields on X leaving Y invariant.
’

Let (E,V) be a connection on X-Y , meromorphic on Y ; then the

following properties are equivalent

i) E 1is regular.

ii) E 1is a union of coherent oxlao&cﬂmm.mnmvwm under ox -
r

PROOF. i) = ii). Choose a section 1t of the projection & »@/Z ; by

(5.1) and (4.4), there exists a unique locally free ox|m=Vm:mwm na of
E , with E = oanv oxﬁmu. such that ¢ has a logarithmic pole with

X
respect to G_ and the eigenvalues of the residues of V belong to the

image of 1 . It is easy to verify that E 1is the union of the
G's ; since G is stable by 8 » this proves the result.
T T X,Y
ii) = i). By theorem (5.2), it suffices to prove the result in the one

dimengional case ; in that case, this follows from the definition of
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the regularity.

6. Comparison thecrem.

As before, Y is a divisor of X ; we note x-Y 1>x «= Y the
canonical injections. Consider a connection (F,V) on X-Y , meromor-
phic and regular on Y ; its de Rham complex is the complex

Q. W F,V) ; we will denote it by DRF .
X X
In Ucnnxv , one has a natural morphism (the "attachment nap")
(6.1). DRF > Rj, j* DRF .

THEOREM (6.2). (Grothendieck-Deligne). The monphism (6.1) 45 an Asomon-
phism.

i) Before giving the proof, letus comment on the result.The complex
J*DRF = DRj*F is the de Rham complex of m_xln : by Poincaré
lemma, its cohomology sheaf is m.q_x|< , which will be denoted by V ,
in degree O , and O in degree # 0 . Therefore, in UcCTA,axLNv , one
has j*DRF = V , and therefore H* (X,Rj, J*DRF) = B*(X-Y,V) . Therefore

the theorem implies that one has a natural isomorphism.
(6.3). TH*(X,DRF) — H*(X-Y,V) .

Take in particular F = ox:“_ , ¥ =d , which is obviously regular;

then we obtain the result of Grothendieck :
H* (X,DR ﬁw::v = H* (X-Y,Q) .

Note also that the result has been already proved in degree O by (5.7),
v,
since IH°(X,DRF)=H°(X,F) .

{i) We give another way of calculating Rj,j*DRF which will be
useful later ; the complex j*DRF is the complex on X-Y
. . . . P . :
Abx|< GM v j*F,v) ; mnow, I claim that the bxl‘m @ j*F are acyclic for
Jg 3 in fact, take a point a €Y , and a Stein neighborhood U of a3

U-Y is also Stein, and therefore, one has, for q# 0,

Hi(U-Y,0p_, @ §*F) = 0 3

using this result for a fundamental system of Stein neighborhoods of a,
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. q, .
we find R H*S—ul%@ u*mvm =0 for q# 0 , which is the required
result.

By a standard argument, one deduces from this the following result

Rj, J*DRF is isomorphic in uch,ﬁNv to the complex

G.*Sméox@x *E),T) = (o Wx IRJ*F, 0,

which will be denotedby DR(j,j*F) ; it is easily verified that the
morphism DRF - DR(j,j*F) corresponding to (6.1) is the morphism dedu-
ced from the attachment map F » j j*F by applying "DR"

More explicitly, take a € Y ; m,m is the space of sections of
F near a , e.g. of the sections of F on X-Y near a which are
meromorphic ; and C.t.*m,um is the space of sections of F on X-Y
near a with possibly essential singularity on Y . Therefore, the
result can be thought of as a theorem of comparison between "moderate

cohomology" and "cohomology without growth conditions".

iii) We will show that the proof can be reduced to the case where
Y has normal crossings (here, we will not yet use ii) . According to
Hironaka's desingularization theorem, one can find an analytic manifold
x_ and a proper mapping z“,xﬂ.v X such that ! () = f is a divisor
with normal crossings, and w: x_|ﬁ + X-Y is biholomorphic. Put
C.,_.qv =T*(F,V) ; QTS is regular by (3.2). We assume that the
theorem is true for Am_.qv and will prove it for (F,¥) .

u._ i
A_|<._ — N_ +— Y the canonical morphisms. We have
an isomorphism in cdomd.nxdv :

Denote by X

DRF, —= Rj,, j*
1 Rj,% J7 DRF,

applying Rm, , we have an isomorphism

R, DRF, —*Rm,Rj,, ,;, DRF,

if we identify X-Y with X,-Y, , we have

Rm, w.:* = Rj, , and ‘_*_ﬁ DRF. = j* DRF ;
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therefore, the second number is equal to Rj,j*DRF .

To end the proof, we have now to identify w:»cwﬁ with DRF .

Note first that the natural morphism _;%m@ F) > bm @ F, is an
1
isomorphism since both are Qx E_uloormnmun and coincide on xglm_ 5
1
now, wnaw Tk %W@ F) is coherent by Grauert's theorem since

DM@ F is locally effective on X (in fact, it is globally effective
by 5.3, but this is not necessary here) ; for q # 0 , it vanishes out-
side of Y , and therefore vanishes. As in ii), we conclude from this

that Rn,DRF  is isomorphic to the complex Q*s*gm@ F),V) ; finally

1
the natural morphism bM@ F » sw:»nnwg F) 1is an isomorphism, since
it is an isomorphism outside of Y . This gives the result (modulo a

verification of commutativity of diagram which I will omit).

iv) Now, we prove the result when Y has normal crossings. We can
suppose that X is the germ at 0 of c” , and Y is defined by

xd...xv =0, with! < p<n (the case p=0 wmnn?wmc.zoc.nvm

(F,V) are classified by their momodromy around Y , and we can use the
normal forms obtained in the proof of (4.4). By recurrence , we can

suppose (F,V) simple, e.g. of raok 13 in nrmm case, we take

i
P
F = 0,[Y] with the connection form w = I A B , MET,
X 1 1 xw 1

0 < wm»w < 1 ; if we write
A

[

aw = .wlwc + , the de Rham complex DRF at O is the Koszul complex

i i
wa_...avnoxzuov ; write A = ox_”&uo , B = C*.m*oxvo ; according to

al

ii) , we have to prove that the natural morphism
ia_.....mv;v > wa_.....mcwwu is an isomorphism on the novowwuom%.
The first complex is also the double complex NQN.....m:w A —rA) ,
and we have the same property with A replaced by B .

§

To calculate the cohomology of A L.vv , we develop f in Lauremt

series f =L mr?n.....x%xﬂn , with mw € A' (A' the space similar
to A with only the variables Axn.... .usvu , and some suitable condi-
tions of convergence.

One has mﬂm = MA—n;_vmw x~_n|._ ; therefore, we have two cases :

1st case. ». # 0 . Here, q“ is an isomorphism, and the cohomology

vanishes. The same result holds for B ,and the result is proved.
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2nd case. f = 0 . The kernel and the cokernel are isomorphic to A' ,

and A —> A 1is quasi-isomorphic to A" —A' ; the same result is

true for B ; by recurrence , this proves the theorem.

Remank (6.4). As theorem (6.1) is local on X , we have in fact used
"only" the local version of Hironaka's theorem. On the other hand,
(5.1) reduces easily to the similar local statement on X . Fimally,
the only point where the global desingularization theorem is really

needed is in the proof of (5.3).

7. Algebraic case.

(7.1) REGULARITY, Let X be a smooth algebraic variety of finite type
over @ , and (F,V) a vector bundle on X with an integrable comnec-
tion. We denote by 3", Fan , etc. the corresponding analytic objects.
X(resp. ™ will be provided with the Zariski (resp. the usual trans~
cendental) topology. We will define the notion of regularity , or regu-

larity at infinity, of (F,V).

i) Suppose that X is Zariski open in some X smooth projective,

with Y = X-X a divisor of X ; note j the inclusion X + X ; then

. ohan =
(3,.F) is a vector bundle on (X-¥)®" meromorphic on 2" ; we say

that (F,V) 1is regular if Ac*mvwzqu is regular.

This definition is independent of X ; for, suppose we have another

nno._.mnﬂ.hm smooth completion X FM~ ; there exist another one
] k
2 = = - -
X lxN and morphisms X .‘Wlxn 1 1 such that the following
diagram is commutative
X,
i, _
X ——
X
I X w._

1

Actually, we can take for NN a suitable desingularization of the

closure of X in X x M_ . Then the result follows from (3.2.1iii) and
(5.3.ii).

ii) According the Hironaka's theorem, the preceding construction
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can be done if X 1is affine. Now, in the general case, we will say
that (F,v¥) is regular if, for any affine Zariski-open subspace U of
X , (F,9)|U 1is regular. It is easily verified that this is compatible
with the definition given in 1) ; also, (F,v) is regular iff, for

some affine open covering Ew“ , C_,.qv_cw is regular.

iii) There is also a definition of regularity which is similar to
(3.1).

PROPOSITION (7.1.1). Given an integrable connection (F,v) over X
the §ollowing properties are equivalent

’

a) (F,v) 4s regukfax.

b) For any monphism u : € > X o0f a smooth cuwe into X ,
u* (F,V) s regular .

b) =» a) We can suppose that X 1is affine ; we take a smooth pro-

jective compactification X such that Y = XX is a divisor. Then

the result follows from (5.2) , since one can arrauge that the maps

v _v. x D are restrictions of morphisms of curves.

a) = b) 1is trivial.

(7.2) MAIN THEOREMS.

THEOREM (7.2.1). ("Riemann-Hilbert correspondence” in the algebraic case)

The §unctor (F,V) ~ (F27,¥) 48 an equivalence "regular connections

. . n
on XM<> " integrable conmections on XM .

Via (1.1), this gives an algebraic description of the local systems
on X% for the usual topology ; therefore this answers the question
posed at the end of section 1.

It is sufficient to prove the result locally for the Zariski topo-
logy. So, we can suppose that X is affine. By %wno:mxm.m theorem,
there exists a smooth projective completion X J1,X such that
Y = X~-X 1is a divisor.

On X, all cmﬁnulnormﬁmcn modules are effective, e.g. generated
by a oN&oormnm:n submodule (this is a general property of quasi-cohe~
rent modules in algebraic geometry), and the category of ommdu cohe-
rent modules isé obviously equivalent to the category of annormnman
modules. Via GAGA, this implies the equivalence "vector bundles over
xan

X " <> "vector bundles over , effectively meromorphic on
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an,,

Y . In this correspondence, the connections correspond to each other

by the argument given in section 1. Therefore, the result follows from
(5.1) and (5.3.1).
The de Rham complex DRF of (F,V) 1is defined as in the analytic

case. In Uv (@) , there is a natural morphism

H* (X,DRF) + H* Astvua‘.mnv which can be e.g. defined as follows :
take ﬁch an affine Zariski-open covering of X ; for I = Q.o...u.vv
= . q : .
put cH a»a...o cu.. : as mN w F is acyclic for ::H..v R
[ P X
H* (X,DRF) 1is isomorphic in cvﬁau to the double complex

:EH.nww F) , (v,8)) , where 6 is the Cech differential ; similar-
X
ly, as cwn is Stein, D*(x*",DRF

version of this double complex. Then the morphism is given by the natu-
ral map T G er) - r?®,ed

I’'X I X
morphism does not depend on the chosen covering.

al . . .
M) is isomorphic to the analytic

mssmmnv . One verifies that this

THEOREM (7.2.2). Suppose (F,V) 48 negular. The morphism
* (X,DRF) > M*(X*",DRF2™) {4 an <{somorphism.

It is sufficient to prove the theorem for the cH.m , because this
means that the preceeding morphism of double complexes is a homology
isomorphism for the first differential V . Therefore, we can suppose
that X is affine. We take a smooth projective completion X LY as

before. Then we have

H* (X,DRF) = T*(X,Rj, DRF)

= *(X,DRjF) (as in 6, ii)

San

= mx @7, 0R(,P™)  (GaGA)

= m*(x*",DRF?™) 6.3)

This proves the result.

EXAMPLE. (Grothendieck). Take (F,v) = Sx.av ; then, one has

I (X, (9,4)) = BA@",0)
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However, it is well known that Anx.mv does not verify in general
the Poincaré lemma. In fact, in general, with the Zariski topology on
X , one has H*(X,T) # w* (x*7,0) .

V. THE WEYL ALGEBRA

F. Ehlers

REFERENCE
§ 1 BERNSTEIN'S INEQUALITY AND SOME CONSEQUENCES
P. DELIGNE, Equations différentielles a points singuliers réguliers,

Springer Lect. Notes N° 163, (1970).
Let K be some fixed field of characteristic zero (usually it will

be € or R). The Weyl algebra >:Axv = A_ is the algebra of differential

n
operators ma mmpmxawm with polynomial coefficients acting on
r
K{X,,...,%x_] by formal differentiation. (X = (X ,eee,% );
1 n 1 n
3= (23 3 ); 9. = 3/3%.; . QH. . 9:. 38 - m“r. .3 m:.
prernedp)e 3y xu. X X, ceetX =9, ceetd

a,g € K; 2.8 # 0 for at most finitely many a,f.) One can define

wsﬁxu as the K algebra generated by xH.....x=~wH....~w: subject to

the relations waxxxu = ﬂww.wru =0, nww‘xxu =4 where [ , 1

ik’
denotes the commutator and mmw the Kronecker symbol. There is an auto-

hi . , _ .
morphism F >: -> >= defined by x; I.ww ’ mw [od x; playing the role

of a formal Fourier transformation.

1.1 PROPOSITION. wsaxv is a simple algebra, i.e., any two sided

ideal in A is {0} or A_ .
n n

Proof. Let 1 < >= be a two sided ideal and 0 # P = anmxﬁwm € I.
If xw occurs in P with the highest order m > 0 , then 0 ¥ ku.w_ €I

and x, occurs in ku~m_ with the highest order m - 1. (Use

J
k k-1 . .
ﬁwu.xu_ = xxw .) By mvmukwno.ﬁwu\ ] m times to P one obtains a

nonzero element in I without the variable xu . Using all the (3., 1 ,
J
qu. ] gives 1L € I . Thus I = A -
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1.2 PROPOSITION. Let A be a simple ring of infinite length as a
left A-module. Then every left A-module of finite length is cyclic

i.e. it can be generated by one element.

(Proof. [Bjl, pp. 30,31.)
1.3 COROLLARY. A left >=Axv|aonc~m of finite length is cyclic.

1.4 Filtration of b:Axv. A filtration of an algebra R is an

increasing sequence of linear subspaces

= ... i
{0} =s_jc8,c8 &5, R with

Us. =R and §.-8. s, . for all i,] .
7 3 i3 i+]

mo is a subalgebra of R . We shall use two mwwnnwwmo:mOm >= "

1) s, =T, = 1za_x2% Ja| + 8] <3}, |vl: =

3 5 af +...+ .«S ’

1

Bl

A

Bl <3} .

o
2) S, =1L, = ﬁmmpmx 3

The first filtration is called the Bernstein filtration. Its advantage
is that the ﬂu are finite dimensional. The second filtration can be

generalized to algebras of differential operators on varieties; the

Mu are finite K[x]-modules. (K{x] = Mo .) Observe that mw.mu = mw+u

for i,j > 0 in both cases.

Let F. be one of these filtrations. There is an associated graded

algebra defined by

mnm>: = @ ﬂ.\mulw , [a]-[b] = [ab) for homogeneous [a}, [b] .

j=0 -

F )
1.5 PROPOSITION. gr A is canonically isomorphic to the poly-

nomial algebra xmmH.....m:.ww.....M:_ in 2n variables, xu.Mu € ﬂw\mo .
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The proof uses mmmﬁxu.wuH < deg xu + deg ww for T, and .
From now on, all modules without explicit declaration as right

modules are left modules.

1.6 Filtrations of w:lsomc~mm. Let M be an >:150m:~m. A

filtration of M is an increasing sequence of K-subspaces

{0} = H.lw c H,o c H,Hﬂ .o« © M, such that

1) Cau.uz‘
j

2) Fye Iy e ., forall 1,3,

3) the vclaoacwmm Hw (by 2) are finite.

There is an associated graded module

H4 o
gc M= @T
j=0

F

/T,
u\ -1 over gr A,

with the module structure defined by [a]+[u] = [au] for homogeneous

la} € onmyn , [u] € mnﬁz .

. 1.7 DEFINITIONS . 1) T is called a good filtration of M if
gr M is finitely generated over gr >: .

2) Let v € ﬁu - ﬁwlw . Then o(v) = [v] € ﬁu\Hwnw is called the symbol
Omc.

r
1.8 PROPOSITION. 1) If gr M is finitely generated over gr A_,
n

then M is finitely generated over A .
n

2) T is good, if and only if there exists some uo such that

F.r = : C
il ﬁw+u for all i 20, j > iy
3) If T and Q are filtrations of M and T is good, then there exists

a j n”
suw , such that uw nuw+u for all j . If T and Q are both good, then
there exists a j such " that ., . < I, < .

g - -3, 5 bu+u~ for all j .
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Proof. Put T, : = @& T./T, , F 1= ®F_/F,

k j<k " 7 3-1 k <k i 3=l
2) ' = ' : T being good means that QNNT is generated by ﬂu for some
o]
uo . Looking at homogenecus components one sees that vw.nw = Hw+u
for i 20 , j 23, « Thus mw.mw + _W+ulw = ﬂw+u for these i,j . Now
use induction on i :
Fiy ry = Tieg-1 = Fie I, = Fi. u.u. * Tieger T Tieg -
' <= ' ; Obviously the condition implies that onur is generated by
r. .
o
1) Follows from 2 .
r . . .
3) If <H‘....<n generate M , then ﬁu r = MHHH mucw defines a filtration
of M with the property of 2 .
. . - : S s s L Si ]
4) Let j be such that mw ﬁu aw+u for 120, 3 23, Since nu

o
if finite over the (commutative) noetherian ring mo and @ is a

filtration of M , I, © Q. for some j, . Then
ig 3 1

r,cr, . =F.r, cFea <a, . for 3 20 .
J 3yt 3 3, 3, 3 *3

1.9 PROPOSITION . If M is finitely generated over A , then M

is noetherian.

Proof, Let NC M be an »:Imscaoacwm and T. a good filtration of M .
(use 1.8.3) Let T! = I, N N be the induced filtration of N . Then

* T
onn N is a gr >=|wccaomcwm of the finitely generated module gr M .

R . L -
Since gr y: is poetherian as a polynomial ring, gr N is finitely
generated, therefore N is finitely generated over w: by 1.8.1 .

For the remainder of 1. , F. 1is the Bernstein filtration T. .

1.10 Dimensions and multiplicities . Let M be a finitely generated
>=Axvlsomcpo and T a good filtration of M . There is a polynomial in

t
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m  d . .
XM, T,t) = ait t monomials in t of smaller degree ,
m,dEN ,m>0,
such that
. J
dim Hw = .M ﬁw\ﬁwiw = x(M,T,3) for j >> 0 .

This is the Hilbert polynomial for anHr . Since gr A is a polynomial

ring of 2n variables, d < 2n .

If [,Q are good filtrations of M , then by 1.8.4
xﬁzxm.:u‘lu.wv MXAT:HUU.V WXAZ-D~u.+u.NV .

As the leading term of x is not affected by a shift of j , the numbers
d=d(M), m=m(M depend on M only. They are called the dimension
and the multiplicity of M, resp.

| .. lms+u 1 |
mxmswhmm.wuzl >: .mpa ﬂw | — an u .a|m5~alp.

2) M = xﬁxw....~xnu = A /L. AJd, , I'. = filtration by degrees:

. :+.
apafuﬁ.L,mu:.anp.

5
uZH m . n n .
) >n\mu.nH w:xu xpww....~wsu .a :\; mepsm.mzmmnn

this is the formal Fourier transform of K[(x] .

1.11 PROPOSITION . Let 0 > M' - M > M" » 0 be an exact seguence
orf wzlsoachmm. Let M be finitely generated and T a good filtration of
M. Zet TY + = T.NM' and T¢ = Im T, be the induced filtrations on
M' and M", respectively. Then

r

L]
0> gr M' > mnﬂ

M > mnH43= > 0

is an exact segquence OM.cnbzléoacpmm.\ I'* and T* are good filtrations,

and we have



v,1.11 178

(1) xM, T,t) = xM".I',t) + x(M", I, t) ;

(2) d(M) = max{(d(M'), d(M")) ;

(3) If d(M*) = d(M"), then m(M) = m(M'}) + m(M") .

The proof follows from the fact, that mnHr is Noetherian, and there-

fore I'* and ™ are good filtrations.

1.12 THEOREM (Bernstein). If M # {0} is a finitely generated
>3_xv|soachms then d(M) > n .

proof (A. Joseph ).Let I. be a filtration of M with Ho # {0} .
LEMMA, The K-linear map

ﬂm > moswﬁﬁu.kawww , abr (up avu)

is injective .

Proof of the lemma. We proceed by induction on i . The case i = 0 is
just the assumption on T' . Let 0 # a € ﬂw . We have to show that

ar T, ¢ {0} .

Assume, on the contrary, a*T. = {0} , and that the lemma is proved

i
for i-1 . Then a cannot just be constant, so there is some x. or 3.

] J
occuring in the expression for a . In the first case, 0 # Hm.muu mﬂwlw
and _m.vu_.ﬁwlw = {0} , contradicting the i-1 case. In the second

case, use xu w:mnwmQOM mu .evwmwno<omn:mwmasw.

Now let T be a good filtration of M and x be the corresponding Hilbert

polynomial., From the lemma we obtain the estimate

1 .2n

dim ﬂw = MMﬂwﬂv

+ terms of lower order

£ X(i)+x(21) = dim :oaxﬂﬂw~ﬂmmv for i >> 0 .

Thus, deg(x) 2 n .
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1.13 DEFINITION. A finitely generated vzﬂxvnsoucum M is holonomic
if M#0 and d(M) = n or if M = (0).

1.14 COROLLARY. Submodules and quotients of holonomic modules

are holonomic.

1.15 PROPOSITION. Let M be an >=|50Q:Nm and . a filtration of M
with dim T, w:|n.u.: + np_u#b?p. Then M is holonomic and m(M) < C .

In particular, M is finitely generated.

Proof. Let N C M be any finitely generated submodule and Q. a good
filtration of N . By 1.8.4 there is a mw such that

f.c ... NNCT, . . From this and Bernstein's theorem we get
] u+u~ u+uw
a(N) = n and then m(N)}) < ¢ . If zH [ z~ M, ZH # ZN , are both

finitely generated, then EAZN. - BAZHV = EAZN\ZHV by 1.11 and 1.12
again. The length of any strictly increasing chain of finitely gene-
rated submodules is therefore bounded by ¢ , so M itself is finitely
generated.

1.16 Applications.

1.16.1 If M is holonomic, then its length is bounded by m(M) .
(Thus, holonomic modules are cyclic (1.2)}

Proof: 1.11 , 1.12 .

1.16.2 THEOREM. Let p € K[x,...,x ] and let M = Ex%ccuw_

have the vslmnnconcnm defined by formal differentiation of rational

functions. Then M is holonomic.

Proof. Put m = deg p and ﬁu = Aaﬁxvvﬁxvlu_&mm g < (m+l)j} © M.T. is a

filtration of M . (Proof Omngﬁu =M : a.mlu = n.vw.vlﬁu+wu € du+w <=>
deg g + ml < (m+l) (j+1) <=> deg q < j+l+mj , so q-p 5 € Mjyp for
l = deg q .} Now use 1.15 .
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1.16.3 THEOREM. (Generalization of 1.16.2). Let p C x—xH~...-x=u

and M be a holonomic v:;soachm. Then zavlwu = xﬁx.vlwu 2 xﬁxuz is

holonomic. (The >=nmn~:n»c~m is defined by the product rule.)
Proof. 1.16.3 is proved as 1.16.2 .

1.16.4 Existence of Bernstein's polynomial. Let p € xHxH.....x:_ ’
deg p = m, and let X be transcendental over xHxH‘....xsu . Consider

the Weyl algebra b:AxAyvv over the function field K(X) and n:m.DzﬁxA»vvl
- A
aomcwmzu xA»uHxH\...~x:.quv Hu.my .mmnmv nw:nvo:m:nOmmmm

formal symbol, the >:|mnnwo= on N is defined by muvy = >v|w.vy and
the product rule (and formal differentiation of rational functions).

A .
Let M = w:Ax H»Vu.@y be the submodule of N generated by p . As in
1.16.2, ﬁu = *&.vlu.w»_am@ q < (m#l)3} is a filtration of N with a

holonomic estimate (1.15). Therefore, N and M are holonomic. Since M

has a finite length, the descending sequence

= eplep? i i M =
30 HVZH D.... 2 Zu »sAxAyuv p *p . terminates: xw =x+H for some k.
This means mx.vy = Uwayv.ww+w.my ’ Uwayv € A (K(A)). Since A is trans-

by 1

+
cendental, we can replace A by A-k and get p = UHAyuxu.v> . Let

B(A) a common multiple of the denominators of the coefficients of

UHA»IXH and put D{i) = wﬁ>wUH_ylxv. Then

E:.vyﬁ = E:.my ¢ D(X) € A (K)[A] , B(A) € KIAD .

B(A) and D()A) are not uniquely defined by this functional equation.
The B(A) form an ideal whose generator b(}) with leading coefficient

1 is called the Bernstein polynomial of p(x) .
Remark. The functional equation implies N = M .

1.16.5 THEOREM. Let p € xﬁxw....~x:u .Then

A A
M = »sﬁxyﬁyu.v \waﬂxVﬁyu.m P

is a holonomic ysﬁx.laon:~m. The miltiplication with A has a minimal

polynomial: b(A) .

Proof. The first statement follows from the second one and that is just
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a reformulation of the results of 1.16.4

1.16.6 Let
wﬁ”:v = {f € 089”:.5 _@ﬂmﬁmv < » for all a,B)}

mp
mamu2+_x_,._wmm_.amz.mmz=.
be the space of tempered functions with its topology defined by the
seminorms vpm . The topological dual space w.QﬁJ is the space of

tempered distributions with its weak topology. Let p(x) € R[x

.H~o-.svn3“_
have nonnegative values on R” and let ) € € , Re A > 0 , Define

T,(4) = £ ptatemax , ¢ €SB .
R

Then T, € 8' and A » T, is holomorphic on {X € €[Re A > 0} . From

» A
+1 A
D{(A)<p b(\)*p we obtain by partial integration

]

T, (#) = b)) gax

cA»vupsm>+H.oA»v‘emx

aﬁyu|HUA>+~V-qu»+~.oﬂy+uv..uﬁ>v*omx

This shows that A & T, has a meromorphic extension to all of € with
poles in {A|b(A+j) = 0 for some j € N} .

1.16.7 pistributional inversion of polynomials. In 1.16.6, T,
has a Laurent expansion at A = -1 :

u w

e» I mwﬁ»+ww . mu mw..
Jj2-N

N : = - A

ow a» is regular at A = 0 and ao =1 : /p'¢dx » Sf¢dx for A € R,

o r
A > 0 . Therefore
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T. = pT. = £ pS, (A1)’
S EL

is regular at A = -1 , thus m.ww =0 for j < 0 and v.mo =1 .

If p(x) € n—st...~xau is arbitrary, then by defining mo with
2 -
_mﬁxu_m instead of p(x) we get 1 = |p| Sy = pr(p*Sy) . So
s = m.mo € S' satisfies

prS=1, SE€ES .

1.16.8 Fundamental solutions of PDEs with constant coefficients.
Write a differential operator D with constant coefficients in the
form D = vﬂwwv , Ply) € aﬁmw.....wau , and let & be the Dirac dis-
tribution, &(¢) = ¢(0) . We can use the S € w.Q&J , p*S =1, from
1.16.7 to construct a fundamental solution for Du = £ , i.e. an
E € S'@®") with DE = & :

Define the Fourier transformations on S and S' by

—i<x,y>

$(x) = fe $(y)ay , ¢ €S

T(9) = T(9) TES,
and let E = S . Using p*S = 1 we obtain

S(p(i3)6) = S(p(id)$) = S{p(y))

(e GNS) (4)

= fdy = $(0) = 8(¢) .
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§ 2 SOME HOMOLOGICAL ALGEBRA

2.1 Let M be a finitely generated {left) b:laomcwm and T. a
good filtration of M with respect to the Bernstein filtration T. of
>= . The dimension d(M) of 1.10 can be defined in a more geometric
way: If I C mﬂws is the annihilator ideal of mnﬁ M and J(M) = VT, then

d(M) = Krulldim gr b:\u = Krdim gr w:\anzw .

This definition can also be used in the case of the usual filtration
)

L. of >a . If 1I'Cgr >: is the annihilator ideal of ann M, T. being

some I-good filtration of M , then J'(M) = YT* {and J(M)) depends

only on M (and the choice of the wslmwwnnmnmo:v. (See 2.2 below.)

2.1.1 DEFINITION. 1) The characteristic variety ch(M) of M is the
variety defined by J'(M).
2) The (I-) dimension of M is defined by

§{M) = Krdim onm >:\Q.A3v

(If X is algebraically closed, §{M) is the dimension of ch(M) .)

One of the aims of this paragraph is to prove the equality
§{M) = d(M) . Then Bernstein's theorem 1,12 says dim ch (M) > n in the
case of K = K . This is also an immediate consequence of the much more
difficult theorem of the involutivity of ch(M) with respect to some
natural symplectic structure on Spec mnm vg. The method of proving the
equality consists in giving a homological definition for both d{(M)

and §(M) which makes no use of any filtrations on y: N

2.2. For the remainder of this paragraph we shall work with a
general unitary ring R instead of w: equipped with a filtration

(o} =1 cr cr ..., f:M =R, Iper c g for 4,320 ;

Mo is a subring of R.) We assume for the associated ring § = mnM R the

following properties:
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(i) S is commutative and noetherian.
(ii) S is regular of pure dimension n . (I.e the global homological

dimension gl smﬁmav = n for all localisation ma at maximal
ideals m € S.)

Because of (i), this is equivalent to

mwa AB\BNV u:uanMSm nOanwa.
S/n m

This includes the case of b: , with gl hd(gr >=V = 2n of course,
but also algebras of differential operators on affine varieties. (See
the subsequent chapters.) Another case is the ring of differential
operators with germs of holomorphic functions as coefficients,

For left or right R-modules, the notions of filtrations and good
filtrations are defined as in 1.6 and 1.7 . The propositions 1.8 and
1.9 carry over to this more general situation.

Let M be a finitely generated {(left) R-module and T. a good £il-
tration of M . Let I = vazm mn~r C S and J(M) = /T .

LEMMA. J(M) does not depend on the choice of T .

Proof. 1 is obviously homogeneous and so is J(M). Given a homogeneous

element o(a) € § , o(a) being the symbol of some a € R , ¢(a) € J(M)
means wxﬁuAn Hunw for some k and all j ., Since n:m: wwxau c Hwnm

for all p , of{a) € J(M) is equivalent to V¥r3k : a au c ﬁuln . Because
of the compatibility of good filtrations (1.8.4) this is independent

of T .

2.2.1 DEFINITION. 1) d(M) : Krdim (S/J (M)} ,

L}

2) J(M) : awuﬁu_mxnwﬁz.xv # 0} .

2.2.2 THEOREM. d{M) + j(M) =n .
The equality d(M) = &§(M) in 2.1 is an immediate consequence of this

theorem, which is proved in the next section.

3
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2.2.3 PROPOSITION. Let N be a finitely generated S-module. Let

d(N) : = Krdim Am\»samzv and j(N) : u.amsﬁu_mxnwﬁz~mv # 0} . Then
1) ExtI ,8) = 0 for j<n-4e ,

2) aﬂmxnuﬁz.mvv <n-j for all j ,

3 aExt3 ™ (n,8)) = n - 50 .

Proof. 1) and 2) are proposition 5.23, ch.2, in [Bj] .3) is a conse-
quence of 1) and 2} : Assume '<' in 3) . Let E = & Mlomxnuﬁz.mv. The
assumption, 1) and 2) imply d{(E) < d(N), so there exists an

a € J(E) - J(N) . Since N is finitely generated and S noetherian,
Qﬁiiv8353:::53Egﬁg?aggggzm\ogm
Ext

mm.zm.mwv = 0 . Now let K be any finitely generated mmlsomcwm.
From the short exact sequence 0 + L - m” + k > 0 and its mxnw ﬂzm..ul
cohomology sequence we see mxnw Azw.xv B mxnw+wﬁzm~hv. The wmwcswnwozm
on S imply mxnw Azm.xv = 0 for w >n . By nmn”nmwos aon j we get
mxnw azm.w- = ommOn all j and all finitely generated K. {(Observe, that
a
L is finitely generated.) A special case of this is moam Azm.zmv =0,
a

thus zm = 0 . This proves 3).

This proposition gives dA(N} + j(N) = n for N a finitely generated
S-module. If M is a finitely generated R-module equipped with some
good filtration, then d{(M) = d(gr M) just by definitions. So theorem
2.2.2 reduces to j(M) = j(gr M) .

¢.3. The spectral sequence of a good filtration.

2.3.1. Let M be a finitely generated left R-module. Given any good

filtration I'. of M , there exists Upreeaeu, € M , such that

r. =1, + ... + I, i
B ulspsw Mula u for all j ;
m = deg Qacxu. (Namely, choose homogeneous generators Vi of gr M and

u, such that v = o(u ). Then '>' is obvious and the surjectivity of
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HuIBH:H + ...t MU.IBHCH > H,u.\ﬁu.lﬂ

for all j and 1 is proved by induction on 1 as in the proof of 1.8.2.)

Now let SYAREYL. be formal generators of degrees m for the free
“1 Re, . There is a good filtration of F_ :

R~module F. = @ 1RE 0

0

+ ... + I, €
j-m_r

T.(F.) = L.
10 -

€
ulEH 1

Let xo be the kernel of the canonical projection Mo > M, € 24 Uy .

Since gr R is noetherian, the induced filtration T.(K) = xo_; hﬁwov is
gocd. (gr WQ = ker(gr F
this procedure to K

0 + gr M) is finitely generated.) Applying

0 instead of M , and so on, one obtains a filtered

free resolution of M :

«ee >F,>F, > F >M>0

2 1 0
with the properties
1) qr mu is free over S of the same rank as Mu ’
2) ee- T gr F) > ogr mo > gr M > 0 is exact .

The dual module NY = moaxﬁz.wv and, more generally, all the mxnwﬁz~wv
are right R-modules via the right R-module structure of R. If N has

the good filtration I.(N), then [;(N¥) : = {¢ € Nle(r,m) < Zyas
for all k} is a good filtration of NY. (Proof: Let uo be such that

mwﬂquzv u Huo+x_zv for all 1 > 0 . Then
T.(nY) = {¢ € NY|¢(T, (M) = I, ..
SN = {o _ﬁuo.: 33
au (N) is finite over Mo , and Mo is noetherian because gr R is. From
o]

the injectivity of the cancnical gr R-homomorphism

} . Therefore pm:.u. (NY) = NY, because

gr z<.v:050n wnmn N,gr R) and the fact that gr R is noetherian we see

that gr NY is finitely generated.)
We are now going to study the spectral sequence mM of the filtered
complex FY , the cohamology of which is mxnwﬁz\wv. since the FY are

J
free and finitely generated, the natural maps

.u.u ~<.|IJ=03 nmnx
Ep gr ,mu; gr r9 u;n )
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are isomorphisms. So we get

B
] mxﬁmn wnmn M,gr R) ,

=
a.
L4

n

gr mxnwﬂﬂz.a .

For j < j(gr M) we have, by definition of j{gr M), mw =0, and so

mw uo~vmom:mm mw Mmmwccn:0nmm:n0n mW .escmzmomwuﬂvauAmnzv~
and one half of the wanted equality is proved.
In order to prove the other inequality we have to show that
JJ(gr M)
E # 0.

LEMMA. B’ is convergent, i.e. el = gJ

(3) -, for some r(j) .

Proof. a) (A general convergence criterion:) Let a? : FY > FY _ be

2 . . -1 3 Jj+l
the differentials and let z? = ker Qu. B? = Im a° . Then
e = g, if
r <
Jpv v oo ogd v v
d Amug n Hrmu+~ d “Hf+nnwwuv n armU+H

and the analogous equality for j-1 instead of j hold.

Uua:mcooamWHnnmnwosmo:nsmm«w:&:nmw:oooommwwnnmnwosmo:n:m
wu : The first one (I} comes mnom the inclusion m@ c m% and the second
al-l w«ww > B | From the compatibility
of good filtrations Aw.w.hv we get w:un with HWAmw+- c ﬂw+nlwnmu+wv

m:m Hwﬁwuv c ~ﬂ+~|w.wuu for all k . This is just the condition in a).

one (I') from the projection

Now we use the regularity of S = gr R and proposition 2.2.3. It

says:

(i) mWn 0 for j < j(gr M),

(ii) Emwv <m-3,

s j{gr M .

. (iii) &AMuAm -v =n - j(gr M). Call j{(gr M) = uo . Since

3g-t i 3o 3o
mH = 0, mw is a submodule of mw , and since mﬁmw ) =

jotl io :

=n - uo > mAmH ) we get mAMN ) =n - uo . We also have mw = 0 for
j < uo and mAva <n -3 for all j , because mW is a subguotient of
mw . So the properties (i), (ii), (iii) hold for E, and in the same
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way for all MW . Since mM converges we have proved the following

theorem.

2.3.2 THEOREM. Let M be a finitely generated left R-module. Then

1) mxnw.z.w, =0 for § < jlar M) ,
2) d(Exty (M,R)) <n - 3 for all j ,
3) aexed " M aem)) =0 - e .

An immediate consequence of this is j(M) = j(gr M). Of course, the

results of 2.3 hold for right R-modules as well.

2.3.3. THEOREM, If M is holonomic, then M** = M.
Proof. From 2.4.3 and the fact that R is noetherian we get a resolution

0>P =+ ,..*>P +M~>0
n Q
by finitely generated projective R-modules. Then 2.4.1 yields an exact
segquence
0+ B + vues > P > M*¥ >0,
[¢] n
2.3.4. Remark. From 2.3.3. and Bourbaki Algébre 10, §8, No3, Cor.
of Prop. 4, it follows that the homological dimension of >: is at most
n . From the next theorem, for example, it follows that it is exactly

n.

2.4. buality for holonomic modules. Let gr R = S have gl hd(S) = 2n
instead of n and assume that Bernstein inequality d(M) > n for all
finitely generated R-modules M # 0 . The finitely generated (left or

right) R-modules of dimension n are called holonomic.

189 vV,2.4.3

2.4.1 THEOREM - DEFINITION. A finitely generated left (right)
R- module M # 0 is holonomic if and only if the right (left) R~
modules mxmmﬁz~wv =0 for j # n . In this case, M* = mxnmﬁx.wv

is called the dual of M . It is holonomic.

proof. The first statement follows from 2,3.2 (ii), Bernstein's in-
equality, and 2.2.2 . (Remember that n was replaced by 2n.) The second

statement follows from 2.3.2 .,

2.4.2 THEOREM. M b M* is an exact functor fraom the category of
holonomic left (right) R-modules to the category of right (left)

R-modules.

pProof. I£ 0 » zw > ZN > zw + 0 is an exact sequence of holonomic

modules then

n n n
0+ mxnw:su.wv > mxnwﬁ.»w.wv hd mxﬁwﬁzu..md >0
is the only nontrivial part of the long exact mxnwﬂ..wulno:oaoHcow

sequence.

2.4.3 THEOREM, If M,N are left (right) R-modules and M is finitely
generated, then mxnwnz.zv

0 for j > n .

Proof. This is true for N = R by 2.3.2 (ii) and Bernstein's inequality.

I1f N is finitely generated, there is an exact sequence
0>K+>F->N>0

with F free of finite rank and K finitely generated. From the

mxnwﬁz..vloovosoHoo< sequence we get isomorphisms

mxwwAz.zv mxnw+HA=.x“ for § > n .
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As in the first part of 2.3.1 , gr mxnmﬁz.ru ﬁnmwv is a subquotient
3
gr R

and suitable good filtrations of M and L ., The latter Ext-groups are

of Ext (gr M,gr L) Aanv for any finitely generated R-module L
all trivial for j > 2n by the assumptions on R. By recursion on j

we get the wanted result for a finitely generated N ., For the general
result one uses that direct limits commute with Ext in the second

argument.

If P is a finite projective left (right) module then pY= :oamAm.zv
is a finite projective right (left) module. Repeating the first step
with M* instead of M leads to

vV
vV vee > P > M** > 0

Projective modules are reflexive, thus

0+>P > ... >P_ > Mrx
n 0

is exact. This sequence of the mU is the same as the first one.

2.4.4. Remark. From the theorem above it follows, that M b M*

is an eguivalence of categories for holonomic modules.
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§ 3 INVERSE AND DIRECT IMAGES OF >DIZOUCFMm UNDER POLYNOMIAL MAPPINGS.

3.1 Preservation theorems. As in the preceding sections modules
are usually left modules,
Let M be a holonomic >:Axv|aomcvm and H the hyperplane
{x € K'|x_ =0} . Let a
n n~

wu s J<n.

1 be the subalgebra of >: generated by x. ,

3.1.1 DEFINITION. M) = {u € M|xJu = 0 for some j} is the

r
[H]
»:lmcvaomcwm of M of elements supported by H . (By 1.14 it is also

holonomic,)

3.1.2 THEOREM. Let M_ be the A
0 n-~1

Then 1 & uwr u defines an isomorphism

-submodule Ker,x = {u € z_xscu 0},

>:\>=x: 2] A Zo —_ H.::Q.: .
n-1
(A /A x Is considered as a left A -module and right A -module,)
n" n'n n n-1
Proof. Surjectivity: We show {u € z_x”c =0} c wazo by induction on k .
k
If x u =0, then
n
0 =3 Axx:v = xxlvaxc + x 3 u).
n''n n n'n

From the induction hypotheses we have x u € baz

and ku + x 3 u € A M
n n'n n

0 0’
therefore

- = °
(k=1)u ku + x:

u~-93dxu€am .
n n"n n 0

The case k = 1 is trivial .

Injectivity: The right A _,~Module A has the following direct sum

decomposition

>n>x0>
n n'n n-1 n n-l n n-l
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so we have

= 9-- .
b:\b:x: wzlw ® u:?:lw ® w=m:|H

Thus the assertion means that the following sum of vslwlaoacwmm is a

K k+1 A .
i . 3 tive.
direct one and w: : w330 > ms ZQ is injec
3.1.3 T M) =M &3 M & wmz ® ... .
o [H] 0 no no
13 cas . :
= . lication with
Proof. Let 44 + v:cw + e + wsnx 0 .Cu € 20 Multip
x_ gives
k=1 _
CH + Nwscw + ee. + Ww: :x =0 .
(Use x wu = wux - uwulw .) Successive multiplication by x shows that
nn n'n n
all u, =0 .
3

3.1.4 Remarks. 1) This proof shows x:.ﬂﬁmuﬁzv = ﬂnmuﬁzu .

2) If M' is any finitely generated >=|Hlaomcwm. then

n - M!
M >5\>=x= ] A
n-1

is a finitely generated valaomcwm with d(M") = d(M') + 1 and

m(M*}) = m{M') . (In order to see this, write M" in the form
" = 1

M" = vH\be: ] xz . Here ww . . . .

3 , and the v::wonmo: on the right hand side is given by the vwlmonwo:

n
on the first and the wn

is the subalgebra of >= generated by X .

HlﬂOnde on the second factor, only. If T! is
any good filtration of M' and vw\was = x—w:u is filtered or graded

by degrees, then gr M" = xﬁwzu @ gr M' .)

This last remark also proves

3.1.5 THEOREM. xmnxxs is holonamic.

3.1.6 THEOREM. The map M'p b:\bnx: ] A M' defines an equivalence

. n=1
of the category of holonomic >:|H|50m=~mm and the category of
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y=|SOQCNmm MCMQONNmQ&cm.AH.m.3=H ﬁﬁm_ﬁz=v o)

3.1.7 THEOREM. The »:lwusomzpm S\xnx is holonomic.

Proof., 1) Let M= x\ﬁHmHAZH « The canonical w:|H|50nv=wma

E\xsz > m\xsm is an isomorphism : [u] » 0 means u € xsz + T

IR

by 3.1.4.1 u € xsz follows .
2) We show that m\x:m is holonomic. Since the multiplication by X, is
injective on M , the canonical map M ~ mﬁxmw_ is an injective >:|

-1
o n
Z\xsz > xmnzx . Now the assertion follows from part 1 , 1.14 and

n
3.1.5 .

. = =1 = . . :
morphism. Let N = B~x: ]/M .Then u# x "u defines an >:lplwm050n©=»ma

3.1.8 THEOREM, xmnzw: and Z\mzx are holonomic.

Proof. This follows from 3.1.5 and 3.1.7 by Fourier-transformation:
For any >:|50mcwm N define F(N) to be the v=|aomcwm which is identical
to N as a K-vector space but with a different »:lmnnconCNm. Namely,
let F : b: -+ w: be the mwMOSONm:wma defined by xu_+ wu R wu.+ |xu ’
and define U.:m.hzH : = F AUv.:z . The index of u indicates an element
of which module u is considered as. The Fourier-transformation leaves

Bernstein's filtration invariant, therefore it preserves holonomicity
of wslaoacwmm.

3.2 Inverse images. Let P = nvw.....wnv : K"+ K" be a polynomial

mapping. Then xﬁxw,....xau is a xﬁww....<:u|;omcwm via P . Let M be
an vnlaomcwm.

3.2.1 DEFINITION. The inverse image of M under P is the >5|50Q:Hm

*M =
P*M = Kx] @ xﬁwuz

with the structure defined by
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xgt (g(x) & u) = xu.acc Q u

3 +(q(x) R u)} = WW 2 u +
*y 3j i=1 j i

3.2.2 PROPOSITION. If Q : xw + K" is a second polynomial mapping,

then (P+Q)*M = Q*P*M .

pProof. This is just a combination of the corresponding statement for
modules over polynomial rings and the chain rule.

In order to study P* , we write P as a composition of an embedding

and a projection :

i: K K , 1{x) = (x,P(x))

L NE+S > NS s T(x,y) =¥

m* : n*M = K[x,y] @ = K{x] @ xz . On the right hand side xu . mx.

M
- Kly] j
act on K[x] only and %u B m< act on M only. If M is finitely generated
with the good filtration T. Jand 4. is the filtration of K[x] by degrees,

n . . ooanwwnumnwo:Om:;z.wnoa
n:m: bw Mu+rnwﬁ>u&~rv Hmma
gr w*M = mnp K{x] @ xmnn M one deduces d(m*M) = m + d{M) . (Compare

3.1.4.2 for m = 1 .) This shows that m*M is holonomic if M is.

i* =] . Then
i Let N be an >B+: module

i*N = K[x] @ = xnx\vxw\:\HlUH~...-<nlvau 2 Kﬁu:v\uz-

xhx.<uz

where the >E|mnn:nncnm on the right hand side is given by

xu.Aaﬁx,wu Q@ u) = x.q@®u,

b
3 n www
L I —=3_ u.
a_ *(g(x,y) & u) = Qu+g@d ut+t
Xu. qiX, Y wxu. xu. wnwwxu. ¥y
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Th i
e automorphism of ws+=

wvw
=y, - () , (3 )t =3 +I—ta , (3 )t =3
o *5 1%y Y1

xw = xu ' %m
transforms this to Z\Mewmz with the >a|mﬂncnncnm given just by left
multiplication. This is holonomic, by (repeated application of) 3.1.7 .
It remains to be shown that the automorphism does not affect the
holonomicity. This follows from theorem 2.2.2 which gives a filtration
free criterion of holonomicity.

Using 3.2.2 we proved

3.2.3 THEOREM, If M is holonomic then P*M is holonomic.

Remark. In general P*M might be not even finitely generated if M is .

2
(E.g. ¢+ M = wH s P2 K>K , P(x) = x" .)
3.2.4 Define D = P*A , It carries the left A_-structure
m__n n m
K +K
defined above. There is also a right wzlmnncnn:nm arising from

the right >=150&cwm v: . With this ~>B~>:vlvwsoaswm the inverse image

P*M can be written in a different way :

P*M = K[x] @ M = (K[x] @ A ] M=D -] M.,
el 8 g™ 5 KUXD @ By @M=D 0 ®a
We obtain the following formulas.
m
D =aA /LA 3 .
+
g _m o mHn j=1 m+n xw
n
D . = A \MAM\IUCCVNV v
g™ i Ko m+n i=1 1°1 m+n
m n
D =A . /ZIZTA _ 3 + I (y,~p,(x))A
P ’
[ m+n j=1 m+n xu i=1 171 m+n

with the bimodule structure as above.
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3.3 Direct images. Again let P : K"+ K" be a polynomial
mapping, and M a right ranaoacwm. There is a natural definition of a
direct image P,M , this is going to be a right >=|Eomcpm. such that

for every left >:|aomcwm N there is a canonical isomorphism

o
<3
®
z

e

Ma A P*N ,
n mn

namely PM =M AQ , D .Haonmnnoounmw:mmmmwawnwosnOn
ba xs + x:

direct images of left >:|50mcwmm we notice that the transposition

at la} @
Ampmpﬁwi y o o= nanlpv ? waﬁxv R meﬁxv € K[x] ,

defines an involutive anti-isomorphism of va (I.e. AUHUNVn = UMUM .)

The application of the transposition to y! turns a right (left)
balaoacwm into a left (right) >snsoacwm.

Remark. This definition of "turning left to right and vice versa" does
not directly carry over to the more general case of D-modules on
affine varieties. Then the "transposed" modules will in general also
be different as modules (over the structure sheaf).

The transpositions of both n:m4y55 and the y:lmna:oncnmw of

D o n yields the Aws.baul bimodule D 0 n
x+x xfx

left and >a on the right side.

with A acting on the

Denote the transposition of a module M by Zn. If M is now a left

ralaomcwo then its direct image under P is defined by

t. t t
Au:zv.ﬁw»ZENW de-

e

3.3.1 DEFINITION. P M =D a,M

fined above .)

3.3.2 PROPOSITION. If Q : xn + K™ is another polynomial mapping,

then there is a canonical isomorphism of bimodules.
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Proof. This follows fraom the isomorphism

which is just proposition 3,2,2 together with 3.2.4 .

3.3.3 PROPOSITION. If P : K' + K" is a polynomial isomorphism, then

there are canonical isomorphisms of bimodules

=]
©
o
n
>

D n m @ A D n
K" « K m K"+ K n

e
>
-

i.e. P* and P, are inverse to each other. (m = n of course, but

different letters are used iIn order to avoid confusion.)

Proof. Identify D n =l1l@a »: and D n
K"+ k" K"+ K"
lep->Dand 1 @D -+ Un , resp. The induced bimodule structures on

with v: by

A _are
n

A XA XA >A A XA XA >A
m n n n n n m n

and

(b,,D,D,) > (P,D,)DD, (D,,D,D,) b D\D(P,D)) .

Here p, : >a - >: is the isomorphism defined by

- p; .
KIx] 3 £ f0P % , 3 » I (—= oP N3 .
xu 3j wxu ¥i

With this identifications the isomorphisms are

-1
Uu. ] UN Lod M» CUHUNH and UH 2 UN [ 54 UHUN .

Let p : xa > x: be a general polynomial mapping. We want to prove

that P, preserves the holonomicity of left >5)Eomcvmm. As in 3.2 we
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split P into an inclusion and a projection : P = moi , and study two

cases seperately (3.3.2).

i, : The inclusion is the composition

g Ao KT 2, ™R g s (2,00, (x,y) > (yHR(X)) .

. -1
As Q is an isomorphism, 3.3.3 implies @, = (Q )* , so by 3.3.2 and

3.2,3 we only have to study the inclusion j : x ¥ (x,0). From the

discussion of i* we see that

n

D . 2A L/ DAL YmRy (k)
x3+: i xa m+n i=1 m+n - 1

e

:
D . A /LA y N
NB+: J - m+n i=1 m+n’ 1

If M is a holonomic left balaomcwm. then
JuMEA 8 _ M

5+=\va5+:<w »:

is a holonomic A_, -module by repeated application of 3.1.4.2 (use
m

3.3.2).

+n

s Moz x5+= > k"” , (x,y) »y . First compute D_ 3

D =A /LA 3 implies
+n X,
gD mén’ “iTmn X,
m
D A, /L3 A .
. X, m+n
K"« g™ min’ ) Xy

This is holonomic over >= by successive application of 3.1.8 .
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3.3.4 THEOREM. If M is a holonomic >a|50m:~m then P M is a holo-

nomic >:lsom:~m.

3.3.5 Remark.
n
D p o m” Puwn Z o Anen ¥ Z An(ympy () .

Here Yy oo 9 operate on the left by multiplication with themselves;

Y
1
on the right X, operates by multiplication with X mx by multi-
ap i
plication with wx + I llwo
i i

3.4 Derived inverse images. Denote by cﬁbnv the category of left
>:|aoacwmm and by Ulﬁra>:vH and Uvﬁrﬂvnwv the corresponding derived
categories of bounded above and bounded complexes, resp.

Let P : K" > K~ be a polynomial mapping. As the functor
P* cAB:v > :A>Ev is given by the tensor product with the ﬁba.>=vl

module D n n ! there exists a left derived functor
LP* : D A:ﬁ>=vv + D A=A>avv . One way to construct LP* is to look for

mnmm0wcnwo: m.a n U%Uwaomcwmmt:wormanHOumoww<mAOanwnOn
K" > K

free) as right b:laomcwmm. A standard free resolution is given by the

Koszul complex:

D m n®? ﬂn A$E+S\Mu..>5+=wx. Py - n-“_.nxu..-.axs - mbax: .
K -+ K i

Comments. 1) If M is a right R-module, R some (unitary) ring, and

mw.....m: are commuting endomorphisms of M, then the right Koszul
complex xmﬂx“mw.....w:v is defined by

k-n k. _n
K, ‘mew.....msv r=Me A EX)Iue AcH>...><xv

d

k+l _n
MAa N> ) 3 MmuAcv [*] Amu>< AdaAv

1 K
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Here mu is the j-th unit vector.

2) In the case at hand the ¥, - vngv operate by multiplication from

the left.
Since [3 + z ,¥. - p.(x)] = 0, left multiplication with
X ¥y 73 3
%u - wuhxv commutes with the left balwonwo:. Therefore, the differen-

tials are Ava.vsulww:mmn. It is clear, that the module

m . .
w5+:\MMuH»B+=mxw is right >: free. The %u wuaxv are a regular

sequence for the left K{x,y]-module >B+:\Mw>5+=uxm . so the Koszul

complex gives a resolution of

cxa N x: = >5+=\Mw>a+swxw * Muawulwuaxv~>5+: *

If M° is an object of olntﬁ>=v_ then LP*{M") is given by

LP*(M°) = c..m: P ] y:z

(On the right hand side one has to take the single complex of a double
complex.)

Since m.; n is bounded, this tensor preduct also defines a

K -+ K

functor Uvﬁcgb:uv - Uvﬁznyauv which is also denoted by LP* .

We shall prove two properties of left derived images: First,
LP* depends functorially on P, and secondly, LP* preserves the holo-
nomicity of the cohomology of objects of Ula:Absvv.

Let P : K" » K" be as above and Q : k" » k¥ a second polynomial

mapping.

3.4.1 PROPOSITION. On D and ou. (LP*) o (IQ*) = L(P*0Q*)} (2L (QoP)*).

Proof. We have to show that the complexes of Ava\wvvlaomcwmm

m.a and m.a n 2 A D n
K™ > kP K" > K n K > kP

.

are homology isomorphic. Writing QoP as the composition
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m+n+p

m :
of the map K + K given by x » (x,P(X),(QoP) (x)) and of the pro-

m+n+p

jection (x,y,z) v z of K onto xn~ we obtain a new representation

and resolution of D n H
K" > &P

B s = Kk i -
xn$s+=+w\mwa+:+vmxM * mw5+=+vm<.~ww Py (X) s

J ]

ceeezy = G P(X)),..0)

LEMMA. The map

a B 3
[£00,y)30] & Laly,m) 0 ] » LEGy) (3 300 (aty, 220001,

defines an isomorphism of nya.vvvlsomckmm

(A, /EA .3 ) = (A /EA 3 ) 3FA / (ZA 3 +IA 3 )
+
mn’ L TmEnx A T ntp 3 n+p Kw min+p’ ©Umndp X, 5 m+n+p %u !

(Be aware of the structures of these three modules depending on P and
Q as explained in 3.2 and 3.3.5 for the D _-case. On the right hand

side, the right >v4mnncnn:nm is just given by multiplication, as is
the left action by Xi . The mx operate by multiplication with

i

3p. 3 (QoP)
X, + 2 m|x..5 +z w|xw )
5 °%i ¥y ko X %

The proof of this lemma is similar to that of 3.2.2 ;, it is essentially

the chain rule for Qop.

This lemma yields an isomorphism Omﬁ>a~>©v|ooamwmx0m
D g D =B

K > k" Pa k" s kP K" - kP

Proving the proposition.
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3.4.2 THEOREM. Let P be as above and M° an object of uuncApavv
or Ucacnbsuv with holonomic cohomology, i.e. all the :waz.u are holo-

nomic. Then LP*(M') is also (cohomologically) holonomic.

The proof of this theorem is similar to the analogous proof (of 3.5.2

below) for direct images in the next section, where a proof is given.

3.8 Derived direct images. Let P : K" > K" be a lynomial mapping.
poly pping

Then P, :u(A ) - u(A ) is given by the tensor product with D ’
m n K"« K®

so there is a left derived functor Lp, : Ulatﬂrsvv -+ Unnrawavv . A

resclution D n > D of D

K"« K" K« K" K"« &°
3.3.5) by nvs.»sv:BchHmm which are free as anEOQCme is

(a formula of this is in

D : = K'{(A_ . /IA (Y.=P.(X))}33_ ,eeesd ) .
x: - xa r nmtn j m+n "3 7] xw x:

This gives

LP,(M") =D n m 2 a M for M'D Ackwsuv N
K « K m
Since c.: n is bounded, we also have a derived functor
K"« K

e, : 0°ea)) > DA ) .

Remark. In subsequent chapters we shall see that in the case of a
morphism P : X + Y between non affine varieties there is a direct
image functor between the corresponding categories of D-modules. That
functor is the composition of first a left derived functor as here

and a right derived functor. It will be denoted there wv+ or w+ .

Let Q : K” » kP be a second polynomial mapping.

3.5.1 PROPOSITION. (LQ,) © (LP,} = L{Q,0P,) (SL(QoP),) .

The proposition can be obtained from 3.4.1 by transpositions.
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3.5.2 THEOREM. Let M be an object of clAcﬂ>Bvu or UUA:HbavV with

holonomic cohomology. Then LP,(M') has holonomic cohomology.

: n
Proof. We write P : K' » K" as the composition

m i m+n o +: n
KW ———— K E— NB n — Wﬂ

X — (x,0) {(x,y)+— y

{(x,y) > (x,y+P(x))

In view of 3.5.1 we can prove the theorem by proving it for i, a, n

separately.

i: D . . i i - i
H x5+: in >a+5\wwa+=wu is free as a right »a module, so i

is exact. Since i, commutes with the cohomology functor, the result

follows from 3.3.4 or 3.1.4.2 .

*

a : Since ¢ is a isomorphism, a, is exact. Then use 3.3.4 , for

example.

T : One can split T into a sequence of projections with one-dimensional

fibres. By 3.5.1 is therefore enough to consider the case m = 1 . But
first, let m be general. Let N° be an object of UIA:A>E+=vv . Then
L7, {N") is represented by

KA 33, ,.eesd ) @, N

1 n m+n

In order to prove the theorem we look at one of the spectral sequences

of the double complex:

P .
xngwa+=. X, X A

B 4e.-43.) @ N = P9, g mw.n » gPratd
1 n m+n

0 0 0

asm: mw~a m xw e, :aﬁz.v.zoswmnauw , then
'm+n

.
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-1 - ~ B .
E, ' = ger 3., B0 = gy 173 m ey

RN

I

’

mw.au 0 for p # -1,0 , E

E

o 2

Let us assume the manz.v to be holonomic. Then mmu~n and mW.n are
>:lsowo:oawn by 3.1.5 and 3.1.7. E_  being holonomic means, there is
a filtration of the mrAhawﬂz.wv with holonomic quotients. But then
1.11.1 implies that mxAhﬁtﬁz.Vv are holonomic themselves. This proves

the theorem,

3.5.3 Remark. The complex

— - “NTY = . Vlem] = n° ogt
DR" (N .wx.‘..:wx- DR (N") :Annw N°)[-m) N DN>N
i m m+n

with differential

ad: P n9a %™y S m@ (T @ APg™
pta=« ptq=k+1

m
dluav) = (~-L)Paua v+ 1 3 vat, Ay
i=1 %y *

(u € za. v € >wk5v

is called the de Rham complex of N° relative to x or with respect to
the wx « The last step on the proof of the preceding theorem shows
that the relative de Rham complex of an ba+:lnoavpmx with holonomic

cohomology has >:|:0Ho:oawn cohomology groups.

Remark. It has been shown by J. T. Stafforg [St] that simple modules
over w: are not in general holonomic and do not share some of the

finiteness broperties proved here for holonomic ones.
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VI. OPERATIONS ON ALGEBRAIC 0 - MODULES

A. Borel

Tn the sequed, X and Y atre smooth complex algebraic varieties
04 pure dimension and ™ : Y- X a morphism,

§ 1 GENERALITIES ON ALGEBRAIC ¥ ~MODULES

1.1 Let first X be affine. The ring D(X) of (algebraic)
differential operators on X is the ring of operators on 0(x), acting
by multiplication, and by @xﬂxv = Umnaaoﬂxw.oﬁxv-. We have therefore
in U(X) the rule

(1) (3,£] = 3f (E € 0(X),3 € 8(X))

We shall soon deduce from V that D(X) is noetherian, coherent, of
global homological dimension equal to dim X (see 1.9).
If Y is open affine, then @(Y) is generated over 0(Y) be the restric-

tions of the elements in O(X), i.e. 0(Y) = 0(Y) ® ©(X), whence also
0(x)

(2 DY) = 0(¥) @ D(X)

0(x)

There exists then a unique quasi-coherent oxlaomcwm on X, denoted cx‘

whose sections over Y open affine in X is D(Y).

1.2 We drop the assumption that X is affine. It follows from the
last assertion in 1.1 that X carries a unigue sheaf of rings ax whose

restriction to every open affine Y — X is u&. By definition, this is
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the sheaf of germs of algebraic differential operators on X, and its
(regular) sections over X are the algebraic differential operators on

X. It is quasi-coherent over ox. Its restriction to ¥ open in X is m&.

1.3 1f x = A" is the affine n-space, then D(X) is the Weyl algebra
w: (cf V). In particular ©(X) is spanned over anu by n commuting,
everywhere linearly independent, vector fields. A similar statement is
also valid around any point x (in the Zariski topology) of a general
X. To see this, let mH.....m: {n = dim X) be regular functions
whose differentials are linearly independent at x. We may find an

affine open neighborhood U of x such that the df are linearly inde-

1
pendent at every u € U. There exist then uniquely determined m» € 0(u)

such that

=3,., (L<ij<n.

9,8, = Aww.mmu.v = 18,651 = 3,

The wu commute on the subring of 0(U) generated by the MM.m. hence also
on 0(U) since the latter is integral on the former. Then D(U) is free

a [+3

over 0(U} with basis the 3" = vH " (a, € N). The map

\...
u— AMHH:H.....m:Acvv is an mnwwm Bowv5mwa of U ontoc an open subset

of A" and ww are the unique lifts of the standard ww in A . We will
refer loosly to such a system Amw-wua as "local coordinates" around X.
The mw - mmﬂcw are indeed local coordinates, and the ww the corres-
ponding derivatives, in a neighborhood of any u € U in the analytic
topology. However, in a Zariski neighborhood the mw.m do not necessari-

ly separate the points.

1.4 D-modules. a D- module M on X is by definition a Oxlaomcwm.
i.e. a sheaf M on X such that M{Y) is a D(¥)-module for Y C X open,with
the usual compatibility with respect to restrictions. Let zomaﬁxv be
the category of all mxlsomcwmm. Most of the time, we shall consider
only D -modules which are quasi-coherent as thaomcwmm. We let rﬁﬁxv
be the category of such D-modules. A D-module M is said to be coherent
if it is locally so, i.e. if every x € X has an affine neighborhood ¥
on which M(Y) is a coherent D(Y) module,which amounts to require the

existence of an exact sequence:
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(1) P9 omP > M) > o

We let noraﬁxv be the full subcategory of uauxv consisting of coherent
D-modules, We shall soon see that wx is coherent and locally noetherian
(1.9). Therefore M is coherent of and only if it is locally finitely
generated.

1.5 Relations with PDE. Let X be affine. For simplicity, assume
ox is spanned by n = dim X commuting vector fields ww. Consider a

differential system of p equations in g unknown s on X

i=gq = i
) Muuw mwau =0 (l<iz<p)

where wwu € D(X), i.e. P,, is a polynomial in the 3® , with coefficients

i3
in 0(X). To (1) we associate a morphism of D{(X)-modules

o D(x)P > D09
defined by

2 pee R.P._,..e0,I.R.P,
2) Aww. .zvu - AmpwPMHH‘ .Mvwwwva-
The image J of m is a left submodule. To (1) we associate the D(X)-

module M = QAxHA\Q. We have then, by definition, an exact sequence
(3) Px)P > D(x9> Moo .

In particular, M is coherent. Conversely, let M be a coherent D(X)-
module. There is then an exact sequence (3). If A:mg is the canonical
basis of Uﬁxva~ then J is generated by p elements which can be written
as the left-hand sides in (1) and then (1) is associated to M. As a

consequence, there is a natural correspondance between coherent D(x)y~

modules and systems of linear PDE,
To a g-tuple AMu

morphism D(x)? into 0(X) which maps u; to £ (1 < i £ q. This

morphism can be factored through M if and only if the f. are solutions
1

) of regular functions is associated a D(X)-

of the system (1). The space of solutions in O(X) of (1} can be there-
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fore identified with Sol M = mo;eaxvaz.onxvu. More generally, the space
of solutions of (1} in any D(X)-module F can be identified with
moaeaxv~z~mv. These considerations go over to sheaves, and show that

mose Az.cxv is the sheaf of germs of solutions of the system of PDE
X

which represents M locally as above. Sol M is a sheaf of €, -modules
still with respect to the 2ariski-topology. It is however more usual,
and more useful, to pass to the analytic topology and consider the
sheaf of germs of solutions in the latter. This passage, already
discussed in IV, will be taken up again later when we set up the
Riemann-Hilbert correspondence. More generally, one will consider the
complex Sol*M = »moswxn2~oxw of "generalized solutions" of M, again

going over to the ordinary topology. We do not pursue that here, but
mention it since it gives one of the motivations for passing from the

system (1) to a D -module.

1.6 D-modules and connections. Let M be a quasi-coherent oxlaomcum.

A connection on M is an operation £ Tt.qm of ox on M which satisfies

(1) Vag ¥ Yon= a7 + b7 (a,b € cx“m.: € 0,)

(2) <mAm.av = (£f).m + mqma . Ammox.mmoxvv.am:. :

the latter can also be written as
(3) {£,£1lm = (£f).m

As usual, the curvature of a connection is given by qu.qs_ - <~m nl

r
Am.:moxv. Therefore the connection extends to a @xlaoncwm structure if
and only the curvature is zero i.e. if

(4) Hcqusu = ﬁm-JmOXv .

\4

[E,n]
In other words, a cxlsom:um can also be defined as a Oxusomcpm endowed
with a flat connection.

We are accustomed to that notion in case M is locally free of
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finite rank, i.e. on case where M is the sheaf of germs of regular
sections of an algebraic vector bundle. In fact, if suffices for this

that M be Qxlnormnm:ﬁ"

1.7 PROPOSITION Let M be a exnsomzhm which is oxnnovmuman. Then

it is locally free over Qx.

This is a local problem. Fix x € X, Given a local section s of M
around x, let s be its image in the vector space zx = ax\axz over

ox x\ax 2 € . We may find finitely many 5, (1 £1i < q) such that the
’

mH m0n5m<mnno~muwomcmmwm0m ax .m%w:mmem<mbHmaam.nwm<mm=m|
rate M locally over Qx. There remains to see the s, are linearly inde-

pendent over ox. Assume we have a relation
(1) mew.mM =0

Then we must have ewﬁxv =0, for i = 1,...,q. Let v be the minimum of
the orders of the zeroes of the ew at x. It is > 0. To arrive at a
contradiction, an induction on v shows that it suffices to construct
a non-trivial relation with a strictly smaller v .

Assume that eH say, has order v at 0. Using local coordinates, we
can find 3 € ox such that 3¢, has a zero of order > v at x. The re-

lation Mmaewmww = 0 gives

mwew.m.

i + Mow.wm. =0

1

We may find regular functions mwu around x such that

9s. = L.a,.s5.
1 J 1] ]

We have then the relation

Mmmw‘wew+Mum»@euv =0

where the coefficient of sy has at x a zero of order > v.
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1.8 The de Rham complex. We let nw be the sheaf of germs of
regular exterior differential forms on X. Since a D-module may be
viewed as a oxlsomcwm endowed with a flat connection, we may again form
as usual (differential graded) sheaf of germs of exterior differential
forms with coefficients in M,

bv.n M =@ M

e
X 0
Locally, with a choice of lical coordinates Axm. .), its differential

i
can be expressed as

dw@ m) = dw 8 m + I .dxAw @ 3. .m .,
i7f i

It is easily checked that it is independent of the choice of local

coordinates and, using the flatness of the connection, that mm = 0.

1.9 Local good filtrations, Characteristic variety. On Ox , we
have the usual filtration by the degree, defined by induction on

m € N by:

(1 uxsv =0

(2) Dymy = (P € cx_%.ox_ < Dy (m-1)}  (m21)

More explicitely, in an affine neighborhood Y with local coordinates
Ax.. , Dty (m) = oxﬁaugnu consists of the P's of the form

a

{3) P = f «3

b , with £ € 0(Y)).
lafzm o a

As in the case of the Weyl algebra, we see that
4) Gro(Y) = 0 [E rennrE ] (n=dim ¥),
where the mw are commuting variables representing the mw.m. This is

the direct image of the coordinate ring of the cotangent bundle

T*(Y) of Y under the natural projection. Therefore
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(5 6D, = F%qi:c, ,
where T : T*(X) -+ X is the natural projection.

The ring D(Y) satisfies the assumptions (i), (ii) imposed on R in
(V,2.2). As a consequence, the discussion there applies to D(Y), hence
also, locally, to Ox. In particular, the wxlaoncwm is locally finite-
ly generated if and only if each x € X has an affine neighborhood ¥ such
that M(Y) has a good filtration T. with respect to D(Y). If so, we let
again I be the annihilator of GrM(Y) in 0(T*(¥)) and J the radical of I.
The variety in T*(Y) defined by J is the characteristic variety of
M(Y). Since J does not depend on the good filtration (vV.2.2, lemma),
this notion has an intrinsic character and allows one to define the
characteristic variety, or singular support SS(M) of any coherent

Oxlaomcpm M. It is conical, in the sense that
-1 -1
(6) T T(x) Nss(M) # x =1 “(x) C SS(M), (x€X).

We let d(M) be its mwam:mpon and, for x € X, we let a (M) be the

dimension of SS(M) N 1 .mu for sufficiently small :mFQ:UOnSOOQm Y of
x. Let also

i M =

X

J
D AZx-cx.xv # 0}

It is equal to

:55,u3119&22556azx0u

for sufficiently small affine neighborhoods Y of x.

1.10 THEOREM (i) The sheaf of rings cx is locally noetherian and

coherent.

(ii) The global homological dimension of U is equal
X
to dim X (xX€X), that of U is < 2.dim X.
Let M be a orBOQCNm"

(iii) 4 (M) > dim X if M # 0
e X

+

(iv) a (M) + 3 (M) = 2.4im x. (x€x)
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Proof. (i) follows from 1.9 as in the case of the Weyl algebra,
and (iv) from 1.9 and V,2.2.2. Let M be a D-module and fix x € X. As
recalled in 1.3 we may find an affine neighborhood Y of x, a hyper-
surface T C Y, an étale morphismo: Y - T » a? (n = dim X} wgose image
is the complement of a hypersurface S, Let U = Y = T and V = A" - s.
The coordinate ring O(U) is finitely generated, integral over (V). We
may identify D(V) to the subring of D(U) generated over 0(V) by the

lifts of the canonical derivations wm € b:. therefore

(1) D =0y & DV

oW
The D(U)-module M{U) may then be viewed as a finitely generated D(V)-
module. According to Thm 1, p.l7 in [Bu 2]

(2) dp gy M) = dp o M)

where muﬂcv (resp. ac.<vv refers to the dimension of the characteristic
variety of M(U), viewed as a D(U)-module (resp., D(V))-module.

We have O0(V) = QA»SWHmlw_. where f generates the ideal of S, whence
also D(v) = DA™ [£71] = wsﬁlr. It is standard that

IH _
(3) 91 hd(A [f 7]} <9l hdA =n
therefore
{4) u.SS (M(u)) >n .

and, by {iv),

(5) (M(v))

v
B}

mo )

Together with (2), this yields (iii). Using (iv) again, we now have

(6) mxﬂ (M(u) ,D(U)) = 0 for j > n

D(u)
for every finitely generated M(U). By V,2.3.3, the relation (6) remains
true if the second argument is replaced by a finitely generated D(U)-
module and then, in view of §8, No.3 in [Bu 1], by a general D(U)-

module, It follows that we now have
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n (Ext? (M,N)) = 0 for 3 > n (M,New(D,) ;xex).
Ux
Similarly, we have
3 - .
(8) Exty Azx.zxv =0 for j >n ,
X,x

which yields the first part of (ii). There exists a spectral sequence

abutting to mxnw (M,N) in which
X

{9) mw% = mv:rmxnm M,Ny)
X

[Go:II,7.3.3}. By (7), mw% is zero if q > n. On the other hand, the
cohomology of X with coefficients in a sheaf is zero above n by the
Serre~Grothendieck vanishing theorem [Ha 2:III,2.7], therefore

mxww (M,N) = 0 for s > 2n. This proves the second part of (ii).

1.11 If A is a category, then, as usual Uvﬁwv (resp. D (A), resp.
U+R>Vv is the derived category of bounded (resp. Uo::amm above, resp.
aocsama below) complexes in A. We shall however write U AQ ) for
D A:NQ }) mr:nm this is the derived category of interest to us. Let us
denote by D mzomﬁc )) the derived category of bounded complexes F°
in zomﬁdxv whose cohomology sheaves are quasi-coherent., If F° consists
of g.c. D-modules, then obviocusly H'F° is also g.c. The natural inclu-
sion tAQxy - zomacxy induces therefore a morphism of derived categories:

b b
1 . -
(1) a : D Amx- U@QH30mﬁﬁwi

J. Bernstein has recently shown that ¢ is an equivalence of categories.
His proof ({or a more general result in fact) will be given at the end
of Section 2.
We let nosnd } be the category of coherent D |aomchm and

oo:ﬁu ) the UOcaamm derived category of q.c. axlsomcwmm whose cchomo-
logy is coherent. A bounded complex of coherent @xlaomcwmm obviously
Umpo:om to it, whence again a natural morphism

U Aoorhu )) cnosﬁc }. It is also an equivalence of categories. Once
it is x:oss that any element of :Aﬁxv is an inductive limit of coherent

submodules (2.3), this follows from an argument communicated to me by
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Deligne (which yields more generally an equivalence between the bounded
derived category of an abelien category A and the bounded derived
category of the ind-objects of A with cohomology in A). For the sake

of completeness, the proof in the case of interest here is given at the

end of § 2 (2.11).

1.12 Holonomic modules. Let M € rﬁdxv. Then M is holonomic if
it is coherent and if mwsxmmhzv < dim X for all x € X,

Note that if the inequality is strict, then Zx = 0 in view of
1.10(iii). We have again:

Let M € oo:AQ ) m:m X € X. If :x # 0, then M is holonomic around
X if and only if mxn AK ? v =0 for j # dim X.

As in the case Om the Emmw algebra. (V,1.11) we see that if

0> M>M > M >0

is an exact sequence of cxlaom:Hmm. then M is holcnomic if and only if
M* and M" are so, The holonomic cxnso&cwmm form a full subcategory of

qo:ﬁoxw. to be denoted rowﬁﬁxv. Also, 1.9 implies that M is holonomic

if and only if mxnm (M,D,) = 0 for i # dim X.

We also note that (V,1.16.l1) implies that any holonomic module
has finite length. It is enough to show that each point x € X has some
affine neighborhood U in which this is the case, Assume U,V = A" - s
and f to be as in the proof of 1.1p. Let M be a holonomic D(U)-module
It is then a D(V)-module, which is holonomic by 1.10(2).We have
P: c D(v) and M is holonomic over A by (V,1.16.3), hence has finite

n

length over v: (V,1.16.1). Then M = xﬁmlpu has also finite length over

_ ~1
vy = A lf

1.13 Holonomic complexes. A complex M’ € O Hu ) is said to be
holonomic 1if the derived complex H'M® is rowo:oawn. We let U:Auxv be
the category of bounded holonomic complexes.

Note it is not required that the :w be holonomic., It would be more
precise to call M® a complex with holonomic cohomology, as in V. We

shall follow the tradition by speaking of holonomic complexes. Of
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course, it is the only sensible notion if we put ourselves squarely in
the derived category, as we are supposed to do, since if M" and N° are
h.i. complexes and one of them consists of holonomic D-modules, the
other one need not be so.

It follows from 1.12 that if M* consists of holonomic D-modules,

then it is a holonomic complex. There is therefore a natural map
b b
D~ (hol
{ho! wavv d Usacxv .

Beilinson has recently proved that it is an equivalence of categories

[Bi], but we shall not need this fact.

1.14 vwomomHHHoz If two vertices of an exact triangle in U Ac )
belong to c .@ , then so does the third one. The category U AQ )

is nmsmnmnmm\ as a triangulated category, by :OH_@xv.

The first assertion follows, by using the long exact cchomology
sequence, from the extension property stated in 1.12. This implies

the second assertion.

. b
1.15 PROPOSITION. ZLet M° € D Aﬁxv. Assume there exists a spectral
sequence AmHV of cxnsomcmmm which converges to the graded module
gr H'M®  associated to a finite filtration of M' and that E is holono-
s

mic for some s . Then M’ is holonomic.

In fact, mn is then holonomic for all r > s, hence gr H'M"® is

holonomic too. Repeated use of 1.12 now shows that M® is holonomic.

1.16 Holonomic defect. Let M € coh(D u The holonomic defect of

M is, by definition, e(M) = a(M) - dim X. By 1.10, it is > 0, (unless
M=0.

1.17 Support of a D-module. The support Supp(F) of F € :nﬁxv is,
as usual, the set of x € X for which ﬂ # 0. If F € noshﬁ ), it is
Closed, since the support om a mmnnro= of a sheaf of abelian groups
is always closed. Let o : a (X) + X be the canonical projection. Then

Supp F = o(sS(F)). In particular o(Ss(F)) is closed. This can also be
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seen directly: Let 2 be an irreducible component of SS(F). If z € X,
then its image is clearly closed. If not, 2 is conical (1.9(6)), hence
the restriction of ¢ to Z factors through the projection onto X of

the projectivised cotangent bundle, which is a proper map, and therefore

sends Z onto a closed set.
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§ 2 CONSTRUCTION OF RESOLUTIONS, TWO EQUIVALENCES OF CATEGORIES.

A. Resolutionsd

2.1 PROPOSITION. any M € :Auxv may be embedded in an injective

{ quasi-coherent) dx -module J .

Let Axwv be a finite open affine cover of X and uw H xw > X

i€I
*
the inclusion. Let zw = wwzw be the restriction of M to X, and

M, o= 2Axwv (i€I). We can find an injective dﬁxmvlsom:wm I £5»n:no:|

tains M, as a uﬁwanm:Uaomch. Let uw be the associated Acx -quasi-
coherent) cx -module. It is injective. We have an exact mmﬂcw:om
i

(1) 0 > z» > uw (i€T}.

The direct image j in the O-category preserves quasi-coherence and,

i*

since xw is affine, is exact, whence an exact sequence

S,
. 1 .
E o+u1:stl|vu72t.

These direct images are in an obvious way Qxlaomcwmm" if U< X is open
then cAcDxmv operates naturally on the space of sections over U n xw.
[In fact this is a special case of the notion of direct image of

P-modules, to be discussed later,] Since j is left adjoint to the

M'
*
restriction um to X, which is exact, and uw is injective, it follows

that uwnﬁqu is an injective cxlaomcwm. Let r, be the canonical map

and J be the direct sum of the uwnauwu. It is injective and the direct

sum of the s, or,; provides an embedding of M into J.
2.2 THEOREM Any M mtﬂﬁxv has an injective resolution

() 0>M-J% . a5 0

with. m < 2.dim X + 1.
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By iterated use of 2.1, we can construct a resolution
(2) 0+ M>>I, >3 5 N0

where n = dim X and the J' are injective. It follows them from 1,9(ii)
and the same (standard) arguments as in the proof of Prop.4 in [Bu 1:

§ 8, No 3] that N is injective,

2.3 LEMMA (i) Let F € oosﬁﬁxv . Then there exists a coherent
QxIMcvsom=~m G of F which generates F over ox.
(ii) Let U C X be open, F '€ tA@xv and assume that the
restriction G of F to U belongs to nosﬁﬁcv . Then there exists
G ¢ oosaﬁxv contained in F and such that w_c = G.
(iii) Any F € cﬂcm- is an inductive limit of wxnoobmnmnn

submodules.

(o) We remark first that (ii) is known if vx is replaced by
cx [EGA I : 9.4.,7]. It follows that any q.c. oxlaomcvm is inductive
limit of its locally coherent anmccaoacwmm [EGA T :9.4.9).

{i) There exists a finite open affine cover AxMVMmH of X such that

the restriction of F to X; is generated by finitely many sections mU.

By the result just recalled, there exists a ox|normnman submodule
ow of F whose restriction to X is the ox.lmccaoacwm generated by the
mu.m. Then we may take for G the sum of the ow.m.

(ii) By (i), applied to U, there exists a QClnosmnm:ﬂ submodule
no of G such that G = Gc.mo. By our initial remark, we may extend Qo

to a Qx|no:mnm:n submodule wo of F . We let then G = Qx.oo.
(iii) now follows by applying (ii) to the members of a finite

open affine cover.

2.4 PROPOSITION Let X be quasi-projective and F € tﬁcxu. Then
F is a quotient of a locally free dxlaomchm.

Proof. Let i : X > P = mznny be a locally closed projective em-
bedding of X. It suffices to show that »tﬂm- is the quotient of a
locally free 0 -module Q because then Q|x is locally free over cx

and F is the quotient of
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cx M {Q|X). But this is well-known : i (F) is q.c. over Qv. hence

X
inductive limit of ouloovwnm:n submodules ﬂw (i€1) , (2.3(0)).For each
i, there exists :w such that mw is quotient of a direct sum of twisted
sheaves omﬁawu [Ha 2: II, 5.181, therefore F is the quotient of a
direct sum { of invertible sheaves chsmv (s S). Consider the open cover
Aqu of P where P, is the set of points at which some homogeneous

b|

coordinate is non-zero. Then the restriction of anav (ncz) to vu is

free, hence o_mu is free and Q is locally free.

2.5 THEOREM Assume X to be quasi-projective.LetF € cﬁnxum:m
mEN, m > dim X. Then F admits a left resolution.

—m+1

1) 0o+>PM™, P > L ﬂo +>F>0

in which P is locally projctive and Vnw locally free for i € [0,m).

By 2.4, we can find a resolution {l) in which the Vim are locally

free for i € {0,m). That P™ is then locally projective follows by
standard homological algebra, applied to the sections over an open
affine subset, in view of the fact that,locally, the homological dimen-

sion of cx is £ dim X.

2.6 COROLLARY. Let F'€ uvﬁcxv.
(i) F* admits a bounded right injective resolution and
a bounded left flat resolution.
(ii) Let X be quasi-projective and m € N . Then F° admits
2 bounded locally projective left resolution which is locally free in

degrees contained in {-m,m].

This follows from 2.5 by standard constructions.

2.7 Resolution of ox. We note first that, as a GX|§om:Hm. 0, may

X
be identified with cx\dx.ox. We consider the complex

(1) Dy M >:®x >0, @ >:|H®x > > D,
X Ox



vI,2.7 222

i R .
where cx aA ox is given the degree -i, with differential

= vie i+l A
wﬂsmp?..ﬁwv = L(-1) wmw [ m~>...>m;>...>mMv +
(2)

+ I Ttiuﬁmﬁm._ e mH>...>m/ ...>m>
i<j J 1

eo ol
u> mv

If Axw~wmv is a local coordinate system around x and E is the

complex vector space spanned by the ww.m~ then we can write it as

1

(3) ?,aAE-> D, @ A" ... D
X X X
¢ ¢
with differential
(4) arey; A..na ) = -1 pa. @ 5. ALLASS ALLLADL .
1 e 05 i I

This is a Koszul complex. Since the mw form a regular sequence, it is
acyclic, except in degree 0, where the cohomology is equal to
ux\dx.ox. Moreover, left multiplication on cx commutes with the
differentials. Therefore (3), together with the augmentation

cx > cx\ux.ox = ox provides a locally free resolution of ox in :chv.
B, Two equivalences of derived categonies.

2.9 We now turn to the theorem of Bernstein mentioned in 1.1l. In
this, X could be a quasi-compact and separated scheme. We assume given
a sheaf of algebras A on X together with a sheaf morphism ox.'>
such that A is q.c. over ox. Let Mod (A) be the category of A-Modules and
u{A) the subcategory of q.c. A-Modules, UMOAZOQ A) the bounded derived

category of complexes of ‘A-Modules with g.c. cohomology.

2.10 THEOREM (J. Bernstein). The natural morphism of derived cate-
gories a : cvﬁrg>gv ¢.UMoAzom A) induced by the inclusion u(A) > Mod(A)

is an egquivalence.

Proof. The category UMO?UQA>uV is generated, as a triangulated
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category (I,§12) by its cohomology objects, i.e. by g.c. A-modules.
In view of [I, 12,9) there remains to see that a is fully faithful,

i.e. that the natural homomorphism
A . » - - - . . v
Homy o (Ayy (F7 067 > Homp o iayy (F7067) (7,67 € D (u(A))).

is an isomorphism. In fact, we prove it for R Hom. There are two steps
to the proof:

a) Reduction to the case where X is affine, Let U C X be open,
affine and i : U + X the inclusion.Then p{A|U) may be identified to
the category mod(A(U)) of A(U)-modules. It has therefore enough in-
jectives. If J € mod(A(U)) is injective, then i (J), where J is the

associated q.c. >_c|aomc~m. is also injective, since i, is adjoint to
the restriction to U, which is exact. It follows (as in 2.1) that any
M € u(A) can be embedded in a finite direct sum of modules of the type
wiﬁww. hence that G° has a injective resolution of this type. It

suffices therefore to prove that the natural map

Homy  ayy (FToda (D) = Homy o a0 (F L4, 43))

is an isomorphism, for any F' and any wfﬁmv as above. But

Hom(F*,i, (J)) = Hom(F’

u,J)

in both categories, This reduces us to the second step:

b) X 1is affine, and G° is a single degree complex consisting of
an injective g.c. A-module J.

Let A = A(X). Then u(A) is isomorphic to the category mod{A) of
A-modules. We may replace F° by a bounded above locally free resolution.
To prove that the RHom(F,J) in both categories are isomorphic, it
suffices then to consider the case where F'is a free A-module. Since
cohomology commutes with direct products, this reduces us to the case

where F* = A . We have then on one hand

. ) 0, i#0
xwmoaUAca>va>~uv = wwmoavﬁ>.u~xuu =
J(X) i =0.
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and on the other

0 i#0
i _ ol -
R :o}qum A A,y = R T(x,]) =

rx,Jy =J(xX) i =0

since J is quasi-coherent (Serre's theorem).

b

2.11 PROPOSITION The natural morphism u : Uvﬁoorwavv - UQOU

0,

1s an equivalence of categories.

(a) We prove first the following assertion:
(*) Let F° be a bounded complex of n.n.cx -modules with coherent co-
homology. Then F° is the inductive limit of coherent subcomplexes

which are g.i. to F° under the inclusion map.

{2.3) implies obviously that F° is an inductive limit of coherent
subcomplexes. It suffices therefore to show that given a coherent sub-
complex K' of F', there exists a coherent subcomplex G' of F* con-

taining K*, which is h.i. to F' under the inclusion map.

This is proved by a simple induction. Let j € Z. Assume that we

Ft, no:nmwswam xu uO..Rw.

have found a subcomplex G: of F. =
b i3

J eMvL.

m&qv n:mm OW > ﬂu is m.r.w. in degrees > j and that
Qw n Nﬁmuv maps onto 1uﬁm.v under the canonical projection. We can
choose a coherent submodule >u|~ of wuww containing xulw~ whose image
under the differential is equal to mAmulww n >u. Moreover without
altering these conditions, we may take its sum with a coherent submodule
of cocycles so that the new module contains representatives of all the
elements of Iulwﬁﬂ.v. Then for j small enough ow is the sought for sub-
complex.

(b) This implies that u is surjective. There remains to show that

u is fully faithful, i.e.

mmoa. Am..o.vnwmoa. Am..o.v%.,m.m ca?o:% :
b b X
D nnorncxvv Unovnﬁxv

We may assume F° and G° to be bounded and replace F' by a bounded
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locally projective left resolution, hence suppress the R. We prove

first that u is surjective. An element of moa.v (F*,G™) is
D

D
coh ( xu

represented by a diagram

where B is a h.i. and M* has coherent cohomology. Using truncation, we
may assume M° to be bounded. By (a), there exists a coherent subcomplex
N® of M" containing G* and h.i. to M" under the inclusion. Then we may
replace M by N° and get a morphism in Uunnovﬁcx-u. Let us prove now

that u is injective. Let a,B € moB.U (F*,G*) be homotopic in

D Aoovmuxvu

b
coh

cv (D). There exists then L° € D
coh' X

Aﬁxv. a homology isomorphism

y : G' » L* and two homotopic morphisms a,8 : F° > L°. The homotopy
is given by a morphism h : F* > L"[{1]. By (a), we can find a coherent
subcomplex M® of L° containing h(F') and G', and h.i. to L” under the
inclusion, We can then replace L° by M®, hence a and B are already

equal in ov?oz%xv ).



vI,3.1 226

§ 3 LEPFT AND RIGHT D-MODULES

3.1 Up to now, we have tacitly or explicitely assumed our exl
modules to be left modules. However, we shall have also to consider
right D-modules. For modules over the Weyl algebra, going over from one
to the other was immediate, by use of the transposition isomorphism
of >: {see V, 3.3). In general however, a less chvious construction
has to be used. We first give an example of a oxlaoacuw naturally en-
dowed with a right dxlaomswm structure,

3.2 The right exlsomchm w,. As usual, wy denotes the sheaf of

%
germs of differential forms of top degree. It is locally free over ox~
of rank one. A vector field § € ox operates on it naturally by means

of the Lie derivative L_ . We obviously have

£
- (Lgslyd = Brg,ny
However, it is easily checked that
Legw = £.L,0 + E(fw) (E€w,, £€0, ,E€0) .

This action is therefore not Qxlww:mmn- hence is not a connection

(c£.1.3). However, we can view it as a right action
L w = L,_.(fw)

£.g 3

which, by (1), extends to a right leaomcum structure, if £ actsby lﬁm.
3.3 We can now exchange left and right D-modules. Given a left
wxlaomcpm F , let

(28] G =F

and define an action of ox on G by:
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(2) (f8}E = - Ef @ w + £ & w.§

Easy computations show that it extends to a right wxlaomcwm structure.

Let now G be a right uxlsomcwo. Then consider

(3) F = Hom, Aax‘ow = EWH a6
X 0
X
and let ox act by the rule
(4) EQ)Y (W) = A(w,8) - A(w).E

Again, it is easily checked to yield a left axlaoacwm structure. We
shall keep the notation zacxv for the category of onnncmm»lnosmnm:nv
left cxlaoacwmm and let cnﬁmxv be the category of quasi-coherent right
uxlaomcwmm. It is clear that the two previous operators define inverse
equivalences of categories between :Auxv and :nﬁex.~ hence also between

the corresponding bounded derived categories.

3.4 0da’s rule [0]. Let X be a complete curve of genus g # 1. A
locally free QX|son=Hm M of rank one has a degree aoazv. which is in

. Moreover

particular 0 if M = 0_ and 2 - 29 if M = Wy

X

(1) a® Mgy = a®Hy + a®(Wy, a®(Hom, (M,N) = &Ny - &M .
X
If M is a left Qxlaoacwm. then it is endowed with a flat connection,
hence moﬁzv = 0. It follows therefore from (1) and 3.3 that if N is a
right Qxlaomcwm. then moazv =2 -2 .
Let M,M' be left oxlsoacwmm and N,N' be right @xnaomswmm. Then,
(1) implies that

(2) Homg {(N,M) and N @ N*
X

Ox

do not carry either a natural right or a left uxlaoacwm structure. On

the other hand, for any X,

0

(3) Ma z..moso (N,N*)
X X
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are naturally left cxlaomcwmm and

(4) Hom M,Ny M a N
X

Ox

are naturally right dxlaomcwmm. The actions of dx on the
second modules in (3) and (4) are given by 3.3(2) and (4) respectively.

Those on the first modules in (3)and (4) are defined respectively by:
(5) E(mBm') = Em @ m' + m @ Em'  (mEM,m*€M');

(6} X.E(m) = A(m) o€ - A(E.m) Aam:mymmoao (M,NY)Y .
X

3.5 A resolution of Wy in cnﬁﬁxv. Consider the de Rham complex

DwAcxv = bw Q @x . Its differential involves only left multiplication

O

on Qx. Therefore it commutes with the right cxlsomcwm structure defined
by right multiplication on ux. Hence bwﬁcxv can be viewed as a complex

in :n.dxv. We claim that mwﬂcxwﬂax_ is a resolution of w,. Choose local

'
coordinates Axw\mwv. Let E be the T~vector space spanned by the mxw. Let
C* = bxﬁcxv—mxu. We have

(1) ¢ Igap

with differential

2) a(ap) = (-1)" Iz wAdx, @ 3.p Hem>=|u. E;PED ),
1 1 1 X

Therefore

(3) H(cy =0 (370)

and we have an exact sequence, where w, = axh>...>mx: :

n

:: o¢s: ﬂ va.exv .vs ﬂcx +e: woxex/ux +o
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The last factor on the right may be identified with ox and hence the
last term is Wy o Moreover, this identifiation carries the right
cxlaoacwm structure defined by right multiplication on @x onto the

right cxlaomswm structure considered above. Therefore

(5) nwﬁuxVmea > w0

is a locally free left resolution of sx in tnmcxv.

3.6 The dualizing D-module. We set

- r.o_oor
(1) mx = moscxﬂex.dxu =D

where uw refers to ox viewed as a right cxcsomcwm via right multipli-
cation. By 3.3 , it carries a natural left dxlaoucwm structure, call it
a). In addition, it has a left cxIBOQCHm structure stemming from the

left multiplication on cx , call it b). They commute. In the sequel

ex is viewed as endowed with these two commuting left uxnaomcwmm
structures, By definition the dualizing D-module is @xnaxu. i.e,

Gx viewed as a single degree complex, non-zero only in degree |Qx.
This is in analogy with the topological situation: since X is a
melmmamvmwo:ww manifold, the dualizing sheaf underlying Verdier duality
is ethaxu. Again in analogy with the Verdier dual [IC:V,§71, given

M® € Uvacxv. we define its dual differential graded cxlaomcwm by the

formula

§ uxz. u wmoswxi.bxax: u wmoswx.:..exv a1 .

It is understood that, in forming moso Az~®x—mxuv we use on Ox the

structure (a). Then structure (b) wwwomm us to view uxz. again as an

element of Ucﬁcxv. We have

T i+d . = .
(3) RIDM" = mxmm“ WDy iem
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3.7 THEOREM (i) M € oovﬁﬁx. is holonomic if and only if
wmuxz = 0 for i # 0. The map M — z» = wcuxz is an equivalence of
category on roHade~ whose mncwwm is the identity.
(ii) M — M = ux:. is a equivalence of category on

U”AUxV\ whose square is the identity.

Proof. (i) The first assertion was already proved in a different
notation, in 1.11 and the second one is derived as in V,2.4.3.

(ii) Let M® € ancxu. There is a spectral sequence in which

Prd _ P . P-q .
(1) e’ = mxm@xﬁmaz D 18,0 = HID M)

By assumption, the HIM" are holonomic,hence mw.a =0 for p # 0 by
(i), whence

(2) maﬁuxz.v = oxznn:. ,  (g€X)

and (ii) follows from (i).

3.8 Affine varieties. Let X be affine. We set
(1) w(X) = aax.sxw.

It is a projective 0(X)-module, locally of rank one and

* IH &.q
w(X) = F(Xw,7),0(X) 8 o(X) = 0(x).

0(x)
w(X) is a right D(X)-module and the exchange of left and right, in

terms of D(X)-modules, takes the following form:

If M is a left D(X)-module, then M @ w(X) is a right D(X)-module.
0(x)

If N is a right D(X)-module, then
N 8 o == (w(X) ,M)
w = om w I3
0(x) 0(x)

is a left D(X)-module. The D(X)-module structures are given by the
analogues of 3.3.2 and 3,3.4. The dualizing module D(X) = ﬁﬁx.va is

then D(X)
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*
@ w(X) and we have

0(x)

exaz.v =

. - B . b
mmoaGAxVAx .cﬁxunax-v (M€ D (mod (D(X))).
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§ 4 INVERSE IMAGES

4.0 Our main objective in the next sections is to defines inverse
image morphisms Uvac<u -+ Uvﬁcxv and direct image morphisms
cvamwv > ovhcxv associated to m , The choice of notation will be in
part dictated by the wish that the Riemann-Hilbert correspondence be
as much as possible compatible with it. Let me recall briefly that in

the topological case, say for pseudomanifolds, we have in the derived

category of constructible sheaves a direct image 7, , a direct image with

*
proper supports m, , an inverse image T and an extraordinary inverse
N !
image n° . The last one is defined from @, by an adjointness property;

we have the relations

(1) =" = uwsﬁvx m, = ox:»c& .
where D refers to Verdier duality (see e.q.l[IC:V,§§7,8,10]).

In the discussion to come, I need to distinguish between the
concepts of direct and inverse images in the categories of sheaves, of
0-modules and of D-modules. I shall denote them respectively by
:.:lw.at.s» and a+~:+ . It will turn out that the naturally defined

1
functors are n° and m,, The others will be obtained from them by use

+
of duality, as in (1).
In the sequel all algebraic varieties are guasi-projective. If
M and N are algebraic varieties of pure dimension, we denote by nz

or dimM the dimension of M and set Qz.z = mz - az.

4.1 wWe want to associate to 7 : Y » X homomorphisms
o 4 b b :
T cﬁcxv > tﬁcxu and n° : D Acxu -+ D Hemv. If M is cxnaomcwm~ we
have in the (-category
* -1

(1) Lom (M = GK Q T M.

)

X
*
7 (M) is quasi-coherent if M is so. Assume now Me cAuxu. We want to
* ry

define a cnlaoa:wo structure on 7 (M). We first define a connection

locally. Let y € ¥, x = m(y) and let Axw.wwv local coordinates around

x, For § € 0(Y), we let
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-1 - -
(2) E(f0n 'm) = €£ @ 7 'm + IfE(x;om) @ 7 L(a,m , (£€0, smeMy

This is independent of the choice of local coordinates., It is enough to
check this in an arbitrary small neighborhood of y in the analytic
topology. If ﬁxw.me is another set of local coordinates around x then,

sufficiently close to x in the ordinary topology, the x. and the x!
1 J
are two systems of analytic coordinates. We have

Ix! 9x
-1
L. fE(x'om) @ 3! =¥ s -1 _k -
j £ j ) ™ ( uau ~M~u.xm.ﬁwxw ﬂvaxwo:v QT wam.wxsv =

-1 3x:  Ax, 1
MMLamanMOaCO.: merv AMu waw. wﬂw‘oﬂ; = Mann.m Axwo.io.: Aw—nav mu..x =

M»mﬁxmo:vo=|wgwwav N

Furthermore, a simple computation, using the fact that the 5. 's commute,
i
shows that this connection is flat, whence the sought for b&lSOQ:Hm

structure. Let 7°M be the 6<|aomsww so defined.

4.2 The sheaf c& - x* The above can be formulated a bit different-
. *
ly. We have just endowed 7 acxv with a structure of a left Q&lao&cwm.

On the other hand, the right multiplication on cx carries over tc a
. -1 *

right = Qxlaoacwm mwn:nncnm. We denote T .Oxv. endowed with this

structure of G& x mx module, by @&.vx . Since vx is locally Qx|MN¢m

it follows that cw S x is locally :lwoxnmnmm . We have

-1 - -
(L Dy . aJﬁ H=0, 0 B T R TR
- - -1
L m Acxv m mx
hence
e iy = 1
) My = U< > x QH M,
m Ux

where the @ uses the right (resp. left) alpoxtaomcpm structure of
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6& > X (resp. =|sz and the left O&laoncwm structure is inherited At this point, the use of the notation :u is arbitrary, but we
from that of a& R This functor is only right exact in general and shall see that this functor behaves more like an extraordinary inverse
we can consider its left derived functor in OUAGMV~ usually denoted: image than an ordinary one., We then define the counterpart of the
- latter by
(3) Lo My = % .« § I e ua%x: . \ _
(9) T = 64 o7’ o cx .
For reasons of convenience in dealing with the Kashiwara equivalence,
adjointness and the Riemann-Hilbert correspondence, we wish to shift Remark, If M' is locally free over ox. or if n is flat, then all the
the degree and change the notation. We shall also view this as an ﬂONw~wﬂov are zero and (7) yields
element of the derived category and in general suppress the L. We
now define (10) HOntie = iy € 0@ s aa,
() M = o, . 5 dluzﬁan . M € cvﬂﬁxuw This equality is also true if H'M® is Hommwww free over O, . In mmmn~
:uuox ! in the spectral sequence abutting to H°m"M" , in which mw‘n = HPr oM,
the module mw.n is then 0 if p # & hence the spectral sequence

Y,X '
degenerates and (10) follows. From this spectral sequence, we also see
If M € h th £ TR : . . .

:Admv. we have eretore that the support of m°M' is contained in the inverse image of the

support of M° ,

(5) Hin*M = Tor x (D :_LS (i€.2)

Y~

b 4,3 PROPOSITION . Let 2 be a smooth variety and o : 2 + Y
If M € D (D,) and P* + M® is a projective resolution, then .
X a morphism. Then

‘ue = -lp.

(6) M= Dy, 8 TPy 8 (r00)° = o® o 1°,
T D
1 " 1
X (2) (106)" = ¢° o w°.
Since Qx is locally free over ox- the resolution P° is also a projective
X . Proof. As i i - itys
resolution with respect to ox . Therefore we see from (1) that, as a £oo ¢ is known, we have in the 0- category the equality
owlaomcwm
* * *
, L .1 41 b (moo) (M) = o (m (M) ﬁ:mcaﬁxuv .

(7) M [~ 1=0, @& =m M =0, @ =P , (M ep (D))

Y, X Y Y X

710 710
X X
To check (1), it suffices to show that this equality is also valid for

whence also the connections defined in 4.1, This is a routine computation left to

., |Hc 1 the reader.

1 . L he
(8) H'n'M = QON. X A0&~= My M€ cﬁﬁxv . To prove (2), we first remark that d_._ + 4 =d hence the

i-a, o 2, Y Y, X Z,X
r

shifts in degree compose well and we may ignore them. Let M' ¢ Uvﬁdxv
and P° > M° be a flat resolution. Up to the m:mmn.naoqvwﬂz.v is
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* * [] []
represented by ¢ (7 (P')). On the other hand, to get ot (1" (M°)), we
* *
have to take a flat resolution Q' of w (P’) and consider ¢ (Q"). For

* *
the latter to be h.i. to (moo) (P°), if suffices that m (P") be flat

over Q&. but this is clear from

Py = 0. @ Ly,

since flatness is preserved under base-change. g.e.,d..

We now discuss inverse images in the special cases of open

embeddings and projections.

A.»Ovmsm3ummqnzom.>mmc3m:wmm:owm: embedding. Then alv is

just the restriction to ¥ and in particular dlwﬂx = Qm . Also Q& x = 0
’

. o .
Therefore n° (M) = M|Y, viewed as @< = cx_< module, hence T is exact,

1 1 v .
H'7* = 0 for i ¥ 0 and xca. = 1°. The functor m' preserves coherence

and holonomicity.

4.5 Projection. Let Y = Z x ¥ and 7 be the second projection. Let

¢ : Y~ 2 be the first projection. We have

_ -1 -1
(1) Oy = 0 {0,y & ™ (0
C
therefore
2) =0 @ At = o0 @M HenDy).
ox T
We also have
3 _ - -1 _* *
(3) o, =0 (©,) M T 0,) = 0 (8y) M T {8y)
z

{Using (1) to define the omlmnnconcnmv- and moreover
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@) -1 -1 _

[o Aowv.ﬁ ﬂexu_ =0
It follows that
(5) D.=oc (D) et

Y 2z X

C
|.H -

6) (00,1001 = 0
From (1) we get
(7 (M = oufcwy 2 M (Mew (D))

with the d&laoacwm structure defined via the decomposition (5). It

follows that n° is exact, hence, with d = QN~

1]
(8) My = M7y [a] E.muc%x:.
(9) Hintue = 2wy (i€ 2)

o
Also (7) shows that T preserves coherence. We claim that it also
preserves the holonomy defect. In fact, it follows from the definitions

that if we use the canonical isomorphism

* .' !
(10 T, =T (2, 80 (X)  (x€x;2€2),

we can write

O
(11) Ss(m M) — mm;:x (x€X, 2€2) .

o

. 1
In particular, n and 7 preserve holonomicity.

Closed embeddings will be discussed in §7.

4.6 Remark. Th i * i i
e e embedding of 7 onv in ®< given by 4.5(3) is
efined b iati i i ifti i
y associating to £ € ox its obvious lifting £' in Y which is
tangent to the sections {z} x X (z€2) of . We also get from 4 5(3) a

*
surjective morphism v : @, > m (0_,) with kernel * =
v X Y AONV = oK\x . For
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M€ tAﬁxv. it is obvious that the left Gwlaoacwm structure of 4.1 can

also be defined in the present case by

-1 -1
(1) £(fan m) =Ef @m + Mwn.ﬂs% g Amu.é Enotnmom“nmz?
where

= Ilu, i €0,k .
(2) V(&) 595 [ Mu EumoMw mumoxv

4.7 Affine varieties. Assume X and Y to be affine. Then the 7-
modules may be replaced by their modules of sections, which are
modules over the rings of global algebraic differential operators.
Accordingly, the inverse image may be viewed as a map
mod (D(Y)) » mod (D(Y)) and the derived inverse image as one
chaoaﬂcﬁxvv to Ucﬁaoaguﬁxvu. We have

1) oM =0(Y) @ M (MEmod (D (X)) .
x)

The cn|aomcpm structure of the associated Oﬂlaomcum :oﬂmv. where M is
the cx|50mcwm defined by M, gives a D(Y)-module structure to the right
hand side of (1l). Let

(2) D(ysx) = (¥) = "%(0xy

Q<+x

This is a D(¥) x D(X)-mecdule and we also have

(3) oM = Dy-x) @ M
D(x)
: P 6 Mld, ] =o0(Y) & Md _]
(4) (M"Y = (Y»X) @ M = " .
pxy X oy YrX

For the case where Y = A" and X = »:. see V,3.2.1, 3.2.4 .
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3 1)
4.8 PROPOSITION . Assume W to be smooth. Then H'n® = 0 if

1
i# a< X and m° preserves coherence and the holonomy defect, in parti-
’

cular holonomicity.

Proof. Recall that, by definition, m is smooth if its differential

m"
:< aA&uw +aax~

and Q& is flat over 0

T{x) is surjective for all y's. It is then dominant

Tx) The first assertion follows therefore from
the remark to 4.4,

Locally, ™ can be factored asa product of an étale morphism a
and a projection B, More precisely, given y € Y, there exists an open
neighborhood U of y, an integer N and an étale morphism o : U &.»z x X
such that =_c is the product of a and of the second projection 8. It is
obvious that nu Preserves coherence and the holonomy defect, and m_
does so by 4.5.
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§ 5 DIRECT IMAGES

5.0 We want to associate to m a functor LI Ucﬁcxv > Ucﬁﬁx-.
The definition is more complicated than in the case of inverse images.
LN will be a composition of a left derived and of a right derived
functor from a map ao defined at the module level. Unfortunately, it
is not clear a priori nymn m vnmmmn<mm quasi-coherence. However, we
shall see that 7, maps D An ) into U Azom D u. Since the latter is

equivalent to D MG V. by 2. Ho this %vmwam wrm desired homomorphism. As
long as 2.10 was not available, the discussion was more involved.

One way was to show that ao preserves g.c. when 7 is an open or closed
embedding or a projection and then either prove and use the composition

law A=oqv+ =7 oo, , or define m_,m  first for those elementary

+ + o' '+
mappings and then as a composition, using the canonical factorisation
of m into a closed embedding and a projection. However the latter makes
the verification of the composition law more awkward, since one has to

relate the canonical decomposition of m o o to those of m and o .

5.1 The map n defines a morphism of ringed spaces

LI A<.o&u > Ax\oxv- but not one of the ringed spaces Ax.uxv and Ax.uxv.
which is why some construction has to be found. It cannot be that ob-
vious since there is no direct image of a linear system of PDE's.

But there is at least a canonical morphism of sheaves of rings

-1
1) Gx > mx .
hence, trivially, we can view 7 as a morphism of ringed spaces
Aw.alwnxv > Ax-cxv. In that capacity, we denote it 7. Since an injective
auw@xlaoaspm is a flabby sheaf [Go:1I,7.11 , RT agrees with the derived
direct image for sheaves of abelian groups.

{a) The definition is most easily given for right D-modules, and

we start with it. Let N mrnﬁcmv. and consider N @ ©&+x. The tensor
ﬁw
product uses up the right axlaomswm structure of j and nvm left
- - le
@w module structure of Dy, x* There remains the right 7 cx modu

structure coming from that of Dy,x* Therefore
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aoazvufz D,..)

M Y->X
is a right Qxlaoacwm. By definition, this is the direct image for right

D-modules. We then define m, for right D-modules by

It is the composition of a left exact and a right exact functor. It
would be difficult to make good sense of this without using the frame-

work of derived categories. But nnmnmhwn is possible since both preserve
exact triangles. Note however that N @ Q&+x does not carry in general

by

a structure of o&naomcwm and we cannot view this as a derived direct

image in the (-category. We are therefore not sure at that point that
the =+z isg.c. We shall prove this first when ¥ and X are affine and

then use 2.10 and a spectral sequence argument.

(b) Assume Y and X are affine. There exists a left free resolution
F*' of N. Then

N w Dyax = F w Dy.x

is a direct sum of copies of D , hence is a q.c. 0_-module. We may

Y=»X Y
compute the direct image in the O-category hence the R'7 are zero for
i>o0, 7(F & i -

, T u<+xv is Gx g.¢. and we have

Py

i -yl g :
Hom Ny = Hom (F w Do) e  (i€2)
Y

in particular, for every affine open U < X

ﬁacnmw=+zv = eo~uA<VAzA<v‘@w+xﬂ<gu (ieg;v=¢1 )

hence

i
HiaN =0 ig(-a,ol.
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This shows in particular that w _ maps Uvﬂﬁnv into Uvﬁdxu. (for

right D-modules).
(c) We go back to the general case. Since our assertion is local

on X, we may assume X to be affine. Let A&wvwmm be a finite affine

- - ..
open cover of Y. For J I let Mu Dwmh<w and L be the restriction

of m™ to xq There exists a spectral sequence abutting to =+z wdt#wns

mw is the omns ooavwmxmmmunawso a Az_w uﬁo MQ wmﬁvv. mw mma.n.

hence so is :.:+z escm LR N has q. o. cohomolegy, hence is h.i, to a
‘unique element of D A@ ) U< 2.10. Since T,
categories, it follows that it maps Udﬁc ) into U Ao ), where right

is a BOHvSWma of derived

D-modules are meant.
(d) We prefer however to work with left P-modules. A simple way
is to use the conversion between left and right of §3. Given

zm:ﬁvu.tmoo:mﬁamnzuzzE.armzdﬁzuwmmnw@#nulaoacwm
Y 0 Y + X
Y

-1

and we can go over to =+sz a Wy We want to express this in a slightly

different way, which will be more convenient to work with, using the

D-module dx of 3.6. It has two commuting left leaomcwm mnncnncumm.

hence :|HA@xV has two commuting left alwcxlsomcwm structures. Therefore

@) By =7 By =7 (D m " g ™

is on one hand a left Gmnaomcwm by means of structure (a) (cf.3.6) and
the construction of the inverse image and on the other hand a left

H.@xvnaomcvm by means of structure (b). As a oxlaoncpm. it can be

written

(3 " () a d.Evam vy = " (D) 8 vy -
X Y Y

We shall denote it by cw¢x. Thus

4 Vgey = "Dy m Ov/x ofxw Yy /x

is a 0 x P module. As a consequence, if M € u(D ), then D a M
X Y X XY )
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s -1
is a left n anaoacwm. We then define the direct image for left
D-modules by

{5) ao;: = m%x& m M) {Men Ew: .

Y

In the derived category, we put

oy H. e .
(6) (M) = Ri(D, @ o M) * € oPoy)) .

Y

To construct it, take a bounded left flat resolution P* of M* . (It
xey, by a bounded left @ -locally

free resolution in the category of ﬁ: ﬂo vvxc )-modules, as will be

would also be possible to replace D

done for projections,)

Then
L
ché 2 M cx+x QP
@
is a left n 1D injecti
e T -module. Then choses an injective resolution J° of the

X
right-hand side in the category of dlwﬁcxwlaomcwmm and consider mﬁu.u.

Its cohomology sheaves are the xw=+Az.v. However, it may be unpleasant
to deal with J° . Since the discussion.of the direct image in case of
morphisms of affine varieties is fairly direct (see 5.4), it is often
more perspicuocus to use the spectral sequence associated to a finite
open affine covering, as we did above. A further simplification may

be achieved by using the canonical factorisation of a map {see 5.3 for

projections, 7.7, 7.8 for closed embeddings).

Remark. (1) There are various notations in the literature for the
ith dir i * i i
irect image, e.g. R'%,, [/ or H&&
(2) We have defined a direct image for left and right D-modules,
but an inverse image only for left D-modules. To be more symmetrical
’

we could also introduce the inverse image for right D-modules by the

rule
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W) = 7N e ?

(New™ (0,))
1o,

xey’
X

where the right @wlaomcwm structure stems from the one of Oxf&~ and its

derived functors Ln° .
In this section, we shall discuss open embeddings and projections.

Closed embeddings are postponed to §7.

5.2 Open embeddings., We assume here that Y is open in X. Then
w =
Y/% c& and

E ofx = ¢x¢< = cm. viewed as a %xét -module,

so that 7 is a map of ringed spaces Ax,cwv - Ax~mxv. We have

(2) n (M) = w0, @M =

m:m m, may also be viewed as 7, . It is left exact. The sheaf c< is flat

over Qm hence if F is cxnwzumnnwcm (resp. flat), it is also oxnw:umonm<m

(resp. flat). Consequently

(3) Hin 0 = RMn M = Lim 5 (U0vsM),  (Mew (D))
i oo i o e i e .. b
(4) Hom (M') = Rin (M7) = lim mc_m (uny;M) (M*ep %w:.

Here U runs through a fundamental set of affine open neighborhoods of
x in X, Since we are in the O-category, these modules are all quasi-
coherent,

Assume now Y to be affine, Then U N Y is alsc affine and

:wﬁczxvzv = 0 for i > 1 by Serre's theorem. Therefore
(5) mﬁf:& =0 for i > 1, :o=+:3 = T, (M,  (Meu(Dy))

U U .
and m : D Aﬁ<v + D Aﬁxv vmm:mxmnﬁmc=n¢0n.
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In general, ao does not preserve coherence, To see this, assume
that X is affine and Y is the complement of a hypersurface S with ideal
generated by a regular function £ € 0(X), Then D{¥) = D(X)[£ 1] is
not coherent over D(X), but :oacﬁ&vv is D(Y) itself, viewed as a
D(X)-module. We shall see however that 7 preserves holonomicity (9.1).
In the present example, with X = »:. this is just a reformulation of

Bernstein's result (v,1.16.3).

5.3 Projections. We go back to the situation of 4.5. Thus 7 is a

projection Y = 2 X X + X and o denotes the first projection. We have

*
(1) o (w,) = Wy syt
{2) pm\x = q-Bmv = oLB% [ o« = Q-HB% P Exf
QLS ) c
¥4
Given M € tamxv. we let
(3) bw\xﬁzu = bw\x m M

Y

be the relative de Rham complex. It can also be written as

-1

(4) M) =0 7(2) a M

fy,
with the differential given locally by

(5) d{wam) = dw @ m + Mwonpaﬁ; w 8 wwa :,_mo-w_nmv smEM) ,

where Anw.mwv is a system of "local coordinates” on 2z (1.3). In view

of 4,5(5), M can be viewed as a left =|H~@xwlsoacwm\ whence a left
-1 . . -
w Amxulaomspm structure on n<\xﬁ:v. which commutes with the o HAQNV

module structure., Therefore SW\xAZV is also a cxlaomcwm.
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5.3.1 PROPOSITION (i) We have the equalities

_ -1 -1 _ -1
(6) ux@ =0 (w,) M m %xu =0 T{w,) -m. c<
o AUNV
_ -1
7N wx..m m M=oc EN_ ,..H M {Men %<:
Y o {0)

Awwv nx\xﬁamVHmu is a locally free left resolution of cmf

in the category of anwAﬁxv x 6& modules and we have

X

eenb -
xﬁzvnn_ (M ep™ (D)), d=d,)

L
(8) D “ M= bx\

Proof, (i) follows from the definitions and 4.5(l), (5).

(ii) Using (4) and 4.5(5), we can write

=c “ =-~%x? where C° = o-ﬁnm o D) = q-psm 0,
2

Oy /% Py)

It follows from 3.5 that C° is a locally free left resolution of
q:HAENv in the category of right Q:HHaNulaomcwmm. In view of (1) and

4.5(5), this shows that wb

\xaw<vﬁmu is a locally free left resolution
of Q<+x in :«Acxv. Moreover, left multiplication on alwﬁmxu commutes

with the differential, so that this complex can be viewed as a reso-

lution in the category of =|Hﬁcxv x 6m modules. This proves the first

assertion of (ii). We have now

=Q: e M =9, a D aM][a
nm\xﬁﬁ&v~mu D Y/X 0 Y D tal

Y Y Y

and (8) follows.
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o _ . . gk
5.3.2 COROLLARY = (M') = Rm, Sx\xi ¥)[dl  (M'ep Bm:&umuv .

This follows from 5.3.1, taking into account that we can replace
T by Ta+ @S was remarked at the beginning of 5.1. Note that this formula

describes =+A2.v as an Qxlso&5H0 only. Let

i, _ i, _oyi-da, .. .
9 LM = Hh @y (MDAl = #7%g  (0),  (Meu (D) siem
Then
0 -
(10) L (M = s<\xm z\ouz
Y
(11) LM =0, ker
i i

5.3.3 Assume Z to be affine. Then 7 is affine hence the zpan

are zero for i > 1; therefore n, is right exact and we have:

+

(12) Him, = zMQ-Sm\xEJ (a1 tiex)
which implies that xo=+ is right exact.
Assume moreover that X is affine. Then we have only to deal with
global modules over coordinate rings. The direct image is just the base
change D(X) - D(¥), and (10), (11) are valid for a D(Y)-module M.
Assume now finally that Y is the affine n-space A" with coordinates

Xyre-erx and that Z is the line X} T esve = x5 = 0. Then (10), (11)
vield

-1 0
(13) HOm (M) = keryd  , Hom (M) =M/ M ,

modules which were proved to be holonomic if M is (v, 3.1.8). More
generally, in case of a polynomial mapping 7 : A" 5> A" , the direct
image is the one constructed in V, 3.5. It was shown there that L
Preserves holonomicity (V, 3.5.2). This will be used in the next chapter

in the case of a projection, which reduces easily to the above special

Case,
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5.4 Direct image for :ffine varieties. Let X,Y be affine. As in
3.8 we want to express the jrevious constructions in terms of the

modules of sections. We let

*
’X) = = w(y) @ X
(1) w (¥X) Zﬁe«\xv w( vocs w(x) ,
(2) DixeY) = NY,D, ) = D(¥+X) & w(¥/X) .
XY oY)
Then
(3) n (N) =Na& D(yX) , if N is a right D(¥)-module;
[o]
Dy

(4) n, () = D(X<) @ M, if M is a left D(¥)-module.

[A4Y]

and T, is the left-derived functor

L
{5) a+§.v =D(%y) @ M E.movﬁaoﬁfsz.
2

For N € D°(mod” (D(Y)), it wuld be

L
{6) TN') = N" @ D(¥sx).
B(v)

These functors are right exact.
See V, 3.5 for the case Y = »5‘ x=A" .

249 vi,6.3

§ 6 COMPOSITION OF DIRECT IMAGES

6.1 We recall first that on an algebraic variety 2 the
functor of sections in the Zariski topology commutes with
direct sums of quasi-coherent sheaves. In fact, this is clear if 2 is
affine and therefore also in general, since any Z has a finite affine
open cover, Similarly a sum of injective quasi-coherent leaoacumm is

also injective. It follows that 7, and Rm, commute with direct sums.

6.2 LEMMA Let A" 2 complex of right 6xlsomcpmm and B° a complex
of left dnwﬁ@xv modules. Then

~ =1 L L -
Ru(n A" @ B’y =A@ R1B" .,

dnpﬁdxv ﬁx

Proof. We may replace A* by a locally free resolution, hence

assume A° to be locally free., Then 7 A° is locally free over :npcx ’

and we can erase the L on the left-hand side. Moreover, if B® is injec-
tive, then a|w>. 2 B° is locally a direct sum of injective complexes
hence is also injective., We may also erase the R and are reduced to
prove
-1,. . . =
w(r "A* & B') =A° @& n(B"))

-1 [/

b cx X
if A® is locally free. This brings us back to 6.1.

We now consider a composite morphism

= -1
(1) Dpsx = 0psy 8 o (D
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6.4 PROPOSITION In the derived categories of bounded D-modules,

-1 -1 L . -
(2) exfn =0 G,x#mv lﬂ ﬂ?n =0c %xfwv L uf.w . we have the equality 303+ =Tm,00, .
o D o 1p
Y Y b
Let M* € D %Nw. We have
Proof. The first equality of (1) is just another way to write ~ L
:+3+:s ) = wicxiwm a+:s ))
3) (m00)° (D) = °(:°@), Y
X
which follows from 4.3. Together with 4.5(5) and - L L
stqt: }) = xiﬁ?mm mq%.?u “ M5y)y.
* -1 Y z
“ = =
(4) Yg /% eN\wm [+ En\xv Oy ry wH g ?_n\xv-
b4 c 0
¥ We may replace M by a locally free resolution (2.4), hence suppress
. . . i ide. 1ly on 2, D, 8 M is a
it implies the first equality of (2). the second L on the right hand side. Locally v Vyes >
. . . . . : Z
Since c&.vx is locally lenumm (4.2), we have direct sum of copies of @f.m hence is QNIQcmmwlaormnm:n.
besides being a left alwcxlsonswm. We can apply 6.2 to ¢ and get
= ° = -1 o B o1 . -1
mni = ¢ GT& = ou -w a %Txv = oN nw o %x.vxv =F np o Gfxv OIS DY
oo, oto, oto, n (o, (M) = Re(Ro(0 D e Dyes m M)
o Ip z
Y
where F* is a locally free left resolution of oN over o 1 —QMT We
have then also We have then, using 6.3,
D =F a ol a ot ) (1) m (o, (M")) = Rm(Ro(D a My .
Z»X Y v>x’ ° ++ Xz
) o 0,
Y Y
F° a QIHQ& is locally a direct sum of copies of aL.ew hence On the other hand, for M® locally free,
-1
o c<
L L ) (2) ?83+§ ) = R(moo) sfo “ M*)
au.vx = (FF a o cxv Y o %n.vxv Z
QuHQ Qlwﬂ
Y Y -~ ~
It suffices then to know that R(moo) = Rm o Ro , but this is true in
But the topological category, for sheaves of abelian groups, hence also in
our situation, since both derived direct images agree (5.1).
- L - -
FFa oo, =08 o' -0 a oo -0, .
-1 Y z -1 Y 2 -1 Y Y Remark. 1In contrast with 6.4, it is not always true that we have
I 0« a ow a o«

(moc) = m oo at the D-module level of 5.1(6).

and the second part of (1) follows. The second equality of (2) is proved

similarly.
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§ 7 CLOSED EMBEDDINGS: INVERSE AND DIRECT IMAGES; THE FUNCTOR ﬁHK_.

In this section, we assume that Y is a closed subvariety of X

and that 7 is the inclusion map. We let 4 = noax& = Qx v
’

and denote by J the sheaf of ideals of Y. Let :xﬂcx, be the set of

cxlsochmm with support in Y.

7.1 We fix some notation and recall a few facts pertaining to
this situation.
*
We note first that Qm = Qx\u - We let T (X) denote the conormal

cotangent bundle to Y. We have an exact sequence of bundles on Y:
* * aa *

(1) c+excc.ve:c_<kec:+o.

For the associated coherent sheaves, this can be written

>0 .

(2) 0>/ > a 0 »qt
x § 7%
X

Going over to top exterior powers, we get

dq, 12 _
(3) A T/T “ wy = Wy “ Qw '

Y X
By definition

-1
(4) by g = Oy w {wy w owv
b4 X
whence
d;,.2 _ =1

(5} A3/ = gy -

In order to study this situation locally around y € ¥, we choose a

regular Qxlmmncm:om Amwvwmmmu

of regular functions in some neighborhood
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U of y in which the Qm. are linearly independent at every point, and
t:pns generate J. For x € U N ¥, the mm at x provide a basis of

e {X) and hence the mm form a basis over 0 of u\um . As a consequence

Af A ... A df, generates 1°J/T%, hence

-1
6 =
(6) Gy x on.mm% ees AAfg .

7.2 In the discussion of the direct image we shall have to use

the so-called fundamental local isomorphism theorem:

c

(1) mxnmx%m,_s = 7or, % M) mam\x (Mew (D) ; i€z)

This is of course "well known", although I have difficulty to give a
reference for the statement exactly in that form.
The assertion to prove can also be written

w,

(2) xmosoxan.z:gu =0 v/x

o

Ma
X ox

After having maybe shrunk U, we may assume there are commuting vector

mewam mm OSCmcn:wrmn wwmu u mmu AHM%~umuv.e:m mmw bno<wmmmvmmmm
of the conormal sheaf J/J° and the w a basis of the dual normal

sheaf T = Au\umv*. We have

M =4J/7%@ Mal=AEQM,

X O ¢

o
o) ol

where E is the C-vector space spanned by the mmw~ the space >»m 2 M

C

has degree -i and the differential is given by

AAE; A..AE @ m) = -1aE, ALLATE AL..AdE. @ E. m
i, ig N 35 j j

To compute the left-hand side we may use
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2 .
" M = AT =
Hom,, (A"J/T° M oz M=AE aM en) M =07 a M = M/IM
X T X
X 0
X
. *
where E is the dual vector space to E, with basis the 3, . Ignoring
.ol (2) 0., =D/
the shift of degrees, we must deal with a complex C° given by Y X'7Ux "t
i '; ’ . »
¢t=r"'E eM By general construction, d<+x is a en x Qx module. The right cxl

C

s_* s+l_* module structure is given in (2) by right multiplication on the right-
with differential d : A’"E @ M—> A° "E @ M given by

c c hand side. The left @wlsomcwm structure is not so obvious, because

ﬁ% is not in general a subsheaf of dx . It would be if Y were a

i1 direct factor, as we saw in discussing projections, but in general it
mw A .. >uM am— I(-1) wm A LA ww

A mw e mws
1 s 1 s

is only a subguotient. To Qescribe this structure locally we use the
previous (£,,3,). Let 0y ¢ be the Qxlaomcpw of vector fields which an-
I

nihilate the mw.m. Any vector field £ can be written uniquely as
To establish the isomorphism of the theorem one defines a map

* - 3 = . oo - i
ASE* @ M~ 2975g @ M by (3 £=Lf).9, + + Ef.85 + z:::mox.m.
ac 14
i.e. there is a direct sum decomposition
1]
A, A en A QE; z;TyT:m:.HJu. AooAd am
- k =
1 s 1 d-s (4) 9y oxwwe...ooxmaeox,m.
L fs X - (a4 . - . . N
where I = ,NH....~Hmv. I ﬁuw‘....umlmv isthe strictly increasing Let ux.m be the subalgebra of @x generated by Qx and ox.m. Then we
complementary sequence to I in {1,d] and €(I,I') the number of in- may view cn as the restriction of @x £ to Y:
r—
versions in the sequence (I,I') {EGA: III,1l.l]. It commutes with 4
hence defines an isomorphism of the complexes (except for a change of (5) P.=0_a D =0, _/JD .
YT Y X T URETURE

degrees). This proves (1) locally, i.e. without the factor w . How=- X

Y/X
ever, it is easily seen that under a change of local coordinates,

We can write ux on U, as a vector space, in the form

d=-s
A mnznmw> ceeh B34
(6) D =
N
behaves like a s-vector, hence (1) is the invariant way to write this
isomorphism. whence also on U N Y
(7} Dyx =0y @ TL3 ,eedyle

T
7.3 Inverse image. Since c< = cx\u , we have
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In this decomposition, the a&uaomcwm structure is given by left

multiplication on the first factor of the right hand side. We see from

this that dm*x is locally free over u& with basis the monomials in the

(commuting) variables ww . In particular it is not c&:normnosn. hence
7° does not preserve coherence., To describe the right ﬁxlaoanvm
structure on the right hand side of (7), we can use the decomposition

(6).

7.4 THEOREM We keep the previous assumptions. Let M € :Acxv
and let uz = ﬁami_us = 0}.
(i) HatM =0, for i ¢ (0,45
(i) = ot a M,
Y/X 0 o
Y
Giii)y Hxt My = M/IM;
(iv) if M € u (D), then el =0 for i#£0 .

]

i 1
Proof. As o&uaoacwmm~ the H'n°M are the cohomology sheaves of

L

Qﬂ a M[{-d]. To compute them we use a Koszul resolution. Let E be a
Qx

d-dimensional complex vector space with basis the amw.m. We have a

locally free resolution of ow :

(1) 0+ C g C gy > reerCo>0/T>0
where
(2) ciopize 0y

c

withd : C, » nlw+w given by

+1 -~
(3) A(Af, A...AGE. BF) = D(-1)° T (Af. A.eopdf, A...AQE, BE, .f)

u“_.. uF UH. um UH um

Then C°' @ M-> M > 0 is a locally free resolution of M, hence

Oy
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(4) M=C @ M4l .

Qx

This proves (i) and (iii)}. It also shows

0.t
{5) Ha® (My = mmH> ...>&mm M 7

M.

whence (ii), after tensoring with ow .

There remains to prove (iv). By composition (4.3), the proof is
easily reduced to the case of a hypersurface. We have then 4 = 1 and
write £,3 instead of mH.mH . We now have to prove that Hin*M = M/EM

is zero, hence that

6 = i

(6) M=fM if M€ :n%xv .
The relation 3f = (3,f] = 1 gives

(7) o = ke* Tl kemy.

M is quasi-coherent over ox with support in Y. This means that given
5m2~nsm~mmxmmnmwm2m:05n=mn mxa uo.aommnmawmm:ﬁmg.wnwm

then enough to show

(*) Let m € M. Assume that £.m = 0 for some k > 1, thenm€ £M .

Let first kX = 1, We have fm = 0, hence also
0= 23(fm) = m + fom

m= -fam € fM .

let k > 2 and assume (*) to be true for k - 1. The relation mxa uo

gives
k-1

0= 3("m = ke* " Im 4 5

k-
f Hﬂw5+m.sv =0

hence, by induction km + fm € £f.M and km € £.M
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[ ]
7.5 COROLLARY M — 29:.2 is an exact functor from :&chv to zﬁoxu .

This follows from 7.4 (iv) by the long exact sequence in cohomology.

7.6 Remarks (1) In fact we shall soon see that this map is an

equivalence of categories (Kashiwara's theorem).

(2) Implicit in (ii) is the fact that smwx @ M is a D ~module.
To see this locally, note first that u: is stable under ®x~n H
If £ € ®x~m and £ € J, then £.f = 0 on ¥, hence £ and f commute
on elements with support in Y. Consequently, u: is stable under Qx.m

and this operation yields one of Ux-m\uﬁx.m = c« on u: .

{3) Recall that in the topological setting. 7  is the derived
functor of the functor sections with support in the closed subvariety.
Hence (ii) shows that 2o=_ is a close analogue, whereas :&:" is the
usual inverse image. The decision to view our inverse image as extra-
ordinary or ordinary hinges in a way on whether one concentrates on the
lowest or the highest nontrivial derived functor. We will soon see that
it is indeed the lowest one which matters most. One reason for the
shift of degree in 4.2 (4) is precisely to have it in degree zero.

We now turn to the direct image.

7.7 PROPOSITION (i) We have

- n -
) Dgey = Px ° Oy 5 Cex” Oy/Ox 5 “esx
X Y Y
(ii) ﬁxfn is locally free over Q& and 1ws+A2v = 0 for

121, (Heu@)).

The functor d+ preserves gquasi-coherence.
Proof. By definition

(2) D, =0l a Wt ooeu%mmowvne
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The product of the two last factors is w Since o& = Qx\u and we

Y/X"
use right multiplication on D_, it is clear that the first tensor

product is ux\cxu . This proves (1).

The discussion of 7.3 leading to 7.3(9), with left and right

permuted, then gives

(3) wx\exu =D, “ CL3),0e0ry]
4 = cvs
(4) Qx¢& 0< 1] BawH- ~wau a E%\x
T Oy
Hence @x%u is locally free over @m~ and cx+¢.% is an exact functor.
Y
Moreover, m_ is the extension by zero, hence is exact and the

o
assertion (ii) follows . Also cx operates on a+aiu through Qx. there-

fore m, preserves quasi-coherence,

7.8 LEMMA Let N € cAcmv.
{i) If N is finitelygenerated over c&~ then d+z is finitely
generated over Ux.
Ny =N

(ii) u.:+azv = =+sz and W,

I

mAd+hzvv = e(N) ;in particular,

[

QM
(iii) =+sz 1is holonomic if and
only if N is so.

Proof. d+AzV is zero outside Y. It is enough to consider it
around y € Y. There it is isomorphic to aﬁww....‘wmu @ N. The mw act
in the obvious way on the first factor, hence the Hmnmou is cyclic,
(i) follows immediately from this.

mw operates on a—ww.....wa_ by derivation, via

k k-1
1 = -
(1) Hmm.wuu xw@
The action of J on a_ww~....vmu @ N is on the first factor only. Then
(1) implies (ii).
Let T* be a good filtration of N. The degree on a—vp.....wnu and
' combine to a good filtration of m N and



vIi,7.8 260

onﬂ=+ﬁzv = aHmH.....wmu W oNﬁ_z

hence

Ann F;c = a_ww.....ma_ n Ann N

and (iii) follows., This is also geometrically obvious. We have the

natural projection

* * *

T(M 2T (X)), >T (¥) >0 .
and it is clear from the definition that

ss(r, () =7 (m Hss ) .

7.9 The functor Tyy- For any ideal I of ox and any oxlaoacwm

M let

(1) >::I~ = HE = {mé€ M, I-m=0}.
By definition

(2) -
TegM = c_nwﬁxz .

Assume now M is a @xlsoacwm. For all i,k € N we have
i+k i
J @x:s < ux.u

as follows by iterated use of the rule [3,f] = 3f Ammox‘mmoxv.

Therefore, if m € M is annihilated by uu. and P € Oxﬁxv- then P-m is
P i+
annihilated by J* x" hence T, muz is a Qxlaomcwm.

{

7.10 PROPOSITION 7The map W @ Ux xuz + M defined by (P,m) > Pem

Avﬁdx.amuzv induces an isomorphism
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-1
(1) cx\mxu Q Wy y ® Uy %
o« e« 0

-] u_s« q::z .
Y

S . - .
ﬁﬂuz it is clear that im n ﬁnxuz

On the left-hand side of (1) we have used the cxlsoacwm structures

Proof. Since uz cT

defined in 7.6(2) and 7.7. Locally, by 7.7(3) the left-hand side of
(1) is given by

(2) ux\cxu “ GM = el3),...00,] muz.
Y

We have therefore to see that ﬂﬁN_R is the direct sum of the sub-

spaces

(3) S TR

where, as usual, we use the multiindex notation

(4) 3% =5.1...3.9 (a=(a,,...,0) XD
1 d

(a) These subspaces are linearly independent. Assume we have a

nontrivial linear relation

Tc %m =0
[¢} [+2 )

and let c be the maximum of |al = an

term. To argue by induction it suffices to manufacture a nontrivial

+ If _9_ = 0, it reduces to one

relation with max. |a| < c. Assume c¢ > 1, let i be such that a, # 0
in a term of highest degree. Apply mw to the left hand side; using
7.8(1), we get

(5) f-cm 3 m =0, AQ.HAQH‘....Q.

1-1r %7 By e i) )y

which is nontrivial, of degree ¢ - 1.

(b) u 1is surjective. It suffices to show that if uxs = 0 for
some k € N, then m € Im u. This is true ba definition if k = 1, so we
proceed by induction, fix k > 2 and assume this to be true up to k - 1.

13
Let m € M and assume J .m = 0, We claim:
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(6) *1k-1)m + L3, f.m = 0.
k-1 , . P1 P )
J is generated as an ideal monomials u = mw ...ma Amv»urlwv. Since

:mw € ux. we have cmwa = 0, hence ww~mw:.3v = 0 and

. = i=l,...,d) .
(N 9, (uf ) -m + uf, 3.m =0 (i=1, »d)
But

mwﬂ:mwv = ﬁwmcvmw +u = A©w+wu:~

(8)
cgﬂvm+pva + mwwwsu =0

Summing over i, we get

k-1
(9) u((k+d-1)m + Mmmwmwau =0 (ueJ™ )
which proves (6). The induction assumption yields

(10) (k+d-1}m + Mm»mwa € Im u

(11) mwa € Im u,

whence also wwmwa € Im y; added to (10), this gives
(k+d-1)m + Mm—mw~ww~5 € Im u.

But Mwﬁmw.wa = -d.1d, whence (k-1)m € Im u.

Remark. This generalizes v, 3.1.2. The proof is essentially

the same.
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7.11 THEOREM (i) (Kashiwara) Ioa and m, are equivalences of

+
categories between twauxv and cﬁﬁwv\ inverse of one another. They

preserve coherence holonomic defect and holonomicity.

(i) :+:f+§u T M Meu@y)).

[Y]
Proof. By 7.4, we have 1o=uaiv = uz w Emwx, therefore, by 7.7
Y
A oty =D D Teu, 8 Mawl =00 7Ta M
+ XK Y/X 5 J Y/X bl ¢ o
QN cx o& c<

and (ii) now follows from 7.10.
13

. . o.-
Smwmtm Hﬁwuz =M if and only if M € c&.dxv. hence ", 0 H'n® = 1d.

on cmﬁoxg.
Let now N € tacnu. By 7.4(ii):

0_: -1
Hon ﬁ+ﬁzv ua+z M sm\x .
Y

. _ ‘s . 0_! _
Since u:+z =N m y % (7.8(ii)), this shows that H' 1 o m, = Id and
Y
prove the first part of (i), We already know that :+ preserves cohe-
rence and defect (7.8). Hence so does its inverse. The second part of

(i) follows.

Remarks. (1) We see in particular that a @x|30m=pm M with support
in ¥ can be considered as a Q&!BO&:Hm. The analogous statement
in the O-category is well-known to be false: If a coherent 0_-module

X
is supported by ¥, then it is annihilated by some power ux of the

ideal J, hence may be viewed as a Qx\uxoxlaoacwm. However, if M is not

annihilated by J itself, it cannot be viewed as a anao&cwm.
n-1
(2) Let Y = A be the hyperplane X, = 0 in X = A". We are there-

fore dealing with modules over the Weyl algebras >:|H and >: {cf.V)

and 7.11 specializes to (V. 3.1.6). Let M be a module over A . Then
by 7.4, the inverse images are xmnzx: in dimension 0 and M/x M in
n

dimension one. If M is holonomic, 7.11 implies that z\x:z and meZx
n

are holonomic >=|Hlaomcwmm. as was proved in V (see 3.1.7, 3.1.8).
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7.12 We want now to state and prove the generalization of 7.1l

. b . . .
to derived categories., If M* € D Acxv. we define its support Sup(M’)

by
(1) Sup(M*) = {x € X I.zw # 0}.

Let ow:c = {M" € uu%x? Sup M* < ¥} .

1)
7.13 THEOREM. (i) Axmmzwtmnwva+ and 1° define equivalences of

categories between Uwﬁvxv and UUAcmv.tuMnb are inverse of one another
and preserve coherence and holonomicity.
1

(ii) We have wﬁmxu =7, 0T .

The categories :Kﬁuxv and cﬁeﬁv. viewed as single degree complexes

in Uwﬁux_ and cuﬂcxv- generate those as triangulated categories
[X, §12]). The first assertion then follows from 7.11(i) by induction

on exact triangles. In the same way, soHMAcxw = sowacxv n tuﬁdxg
and SOH~©<V generate Uwﬁuxv n ow.cxv and U”Aﬁxv. The preservation of

holonomic complexes then follows in the same way from 7.11 and 1.13.
Similarly 7.8, 7.11 imply the preservation of coherence.

(ii) follows from 7.11(ii) and the fact that m, is exact.

265 vI,8.0

§ 8 SOME APPLICATIONS

A. Affine monphisms and Locally closed embeddings.

8.0 Recall that m is said to be affine if X has a finite open
affine cover Axmg such that :lwawv is affine for all i's. If so, the
inverse image of any affine open set of X is affine [EGA: II,1.6].

If Y is affine, then © is always affine {EGA: I,5.5.10].

8.1 PROPOSITION Assume that T is an affine morphism.

(1) =+ is right exact.

Assume moreover that m is faithful and identify Y to its image.

Awwv 1w=+ nomowww.wmsa xo:+ is injective, exact on cAdwv.

1]
(iii) On Uwaﬁxv. the functor m° has zero amplitude.

Proof. These statements are local on X. We may therefore assume

X to be affine and then Y is affine too. Therefore (i) follows from 5.4.

(ii) In view of (i), it suffices to show that 7 is left exact.

+
Let S =Y =~ Y. We write 7 as the composition
o B
(1) Y — X~-85 X

of a closed embedding « and an open embedding B . We know that a, is

exact (7.11) and m+ left exact (5.2). Hence T, is left exact.
(iii) To see this we use again the factorization (1). The. image

of mw is contained in Uwﬂcxumv. We then use 7.11 for the restriction

1
of «° to the latter and 4.4 for 8' .

8.2 PROPOSITION Let % be a locally closed embedding.
; . b - s !
(i) Let F* € D Aun.. Then a+m is supported by Y and m° o =+Hﬂ.v = F°
. . b PR i
(ii) Zet G* €D Aﬁxv. Fix j €2 and assume that H'G* = 0 for i # j.

Then H'n'G" = 0 for i ¢ 13,5+, ] .
X,Y

Proof. Let S = Y ~ Y. We decompose n again as in 8.1(1).
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By 7.13, Q+Am.v has support on Y. Since B_ is the derived functor of
the usual direct image, the support of m+a:.v (M* € Uvﬂuxnmvv is
contained in the union of S and of the support of M° . The fist assertion
of (i) follows.

It suffices to prove the second part of (i) for a module F € tﬁc&v.

We have

1 v 1
) #* on. =a o B o m+ oa, .

By 7.7, Q+Amu is a single degree complex. The 1~m+Ap+mv have their

support on § for i # 0, as follows from 5.2. Therefore
H
B.8,.a, (F) =a (F) .

1
But p..p+3 = F by 7.11.

1)
(ii) H°B'G" is the restriction to X - S of H'G" , hence is zero
in degrees # j . This reduces us to the case of a closed embedding,

where our assertion follows from 7.4,

B. An exact triangle.

8.3 PROPOSITION Let 2 be a closed smooth subvariety of X and let

us denote by j and i the inclusions 2 - X and U =X - Z > X . Let

M € ccadxu Then we have a distinguished triangle
ITMTY) —— M

(1) 1]
i, (Mo

Proof. Recall that if $' is a complex of sheaves on X, then we

have an exact triangle

N4
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'

where j° is hypercohomology with support in 2. Moreover j, =3, is
. !
extension by zero and i 8§ = S°

U. In the O- category, if F' is quasi-
coherent, this can be written

. e

RT

ﬁnuﬂ
(3) (1)

\/

*
Ri i F

*

Here i is just the restriction. Let now M’ € Uvauxv. Then Ri, = i,
{5.2) and we have u+ 63 = xHH<u by 7.13. This yields (1).

C. Base change §orn Locally closed embeddings.

8.4 THEOREM Let j : C+X be the inclusion of a locally closed

smooth subvariety ¢ and assume that :lwo is smooth in Y ., Let

3 -1 . . . -
j :m C > Y be the inclusion and m' the restriction of ™ to 7 Ho.

On Ucﬁcnv we have

(1) o3 =49 onm

Proof. Assume first C to be open in X. Then =|Ho is open in Y and

j» 3 are just the restrictions, Our assertion in this case means simply
that the formation of the direct image is local on the base, which is

clear from the definitions.

Let now C be closed in X. We consider the diagram

-1 u i -~ -1
T C—> Y+——— U=1"U
{2) ! | = ™
3 w i
C——> X+— U=X-2C
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Let M* € Uvac<u and N° = =+z. . By the above:

(3) w (M oy = Aa+=.,_c =NJu.
We have by 8.3 two exact triangles ,
- . (11
(4) JATMY M o (M U) ——
on ¥ and
' [1]
(5) JATINY N o i N ) ——

on X. Applying 7, to (4), we get a second exact triangle on X:

+

[1]

- b
T e

(6) m,o0 3,30 > N T M0y ——
We have T, 0 m+ = w+ o =“ (6.4) . Together with (2), this yields
(7) T M o) = a (N o)

therefore (5) and (6) have a common edge. As a consequence the remaining
vertices are homologically isomorphic; since LI m+ = u+ o ah . (6.4)
we get

(8) 3 TIT M) = g 3 M)

By Kashiwara's theorem (7.13), we may erase j_ on both sides; this

+
yvields (1) when @ is closed.

In the general case, C is open in its closure C by assumption,
Let S=C-Cand T = 71 'S, Let further X' = X - § and Y' = ¥ - T.

We have the commutative diagram of maps:
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The base change is valid on the right square since X' is open and in

the left square since C is closed in X'. We have then

1
8.5 COROLLARY Assume that n(Y) N C is empty. Then 3° o .
This follows formally from 8.4 since in this case slwanv is
empty. One may also argue more directly : we have now m = Y henc

m=1io ", therefore

n (M) = NT =i my(MT) and mi(MT) = N“lu .

The adjunction map N° — w+Az._cv in the lower exact triangle 8.5(5)

.
is therefore an isomorphism, hence u+u.z. = 0, and therefore
1

0= 3N = w_a+z. .

€

0
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VII. COHERENT, HOLONOMIC AND REGULAR HOLONOMIC COMPLEXES

A. Borel

§ 9 COHERENT COMPLEXES

Natwithstanding our title, the first proposition is valid for
general, not necessarily coherent, cnlsomcwmm.

9.1 PROPGSITION Let X be affine, P = Hzﬁav for some N and
Y =P X X,

(i) F »+ T(F) is an exact functor on wnox_.

(ii) any F € :AGKV is generated by its cross sections.

(iii) UN is a projective generator of cnﬁ<v

Let A u‘$z+H and A* = A - {0}. Let also 2 = A x X and Z* = A* X X,
The complement of Z* in Z is the subvariety S = {0} x X. We let
J ¢ 2* > 2 be the inclusion and ¢ : Z* + P x X the natural projection.
Note that o is submersive, swnv fibre of dimension one, hence a“ is
exact (4.8) and, if M € :Acnv. the inverse image Q_z is concentrated
in degree -1 (see 4.5(8)). We denote by Ammv the coordinates on A and
also their inverse images on Z and by ww the corresponding partial
derivatives. The group C* operates by homotheties on A*, trivially on X,
whence an operation on Z*. The corresponding infinitesimal operator is
D= Mmmww.

We have in UN the rules

(1) Doa; =a; o D+ a; Do mm = ww oD - wm (i=l,...,n=N+1;

Let F ¢ tRONY Assume D integrates to an algebraic action of n» on F, e.q.
: 1
F = 1uu+a inzmraﬁnv“umﬂv. The action on I'(F) is then locally algebraic,

semisimple. As a result, T(F) is a semisimple C[D])-module, with integral
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eigenvalues and we can write:

_ K
2) T(F) = 8 G T(H*,
where
(3) rF% = (£6F|D.f = k.£} , (kex).

The relations (1) show that

k+1

) ﬁ:ax < rpXt mw.zax c T(F) (kex) .

We now prove:
(a) 1f T(AH* # 0 for some k > 0, then T(H® # 0.
In fact, if s € Hﬂwux - {0} and 3s # 0 for some i, then
0 for all i's, then k = 0. From this (a) follows

rh 200 1f 3;s
by descending induction on k.

(b) If HAﬂw* contains an element s with support not in S for some
k > 0, then ﬂﬁmvo contains an element with support not in S.

By assumption, there exists a point (a,x) (a€a* ,x€X) at which s
is not zero., Let i be such that mwgmu # 0. Then mw.m belongs to ﬁamvo
and is non-zero at (a,x).

(c) 1f supp(F) © S, then damvx # 0 implies k < = n,

By 7.11, F is the direct image of a leabmcvm G and we have by

7.10 an isomorphism

F=@ra,....2 ] "o '

As an ox|soacwm G is annihilated by the mw.m. Moreover we have

k k-1
L(9:) = = k3, “.8.. .
a, (33 k3 ij

The equality wa~mwu = 1 implies

D = 3,0 a, - n.I.
i i

Therefore if s € G, then Ds = — n.s. and we get

p(a%s) = - |a[3% - nd%s,
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which shows that 3%s belongs to the eigenvalue - n - |a]
{(d) Let M € :Anwv. Clearly

(s) MMy = Py = T(z*,0ME-11° .

1
R . 0. .
Let N i,o M[-1]1. since H J, is the sheaf theoretic direct image
(5.2}, we have

(6) anxcz.u = :N*.QNSL:.
With (5), this yields a natural isomorphism
™ regsMy = 0pe4 0 ol ot
H ’ v ﬂﬁN~I Z u ’ AZ = u+Q IHIHuvn

We now show that T(M) = 0 implies M = 0.
By (1) T(zsH'N)® = 0. It follows from (a) that T(z;HON ) = o if
k > 0 and from (b} that any element of I'(z;H°N)X ig supported by S if
k < 0. Therefore, all elements of ﬁﬁn.moz.u have support in S. But 2 is

mmmwsm. therefore xoz. is generated by its sections and we have
H'N®

.o . : Oy
Z 0. Since o°M[-1) = H'N _N». our assertion follows.

(e} We now prove (i). Let
(8) 0+ F'+F>Fr o
be an exact sequence of c&:ao&:wmm. Then
(9 0> o (F)[-1] » o' (F)[-1] » o (F")[-1] » 0

is also exact (4.8). Consider the long exact cohomology sequence ob—
tained b i j i i
Yy applying wu+ to (9). The variety 2 being affine, we still
N .

get an exact sequence if we apply I(2,.) to it. It is a long exact
sequence of semisimple €[D]-modules, therefore the O-eigenspaces of D
also form a long exact sequence. The derived functors 1wu Aouovhlwu
are supported S £ i .

po by or i #0, AomrAwwvv. By {c) the eigenvalues of D

on i i
their modules of sections are all < = n. Therefore the exact seguence

of the 0-eigenspaces reduces to the exact sequence

L o 0 !
(A0 0 > Mz 3,0 F 1) O 12,105 oF (Fy -1 9% 10z, 05 o (Fry 1-11)© = o
J4
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By (7), this shows that
(11) 0 > T(Y,F") > NY,F) > T(¥,F") >0

is exact, too.
(f) Proof of (ii). Let F' be the submodule of F generated by

T'(F). We have the exact seguence
o+F > F>F/F >0

and, by construction, I{F'} = T(F) is an isomorphism. By (i), it follows
that T(F/F') = 0, hence that F/F' = 0 (see (d)).
This proves (ii).
(g) Proof of (iii). By (ii), Qn is a generator of tﬁc<v. For
any mmiuwu. we have T(F) = mo:d<%<.3. Then (i) shows that

F Homy, Ac<.mv is exact, therefore ﬁw is projective.
b 4

9.2 wWe keep the previous notation but assume X to be reduced to
a point. We want to describe a generating set for the algebra D(P) of
global differential operators on P = Py(C).
{C) (resp. FGL

The group XL (€) operates on A (resp. P) in

n+l n+l
the usual way, whence a representation of its Lie algebra m~:+whaw.~nwmv.
ﬁmH=+HHau = mH=+H~nvv in the Lie algebra of vector fields on A (resp. mw~

which is faithful. Let § (resp. 8) be its image.

PROPOSITION . The algebra D(P) is generated by the constants and

Proof. We go back to the proof of 9.1. Now Z = A, Z* = A*, and S

is reduced to the origin. We claim that we have a natural isomorphism
* *
~ C [
(1) O¢py > Dia)~ /D)y LD

* .
where the superscript € denotes the fixed point set under the natural

* .
action of € on D(a). The differential of the latter is Q& D,01],
Cc*
dsmhmmommnwvwakummmmmww<ﬁsmn eva vmmm:mﬂmnmmmmmsmpmmvnm

by the constants and the operators mwvu (1£i,jsn+l). Those make up
g, hence D(P) is generated by C and g/C.D = g.
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1
Let N* = j,0 mei. By 9.1(7)
(2) D) = r(e,D) = zxoz._o.

Let M = ﬁ>\db.o. The left ideal generated by the Euler operator D is the
ideal of differential operators which are zero on rational functions
which are homogeneous of degree zero. Those supply local coordinates on
P.This implies easily that the natural morphism ebvomew_uwu in @b induces
an isomorphism Auw\ub.ow_b» > Q_cm_nwu. This yields a natural homomorphism
a: M> xoz.. which is an isomorphism on A*. As a consequence, kera

and cokera are concentrated at the origin, By 9.1{(c) they are sums of
eigenspaces of D corresponding to eigenvalues < -~ n., Therefore o in-
duces an isomorphism of nguo onto HAxcz.vo. i.e. onto D(P), in view

*
of (2). But the action of € on D(A) is semisimple, therefore

* * *
0 /2@ .0 = o /pm .0

and (1) follows. '

9.3 LEMMA TILet F € nosﬁaxv. There exists Y C X open dense on which
F is G&lhonmnpw free.

Proof. This is a local question. We may assume X to be affine, irre-
ducible and F to admit a global good filtration TI. The graded module
onﬂw is finitely generated over O(T*(X)), which, in turn, is finitely
generated over 0(X). By [EGA IV:6.9.2] there exists a principal open
subset Y = X_ of X such that onaw~< is free over 0(Y) = oaxvhmlwu.

[For another proof, without noetherian assumption in fact, see 2.6.3

in J. Dixmier, Enveloping algebras, North-Holland 1977.]

Since the direct sum of the ﬂ<ﬂ\ﬂ<|wﬂ is free, each 1<ﬂ\ﬁ<lwﬂ is pro-
jective. It follows then by induction on j that ﬂ<ﬂ is isomorphic to the
direct sum of the Huﬂ\aulwﬁ for i = 0,...,3, hence that F is isomorphic

to mnﬁr over ((Y); consequently it is free.

RUR

9.4 PROPOSITION Assume 7 to be projective. Then T maps Deon (P

. b
into Uoosauxv.
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Proof, The category U ﬁﬁmv being generated by oosﬁc }, we need
only consider the case Om a single degree complex, i.e. om one coherent
@nnaomcwm. The maps 7 factors into a closed embedding Y » P X X and
the projection P X X + X, where P is a projective space. For closed
embeddings, our assertion was proved in 7.11, There remains the case
of projection with fibre P. The assertion being local on X, we may

assume X to be affine, We prove first
(1) T, (Dy) = D [-d,1.

We have v Hc y@o As ), where o is the first projection
P x X~ v Am 3.1¢1)), nmmnomonm

-1 -1
a+%wv = R¥(T %xv eoc ?_m:.
[
By the (sheaf theoretic) projection formula we get

ﬁacxv = ux m E:QL (wp))

R ) = Blpiey)  (i€m)

and mwAvmsvv is equal to zero for i # aw and to € for i = Qw
[Ha;III,§5]. This proves (1) and our claim for GK. Since 0& is a
generator for nosﬁdwu (9.2), the assertion for any coherent ﬁnlsbacwo
follows by standard arguments. For the sake of completeness, we sketch
them. Let F € ocrgaxu. For any NEN, there exists a complex @° of length
N, graded by [-N,0] whose elements are finite sums of copies of U,
endowed with an augmentation Q° » F » 0, which is a h.i. from dimension
-N+1 on,By the above =+Amuu is coherent, hence belongs to Uwovnuxvu.

There is a spectral sequence abutting to ma+w. in which
P.qd _
MN

at mN. The augmentation induces a :osoaOnw:wma of the mwlnmnam which is

an isomorphism in fibre degree >-N, The base degree is contained in

= ’Pr xnn . The corresponding spectral sequence for F degenerates

[o, Nm }. If N is big enough, E_ will cm isomorphic to I.=+ﬂ. in degrees

Mwan. t:~ns includes all the non-zero x LA F.
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9.5 PROPOSITION The functor D, defines an anti-automorphism

b . , .
of UQOSchu , whose square is the identity.

Proof. Any coherent D g ~module F has a left locally free resolution,
finitely generated in mmo: dimension, hence U F is oormnosn and in

particular belongs to o (D

coo:
oo:A@xv into itself,

nu }. Since norﬁcxv generates c

coh xv.

follows that Ux maps D

For F ¢ oosﬁcxv we define a natural homomorphism

(1) s Fo mese Sosw (F,D 4, waax:.

Fix x €X. All cx|aomcwmm in sight being coherent, we have

= P

Amoscxﬂmoschm.dxﬂaxuv.ﬁxhaxugvx = Homy, xgmoacx xﬁwx.cx.xnax_va.xﬁmxuv

Let f € mx. Then cxﬂmv is the homomorphism

Hom, (F D, [d 1) >0, 4]
X, x

X X,x" X X,x X

which to A in the first term associates A(f). If mx = mx <’ then the
’

right hand side of (l) is naturally isomorphic to ux X in such a way
r
that Uy, is the identity. It follows that if F is Honmwww isomorphic to

D

locally free resolution, finitely generated in each dimension, we see

¢ then u(F) = F and p is the identity. Since any m.mwnorﬁb ) has a

that induces an i hi ¥ =
m an isomorphism F Uv%xm.. That D, oD, = Id on cno:%xg
1s now seen by using exact triangles.
A morphism ¢ : A + B{A,B ¢ cﬁcxz induces canonically a morphism

: H D D

oa@x.m.@xﬁax_v -+ mosux~>.bxﬁmxuv.
let A,B ¢ &WEAdxv and ¢ : A > B a mosphism. There are locally free
left resolutions ¥°,G° of A'and B endowed with a morphism F° - G*
sitting over g, which is a h.i. if ¢ is one. From this we get a natural

homomorphism

Dy (z) = w:osux; B mmoacx,sxa.?sx;.:.
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A . . i . 1 lution
and Ux!xAan is isomorphic to §. This proves the proposition. In the notation of 7.2, we have a locally free Koszul resolutio

ox D>.m0m Ox\dxu. twnrwrm::mmmmnmsawnmﬁrmw>~mrmmnmanmmlm.
T
The right hand side of (5) can therefore be written

9.6 PROPOSITION Let T be proper. Then there is a natural isomorphism

b b
D_on -~ £ . . )
<" > ", dD, Of functors from onosﬁaxvmo voovacxv. (6) Hom, (A'E @ em\x~cx~mx_v~
X a
The map 7 can be factored as a product of a closed embedding
Y > P X X and of a projection P x X » X, where P is a projective space. hence also
We need only consider these two cases. In each, the first point is to
exhibit an isomorphism w : D 7 (D) + (D), which is natural in - 3
. X+ Ly Py, 7 >.m,..osaecE_.
the sense that it commutes with the endomorphisms of Uw as a left T Y/X 0 XX
> . . 'y ’ I} x
cxlaoacum~ i.e. with right multiplication by a section of cw.
(a) ™ is a closed embedding. We use the notation of 7.7. We have Note that in (6) we are using the left dxlmnn:nncnm (a) of ux (cf.3.6)
i.e. the one coming from cm ] EMH. The space E* has as a basis the
0
(1) T (D,)) =D =0./0..7 0 u X
+Y XY X' 7X 0 Y/X 3.'s {1<i<d = d_ _). The differential
Y 1 == X, Y
i, -1 3 i+l _, -1 3
v Py) = Vyldyle X X
Th
erefore can be written
T, @, D) =D e D fa ] =0 o (0 @ D4 = -1 -1 -1 -1
+ = I dx, 1] @ (P.f. B w M
YUy xfx@mwm XY 5 wcx Y m?nsm\xamasxv Xy W@ uy (p.£, xv
Y Y
- We have
3 =7 r 1 =
(3) /O’ m Yy x u o, m w4,
Y Y Y 0
yr NN = vy,
x\cxu m (wy m oww 0,07 m w la 1, . . o
Y X X as follows from 7,1({6). Therefore, in the top dimension, which is
ax~< = mx = - mw. we have the exact sequence of left leaomcumm“
where D /D J is viewed as a 0_-module via the action of 0_ < U. on the
o * o 270wt L0070 Wt
: 0 > 2w -+ aQ w -+ e w
right. On the other hand, (1) yields . X' X Xy X LS S S
X X X
4 x (D = . o) . : . < <
(4) Ux +A <v mmoswxaﬁx\dxu [ ] E&\x~mxnmxuv. which provides p. Standard arguments using Koszul complexes show it does
not depend on the choice of local coordinates ﬁxwv (i=l,...,n}. If Y
We have therefore to exhibit a natural isomorphism is given by Xy = 0 (j>m), then u commutes with right multiplication by
3, (ism) and by £ € cm. (since f extends to an element of oxv. Thus 1§
(5) wmosw adx\dxu M E&\x.wxﬁax_v > cx\dxu Y Emwnmﬁu. commutes with ux on the right. Both sides are single degree complexes
X 0
Y X
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concentrated in degree - am
From this we see that if S is a locally free owlaomcwm. then p

extends to an isomorphism

(8) u <+ % m Sy 3 sUw%m mwv

and again, both sides are concentrated in degree - Qm. Now every bounded
coherent complex F° admits a left resolution G by such um|aomcwmm~

which is bounded above. We have
" . .. .
(9) de + F @x .=+0 E ._wcwm = d+UmQ

Moreover, a spectral sequence argument (9.6.1 below) yields

o1 i+dy
(10) oy +o ) Uxfo

®w+aw (iex) s

u
A
-]

o1
(11) adhﬂwm )

These isomorphisms, combined with (8), provide the sought for iso-

morphism.
(b} n is the projection ¥ = P X X -+ X, where P = %zAau for some n.

Again, we consider first o&. We have

D, (D) = Ta_

T, @, (0)) = RF(D, @ D, wy :Tm 1.

We use on @M ® w.l the emlmnn:nncnm defined by left multiplication.

Y
Therefore

m, Oy Oy} = RT Dy 8 vy ) 1-dy 1.

Y
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But
.-l -1 “1_ -1 -1, -1-1
Dgey = v Dp@r Dy, and Ty =0 w8 x !
] T
therefore
-1 -1 -1-1 . -1 -1, -
? Qo, =17 (D)Yenr w. a@aoc 0 a1 (D 1
Xy 3 Yy X X =7 "(0y) @0 "0,
0, 0 ¢ ¥ X e P

By the projection formula
T, ®,(0,)) = (D, @ R, (o~ 10 1) =4,
+0Yy X * P b o
. i -1
Since R'7, (0 omv =gt (»,0 plr it is 0 for i # 0 and = € for i = 0.
Therefore
12 =D [~
(12) :+acwﬁewuw cxH mwu.
On the other hand, by 9.4(1), =+%t = cham? hence

(13) Dy (m (D)) = gosm (0, -a,1, e ta,n = u [-9,-d,) = D [-d,].

(12) and (13) yield u and show that the two complexes are concen-
trated in a single degree, namely mw. We have to check that this iso-
morphism commutes with the right multiplication by a section of v&

We have
Iy,Dy) = D(Y) = D(p) @ D(x)
T

The commutation with D(X) is clear. By 9.2, D(P) is generated by the
constants and a Lie algebra g of vector fields isomorphic to 4£. L(O -
n+
The proof of 9.4(1) and the above argument show that g mnnm on
Ac ) (resp. :.Uwgc&vg by the natural representation on H° (p,0 pl(resp.
x av.ewvv. Both spaces are one-dimensional and g 1is semisimple. There=

fore these representations are trivial, hence D(P) acts trivially.
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Let us call elementary a 6<|soacwm of the form em ® H, where
C
H is a locally free qusom:wm. Then we also get an isomorphism

(14) Ux:+® + =Lomo. if G is elementary.

We now claim that any coherent culsomcwm F is a quotient of an
elementary one. Indeed, consider H = n (F), viewed as a exngbmcwm in the

obvious way. Then, by 9.1, the natural morphism @m ® H+ F is surjective.
C
Since H is a quotient of a direct sum of locally free modules, F is a

quotient of a direct sum of elementary modules. By coherence, it is
already the quotient of a finite such sum, hence of an elementary module.
As a consequence, a coherent annosbwmx F* admits a bounded above resol-
ution by a complex C° of elementary eﬂlsomcwmm. Now, we can conclude as

in (a). We have

(15) Uxfm. quﬁ.a. ﬁdnw. u .=+Umn.

and by 9.6.1
o i i-d i i=-d
{16} Bxfo ) |Uxa+n Y 3..%«0 Yo = =+U<o Y,

which, together with (14), prove 9.6 for projections.
There remains to prove (10),(1l),(15) and (16). They follow from
the following proposition :

9.6.1 PROPOSITION Let A and B be abelian categories, F : A > B
a functor which is either left r right) exact and DF : DA->DB
its derived functor. Let R be a class of elements in A with the follow-
ing property: there exists a integer 4 such that for any C € R,D (C)
is a single degree complex S[d] concentrated in degree —d. Let C” be
a complex in A , consisting of elements of R , with degrees bounded
adove. Then DF(C') is represented by the complex B" = ﬁmmﬁm_u ’

where wu = DF(CY) (iex).

Proof. To compute DF(C") we choose a resolution of C° by a double

- .. id
complex M*" = (M*?) consisting of F-acyclic objects. Then N°° = (F(M S}
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is a double complex and the corresponding total complex T(N"°) rep-

it o M1y, endowea

with the second differential, represents cmAOHv. By assumption

resents DF(C"). For each column i, the complex M

B' for j = -4

0 for j # -4 .
From this, we shall deduce that T(N"") is h.i. to B"[d], which will

prove the proposition. By shifting, we are reduced to the case where

d = 0. Consider the truncated complex aWbaz..u defined by

0 JAf § <0
eyt 2 | w0 xtLie 5 = 0
N-d JAf § >0

This is a double complex, endowed with a morphism a : N°* > aanz..w.
which is a h.i. in each column, Therefore o provides a h.i. of the
underlying total complexes. We are now reduced to the case where

N = 0 for j < 0. We then use the truncation

—
~
[ 8
rn
-
]
o

The natural morphism AAoAz..v > N°° is again a h.i.. DF{C") is now
represented by a double complex N°° such that N3 = 0 for j #0, in

which case our assertion is obvious.

9.6.2 The factorization of T used in 9.6 is not unique. To be
complete, one should prove that the isomorphism Ux om, > L OHUK
obtained by composition does not depend on the factorization.Since this
is not really needed in the sequel, we shall content ourselves with
giving some indications on how to proceed to carry out such a check,
without supplying all details,somewhat in the form of an exercise with
hints,

If m is either a closed embedding or a projection P x X -+ X, we

let uo be the isomorphism Ux © m, > 7 oD, constructed in 9.6,
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If mT=To 0, where 6 : Y>> Z and T :.2 + X are each of one of these

two types, we let LI be the composition
r

Uxo=+quo4+oa+.r.ﬁ+oUNoq+.v.q+oa+oUnn.a+oU<
obtained from 9.6 and 6.4.

{(a) We first remark that 9.1 remains valid if Y is a product of an
affine variety U by k projective spaces. 9.1 is the case k = 1 and
the proof proceeds from there by induction on k. Let P be one of the
projective factors and let us now denote by X the product of the others
by U. In the proof of 9.1, steps (a),(b) and (¢) are valid for any X.
The assumption X affine was used to be sure that : in (d), a nulsoacpo
is generated by its cross sections and, in (e), the functor TI(2,.) is
exact. But Z is now a product of k - 1 projective spaces by the affine
variety >:+H x U, and we may use induction assumption.

(b) We shall use the following lemma:

LEMMA Assume that w Is either a closed embedding or a projection
with fibre P. Let RC :Qu«v be a class of objects such that m,DyBem,
=m5w map any F € R into a single degree complex, concentrated in a degree
independent of F. Let C° be a complex consisting of elements in R. Then
the morphism :qﬁn.vmbx:+n. > :msxa. is completely determined by the

morphisms ==A0wu.

This is proved by the spectral sequence argument of 9.6.1.

{c}) Let m =T o 0, where 0 : Y>> 2Z and 1 : Z > X are closed
embeddings. We claim that Wy = :A.Q. By (b), it suffices to prove this
for a locally free ﬁ&laoacwm F. Since dh@&ﬂ is a module, it suffices
to check this locally, i.e. we may assume that F = cg and that X is
affine, with coordinates Axwv (15isn), such that Z (resp. Y) is given
by xu = 0 with j > k (resp. j > m). In this case, it is a direct
computation,

(d) Let ww.m~ be projective spaces and T : Y = wH x ww x X » X
the natural projection. It has two obvious factorizations in pro-
jections with fibres a projective space

9 Py 9, Py

Klﬁwaxllva:Qlewxxlx

One has to prove that u « This is first checked on 6&

=u
Py eqy qy:Py
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and then follows for elementary dxnaomcwmm‘ defined as in 9.6(b). But,
as there, (a) shows that any bounded complex of cwlaonswmm admits a
resolution by bounded above complex of elementary c<nso&sHmm and we
can again use (b).

(e) Let 7 be a closed embedding and Y W PX¥®x be a factorization
.- Using (b), we reduce this to

u
Ps1
the case of a locally free e&uaoaswm F. Then Ux=+m is a single degree

of m. We want to prove that :d =

complex, therefore it suffices to check the equality locally. As a

consequence, we may assume Y,X to be affine and F = c&. Any two isomor-

phisms Bx +ﬂ 7 Bmﬂ differ by an automorphism 8 of Dy, F. Since
F= A: D VAHuﬂ mv~ the automorphism g is given by an mcnosonvswms a
of F. asm Hwnwmn is the right multiplication by a section of D(y),
also denoteda. Since both c and y b.i commute with the right action
of D(Y) on F, the w:woso«vSme @ also commutes with D(Y), hence lies
in the om:nmn of D(Y), i.e. it is a constant. Therefore : = o.:b.w
with o € n - Now we should check that our isomorphisms are normalized

in such a way that o = 1. It suffices to show that for the module » ﬁnu~

where w% t y > Y is the inclusion of a point. Using (c), we are nmm:nma

to the case where Y and X are points.

zosaxuows& Qx m cx nn.Hno.mAmv ' Hmmmmwsmnvwwmmnﬁwmwwso~
by means omwxomncw resolutions, bw.p+Aeﬁx~v and H+A@ﬁxvv to
cm\wmu [*] wp s where J is the ideal of x. On the other hand, 9.4(1) is

proved by first setting up a natural isomorphism

| o | " o - =
P, (B, 0)) =D, 8 (®,0) (-] = W (P,0)[-a]  (d=q)

and the construction in 9.6(b) gives first an isomorphism

_ d
@+A®vv = cﬁxv Mm Am-emv

whence
nm *
Dty (P, 00 = HO (P, ).

Now duality on P mﬂo<p&mm an prEON@Sme m Aw.a ) ~ € and a perfect
pairing of #(p,0 p) and nd (Prw) to o (Brwpy) _mm" III, §7]. The task
is then to make sure that the no:mnnsnnposm of 9.6 are compatible with

those. We omit the details.
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(f) Let now

i, P.
Yy - By X —3» X (3=1,2)

be two factorizations of m, where wu is a closed embedding, Mu a pro-
jective space and wu the second projection (j=1,2). Our claim is that

= . Consider the diagram of morphisms
tvw.av cam~v~ g P

x X

where i is obtained from 7 and the mapping Y - mu provided by wU and

q. is the natural projection (j=1,2). It is commutative. By ()
J
M. =y . and y, =y .. By (d) u =y . Our assertion
et 2 %t Pyrdy Py
now follows by simple diagram chasing.

9.7 PROPOSITION Let F" € ono:%xv and G" € D° % ) Then

L L
(1) xm Txm. M Q.H = §oaox%..o.v 4,1.
X

Proof. For F € nosﬂvxu. let us define DF by

(2) DF = Hom, :..\@x, fa,l.
K

Therefore D is the right derived functor of F » DF. Given F,G € novﬁexu

we first define a natural morphism

(3) o : 8 Tmoou + Hom, (F,G) [-d,]
Wy D, o, acx X
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which is an isomorphism if F = @x. We have
r -1
(4) wy m T_n M & =y m moacx%.ux ® u, [d,]) 8 G.
X X X
Since F is coherent,
(5) Acmvx = zoavx xﬁﬂ cx L L8]

We define a homomorphism B of the left-hand side of (4) into

r -1
(6) mosc (F, y c Bx w w,) @ m_mx:
X

by assigning to

w® A8y Aensx.x~>mﬁ5mvx‘tmoxv

the element ¢ of the stalk at x of (6) defined by

w,A,u

¢ (f) = » ® A(f) & (£€F) .

W A u

Note that the u of :oaﬁ acts on @ﬂ ® w.l via the e -structure (a) of

X
3.6, defined v< using ﬂvo right ﬁ |50chm structure om @ while the
dx under ® acts via structure AUV. They commute. evmﬂmmonm the sheaf

(6) is equal to

(7) Homy, Am‘o M Qﬁm 1) = Hom, Am~0v_mxus
X X

This yields «. If F = @x. then both sides of (3) are equal to G.
Given now F',G° as in the proposition, we replace them by bounded
locally projective left resolutions V..D.. where we assume moreover
P° to be locally free from an (arbitrarily) low degree on. Then
provides a homomorphism of the complexes defining the two sides of

(1), which is a h.i. from that degree on, and the proposition follows.

9.8 COROLLARY Let p be the projection of X to a point. Then

L
() p, @, F" € G°) = Riom” (F",67)1a 0.

v
0y D va
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In fact, it follows from the definitions that

(2 Wy = Obn#x !

therefore the module of global mmnnw%:m of the right-hand side of 3.7(1)

is the direct image under p of HWm. e G°.

OX

9.9 LEMMA We have a natural isomorphism

L \ L b b
1) = (FFe »(G)) =nnF & G4, .l (F'€p " (D_),G€p (D)) .
+ + Y.X Y X
o« cx

]
Proof. Using the definition of LN and 1°, we can write the left-

hand side of (1) as

L L 1 L L -1 3

RE(D, & F e 0 @ m 6 lay ) =rED, 8 F o8 TG :nu_..“
D 0 -1 . D -1
Y Y " Qx Y m Qx

By the sheaf theoretic projection formula, (cf. 6.2) this is equal to

H. r b
(R#t (D ® F)e G, ,J=nF © Gila _].
XY g 0 Y, X Y0 Y, X

Y X X
9.10 PROPOSITION Let m be proper. Then

b

A@<V~O.mcoow

A@xvv.

Riomy, (F*,1'G") = Riom) (v, F*,G") %.mcwo:
Y X

Proof. Let 1 be the projection of X to a point. Then 1T ¢ 7 is the

projection of Y to a point. By 9.8, we have

L
Riom (F 6y = :::+8<m. @ ﬁ_e.:&t.
Y 0
Y
Using the equality Aaouv+ =T, em, (see 6.4), 9.9 and then 9.6, we
get
] L L
wmosw (F*,n°G") = a+ﬂsh6<ﬂ. ® m.v_lax_ = A+°Ux:+m. M Q.vhlﬂxu.
Y 0
X X

But the last texm is equal to xtoaw Aa+m.~®.v by 9.8, and the proposition ﬂ
X

follows.
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9.11 We define on holonomic complexes

(1) T =D _omw oD m,. =D, ot oD

+
m  (resp. m ) extends to coherent complexes if 7 is smooth (resp. proper).

b b
9.12 THEOREM Let w be proper. Then, OH ooovﬁemv and onovaﬂxv”

tmum<m:u v, m:mmumm:znnou m, (resp. n ) is left adjoint to m

!
(resp. =+\.

Proof. The first assertion follows from 9.5 and 9.6. Then 9.10

]
means that 7 is left adjoint to 7 . Since duality is an anti-
involution (9.5), it follows then formally that =+ is left adjoint

L
to +

9.13 PROPOSITION. Let m be smooth. Then there is a natural iso-

morphism of functors on UWO?«GML.

I 1
(1) Dy o m =7 «D,l-2q, 1.

Proof. We have to show the existence of a natural isomorphism

Acxvv.

Rifoms, Q_m..wiaﬂ: - ,__Easw (F,Dy1a,0) [-2d, ] %.mcwos
Y X '

(2)
We may assume F° to consist of coherent Qxlsoncwmm {(2.11) hence to
admit a locally free coherent left resolution. Moreover, =_ is exact

(4.8). This reduces us to showing the existence of a natural isomorphism

. ! 1 ~ 1 . ~
(3) W o m:ose«? cx.qiam: + T §oéx€x.exax_:|~mm.x_.

If 7 is an étale covering, dm@x = c< and :lwex = em. so that our
assertion is obvious. The morphism 7 is open and is locally the product
of an étale covering and of a projection. This reduces us to the case
where Y = 2 x X and 7 is the second projection. Let ¢ : Y + Z be the
first projection.

Recall that D, = Dy M ewp is a double left D -module and the

X
uxlgoaswm structure involved in taking mhoaw is structure (a) of 3.6.
X

Therefore
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. 3 _ T -1
(4) RHom, AGX~Gx—mxu = Gx & wy ﬁaxu‘
X 0
X
where the cxlmdﬁcnncnm on the right-hand side is the obvious one,

defined by the left multiplication on the first factor. We have

! -1 _ 0 -1 )
(5) (0,8 w o (d)) =1 @D 8 w [4DId, )
Gx cx

therefore the right-hand side RHS of (3) is given by

(6) RS = 100, 8 w.l)(d,].

1y _ 0 _ _ .
The equalities = @x =T 6x~a<~x_ and d, - 4 d, give

Y, X

7 Ritomy, (n'0,,D 1a,1) = Riomy (1°D,,D,) 19,1
Y Y

By 4.5(7)

(8) aoum = o|H0N 8 aIHQx.

T

ON has the locally free left resolution >.®N ® QN. where A" is given

0

the degree -i (2.7), hence 2

(9 Aoty e oD

is a locally free resolution of alon ) over QIHuN. We have
) JEP ) ® D, is a locally free
Y 2 T c Y

dxlnmmoH:nwos of =oux. Let ANMV (1<i QNV vmwoannOOHaw:mﬁmmw:N.

-1
Let E be the vector space spanned by the ¢ nw\wuwv. Its dual space

E* is spanned by the QnHAauwv. We can write (9) as A'E ® m&. Therefore
i

, therefore >.Q|Hﬂo

Z
X 2
<

the left-hand side LHS of (3) is given by

Apovrmmnmoawﬁ>.me@<,m<vﬁa‘_umosmﬂ>.m,moge A@K.wxv_mx_v.
Y T Y

The remarks leading to (4) are also valid for ux. therefore
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. -1
(11) LHS = *
AE s@«@ wy (4, ],
T
Y
where now A'E* has degree i. Using the standard tensor product
decompositions of cm and EMH‘ we can write this as
. -1 -1 - - -1 -
(12) S =AE*80 D, ® o lulen D e nlulla.l.
Z Z X X X
T -1 T -1
o 0 m 0
2 X
It follows from 3.5 that AE* ® QlwﬂmﬁmN_ is a free olchlﬂmmOchHo:
T
|uv ., -
of ¢ EN (in the category of right ¢ weNnaoacwmmv. The augmentation

. -1
. *
o : AE* ® ¢ eN_mN_ > w,

is a homology isomorphism. It yields a h.i.:

B : LHS > ¢ w, ® qnpslp ® =|HA6 ® Elwv_m -d.].
Z X X X 2
1o [ 0

z X

The right-hand side can be written:

-1 -1 -1 _ 0 -1
] QN m ﬂux m w, ) [dg-d ] = 7 ﬂcx m wy ) ldy-d,)
X X

whence a h.i.

. 0 -1

13 . -

(13) 8 : LHS > 1 Acx M wy u_mx &w
X

.x_.
Combined with (6), this provides the sought for h.i. p of (3).

9.14 COROLLARY If 1 is smooth, then 7@ = 7' (-24. ] on D° . (D).
Y,X coh
+ ]

In fact, 1 =D, o 1 o bx by definition and D, « D, = Id on

cwc < x x
003A xv by 9.5.
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§ 10 HOLONOMIC COMPLEXES
!
10.1 THEOREM Holonomicity is preserved under ™ , T, and Ux.
proof. (i) Preservation under duality has already been establishe
(3.7.

(ii) Preservation under direct images. We distinguish

several cases:
(a) 7 is a closed embedding. In this case, our assertion follows
from 7.13. More precisely and more strongly, 7.13 shows that if
M® € UUAG<-. then M" is holonomic if and only if =+:. is rowﬂzoawo.
(b) ¥ = >5. X = S: (m>n) and T is the projection of A" onto a
direct factor b:. This case was handled in V,3.5.2.

N M
(c) Assume Y and X are affine. Let Y m A and X h¢ A be closed

embeddings. Consider the diagram

T X

Y
h a
FcY xX Y
g x ¥

az x bz s . 5:

b
N " { . e
where o is the graph mapping : y F> (y,m(y)) (y€Y). Let M" € o, ,ct W

. b . . . nt to
have to show that a+Az )y € U:onu. By (a) this is equivale

. b
<+:+z € Uzﬁﬁbzrm:n. by 6.4,
Y,om, = §, 0 (Bxy) oo .

R . . . £
The mappings o« and B Xy are closed embeddings and § is the projection ©

an affine space onto a factor. The associated direct image functors

preserve holonomicity by (a) and (b).
zZ x X > X. Let ﬁwamH be a finite

(d) ™ is a projection ¥ =
&ech complex

i the
affine open cover of Z. We want to compute =+>ﬁ using

al sequence.
associated to the cover Awaxv of ¥ and a spectr nm cs xx
an:...DNw and Y, = 2,

1 S

For J = Aww.....wmv < 1, let NQ
There exists a spectral sequence

Let T pe the restriction of 7 to nu.

i i i ich associates
abutting to a+z in which E, is the Cech complex whic
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x.=Q.+Az._Kuv to Y , with the differential defined by the restrictions.

By {c¢) the qusu +Az._&u-v are holonomic, hence E; is holonomic. m M*
] 1 +

is then also holonomic (1.13).

(e} That T, Ppreserves holonomicity now follows from (b) and (d),

applied to the canonical factorisation of m,
(iii) Preservation under inverse images. Let M* € Uwﬁﬁxv. We have
1
to show that n'M*° € cn%&.

(f) By 4.4, 4.5, this is true if 7 is the inclusion of an open

set or a projection.
{g) Let 7 be a closed embedding and i : U= X - ¥ + X the in-

clusion of the complement of Y. We have an exact triangle (B.3):

Doy (1] '
MY > M My Ty

3 : - . > M
By (ii) and (f), u+ﬁz _cv is holonomic. Therefore =+:.=. is holonomic

1
(1.12), but then #°M° is holonomic by (a).

10.2 THEOREM On U”_exv and omﬁﬁmu. m&msoxﬁbum5=_ﬂnmmw. d+u

is left adjoint to n' (resp. =+v. There exists a natural morphism
LI | of functors from ancmv to Uwﬂcxv which is

! +
b b

an isomorphism ex [ t
D tending to ooo: coh

AQ<_ , D Aﬁx_ if ™ is proper.

Any morphism can be factored into proper maps and an open embed~

ding. In view of 9.6, 9.12, there remains to consider the case of an
: I s H H
open embedding, Then 7' is the restriction and U( on” =1"o Ux follows
C e + :
from the definition, whence m = 7°, Also, =+ is the usual direct image,

+. ..
therefore n is left adjoint to L It follows formally, using 9.11, that

.
m, is left adjoint to 7', Let F° € U”AQ&V. Then

+ . + . + . .
" =uaﬂ y= UN.=+.HVK:,. ) HUN..: -d+,U<:.. y = F

. +
since ¥ o m,= Id, for an open embedding and UK (o) UMN = Id., whence the
existence of a natural morphism n, (F") » =+Aﬁ.v. or, equivalently, of a

: b b
natural morphismDy, o m > T, © D, of functors from Uvﬂcww to osAva.
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10.3 Let ™ be a locally closed embedding. We define a map
LI :oHAQMV +.50Hacxu by

™, (F) = HanoAa“ﬂmvv > :oAa+Amvv, (Fenol () .

If 7 is affine, in particular if Y is affine, then L is exact
(8.1), hence so is T, on SOHAdnv. In that case we have therefore

n,, (F) = In(n () > 7 (F).

10.4 PROPOSITION (i) Let M € oo:.mxv. Then M is oxunowmnman if
and only if SS(M) C X.
(ii) Zet M € sowﬂoxv . ¢mm Y be the smooth part
of supp(M) and i : Y ~ X the inclusion. Then i'M is a 0-coherent
connection on a dense Zariski-open subset of Y. The module M is

(O-coherent on a Zariski open dense subset U of X,

Proof.
(i) This is a local assertion. We may assume X to be affine.
Choose a good filtration on M and consider the gr D(X)-module gr M.
Clearly M is O(X)-coherent if and only if gr M is ((X)-coherent
and the latter condition is equivalent to gr M being annihilated by

some power of the ideal

J = M mﬁwcnxv‘
1>0
a condition which, in turn, is equivalent to SS{M) C X.

(ii) We may assume X to be irreducible. It suffices to prove
the first assertion for each irreducible component of Y. We may
therefore also assume Y to be irreducible.

Let N = i'M. It is holonomic (10.1). Let o : T Y » Y be the
canonical projection. It maps every irreducible component 2 of SSN
onto a closed algebraic set. This is clear if 2z €Y (viewed, as
usual, as the zero-section of anu“ if not, since it is conical (see
1.9(6)), the restriction of o to 2 can be factored through the
projection on Y of the projective cotangent bundle, which is proper.
The irreducible components of SSN have dimension 3 mx. since N is

holonomic. Let W be the union of the o¢(2) of dimension < QK. Then
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the characteristic variety of z_n<lsv is contained in Y -W.
Therefore N is O-coherent on Y - W by (i), and is a connection by
1.7.

This also proves the last assertion if Y is dense in X. If
not, then supp M is contained in a proper subvariety and M is zero

on its complement.

10.5 PROPOSITION Let i : Y » X be an affine locally closed
embedding and E an irreducible holonomic cm'aamcpm. Then
(1) w+m and wum are holonomic.
(ii) wm+m is the unique irreducible submodule of w+m (resp.
quotient of i E).
(iii) wmh any open affine V C X, either M+m_< =0 or H_+m_<

is the only irreducible submodule of H+m_<.

The first assertion follows from 10.1. In particular w+m and
H.m have finite length (1.10), hence w+m has an irreducible submodule,
say F. Its support is contained in ¥. In the present case w+m reduces

to H°iE, which is just the usual direct image of D, @ E see (5.2).
?
Y

Therefore no section of w+m has a support entirely outside Y. As a

! A |
noammncmsnm.vmxo.wwnvmmxmonammmomvos :maﬁxyv (see

t 1 t
m-pa»»wvv.smsm<m».mnn H.w+m =E, hence i F=E, since E is

irreducible. It also shows then that

(]
(=}

»_Hp+ﬁmv\mv - w_w+mxw_m - E/E

i.e. mcwwAw+m\ﬂvnH Y - Y. Since no non-zero submodule of w+m is

supported in Y - Y, this implies that F is the unique irreducible

submodule of w+m. In particulaxr FC H = H~+m. Oo:mwamn:OSnzmmxmon

sequence
O+ F»H> H/F»o0.

By the above, Supp(H/F) €Y - Y. Going over to the duals, we see that
Bxﬁt\ﬂv < Bxazv. On the other hand, the surjection Bx.w+.uuxm + H> 0
also shows, by duality, that auxx [on H+H0xm. It follows that Bxﬁt\mvn

H+ucxm. Since the support of H/F is contained in Y - Y. This yields

a contradiction, unless H/F = 0, Thus F = H. 1In the same way,
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Mlu =1 (N) >4 (&)
me is the unique irreducible submodule of u..+uuxm. hence F is _ (Y+U)+ (Y=U) +
the unique irreducible quotient of m+m. This proves (ii).
. . gives rise to a morphism
(iii) We let # = H.+m and denote by j the inclusion V + X.

If Y = X, our assertion amounts to saying that if H is an irreducible

My . . Mo (1 pei, ) (E) =1 (B).
holonomic uxlsoazwm then j'H is irreducible or zero. We prove this UsX "YU+ +

first.

1 . . ) ] By 10.5, M =i (E). This also implies that N is equal to E and
Suppose j H 1is not zero and not irreducible. There exists then

1 is irreducible.
Fe :Aﬁcv and a non-zero morphism o : j H + F with non-zero kernel.

From this we get a non-zero morphism a' : H » u+m. We have wmna_< =

o | (ii) We saw in the proof of 10.5 (iii) that if H is an
kera # 0, therefore kera' # 0, contradicting the fact that H is

. ‘ irreducible holonomic D, -module, then the restriction of H to any
irreducible. X

affine open subset is either O or irreducible. Therefore, if M i
We now prove (iii) in general. We assume that w+nmv_< #¥ 0, . s

) ] a direct sum of irreducible submodules, then so is its restriction to
otherwise there is nothing to prove. If A CB are two smooth locally

any affine open subset,

closed subvarieties of X, we denote by wﬁ the direct image
A*B)+ Assume now conversely that there is a finite open affine cover
from A to B. We have the equality
nxuvumH of X such that z_xu is completely reducible for every j€& I.
We want to prove that M is completely reducible. Let i.
i (Br|v=i (E|xav). p p Y j be the
(Y+X)+ (YAvav) + inclusion of xu into X. We can write :_xu = Qu zuw with z.r
]

holonomic, irreducible, and have a natural map
(Note that Y is affinely embedded by assumption, hence Y 1V is

affine, and we are reduced to the usual direct image (8.1). Therefore

z. s M>e i, (N.) (J€I).
E|Y NV # 0. It is then irreducible by our initial remark, hence the J k 7i+" jk J

right-hand side contains a unique irreducible submodule by (ii). But

2 Let H. = be the unique irreducible submodule of i. (N..) (5,ke€I)
H|v # 0 since wcwbﬁu+m\1gnu ¥-¥, hence f|V is irreducible for the jk SR ) SR !

(10.5(ii)). It follows from 10.5(iii) that for any % € I, the
(E|Yav).

same reason and we get the equality H|v = 1 yavey) +1

1
qu_cs are the unique irreducible submodules of i Awwzv. Since

10.6 THEOREM Let M be a holonomic . —module. z_c» is completely reducible, we see that nuﬁzv_c“+ is contained in
X ® H. |u  for any % €I, hence

(i) Assume M to be irreducible. Then there exists a locally k'L

closed smooth affine subvariety Y of X and an irreducible «Qxlnoamhmany

connection € on Y such that M = wu+m. nuﬁzv ce :ux (JE1) .
(ii) M is completely reducible if and only if it is locally

completely reducible. But the direct sum of the nu defines an embedding of M into the direct

sum of the wu+AZuru. Its image is then contained in the direct sum of

Proof. (i) Let Y be an irreducible open smooth subset of the qu~ hence is completely reducible.

Supp M and i : Y + X the inclusion. Replacing Y by an open subset,

we may assume that N is O-coherent (10.4) and Y is affine. Let U

. b
be an open affine subset of X whose intersection with Supp M is Y. 10.7 PROPOSITION Let F° € p deg. Then the two following con-
Then N = wmﬁz_cv and, by Kashiwara's theorem (7.11), M|u = waxocv+~zv. ditions are eguivalent:
In particular N # 0. (i) F* is holonomic.

Let E be an irreducible quotient of N, Then the non-zero morphism
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1
(ii)H'F* is coherent and for every x € X, 1.wWﬂ. is finite dimen-

sional, where i_ is the inclusion of x in X.
x

Proof. (i)=> (ii). H'F" being rowo:oamn. is coherent. Since MM
preserves holonomicity (10.1), the modules :uwwﬁ. are therefore co-
herent over ﬁﬁxvm €, hence are finite dimensional vector spaces.

{(ii) = (i) Let S be the support of F°. The proof is by induction
on dim S. If dim S = 0, then we have F° = m+w+m. by 7.13, and our

assertion follows from 7.13. Assume now dim S > 0. There ‘exists Y C S,
1

i
Y-X

lemnmm cohomology (9.3). We claim that H'G® is cwloowmnmaw.
. 1 1]
i =it F therefore H'i® G* is finite
We have ~<+&o p<+x Awmxv. Y
dimensional. The complex G° is wm+w|mn<nwmo. therefore

smooth, open affine and dense, on which G = F* has locally

(1 it 6 =i

and m.w“+Ko. wmmmwnmonchOmnovwmmom wwao&v u Q&.w .wsncavmn
equal to the rank of H'G® in a neighbourhood of y. Since the left-hand
side of (1) is finite dimensional, this proves our assertion. As a con-
sequence, G° is a Qxloovmmmsn integrable connection, hence is holonomic
and then so it w+m. = M+M.m. , where i now stands for the inclusion
Y » X.

Consider the natural morphism u : F° > w+w_ﬂ. and let A® be the
cone over it. We have just seen that w+Wum. is holonomic. It suffices
therefore to show that A" is holonomic. The long exact cchomology se-

quence associated to the exact triangle

(2) o+m.+w+p.m.+>.+...

.
shows that H'A® is coherent. Let x € X. By applying ww to (2), we get

an exact triangle, whence again a long exact cohomology sequence. There

: 1 ]

m.mwm. is finite dimensional by assumption and m.wwﬁ.+w F*) is finite
]

dimensional by (i). Therefore x.ww>. is finite dimensional. The in-

duction assumption then implies that A" is holonomic.

10.8 Addendum to 10.6. D. Milicic has pointed out to me that
10.6(ii) is in fact valid for coherent lesomswmm. We outline his

argument, assuming, as we may, that X 1is irreducible.
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(a) Let F € tﬂoxv. Given an open subset U of X and a sub-
module G of F|u we let G be the canonical extension in F of G,
By definition, for V open in x.ﬁn<.@v is the set of sections
s € T'(V,F) such that m_c NV €r{(Wv,F). This is the largest subsheaf
of F whose restriction to U is G. It is obviously a ﬂxvmcvaomch
of F. By [EGA: I, 6.9.2], it is quasi-coherent over ox. hence
G € thcxv. As a consequence, if F is irreducible, then F|U is
either irreducible or zero. This also implies that any @xuscmcwm of
finite length is coherent and that if F is completely reducible,
then its restriction to any open subset is completely reducible, too.

(b) Let il = rwmu cu be a finite open cover of X and F € cﬁcxv
such that m_cu. has finite length (i€I). Then F has finite length.
In fact, being coherent (by (a)), it has a composition series mw
nwmo.moumv such that mw\mw+w is irreducible. The restriction of
this series to U. is stationary for all j € J, hence the series

J
itself is stationary.

{c) Assume now that F ﬂ.:hﬁxv is such that ﬂ_Cu is irreducible
for all j's. We claim that F is a direct sum of finitely many
irreducible submodules with disjoint supports. By (b), F has finite
length, hence is coherent, and therefore has closed support (1.10).

We now argue by induction on the length &(F) of F: If &(F) #1,
let G be a non-trivial submodule of F. For x € Supp(F), we have

an exact sequence
0+G +F + (F/G) =+ 0.
X X X

Since x lies in some c_..~ the fibre Wx is irreducible, therefore

mwnvmm Qx u mx on mx uo“vm:ammcnvmwmnvmmwmuowsncswon
of Supp G and supp (F/G).

(d) We can now prove that if m_Cu is completely reducible for
all j's, then F is completely reducible. We use induction on &(F).
Let G be a maximal cxlmcUBOQSHm of F. By induction, it is completely
reducible. If the supports of G and F/G are disjoint, then F is
the direct sum of G and F/G, hence is completely reducible. If
not, choose Jj such that Q_cU and Am\mu_cu are non-zero. By our
assumption, m_cU is the direct sum of nm\mv_cu and of some
irreducible submodule M. The canonical extension M of M (see
(a)) is # F, hence is completely reducible by induction assumption.

Moreover, G + R is a cximcvsomcwm containing G and different from
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G, hence equal to F. Therefore F is a quotient of the completely

reducible uxlsoacwm Ge :‘ and is completely reducible, too.

Remark. We recall that irreducible @xlsoachm are not necessarily

holonomic, as shown by J. T. Stafford (see p. 204).
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§ 11 REGULAR HOLONOMIC COMPLEXES

11.0 We shall soon have to shift between algebraic and analytic
objects in the usual way, as was already done in IV, and we collect
here some of the standard notation and facts. However to simplify the
typography, we shall use the superscript "a" rather than "an" to refer
to analytic objects or maps.

Let M be a smooth algebraic variety. As usual, we let M® be the
underlying complex analytic manifold and ozm its structural sheaf. If
oZm is the sheaf of germs of holomorphic vector fields, then
@Zm = sz M ®z . The ring of sheaf of germs of holomorphic differential

M
operators czm is the sheaf of germs of operators on QZm generated by

ozm w:mo:m.ﬁmrw<o GZm n cxm m 03 .Hmmpm Q:laomcwm‘ n:m:
M
Fa = QZm aF isa Dya-module. The map F#+ F2 induces a functor
0
M
b b
D %=, + D %z&.
If 6 : U~ V is a morphism of algebraic varieties, then o%

denotes the corresponding morphism U2 » V& |

11.1 Let C be a smooth curve and C + C a completion. Let F be a
connection on C. Then m+m is a meromorphic extension on C. Therefore
F is regular if and only if Hm+wvm has reqular singularities around
the points of C ~ C. If C' is the complement of a divisor in C, then
F is regular if and only if F|C' is so.

The embedding C -+ C is affine, hence w+ is exact. Therefore if

0>F'>F>Fr>o
is an exact sequence of connections on C, then
i ] i 1 "
0+ n+ﬂ > p+m > H+ﬂ +> 0

and

0> (1, F2 > (i % > (i FHa o0
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are also exact. It follows then from (III,2.4.4) that F is regular if
and only F' and F" are reqular.

We also deduce from II1I,2.4.5 and 2.4.6 that if # : C > C' is
an unramified covering and F (resp.G ) is a connection on C {resp. C')

then F (resp.G ) is regular if and only if :+ﬂ (resp. =oov is regular.

11.2 Let more generally F be a holonomic module on C. There is a
Zariski open dense set C' on which it is a connection. We say that F
is regular holonomic (r.h.) if m_o. is a regular connection. In parti-
cular, any holonomic module with support of dimension zero is r.h..

From this definition it follows that if
0~ F'>F>F" >0

is an exact sequence of D-modules, then F is regular holonomic if and
only if F' and F" are so.

A complex F' € Daonu is said to be regular holonomic if H'F"
consists of r. : modules.

We let c A@ ) be the bounded derived category of complexes of
r.h, cnvaomcwmm.

From the previous remarks, we see that : (1) any subquotient of
a r.h, module is r.h.; (2) if two vertices of an exact triangle in
D Au ) are r.,h,, then so is n:m third one ; (3) Hmn C > C' be a
dominant morphism and F° € D Aé ) Anmmv. G €D Aw ). Then F' (resp.
G*) is r.h., if and only if T, F° (resp. = O ) is r.h.

In particular owsnunv is triangulated.

11.3 DEFINITION An element F° € Uﬁcxu is regular holonomic
(r.h.) if :

(i) it is holonomic ;

(ii) for any morphism ¢ : C - X of a smooth irreducible curve C

]
into X, the complex ¢°F° is r.h. on C,

This definition applies in particular to a single degree complex.
Thus a e -module F is r. 3. if it is holonomic and if for every ¢ as in

(ii), n:m a -modules 1 ' m are r.h. (iex)
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We let U Aé ) be the bounded derived category of r.h. complexes.

11.4 We now make a number of remarks on this notion,

(a) It does not imply a priori that H'F' consists of r.h. modules,
because eu is not exact (and therefore euxwm. # Iwenm. in general).
shall prove it later, however; more generally we shall see that any sub-
quotient of H'F* is r.h. (12.8).

(b) As already pointed out in the foreword, this definition was
proposed orally by Bernstein in 1984 and is not the one of {Bel. In
fact the property discussed in (a) was built in the definition there.

(c) Since inverse images ooamomm (4.3) and wnmmmncm holonomi-
city (10.1) it is clear that =“ maps U AQ ) into U Ac ).

{d) Let F* - G° > H" > F°{1] be an exact nnnmsmwm in D Ac Y. If
two vertices are r.h, then so is the third one. In fact, it is first

of all holonomic (1.12). If ¢ is as in 11,3(ii), then
1] ] 1 1
$°F > ¢°G* > ¢"H" > ¢ F [1]

is again an exact triangle and we may use 11,2,
\)
{e) If ¢ is a constant map and F' is holonomic, then ¢°F° is
inmmmm and cocherent, hence regular.

Proof. Let x = ¢{C). Then ¢ is the composition iop if the pro-

umnﬂwo: P Om C onto x and of n:m inclusion of x in X, hence
_

e. p" o px (4.3). By 10.7, H"i m wm w finite dimensional complex
vector space, Since p is oo:mnm:n\ p’ Aw F') is a direct sum of copies
of on indexed by a basis of HiTF .

(f) If F° is holonomic with support of dimension 0 and
$ :+ C > X is not constant, then the support of e_m. has dimension zero
(4.4, remark), therefore e"ﬂ. is r,h., Together with (e) this shows that
F' e owﬁcxv with support of dimension 0 is r.h..

(g) We now want to show that it is enough to check (ii) for
embeddings. By (e), we need only consider non-constant maps. There
exists then C' © C, Zariski open, such that ¢(C') is smooth and
' + C' > ¢(C") is an unramified covering. Let i : C' » o and
j : ¢(C') > X be the y:QHCMHOS maps. The regularity of e m is equi-
valent to nrmn of Aw o¢ vm But ¢ o i =3j o ¢' . If 3° ‘Feois regular,
then Ae...u.m.v is also regular (11.1).
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{h) Assume that F is a onlno:mnm:nw|no=:mnﬂwo:. Then (4.2,
Remark) e"ﬁ is a single degree complex and its non (necessarily) zero
component is the inverse image of the connection F, as defined in
IV, §3. Therefore the present definition of reqularity coincides with

that of IVv,7.1 in that case. It follows then from IV, 3,2 that if
0> F'>F> F">0

is an exact sequence of connections, then F is regular if and only if
F' and F" are so.

(i) If X is a curve, we have a priori two definitions of regular
holonomicity. An "internal” one given by 11,2 and an external one given
by 11.3 : They are of course equivalent., In fact, if F° is r.h. in the
sense of 11,3 then, by applying 11.3(ii)} to the identity map, we see
that F' is r.h. in the sense of 11.2, Assume now the latter and let
¢ : C > X be a morphism. If it is constant, then e“m. is r.h, by (e).
If it is not, then it is dominant (assuming, as we may, that C is

irreducible), and 9“1 is regular holonomic by 1l.2(c).

11.5 The smooth variety X admits a smooth completion X which is

a
a projective variety, such that Z = X - X is a smooth divisor with
normal crossings., We shall call such an X a regular completion of X.

Let i : X » X be the inclusion. Since Z is of pure codimension
one, its intersection with any open affine subset of X is affine, hence
i is an affine embedding and w+ is exact {8.1).

We let @w.u be the sheaf of germs of differential operators
generated by om and the QM|Bom5wm of vector fields OM~N which are
tangent to z on 2z, Of course mm.m_x =D, . As in IV, let Oza,za be
the sheaf of germs of holomorphic vector fields on %2 which are

tangent to zZ2 on 22 . Then
(1) Oga,za = 0-a@ O35, ; o-m.Nm =0za@ Dg .

X 0 R,2

We now want to prove a variant of IV,5.10 in the algebraic context.
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11.6 PROPOSITION We keep the notation of 11.5.Let E be a
holonomic module on X with support X and F = w+m‘ Then E is a regular

connection if and only if F is a union of QMlnc:mnm:n dw g-modules.
’

Proof. (a) Let E be a regular connection. F2 is a meromorphic
extension of E2 . Therefore it is the unique’ meromorphic extension of
E2 which is regular along Z (IV;§5). By (IV,5.10) it is an increasing
union of Qn ~coherent and cmm.Nwlmcuaomswmm. G, (jEN). By GAGA there

- . u
exists for each j a unique omnnOvmnmsn module G, such that

J.©
G, =028 G . B i i -
5 %8 ow 3,0 y uniqueness, ou.o is ux.m stable. On the other
:m:a~mwmm= w:onmmmwsoc:wo=0moosmnm=n Qx |mcvsoazumm ﬂx mezv.

Given k, there exists then j and k' such that mm. 56, D mw hence such
]

that mx. 6, OF_ . Therefore F is the union of the G,
J.o k 3.0

(b) Assume F to be a union of 0y -coherent D- _-modules F {jEm)
% X,z p :

Then £ is the union of the restrictions m.‘w to X of the F.'s, which are
]
Qxlnovmnmsn and 6x|mnmUHm. Being annosonm:n. E is then equal to E,
J

for some j, hence is QxlOOronm:n as well., Since its support is X, it is

a connection on X (1.6), F? is a meromorphic extension of E2 and is the
. a .

union of the ﬂw . which are oxmaoovmnm:ﬁ. In view of 11.5(1) they are

also amm.wmnmnmcum. Therefore F2 is regular (IV,5.10). Then F is
regular (1l.4(h)).

11.7 PROPOSITION We keep the notation of 11.5. Let F be a
holonomic module on X and assume that F is a union of Qﬁiﬂbbmhmbm
QN.N -modules . Then F is r.h. and its restriction to X is a regular

connection. Every cm -subquotient of F is r.h.

Proof. We show first that the restriction Eof FtoXis a
regular connection, It is holonomic, hence coherent, and a union of
cxloovmnm:n @xlwcvaomchm. Those are all connections (1.6) and, by
coherence, E is equal to one of them. We claim that G = i E is also a

+

union of onlnozmnmsn um.Nnmcvsomcwmm. Let F' — F be a qxnnovmnwsn

Dz _-submodule whose restriction to X

%,z is £ and F" be the image of F’

under the canonical map F' i,E. It is the quotient of F' by its

biggest submodule with support Z, which is also em Nlmnmcwm. F" is
r
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consequently a owloo:mnmSn @N g-Module. Now the sheaf QMHNH
14

of germs of rational functions with poles on Z is also a union of

0Nunovmnm=n @N.chugo&cwmm~ hence oxnu_ M F" has the same property.
b4

But it is equal to w+m. By 11.6, E is regular.

To prove the first assertion, we have to test that ¢ F is regular
for any embedding ¢ : C + X of a smooth curve in X and we may always
replace C by the complement of a divisor.

Assume first that C 1 X is dense in C. Then, replacing C by

C N X, we may assume C C X. Let j : C +> X be the inclusion ; then
eum = wumuﬂ = u"m is regular since E is a regular connection.

Assume now that C C Z., Let W be the intersection of the compo-
nents of Z containing a dense set of C and T the union of the inter-
sections of W with the other components of Z. Let W' = W - T. Then
C N W' is open dense in C and we may replace C by C N W', hence assume
C C W'. Note that W is a reqular completion of W', We have then in-

clusions

We now claim

(*y H'Y"F is a union of 0. -coherent D -modules.
w W, T

Assume this provisorily. Then, by the first part of the proof
" . 1 1} 1) 1} 1]
B*(H'Y'F") = H'B°y'F" is a regular connection on W'. Hence o 'H By F"

is r.h.. But (4.2, Remark}
Q"Hm.m"<“m.v - :.Qum"«"ﬁ. - :.e"m.nmz xu~

hence eum. is r.h. on C.

There remains to prove (*). Let NH be one component of Z contai-
ning W and J its sheaf of ideals. Let uw : NH -+ X be the inclusion. By
7.4, we have

1) xpu.wm = F/IF; xou.wm = fFew H'42F = 0 (i¥0,1).

i
x\NH 1
Let %H be the union of the intersections of NH with the other components
i i . §i = 0=/J, the
of 2. Then cNH.<~ is a subgquotient of Qn.u Since QNH x\ ’

assumption on F implies that the GN -modules in (1) are union of QN -
1 1
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coherent @NH~&H|BOchmm. If W= 2, we are finished. If not

we argue by an easy induction on the number of components containing W,
replacing X by NH. This then proves (*) and concludes the proof that

F is r.h.. Since every @Nxm:caoacwm of F satisfies the conditions

imposed on F , the last assertion follows, too.

11.8 COROLLARY Zet E be a regular connection on X . Then every
cmlmcvsomchm M of m+m is r.h..
M is holonomic (1.11). By 11.6, M is a union of oxlnosmnm:n

cm g-submodules. It is then r.h. by 11.7.
’
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§ 12 PRESERVATICN OF REGULAR HOLONOMICITY.

We already noticed that regular holonomicity is preserved under
d_ (11,4 (c)). Our goals here are to show that r.h. is also invariant
under direct images and duality, goes over to the subquotients of

H'F* , and to give a generating class of modules for cwwﬁuxv.

12.1 Standard uxlso&:Nmm. We shall call standard a leaoacwm of
the form w+Amv where i : Y + X is the inclusion of a smooth, irreducible
affine locally closed subvariety and £ is an irreducible regular
connection on Y,

We note that, Y being affine, w+Amv reduces indeed to one vxl

module (8.1),

12.2 THEOREM (i) Regular holonomicity is preserved under L
)

(ii
. b
generating class for cavﬁmxv.

The standard modules are r.h., and form a

The proof is contained in the next three sections, Let
F* € OWSAGNV. Then =+Am.v is holonomic (10.l). In order to establish (i)
it suffices to check the condition (ii) of 11.3, and we may restrict
ourselves to embedded curves by 11.4{g). Let then ¢ : C + X be an
embedding of a smooth irreducible curve. We have to prove that
eu=+~m.u is r.h,.

We note first that (i) is easy to prove if Y and X are curves:
In that case either m(Y) has dimension zero and we may mﬁﬁ«% 11.4(f)
or 7 wm dominant and we may find smooth embedded curves D 3 Y and

t
7 (D) 3 X such that 7' = 7!D is an unramified covering. Then j'F° is
L] 1 13
r.h., and =U.m. is r.h. by 11.2(3). Since 7} o j* =1%o T, (8.4),

1]
this implies that w.:+ﬂ. is r.h., But this is equivalent to =+ﬁ.

being r.h.,

12.3 Proof of (i) for m injective. (a) Assume first that

C' = CNY is open dense in C. Let j : .C' + C be the inclusion. It
t 1

suffices to show that u..e..=+ﬂ. is regular holonomic, For this, we note

that, in the diagram
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we have, by 4.3, 8.2,

l v
i o ¢ O:&.HG o 0=+ﬂé.
(b) We are now reduced to the case where C N Y is finite. We may
replace C by C - (CNY) hence assume that C N Y = @. The curve C is

v
necessarily locally closed in X. Therefore ¢° o n=0 by 8.5.

12.4 Proof of (ii). We note first that, by 12.3, the standard
modules are r.h.. Before proving the second assertion of (ii), we make
two simple remarks.

(a) Let F* € Uwsadxv and assume that H'F" is oxsoosmnmsn. Then
H'F° is a regular connection.

In fact, H'F" is locally free over Qx Aw.mv. If ¢ : C»> X is as
in 11.3(ii), then (4.2, Remark), we have o.:&m. xno"ﬂ.- which is

"

regular on C by definition.

(b} The irreducible reqular connections form a generating class
for the bounded derived category B of r.h, complexes whose cohomology
is Qxlno:mnm:a.

We have just seen that H'F' is a regular connection. The last
remark of 11.4(h) implies that H'F' belongs to the category generated
by the irreducible regular connections. But then B is generated by its
cohomology objects [I:§12],

{c) Let A be the subcategory of Uwsﬁaxu generated by the standard
modules. We prove that a r.h, bounded complex F* belongs to A by in-
duction on the dimension of the support S of F° .

Assume first that dim S = 0 and let i : S » X be the inclusion.
w« 7.13, we have F* = m+wum.. The module iF" is the direct sum of the
wwm“ (x€8) . Each I.»Wm. is a finite dimensional vector space, hence
w+w.m. is a finite direct sum of standard modules wx‘+ﬁﬁv (x€S) .

Let now k > 1 and assume our assertion proved for dim 8 < k. Let

S be of dimension k. We shall argue by induction on the number of irre-
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ducible components of S of dimension k, We can find an affine irredu-
cible smooth subvariety Y of X which is zariski open in an irreducible
component of dimension k of S, on which w"m.. where i : Y > X is the
inclusion, has 0<|novmnmsn cohomology (10.4). By (b}, w_m. belongs

to the category generated by the irreducible regular connections on Y.

1]
since i, is exact (Y being affine) it follows that i i*F' belongs to

+ +
1
A. Let G° be the cone on the canonical morphism u : F* - m+m.m. . It is

r.h. {(11.4(d)). Both F° and ~+wuﬁ. have support in S. The morphism u

is an isomorphism on Y, Therefore the support of G° is contained in

S - Y, hence has (at least) one less irreducible component of dimension
k than S, By induction assumption G° € A. Since we already have

i F*c A, this concludes the proof of (ii).

12,8 Proof of Amv for projections. This is the main case. It
contains in particular the regularity of the Gauss-Manin connection. In
fact, thanks to the results proved so far, the proof is reduced rather
formally to the consideration of a regular connection in a special
case, rather analogous to the one to which Deligne reduces the proof of
the regularity of the Gauss-Manin connection [De:§7], but even more
special in that we may moreover assume the total space to have di-~
mension 2., Indeed , the formalism of D-modules will allow us to reduce

the proof to the following crucial case:

12.5.1 = is the projection Y uA$H x X » X, where X is an affine

irreducible smooth curve,

By 12,2, we only need consider a standard module F = u+amv. where E
is an irreducible regular connection on a smooth irreducible affine

locally closed subvariety 2 of Y and j : 2 > Y is the inclusion.

If Z is itself a curve, then 7™ o j is a morphism of curves and our
assertion was proved at the end of 12.2, From now on, we assume that

7 is open in Y, Its image in X is open dense, Recall that to check
regularity on a curve, we may always leave out an arbitrary finite set
of points, If m' is the restriction of = to 2 and k the inclusion of

X' = #'{2) into X, we have =+w+nmv = x+A=hAm_Nuv. By 12,3, it suffices
to see that a%Am_Nu is regular. There again, we may restrict to an open
dense set of X' and to its inverse image in Z,

We can find a regular completion Z of Z mapping onto the regular
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completion X of X, such that the inverse image of S = X - X is con-
tained in T = Z - 2 and that S contains the image of the singular set
of T. By adding some points of X to S, and their inverse images to T,
if needed, we may further arrange that any component of T which maps
onto X is an unramified covering outside its intersection with the
singular set of T (cf also [De:7.9.2]). We now change the notation
slightly, write again 7 for m', let T be its extension to Z and

i:2>2, j:X~> 2% the inclusions. By construction 7 is a submersion

outside :lpﬁmv.

We have to prove that a+m is regular. By 11.6, it suffices to

show that u+=

LE is a union of omsoo:mumnﬂ ux g-3ubmodules. But
’

j,m,E =71 E and similarly, it is a union of onnoo:mnmsn
@m.a: modules. The idea is then to define a notion of direct image from
Um.elsomcwmm to bm~mlaoacwmm. which will preserve (O-coherence (because
m is proper) and give the same underlying dW.Mlsomcwmm as m+ when
applied to w+m - We explain this for right modules, since this simpli-
fies slightly the formalism (as in §5) .

At each point z€Z the differential d7 maps aANvN into eﬁxvx.

where x = T(z). From this we get a canonical morphism of Qulaomcwmm

(1) : 0= -
v on‘e - =1ox

'S"

(and also of @m into a»om , but this is not needed),.
We claim that it is part of an exact sequence?

v

> mm. S T*Q >0

(2) 0o > o2
>0 T %,s '

z2/X
where om\m is the module of germs of vector fields tangent to the

fibres of n , That the latter is kerv is obvious. The main point is
to see that v is surjective, This means that locally, one can find
liftings of elements in on<m which are contained in oN o This is a
local assertion on Z. Let 2z€Z. If z € T (X~S), then mw is submersive
at z and our assertion is clear. Assume that m(z)€ S. We can choose a
local coordinate x on X with origin = (z) and local coordinates u,v
around z, with origin z, such that x o 7 = mAc.cvc5<:‘£vmnm a(u,v) is
regular and invertible around z and m> 0, n> 0. Around n({z), the
oWzaomch og,s is spanned by x.3 . It suffices to "lift" this vector

field in ®m.e y i.,e. to find £ ¢ OM o defined around z, such that
w
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£(xom) = x o T. Note that, around z, the oulaomch on.e contains
i i i = 0. It is then
c.mc [and is_spanned by it and <.w< if n > o.uc if n q

readily seen that

1 1

3) £ = (m+a .c.wcmvl 0.3,

satisfies our condition.

i i 4.6, we define on
If M is a left Om.mnaoacwm. then, in analogy with '

T* (M) a structure of ﬁm auaomcwm by setting
14

-1 o
(4) £(f8m) = Ef @ m + m»m.:w QT Amwau Ammow-ev~
where
-1 ) _
(5) i) = mw:w e mw A:wmom.mwm ox.mv.

is is i - ture
It follows from 4.6 that on Z, this is indeed the 6N module structu
of 1°(M) defined in 4.1. We let um‘a.vm.m

be a:ﬁum mv endowed with
’
-1
i - _-—module
this left cm alaomcwm structure, and the natural right = ©x~m modu
r

structure, stemming from right multiplication. We have then

(6) D= _N =D .

zZ,T + X,S

. . ¢ . _ N
wé ‘now define the relative direct 1image ﬁ+z of a right cN.a module

by

L
™ AN-ri (Na D ).

+ 2, T+>%,S
on.q

- -1 —
i i - »> (X,0= )
The wm; refers here to a morphism of ringed spaces (z,n Gx~mu (X, %,

From (6), we see that

-9, _
(8) mlz= .

since i,3j are affine, we get from (8) and the definitions

(9) ﬂo o w+ = u+ o AﬂM_NV = u+o L
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In order to prove that u+Aa+mv is a union of QMloo:mnm:n cw

S
’
it is then sufficient to show that mm preserves O-coherence. The
module D=

Z,T + X,S admits a locally free left resolution

o o - -
(10) 0 %5 u U0 " V3,07 5,0 » %50

obtained from (2). Therefore

(11) N g D s ={Naod->N)

where the differential on the right hand side is the obvious one:

p
ufdirv.g A:mz.mmom\m

it consists of thoosmnmsn modules. Since 7 is proper, the direct
image of this complex is omnoozo«asn.

12.5.2 Let now 7 be the projection 2l

Let ¢ : 7 lc =al x c+al

Ho. The curve C being locally closed in X, we have by

base change (8.6) :

X X + X for a general X.

X X be the inclusion, and m* the restric-
tion of T to m

_
"om, = w *
¢"om =m oy

] b
Since y'F* is r.h., m1.y"(F) ds r.h. by 12.5.1, hence ¢'.m (F') is
r.h.,

12.5.3 The general case. It suffices to prove our assertion for
standard modules. Using composition, we are reduced to the case where
Y is affine, irreducible angd F°*

=E is an irreducible regular connec-
tion on Y. Let § :

N
Y> A" be a clised embedding. We can factor T as
v3yxx8a¥ xxYx
where a is the lsomorphism of Y onto the graph of n,8 = j x Id. and

-submodules
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Y is the second projection. By 12.3, ¢ and B preserve r.h.; but v is
a composition of projections with mwvnm‘$w. hence preserves r.h.

by 12.5.2.

12.6. DEFINITION Let F° & Uvﬁdxv and assume that H°F" has
finite length. Then the contents cont{F') of F' is the set of irredu-
cible subquotients of H'F® .

If F*,G° ,H" are the vertices of an exact triangle and have all

cohomology of finite length, then, obviously,

cont({F") < cont(G*) U cont(H") .

. . b
12.7 THROREM Let F° € unséxv. Then
(i) Uxm is r.h..

(ii) cont F° consists of r.h. modules.

Proof of (i). We shall use induction on the dimension of the
support S of F°, Fix k 2 0. We assume (i) proved whenever dim S < 13
and consider now complexes with support of dimension k. It suffices
to prove (i) for a generating class, hence we may assume that F is
a standard module. Thus there exists an irreducible smooth affine
subvariety Y of dimension k and a regular irreducible connection
on Y such that F = M+Amv. where i : Y » X is the inclusion.

By Hironaka, there exists a regular completion o : Y > ¥ and a proper
map R : ¥ » X such that i = Boa.

We have to prove that wa¢m is r.h.. We have w+m =
8, o a, (E). since B is proper, B8, © Dg =Dy o B, (9.6),
therefore

wa+m = m+Ump+m.
Since B, preserves r.h. (12.2), it suffices to prove that Umn+m is r.h.

By 10.5, p+m has a unique irreducible submodule G = 9.+m , the

image of the natural morphism o,E - a+m . It follows from 11.8 that it

is r.h.. The quotient H = 9+m\® is then also r.h, However its support
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is contained in Y - Y, hence has dimension < k. By induction B&x is

r.h.. The exact sequence

1) 0>G>aE>H=>o0
gives by duality an exact sequence

(2) 0 +Umz.+ Uma+m +umm > 0.

By definition, G is a quotient of Q“m = m.9+LUMUAmV. By duality,
Unm is contained in waxm . But Umm = E* is a regular connection
5m=nm.UmQ is again r.h. by 11.8. Since U@x is already known to be
r.h., (2) shows that Uwa+m is r.h..

Proof of (ii). The proof also proceeds by induction on the
dimension of the support S of F°. Fix k 2 0 and assume (ii) proved
if dim S < k. The remark following the definition of cont F° (12.6)
shows that it suffices to prove our assertion for elements in a generat-

ing class, hence it is enough to consider the case of a standard module

F = w+Amu. with ¥, i and S as before. By 12.2 and (i) we now
know that H_n is also r.h.. Our next goal is to prove that
- : u .
{3) G = ~u+m = Hsﬁwum > p+mv

is also r.h.. We consider the cone A° over u. It is r.h. since i,E

and H+m are r.h., and its support has dimension < k. Therefore

cont A® is r.h, by induction assumption. The long exact sequence
=L, . . 0.
{4) 0+ H A » H.m > E>HA" >0

1,

associated to the exact triangle i,E ~» w+m + A" o gives
: ~1;. 0,.
(5) H"A* = ker u H A" = coker u.

Thus cont (coker u) is r,.h,., The exact sequence

(6) 0~>G > i,E > coker u + 0
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then shows that G is r.h.. Moreover, since G is irreducible, (10.5)}

we have

€2 cont m+m C cont(coker u) U {G}

therefore cont w+m consists or r.h, modules, too.

12.8 COROLLARY Let F° € uc:uxu .

(i) If F* is r.h., then all subquotients of H'F" are r.h..

(ii) Let Aan be a convergent spectral seguence abutting to
GrH'F° for a bounded filtration. If E is r.h. for some s, then H F°
is r.h..

(iii) F° is r.h. if and only if H'F' is r.h..

Proof. (i) 12.7(ii) implies, by induction on the length, that
every submodule of H'F® is r.h., hence every subquotient is r.h. too.
{ii) By (i) E, is r.h. for every r 2 s. Hence Gr H'F® is
r.h.. Then all its subquotients are r.h., hence so is H'F" .
(iii) If F° is r.h., then H'F® is so by (i). Assume now
H*F* to be r.h.. Then all its subquotients are r.h. by (i). That F° is
r.h. can now be deduced by induction on the cohomological length
(cf I, 12.5) of F°*, using (I, 12,6).

We end up this section with a digression, to prove a result which
is basic for the applications of D-modules to representations of

reductive groups, due to Beilinson-Bernstein.

12.9 PROPOSITION Assume that T is smooth and surjective. Let
F* € Uwosﬁcxv be such that #°F" is r.h.. Then F' is r.h..

Proof. The assumption implies that =um. is holonomic. Since :“
preserves the holonomy defect (4.8), F* is also holonomic. There
remains to check 11.3(ii) and we may restrict ourselves to embedded
curves (11.4(g)). Then :lHo is smooth. Let o = :lwn »> Y be the in-
clusion. The complex nuaum. is r.h. {(11.4(c})). We have a"oum. = pna"m.
and we must show that Oum. is r.h.. This reduces us to the case where

X is a curve, and it is enough to check r.h.. outside a given finite
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set of points of X. We can always find an embedded smooth curve

B : D #+ Y such that a_mﬁcv = 7' is dominant, Leaving out a few points,
we may assume 7' = 7|D to be smooth and surjective. We know that
m"ﬂ“ﬂ. is r.h.. But 7' = 7 o BA. Hence artE is r.h. and F° is r.h. by
11.2.

12.10 Let G be a complex linear algebraic group. We assume that
X is an algebraic G-space, i.e. there is an action of G on X defined

by means of a morphism v : G x X + X satisfying the usual properties:
v{geh,x) = v{g,v(h,x)) v{l,x) = x (g,h€G,xEX}).

As is customary, we write g.x for v(g,x). Let em {g€G) be the auto~
morphism x # g.x of X. The group G operates via the ¢ 's on :Hvxu~

oosacxv and on the various categories or derived categories of @xl
modules we have considered. The transform g*f of an element F in one

1
of those categories can be viewed as the inverse image om . Let

mm : X > G X X be the closed embedding x+ (g.x) and p : G X X > X

be the projection. Then

(1) vV o wc = em ., PO wa = 1d.,

Hence

Nv " ’ v m. 1) ’ m
=iy e ‘.14,

{ g rm (r wm op

The lesomcpm F is said to be G-equivariant if v'F is isomorphic to

]
p F. 1f so, then (2) shows that g*F is isomorphic to F for all g € G.

b b
We let co%xv {resp. co.n

of G-equivariant bounded (resp. and coherent) complexes of @xlaom:Hmw.

Auxvg be the bounded derived category

We shall not develop all the generalities about G-egquivariante.
In particular we take for granted that if Y is also an algebraic

1
G-space and w is G-equivariant, then 7° maps Umaﬁxv into UMAQ&V.

12,11 THEOREM We keep the notation and assumption of 12.10 and

assume moreover that X is the union of finitely many orbits of G.Then

every F* € Uw.oaoxv is r.h..
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Proof. The connected component of the identity G® of G has finite
index in G and a G-equivariant cxlsomcwo is of course 00|mn=w<mnwmsn.
Our assumptions are therefore also satisfied by c° and we may assume
G to be connected. The orbits are then irreducible smooth varieties.

(a) Assume first that X = G, with G operating on itself by left
translations. We claim that H'F® is a direct sum of a finite number of

copies of om. To see this, consider the diagram

v_ G
c ¢ an
g

where u{g) = Halp.nv and v is now the product in G. Then Vv o u is the
1 v
projection on 1 and p o u is the identity. Therefore F° = u’ o p’F
1] v 1 1
while H'u'.v'(F') = (u°.v")H'F" is the free co module with fibre

] v
nm.m.vv. Since p'F* = v'F" by assumption, our assertion follows. In
view of 12.8, this shows that F° is r.h..
(b) Assume next that X is homogeneous. Fix x € X. The orbit map

-
sx "@T+m.xwmwmQOOnrm:numonw<050nm:wma.n:mnmmOHm sm.m. nm
coherent (4.8). Being also G-equivariant, it is r.h. by (a). Then
F* is r.h, by 12.9.

(¢} In the general case we shall argue by an induction.

By standard facts about algebraic transformation spaces, each
orbit 2z is locally closed and Z is the union of Z and of orbits of
strictly smaller dimension. For i € N, let xw be the union of orbits

of dimension > i. It is then open in X. We have then inclusions

xnxonHU...anUn.t:mnmnnmx.

and Nw =X - xx+H is the disjoint unior of the (finitely many) orbits

of dimension k. It is therefore a closed smooth subvariety of xx. We
now prove by descending induction on k that the restriction ﬂm of F*
to X, is r.h.. Let first k = d. Then X, is open in X, and is the union
of finitely many open orbits. The restriction to any of them is first
of all coherent, and then r.h. by (b).

Fix k < d and assume that 1x+w is r.hee Let § @ 2, > X and

i X > X be the inclusions. Since Z, is closed, smooth, we have

k+1 k k
the exact triangle
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] 1
) u.+u.ﬂ_.n > *._.n > u..+ﬂ_.n+w > u.+uo.ﬁu.anH

(8.3). mm is coherent. By the induction assumption and 12.2, w+ﬁmm+wv
is r.h. and in particular is coherent. From (1), we see that

1
u.mm is coherent. Then is also coherent (7.13). By (b) again

o
u.mx is r.h., therefore j

+ is r.h. (12.3). We now see from (1)
and 11.4(d) that mm is r.h..

e
3R
3°Fy
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VIII. THE RIEMANN-HILBERT CORRESPONDENCE

A. BOREL
§ 13 THE DE RHAM FUNCTOR

13.1 Let mm.:Aqu. We consider the complex nwamvm of analytic
objects associated to the de Rham complex bwﬁmv (see 1.8), i.e.

(1 FPrwe R*>@e P> ...» @ e F

OX Qx Qx
or, equivalently

a 1 a 2 nx
(2 Fra. e FFrae Froosa’ e F,
Qx Ox QN

with a differential given locally as in 1.8. If F = cx~ we write
pwm. The complex owAQx-w is a complex of right § ;-modules. It follows

X
by similar computations to those of 3.5 or by using the flatness of

.. . m
E.l "
me o<mH Qx‘ n:mnwwwmmponwwwwmnmmHmmnnmmowsnposon x~ mx_

w ~laxu. therefore

xa
a a a L
0 (F21a,) = 2, 0% & Fra,) = uy & Fo.
i 5 %
Similarly for F* € D Aﬁxv
a a a a L a
(3) nxam ) me_ = mxaﬁxv ® F _mxu = wy e F .
Dsa Vya

It is the right hand side of (3) which we take as "de Rham functor"

b
tc go from D Aﬁxv to the bounded derived category cvﬁxmv of sheaves
on X2. By definition then:
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a L a
* = ) = ‘a = R (F)Y (4],
(4) cwxm DR(F") = wy oe F'a pxn ¥4 ]
X2

This notation is different from the one of IV, or of 1.7, where DR
or owx denote the de Rham complex itself, without shift in degree.
To avoid any confusion, we shall only use swﬁm.vm or nwm ® F? for
the latter. cxw

Let ﬁxww be local coordinates around a point of x* and Awww the

i i i : = . e .F
associated derivatives. Around X, nxﬁmv ewHA...wa &xww axwx

AHMHH~....HWM:u@xV. wonvmwcwnmvwmﬁvaOWNSHnoavax z.nﬁuww~mv

with respect to the operators ww.

13.2 In the analytic topology, we dispose of the holomorphic
Poincaré lemma. Therefore, if F €& :nmxw is Qxlnormnmbn. hence Qxlvonmwww

free (1.6), then
zoswimv - B, HayhMH =0 1o

where F® is the (locally constant) sheaf of horizontal sections of

F%. 1In other words, nwnmvw is a locally free bounded right resolution

of F?. 1In particular, nwﬁowi is such a resolution of C ;-
X

13.3 PROPOSITION. We have an isomorphism.

. .| .m.w . U . U
(1)DR(DF m G") = Riomy mnm 67 14,1, (F mooos%x?o mc%x:.

X X

Proof. 9.7 implies a similar isomorphism for the corresponding
analytic objects and then the left-hand side is the one of (1) by

definition of the de Rham functor.

13.4 The solution complex. 1In the case where G° reduces to

ox in degree 0, 13.3 yields

. . .a . b
(1) cmem ) = RHomy m% .oxmv fa,l. (F mooosax:.
X

The right hand side, without the shift —mxu. is, by definition, the

solution complex Sol F2 of F'®. To see the origin of this terminologys

let us go back to the situation of 1.5 and assume that F° =M is the
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exlsoacwm associated to the system of linear equations 1.5(1). Let

ﬁ:u reee s be free generators of @ . Any assi gnment u#& f f mc
defi ~ a “JOEOEON ism Q into - 1s homomorphism mwnﬂ. ON.nm . !
ines hi f Q int G Thi h h. f
P X X A

through M if and only if the f.'s are solutions of 1.5.1

Going
over to the analytic topology, we see that Homy, (M,0 ) is the
a a
X
sheaf of germs of solutions of the system H.wnwvw Thus Sol F° is
the derived category counterpart of the sheaf of germs of solutions
’

(in the analytic topology).
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§ 14 STATEMENT OF THE MAIN RESULTS. SOME CONSEQUENCES .

14,1 The space x* is a complex anawsm:mwosmw manifold, hence

also a Naxlmwamam,wonmp real manifold. The dualizing sheaf for sheaves

of complex vector spaces is therefore the constant sheaf C a in
X
degree |max. We shall use the notation U<m.z or simply U<m for
Verdier duality on the space M:
. . Qs . b _a
(1) D (8°) = RHom' (S",C Y24, (S'€p (X))

Ve , X2 xa

(cf. [IC: V, §7]). For direct and inverse images in sheaf theory, we

follow the usual notation, as in [IC].

14.2 A stratification X of X is a finite partition X = cwxw
of X into locally closed smooth algebraic subvarieties, called the
strata, such that the closure of any stratum is a union of strata. A
complex of sheaves 8" € Uvﬁxwv is said to be constructible if there
exists a stratification X such that H°S® is locally constant (in
the analytic topology) on each stratum, with finite dimensional stalks.
If this needs to be specified, we shall say that S° is X-constructible.

This was called X-cohomological constructibility (X-cc) in
[IC: V], except for the fact that the requirements on X were more
stringent: it was supposed to satisfy certain local triviality con=
ditions [IC: I, 1.1]. However, by [V], any stratification in the present
sense admits a refinement which is a Whitney stratification, hence fulfills
these local triviality conditions. As a consequence, a constructible
S§° is also constructible in the sense of [{IC: V] and we may use the
results proved there for cohomologically constructible complexes of

sheaves.

14.3 As usual, {f] will refer to the exterior tensor product.
When it occurs, it is understood that we deal with a product, say X =
U x V and we let, for F° € UUGCT G € UU%/L. F* @ G be the
quasi-coherent sheaf which, on a product A x B of open affine subsets
of U and V respectively, is the quasi-coherent complex of sheaves

over 0 _(axB) = 0 _(A) @ 0_(B) associated to F°(A) ® G°(B). 1In
X U c Vv c
particular, 4.5(5) can be written as ux = cc m §<. hence F~ m G

is canonically a .leaonwcwm.
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Similarly, in sheaf theory over xm‘ we shall consider the
exterior tensor product
* *
(2) S [xI%T" = p*'S 8 PTT (S e’ w?),T e P v).

(o

It follows immediately from the definitions that if Y = U' x y!
is also a product and 7 is a product of morphisms y : U' + U and
1 1 1
vV >V, then v (E[X]F) = u'E [x] v'F.

This operation preserves coherence, holonomicity and regular holo-

nomicity. This is clear for coherence. The cotangent bundle e»cc

is the exterior direct sum of e;:: and e;AS and it follows from
the definitions that mwﬂm—mﬁv is the direct product of sSS(E) and
ss(F) (ke oosecv.mm nowiu<: + whence the preservation of holonomicity
(more generally, the holonomicity defects add up). Let now U and V©
be smooth completions of U and V. Then U x ¥V is a smooth completion
of X. If E and F are regular connections, then 11.6, 11.7 show
that E E F is regular. From this the preservation of r.h. follows
if U and V have dimension one. Let now F,G be r.h. and @: C» X
a smooth embedded smooth irreducible curve. If @P(C) 1is contained

in a fibre of one of the projections {up to finitely many points), then
it is obvious that Q:mEJ is r.h.. If not, taking out finitely
many points, we may assume that C' = P@(C)) and C" = q(P(C)) are
smooth curves. Let u : C' + U, v ;: C" » V and n: @{C) »C" xc"

be the inclusions. Then Q:mE«J = ::rxi_AmEmv = :;:_MEC_J.
It follows from the above (and 11.4(c)) that @' (E[X]F) is r.h..

14.4 THEOREM (i) The de Rham functor DR establishes an
equivalence of categories between cwvﬁcxv and cMwamv which commutes
with direct images, inverse images, . and duality.

(ii) DR defines an equivalence between the categories of regular

holonomic modules and of perverse sheaves.

The definition of perverse sheaves will be recalled in §22.

14.5 The proof is divided into a number of steps, some of which
are valid more generally for holonomic complexes. More precisely, we

shall prove the following assertions, where the argument belongs to

b
UNEAQx- , unless otherwise stated.
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_ .a
(1) DR © =+ = m, o DR
(2) DR(F* ®]G°) = DR F°" ®PDR G°, (F° holonomic, G* coherent).
(3) DR(F") € c”msm: if F* is holonomic.
H al
(4) DRon = o DR,
(5) DRoD_ =D o DR on cu%v
X Ve, X2 | R S
(6) DR is fully faithful.
(7) DR is essentially surjective.

(8) H'F" is concentrated in degree 0 if and only if DR F° is perverse.

14.6 Remark. (a) 1n view of (5), (1) and (4) also imply similar

+ a%

commutations for m and 7 (resp. m, and (7%),).

(b) Since (3) is «wwwm for holonomic complexes, it
follows from these results that given F* holonomic, there exists a
unique regular holonomic G° such that DR F° = DR G°, hence also such
that Sol F* = Sol G".

(¢) The functor Ux being a antiequivalence of

Uwrﬁcxv with itself, we could also use the functor Sol® = DR o Ux

(cf. 13.4) to establish the Riemann-Hilbert correspondence. 14.4 shows
that it defines an antiequivalence between Uwsﬁcxv and UWmAxmv.

{d) For the reader who wants to compare this version
of the Riemann-Hilbert correspondence and the holomorphic one, we should
point out three differences in degree conventions which may eccur:

In the holomcrphic case, it is either Sol or the de Rham complex,
i,e., our cmnlaxu. which is used. Second, there is no shift by m&.x in
the definition of the derived inverse image (4.1). Third, the duali-
zing sheaf on the topological side is sometimes taken to be nxm in
deqgree 0, rather than in degree |me\ as is done here, These diffe-
rences cancel out so that the statement of 14.4 in the holomorphic

case is formally the same.
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(e) In view of 13.4, the relation 14.5(5) is
obviously equivalent to

. _ . . b
{1) D, DR F (4,1 = sol F (F* € os%x:.
In other words, the de Rham complex pwmaﬂ.v and Sol F* are Verdier

duals of one another.

14,7 1n the analytic case, there are several equivalent definitions
of the notion of regular holonomic system (see e.g. [0]). We shall show
that the one used here implies one of these other definitions. Fix

x € X. As usual, let 0 be the completion of 0 with respect
X3, x Xa,x

to the maximal ideal of x. In analogy with 13.4, mosdxm Aﬂw~oxw )
X X

may be viewed as the space of germs of formal solutions of a system of

ions givi i F_ and RHom 7,0 as the formal
equations giving rise to F aﬁxw~xA <’ xw.xv
solution complex at x. The inclusion of 0 into @ induces
X3, x X2,x
a natural morphism

1 : RH (F%,0 )
v Qﬂ.ﬁwnm xﬂ x

+ RH (F 2, ) (x€X).
oauxm~x x @xw.x *

In the one~dimensional case, it was shown by Malgrange that the
Fuchs condition (cf III,l.l.l) is equivalent to ::v is an isomorphism,
This was extended to regular connections and then taken as one of the
possible definitions of regular wowososwnwnw..zo show here that it is
implied by regular holonomicity in the sense of § 13.

14.8 PROPOSITION Assume that F° € cwsﬁﬁxu. Then the morphism
of 14.7(1) is an isomorphism for all x € X,

Proof. By 13.3(l), the left hand side is Uw“Uxﬂ.nmxu. Let x € X,
We have

. s ‘ -
(L ﬁos@xm% 3,04a), = ii (ORD.F'[4,1).

By 14.6() (it is here, and only here, that we use r.h.) and 9.13,
we have

e it S o
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.a¥ . . . i
{2) i, DR Uxm [a,1 = bR wxuxm 14,1 = DR Py me a.3.
O<m~m@0w=d~cwwmn:mwamznwww.msn Uﬁxwwm just the usual duality of

vector spaces. Therefore

1
. -a - R B
(3 xxoscxm.m .oxmv Hom me Exre.

We have then to show that

i -~
4 Hom(i F*[d_ 1,8} = R Fr2,0 )
4) om(i F° [ x_ } oaexm}ﬁ < xm%v

The complex F° admits a locally free resolution. It suffices there-

fore to prove:

a X

(5) Hom(i F(d,1,8) = Hom %mb ) for F=10,.
X% X ,x

~

In this case, the right hand side is equal to oxm < Since dx is
r

locally free over Qx it follows from 7.4 that

j. - . 3. - ce s o
(6) H me 0 (j #dy) and H pxm m\axm if 3 =4,
where Bx is the maximal ideal of x. Therefore the left hand side of

(5) is equal to =05Aex\axcx.av. Let (x.) be local analytic coordinates
on X around x and 3= 3/3% . Then cx\axﬁx may be viewed as the

space of polynomials in the ww.m‘ with constant coefficients. Its dual
is then canonically isomorphic to the space of formal power series in

these variables, i.e. to i

a
X ,x

14.9 The R.H. correspondence was established first in the holo-
morphic setting by Kashiwara [K 2] and 2. Mebkhout (M1, M2, M3] using
the functor Sol. Following this, Beilinson and Bernstein developed a
theory of algebraic D-modules, including a version of the R,H. corre-
spondence, which is at the basis of these Notes, as already mentioned
in the introduction. A number of steps in the proof of 14.4 are
analogous to the corresponding ones in the holomorphic case, often
simpler because of lesser analytical difficulties. Specific to the alge~
braic case however is the method of §§19, 20, which relies on the fact

that an increasing sequence of Zariski open subsets is stationary.
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In a more recent paper, Kashiwara has introduced an inverse functor
to DR (or Sol), but this requires more analysis [K3]. In the earlier
treatments, there is already a substitute for an inverse functor: it
goes from constructible complexes to holonomic complexes of possible
infinite order, rather than to r.h. ones, so that there is in fact an
equivalence between three categories.

Z. Mebkhout has pointed out to me that his forthcoming pre-
sentation of the holomorphic theory [M4] will also include a proof

of the R.H. correspondence in the algebraic case.
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§ 15 PROOF OF 14.5(1) : DR o m,_ = T, o DR.

15.1 we have to use here the analogue in the analytic context of
a
+

an intermediary and we need not study its properties, which are not

the direct image, which we shall denote 7,. However, this is mainly

as simple as in the algebraic case. First of all, in the same way as
. a,—.
in 5.1, we define a 7' Hvxm xafb module cxm cvyalby

_ a,~- -1
(¢))] cxm «ya = Yya m " Jxm em o Vea -
ya [ abd me
We have therefore
- a
(2) Dya . ya = Oy % .

The direct image is then defined by

. Lo, . b
3) :Mm - wwm.vxmA.«m m F'y (F* €D Aemouv.
%N

Here #2 refers to the morphism .ﬂwhamvnwexmv + (x3,0,a) .

We need the :

8 _ which is an

LEMMA There is a natural functor y : ~:+vm+ L

isomorphism if m is proper.

In fact, in view of (2), we have

L. a L ca . b
ey 8FV =00 ga@ F3, (F €D (D).
0, Dya

(4) ¢

Since the Zariski topology is coarser than the analytic one, there is

further a natural map R%* -+ R#2, whence the morphism
a a,r.a L . . s
: : £ 0_-quasi-
W o: ﬁ=+m PR =+Am ). The complex wx+n w< F° consists o v d

coherent modules, since cx+< is so., Let now u be proper. Then

axmvw + Ri® is an isomorphism on quasi-coherent complexes by GAGA;
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therefore u is an isomorphism.

15.2 PROPOSITION There exists & natural morphism of functors

a b b ,
DR o m_ -+ 7% o DR from D .an to D (X?), which is an isomorphism if
m Is proper.

In view of 15.1, it is enough to show the existence of a functo-
rial map

.a a .
(1) Wt DR 7@ F*% > ylDR F (F* € ow%wz '
which is an isomorphism if 7 is proper. We have

L
a FH.

L
(2) DR @ (F%) = wea @ RTA(D
D

+ D X3y?

xa va

Though the projection formula is not true in general, there is still
always a functorial map v of the right hand side of (2) to

- L L
3 array 1 a
(3) Rt (1) (0ga) @ D va @ F)

- A
()T, K p ,

’

which is an isor i i i
morphism if 7 is proper. By 15.1(1) cxnfwm is locally

free over nds~L i
ﬁxm. hence the first L can be erased, and we see moreover

that (3) reduces to

L
(4) R¥%(u 5 & F'%) = R1(DR F') .

Dya

s a .
Since R#® is the sheaf theoretic derived direct image for the under-
lying topological sheaves, this is equal to =w DR(F*")

15.3 Proof of 14.5(1). We consider first two special cases.
(a) 7 is the inclusion of Y into a smooth completion X and F is a

regular connection on Y. The assertion to prove can also be written:

(1 bu-mmaﬁ...mnv = ﬁwqﬁmﬂﬁﬂuv.
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{cf 13.1(4)). The module Ad+mvm is an extension of F2 which is regular,

meromorphic along X2 - Y2, in the terminology of IV. On the other hand
. EY e a
2) nxaa+mv _<U = nwﬁmv .

so that the right-hand side of (1) can be written

a

m, (r

a* @ (n F) 3.

Our assertion now reduces to the Grothendieck-Deligne theorem (IV,6.2).
(b) F is a regular connection. By Hironaka desingularisation

and Nagata [Na) we can find a smooth completion j : Y + Z of Y en-

dowed with a proper map p : 2 * X such that ¥ = p o j. We have

DR u+1 = uw DR F by (a). Together with 15.2, this yields

bR 7 F =DRp .jF=pF.530RF= w5 DR F.

(c) The general case of 14.5(1) is now an easy consequence. In
view of the existence of a morphism of the left hand side into the right
hand side (15.2), it suffices to prove our assertion on a generating
class for cvaGMV. We take of course the standard modules (12.1) and
are reduced to the case F = m+ﬁmv, where i ¢ 2 > Y is the inclusion of
a locally closed smooth irreducible affine subvariety and E is a regular

connection on Z. Using (b) and 6.4, we get

bR n,F = DR 7 .i E= DR (moi) E = (m01)] DR E.

We have then, applying (b) again

a A _ -a s _ a
, 0 igDRE=713DrRiE =1, DRF.

DR m F = 2 +
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§ 16 PROOF OF DR F'[X]°DR G* = DR(F'[x]G") FOR F' aAND G' R.H.

16.1 ve assume here that X = M x N is a product and let p,q

be the two projections. The natural map

.a a ..a .a
(1) wee A X7 e » ey
induces a morphism
~ e pe @ a L. ;e 8 “ - .,a
(2) B g (F)T [x]% 25 (67% » ag(F [x] 67
and we want to prove that it is an isomorphism. Since 4, =d_+ 4

X U v
this will imply 14.5(2) under the present assumptions.

n
™

16.2 In this section, we consider the case where F°
b
D).
005A zv
Since we have a global morphism, it suffices to check our assertion

is

a 03|0050nmun ezlaoacwm and G € D

for the stalks. Given x = b x ¢ (bEM,cé€N) in X, we may always
replace M and N by arbitrary small open neighborhoods of b and
c, in the analytic topology, and a fortiori in the Zariski topology.
Since E is locally free over ox (1.6}, we may then assume it to
be free, which reduces us to the case where E = ez. On the other
hand, we may replace G° by a bounded locally projective resolution,
which is locally free in a given range of degrees (VI, 2.6). This
reduces us to the case where G' = cz.

Fix x € M (resp. m‘mzmv and a sufficiently small neighborhood
U of x (resp. V of y). Let Axww. i=1,...,d=m (resp. *wuv.
uuu....‘mznsv be local coordinates on U (resp. V) and *www (resp.

Amwvv the associated derivatives. From 13.1, we have
- - 1 . a
DR, (F[x]6) = K" ({3}, (31); (F[x] 6.
This can be computed in two stages:
. g . . a
DRy (F[x]6) = K" ({3, 1iK (a1} (E[x] &)%)

This is true without special assumption on F and G. But we are

now assuming that F is locally free over 03 and that G = Uz. Thus,

os<,onn_£.::vt Mem. This implies that x.:w%:vEva

ettt bt e s
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has zero cohomology except in degree 0O, where it.is equal to

a . _ a _
AmHUQzV . Assuming, as we EM<. that F = QZ. we have Ammﬂuczv = QM
and UwunAmEOv =K :m..wroxv.

By the holomorphic Poincaré lemma on A, this complex has zero
homology except in degree -m, where it reduces to the subsheaf of
elements in Qw which are annihilated by the mw.m. i.e. to

a aa . -
ncm ﬁuu QC. But we saw in 13.2 that cmcaccv = ncﬁacu. Altogether

we get
bR (F[x]6) = ¢, la,) [x]* 0F = or F[x]® DR G,

as claimed. This proves that m is an isomorphism when F is
b
03nn°ﬂmnm:n and G n.Uoo:Aﬁxv.
16.3 Fix G € UWFAGZV. We have two functors A : F' »

. a . . . . b b, a
oszcwm an@d B : F +oz:‘.mavmnos c%xv to D (X%),
and i defines a morphism of functors A+ B. If F" =E is a
connection, then u is an isomorphism of A(F') onto B(F'). Let
now F = w+ﬁm. be a standard module, where E 1is a regular connectior
on a locally closed smooth affine subvariety Z. Using 14.5(1), we

get

bR i E[x]* DR 6* = (DR E) [x]® DR G" = (i*x1d), (DR E[x]® DR G")

DR(ixId) (E[x]6") = DR (F"[x]G").

. b .
Since the standard modules form a generating class for UNSAGKH. it

follows that i is an isomorphism of A(F') onto B(F") for

. b . b
F' € cnvnczv and G € Unvﬁezv.
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§ 17 PROOF OF DR F* € meﬁxmv IF F* IS REGULAR HOLONOMIC.

It suffices to prove it for standard modules. Let then i : 2 + X
be a locally closed embedding of a smooth subvariety, E a regular
connection on 2 and F = i (E). We have DR i (E) = i}(DR E) by 14.5(1).
On the other hand DR £ is a local system in degree mn {13.2), hence is
constructible. The map i can be viewed as a stratified algebraic map,
since there always exists a stratification of X by locally closed al-
gebraic sets of which Z is one stratum. Then ww preserves constructi=-

bility (see e.g. [IC:V,10.161]).
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, . In view of 7.13 and of its topological counterpart [IC: Vv, 1.8], this
§ 18 PROOF 7° = 7m@° o DR FOR F° REGULAR HOLONOMIC : .
$ OF DR © can also be written, in the notation used there

[ H N DR(R ° ).
18.1 Let ™ be an open embedding., Then 7° and 72° are just the ¢ ﬁ_x_ﬁm M > w<momﬂﬂ )

restriction to Y and it is obvious that DR commutes with restriction.

The natural morphism xa_uuﬁ. + F° (8.3) gives rise to

18.2 Let ¥ = Z x X and T be the second projection. The relation

v : DR(Rl F*y > DR F*

4.5(8) can be written. (Y]

' But DR(RI, .F") 1is nece il
o = QN ® m.HQNH. ( 1y ) ssarily concentrated on Y. Therefore, v

factors through Ry DR F', providing yu.

By 14.5(2) =

2) DR auﬂ. = bR 0, @2 DR F'(d_1, 1.4 Let 7 be a closed embedding and j the inclusion of X - ¥
Z zZ :
into X. We have an exact triangle

But DR QNHQN_ is a resolution of €,a (13.2), therefore . .
(1) =+:.m. + F o> u+u.m.+ cas
1
(3) DR n°R° = ,a g2 DR m.GaN_.
(8.3). By applying DR, we get the exact triangle

If $° is a complex of sheaves on X3, then

1 )
(2) DR m 7'F' + DR F* - DR 3T ..
*
€, ®a 8" = @ (S,
therefore we have On the topological side, there is the exact triangle
aza'pr F F a;a*
. . ! . . . as .
DR 7" F" = 7@ (DR m.u_nan_. ) e DR > DR > 3337 DR B
. IC: . N . . i i i
Our assertion in the present case now follows from the relation (see [IC:V,5.14]). By 14.5(1) and 18.1 there is a natural isomorphism
' . (4) : DR 5 .:u. N .a.a* Fe
4 @ = @ (24,3 vV 2 DR ], .] 3,39 DR F°.
We le it t h d i i N
on UMwamv (see 18.5). ave it to the reader to check that u, the identity on DR F° and

v define a morphism of (2) to (3). Since it is an iscmorphism on two

vertices, it is also one for the third one, hence

18.3 There remains to consider the case of a closed embedding. . .
u : DR m mF" > n3nd°pr F*

We first construct in this section a natural morphism of functors +
' H ! js an isomorphism. By 14.5 _ L& . a .
(1) w:DRowm o™ > dw o 7@° o DR. Y (1), DR o n, Te © DR. Since 7@ is an

extension by zero, the equality

L ot e b s e
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L] 1]
DR n°F° = n3°pr F°

follows.

18.5 We still have to prove 18.2(4). This is a topological
assertion, which fits into the framework of [IC:V]. Let C = A X B be
a product of two locally compact spaces satisfying the general assump-

tions of [IC:V) and p,q the two projections. Assume that A is a manifold

We claim
{1) D, o gq* = g oD, {dim A} on Uwamv.
Ve,C Ve,B
We let c< z be the dualizing sheaf on a space z. By definition
’
. . . . b
*S* = * .
(2) Ucd.n qg*S RHom"® (q*$S .ﬁ<.nv (S° € D7 (B))
By [IC:V,10.26] :
= p¥ *
3) Oy,c = P*0y , @ @Dy .

Since A is a manifold, D = @, (dim A), therefore
v,A A

2: cc.n u v.aw n aéﬁmnﬁa Eu n.%ﬁmu [dim A]).

Using 10.21 in Ioc.cit. we get then

i

(59 D nnnm. = NWOS.Aasm..n»Q<.mv

ve, o*wmos.ﬁw..u<.wVHmwaawu =

= gq*D

Cmswﬁm.vnawa Al.

On UMmAnw we have Verdier biduality [IC:V,§8). Besides

v
¢ = *
q D, c°d o“U<m

Ve, /B

(IC:v,10.11). The relation 18.2(4) now follows from (5).
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_ b
§ 19 PROOF OF 14.5(5) : DR oD, =D__ o DR ON Dy (D)

19.1 PROPOSITION There exists a natural morphism

¥ : DR O Ux +¢U<d © DR , which is an isomorphism on complexes with

ox - coherent cohomology.

Proof. Let me + J* be an injective resolution of me in Uvﬁcxmv

and nxﬁnaxu.vx. an injective resolution in vvﬂxmu of the dualizing
sheaf. By 13.4(1), we may write

. . g Te . b
(1) cmdxm = mosuxm.m azg :mxu (F* € cao:%x:.

Let a be the obvious map

. ‘a 1- . . . .
(2) a oz m.osuxm? I M Qa m Fra > a, m J
xa xa xa

defined stalkwise, using the fact that
Fra J* =& .a .
(3) mosexwﬂ »J Vx osexm.xﬁnm wx~uxu v
since F° may be assumed to be coherent. We have, using 13.1, 13.2
4 Yy = =
(4) DR(J") E:oxu emexu.
Combining a and (4), we get a morphism
cwvxm [-a,] mcw (F Zuax_ -+ DR{J :umx_ = Cea .
Composed with the resolution me - x.alnmxu. this yields a morphism

DR onm.meu -+ Hom (DR m.meTn.Twax: .

The right hand side being equal to Hom(DR ﬂ..x.v~|mx~. we now have a
morphism

DR onw. =+ Hom(DR F*,K").
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Since the right hand side is equal to U<mow F* by definition, this
provides u.

Assume now that F is a QxlnovmnmSH leaoacpm. We have to prove
that v is an isomorphism. This is a local statement. The module F
being locally oxlmnma (1.6), we may assume F = ox. Then Uxm = ox and
by 13.1, 13.2

DR F = exwﬂmxu.

On the other hand Hom(DR F,K") = mosaexmﬁmxu~x.v = x.almxu = exmnmx_.
Assume now that F° has coherent cohomology. The sheaf complexes
Uw.Uxm. and U<m.cw F* are the respective abutments of spectral sequences
in which the E, terms are DR Dy H F- m:&”6<mcm H'F® respectively. By what
has been proved, u induces an isomorphism of one onto the other, hence

y is an isomorphism also in this case.

19.2 We now assume F' to be holonomic, let Err(F") or mnnxm. be

the cone on u : Um.Uxﬂ. > D, DR F*. We have to prove that Err(F") = 0.

This functor obviously commutes with the restriction to an open subset.
By 10.4, there exists an open dense set U C X on which H'F® is oxl
coherent, By 19.1, Err F* = 0 on U. Since an increasing sequence of
dense Zariski open subsets of an algebraic variety is stationary, it
suffices to prove the following statement:

(*) Let U be a Zariski open dense subset of X on which Err F* = 0.
If U # X, there exists a smooth non-empty open subvariety Wof X - U
on which EBrr F* = 0.

19.3 LEMMA (i) If 7 is proper, then 72 o Err, = Erry o ™, .

(ii) If v is a locally closed embedding, then
. o b
Y = mnnwﬂ (F* € urAdmuv.

m F°
Ercym,

(iii) If m is an étale covering, then
ax :

= .
L o mnnx mNn% o

Proof, (i) By 9.6 and 15.2, we have

- ey _ .2 .
(1) DRD (m F) = DR.m O F") = = DR O F"),
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and also, since Verdier duality commutes with proper maps [IC:V,10.111:

. m n -
.. u .. u ﬂ
ANV e x DR n F Do, Ta DR m :wu<m.«ox

and (i) follows.
(ii) Let Z =Y - Y, and X' = X - Z. Then 7T = B o a, where
o : ¥+ X' is a closed embedding and B : X' > X an open one. Let
. b
F* € unowﬁoxv.
We have first

(3) mnnx.c+m._w = mnnmm. .

In fact, Mnnx.a+m. = QWMnn&m. by (i); since o, is the extension by
zero, the restriction of the right hand term to Y is indeed Mnnwﬂ..

Moreover Err commutes with the restriction to an open set, therefore
. - . . - . - .
(4)  Errgm Fr| = (Brr 8 (e, F7)|x )y (Brry,o F __x Err F* .

1]
(iii) is obvious: If T is étale,then T commutes with DR and
*
duality,and 1" commutes with Verdier duality.

19.4 LEMMA Let U be as in 19.2(*) and W be an open non-empty
subvariety in X - U,Assume there exists a proper morphism p : X > W
which is the identity onW .Then Mnnxﬁ. = 0 on some Zariski open dense

subset of W.
Proof. By 19.3(i) we have
(1) pPErr F* = Err_p F°
L W+

Since v+w. is holonomic (10.1), we see as in 19.2 that there exists a
Z2ariski dense open subset W' of W on which Mnn2v+m. = 0. Replacing

-1 .
W by W' and X by 7 "W', we may assume that mwmnuxm = 0, (using 19.1(i)).

Let 2 = X - U and j : Z -~ X be the inclusion. By assumption,
Mnnxm. is supported by 2z, therefore

.a¥

.al - .
E: = = *
(2) h] nnxﬁ mnnxm Z j mnnxm .

et sttt ot o
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. al . _ .
(3) . I mnnxﬁ = Mnnxﬂ .

The composition p o j is the restriction of p to Z. We now get
a .
(4) P, (Err F*[2) = o,

Let k be the embedding of W into Z. Then p o k 1s the identity.
Therefore mNnxm._s is a direct summand of vwﬁmﬂn F°|2z), and is 0 by (4).
{Note that W is open and clesed in 2.)

19.5 The rest of the proof is basically a geometric construction
which shows how one can reduce the proof of 19.2(*) to the case just
treated.

We first choose an open affine subvariety V of X such that VN W
is open dense in W and closed in V. Shrinking V further if necessary,
we may assume there are on V "local coordinates” quHMwMBnmxu such that

W is defined by X, = oo = = 0 (k=dim W). These coordinates define

X
anétale map o : V +a" ::...o::mw:&m W into the coordinate plane )x of

the first k coordinates. We now restrict F to V, which we call again X.
It is then still true that Err F' is zero on a dense open subset, and
that W is open in its complement, Composing « with the projection of A"
onto bx. we have now a morphism ¢ : X &.b&. whose restriction to W is
étale, Let ¥ : X > P be a locally closed embedding of X into some pro-
jective space, Let X' be the image of X into P x Bw under the morphism
n: x> (¢(x),P(x)); let W' be the image of W and F'* = :+ﬁ.. The
complex s+ﬁ. is holonomic (10.1), zero on the complement C(X') of X',
therefore Err F° is zero on the open set C(X') U n(U), and W' = n(W) is
open in the complement of the latter. n is the composition of an isomor-
phism and of a locally closed embedding, therefore Err F' = :w Err F°©

by 19.3(ii). The map n is an isomorphism of X onto X' and of W onto W',
therefore Jw defines an isomorphism of Err F|W onto Err F''|w'. It
suffices to show that Err F'' is zero on some dense open subset of W'.

Changing the notation again, we are reduced to proving 19.2(*) in the
k

case where X = A X P and where the restriction u of the first projection

is étale on W. Consider now the diagram
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u % Id. k
X' =WXP — A X P =X

W o— bx

where the vertical maps are the first projections. Let

W' = {(w,w) | (WEW)} C X' and r be the restriction of q to W'. It is an
isomorphism. We let p = nnw o q. Then p is a proper morphism of X' on
W' which is the identity on W', The morphism v = u x Id. is an étale
covering. Let G° = <uﬂﬂ.v. By 19.3(iii), MNnx.Q. = cm*MNnxm. . hence
mnnx.m. is zero on the open set U' = ¢|H.c-. The morphism v defines an
isomorphism of W* onto W, therefore <m: yields an isomorphism of
mnnxm._z onto <0-Amnnxm.v_z.. But Mnnx.m. = <m‘am~nxm.v by 19.3(iii).
We are now reduced to the situation of 19.4, (with X,U,W,F° replaced

by X*',U',W' and G°), hence 19.4 proves 19.2{(*) and the theorem.

Remark. The argument used here is a variation on one of P. Deligne's
in [De 1].



VIII,20 344

§ 20 PROOF OF 14.5(2), (3) FOR HOLONOMIC COMPLEXES

So far, we proved 14,5(2) and the constructibility of
DR F* for F° regular holonomic. This is sufficient to establish the
Riemann-Hilbert correspondence, However, the previous argument also
allows one to prove them for F' holonomic. We now briefly indicate

how.

20.1 The proof in § 19 shows in fact the following: Let for
every smooth quasi-projective variety X be given a functor vx from
cwﬁuxu to Uvaxmv which satisfies the following properties:

(A) it commutes with the restriction to an open set, Given

F° € UWAQNV there is a dense Zariski open subset V of X on which
mx% ) = 0.
(B) bx satisfies the conditions of Lemma 19.3.
o . b
Then wx#m ) = 0 for every F* € csﬁéxu.

We want to apply this to 14.5(2). We fix V and G° € p? (D). For
b coh "V

h

Ju:...v over DR F* ®DR G' + DR (F" ® G'). It obviously commutes with

any U, we define a functor A, which associates to F* € D Aﬁcv the cone
the restriction to an open subset. In 16.2, we proved that

»cnm.v =0 if F* is a 0C|nosmnm:n connection, By the usual spectral
sequence argument, this is then also true if F* has oclno:mnman
cohomology. Since F° is holonomic, H'F® is O-coherent on some dense open
subset (10.4), therefore bc satisfies (A). That it satisfies (B} is
easily seen: it follows from the fact that DR commutes with proper
mappings and the inverse image under an étale covering. This then yields
14.5(2) for F° holonomic.

20.2 Let us now replace (A) by :

(A') >N

F* € u”Adxu- there exists a dense open subset U of X such that bx.m.u_c
b a

belongs to nomnc ).

We claim that if (A') and (B) hold, then >xAﬂ.v €D

commutes with the restriction to an open subset and, given

b

a
omax } for

F* holonomic.

In fact, the argument of § 19 yields a partition X = Cwmuxw of
X into locally closed smooth subvarieties such that H® DR F’ is locally
constant on each xw. We have only to make sure that the xw may be so

chosen as to define a stratification of X (cf 14.2). But this is easy
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to arrange: To see that note first that the condition of 14.2 could
also be stated in the following way: If xm n xu # # , then X, MU
(i,J€I). Now replace 19.2(*) by

(**) Let U be a Zariski open dense subset of X admitting a strati-
fication Il = Adwvwmu such that >caﬁ.v is I -constructible. Then there
exists a smooth non-empty subvariety W of X - U on which x.wxﬂ. is
locally constant.

Again, this is what follows from (A') and (B), as in 19.4, 19.5 .
Assume, as we may, that W is irreducible. Let J C I be the set of
indices for which W N QH is non-empty and open in W. Let
W' = :mmuﬁznaw.. Then W' is still open, non empty, in X - U and
U' = U U W is open in X. Moreover, W'and }l define a stratification of U’
with respect to which >xm._c. is constructible. This induction procedure
yields therefore a stratification X of X such that >xam.v is X -con-
structible,

Take in particular for A the de Rham functor itself. If F' is a
oxIQOzmnm:n connection, then DR F° is a locally constant system (13.2)
of finite rank, hence is constructible. Then again 10.4 shows that
fi* DR F* is locally constant on a dense open subset of X. Thus (A')
holds. That (B) holds for DR has already been used repeatedly. Therefore
DR F° is constructible if F* is holonomic.
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§ 21 DR : Uwsﬁcxv b U”mﬁxwv IS AN EQUIVALENCE OF CATEGORIES

. e b
21.1 Let F°,G" € coo:nﬁxu. By 9.7, 9.8 we have

L L
1) mmosw (F",G") = Wy edxm. a o.me_.
X D D
X X
L
(2) Riom"’ (F*,6°) = p o F" @ G")(-a,1,

p°(0,)

where p is the projection of X to a point. We want first to transform

slightly the right hand side of these formulas. Let

4§

aH X
{3) X +XxX \\\\
AN

2 X

where § is the diagonal map and T are the projections. We claim

12
that we have

(4) FraG = %Am. Bo.:mx_.
X

SRt

Let first F,G € :wa,. By definition (see 4.1)

-1, -1 -1
(s) s°(F[x]6) = 0, -Ho § T F on__~ 6.
§ Oy

It is easily seen that the map defined by

1

£o st QM coamyi » fu®v Enm.cmm.mng

provides an isomorphism of cxlsoncvmm of the right hand side of (5)
onto F ® G, whence an isomorphism

Oy

o= .mcﬁm..g 3 E F;

®
Qx

at first, it is one of QxlaOQSHmm. but it fellows immediately from the
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definition of the leaomcwm structure on the inverse image (4.1(2))
that it is also one of Qxlabacwmm. Let now F°,G° be as above. By
definition
Lo . L -1, -1,. -1..
aﬁm@mvuox ® § (mTF @ m,GT)[-a,].
C
0
F° and 6" have locally free resolutions. It suffices therefore to

prove (4) when F° and G° are locally free. Since

Ogx = Ox @20y
F*TX]G" is locally free over Qxxx hence mluﬂm.HHuo.v is locally
free over alwﬁcxxxv and the right-hand side of (4) is equal to
(6) 0, e & tallF e xlle).
X 1 2
s ¢
XxX

But the above p provides an isomorphism of (6) onto F° @ Q.—nnx_~
i.e. onto the left-hand side of {4). cx

Therefore (1) and (2) give

L [l
(7) RHomy, (F*,G°y = wy @ 8 Bxﬁ 8G)
X ex

§ mmoa %..o.,uuauem. mG6')).
uw%x, + X

b

h F*,G" ¢
where ,G* € Uoov

chu and p is the projection of X onto a point.

21.2 We now prove that DR is fully faithful on waﬂuxv. We have

to show

{1) RHom" (F*,G°) = RHom" (DR F",DR G* F*,G" ¢ p® (0.)).
2 0y . y en Ox))
. cs
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We note first that, in view of 14.3(2), the relation 10.27(1), p. 181
in [IC: V] can be written, in our present notation
(2) Réfom’ (A°,B") = 62 (0 A"B)  (A",Bep® (x?))

b ’ Ve ' s '

D°(x%) ¢

which implies the following topological counterpart to 21.1(8}):

@ mony, (7B - pas® (D, AEIB) (AT, Bren’_(xM).
X

The de Rham functor for a point is just the identity. Therefore we can
write 21.1(8) as

(4) RHom" (F*,G") = DR P.E"Bxﬂ. ®G).

D, (D)

rh* "X

By 14.5(1), DR o p, = Rp; o DR, therefore

Gv wmos. Am..o.uu,wvw.uw auSv.Eo.:.
b X
Dl Py

This is the basic step; it expresses the left hand side by means of

analytic objects. Using successively (1),{2) and (5) of 14.5, we get

! - al . al . a S

DR(§ (D, F [X] G)) = 6 (DR(D, F [§ G)) = 8 (or D F x]° DR G°) =
al . a .

= 67 (D, DR F*[x]° brG").

Together with (3), for A" = DR F°, B® = DR G", and (5), this proves
(1).

21.3 To finish the proof that DR is an equivalence of categories,
it suffices to show that the image of DR contains a generating class
of UU ‘xwv [I: 12.9]. It is known and easily seen that the direct
wammmw of locally constant sheaves of finite rank on locally closed
smooth varieties form such a class. Let then j : 2 -» X be the inclusion
of a locally closed smooth subvariety and S a locally constant system

of finite dimensional vector spaces onh 28, By Deligne's solution to
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the Riemann-Hilbert problem for regular connections (IV: 1.1, 7.2.1),
there exists a reqular connection £ on Z such that S is the local system
of horizontal sections of E, i.e. (13.2) such that Uwu mﬁlamu = S,

We have then by 14.5(1):

- . Q .
DR,3, (EY[-d,1 = jIDR (E)[-4,] = 35(9) .
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§ 22 REGULAR HOLONOMIC MODULES AND PERVERSE SHEAVES

22.1 Consider first the bounded derived category UUA>V of some
abelian category (cf. I}). lLet I be a set of integers. Then F° & UUva
is said to be concentrated in degrees belonging to I if mpw. =0 for

> <
i m I. We let in particular cvnbv z0 (resp. Uvab_ = ov be the sub-
category of elements concentrated in [0,»] (resp. (-=,0]) and
b 0 b 20 b 0
D (A) = D (A) No (a) be the subcategory of elements with

cohomology concentrated in degree 0. It is equivalent to A.

b
c
stratification such that H'S" is locally constant, with finite dimen-

22.2 Let S ED mﬂxwv. As recalled in 14.2, there is Whitney
sional stalks, on the strata of X. By [IC:V,3.7] the assignment

X 0 m.ww_w. is locally constant in each stratum. It follows therefore
that if 2 1is a locally closed smooth subvariety of X, then 2 has
an open dense Zariski open subset 2Z' where H'S" and m.ww_m. are
locally constant. We consider the condition:

(p) Any locally closed smooth subvariety 2Z of X contains a
dense Zariski open subset on which www. is locally constant and
concentrated in degrees 2 |QN.

By (one) definition, 8" is perverse if and only if $° and
ccmw. satisfy (p) [BBD).
1t F enl(d,), wehave HID F = DA ¥ (qem) by 3.7(2), therefore

20

(1) F* € Uwﬁuxv = s0

. b . b
— Uxm € Urﬁﬁxv , (F€ crﬁcxuv.

22.3 LEMMA Let F° be holonomic. Then F° € UWAQNV 20 yr
and only if the following condition is fulfilled:

(*) Any locally closed smooth subvariety 2 of X contains a
dense Zariski open subset on which wwﬁﬁ.v has oNloo:mhm:n cohomology,

concentrated in degrees 2 O.

Proof. Recall first that if Z is locally closed, smooth in X,

Lo . LTI
there is a spectral sequence abutting to x.wNm in which E, = PNI Fr.

Let F° € cwﬁcxv z o~ and 2 a locally closed smooth subvariety.

¢

1
It follows from 8.2(ii) that Hw:.m. is concentrated in positive degrees:,

1 1
hence so is wwm.. Moreover I.wwm. is O-coherent on a dense
Zariski open subset by 10.4. Assume now (*}). Let j be the smallest
integer such that HIF" # 0. We can find Z open in the support Y
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of HIF* on which HF is cmunosmﬂman (10.4). We have to show that
3 2 0. In view of (*), it suffices to prove that 1uHMﬂ. #£ 0. We

can find an open dense set U in X such that Z NY is closed in

U and equal to Z. By N.A. wwium. is concentrated in degree zero
and by 7.11, wu+c.+ﬁwwzum.v = xum._c. therefore :owwxum. # 0. 1In
the spectral sequence mentioned above we have mw~m = mewxmm.. Here
P€0d, ) and qzj. It follows that E0') # 0, whence our
assertion.

. b .o
22.4 THEOREM Let F' € cnyacxv. Then DR F° is perverse if

. . b 0
and only if €
nd only if F Unvﬂcxv .

Proof. It follows from 22.2(1) and 22.3 that
1) Fren’)° e F d DF" isf *
n Yy an X satisfy 22.3(*).

Let Z be a locally closed smooth subvariety of X. Since DR F°
. . (]
is constructible (14.5(3)) and me. is holonomic (12.1), there exists
a dense Zariski open subset 2' of Z on which m.uwm.. H* DR F° ang

..oal .

H i, DR F are Hoowww< constant in the analytic topology (10.4 and
22.2). Therefore HWﬁ. is concentrated in degrees 2 0 if and only
. e . .
if ww va w.wm concentrated in degrees 2 -d,. But F* is r.h., hence
DR me =i, 'DR F* by 14.5(4). cConsequently, (*) for F' is equivalent
to (p) for DR F°. similarly, (*) for Uxm. is equivalent to (p)
for DR Uxm.. But DR commutes with duality (14.5(5)), therefore
(*) for Uxm. is equivalent to (p) for D oCR F'. The theorem now

Vi
follows from 22.3 and the definition of a perverse sheaf.
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